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Preface

Electron-Positron Colliders have played a key role in the development of mod-
ern particle physics. The first particle accelerators designed for the study of
e+e− collisions were the machines ADONE (Frascati), SPEAR (SLAC) and
DORIS (DESY). They provided clean events originating from a well-defined
initial state, a great advantage typical to all following e+e− colliders. More-
over, in contrary to hadron colliders, here the scattering of point-like particles
is studied, which can be calculated with very high precision in theory. There-
fore the e+e− colliders are ideal places for accurate measurements, especially
for precision tests of the electroweak Standard Model. On the other hand, the
discovery of charmonium and the tau lepton at SPEAR (SLAC) and of the
gluon at PETRA (DESY) showed that in certain circumstances e+e− colli-
sions are not limited to precision physics, but can also lead to discoveries. In
addition, the PETRA accelerator was the first electron-positron collider that
contributed to the test of electroweak interactions. For example, measuring
the forward-backward asymmetry in muon-pair production, e+e− → µ+µ−,
showed contributions from the exchange of the, at that time still undiscovered,
Z boson, the gauge boson of the weak neutral current.

At the Large Electron-Positron Collider, LEP, and the Stanford Linear
Collider, SLC, the first e+e− colliders reaching centre-of-mass energies of
91 GeV, the resonance production of Z bosons was explored. Analysing in
total 16 million Z decays allowed to measure the properties of the Z boson
with high precision. In consequence the neutral weak current of electroweak
interactions is now tested at the quantum-loop level. In the year 1996 the
centre-of-mass energy of LEP was increased above the threshold for the pro-
duction of W pairs. More than 40,000 W-pair events in all W decay modes
have been recorded by the LEP experiments allowing the determination of
the gauge couplings of the W boson and a precision measurement of the W
mass.

In recent years, the masses of elementary particles have attracted more and
more attention in particle physics. Especially the discovery of non-vanishing
neutrino masses recalls the open question of mass generation. Understanding
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the origin of mass could also shed light on the question why there are three
fermion families and on the nature of dark matter and dark energy in the
universe.

Within the Standard Model the masses of the particles are generated via
the Higgs mechanism. The heaviest elementary particles known to date, the
electroweak gauge bosons W and Z and the top quark, play an exceptional
role in this context. The top quark exhibits a huge mass nearly as large as the
gold atom. In the Standard Model it couples to the mass-generating Higgs
field with a strength proportional to its mass via the Yukawa interaction.
Therefore, studying the properties of the top quark with high precision should
reveal a deeper insight into the process of mass generation. In the Standard
Model the ratio of the gauge bosons masses is related to the ratio of the
electroweak couplings and can therefore be predicted by the measurement
of the electroweak mixing angle. Precision measurements of the Z and the
W mass together with an accurate determination of the electroweak mixing
angle are testing this relation at the level of quantum corrections. Assuming
the validity of the Higgs mechanism as the mass-generating process, allows
an estimation of the mass of the Higgs boson from the measurement of these
quantum corrections.

The Higgs boson, the key to the generation of particle masses, still awaits
discovery. If it exists it will be detected at the Large Hadron Collider (LHC)
going into operation in 2007. Once discovered at the LHC, the mass and
decay properties of the Higgs boson have to be studied with the best possible
accuracy to pin down the Standard-Model parameter set or to find hints for
physics beyond the Standard Model. An ideal place to perform these studies
would be an e+e− linear collider, a Higgs factory per se.

This review is organised as follows: In Chap. 1 it starts with a short intro-
duction to the theory of electroweak interactions. After giving an overview of
accelerators and detectors used for e+e− physics in Chap. 2 the electroweak
measurements at the Z resonance are shortly summarised in Chap. 3. The
electroweak processes observed at centre-of-mass energies well above the Z
resonance are presented in Chap. 4. Chapter 5 is dedicated to the produc-
tion of W-boson pairs, whereas in Chap. 6 the measurement of the W mass
is discussed in detail. In Chap. 7 the electroweak data are then used to test
the electroweak theory in a global Standard Model fit . In Chap. 8 the con-
tributions to the electroweak physics, which could be made by a future e+e−

Linear Collider, are reviewed.
The results in this review represent the status at the time of the summer

conferences 2006.

Aachen Stefan Roth
July 2006
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1

Electroweak Interactions

All elementary particles, known at present, and their interactions are success-
fully described by the Standard Model of particle physics. The fundamental
constituents of matter, point-like fermions with spin 1/2, interact by the ex-
change of the force carriers, bosons with spin 1. The fermions are classified in
two types of quarks and two types of leptons, which themselves are grouped
into one of three particle families. Fermions of the same type but from differ-
ent families are completely identical, except of their mass and consequently
their lifetime. It is a complete mystery of nature why there are three copies
of identical particles, but it is assumed to be closely related to the question
of mass generation.

The interactions between the fundamental fermions are mediated by dif-
ferent types of gauge bosons: Eight gluons for the strong interaction, which
binds the quarks inside proton and neutron, the photon, responsible for all
electromagnetic interactions and the weak bosons Z and W±, where the latter
allows transformations between the two types of quarks or leptons, respec-
tively. Gravity is not included in the Standard Model.

The Standard Model is a quantum field theory, where interactions are
explained by demanding invariance of the theory with respect to local gauge
group transformations. The part of the Standard Model describing electroweak
interactions [1] is formulated as a non-Abelian gauge theory governed by the
symmetry groups SU(2) × U(1), where the ideas of a Yang-Mills theory [2]
based on isospin invariance and of the Higgs mechanism [3] explaining spon-
taneous symmetry breaking are merged. After symmetry breaking it decom-
poses into the pure QED part, U(1)em, staying unbroken and mediated by
the massless photon, and the interactions of the heavy gauge bosons, W and
Z, which are governed by the SU(2)L group. One distinguishes the charged-
current (CC) interactions, mediated by the electrically charged W+ or W−

boson, and the neutral-current (NC) interactions, which are mediated by the
Z boson.

Stefan Roth: Precision Electroweak Physics at Electron-Positron Colliders
STMP 220, 1–11 (2006)
DOI 10.1007/3-540-35165-5 1 c© Springer-Verlag Berlin Heidelberg 2006



2 1 Electroweak Interactions

1.1 Gauge Invariance and Formulation of the Theory

The experimental investigation of the nuclear β decay lead to the conclusion
that the charged-current interactions are only active between the left-handed
fermions. Because of the electrical charge of the W bosons, the charged current
is causing particle transformations, for example within the electron-neutrino
doublet. Accordingly, the left-handed fermions are arranged into doublets of
the weak isospin with values of ±1/2 for its third component, I3, whereas
the right-handed fermions form isospin singlets. To further characterise the
isospin singlets, the weak hypercharge, Y , is introduced such that the Gell-
Mann-Nishijima relation for the electric charge, Q, is valid:

Q = I3 +
Y

2
. (1.1)

To assure local gauge invariance for the SU(2) group a triplet of gauge
fields, Wµ

1 , Wµ
2 , Wµ

3 , is introduced. Similarly, a gauge field, Bµ, is necessary
for the U(1) part of the theory. Invariance of the Dirac equation with respect
to SU(2) and U(1) transformations is accomplished by replacing the gradient
∂µ by the covariant derivative:

∂µ → Dµ = ∂µ + ig
3∑

k=1

τk

2
Wµ

k + ig′
Y

2
Bµ , (1.2)

where g and g′ denote the coupling strengths of the SU(2) and U(1) gauge
bosons, respectively. These two coupling strengths are free parameters of the
theory and have to be determined by experiments.

Hence, the carrier of the charged-current interaction, the charged W+ and
W− boson, are described by the following fields:

W±µ =
1√
2
(Wµ

1 ∓ iWµ
2 ) (1.3)

The electromagnetic field Aµ is identified as a linear combination of Wµ
3 and

Bµ in such a way that the coupling to the electrically neutral neutrinos van-
ishes while the coupling to the charged leptons is −e:

Aµ = Bµ cos θw + Wµ
3 sin θw , (1.4)

with
e = g′ cos θw = g sin θw , (1.5)

where θw is the weak mixing angle. The field describing the neutral current
interactions is chosen orthogonal to Aµ:

Zµ = −Bµ sin θw + Wµ
3 cos θw, (1.6)

These four gauge fields give rise to four different electroweak gauge bosons,
which are the massless photon mediating electromagnetic interactions, the W
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boson responsible for the weak charged current interactions and the Z boson
which leads to weak neutral current processes. The Z and W bosons carry weak
isospin, in addition the W bosons are electrically charged. This leads to self
interactions between the electroweak gauge bosons caused by the underlying
non-Abelian SU(2) symmetry of the weak gauge transformations.

Evidence for the existence of weak neutral currents was first found in ex-
periments analysing neutrino-electron scattering [4]. Neutrino-scattering ex-
periments also obtained the first precise measurements of the weak mixing
angle. This measurement together with the muon lifetime provided a first es-
timation of the masses of the heavy gauge bosons. The W and Z bosons were
first produced in proton anti-proton collisions [5] and found to be rather mas-
sive, with masses of about 80 GeV and 91 GeV, respectively. This fact also
explains the weakness of the weak interactions, because interactions mediated
by massive bosons are restricted to short ranges and the corresponding cross
sections and decay rates are suppressed accordingly.

The concept of gauge invariance requires long-range gauge fields, corre-
sponding to massless gauge bosons, which assure the freedom of local gauge
transformations. Gauge invariance would be destroyed, if explicit mass terms
for the gauge bosons were introduced into the theory. On the other hand it is
an experimental fact that three of the four electroweak gauge bosons are mas-
sive. In the Standard Model this is explained by the Higgs mechanism, where
the gauge bosons stay massless in the formulation of the theory, but receive
effective masses dynamically via interaction with a spin-zero Higgs field. The
Higgs field consists of two complex components, which form a doublet of the
weak isospin:

Φ = (φ+, φ0) (1.7)

The introduction of the scalar potential

V (Φ) = µ2|Φ|2 + λ2|Φ|4 (1.8)

with µ2 < 0 yields an energy minimum at Φ �= 0. In the ground state, which
is our vacuum, the neutral component, φ0, therefore acquires a non-vanishing
expectation value, v/

√
2 =

√
−µ2/λ. This breaks the SU(2) × U(1) gauge

symmetry spontaneously and leaves only the electromagnetic gauge group
U(1)em intact. The dynamical origin of this effect is still unclear. The non-
vanishing ground state of the Higgs field should also experience quantum
excitations around the potential minimum, which would materialise as the
yet undiscovered Higgs boson.

The weak gauge bosons obtain masses via their gauge couplings to the
Higgs field. The different couplings g and

√
g2 + g′2 of the W and the Z

bosons result in the following relation between the masses of the two massive
gauge bosons:

cos θw =
mW

mZ
(1.9)

This is a remarkable result, because it links the gauge sector of the theory
describing the electroweak couplings with the Higgs sector responsible for the
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mass generation. Because the photon does not couple to the neutral compo-
nent of the Higgs field, φ0, it stays massless.

To this point the theory is based on massless fermions. A massless fermion
can be decomposed into the left- and the right-handed state, which are invari-
ant under Lorentz transformations. On the contrary, for massive fermions one
can go into their rest frame and by means of a rotation change the direction of
polarisation. Introducing an explicit mass term for each fermion into the the-
ory would therefore add two identical terms of opposite parity. As the SU(2)L
group of the electroweak theory acts only on the left-handed component of the
fermion wavefunctions the gauge transformations of the right-handed and the
left-handed components would be different, spoiling local gauge invariance.

Thus local gauge invariance under SU(2)L can only be accomplished by the
dynamical generation of the fermion masses, for example via their coupling to
the Higgs field. In this way a new type of interaction is introduced, the Yukawa
coupling between the fermions and the Higgs field. The coupling strength
for each fermion to the Higgs field is a free parameter of the theory and
determined by the measured fermion mass. One prediction of the Yukawa
sector is that the decay rates of the Higgs boson into a fermion-antifermion
pair is proportional to the mass of the given fermion species. This can be tested
experimentally once the Higgs boson has been discovered and is produced in
sufficient quantity.

The mass of the Higgs boson, mH, is not predicted by the theory. It enters
the electroweak processes measured so far only via radiative corrections. A
precise determination of the electroweak parameters aims to test the internal
consistency of the theory. If the precision is sufficiently high to be sensitive
to the radiative corrections involving the Higgs boson it offers in addition the
chance to reveal information about the Higgs-boson mass.

1.2 Parameters of the Theory

The electroweak gauge interactions of the Standard Model are determined
completely by three parameters: the gauge coupling constants g and g′ of
the SU(2) and U(1) gauge fields and the vacuum expectation value of the
Higgs field v. Therefore, at tree level, only three measurements are required
to define the gauge couplings and to calculate the other observables. Indepen-
dent measurements of these observables then constitute a test of the internal
consistency of the theory. One obvious set of physical parameters which are
experimentally accessible and can be measured with high precision would be
the fine-structure constant α and the masses of the heavy gauge bosons, mZ

and mW. After measuring these parameters the gauge coupling in the elec-
troweak sector are fixed and the cross sections of electroweak processes can
be calculated.
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Many of the experimental results can be expressed in terms of the weak
mixing angle, θw, which enters in three different ways into the electroweak
theory:

1. The ratio between the electromagnetic and the weak coupling constant:
sin θw = e/g

2. The ratio between the SU(2) and the U(1) components of the weak neu-
tral current which determines the vector coupling constant to the fermions:
gV = If

3 − 2Qf sin2 θw

3. The ratio of the masses of the electroweak gauge bosons W and Z:
cos θw = mW/mZ

Therefore, comparing the weak mixing angle determined in different measure-
ments constitutes a consistency check of the theory.

Additional parameters of the Standard Model are the mass of the Higgs
boson, mH, generated by the Higgs self-coupling, and the strong coupling con-
stant αs. In the Yukawa sector the coupling of each fermion to the Higgs field
generates a fermion mass, mf , and the mixing between the mass eigenstates
and the weak eigenstates of the fermions are described by mixing angles. These
additional parameters modify the electroweak observables by second order ef-
fects, for example via radiative corrections (e.g. mt and mH), due to phase
space corrections (e.g. mb) or due to flavour oscillations in the final state (e.g.
bb̄ mixing).

For precision tests of the theory the input parameters to the calculations
should be known as accurately as possible. The parameters with the best ex-
perimental precision [6] are the fine-structure constant α, measured precisely
in g−2 experiments or using the quantum Hall effect, the Fermi constant GF,
derived from the muon lifetime, and the Z-boson mass mZ, determined with
the Z resonance scan of LEP. They are listed in Table 1.1 together with their
current experimental precision.

Table 1.1. Input parameters to the electroweak calculations; also given are the
measured values and their relative accuracy

α =
e2

4π
1/137.03599911(46) 3.3 · 10−9

GF =
1√
2 v2

1.16637(1) · 10−5 GeV−2 1 · 10−5

mZ =
ev

2 sin θw cos θw
91.1875(21) GeV 2.3 · 10−5
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1.3 Radiative Corrections

An experimental precision test of the Standard Model needs theoretical calcu-
lations of adequate accuracy. This can only by achieved including higher order
radiative corrections. The higher order terms show up as real corrections in-
volving the radiation of photons and gluons and as virtual corrections which
consist of Feynman diagrams with closed loops. Precision measurements sensi-
tive to these radiative corrections can be considered as tests of the electroweak
theory at the quantum-loop level.

Moreover, a meaningful quantum field theory must stay predictive when
higher order corrections are included. That this is the case for the electroweak
Standard Model was first shown by ’t Hooft and Veltman [7]. They proved the
renormalisability of the electroweak theory which provides the basis to perform
perturbative calculations for observables in terms of a few input parameters
order by order in perturbation theory. The input parameters themselves are
not predicted by the theory but can be inferred from precision measurements
of the electroweak observables.

One prominent example for the impressive success of quantum field theo-
ries is the quantum theory of the photon, Quantum Electrodynamics (QED).
Originally developed by Stückelberg, Schwinger, Dyson and Feynman [8] it
allows for example the prediction of the anomalous magnetic moment of the
electron and the muon. The theoretical calculation matches the experimental
precision which is of the order of 4 ·10−12 for the electron case. The agreement
between measurement and calculation at this level of precision is unique in
the area of probing fundamental laws of physics.

Another example for quantum corrections is the running of the fine-
structure constant α. The energy dependence of α(q2) is caused by the effect
of vacuum polarisation. This effect can be calculated by adding up the loop
diagrams contributing to the photon self-energy as shown in Fig. 1.1. The pre-
cise determination of α has been performed at a very low energy scale. This
value of α has to be transfered to the typical energy scale of the interactions
at LEP:

α(mZ) =
α

1 − ∆α
. (1.10)

γ

f

γ

f

Fig. 1.1. Loop diagrams contributing to the vacuum polarisation which generate a
running coupling constant α(q2)
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The contributions of the charged leptons, ∆αlept, and of the top quark,
∆αtop, can be calculated in perturbation theory. On the other hand the contri-
bution of the lighter quarks, ∆α

(5)
had, are difficult to calculate since their masses

are not well defined and non-perturbative QCD effects dominate their con-
tribution to the vacuum polarisation. Therefore the total contribution of the
light quarks is evaluated through dispersion relations from the cross-section
measurement of e+e− → hadrons at low centre-of-mass energies [9]. The result
for the QED coupling constant at the Z mass is

α(mZ)−1 = 127.918 ± 0.018 . (1.11)

The strength of the coupling of the charged weak current to the fermions
is governed by the weak mixing angle and proportional to α/ sin2 θw. At the
beginning of the LEP program the weak mixing angle was not known with
sufficient precision. Therefore one decided to use the Fermi constant, GF,
instead. It can be measured precisely in the muon decay [10]:

GF = 1.16637 ± 0.00001 · 10−5 GeV−2 . (1.12)

The Fermi constant combines the W-boson mass and the weak mixing angle
into one variable

GF√
2

=
πα

2
1

m2
W sin2 θw

. (1.13)

Again this constant is determined at low momentum transfers and higher
order corrections modify this relation. The calculation of radiative corrections
to the masses of the weak vector bosons when derived from GF and sin2 θw

was first performed by Veltman, Marciano and Sirlin [11].
The relations between the input parameters and the observables vary

with the renormalisation scheme used for these calculations. In the on-shell
scheme [12] the relation sin2 θw = 1 − m2

W/m2
Z holds in all orders of pertur-

bation theory. As a drawback the relation between GF and the gauge boson
masses gets large contributions from higher order corrections:

GF√
2

=
πα

2
1

m2
W sin2 θ2

w

1
1 − ∆r

. (1.14)

The correction term ∆r combines the effect of the running of the fine-structure
constant, ∆α, corrections to the ρ parameter, ∆ρ, plus remainder terms:

∆r = ∆α − cot2 θw∆ρ + . . . (1.15)

In analogy to the corrections of GF a similar relation exists between
sin2 θw = 1 − m2

W/m2
Z, defined from the W and Z masses, and the effec-

tive mixing angle sin2 θeff , measured in the Zff̄ couplings of the Z boson to
the fermions:

sin2 θeff = sin2 θw + cos2 θw∆ρ + . . . (1.16)
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The remainders consist of Zγ self-energy terms and vertex corrections specific
to the given fermion species (see Sect. 3.1).

The leading contribution to ∆ρ comes from the top-bottom loop in the
self-energy of the W propagator which is depicted in Fig. 1.2. The correction
is quadratic in mt, namely

∆ρt =
3GF

8π2
√

2

(
m2

t + m2
b − 2

m2
tm

2
b

m2
t − m2

b

ln
m2

t

m2
b

)
(1.17)

≈ 3GF

8π2
√

2
m2

t for mb � mt . (1.18)

W

t

W

b

Fig. 1.2. Contribution of the top-bottom loop to the self-energy of the W boson

The weak isospin symmetry breaking due to the large mass splitting in the
top-bottom quark doublet modifies the ρ parameter which is unity at lowest
order. In spontaneously broken gauge theories loops involving heavy particles
do not always decouple while in QED the running of α is not affected by
heavy particles with mass m � Q according to the decoupling theorem [13].
This theorem does not hold for the electroweak interactions, because a theory
without the top quark is no more renormalisable and the gauge symmetry is
broken if the b quark is left with no partner. Therefore electroweak precision
measurements are sensitive to particles with masses higher than the centre-of-
mass energy and hints for new physics could show up even if the new particles
are too heavy for their direct production.

Additional electroweak radiative corrections to the self-energy of the W
boson include the Higgs boson. The relevant Feynman diagram is shown in
Fig. 1.3. The dependence of the radiative corrections on the mass of the Higgs
boson is logarithmic:

∆ρH = − 3GF

8π2
√

2
(m2

Z − m2
W)

(
ln

m2
H

m2
W

− 5
6

)
. (1.19)

Quadratic terms proportional to G2
Fm2

H only appear at the two loop level and
are small. The difference to the corrections from the top quark is that m2

t −m2
b

is a direct breaking of the gauge symmetry that already affects the one-loop
diagrams, while the Higgs couplings to the gauge bosons are SU(2) symmetric
in first order.
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W

H

W

W

Fig. 1.3. Contribution of the Higgs boson to the self-energy of the W boson

While radiative corrections are quite sensitive to the top mass, they are
much less dependent on the Higgs mass. If they were sufficiently sensitive to
the mass of this last undiscovered particle of the Standard Model, we could
precisely predict the Higgs mass assuming the validity of the Standard Model.
On the other hand the test of the quantum structure of the theory would be
much less stringent, because any deviation in the radiative corrections coming
from new physics could eventually be re-absorbed by a shift of the Higgs mass.

1.4 Beyond the Standard Model

The Standard Model of particle physics describes all fundamental particles
and their interactions. The electroweak sector of the Standard Model has been
tested to very high precision, and no significant deviations of the experimental
results have been observed up to now. The tests are performed at the level of
quantum loop corrections as for many observables the tree level calculations
are not sufficient to match the experimental accuracy.

In spite of this tremendous success the Standard Model is not believed to
be the final theory of particle physics. First of all the Standard Model does
not include gravitation, the longest known fundamental interaction in physics.
Moreover, only two of the three fundamental interactions of the Standard
Model are unified, the electromagnetic and the weak interactions.

Within a Grand Unified Theory (GUT) all three interactions of the
Standard Model are unified and described by one symmetry. Two energy
scales are present in a GUT: the energy of electroweak unification at about
MEW = 102 GeV and an energy of MGUT = 1016 GeV where the strong inter-
action is incorporated as well. The mass of the Higgs boson is expected to lie in
the range of the electroweak energy scale. On the other hand, radiative correc-
tions to the Higgs mass are found to be of the order of MEW ·O(M2

GUT/M2
EW).

To keep the Higgs mass at the energy scale of electroweak unification a fine-
tuning of the parameters of the overlying GUT with a precision at the level of
1026 would be necessary. This sounds unphysical and is known as the hierarchy
problem.

The hierarchy problem is naturally solved within supersymmetric mod-
els which accompany each Standard Model particle with a supersymmetric
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partner carrying the same quantum numbers but different spin. In unbroken
supersymmetry each quantum loop in the Higgs propagator with a Standard
Model particle is exactly compensated by a quantum loop with its super-
symmetric partner. Obviously exact supersymmetry is not realized in na-
ture, because supersymmetric partners of the Standard Model particles are
not observed. If supersymmetry is existing, but broken at an energy scale of
O(103 GeV), most of the loop cancellations in the Higgs propagator are still
present and at the same time the supersymmetric particles receive masses
larger than the Standard Model particles. The minimal supersymmetric ex-
tension of the Standard Model, the MSSM, predicts a spectrum of supersym-
metric particles with masses in the range between 102 GeV and 103 GeV.

If the effective coupling constants of the weak, the electromagnetic and the
strong interaction are scaled via the renormalisation group equation to higher
energies, they do not merge at one energy scale as expected for a GUT. The
new particle spectrum, predicted by the MSSM, modifies the running of the
three couplings in such way that they merge at the GUT unification scale of
1016 GeV. At this energy scale, where all three interactions are unified, the
weak mixing angle can be predicted in GUT theories to be sin2 θw = 3/8. This
value is modified by radiative corrections when going back to the electroweak
energy scale and especially in the MSSM the theory prediction of sin2 θw is
found to be in agreement with the measurement.

The spontaneous breaking of the SU(2) × U(1) gauge symmetry using
the Higgs mechanism requires a Higgs potential with the parameter µ2 being
negative. While in the Standard Model µ2 is postulated to be negative, in the
MSSM the negative sign of µ2 is dynamically generated. Here, the parameter
µ2 becomes negative when transferring the model from the GUT energy scale
to the electroweak scale. This is caused by the strong coupling of the parameter
µ2 to the heavy top quark [14].

In contrary to the Standard Model, where the mass of the Higgs boson
is a free parameter, the Higgs self-interaction in the MSSM is determined by
its gauge structure. On tree level this leads to a strong bound on the mass
of the lightest Higgs boson, mh < mZ, which is already ruled out experimen-
tally. Radiative corrections shift the upper bound of the Higgs mass to about
150 GeV [15]. Hence a light Higgs mass is preferred by the MSSM.

In the MSSM additional radiative corrections to the electroweak precision
observables are present. Due to the high masses of the supersymmetric par-
ticles their influence on ∆α is negligible. The largest corrections to ∆ρ are
caused by the stop-sbottom dublett. This additional contribution to ∆r [16]
changes the prediction of the W mass when derived from the value of the
Fermi constant, GF. A very precise determination of the W mass could there-
fore help to decide between the Standard Model and the MSSM.
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2

The Accelerators SLC and LEP

A great success of the e+e− colliders PETRA and TRISTAN were the precision
measurements at centre-of-mass energies where the observed processes are
no longer exclusively described by QED, but interference effects with the
weak interaction have to be considered in addition. Using these measurements
allowed to predict the mass of the Z boson and to constrain the values of the
coupling constants, gf

V and gf
A, of the neutral current to the fermions. After

the discovery of the W and Z bosons at the SPS collider at CERN it became
desirable to record e+e− collisions also on the Z resonance leading to the
projects SLC and LEP. Whereas the SLC was the first e+e− linear collider
and reached centre-of-mass energies around the Z resonance, the LEP e+e−

collider was constructed according to the traditional storage-ring concept. In
contrary to the SLC, the LEP collider additionally aimed at sufficiently high
centre-of-mass energies to allow the pair-production of W bosons.

2.1 The Stanford Linear Collider SLC

The Stanford Linear Collider SLC at SLAC was constructed by modifying the
famous Stanford Linear Accelerator. This machine had been originally used
for fixed target experiments studying electron-nucleon scattering revealing
the quarks as the point-like constituents of the proton. In the 1980’s is was
modified to allow the acceleration of both electrons and positrons. An overview
of the SLC accelerator complex is shown in Fig. 2.1.

A new type of electron source was installed, which provided polarised
electrons produced by shining circularly polarised laser light on to a cathode
consisting of a 0.1 µm thick layer of strained Gallium-Arsenide on basis of
GaAsP. The strain in the GaAs lattice breaks the degeneracy of the energy
levels in the valence band. Therefore, using photons with an energy exactly in
between 1.43 eV and 1.48 eV selects one specific spin transformation. In that
way photons with given helicity produce electrons with the same helicity.

Stefan Roth: Precision Electroweak Physics at Electron-Positron Colliders
STMP 220, 13–26 (2006)
DOI 10.1007/3-540-35165-5 2 c© Springer-Verlag Berlin Heidelberg 2006
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Fig. 2.1. Acceleration scheme of the SLC with electron and positron sources, damp-
ing rings, main linac and the two arcs bringing both beams into collision

Using spin rotating solenoid magnets the longitudinal polarisation of the
electrons was converted into transverse polarisation before injection into the
damping rings. Here the transverse emittance of the beam was reduced to
the intended value before the electrons were accelerated in the main linac
to the nominal energy of the colliding beams. Some of the accelerated elec-
tron bunches were steered onto a target in order to produce positrons. The
positrons were collected, transfered into a damping ring and then accelerated
by passing the main linac. No polarisation of the positron beam was intended
in the SLC design.

The 3 km long linear accelerator was equipped with copper cavities which
accelerated alternately electron and positron bunches to an energy of 50 GeV.
At the end of the linac the electrons and positrons were separated and brought
into collision using two arcs of bending magnets. Passing the arcs the spin ori-
entation of the particles was manipulated by suitably chosen betatron oscilla-
tions to obtain longitudinal polarisation at the interaction point. With a beam
current of 0.8 µA a specific luminosity of 2.5 · 1030 cm−2s−1 was achieved.
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The degree of polarisation of the electron beam was measured by a Comp-
ton polarimeter installed after the interaction region. Here, circularly polarised
laser photons were scattered from the electron beam leaving the interaction
point. The Compton-scattering cross section was measured for parallel and
anti-parallel orientation of photon and electron helicities. The asymmetry be-
tween both cross sections measures the product of laser light and electron
beam polarisations. With this method the polarisation of the electron beam
was continuously monitored. Polarisations of the electron beam of up to 80%
were obtained (see Fig. 2.2). The measurement of the average polarisation has
a precision of 0.7% and is limited by systematic uncertainties.

Fig. 2.2. Evolution of the polarisation at SLC with the time of operation in terms
of the number of Z bosons registered

The energy calibration of the beams at the SLC was accomplished using
a precision spectrometer directly after the interaction point [1], where the
angular deflection of the beams was determined measuring the direction of
synchrotron radiation emitted before and after the bending magnet of the
spectrometer. This allowed to detemine the beam with a precision of 5 · 10−4.

2.2 The Large Electron Positron Collider LEP

The Large Electron Positron Collider LEP was situated in a ring tunnel of
27 km circumference at CERN near Geneva. It was operated from the year
1989 until 2000, when it made way for the installation of the Large Hadron
Collider LHC. The electrons were delivered by the linear accelerator LIL. Here,
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also positrons were produced and collected using an accumulation ring. Using
the older accelerators PS and SPS the electrons and positrons were accelerated
to an energy of 20 GeV and then injected into the LEP storage ring. This
storage ring consisted of eight bending sections with an effective radius of
3.0 km, where dipole magnets with a maximum field strength of up to 0.1 T
kept the particles on their path. Two of the eight straight sections housed the
acceleration system. Normal conducting copper cavities and superconducting
cavities made from niobium-sputtered copper were operated, yielding a total
accelerating gradient of 3.6 GV per turn. Such a high gradient was necessary
to replace the energy loss of the beams due to synchrotron radiation, limiting
the maximum achievable centre-of-mass energy to 208 GeV. An overview of
the LEP accelerator complex is given in Fig. 2.3.

2.3 Calibration of the LEP Beam Energy

At beam energies of 41 GeV < Ebeam < 61 GeV the calibration of the LEP
beam energy is based on the resonant spin depolarisation technique. It uses the
characteristic feature of electron storage rings that transverse polarisation of
the circulating particles builds up during their passage through the magnetic
field of bending dipoles. This is called the Sokolov-Ternov effect [2].

Once polarised, the electron spin precesses around the B-field direction. A
relation between the particle energy and the number of spin precessions per
revolution around the storage ring, the spin tune νs, can be derived:

νs =
g − 2
2me

Ebeam =
Ebeam

440.6486 MeV
. (2.1)

An external high frequency magnetic field is used to destroy the beam po-
larisation. The frequency where depolarisation occurs is identical to the non-
integer part of the spin tune and hence the beam energy can be determined.
The degree of polarisation of the electron beam is measured using a Comp-
ton polarimeter. The method of resonant spin depolarisation has an intrinsic
precision of 0.2 MeV [3].

However, effects such as small imperfections of the magnetic field disturb
the spin direction and lead to depolarisation of the beam. These depolarising
effects can act on the beam effectively, if the trajectory of the particle is a
multiple of the ring circumference. As a consequence the spin tune νs must
not be close to an integer value. Suitable points for energy calibration are
separated by ∆νs = ±1, i.e. by ±0.88 GeV in centre-of-mass energy and
special beam energy values in between have to be avoided to prevent accidental
depolarisation of the beam. With increasing beam energy the synchrotron
radiation grows proportional to E4

beam leading to an increased amplitude of
synchrotron oscillations. This also leads to a larger beam energy spread as the
particles now see larger differences in the accelerating fields of the RF cavities.
If this energy spread becomes too large some of the beam particles cross the
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Fig. 2.3. Overview of the LEP accelerator complex. The upper sketch shows the
layout of the pre-accelerator system with the linear accelerator LIL, the e+e− accu-
mulator ring EPA, and the synchrotrons PS and SPS accelerating in several stages
up to 20 GeV before injection into LEP. On the lower plot the location of LEP
relative to the pre-accelerators and the positions of the four experiments are shown
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depolarising energy points and the beam polarisation is destroyed. Therefore
the method of resonant spin depolarisation (RDP) can not be used directly
for the beam energies of the physics runs at LEP 2, well above 60 GeV.

To cope with this problem, B-field measurements were accomplished using
16 NMR probes situated in selected bending dipoles [4] which were read out
during physics runs as well as during the procedure of resonant depolarisation.
The beam energies for the physics running in the regime 80 GeV < Ebeam <
104 GeV were derived from the NMR model extrapolating the results of the
RDP technique to the higher energies. Corrections caused by the additional
bending fields due to non-central orbits through the focusing quadrupoles had
to be taken into account. Also the local beam energy present at the interaction
points of each experiment had to be derived by correcting for the energy loss
in the bending arcs and the energy gains in the accelerating sections.

The systematic uncertainty of the NMR model was derived by comparison
with three independent measures of the LEP beam energy: The synchrotron
tune, Qs, of a storage ring depends on the beam energy and on the energy loss
per turn, which is known from the total accelerating RF voltage, VRF. The
beam energy can be derived from the variation of Qs with VRF. The flux-loop
was a sequence of cable loops installed into each of the bending magnets and
sensing the change of the magnetic flux during the ramp of the B field. A
beam-energy spectrometer was installed in 1999 and used during the run of
the year 2000. This setup, shown in Fig. 2.4, allowed to measure the deflection
angle of the electron beam caused by the magnetic field and hence the beam
energy. It was composed of a steel dipole with an accurately surveyed field
map and a triplet of beam-position monitors (BPM) on either side of the
dipole.

The relative differences between the result obtained from the NMR model
and the alternative measurements are shown in Fig. 2.5. The comparison of the
alternative methods with the default NMR measurement allows to estimate
the systematic uncertainty of the LEP beam energy. This uncertainty increases
linearly with the distance in energy to the calibration points where the precise
energy calibration using the depolarisation method is performed.

Quad  Sensors
Wire Position

Dipole
Steel          

Absorbers
Quad

NMR ProbesBPM Pickups
0m 10m

Fig. 2.4. Sketch of the beam-energy spectrometer including beam position monitors
(BPM) and the magnetic dipole
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Fig. 2.5. Differences between the results from the NMR model and the alternative
methods, using the magnetic spectrometer, the flux loop coils and the synchrotron
tunes. The systematic uncertainty assigned to the LEP energy measurement due to
this comparison is depicted as hatched area

The centre-of-mass energies at each interaction point and for each period
of data taking are obtained by correcting for effects due to the RF system
which depend on the location around the LEP ring, and by applying the LEP
energy model which takes into account time-variable effects like, for example,
ground motions caused by the tides of the moon. For the majority of LEP 2
running the calibration of the centre-of-mass energy was performed with an
accuracy of 1.2 · 10−4. This is sufficiently precise in order to do not dominate
the experimental uncertainty of the W-mass measurement.

2.4 Detectors at Electron-Positron Colliders

The principle layout of the SLD detector [5] and of the four LEP detectors
ALEPH [6], DELPHI [7], L3 [8] and OPAL [9] is similar. They are all-purpose
detectors, which are designed to measure all possible final states of e+e−

interactions. As examples the layout of the SLD and the OPAL detectors are
shown in Fig. 2.6.

Starting from the interaction point the first sub-detectors are the vertex
detectors which are constructed using silicon-strip sensors. They allow the
reconstruction of the decay vertices of long lived particles like, for example,
B mesons. Then tracks of charged particles are registered by various types of
drift chambers. In addition the momentum of the particles is determined with
high precision by measuring the curvature of the tracks in the magnetic field
of the detectors. The energy of electrons and photons is measured in the elec-
tromagnetic calorimeters and the hadronic component of jets is reconstructed

-50

-40

-30

-20

-10

0

10

20

30

40

50

65 70 75 80 85 90 95 100 105 110
Eb [ GeV ]

E
b

M
E

A
S
 -

 E
b

N
M

R
  [

 M
eV

 ]

Spect

Qs

Flux Loop

Global Fit



20 2 The Accelerators SLC and LEP

OPAL

Forward
Detector

Hadron
Calorimeters

Electromagnetic
Calorimeters

Time of Flight
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Vertex Chambers

Z-Chambers
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Muon Chambers

Fig. 2.6. The SLD detector at the SLC and the OPAL detector at LEP as examples
for typical detectors at e+e− colliders
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using the hadronic calorimeters. Muons penetrate the calorimeter system and
are identified using drift chambers surrounding the detector. All five detectors
are provided with a solenoidal magnetic field.

In all experiments a special sub-detector, the so-called luminosity moni-
tor [10], registers the events of small-angle Bhabha scattering and allows to
determine the luminosity of the colliding beams. It consists of an electromag-
netic calorimeter which detects the scattered beam particles and a silicon-strip
detector which measures the scattering angle of the particles with high pre-
cision. Because of the steep rise of the differential cross section of Bhabha
scattering when going to small scattering angles the spatial accuracy of the
monitors is of crucial importance. A detailed description of the luminosity
measurement is found in Sect. 2.5.

In the following examples, the detection capabilities of the five experiments
are presented. The SLD experiment exploited the special feature of a linear
collider where beams with very tiny diameters are brought into collision. This
allowed to place the first layer of the silicon vertex detector at a distance of
only 2.8 cm from the beam line. The inner part of the SLD vertex detector
was a pixel detector based on the CCD technology. More than 307 million pix-
els provided a very accurate spatial resolution allowing to identify secondary
vertices with high efficiency. For the identification of b-quark final states, this
vertex information is used together with other observables to construct a ver-
tex mass for the given jet [11]. The resulting vertex mass distribution is shown
in Fig. 2.7.

Fig. 2.7. Reconstructed secondary-vertex mass for SLD data (points) and Monte
Carlo (solid line). The Monte Carlo simulation is composed of the bb̄ final state
(dashed line), the cc̄ final state (dotted line) and the contribution from light quarks
(dashed-dotted line)
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Fig. 2.8. Hermeticity of the ALEPH detector for hadronic final states, muon pairs
and Bhabha event. Also shown is the energy resolution of hadronic jets using the
energy-flow algorithm

The ALEPH collaboration built an all-purpose particle detector with spe-
cial emphasis on homogeneity and hermeticity. In Fig. 2.8 the fraction of the
centre-of-mass energy which was registered in the detector is shown for the
hadronic final states, the muon-pair production and Bhabha scattering. For
events comprised within the angular region of | cos θ| < 0.9 nearly the com-
pletely available event energy is measured. In the forward detector region more
and more particles are lost in the inactive region around the beam line, leading
to a total loss of the muon pairs and a degrading hermeticity for hadronic final
states. ALEPH has developed the energy-flow algorithm [12] which tries to
associate to each charged particle track the corresponding calorimetric clus-
ter. This algorithm provides excellent energy resolution for the reconstructed
jets over the full acceptance of the detector. The energy resolution obtained
is also shown in Fig. 2.8 versus the angular region of the detector.

A speciality of the DELPHI detector was its capability of particle identifi-
cation. The large volume Time Projection Chamber (TPC) of the DELPHI de-
tector allowed a precise measurement of the specific ionisation, dE/dx, of the
charged particles. An additional detector system, the Ring Imaging Cherenkov
detector (RICH) [13], was introduced to further improve the particle identifi-
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Fig. 2.9. Particle ID measurements using various sub-detectors of the DELPHI
experiment

cation. Figure 2.9 shows the separation of the different particle species using
the various sub-detectors of DELPHI.

The L3 detector was designed for optimal energy resolution for muons,
electrons and photons. This goal was reached using a high resolution elec-
tromagnetic calorimeter made from BGO crystals. A large system of drift
chambers outside the calorimetric system but still within the solenoid mag-
net, constituted a high precision muon spectrometer. A momentum resolution
of 2.5% was obtained for muons from Z decays as it is shown in Fig. 2.10. Also
shown is the measured mass distribution of π0 mesons reconstructed from its
decay into two photons. The achieved mass resolution of 7 MeV demonstrates
the excellent resolution of the BGO calorimeter for electromagnetic energy.

The OPAL detector was designed to be a well balanced answer to accom-
modate all demands given by the various physics cases in e+e− interactions.
Vertexing was performed using silicon detectors, a drift chamber was used for
tracking and particle identification and the calorimetric system allowed the
measurement of neutral particles. The very important measurement of the lu-
minosity collected by the experiment was achieved using specialised detectors
placed at the very forward region of each of the LEP detectors. In the exam-



24 2 The Accelerators SLC and LEP

Fig. 2.10. Resolution of muon momentum using Z decays (left) and π0 mass
resolution from the electromagnetic calorimeter energy (right) in the L3 detector

ple of OPAL this so called luminometer [14] consisted of an electromagnetic
calorimeter made from a silicon-tungsten sandwich structure.

2.5 Luminosity Measurement

In parallel to Z-decay events registered in the main part of the detector the
data acquisition also records small-angle Bhabha events within the luminosity
monitor. In this way the measured integrated luminosity represents exactly
the data-taking period under study and readout dead times are automati-
cally taken into account. The positions and energies of the scattered electrons
and positrons are measured with a detector consisting of a calorimeter and a
precision silicon tracker placed close to the beam line. It records a back-to-
back electron-positron pair at small polar angles, typically between 25 mrad
and 60 mrad. As the cross section depends strongly on the scattering angle
(dσ/dθ ∝ θ3), the exact knowledge of the angular acceptance is very impor-
tant for the accuracy of the luminosity measurement. Figure 2.11 shows the
distribution of the impact position of the scattered electrons on the luminosity
monitor, which has been determined with very high precision.

While the angular measurement of the silicon detector is crucial for the
exact definition of the acceptance region, the calorimetric system discriminates
against lower-energetic background events which are mainly beam induced.
The amount of background events can be estimated by extrapolating the
tails of the energy distributions into the signal region. The final experimental
systematic uncertainty on the measured luminosity stays well below 1 permill.
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Fig. 2.11. Impact position of Bhabha events in the OPAL luminosity monitor

Even directly at the Z resonance the process of small angle Bhabha scatter-
ing within the acceptance of the luminosity monitors occurs more frequently
than all Z-decay processes together. Therefore the statistical uncertainty of
the measurement is small. The luminosity events are mainly caused by the
t-channel photon exchange, a pure QED process. However, to match the ex-
perimental accuracies also weak diagrams and radiative corrections have to
be added in the calculation of the accepted cross section. To perform this
calculation and for the precise modelling of these events the Monte-Carlo pro-
gram BHLUMI [15] has been developed. It has been estimated that these
calculations contain a theoretical uncertainty of about 0.5 permill.
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3

Electroweak Measurements on the Z Resonance

The Standard Model is confirmed at the permill level using electroweak preci-
sion measurements gathered at the Large Electron Positron Collider LEP and
at the Stanford Linear Collider SLC. The analysis of electron-positron colli-
sions at centre-of-mass energies around the Z resonance has delivered a wealth
of precisely measured electroweak observables. The measurement of the total
cross sections of the processes e+e− → ff̄ are used to determine the mass,
mZ, and the width, ΓZ, of the Z boson. The forward-backward asymmetries of
the lepton and heavy-quark production and the final-state polarisation of the
τ leptons measure the couplings of the Z boson to the fermions. Additionally,
at the SLC, where a polarised electron beam was available, the asymmetry
between cross sections for left and right polarised electron beam is used for a
precise determination of the weak mixing angle, sin2 θw.

3.1 Fermion-Pair Production in e+e− Collisions

In e+e− collisions the production of a fermion-antifermion pair proceeds via
the s-channel exchange of a neutral electroweak boson, the photon or the Z
boson, as depicted in Fig. 3.1. Due to the Z-boson resonance the cross section
shows a sharp enhancement at a centre-of-mass energy of

√
s = mZ. For

example, the hadronic final state, obtained from the production of a quark-
antiquark pair, reaches a cross section of more than 30 nb at the Z pole.

Near the Z resonance the reaction e+e− → ff̄ is dominated by the Z
exchange diagram. For non-electron final states (f �= e) the differential cross
section on Born level is given by

dσ

dΩ
=

9
4

ΓeeΓff

m2
ZΓ 2

Z

sΓ 2
Z

(s − m2
Z)2 + m2

ZΓ 2
Z

·
[
(1 − PeAe)(1 + cos2 θ) + 2(Ae − Pe)Af cos θ

]
, (3.1)

where θ is the scattering angle of the outgoing fermion (f) with respect to the
direction of the incoming electron beam (e−). Pe is the degree of polarisation
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γ / Z

e+

e−

f̄

f

Fig. 3.1. The lowest order Feynman diagram of the process e+e− → ff̄ with f �= e.
Fermion pairs are produced via a γ or Z propagator in the s-channel

of the beam electrons, relevant at the SLC, and the parameter Af is defined
as

Af = 2
gf
V/gf

A

1 + (gf
V/gf

A)2
, (3.2)

where gf
V and gf

A are the vector and axial-vector coupling constants of the Z
boson to the fermion f , respectively. The partial width, Γff , of the Z decay
channel Z → ff̄ is given by

Γff =
√

2GFm3
Z

12π
Nf

c

(
(gf

V)2 + (gf
A)2

)
, (3.3)

with the colour factor Nf
c which is 3 for quarks and 1 for leptons.

Radiative corrections due to photon radiation in the initial state change
the shape of the measured Z resonance, σ(s). These photons lead to a reduced
the effective centre-of-mass energy, s′, of the hard scattering process. If one
could determine the radiated photon energy for each individual event, the
unfolded cross section σ(s′) would be accessible and thereby the pure line-
shape. Instead, most of the initial-state photons escape along the beam-line
and stay undetected. Therefore initial-state radiation (ISR) is considered by
convoluting the Born cross section with a radiator function. Due to the high
beam energies photon radiation appears frequently and consequently these
corrections are large. They lower for example the maximum of the total cross
section by 36% and shift its position by about +100 MeV.

Most of the electroweak virtual corrections are considered by the replace-
ment m2

ZΓ 2
Z → s2Γ 2

Z/m2
Z in the denominator of the Breit-Wigner function,

effectively introducing a s-dependent width of the Z boson, and by the intro-
duction of effective coupling constants ḡf

V and ḡf
A:

ḡf
A =

√
ρf
eff If

3 and ḡf
V =

√
ρf
eff (If

3 − 2Qf sin2 θf
eff) . (3.4)

Here, an overall factor ρeff = (1 + ∆ρ) is coming from the renormalisation
of the weak coupling and dominated by the top-bottom loop in the W boson
propagator. Moreover the Zff̄ vertex is modified for instance by the loop
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Fig. 3.2. Corrections to the coupling of the Z boson to a fermion-antifermion pair.
The tree level diagram with a pure Zff̄ vertex is accompanied by loop diagrams
(left) which contain a small contribution from the γff̄ vertex. Additional vertex
corrections (middle and right) depend on the fermion type in the final state

diagrams, shown in Fig. 3.2, which yield small contributions from the γff̄
vertex. In principle, each of the effective couplings is different for the various
fermion species because of flavour dependent vertex corrections. However,
with exception of the Zbb̄ vertex these corrections are small and effective
mixing angles obtained from the measurement of different decays Z → ff̄
are compared by translating the results to sin2 θlept

eff , the mixing angle from
leptonic Z decays.

Photonic vertex corrections are part of the calculation of QED radiative
corrections which are dominated by the emission of real bremsstrahlung pho-
tons. The effect of initial-state radiation has been explained above. Photon ra-
diation from one of the final-state fermions, called final-state radiation (FSR),
must also be considered. For inclusive observables, where cuts on the final
state photon energy are avoided, one integrates over the available photon
phase space. In this case the Kinoshita-Lee-Nauenberg theorem [1] is effective
and the corrections are small. For instance, the total cross section of leptonic
final states is multiplied by 1 + 3α/4π which is an increase of 0.17%. The
factor is different for hadronic final states and depends on the quark charge.
Here, an additional correction factor of about 1 + αs/π has to be applied to
account for gluon radiation from the quarks.

The narrow Z peak is equivalent to a long lifetime of of the Z boson
(τZ = 1/ΓZ), which decouples the initial and the final state. Therefore, the
interference between ISR and FSR is suppressed for measurements on the
Z resonance. The correction to the total cross section is of the order of
α
π (ΓZ/mZ)2 ≈ 2 ·10−6 and can be neglected. For the forward-backward asym-
metries the same holds true as long as no explicit or implicit cut on the photon
energy in the final state is applied. Nevertheless, to match the precision in
data these interference effect have to be treated properly by the Monte-Carlo
generator programs [2].
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3.2 Measurement of the Z Lineshape

During the LEP1 phase data were taken at seven different centre-of-mass en-
ergies around the Z peak. The total hadronic cross sections obtained at these
energies by averaging the individual measurements of the four LEP experi-
ments [3] is shown in Fig. 3.3. They are compared to the theory prediction
calculated with the program ZFITTER [4]. Also shown is the Z lineshape after
unfolding the effects due to photon radiation. From this lineshape curve the
resonance parameters of the Z boson, namely the mass, mZ, the total decay
width, ΓZ, and the peak cross section σ0

had are extracted using the following
parametrisation

σhad(s) = σ0
had

s

(s − m2
Z)2 + s2Γ 2

Z/m2
Z

(3.5)

for the term from the Z exchange in the s-channel. The contribution from
photon exchange and the γZ interference are taken from the Standard Model
prediction assuming the same Z mass.

The position of the cross section maximum yields mZ, the width of the
lineshape curve measures ΓZ and the height of the curve determines σ0

had. For
the determination of mZ, systematic errors in the cross section determination
cancel out to a large extent as they are correlated between the different centre-
of-mass energies. An important part of the mass measurement is the precise

Fig. 3.3. The lineshape scan of the Z resonance. Shown are the total hadronic cross
sections at various centre-of-mass energies, as measured by the four LEP collabo-
rations. They are compared to the theory prediction (solid line). Also shown is the
resulting Z lineshape after unfolding effects due to initial-state photon radiation
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energy calibration of the LEP collider which has been obtained by exploiting
the technique of resonant spin depolarisation [5]. Including effects coming from
ground motions caused by the tides of the moon, the level of Lake Geneva
and the parasitic currents from nearby passing TGV trains pinned down the
relative error in the determination of the beam energy to 1.5 · 10−5. Today
the Z mass is known with a precision of 23 ppm [6]

mZ = 91.1875 ± 0.0021 GeV (3.6)

and the Z decay width is measured to be

ΓZ = 2.4952 ± 0.0023 GeV . (3.7)

From the height of the measured Z lineshape the peak cross sections, σ0
f

can be derived. They are parametrised as

σ0
f = 12π

ΓeeΓff

m2
ZΓ 2

Z

, (3.8)

which allows to extract the partial widths Γff from the measurements of the
total cross sections for individual final states Z → ff̄ .

The systematic uncertainties on the mass and width of the Z boson are
dominated by the LEP energy calibration. For ΓZ additional contributions are
due to the estimation of the background contamination. The measurement of
the peak cross sections strongly depends on the accuracy of the determination
of the integrated luminosity.

From the measurement of the total width from the lineshape scan and all
visible partial widths one can determine the invisible partial width for Z → νν̄:

Γinv = ΓZ − Γhad − Γee − Γµµ − Γττ . (3.9)

Assuming that Γinv = NνΓν , where Γν is the partial width into pairs of a
single neutrino species, one obtains

Nν =
Γinv/Γ��

(Γν/Γ��)SM
= 2.9840 ± 0.0082 , (3.10)

where Γ�� is the partial width into one species of charged leptons, assuming
vanishing lepton masses. This has the advantage that uncertainties due to
electroweak corrections are common to both partial widths and cancel out
in their ratio. The Z lineshape is shown in Fig. 3.4 along with the theory
prediction for two, three or four neutrino species. Assuming Standard Model
couplings to the Z boson the measurement confirms the number of light neu-
trino flavours to be three. On the other hand the measurement of Γinv is two
standard deviations below the expectation for three neutrino families. This
could be a hint to potential anomalously low Zνν couplings compared to the
Standard Model expectation. The implication for the recent result of the neu-
trino experiment NuTeV, pointing into the same direction, will be discussed
in Sect. 7.1.
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Fig. 3.4. The lineshape scan of the Z resonance along with the theory prediction
for two, three and four neutrino species

The result can also be turned into a quantitative limit on extra, non-
standard contributions to the invisible width. The difference between the
measured value of the invisible width and its Standard Model expectation
is found to be ∆Γinv = −2.7+1.8

−1.5MeV. This results in a limit on non-standard
contributions to the invisible width of ∆Γinv < 2.0 MeV at the 95% confidence
level.

3.3 Forward-Backward Asymmetries

The forward-backward asymmetry, Af
FB, is defined by the relative difference

between forward (F) and backward (B) scattering of the fermion, f , with
respect to the incident electron, e−:

Af
FB =

σf
F − σf

B

σf
F + σf

B

=
3
4
AeAf . (3.11)

At a centre-of-mass energy directly on the Z resonance the contribution from
the γZ interference vanishes and inspection of Equation 3.1 shows that the
determination of Af

FB measures the coefficient AeAf in the term depending
linearly on cos θ.

The measurement of forward-backward asymmetries requires the determi-
nation of cos θ and the discrimination between fermions and anti-fermions,
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based on their electric charges. For the µ+µ− final state the direction and the
charge of the muons can be measured directly. The same holds for e+e− final
states, but here the large contribution from the t-channel Bhabha scattering
has to be corrected for. In the case of τ+τ− events the direction and charge
of the τ lepton is derived from its decay products. For b-quark final states the
direction of the b-quark is determined from the jet direction and its flavour is
derived, for example, from the charge of the leading particles in B-meson de-
cays [7]. In Fig. 3.5 the combined forward-backward asymmetries for leptonic
final states measured at centre-of-mass energies around the Z resonance are
shown [3].

Fig. 3.5. Forward-backward asymmetries measured around the Z resonance. Shown
are the average forward-backward asymmetries at various centre-of-mass energies,
as measured by the four LEP collaborations. They are compared to the theory
prediction (solid line). Also shown is the asymmetry curve after unfolding the effects
due to initial-state photon radiation

The measurement of the forward-backward asymmetry is insensitive to
detection in-efficiencies, as long as these are not asymmetric in charge and in
cos θ at the same time. Another source of systematic uncertainty arises from
the charge confusion, for which the Af

FB measurement has to be corrected for.
All AFB measurements are used to extract an on-peak asymmetry A0

FB,
where the radiative corrections and the contributions of the γ exchange are
taken into account. Assuming lepton universality A0

FB the leptonic asymme-
tries can be combined into one measurement of the effective weak mixing
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angle:
sin2 θeff = 0.23099 ± 0.00053 . (3.12)

Equivalently, the result on the b-quark forward-backward asymmetry can be
translated into

sin2 θeff = 0.23221 ± 0.00029 , (3.13)

differing from the value for the leptonic result by two standard deviations.

3.4 Tau Polarisation

The helicity of the final-state fermions can be detected in e+e− → τ+τ−

events, where the parity violating decay of the tau lepton serves as an helicity
analyser. The average tau helicity can be obtained from the energy spectra of
its decay products. In the simplest case, the tau decay into a charged pion, the
pion preferentially goes along the direction of the tau helicity vector within
the centre-of-mass system of the tau. After being boosted into the laboratory
frame, a pion from the decay of a right-handed tau is on average more energetic
than a pion from a left-handed tau.

The tau polarisation measured on the Z peak is calculated from the relative
asymmetry between the cross sections for the production of right-handed (R)
and left-handed (L) tau leptons:

Pτ =
σR − σL

σR + σL
= −Aτ . (3.14)

The results from the LEP collaborations [8] are averaged and transformed
into a determination of

Aτ = 0.1439 ± 0.0043 . (3.15)

Measuring also the cos θ dependence of the tau polarisation gives additional
information on Ae. The tau polarisation measurements using the full LEP
data sample result in a determination of the effective weak mixing angle of

sin2 θeff = 0.23159 ± 0.00041 . (3.16)

3.5 Left-Right Asymmetry

The left-right asymmetry, accessible with the polarised electron beam at the
SLC, is defined as the relative difference between the interaction rates with
left (L) and right (R) longitudinally polarised electron bunches. Neglecting
the contribution from the photon exchange, Af

LR on the Z resonance is given
by
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Af
LR =

1
Pe

σf
L − σf

R

σf
L + σf

R

= Ae . (3.17)

For measurements on the Z resonance Equation 3.1 shows that Af
LR mea-

sures directly the asymmetry parameter Ae of the electron. Because the mea-
surement of Af

LR does not need the detection of the flavour of the outgoing
fermions, all visible Z decays can be used. Especially due to its high cross sec-
tion, the left-right asymmetry of the hadronic final state allows a competitive
determination of the couplings of the Z boson to the electrons.

Defined as a cross-section asymmetry the measurement of Af
LR is an ob-

servable nearly unaffected by detector-dependent systematic effects or by de-
ficiencies of the Monte-Carlo modelling. On the other hand the measurement
depends strongly on the accuracy of the determination of the polarisation of
the electron beam. Another source of systematic uncertainties comes from the
knowledge of beam energy, which is used to correct the asymmetry measure-
ment to the value directly on the Z resonance.

In the years 1992–1998 the SLD experiment at SLC collected about half
a million Z decays with beam polarisations up to 77%. Taking into account
radiative corrections, the contribution from the γ exchange and the extrap-
olation to the exact position of the Z peak the average peak asymmetry for
the complete SLD data set is obtained as [9]:

A0
LR = 0.1513 ± 0.0021 . (3.18)

With

A0
LR = Ae =

2 (1 − 4 sin2 θeff)
1 + (1 − 4 sin2 θeff)2

(3.19)

this can be translated into a measurement of the effective weak mixing angle
of

sin2 θeff = 0.23098 ± 0.00026 . (3.20)

3.6 Determination of the Effective Weak Mixing Angle

The various asymmetries measured on the Z resonance are related to the
coupling of the weak neutral current to the fermions, and can therefore be
expressed in terms of the effective weak mixing angle, sin2 θeff . The measure-
ments of the lepton forward-backward asymmetry, A0,l

fb , the left-right asym-
metry at SLD, Al(SLD), the τ polarisation at LEP, Al(Pτ ), and the forward-
backward asymmetry of the b-quark and c-quark final state, A0,b

fb and A0,c
fb are

translated to the effective mixing angle for the leptonic final state, sin2 θlept
eff ,

and compared in Fig. 3.6.
A difference of 2.9 standard deviations is observed between the two most

precise measurements, the left-right asymmetry and the b-quark forward-
backward asymmetry. However, combining all measurements results in an
accuracy at the sub-permill level [10]:
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Fig. 3.6. Measurements of the effective weak mixing angle from Z decays and
comparison with the Standard Model prediction as function of the Higgs mass. The
theory uncertainty is dominated by the uncertainties in mt and ∆α and shown as a
band whose width represents the quadratic sum of both effects

sin2 θlept
eff = 0.23153 ± 0.00016 . (3.21)

Also shown is the Standard Model prediction for sin2 θlept
eff as a function of

the Higgs mass, mH. Comparing the prediction with the measurement result
shows a preference for a light Higgs boson.

3.7 Effective Couplings and Weak Radiative Corrections

The cross-section and asymmetry measurements presented above can be trans-
lated into the measurements of the effective couplings ḡf

V and ḡf
A of the Z boson

to the fermions of type f . For the leptonic final states these coupling constants
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can be compared directly and were found to agree within the experimental
precision, thus indicating lepton universality.

Alternatively they can be transformed into measurements of ρeff and
sin2 θeff by means of Equations 3.4. This has to be done separately for each
fermion type f . From Equations 3.2 and 3.3 it is evident that ρeff is mainly
measured by the partial decay widths of the Z boson while sin2 θeff is deter-
mined by the various asymmetries.

It is remarkable that the specific values of the charge and the weak isospin
of the quarks imply that the sensitivity of Aq to sin2 θeff is much smaller than
it is the case for Ae. Therefore, the quark asymmetries A0,q

fb = 3
4AeAq can be

translated into a determination of sin2 θlept
eff through the factor Ae. Likewise,

as all measured cross sections depend on Γee, the observable ρlept
eff is the one

with the highest precision. The measured values are [10]:

ρlept
eff = 1.0050 ± 0.0010 (3.22)

sin2 θlept
eff = 0.23153 ± 0.00016 (3.23)

It is worthwhile to investigate the question whether the electroweak data
gathered on the Z resonance proof the existence of genuine electroweak radia-
tive corrections beyond those of QED. The Born-term values of the ρ para-
meter and the weak mixing angle θw can be derived by setting ∆ρ and the
remainder weak corrections to zero:

ρ = 1 (3.24)

sin2 θw =
1
2

(
1 −

√
1 − 4

πα(m2
Z)√

2GFm2
Z

)
= 0.23098 ± 0.00012 . (3.25)

The measurements presented above show significant deviations from these
Born-term predictions thus indicating the need for pure weak radiative cor-
rections to describe the Z-peak data. The prediction of sin2 θw from GF suffers
from the large uncertainty in ∆αhad, which enters the calculations as one has
to transfer from the low-energy scale of GF to the Z peak.
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4

Electroweak Physics Above the Z Resonance

As the electron and the positron are fundamental and point-like particles,
e+e− collisions allow clean studies of the fundamental interactions of the elec-
troweak Standard Model. Due to the absence of coloured particles in the initial
state they are mediated solely via the electroweak gauge bosons. Typical re-
actions are depicted in Fig. 4.1.

f

e−

−

e+

f

V

e− e+

V

e−

e− e+

V

Fig. 4.1. The main electroweak reactions which are studied in e+e− collisions: The
production of fermion-antifermion pairs, the production of vector-boson pairs and
single-boson production

The most prominent example is the direct annihilation of the e+e− pair
into a photon or a Z boson and the production of a fermion-antifermion pair
via s-channel scattering. In Sect. 3 the fermion-pair production was presented
as the basis of the electroweak precision measurements performed at the Z
resonance. Fermion-pair events are also analysed at centre-of-mass energies
well above the Z peak, as described in Sect. 4.1.

The second class of reactions contains all the diagrams with a fermion
exchange in the t-channel, which lead to the production of vector-boson pairs.
The processes e+e− → γγ, e+e− → γZ, e+e− → ZZ and e+e− → W+W−

are possible. In the latter case also an s-channel diagram can contribute due
to the existence of the triple gauge couplings (see Fig. 5.1). The Z boson and
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the W boson are unstable particles and immediately decay into a fermion-
antifermion pair, which leads to four-fermion final states in the case of ZZ
and W+W− production.

In e+e− collisions the incoming electrons and positrons are surrounded by
virtual photons, which themselves can interact in a hard scattering process.
This is the case in the third type of reactions, where a quasi-real photon (a
photon with very small virtuality) is radiated from one of the beams and
then scattered with an electron (or positron) from the other beam leading to
different kinds of Compton scattering. These processes yield single photons, Z
bosons or W bosons in the final state. In the case of single-W production an
additional diagram with a t-channel W exchange and a γWW vertex exists
(see Fig. 4.12).

The scattering of two virtual photons, each from one of the beams, is also
possible. It is known as photon-photon collision or the two-photon process. Be-
cause the photon has identical quantum numbers as the neutral vector mesons,
the virtual photons can fluctuate into these, yielding an hadronic component
of the photon. The scattering of two such mesons dominate the total cross
section of photon-photon collisions (vector meson dominance). Additionally,
the deep inelastic scattering of a beam electron (or positron) can be used
to reveal the interior hadronic structure of the photon (resolved processes).
Throughout this review two-photon collisions are only considered as a source
of background to the selection of electroweak processes.

To produce the charged weak gauge bosons W+ and W− in pairs, it was
necessary to increase the centre-of-mass energy of LEP from the 90 GeV range,
where the studies of the Z resonance took place, to energies of more than
160 GeV, the threshold of W-pair production. After the installation of su-
perconducting accelerating cavities the LEP storage ring was able to cope
with increased energy loss of the electrons due to the enhanced synchrotron
radiation. In the years from 1996 to 2000 the LEP energy was continuously
increased from 161 GeV, just above the kinematic threshold of W-pair produc-
tion, up to 209 GeV. At energies above the W-pair threshold a total luminosity
of about 0.7 pb−1 was recorded by each of the four experiments.

As an example, Fig. 4.2 shows the cross section results from the L3 exper-
iment for the various electroweak processes at LEP. The highest production
rate is observed for the production of fermion-antifermion pairs, where the
processes of quark-pair production, e+e− → qq̄, and muon-pair production,
e+e− → µ+µ−, are shown as examples. Also shown are the cross sections of
the pair production of vector bosons. The cross section of photon-pair pro-
duction, e+e− → γγ, shows the 1/s dependence of this QED process. W-pair
production, e+e− → W+W−, and Z-pair production, e+e− → ZZ, exhibits
the typical threshold behaviour due to the boson masses. Also an example for
the production of single gauge bosons, the single-W production e+e− → Weν,
is depicted in Fig. 4.2. This cross section is relatively small at LEP energies,
but rising with

√
s.
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Fig. 4.2. Cross section results for various electroweak processes measured with
the L3 detector. Shown are the total cross sections of fermion-pair and boson-pair
production as well as of single-W production

In the next section the studies of fermion-pair production at centre-of-mass
energies above the Z resonance are discussed. Then an overview is given on
the various processes that produce electroweak gauge bosons. The production
of Zγ events is described in more detail, because it can be used to measure the
mass of the Z boson in analogy to the W-mass measurement. Alternatively
it can serve as a cross check of the calibration of the LEP beam energy. The
production of W pairs is postponed to Chap. 5.

4.1 Fermion-Pair Production Above the Z Resonance

On the Z resonance the fermion-pair processes, e+e− → ff̄ , are dominated
by the production and decay of an on-shell Z boson. At higher centre-of-mass
energies,

√
s, the total cross sections decrease rapidly as one is leaving the

resonance. The relative contribution of the photon exchange increases, which
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Fig. 4.3. The lowest order Feynman diagrams of the process e+e− → ff̄ . Fermion
pairs are produced via a γ or Z propagator in the s-channel (left). For the e+e− final
state (Bhabha scattering) an additional t-channel diagram exists (right)

leads to stronger interference effects such as the forward-backward asymmetry
of the produced charged leptons.

While photon radiation is largely suppressed in resonance production, es-
pecially the initial-state radiation (ISR) becomes a very important effect at
these higher energies. One consequence is the advent of reactions where the
ISR photon radiates so much energy that the remaining centre-of-mass en-
ergy,

√
s′, is approximately equal to the Z mass and resonant fermion-pair

production takes place again. This effect, which is called the “Return to the
Z”, will be explained in more detail in Sect. 4.3.

An overview of all measurements of forward-backward asymmetries of
muon-pair production has been compiled by the L3 collaboration and is
presented in Fig. 4.4. All measurements are corrected for effects of photon

Fig. 4.4. Summary of all measurements of forward-backward asymmetries of muon-
pair production performed with the L3 detector at various centre-of-mass energies
in the range between 50 and 210 GeV
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radiation and compared to the theory prediction at the improved-Born level.
For the measurements above the Z resonance the Z-return events have been
excluded by the selection whereas the data points at centre-of-mass energies
below the Z mass are based on a dedicated selection of events with hard initial-
state radiation. Applying such selection to data recorded on the Z resonance
yields events with an effective centre-of-mass energy well below the Z mass
which provide information on the asymmetries in this energy regime.

The cross sections in the energy range of 160 GeV <
√

s < 209 GeV
are more than three orders of magnitude smaller than the ones on the Z
resonance as illustrated in Fig. 4.2. Here, one distinguishes between the total
cross section and a measurement, which is restricted to events without hard
ISR radiation. The latter cross section represents the processes where the
fermion pair is produced at the nominal centre-of-mass energy. To select such
events the effective centre-of-mass energy after ISR radiation,

√
s′, is required

to be larger than 85% of
√

s. Details of the
√

s′ analysis and the measured√
s′ spectra are presented in Sect. 4.3. Since the electric charge of the quarks

is only a fraction of 1/3 or 2/3 of that of the charged leptons their coupling
to the photon is also smaller. On the other hand the coupling of the quarks
to the Z boson is stronger than that of the charged leptons. Therefore the
radiative return to the Z is more pronounced for hadronic final states than for
muon or tau pairs. Only about 20% of the hadronic events, but about 40%
of the muon and tau pair events are produced with

√
s′/

√
s > 0.85. Because

Bhabha scattering has a large contribution from the t-channel exchange, the
relative fraction of the radiative return is small.

For the cross section measurement a detailed simulation of the detector
resolutions and efficiencies for the considered processes is mandatory. The
program KK2F [1] is used to simulate fermion-pair production with muon,
tau and quark final states, whereas the Bhabha scattering is modelled using
the program BHWIDE [2]. Both programs are generator programs which are
based on O(α) calculations, but the effect of initial-state radiation is included
in higher orders using the Yennie-Frautschi-Suura exponentiation scheme.

The selections of the final states of fermion-pair production follow the
strategy to clearly identify jets or leptons in the events and to reject back-
ground from other processes using cuts on the event kinematics [3]. The exper-
imental precision of the cross-section measurement is about 1% for quark-pairs
and Bhabha scattering and about 2% for muon- and tau-pair production. The
combined cross-section measurements of the four LEP experiments are sum-
marised in Fig. 4.5. Good agreement with the Standard Model expectation
is observed. In the case of muon- and tau-pair production also the forward-
backward asymmetry of the production cross section is measured. The results
are also shown in Fig. 4.5 after combining the measurements of the four LEP
experiments.

The measurement of fermion-pair production above the Z resonance can
be used to search for indirect signals of physics beyond the Standard Model.
New and heavy particles, like for example leptoquarks or an additional vector
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Fig. 4.5. Measurements of cross section and forward-backward asymmetry of
fermion-pair production above the Z resonance [5].

boson Z′, would cause small variations in the propagators of the fermion-pair
processes and would lead to deviations of the cross-section and asymmetry
measurements from the Standard-Model prediction. No such deviations have
been observed and from the precision of the measurements exclusion limits on
the existence of these heavy particles can be derived.

The existence of a Z′ boson would lead to interference with the ordinary Z
boson and change the cross section even at energies much lower than its mass.
The data indicate that the mass of the Z′ has to be greater than 340 GeV and
for specific models even higher mass exclusion limits can be set [5]. Because it
has identical quantum numbers a heavy Z′ could also mix with the ordinary Z,
which would then change the couplings of the neutral current to the fermions.
But these couplings are strongly constrained by the measurements performed
at the Z resonance.

A more general approach is the search for potential four-fermion contact
interactions in the process e+e− → ff̄ . These would be the remnants of a
new interaction, which acts at much higher energies. The Feynman diagram
of such contact interaction is depicted in Fig. 4.6. Combining all LEP data
exclusion limits on the energy scale Λ, where the new interaction takes places,
can be set. They range between 2 and 20 TeV depending on the model [5].

Using one of the contact interaction models and assuming a coupling
strength equal to the electromagnetic coupling, the results obtained for
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Fig. 4.6. The Feynman diagram of the process e+e− → ff̄ (left) and a potential
additional four-fermion contact interaction caused by new physics (right)

Bhabha scattering, e+e− → e+e−, can be interpreted as an upper limit on
the electron size, re < 1.4 × 10−19 m [5].

4.2 Production of Electroweak Gauge Bosons

In e+e− collisions electroweak gauge bosons are produced singly or in pairs.
Single-boson production can be interpreted as radiative events of Bhabha
scattering, where the scattered electron or positron radiates a photon or Z
boson or even emits a W boson transforming itself into a neutrino. In the
preferred phase space region of these processes one of the beam particles
(electron or positron) continues along the beam direction at a very small
scattering angle. Hence, a t-channel photon with a very small virtuality is
exchanged and this quasi-real photon collides head-on with an electron (or
positron) of the other beam. As the quasi-real photon does not exhibit the
full beam energy, the hard scattering process takes place at a reduced centre-
of-mass energy. The processes of Compton scattering, single-Z and single-W
production are possible.

On the contrary, in events with e+e− annihilation the complete centre-of-
mass energy is available for the production of a pair of gauge bosons. Such
reactions lead to the production of two photons, two Z bosons, a Zγ pair or a
W+W− pair.

4.2.1 Compton Scattering

Quasi-real photons, i.e. photons with a virtuality much smaller than any other
mass scales in the process, can be radiated from one of the incoming beams
and lead to Compton scattering. The Feynman diagrams of this process are
shown in Fig. 4.7.

The phase space of the radiative e+e− → e+e−γ process, where either
the electron or positron has a very small scattering angle, is not covered
by the BHWIDE generator. This type of reactions is simulated by the pro-
gram TEEGG [4]. Assuming a three-particle final state, with one electron (or
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Fig. 4.7. The Feynman diagrams of quasi-real Compton scattering

positron) escaping along the beam direction, allows the calculation of
√

s′

purely from the angular measurements of the detected positron (or electron)
and the photon:

√
s′ =

√
s

sin θe + sin θγ − | sin(θe + θγ)|
sin θe + sin θγ + | sin(θe + θγ)| . (4.1)

The L3 collaboration analysed about 600 pb−1 of data in the energy range
of 189 GeV <

√
s < 209 GeV, which corresponds to effective centre-of-mass

energies,
√

s′, of the Compton scattering process of up to 175 GeV [6]. Events
from Compton scattering must contain an identified electron or positron and
a high-energy photon. Two clusters in the electromagnetic calorimeter are re-
quired where one of the clusters must be associated to a track in the tracking
chamber. An example of an event of Compton scattering as recorded by the
L3 detector is shown in Fig. 4.8 From the Monte Carlo simulation the average

Fig. 4.8. Example of an event of Compton scattering as recorded by the L3 exper-
iment. The final state consists of one photon and one positron
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virtuality, Q2, for the selected events is derived to be 0.48 GeV2, which val-
idates the assumption of quasi-real photons. Systematic uncertainties of the
measurements are caused by the calorimeter energy scale, the simulation of
the photon conversion probability, the track efficiency and the prediction of
background contamination.

If one assumes that the virtual photon flux around the electrons is correctly
described by the Monte Carlo simulation the comparison between the selected
number of events in data with the Monte Carlo prediction directly measures
the cross section of Compton scattering. The result of the measurement is
presented in Fig. 4.9.

Fig. 4.9. Cross section of quasi-real Compton scattering as measured by the L3
collaboration

4.2.2 Single-Z Production

The Feynman diagrams of single-Z production are depicted in Fig. 4.10.
These diagrams are very similar to the ones of quasi-real Compton scattering
(Fig. 4.7) and hence this process is often denoted as electroweak Compton
scattering. These diagrams are only two examples of in total 48 diagrams
contributing to the e+e− → ff̄ee process (f �= e). Special phase space cuts
have to be applied to enhance the contribution of the single-Z diagrams.
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Fig. 4.10. The Feynman diagrams of single-Z production

Single-Z production was analysed by three of the four LEP collabora-
tions [7]. The L3 collaboration performed a selection of the qq̄ee and the µµee
final states with predicted cross sections of 0.6 pb and 0.04 pb, respectively.
As either the incoming electron or positron escapes along the beam direction,
these events are selected by requiring one isolated electron in the detector
with energy above 3 GeV and two jets or two muons, respectively. Important
background sources are quark-pair and muon-pair production. The analyses
from ALEPH and OPAL yield comparable results. As an example Fig. 4.11
shows the invariant-mass spectrum of the selected, singly produced, Z bosons
for the ALEPH selection.

2

Fig. 4.11. Invariant mass spectrum of the decay products of singly produced Z
bosons: qq̄ee (left) and µµee (right) final states as measured by ALEPH

0

10

20

30

0 25 50 75 100 125 150

ALEPH

Data
Zee signal
Bkg qq
Bkg WW
Other 4f Bkg

E
nt

rie
s/

(1
0 

G
eV

/c
2 )

Hadronic Mass    (GeV/c2)

0

2

4

6

8

10

60 70 80 90 100 110 120

ALEPH

Data

Zee signal

Background

E
nt

rie
s/

(3
 G

eV
/c

)

Dimuon Mass    (GeV/c2)



4.2 Production of Electroweak Gauge Bosons 49

4.2.3 Single-W Production

Single-W production proceeds via the Feynman diagrams shown in Fig. 4.12.
The dominant phase space of this reaction features a t-channel photon with
very small virtuality. This photon is produced by nearly collinear radiation
from one of the beams, where the radiating electron (or positron) escapes
along the beam direction. In analogy to the Compton scattering process also
single-W production can be understood as the interaction of quasi-real pho-
tons radiated off one of the beams. In contrast to Compton scattering an
additional type of Feynman diagrams appears where photon and W boson
interact directly via the gauge-boson vertex γWW. The study of single-W
production provides a direct measurement of the γWW vertex. Therefore it
gives complementary information to the determination of the trilinear gauge
boson couplings in W-pair production.

γ
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e+

νe

f

f̄
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γ
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W
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νe

f

f̄

e+

Fig. 4.12. The Feynman diagrams of single-W production

Because the γWW vertex is involved, the single-W cross section depends
on the two parameters describing this vertex, κγ and λγ (see Sect. 5.8). These
form factors are related to the magnetic dipole and the electric quadrupole
moment of the W boson and the Standard Model predicts them to be κγ = 1
and λγ = 0 at tree level. Higher order contributions are small and potential
deviations from these predictions would point to non-standard radiative cor-
rections or an internal structure of the W boson. Further information on the
trilinear gauge couplings and their measurement is given is Sect. 5.8.

The electron (positron) emitting the quasi-real photon escapes detection
due to its small scattering angle. The second lepton in the final state, the
neutrino, is not detectable and therefore the event signature solely consists of
the decay products of the produced W boson. We expect either two hadronic
jets with large missing momentum, especially in the transverse direction, or a
single, high-energy, charged lepton originating from a leptonic W decay. Two
examples of these events are shown in Fig. 4.13. The energy spectrum of the
charged leptons, as measured by the L3 collaboration, is shown in Fig. 4.14.
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Fig. 4.13. Events of single-W production as recorded in the L3 experiment. The
W bosons decay hadronically (left) or leptonically (right)
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Fig. 4.14. Energy spectrum of the leptons coming from leptonic decays of singly
produced W bosons
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Fig. 4.15. Combination of cross-section measurements of single-W production at
LEP and comparison with theoretical expectation.

All LEP experiments have selected and analysed the events of single-W
production [8]. The selection of the hadronic final states is mainly based on
a complex neural network analysis, where the discriminating variables should
be sensitive to the 2-jet topology of the events. In the leptonic selection one
searches for events with a high-energy lepton and no other activity in the
detector.

The combined result of the measurements of the total cross section
of single-W production is presented in Fig. 4.15. Here the measurements
are compared to the expected cross sections calculated with the programs
WPHACT [9] and GRC4F [10].

4.2.4 Photon Production

The Feynman diagrams of the e+e− annihilation into two photons are shown
in Fig. 4.16. These diagrams are completely described by Quantum Elec-
trodynamics (QED). Weak interactions contribute only via loop diagrams.
Therefore the measurement of the e+e− → γγ reaction at LEP is an ideal
possibility to test the validity of QED at the highest centre-of-mass energies.

Because the final state photons are not distinguishable, the t-channel
process is accompanied by a u-channel diagram. The lowest order differen-
tial cross section is given by
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Fig. 4.16. The Feynman diagrams of photon-pair production

dσ

dΩ
=

α2

s

1 + cos2 θ

1 − cos2 θ
. (4.2)

Higher order effects can yield additional photons in the final state and also
modify the angular distributions.

Deviations from the QED prediction are predicted by various models. One
very general assumption is an additional short-range exponential deviation
from the Coulomb potential, which is described by a cut-off parameter Λ±.
This changes the Born cross section by an additional term:

dσ

dΩ
=

α2

s

1 + cos2 θ

1 − cos2 θ
± α2πs

Λ4
±

(1 + cos2 θ) . (4.3)

Other potential deviations from the QED prediction are described in terms
of contact interactions, which introduce an additional constant term to the
differential cross section. The exchange of an excited electron, e∗, even with
a mass, me∗ , higher than the centre-of-mass energy, would change the differ-
ential cross section of the process e+e− → γγ(γ). A precise measurement of
the differential cross section therefore allows to set limits on me∗ .

The analyses [11] of the process e+e− → γγ(γ) require at least two high-
energy depositions in the electromagnetic calorimeter with no track associated
to them. Due to the identical signature in the calorimeters and the much higher
cross section Bhabha scattering is a severe background source for multi-photon
production. Only the tracking chamber information is able to discriminate
between an electron and a photon. Therefore, the tracking system must be
highly efficient during the data taking period to assure the rejection of Bhabha
events. A lot of effort has been invested in the study of tracking efficiencies,
e.g. by using hadronic final states with high charged multiplicity. Another
signature of Bhabha events is the curvature of the electrons in the magnetic
field of the detector. In non-radiative events this curvature is detectable as a
small angular deviation from the back-to-back configuration and in turn allows
the determination of the Bhabha background independent of the Monte Carlo
simulation.

Another source of systematic deviations between data and Monte Carlo
simulation could be the prediction of the conversion rates in the detector
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Fig. 4.17. OPAL event of the process e+e− → γγ(γ). The two photons produce
a high-energy cluster in the electromagnetic calorimeter. One of the photons has
converted into a e+e− pair within the silicon vertex detector

parts in front of the electromagnetic calorimeter. The conversion probability
predicted by the simulation strongly depends on the correct implementation
of the amount of material in the tracker and especially in the vertex detector.
On the other hand the conversion rate can be measured in data, either by
reconstruction of two nearby tracks pointing to a secondary vertex or, in the
case that the two tracks could not be resolved, by the measurement of dE/dx
in the tracker. In the latter case the e+e− pair, wrongly reconstructed as a
single particle track, yields a dE/dx measurement twice as large as expected
from a single electron track.

The differential cross section of e+e− → γγ(γ) as measured by the L3
collaboration is shown in Fig. 4.18. Excellent agreement with the prediction
from QED is found. All LEP collaborations used this measurement to set
exclusion limits on the previously discussed models. The fits on the measured
differential cross section typically excludes Λ± values below 300 GeV and the
energy scale of contact interactions is constrained above 800 GeV. Under the
assumption that the excited electron exhibits an identical electromagnetic
coupling strength as the normal electron, a lower limit of about 250 GeV can
be set on its mass.
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Fig. 4.18. Differential cross section of photon-pair production as measured by the
L3 experiment

4.2.5 Z-pair Production

When the centre-of-mass energy of LEP was raised above the production
threshold of twice the Z mass, the production of Z-boson pair events was
made possible. In lowest order the process e+e− → ZZ is described by two
Feynman diagrams which are depicted in Fig. 4.19. The Z bosons immediately
decay into fermion-antifermion pairs, which leads to a large number of possible
four-fermion final states. Many of these final states are also produced by other
processes, for example the W-pair production. Kinematic cuts in the final state
such as the requirement that each of the pairs of final-state fermions exhibits
an invariant mass consistent with the Z mass enhance the contribution from
the ZZ diagrams.

The study of Z-pair production offers a further test of the neutral current
sector of the Standard Model. In Fig. 4.2 the total cross sections of W-pair
and Z-pair production can be compared. The much smaller total cross section
of Z-pair production with respect to W-pair production is mainly due to the
smaller coupling of the electrons to the neutral current as compared to the
charged current. Whereas in W-pair production triple gauge boson couplings
are present, tree level vertices such as γZZ or ZZZ do not exist in the Standard
Model. However, physics beyond the Standard Model could introduce such
triple gauge couplings in the neutral boson sector and hence lead to deviations
in the total and differential cross sections of Z-pair production.



4.2 Production of Electroweak Gauge Bosons 55

Z

Z

e+

e−

f

f̄

f

f̄

Z

Z

e+

e−

f

f̄

f

f̄

Fig. 4.19. The Feynman diagrams of Z-pair production

To select events of the process e+e− → ZZ individual selection procedures
for the various final states were established. The methods vary between cut-
based selections and the use of neural networks. Figure 4.20 shows a four-
muon event recorded by the DELPHI detector as an example for a Z-pair
final state. From the number of selected events the total cross section of the
process e+e− → ZZ can be derived. The LEP result, based on a combination
of the experiments [12], is presented in Fig. 4.21. The measurement shows
good agreement with the Standard Model expectation.

Fig. 4.20. Event of the reaction e+e− → ZZ → µ+µ− µ+µ− recorded with the
DELPHI detector



56 4 Electroweak Physics Above the Z Resonance

Fig. 4.21. Combination of cross section measurements of Z-pair production at
LEP [5].

4.3 Measurement of Zγ Production

At centre-of-mass energies well above the Z peak, the process e+e− → ff̄(γ)
frequently occurs with hard initial-state radiation (ISR). The Feynman dia-
grams leading to these processes are depicted in Fig. 4.22. Due to the strong
resonance in the reaction e+e− → Z → ff̄ , such an energy of the ISR photon
is preferred that the invariant mass of the fermion pair recoiling against the
photon is close to the mass of the Z boson, mZ. The strong forward peaking of
the ISR process yields photons which usually remain undetected in the beam
pipe but in a small fraction of events they are detected. These final states
containing a fermion-antifermion pair and a photon can also be interpreted
to result from the e+e− → Zγ process, where the Z boson decays into ff̄ .

These processes occur in different phase spaces. If the t-channel electron
in Fig. 4.22 is highly virtual this reaction is denominated as “Zγ production”,
if this electron is quasi-real the reaction is called “return to the Z”. The cross
section for the latter is much larger due to the virtual electron propagator.

4.3.1 Neutrino-Pair Production in Zγ Events

Neutrinos escape detection due to their extremely small interaction proba-
bility with the detector material. Nevertheless, neutrino-pair events can be
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Fig. 4.22. Feynman diagrams of the process e+e− → Zγ, which can also be seen
as fermion-pair production with initial-state radiation

detected, if they make themselves visible by photon radiation inside the de-
tector acceptance. Clearly, these photons can only be radiated from the initial
state and at centre-of-mass energies above the Z resonance the photon spec-
trum is again dominated by the effect of the radiative Z return.

The selection of events with only one photon and nothing else in the detec-
tor [13] requires a perfect understanding of the electromagnetic calorimeter, a
precise determination of the trigger efficiency and a reliable estimation of the
photon conversion probability in the inner detector. The main backgrounds
are radiative Bhabha scattering, e+e− → e+e−(γ), and multi-photon produc-
tion, e+e− → γγ(γ). The events are used to study the process of radiative
return to the Z for the neutrino final state. In addition to the process of Zγ
production also W-boson exchange in the t-channel is possible for the process,
e+e− → νν̄(γ). The additional Feynman diagrams are depicted in Fig. 4.23.

Fig. 4.23. Additional Feynman diagrams that contribute to the process of radiative
neutrino-pair production, e+e− → νν̄γ

The L3 collaboration selected 1898 single-photon events within 619 pb−1

of data at
√

s = 189 − 209 GeV. Detection efficiencies of more than 80 % for
the available phase space with a purity of better than 99% were reached. All
LEP experiments have analysed the recoil-mass spectra of the single-photon
events [13]. Figure 4.24 shows the ALEPH measurement. The peak at recoil
masses of about mZ is due to events, where the photon energy matches the
production of an on-shell Z boson, which then decays into a νν̄ pair. The num-
ber of light neutrino species, Nν , can be determined with this experiment. In
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Fig. 4.24. Recoil-mass spectrum from events with one single, highly energetic,
photon in the final state as measured by the ALEPH collaboration. Shown are the
data, the predictions from the Z-return diagram (white histogram) and from the t-
channel W exchange (shaded histogram). The expectations for Nν = 2 (dotted line)
and Nν = 4 (dashed line) are also given

Fig. 4.24 the measured spectrum is compared to the Standard Model pre-
diction including the Z return and the t-channel exchange of a W boson.
Additionally, expectations for Nν = 3 and 4 are shown. Releasing Nν as a free
parameter and fitting the expected spectrum to the data yields

Nν = 2.86 ± 0.09 , (4.4)

which is consistent with 3 and also with the more precise result from the
determination of Γinv in the lineshape measurement, presented in Chap. 3.

4.3.2 Reconstruction of the Z Resonance with Zγ Events

Data recorded with the four LEP detectors at
√

s > mZ are used to extract
the mass of the Z boson, using Z decays into quarks or pairs of charged
leptons [14]. In all analyses a three particle final state produced by the reaction
e+e− → ff̄γ is assumed. The typical kinematic configuration of such events
with the photon escaping along the beam-line is shown in Fig. 4.25. Figure 4.26
shows an event of the radiative return to the Z with a hadronic final state as
recorded by the L3 experiment.
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Fig. 4.25. Typical kinematic configuration of the radiative return to the Z. The
initial-state photon is radiated in direction of the beam-line, the jets from the Z
decay are boosted in the opposite direction
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Fig. 4.26. Z-return event with hadronic final state as recorded by the L3 detector

In the case of lepton pairs the event kinematics and therefore the photon
energy, Eγ , is fully determined by the measurement of the angles between
the lepton directions and the photon, θ1 and θ2. If no photon is found in the
detector the angles between the fermions and the beam direction are used
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assuming a single, undetected, collinear ISR photon. From the reconstructed
photon energy, Eγ , and therefore from θ1 and θ2 the effective centre-of-mass
energy of the fermion pair,

√
s′, can be calculated as

√
s′ =

√
s

sin θ1 + sin θ2 − | sin(θ1 + θ2)|
sin θ1 + sin θ2 + | sin(θ1 + θ2)|

. (4.5)

In the case of hadronic final states the mass of the hadronic system after
applying a kinematic fit, minv, is directly related to mZ. The distributions
of minv or

√
s′ are used to extract the Z mass. The result is then compared

with the precision measurement, derived from the Z-lineshape scan at centre-
of-mass energies around the Z pole. This comparison serves as a cross check
of the W-mass measurement which uses similar techniques or alternatively
provides a measurement of the LEP centre-of-mass energy to be compared
with the value determined by the LEP energy working group [15].

The LEP experiments concentrate in their Z-return analysis on the e+e− →
qq̄γ and e+e− → µ+µ−γ processes. The first process offers an event sample
with high statistics and the latter one contains the events with the best

√
s′

resolution. The OPAL experiment additionally exploits the e+e−γ and the
τ+τ−γ final states.

Whereas the other LEP experiments use slightly modified versions of their
standard fermion-pair selection, only L3 has developed an independent event
selection, which is tuned to select the Z return with high efficiency and low
background. In the selection of hadronic events longitudinal energy imbalance
(along the beam axis) of less then 80% of

√
s and total transverse energy

(perpendicular to the beam) of more then 15% of
√

s is required. Hadronic
final states from two-photon collisions are typically boosted along the beam
and effectively removed by these cuts. Four-jet events from W-pair and Z-pair
production exhibit a more spherical event shape than two-jet events from
the e+e− → Zγ process. Therefore the events with large hadronic energy are
boosted to the rest frame of the hadronic system and a cut on the thrust, T ,
of the boosted event of T > 0.85 is applied. Z-return events of the e+e− →
µ+µ−γ final state are selected by the criterion that the two muons are back-
to-back in the plane perpendicular to the emitted photon. In addition the
measured momentum, pµ, of the muon which has the largest polar angle, θ1,
has to exceed 60% of the the momentum as expected from the reconstructed
muon angles:

pexp
µ =

√
s

sin θ2

sin θ1 + sin θ2 + | sin(θ1 + θ2)|
. (4.6)

The cut on the thrust for the hadronic selection and on the momentum mea-
surement in the muon-pair selection are shown in Fig. 4.27.

4.3.3 Extraction of the Z Mass from the Mass Spectrum

The analyses of the Z return of the LEP experiments follow a similar proce-
dure: First, in each selected event an isolated high-energy photon is searched
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Fig. 4.27. Selection of the Z-return process in the L3 analysis. Thrust in the centre-
of-mass frame of the jets (left) and measured muon momentum normalised to the
expected one (right)

for. If none is found, a photon escaping along the beam direction is assumed.
Hadronic events are then forced into two jets using for example the Durham
algorithm, but excluding the photon candidate. Then either a kinematic fit is
applied to the three particle final state by imposing four-momentum conser-
vation to the event or the angles of the reconstructed jets are used in order
to determine

√
s′ according to Equation 4.5. In the case of lepton final states

always the angular method is used. The distributions of the mass spectra as
reconstructed from the OPAL data are shown in Fig. 4.28.

The reconstructed Z-boson resonance in these distributions is described in
different ways. OPAL and DELPHI are using an empirical analytic function
constituting modifications of a Breit-Wigner function. A theoretical calcula-
tion of the differential cross section dσ/d

√
s′ is used in the cases of ALEPH

and L3.
In the OPAL analysis the empirical function is directly fitted to the ob-

served
√

s′ spectrum in data. Corrections due to photon radiation, hadronisa-
tion and detector resolution are determined by applying the same fit to a fully-
simulated Monte-Carlo sample and comparing the result with the input value
of mZ. ALEPH, DELPHI and L3 re-weight fully simulated Monte-Carlo events
in order to describe the measured mass spectra. The re-weighting method is
explained in more detail within the W mass analysis (see Sect. 6.4). Whereas
ALEPH and DELPHI directly fit the mass distribution of the Monte-Carlo to
the data spectrum using a binned likelihood fit, the L3 analysis performs an
unbinned likelihood fit, where the probability of each data event is calculated
by averaging Monte-Carlo events inside a bin centred around the

√
s′ value

of the given event. This method takes both detector resolution and selection
efficiency automatically into account. Details of this “box method” are also
presented in Sect. 6.4.
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Fig. 4.28. Distribution of the reconstructed masses as measured by OPAL for the
four different final states of fermion-pair production

Systematic uncertainties arise from modelling of photon radiation, hadro-
nisation and detector effects. Extracting mZ from the measured

√
s′ spectrum

involves the centre-of-mass energy,
√

s, and therefore the accuracy of the LEP
beam energy measurement.

The L3 collaboration used the Z-return events from the data recorded at√
s = 183 − 209 GeV to measure the mass of the Z boson. They obtained

mqq
Z = 91.271 ± 0.031 (stat.) ± 0.039 (syst.) GeV (4.7)

for hadronic events and

mµµ
Z = 91.276 ± 0.105 (stat.) ± 0.021 (syst.) GeV (4.8)

for muon-pair events. Averaging the results obtained from the hadronic and
muon pair samples, including all correlations, yields
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mff̄
Z = 91.272 ± 0.046 GeV . (4.9)

This value is in agreement with the precision mass measurement of L3 ob-
tained at the Z resonance, mZ = 91.1898 ± 0.0031GeV.

4.3.4 Cross Check of the LEP Energy Calibration

The measurement can also be interpreted as a determination of the LEP
centre-of-mass energy,

√
s. A difference between the measured mass, mff̄

Z ,
and the precision mass from the Z lineshape, mZ, can be attributed to a
deviation from the nominal centre-of-mass energy,

√
sLEP, given by the LEP

energy group:

∆
√

s =
√

s −
√

sLEP =
√

s
mZ − mff̄

Z

mZ
. (4.10)

When the measurements are interpreted as a determination of the mean
centre-of-mass energy the systematic uncertainty on mZ coming from the LEP
energy error is separated off. Table 4.1 lists the average shifts of

√
s with

respect to the LEP energy calibration as determined by the four LEP exper-
iments using Z-return events of the hadronic and the leptonic final states,
respectively. These results are also summarised in Fig. 4.29 and show good
agreement between the four experiments.

Table 4.1. Difference between the
√

s value measured by the Z-return analyses of
the four experiments and the value coming from the LEP beam energy calibration

∆
√

s [MeV]

Experiment qq̄ �+�−

ALEPH −86 ± 133 −334 ± 205

DELPHI −116 ± 166 +242 ± 157

L3 −173 ± 105 −185 ± 229

OPAL +2 ± 110 −4 ± 133

All LEP measurements are combined including the correlations between
the systematic uncertainties. This yields as difference between the

√
s mea-

surement using the Z-return process and the nominal energy calibration using
beam parameters:

∆
√

s = −54 ± 40 (stat.) ± 36 (syst.) MeV . (4.11)

In conclusion, the Z mass measured in Z-return events is consistent with
the determination on the Z resonance, validating the method used for the
measurement of the mass of the W boson. Interpreted as a determination of
the centre-of-mass energy it agrees with the energy calibration performed by
the LEP energy working group [15].
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Fig. 4.29. Difference between the
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s value measured by the Z-return analyses of
the four experiments and the value coming from the LEP beam energy calibration
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5

W-Boson Pair Production

In e+e− collisions, W bosons can be produced singly or in pairs. At LEP 2 ener-
gies above the kinematic threshold of W-pair production the e+e− → W+W−

cross section is higher than that of single-W production, e+e− → W+νe or
e+e− → W−ν̄e. Figure 5.1 shows the lowest order Feynman diagrams of W-
pair production. These diagrams are known as CC03 diagrams, as the three
diagrams describe charged-current interactions. W-boson pairs are produced
via the t-channel neutrino exchange and the γ and Z exchange in the s-channel.
The non-Abelian gauge structure of the Standard Model appears here at low-
est order in the γWW and the ZWW vertices. Subsequently, the W bosons de-
cay either into a quark-antiquark pair, W− → ūd or c̄s, or a lepton-antilepton
pair, W− → e−ν̄e, µ−ν̄µ or τ−ν̄τ . The final state consists of four fermions
and the events can be classified into three groups, the fully-hadronic events
with four quarks, qqqq, the semi-leptonic events with one hadronically and
one leptonically decaying W, qq�ν, and the purely-leptonic events, �ν�ν. One
example for each of these three event categories is shown in Fig. 5.2.

The results presented in this chapter are obtained from e+e− collisions
recorded at centre-of-mass energies, 161 GeV <

√
s < 206 GeV, during the op-

eration of LEP in the years 1996–2000. Each of the four experiments collected
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Fig. 5.1. Feynman diagrams of W-pair production on tree level: The t-channel
exchange of a neutrino and the two s-channel processes via photon or Z-boson ex-
change. This set of diagrams is denoted as CC03
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Fig. 5.2. W-pair events as recorded by the LEP detectors. The first one is an
example of a fully-hadronic event with four jets in the final state, the second one an
example of a semi-leptonic event with two jets and a charged lepton, and the third
one is purely-leptonic with two charged leptons reconstructed
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a total luminosity of about 0.7 fb−1, where more than 40,000 W-pair events
have been recorded by the four LEP experiments.

5.1 Simulation of Four-Fermion Production

The production of W pairs, the so-called double-resonant process, represents
only one part of the Feynman diagrams leading to a given four-fermion final
state. Also contributions from other charged-current (CC) and in addition
from neutral-current (NC) diagrams exist. On Born-level, for example, ten
different graphs contribute to the qqµν final state. These diagrams, belonging
to the CC10 set, are shown in Fig. 5.3. The effect of the singly-resonant or
non-resonant diagrams are usually small, except where an electron appears in
the final state. As pointed out previously for the single-W process, poles in
the cross section appear for small scattering angles for one of the incoming
electrons. Therefore, already 20 diagrams contribute to the qqeν final state,
where six of the additional diagrams are singly-resonant causing single-W
production. The most complicated final state, eνeν, consists of 56 diagrams
at tree level.

Including radiative corrections increases the number of diagrams which
have to be considered even further. Including one additional photon to the
four-fermion final states increases the number of diagrams to more than one
thousand. For the O(α) corrections more than about 104 loop diagrams have to
be taken into account. To keep the calculation of this large amount of diagrams
within a reasonable extent one in general has to resort to approximations.

As the W bosons are unstable particles a gauge-invariant treatment of
finite-width effects becomes necessary. This is accomplished by a decomposi-
tion of the matrix element according to its mass poles [2]. The extracted terms
are the basis for the calculation of gauge-invariant higher-order corrections. If
corrections are calculated, only the leading terms in this expansion are consid-
ered and terms proportional to ΓW/mW are neglected. Hence, in the case of
W-pair production only terms containing double-pole residues are included.
This scheme, called leading-pole approximation (LPA) or, more specifically,
double-pole approximation (DPA) in the case of boson-pair production, is only
applicable near the resonance of the unstable particle. Sufficiently far above
the production threshold, the W bosons in W-pair production are produced
resonantly, and the double-pole approximation is valid.

The W-pair production can be decomposed into several sub-processes, the
production of the W-boson pair, the propagation of both W bosons and the
subsequent decay of each W boson. In the framework of double-pole approxi-
mation one distinguishes between factorisable and non-factorisable corrections
(see Fig. 5.4). The former are reducible to the two W-boson lines and the cor-
rections are applied independently for production, propagation and decay of
the W bosons. The latter ones include corrections where the production and
decay processes are not independent. This is only possible via the exchange
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Diagrams by MadGraph
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Fig. 5.3. Feynman diagrams for the qqµν final state at lowest order as given by the
program MadGraph [1]. Only the graphs 1, 6 and 7 proceed via W-pair production



5.1 Simulation of Four-Fermion Production 71

Fig. 5.4. Structure of the factorisable corrections to W-pair production (left) and
example for non-factorisable corrections (right)

of soft photons with energies below O(ΓW) for which the W-bosons are not
brought off-resonance.

The corrections on inclusive variables, e.g. the total cross section, are small
compared to the effect on distributions of variables, e.g. the invariant mass. In
the case of the invariant-mass distribution the corrections additionally depend
on the way this variable is calculated. In contrary to the case of the line-
shape scan of the Z resonance this time also final-state radiation can cause
distortions of the measured W resonance [3]. Photon radiation from the final
state fermions of W decays, W → ff̄ , introduces a dependence of the invariant
mass of the ff̄ pair on the photon energy. Alternatively, if the invariant mass
of the ff̄γ is reconstructed, the W line-shape is not changed. However, in data
it is in general unknown whether the photon is radiated in the initial state,
from the W bosons or from the final-state fermions. Therefore, in practice one
relies on Monte Carlo simulations. Several Monte-Carlo programs have been
used by the LEP community for modelling the events of W-pair production.

The KoralW [4] generator simulates four-fermion production implement-
ing the complete set of Feynman diagrams in lowest order, calculated with
the Grace [5] package. KoralW simulates photon radiation up to O(α3) in
the initial state and uses the Photos [6] package to model radiation off the
final-state fermions. Interference between ISR and FSR diagrams is not im-
plemented. Full O(α) corrections have been calculated using the method of
pole expansion described above. The programs KandY and RacoonWW are
based on such calculations.

The KandY [7] program combines the YFSWW [8] generator, which sim-
ulates the W-pair production with O(α) corrections using the leading-pole
approximation [9], and the KoralW generator, which contributes the other
non-resonant four-fermion diagrams in lowest order. KandY models the ISR
using the Yennie-Frautschi-Suura (YFS) exponentiation scheme [10], while
FSR is simulated by the program Photos in the case of charged leptons and
by Pythia in the case of quarks. Interference between ISR and FSR is ne-
glected.

The RacoonWW [11] program implements the O(α) corrections in the
double-pole approximation [12] with a precision similar to that of YFSWW. It
contains the full O(α) matrix element of the radiative four-fermion production,
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e+e− → ffffγ. Higher order ISR corrections coming from the radiation of
multiple photons in the initial state are implemented using a structure func-
tion ansatz, with a cut-off on the minimum photon energy of about 100 MeV.
In contrast to KandY, the calculations implemented in RacoonWW are based
on massless fermions. The fermion masses are added after the generation of the
four-fermion final state keeping the total four-momentum and the W masses.
Using massless fermions prevents the simulation of photons radiated collinear
to the fermion and a cut-off on the minimum photon-fermion angle is imple-
mented in RacoonWW.

5.2 Hadronisation Models

The generator programs just presented give parton level final states. The pro-
grams Pythia [13], Ariadne [14] and Herwig [15] are then used to simulate
the hadronisation process, the transition from quarks to hadronic jets. Spe-
cial hadronisation parameters have to be given as external input for all three
of them. These parameters are determined in a detailed event-shape stud-
ies of large Z-decay samples recorded on the Z resonance and enriched by
light-flavour (u,d,s,c) final states. Results for mass and width of the W boson
presented in the following are usually based on the Pythia model.

The hadronisation in the Pythia Monte Carlo generator is based on the
program Jetset, which has been widely used for QCD studies at LEP 1. The
philosophy of Pythia is to use exact matrix elements for the lowest-order cross
sections only and to generate higher-order corrections in the parton shower
approach. The parton shower ansatz is based on the radiation of gluons from
quarks and the consequent splitting of these gluons into quark-antiquark or
gluon pairs. Each parton in the shower is characterised by its virtuality Q2.
The virtuality provides a time ordering in the shower and is gradually de-
creasing. Shower evolution is cut off at a scale Q0, typically around 1 GeV.
The first gluon branching of the parton shower is modified using the first or-
der matrix element to improve the predicted rates of hard and non-collinear
gluon radiation. The non-perturbative part of the QCD shower evolution fol-
lows the string fragmentation model [16], which was introduced by Artru and
Menessier [17]. Considering the production of a back-to-back moving qq̄ pair,
a colour flux tube will evolve stretched between the q and the q̄, the so called
string. This is a result of linear confinement at large distances as predicted by
QCD. The transverse dimension of the strings is of the typical hadron size,
roughly 1 fm, and contains an energy density of about 1 GeV/fm. As the q
and the q̄ move apart, the potential energy stored in the string increases and
the string breaks, producing a new quark-antiquark pair. Several break-ups
of the string will follow until only on-mass-shell hadrons remain, each hadron
corresponding to a small piece of the string.

The Ariadne program implements the Dipole Cascade Model (DCM) for
the simulation of the parton shower [18]. In this model quark-antiquark pairs
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form coloured dipoles which serve as sources of gluon emission. After the cre-
ation of a gluon the colour flow from quark to antiquark is intermitted and
two new dipoles are formed at the gluon-quark and the gluon-antiquark in-
terconnection. The first gluon is emitted using the correct first order matrix
element. Further gluon emission incorporates angular ordering as in conven-
tional parton showers. As a result, a chain of dipoles is created where one
dipole connects two partons and a gluon connects two dipoles. As the basic
DCM model only describes gluon emission, the gluon splitting into a quark-
antiquark pair is added according to Reference [19]. Ariadne itself only handles
the perturbative part of the hadronisation process. Therefore it is interfaced
to the Pythia program to simulate the non-perturbative part of the hadron
shower and the particle decays.

The generator Herwig (Hadron Emission Reactions With Interfering Glu-
ons) is a multipurpose Monte Carlo generator, which can be used completely
independently of the Pythia package. It uses sophisticated parton shower al-
gorithms to provide a description of the perturbative QCD jet evolution. Co-
herence effects, correct angular ordering and the azimuthal distribution for
soft gluons are taken into account. Due to the choice of evolution parame-
ters, events with hard gluon emission are not generated in the parton shower
process. This problem is solved by integrating the correct three parton matrix
element and adding the missing events later on. The non-perturbative part
is simulated by the cluster hadronisation model described in Reference [20].
At the end of the shower evolution remaining gluons are split into qq̄ pairs.
The quark from one splitting and the antiquark from an adjacent one are
combined into a colourless cluster. The available phase space is then the main
criterion for the choice of flavour and spin of the primarily produced hadron.
The primary hadrons subsequently decay into the final hadrons visible in the
detector.

5.3 Colour Reconnection in the qqqq Channel

In the fully-hadronic final state of W-pair production both W bosons decay
into a quark-antiquark pair, each of the pairs forming a colour singlet. If
cross-talk between the partons from different W decays is neglected both
singlets hadronise independently. The partons first undergo the perturbative
phase, where additional partons are radiated, and then the non-perturbative
phase, where the partons fragment into hadrons. The spatial extension of the
hadronisation process is given by the range of the strong interaction of about
1 fm. This is about one order of magnitude larger than the mean decay length
of the W boson. Therefore, the hadronisation of both colour singlets exhibits
a significant space-time overlap. Due to this overlap the W bosons may not
hadronise independently, i.e. a re-arrangement of the colour flow is possible.
This effect is called colour reconnection.
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The consequences of re-arranged colour dipoles was first studied by Gus-
tafson, Petterson and Zerwas (GPZ) [21]. In their model the dipole mass sets
the scale for the amount of gluon radiation during the hadronisation process.
An immediate colour re-arrangement after the W decay would change the
invariant mass of the quark dipoles from the W mass to a smaller mass.
This would cause large changes in the event properties. However, it can be
shown that the separation between the two W-decay vertices is large enough
for the energetic gluon radiation to occur independently within each original
dipole [22].

As a consequence of the SU(3) group structure of QCD, at least two glu-
ons have to be exchanged to generate a colour re-arrangement. Moreover,
only the interference term between both gluon emissions contributes to colour
reconnection. The magnitude of the interference term is constrained by the
relatively small width of the W boson. This can easily be understood by
the following consideration: If the lifetime of the W boson was much shorter,
ΓW → ∞, both quark-antiquark pairs would be produced instantaneously and
they would radiate coherently, because they show up at the same vertex. If
the lifetime of the W was very long, ΓW → 0, the two quark-antiquark pairs
appear at very different space-time coordinates and the two colour dipoles
would radiate gluons independently and produce hadrons according to the
non-reconnection scenario. Therefore, gluon radiation at energy scales where
the W width can be neglected will appear incoherently between the two colour
dipoles. This is the reason why sizeable colour reconnection effects are only
expected due to soft gluon emission in the non-perturbative phase of the QCD
jet evolution.

The effect of colour reconnection in the non-perturbative phase can only
be modelled within the available hadronisation models Pythia, Herwig and
Ariadne. The SK models developed by Sjöstrand and Khoze [23] are based
on the string fragmentation model implemented in Pythia. In the SK-I model
strings are assumed to have a finite width of about 1 fm, the typical range
of the strong interaction. Therefore the two strings originating from the two
hadronically decaying W bosons can exhibit a non-vanishing space-time vol-
ume over which the two strings overlap. If this is large enough, the strings
are reconnected at the point of largest space time overlap. After reconnection
the colour flow starting from the quark of the W+ boson is ending at the
antiquark of the W− boson and vice versa. In the SK-II model reconnections
take place when the cores of two strings cross. The reconnection probability
Preco is a predicted quantity in the SK-II model, whereas in the SK-I model
the reconnection probability is proportional to the space-time overlap multi-
plied by a free parameter kI . For a kI value of 0.6, the two models yield a
similar reconnection rate at

√
s = 170 GeV, allowing a comparison between

both models.
As stated before colour reconnection is only relevant for gluon energies

smaller than ΓW. Although the Ariadne program is limited to the non-
perturbative part of the QCD jet evolution, also soft gluons are emitted
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here. Therefore, colour reconnection has been studied for gluon energies be-
low 2 GeV [24]. The Ariadne I branch simulates colour reconnection within
one W boson, whereas Ariadne II additionally implements the inter-W colour
reconnection. The effect of colour reconnection is then estimated from the
comparison of Ariadne I and Ariadne II.

The Herwig program implements colour reconnection within the cluster
fragmentation scheme. If colour reconnection is enabled, a colour reconnection
code is called immediately after the parton showering has terminated and just
before cluster formation. The parton shower produces quark-antiquark pairs
connected by a continuous colour line. The reconnection code then tries, with
a given probability, to re-arrange these quark-antiquark pairs such that they
still form colour singlets, but their space-time separation is reduced. This
reconnection is enabled not only within each shower, but also between the
different showers, thus allowing partons from different W bosons to form a
cluster.

Because the Pythia model serves as the baseline simulation for the W-mass
analysis, colour reconnection effects have been studied extensively within this
model. Especially the SK-I model by Sjöstrand and Khoze is very popular,
because it allows a variation of the colour reconnection effect by means of
the free parameter kI. It is therefore desirable to get information on this free
parameter by comparing the Monte-Carlo model with data.

Many observables have been studied to find an experimental signature of
colour reconnection. Inclusive event variable, for example particle multiplic-
ities, have not shown sufficient sensitivity to colour-reconnection effects. In
analogy to the observation of the string effect [25] in 3-jet events, e+e− → qq̄g,
the particle flow between the four jets of fully-hadronic events is therefore
studied to derive the colour flow between the individual jets. Detailed searches
for colour reconnection in hadronic decays of W pairs were performed using
the event particle flow method [26]. In the analysis, the four jets are grouped
into the two pairs originating from the decay of a W boson and the parti-
cle flow in four different jet-jet regions are studied: two regions between jets
with the same parent W boson (intra-W) and two in which the parents differ
(inter-W). To analyse the particle flow in a one-dimensional distribution the
particles are projected onto the jet-pair planes and the particle density is cal-
culated as a function of the projected angle, φ, of the particle relative to one
jet in the plane. To account for the variation in the jet-jet opening angles, φ0,
rescaled angles, φresc = φ/φ0, are constructed for each event.

The particle flow of the fully-hadronic W-pair events, as measured with the
L3 experiment, is shown in Fig. 5.5 versus the azimuthal angle, φ, with respect
to the jet with highest energy. This angle is defined in the plane spanned by
the most energetic jet and the jet with the largest opening angle to this jet.
This maximises the probability that both jets belong to the same W boson. It
exhibits the typical four-jet structure of these events. If colour reconnection
between the jets of different W decays is present, the particle flow between
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the jets would be changed. More particles are expected to be emitted between
jets from different W bosons.

To quantify this effect, the particle flow in between jets coming from the
same W (intra-W region) is divided by the particle flow in the regions between
the W bosons (inter-W region). The result is given in Fig. 5.5. Here, the
measured ratio as function of the rescaled angle, φresc, is compared to the
predictions from Pythia without colour reconnection and prediction from the
SK-I model. L3 and DELPHI are using a “topological selection” which selects
events that are more planar than the events of the normal qqqq selection.
ALEPH and OPAL use event selections which are based on their W-mass
analyses. Whereas the first kind of analysis has an overall selection efficiency
of only 15%, the latter selections have much higher efficiencies of up to 90%.
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Fig. 5.5. Event particle flow for data and Monte-Carlo predictions (left) and ratio
of particle distributions in the intra-W region to that in the inter-W region (right)
measured by the L3 experiment

The differences between the models with and without colour reconnection
are larger in the centre of the inter-jet regions. Therefore, in order to quantify
the colour reconnection effects with a single number, the particle flows are
integrated in the interval 0.2 < φresc < 0.8 and the ratio RN between the
inter-W and the intra-W regions is computed. From the complete L3 data
sample one obtains

RN(L3) = 0.915 ± 0.023 (stat.) ± 0.021 (syst.) . (5.1)

Figure 5.6 shows the measured RN as a function of
√

s together with the
Pythia predictions with and without colour reconnection. The data indicate
little or no colour reconnection.
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Fig. 5.6. The integrated ratio of the particle-flow distributions, RN, between the
intra-W and the inter-W regions as measured by the L3 experiment

To determine the dependence of RN on the reconnection probability
Monte-Carlo samples with different values of kI are used. The dependence
is parametrised as RN(kI) = p1(1− exp(−p2kI))+p3 where the pi are free pa-
rameters. A χ2 fit to the L3 data yields a value of kI = 0.08 and is consistent
with no colour reconnection effect within the statistical accuracy of the data.
A constraint of kI < 1.1 is derived at the 68 % confidence level. The extreme
SK-I scenario, in which colour reconnection occurs in essentially all events,
is disfavoured by 4.9 σ. However, the colour reconnection models of Ariadne
and Herwig show no significant effect on the particle flow.

To combine the results on RN from the LEP experiments, they are trans-
lated to the reference centre-of-mass energy of 189 GeV and normalised to the
Monte-Carlo prediction without colour reconnection. The variable r is defined
as the ratio between the measurement of RN in data and in the simulation
without inter-W colour reconnection:

r =
RN(data)

RN(MC − noCR)
. (5.2)

In absence of colour reconnection each experiment should find r equal to unity.

In Fig. 5.7 the results of the four analyses of the LEP experiments are
compared to each other and to the prediction of the SK-I model with full
colour reconnection. The average value r from a combination of the prelimi-
nary results of ALEPH, DELPHI and OPAL and the final L3 measurement
yields [27]

r = 0.969 ± 0.011 (stat.) ± 0.009 (syst. cor.) ± 0.006 (syst. unc.) , (5.3)
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Fig. 5.7. Preliminary result on the combination of the particle flow results of
the four LEP experiments. The error bars show the total error and the inner part
indicates the statistical uncertainty. The predicted value of r for the SK-I model
with full colour reconnection is shown for each experiment by the dashed lines

where one would expect r = 0.891 in the case of the SK-I model with 100%
colour reconnection. The combined average slightly prefers a non-vanishing
contribution from colour reconnection. This is mainly caused by the ALEPH
result. An upper limit at 68% confidence level is set at kI = 2.1. The data
disfavour the extreme version of the SK-I model with full colour reconnection
by 5.2 standard deviations.

5.4 Bose-Einstein Correlations in the qqqq Channel

Bose-Einstein correlations are caused by interference effects between identical
bosons which are close to each other in phase space. They are well known
in particle physics and have been observed in hadronic interactions [28] as
well as in e+e− annihilations [29]. Bose-Einstein correlations manifest them-
selves as an enhanced production of identical bosons (mostly pions) at small
four-momentum difference, which has been measured in hadronic Z decays at
LEP 1 [30]. Assuming a spherical and Gaussian shaped source emitting the
bosons, the two-particle correlation function can be written as
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C(Q) = 1 − λ exp(−Q2R2) (5.4)

where Q is the distance between the two bosons in momentum space, R is the
radius of the source and λ parametrises the correlation strength. The studies
of Bose-Einstein effects in hadronic Z decays suggest λ ≈ 1 and R ≈ 0.5 fm.

According to the concept of factorisation in QCD and due to causality,
the parton shower will not be influenced by the non-perturbative phase of
hadronisation. Therefore, Bose-Einstein effects will only be active after the
formation of final colourless hadrons and only minor influence on the event
kinematics is expected. Bose-Einstein correlations within the two jets from a
hadronically decaying W (intra-W BEC) are expected to take place in analogy
to the observed correlations in Z decays. In fully-hadronic W-pair events the
W-decay products overlap in space-time. Therefore, it is natural to expect
also Bose-Einstein correlations between hadrons originating from different W
bosons (inter-W BEC). These correlations could lead to momentum exchange
between the two W decay systems and serve as a source of systematic bias in
the mass analysis. The influence of Bose-Einstein correlations on the measured
W mass at LEP was first investigated by Lönnblad and Sjöstrand [31].

The Bose-Einstein correlations are a genuine quantum mechanical effect
originating from the symmetrisation of the overall wave function of identical
final state bosons. This can not be accomplished by the fragmentation models
using a probabilistic ansatz where the generation of the different hadrons
occurs incoherently. However, there exist two different approaches in Monte-
Carlo simulations to accommodate Bose-Einstein correlations.

The first approach is to calculate weights that are applied to the events
generated without Bose-Einstein correlations. One example for such an event
weighting procedure was introduced by Kartvelishvili and Kvatadze [32]. By
weighting Monte-Carlo events according to their prescriptions, the experimen-
tally observed Bose-Einstein enhancement at small Q values is reproduced.
One weakness of the global weighting ansatz is that factorisation between
the perturbative parton shower and the non-perturbative fragmentation part
might be violated. Especially event properties determined by the perturbative
part of the process like mass, width and jet-multiplicity of the Z boson should
not be changed by the event weights of the Bose-Einstein model. To circum-
vent this problem another type of weighting procedure has been implemented
into the Pythia program by Todorova-Nová and Rameš [33]. Every prompt
boson generated by the Pythia string fragmentation undergoes a local re-
weighting procedure. All direct hadrons from the same string are re-weighted
together in such way that the fragmentation of each string is repeated until
the correlation function satisfies a weighting criterion. By the authors this
ansatz is called “local weighting procedure”. Here, in principle no correlations
between different strings and therefore no correlations between hadrons from
different W bosons are present. These inter-W correlations would only cause
systematic effects on the W-mass reconstruction if strings are reconnected,
that means as a second-order effect of colour reconnection.
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The second ansatz is based on a characteristic feature of Bose-Einstein
correlations which tend to bring pairs of equal bosons closer together in mo-
mentum space. Lönnblad and Sjöstrand introduced an algorithm implemented
in the Pythia Monte-Carlo program which mimics the effect of Bose-Einstein
correlations as a mean field potential attraction between identical bosons. Lo-
cally, the four-momenta of pairs of identical bosons are changed in such way
that the mean momentum difference Q between the particles decreases. In
this model factorisation is preserved by construction, because the local change
of particle momenta does not change the underlying parton structure of the
event. The main problem of this algorithm is the fact that energy conservation
can only be restored by a global rescaling of particle momenta.

A lot of effort has been invested in the question of how to conserve total
four momentum. The naive global rescaling of all momenta by a common
factor, denoted as BE model, introduces a large negative shift in mW. Ensuring
four-momentum conservation locally leads to a model where nearby particles
are shifted closer together and those somewhat further away are shifted apart.
This scheme is implemented in the BE3 and the BE32 models. For quantitative
studies of Bose-Einstein effects in W-pair events and for the estimation of
possible mass biases the Monte-Carlo model BE32 [34] from Lönnblad and
Sjöstrand is widely used. The values of the BE32 parameters are found by
tuning the Monte Carlo to Z-decay data, depleted in b-quark events.

Genuine intra-W Bose-Einstein correlations are expected due to the sym-
metrisation of the final wave function of identical mesons in the final state.
This effect was measured by L3 [35] and the Bose-Einstein correlations in
W bosons were found to agree well with those measured in Z decays, which
were depleted of b quarks. However, these intra-W correlations do not bias
the mass reconstruction. The LEP collaborations also searched for inter-W
Bose-Einstein correlations [36].

To study these correlations one defines the two-particle densities, ρ2(Q),
measured as

ρ2(Q) =
1

Nevents

dNpairs

dQ
(5.5)

for the number of pairs of identical bosons, Npairs, with four-momenta differ-
ence Q =

√
−(p1 − p2)2.

All LEP collaborations follow a method proposed by Chekanov, de Wolf
and Kittel in [37]. They propose a direct search for inter-W Bose-Einstein
correlations using only the data, with no need of Monte-Carlo models. Here,
a comparison of Bose-Einstein correlations in fully-hadronic W-pair events
(qqqq) with those in semi-hadronic events (qq�ν) serves as a probe to study
inter-W Bose-Einstein correlations.

In the following, the assumption is made that the two-particle densities
for the W+ and the W− are the same. If we assume that in full-hadronic
events the two W decays occur independently, the two-particle density can be
written as the sum of two terms
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ρWW
2 (p1, p2) = 2 ρW

2 (p1, p2) + 2 ρW
1 (p1)ρW

1 (p2) . (5.6)

Here, ρW
2 (p1, p2) is the two-particle correlation function for pions coming from

the same W boson and can be measured using semi-hadronic events. The
product of single-particle densities ρW

1 (p1)ρW
1 (p2) describes the case if one

pion comes from one W boson and the second from the other W boson. This
part is determined using artificially constructed WW → qq̄qq̄ events from the
hadronic decay products of two semi-hadronic final states, WW → qq̄lν. The
particle pairs from different W bosons in the mixed events are uncorrelated
by construction, because the two W bosons originate from different events.
Summing over all pairs with equal Q one expects in absence of inter-W effects

ρWW
2 (Q) = 2 ρW

2 (Q) + 2 ρW
mix(Q) . (5.7)

If this equation can be validated by a measurement one proves the absence
of inter-W Bose-Einstein correlations in the data. In particular, the difference
and the ratio of the left- and right-hand side of this equation can be used as
a test variable:

∆ρ(Q) = ρWW
2 (Q) − 2ρW

2 (Q) − 2ρWW
mix (Q) . (5.8)

Alternatively, the ratio of both terms can be constructed:

D(Q) =
ρWW
2 (Q)

2ρW
2 (Q) + 2ρWW

mix (Q)
. (5.9)

If there are no correlations between particles originating from different
W bosons, these variables will by construction have the values: ∆ρ(Q) = 0
and D(Q) = 1. In case inter-W Bose-Einstein correlations exist one expects
deviations at small values of Q for like-sign pions.

The studies of Bose-Einstein correlations in W-pair events are concen-
trated on charged pion production. Charged pions are identified using infor-
mation from the tracking and the calorimetric system. Typically one million
of like-sign particles are selected in the fully-hadronic and about 200,000 in
the semi-hadronic channel, using all data of one LEP experiment. Care has
to be taken on the QCD background from Z/γ → 4 jets events, because these
events could mimic inter-WW Bose-Einstein correlations.

Figure 5.8 shows the distribution of ∆ρ for like-sign, (±,±), and for unlike-
sign, (+,−), particle pairs. Also shown are the predictions of the Monte-Carlo
program KoralW after full detector simulation, both with and without inter-
W Bose-Einstein correlations implemented. In the inter-W scenario the vari-
able ∆ρ of the like-sign pairs shows an enhancement for small values of the
momentum difference Q. In the spectrum of the unlike-sign pairs a much
smaller enhancement is observed which is due to an artefact from the shifting
of particle momenta in the Monte-Carlo implementation of the Bose-Einstein
effects which is needed to enforce energy-momentum conservation locally. The



82 5 W-Boson Pair Production

-4

-2

0

2

4

6

8

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

(a) OPAL
data
full BEC
intra BEC
no BEC

Q [GeV] 

Q [GeV] 

∆ρ
(±

 ±
) 

[G
eV

-1
]

-4

-2

0

2

4

6

8

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

(b) OPAL
data full BEC

intra BEC
no BEC

∆ρ
(+

 −
) 

[G
eV

-1
]

Fig. 5.8. Measurement of the test variables (a) ∆ρ(±,±) for like-sign pion pairs
and (b) ∆ρ(+,−) for unlike-sign pion pairs as measured by OPAL. Also shown are
the Monte-Carlo predictions using Pythia with and without inter-W Bose-Einstein
correlations

∆ρ(±,±) distribution is described by the Monte Carlo without inter-W ef-
fects, whereas the inter-W scenario is strongly disfavoured.

To allow a quantitative statement the integral

J(±,±) =
∫ Qmax

0

∆ρ(Q) dQ (5.10)

is computed. The results on J for the individual centre-of-mass energies are
consistent between each other and their dependence on Qmax is shown in
Fig. 5.9.

L3 has derived J from the complete set of W-pair events:

J(±,±) = 0.03 ± 0.33 (stat.) ± 0.15 (syst.) . (5.11)

From the Monte-Carlo simulation with inter-W Bose-Einstein correlations a
value of J(±,±) = 1.38±0.10 is expected, where the given uncertainty is due
to limited Monte-Carlo statistics. It disagrees with the measured data value
by 3.6 standard deviations. As a cross check, for unlike-sign pairs one obtains
J(+,−) = 0.01 ± 0.36 ± 0.16, which is consistent with zero.
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Fig. 5.9. The integral J as measured by OPAL for like-sign particle pairs compared
with different Bose-Einstein scenarios

A combination of the results of the four LEP experiments has been per-
formed [27] by averaging the results of various analyses using different estima-
tors for the size of Bose-Einstein correlations. Figure 5.10 shows the measured
size of correlations as a relative fraction of the BE32 model including full inter-
W correlations. Combining the individual results gives an average fraction of
0.17 ± 0.13. This means that the data prefer only little inter-W correlations,
at most at the level of one third of the BE32 model.

Fig. 5.10. Measured Bose-Einstein correlations given in terms of a relative fraction
to the size expected from the BE32 model including full inter-W correlations. The
arrows indicate the measurements used in the LEP combination
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5.5 Selection of W-Boson Pairs

The event selection of W-pair production is based on the analyses [38] that
have been performed for the precision measurement of the W-pair cross sec-
tion. These selections are designed to minimise the expected cross-section
uncertainty for every final state and complementary cuts are chosen to avoid
double counting of events.

The selections of the four LEP experiments follow similar strategies. First
the final-state fermions are identified in the event. Electrons are selected as
energy depositions in the electromagnetic calorimeter having an electromag-
netic shower shape and matching a track in the central tracking chamber.
Muons are either identified as tracks in the muon chambers or as a signature
from a minimum-ionising particle (MIP) in the calorimeters. The search for a
hadronic τ jet is usually based on a neural network algorithm which is trained
using the characteristics of a τ decay: low multiplicity, small jet opening an-
gle and low jet mass. The hadronic jets are clustered from the tracks or the
calorimetric energy depositions, where the Durham algorithm is widely used.

5.5.1 Selection of Fully-Leptonic Events

Fully-leptonic events, �ν�ν, are characterised by two high energy acoplanar
leptons and substantial missing energy. On the contrary, the background
processes e+e− → �+�− and γγ → �+�− yield events which are balanced
transversely to the beam and contain two leptons which are back-to-back in
the r − φ plane. This can be exploited either by applying corresponding cuts
in the event selection or by training a neural network on these variables. Both
methods have been used and selection efficiencies of more than 60% and pu-
rities of 70% and better are obtained . These values are the averages over all
possible �ν�ν channels, where the τντν channel is the one with the lowest
efficiency and purity. The distribution of the transverse missing momentum
is shown in Fig. 5.11.

An additional background originates from �+�−νν̄ final states, where the
neutrinos are from a different species (e, µ, τ) than the charged lepton pair.
These events can not be produced by W-pair production, but only via neutral
current diagrams. Since the neutrinos escape undetected, the only difference
between these events and the signal events is the appearance of the peak in
the invariant mass distribution of the charged lepton pair due to its reso-
nant production via the Z boson. They can not be separated experimentally
from the signal and their predicted cross section is subtracted as background.
Another correction is applied to account for the contribution from singly- or
non-resonant diagrams to the fully-leptonic final states of W-pair production.

5.5.2 Selection of Semi-Leptonic Events

The typical characteristics of the semi-leptonic events can be exploited via a
cut based selection (L3), an analysis constructing one likelihood or discrimi-
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Fig. 5.11. The transverse missing energy of the event (upper left) in �ν�ν events, the
polar angle of the missing momentum (upper right) in qqeν events, the discriminant
variable ψµj sin θmiss (lower left) in qqµν events and the cuts on the invariant mass
of the leptonic system (lower right) in the qqτν selection of L3

nant per event (DELPHI and OPAL) or by using the output of an artificial
neural network, which has been trained to these variables on Monte-Carlo
samples (ALEPH).

The selection of the qqeν final state requires the identification of a high-
energy electron and two or more hadronic jets. Additionally, the event has
to exhibit missing momentum due to the neutrino, where the direction of
the missing momentum, presented in Fig. 5.11, should point into an active
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region of the detector. All particles other than the identified electron are then
clustered into two jets using the Durham algorithm. The invariant masses
of the two jets, mjj , and of the lepton pair, meν , are then required to be
consistent with the W mass.

A purity of the selection of more than 90% has been obtained, where
the accepted background is dominated by the reaction e+e− → qq̄ and four-
fermion events from neutral current production, namely e+e− → ZZ → ��qq
and e+e− → Zee → ��ee.

The selection of the qqµν final state requires an identified high-energy
muon and missing momentum due to the neutrino. All particles other than the
muons are then clustered into two jets. The neutrino momentum is calculated
using momentum conservation in the event. The invariant mass of the jet
pair and of the lepton system have to be compatible with the W mass. In
addition the muon has to be separated from the jets to reject events from the
process e+e− → qq̄ with an inclusive muon coming from a hadron decay. L3,
for example, requires the product of ψµj , the angle between the muon and
the closest jet, and sin θmiss, the angle of the missing momentum vector, to be
greater than 5.5◦. This exploits additionally the fact that many e+e− → qq̄
events exhibit missing momentum only along the beam direction due to ISR
radiation. A plot of this variable is presented in Fig. 5.11. The selection purity
is found to be better than 90%. The remaining background is dominated by
Z-pair production with the qqµν final state and by the e+e− → qq̄ process.

For the selection of the qqτν final state, a low momentum, isolated electron
or muon or a narrow jet are searched for in events with high multiplicity and
missing momentum. Then again the measured invariant masses of the hadronic
and leptonic W decays are tested to be compatible with the assumption of
W-pair production. Here, the recoiling mass against the jet-pair is used as a
measure for the invariant mass of the τν pair, which can not be determined
directly. In the case of leptonic tau decays the invariant mass built up of
the reconstructed charged lepton and the missing momentum of the event is
required to be much smaller than the W mass in order to remove events from
the qqeν and the qqµν channel as shown in Fig. 5.11.

The Monte-Carlo simulation predicts a purity of more than 80% for this
selection. The dominating background consists of events from the process
e+e− → qq̄ and from single-W production.

5.5.3 Selection of Fully-Hadronic Events

In the case of the qqqq final state a preselection algorithm is used, which
requires events with high multiplicity, little missing energy and a four-jet
topology. After the preselection the events are clustered into four jets and a
cut on the jet-resolution parameter, y34, where the event topology changes
from three to four jets, is applied. Additionally, the longitudinal missing mo-
mentum, the energy of reconstructed hard photons in the detector and the
event invariant mass can be used to reject Z-return events, e+e− → qq̄γ.
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To further purify the W-pair event sample, either a neural network al-
gorithm is trained using this sample of preselected events (ALEPH, DEL-
PHI and L3) or several event variables are combined into an event likelihood
(OPAL). The main background sources are quark-pair production with double
gluon radiation, e+e− → qq̄gg, and four-fermion background from the process
e+e− → ZZ → qqqq.

Background discriminating variables are fed into the neural network. They
describe the event shape, the kinematics of the events and jet characteristics.
Typical event shape observables are thrust, sphericity or the jet-resolution
parameter y34, which discriminate between the spherical 4-jet events of W-pair
production and the 2-jet like QCD background. Other characteristic variables
are the energy differences between the various jets and the inter-jet angles.
Jet properties such as jet broadenings, b-tags and jet-multiplicity discriminate
against jets coming from gluon radiation or b-quarks. For the given four-jet
configuration OPAL compares the matrix-element values calculated for the
QCD process e+e− → qq̄gg with the one for the CC03 diagrams of e+e− →
W+W− → qqqq.

The energy of the most energetic jet as measured by L3 is shown in
Fig. 5.12. Here, also the final neural network output is presented, which yields
a clear distinction between signal and background. The purity of the qqqq se-
lection is found to be 79% with the largest background contribution coming
from the process e+e− → qq̄.

Fig. 5.12. The maximum jet energy (left) and the neural network output (right)
in the qqqq selection of L3
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5.6 Measurement of the W-Pair Cross Section

All LEP experiments present their cross-section measurements of W-pair pro-
duction as corrected to the CC03 cross section, which represents a natural
definition of resonant W-pair production. The three CC03 Feynman diagrams
are depicted in Fig. 5.1. Although the CC03 cross section is not an experimen-
tally accessible observable, it nevertheless can be seen as a pseudo-observable,
containing for example the sensitivity of the total cross section on mW near
threshold. To extract this CC03 cross section from the data the observed
cross section of a given four-fermion final state is corrected for the calculated
difference between the complete four-fermion production rate and the rate
predicted using only the CC03 diagrams.

Events from other processes than four-fermion production and four-fermion
final states, which can not be produced by W pairs, are counted as background
events. On the contrary, mis-identified W-pair final states are not included in
the background, but are rather taken into account by off-diagonal entries in
the efficiency matrix.

A simultaneous fit of the individual final state cross sections to the selected
event samples is performed, which automatically takes cross-feed between the
final states into account. Here, the corresponding matrix of efficiencies and
backgrounds from Monte Carlo simulation is used. In this fit, either the Pois-
sonian probability of the number of selected events is used or a likelihood
function is constructed, which shows how well a given normalisation of the
Monte Carlo simulation represents the measured distribution of the neural
network output or of a likelihood variable.

L3 and OPAL simultaneously fit cross sections of the ten possible final
states of W-pair production, namely six different mixtures from two fully-
leptonic W decays, three different semi-leptonic and the fully-hadronic final
state. ALEPH and DELPHI perform the cross section extraction separately
in each of the three event classes �ν�ν, qq�ν and qqqq.

Assuming lepton universality the total cross section for each of the three
event classes can be extracted. Alternatively, one can fix the W-decay branch-
ing fractions to the values predicted by the Standard Model, which yields the
total cross section of W-pair production.

A combination of the results on the W-pair cross section from the four indi-
vidual LEP experiments is performed in Reference [27]. Correlations between
the systematic uncertainties of different experiments are taken into account. In
Fig. 5.13 the combined measurement of the W-pair cross section at the differ-
ent centre-of-mass energies is compared to the theory prediction. The theory
calculations are based on the two programs YFSWW and RacoonWW. Both
codes have been compared in great detail and their results agree within 0.5%
at LEP 2 energies.
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Fig. 5.13. Cross section of W-pair production corrected to the CC03 contribution.
The average cross-section results from the four LEP experiments at various centre-of-
mass energies are compared to the theory prediction calculated using the programs
YFSWW and RacoonWW

5.7 Measurement of W-Boson Polarisation

The existence of longitudinally polarised W bosons is a consequence of their
non-vanishing mass that is generated by the Higgs mechanism of electroweak
symmetry breaking. The fractions of longitudinally and transversely polarised
W bosons in W-pair production are determined by the triple-gauge-boson
couplings.

W-pair events of the final states qqeν and qqµν are used by the L3 collabo-
ration to measure the fractions of the three helicity states of the W boson [39].
These final states allow simultaneously the determination of the direction and
the charge of the W bosons. To measure the polarisations of the W bosons the
parity violating W decays are used as a polarisation analyser. The differential
cross section of W− decays as a function of the decay angle θ∗ in the W rest
frame is given by:
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1
N

dN

d cos θ∗
= f−

3
8
(1 + cos θ∗)2 + f+

3
8
(1 − cos θ∗)2 + f0

3
4

sin2 θ∗ , (5.12)

where f0, f−, and f+ are the fractions of W bosons with longitudinal polari-
sation, with negative and with positive helicity, respectively. For W+ bosons
a similar equation with exchanged angular dependencies exists. The fraction
of the different W-boson helicity states in the recorded W-pair events is ob-
tained from a fit of this function to the measured decay-angle distributions. In
Fig. 5.14 the decay-angle distribution of the leptonically decaying W boson is
shown. Only if longitudinally polarised W bosons are included the fit agrees
with the measured data.
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Fig. 5.14. Decay angle distributions from leptonic decaying W bosons (left) and
measured helicity fractions of the W bosons in four different bins of the W-boson
polar angle (right)

Using the data recorded at 183 GeV <
√

s < 209 GeV the L3 collaboration
determines the fraction of longitudinally polarised W bosons to be 0.218 ±
0.027 (stat.)±0.016 (syst.). The fractions of the three W-boson helicity states
are also measured as function of the W-boson polar angle. The result is shown
in Fig. 5.14.

An analysis [40] performed by OPAL uses the semi-leptonic final states of
the data recorded at 183 GeV <

√
s < 207 GeV. It measures the differential

cross section of longitudinally and transversely polarised W boson as function
of the W production angle, cos θW. The result is shown in Fig. 5.15.

5.8 Triple Gauge Boson Couplings

The Standard Model describes the charged-current weak interactions as a re-
sult of the SU(2) gauge invariance. The non-Abelian structure of the SU(2)
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Fig. 5.15. Polarised differential cross section of W production, averaged over the
centre-of-mass energies, 183 GeV <

√
s < 207 GeV

gauge group immediately implies the existence of self couplings between the
corresponding gauge bosons. The direct observation and measurement of these
gauge-boson self interactions constitutes an important test of the theory of
electroweak interactions. At LEP the expected uncertainty on the gauge cou-
plings is much larger than their radiative corrections. Thus the LEP analyses
of W-boson self interactions are a test of the Standard Model at tree level.

Already before the start of LEP 2 stringent constraints were put on the
triple gauge couplings using the precision LEP 1 data [41]. At LEP 2 the triple
gauge boson vertices γWW and ZWW show up in the s-channel diagrams of
the process e+e− → W+W− as depicted in Fig. 5.16. The existence of these
triple gauge couplings (TGC) is already proven by the measurement of the
total cross section. The cross section of W-pair production in absence of the
TGC vertices, mediated only by νe exchange, is predicted to increase more
rapidly with

√
s than the Standard Model cross section. This can be seen

in Fig. 5.13 where the cross-section prediction without TGC is compared
to the measurements and definitely ruled out. Also the measured fraction of
longitudinally polarised W bosons indicates that the contributions of the triple
gauge boson vertices to the process of W pair production are in agreement
with the Standard Model expectation.
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Fig. 5.16. The two Feynman diagrams of W-pair production which contain a triple
gauge boson vertex

The most general Lorentz invariant ansatz of vector boson self couplings
has seven complex couplings for each of the γWW and the ZWW vertex [42].
Requiring CP conservation as well as electromagnetic gauge invariance five
parameters are left: the relative coupling strength of the W boson to the
neutral current, gZ

1 , and four form factors, two for the ZWW vertex, κZ and
λZ, and two equivalent form factors for the γWW vertex, κγ and λγ . The
assumption of custodial SU(2) symmetry, which is established by the precision
measurements of LEP 1, imposes two more constraints, which leaves three free
parameters: gZ

1 , κγ , λγ . At tree level the Standard Model predicts them to be:

gZ
1 = 1 , κγ = 1 and λγ = 0 . (5.13)

The couplings κγ and λγ can be related to the magnetic dipole moment, µW,
and the electric quadrupole moment, QW, of the W boson:

µW =
e

2mW
(1 + κγ + λγ) (5.14)

QW = − e

2mW
(κγ − λγ) (5.15)

Deviations of the triple gauge couplings (TGC) from the Standard Model
prediction would mainly affect the production angle and the polarisation of
the produced W bosons. The latter can be accessed experimentally via the
angular distributions in the decay of the W bosons. On tree level and in the
approximation of vanishing W width the kinematics of the four-fermion final
state is unequivocally given by a set of five angles, i.e. the polar angle, ΘW,
between the incident e− and the W− boson and the decay angles (θ∗f , φ∗

f )
and (θ∗

f̄
, φ∗

f̄
) in the respective rest frames of W− and W+. These angles are

sketched in Fig. 5.17.
The semi-leptonic final states qqeν and qqµν are most useful for this analy-

sis, because here the charge of the leptonically decaying W boson is tagged by
the measurement of the charged lepton [43]. Simultaneously, the direction of
this W boson is inferred as being opposite to the fully reconstructed momen-
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Fig. 5.17. The set of five angles determining the kinematics of the four-fermion
final state

tum of the hadronically decaying W boson and therefore the decay angles of
the lepton in the W rest frame can be measured. In the hadronic decaying W
system the charge of the quarks is generally not measured and the differential
distributions of the decay angles of the quark are folded with the distributions
of the antiquark. The distributions of each of these five angles as measured
by the OPAL experiment are shown in Fig. 5.18.

The triple gauge couplings are measured via a fit of the multi-differential
cross section with respect to these angles to the observed data distribution.
To take effects such as W width, gluon and photon radiation and detector
resolution into account, a re-weighting of Monte Carlo events as a function
of the considered parameter is performed until the data and Monte Carlo
distributions show the best agreement. Alternatively the method of optimal
observables has been exploited. Here, the dependence of the multi-dimensional
cross section on the anomalous couplings is linearised. By construction, the
sensitivity for each of the anomalous couplings is contained in one optimal
observable. To extract the TGC couplings from the data only the mean value
of the optimal observables has to be determined. Potential influence of effects
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Fig. 5.18. Measured distributions for the five angles specifying the event kinematics
as measured by OPAL. The histograms show the Standard Model expectations as
well as the expectations of λ = ±0.5
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such as hadronisation, detector resolution and event selection are simulated
with a reference Monte Carlo and corrected for.

Additional information on the γWW vertex can be gained from the
processes of single-W and single-photon production. Figure 5.19 shows the rel-
evant Feynman diagrams, which contain the γWW vertex. The cross-section
measurements of both processes were presented in Sect. 4.2.3 and Sect. 4.3.1,
respectively. From the results the form factors κγ and λγ can further be con-
strained.

Fig. 5.19. The two Feynman diagrams of single-W and single-photon production
which contain the γWW vertex

The combined result of all LEP data for the triple gauge coupling parame-
ters gZ

1 , κγ and λγ is given in Fig. 5.20. Shown are the regions preferred by the
data at 68% confidence level. The Standard Model predictions of these para-
meters are contained within these regions. Alternatively, single-parameter fits
are performed where the parameter under study is varied while the remaining
two are fixed to their Standard Model values. For the individual parameters
the results are [27]:

gZ
1 = 0.991+0.022

−0.021

κγ = 0.984+0.042
−0.047

λγ = −0.016+0.021
−0.029

Potential anomalous couplings with absolute values of these parameters ex-
ceeding the order of 0.1 are excluded.
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Fig. 5.20. Simultaneous determination of the anomalous couplings gZ
1 , κγ , λγ from

the combination of all LEP results
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14. L. Lönnblad, Comp. Phys. Comm. 71, 15 (1992)
15. G. Marchesini et al., Comp. Phys. Comm. 67, 465 (1992)
16. B. Andersson et al., Phys. Rep. 97, 31 (1983)
17. X. Artru and G. Mennessier, Nucl. Phys. B 70, 93 (1974)
18. G. Gustafson and U. Pettersson, Nucl. Phys. B 306, 746 (1988)
19. B. Andersson, G. Gustafson and L. Lönnblad, Nucl. Phys. B 339, 393 (1990)
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23. T. Sjöstrand and V. Khoze, Z. Phys. C 62, 281 (1994);
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6

Measurement of the W Mass at LEP

The mass, mW, and the total decay width, ΓW, are fundamental properties of
the W boson. Together with other electroweak parameters such as the Z-boson
mass and the weak mixing angle the precise determination of mW provides a
stringent test of the Standard Model at the level of quantum corrections. In
addition to the measurement of the Z mass and the weak mixing angle per-
formed at LEP 1 and SLC a precise measurement of the W mass is mandatory
for this test. The precision of the direct measurement of the W mass has to
compete with the 23 MeV accuracy on mW when it is derived indirectly from
the electroweak precision data acquired on the Z resonance.

The results on mW and ΓW presented in this chapter are obtained by
the LEP experiments at centre-of-mass energies, 161 GeV <

√
s < 209 GeV.

The cross section of W-pair production near threshold is sensitive to mW.
Therefore, at the centre-of-mass energies of 161 GeV and 172 GeV, mW is
derived from the measurement of the total cross section of W-pair production.
At higher centre-of-mass energies, well above the kinematic threshold, the W-
pair events are directly reconstructed and the invariant mass of the decay
products are used for the determination of the W mass.

W bosons decay into hadrons, mostly through W− → ūd or W− → c̄s, or
leptons, W− → �ν̄�. The measured objects in W-pair events are the charged
leptons from the leptonically decaying W bosons and the jets originating from
hadronic W decays. For the determination of the W mass via direct recon-
struction the invariant mass of the decay products of each W boson is calcu-
lated. In the case of hadronic decays the mass of the decaying W boson can
be measured directly from the quark and gluon jets, whereas in the case of
leptonic decays the neutrino momentum first has to be inferred using the as-
sumption of momentum conservation in the event. The additional knowledge
of the centre-of-mass energy coming from the LEP energy calibration leads to
an over-constrained system in the case of qqqq and qq�ν events. A kinematic
fit finds the most probable solution for the kinematic configuration of each
event. Due to the two undetected neutrinos in the �ν�ν final state a complete
reconstruction of the final-state kinematics is not possible.

Stefan Roth: Precision Electroweak Physics at Electron-Positron Colliders
STMP 220, 99–132 (2006)
DOI 10.1007/3-540-35165-5 6 c© Springer-Verlag Berlin Heidelberg 2006
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The LEP experiments evaluate the reconstructed invariant-mass spectrum
with two different methods:

• The measured spectrum is compared to the mass spectra obtained from
Monte-Carlo simulations, which were re-weighted in order to represent
different W-mass hypotheses.

• For each data event a likelihood to observe the reconstructed kinematics
of the event is calculated as a function of mW. The likelihood curves of all
selected events are combined to form one global likelihood, which is then
minimised with respect to mW.

The first method has the advantage that all corrections like photon radiation,
hadronisation and detector resolutions are incorporated in the mass extrac-
tion fit and are calculated individually for each event. On the other hand the
fit to an invariant-mass spectrum uses only one of several mass-sensitive ob-
servables. In the second method the complete information which is included in
the kinematics is used for each event. However, a global bias correction has to
be obtained from a large Monte-Carlo sample subject to the same likelihood
analysis.

In the next section the extraction of the W mass from the measurement
of the threshold cross section of W-pair production is explained. A short de-
scription of the W-mass determination using the lepton energy spectrum in
�ν�ν events follows. Then the direct reconstruction of the W mass and the
extraction of mW and ΓW from the measured mass spectra in the qq�ν and
qqqq channels is presented. Finally, the estimation of the systematic uncer-
tainties is discussed. Unless otherwise stated, the L3 experiment is used as an
example.

6.1 The W Mass from the Threshold Cross Section

In the year 1996 each of the four LEP experiments collected about 10 pb−1

at a centre-of-mass energy,
√

s = 161.33± 0.05 GeV, just above the kinematic
threshold of W-pair production [1]. Each experiment selected about 30 W-
pair events and after averaging the four results the total cross section was
measured to be

σWW = 3.69 ± 0.45 pb . (6.1)

This measurement is used to extract the mass of the W boson since the
threshold cross section depends strongly on mW. This is illustrated in Fig. 6.1,
where the Standard Model cross section for W-pair production for various
values of the W mass is compared to the measured cross section. The cross-
section measurement is translated into a determination of mW, shown on
the right hand side of Fig. 6.1. The cross section measurement quoted above
corresponds to a mass of the W boson of

mW = 80.40 ± 0.22 ± 0.03 GeV , (6.2)
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Fig. 6.1. Measurement of mW at threshold (from [2]): On the left the predicted
cross section of W-pair production as function of

√
s is compared to the LEP mea-

surement for various values of mW; on the right the measured cross section of W-pair
production is compared to the predicted cross section as function of mW

where the first uncertainty is experimental and the second is due to uncertain-
ties in the calibration of the LEP beam energy at this centre-of-mass energy.

This measurement of the W mass relies on the theoretical calculation of
the W-pair cross section. At the time of the presented analysis the O(α)
corrections were not yet available and a scale uncertainty of 2% is assumed
for the predicted cross section. The background subtraction is known with a
precision of 0.1 pb and accounts to 50 MeV on the uncertainty of mW. After
combining the results of the four experiments the statistical uncertainty of the
measurement contributes with 210 MeV to the total experimental uncertainty
and therefore constitutes the dominant error source.

For future experiments at a high-luminosity e+e− linear collider the ex-
traction of mW from a threshold scan promises to be the method with the
smallest systematic uncertainties. From the above arguments it is clear that
it will rely on a precise calculation of the W-pair cross section and on the
accurate determination of the beam energy. This measurement is discussed in
more detail in Sect. 8.2.
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6.2 Measurement of the W Mass Using the Lepton
Energy

In fully-leptonic W-pair events, e+e− → �ν�ν, two undetected neutrinos in-
hibit the complete determination of the final state kinematics and the invari-
ant mass of the W decay products can not be reconstructed. Alternatively,
one can try to use other variables than the invariant mass, which are also
sensitive to the mass of the W boson. The most prominent example here is
the energy of the charged lepton.

Neglecting the width of the W and the mass of the leptons, the energy of
the charged lepton in a W decay is given by:

E� =
√

s

4
+ cos θ�

�

√
s

16
− m2

W

4
, (6.3)

where θ�
� is the decay angle of the charged lepton in the rest frame of the W

boson. This angle can not be measured, but the endpoints of the resulting
energy distribution (cos θ�

� = ±1) are sensitive to mW. Because of the limited
detector resolution, the natural width of the W and initial-state radiation the
endpoints of the energy distribution are smeared out. The energy spectrum of
the charged leptons measured by the OPAL experiment is shown in Fig. 6.2

Fig. 6.2. Measured energy spectrum of the charged lepton for the data recorded
by OPAL at

√
s = 207 GeV for electrons and muons
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The ALEPH analysis [4] additionally uses the missing energy, Emiss, of
the event as an observable sensitive to mW. At the end it contributes only 5%
to the mass determination in the �ν�ν channel. In the OPAL analysis [3] a
pseudo-mass is constructed under the assumption that both neutrinos are in
the same plane as the charged leptons. Then the kinematics can be solved and
two solutions for the pseudo-mass, M±, are found. One observes that only the
larger solution, M+, is sensitive to mW.

In the case of ALEPH, the measurement of the lepton energy contributes
to the standard fit of the W mass, whereas OPAL has published a separate
result for the �ν�ν analysis. The measured W mass is:

mW = 80.41 ± 0.41 (stat.) ± 0.13 (syst.) GeV , (6.4)

where the systematic error is dominated by the uncertainty on the lepton
energy scale.

6.3 Direct Reconstruction of the Invariant-Mass
Spectrum

In the direct measurement of the W mass the event kinematics of the qq�ν and
the qqqq events is reconstructed as completely as possible. The masses of the
decaying W bosons are then calculated from the invariant mass of their decay
products. In leptonic W decays, the undetected neutrino is identified with the
missing momentum of the event and it is combined with the measured charged
lepton to reconstruct the W boson. For W decays into quarks, W → qq̄, the
invariant mass can not be calculated from the four-momenta of the quarks
since they hadronise. It has to be derived from the reconstructed jets. The
usual expression is used to calculate the hadronic mass from the jets:

m2
inv = m2

1 + m2
2 + 2E1E2 − 2|p1||p2| cos θ12 , (6.5)

where E1 and E2 are the jet energies, p1 and p2 are the jet momenta, m1 and
m2 the jet masses and θ12 is the opening angle between the two jet directions.
The jet energies, Ei, are the sum of the energies of all particles assigned to the
given jet. The jet momentum, p, is the vectorial sum of the particle momenta,
where the particles are often taken as massless and their momentum is just
given by the particle energy and its direction. From the measured jet energy
and momentum, the jet mass can be calculated. The determination of mW

from direct reconstruction therefore depends on a precise reconstruction and
measurement of high energy jets.

The mass and width of the W boson are measured using a clean sample
of W-pair events. In the mass analyses of the four LEP experiments the event
selection is based on the measurement of W-pair cross section, which is dis-
cussed in detail in Sect. 5.6. In some cases the selection criteria are slightly
changed with respect to the cross section measurement to further reduce the
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background or to reject events, where the reconstruction algorithm of the
event kinematics failed.

6.3.1 Identification of the Final State Fermions

The selected events are analysed in order to reconstruct the four-vectors of
the four final-state fermions of W-pair production.

In the semi-leptonic final states the charged leptons directly coming from
a W decay have to be well separated from the hadronic part of the event.
The high energy electrons and muons are measured in the electromagnetic
calorimeter and in the muon system, respectively. Angular information is usu-
ally taken from the inner tracking detectors. Hadronic τ jets are identified by
the visible τ decay products, being either electron or muon of moderate energy
or a narrow hadronic jet. Calorimetric energy close to the identified charged
lepton is assumed to originate from final-state radiation and is added to the
lepton momentum. Finally, the momentum of the neutrino is calculated as-
suming momentum conservation in the event.

The jets originating from quarks are reconstructed using the Durham al-
gorithm [8]. For semi-leptonic final states the non-leptonic part of the event is
clustered into two jets. In the case of fully-hadronic events the mass resolution
can be improved by taking into account possible gluon radiation from one of
the quarks. L3, for example, uses the Durham jet-resolution parameter y45 to
separate events with and without gluon radiation. In the OPAL analysis the
probabilities of the various kinematic fits to the 4-jet and 5-jet configuration
are compared to decide if the event is treated as a 4-jet or a 5-jet event.

Hard photons originating from initial-state radiation are taken into ac-
count in the analysis by excluding their energy from the calculation of the
invariant masses. For both W decays of the event, the invariant mass is calcu-
lated using the reconstructed four-momentum vectors of the decay products.
The known masses of the charged leptons are used as well as the individually
measured masses of the hadronic jets in the given event.

In the ideal case of a detector with perfect energy resolution the mass of the
hadronically decaying W would be identical to the invariant mass of the decay
products. The clustering algorithm combines the individual hadrons, normally
assumed to be massless, by adding their four-momenta. This results in a non-
vanishing mass of the reconstructed jet. Calculating the invariant mass of the
two massive jets also gives the mass of the W boson. The reconstruction of
individual jets becomes relevant when a kinematic fit is applied to the event
to improve the limited energy resolution of the detector.

6.3.2 Kinematic Fit

The degraded mass resolution of a real detector is mainly caused by the lim-
ited energy resolution of the calorimeters. However, the angular measurement
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of the jets is very precise and its contribution to the uncertainty of the re-
constructed W mass is small. In a first approach the mass resolution can be
improved by the assumption that the total energy of the W decay products is
equal to half the centre-of-mass energy. This is equivalent to a scaling of energy
and momentum of the jets by the same factor such that the energy of the W
boson is identical to the beam energy. But one should keep in mind that due
to the natural width of the W boson the energies of the two W bosons of one
event are not the same. Moreover, this method can not be applied to leptoni-
cally decaying W bosons and therefore, in the case of semi-leptonic events, the
information from the momentum measurement of the charged lepton would
not be used.

Alternatively, a kinematic fit is applied to each of the events to further
improve the resolution of the energies, Ef , momenta, pf , polar, θf , and az-
imuthal, φf , angles of the visible fermions. During the fit one imposes four
kinematic constraints, namely the conservation of the total energy and of the
three components of the momentum vector. All measured quantities, the en-
ergies and directions of the jets and charged leptons are varied within their
resolution by the kinematic fit such that the constraints due to energy and
momentum conservation are fulfilled:

∑

f

Ef =
√

s and
∑

f

pf = 0 (6.6)

In the semi-leptonic final states three of these constraints are needed to
determine the momentum and direction of the undetected neutrino. Addi-
tionally, in qqτν events the energy of the τ lepton has to be inferred from the
fourth constraint. This results in a four-constraint (4C) kinematic fit for the
qqqq events and a one-constraint (1C) fit for the qqeν and qqµν events. The
qqτν events can be reconstructed unequivocally, but no additional constrained
is left. The measured observables do not suffice to completely reconstruct the
fully-leptonic final states, �ν�ν.

The fact that two identical bosons are produced in the event can be used
to further constrain the event kinematics. One requires the invariant masses
of the two reconstructed W bosons to be equal within their natural width:

|minv1 − minv2 | < ΓW (6.7)

Eventually, this results in a fit with two constraints (2C) for the qqµν and
qqeν final states and a fit with five constraints (5C) for the fully-hadronic final
state.

In general, a kinematic fit is realised by performing a χ2 minimisation
of the difference between the measured four-momenta and their fitted values
including the covariance matrix containing the uncertainties and correlations
between them. However, one can simplify the calculation by using the mea-
sured energies, Ef , the azimuthal, φf , and the polar, θf , angles of the recon-
structed jets and leptons. In this case the uncertainties are just the detector
resolutions and one can safely neglect correlations between these quantities.
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The constraints of energy and momentum conservation can either be re-
alised by introducing Lagrange multipliers or through penalty terms that are
added to the χ2 term. For example, the energy conservation can be taken
into account by the term (Etot −

√
s)/σs, where Etot represents the energy

sum of the four fermions and
√

s is the centre-of-mass energy. The parameter
σs gives the uncertainty in the determination of the centre-of-mass energy
coming from the LEP energy calibration (see Sect. 2.3).

As an example, in the case of the semi-leptonic final state, three fermion
momenta are reconstructed which leads to a set of nine quantities measured
in the detector: Emeas

i , θmeas
i , φmeas

i (i = 1..3). These quantities are used as
start values for a fit of nine free parameters: Ei, θi, φi (i = 1..3). The χ2

function which has to be minimised is the following:

χ2 =
3∑

i=1

{(
Ei − Emeas

i

σ(Ei)

)2

+
(

θi − θmeas
i

σ(θi)

)2

+
(

φi − φmeas
i

σ(φi)

)2
}

+

(∑4
i=1 Ei −

√
s

σs

)2

+
(

mjj − mlν

ΓW

)2

, (6.8)

where σ(Ei), σ(θi) and σ(φi) are the uncertainties of the measurements Emeas
i ,

θmeas
i and φmeas

i as derived from detector resolution studies and partially from
simulation. During the minimisation the jet velocities, βi = |pi|/Ei, are kept
fixed, because the energy scale, which is the main parameter adjusted by the
kinematic fit, cancels in this ratio. As the masses of the charged leptons are
known, the total momentum of the three measured fermions and therefore the
missing momentum carried away by the undetected neutrino can be calculated
at each minimisation step. This is technically more efficient than introducing
three additional parameters for the neutrino and adding three penalty terms
for momentum conservation to the χ2.

Also the invariant masses, mjj and mlν , are recalculated in each minimisa-
tion step from the four-momenta of the final-state fermions using the actual
parameter set of energies and angles. The resolution chosen for the invariant-
mass difference in the equal-mass constraint is the natural width of the W
boson, ΓW. In general, the fermion angles are a priori better measured than
the energies and momenta. Therefore, the kinematic fit improves more the
energy measurement than the determination of the angles.

The effect on the invariant-mass spectrum due to the implementation of
kinematic constraints is shown in Fig. 6.3 using Monte Carlo events of the
qqµν final state simulated with the L3 detector simulation. The distribution
of the resulting χ2 probability of the kinematic fit is also given. As expected,
the probabilitiy values are equally distributed with the exception of very small
values representing events where the kinematic fit has failed. The resolution
of the invariant mass of the hadronic system is already improved by a factor
of two due to the scaling of the measured jet energies such that their sum
equals to the beam energy. The introduction of the 2C kinematic fit improves
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Fig. 6.3. The invariant-mass spectrum of the hadronic system of qqµν events
using the raw jet energies, after energy scaling, after applying a kinematic fit and
on generator level (left) and the χ2 probability distribution (right) of the kinematic
fit for qqµν events recorded at 189 GeV

the resolution by an additional factor of about 2.3 yielding a final resolution
of 2.8 GeV which is still significantly larger than the mass uncertainty caused
by the natural width of the W boson.

In the case of the qqτν final state additional energy is carried away by
neutrinos produced in the τ decay. In W decays the τ lepton gains a rather high
energy compared to its mass and the decay products of the τ are concentrated
in a narrow cone. Therefore the angular direction of the τ can be derived from
the direction of the decay products, but the energy of the τ lepton has to be
treated as an additional free parameter. Only one constraint is left in the
kinematic fit of the qqτν events and in this case the result of the kinematic
fit equals exactly to the rescaling of the jet energies by a common factor such
that the sum of their energies equals half the centre-of-mass energy, effectively
imposing an equal-mass constraint between the two W bosons.

A comparison of the invariant mass spectra before and after applying kine-
matic constraints is shown in Fig. 6.4. The resolution of the invariant mass of
the hadronic system in qqτν events is already improved by a factor of 2.5 due
to the scaling of the measured jet energies such that their sum equals to the
beam energy. In the case of qqeν and qqµν events, the introduction of the 2C
kinematic fit improves the resolution by a factor of three, whereas the mass
resolution of the qqqq events is improved by a factor of eight after applying
the 5C fit.
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Fig. 6.4. Improvement of the mass resolution due to kinematic constraints for the
four final states: (a) qqeν, (b) qqµν, (c) qqτν, (d) qqqq. The open circles depict
the raw mass resolution showing the reconstructed mass as calculated from the
four-momenta of the measured fermions. The full data points represent the mass
spectrum after applying the kinematic fit or jet energy rescaling

6.3.3 Jet Pairing in Fully-Hadronic Events

In the fully-hadronic final state of W-pair production no momentum is carried
away by undetected neutrinos. None of the constraints has to be used for the
calculation of missing momentum and therefore all five constraints are active
in the kinematic fit. As a consequence the fully-hadronic channel provides the
best mass resolution of all final states.

One complication, however, is the association of the jets to the two W
bosons. The four jets can be arranged to two jet-pairs in three different ways.
In the case of five jets, ten different associations of the jets to the W bosons are
possible. In the case of the L3 analysis [6] the final χ2 value of the kinematic
fit is used to choose the jet association most likely to be the correct one. In
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Fig. 6.5. The mass resolution of the qqqq event sample of the L3 analysis. Shown
are the mass spectra for the (a) first, (b) second, (c) third probable jet pairing

Fig. 6.5 the reconstructed mass spectra for the most, the second most and the
third most probable jet pairings in four-jet events are shown. One observes
that even the third jet pairing, which is the one with the lowest probability
to be the correct one, still contains some information on the W mass.

Therefore, in the L3 analysis, all three pairings of the four-jet final state
and the three most probable pairings of the five-jet events are used for the de-
termination of the W mass. ALEPH [4] chooses only one of the three possible
jet pairings in four-jet events by selecting the combination with the largest
value of the matrix element, M(e+e− → ffff), for the given configuration.
In the case of OPAL [7] the two most probable pairings of the four-jet events
are considered and the five-jet events are subject to a likelihood algorithm
to select the the preferred jet pairing. One input to this likelihood is, for
example, the difference of the two W masses in the 4C fit. The calculated
jet pairing likelihood is correlated with the mass resolution. Figure 6.6 shows
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Fig. 6.6. The mass spectrum for qqqq events in bins of the jet-pairing likelihood

that both the mass resolution is improved and the background contamination
is reduced with increasing jet-pairing likelihood. This correlation can be ex-
ploited in the final mass extraction to improve the statistical sensitivity of the
W mass measurement.

6.3.4 Photon and Gluon Radiation

In the kinematic fit energy and momentum conservation are assumed and the
four-momenta of the final-state fermions must add to zero. This assumption is
wrong in the case of high energy initial-state radiation. Initial-state photons
are radiated predominantly along the beam and escape detection. However,
in about 5% of the semi-leptonic events, high-energy photons of more than
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5 GeV, radiated by the initial-state electrons and positrons, are measured
in the detector. Since this initial-state radiation reduces the effective centre-
of-mass energy the detected photons are taken into account in the kinematic
reconstruction and fitting of the event. This results in a better resolution of the
reconstructed invariant masses for those events. However, if photons escape
undetected, the analysis relies on the Monte Carlo simulation of this effect. It
is therefore essential that initial-state radiation is precisely modelled by the
Monte-Carlo simulation to account for this effect. Even low-energy photons in
the MeV range, which do not change the event kinematics within the detector
resolution, have to be simulated correctly. Since the centre-of-mass energy of
the LEP collider is measured with a precision of about 20 MeV, this accuracy
has to be matched by the photon simulation. To safely neglect the influence
of energy loss due to photon radiation, the energy spectrum of this radiation
has to be simulated correctly down to energies below the 10 MeV level (see
Sect. 6.5.1).

The invariant-mass resolution in the fully-hadronic final state is improved
by taking into account gluon radiation from quarks. If events with hard gluon
radiation are clustered into four jets, hadrons originating from the gluon can
easily be associated to the wrong W boson. Monte Carlo studies show that
clustering the same events into five jets reduces the problem of wrong associ-
ated hadrons and the mass resolution in these events improves. On the other
hand, this gain has to be weighted against the increased difficulty to find the
correct jet combination out of ten possibilities instead of three in the case of
four jets.

The Durham clustering parameter, y45, at which the jet reconstruction
changes from a four-jet to a five-jet configuration is used to separate events
with and without gluon radiation. In the case of the L3 analysis, the events
with a log y45 parameter value smaller than −6.0 are treated as four-jet events
and the remaining sample as five-jet events. The two samples of about equal
size are treated separately since their mass resolutions are different. This yields
a reduction of 10% on the uncertainty of the W mass determined in the fully-
hadronic channel. The OPAL analysis uses the same separation method, but
with a cut at log y45 = −6.8. Both analyses are equivalent to the DELPHI
approach, where the jets are clustered with a fixed ycut of 0.002, the parameter
which defines how far the jet clustering advances. Events remaining with more
than five jets are reclustered into five jets. This is identical to a separation of
four-jet and five-jet final states at log y45 = −6.2.

6.4 Extraction of the W Mass

In Fig. 6.7 the invariant-mass spectra as measured by the DELPHI exper-
iment are presented. Similar spectra are obtained by the other three LEP
experiments. The W mass is extracted from these spectra by comparing them
with the theoretical expectation based on a Breit-Wigner resonance of the
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W mass (GeV/c2)

Fig. 6.7. The spectrum of the invariant masses measured by DELPHI for the qqqq,
qqeν, qqµν and qqτν channels

W boson. The Breit-Wigner function can not be fitted directly to the mea-
sured mass spectrum, because effects such as detector resolution or photon
and gluon radiation have to be taken into account.

A detailed and precise Monte-Carlo simulation of these effects is manda-
tory. In principle, the mass of the W boson could be determined by comparing
various samples of Monte-Carlo events generated with different W masses to
the data and selecting the W mass which yields the best agreement between
the mass spectra of data and simulation. Because the production of fully sim-
ulated Monte-Carlo events for each possible W-mass value would require too
much computing power a re-weighting procedure is applied to construct Monte
Carlo samples corresponding to different mass values. Using this method, ef-
fects of event selection and resolution are automatically taken into account.

Alternatively, an analytic function can be constructed, which gives a like-
lihood for each event as a function of mW. A fit of the total likelihood then
yields the best estimation of mW for the given set of events. The same fit is
done for data and Monte-Carlo and the observed mW shift in the Monte-Carlo
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fit is then applied to the data result. By this method several effects, such as
detector resolution, hadronisation and photon radiation which can not be de-
scribed by this analytic function, are taken into account. In the W-mass fits,
one imposes the Standard Model relation ΓW = 3GFm3

W(1+2αs/3π)/(2
√

2π).
In fits, where also ΓW is extracted, mW and ΓW are treated as independent
quantities.

6.4.1 Monte-Carlo Re-Weighting and Binned Likelihood Fit

In the ALEPH analysis [4] mW and ΓW are extracted by fitting invariant mass
spectra from fully simulated Monte-Carlo samples to the spectra observed in
data. Here, the Monte-Carlo samples are re-weighted using the CC03 matrix
elements corresponding to various values of mW and ΓW. The signal Monte
Carlo, which is originally generated using a particular value of the W-boson
mass, mgen

W , and width, Γ gen
W , is modified in a re-weighting procedure to repre-

sent a different W mass, mrew
W , and width, Γ rew

W . To each Monte-Carlo event,
j, a weight, Rj , is assigned defined by the ratio

Rj(mrew
W , Γ rew

W ,mgen
W , Γ gen

W ) =

∣∣M(p1
j , p

2
j , p

3
j , p

4
j , k

γ
j ,mrew

W , Γ rew
W )

∣∣2
∣∣M(p1

j , p
2
j , p

3
j , p

4
j , k

γ
j ,mgen

W , Γ gen
W )

∣∣2 , (6.9)

where M is the matrix element of the four-fermion final state under consid-
eration. In contrary to the box method used by L3 and explained in the next
section, here the re-weighted Monte Carlo is compared to a binned multi-
dimensional data distribution of variables sensitive to mW.

In the qqqq channel a binned two-dimensional likelihood fit is performed
to the data distribution of the two masses obtained in the 4C fit. The order
of the two masses is randomised before fitting, in order to be consistent with
the probability density function, which is symmetric with respect to the two
masses. In the case of qq�ν events the mass extraction fit is performed using
the mass of the 2C-fit mass and its uncertainty, as estimated by the kinematic
fit. As additional information, the 1C mass of the hadronic system is used.
This results in a three-dimensional binned likelihood fit which yields a 14%
improvement in statistical precision compared to the one-dimensional fit.

The bin sizes are chosen such that the number of events per bin is approx-
imately constant. The number of Monte Carlo events in any bin is required
to be larger than 400 to obtain a stable and reliable fit result.

6.4.2 Monte-Carlo Re-Weighting and Box Fit

The L3 experiment measures mW and ΓW [6] using an unbinned maximum
likelihood fit, where the likelihood for each selected data event is calculated
using the box method [9]. In this method one counts the number of events
from a large Monte-Carlo sample, which are located in the kinematic phase
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space within a well defined domain (the box) around the data event under
consideration. The number of Monte-Carlo events inside the box is used as a
measure for the differential cross section, and the likelihood of the given event
is calculated from it. The box-fit method using Monte-Carlo re-weighting de-
termines mW and ΓW without any bias as long as the Monte Carlo describes
effects such as photon and gluon radiation, hadronisation and detector reso-
lutions correctly.

Separate likelihood functions are calculated for the four final states, qqqq,
qqeν, qqµν and qqτν as well as for the various different centre-of-mass energies.
For each of the combinations a likelihood function, L(mW, ΓW) is calculated
from the product of the individual likelihoods, evaluated for each mass recon-
struction, i, performed for a given semi-leptonic event or a given pairing of
the four- and five-jet samples of the fully-hadronic final state. The likelihoods
are calculated from the normalised differential cross sections in terms of the
reconstructed masses, minv:

L(mW, ΓW) =
∏

i

f(mW, ΓW)
(

dσ(mW, ΓW)
dminv

)

i
+

(
dσback

dminv

)

i

f(mW, ΓW)σ(mW, ΓW) + σback

, (6.10)

where σ and σback are the accepted signal and background cross sections of
the corresponding final state. The normalisation factor fi(mfit

W, Γ fit
W ) is cal-

culated such that the sum of accepted background and signal cross section
coincides with the measured cross section. In this way the mass and width are
determined from the shape of the invariant mass distributions only.

For the re-weighting procedure, which adapts the generated Monte Carlo
sample to the variable W mass in the fit, matrix elements calculated with the
EXCALIBUR [10] program are used. This calculation is only based on a pure
four-fermion final state. To correct for the effect of initial-state radiation the
four-vectors of the fermions within the rest frame of the four-fermion system
are used.

After summing the weights, Rj , of all Monte Carlo events, j, in the bin Ωi

around the data event, i, the differential cross section of the signal is given by
(

d2σ(mW, ΓW)
dm1 dm2

)

i
=

σgen

Ngen

1
Ωi

∑

j

Rj(mW, ΓW,mgen
W , Γ gen

W ) . (6.11)

In case of background Monte Carlo the same bin size is chosen and the
differential distribution of the background is determined by dividing the num-
ber of selected background Monte Carlo events, (N sel

back)i, in the bin around a
given data event, i, by the bin size, Ωi:

(
d2σback

dm1 dm2

)

i
= σback

(N sel
back)i

Ωi
. (6.12)
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One-dimensional boxes in the minv space are constructed for the determi-
nation of ΓW, whereas for the measurement of mW the box-fit procedure is
generalised to a two-dimensional differential cross section as function of the
4C and 5C invariant masses.

6.4.3 Event Likelihood from a Convolution Function

In the DELPHI analysis [5] the W mass is determined from an overall min-
imisation of a product of individual event likelihoods. For each of the selected
events a likelihood is calculated by:

L(mW, ΓW) = Pe S(mfit, σfit,mW, ΓW) + (1 − Pe)B(mfit) , (6.13)

where Pe is the event purity, S is the function which predicts the invariant-
mass spectrum for given mW and ΓW and the function B describes the spec-
trum of the background events. The reconstructed event mass, mfit, is the
result of the kinematic fit.

The signal function S is defined as a convolution of three components, a
Breit-Wigner function FBW describing the W lineshape, a radiator function
R modelling the ISR spectrum and a Gaussian function G which takes the
detector resolution into account:

S(mfit, σfit,mW, ΓW) =
∫ Ebeam

0

dm G(m − mfit, σfit)

·
∫ 1

0

dx R(x) FBW((1 − x)m,mW, ΓW) . (6.14)

The ISR spectrum is parameterised using the well known radiator function

R(x) = β xβ−1 with β =
2π

α

(
log

s

m2
e

− 1)
)

. (6.15)

A similar event likelihood is constructed for the qqqq event, but here a two-
dimensional convolution over the mass range of both W bosons is performed.
Then a combined likelihood of the selected data events is calculated from the
product of all individual event likelihoods. Maximum likelihood fits are used
to extract mW and ΓW.

As the convolution functions described above do not describe all of the
physics and detector effects, which influence the invariant-mass spectrum,
the result of the maximum likelihood fit is calibrated against Monte Carlo
simulation. The simulated events are treated the same way as the data and
the difference between the fitted mass and the generated mass is taken as mass
bias of the analysis for which the data result is corrected. Alternatively, the
mass bias of the analysis can be determined by re-weighting a Monte-Carlo
sample such that it agrees with the fit result of the data sample. The mass
bias and therefore the corrections to the fitted mass in data are of the order
of 50 MeV.
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6.4.4 Fit of an Analytic Breit-Wigner Function

The OPAL experiment compares three different methods [7] to extract the
W mass from the invariant-mass spectrum: Monte-Carlo re-weighting with a
binned likelihood fit to the measured invariant-mass spectrum, the convolution
method constructing likelihood curves for each event, and the straight-forward
approach of fitting the mass spectrum with an analytic Breit-Wigner function.

OPAL observes that for the qq�ν channel a relativistic Breit-Wigner func-
tion with a different width above and below the peak, gives a satisfactory
description of the reconstructed mass spectrum:

S(minv) = A
m2

invΓ
2
+(−)

(m2
inv − m2

W)2 + m2
invΓ

2
+(−)

, (6.16)

where Γ+ (Γ−) is the width assumed for all minv values above (below) the res-
onance peak at mW. The widths, Γ+(−), are determined from the spectra ob-
tained with Monte-Carlo simulations. The differences in Γ+ and Γ− are caused
by initial-state radiation, which shifts the reconstructed masses towards higher
values. An unbinned maximum likelihood fit of this analytic Breit-Wigner
function to the measured mass spectrum is performed, where the shape of the
expected background is taken from Monte Carlo and kept fixed during the fit.
The fit is restricted to the mass range of 70 GeV < minv < 88 GeV, the region
where it has been proven in Monte Carlo simulations that the Breit-Wigner
function gives a good description of the reconstructed lineshape for at least
ten times the integrated luminosity of the data.

The extracted W mass has to be corrected for additional effects not ac-
counted for in the Breit-Wigner fit. The correction is determined by applying
the same fit to Monte-Carlo samples. Obviously, with the presented Breit-
Wigner fit, where Γ+(−) has to be taken from simulation, an extraction of ΓW

is not possible.
OPAL has compared the statistical significance of the three different mass

extraction methods. The expected statistical uncertainty on mW for the data
sample collected at

√
s = 189 GeV is calculated, where one obtains 78 MeV for

the Breit-Wigner fit, 76 MeV in case of Monte-Carlo re-weighting and 72 MeV
using the event likelihoods. As expected, the calculation of individual event
likelihoods yields the highest precision, because it attempts to exploit all avail-
able information of the kinematics of each event. Therefore the convolution
method is used for the final OPAL result.

6.5 Systematic Uncertainties

The systematic uncertainties of the W-mass measurement after combining
the results of the four LEP experiments are summarised in Table 6.1. The
following sections describe in detail how the uncertainties due to the various
error sources have been estimated.
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Table 6.1. Uncertainties on the determination of mW for the LEP combination

Uncertainties on mW [MeV]

Error Source qq�ν qqqq Combined

Calibration of
√

s 9 9 9

Detector effects 10 8 9

4f(γ) generation 8 5 7

Hadronisation 13 18 14

Colour reconnection − 35 8

Bose-Einstein correlations − 9 2

Other 3 10 3

Total Systematic 21 44 22

Total Statistical 30 40 25

Total 36 59 34

6.5.1 Four-Fermion Generation and Photon Radiation

The correct simulation of the four-fermion final state of W-pair production is
an important pre-requisite of the W mass analysis. It includes the proper de-
scription of the Breit-Wigner lineshape of the W boson including its radiative
corrections, the modelling of multiple-photon radiation and the inclusion of
interferences with other four-fermion processes.

Especially radiation of photons in the initial state has a large impact on
the mass reconstruction and must be modelled with sufficient accuracy. Initial-
state radiation removes energy from the event before the formation of the
W resonances. Therefore, the W bosons will have less momentum and their
decay angle increases. In the reconstruction procedure the kinematic fit con-
strains the event energy back to the nominal centre-of-mass energy whereas
the fermion angles will be unchanged due to the high precision of the angular
measurement. This leads to a positive shift of the reconstructed mass. If ISR
is switched off completely in Monte Carlo a change of the W mass of about
500 MeV is observed. Due to this large mass shift and the fact that most of
the ISR escapes undetected, one relies on the proper and accurate calculation
of initial-state radiation.

In addition to initial-state radiation also final-state radiation from the
fermions and photon radiation from the W bosons themselves have to be
considered. This is done by full O(α) calculations, in the approximation that
these corrections are only relevant for the resonant diagrams. The KandY [11]
and the RacoonWW [12] programs are such state-of-the-art Monte-Carlo gen-
erators. They are described in detail in Sect. 5.1. RacoonWW is using the
constant-width ansatz whereas KandY implements an energy dependent W
width. Both definitions of the W propagator differ by 27 MeV in the W mass.
Therefore the input value of mW for the RacoonWW program has to be cho-
sen 27 MeV lower than for the KandY program to make the output of both
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programs directly comparable. The authors of RacoonWW and KandY have
compared the outcome of their programs and estimated the resulting uncer-
tainty on the determination of the W mass to be below 10 MeV [13]. However,
their tests are based on generator level studies and neglect explicitly the in-
fluence of the kinematic fit.

A dedicated study [14] was performed by Fabio Cosutti comparing the
two generators in the case of the DELPHI W-mass analysis. Differences
could be tracked down to un-physical cut-offs in the photon radiation of the
RacoonWW approach. They can be avoided using an inclusive W-mass re-
construction, combining hard photons to the nearest fermion. Additionally,
cross-checks between different input flags of the YFSWW generator were per-
formed. The results were used to estimate the systematic uncertainties due to
the modelling of ISR and FSR and due to the missing terms beyond the given
O(α) calculation. Each of these error sources was found to be of the order of
only 1 MeV.

In the L3 analysis a total of 300 000 Monte Carlo events of the qqeν,
qqµν and qqqq final states are generated with the RacoonWW program at√

s = 207 GeV, including full detector simulation. Events with hard-photon
radiation are selected on generator level using the CALO5 algorithm [13],
which recombines soft and collinear photons with the nearest fermion. These
are then used instead of data in the mass fit which relies on KandY as the
reference Monte Carlo. The shift of the W mass derived from the comparison
of the programs is scaled by the fraction of events with hard-photon radiation,
which is of the order of 10%. In an additional test, the KandY events are re-
weighted such that they represent the O(α2) ISR corrections instead of the
O(α3) calculation. Based on these tests an uncertainty of 8 MeV is quoted.

In their analyses of data taken at
√

s = 189 GeV, the ALEPH and the
OPAL collaboration tried to estimate the systematic uncertainty due to the
modelling of ISR by re-weighting simulated KoralW events such that they
represent O(α) instead of the available O(α3) corrections. The observed effect
is marginal and always below 2 MeV, which is taken as systematic uncertainty.

DELPHI also uses a re-weighting method where they compare the ISR
treatments of the KoralW program and the algorithm used in the DELPHI
QEDPS program, which is based on a parton shower approach. The largest of
the observed mass shifts is conservatively taken as the systematic uncertainty
which amounts to 16 MeV.

6.5.2 Hadronisation

After the generation of the four-fermion state the quark pairs are subject to
a Monte-Carlo program modelling the hadronisation process. Three differ-
ent schemes, implemented in the programs Pythia, Herwig and Ariadne, are
widely used for this purpose. QCD studies of the LEP 1 data were not able
to decide between the predictions of the three programs. Therefore, system-
atic effects due to modelling of the hadronisation process are determined by
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comparing the result of three different mass fits using Monte-Carlo events
simulated with the programs Pythia, Herwig and Ariadne, respectively.

The influence of the hadronisation model on the reconstruction of the
W mass can be understood in the following way. To calculate the invariant
mass of two hadronic jets their energies, the angle between the jets, and the
individual jet masses are needed. The effects on the jet energies should be
cancelled by the kinematic fit constraining the energy of the jet system to the
beam energy. Effects on the inter-jet angle are small, whereas the jet masses
depend very much on the hadronisation parameters.

The four-momenta of calorimetric clusters which are used to form hadronic
jets are calculated using their energy and angle measurements and assuming
their masses to be the pion mass. Frequently produced hadrons with larger
masses than pions are kaons and protons. In the jet reconstruction their mass
is not properly taken into account, which leads to a shift of the jet masses.
This mass shift is corrected during the fit of the data to the Monte Carlo sim-
ulation, which also contains these heavier hadrons. On the other hand, if the
hadronisation model predicts different multiplicities for these heavier hadrons
than present in data, a systematic effect on the measurement of the W mass
is expected. The mean number of charged kaons and protons produced in the
W decays has been measured in a DELPHI analysis [15]. This measurement is
compared to the Monte-Carlo simulation and agreement is found within the
statistical precision.

To assess the systematic uncertainty due to hadronisation the ALEPH,
DELPHI and OPAL collaborations have compared the W mass results when
using the programs Pythia and Herwig, respectively. Here, identical events at
the level of the four-fermion state were subject to both hadronisation pro-
grams. In addition, DELPHI and OPAL compared Pythia Monte Carlo sam-
ples generated with various QCD parameters, for example the hadronisation
scale ΛQCD and the shower parameter σq, varied with respect to the standard
tuning of the Pythia generator.

ALEPH also adjusted the hadronisation models to the data in terms of
observables, which are closely related to the hadronisation process, such as
the jet masses. The Monte-Carlo events are re-weighted in order to reproduce
exactly the corresponding distribution in data. The resulting mass shift eval-
uated with the re-weighted Monte-Carlo events is never larger than 30 MeV.

In the L3 analysis the Pythia Monte Carlo is compared to Herwig and
Ariadne simulations based on identical events at the four-fermion level. In
Fig. 6.8 the jet-mass distribution for the three models is compared to data. The
comparison shows a slight preference for the Pythia Monte Carlo. To assess
the systematic uncertainty due to the hadronisation the data events in the
box fit are replaced by high-statistics samples of Herwig and Ariadne events.
The differences to the Pythia base-line Monte Carlo are used to estimate the
uncertainty due to hadronisation.

Additionally, the Pythia Monte Carlo events are re-weighted such that
the mean number of charged kaons and the mean number of protons agree
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Fig. 6.8. Comparison of the jet-mass spectrum (a) of L3 data to three jet-mass
spectra predicted by the hadronisation models Pythia, Ariadne and Herwig; Figure
(b) shows the spectra normalised to the Pythia expectation

with the measurement [15]. It is checked that the invariant-mass spectrum on
generator level is not distorted by this re-weighting procedure and that the
W mass extracted on generator level does not change. The resulting shift of
the W mass is shown in Fig. 6.9. The extracted W mass depends linearly on
the number of kaons and protons, and the uncertainty of the measured kaon
and proton multiplicities is translated into an uncertainty on the W mass.

6.5.3 Colour Reconnection

The limit on the colour reconnection parameter kI of the SK-I model (see
Sect. 5.3) can be translated into a systematic uncertainty of the W-mass de-
termination. Four-fermion final states are simulated with the KandY Monte-
Carlo program and the hadronisation of these final states is once simulated
with the standard Pythia Monte Carlo and once using the colour-reconnection
algorithm. The usual mass extraction method is used with the standard
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Fig. 6.9. Change of mW in the L3 analysis when re-weighting Monte Carlo events
with respect to particle multiplicities: the number of charged kaons for (a) qq�ν and
(b) qqqq; the number of protons for (c) qq�ν and (d) qqqq. The full circle shows the
default Pythia value whereas the vertical line shows the multiplicity measured [15]

Monte-Carlo as data and the colour-reconnection Monte Carlo as reference
sample. The difference between the input mass of the Monte Carlo and the
fit result is the mass bias introduced by colour reconnection. To study the
influence of kI the standard simulation without colour reconnection and the
SK-I model with 100% reconnection probability are mixed. Both Monte Carlo
samples are based on the same events at the four-fermion level. For each event
the hadronic final state produced with the standard Pythia setting is replaced
by the colour-reconnected final state, if a random number exceeds the specific
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event reconnection probability, Preco. This reconnection probability is given
by

Preco = 1 − exp(−fkI) , (6.17)

where f is a function of the overlap volume of the two strings.
However, the particle flow analysis is insensitive to colour reconnection

effects implemented in other models like Ariadne II and Herwig CR. Although
the Ariadne II model has no effect on the particle flow it leads to a significant
shift of the W mass which is about −20 MeV for the L3 analysis. Herwig CR
introduces a mass bias of −50 MeV. But for all energies and all models the
shift of mW is comparable or smaller than the shift predicted by the SK-I
model for kI values larger than 1. Hence, the SK-I model is usually used to
estimate the systematic uncertainty due to colour reconnection.

Using a cone algorithm for jet clustering lowers the sensitivity to colour
reconnection effects, as the analysis will be unaffected by the inter-jet regions
where the influence of the CR is largest. Alternatively, removing clusters be-
low a certain momentum cut rejects particles predominantly produced during
the non-perturbative phase of the hadronisation process where the colour re-
connection effects take place. The shift of the W mass observed between the
standard Monte Carlo and various colour reconnection models is shown in
Fig. 6.10 for the ALEPH analysis. This mass shift is evaluated for variations
of the jet reconstruction where either a cut on the minimum particle momen-
tum, pcut, was applied or the jets were constraint to a cone of radius R. For
stronger cuts on pcut or R the W mass shifts due to colour reconnection are
significantly reduced.

Fig. 6.10. Shift of the W mass between the standard Monte Carlo and various
colour reconnection models as function of the cut on the minimum particle momen-
tum, pcut, and on the inverse cone radius, Rcone, for the qqqq channel
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Fig. 6.11. CR effects simulated with the Monte Carlo model SK-I calculated after
removing clusters with an energy below a given threshold energy. Shown are the
change of mW in Monte Carlo, ∆msyst, between the default simulation without CR
and the SK-I model using kI = 1.1 and the additional component of the statistical
uncertainty on mW, ∆σstat, after applying the given cluster cut. The quadratic sum
of both effects is also shown

The dependency of the W-mass shift on the energy cut is shown in Fig. 6.11
for the case of the L3 analysis. The mass bias is reduced when going to larger
values of the energy cut. The statistical uncertainty, however, increases due to
the slight degradation of the mass resolution caused by the applied cut. This
increase in statistical uncertainty is added in quadrature to the shift of mW.
In the case of the L3 analysis a cut at minimum cluster energies of 2 GeV is
found to be the optimal choice and is therefore used in the extraction of the
W mass in the fully-hadronic final state.

The ALEPH collaboration used the presented cut studies also to extract a
limit on the amount of colour reconnection. In the SK-I model the difference
of the reconstructed W mass for a given cut relative to the standard analysis
without cut increases with increasing reconnection probability. For the data
samples also the mass difference between the standard analysis and the cut
analysis is studied. The results are consistent with no colour reconnection
effect in data and the mass shifts can be used to constrain the SK-I model.
This in turn sets limits on the maximum effect on the W mass due to colour
reconnection.
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6.5.4 Bose-Einstein Effects

Another systematic uncertainty of the W-mass measurement is caused by
Bose-Einstein correlations in fully-hadronic events. In particular, the presence
of correlations between hadrons coming from different W decays would affect
the mass reconstruction.

For the L3 W-mass analysis several Monte Carlo samples with various
strengths of inter-W Bose-Einstein correlations, but equal strength of intra-W
correlations were subject to the mass extraction procedure. The Bose-Einstein
observable J is determined for each of these samples. A linear dependence of
the W-mass shift with respect to J is obtained, as presented in Fig. 6.12.
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Fig. 6.12. Linearity of W mass shift with respect to the Bose-Einstein correlation
observable J

The measurement of the W mass is based on a Monte-Carlo simulation
using the LUBOEI BE32 model without inter-W correlations. To estimate the
systematic uncertainty due to Bose-Einstein effects the fit is also performed us-
ing a simulation with inter-W correlations and according to the Bose-Einstein
measurement, presented in Sect. 5.4, 30% of the difference between both re-
sults are taken as systematic uncertainty.

6.5.5 Detector Effects

The precision and reliability of the W-mass analysis strongly depends on the
quality of the jet measurement. In both, the qq�ν and qqqq channels, the W
mass is mainly measured in the hadronic system. The kinematic fit changes
mostly the measured jet energies, whereas the angular measurements are much
less modified. In a simplified analysis one could measure the invariant mass
of a jet pair, and hence the mass of the hadronically decaying W boson, from
the rescaled energies and the opening angle of the two jets applying a small
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correction due to the finite jet masses. Therefore, especially the directions of
the jets have to be measured without any systematic bias, as the opening
angle of the jets is directly related to the reconstructed invariant mass.

An angular distortion can be caused by imperfections in the detector align-
ment and by uncertainties on the length-to-width ratio of the detectors, also
known as aspect ratio. These are usually estimated to be negligible. As the
decay angles of the W bosons are broadly distributed over all directions, po-
tential angular distortions of any kind should be to first order symmetric in
their mass shifts. Therefore they do not affect the W mass, but they lead
to an increased W width. Angle dependent effects in the energy scale of the
calorimeters could not only cause an offset in the energy measurement of the
jets. They could also lead to a bias in the angular measurements of the jets.
For example, if clusters in the forward region would be biased to a smaller
energy than clusters in the central part of the detector, the direction of the jet
would be distorted towards the central detector region. In the ALEPH cali-
bration of jet energies, di-jet events from Z calibration runs have been used to
check the jet-energy. In Fig. 6.13 the ratio between the jet energies in data and
Monte Carlo is studied as a function of the jet polar angle. Large differences
are seen for | cos θjet| > 0.95 and the Monte-Carlo energies are corrected for
this effect before the Monte Carlo is used for W-mass extraction.

Fig. 6.13. Ratio between the jet energy in data and in Monte Carlo as function of
the polar angle derived from Z peak data taken during the calibration runs

L3 uses W-pair events of the qqqq channel, where the event is strongly
constrained by the kinematic fit. The jet energy has been compared to the
jet energy after the kinematic fit. The energy scales differ by (0.19 ± 0.23)%
in total, which is compatible with zero. Also the angular dependence of the
energy scale is studied. Correcting the Monte-Carlo simulation separately for
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each polar angle region to agree with the energy scale in data does not change
the extracted W mass.

Another approach to get a handle on the systematics of the angular mea-
surement is to compare the angles measured in independent parts of the de-
tector. ALEPH compares the track polar angles as measured by the tracking
chamber and the electromagnetic calorimeter. The observed differences be-
tween both measurements are simulated by the Monte Carlo to better than
2 mrad. Within the L3 analysis the measurement of the W mass has been re-
peated using only clusters associated with tracks. For each event, the invariant
mass is reconstructed first using the angular information of the calorimetric
clusters and then the angles measured in the tracking chamber. The resulting
mass shift distribution is shown in Fig. 6.14. Combining all final states leads
to a difference on mW between both methods of −2± 9 MeV, consistent with
zero.
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Fig. 6.14. Distribution of the W mass shift between the standard analysis and the
jet reconstruction using tracking chamber information only

The systematic uncertainties due to the calibration of the jet energy scales
are derived by varying the calorimeter energy scales and the tracking cham-
ber momentum scales over reasonable ranges. The sizes of these variations
correspond to the uncertainties estimated from hadronic events collected at
the Z resonance. The scale uncertainties differ between the experiments and
the specific detector type. They are between 0.2% and 1%, depending on the
polar angle. Differences in the description of energy and angular resolution be-
tween data and Monte Carlo also affect the W-mass measurement. To check
the influence of small changes in the resolutions a typical smearing of the jet
energies by 1% and of the jet directions by 0.5◦ is performed.
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The calorimetric energy flow with respect to the jet axis (see Fig. 6.15(a))
has been studied by the L3 collaboration. The distribution shows excellent
agreement between data and Monte-Carlo over several orders of magnitude.
The impact on the W-mass measurement is studied when clusters outside a
given cone around the jet axis are removed from the analysis. No significant
shift of the W mass is observed for cones of half-opening angles from 30◦ to
180◦ as shown in Fig. 6.15(b) and (c).
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Fig. 6.15. Energy flow with respect to the jet axis for W pair events (a) and change
of the W mass after removing clusters outside a cone around the jet for semi-leptonic
(b) and fully-hadronic events (c)

For qqeν and qqµν events, possible biases in the reconstruction of the
lepton energy also affect the invariant-mass reconstruction. In analogy to
hadronic jets, control samples of events selected at the Z pole are used to
cross check the reconstruction of leptons. The energy scale of electrons and
muons are varied within their accuracy and are used to estimate the systematic
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uncertainty due to the lepton energy scale. Effects due to the measurement of
the lepton angles are negligible.

In the standard analysis of semi-leptonic W pair events additional calori-
metric clusters caused by the charged leptons are associated to one of the jets.
This results in a bias on the W mass, if these clusters are not correctly de-
scribed by the Monte Carlo simulation. Measuring the rate of neutral objects
near the high energy electron in qqeν events ALEPH observed an excess in
data with respect to the Monte Carlo simulation as shown in Fig. 6.16. After
removing these energy depositions around the isolated lepton in semi-leptonic
events the measurement of the W mass in the semi-leptonic final state changes
by −85 MeV. Meanwhile the ALEPH simulation has been corrected and now
reproduces the cluster distribution in data. ALEPH and L3 performed a sys-
tematic study, where the four-momenta of all clusters within cones of certain
opening angles around the lepton are added to the four-momentum of the lep-
ton. The extracted W mass appears to be stable with respect to a variation
of the cone angle.

Fig. 6.16. Particle rates with respect to the charged-lepton direction for qqeν events
as measured by the ALEPH collaboration before applying an cleaning algorithm
which removes the satellite clusters in the data events

6.5.6 LEP Beam Energy

As the value of
√

s is used as a constraint in the kinematic fit, any change
of

√
s causes a shift of the reconstructed mass. In the kinematic fit the exact

LEP beam energy is used as determined for the recording time of a given
W-pair event.
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The beam energy of LEP is known with an accuracy of 10 to 20 MeV
depending on

√
s [16]. The relative error on mW is the same as the relative

uncertainty of the beam energy, while the W width is less affected. This has
been verified by comparing simulated data samples in which the beam energy
used in the kinematic fit is changed accordingly. The complete error matrix
of the

√
s determination, given in Reference [16], is used in the combination

of the mass and width measurements performed at different centre-of-mass
energies. The error on the beam energy contributes an uncertainty of 10 MeV
to the final W mass.

In addition to the uncertainty on the energy scale, an intrinsic width of
the beam energy distribution exists. This so called beam spread amounts to
about 120 MeV for each beam. Any energy width of the beam would not
change the position of the W-boson resonance, but could increase its width.
However, the given beam energy width of the order of 0.1% has only little
impact on the measurement of the W width and its influence is estimated to
be below 5 MeV.

As a cross check of the LEP beam energy, events selected from the
e+e− → Zγ process with hard initial-state radiation were used to measure
the mass of the Z boson as presented in Sect. 4.3. Using the precise value
Z mass determined at LEP 1 allows to extract the mean

√
s value from the

data. Averaging over all four LEP experiments gives a results consistent with
the centre-of-mass energy given by the LEP energy calibration.

6.5.7 Correlations

Correlations between the individual sources of systematic uncertainties have
to be considered, when W-mass measurements from different centre-of-mass
energies, different final states or different experiments are combined.

In the case of the systematic uncertainty due to the calibration of
√

s one
uses the correlations of the LEP energy determination [16] to combine results
from different centre-of-mass energies. Within each final state the uncertain-
ties due to detector effects, the background determination, and the final-state
interactions, namely colour reconnection and Bose-Einstein effects, are taken
as fully correlated between measurements at different

√
s. Full correlation is

also assumed for the uncertainties due to four-fermion generation and hadro-
nisation, which in addition are correlated between all final states.

Due to the different detector setups and selection methods the system-
atic uncertainties due to detector effects and background determination are
taken uncorrelated between the results of the four LEP experiments while full
correlation between the experiments is assumed for the effects of initial-state
radiation, hadronisation and final state interactions.
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6.6 Results for W Mass and Width

The first W-mass measurement at LEP was based on the cross-section be-
haviour at the threshold of W-pair production (see Sect. 6.1). The individual
results of the four experiments are summarised in Table 6.2. Combining these
results yields

mW = 80.40 ± 0.22 GeV , (6.18)

where the given error is dominated by the statistical uncertainty of the mea-
surement.

Table 6.2. W-mass measurements from the threshold cross section of e+e− →
W+W− at

√
s = 161 GeV. L3 and OPAL are giving asymmetric errors

Experiment mW [GeV]

ALEPH 80.14 ± 0.35

DELPHI 80.40 ± 0.45

L3 80.80+0.48
−0.42

OPAL 80.40+0.46
−0.43

The results on the W mass from the direct reconstruction are given in
Table 6.3. The comparison of the results on mW of the four LEP experiments
is illustrated in Fig. 6.17.

Table 6.3. Measurements of the mass of the W boson from direct reconstruction
of W decays in qq�ν and qqqq final states, respectively

mW [GeV]

Experiment qq�ν qqqq

ALEPH 80.429 ± 0.059 80.475 ± 0.081

DELPHI 80.339 ± 0.075 80.311 ± 0.137

L3 80.212 ± 0.071 80.325 ± 0.080

OPAL 80.449 ± 0.063 80.353 ± 0.083

The combination of all experiments and all energies yields [17]:

mW(qq�ν) = 80.372 ± 0.030 ± 0.021 GeV (6.19)
mW(qqqq) = 80.387 ± 0.040 ± 0.044 GeV , (6.20)

where the first error is statistical and the second is systematic. The weight of
the fully-hadronic final state in the combination is found to be 22%. Although
better kinematically constrained, the qqqq final state exhibits a worse mass
resolution than the qq�ν channel due to the cut on the minimum particle
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Fig. 6.17. Comparison of W-mass measurements of the four LEP experiments from
direct reconstruction of W decays

momentum. The weight of the qqqq channel in the combination is further
reduced by the systematic uncertainties from final state interactions which are
absent in the qq�ν channel. It is planned to combine the colour reconnection
and Bose-Einstein analyses of all four LEP experiments and to consider the
combined limits on these effects during the determination of the systematic
uncertainty due to final state interactions in each experiment. This would
reduce the systematic uncertainty in the qqqq channel and will increase its
weight in the final combination.

The difference between the W masses from the semi-leptonic and the fully-
hadronic channels is determined to be

∆mW(qqqq − qq�ν) = −12 ± 45 MeV . (6.21)

This mass difference is compatible with zero, and therefore no indication of a
systematic mass bias in the fully-hadronic channel from colour reconnection
or Bose-Einstein effects is observed. Systematic uncertainties caused by these
effects are excluded in the determination of ∆mW(qqqq − qq�ν). Averaging
the results of the qq�ν and qqqq channel results in

mW(direct) = 80.375 ± 0.025 ± 0.022 GeV . (6.22)

The individual results for the direct measurement of the W width at LEP
are given in Table 6.4. The four measurements are combined under consider-
ation of the correlations in the systematic uncertainties. The combined value
of the W width from LEP is found to be

ΓW(direct) = 2.196 ± 0.063 ± 0.055 GeV . (6.23)
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Table 6.4. Measurements of the total decay with of the W boson. Results from
direct reconstruction of W decays at 172 GeV <

√
s < 209 GeV are given

Experiment ΓW [GeV]

ALEPH 2.14 ± 0.11

DELPHI 2.40 ± 0.17

L3 2.18 ± 0.14

OPAL 2.00 ± 0.14

Combining the results from threshold measurement and direct reconstruc-
tion yields

mW = 80.376 ± 0.033 GeV , (6.24)
ΓW = 2.196 ± 0.084 GeV , (6.25)

representing the overall result of the complete LEP 2 data sample.
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Fit of Electroweak Parameters
to Precision Data

Within the Standard Model the Z mass, mZ, the W mass, mW, and the weak
mixing angle, θw, are related by

cos θw =
mW

mZ
, (7.1)

which is a prediction of the Higgs mechanism. As presented in Sect. 3.2 the
mass of the Z boson, mZ, is known to a very high accuracy of 2.3 · 10−5. The
measurement of the weak mixing angle from electroweak precision observables,
as explained in Sect. 3.6, allows to predict the mass of the W boson using
equation (7.1). After applying the proper radiative corrections this prediction
of the W mass can be compared to the result of the direct measurement.
This tests not only the validity of Equation (7.1) on Born level, but also the
corresponding electroweak radiative corrections.

7.1 Direct W-Mass Measurement Facing Precision Data

The W mass is measured at LEP 2 studying the W-pair production e+e− →
W+W− → ff̄f f̄ , as presented in detail in the previous Chap. 6. At hadron
colliders the leptonic decays of singly produced W bosons with electrons or
muons in the final state are selected. From the momentum measurement of
the leptons the transverse mass is calculated. The transverse mass, i.e. the
invariant mass of the transverse momentum of the charged lepton and the
missing momentum vector in the plane transverse to the beam, is not affected
by the unknown missing momentum along the beam axis. The experiments
CDF and D0 have performed a precise measurement [1] of the W mass using
the Run I data set of the Tevatron collider. The precision of the Tevatron W
mass measurement is currently limited by data statistics. The uncertainty in
the lepton energy scale gives the largest contribution to the systematic error.
To improve the accuracy of the energy measurement of the leptons, leptonic

Stefan Roth: Precision Electroweak Physics at Electron-Positron Colliders
STMP 220, 133–144 (2006)
DOI 10.1007/3-540-35165-5 7 c© Springer-Verlag Berlin Heidelberg 2006
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Fig. 7.1. Measurement of the W mass at LEP and Tevatron and comparison with
the Standard Model prediction as function of the Higgs mass. The theory uncertainty
is dominated by the uncertainties in mt and ∆α and shown as a band whose width
represents the quadratic sum of both effects

Z decays are selected and calibrated using the precise Z mass from the Z
resonance scan at LEP.

The results of the Tevatron and LEP experiments on the W mass are in
good agreement as shown in Fig. 7.1. All direct W-mass measurements, of
which some are still preliminary, result in a world average of:

mW = 80.392 ± 0.029 GeV . (7.2)

Additionally the W mass calculated within the Standard Model from the
Fermi constant GF is shown as a function of the Higgs mass. The measured
W-mass values prefer a light Higgs boson.
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As stated above, the measurement of sin2 θeff at LEP 1 and SLD can be
translated into an indirect determination of the W mass. Due to radiative
corrections the experimental uncertainty of the top mass and our ignorance
about the Higgs mass enter into this calculation. From a fit to all Z-peak data
including the direct mt result from Tevatron the best indirect determination
of the W mass is obtained:

mindirect
W = 80.361 ± 0.020 GeV . (7.3)

This result is in good agreement with the direct measurements from LEP 2
and Tevatron presented above.

Another less precise, indirect measurement of mW is coming from the
measurement of neutrino nucleon scattering. Measurements of the NuTeV
collaboration [2] show a deviation from the world average on mW of about
three standard deviations. Theoretical studies [3] suspect that the uncertain-
ties due to QCD corrections and due to electroweak radiative corrections might
be underestimated in this analysis. Another explanation could be a reduced
coupling of the neutral current to the neutrinos with respect to the Standard
Model prediction. The measurement of the invisible width of the Z boson,
Γinv, which is found to be smaller than the Standard Model prediction, would
point into the same direction.

The comparison between the direct and the indirect determination of the
W mass assumes that the radiative corrections of the Standard Model, which
are used when translating sin2 θeff into mindirect

W , are correct. To allow the
comparison with the direct mass measurement, the effective weak mixing angle
is converted into the on-shell mixing angle. The latter one can therefore be
expressed as cos θw = mindirect

W /mZ and the ρ-parameter on tree level is given
as

ρtree =
m2

W

m2
Z cos2 θw

=
(

mdirect
W

mindirect
W

)2

= 1.0008 ± 0.0009 . (7.4)

The result is compatible with unity which represents of successful test of
Equation (7.1) to a very high precision.

7.2 Global Fit to Electroweak Data

Electroweak radiative corrections have been calculated up to the two-loop
level, but their accuracy is limited by the experimental uncertainty on the
mass of the top quark and by the ignorance on the mass of the Higgs boson.
A test of the quantum structure of the Standard Model therefore requires
a precise knowledge of the top quark mass, since the radiative corrections
depend quadratically on this parameter.

In the year 1995 the experiments at the Tevatron collider discovered the
top quark analysing events of the reaction pp̄ → tt̄X → bb̄W+W−X. The
mass of the top quark was found to be within the mass range predicted by the
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electroweak precision data. If the W boson decays into two quarks, the mass
of the top quark can be reconstructed from the invariant mass of the b jet and
the two jets coming from the W decay. The published Run-I measurements
have been combined with the most recent Run-II measurements representing
a data set of 750 pb−1 in total [4]:

mt = 171.4 ± 2.1 GeV . (7.5)

The calculation of the electromagnetic coupling constant α(mZ) at the
energy scale of the Z mass needs the precise knowledge of the vacuum po-
larisation. The contribution of the five light quark species, ∆α

(5)
had, can not

be calculated in perturbation theory, but has to be extracted from the total
hadronic cross section measured in e+e− collisions. A very large contribution
to ∆α

(5)
had comes from the region of the ρ resonance. The first precise informa-

tions in this energy region were obtained by the CMD-2 collaboration using
data taken at centre-of-mass energies between 0.61 GeV and 0.96 GeV at the
VEPP collider. The measurements of CMD-2 have recently been confirmed
by new results from the KLOE collaboration [5]. A recent compilation by
Burkhardt and Pietrzyk [6] gives

∆α
(5)
had(mZ) = 0.02758 ± 0.00035 . (7.6)

Another parameter of the Standard Model to be considered is the strong
coupling constant, αs. It enters the electroweak calculations mainly through
radiative corrections due to the gluon emission in hadronic final states. This
correction changes ΓZ and Γhad in a similar way. Therefore, the hadronic cross
section on the Z peak, σ0

had, is only moderately affected. On the other hand,
the leptonic peak cross section, σ0

lep, is very sensitive to αs and a fit to the
LEP 1 results on σ0

lep yields αs = 0.1179 ± 0.0030. This value is in good
agreement with the result from QCD event shape studies. In the following
fits the parameter αs is taken as free parameter and varied during the fits
applying no external constraint.

In a global fit to precision data the electroweak observables including their
radiative corrections have to be calculated. These corrections are obtained
from numerical calculations using computer codes as implemented in the elec-
troweak program libraries ZFITTER [7], TOPAZ0 [8] or GAPP [9].

The fit results presented here are performed within the context of the LEP
and SLD electroweak working group. The details of the combination of the
electroweak data and the fit of the Standard Model parameters are described
in Reference [10]. The semi-analytical program ZFITTER is used to calculate
the Standard Model predictions including its higher order corrections. The
complete fermionic and bosonic two-loop corrections to mW and the complete
fermionic corrections to sin2 θeff have been calculated recently [11]. The an-
alytical formulas were parametrised as functions of the parameters mH, mt,
mZ, ∆α and αs and implemented in ZFITTER.
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The most general electroweak fit includes all Z peak data from LEP 1
and SLD, the W mass, mW, from LEP 2 and Tevatron, the top mass, mt,
measured at the Tevatron and ∆α

(5)
had. This fit yields a reasonable χ2 value of

χ2/d.o.f. = 17.8/13 . (7.7)

This corresponds to a fit probability of 17% and shows that the electroweak
measurements are internally consistent and agree with the Standard Model
prediction. Figure 7.2 shows the distribution of the pulls of observables, i.e.
the differences between the measured values and the values obtained from
the fit in units of standard deviations. The measurements of all electroweak
observables are well contained within two standard deviations around the fit
results, with the exception of Ab

FB.

Fig. 7.2. Difference between the measured values of electroweak observables and
the values obtained from the final fit result in units of standard deviations

Measurement Fit |Omeas−Ofit|/σmeas

0 1 2 3

0 1 2 3

∆αhad(mZ)∆α(5) 0.02758 ± 0.00035 0.02766

mZ [GeV]mZ [GeV] 91.1875 ± 0.0021 91.1874

ΓZ [GeV]ΓZ [GeV] 2.4952 ± 0.0023 2.4957

σhad [nb]σ0 41.540 ± 0.037 41.477

RlRl 20.767 ± 0.025 20.744

AfbA0,l 0.01714 ± 0.00095 0.01640

Al(Pτ)Al(Pτ) 0.1465 ± 0.0032 0.1479

RbRb 0.21629 ± 0.00066 0.21585

RcRc 0.1721 ± 0.0030 0.1722

AfbA0,b 0.0992 ± 0.0016 0.1037

AfbA0,c 0.0707 ± 0.0035 0.0741

AbAb 0.923 ± 0.020 0.935

AcAc 0.670 ± 0.027 0.668

Al(SLD)Al(SLD) 0.1513 ± 0.0021 0.1479

sin2θeffsin2θlept(Qfb) 0.2324 ± 0.0012 0.2314

mW [GeV]mW [GeV] 80.392 ± 0.029 80.371

ΓW [GeV]ΓW [GeV] 2.147 ± 0.060 2.091

mt [GeV]mt [GeV] 171.4 ± 2.1 171.7
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7.3 Higgs Mass Prediction

The electroweak measurements performed at LEP 1 and SLD are combined
into a precision value of sin2 θeff (Fig. 3.6). Using Equation (7.1) and the pre-
cisely known Z mass the measurement of the weak mixing angle represents an
indirect determination of the W mass. This value of the W mass depends on
radiative corrections and hence on the value of the top mass. In Fig. 7.3 the
constraint on mW set by the measurement of sin2 θeff using the electroweak
precision data is shown as a function of mt. Also shown is the allowed region
of all LEP 1 and SLD electroweak data as a contour in the mW vs. mt plane
representing a probability of 68%. The direct measurements of the W-boson
mass and the top-quark mass are also indicated. Additionally to the mea-
surements the Standard Model prediction using GF from the muon decay is
plotted for various Higgs masses within 114 GeV < mH < 1000 GeV. Both
the indirect and the direct measurements prefer a low Higgs mass.

Fig. 7.3. Comparison of direct mass measurements and indirect measurements
using electroweak precision data. Also shown is the theory prediction calculated
from GF for various Higgs masses, where the presented lines correspond to mH

values differing by 100 GeV
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Fig. 7.4. Direct measurements of mW and mt and the mass regions as predicted
by the Standard Model (SM) and the Minimal Supersymmetric Standard Model
(MSSM), respectively

The radiative corrections to mW have also been calculated in the Min-
imal Supersymmetric Standard Model (MSSM) [12]. In Fig. 7.4 the direct
mass measurements of mW and mt are compared to the theory predictions
of the Standard Model (SM) and the MSSM, respectively. The extension of
the Standard Model region is determined by the allowed Higgs mass values.
In the case of the MSSM, the free parameters of the model are varied. The
direct measurements of mW and mt are compatible with the Standard Model
for a low Higgs boson mass. However, they tend to prefer the mass region as
predicted by the MSSM.

As stated before, the electroweak radiative corrections include a term pro-
portional to the logarithm of the Higgs mass, the only unknown parameter of
the Standard Model. Assuming the validity of the Standard Model one can
try to extract this term from a global fit to all electroweak observables. Then
this allows to set constraints on the mass of the Higgs boson.

The fit of the Standard Model prediction to all electroweak data [10] with
the Higgs mass as the only free parameter results in a χ2 curve as shown
in Fig. 7.5. It predicts the mass of the Higgs boson to be 85+39

−28 GeV which
is consistent with the direct searches for the Higgs boson excluding masses
below 114.4 GeV (see Sect. 7.4).

Following Gaussian statistics one can calculate the probability density with
respect to mH. After integrating this probability density and setting the total
probability of the Higgs mass above 114.4 GeV to unity, a curve representing
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the confidence level on an upper limit on mH is obtained. Hence, for each mass
value in

F

ig. 7.5 the probability that the Higgs boson has a larger mass is given
by the 1-C.L. graph. For these calculations those input flags in ZFITTER
are used which yield the most conservative upper bound on mH in order to
consider the theoretical uncertainties. At 95% C.L. an upper bound on the
Higgs mass of 199 GeV is set.

Fig. 7.5. The ∆χ2 curve of the global fit of the Standard Model parameters to the
electroweak precision data [10]. In addition the confidence level (C.L.) as a function
of the upper limit on mH is shown

7.4 Search for the Standard Model Higgs at LEP

Since the start up of LEP the search for the Higgs particle played a key role
in the program of the collider. At e+e− colliders the large coupling of the
Higgs to the Z boson is used to produce Higgs bosons via the Higgs-strahlung
process depicted in Fig. 7.6. In the first five years of the LEP program a signal
of Higgs production was searched for in the 14 million Z decays recorded on
the Z resonance.

In the case of a very light Higgs boson its lifetime becomes rather long
and one even has to consider the possibility that the Higgs decays outside
the detector. Such light Higgs bosons would manifest themselves by causing
missing momentum transverse to the beam direction. Small Higgs masses
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could also lead to the decay of the Higgs into a collinear fermion anti-fermion
pair. Possible results are for example the so called mono-jets caused by two
nearby quarks. In such events the particle pair from the Z decay shows a
deviation in its collinearity angle. No such events were found and the Higgs
mass range between 0 GeV and 20 GeV was excluded already after one year
of data taking at LEP [13].

In the following years until 1995 LEP delivered an integrated luminosity
of about 200 pb−1 per experiment on the Z resonance. Here the Higgs search
concentrated on the typical signature of the Higgs-strahlung process assuming
the Higgs to decay mainly into b-quarks. A reliable flavour tagging using
the information from the reconstruction of secondary vertices with silicon
detectors was essential for this task. The LEP 1 data allowed to exclude the
entire mass range of 0 ≤ mH ≤ 63.9 GeV for the Standard Model Higgs
boson [14].

The mass range which can be explored at a given centre-of-mass energy is
limited by the fact that the Higgs boson has to be produced in conjunction
with a real Z boson. For Higgs masses larger than this kinematical threshold
the cross section of the process e+e− → HZ rises quickly. This yields a much
better signal to background ratio for data taken at centre-of-mass energies
above the Z resonance than for Z peak data. During the LEP 2 phase with the
increasing energy of the LEP collider the Higgs search was extended to masses
as high as 115 GeV [16]. In this mass range the Higgs decays predominantly
into b quarks (85%), but also the decay into tau leptons is considered in the
analyses. This results in four different final states which have to be studied:

HZ → bb̄ qq̄ four hadronic jets with two b tags
HZ → bb̄ νν̄ two acoplanar b jets and missing energy
HZ → bb̄ �+�− two b jets and two leptons (e+e− or µ+µ−)
HZ → τ+τ− qq̄ two taus and two jets

(7.8)

The main background sources are fermion-pair production, in particular the
process e+e− → bb̄ with gluon radiation in the final state yielding four-
jet events with two b tags. Further background comes from four-fermion

Fig. 7.6. Feynman diagram of Higgs-boson production in e+e− collision through
process of Higgs-strahlung
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Fig. 7.7. Spectrum of reconstructed Higgs boson mass from the best candidate
events recorded by the four LEP experiments. The selected events in data are com-
pared to Monte Carlo expectations, lightly shaded for the background processes and
heavily shaded for a Standard Model Higgs boson of 115 GeV mass

production via the e+e− → W+W−, the e+e− → ZZ processes and the pro-
duction of single W bosons, e+e− → Weν.

Due to the large hadronic branching fraction of the Z the four-jet topology
is the most sensitive channel for the Higgs search. On the other hand this
final state suffers from the high potential background of bb̄ production and
excellent b-tagging performance of the detectors is essential to suppress the
background to an acceptable level. Kinematic fits are applied to all of the
final states to improve the mass resolution of the hypothetical Higgs boson
in candidate events. Here, one exploits the fact that the two objects, jets or
leptons, which are not associated to the Higgs boson should stem from a Z
boson. Therefore their invariant mass is constrained to the Z mass during the
kinematic fit. Figure 7.7 shows the reconstructed mass distribution of the best
candidate events from all four experiments compared to the expectation from
background processes and the production of a Standard Model Higgs boson
of 115 GeV mass.

In the data collected at centre-of-mass energies of up to 202 GeV no indica-
tion for a Higgs signal was found by the LEP collaborations. During the year
2000, the last year of LEP operation, substantial data samples were collected
at centre-of-mass energies of up to 208 GeV. In their initial data analysis
the ALEPH collaboration observed an excess of events consistent with the
production of a Standard Model Higgs boson with a mass of 115 GeV [15].
In the final analyses of the four LEP collaborations [16] this result was not
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Fig. 7.8. The confidence level, CLs, as a function of the Higgs mass, mH, for
the signal-plus-background hypothesis. The solid line shows the value observed in
data, whereas the dashed line represents the expectation from a pure background
hypothesis. The lower bound on the Higgs mass is obtained at a mH value, where
the observed curve gives a probability of CLs = 0.05

confirmed. However, combining the data of the four experiments allowed to
set a lower limit on the Higgs mass, mH.

The hypothesis of Higgs boson production under the presence of the ex-
pected background processes is tested as a function of mH for the given can-
didate events taking into account their significance at a given mH value. In
Fig. 7.8 the resulting confidence level, CLs, is shown as a function of the
tested mass value, mH, after combination of the four experiments. The func-
tion CLs(mH) gives the probability that the observed data are compatible
with a Standard Model Higgs of mass mH. The expected CLs function from a
background-only hypothesis is shown in addition. The latter is derived from
a large number of Monte Carlo experiments taking into account the data
analyses, event selections and detector performances.

From the intersection of the observed CLs function with the 5% line the
lower limit on the mass of the Higgs boson is derived to be [17]

mH > 114.4 GeV at 95% C.L . (7.9)

which is the final result of more than 10 years of Higgs search at LEP.
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Electroweak Physics at an e+e− Linear Collider

The measurements at LEP and SLC have tested the electroweak interactions
of the Standard Model at the quantum-loop level. Especially, they have proven
that the gauge-boson masses are fixed by the electroweak couplings. This is
naturally explained by the Higgs mechanism, where the masses are generated
by the electroweak coupling of the gauge bosons to a mass generating field,
the Higgs field. The proof of the actual existence of the Higgs mechanism is
still missing, namely the discovery of the Higgs boson, which is predicted by
theory. To a large extent the next two major projects in accelerator based
particle physics, the LHC and the ILC, are dedicated to the discovery of the
Higgs boson and to precision physics in the Higgs sector.

At the Large Hadron Collider (LHC), currently under construction at
CERN, proton-proton collisions at 14 TeV centre-of-mass energies will be
studied. The LHC will offer an unprecedented mass reach for the discovery
of new elementary particles. The price to pay will be very complicated event
signatures which will make it difficult to extract the underlying physics. The
reason is that the colliding protons are not fundamental particles, but are
built up of quarks and gluons. These are subject to the strong interaction and
therefore produce a large amount of QCD background, about 20 events per
bunch crossing.

The International Linear Collider (ILC), now under study in a worldwide
effort, will offer e+e− collisions up to 1 TeV centre-of-mass energy. It will allow
high precision measurements of the accessible final states [1]. The advantages
are the simple initial state consisting of the point-like electron and positron
and the moderate background situation. Both features lead to clean event sig-
natures, where in addition momentum conservation can be assumed allowing
the reconstruction of undetected particles. Additional possibilities are the op-
eration with polarised beams or the study of electron-photon and two-photon
collisions by using photons from a high intense laser beam back-scattered from
the incoming electron beam.

Stefan Roth: Precision Electroweak Physics at Electron-Positron Colliders
STMP 220, 145–167 (2006)
DOI 10.1007/3-540-35165-5 8 c© Springer-Verlag Berlin Heidelberg 2006
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8.1 The Physics Potential of an e+e− Linear Collider

The cross sections of s-channel processes are typically inversely proportional
to the square of the centre-of-mass energy. See for example Fig. 8.1 for an
overview of cross sections of typical processes expected at a linear collider.
Going from LEP energies of 200 GeV to energies in the 1 TeV range will
reduce these cross sections by at least one order of magnitude. This is more
than compensated by the projected luminosity of the order of 3·1034 cm−2s−1.
For example, with the anticipated collected luminosity of 100 fb−1 per year
in the order of 104 Higgs events could be observed in a one-year running.

Fig. 8.1. Cross sections for some interesting processes at e+e− colliders

If the Standard model Higgs boson exists it will be discovered at the LHC.
Then a linear collider will be able to measure all of its properties like mass,
spin and coupling strengths to bosons and fermions with very high precision.
This will answer the question whether the Higgs boson has the properties as
predicted by the Standard Model or a more complicated Higgs mechanism,
based on an extended Higgs sector, is at work. It will be possible to measure
the Higgs mass with a precision of 50 MeV and to determine the branching
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ratios of the Higgs decays to a few percent. By studying the ZHH final state
even the Higgs self-coupling can be measured to 20% accuracy.

An e+e− linear collider will open a next chapter in precision tests of the
Standard Model. An important ingredient will be the precise measurement
of the top-quark mass. The top quark is by far the heaviest fermion with a
mass of about 173 GeV. The measurement of the total cross section of top-
pair production from a scan around the production threshold will determine
the top mass with an accuracy of better than 100 MeV. This is more than
an order of magnitude more precise than envisaged at the LHC. In addition
measurements of the mass of the W boson and of the weak mixing angle can
be performed with the proposed Giga-Z option of a linear collider which will
deliver unprecedented luminosity in the energy region between 90 GeV and
200 GeV.

8.2 Electroweak Gauge Bosons

The mass of the Z boson is known from LEP with a precision of 2 MeV.
This precision was obtained in an energy scan of the Z resonance with very
precise calibration of the centre-of-mass energy. An accuracy of 10−5 was
reached because the electron storage ring LEP allowed to exploit the method
of resonant beam depolarisation. The determination of the beam energy will
be much more difficult at a linear collider and the final uncertainty on the
mean centre-of-mass energy will be of the order of 10−4.

Hence at a linear collider an improvement of the Z mass measurement will
not be possible. On the other hand an improved measurement of the W mass
can be obtained from a scan around the W-pair production threshold. The
envisaged high luminosity and polarisation at a linear collider will allow a
measurement of the W mass with a precision of 6 MeV [2] using an integrated
luminosity of 100 fb−1, which corresponds to one year of data taking.

To exploit the threshold scan for a W-mass measurement the dependence
of the total W-pair production cross section on the centre-of-mass energy must
be known to high precision. Near threshold the s-channel contribution is sup-
pressed with respect to the t-channel by a factor β2, where β is the velocity
of the W boson. The t-channel contribution depends only on the well known
Weν coupling, so that the total cross section is independent of potential new
physics changing the triple gauge couplings. However, the double pole ap-
proximation which was very successful for calculations of the continuum is no
longer valid near the threshold. For example, the Coulomb correction changes
the cross section by about 6%. New calculations of the four-fermion production
including radiative corrections are needed to reach a 0.06% precision which is
necessary to keep the theoretical error on mW below 1 MeV.

Additionally the beam-strahlung which is caused by the extremely small
beam sizes in the final focus of a linear collider (see Sect. 8.6) will change the
effective centre-of-mass energy of the individual events. Hence, the available
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luminosity will not be delivered at the nominal centre-of-mass energy, but
will be distributed to lower values. This will lead to a reduction of the W-pair
threshold cross section by about 7%. To achieve the envisaged accuracy in the
W-mass measurement the beam-strahlung spectrum has to be known with
sufficient accuracy. In contrary to initial-state radiation, which is known from
QED with very high precision, the beam-strahlung depends heavily on beam
parameters, especially at the final focus. It can be calculated only with limited
precision. Therefore, it has to be measured during physics operation using for
example the acollinearity distribution of Bhabha scattering at small angles [3].
It should be possible to measure the average energy loss with an accuracy
better than 0.1%, which matches the needs of the W-mass measurement.

As stated above, the beam energy has to be known as precisely as pos-
sible, because it influences the measurement of the W mass directly. Alter-
natively to beam instrumentation diagnostics measuring the beam energy di-
rectly, recorded events of Zγ production can be used. In the case of a linear
collider, the luminosity will be high enough to concentrate on the di-muon
decay of the Z boson which should have the lowest systematic uncertainties.
Not only the mean energy will be accessible, but the angular resolution of the
detector will suffice to also extract information on the luminosity spectrum.
Another option would be to repeat the threshold scan for Z-pair production
e+e− → ZZ and calibrate the W threshold using the precise knowledge of the
Z mass from LEP 1.

Near threshold the t-channel neutrino exchange dominates W pair pro-
duction. This pure charged-current interaction only couples to the eR

+eL
−

helicity combination, which is one out of four possibilities. Colliding beams
of 100% polarised electrons and positrons would give the possibility to either
quadrupling the cross section (eR

+eL
−) or switching off W-pair production

(eL
+eR

−). This would allow to measure the background at each energy point
without relying on Monte-Carlo predictions. In reality maximum achievable
polarisations are expected to be 80% for electrons and 60% for positrons. Us-
ing polarised beams introduces an additional systematic uncertainty caused
by the limited knowledge on the degree of polarisation. A strategy has been
proposed [2] to achieve the best precision on the W mass by dividing a given
luminosity onto the different beam polarisations and energies. In Fig. 8.2 the
resulting sensitivity of the W-pair threshold scan on the W mass is demon-
strated. The ratio of the actual cross section for a W mass of 80.36 GeV is
shown together with the prediction for slightly different W masses. Simulated
data points of the suggested threshold scan including the expected statistical
uncertainty are also included. From this analysis a final error on the W mass
of 6 MeV is predicted.
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Fig. 8.2. Energy scan of the W-pair production threshold. Shown are fictive mea-
surements of the cross section of W-pair production as they can be obtained by
a few months of data taking at the design luminosity of a linear collider. These
measurements are compared to the expectation usgreing various values of the W
mass

8.3 Precision Measurement of the Top Mass

Its large mass makes the top quark an interesting object of investigation. Ac-
cording to the Standard Model it has by far the largest Yukawa coupling to the
Higgs boson and should therefore be closely linked to the mechanism of mass
generation and electroweak symmetry breaking. A consequence of the large
top mass is the large mass splitting in the top-bottom weak isospin dublett.
It prevents the heavy top quark from decoupling from radiative corrections.
Therefore electroweak corrections typically depend on m2

t . To perform preci-
sion tests of the electroweak theory on the quantum-loop level, the top-quark
mass has to be determined very precisely.

The fermion masses and mixing angles are purely free parameters in the
Standard Model. Just as the electroweak theory relates the masses of W and
Z bosons to the weak mixing angle a future theory of flavour dynamics should
be able to predict relations between lepton and quark masses. If the top mass
could be measured at the permill level the top mass would be the best-known
quark mass value, matching the precision of the τ mass in the lepton sector.

Due to its large mass the top quark is the only quark which is not subject
to hadronisation. Instead it decays into a b-quark and an on-shell W boson
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before hadronisation takes place. The short lifetime of the top also prevents
quarkonium production, the typical structure of bound states and resonances
that normally appears near the production threshold of new quark flavours.
Instead, the decay time of the top quark is shorter than the quarkonium revo-
lution time and toponium can not form. However, remnants of the toponium
S-wave resonances induce a fast rise of the cross section near the threshold.
This steep rise actually is the basis for a high-precision measurement of the
top mass. Due to the short top decay time the interaction region of the two top
quarks is restricted to small distances well below Λ−1

QCD and the process can
be calculated in perturbative QCD. Additionally, a small attractive Yukawa
force due to Higgs exchange has to be taken into account. QCD corrections of
next-to-next-to-leading order (NNLO) to the cross section have been calcu-
lated [4]. The NNLO correction was found to be as large as the next-to-leading
order (NLO) correction and even the shift of threshold position was in the or-
der of 1 GeV. This is unexpected as, according to the considerations above,
perturbation theory should be applicable for this problem.

The systematic uncertainties of these calculations arise from the following
sources: the dependence of the cross section on αs, on the definition of the top-
mass parameter and on the renormalisation scale. The last item also includes
uncertainties due to uncalculated higher orders. A special top-mass definition
was proposed by Beneke [5] to stabilise the location of the cross-section thresh-
old with respect to the NNLO corrections. It replaces the usually used “pole
mass” by the “potential-subtracted” mass, mPS(µ), which can be related to
the conventional mass definition by a well-behaved perturbative expansion. At
the same time the ordinary colour Coulomb potential is replaced by the sub-
tracted potential V (r, µ). After mPS(µ) has been measured it can be related
to the pole mass which is the mass definition used in electroweak theory. The
dependence on the factorisation scale cancels out during this process. A simi-
lar suggestion introducing the “1S mass” was given by Hoang and Teubner [6].
In total, a theoretical error on the top mass of 100 MeV is estimated.

The steep rise of the cross section of top-pair production is smeared out by
the effect of beam-strahlung. This effect has to be known and simulated with
sufficient precision. In Fig. 8.3 the excitation curve of top-pair production
is shown including the effects of beam-strahlung and initial-state radiation.
The dashed and dotted curves indicate the cross section for top masses varied
by ±100 MeV. The result of a two-parameter fit of the NNLO cross-section
formula to the simulated data is also included in Fig. 8.3.

If one is using the threshold mass definitions (PS or 1S mass) the corre-
lation between mt and αs is sufficiently low and one can derive the top mass
with a statistical precision of about 50 MeV. The remaining dependence on
αs is still under investigation and further reductions on the theoretical uncer-
tainty are expected. The exchange of a potential Higgs boson of mass 115 GeV
would increase the cross section by about 5% . Measuring the maximum of the
total cross section immediately after the threshold would give direct access
to the Yukawa coupling of Higgs and top. Recent work from Martinez and
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Fig. 8.3. Total cross section of top-pair production near the threshold including
simulated data points from an integrated luminosity of 100 fb−1 (upper plot) and
error ellipse of the statistical uncertainty in αs and mt from a 2-parameter fit to the
simulated data (lower plot)
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Miquel [7] studies the feasibility of extracting the top mass, the top width,
αs and the top Yukawa coupling in a multi-dimensional fit to the measure-
ments performed in a threshold scan. In addition to the total cross section the
fit uses two observables, namely the top momentum distribution and the top
forward-backward asymmetry, to reduce the correlations of the fit parameters.

As explained above, top physics will be a very important issue of a linear-
collider project [8]. To perform all the suggested measurements a detector at a
linear collider has to identify and reconstruct top-pair events reliably. Hence,
it has to cope with a final state of up to six jets, which are highly boosted.
A large detector with high granularity is required to be able to differentiate
all particles inside these narrow jets. Two of the jets are b-jets and therefore
good b-tagging capabilities are required for the vertex detector.

8.4 Higgs Mass and Couplings

The mass of the Higgs boson is a free parameter of the Standard Model.
Its value enters the prediction of electroweak observables accessible at LEP
only through radiative corrections. Here the dependence on the Higgs mass
is logarithmic and therefore the predictive power of the electroweak precision
measurements is limited. Today the electroweak fits set an upper limit on the
Higgs mass of 199 GeV at 95% confidence level. From the direct search at
LEP Higgs masses below 114 GeV are excluded.

If the Standard Model Higgs exists it will be discovered at the LHC. In
addition the mass of the Higgs boson can be measured with an accuracy of
about one permill over the whole mass range. At a linear collider an improve-
ment of a factor of three can be expected in the precision of the Higgs mass [9].
Here, Higgs bosons will be produced via Higgs-strahlung or WW-fusion. Both
processes are depicted in Fig. 8.4. The fusion of two Z bosons is suppressed
due to the weaker coupling of the Z to the electrons. The cross section of
Higgs production as function of the centre-of-mass energy and the branching
ratios of the different Higgs decay channels as function of the Higgs mass are
shown in Fig. 8.5.

Fig. 8.4. Feynman diagram of Higgs boson production through the Higgs-strahlung
and WW-fusion processes
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Fig. 8.5. Cross section of Higgs production as function of
√

s (upper plot) and
branching ratios into different decay channels as function of mH (lower plot)

The Higgs-strahlung process offers the possibility to detect the Higgs boson
without any assumptions on its decay and hence on its coupling to fermions or
bosons. The existence of the Higgs boson in the final state is deduced from the
recoil mass of a real Z boson which in turn can be identified by the invariant
mass of its decay products. The most precise reconstruction is expected from
Z decays into electron or muon pairs. In Fig. 8.6 the recoil-mass spectrum
which will be obtained from the muon momenta is shown.

In the Standard Model the Higgs boson decays predominantly into the
most heavy particles accessible. For Higgs masses below 130 GeV the dom-
inant decay channel will be b-quark pair production, giving two jets with a
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Fig. 8.6. Recoil-mass spectrum of e+e− → HZ → W+W− µ+µ− events as expected
for a linear collider with mH = 150 GeV and

√
s = 350 GeV

secondary vertex due to the long lifetime of the B mesons. To measure the
Higgs mass most precisely a kinematic fit of the whole event will be performed
and a mass resolution of 50 MeV is expected. For Higgs masses above 150 GeV
the Higgs boson will predominantly decay into a W pair. Here, a Higgs mass
reconstruction is only possible when both W bosons decay hadronically. Alter-
natively, the recoil-mass spectrum calculated from the decay products of the
recoiling Z can be used to measure the Higgs mass. From the qq̄ W+W− final
state a precision of 130 MeV is obtained for 500 pb−1 luminosity at 350 GeV
centre-of-mass energy. The l+l− W+W− final state with the Z boson decay-
ing either into an electron or a muon pair delivers an event sample smaller
by a factor of 10. Nevertheless, from the recoil-mass spectrum of the lepton
pair a comparable uncertainty on the Higgs mass of 100 MeV is expected, the
smaller statistics being compensated by the better mass resolution.

The recoil-mass spectrum provides the possibility to find the Higgs boson
even in the case it decays invisibly, as expected from some SUSY models. To
exploit the recoil-mass spectrum of the Z-decay leptons, a precise determina-
tion of the lepton momenta is mandatory. Ideally, the recoil-mass spectrum
of the lepton pair should be limited only by the natural width of the Z boson
and not by detector resolution. This requires an extraordinary momentum
resolution for charged tracks. The uncertainty on the transverse momentum
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should be better than ∆(1/pT) = 5 · 10−5 GeV−1. This has large implications
on the detector design and especially for the tracking system (see Sect. 8.7).

The possibility to identify the production of a Higgs boson using the recoil
mass of the Z decay products provides a largely unbiased measurement of the
Higgs branching ratios and hence its couplings to the other particles [10]. Ac-
cording to the Standard Model the Higgs couplings to fermions gHff = mf/v
are completely fixed by the fermion masses mf . Their precise measurement
will then represent a test of the Yukawa sector of the Higgs mechanism. With
the anticipated luminosities of a linear collider the measurement of Higgs de-
cays into bb̄, cc̄ and τ+τ− pairs seems feasible. The couplings to the lighter
quarks and leptons are too small for the observation of these decays. The
selection of the b- and c-quark final states is based on jet flavour capabilities
of the detector. Precise vertexing and specific calorimetric signatures will al-
low to select the H → τ+τ− decays. For Higgs masses below 140 GeV these
decay modes have branching ratios large enough to be measured with an accu-
racy comparable to their theoretical error. For higher Higgs masses, when the
Higgs decay into W pairs becomes dominant, at least the H → bb̄ decay can
still be measured to better then 10%. The Higgs Yukawa coupling of the top
quark is the largest coupling in the Standard Model: gHtt = 0.72 (compared
to gHbb = 2 · 10−2). For a light Higgs boson the Higgs decay into top pairs
does not take place. Nevertheless, the Htt coupling is indirectly accessible in
the loop process H → gg and directly in the Yukawa process e+e− → tt̄H. The
latter process has a cross section of only 0.5 fb for mH = 120 GeV. The Feyn-
man diagrams of both processes are depicted in Fig. 8.7. With an integrated
luminosity of 1000 fb−1 at

√
s = 800 GeV the Higgs-top Yukawa coupling can

be extracted with an accuracy of about 5% [10].

Fig. 8.7. Feynman diagrams of the Higgs decay into two gluons, H → gg, and the
Yukawa process, e+e− → tt̄H

The Higgs field constitutes a doublet of the weak isospin. Hence the Higgs
boson itself couples through electroweak gauge coupling to the W and Z boson
and the coupling strength is given by gHV V = 2m2

V /v for V = W,Z. At a linear
collider both couplings can be measured independently with high precision.
The Higgs coupling to the Z boson is probed with the Higgs-strahlung process
where the coupling gHZZ enters at tree level. The recoil-mass method provides
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a cross-section measurement independent of the Higgs boson decays. A 5%
measurement of this cross section should be feasible. Only for Higgs masses
above 160 GeV the accuracy worsens because of the decreasing production
cross section. The process of WW-fusion can be used to measure the Higgs
coupling to the W boson. Figure 8.8 shows for the bb̄νν̄ final state how the
WW-fusion process can be separated from the Higgs-strahlung process using
the missing mass in the event. In case of the Higgs-strahlung the missing
mass, which is actually the invariant mass of the neutrino system, should
coincide with the Z mass. The WW-fusion process shows a distribution at
higher missing mass values. From a simultaneous fit of the two contributions
to the measured missing-mass spectrum one will be able to extract the WW-
fusion cross section with accuracies between 3% and 13% for Higgs masses
between 120 GeV and 160 GeV [11].
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Fig. 8.8. Missing-mass spectrum of the WW-fusion process e+e− → Hνν̄ → bb̄νν̄
for mH = 120 GeV and

√
s = 350 GeV

Another goal in Higgs physics, the determination of spin and parity of
the Higgs, can easily be accomplished with an energy scan at production
threshold. Figure 8.9 demonstrates that the Standard Model value of the spin,
J = 0, can be unambiguously verified through the measurement of the cross
section of Higgs production using a total luminosity of 20 fb−1 distributed in
three energy points.
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Fig. 8.9. Determination of the spin J of the Higgs boson from an energy scan at the
production threshold. Shown are cross section curves for the three spin hypotheses
together with simulated data for a total luminosity of 20 fb−1

Another key measurement in the Higgs sector would be the measurement
of the Higgs potential which would be the most direct proof for the concept
of electroweak symmetry breaking. An expansion of the Higgs potential V (H)
around its vacuum expectation value v can be written as

V (H) = λv2H2 + λvH3 +
1
4
λH4 . (8.1)

Whereas the first term represents the Higgs mass, mH =
√

2λv, the second
and the third imply the existence of triple and quartic Higgs boson vertices.
Knowing the mass of the Higgs boson defines the parameter λ and the trilinear
and quadrilinear couplings can be predicted unambiguously.

The trilinear coupling gHHH = 3λ = 3m2
H

2v can be accessed through the
analysis of pair-production of Higgs bosons. In Reference [12] light Higgs
bosons with masses below the W+W− threshold were considered, produced
via the double Higgs-strahlung process and decaying in the dominant decay
channel H → bb̄. The three Feynman diagrams of double Higgs-strahlung are
depicted in Fig. 8.10. Large irreducible backgrounds are caused by electroweak
and QCD processes which lead to the same final state bb̄bb̄Z. Kinematic cuts
on the invariant masses of the b-quark pairs and on the polar angles of the jets
should allow to reduce this background to a manageable level. Nevertheless, as

s (GeV)

cr
os

s 
se

ct
io

n 
(f

b)

J=0

J=1

J=2

0

5

10

15

210 220 230 240 250



158 8 Electroweak Physics at an e+e− Linear Collider

Fig. 8.10. Feynman diagrams of double Higgs production; the last diagram is
sensitive to the triple Higgs boson vertex

the number of signal events is rather low, the trilinear couplings will only be-
come measurable with very high luminosity, excellent b-tagging performance
and a good jet resolution of the detector.

8.5 Complementarity of a Linear Collider and the LHC

In the past high-energy physics has profited a lot from the synergy between
proton-(anti)proton colliders providing the highest possible particle energies,
and e+e− colliders allowing measurements of very high precision.

For instance, after the measurement of electroweak interference effects at
the e+e− collider PETRA the electroweak gauge bosons W and Z were dis-
covered at the proton-antiproton collider SppS. Then the experiments at the
e+e− colliders LEP and SLC performed high-precision analyses of the Z res-
onance sensitive to quantum-loop effects which allowed to deduce the mass
range of the heavy top quark. Shortly later the top quark was discovered in
the predicted mass interval at the proton-antiproton collider Tevatron. Since
then the measurement of the top mass at the Tevatron together with the pre-
cision electroweak measurements from LEP and SLD have constrained better
and better the allowed mass range of the the Higgs boson. The near future will
show whether the proton-proton collider LHC will discover the Higgs boson
in the predicted mass range.

The experimental programs of the LHC and an e+e− linear collider should
clarify how the elementary particles obtain mass and reveal the mystery of
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electroweak symmetry breaking. This will be accomplished either by the dis-
covery of the Higgs particle or the measurement of new effects not predicted
in the Standard Model. Due to its high collision energy the LHC has the
higher mass reach for the discovery of heavy particles. On the other hand,
at a linear collider, the clean experimental environment will allow precision
measurements. Once the Higgs particle is detected at the LHC, precision mea-
surements at a linear collider, especially of its branching fractions, will clarify
whether it has the properties as expected by the Standard Model. To fully
explore the mechanism of mass generation the high-energy measurements at
the LHC have to be combined with the very precise measurements at a linear
collider. Especially the question whether the concept of unification of forces
can be extended and the coupling constants of the electroweak and the strong
interaction unify at very high energy scales, not directly accessible to ac-
celerator experiments, will require precision measurements that can only be
accomplished at a linear collider.

The impact of the LHC results on the operation of a linear collider and
the complementarity of both accelerators is worked out in detail in Refer-
ence [13]. If the LHC would discover a light Higgs boson, a linear collider will
perform a precise measurement of its properties: mass, branching ratios and
self-coupling. If a weakly interacting stable particle would be discovered at
the LHC, an analysis at a linear collider will figure out whether this particle
can account for the amount of dark matter observed in the universe. In the
case supersymmetric particles are observed at the LHC, a linear collider will
allow to perform a precise measurement of the accessible mass spectrum. Due
to its high precision a linear collider might even be sensitive to quantum-loop
effects of this new physics. This could allow to infer the existence and the
mass of additional heavy particles missed by the LHC and too massive to be
directly produced at a linear collider.

8.6 The International Linear Collider ILC

The project of the International Linear Collider (ILC) aims for e+e− collisions
in the energy range from the Z mass, 91 GeV, up to about 1 TeV. It should
provide these interactions with a luminosity of at least 3·1034 cm−2s−1, which
is more than three orders of magnitudes larger than what was achieved at LEP.

As the energy loss due to synchrotron radiation grows proportional to E4
b,

where Eb is the energy of the beam, a circular machine is not feasible for beam
energies above 250 GeV. Therefore, both the electrons and the positrons will
be brought to their final energy in two linear accelerators heading each other.
The layout of the current ILC design consisting of two 15 km long linear
accelerators heading on each other is shown in Fig. 8.11. The collision energy
has to be supplied to the beam particles in one pass, therefore high accelerating
gradients of at least 25 MV/m are mandatory to keep the accelerator at a
reasonable length. As the beams are brought into collisions only once before
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Fig. 8.11. The layout of the ILC in the current design stage. Two linear accelera-
tors, one for the electrons and one for the positrons are heading each other

they are wasted in a beam dump the beams are squeezed to a very small cross
section by the final focus system in order to achieve the required luminosity.

Colliding these very tiny beams leads to an immense charge density at the
interaction point which in turn produces magnetic fields of the order of 103 T
acting on the beam particles. These high magnetic fields are the source of
intense synchrotron radiation, in this case called beam-strahlung. Although
the beam-strahlung is focused along the beam line interactions with down-
stream accelerator components or the conversion into e+e− pairs could lead
to severe background inside the detector.

While the luminosity is inversely proportional to the area of the beam
cross-section, σxσy, the intensity of the beam-strahlung is inversely propor-
tional to the two-dimensional variance of the charge distribution, σ2

x + σ2
y.

Therefore, preparing very flat beams with σx � σy will minimise the beam-
strahlung for a given beam cross-section. To reach the required luminosity,
beams of 5 nm height and 500 nm width have to be delivered by the final-focus
system. Scaling the results of the final-focus test beam [14] at SLAC to the
ILC energies indicates that the required beam sizes can be achieved. Neverthe-
less, these extremely small beams have to be brought into collision. Removing
ground motions from the final-focus quadrupoles and an additional sophisti-
cated feed-back of the online luminosity monitoring to the beam steering will
be required. Additionally, new methods have to be developed to measure the
size of such tiny beams [15]

To keep the electrical power needed for the ILC at an acceptable level the
RF will be switched on only for a small part of the total operation time. In
the current design trains of about 3000 bunches are accelerated in 1 ms long
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pulses. These pulses are repeated with a frequency of 5 Hz. The luminosity
increases linearly with the number of bunches, but quadratically with bunch
charge. Therefore, the total charge of the pulses should be squeezed into the
smallest number of bunches possible. In the current design bunch charges of
up to 8 nC will be accelerated to achieve the design luminosity.

High acceleration gradients lead to RF losses in the cavities. Therefore,
superconducting technology has been chosen as baseline for the ILC design in
order to minimise these losses. Within the linear collider R&D project TESLA
(TEV Superconducting Linear Accelerator) [16] superconducting cavities with
high accelerating gradients were developed, constructed and tested [17]. In
contrary to the LEP cavities, which consisted of a niobium coated copper
structure, those cavities are produced from ultra-pure niobium sheets, which
are deep-drawn into half cells and then welded to 9-cell cavities. The TESLA
cavities are manufactured industrially and are then subject to special treat-
ments at the laboratories KEK and DESY. It was shown that especially the
electro-polishing of the inner surfaces of the cavities helps to improve their
performance.

Although the cavities are cooled with superfluid helium at temperatures
of about 2 K where niobium is in its superconducting phase, a small surface
resistance for the radio-frequency currents remains which is caused by residual
impurities in the niobium bulk. The surface resistance increases quadratically
with the cavity frequency. The RF frequency of 1.3 GHz of the TESLA de-
sign is a balance between the surface resistance and the cavity size which
would become too large for very small frequencies. The size of accelerating
structures of the TESLA design is significantly larger than compared to alter-
native proposals which were based on normal conducting cavities. This entails
less strict requirements on the alignment of the accelerating structures and
on the steering of the beam through the cavities.

The remaining resistance of a given cavity can be quantified in terms
of Q0, the quality factor for an unloaded cavity. The quality factor is the
number of oscillations after which the amplitude of a freely-oscillating system
is diminished to 1/e. With the RF power intended the cavities must achieve
a Q0 of more than 1010.

In Fig. 8.12 the quality factor measured as a function of the accelerating
gradient is shown for industrially produced nine-cell cavities. Most of them
were supplied by the company ACCEL in Bergisch-Gladbach (Germany), then
sent to KEK in Japan for the electro-polishing of the inner surfaces and finally
tested at DESY. For all devices a gradient of 35 MV/m is reached before the
quality factor drops below the critical value. It has been verified that they
preserve their excellent performance after installation into an accelerating
module consisting of the helium cryostat and the RF power couplers. One
of the cavities has been operated more than 1000 hours at an accelerating
gradient of 35 MV/m without loss of performance including tests with electron
beam.
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Fig. 8.12. Performance of electro-polished nine-cell cavities of TESLA type. The
quality factor is measured as function of the accelerating gradient. All cavities reach
gradients of 35 MV/m or more

8.7 Detector Development for the ILC

The physics goals and the accelerator design have large implications on the
concept for a detector a the ILC. With respect to LEP a wider range of par-
ticle energies – from GeV to TeV – must be measured. In addition more com-
plex final states are expected like, for example, the double Higgs-strahlung,
e+e− → ZHH, already discussed in Sect. 8.4. Moreover, the higher energy
causes a larger Lorentz boost of the produced jets and therefore leads lo-
cally to very high particle densities. As compared to LEP and SLC a higher
background level is expected at the ILC which is mainly caused by the in-
tense beam-strahlung produced during the interpenetration of the strongly fo-
cused electron and positron beams. Important components of the background
originating from the beam-strahlung are the low-energy e+e− pairs from the
conversion of the photons within the heading bunch and neutrons produced
through photonuclear reaction by photons hitting down-stream components
of the accelerator.

Another important difference between linear and circular e+e− colliders
is the largely different time structure of the bunch interactions. This implies
consequences for the trigger and read-out scheme of the detector. For instance,
in the TESLA design about 1 ms long trains containing 2820 bunches sepa-
rated by 337 ns are planned. Per second five of these trains are produced and
brought into collision. It is planned to store all detector information recorded
during one bunch train into front-end buffers and to exploit the long time
intervals between consecutive trains to read out the detector and to decide
which events have to be written into persistent storage. This scheme would
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render any hardware based trigger unnecessary and avoid any dead time of
the data acquisition.

A concept for particle detection at the ILC and a first detector design have
been presented within the technical design report of the TESLA project [18].
To address the challenges mentioned above additional detector R&D and de-
sign studies are necessary. These R&D efforts aim for a detector with the best
possible energy, momentum and vertex resolutions. The identification of b-
and c-quarks originating from the Higgs decay requires a reliable reconstruc-
tion of secondary vertices using a high-performance silicon pixel detector.
The energy and momentum resolution are directly linked to the ability of
the detector to reconstruct the massive resonances expected in the processes
containing Higgs and SUSY particles. Excellent momentum resolution for in-
dividual tracks is provided by a large-volume drift chamber constructed as a
Time Projection Chamber (TPC). Beside the momentum resolution for in-
dividual particles also jet energies have to be measured with high precision.
This will be accomplished using the particle-flow algorithm where each parti-
cle measured in the tracker is associated to the corresponding cluster in the
calorimeter. Calorimeters of very high granularity are needed for this task. An-
other important issue is the detector hermeticity, especially for the detection
of missing energy signatures as expected in many SUSY scenarios.

The detector configuration as proposed in the TESLA technical design re-
port [18] is presented in Fig. 8.13. It shows the layout of the detector whose
main parts are a silicon vertex detector, a time projection chamber, electro-
magnetic calorimeters and muon chambers. All detector components except
the muon chambers reside within a homogeneous magnetic field of 4 T pro-
vided by the superconducting solenoid coil. In the following, the design con-
siderations and the ongoing R&D studies on the vertex detector, the main
tracker and the calorimeter system are presented. For other important com-
ponents of this detector like, for example, the instrumented mask the reader
is referred to the TESLA TDR [18].

The main task of the vertex detector is the precise reconstruction of sec-
ondary vertices in order to identify jets originating from the hadronisation
of b- or c-quarks. This is particularly important for the measurement of the
branching ratios of the Higgs boson. Unfortunately the high centre-of-mass
energies at the ILC do not help to reconstruct the decay vertices of long-lived
particles as the larger decay lengths are compensated by smaller decay an-
gles. Therefore an optimised detector design is mandatory for obtaining an
improved vertexing performance. One aims at an impact parameter resolution
of

∆(d0) < 5µm + 10µm/(p sin3/2 θ) , (8.2)

where the first term originates from the intrinsic detector resolution and the
second term is caused by multiple scattering which depends on the momen-
tum and polar angle of the particle. The intrinsic detector resolution has to
be optimised, but even more important, the uncertainty caused by multiple
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Fig. 8.13. The detector layout as proposed in the TESLA technical design report.
Starting from the interaction region the main components are the vertex detec-
tor (VTX), the time projection chamber (TPC), the electromagnetic and hadronic
calorimeters (ECAL, HCAL), the superconducting solenoidal magnet coil (COIL)
and the magnet yoke (YOKE) which is instrumented with muon chambers
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scattering in the device has to be minimised. In the current design the vertex
detector consists of five layers of thin silicon pixel sensors allowing stand-alone
tracking and internal calibration of the device. To keep the multiple scatter-
ing at the smallest possible level one aims at a material budget of only 0.06%
of a radiation length per layer which corresponds to 60 µm of silicon. Such
silicon sensors have been obtained by thinning fully processed and functional
devices via the partial etching of the silicon bulk. Developing a structure to
support such thin and fragile sensors is another important design issue for the
vertex detector. For the architecture of the sensors three different technologies
are currently investigated [19]: the charge coupled device (CCD), which has
successfully been used at the SLD detector, the depleted field effect transistor
(DEPFET), a fully-depleted low-noise sensor which measures the amount of
charge collected directly at the location of the individual pixel, and the CMOS
monolithic active pixel sensor (MAPS) which integrates the sensitive sensor
and the pre-amplifying electronics on one CMOS chip.

A large-volume Time Projection Chamber (TPC) will be operated as
the main tracker and will perform precise measurements of the momenta
of charged particles. It combines the advantages of having a large sensitive
volume and many reconstructed space points together with a very small ma-
terial budget. This will avoid too much material in the tracker which would
compromise the performance of the precision electromagnetic calorimeter. The
ionisation tracks produced in the drift volume of a TPC are projected onto the
endplates where a readout structure reconstructs the 2D image of the track.
The z coordinate is measured using the drift time information. Traditionally
wire grids stretched across the endplates are used for gas amplification where
pad structures pick up the signals produced by the motion of the positive ion
clouds. Unfortunately, the momentum resolution of these devices is limited
due to the large wire distances of the order of 1 cm, E × B effects near the
wires and the slow ion signal.

To set the goal for the momentum resolution consider again the unbiased
reconstruction of the Higgs boson from the recoil mass spectrum of the lep-
ton pair coming from the recoiling Z in the Higgs bremsstrahlung process
(Fig. 8.6). In the ideal case the recoil mass resolution would be limited only
by the natural width of the Z boson. Following this and other considerations
the momentum resolution of the tracking system is required to be

∆(1/pT) < 5 · 10−5 GeV−1 . (8.3)

To achieve this figure for each track 200 true space points have to be re-
constructed with a single point resolution of 100 µm in the bending plane.
This constitutes an improvement of about a factor of ten compared to the
TPCs operated at LEP. To achieve this improvement the classical method of
gas amplification using proportional wires has to be given up. Instead, the
use of micro pattern gas detectors [20] like Gas Electron Multipliers (GEM)
or Micromegas has been proposed. These devices are structured in the sub-
mm range and show no preferred direction, thus any E × B effects are much
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smaller and isotropic. In the case of GEMs, the sensitive pads directly detect
the amplified electron signal and moreover, the slow ion tail is cut off since the
ion cloud does not reach the induction region just above the pad plane. This
results in a fast and narrow charge signal. Finally, the feed-back of ions into
the drift volume of the TPC is intrinsically suppressed for these devices due to
the highly asymmetric electric fields between the drift and the amplification
region.

Since the transverse dimension of the electron cloud produced by GEMs or
Micromegas is much smaller than the induced signal from proportional wires
the signal is sometimes concentrated on only one pad. This would prevent
the improvement of the spatial resolution by calculating centre-of-gravity of
the signals on adjacent pads. This drawback can be avoided by reducing the
pad size to the expense of an increase of the number of read-out channels.
One solution currently under discussion would be the replacement of the pad
plane by a highly integrated silicon read-out chip, where the pads of the input
channels are equally distributed over one of the chip surfaces.

The main goals of the calorimeter system are an excellent energy resolution
for electrons and photons and a high angular resolution for the particles form-
ing a jet. The momentum of the charged particles, contributing on average
about 60% to the jet energy, can be determined precisely in the tracking sys-
tem. Another 30% of the energy is carried by photons which can be measured
with high accuracy in the electromagnetic calorimeter. Only the energy mea-
surement of the remaining 10%, consisting of neutral hadrons, suffers from the
large fluctuations in hadronic interactions. Detailed studies have shown that
the optimum jet energy resolution can be achieved if the energy deposition of
each particle is measured separately and each particle track reconstructed in
the tracking system is associated to the corresponding energy cluster. Then,
depending on the particle type, either the track momentum, the electromag-
netic energy or the hadronic energy is used to determine the contribution of
the given particle to the jet energy.

This strategy requires a highly granular calorimeter in order to separate
the energy depositions of nearby particles. The required transverse segmenta-
tion of the electromagnetic calorimeter is given by the Molière radius which
should be as small as possible. An ideal candidate would be a silicon-tungsten
calorimeter which has a Moliere radius of 9 mm. The current design consists
of 40 layers of tungsten plates interleaved with silicon sensors which are seg-
mented into individual diodes of 1 cm2 size. A total area of about 2000 m2 of
silicon would be necessary which makes the electromagnetic calorimeter the
most expensive part of the detector. The energy resolution is expected to be

∆E/E < 0.1/
√

E/GeV . (8.4)

The performance of such a calorimeter must still be demonstrated using a
large scale prototype.

For the design of a hadron calorimeter with high granularity the feasibility
of a digital read-out has been investigated. It would consist of very small sen-
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sitive cells of about 1 cm3 size. A candidate for these cells are small scintillator
pads connected to optical fibres which extract the light to photo-sensitive de-
vices. The option envisaged for the read-out would be to detect for each cell
only a “hit” or “no hit” signal which would simplify the front-end electronics
and reduce the amount of data to be read out. This concept is called digital
hadron calorimeter and would make the large number of channels feasible.

References

1. A. Accomando et al., Phys. Rep. 299, 1 (1998);
J.A. Aguilar-Saavedra et al., DESY 2001-011C and hep-ph/0106315;
T. Abe et al., SLAC-R-570 and hep-ex/0106057

2. G.W. Wilson, LC note LC-PHSM-2001-009
3. S.T. Boogert and D.J. Miller, Eprint hep-ex/0211021 (2002)
4. A.H. Hoang and T. Teubner, Phys. Rev. D 60, 114027 (1999);

K. Melnikov and A. Yelkhovsky, Nucl. Phys. B 528, 59 (1998);
O. Yakovlev, Phys. Lett. B 457, 170 (1999);
M. Beneke, A. Signer and V.A. Smirnov, Phys. Lett. B 454, 137 (1999);
T. Nagano, A. Ota and Y. Sumino, Phys. Rev. D 60, 114014 (1999)

5. M. Beneke, Phys. Lett. B 434, 115 (1998)
6. A.H. Hoang and T. Teubner, Phys. Rev. D 60, 114027 (1999)
7. M. Martinez and R. Miquel, Eur. Phys. J. C 27, 49 (2003)
8. A. Juste et al., Eprint hep-ph/0601122
9. P. Garcia-Abia, W. Lohmann and A. Raspereza, LC note LC-PHSM-2000-062;

P. Garcia-Abia and W. Lohmann, EPJdirect C 2, 1 (2000)
10. M. Battaglia, Eprint hep-ph/9910271 (1999)
11. K. Desch and N. Meyer, LC note LC-PHSM-2001-025
12. F. Boudjema and E. Chopin, Z. Phys. C 73, 85 (1996);

D.J. Miller and S. Moretti, Eur. Phys. J. C 13, 459 (2000);
M. Battaglia, E. Boos, W.-M. Yao, Eprint hep-ph/0111276 (2001);
A. Djouadi et al., Eur. Phys. J. C 10, 27 (1999)

13. G. Weiglein et al., Eprint hep-ph/0410364 (2004)
14. V. Balakin, Phys. Rev. Lett. 74, 2479 (1995)
15. T. Shintake, Nucl. Inst. Meth. A 311, 453 (1992)
16. J.A. Aguilar-Saavedra et al., DESY 2001-011B
17. L. Lilje et al., Nucl. Inst. Meth. A 524, 1 (2004);

L. Lilje et al., Nucl. Inst. Meth. A 516, 213 (2004);
B. Aune et al., DESY 2000-031, PRST-AB 3, 092001 (2000)

18. J.A. Aguilar-Saavedra et al., DESY 2001-011D
19. C. Damerell, LC note LC-DET-2001-023;

P. Fischer at al., LC note LC-DET-2002-004;
M. Winter et al., LC note LC-DET-2001-017

20. F. Sauli, Nucl. Inst. Meth. A 386, 531 (1997);
Y. Giomataris, Nucl. Inst. Meth. A 376, 29 (1996);



9

Summary and Conclusions

The successful operation of the e+e− colliders SLD and LEP during the last
decade of the 20th century constituted the advent of precision electroweak
physics testing the electroweak Standard Model to unprecedented accuracy.
Especially the properties of the heavy electroweak gauge bosons, W± and Z
have been determined to very high precision.

The value of the Z mass was measured with an accuracy of 23 ppm by the
scan of the Z lineshape at LEP 1:

mZ = 91.1875 ± 0.0021 GeV

This makes it to one of the better known physical constants, an order of
magnitude more precisely measured than the gravitational constant, for ex-
ample. Additionally the couplings of the Z to the various fermions were derived
from the cross section and asymmetry measurements. They are found to be
in excellent agreement with the Standard Model expectations and revealed
the existence of weak quantum corrections. The results of SLD and LEP 1
are combined into a precise determination of sin2 θeff which in turn can be
converted into a prediction of the W mass.

At LEP 2 the centre-of-mass energy was increased above the threshold of
W-pair production. In total 40,000 W-pair events were recorded which allowed
to study production and decay of the W bosons in great detail. It was shown
that the triple gauge couplings exist as predicted by the theory. Additional
theoretical work was necessary to describe the process of W-pair production
with the accuracy needed to match the experimental precision. Examples are
the radiative corrections to four-fermion production and the modelling of in-
teractions in the final state of fully hadronic events. This theoretical work
together with comprehensive studies of experimental systematic effects al-
lowed the measurement of the W mass with an accuracy of better than half
a permill. Together with the measurements at the Tevatron one obtains as
current world average:

mW = 80.392 ± 0.029 GeV

Stefan Roth: Precision Electroweak Physics at Electron-Positron Colliders
STMP 220, 169–170 (2006)
DOI 10.1007/3-540-35165-5 9 c© Springer-Verlag Berlin Heidelberg 2006
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These results are complemented by the Tevatron pp̄ experiments which
contributed to electroweak physics, most importantly, by the discovery of the
top quark and the measurement of its mass. The fit of the Standard Model
parameters to all electroweak measurements verifies the self-consistency of
the theory. Additionally it shows that radiative corrections are needed to
describe the data and that the Standard Model is correct at the one-loop
level. Especially the additional information on the top mass from the Tevatron
improves the accuracy of the indirect determination of the W mass using the
precision observables from SLD and LEP 1. This value and the direct W-
mass measurement agree within the experimental uncertainty. Assuming the
Standard Model to be correct, this comparison yields information on its last
unknown parameter, the mass of the still undiscovered Higgs boson, mH. One
derives an upper limit on the Higgs mass of:

mH < 199 GeV (at 95% C.L.)

If the Standard Model is correct and the Higgs boson exists it will be dis-
covered soon after the startup of the LHC. If the Higgs exists an interesting
question is wether the Higgs mass is indeed found in the range predicted by
the precision electroweak data. This would constitute another example of the
synergy between precision measurements at e+e− colliders and the discovery
potential of hadron colliders. If the Higgs boson will be discovered the origin
of the electroweak symmetry breaking still remains a mystery. Theories be-
yond the Standard Model which would explain the symmetry breaking could
either be identified by the discovery of new particles and phenomena or by the
detailed study of the Higgs sector. Especially for the latter case the advent
of an e+e− linear collider with centre-of-mass energies up to the TeV range
is required. It would allow to fix the properties of the Higgs boson and mea-
sure the Higgs potential through the study of Higgs self couplings. Together
with an improved accuracy on other electroweak observables like, for exam-
ple, the top mass and the W mass it would show wether the observed Higgs
sector is described by the Standard Model or a more general theory has to be
considered.
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