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NON-LINEAR FAR-FIELD THEORIES IN RELAXING GAS FLO\VS 

by 

P.A. Blythe 

(Lehigh - University ) 

Summary 

In the introduction the small amplitude non-linear 

far-field theory for one-dimensional isentropic wave propagation 

is briefly reviewed. The extension to non-equilibrium 

situations is then discussed for both high frequency and 

low frequency disturbances and the limitations of these 

classical theories are examined. It is shown that a suitable 

small-energy approach can be used both to remove these 

limitations and to provide a simplified description over 

the whole frequency range. 
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1. Introduction: isentropic far-field theory 

The purpose of this lecture is to present a unified 

non-linear far-field theory* for relaxing or reacting gas 

flows. Attention will be restricted to small amplitude 

one-dimensional progressing waves and, for simplicity, 

only rate processes which involve a single internal mode 

or reaction will be considered. 

The corresponding far-field signalling problem in 

an inviscid gas which is in thermodynamic equilibrium has 

been well understood for some time. (Whitham 1950, Lighthill 

1955). It is bseful first to briefly review this problem 

before discussing the non-equilibrium situations which are 

of interest here. 

In general the mass-conservation, momentum and energy 

equations take the form (adiabatic flow) 

where p is the density, p is the pressure, u is the particle 

speed, e is the internal energy and a t  is the convective 

operator 

* 
i.e., the theory must be capable of providing a 

valid result for 'large' time. 
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Here t is the time and x is a spatial co-ordinate measured 

from some fixed reference point. 

In thermodynamic equilibrium e=e(p ,p) and (1.3) 

can be re-written 

where 

and the entropy s is defined, in equilibrium, by 

eds = de+pd (p' l)  . (1 7) 

where 0 is the translational temperature. 
It is sometimes convenient to replace the system 

(1.1) to (1.3) by (1.5) and the characteristic forms 

a+p+paa+u = 0 - - 
where the operators 

are associated with the characteristic directions 

It is assumed that the disturbance is set up by the 

motion of a piston whose path is described by 

(with the origin chosen such that f(O)=O) and for t<O - 
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(1.12) 

I f ,  i n  a d d i t i o n ,  

though f"(0)  i s  f i n i t e ,  t h e  d i s t u r b a n c e  i s  u s u a l l y  termed an 

a c c e l e r a t i o n  wave. Unless e x p l i c i t l y  s t a t e d  o the rwise  t h e s e  

cond i t ions  on f  w i l l  be assumed t o  hold  i n  t h e  subsequent 

a n a l y s i s .  

Appropr i a t e  non-dimensional  v a r i a b l e s  a r e  

t t  = u t  and X I  = x u k .  

The r e l a t i o n s  (1.1) t o  (1.10) a r e  i n v a r i a n t  under t h i s  

t r ans fo rma t ion  and it is convenient  t o  omit  t h e  primes and 

t o  regard  (1.1) through (1.10) a s  d imensionless .  Corresponding 

boundary c o n d i t i o n s  , again  omi t t i ng  pr imes ,  a r e  

and 

The d imensionless  ampl i tude  parameter 6 ,  which i s  a measure 

of t h e  r a t i o  of t h e  p i s t o n  speed t o  t h e  ambient  sound speed,  

i s  g iven by 
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6 = wx Jp /po 
P 0 

(1.17) 

and t h e  p a r t i c u l a r  aim of t h e  p r e s e n t  d i s c u s s i o n  i s  t o  

o b t a i n  s o l u t i o n s  which a r e  v a l i d  i n  t h e  limit 6+0. 

S u b s t i t u t i o n  of t h e  r e g u l a r  expansion 

e t c .  i n t o  (1.1) t o  (1 .3)  shows t h a t  t h e  f i r s t  o r d e r  p e r t u r b a t i o n  

q u a n t i t i e s  s a t i s f y  t h e  l i n e a r  wave equat ion 

and,  i n  p a r t i c u l a r ,  t h a t  t h e  p i s t o n  cond i t ion  on ul i s  ( see  1.16) 

Hence t h e  a p p r o p r i a t e  s o l u t i o n ,  ( = t - x / a  > O ,  is  
0 

In  a d d i t i o n  2 
p1 = aoPl = a  u  

0 1' 
(1.22) 

However, e v a l u a t i o n  of t h e  second o rde r  approximation shows 

t h a t  t h e  s o l u t i o n  con ta ins  s e c u l a r  terms of t h e  form t g ( 6 ) .  

I t  i s  apparent  t h a t  t h e  expansion (1.18) i s  n o t  uniformly 

v a l i d  a s  t- and t h a t  d i f f i c u l t i e s  a r i s e ,  f o r  5 = 0 ( 1 ) ,  when 

6 t = 0 ( 1 ) .  
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These s e c u l a r  terms a r e ,  i n  f a c t ,  due t o  the  displacement 

of the  exact  c h a r a c t e r i s t i c s  from t h e i r  p o s i t i o n  as  predic ted 

by l i n e a r i z e d  theory (Whitham, 1950). This i s  e a s i l y  seen 

f o r  a c c e l e r a t i o n  waves s i n c e  t h e  exact  s o l u t i o n  of the  f u l l  

equat ions ,  over a  c e r t a i n  time i n t e r v a l ,  i s  a  simple wave. 

In t h e  present  case  i t  i s  more u s e f u l ,  wi th  a  view t o  l a t e r  

a p p l i c a t i o n ,  t o  cons t ruc t  t h e  s o l u t i o n  i n  t h e  small  amplitude 

l i m i t  by means of t h e  f a r  f i e l d  expansions ,  

where 

S u b s t i t u t i o n  i n  (1.8) and (1.5) shows t h a t ,  a s  i n  l i n e a r i z e d  

theory ,  

but  U1 now s a t i s f i e s  

where 

and t h e  s u f f i x  o  denotes eva lua t ion  a t  the  i n i t i a l  cond i t ions .  
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The appropriate solutionof (1.26), subject to the 

matching condition 

where the characteristic lines #=constant are given by 

(choosing $15 on q=O). Obviously (1.29) and (1.30) are the 

small amplitude limit of the exact simple wave solution. 

If this solution is unique in x-t space then it does 

represent a uniformly valid result for all TI. However, in 
general the solution will not be single valued where 

Since, for a gas, b>O equation (1.31) is satisfied for 

some s>0 if f">O. It is then necessary to insert a 

discontinuity or shock in order to make the solution unique. 

The jump conditions across the shock are defined by the 

Rankine-Hugoniot relations for the conservation of mass, 

momentum and energy. 

It is convenient to note here the form that these 

relations take for weak shocks. Correct to first order 
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in 6 it follows that 

and the shock path bisects the characteristics that meet 

on the shock. This latter condition, in the current 

notation, becomes 

where the superscripts -,+ correspond to conditions ahead 

of and behind the shock respectively. 

These relations can be used to evaluate the shock 

path and they become particularly simple when the shock 

propagates into an undisturbed region for which u;=o. 

In that case it follows from (1.33) that if 5=5,(4I,,n) 

on the shock,then Ss satisfies the differential equation 

from which, together with (1.30), the solution is easily 

found. This solution is defined parametrically by 

The relations (1.29) , (1.30) and (1.35) summarize the main 

results in the small amplitude non-linear far-field limit 

for equilibrium isentropic flows. 
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2. Relaxation processes 

In general the excitation of any of the internal 

degrees of freedom, e.g. vibration, molecular dissociation 

etc., will take a certain finite time (number of collisions) 

in which the mode adjusts to some new equilibrium state, 

although the excitation (relaxation) times for the various 

modes may differ considerably from each other. In fact, 

it is known that the time scales for the adjustment of the 

translational and rotational degrees of freedom are usually 

much less than those for the other internal modes (Herzfeld 

Litovitz, 1959) and it will be implicitly assumed 

in the subsequent analysis that the translational and 

rotational degrees of freedom remain in a local equilibrium 

state. 

It is further assumed that in any situation of 

interest only one rate dependent process will be of significance. 

Hence 

where a is some relaxation variable. For convenience a can 

be identified as a measure of the internal energy in the 

lagging mode. For Sibrational excitation in a pure diatomic 

gas e(p,p,o) depends linearly on a ,  but in more complex 

situations this is not necessarily true. 

It is supposed that the rate of adjustment of a is 

described by an equation of the form 
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where the rate function F depends only on the local values of 

p,p and a and perhaps some initial parameters. The dimensionless 

rate parameter A is the ratio of the time scale defined by 

the piston to some characteristic relaxation time T ,  i.e. 

[Equation (2.2) is to be regarded as dimensionless with u and 

F both normalized by 

In an equilibrium state, which is identified by the 

singular limit A+=, F-0. The corresponding equilibrium path 

is denoted by 

In this limit the problem reduces to the isentropic case 

discussed earlier. 

A second isentropic limit is defined by A = O .  For this 

case the internal energy a remains frozen at its initial 

value. Obviously this limit is also included in the analysis 

of 5 1 .  

There is,however, an important distinction that must 

be drawn between the two limits. In the former equilibrium 

case the appropriate sound speed is defined by 

where ;=e(p,p,a), whereas in the latter frozen case 



with e = e(p,p,o). It can be shown that in general 

For the general non-equilibrium situation the relation 

(2.1) implies that (1.5) becomes 

where a is the frozen sound speed, 

and (2.2) has been used to replace a,a. Moreover, the 

characteristic relations (1.8) become 

and the chaiacteristic operators are defined by (1.9) 

with a interpreted as the frozen sound speed. The influence 

of the rate process on the energy equation and the characteristic 

relations introduces a source term, -cAF, which depends on 

the local values of p,p and a. 

The linearized signalling problem associated with 

this system of equations has been considered several times 

in the literature (Chu, 1957). The regular expansion 



y i e l d s  

where 

i s  a  modified r a t e  parameter .  (1.20) aga in  d e f i n e s  t h e  

boundary c o n d i t i o n  on x=O [Note t h a t  i t  i s  assumed i n  (2.11) 

t h a t  t h e  i n i t i a l  cond i t ions  correspond t o  an equ i l ib r ium 

s t a t e .  ] 

(2.13 obvious ly  reduces  t o  t h e  s t a n d a r d  l i n e a r i z e d  

r e s u l t  i n  both t h e  f rozen  ' (h igh  frequency) limit X + O  and 

t h e  equ i l ib r ium (low f requency)  limit A+m. For a r b i t r a r y  

va lues  of A (2.12) sugges t s  t h a t  f o r  t A < < l  t h e  e f f e c t i v e  

propagat ion  speed i s  a  but  f o r  tA>>l it i s  ao. This  
0 '  

l a t t e r  s t a t emen t  can be made more p r e c i s e .  The formal 

s o l u t i o n  of (2 .12 ) '  s u b j e c t  t o  (1.20) and (1 .15 ) ,  can be 

ob ta ined  by Laplace t ransforms.  An asymptot ic  e v a l u a t i o n ,  

t,x+m but  s u f f i c i e n t l y  f a r  behind t h e  f r o n t ,  shows t h a t  (C la rke ,  

J 0 

where 
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- 
5 = t - ~ / a ,  (2.17) 

i s  t h e  1 inear ized .charac ter i s t ic  a s s o c i a t e d  wi th  the  low 

f requency ( equ i l ib r ium)  s i g n a l .  The main d i s tu rbance  i s  

now appa ren t ly  cen te red  on t h e s e  l a t t e r  wavele ts .  

I t  i s  e a s i l y  v e r i f i e d  t h a t  according t o  (2.12) any 

p l ane  wave i s  d i s t o r t e d  both by d i s p e r s i o n , s o  t h a t  t he  

wave speed depends on t h e  f r equency ,  and by 

a b s o r p t i o n  i n  which t h e  ampl i tudes  of t he  h igh frequency 

components a r e  much more r a p i d l y  a t t e n u a t e d  than those  of 

t h e  low f requency ones.  

However, a s  i n  t h e  i s e n t r o p i c  case ,  i t  can be shown 

t h a t  t h e  r e g u l a r  expansion (2.11) i s  no t  n e c e s s a r i l y  

uni formly v a l i d  i n  t h e  f a r  f i e l d , a n d  s e c u l a r  terms may 

aga in  appear i n  h ighe r  o rde r  s o l u t i o n s .  

The remainder of t h e  l e c t u r e  w i l l  be devoted t o  

a d i s c u s s i o n  of t h e  mod i f i ca t ions  t h a t  a r e  r e q u i r e d  i n  

o r d e r  t o  o b t a i n  a  v a l i d  f a r - f i e l d  r e s u l t .  

3 .  The high f requency limit 

A simple ex tens ion  of t h e  c l a s s i c a l  i s e n t r o p i c  f a r -  

f i e l d  approach can be used i n  t h e  h igh-f requency (near-  

f r o z e n )  limit h+0 ( see  Varley and Rogers, 1967).  For 

e a s e  of d i s c u s s i o n  i t  w i l l  be assumed t h a t  A and 6 a r e  of 

a  s i m i l a r  magnitude.  The corresponding expansion i s  
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e t c .  Note t h a t  a-To is a  second o rde r  q u a n t i t y  (more 

s t r i c t l y  i t s  magnitude is O(A6)). This  expansion procedure 

would appear t o  be appropr ia t e  f o r  l a r g e  t imes a t  d i s t a n c e s  

behind t h e  f r o n t  which a r e  comparable wi th  t h e  l eng th  

s c a l e  def ined by t h e  p i s t o n  s i g n a l  b u t  which a r e  much 

l e s s  than t h e  r e l a x a t i o n  l eng th .  S u b s t i t u t i o n  i n  (2 .10) ,  

(2.8) and (2.2) shows t h a t  

where 

and b  corresponds t o  (1.27) w i t h  t h e  d e r i v a t i v e  evaluated 

both a t  c o n s t a n t  S and a .  

The f i r s t  o r d e r  p e r t u r b a t i o n  q u a n t i t i e s  a r e  aga in  

r e l a t e d ,  a s  i n  f rozen  l i n e a r i z e d  theory,  by 

Equations ( 3 . 4 )  and (3.2) ahould be compared wi th  (1.25) 

and (1.26) r e s p e c t i v e l y .  The a t t e n u a t i o n  f a c t o r  kU1 

p lays  a  dominant r o l e  i n  t h e  asymptotic behavior of 

(3.2) a s  n+=. 

The i n n e r  n e a r - f i e l d  s o l u t i o n  f o r  A=0(6), wi th  

x , t  = 0 ( 1 ) ,  i s  given by t h e  u s u a l  f rozen  l i n e a r i z e d  r e s u l t  

which d e f i n e s  t h e  inner  matching cond i t ion  f o r  U1. 
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Subject to (3.5) and the condition at the front, the solution 

of (3.2) is defined by 

with 

f~(~[l-e-~"]. (3 7) 

Again this solution is not single valued in physical 

space at points ,where 

However, in contrast to the isentropic solution shocks 

will not form even for compressive piston motions if 

(Varley and Rogers 1967, Rarity 1967) . 
If a shock does form its path can be determined, in 

principle, by the approach outlined in 51. Conditions 

(1.32) and (1.33) again hold for a weak shock, with a 

interpreted as the frozen sound speed, together with the 

additional statement 

[u] = 0 (3.10) 

In writing down (3.10) it is implicitly assumed that the 

shock thickness, across which the translational mode 
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a d j u s t s  t o  a  new equi l ibr ium s t a t e ,  i s  n e g l i b i b l y  t h i n  i n  

comparison w i t h  t h e  r e l a x a t i o n  l e n g t h  aoT. 

For a  shock propagating i n t o  an undis turbed region 

i t  can be shown t h a t  i t s  p a t h  is desc r ibed  by 

Although (3.11) reduces t o  (1.35) a s  k+O, it fol lows from 

(3.6) and (3.11) t h a t  f o r  any f i n i t e  k  t h e  amplitude of 

t h e  shock is exponen t i a l ly  weak a s  n+=, even f o r  p i s t o n s  

whose speed i s  asympto t i ca l ly  cons tan t .  

Moreover, it is  apparen t ,bo th  from p h y s i c a l  reasoning 

and by d i r e c t l y  computing h igher  o rde r  terms i n  ( 3 . l ) , t h a t  

t h i s  high frequency expansion w i l l  break down a s  S-, 

or,more p r e c i s e l y , a t  d i s t a n c e s  behind t h e  f r o n t  which a r e  

comparable w i t h  t h e  r e l a x a t i o n  l eng th .  I t  i s  e a s i l y  shown 

t h a t  f o r  5 = 0 ( 6 - ~ ) ,  n=0(1) t h e  dominant behavior  is desc r ibed  

by t h e  l i n e a r  equat ion (2.12) (Blythe ,  1969) though t h i s  

r e s u l t  does n o t  n e c e s s a r i l y  i n  i t s e l f  g i v e  a  uniformly 

v a l i d  d e s c r i p t i o n  of t h e  l i m i t i n g  asymptotic behavior.  Before 

d i scuss ing  f u r t h e r  t h i s  p a r t i c u l a r  d i f f i c u l t y  f o r  high 

frequency d i s t u r b a n c e s ,  it  i s  r e l e v a n t  t o  r e t u r n  t o  the  

asymptotic d e s c r i p t i o n  f o r  A=0(1). 
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4. The low frequency f a r - f i e l d  limit, A=0(1). 

The dominant asymptotic s i g n a l  according t o  l i n e a r  

( n e a r - f i e l d )  theory  i s  de f ined  by (2.14).  I f  u=O(A(6)) 

i n  t h i s  region it appears  t h a t  t h e  only n o n - t r i v i a l  

s t r e t c h i n g  of t h e  independent v a r i a b l e s  is 

t o g e t h e r  wi th  

This l a s t  r e l a t i o n ,  which fol lows d i r e c t l y  from t h e  r a t e  

equa t ion  , impl ies  t h a t  t h e  d e p a r t u r e  from an equi l ibr ium 

s t a t e  i s  smal l .  In  t h i s  sense  t h e  expansion (4.1) and ( 4 . 2 )  

d e f i n e s  a  low frequency f a r - f i e l d  l i m i t .  The magnitude of 

A(6) is  def ined i m p l i c i t l y  by (2.14) (see  below). 

Before s u b s t i t u t i n g  t h e s e  expansions i n t o  (2.5) , 
(2.10) and (2.2) it i s  b e t t e r  t o  r ep lace  a by E a s  a  b a s i c  

dependent v a r i a b l e .  

I t  can be shown t h a t  V1 s a t i s f i e s  

where 
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(4.3) is  Burger 's  equa t ion .  I t  has been suggested many 

t imes t h a t  t h i s  provides  a s a t i s f a c t o r y  asymptotic d e s c r i p t i o n  

of t h e  flow f i e l d  ( L i g h t h i l l  1956, Jones 1964, Lick 1967). 

This  equat ion can be transformed i n t o  t h e  d i f f u s i o n  equat ion 

and it is  e a s i l y  v e r i f i e d  t h a t  i t s  s o l u t i o n  w i l l  match wi th  

t h e  ou te r  behavior  of (2.12) g iven i n  (2.14).  

In  d e r i v i n g  (4.3) it has  been assumed t h a t  V1 = 0 (1) : 

t h e  magnitude of A(6), a s  noted above, i s  de f ined ,  by (2.14). 

However, it appears  t h a t  t h i s  s t r e t c h i n g  i s  no t  pe rmiss ib le  

f o r  a l l  p i s t o n  motions. I n  f ac t ,  i f  t f  ( t )+Oas t+-, V1=O(6) 

and t h e  non- l inea r  term i n  (4.3) i s  n e g l i g i b l e  i n  t h i s  

p a r t i c u l a r  f a r  f i e l d  region.  For p i s t o n  pa ths  whose decay 

is  slower,  e.g. 

I n  t h e  high frequency l i m i t  d i scussed  i n  53 i t  is  

apparent  t h a t  t h e  s o l u t i o n  i n  t h e  in te rmedia te  l i n e a r i z e d  

regime, where x t = 0 ( 6 - l ) ,  w i l l  break down i n  t h e  same way. 

Appropriate f a r  f i e l d  (low-frequency) v a r i a b l e s  a r e  then 

However, t h i s  ~ s y m p t o t i c  s o l u t i o n  i s  always shock 

f r e e .  (Even i f  any shock forms a t  the  f r o n t  i t s  s t r e n g t h  

w i l l  become exponen t i a l ly  weak f o r  a l l  bounded p i s t o n  speeds . )  

In  p a r t i c u l a r ,  when t h e  p i s t o n  speed a t t a i n s  a cons tan t  

l i m i t i n g  va lue  t h e  a s s o c i a t e d  s t eady  s t a t e  p r o f i l e  i s  f u l l y -  
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dispersed: all convective steepening can be balanced 

solely by the dissipative nature of the rate process. Yet, 

it is well known that stable steady partly dispersed wave 

forms, in which the relaxation region is preceeded by a 

Rankine-Hugoniot shock, do exist and it is informative to 

discuss this limitation in these asymptotic solutions. 

Throughout the analysis so far it has been assumed 

that the energy u is of a similar magnitude to the total 

internal energy e, or equivalently that 

This latter restriction, for steady state waves, always 

implies that IJW-Zo = o(l), where Uw is the wave speed, 

but for partly dispersed waves to exist 

This latter condition cannot hold for small amplitude 

waves (6+0) if (4.6) is satisfied. 

5. The small energy limit 

Situations in which both a-1 and u are "small" 

are obviously of some interest. In this limit it is 

possible to obtain a simplified description of the far 

field in which both fully-dispersed and partly-dispersed 

wave-profiles can be discussed in a unified manner. 

For ease of discussion, the magnitude parameter 6 

will also be used as a characteristic measure of a .  
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This statement should not be taken to imply any relation 

between the internal energy and the piston speed. If 

necessary a second parameter 61, with 0=0(6~), can be 

introduced and the subsequent analysis will hold provided 

terms 0(6,61) etc. are retained. 

The appropriate far-field expansion is again of 

the type outlined in 52,with a slight modification in the 

energy term. 5 and n are used as independent variables and 

Note that 

Substitution in (2.2), (2.8) and (2.10) gives 

which are the usual linearized relations but,U and e now 
1 1 

satisfy 

- ael = 2 2 kUl-Xel 
Here a 6 (5.5) 

Co 

is to be regarded as O(1). 
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In t h i s  f i r s t  o rde r  approximation t h e  r a t e  equat ion  

(5 .5)  i s  l i n e a r ,  though i t  now c o n t a i n s  both  ' forward '  and 

'backward' terms.  The only  n o n - l i n e a r  convec t ive  term 

occur s  i n  (5 .4 ) .  

In t h e  nea r - f rozen  l i m i t  A+O (h,k+O) equa t ion  (5.4) 

reduces  t o  t h e  expected  r e s u l t  (1.26), and i t e r a t i o n  

us ing  (5.5: g i v e s  t h e  Varley-Rogers limit (3 .2 ) .  In  the 

low frequency o r  nea r -equ i l ib r ium l i m i t ,  A+=(X,k+=), 

equa t ions  (5.4) and (5.5) g i v e  

S ince  

t h i s  l a s t  r e s u l t  reduces  t o  

n e g l e c t i n g  terms O(6). (5.6) i s  t h e  c l a s s i c a l  equ i l ib r ium 

r e s u l t  a l s o  de f ined  by (1.26).  By inc lud ing  terms 0 (A-,) 

it can be shown t h a t  U1 s a t i s f i e s  Burger 's  equa t ion  (4.3) 

when only  t h e  dominant terms w i t h  r e s p e c t  t o  6 a r e  r e t a i n e d .  

Under t h e  t r ans fo rma t ion  

(5 .4)  and (5.5) reduce  t o  
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and are free of parameters. The piston condition on Y=O becomes 

Although for geometrically similar paths the solutions will 

in general be similar only for fixed values of the parameters 

1 and kao/b, a considerable simplification occurs in one 

particular case. For a centered expansion wave the condition 

at the origin is 

which re-expressed in far field variables gives 

The differential equations (5.8) and (5.9), the front 

condition and the initial condition (5.11) are now independent 

of all parameters. This similarity form has been discussed 

in Blythe (1969) where a numerical solution, using a 

characteristics method, was presented 

It is sometimes convenient to eliminate E from (5.8) 

and (5.9) . The resulting second order equation is 

The structure of this equation should be compared with that 

of the classical linearized result (2.12). Here the linear 
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operators of (2.12), associated with the high and low 

frequency sound speeds respectively,are replaced by 

corresponding non-linear convective operators. The linearized 

form of (5.12) , 

is the telegraph equation. Moore and Gibson (1960) 

deduced (5.13) from the usual linearized form (2.12) in 

the limit a-l<<l. In Moore and Gibson's derivation t=o((a-1)'l) 

but. it is apparent that in order for this equation to be 

applicable in this domain 

The simplest solutions of (5.8) and (5.9) are those 

of steady state form 

where the wave speed associated with C, in (x,t) space, is 

Solutions of this form correspond to the asymptotic state 

due to a compressive piston moving at constant speed. 

The differential equations satisfied by w and E are 



whose non-trivial solution is defined by 

Since wt=w=O at upstream infinity apparently 

However, solutions of (5.17) are unique only if 

C<O 

with the piston speed given by 

((5.17) cannot be used to study expansion waves with w3<0. 

It is easily shown that the overall entropy change would 

be negative for this case). 

Note from (5.15), that the restrictions (5.19) and 

(5.20) imply 
ao>uV>a o 

which is the usual condition for a fully-dispersed wave 

(Lighthill, 1956). 

If 0 0 ,  (5.17), with K=O, does not represent a single 

valued solution. For compression waves a Rankine-Hugoniot 

shock must be inserted at the front. From the weak shock 

relations it follows that 

immediately behind the shock. Hence from (5.17), with E=O, 
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i t  aga in  fol lows t h a t  K = O .  

Apart  from an a r b i t r a r y  cons tan t ,  (5.17) i n t e g r a t e s  

t o  g i v e  

For centered expansion waves it i s  expected t h a t  

t h e  asymptotic d i s tu rbance  w i l l  be t h e  equ i l ib r ium s o l u t i o n  

I t  i s  e a s i l y  v e r i f i e d ,  neg lec t ing  terms 0 ( 6 ) ,  t h a t  (5.24) 

i s  an exac t  s o l u t i o n  of t h e  f u l l  equat ion (5.12). 

Although o t h e r  exac t  a n a l y t i c a l  s o l u t i o n s  of (5.4) 

and (5.5) a r e  no t  r e a d i l y  found, it i s  apparent  t h a t  these  

equa t ions  do provide  a  uniform smal l  amplitude f a r - f i e l d  

l i m i t  wi th  r e s p e c t  t o  t h e  r a t e  parameter A .  In  a d d i t i o n ,  

they  w i l l  desc r ibe  t h e  s t r u c t u r e  of both p a r t l y - d i s p e r s e d  

and f u l l y - d i s p e r s e d  wave forms. Some f u r t h e r  d i scuss ion  

of t h e  p r o p e r t i e s  of these  equa t ions  can be found i n  Blythe 

(1969) (see  a l s o  Spence E Ockendon 1969).  
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1. General  r e m a r k s  on the s ta te  of thermodynamics 

It is now a l i t t le  over  a hundred y e a r s  that the conceptual bas i s  

of thermostat ics  has been laid. Clausius introduced the  entropy concept 

and obtained the laws of thermostat ics  for fluids which a r e  in  internal 

equilibrium. Not much l a t e r ,  i .e .  94 y e a r s  ago, Gibbs completed the 

formal  mathematical s t ruc ture  of thermostat ics  and developed the mini- 

mum and maximum principles and the stability conditions for fluids. 

There came many applications of thermostat ics ,  of which chemical r e a -  

ctions, blackbody radiation and the thermostat ics  of sur face  tension 

may be mentioned. 

Thernlostatics of solid deformable mater ials  has  been res t r i c ted  

to  smal l  s t ra ins  and s t r e s s e s  for a long time. It is 'only through the l a s t  

few decades that thermostat ics  of l a r g e  defornlations has found attention. 

And there  a r e  s t i l l  some important problems which a s  yet have not found 

a sat isfactory solution. The thernlostatics of plastic deformation is, in 

my opinion , s t i l l  in a very primitive state. But even if we confine o u r  

attention, a s  we shall do here, to  defrrmations where plasticity does 

not yet occur, o r  more  precisely, to  s imple deformable mater ials ,  no 

full thermostat ic  stability condition is known. It goes without saying 

that such stability conditions must exist.  But none of the many inequa- 

l i t ies  in  mechanics of deformable mater ials  which have been postu- 

1) On Leave of absence fron: Rheinisch-\VestfBlische Technische Hochschule, 
Aachen. 
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lated o r  motivated can be considered a s  such (or a s  the mechanical 

part thereof ) because ,when applied to fluids, they do not go over into 

the well-established stability conditions for fluids. 

Thermodynamics proper, which deals with irreversible processes 

(to avoid confusion with the usual usage of the word thermodynamics 

we shall speak of thermodynamics of processes) has found attention 

during the centuries, and i ts  first law has been given 300 years ago; 

it i s  Newton's viscosity law. Fourier's law of heat conduction was gi- 

ven in 1835. Some decades later  we had Fick's law of diffusion. The 

beginning of a systematic theory of thermodynamics of processes should 

be credited to Jaurr~ann and Natanson (from 1910) . 
But it was not before 1940 that thermodynamics of processes 

came to life again, and there was an enormous growth of literature, 

but also a conflict of approaches and of ideas. What started in 1941 and 

was developed mainly during the following decade I shall in the 

following call classical thermodynamics of irreversible processes 

(classical TIP for short) . Main contributers were C. Eckart (1940); 

myself (from 1941), Prigogine (since 1947), de Groot (since 1945) and 

Mazur and Wergeland. But I should not forget to mention Onsager's 

work of 1931 which gave an important contribution to the classical 

TIP * 
The value of classical TIP has been completely denied by another 

group of scientists of which Truesdell, Coleman and No11 a re  perhaps the 

') Presentations of classical TIP including bibliographies of the rele- 

vant Literature a r e  given in 1) 2)  3) 
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most important representatives. Coleman *) 5, has developed 

a new thermodynamics which is partly founded on ideas which have grown 

and been used in the non-equilibrium mechanics of large deformations 

during the past 15 years *) , It is now in s u c h a  state that it has 

joined, a s  Truesdell remarks, "he older science of mechanics and the 

younger science of electromagnetism a s  a fully formulated mathematical 

discipline-nd it is also, a s  Truesdell says, so  simple that it can 

7) be taught to beginners . 
A new thermodynamics of processes has been developed during 

the last  five . It started from the analysis of very special but 

on the whole also very well understood thermodynamic systems, 

namely electrical networks. There was one point which , for good reasons, 

has not been paid much attention to by the network engineers nor the 

network mathematicians. This was the question how the entropy of a net- 

work in a given state should be defined i f  the network is  to be contained 

in a black box which means that we derive information about the network 

only be operating and measuring at the terminals, in other words that 

we describe the network by its impedance matrix with respect to the 

accessible terminals. It turned out, that the entropy of a network* if it can 

be defined at all, has not a unique value, but that there exists an infi- 

*)A ver comprehensive presentation of this developnlent up to 1964 has been 
$1 given in , Most of the more recent literature on this subject is found in 

the "Archive of Rational Mechanics and At~alysis" and i n  the "International 
.lourrlal of Etigitleeririg Sciettcc". 

**)some earl ier  papers ')11) prepared the groulid. The main ideas 

hove been given and worked out in 12)-17) 
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nite number of network realizations for a given black box 

behavior or  for a given impedance matrix and that 

they have , except for an impedance matrix of the reactance type, with 

the same applied voltage histories, many numerically different entropy 

histories. This is, of course, only true if there a r e  actual processes, 

i .e .  voltage histories which a r e  not constant in time. An escape from 

this disturbing finding would be possible if one could exclude electrical 

networks from the set of thermodynamic systems. Since this would 

contradict general physical ideas, the conclusion is  unavoidable : If elec- 

trical networks cannot be assigned a unique value of the entropy in a 

non-equilibrium state, then a unique value of the entropy in other 

thermodynamic systems should not exist either in a non-equilibrium 

state. 

In such a situation the best thing to do i s  to go back to the 

original sources. What we find there is, indeed, quite puzzling. Clausius 18) 

states the second part of the second law in the form 

which is  to hold for any process without exchange of matter and which 

leads in course of time from an equilibrium state A to an equili- 

brium state B. By dQ we understand the supplied heat during an 

interval of the process while S(A) and S(B) a re  the thermostatic 

entropies i n  the equilibrium states A and B. Clausius himself cnlplla- 

sizes quite strongly that A and B must be equilibrium states 

in order that (1) hold. 
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Some ten years later. Clausius gives without motivation much 

less a proof the inequality 

meaning that S ist the entropy difference of two adjacent non-equili- 

brium states. Thereby he assumes that an entropy can be defined also 

for non-equilibrium states and that (1. 2) can be considered in a way a s  

a differential formulation of the inequality (1.1). This is in complete 

contrast to his earlier statements about the entropy concept and the 

Second Law. 

So we see that an entropy in non-ecpilibrium states has no founda- 

tion in Clausius' work. 

Up to the present time the inequality (1.2) has been taken over from 

Clausius without much criticism and, as  far as  we know, without an 

attempt to remove the deficiency in the definition of a non-equilibrium 

entropy. Classical TIP as  well as  Coleman's thermodynamics are  ba- 

sed on the inequality (1. 2) which, for fields, is  usually transformed into 

the Clausius-Duhem inequality 

where p , s ,  q are  the density, the specific entropy and the heat flow, 

respectively. 

Although kinetic theories seem to prove the existence of an entropy 

also during a process, this proof is open to criticism. In Boltzmann's 

kinetic theory of gases the H-theorem is proved for the one particle 

distribution functions. But one can derive other H-theorem for %-parti- 

cle distribution functions etc. and each such H-theorem defines 
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an entropy. That is to say, that quite a multitude of entropy values 

can be defined for a material which has been brought, within an i r rever-  

sible process, to a well-defined non-equilibrium state. In other words, 

no unique entropy value exists in an non-equilibrium state. 

It i s  therefore necessary to develop the laws of thermodynamics 

of processes without taking recourse to the doubtful concept of a non-equi- 

librium entropy. The main ideas of such a theory will be developed in 

:he following sections. 

2. Thermostatics of deformable materials 

We introduce at first a few kinematic concepts. Consider a homo- 

geneous deformable body at res t  in an equilibrium state of vanishing s t res-  

ses.  Assume that it undergoes after time t a deformation without diffu- 
0 

sion which will always be excluded in the following. We define the velocity 

~ ( x ,  t )  through the average linear momentum of the atomic constituents 

which a r e  at time t within a sufficiently small element of volume 

with the point 5 a s  i ts  center of gravity . Khen we solve the diffe- 

rential equation 

(2.1) - x = v (x, t )  dt - - -  

with the initial condition x(t ) = X , we obtain 
0 
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This is called the trajectory of a material point X which is defined 

by i ts  coordinates at time 
to 

and which is not to be confused with 

atoms. The equation (2.2) is a mapping of the material points X in 

the unstressed equilibrium state into their positions 5 at time t. 

In this section we a r e  interested in equilibrium states only and the- 

refore assume that t in (2.2) refers  to such a state . We usually 

omit, therefore, t in the argument. The deformation gradient of this  

mapping is defined as  

it assumes the value 

if 2 z 5 . The density p in the state 2 i s  expressed by 

where pt i s  the density in the state J . 
There a re  unique factorizations' 

with an orthogonal matrix a , det = 1 and with symmetric ma- - - 
t r ices _U, which have the same positive eigenvalues. - 
We also introduce the right and left Cauchy-Greeti stretch tensors 
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where the tilde means the adjoint tensor .  

We a s s u m e  now that the mater ial  under consideration has a uni- 

que s tat ic  specific entropy s which depends on the specific energy 
s t  

u, on the deformation gradient E and on some sca la r  internal var ia-  - 
bles  5 . . . , 5 whi6h need no specification. Then 

Therefrom we obtain 

Here and in the following the summation oonvention is adopted. 
Tst 

is the temperature of the s tat ic  state. The H. a r e  the affinities in the 
1 

entropy representation. In o r d e r  to  identify the coefficient of d F. 
lo! ' 

we have to evaluate the work done in an infinitesimal reversible  t ran-  

sformation without heat supply (ds = 0) and with frozen internal var ia-  
s t  

bles. Thus one obtains 

A slight simplification of (2 .8)  i s  possible if we note that s s t  
is a s c a l a r  invariant and that it should not change i ts  value if we apply a 

fur ther  deformation Q which i s  a pure rotation . Then we have 
I 
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- 1 
and choosing Q = R ( see  (2.6)) , we s e e  that s is a function of U, - - 
o r  equivalently of C. So 

(2.12) 

and 

1 - 1 u - 1  
Trace  2 (2.13) dsst = - du - - - * F  d s  + H i d Y i .  

Tst P Tst 
*Wst = 

We have added the subscript  s t  to the entropy s, to T and 

in o r d e r  to emphasize that these quantities re fe r  to  a n  equilibrium sta-  

te.  It is c lear  that Tst and cst a r e  functions of u, F (o r  C) and - .  - 
5 a s  well a s  s is. These functions will a l so  play a part  in  the 

s t  
non-equilibrium theory where they a r e  understood just a s  the s a m e  func- 

tions of u, g ,  Ti but not implying that they can be identified with the 

non-equilibrium temperature o r  the non-equilibrium s t r e s s  tensor. 

3. The balance equations and the fundamental inequality 

The conservation laws for  mass ,  l inear  and angular momentum 

and energy a r e  expressed by balance equations. 

The balance equation for mass ,  a l so  called continuity equation, 

can be written in various forms.  They a r e  
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The d/dt  and the dot over  denote the mate r ia l  derivative 

The balance equation for l inear  momentum is 

if external fo rces  a r e  ignored. 

We a s s u m e  for  simplicity that there  is no exchange between angu- 

l a r  momentum of motion and intr insic  angular momentum due to internal 

rotation of molecules o r  of spins.  Then the s t r e s s  tensor  i s  symmetr ic  

The energy balance equation can be changed into a balance equa- 

tion for the internal energy alone i f  proper  use of the balance equation 

(3.4) is made. It r eads  

By q , the heat flow vector is understood, - 
These balance equations indicate a f i rs t  hand choice of parameters  

of state. They contain u but not T, q but not V ?' . We shal l ,  - 
therefore , prefe r  to use u(t) and q(t) a s  independent variables  when - 
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setting up constitutive equations. 

Yroni the balance equations (3.2) and (3.6) and from the entropy 

differential (2 .9)  orit. infers the identity 

cls 
St 1 1 1 '  

P -dt vet;;; (1, = (, - 7;;,p" 
(3.7) s t  

if internal variables a r e  from now on ignored. In this identity T i s  

quite an arbitrary function of 2, t .  

If we assume T = T and understand by s (u, E) the speci- 
s t  s t  

fic entropy during the process, which may be reasonable for small 

departures from an equilibrium state, then (3.7) is the entropy balance 

equation of classical TIP a s  applied to deformable materials with inter- 

nal equilibrium. I!I this case the Clausius-Duhem inequality (1.3) would , 

require that the right member of (3.7) is non-negative and can therefore 

be interpreted a s  entropy production. 

Without these assumptions nothing can be said about the sign of 

the right member of (3.7). However, we obtain an interesting statement 

if we integrate the equation (3.7) for a fixed small mass element along 

i t s  motion for a process which s t a r t s  at t = - m from an equilibrium 
0 

state and leads at t = t m again to an equilibrium state. Since P dV, 

with dV being the volume element, i s  a constant during the motion, 

we ohtain by integrating the left member of (3.7) from - cc to m 
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with m being the m a s s  of the m a s s  element, and if we understand by 

T the temperature during the process ,  o r  the temperature in  the 

Clausius inequality (1.1) we a r r i v e  at  the conclusion that the expression 

(3.8) is non-negative. Therefore the s a m e  i s  t r u e  for 

provided 7 = m . If it is permit ted to  go to the l imit  of infinitesimal 

m a s s  elements th i s  inequality remains  t rue for  any finite 'T because one 

can continue the process  a f te r  any t ime T in such a fashion that the 

integral f rom t = T to t = m goes to ze ro  a s  the m a s s  element  tends to  

zero. It is only to  be assumed that fo r  fixed values of u and E 
and with CJ = 0 af te r  t = T' the mater ial  element approaches a unique 

thermostatic eqcilibrium state .  

This inequality will be called the fundamental inequality. 

4.  Constitutive eauations 

Besides the balance equations Which hold for  a l l  mate r ia l s  a t  a l l  

t imes we have now to introduce laws which distinguish one mater ial  f rom 

another. In thermostat ics  we have the equations of s ta te .  In thermodytia- 

nlics we have to introduce an appropriate definition of the s tate  a t  
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t ime t before setting up something like equations of s ta te .  The problem 

i s  to give a s  much information on the s ta te  at  t ime  t a s  i s  necessary  

to make predictions on the behavior of the thermodynamic system at 

l a t e r  t imes.  It i s ,  fo r  that purpose, i r relevant  what kind of information 

we invoke if it is only complete. There  a r e  two extremes:  knowledge 

of a sufficient s e t  of s ta te  variables  (u, q, E and suitable internal va- 

r iables)  a t  t ime t, o r  knowledge of u, 1, only at  t ime t and a t  

all  previous t imes,  i . e. the history of these variables  with respect  

to t ime t.  If we adopt the second point of view, then we character ize 

the s ta te  at  t ime t by explaining the t reatment  in -03 < s ,( t by 

which it has  been produced. Of course,  we permit here a loss  of genera-  

lity because one might admit that the s ta te  in  a m a s s  element depend 

a l so  on the hystorjr of i t s  neighborhood. Thus we single out a special 

c lass  of mater ials  which we call s imple mater ials .  F o r  such mate r ia l s  

all  quantities depend on the his tor ies  u (s )  , q(s )  , _F(s) in - m<s<m - 
and consequently t h e r e  exist constitutive equations 

with 

(4.4)  
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with functionals Yi which must satisfy the fundamental inequality for 

all admissible thermodynamic processes, 

These functionals can be somewhat simplified by applying the 

principle of material frame indifference. Further simplifications a re  pos- 

sible for  isotropic materials . But on the whole a description of the 

material properties in processes by such functionals is not very satis- 

factory. For  one thing one would need a whole library to put down these 

properties for a single material considering the big manifold of possible 

histories. And it also seems that the contents of such l ibraries 

for  two pieces of a meterial which a re  produced under the same techni- 

cal condition would not quite agree. So if one must use such a l ibrary in 

a technical application, one would also need data on the fluctuations of the 

entries in the library which exist for materials produced under the same 

technical conditions. 

Although the practical value of such constitutive equations seems 

to be relatively small, the theory a s  such i s  pretty good. And it per- 

mits specialization to special classes of materials which a r e  simpler than 

the simple materials and also to special conditions. For instance the 

functionals reduce to linear functionals if only small departures from 

a reference state a re  to be considered. Then the powerful superposition 

principle is available and the material is characterized by three after 

effect functions associated with each equilibrium reference state in the 

relevant domain. 

Simplifications of a different kind occur if the processes a re  slow 

on some time scale 7 . If we assume some kind of fading memory, 

which roughly means that the previous values u(s) , q(s) , _F(s) enter - - 
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the functionals with decreasing weight when S decreases , then) it may 

suffice for slow processes to know u(t), E(t) only, o r  in a better ap- 

proximation ;(t) , & t ) ,  q(t) in.addition in order to know the values 

of all other variables. Then the functionals reduce to functions of u'(t), 

F(t)  o r  u(t), F(t) ; ;(t) , q(t) , g ( t )  . If the functionals 3 a r e  
i 

exactly of this form, then we speak of a material of the differential 

type and of complexity 0 or  1, respectively. Otherwise, the mate- 

r ial  is approximated by a material of the differential type and of com- 

plexity 0 or 1 for sufficiently slow processes* 

The materials of differential type and of complexity one a re  of 

particular interest. They satisfy the fundamental inequality trivialy becau - 
se  not only the integral in (3.9) is non-negative but already the inte- 

grand itself *) . As a consequence the left member in ( 3 . 7 )  is non-nega- 

tive and the static entropy function S (u,E) satisfies the Claurius- s t  
-Duhem-inequality (1.3) . In this case the comtitutive equations are  just 

the same a s  those given in classical TIP . This result explains clearly, 

also in more general cases, the position of classical TIP within the 

framework of the new thermodynamics of processes. 

5.  Discussion 

We try to clarify somewhat the notion of memory . Of course, the 

material itseif has no memory and we cannot consult it a t  time f for 

 he proof has been given by Jiirgen Keller (Aachen) and is  contained in 
the Appendix of 16) 
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i ts  past treatment at  t imes t - s (0 < s < a) . Although the s ta te  at  

t ime t is determined by the his tor ies .  u(t-s) , q(t-s)  , _F(t-s) in - 
0 s < oc the converse need not be t rue.  There p a y  Ile families of 

his tor ies  with an infinite number of specimens which lead to the same 

s ta te  at  t ime t and the most one can infer from the present s ta te  

about the past treatment i s  that it is one specimen of suc.11 a famil>-. 

We i l lustrate  this by a simple example which is the \ ~ t . l l - l i l ~ o \ \ - l ~  dynami- 

cal equation of s tate  

Here f is the one-dimensional s t r e s s  and € is the one-dimensional 

s t rain.  The coefficient E > 0 i s  the elastic modulus in equilibrium 
0 

and 7 ,  7 a r e  the 'relaxation t imes at  constant s t rain o r  s t r e s s ,  
1 2  

respectively, with T2 > Tl > 0 . The s t r e s s  can be written a s  a 

l inear  functional of the s t ra in  by integrating (5.1) with appropriate  

initial conditions, E + 0 and U' bounded a s  t + - . The resul t  

(5.2) 
7 2  

6"(t)= E T E ( t ) - E  
o 1 r,2 (y E (s) CIS. 

It is easily seen that the solution of (5.1) with prescr ibed E ( i )  

in t 2 t and given C ( t  ) is unique. The past history E(s )  in 
0 o 

-o: < s ( to has then to  satisfy (5.2)  wit11 t = t . If E ( s )  and &*(s) 
0 

a r e  two solutions of (5.2), then one obtains 



If E (s) in - cc in - cc < s 6 t i s  one possible history leading to 
0 

(to) , & (t ) , then it is  obvious from (5.3) that there i s  an infinite 
0 

number of other possible histories ~ ' ( s )  leading to Q (to) , E (to). 

We can say that the histories a r e  parametrized by the "state 

parameterI1 

Then 

(5.5) 

rnr = It exp (q E(S)  ds  . 
- QD rl 

The memory can therefore not be considered a s  an objective 

property of the material; i t  is ra ther  the knowledge of the pastetreat- 

ment that the experimenter needs i f  he wishes to make predictions 

on the future behavior of the material  under given external action, and 

it has therefore subjective character.  This is the more so  because the 

experimenter can at will use additional information about the state 

of the material at time t, for instance the value of an internal variable 

3 (t)  . Apparently, this together with the histories u(t-s) , q(t-s)  , - 
F(t-s)  would give redundant information on the state at time t .  This - - 
fact enables one to ignore part  of the n n ~ e n ~ o r y l f  . Practically this 

works out s o  that the original memory function may be reduced to a 

shor ter  range menlory function. 

We speak of the lowest level of description if the information 

about the state at time t is contained in the knowledge of the 

histories u(t-s)  , q(t-s), g ( t - s )  in 06 s < w . Assume that practical- - 
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1:- the memory reaches  back to t ime t - 7"') s o  that the h i s to r ies  be- 

fore this  t ime have a negligible influence in the functionals (4. 1) to 

( 4 . 3 )  , A higher level  of description would consist in the introduction 

of internal var iables  Sk and the i r  his tor ies  I k ( t - s )  with k = 1.2, . . 
. . . , n  . Then there  would be additional functional equations for  the in- 

t e rna l  var iables  of which (5.6) is a very special  case.  But. the memo- 

r y  in a l l  the functionals would reach  back practically only to t ime  

t - T(n) with > 7") > . . . 7'") . If we now consider p rocesses  

which a r e  slow on the t ime  sca le  7 ( n )  - they can be much fas te r  than 

processes  which a r e  slow on the t ime  sca le  7'') - i t  is possible to r e -  

place the memory  by the values of u(t) , g ( t )  , y k ( t )  and of i ( t )  , 

q(t)  , i ( t )  f &t) ; that is to approximate the mater ial  on this higher level - 
of description by a mater ial  of differential type and of complexity one. 

Then one can again prove by Kei le r l s  theorem 16)  that the integrand 

of a modified fundamental inequality, which has  additional t e r m s  pertai-  

ning to the internal variables, i s  itself non-negative. Therefrom it is 

concluded that (2.8) i s  a possible entropy function during the process  

and the laws of classical  'I'IP a r e  recovered. 
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0. I n t r o d u c t i o n  

These l e c t u r e s  w i l l  c o n s i s t  of a sequence of problems,  mainly 

from t h e  t h e o r i e s  of  l a r g e  e l a s t i c  deformat ion  and v i s c o e l a s t i c  

f low. I n  t h e s e  t h e o r i e s ,  p r o p e r t i e s  of  m a t e r i a l s  a r e  desc r ibed  by 

e q u a t i o n s  t h a t  a r e  n o t  l i n e a r .  They a r e  u s u a l l y  s o  badly non- 

l i n e a r  t h a t  i t  i s  j u s t  a s  w e l l  t o  r e g a r d  t h e  f u n c t i o n s  t h a t  appear  

i n  them a s  almost  a r b i t r a r y .  

The p rospec t  of  a non- l inear  problem i s  f r i g h t e n i n g  because 

t h e  s t a n d a r d  methods based  on s u p e r p o s i t i o n  a r e  i n a p p l i c a b l e .  The 

f r i g h t  i s  psycho log ica l ;  no one s o l v e s  l i n e a r  problems e i t h e r ,  by 

p e n c i l  and paper,  u n l e s s  t h e  problem has  a g r e a t  d e a l  of symmetry. 

The use  of symmetry i s  usua l ly  no t  acknowledged. It i s  regarded 

a s  c h e a t i n g .  

A l l  of t h e  problems t o  be cons ide red  here  a r e  . h igh ly  symmetr ica l .  

The symmetries most e a s i l y  recognized  a r e  t r a n s l a t i o n a l  o r  r o t a t i o n a l .  

S c a l e  i n v a r i a n c e  i s  s t i l l  impor tant  i n  non- l inear  problems, b u t  l e s s  

easy  t o  p e r c e i v e .  I n v a r i a n c e  t h a t  removes a v a r i a b l e  be fo re  you 

even thought  of it i s  of course  n o t  recognized ,  but  i t  doesn ' t  need 

t o  be .  

Symmetry i s  used i n  s o l v i n g  problems by invok ing  t h e  f a c t  t h a t  

t h e  complete s o l u t i o n  must have a l l  of t h e  symmetry t h a t  t h e  

s t a t emen t  of t h e  problem has .  I n  t h e  i d e a l  ca se ,  only  one cand ida t e  

has  a l l  of t h e  neces sa ry  symmetries, s o  it i s  t h e  s o i u t i o n .  Of ten ,  

a s t r o n g e r  hypo thes i s  i s  used:  we c la im t h a t  t h e  problem has only 
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one s o l u t i o n ,  s o  t h a t  p a r t i c u l a r  s o l u t i o n  by i t s e l f  ha s  a l l  t h e  

symmetries of  t h e  d a t a .  The ph ra se ,  "By symmetry", means "By 

symmetry, assuming uniqueness".  

Even t h i s  s t r o n g e r  hypo thes i s  i s  o r d i n a r i l y  no t  enough t o  

s i n g l e  out  j u s t  one p o s s i b i l i t y .  C o n s t r a i n t s  a r e  u s e f u l .  Anything 

t h a t  limits t h e  c l a s s  of c a n d i d a t e s  makes i t  e a s i e r  t o  p i c k  ou t  

t h e  s o l u t i o n .  I n  continuum mechanics, t h e  c o n s t r a i n t  of incompres- 

s i b i l i t y  i s  widely a p p l i c a b l e .  

L i n e a r i z a t i o n  i s ,  of cou r se ,  t h e  main way of s o l v i n g  l e s s  

symmetrical  problems (by p e n c i l  and p a p e r ) .  I w i l l  no t  say  much 

about p e r t u r b a t i o n  methods i n  s p i t e  of t h e i r  obvious impor tance ,  

because t h e  equa t ions  a r e  u s u a l l y  t o o  long t o  remember o r  t o  work 

ou t  i n  t h e  mids t  of a  s h o r t  l e c t u r e .  

I w i l l  a l s o  say  l i t t l e  about numer ica l  methods. When 

m a t e r i a l  p r o p e r t i e s  a r e  g iven  i n  terms of e m p i r i c a l l y  de termined 

func t ions ,  i t  goes wi thout  s a y i n g  t h a t  s o l v i n g  problems r e q u i r e s  

numerical  work. The t a s k  of  t h e  a n a l y s t  i s  t o  reduce t h i s  t o  a 

minimum, not  t o  avoid  it e n t i r e l y .  

With apo log ie s  t o  a l l  whose work I have s t o l e n ,  I g ive  

no r e f e r e n c e s  excep t  t o  t h e  most r e c e n t  l i t e r a t u r e .  References  t o  

most of t h e  o r i g i n a l  sou rces  can be found i n  s e v e r a l  books [1 ,2 ,3 ,  

4 I w .  Whatever i s  o r i g i n a l  w i l l  be easy  t o  r ecogn ize :  t h e  mis takes  

a r e  a l l  mine. 

Numbers i n ' s q u a r e  b racke t s  i n d i c a t e  r e f e r e n c e s  l i s t e d  a t  t h e  end 
of t h e  pape r .  
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1. Elementary Problems of F i n i t e  E l a s t i c  Deformation 

The theory  of  f i n i t e  e l a s t i c  deformat ions  i s  a r e l a t i v e l y  

s imple  non- l i nea r  t heo ry  because a l l  r e l e v a n t  m a t e r i a l  p r o p e r t i e s  

a r e  bound up i n  a s i n g l e  s c a l a r  f u n c t i o n  W ,  t h e  e l a s t i c  s t o r e d  

energy d e n s i t y .  Th i s  g i v e s  t h e  t heo ry  a g r e a t  d e a l  of coherence 

compared t o ,  say ,  t h e  theory  of  l a r g e  v i s c o e l a s t i c  deformat ions .  

It a l s o  makes p o s s i b l e  t h e  use of  energy methods t o  s imp l i fy  t h e  

a n a l y s i s  and t o  g i v e  a n e a t e r  p i c t u r e  of what i s  involved i n  a 

problem. 

T r e l o a r l s  [5 ]  book i s  t h e  b e s t  r e f e r ence  on p h y s i c a l  a s p e c t s  

of t h e  s u b j e c t .  There a r e  s e v e r a l  f i n e  books [l, 2,3,41 on t h e  

mathematical  t h e o r y .  These books r i g h t l y  emphasize t h e  g e n e r a l  

t heo ry  and t h e  t echn iques  used i n  s o l v i n g  hard  problems.  To t r y  

t o  d i s p e l  t h e  i d e a  t h a t  f i n i t e  e l a s t i c i t y  i s  a very  d i f f i c u l t  

s u b j e c t ,  I w i l l  c o n f i n e  a t t e n t i o n  t o  dead easy  problems.  

1.1. S t r i n g s  

Many of t h e  b a s i c  no t ions  of  f i n i t e  e l a s t i c i t y  t heo ry  can 

be i l l u s t r a t e d  i n  te rms of i t s  s i m p l e s t  s p e c i a l  c a s e ,  t h e  t heo ry  

of e l a s t i c  s t r i n g s .  A s t r i n g  r e s i s t s  ex t ens ion  bu t  has  no bending 

s t i f f n e s s .  I ts  mechanical  behav io r  i s  de sc r ibed  by a func t ion  

f (A) ,  t h e  t e n s i l e  f o r c e  f  r e q u i r e d  t o  s t r e t c h  t h e  s t r i n g  t o  A t imes  

i t s  i n i t i a l ,  u n s t r e s s e d  l e n g t h .  The e l a s t i c  s t o r e d  energy w(A), 

measured p e r  u n i t  of  i n i t i a l  l e n g t h ,  i s  r e l a t e d  t o  f (A)  through 

t h e  assumption t h a t  t h e  s t o r e d  energy i s  equa l  t o  t h e  work done 

i n  s t r e t c h i n g  t h e  s t r i n g ;  dw = fdA, o r  f ( A )  = w l ( A ) .  
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I f  a  s t r i n g  i s  s t r e t c h e d  inhomogeneously, s o  t h a t  a  

p a r t i c l e  i n i t i a l l y  a t  a  d i s t a n c e  X from one end moves t o  a  

d i s t a n c e  x(X) from t h a t  end (measured a long  t h e  s t r i n g ) ,  t h e n  

t h e  s t r e t c h  a t  t h e  p a r t i c l e  X i s  X = dx/dX. We assume t h a t  t h e  

t e n s i l e  f o r c e  t h e r e  i s  f [h (X) ] ,  j u s t  a s  i f  t h e  s t r i n g  were 

s t r e t c h e d  uni formly  . 
Let u s  de termine  t h e  e q u i l i b r i u m  c o n f i g u r a t i o n  of  a  

s t r i n g  t h a t  i s  s t r e t c h e d  out  between two p o i n t s  A and B on t h e  

s u r f a c e  of  a  smooth, r i g i d ,  convex body. Le t  Lo be t h e  u n s t r e t c h e d  

l e n g t h .  The t o t a l  energy of  t h e  s t r e t c h e d  s t r i n g  i s  

0 

(No t i ce  t h e  convenience of s p e c i f y i n g  w a s  energy  p e r  u n i t  i n i t i a l  

l e n g t h .  ) 

To f i n d  t h e  c o n f i g u r a t i o n  t h a t  minimizes E, f i rst  choose 

any a d m i s s i b l e  p a t h  .from A t o  B y  and vary t h e  f u n c t i o n  x(X) ,  which 

d e s c r i b e s  how t h e  s t r i n g  i s  s t r e t c h e d  a long  t h a t  p a t h .  The E u l e r  

e q u a t i o n  c h a r a c t e r i z i n g  t h e  minimizing f u n c t i o n  i s  

Thus, s i n c e  dw/dxf i s  t h e  t e n s i l e  f o r c e  f ,  t h e  t e n s i o n  i s  c o n s t a n t .  

Under l oose  a s sumpt ions ,  X must be c o n s t a n t  i f  f  i s  

c o n s t a n t .  Then i f  L  i s  t h e  l e n g t h  of  t h e  p a t h  cons ide red ,  X i s  

e q u a l  t o  L/Lo a t  every  p a r t i c l e ,  and t he  ene rgy  i s  E = w(L/Lo)Lo. 

Now c o n s i d e r  v a r i a t i o n s  of  t h e  p a t h .  Under obvious 

assumpt ions ,  E ( o r  w )  i s  minimized by choos ing  t h e  s h o r t e s t  p a t h ,  
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which minimizes t h e  s t r e t c h .  

Thus, i n  e q u i l i b r i u m ,  t h e  s t r i n g  l i e s  a long  a geodes i c  

from A t o  By and i t  i s  s t r e t c h e d  uni formly .  We can s a y  t h a t  t h e  

problem i s  so lved ,  a l t hough  n e i t h e r  t h e  s o l u t i o n  n o r  even t h e  

problem i t s e l f  h a s  been d e s c r i b e d  i n  a l l  d e t a i l .  

Not ice  t h a t  n o t h i n g  could  have been g a i n e d  by s p e c i f y i n g  

t h e  form o f  w ( X ) ,  and t h a t  we conce ivably  might even  have f a i l e d  

t o  unde r s t and  t h e  s o l u t i o n  i f  confused  by a compl ica ted  s p e c i f i c  

f u n c t i o n ,  o r  a  s p e c i f i c  s u r f a c e  shape .  

1 .2 .  Membranes 

The two-dimensional  ana log  o f  t h e  s t r i n g  i s  t h e  membrane. 

Cons ide r  a pa t ch  of  membrane, i n i t i a l l y  a  u n i t  s q u a r e .  Suppose 

t h a t  i t  i s  s t r e t c h e d  i n t o  a r e c t a n g l e  of  dimensions A l  and A 2 .  

If t h e  membrane i s  homogeneous and i s o t r o p i c ,  t h i s  can be done by 

a p p l y i n g  uni formly  d i s t r i b u t e d  normal f o r c e s  t o  i t s  edges .  Le t  

f l  and f 2  be t h e i r  r e s u l t a n t s ;  f l  a c t s  on t h e  edge o f  l e n g t h  A 2 .  

I f  w(A1,A2) i s  t h e  s t o r e d  ene rgy ,  and  i t  i s  e q u a l  t o  t h e  work done 

i n  deforming t h e  membrane, t h e n  

Hence, fa  = a w / a A , .  The p r i n c i p a l  t e n s i o n s ,  o r  f o r c e s  p e r  u n i t  

c u r r e n t  l eng th ,  a r e  t l  = fl/A2 = A f /A and t2 = A2f2 /A ,  where A 1 1  

i s  t h e  a r e a  p e r  u n i t  i n i t i a l  a r e a .  

Cons ider  t h e  i n f l a t i o n  o f  a  s p h e r i c a l  b a l l o o n  from an  

i n i t i a l  r a d i u s  R t o  a  f i n a l  r a d i u s  r We wish t o  f i n d  t h e  r e l a t i o n  
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between r and t h e  exces s  i n t e r n a l  p r e s s u r e  Ap. 

Each element of membrane i s  s t r e t c h e d  e q u a l l y  i n  

o r thogona l  d i r e c t i o n s ,  t h e  ex t ens ion  r a t i o s  be ing  A l  = A 2  = r /R = 

A ( s a y ) .  The energy  of  t h e  i n f l a t e d  b a l l o o n  i s  w ( A , A )  p e r  u n i t  

2 of i n i t i a l  a r e a ,  s o  i t s  t o t a l  energy  i s  4nR w(A,A). By s e t t i n g  

t h e  change o f  energy  e q u a l  t o  t h e  work Ap dV done i n  i n c r e a s i n g  

t h e  enc lo sed  volume V, we o b t a i n  

With r = RA and d r  = RdA, t h i s  g i v e s  

F o r  a soap bubble,  w i s  p r o p o r t i o n a l  t o  t h e  a r e a  A' ( p e r  

u n i t  i n i t i a l  a r e a ) ,  s o  t h e  p r e s s u r e  drops  l i k e  1 / A  a s  t h e  r a d i u s  

grows. Rubber behaves t h i s  way a t  moderate e x t e n s i o n s .  As A 

i n c r e a s e s  from u n i t y ,  t h e  p r e s s u r e  a t  f i r s t  i n c r e a s e s ,  b u t  t hen  

a t  l a r g e r  A t h e  energy  w i s  roughly  p r o p o r t i o n a l  t o  A', s o  t h e  

p r e s su re  begins  t o  dec rea se .  It i s  a m a t t e r  of comon  expe r i ence  

t h a t  i t  t a k e s  more p r e s s u r e  t o  i n f l a t e  a b a l l o o n  a l i t t l e  t h a n  t o  

e n l a r g e  it f u r t h e r  a f t e r  it i s  s t a r t e d .  A t  very l a r g e  s t r e t c h e s ,  

t h e  p r e s s u r e  i n c r e a s e s  a g a i n  a s  t h e  long-chain rubber  molecules  

approach t h e i r  maximum e x t e n s i b i l i t y .  

Two b a l l o o n s  connected  by a p ipe ,  and t h u s  under t h e  same 

p r e s s u r e  e x c e s s  Ap, need n o t  be e q u a l l y  i n f l a t e d . .  Exper ience  

i n d i c a t e s  t h a t  under more t h a n  s l i g h t  i n f l a t i o n ,  unequal  i n f l a t i o n  

i s  more s t a b l e  t h a n  e q u a l  i n f l a t i o n .  Th i s  i s  a minor example of 

t h e  non-uniqueness t h a t  can be expec ted  i n  non - l i nea r  problems.  
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1 .3 .  Blocks 

Let  W ( A 1  X 2 , A 3 )  be t h e  e l a s t i c  s t o r e d  energy  o f  a body, 

i n i t i a l l y  a u n i t  cube, t h a t  i s  s t r e t c h e d  i n t o  a b lock  of  

dimensions A 1 , X 2 , A 3 .  I f  t h e  b lock  i s  homogeneous and i s o t r o p i c ,  

t h i s  deformat ion  w i l l  r e q u i r e  normal f o r c e s  on ly .  Le t  f a  be t h e i r  

r e s u l t a n t s .  The work-energy r e l a t i o n  i s  

Thus, t h e  nominal s t r e s s e s ,  o r  e n g i n e e r i n g  s t r e s s e s ,  a r e  g iven  

i n  te rms  of  W by f a  = a W / a A a .  The t r u e  s t r e s s e s  oa, t h e  f o r c e s  

p e r  u n i t  c u r r e n t  a r e a ,  a r e  

and s o  on. J i s  e q u a l  t o  A 1 A 2 A 3 ,  t h e  volume p e r  u n i t  i n i t i a l  

volume. 

S ince  it i s  much e a s i e r  t o  change t h e  shape  of  a p i e c e  

of r u b b e r  t h a n  t o  change i t s  volume, i n  many problems it i s  

p e r m i s s i b l e  t o  use t h e  i d e a l i z a t i o n  t h a t  t h e  m a t e r i a l  i s  

incompres s ib l e .  For t h e  b lock  cons ide red  he re ,  t h i s  means t h a t  

A A X e q u a l s  u n i t y  i n  a l l  admis s ib l e  deformat ions .  With t h e  
1 2 3  

increments  dba t h e n  s u b j e c t  t o  t h e  c o n s t r a i n t  EdXa/Aa = 0, it no  

l onge r  fo l l ows  f rom 11.3 .1)  t h a t  f a  i s  e q u a l  t o  a W / a A a .  I n s t e a d ,  

by i n t r o d u c i n g  t h e  c o n s t r a i n t  w i th  a Lagrange m u l t i p l i e r  p,  we 

o b t a i n  

and,  s i n c e  J=l,  
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The m u l t i p l i e r  p  r e p r e s e n t s  t h e  r e a c t i o n  p r e s s u r e  a r i s i n g  from 

t h e  c o n s t r a i n t .  

A n a l y t i c a l l y  s imple  forms of W t h a t  a r e  o f t e n  used  f o r  

q u a l i t a t i v e  i l l u s t r a t i o n s  a r e  t h e  neo-Hookean form 

and t h e  Mooney form 

W = C ( I  3)+c2(12-3) ,  
1 1- 

where 

and I2 = z h i 2  . I1 = . C h ,  

Ne i the r  makes any s ense  u n l e s s  t h e  m a t e r i a l  i s  incompres s ib l e .  

I f  i t  i s ,  b o t h  y i e l d  a  minimum energy W=O a t  ha =1, p rov ided  t h a t  

t h e  c o n s t a n t s  a r e  p o s i t i v e .  

I n  i s o t r o p i c  m a t e r i a l s ,  W i s  a  symmetric  f u n c t i o n  of  t h e  

s t r e t c h e s ,  and t h u s  a  f u n c t i o n  o f ,  say ,  11,12, and J ,  o r  j u s t  I1 

and I2 i f  t h e  m a t e r i a l  i s  incompres s ib l e .  With t h e  n o t a t i o n  

a w / a I a  = Wa , (1 .3 .4)  becomes 

1 . 4 .  S t r i n g s ,  Membranes, and Blocks 

The energy  f u n c t i o n s  w ( A )  and w(hl,A2), f o r  s t r i n g s  and 

membranes, a r e ,  of  cou r se ,  r e l a t e d  t o  t h e  energy  d e n s i t y  f o r  a  

three-d imens ional  body of  t h e  same m a t e r i a l .  
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The membrane energy  w(Al,A2) i s  r e l a t e d  t o  W(A1,A2,A3) 

where h i s  t h e  i n i t i a l  t h i c k n e s s  o f  t h e  membrane; provided ,  t h a t  

t h e  m a t e r i a l  i s  incompres s ib l e ,  s o  t h a t  t h e  s t r e t c h  A 3  i s  e q u a l  t o  

1/A1A2 '  

S i m i l a r l y ,  f o r  a s t r i n g  o f  i ncompres s ib l e  m a t e r i a l ,  i n i t i a l l y  

of c r o s s - s e c t i o n a l  a r e a  A,  t h e  energy  pe r  u n i t  i n i t i a l  l e n g t h  i s  

With t h e  neo-Hookean form o f  W, w(A) i s  

and  t h e  f o r c e - s t r e t c h  r e l a t i o n  i s  

f ( h ) ' =  w ' ( A )  = A G ( A - A - ~ ) .  ( 1 .4 .4 )  

The modulus G can be a d j u s t e d  t o  a g r e e  w i th  d a t a  n e a r  A = l .  I f  

t h i s  i s  done, agreement w i th  d a t a  f o r  rubbe r  i s  s t i l l  r e a sonab ly  

good up t o  A=2 (100% s t r e t c h ) .  The l i n e a r  i n c r e a s e  of  f f o r  l a r g e  

A i s  n o t  observed;  t h e  f o r c e  a c t u a l l y  i n c r e a s e s  s h a r p l y  when t h e  

rubbe r  approaches  i t s  maximum e x t e n s i b i l i t y  a t  A of t h e  o r d e r  of 

5 o r  10 .  

1 . 5 .  S t a b i l i t y  of  a Block 

If  a b lock  of  i ncompres s ib l e  m a t e r i a l  i s  s t a b l e  i n  t h e  

undeformed s t a t e  A a  = 1 when no f o r c e s  a r e  a p p l i e d  t o  i t ,  i t  remains 
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s t a b l e  under a r b i t r a r i l y  l a r g e  p o s i t i v e  o r  n e g a t i v e  p r e s s u r e  

l oad ing .  F o r ,  t h e  t o t a l  energy of  t h e  b lock  and t h e  l o a d i n g  

system i s  W-pV; b u t  t h e  second te rm i s  i r r e l e v a n t  because V 

cannot vary  i f  t h e  b lock  i s  incompres s ib l e .  

I n  c o n t r a s t ,  c o n s i d e r  a  b lock  under  e q u a l  normal dead 

l oads ;  t h e  f o r c e  r e s u l t a n t s  fa a r e  mainta ined  a t  t h e  va lue  f ,  

however t h e  b lock  may deform. We admit no  deformat ions  excep t  

homogeneous deformat ions ,  which a r e  d e s c r i b e d  by t h e  s t r e t c h e s  1,. 

Then f o r  s u f f i c i e n t l y  l a r g e  l o a d s  f ,  t h e  undeformed s t a t e  X , = l  

i s  u n s t a b l e ,  i f  t h e  m a t e r i a l  i s  incompres s ib l e .  

To s e e  why, cons ide r  t h e  energy,  i n c l u d i n g  t h a t  of  t h e  

l oads  : E = W-fPXa. (1 .5 .1)  

Let  va lues  a t  an e q u i l i b r i u m  s t a t e  A: be marked wi th  a  z e r o  

s u p e r s c r i p t ,  and l e t  Ah, = ha-A:. Then n e a r  equ i l i b r ium,  

where Ea = aE/aX,. The c o n s t r a i n t  c o n d i t i o n  A A A = 1 g i v e s  
1 2 3  

1 0 2 0 = Ln ~ ( h z t ~ i ~ )  = E(AA,/I:) - 1 z ( A A , / X , )  + .. . 
Hence, wi th  a  Lagrange m u l t i p l i e r  p , (1 .5 .3 )  

1 
E-EO = P ( E ~ + ~ / A : ) A A ~  + z z  ( E : ~ - ~ ~ ~ ~ / x : A ~ ) A A ~ A A ~ +  . . . 

(1 .5 .4 )  

S ince  E must be s t a t i o n a r y  a t  e q u i l i b r i u m ,  t h e  sum l i n e a r  i n  AX,  

must van i sh  : 



(1 .5 .5)  

Then, with t h i s  value  of p, 

The equ i l ib r ium i s  s t a b l e  (toward homogeneous a l t e r n a t i v e s )  

i f  t h e  quadra t i c  form i s  s t r i c t l y  p o s i t i v e ,  and unstable  i f  it can 

be negat ive .  I f  E has  t h e  form (1 .5 .1) ,  and A; = 1, t h e  matr ix  

of c o e f f i c i e n t s  i s  

0 Whatever values  Wa and w : ~  may have, t h i s  i s  negat ive  d e f i n i t e  

f o r  s u f f i c i e n t l y  l a r g e  f ,  and t h e  undeformed s t a t e  i s  uns tab le .  

Now consider  the  a l t e r n a t i v e ,  s t a b l e ,  equ i l ib r ium s t a t e  

t h a t  must e x i s t  when t h e  undeformed s t a t e  i s  uns tab le .  The equi-  

l ib r ium equat ions ,  obtained by e l imina t ing  p from (1.5.51, a r e  

I f  we t ake  A 2  = h3,  t h e  l a t t e r  of these  two equa t ions  i s  s a t i s f i e d  

s i n c e  W i s  a  symmetric func t ion  of t h e  s t r e t c h e s .  In  t h a t  case ,  

3 = X ,  say,  and X 2  = X 3  = Then 

and t h e  f i r s t  equa t ion  i n  (1 .5 .8)  can be w r i t t e n  a s  

The left-hand member i s  t h e  fo rce  f (A)  i n  a  " s t r i n g "  of u n i t  

i n i t i a l  c ross - sec t iona l  a r e a .  I f  i t  grows without bound a s  A 
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i n c r e a s e s ,  (1 .5 .10)  s u r e l y  ha s  a  s o l u t i o n  A , provided  t h a t  f i s  

s o  l a r g e  t h a t  t h e  r igh t -hand member i n i t i a l l y  (a t  A = l )  grows more 

r a p i d l y  t h a n  t h e  l e f t -hand  member does .  

Without doubt ,  t h i s  a r t i f i c i a l  example i s  a l i t t l e  s i l l y ,  

b u t  I do t h i n k  t h a t  i t  shows a g a i n  t h a t  l i t t l e  o r  n o t h i n g  can be 

ga ined  by s t a t i n g  t h e  form of W a t  t h e  o u t s e t .  It seems t h a t  we 

must know what f u n c t i o n  W i s  i n  o r d e r  t o  s o l v e  (1 .5 .10 ) ,  b u t  I 

doubt t h a t  I c o u l d  have r eached  t h a t  s t a g e  of t h e  a n a l y s i s  i f  I 

had  known W i n  t h e  f i r s t  p l a c e .  

It shou ld  a l s o  be p o i n t e d  ou t  t h a t  i t  i s  t r i v i a l  t o  s o l v e  

(1 .5 .10 )  g r a p h i c a l l y ,  g iven  expe r imen ta l  v a l u e s  of  dW/dA. 

A n a l y t i c a l  s o l u t i o n  of  ( 1 . 5 . 1 0 )  i s  n e i t h e r  n e c e s s a r y  n o r  even 

d e s i r a b l e .  

1 . 6 .  Expansion o f  a  S p h e r i c a l  S h e l l  

For  a n  example o f  a n  inhomogeneous deformat ion  o f  a  t h r e e -  

d imens iona l  body, l e t  us c o n s i d e r  t h e  expans ion  of  a  s p h e r i c a l  

s h e l l ,  i n i t i a l l y  of i n t e r n a l  r a d i u s  Ro and e x t e r n a l  r a d i u s  R1, 

under i n t e r n a l  and e x t e r n a l  p r e s s u r e s  po and ply r e s p e c t i v e l y .  

We t a k e  t h e  m a t e r i a l  t o  be i ncompres s ib l e .  Not ice  how t h e  

symmetry and t h e  c o n s t r a i n t ,  t a k e n  t o g e t h e r ,  make t h e  problem 

t r i v i a l .  

S ince  t h e  m a t e r i a l  i s  incompres s ib l e ,  t h e  f i n a l  r a d i u s  r(R) 

of a  membrane i n i t i a l l y  o f  r a d i u s  R i s  de te rmined  by t h e  c o n d i t i o ~  

t h a t  t h e  volume of t h e  s h e l l  between r(R) and ro = r(Ro) i s  t h e  

same a s  t h a t  between R and R o :  



We a r e  mainly i n t e r e s t e d  i n  de t e rmin ing  t h e  r e l a t i o n  between r 
0 

and Po-P1. 

We t r e a t  t h e  s h e l l  a s  a  s e t  of n e s t e d  membranes, each  of  

i n i t i a l  t h i c k n e s s  dR. The energy p e r  u n i t  i n i t i a l  a r e a  of each  

such  membrane i s  w(h,A) = w ( A , ) I , x - ~ ) ~ R ,  where A = r/R. We know 

t h a t  t h e  p r e s s u r e  drop  a c r o s s  one such membrane Is 

Hence, t h e  t o t a l  i n f l a t i o n  p r e s s u r e  Is 

R - 

By u s i n g  r = AR i n  (1 .6 .1 ) ,  we o b t a i n  

By u s i n g  t h i s  r e l a t i o n  t o  exp res s  R i n  terms of  A i n  t h e  i n t e g r a l ,  

we o b t a i n  

where 

h 

1 

The f u n c t i o n  P(A) i s  t h e  exces s  p r e s s u r e  r e q u i r e d  t o  s t r e t c h  t h e  

i n t e r n a l  r a d i u s  of  a  s p h e r i c a l  c a v i t y  i n  an i n f i n i t e  body by t h e  

amount A . 
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The funct ion P(A)  i s  t h e  same f o r  a l l  spheres  of a given 

mate r i a l .  I f  i t  i s  determined empi r i ca l ly  by t e s t s  on one sphere,  

r e s u l t s  f o r  a l l  o ther  spheres  ( a l l  values  of Ro and R1) a r e  given 

by (1.6.5).  This is  an example of modelling, which usua l ly  

cannot be c a r r i e d  out purely  by dimensional ana lys i s  i f  t h e  theory 

i s  highly  non-linear.  

1.7 Tube Forming 

As another  elementary example, l e t  us consider  a p a r t i c u l a r l y  

simple s p e c i a l  case of t h e  problem of f l e x u r e .  A s l a b  i s  bent  

around u n t i l  opposite edges meet, whereupon they a r e  jo ined s o  

t h a t  a c y l i n d r i c a l  tube i s  formed, and t h e  tube i s  l e f t  i n  a s t a t e  

of s e l f  s t r e s s .  The problem i s  t o  determine the  dimensions of the  

tube from those  of t h e  s l a b .  

Let t h e  s l a b  be bounded by the  planes  X = +H, with the  ends 

t h a t  a r e  t o  be joined a t  Y = tL .  We w i l l  suppose t h a t  t h e  s l a b  

i s  very long i n  t h e  Z-direction,  and, t o  make the  example s impler ,  

ignore  t h a t  coordinate .  

Symmetry suggests  t h a t  the  deformation should c a r r y  planes 

Y =  constant  onto planes 8 = constant ,  i n  c y l i n d r i c a l  coordinates ,  

and t h a t  p lanes  X = constant  should be bent i n t o  c y l i n d e r s  r= 

cons tan t .  We suppose t h a t  t h e  Z-coordinate of each p a r t i c l e  i s  

una l t e red .  The r e l a t i o n  between r and X i s  determined by the  

incompress ib i l i ty  condi t ion;  t h e  volume of ma te r i a l  i n i t i a l l y  

between t h e  planes  X=0 and X=const. must be t h e  same a s  t h a t  

between cy l inders  of r a d i i  ro =r(O) and r = r (X)  a f t e r  t h e  deforma- 

t i o n .  Thus, t h e  f i n a l  c y l i n d r i c a l  coordinates  of a p a r t i c l e  a r e  
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given i n  terms of i t s  o r i g i n a l  c a r t e s i a n  coordinates  by 

2 2 n ( r - r o ) = 2 L X ,  0 = r Y / L ,  z = Z .  (1.7.1) 

Symmetry and t h e  c o n s t r a i n t s  ( incompress ib i l i ty  and t h e  s t i p u l a t i o n  

of no e longat ion i n  t h e  Z-direction) have determined t h e  deformation 

t o  wi th in  an unknown parameter ro. The parameter ro i s  t o  be 

determined by minimizing t h e  energy. 

An elementary cube i n i t i a l l y  bounded by coordinate  

s u r f a c e s  i s  s t r e t c h e d  i n t o  a brick-shaped element bounded by t h e  

c y l i n d r i c a l  coordinate  su r faces .  The s t r e t c h  r a t i o s  a r e  

Let us w r i t e  X f o r  X 2 .  Then X I  i s  A-l, and t h e  energy per  u n i t  of 

i n i t i a l  volume i s  w ( A , A - ' , ~ ) .  From (1 .7 .1) ,  t h e  v a r i a t i o n  of A 

with X i s  given by 

The t o t a l  energy, per  u n i t  of length  i n  t h e  Z-direction,  

This i s  t o  be minimized with r e spec t  t o  ro, o r  Xo ( =  r r o / ~ ) .  By 
2 t r e a t i n g  W a s  a func t ion  of , f o r  convenience, we obta in  
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But a(12)/a (1:) i s  un i ty .  NOW, a l s o ,  

Hence, t h e  in tegrand i n  (1 .7 .5)  i s  p ropor t iona l  t o  a W / a X .  

I n t e g r a t i o n  g ives  

W I X = H  ' W I X = - H  9 

and t h i s  i s  t h e  equat ion t h a t  must be solved f o r  ro ( o r  Xoy. 

Now, s i n c e  ~ ( h , h - ' , l )  depends symmetrically on )i and l-' 

i f  t h e  m a t e r i a l  i s  i s o t r o p i c ,  (1.7.7) i s  s a t i s f i e d  i f  t h e  value 

of A a t  X=H i s  t h e  same a s  t h e  value  of A-l a t  X=-H. Thus, with 

(1.7.3) we ob ta in  

2 2 (Ao+2rH/L)(ho-2rH/L) = 1. (1.7‘8) 

Hence, 

2 A: = ~ + ( ~ T H / L )  , 

Thus, t h e  d e s i r e d  information i s  obta ined without knowing anything 

a t  a l l  about W, except i t s  symmetry. 

1 .8  Tensor S t ress -S t ra in  Re la t ions  

In  any deformation, homogeneous o r  no t ,  through each p a r t i c l e  

t h e r e  a r e  t h r e e  f i b e r s  t h a t  a r e  perpendicular  both  be fo re  and 

a f t e r  the  deformation. We c a l l  them p r i n c i p a l  f i b e r s ,  and t h e i r  

d i r e c t i o n s  a r e  c a l l e d  p r i n c i p a l  d i r e c t i o n s  of s t r a i n .  In  i s o t r o p i c  

e l a s t i c  ma te r i a l s ,  t h e  s t r e s s e s  on s u r f a c e  elements perpendicular  

t o  such d i r e c t i o n s  a r e  purely  normal s t r e s s e s  (by symmetry). 



In  some simple problems, such a s  t h e  i n f l a t i o n  of a  

s p h e r i c a l  s h e l l ,  t h e  p r i n c i p a l  d i r e c t i o n s  can be loca ted  by 

inspec t ion .  More o f t e n  t h i s  i s  not  the  case ,  even when the  

deformation i s  completely s p e c i f i e d .  To avoid t h e  ingenui ty  o r  

work requ i red  t o  compute p r i n c i p a l  d i r e c t i o n s ,  we use s t r e s s -  

s t r a i n  r e l a t i o n s  i n  t ensor  form. 

1 2  3 Let g ,u , and g be u n i t  vec to r s  a long t h e  p r i n c i p a l  

d i r e c t i o n s .  With p r i n c i p a l  s t r e s s e s  aa given by (1 .3 .8) ,  t h e  

t o t a l  s t r e s s  i s  

where 

The usefulness  of t h i s  r e l a t i o n  l i e s  i n  t h e  f a c t  t h a t  t h e  

s t r a i n ,  g, can be computed d i r e c t l y ,  without f i rs t  f ind ing  Aa and 

ua. Let ~ ( 2 1 )  be a  deformation ca r ry ing  the  p a r t i c l e  i n i t i a l l y  a t  - 

X t o  t h e  place  5. A f i b e r  whose i n i t i a l  span i s  d z i s  mapped - 

onto 

d 5  = F d& . (1.8.3) 

If t h e  t h r e e  p r i n c i p a l  f i b e r s  i n i t i a l l y  l i e  a long t h e  orthogonal 

d i r e c t i o n s  $, then t h e  deformation gradient  F _  must have t h e  form 

Hence, we see  t h a t  
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Now, F_ can be computed d i r e c t l y ;  i n  c a r t e s i a n  coordinates ,  i t s  

components a r e  

Thus, the  components of g a r e  

1.9.  Shear 

Even i n  such a t r i v i a l  deformation a s  simple shear ,  

the  p r i n c i p a l  d i r e c t i o n s  i n  t h e  x,y plane a r e  not obvious. 

However, the  deformation g rad ien t  F_ and s t r a i n  g can be w r i t t e n  

down a t  s i g h t :  

The matrix of components of g1 i s  the  matr ix  of cofac to r s  of g, 

s ince  g i s  symmetric and i t s  determinant i s  un i ty :  

2 g1 = - I - ~(gtg) t K JJ. 

Thus, from (1 .8 .1 ) ,  the  s t r e s s  is  

where p ' = P-2 (W W 1. 
1- 2 



I f  W1 and W2 a r e  p o s i t i v e ,  which i s  t h e  ca se  f o r  rubbe r ,  

a  s imp le  s h e a r i n g  deformat ion  r e q u i r e s ,  i n  a d d i t i o n  t o  t h e  shea r -  

i n g  s t r e s s ,  a n  e x t r a  t e n s i o n  a l o n g  t h e  d i r e c t i o n  of s h e a r  and 

an  e x t r a  p r e s s u r e  on t h e  s l i p  s u r f a c e s  y=cons t .  We s e e  t h a t  i n  

f a c t ,  

a11-u22 = Ka12 , 

s o  t h e  s t r e s s e s  al l  and a22  cannot p o s s i b l y  be e q u a l  when K and 

u  a r e  d i f f e r e n t  from zero .  The va lue  of W2 i s  t y p i c a l l y  20%, 
12  

say ,  o f  t h e  va lue  of  W1 ( i n  r u b b e r ) ,  s o  t h e  second normal s t r e s s  

d i f f e r e n c e ,  u22-u33 = -2w2/, i s  not  l a r g e  i n  comparison t o  t h e  
2  

f irst  normal s t r e s s  d i f f e r e n c e ,  u11-a22 = 2(W1tW2)~ . Thus, t h e  

e f f e c t  of normal s t r e s s  d i f f e r e n c e s  i s  mainly an  extf la  t e n s i o n  

a long  t h e  d i r e c t i o n  of  s h e a r .  S i m i l a r  normal s t r e s s  d i f f e r e n c e s  

a r i s e  i n  s h e a r i n g  f lows of v i s c o e l a s t i c  f l u i d s ,  such  a s  s o l u t i o n s  

of  t h e  h igh  polymers t h a t  e l a s t i c i t y  theory  t r e a t s  i n  bulk ,  ' c ro s s -  

l i n k e d  form. O f  course ,  i n  f l u i d s  t h e  s t r e s s e s  a r e  no t  connected 

through a  s t r a in -ene rgy  f u n c t i o n ,  b u t  t h e  s t a t e  of  s t r e s s  pro- 

duced by s h e a r i n g  i s  q u a l i t a t i v e l y  l i k e  t h a t  f o r  e l a s t i c  s h e a r .  

S ince  t h e  p r i n c i p a l  s t r e t c h  i n  t h e  z - d i r e c t i o n  i s  u n i t y ,  

t h e  o t h e r  two a r e  r e c i p r o c a l ,  say A and 1/i. Thus I1 and I2 a r e  

e q u a l  : 

Thi s  i s  t r u e  f o r  any p lane  deformat ion ,  and i t  s i m p l i f i e s  t h e i r  

a n a l y s i s .  The apparent  s h e a r  modulus, a 1 2 / ~ ,  i s  
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Since a  l a r g e  shear ,  say ~ = 1 ,  corresponds t o  only a  moderate 

s t r e t c h  A , the  shear  modulus can be considered roughly constant  

over a  f e a s i b l e  range of K . 
1.10. Torsion 

The t o r s i o n  of a  r i g h t  c i r c u l a r  c y l i n d r i c a l  rod maps t h e  

p a r t i c l e  i n i t i a l l y  a t  R , O , Z  t o  the  place  r , e , z  given by 

Let P be the  gradient  wi th  respec t  t o  R ,O ,Z .  Then 

gT = - vx  = - ~ [ r i + ( e ) t z ? ~ ~  

1 
= - Vr i+ t rye ~ ~ ( 0 )  t yz i+ 

= -R i -r i + (i++?RLZ)Le + lZiZ 

and, w r i t i n g  K = TR; 

We see  t h a t  the  s t r a i n  has t h e  same genera l  form a s  f o r  simple 

shear ing.  The s t r e s s ,  then, l i k e  t h a t  f o r  shear ,  i s  

It i s  easy t o  see  by symmetry t h a t  t h e  a x i a l  and azimuthal 

components of t h e  equi l ibr ium equation Div a = a r e  s a t i s f i e d  

t r i v i a l l y  i f  the  reac t ion  p ressure  p  i s  constant  over each membrane 

r -constant .  The r a d i a l  component i s  s a t i s f i e d  by a  s u i t a b l e  



adjus tment  of p ( r ) .  
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Because of t h e  e x t r a  t e n s i o n  a long t h e  d i r e c t i o n  of 

s h e a r i n g ,  t h e  & d i r e c t i o n ,  az imu tha l  c i r c l e s  a c t  a s  i f  t h e y  were 

s t r e t c h e d  s t r i n g s .  The r e a c t i o n  p r e s s u r e  i s  l a r g e s t  a t  t h e  a x i s  

o f  t h e  r o d  because of  t h i s  squeezing .  I f ,  i n s t e a d  of a  s o l i d  

r o d ,  we t w i s t e d  a  hollow c y l i n d r i c a l  s h e l l ,  t h e  c y l i n d e r  would 

c o n t r a c t  u n l e s s  i t  were pu t  under  i n t e r n a l  p r e s s u r e .  With rod  

o r  s h e l l ,  compressive fo rces*  must be a p p l i e d  t o  t h e  ends 

Z=const  . t o  p reven t  e x t e n s i o n .  

The t o r s i o n a l  moment M i s  r e l a t e d  t o  t h e  twist p e r  u n i t  

l e n g t h ,  T ,  th rough t h e  work-energy r e l a t i o n  

Ro 
Mddr = d  I 2nRW dR . 

Here Ro  i s  t h e  r a d i u s  of  t h e  rod .  W i s  a  f u n c t i o n  of I1 and 12, 

bo th  of which a r e  e q u a l  t o  3 + ~ ' ,  where K = T R .  Hence, 

Here x0 = rR0. In t roduc ing  t h e  s h e a r  modulus e ( r L ) ,  we o b t a i n  
n 

3  The model l ing  r u l e  f o r  t h i s  ca se  shows t h a t  T M i s e x p r e s s -  

i b l e  a s  a  s i n g l e  f u n c t i o n  of ( r ~ ~ ) ~  f o r  a l l  r o d s  of  t h e  same 

m a t e r i a l .  



1.11. Smal l  Superposed Deformations 
A.  C. Pipkin 

The main a n a l y t i c a l  technique  f o r  s o l v i n g  problems t h a t  do 

no t  have a  h igh  degree of  symmetry i s  l i n e a r i z a t i o n ,  t h e  s t a p l e  

of t h e  a p p l i e d  mathematician.  A reasonably  s imple  s t a t e  of  

deformation t h a t  i s  probably c l o s e  t o  t h e  d e s i r e d  s o l u t i o n  i s  

guessed.  It may be an e q u i l i b r i u m  s t a t e ,  b u t  need no t  b e .  The 

unknown deformat ion  i s  t h e n  t r e a t e d ,  hope fu l ly ,  a s  a  s m a l l  

p e r t u r b a t i o n  on t h e  guess .  I don ' t  want t o  g e t  involved  w i t h  t h e  

d e t a i l s  of  any such problem, but  I would l i k e  t o  d i s c u s s  a  s imple  

q u a l i t a t i v e  i d e a  t h a t  i s  h e l p f u l  i n  t h i n k i n g  about p e r t u r b a t i o n s .  

When a  s m a l l  a d d i t i o n a l  deformation i s  superposed on some 

e x i s t i n g  s t a t e  of l a r g e  deformat ion ,  s t r e s s e s  a r e  changed because 

of t h e  a d d i t i o n a l  d i s t o r t i o n .  But a l s o ,  t h e  s t r e s s  f i e l d  i s  

changed because t h e  a d d i t i o n a l  deformation r o t a t e s  t h e  s t r e s s  t h a t  

was a l r eady  p r e s e n t .  I n  some c a s e s  t h e  former  e f f e c t  i s  e n t i r e l y  

n e g l i g i b l e  i n  comparison t o  t h e  l a t t e r .  When t h i s  i s  t r u e ,  t h e  

apparent  moduli of t h e  m a t e r i a l  a r e  determined by t h e  f o r c e s  

a c t i n g  on i t ,  r a t h e r  t han  by any th ing  t h a t  we would r e g a r d  a s  a  

r i t e r i a l  p r o p e r t y .  

Smal l  d e f l e c t i o n  of a  s t r e t c h e d  s t r i n g  i s  an example 

everyone i s  f a m i l i a r  w i th .  The change i n  l e n g t h  of t h e  s t r i n g  i s  

q u a d r a t i c  i n  t h e  d e f l e c t i o n ,  and t h e  r e s u l t i n g  change of  t e n s i o n  

i s  n e g l i g i b l e .  The r e s t o r i n g  f o r c e  i s  due t o  t h e  change i n  

d i r e c t i o n  of  t h e  s t r i n g  t e n s i o n  when t h e  s t r i n g  i s  d e f l e c t e d .  

As ano the r  example, cons ide r  a  s m a l l  s h e a r  of a  s l a b  t h a t  

has  been mashed t o  A t imes  i t s  i n i t i a l  t h i c k n e s s .  The deformat ion  

i s  desc r ibed  by t h e  mapping 



A. C. Pipkin 

(1.11.1) 

A s h o r t  c a l c u l a t i o n  shows t h a t  t h e  s t r a i n  i n v a r i a n t s  a r e  

2 I1 = A ~ + ~ A ' ~ ~ K ~ A *  and I2 = A - ~ + ~ A + K  A . (1.11.2) 

Thus, a smal l  amount of shea r  K produces no f i r s t - o r d e r  change i n  

t h e  i n v a r i a n t s ,  o r  no f i r s t - o r d e r  change i n  t h e  p r i n c i p a l  s t r e t c h e s .  

The sma l l  shea r  merely r o t a t e s  t h e  s t r e s s  f i e l d  a l r eady  p r e s e n t .  

Let A be t h e  i n i t i a l  a r e a  (be fo re  mashing) of a f a c e  

z=const . ,  l e t  F be t h e  t o t a l  normal f o r c e  on i t ,  and l e t  S be  t h e  

t o t a l  shea r ing  f o r c e .  Then, 

FdA + S ( h d ~ )  = AdW . 
When K = O ,  t h e  fo rce  F i s  

For any K , t h e  shea r ing  f o r c e  S i s  

Hence, t he  apparent  shea r  modulus S/AK i s  given B t  K = O  by 

; 
F (1.11.6) 

IF ~ ( 1 - 1 - 3 1  ' 

I f  t h e  o r i g i n a l  f o r c e  and deformation a r e  known, t h e  modulus i s  

known, independent of any knowledge of t h e  form of W. 

The sane e f f e c t  governs t h e  t o r s i o n a l  modulus of an i n i t i a l l y  

s t r e t c h e d  rod.  With a deformation of t h e  form 



t h e  i n v a r i a n t s  have t h e  form (1.11.2),  wi th  K = T r  = T A - ~ " R :  

I1 = A ~ + ~ A ~ + ( T R ) ~ ,  I2 = A - ~ + ~ A + ( T R ) ~  . (1.11.8) 

The extending f o r c e  F and t w i s t i n g  moment M s a t i s f y  

Since W is  independent of R when r=O, t h e  f o r c e  i s  

when t h e r e  i s  no twist. S imi la r ly ,  t h e  t o r s i o n a l  modulus a t  

Ro 
a2w r 4 - RdR = - R (2w1+A-12w2) . 
a T 

2 2 0 
0 

Thus, 



2. V i s c o e l a s t i c  Flow 

The s o l u t i o n  of v i s c o e l a s t i c  flow problems i s  complicated by 

t h e  l a c k  of any s i n g l e ,  simple form of c o n s t i t u t i v e  equation t h a t  

w i l l  desc r ibe  a l l  of t h e  ma te r i a l  behavior t h a t  i s  easy t o  observe.  

The reason i s  not  d i f f i c u l t  t o  f i n d .  It i s  not e n t i r e l y  a mat ter  

of our ignorance,  a l though t h e r e  i s  much t h a t  we do not know about 

v i s c o e l a s t i c  p r o p e r t i e s .  The r e a l  d i f f i c u l t y  i s  inheren t  i n  t h e  

i d e a  of a v i s c o e l a s t i c  f l u i d .  We c a l l  a ma te r i a l  a f l u i d  i f  i t  

w i l l  flow under e a s i l y  access ib le  experimental  condi t ions ,  and 

c a l l  it e l a s t i c  i f  it shows so l id - l ike  behavior under o the r ,  

equa l ly  acces ,s ib le ,  condi t ions .  There i s  a n a t u r a l  d e s i r e  t o  

d e s c r i b e  a l l  of t h e  behavior t h a t  i s  easy t o  observe wi thin  one 

equat ion,  and an understandable hope t h a t  t h i s  equat ion should t u r n  

out  t o  be reasonably simple. These aims a r e  con t rad ic to ry  when 

we can observe l a r g e  e l a s t i c  deformations and s teady shear ing flows 

i n  t h e  same mate r i a l .  

There a r e  va r ious  t r a c t a b l y  simple forms of s t ress-deformat ion 

r e l a t i o n s ,  each v a l i d  i n  some s p e c i f i e d  range of flow condi t ions .  

These narrow-range d e s c r i p t i o n s  can be viewed a s  approximations t o  

t h e  i d e a l  omnibus equat ion t h a t  would desc r ibe  every aspect  of t h e  

m a t e r i a l ' s  behavior.  Determining whichapproximation i s  re levan t  

i n  a given problem i s  an i n t e g r a l  p a r t  of t h e  process  of so lv ing  

t h e  problem. 

2.1. Simplest  P r o p e r t i e s  of V i s c o e l a s t i c  F lu ids  

A f l u i d  i s  c a l l e d  v i s c o e l a s t i c  ' i f  i t  e x h i b i t s  e l a s t i c i t y  i n  

shea r .  Suppose t h a t  a t h i n  ( i n e r t i a l e s s )  l aye r  of f l u i d  i s  sheared 



i n s t a n t a n e o u s l y  by t h e  amount K and t h e n  h e l d  mo t ion l e s s .  Accord- 

i n g  t o  t h e  Navier-Stokes (Newtonian) approximat ion ,  t h e  s h e a r i n g  

s t r e s s  o r e q u i r e d  t o  do t h i s  would vary i n  t ime  i n  p r o p o r t i o n  t o  

~ ' ( t )  = ~ 6 ( t ) ,  be ing  enormously l a r g e  a t  t h e  i n s t a n t  o f  s h e a r i n g  

bu t  r e l a x i n g  t o  z e r o  immedia te ly .  Under t h e  e l a s t i c  approximat ion ,  

o ( t )  r i s e s  t o  some va lue  depending on K and t h e n  remains c o n s t a n t ,  

never r e l a x i n g  a t  a l l .  I n  v i s c o e l a s t i c i t y  t heo ry  we r e c o g n i z e  t h a t  

t h e  s t r e s s  a c t u a l l y  has  an i n t e r m e d i a t e  k ind  of  t ime behav io r .  

For sma l l  K ,  t h e  s t r e s s  ha s  t h e  form a ( t )  = ~ p ( t ) .  The s t r e s s -  

r e l a x a t i o n  modulus p ( t )  may r i s e  t o  a  ve ry  l a r g e  va lue  a t  t = O ,  b u t  

i t  d i e s  ou t  t o  n e g l i g i b l e  v a l u e s  w i t h i n  some t ime of  o r d e r  T ,  s ay .  

I f  t imes  a s  s h o r t  a s  T a r e  no t  e a s i l y  a c c e s s i b l e  t o  o b s e r v a t i o n ,  

we a r e  c o n t e n t  w i t h  t h e  Newtonian approximat ion;  i f  T i s  a t ime  

t o o  l ong  t o  w a i t ,  we c a l l  t h e  m a t e r i a l  e l a s t i c .  We r e c o g n i z e  

v i s c o e l a s t i c  behav io r  when T has  a  convenient  s i z e  such  a s  one 

second.  

I f  t h e  amount of  s h e a r  i s  v a r i e d  a l i t t l e  a s  t ime  

p rog re s se s ,  we can  approximate  t h e  s h e a r i n g  s t r e s s  by a supe r -  

p o s i t i o n  of  t h e  s t r e s s e s  due t o  each  e l emen ta ry  s t e p  d ~ ( t ) :  

- m 

Thi s  i s  t h e  one-dimensional  form of t h e  c o n s t i t u t i v e  e q u a t i o n  o f  

l i n e a r  v i s c o e l a s t i c i t y  theor3y.  

T h i s  approximat ion  i s  a p p l i c a b l e  t o  s t eady  s imp le  s h e a r i n g  

~ ( t )  = y t ,  i f  t h e  amount of  s h e a r  i n  one r e l a x a t i o n  t ime ,  yT, i s  

srnal l .  The s t r e s s  i s  o = 11,~; t h i s  i s  t h e  Newtonian approximat ion .  



The v i s c o s i t y  c o e f f i c i e n t  i s  

The mean r e l a x a t i o n  t ime T can be de f ined  by 
m 

noT = I u ( t ) t  d t  . (2 .1 .3 )  
0 

I n  t h e  case  of a  v a r i a b l e  s h e a r i n g ,  K ' ( t )  = y ( t ) ,  t h e  Newtonian 

approximat ion  i s  v a l i d  when yT i s  sma l l  and r e l a t i v e l y  c o n s t a n t  

over i n t e r v a l s  of t h e  o r d e r  of T.  

I n  an  o s c i l l a t o r y  s h e a r i n g  ~ ( t )  = K~ exp ( iw t  ) ,  t h e  l i n e a r  

v i s c o e l a s t i c  approximat ion  i s  v a l i d  i f  K~ i s  sma l l ,  r e g a r d l e s s  of 

how l a r g e  w may be .  The s t r e s s  i s  e q u a l  t o  ~ * ( w ) K  ' ( t )  ( r e a l  p a r t ) ,  

where t h e  complex v i s c o s i t y  q *  i s  de f ined  by 
m 

v * ( u )  = 1 il(t)e-iwt d t  = vl(w)-1q2(w) . (2 .1 .4 )  
0 

I f  wT i s  sma l l ,  t h e  v i s c o s i t y  i s  approximately 

On t h e  o t h e r  hand, when wT i s  very  l a r g e ,  t h e  v i s c o s i t y  i s  

and t h e  r e sponse  i s  approximate ly  t h a t  of an e l a s t i c  m a t e r i a l ,  

o = ~ ( 0 ) K ( t ) .  

I n  s t eady  s h e a r i n g  motions f o r  which yT i s  not  sma l l ,  i t  

cannot  be expected  t h a t  t h e  l i n e a r  approximation w i l l  be v a l i d .  
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The s t r e s s  i s  some non-linear funct ion of t h e  shear  r a t e .  For a 

polymer melt o r  so lu t ion ,  t h e  apparent v i s c o s i t y  q ( y ) ,  equa l  t o  

a(y) /y  , descends r a p i d l y  from i t s  zero shear  r a t e  value qo toward 

a much lower l i m i t i n g  value f o r  l a rge  yT. The mean r e l a x a t i o n  

time T can be es t imated crudely  from measurements of t h e  apparent 

v i s c o s i t y  func t ion ;  t h e  v i s c o s i t y  i s  r e l a t i v e l y  constant  when t h e  

r a t e  of shear  i s  below 1/T. 

A t  t h e  opposite extreme from steady shear ing  motion, we 

can consider sudden, large-amplitude shear ing .  A t  t imes smal l  i n  

comparison t o  T, before  any percep t ib le  s t r e s s - r e l a x a t i o n  has 

taken place ,  t h e  s t r e s s  is some funct ion of t h e  amount of  shear :  

2 
o = K U ~ ( K  ). The l i n e a r  e l a s t i c  shear  modulus pe(0) i s  equa l  t o  

t h e  value of t h e  l i n e a r  r e l a x a t i o n  modulus ~ ( t )  a t  time ze ro  

( s e e ( 2 . 1 . 6 ) ) .  

2.2. Flow Diagnosis  

To v i s u a l i z e  the  r e l a t i o n s  among t h e  m a t e r i a l  p r o p e r t i e s  

t h a t  have been mentioned and t h e  regions  of v a l i d i t y  of va r ious  

approximations, it i s  u s e f u l  t o  charac te r i ze  flows i n  an over- 

s impl i f i ed  way by the  values  of two dimensionless parameters,  t h e  

shear  amplitude A and the  frequency wT. Both a r e  t o  be def ined 

only loosely .  We p l o t  these  parameters on d i s t o r t e d  s c a l e s  s o  

t h a t  a l l  values  from zero t o  i n f i n i t y  lie i n  a square (Fig .  1 ) .  

I n  problems of forced v ib ra t ion ,  t h e  meaning of t h e  frequency 

w i s  obvious. More general ly ,  we use high wT t o  mean sudden 

motions and low wT t o  mean smooth motions. The edge wT = m on the  
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flow diagnosis  diagram i s  t h e  region of e l a s t i c  response; 

i n t e r p r e t i n g  w a s  l/to, where to i s  t h e  t o t a l  time of obser- 

va t ion ,  the  l i m i t i n g  case  T/to = - i s  t h a t  i n  which t h e r e  i s  

no s t r e s s  r e l a x a t i o n  wi thin  t h e  per iod of observat ion.  I n  t h i s  

domain, t h e  parameter A s t ands  f o r  a  t y p i c a l  amount of shea r ,  

a s  e s t ima ted  from boundary o r  i n i t i a l  cond i t ions .  

The edge A = 0 i s  t h e  domain of l i n e a r  v i s c o e l a s t i c i t y  

theory .  I ts  i n t e r s e c t i o n  with t h e  edge WT = i s  t h e  domain of 

l i n e a r  e l a s t i c i t y  theory,  and i t s  i n t e r s e c t i o n  wi th  t h e  edge 

wT = 0 i s  the  domain of Newtonian (Navier-Stokes) f l u i d  dynamics. 

The edge wT = 0 corresponds t o  v iscometr ic  flows and 

o t h e r  abso lu te ly  s t eady  shear ing motions. On t h i s  edge, A is  

equa l  t o  yT, t h e  amount of shea r  i n  one r e l a x a t i o n  time. 

The i n t e r i o r  region i n  which A i s  l a r g e  and wT i s  

n e i t h e r  l a r g e  nor  smal l  i s  an a r e a  of r e a l  ignorance. Flows 

corresponding t o  such values a r e  usua l ly  handled by optomist ic  

guess-work, based on e x t r a p o l a t i o n s  from the  edges. However, 

t h e r e  i s  hope f o r  t h e  f u t u r e .  To every p a i r  of values of A 

and wT t h e r e  corresponds some m a t e r i a l l y  s teady motion, and 

some of these  motions a r e  a c c e s s i b l e  t o  observat ion i n  the  

othogonal rheometer, a  r e l a t i v e l y  r ecen t  invent ion ( s e e  Sec . 5 )  . 

2 . 3  Rela t ive  S t r a i n  H i s t o r i e s  

Le t ' s  t u r n  t o  some mat te r s  of n o t a t i o n  t h a t  w i l l  

occas iona l ly  be needed f o r  three-dimensional problems. Let - x 

be t h e  p o s i t i o n  of a  p a r t i c l e  a t  a  reference t ime t ,  and l e t  
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~ ! s , t , f )  be t h e  p o s i t i o n  of t h a t  p a r t i c l e  a t  t ime s .  A f i b e r  

c f  f l u i d  a long dx - a t  time t l i e s  a long d p  a t  time s; t h e  mapping 

d p  = F d x  (2.3.1) 

de f ines  t h e  deformation g r a d i e n t  F(s , t ) .  F i s  a l s o  a  f u n c t i o n  

of t h e  p a r t i c l e  5, bu t ,  w i th  t h e  unders tanding t h a t  we a r e  deal -  

i n g  wi th  a  Lagrangian d e s c r i p t i o n ,  we omit x t o  save w r i t i n g .  

F d e f i n e s  t h e  l o c a l  r o t a t i o n  and s t r e t c h i n g  o f  f i b e r s .  - 
To g e t  a  measure of s t r e t c h i n g  a lone ,  we observe t h a t  

and d e f i n e  t h e  s t r a i n  by 

I n  problems i n  which t h e  s t r a i n  does no t  change much 

over  an i n t e r v a l  of t h e  o rde r  of  T  preceding the  r e fe rence  t ime 

t ,  i t  may be p o s s i b l e  t o  approximate t h e  s t r a i n  h i s t o r y  by a  

few terms of i t s  expansion i n  powers of s-t: 

1 G(s , t )  = Pz A + ( t ) ( ~ - t ) ~ .  - (2 .3 .4)  
The d e r i v a t i v e s ,  

a r e  c a l l e d  t h e  Rivlin-Erlcksen t e n s o r s .  !lo is  I, the  i d e n t i t y ,  

and A1 i s  twice  the  c l a s s i c a l  s t r a i n - r a t e  t e n s o r .  The h i g h e r  

d e r i v a t i v e s  can be c a l c u l a t e d ,  i n  terms of t h e  v e l o c i t y  u, from 

t h e  r ecu r s ion  r e l a t i o n  

The ope ra t ion  g iv ing  from % i s  c a l l e d  Oldroyd d i f f e r e n t i a t i o n .  
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2.4 L inea r  V i s c o e l a s t i c  Approximation 

I n  t h e  l i n e a r  v i s c o e l a s t i c  approximation,  t h e  s t r e s s  

ha s  t h e  form 
a = - p l  t D - ~ ( t - s ) ~  G ( s , t ) d s .  (2 .4 .1)  

We assume t h a t  t h e  f l u i d  i s  incompres s ib l e ;  p i s  t h e  r e a c t i o n  

p r e s s u r e .  The s t r a i n  h i s t o r y  i s  non- l inear  i n  t h e  v e l o c i t y ,  s o  

t h i s  approximation i n c l u d e s  te rms  t h a t  a r e  n e g l i g i b l e  when t h e  

approximat ion  i s  v a l i d  a t  a l l .  However, p r e c i s e l y  which te rms  

a r e  n e g l i g i b l e  depends on t h e  problem, and i t  i s  n o t  always 

immediately obvious.  

Wal te rs  has  used t h i s  e q u a t i o n  more t han  anyone e l s e ,  

I b e l i e v e .  His a n a l y s i s  o f  t h e  ba l ance  rheometer  [61, wi th  

Jones ,  i s  a  r e c e n t  a p p l i c a t i o n  o f  i t .  

As an e x e r c i s e ,  c o n s i d e r  s t eady  s imple  s h e a r i n g  mot ion ,  

w i t h  v e l o c i t y  g = y y l .  Then, i n  qu i ck  o rde r ,  we obt ,ain 

D - DS - G(s,t,x) = - A~ + ( s - t ) i 2 ,  (2.4.5)  

and,  wi th  t h e  d e f i n i t i o n s  of n o  and T g iven  e a r l i e r ,  

0 = -PI + - - Q oTA2 . (2 .4 .6)  

No t i ce  t h e  p e c u l i a r i t y  t h a t  a l t hough  t h e  a c c e l e r a t i o n  i s  z e r o ,  

t h e  s t r a i n - a c c e l e r a t i o n  k2 i s  n o t .  
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Now, t h e  te rm TA2 i s  o f  o r d e r  YT i n  comparison t o  A1, 

and s o  i t  is  n e g l i g i b l e  when t h e  l i n e a r  approximat ion  i s  v a l i d .  

As we s h a l l  s e e  l a t e r  (Sec .  41, (2 .4 .6)  does  n o t  c o r r e c t l y  ac- 
2  count  f o r  a l l  second-order  te rms;  a  term p r o p o r t i o n a l  t o  A1 is  

a l s o  needed. Thus, t o  t h e  e x t e n t  t h a t  ( 2 .4 .6 )  i s  v a l i d ,  t h e  

c o r r e c t  e x p r e s s i o n  f o r  t h e  s t r e s s  i s  t h e  Navier-Stokes approxi -  

mation:  

As a  second example, c o n s i d e r  t h e  p l a n e  s t e a d y  motion 

w i t h  v e l o c i t y  1 = s, where 

Being unused t o  Lagrangian f l u i d  dynamics, and assuming t o o  much 

from t h e  r e s u l t  of t h e  p r eced ing  e x e r c i s e ,  I would have guessed  

t h a t  t h e  s t r a i n - r a t e  E s h o u l d  be  s m a l l  i n  comparison t o  1 / T  i n  

o r d e r  f o r  t h e  l i n e a r  v i s c o e l a s t i c  approximat ien  t o  be v a l i d ,  

and t h a t  i t  would reduce t o  t h e  Navier-Stokes equa t ion  a g a i n .  

I n  f a c t ,  E can be a r b i t r a r i l y  l a r g e  p rov ided  t h a t  w i s  s t i l l  

l a r g e r ,  and t h e  s t r e s s  Is then  no th ing  l i k e  what t h e  Navier-  

S tokes  approximat ion  would g i v e .  

To s e e  why, i t  i s  neces sa ry  ( o r  r a t h e r ,  s u f f i c i e n t )  

t o  c a r r y  ou t  t h e  computat ion o f  g. From 

'I,A = U i , j P j , ~ y  o r  - F ( s , t )  = N F ( s , t ) ,  -- (2 .4 .9 )  

w i th  t h e  i n i t i a l  c o n d i t i o n  F ( t , t )  = I we o b t a i n  - - 
1 n n  F ( 3 , t )  = e ( S - t ) E  = iz(:i-t) N . - 



2 N~ - = -(w2 - c 2 ) ( & 1  t JJ) = -n - A ( s a y )  (2.4.11) 

it fo l l ows  t h a t  

n 2n n 2 n t l  N2" - = (-1)  Q and - NZntl = (-1) fl (N/Q). - (2 .4 .12)  

The c a s e  f = I i s  an  excep t ion .  Hence, 

F ( s , ~ )  = kk t A cos n ( s - t )  t (N/n)s in  Q(s- t ) .  (2.4.13) - -- - - 
Thus, 

2 T 2 G ( s , ~ )  = kk t A cos n ( s - t )  t (N_ NJn)sin n ( s - t )  - -- - 

We s e e  t h a t  - G i s  c l o s e  t o  I a t  a l l  t imes ,  which i s  s u f -  

f i c i e n t  f o r  t h e  l i n e a r  approximat ion  t o  be  v a l i d ,  i f  c/o i s  s m a l l ,  

2  I n  t h a t  c a se ,  by n e g l e c t i n g  te rms  o f  o r d e r  (c/w) we o b t a i n  Q = w 

and 

Then, 

G(s,t) = I (c/w)(:j t Ji)[l - cos 2w(s- t ) ]  - 

+ ( c / w ) ( i i  - J J ) s i n  2w(s- t ) ,  and -- (2.4.16) 

By u s i n g  t h i s  e x p r e s s i o n  i n  (2.4.1)  and r e c a l l i n g  t h e  

d e f i n i t i o n  (2.1.4)  o f  t h e  complex v i s c o s i t y ,  we o b t a i n  

= - p i  t 2 c ( I J  + j i ) 1 2 ( 2 @  t 2 c ( l i  - j j )n1(2w).  (2.4.18) - -- -- -- -- 
The r e s u l t  i s  s u r p r i s i n g  i n  many ways. F i r s t ,  t h e  

l i n e a r  approximat ion  is  v a l i d  even  f o r  a r b i t r a r i l y  l a r g e  va lues  
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of the  s t r a i n - r a t e ,  provided t h a t  i t  i s  smal l  i n  comparison t o  

the  v o r t i c i t y .  Second, t h e  Newtonian approximation i s  no t  

necessa r i ly  v a l i d  even when ET i s  smal l ;  we recover t h e  Navier- 

Stokes equat ion only i f  wT i s  a l s o  small .  Third ,  the  s t r e s s  

depends on t h e  v o r t i c i t y ,  and i n  the  oddest  conceivable way, 

wrapped up i n s i d e  some h igh ly  non-linear funct ions .  Four th ,  

al though t h e  flow i s  abso lu te ly  s teady i n  every usual  sense ,  

t h e  r e l evan t  m a t e r i a l  p r o p e r t i e s  a r e  ones t h a t  we t h i n k  of i n  

connection wi th  o s c i l l a t o r y  motions. The explanat ion is  simple 

enough. When E / w  i s  smal l ,  t h e  flow has e l l i p t i c a l ,  n e a r l y  

c i r c u l a r  s t r eaml ines .  Radia l  f i b e r s  s t r e t c h  and c o n t r a c t  a l -  

t e rna te ly ,  twice  i n  each revolut ion.  So f a r  a s  such a f i b e r  

i s  concerned, t h e  motion is  indeed a smal l  o s c i l l a t i o n .  

For any values of E and w, t h e  s t r e s s  components must 

be time-independent func t ions  of E and W, s i n c e  t h e r e  i s  nothing 

e l s e  f o r  t h e  s t r e s s  t o  depend upon. W s e  motions a r e  m a t e r i a l l y  

steady (Sec.  5 ) .  

They a r e  a l s o  c o n t r o l l a b l e  flows, which s a t i s f y  the  

momentum equat ion no mat t e r  what t h e  s t r e s s  components may t u r n  

out t o  be. Here, t h i s  i s  t r u e  because t h e  e x t r a  s t r e s s  (pro-  

duced by t h e  deformation) i s  constant  i n  space,  s o  i t s  divergence 

2 
vanishes t r i v i a l l y ;  and, t h e  i n e r t i a l  term p(u.9_)u - - i s  pN 5, and 

N~ - i s  symmetric, s o  t h i s  can be balanced by t h e  g rad ien t  of a 

r e a c t i o n  p ressure ,  
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3.  Viscometric Flow 

Flows i n  which each m a t e r i a l  element undergoes steady 

u n i a x i a l  shear ing a r e  c a l l e d  viscometric.  They a r e  pa r t i cu-  

l a r l y  simple t o  d i scuss  because t h e r e  a r e  no t r a n s i e n t  e f f e c t s  

of  s t r e s s - r e l a x a t i o n ,  the  s t r e s s  having reached a steady s t a t e .  

The stress response i s  completely character ized by the  response 

i n  plane s teady simple shear ing motion, one of the  s imples t  

conceivable flows. 

3.1 S l i p  Surfaces ,  Shear Axes, and Shear Rate 

Let us f i r s t  consider some kinemat ical ly  admissible ex- 

amples of v iscometr ic  flow, without regard t o  t h e i r  dynamical 

admiss ib i l i ty .  A l l  viscometric flows can be v i sua l i zed  a s  the  

r e l a t i v e  s l i d i n g  motion of a sheaf of inex tens ib le  m a t e r i a l  

su r faces ,  which we c a l l  s l i p  surfaces .  I n  the  more important 

cases ,  each s l i p  su r face  moves a s  i f  it were r i g i d .  The s impler  

cases  a r e  steady motions with s t r a i g h t ,  c i r c u l a r ,  o r  h e l i c a l  

s t reamlines .  I n  these  cases,  each s l i p  su r face  s l i d e s  t angen t ia l -  

l y  and always occupies the  same locus i n  space.  

I n  the  case  of steady p a r a l l e l  flows, 2 = u(x,y)&, the  

s l i p  surfaces  a r e  the  general  cy l inders  u(x,y)  = constant .  The 

flow i s  a r e l a t i v e  s l i d i n g  motion of these  cy l inders .  The d i -  

r e c t i o n  of r e l a t i v e  s l i d i n g ,  which we c a l l  g, coincides  with the  

d i r e c t i o n  of motion i n  these  cases .  The d i r e c t i o n  normal t o  the  

s l i p  surfaces ,  which we c a l l  t), i s  p a r a l l e l  t o  I u .  We add a 

t h i r d  un i t  vector  s o  t h a t  5, t), and 2 form an orthonormal 

system a t  each p a r t i c l e ,  and c a l l  these  the  shear  axes. The 

shear  r a t e  y i s  equal  t o  I l u l .  The veloci ty  g rad ien t  has the  
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form = IU k =yb__a. A t  any given p a r t i c l e ,  y i s  cons tan t  i n  

time, and t h e  motion i n  t h e  v i c i n i t y  of t h a t  p a r t i c l e  looks 

l i k e  a  s teady plane shea r ing  motion. 

Flows wi th  v e l o c i t y  f i e l d s  of the  form 

have p a r a l l e l  p lane s l i p  s u r f a c e s  z  = cons tan t  moving i n  skew 

d i r e c t i o n s .  I n  these  flows b = k. The d i r e c t i o n  of r e l a t i v e  

s l i d i n g ,  a, and t h e  shea r  r a t e ,  Y ,  a r e  g iven toge the r  by 

Then = Yb__a. Since y i s  a  func t ion  of z, i t  i s  cons tan t  i n  

time a t  each p a r t i c l e .  Notice t h a t  t h e  d i r e c t i o n  of r e l a t i v e  

s l i d i n g  i s  no t  t h e  same a s  t h e  d i r e c t i o n  of motion. 

I n  s t eady  flows wi th  coax ia l  c i r c u l a r  s t r eaml ines ,  f o r  

which - u  = r w ( r , z ) b ,  t h e  s l i p  su r faces  a r e  t h e  su r faces  of 

constant  angu la r  v e l o c i t y  w .  They form a  nes ted  s e t  of s u r f a c e s  

of r evo lu t ion ,  each one r o t a t i n g  a s  i f  it were r i g i d .  The 

d i r e c t i o n  of r e l a t i v e  s l i d i n g  i s  t h e  azimuthal  d i r e c t i o n ,  a = &, 
and b i s  p a r a l l e l  t o  I w .  The ve loc i ty  g r a d i e n t  i s  

The second term corresponds t o  r i g i d  r o t a t i o n .  The f i rs t  term 

has the  form yba i f  we i d e n t i f y  y a s  rlIwl. Then y is  constant '  -- 
i n  time a t  each p a r t i c l e ,  and t h e  motion i n  t h e  v i c i n i t y  of t h a t  

p a r t i c l e ,  a s  seen from t h e  r o t a t i n g  axes a ,  b, c ,  i s  a  s t eady  - - 
simple shea r ing  motion. 
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S l i p  su r faces  t h a t  a r e  coax ia l  c i r c u l a r  cy l inders  can 

t r a n s l a t e  i n  the  a x i a l  d i r e c t i o n  and r o t a t e  about i t  simultane- 

ously,  producing a  motion with h e l i c a l  s t reamlines  : 

u  = rw(r)i+ t u( r )LZ.  - (3.1*4) 

The d i r e c t i o n  b  - i s  r a d i a l .  Since the  ve loc i ty  g rad ien t  i s  

by i d e n t i f y i n g  t h e  f i r s t  term a s  rba  -- we f ind  t h a t  

There i s  another  c l a s s  of v iscometr ic  flows with h e l i c a l  

s t r eaml ines ,  which we c a l l  h e l i c o i d a l  a f t e r  t h e  shapes of t h e i r  

s l i p  su r faces .  They have ve loc i ty  f i e l d s  of the  form 

Pearson was the  f i rs t  person who ever  mentioned such a  flow t o  

me. I n  these  flows, a l l  s t r eaml ines  have the  same r i s e  pe r  t u r n ,  

2nc. The s l i p  su r faces  a r e  the  he l i co ids  w = constant ,  s o  b i s  

p a r a l l e l  t o  l w .  The d i r e c t i o n  of r e l a t i v e  s l i d i n g  i s  p a r a l l e l  

t o  g. To f i n d  the  shear  r a t e ,  we f i r s t  wr i t e  out  the  ve loc i ty  

g rad ien t  : 

Vu = v u ( r b  t cLz) t w ( l r i Q  - iQir). -- - (3.1.8) 

The f i r s t  term has t h e  form yba -- i f  we take u2 t o  be 

We v e r i f y  t h a t  t h i s  i s  constant along s t reaml ines .  
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The preceding examples by no means exhaust a l l  of t h e  

kinemat ical ly  admissible p o s s i b i l i t i e s  [?I, bu t  they inc lude  

a l l  of t h e  phys ica l ly  more important cases .  

3.2 S t r e s s  

I n  a s teady simple shear ing motion 1 = yy:, t h e  s t r e s s  

components a r e  funct ions  of y because they have nothing e l s e  t o  

depend upon. I n  saying t h a t  the  motion i s  s teady,  I mean t h a t  

t h e  s h e a r  r a t e  y has been constant  f o r  s o  long t h a t  t h e  s t r e s s  

has reached a steady s t a t e .  

Assuming t h a t  t h e  f l u i d  i s  i s o t r o p i c ,  it follows from 

symmetry t h a t  t h e  zx and zy components of s t r e s s  must be zero. 

The shea r ing  s t r e s s  o i s  some odd func t ion  of y ,  and t h e  normal 
XY 

s t r e s s  d i f f e r e n c e s  a r e  even funct ions  of y t h a t  vanish i f  t h e r e  

has never been any motion: 

The apparent v i s c o s i t y  rl and t h e  normal s t r e s s  c o e f f i c i e n t s  N 
1 

and N2 a r e  c a l l e d  the  viscometr ic  funct ions .  I n  polymer s o l u t i o n s ,  

II and N1 have roughly the  same form. If t h e r e  were a complete 

analogy with e l a s t i c i t y  theory,  they would d i f f e r  only by a 

constant  of p ropor t iona l i ty .  Again by analogy with e l a s t i c i t y ,  

I expect t h a t  N2 i s  smal l  i n  comparison t o  N1 and t h a t ,  with the  

s i g n  convention shown, N 2  i s  pos i t ive .  Thus, i n  add i t ion  t o  the  

shear ing s t r e s s ,  the re  a r e  normal s t r e s s e s  t h a t  a r e  roughly 

equivalent  t o  an e x t r a  t ens ion  i n  the  d i r e c t i o n  of shea r ing  
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( t h e  - a - d i r e c t i o n ) .  A t  h igh  s h e a r  r a t e s ,  t h i s  e x t r a  t e n s i o n  

can be much l a r g e r  t han  t h e  shea r ing  s t r e s s .  

I n  simple shea r ing ,  t h e  s h e a r  axes a, by a r e  t h e  co- 

o r d i n a t e  axes i, J, 5.  The s t r e s s  can be w r i t t e n  a l l  t o g e t h e r  

a s  

Here p  i s  a  r e a c t i o n  p res su re ;  we cons ide r  only incompress ib le  

f l u i d s  . 
This expres s ion  f o r  t h e  s t r e s s  i s  immediately a p p l i c a b l e  

t o  a l l  of  t he  more complicated shea r ing  motions d i scussed  pre- 

v ious ly .  For example, i n  t h e  p a r a l l e l  motions - u = u(x,y)&, f o r  

which g = k and y b  = - Vu, t h e  s t r e s s  i s  

I n  t h e  c i r c u l a r  motions g = rwi8, f o r  which a = i and yb = rvw,  -8 - 
t h e  s t r e s s  i s  

The s t r e s s  f o r  a l l  of  t h e  o t h e r  cases  can be w r i t t e n  down j u s t  

a s  e a s i l y .  

3.3 Con t ro l l ab le  Flows 

Of course ,  whether o r  not  such a  s t r e s s  f i e l d  s a t i s f i e s  

t h e  momentum equa t ion  depends on e x a c t l y  what t h e  v e l o c i t y  i s ,  

and what forms the  v iscometr ic  func t ions  have. There a r e  a  
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very few s p e c i a l  cases  i n  which t h e  ve loc i ty  f i e l d  can be f u l l y  

s p e c i f i e d  i n  advance, and t h e  momentum equat ion i s  then s a t i s f i e d  

t r i v i a l l y ,  no mat t e r  what forms t h e  viscometr ic  funct ions  may 

have. The prototype u = y y L  i s  such a case;  t h e  s t r e s s  produced 

by t h i s  motion i s  constant  i n  space,  i f  t h e  r e a c t i o n  p ressure  

i s  constant ,  s o  t h e  momentum equat ion i s  automat ical ly  s a t i s f i e d .  

We c a l l  such flows completely con t ro l l ab le .  

Completely c o n t r o l l a b l e  flows would be i d e a l  f o r  use 

i n  t h e  exper imental  determinat ion of the  viscometr ic  func t ions ,  

s i n c e  the  a n a l y s i s  of d a t a  would not  be complicated by a slmul- 

taneous determinat ion of an unknown v e l o c i t y  f i e l d .  They would 

be, i f  it were no t  f o r  t h e  f a c t  t h a t  a l l  completely c o n t r o l l a b l e  

flows involve  some p r a c t i c a l  i m p o s s i b i l i t y  such as  i n f i n i t e  p a r a l l e l  

p l a t e s .  

A l l  completely c o n t r o l l a b l e  flows a r e  known [ 7 , 8 , 9 ] .  

One i s  the  flow u = c M z  corresponding t o  shea r ing  between non- 

p a r a l l e l  p l a t e s ,  one f ixed  and the  o the r  moving p a r a l l e l  t o  t h e  

l i n e  where they would i n t e r s e c t .  Another i s  t h e  c i r c u l a r  flow 

with  angular  v e l o c i t y  Y Ln( r / ro ) ,  f o r  which t h e  shea r  r a t e  rwl 

i s  uniform. This flow r e q u i r e s  an azimuthal pressure  g r a d i e n t ,  

s o  i t  cannot be maintained i'n a f u l l  c i r c u l a r  annulus. And t h a t ' s  

a l l  t he re  a r e ,  a s i d e  from motions obtained by superposing g loba l  

r i g i d  motions on the  preceding ones. 

There a r e  a few flows t h a t  would be completely con- 

t r o l l a b l e  i f  i t  were not  f o r  i n e r t i a l  e f f e c t s .  This i s  t r u e  

of t h e  s p e c i a l  h e l i c o i d a l  flows t h a t  have t h e  form 
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The degenera te  ca se  c = 0 i s  t h e  w e l l  known t o r s i o n a l  flow pro- 

duced by a r o t a t i n g  d i s c  v iscometer  (approximate ly) .  The s l i p  

s u r f a c e s  a r e  t h e  p a r a l l e l  p l anes  z = cons t an t ,  r o t a t i n g  wi th  

a n g u l a r  v e l o c i t y  woz/h about t h e  z-axis .  C e n t r i f u g a l  f o r c e  i s  

suppres sed  by reducing  t h e  gap h between f i x e d  p l a t e  and ro- 

t a t i n g  d i s c .  

The only o t h e r  flow t h a t  i s  completely c o n t r o l l a b l e  

w i t h  n e g l e c t  of i n e r t i a  i s  a wierd  c a s e  w i th  s l i p  s u r f a c e s  t h a t  

c u r l  up u n t i l  they  over lap;  t h e  motion i s  no t  s t e a d y  wi th  r e s p e c t  

t o  any frame of r e f e r e n c e ,  a l though t h e  motion n e a r  each  p a r t i c l e  

i s  s t e a d y  wi th  r e s p e c t  t o  t h e  s h e a r  axes a t  t h a t  p a r t i c l e .  Th i s  

ca se  was tu rned  up by working from a s t r i c t ,  l e g a l i s t i c  d e f i n i t i o n  

of  c o n t r o l l a b i l i t y  [7,81. 

3.4 P a r t i a l l y  C o n t r o l l a b l e  Flows 

The f lows t h a t  a r e  a c t u a l l y  used f o r  measuring t h e  

v i s c o m e t r i c  f u n c t i o n s  a r e  p a r t i a l l y  c o n t r o l l a b l e ,  e i t h e r  e x a c t l y  

o r  t o  a good approximation.  P a r t i a l l y  c o n t r o l l a b l e  flows a r e  

t h o s e  i n  which normal s t r e s s  d i f f e r e n c e s  do no t  i n f l u e n c e  t h e  

motion. The v e l o c i t y  f i e l d  depends on t h e  form of  t h e  apparent  

v i s c o s i t y  f u n c t i o n ,  b u t  t h e  flow i s  s o  h igh ly  symmetrical  t h a t  

normal s t r e s s e s  a r e  a u t o m a t i c a l l y  e q u i l i b r a t e d  by t h e  r e a c t i o n  

p r e s s u r e ,  whatever forms t h e  normal s t r e s s  f u n c t i o n s  may have. 

As :an example, cons ide r  p l a n e  P o i s e u i l l e  flow, t b e  

f low i n  a cbannel  w i th  w a l l s  a t  y = tL, produced by a p r e s s u r e  - 



gradient  aoxx/ax = G .  With 1 = u ( y ) l ,  the  momentum equat ion 

i s  s a t i s f i e d  i f  the  r e a c t i o n  pressure  has the  form 

2 P = -Gx - y N 2  t const. ,  (3.4.1) 

where y = u l ( y ) ,  and i f  t h e  shear ing s t r e s s  balances t h e  

p ressure  g rad ien t  : 
y q  = -Gy. 

The ve loc i ty  i s  found from the  l a t t e r  equat ion;  the  former 

merely g ives  p when u i s  a l ready known. Thus, the  motion i s  

p a r t i a l l y  con t ro l l ab le ;  t h e  ve loc i ty  f i e l d  i s  no t  a f f e c t e d  by 

normal s t r e s s  d i f fe rences .  

Le t ' s  complete t h i s  problem. Let y = r ( o )  be the  
2 inverse  of o = yn(y ); r ( o )  i s  odd i n  a .  Then (3.4.2) g ives  

u l ( y )  = Y = - ~ ( G Y ) ,  (3.4.3) 

and an i n t e g r a t i o n ,  with u(-L) = 0, g ives  u ( y ) .  The f l u x  i s  of 

i n t e r e s t  : 
L L L 

Q = u d~ = Yul-L - yul d~ 
-L -L 

This i s  the  analog, f o r  channel flow, of tihe Weissenberg- 

Rabinowitsch-Mooney formula f o r  pipe flow, which da tes  from 

around 1930. It shows t h a t  G ~ Q  i s  a funct ion of GL, and 

p l o t t i n g  d a t a  i n  thi's way w i l l  show what funct ion l '(o), o r  

u l t ima te ly  n ,  may be. 

People have been measuring apparent v i s c o s i t i e s  f o r  

a long time, without always being aware of the  presence of 
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normal s t r e s s  d i f fe rences .  It  was poss ib le  t o  i n t e r p r e t  ex- 

per imental  da ta  cor rec t ly ,  without knowing about normal s t r e s s e s ,  

because the  flows used i n  shear  v i scos i ty  measurements a r e ,  

o r d i n a r i l y ,  p a r t i a l l y  con t ro l l ab le .  

P o i s e u i l l e  and Couette flows a re  p a r t i a l l y  con t ro l l -  

ab le ,  and s o  a r e  t h e  h e l i c a l  flows with coax ia l  c i r c u l a r  c y l i n d r i -  

c a l  s l i p  su r faces  t h a t  one might produce i n  t h e  annular r eg ion  

between two cy l inders ,  with o r  without an a x i a l  pressure  g rad ien t .  

The only o the r  p a r t i a l l y  c o n t r o l l a b l e  flows a r e  those with p a r a l l e l  

plane s l i p  su r faces  moving i n  skew d i r e c t i o n s ,  which can be re- 

garded as  small-gap approximations t o  motions between cy l inders .  

  he flow i n  a  cone-and-plate viscometer i s  p a r t i a l l y  con t ro l l -  

ab le  t o  the  same degree of approxlmatlon t h a t  the  shear  r a t e  i s  

uniform, but no t  exac t ly .  

3.5 Nearly Viscometric Flows 

I f  a  v iscometr ic  flow i s  not a t  l e a s t  p a r t i a l l y  con- 

t r o l l a b l e ,  then i t  i s  no t  l i k e l y  t o  be dynamically admissible 

a t  a l l .  The form of the  apparent v i scos i ty  funct ion determines 

the  ve loc i ty  f i e l d ;  then e i t h e r  the  normal s t r e s s e s  t u r n  out 

t o  be e q u i l i b r a t e d  automat ical ly ,  or ,  by some curious accident  

the  forms of t h e  normal s t r e s s  funct ions  might be such t h a t  

equPlibrium occurs.  However, the  l a t t e r  p o s s i b i l i t y  i s  remote. 

Thus, i f  we were i n t e r e s t e d  only i n  exact  s o l u t i o n s ,  

the  theory of viscometric flow would be only a  neat  c o r r e l a t i o n  

of d a t a  from var ious  kinds of viscometers. But, of course,  we 

hope and expect t h a t  viscometric da ta  can be used p r e d i c t i v e l y  



i n  the  approximate ana lys i s  of flows t h a t  a r e  no t  exac t ly  

viscometric.  Let me d i scuss  a few examples i n  q u a l i t a t i v e  

terms. 

3.6 Tube Flows 

P a r a l l e l  flows a r e  kinemat ical ly  admissible i n  tube 

flow problems, but  they a r e  p a r t i a l l y  c o n t r o l l a b l e  only i f  the  

tube cross-sect ion i s  c i r s u l a r  ( o r  annu la r ) .  Unequi l ibra ted 

normal s t r e s s e s  should produce t r ansverse  flow. The normal 
2 s t r e s s  d i f fe rence  t h a t  i s  r e l e v a n t  i s  y N2. If  t h i s  were zero,  

r e c t i l i n e a r  flow would be dynamically admiss ible .  The assumption 

N2 = 0 i s  c a l l e d  the  Weissenberg hypothesis.  Now, i n  f a c t ,  no 

one has ever  seen any t r a n s v e r s e  flow, s o  f a r  a s  I know. We 

might regard t h i s  a s  a c l e a r  confirmation of t h e  Weissenberg 

hypothesis,  and thus  be l e d  t o  an e s s e n t i a l  s i m p l i f i c a t i o n  i n  

t h e  form of the  viscometr ic  c o n s t i t u t i v e  equat ion.  We might, 

i f  we bel ieved too  much i n  t h e  relevance of exact  s o l u t i o n s .  

Let us suppose t h a t  t h e  motion i s  r e c t i l i n e a r ,  1 = 

u(x,y)k,  and s e e  where the  inconsis tency a r i s e s .  The s t r e s s  

would have t h e  form (3.2 .3) .  The momentum equat ion,  wi th  no 

acce le ra t ion ,  becomes 

For the  right-hand member t o  be i r r o t a t i o n a l ,  a s  the  left-hand 

member i s ,  t h e  z component must be constant :  
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With u  = 0 on t h e  t u b e  wall, t h i s  de te rmines  u. Then, 

p  = -Gz t P(x ,Y) ,  

where P must s a t i s f y  

Thus, 

where P1 must s a t i s f y  

c1 = -1- ( N ~ V U ) ~ .  (3 .6 .6)  

S i n c e  t h e  r igh t -hand s i d e  i s  p a r a l l e l  t o  vu ,  t h e  s u r f a c e s  P1 = 

c o n s t a n t  must c o i n c i d e  w i th  s u r f a c e s  u  = c o n s t a n t .  Thus, P1 = 

Now, u n l e s s  t h e  r igh t -hand s i d e  i s  a l s o  c o n s t a n t  over  s u r f a c e s  

u  = c o n s t a n t ,  we have a  c o n t r a d i c t i o n .  An ea sy  way ou t  i s  t o  

suppose  t h a t  N 2  = 0,  b u t  i t  i s  n o t  t h e  only way. 

Suppose t h a t  N2 i s  roughly  p r o p o r t i o n a l  t o  n .  Whether 

2  2  i t  i s  o r  n o t ,  we can w r i t e  N2 = T 2 n ( ~  ) + n ( y  ), and choose t h e  
2  t ime constant T2 s o  a s  t o  make n ( y  ) vanish  a t  t h e  l a r g e s t  s h e a r  

r a t e  i nvo lved .  Then n e g l e c t i n g  n ,  and r e c a l l i n g  t h a t  u  s a t i s f i e s  

( 3 . 6 . 2 ) ,  we o b t a i n  

P;(u) = -T~!.(II!u) = GT2. (3 .6 .8 )  

Thus, 
Y 2  p  = -Gz - N 2 ( y  ) y  dy t G T ~ U ( X , Y )  c o n s t .  ( 3 . 6 . 9 )  
0 
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Only the  e r r o r  i s  l e f t  over t o  produce t r ansverse  flow. 

This should be small  i n  comparison t o  N2,  which, i n  tu rn ,  i s  

probably smal l  i n  comparison t o  N1. The e x t r a  tension along 

s t reamlines ,  y 2 ~ 1 ,  w i l l  tend t o  hold them s t r a i g h t .  Consequently, 

it should n o t  be s u r p r i s i n g  i f  the  t r ansverse  flow were too small  

t o  no t i ce .  

3.7 Flow i n  T i l t e d  Troughs 

As a va r ia t ion  on the  preceding problem, consider  the  

flow under g rav i ty  down a trough inc l ined  a t  an angle a t o  the  

hor izontal .  I n  Newtonian flow, the f r e e  su r face  condi t ions  a re  

s a t i s f i e d  on a f l a t  f r e e  surface ,  y = 0, say, and the  flow i s  

the same a s  i n  a tube formed from the trough and i t s  mi r ro r  

image i n  the  f r e e  surface  ( a s  Stokes observed, i n  the f i r s t  

paper on viscous flow). 

We can t r y  the same t r i c k  f o r  v i s c o e l a s t i c  flow. We 

take the  trough flow t o  be h a l f  of the  flow i n  a tube symmetrical 

i n  the plane y = 0. The a x i a l  pressure gradient  G i s  replaced 

by pg s i n  a, and the  pressure  (3.6.9)  i s  modified by d e l e t i n g  

-Gz and adding a hydros ta t i c  p a r t  - pgy cos a ( t ak ing  y negat ive  

i n  the f l u i d ) :  

p = -pgy cos a t pgT2(sin d)u(x,y)  

In  the  case of a trough of semi-circular cross-sect ion,  the  f u l l  

Po i seu i l l e  flow i s  p a r t i a l l y  con t ro l l ab le ,  and the approximate 

term involving T2 can be replaced by an exact  expression. The 

same i s  t r u e  f o r  a deep channel with s i d e s  a t  x = +L, say.  In  

the  l a t t e r  t a s e ,  the  pressure  i s  
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2 p = -pgy cos a - N2y + cons t .  (3 .7 .2)  

However, t h i s  i s  n o t  e x a c t  f o r  flow i n  a t rough i n  

any case ,  because t h e  cond i t i on  o f  cons t an t  p r e s s u r e  on t h e  

f r e e  s u r f a c e  i s  n o t  met. On y = 0, t h e  normal d i r e c t i o n  i s  

t h e  - d i r e c t i o n ,  s o  t h e  normal s t r e s s  a i s  e q u a l  t o  -p. 
YY 

Th i s  i s  cons t an t  ove r  t h e  s u r f a c e  y = 0 only i f  N2 = 0. 

The u n e q u i l i b r a t e d  normal s t r e s s  w i l l  cause t h e  free 

s u r f a c e  t o  warp u n t i l  t h e  e x t r a  weight  of f l u i d  above y = 0 

s u p p l i e s  t h e  e x t r a  normal s t r e s s .  A f i r s t  approximation t o  t h e  

shape  o f  t h e  warped s u r f a c e  is  ob ta ined  by s e t t i n g  p = cons t an t  

i n  (3 .7 .2)  ( f o r  deep channe l s ) :  

2 
y = -(N2y /pg cos a )  t cons t .  (3.7.3)  

The s o l u t i o n  i s  only  approximate because on t h i s  new f r e e  s u r f a c e ,  

t h e  t a n g e n t i a l  s t r e s s  i s  no t  e x a c t l y  zero.  

R. I .  Tanner t o l d  me about t h e s e  r e s u l t s ,  and a l s o  

showed me photographs of  t h e  warped f r e e  s u r f a c e .  For t h e  f l u i d  

i nvo lved ,  po ly i sobu ty l ene  i n  ce t ane ,  t h e r e  i s  a pronounced up- 

ward bulge  i n  t h e  f r e e  s u r f a c e .  With y z e ro  a t  t h e  c e n t e r  and 

l a r g e  a t  t h e  w a l l s ,  (3 .7 .3)  shows t h a t  t h e  f r e e  s u r f a c e  s t a n d s  

h i g h e s t  a t  t h e  c e n t e r  if N2 i s  p o s i t i v e .  For t h a t  one f l u i d ,  

a t  l e a s t ,  i t  i s  v i s i b l y  ev iden t  t h a t  N2 i s  p o s i t i v e .  

3.8 Ant i -Cent r i fugal  E f f e c t s  

C i r c u l a r  v i s come t r i c  f lows a r e  k inema t i ca l ly  admis s ib l e  

i n  problems invo lv ing  s t eady  r o t a t i o n  of an immersed body of 



- 100 - 
A. C. Pipkin 

revolut ion,  but  usual ly  not  exac t ly  dynamically admissible.  

Within Newtonian f l u i d  dynamics, departures from c i r c u l a r  

flow a r e  caused by c e n t r i f u g a l  force .  Viscoe las t i c  f l u i d s  can 

show s t r i k i n g  an t i -cen t r i fuga l  e f f e c t s ,  i n  which the  d i r e c t i o n  

of t r ansverse  flow i s  d i r e c t l y  opposite t o  t h e  d i r e c t i o n  t h a t  

would be produced by c e n t r i f u g a l  force .  

The e x t r a  tension along the  d i r e c t i o n  of shear ing  

causes t h e  (near ly )  c i r c u l a r  s t reamlines  t o  a c t  a s  i f  they 

were s t r e t c h e d  f i b e r s ,  with t ens ion  highest  where the  s h e a r  

r a t e  is  l a r g e s t .  This t ens ion  causes the  f i b e r s  t o  con t rac t ,  

producing r a d i a l l y  inward motion where t h e  shear  r a t e  i s  l a r g e s t .  

For example, i n  the  flow produced by a  r o t a t i n g  sphere,  

c e n t r i f u g a l  fo rce  would cause a  t r ansverse  flow outward a t  the  

equator,  where the  speed i s  high, and inward a t  the  po les .  How- 

ever ,  t h e  shear  r a t e  is  a l s o  h ighes t  a t  the  equator ,  and thus  s o  

i s  the  e x t r a  t ens ion  i n  azimuthal c i r c l e s .  The tendency f o r  such 

f i b e r s  t o  con t rac t  can produce inward motion i n  the  e q u a t o r i a l  

plane,  with outward motion a t  the  poles.  Giesekus [ l o ]  has made 

b e a u t i f u l  p i c t u r e s  of t h i s  e f f e c t ,  f o r  cones a s  wel l  as  spheres ,  

by i n j e c t i n g  dye with a  hypodermic. A recen t  paper by G r i f f i t h s ,  

Jones, and Walters [Ill analyzes t h i s  e f f e c t  i n  the  case of a  

r o t a t i n g  d i sc .  

The flow produced by a  r o t a t i n g  cy l inder  would be a  

p a r t i a l l y  con t ro l l ab le  viscometr ic  flow i n  t h e  absence of a  

f r e e  su r face .  With a  f r e e  su r face ,  and a  v e r t i c a l  r o t a t i n g  

cyl inder ,  the  e x t r a  t ens ion  fo rces  f l u i d  upward near  the  rod, 



producing t h e  we l l  known climbing e f f e c t .  This, and o t h e r  

e f f e c t s  t h a t  can be i n t e r p r e t e d  i n  terms of an e x t r a  t ens ion  

i n  t h e  d i r e c t i o n  of shear ing,  f i r s t  became w e l l  known through 

t h e  work of Weissenberg. 

3.9 Laminar Drag Reduction 

I n  flow i n  curved pipes ,  c i r c u l a r  o r  h e l i c o i d a l  visco- 

m e t r i c  flows a r e  k inemat ical ly  admiss ible .  Unlike the  case wi th  

s t r a i g h t  p ipes ,  i n  which the  s t r eaml ines  a r e  s t r a i g h t  i n  t h e  

viscometr ic  approximation, t h e  e x t r a  tens ion a long t h e  d i r e c t i o n  

of shear ing produces a n e t  sideways fo rce  when t h e  pipe  is  curved. 

Whether a s  a c e n t r i f u g a l  ( i n e r t i a l )  e f f e c t  o r  an a n t i - c e n t r i f u g a l  

( v i s c o e l a s t i c )  e f f e c t ,  t h e r e  i s  a pronounced t r ansverse  flow. 

This produces a very i n t e r e s t i n g  e f f e c t ,  which has been 

observed and expla ined by Barnes and Walters [12]. The t r ans -  

verse  flow decreases  t h e  apparent v i s c o s i t y  by inc reas ing  t h e  

over -a l l  shea r  r a t e .  Hence, t h e  p ressure  g rad ien t  t h a t  i s  re-  

q u i r e d  i n  o rde r  t o  produce a g iven f l u x  i s  lower than it would 

be i f  t h e r e  were no t r ansverse  flow; under t h e  r i g h t  circumstances 

i t  i s  e a s i e r  t o  pump f l u i d  through a curved pipe  than through a 

s t r a i g h t  pipe.  

A t  f i r s t  t h i s  sounds impossible,  because the  higher  

s h e a r  r a t e  produced by t h e  t r ansverse  flow necessa r i ly  impl ies  

l a r g e r  energy d i s s i p a t i o n ,  even i f  t h e  v i s c o s i t y  i s  lowered. 

However, the  r a t e  of work i s  GQ, where Q i s  t h e  f l u x  and G i s  

t h e  mean a x i a l  p ressure  g rad ien t ,  s o  an inc rease  of Q a t  f ixed  

G automat ical ly  s u p p l i e s  t h e  e x t r a  work. 
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3.10 Boundary Layers 

Although I have been speaking  o f  g l o b a l  v i s come t r i c  

f lows,  t h e  v i scome t r i c  c h a r a c t e r  of a  s t r a i n  h i s t o r y  i s  a 

l o c a l  p r o p e r t y  of  t h e  h i s t o r y  of  a  m a t e r i a l  e lement ,  and i t  

i s  p o s s i b l e  f o r  some p a r t i c l e s  i n  a flow t o  be undergoing v isco-  

m e t r i c  motion even though o t h e r s  a r e  n o t .  

Fo r  example, i n  any s t eady  f low wi th  no  s l i p  a t  s o l i d  

boundar ies ,  t h e  flow a t  each  boundary p o i n t  i s  e x a c t l y  v isco-  

me t r i c .  For,  t h e  t a n g e n t i a l  components o f  t h e  g r a d i e n t  o f  

v e l o c i t y  a r e  zero ,  and t h u s  Vu = n(n .v )u  a t  t h e  boundary, n -- - - - -  
be ing  t h e  normal t o  t h e  boundary. This  h a s  t h e  v i scome t r i c  

form yba -- wi th  b_ = 1 and y a  = (n .v)u .  - - -  The s h e a r  r a t e  a t  a  bound- 

a r y  p a r t i c l e  neve r  changes because t h e  p a r t i c l e  s t a y s  p u t .  Thus, 

whatever t h e  flow may be l i k e  away from t h e  boundary, provided  

t h a t  i t  i s  s t eady ,  t h e  s t r e s s  t h e  boundary i s  g iven  e x a c t l y  

by t h e  v i scome t r i c  c o n s t i t u t i v e  equa t ion :  

2 + ( ~ ~ - ~ ~ ) ( a u / a n ) ( a u / a n )  - - ~ ~ l a u / a n l  nn. -- (3 .10 .1)  

S i n c e  t h e  flow i n  a boundary l a y e r  i s  n e a r l y  a s t eady  

p a r a l l e l  f low, we can presume t h a t  t h e  s t r e s s  w i l l  be n e a r l y  

of  t h e  v i s c o m e t r i c  form throughout  t h e  boundary l a y e r ,  a s  it 

i s ,  e x a c t l y ,  a t  t h e  wa l l .  C e r t a i n  q u a l i t a t i v e  e f f e c t s  a r e  

easy  t o  s e e .  If  t h e  apparent  v i s c o s i t y  goes down a s  t h e  s h e a r  

r a t e  goes up, t h e  boundary l a y e r  w i l l  be t h i n n e r  t h a n  i n  t h e  

Newtonian approximat ion ,  which uses  t h e  apparent  v i s c o s i t y  a t  
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z e r o  s h e a r  r a t e .  The "p re s su re"  t h a t  i s  c o n s t a n t  through t h e  

2 t h i c k n e s s  i s  p  + y N 2 ,  and t h e  "p re s su re"  whose v a r i a t i o n  a long  

2 t h e  boundary d i r e c t i o n  d r i v e s  t h e  f low i s  p  - y (N -N ) .  The 1 2  
former  i s  t h e  o u t s i d e  p r e s s u r e  po. The l a t t e r ,  which i s  t h e  

Z f o r c i n g  term, i s  t h e n  po - y N1, t h e  o u t s i d e  p r e s s u r e  mod i f i ed  

by t h e  e x t r a  t e n s i o n  a long  t h e  d i r e c t i o n  o f  s h e a r i n g .  S ince  
2 

y N1 can be very  l a r g e ,  i t s  v a r i a t i o n  shou ld  b e  t a k e n  i n t o  

accoun t .  The a f f e c t  o f  an a d v e r s e  p r e s s u r e  g r a d i e n t  Is magni- 

f i e d  by t h i s  e x t r a  t e n s i o n ,  and i t  appears  t h a t  s e p a r a t i o n  

shou ld  occu r  s o o n e r  t h a n  p r e d i c t e d  by t h e  Newtonian approximat ion  

3 .11  A n a l y t i c a l  Treatment of  Near ly  Viscometr ic  Flows 

Flows t h a t  a r e  n e a r l y  v l s c o m e t r i c  can b e  t r e a t e d  by 

p e r t u r b a t i o n  methods.  However, t h e r e  a r e  some compl i ca t i ons  

t h a t  shou ld  be  mentioned.  

The f i rs t  i s  t h a t  i f  t h e  v e l o c i t y  f i e l d  i s  n o t  e x a c t l y  

v i s c o m e t r i c ,  t h e  s h e a r  axes  and s h e a r  r a t e  a r e  n o t  w e l l  de f ined .  

To g e t  around t h i s  d i f f i c u l t y ,  we f i rst  n o t i c e  t h a t  i n  f lows  

t h a t  a r e  e x a c t l y  v i s c o m e t r i c ,  t h e  f i r s t  two Riv l in-Er icksen  

t e n s o r s  a r e  

2  A1 = y ( &  + ha) and B2 = 2y bb (3 .11 .1)  

( and  a l l  o t h e r s  v a n i s h ) .  Then, a l s o ,  

2 2  2  1 2 A1 = y (5: + and y = tr A1. (3 .11 .2)  

Consequently,  t h e  s t r e s s  i s  



A. C. Pipkin 

2 with y equa l  t o  h a l f  of tr  !:. For a flow t h a t  i s  not  visco- 

me t r i c ,  we can s t i l l  c a l c u l a t e  !I1 and A2 unambiguously, and then 

use t h i s  express ion f o r  t h e  s t r e s s .  

This procedure i s  r a t h e r  a r b i t r a r y .  Even i f  we s t i p u l a t e  

t h a t  an approximation i n  terms of il and a lone w i l l  be t r i e d ,  

and t h a t  i t  must reduce t o  t h e  exact  s t r e s s  when t h e  flow i s  

viscometric,(3.11.3) i s  f a r  from being t h e  only p o s s i b l e  choice.  

However, (3.11.3) has been used very widely, al though 

under a d i f f e r e n t  i n t e r p r e t a t i o n .  L a t e r  we w i l l  consider  t h e  

second-order slow-motion approximation f o r  p e r t u r b a t i o n s  on 

Newtonian flow. It has t h e  form (3.11.31, wi th  cons tan t  coef- 

f i c i e n t s  ( t h e  values of t h e  viscometr ic  func t ions  a t  ze ro  shea r  

r a t e ) .  So lu t ions  based on t h e  second-order approximation o f t e n  

agree we l l  wi th  observat ions  even when t h e r e  is  not t h e  l e a s t  

doubt t h a t  t h e  experimental condi t ions  a r e  f a r  ou t s ide  t h e  range 

i n  which the  second-order approximation could  be va l id .  

Apparently, what happens i s  t h a t  i f  t h e  flow i s  actu-  

a l l y  nea r ly  viscometr ic ,  t h e  r e l a t i o n  (3.11.3) i s  a good approxi- 

mation t o  t h e  s t r e s s ,  and not  bad even when t h e  viscometr ic  

funct ions  a r e  t r e a t e d  a s  cons tan t s .  Of course ,  the  va lues  used 

f o r  these  cons tan t s  should be the  values of the  viscometr ic  

funct ions  a t  a shea r  r a t e  appropr ia t e  t o  t h e  problem; t h e  values  

a t  t h e  h ighes t  shea r  r a t e  involved would g i v e  good accuracy where 

accuracy i s  most important.  Giesekus [ l o ]  has used t h i s  kind of 

e x t r a p o l a t i o n  e f f e c t i v e l y  t o  exp la in  even r a t h e r  complicated 

flows. 
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More a c c u r a t e  t r ea tmen t  of n e a r l y  v i scomet r i c  f lows 

invo lves  t h e  c o n s i d e r a t i o n  of m a t e r i a l  p r o p e r t i e s  n o t  embodied 

i n  t h e  v i scomet r i c  func t ions ,  s i n c e  t r a n s i e n t  e f f e c t s  of  s t r e s s  

r e l a x a t i o n  and s t e a d y  e f f e c t s  of  b i a x i a l  o r  t r i a x i a l  shea r ing ,  

o r  s t r e t c h i n g  motions,  can come i n t o  p l ay .  For  example, even 

i n  u n i a x i a l  s h e a r i n g  a t  a  n e a r l y  cons t an t  r a t e  y ( t ) ,  t h e  s h e a r i n g  

s t r e s s  i s  of t h e  form 

t o  f i r s t  o r d e r  i n  t h e  d i f f e r e n c e  h i s t o r y  y ( t - s )  - y ( t ) .  Not ice  

t h a t  t h e  p e r t u r b a t i o n  s t r e s s  r e l a x a t i o n  modulus is  a func t ion  

of t h e  s h e a r  r a t e  f o r  t h e  main motion. Indeed,  (3.11.4) i s  n o t  

even i n t e r n a l l y  c o n s i s t e n t  un le s s  

S ince  t h e  l e f t -hand  member i s  a  f u n c t i o n  of y ,  s o  i s  u .  The 

f a c t  t h a t  v depends on y i s  borne out  by exper imenta l  evidence  

[13-171. The g e n e r a l i z a t i o n  of (3.11.4) t o  three-dimensional  

form i s  f a i r l y  complicated [18,19]. So f a r ,  t h e  r e l a t i v e l y  

l i t t l e  work t h a t  has  been done on t h i s  more a c c u r a t e  t r e a t -  

ment of nea r ly  v i scomet r i c  flow problems has been d i r e c t e d  

toward exper imenta l  de t e rmina t ion  of t h e  r e l a x a t i o n  moduli, 

o r  has  foundered on t h e  l ack  of d a t a .  
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4.  Slow V i s c o e l a s t i c  Flow 

I n  a  motion wi th  c h a r a c t e r i s t i c  v e l o c i t y  U and charac- 

t e r i s t i c  l eng th  L, shea r  r a t e s  a r e  of t h e  o r d e r  of  U/L, and t h e  

amount of s h e a r  i n  time T i s  of  t h e  o rde r  of  A = TU/L. To 

e s t ima te  wT, suppose t h a t  it i s  appropr i a t e  t o  e s t i m a t e  t h e  

j e r k i n e s s  of t h e  motion i n  terms of a  frequency w - D / D t ,  and 

suppose t h a t  t h e  m a t e r i a l  d e r i v a t i v e  .of any func t ion  i s  of t h e  

o rde r  of U/L i n  comparison t o  t h a t  func t ion .  Then f o r  a  charac- 

t e r i s t i c  frequency wT we o b t a i n  TU/L again .  

We use the  term slow v i s c o e l a s t i c  flow f o r  f lows i n  

which both A and wT a r e  sma l l .  S ince  t h e  slowness i s  wi th  re-  

s p e c t  t o  a  time s c a l e  de f ined  by the  h a t e r i a l ,  t h e  motion might 

be extremely r a p i d  by some o t h e r  s t anda rd .  I n  p a r t i c u l a r ,  t h e  

Reynolds number may be e i t h e r  l a r g e  o r  sma l l  i n  a  slow visco-  

e l a s t i c  f low. Boundary-layer flow of a  m a t e r i a l  wi th  a  very 

s h o r t  r e l a x a t i o n  t ime,  such a s  a i r  o r  wa te r  (T - lo -*  s e c )  i s  

a  slow v i s c o e l a s t i c  flow. The beginning of a  creeping flow 

( z e r o  Reynolds number) i s  no t ,  because t h e  d i f f e r e n c e  between 

motion and no motion i s  t o o  j e rky .  

4 . 1  S t r e s s  

The s t r e s s  a t  a  g iven time i s  mainly determined by 

t h e  s t r a i n  h i s t o r y  over an immediately preceding i n t e r v a l  of 

t h e  o rde r  of t h e  mean r e l a x a t i o n  time T. Suppose t h a t  t h e  

motion i s  smooth enough t h a t  t h e  s t r a i n  a t  time t-s r e l a t i v e  

t o  t h e  s t a t e  a t  time t can be r ep resen ted  by a  Taylor s e r i e s  

i n  the  l a g  s: 



A. C. Pipkin 

1 G( t - s , t )  = P 2(-s)n A+.,(t). - (4 .1 .1)  

I f  i s  of o rde r  (u/L)", t hen  t h e  n-th term o f  t h e  s e r i e s  i s  

of o r d e r  (TU/L)", over  t he  i n t e r v a l  t h a t  ma t t e r s .  I f  TU/L i s  

sma l l ,  t he  s t r a i n  h i s t o r y  i s  approximately determined,  over 

t h i s  i n t e r v a l ,  by A1 a lone .  It i s  determined a l i t t l e  more 

e x a c t l y  by A1 and A2 t o g e t h e r ,  and s o  on. Consequently, t h e  

same i s  t r u e  of t h e  s t r e s s .  

The s t r e s s ,  2 = -pI - t - S,  i s  i n  p a r t  a r e a c t i o n  t o  t h e  

c o n s t r a i n t  of  i n c o m p r e s s i b i l i t y .  The e x t r a  s t r e s s  S i s  t h e  

p a r t  t o  be desc r ibed  by a c o n s t i t u t i v e  equa t ion .  We assume 

t h a t  2 can be expanded as  

S = S1 t g2 t s t ... , - -3 (4.1.2) 

where S, i s  of o r d e r  (TU/L)" i n  t h e  parameter.  The terms of 

va r ious  o rde r s  t h a t  a r e  smooth, i s o t r o p i c  func t ions  of t h e  

t e n s o r s  A+ a r e  

and s o  on, t o  l i s t  only those  t h a t  cannot be e l imina ted  by 

us ing  a l g e b r a i c  i d e n t i t i e s  o r  t h e  c o n s t r a i n t  cond i t ion .  Hence, 

f o r  S1 we t ake  

S = n A  -1 0-1' 

t h e  Navier-Stokes arproximat ion .  S has the  form -2 
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S, = no[-TA2 t ( T  t T*)~:] .  
-c 

( 4 . 1 . 5 )  

The c o e f f i c i e n t s  q o  and qoT a r e  t h e  z e r o t h  and f i r s t  mo- 

ments  o f  t h e  l i n e a r  s t r e s s - r e l a x a t i o n  modulus,  a s  d e f i n e d  e a r l i e r .  

2  The c o e f f i c i e n t  o f  A1 i s  w r i t t e n  i n  s u c h  a c u r i o u s  way b e c a u s e  

i t  i s  c o n v e n i e n t  l a t e r .  The c o e f f i c i e n t s  a p p e a r i n g  s o  f a r  a r e  

r e l a t e d  t o  t h e  v i s c o m e t r i c  f u n c t i o n s  by 

S i n c e  N2 i s  p r o b a b l y  p o s i t i v e  and s m a l l e r  t h a n  N1, Tw i s  prob-  

a b l y  p o s i t i v e  and a  l i t t l e  s m a l l e r  t h a n  T. 

I n  t h e  t h i r d  o r d e r ,  t h e  c o e f f i c i e n t  o f  A i s  p r o p o r -  -3 
t i o n a l  t o  t h e  s e c o n d  moment o f  t h e  l i n e a r  s t r e s s - r e l a x a t i o n  

modulus. If t h e  o t h e r  two t h i r d - o r d e r  t e r m s  a r e  recombined 

a s  t h e i r  sum and  d i f f e r e n c e ,  t h e  c o e f f i c i e n t  o f  t h e  sum i s  

2 2  p r o p o r t i o n a l  t o  t h e  v a l u e  o f  dn(y  ) / d ( y  ) a t  y = 0. The co- 

e f f i c i e n t  o f  t h e  d i f f e r e n c e  i s  a  m a t e r i a l  p r o p e r t y  t h a t  i s  n o t  

r e l a t e d  e i t h e r  t o  t h e  l i n e a r  s t r e s s - r e l a x a t i o n  modulus o r  t o  

t h e  v i s c o m e t r i c  f u n c t i o n s .  

4.2 S o l u t i o n  o f  Problems 

The e x p r e s s i o n  o f  t h e  s t r e s s  a s ,  e f f e c t i v e l y ,  a  power 

s e r i e s  i n  t h e  p a r a m e t e r  TU/L c a r r i e s  w i t h  i t  a  method o f  s o l u t i o n  

o f  f low problems t h a t  i s  n o t  o n l y  c o n v e n i e n t  b u t  o b l i g a t o r y .  

S o l u t i o n s  must be o b t a i n e d  by o r d i n a r y  p e r t u r b a t i o n  methods,  

s o  f a r  a s  t h e  p a r a m e t e r  TU/L i s  concerned ,  b e g i n n i n g  w i t h  

Newtonian f Low a s  t h e  l o w e s t  a p p r o x i m a t i o n .  Higher -order  



a p p r o x i m a t i o n s  a r e  o b t a i n e d  by i t e r a t i o n  o r  a n  e q u i v a l e n t  

p o w e r - s e r i e s  e x p a n s i o n  method. 

To s i m p l i f y  t h e  e x p o s i t i o n ,  l e t  us  r e s t r i c t  a t t e n t i o n  

t o  c r e e p i n g  f l o w  ( z e r o  Reynolds number) .  Then t h e  e q u a t i o n s  

o f  mot ion  a r e  

v - u  = 0 and - - l p  = Dlv 5. (4 .2 .1 )  

L e t  us  w r i t e  t h e  v e l o c i t y  and p r e s s u r e  a s  

u =  u  + g2 + ... and p  = pl + p2 + ..., (4 .2 .2 )  - -1 

where t h e  n- th  t e r m  i s  o f  o r d e r  n  i n  t h e  p a r a m e t e r  TU/L. Then 

V-u+ = 0,  and t h e  momentum e q u a t i o n  y i e l d s  - 

and s o  on. Here g2(g1)  means g2, e v a l u a t e d  w i t h  t h e  v e l o c i t y  

f i e l d  gl, w h i l e  S2(11,g2)  s t a n d s  f o r  t h e  t h i r d - o r d e r  t e rms  t h a t  

a r i s e  when g2 i s  e v a l u a t e d  w i t h  gl t g2. 

I t  might  a p p e a r  more e l e g a n t  t o  t r u n c a t e  t h e  a p p r o x i -  

m a t i o n  t o  2 a t  some p o i n t  and t h e n  s o l v e  t h e  r e s u l t i n g  e q u a t i o n  

e x a c t l y ,  r a t h e r  t h a n  by a  b o r i n g  p e r t u r b a t i o n  p r o c e d u r e .  O f  

c o u r s e ,  n o t h i n g  would be g a i n e d  i n  t h e  way o f  a c c u r a c y  by d o i n g  

t h i s ,  b u t  t h a t  i s  n o  o b j e c t i o n .  What i s  a n  o b j e c t i o n  t o  s u c h  - 
a  p r o c e d u r e  i s  t h a t  s p u r i o u s  s o l u t i o n s  which a r e  n o t  p e r t u r b a -  

t i o n s  of Newtonian f low can a r i s e .  For  motions t h a t  a r e  n o t  s m a l l  

p e r t u r b a t i o n s  o f  Newtonian f low,  t h e  c o n s t i t u t i v e  e q u a t i o n s  used  
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here  have no j u s t i f i c a t i o n ,  and ' l solut ionsl l  t h a t  a r e  f a r  from 

Newtonian a r e  meaningless. 

I n  s p i t e  of the  f a c t  t h a t  we must not  s t r a y  f a r  from 

Newtonian flow, i t  i s  poss ib le  t o  f i n d  i n t e r e s t i n g  r e s u l t s .  

Second o r  th i rd -o rde r  e f f e c t s  can be i n t e r e s t i n g  i f  they a r e  

q u a l i t a t i v e l y  un l ike  Newtonian flow. For example, t r a n s v e r s e  

flows due t o  normal s t r e s s  e f f e c t s  a r e  i n t e r e s t i n g  by t h e i r  

ex i s t ence ,  even when they a r e  only smal l  pe r tu rba t ions  on t h e  

main motion. 

4.3 Tanner ' s The orem 

What i s  more s u r p r i s i n g  i s  t h a t  t h e r e  a r e  i n t e r e s t i n g ,  

even valuable ,  r e s u l t s  t o  be obtained i n  cases  i n  which t h e  

Newtonian flow ul i s  s t i l l  c o r r e c t  t o  second o rde r ,  i . e .  l2 = i. 

From (4.2.3) we see  t h a t  t h i s  can be t h e  case  only when Div S2(g1) 

i s  t h e  g rad ien t  of a  s c a l a r ,  f ,  say.  I f  i t  i s ,  t h e  second-order 

momentum equat ion i s  s a t i s f i e d  by i2 = - 0 and p2 = f .  

Let me s impl i fy  t h e  no ta t ion  by w r i t i n g  gl = 5, A1 = A , 
and A2 = E3, with the  understanding t h a t  4 and B a r e  eva lua ted  

i n  terms of 1 ( = l l ) .  Then, 

2 2  s ( U  ) = - n o ~ ( k  - A ) +  no^" . -2 -1 (4.3.1) 

Whether o r  not S.3.(g1) i s  i r r o t a t i o n a l ,  t he  fol lowing 

modif ica t ion of a  r e s u l t  e s s e n t i a l l y  due t o  Tanner [20] i s  

useful :  

Div ( B - A ~ )  - - i s  i r r o t a t i o n a l  whenever Div - A i s  i r r o -  

t a t i o n a l  and - 0.u - = 0. I f  P i s  the  p o t e n t i a l  f o r  Div A ,  s o  t h a t  - 
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Div A = c, t h e n  

Here y  i s  t h e  a b s o l u t e  s h e a r  r a t e ,  de f ined  by 

2 
2y2  = tr  . (4 .3 .3)  

The proof  r e q u i r e s  only  a manipula t ion  of  t h e  messy 

e x p r e s s i o n  f o r  Div B. Since  A and B a r e  d e f i n e d  by 

and 

we o b t a i n  

2 
The second and t h i r d  terms combine t o  y i e l d  Div A , i f  1.: = 0 

2 a s  assumed. The f i n a l  term i s  e q u a l  t o  l y  /2. With Div A = - VP, 

t h e  f i r s t  and f o u r t h  terms combine t o  g ive  1 ( D P / D ~ ) .  Rearrange- 

ment y i e l d s  (4 .3 .2 ) .  

I n  c r eep ing  flow, t h e  p o t e n t i a l  P i s  pl/no, and t h e  

second-order momentum equa t ion  t a k e s  t h e  form 

There a r e  s e v e r a l  impor t an t  ca se s  i n  which Div A' i s  a l s o  

i r r o t a t i o n a l .  



4.4 Plane Flow 

Plane flow i s  t h e  simple&and broadest  case .  I n  

p lane flow, A i s  e s s e n t i a l l y  a 2 x 2 ma t r ix ,  and s ince  tr A = 
2 0 (1 .g  = 0)  i t  follows t h a t  A reduces t o  an i s o t r o p i c  p ressure  

i n  t h e  plane of flow : 

2 a2 = y (L - kk). - -- (4.4.1) 

2 2 Thus, Div A i s  equal  t o  1 y  . Consequently, t h e  second-order 

momentum equat ion i s  s a t i s f i e d  i f  g2 = and 

As an app l i ca t ion ,  consider  a shea r ing  flow over  a 

p lane wa l l  y = 0, and t h e  dis turbance t h a t  i s  produced i n  i t  by 

a deep, narrow s l o t  i n  t h e  wal l .  Let x = 0 be t h e  s l o t  center-  

l i n e ,  and l e t  x = - +L, f o r  y nega t ive ,  be t h e  wa l l s  of t h e  s l o t .  

We spec i fy  t h a t  t h e  v e l o c i t y  i s  asymptotic t o  yoy i  f a r  from 

t h e  s l o t  mouth f o r  y p o s i t i v e ,  and t h a t  t h e  v e l o c i t y  approaches 

zero  deep i n  t h e  s l o t .  

F i r s t  consider  t h e  Newtonian approximation. If t h e  

Reynolds number def ined by p(yOL)L/nO i s  smal l ,  t h e  creeping 

flow approximation i s  app l i cab le  t o  the  a n a l y s i s  of t h e  d i s -  

turbance.  Since  creeping flow i s  r e v e r s i b l e ,  t h e  s t r eaml ines  

a r e  symmetrical about t h e  s l o t  a x i s  x = 0. Thus, the  y-component 

of ve loc i ty ,  v, i s  an odd func t ion  of x ,  so  v, vxx, and v a l l  
Y Y  

2 vanish on x = 0. From dpl/dy = n o V  v ,  we conclude t h a t  pl i s  
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cons tan t  along t h e  s l o t  ax i s .  Thus, t h e  p ressure  deep i n  t h e  

s l o t ,  ~ ~ ( 0 , - - 1 ,  i s  t h e  same a s  t h e  undisturbed p ressure  

pm = pl(O,m). It fol lows t h a t  t h e  undisturbed p ressure  can 

be measured by measuring, i n s t e a d ,  t h e  p ressure  i n  t h e  hole .  

The e r r o r ,  an i n e r t i a l  e f f e c t ,  can be made a s  smal l  a s  d e s i r e d  

by decreas ing t h e  h o l e  width t o  such an e x t e n t  t h a t  t h e  creeping 

flow approximation i s  good. 

But now cons ide r  t h e  second-order approximation. The 

s t r e s s  i s  

Far  from the  s l o t ,  where t h e  shea r ing  motion i s  undisturbed and 

p1 = pm, the  s t r e s s  component o i s  
Y Y  

We w r i t e  pU f o r  t h e  undisturbed value of -o which i s  t h e  un- 
YY' 

d i s tu rbed  p ressure  of t h e  f l u i d  a g a i n s t  the  wa l l .  The gauge 

p ressure  p i s  t h e  value of -a ( o r  -ox,) deep i n  t h e  s l o t .  g Y Y  

Since  Y = 0 and pl = p, the re ,  we obta in  pg = p,. Hence, 

P g - P u - - -  
2 - : n o ~ y 0 .  (4.4.5) 

The gauge reading i s  lower than t h e  pressure  t h a t  t h e  f l u i d  

would e x e r t  a g a i n s t  t h e  wa l l  i f  no hole  were p resen t ,  and t h e  

e r r o r  i s  no t  diminished by making the  hole  smal l e r .  

In  terms of the  normal s t r e s s  c o e f f i c i e n t  N1, t he  

e r r o r  i s  
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Although we have deduced t h i s  r e s u l t  only f o r  y s o  sma l l  t h a t  

t h e  l i m i t i n g  value  N1(0) can be used, it i s  found exper imenta l ly  
2 2 t h a t  t h e  e r r o r  i s  s t i l l  approximated w e l l  by -N1(Y ) Y  /4 a t  

l a r g e  shea r  r a t e s  [21] .  I mentioned e a r l i e r  t h a t  t h e  second- 

o rde r  equa t ion  o f t e n  g ives  r e s u l t s  t h a t  a r e  b e t t e r  than  they 

should  be,  i f  t h e  flow i s  n e a r l y  v iscometr ic ;  t h i s  i s  an example. 

The connection of t h e  p re s su re  e r r o r  wi th  t h e  e x t r a  

t e n s i o n  a long t h e  d i r e c t i o n  of shea r ing ,  ~ ~ y ~ ,  sugges t s  a q u a l i -  

t a t i v e  explanaticn of t h e  e r r o r ,  which Tanner [21] has po in t ed  ou t .  

S t reamlines  d i p  i n  s l i g h t l y  a s  they  pass  t h e  mouth of t h e  h o l e .  

The e x t r a  t e n s i o n ,  roughly a long s t r eaml ines ,  e x e r t s  an upward 

f o r c e  t h a t  p a r t l y  ba lances  t h e  downward t h r u s t  pU. 

Although t h e  a n a l y s i s  was c a r r i e d  out  f o r  t h e  s imples t  

p o s s i b l e  geometry, of  course  t h e  geometry of t he  e x t e r i o r  flow 

has  nothing t o  do wi th  i t .  The d i s tu rbance  i s  l o c a l i z e d  n e a r  

t h e  mouth of t h e  ho le ,  and t h e  s h e a r  r a t e  t h a t  determines t h e  

p re s su re  e r r o r  i s  t h e  w a l l  s h e a r  r a t e  t h a t  would e x i s t  where 

t h e  hole  is, i f  t h e r e  were no. hole .  The e r r o r  i s ,  s o  t o  speak,  

a proper ty  o f  t h e  m a t e r i a l ,  s o  i t  w i l l  be p e r f e c t l y  c o n s i s t e n t  

from one viscometer t o  ano the r .  

S ince  normal s t r e s s  measurements a r e  o f t e n  made wi th  

t h e  use of p r e s s u r e  ho le s ,  and t h e  measurements a r e  always i n t e r -  

p re t ed  under t h e  assumption t h a t  p = pU f o r  a smal l  enough ho le ,  
g 

much of what we though we knew about normal s t r e s s  d i f f e r e n c e s  

i s  q u a n t i t a t i v e l y  i n a c c u r a t e .  The e f f e c t  was only r e c e n t l y  

discovered;  susp ic ions  were f i r s t  r a i s e d  by Broadbent, Kaye, 

Lodge, and Vale C221. 



4.5 P a r a l l e l  Flows 

In  connection with viscometr ic  flows i t  was pointed 

out  t h a t  i f  N2 were a constant mul t ip le  of n ,  flow i n  tubes could 

be r e c t i l i n e a r .  I n  the  second-order approximation both n and N2 

a r e  constant ,  s o  N2 i s  t r i v i a l l y  a mul t ip le  of n .  This i s  another  
2 case  i n  which Div A i s  i r r o t a t i o n a l  and the  Newtonian v e l o c i t y  

f i e l d  i s  s t i l l  accura te  t o  second order.  The approximation 

( 3 . 6 . 9 )  f o r  t h e  p ressure  becomes 

p = -Gz - ' ( ~ - ~ * ) ( n ~ y ~  - 2Gu) + const .  7 (4.5.1) 

The normal t h r u s t  aga ins t  the  wa l l  of the  tube i s  

-g.o! = p - no;.!& t ~ ~ m . B n  - -- - n o ( ~ + ~ * ) n . ~ L c ,  - - (4.5.2) 

where g i s  the  normal t o  the  wal l .  This reduces t o  

1 2 -g._a_n = -Gz t T(T - T*))rloy t const . ,  (4.5.3) 

where y i s  the  Newtonian shea r  r a t e  a t  the  p lace  considered. 

The value of T-T* can be deduced from measurements of 

t h e  t h r u s t  a t  two places  where the  shea r  rates a r e  d i f f e r e n t .  

The d i f fe rence  of t h e  undisturbed values i s  

i f  z i s  the  same a t  each place.  If pressure  ho les  a r e  used, and 

the  pressure  e r r o r  i s  evaluated by using the  plane flow r e s u l t ,  

the  d i f f e r e n t  i n  gauge pressures  w i l l  be 
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If t h e  p r e s s u r e - h o l e  e f f e c t  were n o t  known, we would i n t e r p r e t  

T* a s  T*-T. The e r r o r  i n  i n t e r p r e t a t i o n  o f  d a t a  c o u l d  b e  q u i t e  

s i z a b l e .  ( S e e  n o t e  below.)  

4.6 P o t e n t i a l  Flow 

Bruce  Caswel l  h a s  p o i n t e d  o u t  t o  me t h a t  p o t e n t i a l  

f low i s  a n o t h e r  c a s e  i n  which Div i s  i r r o t a t i o n a l .  With 
2  2  u  = 1 4 ,  a n d  V 4  = 0,  t h e n  Div n2 = Vy . S i n c e  Div I i s  z e r o ,  

-1 - 
i t s  p o t e n t i a l  P  can be t a k e n  t o  be  z e r o  as w e l l .  Then t h e  second- 

o r d e r  p r e s s u r e  i s  

2  n ( T  - 2T*lY . P 2 = - -  2  o  ( 4 . 6 . 1 )  

A r e a s o n  f o r  l o o k i n g  a t  t h i s  i s  t o  s e e  w h e t h e r  o r  n o t  t h e  o u t s i d e  

p r e s s u r e  used  i n  boundary- layer  t h e o r y  s h o u l d  be  m o d i f i e d .  The 

f irst  o r d e r  p r e s s u r e ,  g i v e n  by B e r n o u l l i ' s  e q u a t i o n ,  i s  o f  o r d e r  

2  
p U  . Then p2/p1 i s  o f  t h e  o r d e r  o f  

Thus, even  i f  we r e t a i n  O(TU/L) t e r m s ,  we would omit p2 as O( l /Re) .  

Note added i n  p r o o f :  K e a r s l e y  [36]  h a s  c o n s i d e r e d  t h e  d i f f e r e n c e  

between t h e  u n d i s t u r b e d  p r e s s u r e  and t h e  p r e s s u r e  deep i n  a  s l o t  

t h a t  i s  p a r a l l e l  t o  t h e  d i r e c t i o n  o f  f l o w .  I n  t h i s  c a s e ,  t h e  t e n s i o n  

a c r o s s  t h e  mouth o f  t h e  s l o t ,  which p r o d u c e s  t h e  p r e s s u r e  e r r o r ,  i s  

caused  by t h e  second  normal  stress d i f f e r e n c e  r a t h e r  t h a n  t h e  f i r s t .  

The p r e s s u r e  e r r o r  h a s  t h e  form ( 4 . 5 . 4 ) ,  w i t h  s t a t i o n  1 deep  i n  t h e  

s l o t  (whence yl = 0 )  and s t a t i o n  2 a t  t h e  s l o t  mouth (where  y2 i s  

a p p r o x i m a t e l y  t h e  w a l l  s h e a r  r a t e  i n  t h e  a b s e n c e  o f  a  s l o t ) .  
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5.  M a t e r i a l l y  S teady Motions 

The h i s t o r y  of motion of  a  m a t e r i a l  element i s  

m a t e r i a l l y  s t eady  i f  t h e  v e l o c i t y  g r a d i e n t  i s  c o n s t a n t  i n  t ime  

a t  t h e  p a r t i c l e  cons idered .  The axes  w i th  r e s p e c t  t o  which t h e  

v e l o c i t y  g r a d i e n t  appears  c o n s t a n t  need n o t  be  t h e  axes of an  

i n e r t i a l  frame, n o r  need they  be t h e  same f o r  d i f f e r e n t  par -  

t i c l e s .  Viscometr ic  f lows a r e  m a t e r i a l l y  s t e a d y .  I n  them, 

t h e  v e l o c i t y  g r a d i e n t  a s  viewed from t h e  s h e a r  a x i s  system h a s  

t h e  form fi = yb_$, w i th  y c o n s t a n t  i n  time. Couet te  flow i s  an  

example i n  which t h e  s h e a r  axes  r o t a t e  w i th  r e s p e c t  an i n e r t i a l  

frame, and t h e  v e l o c i t y  g r a d i e n t  w i th  r e s p e c t  t o  an  i n e r t i a l  

frame does not  have cons t an t  components. 

The s t e a d y ,  homogeneous, p l ane  motions u  = Nx t h a t  - -- 
were cons ide red  i n  Sec.  2.4 a r e  m a t e r i a l l y  s t e a d y ,  t r i v i a l l y .  

The axes w i th  r e s p e c t  t o  which t h e  v e l o c i t y  g r a d i e n t  i s  s t eady  

a r e  t h e  same a t  a l l  p a r t i c l e s  and do no t  r o t a t e .  I n  connect ion  

wi th  t hose  motions,  r e c a l l  t h a t  t h e  m a t e r i a l  response  was de- 

s c r i b e d  i n  c e r t a i n  ca ses  by t h e  dynamic v i s c o s i t y  a t  a r b i t r a r y  

va lues  of  t h e  f requency.  The complete time-independence of  t h e  

v e l o c i t y  g r a d i e n t  N d i d  no t  by any means p reven t  o s c i l l a t o r y  

motions of  m a t e r i a l  f i b e r s .  

The p a r t i c u l a r  s i m p l i c i t y  of m a t e r i a l l y  s t eady  motions,  

w i th  r ega rd  t o  m a t e r i a l  response ,  l i e s  i n  t h e  f a c t  t h a t  i f  t h e  

v e l o c i t y  g r a d i e n t  N (where du - = - -  N dx)  i s  cons t an t  i n  t ime,  t hen  

t h e  e x t r a  s t r e s s  i s  a l s o  cons t an t  and simply a  func t ion  of N. 
This  func t ion ,  - S(N), - embodies n o t  only t h e  v i scome t r i c  f u n c t i o n s  

bu t  a l s o  sucli i n fo rma t ion  a s  t h e  dynanic v i s c o s i t y .  
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It  appears t h a t  t h e  i d e a  o f  m a t e r i a l l y  s t eady  mot ions  

p rov ides  a framework w i t h i n  which a l a r g e  amount of  i n f o r m a t i o n  

can be o rgan i zed .  Indeed,  t h e r e  a r e  m a t e r i a l l y  s t eady  mot ions  

w i t h  a r b i t r a r y  va lues  o f  t h e  f low d i a g n o s i s  parameters  A and wT. 

Complete knowledge of t h e  s t r e s s  response  i n  a l l  m a t e r i a l l y  s t eady  

motions would by f a r  exceed what we know about  any f l u i d .  

However, i t  i s  not' c e r t a i n  t h a t  t h e  s t r e s s  r e sponse  

i n  a l l  such  c a s e s  can a c t u a l l y  be  observed.  I am n o t  r e f e r r i n g  

t o  t h e  i n f i n i t e  amount o f  work i nvo lved ,  b u t  t o  t h e  q u e s t i o n  o f  

whether  o r  n o t  a f low wi th  a s p e c i f i e d  v a l u e  of  N can be  produced,  

p h y s i c a l l y .  Homogeneous mot ions  a r e  n o t  t h a t  e a sy  t o  produce .  

The t a s k  of  t h e  problem-solver  a t  t h i s  s t a g e  i s  t o  

d i s c o v e r  m a t e r i a l l y  s t e a d y  f lows  w i th  e x p e r i m e n t a l l y  f e a s i b l e  

c o n f i g u r a t i o n s .  So f a r ,  ve ry  few a r e  known. 

5 . 1  S t r e s s :  The Reiner -Riv l in  Paradox 

Le t  me say  a l i t t l e  about  t h e  r e l a t i o n  between s t r e s s  

and vealocity g r a d i e n t .  To s i m p l i f y  m a t t e r s ,  suppose t h a t  t h e  

v e l o c i t y  g r a d i e n t  i s  c o n s t a n t  i n  space  a s  w e l l  a s  t ime.  Then, 

wherever a p a r t i c l e  may have been i n  t h e  p a s t ,  i t  always ex- 

pe r i enced  t h e  same v e l o c i t y  g r a d i e n t  - N .  Consequently,  t h e r e  

i s  no th ing  e l s e  f o r  t h e  e x t r a  s t r e s s  t o  depend upon, i n  t h e  way 

of  k i n e m a t i c a l  v a r i a b l e s  : 

a t p 1  = S(N). - ( 5 . 1 . 1 )  

According t o  c l a s s i c a l  i d e a s ,  s u p e r p o s i t i o n  o f  a ro-  

T t a t i o n ,  w i th  v e l o c i t y  g r a d i e n t  w = -UJ , cannot  a f f e c t  t h e  ' - 
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s t r e s s .  For, whether  o r  no t  such  a  superposed r o t a t i o n  i s  s e e n  

depends a s  much on t h e  motion of  t h e  observer  a s  on t h a t  o f  

t h e  f l u i d .  Hence, 

S(N) = S(N + @I, - - (5 .1 .2)  

f o r  a l l  an t i symmetr ic  2. This  ho lds  i n  p a r t i c u l a r  when - w  - i s  

t h e  ant i symmetr ic  p a r t  of  N, s o  

S(N) = S(E), - (5 .1 .3)  

where - E i s  t h e  s t r a i n - r a t e ,  t h e  symmetric p a r t  of  N. Conversely,  

i t  i s  a l s o  s u f f i c i e n t  f o r  t h e  e x t r a  s t r e s s  t o  be a func t ion  of 

t h e  s t r a i n - r a t e ,  s i n c e  every  such f u n c t i o n  s a t i s f i e s  t h e  asswnp- 

t i o n  (5 .1 .2 )  i d e n t i c a l l y ,  f o r  a l l  an t i symmetr ic  2. 

I f  t h e  f l u i d  i s  i s o t r o p i c ,  g(2) i s  an  i s o t r o p i c  f u n c t i o n ,  

s o  t h e  s t r e s s  has  t h e  r e p r e s e n t a t i o n  
2  

0 = -PI t 2 0 5  + f~ . - - (5 .1 .4)  

Th i s  i s  t h e  Reiner -Rivl in  equa t ion .  I t  i s  w e l l  known t h a t  i t  

does n o t  agree  w i th  d a t a .  I n  f a c t ,  i t  y i e l d s  t h e  va lue  ze ro  f o r  

t h e  first normal s t r e s s  d i f f e r e n c e ,  N ~ ~ ' ,  i n  v i s come t r io  f low.  

There must be something wrong wi th  t h e  argument. 

The o r i g i n a l  assumption,  ( 5 . 1 . 1 ) ,  was made a i r - t i g h t  

by p o s t u l a t i n g  a  s i t u a t i o n  wi th  no th ing  f o r  t h e  s t r e s s  t o  depend 

upon excep t  g. Indeed,  t h e  r e l a t i v e  deformat ion  h i s t o r y  i s  found 

immediately from t h e  equa t ion  

E ~ ( s , t )  = N ~ ( s , t ) ,  DS - 

wi th  t h e  i n i t i a l  cond i t i on  ~ ( t , t )  = I, t o  be 

~ ( s , t )  = exp[(s-t)!], - 

and t h i s  i s  completely determined by N. 
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The d i f f i c u l t y  i s  w i t h  t h e  i nnocen t  i n v a r i a n c e  a s -  

sumption ( 5 . 1 . 2 ) .  That assumpt ion  would be  c o r r e c t  i f  we 

were assuming t h a t  t h e  s t r e s s  i s  de termined  i n  eve ry  motion 

by t h e  c o n c u r r e n t  va lue  o f  t h e  v e l o c i t y  g r a d i e n t .  However, 

we a r e  n o t  now doing  so .  I n s t e a d ,  we a r e  assuming t h a t  t h e  

s t r e s s  depends on t h e  deformat ion  h i s t o r y ,  and r e s t r i c t i n g  

a t t e n t i o n  t o  c a s e s  i n  which t h e  whole h i s t o r y  i s  c h a r a c t e r i z e d  

by t h e  c o n s t a n t  t e n s o r  N. I n  t h i s  c o n t e x t ,  ( 5 . 1 . 2 )  means t h a t  

t h e  s t r e s s  i s  t h e  same f o r  t h e  two deformat ion  h i s t o r i e s  w i t h  

c o n s t a n t  v e l o c i t y  g r a d i e n t s  1 t w_ and N. A g l a n c e  a t  ( 5 .1 .6 )  

shows t h a t  t h e s e  two h i s t o r i e s  need  have l i t t l e  i n  common. 

There i s  no  r e a s o n  why they  s h o u l d  produce t h e  same s t r e s s .  

Giesekus  [ 2 3 1  has  worked out  a c o r r e c t  c a n o n i c a l  form, 

r e p l a c i n g  t h e  Reiner -Riv l in  e q u a t i o n ,  f o r  t h e  s t r e s s  i n  m a t e r i -  

a l l y  s t eady  mo t ions .  It does ,  o f  cou r se ,  i n v o l v e  t h e  r o t a t i o n  

as w e l l  a s  t h e  s t r a i n - r a t e .  It i s  f a i r l y  compl ica ted ,  s o  I 

won't reproduce  i t  h e r e .  

5.2 Motions w i t h  F l akes  

Let  us r e t u r n  t o  t h e  problem o f  d i s c o v e r i n g  m a t e r i -  

a l l y  s t eady  mot ions  t h a t  can b e  produced e x p e r i m e n t a l l y .  The 

c o n d i t i o n  o f  n o  s l i p  a t  s o l i d b o u n d a r i e s  i s  a l i m i t i n g  f a c t o r .  

It can be avoided  when t h e  f l u i d  i s  s o  s t i f f  t h a t  bounda r i e s  

a r e  n o t  needed t o  suppor t  i t .  However, i t  may be  p r o f i t a b l e  

t o  s e e k  f lows  t h a t  can be compat ib le  w i th  a n o - s l i p  c o n d i t i o n .  

The v e l o c i t y  v a r i a t i o n  d l  = N d h  i n  t h e  neighborhood 

of  a  p o i n t  o f  a  s o l i d  boundary must be such  t h a t  t h e  ne ighbor ing  

p a r t  of  t h e  boundary i s  mapped on to  i t s e l f  by t h e  motion.  Le t  
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a, tJ, 2 be axes  w i th  tJ normal t o  t h e  boundary. The ne ighbor ing  

f l a k e  of boundary can r o t a t e  about  t h e  b-axis  w i t h  c o n s t a n t  

a n g u l a r  v e l o c i t y  w ,  s ay .  We can s p e c i f y  t h a t  t h e  5 - d i r e c t i o n  

i s  p a r a l l e l  t o  tJ-1;. Then t h e  v e l o c i t y  g r a d i e n t  i n  t h e  5, b, 2 

system has  t h e  form 

N = w(ac - 2:) t y a b .  - -- (5.2.1)  

Although i t  i s  no t  neces sa ry  f o r  t h e  v e l o c i t y  g r a d i e n t  

t o  have t h i s  form away from t h e  boundary, f lows i n  which i t  does 

s o  shou ld  be p a r t i c u l a r l y  s imple .  Through each  p a r t i c l e  t h e r e  

would be a  segment, o r  f l a k e ,  o f  m a t e r i a l  t h a t  moves r i g i d l y ,  

and i t  seems p r o b a b l e t h a t  t h e s e  f l a k e s  would have t o  f i t  t o g e t h e r  

t o  form m a t e r i a l  s u r f a c e s  t h a t  would move wi thou t  s t r e t c h i n g .  

This  h a s  been proved [ 7 1  f o r  t h e  s p e c i a l  case  of  v i s come t r i c  

f lows,  f o r  which w = 0;  t h e  s u r f a c e s  i n  q u e s t i o n  a r e  t h e  s l i p  

s u r f a c e s .  

No motions w i th  a  v e l o c i t y  g r a d i e n t  of t h e  form (5 .2 .1)  

and w # 0 a r e  known excep t  homogeneous motions.  F o r t u n a t e l y ,  

t h e r e  e x i s t s  a  dev ice  t h a t  can produce homogeneous motions of  

t h i s  k ind .  

5 . 3  The Maxwell-Chartoff Rheometer 

Huigol  [ 2 4 ]  has  shown t h a t  t h e  flow i n  Maxwell and 

C h a r t o f f ' s  [ 2 5 ]  or thogona l  rheometer  i s  m a t e r i a l l y  s t eady  and 

n o t  v i s come t r i c .  This  rheometer  i n v o l v e s  a  p a i r  of  p a r a l l e l  

d i s c s ,  r o t a t i n g  wi th  e q u a l  angu la r  v e l o c i t i e s  about  axes  t h a t  

a r e  p a r a l l e l  bu t  n o t  c o i n c i d e n t .  Let one d i s c  be i n  t h e  p lane  
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y = 0, and l e t  i t  r o t a t e  about t h e  y-axis; l e t  t h e  o t h e r  be i n  

t h e  p lane  y = h, r o t a t i n g  about  t h e  a x i s  x = 0, z = -k. I t  i s  

k inemat i ca l ly  admiss ib le  f o r  t h e  f l u i d  on a p l ane  y = cons tan t  

t o  r o t a t e  about an a x i s  x = 0, z = -ky/h, s o  t h a t  t h e  v e l o c i t y  

f i e l d  i s  

u = w(z t a y ) ,  v = 0, w = -wx ( a  = k/h).  (5 .3 .1 )  

The v e l o c i t y  g r a d i e n t  uiYj = N i j  i s  

S ince  t h i s  i s  cons t an t ,  s o  i s  t h e  e x t r a  s t r e s s .  The momentum 

equat ion  i s  s a t i s f i e d  wi th  n e g l e c t  of c e n t r i f u g a l  fo rce ,  which 

can be suppressed  by making t h e  gap h sma l l  enough. 

The e x t r a  s t r e s s  has  t h e  form 

s = ii Sll(a,w) + JJ S22(a ,o )  + kk S 3 3 ( a , ~ )  - -- 

+ ( k i  -- + &k)Sl3(a,w). (5.3.3) 

It i s  p o s s i b l e  t o  l e a r n  a l i t t l e  about t h e  f u n c t i o n s  

S by symmetry cons ide ra t ions .  Any t r ans fo rma t ion  t h a t  does 
13 

no t  a l t e r  t h e  s t r a i n  h i s t o r y  must no t  a l t e r  2, e i t h e r .  Such 

t r ans fo rma t ions  inc lude  t h o s e  t h a t  do no t  a l t e r  N. 
Changing a t o  -a  and J t o  -J does no t  a l t e r  2, s o  

t h e  same t r ans fo rma t ion  must leave  5 una l t e red .  It fo l lows t h a t  

Sll,  S22, S33, and S13 must be even func t ions  of a, whi le  S12 

and S must be odd. I t  i s  a l s o  ev iden t  t h a t  changing t h e  s i g n s  
2 3 

o f  both w and does n o t  change N.  For t h e  same t o  be t r u e  of 

2, Sll, S22, S3?, and SZj  must be even func t ions  of w y  and S12 

and S must be odd. 
13  



Since  only normal s t r e s s  d i f f e r e n c e s  are  de terminate  

if t h e  f l u i d  i s  incompress ib le ,  we can a r b i t r a r i l y  s e t  S 
33 

e q u a l  t o  zero.  

There i s  no  motion i f  w = 0, and only a pure r o t a t i o n  

if a = 0, s o  must vanish  i n  bo th  of t hese  cases .  

To summarize t h e s e  obse rva t ions ,  we w r i t e  

2 2 3 (5.3.4) S12 = awf 12, S23 = a @  f23, S13 = a w 13' 

2 2 where t h e  func t ions  f a r e  func t ions  of a and w . The c o e f f i -  
i j 

2 3 2 c i e n t  of  f13 i s  w r i t t e n  a s  a w i n s t e a d  of a w f o r  convenience 

l a t e r ,  t o  make f f i n i t e  i n  t h e  v i scomet r i c  l i m i t .  
1 3  

I t  i s  conceivable  t h a t  t h e  s t r a i n  h i s t o r y ,  g, could 

have more symmetry than li, f o r  example inva r i ance  under i n t e r -  

change of axes;  f u r t h e r  conclus ions  about 5 could then be  drawn. 

However, i t  does n o t .  By us ing  t h e  same methods t h a t  were em- 

ployed i n  Sec.  2.4, we f i n d  t h a t  

G ( s , ~ )  = I + (JJ  + J i )  a  s i n  w(s-t)  - 

+ [ a ( ~ k  - + k j )  -- + 2 a ' ~ ~ ] [ 1  - COS w(s-t)l. (5.3.5) 

The func t ions  i n  (5 .3 .4)  can be r e l a t e d  t o  t h e  visco- 

m e t r i c  func t ions .  I n  the  l i m i t i n g  case  i n  which w + 0 and a + - 
with  wa f i x e d  a t  t h e  value y ,  N t a k e s  t h e  v iscometr ic  form y_ab_, 

with  - a = i - and b - = J.  Hence, i n  t h i s  l i m i t ,  Sll must approach 

2 2 
y (N1-N2) , S22 must approach -y N 2  , S12 must approach y q ,  and 

both S13 and S must vanish.  I f  we w r i t e  t h e  func t ions  f  a s  
2 3 i j 
2 2 2 func t ions  of w and a w , i . e .  
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t h e n  t h e  l i m i t i n g  va lues  of  t h e s e  f u n c t i o n s  a r e  

I t  i s  s u f f i c i e n t  f o r  f  and f  t o  be f i n i t e .  
1 3  2  3  

The f u n c t i o n s  f  can a l s o  be  connected  w i t h  t h e  
i j 

complex v i s c o s i t y  TI*( w )  of  t h e  l i n e a r  v i s c o e l a s t i c  approximat ion .  

From (5 .3 .5 )  we f i n d  t h a t  5 i s  always c l o s e  t o  I, and t h u s  t h e  

l i n e a r  approximat ion  i s  v a l i d ,  p rovided  t h a t  a i s  sma l l .  Then 

on l i n e a r i z i n g  w i th  r e s p e c t  t o  a ,  we o b t a i n  

U - G ( s , t )  = (1J  + J1)aw cos w(t-s) - (Jk+kJ)aw s i n  w(t-s). DS - 
Then (5 .3 .8)  

- (jk -- + kj )awn2(w) .  -- ( 5 . 3 . 9 )  

Thus, Sll,  S22, S33, and S13 must van i sh  i n  comparison 

t o  a  when a  i s  s m a l l ,  whi le  S12 and S23 must b e  a sympto t i c  t o  

awlll and -awn2, r e s p e c t i v e l y .  Fo r  t h e  former  t o  be  t r u e ,  i t  i s  

s u f f i c i e n t  t h a t  fll ,  f 2 2 ,  and f13 remain f i n i t e  i n  t h e  l i m i t .  

The l a t t e r  c o n d i t i o n s  g i v e  

2  
fl2(w2,0) = n l ( w )  and f13(0 , 0 )  = - n 2 ( w ) / ~ .  (5 .3 .10)  

As a  check, n o t i c e  t h a t  q1 and n 2  a r e  by d e f i n i t i o n  r e s p e c t i v e l y  

even and odd f u n c t i o n s  of  w .  

2  2  The f a c t  t h a t  f l 2 ( o P y 2 )  i s  Q ( ~  ), whi l e  f12(w , O )  i s  

I I ~ ( W ) ,  i s  t a n t a l i z i n g  s i n c e  p l o t s  of  q ve r sus  y and q1 v e r s u s  
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w u s u a l l y  have p r e t t y  much t h e  same shape .  

Except i n  t h e s e  l i m i t i n g  ca ses ,  t h e r e  i s  no  d a t a  

y e t ,  s o  f a r  a s  I know. 

5.4 Steady Simple Extens ion  

Steady s imp le  ex t ens ion  i s  a non-viscometric,  

m a t e r i a l l y  s t eady  motion.  The v e l o c i t y  g r a d i e n t  i s  

N = €11 - ( € / 2 ) ( J J  + k k ) .  - -- (5 .4 .1)  

By symmetry, t h e  xy, yz,  and zx components of  t h e  e x t r a  s t r e s s  

a r e  ze ro ,  and t h e  yy and z z  components a r e  equa l .  The normal 

s t r e s s  d i f f e r e n c e  Ox,- a d i v i d e d  by E ,  i s  c a l l e d  t h e  Trouton 
YY'  

v i s c o s i t y ,  o r  e x t e n s i o n a l  v i s c o s i t y .  Some d a t a  f o r  po lys ty rene  

[ 2 6 1  i n d i c a t e s  t h a t  t h e  e x t e n s i o n a l  v i s c o s i t y  can be s e v e r a l  

hundred t imes  a s  l a r g e  a s  n ,  because i t  remains r e l a t i v e l y  

c o n s t a n t  whi le  n dec reases  a t  h i g h e r  s h e a r  r a t e s .  Of course ,  

a t  z e ro  s h e a r  r a t e ,  where t h e  Newtonian approximation i s  v a l i d ,  

t h e  e x t e n s i o n a l  v i s c o s i t y  i s  only t h r e e  t imes a s  l a r g e  a s  t h e  

s h e a r  v i s c o s i t y .  

This  r e s u l t  sugges t s  t h a t  f l u i d s  w i l l  avoid  ex t ens iona l  

motions when an a l t e r n a t i v e  of t h e  v i scome t r i c  s h e a r i n g  kind i s  

k inema t i ca l ly  admis s ib l e .  As an example, cons ide r  t h e  flow i n t o  

a p ipe  o r  channel  from a r e s e r v o i r .  I n  t h e  u sua l  Newtonian 

p i c t u r e ,  f l u i d  i n  t h e  r e s e r v o i r  would approach t h e  o u t l e t  from 

a l l  d i r e c t i o n s .  However, t h i s  r e q u i r e s  squeezing  i n  t h e  d i r e c -  

t i o n  pe rpend icu la r  t o  t h e  d i r e c t i o n  of flow, and ex t ens ion  along 

the  flow d i r e c t i o n .  Less ex t ens ion  would occur  i f  t h e  f l u i d  

were r e l a t i v e l y  mo t ion le s s  except  i n  a s l e n d e r  cone approaching 
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t h e  o u t l e t .  There  would b e  s h e a r i n g  between t h i s  ups t ream 

j e t  and t h e  s u r r o u n d i n g  f l u i d ,  r a t h e r  t h a n  e x t e n s i o n  t h r o u g h o u t  

t h e  whole f l u i d .  Metzner ,  U e b l e r ,  and Chan Man Fong [ 2 7 1  have 

o b s e r v e d  t h i s  e f f e c t .  I am n o t  s u r e  t h a t  t h e y  would a g r e e  w i t h  

my e x p l a n a t i o n  o f  i t ,  b u t  I b e l i e v e  t h a t  i t  i s  e s s e n t i a l l y  t h e  

same a s  t h e i r s .  
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6 .  C o n t r o l l a b i l i t y  

I n  o r d e r  t o  d e t e r m i n e  t h e  s t r a i n  energy  f u n c t i o n  of 

a n  e l a s t i c  m a t e r i a l ,  o r ,  e q u i v a l e n t l y ,  i t s  s t r e s s - d e f o r m a t i o n  

r e l a t i o n ,  one can s u b j e c t  t h e  m a t e r i a l  t o  known d e f o r m a t i o n s  

and  measure t h e  f o r c e s  r e q u i r e d  t o  p roduce  them. A t h e o r e t i c a l  

d i f f i c u l t y  i n  t h i s  p r o c e d u r e  i s  i n  p r o d u c i n g  d e f o r m a t i o n s  t h a t  

c a n  b e  r e g a r d e d  a s  c o m p l e t e l y  known. An assumed d e f o r m a t i o n ,  

c o m p a t i b l e  w i t h  t h e  o b s e r v e d  s u r f a c e  d i s p l a c e m e n t s ,  may very 

w e l l  f a i l  t o  p roduce  a n  e q u i l i b r i u m  s t r e s s  f i e l d .  One needs  

some a s s u r a n c e  t h a t  t h e  assumed d e f o r m a t i o n  i s  a c t u a l l y  t h e  

one produced .  

I n  most problems o f  e l a s t i c  d e f o r m a t i o n  w i t h  p r e -  

s c r i b e d  s u r f a c e  d i s p l a c e m e n t s ,  t h e r e  i s  n o  way t o  d e t e r m i n e  

y h a t  t h e  i n t e r i o r  d e f o r m a t i o n  may be  u n t i l  t h e  s t r e s s - d e f o r m a -  

t i o n  r e l a t i o n  h a s  been  s p e c i f i e d .  However, t h e r e  a r e  some 

problems w i t h  such  a h i g h  d e g r e e  o f  symmetry t h a t  o n l y  one 

s t a t e  o f  d e f o r m a t i o n  h a s  a l l  o f  t h e  symmetr ies  o f  t h e  d a t a .  

I n  s u c h  c a s e s ,  t h e  s y m m e t r i c a l  d e f o r m a t i o n  i s  t h e  s o l u t i o n ,  , 

u n l e s s  t h e  problem h a s  more t h a n  one s o l u t i o n .  

Of c o u r s e ,  homogeneous d e f o r m a t i o n s  ( t r a n s l a t i o n -  

i n v a r i a n t  i n  a l l  d i r e c t i o n s )  a r e  s u i t a b l e  i n  homogeneous 

m a t e r i a l s  ( p r o p e r t i e s  t r a n s l a t i o n - i n v a r i a n t ) ,  b e c a u s e  t h e  

r e s u l t i n g  s t r e s s  f i e l d  w i l l  be  h o m o ~ e n e o u s ,  and t h u s  an e q u i -  

l i b r i u m  f i e l d  r e g a r d l e s s  of  t h e  s p e c i f i c  v a l u e s  o f  t h e  s t r e s s e s .  

Ifowever, homogeneous d e f o r m a t i o n s  a r e  n o t  a lways e x p e r i m e n t a l l y  

c o n v e n i e n t .  



We say  t h a t  a  deformat ion  i s  c o n t r o l l a b l e  f o r  a l l  

m a t e r i a l s  i n  a g iven  c l a s s  i f  i t  can be suppor t ed  i n  e q u i l i b -  

r ium wi th  s u r f a c e  t r a c t i o n s  a lone ,  i n  every  m a t e r i a l  i n  t h a t  

c l a s s .  Thus, f o r  example, any g iven  homogeneous deformat ion  

i s  c o n t r o l l a b l e  i n  homogeneous, e l a s t i c  m a t e r i a l s .  Conversely,  

no  deformation i s  c o n t r o i l a b l e  f o r  t h i s  very  broad c l a s s  of  

m a t e r i a l s  excep t  homogeneous ones .  

An inhomogeneous deformat ion  can be c o n t r o l l a b l e  only 

f o r  some more narrowly d e f i n e d  c l a s s  of m a t e r i a l s .  For example, 

expansion o f  a  s p h e r i c a l  s h e l l  and t o r s i o n  of  a  c i r c u l a r  cy l ind -  

r i c a l  rod (Sec .  1) a r e  c o n t r o l l a b l e  i n  homogeneous, i s o t r o p i c ,  

incompress ib le  e l a s t i c  m a t e r i a l s .  I n  t h e s e  c a s e s ,  and o t h e r s ,  

two k inds  of r e s t r i c t i o n s  on t h e  c l a s s  of  m a t e r i a l s  a r e  u s e f u l :  

symmetries, and c o n s t r a i n t s .  C o n s t r a i n t s  reduce  t h e  number 

o f  k i n e m a t i c a l l y  admis s ib l e  deformat ions ,  and symmetries reduce 

t h e  number t h a t  have a l l  of  t h e  symmetry of  t h e  da t a .  

The i d e a  of c o n t r o l l a b i l i t y  i s  u s e f u l  i n  o t h e r  a r e a s  

a s  w e l l .  C o n t r o l l a b l e  v i scome t r i c  f lows [ 7 , 8 , 9 ]  have been men- 

t i o n e d  i n  Sec.  3 .  I n  such f lows,  a  v e l o c i t y  f i e l d  i s  p r e s c r i b e d  

i n  advance, and i t  i s  found t o  s a t i s f y  t h e  momentum e q u a t i o n s  

f o r  any homogeneous, i s o t r o p i c ,  incompress ib le ,  v i s c o e l a s t i c  

f l u i d .  I n  problems of hea t  f l u x ,  we seek  tempera ture  f i e l d s  

t h a t  w i l l  produce a s o l e n o i d a l  f i e l d  of h e a t  f l u x  i n  every  ma- 

t e r i a l  i n  some s p e c i f i e d  c l a s s .  I n  any a r e a ,  we c a l l  a  f i e l d  

of some s o r t  c o n t r o l l a b l e  i f  i t  l eads  t o  an e x a c t  s o l u t i o n  of  

a l l  r e l e v a n t  equa t ions ,  f o r  a l l  m a t e r i a l s  i n  a p r e s c r i b e d  c l a s s .  
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6 . 1  An Example o f  t h e  Use of  C o n s t r a i n t s  

To beg in  w i t h  an ex t reme example o f  t h e  u s e f u l n e s s  o f  

c o n s t r a i n t s ,  l e t  us c o n s i d e r  homogeneous i s o t r o p i c  ' e l a s t i c  

m a t e r i a l s  t h a t  a r e  b o t h  i ncompres s ib l e  and r e i n f o r c e d  w i t h  a  

f ami ly  of p a r a l l e l ,  i n e x t e n s i b  l e  f i b e r s .  Every p l a n e  deforma- 

t i o n  o f  such a  m a t e r i a l  i s  c o n t r o l l a b l e .  

We c o n s i d e r  only p l a n e  deformat ions ,  x  = x(X,Y), 

y  = y(X,Y), (and  z = Z). Let  t h e  X-di rec t ion  b e  t h e  i n i t i a l  

d i r e c t i o n  of  t h e  i n e x t e n s i b l e  f i b e r s .  To pose  a d e f i n i t e  

problem, c o n s i d e r  a  b lock  o f  m a t e r i a l  w i th  two o f  i t s  edges  

i n i t i a l l y  a long  t h e  X-axis and t h e  Y-axis, and suppose t h a t  

t h e s e  two edges a r e  mapped on to  i n t e r s e c t i n g  cu rves  C1 and C 2 .  

Cu r ious ly  enough, t h e  problem i s  w e l l - s e t ,  o r  a t  l e a s t  i t  h a s  

no more t han  one s o l u t i o n .  The c o n s t r a i n t s  r e q ~ l i r e  t h a t  a  f i b e r  

i n i t i a l l y  a long  Y = Y o  map on to  a  curve t h a t  i s  p a r a l l e l  t o  C1, 

a t  a  d i s t a n c e  Y o  from i t .  The p o s i t i o n  of  t h e  f i b e r  a long  t h i s  

curve  i s  de termined  by t h e  c o n d i t i o n  t h a t  t h e  end  X = 0 l i e s  on 

C2' 

Because t h e r e  i s  only  one deformat ion  t h a t  i s  even k ine -  

m a t i c a l l y  a d m i s s i b l e ,  i t  d o e s n ' t  m a t t e r  what t h e  r e l a t i o n  between 

e x t r a  s t r e s s  and deformat ion  may be.  The s t r e s s  f i e l d  t h a t  i s  

produced w i l l  a u t o m a t i c a l l y  be an e q u i l i b r i u m  f i e l d .  The r e -  

a c t i o n s  t o  t h e  c o n s t r a i n t s  w i l l  a d j u s t  themselves  t o  equi -  

l i b r a t e  t h e  e x t r a  s t r e s s  produced by t h e  deformat ion ,  whatever  

i t  may be.  



- 130 - 
A. C. Pipkin 

To s e e  how t h i s  happens w i t h i n  t h e  mathematics,  con- 

s i d e r  t h e  e x p r e s s i o n  f o r  t h e  s t r e s s :  

o = -pI  + T t t  + 2. - - -- ( 6  .l.l) 

Here -pI - i s  t h e  r e a c t i o n  t o  i n c o m p r e s s i b i l i t y ,  T i t  i s  t h e  

r e a c t i o n  t o  i n e x t e n s i b i l i t y ,  and - S i s  t h e  e x t r a  s t r e s s .  The 

u n i t  vec to r  4 i s  t angen t  t o  t h e  f i b e r  d i r e c t i o n ,  and T s i  i s  a  

t e n s i l e  s t r e s s  a long t h e  f i b e r  d i r e c t i o n .  The e q u i l i b r i u m  equa- 

t i o n  i s  

Vp = t O;(Tt) + T(4-!)4 + Div 2. - - - (6 .1 .2 )  

By s e p a r a t i n g  t h i s  i n t o  components i n  t h e  f i b e r  d i r e c t i o n ,  t h e  

normal d i r e c t i o n  n, and t h e  z - d i r e c t i o n  k, we o b t a i n  

(The z-component of Div 2 i s  z e r o  s i n c e  SZx and S  must vanish ,  
ZY 

by symmetry.) No m a t t e r  what func t ion  of  x  and y  Div 5 may be,  

t h e r e  a r e  f u n c t i o n s  p  and T  t h a t  s a t i s f y  t h e s e  equa t ions ,  and 

we can de termine  them by i n t e g r a t i n g  a l o n g  c h a r a c t e r i s t i c s .  

6.2. C o n t r o l l a b l e  Heat Conduction 

I t  i s  p o s s i b l e  t o  s eek  out  c o n t r o l l a b l e  s t a t e s  sys t ema t i c -  

a l l y ,  r a t h e r  t han  w a i t i n g  t o  d i s c o v e r  them a s  s o l u t i o n s  of  d e f i n i t e -  

l y  p r e s c r i b e d  problems. To i l l u s t r a t e  t h e  methods t h a t  a r e  used,  

we cons ide r  problems of c o n t r o l l a b l e  hea t  conduct ion ,  which have 

been d i scus sed  b y  P e t r o s k i  and Car lson  [ 2 8 1  and Laws [ 2 9 ] .  
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The mate r ia l s  t o  be considered a r e  i s o t r o p i c ,  and it  

i s  assumed t h a t  t h e  heat  f l u x  p i s  determined by t h e  temperature 

T and t h e  temperature gradient ,  I T ,  I n  i s o t r o p i c  mate r ia l s ,  

and - VJ! must be ( a n t i - )  p a r a l l e l ,  s o  

g = - K ( T , Y m T ) T .  

I n  a s teady state, 1.q = 0, and t h u s  

Here Ki i s  the  de r iva t ive  of K wi th  respec t  t o  i t s  i - t h  argument. 

We say t h a t  a temperature f i e l d  i s  con t ro l l ab le  i f  i t  

s a t i s f i e s  (6.2.2) no mat ter  what form the  funct ion 

K has.  A t  a  given po in t ,  the  values  of K ,  K1, and K2 can be 

ass igned a r b i t r a r i l y  by a s u i t a b l e  choice of the  form of K .  

Hence, t h e  c o e f f i c i e n t s  of K ,  K1, and K2 must a l l  vanish a t  

t h a t  po in t  i f  T i s  con t ro l l ab le .  But the  po in t  i s  a r b i t r a r y ,  

s o  a con t ro l l ab le  f i e l d  T must s a t i s f y  

2 V T = - -  VT'VT = - - -  V(VT.VT)*T = 0,  (6.2.31 

everywhere. Since 1 - V T I  vanishes,  T must be uniform. Thus, i n  

t h e  c l a s s  of mate r ia l s  described by c o n s t i t u t i v e  equations of 

the  form (6.2. l ) ,  t h e r e  a r e  no con t ro l l ab le  temperature f i e l d s  

except constant f i e l d s  [281. 

This does not mean t h a t  a l l  con t ro l l ab le  s t a t e s  a r e  

t r i v i a l ,  a s  Laws [ 2 9 ]  has pointed out.  Suppose t h a t  1, r a t h e r  

than T, i s  t o  be con t ro l l ed .  I n  t h a t  case i t  i s  more convenient 

t o  use a c o n s t i t u t i v e  equation of the  form 
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Now, the  right-hand s i d e  must be i r r o t a t i o n a l ,  s i n c e  the  l e f t -  

hand s i d e  is: 

R I x  g + RIIT x g + R2P(g*g) x 9 = - 0. (6.2.5) 

For t h i s  t o  be t r u e  no mat te r  what funct ion R is, g must s a t i s f y  

1 x g = I T  x q = !(gap) x g = -3 0 (6.2.6) 

a s  we l l  as 1.9 = 0. 

The f i rs t  equation impl ies  t h a t  g has a p o t e n t i a l ,  
4 

g = -98, say, and thus q i s  normal t o  a family of su r faces  8 = 

const .  Let us a l s o  wr i t e  g = qg, where n i s  t h e  u n i t  normal 

t o  a 9-surface. The t h i r d  equat ion s t a t e s  t h a t  l q  i s  p a r a l l e l  

t o  9, s o  q i s  constant over each 8-surface, i . e .  q = q(8)n.  The 

condi t ion 1.9 = 0 y i e l d s  

q"; = -1~-yq(8) = -q1(8)n-98 = qqt  . (6.2.7) 

Thus, f o r  q # 0, 1.; is  a l s o  a funct ion of 8, q1(8) .  But - V-n - 
i s  the  mean curvature  of t h e  8-surface. Thus, each 8-surface has 

constant  mean curvature.  Now, we r e c a l l  t h a t  is  constant  

over each 0-surface,  s o  they a r e  p a r a l l e l  su r faces .  We now save 

work by quoting a theorem: p a r a l l e l  su r faces  of constant mean 

curvature a r e  p a r a l l e l  planes,  coaxial  c i r c u l a r  cyl inders ,  o r  

concentr ic  spheres.  Thus, 8 i s  a funct ion of x i n  an appropr ia te  

c a r t e s i a n  system, o r  of radius  i n  a c y l i n d r i c a l  o r  s p h e r i c a l  

system. The f l u x  q i s  i n  p a r a l l e l  s t r a i g h t  l i n e s  o r  i s  r a d i a l ,  

and i t s  magnitude depends only on x, o r  r, and it i s  so leno ida l ,  

s o  i t  has one of the  forms 

C 9 = const. ,  q = ir ( c y l i n d r i c a l ) ,  

C q = Lr ( s p h e r i c a l ) .  
r 



From t h e  second equat ion i n  (6.2.61, T  i s  a  funct ion 

of x, o r  r, a s  t h e  case may be. It i s  determined by solving 

(6.2.4). For example, with 9 cons tan t ,  i n  which case  T  = T(x) ,  

we ob ta in  
Z -T'(x) = R(T,q )q,  

which y i e l d s  

6.3 Con t ro l l ab le  S t a t e s  of D i e l e c t r i c s  

The equat ions  governing the  e l e c t r i c  f i e l d  s t r e n g t h  

E and t h e  d i e l e c t r i c  displacement f i e l d  i n  e l e c t r o s t a t i c s  have - 
t h e  same form a s  those  governing -T and 9 i n  h e a t  conduction. 

E i s  i r r o t a t i o n a l ,  and g i s  so leno ida l :  - 

However, i n  an i s o t r o p i c  d i e l e c t r i c  t h e  c o n s t i t u t i v e  equat ion 

would have the  form 

with  no e x p l i c i t  V-dependence of f o r  g  t o  match t h e  T-dependence 

of. t h e  analogous func t ions  i n  h e a t  conduction. 

If - D i s  t o  be con t ro l l ed ,  t h e  p o s s i b i l i t i e s  a r e  t h e  

same a s  those l i s t e d  i n  (6.2.8) f o r  9; t h e  T-dependence of the  

r e s i s t i v i t y  was not used i n  ob ta in ing  (6.2.8).  Thus, t h e  d i -  

e l e c t r i c  displacement i s  c o n t r o l l a b l e  i n  p a r a l l e l - p l a t e ,  c y l i n d r i c a l  

and s p h e r i c a l  condensers. 

If - E, o r  r a t h e r  V, i s  t o  be con t ro l l ed ,  i n  p lace  of 

the  t h r e e  c o n t r o l l a b i l i t y  cond i t ions  (6.2.3) f o r  t h e  analogous 
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h e a t  conduction case,  t h e r e  a r e  only two: 

It i s  much t o o  hard  f o r  me t o  prove, but  these  equat ions  imply 

t h a t  V can be represented i n  an appropr ia te  c y l i n d r i c a l  system 

V = -a0 - bz. (6.3.4) 

Then 

and 

The l i n e s  of f l u x  a r e  h e l i c a l ,  i n  general ,  and t h e  magnitude of 

the  f l u x  is  constant  over each of the  cy l inders  on which these  

h e l i c e s  l i e ,  s o  t h e  f lux  i s  obviously divergence-free.  

6.4  E l e c t r i c a l  Conduction, Diffus ion through Porous Media, 

Magnetism 

There a r e  s e v e r a l  t h e o r i e s  t h a t  involve  the  steady- 

s t a t e  f l u x  of some conserved quan t i ty  under t h e  ac t ion  of a con- 

s e r v a t i v e  d r i v i n g  force .  The fo rces  and f luxes  f o r  a few cases  

a r e  
Force 

Heat conduction 

E l e c t r o s t a t i c s  

Magnetostatics 

Flux 

E l e c t r i c a l  conduction E = -VV - - J - 

Diffus ion through porous media -1p - u 
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I n  each case,  t h e  f o r c e  F i s  i r r o t a t i o n a l ,  P x F = - 0, and t h e  

f l u x  i i s  so leno ida l ,  !*I = 0, i n  appropr ia t e  problems. I n  

i s o t r o p i c  m a t e r i a l s ,  t h e  f l u x  i s  c o n t r o l l a b l e  i f  it i s  a r a d i a l  

f i e l d ,  i n  one, two, o r  t h r e e  dimensions, of t h e  form (6.2.8),  

and t h e  fo rce  i s  c o n t r o l l a b l e  i f  i t  i s  a h e l i c a l  f i e l d  of t h e  

form (6.3.5) (except  i n  hea t  conduction wi th  temperature-sensi t ive  

conduc t iv i ty ) .  

6.5 Con t ro l l ab le  E l a s t i c  Deformations 

The preceding problems i l l u s t r a t e  t h e  methods of a n a l y s i s  

used i n  seeking c o n t r o l l a b l e  s o l u t i o n s .  Ins tead  of boundary con- 

d i t i o n s  and wel l -se t  problems, t h e r e  a r e  a d d i t i o n a l  equat ions .  

The over-determined system i s  solved by geometr ica l  methods. 

I n  t h e  theory of f i n i t e  deformations of homogeneous, 

i s o t r o p i c ,  incompressible,  e l a s t i c  ma te r i a l s ,  most of the  known 

c o n t r o l l a b l e  deformations were f i rs t  obtained a s  s o l u t i o n s  of 

d e f i n i t e  problems of t echno log ica l  i n t e r e s t .  The remainder have 

been found by sys temat ic  search.  The search has not  been com- 

p l e t e d  because t h e  a n a l y s i s  i s  much too hard i n  c e r t a i n  degenerate  

cases .  

The known examples a r e  the  following: 

0. Homogeneous ( i s o c h o r i c )  deformations.  

1. Expansion of a s p h e r i c a l  s h e l l ,  o r  a s h e l l  f i rst  turned 

i n s i d e  out :  

3 3 1 1 3  g = * ,  r = + ( R ~  - Ro t r O )  , $ = La. (6 .5 .1)  
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2. Cer ta in  deformations of r i g h t  c i r c u l a r  c y l i n d r i c a l  rods and 

tubes  : 

r2 = A R ~  t B, B =  CB t DZ, z = E Q  t FZ. (6.5.2) 

3. Bending and assoc ia ted  deformations:  

r 2 = 2 A X t B ,  B = C Y t D Z ,  z = E Y t F Z .  (6.5.3) 

4. S t ra igh ten ing  and assoc ia ted  deformations:  

1 2  X I T A R  t B ,  y = C Q t  DZ,  z = E Q t F Z .  (6.5.4) 

5.  Azimuthal shea r ing  and a s s o c i a t e d  deformations:  
2 r = ARB 8 = B  log R t CO,  z = Z/A C .  (6.5.5) 

I n  f ami l i e s  2, 3, and '4 ,  t h e  condi t ion of no volume change r e q u i r e s  

t h a t  
A(CF - DE) = 1. (6.5 .6)  

The coordinates  a r e  c a r t e s i a n  o r  c y l i n d r i c a l ,  except i n  family  1. 

Big l e t t e r s  a r e  i n i t i a l  coordinates ,  and l i t t l e  l e t t e r s  a r e  f i n a l  

coordinates .  

There a r e  many c l a s s e s  of m a t e r i a l s  t h a t  inc lude  homo- 

geneous, i s o t r o p i c ,  incompressible,  e l a s t i c  m a t e r i a l s  a s  s p e c i a l  

cases .  A deformation can be c o n t r o l l a b l e  i n  one of these  wlde'r 

c l a s s e s  only . i f  i t  i s  c o n t r o l l a b l e  i n  each s p e c i a l  case,  s o  t h e  

f ami l i e s  l i s t e d  above tu rn  up over and over again .  

To understand how changes i n  t h e  c l a s s  of m a t e r i a l s  

may a f f e c t  t h e  l is t  of c o n t r o l l a b l e  deformations,  l e t  us c o n s i d e r ,  

first, some geometr ica l  f e a t u r e s  of t h e  deformations p rev ious ly  

l i s t e d .  
One of t h e  t h r e e  f i e l d s  of p r i n c i p a l  d i r e c t i o n s  of 

s t r a i n  i s  normal t o  a family of su r faces ,  which we c a l l  



p r i n c i p a l  membranes. Accordingly, i n  i s o t r o p i c  m a t e r i a l s  t h e r e  i s  

no shea r ing  s t r e s s  between p r i n c i p a l  membranes. Next, the  t h r e e  

p r i n c i p a l  extension r a t i o s  a r e  cons tan t  over each p r i n c i p a l  mem- 

brane.  For the  c l a s s  o f  m a t e r i a l s  considered,  t h i s  impl ies  t h a t  

t h e  p r i n c i p a l  s t r e s s e s  ( a p a r t  from t h e  r e a c t i o n  p ressure )  a r e  

a l s o  cons tan t  over each p r i n c i p a l  membrane. 

In  Family 1 t h e  p r i n c i p a l  membranes a r e  s p h e r i c a l .  The 

a n a l y s i s  of t h i s  deformation i n  Sec. 1.6 made e x p l i c i t  use of t h e  

p r i n c i p a l  membranes. 

I n  Family 2 ,  they a r e  c y l i n d r i c a l  both be fo re  and a f t e r  

t h e  deformation,  bu t  poss ib ly  wi th  d i f f e r e n t  r a d i i .  Families 3 

and 4 a r e  l i m i t i n g  cases  o f  Family 2, wi th  p r i n c i p a l  membranes 

t h a t  a r e  p a r a l l e l  p lanes ,  c y l i n d e r s  wi th  i n f i n i  t e  r a d i i ,  e i t h e r  

be fo re  the  deformation o r  a f t e r  i t .  In  a l l  of these  cases ,  t h e  

two f i e l d s  of p r i n c i p a l  d i r e c t i o n s  t a n g e n t i a l  t o  t h e  p r i n c i p a l  

membranes form two orthogonal f a m i l i e s  of geodesics  on them, and 

i n  consequence, t h e  f i e l d  of e x t r a  s t r e s s  i s  s o  highly  symmetrical 

t h a t  i t  i s  s e l f - e q u i l i b r a t i n g  i n  t h e  t a n g e n t i a l  d i r e c t i o n s .  Equi- 

l ib r ium i n  t h e  normal d i r e c t i o n  i s  produced by a  s u i t a b l e  r e a c t i o n  

p ressure ,  which i s  cons tan t  over each p r i n c i p a l  membrane. 

I n  Families 0  and 5  t h e  p r i n c i p a l  s t r e t c h e s  a r e  the  

same everywhere, s o  t h e r e  a r e  t h r e e  orthogonal f a m i l i e s  of 

p r i n c i p a l  membranes. I n  Family 0 ,  each i s  a  s e t  of p a r a l l e l  

p lanes .  In  Family 5, t h e  planes z = constant  a r e  t h e  obvious 
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s e t .  The f i e l d s  of p r i n c i p a l  d i r e c t i o n s  t a n g e n t i a l  t o  these  

planes have constant components i n  po la r  coordinates,  s o  the  

same i s  t r u e  of the  e x t r a  s t r e s s ,  and t h i s  i s  enough symmetry 

t o  guarantee equilibrium. 

6.6 Fiber-reinforced Mater ia ls  

A deformation can be con t ro l l ab le  i n  some c l a s s  of 

an i so t rop ic  mate r ia l s  only i f  i t  i s  con t ro l l ab le  i n  i s o t r o p i c  

mate r ia l s ,  because a  mate r ia l  with s p e c i f i e d  point  symmetry 

might acc iden ta l ly  have more symmetry than i s  demanded. 

Consider, f o r  example, t r ansverse ly  i s o t r o p i c  mate r ia l s  

( t h a t  a r e  homogeneous, incompressible,  and e l a s t i c ) .  For a  

d e f i n i t e  phys ica l  p ic tu re ,  th ink of an i s o t r o p i c  matrix re in -  

forced with  p a r a l l e l  e l a s t i c  f i b e r s .  Now, t o  f i n d  con t ro l l ab le  

deformations of such a  mate r ia l ,  we examine t h e  l i s t  i n  Sec. 6 .5 .  

We seek cases  i n  which the  f i b e r  d i r e c t i o n  does not  s p o i l  the  

symmetry of t h e  problem. For t h i s  t o  be t r u e ,  the  f i b e r  d i r e c t i o n  

must be e i t h e r  p a r a l l e l  o r  perpendicular  t o  the  p r i n c i p a l  membrane 

a t  each po in t .  

Family 1, the s p h e r i c a l  case,  i s  r u l e d  out because 

s t r a i g h t ,  p a r a l l e l  f i b e r s  cannot be normal t o  the  spheres every- 

where, o r  t a n g e n t i a l  everywhere. 

I n  Families 2 and 4 ,  the p r i n c i p a l  membranes a r e  co- 

a x i a l  cyl inders  i n i t i a l l y .  No symmetry i s  l o s t  i f  the f i b e r s  

l i e  along the  a x i a l  d i r e c t i o n  i n i t i a l l y ,  so ,  i f  they do, these  

deformations a r e  a l l  con t ro l l ab le .  



I n  Family 3, t h e  p r i n c i p a l  membranes a r e  p a r a l l e l  p l a n e s  

i n i t i a l l y ,  and they  a r e  bent  i n t o  c o a x i a l  c i r c u l a r  c y l i n d e r s .  

If t h e  p r e f e r r e d  d i r e c t i o n  i s  i n i t i a l l y  p e r p e n d i c u l a r  t o  t h e  

p r i n c i p a l  membranes, o r  i n  any t a n g e n t i a l  d i r e c t i o n ,  no r e l e v a n t  

symmetry i s  l o s t ,  and t h e s e  deformat ions  a r e  c o n t r o l l a b l e .  

Homogeneous deformat ions ,  Family 0 ,  a r e  a l l  c o n t r o l l a b l e  

i n  any homogeneous m a t e r i a l ,  s o  t h e  f i b e r  d i r e c t i o n  i s  i r r e l e v a n t .  

The deformat ions  i n  Family 5 remain c o n t r o l l a b l e  i n  f i b e r -  

r e i n f o r c e d  m a t e r i a l s  i f  t h e  f i b e r s  l i e  a long  t h e  a x i a l  d i r e c t i o n .  

S ince  t h e s e  l e c t u r e s  a r e  about  problem-solving,  r a t h e r  

t h a n  t h e  t heo ry  o f  any th ing ,  I shou ld  c la im t h a t  a  l a r g e  number 

o f  problems i n v o l v i n g  f i b e r - r e i n f o r c e d  m a t e r i a l s  have j u s t  been 

so lved .  Of course ,  it remains t o  w r i t e  down t h e  e x t r a  s t r e s s  

and de termine  t h e  r e a c t i o n  p r e s s u r e ,  and t o  look  f o r  f e a t u r e s  

o f  t h e  s o l u t i o n s  t h a t  may be p a r t i c u l a r l y  i n t e r e s t i n g  o r  v a l u a b l e .  

A l l  o f  t h i s  r e q u i r e s  a g r e a t  d e a l  o f  work, b u t  t h e  work w i l l  n o t  

i n v o l v e  any w o r r i e s  about  s o l v i n g  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s .  

6 .7  Layered M a t e r i a l s  

I n s t e a d  o f  r e l a x i n g  t h e  requi rement  t h a t  t h e  m a t e r i a l  be  

i s o t r o p i c ,  a s  i n  t h e  p r eced ing  s e c t i o n ,  c o n s i d e r  t h e  p o s s i b i l i t y  

o f  r e l a x i n g  t h e  homogeneity requi rement .  The p i c t u r e  i n  te rms  

o f  p r i n c i p a l  membranes makes i t  c l e a r  t h a t  on ly  l a y e r e d  m a t e r i a l s  

can be cons idered ,  w i t h  p r o p e r t i e s  cons t an t  over  p r i n c i p a l  membranes. 

Conversely,  i t  i s  easy  t o  s e e  t h a t  Fami l i e s  0 t o  4 remain con- 

t r o l l a b l e  i f  t h e  l amina t i on  c o i n c i d e s  w i th  t h e  p r i n c i p a l  membranes. 

Family 5 doesn ' t  work. The t r o u b l e  i s  t h a t  i n  t h i s  fami ly ,  u n l i k e  



t h e  o t h e r s ,  t h e  r e a c t i o n  p r e s s u r e  i s  n o t  c o n s t a n t  ove r  t h e  

p r i n c i p a l  membranes z s c o n s t . ,  s o  l e t t i n g  p r o p e r t i e s  be z  - 
dependent s p o i l s  ' the  symmetry. 

6 .8  V i s c o e l a s t i c  M a t e r i a l s  

Now c o n s i d e r  r e l a x i n g  t h e  requi rement  t h a t  t h e  m a t e r i a l  

be e l a s t i c .  When we t a k e  i n t o  account t h e  s t r e s s  r e l a x a t i o n  

t h a t  occurs  i n  r e a l  m a t e r i a l s ,  we must be concerned wi th  con- 

t r o l l a b l e  motions,  r a t h e r  t h a n  s i n g l e  deformat ions .  

S ince  e l a s t i c  m a t e r i a l s  a r e  a  s p e c i a l  ca se  of  v isco-  

e l a s t i c  m a t e r i a l s ,  a  mot ion  t h a t  i s  c o n t r o l l a b l e  i n  v i s c o e l a s t i c  

m a t e r i a l s  must a t  each i n s t a n t  be a  c o n t r o l l a b l e  e l a s t i c  deform- 

a t i o n .  However, t h i s  i s  n o t  s u f f i c i e n t .  

I n  a l l  c a s e s  except  homogeneous deformat ions ,  c o n t r o l l -  

a b i l i t y  depends upon t h e  f a c t  t h a t  t h e r e  i s  no  shea r ing  s t r e s s  

between p r i n c i p a l  membranes. Th i s  r e q u i r e s  t h a t  t h e  normal 

d i r e c t i o n  be a  p r i n c i p a l  d i r e c t i o n  of s t r e s s .  I n  i s o t r o p i c  

e l a s t i c  m a t e r i a l s ,  t h i s  requi rement  i s  met because t h e  p r i n c i p a l  

d i r e c t i o n s  o f  s t r e s s  co inc ide  w i th  t h e  p r i n c i p a l  d i r e c t i o n s  of 

s t r a i n ,  and t h e  d i r e c t i o n  normal t o  a  p r i n c i p a l  membrane i s  a  

p r i n c i p a l  d i r e c t i o n  of  s t r a i n  by d e f i n i t i o n .  

However, i n  i s o t r o p i c  v i s c o e l a s t i c  m a t e r i a l s  i t  i s  no 

longe r  t r u e  t h a t  t h e  p r i n c i p a l  d i r e c t i o n s  of  s t r e s s  and s t r a i n  

always co inc ide .  The s t r e s s  depends on p a s t  deformat ions  a s  

w e l l  a s  on t h e  p r e s e n t  s t a t e ,  and t h e  p r i n c i p a l  d i r e c t i o n s  of 

s t r e s s  might w e l l  be c l o s e r  t o  f i b e r s  t h a t  were p r i n c i p a l  

f i b e r s  p rev ious ly ,  than  t o  t h o s e  t h a t  a r e  p r i n c i p a l  f i b e r s  

p r e s e n t l y .  
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Never theless ,  t h e r e  i s  no r e a l  d i f f i c u l t y .  For, i f  

a given f i b e r  i s  8 p r i n c i p a l  f i b e r  of s t r a i n  a t  all t imes,  then  

by symmetry i t  must a l s o  be a p r i n c i p a l  d i r e c t i o n  of s t r e s s  a t  

a l l  t imes.  Thus, t o  a s su re  t h a t  t h e r e  i s  no shea r ing  s t r e s s  

between p r i n c i p a l  membranes, i t  i s  necessary and s u f f i c i e n t  

t h a t  the  m a t e r i a l  su r faces  which a r e  p r i n c i p a l  membranes a t  

one i n s t a n t  a r e  a l s o  p r i n c i p a l  membranes a t  every o t h e r  i n s t a n t .  

This requirement i s  automat ical ly  s a t i s f i e d  i f  t h e  motion i s  

generated by varying t h e  parameters wi th in  one of t h e  l i s t e d  

f a m i l i e s  of e l a s t i c  deformations. I n  genera l  i t  r u l e s  out 

changing from one family t o  another  dur ing t h e  course of the  

motion, al though t h e r e  a r e  except ions .  

Thus, f o r  example, time-dependent r a d i a l  expansion 

of a s p h e r i c a l  s h e l l  i s  c o n t r o l l a b l e  i n  v i s c o e l a s t i c  m a t e r i a l s  

because t h e  same s p h e r i c a l  membranes a r e  p r i n c i p a l  meribranes 

a t  a l l  t imes.  Eversion i s  not  c o n t r o l l a b l e ,  because i n t e r -  

mediate s t a t e s  i n  t h e  process of tu rn ing  the  s h e l l  i n s i d e  out  

a r e  no t  c o n t r o l l a b l e  e l a s t i c  deformations.  

Families 2 and 4 should be considered together .  The 

p r i n c i p a l  membranes a r e  genera l ly  c y l i n d r i c a l ,  wi th  time-varying 

r a d i i .  Family 4 desc r ibes  the  deformation a t  i n s t a n t s  when t h e  

cy l inders  happen t o  be completely f l a t t e n e d  out  i n t o  p a r a l l e l  

p lanes .  It i s  considered as  d i s t i n c t  from Family 2 only because 

of n o t a t i o n a l  d i f f i c u l t y .  

In  Family ,3, t h e  p r i n c i p a l  membranes a r e  p a r a l l e l  

p lanes  i n i t i a l l y ,  and by varying t h e  parameters we obta in  

motions t h a t  include f l ex ing  t h e  membranes va r i ab ly  i n  time. 

Motions generated by varying t h e  parameters i n  Family 5 have 
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planes z = constant  as  p r i n c i p a l  membranes a t  a l l  times. 

I n  a l l  of these  cases ,  t h e  p r i n c i p a l  d i r e c t i o n s  of 

s t r a i n  t a n g e n t i a l  t o  the  membranes genera l ly  involve d i f f e r e n t  

f i b e r s  a t  d i f f e r e n t  t imes,  s o  t h e r e  i s  no way t o  t e l l  where 

the  t a n g e n t i a l  p r i n c i p a l  d i r e c t i o n s  of s t r e s s  may be. However, 

c o n t r o l l a b i l i t y  involves only the  sjmmetry of these  f i e l d s  of 

p r i n c i p a l  s t r e s s e s ,  and does no t  r e l y  on knowing t h e i r  d i r e c t i o n s  

exac t ly .  Time-dependent v a r i a t i o n  of parameters does no t  s p o i l  

the  symmetry. 

Q u a s i - s t a t i c  motions of the  kinds descr ibed a r e ,  ac- 

cordingly,  con t ro l l ab le .  A c l o s e r  look would be required t o  

s e e  which cases  might remain con t ro l l ab le  i f  i n e r t i a  i s  taken 

i n t o  account. 

These motions have been examined i n  more d e t a i l  by 

C a r r o l l  [30,31] and Wineman [32]. C a r r o l l  has a l s o  considered 

t r ansverse ly  i s o t r o p i c  m a t e r i a l s  [311 and o r tho t rop ic  m a t e r i a l s  

[331. 

6.9 F l u  Through Highly Deformable Mater ia ls  

Theories of f lux ,  such a s  those l i s t e d  i n  Sec. 6.4, 

can be combined with the  theory of l a r g e  e l a s t i c  deformation. 

For example, one might consider  heat  conduction I n  deformed 

mate r ia l s ,  a s  Pe t rosk i  and Carlson [34] and Laws [291 have done. 

That theory i s  formally i d e n t i c a l  t o  the theory of e l e c t r i c a l  

conduction i n  deformable m a t e r i a l s ,  a s ide  from the  temperature- 

dependence of t h e  conduct ivi ty  o r  r e s i s t i v i t y  and the  s t r e s s .  
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Rubber loaded wi th  carbon black i s  a  good e l e c t r i c a l  

conductor,  and t h e  conduct iv i ty  i s  s t rong ly  dependent on t h e  

s t a t e  of deformation, s o  l e t  us consider  t h a t  case .  When t h e  

m a t e r i a l  i s  deformed, t h e  r e l a t i o n  between cur ren t  dens i ty  - J 

and f i e l d  s t r e n g t h  - E i s  l i k e  t h a t  f o r  an undeformed o r t h o t r o p i c  

ma te r i a l .  The t h r e e  p r i n c i p a l  p lanes  of s t r a i n  a t  a  po in t  a c t  

a s  p lanes  of r e f l e c t i o n a l  symmetry f o r  t h e  conduct iv i ty .  I f  E - 
l i e s  a long a  p r i n c i p a l  d i r e c t i o n ,  s o  does J, by symmetry. I f  

E i s  orthogonal t o  a  p r i n c i p a l  d i r e c t i o n ,  s o  i s  J, although i t  - 
need no t  be p a r a l l e l  t o  E. When E - does no t  l i e  i n  any p r i n c i p a l  

p lane,  symmetry g ives  no conclusion about the  d i r e c t i o n  of J .  - 

J u s t  a s  t h e  deformation a f f e c t s  t h e  conduct iv i ty ,  t h e  

e l e c t r i c  f i e l d  may a f f e c t  the  s t r e s s .  However, l e t  us leave such 

e l e c t r o s t r i c t i v e  e f f e c t s  a s i d e  f o r  t h e  time being. 

I f  a  s t a t e  of deformation and f l u x  i s  t o  be c o n t r o l l a b l e ,  

then  i n  p a r t i c u l a r ,  t h e  f l u x  must be c o n t r o l l a b l e  even when t h e  

deformation has no e f f e c t  on i t .  Hence, c o n t r o l l a b l e  s t a t e s  must 

involve  e i t h e r  a  ( g e n e r a l l y )  h e l i c a l  e l e c t r i c  f i e l d ,  of t h e  form 

(6 .3 .5) ,  o r  a  f i e l d  o f  cu r ren t  d e n s i t y  t h a t  i s  uniform, o r  r a d i a l  

i n  two o r  t h r e e  dimensions, of t h e  form (6.2.8).  

For a  g iven f i e l d  of one of these  forms t o  remain con- 

t r o l l a b l e  when t h e  deformation does a f f e c t  the  conduct iv i ty ,  i t  

i s  necessary t h a t  t h e  f i e l d  and t h e  deformation can be combined 

without s p o i l i n g  t h e  symmetry of e i t h e r  one. Let us consider  

each family of c o n t r o l l a b l e  e l a s t i c  deformations i n  t u r n .  



- 144 - 
A.  C. Pipkin 

A uniform f i e l d ,  E o r  J, can of course be combined 

wi th  any homogeneous deformation t o  g ive  a  c o n t r o l l a b l e  s t a t e .  

I n  t h e  case of r a d i a l  expansion of a  s p h e r i c a l  s h e l l ,  

a  r a d i a l  f i e l d  of cu r ren t  can be f i t t e d  i n  without s p o i l i n g  

t h e  symmetry. 

I n  f a m i l i e s  2 and 3, p r i n c i p a l  membranes a r e  c o a x i a l  

cy l inders  i n  t h e  deformed s t a t e .  Radia l  cu r ren t ,  a long a  p r in -  

c i p a l  d i r e c t i o n  of s t r a i n ,  g ives  a  c o n t r o l l a b l e  s t a t e ,  and s o  

do h e l i c a l  e l e c t r i c  f i e l d s  wi th  l i n e s  of f o r c e  l y i n g  t a n g e n t i a l  

t o  t h e  p r i n c i p a l  membranes. 

I n  Family 4 ,  t h e  p r i n c i p a l  membranes a r e  p a r a l l e l  

p lanes  i n  t h e  deformed s t a t e .  Uniform c u r r e n t s  pe rpend icu la r  

t o  these  planes  and uniform e l e c t r i c  f i e l d s  i n  any t a n g e n t i a l  

d i r e c t i o n  produce c o n t r o l l a b l e  s t a t e s .  

Family 5 can be combined wi th  uniform e l e c t r i c  f i e l d  

and uniform c u r r e n t  i n  the  a x i a l  d i r e c t i o n .  

6.10 E l e c t r o s t r i c t i o n  

I n  problems involving p o l a r i z a t i o n  and e l e c t r o s t r i c t i o n  

i n  deformed m a t e r i a l s ,  t h e  d i e l e c t r i c  displacement D p lays  t h e  

r o l e  t h a t  - J d i d  i n  e l e c t r i c a l  conduction. However, i t  i s  necessary 

t o  t ake  i n t o  account the  e f f e c t  of the  f i e l d s  on the  s t r e s s ,  which 

we omitted t o  do i n  d i scuss ing  conduction. 

When E, - o r  - D , l i e s  a long a  p r i n c b a l d i r e c t i o n  of s t r a i n ,  

then t h e  p r i n c i p a l  d i r e c t i o n s  of s t r e s s  must s t i l l  coincide  wi th  

t h e  p r i n c i p a l  d i r e c t i o n s  of s t r a i n .  I f  t h e  f i e l d  l i e s  or thogonal  

t o  a  p r i n c i p a l  d i r e c t i o n  of s t r a i n ,  t h a t  p a r t i c u l a r  p r i n c i p a l  
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d i r e c t i o n  must be a  p r i n c i p a l  d i r e c t i o n  of s t r e s s ,  al though 

t h e  symmetry i s  s p o i l e d  wi th in  t h e  p r i n c i p a l  p lane  i n  which 

t h e  f i e l d  l i e s .  

With these  observat ions ,  examination of t h e  con t ro l l -  

a b l e  s t a t e s  l i s t e d  i n  Sec. 6.9 ( r ead ing  D f o r  J) shows t h a t  

each one i s  s t i l l  c o n t r o l l a b l e  under e l e c t r o s t r i c t i v e  s t r e s s e s .  

For t h i s  p a r t i c u l a r  theory,  i t  has been proved [ 351  

t h a t  t h e  preceding l i s t  inc ludes  s t a t e s  t h a t  a r e  c o n t r o l l -  

ab le .  Thus, a l though we do n o t  know t h a t  t h e  l i s t  of c o n t r o l l -  

a b l e  e l a s t i c  deformations l i s t e d  i n  Sec. 6.5 i s  complete, we 

do know t h a t  t h e r e  a r e  noothers  t h a t  remain c o n t r o l l a b l e  under 

e l e c t r o s t r i c t i o n .  The proof was not  d i r e c t ;  i t  involved system- 

a t i c a l l y  searching out  a l l  p o s s i b l e  c o n t r o l l a b l e  cases ,  us ing 

methods s i m i l a r  t o  those employed i n  Secs.  6 .2  and 6.3. The 

cur ious  Family 5 was turned up i n  t h e  course of t h i s  search.  
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Chapter 1 

INTRODUCTION 

Since the  Second World War t h e r e  has  been a consid- 

e r a b l e  i n t e r e s t  i n  t h e  development of phenomenological theor -  

i e s  desc r ib ing  the  r e l a t i o n  between fo rce  and deformation i n  

bodies  o f  ma te r i a l  which do n o t  obey e i t h e r  the  l i n e a r  laws of 

t h e  c l a s s i c a l  t h e o r i e s  of e l a s t i c i t y  and the  hydrodynamics o f  

v iscous  f l u i d s ,  o r  the  simple and e x p l i c i t  non- l inea r  laws of 

gas dynamics. 

During t h e  f i r s t  h a l f  o f  the  p resen t  century  much 

e f f o r t  has been devoted t o  the  e l a b o r a t i o n  o f  these  c l a s s i c a l  

t h e o r i e s  and t h e i r  a p p l i c a t i o n  t o  s p e c i f i c  problems o f  impor- 

tance  i n  - o r  a t  any r a t e  suggested by - some a r e a  of sc ience  

and technology. During t h i s  p e r i o d  the  development o f  non- 

l i n e a r  t h e o r i e s  i n  t h e  same r a t i o n a l  s p i r i t  as i n s p i r e d  the 

development of the  c l a s s i c a l  t h e o r i e s  i n  the  n ine teen th  cen- 

t u r y  was, i n  l a r g e  measure, neglected.  This was undoubtedly 

due, a t  any r a t e  i n  p a r t ,  t o  a preoccupation wi th  the  more 

developed t h e o r i e s  which were n e a r e r  the  p o i n t  a t  which they 

might provide some i n s i g h t  i n t o  technological  o r  s c i e n t i f i c  

problems. 
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In  a d d i t i o n ,  advances may well  have been i n h i b i t e d  

by a  convic t ion t h a t  no progress  could be made i n  developing 

non- l inea r  t h e o r i e s  unless  some completely e x p l i c i t  c o n s t i t u -  

t i v e  equat ion could be w r i t t e n  down f o r  t h e  m a t e r i a l .  This 

was usual ly  chosen on the  b a s i s  of an a l l e g e d  s i m p l i c i t y  - 

t he  "simplest" c o n s t i t u t i v e  equat ion which could y i e l d  the  

type of phenomena of  i n t e r e s t  - o r  on the  b a s i s  of some micro- 

scop ic  o r  molecular model of  a  p a r t i c u l a r  m a t e r i a l .  One of 

the  d i f f i c u l t i e s  wi th  the  former approach l a y  i n  the  f a c t  t h a t  

s i m p l i c i t y  i s  very much a  s u b j e c t i v e  m a t t e r ,  depending cons ide r -  

ably  on t h e  choice of  the  v a r i a b l e s  i n  terms of  which the  r e l a -  

t i o n  i s  expressed.  Moreover, t h e r e  i s  u sua l ly  no s p e c i a l  r e a -  

son why any p a r t i c u l a r  m a t e r i a l  should obey t h e  s imples t  law. 

The main d i f f i c u l t y  wi th  t h e  second approach i s  t h a t  even i f  t he  

microscopic o r  molecular s t r u c t u r e  i s  we l l  understood, t h e  

passage t o  t h e  c o n s t i t u t i v e  equa t ion ,  expressed i n  phenomeno- 

l o g i c a l  te rms,  i s  u sua l ly  very  d i f f i c u l t  and cannot be made a t  

a l l  without s o  many i d e a l i z a t i o n s  of both t h e  model and t h e  

mathematics a s  t o  leave  the  s i g n i f i c a n c e  of the  r e s u l t  i n  s e r -  

ious ques t ion.  

The more modern approach stems l a r g e l y  from the  

r e a l i z a t i o n  t h a t  i t  i s  p o s s i b l e  t o  wr i t e  down r a t h e r  genera l  

c o n s t i t u t i v e  equat ions  i n  canonical  form from purely  phenomeno- 

l o g i c a l  cons ide ra t ions .  This r e a l i z a t i o n  i s  a l ready involved 
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i n  t h e  theory of f i n i t e  e l a s t i c i t y  as it e x i s t e d  a t  the end 

o f  the  l a s t  century.  There, t h e  c o n s t i t u t i v e  equation is given 

by a  s ta tement  t h a t  the  s t r a in -energy  funct ion must depend on 

t h e  n ine  deformation g rad ien t s  and i t  is  shown (55.2) t h a t  t h i s  

dependence must be through the s i x  independent components o f  

the  s t r a i n - e n e r g y  func t ion ,  f u r t h e r  r e s t r i c t i o n  o f  form r e s u l t -  

ing  i f  the  ma te r i a l  has some symmetry. In the  case when the  

ma te r i a l  i s  i s o t r o p i c ,  the  l a t t e r  dependence i s  through only 

th ree  s p e c i f i e d  func t ions  of these  s t r a i n  components (95.6). 

Much of the  development of non- l inea r  continuum mechanics has 

cons i s t ed  of the  extension of t h i s  p r i n c i p l e  t o  d i s s i p a t i v e  

ma te r i a l s  i n  which t h e  c o n s t i t u t i v e  equation t akes  the  form of  

an express ion f o r  t h e  s t r e s s  t ensor  i n  terms o f  one o r  more 

kinemat ic  tensors  ( see  Chapter 7 below). In t h i s  development 

the  main considera t ions  which a r e  in t roduced a r e  twofold. One 

i s  t h a t  the  superpos i t ion  on the  deformation o f  the  body of a  

r i g i d  r o t a t i o n  r e s u l t s  i n  the  r o t a t i o n  o f  the  s t r e s s  t ensor  by 

an equal amount. The o the r  is t h a t  i n  phys ica l  and engineer-  

ing problems the  ma te r i a l  with which one i s  concerned has some 

symmetry and t h i s  enables one, i n  a l l  cases ,  t o  w r i t e  the  con- 

s t i t u t i v e  equation i n  canonical  form. The mathematical tech-  

nique f o r  doing t h i s  stems from t h e  c l a s s i c a l  theory of invar -  

i a n t s ,  but  considerable  development of the  theory has been 

necessary f o r  t h i s  purpose. This development is discussed i n  

Chapter 6 .  
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The q u e s t i o n  o f  t h e  a p p l i c a t i o n  o f  t h e  t h e o r i e s  

deve loped  h e r e  t o  s p e c i f i c  problems i s  t a k e n  up i n  t h e  l e c -  

t u r e s  o f  P r o f e s s o r  P i p k i n .  The t e c h n i q u e  h e  h a s  used  f o r  

p r e s e n t i n g  t h e  e s s e n t i a l  c o n t e n t  o f  t h e  v a r i o u s  problems i s  

v e r y  l a r g e l y  t h a t  used  i n  p a p e r s  by R i v l i n ,  and Green and 
* 

R i v l i n  , a l t h o u g h  n o t  t h a t  by which t h e  problems were o r i g i n -  

a l l y  s o l v e d  - t h e  d i r e c t  . a p p l i c a t i o n  o f  t h e  c o n s t i t u t i v e  

e q u a t i o n s  and e q u a t i o n s  o f  mot ion  d e v e l o p e d  h e r e .  The l a t t e r  

p r o c e d u r e  i s ,  o f  c o u r s e ,  o f  much w i d e r  a p p l i c a b i l i t y  a l t h o u g h  

i t  may p r e s e n t  l e s s  f e e l  f o r  t h e  p h y s i c a l  c o n t e n t  o f  t h e  

c a l c u l a t i o n s .  

* R.S. R i v l i n ,  Large E l a s t i c  Deformat ions ,  C h a p t e r  1 0 ,  i n  
"Rheologyl ' ,  Vol .1 ,  ed .  F.R. E i r i c h ,  ( p u b l .  Academic P r e s s ,  
New York, 1956) ; R.S. R i v l i n ,  Proc .  First I n t e r n a t i o n a l  
Conference on Ilemorheology, R e y k j a v i k ,  I c e l a n d ,  1966 ,  
p .157 ( p u b l .  Pcrgamon, Oxford ,  1967) ; W . A .  Crecn and R.S. 
R i v l i n ,  Acta Mechanica,  - 5 ,  254 (1968) .  
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We s h a l l  use a r ec tangu la r  c a r t e s i a n  reference system 

x i n  which t h e  components of 5 a r e  denoted XA and the  components 

of 5 a r e  denoted xi. We s h a l l  use an analogous no ta t ion  f o r  t h e  

components i n  t h i s  system of o t h e r  vec to r s .  In  t h i s  n o t a t i o n  we 

can rewri te  (2.1.1) as  

i n  which xi i s  d i f f e r e n t i a b l e  wi th  r e spec t  t o  XA, except pos- 

s i b l y  a t  a f i n i t e  number of p o i n t s ,  o r  on a f i n i t e  number of 

l i n e s  and s u r f a c e s .  The nine  s p a t i a l  d e r i v a t i v e s  axi/aXA a r e  

c a l l e d  the  deformation g rad ien t s .  
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2 .  The Cauchy s t r a i n  

Consider two neighboring p a r t i c l e s  P1 and P2 whose 

v e c t o r  p o s i t i o n s  a t  t h e  r e fe rence  time T a r e  5 and X + dX. - 
Let t h e i r  vec to r  p o s i t i o n s  be x and 5 + d5 a t  time t .  Let dL 

and dR be t h e  d i s t a n c e s  between t h e  p a r t i c l e s  a t  times T and 

t r e s p e c t i v e l y .  Then, 

and 

Now*, 

dx. = x  
1 i , AdXA ' 

In t roducing t h i s  i n t o  (2 .2 .1)2 ,  we o b t a i n  

where 

CAB = x i , A X i , 1 3  ' 

I f  we t ake  a  second rec tangu la r  c a r t e s i a n  system 

jl i n  which the  components of t h e  v e c t o r s  5 and x  a r e  FA and 
- 
xi r e s p e c t i v e l y ,  we have 

*Throughout we s h a l l  use the  n o t a t i o n  t o  denote a/ axA and 
thc  n o t a t i o n  t o  denote a/ axi. ,A , i 
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where 

I t  i s  easy t o  show t h a t  

- 
CAB and CAB a r e  thus the  components i n  t h e  systems x and ? 

respec t ive ly  of a second-order c a r t e s i a n  t ensor .  This i s  c a l l e d  

the  Cauchy s t r a i n  tensor .  We note  from i t s  d e f i n i t i o n  by ( 2 . 2 . 4 )  

t h a t  it is  a symmetric t ensor .  

Let L and e be u n i t  vec to r s  i n  t h e  d i r e c t i o n  of the  - - 
l i n e a r  element from P1 t o  P 2  a t  times T and t respec t ive ly .  

Then, 
L = dX/dL and 5 = d x / d ~  . ( 2 . 2 . 8 )  

In  c a r t e s i a n  n o t a t i o n ,  these  express ions  may be w r i t t e n  as  

Introducing ( 2 . 2 . 9 )  i n t o  ( 2 . 2 . 2 ) ,  we obtain  

Since 

R . R  = R . R .  = 1 , - .., 1 1  

we have, from ( 2 . 2 . 9 )  and ( 2 . 2 . 1 0 ) ,  
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T h i s  r e s u l t  c a n  a l s o  b e  o b t a i n e d  d i r e c t l y  from ( 2 . 2 . 5 )  by 

d i v i d i n g  t h r o u g h o u t  by ( d ~ )  '. 
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3. The volume change 

Consider an elementary t e t r ahedron  i n  the  body which 

a t  time T has a ve r t ex  l o c a t e d  a t  the  p o i n t  P, with vec to r  

p o s i t i o n  X r e l a t i v e  t o  t h e  f i x e d  o r i g i n  0 ,  and th ree  edges 

PQ1,PQ2,PQ3 p a r a l l e l  t o  t h e  axes of the r e c t a n g u l a r  c a r t e s i a n  

system x. Let us suppose t h a t  t h e  vec to r  p o s i t i o n s  of  Q1,Q2,Q3 

r e l a t i v e  t o  P a r e  dz(1),d:(2),dX(3).  We denote t h e  components 

i n  t h e  system x of these  t h r e e  vec to r s  by (dX1,O,O), 

(0,dX2,0),  (O,O,dX ) r e s p e c t i v e l y .  The volume dV of t h e  3 

t e t r ahedron  PQ1Q2Q3 i s  given by 

where the square  b racke t s  denote t h e  s c a l a r  t r i p l e  product  of 

the  t h r e e  v e c t o r s ,  

I n  t h e  deformation P,Q1,Q2,Q3 move t o ,  s a y ,  

p,q1,q2,q3 r e s p e c t i v e l y .  The v e c t o r  p o s i t i o n s  a t  time t of 

q1,q2,q3 wi th  r e spec t  t o  p a r e  given by x,ldX1, x , ~ ~ X ~ ,  

dX respect ively , .  The components of t h e s e  th ree  v e c t o r s  
5 , 3  3 
i n  the  system x a r e  

r e s p e c t i v e l y .  The volume dv of  the t e t r ahedron  pqlq2q3 i s  

given by 

1 = - E  
6 i j k  X i , l X j , 2 X k , 3  dXldX2dX3 . 
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From (2.3.2) and (2.3.1) we have 

This provides a formula f o r  the  r a t i o  between t h e  volume of 

an element of t h e  ma te r i a l  a t  t imes t and T r e s p e c t i v e l y .  

I t  may a l s o  be w r i t t e n  as the  Jacobian determinant of x wi th  .. 
r e spec t  t o  X ,  thus:  

-, 

We can express dv/dV i n  terms of t h e  Cauchy s t r a i n  

t ensor .  We see  from the  d e f i n i t i o n  of CAB given i n  (2.2.4) 

t h a t  

With (2.3.4),  we ob ta in  
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4. The u n i t  normal t o  a  s u r f a c e  

We consider  a  s u r f a c e  drawn i n  a  m a t e r i a l  and deform- 

ing with i t ;  i . e .  p a r t i c l e s  which a r e  on t h e  su r face  a t  time T 

remain on it as  i t  deforms. Let the  equat ion of the  s u r f a c e  

i n  the  system x a t  time T be 

Then i t s  equat ion a t  time t i s  

where $(xi)  i s  def ined by 

Conversely, we may consider  @(XA) t o  be def ined i n  terms of 

@(xi) by 

Let 3 be the  outward-drawn normal t o  the  s u r f a c e  

(2.4.1) a t  t h e  p a r t i c l e  P ,  i . e .  a t  ;,and l e t  fi be the  ou t -  

ward-drawn normal t o  the  s u r f a c e  (2.4.2) a t  t h e  same p a r t i c l e  

P ,  i . e .  a t  z. Then the  components NA and ni ,  i n  the  system x ,  

of N and fi r e s p e c t i v e l y  a r e  given by 

NA = A @  and ni = A$,i , 
,A 
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where* 

n =  (@ @ )'lI2 and X =  (4 .$ .) -112 ,c  ,c  (2.4.6) 
$3 ,J 

From (2.4.4), we o b t a i n  

@ , A  = # , i X i , A  ' 

Using (2.4.5) we ob ta in  from ( 2 . 4 . 7 )  

*Our taking A and X a s  t h e  inverses  of the  o s i t i v e  square r o o t s ,  

each case .  
%m- def ines  e s s e n t i a l l y  what we mean by the  outwar rawn normal i n  
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5. The Finger s t r a i n  

We now consider a second p a r t i c l e  P neighboring t h e  

p a r t i c l e  P ,  b u t  not  ly ing  on t h e  su r face .  Let X ,. - dX ,. and 

x - dx be t h e  p o s i t i o n  vec to r s  of F a t  t imes T and t respec-  
,. ,. 

t i v e l y .  Let dN and dn denote t h e  perpendicular  d i s t ances  from 
- 
P t o  the  tangent  planes a t  .P a t  times T and t respec t ive ly .  

Then, dN is  t h e  d i s t ance  from X - dX t o  t h e  tangent  p lane t o  ,. ,. 

(2 -4.1) a t  X .  We thus have 
,. 

Simi la r ly  dn i s  the  d i s t ance  from x - dx t o  t h e  tangent p lane  

t o  (2.4.2) a t  5. Thus, 

dn = nidxi = 1 4  idxi . 
9 

With (2.4.7),  we ob ta in  from (2.5.1) and (2.5.2) 

From (2.5.3) and (2.4.8) we have 

Since NANA = 1, (2.5.4) y i e l d s  

where 
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I f  we t ake  a  second r e c t a n g u l a r  c a r t e s i a n  system TI 

i n  which t h e  components of t h e  v e c t o r s  X and x a r e  FA and TIi 

r e s p e c t i v e l y ,  we have 

where 

I t  i s  e a s i l y  seen  t h a t  

c .  and c . .  a r e  thus  t h e  components i n  t h e  system x and jl 
lj 11 

r e s p e c t i v e l y  of a  second-order c a r t e s i a n  t e n s o r .  This  i s  

c a l l e d  t h e  Finger  s t r a i n  t e n s b r .  We note  from i t s  d e f i n i t i o n  

by ( 2 . 5 . 6 )  t h a t  i t  i s  a  symmetric t e n s o r .  
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6 .  The element of a rea  

We de f ine  the  vec to r  element of a rea  of the  s u r f a c e  

i n  t h e  usua l  manner as the  product of t h e  ( s c a l a r )  a rea  and the  

u n i t  vec to r  i n  the  d i r e c t i o n  of t h e  outward-drawn normal t o  the  

element. Let @ and dg be corresponding vec to r  elements of 

a r e a  of the  s u r f a c e  a t  t h e  p a r t i c l e  P a t  t imes T and t respec-  

t i v e l y .  Let dA and da be the  corresponding s c a l a r  a reas  of 

these  elements.  Then, 

dA = NdA and da = nda . .. -" .. .. (2.6.1) 

We consider  a c o n i c a l  element of volume of t h e  ma- 

t e r i a l  which has  the  p a r t i c l e  P a s  ve r t ex  and the  elements of 

a r e a  dA and da  as  bases a t  t imes T and t respec t ive ly .  Let - 
dV and dv be the  volumes of these  elements a t  times T and t 

respec t ive ly .  Then, 

1 1 dV = - dNdA and dv = - dnda . 
3 3 (2.6.2) 

From (2.3.4) we have 

dv 35 d n d a  
a o = - a ~ = m .  

Introducing t h i s  r e s u l t  i n t o  (2.5.4) and (2.5.5) , 
we ob ta in  
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and 
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Chapter 3 

FORCES ACTING ON A BODY 

1. Descr ipt ion of the  fo rces  

We cons ide r  a body t o  be acted upon by fo rces  of two 

k inds - - fo rces  d i s t r i b u t e d  throughout the  body, which a r e  c a l l e d  

body -3 fo rces  and fo rces  a c t i n g  on the  s u r f a c e  of the  body, 

which a r e  c a l l e d  su r face  f o r c e s .  -- 
We consider  an element of the  body which has mass 

dm, say.  We denote by $dm t h e  f o r c e  a c t i n g  on t h i s  mass and - 
we assume t h a t  t h e  f o r c e  system ac t ing  i s  such t h a t  i s  - 
everywhere f i n i t e .  $ i s  c a l l e d  the  body f o r c e  pe r  u n i t  mass. - 

The fo rces  a c t i n g  on an element of su r face  of t h e  

body a r e  s p e c i f i e d  per  u n i t  a r e a  of the  s u r f a c e  element. Since 

t h e  a rea  of a s u r f a c e  element changes dur ing the  deformation,  

it i s  necessary  t o  be e x p l i c i t  as  t o  the  i n s t a n t  a t  which t h i s  

a r e a  i s  measured. Two methods of spec i fy ing  su r face  fo rces  

a r e  commonly used. In one of these  the  f o r c e  i s  s p e c i f i e d  pe r  

u n i t  a rea  of t h e  su r face  measured a t  the  r e fe rence  time T. In 

t h e  o the r  the  fo rce  i s  s p e c i f i e d  per  u n i t  a r e a  of the  s u r f a c e  

measured a t  time t .  We note  t h a t  i n  both cases  the  fo rce  i s  

t h a t  e x i s t i n g  a t  time t .  

Thus, l e t  dA and da be the  a reas  of a su r face  e l e -  

ment measured a t  times T and t respec t ive ly .  We denote by 
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F ~ A  o r  by fda  the  f o r c e  ac t ing  on t h i s  su r face  element a t  time 

t ,  so  t h a t ,  by d e f i n i t i o n ,  

FdA = fda .  - - 

F i s  c a l l e d  the s u r f a c e  f o r c e  a t  time t pe r  u n i t  - 
a rea  of su r face  measured a t  time T ,  and f  i s  c a l l e d  the  s u r -  - 
f ace  f o r c e  a t  time t per  u n i t  a r e a  of su r face  measured a t  time 

t .  
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2. Newton's second law 

We consider  a body t o  undergo a deformation desc r ibed  

by (2.1.1).  We assume t h a t  t h e  body f o r c e s  $I per  u n i t  mass and - 
su r face  fo rces  F per  u n i t  a r e a  measured a t  t h e  r e fe rence  time 

T a r e  a c t i n g  on the  body. 

Newton's second law, expressed i n  the  form t h a t  t h e  

r e s u l t a n t  f o r c e  on the  body i s  equal t o  t h e  r a t e  of change of 

l i n e a r  momentum of the  body, impl ies  t h a t  

where the  do t  denotes d i f f e r e n t i a t i o n  wi th  r e spec t  t o  t ime. 

The f i r s t  and l a s t  i n t e g r a l s  i n  (3.2.1) a r e  taken over t h e  

whole mass of t h e  body and represen t  r e s p e c t i v e l y  the  r e -  

s u l t a n t s  of the  body fo rces  a c t i n g  on the  body and of t h e  

l i n e a r  momentum. The second i n t e g r a l ,  which i s  taken over 

the  su r face  of the  body measured a t  time T, i s  the  r e s u l t a n t  

of the  s u r f a c e  fo rces  a c t i n g  on the  body a t  time t .  

Let po denote the  d e n s i t y  of t h e  ma te r i a l  measured 

a t  time T and l e t  dV be t h e  volume a t  time T of t h e  m a t e r i a l  

element of mass dm. Then, 

Introducing t h i s  i n t o  (3 .2 .1 ) ,  we ob ta in  
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3. The d e f i n i t i o n  of s t r e s s  

We apply the formula (3.2.3) t o  an i n f i n i t e s i m a l  

element of the  body which has ,  a t  time T ,  the  form of a  t e t r a -  

hedron OP P P wi th  i t s  edges OP ,OP ,OP p a r a l l e l  t o  the  
1 2 3  1 2  3  

axes x  x  x  r e spec t ive ly  of the  r ec tangu la r  c a r t e s i a n  r e f e r -  
1' 2 '  3  

ence system x ,  as  shown i n  F i g . l ( a ) .  We consider  t h a t  0  i s  a t  

po in t  X and t h a t  the  outward-drawn normal t o  the  face P P P -. 1 2 3  

of t h e  t e t r ahedron  i s  i n  the  d i r e c t i o n  o f  the  u n i t  normal N .  
* 

A t  time t ,  t h e  edges op 
1 'OP2 

,op3 of the  t e t r ahedron  op p  p  
1 2 3  

i n t o  which OP P P is deformed w i l l ,  i n  g e n e r a l ,  no longer  be 
1 2 3  

p a r a l l e l  t o  t h e  axes of the  r e fe rence  system x ,  as shown i n  

F i g . l ( b ) .  We denote by 5 t h e  u n i t  normal t o  the  face p  p  p  
1 2 3  

of t h i s  t e t r ahedron .  

Let a be the  a rea  of t h e  face P P P of the  t e t r a -  
1 2 3  

hedron OP PCP and l e t  aA be t h e  a rea  of t h e  f ace  which is 
1 L 3  

perpendicular  t o  the  xA-ax i s ,  i . e .  of the  f ace  OP P . Then 
2 3  

Also, l e t  A be the  volume of t h e  te t rahedron OP P P . 
1 2 3  

We s h a l l  apply the  formula (3.2.3) t o  a  body con- 

s i s t i n g  of t h e  i n f i n i t e s i m a l  ma te r i a l  te t rahedron which occu- 

p i e s  the region OP P P a t  time T and op1p2p3 a t  time t .  We 
1 2 3  

denote by F the  force  a c t i n g  a t  time t on t h e  face  p  p  p  o f  - 1 2 3  

the  t e t r ahedron ,  measured p e r  u n i t  a rea  of the  face  P P P 
1 2 3 '  
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Thus, aF - i s  the r e s u l t a n t  su r face  fo rce  a c t i n g  on p1p2p3. We 

denote by al the fo rce  ac t ing  a t  time t on the  face  op2p3 o f  

the  t e t r ahedron ,  measured p e r  u n i t  a rea  of t h e  f ace  OP2P3. Thus, 

al!l i s  the r e s u l t a n t  su r face  fo rce  ac t ing  on op p  a t  time t .  
2 3 

We a t t a c h  analogous ,meanings t o  a  and a - 2 3 '  

Applying (3.2.3) t o  the  elementary mate r i a l  t e t r a -  

hedron, we ob ta in ,  wi th  t h i s  n o t a t i o n ,  

In t roducing (3.3.1) , t h i s  becomes 

We now consider  the  limit as the  l i n e a r  dimensions of the  

te t rahedron tend t o  zero ,  the  o r i e n t a t i o n s  of t h e  f aces  of t h e  

te t rahedron remaining f ixed .  Then A/a+O and equat ion ( 3 . 3 . 2 )  

becomes 

The t h r e e  vectors  FA have nine  components i n  the  reference 

system x .  We denote the  components of by aAi. In terms of 

the  components of 1 and aA i n  the c a r t e s i a n  re fe rence  system 

x ,  the  r e l a t i o n  (3 .3 .3 )  may be w r i t t e n  
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We now def ine  t h r e e  vectors  YA and t h e i r  n ine  compo- 

nen t s  ifAi i n  an analogous manner with r e spec t  t o  another r ec tan-  

g u l a r  c a r t e s i a n  reference system x. Let E_J1 be the  u n i t  vec to r  

i n  t h e  d i r e c t i o n  o f  the a x i s  x of t h i s  system and l e t  E_J and 
1 2 

y 3  be u n i t  vec to r s  i n  the  d i r e c t i o n s  of x2 and F Let NIA be 
3' 

t h e  components i n  the  system x of the  u n i t  vec to r  N and, more 
-1 

genera l ly ,  l e t  NBA be t h e  components i n  t h e  system x of t h e  

u n i t  vec to r  NA.  

We no te  t h a t  rl i s  the  force  a t  time t ac t ing  on an 

element of a r e a  which was normal t o  N1 a t  time T ,  measured pe r  

u n i t  a rea  a t  time T.  Thus, from (3 .3 .3) ,  we ob ta in  

More g e n e r a l l y ,  we have 

- 
= N  a T B  BA-A ' 

We have a l ready in t roduced the n o t a t i o n  TBi f o r  the  

components o f  the  vector  EB i n  the  system x. We now int roduce 

t h e  no ta t ion  nii  f o r  the  components of t h i s  vec to r  i n  the  system 

X .  Then, 

From (3.3.6) we have 

- * 
T B j  = N a B A A j  ' 
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In t roducing t h i s  r e s u l t  i n t o  ( 3 . 3 . 7 ) ,  we o b t a i n  

We note  t h a t  'rAi and sAi a r e  the  components of a  

c a r t e s i a n  t ensor  i n  the  coord ina te  systems Y and x 

r e s p e c t i v e l y .  T h i s  i s  c a l l e d  t h e  Ki rchof f -P io la  s t r e s s  

t enso r .  
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4 .  Equations of motion 

We now re tu rn  t o  t h e  equation ( 3 . 2 . 3 )  which expresses  

Newton's second law f o r  a body o f  a r b i t r a r y  magnitude on which 

body forces  d and su r face  fo rces  _F a r e  ac t ing .  We have seen ., 
t h a t  the  r e l a t i o n  ( 3 . 3 . 3 )  must be v a l i d  a t  every po in t  o f  ' the  

body and consequently a t  i t s  su r face .  S u b s t i t u t i n g  f o r  _F i n  

( 3 . 2 . 3 ) ,  we ob ta in  

We use the  Divergence Theorem t o  convert  the s u r -  

face  i n t e g r a l  i n  t h i s  equat ion i n t o  a volume i n t e g r a l  and thus 

ob ta in  

This equat ion may now be app l i ed  t o  an i n f i n i t e s i m a l  ma te r i a l  

element,  y i e l d i n g  

This i s  the  Kirchoff-Piola  equat ion of motion. In terms of 

components i n  the  system x ,  we may wr i t e  i t  as  
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5. The moment equat ion 

We now apply the  law t h a t  the  moment about a  p o i n t  

o f  the  fo rces  a c t i n g  on a  body i s  equal t o  t h e  r a t e  of change 

o f  angular  momentum about t h a t  po in t .  We ob ta in  

Int roducing (3.3.3) i n t o  the  second i n t e g r a l  i n  (3.5.1) and 

us ing t h e  divergence theorem, we obta in  

We a l s o  have 

Introducing these  r e s u l t s  i n t o  (3.5.1) and applying the  r e -  

s u l t i n g  equation t o  an i n f i n i t e s i m a l  ma te r i a l  element,  so  t h a t  

we may omit the  i n t e g r a l  s i g n s ,  we obta in  

Using the  r e s u l t  (3 .4 .3) ,  we ob ta in  

X x* = O .  -,B -B 
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In  terms of the components i n  the  coordinate  system 

x ,  t h i s  r e s u l t  may be w r i t t e n  

EijkXj,BnBk = 0 . (3.5.6) 

To c l a r i f y  the  s i g n i f i c a n c e  o f  t h i s  r e s u l t  we w r i t e  down 

one of the  components i n  t h i s  vec to r  equa t ion ,  say t h a t  wi th  

i = 1. We have 

Thus, (3.5.5),  o r  (3.5.6),  i s  a  s ta tement  t h a t  x j  ,BnBk i s  

symmetric wi th  r e spec t  t o  in terchange of j  and k .  
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The Cauchy equat ions  

I t  may be noted t h a t  s o  f a r  T i s  an a r b i t r a r y  r e f e r -  

ence t ime,  no t  n e c e s s a r i l y  f i x e d ,  which may be chosen i n  any 

manner we p lease .  As a  p a r t i c u l a r  choice ,  we may take i t  t o  

coincide  with the  i n s t a n t  t a t  which the  fo rces  a r e  measured. 

In t h i s  s e c t i o n  we explore  the  consequences of making 

t h i s  choice.  F i r s t l y ,  i n  (3.1.1) F becomes f and A becomes a ,  
" - 

s o  t h a t  the  equat ion i s  s a t i s f i e d  i d e n t i c a l l y .  Also the  p o s i -  

t i o n  8 t o  which the equations apply becomes t h e  same as  5 .  

Equation (3.2.3) then becomes 

s i n c e  the  volume V now becomes the  volume v of the  body a t  time 

t and po  becomes the  ma te r i a l  dens i ty  p a t  time t .  In 53 the  

te t rahedron OP P P becomes i d e n t i c a l  with the  te t rahedron 
1 2 3  

op1p2p3 and the u n i t  vec to r  normal t o  i t s s l a n t  su r face  becomes 

g. Thus, the vec to r  al i s  now the force  a t  time t ac t ing  on 

the  face  op2p3 measured pe r  u n i t  a r e a  of op2p3. We s h a l l  de- 

note  i t  by o l .  Analogous meanings a t t a c h  t o  T~ and n and we - 3 
s h a l l  denote them by a2 and o  We s h a l l  denote these  c o l l e c -  

-3 '  

t i v e l y  by g and t h e i r  components i n  the  c a r t e s i a n  reference 
j 

system x by u j i .  The nine q u a n t i t i e s  o j i  a r e  t h e  components 

of a  t ensor  which i s  c a l l e d  the  Cauchy s t r e s s  t c n s 2 r .  
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Making these  s u ~ s ~ i t u t i o n s  i n  ( 3 . 3 . 3 ) ,  we ob ta in  

In  terms of t h e  components of _f and a i n  t h e  c a r t e s i a n  - j  
reference system t h i s  equat ion may be w r i t t e n  

In the same way the equat ions  o f  motion ( 3 . 4 . 3 )  y i e l d  

These a r e  c a l l e d  t h e  Cauchy equat ions  of motion. They may 

be w r i t t e n  i n  a l t e r n a t i v e  form as  

Again applying the  same procedure t o  equat ion ( 3 . 5 . 7 )  we 

ob ta in  

' i j  = ' j i  . 
This expresses  the  f a c t  t h a t  the Cauchy s t r e s s  tensor  i s  

symmetric. 
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7 .  Rela t ion  between t h e  Ki rchof f -P io l a  and Cauchy s t r e s s  

From (3 .1 .1)  we note  t h a t  the  Ki rchof f -P io l a  s t r e s s  

v e c t o r  F and Cauchy s t r e s s  v e c t o r  f  a r e  r e l a t e d  by .. 

FdA = f d a  , (3.7.1) -. .. 

where dA and da a r e  t h e  a reas  a t  time T and t r e s p e c t i v e l y  

of an element of  a s u r f a c e  drawn i n  t h e  body and deforming 

wi th  i t .  In t roduc ing  (3.3.4) and (3.6.3) i n t o  (3 .7 .1) ,  we 

o b t a i n  

N r dA = n . u . . d a  . A A i  (3.7.2) 
I 11 

Using ( 2 . 6 . 4 )  , we o b t a i n  

This r e s u l t  i s  v a l i d  f o r  a r b i t r a r y  o r i e n t a t i o n  o f  t h e  s u r f a c e  

element cons ide red ,  i . e .  f o r  a r b i t r a r y  o r i e n t a t i o n  o f  t he  u n i t  

v e c t o r  g. Taking n = 6 jl, i . e .  t h e  u n i t  v e c t o r  ? i s  p a r a l l e l  
j 

t o  t he  x - a x i s ,  we o b t a i n  

We o b t a i n  analogous r e s u l t s  by t ak ing  n = 6 and 6 
j j 2  j3' 

The 

t h r e e  r e s u l t s  may be w r i t t e n  



The converse r e l a t i o n  

aAi = (ax/ax)XAljoji  

follows immediately. 
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8. The P i o l a  s t r e s s  

We now def ine  y e t  another  s t r e s s  t e n s o r ,  the P i o l a  

s t r e s s  tensor .  We denote i t s  components i n  the  r ec tangu la r  

c a r t e s i a n  sys tem x by PAB and de f ine  i t  by 

'AB = ' B , i n A i  

With (3.7.6),  we have 

From (3.8.1) and (3 .8 .2) ,  we o b t a i n  the  inverse  r e l a t i o n s  

and 
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9. Constitutive equations 

In continuum mechanics we usually wish to solve 

problems in which a body of material is acted on by specified 

forces, or certain parts of its boundary are subjected to 

specified displacements, or in which combinations of these 

conditions are imposed. 

A complete solution of the problem posed then in- 

volves a complete description of the resulting deformation 

and a complete determination of the stress components in the 

body. (We note that if the deformation is determined, then 

any of the stresses--whether Cauchy, Kirchoff-Piola, or Piola-- 

suffices for the determination of the remaining components.) 

Let us consider the Cauchy equations (3.6.3), (3.6.5) and 

(3.6.6). Equation (3.6.6) tells us that of the nine compo- 

nents of the Cauchy stress, only six are independent. Equation 

(3.6.5) then provides three differential equations for the 

determination of these six independent stress components, even 

if we consider the body force $i and the deformation xi known. 

Plainly, we cannot determine the stress in the body 

without some further information. This is provided by the 

constitutive equations for the material of the body. Through- 

out these lectures we shall consider the materials, with which 

we are concerned, to be such that the stress at a particle of 

the body is determined by the deformation gradients at the 
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particle, although the stress at time t may depend on the 

deformation gradients at the particle at times prior to t as 

well as on those at time t. Materials for which the stress 

at a particle depends on the deformation gradients at the 

particle (and not on their values at other particles or on 

their spatial derivatives) are sometimes called simple 

materials*. 

When expressions for the stress in terms of the defor- 

mation gradients are introduced into (3.6.5) we obtain three 

equations for the three components xi. These may, in particular 

cases, be differential equations, or differential-functional 

equations. 

*'The nomenclature appears to have originatzd with No11 (Arch. 
Rat'l. Mech. Anal. 2, 197 (1958)). - 
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Chapter  4  

THERMODYNAMIC CONSIDERATIONS 

1. Desc r ip t ion  of t he  thermal  s t a t e  

So f a r  we have been concerned on ly  wi th  t h e  a c t i o n  

of f o r c e s  on t h e  body. In  s o  doing i t  has  n o t  been necessary  

t o  d i s c u s s  t h e  thermal c o n d i t i o n s  which p r e v a i l  i n  t h e  body 

under c o n s i d e r a t i o n .  

I n  t h i s  c h a p t e r ,  however, we s h a l l  exp lo re  t h e  

imp l i ca t ions  of t h e  f i r s t  and second laws o f  thermodynalics 

when they a r e  a p p l i e d  t o  a  body which undergoes deformation*.  

I n  o rde r  t o  do t h i s ,  we cannot  avoid  i n t r o d u c i n g  the  c o n d i t i o n s  

o f  tempera ture  and h e a t  f l u x  e x i s t i n g  i n  t h e  body. 

We cons ide r  a  body t o  undergo a  deformation desc r ibed  

by equa t ion  (2 .1 .1) .  We c o n s i d e r  t h a t  a t  t h e  gene r i c  p a r t i c l e  

P ,  which i s  a t  X a t  t h e  r e f e r e n c e  t ime T ,  t h e  tempera ture  a t  a n  -. 
a r b i t r a r y  t ime t i s  0 .  I f  t h e  dependence o f  0 on X and t i s  

s p e c i f i e d ,  t hus  

*The approach adopted h e r e  i s  e s s e n t i a l l y  t h a t  of  Green and 
R i v l i n ,  which was o r i g i n a l l y  used by them i n  somewhat wider  
con tex t s  (Arch. R a t ' l .  Mech. Anal. 16,  325 (1964); i b i d .  1 7 ,  
113 (1964)) .  I t  was used i n  t h e  p r e s e n t  con tex t  i n  a  l a t e r  
no te  (Z.A.M.P. 15,  290 (1964)) .  The p r e s e n t a t i o n  h e r e  d i f f e r s  
from those  p rev iTus ly  g iven i n  i t s  use o f  t he  Claus ius  i n -  
e q u a l i t y  i n s t e a d  of t he  much more doub t fu l  Clausius-Uuhem 
i n e q u a l i t y .  
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then the temperature d i s t r i bu t ion  i s  given throughout the body 

a t  a l l  times. We denote the temperature a t  the reference time 

T by 0, so tha t  

The flow of heat i n to  the body i s  described i n  a 

manner which t o  some extent pa ra l l e l s  the descript ion i n  53.1 

of the system of forces applied t o  the body. We consider t h a t  

heat enters  the body i n  two ways--by generation throughout the 

volume of the body and by flow across the surface of the body. 

We denote by xdm the r a t e  a t  which heat  i s  generated 

i n  an element of the body of mass dm a t  time t. x is cal led 

the r a t e  of heat generation per uni t  mass. 

The r a t e  a t  which heat  enters  the body across i t s  

surface i s  specif ied per uni t  area of the surface. Since the 

area changes during the deformation, i t  i s  necessary to  be 

exp l i c i t  as to  the ins tan t  a t  which th i s  area i s  measured. As 

in  the case of the description of surface forces,  we use two 

methods of specifying the r a t e  of heat flow across the surface. 

In each of these we specify,  f o r  h i s to r i ca l  reasons, the r a t e  

of heat flow - out of the body ra ther  than in to  i t .  The ra te  of 

heat flow in to  the body i s  then given by the negative of t h i s  

quanti ty.  

We denote by QdA, or  qda, the ra te  a t  which heat 

flows out of the body a t  time t across an element of surface 
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whose a r e a  a t  time T was dA and whose a r e a  a t  time t i s  da. By 

t h i s  d e f i n i t i o n  

QdA = qda . (4.1.3) 

With (2.6.5) , t h i s  equation y i e l d s  

We note  t h a t  wi th  these  d e f i n i t i o n s ,  the  t o t a l  r a t e  

p (say) a t  which hea t  e n t e r s  t h e  body is given by 

In  equat ion (4.1.5) we may rep lace  t h e  i n t e g r a t i o n  

over t h e  mass of the  body by i n t e g r a t i o n  over i ts  volume V a t  

time T. The equat ion then becomes 
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2 .  The energy balance equat ion 

The f i r s t  law of thermodynamics t e l l s  us t h a t  when a 

body undergoes deformation, t h e  sum of the  work done by t h e  ap- 

p l i e d  fo rces  and t h e  hea t  flowing i n t o  the  body (measured i n  

energy u n i t s )  i s  equal  t o  t h e  t o t a l  change of energy i n  t h e  

body. I t  is  assumed t h a t  t h e  l a t t e r  may be w r i t t e n  as  t h e  sum 

of t h e  change i n  k i n e t i c  energy and a  term c a l l e d  the  change 

i n  i n t e r n a l  energy which is u n a l t e r e d  by t h e  superpos i t ion  on 

t h e  assumed deformation of a r i g i d  body motion. 

Applying t h i s  law t o  t h e  changes occurr ing i n  an 

i n f i n i t e s i m a l  time i n t e r v a l  we s e e  t h a t  t h e  sum of t h e  r a t e  R 

(say) a t  which work i s  done by t h e  fo rces  app l i ed  t o  the  body 

and t h e  r a t e  2 a t  which hea t  i s  en te r ing  t h e  body i s  equal t o  

t h e  sum of t h e  r a t e  of change of t h e  k i n e t i c  energy and t h e  

r a t e  of change of t h e  i n t e r n a l  energy. We denote the  k i n e t i c  

energy and i n t e r n a l  energy by T and U r e s p e c t i v e l y  and t h e i r  

r a t e s  of change a r e ,  the re fo re ,  T and U r e s p e c t i v e l y .  We thus  

have 

A t  time t ,  the  r a t e  a t  which work i s  done by t h e  

app l i ed  fo rces  i s  given by 
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The f i r s t  term represen t s  t h e  r a t e  a t  which work is  done by 

t h e  body fo rces  and the  second t h a t  a t  which i t ' i s  done by t h e  

su r face  f o r c e s .  

The k i n e t i c  energy T is  given by 

We now assume t h a t  t h e  i n t e r n a l  energy is  a d i s -  

t r i b u t i v e  proper ty  of the  body, i . e .  t o  each element of mass 

dm we can ass ign  an i n t e r n a l  energy Udm such t h a t  the  t o t a l  

i n t e r n a l  energy of the  body U is  given by 

U i s  then the  i n t e r n a l  energy p e r  u n i t  mass a t  time t .  

Introducing the  express ions  (4.2.2) , (4.2.3), (4.2 -4 )  

and (4.1.6) i n t o  (4.2.1), we o b t a i n  

This i s  the  energy balance equat ion.  
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3. The hea t  f l u x  v e c t o r  

I f  we examine the  va r ious  q u a n t i t i e s  occurr ing i n  

equat ion (4.2.5) we note  t h a t  f ,  F,  X, Q and U a r e  una l t e red  

i f  we superpose on t h e  assumed deformation a r i g i d  motion. 

This f a c t  can be used t o  de r ive  from (4.2.5) t h e  fundamental 

mechanical equat ions  (3.3.3) , (3.4.3) and (3.5.5) . together  

wi th  a d d i t i o n a l  equat ions  which must be s a t i s f i e d  by the  

h e a t  f l u x .  

We f i r s t  apply t h e  energy balance equat ion (4.2.5) 

t o  a body c o n s i s t i n g  of the  m a t e r i a l  t e t r ahedron  descr ibed 

i n  53.3, which occupies the  regions  OP1P2P3 and op1p2p3 a t  

t imes T and t r e s p e c t i v e l y  (see  Fig .1) .  We adopt t h e  same 

n o t a t i o n  as  t h a t  in t roduced i n  53.3 and we in t roduce the  

f u r t h e r  no ta t ion  Q1 f o r  the  r a t e  a t  which h e a t  leaves  the  

t e t r ahedron  a t  time t across  t h e  f a c e  op2p3, p e r  u n i t  a r e a  of 

OP2P3. Analogous meanings a r e  a t t ached  t o  Q2 and Q 3' 
Taking t h e  volume V i n  (4.2.5) t o  be t h e  elementary 

t e t r ahedron  OP1P2P3, we o b t a i n  

Here we have preserved t h e  n o t a t i o n  Q f o r  t h e  r a t e  a t  which 

h e a t  leaves  the  t e t r ahedron  a t  time t across  t h e  f ace  p p p 
1 2 3' 

measured pe r  u n i t  a r e a  of P1P2P3. In t roducing (3.3.1) and 
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allowing A/a+O, as in 53.3, we obtain 

We now consider the effect of superposing on the 

assumed deformation a uniform translational velocity of 

arbitrary magnitude, i.e. the effect of changing by a 

constant vector 5 (say). Evidently, (EA-NA!A) and (Q-NAQA) 

are left unchanged and equation (4.3.2) .becomes 

(F-NAzA) ( g + ~ )  - (Q-NAQA) = 0 . (4.3.3) 

Subtracting (4.3.2) from (4.3.3), we obtain 

Since equation (4.3.4) is valid for an arbitrary value of 

vector 5 ,  we obtain equation (3.3.3), viz. 

Introducing this result into (4.3.2), we obtain 

We bear in mind that equations (4.3.5) and (4.3.6) 

are valid at each point of the body. 
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4. The equations of motion and the dissipation equation 

We now return to equation (4.2 -5). We note, using 

(4.3.5) and applying the divergence theorem, that 

Similarly using (4.3.6) and applying the divergence theorem, 

we obtain 

Introducing these results into (4.2.5) and applying the re- 

sulting equation to an infinitesimal material element, we 

obtain 

We again consider the effect of superposing on the 

assumed deformation a uniform translational velocity of arbi- 

trary magnitude c ,  say. We obtain the Kirchoff-Piola equations 

of motion (cf. equation (3.4.3)) 
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and the equation 

which is called the dissipation equation. 

Equation (3.5.5) can be derived from (4.4.5) by 

considering the effect of superposing on the assumed defor- 

mation a time-dependent rigid rotation. We assume this to 

be such that the positions of the various particles of the 

body at time t are unaltered, but the angular velocity of 

the body at time t is changed by a ,  say. The velocity at 

time t of the particle which is at 5 is thereby changed to 

+ y x c .  

Replacing by this vector in (4.4.5), we obtain 

Subtracting (4.4.5) from (4.4.6), we obtain, bearing in mind 

that il - is constant 'throughout the body, 

This relation is valid for arbitrary and consequently the 

relation (3.5.5) follows, i.e. 
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5 .  The second law of thermodynamics 

In  c l a s s i c a l  thermodynamics t h e  d i f f e r e n c e  i n  t h e  

ent ropy of a  body i n  two s t a t e s  of  equi l ibr ium A and 8, s ay ,  

is def ined i n  t h e  following way. Let SA and Sg denote t h e  

e n t r o p i e s  i n  t h e  s t a t e s  of equ i l ib r ium A and 8  r e s p e c t i v e l y .  

I t  is  considered t h a t  the  body i s  taken from s t a t e  8  t o  s t a t e  

A by a  r e v e r s i b l e  path.  The p a t h  is  assumed t o  be such t h a t  

a t  each po in t  of  i t  the  abso lu te  temperature 0 throughout t h e  

body i s  independent of pos i t ion .  0 may, however, vary a s  t h e  

body i s  taken from s t a t e  8  t o  s t a t e  A .  Let dH denote the  

amount of h e a t  added t o  t h e  body a t  t h e  p o i n t  on t h e  path  a t  

which t h e  temperature is  0 .  Then SA-SB i s  de f ined  by 

We now cons ide r  t h a t  t h e  body is  taken from the  

s t a t e  of equ i l ib r ium B t o  t h e  s t a t e  of equi l ibr ium A by some 

o t h e r  pa th ,  which i s  not  n e c e s s a r i l y  r e v e r s i b l e .  A t  each 

p o i n t  of t h i s  pa th  t h e  temperature  i s  not  n e c e s s a r i l y  cons tan t  

throughout the  body. We now form the  r a t i o  of t h e  amount of 

hea t  en te r ing  an element of t h e  body t o  t h e  abso lu te  temperature 

of the  element a t  t h e  i n s t a n t  a t  which i t  e n t e r s .  We then i n -  

t e g r a t e  t h i s  over t h e  whole body and over t h e  pa th  from s t a t e  B 

t o  s t a t e  A .  
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Let 5 and 0 be t h e  vec to r  p o s i t i o n  and absolute  

temperature r e spec t ive ly  a t  time t a t  a  p a r t i c l e  of the  body 

which was a t  vec to r  p o s i t i o n  X a t  some re fe rence  time T .  We 

adopt the  n o t a t i o n  x f o r  the  r a t e  pe r  u n i t  mass a t  which hea t  

e n t e r s  the  body throughout i t s  volume and Q f o r  the  r a t e  a t  

which hea t  leaves  the  body ac ross  i t s  s u r f a c e ,  per u n i t  a r e a  

measured a t  time T. Then the  r a t i o  of t h e  amount of h e a t  

en te r ing  t h e  body i n  time d t  t o  the  abso lu te  temperature a t  

the  po in t  of e n t r y ,  i n t e g r a t e d  over t h e  body, i s  

Using dm = podV, we see  t h a t  the  i n t e g r a l  of t h i s  quan t i ty  

over the  path  from s t a t e  B t o  s t a t e  A i s  

tA and tB a r e  the  times a t  which the  body reaches the  s t a t e s  

8 and A r e spec t ive ly .  

The second law of thermodynamics t e l l s  us t h a t  the  

quan t i ty  (4 .5 .3 )  i s  l e s s  than o r  equal t o  the  inc rease  i n  

entropy, AS, say ,  i n  pass ing from the  s t a t e  of equi l ibr ium 8 t o  

t h e  s t a t e  of equi l ibr ium A ,  thus :  



'I'he incquality (4.5.4) is called tllc I:lausius inequality. 
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6 .  I m p l i c a t i o n s  o f  t h e  C l a u s i u s  i n e q u a l i t y  

We i n t r o d u c e  i n t o  t h e  C l a u s i u s  i n e q u a l i t y  e x p r e s s e d  

by (4.5.4)  t h e  r e l a t i o n  (4 .3 .6 )  . Using t h e  d i v e r g e n c e  theorem, 

we n o t e  t h a t  

We now assume t h a t  t h e  e n t r o p y  o f  t h e  body i n  any 

s t a t e  o f  e q u i l i b r i u m  is  a n  e x t e n s i v e  p r o p e r t y ,  s o  t h a t  SA 

and Sg and h e n c e  AS may b e  e x p r e s s e d  a s  i n t e g r a l s  o v e r  t h e  

body,  t h u s  : 

where AS i s  t h e  change o f  e n t r o p y  p e r  u n i t  mass.  E q u a t i o n s  

(4 .6 .1 )  and ( 4 . 6 . 2 )  a r e  i n t r o d u c e d  i n t o  (4 .5 .4 )  and t h e  body 

c o n s i d e r e d  i s  t a k e n  t o  be  a n  i n f i n i t e s i m a l  e l e m e n t ,  s o  t h a t  

t h e  i n t e g r a l  s i g n s  o v e r  V may be  o m i t t e d .  We t h u s  o b t a i n  

The d i s s i p a t i o n  e q u a t i o n  (4 .4 .5 )  i s  now u s e d  t o  s u b s t i t u t e  f o r  

(pox-Q ) i n  ( 4 . 6 . 2 ) .  T h i s  y i e l d s  
B ,  B 
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We now consider  t h e  s p e c i a l  case  when t h e  tempera- 

t u r e  i s  independent of time. I n  t h i s  case  t h e  i n e q u a l i t y  

(4.6.4) y i e l d s  

where AU denotes t h e  inc rease  i n  i n t e r n a l  energy p e r  u n i t  

mass i n  pass ing from s t a t e  B t o  s t a t e  A .  The q u a n t i t y  U-0s 

i s  u s u a l l y  c a l l e d  t h e  Helmholtz f r e e  energy. We s h a l l  use 

t h e  symbol W t o  denote t h e  Helmholtz f r e e  energy p e r  u n i t  

mass, thus :  

The i n c r e a s e  AW i n  t h e  Helmholtz f r e e  energy i n  pass ing from 

s t a t e  8 t o  s t a t e  A ,  when the  temperature of t h e  m a t e r i a l  e l e -  

ment i s  t h e  same i n  t h e  two s t a t e s ,  i s  given by 

AW = AU - BAS . 

Then, (4.6.5) becomes 
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7 .  E l a s t i c  ma te r i a l s  

We now apply t h e  i n e q u a l i t y  (4.6.4) t o  the  s i t u a t i o n  

i n  which t h e  s t a t e s  8 and A a r e  neighboring s t a t e s ,  each of 

which i s  an equi l ibr ium s t a t e ,  a t t a i n e d  a t  times t and t + d t  

r e spec t ive ly .  The inc reases  i n  S, U and W i n  the  passage 

from s t a t e  B t o  s t a t e  A a r e  i n f i n i t e s i m a l  and w i l l  be denoted 

dS, dU and dW r e s p e c t i v e l y .  The i n e q u a l i t y  (4.6.4) y i e l d s ,  

when app l i ed  t o  t h i s  s i t u a t i o n ,  

where 5 and x + dx a r e  t h e  vec to r  p o s i t i o n s  of the  p a r t i c l e  

considered a t  times t and t + d t  r e s p e c t i v e l y .  Equation (4.7.1) 

may be r e w r i t t e n  i n  terms of t h e  components of nB and dx i n  t h e  

r ec tangu la r  c a r t e s i a n  system x ,  thus:  

From (4 .6 .6 )  we have 

With (4 .7 .2) ,  t h i s  y i e l d s  

po(dW+SdO) r. nBidxi,B - - Q ~ O  d t .  
8 , B  

We def ine  an e l a s t i c  ma te r i a l  a s  one f o r  which t h e  

lielmholtz f r e e  energy and t h e  Ki rchof f -P io la  s t r e s s  depend 
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on the deformation gradients only, i .e. 

W=W(x ,e) and nBi=nBi(~j,p,O) . 
j ,p 

(4.7.5) 

From (4.7.5) we have 

Introducing (4.7.6) into (4.7.4), we obtain 

QB - 0  d t .  - e ,B 

Since the coefficients of dxiSB, dB and dt in 

(4.7.7) are independent of dxiSB, dB and dt, with the assump- 

tion that the inequality (4.7.7) is valid for all infinitesimal 

values of these quantities, we obtain 

We have written the first two of these results in forms which 

emphasize the independent variables which are kept constant 

in the derivation. The last of the relations (4.7.8) expresses 

the fact that a temperature gradient cannot exist in a body in 

thermodynamic equilibrium. 
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We may also express the Kirchoff-Piola stress in 

terms of the internal energy U per unit mass. U and W may be 

regarded either as functions of and 8, or of and S. 

Thus, 

From this it follows immediately, with (4.7.8), 

that 

From (4.6.6) , it follows that 

From (4.7 .lo) , (4.7.11) and (4.7 .a) ,  we obtain 

Using (3.7.5), we obtain immediately an expression 

for the Cauchy stress 
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I f  we a r e  consider ing isothermal  deformations of a 

body, i t  i s  p r e f e r a b l e  t o  r ega rd  t h e  thermodynamic p o t e n t i a l s  

a s  func t ions  of and 0 .  We then c h a r a c t e r i z e  t h e  m a t e r i a l  

by express ing t h e  Helmholtz f r e e  energy as a func t ion  of 

and 0 and use the  f i r s t  express ion i n  (4.7.12) o r  (4.7.13) t o  

determine the  s t r e s s .  On the  o t h e r  hand, i f  we a r e  consider ing 

i s e n t r o p i c  deformat ions ,  i t  i s  p r e f e r a b l e  t o  r ega rd  t h e  thermo- 

dynamic p o t e n t i a l s  a s  func t ions  of x i lB and S. The mate r i a l  

i s  then charac te r i zed  by express ing the  i n t e r n a l  energy a s  a 

f u n c t i o n  of xiPB and S and we use  the  l a s t  express ion i n  (4.7.12) 

o r  (4.7.13) t o  determine the  s t r e s s .  

Care must be exe rc i sed  i n  i n t e r p r e t i n g  equat ion 

(4.7.12),  f o r  it might a t  f i r s t  s i g h t  appear t h a t  the  s t r e s s  

a s s o c i a t e d  wi th  s p e c i f i e d  deformation g r a d i e n t s  i s  independent 

of whether these  a r e  a t t a i n e d  under i sothermal  o r  i s e n t r o p i c  

cond i t ions .  That t h i s  i s  no t  c o r r e c t  can be seen i n  the  

fol lowing way. Let 0, and So denote  t h e  values  of 0 and S 

r e s p e c t i v e l y  a t  t h e  r e fe rence  time T .  Then, f o r  an isothermal  

deformation 

whi le  f o r  an i s e n t r o p i c  deformation 
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The values of rBi given by (4.7.14) and (4.7.15) are not the 

same notwithstanding equation (4.7.12). The latter, applied 

to an isothermal deformation, states that 

where S is the entropy which corresponds to the state in 

which the deformation gradients are and the temperature 

is eo. On the other hand, when applied to an isentropic 

deformation, equation (4.7.12) states that 

where e is the temperature which corresponds to the state 

in which the deformation gradients are and the entropy 

is So. 

The expressions for the stress in an elastic material 

in terms of thermodynamic potential functions, given by (4.7.12) 

and (4.7.13) , depend on the assumption that the body is in 
equilibrium. The formulae may, however, be applied when the 

body is not in equilibrium if we make a further assumption re- 

garding the material and are careful to define appropriately 

what we mean by entropy in a non-equilibrium situation. We 

shall call a material for which these further assumptions are 

valid a perfectly elastic material. 
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We d e f i n e  the  entropy and i n t e r n a l  energy a t  any 

i n s t a n t  i n  a p e r f e c t l y  e l a s t i c  m a t e r i a l  which is not  i n  e q u i l -  

ibrium as  t h e  entropy and i n t e r n a l  energy t h e  body would have 

i f  he ld  i n  equi l ibr ium i n  p r e c i s e l y  t h e  same s t a t e  of de fo r -  

mation and temperature as  it ins tantaneously  occupies.  With 

t h i s  d e f i n i t i o n  we a s s e r t  t h e  v a l i d i t y  of t h e  second law of  

thermodynamics i n  t h e  form (4.5.4), and the  argument leading 

t o  t h e  r e s u l t s  (4.7.12) and (4.7.13) remains unchanged. 

Whether o r  not  t h e  argument can be appl ied t o  a p a r t i c u l a r  

ma te r i a l  i s  a ma t t e r  which can be decided e i t h e r  by exper i -  

ment o r  by an understanding of t h e  physical  s t r u c t u r e  of t h e  

ma te r i a l  and of t h e  physical  s i g n i f i c a n c e  of entropy and i n -  

t e r n a l  energy. I t  should be borne i n  mind, a l s o ,  t h a t  t h e  

na tu re  of the  depar tures  from equi l ibr ium f o r  which t h e  s t r e s s  

may s t i l l  be der ived from thermodynamic p o t e n t i a l  funct ions  may 

vary from m a t e r i a l  t o  ma te r i a l .  
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8 .  Const ra ints  

In pass ing from (4.7.7) t o  (4.7.8) i t  was assumed 

t h a t  the  v a r i a t i o n s  d ~ ~ , ~ ,  d0 and d t  may be chosen independently.  

I f  the  ma te r i a l  i s  such t h a t  the  deformations t o  which it can 

be subjected a r e  r e s t r i c t e d  by some c o n s t r a i n t ,  t h i s  assumption 

is  not  n e c e s s a r i l y  c o r r e c t .  

For example, i f  t h e  ma te r i a l  i s  incompressible,  then 

only i sochor ic  deformations ( i . e .  deformations i n  which each 

mate r i a l  element remains unchanged i n  volume) a r e  poss ib le .  I t  

follows from ( 2 . 3 . 3 )  t h a t  t h e  deformations t o  which the  ma te r i a l  

can be sub jec ted  a r e  r e s t r i c t e d  by the  c o n s t r a i n t  

I t  follows t h a t  t h e  q u a n t i t i e s  dxiYB i n  (4.7.7) a r e  s u b j e c t  t o  

the  c o n s t r a i n t  

The method of Lagrange undetermined m u l t i p l i e r s  can be used 

t o  r e l a x  t h i s  c o n s t r a i n t  i n  (4.7.7).  From (4.7.7) we have 

+ dx. 1,2'k,3'k,l + dx. 1 , 3 X k , l X ~ , 2 )  
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where p i s  a r b i t r a r y .  This r e l a t i o n  i s  now v a l i d  f o r  - a l l  

i n f i n i t e s i m a l  va lues  of d ~ ~ , ~ ,  dB and d t .  We t h e r e f o r e  o b t a i n ,  

i n  p l ace  of (4.7.8) 1, 

wi th  analogous equa t ions  f o r  vzi and T ~ ~ .  We a l s o  o b t a i n ,  as  

b e f o r e ,  equat ions  (4.7.8) and (4.7.8) 3. I t  fo l lows t h a t  

In t roduc ing  (4.8.5) i n t o  (3.7.5) , and bear ing  i n  

mind (4 .8 .1) ,  we o b t a i n  an expres s ion  f o r  t h e  Cauchy s t r e s s  

This  expres s ion  r e p l a c e s ,  f o r  an incompress ib le  m a t e r i a l ,  t h e  

expres s ion  (4.7.13) f o r  t he  Cauchy s t r e s s  which i s  v a l i d  when 

t h e r e  i s  no c o n s t r a i n t  on the  deformations which t h e  m a t e r i a l  

can  undergo. We n o t i c e  t h a t  i n  t h e  l a t t e r  c a s e ,  i f  t he  expres -  

s i o n  f o r  t h e  Helmholtz f r e e  energy W a s  a f u n c t i o n  of t he  de fo r -  

mation g r a d i e n t s  i s  known, t h e  Cauchy s t r e s s  can be c a l c u l a t e d  

e x p l i c i t l y .  However, i n  t he  c a s e  when the  m a t e r i a l  i s  incom- 

p r e s s i b l e  and t h e  Cauchy s t r e s s  i s  given by (4 .8 .6) ,  i f  W i s  

known a s  a f u n c t i o n  of t h e  deformat ion  g r a d i e n t s ,  t he  Cauchy 

s t r e s s  i s  s t i l l  undetermined t o  t h e  e x t e n t  02 a term p6 . 
i j  ' 

t h i s  has  the  n a t u r e  of an a r b i t r a r y  h y d r o s t a t i c  p re s su re .  



- 214 - 
R. S. Rivlin 

As another example of a constraint, we have the 

possibility that there is, in the material, a direction of 

inextensibility, say linear elements of the material which 

are parallel to the 1-axis at time T cannot change in length. 

From (2.2.12), this implies that 

From (4.8.7) we have 

Introducing this constraint on dxipB into (4.7.7) by means 

of a Lagrange undetermined multiplier r ,  say, we obtain 

If the possible deformations are subject to more 

than one constraint, then more than one undetermined multiplier 

must be introduced, one for each constraint. Suppose there are 

a independent constraints on the deformation gradients 

We obtain 

df 8 
dx. dxi,B = O ' 

1,B 

Let r8 (8  = 1, ..., a) be a undetermined multipliers. Then, we 
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obtain from (4.7.7) , 

- +  ' I-. 
" ~ i  = Po axi,B ~ = 1  a X i , ~  
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9 .  Cauchy e l a s t i c  ma te r i a l s  

I n  de r iv ing ,  from (4 .7 .7 ) ,  the  express ion (4.7.8)1, 

we make the  assumption t h a t  t h e  Helmholtz f r e e  energy W ,  t h e  

entropy S and the  Kirchoff-Piola  s t r e s s  aAi depend only on the  

deformation g rad ien t s  xiPA and the  absolute  temperature 0 .  A 

mate r i a l  f o r  which t h i s  assumption i s  v a l i d  i s  c a l l e d  an 

e l a s t i c  ma te r i a l* .  

In c o n t r a s t ,  a Cauchy e l a s t i c  m a t e r i a l  i s  def ined as  

a ma te r i a l  f o r  which the  s t r e s s  a t  any i n s t a n t  depends only  on 

the  deformation g rad ien t s  and temperature e x i s t i n g  a t  t h a t  i n -  

s t a n t ,  while the  Helmholtz f r e e  energy and i n t e r n a l  energy do 

not  depend s o l e l y  on these  q u a n t i t i e s .  

We thus  have 

I t  can be shown tha t , f rom a phys ica l  s t andpo in t ,  

t h e  concept of a Cauchy e l a s t i c  ma te r i a l  i s  somewhat 

a r t i f i c i a l .  

We f i r s t  note t h a t  t h e  r a t e  a t  which work i s  done 

by the  body f o r c e  $ per  u n i t  mass and s u r f a c e  forces  E ,  per  - 
u n i t  a rea  measured a t  time T ,  a c t i n g  on a body a t  time t i s  

given by 
j;oo?.idv + b.;u , 

*The term h y p e r e l a s t i c  m a t e r i a l  has been used f o r  such a ma- 
t e r i a l  t o  d i s t i n g u i s h  it  from a Cauchy e l a s t i c  ma te r i a l .  In 
view of the  impl icat ions  of t h e  d i scuss ion  i n  t h i s  s e c t i o n ,  
i t  does not seem worthwhile t o  in t roduce a new term. 
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where V is  t h e  domain occupied by t h e  body a t  time T and A 

i s  t h e  s u r f a c e  of t h e  body a t  t ime T .  In t roducing ( 3 . 4 . 3 )  

and ( 3 . 3 . 3 )  and us ing t h e  divergence theorem, we o b t a i n  

The work done by t h e  f o r c e s  a c t i n g  on t h e  body i n  a  deforma- 

t i o n  t ak ing  p lace  i n  t h e  time i n t e r v a l  tl t o  t i s  thus  
2 

In  t h e  case  when t h i s  deformation i s  c y c l i c ,  i n  t h e  sense  

t h a t  

equat ion ( 4 . 9 . 4 )  becomes 
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i . e .  t he  s t r e s s  work done i n  a  c y c l i c  deformation i s  equal  t o  

the  work done by the  e x t e r n a l  f o r c e s .  

Now, f o r  any cyc le  of deformation,  the  work done by 

the  e x t e r n a l  f o r c e s  i s  p o s i t i v e ,  nega t ive ,  o r  zero.  I f  it i s  

p o s i t i v e ,  then  we consider  t h e  inverse  cyc le  of deformation i n  

which a  p a r t i c l e  which is  a t  XA a t  the  r e fe rence  time T moves 

t o  Yi(t)  a t  time t ,  the  temperature a t  t h i s  time being B ( t ) ,  

where 

Using the  d i s s i p a t i o n  equat ion (4.4.5) toge the r  wi th  

(4.9.6) and (4.4.2) , we see  t h a t  the  work done by the  body i n  

the  time i n t e r v a l  tl t o  t2 is  

i . e .  i n  t h e  cycle  considered i n t e r n a l  energy and heat  a r e  

converted i n t o  use fu l  work wi th  an e f f i c i e n c y  of 100 pe rcen t .  

I f  we exclude t h i s  un l ike ly ,  i f  not impossible ,  c l a s s  of ma- 

t e r i a l s ,  we must conclude t h a t  the  work done by the  e x t e r n a l  

fo rces  i n  a l l  c y c l i c  deformations i s  zero.  From t h i s  i t  - 
follows t h a t  the  s t r e s s  i s  de r ivab le  from a  p o t e n t i a l  func t ion .  
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Chapter 5 

FINITE ELASTICITY THEORY 

1. Introduction 

It has been seen in 5 4 . 7  that the Piola-Kirchoff 

stress mAi,  referred to a rectangular cartesian system x, at 

time t is given in terms of W, the Helmholtz free energy per 

unit mass of the material, by 

where po is the material density at the reference time T. 

W is regarded as a function of the deformation gradients 

and the absolute temperature 0. The Cauchy stress is 

then obtained by using the formula (3.7.5) as 

PO a w 
'ji ' 3- ., - 'j ,B a.i,s 

Since, as was seen in 52.3, az/a; is the ratio between the 

volumes of a material element at times t and T, we have 

where p is the material density at time t. Equation (5.1.2) 

may then be rewritten as 
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The form of W a s  a  func t ion  of t h e  deformation 

g r a d i e n t s  i s  no t  e n t i r e l y  a r b i t r a r y ,  b u t  i s  s u b j e c t  t o  c e r -  

t a i n  r e s t r i c t i o n s .  These a r i s e  i n  two ways. F i r s t l y ,  t h e  

s u p e r p o s i t i o n  on the  assumed deformation of a  r i g i d  r o t a t i o n  

leaves  t h e  Helmholtz f r e e  energy W unchanged and t h i s  r e s t r i c t s  

the  manner i n  which W can depend on t h e  deformation g r a d i e n t s .  

Secondly, t h e  m a t e r i a l  may possess  some symmetry and t h i s  

provides a  f u r t h e r  r e s t r i c t i o n  on t h e  form of W .  I t  w i l l  be 

seen t h a t  t h e  problem of determining e x p l i c i t l y  t h e  r e s u l t i n g  

l i m i t a t i o n s  on t h e  form of W can be reduced t o  a  problem i n  

t h e  theory  of i n v a r i a n t s .  



R. S. Rivlin 

2 .  Restrictions due to effect of a superposed rotation 

(i) Formulation of the problem 

Consider a deformation in which a particle located 

at 5 at the reference time T moves to 5 at time t. The defor- 

mation is then described in a rectangular cartesian coordinate 

system x by 

We call this deformation A .  We suppose further that the 

Helmholtz free energy W per unit mass of a body which undergoes 

deformation is a function of the deformation gradients, thus: 

We now consider a second deformation--deformation 

8--which differs from A by a rigid rotation. We suppose that 

in this deformation the particle which is at 5 at time T 

moves to R at time t. In the reference system x, this defor- 

mation is described by 

Since deformation 8 differs from deformation A by 

a rigid rotation, we may write 
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where s i j  is  a proper or thogonal  t ransformat ion,  i . e .  

The Helmholtz f r e e  energy assoc ia ted  wi th  t h i s  deformation 

i s ,  from (5.2.2), given by 

We assume t h a t  t h e  cond i t ions  of t h e  system a r e  such 

t h a t  

Then, from (5.2.2),  (5.2.6) and (5 .2 .4) ,  

and t h i s  r e l a t i o n  must be s a t i s f i e d  f o r  a l l  proper or thogonal  

s i j ,  i . e .  f o r  a l l  s i j  s a t i s f y i n g  (5.2.5). 

Equation (5.2.8) impl ies  a r e s t r i c t i o n  on t h e  manner 

i n  which F can depend on t h e  deformation g rad ien t s  This 

r e s t r i c t i o n  i s ,  however, g iven by (5.2.8) i n  i m p l i c i t  form and 

our next problem i s  t o  make t h e  r e s t r i c t i o n  e x p l i c i t .  We s h a l l  

g ive  two d i f f e r e n t  methods by which t h i s  can be done.* 

*Although t h e  main r e s u l t s  he re ,  conta ined i n  equat ion (5.2.9),  
a r e  c l a s s i c a l ,  the  f i r s t  method of de r iv ing  them stems from t h a t  
used by Green and Riv l in  (Arch. Rat '1. Mech. Anal. 1, 1 (1957)) 
i n  a more general  context .  The second method stems-from t h a t  
used by No11 (Arch. R a t ' l .  Mech. Anal. 2 ,  197 i1958)) i n  t h i s  
same more general  context  (see  a l s o  57.2). 
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( i i )  Method 1 

We recognize t h a t  equa t ion  (5.2.8) expresses  t h e  

f a c t  t h a t  W i s  a s c a l a r  i n v a r i a n t  under t h e  proper orthogonal 

group of t ransformat ions  of t h e  t h r e e  vec to r s  

We now make use of a theorem due t o  Cauchy which 

s t a t e s  t h a t  any s c a l a r  i n v a r i a n t  under t h e  proper  orthogonal 

group of t ransformat ions  of P vec to r s  . . . , v  may be -P 
1 expressed as  a func t ion  of t h e  p (p+ l )  i n n e r  products 

1 y,.yB (a,  B = 1,. . . ,p)  and p(p-1) (p-2) s c a l a r  t r i p l e  products 

[ ~ , , ~ g , ~ y l  (a,B,y = 1 , 2 ,  .. .,u; a  ,B ,Y  a l l  unequal) .  

This theorem impl ies  t h a t  W must be a funct ion of 

the  s i x  inner  products  (A,B = 1,2 ,3)  and the  s c a l a r  

t r i p l e  product of t h e  t h r e e  v e c t o r s  xiYl, This 

may be expressed a s  E . x.  x .  i j k  1;L ],$k,3' We recognize t h a t  x ~ ~ ~ x ~ , ~  

a r e  t h e  components i n  the  system x of the  Cauchy s t r a i n  and 

we have a l ready  seen i n  92.3 t h a t  f o r  deformations poss ib le  i n  

a r e a l  body t h i s  s c a l a r  t r i p l e  product may be expressed a s  

(de t  $ ) l I 2 ,  where C i s  the  Cauchy s t r a i n  matr ix  r e f e r r e d  t o  

t h e  system x.  I t  fo l lows t h a t  W must be express ib le  as  a 

func t ion  of the  components of t h e  Cauchy s t r a i n  t ensor ,  i . e .  
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j i i i )  Method 2 

Another method by which the  r e s t r i c t i o n s  on W impl ied  

by (5.2.8) may be made e x p l i c i t  i s  the  fo l lowing .  S ince  (5.2.8) 

must be v a l i d  f o r  a l l  p rope r  or thogonal  s i j ,  i . e .  f o r  a l l  s .  
lj 

s a t i s f y i n g  (5.2.5),  i t  must be v a l i d  f o r *  

In t roducing t h i s  expres s ion  f o r  s i j  i n t o  (5 .2 .8 ) ,  we s e e ,  

w i th  (2.2.4) , t h a t  

Thus W must be e x p r e s s i b l e  i n  t h e  ,form (5.2.9) . Since  CAB, 

regarded a s  a  f u n c t i o n  of s a t i s f i e s  t h e  cond i t ion  

(5.2.8) f o r  a l l  - proper  o r thogona l  s i j ,  it is ev iden t  t h a t  any 

W of t he  form (5.2.9) must do s o .  

Qe have a l r e a d y  seen  t h a t  s i j  de f ined  i n  t h i s  way i s  proper  
or thogonal .  
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( i v )  The s t r e s s  

In t roducing the  expres s ion  (5.2.9) f o r  W i n t o  (5 .1 .1 ) ,  

we o b t a i n  

S i m i l a r l y ,  from (5 .1 .2) ,  we o b t a i n  

These a r e  t h e  r e s t r i c t i o n s  on t h e  forms of t h e  Ki rchof f -P io l a  

and Cauchy s t r e s s  t e n s o r s ,  which r e s u l t  from t h e  f a c t  t h a t  W 

i s  unchanged by t h e  s u p e r p o s i t i o n  on t h e  assumed deformation 

of a  r i g i d  r o t a t i o n .  

Employing t h e  d e f i n i t i o n  (3.8.1) f o r  t h e  P i o l a  s t r e s s  

PAB, we s e e  from (5.2.12) t h a t  

In the  c a s e  when t h e  m a t e r i a l  i s  incompress ib le  

t h e s e  equat ions  have t o  be modif ied  s l i g h t l y ,  s i n c e  the  ex- 

p r e s s i o n s  f o r  t h e  Ki rchof f -P io l a  and Cauchy s t r e s s e s  a r e  g iven 

by (4.8.5) and (4.8.6) r e s p e c t i v e l y .  In t roducing (5.2.9) i n t o  

t h e s e  equa t ions ,  we o b t a i n  f o r  an incompress ib le  e l a s t i c  

m a t e r i a l  
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and 

From t h e  d e f i n i t i o n  ( 3 . 8  . l )  f o r  t h e  P i o l a  s t r e s s  

PAB and (5.2.15),  we s e e  t h a t  

We no te  t h a t  

s o  t h a t  (5.2.17) may be r e w r i t t e n  
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3 .  R e s t r i c t i o n s  imposed by m a t e r i a l  symmetry 

Most m a t e r i a l s  of p r a c t i c a l  i n t e r e s t  possess  some 

symmetry. Most commonly they a r e  i s o t r o p i c .  Otherwise they 

may possess  f i b e r  symmetry, o r  have the  symmetry of one o r  

o t h e r  of the  c r y s t a l  c l a s s e s .  

I t  i s  convenient t o  d e s c r i b e  the  symmetry of a ma- 

t e r i a l  i n  terms of equivalent  coordinate  systems. Let  x and 

F be two f ixed  rec tangu la r  c a r t e s i a n  coordinate  systems wi th  

a common o r i g i n .  We consider  two deformations A and B .  A 

i s  descr ibed by 

where XB and xi a r e  t h e  coord ina tes  i n  the  system x of a 

p a r t i c l e  a t  times T and t r e s p e c t i v e l y .  B i s  descr ibed by 

where 5 and Ti a r e  the  coordinates  i n  the  system x of a 

p a r t i c l e  a t  times T and t r e s p e c t i v e l y .  We note  t h a t  we have 

taken the  funct ions  t o  be the  same i n  both cases .  This means 

t h a t  the  deformation 8 viewed from t h e  coordinate  system x 
looks p rec i se ly  the  same as  the  deformation A viewed from t h e  

coordinate  system x.  

The Helmholtz f r e e  energy per u n i t  mass W a s soc ia ted  

wi th  t h e  deformation A i s ,  of course ,  a func t ion  of the  de fo r -  

mation g rad ien t s  axi/aXA and, a s  we have seen i n  5 5 . 2 ,  depends 
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depends on these  through t h e  s i x  independent components CAB 

i n  t h e  r e fe rence  system x of t h e  Cauchy s t r a i n ;  thus:  

where 

The Helmholtz f r e e  energy p e r  u n i t  mass W assoc ia ted  wi th  

t h e  deformation 8 i s ,  of course ,  a func t ion  of the  deforma- 

t i o n  g rad ien t s  aFi/aiA, and again  i t  follows from 15.2 t h a t  

1 depends on these  through t h e  s i x  components CAB i n  t h e  r e f -  

erence system Tt of t h e  Cauchy s t r a i n  a s soc ia ted  wi th  t h e  de- 

formation 8 ,  thus:  

w = T(TAB) , (5.3.5) 

where 

We no te  t h a t  t h e  func t ions  F and which occur i n  

(5.3.3) and (5.3.5) a r e  n o t ,  i n  general ,  t he  same. I f  they 

a r e  then t h e  two coordinate  systems x and F a r e  s a i d  t o  be 

equivalent" In  t h i s  case  W is  given by (5.3.3) and we may 

wr i t e  (5.3.5) as  

*Here we imply equivalence only from the  p o i n t  of view of 
f i n i t e  e l a s t i c i t y  theory.  
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We note t ha t  i f  we take 

- - 
xi = xi and X, = XA , (5.3.8) 

i . e .  we choose the deformation B so t ha t  it i s  re la ted  t o  the 

reference system T i n  precisely the same way as the deforma- 

t i on  A is  related t o  the reference system x, then 

Since the reference systems x and F are both rectangular 

car tes ian  systems, they are re la ted  by an orthogonal t rans-  

formation, which we sha l l  denote by s i j  Let points with co- 

ordinates xi and X, i n  the system x have coordinates x j  and 

i n  the system x ,  where 

From (5.3.10) 

We denote by c;~ the components i n  the system x of the Cauchy 

s t r a i n  tensor associated with the deformation 8 .  Then, 

I I 
axi ax i 

=7-. ax, axB 

Introducing (5.3.11) in to  (5.3.12) and reca l l ing  tha t  the 

transformation s i j  i s  a proper orthogonal transformation, we 
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obta in  

From (5.3.3) we see  t h a t  t h e  Helmholtz f r e e  energy per  u n i t  

mass a s soc ia ted  wi th  the  deformation B i s  F ( c A ~ )  and from 

(5.3.6) we see  t h a t  it i s  given by F (CAB) . Thus 

Now, from (5.3.8),  (5.3.4) and (5.3.6), we have 

Introducing (5.3.13) and (5.3.15) i n t o  (5.3.14), we ob ta in  

Equation (5.3.16) i s  v a l i d  f o r  a l l  t ransformat ions  

2 r e l a t i n g  equivalent  coordinate  systems and represen t s ,  i n  

i m p l i c i t  form, a r e s t r i c t i o n  on the  manner i n  which F (and 

hence W)  can depend on CAB. The manner i n  which t h i s  i m p l i c i t  

r e s t r i c t i o n  can be made e x p l i c i t  w i l l  be explained i n  t h e  

following two s e c t i o n s .  I t  w i l l  be seen t h a t  the  d e t a i l s  of 

the  problem and the  e x p l i c i t  form which can be given t o  the  

dependence of W on CAB depend very much on the  p r e c i s e  na tu re  

of the  ma te r i a l  symmetry. 
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Symmetry groups 

The symmetry of a m a t e r i a l  can be desc r ibed  by s p e c i f y -  

ing  a l l  t h e  r e c t a n g u l a r  c a r t e s i a n  coordinate  systems which a r e  

equ iva len t  t o  a given r e c t a n g u l a r  c a r t e s i a n  system. The s e t  of 

t ransformat ions  r e l a t i n g  every p a i r  of these  equ iva len t  coord i -  

n a t e  systems forms a group of t r ans fo rmat ions .  This is  t h e  

symmetry group of t h e  m a t e r i a l .  Since each t ransformat ion of 

t h e  group r e l a t e s  two rec tangu la r  c a r t e s i a n  coordinate  systems, 

i t  i s  an orthogonal t ransformat ion.  The symmetry group f o r  

t h e  m a t e r i a l  i s ,  t h e r e f o r e ,  e i t h e r  t h e  f u l l  orthogonal group 

o r  a subgroup of i t .  

I f  t h e  symmetry group i s  t h e  f u l l  or thogonal  group 

then every p a i r  of r ec tangu la r  c a r t e s i a n  coord ina te  systems, 

whether r i g h t  o r  l e f t  handed ( i . e .  which can be brought i n t o  

p a r a l l e l i s m  by a r i g i d  r o t a t i o n  o r  r o t a t i o n - r e f l e c t i o n ) ,  a r e  

e q u i v a l e n t .  The m a t e r i a l  i s  t hen  i s o t r o p i c  and centrosymmetric. 

I f  t h e  symmetry group i s  t h e  proper  or thogonal  group, only 

r ec tangu la r  c a r t e s i a n  coord ina te  systems of t h e  same hand ( i . e .  

which can be brought i n t o  p a r a l l e l i s m  by a r i g i d  r o t a t i o n )  a r e  

equ iva len t .  The m a t e r i a l  i s  t hen  a non-centrosymmetric iso- 
t r o p i c  m a t e r i a l .  

Other symmetry groups which have p a r t i c u l a r  i n t e r e s t  

i n  mechanics a r e  t h e  t r ansve r se  i so t ropy  groups and t h e  

c r y s t a l l o g r a p h i c  groups.  
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In  a  t r ansve r se ly  i s o t r o p i c  ma te r i a l  t h e r e  i s  a  

s i n g l e  d i r e c t i o n  of r o t a t i o n a l  symmetry. Let t h i s  be t he  

d i r e c t i o n  of t he  x3-axis  of a  r ec t angu la r  c a r t e s i a n  coord i -  

n a t e  system x. Then, every r ec t angu la r  c a r t e s i a n  coord ina te  

system of t he  same hand which has  i t s  3 -ax i s  i n  t h i s  d i r e c -  

t i o n  i s  equ iva l en t  t o  x. We denote by 0 t h e  angle by which 

t he  system x  has t o  be r o t a t e d  about t he  x3-ax is  i n  o rde r  t o  

b r ing  i t  i n t o  coincidence w i th ,  an equ iva l en t  sys  tem Y .  Then, 

where xi and jli a r e  t he  coord ina tes  of a  gene r i c  p o i n t ,  f i xed  

i n  space ,  i n  t he  systems x  and F r e s p e c t i v e l y .  We no t e  t h a t  

as  f a r  as  t he  1- and 2-coordinates  a r e  concerned, t he  t r a n s -  

formation group i s  t h e  two-dimensional proper  or thogonal  group. 
0 

As f a r  a s  t he  3 - c m d i n a t e  i s  concerned, t he  t ransformat ion  group 

is  t he  i d e n t i t y  group. I n  a d d i t i o n ,  t he  t r ansve r se ly  i s o t r o p i c  group 

may o r  may n o t  possess  one o r  both of t h e  fol lowing symmetries-- 

r e f l e c t i o n  symmetry i n  a  plane normal t o  t h e  a x i s  of r o t a t i o n a l  

symmetry ( i . e .  the  x3-ax is )  and r e f l e c t i o n  symmetry i n  a  p lane  

conta in ing  t he  a x i s  of r o t a t i o n a l  symmetry. There a r e  thus  

fou r  pos s ib l e  types of t r a n s v e r s e l y  i s o t r o p i c  ma te r i a l .  Un- 

f o r t u n a t e l y  t h e r e  does no t  appear t o  be any gene ra l l y  accepted 

nomenclature f o r  d i s t i n g u i s h i n g  between them. 
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There are thirty-two possible crystal symmetries-- 
I 

the so-called crystal classes, or crystallographic point groups. 

Each of these crystal classes can be characterized by a group 

of transformations which is a subgroup of the full orthogonal 

group. In e,ach case it is a finite group. In order to define 

the group, it is not generally necessary to specify all the 

transformations of the group. Certain of these, called the 

generating transformations, suffice. The generating transfor- 

mations of a group is a set of transformations of the group 

which has the property that each of the transformations of the 

group can be obtained by forming products from the generating 

transformations. For a specified group the generating trans- 

formations are not necessarily unique. We take an example. 

Consider the group 

We note that Lll and L12 are generating transformations, 

since 

I = D~ and L13 = - -1 

Alternatively L12 and 113 can be taken as the generating trans- 

formations, or D3 and Dl. 
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The following transformations are adequate for the 

description of all thirty-two crystal classes*: 

We note that is the identity transformation, C denotes a 

central inversion and R1, R2, R3 denote reflections in the -., 

23, 31 and 12 planes respectively. 111, g2 and D3 denote 

rotations through 180' about the 1, 2 and 3 directions re- 

spectively. Tldenotes a reflection in the 13-plane followed 

*The notation (a,b,c) is used to denote the diagonal matrix 

a 0 0  

O b O  

o o c  



by a  r o t a t i o n  t h r o u g h  $ 1 0 ~  a b o u t  t h e  1 - a x i s ;  T2  d e n o t e s  a  r e -  - 
f l e c t i o n  i n  t h e  2 1 - p l a n e  f o l l o w e d  hy a  r o t a t i o n  t h r o u g h  90' 

a b o u t  t h e  Z - a x i s ;  T d e n o t e s  a  r e f l e c t i o n  i n  t h e  3 2 - p l a n e  - 3 

f o l l o w e d  by a  r o t a t i o n  t h r o u g h  90' a b o u t  t h e  3 - a x i s .  M1 and 

M2 d e n o t e  r o t a t i o n s  o f  120' and 240' r e s p e c t i v e l y  a b o u t  t h e  

t e t r a h e d r a l  d i r e c t i o n  ( i . e .  t h e  d i r e c t i o n  making e q u a l  a n g l e s  

w i t h  t h e  p o s i t i v e  s e n s e s  of  t h e  1, 2 and 5 d i r e c t i o n s ) .  S1 
and S p  d e n o t e  r o t a t i o n s  o f  120' and 240' r e s p e c t i v e l y  a b o u t  

t h e  3 - d i r e c t i o n .  
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5. Theinvariant-theoretical problem posed by material symmetry 

We have seen in 55.3 that for an elastic material the 

Helmholtz free energy must depend on the deformation gradients 

through the six components of the Cauchy strain CAB. This re- 

sults from the fact that the superposition on the assumed defor- 

mation of a rigid rotation leaves the Helmholtz free energy 

unaltered. We thus have (cf . (5.3.3)) 

We have also seen that if the material has some 

symmetry, this may be characterized by a group of transforma- 

tions which relate a rectangular cartesian coordinate system 

to equivalent rectangular cartesian coordinate systems. Let 

2 be a transformation of this group, then we have seen (cf. 

(5.3.16)) that F must satisfy the relation 

This relation must be satisfied for every transformation of 

the symmetry group of the material, I s )  say. 

Equation (5.5.2) states that F is a scalar invari- 

ant of the symmetric second-order tensor under the group of 

transformations Csl. It follows from results in the theory 

of invariants, which will be discussed later in 56.1, that 

F must be expressible as a function of a finite set of 
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invariants which depends on the group (2) .  This set of in- 

variants is called a function basis for invariants of the 

symmetric second-order tensor CAB under the group (51. If 

F is a polynomial function of CAB then it must be expressible 

as a polynomial function of a finite set of polynomial invari- 

ants which again depends on the group (81. This set of poly- 

nomial invariants is called an integrity basis for invariants 

of the symmetric second-order tensor CAB under the group {;I. 

If F1,F2, ..., FN are the elements of a function basis 
for invariants of the symmetric second-order tensor CAB under 

the group Is), then any function F satisfying (5.5.2) must be 

expressible as a function of F1,F2, .. . ,FN, thus: 

We note that the function F in (5.5.3) is understood in a 

generic sense and is not, in general, the same function F as 

occurs in (5.5.2). Now, if one of the elements of the function 

basis,FN say, is expressible as a function of the others, we 

can express F as a function of the elements of the smaller 

function basis F1,F2,...,FN-1. When all the redundant ele- 

ments of the function basis have been eliminated in this way, 

we arrive at a minimal or irreducible function basis. 

Analogously, if 11,12,...,IN are the elements of 

an integrity basis for invariants of the symmetric second- 

order tensor CAB under the group I ? } ,  then any polynomial 
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function F satisfying (5.5.2) must be expressible as a poly- 

nomial function of 11,12,. . . ,IN. If one of the elements of 

this integrity basis, IN say, is expressible as a polynomial 

in the others, then F may be expressed as a polynomial in 

11,12,. . . IN,1 only. 11,12, .. . ,IN-1 then constitutes an in- 
tegrity basis consisting of fewer elements than the original 

one. When all the redundant elements of the integrity basis 

have been eliminated in this way, we arrive at a minimal or 

irreducible integrity basis. 

It can be shown fairly readily that an integrity 

basis necessarily forms a function basis, but it is not neces- 

sarily true that an irreducible integrity basis forms an 

irreducible function basis. 

An irreducible integrity basis for the second-order 

symmetric tensor CAB under the proper grthogonal group is 

formed by the three quantities 

where ; is the matrix formed by the components CAB of the 
Cauchy strain tensor. Alternatively, the set of three 

quantities 11, I2 and I3 defined by 

1 2 2 
I1 = tr C , I2 = Zf(tr 5) - tr C ] , I3 = det $ , (5.5.5) 

also forms an irreducible integrity basis. The relation between 

the integrity bases (5.5.4) and (5.5.5) can be. easily appreciated 
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from t h e  i d e n t i t y  

1 d e t  c 5 b [ ( t r  $13 - 3 t r  $ t r  c2  + 2 t r  s 3 ]  , (5.5.6) 

which can be  e a s i l y  e s t a b l i s h e d  i n  t h e  fo l lowing  way. We 

f i r s t  n o t e  t h a t  

1 C C C  det ' 5 €KLM€PQR KP LQ MR , (5.5.7) 

where E~~~ i s  t h e  a l t e r n a t i n g  symbol. Now, we u s e  t h e  r e s u l t  

Expanding t h e  de terminant  on t h e  r i g h t  -hand s i d e  o f  (5.5.8) 

and us ing  t h e  expres s ion  f o r  sKLM~p9R s o  ob ta ined  i n  (5.5.7),  

we r e a d i l y  o b t a i n  t h e  i d e n t i t y  (5.5.6) . 
We can u s e  t h e  r e l a t i o n s  (5.5.5) and (5.5.6) t o  ob- 

3 t a i n  expres s ions  f o r  tr  C ,  t r  c2, t r  E i n  terms o f  11, 12, 

I3 thus :  

I t  i s  ev iden t  t h a t  (5.5.5) may b e  used i n s t e a d  o f  (5.5.4) a s  

2  an  i r r e d u c i b l e  i n t e g r i t y  b a s i s  s i n c e  i f  t r  c, t r  C and t r  C 3 ... ... 
a r e  g iven,  11, I2 and I 3  a r e  determined uniquely  by t h e  poly-  

nomial r e l a t i o n s  (5.5.5) w i th  (5.5.6).  Conversely,  i f  11, I 2  
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and I are given, tr C, tr c2 and tr c3 are determined uniquely 
3 

by the polynomial relations (5.5.9), 

We note that tr C, tr C2 and tr c3--and hence 11, In 
and 13--are unaltered by a central inversion. Since any improper 

orthogonal transformation is the resultant of a central inversion 

and a proper orthogonal transformation, it follows that tr C, -. 
tr c2 and tr g3--and hence 11, I2 and I --forms an irreducible 3 
integrity basis for the symmetric second-order tensor CAB under 

the full orthogonal group. 

3 Since tr 5, tr c2, tr 5 and 11, 12, I are integrity 
3 

bases for the symmetric second-order tensor under the full, or 

proper, orthogonal group, they are also function bases. It can, 

in fact, be shown in each case that they are irreducible 

function bases. 

For transversely isotropic materials*, for which the 

x -axis is the axis of rotational symmetry, an irreducible in- 3 
tegrity basis for the symmetric second-order tensor CAB is formed 

by the three invariants 11, 12, 13, defined by (5.5.5) and also 

C33 and C3BCB3. These five quantities form an irreducible 

integrity basis for each of the four types of transverse isot- 

ropy described in 55.4. Again, these five quantities also form 

a function basis and it can be shown that this function basis 

is irreducible. 

*The result, specifically in its application to elasticity 
theory, is due to a development of Ericksen and Rivlin (J. 
Rat'l. Mech. Anal. 3, 281 (1954)) and Adkins (Arch. Rat'l. 
Mech. Anal. 4, 193 71960)). As a result in invariant theory 
it was proba61y known long before. 
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Irreducible integrity bases have been found for the 

second-order symmetric tensor CAB for each of the crystal 

classes, by Smith and Rivlin*. These are given below. In 

each case the Schoenflies and Hermann-Mauguin nomenclatures 

for the crystal class are given, together with the generating 

transformations for the group. The notation for these trans- 

formations is given in 55.4. 

Crystal class 
Generating 

Schoen- Hermann- transform- 
flies Mauguin tions Integrity basis 

Triclinic system 

Monoclinic system 

Orthorhombic system 

C2v 2mm !!I 9% '23'31'12 

vh mmm C,R19R2 

Tetragonal system 
T D T 2 2 

S4 -1-3 '11 + C22'C33' c 23 ' cgl 9c12 
C4 4 R T -1-3 c (C C11C22' 12 11 - C22)' 

*G. F. Smith and R. S. Rivlin, Trans. Amer. Math. Soc. - 88, 175 
(1958). 
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- 

D4 422 
2 2 2 

!1:3 ' D l  '11 ' '22 pc33sC23 ' '31 9'12 9 

vd 72m g1X3 '11'22' c c c  23  3 1  12 '  

C4v 
~ I I I ~ I  BIT3 9 !I ~ 1 1 ~ 2 3 ~  ' '22'31 2 pc232c312 

Dhh 'I'm C1,R1 9$T3 

Hexagonal sy s t em 

3 2 
3 - $1 C 3 3 * C l l  ' '22 pcllC22 - '12 9 

'3i 3 ~ $ 1  cll[cll + 3 ~ ~ ~ 3 ~ -  12c122~ 9c312tc232s 

c31(c312- 3 ~ ~ ~ ~ )  (ell - C22)C31 - 
2C12C23* ('22' C l l ) C 2 3  - 2C12C31* 

2 2 3 c  (C - 3C12(C11- C2,) - 23 23  

3c312) ,c22c312t c11c232- 2C23c31c129 

Csl[ (Cl1+ c2,12 + 4 ( ~ 1 2 2 - ~ 2 2 2 )  I - 
8C11C12C239C231 (Cll+ c ~ ~ ) ~  + 

4 ( ~ 1 2 ~  - ~ 2 2 ~ 1 1  + 8C11C12C31, 

(C1l - C22)C23C31 ' c12(c232- c312) 
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Cubic system 
T 2 3 !1 '?!1 ~ ~ 1 1  9cc22c33,~~232 ~ c l l C 2 2 c ~ ~  

Th m3 C D  M - *-19-1 C23C31Cl.29Cc3? '1; 9'~22~12~ 9 

C c 3 3 c 3 ~  9 pc33c22 ,Cc122 ~ 3 2  9 

'~11~3? ~ 1 2 ~  ''~2; '22'33 9 

2 c  C CC 2 c  2c "23 33 11' 23 31 22 
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6. Constitutive equations of finite elasticity theory for iso- 
tro~ic materials 

We have seen in 85.5 that the manner in which W, the 

Helmholtz free energy for an elastic material which has some 

symmetry, can depend on the components CAB of the Cauchy strain 

tensor is restricted. Thus, if 

then the function F must satisfy the relation 

for every transformation of the symmetry group of the material 

{;I say. This states that F is a scalar invariant of the sym- 

metric second-order tensor CAB under the group ( 5 ) .  F, and 

hence W, may therefore be expressed as a function of the ele- 

ments of an irreducible integrity basis*. 

In the case when the material is isotropic, whether 

centrosymmetric or not, it has been seen in 55.5 that such an 

integrity basis is formed by the quantities 11, I2 and I3 de- 

fined by (5.5.5). We therefore write 

where (cf . equations (5.5.5) and (5.5.6) ) 

W e  have already pointed out that an integrity basis is 
necessarily a function basis. 
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1 2 
I, = t r  c , I , =  [ ( t r  c ) ~  - t r  E ]  , Z ". 

1 I 3  = d e t  C = 6 [ ( t r  CJ3 - 3 t r  C t r  c2 + 2 tr  c3]  . (5.6.4) 

In t roducing (5.6.3) i n t o  (5.2.13),  we o b t a i n  

where t h e  n o t a t i o n  

is used.  

We n o t e  from (5.6.4) t h a t  

In t roducing (5.6.7) i n t o  (5.6.5) and bear ing  i n  mind 

t h e  d e f i n i t i o n  of t h e  Cauchy s t r a i n  CAB, we o b t a i n  

where c i j  denotes t h e  Finger s t r a i n  def ined by ( c f .  equat ion  

(2.5.6))  
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Equation (5.6.8) may be w r i t t e n  s l i g h t l y  more s u c c i n t l y  i n  

ma t r ix  n o t a t i o n  thus:  

2f'o + I  w + I  w ) C  - ( w ~ + I ~ w ~ ) ~ ~  t W3$ 3 1 . ''3ZJ3'(wl 1 2  2 3 -  (5.6.10) 

We can e a s i l y  v e r i f y  t h a t  

t r  5 = tr  c , t r  c2  = tr  c2 and t r  c3 = t r  c3, (5.6.11) 

SO t h a t  I1 , I2 , I3  may be expressed  i n  terms of t r  5,tr E2,tr 5 3 

by ( c f  . equa t ions  (5.6.4)) 

I1 = tr  c , 1 
I, = T [ ( t r  - tr  E2] , 

(5.6.12) 
1 I ,  = d e t  5 = c [ ( t r  - 3 t r  5 t r  C2 + 2 t r  E3] . 

I f  we apply t h e  w e l l  known Hamilton-Cayley theorem 

t o  t h e  ma t r ix  5, we o b t a i n ,  w i t h  (5.6.12) 

Using t h i s  r e s u l t  t o  s u b s t i t u t e  f o r  c 3  i n  (5.6.10), we ob ta in*  

Yet another  form f o r  can be ob ta ined  i n  t h e  fo l low-  

ing  way. Dividing (5.6.13) throughout by $, we ob ta in  

*This r e s u l t  was f i r s t  ob ta ined  by Finger  (Si tzungsber .  Akad. 
Wiss. Wien 103, 1073 (1894)) .  - 
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2 
Using  t h i s  r e s u l t  t o  s u b s t i t u t e  f o r  & i n  (5 .6 .14) ,  we o b t a i n  

E q u a t i o n s  (5.6.14)  and (5.6.16) a r e  a l t e r n a t i v e  forms f o r  t h e  

Cauchy s t r e s s  i n  a n  i s o t r o p i c  e l a s t i c  m a t e r i a l .  

An e x p r e s s i o n  f o r  t h e  P i o l a  s t r e s s  c a n  b e  o b t a i n e d  by 

i n t r o d u c i n g  (5 .6 .3 )  i n t o  (5 .2 .14) .  We o b t a i n  

Employing t h e  e x p r e s s i o n s  ( 5 . 6 . 7 ) ,  t h i s  y i e l d s  

where P i s  t h e  m a t r i x  PAB . An a l t e r n a t i v e  e x p r e s s i o n  f o r  P I I 
is  o b t a i n e d  by u s i n g  a n  e x p r e s s i o n  f o r  C a n a l o g o u s  t o  (5 .6  . I S ) ,  - 
d e r i v e d  from t h e  Hami l ton-Cayley  theorem f o r  t h e  m a t r i x  5. We 

have  

Employing (5.6.19)  i n  (5 .6 .18) ,  we o b t a i n  

P = 2pO{ (Wl+11W2)! - W 2 C  + . (5 .6 .20)  

The c o r r e s p o n d i n g  e x p r e s s i o n  f o r  t h e  K i r c h o f f - P i o l a  

s t r e s s  c a n  be  o b t a i n e d  by u s i n g  ( 3 . 8 . 3 ) ,  v i z .  

o r  ( 3 . 7 . 6 ) ,  v i z .  



R. S. Rivlin 

7. C o n s t i t u t i v e  equat ions  o f  f i n i t e  e l a s t i c i t y  f o r  incompress ib le  

i s o t r o p i c  m a t e r i a l s  

I f  t h e  m a t e r i a l  i s  incompress ib le ,  t he  volume of each 

m a t e r i a l  element remains unchanged i n  t h e  deformation s o  t h a t  

( c f .  (2.3.4) and (2.3.5))  

ax/ ax = ( d e t  C) - - 112 = 1 , 

I t  has been seen  t h a t  i n  t h i s  ca se  t h e  expres s ion  f o r  t h e  

Cauchy s t r e s s  i s  given by (5.2.16) and t h a t  f o r  t h e  Ki rchof f -  

P i o l a  s t r e s s  by (5.2 . IS ) .  

We n o t e  from (5.6.4) t h a t  t h e  c o n s t r a i n t  cond i t ion  

(5.7.1) may be expressed  i n  t h e  form 

I t  fol lows from (5.6.3) t h a t  f o r  an incompress ib le  i s o t r o p i c  

m a t e r i a l  t h e  Helmholtz f r e e  energy i s  e x p r e s s i b l e  as  a f u n c t i o n  

of t h e  two v a r i a b l e s  I1 and I2 thus :  

W = W(11,12) . (5.7.3) 

In t roducing t h i s  form f o r  W i n t o  (5.2.16) and (5.2.17),  we 

o b t a i n ,  fo l lowing a procedure s i m i l a r  t o  t h a t  used i n  d e r i v i n g  

(5 .6 .14) ,  (5.6.16) and (5 .6.20) *, 

*R. S .  R i v l i n ,  P h i l .  Trans .  A --  241, 379 (1948).  



2  
0 = 2p0{(W + I  W )c - W2c 1 - p I  - 1 1 2 -  - - 

- 1 =L2p01W c - W25 I - p1 1 - ( 5 . 7 . 4 )  

and 

P = 2po{(Wl+IlY2)! - W2C) - p<-l . 
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Chapter 6 

SOME RESULTS IN THE THEORY OF INVARIANTS 

1. Definitions 

(1) (2) (N) be the components Let ' i . . . j ,  vk...ks * ' * '  'm...n 
i n  a rectangular car tes ian  coordinate system x of the N tensors 

ll,. . . ,yN, which are  not necessari ly of the  same order. As 

a spec ia l  case, one o r  more of the N tensors may be a tensor of 

zero order (i .e.  a sca la r )  o r  of f i r s t  order  ( i . e .  a vector) .  

Moreover, they may be absolute tensors o r  r e l a t i ve  tensors. 

~ e t  -(2) -(N) be the components of the 
...j9 'k...R3 "" 'm...n 

tensors yl, ...,vN i n  the rectangular car tes ian  coordinate 

system Z. 

Now, suppose t ha t  y i s  a s ca l a r  function of the com- 

ponents i n  the system x and t h a t  y i s  the same function of the - 
components i n  the system F, thus: 

and (6.1.1) 

Let the coordinate systems x and F be re la ted  by the orthogonal 

transformation 2 ,  so t h a t ,  i n  vector notat ion,  

- 
5 = , S 5 ,  
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or ,  i n  ind ic ia1  notat ion,  

Then, 

provided tha t  the tensors yl, .. .,yN are  absolute tensors .  I f  one 

of the tensors vl, say,  is a r e l a t i v e  tensor ,  then the  appropri- 

a t e  transformation r e l a t i ng  i t s  components i n  the systems Z and 

x is  

= (det yl)s ip...s. v (1) 'i...j 19 ~ - . * q  ' 

instead of (6.1.4)1. 

I f  y and 7, defined by (6.1.1) , are  equal f o r  a l l  

transformations 5 belonging t o  a group (51,  then F i s  s a id  t o  

be a s ca l a r  invariant  of the tensors .yl,. . .yN under the group 

I .  If  F i s  a polynomial funct ion of i ts  arguments, then it 

follows from %theorem of Hilbert  (the F i r s t  Main Theorem of 

the Theory of Invariants)  t ha t  there must e x i s t  a f i n i t e  s e t  

of polynomial invariants  11,12, ..., I,,, say, of vl, ...,%, i n  

terms of which F may be expressed as a polynomial, thus: 
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Such a s e t  of polynomial invar ian ts  i s  ca l l ed  an i n t e g r i t y  

basis .  Thus, the  F i r s t  Main Theorem a s s e r t s  the exis tence 

of a f i n i t e  i n t e g r i t y  bas i s .  I f  we omit a l l  elements of an 

i n t eg r i t y  ba s i s  which may be expressed as polynomials i n  t he  

remaining ones, the remaining s e t  of elements formsan i r r e -  

ducible i n t e g r i t y  bas i s .  We s h a l l  consider t h a t  11,1 2,.  . . , I  v 
form an i r reduc ib le  i n t e g r i t y  basis .  

We now consider t he  case when F is  a single-valued 

function of i ts  arguments r a the r  than a polynomial function. 
* 

I t  has been shown by Pipkin and Wineman (1963) t ha t ,  i n  t h i s  

case, F may be expressed as a single-valued funct ion of 

11,12, ,I,,* 

More generally suppose t h a t  F1,F2, ..., F, i s  a s e t  

of single-valued functions of the  tensors  yl, ...,v+, which a r e  

invariant  under the  group ($1. Suppose fu r the r  t ha t  an a rb i -  

t r a r y  single-valued invar ian t  function of vl, ...,vN is ex- 

press ib le  as  a single-valued function of F1,F2, ..., Fv. Then 

F1,F2, ..., Fy i s  ca l led  a funct ion basis  f o r  invariants  of the  - 
tensors xl, . . . , I~  under t he  group 1s) .  The r e s u l t  of Pipkin .. 
and Wineman then implies t h a t  an i n t e g r i t y  bas i s  i s  a l so  a 

function bas i s .  I t  does not,  however, follow t h a t  an i r reduc-  

i b l e  i n t e g r i t y  bas i s  i s  a l so  an i r reduc ib le  function bas i s ,  

s ince one element of the i r reduc ib le  i n t e g r i t y  basis  11,12, .. . , I v  

* A.C .  Pipkin and A.S. Wineman, Arch. Ra t ' l .  Mech. Anal. 1 2  
$20 (1963) 

-9 
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may be a single-valued function, but not a polynomial function, 

of the others. This may arise in the following manner. 

If 11, ..., I, is an irreducible integrity basis, al- 

though none of the elements is expressible as a polynomial 

function of the remaining ones, there may nevertheless exist 

one or more implicit polynomial relations between the invari- 

ants 11, ..., I,. Such a relation is called a syzygy. Suppose 

one of these syzygies takes the form 

where Q and R are polynomials in the indicated arguments. 

Then this relation may be used to express Ia as a single- 

valued function of the remaining I's, thus 

provided Q # 0. If Q = 0 for some values of I1,...,Ia-l, 

. . . , I, then, for these values, the expression (6.1.8) must 

be replaced by some other expression for I, as a function of 

I1,. . . , . ,Iv. Thus, in principle, Ia may be omitted 

from the function basis. 

However, the resulting expression for an invariant 

function must be used with considerable caution, since its 

continuity and differentiability properties, when it is regarded 



as  a  func t ion  of I1,. . . , Ia , l , Ia+l ,  ., . , I v ,  may be very d i f f e r e n t  

from those when it i s  regarded a s  a  func t ion  of the  t ensors  

l , . . , N .  For example, suppose F i s  an i n v a r i a n t  func t ion ,  

so  t h a t  

and we wish t o  c a l c u l a t e  aF/avll)  by means of t h e  express ion ...j 

I t  may we l l  be t h a t  al though F  i s  d i f f e r e n t i a b l e  wi th  r e s p e c t  

the  d e r i v a t i v e s  aF/aI may not  e x i s t .  v i . . . j '  P 



- 255 - 
R. S. Rivlin 

2. I n t e g r i t y  bases  f o r  v e c t o r s  under t h e  f u l l  and proper 

orthogonal groups 

I r r e d u c i b l e  i n t e g r i t y  bases  have been found f o r  a 

number of choices  of  t h e  t e n s o r s  5,.  . . ,yN and of  t h e  group 

( 5 ) .  For example, i n  t h e  case  when { s )  is  t h e  f u l l  orthogonal - 
group and 3, . ..xN a r e  p o l a r  (i .e. absolute)  v e c t o r s ,  an i r r e -  

duc ib le  i n t e g r i t y  b a s i s  is  formed by t h e  $(N+l) inne r  products  

Again, when {s )  i s  t h e  proper  or thogonal  group and 

yl, ... v a r e  e i t h e r  p o l a r  o r  a x i a l  ( i . e .  r e l a t i v e )  v e c t o r s ,  '- N 
1 an i r r e d u c i b l e  i n t e g r i t y  b a s i s  i s  formed by t h e  ZN(N+l) terms 

1 (6.2.1) and, i n  a d d i t i o n ,  t h e  @(N-l) (N-2) s c a l a r  t r i p l e  

products  

[y ,y  ,y I (P,Q,R = 1 ,... N ;  P < Q < R) . 
P Q R  

(6.2.2) 

The i n t e g r i t y  b a s i s  (6.2.1) can be presented i n  a 

s l i g h t l y  d i f f e r e n t  form. Let a and b be two p o l a r  vec to r s .  

Then, (6.2.1) i s  equ iva len t  t o  t h e  s e t  of q u a n t i t i e s  we o b t a i n  

from 
a . a  and a.b - - - -. (6.2.3) 

by making the  fo l lowing replacements:  

( i )  i n  a . a  r ep lace  a by y l , y 2 , .  . .,yN i n  t u r n ;  - .. 
( i i )  i n  a.b r ep lace  a by yl and b by yf,. . . ,yN i n  t u r n ,  .. - - 

r ep lace  a by y2 and b by y3 , .  . . ,yN i n  t u r n ,  .. 
..... 
r ep lace  g by yN-l and b by vK. 
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Consequently (6.2.3) i s  c a l l e d  a t a b l e  of  t y p i c a l  i n v a r i a n t s  

f o r  a s e t  of N vec to r s  under t h e  f u l l  or thogonal  group. We note  

t h a t  i f  N = 1 ( i . e .  we a r e  consider ing t h e  i n v a r i a n t s  of only 

one v e c t o r ) ,  t he  t a b l e  of t y p i c a l  i n v a r i a n t s  (6.2.3) reduces t o  

and t h e  i n t e g r i t y  b a s i s  i s  yl.vl ( i . e .  t h e  square  of t h e  magni- 

tude of t h e  v e c t o r  q) .  I f  N = 2 ,  t h e  t a b l e  of t y p i c a l  i n v a r i -  

an t s  is (6.2.3) and t h e  i r r e d u c i b l e  i n t e g r i t y  b a s i s  c o n s i s t s  of 

t h e  terms 

( i  .e .  t he  squares  of t h e  magnitudesof t h e  vec to r s  and t h e i r  

inner  p roduc t ) .  We note  from (6.2 . l )  t h a t  f o r  N(>2) v e c t o r s ,  

no f u r t h e r  types  of terms a r e  introduced i n t o  the  i n t e g r i t y  

b a s i s ,  which c o n s i s t s  simply of the  squares  of the  magnitudes 

of the  v e c t o r s  and t h e  i n n e r  product of each p a i r  which can be 

chosen from t h e  N v e c t o r s .  Indeed, we s e e  t h a t  t he  i n t e g r i t y  

b a s i s  f o r  N(>2) p o l a r  v e c t o r s  under the  f u l l  orthogonal group 

c o n s i s t s  of t h e  i n t e g r i t y  bases  f o r  every p a i r  of vec to r s  which 

can be s e l e c t e d  from t h e  N v e c t o r s .  

Again, a t a b l e  of t y p i c a l  i n v a r i a n t s  f o r  an i r r e d u c -  

i b l e  i n t e g r i t y  b a s i s  of N v e c t o r s  under t h e  proper orthogonal 

group i s  



where 2 ,  II, and 5 a r e  v e c t o r s .  The i n t c g r i t y  b a s i s  f o r  one 

v e c t o r  vl i s  t h e n  vl .vl ,  a s  b e f o r e .  The i n t c g r i t y  b a s i s  l o r  
* 

two v e c t o r s  vl - and y2  c o n s i s t s  o f  t h e  t h r c c  t c r m s  ( 6 . 2 . 5 )  . 
I t  i s  o n l y  when we comc t o  t h e  i n t c g r i t y  b a s i s  f o r  t h r c c  v c c t o r s  

11, y2 and v j ,  s a y ,  t h a t  a  ncw t y p c  o f  tcrm i s  i n t r o d u c c d  i n t o  

t h c  i n t c g r i t y  b a s i s .  T l ~ c  i n t c g r i t y  b a s i s  f o r  N(>5) v c c t o r s  in; 

v o l v e s  no ncw t y p e s  o f  t c rm and c o n s i s t s  o l  t h e  i n t c g r i t y  Ijnscs 

f o r  c a c h  s c t  01 t h r c c  v c c t o r s  which c a n  h c  s c l c c t c d  lrolli t h e  

f o u r  v e c t o r s  yl,v,, , . . . , yN .  - ' 
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3. Integrity basis for symmetric second-order tensors under 

the full or proper orthogonal group 

Finally the table of typical invariants for an irreduc- 

ible integrity basis under the full orthogonal (or proper ortho- 

gonal) group of an arbitrary number of symmetric second-order 

tensors . . ,yN may be written down in terms of the 
symmetric second-order tensors a, b, 6, 4, e, f. It consists 

of the traces of the products formed from a, b, c, 4, p, f given 

in the following table*: 

abcde, abdec, abecd, 
(5) acdbp, acbed, adbcp, 

abcde2, abdce2, a$cbe2, bacde2 and terms obtained 
from these by cyclically permuting sbkde 

*This result results from a development in a number of papers by 
Rivlin, Spencer and G. F. Smith. (R. S. Kivlin, J. Kattl. Mech. 
Anal. - 4, 681 (1955); A. J. M. Spencer and R. S. Kivlin, Arch. 
Rattl. Mech. Anal. 2, 309 (1959), 2 435 (1959), 4, 214 (1959); 
A. J. M. Spencer, i6id. 7, 64 (196i); C.  F. ~mitli, ibid. 18, 282 
(1965)). The results of-these papers have been summarizerand 
their derivation streamlined by P. S. Kivlin and G. F .  Smith, 
Contributions to Mechanics, cd. U. Abir, publ. Pergamon (1969). 
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acf ebd, adcbf e , adcfbe , 
(6) adfbce !?if cbe aebdcf 

aeckdf , aecdbf , aedbcf , 
agdcbf 

We n o t e  t h a t  t h e  t r a c e s  of t h e  elements i n  the  above 

t a b l e  of t y p i c a l  i n v a r i a n t s ,  l i s t e d  under ( I ) ,  involve one t e n s o r  

on ly ,  those  l i s t e d  under (2) involve  two t e n s o r s ,  those l i s t e d  

under (3) involve  t h r e e  t e n s o r s ,  and s o  on. None of them i n -  

volves  more than  s i x  t ensor s .  

An i r r e d u c i b l e  i n t e g r i t y  b a s i s  f o r  one symmetric 

second-order t e n s o r ,  yl s ay ,  i s  obta ined by t ak ing  the  t r a c e s  

of t h e  terms ( I ) ,  w i th  a r ep laced  by yl. We thus  ob ta in  

i n  agreement wi th  t h e  r e s u l t  g iven i n  (5.5.4).  

An i r r e d u c i b l e  i n t e g r i t y  b a s i s  f o r  two symmetric second- 

o r d e r  t e n s o r s ,  yl and y2 say ,  i s  obta ined by t ak ing  the  t r a c e s  of 

t h e  terms ( I ) ,  w i th  5 replaced success ive ly  by yl and y2 and t h e  

t r a c e s  of t h e  terms (2) wi th  5 and replaced by yl and y2 r e -  

s p e c t i v e l y .  The elements ob ta ined  from the  terms (1) form, of 

course ,  i r r e d u c i b l e  i n t e g r i t y  bases  f o r  yl and f o r  y2.  

An i r r e d u c i b l e  i n t e g r i t y  b a s i s  f o r  t h r e e  symmetric 

second-order t enso r s  y l ,  y2 ,  s a y ,  may be analogously obtained 

by t ak ing  t h e  t r a c e s  of  the  products  l i s t e d  i n  (3) with a,!,: 
replaced by yl ,y2,y3 r e s p e c t i v e l y  and i r r e d u c i b l e  i n t e g r i t y  bases 

f o r  the  p a i r s  of t enso r s  yl and y2,  y2 and y  v  and yl. 
3' -3  
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Irreducible integrity bases for four, five and six 

symmetric second-order tensors yl, ...,y6 may be analogously 

obtained. Thus for six symmetric second-order tensors an irre- 

ducible integrity basis is formed by taking the traces of the 

products listed in (6) with zi,b ,... , f  replaced by yl,y2, ..., y6 
respectively and irreducible integrity bases for all possible 

selections of five matrices from the six matrices q,", ...,". 
An irreducible integrity basis for N ( > 6 )  symmetric 

second-order matrices yl,y2, ...,yN is formed by the irreducible 

bases for all possible selections of six matrices from the N 

matrices yl,y 2,... ,v -N' 
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4. Invariant tensor-valued functions 

We suppose now that each of the components of a tensor, 

say, in a rectangular cartesian coordinate system x is a function 

of the components of N tensors yl,y2, .. .,yN in the same coordinate 
system. Then, in any other coordinate system, the components of t 

are also functions (but not necessarily the same functions) of the 

components of q,", ...,yN. - t is said to be a tensor-valued (or 
tensor) function of the tensors vl,y2,...,yN. We denote this by 

(1) (2) 
If ti...j? Vk...kp 'm...n9 " ' *  P.. (N) - 9  are the components of ;, 
yl,q, ...,yN respectively in the system x, then we can write the 

relation (6.4.1) in the system x as 

We note that each of the componcnts in the system x of t is a 
function of all of the componcnts or y1,y2, ..., v in the system -N 
X. 

If x is another rectangular cartesian coordinate system 
4 1 )  4 1 )  related to x by the transformation 2 ,  and v ~ . , . ~ ,  . .. are 

the components of - t,yl, ... in this system, then the relation (6.4.1) 
may be expressed in the system ?I as 

- - 4 1 )  $1 
i . . .  = li..j(vk...k m...n9 (6.4.3) 
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In general  t h e  func t ions  Fi . i n  (6.4.2) and f i  . . . j  

i n  (6.4.3) a r e  d i f f e r e n t .  However, i f  they a r e  the  same, then 

$ is  s a i d  t o  be an i n v a r i a n t  tensor-valued funct ion of yl,v+, 

. . . ,yN under the  t ransformat ion 2 and i f  they a r e  the  same f o r  

a group of t ransformat ions  (21,  then t i s  s a i d  t o  be an i n v a r i -  

a n t  tensor-valued func t ion  of r l ,y2 , .  , . ,yN under the  group I s } .  

In  t h i s  case  (6.4.3) becomes 

and t h i s  i s  v a l i d  f o r  a l l  choices  of St r e l a t e d  t o  x by a t r a n s -  

formation of t h e  group { ? } .  We bear  i n  mind t h a t  the  components 

of the  t e n s o r s  i n  the  systems x and x a r e  r e l a t e d  by t h e  equat ions  

41) - (l) e t c .  
' k . . . ~  - Sku"'StvVu...v ' 

From (6.4.2),  (6.4.4) and (6.4.5)1, we o b t a i n  

This r e l a t i o n  i s ,  of course ,  v a l i d  f o r  a l l  2 belonging t o  t h e  

group I s ) .  I t  expresses ,  i n  i m p l i c i t  form, the  r e s t r i c t i o n s  on 

the  tensor-valued func t ion  Fi . . . j  which r e s u l t  from i t s  i n v a r i -  

a w e  under the  group (21. Various procedures a r e  a v a i l a b l e  f o r  

obta ining these  r e s t r i c t i o n s  i n  e x p l i c i t  form. 
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L e t  $ b e  a n  a r b i t r a r y  t e n s o r  o f  t h e  same o r d e r  a s  t .  - - 
I t s  components i n  t h e  s y s t e m  x  and Ti .. . j  i n  t h e  sys tem 

x a r e  r e l a t e d  by 

M u l t i p l y i n g  e q u a t i o n  (6 .4 .6 )  t h r o u g h o u t  by Ti ...j and u s i n g  

(6 .4 .7 )  , we o b t a i n  

(1 )  (2)  
i . . .  i . . .  ( v . . . .  'rn...n9 ...? 

= F ( s a y ) .  (6 .4 .8 )  

We s e e  t h a t  by i n t r o d u c i n g  t h e  a r b i t r a r y  t e n s o r  $, we have  - 
changed t h e  t e n s o r  e q u a t i o n  (6 .4 .6 )  i n t o  a  s c a l a r  e q u a t i o n  

( 6 . 4 . 8 ) .  T h i s  e q u a t i o n  e x p r e s s e s  t h e  f a c t  t h a t  F  i s  an i n v a r i -  

a n t  s c a l a r  f u n c t i o n  under  t h e  g r o u p  I s )  o f  t h e  t e n s o r s  ?,y1,. . . , y N ,  

l i n e a r  i n  $.  F o r  t h e  moment, we w i l l  c o n s i d e r  t h a t  Fi is a  - ...j 

polynomia l  f u n c t i o n  o f  i t s  a rguments .  Then, F  must b e  e x p r e s s i b l e  

a s  a  po lynomia l  i n  t h e  e l e m e n t s  o f  a n  i r r e d u c i b l e  i n t e g r i t y  b a s i s  

f o r  t h e  t e n s o r s  $,!I,. . . , yN u n d e r  t h e  g roup  { ? I .  F u r t h e r m o r e ,  

s i n c e  F  is l i n e a r  i n  $, it  m u s t ,  when s o  e x p r e s s e d ,  be  l i n e a r  i n  
* 

t h o s e  e l e m e n t s  o f  t h e  i n t e g r i t y  b a s i s  which a r e  themse lvcs  l i n c s r  

i n  $ .  L e t  k1,k2, ..., kX be t h e  e l e m e n t s  of  t h c  irreducible i n t c g -  

r i t y  b a s i s  which a r c  l i n e a r  i n  $ and l e t  11,12, ..., I" be  t h e  - 
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elements which are independent of JI. - (The latter are, of course, 

the elements of an irreducible integrity basis for y1,y2, ...,yN 

only.) Then 

where the A's are polynomials in 11, ..., I,, only. 
Using (6.4.8), we can remove the tensor JI, which is - 

really extraneous to our problem, by differentiation, thus*: 

A a F 
i . .  - aci ...j 

a= 1 

So far we have assumed, in deriving the result (6.4.10), 

that Fi is a polynomial function of its arguments. It follows . . . j 
from a result of Pipkin and Wineman** that if is a single- 

valued function of its arguments, the same result applies but now 

the A's in (6.4.9) and (6.4.10) are single-valued, rather than 

polynomial functions of the 1's. 

*The device used here of converting a tensor equation into a 
scalar equation and then using the integrity basis to obtain 
a canonical form appears to have been first used, at any rate 
'in connection with the formulation of constitutive equations 
by G. F .  Smith and R. S. Rivlin (Arch. Rat'l. Mech. Anal. 1, 
107 (1957)). The same device was used in a more general con- 
text by A. C. Pipkin and R. S. Rivlin (Arch. Rat'l. Mech. Anal. 
4, 129 (1959)). - 

**A. C. Pipkin and A. S. Wineman, Arch. Rat'l. Mech. Anal. - 12, 
420 (1963). 
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As an example, we t a k e  the  case  when t h e  t ensors  

t, ,yl,. . . ,xN a r e  symmetric second-order t ensors .  Then, $ ., i s  a l s o  

a symmetric second-order t ensor .  In equat ion (6.4.9), the  K's 

a r e  now the  elements i n  the  i r r e d u c i b l e  i n t e g r i t y  b a s i s  f o r  

N + l  symmetric second-order t ensors  JI,yl,...,yN which a r e  l i n e a r  

i n  $ and the  A's a r e  funct ions  of those  elements of t h i s  i n t e g -  .. 
r i t y  b a s i s  which a r e  independent of $. I t  i s  then  a simple ." 

mat te r  t o  ob ta in  a canonical  form f o r  t . . ( = F . . )  from the  r e l a -  
1J 1J 

t i o n  (6.4. l o ) ,  which now becomes 

However, a s  a r e s u l t  of the  symmetry of the  t e n s o r s ,  the  ex- 

p r e s s i o n  obta ined w i l l  be formal ly  ambiguous. I t  w i l l ,  f o r  ex- 

ample, no t  be symmetric f o r  in terchange of t h e  s u b s c r i p t s  i and 

j u n l e s s  we w r i t e  t h e  express ion Fij  i n  a form which is symmetric 

f o r  such in terchange.  (This can always be done by making use  of 

t h e  symmetry of the  t ensors  y l , .  . . ,y .) We can ensure t h a t  we N 

o b t a i n  an express ion f o r  t ij  which i s  symmetric under in terchange 

of i and j ,  by us ing the  express ion 

i n s t e a d  of (6.4.11). 
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As a special case, we assume that the symmetric second- 

order tensor t .., depends on only two symmetric second-order tensors, 

y1 and v2 say, and the group {s) is the full or proper orthogonal 
.., .., 

group. We can read off from the table of typical invariants 

(6.3.1) the elements of an irreducible integrity basis for yl and 

ye. These are: 

Again, we can read off from the same table the elements of an 

irreducible integrity basis for vl,_v2 and JI, where JI .., is a symmetric 

second-order tensor, which are linear in JI. - These are: 

The element in the first line of (6.4.14) is obtained by taking 

a = $! in the elements (1) of (6.3.1) which are linear in 9. The 

elements in the second line of (6.4.14) are obtained by taking 

a = $ and b = yl in the elements (2) in (6.3.1) which are linear 
I I 

in a .  Again, the elements in the third line of (6.4.14) are 

obtained by taking a = JI - and b = v2 in the same elements. Finally, 
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the elements in the last line of (6.4.14) are obtained by taking 

a = 9 ,  b = yl, 5 = y2 in the elements (3) in (6.4.14) which are - 
linear in 9.  The elements (6.4.14) are the elements Ka(a=l, ..., A )  

in (6.4.12). Introducing them and carrying out the differenti- 

ations, we obtain* 

where the a's are single-valued functions of the invariants 

(6.414) If we take as our initial assumption that Fij is a 

polynomial function of its argument tensors, then the A's in 

(6.4.15) are polynomial functions of the invariants (6.4.13). 

In the particular case when t depends only on one 

symmetric second-order tensor, yl say, we obtain, by taking 

q = 0 in (6.4.15) and (6.4.13), 

where A1, A2 and A3 are single-valued functions of tr yl, 

3 tr y12 and tr . 
More generally, if t depends on the p tensors 

pl, . . . , v u ,  then the appropriate expressions for the K's in 

(6.4.12) are the elements in the integrity basis under the 

*R. S. Rivlin, J. Rat'l. Mech. Anal. 4, 681 (1955). - 
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orthogonal group f o r  the  ~ + 1  symmetric second-order t ensors  

..., v which a r e  l i n e a r  i n  $. These a r e  obtained from 
--IJ -- 

(6.3.1) i n  t h e  following manner. The t ensor  a i s  replaced by 

. Then, i n  the  elements ( 2 ) ,  b is  replaced by y1,y2,. .. , V  
--P 

i n  tu rn ;  i n  t h e  elements (3 ) ,  b ,  5 a r e  replaced i n  t u r n  by 

every s e l e c t i o n  of two t ensors  which can be made from 

",y2,.. . '5; i n  the  elements ( 4 ) ,  b, c ,  - d -- a r e  replaced i n  

t u r n  by every s e l e c t i o n  o f  t h r e e  t ensors  which can be made 

from yl,y2, ...,! and s o  on. The t r a c e s  of the  products  s o  
IJ' 

obtained,  which a r e  l i n e a r  i n  $, a r e  the  K's i n  (6.4.12).  I t  ... 
is  evident  t h a t  the  terms aKdarij i n  (6.4.12) may be obta ined 

by d i f f e r e n t i a t i n g  wi th  r e s p e c t  t o  5 t h e  t r a c e s  of the  products  

i n  (6.3.1) which a r e  l i n e a r  i n  5 and rep lac ing  b , f ,  ..., f i n  
" 

t h e  products s o  obtained by s e l e c t i o n s  from vl , .  . . ,v . The 
-1.1 

t a b l e  of products obta ined i s  

(1) I 
2 

(2) b _ ,  b_ 

2 2 2 2  
(3) be ,  k c ,  !? c ,  b 5 

2 
(s) bcde2, bdee2, dche , dce2b, 

2 2 2 2 
b cde,  eb $4, $ ,  b dce,  

2-.- 2 2 2 " -  be de ,  c deb,  ec db ,  bc ed,  2 -  
bed e ,  cbd2e, d2ecb, -.,- ebcd2 -..-+.% 



R. S. Rivlin 

Equation (6.4.12) may, of course ,  be r e w r i t t e n  as  

where 

t and ra  is  t h e  t ranspose  of za. Then the  products  ;a may be 

obta ined from t h e  terms (6.4.17) i n  t h e  fol lowing way. We f i r s t  

t a k e  t h e  term i n  l i n e  (1).  Then, i n  t h e  terms ( 2 ) ,  b is  replaced 

by yl,", ..., v i n  t u r n ;  i n  t h e  terms (3 ) ,  b ,  c a r e  replaced i n  
-1.1 

t u r n  by every s e l e c t i o n  of two t ensors  which can be made from 

yl,y2, . . . , y u ;  i n  t h e  terms (4 ) ,  b, c ,  $ a r e  replaced i n  t u r n  by 

every s e l e c t i o n  of t h r e e  t ensors  which can be made from vl,y2, - 
. . . , yV,  and s o  on. We note  t h a t  s i n c e  each of t h e  t ensors  

t vl, ..., v i s  symmetric, aa may be obta ined from ra by w r i t i n g  
*I.' 

i t s  f a c t o r s  i n  r eve r se  o rde r ,  e.g.  i f  na = "w3, it i s  e a s i l y  

t seen t h a t  r a  = y3v&. 

The a ' s  i n  (6.4.18) a r e  funct ions  of t h e  elements of 

an i r r e d u c i b l e  i n t e g r i t y  b a s i s  under t h e  orthogonal group f o r  

the  t ensors  y1,y2, ..., y T h e s e  a r e ,  of course ,  obta ined from 
1.1. 

(6.3.1) i n  the  "manner descr ibed i n  56.3. 
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5. Invariants of functionals 

Let ~ ( r )  be a tensor-valued function of a variable T. 

Let x and x be two fixed rectangular cartesian coordinate systems 
related by the transformation s, thus: - 

The components of ~ ( r )  in these systems are denoted vie (r) 

and Ti . . . j  (T) respectively and are related by 

Let y now be a scalar functional of the components 

in the system x of the tensor-valued function ~ ( r )  over the 

range T = r1,r" thus: 

Let be the - same functional of the components of ~ ( r )  in the 

system x. Then, 

If y and 7, defined by (6.5.3) and (6.5.4),are equal for all 

transformations 2 of a group {sl, then y is said to be a scalar .. 
functional of !(T) over [r ,rW] , invariant under the group { ? I .  

We may write 
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In a  loose  sense  we may regard y  as  a  s c a l a r  i n v a r i a n t  func t ion  

of an i n f i n i t e  number of t ensors - - the  values  of y ( r )  f o r  a l l  

va lues  of T between T '  and T". 

I t  fo l lows from a  development due p r imar i ly  t o  Green 

and R i v l i n ,  and Wineman and Pipkin  t h a t  y  may be expressed i n  

canonical  form i n  t h e  following manner*. 

We form t h e  t a b l e  of t y p i c a l  i n v a r i a n t s  f o r  the  i n -  

t e g r i t y  b a s i s  f o r  the  N t ensors  !(T~),!(T~), . .  .,!(T~) under t h e  

group { ? I .  We w r i t e  t h i s  down i n  terms of a s  many of t h e  t e n s o r s  

! ( T ~ )  ,!(T~), . . . as  may be requ i red .  We denote t h e  elements of 

t h e  t a b l e  s o  obta ined by Ip(P = 1 , 2 ,  ...). We no te  t h a t  some of 

t h e  elements I p  involve  : ( T ~ )  only ,  o t h e r s  involve  ? ( T ~ )  and 

? ( T ~ )  only ,  y e t  o t h e r s  involve  ? ( T ~ ) ,  ~ ( T J  and ? ( T ~ )  only ,  and 

s o  on. Ip(P = 1 , 2 ,  ...) a r e  c a l l e d  t h e  b a s i c  i n v a r i a n t s  of t h e  

h i s t o r y  !(T) under t h e  group (5). Then, y may be expressed a s  

a  func t ion  of l i n e a r  f u n c t i o n a l s  of 11, of l i n e a r  f u n c t i o n a l s  of 

12, and s o  on. 

Example 1. Suppose !(T) i s  a  p o l a r  vec to r  and t h e  

group I s )  is  t h e  f u l l  or thogonal  group. Then, t h e  b a s i c  i n -  

v a r i a n t s  of the  h i s t o r y  y ( r )  a r e  ( c f .  96.2) 

*A. E .  Green and R.  S. R iv l in ;  Arch R a t ' l .  Mech. Anal. 1, 1 
1957);  A. S. Wineman and A .  C .  P ipkin ,  i b i d .  1 7 ,  184 ( r964) .  
(See a l s o ,  A.  E. Green, R .  S. R i v l i n  and A .  J.M. Spencer, 
Arch. R a t ' l .  Mech. Anal. 3 ,  82 (1959); A .  E .  Green and R .  S. 
R i v l i n ,  i b i d .  - 4 ,  387 (196F); R .  S. R iv l in ,  i b i d .  - 4, 262 (1960)) 
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y is then a function of linear functionals of .. v(rl).v(rl) .. and 

of linear functionals of v(rl) .., .v(r2). .., We note that v(rl) .., .v(rl) .., 

is itself a linear functional of - v(r1).v(r2). .. It follows that 

y must be expressible as a function of linear functionals of 

y(fl) -y(~~). 

Example 2. Suppose that ?(T) is a symmetric second- 

order tensor and Cs) is again the full orthogonal group. The 

required table of typical invariants is obtained from (6.3.1) 

by replacing ?,b,. . . ,f by v(rl) ,!(r2), . . . ,!(T~) and taking the 

traces of the products so obtained. We note that any of the 

elements so obtained may be expressed as a linear functional of 
2 one of the multilinear elements. For example, trIv(rl)) is a 

linear functional of tr y(rl)y(r2) and trb(rl)lv(r2)12] is a 

linear functional of tr v(rl)v(r2)v(r3). - It follows that y 

may be expressed as a function of functionals of each of the 

elements in the table discussed which is multilinear in one or 

more of the tensors y(rl) ,y(r2), . . . ,y(r6). Also, we note that 

if n is a multilinear product in the first'R of these tensors, 
then any functional of tr 2 may be expressed as a functional 

of tr y(r1)y(r2). . .y(rR) . It follows that y may be expressed 

as a function of functionals of tr y(rl), functionals of 

tr y(rl)v(r2) , functionals of tr v(r1)y(r2)y(r3), . . . , and 
functionals of tr y(rl). . .y(r6). 
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6. Invar i an t  tensor-valued func t iona l s*  

We now suppose t h a t  each of the  components of a t ensor  

t,  say,  i n  a r ec tangu la r  c a r t e s i a n  coordinate  system x i s  a 

func t iona l  of t h e  components i n  the  system x of the  t ensor -  

valued func t ion  V ( T )  over the  range T = T '  ,T", thus 

TI '  

[v i . . .  = i j  p...q (TI] . (6.6.1) 
T '  

If x i s  another r ec tangu la r  c a r t e s i a n  coordinate  system 

r e l a t e d  t o  x by t h e  t ransformat ion s and Ti . . . j  and V 
P - .  - 9  (TI  

a r e  t h e  components of t and V(T)  i n  the  system F, then .. - 

where, i n  genera l ,  t he  func t iona l s  Fi . . . j  and ' i . . . j  a re  d i f -  

f e r e n t .  However, i f  they a r e  t h e  same, then i s  s a i d  t o  be an 

i n v a r i a n t  tensor-valued func t iona l  of the  tensor-valued func t ion  

?(T)  under the  t ransformat ion s .  In t h i s  c a s e ,  - 

where 

and 

*See references  given i n  previous s e c t i o n .  
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If (6.6.3) holds for all transformations of a group {s), then " 

t is said to be an invariant tensor-valued functional under 
the group {:I. From (6.6.1), (6.6.3) and (6.6.4)2, we obtain 

This relation is, of course, valid for all s belonging to the " 

group (21.  It expresses, in implicit form, the restrictions 

on the tensor-valued functional which result from its 

invariance under the group { ? I .  These restrictions may be put 

in explicit form in a manner similar to that adopted in 96.4 

in discussing the corresponding problem for invariant tensor 

functions. 

We introduce an arbitrary tensor J, of the same order 
" 

as t, which has components qi,, . and qi ...j respectively in the 

systems x and Y. Then, 

Multiplying (6.6.5) throughout by Ti.. , j, we obtain with 
(6.6.6) 

- 
F [ 'i ...j i...j p...q (TI] = 'i F. [V ( ~ 1 1  ...j T:.. .j p.. .q 
T' 

= F, say. (6.6.7) 

From (6.6.7) , we have 
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Equation (6.6.7) expresses  t h e  f a c t  t h a t  t he  func t iona l  F i s  

a  s c a l a r  i n v a r i a n t  func t iona l  under the  group I s 1  of the t ensor -  - 
valued func t ion  v ( r )  and t h e  t e n s o r  $, i t s  dependence on the  - - 
l a t t e r  being l i n e a r .  The manner i n  which F  can be expressed 

i n  canonical  form follows from t h e  development of  Green and 

Riv l in  (1957) and Wineman and Pipkin  (1964). 

We form the  t a b l e  o f  t y p i c a l  i n v a r i a n t s  f o r  a  t e n s o r  

JI and an a r b i t r a r y  number o f  t e n s o r s  v ( r l )  , v ( r 2 ) ,  . . . , _ v ( T ~ )  - - -. 
under the  group I s ) .  We w r i t e  t h i s  down i n  terms of  $ and as - 
many of the  t e n s o r s  v ( r l )  - , v ( r 2 ) ,  . . . as may be r equ i red .  We 

denote the  elements of the  t a b l e  which a r e  l i n e a r  i n  I) by 
.v 

Kp(P = 1 , 2 ,  . . .).  We note  t h a t  some of  these  elements involve 

$ and v ( r l ) ,  o t h e r s  involve $, v( r l )  and v ( r 2 ) ,  o the r s  involve  - - -. .. - 
$, Y ( T ~ ) ,  v ( T ~ )  and v ( r 3 ) ,  and s o  on. Then, F ,  def ined by ... - - 
(6 .6 .7 ) ,  may be expressed as t h e  sum of  l i n e a r  func t iona l s  

~ ( l )  , L ( ~ ) ,  . . . of  K l , K 2 , .  . . r e s p e c t i v e l y ,  each of  which i s  a  

s c a l a r  func t iona l  of  v ( r )  i n v a r i a n t  under the  group { s l ,  thus :  - - 

Example 1. Suppose V ( T )  and $ a r e  p o l a r  vec to r s  and - - 
t h e  group Is1  is t h e  f u l l  or thogonal  group. In  the  t a b l e  of 

-, 

t y p i c a l  i n v a r i a n t s  (6 .2 .3)  f o r  an a r b i t r a r y  number of  p o l a r  

vec to r s  under the  f u l l  or thogonal  group, we t ake  a  = I) ,  b  = v ( r ) .  ... - -  ... 
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Then, the re  i s  only one element l i n e a r  i n  $, i . e .  , t he re  i s  .. 
only one K i n  (6 .6 .9) .  This i s  $ . v ( T ) .  

." .. 
I t  follows t h a t  

where 1 i s  a  l i n e a r  s c a l a r  func t iona l  of i t s  ind ica ted  argument 

funct ion and, from example 1 i n  56.5, a  s c a l a r  func t iona l  of 

v ( r l ) ,  v ( r 2 ) .  In t roducing (6.6.10) i n t o  (6.6.8) , we o b t a i n  

a F  = l i [ y ( r ) 1 ,  say . 'i ' vi 

Example 2 .  Suppose t h a t  V(T)  and $ a r e  symmetric 
." .. 

second-order t ensors  and the  group Is1  ." i s  t h e  f u l l  orthogonal 

group. The t a b l e  of t y p i c a l  i n v a r i a n t s  f o r  an a r b i t r a r y  number 

of symmetric second-order t ensors  $ ,v (T  ) , V ( T  ) , . . . , v ( r N )  under - -  1 .. 2 - 
the  f u l l  orthogonal group is  obta ined by t ak ing  the  t r a c e s  of 

the  products l i s t e d  i n  (6.3.1).  In t h i s  t a b l e  we take a  = $, .. ." 

b  = y ( r l ) ,  y y ( r 2 ) ,  ..., e  = v ( r  ) .  We w r i t e  down the e l e -  5 

ments i n  t h i s  t a b l e  of t y p i c a l  i n v a r i a n t s  which a re  l i n e a r  i n  

$, omit t ing from the  l i s t  c e r t a i n  elements,  each of which has .. 
the proper ty  t h a t  i t  can be expressed as a  l i n e a r  f u n c t i o n a l  of 

some element r e t a i n e d  i n  the l i s t .  For example, 

2 
t r  ${v(r l )1  i s  a  l i n e a r  func t iona l  of t r  $v( r l )v ( r2 )  and .. - " .. .. 
t r  $ v ( T ~ ) v ( T ~ ) v ( T ~ )  * .. i s  equal  t o  t r  $ v ( r l ) v ( r 2 ) v ( r 3 ) ,  S O  t h a t  .. - .. .. 
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2 
any l i n e a r  f u n c t i o n a l  o f  t r  $ J { v ( T ~ ) }  - - can be expressed  as  a  

l i n e a r  f u n c t i o n a l  o f  tr - ... $ v ( T ~ ) v ( T ~ )  - and any l i n e a r  f u n c t i o n a l  

o f  t r  + V ( T ~ ) V ( T ~ ) V ( T ~ )  - - - -. can be expressed  as a  l i n e a r  f u n c t i o n a l  

of  t r  $ J ~ ( T ~ ) Y ( T ~ ) ! ( T ~ ) .  I t  then  fo l lows,  u s ing  (6 .3 .1)  i n  the  

way desc r ibed ,  t h a t  t he  K's i n  (6.6.9) a r e ,  f o r  t he  p r e s e n t  

c a s e ,  

In t roduc ing  t h e s e  i n t o  (6 .6 .9 ) ,  we o b t a i n  t h e  canonica l  form 

f o r  F a s  

where t h e  1 ' s  a r e  l i n e a r  s c a l a r  f u n c t i o n a l s  o f  t he  i n d i c a t e d  

argument func t ions  and s c a l a r  f u n c t i o n a l s  of  ~ ( r )  i n v a r i a n t  

under the  f u l l  or thogonal  group. We no te  t h a t  we may, wi thout  

l o s s  o f  g e n e r a l i t y ,  take  L ( ~ ) [ t r  $1 = oo t r  !, where oo i s  a  

s c a l a r  f u n c t i o n a l  o f  V ( T )  i n v a r r a n t  under t h e  f u l l  or thogonal  ... 
group. Also,  from example 2 o f  56.5 i t  fo l lows t h a t  any s c a l a r  

f u n c t i o n a l  o f  V ( T )  i n v a r i a a t  u n d e  the  f u l l  o r thogona l  group - 
may be expressed  as  a  s c a l a r  func t ion  o f  l i n e a r  s c a l a r  f u n c t i o n -  

a l s  of  t r  V ( T  ) ,  l i n e a r  s c a l a r  f u n c t i o n a l s  of  t r  V ( T  ) V ( T  ) ,. . . , - 1 - 1 -  2 
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and l i n e a r  s c a l a r  func t iona l s  of t r  v ( r l )  -, . . .!(r6). Hence a. 

and the  I ' s  i n  (6.6.13) a r e  of t h i s  form, i n  add i t ion  t o  being 

l i n e a r  s c a l a r  func t iona l s  of the  i n d i c a t e d  arguments. I n t r o -  

ducing (6.6.13) i n t o  (6.6.8) we s e e  t h a t  

- aF 
5 

' i j  - % =  ao6ij +z L ~ ! ) [ ~ ( T  ) . . . y ( ~ , ) l  , (say) (6.6.14) 
p=1 

where 6 i j  i s  the  Kronecker d e l t a  and I!" = 31 ("/aqij . 
11 

In order  t o  preserve  formal ly ,  as we l l  as f a c t u a l l y ,  t h e  symmet- 

r i c  cha rac te r  o f  Fi j ,  we can use,  i n s t e a d  o f  (6.6.8),  

In t roducing (6.6.13) i n t o  (6.6. IS) ,  we o b t a i n  
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Chapter 7 

VISCOELASTIC MATERIALS 

1. In t roduc t ion  

We now pass  t o  a much more general  c l a s s  of m a t e r i a l s  

than t h e  G l a s t i c  m a t e r i a l s  d i scussed  i n  Chapter 5. These a r e  

m a t e r i a l s  f o r  which the  s t r e s s  may depend n o t  only  on t h e  values  

of t h e  deformation g rad ien t s  a t  t h e  i n s t a n t  t ,  s a y ,  a t  which t h e  

s t r e s s  i s  measured, bu t  a l s o  on t h e i r  values  a t  a l l  t imes p r i o r  

t o  t ,  from the  i n f i n i t e  p a s t  onwards. I t  i s  of l i t t l e  s i g n i f i -  

cance whether we make t h i s  assumption wi th  r e s p e c t  t o  the  Cauchy 

s t r e s s ,  the  Kirchoff-Piola  s t r e s s ,  o r  the  P i o l a  s t r e s s .  Since 

they a r e  r e l a t e d  by the  formulae (3.7.5),  (3.8.3) and (3 .8 .4) ,  

i f  t h e  assumption i s  v a l i d  f o r  any one of them, i t  is  v a l i d  f o r  

a l l  of them. 

In mathematical language we express  our assumption 

regarding the  kinematic v a r i a b l e s  on which i s  assumed t h a t  t h e  

s t r e s s  may depend by saying t h a t  t h e  P i o l a  s t r e s s  t ensor  PAB, 

say ,  a t  time t i s  a t ensor  f u n c t i o n a l  of t h e  deformation g r a d i -  

e n t s  x (T)  f o r  a l l  values of T i n  t h e  i n t e r v a l  - m c ~ c t :  i . e .  
k ,Q 
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and 

From (3.8.4), (3.8.3) and (7.1.1), it follows that 

For succinctness, we have used oji, PAB and to denote the 

values of uji(l), PAB(r) and xiPA(r) at time t and we shall 

continue to use this notation. (We note, in connection with 

equation (7.1.2), that is a functional of x (r) defined 
k,Q 

over the range -m<r$t, since if the argument functions x ~ , ~ ( T )  

are given over this range, xi,,, issurely uniquely determined, 

in conformity with thc definition of a functional.) 
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2 .  Restrictions due to effect of a superposed rotation 

(i) Formulation of the problem 

In 95.2 we placed restrictions on the manner in which 

the Helmholtz free-energy for an elastic material can depend on 

the deformation gradients, which result from the assumption that 

a rigid rotation superposed on the assumed deformation of the 

body leaves the Helmholtz free energy unchanged. The physical 

consideration underlying this assumption was the absence of ex- 

ternal fields, e.g. gravitational, electric, etc., which might 

lead to a change in the Helmholtz free energy when a rigid rota- 

tion is superposed on the assumed deformation. 

A similar underlying physical consideration leads .us 

to analyze the restrictions which can be placed on the form of 

the tensor functional PAB in (7.1.1), as a result of the assump- 

tion that the superposition on the assumed deformation of an 

arbitrary time-dependent rigid rotation is associated with a 

corresponding rigid rotation of the applied force system. 

Thus, suppose the body is subjected to a deformation 

and suppose that at time r the Kirchoff-Piola stress associated 

with this deformation is vBi(r). We now consider a new defor- 

mation 
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which results from the superposition on the deformation (7.2.1) 

of an arbitrary rigid rotation, so that 

where a (T) is a proper orthogonal transformation and accord- 
i j 

ingly satisfies a relation of the form 

From our assumption that the force system associated with the 

second deformation is rotated from that associated with the first 

deformation by the proper orthogonal transformation aij(r), it 

follows that the Kirchoff-Piola stress rrgi (T) associated with 

deformation (7.2.2) is given by 

The Piola stresses FAB(~) and PAB(') corresponding to the 

Kirchoff-Piola stresses TAi(r) and nAi(7) respectively are 

given, from (3.8.1), by 

and 

It fklows from (7.2.3), (7.2.5) and (7.2.6) that 
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t h e  P i o l a  s t r e s s e s  a s soc ia ted  wi th  the  deformations (7.2.1) 

and (7.2.2) a r e  equal .  In accordance with our convention 

( c f .  87.1) we use  t h e  n o t a t i o n  TAB = FAB(t) and PAB = PAB(t) . 
Then, from (7.1.1), 

PAB = P ~ ~ I ~ ~ , ~ ( T ) I  

and (7.2.8) 

PAB = PABLxk,Q(~) l  . 

We no te  t h a t  the  form of the  f u n c t i o n a l  dependence on the  argu-  

ment funct ions  i s  t h e  same i n  both  cases .  In t roducing (7.2.8) 

i n t o  (7.2.7),  and us ing (7.2.3) , we o b t a i n  

PAB[akL(')xl,Q(T)l ' PAB[xk,g(')l 9 (7.2.9) 

and t h i s  r e l a t i o n  must be s a t i s f i e d  f o r  a l l  proper  orthogonal 

a  ( 1 ,  i . .  f o r  a l l  a .  (T)  s a t i s f y i n g  (7.2.4).  
13 

Equation (7.2.9) impl ies  a  r e s t r i c t i o n  on the  manner 

i n  which PAg can depend on t h e  n i n e  func t ions  s k S Q ( r ) .  This 

r e s t r i c t i o n  i s ,  however, given by' (7.2.9) i n  i m p l i c i t  form. 

Our next  problem i s  t o  make t h i s  r e s t r i c t i o n  e x p l i c i t .  We 

s h a l l  g ive  two d i f f e r e n t  methods by which t h i s  can be done.* 

*Method 1 given below i s  e s s e n t i a l l y  t h a t  due t o  A.  E .  Green 
and R .  S. R iv l in  (Arch. R a t ' l .  Mech. Anal. 1, 1 (1957)). 
Method 2 i s  e s s e n t i a l l y  t h a t  due t o  W .  Noll-(Arch. R a t ' l .  
Mech. Anal. 2, 197 (1958)). In  the  l a t t e r  paper ,  equat ion 
(7.2.12) below i s  regarded as  being v a l i d  f o r  a l l  orthogonal 
a i j ( s )  ins t ead  of merely proper orthogonal a i . ( s ) .  Although 
t h l s  procedure l eads  t o  the  same r e s u l t  i n  th4 p resen t  i n -  
s t a n c e ,  it has been c r i t i c i z e d  by R. S .  R i v l i n  ( I n e l a s t i c  Be- 
hav io r  of S o l i d s ,  e .d .  W. F .  Adler ,  R .  I .  Jaffee- 
Kanninen) , publ.  McGraw-Hill ( i n  the  p r e s s ) ) .  
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These p a r a l l e l  the  two methods used i n  d i scuss ing  the  corresponding 

problem f o r  an e l a s t i c  m a t e r i a l  i n  55.2. In order  t o  avoid any 

d i f f i c u l t y  which may a r i s e  from the  f a c t  t h a t  the  func t ions  x k l p ( r )  

a r e  def ined over an i n f i n i t e  range,  we s h a l l  change t h e  v a r i a b l e  

s o  t h a t  t h i s  range i s  mapped onto the  f i n i t e  range Ofss l .  We do 

t h i s  by de f in ing  the  new t i m e - l i k e  v a r i a b l e  s  by 

Then, 

the  f u n c t i o n a l s  PAB i n  (7.2.11) n o t ,  i n  genera l ,  being the  

same a s  those  i n  (7.1.1).  PAB i s ,  of course ,  the  value  of 

PAB(s) a t  s = l .  Now, the  r e s t r i c t i o n  on PAB i n  (7.2.9) becomes 

and t h i s  must be v a l i d  f o r  a l l  akR(s )  s a t i s f y i n g  the  orthogo- 

n a l i t y  cond i t ion  

( i i )  Method 1 

We recognize t h a t  equat ion (7.2.12) expresses  t h e  

f a c t  t h a t  f o r  each value  of A B ,  PAB i s  an i n v a r i a n t  s c a l a r  

func t iona l  of the  t h r e e  argument vec to r  funct ions  of 
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s-xk,,(s) , xk, (s) , xk, 3(s) . Since (7.2.12) is valid for 

arbitrary proper orthogonal aij (s), we may choose 

a. . (s) = 6 unless s = S (some fixed value) . 
13 ijJ 

The functional equation then becomes a statement that PAB is 

an invariant function under the proper orthogonal group of 

the three vectors x (3 , xk, (5) , xk,, (?) . Bearing in mind 
k,l 

the fact that Ix (F) 1 iis positive for a real deformation, we 
k ,A 

see, by an argument similar to that of 55.2 in which we dis- 

cussed the form of the strain-energy function for an elastic 

material, that the dependence of PAB on the deformation gradi- 

ents at "time" s must be through the six components of the 
Cauchy strain at "time" T ,  i.e. on C p p ( T ) .  We repeat this 

argument for each value of s in the interval Ofs51, and arrive 

at the result that PAB must depend on the nine deformation 

gradient functions xipA(s) through the six components of the 

Cauchy strain CAB(s), over the interval Ofsfl. Thus, 

(iii) Method 2 

Another method by which the restrictions on PAB im- 

plied by (7.2.12) may be made explicit is the following. Since 

(7.2.12) must be valid for all time-dependent proper orthogonal 

aij(s), i.e. for all a.. (s) satisfying (7.2.13), it must be 
1 3  
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v a l i d  f o r  t h e  p a r t i c u l a r  choice  

I t  i s  e a s i l y  seen t h a t  a i j  ( s )  , def ined i n  t h i s  way, s a t i s f i e s  

t h e  cond i t ions  (7.2.13) and i s  t h e r e f o r e  a  proper  or thogonal  

t ransformat ion.  In t roducing (7.2.15) i n t o  (7.2.12),  we o b t a i n  

I t  follows t h a t  PAB must be e x p r e s s i b l e  a s  a  func t iona l  of 

{ ~ ( s )  1 and hence of C ( s )  , i n  accord wi th  t h e  r e s u l t  (7.2.14) . 
As the  f i n a l  s t e p  i n  our argument, we no te  t h a t  i f  P A B . i s  ex- 

p r e s s i b l e  i n  t h e  form (7.2.14),  i t  au tomat ica l ly  s a t i s f i e s  t h e  

r e l a t i o n  (7.2.12) f o r  a l l  proper  or thogonal  a .  . ( s )  , not  only 
13 

f o r  a . .  ( s )  g iven by (7.2.15). 
1J 

( i v )  The Cauchy and Ki rchof f -P io la  s t r e s s e s  

Using the  formulae (7.1.2) and (7-.1.3) and making use 

of the  f a c t  t h a t  i s  i t s e l f  a  f u n c t i o n a l  of x ipA(s ) ,  we 

o b t a i n  

and 



We note that the functionals PAB in (7.2.17) and (7.2.18) are 

not necessarily the same. 

We can, of course, rewrite equations (7.2.14), 

(7.2.18) and (7.2.17) in the forms 

and 
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3 .  Heredi tary  m a t e r i a l s  

We may consider  an important sub-c lass  of the  v i sco-  

e l a s t i c  m a t e r i a l s  s o  f a r  d iscussed.  We s e e ,  from (7.2.11),  

t h a t  f o r  a s p e c i f i e d  deformation g rad ien t  h i s t o r y ,  i . e .  f o r  

s p e c i f i e d  func t ions  x ( s ) ,  t h e  s t r e s s  may depend on t h e  
k ,Q 

a c t u a l  time a t  which the  h i s t o r y  i s  c a r r i e d  ou t .  For example, 

i f  we t ake  two i d e n t i c a l  t e s t - p i e c e s  and perform i d e n t i c a l  

experiments on them on two d i f f e r e n t  days ,  t h e  r e s u l t s  o f  t h e  

experiments may be d i f f e r e n t .  We de f ine  a h e r e d i t a r y  m a t e r i a l  

as  one f o r  which t h e  s t r e s s  depends on t h e  deformation g r a d i -  

e n t  h i s t o r y  only  and not on t h e  time a t  which it i s  c a r r i e d  

o u t .  This means t h a t  f o r  a h e r e d i t a r y  m a t e r i a l ,  PAB i n  

equat ion (7.2.11) i s  independent of t and, consequently,  so  

a r e  PAB, o j  and rAi i n  equat ions  (7.2.14),  (7.2.17) and 

(7.2.18) r e s p e c t i v e l y ,  s o  t h a t  

p [ C  ( s ) l  , ' j i  = 'i,AXj,B AB PQ (7.3.2) 

and 

'TI = p [ C  ( s ) l  , A i  ' i , B  AB PQ (7.3.3) 

the  f u n c t i o n a l s  PAB i n  these  t h r e e  equat ions  not n e c e s s a r i l y  

being the  same. 

E s s e n t i a l l y  t h e  assumption t h a t  a ma te r i a l  i s  a 

h e r e d i t a r y  m a t e r i a l  i s  an assumption t h a t  the  ma te r i a l  does 

not change i t s  p r o p e r t i e s  "on the  s h e l f " .  
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4. Cons t i tu t ive  equations of the  d i f f e r e n t i a l  type* 

We now suppose t h a t  t h e  deformation i s  such t h a t  C (T) p Q 
i s  express ib le  a s  a  Taylor s e r i e s  about t ,  i . e .  about the  time 

a t  which the s t r e s s  i s  measured. We then have 

where R denotes the  remainder a f t e r  p + 1  terms and the  
P 

n o t a t i o n  

i s  used. 

For c e r t a i n  deformations,  R = 0 .  In t h i s  case ,  
P 

s u b s t i t u t i o n  of (7.4.1) i n  (7.2.19) y i e l d s  

i . e .  the  func t iona l  dependence on the  tensor-valued funct ion 

C ( r )  may be replaced by func t ion  dependence on the  p + 1  t ensors  
p  Q 

C p Q y * . . ,  dpc / d t P .  This replacement i s ,  of course ,  v a l i d  i r r e -  p Q 
spec t ive  of the  form of the func t iona l  PAB. 

For c e r t a i n  o the r  c l a s s e s  of deformation, the  replace-  

ment of the func t iona l  i n  (7.2.19) by a  func t ion  may be made 

approximately,  usua l ly  with some l i m i t a t i o n  on the  nature  of 

the  func t iona l  PAB. 

*The ideas contained i n  t h i s  s e c t i o n  a r e ,  i n  essence,  contained 
i n  a paper by A'. E .  Green and R.. S .  Rivl in ,  Arch. K a t ' l .  Mech. 
Anal .  - 1,  1  (1957). 
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The result (7.4.3) can also be obtained from a con- 

stitutive assumption that the Kirchoff-Piola stress PAB at 

time t, in the material considered, is a function of the de- 

formation gradients x the velocity gradients i the P ,Q' P ,Q' 
acceleration gradients 2 the second acceleration gradients 

P,Q' ... r , . . . , the (p-1)th acceleration gradients(!) all of 
P,Q P,Q' 
these being measured at time t, thus: 

the function dependence in (7.4.4) not necessarily being the 

same as that in (7.4.3). In order to obtain (7.4.3) from 

(7.4.4), we have, of course, to make use of the consideration 

that if we superpose on the assumed deformation a rigid time- 

dependent rotation PAB is unaltered. 
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5. The Rivlin-Ericksen tensors 

In t h i s  sec t ion ,  we define a s e t  of tensors which are  

re la ted  t o  the tensors C dCpQ/dt, . . . , d k  /d t t  and are  
PQ' PQ 

useful i n  formulating cons t i tu t ive  equations of the d i f f e r e n t i a l  

type,particularlywhen the materials  considered a re  i so t ropic .  

(0) (1) We denote these tensors by A i j  , A i j  , . . . , A!!) and define 

them by the re la t ions  

The tensors A:;), . . . ,A(" defined in  t h i s  way are  usually i j 

ca l led  the Rivlin-Ericksen tensors .  We note tha t  the re la t ion  

(7.5.1) may be wr i t ten  i n  inverse form as 

where dac /dta  i s  interpreted as C when a=O. 
PQ PQ 
We can ea s i l y  obtain a formula by means of which 

A!"') can be calculated i n  terms of A i j  
1 I 

("I Thus, d i f f e r e n t i -  

a t ing equation (7.5.2) with respect to  t ,  we obtain 
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where vi = dxi/dt .  Multiplying (7.5.3) throughout by X X 7 P,m Q,n 
and using (7.5.1)2 with a  replaced by a + l ,  we ob ta in  the  des i red  

r e s u l t *  

Taking a=o i n  (7.5.4) and using (7.5.1), we no te  t h a t  

i. e .  4) is the  usual s t r a i n - v e l o c i t y  tensor .  

*R. S .  Riv l in  and J. L .  Ericksen, J. R a t ' l .  Mech. Anal. 4 ,  323 - 
(1955). 
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6. Restrictions imposed by material symmetry on constitutive 

equations of the functional type 

If a viscoelastic material possesses some symmetry, 

restrictions can be imposed on the form of the constitutive equa- 

tion for the material. As in the case of an elastic material 

(cf. 55.3) the symmetry of the material may be described by a 

group of transformations relating equivalent coordinate systems. 

We consider two rectangular cartesian coordinate 

systems x and F with a common origin. We consider two defor- 

mations A and 8 described by (cf. equations (5.3.1) and (5.3.2)) 

( I  = T )  and = f (z i A (7.6.1) 

respectively. 
- 

Let PAB and PAB be the components at time t of the 

Piola stress in the systems x and F respectively associated 

with the deformations A and B respectively. Then, from (7.2.19), 

PAB may be expressed in the form 

where C (T) are the components in the system x of the Cauchy 
PQ 

strain at time r associated with the deformation A ;  i.e. 

Similarly FAB may 'be expressed in the form 
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where C (T)  a r e  t h e  components i n  the  system ? of the  Cauchy 
PQ 

s t r a i n  a t  time T assoc ia ted  wi th  the  deformation 8;  i . e . ,  

- 
In  general  the  func t iona l s  PAB and PAB a re  d i f f e r e n t .  

I f  they a r e  the  same then the  coordinate  systems x and x a r e  

s a i d  t o  be equ iva len t  and equat ion (7.6.4) may be w r i t t e n  as 

The f a c t  t h a t  (7.6.2) and (7.6.6) a r e  simultaneously 

v a l i d  f o r  a l l  coordinate  systems ? equivalent  t o  x impl ies  

( c f .  56.6) t h a t  the  P i o l a  s t r e s s  t ensor  PAB is a  symmetric 

tensor-valued func t iona l  of the symmetric t ensor  func t ion  

C ( T ) ,  i n v a r i a n t  under the  group Cs) descr ib ing the  symmetry 
PQ " 

of the  ma te r i a l .  The r e s u l t s  of 56.6 can now be used t o  w r i t e  
* 

PAB i n  canonical  form. For example , i f  t he  ma te r i a l  consid- 

e red  is  i s o t r o p i c ,  whether o r  no t  i t  possesses  a  c e n t e r  of 

symmetry, r ep lac ing  V ( T )  by C(T) (= C ( T )  ) and F. . [v (T)  1 by 
" PQ 13 - 

t 
P A B [ C ( ~ ) ]  i n  (6.6.16),  we o b t a i n  the canonical  form f o r  PAB: 

T = - m  

- 

* See example 2 of 56.6. 
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where L!:) i s  an i s o t r o p i c  symmetric second-order  t ensor -  

valued func t iona l ,  l i n e a r  i n  i t s  ind ica ted  argument and depen- 

dent  a l s o  on s c a l a r  funct ions  of l i n e a r  func t iona l s  of the  

elements t r  - C ( T ~ ) ,  t r  - C ( T ~ ) C ( T * ) ,  - ... , tr  ~ ( T ~ ) . . . C ( T ~ ) .  - a 0 

i s ,  of course ,  a l s o  a  s c a l a r  funct ion of such l i n e a r  func t ion-  

a l s ,  s i n c e  i t  i s  a  s c a l a r  func t iona l  of C(T) i n v a r i a n t  under - 
t he  f u l l  orthogonal group. From (7.6.7) we can e a s i l y  o b t a i n  

the  Piola-Kirchoff  and Cauchy s t r e s s e s  by using the formulae 

( 3 . 8 . 3 )  and ( 3 . 8 . 4 ) .  



- 296 - 

R. S. Rivlin 

7 .  R e s t r i c t i o n s  imposed by m a t e r i a l  symmetry on c o n s t i t u t i v e  

equat ions  of the  d i f f e r e n t i a l  type* 

Ins tead  of being a func t iona l  of the  h i s t o r y  of the  

Cauchy s t r a i n ,  we now consider  t h e  P i o l a  s t r e s s  t o  be a func t ion  

of the  Cauchy s t r a i n  and i ts  time d e r i v a t i v e s  a t  the  i n s t a n t  a t  

which the  P i o l a  s t r e s s  is measured, a s  expressed by equat ion 

(7.4.3). I n  t h i s  case  we have, ins t ead  of (7.6.2) and (7.6.61, 

PAB = FIB (CpQ,dC l d t  , . . . ,dpc l d t p )  
PQ PQ 

and (7.7.1) 

where CpQ and EpQ, def ined by (7.6.3) and (7.6.5) r e s p e c t i v e l y ,  

a r e  the  components of t h e  Cauchy s t r a i n  t e n s o r  $ and PAB and 

PAB a r e  the  components of the  P i o l a  s t r e s s  t ensor  P i n  t h e  

equivalent  coord ina te  systems x and x r e s p e c t i v e l y .  We n o t e  

t h a t  dC / d t , .  . . ,due / d t p  and dE I d t , .  . . ,dpC / d t u  a r e  t h e  
PQ PQ PQ PQ 

components i n  t h e  systems x and x r e s p e c t i v e l y  of the  t ensors  

dC/dt, . . . ,dcp/dt'. Equations (7.7.1) a r e ,  of course ,  v a l i d  f o r  

a l l  choices of Y equ iva len t  t o  t h e  system x .  This expresses  

t h e  f a c t  t h a t  P i s  a tensor-valued func t ion  of C,d$/dt,  ..., 
dcp/dt', - i n v a r i a n t  under t h e  symmetry group Is1 f o r  t h e  

ma te r i a l .  

For example, i f  t h e  m a t e r i a l  considered i s  i s o t r o p i c ,  

whether o r  not  it possesses  a c e n t e r  of symmetry, P must be a 

*See a l s o  R.  S. R iv l in  and J .  L .  Er icksen,  J .  R a t ' l .  Mech. Anal. 
4 ,  323 (1955). - 
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tensor-valued func t ion  of G,dC/dt,. . . ,dclJ/dtlJ i n v a r i a n t  under 

t h e  f u l l  (or proper)  orthogonal group. (We note  t h a t  i t  does 

not  ma t t e r  whether t h e  f u l l  o r  proper  orthogonal group i s  used,  

i . e .  whether we consider  the  m a t e r i a l  t o  possess  a c e n t e r  of 

symmetry o r  n o t ,  s i n c e  a l l  t h e  t ensors  involved a r e  symmetric 

t ensors  and t h e r e f o r e  a r e  unchanged by a c e n t r a l  invers ion. )  

The canonical  form f o r  P i s  then  obta ined from (6.4.18) as  - 

where the  products  a r e  obta ined i n  t h e  manner descr ibed 

i n  56.4, with y1,x2,. . . , V  r ep laced  by C.,dG/dt,. . . , d~ ' /d t '  
-lJ 

and t h e  B1s a r e  func t ions  of t h e  elements of an i r r e d u c i b l e  

i n t e g r i t y  b a s i s  under the  or thogonal  group f o r  t h e  t ensors  

c , d y d t  , . . . , d l J p t l J .  

From (7.7.2), we o b t a i n ,  wi th  (3 .8 .4) ,  

X 

where 

Bearing i n  mind t h a t  i s  a product  formed from C,dG/dt, ..., 
dlJc/dtlJ, it i s  e a s i l y  seen t h a t  Fa - i s  a product formed from t h e  

Finger  s t r a i n  t ensor  & and t h e  Rivl in-Er icksen t ensors  A1, ..., A . -- lJ 
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This follows immediately from the  d e f i n i t i o n s  of c  - and 

A1,. . . ,A i n  (2.5.6) and (7.5.2) r e s p e c t i v e l y .  For example, 
*!J 

suppose r a  = dC/dt. We then  have,  from (7.7.4) , 

With (7.5.2) and (2 .5 .6) ,  equat ion (7.7.5) becomes 

which, wi th  t h e  no ta t ion  

may be r e w r i t t e n  as  

- 2 " = 2s fll< . -a 

We note  t h a t  iTa i s  of h igher  degree i n  s than i s  i n  5. 
Consequently, al though i n  (7.7.2) aa is  of degree 5  o r  lower 

i n  C,dC/dt,. . . , dp5 /d tp ,  Fa i n  (7.7.3) may be of degree h igher  

than 5  i n  $,Al,. . . , A p .  We can,  however, express  each of t h e  

terms if and hence a i n  canonical  form by recognizing t h a t  
-a 

each 7 and hence i s  a  tensor-valued func t ion  of c,A1, . . . , A p ,  
-a * - 

i n v a r i a n t  under the  or thogonal  group*. I t  follows t h a t  g may be 

expressed i n  the  form (7.7.3) , where now t h e  products Fa a r e  

obta ined i n  t h e  manner desc r ibed  i n  56.4, wi th  vl, y2 , .  . . , v  
*lJ 

-- - 

1 1 2  *We note  t h a t  ax/aX = (de t  c) . - - -. 
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replaced by ?,A1, ...,Ap. The B's in (7.7.3) are functions of 

the elements of an irreducible integrity basis under the 

orthogonal group of the tensors We note that 

axlax = (det :)ll2 and we may therefore absorb the factor 

l/(ax/aX) -. - in (7.7.3) into the B's, without loss of generality. 

For example, in the case when y=1 in (7.7.1), so 

that our starting point is the relation 

we find (cf . equation (6.4 .IS) ) that equation (7.7.2) becomes 

where the B's are functions of the following quantities 
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In the  same case ,  equat ion (7.7.3) becomes 

where the  B1s a r e  func t ions  of 

As has a l ready been remarked we may, wi thout  l o s s  of g e n e r a l i t y ,  

absorb the  f a c t o r  l /(ax/aX) i n t o  the  B's. - " 
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8 .  Constra ints  

We have a l ready seen i n  the  d i scuss ion  of e l a s t i c  

m a t e r i a l s  i n  54.8 t h a t  i f  t he  deformations t o  which an e l a s t i c  

m a t e r i a l  can be subjected a r e  r e s t r i c t e d  by some c o n s t r a i n t ,  

then the  s t r e s s  i s  no longer determined by the  deformation,  

but  is  s u b j e c t  t o  an indeterminacy, the  exact  na tu re  of which 

depends on the  cha rac te r  of the  c o n s t r a i n t .  

For example, i f  the  m a t e r i a l  is  incompressible,  then 

t h e  c o n s t r a i n t  t akes  t h e  form, cf  . (4.8.1) , 

axla; = 1 . 

From t h i s  i t  fo l lows ,  c f .  (4.8.2) , t h a t  

Now from (4.4.5) we s e e  t h a t  t h e  d i s s i p a t i o n  equat ion may be 

w r i t t e n  

-PoU ' POX - Q B , B  + "Biii ,B = O (7.8.3) 

From (7.8.2) and (7 .8 .3) ,  we o b t a i n  

where p i s  an a r b i t r a r y  q u a n t i t y .  Thus the  a d d i t i o n  of the term 

1 I ~ E ~ ~ ~ E ~ ~ ~ x ~ , ~ x ~ , ~  t o  the  Kirchoff-Piola  s t r e s s  leaves  the  
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stress-power unaltered. For an incompressible material, we 

1 accordingly make a constitutive assumption for (TAi + z pcikR 
EABCXk , B ~ R  ,C) instead of for mAi . Alternatively, bearing in 

mind the relation (3.7.5), we may make a constitutive assump- 

tion for uij + pdij instead of for uji. Thus, for an in- 

compressible material with memory, we may make a constitutive 

assumption in the form 

the'tensor-valued functionals FAi and Fij being different in 

the two cases. 

Similarly, for an incompressible material, bearing in 

mind the relation (3.8.4), we may replace the constitutive as- 

sumption (7.4.4) by the assumption 

o + pdij = F.. (x (11 1 
i j 1, p,~~'~,~,..., xp,Q) . 

Other constraints than incompressibility can be intro- 

duced in an analogous manner. 
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9. Viscoelastic fluids 

While there is no clear general criterion which 

differentiates a solid from a fluid, we have certain loose 

criteria by which we recognize fluid-like behavior. One of 

these is that in a fluid the stress does not necessarily in- 

crease as the amount of deformation increases; the magnitude 

of the stress is associated with the rate at which the de- 

formation changes rather than with the magnitude of the de- 

formation itself, apart possibly for a dependence on the 

density of the fluid. 

In accord with these cbncepts we may make the assump- 

tion that the components of the Cauchy stress in some rectangular 

cartesian system x depend on the density of the fluid and on the 

gradients of the velocity, acceleration, second acceleration and 

so on, all of these gradients being taken with respect to the 

configuration of the body at the time t at which the stress is 

measured. Thus, 

where v = is the velocity of a particle situated at x at time 
t, !! (l) = is its acceleration, is its second acceleration, 

and so on, and p denotes the density of the fluid. For an in- 

compressible fluid the density is constant and the constitutive 

assumption (7.9.1) is replaced by* 

"his is the assumption made by R. S. Rivlin and J. L. Ericksen, 
J. Rat'l. Mech. Anal. 4, 323 (1955). - 
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o. = F .  . ( v  ( l )  ...) - pfiij , (7.9.2) 
l j  11 ~ , q ' ~ p , q ~  

where p  i s  undetermined i f  the  deformation i s  p resc r ibed .  

We n o t i c e  t h a t  the  c o n s t i t u t i v e  assumption (7.9.2) is equiva- 

l e n t  t o  the  assumption (7.8.6) i f  i n  t h i s  r e l a t i o n  the  r e f e r -  

ence conf igura t ion  i s  taken t o  be the  conf igura t ion  a t  time 

t ( i . e .  T = t ) .  We note  t h a t  i n  t h i s  case  t h e  P io la  and 

Cauchy s t r e s s e s  become i d e n t i c a l .  

We have a l ready remarked t h a t  (7.4.3) may be ob- 

t a ined  from (7.4.4) by making use of t h e  cons ide ra t ion  t h a t  

i f  we superpose on the  assumed deformation a  r i g i d  time- 

dependent r o t a t i o n ,  the  P i o l a  s t r e s s  remains unchanged. In  

a  s i m i l a r  f a sh ion  we s e e ,  wi th  the  r e l a t i o n  (7.5.2),  t h a t  

t h e  c o n s t i t u t i v e  assumption (7.9.1) l eads  t o  

and t h e  c o n s t i t u t i v e  assumption (7.9.2) l eads  t o  

We note  t h a t  t h e  funct ions  Fij  i n  ( 7 . 9 1  and (7.9.3) a r e  not 

genera l ly  t h e  same. Also t h e  funct ions  Fij  i n  (7.9.2) and 

(7.9.4) a r e  no t  general ly  t h e  same. 

We r e i t e r a t e  t h a t  the  assumption (7.9.1) is  made i n  

a  p a r t i c u l a r  rec tangular  c a r t e s i a n  coordinate  system x .  In 

genera l ,  t h e  funct ions  Fij  i n  (7.9.1) depend on the  rec tangu la r  
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c a r t e s i a n  coordinate  system i n  which (7.9.1) i s  w r i t t e n .  I f  

t h e  f l u i d  is i s o t r o p i c ,  then t h e  Fi j  i n  (7.9.1) a r e  the  same 

f o r  a l l  choices  of the  r ec tangu la r  c a r t e s i a n  re fe rence  system. 

I t  follows t h a t  Fij i n  (7.9.3) a r e  a l s o  the  same f o r  a l l  

choices of t h e  r ec tangu la r  c a r t e s i a n  re fe rence  system. Then 

2 may be expressed i n  canonical  form i n  terms of A1,A2, ... - 
i n  a manner s i m i l a r  t o  t h a t  employed i n  57.7. S imi la r  con- 

s i d e r a t i o n s  apply t o  the  incompressible case  when the  r e l e -  

vant  equat ions  a r e  (7.9 -2)  and (7.9 - 4 ) .  

An analogous procedure was adopted by Noll* i n  

s p e c i a l i z i n g  the  c o n s t i t u t i v e  equat ion (7.2.19) t o  the  case  

when the  m a t e r i a l  i s  a f l u i d .  

No11 def ined a simple ma te r i a l  a s  one f o r  which t h e  

Cauchy s t r e s s  depends on the  h i s t o r y  of t h e  deformation g r a d i -  

e n t s ;  i . e .  as  a m a t e r i a l  s a t i s f y i n g  the  c o n s t i t u t i v e  assumption 

0 . .  = F.. [ x  
IJ 1, p , ~ ( ~ ) '  ' 

He then  def ined a simple f l u i d  as  a simple m a t e r i a l  f o r  which - 
a is  independent of the  r e fe rence  conf igura t ion  wi th  r e spec t  

i j .  
t o  which the  g r a d i e n t s  a r e  measured, except i n s o f a r  as  t h e  

volume (or  d e n s i t y )  of a m a t e r i a l  element i s  changed i n  t h e  

passage between these  conf igurat ions:  Noting t h a t  we may r e -  

w r i t e  (7.9.5) as  u i j  = F .  - [ x  ( ~ ) x ~ , ~ l  , 
13  P99 

*W. Noll ,  Arch. R a t ' l .  Mech. Anal. - 2 ,  197 (1958).  

+ S u b s t a n t i a l l y  the  same i d e a  f o r  d i f f e r e n t i a t i n g  between a s o l i d  
and a f l u i d  had been p rev ious ly  ex ressed  by J.G. Oldroyd, 
(Proc. Roy. Soc. A - 200, 525 (1950)y 
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i t  follows t h a t  f o r  a  simple f l u i d  we.may w r i t e ,  i n  accordance 

wi th  Nol l ' s  concept, 

We note  here  t h a t  Ix I = po/p where p and po a r e  t h e  ma te r i a l  
494 

d e n s i t i e s  a t  times t and T r e spec t ive ly .  

I f  the  c o n s t i t u t i v e  assumption (7.9.8) is  made i n -  

s t e a d  of (7.9.5), i t  i s  easy t o  see  t h a t  o i j  must be express ib le  

i n  the  form 

0 = F : . [ c ( ~ ) ( T ) , ~ ]  
i j  11 pq 

(7.9.9) 

where c ( ~ ) ( T )  i s  the  Cauchy s t r a i n  a t  t ime r wi th  r e s p e c t  t o  t h e  
P9 

conf igura t ion  a t  time t ,  i . e .  

This r e s u l t  i s  e a s i l y  obta ined from (7.2.21) by not ing t h a t  

now we may rep lace  X by p and by 6iA. For the  incompress- 

i b l e  case ,  we have analogously 

- F . .  [ d t )  ( T ) ]  - p s i j  . (7.9.11) i j  - ij pq 

In  a  c e r t a i n  sense ,  merely w r i t i n g  down the  express ion 

(7.9.8) i n s t e a d  of (7.9.5) does not  e f f e c t  any change, f o r  we 

note t h a t  
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where 6(r-T) i s  a  Dirac d e l t a  func t ion .  Here we bea r  i n  mind 

t h a t  T < t .  Also,  

Combining (7.9.12) and (7.9.13),  we see  t h a t  may be r e -  

garded as a  f u n c t i o n a l  of xi . I T ) .  Thus, making use of t h e  
Y J  

r e l a t i o n  

we may consider  any func t iona l  of t o  be a  f u n c t i o n a l  

of xi .(T). The converse s t a t ement  t h a t  we may consider  any 
9 J  

f u n c t i o n a l  of xi . ( r )  t o  be a  func t iona l  of i s  ev iden t ly  
? I  

a l s o  v a l i d .  

In o rde r  t o  embody i n  (7.9.9) t h e  concept t h a t  o i j  i s  

independent of any i n i t i a l  s t a t e  ( a p a r t ,  poss ib ly ,  through i t s  

dependence on t h e  dens i ty  a t  t ime t )  we must add the  proviso  

t h a t  F i j  does n o t  involve any f i x e d  re fe rence  time. This i s  

d i f f i c u l t  t o  p r e s e n t  i n  e x p l i c i t  form while Fij i s  l e f t  a s  a  

genera l  f u n c t i o n a l .  We can,  however, see  t h e  meaning of t h i s  

more c l e a r l y  by taking an a r t i f i c i a l  example. Suppose 
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I f  t h i s  i s  t o  r ep resen t  a simple f l u i d ,  then  a must be i n -  
i j p q  

dependent of any re fe rence  time T ( o t h e r ,  of course ,  than  t h e  

time t a t  which the  s t r e s s  i s  measured). As an example of 

what may occur i f  t h i s  i s  n o t  t h e  case ,  suppose 

where B 
i j p s  

i s  cons tan t .  Then, 

and we have a m a t e r i a l  which behaves as  an e l a s t i c  s o l i d  r a t h e r  

than  as  one having f l u i d - l i k e  behavior.  

Returning t o  (7.9.9) and assuming the  deformation t o  

be such t h a t  c ( ~ ) ( T )  may be expanded a s  a Taylor s e r i e s  about 
P9 

t h e  time t ,  we have (c f .  57.4) 

where 

R i s  the  usua l  Taylor remainder and we have used the  r e s u l t  from u 
(7 9 1 0  t h a t  c('),(r) = cSpq. Subject  t o  the  condi t ion t h a t  R 

P9 u 
be small  enough, we see  by in t roducing (7.9.17) i n t o  (7.9.9) t h a t  

a may be expressed i n  t h e  form i j 

i j  ij 
2 ( t )  a = F . .  ( p , d ~ ( ~ ) / d t , d  C Idt , . .  . . , 

P9 P9 
' ( t ) / d t )  . (7.9.20) 

C ~ 9  
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In (7.5.2), we now take the reference configuration to be the 

configuration at time t; i.e. we take T = t and XA = 
"A. We 

then obtain 

% = 2A!~) . (7.9.21) 
dta 

Introducing this relation into (7.9.19) we see that oij is 

expressible in the form (cf. (7.9.3)) 

Analogously, for an incompressible fluid, we obtain from 

(7.9.11), the relation (7.9.4). 

Noll's concept of a simple fluid as a simple ma- 

terial for which oij is independent of the reference configura- 

tion with respect to which the gradients are measured (apart 

from possible dependence on the density) implies, of course, 

that the material is isotropic. This is immediately evident 

from the conside~ation that, as a special case, we can change 

the reference configuration by a rigid rotation, without alter- 

ing the stress. This does not, however, imply, as is sometimes 

supposed, that a simple material which has generally properties 

which we recognize as fluid-like is necessarily a simple fluid. 

This fact has been pointed out by Green*. In this respect the 

nomenclature introduced by No11 is highly misleading. It has, 

for example, led to the erroneous notion that a simple material 

which is a fluid cannot be anisotropic. 

* A .  E. Green, Proc. Roy. Soc. A - - 279, 437 (1964). 
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THE GENERATIOR OF INTEGRITY BASES 
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1. Introduction 

We consider constitutive relations of the form 

where W is a scalar  and where P i s  a polynomial function. 

The symmetry properties of the material considered impose 

res t r ic t ions  on the form of P. Thus, l e t  :i denote the base 

vectors associated with a rectangular cartesian coordinate 

system x whose orientation re la t ive  t o  the preferred directions - 
( i f  any) i n  the material is specified. Let 

denote the vectors in to  which the zi are carried by the various 

symmetry transformations of the material. The gjk) form the 

base vectors fo r  the rectangular cartesian coordinate systems 

which are referred t o  as the s e t  of equivalent coordinate 

systems associated with the material considered. The reference 

francs (1.3) are specified by l i s t i n g  the s e t  of orthogonal 
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where A, = I. The s e t  of matrices ( 1 . 4 )  forms a group which - .. 
we Zenote by {A} and refer  t o  as the symmetry group of tne 

material. Let Bi and (5 B l i I . . . .  y j  and (Ak y) denote the 
j 

inde?endent components of B,. .., y when referred to  the 
" .. 

equivalent reference frames x and %x respectively. These - ." 
quanti t ies are related by the equations 

We require tha t  the response function (1.1) sha l l  have the 

same functional form when referred to  any of the s e t  of 

equivalent reference frames f?kx (k=1,2,. . .) associated with 

the material. Thus, the function P must sa t i s fy  the equations 

The function P i s  then said t o  be invariant  under the group 

of transformations {A) .. = ,A2,.. . . The problem of concern 

here i s  t o  f ind the general form of the polynomial function 
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P ( B , .  . . , y) c o n s i s t e n t  wi th  t h e  r e s t r i c t i o n s  (1.6) o r  (1.7) . 
The s o l u t i o n  t o  t h i s  problem i s  given by determining a 

minimal i n t e g r i t y  b a s i s  f o r  polynomial func t ions  of  

B ,  ..., y which a r e  i n v a r i a n t  under {A). A minimal i n t e g r i t y  
* - - 
b a s i s  i s  comprised of the  s m a l l e s t  s e t  of polynomial func t ions  

I, (6,. . . , y) , . . . , Ip ( D  , . . . , y)  , each of which i s  i n v a r i a n t  
* -. - 

under {A}, such t h a t  any polynomial funct ion P (I3 . . . , y 1 which - 
i s  i n v a r i a n t  under {A} i s  e x p r e s s i b l e  a s  a polynomial i n  t h e  

" 
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2 .  The generation of in tegr i ty  bases 

We consider the problem of determining the elemects 

of the in tegr i ty  basis fo r  polynomial functions of N absolute 

vectors yl, y2# y which are invariant under the group N 

{A) associated with the crys ta l  class D2. This crystal  class -. 
is characterized by the presence of three mutually orthogonal 

two-fold axes of rotation. I f  we take the xll x and x axes 2 3 

t o  l i e  along these two-fold axes of rotat ion,  the symmetry 

transformations are the rotat ions through 180 degrees about 

each of the coordinate axes. The s e t  of matrices defining the 

symmetry properties of the material are then given by 

Let yi and (AkyIi denote the components of the 

absolute vector y when referred t o  the reference frames x and ., 
&; (x  respectively. These components are related by the 

equations 
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where the matrices Tk = T = '! T i ; ) ,  are given by 
ii 

The res t r ic t ions  of the form (1.7) given by 

may be written more expl ic i t ly  as  

In order to  determine the in tegr i ty  basis ,  we 

emgloy the following obvious theorem. 

Theorem 1. Let P be a polynomial function of the rea l  

quanti t ies a l l  . . . , a  B l l  . . . I 5, which s a t i s f i e s  the 
n' 
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r e l a t i on  

Then P i s  expressible  as  a polynomial i n  t he  quan t i t i e s  

ai (i=l, . . . ,n) and B . B  ( j  / k= l , .  . . ,m) . 
J k 

(2.7) 

With (2.5) and theorem 1, we then read i ly  s ee  t h a t  

an i n t e g r i t y  ba s i s  f o r  polynomial funct ions of y , . . . , ziti - 1 
which a r e  i nva r i an t  under t he  group CAI defined by (2.1) i s  - 
formed by t he  quan t i t i e s  

There a r e  a number of theorems such as  theorem 1 

above which enable us i n  p r inc ip l e  t o  determine the  i n t e g r i t y  

bas i s  f o r  a wide va r i e ty  of problems. However, the  i n t e g r i t y  

bases which a r e  obtained upon appl ica t ion  of Such theorems 

w i l l  general ly  contain a number of redundant terms which 

must be eliminated. This may prove t o  be a matter of some 

d i f f i c u l t y .  I n  order  t o  avoid such d i f f i c u l t i e s ,  we may employ 

an i t e r a t i v e  procedure. We ou t l i ne  below the  appl ica t ion  

of t h i s  procedure t o  t he  generation of t he  mul t i l inear  elements 
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of t he  i n t e g r i t y  bas i s  f o r  funct ions of N vectors  yl ,  .. ., y,- 
" -6 

w!lich a r e  invar ian t  under the group (2.1).  

TJe f i r s t  determine t he  number Pn of l i nea r ly  inde- 

9sndsnt invar ian ts  which a r e  mul t i l inear  i n  n vectors  yl ,  ..., 
YE' 

The transformation propert ies  of the  3" quan t i t i e s  

(i) i?) y, y j  . . . y L n )  ( it  j ,k=l ,2 ,3)  under change of reference frames 

a r e  described by t he  Kronecker nth power TLn1 of the matr ices  

Tk '  The number Pn i s  obtained by taking t he  mean value over 

the  group {A} of t he  t r ace  of t he  matrices ;Lnl. Since t he  

t r ace  of t he  Kronecker n th  power of a matrix Tk is equal t o  

the  n th  power of t he  tr l'', we have 

Fros (2,3) , we see t h a t  

( tr  T~~ tr T2 ,  t r  T g ,  t r  T b )  = (3,  -11 -11 -1)- 

With (2.9) and (2.101, we then have 

P = 0, P2 = 3, P3 = 6 ,  Pb = 21, ... . (2. ii) 
1 

We now proceed t o  generate t he  mul t i l inear  elernacts 

of the  i n t e g r i t y  bas i s .  From (2.11) , we see  t h a t  there  a r c  

no invar ian ts  of degree 1 i n  and three  l i nea r ly  indegendant 
1 
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invar ian ts  of degree 1, 1 i n  yl, x2. With (2 .5) ,  we readi ly  

sea t h a t  

a re  i nva r i an t  under {A). They are  obviously l i nea r ly  
* 

independent. The mul t i l inear  elements of the i n t e g r i t y  bas is  

of degree two are  Men comprised of Me ( 1  s e t s  of invar ian ts  

obtained by replacing yl ,  y2 i n  the s e t  of invar ian ts  (2.12) 

by a l l  possible  s e t s  of two d i f f e r en t  vectors  chosen from 

Y 1  I . . . I  y;!. From (2.11) ,  we see there a r e  s i x  l i n e a r l y  

independent invar ian ts  of degree 1, 1, 1 i n  yl, y2,  y3. With 

(2.5) , we readi ly  see t h a t  these a re  given by 

The mul t i l inear  elements of the i n t e g r i t y  bas is  of degree 

Ii th ree  a r e  then comprised of the  ( ) s e t s  of invar ian ts  obtained 3 

y i n  (2.13) by a l l  possible  s e t s  of th ree  by replacing yl, y2, -3  

d i f f e r en t  vectors  chosen from z1t Y 2 1  -. - I Y N -  From (2.111, 

we see t h a t  there  a r e  21 l i nea r ly  independent invar ian ts  of 

degree 1, 1, 1, 1 i n  yl, x2, x3, xL.  However, we readi ly  

ver i fy  t h a t  there  a r e  a l so  21 l i nea r ly  independent invar ian ts  

of t h i s  degree which may be obtained as products of invar ian ts  

of the form (2.12). Hence there  a re  no invar ian ts  of degree 

1, 1, 1, 1 i n  yl , y2 , y3 , yb which are  required as  e1en;ents 
- - 



G. F. Smith 

of the  i n t eg r i t y  basis.  

This i t e r a t i o n  process must be terminated a t  some 

stage and it i s  necessary t o  determine by one means o r  another 

an upper bound on the degree of the  elements of the i n t eg r i t y  

basis .  For the  case under consideration, we may employ a 

r e s u l t  which says t h a t  s ince the group {A)  is comprised of ., 
four  transformations, the elements of the i n t e g r i t y  bas is  must 

be of degree four  o r  less .  This enables us t o  s t a t e  t h a t  the 

typ ica l  mul t i l inear  elements of the  i n t eg r i t y  basis  f o r  

polynomial functions of N vectors  invariant  under t he  group 

(2.1) a re  given by (2.12) and (2 :13) . The determination of 

the  non-linear elements of the  i n t eg r i t y  bas is  may be car r ied  

out  i n  a s imi la r  fashion. 

In  the  i t e r a t i v e  procedure described above, we know 

the  number Pn of l i nea r ly  independent invar ian ts  of degree 

n. We determine by inspection the invariants  of degree n 

which may be obtained as  products of invar ian ts  of degree l e s s  

than n. Suppose there a re  Rn such invariants .  They are  not 

necessari ly a l l  l inear ly  independent. Suppose then tha t  Qn 

of these Rn invar ian ts  a re  l i nea r ly  independent. We must 

determine these Q invariants  and t!!en determine Pn - Qn 
2 

addit ional  invar ian ts  I 12, ... such t h a t  the Ill 12, ... 
1' 

together with the Q invariants  which are products of lower 
n 
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order invar ian ts  form a s e t  of Pn l i nea r ly  independent invariants .  

The I 1, I*, ... are  then elements of the i n t eg r i t y  basis .  

This can be a very formidable problem when Pn and Q a r e  
n 

large.  I n  sec t ions  3 and 5, we discuss methods which e s sen t i a l l y  

reduce t h i s  problem t o  a number of smaller problems which may 

usually be solved much more readi ly.  
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3 .  Invariants of symmetry type (n1n2.. .n,) . 
Let I ..., I be a s e t  of l inearly independent 

1' 3 

invariants which are multilinear i n  the quanti t ies All ..., :;$. 
We choose as an example the invariants (2.13) . Let 

Let s be tha t  permutation of the numbers 1, ..., M which 

carr ies  1 into  ill ..., M i n t o  iM. The permutation s applied 

t o  the subscripts on the tensors A1, ..., transforms the 
-, 

invariant  I (A , ..., in to  the invariant 
j -1 

S I ~ ( $ ~ ,  ..., = I i ,  ..., A. 1. ( 3 . 2 )  
"IM 

We assume tha t  the space spanned by Ill ..., In is  invariant 

under the group Sly of a l l  M! permutations of 1, ..., MI i .e . ,  

the invariants s I  (A1, . . ., I)M) are expressible as l inear 
j 

combinations of 11, ..., In. Thus, 

For example, consider the transfornation properties of Lle 

quazt i t ies  (3.1) under permutation of the vectors xl , x2 , z3 
a;nong thenselves. The symmetric group S is comprised of - 3 
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s i x  ?errnutations 

In  t ab l e  1 below, we l i s t  the  quan t i t i e s  s I .  (xlr y2{  
J " x3) 

f o r  j = 1, ..., 6 and f o r  a l l  permutations s belonging t o  the  

set (3.4). 

Table 1 

I1 I 2  I 3  I4 I5 '6 
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The matrices D(s) given by (3.5) which describe the trans- " 

formation properties of the invariants (3.1) under the 

pen~utations of S are said t o  form a matrix representation of - 3 

degree 6 of the symet r i c  group S3. Thus, t o  every element 

s of S there corresponds a matrix D(s) such tha t  t o  the - 3 " 

product u = t s  of two permutations corresponds the matrix 

For example, 

and we see from (3.5) tha t  

The invariants (3.1) are said t o  form the ca r r i e r  space of 

the representation 
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Consider now the  invar ian ts  defined by 

From t ab l e  1, we readi ly  obtain the  transformation propert ies  

of the invar ian ts  J1, . . . , J6 under the permutations of yl , y2 

and x3. We list the quan t i t i e s  sJi i n  t ab l e  2.  
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We thus have 

where the matrices H (s) form a matrix representation of .. 
g 3  which is  sa id  t o  be equivalent t o  the representation D ( s ) .  

." 

From table 2 ,  we see tha t  the matrices H (s) are a l l  of the " 

form 

H ( s )  = - 

where K, L, M and N are 1 x 1, 2 x 2, 2 x 2 and 1 x 1 matrices 
- . " . "  ., 

respectively and where a l l  of the non-zero components of H ." 
a2pear i n  the matrices 5 ,  L, M and N. The se t s  of matrices .., ." - 
K (s )  , . . . , N (s )  are l i s t e d  i n  table 3. 

Table 3 

s 

K ( s )  

L ( s )  
." 

M (S)  1 0 

8 (s) -1 - 1 -1 
- - . . - -- - - 

e 

1 

1 0  
0 1  

( 1 2 )  / (13) 
I 

(23) ' (123) (132) 

i 

1 

1-1 
0 - 1  

1 

0 1 

1 0  

1 

-1 1 

-1 0 

1 

-1 0 

- 1 1  

1 

0 -1 

1 - 1  
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The s c t s  of matrices K ( s )  , . . . , (s) a lso  form representations 

of the symmetric group S The invariants J1, (J2, J3) ,  - 3' 
(J4, J ) and J~ form the ca r r i e r  spaces f o r  the representations 

5 

respectively. We say tha t  the representation r = E D ( s )  has - v 

been decomposed i n t o  the d i r e c t  sum of the representations 

fit . .S t  E4- I f  a matrix representation can be decomposed i n  

t h i s  fashion, it is  said t o  be reducible. I f  not, it is sa id  

t o  be irreducible. Each of the representations (3.13) a re  

irreducible representations of the symmetric group z3. 
The quantity 

i s  referred t o  as the character of the representation 

= I K ( s )  1. There are only three inequivalent irreducible fl - 
representations associated with the symmetric group S3. 
These are denoted by 
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The characters of t5ese irreducible representations are  given 

c a r  3 = 1,1,1,1,1, char (21) = [2,0,0,0,-1~-1] r 
L 

char (111) = r1,-1,-1,-111,1] L . 

We see from table 3 tha t  

char {K (s) ) = char (3) , char {L (s) 1 = char { ~ ( s )  = char (21)  I 
,, " 

char {N (s) = char (111) . (3.171 

This r e f l ec t s  the fac t  tha t  the character of any irreducible 

representation of S3 .., must equal e i ther  char ( 3 ) ,  char (21) or 

char (111). 

The invariant J1 defined by (3.10) forms the carr ier  

space for  the irreducible representation { ~ ( s )  1 for  which 
" 

char <$(s)  1 i s  equal t o  char (3) .  We then refer  to  Ji as a 

s e t  of invariants of symmetry type (3) .  The invariants J2 

a d  Jg defined by (3.10) form the ca r r i e r  space for the 

representation {L (s) 1 .  Since char { ~ ( s )  = char ( 2 1 )  , we 
,, ,, 

refer  t o  J2 and J as a s e t  of invariants of symmetry type ( 2 1 ) .  3 

Sixilarly the invariants Jk,  J,, and J6  defined by (3.10) are 

referred t o  as se t s  of invariants of symmetry types (21) and 

(111) respectively. 
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The nurrber of inequivalent i r reducib le  representat ions 

of the symmetric group SM i s  equal t o  the number of pa r t i t i ons  of 

N, i . e . ,  the number of solut ions i n  pos i t ive  integers  of the  

equation 

For example, the  pa r t i t i ons  of 4 a re  given by 4,31,22,211,1111 

and the inequivalent i r reducib le  representations of S4 a r e  

6enoted by 

Similar ly,  the pa r t i t i ons  of 5 a r e  given by 5,41,32,311,221, 

2111,11111 and the  inequivalent i r reducib le  representat ions of 

S a r e  denoted by - 5 

The characters of the various i rreducible  representations of 

S,, nay be found i n  the l i t e r a t u r e  f o r  M515 (see 111 f o r  N = l ,  
4. .*A 

..., 8). I f  a s e t  of invar ian ts  Jlr ..., J forms the c a r r i e r  
P 
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space  f o r  an i r r e d u c i b l e  r e p r e s e n t a t i o n  i' of  SN f o r  which .., 

cka r  : = c h a r  (n1n2.. .nr )  , we s a y  t h a t  t h e  i n v a r i a n t s  J1, . . ., ., 
J3 f o m  a  s e t  o f  i n v a r i a n t s  o f  symmetry type  (n1n2.. .n.?). 

I n  t h e  n e x t  s e c t i o n ,  we g ive  an  example t o  show 

how we may employ t h e  n o t i o n  o f  a  set  o f  i n v a r i a n t s  o f  

s y ~ n c t r y  t y p e  (n1n2.. .nr )  t o  e a s e  t h e  burden o f  computation 

involved i n  de termining t h e  m u l t i l i n e a r  e lements  o f  an i n t e g r i t y  

b a s i s .  
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4 .  Integri ty basis for  N symmetric second-order traceless 

tensors $1, ..., cN - the proper orthogonal group. 

We outl ine the computation yielding the multilinear 

elements of t h i s  in tegr i ty  basis .  We borrow from the discussion 

of Spencer and Rivlin [2]  the following resul ts .  

(i) Every multilinear element of the in tegr i ty  basis involves 

a t  most s i x  tensors and is:of the form 

(ii) The trace of a matrix product formed from symmetric 

3 x 3 matrices i s  unaltered by cyclic permutation of the 

factors i n  the product and is also unaltered i f  the order of 

the factors i n  the product is reversed. 

For example, we have 
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I\'s nay readi ly  con~pute (see [ 3 ] )  the number p of 
(nln2.. . 1 

s e t s  of l i nea r ly  independent invar ian ts  of symmetry type 

(nln2.. . n r ) .  These quan t i t i e s  a re  l i s t e d  i n  tab le  4 .  

Table 4 

In  tab le  4 ,  N (n1n2. . . ) denotes the number of invariants  comprising 

a s e t  of invar ian ts  of symmetry type (n1n2. . . and q (nln2.. . I  
denotes the number of s e t s  of invariants  which may be obtained 

a s  products of lower order invariants .  The computation then 
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proceeds as  follows. 

(i) Invariants  l i n e a r  i n  A1. ... 
Since tr A1= 0, there  a r e  no l i nea r ly  independent - 

invar ian ts  of degree one i n  A1. ... 

(ii) Invariants  mul t i l inear  i n  G1, e2. 
There is only a  s ing l e  l i nea r ly  independent invar ian t  

of t h i s  degree which is  given by 

We see t h a t  

Thus, tr C1A2 forms the c a r r i e r  space f o r  a  matrix representat ion 

D ( s )  of degree one which is  given by ... 

Fron (4.5) and the character  t ab l e s  fo r  52 given i n  [ l ]  , we see 

t h a t  char ( ~ ( s )  = [1,1] = char ( 2 ) .  Hence the  invar ian t  ... 
tr f?1+2 forms a s e t  of invar ian ts  of symmetry type ( 2 ) .  
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iiii) I n v ~ i a n t s  mul t i l inear  i n  Ti1, t2, A3. 
There is  only a s ing l e  l i nea r ly  independent i nva r i an t  

of t h i s  degree which i s  given by 

With (4.2) ,  we see t h a t  

Thus, tr A1A2A3 is  readi ly  seen t o  form the  c a r r i e r  space f o r  

a representat ioa IE - (s) 1 of S3 - such t h a t  char IE - (s) 1 = char (3) . 
Hence, tr tlA2A3 forms a s e t  of invar ian ts  of symmetry type (3) .  

( i v )  Invar ian ts  mul t i l inear  i n  All A2,  A3, A4.  
From tab le  4 ,  we see  t h a t  there  a re  f i ve  l i n e a r l y  

independent invar ian ts  of t h i s  degree which form one s e t  of 

invar ian ts  of symmetry type ( 4 )  and two s e t s  of invar ian ts  of 

symmetry type (22) .  We may obtain three  invar ian ts  as  

products of invar ian ts  of t he  form (4.3). These a re  given by 



l\'e nay upon inves t iga t ing  the manner i n  which the invar ian ts  

(4.S) behave under permutations of the  tensors  All ..., ill 
es t ab l i sh  t h a t  the invar ian ts  (4 .8 )  may be s p l i t  i n t o  a  s e t  

of invar ian ts  of symmetry type ( 4 )  and a  s e t  of invar ian ts  

- of synxnetry type (22) .  Thus, q ( 4 )  - q ( 2 2 )  = 1. We then see 

t h a t  we requi re  one s e t  of i nva r i an t s  of symmetry type (22) 

a s  elements of t he  i n t e g r i t y  ba s i s  (s ince p (  = 2 and 
22 

q ( 2 2 )  = 1). This s e t  i s  given by 

where Y ( .  . .) denotes a Young symmetry operator  (see [ 3 ]  f o r  a  

discussion of the  proper t ies  of Y( ...) and fu r the r  re fe rences) .  

For esaiiTple, we have 

(v) Invariants  mul t i l inear  i n  A , ,  ...# A5. 
.A. 

There a r e  1 0  i nva r i an t s  of t h i s  degree which msy be 

obtained as  products of the i nva r i an t s  ( 4 . 3 )  a?d ( 4 . 6 ) .  These 
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are given by 

The ten invariants (4.11) form the carr ier  space for a repres- 

entation which i s  denoted by ( '2) .  (3) and i s  referred to  as 

the d i rec t  product of the representations (2) and (3 ) .  The 

decomposition of representations (nln 2 . . . ) . (mlm2 . . . )  has been 

considered by Murnaghan [41. We see from tables given i n  

[41 that  

and hence 

Then from table 4 we see tha t  one s e t  of invariants of symmetry 

types (11111) and (221)  are required as elements of the 

integri ty basis. These w i l l  be given by 
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(4.15) 

(v i )  Invariants  mult i l inear  i n  All - ..., $6. 

There a r e  15 t 30 + 10 = 55 invar ian ts  of t h i s  

degree which nay be obtained a s  products of lower order 

invar ian ts .  These a r e  given by 

1. tr till2 tr A3A4 tr A5A6# ..., 15 invar ian ts ,  

(6) + (42) + (222); 

2. tr t1A2 IJ (A3 ,A4 ,A5 ,A6) (j=1,2) , . . . , 30 invar ian ts ,  
(4.16) 

(42) + (321) + (222); 

3. tr A1A2A3 tr $l;+5$61 ..., 10 invariants ,  

(61 + (42). 

In  (4.16) , we have l i s t e d  on the r i g h t  the i r reducib le  

representations knto which the representat ions f o r  which the 

invar ian ts  (4.16) 1, . . ., (4.16) form the c a r r i e r  spaces may 
3 

be decomposed. We then see from (4.16) t h a t  
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Fror;. table  4 ,  wa see t h a t  

With (4.17) and (4.181, we see t h a t  there must be a  s ing l e  

s e t  of 1 0  invariants  of synmetry type (3111) present i n  the  

i n t eg r i t y  basis .  This i s  given by 

We thus see t h a t  t h e  typ ica l  mult i l inear  elements 

of the i n t e g r i t y  basis  a r e  given by the invariants  (4.3) ,  

(4.5) , ( 4 . 9 )  , ( 4 . 14 )  , (4.15) and (4.19) . The non-linear 

elen-ents of the i n t eg r i t y  bas is  a re  readi ly obtained once the  

mult i l inear  elenents  have been determined. Details of t he  

procedure involved i n  obtaining t5e non-linear elements from 

the mul t i l inear  a re  given by Sni th  [31. 
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5 .  Iicduction of invariant - theoretic problems t o  standard 

form - the crystallographic groups. 

We consider the problem of determining the general 

form of the polynomial P(B, .., ..., 1) which i s  subject t o  the 

res t r ic t ions  

The s e t  of matrices 

forms a matrix representation r o f  the crystallographic group 
" 

{A)  = ell .../ Ax and describes the transformation properties 
" 

of Lie components B ...., Op of _B. The pl, ..., 8 form the 
1' P 

ca r r i e r  space fo r  the representation l'. We may i n  some cases - 
be able t o  determine p quanti t ies 

where det  Q $ 0 such tha t  the matrices 
i J 
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which dsscribe the transformation properties of the con2onents 

, . of Q are all expressible in the form 
9, - 

In ( 5 . 5 ) ,  the only non-zero elements of the matrices 

QT. Q'~ appear in the matrices D , . . . , F . The representation 
--K- -k -.k 

r = {T ) is then said to be reducible. If no such decomposition 
-. -k 

is possible, the representation r is said to be irreducible. 
-. 

If the decomposition process ( 5 . 5 )  has been carried out as 

far as possible, then the representation r is said to have - 
been decomposed into the direct sum of irreducible repres- 

entations r , &-, ..., r . This is denoted by 
-1 - r 

where 

f l  = { ~ ~ ) , f ~  = {zk), " ' I  r = ( ~ ~ 1 .  - r 
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The quanti t ies 

whose components form the ca r r i e r  spaces fo r  the irreducible 

representations = = {zkIl  . . . , r = {zk) are 
-r 

referred t o  as the basic quanti t ies associated with the 

irreducible representations El, E 2 ,  . . . , Er  respectively. 

I f  the matrices 'Tk = T(!k) form a representation 

r of the group {A}, then the matrices Q ~ k g - l  a lso  form a 

representation of {A) .., which is  sa id  to  be equivalent t o  the 

representation r. Associated with a crystallographic group 
., 

which i s  a f i n i t e  group, there i s  only a f i n i t e  number of 

inequivalent irreducible representations El , I'2 , . . . , r - r . 
Any representation i? ., of {A) ., can be decomposed in to  the d i rec t  

sum of L\e irreducible representations f l r  f 2 ,  ..., r -r . This 

says that  we may always s p l i t  an arbitrary quantity 

8 = (B,, ...( 8,) which forms the carr ier  space for  r in to  .. - 
se t s  of the basic quanti t ies $2r  ..., $J,, t2, ..., 
811 z 2 ,  ... associated with the various irreducible representations 

E l ,  E21 
. . . , T of (A). Thus, the problem of determining the -.r ., 

in tegr i ty  basis f o r  polynomial functions P(B, ., . . . ( y  ., ) of any 
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n W e r  of quanti t ies 6 ,  ..., y of arbitrary type which are - - 
invariant under {A) is always reducible t o  the problem of - 
datermining the integri ty basis  fo r  polynomial functions 

P*(p1t P 2 t  * - - I  tll t2t * - - I  Zl t  z21 . . .) of the basic 

quanti t ies associated with the irreducible representations 

r 
t l l  1 2 '  ..., r of { A ) .  -r - 

Example. The crys ta l  class D2. 

The s e t  of matrices {A) = 5, . . . , A4 ., defining 

the symmetry properties of the material are given by (2.1) . 
The irreducible representations associated with the group 

(A) = All . . . ,  J14 are a l l  of degree one acd are l i s t e d  i n  .. - 
table 5 .  The quanti t ies which form the ca r r i e r  spaces f o r  

representations equivalent t o  E l ,  ..., r4 - w i l l  be denoted by 

all a2,  ..., dl, d2, ... respectively. 

Table 5 

{A) el A2 5 3  ?4 Basic Quanti t ies 
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Let yi and (A$) G i j  and (%GI iJ denote the 

conqonents of an absolute vector y and an absolute second- 
., 

order symmetric tensor G when referred t o  the reference 
.% 

franss x and $k: respectively. We may readily compute the 
.w 

(Airy) and (\GI from tensor transformation rules. The 
i j 

r e su l t s  are l i s t e d  i n  table 6. 

Table 6 

With table 5 and 6 #  we see tha t  yl and G23, y2 and Ggl l  

y3 and Gi2 a re  basic quanti t ies associated with the irreducible 

representations E 2 ,  l' and T4 of {A} respectively. Also - 3 .% ., 

Gll, G22 and G are basic quanti t ies associated with the 
33 
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irreducible representation rl - of {A). " Let us now employ the 

notation 

Then the problem of determining the general form of the 

function P (yi G. ) which is invariant under {A ) may be reduced 
1 j 

t o  the problem of determining the general form of the poly- 

nomial function 

which is subject t o  the res t r ic t ions  

Also the problem of determining the general form of the 

polynomial P(B, . . . ,y)  which is invariant under the group " ." 
{A) defined by (2.1) and where the quant i t ies  appearing as ... 
arguments of P may be arbi t rary  i n  number and i n  type i s  then 
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readily seen to  be reducible to the form (5.10) and (5.11). 

f i e  only difference would be that  the range of the subscripts 

i t  j, k, rn would differ from that of. (5.10). 

The above example is a particularly simple case. 

For the less tractable of the crystal classes, we proceed 

as follows. Let 2Llt . . . , % denote the crystallographic . 

group and let 

denote the representation which gives the relation between the 

components Bi and. (AkB) of B, i n  the various equivalent refer- 

ence frames x, ..., $x associated with the crystal class - - e. 

considered. Then, l' may be decomposed.into the direct sum " 

where r, , . . . , are *the irreducffrle representations assoc- - * 
iated with the crystallographic group {A] an8 when ni denotes 

the number of  times Ei appears i n  the decomposition of r. .. 
The number ni, appearing in  (5.13) may be computed [51 from 

the formula ' . 

n = t r  T 4 )  tr i?(s) ' kri " * 
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where the matrices F(Ai) a r e  those 6efining the  i r reducib le  - - 
representat ion ci and where tr denotes the com9lex conjugate - 
of the t r ace  of the matrix F. The components ol, 02, . . . 
of t;?e quanti ty 0 which form the  c a r r i e r  space f o r  the  

", 

i r reducib le  representat ion Ei are  l i n e a r  combinations of the 

components fill . . . , 9 of B and may be obtained [51 upon 
P - 

applicat ion of the formula 

The applicat ion of (5.15) may become very tedious. A computer 

program i s  being wr i t ten  which should rout inely produce the  

. Thus, f o r  any crystal lographic group we may always reduce 

the  problem of determining the  form of a function P ( S ,  ", ..., 1) 

of any number of quan t i t i e s  5, ..., y of any a rb i t r a ry  type ., - 
t o  t h a t  of determining the general form of a function 

P C Q ~ ,  q 2 /  ... 1 On1 I t1/ t21 I I ...I where the 
2 

$ ... a re  bas ic  quan t i t i e s  associated with the various 
O i l  -it 

i r reducib le  representat ions of the group {A). 
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6. Results ava i lab le  i n  the  l i t e r a t u r e  

I f  we apply the  procedure o h e c t i o n  5 ,  we f i nd  

t h a t  appl icat ion of theorem 1 (see sect ion 2 )  and a 

general izat ion of t h i s  theorem su f f i ce  t o  give complete 

r e s u l t s  f o r  a l l  of the c r y s t a l  c lasses  except the  cubic 

c r y s t a l  c lasses .  These r e s u l t s  a r e  given i n  [ 5 ] .  Complete 

r e s u l t s  f o r  t he  cubic c r y s t a l  c lasses  may be obtained upon 

appl icat ion of a method discussed i n  [31 which i s  a general- 

i z a t i on  of the  procedure ou t l ined  i n  sec t ions  3 and 4. Resul ts  

f o r  the  f u l l  orthogonal group and t he  proper orthogonal group 

a r e  confined mainly t o  cases involving only vectors  and 

second-order tensors .  We l i s t  sone references below where t he  

i n t e g r i t y  bases f o r  many cases of i n t e r e s t  may be found. I n  

t h i s  l i s t ,  tensor  means a symmetric second-order tensor.  

(see next  page) 
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Svix::,etrv - Variables Reference 

Crystal classes 1 vector, 1 tensor [ 6 1  

Crystal classes M vectors [ 7 1 

Cryst21 classes 
(escept cubic crystals)  Arbitrary 

Tracsverse isotropy M vectors, N tensors [ 8 1 

Hemihedral isotropy M vectors, N tensors 121 I [91 

Holohedral iso'tropy M polar vectors, [ l o ]  
N axia l  vectors 
P tensors 

We note tha t  it has been shown by Wineman and Pipkin 

[ill that  the assumption tha t  the functions P ( B ,  ..., 1) are - 
polynomials may be removed. 
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