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Preface

The summation of series of special functions (or, accepting Turdn’s intervention,
“useful functions”) is a subdiscipline of Classical Analysis. Functional series built
from members of the, so-called, Bessel function family play a particularly important
role in this field. The Bessel function family includes a vast range of functions:
Bessel functions of the first and second kind, modified Bessel functions of the
first and second kind, Hankel functions, Struve and modified Struve functions, von
Lommel functions, for instance. There is also an extensive literature, including the
monumental monograph [333], concerned with important properties and the vast
range of applications of such functions and various functional series built from them.
An important topic within the theory of Bessel functions is the study of functional
series of Bessel and related functions, whose role in mathematical physics, science,
astronomy, and engineering is immense.

The classes of infinite series explored in this monograph are Neumann, Kapteyn,
Schlomilch, and Dini series, whose terms contain certain members of the Bessel
function family or special functions that arise from the class of hypergeometric
functions (Kummer function). The building blocks of these series depend on certain
parameters. So, in short, the main difference between these series is that in terms
of the Neumann series the summation index is the order (parameter) of the Bessel
function; in terms of the Kapteyn series the summation indices are the order and the
argument, while in terms of the Schlomilch series the argument is the summation
index. Also, using similar criteria, one can define general Neumann, Schlomilch,
and Kapteyn series of hypergeometric or other special functions, guided by the
above classification principle. On the other hand, the coefficient of the argument
in a Dini series involves the zeros of the initial function from the Bessel family, or
those of the related Dini function.

Functions in the Bessel family and the Kummer function have either power
series or definite integral representations or they are particular solutions of ordinary
differential equations. Thus we shall adopt a three-pronged approach in our study
and will explore summations of sums, summations of integrals, and summations of
functions that are solutions of Bessel, Struve, Kummer, or certain other classical
ordinary differential equations. While we are addressing mainly the same problems
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viii Preface

as some of the great forefathers of the field of Fourier—Bessel series, including Carl
Gottfried Neumann (1832, Konigsberg—1925, Leipzig); Willem Kapteyn (Kapteijn)
(1849, Barneveld—1927, Utrecht); Oscar Xavier Schlomilch (1823, Weimar—1901,
Dresden); and in parallel Ulisse Dini (1845, Pisa—1918, Pisa), our approach to these
considerations is significantly different.

Baricz and Pogény in [20, p. 815, Theorem 3.2] introduced a method, which
completely reorganizes the classification “Fourier—Bessel series of the first type”
(where one input Bessel family member function occurs in terms of the series)
versus “Fourier—Bessel series of the second type” (where products of two or
more Bessel-like functions appear in terms of the series). More precisely, Bar-
icz and Pogdny have incorporated all input functions in the products except
a chosen one, which is included into the coefficient, and they consider the
initial Fourier—Bessel series as the ‘“series of the first type” with the newly
constituted coefficients. The importance of these results is further seen by bear-
ing in mind various new findings concerning derivatives of the Bessel func-
tion family with respect to the order posted on the Wolfram Functions web-
site (http://blog.wolfram.com/2016/05/16/new-derivatives-of-the-bessel-functions-
have-been-discovered-with-the-help-of-the-wolfram-language/).

We appreciate that the title of a monograph should be concise and informative,
and not “too long.” To cover the phrase “Neumann, Kapteyn, Schlomilch and Dini
Series of Bessel Functions or Hypergeometric Type Functions,” which is a precise
but excessively long title for a book, we adopted “Fourier—Bessel Series” as a
working title, influenced by the title of the article [145], and, e.g., by the title of
section XVIII, “Series of Fourier—Bessel and Dini” in the monograph [333] by
Watson. His presentation significantly differs from ours; we will briefly present
this treatment of functions by Fourier—Bessel series, which actually belongs to the
class of Schlomilch series, in the related subsection of the introductory chapter,
emphasizing that we treat Fourier—Bessel series in a weaker sense than Kapteyn and
Watson. We also note the fact that Bessel functions are linked to hypergeometric
functions; see, also, [314, Chapter 8]. So, the title “Series of Bessel and Kummer-
Type Functions” interpolates the previously mentioned two descriptions of the
contents of this monograph.

The starting point for our research was the study [249] by Pogany and Siili
in 2009 on Neumann series of Bessel functions of the first kind J, and von
Lommel functions in which an integral expression was derived for Neumann series.
There, the cornerstones of the study were Dirichlet series associated with the
input Fourier—Bessel series and the Laplace integral of this Dirichlet series. While
proceeding with our research on mathematical tools associated with appropriate
Bessel-type homogeneous and nonhomogeneous ordinary differential equations, we
extended our study, which then resulted, among others, in the Ph.D. thesis of Jankov
Masirevi¢ [130] in 2011 and the habilitation thesis [244] of Pogany in 2015. Those
two theses arose from several joint or separate publications and constitute a major
part of this monograph.

Our main objective in this monograph is to give a systematic overview of our
results concerning such series; textual material is gathered from diverse sources


http://blog.wolfram.com/2016/05/16/new-derivatives-of-the-bessel-functions-have-been-discovered-with-the-help-of-the-wolfram-language/
http://blog.wolfram.com/2016/05/16/new-derivatives-of-the-bessel-functions-have-been-discovered-with-the-help-of-the-wolfram-language/
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including journal articles, theses, and conference papers, which had not appeared
before in the form of a book.

The book is aimed at a mathematical audience, graduate students, and those in
the scientific community with interest in a new perspective on Fourier—Bessel series,
and their manifold and polyvalent applications, mainly in general classical analysis,
applied mathematics, or mathematical physics.

A general introduction to the subject will be found in Chap. 1, together with a
necessarily short overview of special functions, Dirichlet series, Cahen’s formula,
and the Euler—Maclaurin summation formula, among others, as it is assumed that
readers have a general background in real and complex analysis, and possess some
familiarity with functional analysis. Then, results on Neumann—Bessel series are
collected in the identically entitled Chap. 2, followed by Chap. 3, Kapteyn series,
where, in addition to Kapteyn-Bessel series, also Kapteyn—Kummer series are
presented. Chapter 4 focuses on Schlomilch—Bessel series and Schlomilch series
of the p-extended Mathieu series, which represents a transition to Chap. 5, entitled
Miscellanea, where Dini—Bessel series, Neumann and Kapteyn series of Struve
and modified Struve functions, and Neumann series of Jacobi polynomials are
considered. The main body of the book ends with a short overview of Neumann
series of Meijer G functions, which is followed by an exhaustive list of references
and an Index. We note that a detailed overview of diverse applications, with links to
further relevant sources, is given in the introductory part of each chapter.

Besides the pure mathematical aspects of the obtained results, many potential
application items exist, e.g., the Kapteyn series’ applications in various problems of
mathematical physics, e.g., Kepler’s equation, pulsar physics, and electromagnetic
radiation; Neumann series’ use in infinite dielectric wedge problem, description of
internal gravity waves in a Boussinesq fluid, propagation properties of diffracted
light beams, the orbital angular momentum quantum number, the wave functions
that describe the states of motion of charged particles in a Coulomb field, inversion
probability of a large spin, evaluation of the capacitance matrix of a system of finite-
length conductors, modeling of the free vibrations of a wooden pole, and analysis of
an isotropic medium containing a cylindrical borehole are routine procedures. These
numerical calculations mainly take into account truncation of infinite series. Instead,
the derived integral expressions may lead to numerical quadrature implementation
for which numerous in-built software routines are widely developed.

The authors take great pleasure in thanking Endre Siili (Oxford) for taking
part in the research endeavor, which initiated and now finally encompasses this
manuscript. We are also very grateful to Paul Leo Butzer (Aachen), Diego Dominici
(New Paltz), Saminathan Ponnusamy (Chennai), and Sanjeev Singh (Chennai) for
numerous valuable suggestions, remarks, and discussions, which resulted in crucial
improvements of the exposition.

Székelyudvarhely Arpad Baricz
Trpinja Dragana Jankov MaSirevié¢
Susak Tibor K. Pogany

October 2017



Survey

The aim of this brief survey is to present a short overview of the topics discussed in
this book.

Bessel Functions Bessel functions are solutions to the second-order linear homo-
geneous Bessel differential equation. Discovered by the mathematician Daniel
Bernoulli and studied systematically by the astronomer Friedrich Bessel, Bessel
functions appear frequently in problems of applied mathematics. They are particu-
larly important in problems associated with wave propagation and static potentials.
Bessel functions of integer order are also known as cylinder functions or cylindrical
harmonics, because they arise in the solution of Laplace’s equation in cylindrical
coordinates. Although the study of Bessel functions is part of classical analysis, their
beautiful properties are continually explored by numerous researchers, and several
new properties are reported each year. G.N. Watson’s book A treatise on the theory
of Bessel functions [333], written almost one hundred years ago, is an important
book in the theory of special functions, especially on topics associated with
asymptotic expansions, series, zeros, and integrals of Bessel functions. Nowadays,
Watson’s book is a classic, and because of their remarkable properties, special
functions, such as Bessel functions, are frequently used also in probability theory,
statistics, mathematical physics, and in the engineering sciences. See, for example,
the interesting book by B.G. Korenev Bessel functions and their applications, [156].

Series of Bessel Functions Infinite series involving different kinds of Bessel func-
tions occur quite frequently in both mathematical and physical analysis. Watson’s
treatise contains four chapters on different kinds of series of Bessel functions, such
as Neumann, Kapteyn, Fourier—Bessel, Dini, and Schlomilch series. Because of the
range of applications in concrete problems of applied mathematics, series of Bessel
functions have been considered frequently by researchers.

The Topics Discussed in This Book In this book our aim is to establish certain
integral representations for Neumann, Kapteyn, Schlomilch, Dini, and Fourier series
of Bessel and other special functions, such as Struve and von Lommel functions.
Our objective is also to find the coefficients of the Neumann and Kapteyn series,

xi



xii Survey

as well as closed-form expressions, and summation formulae for the series of
Bessel functions considered. In the study the so-called Euler—-Maclaurin summation
formula (which is a beautiful bridge between continuous and discrete), the Laplace—
Stieltjes integral representation of Dirichlet series, and various bounds for Bessel
and Bessel-type functions (Struve, modified Struve, modified Bessel functions of
the first and second kind, von Lommel functions, and Bessel function of the second
kind) play an important role. Some integral representations are also deduced by
using techniques from the theory of differential equations.
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Chapter 1 )
Introduction and Preliminaries Check for

Abstract We begin with a brief outline of special functions and methods, which
will be needed in the next chapters. We recall here briefly the Gamma, Beta,
Digamma functions, Pochhammer symbol, Bernoulli polynomials and numbers,
Bessel, modified Bessel, generalized hypergeometric, Fox—Wright generalized
hypergeometric, Hurwitz—Lerch Zeta functions, the Euler—Maclaurin summation
formula together with Dirichlet series and Cahen’s formula, Mathieu series, Bessel
and Struve differential equations, Fourier-Bessel and Dini series of Bessel functions
and fractional differintegral.

Special functions have their roots back to the eighteenth century when it became
clear that the existing elementary functions are not sufficient to describe a number
of unsolved problems in various branches of mathematics and physics. Functions,
appropriate to describe the new results were generally presented in the form of
infinite series, integrals, or as solutions of differential equations and some of them,
which appeared more frequently, were named, for example, Gamma, Beta function,
etc. One of the first issues about special functions is the set of four books, published
between 1893 and 1902 by Tannery and Molk [302-305]. Among others, his
contribution to the theory of special functions gave F.W. Bessel who systematically
investigated the Bessel functions in 1824 [72] already considered in eighteenth
century by Bernoulli, Euler, Lagrange, Fourier and others in theirs researches in
mechanics, astronomy and the conduction of heat. The monumental monograph A
treatise on the theory of Bessel functions, written by Watson in 1922 [333] contains
a wide range of results about Bessel functions. Nowadays, Bessel functions family
counts a huge spectrum of functions: Bessel functions of the first and second kind,
modified Bessel functions of the first and second kind, Struve functions, modified
Struve functions, von Lommel functions et coetera and there are numerous literature
dealing with some properties and unfailing applications of such functions. Also, an
interesting and important topic in the theory of Bessel functions are functional series
of mathematical physics, having great importance in engineering and technique
(compare [18]), the Fourier—Bessel family of infinite series consisting of Neumann-,
Kapteyn-, Schlomilch and Dini series with members containing Bessel functions of

© Springer International Publishing AG, part of Springer Nature 2017 1
A. Baricz et al., Series of Bessel and Kummer-Type Functions, Lecture Notes
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2 1 Introduction and Preliminaries

the first kind or some other functions which are a member of the Bessel functions
family and/or belong to the hypergeometric representation. The main difference
between those series is that the Neumann series constituting terms contain the
summation index in the order of the Bessel function; the Kapteyn series terms
have index in both order and argument, while the Schlomilch series have argument
summation indices. Precisely:

* Neumann series, i.e. the series in which the order of the Bessel function of the
first kind contains the current index of summation

Nu(@) =D tnlpin(@). z€C

n>1

are named after the German mathematician Carl Gottfried Neumann [209], who
in his book Theorie der Besselschen Funktionen, in 1867, studied only their
special cases, namely those of integer order. A few years later, in 1887, Leopold
Bernhard Gegenbauer [88, 89] expanded these series, having order the whole real
line.

* Kapteyn series are the series where the order of the Bessel function, and also the
argument contains index of summation:

Ru@ =) odu(+m2),  zeC.

n>1

Such series were introduced in 1893, by Willem Kapteyn [145], in his arti-
cle Recherches sur les functions de Fourier-Bessel. These series have great
applications in problems of mathematical physics. For example, a solution
of famous Kepler’s equation can be explicitly expressed by Kapteyn series.
Their application can be found in problems of pulsar physics, electromagnetic
radiation, etc. In 1906 Kapteyn [146] proved that every analytic function can be
developed in such series.

* Schlomilch series appear when the argument contains the current index of
summation, i.e. the series of the form:

Gu@) = anJy(u+n2). zeC.

n>1

Oscar Xavier Schlomilch [279] was the first who defined that series, in 1857,
in the article Uber die Bessel’schen Function, but he looked only at cases when
the series contains of Bessel functions of the first kind of order . = 0, 1. Their
use is so widespread in the field of physics, such as the use of Kapteyn series.
Rayleigh [266] in 1911 pointed out that in the case i = O these series are useful
in the study of periodic transverse vibrations of two-dimensional membranes.
Generalized Schlomilch series appeared in the Nielsen’s memoirs [212-218]
from 1899, 1900 and 1901. Filon [83] in 1906 first studied the possibility of
development of arbitrary function in generalized Schlomilch series.
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There are also Kapteyn series of the second type, which have been studied, in
details, by Nielsen [216, 217], in 1901, and that series consist of the product of two
Bessel functions of the first kind, of different orders.

Neumann series are widely used. Especially interesting are the Neumann series
of the zero-order Bessel function, i.e. series 1y, which appears as a relevant techni-
cal tool to solve the problem of infinite dielectric wedge through the Kontorovich—
Lebedev transformation. They also occur in the description of internal gravity waves
in Bussinesq fluid, and in defining the properties of diffracted light beams. Wilkins
[334] discussed the question of existence of an integral representation for a special
Neumann series; Maximon [188] in 1956 represented a simple Neumann series 91,
appearing in the literature in connection with physical problems and Luke [178]
studied, in 1962, integral representation of Neumann series for . = 0.

Finally, it is worth to mention that regarding the orthogonality property of Bessel
and alike functions the advanced subject of interest can be a study of orthogonality
of Neumann, Kapteyn, Schlomilch and Dini series. In the orthogonal series’
respect we draw the attention to the classical 1935 monograph by Kaczmarz and
Steinhaus [144] and suggest to consult Alexits’s book [3] concerning convergence
and summability questions. Also the main source for everywhere existing and
used analytic inequalities can serve among others Mitrinovié’s celebrated inequality
collection [202].

1.1 The Gamma Function

The Gamma function has caught the interest of some of the most prominent
mathematicians of all times. Its history, notably documented by Philip J. Davis in
an article that won him the Chauvenet Prize, in 1963, reflects many of the major
developments within mathematics since the eighteenth century. In his article [59]
Davis wrote:

“Each generation has found something of interest to say about the Gamma
function. Perhaps the next generation will also”.

In this section, we recall some properties of the Gamma function and introduce
some other functions which can be expressed in terms of the Gamma function,
namely Psi and Beta function and also the Pochhammer symbol.

The Gamma function is defined by a definite integral due to Leonhard Euler

I'z) = /oo e e, R() >0. (1.D
0

The notation I"(z) is due to French mathematician Adrien—Marie Legendre. Using
integration by parts, from (1.1) we easily get [1, p. 256, Eq. 6.1.15]

2F@=TI@z+1), N(z) > 0. (1.2)
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That relation is called the recurrence formula or recurrence relation of the Gamma
function. For z = n € N, from (1.2) it follows that [1, p. 255, Eq. 6.1.6]

'n)y=mn-1)".

The recurrence relation is not the only functional equation satisfied by the I".
Another important property is the Euler’s reflection formula [1, p. 256, Eq. 6.1.17]

F@ra-2= sin (7z)’

which gives relation between the Gamma function of positive and negative numbers.
Forz = é, from the previous equation, it follows that I (é) = /.

In what follows, we would also need Legendre’s duplication formula [1, p. 256,
Eq. 6.1.18]

2z—1

Jr

In examining the convergence conditions of corresponding series of Bessel func-
tions of the first kind, we would need the formula for asymptotic behavior of the
Gamma function (in other words a Stirling’s formula) [1, p. 257, Eq. 6.1.37]

) = r@r(z+3). (1.3)

I'(z) =2n £ (1 + ﬁ(z_l)), |argz| < 7, |z] — oo, 1.4)

which usually one writes
@) ~V2re 72, |z — o0.

Gamma function also has the following properties (see [263, p. 9]):

* I'(z) is analytic except at nonpositive integers, and when z = oo;

* I'(z) has a simple pole at each nonpositive integer, z € Zg;

¢ I'(z) has an essential singularity at z = oo, a point of condensation of poles;
e I'(z) is never zero, because 1/1I"(z) has no poles.

1.1.1 Psi (or Digamma) Function

The Psi (or Digamma) function v (z) is defined as the logarithmic derivative of the
Gamma function:

I'(z)

d
V@ = flog F@3= . 5

or log I'(z) = /Z Y(r)dr.
1
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We express ¥ (z) [1, Eq. (6.3.16)] as follows (see also [287, p. 14, Eq. 1.2(3)]:

1 1
‘”(Z):Z(k_z+k—1)_c’ zeC\Zy,

k=1
where C denotes the celebrated Euler-Mascheroni constant given by

C:= lim (H, —logn) ~ 0.5772,
n—>o00

where H,, are called the harmonic numbers defined by

k=1

Finally, let us remark that the Digamma function ¥ (z) increases on its entire range
and possesses the unique positive nil ¢y = ¥ ~1(0) ~ 1.4616. One of the useful
properties of the Digamma function is that [1, p. 258, Eq. 6.3.5]

w@+n=i+w@, 2> 0.

1.1.2 The Beta Function

The Beta function, also called the Euler integral of the first kind, is a special function
defined by Abramowitz and Stegun [1, p. 258, Eq. 6.2.1]

B(x,y)z/olt"_l(l—t)y_l dr, min{R (x), R(y)} > 0.

The Beta function is intimately related to the Gamma function, which is described
in [263, p. 18]:

_r®orw

B(x,y) = ity N(x), N(y) >0. (1.5)

Accordingly, by (1.5) it follows that Beta function is invariant with respect to
parameter permutation, meaning that B(x, y) = B(y, x).
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1.1.3 The Pochhammer Symbol

The Pochhammer symbol (or the shifted factorial), introduced by Leo August
Pochhammer, is defined, in terms of Euler’s Gamma function, by

), 1= rd+uw )1, ifu=0;1eC\{0}
T AA+1)--(A+n—1), ifp=neN; AeC

it being understood conventionally that (0)o := 1.
The Pochhammer symbol also satisfies

=D A=+, peNp.

Excellent source for these Gamma-type functions is the monograph by Andrews
etal. [7].

1.2 Bernoulli Polynomials and Numbers

The Bernoulli polynomials B,,(x) [1, p. 804] satisfy [58, p. 899, Eq. (3.4b)]

Bu(¥) = Bi: ('Z) 7, (16)
k=0

being B,, = B,,(0), m € Ny the Bernoulli numbers for which hold [93, p. 1041]

D)™ r@2m+ 1H¢@2m
By=1,Bi=—,, Bynt1 =0, By, = D 22,5_1”2”[ 3 ), m € N,
(1.7)

where ¢ stands for the Riemann’s Zeta function (see e.g. [207]).
In turn, the Bernoulli polynomials of odd degree possess definition [1, p. 805]

22m—1)! sin(2nmx)
2

BZm_l(x) = (_1)m (27.[)2111—1

., meN (1.8)

an—l
n>1

where x € (0,1) form = landx € [0,1]if m € N, = {2,3,4,...} and for the
Bernoulli polynomials of even degree there hold

2(2m)! cos(2nmx)
1
Z an

B = 0"

, meN, xe|0,1].

n>1
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1.3 Euler-Maclaurin Summation Formula

Euler—Maclaurin formula provides a powerful connection between integrals and
sums. It can be used to approximate integrals by finite sums, or conversely to
evaluate finite sums using integrals and the machinery of calculus. The formula was
discovered independently by Leonhard Euler and Colin Maclaurin around 1735.
Euler needed it to compute slowly converging infinite series, while Maclaurin used
it to calculate integrals. Their famous summation formula of the first degree is

¢ ¢ 1 ¢
;%zlamM+gw+m+Ld@&mw

where B (x) = {x} — ; is the first degree Bernoulli polynomial.
It generally holds [7, p. 619, Theorem D.2.1]

L ¢ m ) ' .
Zf(n) = /k f)dx + ;(f(k) +f(ﬁ)) + Z (l;;)" (f(lz—l)(g) _f(ZJ—l)(k))
n=k j=1 :

¢ BZm(x) (2m)
—/k (2m)!f (x) dx, m e N,

where B, (x) = (x4 B)?, 0 < x < I represents Bernoulli polynomial of order p € N,
while By are appropriate Bernoulli numbers. On [¢, £+ 1), £ € N, B, (x) are periodic
with period 1.

Summation formulae, of the first kind (p = 1) we will use in condensed form,
under the conditiona € C'[k, ], k,1 € Z, k < I:

L { {
n = '(x)) dx = a(x) dx, 1.9
> o= [ @+t @ndr= [ aty (1.9)

n=k+1

where
ad
0 =14+ {x},. ,
0x

see [249, 252].

The articles [239-241] contain certain special cases of (1.9) specifying among
othersa, = 1.

The multiple Euler—-Maclaurin summation formulae are used e.g. in [70, 250] and
discussed in detail in [129, 205, 241].
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1.4 Dirichlet Series and Cahen’s Formula

One of our main mathematical tools is the series

Du(s) = Zan e >0, (1.10)
n>1
where
O<Ai <A< <Ay —> 0 as n— 00.

This is called Dirichlet series on the A,-type. For A,, = n, (1.10) becomes power
series

Da(s) := Zan e ™, s>0

n>1

and for A,, = Inn, we have series of the form

Da(s) :=Zann_s, s>0,

n>1

which is called ordinary Dirichlet series.

In this monograph we mostly deal with series of the form (1.10), where s is real
variable. We also need a variant of closed integral form representation of Dirichlet
series, which is derived below, following mainly [104], [147, C. §V]. The heart of
the matter is the Stieltjes integral formula

b
/ FOAAE) = 3 FAD () — (). (L11)

n>1

such that is valid for o7 -integrable f, where the step function

Ax) =Y (HOnt) — () (1.12)

n A,<x

possesses the discontinuity set (4,) which forms a monotone increasing sequence
of positive reals diverging to the infinity. Assuming that A (x) is monotone increasing
positive function such that runs to the infinity with growing x and it is (A,),>1 =
A(x)\N, we deduce that A is invertible with the unique inverse A~'. Now, putting
a, =: y(A,+) — ;(A,—) into (1.12) we get

)

y(x) = Z anp = Z dy.
n=1

n Ap<x
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Here <7 (x) is the function such that has jump of magnitude a, at A,, n € N. So,
taking f(x) = e and having in mind that [a, b] = [0, x], by (1.11) we deduce

Z ape =/ R CAGY (1.13)
n Ap<x 0
Letting x — oo in (1.13) we infer an integral which is equiconvergent with Z,(s), so
o0
Zan e = / edd(), s>0. (1.14)
n>1 0

Now, the integration by parts results in a Laplace integral instead of the Laplace—
Stieltjes integral (1.14). Indeed, as e™* decreases in x being s positive, taking a(0) =
0, the convergence of the Laplace—Stieltjes integral (1.14) ensures the validity of the
famous Cahen’s formula [47, p. 97], [104]

o0
Du(s) = s / e (1) dt, s>0. (1.15)
0

However, the so-called counting sum

()= a

niA, <t

we find by the Euler—-Maclaurin summation formula (see [239, 240, 249]), assuming
thata := a(x) |y, a € C 1[0, 0o) we sum up .7 () completing the desired closed form
integral representation of Dirichlet series %, (s) without any sums. Namely

0] =]
(1) = a, = / oa(u)du, (1.16)

since by assumption A is monotone with an unique inverse A~! being A|y = (1,).

1.5 Mathieu (a, A)-Series

The series of the form

2n
S(r) = E , r>0
= (n2 + r2)2
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is known in literature as Mathieu series. Emile Leonard Mathieu was the first who
investigated such series in 1890 in his book [187]. There is a wide range of various
generalizations of the Mathieu series for which integral representations [53, 98, 248,
251, 252, 260], related summations results and bilateral bounding inequalities are
obtained (see also [245]); certain new estimates upon S(r) are given also in [204],
see also the related references therein.

The so-called Mathieu (a, A)-series

an

, ) 0, 1.17
Ay + )¢ r,s > (1.17)

My(a, Air) =)

n>0

has been introduced by Pogédny [239], giving an exhaustive answer to an Open
Problem posed by Qi [259], deriving closed form integral representation and
bilateral bounding inequalities for 91(a, A; r), generalizing at the same time some
earlier results by Cerone and Lenard [53], Qi [259], Srivastava and Tomovski [293]
and others.

The mentioned Pogény’s integral representation formula for Mathieu (a, A)-
series reads [240, Theorem 1]:

ao oo PPN au) 4 o () {u}
M(a,A;r) = + / / dxdu,
@)= +s ) (r + 2+ u

where a € C'[0, o) and a\N = a, A~! stands for the inverse of A and the series
(1.17) converges. The series (1.17) is assumed to be convergent and the sequences
a = (an)n>0, A = (Ay)n>0 are positive. Following the convention that (4,)
is monotone increasing divergent, we have

A 0<Ap<A <+ <A, —— 0.
n—o0

1.6 Bessel Differential Equation

The Bessel differential equation is the linear second-order ordinary differential
equation given by Olver et al. [227, §10.2.(1)]

2y +xy + @ —vH)y =0, veC. (1.18)

The solutions to this equation define the Bessel function of the first kind J,, and the
Bessel function of the second kind Y,. The equation has a regular singularity at zero,
and an irregular singularity at infinity.

The function J, (x) is defined by the equation

_ (_l)m X\ 2m+v
) _;)mlf(m+v+1) (2) ' (1.19)



1.7 Bounds Upon J,, (x) 11

For v ¢ Z, functions J,(x) and J_, (x) are linearly independent, thus the solutions
of the differential equation (1.18) are independent, while for v € Z it holds

Jov (@) = (=D"Jy(x).

Bessel functions of first kind, which were introduced by Daniel Bernoulli in his
article [36] represent the general solution of the homogeneous Bessel differential
equation of the second degree. Alexandre S. Chessin [51, 52] was a first who gave
an explicit solution of Bessel differential equation with general nonhomogeneous
part, in 1902.

1.7 Bounds Upon J,(x)

We are also interested in estimates for Bessel function of the first kind. Landau [167]
gave the following bounds for Bessel function J,, (x):

|, ()| < bv~3, b = V2 sup (Ai(x)) (1.20)
x€ER4
and
| J, ()] < cL|x|_§, cL = sup Q/x(JO(x)), (1.21)
x€ER4

where Ai(x) stands for the familiar Airy function, which is solution of differential
equation

Yi—xy=0, y=Ai)

and can be expressed as

. b/ X X % X %
Ai) = \/3 {J_; (2(3) ) +) (2(3) )} .
Olenko [226] also gave sharp upper bound for Bessel function:

1 o] 30512
sup Vx| Jy ()| < bpqfvi+ | + =:dp, v >0, (1.22)
x>0 V3 10v

where o is the smallest positive zero of Airy’s function Ai(x), and by is the first
Landau’s constant.
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There is also Krasikov’s bound [159]
4(4x> — Qv + DH(2v + 5))
(42 = )2 — o)
where . = (2v + 1)(2v + 3). This bound is sharp in the sense that

Fx) < x>\/u+u§,u>—;, (1.23)

4(4x* — 2v + D(2v + 5))
(402 — )2 — )

in all points between two consecutive zeros of Bessel function J, (x) [159, Theorem
2]. Krasikov also pointed out that the estimates (1.20) and (1.21) are sharp only for
values that are in the neighborhood of the smallest positive zero j, ; of the Bessel
function J, (x), while his estimate (1.23) gives sharp upper bound in whole area.

In turn, Krasikov’s recently published a set of more precise and simpler bounds
[160, 161]. Precisely, for v > ; and all # > 0 there holds [160, p. 210, Theorem 3]

T2 (x) >

1
2
=1 1o = |2, (124

where the right-hand-side constant is sharp. Next, his result [160, p. 210, Theorem
4] imply

2 3
IJu(t)IS\/ t+p6‘v2—i‘t_3, t>0,|p] <1, (1.25)
bid
where
3
2?2 1
L) x>0, v =<,
4
c= 5 0<x<\/|v2—}1,v>é
2
, x>\/|v2 Ay > )
i1

Here ¢ cannot be less then \/ 7 . For another kind bounds upon J, (#) consult [160,
Theorems 2, 5, 6] and [161, Theorems 2, 4].

Srivastava and Pogany [292, p. 199, Eq. (19)] proposed the following hybrid
estimator!

d
? 0a() + VAR (1= x0a®). (1.26)

[ )] =W, (x) = Jx

"Here, and in what follows y,(x) denotes the indicator function of the set A which equals 1, when
x € A, and zero else.
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where
4(4x* — 2v + D(2v + 5))

Ry(x) := g
m((4x> — )2 — )

while
A= O+ A+ 1)),

Here we shall mainly use Landau’s bounds, because of their simplicity. Derived
results one can expand using hybrid estimator 20, as well.
However, combining (1.24), (1.25) in 20,(¢) replacing Olenko’s result and/or
R, (7) in (1.26), we could define a set of further bounding functions for | J,|.
Further, exponential bounding inequalities for J, (x) are published by Pogany
[243] and Sitnik [283].

1.8 Bessel Functions Family

The Bessel and the modified Bessel function of the first kind J,, /,, Bessel and
modified Bessel function of the second kind Y,, K, and the Struve and modified
Struve function H,,, L, all of the order v possess power series representations of the
form [333], respectively:

J (Z) — Z (_l)n (;)zn—’—v I (Z) — Z (;)zn—’—v
' ZLn+v+Dnl ' ZLn+v+1Dnl

cot(mwv) J,(z) — csc(mv) J-, (2), veZ

Y\J(Z) = s
limy,—, Y, (2), vez
T esc(rv) () —1,(2), Ve 7

K, (z) = :
lim, ., K, (2), veZ

. (Z) _ Z (—l)n (§)2n+v+1
O L s ) r e d)
(Z)2n+\1+l
— 2
BO= 2 ) )

n>0
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where v € R and z € C. Bessel functions are well-known however, the function H,
was introduced in [299] as the series solution of the non-homogeneous second order
Bessel type differential equation (which carries his name). Applications of Struve
functions are manyfold and an exhaustive overview is given in [18] accompanied
with the long list of devoted references therein.

The family of Bessel functions also contains the spherical Bessel function of the
first kind of order v defined by the formula [1, p. 437] (also see [15, p. 9, Eq. (1.9)])

. _ T
(@) = \/sz"ﬂ(z)’ z€C,

and its modified variant [1, p. 443], [15, p. 9, Eq. (1.11)]

o
l”(z)_\/zzl"ﬂ(z)’ zeC.

The ultraspherical Bessel function (initiated by Ashbaugh and Benguria [10, p.
562] and studied by Lorch and Szego [176, p. 549]) and the companion modified
ultraspherical Bessel function of the first kind read as follows

T T
\/2 VT 1 (@), \/2 ML (2), v+£>0,zeC.

Forv = g, £ € Ny the ultraspherical functions reduce to the classical spherical
Bessel functions.

The generalized Bessel function w,(x) of the order v, introduced by Baricz
[15, p. 10, Eq. (1.15)], which generalizes and unifies all the classical Bessel,
modified Bessel, spherical Bessel, modified spherical Bessel, ultraspherical Bessel
and modified ultraspherical Bessel functions, reads as follows

(—C)n Z 2n+v
wy(2) = , v,b,c,z€C.
® ;n!r(v+n+”§1) (2)

It is worth to mention the Delerue hyper-Bessel function [61, 65, 153]

J (m) (Z) = < ./';1 kKl Z (_l)n (m-ZH
VI U m+1 = I'n+vi+1)---I'n+v, +1)n!

)n(m+l)

’

and its modified variant

% y 7z \n(m+1)
12002 () S
B m 1 2o P(nt vy 4 D)= Tt vy + Dt



1.8 Bessel Functions Family 15

which are multi-index analogues of the Bessel J and the modified Bessel /. Here
z,v; € Cand RN(vy) > —1, k = 1,m. For m = 1 we arrive at the classical Bessel
and modified Bessel functions, while for m = 2 we deduce the so-called Bessel—
Clifford functions [150, 151]

v+
Cou@ =27 J23).

The Wright generalized Bessel function [338] (discovered also by Galué [86], and
misnamed as Maitland or Bessel-Maitland function) [12, p. 184, Eq. (5)] is given by

(_l)n (Z)Zn-l—v )
th(Z):Zn!]"(U—i—z]’ln‘}‘l)’ et

n>0
its modified variant was introduced by Baricz [12, p. 184, Eq. (6)]

(§)2n+v
M= iy €O

n>0

being 7 € N in both cases. We point out that ;J, = J, and so does |/, = I,.
Here we mention a A-fold definite integral expression form of ,J, on the rectangle
[0, 1]", appearing in [86, p. 398], which is not of some substantial help in our
considerations. The case when # is not a non-negative integer both ,J,, »I,, are Fox—
Wright generalized hypergeometric (or Wright) functions, see e.g. [297].

Now, we expose the freshly obtained result that Wright generalized Bessel
function is in fact a weighted variant of Delerue hyper-Bessel function. Indeed,
Jankov MasSirevi¢, Parmar and Pogany have shown that [141, Theorem 6.1]

h+1 h—1

22 Vw2 e
_ v—1 (h)
hJV(Z) - 142 —(h+v)? ! ‘JV+1 U+l(§)
h o 20+ b
h+1 h—1
22 Vo2 h—1
_ v—1 (h)
nly(2) = 1402 —(hv)2 i 'IVJFI "+1(§) ’
h 2h4-1) h ° °h

where

Z2 h+1
c=a+n ()

forall R(v) +1 >0, h € Nand forall z € C.
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1.9 Struve Differential Equation

The Struve function is related to the non-homogeneous Bessel type ordinary
differential equation of special type called Struve differential equation [1, p. 496,
Eq. 12.1.1]

4 Z v+1
2// 2
+zy + (@ =)y = () .
Jr v+ ))

whose general solution turns out to be
y=CJ,@+GCY, () +H (),

where Cj, C; are the integration constants and z~" H, () is an entire function of z.
Similarly, the modified Struve differential equation reads

4 Z v+1
21 2 2
ZyY' +zy - +v)y= () .
Jr L +3) \2

whose general solution is of the form
y=GC31,(z2) + C4 K, (2) + Ly(2) .

There are further notations for another kind Struve type functions, namely [227,

§11-2 (i)]
K,(z) = H,(z) — ¥, (2), M,(z) = L,(z) — K, (2),

which correspond to the principal values of the functions occurring on the right-
hand-sides of these defining equalities. Obviously, K, (z) and M, (z) are particular
solutions of the Struve, that is, of modified Struve differential equations, respec-
tively. In determining the integral representation of the second type Neumann series
X, (z), which will be introduced in Chap.2, (2.33), we need the Struve function
H, (z) of order v whose series definition reads [333, p. 328]

H,(z) = Jn F( +2)/( — )~ 2sm(zt) dr

sin (zcos ) sin?” 6.do,

_ 2
AT+ ;)/o

provided that R(v) > — ;
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1.10 Series Built by Bessel Functions Family Members

Series of Bessel and/or Struve functions in which summation indices appear in
the order of the considered function and/or twist arguments of the constituting
functions, can be unified in a double lacunary form:

%ll,éz(z) = Zan'%ll(n)(ZZ(n)Z)y (1.27)

n>1

where £;(x) = uix + vj, j € {1,2}, x € Ny, z € C and %, is one of the functions
5.,5,,Y,,K,,H, and L, .

The classical theory of the Fourier—Bessel series of the first type is based on the
case when %, = J,, see the celebrated monograph [333]. However, varying the
coefficients of £; and £, we get three different cases which have not only deep roles
in describing physical models and have physical interpretations in numerous topics
of natural sciences and technology, but are also of vital mathematical interest, like
e.g. zero function series [333].

We differ Neumann series (when u; # 0,u, = 0), Kapteyn series (when
W1 - 42 # 0) and Schlomilch series (when @ = 0,2, # 0). Here, all three
series are of the first type (the series’ terms contain only one constituting function
A,); the second type series contain product terms of two (or more) members—not
necessarily different ones—chosen from J,, I,,, Y, K,,, H, and L,,.

We also point out that the Neumann series (of the first type) of Bessel function
of the second kind Y,,, modified Bessel function of the second kind K, and Hankel
functions [100, 101] (Bessel functions of the third kind) H\(,l), Hﬁz) have been studied
in [24], while Neumann series of the second type were considered by Baricz and
Pogény in somewhat different purposes in [20, 21]; see also [134].

Thus, under extended Neumann series (of Bessel J, see [333]) we mean the
following

’ﬂﬁ](x) = Z,Bn%/m-l-n(ax)v

n>1

where 2%, is one of the functions /,,Y,, K, and L,. Integral representation dis-
cussions began very recently with the introductory article by Pogany and Siili
[249], which gives an detailed references list concerning physical applications too,
see [24].

Also, we will concentrate to the Neumann series [18]

%;,{,n(x) = Zﬂnlpm-‘,—n(a.x) .

n>1

Kapteyn series of the first type [145, 146, 217] are of the form

RN =Y nBprn (0 +v1)2);

n>1
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more details about Kapteyn and Kapteyn-type series for Bessel function can be
found also in [21, 23, 69, 308] and the references therein.

Under Schlomilch series [279, p. 155 et seq.] (Schlomilch considered only cases
u € {0, 1}), we count the functions series

G’V‘"%(Z) = Zan By ((un + v)z).

n>1

Integral representation are recently obtained for this series in [131], summations are
given in [316].

Finally we point out that we do not consider Neumann, Kapteyn and Schlomilch
series built by another members belonging to the Bessel function family such
as spherical, modified spherical, ultraspherical, modified ultraspherical, Wright
generalized Bessel and Delerue generalized Bessel functions listed in the previous
section.

1.11 Fourier—Bessel and Dini Series

Denote j, , the positive zeros of Bessel function of the first kind J,,(x),v > —1
written in ascending order of magnitude. Then the functions J, (j, ,x), n € N form
an orthogonal system [314, p. 220] with the linear weight x. The result of expanding
an arbitrary suitable function f(x) into a series form [333, p. 576, Egs. (3), (4)], [39]

@) =" anduGon), (1.28)

n>1

where
2 1
w=p 0 [ w@nGa e, wen,
Ju-l—l(.]l),n) 0

was published firstly by von Lommel in [322, pp. 69-73] (the case v = 0 has
been explored in the famous Fourier’s monograph [84, §§316-319]). Naturally, the
expansion today holds the name Fourier—Bessel series, while a, are the Fourier—
Bessel coefficients associated with the input function f. Watson’s book draw the
attention [333, p. 577] to the further efforts by Hankel [100, pp. 471-491], Schlifli
[277] and Harnack [106] in giving a rigorous proof of the expansion (1.28).

Few years after than Hermann Hankel and Ludwig Schldfli published their
findings, Ulisse Dini [66] has considered a more general expansion in the form [66]

f@ =) budy(Aur). v=-} zeC (1.29)

n>1
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where A, , stands for the nth positive zero of the so-called Dini function
dyo(2) =7, (2) + aJy(2), (1.30)

arranged in increasing order of magnitude and the coefficients are given by Pathak
and Singh [231, p. 440], Watson [333, p. 577, Eq. (6)]

02 22,) P) 2

1

xf(x)J,(A, nx) dx. 1.31
i o] T o b PG a3
The expansion (1.29), where the coefficients set is given by (1.31) we call Dini
series. However, the Sect. 5.7 is completely devoted to the integral form representa-
tions of such series with general coefficients b,,.

Finally, our approach in studying our ’Fourier—Bessel’ and ’Dini series’ is
significantly flexible, since we take series alike to the right-hand-side expressions
in (1.28) and (1.29) respectively, with general unknown coefficients constraining
exclusively the fact that the considered series should converge in a widest possible
sub-region of reals or C. Assuming this property related integral representations,
functional and uniform bounding inequalities are established.

Remark 1.1 'We mention here Einer Hille’s work on Fourier-Laguerre series [109-
111], which are in fact Neumann series of the first type. |

1.12 Hypergeometric and Generalized Hypergeometric
Functions

Hypergeometric functions form an important class of special functions (see e.g.
[87, 310]). They were introduced in 1866, by Carl Friedrich Gauss and after that
have proved to be of enormous significance in mathematics and the mathematical
sciences elsewhere. Here, we recall some properties of hypergeometric functions
which are useful for us to derive some of our main results. We suggest to the reader
to examine for the hypergeometric type functions either [7] or Rainville’s classical
book [263].

1.12.1 Gaussian Hypergeometric Function

Gaussian hypergeometric function is the power series

1+  z+ +...,

ab| 1~ @by ab  al@a+1D)bb+1) 2
2F1[ )Z:I = Z (C)k k! - ¢ C(C+ 1) )

k>0
(1.32)
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where z is a complex variable, a, b and c are real or complex parameters and (a)y is
the Pochhammer symbol.

The series is not defined for c = —m, m € Ny, provided that a or b is not the
negative integer n such that n < m. Furthermore, if the series (1.32) is defined but
at least one of a, b is equal to (—n), n € Ny, then it terminates in a finite number of
terms and it reduces to a polynomial of degree » in variable z. Except for this case,
in which the series is absolutely convergent for |z| < oo, the domain of absolute
convergence of the series (1.32) is the unit disc, i.e. |z| < 1. In this case it is said
that the series (1.32) defines the Gaussian or hypergeometric function

yi=y() = 2F1[a;b‘Z]. (1.33)

Also, on the unit circle |z| = 1, the series in (1.32) converges absolutely when
M(c—a—Db) > 0, converges conditionally when —1 < R(c —a—b) < 0 apart from
at z = 1, and does not converge if H(c —a —b) < —1.

It can be verified [284, p. 6] that the function y(z) is the solution of the second
order differential equation [1, p. 562 et seq.]

z2(1—=2y"+(c—(a+b+1)z2)y —aby =0, (1.34)

in the region |z| < 1. However, the function (1.33) can be analytically continued
to the other parts of the complex plane, i.e. solutions of Eq. (1.34) are also defined
outside the unit circle. These solutions are provided by following substitutions in
Eq. (1.34):

¢ substitution 1 — z > z yields solutions valid in the region |1 — z| < 1,
* substitution z7!' > z yields solutions valid in the region |z| > 1.
1.12.2 Generalized Hypergeometric Function

For b; (i = 1,2,..., g) different from non-positive integers the series

P
1_[ (aj)n
(a)n(@)n--- (ap)n 7" _ j=1 7"
2

b)a(b2)y - (bg)nn! 4 n!
= G0a2)a Gan! ™~
j=1
is called a generalized hypergeometric series (see [199]) and is denoted by

oo =[]
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When p < g, the generalized hypergeometric function converges for all complex
values of z; that is, ,F[z] is an entire function. When p > g+ 1, the series converges
only for z = 0, unless it terminates (as when one of the parameters a;,j = 1,p is
a negative integer) in which case it is just a polynomial in z. When p = g + 1, the
series converges in the unit disk |z| < 1, and also for |z| = 1 provided that

q p
"> b= a]>0.
Jj=1 J=1

The complex members of the sequences (a,), (b,) are called parameters and z is the
argument of the function.
1.12.3 Fox-Wright Generalized Hypergeometric Function

In this monograph we also need the Fox-Wright generalized hypergeometric func-
tion I,II/; [-] with p numerator parameters ay, - - , a, and g denominator parameters
by,---, by, which is defined by Kilbas et al. [149, p. 56]

p
n(ai)pjn
s[@.p). . (ap.pp) | 1=t &
plpq[(bl,al),'--,(bq,oq) 0= q nl’ (1.35)
n>0 ‘l_ll(bj)ajﬂ
j=

where q; € C;by € C\ Z; and pj, 0x € Ry, j = 1,---,pyk =1,---,q. The
defining series in (1.35) converges in the whole complex z-plane when

q P
A= Yo=Y a1
=t =1

when A = 0, then the series in (1.35) converges for |z| < V, where

<
,
Tos Te
s \93

Setting in the definition (1.35) py = -+ = p, = land 07 = --- = 0, = 1, we get
the generalized hypergeometric function ,F,[-].
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1.13 Further Hypergeometric Type Functions

The regularized generalized hypergeometric function p;:q [z] defined as the series
[120]

4
(aj)n
=1

J 7"
Z] - Z a n!’
20 [T I"(bj + n)
j=1

~ al"",a
F[ v
Pt q

by, b,

where ¢ > p (in which cases it is entire function in all variables [121]); g = p — 1

p=l P
and |zl < l;g=p—Tland|z| =1, 0| D by,— > a,]| >0.
n=1 n=1

The Kampé de Fériet generalized hypergeometric function of two variables
defined by the double-series [8] in a notation given by Srivastava and Panda [291,
p- 423, Eq. (26)]

S

p k
M@ 1o e ,
@) 1) 1
x,y] = Z I

Fpiq;k[(ap) 2 (by); (cr)
n n rls
20 [T()res [T TT(r)s
j=1 j=1 j=1

il () (Bn): (7a)

)

which converges [289] when

l.p+g<l+m+1,p+k<i+n+1, max{|x|,]|y|} < oo, or
2.p+g=Il+m+1l,p+k=1+n+1 and

ot 4 [yl <1, I<p

max{|x], | y|} < 1, I>p

The member @3 of the Horn’s list, a confluent hypergeometric function of two
variables, is defined by Srivastava and Karlsson [290, p. 26, Eq. (20)]

B X" y"

(V)ntm n!m!’ x,yeC.

3B yixy) = Y

nm=>0

Srivastava and Daoust [288] considered a two-variable series extension of a multiple
generalized hypergeometric type function which reads as follows

AB;B [[(a) v, @] L [(B) YL [(B) Y] B y}
P (o) < &m) = () 2 8] (@) g7 1

A B B’ ,
1_[(aj)mv_,-+n<ﬂjj1;[l(bj)m1//_,-j];[l(bj)nwj/ o

>
N c I'nl’

D D’ m!
m,n=0 ‘l_ll(Cj)mE_,-+n'7j l_ll(dj)mé/ l_ll(dll)néj/
= = ~

n
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where, for convergence of the double series,

B/

C D A B C D’ A
Y E+Y G=Y v=Y =00 Iy n+Y =Y ¢g—y ¥ >0,
j=1 i=1 i=1 i=1 j=1 j=1 i=1

Jj=1

with equality only when |x| and |y| are constrained appropriately (see e.g., for
details, [288]). Here, for the sake of convenience, (a) abbreviates the array of A
parameters aj, . . . , a4 with similar interpretations for (b), (¥'), (¢), (d) and (d').

1.14 Hurwitz-Lerch Zeta Function

The general Hurwitz—Lerch Zeta function @(z, s, @) is defined by (see e.g. [77, p. 27,
Eq. 1.11(1)]; see also [287, p. 121, et seq.]):

Z
¢ , 5, = 9
(z.5,a) ;(n+a)f

n

where a € C\ Zy;s € C when |z] < 1; while i(s) > 1 when |z| = 1. The
Hurwitz—Lerch Zeta function @(z, s, @) can indeed be continued meromorphically
to the whole complex s-plane, except for a simple pole at s = 1 with its residue 1.
The general Hurwitz—Lerch Zeta function @(z, s, a) contains, as its special cases,
not only the Riemann Zeta function ¢(s), the Hurwitz Zeta function ¢ (s, @) and the
Lerch Zeta function £;(z) defined by (see [77, Chapter 1] and [287, Chapter 2]). For
novel results regarding generalizations and unifications of @(z, s, a) the interested
reader is referred also to the articles [172, 275, 295, 296].

1.15 Fractional Differintegral

In order to solve the nonhomogeneous Bessel differential equation, we will also use
[fractional derivation and fractional integration, i.e. fractional differintegration.

So, let us first introduce, according to [174, p. 1488, Definition], the fractional
derivative and the fractional integral of order v of some suitable function f, see also
[149, 173, 328-330, 340].

If the function f(z) is analytic (regular) inside and on € := {€~, ¢}, where
%~ is a contour along the cut joining the points z and —oo + iJ{z}, which starts
from the point at —oo, encircles the point z once counter-clockwise, and returns to
the point at —oco, €T is a contour along the cut joining the points z and co + i3{z},
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which starts from the point at co, encircles the point z once counter-clockwise, and
returns to the point at oo,

rp+1) @

2t Jg @ =gt 9

Ju@ = (@) =
forallpuy e R\Z~; 2 :={-1,-2,-3,---} and
fn@) = lim fu@).  neN,

where ¢ # z,

- <arg((—z) <m, for €,
and

0 <arg(¢ —z) <2m, for &+,

then f,,(z), u > 0 is said to be the fractional derivative of f(z) of order u and
fu(2), p < 0is said to be the fractional integral of f(z) of order —p, provided that

[fu(2)] < oo, neR.

At this point let us recall that the fractional differintegral operator (see e.g. [174,
220, 221])

e is linear, i.e. if the functions f(z) and g(z) are single-valued and analytic in some
domain £2 C C, then for any constants k; and k,

(k1f(2) + kag(2)), = k1fy(2) + kagu(2) veR ze2;

* preserves the index law: if the function f(z) is single-valued and analytic in some
domain 2 C C, then

(fu(z))v = futr(2) = (fV(Z))M ’

where f,,(z) #0,£,(z) # 0, u,v € R, z € £2;
» permits the generalized Leibniz rule [174, p. 1489, Lemma 3]: if the functions
f(2) and g(z) are single-valued and analytic in some domain §2 C C, then

U@-5@, =2 ([ )ha@ 0. veRzeQ (136

n>0

where g,(z) is the ordinary derivative of g(z) of order n € Ny, it being tacitly
assumed that g(z) is the polynomial part (if any) of the product f(z) - g(z).
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The fractional differintegral operator also possesses the following properties:

e for a constant A,
(), =A"¢*,  A#0,veR zeC;
e for a constant A,
(), =1, 2£0.veR 1eC:
e for a constant A,

rv—-2a) ,_,

A _ —imv F(U_A’)
(Z )v =¢ F(—A)

Fh) < o00.

, veR,zeC, ‘




Chapter 2 )
Neumann Series Check or

Abstract The goal of present chapter is to study in details the integral representa-
tions of the Neumann series (of the first and second type) of Bessel and modified
Bessel functions of the first and second kind. In order to achieve our goal we use
several methods: the Euler—Maclaurin summation technique, differential equation
technique, fractional integration technique. Moreover, we present some interesting
results on the coefficients of Neumann series, product of modified Bessel functions
of the first and second kind and the cumulative distribution function of the non-
central y2-distribution.

The series

MW@ =Y onlyialx). z€C, @2.1)

n>1

where v, a,, are constants and J,, stands for the Bessel function of the first kind
of order u, is called a Neumann series [333, Chapter XVI]. Such series owe their
name to the fact that they were first systematically considered (for integer u) by
Carl Gottfried Neumann in his important book [209] in 1867; subsequently, in 1877,
Leopold Bernhard Gegenbauer extended such series to i € R (see [333, p. 522]).

Neumann series of Bessel functions arise in a number of application areas. For
example, in connection with random noise, Rice [268, Eqs. (3.10-17)] applied
Bennett’s result

Z (Z)njn(aiv) = ev’z2 /vae_xzz Jo(aix)dx. (2.2)

n>1

Luke [178, pp. 271-288] proved that

et Z( ) 2 (2iv/uv), u<v

v
1- / e TV o (2iv/ux)dx = =0 " ;
0 etV Z ( ) W (2ivuv), u>v
n>1
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cf. also [223, Eq. (2a)]. In both of these applications 91, plays a key role. The
function 2y also appears as a relevant technical tool in the solution of the infinite
dielectric wedge problem by Kontorovich—Lebedev transforms [272, §4, 5]. It also
arises in the description of internal gravity waves in a Boussinesq fluid [208], as
well as in the study of the propagation properties of diffracted light beams; see,
for example, [189, Egs. (6a,b), (7b), (10a,b)]. Recent investigations by Kravchenko,
Torba and co-workers show the role of Neumann series in Schrodinger equations’
solution representation [164], perturbed Bessel equation [163] and connect them to
the Strum-Liouville equation [162].
Expanding a given function f, say, into a Neumann series of the form

m\\lzv(x) = Zanv-]v+2n+l(x)a v = _é’

n>0

where
o0
= 200 + 20+ 1) / Oy (6
0

Wilkins discussed the question of existence of an integral representation for 9} (x),
as well as the conditions under which the Neumann series 91)(x) converges
uniformly in x to the ‘input’ function f [334, §11-13], [336].

By modifying a result of Watson [333, p. 23, footnote], Maximon represented a
simple Neumann series 1, appearing in the literature in connection with physical
problems [188, Eq. (4)] as an indefinite integral expression containing Bessel
functions. Meligy expanded into a Neumann series 91; | ! of arbitrary argument,
containing Bessel functions of order L + 1/2 4+ n/2 where L is the orbital
angular momentum quantum number, the wave functions that describe the states
of motion of charged particles in a Coulomb field [191, Egs. (8), (9)]. The inversion
probability of a large spin is found via modified Neumann series of Bessel functions
Jon+1)@a—1)+1 forinteger N > 2; see [148, Theorem)].

The evaluation of the capacitance matrix of a system of finite-length conductors
[62] uses 91,, with p integer; in [183, 184], free vibrations of a wooden pole
were modeled by a coupled system of ordinary differential equations and solved
by Neumann series; we note in passing that the analysis of an isotropic medium
containing a cylindrical borehole by Love’s auxiliary function [270] and the
analytical and numerical study of Neumann series of Bessel functions [268] are two
further areas in which the unknown coefficients of 91, are derived and computed
from boundary and initial conditions of the problem under consideration.

Our main aims in this chapter are to establish several closed integral represen-
tation formulae for those series and also for the modified Neumann series of the
first and second type, and to derive the coefficients of Neumann series when certain
integral representation formulae there hold. In the considered Neumann series the
building blocks turn out to be either Bessel and/or alike functions (Struve, modified
Bessel of the first and second kind, Kummer functions etc).
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2.1 Integral Representation for Neumann Series of Bessel
Functions

In this section our main goal is to establish a closed integral representation
formula for the series 91, (z). This will be achieved by using the Laplace integral
representation of the associated Dirichlet series. Thus, we replace z € C with
x € R4 and assume in the sequel that the behaviour of (c,),>1 ensures the
convergence of the series (2.1) over R;..

Theorem 2.1 (Pogany and Siili [249]) Let « € C'(R,) and let a|N = (tw)n>1-
Then, for all x, v such that

-1
xeﬂaz(O,Zmin{1,<e lim \/|a"|) })’ V>—é’
n—oo n

we have that

[]

D,,( «(n) )dnda).

m”(x)__/l 8w(F(v+w+2)J”+”(x))/o rw+n+1
2.3)

Proof Consider the integral representation formula [93, 8.411 Eq. (10)]

(/2)"

Ju(2) = \/7_[ re+

1
n / cos(zt)(1 — tz)”_é dz, z€C, N} > —;.
2 _l

2.4)
Applying (2.4) to (2.1) and taking x > 0, we get

1 2y ]
N, (x) = \/ 27: /0 Cos(xt)(x(lz t)) > g, (1) dt 2.5)

with the Dirichlet series

o, exXp { —nlog X(lirz)}

Fn+v+1))

Dut) = Z ay(x(1—12)/2) _ Z

1
n>1 F(n +v+ 2) n>1

Recalling that I'(s) = +/2m s‘_ie_f(l + ﬁ(s_l)), |s|] — oo, we see that the
Dirichlet series Z,(f) is absolutely convergent for all x € Ry and ¢ € (—1,1)
such that

-1
(1= 2) < |af <2 <lim ‘/|°‘”|> .
€\n>o0 n
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Furthermore, %, (f) has a Laplace integral representation when log 2/ (x(1—2)) > 0.
In this case we can take x € (0,2) and ¢t € (—1, 1), since the required positivity
condition is satisfied when

2

> >1.
x(1—-1) ~ x

Hence, the x-domain becomes

O<x<2min{ (ehm\/| nl) }
n—>o0

Thus, for all such x we deduce that

B 2 (1 —2)\e [ o '
%(t)_logx(l_tz)/o ( ) )<§F(j+v+§) do;  (2.6)

see, for example, [147, V] or [252, §4, §6]. The counting function

v

- o
al@) _; FG+v+1)

The Euler—Maclaurin summation formula gives us [252, cf. Lemma 1]

AT
o) = [ (g, g 1)) O @)

Substituting 7%, (w) and Z,(¢) from (2.7) and (2.6) into (2.5), we get

o o)
= \/2n// F(Uj—77+2))

! x(1 = )\ v+o—; x(1 —1%)
X (2/0 cos(xt)( 5 ) log( 5 )dt dow dn. (2.8)
However, the inner-most (¢-integral) in (2.8),
! x(1 = 12)\x x(1—=17)
(k) = 2/0 cos(xt)( 5 ) log< 5 )dt, K:=v+w-— é,

can be expressed in terms of the Gamma function and the Bessel function of the first
kind by legitimate indefinite integration with respect to k, as follows.
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To begin, we define the Fourier cosine transform of a certain function f by

Fe(fix) = 2/000 cos(xr) f(¢) dt.

Now, we have that

1

/fx(;c)dxzz(;)K/ cos(xr) (1 — 2)*dr
0

g 2
- (;) F((1 =2 xon(0); x) = \/ : T+ 1) J 1 (),

where we applied the Fourier cosine transform table [93, 17.34 Eq. (10)]. On
observing that d« = dw, we deduce that

2r 0

I (v+o-)) =\/ co (P v+ o+ 1) L), 2.9)
x oo

Substituting (2.9) into (2.8) we arrive at the asserted integral expression (2.3),

remarking that the integration domain R changes into [1, 00) because [w] equals

zero for all w € [0, 1). O

2.1.1 Bivariate von Lommel Functions as Neumann Series

To conclude the results in Sect. 2.1, we mention some related integral representation
formulae for Neumann-type series, corresponding to special a’s. Bivariate von
Lommel functions of order v are defined by Neumann-type series [333, 16.5 Eqgs.
(5), (6)] as follows:

0,0 = () o,

m=>0

Xz VT
Vu(y,x) == cos (y + .+ ) + U-v2(y. %),  xyeR
2 T2y 2

These series converge for unrestricted values of v.
Now, assuming that 9i(v) > 0, by the formulae [333, 16.53 Egs. (1), (2)] we
easily deduce that

1
Uyo(x) := U, (cx,x) = c"x/ 1" Jy—1(xt) cos (§ x(1 — %)) dt,
0

1
Upt1.(x) = c"x/ ¥ Jy—1(xt) sin (; x(1 - tz)) dr.
0
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Similarly, by Watson [333, 16.53 Eqs. (11), (12)]' we also have that

o0
Vye(x) := Vy(cx, x) = —c*"x / £ Ty (xt) cos (§ x(1 — 1)) dt,
1

Viere(®) = —c*Vx / - £ Ty () sin (§ x(1 — £2)) dr,
1

provided x, ¢ > 0, R(v) > é
The integral expressions developed above can be easily adapted to Neumann-type
series of the form

Z Y™ Iy som(x), x>0,y <0.

m>0

Here we mention the recent articles by Fejzullahu [80] about integral form of Neu-
mann series connected with von Lommel functions in which complex integration
technique has used and the fresh manuscript by De Micheli [60] which concerns
a Fourier-type integral representation for Bessel’s function of the first kind and
complex order via Gegenbauer polynomials.

An interesting open problem is the construction of examples with specific
coefficients «,, with known explicit forms of Neumann-type series, that can be
derived directly from the representation formula (2.3) and such results will be
presented in the next section.

2.2  On Coefficients of Neumann—-Bessel Series

The problem of computing the coefficients of the Neumann series of Bessel
functions has been considered in a number of publications in the mathematical
literature.

For example, Watson [333] showed that, given a function f that is analytic inside
and on a circle of radius R, with center at the origin, and if C denotes the integration
contour formed by that circle, then f can be expanded into a Neumann series [333,
Eq. (16.1), p. 523]

No(@) = ) a2

n>0

The corresponding coefficients are given by Watson [333, Eq. (16.2), p. 523]

En
= /C £ 0n(0)dt,

I'Watson remarked that all four formulae that were cited by him [333, 16.53 Egs. (1), (2), (11),
(12)] had been derived by von Lommel (cf. von Lommel’s memoirs [324, 325] for further details).
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where the functions O, (), n = 0, 1, ..., are the Neumann polynomials, and can be
obtained from

L =Y a00n0.

n>0

where

2, neN

is the so-called Neumann factor.
Wilkins [334] showed that a function f(x) can be represented on R4 by a
Neumann series of the form

Sﬂ‘év(x) = Zanv Jytont1(x), v > —; , (2.10)

n>0

where the coefficients a,, are

o0
= 200 + 20+ 1) / W) Jo ot (1,
0

The problem of integral representation of Neumann series of Bessel functions
occurs not so frequently. Besides the already mentioned Rice’s result (2.2), there
is also Wilkins who considered the possibility of integral representation for even-
indexed Neumann series (2.10). Finally, let us mention Luke’s integral expression
for Mo (x) [178, pp. 271-288] and [223, Eq. (2a)].

Also, in the previous section, we presented completely different kind of integral
representation for (2.1) given by Pogdny and Siili in [249] in Theorem 2.1. As we
already mentioned, in that article the authors posed the problem of constructing a
function «, with o N = (an), such that the integral representation (2.3) holds. The
purpose of this section is to answer this open question and the results exposed below
concern to the paper by Jankov et al. [134].

We will describe the class A = {a} of functions that generate the integral
representation (2.3) of the corresponding Neumann series, in the sense that the
restriction o |N = (ocn) forms the coefficient array of the series (2.1). Knowing only
the set of nodes N := {(n, O‘")}n>1 this question cannot be answered merely by
examining the convergence of the series 9, (x) and then interpolating the set N.
We formulate an answer to this question so that the resulting class of functions «
depends on a suitable, integrable (on R ), scaling-function A.
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Theorem 2.2 (Jankov et al. [134]) Ler Theorem 2.1 hold for a given convergent
Neumann series of Bessel functions, and suppose that the integrand in (2.3) is
such that

(PG +o= Do) [To ([0 ey < L),

and let

5= 3, (PO +o+ D) [T )

Then we have that

d h(w)
, =keN
I | 40 B e ve @.11)
vtow+,) h(w)  h(k+) ’ )
w (o) mp ) 1<@rkeN

rw+k+1})

a(w) =

where
Blw) = afo (re+o+ o).

Proof Assume that the integral representation (2.3) holds for some class A of
functions o whose restriction a‘N forms the coefficient array employed in 91, (x).

Suppose that i € L!(R) is defined by

—_ 9 []
M) =, (F(v+o+ Do) /0 0”<F(U i(f;)Jr l))d,,; 2.12)
2

in other words, i converges to zero sufficiently fast as @ — +o00 so as to ensure
that the integral (2.3) converges. Because w ~ [w] for large w, by (2.12) we deduce
that

¢ a(n) _ h(o)
/0 a”(F(v +1+ i))dn - B) @1
where
h(w) )dﬂ
h(w) = / F( ot 2) NZ(a)), w —> 00.

] (m
/0 a”(r(virrlw ;))dn
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Differentiating (2.13) with respect to w we get

0 h
{w}d (w) + (1 —{olv(v+ow+ é))a(w) =I'v+ow+ ;)- 90 %(z). (2.14)
For integer ® = k € N we know the coefficient set A = {a,}. Therefore, let

o € (k,k + 1), where k is a fixed positive integer. By this specification (2.14)
becomes a linear ordinary differential equation in the unknown o:

Frv+w+1l) 8 hw)

1
/ _ 1 — .
oz(a))+(w_k 1//(v+a)+2))a(w) 4k b B’
After some routine calculations we get

Tv+o+ >)
B {w}

where Cy denotes the integration constant. Thus we deduce that, for ® > 1, we have

h(w) )’

() ()

(Ck +

g, w=keN
a@)={Tv+ow+)) h(w)

{w} HB(w)

It remains to find the numerical value of C;. By the assumed convergence of

M, (x), @ (w) has to decay to zero as k — oo. Indeed, Landau’s bound (1.21) clarifies
this claim. Since k is not a pole of I' (v +w + ;), by L’Hospital’s rule we deduce that

(ck+ ) l<w#keN’

h(w)
Ci + B(w)
. . 1 .
= g e@ = Jin Threts) o,y
) d h(w) d h(w)
- 1 _ 1
=Ttkts) im0 2w =T TR 2) 4 20 s
such that makes sense only for
Co = _h(k+)
A
Hence
d h
re+kst) & @ . w=keN
Ol((,l)) _ do %(a)) w=k+
rv+o+)) (h(a)) _h(k+)) l<oskeN ‘
{w} ) Bk

This proves the assertion of Theorem 2.2. O
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2.2.1 Examples

Now, we will consider some examples of the function 7z € L! (R+), which describes
the convergence rate to zero of the integrand in (2.12) at infinity, and A(w) ~ h(w),
w — 00, where A is function from the Theorem 2.2.

Example 2.1 Let 7[(0)) = e[l Since fooo e dw = e/(e — 1), we have that
heL'(Ry). Ase [l ~ e7® = h(w) when @ — o0, by (2.11) we conclude

d e
r k4! , =keN
a(a)) _ (V TR 2) dow %(a)) w=k+ @
- F(U—i—a)—}—;) e ek ’
— , 1 keN
w0 (g0 " aw) <07
~ [w]#!
Example 2.2 Let h(w) = o _ 1’ B > 1; then
e(l) —_
00 —1
h do =
[ Forao = 5T

which is a convergent series, sohe L'(R.). As w — oo we have that
[ (e = 1) ~ 0P (e - 1) = h).

Hence fooo hw)dw = I'(B)L(B), where ¢ is Riemann’s ¢ function. Then, for such
B, (2.11) gives

1 P!
rv+k+,) do (¢ — )B@)],_,," w=keN
a(w) = F(v+a)+;)( P!
{w} B(w) (e —1)
kPl
_%(k)(ek—l))’ l<w#keN

Example 2.3 Let h(w) = e~*“lJo([w]), where s > 1 and Jj is the Bessel function
of the first kind of order zero. Since

/00 e_s[w]‘lo([w]) do = Z e—S(n—l)JO(n -1,
0

n>1
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we see that 7 € L'(Ry). Because e[l ([w]) ~ e Jy(w) = h(w) as w — o0,
and [} h(w)do = (s> + 1)72, from (2.11) we deduce

o F(v+k+;)die_;‘(]fu()w) : w=keN
a\w) = w=k+ .
F+o+)3) ehw) e ok
o) ( oy " B ) l<w#keN

2.3 Integral Representations for 91, (x) via Bessel
Differential Equation

Previously, we introduced an integral representation (2.3) of Neumann series (2.1),
compare Theorem 2.1. The purpose of this section is to establish another (indefinite)
integral representations for Neumann series of Bessel functions by means of
Chessin’s results [51, 52] and by applying the variation of parameters method.
Finally, by using fractional differintegral approach in solving the nonhomogeneous
Bessel ordinary differential equation [173, 174, 328-330] we derive integral expres-
sion formulae for 9, (x).
The listed results are taken from the paper of Baricz et al. [25].

2.3.1 The Approach by Chessin

One of the crucial arguments used in the proof of our main results is the simple
fact that the Bessel functions of the first kind are actually particular solutions of the
second-order homogeneous Bessel differential equation. We note that this approach
in the study of the Neumann series of Bessel functions is much simpler than the
previous methods which we have found in the literature. In the geometric theory
of univalent functions the idea to use Bessel’s differential equation is also useful
in the study of geometric properties (like univalence, convexity, starlikeness, close-
to-convexity) of Bessel functions of the first kind. For more details we refer to the
monograph [15].

In the sequel we shall need the Bessel functions of the second kind of order v (or
MacDonald functions) Y, (z) which satisfy [224, p. 217, Eq. 10.2.3]

Y, (z) = cosec(mv)(Jy(z) cos(rv) —J_,(2)), veZ, |arg(z)| <m, (2.15)
and which have the following differentiability properties [224, p. 222, Egs. 10.5.1-2]

W[J,, Y.](2) = nzz, W[, 1,](2) = ZSiI:T(Zv”), VERZ£0, (2.16)

valid for the related Wronskians W[-, -](z).
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Explicit solution of Bessel differential equation with general nonhomogeneous
part

1! 1 / UZ
Yy +(1—x2)y=f(x), (2.17)

has been derived for the first time in a set of articles by Chessin more than a century
ago, see for example [51, 52]. In [51, p. 678] Chessin differs the cases:

e For v = n € Z the solution is given by

y(x) = Ax)J,(x) + B(x)Y,(x), (2.18)
and
ey~ D) mekreo)
W[Y,, J,](x) 2 ’
oy _ HOV@ i 0fe)
WY, Ju](x) 2 ‘
o Ifv ¢ Z, we have
y(x) = A1(x)J, (%) + B1(x)J-y (%), (2.19)
where
= Y@@
! W[J-,, ] (x) 2 sin(vr)
B = PO e

W[J_,, L J(x)  2sin(vm)
Consider the homogeneous Bessel differential equation of (n + v)-th index
Y 4y + (=4 v))y =0, neN,2v+3>0,
of which particular solution is J,,, (x), that is
xzjﬁl’ﬂ(x) + x5, (x) + % =+ v))ppn(x) = 0. (2.20)

Multiplying (2.20) by «,,, then summing up this expression with respect ton € N
we arrive at

PN (x) + 120 (x) + (F —vHN, (x)

= > " n(n+ 2)andusy (x) =: B, (0): (2.21)

n>1
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the right side expression 3, (x) defines the so-called Neumann series of Bessel
Sunctions associated to I, (x). Obviously (2.21) turns out to be a nonhomogeneous
Bessel differential equation in unknown function 91, (x), while by virtue of substi-
tution o, — n(n + 2v)a,, Theorem 2.1 gives

R A A (TR VA R G O 2
(2.22)

Let us find the domain of associated Neumann series 3, (x). Theorem 2.1 gives the
same range of validity x € .#, by means of the estimate

(B < Y +2v) e [ St ()]

n>1

since

lim sup{n(n + 2v)}llz =1.

n—>o0

Using the Landau’s bound (1.20) we see that 3, (x) is defined for all x € .#, when
series an n : «, absolutely converges such that clearly follows from

P00 < by Zn(n+2v)| "

n>1 (n+ )‘

Now, we are ready to formulate our first main result in this section.

Theorem 2.3 (Baricz et al. [25]) Leta € C'(Ry), a|y = (@ty)n>1 and assume that
anl ng(xn absolutely converges. Then for all x € Fy, v > —é we have

4 Y, ()P0 (x) Jn ()P (x)
2(Jn(x)/ . dx—Yn(x)/ N dx), v=newz

_ (X)%(X)
M) = Zsm(vn)( I )/

() / J“(x)jj”(x) dx), Ve
(2.23)

Proof 1t is enough to substitute f(x) = x 2P,(x) in nonhomogeneous Bessel
differential equation (2.17) and calculate integrals in (2.18) and (2.19), using into
account the differentiability properties (2.16). Then, by Chessin’s procedure we
arrive at the asserted expressions (2.23). O
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Remark 2.1 Chessin’s derivation procedure is in fact the variation of parameters
method; here we mention that some credits in this respect should be given also to
Siemon [282]. Repeating the calculations by variation of parameters method we will
arrive at

)= 7 (o [ OB gy [HOR )

Wherev>—é,x€fa. [ |

Theorem 2.4 (Baslricz et al. [25]) Let the situation be the same as in Theorem 2.3.
Then for ), n3|a,| < 00, we have

_ L P (x) - Sy (x)
=" [ ([ i) o
Y, (x) PBo(x) - ¥, (x)
+ 2 /xYS(x) (/ X dx) dr,

where B, stands for the Neumann series (2.22) associated with the initial Neumann
series of Bessel functions M, (x),x € .

Proof We apply now the reduction of order method in solving the Bessel equation.
Solution of

2Y'(@) + 2/ () + (& = v2)y) =0 (2.24)
in .%, is given by
() = C1Y,(x) + CoJy(x) .

It is well known that J, and Y, are independent solutions of the homogeneous
Bessel differential equation (2.24), since the Wronskian W(x) = W[J, (x), ¥, (x)] =
2(mx)" 1 #£0, x € .7,

Since J, (x) is a solution of the homogeneous ordinary differential equation, a
guess of the particular solution is 9, (x) = J, (x)w(x). Substituting this form into
(2.20) we get

xz(J;’w + 25w + Iy + x(Jw + ') + 2 =vH)Lw =B, (x).
Rewriting the equation as

w(T! +xJ) + (F —v)) + W QT 4 xy) + w5, =P (),
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the first term vanishes being J,, solution of (2.24). So the following linear ordinary
differential equation in w':

230, + J, W = B (x)

AV
Wy + xJ, Toxg,
Hence
1 ‘»]31; N Jv C3
!
= d_x s
v xJ? / x + xJ?
ie.
1 By - Jy 7Y,
= dx)dx + C Cy,
v /xJ\%(/ x ) + 32J\,+ !
because

/ 1 dx:nYV.
xJ? 2.J,

Being J,, Y, independent, that make up the homogeneous solution, they do not
contribute to the particular solution and the constants C3, C4 can be set to be zero.

Now, we can take particular solution in the form 91,(x) = Y, (x)w(x), and
analogously as above, we get

N, (x) = Yu(x)/)dl/2 (/ m”); b dx) dx—CSZ Jy(x) + CeY, (%),

having in mind that

/ 1 dx:—njv.
xY? 27,

Choosing C;5 = C = 0, we complete the proof of the asserted result. O

2.3.2 Solving Bessel Differential Equation by Fractional
Integration

In this section we will give the solution of nonhomogeneous Bessel differential
equation, using properties associated with the fractional differintegration which was
introduced in Chap. 1.

Below, we shall need the result given as the part of e.g. [174, p. 1492, Theorem
3], [329, p. 109, Theorem 3]). We recall the mentioned result in our setting. Thus,
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if [25, Eq. 12] [PBy(x)| < oo, x € S, v € R and (‘Bu(x))_M # 0, then
the nonhomogeneous linear ordinary differential equation (2.21) has a particular
solution y, = y,(x) in the form

2/ —1 xv+£

) e—ZAx
yp(x) = x"e ((x"_Z e (x_"_le_“‘ﬁv(x))_v_ | ) ) (2.25)

where v € R; A = +i; x € (C\R)U.#%,, provided that I3, (x) exists. Let us simplify
(2.25), using the generalized Leibniz rule (1.36):

(x—v—le—/\xmv (x))

oy 1

= Z( Vn 2)(x—v—le—/b()_v_%_n(mv(x))n

n>0

T | | —-n

) kzo< U" 2)( s )(x_u_l)—v—;—n—k@‘“)k(‘ﬁv(x))n

1

= A];T(x) Z <_Vn_ 2) (_V _ké - ”l) (_x)n(kx)k[’(_n _ k + ;)(my(x))n,

nk>0
where

]Tein(v+ é)—)»x

A= Gy

By Euler’s reflection formula we get

(x—u—le—/\xg/pv(x))_u_é
o= I\ (v =) AV ()
_ V—=H V—=p—n n
_Au(x)né0< n )( k ) Fn+k+l)y

Now we have

(x"_i M (e TP, (), > )—1

_ ]Teil(V‘l’;) Z (_v — ;‘) (_U j— é _n>
'v+1) e n k

(—A)k (xv+n+k—lelx(;pv (x))n)_l
* M+ k+ 1)
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o itV ) +FAx Z (—v _ é) (—v ~! _n)
rv+1 =0 n k

(=R (B (),
WHn+Mm+k+ 1)

Finally, after some simplification (again by Euler’s reflection formula) we get

_ -1 —v-"\N{—v =t —n\[—v -] tin
o= 2 O e

(2.26)

R DAY o S
X( v m2 ) V v+nm+ kn () (m‘}(x))n-i-é'

These in turn imply the following result.

Theorem 2.5 (Baricz et al. [25]) Let « € C'(Ry), a|ly = (@,)n>1 and assume

thaty_, -, nian absolutely converges. Then for allx € (C\R) U .Z,, v > —é there
holds

Ny (x) = y,,(x) s

where y, is given by (2.26).

Remark 2.2 In [174, p. 1492, Theorem 3] it is given solution of the homogeneous
differential equation

!

&Y'+ + (P =vP)y=0

in the form

V() = Kx'eM (x—”—%e—w)v_l (2.27)

2

forallv € R; A = +i; x € (C\ R) U .7, and where K is an arbitrary real constant.
Then, summing (2.26) and (2.27) we can get another solution of non-homogeneous
linear ordinary differential equation (2.21). |

2.3.3 Fractional Integral Representation

Recently Lin, Srivastava and coworkers devoted articles to explicit fractional
solutions of nonhomogeneous Bessel differential equation, such that turn out to
be a special case of the Tricomi equation [173, 174, 329, 330]. In this section we
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will exploit their results to obtain further integral representation formulae for the
Neumann series 91, (x).

Using the fractional-calculus approach we obtain the following solutions of the
homogeneous Bessel differential equation, depending on the parameter v, which can
be found in [328]:

e Forv=n+ é, n € Ny, the solution is given by
yr(x) = Kl‘]—n—é (x) + KZJn+% (x),

where K| and K are arbitrary constants, and

[n/2]
J—n—; x) = \/ﬂzx (cos (x + ’Z’n) Z(—l)k (n + 26! (2x) %
k=0

(2k)!(n — 2k)!
[(n—=1)/2]
. i . (n+ 2k + 1)! —2k—1
_Sln<x+ 271) ; (_1) (2k+1)'(ﬂ—2k—1)'(ZX) )7
(2.28)
, ~ \/ 2 [n/2] . (n + Zk)l ) ok
@ =y (= 50) 2 5, e @
[(n—=1)/2]
3 . (n+2k+ 1)! —2k—1
(2.29)

e For v ¢ Z the solution is
yu(x) = KiJ—y(x) + KaJ, (x),

where K| and K, are arbitrary constants, and asymptotic estimates for J_, and J,,
follows from Egs. (2.28) and (2.29), respectively, i.e.

5 1 i  Tw+2k+)) —2k
J_y(x) ~\/m (COS (x v — 4) g(_l) QI (v — 2k + ;)(zx)

B o o To+2%+3) —2k—1
sm(x+ VT 4)%} D 2k + DI (v — 2k — )( v )

i F'(v+2k+ 1) _
o= (COS por=7) D 20T (v — Yot 1 )

_ _ oy FO+2k+9) —2k—1
sin (x = yv7 )g( D (2k+1)!r(v—zk—§)(2x)



2.4 Integral Representations for Neumann—Bessel Type Series 45

each of which is valid for large values of |x| provided that |arg(x)| < 7 — e,
O<e<m.

* In the case when v = n € Z, two linearly independent solutions which make a
general solution of Bessel differential equation, are J,, and

2 [ o  Tn+2k+)) —2%
Ya() ~ \/nx(sm (x— Tn— 4)22(—1) (R (1 — 2k + é)(2)c)

= 1k F(n+2k+;) —2k—1
+cos(x on 4)2( 1) (2k+1)!F(n—2k—é)(ZX) )

Using the previous findings we deduce the following

Theorem 2.6 (Baricz et al. [25]) Let the conditions from Theorem 2.3 hold. Then,
the integral representation formulae for the function N, (x) reads as follows:

. forv:n—i—;,nENo,wehave

—1)" J 1 v
‘ﬁn+;(x)=( l)ﬂ(‘]ﬂ(x) / R (2.30)

2 " x2

J 1 (x)BL(x
T [ ”*2(?()&);

X

e forv é&Z,itis

N, (x) = 7,() / J—u(xi;ﬁu(x) dx— T () /Ju(x)x‘zpu(x) W)

2.31)

b4
2sin(vr)

Here J:F £l (x) are given in (2.28) and (2.29) respectively and B, stands for the
T2
Neumann series (2.22) associated with the initial Neumann series N, (x), x € .%,.

Proof By the variation of parameters method and by virtue of (2.16) we get the
representations (2.30) and (2.31). O

2.4 Integral Representations for Neumann—Bessel Type
Series

In this section we cite the results from the paper by Baricz et al. [24].
Here we pose the problem of integral representation for another Neumann-type
series of Bessel functions when J,, is replaced in (2.1) by modified Bessel function of
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the first kind 7,,, Bessel functions and modified Bessel functions of the second kind
Y,, K, (called Basset—-Neumann and MacDonald functions respectively), Hankel
functions H](jl) , Héz) (or Bessel functions of the third kind) of which precise
descriptions can be found in [333].

According to the established nomenclatures in the sequel we will distinguish
Neumann series of first and second type number of building Bessel functions, where
in the second type series more then one building function occurs. So, the first type
Neumann series are

M@ =Y i@, ME) =Y Bulitn(@). (2.32)

n>1 n>1

The first type Neumann series built by Bessel functions of the second kind we
introduce as

3@ =) 6 K@, X@) =D vt (2.33)

n>1 n>1

In the next two sections our aim is to present closed form expressions for these
Neumann series occurring in (2.32) and (2.33). Our main tools include Cahen’s
formula (1.15), the condensed form of Euler—Maclaurin summation formula (1.9)
and certain bounding inequalities for /,, and K,,, see [14].

2.4.1 |Integral Form of the First Type Neumann Series ), (x)

First, we present an integral representation for the first type Neumann series 21, (x).

Theorem 2.7 (Baricz et al. [24]) Let f € C'(Ry). Bln = (Bn),., and assume
that Y, B, is absolutely convergent. Then, for all -

n>1

-1
x € <0,2min{1,(e limsupn_l|,3,,|i) }) =: I, v>—;,
n—>o0

we have the integral representation

_ ol g | B(s)
M, (x) = _/1 /0 u (Fw+u+ ) L) -0y (F(v e ;)) duds.

Proof First, we establish the convergence conditions of the first type Neumann
series 901, (x). By virtue of the bounding inequality [14, p. 583]:

i 2
() et

x>0,u+1>0,
F(u+1) o

I,(x) <
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and having in mind that .3 C (0, 2), we conclude that

|90, (x)| < max ()™ 4<v+i+1)2|ﬁ = ()" 4<v+2>2|ﬂ
8 I(w+n+1) = w4 2) nl

so, the absolute convergence of ) B, suffices for the finiteness of 91, (x) on .
n>1

Here we used tacitly that for x € .#g and v > —1 fixed, the function

( )v+a 2

e 4vtat1)
e @)= e

is decreasing on [«g, 00), where oy &~ 1.4616 denotes the abscissa of the minimum
of I, because I is increasing on [o, 00) and then

f’(ot)_lo (x)_ x? _F’(v+oz+1)<
flo) 2) 4w +a+1? T+a+1) —
Consequently, for all n € {2,3,...} we have f(n) < f(2). Moreover, by using the

inequality e* > 1 + x, it can be shown easily that f(1) > f(2) for all x > 0 and
v > —1. These in turn imply that indeed maégf(n) =f(1),1i.e.
ne

( )\1+Vl 2 ( )V+l 2
max 2 edvntl) = \2 e4+2) |
neN I'(v+n+1) r(v+?2)

as we required.
Now, recall the following integral representation [333, p. 79]

I,(z) = / (1 — )"~ cosh(zf)dt, ze€C, Rw) > -1,
v F(v +3) ?

(2.34)

which will be used in the sequel. Since (2.34) is valid only for v > —;, in what

follows for the Neumann series 9, (x) we suppose that v > — Z Setting (2.34) into
right-hand series in (2.32) we have

1 V)
M, (x) = \/ 27: /O cosh(xr) (x(lz t)) Dp(dr, x>0,  (2.35)

with the Dirichlet series

o Bn _ 2
Dp(t) = 221: Pt t ) exp( nlogx(l_tz)). (2.36)



48 2 Neumann Series

Following the lines of the proof of [249, Theorem] we deduce that the x-domain is

n—>o0o

-1
0 <x <2min { 1, (e lim sup n_l(/|,3n|) } .

For such x, the convergent Dirichlet series (2.36) possesses a Laplace integral form

B 2 (1 -2\ [ B;
_@ﬂ(t)—logx(l_tz)/o ( 5 ) Zf(j+u+;) du.  (2.37)

J=1

Expressing (2.37) via the condensed Euler—Maclaurin summation formula (1.9),
we get

2 o b /x(1—72)\" B(s)
P(t) =1 - 0y duds.
s ng(l—fz)/o /0 ( 2 ) Fv+s+1)) e
Substituting (2.38) into (2.35) we get

_fax e Bs)
Dﬁu(X)— \/7'[/(; /0 0S<F(V—‘r—s+é))

1

1 1 -2 vtu—, 1—1¢

x / cosh(xr) (x( ) )) log ™ ) Dar | duds. (239
0

Now, let us simplify the -integral in (2.39)

1 w
HFe(w) = / cosh(x?) - (x(l 2—t2)) log x(1 =) dr, wi=v+u-— ;
0

2
(2.40)
Indefinite integration under the sign of integral in (2.40) results in

Wl
//X(w)dwz(;) /0cosh(xt)(l—ﬁ)Wdt=\/;F(WH)IWH()C).

Now, observing that dw = du, we get

d
(v +u— é) = \/27;3“ (F(v+u+ é)IH_u(x)).

From (2.39) and (2.40), we immediately get the proof of the theorem, with the
assertion that the integration domain R changes to [1, co) because [u] is equal
to zero for all u € [0, 1). O
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2.4.2 Integral Form of Second Type Neumann Series
I (x), X (x)

Below, we present an integral representation for the Neumann-type series J,, (x).

Theorem 2.8 (Baricz et al. [24]) Let § € C'(Ry) and let 8|y = (8")n>l' Then for
allv > 0 and B

n—>o0

. 1
xe Js = (2 lim sup n|8,|~, +oo) ,
we have the integral representation

oo plu]
Jyx) = —/ / 0 Kyu(x) - 058(s) duds.
1 0 8u

Proof We begin by establishing first the convergence conditions for J, (x). To this
aim let us consider the integral representation referred to Basset [333, p. 172]:

wr 4 1 o) /
kw=>10 2)/ costan) g, R(v) > -1, R > 0.
MmJo (14 2yt
(2.41)
Consequently, for all R (v) > 0, x > 0 there holds
2w+ 1) [ dt 1 /2)"
Koy <> T 2)/ = ( ) r). (2.42)
oo 42yt 2 \x

Now, recalling that I'(s) = /27 $T2e7 (1 + ﬁ(s_l)), |s| — oo, we have

a5 (2) Siiresn(?)
n>1
21\’ 1 2\"
~ \/JZT (ex) Z(V+n)V+n—z|3n| (ex) ,

n>1

where the last series converges uniformly for all v > 0 and x € .. Note that more
convenient integral representation for the modified Bessel function of the second
kind is [333, p. 183]

L rxyy * ——l = T
K, (x) = ( ) e dr, arg)] < T, RW) > 0. (2.43)
2\2)
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Thus, combining the right-hand equality in (2.33) and (2.43) we get
1 /x\v © —p— a2
L=, (2) /0 e L (0 dr, x e S, (2.44)

where Zs(¢) is the Dirichlet series

Ds(t) = 2&1 (;t) - Z; 8, exp (—n log it) . (2.45)

The Dirichlet series’ parameter is necessarily positive, therefore (2.45) converges for
all x € .#;. Now, the related Laplace integral and the Euler—Maclaurin summation
formula give us:

oo plu u
@5(t):10git /0 /0 (;t) -0, 8(s) duds. (2.46)

Substituting (2.46) into (2.44) we get

N XV oo plu] © L x\u X\ g
Jv(x) = vt /0 /0 0,8(s) (/0 <2t) log (2) t e« dt) du ds.

(2.47)
Denoting
oo u 2
F(u) = / ( N ) log ( N ) e u dy,
0 2t 2t
we obtain
u [ 2 2\"
/ o (u)du = (x) / o=l e= gy = 2( ) Kyiu(r) .
2 0 X
Therefore
2\" 9
F(u) =2 Kytu(x) . (2.48)
x/) Ou
Finally, by using (2.47) and (2.48) the proof of this theorem is done. O
Remark 2.3 Tt is worthwhile to note that, since [x"K,(x)] = —x"K,—1(x), the

function x +— x"K,(x) is decreasing on Ry for all v € R, and because of the
asymptotic relation x" K, (x) ~ 2"~'I"(v), where v > 0 and x — 0, we obtain again
the inequality (2.42). This inequality is actually the counterpart of the inequality
(see [125, 165])

x'e'K, (x) > 2" (v),
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valid for all v > ; and x > 0. Moreover, by using the classical Cebyev integral

inequality, it can be shown that (see [26]) the above lower bound can be improved
as follows

XK, (x) = 2" M (0)K (x), (2.49)

where v > 1 and x > 0. Summarizing, for all x > 0 and v > 1, we have the
following chain of inequalities

v—1 v—1 v
1(2) r(v)e—*<(i) FOK e < K@ < | (i) ro).

X \ X

Finally, observe that (see [26]) the inequality (2.49) is reversed when 0 < v < 1,
and this reversed inequality is actually better than (2.42) for 0 < v < 1, that is,
we have

x"K,(x) < ZV_IF(v)xKl(x) <27 ),

where in the last inequality we used (2.42) forv = 1. |

Now, we deduce a closed integral expression for the Neumann series X, (x), by
using the Struve function H,,.

Theorem 2.9 (Baricz et al. [24]) Ler y € C'(Ry) and let y|y = (Vn),,- Then
for all -

(0,2(e0)71), —l<v<]
xedy=q(@2Le 207", J<v=3 (2.50)
(4Le™' eO)7), v>3
where
. 1 1 . :
£ :=limsupn™ " |y,|", L := limsupn|y,|~,
n—00 n—00
there holds

oo plu] 9
20 = [ [T (e sut )=+ = D) o

FT O+ u— DY) -0 (F(u V+(i)+ 1)) du ds 2.51)
2
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Sfor Neumann series of the second kind X, (x) with coefficients (y”)n>l satisfying

e !, ve(-1.3 (e7h.1), ve (=13
‘> { o T 22 ey
(2e)™, V>, ((e) ’2)’ v>5

Proof First we establish the convergence region and related parameter constraints
upon v for X, (x). The Gubler—Weber formula [333, p. 165]

2(%)’ 1 ' o 0o . o
om0 ([ oy [ i)
(2.53)

where f(z) > 0 and v > —!, enables the derivation of integral expression for the
Neumann series of the second type X, (x), by following the lines of derivation for
Jv(x). From (2.53), by means of the well-known moment inequality

1+ tz)”_é <C(1+h, where C, =

we distinguish the following two cases.

Assuming v € (;, ;] we have

2()2()‘} ! _ 2 v—é *® —xt v—1
F(u+;)¢n(/o(l ) dt+/0 e (1+7 )dt)

_26) (VAresy L TOv)
ST+ Dyr\ 2rw+1 X2V

1 xX\Y 1 x\v=t () (2)"
T4+ (2) +¢nr(u+;) (2) * ﬂv (X) '

Yy (%)

IA

Hence
X\ [Val x\" I x\v-l [Val X\"
@) = (2) XZ; rw J:/n+ 1) (2) t o (2) XZ; rw —:/n—i- h (2)
+ 7lr (i)” ZlynU"(v + n) (i)n .

n>1

The first two series converge uniformly in (O,Z(e E)_l), and the third one is
uniformly convergent in (2Le_1, oo) Consequently the interval of convergence
becomes ., = (2Le_1, 2(e 6)_1) , and then the coefficients y, satisfy the condition
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£ - L < 1. This implies that the necessary condition for convergence of X, (x) is

limsup|yn|zlz < 1.
n—>oQo

In the case v > Z we have

< 2(;)1) ! _ v—% v—g * —xt 2v—1 )
Y, (x) ;)\/n(/o(l 2y "2dr 42 /Oe (L+ 27" dr

o+
ot () et ()
= F(v1+ 1 (;) + ¢2ﬂ)cpv;: L 22”;5;(”)'
Therefore
X (0l = (;) ZZ; re fnl 1) (;) + ic/z_,l, ZZ; r(vlff’; )
“area (1) Zrareen ()

The first two series converge in (0,2(e£)™"), (0, (e £)™") respectively, while the
third series converges uniformly for all x > 4Le™!. This yields the interval of
convergence .#, = (4Le™',(e£)™"). In this case the coefficients y, satisfy the
constraint 4L < 1, and then the necessary condition for convergence of X, (x)

P 1 1
is limsup [y,[» < ,.
n—>o0

It remains the case —é <v < é Then, because of (1 + tz)”_é < 1, we conclude
1 X\V 1 x\v—1
YV xX) < + )
) r'(v+1) (2) rv+ )= (2)
and consequently .¢%, = (0, 2(e Z)_l). Collecting these cases we get (2.50) and
(2.52).

Now, let us focus on the integral representation for X, (x), where x € .7,. By the
Gubler—Weber formula (2.53) we have

() = jn (;)V Z (v —}—y’; + é) (;)n

n>1

1 oo
x ( / sin(xr)(1 — 2)" = 2dr + / e—”(1+t2)“+"—%dt). (2.54)
0 0
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The first expression in (2.54) we rewrite as

_2 X\ 2v+n2
auy_Jﬂ(» zjr@+n+2y/8m@ml 2yl dr

¢ /1m@0( ﬂq 7,0 d1,

o Yn _ 2
Dy(t) == Z Fntvt é) exp( nlogx(1 —tz))

n>1

where

is the Dirichlet series analogous to one in (2.36). It is easy to see that in view of
(2.52)forallx € ., and t € (0, 1) we have

10g ) >

More precisely, if —é <v < g, then x < 2(e£)™!, and

2 > el >el > 1
(S .
x(1-22) " 1-£
Similarly, if v > 3, thenx < (e £)™', and
2 2el
>2el>1.

>
x(1—-12) 1-£

Thus, the Dirichlet series’ parameter is necessarily positive, and therefore 2, (1)
converges for all x € .7,.
Following the same lines as in the proof of Theorem 2.7 we deduce that

oo plul 9
() = _/0 /O 2 ( v (s) 1 ) o (r(v+u+ ;)Huﬂ(x)) du ds,

rv+s+,)
(2.55)

where H,, stands for the familiar Struve function.
Below, we will simplify the second expression in (2.54):

2 xyY y”(;)n - 2yv+n—}
b)) = ¢! VT d
20 Jr (2) ;F(V—i-n—i-;) 0 e+ o

Ju/ Cu+m)
7, dr,
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where éy (t) = 2,(it). Thus,

N y(s)
Ez(x)——\/ﬂ /0 [) aS(F(v—l—s—{—;)
00 > v+u—% )
X (/0 e (x(l ;t )) log 1 —;t )dt) duds

_ iy y(s) d 1
__”/o /0 a“‘(1“(v+s+;)) our(l —v—u

( 2J—y—u(x) _ Jy4u(x) Hy 4, (x) ) duds
sin27(v +u)  sinm(v4+u)  cosm(v + u) ’

oo rld y(s)
= I (v+u—3) (Yogu) — Hypy(x)) 0 duds.
/1 /0 gu 7 (7407 3) @) = B (r(v+s+é> -
(2.56)
Here we applied the Euler’s reflection formula and the well-known property of the

Bessel functions which was noted in Eq. (2.15). Summing (2.55) and (2.56) we have
the desired integral representation (2.51). O

Remark 2.4 Another two linearly independent solutions of the Bessel homogeneous

differential equation are the Hankel functions H\(,l) and H\(,z) which can be expressed
as [333, p. 73]

J_y(x) —e V7, (x)

H(x) = . : (2.57)
isin(vr)
J—y(x) — e, (x)
(2) _
H)” (x) = isinwr) (2.58)

which build the third type Neumann series:

N =D ). k=12

n>1

Using formulae (2.57), (2.58) we see that integral expressions for third type
Neumann series are linear combinations of similar fashion integrals achieved for
91, (x) in Theorem 2.1. |
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2.5 Integral Form of Neumann Series ‘)“(Z’f’,, (x)

In our investigations regarding Turdn type determinants of Bessel functions we also
aimed to establish integral formula for the second type Neumann type series of
Bessel J as

N () = Y ndpran@ o (®),  pov.ab R, (2.59)

n>1

This was motivated by the fact that 912:7(x) constitutes the right-hand side series in
von Lommel’s expression for all x € R, v > —1 [333, p. 152]

[ P20) = Tt ()41 (0)] = 4 Z(v + 1+ 2102, 40, (), (2.60)

n>0

and for the Al-Salam series [5]

4™ (2m)! 5
xX2mml(m — 1)! g(‘) +m 420k + 1) (v +k+ 1Dy 1)
“ 2m
= Z (—1)"( )Jv_n(x)Ju+n(x), (2.61)
it m-—n

-1

while 9111 (x) covers the series considered in [311]. Also, 247

(x) appears in
(2.61), and ’ﬂnl’;;lz,((x) occurs in our study [21]. In order to obtain the integral
representation formula for (2.59) we shall use the main idea from [249], that is,
Cahen’s Laplace integral representation of the associated Dirichlet series. Thus, we
take x € R4 and assume in the sequel that the behavior of (¢,),>; ensures the

convergence of the series (2.59) over R ..

Theorem 2.10 (Baricz and Pogany [21]) Let o € C'(R,), a|N = (otp)n>1 and

. _2 .,
assume that series Y ., o, n”3 is absolutely convergent. Then, for all a,b > 0
such that

1 atb
0 <x <2min { 1, (a“b”/p‘gﬁ) * } = Jy, min{pta,v+b) >0, (2.62)
€

where

. _ 1
paf;{ = limsupn~ @t |q, | ,
n—>oQo
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(781

we have that
[ele) [u] 9
N (x) = (F(p+au+ D)W+ bu+ 1) J g () Ty 45u(x))
H 1 0 ou

—a(v)
X 0y (F(u—}-av)]“(u—i—bv))dudv' (2.63)

Proof Landau’s bound (1.20) gives the estimate upon ’)?;‘va (x)

IO{n bz Ian|
‘ﬁ X )
7ia 9] < L; S + an) (v + bn) \/abZ

therefore ‘J'IZ”V (x) absolutely and uniformly converges for x > 0. Taking the integral
expression (2.4) (listed also in [333, p. 48]),

2(3)" : |
J,(x) = 2 / cos(xt)(1 — )" 2dt, xeR v>-—!,
v(x) Jarw+ ) h (x1)( ) 2
in (2.59) we get

ab o A x #+V/1/1 cos(xr) cos(xs)
&) (x) = . (2) ) (=)ol — syt Do (t, 5) dtds (2.64)

where we should obtain the Dirichlet series’

e o (/2 =2y =)
w(t9) =) (i + an) (v + bn)

n>1

x-domain of convergence. Expressing Z,(t, s) by the Cahen’s formula (1.15) it is
necessary to have positive Dirichlet parameter, that is,

—log (x/2) (1 = A)*(1 =)’ > 0,

which holds for all |x| < 2 whena + b > 0. Also Z,(t, s) is equi-convergent to the
auxiliary power series

o (ex)a+h(1 _ t2)a(1 _ s2)b n
Z nlatb)n Da+bgapb

n>1
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with radius of convergence

n—oo N

1 _l
ab __ . Ianl"
Py = (hmsup a+b) .

This yields the convergence region %y described in (2.62).
Next, by the Cahen’s formula (1.15), Z,(t, s) becomes

o, 2a+b
Du(t,s) = —nl
a(t.5) ; I+ an) (v + bn) eXp{ 08 watb(1 — 2ya(1 — s2)h}
4 2a+b /oo xa-H?(l _ t2)a(1 _ SZ)b u
=g xaH(1 —2)a(1 — s2)b J, Da+b

I'(v+an)I'(u + bn)

n=1

2a+b /oo (xa+h(1 _ t2)a(1 _ SZ)b)“
= log
0

xetb(1 — 2)a(1 — s2)b Da+b

[ a(v)dv
<o (F(v - am I+ bn)) -

where the last equality we deduced by virtue of condensed Euler—Maclaurin
summation formula (1.16). The last formula in conjunction with (2.64) gives

a,b _ 4 (x\mtv * g Ol(U)
Min () = bid (2) /0 /0 s ()0 (F(v +an)I(u +bn)) dudv,

where
(a+byu 1 1
Hrs) = — (;) / / cos(xt) cos(xs) (1 — tz)’”“”—i = sz)"+bv—£
o Jo

xa+h1_t2a1_ 2\b
xlog( ( 2aJ)rb( ) )dtds.

Because

[ Awau== ()" A s,

where

—p—au

1
Tpalt) = /0 cos(ut) (1 — 1Y+ dr = “2” (5) T+ aut DI,
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(781

there holds

Sty =7 ()77 D (PGt D b D)

which immediately implies the asserted formula (2.63). O

In the preliminary part of this section we mentioned the equalities by von
Lommel, Thiruvenkatachar and Nanjundiah and Al-Salam. By particular choice of
a and b we conclude

Corollary 2.1 (Baricz and Pogany [21]) Ifv > 2 and

€ (0,2min%1,2(e4p2<é) }‘}),

then we have that

[u]
N,_ 2 v z(x) / / F (v—1+2u)J;_ 2424())

w=-24+20)I'(-14+v)I'(v—-1+4v)
[ dudv . 2.65
x ( M2 —2-20)F W) +v) udv.  (2.65)
Moreover, for v > 0 and
1
€ (O,2min{1 (ezploi) ’ })
there holds true
[u]
RIS v+l(x) / / (F?w+u+2)J7 )
v+ +v+2)7!
- dudv. 2.66
Xa“( r2w+4v+1) uav (2.66)

Remark 2.5 We note that the second type Neumann series in von Lommel’s formula
. o . 2 .
(2.60) possesses divergent auxiliary series Y ., «,n~3, therefore it is not covered

by Theorem 2.10. Also, Al-Salam’s series (2.61), converges only when m < é,
so the formula (2.65). The auxiliary series associated with the Neumann series by
Thiruvenkatachar and Nanjundiah is equiconvergent to the Riemannian ¢ ( ), thus
this case meet Theorem 2.10, see (2.66). Finally, the second type finite sum (2.61)
has to be studied separately, being the parameter space of ’)?;‘va (x) restricted by the

required positivity of upper parameters a, b in Theorem 2.10. |
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2.5.1 Second Type Neumann Series ’ﬁ;l'{, (x) and m;‘;"; (x)

Both modified Bessel functions of the first and second kind I,, K, are frequently
considered in physics, applied mathematics and engineering applications. The
product I,K, is also used in some application items, see e.g. [261, 262] which
concern the hydrodynamic and hydromagnetic instability of certain cylindrical
models, in which the monotonicity of x — I,(x)K,(x) for v > 1 is used. Also,
different kind proofs on the monotonicity of 7, (x)K, (x) can be found in the recent
article [13]. We focus here on integral representations for second type Neumann
series of modified Bessel functions /, and K, in the manner of previous results
exposed in a set of articles [21, 24, 25, 249] for the first type Neumann series.
We introduce a second type Neumann-series

N @ =Y oulyin(@DKy4a(2) .

n>1

Our main derivation tools include Cahen’s Laplace integral form of the Dirichlet
series (1.15), the condensed form of Euler—Maclaurin summation formula (1.9) and
certain bounding inequalities for I, and K, see [14]. Our goal is to give integral
representations for the second type Neumann series 9,7 (x), ’ﬂf,‘lﬂ (x) and ‘)‘(ﬁli” (x).
Obviously in the last two series af, +— «, that is @K, > « was used, which means
that both underlying second type Neumann series consist from products of three
modified Bessel functions of the first and second kind:

mgllz (x) = Z anln+n (x)lv+n (X)K;L+n (x)

n>1

mgfj (x) = Z anlv+n(x)K;L+n(x)Kn+n(x) .

n>1

Finally, our aim is to establish indefinite integral representation formulae for the
one-parameter second type Neumann series of the product of two modified Bessel
functions of the first kind P, = I, K,,, observing that it is a particular solution of the
homogeneous third order ordinary differential equation [20, p. 816, Eq. (17)]

22" (x) + 3xy"(x) — (40?2 4+ 42> — 1)y (x) — 4xy(x) = 0.
Also, let us define

9,500 =14 n(n+ 20)only 1y () Kn 1 ().

n>1

the second type Neumann series of modified Bessel functions associated with the
Neumann series M, (x).
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By these considerations we finish the first essay, the one in which another view
to Fourier—Bessel Neumann series was exposed.

2.6 Properties of Product of Modified Bessel Functions

In Sect.2.5.1 we already mentioned some applications of the product x +—
P,(x) := I,(x)K,(x) [261, 262]; see also the paper of Hasan [107], where the
electrogravitational instability of non-oscillating streaming fluid cylinder under the
action of the selfgravitating, capillary and electrodynamic forces has been discussed.
In these papers the authors use (without proof) the inequality

P,(x) < é

for all v > 1 and x > 0. We note that the above inequality readily follows from
the fact that x > P, (x) is decreasing on R for all v > —1. More precisely, for all
x> 0andv > 1 we have
Py(x) < limPy(x) = 5, < ,.

For different proofs on the monotonicity of the function x + P, (x) we refer to the
papers [13, 234, 237]. It is worth to mention that the above monotonicity property
has been used also in a problem in biophysics (see [95]). Moreover, recently Klimek
and McBride [152] used this monotonicity to prove that a Dirac operator (subject to
Atiyah—Patodi—Singer-like boundary conditions on the solid torus) has a bounded
inverse, which is actually a compact operator. In [319, 320] van Heijster et al.
investigated the existence, stability and interaction of localized structures in a one-
dimensional generalized FitzHugh—Nagumo type model. Recently, van Heijster and
Sandstede [318] started to analyze the existence and stability of radially symmetric
solutions in the planar variant of this model. The product of modified Bessel
functions P, arises naturally in their stability analysis, and the monotonicity (see
[22, 318]) of v +— P,(x) is important to conclude (in)stability of these radially
symmetric solutions.

In this section, motivated by the above applications, we focus on Chebyshev-
type discrete inequalities for Neumann series of modified Bessel functions 7, and
K, of the first and the second kind, respectively. Moreover, we deduce integral
representations formulae for these Neumann series appearing in newly derived
discrete Chebyshev inequalities in the manner of such results given recently by
Baricz, Jankov, Pogany and Siili in a set of articles [21, 24, 25, 249] for the first
type Neumann series.

In the sequel we will consider first type Neumann series introduced in (2.32) and
(2.33) as

M) =Y paloya(@) and JH@) = paKogald). (2.67)

n>1 n>1
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In this section our aim is to present the Chebyshev-type discrete inequality in the
terminology of Neumann-series (2.67) and its closed form integral representation.
In this goal we consider the (in Sect. 2.5.1) introduced second type Neumann-series

NL@) = Y b o@D Ka(2)

n>1

Our main derivation tools include Cahen’s Laplace integral form of a Dirichlet series
(1.15) (see the exact proof in Perron’s article [235]), the condensed form of Euler—
Maclaurin summation formula (1.9) and certain bounding inequalities for /, and K,
see [14].

2.6.1 Discrete Chebyshev Inequalities

We begin with the discrete form of the celebrated Chebyshev inequality reported
(in part) by Graham [94, p. 116]. Here, and in what follows let & be a nonnegative
discrete measure, (1) = w,, n € N. Assuming f, g are both nonnegative and same
(opposite) kind monotone, then

D ) Y pag) < ) Ml D uaf (0)gn) . (2.68)
n>1 n>1 n>1
where || - || stands for the appropriate £,-norm. Let us signify throughout

IN“plly = s, @ €R.

n>1

Now, let us recall some monotonicity properties of modified Bessel functions. Jones
[143] proved that I,, (x) < I,,(x) holds forallx > 0 and v; > v, > 0, while Cochran
[56] and Reudink [267] established the inequality df,(x)/dv < O for all x,v > 0.
In other words, the function v + I, (x) is strictly decreasing on R for all x > 0
fixed. Moreover, as it was pointed out by Laforgia [165], the function v — K, (x) is
strictly increasing on R for all x > O fixed. Finally, recall that recently in [22, 318]
it was proved the function v — P, (x) is strictly decreasing on Ry for all x > 0
fixed.

Having in mind these properties we can see that modified Bessel functions of the
first and second kind /,, K, and also their equal order product P, are ideal candidates
to establish discrete Chebyshev inequalities of the type (2.68).

Our first main result is the following theorem.

Theorem 2.11 (Baricz and Pogany [20]) Ler v,n > 0 and let i be a positive
discrete measure on N such that |1|1 < 00, not necessarily the same in different
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occasions. Then the following assertions are true:

1
(a) Forall fixedx € % := (Ze_1 lim sup,,_, o B, oo) we have

My () Iy () = el N (). (2.69)
1
(b) Forall fixedx € 7, = (O, 2e~!/limsup,_, o n_lp,,’l) , it holds
el 5 () = ML () ML (), (2.70)

whenever |[NOT=V="D+ ||, < oo, where (a)y = max{0, a}.

(¢) Moreover, for all fixed x € Iy and |[NT—V="D+ 11|, < 0o we have

I NL ) = el W () 2.71)
Proof We apply the Chebyshev inequality (2.68) by choosing (a) f = 1,, g = K,
b f=1,g=1,K,and (o) f = K,, g = I,K,. In the cases (a) and (c) the functions
f and g are opposite kind monotone, and thus we immediately conclude (2.69) and
(2.71), respectively. Moreover, in the case (b) both f and g decrease, which imply
the derived inequality (2.70).

It remains only to find the x-domains of the inequalities.

Observe that ||]|; < oo suffices for the absolute and uniform convergence of
the Neumann series 90t (x). This has been established by Baricz et al. in the proof
of [24, Theorem 2.1] for all x > 0 and v > —1. Moreover, in the same paper [24]
the authors proved that J), (x) converges absolutely and uniformly when n > 0 and
x € Y. Now, by the inequalities [14, p. 583]

x\V x2
I,(x) < (2) 4+ | >—1,x>0,
x) o+ 1) e v X
and [24]
n—1

2
K@< TG, n>0x>0,
X

applied to the summands of 9", (x), we obtain
n s 4( xj—z) n—v—1
9 (0] < 2(2) e+ Sy,
n>1

Observe that the convergence of the right-hand-side series, that is |[N7"V7! ||, <
0o, ensures the convergence of the second type Neumann series &,/ 7 (x) for all
v, n,x > 0. This yields together with the additional requirement || ||; < 0o

max {[lefl o, N7 g} = INOTTDE ply < oo
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Finally, consider the series ‘ﬂffl,; (x) which ensures the convergence of both left-
hand-side Neumann series in (2.70). By virtue of the above listed upper bounds for
I,, I, and K,;, we have

Mt () = Y syt n @0 (0) Koo ()

n>1
P (x)vexztz(wlrz*'njrz) Hn (xe)"7
_2\/27{ 2 = nn+v+g 2

where the bounding power series converges for all x € .#.
Combining all these estimates we arrive at the asserted inequality domains. O

2.6.2 Integral Form of Related Second Type Neumann Series

Our next goal is to give integral representations for the second type Neumann series

NL (), My (x) and NEK (x),

which appeared in Theorem 2.12. This will be realized on the account of procedure
introduced by Pogédny and Siili in [249] and further developed and promoted by
Baricz et al. [21, 24, 25].

Theorem 2.12 (Baricz and Pogany [20]) Let i € C'(R4), |y = (Un)n>1 Such

. 1 :
that lim sup,,_, o |n|" < 1. Then, for allx > 0 and v,n > —Z we have the integral
representation

e My (FE+v+ Y
MNH(x) =— 2 Ly (0 K,
o) 4 /1 /0 o (F(t+ 1+ D) 140 (%) Kigo (%)

1
‘o, ()L (s + nJlr 2) drds. (2.72)
I'(s+v+),)

where

d
0, =1 .
iy

Proof By the Basset formula (2.41), applying (2.34) (see e.g. [333, p. 79]) to
9,/ (x), we conclude

mvun(x) _ P /1 /OO (1 — tz)v—é COSh(xtl) COS(xS)
. 27 Jo Jo 1+ sz)m—z

Xz,un['(n+n+;)(l—t2

" drds. 273
Fn+v+1)) 1+s2) 273)

n>1
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The inner sum we recognize as the Dirichlet series

(41 + ) 1+
Do(ts) =Y r(n+u+;)2 exp(—nlog tz), (2.74)

n>1

which parameter log(1 + s?)(1 — £2)~! is obviously positive on (¢, s) € (0,1) x R
independently of x. Also, the power series (2.74) has the radius of convergence

1
lim sup | w,| "

n—>oo

Pay =

and then %(t, s) is convergent for all (¢, s) € (0, 1) x R4, being pg, > 1 according
to the assumption of the theorem.

Thus, by Cahen’s Laplace integral formula for the Dirichlet series (1.15) and by
the condensed Euler—Maclaurin summation formula (1.9), we get

145 ] l—t2 n@Iz+n+ )
Do(t,s) = lo / / 27) dwdz.
0(t,5) = g, 1+s2 z( Fe+v+ ) ) z
(2.75)
Substituting (2.75) into (2.73) we get

P S Gl LTO TN ER T Ry
@) 2”/0 /0 0Z< F(z+v+;) )

”+”_ 1=  cosh(xr) cos(xs)
</ / 1+s2 log 1452 (14 s2)rvtl drds | dwdz.

Denote

1 — t2 1 —# cosh(xf) cos(xs)
S = . deds.
(@) := / / 14 Sz log rs2 (1 42yt T

Now, having in mind (2.34) and (2.41), we deduce

1 — t2 @ cosh(xt) cos(xs)
/ﬂ(a)doz —/ / 1—|—s2 (14 2yl drds
/ /°° (1 — £2)% cosh(xt) cos(xs)

(1 + s2)etn—vtl drds
T F'ao+1)

) Fa+n—v+1) Loy 1 DKy 1 ()
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that is, choosing o = w + v — ; we have

d rw+v+))
I  S— 27 Lo (0K .
twtv=2) 2 9w (w+n+)) R

Hence
X My (rE+v+1))
N K (x) = / / 27 s () Ky (x
\1,7]() (F([-’—)’]-’—;) t+() t+7]()
L(s+n+)
o, [HOT G+ 1 ) aras.
Fis+v+,)
which is equivalent to the asserted double integral expression (2.72). O

Theorem 2.13 (Baricz and Pogany [20]) Let 1 € C'(R4), |y = (Un)n>1. Then,
forallx € A, v,n > —Z there holds

iy XV by (rt+v+1)
N () = — / / (F(Hnﬂ)lﬁu(x)l@ﬂ(x)

‘o, (M(S)Isﬂ(x)F(S +1+ ;)) s
's+v+ é)

Moreover, forx € Sy, v > —1,1n > —3 we have

X My (re+v+l
K, 2
N (x) = / / ( Ftn+ Lo (x) K,H(x))
1
‘o, (M(S)Ks+u(x)r(s-i‘l n+ 2)) s
Fs+v+,)

Proof We follow the proof of (2.72) to get the integral representations It remains
only to remark that the Dirichlet series 2 (1, s) associated with 91}, (x) satisfies

|al Ly QT (n 1+ 3) <l—t2)n

EAIEDD Fn+v+ 1) 452

n>1

a— 2 n
L l)ezmz (Hetmny
_\/27-[ n+v+2 2 1452
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so x has to be from .. Similarly can be concluded that for the Dirichlet series
D (t, 5) associated with )’ (x) holds the estimate

! n
|Dh(t,5)| < Z || [ Knv )T (n +v) T (n+ 1+ 2) (1 _tz)

Fn+v+)) 1+ 52

n>1

=5 () T (g a)

of which convergence requirement causes x € .%. O

2.6.3 Indefinite Integral Expressions for Second Type
Neumann Series 1, (x)

In this section our aim is to establish indefinite integral representation formulae
for the one-parameter second type Neumann series of the product of two modified
Bessel functions of the first kind P,. First of all, observe that P, is a particular
solution of the homogeneous third order linear differential equation

22y (x) + 3xy"(x) — (4v% + 4x* — 1)y (x) — 4xy(x) = 0. (2.76)
To see this, let us recall that I, and K, both satisfy the differential equation
Y (%) + 1 (x) = (@ + vH)y(x) =0

and consequently

XL (x) = (F + )] (x) — 1) (x) 2.77)
and
K] (x) = (@ + VK, (x) — 2K (x). (2.78)

Applying these relations we obtain
XP(x) = 2( + V)P, (x) — xP, (x) + 22°I, (x) K (x).

Now, differentiating both sides of this equation and applying again the previous
relations we arrive at

KPY (x) + 3xP(x) — (4v* + 4x* — 1)P, (x) — 4xP, (x) = 0.
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Repeating this procedure twice in view of (2.77) and (2.78), we can show? that
actually 15 and Kf are also particular solutions of the third order linear differential
equation (2.76).

Now, let us show that If, I,K, and Kf are independent being the Wronskian
W2, 1,K,, K?] # 0 on R. After some computation we get

2k LMK KA
WIEZ, LK, K2 (x) = | () (L(0)K (0) (K2(x)
()" @)K, ()" (K2(x))"

= —i(lu(x)Kv_l(x) + I—1 (x)K, (x)
+ I\;—l—l(.x)K\; (x) + I\;(.X)Kv_;,_l(x))S
= 2(L (WK, — 1,0k, () = 2W [, K, () = — xzx £0,

where we used the fact that W[I,,, K,](x) = —x~!.
Thus, by the variation of constants method we get the desired particular solution
of the non-homogeneous variant of (2.76), that is,

2y (@) 4 30 () — (@0 + 42 — DY () — 4() = £ (). (2.79)

where f is a suitable real function. Hence, bearing in mind (2.77), the general
solution reads as follows

Y = ailp (0 + el (DK, (¥) + 3K (x) — 4 /X O (L @K (0 — 10K, (x) dr
1

Choosing the constants ¢y, ¢, and c3 to be zero, the particular solution y, of the
non-homogeneous ordinary differential equation (2.79) becomes

W) = —4 /1 FO (10K, (1) — L(OK, ()" dr. (2.80)

2Tt is worth to mention here that the above procedure for modified Bessel functions is similar to the
method for Bessel functions applied by Wilkins [335]. See also Andrews et al. [7] for more details.

More precisely, Wilkins proved that the Hankel functions (Hl()l))2 and (H\(,z) )2, as well as J2 + Y2,

where J, and Y, stand for the Bessel functions of the first and second kind, are particular solutions
of the third order homogeneous differential equation [7, p. 225]

xzy'”(x) + 3xy” (x) + (1 + 4x* — 4v2)y/(x) + 4xy(x) = 0.

The above result was used to prove the celebrated Nicholson formula [7, p. 224]
8 o0
L@+Yw=_, / Ko(2x sinh 1) cosh(2vr)dt,
7% Jo

which generalizes the trigonometric identity sin? x + cos®x = 1.
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Now, by using (2.76) we have
X P () +3x P () — (4(n+ )+ 4 — 1) Py, (x) — 4x Pyt (¥) = 0

and multiplying with the weight p,, and summing up on the set of positive integers
N, transformations lead to the non-homogeneous third order linear differential
equation

X (’ﬂv‘f) (x))

=4 0+ 20) padiy WK (1) 1= 9,40

n>1

"

+3x (ML ()" — @2 + 42 — 1) (A (1)) — 4x 0 (x)

where 6,/ (x) stands for the second kind equal parameter Neumann series of
modified Bessel functions associated with the Neumann series .}, (x).

Theorem 2.14 (Baricz and Pogany [20]) Let u € C'(R4), ily = (Un)n>1 Such

that lim sup,,_, o, |an|; < land |N7! u|l; < oc. Then forall v > —g and x > 0 we
have

MH (x) = —4 / ) uH, () (L (K, () — I, () Ky () du, 2.81)
1

where ) (x) possesses the integral representation

[ele) 1] 9
9400 = — /1 /0 o (s (0 K (0) 0 (s(s + 20)p(@))drds. 282)

Proof The integral representation (2.82) of the associated second type Neumann
series of Bessel function £, (x) can be obtained by using the integral expression
(2.72) in Theorem 2.12, just putting n = v for the weight function u, +— 4n(n +
2v) iy, when

lim sup |4n(n + 2v),u,,|zlz = lim sup |Mn|,ll <1.
n—>oQ

n—>oo

After that by straightforward application of (2.80) with f(x) = £,/ (x), we deduce
the desired integral expression (2.81). O

2.7 Summation Formulae for the First and Second Type
Neumann Series

The problem of summing the Neumann series of Bessel and modified Bessel
functions of the first kind i.e. 0, and 9, = M/, has been widely considered in

the mathematical literature [1, 24, 257]. Also, the NIST project, the Wolfram virtual
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formula collection and Hansen’s classical monograph [102] contain an exhaustive
list of summations for alike series.

Quite recently, a summation formula for Neumann series of modified Bessel
functions of the first kind was given by Al-Jarrah et al. [4, p. 3, Theorem 1]:

k—1
1 1 ‘
§ i (x) = 210(x) + o § ereosCmn/b) keN. (2.83)
n=0

n>0

This summation possesses numerous already known special cases. For instance, see
[1, p. 376, Egs. 9.6.37, 9.6.39], [102, p. 411-412, Egs. (58.1.2), (58.1.12)]

YL =@ +e). Y b)) =L (o) + coshx) .

n=>0 n>0

respectively and [102, p. 412, Eq. (58.1.17)]

S Tyon) = | / 1oy () d:

n>0

also inspect [102, §§58, 74.6, 79.2] together with suggested links to further results.
Our first main purpose is to extend (2.83) to a new summation formulae for

NIEE) =Y (&) L.  xeR, (2.84)

n>0

for the widest possible parameter space upon p, v and such results will be presented
in the next section.

Also, motivated by the fact that the modified Bessel function of the first
kind frequently occurs in probability and statistics [269], mostly as a part of the
distributions of spherical and directional random variables such as, for instance, the
probability density function of the non-central y? distribution with non-centrality
parameter a > 0 and n € N degrees of freedom [142, p. 436, Eq. (29.4)]

fral®) = 1= ¥ (\/2)

in Sect. 2.8 we will also present a new summation formula for the special kind of
Neumann series 91, which is connected to the cumulative distribution function
(CDF) of the non-central 2 distribution (usually denoted by x/*(a) [142, p. 433]).
Section 2.9 is devoted to new summation formulae for the second type Neumann
series which members contain product of two modified Bessel functions of the first
kind and also to new results which connect Neumann series of the first and second

type.

1
Iy (Vax), x>0 (2.85)
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Further, as a by-product of the mentioned results new summation formulae will
be established for the Neumann series which members contain Bessel functions of
the first kind J,, and also their products.

2.7.1 Closed Form of the First Type Neumann Series ’)T,ff,h

Here, we present new summation formulae for the Neumann series given by (2.84),
together with some consequences and generalizations.

Theorem 2.15 (Jankov MasSirevi¢ and Pogany [139]) For all min{x, v} > O there
hold

+x y
‘ﬁli(x) (ll—V)(F(Zve—i- 1) (;) 2F2[v-|‘—)1v2v—1‘:|:2x] (2.86)

—adym1 () F L ()

Proof First, let us establish the absolute convergence of the series ‘ﬁ (x) By
virtue of asymptotic behavior [227, p. 256, Eq. 10.41.1]

L(x) ~ ~/2m) (;:c)

valid for all x > O fixed and v — o0, we have
(5)
ex\Vv 2
Sﬂ ) .
Ptz Bl o () B

which obviously converges for all x > 0.
The appropriate integral representation [257, p. 694] yields

NE(x) = 21 1_ ) (ei" /0 ' e _y(t)dt — xI,—(x) F xlv(x)) , V> 0.

On the other hand, expanding the exponential term in the integrand into Maclaurin
series, by the legitimate change of order of summation and integration, we get

X Zl—vxv v,V —

Ft

I 1 () dt = F[ ‘:FZ]
/Oe 0dr= byl | T

This evidently leads to the asserted formula (2.86). O
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Theorem 2.16 (Jankov Masirevi¢ and Pogany [139]) For all min{x, v} > O there
holds

M) = 2(11— V) F(vl—i— 1) (;) (ex2F2[u J: 1V -1 ‘ _2"]
fe ze[ ) J‘r’ 1" i )2x]) —xIU_l(x)§ (2.87)
and
My () = F(vl—i— 1) (;) “P;[(u, 1),(21;21 1.2) );2] (2.88)

Proof We establish the convergence conditions of ‘ﬁz{’\}i (x) analogously as previ-
ously in Theorem 2.15, being

5@ =D @] ~ <e2x>v > 1 ] <e2x)zn :

= = (V 4 2n)v+2n+2

which converges for all x > 0.
As to (2.87), we use the elementary transformation

Zan = ZaZn + Z 2pt1 - (2.89)

n>0 n>0 n>0

Now, it is easy to see that ‘ﬁ{f x) = ‘)‘( (x) + ’)?2 ) Jrl()c). Summing these
expressions we get

N @ = N+ ), (2.90)

so (2.87) follows from Theorem 2.15.
Next, by the identity [1, p. 377, Eq. (9.6.47)]

L&) = F(vl—i- 1) (;) OFl[u -|_- 1 ‘);2] VN 291

the Bailey-transform technique in summing up double infinite series [11]

Z Ann = Z Z Am.n—m (292)

nm>0 n>0 m=0
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and the transformation formula (m — n)!(—m), = (—1)"m!, we get

. B E\Y (—l)n X n+m
M @ = (2) n;() Fw+2n+m+1)ym (4)

_ " (=m)n (1),
_F(v+1)< ) Z(v+1)mm'( ) Z(v+m+1),m'

n=

1 2\ —m,
=F(v+1)<) Z(u—}—l)mm'( ) 2F1[U+m-1|—1 1]

w4+ m)y, 2\"
F(u+1)< ) Z(u+1)m(v+m+1)mm! (4) ’

where in the last equality the Chu—Vandermonde identity [227, p. 387, Eq. 15.4.24]
has been used. Now, with the help of the well-known identity (a) .+, = (@) (a+m),
we conclude (2.88). O

Formula (2.88) can be also written in a slightly different form:

Corollary 2.2 (Jankov Masirevi¢ and Pogany [139]) For all min{x, v} > O there
holds

L=y 1 x\V v x?
Moy ) = I'(v+1) (2) (IFZ[; +1,2v+1)4] (2.93)
x2 v +1 x2
2
T4+ D +2) 1F2[;+2,u+2 4])' 2.94)

Proof Transforming
hy (x) == T'(v + 1)2"x7"90) (x)

into
_ v x2 " m x !
L DR — (4) " a2 <4)

; 2 m 2 n
(2)111(4) x2 F(V+1)(4)
+

v
20 04+ D (S +1) mt 8 I (kg 4m) T+ 24 mnd
m

) 2 2 (5 +1) 2\
2 X 2 n .
[;+1,u+1‘4]+4<v+1)<v+2>,§)(5+2)n<V+2)n"!(4) ’

the stated formula follows. O

=1k
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The next result is an interesting by-product of Theorem 2.16 and Corollary 2.2.
Namely equating the right-hand-side expressions in (2.88) and (2.93) we get

Corollary 2.3 (Jankov Masirevi¢ and Pogany [139]) For all min{x, v} > O there
holds

v x2
=2 ]
2 S+HLv+114
x2 v 1 x2
+ 1F2[\, 2+ ]
4v+ D +2) yt2,v+214

; (v,2) x?
1w2[(v,1),(v+1,2) 4]

Using (2.83) a double Neumann series result was given in [4]; in our setting:

k—1

, 1 , 1 excos(Znn/k) -1

nl- — ol Nx ¢, 2.95
; 2J1 (%) 9721 ) + 4k ; cos(2mn/k) i 29
> dnstk, 3k

where N = 2 if k = 0 (mod 4), otherwise N = 0.
Corollary 2.4 (Jankov MasSirevi¢ and Pogany [139]) For all x > 0 and k € N
there holds

> M@ = ¢ 2000 + 7 (L1 () — hWLo()}

n>0

1 k=1 excos(2jm/k) -1
N )
+4k = cos(2rn/k) A
dnsk, 3k

where N = 2 k = 0 (mod 4), otherwise N = 0.
Proof From (2.88) and (2.95) we have

k—1
~ X (1 2) xz 1 excos(27‘m/k) -1
N = w*[ ’ ] N,
; 2 knt1(X) 47720, 2,2)] 4 T 4k r; cos(2mn/k) i
> dn#k, 3k

However, Corollary 2.3 enables to rewrite the Fox—Wright function as a weighted
sum of two hypergeometric |F> functions. Here v = 1, and having in mind the
formulae [113, 114] respectively

boa? 2
Faf 22,7 ] = 2000 = 1) + 7 (L) — 1 (L)
25
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F [ ; ‘xz] = 2 000 — 400 + x (o ()L (6) — L (W) Lo ()}
1F2 SELY 0 1 0(x)Ly 1(x)Lo ,

after some routine calculation we arrive at the statement. O

Ending this section, motivated by the summation [257, p. 694, Eq. (4)]

% 2%\ 72
> () = (x + 1) LV + 21), (2.96)
n>0

valid for all ¢, x which satisfy 2] < |x|, we present some associated closed form
result for the Neumann series

S tznlv n(—x)
M) =Y (;nz)!, txeR.

n>0

Theorem 2.17 (Jankov MasSirevi¢ and Pogany [139]) Forall v,t,x > 0 such that
2t < x we have

M) = Lxd {(x £ 2075 L (VA2 4200 + (2 — 2007 I (Va2 — 2tx)} .
Proof Following the lines of previous theorems by the asymptotic behavior of the

modified Bessel function we can show that 91, (x) converges for all min{v, x} > 0.
Using the identity (2.89) and repeating the proving procedure of (2.90) we infer

~ 1 t”\,nx v4nX
mV(x)ZZZ I+() Z(f)1+()

n>0 n>0

_ ! (it + 1)_ L (Va2 +2tx) + Z( ' I“+”(x),

2
n>0

where in the last equality (2.96) was used. By (2.91), (2.92) and (m — n)!(—m),
= (—1)"m! we get

(- )IV 2(x) xX\V 1 —tx\" — x2
; - (2) gF(V—Fn—}-l)n! (;) 0F1[u+n+1‘4]
v (=)m
:F(v1+1) (;) g(v+ll)nn! (‘ )Z n'f' ( )
1 X\V 1 X\ X\
T L+l (2) g(v+1)nn! <_tz) <1_2t)
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1 X\V — X /X
Tre+n (2) OF‘[v+1 t2(2t_1)]
=x" (& —2t0) 72 L(Vx2 — 21x) (2.97)

which implies the asserted expression. O

Remark 2.6 1t is worth to mention that instead of the independently derived (2.97)
we can apply the formula [102, p. 414, Eq. (58.8.1)] (also see [1, p. 377, Eq. 9.6.51])

> Ao =w T A, 2e =20 - 1),
n

n>0

where .7, (x) = Cil,(x) + C¢"™*K, (x) (Cy, C, arbitrary constants) denotes the
general modified Bessel function, being K, (x) the modified Bessel function of the
second kind of the order p. Moreover, setting ¢+ = x in (2.97) we get summation
formula

3 Bl
n>0 :

compare [1, p. 377, Eq. 9.6.51] and [257, p. 694, Eq. (5)] for instance. |

2.7.2 Confluent Hypergeometric Functions
and Srivastava—Daoust Function

In this section we establish reduction formulae for the Horn’s @3 function and gen-

eralized Srivastava—Daoust F/é .p.pr function of two variables in some special cases
of their parameters by virtue of newly established summations from Theorems 2.15
and 2.16.

Theorem 2.18 (Jankov MasSirevi¢ and Pogany [139]) Forall x,v > 0 it is

x2 e:I:)c v,V —
oy (1wt ) = F[ ) 2]
( vy 4) T P
rv+1

2 v
— 21— v) (x) (xly—1(x) £ xI,(x)) .

Proof Using the formula (2.91), by means of Theorem 2.15, we conclude

, (1), (2"
N () = F(V+1) ( ) Z 0+ Dot m! (iz) (4)

1 X\V x x2
= D3 (1, I:i:
I'(v+1) (2) 3( v+ 2’ 4)

which completes the proof. O
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Theorem 2.19 (Jankov MasSirevi¢ and Pogany [139]) For all x,v > 0 we have
o150 - [1:1]; _‘ X
1:0;0 . . . ’
[v+1:2,1]: — —I14 4

1 v,v—1
SN (R
2(1—v)[(622v+1,2v—1 *

1
—x v,V — _ v 1—v
fe ZFZ[V PSS ‘Zx]) 2T+ 1)x Iu_l(x)} (2.98)
and
o0 — :[1:1]; — )_xz X2 _ " v,2) x2
“050[[1) +1:2,1]:—— 4° 4] =1 [(v, 1), (v+1,2) 4]' (2.99)

Proof Bearing in mind again the hypergeometric representation of the modified
Bessel function identity (2.91) and the definition of Srivastava—Daoust function,

we can write
xz n+m

L+ _ (%)
N @ = (2) ZO 'Cn+m+v+1)m!

nm=>

x2 n+m
(l)n( )
1 xX\V 4
T+ (z) 2 W + Dapgm 0! m!

nm=>0

Y p0i0 —: [151]§—‘X2 x?
1:0;0 . . . ’ ’
w+1:21: — —|4° 4

which, in combination with (2.87) gives the desired formula (2.98). Analogously,
using (2.88), we obtain (2.99). O

1 X
BNACES) (2)

Theorem 2.20 (Jankov Masirevi¢ and Pogany [139]) For all min{x,v} > 0 and
k € N there holds

k=1
o[ — @ [1:1]; —’ x\k oy 1 xcos(2rn/k)
Fl:o;o[ el (2) : 4] = @+, >e . (2.100)

n=0

When k is odd, we have

potso[ = [1:1]; — x\k x 11 1w —xcos(2rn/k) 2101
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Proof Following the same lines as in the proof of Theorem 2.19 we deduce that

wiw=y (3

kn+2m
'm! )
nm>0 (l)kn-l—m n:m.

e TG

which, in combination with (2.83) gives the desired formula (2.100). Analogously,
using the following result by Al-Jarrah et al. [4, p. 3, Corollary 2, Eq. (17)]

k—1
1 1 ,
Z(_)nlnk(x) — ZIO(X) + o Z e—xcos(2jm/k) i (2.102)
n>0 n=0
valid for odd positive integer numbers k, we deduce (2.101). O

2.8 Neumann Series Regarding the y'(a) Distribution

As we already stated, the probability density function of the non-central y? random
variable is given in terms of modified Bessel function of the first kind (2.85).

Considering the definition of the generalized Marcum Q-function of order v > 0
defined by Marcum [181], Andrds et al. [6]

1 b 24a?

0,(a,b) = / t'e” 2 I,_y(ar)ds,
a’—! b

where a,v > 0 and b > 0 it is obvious that the explicit formula for the cumulative

distribution function of the non-central y? random variable can be represented in

terms of generalized Marcum Q-function as

Fua(x) = 1= 01(Va, /), x> 0. (2.103)

Such cumulative distribution function has been widely considered in mathematical
literature (see e.g. Johnson et al. [142], Patnaik [232], Pearson [233], Sankaran
[274], Wilson and Hilfetry [337]) and one of the recently derived formulae for such
cumulative distribution function, which are claimed to have some computational
advantages, was given in 1993 by Temme [309].

The non-central y? distribution is frequently used in communication theory and
in that context it is called the generalized Marcum Q-function and the non-centrality
parameter is interpreted as a signal-to-noise ratio [142].
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Motivated by closed-form formula for the generalized Marcum Q-function,
derived by Brychkov [43, p. 178, Eq. (7)]

Qnﬂ(a,b) = ; (Erfc (b\;za) + Erfc (b\—/i—za))

1

2o b\ 2
+e Y Z(a) 1,1 (ab),

m=1

where Erfc is the complementary error function, which also implies new formula
for cumulative distribution function (2.103) in the case of odd n € N, our main aim
is to derive new closed form formula for such cumulative distribution function in
the case of even number of the degrees of freedom. In that case, having in mind that
there holds [203]

Qn(a,b) =1—01-,(b,a), nez

and [43, p. 178, Eq. (3)]

Q-n(a,b) = Qu(a,b) - (2) Y (3) fontap).  v>0

m=1

it follows from (2.103)

F2n,a(-x) = Ql(\/xv \/Cl) - \/z e_aé_x Z (\/Z) Il—m(\/ax)

m=1

— T Z (\/z)nln(\/ax) - \/z z": (\/Z)mlm—l(x/ax) ;
m=1

n>0

where the last equality is a direct consequence of a parity of modified Bessel
function of the first kind i.e. I_,(x) = I,,(x), when n € Z and the relation between
generalized Marcum Q-function (which is known in literature, for v = 1 as the
(first order) Marcum Q-function) and a Neumann series with members containing
modified Bessel functions of the first kind (see e.g. [123]):

Ouia.b) =1 3 (Z)nln(ab), me.

n>1—m

So, the problem of deriving new closed form expression for cumulative distribution
function F>, , is equivalent to a problem of deriving a closed-form expression for a
Neumann series given above.
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Below, we will need the definition of the so-called incomplete MacDonald
function [2, p. 26, Eq. (1.30)]

Jr

K,(w,z) =
v(w.2) F(v—i-;

) (;)/ e Ginh® rdr,  M(v) > — .,
0

which reduces to the MacDonald function K,, when w — oo and % (z) > 0.
Now, we are ready to state and prove our first main result in this section.

Theorem 2.21 (Jankov MasSirevié¢ [138]) For all min{a, x} > 0 there holds

> ({2) v = [1= Y nan (Kt — o 10g 1, )

n=>0
taly(Vax) E)aa (Ko(\/ax) — Ko (log \/ Z Jax))] .

Proof Considering the identity [6, p. 63]

(=b)y'Ly (@)

0,(V2a,v2b) = 1 —p’e™® ,
g '+n+1)

where [6, p. 62]

n (—x)kr(n+(¥+l)
() —
L! (x)_ZF(k+a+1)F(n—k+l)k!

k=0
is the generalized Laguerre polynomial of degree n € N and order o« > —1 we get

x\" _ o a v (F)' v (3)
Z(\/a) h(Jay =e= — e Zni—l ZF(n—k2+ Dk

n>0 n>0 k=0

[\

Now, using the Bailey transform technique (2.92) and the definition of the Kampé
de Fériet function we arrive at

x\' _ e a g W (9)°(3)"
Z(\/a) e == =0et D o (ki

n>0 nk>0
atx A a 1:0;0[1: —; — | ax —a]
=e2 — e FY ,
N AL P TR A
a_;\. a gz (l)n <_§2X) v [ _ ax:l P [ 1+n CZ:I
=e? — e -
2 (D2 " 24201 41724201 2

(2.104)
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where in the last equality we used the transformation [290, p. 337, Eq. (242)]

@y — @ TT@)n [T
j=1 j=1

Fl:r;u[a : (ar); (cw) . y] _ Z (xy)"
Lis;v . bs : d ’ - s v !
7 (sl = = D [0 T, "
=1 j=
(ar) +n,a+n
% ’+1F5+1[(bs) +ny+2n x]
(cy) +n,a+n )
ut1F .
X ut1 v+l[(dv)+n,y+2n ]
Further, by the identity 7,(iz) = i"J,(z), formula [1, p. 377, Eq. (9.6.47)]
L) ! (x) F[ - )xz] ¢N (2.105)
x) = , —v .
v ro+1 2/ “'lyyi1la

and the integral representation [116]

1 [ -
Fi@bi) = o /O e_’t“_loFl[ b‘zt]dt, R(a) > 0

we get
X " a+tx 2 . n
; (\/a) L(Vax) =e"? — \/x e? ;(—1) n+1)
X h e_r12n+1(x/dx)12n+1(\/2df) dr
Vi
= eanrX —e? JaxIi(/ax) /OO e_tJO(\/ZM) dr

! 0 X+ 2t

+ V2aly(Jax) / - e_r*/;i‘(z‘t/z‘”) dt), (2.106)
0

where we also used the summation formula [102, p. 396, Eq. (57.18.19)]

> @n+ Dot (@ Janta (1) = Z(ZZZI_ 2) (2/1(2)Jo(1) — tJo(2)J1(1))

n>0
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with an appropriate substitution z > i+/ax, t — +/2at in order to get the last
expression. Finally, having in mind that [118] J{(z) = —Ji(z) and also using the
identity [2, p. 154, Eq. (4.17)]

o e‘l"zjo(bt) e’ 2p./a
tdr = K b)—Ky (1 , b)],
/0 2ta 5 ( o(Vab) O(Og b Va ))

where min{a, b, p} > 0, the desired formula immediately follows. O

In order to state and prove the second set of results in this section we introduce
the generalized incomplete Gamma function [321, p. 4107, Eq. (1)]

o0 b
I'(a,x;b) = / e dr,

where @ € R, x,b > 0, but not bothx = b = 0 if ¢ < 0, defined by Chaudhry
and Zubair [49] in order to present closed-form solutions to several problems in heat
conduction and the leaky aquifer function

oo e—xt—}t'
W(x,y) = /1 , dr,

valid for x,y > 0 and introduced by Hantush and Jacob [103] who showed that
water levels in pumped aquifer systems with finite transmissivity and leakage could
be analyzed in terms of such integral, consult also [253].

Corollary 2.5 (Jankov MasSirevi¢ [138]) For all min{a, x} > 0 there holds

3 (\/z) L(Jax) =e 3" [1 _ ‘/“x11(¢ax)r (o . ax) (2.107)

o 2 204
cautden (03
=T [1 — ‘/zaxllwaxw (; ;) (2.108)

santvan (0 (3.9)]

Proof Using the definition of the Bessel function of the first kind (1.19) and the
integral representation of the incomplete Gamma function [78, p. 137]

/°° e 't r'l—a)I'(a,x) ,
dr = e
o X+t xa



2.9 Connecting First and Second Type Neumann Series 83
we get
[ @ e g T e
Now, from the identity [49, p. 9, Eq. (66)]
I'(o,x;b) = Z( I'(e —n,x),

n>0

and (2.106) the formula (2.107) immediately follows. Further, using the obvious
connection between leaky aquifer function and generalized incomplete Gamma
function # (x,y) = I'(0, x; xy) we deduce (2.108). |

The results stated in the next corollary are direct consequence of the closed-form
summation formulae stated in Corollary 2.5 and the substitution a — —a:

Corollary 2.6 For all min{—a, x} > O there holds

(- 2)'1’"(“”“) 7 14 nwanr (0.3:7))

= 2" 4

ad X —ax
—wo(va) o (F (0’2; 4 ))}

e 2’ |:1 + Vax Jl(Jax)W( a)

272

d X —a
~anvw, (7 (3 1)]

2.9 Connecting First and Second Type Neumann Series

In this section we establish connection formulae between first and second type Neu-
mann series. After that, closed-form expressions for some second type Neumann
series will be presented.

Theorem 2.22 For all min{a, x} > 0 the following connection formulae hold

S D"+ Dhyi (Va1 (Z) (2.109)

n>0

= \/2);3—3 ed" —Z(\/Z) 1, (y/ax)

n>0
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and
DD (/) (2 (5) - 12 (5)) (2.110)
n
4 [ x _a atx x\"
= a\/27re ile 2 —;(\/a) I,(Vax)
Proof Applying the formulae (2.105) and [227, p. 255, Eq. 10.39.5]
L) = F(V‘i D (’2“) Fi(v+ ; w4121, —v¢N,

to equality (2.104) derived in the proof of Theorem 2.21 and also the identity

@ =2"(5) (“; 1) ,

we immediately get

Z (\/Z) I,(Vax) = Kool \/2:e3 Z(—l)"(2n + 1)12n+1(\/ax)1n+£ (Z) ,

n>0 n>0

which is exactly equal to (2.109). Further, using the identity
2vI,(x) = x (I,—1(x) = [,+1(x))

Eq. (2.110) immediately follows. O

Remark 2.7 Combination of results achieved in Theorem 2.21 and Corollary 2.5
with those derived in Theorem 2.22 yields the closed-form expressions for the
second type Neumann series (2.109) and (2.110). |

Ending this section, let us derive a generalization of the following formulae [257,
p. 665, Eq. 5.7.11.8]

RNV ANE

) 1
Z(:tl) ntv () (x) = o { 2

n>1

v~ sin(v) }

—4v sin(v7r)s—1.2,(2x)

and [257, p. 666, Eqs. 20-21]

S s W = | sin(om) { (1)} ~ ¥ sin(vm) {

n>0

S—1,2v (ZX) }
25_1.20(v/2x)

+ ;J\, ()= (x).

First, we derive new summation formulae for the second type Neumann series of 7,,.
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Theorem 2.23 Forallb € R, 2a € N and x > 0 the following summation formulae
hold

glam(x)lm_b(x) = OO + 41a2§(®[1 eyl ()]
:I:xcos(];n) 1?2[3 b b‘x cos’ 7;”)])
@.111)

Proof It is not hard to show that our series absolutely converges for all x > 0, using
the same proving procedure as in Theorem 2.15.
Now, from the integral representation [227, p. 253, Eq. 10.32.15]

L (x) = i /0 " Ly (2xcos ) cos (i — v)r) dr,

valid for i (n + v) > —1 and with the help of the formula (2.83) we infer that

2 b
D Lot s ()l (x) = / " c0s(2b1) 3 Doun(2xcos 1) dr
T Jo

n>0 n>0

T 2a—1
1 (2 1 ! .
= / cos(2bt) (Io(Zx cost) + Z gZreostmn/a)cost ) dr
T Jo 2a =

2a—1

1
= B@IW + Z / cos(2br) e2reostm/acost g
(2.112)

To solve this integral we apply [96, p. 108, Eq. 9¢)]

k4

/2 cos” ! rcos(Br) dr = ')
0

wr (y+§+1)r(y—§+1)’ v >0

Expanding the exponential term in our main integral into Maclaurin series, by the
legitimate change of order of summation and integration, we get

/0’5 e* %! cos(Br) dt = Z / cos” r cos(fr) dt

n=>0

T o
2 ZZ; 2r (15 (14 75

n
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7 (5)" (O
B 2(;F(l+g+n)['(l—§+n)n!
(g)2n+l (1);1 )

nzo]"(342_ﬂ+n)[‘(3;ﬂ+n)n!

S (2 S A o P oy
BT G S O B I B Rl IS C R I

where (2.89) implicates the third equality. Substituting & = 2xcos (") and § = 2b
in the previous expression from (2.112) we obtain the desired formula. Another
formula follows analogously, using (2.102) instead of (2.83). O

+

Substituting ix instead of x in (2.111), we immediately arrive at the following
particular result.

Corollary 2.7 Forall a, b € N and x > 0 the following summation formulae hold

D D" ot s () an— ()

n>0

2a—1

= ;J”(’C)J"’(x) * 41a ; (@[1 +le —b‘ — o cos (]Zl)]

. AN ~ 1 mn
:t1xcos( B )1F2[3+b’3_b‘—x2cosz( a )D

2 2

Remark 2.8 1t should be mention that Newberger derived a set of summation results
close to second type Neumann—Bessel series when the summation set is Z, see
[210]. |



Chapter 3 )
Kapteyn Series s

Abstract In this chapter we deduce several results for Kapteyn series of Bessel and
Kummer hypergeometric functions. We present some integral representations and
results on coefficients by using the Euler-Maclaurin summation technique and the
differential equation technique.

Series of the type

R(z) = Zan Jogn (v +n)z2), z€C, (3.1

n>1

where v, o, are constants and J, stands for the Bessel function of the first kind of
order v, are called Kapteyn—Bessel series of the first type. Willem Kapteyn was the
first who investigated such series in 1893, in his important memoir [145]. Kapteyn
series have been considered in a number of mathematical physics problems. For
example, the solution of the famous Kepler equation [73, 183, 238]

E—e€esinE =M,

where M € (0, ), € € (0, 1], can be expressed via a Kapteyn series of the first type:

E=M+2) Sin(:M) Tn(ne) .

n>1

There is also an integral expression for E obtained in [81, p. 133]. Kepler’s problem
was for the first time analytically solved by Lagrange [166], and the solution was
rediscovered half a century later by Bessel in [37], in which he introduced the
famous functions named after him. See also [57] for more details.

© Springer International Publishing AG, part of Springer Nature 2017 87
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There are also Kapteyn series of the second type, studied in detail e.g. by Nielsen
[217]. Such series are defined by terms consisting of a product of two Bessel
functions of the first kind:

+ +
Z,B,J,H_n(('uz 1)+n)z) Jv+n((uzv+n)z), z,v,u e C.

n>1

Summations for second type Kapteyn series were obtained in [168, 169, 171]. More
about Kapteyn series of the first and second type can be found in [306]. Also, in
[182, 228, 229] we can find some asymptotic formulae and estimates for sums of
special kind of Kapteyn series.

The importance of Kapteyn series extends from pulsar physics [168] through
radiation from rings of discrete charges [169, 312], electromagnetic radiation [280],
quantum modulated systems [54, 171], traffic queueing problems [67, 68] and
plasma physics problems in ambient magnetic fields [170, 281]. For more details
see also the paper [307].

One of the most representative result concerning this type of series is Kapteyn’s
own expansion [145, p. 103, Eq. (17)] of integral powers z":

Z\" ) n+m-—1)!
=n . Jnrom{(n 4 2m)z}, zekK (3.2)
(2) mzzzl(n+2m) Tim!

where

zexp«/l—zz‘ - 1}'

K = {ZE(C:‘I_F\/I_Z2

A few years later, in 1906 (see [146]) Kapteyn obtained a generalization of the
previous result, i.e. he concluded that it is possible to expand an arbitrary analytic
function into a series of Bessel functions of the first kind (3.1), see for example
[69, 146, 333]. Namely, let f be a function which is analytic throughout the region

§a§ 9

f@ Zao+22an1,,(nz), z € Dy,

n>1

zexp{v/1 — 22}

Da:
1+ V1-2

7€ C: () =

with a < 1. Then,

where

oy = zjln. 95 O.(2)f (2)dz
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and the path of integration is the curve on which §2(z) = a. Here the function ®, is
the so-called Kapteyn polynomial defined by

[5]

_ 1 (n— 2k)2(n — k — 1)! ynzy\2%k—n
@)=, &= 4; k! (2) . nel.

Before we state our results on Kapteyn series let us first consider the results given
by Exton [79] which are the starting point for our first set of main results.

By certain formal manipulations Exton [79, Eqs. (1.1), (4.1)] generalize (3.2),
getting

I(ay+3) - Ian + ( ) Z (v Fov+b nXu+2k[(a) ) v+ Zk)z]

Tbi+2)--Tb+ ) \2 V4 2K+ k! (b)
3.3)
where
(@) ap,---,ay
Xu+2k[(b) ] = Xu+2k|:bl"“ b, Z]

V2K

—Z(_ )k( ) l_[ [(a,+ % +k) o

<KL+ 1+0) LB +v/2+k) '

Here the case n = 0 corresponds to (3.2) in which J,, = ¢X,. Then Exton examined
the convergence of the series on the right of (3.4) but only for integer values of the
order parameter u in ,X,, for real z using Hansen’s bounding inequalities [333,

p. 317!
@I =1 14@)|< j,. reNzeR. (3.5)

Hence, his conclusion was that the series in (3.3) converges absolutely and
uniformly for all real z and for 9 (d) < 1, where

d:=Y (aj—b).
j=1

Using more sophisticated bounding inequalities than (3.5), precisely the ones by
Landau [167] and then Olenko’s [226], we will show that the range of d can be
extended to N(d) < g in the case of absolute and uniform convergence and this

'In fact Exton applied the inequality Jy o {(N + 2k)z} <1, N + 2k € Ny such that didn’t appear
in [333], but which one readily follows by Hansen’s bounds (3.5).



90 3 Kapteyn Series

value is optimal when z € R. Those results, which concern the paper by Pogany
[242], will be presented in the next section.

In order to state and prove the second set of results in this chapter, let us mention
the well-known fact that the series K, (z) is convergent and represents an analytic
function (see [333, p. 559]) throughout the domain

1
2(z) < liminf |a,|™ »+».
n—>oo

But, when z = x € R, the convergence region depends on the nature of the sequence
(ctn)ns>1. This question will be tested by using Landau’s bounds (1.20), (1.21) for J,,
in the proof of Theorem 3.2, in Sect. 3.2 which also contains a new double definite
integral representation of g,.

Motivated by the above applications in mathematical physics, the main objective
of Sect.3.3 is to establish two different types integral representations for the
Kapteyn series of the first type. The first one is a definite integral representation,
while the second is an indefinite integral representation formula. Also, in Sect. 3.4
we establish an integral representation for the special kind of Kapteyn series which
generalize an integral representation given in Sect. 3.2. Finally, the last section is
devoted to new results concerning coefficients of Kapteyn series.

Let us mention, that our main findings are associated with the published papers
[23, 131] and [133].

3.1 On Convergence of Generalized Kapteyn Expansion

In the sequel, we begin with Exton’s research procedure steps, specifying here and
in what follows the parameter sequences (a) := (ay,-- ,a,), (b) := (b, -+ ,by)
by assuming

— (N(a) +h), —O(b)) + k) €Ny j=1,n hkeNy. (3.6)
Recalling the property (1.4) of the Gamma function:
I'(z) = V2n e (1+0E™) |argz| < 7, |z]| = oo,

we obviously have for k£ enough large

Ko EZ; ‘ (v +2002] ~ K Jad (v + 2002)

Therefore, we examine the convergence of auxiliary Kapteyn-series

I'(v+k)k?
>y

b4 2 A Jorau{(v + 2k)z} . (3.7)

k>0
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We already introduced the Landau’s bounds (1.20) and (1.21) for the Bessel function
of the first kind J, (x) with respect to v and x. The bounds are uniform, (1.20) for
x € R,and (1.21) for v € R, and the exponents ; are the best possible [167]. Thus,
for

T'(v+ k) I + k) K@
‘ k2>(:) (v + 2k k! Jorau{v + 2k)Z}‘ < kg(:) (v + 2K+ &l \J\,Hk{(v + 2k)z}i )

Hence, by means of (1.20) we conclude that the absolute convergence (and
consequently the uniform as well!) of (3.7) follows from the convergence of the
depending M-series (Weierstraf3):

R(d)
Zf’(v—}-k)k (:Zuk). (3.8)

S22 S
But, since
Wkl _ T—=Rd) 0,4k
Uy k 2
where
v—1 X 7\° —1
buak) ="+ (?h(d) - 3) + O,

is bounded in k € N, by the Gauflian convergence-test [154, §172, p. 297], the
series (3.8) converges for ; — M(d) > 1 and diverges elsewhere. That means, the
convergence of (3.3) is a fortiori established with N (d) < §. Finally, being Landau’s
bound (1.20) uniform, the constant g is optimal for all real z-values so, cannot be
improved. The estimate (1.21) gives the same result.

Olenko [226, Theorem 1] has established the following sharp upper bound:

o 302
sup /x | J,(x)] < bL\/ﬁ + } + 1
x>0

=W s 0, 3.9
o low yvl(er) V> (3.9)

where o is the smallest positive zero of the Airy-function Ai(x) and b, is the
Landau’s constant in (1.20), see also [226, §3]. With the aid of (3.9) it is obvious
that

1
yo(a) < ve v — 00,



92 3 Kapteyn Series

so, for some absolute constant C,, we easily deduce that, for fixed x

R(d)
ZF(U TRk | Jo 2 { (v + 2k)z} |

+1
(v + 20 K

I'(v + k) k%@
;;) (v + 263 K1 ot % | Toaaef( !

1 Z rv+ k) kM Dy, (o)
TVr S 42k
G, I'(v+ k) kR@
VXS 0+ 20"k

<

The series in the last expression we recognize as ) ., ux, considered earlier in
display (3.8). Collecting all these considerations, we prove the following

Theorem 3.1 (Pogany [242]) Consider Extons’s Kapteyn-type expansion

Flay+35)-Tlan+73) 2y 2 (v +k)
F(b1+;)---r(b,+;)< ) _ZZ;(U-i—Zk)V“k! X““"[(b))(”rzk)z]
where
v+2k
1 (3)
(a) F(ar—i- + k)
"X”“"[(b) ] Zk'F(v+1+k)l—[r(b,+2+k) v>0

and the sequences (a), (b) satisfy (3.6). Then the series (3.3) converges absolutely
and uniformly for all z € R, when R(d) < § and the bound § is sharp.

Remark 3.1 Exton pointed out (hypergeometric display) [79, Eq. (1.2)] that

" T(a,+ " +k <Z>V "
X[EZ% Z] - (Ul (b, + 2 +k)) 1"(v2+ 1) ”F”“[(b)n(a) 2,v+ 1‘ ]

- (;)V”W”H[((b)n ((a)nl) W +1, 1)‘ - ]

where (1), + v is a shorthand for the sequence of parameters u; + v,--- ,u, + v,
while ,F,1[-] is the generalized hypergeometric and ,¥,+; the Fox—Wright Psi
function, both with n numerator and n + 1 denominator parameters. Therefore the
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Kapteyn-type expansions and Theorem 3.1 can be translated into hypergeometric
framework too. The case n = 0 corresponds to well-known result

2)" - ?
o[ =] = @) = ]"((Zv/—:l) IR EAL

For a comprehensive treatment of generalized hypergeometric functions the reader
can consult the classical monographs [185, 294]. |

3.2 Integral Representation of Kapteyn Series

In this section our aim is to deduce the double definite integral representation of
the Kapteyn series 8, (z). We shall replace z € C with x > 0 and assume that the
behavior of («,).>1 ensures the convergence of the series (3.1) over a proper subset
of R+ .

Theorem 3.2 (Baricz et al. [23]) Leta € C'(Ry), a|y = (@y)n>1 and assume that
> n_ﬁan < oo. Then, for all 2v > —3 and

n>1

xe (O,Zmin { 1,e_l(limsup|an|}z)_l}) =: .9,

n—>oo

we have the integral representation

B oo [u—v]+v P i | SSO{(S— \))
ﬁu(X)——/H_V/V . (u F(M-i- 2) Ju(MX))Ds< F(s—i—;))duds.
(3.10)

Proof Let us first establish the convergence conditions for the Kapteyn series of
the first type K, (x). For this purpose we use Landau’s bounds (1.20), (1.21) for the
first kind Bessel function introduced in Chap. 1. It is easy to see that there holds the
estimate

18, ()| frnax{bL, Cf} 3 o]

-
x3) 2 (n+v)s

and thus the series (3.1) converges for all x > 0 when ), _, n_éan absolutely
converges. -

Now, recall the following integral representation for the Bessel function [93,
p. 902, 8.411, Eq. (10)]

(z/2)"

M@ = Jr (v +

1
1)/eiﬂ(l—ﬁ)v—%dt, zeC, R(w)>-1, (3.1
2 —1
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and thus, having in mind the definition of £, (x) in what follows we suppose that
v > —g. Replacing (3.11) into (3.1) we have

1 2N\
R () = \/2); /_lei”’ (x(lz t)) P, dt, x>0, (3.12)

where 2, (1) is the Dirichlet series

o, (v 4 n)’ " 2
() = —nl ) . .1
7 ; Fn+v+1) eXp( "8 (1 —tz)) G19

For the convergence of (3.13) we find that the related radius of convergence equals

— . 1
pg' = elimsup |a,|" .
n—>oo

So, the convergence domain of %, (¢) is x € (0, 2pg). Moreover, the Dirichlet series’
parameter needs to have positive real part [147, 249], i.e.

N1 2 1 2 > 1 2 >0 [t <1
N(log . =1In 0 , ,
& eity(1 — ) x(1—p) %,

and hence the additional convergence range is x € (0,2). Collecting all these
estimates, we deduce that the asserted integral expression exists for x € .7,.

Expressing (3.13) first by virtue of (1.15) as the Laplace integral, then using the
Euler—Maclaurin formula (1.9), we get

i u [u]
eYx(1 — 1) o, (v +n)vt"
) ) E du

2 00
Du(t) =1 .
() og elxr_x(l _ t2) /0 ( o F(U +n+ é)

_ _/oo /[u](eixtx(l _ tz))ulog eixrx(l _ tz) , ot(s)(v + s)v+s duds
0 0 2 2 ' F(V + 5+ é)

(3.14)

Combination of (3.12) and (3.14) yields

S [u] v+s
ﬁu(x)Z—\/x [ e
2 Jo Jo '(v+s+ ;)
1 2 _1 ixt 2
iy (XL = 17) \vHe—s e¥x(1 —1%) )
X(/_le ( ) ) log 5 dr) duds.
(3.15)
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Denoting

1
1 1—2)\ T2 ity (] — 2
F(u) = / glvtux (x( )) log el ) de,

_ 2 2
we have
2r T(v+u+l)
/ H(u)du = \/ x4 u)v+L¢2 Jotu (v + u)x)
that is

27 9 (r(u+u+;)

(U + u)v-i—u Jvtu ((l) + u)x)) . (3.16)

Hxu) = \/

x Oou

Now, by virtue of (3.15) and (3.16) we conclude that

_ © rly (M +u+ ;) a(s)(v + s)0+
ﬁv(x)—_/l /0 314( (v + u)v+e Jv+u((V + M)X))OS ( Fv+s+ é) ) duds,

and the change of variables v + t — ¢, t € {u, s} completes the proof of (3.10). O

3.3 Another Integral Form of Kapteyn Series Through
Bessel Differential Equation

In the following, we deduce another integral representation for the Kapteyn
series (3.1), by using the already mentioned fact (2.20) that J, 4, satisfies

xZJ,’l’Jrv(x) +xJ,,,(x) + % = (n+ 1)) (x) = 0.
Now, taking x — (v + n)x we obtain
v+ n) L, (v +n)x) +x(v + ), (0 + n)x) (3.17)
+ (v + 1) (7 — DIy (v + 1)x) = 0.
Multiplying (3.17) by «,,, then summing up that expression for n € N we arrive at
PRI + x8,(x) + (F —vH Ry (x)

= Z (= v+ (1 =)V + n)?)atndugn (v + n)x) =: £, (x); (3.18)

n>1



96 3 Kapteyn Series

the right-hand side expression £, (x) defines the Kapteyn series of Bessel functions
associated with £, (x).
Our main results in this section follows.

Theorem 3.3 (Baricz et al. [23]) Forall v > —g the particular solution of the
nonhomogeneous Bessel-type differential equation

2y +xy + 02—y =£,(x), (3.19)

with nonhomogeneous part (3.18), represents a Kapteyn series y = R,(x) of order
. 5

v. Moreover, let & € C'(R4), a|y = ()n>1 and assume that series Y, n3ay

absolutely converges. Then, for all x € %, we have the integral representation

oo [u—v]+v 9, X
£,(6) = _/ / o (@ P 3 ,00)
14+v Jv u

S _ 2 2 _
XOS<S (1 =)s” 47 N ) s ”)) duds. (3.20)
I's+,)

Proof Equation (3.19) was established already in the beginning of this section.
Further, since the associated Kapteyn series £,(x) is a linear combination of two
Kapteyn-series, reads as follows

£,0) = (@ =R () + (1 =) Y (v + 1) ’adva (v + 1)x),

n>1

the uniform convergence of the second series can be easily recognized (by Landau’s
bounds) to be such that n3 || < 00. Making use of Theorem 3.2 with

n>1
an > (1= +n)? + 2 — vy,
we get the statement, the x-range for the integral expression (3.20) remains
unchanged. O
Below, we shall need the Bessel functions of the second kind of order v (or
MacDonald functions) ¥, which are defined by Eq. (2.15), in Chap. 2:
Y, (x) = cosec(mrv) (J,(x) cos(mv) —J—,(x)), v €7, |arg(z)| < m.

Remember that linear combination of J, and Y, gives the particular solutions of
homogeneous Bessel differential equation (1.18), when v € Z. On the other hand,
when v ¢ Z, the particular solution is given as the linear combination of the Bessel
functions of the first kind, J,, and J_,,.
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Theorem 3.4 (Baricz et al. [23]) Let the situation be the same as in Theorem 3.3.
Then we have

A () = JVSC) / 1 (/ Jy ()£, (x) dx) “

xJ2(x) x

Y, (x) 1 Yy ()L, (%)
! 2 /XY\%(X) (/ x dx) dr, (3.21)

where £, is the Kapteyn series associated with the initial Kapteyn series of Bessel
functions.

Proof It is a well-known fact that J, and Y, are independent solutions of the
homogeneous Bessel differential equation. Thus, the solution of the homogeneous
ordinary differential equation is

(@) = C1Y,(x) + CoJy(x) .

Since J, is a solution of Bessel’s differential equation, a guess of the particular
solution is &, (x) = J, (x)w(x). Substituting this form into non-homogeneous Bessel
differential equation (3.18) we get

(Iw 420w+ I+ x(w + Iow') + (F —v)Iw = £,(x).
Rewriting the equation as
w2+ xJ) + (& —v)) + W Q2T 4+ xT,) + v (P,) = £,(x),

and using again the fact that J, is a solution of the homogeneous Bessel differential
equation, leads to the solution

1 £,J, Y,
= dx | dx+ C Cy,
w /XJE(/ . ) + 32-]v+ 4

/ 1 7Y,
dx = :
xJ2 27,

Therefore, the desired particular solution is

because

R () = L @w(x) = J, () / x} ( / S”XJ” dx) dr+Cs 7 V(@) + Cud, ().

Finally, as J, and Y, are independent functions that build up the solution yj, they do
not contribute to the particular solution y, and the constants C3, C4 can be taken to
be zero.
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On the other hand, taking a particular solution in the form &, (x) = Y, (x)w(x)
and repeating the procedure, we arrive at

R0 = Y 0wl) = ¥,(x) / x; ( / S”XY” dx) dr—C57) J,() + Co¥u (0.

bearing in mind that

/ 1 dx:—njv.
xY? 27,

Choosing C; = Cg = 0, we obtain the integral representation (3.21). O

3.4 Integral Expression of Special Kind Kapteyn Series

Here we derive an integral expression for the special Kapteyn—Bessel series

K@= andvipn((+mz), zeC (3.22)

n>1

where v, ¢, are constants, u € C and 8 > 0. This integral will be useful to us in the
next chapter, devoted to similar questions concerning Schlomilch series.

Theorem 3.5 (Jankov and Pogény [131]) Let o € C'(Ry), oy = (€)n>1 and
assume € = limsup,_, o |an|$ < 1. Then, forall B > 0,2(v+ B)+ 1> 0and

XE Sypi= (o,zmin{w (e%rﬁ)—l})

we have

~ Wy rBu+v+)
= [ et )

v+Bs
o[ AWH ) +1 duds. (3.23)
rv+pBs+,)

Proof By virtue of the Landau’s bounds (1.20), (1.21) there holds

R, = D foa max

n>1

bL cr, §
W+ Bn)s (e + )l

> ol .

n>1

by
W+B): (n+ 1)|x|)

therefore the series (3.22) absolutely converges being 4 < 1.

< max
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In the following, again we need the integral representation of the Bessel
function (3.11), it has to be 2(v + 8) + 1 > 0. Substituting (3.11) into (3.22)
we get

1
~ 1 . _72 Y72
Ky = \/ * / ittt (x(l ! )) P dt, x>0, (3.24)
’ 21 —1 2

where 2, (1) is the Dirichlet series

RS AE 2 Y
Dy (1) := ; I+ pn+ é) exp § —nlog (ei’“/ﬂx(l B t2)) . (3.25)

For the convergence of (3.25) we find that the related radius of convergence equals

B B . N\ 7L '3/3
p_(e) (hﬂgplanln) CefE

Now, because of |¢| < 1, there holds

(5]l

hence the convergence domain of Z,(f) is

28
w <20h = P
c

Moreover, the Dirichlet series’ parameter needs to have positive real part [147, 249]:

N1 4 B1 2 > B1 2 >0 lt] <1
(0] . == n () 5 )
& gity (1 — 12) x(1—2) & x

so, this additional convergencerange is x € (0, 2). Collecting all these estimates, we
deduce that the desired integral expression exists for x € .%, g. Expressing (3.25) as
the Laplace integral we get

_ 28 [ i X(l—l‘z))lS Sy an(ﬂ+n)v+ﬂn
Pu(1) = log e-m(x(l_tg))ﬂ/o (e ( 2 ; rivpns )

/ /M< (x(l ﬂ)))loge“’(x(l—tz))ﬂ
28

v+Bs
o, [2OE+9 Y duds. (3.26)
I'(v+Bs+ é)
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Combination of (3.24) and (3.26) yields

W (als)(p+s)HP
p ) = \/2n/ / ( r(v+Bs+, ))

L — %)\ v+Bu—] i (x(1 — 2))P
x( / e'x(“")’(x(l t)) *log © (1 =) dt) duds.
—1

2 28
(3.27)
In the following, we will simplify the 7-integral
1 2y \ VHBu—} ixt 2)8
. i(ptu)xt x(1—1%) € (X(l -1 ))
Hu) = /_le ( 5 log 28 dr.
We have
1 1 -2 V+/3M—£
/ /x(u)du = / el(I“H‘)Xt (x( 5 )) dt
-1
2n T (v + Bu+})
- J u
that is
R B LY (328)
x\u) = u+tv u)x) | . .
x Ou (o + u)v+pu Pt (K

Now, by virtue of (3.27) and (3.28) we immediately get the integral representa-
tion (3.23). O

3.5 On Coefficients of Kapteyn Series

Here we describe the class of functions A = {«} which generate an integral
representation like (3.23) for the corresponding Kapteyn-type series, in the sense
that O{\N = (otn)n>1 generates the coefficients of the series (3.22). For the fixed

set of nodes {(n,an)}n>l, we derive the class of functions o which depends on
a certain integrable (on R} ), scaling-function A, say. It is important to note that
Jankov et al. [134] applied a similar way of concluding the coefficient-function class
for Neumann series ‘J’t{w (x) (compare Sect. 2.2).



3.5 On Coefficients of Kapteyn Series 101

Theorem 3.6 (Jankov and Pogany [133]) Let 8 > 0,1 + min{u,v/B} > 0 and
assume that Theorem 3.5 holds for a given Kapteyn-type series of Bessel functions.
Suppose that the integrand in (3.23), is such that

0 T'(Bu+v+ é) (1] a(s)(j + s)' P
ou ( (ILL —|—u)ﬂu+v Jﬂ“"'”(('u“ +u)x)) /0 0 F(V +'3S+ é) ds,

is L' (R )-integrable and let

_ 0 (TButv+)) NGRSO
hw = ( (- e Tgurn (1 + u)X)) /0 m( Fw+Bs+1) ) &

Then the following formula holds

Fw+pk+13) d hu

, —kkeN
a(u) = (n+ k)””L/B"1 du 77 (u) | =4 ! ) ; (3.29)
p(v+ﬁu+2)<h(u) _h(k+)) l<u#k keN
tuy et i ) ) |
where

3 (F(,Bu—i-v—i- )

H(u) = ou U (a1 i Jpurv (1 + u) x))-
Proof Assume that the integral representation (3.23) holds for some class of
functions A = {a} such that a|y represents the coefficient array appearing in
K, 5(x). Suppose that the function /1 € L!(R4) is defined by
~ [u] v+Bs
) = A ) / o, [ WA DT 4 (3.30)
0 r'(v+Bs+,)

Because u ~ [u] for large u, using (3.30) we conclude that

u 5 5)Y Bs u
/ aX(oz( )+ s)t )ds_ h(u) 331
0

r(v+pBs+1)) AN
where
s+ )
h(u)/0 OS< F(v+,3s+;))ds N
h(u) = ~ h(u) U — 00

/[M] (Oé(s)(,u + s)v+ﬂ‘v) ’
0y | ds
0 r'(v+Bs+,)
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If we differentiate (3.31) with respect to u, we get

v+ Bu

{uya’ (u) + (1 + {u}(log(u +u)f + wu

By (v + Bu + é) ))a(u)

3 F(v+,3u+;)‘ 3 h(u)

(m+wyrrbe u W)’ (3-32)

For u = k € N, we have the coefficient-set (o). When u € (k,k + 1), where k is a
fixed positive integer, from (3.32) we deduce

v+ Bu
1 B —
k+0g(u+u) +M+M

T+ Bu+t)) 9 k()
C(u—k) (A uw) B du )

a/(u)+(ui By (v+ Bu+ ;))a(u)

Now it is easy to find the solution of the previous linear ordinary differential
equation in the form
T+ Bu+)) h(u
a =P (g M0,
{u} (o + wr+re A (u)

where Cy denotes the integration constant. Thus we conclude that for # > 1 it holds
a(u) = oy foru = k, k € Nand

a(u)

1
r(u+/3u+2)<c h(u)), l<u#k kel

T (4w T ()

Using Landau’s bounds (1.20) and (1.21) we have the estimate

’

K500 = maX§ o } o <yl

by
VB V] n>1 (n+min{p,,v/,3})é n>1 ns

which converges by assumption. So, it is sufficient to take () — 0, as k — oo.
Let us find the constant Cy. Because
h(u
Cr + j(f( (I/)l)
& = u1—1>rl£1+a(u) o MEIIP+ r (V + IBM + 2) u1—1>rl£1+ (M — k) (/i =+ I,t)"+ﬂ“

becomes an indeterminate form for

h(k+)

="
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by L’Hospital’s rule we conclude

B F(v—i—ﬂk—l-;)' d h(u)

R (T SR W P
Finally, we get the desired formula
Fw+pk+1) d h
( ﬁv+ﬁkz) %,f“) . u=k keN
a(uy={ W+H . du () | =it :
F(v+,3u+2)(h(u) _h(k-l-)) l<usk keN
{u} (u+w)y P Nty A (k) ’
such that finishes the proof of the Theorem 3.6. O

Remark 3.2 Specifying § = 1, 4 = v in Theorem 3.6, we deduce the coefficient
function class A for the Kapteyn-series K, (x) associated with the integral represen-
tation result by Baricz et al. [23, Theorem 1]. |

3.5.1 Examples

In the introduction we pointed out a wide range of applications of Kapteyn-series,
while in this section, we present two illustrative examples for functions i € L! Ry),
which describes the convergence rate to zero of the integrand in (3.30) at infinity.
Simultaneously, the associated function h(u) ~ Fﬁ(u), u — oo and finally related
coefficient-functions « are obtained by (3.29). We remark that in both examples
€ (1) remains the same as in Theorem 3.6.

Example 3.1 Let h(u) = [u]’(e™ + 1)~!, s > 0; then

/ Fﬁ(u)duzzenr:_l,

0 n>1

which is a convergent series, sohell (R4). Next, we have

1

)7 e ) = e

On the other side

/oo Ry du = (1 —27)I(1 + 5)¢(1 + 5),
0
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where ¢ stands for the Riemann Zeta function. For s > 0, from (3.29) it follows that
the coefficient-function is of the form

F(v+,3k+é)d ut —keN
(B du e+ DA |y “
() = rw+pu+)) ( u'
{u} (4 u)rtpu Iff(u) e+ 1)
'i%@ﬂé+19’ l<u#keN

Example 3.2 Take h(u) = e~ Jy(a [u]), where s > 0, a € R. Since

/oo e Jo(a [u]) du = Z e "Jo(an),
0

n>0
the auxiliary function Fﬁbelongs to L' (R ). Further
e=Mi(au]) ~ e Jo(au) = h(u)  u— oo,

and

o 1
h(u)du = ,
/0 @ V2 + a2

being the integral the Laplace transform of Jy(au). Thus, by (3.29) we conclude

Fw+Bk+1) deJolau) B
(w+ K du AW | T kel
au) = I'(v+ Bu+ ;) (e_“‘fo(au)
{uj (e + u)“t’izj ( Igi”(u)
e “Jola
—{%Q)), l<u#keN

3.6 On Kapteyn—-Kummer Series’ Integral Form

As in this section our main goal concerns the Kapteyn series we will focus our
exposition to this kind of series, pointing out that a set of problems associated with
Kapteyn type series are solved in [23, 133].

The Kummer’s differential equation [227, §13.2]

2y'+(b—-2y —ay=0, y=®(a,b,z2)



3.6 On Kapteyn—Kummer Series’ Integral Form 105

is the limiting form of the hypergeometric differential equation with the first
standard series solution

(@), "

B)y 0! aecC,beC\Z, .
n n!

1F1(d;b;z)=Z

n>0

The series converges for all z € C. Another notations which occur for Kummer’s
function are: M(a; b; z), @(a, b, 7).

Having in mind the structure of Fourier—Bessel series (1.27), let us introduce the
Kapteyn—Kummer series as

e (2) =:%§( @b ):ZKnIFl(a+om;b+,3n;z(l+§n)), (3.33)

Z
O{"B’g’ n>0

where k,, € C; the parameter range and the z-domain will be described in the sequel.
We point out that for at least one non-zero «, 8, and { = 0, this series becomes a
Neumann—while in the case « = B = 0, ¢ # 0 we are faced with the Schlomilch—
Kummer series.

We are motivated by the fact that Kummer’s function | F; (a; b; z) generate diverse
special functions such as [1, pp. 509-10, §13.6. Special Cases]

1Fi(v 4 3320 4 1;2i7) = T'(1+v) e*(12) 7, (2)
1Fi(=v + J:=2v 4+ 1;2i7) = I'(1 —v) €%(32)" [ cos(v)J, () — sin(v7) Y, (2) ]
IFiv+ 320+ 1522) = (1 +v) e(32)  L(2)

where J, (1)), Y, (K,) stand for the Bessel (modified Bessel) functions of the first
and second kind of the order v respectively, for which their Fourier—Bessel series
have been studied in [24, 130, 131, 134, 244, 249] and [133], among others. Further
special cases of @ listed in [1, pp. 509-510, §13.6.] are: Hankel, spherical Bessel,
Coulomb wave [17], Laguerre, incomplete Gamma, Poisson—Charlier, Weber,
Hermite, Airy, Kelvin, error function and elementary functions like trigonometric,
exponential and hyperbolic ones. These links from Kummer’s @ to the above
mentioned special functions and then a fortiori to their Schlomilch-, Neumann-
and Kapteyn-series obviously justify the definition of the Kapteyn—Kummer .%,-
series (3.33).

Our main aim here is to establish integral representation for the Kapteyn—
Kummer series .#,. The main derivation tools will be the associated Dirichlet series,
the famous Cahen’s formula (1.15) and the Euler—Maclaurin summation formula
firstly used for similar purposes in [239] and in [249].
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3.6.1 The Master Integral Representation Formula

The derivation of the integral representation formula we split into few crucial steps
assuming that all auxiliary parameters a, b, «, 8 mutatis mutandis are non-negative,
and ¢ real. Having in mind the integral expression of Kummer’s function [1, p. 505,
Eq. 13.2.1]

< e _ F(b) ! zt qa—1 b—a—1
\Fi(a;b;z) = Fo—ar@ ¢ 71— 1) dr, (3.34)

valid for all (b)) > NR(a) > 0, we transform the Kapteyn—Kummer series into

_ k(b + Bn)
H@) = ; F(b—a+ (B —an)l(a+an)
X /l eZ(l"r{n)t l,u-‘ran—l(l _ t)b—a"r(ﬁ—o()n—l dt (335)
0

Hence, for all 8 > o > 0 using (3.35) we get

- lica| T'(b + Bn)
|Ji7{(z)| = Z 'b—a+ (B—a)n)I(a+ an)

n>0

1
% / |eM(z)(l+§n)r’ ta+ocn—l(1 _ t)b—a-i—(ﬂ—a)n—l dr
0

-y [l P+ )
- r'b—a+ (B—ayn)l(a+ an)

n>0
1

x / elm(z)\(l-l—lf\n)t ta+om—l(1 _ t)h—a+(ﬂ—a)n—1 dr
0

< R Z k| T (b + Bn) eli®@1n
T G Te-atB-omlatan

1
% / ta+ocn—l(1 _ t)b—a-i—(ﬂ—a)n—l dr
0

— RE Z lic, | elER@ln (3.36)

n>0

Here we employ the Euler Beta function’s integral form and its connection to the
Gamma function:

I'(p)I'(q)

1
= —1 — -1 =
B(p,q)—/0 (1= de Fpta)’
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where min {N(p), N(g)} > 0. Indeed, specifyingp = a+an,g =b—a+ (f —
a)n (3.36) immediately follows. Finally, by virtue of e.g. Cauchy’s convergence test
we get the convergence region of 7, (2):

RL(Q) = |z € C:Ien@I < ~log lim lwl}

for any fixed real ¢.
The integral representation formula (3.34) of Kummer’s function enable us to
re-formulate the series (3.35) into the following form

~ 1, (b + Bn)
Hie(z) = Z 'b—a+ (B—a)n)I'(a+ an)

n>0

1
X / ez(l+§n)r ta-l—ocn—l(l _ t)b—a-l—(ﬂ—a)n—l dr
0

1
= / 1=t () de, (3.37)
0

where the Dirichlet series
Kk, I'(b + Bn)e P
Ze) = .
I'b—a+ (B—a)n)I(a+ an)

n>0

Here the parameter

p. = log (7 (1 —*F) — 2t

should have positive real part. In turn, bearing in mind that for {9i(z) < 0 for all
te(0,1)itis

NR(p) = —alogt— (B —a)log(l —1) — ¢NR(z)t >0,

we have to take into account the following subset of R (¢):
R (¢) = {z € C:log lim ¥Jka| < EN(2) < o} .
n—oo

Using z € R (&) where ¢ is a fixed real number, applying Cahen’s formula (1.15)
and the consequent Euler—Maclaurin summation’s condensed writing developed in
[239], we arrive at

Theorem 3.7 (Pogany et al. [254]) Let k € C'(Ry) be the function which
restriction into Ny is the sequence (k). Forallb > a > 0; 8 > a >0, € R
and for all z € Ry (¢), we have

_ kol'(b) ® s
20 = 10" +p,/0 P o7 (5) ds. (3.38)
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where p, = log (7 (1 — )*Pe™%") and

_w k() I (b + Bu)
ls) = /0 0“(r(b—a+ B —a)u)F(aJr““))du'

Proof It only remains to explain the sum-structure of (3.38). As to the use of
Cahen’s formula for the Dirichlet series, which involves summation over n € N,
we rewrite

ro 2 (b P
) .
r'(b—a)l (a) = '(b—a+ (B—a)n)I(a + an)
The rest is straightforward. O

Remark 3.3 Obviously the constituting addend constant term

K()F(b)
r'o—a)l(a)

can be avoided in the Dirichlet series’ integral expression (3.38) by using without
any loss of generality kp = 0. |

To derive the master integral representation formula for the Kapteyn—Kummer
series we need further special functions and auxiliary results. Putting now the
integral expression (3.38) of the Dirichlet series 7 (¢) into the integral form (3.37)
of the Kapteyn—Kummer series % (z), by (3.34), we deduce

1 oo
He(2) = ko 1F1(a; by 2) + / / e“ 1 — )P p A (5) deds . (3.39)
0o Jo

Let us concentrate on the double integral .#, (z) appearing above. By the legitimate
change of integration order we have

00 1
j’( (Z) — _/0 %(S) (/0 ez(1+§x)t ta+om—1(1 _ t)h—a+(ﬂ—a)s—1
x (¢zt + alogr + (B — ) log(1 — 1)) dt)ds

00 0 0
= —/O ,Q{K(S)(KZ/K(Za 1) +aaa/K(Z’O) + IBab/’C(Z’ 0))ds’
(3.40)

where for p € {0, 1} the following auxiliary integral occurs:

1
Sz p) = / et Hinatas=lte g _pb-atB-an=lqg
0
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In turn, by (3.34) it is explicitly
Iz p) =T p(s)P(a+as+p.b+Bs+p,z(1+Ls)),

where we use the notation

r'b—a+ (B—a)s)(a+as+ p)

Fp(s) = b+ s+ p)

Theorem 3.8 (Pogény et al. [254]) Let k € C'(R4) be the function for which
KiNo = (kn). Forallb>a > 0; > a > 0; { € Rand for all z € R(({), we have

B . oo rls] k() I'(b + Bu)
Jf/,((z) —K01F1(03b7z)_/0 /0 a”(]"(b—a+(,3—0l)u)r(a+a”))

x {é’zl’l(s)dﬁ(a+as+ Lb+ Bs+ 1.z(1 + £5))

ad 0
+ @*(B abro(s) ‘o, T(s))

* *

0P P
+ I"O(s)(ﬂ + o 9% )}dsdu.

ob
Here o7(s) and I'y(s), p = 0, 1 are described previously, while
®* = F, (a +as;b+ Bs;z(1 + Cs))
Accordingly, writing u = z(1 + Cs):

0% (1 +¢s) 1;1;2[ a+as+1:1;1,a+as ]
da  b+pfs FHDb4+Bs+1:—atas+ 17

0% _ (a+as)z(1 +s) 1:1;2[ a+oas+1:1;1,b+ Bs
ob (b + Bs)? ZOo b4+ Bs+1:—b+Ps+1

u,u].

Proof Collecting all these expressions, that is (3.39) and (3.40), we finish the proof.
So, from

~ o oo rls] k() I'(b + Bu)
%(Z) = K()]Fl(a,b,Z)—/O /0 au(r(b_a+ (:3 —O{)M)F(Cl+au))

X {g“zrl(s)qb(a+as+ Lo+ Bs+1,z(1 + {s))
+ ﬂai)l"o(s)@(a + as,b + Bs,z(1 + {s))

+a aaal'o(s)di(a +as,b+ Bs.z(1 + é‘s))}dsdu,
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with some algebra the double integral will take the form

o K(w) F(b+ Bu)
/0 /0 % o+ (B —ay (e + o)

x {¢2l () @ (a+ as+ b+ Bs + 1,21+ £9))

o* (B a‘lro(s) - aairo(s)) + To(s)(B a;: +a a:: )ds du.

Applying the formulae [115]

0 Z 112 a+1:1;1,a

Fi(a;b;7) = F[ T ,]
00 1@ = Foi| 5 iy g1 |20
a az _1:1;2 a+1:1;1,b

F b F [ s by ’:I
ap F1@ 0 == Faval 5 oy Lz

for getting the partial derivatives of @*, in which should be specified a — a + s,
b — b+ Bsand z — z(1 4 {s), we arrive at the assertion of the Theorem 3.8. O

3.6.2 The Neumann—Kummer and Schlomilch—-Kummer Series

Consider finally the limiting cases: (i) « — 0, which implies a two-parameter
Kapteyn—Kummer series; when either (ii) { — 0 or (iii) &, ¢ — 0 that infer
Neumann—Kummer series. In the last possible common-sense case (iv) § — 0
we earn a Schlomilch—Kummer series—all from %, (z), provided the conditions of
Theorem 3.8 hold.

We point out that for the sake of simplicity in this section we take vanishing k.

(i) @« — 0. Since ¢ — 0 independently of B, in this case we have a Kapteyn—
Kummer series:

. b K(“) I'(b+ Bu)
% Oﬂé / / F(b—a—}-,Bu))
X (Czal"l(s)lFl(a—}- Lb+ Bs + Lz(1 4 £s))

'B(d)*‘a=0 aabro(s) + FO( ) Ia_o))dsdu.
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(i) ¢ — 0. This case results in a two-parameter Neumann—Kummer series
%(da’b ;Z) :/OO/MOM(_K(M)F(b + Bu)/ I (a + au))
,,3,0 0 0 F(b—a+(,3_()l)u)
" ad ad
x (q> le=o(8 5y 7o)+ aaro(s))

0D* = D™ ;=
+Fo(S)<,3 az|f ‘ta alf 0))dsdu.

(iii) «, ¢ — 0. Further simplification of the previous integral gives one-parameter
Neumann—Kummer series, reads as follows:

. B[ (U (W I'(b+ Bu)
%(o,aﬁl,go;z) ) /0 /0 D“(I;“(b—a::—_ﬁu))

* 0 aqj*|oz,§=0
X (¢ le.c=0 BbFO(S) + I'o(s) % )dsdu.

(iv) B — 0. We end this overview of special cases of Master Theorem 3.8 with the
Schlémilch—-Kummer series integral representation formula

ab  \_ _atz [* 1 . .
J{K(O’O’;,z)——b/o /0 ouk () 1Fi(a+ 1;b+ 1;2(1 + £s)) ds du.



Chapter 4 )
Schlomilch Series Creck o

Abstract This chapter is devoted to the study of integral representations of
Schlémilch series built by Bessel functions of the first kind and modified Bessel
functions of the second kind. Closed expressions for some special Schlémilch series
together with their connection to Mathieu series are also investigated. The chapter
ends with an integral representation formula for number theoretical summation
by Popov, which also covers the theta-transform identity coming from functional
equation for the Epstein Zeta function.

Oscar Xavier Schlomilch introduced in 1857 in his article [279, pp. 155-158] the
series of the form

S6,(2) := Zan Jy (v +n)2), z€C, 4.1)

n>1

where v, o, are constants and J, stands for the Bessel function of the first kind
of order v. So, this kind series are known as Schiomilch series (of the order v).
Schlémilch considered only the cases v = 0, 1. Rayleigh [266] has showed that
such series play important roles in physics, because for v = 0 they are useful in
investigation of a periodic transverse vibrations uniformly distributed in direction
through the two dimensions of the membrane. Also, Schlomilch series present
various features [278] of purely mathematical interest and it is remarkable that a
null-function can be represented by such series in which the coefficients are not all
zero [333, p. 634].

It is worth to mention, that Schloémilch [279] proved that there exists a series
GG(x) associated with any analytic function f. Namely, according to Watson (in
renewed formulation) [333, p. 619]: let f(x) be an arbitrary function, with a
derivative f'(x) which is continuous in the interval (0, ) and which has limited
total fluctuation in this interval. Then f(x) admits of the expansion

ap
fo ="+ > awdo(mx) =: G(x). (4.2)
m>1
© Springer International Publishing AG, part of Springer Nature 2017 113
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where

ao = 2(0) + 2 /0 /0 uf (usin ) dp du

T 17'[
ay = fr / /2 uf’ (usin ¢) cos(mu) de du, meN
o Jo

and this expansion is valid, and the series converges in (0, 7).

We point out that this Schlomilch’s result may be generalized by replacing the
expansion (4.2) of order zero by G(,(x) of arbitrary order v, see [38, 216, 317] and
[333, Ch. XIX.].

The next generalization is suggested by the theory of Fourier series. The
functions which naturally extend G{)(x) are Bessel functions of the second kind and
Struve functions. The types of series to be considered may be written in the forms:

ao Z anJ, (mx) + b,,Y, (mx)
2F(v+1) -~ (émx)u ,

ao Z amJy, (mx) + b,,H, (mx)
2rv+1) = (émx)v '

Such series, with v = 0 have been considered in 1886 by Coates [55], but his proof
of expanding an arbitrary functions f(x) into this kind of series seems to be invalid
except in some trivial case in which f(x) is defined to be periodic (with period
2m) and to tend to zero as x — oo. Also for further subsequent generalizations
consult e.g. Bondarenko’s recent article [38] and the references therein and Miller’s
multidimensional expansion [197].

The series of much greater interest are direct generalization of trigonometrical
series and they are called generalized Schlomilch series. Nielsen studied such kind
of series in his memoirs consecutively in 1899 [212-214], in 1900 [215] and finally
in 1901 [216, 218]. He has given the forms for the coefficients in the generalized
Schlomilch expansion of arbitrary function and he has investigated the construction
of Schlomlich series which represents null-functions [219, p. 348]. Filon also
investigated the possibility of expanding an arbitrary function into a generalized
Schlomilch series for v = 0 [83]. Using Filon’s method for finding coefficients in
the generalized Schlomlich expansion, Watson proved a similar fashion expansion
result.

Theorem A (Watson [333]) Let v be a number such that 2|v| < 1 and let f(x) be
defined arbitrarily in the interval (—, ) subject to the following conditions: (i) the
function h(x) = 2vf(x) + xf'(x) € C!(—n, w) and it has limited total fluctuation in
the interval (—m, ), and (ii) the integral

A
/ S PO O, ve (-1.0)
0
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is absolutely convergent when A is a (small) number either positive or negative.
Then f(x) admits of the expansion

_ ao anJ, (mx) + b,,H, (mx)
= w4 mZa ()’ :

where

cos(mu) d¢ du
cos?tlg /m I () —v)

)

an= [ [T 4 (Ftusing) — ) sin*"9)
4.3)

sin(mu) d¢ du

_ T én d ) B o
bm—/_n/o do ({f (using) —£(0)} sin™'¢) cos g Ju I (L —v)

when m > 0; ag is obtained by inserting an additional term 21" (v + 1)f(0) on the
right in (4.3).

Now we refer about few Schlomilch-Bessel type series, which are closely
connected to certain number theoretical functions. First, we define ri(n) as the
number of representations of n by k squares, allowing zeros and distinguishing
signs and order. We mention that by convention r,(n) = r(n) [105], this number
is connected to the famous Gauss’ circle problem [108, pp. 33 et seq.]. In fact, ri(n)
denotes the number of integer-coordinate lattice points in the k-dimensional sphere
of radius /n

x%+---+x%=n.

The generating function of r¢(r) turns out to be [255, p. 801]

> nn)xt = 95(0:x).

n>0

where ¥3(z; ¢) stands for the Jacobi third Theta function.
Next, it can be given another type generating function via the Epstein Zeta
function [76]

G(s) =Y D Y

s
n>0

where {;(s) has analytical continuation to the punctured complex s-plane C \ {’;},

with residue Res[§k; l;] =72 1"(/5), [48, p. 18, Example 3]. This function satisfies
the functional equation [48, p. 18, Example 3]

() Gls) = 2 T (5 —s) &t ). (4.4)
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Popov obtained the formula [255, p. 801, Eq. (1)] (also see [157])

k_1
(e Jzk)z + Z rk(:l) Ji_, (271 \/nz) e
F(z) n>1 \/nz_l 2
k_1
Tz JT 2 2” mn
=rle s (k_{Z) . + Z rk(:qzl Ilzc_l( \/nz) e ¢ 4.5)
12 F(z) n>0 \/I’l 2 t
which holds for all 9i(¢) > 0. In turn, Chandrasekharan and Narasimhan (compare

both references [35, 48]) have proved that the functional equation (4.4), the theta-
transform identity [48, p. 19]

Yo nme™ =y e %R(y) >0, (4.6)

n>0 n>0

and the Bessel sum formula [255], [48, p. 19]

1 /
rig+ 1,2 OG0

0<n<[x]
71’2E x§+q x\ h+1 \/
= 1770 n(n) ( ) Jeo (27 /nx 4.7)
r¢+q+1) ; n ool )

are equivalent if x > 0,2 > k — 1, see [48, p. 10, Theorem I]. The dashed sum
indicates that if ¢ = 0 and x equals to an integer N, the left-hand-side reduces only
to ) r¢(N), see [255, p. 801] and also [35]."

However, Popov’s formula (4.5) covers inter alia both results (4.6) and (4.7),
consult [35].

The double Schlomilch—Bessel series analogue of (4.7), when k = 2,q = 0 was
established by Ramanujan. Namely, denoting

[], X not an integer

x—,, x integer

forall 6 € (0, 1), x > 0, we have [264, p. 335, Entry 1.1]

F(*) sin@mnd) = mx(t —8) = cot(z0)
Z (n 2 4

n>0

LV 3 { N /m(n+ 0)x)  Ji(4m/m(n + 1 —0))
\/m(n+9) \/m(n+l—9)

m>1
n>0

"Moreover, Berndt et al. extended (4.7) to all 2¢ > k — 3, compare [35, Theorem 2.1].
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Further reading about Bessel functions summations formulating Schlomilch series
with respect to another kind number theoretical functions the interested reader can
find in papers by Berndt with different coauthors, see [28, 30-35].

In the first two sections of this chapter we derive several new integral represen-
tations for Schlomilch-type series, while the last section is devoted to new closed
form formulae for the Schlomilch series built by members which contain modified
Bessel function of the second kind. Let us also mention that results presented in this
chapter concern to the papers by Jankov Masirevi¢ [135] and Jankov et al. [131].

Finally, we will close this section with establishing integral expressions for the
right-hand-side Schlomilch—Bessel series in (4.7) which also concerns a finite sum
evaluation formula for an associated triple integral.

4.1 Integral Representation of Schlomilch Series

In this section we will derive the double definite integral representation of the special
kind of Schlémilch series

GH(z) = Z a,J, (L+n)z) , z€C, (4.8)

n>1

using an integral representation of Kapteyn-type series

K@ =Y anluip((u+mn)2). z€C.B>0, (4.9)

n>1

which has been proven in the previous chapter by Theorem 3.5. Now, we can estab-
lish a connection between Schlomilch series (4.8) and Kapteyn-type series (4.9) by

— lim K"
Gl = ;1_1)1}) Kvﬁ(x) . (4.10)

Using this equality, we have the following result.

Corollary 4.1 (Jankov and Pogany [131]) Let o € C'(R.) for which the function

0

k(u,s) = o (

r(Bu+v+))

als)(n + s)”H“)
(1 + wyPrt

Jﬂu-l—v((:u“_'_u)x))av( F(v—}-ﬂs—}- é)

is integrable for all B > 0. Let o|y = (0tn)n>1 and let

¢ =limsup|an|'ll <1.

n—>o0o
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Then, for all v > — andx € (0,2) =: #, o we have the integral representation

] "
Sh(x) = // 9 L’u_:_)?}))Os(a(s)(u—i-s)”)duds. @.11)

Proof 1Tt is enough to establish the behavior of the convergence domain ., g when
B vanishes. Having in mind that by assumption ¢’ < 1 and this implies

lim B¢ : = —log% lim ¢ b = +o0,
0y B0y

and .%,9 = (0,2). Thus the statement (4.11) immediately follows from Theo-
rem 3.5, relation (4.10) and Lebesgue dominated convergence theorem. O

4.2 Another Integral Representation of Schlomilch Series

In this section our aim is to derive integral representations for Schlomlich
series (4.1), using Bessel differential equation. First, applying the same procedure
exploiting the non-homogeneous Bessel ordinary differential equation as in
Sect. 3.3, we have the auxiliary result:

Theorem 4.1 (Jankov and Pogany [131]) Schiomilch series (4.1) is the solution
of the nonhomogeneous Bessel-type differential equation

2y 4y 4+ (= vD)y =T,(), (4.12)
where
Ty(x) = Z (1 —(v+ n)z)xzanlv((v + n)x) . (4.13)
n>1

. . 5
Moreover, if we assume that « € C'(Ry), a|n = ()n>1 and the series Y ., n3ay,
absolutely converges, then for all x € 7,y we have the integral representation

[u]
Ty(x) =x / / 9 ( (V * u)x)) OS<—ot(s) (1 —(v+ s)z) (v +s)”) duds .

v +uy

Below, we will derive a new integral representation of the Schlomilch series (4.1),
using the Bessel differential equation (1.18).
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Theorem 4.2 (Jankov and Pogény [131]) Ler « € C'(Ry), |y = (o) nd

. 5
assume that series y_ n3a, absolutely converges. Then, for all v > —é and x €
n>1

n>1 a

Fu0 we have

_ Jy(x) 1 Jy ()%, (x)
Su(x) = 2 /xJ%(x) (/ X dx)dx

Y, (x) 1 Y, ()%, (x)
T /xyg(x) (/ x dx)dx’ D

where X, is the Schlomilch series, given with (4.13).

Proof The homogeneous solution of the Bessel differential equation is given with
y(x) = C1Y,(x) + CoJ,(x),
where J, and Y, are independent solutions of the Bessel differential equation.
As J, is a solution, we search for the particular solution y, in the form y,(x) =
Jy (x)w(x). Substituting this form into (4.12), we have
(w4 20w+ I+ x(Tw + Jow') + (= v)w = T, (x).
If we write the previous equation in the following form

w2 + xJ) + (& —v)) + w2, 4+ xJ,) + v (P,) = T, (%),

using the fact that J,, is a solution of the homogeneous Bessel differential equation,
we get the solution

1 o dy Y,
= dx) dx+ C Cy,
v /ng (/ x ) + ) Jy +

/ 1 7Y,
dx="_"".
xJ2 2 J,

So, we have the particular solution

because

8.0 = 1w =5 [, ( / o dx) d+ €3 ¥+ Culy ().

Using the fact that yj, is formed by independent functions J, and Y,,, that functions
do not contribute to the particular solution y, and the constants C3, Cy4 can be taken
to be zero.
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Analogously, taking particular solution in the form ), (x) = Y, (x)w(x) and using

the equality
/ 1 wJy
dx = —
xY? 27,

we get

G() = ¥, (w(x) = Yv(x)/ x; (/ fvav dx) dx — CSZ 1,(3) + CoYy(x) .

Again, choosing Cs = Cg = 0, we get the integral representation (4.14). O

4.3 Schlomilch Series Built by Modified Bessel K,

The problem of summing up special kind Schlomilch series built by members which
contain modified Bessel function of the second kind K, in the form

> @K, (n7).  zeC, (4.15)

n>1

where v, @, are constants, has not been considered in mathematical literature so
often. More general results about this kind series, with members containing Bessel
function of the first kind J,, are recently studied in [131] and can be also found in
e.g. [198, 265, 315].

According to our knowledge, summations of the series (4.15) has been studied
only in the article [316] where the authors proved that [316, p. 217, Example 4]

3 Kopt1(nz) _ (=D)"m|z" P2 (p—m—v —))
p2mrv—pt+l 22mtv=pt20 ot I (4 )

n>1

n Xm: (=1ye@em=2)r'(p—v—j—1)
j=0

U= H2v ot I || 2022

which holds form € N, z > 0, =1 < 2R (v) < 4N (p) — 1 and [316, p. 218,
Example 7]

ZK;(nx) _ (_l)a/znxa—% r-29)
= 24T ()

’

. i (—1Y¢(@—2) %21 (L —))
=0

2%+ )

wherea e N, M = ”‘;1 foro odd and M = g for « even.
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Also, knowing that [93, p. 925, Eq. (8.469.3)]

b4
K%(Z) = \/ZZ e—Z,

some summation formulae for Schlomilch series with members containing K | can
be derived by using collection of 17 infinite summation formulae for exponential
function given on the widely known website [122].

In this section, we are interested in summing the series of the form

e n" K, (nx)
Sula,x,v) = Z (7 — a) it x €R, (4.16)

n>1

where a, v, i are constants and ¢, = 1 or g, = (—1)".
First, we can observe that

Gua(a, x,v) —a*&,(a,x,v) = G,5(0,x,v),

from which, setting u = 2k, k € N, it follows by mathematical induction

a2’62r(a,x, V) = Spla,x,v) — Zazk_z G2%—2(0,x,v), reN. 4.17)
k=1

So, the previous problem, in the case when u = 2k, k € N one reduces to summing
the series G4—(0, x, v), for all k € N and also to derivation of a summation formula
for Sy(a, x, v).

In what follows we will use notation s,,(a, x, v) for the series (4.16), when e, = 1
and S, (a, x, v) in the case when g, = (—1)""L.

First, in Sect.4.3.1 we prove our main results on summation formulae for the
above mentioned series, when u = 2k, k € N, together with a set of corresponding
results which concern special kind Schlomilch series with members containing
products of K, and modified Bessel function of the first kind /,,.

In Sect.4.4, the connection between special case of the series (4.16) and a
generalized Mathieu series (see e.g. [293]) will be established.

4.3.1 Closed Expressions for Sy—2(0,x,v) and Sy(a,x,v)

Let us establish our first main result in this section.
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Theorem 4.3 (Jankov MasSirevi¢ [135]) Forall v > k, k € N there holds

(D! % (D (v —k+ )
(2) N

s2k—2(05x5 V) = 2 I (k + 1)
2

' . _ 2n
e 1F<(Z_+nv)' K een) (i) ) (4.18)
=0 '

where x € (0,25]. Moreover; for all x € (0, ] it is

(- 1)k %= o~ (1) T (n—k +v) D(—1,2n,1) [2\*
So—2(0,x,v) = ( ) Z (k— )| (x)

(4.19)

Proof In order to establish the convergence conditions of the series

v
2 'K
Go—2(0,x,v) = E ¢ nnzz(nx)’ keN

n>1

let us consider already derived bound (2.42)

|Ky(x)| < ; (i)v rw), min{R(v),x} > 0,

which follows from the integral representation given by Basset (2.41) and gives
IKy(nx)| L) (2" 1 rw) (2\"
Go—2(0,x,v)| < < = 2k),
|G2k—2(0,x, V)| = ; 2 = 5 | ;n% 5 ¢(2k)

so the convergence holds for any positive integer k.
Now, by the integral representation (2.41), the formulae (1.6)—(1.8) and Legen-
dre’s duplication formula (1.3) we get

Dl 1\ (27)2k
SZk_Z((),x")):( )ZJnI("V(;;cj—)l() ™ ( ) / @+ 1" V_Zsz(;t) dr

3 (_l)k—l X\ 2k—v 2k F(\)—k—i-g) B, 47 \"
T4 (2) ;F(n+l)F(k—;+l)(x)

_(—1)"—l xX\2k=v (['(v —k) ZJTF(V—k'Fé)
T4 (2) (F(k+1)_ X T(k+))

k — 2n
(—1)"™ '+ v—k)t@2n) (2
+2; T'k—n+1) (x) )’



4.3 Schlomilch Series Built by Modified Bessel K|, 123

which is equal to (4.18), knowing that {(0) = —;. Because the conditions
given in (1.8) and (2.42), we see that the range of x is (0,2x]. Similarly, by the
integral (2.41) we infer

(—D*@m)*r (v+1)) 2)“/00 o (xt 1
S22(0,x,v) = £+1)"""2B + Jadr,
2%-2(0.%.v) 2 /n P2k + 1) (x DT 2)
where x € (0, ] for all k € N. Now, since [1, p. 804, Eq. (23.1.10)]

m—1

k
B,(mt) = m"! § B, (t + ) , neNy, meN, (4.20)
m
k=0

for m = 2, we deduce

_1)k 2k 1 v
Szk—z(O,x,v)z( Df(@2m) F(”"‘z) (2)

2/ F2k+1) X

X /Ooo(fz + 1)_V_é (21_2k32k ():) — By (zxfr)) dr,

and using (1.6), (1.7) and the Legendre’s duplication formula (1.3) we obtain

Su—2(0,x,v) = .

(=% fx\2k—v 2k (1—2"‘1)F(—k+’2’+v) B, (27\"
2 <2> Z n!F(k—§+l) ( )

n=0

- (e

k
(=) '2=2")I (—=k +n+v) £(2n)
+2’; X" (k—n+1) )

which becomes (4.19), knowing that the Hurwitz—Lerch Zeta function @(z, s, a) (see
p- 22,1.14 and [77, p. 27, Eq. (1)]) has the properties [77, p. 32], [175, p. 54]

d(—1,0,1) = 4.21)
d(—1,5,1) = (1 =215 2(s), R(s) > 0,

by which we end the proof. O
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Theorem 4.4 (Jankov MasSirevi¢ [135]) For all min{x, a, v} > O there holds

so(a, x,v) = re) ()2()” ma! (cos(cm)Ku(ax)

(2a)? ~ 2sin(ar)
7 sin(am) )y — L_V(ax))> . 4.22)
2 cos(vr)
Moreover
) (2} ma’"!
So(a,x,v) = _(Za)z (x) + 2 sin(ar) K, (ax) . (4.23)

Proof In order to establish the convergence conditions of Gy(a, x, v), analogously
as we did in the previous theorem, we can deduce that for all min{x, a, v} > O there
holds

r 2\’ 1 r 2\" [ 1
|Go(a, x,v)| < g)) (x) an—az = g)) (x) (2a2 - 2]; cot(an)),

n>1

where in the last equality we used the formula [256, p. 685, Eq. (5.1.25.4)].
Now, using the integral (2.41) and the summation formula [256, p. 730, Eq.
(5.4.5.1)]

(nx) 1 7 cos (a(r —x))
Z cos _ B

= 0<x<2m,
n?2—a* 2ad> 2a sin(arm) ==

n>1

we conclude that

1 Voo
soa,x,v) = F(:)/: :) (i) /0 @+ 1)

1 7 (cos(arm) cos(axt) + sin(arw) sin(axt))
(2a2 Bl 2asin(an) ) '

Combination of the previous expression, formula (2.41), the integral [1, p. 498, Eq.
(12.2.3)]

2(3)°

I,(x) —L_,(x) = Jar (_U

o0
1
( + 1)™""2 sin(xr) dt,
+1) /0

where R (v) > —!, x > 0 and Euler’s reflection formula yields (4.22).
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Analogously, combining the summation formula [256, p. 730, Eq. (5.4.5.2)]

(- 1)” cos(nx) 1 7 cos(ax)
> 2 T Tom Vo : bl <
e —a 2a 2a sin(ar)

with (2.41) we arrive at (4.23). O

Corollary 4.2 (Jankov Masirevi¢ [135]) For all max{a,x} > 0, v > k, k € N and
r € N there holds

. rw) (2\" wa"!
a* sy (a,x,v) = (2a)? (x) — 2 sin(ax) (cos(am)K,(ax)

7 sin(amw)
2 cos(vm)

(=DF pxy# (= T (v —k+ )
22612 2k( ) ( xI(k+1))

k _ 2n
(1) 'TF(n+v—k¢@2n) (2
+2 (k—m)! (x) )

(Iv (ax) - L—v (ax)))

and

-r 2\’ vl
a* S»(a,x,v) = W) ( ) + e K, (ax)
X

(2a)? 2 sin(arm)
r (_1)ka2k—2 X\ 2k—v
_k; 2 (2)
L (—1)'T(n—k+v)®(—1,2n,1)
X,; (k—n)! (x)

Proof The desired formulae follow immediately from the equality (4.17), Theo-
rems 4.3 and 4.4. O

Also, using the results obtained in Theorem 4.3, we derive summation formulae

for the following special kind Schlomilch series

I, K, ~ —1)*1, K,
St =3 M g =y T RO,
n>1 n=l1

where x € R, v is constant and k € N.
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Corollary 4.3 (Jankov MasSirevi¢ [135]) Let the conditions from Theorem 4.3
hold. Then, for all x € (0, ]

(—1)F1 x2 (_7{ r(v—k+1) rk
2/ 22T (k+3) T (k+v+))

k _
()" 'Fn+v—k I'(k—n+1)@n)
> Ftk—n+1)T (1 +k—n+v)x

Gi’gk (x) =

n=0
and

(DF 2 G (=)' T (n—k+v) T (k—n+ 1) &(=1,2n,1)

615 () =
vi2k 2/ Fk—n+1)T'(k—n+v+1)x2

3

where x € (O, 727]

Proof Ttis well known [1, p. 378, Eq. (9.7.5)] that

1L K@) = le (1+0G).  |d - oo,

i.e., for n enough large it holds that
1 ~ 1
S5 () ~ 2k+1), &) ~ 2k + 1),
B~ gtk S ~ ) k4 1)

so the convergence of Gi’gk(x) is ensured being £k > 1 and the same holds for

@{)gk (x), because the fulfilled convergence condition for Dirichlet Eta function 7 [1,
p. 807, Eq. (23.2.19)].
Using the integral representation [93, p. 680, Eq. (6.567.11)]

2 T (v n ;) I, (;) K, (;) - /1 £ (1 = 2)" 2K, (w) dt,
0

valid for v > —; and Theorem 4.3 we deduce the desired results. O

4.4 Connection Between s_;(0, x, v) and Generalized
Mathieu Series

In this section, the main tools we refer to are generalized Mathieu series and a
Poisson formula due to Titchmarsh. Namely, a family of generalized Mathieu series
was introduced in [293] by Srivastava and Tomovski:

2a5

o (4.24)

S ria) = S (@) =),
n>1 n
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where r, a, B, 1 € RT and it is assumed that the positive sequence

a:= (i1 = (a1, az,a3,...,0ak,...), lim a; = c©
k—o00

is so chosen (and then the positive parameters «, 8 and u are so constrained) that
the infinite series in the definition (4.24) converges, that is, that the auxiliary series
h- al " is convergent. Srivastava and Tomovski also showed that when 8 — 0

it holds that
2

«,0 . 2 ——
SV EN) =D o L e

where r € R™, . > é and the right-hand side series can be found in literature, more

often, in the following form (see e.g. [53, 93, p. 5, Eq. (2.12)])

Q)2 () 1 /oo s
= J dx,
VT g(nz"‘rz)“ o e —1 M_Q(VX)

which is also attributed by Watson [333] to a 1906 result by Kapteyn.

In order to state a Poisson formula due to Titchmarsh, i.e. the Titchmarsh theorem
[4, p. 2], let us mention that here and in what follows the function f and its Fourier
cosine transform .%, are related by

Fe(fix) = \/i /Ooof(t) cos(xz) dz, fx) = \/i /Ooo ZFo(f: 1) cos(xr) dt.

Theorem B (Titchmarsh theorem [313, p. 61, Theorem 45]) Let af = 27, o >
0, and let f be of bounded variation on (0, 00), and tend to 0 as x — oo. Then

N
VBY. Z(finf) = a lim (;f(0+) DI

2
n>1

1 [+
—a/O f(t)dt).

Also, if fooo f(¢) dt exists as an improper Riemann integral, then

+f(na+)

\/ﬁ ;yc(f;())-i-zeg‘\c(f;nﬂ) = ;f(o_'_)_'_zf(na—) '

n>1 n>1

(4.25)
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Also, if f is continuous, then (4.25) reduces to Poisson’s formula
p (1, R 1
|, Z 0+ g | = SO + D f ). (4.26)
n>1 n>1

Now, we are ready to state and prove the main result of this section.

Theorem 4.5 (Jankov Masirevi¢ [135]) For all min{x, v} > 0 there holds

v+1 v
s—2(0,x,v) = \/47[ (i) r (v + ;) — Fiv) (i)

Flv+ : v /X
+ 45T2v+§) (;) sm ’0)(2);;(%‘/”)/(21). (4.27)

Proof First, we establish the convergence conditions of the series s—»(0,x, v). By
virtue of the well-known formula [333, p. 202]

K,(z) =e™* \/;TZ (1+0@E™), lz| = o0,

and the definition of the polylogarithm (or de Jonquere’s) function

. 7"

L o = =
i@ =) =z0s. 1),
n>1
defined for s € C, when |z| < 1; %(s) > 1 when |z| = 1, we conclude that
v T e ™ _ T —Xx —x 1
|s_2(0,x, l))| = ;I’l IKV(}’UC)I ~ \/2)6 ; né_v - \/zxe @ (e vy TV 1) s

where the convergence is ensured for x > 0, v € R.

Now, from the integral representation (2.41) we infer that #.(x) = 227
K,(x)/ T (v + é) and the continuous function (1) = (> + 1)_”_5 tends to zero
as t — o0; also

2v 1 *° 1
lim x"K, (x) = r (v + ) / L dr = 27 Ir (), v >o0.
=0 \/7[ 2 0 (l2 4 1)v+2
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Making use of (4.26) and choosing 8 = x, « = 27 /x we get

Vx rwv)
+ n"K, (nx
riv+y)\ 22 2 ; v(nx)
T 1 X 2v+£ Qr/x0) [ X
= S /X, ( : k,\:/n ’
\/ZX + 2 <27r) vt ) 27 ( )kzl)
which is equal to (4.27). .

Finally, setting v = m — é, m € N, in the previous theorem, in turn implies the

following result.

Corollary 4.4 (Jankov MasSirevié¢ [135]) Forallv = m — !'meNandx > 0

27

there holds
1 1
Ia 2 m+, r _ 1 2\ "2
saOoxvy = VT _T(m—3)
4 X 4 X
I'(m) (x)m—é 1
4]T2m—% 2

n=1 (”2 + (z’;)z)m.

Remark 4.1 Using Mathematica 8.0 we have calculated the following special
cases form =1,2,3

2

n2 (xcoth (x>_2>’ m=1
X 2
T4
1 x4 sinh? (;) (XSinhx—4COth+x2+4), m=2
Mm — 5 . 2 m =
n>1 (I’l + (27‘[) ) 7[6 x3SiHhx + 6x2
2x0 \ sinh* (1) sinh? (3)

+12xcoth(;)—64), m=3

Further illustrative examples show the structure of connection between s_,(0, x, v)
and the Mathieu type sum M,,. |
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4.5 p-Extended Mathieu Series as Schlomilch Series

One of the actual generalizations of Mathieu series, defined in Sect. 1.5, is the so-
called generalized Mathieu series with a fractional power reads [53, p. 2, Eq. (1.6)]
(and also consult [201, p. 181])

2n
SM(r):Z ) L ot r>0, u>0;
— (n +r )N+

which can also be presented in terms of the Riemann Zeta function [53, p. 3, Eq.

2.D)]

Su() =23 P =1y (“ : ”) (@u42n+1), <1 (4.28)

n>0

Having in mind (4.28) Pogany and Parmar [245] recently introduced the p-extended
Mathieu series

Sup(r) =2 (1) (“ : ") L2 +2n+ 1), (4.29)

n>0

where 9i(p) > O or p = 0, u > 0. Here and in what follows {, stands for the
p-extension of the Riemann ¢ function [50]:

1 o) ta—l =
Gpla) = o) /0 PR (4.30)

defined for R (p) > 0 or p = 0 and N () > 0 and it reduces to the Riemann Zeta
function when p = 0. Also, (4.29) one reduces to (4.28) when p = 0.
Pogény and Parmar [245] obtained an integral form of such series, which reads

Sup(r) =

(e} t;L+ ! —I;
v / G dis 431)
0 2

@R 2T (n+ 1) e —1

here f(p) > 0orp =0, u > 0.

The whole set of recent extensions of Gamma and Beta function [50] were
motivated by the wide applications of the generalization of these special function’s
family. In [50] the same extension method has been used also in the kernel of the
integral expression of the Zeta function, compare (4.30). On the other hand, one of
the important properties of the Mathieu series S, (r) turns out to be (4.29). What
we require is that the results be naturally and simply extended. This approach is
met by (4.31). It is expected that such natural extensions would be found useful in
answering some of the classical problems.
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Motivated by that newly introduced p-extended Mathieu series which members
contain the extension of the Riemann Zeta {, and also the fact that {, can be
presented as Schlomilch series of modified Bessel functions of the second kind i.e.
as [50, p. 1240]

Epla) =

2p% K,(2. /n
p Z a(\/p), ap>0

I'(a) = n2
our main aim in this section is to derive new representations of our series in terms of
the various Schlomilch series. This new, deeper insight into the Schlomilch series’
structure of p-extended Mathieu series will give an important bridge to the fractional
calculus considerations, approach and background of further understanding the
Mathieu series studies. After necessary preliminaries in the next section we derive
new expressions of (4.29) in terms of Schlomilch series which members contain
derivation (ordinary or fractional) of a combination of Bessel function of the first
kind J, and modified Bessel function of the second kind K, . In Sect. 4.5.2 we would
also derive some connection formulae between our Mathieu series and Schlomilch
series but this time with members containing only modified Bessel functions of the
second kind.

4.5.1 Connection Between S, ,(r) and Schlomilch Series
of J, - K,

In this section, our main aim is to derive connection formulae between p-extended
Mathieu series S, ,(r) and Schlémilch series which members contain combination
of Bessel functions of the first kind J, and modified Bessel functions of the second
kind K, of the order v.

Our derivation procedure requires the Griinwald—Letnikov fractional derivative
of order —«, @ > 0 with respect to an argument x of a suitable function f defined by
Samko et al. [273]

n

D[] = lim (" )azr(“m)f(x—mx_“), a<x. (432

n—00 \x — a = m! I (a) - h
Several numerical algorithms are available for the direct computation of (4.32); see
e.g. [63, 206, 285].

Theorem 4.6 (Jankov MasSirevi¢ and Pogany [140]) For all min{%i(p) > O,
N(g),v}>0and o > é there holds

2(=1)% /7 ., ,
St = s é)kZZqu(Jw_z(¢2pqu+y2—q] ) @33

X Ky—s (x/2p[\/q2+ J/2+Q];))‘

a=k
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Further, for ¢ = n € N we have

IV i
Su-3,(0) = G- 1) ; aqn[ln—z (\/2P[\/q2+3/2 gl )

X Ky (\/217[\/!12 +7? +Q]5)]L_ :

=k

Proof In order to prove the desired results, let us first consider the integral [93,
p- 708, Eq. 6.635.3]

o0
Apg(y) = /0 eI () (4.34)

1 1
=2J, (\/21? [Va* + »? —q]Z) K, (\/217[\/(]2 +y*+ q]l) :
where min{R (p), R(g), y} > 0.2
Now, using the Griinwald-Letnikov fractional derivative
Die™ = (—x)*e™

valid for every real @ > —v we get

o0
DAy o (1) = (1) /0 X ().

Further, specifying ¢ = k + 1 and summing up the previous equality for k € Ny
we have

o o [ X Tlemr
Z]D)qAP"I(y)iq:k_H =D / o — 1 Jy(yx)dx.

k>0 0

Setting v = o — 2 with the help of the integral representation (4.31) we get

% ya-lg=p/ @) 2T~ 1)
/ Juer(yx)dx = 5.
0 er 5

-1 JT
Now, from the previous calculations, using also (4.34), we have
(=D*/m
Sue1p (1) = D2 A (7))
@yt - )) ; I g

_ 2(—1)0‘\/71’ o _ %
= (2)/)&_2”“_;);Dq(Ja_z(«/Zp[\/q2+V2 q] )

x Kz (V20IV/g2 +v* + qlé)))qzk
which is equal to (4.33).

1

2Actually, A, ,(y) is the Laplace transform of x > x~ e, (yx) at the argument g.
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Next, for a positive integer @ = n (in fact A, ;(y) converges for all n + v > 0)
consider

n

e Anar) = 1 [ 0T .
q 0

The same procedure as above yields

00 \n—la—p/x
/(; exi Jy(yx)dx = (—=1)" Z 3 N pq(y))

k>0

Again with the help of (4.31) and (4.34) and substituting v = n — 2 we have

B ()" 2(-=)"/x
Sn_g,p()’) - (2y)"—2F(n— é) ; 3 n P‘I( )} (2]/)" ZF(n_ )
xZ [Jn—z(«/2p[\/q2+yz—q]é)
k=1

X Ky (\/217[\/(]2 +y? +q]5)] ‘q :

=k

which completes the proof. O

Theorem 4.7 (Jankov Masirevi¢ and Pogany [140]) For all R(p) > 0 we have

s =-wY (Jl(szwq2+yZ—qli)Kowzpwq2+yz+q];)
2P

1
i1 V2V @ + v +q)2

(4.35)

+ Jo(V2PIV @ + 72 — a1)Ki (V2P + v + q]i)) ) .
V2V + v —q)? =k

Moreover, it is

S_1,0) = 4yZ (lezpwq + 12 = DK (V2PIVE + 72+ q0))

’ =k
k>1

(4.36)
Proof With the help of the integral [257, p. 188, Eq. 2.12.10.2]

By q(v) =/0 x 2P o (yx) dx = 2y (51 (z2)Ko(z4) + 22 Vo (z-)Ki(z4))
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where z+ = 2p[V/q? + ¥2 % ]2, min{%(g). R(p)} > 0, we conclude
33 00
o Bra)) = - /0 xe Py (ya)d

which, with the help of (4.31), gives us

[els) xe—p/x

a3 1
> g By = - |o = =] 1,00

which coincides with (4.35).
In the same way, but this time using [257, p. 188, Eq. 2.12.10.1]

o0
Cpay) = /0 e TP, () di = 20, (2K (24,

where min{M (p), N(g)} > 0, and z+ has the same meaning as above, with the aid
of parity of Bessel and modified Bessel function J_; (x) = —J;(x); K—1(x) = K;(x)
we deduce (4.36). O

Remark 4.2 From (4.36), bearing in mind [117, 119]:
2 (1) K1 (1) = (Jo(x) = J2(x)) K1 (x) = J1 (x) (Ko(x) + K2(x))

we can infer a new representation for S_ 1 p(y). |
3

4.5.2 S, p(r) and the Schlomilch Series of K, Terms

Considering now specialized p-extended Mathieu series, that is in which u =
0, 1, 2, we report on their Schlémilch-series expansion via modified Bessel functions
of the second kind K, 1 1.

Theorem 4.8 (Jankov MaSirevi¢ and Pogany [140]) For all R(p) > 0, y > 0
there hold

K (2vpk+iy) K (2Vpk=iy)

Sop(¥) = 24/p . + . : (4.37)
0 ; Vk+iy Jk—iy

i K (2Vpk+iy)) K2 (2vpl—iy)
S =" ! )l ) (4.38)

Y Vk+iy Vk—iy
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Proof In order to prove the desired results we will need the following formula [258]
o .
F () — —gi—p/x | SIN(yx)
Ey,(v) = / x'e e/ % cos( dx (4.39)
0 yX)
RESE b 2 (2\/17(5]‘*‘1)’)) K41 (2\/p(q—iy))
=12 p 2 . - :F ' "
(q+iy) 2 (g—iy) 2

which holds for min{) (p), N(g)} > 0.
Now, since

2
J_1(x) = \/ COS X,
2 X

by virtue of (4.31) and (4.39) setting ¢ = k + 1, k € Ny and v = 0 it follows

Ty [ JxeP/* 1
ZE:I(+1(V) = \/ ) /0 o1 J_1(yx)dx = Zso,p(V),

k>0
which results in (4.37).
Analogously, from (4.31) for v = 1, applying (4.39) for £, (y) and J% x) =
\/ nzx sin x, one implies the second statement (4.38). O

Theorem 4.9 (Jankov MaSirevi¢ and Pogany [140]) For all R(p) > 0, r > 0
there holds

s _ Sip() p> K3 (2\/p(n + ir)) K (2\/1,(” _ ir))
2= 0 T @ 2 wrint T mind
(4.40)

Proof From the integral representation (4.31) of S, ,(r), for u = 2 it is

5
oo x2e77/%J 3 (rx)
S2p(r) = v / | &
0

2(2r)> e —1
o0
= \/ﬂ} / xge_kx_"’/st(rx)dx
2021} S o 2

= (21)2 Z/ooxze_’“_”/x (sin(rx) - cos(rx)) dx,
r 0 rx

k>1
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where in the last equality we used the well-known formula

2 (sinx
Ji(x) = \/ ( —cosx) .
2 X X

Further, with the help of (4.31) and J ! x) = \/ nzx sinx the previous expression can
be rewritten into

1 1 00
Sop(r) = (22 Sip(r) — (2r) Z/o xPehp/x cos(rx) dx.

k>1

Finally, using the Laplace transform of the function x > x%e¢™/*cos(rx), in the
argument k given by (4.39) we get the display (4.40). O

Remark 4.3 Using the formula (4.38) derived in Theorem 4.8 and the
formula (4.40) which connects S, ,(r) and S;,(r) new representation for S, ,(r)
can be derived. |

4.6 Integral Form of Popov’s Formula (4.7)

Recall the relation (4.7)

ko k
1 / w2 x2td
re(n)(x —n)? = + 7171 Gpqx)
rg+1) O;M ré+q+1 !
where the following notation is introduced
x\4t3
Sy = 3 nln) (n) i, Quvnn). 0@ > o. (4.41)

n>1

Our task is to derive the integral expression for the Schlomilch—Bessel type series
Gy 4(x) when 2g > k — 3 and x belongs to the widest possible sub-domain of the
positive reals.

The x-convergence domain we determine with the help of Olenko’s bound (1.22),
which is more efficient then the Landau’s bounds (1.20) and (1.21). Indeed, applying
Olenko’s estimate we get the upper bound

do k+q_1 rk(n)
|6k,q(x)\§ «/271x4 274 Z oy

n>1 n2
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which shows that the bound is enough sensitive to give upper bound which finiteness
do not depend on x, but upon the convergence of associated Epstein Zeta function.
On the other hand Walfisz precised that [326, p. 417]

k
Zrk(n)n_2_£<oo, >0,

n>1

which yields convergence of the Schlomilch—Bessel type series S ,(x) on the whole
x € Ry, only for 2g > k — 1. We point out the Landau’s bounds are inferior
with respect Olenko’s in this question, giving constraints 2¢g > k and 2g > k — 5
respectively.

The next step is to apply the integral representation by Schlifli [276, p. 204]°

1 b4 1 oo -
5@ = / cos(vh—zsin H) dg— "V / e Vs gy, |arg(z)] < Z
T Jo 0

/4

The concluded form of the Schlomilch series becomes

Grqgx) = 711 xits § / ) o ((’; + )0 — 27 \/nx sin 9) deo

+q
>l n4'2

. k * —(k gt }"k(l’l) —ZnJm sinh ¢
0

n>1 nits
Consider a function t;(¢) which restriction v (f) \ N = (rx(n))n>1, using by conven-
tion the value t,(0) = 1 which holds for any positive integer k € N. Obviously such
function there exists—take for instance an interpolation polynomial of suitably high
degree—and it is differentiable.
Both inner sums in (4.42) are in fact Dirichlet series of the form

Dp(x) = Z ,k(n)hn(x)e—<§+g) logn

n>1

3The usually used integral expression (2.4) for the Bessel function in the summands of (4.41)
results in

Kt
G glx) = 2(m) / (11— t2) 2 +a Zrk(n) cos Znt\/nx)

JﬂF(k+l +q ey

On the other hand, also by Walfisz was found that [326, p. 40]

n

Zrk(n) =cn? + ﬁ(nAzl),

j=1

being ¢ an absolute constant. All together imply that the inner sum diverges in a neighborhood of
t = 0, therefore the integral diverges too.
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where h,(x) takes either the cosine or the exponential form, respectively. Being the
Dirichlet series’ parameter positive by the Cahen’s formula (1.15) we deduce

[e]

k+2 o0
g =""" /0 e+ IS o) b dy

n=1

_ k+2q

o0
/ e+ () dy,
4 0

where the finite counting sum

€] €] L o »
p(y) = Zrk(n)hn(x) = Zrk(n) { cos ((2 +e‘I_)2”JM2Z1h\t/nx sin ) } ’

n=1 n=1

we sum up using the Euler—Maclaurin summation formula (1.9). The result reads

(=20 )
h(y) = / A cos ( (5 +4a) 7t Jux sin i
0 e 27 J/ux sinht
Collecting all these expressions in multiple replacing procedure, we arrive at

Theorem 4.10 For all k € N,x > 0 and q > é(k — 1) we have the integral
representation

Suy(1) = k+2qx§+ {/ / /[e> ~G+ D0, v () COS(( +q)f

— 27 Jux sin 9) dé dydu — sinﬂ(lé + ‘1)

oo poo ,le] kiq .
% / / / e~ (412 0.t () e—ZUJLm sinht g, dydu' |
0 0 0

where v (t) is a differentiable function which restriction to the set of positive integers
coincides with the sequence vy iN = (re(n))n>1 and by convention v (0) = 1.

The conjunction of (4.7) and Theorem 4.10 leads to the following form of a
complicated triple integral.

Corollary 4.5 Forallk € N,x > 0 and g > ;(k — 1) there holds

(mx)5+4

ORI MG Fé+q+1)

0<n<l[x]



Chapter 5 )
Miscellanea Check for

Abstract In this chapter we will present various results concerning Neumann,
Kapteyn and Schlomilch series with members containing functions from the Bessel
functions family (Bessel functions of the first and second kind, modified Bessel
functions of the first and second kind, Struve functions, modified Struve functions
etc.). In Sects. 5.7-5.9 we consider Dini series and Jacobi polynomials, respectively.
Next section is devoted to summations of Schlémilch series which members contain
some von Lommel functions of the first kind. Section 5.11 finishes this chapter with
Neumann—-Meijer G series results.

5.1 The Fourier—Bessel Series Associated with Struve
Functions

The function H, [299] was introduced by Struve and today this function is carrying
his name. However, the modified Struve function L, appeared into mathematical
literature by Nicholson [211, p. 218], viz.
\2n+v+1 \2n+v+1
0" (3) ()
H,(z) = , L,(z) = .
@ gf(n+g)1"(n+v+;) © ;F(n-l-g)f'(n-l-v-i-;)
These functions are related to the non-homogeneous Bessel type ordinary differen-
tial equation of special type called Struve differential equation, see Sect. 1.6.
Here we consider the series

By, (2) = Y B,y (L2(n)2).

n>1

where %, is one of the functions H, and/or L,. The Sonin—Gubler formula which
connects modified Bessel function of the first kind /,,, modified Struve function L,
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and a definite integral of the Bessel function of the first kind J,, [97, p. 424] (actually
a special case of a Sonin-formula [333, p. 434]) reads:

o0 J\,v d.x
/0 x? 5?):1)2 v znjvt+1 (1, (an) — Ly (an)) , (5.1

where R (v) > —é, a > 0and N (n) > 0; also see [333, p. 426].

The main results exposed in this section have been recently obtained by Baricz
and Pogdny in [18]. So, the section is devoted inter alia to the study of specific
Kapteyn-type series of the following form:

82,00 1= 30 (L) = Ly ()

n>1

to the Schlomilch series’

Sih@ =" :,L (I,(xn) — Ly (xn))

n>1

its special case o, = 1, see [18, p. 257, Egs. (1.5), (1.6)]

Sk m 30 O L),
n>1

and its alternating variant F‘f{f; (x).

The links to the Butzer-Flocke—Hauss complete §2 function [45, 46] and the
generalized alternating Mathieu series [252] are also given there, see [18, p. 266,
Theorem 7 et seq.].

Finally ordinary differential equation approach was involved in the considera-
tions and novel contour integral expressions were derived for ‘I{,I;L (x) via Mellin
transform technique, applying the associated first kind Fredholm type convolutional
integral equation with degenerate kernel, compare [18, p. 276 et seq., Theorems 13,
14, 15].

5.2 Summations of Series Built by Modified Struve Function

We will consider in this section the power series representations of Struve and
modified Struve functions H, (z) and L, (z) listed above respectively, according to
Watson [333] forv € Rand z € C. Struve [299] introduced H,, as the series solution
of the nonhomogeneous second order Bessel type differential equation, which
carries also his name. However, the modified Struve function L, appeared into
mathematical literature by Nicholson [211, p. 218]. Applications of Struve functions
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are manyfold and include among others optical investigations [327, pp. 392-395];
general expression of the power carried by a transverse magnetic or electric beam,
is given in terms of L, , ! [9]; triplet phase shifts of the scattering by the singular
nucleon-nucleon potentials o« exp(—x)/x" [85]; leakage inductance in transformer
windings [124]; boundary element solutions of the two-dimensional multi-energy-
group neutron diffusion equation which governs the neutronic phenomena in
nuclear reactors [127]; effective isotropic potential for a pair of dipoles [192];
perturbation approximations of lee-waves in a stratified flow [200]; quantum-
statistical distribution functions of a hard-sphere system [222]; scattering of plane
waves by circular cylinders for the general case of oblique incidence and for both
real and complex values of particle refractive index [298]; aerodynamic sensitivities
for subsonic, sonic, and supersonic unsteady, non-planar lifting-surface theory
[339]; stress concentration around broken filaments [82] and lift and downwash
distributions of oscillating wings in subsonic and supersonic flow [331, 332].

Series of Bessel and/or Struve functions in which summation indices appear
in the order of the considered function and/or twist arguments of the constituting
functions, can be unified in a double lacunary form:

B, (2) = Y B,y (L2(n)2).

n>1

where x = £;(x) = pj +apx,j € {1,2}, x € {0,1,...},z € C and %, is one of
the functions J,, I,,, H, and L,,. The classical theory of the Fourier—Bessel series of
the first type is based on the case when %, = J,, see the celebrated monograph by
Watson [333]. However, varying the coefficients of £, and £, we get three different
cases which have not only deep roles in describing physical ordinary differential
equation and have physical interpretations in numerous topics of natural sciences
and technology, but are also of deep mathematical interest, like e.g. zero function
series [333]. Hence we differ: Neumann series (when a; # 0,a, = 0), Kapteyn
series (when a; - a; # 0) and Schlomilch series (when a; = 0,a; # 0). Here, all
three series are of the first type (the series’ terms contain only one constituting
function 4,); the second type series contain product terms of two (or more)
members—not necessarily different ones—from J,, /,, H, and L,. We also point
out that the Neumann series (of the first type) of Bessel function of the second
kind Y,, modified Bessel function of the second kind K, and Hankel functions
(Bessel functions of the third kind) Hﬁl) , H\(,z) have been studied by Baricz et al. [24],
while Neumann series of the second type were considered by Baricz and Pogany
in somewhat different purposes in [20, 21]; see also [134]. An important role has
throughout of this paper the Sonin—Gubler formula (5.1). Thus, under extended
Neumann series (of Bessel J,, see [333]) we mean the following

NZ () =Y BuBuntn(ar),

n>1
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where %, is one of the functions 7, and L,. Integral representation discussions
began very recently with the introductory article by Pogany and Siili [249], which
gives an exhaustive references list concerning physical applications too; see also
[24]. In Sect.5.2.1 we will concentrate to the Neumann series

Ny () = D Bulunt(ax) . (5.2)

n>1

Secondly, Kapteyn series of the first type [145, 146, 217] are of the form

ﬁljii(Z) = Z“nggpﬂm (0 +vm)z):

n>1

more details about Kapteyn and Kapteyn-type series for Bessel functions can be
found also in [21, 23, 69, 308] and the references therein. Here we will consider
specific Kapteyn-type series of the following form:

82,00 := 30 (o) = Ly () (53)

n>1

this series appear as auxiliary expression in the fourth section of this chapter.
Thanks to Sonin—Gubler formula (5.1) we give an alternative proof for integral
representation of K, (x), see Sect.5.4. Thirdly, under Schldmilch series [279,
pp- 155-158] (Schlomllch considered only cases i € {0, 1}), we understand the
functions series

va (z) := Zan B (v +n)z).

n>1

Integral representation are recently obtained for this series in [133], summations are
given in [316]. Our attention is focused currently to

&0 =Y " (1) — LyGam) (5.4

n>1

The next generalization is suggested by the theory of Fourier series, and the
functions which naturally come under consideration instead of the classical sine
and cosine, are the Bessel functions of the first kind and Struve’s functions. The
next type series considered here we call generalized Schlomilch series [333, p. 622],
[128, p. 1803]

ap X\ "V apJ, (nx) + b,H, (nx)
2F(v+1)+<) Z n’ ’

For further subsequent generalizations consult e.g. Bondarenko’s recent article [38]
and the references therein and Miller’s multidimensional expansion [197]. A set of
summation formulae of Schlomilch series for Bessel function of the first kind can
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be found in the literature, such as the Nielsen formula [333, p. 636]; further, we
have [313, p. 65], also consult [90, 236, 265, 316, 341, 342]. Similar summations,
for Schlomilch series of Struve function, have been given by Miller [198], consult
[316] too.

Further, we are interested in a specific variant of generalized Schlomilch series in
which J,, H, are exchanged by /, and L, respectively, when a,, b, are of the form
ap=0,a, =2""n""#x" = —b,, u > v > 0, which results in

‘3:”“( - Zlu(nx)—Lu(nx)'

nt
n>1

Its alternating variant %{,I;L(x) we perform setting (—1)""'a, ~ a,, where n €

{0,1,...}:

=Y T o - Ly

n>1

Summations of these series are one of tools in obtaining explicit expressions for
integrals containing Butzer—Flocke-Hauss complete Omega-function £2 (x) [44-46]
and Mathieu series S(x), S(x) [187, 252].

Let us also mention that summation results in form of a double definite integral
representation for wa (z), achieved via Kapteyn-series, have been recently derived
in [131] (see Sect.4.1).

Finally, we mention that except the Sonin—Gubler formula (5.1) another main
tool we refer to is the Cahen’s formula on the Laplace integral representation of
Dirichlet series.

5.2.1 L, as a Neumann Series of Modified Bessel I Functions

Let us observe the well-known formulae [230, Eqs. 11.4.18-19-20]

Cn+v+DI'n+v+1)
'y

Jontv+1(2)
\/]TF = n!QCn+1)Q2n+2v+1)

HV(Z) = \/2.7t Z l’l'(l’l—‘r 2) n+v+2(z) s

()"
rv+1) Zn!(n—i—v—i—é) Tt @



144 5 Miscellanea

where the first formula is valid for —v ¢ N. So, having in mind that L,(z) =
—i'"VH, (iz) and J, (iz) = i"I,(z), we immediately conclude that

- 1) (2”+V+ DI+ v+ 1)
v Z; 3) @n+1)@2n+2v + ! bty +1()
L,(2) = \/2.7{ 2(:) n+u+1 (2) ' 5.5)
(5" 3y
rv+,) gn! (n+v+)) Ly 1)

However, all three series expansions we recognize as Neumann-series built by
modified Bessel functions of the first kind. This kind of series have been intensively
studied very recently by the authors in [24].

Exploiting the appropriate findings, we give new integral expressions for the
modified Struve function L, .

First, let us modestly generalize [24, Theorem 2.1] which concerns 91, ,, (x), to
integral expression for 91, , defined by (5.2), following the same procedure as in
[24].

Theorem 5.1 (Baricz and Pogény [18]) Let f € C'(Ry). Bln = (Bn),., 1 >0
and assume that -

1
im Prl (5.6)

n—>oo n c

Then, for |1, n such that

min{n+g,u+n+1}>0

-1
€ (0,2 min § 1, ((e/u)" limsupn_“l,BnH) }) = I,
n—>oo

we have the integral representation

ot B(s)
M,y (x) = — /1 /0 0 T (a0 4 3) Ly (0) 0 (r (1 :n . 5)) duds .
(5.7)

and
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Proof The proof is a copy of the proving procedure delivered for Theorem 2.7 (i.e.

[24, Theorem 2.1]). The only exception is to refine the convergence condition upon
N, (x). By the bound [14, p. 583]:

x\V x2
I, < (2) 4(v+1) |
< roin¢

where x > Qand v + 1 > 0, we have

PN |Bx]
0, < (2) 4(M+7I+1) Z Fun+n+1)°

so, the absolute convergence of the right hand side series suffices for the finiteness

of 91, ,(x) on #g. However, condition (5.6) ensures the absolute convergence by
the Cauchy convergence criterion.

The remaining part of the proof mimics the one performed for Theorem 2.7,
having in mind that & = 1 reduces Theorem 5.1 to the ancestor result Theorem 2.7.
|

Theorem 5.2 (Baricz and Pogany [18]) Ifv > 0 and x € (0, 2), then we have the
integral representation

2I'(v + 2) )
\/ F( ) L1 (x

S ) B
_/1 /o o (FQu4v+3) Izu+u+1(x))ax(r(2s+v+g))duds’

L,(x) —

(5.8)
where
e 2s+v+ DI (s+v+1)
pls) = _\/nF(v—i- DI+ (s+3)(s+v+l)
Proof Consider the first Neumann sum expansion of L, (x) in (5.5), that is
0= ety BT

_ \/?TFIEU(-’_ 2) 2) Iy1(x) — Zﬁ”12”+v+l(x)

n>1
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in which we specify

=D"'Cn4+v+D(n+v+1)

= JIT v+ )T+ (n+)(r+v+))’
Observe that
2r 2
Iw@)=,¢n;?j+g)u+mw—9nyﬁcw
Since
zsv—2
|'8(S)|N\/Jr1"(v+;)’ §— 00,

we deduce (by means of Theorem 5.1) that (5.8) is valid for x € .75 = (0, 2). O

Theorem 5.3 (Baricz and Pogany [18]) Forv + 2 > 0 and x € (0, 2) we have the
integral representation

L,()— szpm

e 3 B(s)
_/1 /(; o F(u+v+1) +U+1(x)) (F(s+v+1))duds’
(5.9)

where

po =/ 5 e (3)°

27 s+ 1) (s+ 1)

Proof Let us observe now the second Neumann sum expansion of L, (x) in (5.5):

L,(x) = ¢ }j ku)

n>0
2x (=D 1 )
\/ v+ 1(x) — \/271 Z; n' n+ n+v+ 1 (x)

In other words,

2
L.() = \/nxlwé(x) — 9,1 @)
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in which we specify

B(s) = —\/ x el (3)"

2t T(s+1)(s+13)°

The convergence condition (5.6) reduces to the behavior of the auxiliary series

sl 2 .
n = 1F 3 1 2 s
nZOF(n—i—v—}—z) i1 v+,

27

which converges for all bounded x € C, unconditionally upon v.

However, for v > —2 we have the integral expression (2.34) [333, p. 79]. This
was used in the proof of the ancestor result (5.7), see [24, Theorem 2.1].

Now, we apply Theorem 5.1 and immediately conclude that (5.9) is valid for
X € flg = (0,2). O

The third formula in (5.5) one reduces to the case 91, ! (x). Concerning this case
we remark the proof is omitted because the slightly modified derivation procedure
used for getting (5.9) directly implies the above asserted integral expression.

Theorem 5.4 (Baricz and Pogany [18]) Assume that
v+2>0 and x € (0,2).

Then we have the integral representation

x" sinh x [ B(s) .
L,() - (o / / (Fasn1,,.0), (F(H))duds,

where

(X)U"rz eins (;)S

rv+1)) F(s—i—l)(s—i—v—f—é)'

Now, applying the integral representation (2.34) we derive another integral
expression for L, (x) in terms of hypergeometric functions in the integrand.

Theorem 5.5 (Baricz and Pogany [18]) Lerv > —;. Then for x > 0 we have

XTI +2)

L,(x) = 1
Jr22 D v+ )T (5+ )T (5 +

1
/ (1 — )"*2 cosh(xr)
5) 0
P v+ v+ 2
X 4F — 16(1—t2)2 dr.
3 +1 3 5 3
>ttt
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Proof Consider the first Bessel function series expansion for L, (x) given in (5.5).
Applying mutatis mutandis the integral representation formula (2.34), the Pochham-
mer symbol technique, the familiar formula (A),(n + A) = AA+1),, n €
{0,1,...}, and the Legendre’s duplication formula (1.3) to the summands, we get
the chain of equivalent legitimate transformations:

2 (X)Zn-‘rv-‘rl

(—1)"Qn+v+DF@n+v+1) :

L,(x) =
(x) JrT (v+ ;); n!2n + DHQ2n +2v + 1) VT (2n+v+3)
1
x / (1 — 2yt +2 cosh(xr) dr
0
v+1
4(3 !
_ 46) 1 / (1 — )" 2 cosh(xr)
nl (V+ 2) 0
(n + v—i—l) F'n+v+1) I:_x: 1t _t2)2]11
X ) . 3\ 1 dt
n=0 (nt3)(n+v+,) I @2n+v+3)n!
v+1
4(2 DI+ 1 I
— 1(2) (U1+ ) (V_I; ) s / (1 —[2)v+;COSh(x[)
V()T v+ )T G+)rG+3)
5 GnCE0 + Daw ot D [ =02 ]
X z,
S @,(1) DG+,
which proves the assertion. O

By virtue of similar manipulations presented above, we conclude the following
results.

Theorem 5.6 (Baricz and Pogany [18]) Lerv > —; and x > 0. Then there holds

xv+l 1

22" lg C(v+ 1)

xv+l v+ é

1
cosh(x?) | F,
\/712”+§F(v+é)/0 Lv+3

The proof of Theorem 5.6 follows from the same proving procedure as the
previous theorem but now considering the second and third series expansion results
in (5.5), so we shall omit the proofs of these integral representations.

x2
-7 (=74 d,
1 ( )]

1
/ (1 —72)" cosh(xt) 1 F» 2
0 v+l

L,(x)= 2
— ); - tz)] dr.
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5.3 Integrals of 2 (x)-Function and Mathieu Series via
T ()

By virtue of the Sonin-Gubler formula (5.1) we establish the convergence condi-
tions for the generalized Schlmilch series T} (x) and T/ (x). As for n enough
large we have

Jy(ax) dx

_ v—1
(14 =207 (5.10)

2 v—1 00
L@ - Lo ="
T 0
we immediately conclude that the following equi-convergences hold true

TL@W ~fu—v+1).,  TLo~gp-v+1)),

that is, ‘S{;h(x) converges for © > v > 0, while A‘fﬂb (x) converges for u + 1 >
v > 0. On the other hand, we connect ‘I{}I; (x) and the Butzer-Flocke—Hauss (BFH)

complete Omega function [44, Definition 7.1]

1

2w) =2 / " sinh(wu) cot(mu)du,  weC.
0+

By the Hilbert transform terminology, §2(w) is the Hilbert transform .77 (e™*); (0)
at 0 of the 1-periodic function (e™%); defined by the periodic continuation of the

following exponential function [44, p. 67]: ™, x € [—1, 1) . w € C, that s,

1

H(e™™)1(0) := P.V./Z1 e cot(ru)du = 2(w)

where the integral is to be understood in the sense of Cauchy’s Principal Value at
zero, see e.g. [46, 247].

On the other side by differentiating once (5.1) with respect to n we get a tool to
obtain Mathieu series S(x) (introduced by Mathieu [187]) and its alternating variant
’S‘/(x) (introduced by Pogany et al. [252]), which are defined as follows

S(_x) — Z (xz 2n fs;(x) _ Z 2(—1)n_ln

AYAN 2 2)2°
n>1 +n) n>1 (x +n)

Closed integral expression for S(r) was considered by Emersleben [75] and
subsequently by Elbert [74], while for S, (x) integral representation has been given
by Pogany et al. [252]:

el —1

~ 1 [t sin(xt
S = / sin(xt) dt
X Jo e’+1

S(x) = i /0 < sin@) (5.11)
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Another kind integral expressions for underlying Mathieu series can be found in
[252].

Theorem 5.7 (Baricz and Pogany [18]) Assume that R(v) > 0 and a > 0. Then
we have

/oo Jy(ax) 2(2mx)
0

xV sinh(7rx)

00 [e"] )
dx=v / eV / [ (e‘”“ (Ly(au) — 1, (au))) drdu.
0 0

Proof When we multiply (5.1) by (—1)"~'n and sum up all three series with respect
to n € N, the following partial-fraction representation of the Omega function [44,
Theorem 1.3]

n2Q2rw) Z 2(=1)"""n

sinh(rw) = n*+w?

immediately gives

dx =Y (=1)""'n™ (I,(an) — Ly(an)) = T%(a).

n>1

/°° Jy(ax) 2(2nx)
0

xV sinh(7rx)

We recognize the right-hand-side sums as Dirichlet series of I, and L, respectively.
Being

Y =D (an) = Y TV (an)e ", %i(v) > 0,

n>1 n>1

we get

o0
Z(—l)”_ln_"lv(an) = v/ eV Z eV (an) dr.
0

n>1 n:logn<t

So, making use of the Euler—Maclaurin summation to the Cahen’s formula (1.15)
we deduce

oo plef] )
Z(—l)”_ln_”lv(an) = —v / / e "0, (€1, (au)) drdu;
o Jo

n>1
and repeating the procedure to the second Dirichlet series containing L, (an), the
proof is complete. O

The next result concerns a hypergeometric integral, which we integrate by means
of Schlomilch series of modified Bessel and modified Struve functions.
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Theorem 5.8 (Baricz and Pogany [18]) Let 9i(v) > 0 and a > 0. Then we have
0o dx V42 () 11 _

/ L@)se® = T Fy [ A

0 x4 ,) Jo e =1

wa’ [Liz(e™) 4+ aLij(e™)]
ZV'HF(V + 1)

)

where Liy (z) stands for the dilogarithm function.

Proof Differentiating (5.1) with respect to n, we get

/°° 2nJy(ax) dx  w(v+1) am
0

22w T o (I,(an) — L, (an)) — ot (I\/}(an) - L(}(an)) .

Summing up this relation with respect to positive integers n € N, we have

&0 dx #w(w+1) I, (an) — L, (an)
Ky (a) == /0 M@ S =" ; o2

ar d

arm I (an) =L (an) _m(v+1)
B Z 2 da

— (I'I,L+2 (Cl) _

1L
nvtl 2 v,V {Sv,v+2(a) .

n>1

By the Emersleben—Elbert formula (5.11) we conclude that

w@= [ Caaswl = [0 ([T ) o

Expressing the sine via J 1, we get that the inner-most integral equals

/oo J, (ax) sin(xt) dx — \/m /oo Jv(ax).l% (1) dr. (5.12)
0 2 Jo

1
vl Wt

Now, we apply the Weber—Sonin—Schafheitlin formula [333, §13.41] for A = v+ é,
which reduces to

-~ L a’m , O<ac<t,
VT2t 1
Jy (ax)J (t)c))c_”_é dx= v\—/I v +1) 1 )
0 2 a’ L/t sy — V|t
1 2F 3 R 0<t<a.
pirws )™y e
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Accordingly, (5.12) becomes

£

]Tav—l a t2
% ] dr
a2

:2\1—}—11—’(‘)_*_;) 0 el‘_l

. wa’ /oo t dt
2Hrw+1) ), e—1

et b p Loy
=piir ey by eI
2

wa’ /oo t+a
+ dr
2V+1F(U + 1) 0 et+a -1

_ Wmaoohor 227V 24
= prir ety b e 2T
2) /0 2

L,
Ky (a) 2F1[2’23 ‘
2

wa’

o 4 ) M) FaliE@],

where the dilogarithm Liy (z) = ), 2"n™, |z| < 1, has the integral representation

z [oe] toz—l
Liy(z) = dr, N .
ia(2) @) /0 o — 7 t (o) >0

This completes the proof. O

5.4 Differential Equations for Kapteyn and Schlomilch
Series of I,,, L,

Kapteyn series of Bessel functions were introduced by Kapteyn [145, 146], and were
considered and discussed in details by Nielsen [217] and Watson [333], who devoted
a whole section of his celebrated monograph to this theme. Recently, Baricz, Jankov
and Pogédny obtained integral representation and ordinary differential equations
descriptions and related results for real variable Kapteyn series [23, 133].

Now, we will consider the Kapteyn series built by modified Bessel functions of
the first kind, and modified Struve functions

AOEDY :M (Lon (1) = Lon ()

n>1

where the parameter space includes positive a > 0, while sequence (@,,),>1 ensures
the convergence of &, (x). Our first goal is to establish double definite integral
representation formula for &7 (x). In this goal we recall the definition of the
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confluent Fox-Wright generalized hypergeometric function ;¥ (for the general
case , ¥ consult Sect. 1.12.3):

«| (a,p)
W [(b, o)

_ (a)pn 7"
z:| = Z(; B nl’ (5.13)

where a,b € C, p,o > 0 and where, as usual, (1), denotes the Pochhammer
symbol. The defining series in (5.13) converges in the whole complex z-plane when
A=0—p+1>0;if A = 0, then the series converges for |z| < V, where
V:i=pro°.

Theorem 5.9 (Baricz and Pogany [18]) Let u > v > 0 and let o € C2(R.), such
that o |n = (@p)n>1. Then for

xe |0,2min < 1, b 1 = Su
e lim sup |, | v
n—>oo
we have
o ol i+ ) x (3:2)
qo _ 2 lp 272 t
v @) /1 o o (o) (2) [(” 1)‘ x}
Vs—H
% 2, o(s)s .\ drds. (5.14)
F(vs+2)

Proof The Sonin—Gubler formula enables us to transform the summands of the
Kapteyn series 8", (x) into

Jun(xy)
VM‘H( ) / Z ph—vn (y +n2)yvn dy

Making use of the Gegenbauer’s integral expression for J, [7, p. 204, Eq. (4.7.5)],
after some algebra we get

ay (;(1 — tz))m *° cos(xty)
dy, d
> I aK

1
R 1 (x) =
v,u-l—l( ) \/71' /0 \/1 —t2 ni—vn [0 (Vl’l 4 ;) y2 + I’l2

n>1

3 an (31 =12)) " emm 0

i (vn + é)

N x/ﬂ/o Vi-g

n>1

1
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where the inner sum is evidently the following Dirichlet series

o, exp {—n (xt + vlog x(lirz))}

Du(t) = Z =1 [ (\)n 4 ;)

n>1

’

and p(f) = xt + vlog x(lirz) > 0 for x € (0,2), since p is increasing on (0, 1). By
the Cauchy convergence test applied to &, (f) we deduce that

(ex (1 —tz)) e lirnsup|ocn|'i < (ex) lirnsup|ocn|'i <1,
2v n—00

2v n—o00

that is, for all x € .#, the series converges absolutely and uniformly. By the Cahen’s
formula (1.15) we have

T(t) = loge™ (x(l ? t2))v /0 N /0 ’ ((Ga- 7)) e—“)z.aso;(s()j::t; dzds.

Thus

1 00 [z] (X(S)SVS_M 1
RY X) = — 0 ?,(z)dzds,
v ) JT /0 /0 I (vs+ ;) @

where the #-integral

i [P (5

has to be evaluated. After indefinite integration, under definite integral, expanding
the exponential term into Maclaurin series, legitimate term-wise integration leads to

/ 2.0 =(})" /0 (1= Pyete g

_ JrT (vz+)) ()C)Vz 5 (;);j (—xzy

2I(vz) 2 = wz);
_VEL(vety) eys L (500)
T 2I'(v2) (2) W [(vzz,zl) _xZ]

Consequently

_vm T ) e, L)
Py(a) = 7, 9z I'(v2) (2) 1{1/1[(‘)21’21) —xz:|,
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and thus
M9 ree+))
Ry @ = / / % (v (2)
vs—u—1
wy [(2’2) xz]axo‘(s)s drds.
(v, 1) r (vs+ 2)
The proof is complete. O

Now, our goal is to establish a second order nonhomogeneous ordinary differen-
tial equation which particular solution is the above introduced special kind Kapteyn
series (5.3). Firstly, we introduce the modified Bessel type differential operator

/! 1/ UZ
Myl=y"+ y—-|1+ ,])»:
X X

this operator is associated with the modified Struve differential equation, reads as
follows

M[]= //+1 /_(1+U2) _ (Z)Vl (515)
A=y 7 x? y_\/zrl“(v+;)' .

Theorem 5.10 (Baricz and Pogany [18]) Lef min{v, u} > 0. Then for x € .7, the
Kapteyn series & = R, (x) is a particular solution of the nonhomogeneous linear
second order ordinary dlﬁ‘erentlal equation

=g+ (147 ) 8= e+ >, on(5)™
Iz - X X2 o T x«/ﬂ (vn+ é)nu—vn+l ,

n>1
(5.16)

where

() / /[f]a[‘ vt + ) vt
Cdx AT (2)
vs—pu—1¢o _ 1
X W [ (>-2) | } YOG = g
(v, 1) I (vs+ 1)
Proof Consider the modified Struve differential equation (5.15)

(3"

nF(v—}—é)

2

M[y] =y"(x) + iy’(X) - (1 + ;2) y(x) = J
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which possesses the solution y(x) = ci/,(x) + c;L,(x) + 3K, (x). Being I, and
K, independent particular solutions (the Wronskian W[I,,K,] = —x!) of the
homogeneous modified Bessel ordinary differential equation, which appears on the
left side in (5.15), the choice ¢3 = 0 is legitimate. Thus y(x) = I,,(x) — L,,(x) is
also a particular solution of (5.15). Setting v — vn, we get

() = L) + - (1) = Ly ()

v'n

) (x)vn—l
—O+_ﬁ)uww—um»= :

\/nl“(vn—i—é)'

Finally, putting x — xn, multiplying the above display with n™*«,, and summing up
in n € N, we obtain

o — o — 1 o o ! 2 an(xn)vn
M[ﬁ“’“] = MRl = x (ﬁ”’“(x) _ﬁ”"‘“(x)) * x/m Z I (vn +2%)”“+1 ’

n>1

where all three right-hand side series converge uniformly inside .#,. Applying the
result (5.14) of the previous theorem to the series

a(n—1
ﬁvo,t;,c(x) - ﬁ\lo,tﬂ-i-l(x) = Z “ }il‘H'l ) (I\Jn('xn) - LW,(.XI’I)) )

n>2

the summation begins with 2. So, the current lower integration limit in the Euler-
Maclaurin summation formula related to (5.14) becomes 1. By this we clarify the
stated relation (5.16). ]

In the following we concentrate on the summation of Schlomilch series

o =2, (o)~ L)

n>1

%”vﬁ(x) = Z (=1 (I, (nx) — L, (nx)) .

nk
n>1
To unify these procedures, we consider the generalized Schlomilch series like (5.4)

S = 2 ) —Laon)

n>1

obviously T/t (x),%ﬁh (x) are special cases of L% (). However, bearing in mind
the asymptotics in Sonin—Gubler formula (5.10), we see that the necessary condition
for the convergence of &/ (x) for a fixed x > 0 becomes @, = o (n*~"*') as
n— oo.
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Theorem 5.11 (Baricz and Pogany [18]) Let min{v, i, x} > 0 and a € C'(Ry)
be monotone increasing, such that o |y = ()>1, and )_,- | n v =lo, con-

verges. Then & = &LL (x) is a particular solution of the nonhomogeneous linear
second order ordinary dlﬁerennal equation

xyv—1
M, (6] = M[G‘I’I’l] X ( “'H( )) }H‘Z( x)+ \/71([2')(1) + é) Z nl‘o_l‘r’l+1 ’

n>1

where

00 [e']
Tl (x) = /0 e M /1 0 (e () (P — 1) (I, (xu) — L, (xu))) drdu.

Proof Consider again the modified Struve differential equation (5.15), which
possesses the solution y(x) = ¢/, (x) + 2L, (x) +¢3K, (x), and choose the particular
solution associated with c; = —c; = 1 and ¢3 = 0. Transforming (5.15) by putting
x +— xn, multiplying it by «,n* and summing the equation with respectton € N,
we arrive at

4 /

n 1 n n
PORETEDN IR DBSWIRTCON B DIAED

nx1 n>1 n>1

2 ®n
xz Z u+2y(xn) Jrl (v+1) > .

n>1 n>1

Thus

1 n( _1)
mfo) = (5 e

G
n(n® n
e Za n+2 Y(x")+w,%(v+1)znui+l-

n>2 2) n>1

Denote

F_1
(x,ﬂ _ C{n(n )
T (x) = E " y(xn), O<v<pu,x>0.

n>2
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Following the same lines of the proof of Theorem 5.7, by Cahen’s formula and
the Euler—Maclaurin summation we immediately yield the double definite integral
representation

00 e
T‘;’ﬁ(x) = u/ e M / 0, (ot(u)(uﬂ — 1) y(xu)) dtdu,
0 1
which leads to the stated result. O

Corollary 5.1 (Baricz and Pogany [18]) Letr iy —1 > v > 0 and x > 0. Then
T =gl (x) is a particular solution of the nonhomogeneous linear second order
ordmary dlﬁ‘erennal equation

{(u—v+1) (;)”—1’ 5.17)

= (i) = s S
2

where

TP (x)=p / - e M / . 2 (P — 1) (1, () — Ly (xu))) drdu.
" 0 1

Corollary 5.2 (Baricz and Pogany [18]) Let u > v > 0 and x > 0. Then T =
T’ L (x) is a particular solution of the nonhomogeneous linear second order ordinary
dlﬁ‘erennal equation

M;oi ﬁ] = M[gib] - )lc (fful-u(x))/ N :22 TMZH(X) + J:LF (U | 12)) <2)V | ’

where

B * —ut ] iru ¢, B
Tu(x) = M/o e /1 0, (e w” — D)Ly (xu) —Iu(xu))) drdu.

Now, a completely different type of integral representation formula will be
derived for ‘Ilv% +1(x) which simplifies the nonhomogeneous part of related differ-
ential equation (5.17).

Theorem 5.12 (Baricz and Pogany [18]) Ifv > 0 and x > 0, then we have

o0 d
T () = / J,(xt) (coth(m)— ﬂlt) g
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Proof Consider the well-known summation formula [99]

1 b4 1 .
; 24 = 5 coth(wa) — 2 a#in.

In conjunction with the Sonin—Gubler formula (5.1) we conclude that

2 [ 1 dr
gL = / Jy (xt
b1 () 7 Jo (x1) ; 22|

* 1 dr
= /0 Jy (xt) (coth(m) - m) 1

which confirms the assertion. O

Remark 5.1 Actually, the formula

1 b4 1
; 2t 2a coth(wa) — g a#0
has been considered by Hamburger [99, p. 130, Eq. (C)] in the slightly different
form

1 2a 1
142 e M — jcotwia = + , in. C
; a Ta 7w ;az—i—nz a7 in ©

Hamburger proved that the functional equation for the Riemann Zeta function is
equivalent to (C), see also [45] for connections of the above formulae to Eisenstein
series.

Also, it is worth to mention that further, complex analytical generalizations of
above formula can be found in [29]. |

5.5 Bromwich—Wagner Integral Form of J, (x)

As a by-product of Theorem 5.12, it turns out the integral relation
1
TEL@ =) ot (Cm) =Ly (m). v>0,x>0
n>1
which, in the expanded form reads

oo 1 dr oo rlef] ds du
/0 Jo (xt) (coth(m) — m) I (v+1)/0 /o 0, (I, (xu) — L, (xu)) 415
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This arises in a Fredholm type convolutional integral equation of the first kind with
degenerate kernel

o 1 dr
/0 f(xt) (coth(nt) - 7”) 1 = Fy(x), (5.18)

having nonhomogeneous part

oo plef]
Fy(x) =@+ 1)/ / e T, (1, (xu) — Ly, (xu)) dsdu. (5.19)
o Jo

Obviously, J,, is a particular solution of this equation.

Before we state our result, we say that the functions f and g are orthogonal
a.e. with respect to the ordinary Lebesgue measure on the positive half-line when
fooo f(x)g(x)dx vanishes, writing this as f 1 g.

Theorem 5.13 (Baricz and Pogany [18]) Let v > 0 and x > 0. The first
kind Fredholm type convolutional integral equation with degenerate kernel (5.18)
possesses particular solution f = J,, + h, where h € L'(R4.) and

1
h(x) Lx™v7! (coth(nx) — ) , x>0
X

if and only if the nonhomogeneous part of the integral equation equals F,(x) given
by (5.19).

‘We mention that / as in the above theorem has been constructed in [71, Example].
To solve the integral equation (5.19) we use the Mellin integral transform technique,
following some lines of a similar procedure used by Dras¢i¢c—Pogény in [71]. The
Mellin transform pairs of certain suitable f we define as [301]

() = /0 () dx = g(p)

X 1 c+ioo
M = xPA,(f)dp,
ORI I AuY
where the inverse Mellin transform is given in the form of a line integral with
Bromwich—Wagner type integration path which begins at ¢ — ico and terminates
at ¢ + ioco. Here the real ¢ belongs to the fundamental strip of the inverse Mellin
transform .2 ~".

Theorem 5.14 (Baricz and Pogany [18]) Let v > 0,x > 0. Then the following
Bromwich—Wagner type line integral representation holds true

oo plef]
My / / e~ TDs9, (1, (xu) — Ly (xu)) dsdu
c+ioco 0 0

v+1
() = »~dp,
5 2i /C_ioo r&;)yr’+1)¢cv-p+2 P

(5.20)

where ¢ € (v,v + 1).
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Proof Applying .#, to the equation (5.18), we get

00 d
%(A.mm(mwm—;%JJzﬁﬂny

By the Mellin-convolution property

My (f *8) = M) (/0 f(r) - g(2) dt) = Mp(f) - AM1-p(8) .
it follows that
M) (x_”_l(coth X — (rrx)_l)) ~M—p(Jy) = M(F)). (5.21)

The fundamental analytic strip contains (v, 1 4+ v), because the coth behaves like

§+ﬁ@y 750

1 4 2e% [1 + 0 (e_zz)] , 7> 00

1
+
cothz =14z

)

in both cases R (z) > 0. Now, rewriting x "~ (coth wx — (7rx)™") by (C) and using
termwise the Beta function description, we conclude that

-V V=

Ay (= (eothmx— e ) = L B(PDN T ) e -p ).

forall p € (v,v + 1). Therefore

My (Fy)

%_(JV): p—v  vV—p ’
B Y AN L —p )

which finally results in

s

oo rlef]
el
1 reti
Jv(x) = V"T / ’ ’

e~ T, (1, (xu) — Ly (xu)) ds du)

Yy e ¥ ldp,

2 Joico B(""."P+1)tv—p+2)
where the fundamental strip contains ¢ = v + ; So, the desired integral
representation formula is established. O

We note that the formula-collection [112] does not contain (5.20).
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Theorem 5.15 (Baricz and Pogany [18]) Let0 < v < ;,x > 0. Then

1 c+ioco r V_P+1 V_p+2
/ (2 2) (v =p+2) x Pdp, ce@v+1).

T =
, 27T Jo—ico sin[g(p—v)].l"(”'gp—i-;)

Proof Consider relation (5.21). Expressing .#_,(J,) via formula [225, p. 93,
Eq. 10.1]

2p—1 F(V;‘D)
a (%" +1)

3

My (Jy(ax)) = a>0,—-v<p<;,

equality (5.21), by virtue of the Euler’s reflection formula becomes

My (F,) = r+0)ry+5)r")iv-p+2
SN ("42"’ + é)

_ () iv-p+2)

Y sin[Z(p—v)]- I (wzrp N é) :
Having in mind that F,(x) is the integral representation of the Schlomilch series

‘If}I; 41(x), inverting the last display by ///p_l we arrive at the asserted result. O

5.6 Summing up Schlomilch Series of Struve Functions
In 1987 Lorch and Szego [175] considered the series

_ &, H, (nx)
s—q(a,x,v) = ; w1 — @) () (5.22)

for positive odd integers g, where &, = 1 or &, = (—1)""!. Using mathematical
induction, they proved that [175, p. 56, Eq. (22)]

C(2k + 2 — 2n) x*v+!

k
o 0.x,v) = —D"
@k+1)( ) Z( ) @n+ DI Jm 2 T (v 40+ 3)

n=0
(_1)/(7.[ x2k+2
(k + D)2V 243 () + k + 2)
(_l)kx2k+3

+ ; (5.23)
Qk+ 3N /r T (v+k+ ) 2vHet2
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where k e Ny = {—1,0,1,...},v > —;, x € (0,2m), 0_r+1)(0,x, v) stands for
the series s_(2¢+1)(0, x, v) containing &, = 1, and { signifies the Riemann’s Zeta

function. We point out that for k = —1, the sum in 0—(2¢+1)(0, x, v) has to be taken
to be zero.
Also, when g, = (—1)*"!, writing S_4(a,x,v) for (5.22), the same authors

obtained [175, p. 54, Eq. (18)]

k+1
&(—1,2k +2 —2n, 1) x>+!
S_ 0,x,v) = E —-1)" , 5.24
@+t ) n=0( ) @2n+ DN /m2vtr (v +n+ g) ( )

forallk €e N_i, v > —3, x € [0, ); here @ denotes the Hurwitz—Lerch Zeta.

Motivated by already stated results by Lorch and Szego, Jankov Masirevi¢ [137]
presented a new proof of the summations (5.23), (5.24) for 0_(2%+1)(0, x,v) and
S_2k+1)(0,x, v), respectively and show its validity for a significantly wider range of
variable x, in the case when v > — ; We recall those results in the Theorem 5.16,
below.

Theorem 5.16 (Jankov Masirevié¢ [137]) Forallv > —; there holds

¢ (2k + 2 — 2n) x*v+!
@n+ DN /m 2"t T (v+n+3)
~ (—1)kgr x2+2
(k+ D12v+283 0 (v + k4 2)
. (—1)ka2kt?
k43w I (v+k+ ) vkt

k
o (0.x,0) = Y (=1)"

n=0

(5.25)

where x € (0,2x) for k = —1 and x € [0, 25] for all k € No. Moreover

k+1

S—@rrny(0,x,v) = Y (=1)"

n=0

®(—1,2k + 2 — 2n, 1) x2+!

, 5.26
@n+ DI Jm2"t T (v+n+3) 20

where x € (—m, ) fork = —1 and x € [—m, 7] for all k € Ny.

Proof Firstly, let us establish the convergence conditions of the series

1 &n
s_(2k+1)(0,x, \)) = e Z 243 Hu(nx) s ke N_l .

n>1

Using the identity [1, p. 497, Eq. (12.1.21)]

v+1 2

Z

1 Z
SRR
© ZVJnF(v+g)l 2 v+ 4
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and the asymptotic expansion for the generalized hypergeometric function [199,
p- 274, Eq. (2.2b)]

P

,,F,,H[ aree dp ‘ —zz] ~ S AT 4 Azt eos(z +B). (5.27)
by, - bpy1 P

where |z] — oo, |argz| < 7, the Ay, k = 1,2,...,p + 1 and B are dependent on the

parameters of the function ,F,4; and C := Y _, a; — Y7 by, we conclude

1 |H, (nx)|
Is—x+1) (0, x, V)| < e Z 2kt
n>1

||

Al 2"72 A, ( 7)
~ 2k + 4) + 2k + v+ ,
22 /n (v +3) ( 3 ) |x|"+3 ¢ 2

where the convergence is ensured for v > — é

Next, letting x — 0 in the integral representation [1, p. 496, Eq. (12.1.6)]

H, (x) = \/ F / (1 — 4)""2 sin(xr) dt, (5.28)

valid for |argx| < 7, %(v) > —), we see that H,(x) = x"T!(1 4 o(1)). So, the
series (5.22) is also deﬁned atx = 0

Thus, by the previous integral representation, formulae (1.6), (1.8) and Legen-
dre’s duplication formula (1.3), we get

(_1)k2—v(2ﬂ)2k+3 1 oy Xt
o—@k+1(0,x,v) = Jr L (v+ 1) Ik +4) /0 (I =1)""2Byy3 (2n) dr
(—=D¥ /x\2k+3
= oty (2)
2%k+3

" Z B, (471)"
ST+ DI (k=5+3) Flk+v=5+3) \x
(_1)kx2k+3
SRR (k4 3) T (kv +3)
(—l)kﬂx2k+2
Lk +2)2" 2%+ (v 4+ k + 2)

N (_zi)k (;)2k+1

k 2m
(—1)" £ (2m + 2) 2
XZ F'k=m+3) T (k+v—m+3) (x)

m=0
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3 (=153 Lk 4 2)
S22/ (k4 v+ 3) T2k +4)
(—1)"7[x2k+2
Tk +2)2" %3 (v + k +2)

Z( D ek —2n+2) M(n+ 1)
22Jrn T (n+v+3) I'2n+2)

Finally, using the identity 2n + 1)! = 2n+ 1)!!-2"n!, n € Ny we conclude the
formula (5.25), where x € (0,2x), for k = —1 and x € [0, 2x], for k € Ny, based
on the conditions under which (1.8) holds.

Analogously, by virtue of the integral representation (5.28) we infer

(_1)k+12—v(2n)2k+3 1 N Xt 1
S—@+1n(0,x,v)= Jar (v+1)F(2k+4)/0 (1 —12)""2By43 o + 5 ds,
2

where x € (—m, ) fork = —1 and x € [—m, 7] for k € Ny. Now, using the same
proving procedure as in Theorem 4.3, with a help of (4.20), (1.6) and the Legendre’s
duplication formula (1.3) we obtain

(—1)kF132k+3

S_ 0,x,v) =
@t ( ) 22HvHk 2k + 3N T (5 + k+v)

k
(—1)"(1 = 22=21) £ 2k — 2n + 2) x1H2
2

20t/ 2n+ DT (3 + v +n)

which becomes (5.26), using the properties of Hurwitz—Lerch Zeta function (4.21).
O

5.7 Dini Series

The series of the form

D02 =Y buty (hon) . (5.29)

n>1

where v > —é, z € C, the coefficients b,, are constants, J, stands for the Bessel
function of the first kind of order v and A,, denotes the nth positive zero of
7" d, «(2), where d, o, denotes the Dini-function (1.30), arranged in ascending order
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of magnitude, is called Dini series of Bessel functions, which is a generalization of
the Schlomilch series, compare Chap. 4. The coefficients b,,, n € N read (1.31)

(v2 - A’%n) 2

A2 vn) +bn =
Ron =V WhiGoa) b0 = 30 1y 1 G

1
] /0 X Jy (o)) dic.

Observe that changing the argument (8 4 n)x inside summands of 65 x) = Gﬁv’J (x)
in (4.8) to A, ,x we arrive at the Dini series D, (x).

It is also worth to mention that Fourier [84] considered Dini series in the case
when v = 0 in solving the problem of the propagation of heat in a circular cylinder.
In this problem the heat is radiated from the cylinder, where the physical significance
of the constant « in the Dini’s function is the ratio of the external conductivity of
the cylinder to the internal conductivity. For the more detailed historical overview
the interested reader is referred to [333, Section X VIII].

Our first main aim in this section is to derive the double definite integral
representation of the Dini series (5.29); this result is given in [27].

Theorem 5.17 (Baricz et al. [27]) Lets > 0 and b, A € C'(Ry) be such that the
function

9 I'(su+v+ ;) bOVA™T" (w)
K(I/I,W) - ou ( Asu-l—v(u) J£M+V (A(u)x)) 0w (F(SW +v+ é))

is integrable. Let biN = (bp)n>1, A|N = (Ayn)n>1 and assume that

Ly = limsup|bn|i <1

n—>o00

Then for all v > —é and x € (0,2) we have

D,(x) = / / " /\/}Euix))bw(b(w)k"(w)) dudw .

Proof First, let us consider the integral form for the Kapteyn series £,/:(x) =
> w1 budvgen((u + n)x) which is given in Theorem 3.5. Then, consider certain
suitable A € C! (R+), which interpolates the set (4,,),>1 which constitutes of all
positive zeros of d, 4(x) taken in ascending order. Substituting instead of u + n
the expression A(n) in the integral representation (3.23), given in Theorem 3.5 and
applying similar procedure as in that theorem, we conclude that |x| < 2,os1 , where

° A« n e\ —1
p= (8) limsup|b,,|fL " .
€ n—00 n
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So, the argument’s range changes to

1
A’Vn ¢ _E
xe <O,Zmin{1,8 (1imsup|bn|i ( : )) §) — Sy
€ n—00 n

. . o I
In the next step we are interested in the limit of p¢ as e approaches zero from the

right. Since
1 A ey
e n €
p_; < - (limsup( v ) ) ,
& n—00 n

it is necessary to determine the behavior of A, ,,/n for large n. For this, first we show
that foralln € {1,2,...} we have A, € (jyu—1,Jjv.n), Where j, , is the nth positive
zero of J,,(x). Note that for n = 1 the fact that 1,; € (0,j,.1) was pointed out in
[126, p. 11]. Now, suppose that n € {2, 3, ... }. In view of the recurrence relation

Ty () = Ju—1(x) = (/)] (x)

we have

dv,a(jv,s) = jv,sj\/; (jv,s) = jv,sz—l (jv,s)y

where s € {n — 1,n}. On the other hand it is known that zeros of J,_; and J,
interlace, so d, o4 (jvn—1) * dva(jvn) < 0, because J,—;(x) has opposite sign at the
subsequent zeros j, ,—; and j, ,. Thus, the root of d, o (x) = 0, that is, A, , belongs
to (Jy.u—1,jv.n). Consequently, for all n € {1, 2, ...} we obtain

jv,n—l < Av,n < jv,n
n n n

’

which in view of the MacMahon expansion [333, p. 506] (see also Schléfli’s footnote
[277, p. 137])

=43 =)x+0(,). oo,

shows that lim,—, o0 A, ,/n = 7 . Hence

. W\
lim sup ’ =Ilim W =,
n—00 n n—oo n

since x — x* € C(R*), where ¢ > 0. Consequently, these show that

limp_:: <ermlim * =0.
eN\O e\O0 &
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Now, it immediately follows that .#, o = (0, 2), and (3.23) becomes

Rw=- [ [T () s w)

b(w)AH—SW(W)
Dw([“(v—}-sw—i—;))dudw‘ (5.30)

Since the integrand in (5.30) is integrable, by the Lebesgue dominated convergence
theorem we get

li ]} = 2y s
a{I(l) K. (0) =D,(x)

which finishes the proof of Theorem 5.17. O

We draw the reader’s attention to the fact that

lim 84 (x) = &5 (x),
eN\o0

so actually Kapteyn series &%, :é\fg connect Schlémilch’s &) and Dini’s D, series.

5.8 Dini Series and the Bessel Differential Equation

Analogously as we derived integral representations for Kapteyn and Schlomlich
series, using Bessel differential equation, in Sects. 3.3 and 4.2, respectively, exploit-
ing the non-homogeneous Bessel ordinary differential equation we can conclude the
following result:

Theorem 5.18 (Baricz et al. [27]) Let b, A e C'(R,), and b|N Br)n>1, MN
(Av)ns1. Assume that series anlbnkm absolutely converges. Then the Dini
series (5.29) is a particular solution of the nonhomogeneous Bessel-type differential
equation

Y xy 4+ (P =0y =€),

where &, (x) is given with

€)=Y (1= A7 )bty (Ay )

n>1
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and for all x € (0,2) it is

b9 JA
¢ (x) = —x / / i((';))x) ) 3y (W) (1 = 22(w))A" (w)) dudw.
(5.31)
At the end of this section, analogous procedure as we used to derive familiar

integral representations of Neumann, Kapteyn and Schlomilch series lead us to the
following integral representation of (5.29):

Theorem 5.19 (Baricz et al. [27]) Let the situation for b, A be the same as in
Theorem 5.18. Then, for all v > —é and x € (0, 2) there holds

ey) Jy(x) €, (x)
D) = /ﬂ(x)(/ x dx)d’“

Y, (x) Y, (0) €, (x)
T /xY&(x) (/ x dx)dx’

where €, is the Dini series associated with ©,(x), which possesses the integral

form (5.31).

5.9 Jacobi Polynomials in Sum

The Jacobi polynomials, which are also called hypergeometric polynomials [155],
can be represented with the following formula [286]

Pi‘a,ﬂ) @ = n! 1+« 2

(14 @), |:—n, l+a+p+n|l—-z

2F ‘ :| .
It is worth mentioning that Luke and Wimp [180] proved that if we have continuous
function f(x), which has a piecewise continuous derivative for 0 < x < A, then f(x)
may be expanded into a uniformly convergent series of shifted Jacobi polynomials
in the form

f@) = 3 a()Pe) (2; - 1) ,

n>0

wheree < A7lx <1—¢,¢> 0,0 > —1, 8 > —1. Various techniques are available
for the determination of the coefficients a,(1).
Let us define a functional series in the following form

Pus@ =Y aP@P(),  zeC. (5.32)

n>1
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We point out that the Bulgarian mathematician P. Rusev studied in [271] the
convergence of the series P, g(z) (precisely, he considered ap + Py p(2)).

In this section, our main aim is to derive several integral representations for the
Rusev series (5.32), derived in the article [132, p. 109 et seq.]. The double integral
representation is given in the following theorem:

Theorem 5.20 (Jankov and Pogany [132]) Leta € C'(R4) and aly = (ap)n>1.
Then for all @ > —é, a + B > —1 and for all x belonging to

I, = (max{O, 2n — 1}, 1] (5.33)

we have the integral representation

[ (Y r@s+1)P"
Pap () = _/1 /0 ds (F(a+s+ hr+s+1)

rew+1)

Proof First, we begin by establishing the convergence conditions for the series
ma,ﬂ ().

For that purpose, let us consider the integral representation given by Feldheim
[81]:

1
Pl(laﬁ)(x) — otBtne—t L’(f‘) (2(1 —x)t) de, (5.34)

1 o0
F(ot+,3+n+1)/0

valid for all n € Ny, + 8 > —1, where Lﬁla) is the Laguerre polynomial. We

estimate (5.34) via the bounding inequality for Laguerre functions L(V“ ) (x), given by
Love [177, p. 295, Theorem 2]:

(R 1 rMp +
|L$;M)(x)| < MR +p+1) N(w) 12) e, (5.35)
1M+ DIFG) + D [ F(p+ )l

where v € C, x > 0, R(u) > —é and N (u + v) > —1, which has been generalized
by Pogany and Srivastava [246]. Specifying © = o € R,v = n € Ny the
bound (5.35) reduces to

F(n—i—a—}—l)ex

, 0. 5.36
n F(a + 1) = (5.36)

IL ()] <

Now, applying bound (5.36) to the integrand of (5.34), we have that

s )] < 1 ( 2 )“+ﬂ+lz|an|F(a+n+l)< 2 )

Fe+1) \1+x n! 1+x

n>1
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The resulting power series converges uniformly for all x satisfying constraint (5.33).
A more convenient integral representation for the Jacobi polynomials has been
given by Braaksma and Meulenbeld [41], [64, p. 191]

_1\nyn 1 1 1 1 n
pep (1 gy = DM <aﬂ2;;)>;(ﬂ+2)n /_1 /_1 (zu:i:i\/l—zzv)z

1 1
x (1= 2(1 =0 2dudv, 0<z<1,

where 2 min{«, 8} > —1. This expression in an obvious way one reduces to

o 2@+ uB+ ) [T 2
reow =T o L s i)

2 . 2 .
x (1—u®)*2(1 =02 dudv,  |x| < 1. (5.37)

Thus, combining (5.32) and (5.37) we get

1 1 1 1 1
Pap(x) = ﬂ/ / (1—u®)*2(1 =072 Z,(u, v) dudv, (5.38)
—1J-1

where Z,(u, v) is the Dirichlet series

an ! n ! n n
Dau,v) =Y (a+(22)n)(f+2) (26v1 = xu= V1 +xv)%)

n>1

_ Z an (@ + 3)a(B + 3 oo («/2(1«/1—xu—«/1+xv))72
(2n)! '

n>1

The Dirichlet series possesses Laplace integral representation when its parameter
has positive real part, therefore we are looking for the two-dimensional region
S (%) in the uv-plane where

Sﬁ{logZ(i\/l —xu—+/1 +xv)2} =1log2((1 + x)v* + (1 —x)u*) <0.
So, we get the ellipse
S () = {(u, v) € R2: (1 4+ x)v? + (1 — x)u? < ;} ,

such that is nonempty for all x € .#,, so Z,(u, v) converges in .7,.
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Now, the related Laplace-integral and the Euler—Maclaurin summation formula
(see for instance [23, 24]) give us:

log (vV2(v/1 = xu — /1 + xv))’
F+ DI @B+1)

X/O""/Om (V261 —xu— V1 4 x0))”

-@a(“v U) = -

1 1
. (a(w) Fa+w+ )I(B+w+ 2)) ds dw. (5.39)

rQw+1)

Substituting (5.39) into (5.38) we get

. 1 1 1 00 [s] . 2a—1 . 2/3_1
Fap(x) = 711“(0{+;)F(,3+é) /—1/—1/0 0 S

x log (V2(iv/1 —xu— /1 +xv)) - (V2(v/1 = xu— 1 4 xv))”

, (a(w) Fla+w+ Dr@+w+l)

dudv ds dw . 5.40
rew+1) ) uavasaw (5-40)

Denoting
1 1
T(s) ::/ / log (V2(iv1 — xu— /1 + xv))’
—-1J-1
x (V261 —xu— 14 x0))> (1 - uz)“—i(l - vz)ff—i du dv,
we get

! ! . 2s a_l /3_1
/fx(s)ds:/_1 /_l(x/2(1\/l—xu—\/l+xv)) (1 —u®)*"2(1 —v*)’ 2dudv

M+ Y@+ Hres+1pe9w
i Fw+s+ DI'B+s+1)

Therefore, we can easily conclude that

F) r'@2s+ 1) PP
S(s)=al(a+ DB +)) . (F(a +(ss++1 ))F(ﬁ +(f)+ 1)) , (5.41)
2 2
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Finally, by using (5.40) and (5.41), we immediately get the proof of the theorem,
with the assertion that the integration domain R4 becomes [1, c0) because [s] is
equal to zero for all s € [0, 1). O

There exists another, indefinite type integral representation for the functional
series (5.32) which can be obtained by having in mind that the Jacobi polynomials

P,(f"ﬂ ) (x) satisfy a linear homogeneous ordinary differential equation of the second
order [263, 300]:

A=) +B-a—Q4+a+px)y +n(l+a+p+ny=0. (5.42)

Now, using the analogous procedure as in the previous sections concerning Neu-
mann, Kapteyn, Schlémlich and Dini series, but this time using the differential
equation (5.42) instead of Bessel differential equation, we can conclude the
following results:

Theorem 5.21 (Jankov and Pogany [132]) For all o > —;, a+ B > —1 the
particular solution of the linear ordinary differential equation:

(1=2) +(B-a-Q2+a+pn)y=RupW),

represents the first derivative BBX PBa,p(x) of the functional series (5.32), where
NRa g (x) is given with

Rap(x) 1= — Zan n(l+a+p+ n)P,(f’ﬂ)(x)

n>1
=(1=)Ps0) + (B—a—Q2+a+ B P, 0.

Here for a € C'(R4), aly = (an)n>1 and letting y", .., n* a, absolutely converges,
for all x € #, we have the integral representation

M res+1)pPeP )
maﬁ(X)_/l /0 8s(F(a+s+§)F(ﬂ+s+§)

. (a(w)w(1+a+,3+w)r(“+w+ DT (B +w+ ;))dsdw.
2w+ 1)

Theorem 5.22 (Jankov and Pogany [132]) Let the situation be the same as in

Theorem 5.21. Then we have

1
Pap (x) =/ (1 — (L 4 pp (/ma,ﬂ(x)(l_x)a@ +x)f dx)dx,

where Ry g(x) is the series associated with the series P p(x).
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5.10 Schlomilch Series of von Lommel Functions

The von Lommel function of the first kind [93, 323]

500(2) = ! )3 DTG —=v + 1) TG+ v+ 1) (1)2"
o 4 ST Gu—v+3)+m2) TGr+v+3)+n) \2

is defined for all i, v € C such that neither & — v nor i + v is an odd negative
integer, and for all z € C which satisfy —7 < argz < m and it is a particular
solution of the inhomogeneous Bessel differential equation

&Y+ + @ =y =Ty =500,

Motivated by an importance of von Lommel functions which arise in the theory
of positive trigonometric sums [158] and occurs in several places in physics and
engineering (see e.g. [91]) we are interested in this section in summing up the special
kind Schlomilch series built by members which contain von Lommel function of the
first kind in the form

GMaV (Z) = Zaﬂsﬂav (VZZ), Z€ Cv

n>1

for some special cases of the constants u, v, o,. According to our knowledge, such
problem has not been considered in mathematical literature.

More general results about this kind series, with members containing Bessel
function of the first kind J, are recently studied in [131]; also, in 1995 Rawn [265,
p- 285, Eq. (5)] showed that

—1 ’1—1]‘} v
S EVThE e 543
e n’ v+ rwv+1)
where R(v) > —é, x € (—m, ) and 2 years later Miller [198, p. 91] proved
-]u v v—1
Z (nx) _ X N Jx - (5.44)
B 27H P41 2T (v+ )

where R (v) > —;, x € (0,2m).
Quite recently, Trickovic et al. [316] proved that for allm € N, v > —é there
holds:
(=11, (nx) " (=1)"n2m —2n) sx\vin
Z n2m+v N ZO nC(v+n+1) <2) ’ (5.45)

n>1
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valid for x € (—m, ), where

-1 n—1
n@):Z(n)s , N(s) >0,

n>1

signifies the Dirichlet Eta function and

JV(I/ZX) _ (—1)m7T X\ 2m+v—1
Z n2mtv 2F(m+ ;) F(m+v+ ;) (2)

n>1

Xm: (=1)"¢(2m—2n) (x)v+2n’ (5.46)

= I'h+1D)IT'(v+n+1)\2
where x € (0,27) and ¢ stands for the Riemann’s Zeta function.
It is important to mention that the authors stated the previous formulae in form of

infinite sums, but knowing the property of Riemann’s Zeta function that ¢ (—2n) =
0, for n € N and also that [195, p. 4]

n(=2n) = (1-2""2") ¢(=2n),

the sums in the previous expressions vanish when n > m + 1. Also, substituting
m = 0in (5.45) and (5.46) and knowing that

—1(0) = ¢(0) = —

we immediately get (5.43) and (5.44), so the formulae derived by Trickovic et al.
are also valid for m = 0, which is not mentioned in theirs article.

Let us also mention that in the book of Brychkov [42, sections 6.8.6, 6.10.3,
6.17.2] one can find exhaustive list of summations for Schlomilch series containing
Bessel function of the first kind and Struve function H, and hypergeometric function
pF4+2 as well which are connected with von Lommel function of the first kind (see
Eqgs. (5.50), (5.51)).

Our main objective is to establish closed form expressions for the Schlomilch
series

o &n Sy (nX)
&, (x) = Z "n; ., xeR, (5.47)
n>1
where o, v, i are constants and ¢, = 1 or g, = (—1)"‘1. Also, we will derive

several closed expressions for the series which members contain some trigonometric
functions, as a by-product of the mentioned main results and all of those results
concern to the paper by Jankov Masirevi¢ [136].
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In what follows we will use notation ‘I;'i’v (x) for the series (5.47), when ¢, = 1

and %ﬁv (x) in the case when g, = (—1)"".

5.10.1 Closed Form Expressions for &), ,(x)

Our first set of main results is based essentially upon already stated formulae due to
Trickovi¢ et al. (5.45). The second set of results would make use of the Bernoulli
polynomials defined in Chap. 1.

Theorem 5.23 (Jankov MasSirevié¢ [136]) For all m € Ny, v € R and p >
max{—v — 1,v — 2, —1} there holds

+1
T () = ""4 r (1 +“‘”) r (1 +“+”)

2 2
o (=D)"m (X)Zm—l
2 (m+1+"") F<m+1+"j") 2
N - (=1)"¢(2m —2n) (x)2"
F(n+1+1+“‘”)r(n+1+l+“+”) 2/ )
n=0 2 2
(5.48)
where x € (0,2m). Moreover for all x € (—m, 1)
~ ot l+p—v l+pu+v
2m—+pu+1 — i r M r M
T W=, ( 2 ) 2
“ (=1D)"n(2m —2n) ()C)Z”
X .
= S e DAl (R A I
(5.49)

Proof First, let us establish the convergence conditions of the series

Dmppl oy En Spuv (1)
S = Z p2mutl m € No.
n>1
Using the fact that the von Lommel function of the first kind can be expressed in
terms of a hypergeometric function [224, p. 281] as

ZM+l

| 1 Z
N 7)) = 1 V43
M’V() (,ll—])+1)(,ll+\)+l)l 2w 2 s

e } - 4] (5.50)
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and the asymptotic expansion for the generalized hypergeometric function (5.27)
we conclude

m |80 ()] ]
S @I =D
n2mtu (pL—v—i—l)(pL—i—v—i—l)

n>1

nt3
8 (4l21|§(2m+2) + |A2|§(2m+u+ ;) (I)zf|) ) ,

where the convergence is ensured for u > —é.

Now, by virtue of an integral representation [78, p. 42, Eq. (86)]

1+ v X I+v+pu
s"’”(x)zzﬂr( g )(2) 2

Ed

2
X / J(14p—v)/2(x sin ) (sin NIHV=/2(cos 1) TH dr,
0
valid for (v + p + 1) > 0 and summation formula (5.46) we get

dmtp+1 " Lp—vY x5 02 (4+v—p)/2 vt
T2 (r) = 21 T ) (2) (sin 1) (cos 1)
0

1 .
X Z 2 (=) /2 J(H_M_V)/z(nxsm 1) dt

n>1

_ x“HF(l—}—pL—v) (—D)"nx
2 2 2T (m+ ) T'(m+1+4)")

2m—

x / (sin 7)*"(cos 7)" T+ dt

(=1)"¢(2m — 2n)
+
nX(:)F(n+1)F(n+l+ )

2n 7;
;) / (sin 1) (cos 1)V TH dt),
0

which immediately gives the desired formula.
Analogously, using the previous integral representation and (5.45) we conclude

Tkl () = xﬂ; Ia (1 TH= ") Zm: (=1)"n(2m —2n)

2 o F(n+1)r (n+ 14 1+,2L—u)

2n 3
;C) / (sin 1) (cos 1)’ T+ dr,
0

which is equal to (5.49). O
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Remark 5.2 Using the well-known symmetry property [333, p. 348] 5, —,(x) =
Suv(x) we deduce that the summation formulae for the series ‘sz+“ +l(x) and

T4 (x) has the same form as (5.48) and (5.49), respectively.

Furthermore, knowing that the von Lommel function is related to the Struve
function H, by [78, p. 42, Eq. (84)]

VrT (v+)) Hyx)

i (5.51)

sv,v(-x) =

and setting m — m + 1 and u = v in the formulae (5.48) and (5.49), we can
conclude the summation formulae (5.25) and (5.26) for the Schlémlich series which
members containing Struve functions, derived in Theorem 5.16. |

In what follows, we will prove that, in the case whenm € N, y — p — ; and

v = é, the summation formulae (5.48) and (5.49) are also valid for x equal to the
endpoints of a given intervals.

Theorem 5.24 (Jankov MasSirevié¢ [136]) Forallme N, u > 0

e ! (—)" L2 (- 1)
) = )

- (=) @n)
x (xF(2m+,tL) +2’; rCm+p+1 —2n)x2") ’

where x € [0, 27]. Moreover

=2m+ m _2m
T W) = ()R

(=11 =2"72") ¢ (2n)
D ZXZ"F(Zm—}-pL—}- 1—-2n)’

holds for x € [—m, 7).
Proof First, let us establish the convergence conditions of the series 6 +M 2( ).

To this aim let us consider the integral representation referred to Bancz et al [16],
valid for u > 0O:

xH72 !
Sy (x) = / (1 — )"~ cos(xt) dr. (5.52)
202 w—1Jo
Consequently, we get

2

1
3015 1|/(1 L T
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that is

1

2m+ |sﬂ_3’1(nx)| |x|“~ > n—3

[Shttey 2<)| > > = £ (2m),
& onmtess ulu—llmn M|H 1]

where the convergence is ensured being m > 1.
Using the previous integral representation and the same proving procedure as in
Theorems 4.3 and 5.16 we can conclude the desired formulae. O

Theorem 5.25 (Jankov MasSirevié¢ [136]) For all 1 > 0O there holds

zm+,L ' (—1)" I () x2m+i=3 —r
N 2 xI'2m+pu—1)

m—1
-1 n—1 2
L% s )
= 'Q2m+ p—2n)x>"
where x € (0,2r), form = 1 and x € [0, 21], for m € N,. Moreover

"/Zm+u 2 m+1 2m+ ( 1);1(1 - 21_2”) é(zn)
= 1 H= 2 I'(u
l‘zz () =D ()Z[‘(Zm+,u 2n) x2n
holds true for x € (—m, ) whenm = 1 and x € [—m, ] form € N,.

Proof Analogously as we did in the Theorem 5.23, we can conclude that the series

Su=33 , (1)

2m+;L 2( ) _ meN
; n2m+u—
converges for all © > 0 being

Is,—1 1 (nx)]

3
n2mtiu—s

|62’"+’* HOIEDY

n>1

s (414, utl
~w+1)( ¢(2m) + Al (2m + pu — 1>(| |) )

The rest is obvious and follows by considering the same concluding process as in
the previous theorem, except here we use an integral representation [16]

1
e PSS
Su-1.1 (x) =xt"2 /0 (1 — " sin(xr) dt,

valid for u > 0, instead of (5.52). O
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5.11 Neumann Series of Meijer G Function

One of the most powerful tools in Mellin—-Barnes type complex integrals turns out
to be Meijer G function, which contains as special cases higher transcendental
hypergeometric functions, Bessel functions family members including the Struve
functions. The symbol GZ’*"('l') denotes Meijer’s G-function [190] and [186]

q
defined in terms of the Mellin—Barnes integral reads

ﬁf(bi—S)lﬂlF(l—aiJrS)'zs
=1 =

1 ;
G|y )= = ds.  (5.53)
bt Dy e T ra—=bi+s) [1 I'@—s
j=m+1 j=n+1

where 0 < m < g, 0 < n < p and the poles a;, b; are such that no pole of I"(b; — ),
Jj = 1,m coincides with any pole of I'(1 —a; + 5),j = l,n;ie. a—b; € N,
while z # 0. € is a suitable integration contour which starts at —ico and goes to ico
separating the poles of I"(b;—s),j = 1, m which lie to the right of the contour, from
all poles of I"(1 —a; +s),j = 1, n, which lie to the left of €. The integral converges
if6=m+n-— ;(p + g) > 0 and |arg(z)| < o7, see [178, p. 143], [179, 186] and
[190].

The asymptotic expansion results of Meijer’s G-function derived by Braaksma
[40, Section 11,Theorems 10—17] for various values and constraints upon m, n, p, q.
By Braaksma these asymptotic expansions are actually rederived results given
earlier by Meijer in [190]. However, the advantages of novel different kind proving
procedures and formulations in [40] are that they hold uniformly in closed sectors
and in the transition regions. Moreover, a recurrence method was proposed for
expansion coefficients finding.

The Meijer G function allows expressing of all four Bessel functions for all
values of the parameter by the following special cases [77, p. 219]

2

Z\V 1,0 Z
e =(5) oo )
2 1

Z\" 1.0/(%
aii(alo, 20 1)
2) Plato, —v, )

(
= () B S b e
(

Z)" Gg;g(z Y —”), N(z) > 0.
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Furthermore, also hold the representations for the Struve functions [77, p. 220]

2 1
+1)
me=61(5], 2"
@ =i, WD), =3, ;)

2 1 1
b4 11/(Z w+1),
L = — C;7 ( ) 2 2 )7
U(Z) Sin(nzv) 2’4 4 ;.(U-’_l)’ ;.’ _;’ ‘2}.

where in both cases 9(z) > 0. Finally the von Lommel function

suu(d) = . AT
e ra-—p-m)rta-—p+v) PV4lj@w+n, =5, 5/
These and another special functions’ connections can be found for instance in [93,
§9.34]. Having in mind these formulae we see that the earlier exposed Neumann,
Kapteyn and Schlomilch series result can be written in Meijer G function form too.
So, we collect and discuss here the related results when the general G-function series
are in the focus of our considerations, getting associated Neumann—Meijer series.
In two consecutive papers Milgram [194, 196] exposed the analysis of two
integrals associated with the integral transport equation in infinitely long, annular
geometry. These integrals have been expressed as sums built by Meijer G function
terms. Certain further special results include the probability integrals and the
generalized Bickley—Nailer function (compare [19] as well) [194, p. 2457, Eq. (2.5)]

Ed

2 x
Kij (x) = / cos" 't sin" T reTendr,  R(v), N(r) >0,
0

which Meijer G series are presented too. The basic model includes the probability
[196, p. 417]

4 [
P = / Kiz;(2xcos8) cos 6 db,
T Jarcsink
where k € [0,1],x € Ry and we omit the upper parameter being t = 1. The

probability P°° is the radial component of the outer-outer transmission probability,
while

. 4 [ .
P° = / Kiz(R x) cos 8 do
T Jarcsink
R= \/1 — k2 arcsin® @ — k cos0 ,
turns out to be the radial component of the inner-outer transmission probability

[194, §2, p. 2457]. To expand both integrals into Meijer G sums and then evaluate
them in [196], Milgram developed the necessary mathematical tool in the technical
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report [193]. In turn, these series are Neumann series of Meijer function since the
parameters of the G functions depend linearly by the summation index, viz.

Z F(C+k) C;m,n(Z ap,: - aap) Wk
P4 . ’
= I'd+k bi,--+ . by/ k!
where some of the G functions parameters are of the form a; = r; &+ k,by =
s¢ £ k and ensure the convergence either of the Mellin—Barnes type integral G and
the constituting Gamma function coefficients. The basic model includes only the
|[w| < 1, while the extension in |w| > 1 we realize by analytic continuation.
Finally, it is worth to mention Milgram’s Neumann—Bessel series corollaries
mostly associated with the main topic of our monograph [193, p. 7, Egs. (4.5-6)]:

() (0" TG I(b+a—c)x” bto—c
Z(b>nj°“”(2x) nt " Tb-ol@+1)Ib+a) le[a+1,b+a'_x2]

n=>0

n S (-
Z © Ko40(2%) z! _T®

= o, o o Pl

ING)) a+1,d

') rb—a—c)x™« b—a-—c ’2
I'(b—c)I'(d—a) 12[1_a,d_ax] :

see also [178, p. 20, Eq. (7)].
Motivated by the expansion sum results we introduce the Neumann—Meijer series
in the following form:

k
8k w ctkap-- ap
NGy (w,2) = Gra ) >4
a,b(w Z) K p.q (Z d k, bl’ e, bq—l ) ( )

k>0
However, we point out that either the integral transforms or inverse integral
transforms of Meijer G terms are expressible also via another numeration and/or
parameters Meijer G functions; therefore our already presented mathematical tools
are not suitable to establish an integral representation for ‘ﬂgb (w,z). Indeed,
replacing the path integral form of the G function in (5.54) and interchanging the
summation and integration order we get

m—1 n—1
[IrG—s)[ITrd—a+s)
G _ s J=1 Jj=1 )
Nep(w,2) = omi Jo ¥ e i E(s;w)yds,  (5.55)

[0 —b+9) 1 @ —s)

j=m Jj=n

where
8k wh
Eg(s;w) = IFrd+k—s)I'l—c—k+ys).

!
prer k!
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Employing the formula (a);(1 — a)_x = (—=1), we have

(=w)* (d =) |

Slw) = P@=) F=c+9 3 %01 O7 W

k>0

the radius of convergence ps of this power series satisfies

1
k

pz' =e! limsup 8 .
k—00 k

When the coefficients’ behavior is polynomial in k, of degree p € Ny, say, that is
P .
ge=) K,
Jj=0

&,(s; w) becomes entire in w-plane and having in mind that

o o 3
Zkf(d e (=w)t _ (d—9)w -,2,d—s+1 —w],

= F[ j € N,
(c— 95 k! c—s L1, lLe—=s+1 J

k>0

we conclude

Ey(s;w) =—F(d—s+1)F(s—c)W{q0_1Fl[ s+1‘_ ]

p
DM I R 356
j=1

Returning the expression (5.56) to (5.55) we infer the following p 4 1 term linear
combination of integral transforms of generalized hypergeometric functions:

n I (b —S)l_[F(l—aH‘S)

‘ﬁfl,(w,z)=—q0vf/ 77
’ 271 ¢ —
I'(1—1b; —}—s)]_[F(a]—s)

Jj=m Jj=n

=
—_

' :I

«r@-s+0re-on[f70 -]
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]_[ I (b; —s)]_[F(l—a]—f—s)

3/_

anzq] /¢ q—1
]_[F(l—b +s)]_[1"(aj—s)
2,--,2,d—s+1
xI“(d—s—}-1)1“(s—c)‘,~Fj[1"”’1’C_s+1 w]ds.

This formula holds true for all w € C and the related parameter space which is now
not hard to precise by the convergence conditions given around (5.53).

Changing the coefficient sequence (gx)i>0 We can arrive at similar subsequent
set of results. However, general method for deriving integral representation formula
for the Neumann—Meijer series (5.54) will be the task of a forthcoming study.
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