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Preface

In 1991, although I had graduated in 1984, my great Ph.D. thesis advisor
J. H. B. Kemperman recommended that I read the very interesting paper of
J. Canavati [101], having to do with fractional derivatives and containing a
fractional Taylor formula. The hope was to use this in the study of positive
linear operators in approximation theory, so I could extend my Ph.D. thesis
results to arbitrary order derivatives. At that time I was not successful re-
garding that goal. So I put this important paper aside for a few years, but it
was always in my mind to use it somewhere else. This fortunately happened
in 1996 when I saw the proof of the basic Opial-type inequality (see Theo-
rem 1.2). I was able to extend it, via the use of [101], to the fractional level.
That led to my paper [17], for which I received an award in 2001 from the
Academy of Athens, Greece, as the best article of the year for mathemat-
ical analysis, the “Pallas Award and Prize”, an international competition
for Greeks. All the above encouraged to me to do more research in the area
of fractional inequalities (see [15–66]). So finally a natural consequence
was this research monograph, the first of its kind in the area of fractional
inequalities. Fractional differentiation inequalities are by themselves an im-
portant and great mathematical topic for research. Furthermore these have
many applications; the most important ones are in establishing the unique-
ness of the solution in fractional differential equations and systems and in
fractional partial differential equations. Also they provide upper bounds to
the solution of the above equations. In this monograph we give many such
applications. Each chapter is self-contained and can be read independently
of the others and several graduate courses and seminars can be designed

xiii



xiv Preface

based on this monograph. The list of fractional differentiation inequalities
we study includes Opial, Poincaré, Sobolev, Hilbert, information theory,
and Ostrowski. We give results for the above using three different types
of fractional derivatives: Canavati, Riemann – Liouville, and Caputo. We
examine the univariate and multivariate cases. The final preparation of this
book took place in Memphis, USA, and in Athens, Greece, during 2008.

Fractional calculus has become very useful over the last forty years due
to its many applications in almost all the applied sciences. We now see ap-
plications in acoustic wave propagation in inhomogeneous porous material,
diffusive transport, fluid flow, dynamical processes in self-similar struc-
tures, dynamics of earthquakes, optics, geology, viscoelastic materials, bio-
sciences, bioengineering, medicine, economics, probability and statistics,
astrophysics, chemical engineering, physics, splines, tomography, fluid me-
chanics, electromagnetic waves, nonlinear control, signal processing, con-
trol of electronic power, converters, chaotic dynamics, polymer science,
proteins, polymer physics, electrochemistry, statistical physics, rheology,
thermodynamics, and neural networks, among others. By now almost all
fields of research in science and engineering use fractional calculus to better
describe them.

So as expected, this monograph, as part of fractional calculus, is useful
for researchers and graduate students in research, seminars, and advanced
graduate courses, in pure and applied mathematics, engineering, and all
other applied sciences.

I would like to thank my family for their support and for their tolerance
in accepting my continuous mathematical habit. Also I am greatly indebted
and thankful to Raluca Pop and Razvan Mezei for the heroic and fantastic
technical preparation of the manuscript in a very short time.

George A. Anastassiou
November 1, 2008
Memphis, TN, USA



1
Introduction

This monograph is about fractional differentiation inequalities. These
inequalities have applications in fractional differential equations in estab-
lishing the uniqueness of the solution of initial value problems, giving upper
bounds to their solutions, and these inequalities by themselves are of great
interest and deserve to be studied thoroughly.

This monograph is the first of its kind, and is a natural outgrowth of the
author’s research work (see [13–66]) over the last fifteen years. In Chapters
2–11 and 14–16 we study Opial fractional inequalities, in Chapters 12 and
13 we study multivariate fractional Taylor formulae needed for our multi-
variate results.

In Chapter 17 we present Poincaré fractional inequalities, in Chapter 18
we present Sobolev fractional inequalities, and in Chapters 19–21 we study
Hilbert–Pachpatte fractional inequalities. In Chapters 22–23 we derive re-
sults using fractional derivatives in the study of Csiszar’s f -divergence in
information theory and we finish with Chapters 24–26 where we present
results for Ostrowski fractional inequalities.

The writing style in the monograph was chosen to help the reader. Each
chapter can be read independently of any other chapter and each contains
a complete story in itself. So all tools needed per chapter to describe the
main results and applications can be found therein.

Our results are presented for all three main types of fractional deriva-
tives: Riemann–Liouville, Caputo, and Canavati types for the univariate
and multivariate cases.

At the end we have an appendix where we present conversion formulae
from one type of fractional derivative to another, we justify the treatment

G.A. Anastassiou, Fractional Differentiation Inequalities, 1
DOI 10.1007/978-0-387-98128-4 1, c© Springer Science+Business Media, LLC 2009



2 1. Introduction

of fractional inequalities per type separately, and we give a table of basic
functions’ fractional derivatives.

The monograph concludes with a very rich list of 412 references.
At this point we would like to mention the basic inequalities involving

ordinary derivatives. They are presented here at the fractional level and
expanded in all possible directions.

Theorem 1.1. (1960, Z. Opial [315]) Let f ∈ C1 ([0, h]) such that

f (0) = f (h) = 0, f (x) > 0 on (0, h) .

Then ∫ h

0

|f (x) f ′ (x)| dx ≤ h

4

∫ h

0

f ′2 (x) dx, (1.1)

where h/4 is the best constant.

Opial’s inequality (1.1) has an important modification which is used in
many applications to differential equations (see D. Willett [406]). We emu-
late the next inequality at the fractional level, regarding our study of Opial
fractional inequalities.

Theorem 1.2. ([4, p. 8]) Let x (t) be absolutely continuous in [0, a] ,
and x (0) = 0. Then∫ a

0

|x (t) x′ (t)| dt ≤ a

2

∫ a

0

(x′ (t))2 dt, (1.2)

the last inequality holds as equality, iff x (t) = ct, where c is a constant.

We continue with the Poincaré inequality.

Theorem 1.3. [2] Let Ω ⊂ R
n, n ∈ N; it holds that

‖u‖Lp(Ω) ≤ C ‖∇u‖Lp(Ω) , (1.3)

for functions u with vanishing mean value over Ω, 1 ≤ p ≤ ∞, for general
Ω, where ‖∇u‖Lp(Ω) is defined as the Lp-norm of the Euclidean norm of
∇u.

Next we give the Sobolev inequality.

Theorem 1.4. ([159, p. 263], the Gagliardo–Nirenberg–Sobolev inequal-
ity) Let 1 ≤ p < n. Then there exists a constant C, depending only on p
and n, such that

‖u‖Lp∗(Rn) ≤ C ‖Du‖Lp(Rn) , (1.4)
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for all u ∈ C1
c (Rn) . Here p∗ := np/n − p, p∗ > p, and Du is the gradient

of u.

We also mention Hilbert’s inequality.

Theorem 1.5. ([191], Theorem 316) If p > 1, q = p/ (p − 1) and∫ ∞

0

fp (x) dx ≤ F,

∫ ∞

0

gq (y) dy ≤ G,

then ∫ ∞

0

∫ ∞

0

f (x) g (y)
x + y

dxdy <
π

sin (π/p)
F 1/pG1/q, (1.5)

where f, g are nonnegative measurable functions, unless f ≡ 0 or g ≡ 0.
The constant π cos ec (π/p) is the best possible in (1.5) .

See also the ordinary Hilbert–Pachpatte inequality, Theorem 19.2 here,
and in B. Pachpatte [320, Theorem 1]. For the Csiszar’s f -divergence de-
scription please see Preliminaries 22.1.

We finish with the famous Ostrowski inequality.

Theorem 1.6. [318] Let f ∈ C
′
([a, b]) , x ∈ [a, b] . Then∣∣∣∣∣ 1

b − a

∫ b

a

f (t) dt − f (x)

∣∣∣∣∣ ≤
(

1
4

+

(
x − a+b

2

)2
(b − a)2

)
(b − a) ‖f ′‖∞ . (1.6)

Inequality (1.6) is sharp.

For the last also see Theorem 22.1, p. 498 of [19]; there we prove that
the optimal function for the sharpness of (1.6) is

f∗ (t) = |t − x|α (b − a) , α > 1.

The author was the first to study Opial fractional derivative inequal-
ities; in 1998, see [15, 17] and [18], which involve fractional derivatives
of the Canavati type. For the last papers the author’s motivation was
Theorem 1.2. Many years later he discovered the following very important
theorem, giving one more reason for writing this monograph.

Theorem 1.7. ([261, Theorem 2, 1985], Opial inequality for fractional
integrals, by E. Love) If p > 0, q > 0, p + q = r ≥ 1, 0 ≤ a < b ≤ ∞,
γ < r, ω (x) is decreasing and positive in (a, b) , f (x) is measurable and
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nonnegative on (a, b) , Iα is the Riemann–Liouville operator of fractional
integration defined by

(Iαf) (x) =
∫ x

a

(x − t)α−1

Γ (α)
f (t) dt for α > 0,

I0f (x) = f (x) ,

and Iβf is defined similarly for β ≥ 0. Here Γ (α) =
∫∞
0

e−ttα−1dt, the
gamma function.

Then ∫ b

a

[(Iαf) (x)]p
[(

Iβf
)
(x)
]q

xγ−αp−βq−1ω (x) dx

≤ C

∫ b

a

[f (x)]r xγ−1ω (x) dx, (1.7)

where

C =
(

Γ (1 − (γ/r))
Γ (α + 1 − (γ/r))

)p( Γ (1 − (γ/r))
Γ (β + 1 − (γ/r))

)q

.

In a 1695 letter to L’Hospital, Leibniz asked, “Can we generalize ordinary
derivatives to ones of arbitrary order?” L’Hospital replied to Leibniz with
another question, “What if the order is 1/2?” Then Leibniz, in a letter
dated September 30, 1695 replied, “It will lead to a paradox, from which
one day many useful consequences will be drawn.” That was the beginning
of fractional calculus. The subject has been ongoing for more than 300
years now. Many famous mathematicians contributed to the topic over the
years such as Liouville, Euler, Laplace, Lagrange, Riemann, Weyl, Fourier,
Abel, Lacroix, Grunwald, and Letnikov. For more details on the history of
the subject see [311] and [295].

The first attempt to give a rigorous definition of fractional derivatives
and study the subject in depth was by Liouville during 1832–1855. The
concept grew out of his earlier work in electromagnetism.

Fractional derivatives describe solutions of fractional integral equations,
many times arising from physics, as done by Abel in 1823 to solve the
brachistochrone problem.

Fractional calculus has a long history but, from the applicative point
of view, it fell into oblivion for hundreds of years because of lack of ap-
plications to other sciences such as physics and engineering. This oblivion
was also due to its complexity and lack of physical and geometric con-
nection. Only in 2002 (see [335]) did Igor Podlubny show a serious and
convincing geometric and physical interpretation of fractional integration
and fractional differentiation. However, fractional calculus has emerged as
very useful over the last forty years due to its many applications in al-
most all applied sciences. We now see applications in acoustic wave prop-
agation in inhomogeneous porous material, diffusive transport, fluid flow,
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dynamical processes in self-similar structures, dynamics of earthquakes, op-
tics, geology, viscoelastic materials, biosciences, bioengineering, medicine,
economics, probability and statistics, astrophysics, chemical engineering,
physics, splines, tomography, fluid mechanics, electromagnetic waves, non-
linear control, signal processing, control of electronic power, converters,
chaotic dynamics, polymer science, proteins, polymer physics, electrochem-
istry, statistical physics, rheology, thermodynamics, neural networks, and
many others. By now almost all fields of research in science and engineering
use fractional calculus to better describe them (see also [197]).

The current mathematical theory of fractional calculus seems to lag be-
hind the needs for mathematical modeling of all the above applications.
Therefore there exists a lot of room for mathematical theoretical expan-
sion on the subject.

Most of the above applications lead to the study of fractional differential
equations; an excellent source on the topic is [333].

The recent development of fractal theory has shown great connections
to fractional calculus. In [248], Y. Liang and W. Su have shown the linear
relationship between the Hausdorff dimension of the graph of a generalized
Weierstrass fractal function and the order of its fractional calculus. And
there exists a large set of literature on the last topic.

In general, fractional calculus currently provides the best descriptions for
fractals and chaotic situations.

We must not overlook the great fractional calculus encyclopedic mono-
graph by S. Samko, A. Kilbas, and O. Marichev [366], and supports which
strongly all the above recent scientific activities; see also [134] by
K. Diethelm. Fractional derivatives might exist more easily than ordinary
ones (see [352]), and thus potentially be more attractive.

Fractional calculus has developed a lot in recent years and especially
since 1974 when the first international conference in the field took place,
organized by B. Ross, in New Haven, Connecticut, USA. Now we frequently
see such conferences.

Overall we observed for fractional calculus a very long but essential in-
fancy of about 250 years, a great rich adolescence of about 50 years, and
we foresee a magnificent mature future for many years to come providing
the best descriptions of the complexity of our modern science.



2
Opial-Type Inequalities for Functions
and Their Ordinary and Canavati
Fractional Derivatives

Several Lp-form Opial-type inequalities [315] are presented involving func-
tions and their ordinary and generalized fractional derivatives. The above
follow a generalization of Taylor’s formula for generalized fractional deriva-
tives. The chapter ends with the application of the derived inequalities
in proving the uniqueness of solution/upper bound to the solution of some
known very general fractional differential equations. This treatment is based
on [18].

2.1 Preliminaries

In the sequel we follow [101]. Let g ∈ C([0, 1]), n := [ν], [·] the integral
part, ν > 0, and α := ν − n (0 < α < 1) . Define

(Jνg)(x) :=
1

Γ(ν)

∫ x

0

(x − t)ν−1g(t)dt, 0 ≤ x ≤ 1, (2.1)

the Riemann–Liouville integral, where Γ is the gamma function; Γ (ν) =∫∞
0

e−ttν−1dt. We define the subspace Cν([0, 1]) of Cn([0, 1]):

Cν([0, 1]) := {g ∈ Cn([0, 1]) : J1−αDng ∈ C1([0, 1])},
where D := d/dx. Cν([0, 1]) is a Banach space with norm

[[f ]]ν = max
{
‖f‖∞ , ‖f ′‖∞ , . . . ,

∥∥∥f (n−1)
∥∥∥
∞

, ‖Dνf‖∞
}

, if ν ≥ 1,

G.A. Anastassiou, Fractional Differentiation Inequalities, 7
DOI 10.1007/978-0-387-98128-4 2, c© Springer Science+Business Media, LLC 2009
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and
[[f ]]ν = ‖Dνf‖∞ , if 0 < ν < 1,

for more see [101].
So let g ∈ Cν([0, 1]); we define the Canavati ν-fractional derivative

of g as
Dνg := DJ1−αDng. (2.2)

When ν ≥ 1 we have the Taylor’s formula

g(t) = g(0)+g′(0)t+g′′(0)
t2

2!
+· · ·+g(n−1)(0)

tn−1

(n − 1)!
+(JνDνg)(t), ∀t ∈ [0, 1].

(2.3)
When 0 < ν < 1 we get

g(t) = (JνDνg)(t), ∀t ∈ [0, 1]. (2.4)

Next we carry the above notions over to arbitrary [a, b] ⊆ R. Let x, x0 ∈
[a, b] such that x ≥ x0, x0 is fixed. Let f ∈ C([a, b]) and define

(Jx0
ν f)(x) :=

1
Γ(ν)

∫ x

x0

(x − t)ν−1f(t)dt, x0 ≤ x ≤ b, (2.5)

the generalized Riemann–Liouville integral. We define the subspace
Cν

x0
([a, b]) of Cn([a, b]):

Cν
x0

([a, b]) := {f ∈ Cn([a, b]) : Jx0
1−αDnf ∈ C1([x0, b])}.

So let f ∈ Cν
x0

([a, b]); we define the generalized ν-fractional derivative of f
over [x0, b] as

Dν
x0

f := DJx0
1−αf (n) (f (n) := Dnf). (2.6)

Notice that

(Jx0
1−αf (n))(x) =

1
Γ(1 − α)

∫ x

x0

(x − t)−αf (n)(t)dt

exists for f ∈ Cν
x0

([a, b]).

We present the following generalization of Taylor’s formula, the fractional
Taylor formula (see also [101]).

Theorem 2.1. Let f ∈ Cν
x0

([a, b]), x0 ∈ [a, b] fixed.
(i) If ν ≥ 1 then

f(x) = f(x0)+f ′(x0)(x−x0)+f ′′(x0)
(x − x0)2

2
+· · ·+f (n−1)(x0)

(x − x0)n−1

(n − 1)!

+ (Jx0
ν Dν

x0
f)(x), all x ∈ [a, b] : x ≥ x0. (2.7)
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(ii) If 0 < ν < 1 we get

f(x) = (Jx0
ν Dν

x0
f)(x), all x ∈ [a, b] : x ≥ x0. (2.8)

Proof. For x = x0 (2.7) holds trivially. Otherwise assume that x = x0

and define
w := ϕ(t) := x0 + t(x − x0), 0 ≤ t ≤ 1.

Thus ϕ(0) = x0 and ϕ(1) = x.
Let g(t) := f(x0 + t(x−x0)); that is, g(0) = f(x0) and g(1) = f(x). Here

we see that (ν ≥ 1),

g(i)(t) = f (i)(x0 + t(x − x0))(x − x0)i, i = 0, 1, . . . , n − 1.

In particular g(i)(0) = f (i)(x0)(x − x0)i.
Furthermore g ∈ Cν([0, 1]). Consequently from (2.3) we have

f(x) = g(1) = g(0) + g′(0) +
g′′(0)

2
+ · · · + g(n−1)(0)

(n − 1)!
+ (JνDνg)(1)

= f(x0) + f ′(x0)(x − x0) +
f ′′(x0)

2
(x − x0)2

+ · · · + f (n−1)(x0)
(n − 1)!

(x − x0)n−1 + (JνDνg)(1), ν ≥ 1.

It remains to translate (JνDνg)(1) for any ν > 0.
Notice that

t =
w − x0

x − x0
; t = 0 iff w = x0,

and
dt =

dw

x − x0
.

Denote
z := x0 + y(x − x0) = ϕ(y), y ∈ [0, 1],

thus
y =

z − x0

x − x0
, and y − t =

z − w

x − x0
;

in particular t = y iff w = z.
We observe that

(J1−αg(n))(y) =
1

Γ(1 − α)

∫ y

0

(y − t)(1−α)−1 ·

f (n)(x0 + t(x − x0))(x − x0)ndt

=
(x − x0)n

Γ(1 − α)

∫ y

0

(y − t)(1−α)−1f (n)(x0 + t(x − x0))dt

= (x − x0)n (Jx0
1−αf (n))(z)

(x − x0)(1−α)
.
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That is,
(J1−αg(n))(y) = (x − x0)n−(1−α) · (Jx0

1−αf (n))(z)

or
(J1−αg(n))(y) = (x − x0)ν−1(Jx0

1−αf (n))(x0 + y(x − x0)).

Then

(D(J1−αg(n)))(y) = (x − x0)νD(Jx0
1−αf (n))(x0 + y(x − x0))

= (x − x0)ν(Dν
x0

f)(z).

That is,
(Dνg)(y) = (x − x0)ν(Dν

x0
f)(z). (2.9)

In particular
(Dνg)(1) = (x − x0)ν(Dν

x0
f)(x).

Next by using (2.9) we examine

(JνDνg)(1) =
1

Γ(ν)

∫ 1

0

(1 − t)ν−1(Dνg)(t)dt

=
(x − x0)ν

Γ(ν)

∫ 1

0

(1 − t)ν−1(Dν
x0

f)(w)dt

=
(x − x0)ν

Γ(ν)

∫ 1

0

(x − w)ν−1

(x − x0)ν−1
(Dν

x0
f)(w)

dw

(x − x0)

=
1

Γ(ν)

∫ x

x0

(x − w)ν−1(Dν
x0

f)(w)dw

= (Jx0
ν Dν

x0
f)(x).

That is,
(JνDνg)(1) = (Jx0

ν Dν
x0

f)(x), (2.10)

so that (2.7) becomes clear. Also (2.8) is obvious by (2.4) and (2.10). �

Note. (1) (Dn
x0

f) = f (n), n ∈ N.
(2) Let f ∈ Cν

x0
([a, b]), ν ≥ 1 and f (i)(x0) = 0, i = 0, 1, . . . , n− 1,

n := [ν]. Then by (2.7),

f(x) = (Jx0
ν Dν

x0
f)(x).

That is,

f(x) =
1

Γ(ν)

∫ x

x0

(x − t)ν−1(Dν
x0

f)(t)dt, (2.11)

all x ∈ [a, b]: x ≥ x0.
Notice that (2.11) is true also when 0 < ν < 1.
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2.2 Main Results

We give our first result on Opial-type inequalities for fractional derivatives.

Theorem 2.2. Let f ∈ Cν
x0

([a, b]), ν ≥ 1 and f (i)(x0) = 0, i = 0, 1, . . . ,
n − 1, n := [ν]. Here x, x0 ∈ [a, b]: x ≥ x0. Let p, q > 1 such that 1/p +
1/q = 1. Then∫ x

x0

|f(w)| |(Dν
x0

f)(w)|dw ≤
(

2−1/q(x − x0)(pν−p+2)/p

Γ(ν)((pν − p + 1)(pν − p + 2))1/p

)

·
(∫ x

x0

|(Dν
x0

f)(w)|qdw

)2/q

. (2.12)

Proof. From (2.11) and Hölder’s inequality we get (x ≥ x0)

|f(x)| ≤ 1
Γ(ν)

∫ x

x0

(x − t)ν−1|(Dν
x0

f)(t)|dt

≤ 1
Γ(ν)

(∫ x

x0

((x − t)ν−1)pdt

)1/p(∫ x

x0

(|Dν
x0

f |(t))qdt

)1/q

(2.13)

=
(x − x0)(pν−p+1)/p

Γ(ν)(pν − p + 1)1/p
·
(∫ x

x0

(|Dν
x0

f |(t))qdt

)1/q

.

Set

z(x) :=
∫ x

x0

(|Dν
x0

f |(t))qdt, (z(x0) = 0).

Then

z′(x) = (|Dν
x0

f |(x))q

and

|Dν
x0

f |(x) = (z′(x))1/q, all x0 ≤ x ≤ b.

Therefore from (2.13) we have

|f(w)| |Dν
x0

f |(w) ≤ (w − x0)(pν−p+1)/p

Γ(ν)(pν − p + 1)1/p

·
{(∫ w

x0

|Dν
x0

f |(t))qdt

)
· z′(w)

}1/q

, all x0 ≤ w ≤ x. (2.14)
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Next we integrate (2.14) over [x0, x]∫ x

x0

|f(w)| |Dν
x0

f |(w)dw

≤ 1
Γ(ν)(pν − p + 1)1/p

∫ x

x0

(w − x0)pν−p+1/p · (z(w)z′(w))1/qdw

≤ 1
Γ(ν)(pν − p + 1)1/p

(∫ x

x0

(w − x0)pν−p+1dw

)1/p

·
(∫ x

x0

z(w)z′(w)dw

)1/q

=
(x − x0)(pν−p+2)/p

Γ(ν)(pν − p + 1)1/p(pν − p + 2)1/p
· (z(x))2/q

21/q

=
2−1/q(x − x0)(pν−p+2)/p

Γ(ν)((pν − p + 1)(pν − p + 2))1/p
·
(∫ x

x0

|Dν
x0

f(w)|qdw

)2/q

,

Thus establishing (2.12). �

The counterpart of the previous result follows.

Theorem 2.3. Let f ∈ Cν
x0

([a, b]), ν > 0, and f (i)(x0) = 0, i =
0, 1, . . . , n − 1, n := [ν] when ν ≥ 1. Here x, x0 ∈ [a, b]: x > x0. As-
sume that (Dν

x0
f) = 0 over [x0, b] and is of fixed sign. Let 0 < p < 1 and

q : 1/p + 1/q = 1. Then∫ x

x0

|f(w)| |(Dν
x0

f)(w)|dw ≥ 2−1/q(x − x0)(pν−p+2)/p

Γ(ν)((pν − p + 1)(pν − p + 2))1/p

·
(∫ x

x0

|(Dν
x0

f)(w)|qdw

)2/q

. (2.15)

Proof. From (2.7), (2.8), and (2.11) we have

|f(w)| =
1

Γ(ν)

∫ w

x0

(w − t)ν−1|(Dν
x0

f)(t)|dt, all x0 ≤ w ≤ x.

Here 0 < p < 1 and q = p/p − 1 < 0. By Hölder’s inequality we get

|f(w)| ≥ 1
Γ(ν)

(∫ w

x0

(w − t)p(ν−1)dt

)1/p

·
(∫ w

x0

|(Dν
x0

f)(t)|qdt

)1/q

=
1

Γ(ν)
(w − x0)pν−p+1/p

(pν − p + 1)1/p

(∫ w

x0

|(Dν
x0

f)(t)|qdt

)1/q

, (2.16)

all w > x0. Set

z(w) :=
∫ w

x0

(|Dν
x0

f |(t))qdt, (z(x0) = 0),
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so that z′(w) = (|Dν
x0

f |(w))q and

|(Dν
x0

f)(w)| = (z′(w))1/q, all x0 ≤ w ≤ x.

Then by (2.16) we obtain

|f(w)| |(Dν
x0

f)(w)| ≥ 1
Γ(ν)

(w − x0)(pν−p+1)/p

(pν − p + 1)1/p
· (z(w)z′(w))1/q,

all x0 < w ≤ x.
Let x0 < θ ≤ w ≤ x and θ ↓ x0; then by integration of the last inequality

we find∫ x

x0

|f(w)| |(Dν
x0

f)(w)|dw = lim
θ↓x0

∫ x

θ

|f(w)| |(Dν
x0

f)(w)|dw

≥ 1
Γ(ν)(pν − p + 1)1/p

· lim
θ↓x0

∫ x

θ

(w − x0)(pν−p+1)/p(z(w)z′(w))1/qdw

(here z(w)z′(w) > 0)

≥ 1
Γ(ν)(pν − p + 1)1/p

· lim
θ↓x0

(∫ x

θ

(w − x0)pν−p+1dw

)1/p

· lim
θ↓x0

(∫ x

θ

z(w)z′(w)dw

)1/q

=
(x − x0)pν−p+2/p

Γ(ν)(pν − p + 1)1/p(pν − p + 2)1/p
· lim

θ↓x0

(z2(x) − z2(θ))1/q

21/q

=
2−1/q(x − x0)pν−p+2/p

Γ(ν)((pν − p + 1)(pν − p + 2))1/p
(z(x))2/q.

That establishes (2.15). �

An extreme case follows.

Proposition 2.4. Here p = 1, q = ∞. Let f ∈ Cν
x0

([a, b]), ν > 0, and
f (i)(x0) = 0, i = 0, 1, . . . , n − 1, n := [ν] when ν ≥ 1. Here x, x0 ∈ [a, b]:
x ≥ x0. Then∫ x

x0

|f(w)| |Dν
x0

f |(w)dw ≤ (x − x0)ν+1‖Dν
x0

f‖2
∞

Γ(ν + 2)
. (2.17)

Proof. From (2.7), (2.8), and (2.11) we have for all x0 ≤ w ≤ x,

|f(w)| ≤ 1
Γ(ν)

∫ w

x0

(w − t)ν−1|(Dν
x0

f)(t)|dt

≤ 1
Γ(ν)

(∫ w

x0

(w − t)ν−1dt

)
‖Dν

x0
f‖∞,[x0,w]

=
‖Dν

x0
f‖∞,[x0,w]

Γ(ν)
· (w − x0)ν

ν
.
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That is,

|f(w)| ≤ ‖Dν
x0

f‖∞,[x0,w]

Γ(ν + 1)
(w − x0)ν ;

that is,

|f(w)| ≤ ‖Dν
x0

f‖∞
Γ(ν + 1)

(w − x0)ν , all x0 ≤ w ≤ x.

Thus

|f(w)| |(Dν
x0

f)(w)| ≤ ‖Dν
x0

f‖∞
Γ(ν + 1)

(w − x0)ν |(Dν
x0

f)(w)|,

and∫ x

x0

|f(w)| |(Dν
x0

f)(w)|dw ≤ ‖Dx0
ν f‖∞

Γ(ν + 1)

∫ x

x0

(w − x0)ν |(Dν
x0

f)(w)|dw

≤ (‖Dν
x0

f‖∞)2

Γ(ν + 1)

(∫ x

x0

(w − x0)νdw

)
.

Therefore∫ x

x0

|f(w)| |(Dν
x0

f)(w)|dw ≤ (x − x0)ν+1

ν + 1
(‖Dν

x0
f‖∞)2

Γ(ν + 1)
. �

Remark 2.5. Let g ∈ C([x0, b]); then one can easily see that

(Jx0
ν g)(�)(x) = (Jx0

ν−�g)(x), all x ∈ [x0, b],


 ∈ {1, . . . , n − 1}, n := [ν], ν ≥ 1.
For f ∈ Cν

x0
([a, b]), we therefore have

(Jx0
ν Dν

x0
f)(�)(x) = (Jx0

ν−�D
ν
x0

f)(x),

all x ∈ [x0, b], 
 ∈ {1, . . . , n − 1}. Assuming that f (i)(x0) = 0, i =
0, 1, . . . , n − 1, by (2.7) we obtain

f(x) = (Jx0
ν Dν

x0
f)(x), x ≥ x0,

and we get
f (�)(x) = (Jx0

ν−�D
ν
x0

f)(x), x ≥ x0

and 
 ∈ {1, . . . , n − 1}. That is,

f (�)(x) =
1

Γ(ν − 
)

∫ x

x0

(x − t)ν−�−1(Dν
x0

f)(t)dt, (2.18)

all x ∈ [x0, b], 
 ∈ {1, . . . , n − 1}, n := [ν], ν ≥ 1.
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We present

Theorem 2.6. Let f ∈ Cν
x0

([a, b]), ν ≥ 1 and f (i)(x0) = 0, i = 0, 1, . . . ,
n−1, n := [ν]. Here x, x0 ∈ [a, b]: x ≥ x0, and 
 = 1, . . . , n−1. Let p, q > 1
such that 1/p + 1/q = 1. Then

∫ x

x0

|f (�)(w)| |(Dν
x0f)(w)|dw ≤ 2−1/q(x − x0)

(νp−�p−p+2)/p

Γ(ν − �) · ((νp − �p − p + 1)(νp − �p − p + 2))1/p

·
(∫ x

x0

|(Dν
x0

f)(w)|qdw

)2/q

. (2.19)

Proof. From (2.18) and Hölder’s inequality we get (x ≥ x0)

|f (�)(x)| ≤ 1
Γ(ν − 
)

∫ x

x0

(x − t)ν−�−1|(Dν
x0

f)(t)|dt

≤ 1
Γ(ν − 
)

(∫ x

x0

((x − t)ν−�−1)pdt

)1/p

·
(∫ x

x0

|(Dν
x0

f)(t)|qdt

)1/q

=
(x − x0)(νp−�p−p+1)/p

Γ(ν − 
)(νp − 
p − p + 1)1/p
· (z(x))1/q, (2.20)

where

z(x) :=
∫ x

x0

|(Dν
x0

f)(t)|qdt, (z(x0) = 0).

Here

z′(x) = |(Dν
x0

f)(x)|q,

and

|(Dν
x0

f)(x)| = (z′(x))1/q, x ∈ [x0, b].

Hence from (2.20) we have

|f (�)(w)| |(Dν
x0

f)(w)| ≤ (w − x0)(νp−�p−p+1)/p

Γ(ν − 
)(νp − 
p − p + 1)1/p
· (z(w)z′(w))1/q,

all x0 ≤ w ≤ x.
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Integrating the last inequality over [x0, x] we get∫ x

x0

|f (�)(w)| |(Dν
x0

f)(w)|dw

≤ 1
Γ(ν − 
)(νp − 
p − p + 1)1/p

∫ x

x0

(w − x0)(νp−�p−p+1)/p

·(z(w)z′(w))1/qdw ≤ 1
Γ(ν − 
)(νp − 
p − p + 1)1/p(∫ x

x0

(w − x0)νp−�p−p+1dw

)1/p(∫ x

x0

z(w)z′(w)dw

)1/q

=
(x − x0)(νp−�p−p+2)/p

Γ(ν − 
)(νp − 
p − p + 1)1/p(νp − 
p − p + 2)1/p
· (z(x))2/q

21/q
,

proving (2.19). �

Next we present the counterpart of the last result.

Theorem 2.7. Let f ∈ Cν
x0

([a, b]), ν ≥ 1 and f (i)(x0) = 0, i = 0, 1, . . . ,
n − 1, n := [ν]. Here x, x0 ∈ [a, b]: x > x0, and 
 = 1, . . . , n − 1. Assume
that (Dν

x0
f) = 0 over [x0, b] and of fixed sign. Let 0 < p < 1 and q : 1/p +

1/q = 1. Then

∫ x

x0

|f (�)(w)| |(Dν
x0f)(w)|dw ≥ 2−1/q(x − x0)

(νp−�p−p+2)/p

Γ(ν − �)((νp − �p − p + 1)(νp − �p − p + 2))1/p

·
(∫ x

x0

|Dν
x0

f(w)|qdw

)2/q

. (2.21)

Proof. From (2.18) and the assumption of the theorem we have

|f (�)(x)| =
1

Γ(ν − 
)

∫ x

x0

(x − t)ν−�−1|Dν
x0

f(t)|dt.

Here q = p/p − 1 < 0. By Hölder’s inequality (0 < p < 1) we obtain

|f (�)(x)| ≥ 1
Γ(ν − 
)

(∫ x

x0

(x − t)νp−�p−pdt

)1/p

·
(∫ x

x0

(|Dν
x0

f |(t))qdt

)1/q

=
(x − x0)(νp−�p−p+1)/p

Γ(ν − 
)(νp − 
p − p + 1)1/p
· (z(x))1/q, x > x0.
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Call

z(x) :=
∫ x

x0

(|Dν
x0

f |(t))qdt, z(x0) = 0;

then
z′(x) = |(Dν

x0
f)(x)|q

with
|(Dν

x0
f)(x)| = (z′(x))1/q, all x ≥ x0.

Therefore

|f (�)(w)| |(Dν
x0

f)(w)| ≥ (w − x0)(νp−�p−p+1)/p

Γ(ν − 
)(νp − 
p − p + 1)1/p
· (z(w)z′(w))1/q,

all x0 < w ≤ x.
Consequently∫ x

x0

|f (�)(w)| |(Dν
x0

f)(w)|dw = lim
θ↓x0

∫ x

θ

|f (�)(w)| |(Dν
x0

f)(w)|dw

≥ 1
Γ(ν − 
)(νp − 
p − p + 1)1/p

· lim
θ↓x0

(∫ x

θ

(w − x0)νp−�p−p+1dw

)1/p

· lim
θ↓x0

(∫ x

θ

z(w)z′(w)dw

)1/q

=
(x − x0)(νp−�p−p+2)/p

Γ(ν − 
)(νp − 
p − p + 1)1/p(νp − 
p − p + 2)1/p
· (z(x))2/q

21/q
.

That proves (2.21). �

An extreme case follows.

Proposition 2.8. Here p = 1, q = ∞. Let f ∈ Cν
x0

([a, b]) and
f (i)(x0) = 0, i = 0, 1, . . . , n − 1, n := [ν], ν ≥ 1. Here x, x0 ∈ [a, b]:
x ≥ x0 and 
 = 1, . . . , n − 1. Then∫ x

x0

|f (�)(w)| |(Dν
x0

f)(w)|dw ≤ (x − x0)ν−�+1

Γ(ν − 
 + 2)
(‖Dν

x0
f‖∞)2. (2.22)

Proof. From (2.18) we get

|f (�)(w)| ≤ 1
Γ(ν − 
)

(∫ w

x0

(w − t)ν−�−1dt

)
‖Dν

x0
f‖∞

=
1

Γ(ν − 
)
(w − x0)ν−�

ν − 

‖Dν

x0
f‖∞.
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That is,

|f (�)(w)| ≤ (w − x0)ν−�

Γ(ν − 
 + 1)
‖Dν

x0
f‖∞,

all x0 ≤ w ≤ x. Furthermore we see that

|f (�)(w)| |(Dν
x0

f)(w)| ≤ (w − x0)ν−�

Γ(ν − 
 + 1)
(‖Dν

x0
f‖∞)2.

Finally it holds∫ x

x0

|f (�)(w)| |(Dν
x0

f)(w)|dw ≤
(∫ x

x0

(w − x0)ν−�dw

)
(‖Dν

x0
f‖∞)2

Γ(ν − 
 + 1)

=
(x − x0)ν−�+1

(ν − 
 + 1)
(‖Dν

x0
f‖∞)2

Γ(ν − 
 + 1)
,

proving (2.22). �

2.3 Applications

(i) Uniqueness of solution to (see also [3]){
(Dν

af)(t) = F (t, f, f ′, . . . , f (n−1)) :
f (i)(a) = ai, 0 ≤ i ≤ n − 1, n := [ν], ν ≥ 1.

(2.23)

Here f ∈ Cν
a ([a, b]); F is a continuous function on [a, b] × R

n, t ∈ [a, b].
Also F fulfills the Lipschitz condition:

|F (t, z0, z1, . . . , zn−1) − F (t, z′0, z
′
1, . . . , z

′
n−1)| ≤

n−1∑
i=0

qi(t)|zi − z′i|,

where qi(t) ≥ 0, 0 ≤ i ≤ n − 1 are continuous functions on [a, b].
Call

φ(b) :=
n−1∑
i=0

‖qi‖∞ (b − a)ν−i

2Γ(ν − i)
√

(ν − i)(2ν − 2i − 1)
.

Assume that
φ(b) < 1. (2.24)

Next we prove uniqueness to the solution of (2.23).
Let f1, f2 ∈ Cν

a ([a, b]) fulfilling (2.23); that is,

(Dν
afj)(t) = F (t, fj , f

′
j , . . . , f

(n−1)
j ) : f

(i)
j (a) = ai, 0 ≤ i ≤ n − 1; j = 1, 2.
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Call g := f1 − f2. Then{
(Dν

ag)(t) = F (t, f1, f
′
1, . . . , f

(n−1)
1 ) − F (t, f2, f

′
2, . . . , f

(n−1)
2 ),

such that g(i)(a) = 0, 0 ≤ i ≤ n − 1.
(2.25)

Here

|F (t, f1, f
′
1, . . . , f

(n−1)
1 ) − F (t, f2, f

′
2, . . . , f

(n−1)
2 )|

≤
n−1∑
i=0

qi(t)|f (i)
1 (t) − f

(i)
2 (t)| =

n−1∑
i=0

qi(t)|g(i)(t)|.

From

(Dν
ag(t))2 = (Dν

ag(t)){F (t, f1, f
′
1, . . . , f

(n−1)
1 ) − F (t, f2, f

′
2, . . . , f

(n−1)
2 )},

we obtain

(Dν
ag(t))2 ≤ |Dν

ag(t)|
(

n−1∑
i=0

qi(t)|g(i)(t)|
)

=
n−1∑
i=0

qi(t)(|Dν
ag(t)| |g(i)(t)|).

Integrating the last inequality we get∫ b

a

(Dν
ag(t))2dt ≤

n−1∑
i=0

∫ b

a

qi(t)|g(i)(t)| |Dν
ag(t)|dt

≤
n−1∑
i=0

‖qi‖∞
∫ b

a

|g(i)(t)| |Dν
ag(t)|dt. (2.26)

From inequalities (2.12), (2.19), when p = q = 2 and x0 = a, we find that∫ b

a

|g(i)(t)| |Dν
ag(t)|dt

≤ (b − a)ν−i

2Γ(ν − i)
√

(2ν − 2i − 1)(ν − i)

∫ b

a

((Dν
ag)(t))2dt, (2.27)

for i = 0, 1, . . . , n − 1.
Combining (2.26) and (2.27) we derive∫ b

a

((Dν
ag)(t))2dt ≤ φ(b)

∫ b

a

((Dν
ag(t))2dt. (2.28)

If
∫ b

a
(Dν

ag(t))2dt = 0, then from (2.28) we get φ(b) ≥ 1, a contradiction by
(2.24).
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Thus ∫ b

a

(Dν
ag(t))2dt = 0,

and
(Dν

ag(t))2 = 0, a.e. in t ∈ [a, b];

that is,
Dν

ag(t) = 0, a.e. in t ∈ [a, b].

Furthermore (Ja
ν Dν

ag)(t) ≡ 0, over [a, b]. But g(i)(a) = 0, 0 ≤ i ≤ n − 1 by
(2.25).

Finally from (2.7), Theorem 2.1 (fractional Taylor’s formula) we find that
g(t) ≡ 0 on [a, b]. That is, f1 = f2 on [a, b], proving the uniqueness to the
solution of initial value problem (2.23).

(ii) Upper bounds on Dν
af , solution f , and so on (see also [3]).

Let the initial value problem⎧⎪⎪⎨⎪⎪⎩
(Dν

af)′(t) = F (t, f, f ′, f ′′, . . . , f (n−1), (Dν
af)), a ≤ t ≤ b

a ≤ t ≤ b
f (i)(a) = 0, 0 ≤ i ≤ n − 1, n := [ν], ν ≥ 1
and Dν

af(a) = A ∈ R.

(2.29)

Here F is continuous on [a, b] × R
n+1 and

|F (t, x0, x1, . . . , xn)| ≤
n−1∑
i=0

qi(t)|xi|,

qi(t) ≥ 0, 0 ≤ i ≤ n − 1 continuous on [a, b], also f ∈ Cν
a ([a, b]).

See that

(Dν
af)(t)(Dν

af)′(t) = (Dν
af)(t)F (t, f, f ′, . . . , f (n−1), (Dν

af)),

and (a ≤ x ≤ b)∫ x

a

(Dν
af)(t)(Dν

af)′(t)dt

=
∫ x

a

(Dν
af)(t)F (t, f, f ′, . . . , f (n−1), (Dν

af))dt

≤
∫ x

a

|(Dν
af)(t)| |F (t, f, f ′, . . . , f (n−1), (Dν

af))|dt

≤
∫ x

a

|(Dν
af)(t)|

(
n−1∑
i=0

qi(t)|f (i)(t)|
)

dt

=
∫ x

a

n−1∑
i=0

qi(t)|f (i)(t)| |(Dν
af)(t)|dt

≤
n−1∑
i=0

‖qi‖∞
∫ x

a

|f (i)(t)| |(Dν
af)(t)|dt.
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That is,

((Dν
af)(t))2

2

∣∣∣∣x
a

≤
n−1∑
i=0

‖qi‖∞ ·
∫ x

a

|f (i)(t)| |(Dν
af)(t)|dt.

That is,

((Dν
af)(x))2 ≤ A2 + 2

n−1∑
i=0

‖qi‖∞
∫ x

a

|f (i)(t)| |(Dν
af)(t)|dt. (2.30)

From inequalities (2.12), (2.19), when p = q = 2 and x0 = a, we get that∫ x

a

|f (i)(t)| |(Dν
af)(t)|dt ≤ (x − a)ν−i

2Γ(ν − i)
√

(ν − i)(2ν − 2i − 1)

·
∫ x

a

((Dν
af)(t))2dt, (2.31)

for all i = 0, 1, . . . , n − 1. Call

θ(x) := ((Dν
af)(x))2, (2.32)

ρ := A2, (2.33)

and

Q(x) :=

(
n−1∑
i=0

‖qi‖∞ (x − a)ν−i

Γ(ν − i)
√

(ν − i)(2ν − 2i − 1)

)
, (2.34)

all a ≤ x ≤ b.
From (2.30) and using (2.31) through (2.34) we obtain

θ(x) ≤ ρ + Q(x)
∫ x

a

θ(t)dt, (2.35)

all a ≤ x ≤ b. Here ρ, Q(x), θ(x) ≥ 0 and Q(a) = 0.
Set

w(x) :=
∫ x

a

θ(t)dt, w(a) = 0; (2.36)

that is, w′(x) = θ(x).
Therefore (2.35) becomes w′(x) ≤ ρ + Q(x)w(x), all a ≤ x ≤ b; that is,

w′(t) ≤ ρ + Q(t)w(t), all a ≤ t ≤ x. (2.37)

Next we see that (see also [76])

w′(t)e−
∫ t

a
Q(s)ds ≤ ρe−

∫ t
a

Q(s)ds + e−
∫ t

a
Q(s)dsQ(t)w(t),

and (
w(t)e−

∫ t
a

Q(s)ds
)′

≤ ρe−
∫ t

a
Q(s)ds, (2.38)
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all a ≤ t ≤ x.
Integrating (2.38) over [a, x] we find

w(x)e−
∫ x

a
Q(s)ds ≤ ρ

∫ x

a

(
e−
∫ t

a
Q(s)ds

)
dt,

and

w(x) ≤ ρ
(
e
∫ x

a
Q(s)ds

)(∫ x

a

(
e−
∫ t

a
Q(s)ds

)
dt

)
, (2.39)

all a ≤ x ≤ b.
Using (2.39) into (2.35) we obtain

θ(x) ≤ ρ + Q(x)ρ
(
e
∫ x

a
Q(s)ds

)(∫ x

a

(
e−
∫ t

a
Q(s)ds

)
dt

)
.

So we have proved that

|(Dν
af)(x)| ≤ |A|

{
1 + Q(x)

(
e
∫ x

a
Q(s)ds

)

·
(∫ x

a

(
e−
∫ t

a
Q(s)ds

)
dt

)}1/2

=: γ(x), (2.40)

all a ≤ x ≤ b.
Given f (i)(a) = 0, i = 0, 1, . . . , n − 1; ν ≥ 1 from (2.11) and (2.18) we

have that

f (i)(x) =
1

Γ(ν − i)

∫ x

a

(x − t)ν−i−1((Dν
af)(t))dt. (2.41)

Using (2.40) into (2.41) we derive the upper bounds

|f (i)(x)| ≤ 1
Γ(ν − i)

∫ x

a

(x − t)ν−i−1γ(t)dt, (2.42)

all i = 0, 1, . . . , n − 1, for all a ≤ x ≤ b.



3
Canavati Fractional Opial-Type
Inequalities and Fractional
Differential Equations

A series of very general Opial-type inequalities [315] is presented involving
fractional derivatives of different orders. These are based on Taylor’s for-
mula for fractional derivatives. The results are applied in proving unique-
ness to the solutions of very general fractional initial value problems of
fractional ordinary differential equations. This treatment is based on [61].

3.1 Introduction

The Canavati fractional Opial inequalities that we deal with have the gen-
eral form ∫ b

a

|Dν1f(w)|α|Dν2f(w)|βg(w) dw

≤ K

(∫ b

a

|Dν1f(w)|δ|Dν2f(w)|εp(w) dw

)ζ

for certain continuous functions f on [a, b]. Here q, p are weight functions
and Dγf denotes the Canavati fractional derivative of f of order γ. These
results are presented in Section 3.3, after Section 3.2 (Preliminaries). In
Section 3.4, these results are applied to obtain uniqueness criteria for initial
value problems for fractional differential equations of the form

Dνf +
k∑

j=1

qjD
γj f + qk+1f = h.

G.A. Anastassiou, Fractional Differentiation Inequalities, 23
DOI 10.1007/978-0-387-98128-4 3, c© Springer Science+Business Media, LLC 2009
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Other sorts of fractional differential equations are studied in the literature.
Section 3.5 contains remarks on this and attempts to put the results of
Section 3.4 in some perspective.

3.2 Preliminaries

In the sequel we follow [101]. Let g ∈ C([0, 1]). Let ν be a positive number,
n := [ν], and α := ν − n (0 < α < 1). Define

(Jνg)(x) :=
1

Γ(ν)

∫ x

0

(x − t)ν−1g(t) dt, 0 ≤ x ≤ 1, (3.1)

the Riemann–Liouville integral, where Γ is the gamma function. We define
the subspace Cν([0, 1]) of Cn([0, 1]) as follows.

Cν([0, 1]) := {g ∈ Cn([0, 1]) : J1−αDng ∈ C1([0, 1])},

where D := d/dx. So for g ∈ Cν([0, 1]), we define the Canavati ν-fractional
derivative of g as

Dνg := DJ1−αDng. (3.2)

When ν ≥ 1 we have the fractional Taylor’s formula

g(t) = g(0) + g′(0)t + g′′(0)
t2

2!
+ · · · + g(n−1)(0)

tn−1

(n − 1)!
+ (JνDνg)(t), for all t ∈ [0, 1]. (3.3)

When 0 < ν < 1 we find

g(t) = (JνDνg)(t), for all t ∈ [0, 1]. (3.4)

Next we carry the above notions over to arbitrary [a, b] ⊆ R (see [17]).
Let x, x0 ∈ [a, b] such that x ≥ x0, where x0 is fixed. Let f ∈ C([a, b]) and
define

(Jx0
ν f)(x) :=

1
Γ(ν)

∫ x

x0

(x − t)ν−1f(t) dt, x0 ≤ x ≤ b, (3.5)

the generalized Riemann–Liouville integral. We define the subspace
Cν

x0
([a, b]) of Cn([a, b]):

Cν
x0

([a, b]) := {f ∈ Cn([a, b]) : Jx0
1−αDnf ∈ C1([x0, b])}.

For f ∈ Cν
x0

([a, b]), we define the generalized ν-fractional derivative of f
over [x0, b] as

Dν
x0

f := DJx0
1−αf (n) (f (n) := Dnf). (3.6)
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Notice that

(Jx0
1−αf (n))(x) =

1
Γ(1 − α)

∫ x

x0

(x − t)−αf (n)(t) dt

exists for f ∈ Cν
x0

([a, b]).

We recall the following fractional generalization of Taylor’s formula (see
[17, 101]).

Theorem 3.1. Let f ∈ Cν
x0

([a, b]), x0 ∈ [a, b] fixed.
(i) If ν ≥ 1 then

f(x) = f(x0) + f ′(x0)(x − x0) + f ′′(x0)
(x − x0)2

2
+ · · ·+

f (n−1)(x0)
(x − x0)n−1

(n − 1)!
+ (Jx0

ν Dν
x0

f)(x), for all x ∈ [a, b] : x ≥ x0. (3.7)

(ii) If 0 < ν < 1 then

f(x) = (Jx0
ν Dν

x0
f)(x), for all x ∈ [a, b] : x ≥ x0. (3.8)

We make

Remark 3.2.
(1) (Dn

x0
f) = f (n); n ∈ N.

(2) Let f ∈ Cν
x0

([a, b]), ν ≥ 1 and f (i)(x0) = 0, i = 0, 1, . . . , n − 1,
n := [ν]. Then by (3.7)

f(x) = (Jx0
ν Dν

x0
f)(x).

That is,

f(x) =
1

Γ(ν)

∫ x

x0

(x − t)ν−1(Dν
x0

f)(t) dt, (3.9)

for all x ∈ [a, b] with x ≥ x0. Notice that (3.9) is true, also when 0 < ν < 1.

We need the following lemma from [17].

Lemma 3.3. Let f ∈ C([a, b]), μ, ν > 0. Then

Jx0
μ (Jx0

ν f) = Jx0
μ+ν(f). (3.10)

We also make



26 3. Canavati Fractional Opial Inequalities

Remark 3.4. Let ν ≥ 1, γ ≥ 0, be such that ν − γ ≥ 1, so that γ < ν.
Call n := [ν], α := ν − n ; m := [γ], ρ := γ − m. Note that ν − m ≥ 1 and
n−m ≥ 1. Let f ∈ Cν

x0
([a, b]) be such that f (i)(x0) = 0, i = 0, 1, . . . , n−1.

Hence by (3.7)

f(x) = (Jx0
ν Dν

x0
f)(x), for all x ∈ [a, b] : x ≥ x0.

Therefore by Leibnitz’s formula and Γ(p + 1) = pΓ(p), p > 0, we find that

f (m)(x) = (Jx0
ν−mDν

x0
f)(x), for all x ≥ x0. (3.11)

It follows that f ∈ Cγ
x0

([a, b]) and thus

(Dγ
x0

f)(x) := (DJx0
1−ρf

(m))(x) exists for all x ≥ x0. (3.12)

By the use of (3.11) we have on [x0, b],

Jx0
1−ρ(f

(m)) = Jx0
1−ρ(J

x0
ν−mDν

x0
f) = (Jx0

1−ρ ◦ Jx0
ν−m)(Dν

x0
f)

= (Jx0
ν−m+1−ρ(D

ν
x0

f) = Jx0
ν−γ+1(D

ν
x0

f).

by (3.10). That is,

(Jx0
1−ρf

(m))(x) =
1

Γ(ν − γ + 1)

∫ x

x0

(x − t)ν−γ(Dν
x0

f)(t) dt.

Therefore

(Dγ
x0

f)(x) = D((Jx0
1−ρf

(m))(x)) =
1

Γ(ν − γ)
·
∫ x

x0

(x−t)(ν−γ)−1(Dν
x0

f)(t) dt;

(3.13)
hence

(Dγ
x0

f)(x) = (Jx0
ν−γ(Dν

x0
f))(x) and is continuous in x on [x0, b]. (3.14)

3.3 Main Results

The next theorem is a specialization of Theorem 2 from [15]. It presents a
fractional Opial-type inequality.

Theorem 3.5. Let γ1, γ2 ≥ 0, ν ≥ 1 be such that ν − γ1, ν − γ2 ≥ 1
and f ∈ Cν

x0
([a, b]) with f (i)(x0) = 0, i = 0, 1, . . . , n − 1, n := [ν]. Here

x, x0 ∈ [a, b] with x ≥ x0. Let q be a nonnegative continuous function on
[a, b]. Denote

Q :=
(∫ x

x0

(q(w))2dw

)1/2

. (3.15)
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Then ∫ x

x0

q(w)|Dγ1
x0

(f)(w)| |Dγ2
x0

(f)(w)|dw

≤ K(q, γ1, γ2, ν, x, x0) ·
(∫ x

x0

(Dν
x0

f(w))2dw

)
, (3.16)

where

K(q, γ1, γ2, ν, x, x0) :=
(

Q
3
√

6

)
· 1
Γ(ν − γ1) · Γ(ν − γ2)

·

(x − x0)2ν−γ1−γ2−1/2

(ν − γ1 − 5
6 )1/6 · (ν − γ2 − 5

6 )1/6 · (4ν − 2γ1 − 2γ2 − 7
3 )1/2

(3.17)

Proof. From (3.13) we have, for x0 ≤ w ≤ x, j = 1, 2,

(D
γj
x0f)(w) =

1
Γ(ν − γj)

∫ w

x0

(w − t)ν−γj−1(Dν
x0

f)(t)dt

=
1

Γ(ν − γj)

∫ x

x0

(w − t)
ν−γj−1

+ (Dν
x0

f)(t)dt. (3.18)

Hence

∫ x

x0

q(w) ·
2∏

j=1

|(Dγj
x0 (f))(w)|dw ≤ Q

⎛⎝∫ x

x0

2∏
j=1

((D
γj
x0 (f))(w))2dw

⎞⎠1/2

by (3.18),

≤ Q

⎧⎨⎩
∫ x

x0

2∏
j=1

(
1

Γ(ν − γj)

∫ x

x0

(w − t)
ν−γj−1

+ |(Dν
x0

f)(t)|dt

)2

dw

⎫⎬⎭
1/2

≤ Q ·
{∫ x

x0

2∏
j=1

(
1

(Γ(ν − γj))2
· (x − x0)2/3

)

·
(∫ x

x0

|(Dν
x0

f)(t)|3/2(w − t)
(ν−γj−1)3/2

+ dt

)4/3

dw

} 1
2

= Q · (x − x0)2/3·

2∏
j=1

1
Γ(ν − γj)

·
⎧⎨⎩
∫ x

x0

2∏
j=1

(∫ x

x0

|Dν
x0

f(t)|3/2(w − t)
(ν−γj−1)3/2

+ dt

)4/3

dw

⎫⎬⎭
1/2

≤ Q · (x − x0)2/3 ·
2∏

j=1

1
Γ(ν − γj)
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·
⎧⎨⎩
∫ x

x0

2∏
j=1

(∫ x

x0

((Dν
x0

f)(t))2dt

)
·
(∫ x

x0

(w − t)
(ν−γj−1)·6
+ dt

)1/3

· dw

⎫⎬⎭
1/2

= Q · (x − x0)2/3 ·
⎛⎝ 2∏

j=1

1
Γ(ν − γj)

⎞⎠ ·
(∫ x

x0

((Dν
x0

f)(t))2dt

)

·
⎧⎨⎩
∫ x

x0

2∏
j=1

(∫ x

x0

(w − t)
(ν−γj−1)·6
+ dt

)1/3

· dw

⎫⎬⎭
1/2

= Q · (x − x0)2/3 ·
⎛⎝ 2∏

j=1

1
Γ(ν − γj)

⎞⎠ ·
(∫ x

x0

((Dν
x0

f)(w))2dw

)

·
⎧⎨⎩
∫ x

x0

2∏
j=1

(w − x0)((ν−γj−1)·6+1)/3

((ν − γj − 1)6 + 1)1/3
dw

⎫⎬⎭
1/2

= Q · (x − x0)2/3 ·
⎛⎝ 2∏

j=1

1
Γ(ν − γj)

⎞⎠ ·
(∫ x

x0

((Dν
x0

f)(w))2dw

)

·
⎛⎝ 2∏

j=1

1
((ν − γj − 1)6 + 1)1/6

⎞⎠·
(∫ x

x0

(w − x0)(
∑2

j=1(ν−γj−1)2)+2/3 · dw

)1/2

= Q · (x − x0)2ν−γ1−γ2−1/2

Γ(ν − γ1)Γ(ν − γ2)
·
(∫ x

x0

((Dν
x0

f)(w))2dw

)
· 1
(6ν − 6γ1 − 5)1/6(6ν − 6γ2 − 5)1/6(4ν − 2γ1 − 2γ2 − 7

3 )1/2
.

We have proved that

∫ x

x0

q(w) ·
2∏

j=1

|(Dγj
x0 (f))(w)|dw ≤ Q

3√6
·

(x − x0)2ν−γ1−γ2−1/2{
Γ(ν − γ1) · Γ(ν − γ2) · (ν − γ1 − 5

6
)1/6(ν − γ2 − 5

6
)1/6 · (4ν − 2γ1 − 2γ2 − 7

3
)1/2

}
·
(∫ x

x0

((Dν
x0

f)(w))2dw

)
.

We have established (3.16). �

We next give the following very general fractional Opial-type inequality.
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Theorem 3.6. Let γ ≥ 0, ν ≥ 1, ν − γ ≥ 1, α, β > 0, r > α, r > 1;
let p > 0, q ≥ 0 be continuous functions on [a, b]. Let f ∈ Cν

x0
([a, b]) with

f (i)(x0) = 0, i = 0, 1, . . . , n − 1, n := [ν]. Let x, x0 ∈ [a, b] with x ≥ x0.
Then ∫ x

x0

q(w)|Dγ
x0

f(w)|β |Dν
x0

f(w)|αdw ≤ K(p, q, γ, ν, α, β, r, x, x0)

·
(∫ x

x0

p(w)|Dν
x0

f(w)|rdw

)(α+β/r)

. (3.19)

Here

K(p, q, γ, ν, α, β, r, x, x0) :=
(

α

α + β

)α/r

· 1
(Γ(ν − γ))β

·
(∫ x

x0

((q(w))r · (p(w))−α)1/(r−α) · (P1(w))(β(r−1)/r−α) · dw

)r−α/r

(3.20)

with

P1(w) :=
∫ w

x0

(p(t))−1/r−1 · (w − t)(ν−γ−1)(r/(r−1)) · dt. (3.21)

Proof. Again from (3.13) we have

(Dγ
x0

f)(w) =
1

Γ(ν − γ)

∫ w

x0

(w − t)ν−γ−1(Dν
x0

f)(t)dt, for all x0 ≤ w ≤ x.

That is,

|Dγ
x0

f(w)| ≤ 1
Γ(ν − γ)

∫ w

x0

(w − t)ν−γ−1|Dν
x0

f(t)|dt

=
1

Γ(ν − γ)

∫ w

x0

p(t)−1/r(w − t)ν−γ−1p(t)1/r|(Dν
x0

f(t)|dt

≤ 1
Γ(ν − γ)

·
(∫ w

x0

p(t)−1/r−1(w − t)(ν−γ−1)r/(r−1)dt

)(r−1)/r

·
(∫ w

x0

p(t)|Dν
x0

f(t)|rdt

)1/r

=
1

Γ(ν − γ)
(P1(w))r−1/r

(∫ w

x0

p(t)|Dν
x0

f(t)|rdt

)1/r

.

Call

z(w) :=
∫ w

x0

p(t)|Dν
x0

f(t)|rdt, x0 ≤ w ≤ x, (so z(x0) = 0).
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Then
z′(w) = p(w)|Dν

x0
f(w)|r.

For α > 0 we get

|Dν
x0

f(w)|α = p(w)−α/r · (z′(w))α/r.

For β > 0 we find

q(w)|Dγ
x0

f(w)|β |Dν
x0

f(w)|α

≤ q(w)
1

(Γ(ν − γ))β
(P1(w))β(r−1)/r(z(w))β/r(p(w))−α/r(z′(w))α/r.

Hence∫ x

x0

q(w)|Dγ
x0

f(w)|β |Dν
x0

f(w)|αdw

≤
∫ x

x0

q(w)

(Γ(ν − γ))β
(P1(w))β(r−1)/rp(w)−α/r(z(w))β/r(z′(w))α/rdw

≤ 1

(Γ(ν − γ))β
·
(∫ x

x0

((q(w))r(p(w))−α)1/r−α · (P1(w))β(r−1)/(r−α) · dw

)(r−α)/r

·
(∫ x

x0

(z(w))β/αz′(w)dw

)α/r

= (∗).

Set

K0 : =
1

(Γ(ν − γ))β

(∫ x

x0

((q(w))r(p(w))−α)1/r−α · (P1(w))β(r−1)/(r−α) · dw

)(r−α)/r

(∗) = K0

(∫ x

x0

(z(w))β/αdz(w)

)α/r

= K0 ·
(

(z(w))(β/α)+1

β
α

+ 1

∣∣∣∣x
x0

)α/r

= K0 ·
(

z(x)(β+α)/α

β+α
α

)α/r

= K0 ·
(

α

α + β

)α/r

· (z(x))(β+α)/r.

Clearly,

K(p, q, γ, ν, α, β, r, x, x0) = K0

(
α

α + β

)α/r

.

We have proved (3.19). �

Corollary 3.7. Let γ ≥ 0, ν ≥ 1, ν − γ ≥ 1, let q be a nonnega-
tive continuous function on [a, b]. Let f ∈ Cν

x0
([a, b]) with f (i)(x0) = 0,

i = 0, 1, . . . , n − 1, n := [ν]. Let x, x0 ∈ [a, b] with x ≥ x0. Then
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x0

q(w)|Dγ
x0

f(w)| |Dν
x0

f(w)|dw

≤ K(q, γ, ν, x, x0)
(∫ x

x0

(Dν
x0

f(w))2dw

)
, (3.22)

where

K(q, γ, ν, x, x0) =
1√

2(2ν − 2γ − 1)
· 1
Γ(ν − γ)

·

(∫ x

x0

(q(w))2(w − x0)2ν−2γ−1dw

)1/2

. (3.23)

Proof. Apply Theorem 3.6 with α = β = 1, r = 2, p = 1. �

Next we give another basic fractional Opial-type inequality.

Theorem 3.8. Let ν ≥ 1, α, β > 0, r > α, r > 1; let p > 0, q ≥ 0
be continuous functions on [a, b]. Let f ∈ Cν

x0
([a, b]) with f (i)(x0) = 0,

i = 0, 1, . . . , n − 1, n := [ν]. Let x, x0 ∈ [a, b] with x ≥ x0. Then∫ x

x0

q(w)|f(w)|β |Dν
x0

f(x)|αdw ≤ K∗(p, q, ν, α, β, r, x, x0)

·
(∫ x

x0

p(w)|Dν
x0

f(w)|rdw

)((α+β)/r)

. (3.24)

Here

K∗(p, q, ν, α, β, r, x, x0) :=
(

α

α + β

)α/r

· 1
(Γ(ν))β

·(∫ x

x0

((q(w))r · (p(w))−α)1/(r−α) · (P ∗
1 (w))β(r−1)/(r−α) · dw

)(r−α)/r

,

(3.25)

with

P ∗
1 (w) :=

∫ w

x0

(p(t))−1/r−1 · (w − t)(ν−1)(r/r−1)dt. (3.26)

Proof. From (3.9) we have

f(w) =
1

Γ(ν)

∫ w

x0

(w − t)ν−1(Dν
x0

f)(t)dt, x0 ≤ w ≤ x.
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That is,

|f(w)| ≤ 1
Γ(ν)

∫ w

x0

(w − t)ν−1|Dν
x0

f(t)|dt

=
1

Γ(ν)

∫ w

x0

p(t)−1/r(w − t)ν−1p(t)1/r|Dν
x0

f(t)|dt

(applying Hölder’s inequality with indices r/(r−1),r)

≤ 1
Γ(ν)

(∫ w

x0

p(t)−1/r−1(w − t)(ν−1)r/r−1dt

)(r−1)/r

.

(∫ w

x0

p(t)|Dν
x0

f(t)|rdt

)1/r

=
1

Γ(ν)
(P ∗

1 (w))r−1/r

(∫ w

x0

p(t)|Dν
x0

f(t)|rdt

)1/r

.

Call

z(w) :=
∫ w

x0

p(t)|Dν
x0

f(t)|rdt, x0 ≤ w ≤ x, (z(x0) = 0).

Then
z′(w) = p(w)|Dν

x0
f(w)|r.

For α > 0 we obtain

|Dν
x0

f(w)|α = (p(w))−α/r(z′(w))α/r.

For β > 0 we have

q(w)|f(w)|β |Dν
x0

f(w)|α ≤ q(w) · 1
(Γ(ν))β

· (P ∗
1 (w))β(r−1)/r

· (z(w))β/r · (p(w))−α/r(z′(w))α/r.

Thus∫ x

x0

q(w)|f(w)|β |Dν
x0

f(w)|αdw

≤
∫ x

x0

q(w)
(Γ(ν))β

(P ∗
1 (w))β(r−1)/r(p(w))−α/r(z(w))β/r(z′(w))α/rdw

≤ 1
(Γ(ν))β

(∫ x

x0

((q(w))r(p(w))−α)1/(r−α)(P ∗
1 (w))β(r−1)/(r−α)dw

)(r−α)/r

·
(∫ x

x0

(z(w))β/αz′(w)dw

)α/r

= (∗)
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call

K∗
0 : =

1
(Γ(ν))β

(∫ x

x0

(
(q(w))r(p(w))−α

)1/(r−α)

(P ∗
1 (w))β(r−1)/r−αdw

)r−α/r)
(∗) = K∗

0

(∫ x

x0

(z(w))β/αdz(w)
)α/r

= K∗
0

(
(z(w))(β/α)+1

β
α + 1

∣∣∣∣x
x0

)α/r

= K∗
0

(
z(x)β+α/α

β+α
α

)α/r

= K∗
0

(
α

α + β

)α/r

(z(x))(α+β)/r.

Clearly

K∗(p, q, ν, α, β, r, x, x0) = K∗
0

(
α

α + β

)α/r

.

We have established (3.24). �

Corollary 3.9. Let ν ≥ 1, and let q ≥ 0 be a continuous function on
[a, b]. Let f ∈ Cν

x0
([a, b]) with f (i)(x0) = 0, i = 0, 1, . . . , n− 1, n := [ν]. Let

x, x0 ∈ [a, b] : x ≥ x0. Then∫ x

x0

q(w)|f(w)| |Dν
x0

f(w)|dw

≤ K∗(q, ν, x, x0) ·
(∫ x

x0

(Dν
x0

f(w))2dw

)
, (3.27)

where

K∗(q, ν, x, x0) =
1√

2(2ν − 1)
· 1
Γ(ν)

·
(∫ x

x0

(q(w))2(w − x0)2ν−1dw

)1/2

. (3.28)

Proof. Apply Theorem 3.8 for α = β = 1, r = 2, p = 1. �

Remark 3.10. Notice that K(q, γ1, γ2, ν, x, x0) (see (3.17)), K(q, γ, ν,
x, x0) (see (3.23)), and K∗(q, ν, x, x0) (see (3.28)), all converge to zero as
x → x0.
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Remark 3.11. Let ν ≥ 1 and γ := ν − 1. Clearly: γ ≥ 0 and ν − γ = 1.
Let f ∈ Cν

x0
([a, b]) such that f (i)(x0) = 0, i = 0, 1, . . . , n−1, n := [ν]. Then

by (3.13) we find

(Dν−1
x0

f)(x) =
∫ x

x0

(Dν
x0

f)(t)dt, ((Dν−1
x0

f)(x0) = 0);

that is,
(Dν−1

x0
f)′(x) = (Dν

x0
f)(x), all x ≥ x0.

3.4 Applications

(i) We prove locally the uniqueness of the solution of the following fractional
initial value problem (IVP).

Theorem 3.12. Let ν ≥ 1, γj ≥ 0; j = 1, 2, . . . , k ∈ N be such that all
ν − γj ≥ 1 for all j. Also we assume the ordering

ν > γ1 > γ2 > γ3 > · · · > γk.

We consider continuous functions q1, q2, . . . , qk, qk+1, h from [a, b] into
R. Let x, x0 ∈ [a, b] such that x ≥ x0. Consider the following fractional
differential equation

(Dν
x0

f)(w) +
k∑

j=1

qj(w) · (Dγj
x0f)(w) + qk+1(w) · f(w) = h(w), (3.29)

for all x0 ≤ w ≤ x, such that

f (i)(x0) = ai ∈ R, i = 0, 1, . . . , n − 1,

where n := [ν]. Then there is at most one solution f to this problem.

Proof. Let f1, f2 ∈ Cν
x0

([x0, x]) fulfill the initial value problem (3.29).
Call g := f1 − f2 ∈ Cν

x0
([x0, x]). Then by (3.22) we obtain

(Dν
x0

g)(w) +
k∑

j=1

qj(w) · (Dγj
x0g)(w) + qk+1(w) · g(w) = 0,

true for all x0 ≤ w ≤ x, such that

g(i)(x0) = 0, all i = 0, 1, . . . , n − 1.

Thus

(Dν
x0

g)(w) = −
k∑

j=1

qj(w)(D
γj
x0g)(w) − qk+1(w) · g(w),



3.4 Applications 35

and

((Dν
x0g)(w))2 = −

k∑
j=1

qj(w) · (Dγj
x0g)(w) · (Dν

x0g)(w)−qk+1(w) ·g(w) · (Dν
x0g)(w).

That is,

((Dν
x0

g)(w))2 ≤
k∑

j=1

|qj(w)| · |Dγj
x0g(w)| · |Dν

x0
g(w)|

+ |qk+1(w)| · |g(w)| · |Dν
x0

g(w)|,

which is true for all x0 ≤ w ≤ x.
Consequently we have

δ :=
∫ x

x0

((Dν
x0

g)(w))2 · dw

≤
k∑

j=1

∫ x

x0

|qj(w)| · |Dγj
x0g(w)| · |Dν

x0
g(w)| · dw

+
∫ x

x0

|qk+1(w)| · |g(w)| · |Dν
x0

g(w)| · dw =: (∗).

From (3.22) and (3.27) we find

(∗) ≤
k∑

j=1

K(|qj |, γj , ν, x, x0) ·
(∫ x

x0

(Dν
x0

g(w))2dw

)

+ K∗(|qk+1|, ν, x, x0) ·
(∫ x

x0

(Dν
x0

g(w))2dw

)

=

⎧⎨⎩
⎛⎝ k∑

j=1

K(|qj |, γj , ν, x, x0)

⎞⎠+ K∗(|qk+1|, ν, x, x0)

⎫⎬⎭ · δ.

Set

K :=
k∑

j=1

K(|qj |, γj , ν, x, x0) + K∗(|qk+1|, ν, x, x0).

By Remark 3.10, K → 0 as x → x0. So we get

δ ≤ K · δ;

that is,
δ(1 − K) ≤ 0;
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also notice that δ ≥ 0. So for ε > 0 sufficiently small such that |x−x0| ≤ ε
and K ≤ 1, we obtain δ ≤ 0. That is, δ = 0 for x : |x − x0| ≤ ε. That is,∫ x

x0

((Dν
x0

g)(w))2dw = 0 for x : |x − x0| ≤ ε.

That means Dν
x0

g(w) = 0 for w : |w − x0| ≤ ε.
Hence by (3.9) we obtain

g(w) = 0 for w : |w − x0| ≤ ε.

We have proved the local uniqueness for the solution of IVP (3.29); more
precisely we have

f1(w) = f2(w) for all w with |w − x0| ≤ ε.

(ii) Let ν ≥ 2, γ1 := ν − 1, γj ≥ 0; j = 2, 3, . . . , k ∈ N such that
ν − γj ≥ 2; j = 2, 3, . . . , k. Also we assume the order

ν > γ1 > γ2 > γ3 > · · · > γk.

Let n := [ν]; then n − 1 = [ν − 1]. We consider again IVP (3.29). Now we
prove the uniqueness of the solution to (3.29) over the whole interval [x0, b].
Again let f1, f2 ∈ Cν

x0
([x0, b]) fulfill the IVP (3.29). Call g := f1 − f2 ∈

Cν
x0

([x0, b]). Clearly g ∈ Cν−1
x0

([x0, b]). Then again by (3.29) we obtain

(Dν
x0

g)(w) +
k∑

j=1

qj(w) · (Dγj
x0g)(w) + qk+1(w) · g(w) = 0,

all x0 ≤ w ≤ b, g(i)(x0) = 0, i = 0, 1, . . . , n − 1. Hence

(Dν
x0

g)(w) · (Dν−1
x0

g)(w) +
k∑

j=1

qj(w) · (Dγj
x0g)(w) · (Dν−1

x0
g)(w)

+ qk+1(w) · g(w) · (Dν−1
x0

g)(w) = 0.

Next we integrate over [x0, x̃] ⊆ [x0, b],∫ x̃

x0

(Dν
x0

g)(w) · (Dν−1
x0

g)(w) · dw +
k∑

j=1

∫ x̃

x0

qj(w) · (Dγj
x0g)(w) · (Dν−1

x0
g)(w)dw

+
∫ x̃

x0

qk+1(w) · g(w) · (Dν−1
x0

g)(w)dw = 0.

By Remark 3.11 we get that

((Dν−1
x0

g)(x̃))2 = −2
k∑

j=1

∫ x̃

x0

qj(w) · (Dγj
x0g)(w) · (Dν−1

x0
g)(w) · dw

− 2
∫ x̃

x0

qk+1(w) · g(w) · (Dν−1
x0

g)(w) · dw.
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Therefore we have

((Dν−1
x0

g)(x̃))2 ≤ 2
k∑

j=1

∫ x̃

x0

|qj(w)| · |(Dγj
x0g)(w)| · |(Dν−1

x0
g)(w)| · dw

+ 2 ·
∫ x̃

x0

|qk+1(w)| · |g(w)| · |(Dν−1
x0

g)(w)| · dw =: (∗).

Next we use Corollaries 3.7 and 3.9 in the above setting.
We have

(∗) ≤ 2 ·
k∑

j=1

K(|qj |, γj , ν − 1, x̃, x0) ·
(∫ x̃

x0

(Dν−1
x0

g(w))2dw

)

+ 2 · K∗(|qk+1|, ν − 1, x̃, x0) ·
(∫ x̃

x0

(Dν−1
x0

g(w))2dw

)

= 2 ·
⎧⎨⎩
⎛⎝ k∑

j=1

K(|qj |, γj , ν − 1, x̃, x0)

⎞⎠+ K∗(|qk+1|, ν − 1, x̃, x0)

⎫⎬⎭
·
(∫ x̃

x0

(Dν−1
x0

g(w))2dw

)
.

Set

T (x̃) := 2·
⎧⎨⎩
⎛⎝ k∑

j=1

K(|qj |, γj , ν − 1, x̃, x0)

⎞⎠+ K∗(|qk+1|, ν − 1, x̃, x0)

⎫⎬⎭ ≥ 0.

We have established that

((Dν−1
x0

g)(x̃))2 ≤ T (x̃)·
(∫ x̃

x0

(Dν−1
x0

g(w))2 · dw

)
, for all x̃ : x0 ≤ x̃ ≤ x ≤ b.

Clearly T (x) = maxx0≤x̃≤x T (x̃) ≥ 0, a constant for each x ∈ [x0, b]. Thus
we have shown that

((Dν−1
x0

g)(x̃))2 ≤ T (x) ·
(∫ x̃

x0

((Dν−1
x0

g)(w))2 · dw

)
, all x0 ≤ x̃ ≤ x.

By Gronwall’s inequality we find

((Dν−1
x0

g)(x̃))2 = 0, x0 ≤ x̃ ≤ x,

and
(Dν−1

x0
g)(x̃) = 0, for all x̃ with x0 ≤ x̃ ≤ x.
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By (3.9) we now get that

g(x̃) = 0, all x̃ : x0 ≤ x̃ ≤ x.

That is, f1 = f2 over [x0, x], proving the uniqueness of the solution to IVP
(3.29) over the whole interval [x0, x].

(iii) Consider again IVP (3.29) as in (ii). Additionally assume that h ≡ 0
and ai = 0, all i = 0, 1, . . . , n− 1. Then the unique solution exists and it is
the trivial solution zero.

3.5 Other Fractional Differential Equations

In this section we review the basic theory of fractional differential equa-
tions based on Miller – Ross fractional derivatives. The exposition follows
Podlubny [333]. Consider the initial value problem

D
σnu(t) +

n−1∑
j=1

pj(t)Dσn−j u(t) + pn(t)u(t) = h(t), (3.30)

D
σk−1u(t)

∣∣
t=0

= bk, k = 1, . . . , n, (3.31)

where

D
σk := DαkDαk−1 · · ·Dα1 ,

D
σk−1 := Dαk−1Dαk−1 · · ·Dα1 ,

σk =
k∑

j=1

αj , k = 1, . . . , n,

0 < αj ≤ 1, j = 1, . . . , n,

and u ∈ L1[0, τ ]. Note that we have switched from x to τ , and we have re-
placed x0 by 0 (and we are calling the unknown function u rather
than f).

For an example of a concrete partial differential equation coming from
the applications consider

(Dγ)2u + 2aDγu = Δu,

where u = u(t, x) for t ≥ 0 and x ∈ R
N , Δ =

∑N
j=1 ∂2/∂x2

j is the spa-
tial Laplacian, a is a positive constant and 0 < γ < 1; and Dγ is the
usual fractional derivative of order γ with respect to time t. This fractional
telegraph equation was introduced in [150]; see [151] for the experimental
background. Let û(t, ξ) (for t ≥ 0, ξ ∈ R

N ) be the spatial Fourier transform
of u(t, x). Then û satisfies

(Dγ)2û + 2aDγ û = −|ξ|2û,
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which is a family of fractional differential equations of the form (3.30), one
for each ξ ∈ R

N . This problem arises in the study of suspensions, coming
from the fluid dynamical modeling of certain blood flow phenomena (see
[150] and [151]).

We return to the initial value problem (3.30), (3.31). According to
Theorem 3.2 of [333], if each pj is in C[0, τ ], the problem (3.30), (3.31)
has a unique solution in the class L1[0, τ ]. Thus both existence and unique-
ness hold for (3.30), (3.31). The number of required initial conditions is n,
whereas the order of the equation is σn, and σn can be any number in the
half-open interval (0, n]. For instance, we can have σn = 5/2 and n = 4
or even n = 6. Thus the number of initial conditions required to specify
the solution uniquely is not only a function of the order of the equation; it
depends on the decomposition (involving D

σk) which leads to the rigorous
interpretation of the equation. In the case of our uniqueness criteria (see
Section 3.4), ν is the order of the equation and n = [ν] is the number of
specified initial conditions. (Thus if ν = 5/2, necessarily n = 2.)



4
Riemann–Liouville Opial-Type
Inequalities for Fractional Derivatives

This chapter provides Opial-type inequalities for generalized Riemann–
Liouville fractional derivatives. The inequalities are given for integrable
functions with a minimal restriction on the order of the derivatives. This
treatment relies on [64].

4.1 Introduction and Preliminaries

The original Opial inequality [315] (see also [297, p. 114]) states the
following.

Theorem 4.1. If f ∈ C1[0, a] with f(0) = f(a) = 0 and f(x) > 0 on
(0, a), then ∫ a

0

|f(x)f ′(x)| dx ≤ a

4

∫ a

0

(f ′(x))2 dx.

The constant a/4 is the best possible.
This result for classical derivatives has been generalized in several di-

rections (see, for instance, [3, 4]). This chapter is analogous to [17] by the
author. Using the different Riemann–Liouville definition of the fractional
derivative, we obtain inequalities for integrable rather than continuous
functions, while being able to relax the conditions on the order of fractional
derivatives.

G.A. Anastassiou, Fractional Differentiation Inequalities, 41
DOI 10.1007/978-0-387-98128-4 4, c© Springer Science+Business Media, LLC 2009
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We give a brief survey of some facts about Riemann–Liouville fractional
derivatives needed in the sequel; for more details see the monograph [366,
Chapter 1].

Let x > 0. By Cm[0, x] we denote the space of all functions on [0, x] that
have continuous derivatives up to order m, and AC[0, x] is the space of all
absolutely continuous functions on [0, x]. By ACm[0, x] we denote the space
of all functions g ∈ Cm[0, x] with g(m−1) ∈ AC[0, x] . For any ν ∈ R we
denote by [ν] the integral part of ν (the integer k satisfying k ≤ ν < k+1).

By L1(0, x) we denote the space of all functions integrable on the interval
(0, x), and by L∞(0, x) the set of all functions measurable and essentially
bounded on (0, x). Clearly, L∞(0, x) ⊂ L1(0, x). Let ν > 0. For any f ∈
L1(0, x) the Riemann–Liouville fractional integral of f of order ν is defined
by

Iνf(s) =
1

Γ(ν)

∫ s

0

(s − t)ν−1f(t) dt, s ∈ [0, x], (4.1)

and the Riemann–Liouville fractional derivative of f of order ν by

Dνf(s) =
(

d

ds

)m

Im−νf(s) =
1

Γ(m − ν)

(
d

ds

)m ∫ s

0

(s − t)m−ν−1f(t) dt,

(4.2)
where m = [ν] + 1. In addition, we make the conventions

D0f := f =: I0f, I−νf := Dνf if ν > 0, D−νf := Iνf if 0 < ν ≤ 1.
(4.3)

If ν is a positive integer, then Dνf = (d/ds)νf . Let us remark that a some-
what more general definition of the Riemann–Liouville fractional derivative
is used in the literature with an anchor point a other than 0: Let a ∈ R be
fixed, s ≥ a, and let fa(t) = f(a + t) be a translation of f . Then set

Dν
af(s) := Dνfa(s − a).

All our results stated for the fractional derivative defined by (4.2) have an
interpretation for the fractional derivative with a general anchor point.

Let ν > 0 and m = [ν] + 1. We define the space Iν(L1(0, x)) as the set
of all functions f on [0, x] of the form f = Iνϕ for some ϕ ∈ L1(0, x) (see
Definition 1.2.3 in [366, p. 43]). According to Theorem 1.2.3 in [366, p. 43],
the latter characterization is equivalent to the condition

Im−νf ∈ ACm[0, x], (4.4)( d

ds

)j

Im−νf(0) = 0, j = 0, 1, . . . ,m − 1. (4.5)

A function f ∈ L1(0, x) satisfying (4.4) is said to have an integrable frac-
tional derivative Dνf (see Definition 1.2.4 in [366, p. 44]). We express these
conditions in terms of fractional derivatives.
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Lemma 4.2. Let ν > 0 and m = [ν] + 1. A function f ∈ L1(0, x) has an
integrable fractional derivative Dνf if and only if

Dν−kf ∈ C[0, x], k = 1, . . . , m, and Dν−1f ∈ AC[0, x]. (4.6)

Furthermore, f ∈ Iν(L1(0, x)) if and only if f has an integrable fractional
derivative Dνf and satisfies the conditions

Dν−kf(0) = 0 for k = 1, . . . , m. (4.7)

Proof. Note that(
d

ds

)k

Im−νf =
(

d

ds

)k

Ik−(ν−m+k)f = Dν−m+kf

in view of the definition of the fractional derivative and the equation
[ν − m + k]+1 = k. Then (4.6) is equivalent to (4.4) and (4.7) is equivalent
to (4.5). (For k = m we use the convention Dν−mf = Im−νf in (4.6).) �

We need the following result on the law of indices for fractional integra-
tion and differentiation using the unified notation (4.3).

Lemma 4.3. (Theorem 1.2.5 [366, p. 46]) The law of indices

IuIvf = Iu+vf (4.8)

is valid in the following cases.
(i) v > 0, u + v > 0, and f ∈ L1 (0, x).
(ii) v < 0, u > 0, and f ∈ I−v (L1 (0, x)).
(iii) u < 0, u + v < 0, and f ∈ I−u−v (L1 (0, x)) .

Finally we give an integral representation of the fractional derivative Dγf
(see also [187]).

Theorem 4.4. Let ν > γ ≥ 0, let f ∈ L1(0, x) have an integrable
fractional derivative Dνf ∈ L∞(0, x), and let Dν−kf(0) = 0 for k =
1, . . . , [ν] + 1. Then

Dγf(s) =
1

Γ(ν − γ)

∫ s

0

(s − t)ν−γ−1Dνf(t) dt, s ∈ [0, x]. (4.9)

Here Dγf ∈ AC [0, x] for ν − γ ≥ 1, and Dγf ∈ C [0, x] for ν − γ ∈ (0, 1) .

Proof. Set u = ν − γ > 0 and v = −ν < 0. According to Lemma 4.2,
f ∈ I−v (L1 (0, x)) . Then case (ii) of Lemma 4.3 guarantees that the law
of indices holds for this choice of u, v; namely

Iν−γDνf = IuIvf = Iu+vf =I−γf =Dγf ;

this is (4.9). �



44 4. Riemann–Liouville Opial-Type Inequalities

4.2 Main Results

The first result here is an Opial-type inequality involving Riemann–Liouville
fractional derivatives. We assume that x, ν, γ are real numbers, x > 0,
ν, γ ≥ 0, and that f ∈ L1(0, x). The standard assumption on f is that
f ∈ Iν(L1(0, x)); we prefer to spell this out in the formulation of each
theorem by specifying that f has an integrable fractional derivative Dνf
satisfying (4.6).

Theorem 4.5. Let 1/p+1/q = 1 with p, q > 1, let γ ≥ 0, ν > γ+1−1/p,
and let f ∈ L1(0, x) have an integrable fractional derivative Dνf ∈ L∞(0, x)
such that Dν−jf (0) = 0 for j = 1, . . . , [ν] + 1. Then∫ x

0

|Dνf(s)Dνf(s)| ds ≤ Ω(x) ·
(∫ x

0

|Dνf(s)|q ds

)2/q

, (4.10)

where

Ω(x) =
x(rp+2)/p

21/qΓ(r + 1)((rp + 1)(rp + 2))1/p
, r = ν − γ − 1. (4.11)

Proof. We write Φ(t) = |Dνf(t)| and r = ν−γ−1. Because 1−1/p > 0,
we have ν > γ, and Theorem 4.4 applies. Furthermore, r > −1, and t �→
(s − t)r ∈ L1(0, s) for any s ∈ [0, x]. Let 0 < s ≤ x. Applying Hölder’s
inequality to (4.9), we get

|Dνf(s)| ≤ 1
Γ(r + 1)

s(rp+1)/p

(rp + 1)1/p

(∫ s

0

Φ(t)q dt

)1/q

. (4.12)

Write z(s) =
∫ s

0
Φ(t)q dt. Then z′(t) = Φ(t)q almost everywhere in (0, s),

|Dνf(s)| = (z′(s))1/q a.e. in (0, x),

and

|Dνf(s)Dνf(s)| ≤ s(rp+1)/p(z(s)z′(s))1/q

Γ(r + 1)(rp + 1)1/p
a.e. in (0, x).

The function srp+1(z(s)z′(s))1/q is integrable over (0, x) as rp + 1 ≥ 0
and z(s)z′(s) is measurable and essentially bounded on (0, x). Applying
Hölder’s inequality, we obtain∫ x

0

srp+1(z(s)z′(s))1/q ds ≤
(∫ x

0

srp+1 ds

)1/p(∫ x

0

z(s)z′(s) ds

)1/q

≤ x(rp+2)/p

(rp + 2)1/p

(z(s))2/q

21/q
.
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The result then follows when we observe that |Dγf(s)Dνf(s)| is integrable
as Dγf ∈ AC[0, x] for ν − γ ≥ 1, and Dγf ∈ C ([0, x]) for ν − γ ∈ (0, 1) ,
and Dνf ∈ L∞(0, x). �

The following result deals with the extreme case of the preceding theorem
when p = 1 and q = ∞.

Theorem 4.6. Let ν > γ ≥ 0, and let f ∈ L1(0, x) have an integrable
fractional derivative Dνf ∈ L∞(0, x) such that Dν−jf(0) = 0 for j =
1, . . . , [ν] + 1. Then∫ x

0

|Dγf(s)Dνf(s)| ds ≤ Ω1(x) · ess sup
s∈[0,x]

|Dνf(s)|2, (4.13)

where

Ω1(x) =
xr+2

Γ(r + 3)
, r = ν − γ − 1.

Proof. A straightforward application of Theorem 4.4. �

Theorem 4.5 has the following counterpart for the case 0 < p < 1.

Theorem 4.7. Let 1/p + 1/q = 1 with 0 < p < 1, let ν > γ ≥ 0 , and
let f ∈ L1(0, x) have an integrable fractional derivative Dνf ∈ L∞(0, x)
that is of the same sign a.e. in (0, x) , with (Dνf)−1 ∈ L∞(0, x) such that
Dν−jf(0) = 0 for j = 1, . . . , [ν] + 1. Then∫ x

0

|Dγf(s)Dνf(s)| ds ≥ Ω(x) ·
(∫ x

0

|Dνf(s)|q ds

)2/q

, (4.14)

where Ω(x) is defined by (4.11).

Proof. The proof follows a similar pattern as the proof of Theorem 4.5.
Because 0 < p < 1, we need to apply the reverse Hölder’s inequality [297,
p. 135] ∫ x

0

|u(s)v(s)| ds ≥
(∫ x

0

|u(s)|p
)1/p(∫ x

0

|v(s)|q
)1/q

valid for any u ∈ Lp(0, x) and v ∈ Lq(0, x). Secondly, the assumption that
(Dνf)−1 ∈ L∞(0, x) is needed because q < 0 . The details of the proof are
omitted. �

Under slightly strengthened hypotheses of Theorem 4.5 we obtain the
following inequality involving fractional derivatives of three orders.
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Theorem 4.8. Let 1/p+1/q = 1 with p, q > 1, let γ ≥ 0, ν ≥ γ+2−1/p,
and let f ∈ L1(0, x) have an integrable fractional derivative Dνf ∈ L∞(0, x)
such that Dν−jf(0) = 0 for j = 1, . . . , [ν] + 1. Then∫ x

0

|Dγf(s)Dγ+1f(s)| ds ≤ Ω2(x) ·
(∫ x

0

|Dνf(s)|q ds

)2/q

, (4.15)

where

Ω2(x) =
x2(rp+1)/p

2(Γ(r + 1))2(rp + 1)2/p
, r = ν − γ − 1. (4.16)

Proof. Write Φ(t) = |Dνf(t)| and r = ν −γ− 1. From Theorem 4.4 and
from the definition of the fractional integral we obtain

|Dγf(x)| ≤ U(x) := Ir+1Φ(x), |Dγ+1f(x)| ≤ IrΦ(x) = U ′ (x) .

Observing that U ′(x) = (Ir+1Φ(x))′ = IrΦ(x) and using Hölder’s inequal-
ity, we get∫ x

0

|Dγf(t)Dγ+1f(t)| dt ≤
∫ x

0

U(t)U ′(t) dt = 1
2U2(x)

=
1

2(Γ(r + 1))2

(∫ x

0

(x − t)rΦ(t) dt

)2

≤ 1
2(Γ(r + 1))2

(∫ x

0

(x − t)rp dt

)
2/p

(∫ x

0

Φ(t)q dt

)2/q

=
1

2(Γ(r + 1))2
x2(rp+1)/p

(rp + 1)2/p

(∫ x

0

Φ(t)q dt

)2/q

. �

The following result is concerned with the case when p = 1 and q = ∞
in the preceding theorem. The proof is straightforward, and we skip it.

Theorem 4.9. Let γ ≥ 0, ν > γ + 1, and let f ∈ L1(0, x) have an
integrable fractional derivative Dνf ∈ L∞(0, x) such that Dν−jf(0) = 0
for j = 1, . . . , [ν] + 1. Then∫ x

0

|Dγf(s)Dγ+1f(s)| ds ≤ Ω3(x) · ess sup
t∈[0,x]

|Dνf(t)|2, (4.17)

where

Ω3(x) =
x2(ν−γ)

2(Γ(ν − γ + 1))2
. (4.18)

Remark 4.10. We show that inequality (4.17) is sharp, attained for the
function f(t) = tν . From the known properties of the gamma function,∫ s

0

(s − t)u−1tv−1 dt =
Γ(u)Γ(v)
Γ(u + v)

su+v−1, u, v > 0.
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Let 0 ≤ j ≤ [ν] + 1, m = [ν] − j + 1 and α = ν − [ν]. Then 1 − α > 0,
ν + 1 > 0, and

Dν−jf(s) =
1

Γ(1 − α)

(
d

ds

)m ∫ s

0

(s − t)(1−α)−1t(ν+1)−1 dt

=
1

Γ(1 − α)
Γ(1 − α)Γ(ν + 1)

Γ(m + j + 1)

(
d

ds

)m

sm+j

=
Γ(ν + 1)

j!
sj .

Then Dν−jf(0) = 0 for j = 1, . . . , [ν] + 1, and Dνf(s) = Γ(ν + 1). Using
Theorem 4.4, we obtain

Dγf(s) =
Γ(ν + 1)

Γ(ν − γ + 1)
sν−γ , Dγ+1f(s) =

Γ(ν + 1)
Γ(ν − γ)

sν−γ−1.

Hence∫ x

0

|Dγf(s)Dγ+1f(s)| ds =
(Γ(ν + 1))2

Γ(ν − γ + 1)Γ(ν − γ)

∫ x

0

s2(ν−γ)−1 ds

=
1
2

(
Γ(ν + 1)

Γ(ν − γ + 1)

)2

x2(ν−γ).

On the other hand, with Ω3(x) given by (4.18) and

ess sup|Dνf(s)|2 = (Γ(ν + 1))2,

the left side of (4.17) is equal to the right side of (4.17) for f(t) = tν .

We give a counterpart of Theorem 4.8 for the case 0 < p < 1. The proof
again depends on the reverse Hölder’s inequality, and is omitted.

Theorem 4.11. Let 1/p + 1/q = 1 with 0 < p < 1, let γ ≥ 0, ν > γ + 1,
and let f ∈ L1(0, x) have an integrable fractional derivative Dνf ∈ L∞(0, x)
that is of the same sign a.e. in (0, x) , with (Dνf)−1 ∈ L∞(0, x) such that
Dν−jf(0) = 0 for j = 1, . . . , [ν] + 1. Then∫ x

0

|Dγf(s)Dγ+1f(s)| ds ≥ Ω2(x) ·
(∫ x

0

|Dνf(s)|q ds

)2/q

, (4.19)

where Ω2(x) is given by (4.16).

We derive yet another useful variant of an Opial-type inequality.

Theorem 4.12. Let 1/p+1/q = 1 with p, q > 1, let γ ≥ 0, ν > γ+1−1/p,
and let f ∈ L1(0, x) have an integrable fractional derivative Dνf ∈ L∞(0, x)
such that Dν−jf(0) = 0 for j = 1, . . . , [ν] + 1. Then, for any m > 0,∫ x

0

|Dγf(s)|m ds ≤ Ω4(x) ·
(∫ x

0

|Dνf(s)|q ds

)m/q

, (4.20)



48 4. Riemann–Liouville Opial-Type Inequalities

where

Ω4(x) =
x(rm+1+(m/p))

(Γ(r + 1))m(rm + 1 + (m/p))(rp + 1)m/p
, r = ν−γ−1. (4.21)

Proof. Inequality (4.12) holds under the hypotheses of the theorem.
Raising both sides of (4.12) to the power of m and integrating from 0 to x,
we get the result. �

The extreme case of Theorem 4.12 with p = 1 and q = ∞ follows. The
proof is omitted, as it is again a straightforward application of Theorem 4.4.

Theorem 4.13. Let ν > γ ≥ 0, and let f ∈ L1(0, x) have an integrable
fractional derivative Dνf ∈ L∞(0, x) such that Dν−jf(0) = 0 for j =
1, . . . , [ν] + 1. Then, for any m > 0,∫ x

0

|Dγf(s)|m ds ≤ Ω5(x) · ess sup
t∈[0,x]

|Dνf(t)|m, (4.22)

where

Ω5(x) =
xm(ν−γ)+1

(m (ν − γ) + 1) (Γ(ν − γ + 1))m
.

4.3 Applications

(i) Uniqueness of solution to fractional initial value problem

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Let γi ≥ 0, ν > γi + 1/2, i = 1, . . . , r ∈N.
Let f ∈ L1 (0, x) have an integrable fractional derivative Dνf ∈ L∞ (0, x)
such that Dν−jf(0) = αj ∈R, j = 1, . . . , [ν] + 1.
Furthermore, let
Dνf(t) = F (t, {Dγif(t)}r

i=1) for all t ∈ [0, x].
(4.23)

Here F (t, x1, . . . , xr) is continuous for (x1, . . . , xr) ∈ R
r, bounded for t ∈

[0, x], and fulfills the Lipschitz condition

|F (t, z1, . . . , zr) − F (t, z′1, . . . , z
′
r)| ≤

r∑
i=1

qi(t) |zi − z′i|, (4.24)

where qi(t) ≥ 0 are bounded on [0, x], i = 1, . . . , r. For i = 1, . . . , r and
0 ≤ s ≤ x we define

Δi(s) :=
sν−γi

2Γ(ν − γi)
√

(ν − γi)(2ν − 2γi − 1)
, ψ(s) =

r∑
i=1

‖qi‖∞ Δi(s),

(4.25)
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where ‖qi‖∞ = supt∈[0,x] |qi(t)|. We assume that

ψ(x) :=
r∑

i=1

‖qi‖∞ Δi(x) < 1. (4.26)

Let g ∈ L1 (0, x) have an integrable fractional derivative Dνg ∈ L∞ (0, x)
such that Dν−jg(0) = 0, j = 1, . . . , [ν]+ 1. Then, by Theorem 4.4, we have

Dγig(s) =
1

Γ(ν − γi)

∫ s

0

(s − t)ν−γi−1Dνg(t) dt, s ∈ [0, x], i = 1, . . . , r.

(4.27)
When p = q = 2, from (4.10) we get for i = 1, . . . , r,∫ x

0

|(Dγig)(w)| |(Dνg)(w)| dw ≤ Δi(x)
∫ x

0

|(Dνg)(w)|2 dw. (4.28)

Let f1, f2 solve (4.23); that is, let for k = 1, 2,

(Dνfk)(t) = F (t, {(Dγifk)(t)}r
i=1), t ∈ [0, x],

and
Dν−jfk(0) = αj ∈ R, j = 1, . . . [ν] + 1.

If g := f1 − f2, then

Dνf(t) = F (t, {(Dγif1)(t)}r
i=1) − F (t, {(Dγif2)(t)}r

i=1), (4.29)

and
Dν−jg(0) = 0, j = 1, . . . , [ν] + 1.

By (4.24),

|F (t,Dγ1f1(t), . . . , Dγrf1(t)) − F (t,Dγ1f2(t), . . . , Dγrf2(t))|

≤
r∑

i=1

qi(t)|Dγif1(t) − Dγif2(t)|

=
r∑

i=1

qi(t)|Dγig(t)|

≤
r∑

i=1

‖qi‖∞ |Dγig(t)|. (4.30)

Thus

|Dνg(t)|2 = |Dνg(t)| |F (t, {Dγif1(t)}r
i=1) − F (t, {Dγif2(t)}r

i=1)|

≤ |Dνg(t)|
r∑

i=1

‖qi‖∞ |Dγig(t)|

=
r∑

i=1

‖qi‖∞ |Dγig(t)| |Dνg(t)|.
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Consequently,∫ x

0

|Dνg(t)|2 dt ≤
r∑

i=1

‖qi‖∞
∫ x

0

|Dγig(t)| |Dνg(t)| dt

(4.28)

≤
r∑

i=1

‖qi‖∞ Δi(x)
∫ x

0

|Dνg(t)|2 dt

(4.26)

≤ ψ(x)
∫ x

0

|Dνg(t)|2 dt;

that is, ∫ x

0

|Dνg(t)|2 dt ≤ ψ(x)
∫ x

0

|Dνg(t)|2 dt. (4.31)

If
∫ x

0
|Dνg(t)|2 dt = 0, then by (4.31) we obtain ψ(x) ≥ 1, a contradiction

to the assumption ψ(x) < 1. Hence
∫ x

0
|Dνg(t)|2 dt = 0; that is, Dνg(t) = 0

a.e. in [0, x]. But Dν−jg(0) = 0, j = 1, . . . , [ν] + 1. Then from (4.9) for
γ = 0 we find g(t) ≡ 0 in [0, x]. This implies f1 = f2 on [0, x], proving the
uniqueness of the solution to the initial value problem (4.23).

(ii) Upper bounds on Dνf , solution f , and others

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Consider the initial value problem for 0 ≤ t ≤ x:
(Dνf)′(t) = F (t, {Dγif(t)}r

i=1, D
νf).

γi ≥ 0, ν > γi + 1/2, i = 1, . . . , r ∈ N.

Here f ∈ L1 (0, x) has an integrable fractional derivative
Dνf ∈ L∞ (0, x) which is absolutely continuous.
We assume that Dν−jf(0) = 0, j = 1, . . . , [ν] + 1 and Dνf(0) = A ∈R.

(4.32)
Here F is Lebesgue measurable on [0, x] × R

r+1, and fulfills the condition

|F (t, x1, . . . , xr, xr+1)| ≤
r∑

i=1

qi(t)|xi|, (4.33)

where qi(t) ≥ 0 are bounded on [0, x], i = 1, . . . , r. We see that

Dνf(t)(Dνf)′(t) = Dνf(t)F (t, {Dγif(t)}r
i=1, D

νf(t)),

and for 0 ≤ s ≤ x we have∫ s

0

Dνf(t)(Dνf)′(t) dt =
∫ s

0

Dνf(t)F (t, {Dγif(t)}r
i=1, D

νf(t)) dt.
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Hence

1
2 |Dνf(t)|2

∣∣∣s
0
≤
∫ s

0

|Dνf(t)||F (t, {Dγif(t)}r
i=1, D

νf(t))| dt

(4.33)

≤
∫ s

0

|Dνf(t)|
(

r∑
i=1

‖qi‖∞ |Dγif(t)|
)

dt

=
r∑

i=1

‖qi‖∞
(∫ s

0

|Dγif(t)| |Dνf(t)| dt

)
.

Recall the notation (4.25) for Δi(s) and ψ(s). Then

|Dνf(s)|2 ≤ A2 + 2
r∑

i=1

‖qi‖∞
(∫ s

0

|Dγif(t)| |Dνf(t)| dt

)
(4.10)

≤ A2 +

(
r∑

i=1

‖qi‖∞ Δi(s)

)(∫ s

0

|Dνf(t)|2 dt

)
= A2 + ψ(s)

∫ s

0

|Dνf(t)|2 dt;

that is,

|Dνf(s)|2 ≤ A2 + ψ(s)
∫ s

0

|Dνf(t)|2 dt. (4.34)

Set θ(s) := |Dνf(s)|2 for 0 ≤ s ≤ x and ρ := A2. Then

θ(s) ≤ ρ + ψ(s)
∫ s

0

θ(t) dt,

where ρ ≥ 0, ψ(s) ≥ 0, ψ(0) = 0, θ(s) ≥ 0 for all 0 ≤ s ≤ x. We can apply
the generalized Gronwall lemma [144, Corollary 1.1.2] (with H(x) = x) to
obtain

θ(s) ≤ ρ

(
1 + ψ(s) exp(Ψ(s))

∫ s

0

exp(−Ψ(t)) dt

)
, Ψ(t) =

∫ t

0

ψ(u) du.

(4.35)
We have shown that

|Dνf(s)| ≤ |A|
(

1 + ψ(s) exp(Ψ(s))
∫ s

0

exp(−Ψ(t)) dt

)1/2

=: K(s)

(4.36)
for all 0 ≤ s ≤ x. From (4.9) with γ = 0 we get

|f(s)| ≤ 1
Γ(ν)

∫ s

0

(s − t)ν−1|Dνf(t)| dt

for all 0 ≤ s ≤ x. Applying (4.36), we obtain

|f(s)| ≤ 1
Γ(ν)

∫ s

0

(s − t)ν−1K(t) dt. (4.37)
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Also from (4.9) we have

|Dγif(s)| ≤ 1
Γ(ν − γi)

∫ s

0

(s − t)ν−γi−1|Dνf(t)| dt

for all 0 ≤ s ≤ x, i = 1, . . . , r. Finally, by (4.36) we find

|Dγif(s)| ≤ 1
Γ(ν − γi)

∫ s

0

(s − t)ν−γi−1K(t) dt (4.38)

for all 0 ≤ s ≤ x and i = 1, . . . , r.



5
Opial-type Lp-Inequalities for
Riemann–Liouville Fractional
Derivatives

This chapter presents a class of Lp-type Opial inequalities for generalized
Riemann–Liouville fractional derivatives of integrable functions. The nov-
elty of this approach is the use of the index law for fractional derivatives
instead of a Taylor’s formula, which enables us to relax restrictions on the
orders of fractional derivatives. This treatment relies on [65].

5.1 Introduction and Preliminaries

The Opial inequality, which appeared in [315], is of great interest in differ-
ential equations and other areas of mathematics, and has attracted a great
deal of attention in the recent literature. For classical derivatives it has
been generalized in several directions (see, for instance, [3, 4, 323]). Love
gave a generalization for fractional integrals [261]. This chapter is inspired
by the author’s paper [15]. Here we consider Lebesgue integrable functions,
whereas [15] dealt with continuous functions using a different definition of
the fractional derivative.

Our brief survey of basic facts about fractional derivatives is based on the
monograph [366] by Samko et al.; most of the results needed in the sequel
are contained in Chapter 1 of [366]. The crucial result is Theorem 5.4,
which replaces Taylor’s formula in the derivation of various estimates.

Throughout the chapter, x denotes a fixed positive number. By Cm[0, x]
we denote the space of all functions on [0, x] that have continuous deriva-
tives up to order m, and AC[0, x] is the space of all absolutely continuous
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functions on [0, x]. By ACm[0, x] we denote the space of all functions
g ∈ Cm[0, x] with g(m−1) ∈ AC[0, x]. For any α ∈ R we denote by [α]
the integral part of α (the integer k satisfying k ≤ α < k + 1). If p ∈ R,
p > 0, by Lp(0, x) we denote the space of all Lebesgue measurable func-
tions f for which |f |p is Lebesgue integrable on the interval (0, x), and by
L∞(0, x) the set of all functions measurable and essentially bounded on
(0, x). For any f ∈ L∞(0, x) we write ‖f‖∞ = supt∈[0,x] |f(t)|. We observe
that L∞(0, x) ⊂ Lp(0, x) for all p > 0.

For any a ∈ R we write a+ = max(a, 0) and a− = (−a)+.
For the sake of completeness we give a proof of the following known result

which provides a basis for the existence of fractional integrals and is needed
in another context in the chapter.

Lemma 5.1. Let f ∈ L1(0, x) and let α > −1 be a real number. Then

F (s) =
∫ s

0

(s − t)αf(t) dt

exists for almost all s ∈ [0, x], and F ∈ L1(0, x).

Proof. Define k : Ω := [0, x] × [0, x] → R by k (s, t) = (s − t)α
+ ; that is,

k(s, t) =

{
(s − t)α if 0 ≤ t < s ≤ x,

0 if 0 ≤ s ≤ t ≤ x.

Then k is measurable on Ω, and∫ x

0
k(s, t) ds =

∫ t

0
k(s, t) ds +

∫ x

t
k(s, t) ds =

∫ x

t
(s − t)α ds = (α + 1)−1(x − t)α+1.

Because the repeated integral∫ x

0

dt

∫ x

0

k(s, t)|f(t)| ds = (α + 1)−1

∫ x

0

(x − t)α+1|f(t)| dt

exists and is finite, the function (s, t) �→ k(s, t)f(t) is integrable over Ω by
Tonelli’s theorem, and the conclusion follows from Fubini’s theorem. �

Let α > 0. For any f ∈ L1(0, x) the Riemann–Liouville fractional integral
of f of order α is defined by

Iαf(s) =
1

Γ(α)

∫ s

0

(s − t)α−1f(t) dt, s ∈ [0, x]. (5.1)

By Lemma 5.1 the integral on the right side of (5.1) exists for almost all
s ∈ [0, x], and Iαf ∈ L1(0, x). The Riemann–Liouville fractional derivative
of f ∈ L1(0, x) of order α is defined by

Dαf(s) =
(

d

ds

)m

Im−αf(s) =
1

Γ(m − α)

(
d

ds

)m ∫ s

0

(s − t)m−α−1f(t) dt,

(5.2)
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where m = [α] + 1, provided that the derivative exists. In addition, we set

D0f := f =: I0f, I−αf := Dαf if α > 0, D−αf := Iαf if 0 < α ≤ 1.
(5.3)

If α is a positive integer, then Dαf = (d/ds)αf .
A more general definition of fractional integrals and derivatives uses an

anchor point other than 0: let f ∈ L1(a, b), where −∞ < a < b < ∞. For
any s ∈ [a, b] set

Iα
a+f(s) :=

1
Γ(α)

∫ s

a

(s−t)α−1f(t) dt, Iα
b−f(s) :=

1
Γ(α)

∫ b

s

(s−t)α−1f(t) dt.

The two fractional derivatives are then defined by an obvious modification
of (5.2). All our results stated for the specialized fractional derivative (5.2)
have an interpretation for the fractional derivatives with a general anchor
point.

Let α > 0 and m = [α] + 1. A function f ∈ L1(0, x) is said to have an
integrable fractional derivative Dαf (see Definition 2.4 in [366, p. 44]) if

Im−αf ∈ ACm[0, x]. (5.4)

We define the space Iα(L1(0, x)) as the set of all functions f on [0, x] of the
form f = Iαϕ for some ϕ ∈ L1(0, x) (see Definition 2.3 in [366, p. 43]). We
express these conditions in terms of fractional derivatives.

Lemma 5.2. Let α > 0 and m = [α] + 1. A function f ∈ L1(0, x) has an
integrable fractional derivative Dαf if and only if

Dα−kf ∈ C[0, x], k = 1, . . . , m, and Dα−1f ∈ AC[0, x]. (5.5)

Furthermore, f ∈ Iα(L1(0, x)) if and only if f has an integrable fractional
derivative Dαf and satisfies the conditions

Dα−kf(0) = 0 for k = 1, . . . , m. (5.6)

Proof. Notice that(
d

ds

)k

Im−αf =
(

d

ds

)k

Ik−(α−m+k)f = Dα−m+kf

in view of the definition of fractional derivative and the equation [α − m + k]
+1 = k. Then (5.5) is equivalent to (5.4) and (5.6) is equivalent to condition
(2.56) in [366, p. 43]. (For k = m we use the convention Dα−mf = Im−αf
in (5.5).) �
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We need the following result on the law of indices for fractional integra-
tion and differentiation using the unified notation (5.3).

Lemma 5.3. (Theorem 2.5 in [366, p. 46]) The law of indices

IμIνf = Iμ+νf (5.7)

is valid in the following cases.:
(i) ν > 0, μ + ν > 0 and f ∈ L1(0, x).
(ii) ν < 0, μ > 0 and f ∈ I−ν(L1(0, x)).
(iii) μ < 0, μ + ν < 0 and f ∈ I−μ−ν(L1(0, x)).
The following theorem is a powerful analogue of Taylor’s formula with

vanishing fractional derivatives of lower orders. In this chapter it is used
as the main tool for deriving inequalities. Observe that we do not require
α ≥ β + 1 but merely α > β.

Theorem 5.4. Let α > β ≥ 0, let f ∈ L1(0, x) have an integrable
fractional derivative Dαf , and let Dα−kf(0) = 0 for k = 1, . . . , [α] + 1.
Then

Dβf(s) =
1

Γ(α − β)

∫ s

0

(s − t)α−β−1Dαf(t) dt, s ∈ [0, x]. (5.8)

Proof. Set μ = α − β > 0 and ν = −α < 0. According to Lemma 5.2,
f ∈ I−ν(L1(0, x)). Then case (ii) of Lemma 5.3 guarantees that the law of
indices holds for this choice of μ, ν; namely

Iα−βDαf = IμIνf = Iμ+νf = I−βf = Dβf ;

this proves the result. Notice that the existence of the integral on the right
in (5.8) is guaranteed by Lemma 5.1. �

5.2 Main Results

We assume here that x, ν are positive real numbers, and that f ∈ L1(0, x).
The standard assumption on f is that f ∈ Iν(L1(0, x)); this is equiva-
lent to f having an integrable fractional derivative Dνf satisfying (5.5).
In addition we require that Dνf be essentially bounded to guarantee that
Dνf ∈ Lp(0, x) for p > 0. We tabulate the notation used in this section.
The inequalities between ν and μi are assumed throughout.
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l A positive integer.
x, ν, ri Positive real numbers, i = 1, . . . , l.
r r =

∑l
i=1 ri.

μi Real numbers satisfying 0 ≤ μi < ν, i = 1, . . . , l.
αi αi = ν − μi − 1, i = 1, . . . , l.
α α = max {(αi)− : i = 1, . . . , l}.
β β = max {(αi)+ : i = 1, . . . , l}.
ω1, ω2 Continuous positive weight functions on [0, x].
ω Continuous nonnegative weight function on [0, x].
sk, s′k sk > 0 and 1/sk + 1/s′k = 1, k = 1, 2.

For brevity we write μ = (μ1, . . . , μl) for a selection of the orders μi of
fractional derivatives, and r = (r1, . . . , rl) for a selection of the constants
ri.

We derive a very general Opial-type inequality involving Riemann–
Liouville fractional derivatives of an integrable function f , which is analo-
gous to [323, Theorem 1.3] for ordinary derivatives and to [15, Theorem 2]
for fractional derivatives.

Theorem 5.5. Let f ∈L1(0, x) have an integrable fractional derivative
Dνf ∈ L∞(0, x) such that Dν−jf(0) = 0 for j = 1, . . . , [ν] + 1. For k = 1, 2,
let sk > 1, let p ∈ R satisfy

αs2 < 1, p >
s2

1 − αs2
, (5.9)

and let σ = 1/s2 − 1/p. Finally let

Q1 =
(∫ x

0

ω1(τ)s′
1 dτ

)1/s′
1

and Q2 =
(∫ x

0

ω2(τ)−s′
2/p dτ

)r/s′
2

.

(5.10)
Then∫ x

0
ω1(τ)

l∏
i=1

|Dμif(τ)|ri dτ ≤ Q1Q2 C1xρ+1/s1

(∫ x

0
ω2(τ)|Dνf(τ)|p dτ

)r/p

,

(5.11)

where ρ :=
∑l

i=1 αiri + σr and

C1 = C1(ν,μ, r, p, s1, s2) :=
σrσ∏l

i=1 Γ(ν − μi)ri(αi + σ)riσ(ρs1 + 1)1/s1
.

(5.12)

Proof. First we show that the conditions on s2 and p guarantee that,
for i = 1, . . . l,

(a) p > s2 > 1, (b) αis2 > −1, (c) αi + σ > 0. (5.13)
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This is clear if α = 0. If α > 0, then 0 < 1 − αs2 < 1 and p > s2/(1 −
αs2) > s2 > 1. For each i ∈ {1, . . . , l}, αi ≥ −α, and αis2 ≥ −αs2 > −1;
furthermore,

αi + σ = αi +
1
s2

− 1
p

=
1 + αis2

s2
− 1

p
≥ 1 − αs2

s2
− 1

p
> 0.

For brevity we write

ki(τ , t) = (τ − t)αi
+ , i = 1, . . . , l, Φ(t) = |Dνf(t)|, 0 ≤ τ , t ≤ x.

From (5.13) it follows that

ki(τ , ·) ∈ Ls2(0, x) and ki(τ , ·) ∈ L1/σ(0, x). (5.14)

Let i ∈ {1, . . . , l} and τ ∈ [0, x]. We then apply Hölder’s inequality twice
(with the conjugate indices s′2, s2 and p/s2, p/(p−s2)) taking into account
(5.14) and the fact that ω−1

2 , ω2, and Φ are (essentially) bounded:

∫ x

0

ki(τ , t)Φ(t) dt =
∫ x

0

ω2(t)−1/pω2(t)1/pΦ(t)ki(τ , t)dt

≤
(∫ x

0

ω2(t)−s′
2/pdt

)1/s′
2

(∫ x

0

ω2(t)s2/pΦ(t)s2ki(τ , t)s2dt

)1/s2

≤ Q
1/r
2

(∫ x

0

ω2(t)Φ(t)pdt

)1/p(∫ x

0

ki(τ , t)1/σdt

)σ

= Q
1/r
2

(∫ x

0

ω2(t)Φ(t)pdt

)1/p
σσταi+σ

(αi + σ)σ
.

By Theorem 5.4,

Γ(ν − μi)|Dμif(τ)| ≤
∫ τ

0

(τ − t)αiΦ(t) dt =
∫ x

0

ki(τ , t)Φ(t) dt. (5.15)
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Therefore∫ x

0

ω1(τ)
l∏

i=1

|Dμif(τ)|ri dτ

≤
∫ x

0

ω1(τ)
l∏

i=1

1
Γ(ν − μi)ri

(∫ x

0

ki(τ , t)Φ(t) dt

)ri

dτ

≤
∫ x

0

ω1(τ)
l∏

i=1

1
Γ(ν − μi)ri

Q
ri/r
2

(∫ x

0

ω2(t)Φ(t)p dt

)ri/p

· σriσ

(αi + σ)riσ
τ (αi+σ)ri dτ

=
σrσ∏l

i=1 Γ(ν − μi)ri(αi + σ)riσ
Q2

(∫ x

0

ω2(t)Φ(t)p dt

)r/p

·
∫ x

0

ω1(τ)

(
l∏

i=1

τ (αi+σ)ri

)
dτ

= ΔQ2

(∫ x

0

ω2(t)Φ(t)p dt

)r/p ∫ x

0

ω1(τ)τρ dτ

≤ ΔQ2

(∫ x

0

ω2(t)Φ(t)p dt

)r/p(∫ x

0

ω1(τ)s′
1 dτ

)1/s′
1
(∫ x

0

τρs1 dτ

)1/s1

=
Δ

(ρs1 + 1)1/s1
Q2

(∫ x

0

ω2(t)Φ(t)p dt

)r/p

Q1 xρ+1/s1

where Δ := σrσ/(
∏l

i=1 Γ(ν − μi)ri(αi + σ)riσ). This completes the
proof. �

Next we consider the extreme case p = ∞ in analogy with [15,
Proposition 1].

Theorem 5.6. Let f ∈L1(0, x) have an integrable fractional derivative
Dνf ∈ L∞(0, x) such that Dν−jf(0) = 0 for j = 1, . . . , [ν] + 1. Then∫ x

0

ω(τ)
l∏

i=1

|Dμif(τ)|ri dτ ≤ ‖ω‖∞ xρ

ρ
∏l

i=1 Γ(ν − μi + 1)ri

‖Dνf‖r
∞, (5.16)

where ρ =
∑l

i=1(ν − μi)ri + 1.

Proof. By Theorem 5.4,

|Dμif(τ)| ≤ 1
Γ(ν − μi)

∫ τ

0

(τ − t)αi |Dνf(t)| dt,
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which implies

|Dμif(τ)| ≤ ‖Dνf‖∞
Γ(ν − μi)

τν−μi

ν − μi

=
‖Dνf‖∞τν−μi

Γ(ν − μi + 1)
. (5.17)

The result then follows when we raise (5.17) to the power of ri, take the
product from 1 to l, multiply by ω(τ), and integrate with respect to τ from
0 to x. �

We have the following counterpart of Theorem 5.5 with s1, s2 ∈ (0, 1)
and p negative.

Theorem 5.7. Let f ∈ L1(0, x) have an integrable fractional deriva-
tive Dνf ∈ L∞(0, x) that is of the same sign a.e. in (0, x) and satisfies
Dν−jf(0) = 0, j = 1, . . . , [ν]+ 1. For k = 1, 2, let 0 < sk < 1, let p < 0, and
let σ = 1/s2 − 1/p. Then∫ x

0

ω1(τ)
l∏

i=1

|Dμif(τ)|ri dτ ≥ Q1Q2C1x
ρ+1/s1

(∫ x

0

ω2(τ)|Dνf(τ)|p dτ

)r/p

,

(5.18)
where ρ =

∑l
i=1 αiri + σr, Q1 and Q2 are defined by (5.10), and C1 is

defined by (5.12).

Proof. Combining Theorem 5.4 with the hypotheses on Dνf , we have

Γ(ν − μi)|Dμif(τ)| =
∫ τ

0

(τ − t)αiΦ(t) dt =
∫ x

0

ki(τ , t)Φ(t) dt, (5.19)

where Φ(t) = Dνf or Φ(t) = −Dνf (depending on the sign of Dνf in (0, x)).
Because αi > −1 and 0 < s2 < 1, we have αis2 > −1. Furthermore,

σ = 1/s2 − 1/p > 0. Writing ki(τ , t) = (τ − t)αi
+ (i = 1, . . . , l), we have

ki(τ , ·) ∈ Ls2(0, x) and ki(τ , ·) ∈ L1/σ(0, x). (5.20)

We can now retrace the proof of Theorem 5.5, relying on (5.20) and
using the reverse Hölder’s inequality in place of Hölder’s inequality proper
(as 0 < sk < 1 for k = 1, 2 and p < 0). �

A possible choice of p in this theorem is p = (s1s
2
2)/(s1s2 − 1). This

results in an inequality similar to the one obtained earlier by the author
[15, Theorem 3].

We obtain yet another counterpart of Theorem 5.5 if we assume that
s1, s2, and p lie in the interval (0, 1). In this case the hypotheses on s1, s2,
and p are of necessity more restrictive.

Theorem 5.8. Let f ∈ L1(0, x) have an integrable fractional deriva-
tive Dνf ∈ L∞(0, x) that is of the same sign a.e. in (0, x) and satisfies
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Dν−jf(0) = 0, j = 1, . . . , [ν] + 1. For k = 1, 2, let 0 < sk < 1, let rs1 ≤ 1,
p ∈ R,

s2

1 − αs2 + s2
< p <

s2

1 + βs2
, (5.21)

and let σ = 1/s2−1/p. Then the inequality (5.18) holds where ρ =
∑l

i=1 αiri+
σr, Q1 and Q2 are defined by (5.10), and C1 is defined by (5.12).

Proof. We show that condition (5.21) guarantees that, for i = 1, . . . l,

(a) 0 < p < s2 < 1, (b) − 1 < αi + σ < 0. (5.22)

Because 1 − αs2 + s2 > 0 and 1 + βs2 ≥ 1, inequality (5.22) (a) follows
directly from (5.21). Furthermore, we have αi + σ = (1 + αis2)/s2 − 1/p,
and

−1 <
1 − αs2

s2
− 1

p
≤ 1 + αis2

s2
− 1

p
<

1 + βs2

s2
− 1

p
< 0.

This proves (5.22) (b).
Because αi > −1 and 0 < s2 < 1, we have αis2 > −1. Furthermore,

σ < 0, and αi/σ > −1. Writing ki(τ , t) = (τ − t)αi
+ (i = 1, . . . , l), we have

ki(τ , ·) ∈ Ls2(0, x) and ki(τ , ·) ∈ L1/σ(0, x). (5.23)

As in the proof of the preceding theorem we have

Γ(ν − μi)|Dμif(τ)| =
∫ τ

0

(τ − t)αiΦ(t) dt =
∫ x

0

ki(τ , t)Φ(t) dt, (5.24)

where Φ(t) = Dνf or Φ(t) = −Dνf (depending on the sign of Dνf in (0, x)).
We can now retrace the proof of Theorem 5.5, relying on (5.23) and

using the reverse Hölder’s inequality in place of Hölder’s inequality proper
(as 0 < sk < 1 for k = 1, 2 and 0 < p < 1). For the last application of Hö
lder’s inequality we need τρ ∈ Ls1(0, x). This follows from

ρs1 =
l∑

i=1

(αi + σ)ris1 > −rs1 ≥ −1

taking into account the assumption rs1 ≤ 1. �

We present a version of Opial’s inequality with l = 2 motivated by Pang
and Agarwal’s extension [323, Theorem 1.1] of an inequality due to Fink
[160] for classical derivatives. This was further extended in [15, Theorem 4]
to fractional derivatives. Our proof is similar to the one given in [323]. In
view of the auxiliary inequalities used, in particular of (5.27), the theorem
does not extend easily to l > 2.
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Theorem 5.9. Let f ∈L1(0, x) have an integrable fractional derivative
Dνf ∈ L∞(0, x) such that Dν−jf(0) = 0 for j = 1, . . . , [ν]+1. Let ν > μ2 ≥
μ1 + 1 ≥ 1. If p, q > 1 are such that 1/p + 1/q = 1, then∫ x

0

|Dμ1f(τ)||Dμ2f(τ)| dτ ≤ C2x
2ν−μ1−μ2−1+2/q

(∫ x

0

|Dνf(τ)|p dτ

)2/p

,

(5.25)
where C2 = C2(ν, μ1, μ2, p) is given by

C2 :=

(1/2)1/p

Γ(ν − μ1)Γ(ν − μ2 + 1)((ν − μ1)q + 1)1/q((2ν − μ1 − μ2 − 1)q + 2)1/q
.

(5.26)

Proof. First an auxiliary inequality: write αi = ν − μi − 1 for i = 1, 2;
in view of the hypothesis μ2 ≥ μ1 + 1 we have α1 − α2 − 1 ≥ 0. Let
0 ≤ t ≤ s ≤ x. Then∫ x

0

[
(τ − t)α1

+ (τ − s)α2
+ + (τ − s)α1

+ (τ − t)α2
+

]
dτ

≤ 1
(ν − μ2)

(x − t)α1(x − s)α2+1. (5.27)

This is verified by estimating the integrand in (5.27) (with τ ≥ s ≥ t):

(τ − t)α1(τ − s)α2 + (τ − s)α1(τ − t)α2

= (τ − t)α1−α2−1(τ − t)α2+1(τ − s)α2 + (τ − s)α1−α2−1(τ − s)α2+1(τ − t)α2

≤ (x − t)α1−α2−1
[
(τ − t)α2+1(τ − s)α2 + (τ − s)α2+1(τ − t)α2

]
(where the last inequality requires α1 − α2 − 1 ≥ 0); (5.27) follows from∫ x

0

[
(τ − t)α2+1

+ (τ − s)α2
+ + (τ − s)α2+1

+ (τ − t)α2
+

]
dτ =

1
α2 + 1

[(x − t)(x − s)]α2+1
.

In the following calculation we abbreviate

c1 := (Γ(ν − μ2)Γ(ν − μ1))
−1, c2 := (Γ(ν − μ2 + 1)Γ(ν − μ1))

−1,

c3 := (ν − μ2)q + 1, ε := 2ν − μ1 − μ2 − 1 + 1/q.

By Theorem 5.4,

Dμif(τ) =
1

Γ(ν − μi)

∫ x

0

(τ − t)αi
+ Dνf(t) dt, i = 1, 2.
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Using this representation, the auxiliary inequality (5.27), and Hölder’s in-
equality, we obtain∫ x

0

|Dμ1f(τ)||Dμ2f(τ)| dτ

≤ c1

∫ x

0

(∫ x

0

|Dνf(t)|(τ − t)α1
+ dt

)(∫ x

0

|Dνf(s)|(τ − s)α2
+ ds

)
dτ

= c1

∫ x

0

|Dνf(t)|
(∫ x

t

|Dνf(s)|

·
(∫ x

0

[
(τ − t)α1

+ (τ − s)α2
+ + (τ − s)α1

+ (τ − t)α2
+

]
dτ

)
ds

)
dt

≤ c2

∫ x

0

|Dνf(t)|
(∫ x

t

|Dνf(s)|(x − t)α1(x − s)α2+1 ds

)
dt

= c2

∫ x

0

|Dνf(t)|(x − t)α1

(∫ x

t

|Dνf(s)|(x − s)α2+1 ds

)
dt

≤ c2

∫ x

0

|Dνf(t)|(x − t)α1

(∫ x

t

|Dνf(s)|p ds

)1/p(∫ x

t

(x − s)q(α2+1)ds

)1/q

dt

= c2c
−1/q
3

∫ x

0

|Dνf(t)|(x − t)εq

(∫ x

t

|Dνf(s)|p ds

)1/p

dt

≤ c2c
−1/q
3

(∫ x

0

|Dνf(t)|p
(∫ x

t

|Dνf(s)|p ds

)
dt

)1/p(∫ x

0

(x − t)εq dt

)1/q

≤ c2c
−1/q
3 (εq + 1)−1/qx(εq+1)/q

(
1
2

(∫ x

0

|Dνf(t)|p dt

)2
)1/p

.

This implies (5.25). �

In the following theorem we address the case when the function |Dνf | is
monotone.

Theorem 5.10. Let f ∈L1(0, x) have an integrable fractional derivative
Dνf ∈ L∞(0, x) such that Dν−jf(0) = 0 for j = 1, . . . , [ν]+1 and that |Dνf |
is decreasing on [0, x]. Let l ≥ 2. If p, q > 1 are such that 1/p + 1/q = 1
and

∑l
i=1 αip > −1, then∫ x

0

l∏
i=1

|Dμif(τ)| dτ ≤ C3x
(γp+lp+1)/p

(∫ x

0

|Dνf(t)|lq dt

)1/q

, (5.28)

where γ :=
∑l

i=1 αi and

C3 = C3(ν,μ, p) :=
p

(γp + 1)1/p(γp + p + 1)
∏l

i=1 Γ(ν − μi)
. (5.29)
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Proof. By Theorem 5.4,

|Dμif(τ)| ≤ 1
Γ(ν − μi)

∫ x

0

(τ − t)αi
+ |Dνf(t)| dt.

The integrand t �→ (τ − t)αi
+ |Dνf(t)| is decreasing (and integrable) on [0, x]

for all τ ∈ [0, x]. By Chebyshev’s inequality for the product of integrals
[183, p. 1099],

l∏
i=1

|Dμif(τ)| ≤ xl−1∏l
i=1 Γ(ν − μi)

∫ x

0

l∏
i=1

(τ − t)αi
+ |Dνf(t)| dt

≤ xl−1∏l
i=1 Γ(ν − μi)

∫ x

0

(τ − t)γ
+ |Dνf(t)|l dt

≤ xl−1∏l
i=1 Γ(ν − μi)

(∫ τ

0

(τ − t)γp dt

)1/p(∫ x

0

|Dνf(t)|lq dt

)1/q

≤ xl−1∏l
i=1 Γ(ν − μi)

(
τγp+1

γp + 1

)1/p(∫ x

0

|Dνf(t)|lq dt

)1/q

=
xl−1τ (γp+1)/p

(γp + 1)1/p
∏l

i=1 Γ(ν − μi)

(∫ x

0

|Dνf(t)|lq dt

)1/q

.

Integrating with respect to τ from 0 to x, we get the result. Condition∑l
i=1 αip > −1 was needed in order to apply Hö lder’s inequality to

∫ x

0
(τ−

t)γ
+ |Dνf(t)|l dt. �

The following extreme case of the theorem resembles [15, Proposition 4].

Theorem 5.11. Let the hypotheses of Theorem 5.10 be satisfied, but let
p = 1 and q = ∞. Then

∫ x

0

l∏
i=1

|Dμif(τ)| dτ ≤ C4x
γ+l+1‖Dνf‖l

∞, (5.30)

where γ :=
∑l

i=1 αi and

C4 = C4(ν,μ) :=
1

(γ + 1)(γ + l + 1)
∏l

i=1 Γ(ν − μi)
. (5.31)
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Proof. As in the proof of Theorem 5.10 we have

l∏
i=1

|Dμif(τ)| ≤ 1∏l
i=1 Γ(ν − μi)

l∏
i=1

∫ τ

0

|Dνf(t)|(τ − t)αi dt

≤ τ l−1∏l
i=1 Γ(ν − μi)

‖Dνf‖l
∞

∫ τ

0

(τ − t)γ dt

≤ τγ+l‖Dνf‖l
∞

(γ + 1)
∏l

i=1 Γ(ν − μi)
.

Integrating over [0, x] with respect to τ we obtain (5.30). �



6
Opial-Type Inequalities Involving
Canavati Fractional Derivatives of
Two Functions and Applications

A wide variety of very general but basic Lp (1 ≤ p ≤ ∞)-form Opial-type
inequalities [315] is established involving generalized Canavati fractional
derivatives [17, 101] of two functions in different orders and powers.

The above rely on a generalization of Taylor’s formula for generalized
Canavati fractional derivatives [17]. Several other concrete results of special
interest are derived from the developed results. The sharpness of inequali-
ties is established there. Finally applications of some of these special in-
equalities are given in establishing the uniqueness of solution and in giving
upper bounds to solutions of initial value problems involving a very gen-
eral system of two fractional differential equations. Also upper bounds to
various fractional derivatives of the solutions that are involved in the above
systems are presented. This treatment relies on [26].

6.1 Introduction

Opial inequalities appeared for the first time in [315] and since then many
authors have dealt with them in different directions and for various cases.
For a complete recent account of activity in this field see [4], and there
still remains a very active area of research. One of the main attractions to
these inequalities is their applications, especially to establishing uniqueness

G.A. Anastassiou, Fractional Differentiation Inequalities, 67
DOI 10.1007/978-0-387-98128-4 6, c© Springer Science+Business Media, LLC 2009
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and upper bounds of the solution of initial value problems in differential
equations. The author was the first to present Opial inequalities involving
fractional derivatives of functions [15, 17] with applications to fractional
differential equations.

Fractional derivatives come up naturally in a number of fields, especially
in physics; see the recent book [197]. Some topics include fractional kinetics
of Hamiltonian chaotic systems, polymer physics and rheology, regular vari-
ation in thermodynamics, biophysics, fractional time evolution, and fractal
time series among others. One also deals there with stochastic fractional-
difference equations and fractional diffusion equations. Great applications
of these can be found in the study of DNA sequences. Other fractional
differential equations arise in the study of suspensions, coming from the
fluid dynamical modeling of certain blood flow phenomena. An excellent
account of the study of fractional differential equations can be found in the
recent book [333]. One can also have applications of fractional calculus to
viscoelasticity, Bode’s analysis of feedback amplifiers, capacitor theory, elec-
trical circuits, electronanalytical chemistry, biology, control theory, fitting
of experimental data, and fractional-order physics. The study of fractional
differential equations ranges from the very theoretical topics of existence
and uniqueness of solution to finding numerical solutions.

The study of fractional calculus started in 1695 with L’Hospital and
Leibniz, and was continued later by Fourier in 1822 and Abel in 1823, and
continues to our day in an increased fashion due to its many applications
and the necessity of dealing with fractional phenomena and structures. So
this field is keeping a lot of people active and interested.

In this chapter the author is greatly motivated and inspired by the very
important article [3]. Of course there the authors are dealing with other
kinds of derivative. So here the author continues his study of fractional
Opial inequalities now involving two different functions and produces a wide
variety of corresponding results with important applications to systems of
two fractional differential equations. Dealing with two functions makes the
study more complicated and involved.

We start in Section 6.2 with preliminaries, we continue in Section 6.3
with the main results and we finish in Section 6.4 with the applications.

To give a flavor to the reader of the kind of inequalities we are dealing
with, we briefly mention

∫ b

a

q(w)[|(Dγ1
a f1)(w)|λα |(Dν

af1)(w)|λν + |(Dγ1
a f2)(w)|λα |(Dν

af2)(w)|λν ]dw

≤ C(a, b, q(w), γ1, ν, λα, λν , p(w), p)

·
[∫ b

a

p(w)[|(Dν
af1)(w)|p + |(Dν

af2)(w)|p]dw

]((λα+λν)/p)

,
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for certain continuous functions f1, f2, p(w), q(w) on [a, b] , all exponents
and orders are fractional, and so on. Furthermore, one system of fractional
differential equations we are working on briefly looks like

(Dν
afj)(t) = Fj(t, {(Dγi

a f1)(t)}r
i=1, {(Dγi

a f2)(t)}r
i=1), all t ∈ [a, b],

for j = 1, 2, and with f
(i)
j (a) = aij ∈ R, i = 0, 1, . . . , n − 1, where n := [ν],

ν ≥ 2, and so on.
In the literature there are many different definitions of fractional deriva-

tives, some of them being equivalent; see [197, 333]. In this chapter we use
one of the most recent due to J. Canavati [101], generalized in [15] and [17]
by the author.

One of the advantages of the Canavati fractional derivative is that in
applications to fractional initial value problems we need only n initial con-
ditions, as with the ordinary derivative case, whereas with other definitions
of fractional derivatives we need n + 1 or more conditions; see [333].

6.2 Preliminaries

In the sequel we follow [101]. Let g ∈ C([0, 1]). Let ν be a positive number,
n := [ν], and α := ν − n (0 < α < 1). Define

(Jνg)(x) :=
1

Γ(ν)

∫ x

0

(x − t)ν−1g(t)dt, 0 ≤ x ≤ 1, (6.1)

the Riemann–Liouville integral, where Γ is the gamma function. We define
the subspace Cν([0, 1]) of Cn([0, 1]) as follows.

Cν([0, 1]) := {g ∈ Cn([0, 1]) : J1−αDng ∈ C1([0, 1])},

where D := d/dx. So for g ∈ Cν([0, 1]), we define the Canavati ν-fractional
derivative of g as

Dνg := DJ1−αDng. (6.2)

When ν ≥ 1 we have the fractional Taylor’s formula

g(t) = g(0) + g′(0)t + g′′(0)
t2

2!
+ · · · + g(n−1)(0)

tn−1

(n − 1)!
+ (JνDνg)(t), for all t ∈ [0, 1]. (6.3)

When 0 < ν < 1 we find

g(t) = (JνDνg)(t), for all t ∈ [0, 1]. (6.4)
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Next we carry the above notions over to arbitrary [a, b] ⊆ R (see [17]).
Let x, x0 ∈ [a, b] such that x ≥ x0, where x0 is fixed. Let f ∈ C([a, b]) and
define

(Jx0
ν f)(x) :=

1
Γ(ν)

∫ x

x0

(x − t)ν−1f(t)dt, x0 ≤ x ≤ b, (6.5)

the generalized Riemann–Liouville integral. We define the subspace Cν
x0

([a, b])
of Cn([a, b]):

Cν
x0

([a, b]) := {f ∈ Cn([a, b]) : Jx0
1−αDnf ∈ C1([x0, b])}.

For f ∈ Cν
x0

([a, b]), we define the generalized ν-fractional derivative of f
over [x0, b] as

Dν
x0

f := DJx0
1−αf (n) (f (n) := Dnf). (6.6)

Notice that

(Jx0
1−αf (n))(x) =

1
Γ(1 − α)

∫ x

x0

(x − t)−αf (n)(t)dt

exists for f ∈ Cν
x0

([a, b]).

We recall the following fractional generalization of Taylor’s formula (see
[17, 101]).

Theorem 6.1. Let f ∈ Cν
x0

([a, b]), x0 ∈ [a, b] fixed.
(i) If ν ≥ 1 then

f(x) = f(x0) + f ′(x0)(x − x0) + f ′′(x0)
(x − x0)2

2
+ · · ·+

f (n−1)(x0)
(x − x0)n−1

(n − 1)!
+ (Jx0

ν Dν
x0

f)(x), for all x ∈ [a, b] : x ≥ x0. (6.7)

(ii) If 0 < ν < 1 then

f(x) = (Jx0
ν Dν

x0
f)(x), for all x ∈ [a, b] : x ≥ x0. (6.8)

We make

Remark 6.2.
(1) (Dn

x0
f) = f (n), n ∈ N.

(2) Let f ∈ Cν
x0

([a, b]), ν ≥ 1, and f (i)(x0) = 0, i = 0, 1, . . . , n − 1,
n := [ν].
Then by (6.7)

f(x) = (Jx0
ν Dν

x0
f)(x).
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That is,

f(x) =
1

Γ(ν)

∫ x

x0

(x − t)ν−1(Dν
x0

f)(t)dt, (6.9)

for all x ∈ [a, b] with x ≥ x0. Notice that (6.9) is true also when 0 < ν < 1.

We need from [17]

Lemma 6.3. Let f ∈ C([a, b]), μ, ν > 0. Then

Jx0
μ (Jx0

ν f) = Jx0
μ+ν(f). (6.10)

We also make

Remark 6.4. Let ν ≥ 1, γ ≥ 0, be such that ν − γ ≥ 1, so that γ < ν.
Call n := [ν], α := ν − n ; m := [γ], ρ := γ − m. Note that ν − m ≥ 1 and
n−m ≥ 1. Let f ∈ Cν

x0
([a, b]) be such that f (i)(x0) = 0, i = 0, 1, . . . , n−1.

Hence by (6.7)

f(x) = (Jx0
ν Dν

x0
f)(x), for all x ∈ [a, b] : x ≥ x0.

Therefore by Leibnitz’s formula and Γ(p + 1) = pΓ(p), p > 0, we get that

f (m)(x) = (Jx0
ν−mDν

x0
f)(x), for all x ≥ x0. (6.11)

It follows that f ∈ Cγ
x0

([a, b]) and thus

(Dγ
x0

f)(x) := (DJx0
1−ρf

(m))(x) exists for all x ≥ x0. (6.12)

By the use of (6.11) we have on [x0, b],

Jx0
1−ρ(f

(m)) = Jx0
1−ρ(J

x0
ν−mDν

x0
f) = (Jx0

1−ρ ◦ Jx0
ν−m)(Dν

x0
f)

= Jx0
ν−m+1−ρ(D

ν
x0

f) = Jx0
ν−γ+1(D

ν
x0

f),

by (6.10). That is,

(Jx0
1−ρf

(m))(x) =
1

Γ(ν − γ + 1)

∫ x

x0

(x − t)ν−γ(Dν
x0

f)(t)dt.

Therefore

(Dγ
x0

f)(x) = D((Jx0
1−ρf

(m))(x)) =
1

Γ(ν − γ)
·
∫ x

x0

(x− t)(ν−γ)−1(Dν
x0

f)(t)dt;

(6.13)
hence (Dγ

x0
f)(x) = (Jx0

ν−γ(Dν
x0

f))(x) and is continuous in x on [x0, b].
In particular when ν ≥ 2 we have

(Dν−1
x0

f)(x) =
∫ x

x0

(Dν
x0

f)(t)dt, x ≥ x0. (6.14)

That is,
(Dν−1

x0
f)′ = Dν

x0
f, (Dν−1

x0
f)(x0) = 0.
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6.3 Main Results

We present our first main result here:

Theorem 6.5. Let ν ≥ 1, γ1, γ2 ≥ 0 be such that ν−γ1 ≥ 1, ν−γ2 ≥ 1,
and f1, f2 ∈ Cν

x0
([a, b]) with f

(i)
1 (x0) = f

(i)
2 (x0) = 0, i = 0, 1, . . . , n − 1,

n := [ν]. Here x, x0 ∈ [a, b] : x ≥ x0. Consider also p(t) > 0, and q(t) ≥ 0
continuous functions on [x0, b]. Let λν > 0 and λα, λβ ≥ 0 such that λν < p,
where p > 1. Set

Pk(w) :=
∫ w

x0

(w − t)(ν−γk−1)p/p−1(p(t))−1/p−1dt, k = 1, 2, x0 ≤ x ≤ b;

(6.15)

A(w) :=
q(w) · (P1(w))λα(p−1/p) · (P2(w))λβ(p−1/p)(p(w))−λν/p

(Γ(ν − γ1))λα · (Γ(ν − γ2))λβ
, (6.16)

A0(x) :=
(∫ x

x0

A(w)p/p−λν dw

)(p−λν)/p

, (6.17)

and

δ1 :=

⎧⎨⎩ 21−((λα+λν)/p), if λα + λν ≤ p,

1, if λα + λν ≥ p.
(6.18)

If λβ = 0, we obtain that∫ x

x0

q(w)
[|(Dγ1

x0
f1)(w)|λα · |(Dν

x0
f1)(w)|λν +

+|(Dγ1
x0

f2)(w)|λα · |(Dν
x0

f2)(w)|λν
]
dw

≤ (A0(x)|λβ=0

) · ( λν

λα + λν

)λν/p

· δ1

·
[∫ x

x0

p(w)
[|(Dν

x0
f1)(w)|p + |(Dν

x0
f2)(w)|p] dw

]((λα+λν)/p)

.(6.19)

Proof. From (6.13) we have

(Dγk
x0

fj)(w) =
1

Γ(ν − γk)

∫ w

x0

(w − t)ν−γk−1(Dν
x0

fj)(t)dt,

for k = 1, 2, j = 1, 2, and for all x0 ≤ w ≤ b.
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Next applying Hölder’s inequality with indices p, p/(p−1) we get

|(Dγk
x0 fj)(w)| ≤ 1

Γ(ν − γk)

∫ w

x0

(w − t)ν−γk−1(p(t))−1/p(p(t))1/p|(Dν
x0fj)(t)|dt

≤ 1

Γ(ν − γk)

(∫ w

x0

(
(w − t)ν−γk−1(p(t))−1/p

)p/(p−1)
dt

)(p−1)/p

(∫ w

x0

p(t)|(Dν
x0fj)(t)|pdt

)1/p

=
1

Γ(ν − γk)
(Pk(w))p−1/p

(∫ w

x0

p(t)|(Dν
x0fj)(t)|pdt

)1/p

.

That is, it holds

|(Dγk
x0

fj)(w)| ≤ 1
Γ(ν − γk)

(Pk(w))p−1/p

(∫ w

x0

p(t)|(Dν
x0

fj)(t)|pdt

)1/p

.

(6.20)
Put

zj(w) :=
∫ w

x0

p(t)|(Dν
x0

fj)(t)|pdt,

thus
z′j(w) = p(w)|(Dν

x0
fj)(w)|p, zj(x0) = 0, j = 1, 2.

Hence we have

|(Dγk
x0

fj)(w)| ≤ 1
Γ(ν − γk)

(Pk(w))(p−1)/p(zj(w))1/p,

and
|(Dν

x0
fj)(w)|λν = p(w)−λν/p(z′j(w))λν/p, j = 1, 2.

Therefore we obtain

q(w)|(Dγ1
x0

f1)(w)|λα |(Dγ2
x0

f2)(w)|λβ |(Dν
x0

f1)(w)|λν

≤ q(w)
1

(Γ(ν − γ1))λα
(P1(w))λα(p−1/p)(z1(w))λα/p 1

(Γ(ν − γ2))λβ

(P2(w))λβ(p−1/p)(z2(w))λβ/p(p(w))−λν/p(z′1(w))λν/p

= A(w)(z1(w))λα/p(z2(w))λβ/p(z′1(w))λν/p.

Consequently, by another Hölder’s inequality application, we find (by p/λν

> 1) ∫ x

x0

q(w)|(Dγ1
x0

f1)(w)|λα |(Dγ2
x0

f2)(w)|λβ |(Dν
x0

f1)(w)|λν dw

≤ A0(x)
[∫ x

x0

(z1(w))λα/λν (z2(w))λβ/λν z′1(w)dw

]λν/p

. (6.21)



74 6. Canavati Fractional Derivatives of Two Functions

Similarly one finds∫ x

x0

q(w)|(Dγ2
x0

f1)(w)|λβ |(Dγ1
x0

f2)(w)|λα |(Dν
x0

f2)(w)|λν dw

≤ A0(x)
[∫ x

x0

(z1(w))λβ/λν (z2(w))λα/λν z′2(w)dw

]λν/p

. (6.22)

Taking λβ = 0 and adding (6.21) and (6.22) we obtain∫ x

x0

q(w)
[
|(Dγ1

x0 f1)(w)|λα |(Dν
x0f1)(w)|λν + |(Dγ1

x0 f2)(w)|λα |(Dν
x0f2)(w)|λν

]
dw

≤ (A0(x)|λβ=0

){[∫ x

x0

(z1(w))λα/λν z′1(w)dw

]λν/p

+
[∫ x

x0

(z2(w))λα/λν z′2(w)dw

]λν/p
}

=
(
A0(x)|λβ=0

){
(z1(x))(λα+λν)/p + (z2(x))(λα+λν)/p

}( λν

λα + λν

)λν/p

=
(
A0(x)|λβ=0

)( λν

λα + λν

)λν/p
{(∫ x

x0

p(t)|(Dν
x0

f1)(t)|pdt

)(λα+λν)/p

+
(∫ x

x0

p(t)|(Dν
x0

f2)(t)|pdt

)(λα+λν)/p
}

=: (∗).

In this chapter we frequently use the following basic inequalities.

2r−1(ar + br) ≤ (a + b)r ≤ ar + br, a, b ≥ 0, 0 ≤ r ≤ 1, (6.23)
ar + br ≤ (a + b)r ≤ 2r−1(ar + br), a, b ≥ 0, r ≥ 1. (6.24)

Finally using (6.23), (6.24), and (6.18) we get

(∗) ≤ (
A0(x)|λβ=0

) · ( λν

λa + λν

)λν/p

· δ1

·
{∫ x

x0

p(t)
[|(Dν

x0
f1)(t)|p + |(Dν

x0
f2)(t)|p

]
dt

}(λα+λν)/p

.

Inequality (6.19) has been established. �

It follows the counterpart of the last theorem.

Theorem 6.6. All here are as in Theorem 6.5. Denote

δ3 :=
{

2λβ/λν − 1, if λβ ≥ λν ,
1, if λβ ≤ λν .

(6.25)
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If λα = 0, then it holds∫ x

x0

q(w)
[
|(Dγ2

x0 f2)(w)|λβ · |(Dν
x0f1)(w)|λν + |(Dγ2

x0 f1)(w)|λβ |(Dν
x0f2)(w)|λν

]
dw

≤ (A0(x)|λα=0) 2(p−λν)/p

(
λν

λβ + λν

)λν/p

δ
λν/p
3 (6.26)

·
(∫ x

x0

p(w)
[|(Dν

x0
f1)(w)|p + |(Dν

x0
f2)(w)|p] dw

)((λν+λβ)/p)

, all x0 ≤ x ≤ b.

Proof. When λα = 0 from (6.21) and (6.22) we obtain∫ x

x0

q(w)|(Dγ2
x0

f2)(w)|λβ |(Dν
x0

f1)(w)|λν dw

≤ (A0(x)|λα=0)
[∫ x

x0

(z2(w))λβ/λν z′1(w)dw

]λν/p

, (6.27)

and ∫ x

x0

q(w)|(Dγ2
x0

f1)(w)|λβ |(Dν
x0

f2)(w)|λν dw

≤ (A0(x)|λα=0)
[∫ x

x0

(z1(w))λβ/λν z′2(w)dw

]λν/p

, (6.28)

all x0 ≤ x ≤ b. Adding (6.27) and (6.28) we get∫ x

x0

q(w)
[|(Dγ2

x0
f2)(w)|λβ · |(Dν

x0
f1)(w)|λν + |(Dγ2

x0
f1)(w)|λβ ·

|(Dν
x0

f2)(w)|λν
]
dw ≤ (A0(x)|λα=0){[∫ x

x0

(z2(w))λβ/λν z′1(w)dw

]λν/p

+
[∫ x

x0

(z1(w))λβ/λν z′2(w)dw

]λν/p
}

≤ (A0(x)|λα=0) · 2p−λν/p · (M(x))λν/p =: (∗), (6.29)

by 0 < λν/p < 1 and (6.23), where

M(x) :=
∫ x

x0

(z2(w))λβ/λν z′1(w) + (z1(w))λβ/λν z′2(w))dw. (6.30)

Call

δ2 :=
{

1, if λβ ≥ λν ,
21−(λβ/λν), if λβ ≤ λν .
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Next we work on M(x). We have that

M(x) =
∫ x

x0

(
(z1(w))λβ/λν + (z2(w))λβ/λν

)
(z′1(w) + z′2(w))dw

−
∫ x

x0

[
(z1(w))λβ/λν z′1(w) + (z2(w))λβ/λν z′2(w)

]
dw

(by (6.23), (6.24))

≤ δ2

∫ x

x0

(z1(w) + z2(w))λβ/λν (z1(w) + z2(w))′dw

−
(

λν

λβ + λν

)[
(z1(x))((λν+λβ)/λν) + (z2(w))(λν+λβ/λν)

]
= δ2

(
(z1(x) + z2(x))((λν+λβ)/λν)

)( λν

λν + λβ

)
−
(

λν

λβ + λν

)
[
(z1(x))((λν+λβ)/λν) + (z2(w))((λν+λβ)/λν)

]
=
(

λν

λβ + λν

)[
δ2(z1(x) + z2(x))((λν+λβ)/λν)−(

(z1(x))((λν+λβ)/λν) + (z2(x))((λν+λβ)/λν)
) ]

(6.24)

≤
(

λν

λβ + λν

)[
δ22((λν+λβ)/λν)−1

(
(z1(x))((λν+λβ)/λν)

+ (z2(x))((λν+λβ)/λν)
)
−
(
(z1(x))((λν+λβ)/λν) + (z2(x))((λν+λβ)/λν)

)]
=
(

λν

λβ + λν

)
(δ22λβ/λν − 1)[

(z1(x))((λν+λβ)/λν) + (z2(x))((λν+λβ)/λν)
] (

notice δ3 = δ22λβ/λν − 1
)

(6.24)

≤
(

λν

λβ + λν

)
δ3(z1(x) + z2(x))((λν+λβ)/λν).

That is, we present that

M(x) ≤
(

λν

λβ + λν

)
δ3(z1(x) + z2(x))((λν+λβ)/λν). (6.31)

Consequently by (6.29) and (6.31) we get

(∗) ≤ (A0(x)|λα=0) 2p−λν/p

(
λν

λβ + λν

)λν/p

δ
λν/p
3 (z1(x) + z2(x))((λν+λβ)/p)

= (A0(x)|λα=0) 2p−λν/p

(
λν

λβ + λν

)λν/p

δ
λν/p
3

·
(∫ x

x0

p(t)
[|(Dν

x0
f1)(t)|p + |(Dν

x0
f2)(t)|p

]
dt

)((λν+λβ)/p)

.

We have established (6.26). �
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The full case when λα, λβ = 0 follows.

Theorem 6.7. All here are as in Theorem 6.5. Denote

γ̃1 :=
{

2((λα+λβ)/λν) − 1, if λα + λβ ≥ λν ,
1, if λα + λβ ≤ λν ,

(6.32)

and

γ̃2 :=
{

1, if λα + λβ + λν ≥ p,
21−(λα+λβ+λν/p) if λα + λβ + λν ≤ p.

(6.33)

Then∫ x

x0

q(w)
[|(Dγ1

x0
f1)(w)|λα |(Dγ2

x0
f2)(w)|λβ |(Dν

x0
f1)(w)|λν

+ |(Dγ2
x0

f1)(w)|λβ |(Dγ1
x0

f2)(w)|λα |(Dν
x0

f2)(w)|λν
]
dw

≤ A0(x)
(

λν

(λα + λβ)(λα + λβ + λν)

)λν/p [
λλν/p

α γ̃2 + 2p−λν/p(γ̃1λβ)λν/p
]

·
(∫ x

x0

p(w)(|(Dν
x0

f1)(w)|p + |(Dν
x0

f2)(w)|p)dw

)((λα+λβ+λν)/p)

, (6.34)

all x0 ≤ x ≤ b.

Proof. Here we use the basic inequality

ab ≤ ap

p
+

bq

q
, (6.35)

where a, b ≥ 0 and p, q > 1 such that 1/p+1/q = 1. From (6.21) we obtain∫ x

x0

q(w)|(Dγ1
x0

f1)(w)|λα |(Dγ2
x0

f2)(w)|λβ |(Dν
x0

f1)(w)|λν dw

≤ A0(x)
[∫ x

x0

((
λα

λα + λβ

)
(z1(w))((λα+λβ)/λν)+

(
λβ

λα + λβ

)
(z2(w))((λα+λβ)/λν)

)
z′1(w)dw

]λν/p

(6.23)

≤ A0(x)

[((
λαλν

λα + λβ

)
(z1(x))((λα+λβ+λν)/λν)

(λα + λβ + λν)

)λν/p

+
(∫ x

x0

(
λβ

λα + λβ

)
(z2(w))((λα+λβ)/λν)z′1(w)dw

)λν/p
]

.
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Therefore∫ x

x0

q(w)|(Dγ1
x0

f1)(w)|λα |(Dγ2
x0

f2)(w)|λβ |(Dν
x0

f1)(w)|λν dw

≤ A0(x) ·
{(

λνλα

(λα + λβ)(λα + λβ + λν)

)λν/p

(z1(x))((λα+λβ+λν)/p)

+
(

λβ

λα + λβ

)λν/p(∫ x

x0

(z2(w))((λα+λβ)/λν)z′1(w)dw

)λν/p
}

.(6.36)

Similarly using (6.22) we find∫ x

x0

q(w)|(Dγ2
x0

f1)(w)|λβ |(Dγ1
x0

f2)(w)|λα |(Dν
x0

f2)(w)|λν dw

≤ A0(x)

{(
λνλα

(λα + λβ)(λα + λβ + λν)

)λν/p

(z2(x))((λα+λβ+λν)/p)

+
(

λβ

λα + λβ

)λν/p(∫ x

x0

(z1(w))((λα+λβ)/λν)z′2(w)dw

)λν/p
}

. (6.37)

Next adding (6.36) and (6.37) we observe

Ω :=
∫ x

x0

q(w)
[|(Dγ1

x0
f1)(w)|λα |(Dγ2

x0
f2)(w)|λβ |(Dν

x0
f1)(w)|λν

+ |(Dγ2
x0

f1)(w)|λβ |(Dγ1
x0

f2)(w)|λα |(Dν
x0

f2)(w)|λν
]
dw

≤ A0(x)

{(
λνλα

(λα + λβ)(λα + λβ + λν)

)λν/p

[
(z1(x))((λα+λβ+λν)/p) + (z2(x))((λα+λβ+λν)/p)

]
+
(

λβ

λα + λβ

)λν/p
[(∫ x

x0

(z1(w))(λα+λβ/λν)z′2(w)dw

)λν/p

+
(∫ x

x0

(z2(w))((λα+λβ)/λν)z′1(w)dw

)λν/p
]}

(6.23)

≤ A0(x)

{(
λνλα

(λα + λβ)(λα + λβ + λν)

)λν/p

[
(z1(x))((λα+λβ+λν)/p) + (z2(x))((λα+λβ+λν)/p)

]
+
(

λβ

λα + λβ

)λν/p

· 2p−λν/p · (Γ(x))λν/p

}
,
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where

Γ(x) :=
∫ x

x0

(
(z1(w))((λα+λβ)/λν)z′2(w) + (z2(w))((λα+λβ)/λν)z′1(w)

)
dw.

Again, see (6.30) and (6.31), we get

Γ(x) ≤
(

γ̃1λν

λα + λβ + λν

)
(z1(x) + z2(x))((λα+λβ+λν)/λν). (6.38)

Hence by (6.38) we obtain

Ω ≤ A0(x)

{(
λνλα

(λα + λβ)(λα + λβ + λν)

)λν/p

[
(z1(x))((λα+λβ+λν)/p) + (z2(x))((λα+λβ+λν)/p)

]
+

(
λβ

λα + λβ

)λν/p

2p−λν/p
(

γ̃1λν

λα + λβ + λν

)λν/p

(z1(x) + z2(x))((λα+λβ+λν)/p)

}

≤ A0(x)

{(
λνλα

(λα + λβ)(λα + λβ + λν)

)λν/p

γ̃2

+2p−λν/p
(

λβ

λα + λβ

)λν/p (
γ̃1λν

λα + λβ + λν

)λν/p
}

(z1(x)+z2(x))((λα+λβ+λν)/p)

= A0(x)
(

λν

(λα + λβ)(λα + λβ + λν)

)λν/p [
λλν/p

α γ̃2 + 2p−λν/p(γ̃1λβ)λν/p
]

·
[∫ x

x0

p(t)
[|(Dν

x0
f1)(t)|p + |(Dν

x0
f2)(t)|p

]
dt

]((λα+λβ+λν)/p)

.

We have proved

Ω ≤ A0(x)

(
λν

(λα + λβ)(λα + λβ + λν)

)λν/p [
λ

λν/p
α γ̃2 + 2(p−λν)/p(γ̃1λβ)λν/p

]
·
[∫ x

x0

p(w)
[|(Dν

x0f1)(w)|p + |(Dν
x0f2)(w)|p] dw

]((λα+λβ+λν)/p)

.

We have established (6.34). �

A special important case follows.

Theorem 6.8. Let ν ≥ 2 and γ1 ≥ 0 such that ν − γ1 ≥ 2. Let f1, f2 ∈
Cν

x0
([a, b]) with f

(i)
1 (x0) = f

(i)
2 (x0) = 0, i = 0, 1, . . . , n − 1, n := [ν]. Here
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x, x0 ∈ [a, b] : x ≥ x0. Consider also p(t) > 0, and q(t) ≥ 0 continuous
functions on [x0, b]. Let λα ≥ 0, 0 < λα+1 < 1, and p > 1. Denote

θ3 :=
{

2λα/λα+1 − 1, if λα ≥ λα+1,
1, if λα ≤ λα+1

}
, (6.39)

L(x) :=
(

2
∫ x

x0

(q(w))(1/1−λα+1)dw

)(1−λα+1)( θ3λα+1

λα + λα+1

)λα+1

, (6.40)

and

P1(x) :=
∫ x

x0

(x − t)(ν−γ1−1)p/(p−1)(p(t))−1/(p−1)dt, (6.41)

T (x) := L(x) ·
(

P1(x)(p−1/p)

Γ(ν − γ1)

)(λα+λα+1)

, (6.42)

and
ω1 := 2((p−1)/p)(λα+λα+1), (6.43)

Φ(x) := T (x)ω1. (6.44)

Then ∫ x

x0

q(w)
[|(Dγ1

x0
f1)(w)|λα |(Dγ1+1

x0
f2)(w)|λα+1 (6.45)

+|(Dγ1
x0

f2)(w)|λα |(Dγ1+1
x0

f1)(w)|λα+1
]
dw

≤ Φ(x)
[∫ x

x0

p(w)
(|(Dν

x0
f1)(w)|p + |(Dν

x0
f2)(w)|p) dw

]((λα+λα+1)/p)

,

all x0 ≤ x ≤ b.

Proof. For convenience we set γ2 := γ1 + 1. From (6.13) we obtain

|(Dγk
x0

fj)(w)| ≤ 1
Γ(ν − γk)

∫ w

x0

(w − t)ν−γk−1|(Dν
x0

fj)(t)|dt =: gj,γk
(w),

(6.46)
where j = 1, 2, k = 1, 2, all x0 ≤ w ≤ b. We observe that(

(Dγ1
x0

fj(x)
)′ = (Dγ1+1

x0
fj)(x) = (Dγ2

x0
fj)(x), (6.47)

all x0 ≤ x ≤ b. And also

(gj,γ1
(w))′ = gj,γ2

(w); gj,γk
(x0) = 0. (6.48)

Notice that if ν − γ2 = 1, then

gj,γ2
(w) =

∫ w

x0

|(Dν
x0

fj)(t)|dt.
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Next we apply Hölder’s inequality with indices 1/λα+1, 1/(1−λα+1); we
obtain ∫ x

x0

q(w)|(Dγ1
x0

f1)(w)|λα |(Dγ1+1
x0

f2(w)|λα+1dw

≤
∫ x

x0

q(w)(g1,γ1
(w))λα((g2,γ1

(w))′)λα+1dw (6.49)

≤
(∫ x

x0

(q(w))(1/1−λα+1)dw

)(1−λα+1)

(∫ x

x0

(g1,γ1
(w))λα/λα+1(g2,γ1

(w))′dw

)λα+1

.

Similarly we get ∫ x

x0

q(w)|(Dγ1
x0

f2)(w)|λα |(Dγ1+1
x0

f1(w)|λα+1dw

≤
(∫ x

x0

(q(w))(1/1−λα+1)dw

)(1−λα+1)

(6.50)(∫ x

x0

(g2,γ1
(w))λα/λα+1(g1,γ1

(w))′dw

)λα+1

.

Adding (6.49) and (6.50) we observe∫ x

x0

q(w)
[|(Dγ1

x0
f1)(w)|λα |(Dγ1+1

x0
f2)(w)|λα+1

+ |(Dγ1
x0

f2)(w)|λα |(Dγ1+1
x0

f1)(w)|λα+1
]
dw

≤
(∫ x

x0

(q(w))(1/1−λα+1)dw

)(1−λα+1)

[(∫ x

x0

(g1,γ1
(w))λα/λα+1(g2,γ1

(w))′dw

)λα+1

+
(∫ x

x0

(g2,γ1
(w))λα/λα+1(g1,γ1

(w))′dw

)λα+1
]

(6.23)

≤
(

2
∫ x

x0

(q(w))(1/1−λα+1)dw

)(1−λα+1)

·
[∫ x

x0

[(g1,γ1
(w))λα/λα+1(g2,γ1

(w))′ + (g2,γ1
(w))λα/λα+1(g1,γ1

(w))′
]

dw

]λα+1
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(note (6.30) and the proof of (6.31); accordingly here we have)

≤
(

2
∫ x

x0

(q(w))(1/1−λα+1)dw

)(1−λα+1)

·
(

λα+1θ3

λα + λα+1

)λα+1

· (g1,γ1
(x) + g2,γ1

(x)
)(λα+λα+1)

= L(x)
(
g1,γ1

(x) + g2,γ1
(x)
)(λα+λα+1)

=
L(x)

(Γ(ν − γ1))(λα+λα+1)

{∫ x

x0

(x − t)ν−γ1−1(p(t))−1/p(p(t))1/p
[|(Dν

x0
f1)(t)|

+ |(Dν
x0

f2)(t)|
]
dt
}(λα+λα+1)

(applying Hölder’s inequality with indices p/p−1 and p we find)

≤ L(x)
(Γ(ν − γ1))(λα+λα+1)

·
(∫ x

x0

(x − t)(ν−γ1−1)p/p−1(p(t))−1/p−1dt

)(p−1/p)(λα+λα+1)

·
(∫ x

x0

p(t)
[∣∣(Dν

x0
f1

)
(t)
∣∣+ |(Dν

x0
f2)(t)|

]p
dt

)(λα+λα+1/p)

= T (x) ·
[∫ x

x0

p(t)(|(Dν
x0

f1)(t)| + |(Dν
x0

f2)(t)|)pdt

](λα+λα+1/p)

≤ Φ(x) ·
[∫ x

x0

p(t)(|(Dν
x0

f1)(t)|p + |(Dν
x0

f2)(t)|p)dt

](λα+λα+1/p)

.

We have proved (6.45). �

Next we treat the case of exponents λβ = λα + λν .

Theorem 6.9. All here are as in Theorem 6.5. Consider the special case
λβ = λα + λν . Denote

T̃ (x) := A0(x)
(

λν

λα + λν

)λν/p

2(p−2λα−3λν)/p. (6.51)

Then ∫ x

x0

q(w)
[|(Dγ1

x0
f1)(w)|λα |(Dγ2

x0
f2)(w)|λα+λν |(Dν

x0
f1)(w)|λν

+|(Dγ2
x0

f1)(w)|λα+λν |(Dγ1
x0

f2)(w)|λα |(Dν
x0

f2)(w)|λν
]
dw
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≤ T̃ (x)
(∫ x

x0

p(w)(|(Dν
x0

f1)(w)|p + |(Dν
x0

f2)(w)|p)dw

)2((λα+λν)/p)

,

(6.52)
all x0 ≤ x ≤ b.

Proof. We apply (6.21) and (6.22) for λβ = λα + λν and add to find∫ x

x0

q(w)
[|(Dγ1

x0
f1)(w)|λα |(Dγ2

x0
f2)(w)|λα+λν |(Dν

x0
f1)(w)|λν

+|(Dγ2
x0

f1)(w)|λα+λν |(Dγ1
x0

f2)(w)|λα |(Dν
x0

f2)(w)|λν
]
dw

≤ A0(x)

{[∫ x

x0

(z1(w))λα/λν (z2(w))(λα/λν)+1z′1(w)dw

]λν/p

+
[∫ x

x0

(z1(w))(λα/λν)+1(z2(w))λα/λν z′2(w)dw

]λν/p
}

(6.23)

≤ A0(x)21−(λν/p)

{∫ x

x0

[
(z1(w))λα/λν (z2(w))(λα/λν)+1z′1(w)+

(z1(w))λα/λν+1(z2(w))λα/λν z′2(w)
]
dw
}λν/p

= A0(x)21−λν/p

{∫ x

x0

(z1(w)z2(w))λα/λν [z2(w)z′1(w) + z1(w)z′2(w)]dw

}λν/p

= A0(x)21−λν/p ·
{∫ x

x0

(z1(w)z2(w))λα/λν (z1(w)z2(w))′dw

}λν/p

= A0(x)21−λν/p

(
(z1(x)z2(x))(λα/λν)+1

λα

λν
+ 1

)λν/p

= A0(x)2p−λν/p

(
λν

λα + λν

)λν/p

(z1(x)z2(x))(λα+λν)/p

≤ A0(x)2p−λν/p

(
λν

λα + λν

)λν/p( (z1(x) + z2(x))2

4

)(λα+λν/p)

= T̃ (x)(z1(x) + z2(x))2(λα+λν)/p

= T̃ (x)
(∫ x

x0

p(w)
(|(Dν

x0
f1)(w)|p + |(Dν

x0
f2)(w)|p) dw

)2((λα+λν)/p)

.

We have established (6.52). �

Next follow special cases of the above theorems.
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Corollary 6.10. (to Theorem 6.5; λβ = 0, p(t) = q(t) = 1)
It holds∫ x

x0

[|(Dγ1
x0

f1)(w)|λα |(Dν
x0

f1)(w)|λν + |(Dγ1
x0

f2)(w)|λα |(Dν
x0

f2)(w)|λν
]
dw

≤ C1(x) ·
(∫ x

x0

(|(Dν
x0

f1)(w)|p + |(Dν
x0

f2)(w)|p)dw

)((λα+λν)/p)

(6.53)

all x0 ≤ x ≤ b, where

C1(x) :=
(
A0(x)|λβ=0

) · ( λν

λα + λν

)λν/p

· δ1, (6.54)

δ1 :=
{

21−(λα+λν/p), if λα + λν ≤ p,
1, if λα + λν ≥ p

}
.

We find that(
A0(x)|λβ=0

)
=
{(

(p − 1)((λαp−λα)/p)

(Γ(ν − γ1))λα(νp − γ1p − 1)((λαp−λα)/p)

)
·
(

(p − λν)(p−λν/p)

(λανp − λαγ1p − λα + p − λν)(p−λν/p)

)}
·(x−x0)

((λανp−λαγ1p−λα+p−λν)/p).

(6.55)

Proof. Here we need to calculate A0(x)|λβ=0. From (6.17) we have

A0(x)|λβ=0 =
(∫ x

x0

(
A(w)|λβ=0

)p/p−λν
dw

)(p−λν)/p

,

where from (6.16) we find

A(w)|λβ=0 =
(P1(w))λα((p−1)/p)

(Γ(ν − γ1))λα
,

and here from (6.15) it is

P1(w) =
∫ w

x0

(w − t)((ν−γ1−1)/(p−1))pdt.

Therefore we obtain

P1(w) =
(

p − 1
νp − γ1p − 1

)
(w − x0)(νp−γ1p−1)/(p−1),

and

A(w)|λβ=0 =
(

p − 1
νp − γ1p − 1

)(λαp−λα/p)

· 1
(Γ(ν − γ1))λα

·(w − x0)(λανp−λαγ1p−λα)/p .
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That is,

A0(x)|λβ=0 =
(

(p − 1)(λαp−λα/p)

(νp − γ1p − 1)(λαp−λα/p)(Γ(ν − γ1))λα

)
·
(∫ x

x0

(w − x0)(λανp−λαγ1p−λα/p−λν)dw

)((p−λν)/p)

=
{(

(p − 1)(λαp−λα/p)

(Γ(ν − γ1))λα(νp − γ1p − 1)((λαp−λα)/p)

)
·
(

(p − λν)(p−λν/p)

(λανp − λαγ1p − λα + p − λν)((p−λν)/p)

)}
·(x − x0)(λανp−λαγ1p−λα+p−λν/p). �

Corollary 6.11. (to Theorem 6.5; λβ = 0, p(t) = q(t) = 1 , λα = λν = 1,
p = 2). In detail:

Let ν ≥ 1, γ1, γ2 ≥ 0, such that ν − γ1 ≥ 1, ν − γ2 ≥ 1 and f1, f2 ∈
Cν

x0
([a, b]) with f

(i)
1 (x0) = f

(i)
2 (x0) = 0, i = 0, 1, . . . , n − 1, n := [ν]. Here

x, x0 ∈ [a, b] : x ≥ x0. Then∫ x

x0

[|(Dγ1
x0

f1)(w)| |(Dν
x0

f1)(w)| + |(Dγ1
x0

f2)(w)| |(Dν
x0

f2)(w)|] dw

≤
(

(x − x0)(ν−γ1)

2Γ(ν − γ1)
√

ν − γ1

√
2ν − 2γ1 − 1

)
(∫ x

x0

[((Dν
x0

f1)(w))2 + ((Dν
x0

f2)(w))2]dw

)
, (6.56)

all x0 ≤ x ≤ b.

Proof. We apply Corollary 6.10. Here δ1 = 1 and(
λν

λα + λν

)λν/p

=
1√
2

.

Furthermore we have(
A0(x)|λβ=0

)
=

(
1

Γ(ν − γ1)
√

2ν − 2γ1 − 1

)
·
(

1√
2
√

ν − γ1

)
· (x − x0)(ν−γ1).

Finally we get

C1(x) =
(x − x0)(ν−γ1)

2Γ(ν − γ1)
√

ν − γ1

√
2ν − 2γ1 − 1

. �
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Corollary 6.12. (to Theorem 6.6; λα = 0, p(t) = q(t) = 1).
It holds∫ x

x0

[|(Dγ2
x0

f2)(w)|λβ |(Dν
x0

f1)(w)|λν + |(Dγ2
x0

f1)(w)|λβ |(Dν
x0

f2)(w)|λν
]
dw

≤ C2(x)
(∫ x

x0

[|(Dν
x0

f1)(w)|p + |(Dν
x0

f2)(w)|p] dw

)((λν+λβ)/p)

, (6.57)

all x0 ≤ x ≤ b, where

C2(x) := (A0(x)|λα=0) 2(p−λν)/p

(
λν

λβ + λν

)λν/p

δ
λν/p
3 , (6.58)

δ3 :=
{

2λβ/λν − 1, if λβ ≥ λν ,
1, if λβ ≤ λν

}
.

We find that

(A0(x)|λα=0) =
{(

(p − 1)((λβp−λβ)/p)

(Γ(ν − γ2))λβ (νp − γ2p − 1)((λβp−λβ)/p)

)
·
(

(p − λν)(p−λν/p)

(λβνp − λβγ2p − λβ + p − λν)((p−λν)/p)

)}
·(x − x0)(λβνp−λβγ2p−λβ+p−λν/p). (6.59)

Proof. Here we need to calculate

A0(x)|λα=0.

From (6.17) we have

A0(x)|λα=0 =
(∫ x

x0

(A(w)|λα=0)
p/p−λν dw

)(p−λν)/p

where from (6.16) we find

A(w)|λα=0 =
(P2(w))λβ((p−1)/p)

(Γ(ν − γ2))λβ
,

and here from (6.15) it is

P2(w) =
∫ w

x0

(w − t)(ν−γ2−1)p/(p−1) dt.

Therefore we obtain

P2(w) =
(

p − 1
νp − γ2p − 1

)
(w − x0)(νp−γ2p−1)/(p−1),
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and

A(w)|λα=0 =
(p − 1)(λβp−λβ/p)(w − x0)(λβνp−λβγ2p−λβ/p)

(νp − γ2p − 1)(λβp−λβ/p)(Γ(ν − γ2))λβ
.

That is,

A0(x)|λα=0 =
(

(p − 1)(λβp−λβ/p)

(νp − γ2p − 1)(λβp−λβ/p)(Γ(ν − γ2))λβ

)
·
(∫ x

x0

(w − x0)(λβνp−λβγ2p−λβ/p−λν)dw

)((p−λν)/p)

=
{(

(p − 1)(λβp−λβ/p)

(νp − γ2p − 1)(λβp−λβ/p)(Γ(ν − γ2))λβ

)
·
(

(p − λν)(p−λν/p)

(λβνp − λβγ2p − λβ + p − λν)((p−λν)/p)

)}
·(x − x0)(λβνp−λβγ2p−λβ+p−λν/p).

�

Corollary 6.13. (to Theorem 6.6; λα = 0, p(t) = q(t) = 1, λβ = λν = 1,
p = 2). In detail:

Let ν ≥ 1, γ1, γ2 ≥ 0, such that ν − γ1 ≥ 1, ν − γ2 ≥ 1, and f1,
f2 ∈ Cν

x0
([a, b]) with f

(i)
1 (x0) = f

(i)
2 (x0) = 0, i = 0, 1, . . . , n − 1, n := [ν].

Here x, x0 ∈ [a, b] : x ≥ x0. Then∫ x

x0

[|(Dγ2
x0

f2)(w)| |(Dν
x0

f1)(w)| + |(Dγ2
x0

f1)(w)| |(Dν
x0

f2)(w)|] dw

≤
(

(x − x0)(ν−γ2)√
2Γ(ν − γ2)

√
ν − γ2

√
2ν − 2γ2 − 1

)

·
(∫ x

x0

(
((Dν

x0
f1)(w))2 + ((Dν

x0
f2(w))2

)
dw

)
, (6.60)

all x0 ≤ x ≤ b.

Proof. We apply Corollary 6.12. Here δ
λν/p
3 = 1, 2p−λν/p =

√
2,(

λν

λβ + λν

)λν/p

=
1√
2

.

Furthermore we have

(A0(x)|λα=0) =

(
(x − x0)(ν−γ2)√

2 Γ(ν − γ2)
√

ν − γ2

√
2ν − 2γ2 − 1

)
.
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Finally we get

C2(x) =

(
(x − x0)(ν−γ2)√

2 Γ(ν − γ2)
√

ν − γ2

√
2ν − 2γ2 − 1

)
. �

Corollary 6.14. (to Theorem 6.7; λα = λβ = λν = 1, p = 3, p(t) =
q(t) = 1).

It holds ∫ x

x0

[[|(Dγ1
x0

f1)(w)||(Dγ2
x0

f2)(w)||(Dν
x0

f1)(w)|

+|(Dγ2
x0

f1)(w)||(Dγ1
x0

f2)(w)||(Dν
x0

f2)(w)|]dw ≤ A0(x)(
3
√

2 +
1
3
√

6

)
·
(∫ x

x0

(|(Dν
x0

f1)(w)|3 + |(Dν
x0

f2)(w)|3)dw

)
, (6.61)

all x0 ≤ x ≤ b. Here
A0(x) =

4(x − x0)(2ν−γ1−γ2)

Γ(ν − γ1)Γ(ν − γ2)[3(3ν − 3γ1 − 1)(3ν − 3γ2 − 1)(2ν − γ1 − γ2)]2/3
.

(6.62)

Proof. We apply inequality (6.34). Here γ̃1 = 3, γ̃2 = 1, and(
λν

(λα + λβ)(λα + λβ + λν)

)λν/p

=
1
3
√

6
.

Furthermore (
λλν/p

α γ̃2 + 2(p−λν)/p(γ̃1λβ)λν/p
)

= 1 + 3
√

12.

The product of the last two quantities is ( 3
√

2 + 1/ 3
√

6). It still remains to
find A0(x) for this case.

Here by (6.17),

A0(x) =
(∫ x

x0

A(w)3/2dw

)2/3

,

and by (6.16),

A(w) =
(P1(w))2/3(P2(w))2/3

Γ(ν − γ1)Γ(ν − γ2)
.

Also by (6.15) we have for k = 1, 2,

Pk(w) =
∫ w

x0

(w − t)((3ν−3γk−3)/2)dt.
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That is,

Pk(w) =
2(w − x0)3ν−3γk−1/2

(3ν − 3γk − 1)
, k = 1, 2,

and

A(w) =
24/3(w − x0)(6ν−3γ1−3γ2−2/3)

Γ(ν − γ1)Γ(ν − γ2)(3ν − 3γ1 − 1)2/3(3ν − 3γ2 − 1)2/3
.

Finally we find

A0(x) =
(

24/3

Γ(ν − γ1)Γ(ν − γ2)(3ν − 3γ1 − 1)2/3(3ν − 3γ2 − 1)2/3

)
·
(∫ x

x0

(w − x0)((6ν−3γ1−3γ2−2)/2)dw

)2/3

=
4 · (x − x0)(2ν−γ1−γ2)

Γ(ν − γ1)Γ(ν − γ2)
1

[3(3ν − 3γ1 − 1)(3ν − 3γ2 − 1)(2ν − γ1 − γ2)]2/3
.

�

Corollary 6.15. (to Theorem 6.8; λα = 1, λα+1 = 1/2, p = 3/2, p(t) =
q(t) = 1). In detail:

Let ν ≥ 2 and γ1 ≥ 0 such that ν − γ1 ≥ 2. Let f1, f2 ∈ Cν
x0

([a, b]) with
f

(i)
1 (x0) = f

(i)
2 (x0) = 0, i = 0, 1, . . . , n−1, n := [ν]. Here x, x0 ∈ [a, b] : x ≥

x0. Then ∫ x

x0

[
|(Dγ1

x0
f1)(w)|

√
|(Dγ1+1

x0 f2)(w)|+

|(Dγ1
x0

f2)(w)|
√

|(Dγ1+1
x0 f1)(w)|

]
dw

≤ Φ(x) ·
[∫ x

x0

(|(Dν
x0

f1)(w)|3/2 + |(Dν
x0

f2)(w)|3/2)dw

]
, (6.63)

all x0 ≤ x ≤ b. Here we find

Φ(x) =
(

2√
3ν − 3γ1 − 2

)
(x − x0)((3ν−3γ1−1)/2)

(Γ(ν − γ1))3/2
. (6.64)

Proof. We apply inequality (6.45). Here ω1 =
√

2; that is, Φ(x) =
√

2 ·
T (x), and θ3 = 3. Furthermore we find L(x) =

√
2(x − x0), and

P1(x) =
(x − x0)(3ν−3γ1−2)

(3ν − 3γ1 − 2)
.



90 6. Canavati Fractional Derivatives of Two Functions

Thus

T (x) =
√

2(x − x0) ·
(

(x − x0)(3ν−3γ1−2/3)

3
√

(3ν − 3γ1 − 2)Γ(ν − γ1)

)3/2

=
√

2 · (x − x0)(3ν−3γ1−1/2)

(Γ(ν − γ1))3/2 · √3ν − 3γ1 − 2
.

�

Corollary 6.16. (to Theorem 6.9; p = 2(λα + λν) > 1, p(t) = q(t) = 1).
It holds ∫ x

x0

[|(Dγ1
x0

f1)(w)|λα |(Dγ2
x0

f2)(w)|λα+λν |(Dν
x0

f1)(w)|λν

+|(Dγ2
x0

f1)(w)|λα+λν |(Dγ1
x0

f2)(w)|λα |(Dν
x0

f2)(w)|λν ]dw

≤ T̃ (x)
(∫ x

x0

[
(|(Dν

x0
f1)(w)|2(λα+λν) + (|(Dν

x0
f2)(w)|)2(λα+λν)

]
dw

)
,

(6.65)
all x0 ≤ x ≤ b. Here

T̃ (x) = A0(x)
(

λν

2(λα + λν)

)λν/2(λα+λν)

, (6.66)

and
A0(x) = σσ∗(x − x0)θ, (6.67)

where
σ :=

1
(Γ(ν − γ1))λα(Γ(ν − γ2))λα+λν

·
(

2λα + 2λν − 1
2λαν + 2λνν − 2λαγ1 − 2λνγ1 − 1

)(2λ2
α+2λαλν−λα)/(2λα+2λν)

·
(

2λα + 2λν − 1
2λαν + 2λνν − 2λαγ2 − 2λνγ2 − 1

)((2λα+2λν−1)/2)

(6.68)

σ∗ :=
[
(2λα + λν)

(
4λ2

αν + 6λαλνν − 2λ2
αγ1−

−2λαλνγ1 − 2λ2
αγ2 − 4λαλνγ2 + 2λ2

νν − 2λ2
νγ2

)−1
]((2λα+λν)/2(λα+λν))

,

(6.69)
and

θ :=(
4λ2

αν + 6λαλνν − 2λ2
αγ1 − 2λαλνγ1 − 2λ2

αγ2 − 4λαλνγ2 + 2λ2
νν − 2λ2

νγ2

2λα + 2λν

)
.

(6.70)



6.3 Main Results 91

Proof. We apply inequality (6.52). The constant T̃ (x) comes from (6.51)
and the assumption on p here. Still we need to determine A0(x). Here from
(6.17) we have

A0(x) =
(∫ x

x0

(A(w))2(λα+λν)/2λα+λν dw

)(2λα+λν)/2(λα+λν)

,

where from (6.16) we find

A(w) =
(P1(w))λα(2λα+2λν−1/2λα+2λν)(P2(w))((2λα+2λν−1)/2)

(Γ(ν − γ1))λα(Γ(ν − γ2))λα+λν
,

and from (6.15) we find for k = 1, 2,

Pk(w) =
∫ w

x0

(w − t)(ν−γk−1)((2λα+2λν)/2λα+2λν−1)dt.

Hence for k = 1, 2,

Pk(w) =
(2λα + 2λν − 1)(w − x0)((2λαν+2λνν−2λαγk−2λνγk−1)/(2λα+2λν−1))

(2λαν + 2λνν − 2λαγk − 2λνγk − 1)
,

and

A(w) = σ(w − x0)

⎛⎝ 4λ2
αν + 6λαλνν − 2λ2

αγ1 − 2λ2
αγ2 − 2λαλνγ1

− 4λαλνγ2 − 2λ2
νγ2 + 2λ2

νν − 2λα − λν

⎞⎠/(2λα+2λν)

.

Finally we obtain
A0(x) = σ·⎛⎜⎜⎜⎜⎜⎜⎝

∫ x

x0

(w − x0)

(
4λ2

αν + 6λαλνν − 2λ2
αγ1 − 2λ2

αγ2 − 2λαλνγ1

− 4λαλνγ2 − 2λ2
νγ2 + 2λ2

νν − 2λα − λν

)
(2λα + λν) dw

⎞⎟⎟⎟⎟⎟⎟⎠

(2λα+λν )
2(λα+λν )

= σσ∗(x − x0)θ.

�

Corollary 6.17. (to Theorem 6.9; p = 4, λα = λν = 1, p(t) = q(t) = 1).
It holds ∫ x

x0

[|(Dγ1
x0

f1)(w)|((Dγ2
x0

f2)(w))2|(Dν
x0

f1)(w)|+

((Dγ2
x0

f1)(w))2|(Dγ1
x0

f2)(w)| |(Dν
x0

f2)(w)|] dw
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≤ T ∗(x)
(∫ x

x0

(((Dν
x0

f1)(w))4 + ((Dν
x0

f2)(w))4)dw

)
, (6.71)

all x0 ≤ x ≤ b. Here

T ∗(x) =
Ã0(x)√

2
, (6.72)

and
Ã0(x) = σ̃ σ̃∗(x − x0)θ̃, (6.73)

where

σ̃ :=
1

Γ(ν − γ1)(Γ(ν − γ2))2
·
(

3
4ν − 4γ1 − 1

)3/4

·
(

3
4ν − 4γ2 − 1

)3/2

,

(6.74)

σ̃∗ :=
(

3
12ν − 4γ1 − 8γ2

)3/4

, (6.75)

and
θ̃ := 3ν − γ1 − 2γ2. (6.76)

Proof. By Corollary 6.16. �

We continue with related results regarding the sup-norm ‖ · ‖∞.

Theorem 6.18. Let ν ≥ 1, γ1, γ2 ≥ 0, such that ν − γ1 ≥ 1, ν − γ2 ≥ 1,
and f1, f2 ∈ Cν

x0
([a, b]) with f

(i)
1 (x0) = f

(i)
2 (x0) = 0, i = 0, 1, . . . , n − 1,

n := [ν]. Here x, x0 ∈ [a, b] : x ≥ x0. Consider p(x) ≥ 0 a continuous
function on [x0, b]. Let λα, λβ, λν ≥ 0. Set

ρ(x) :=
(x − x0)

(νλα−γ1λα+νλβ−γ2λβ+1)‖p(x)‖∞
(νλα − γ1λα + νλβ − γ2λβ + 1)(Γ(ν − γ1 + 1))λα(Γ(ν − γ2 + 1))λβ

.

(6.77)

Then ∫ x

x0

p(w)
[|(Dγ1

x0
f1)(w)|λα |(Dγ2

x0
f2)(w)|λβ |(Dν

x0
f1)(w)|λν

+|(Dγ2
x0

f1)(w)|λβ |(Dγ1
x0

f2)(w)|λα |(Dν
x0

f2)(w)|λν
]
dw

≤ ρ(x)

2

[
‖Dν

x0f1‖2(λα+λν)
∞ + ‖Dν

x0f1‖2λβ∞ + ‖Dν
x0f2‖2λβ∞ + ‖Dν

x0f2‖2(λα+λν)
∞

]
,

(6.78)

all x0 ≤ x ≤ b.

Proof. From (6.13) we get for j = 1, 2; k = 1, 2, that

|(Dγk
x0

fj)(w)| ≤ 1
Γ(ν − γk)

(∫ w

x0

(w − t)ν−γk−1dt

)
‖Dν

x0
fj‖∞

=
1

Γ(ν − γk)
(w − x0)ν−γk

(ν − γk)
‖Dν

x0
fj‖∞.
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That is,

|(Dγk
x0

fj)(w)| ≤ (w − x0)(ν−γk)

Γ(ν − γk + 1)
‖Dν

x0
fj‖∞, (6.79)

all x0 ≤ w ≤ b. Then we have

|(Dγ1
x0

f1)(w)|λα ≤ (w − x0)(ν−γ1)λα

(Γ(ν − γ1 + 1))λα
‖Dν

x0
f1‖λα∞ , (6.80)

|(Dγ2
x0

f2)(w)|λβ ≤ (w − x0)(ν−γ2)λβ

(Γ(ν − γ2 + 1))λβ
‖Dν

x0
f2‖λβ∞ , (6.81)

|(Dν
x0

f1)(w)|λν ≤ ‖Dν
x0

f1‖λν∞ . (6.82)

Multiplying (6.80) through (6.82) we obtain

|(Dγ1
x0

f1)(w)|λα |(Dγ2
x0

f2)(w)|λβ |(Dν
x0

f1)(w)|λν

≤ (w − x0)(νλα−γ1λα+νλβ−γ2λβ)

(Γ(ν − γ1 + 1))λα(Γ(ν − γ2 + 1))λβ
‖Dν

x0
f1‖λα+λν∞ ‖Dν

x0
f2‖λβ∞ . (6.83)

Similarly we observe

|(Dγ2
x0

f1)(w)|λβ ≤ (w − x0)(ν−γ2)λβ

(Γ(ν − γ2 + 1))λβ
‖Dν

x0
f1‖λβ∞ , (6.84)

|(Dγ1
x0

f2)(w)|λα ≤ (w − x0)(ν−γ1)λα

(Γ(ν − γ1 + 1))λα
‖Dν

x0
f2‖λα∞ , (6.85)

|(Dν
x0

f2)(w)|λν ≤ ‖Dν
x0

f2‖λν∞ . (6.86)

Multiplying (6.84) through (6.86) we find

|(Dγ2
x0

f1)(w)|λβ |(Dγ1
x0

f2)(w)|λα |(Dν
x0

f2)(w)|λν

≤ (w − x0)(νλβ−γ2λβ+νλα−γ1λα)

(Γ(ν − γ2 + 1))λβ (Γ(ν − γ1 + 1))λα
‖Dν

x0
f1‖λβ∞ ‖Dν

x0
f2‖λα+λν∞ . (6.87)

Adding (6.83) and (6.87) we have

|(Dγ1
x0

f1)(w)|λα |(Dγ2
x0

f2)(w)|λβ |(Dν
x0

f1)(w)|λν

+|(Dγ2
x0

f1)(w)|λβ |(Dγ1
x0

f2)(w)|λα |(Dν
x0

f2)(w)|λν

≤ (w − x0)(νλα−γ1λα+νλβ−γ2λβ)

(Γ(ν − γ1 + 1))λα(Γ(ν − γ2 + 1))λβ

·
[
‖Dν

x0
f1‖λα+λν∞ ‖Dν

x0
f2‖λβ∞ + ‖Dν

x0
f1‖λβ∞ ‖Dν

x0
f2‖λα+λν∞

]
. (6.88)
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It follows that∫ x

x0

p(w)[|(Dγ1
x0

f1)(w)|λα |(Dγ2
x0

f2)(w)|λβ |(Dν
x0

f1)(w)|λν

+|(Dγ2
x0

f1)(w)|λβ |(Dγ1
x0

f2)(w)|λα |(Dν
x0

f2)(w)|λν ]dw

≤ ‖p(x)‖∞
∫ x

x0
(w − x0)(νλα−γ1λα+νλβ−γ2λβ)dw

(Γ(ν − γ1 + 1))λα(Γ(ν − γ2 + 1))λβ

·
[
‖Dν

x0
f1‖λα+λν∞ ‖Dν

x0
f2‖λβ∞ + ‖(Dν

x0
f1‖λβ∞ ‖Dν

x0
f2‖λα+λν∞

]
≤ ρ(x)

2

[
‖Dν

x0
f1‖2(λα+λν)

∞ + ‖Dν
x0

f1‖2λβ∞ + ‖Dν
x0

f2‖2λβ∞ + ‖Dν
x0

f2‖2(λα+λν)
∞

]
.

We have established (6.78). �

Some special cases to the last theorem follow.

Theorem 6.19. (as in Theorem 6.18; λβ = 0).
It holds ∫ x

x0

p(w)
[|(Dγ1

x0
f1)(w)|λα |(Dν

x0
f1)(w)|λν +

|(Dγ1
x0

f2)(w)|λα |(Dν
x0

f2)(w)|λν
]
dw

≤
(

(x − x0)(νλα−γ1λα+1)‖p(x)‖∞
(νλα − γ1λα + 1)(Γ(ν − γ1 + 1))λα

)
· [‖Dν

x0
f1‖λα+λν∞ + ‖Dν

x0
f2‖λα+λν∞ ], (6.89)

all x0 ≤ x ≤ b.

Proof. As in Theorem 6.18, similarly. �

Theorem 6.20. (as in Theorem 6.18; λβ = λα + λν).
It holds∫ x

x0

p(w)[|(Dγ1
x0

f1)(w)|λα |(Dγ2
x0

f2)(w)|λα+λν |(Dν
x0

f1)(w)|λν

+|(Dγ2
x0

f1)(w)|λα+λν |(Dγ1
x0

f2)(w)|λα |(Dν
x0

f2)(w)|λν ]dw

≤
(

(x − x0)(2νλα−γ1λα+νλν−γ2λα−γ2λν+1

(2νλα − γ1λα + νλν − γ2λα − γ2λν + 1)

· ‖p(x)‖∞
(Γ(ν − γ1 + 1))λα(Γ(ν − γ2 + 1))λα+λν

)
·
(
‖Dν

x0
f1‖2(λα+λν)

∞ + ‖(Dν
x0

f2)‖2(λα+λν)
∞

)
, all x0 ≤ x ≤ b. (6.90)



6.3 Main Results 95

Proof. As in Theorem 6.18, similarly. �

Theorem 6.21. (as in Theorem 6.18; λν = 0, λα = λβ).
It holds ∫ x

x0

p(w)
[|(Dγ1

x0
f1)(w)|λα |(Dγ2

x0
f2)(w)|λα+

|(Dγ2
x0

f1)(w)|λα |(Dγ1
x0

f2)(w)|λα
]
dw

≤ ρ∗(x)[‖Dν
x0

f1‖2λα∞ + ‖Dν
x0

f2‖2λα∞ ], all x0 ≤ x ≤ b. (6.91)

Here

ρ∗(x) :=
(

(x − x0)(2νλα−γ1λα−γ2λα+1) · ‖p(x)‖∞
(2νλα − γ1λα − γ2λα + 1)(Γ(ν − γ1 + 1))λα(Γ(ν − γ2 + 1))λα

)
.

(6.92)

Proof. As in Theorem 6.18, when λν = 0, we follow the proof and we
obtain ∫ x

x0

p(w)
[|(Dγ1

x0
f1)(w)|λα |(Dγ2

x0
f2)(w)|λβ +

|(Dγ2
x0

f1)(w)|λβ |(Dγ1
x0

f2)(w)|λα
]
dw

≤ ρ(x)[‖Dν
x0

f1‖λα∞ ‖Dν
x0

f2‖λβ∞ + ‖Dν
x0

f1‖λβ∞ ‖Dν
x0

f2‖λα∞ ], (6.93)

all x0 ≤ x ≤ b, which inequality is by itself of interest. Then setting λα = λβ

into (6.93) and (6.77) we derive (6.91). �

Theorem 6.22. (as in Theorem 6.18; λα = 0, λβ = λν).
It holds ∫ x

x0

p(w)
[|(Dγ2

x0
f2)(w)|λβ |(Dν

x0
f1)(w)|λβ +

(Dγ2
x0

f1)(w)|λβ |(Dν
x0

f2)(w)|λβ
]
dw

≤
(

(x − x0)(νλβ−γ2λβ+1) · ‖p(x)‖∞
(νλβ − γ2λβ + 1)(Γ(ν − γ2 + 1))λβ

)
·

[‖(Dν
x0

f1)‖2λβ∞ + ‖(Dν
x0

f2)‖2λβ∞ ], (6.94)

all x0 ≤ x ≤ b.

Proof. Again we follow the proof of Theorem 6.18. �

Corollary 6.23. (to Theorem 6.21; all are as in Theorem 6.18; λν = 0,
λα = λβ , γ2 = γ1 + 1).

It holds ∫ x

x0

p(w)
[|(Dγ1

x0
f1)(w)|λα |(Dγ1+1

x0
f2)(w)|λα+
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|(Dγ1+1
x0

f1)(w)|λα |(Dγ1
x0

f2)(w)|λα
]
dw

≤
(

(x − x0)(2νλα−2γ1λα−λα+1)‖p(x)‖∞
(2νλα − 2γ1λα − λα + 1)(ν − γ1)λα(Γ(ν − γ1))2λα

)
· [‖Dν

x0
f1‖2λα∞ + ‖Dν

x0
f2‖2λα∞ ], all x0 ≤ x ≤ b. (6.95)

Proof. Obvious. �

Corollary 6.24. (to Corollary 6.23). In detail :
Let ν ≥ 2, γ1 ≥ 0 such that ν − γ1 ≥ 2 and f1, f2 ∈ Cν

x0
([a, b]) with

f
(i)
1 (x0) = f

(i)
2 (x0) = 0, i = 0, 1, . . . , n−1, n := [ν]. Here x, x0 ∈ [a, b] : x ≥

x0. Then ∫ x

x0

[|(Dγ1
x0

f1)(w)||(Dγ1+1
x0

f2)(w)|+

|(Dγ1+1
x0

f1)(w)| |(Dγ1
x0

f2)(w)|] dw

≤
(

(x − x0)2(ν−γ1)

2(ν − γ1)2(Γ(ν − γ1))2

)
[‖Dν

x0
f1‖2

∞ + ‖Dν
x0

f2‖2
∞], all x0 ≤ x ≤ b. (6.96)

Proof. Obvious. �

Proposition 6.25. Inequality (6.96) is sharp, in fact it is attained when
f1 = f2.

Proof. Clearly (6.96) collapses to∫ x

x0

|(Dγ1
x0 f1)(w)| |(Dγ1+1

x0 f1)(w)|dw ≤
(

(x − x0)
2(ν−γ1)

2(ν − γ1)
2(Γ(ν − γ1))

2

)
‖Dν

x0f1‖2
∞,

(6.97)

all x0 ≤ x ≤ b.
In [17], see Propositions 9 and 10; there we proved that (6.97) is sharp.

In fact it is attained. �

6.4 Applications

We present a uniqueness of solution result for a system of fractional differ-
ential equations.
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Theorem 6.26. Let ν ≥ 1, γi ≥ 0, ν−γi ≥ 1, i = 1, . . . , r ∈ N, n := [ν],
fj ∈ Cν

a ([a, b]), j = 1, 2; f
(i)
j (a) = aij ∈ R, i = 0, 1, . . . , n− 1. Furthermore

we have for j = 1, 2 that

(Dν
afj)(t) = Fj (t, {(Dγi

a f1)(t)}r
i=1, {(Dγi

a f2)(t)}r
i=1) , all t ∈ [a, b]. (6.98)

Here Fj are continuous functions on [a, b] × R
r × R

r, and satisfy the
Lipschitz condition

|Fj(t, z1, . . . , zr, y1, . . . , yr) − Fj(t, z′1, . . . , z
′
r, y

′
1, . . . , y

′
r)|

≤
r∑

i=1

[q1,i,j(t)|zi − z′i| + q2,i,j(t)|yi − y′
i|], j = 1, 2, (6.99)

where q1,i,j(t), q2,i,j(t) ≥ 0, 1 ≤ i ≤ r are continuous functions over [a, b].
Call

M1,i := max(‖q1,i,1‖∞, ‖q2,i,2‖∞) and M2,i := max(‖q2,i,1‖∞, ‖q1,i,2‖∞).
(6.100)

Assume here that

φ∗(b) :=
r∑

i=1

(
M1,i

2
+

M2,i√
2

)
·
(

(b − a)ν−γi

Γ(ν − γi)
√

ν − γi

√
2ν − 2γi − 1

)
< 1.

(6.101)
Then if the system (6.98) has two pairs of solutions (f1, f2) and (f∗

1 , f∗
2 )

we prove that fj = f∗
j , j = 1, 2; that is, we have uniqueness of solution.

Proof. Assume there are two pairs of solutions (f1, f2), (f∗
1 , f∗

2 ) to sys-
tem (6.98). Set gj := fj − f∗

j , j = 1, 2. Then g
(i)
j = f

(i)
j − f

∗(i)
j and

g
(i)
j (a) = 0, i = 0, 1, . . . , n − 1; j = 1, 2. It holds

(Dν
agj)(t) = Fj(t, {(Dγi

a f1)(t)}r
i=1, {(Dγi

a f2)(t)}r
i=1)

−Fj(t, {(Dγi
a f∗

1 )(t)}r
i=1, {(Dγi

a f∗
2 )(t)}r

i=1).

Hence by (6.99) we have

|(Dν
agj)(t)| ≤

r∑
i=1

[q1,i,j(t)|(Dγi
a g1)(t)| + q2,i,j(t)|(Dγi

a g2)(t)|].

Thus

|(Dν
agj)(t)| ≤

r∑
i=1

[‖q1,i,j‖∞|(Dγi
a g1)(t)| + ‖q2,i,j‖∞|(Dγi

a g2)(t)|].

The last implies that

|(Dν
agj)(t)|2 ≤

r∑
i=1

[‖q1,i,j‖∞|(Dγi
a g1)(t)||(Dν

agj)(t)|

+‖q2,i,j‖∞|(Dγi
a g2)(t)| |(Dν

agj)(t)|.
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Consequently we observe

I :=
∫ b

a

(((Dν
ag1)(t))2 + ((Dν

ag2)(t))2)dt

≤
r∑

i=1

[
‖q1,i,1‖∞

∫ b

a

|(Dγi
a g1)(t)| |(Dν

ag1)(t)|dt+

‖q2,i,1‖∞
∫ b

a

|(Dγi
a g2)(t)| |(Dν

ag1)(t)|dt

]

+
r∑

i=1

[
‖q1,i,2‖∞

∫ b

a

|(Dγi
a g1)(t)| |(Dν

ag2)(t)|dt+

‖q2,i,2‖∞
∫ b

a

|(Dγi
a g2)(t)| |(Dν

ag2)(t)|dt

]

≤
r∑

i=1

M1,i

∫ b

a

[|(Dγi
a g1)(t)| |(Dν

ag1)(t)| + |(Dγi
a g2)(t)| |(Dν

ag2)(t)|]dt

+
r∑

i=1

M2,i

∫ b

a

[|(Dγi
a g2)(t)| |(Dν

ag1)(t)| + |(Dγi
a g1)(t)| |(Dν

ag2)(t)|]dt =: (∗).

However by Corollary 6.11 we obtain∫ b

a

[|(Dγi
a g1)(t)| |(Dν

ag1)(t)| + |(Dγi
a g2)(t)| |(Dν

ag2)(t)|]dt

≤
(

(b − a)ν−γi

2Γ(ν − γi)
√

ν − γi

√
2ν − 2γi − 1

)
· I. (6.102)

Also by Corollary 6.13 we find∫ b

a

[|(Dγi
a g2)(t)| |(Dν

ag1)(t)| + |(Dγi
a g1)(t)| |(Dν

ag2)(t)|]dt

≤
(

(b − a)ν−γi√
2Γ(ν − γi)

√
ν − γi

√
2ν − 2γi − 1

)
· I. (6.103)

Therefore by (6.102) and (6.103) we find

(∗) ≤
r∑

i=1

[
M1,i

(
(b − a)ν−γi

2Γ(ν − γi)
√

ν − γi

√
2ν − 2γi − 1

)
· I

+M2,i

(
(b − a)ν−γi√

2Γ(ν − γi)
√

ν − γi

√
2ν − 2γi − 1

)
· I
]

= φ∗(b)I.
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We have established that

I ≤ φ∗(b)I. (6.104)

If I = 0 then φ∗(b) ≥ 1, a contradiction by the assumption (6.101) that
φ∗(b) < 1. Therefore I = 0, implying that

((Dν
ag1)(t))2 + ((Dν

ag2)(t))2 = 0, a.e. [a, b].

That is,
((Dν

ag1)(t))2 = 0, ((Dν
ag2)(t))2 = 0, a.e. [a, b].

That is,
(Dν

ag1)(t) = 0, (Dν
ag2)(t) = 0, a.e. [a, b].

But for j = 1, 2 we get that

g
(i)
j (a) = 0, 0 ≤ i ≤ n − 1.

Hence from fractional Taylor’s Theorem 6.1 (see (6.7)) we find that gj(t) =
0 on [a, b]. That is fj ≡ f∗

j , j = 1, 2, proving the uniqueness claim of the
theorem. �

Next we give upper bounds on Dν
afj , solutions fj , and so on, all involved

in a system of fractional differential equations.

Theorem 6.27. Let ν ≥ 1, γi ≥ 0, ν−γi ≥ 1, i = 1, . . . , r ∈ N, n := [ν],
fj ∈ Cν

a ([a, b]), j = 1, 2; f
(i)
j (a) = 0, i = 0, 1, . . . , n − 1, and

(Dν
afj)(a) = Aj ∈ R.

Furthermore for a ≤ t ≤ b we have holding the system of fractional differ-
ential equations

(Dν
afj)′(t) = Fj(t, {(Dγi

a f1)(t)}r
i=1, (D

ν
af1)(t), {(Dγi

a f2)(t)}r
i=1, (D

ν
af2)(t)),

(6.105)
for j = 1, 2. Here Fj are continuous functions on [a, b]×R

r+1 ×R
r+1 such

that

|Fj (t, x1, x2, . . . , xr, xr+1, y1, . . . , yr, yr+1) |

≤
r∑

i=1

[q1,i,j(t)|xi| + q2,i,j(t)|yi|], (6.106)

where q1,i,j(t), q2,i,j(t) ≥ 0, 1 ≤ i ≤ r, j = 1, 2 , are continuous functions
on [a, b]. Call

M1,i := max(‖q1,i,1‖∞, ‖q2,i,2‖∞), and M2,i := max(‖q2,i,1‖∞, ‖q1,i,2‖∞).
(6.107)
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Also we set (a ≤ x ≤ b)

θ(x) := ((Dν
af1)(x))2 + ((Dν

af2)(x))2, (6.108)
ρ := A2

1 + A2
2, (6.109)

Q(x) :=
r∑

i=1

(M1,i +
√

2M2,i) ·(
(x − a)ν−γi

Γ(ν − γi)
√

ν − γi

√
2ν − 2γi − 1

)
, (6.110)

and

χ(x) :=
√

ρ·
{

1 + Q(x) · e(
∫ x

a
Q(s)ds)

[∫ x

a

(
e−(

∫ t
a

Q(s)ds)
)

dt

]}1/2

. (6.111)

Then √
θ(x) ≤ χ(x), a ≤ x ≤ b. (6.112)

Consequently it holds

|(Dν
afj)(x)| ≤ χ(x), (6.113)

|fj(x)| ≤ 1
Γ(ν)

∫ x

a

(x − t)ν−1χ(t)dt, (6.114)

for j = 1, 2, a ≤ x ≤ b. Also it holds that

|(Dγi
a fj)(x)| ≤ 1

Γ(ν − γi)

∫ x

a

(x − t)ν−γi−1χ(t)dt, (6.115)

for j = 1, 2; i = 1, . . . , r, a ≤ x ≤ b.

Proof. We see that

(Dν
afj)(t) · (Dν

afj)′(t) = (Dν
afj)(t) · Fj(t, {(Dγi

a f1)(t)}r
i=1, (D

ν
af1)(t),

{(Dγi
a f2)(t)}r

i=1, (D
ν
af2)(t)), all a ≤ x ≤ b.

We then integrate the last equality∫ x

a

(Dν
afj)(t) · ((Dν

afj)′(t))dt

=
∫ x

a

(Dν
afj)(t) · Fj(t, {(Dγi

a f1)(t)}r
i=1,

(Dν
af1)(t), {(Dγi

a f2)(t)}r
i=1, (D

ν
af2)(t))dt.
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Hence we find

((Dν
afj)(t))2

2
|xa ≤

∫ x

a

|(Dν
afj)(t)| |Fj · · · |dt

≤
∫ x

a

|(Dν
afj)(t)|[

r∑
i=1

{q1,i,j(t)|(Dγi
a f1)(t)| + q2,i,j(t)|(Dγi

a f2)(t)|}
]

dt

≤
r∑

i=1

{
‖q1,i,j‖∞

∫ x

a

|(Dν
afj)(t)| |(Dγi

a f1)(t)|dt

+ ‖q2,i,j‖∞
∫ x

a

|(Dν
afj)(t)| |(Dγi

a f2)(t)|dt

}
.

Thus we obtain

((Dν
αfj)(x))2 ≤ A2

j + 2
r∑

i=1

{
‖q1,i,j‖∞ ·

∫ x

a

|(Dν
afj)(t)| |(Dγi

a f1)(t)dt

+ ‖q2,i,j‖∞ ·
∫ x

a

|(Dν
afj)(t)| |(Dγi

a f2(t)|dt

}
.

Consequently we write

θ(x) ≤ ρ + 2
r∑

i=1{
M1,i

∫ x

a

[|(Dν
af1)(t)| |(Dγi

a f1)(t)| + |(Dν
af2)(t)| |(Dγi

a f2)(t)|]dt

+ M2,i

∫ x

a

[|(Dν
af2)(t)| |(Dγi

a f1)(t)| + |(Dν
af1)(t)| |(Dγi

a f2)(t)|]dt

}
(by (6.56), (6.60))

≤ ρ + 2
r∑

i=1{
M1,i

(
(x − a)(ν−γi)

2Γ(ν − γi)
√

ν − γi

√
2ν − 2γi − 1

)
·
(∫ x

a

θ(t)dt

)

+M2,i

(
(x − a)(ν−γi)√

2Γ(ν − γi)
√

ν − γi

√
2ν − 2γi − 1

)
·
(∫ x

a

θ(t)dt

)}

= ρ + Q(x)
∫ x

a

θ(t)dt.

That is, we get

θ(x) ≤ ρ + Q(x)
∫ x

a

θ(t)dt, (6.116)
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all a ≤ x ≤ b. Here ρ ≥ 0, Q(x) ≥ 0, Q(a) = 0, θ(x) ≥ 0, all a ≤ x ≤ b.
Solving the integral inequality (6.116), exactly as in [17] (see pp. 224–225,
Application 3.2 and inequalities (44), (47) there) we find that√

θ(x) ≤ χ(x), a ≤ x ≤ b.

Then (6.113) is obvious.
Next from (6.9) we have

|fj(x)| ≤ 1
Γ(ν)

∫ x

a

(x − t)ν−1|Dν
afj(t)|dt ≤ 1

Γ(ν)

∫ x

a

(x − t)ν−1χ(t)dt,

all a ≤ x ≤ b, j = 1, 2, proving (6.114).
Finally from (6.13) we find

|(Dγi
a fj)(x)| ≤ 1

Γ(ν − γi)

∫ x

a

(x − t)ν−γi−1|(Dν
afj)(t)|dt

≤ 1
Γ(ν − γi)

∫ x

a

(x − t)ν−γi−1χ(t)dt,

all a ≤ x ≤ b, j = 1, 2, i = 1, . . . , r, proving (6.115). �

In the final application we give similar upper bounds to Theorem 6.27,
but under different conditions.

Theorem 6.28. Let a = b, ν ≥ 2, γi ≥ 0, ν − γi ≥ 1, i = 1, . . . , r ∈ N,
n := [ν], fj ∈ Cν

a ([a, b]), j = 1, 2; f
(i)
j (a) = 0, i = 0, 1, . . . , n − 1, and

(Dν
afj)(a) = Aj ∈ R.

Furthermore for a ≤ t ≤ b we have holding the system of fractional differ-
ential equations

(Dν
afj)′(t) = Fj(t, {(Dγi

a f1)(t)}r
i=1, (D

ν
af1)(t),

{(Dγi
a f2)(t)}r

i=1, (D
ν
af2)(t)), for j = 1, 2. (6.117)

For fixed i∗ ∈ {1, . . . , r} we assume that γi∗+1 = γi∗ + 1, and ν − γi∗ ≥ 2,
where γi∗ , γi∗+1 ∈ {γ1, . . . , γr}. Call k := γi∗ , γ := γi∗ +1 (i.e., γ = k+1).
Here Fj are continuous functions on [a, b] × R

r+1 × R
r+1 such that

|Fj(t, x1, . . . , xr, xr+1, y1, . . . , yr, yr+1)|
≤ q1,j(t)|xi∗ |

√
|yi∗+1| + q2,j(t)|yi∗ |

√
|xi∗+1|, (6.118)

where
q1,j , q2,j ≡ 0, q1,j(t), q2,j(t) ≥ 0
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are continuous functions over [a, b]. Put

M := max(‖q1,1‖∞, ‖q2,1‖∞, ‖q1,2‖∞, ‖q2,2‖∞), (6.119)

θ(x) := |(Dν
af1)(x)| + |(Dν

af2)(x)|, a ≤ x ≤ b, (6.120)

ρ := |A1| + |A2|. (6.121)

Also we define

Q(x) :=
(

4M√
3ν − 3k − 2

)
· (x − a)(

3ν−3k−1
2 )

(Γ(ν − k))3/2
, (6.122)

σ := ‖Q(x)‖∞, a ≤ x ≤ b. (6.123)

We assume that
(b − a)σ

√
ρ < 2. (6.124)

Call

ϕ̃(x) :=
(x − a) · (σ − Q(x)) · [σρ2(x − a) − 4ρ3/2] + 4ρ

(2 − σ
√

ρ(x − a))2
, (6.125)

all a ≤ x ≤ b. Then
θ(x) ≤ ϕ̃(x); (6.126)

in particular, it holds

|(Dν
afj)(x)| ≤ ϕ̃(x), j = 1, 2, (6.127)

all a ≤ x ≤ b. Furthermore we find

|fj(x)| ≤ 1
Γ(ν)

∫ x

a

(x − t)ν−1ϕ̃(t)dt, (6.128)

|(Dγi
a fj)(x)| ≤ 1

Γ(ν − γi)

∫ x

a

(x − t)ν−γi−1ϕ̃(t)dt, (6.129)

j = 1, 2, i = 1, . . . , r, all a ≤ x ≤ b.

Proof. For a ≤ x ≤ b we find∫ x

a

(Dν
afj)′(t)dt =

∫ x

a

Fj(t, {(Dγi
a f1)(t)}r

i=1,

(Dν
af1)(t), {(Dγi

a f2)(t)}r
i=1, (D

ν
af2)(t))dt.

That is,

(Dν
afj)(x) = Aj +

∫ x

a

Fj(t, . . .)dt.
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Then we observe

|(Dν
afj)(x)| ≤ |Aj | +

∫ x

a

|Fj(t, . . .)|dt

≤ |Aj | +
∫ x

a

[q1,j(t)|(Dk
af1)(t)|

√
|(Dk+1

a f2)(t)|

+q2,j(t)|(Dk
af2)(t)|

√
|(Dk+1

a f1)(t)|]dt

≤ |Aj | + M

(∫ x

a

[
|(Dk

af1)(t)|
√

|(Dk+1
a f2)(t)|+ .

|(Dk
af2)(t)|

√
|(Dk+1

a f1)(t)|
]

dt

)
.

Hence

θ(x) ≤ ρ + 2M
(∫ x

a

[
|(Dk

af1)(t)|
√

|(Dk+1
a f2)(t)|+

|(Dk
af2)(t)|

√
|(Dk+1

a f1)(t)|
]

dt

)
(by (6.63), (6.64))

≤ ρ +
(

4M√
3ν − 3k − 2

)
·
(

(x − a)((3ν−3k−1)/2)

(Γ(ν − k))3/2

)
·
(∫ x

a

(|(Dν
af1)(t)|3/2 + |(Dν

af2)(t)|3/2)dt

)
(6.24)

≤ ρ +
(

4M√
3ν − 3k − 2

)
·
(

(x − a)((3ν−3k−1)/2)

(Γ(ν − k))3/2

)
·
(∫ x

a

(|(Dν
af1)(t)| + |(Dν

af2)(t)|)3/2dt

)
.

We have proved that

θ(x) ≤ ρ + Q(x) ·
∫ x

a

(θ(t))3/2dt, (6.130)

all a ≤ x ≤ b. Notice that θ(x) ≥ 0, ρ ≥ 0, Q(x) ≥ 0, and Q(a) = 0; also it
is σ > 0.

Call

0 ≤ w(x) :=
∫ x

a

(θ(t))3/2dt, w(a) = 0, all a ≤ x ≤ b. (6.131)

That is,
w′(x) = (θ(x))3/2 ≥ 0,

and
θ(x) = (w′(x))2/3, all a ≤ x ≤ b. (6.132)
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Hence we rewrite (6.130) as follows,

(w′(x))2/3 ≤ ρ + Q(x)w(x), a ≤ x ≤ b. (6.133)

So that
(w′(x))2/3 ≤ ρ + σw(x) < ρ + ε + σw(x),

for ε > 0 arbitrarily small. Hence

w′(x) < (ρ + ε + σw(x))3/2, a ≤ x ≤ b.

Here (ρ + ε + σw(x))3/2 > 0. In particular it holds

w′(t) < (ρ + ε + σw(t))3/2, a ≤ t ≤ x,

and
w′(t)

(ρ + ε + σw(t))3/2
< 1. (6.134)

The last is the same as(
− 2

σ
(ρ + ε + σw(t))−1/2

)′
< 1.

Therefore after integration we have

−
∫ x

a

d((ρ + ε + σw(t))−1/2) ≤ σ

2
(x − a),

and
(ρ + ε + σw(t))−1/2|ax ≤ σ

2
(x − a).

That is,
(ρ + ε)−1/2 − (ρ + ε + σw(x))−1/2 ≤ σ

2
(x − a),

and
(ρ + ε)−1/2 − σ

2
(x − a) ≤ (ρ + ε + σw(x))−1/2.

That is,
2 − σ(ρ + ε)1/2(x − a)

2(ρ + ε)1/2
≤ 1

(ρ + ε + σw(x))1/2
. (6.135)

By assumption (6.124) we get

(x − a)σ
√

ρ < 2, all a ≤ x ≤ b.

Then for sufficiently small ε > 0 we still have

(x − a)σ(ρ + ε)1/2 < 2.
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That is,
2 − (x − a)σ(ρ + ε)1/2 > 0, all a ≤ x ≤ b. (6.136)

From (6.135) and (6.136) we get

(ρ + ε + σw(x))1/2 ≤ 2(ρ + ε)1/2

2 − σ(ρ + ε)1/2(x − a)
, all a ≤ x ≤ b. (6.137)

Solving (6.137) for w(x) we find

w(x) ≤
(

ρ + ε

σ

)[
4

(2 − σ(
√

ρ + ε)(x − a))2
− 1
]

, (6.138)

for ε > 0 sufficiently small and for all a ≤ x ≤ b.
Letting ε → 0 we obtain

w(x) ≤
( ρ

σ

)[ 4
(2 − σ

√
ρ(x − a))2

− 1
]

, (6.139)

for all a ≤ x ≤ b.
That is,

w(x) ≤ 4ρ3/2(x − a) − σρ2(x − a)2

(2 − σ
√

ρ(x − a))2
, (6.140)

for all a ≤ x ≤ b. Then by (6.130) and (6.140) we find

θ(x) ≤ ρ + Q(x)
[
4ρ3/2(x − a) − σρ2(x − a)2

(2 − σ
√

ρ(x − a))2

]
= ϕ̃(x), (6.141)

for all a ≤ x ≤ b. That is, (6.141) implies (6.126). Then by (6.120) and
(6.126), inequality (6.127) is obvious.

Finally by (6.9), (6.13), and (6.127), the inequalities (6.128) and (6.129)
are clear, respectively. �



7
Opial-Type Inequalities for Riemann–
Liouville Fractional Derivatives of Two
Functions with Applications

A wide variety of very general but basic Lp(1 ≤ p ≤ ∞)-form Opial-
type inequalities [315] is established involving Riemann–Liouville fractional
derivatives [17, 230, 295, 314] of two functions in different orders and
powers.

From the developed results are derived several other concrete results of
special interest. The sharpness of inequalities is established there. Finally
applications of some of these special inequalities are given in establish-
ing the uniqueness of solution and in giving upper bounds to solutions of
initial value fractional problems involving a very general system of two
fractional differential equations. Also upper bounds to various Riemann–
Liouville fractional derivatives of the solutions that are involved in the
above systems are presented. This treatment is based on [48].

7.1 Introduction

We start in Section 7.2 with background, we continue in Section 7.3 with
the main results, and we finish in Section 7.4 with the applications.

To give the reader a flavor of the kind of inequalities we are dealing with,
we briefly mention∫ x

0

q(w)[|(Dγ1f1)(w)|λα |(Dνf1)(w)|λν + |(Dγ1f2)(w)λα |(Dνf2)(w)|λν ]dw

G.A. Anastassiou, Fractional Differentiation Inequalities, 107
DOI 10.1007/978-0-387-98128-4 7, c© Springer Science+Business Media, LLC 2009



108 7. Riemann–Liouville Fractional Derivatives

≤ C(x, q(w), γ1, ν, λα, λν , p(w), p)

·
[∫ x

0

p(w)[|(Dνf1)(w)p + |(Dνf2)(w)|p]dw

]λα+λν/p

, x ≥ 0,

for functions f1, f2 ∈ L1(0, x); p(w), q(w), 1/p(w) ∈ L∞(0, x), all exponents
and orders are fractional, and so on. Here Dβf stands for the Riemann–
Liouville fractional derivative of order β ≥ 0. Furthermore one system of
fractional differential equations we are working on looks briefly like

(Dνfj) (t) = Fj (t, {(Dγif1)(t)}r
i=1 , {(Dγif2)(t)}r

i=1) all t ∈ [0, x],

for j = 1, 2, and with Dν−ifj(0) = dij ∈ R, i = 1, ..., n + 1, where n := [ν]
is the integral part of ν > 0, and so on.

7.2 Background

We need

Definition 7.1. (see [187, 295, 314]). Let α ∈ R+ − {0}. For any f ∈
L1(0, x); x ∈ R+ − {0}, the Riemann–Liouville fractional integral of f of
order α is defined by

(Jαf)(s) :=
1

Γ(α)

∫ s

0

(s − t)α−1f(t)dt, ∀s ∈ [0, x], (7.1)

and the Riemann–Liouville fractional derivative of f of order α by

Dαf(s) :=
1

Γ(m − a)

(
d

ds

)m ∫ s

0

(s − t)m−α−1f(t)dt, (7.2)

where m := [α] + 1, [·] is the integral part. In addition, we set D0f :=
f := J0f, J−αf = Dαf if α > 0, D−αf := Jαf , if 0 < α ≤ 1 . If α ∈ N,
then Dαf = f (α), the ordinary derivative.

Definition 7.2. [87]. We say that f ∈ L1(0, x) has an L∞ frac-
tional derivative Dαf in [0, x], x ∈ R+ − {0}, iff Dα−kf ∈ C([0, x]), k =
1, . . . , m := [α] + 1;α ∈ R+ − {0}, and Dα−1f ∈ AC([0, x]) (absolutely
continuous functions) and Dαf ∈ L∞(0, x).

We need
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Lemma 7.3. [187]. Let α ∈ R+, β > α, let f ∈ L1(0, x), x ∈ R+ − {0},
have an L∞ fractional derivative Dβf in [0, x],and let Dβ−kf(0) = 0 for
k = 1, . . . , [β] + 1. Then

Dαf(s) =
1

Γ(β − α)

∫ s

0

(s − t)β−α−1Dβf(t)dt,∀ s ∈ [0, x]. (7.3)

Here Dαf ∈ AC([0, x]) for β − α ≥ 1 and Dαf ∈ C([0, x]) for β − α ∈
(0, 1), hence Dαf ∈ L∞(0, x) and Dαf ∈ L1(0, x).

7.3 Main Results

We present our first main result.

Theorem 7.4. Let α1, α2 ∈ R+, β > α1, α2, β − αi > (1/p), p > 1, i =
1, 2 and let f1, f2 ∈ L1(0, x), x ∈ R+−{0} have, respectively, L∞ fractional
derivatives Dβf1, D

βf2 in [0,x], and let Dβ−kfi(0) = 0, for k = 1, . . . , [β]+
1; i = 1, 2. Consider also p(t) > 0 and q(t) ≥ 0, with all p(t), 1/p(t), q(t) ∈
L∞(0, x). Let λβ > 0 and λα1 , λα2 ≥ 0, such that λβ < p , where p > 1.
Put

Pi(s) :=
∫ s

0

(s − t)p(β−αi−1)/p−1(p(t))−1/(p−1) dt, i = 1, 2; 0 ≤ s ≤ x,

(7.4)

A(s) :=
q(s)(P1(s))λα1 (p−1/p)(P2(s))λα2 ((p−1)/p)(p(s))−λβ/p

(Γ(β − α1))λα1 (Γ(β − α2))λα2
(7.5)

A0(x) :=
(∫ x

0

(A(s))p/(p−λβ)ds

)(p−λβ)/p

, (7.6)

and

δ1 :=
{

21−((λα1+λβ)/p), if λα1 + λβ ≤ p,
1, if λα1 + λβ ≥ p.

(7.7)

If λα2 = 0, we obtain that∫ x

0

q(s)
[
|Dα1f1(s)|λα1

∣∣Dβf1(s)
∣∣λβ + |Dα1f2(s)|λα1

∣∣Dβf2(s)
∣∣λβ
]
ds ≤

(
A0(x)|λα2=0

)( λβ

λα1 + λβ

)λβ/p

δ1

[∫ x

0

p(s)
[∣∣Dβf1(s)

∣∣p +
∣∣Dβf2(s)

∣∣p] ds

]((λα1+λβ)/p)

. (7.8)
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Proof. From (7.3) we have

Dαifj(s) =
1

Γ(β − αi)

∫ s

0
(s − t)β−αi−1Dβfj(t)dt,∀ s ∈ [0, x], i = 1, 2; j = 1, 2.

(7.9)
Next, applying Hölder’s inequality with indices p, p/(p − 1), we find

|Dαifj(s)| ≤ 1
Γ(β − αi)

∫ s

0

(s − t)β−αi−1 (p(t))−1/p (p(t))1/p |Dβfj(t)|dt

(7.10)

≤ 1
Γ(β − αi)

(∫ s

0

(
(s − t)β−αi−1(p(t))−1/p

)p/(p−1)

dt

)(p−1)/p

(7.11)

×
(∫ s

0
p(t)|Dβfj(t)|pdt

)1/p

=
1

Γ(β − αi)
(Pi(s))

(p−1)/p

(∫ s

0
p(t)|Dβfj(t)|pdt

)1/p

.

(7.12)
That is, it holds

|Dαifj(s)| ≤ 1
Γ(β − αi)

(Pi(s))p−1/p

(∫ s

0

p(t)|Dβfj(t)|pdt

)1/p

. (7.13)

Set
zj(s) :=

∫ s

0

p(t)|Dβfj(t)|pdt, (7.14)

thus,

z′j(s) = p(s)|Dβfj(s)|p, a.e. in(0, x), zj(0) = 0; j = 1, 2. (7.15)

Hence, we have

|Dαifj(s)| ≤ 1
Γ(β − αi)

(Pi(s))p−1/p(zj(s))1/p, (7.16)

and

|Dβfj(s)|λβ = (p(s))−λβ/p(z′j(s))
λβ/p, a.e. in(0, x), i = 1, 2; j = 1, 2.

(7.17)
Therefore we obtain

q(s)|(Dα1f1)(s)|λα1 |(Dα2f2)(s)|λα2 |(Dβf1)(s)|λβ

≤ q(s)
1

(Γ(β − α1))λα1
(P1(s))(λα1 (p−1)/p)(z1(s))λα1/p (7.18)

1
(Γ(β − α2))λα2

(P2(s))λα2 (p−1/p)(z2(s))λα2/p(p(s))−λβ/p(z′1(s))
λβ/p

(7.19)
= A(s)(z1(s))λα1/p(z2(s))λα2/p(z′1(s))

λβ/p, a.e.in(0, x). (7.20)
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Consequently, by another Hölder’s inequality application, we find (by
p/λβ > 1)∫ x

0

q(s) |(Dα1f1) (s)|λα1 |(Dα2f2) (s)|λα2
∣∣(Dβf1

)
(s)
∣∣λβ

ds

≤ A0(x)
(∫ x

0

(z1(s))λα1/λβ (z2(s))λα2/λβ z′1(s)ds

)λβ/p

. (7.21)

Similarly, one finds∫ x

0

q(s) |(Dα1f2) (s)|λα1 |(Dα2f1)(s)|λα2
∣∣(Dβf2)(s)

∣∣λβ
ds

≤ A0(x)
(∫ x

0

(z1(s))λα2/λβ (z2(s))λα1/λβ z′2(s)ds

)λβ/p

. (7.22)

Taking λα2 = 0 and adding (7.21) and (7.22), we get∫ x

0
q(s)

[∣∣(Dα1f1)(s)
∣∣λα1

∣∣∣(Dβf1)(s)
∣∣∣λβ

+
∣∣(Dα1f2)(s)

∣∣λα1

∣∣∣(Dβf2)(s)
∣∣∣λβ
]

ds

≤ (A0(x)|λα2=0

) [(∫ x

0

(z1(s))λα1/λβ (z′1(s))ds

)λβ/p

+
(∫ x

0

(z2(s))λα1/λβ z′2(s)ds

)λβ/p
]

= (7.23)

(
A0(x) |λα2=0

) [
(z1(x))((λα1+λβ)/p) + (z2(x))((λα1+λβ)/p)

]( λβ

λα1 + λβ

)λβ/p

=

(7.24)(
A0(x)|λα2=0

)( λβ

λα1 + λβ

)λβ/p
[(∫ x

0

p(t)|Dβf1(t)|pdt

)((λα1+λβ)/p)

+
(∫ x

0

p(t)|Dβf2(t)|pdt

)(λα1+λβ/p)
]

=: (∗). (7.25)

In this study, we frequently use the basic inequalities,

2r−1(ar + br) ≤ (a + b)r ≤ ar + br, a, b ≥ 0, 0 ≤ r ≤ 1, (7.26)

and
ar + br ≤ (a + b)r ≤ 2r−1(ar + br), a, b ≥ 0, r ≥ 1. (7.27)

At last using (7.7), (7.26), and (7.27), we find

(∗) ≤ (A0(x)|λα2=0

)( λβ

λα1 + λβ

)λβ/p

δ1
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0

p(t)
[∣∣Dβf1(t)

∣∣p +
∣∣Dβf2(t)

∣∣p] dt

](λα1+λβ/p)

. (7.28)

Inequality (7.8) has been proved. �

The counterpart of the last theorem follows.

Theorem 7.5. All here are as in Theorem 7.4. Denote

δ3 :=
{

2λα2/λβ − 1, if λα2 ≥ λβ ,
1, if λα2 ≤ λβ .

(7.29)

If λα1 = 0, then∫ x

0
q(s)

[∣∣(Dα2f2
)
(s)
∣∣λα2

∣∣∣(Dβf1)(s)
∣∣∣λβ

+
∣∣(Dα2f1

)
(s)
∣∣λα2

∣∣∣(Dβf2

)
(s)
∣∣∣λβ
]

ds

≤ (A0(x)
∣∣
λα1=0

)
2(p−λβ)/p

(
λβ

λα2 + λβ

)λβ/p

δ
λβ/p
3

·
(∫ x

0

p(s)
[|Dβf1(s)|p + |Dβf2(s)|p

]
ds

)(λβ+λα2 )/p

. (7.30)

Proof. When λα1 = 0 from (7.21) and (7.22) we obtain

∫ x

0

q(s)
[
|Dα2f2(s)|λα2

∣∣Dβf1(s)
∣∣λβ + |Dα2f1(s)|λα2

∣∣Dβf2(s)
∣∣λβ
]
ds ≤

(
A0(x)|λα1=0

) [(∫ x

0

(z2(s))λα2/λβ (z′1(s))ds

)λβ/p

+
(∫ x

0

(z1(s))λα2/λβ z′2(s)ds

)λβ/p
]
≤ (7.31)

(
A0(x)

∣∣
λα1=0

)
21−(λβ/p)(M(x))λβ/p =: (∗), (7.32)

by 0 < λβ/p < 1 and by (7.26), where

M(x) :=
∫ x

0

[
(z2(s))λα2/λβz′1(s) + (z1(s))λα2/λβ z′2(s)

]
ds. (7.33)

Call

δ2 :=
{

1, if λα2 ≥ λβ ,
21−(λα2/λβ), if λα2 ≤ λβ .

(7.34)



7.3 Main Results 113

We observe that

M(x) =
∫ x

0

((z1(s))λα2/λβ + (z2(s))λα2/λβ )(z′1(s) + z′2(s))ds

−
∫ x

0

[
(z1(s))λα2/λβ z′1(s) + (z2(s))λα2/λβz′2(s)

]
ds (7.35)

(by (7.26),(7.27))

≤ δ2

∫ x

0

(z1(s) + z2(s))λα2/λβ (z1(s) + z2(s))′ds

−
(

λβ

λα2 + λβ

)[
(z1(x))((λα2+λβ)/λβ) + (z2(x))((λα2+λβ)/λβ)

]
(7.36)

= δ2(z1(x) + z2(x))(λα2+λβ/λβ)

(
λβ

λα2 + λβ

)
−
(

λβ

λα2 + λβ

)[
(z1(x))((λα2+λβ)/λβ) + (z2(x))((λα2+λβ)/λβ)

]
(7.37)

=
(

λβ

λα2 + λβ

)[
δ2(z1(x) + z2(x))(λα2+λβ/λβ)−[

(z1(x))(λα2+λβ/λβ) + (z2(x))(λα2+λβ/λβ)
]]

(7.38)

(7.27)

≤
(

λβ

λα2 + λβ

)[
δ2 2λα2/λβ

(
(z1(x))(λα2+λβ/λβ) + (z2(x))(λα2+λβ/λβ)

)
−
[
(z1(x))(λα2+λβ/λβ) + (z2(x))(λα2+λβ)/λβ

]]
(7.39)

=
(

λβ

λα2 + λβ

)
(δ22λα2/λβ − 1)

[
(z1(x))(λα2+λβ/λβ) + (z2(x))(λα2+λβ/λβ)

]
(7.40)

(notice that δ3 = δ2 2λα2/λβ − 1)

(7.27)

≤
(

λβ

λα2 + λβ

)
δ3(z1(x) + z2(x))((λα2+λβ)/λβ). (7.41)

That is, we get that

M(x) ≤
(

λβ

λα2 + λβ

)
δ3(z1(x) + z2(x))((λα2+λβ)/λβ). (7.42)

Therefore, by (7.32) and (7.42), we find

(∗) ≤ (A0(x)|λα1=0

)
2(p−λβ)/p

(
λβ

λα2 + λβ

)λβ/p

δ
λβ/p

3 (z1(x) + z2(x))(λα2+λβ)/p

(7.43)
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=
(
A0(x)|λα1=0

)
2(p−λβ/p)

(
λβ

λα2 + λβ

)λβ/p

δ
λβ/p
3

[∫ x

0

p(s)
[∣∣Dβf1(s)

∣∣p +

∣∣Dβf2(s)
∣∣p] ds

]((λα2+λβ)/p)

. (7.44)

We have established (7.30). �

The complete case λα1 , λα2 = 0 follows.

Theorem 7.6. All here are as in Theorem 7.4.
Denote

γ̃1 :=
{

2((λα1+λα2 )/λβ) − 1, if λα1 + λα2 ≥ λβ ,
1, if λα1 + λα2 ≤ λβ ,

(7.45)

and

γ̃2 :=
{

1, if λα1 + λα2 + λβ ≥ p,
21−((λα1λα2+λβ)/p), if λα1 + λα2 + λβ ≤ p.

(7.46)

Then ∫ x

0

q(s)
[
|Dα1f1(s)|λα1 |Dα2f2(s)|λα2

∣∣Dβf1(s)
∣∣λβ +

|Dα2f1(s)|λα2 |Dα1f2(s)|λα1
∣∣Dβf2(s)

∣∣λβ
]
ds ≤

A0(x)

(
λβ

(λα1 + λα2)(λα1 + λα2 + λβ)

)λβ/p

·
[
λ

λβ/p
α1 γ̃2 + 2(p−λβ)/p(γ̃1λα2)

λβ/p
]

((7.47))

·
(∫ x

0

p(s)
(∣∣Dβf1(s)

∣∣p +
∣∣Dβf2(s)

∣∣p) ds

)(λα1+λα2+λβ)/p

.

Proof. Here we use the known inequality

ab ≤ ap

p
+

bq

q
, (7.48)

where a, b ≥ 0 and p, q > 1 such that 1/p+1/q = 1. From (7.21) we obtain∫ x

0

q(s) |Dα1f1(s)|λα1 |Dα2f2(s)|λα2
∣∣Dβf1(s)

∣∣λβ
ds ≤

A0(x)
[∫ x

0

[(
λα1

λα1 + λα2

)
(z1(s))(λα1+λα2/λβ) +

(
λα2

λα1 + λα2

)
(z2(s))(λα1+λα2/λβ)

]
z′1(s)ds

]λβ/p

(7.49)
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(7.26)

≤ A0(x)

[((
λα1λβ

λα1 + λα2

)
(z1(x))((λα1+λα2+λβ)/λβ)

(λα1 + λα2 + λβ)

)λβ/p

+
(∫ x

0

(
λα2

λα1 + λα2

)
(z2(s))((λα1+λα2 )/λβ)z′1(s)ds

)λβ/p
]

. (7.50)

Consequently,∫ x

0

q(s)|Dα1f1(s)|λα1 |Dα2f2(s)|λα2 |Dβf1(s)|λβ ds ≤

A0(x)

{(
λα1λβ

(λα1 + λα2)(λα1 + λα2 + λβ)

)λβ/p

(z1(x))((λα1+λα2+λβ)/p)

(7.51)

+
(

λα2

λα1 + λα2

)λβ/p(∫ x

0

(z2(s))(λα1+λα2/λβ)z′1(s)ds

)λβ/p
}

.

Working similarly, we get∫ x

0

q(s)|Dα1f2(s)|λα1 |Dα2f1(s)|λα2 |Dβf2(s)|λβ ds

≤ A0(x)

{(
λα1λβ

(λα1 + λα2)(λα1 + λα2 + λβ)

)λβ/p

(z2(x))((λα1+λα2+λβ)/p)+

(
λα2

λα1 + λα2

)λβ/p(∫ x

0

(z1(s))(λα1+λα2/λβ)z′2(s)ds

)λβ/p
}

. (7.52)

Next, adding (7.51) and (7.52), we observe

Ω :=
∫ x

0

q(s)
[
|Dα1f1(s)|λα1 |Dα2f2(s)|λα2

∣∣Dβf1(s)
∣∣λβ +

|Dα1f2(s)|λα1 |Dα2f1(s)|λα2
∣∣Dβf2(s)

∣∣λβ
]
ds

≤ A0(x)

{(
λα1λβ

(λα1 + λα2)(λα1 + λα2 + λβ)

)λβ/p

(
(z1(x))(λα1+λα2+λβ/p) + (z2(x))((λα1+λα2+λβ)/p)

)
+(

λα2

λα1 + λα2

)λβ/p
[(∫ x

0

(z2(s))((λα1+λα2 )/λβ)z′1(s)ds

)λβ/p

+

(∫ x

0

(z1(s))((λα1+λα2 )/λβ)z′2(s)ds

)λβ/p
]}

(7.53)
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(7.26)

≤ A0(x)

{(
λα1λβ

(λα1 + λα2)(λα1 + λα2 + λβ)

)λβ/p

(
(z1(x))((λα1+λα2+λβ)/p) + (z2(x))((λα1+λα2+λβ)/p)

)
+(

λα2

λα1 + λα2

)λβ/p

2 1−(λβ/p) (Γ∗(x))λβ/p

}
, (7.54)

where

Γ∗(x) :=
∫ x

0

(
(z2(s))((λα1+λα2 )/λβ)z′1(s) + (z1(s))((λα1+λα2 )/λβ)z′2(s)

)
ds.

(7.55)
Again see (7.33) and (7.42). Similarly we obtain

Γ∗(x) ≤
(

λβ γ̃1

λα1 + λα2 + λβ

)
(z1(x) + z2(x))((λα1+λα2+λβ)/λβ). (7.56)

So by (7.56) we find

Ω ≤ A0(x)

{(
λα1λβ

(λα1 + λα2)(λα1 + λα2 + λβ)

)λβ/p

(
(z1(x))(λα1+λα2+λβ/p) + (z2(x))((λα1+λα2+λβ)/p)

)
+

(
λα2

λα1 + λα2

)λβ/p

2(p−λβ)/p

(
λβ γ̃1

λα1 + λα2 + λβ

)λβ/p

(z1(x) + z2(x))(λα1+λα2+λβ/p)

}
(7.57)

by (7.26),(7.27)

≤ A0(x)

{(
λα1λβ

(λα1 + λα2)(λα1 + λα2 + λβ)

)λβ/p

γ̃2(z1(x) + z2(x))(λα1+λα2+λβ/p)+(
λα2

λα1 + λα2

)λβ/p

2(p−λβ/p)

(
λβ γ̃1

λα1 + λα2 + λβ

)λβ/p

(z1(x) + z2(x))(λα1+λα2+λβ/p)

}
(7.58)

= A0(x)

{(
λα1λβ

(λα1 + λα2)(λα1 + λα2 + λβ)

)λβ/p

γ̃2+

(
λα2

λα1 + λα2

)λβ/p

2(p−λβ)/p

(
λβ γ̃1

λα1 + λα2 + λβ

)λβ/p}
(z1(x)+z2(x))(λα1+λα2+λβ/p)

(7.59)
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= A0(x)

(
λβ

(λα1 + λα2)(λα1 + λα2 + λβ)

)λβ/p [
λ

λβ/p
α1 γ̃2 + 2(p−λβ)/p(γ̃1λα2)

λβ/p
]

[∫ x

0

p(s)[|Dβf1(s)|p + |Dβf2(s)|p]ds

](λα1+λα2+λβ)/p

. (7.60)

We have proved that

Ω ≤ A0(x)

(
λβ

(λα1 + λα2)(λα1+λα2+λβ )

)λβ/p [
λ

λβ/p
α1 γ̃2 + 2(p−λβ)/p(γ̃1λα2)

λβ/p
]

[∫ x

0

p(s)[|Dβf1(s)|p + |Dβf2(s)|p]ds

](λα1+λα2+λβ)/p

. (7.61)

We have proved (7.47). �

We need

Theorem 7.7. Let 0 ≤ s ≤ x and f ∈ L∞([0, x]), r > 0. Define

F (s) :=
∫ s

0

(s − t)rf(t)dt. (7.62)

Then there exists

F ′(s) = r.

∫ s

0

(s − t)r−1f(t)dt, all s ∈ [0, x]. (7.63)

Proof. Fix s0 ∈ [0, x] and notice that

F (s0) =
∫ s0

0

(s0 − t)rf(t)dt =
∫ x

0

χ[0,s0](t)(s0 − t)rf(t)dt.

We call g(s, t) := χ[0,s](t)(s− t)rf(t), which is a Lebesgue integrable func-
tion for every s ∈ [0, x].

That is, g(s0, t) = χ[0,s0](t)(s0 − t)rf(t), all t ∈ [0, x], and F (s0) =∫ x

0
g(s0, t)dt.

We would like to study if there exists

∂g(s0, t)
∂s

= f(t)
(

lim
h→0

χ[0,s0+h](t)(s0 + h − t)r − χ[0,s0](t)(s0 − t)r

h

)
.

(7.64)
We distinguish the following cases.

(1) Let x ≥ t > s0; then there exist small enough h > 0 such that
t ≥ s0 ± h.
That is,

χ[0,s0±h](t) = χ[0,s0](t) = 0.
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Hence, there exists

∂g(s0, t)
∂s

= 0, all t : s0 < t ≤ x. (7.65)

(2) Let 0 ≤ t < s0; then there exist small enough h > 0 such that
t < s0 ± h.
That is,

χ[0,s0±h](t) = χ[0,s0](t) = 1.

In that case

∂g(s0, t)
∂s

= f(t)
(

lim
h→0

(s0 + h − t)r − (s0 − t)r

h

)
= r(s0 − t)r−1f(t),

(7.66)
exists for almost all t : 0 ≤ t < s0.

(3) Let t = s0. Then we see that

∂g+(s0, s0)
∂s

= f(s0)
(

lim
h→0+

hr

h

)
= f(s0)

(
lim

h→0+
hr−1

)
. (7.67)

The last limit does not exist if 0 < r < 1, equals f(s0) if r = 1, and may
not exist, and equals 0 if r > 1.

Notice also that

∂g−(s0, s0)

∂s
= f(s0)

(
lim

h→0−
χ[0,s0+h](s0)h

r

h

)
= f(s0)

(
lim

h→0−
χ[0,s0+h]h

r−1

)
= 0,

by χ[0,s0+h](s0) = 0, h < 0.
That is,

∂g−(s0, s0)
∂s

= 0. (7.68)

In general as a conclusion we get that ∂g(s0, t)/∂s exists for almost all
t ∈ [0, x].

Next we define the difference quotient at s0,

Ds0(h, t) := f(t)
(

χ[0,s0+h](t)(s0 + h − t)r − χ[0,s0](t)(s0 − t)r

h

)
, (7.69)

for h = 0, and Ds0(0, t) := 0.
Again we distinguish the following cases.
(1) Let x ≥ t > s0; then there exist small enough h > 0 such that

t > s0 ± h.
Clearly then Ds0(h, t) = 0.

(2) Let 0 ≤ t < s0; then there exist small enough h > 0 such that
t < s0 ± h. Thus

Ds0(±h, t) = f(t)
(

(s0 ± h − t)r − (s0 − t)r

±h

)
. (7.70)



7.3 Main Results 119

Call ρ := s0 − t > 0; clearly ρ ≤ x. Define

ϕ(h) :=
(ρ + h)r − ρr

h
=

(s0 + h − t)r − (s0 − t)r

h
(7.71)

for h close to zero, r > 0.
That is, Ds0(h, t) = f(t)ϕ(h). If r = 1, then ϕ(h) = 1 and

Ds0(h, t) = f(t). (7.72)

We now treat the following subcases.
(2(i)) If r > 1, then γ(ρ) := ρr, 0 ≤ ρ ≤ x, is convex and increasing.

If h > 0, then by the mean value theorem we get that

ϕ(h) < rxr−1.

That is,
|Ds0(h, t)| ≤ rxr−1|f(t)|. (7.73)

If h < 0, then, similarly, again we get

ϕ(h) =
ρr − (ρ + h)r

−h
< rxr−1.

That is, for small |h| we have

|Ds0(h, t)| ≤ rxr−1 |f(t)| , r ≥ 1. (7.74)

(2(ii)) If 0 < r < 1, then γ(ρ) = ρr, 0 ≤ ρ ≤ x is concave and
increasing. Let h > 0; then ϕ(h) < ρr−1 = (s0 − t)r−1 and for h < 0, again
ϕ(h) ≤ ρr−1 = (s0 − t)r−1.

That is,
|Ds0(h, t)| ≤ (s0 − t)r−1|f(t)|, (7.75)

for small |h|.
(3) Case of t = s0; then

Ds0(h, s0) = f(s0) hr−1, for h > 0, (7.76)

and
Ds0(h, s0) = 0, for h < 0. (7.77)

So, if r ≥ 1 we obtain

|Ds0(h, s0)| ≤ |f(s0)|xr−1, (7.78)

for small |h|.
If 0 < r < 1, then for small h > 0 the function Ds0(h, s0) may be

unbounded.
In conclusion we get:
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(I) For r ≥ 1, that

|Ds0(h, t)| ≤ rxr−1||f(t)||∞ < +∞, (7.79)

for almost all t ∈ [0, x].
(II) For 0 < r < 1, that

|Ds0(h, t)| ≤ λ(t) for almost all t ∈ [0, x], (7.80)

where

λ(t) :=
{

(s0 − t)r−1|f(t)|, 0 ≤ t < s0,
0, for s0 ≤ t ≤ x.

(7.81)

Clearly λ is integrable on [0, x]. Then by Theorem 24.5, pp. 193–194 of [10]
we get that ∂g(s0, ·)/∂s defines an integrable function, and there exists

F ′(s0) =
∫ x

0

∂g(s0, t)
∂s

dt = r

∫ s0

0

(s0 − t)r−1f(t)dt+

∫ x

s0

0 dt = r

∫ s0

0

(s0 − t)r−1f(t)dt. (7.82)

That proves the claim. �

We proceed with a special important case.

Theorem 7.8. Let β > α1 + 1, α1 ∈ R+, and let f1, f2 ∈ L1(0, x), x ∈
R+−{0} have, respectively, L∞ fractional derivatives Dβf1, D

βf2 in [0, x],
and let Dβ−kfi(0) = 0 , for k = 1, . . . , [β] + 1; i = 1, 2. Consider also
p(t) > 0 and q(t) ≥ 0, with p(t), 1/p(t), q(t) ∈ L∞(0, x). Let λα ≥ 0, 0 <
λα+1 < 1, and p > 1.

Denote

θ3 :=
{

2λα/(λα+1) − 1, if λα ≥ λα+1,
1, if λα ≤ λα+1,

(7.83)

L(x) :=
(

2
∫ x

0

(q(s))(1/(1−λα+1))ds

)(1−λα+1)( θ3λα+1

λα + λα+1

)λα+1

, (7.84)

and

P1(x) :=
∫ x

0

(x − s)(β−α1−1)p/(p−1)(p(s))−1/(p−1)ds, (7.85)

T (x) := L(x)
(

P1(x)((p−1)/p)

Γ(β − α1)

)(λα+λα+1)

, (7.86)

and
ω1 := 2((p−1)/p)(λα+λα+1), (7.87)

Φ(x) := T (x)ω1. (7.88)
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Then∫ x

0
q(s)

[∣∣Dα1f1(s)
∣∣λα
∣∣∣Dα1+1f2(s)

∣∣∣λα+1
+
∣∣Dα1f2(s)

∣∣λα
∣∣∣Dα1+1f1(s)

∣∣∣λα+1
]

ds

≤ Φ(x)
[∫ x

0

p(s)
(∣∣Dβf1(s)

∣∣p +
∣∣Dβf2(s)

∣∣p) ds

](λα+λα+1)/p

. (7.89)

Proof. For convenience, we set

α2 := α1 + 1. (7.90)

By Lemma 7.3, we have

Dα1fi(s) =
1

Γ(β − α1)

∫ s

0

(s − t)β−α1−1Dβfi(t)dt, (7.91)

∀ s ∈ [0, x], i = 1, 2, and

Dα2fi(s) = Dα1+1fi(s) =
1

Γ(β − α1 − 1)

∫ s

0

(s − t)β−α1−2Dβfi(t)dt,

(7.92)
∀ s ∈ [0, x], i = 1, 2.

By Theorem 7.7 we obtain that

(Dα1fi(s))
′ = Dα1+1fi(s) = Dα2fi(s), (7.93)

∀ s ∈ [0, x], i = 1, 2.
So we have

|Dαifj(s)| ≤ 1
Γ(β − αi)

∫ s

0

(s − t)β−αi−1|Dβfj(t)|dt =: gj,αi
(s), (7.94)

where j = 1, 2, i = 1, 2, 0 ≤ s ≤ x.
We also have by Theorem 7.7 that

(gj,α1(s))
′ = gj,α2(s); gj,αi

(0) = 0. (7.95)

Notice that, if β − α2 = 1, then

gj,α2(s) =
∫ s

0

|Dβfj(t)|dt. (7.96)

Next, we apply Hölder’s inequality with indices 1/λα+1, 1/(1 − λα+1) to
find ∫ x

0

q(s)|Dα1f1(s)|λα |Dα1+1f2(s)|λα+1ds ≤
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0

q(s)(g1,α1(s))
λα((g2,α1(s))

′)λα+1ds ≤ (7.97)

(∫ x

0
(q(s)) (1/1−λα+1)ds

)(1−λα+1) (∫ x

0
(g1,α1(s))

λα/λα+1(g2,α1(s))
′ds

)λα+1

.

(7.98)
Similarly, we get∫ x

0

q(s) |Dα1f2(s)|λα
∣∣Dα1+1f1(s)

∣∣λα+1
ds ≤

(∫ x

0
(q(s)) (1/1−λα+1)ds

)(1−λα+1) (∫ x

0
(g2,α1(s))

λα/λα+1
(
g1,α1(s)

)′
ds

)λα+1

.

(7.99)
Adding the last two inequalities (7.98), (7.99), we get∫ x

0
q(s)

[
|Dα1f1(s)|λα |Dα1+1f2(s)|λα+1+ |Dα1f2(s)|λα |Dα1+1f1(s)|λα+1

]
ds ≤

(∫ x

0

(q(s)) (1/1−λα+1)ds

)(1−λα+1)
[(∫ x

0

(g1,α1(s))
λα/λα+1(g2,α1(s))

′ds

)λα+1

+

(∫ x

0

(g2,α1(s))
λα/λα+1(g1,α1(s))

′ds

)λα+1
]

(7.100)

(7.26)

≤
(

2
∫ x

0

(q(s)) (1/1−λα+1)ds

)(1−λα+1)

×
[∫ x

0

[
(g1,α1(s))

λα/λα+1(g2,α1(s))
′ + (g2,α1(s))

λα/λα+1(g1,α1(s))
′
]
ds

]λα+1

(7.101)
(notice (7.33) and (7.42), so similarly we have)

≤
(

2
∫ x

0

(q(s)) (1/(1−λα+1))ds

)(1−λα+1)( λα+1θ3

λα + λα+1

)λα+1

(g1,α1(x) + g2,α1(x))(λα+λα+1) (7.102)

= L(x)(g1,α1(x) + g2,α1(x))(λα+λα+1) (7.103)

=
L(x)

(Γ(β − α1))(λα+λα+1)
×

[∫ x

0

(x − t)β−α1−1(p(t))−1/p(p(t))1/p
[∣∣Dβf1(t)

∣∣+ ∣∣Dβf2(t)
∣∣] dt

](λα+λα+1)

(7.104)
(applying Hölder’s inequality with indices p/(p − 1) and p, we find)
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≤ L(x)

(Γ(β − α1))
(λα+λα+1)

[∫ x

0
(x − t)(β−α1−1)p/(p−1)(p(t))−1/(p−1)dt

](p−1/p)(λα+λα+1)

[∫ x

0

p(t)(|Dβf1(t)| + |Dβf2(t)|)pdt

](λα+λα+1/p)

= (7.105)

L(x)(P1(x))(p−1/p)(λα+λα+1)

(Γ(β − α1))(λα+λα+1)

[∫ x

0

p(t)
(∣∣∣Dβf1(t)

∣∣∣+ ∣∣∣Dβf2(t)
∣∣∣)p

dt

](λα+λα+1/p)

(7.106)

= T (x)
[∫ x

0

p(t)
(∣∣Dβf1(t)

∣∣+ ∣∣Dβf2(t)
∣∣)p dt

](λα+λα+1/p)

(7.107)

≤ T (x)2(p−1/p)(λα+λα+1)
[∫ x

0
p(t)

(∣∣∣Dβf1(t)
∣∣∣p +

∣∣∣Dβf2(t)
∣∣∣p) dt

](λα+λα+1/p)

(7.108)

= Φ(x)
[∫ x

0

p(t)
(∣∣Dβf1(t) |p+|Dβf2(t)

∣∣p) dt

](λα+λα+1)/p

. (7.109)

We have proved (7.89). �

We continue with

Theorem 7.9. All here are as in Theorem 7.4. Consider the special case
of λα2 = λα1 + λβ .

Denote

T̃ (x) := A0(x)
(

λβ

λα1 + λβ

)λβ/p

2(p−2λα1−3λβ)/p. (7.110)

Then ∫ x

0

q(s)
[
|Dα1f1(s)|λα1 |Dα2f2(s)|λα1+λβ

∣∣Dβf1(s)
∣∣λβ +

|Dα2f1(s)|λα1+λβ |Dα1f2(s)|λα1
∣∣Dβf2(s)

∣∣λβ
]
ds ≤

T̃ (x)
(∫ x

0

p(s)
(∣∣Dβf1(s)

∣∣p +
∣∣Dβf2(s)

∣∣p) ds

)2(λα1+λβ)/p

. (7.111)

Proof. We apply (7.21) and (7.22) for λα2 = λα1 + λβ , and by adding
we find ∫ x

0

q(s)
[
|Dα1f1(s)|λα1 |Dα2f2(s)|λα1+λβ

∣∣Dβf1(s)
∣∣λβ +
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|Dα1f2(s)|λα1 |Dα2f1(s)|λα1+λβ
∣∣Dβf2(s)

∣∣λβ
]
ds

≤ A0(x)

[(∫ x

0

(z1(s))λα1/λβ (z2(s))λα1+λβ/λβ z′1(s)ds

)λβ/p

+
(∫ x

0

(z1(s))(λα1+λβ)/λβ (z2(s))λα1/λβ z′2(s)ds

)λβ/p
]

(7.112)

(7.26)

≤ A0(x)21−(λβ/p) ×
[∫ x

0

(z1(s))λα1/λβ (z2(s))λα1/λβ+1z′1(s)+

(z1(s))(λα1/λβ)+1(z2(s))λα1/λβ z′2(s)
)

ds
]λβ/p

= (7.113)

A0(x)21−(λβ/p)

[∫ x

0

(z1(s)z2(s))λα1/λβ [z2(s)z′1(s) + z1(s)z′2(s)] ds

]λβ/p

=

(7.114)

A0(x)2(p−λβ)/p

[∫ x

0

(z1(s)z2(s))(λα1/λβ)(z1(s)z2(s))′ds

]λβ/p

(7.115)

= A0(x)2(p−λβ/p)(z1(x)z2(x))(λα1+λβ/p)

(
λβ

λα1 + λβ

)λβ/p

(7.116)

≤ A0(x)2(p−λβ)/p

(
λβ

λα1 + λβ

)λβ/p(
z1(x) + z2(x)

2

)2(λα1+λβ)/p

(7.117)

= T̃ (x)(z1(x) + z2(x))2(λα1+λβ)/p = (7.118)

T̃ (x)
[∫ x

0

p(s)
(∣∣Dβf1(s)

∣∣p +
∣∣Dβf2(s)

∣∣p) ds

]2(λα1+λβ)/p

. (7.119)

We have proved (7.111). �

Next follow special cases of the above theorems.

Corollary 7.10. (to Theorem 7.4) Set λα2 = 0, p(t) = q(t) = 1. Then∫ x

0

[
|Dα1f1(s)|λα1

∣∣Dβf1(s)
∣∣λβ + |Dα1f2(s)|λα1

∣∣Dβf2(s)
∣∣λβ
]
ds ≤

C1(x)
[∫ x

0

[∣∣Dβf1(s)
∣∣p +

∣∣Dβf2(s)
∣∣p] ds

](λα1+λβ/p)

, (7.120)

where

C1(x) :=
(
A0(x)|λα2=0

)( λβ

λα1 + λβ

)λβ/p

δ1, (7.121)
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δ1 :=
{

21−((λα1+λβ)/p), if λα1 + λβ ≤ p,
1, if λα1 + λβ ≥ p.

(7.122)

We find that

(
A0(x)|λα2=0

)
=
{(

(p − 1)((λα1p−λα1 )/p)

(Γ(β − α1))λα1 (βp − α1p − 1)((λα1p−λα1 )/p)

)
·

(
(p − λβ)((p−λβ)/p)

(λα1βp − λα1α1p − λα1 + p − λβ)((p−λβ)/p)

)}
×x((λα1β p−λα1α1p−λα1+ p−λβ)/p). (7.123)

Proof. Here we need to calculate
(
A0(x)|λα2=0

)
. From (7.6) we have

A0(x)|λα2=0 =
(∫ x

0

(
A(s)|λα2=0

)p/(p−λβ)
ds

)(p−λβ)/p

, (7.124)

where from (7.5) we get

A(s)|λα2=0 =
(P1(s))λα1 (p−1)/p

(Γ(β − α1))λα1
, (7.125)

and here, from (7.4), it is

P1(s) =
∫ s

0

(s − t) p(β−α1−1)/(p−1) dt. (7.126)

Therefore we obtain

P1(s) =
(

p − 1
β p − α1 p − 1

)
s((β p−α1p−1)/(p−1)), (7.127)

and

A(s)|λα2=0 =

(
p − 1

β p − α1p − 1

)(λα1p−λα1/p) 1

(Γ(β − α1))λα1
s(λα1β p−λα1α1p−λα1 )/p.

(7.128)
That is,

A0(x)|λα2=0 =
(

(p − 1)((λα1p−λα1 )/p)

(β p − α1p − 1)((λα1p−λα1 )/p)(Γ(β − α1))λα1

)
(∫ x

0

s((λα1β p−λα1α1p−λα1 )/(p−λβ))ds

)((p−λβ)/p)

=
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(p − 1)((λα1p−λα1 )/p)

(Γ(β − α1))λα1 (β p − α1p − 1)((λα1p−λα1 )/p)

)
× (7.129)(

(p − λβ)((p−λβ)/p)

(λα1βp − λα1α1p − λα1 + p − λβ)((p−λβ)/p)

)}
×x((λα1β p−λα1α1p−λα1+ p−λβ)/p).

�

We continue with

Corollary 7.11. (to Theorem 7.4: set λα2 = 0, p(t) = q(t) = 1, λα1 =
λβ = 1, p = 2.) In detail: let α1 ∈ R+, β > α1, β − α1 > (1/2), and let
f1, f2 ∈ L1(0, x), x ∈ R+−{0}, have, respectively, L∞ fractional derivatives
Dβf1, D

βf2 in [0, x], and let Dβ−kfi(0) = 0 for k = 1, . . . , [β] + 1; i = 1, 2.
Then ∫ x

0

[|Dα1f1(s)|
∣∣Dβf1(s)

∣∣+ |Dα1f2(s)|
∣∣Dβf2(s)

∣∣] ds

≤
(

x(β−α1)

2Γ(β − α1)
√

β − α1
√

2β − 2α1 − 1

)(∫ x

0

[(
Dβf1(s)

)2
+
(
Dβf2(s)

)2
]

ds

)
.

(7.130)

Proof. We apply Corollary 7.10. Here, δ1 = 1 and(
λβ

λα1 + λβ

)λβ/p

=
1√
2
. (7.131)

Furthermore, we have

(
A0(x)|λα2=0

)
=
(

1
Γ(β − α1)

√
2β − 2α1 − 1

)(
x(β−α1)

√
2
√

β − α1

)
. (7.132)

Finally, we get

C(x) =
x(β−α1)

2Γ(β − α1)
√

β − α1

√
2β − 2α1 − 1

. (7.133)

�

We continue with

Corollary 7.12. (to Theorem 7.5, λα1 = 0, p(t) = q(t) = 1). It holds∫ x

0

[
|Dα2f2(s)|λα2

∣∣Dβf1(s)
∣∣λβ + |Dα2f1(s)|λα2

∣∣Dβf2(s)
∣∣λβ
]
ds ≤
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C2(x)
(∫ x

0

[∣∣Dβf1(s)
∣∣p +

∣∣Dβf2(s)
∣∣p] ds

)(λβ+λα2 )/p

. (7.134)

Here

C2(x) :=
(
A0(x)|λα1=0

)
2(p−λβ)/p

(
λβ

λα2 + λβ

)λβ/p

δ
λβ/p
3 , (7.135)

δ3 :=
{

2λα2/λβ − 1, if λα2 ≥ λβ ,
1, if λα2 ≤ λβ .

(7.136)

We find that

(
A0(x)|λα1=0

)
=
{(

(p − 1)((λα2p−λα2 )/p)

(Γ(β − α2))λα2 (β p − α2p − 1)((λα2p−λα2 )/p)

)
(

(p − λβ)((p−λβ)/p)

(λα2βp − λα2α2p − λα2 + p − λβ)((p−λβ)/p)

)}
·x((λα2β p−λα2α2 p−λα2+p−λβ)/p). (7.137)

Proof. Here we need to calculate
(
A0(x)|λα1=0

)
.

From (7.6) we have

(
A0(x)|λα1=0

)
=
(∫ x

0

(
A(s)|λα1=0

)p/(p−λβ)
ds

)(p−λβ)/p

, (7.138)

and from (7.5) we get

(
A(s)|λα1=0

)
=

(P2(s))λα2 (p−1)/p

(Γ(β − α2))λα2
, (7.139)

also by (7.4) we have

P2(s) =
∫ s

0

(s − t)(β−α2−1)p/(p−1)dt, 0 ≤ s ≤ x. (7.140)

Therefore, we obtain

P2(s) =
(

p − 1
β p − α2 p − 1

)
s((β p−α2 p−1)/(p−1)), (7.141)

and

(
A(s)|λα1=0

)
=

(p − 1)((λα2p−λα2 )/p) s((λα2β p−λα2α2 p−λα2 )/p)

(β p − α2 p − 1)((λα2p−λα2 )/p)(Γ(β − α2))λα2
. (7.142)
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That is,

(
A0(x)|λα1=0

)
=

(
(p − 1)((λα2p−λα2 )/p)

(β p − α2p − 1)((λα2p−λα2 )/p)(Γ(β−α2))
λα2

)
·

(∫ x

0

s((λα2β p−λα2α2p−λα2 )/(p−λβ))ds

)((p−λβ)/p)

(7.143)

=
{(

(p − 1)((λα2p−λα2 )/p)

(β p − α2p − 1)((λα2p−λα2 )/p)(Γ(β − α2))λα2

)
·

(
(p − λβ)((p−λβ)/p)

(λα2βp − λα2α2p − λα2 + p − λβ)((p−λβ)/p)

)}
×x((λα2β p−λα2α2p−λα2+ p−λβ)/p). (7.144)

�

We give

Corollary 7.13. (to Theorem 7.5, λα1 = 0, p(t) = q(t) = 1, λα2 =
λβ = 1, p = 2). In detail: let α2 ∈ R+, β > α2, β − α2 > (1/2) and let
f1, f2 ∈ L1(0, x), x ∈ R+−{0}, have, respectively, L∞ fractional derivatives
Dβf1, D

βf2 in [0, x], and let Dβ−kfi(0) = 0, for k = 1, . . . , [β] + 1; i = 1, 2.
Then ∫ x

0

[|Dα2f2(s)|
∣∣Dβf1(s)

∣∣+ |Dα2f1(s)|
∣∣Dβf2(s)

∣∣] ds

≤ C∗
2 (x)

(∫ x

0

[∣∣Dβf1(s)
∣∣2 +

∣∣Dβf2(s)
∣∣2] ds

)
, (7.145)

where

C∗
2 (x) :=

x(β−α2)

√
2 Γ(β − α2)

√
β − α2

√
2β − 2α2 − 1

. (7.146)

Proof. We apply Corollary 7.12. Here δ
λβ/p
3 = 1, 2(p−λβ)/p =

√
2,(

λβ

λα2 + λβ

)λβ/p

=
1√
2
. (7.147)

Furthermore, we have

(
A0(x)|λα1=0

)
=
(

x(β−α2)

√
2 Γ(β − α2)

√
β − α2

√
2β − 2α2 − 1

)
. (7.148)
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Finally, we find
C∗

2 (x) =
(
A0(x)|λα1=0

)
, (7.149)

proving the claim. �

We continue with

Corollary 7.14. (to Theorem 7.6, λα1 = λα2 = λβ = 1, p = 3, p(t) =
q(t) = 1). It holds∫ x

0

[|Dα1f1(s)| |Dα2f2(s)|
∣∣Dβf1(s)

∣∣+ |Dα2f1(s)| |Dα1f2(s)|
∣∣Dβf2(s)

∣∣] ds

≤ A0(x)
(

3
√

2 +
1
3
√

6

)(∫ x

0

(∣∣Dβf1(s)|
∣∣3 +

∣∣Dβf2(s)
∣∣3) ds

)
. (7.150)

Here,

A0(x) =
4x(2β−α1−α2)

Γ(β − α1)Γ(β − α2)[3(3β − 3α1 − 1)(3β − 3α2 − 1)(2β − α1 − α2)]2/3
.

(7.151)

Proof. We apply inequality (7.47). Here γ̃1 = 3, γ̃2 = 1, and(
λβ

(λα1 + λα2)(λα1 + λα2 + λβ)

)λβ/p

=
1
3
√

6
. (7.152)

Furthermore, [
λλβ/p

α1
γ̃2 + 2(p−λβ)/p (γ̃1λα2)

λβ/p
]

= 1 + 3
√

12. (7.153)

The product of the last two quantities is
(

3
√

2 + 1
3√6

)
. Next we find A0(x)

in our case. Here, by (7.6),

A0(x) =
(∫ x

0

(A(s))3/2
ds

)2/3

, (7.154)

and, by (7.5),

A(s) =
(P1(s))2/3(P2(s))2/3

Γ(β − α1)Γ(β − α2)
. (7.155)

Also, by (7.4) we have

Pi(s) =
∫ s

0

(s − t)(β−αi−1)3/2 dt, i = 1, 2. (7.156)
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That is,

Pi(s) =
2 s(3β−3αi−1)/2

(3β − 3αi − 1)
, i = 1, 2, (7.157)

and

A(s) =
24/3 s((6β−3α1−3α2−2)/3)

Γ(β − α1)Γ(β − α2)(3β − 3α1 − 1)2/3(3β − 3α2 − 1)2/3
. (7.158)

Finally, we get

A0(x) =
(

24/3

Γ(β − α1)Γ(β − α2)(3β − 3α1 − 1)2/3(3β − 3α2 − 1)2/3

)
·

(∫ x

0

s((6β−3α1−3α2−2)/2)ds

)2/3

=

4x(2β−α1−α2)

Γ(β − α1)Γ(β − α2)[3(3β − 3α1 − 1)(3β − 3α2 − 1)(2β − α1 − α2)]2/3
.

(7.159)

�

We give

Corollary 7.15. (to Theorem 7.8, here λα = 1, λα+1 = 1/2, p = 3/2,
p(t) = q(t) = 1). In detail: let β > α1 + 1, α1 ∈ R+ and let f1, f2 ∈
L1(0, x), x ∈ R+ − {0} have, respectively, L∞ fractional derivatives Dβf1,
Dβf2 in [0, x], and let Dβ−kfi(0) = 0, for k = 1, . . . , [β] + 1; i = 1, 2. Then∫ x

0

[
|Dα1f1(s)|

√
|Dα1+1f2(s)| + |Dα1f2(s)|

√
|Dα1+1f1(s)|

]
ds

≤ Φ∗(x)
[∫ x

0

(∣∣Dβf1(s)
∣∣3/2

+
∣∣Dβf2(s)

∣∣3/2
)

ds

]
, (7.160)

where

Φ∗(x) =
2 x(3β−3α1−1)/2

(Γ(β − α1))3/2
√

3β − 3α1 − 2
. (7.161)

Proof. We apply here Theorem 7.8. We have θ3 = 3, L(x) =
√

2
√

x,

P1(x) =
x 3β−3α1−2

(3β − 3α1 − 2)
,

and

T (x) =
√

2
(

x(3β−3α1−1)/2

(Γ(β − α1))3/2
√

3β − 3α1 − 2

)
, (7.162)
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also, ω1 =
√

2.
Finally, we find

Φ∗(x) =
2 x(3β−3α1−1)/2

(Γ(β − α1))3/2
√

3β − 3α1 − 2
, (7.163)

which proves the claim. �

We continue with

Corollary 7.16. (to Theorem 7.9, here p = 2(λα1 + λβ) > 1, p(t) =
q(t) = 1). It holds∫ x

0

[
|Dα1f1(s)|λα1 |Dα2f2(s)|λα1+λβ

∣∣Dβf1(s)
∣∣λβ

+ |Dα2f1(s)|λα1+λβ |Dα1f2(s)|λα1
∣∣Dβf2(s)

∣∣λβ
]
ds ≤

˜̃T (x)
(∫ x

0

(∣∣Dβf1(s)
∣∣2(λα1+λβ)

+
∣∣Dβf2(s)

∣∣2(λα1+λβ)
)

ds

)
. (7.164)

Here,

˜̃T (x) := Ã0(x)
(

λβ

2(λα1 + λβ)

)(λβ/2(λα1+λβ))

, (7.165)

and
Ã0(x) := σ σ∗xθ, (7.166)

where
σ :=

1
(Γ(β − α1))λα1 (Γ(β − α2))λα1+λβ

·
(

2λα1 + 2λβ − 1
2λα1β + 2λβ β − 2λα1α1 − 2λβ α1 − 1

)(2λ2
α1

+2λα1 λβ−λα1 )/(2λα1+2λβ)

·
(

2λα1 + 2λβ − 1
2λα1β + 2λββ − 2λα1α2 − 2λβα2 − 1

)((2λα1+2λβ−1)/2)

, (7.167)

σ0 := [(2λα1 + λβ)(
4λ

2
α1

β + 6λα1λββ − 2λ
2
α1

α1 − 2λα1λβα1 − 2λ
2
α1

α2 − 4λα1λβα2 + 2λ
2
ββ − 2λ

2
βα2

)−1
]

,

σ∗ := σ
(2λα1+λβ)/2(λα1+λβ)
0 , (7.168)

and

θ :=

(
4λ2

α1
β + 6λα1λββ − 2λ2

α1
α1 − 2λα1λβα1

2λα1 + 2λβ
+
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α1

α2 − 4λα1λβα2 + 2λ2
ββ − 2λ2

βα2

)
2λα1 + 2λβ

)
. (7.169)

Proof. We apply Theorem 7.9. The constant ˜̃T (x) comes from (7.110)
in our case.
Still, we need to determine Ã0(x).

From (7.6) we get here

Ã0(x) =
(∫ x

0

(A(s))2(λα1+λβ)/(2λα1+λβ)ds

)((2λα1+λβ)/2(λα1+λβ))

,

(7.170)
where, from (7.5) we get also here

A(s) =

{
P1(s)λα1 ((2λα1+2λβ−1)/2(λα1+λβ))P2(s)((2λα1+2λβ−1)/2)

}
(Γ(β − α1))λα1 (Γ(β − α2))λα1+λβ

,

(7.171)
and, from (7.4), we find for i = 1, 2 that

Pi(s) =
∫ s

0

(s − t)[(2λα1+2λβ)(β−αi−1)/(2λα1+2λβ−1)]dt, (7.172)

all 0 ≤ s ≤ x.
Hence for i = 1, 2 we obtain

Pi(s) =
(2λα1 + 2λβ − 1)s((2λα1β+2λββ−2λα1αi−2λβαi−1)/(2λα1+2λβ−1))

(2λα1β + 2λββ − 2λα1αi − 2λβαi − 1)
,

(7.173)
and

A(s) = σs

⎧⎨⎩ (4λ2
α1

β+6λα1λββ−2λ2
α1

α1−2λ2
α1

α2−2λα1λβα1−4λα1λβα2−2λ2
βα2+2λ2

ββ−2λα1−λβ)

(2λα1+2λβ)

⎫⎬⎭
.

(7.174)

Finally, we find
Ã(x0) = σ

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
∫ x

0
s

(4λ2
α1

β + 6λα1λββ − 2λ2
α1

α1 − 2λ2
α1

α2 − 2λα1λβα1

−4λα1λβα2 − 2λ2
βα2 + 2λ2

ββ − 2λα1 − λβ)

(2λα1+λβ)
ds

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(2λα1+λβ)/2(λα1+λβ)

= σσ∗xθ. (7.175)

�
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We present the following interesting special case.

Corollary 7.17. (to Theorem 7.9, here p = 4, λα1 = λβ = 1, p(t) =
q(t) = 1).

It holds∫ x

0

[|Dα1f1(s)|(Dα2f2(s))2|Dβf1(s)| + (Dα2f1(s))2|Dα1f2(s)||Dβf2(s)|
]
ds

≤ T ∗(x)
(∫ x

0

([
Dβf1(s)

]4
+
(
Dβf2(s)

)4)
ds

)
. (7.176)

Here

T ∗(x) =
A∗

0(x)√
2

, (7.177)

and
A∗

0(x) = σ̃σ̃∗xθ̃, (7.178)

where

σ̃ : =
1

Γ(β − α1)(Γ(β − α2))2

(
3

4β − 4α1 − 1

)3/4

(
3

4β − 4α2 − 1

)3/2

, (7.179)

σ̃∗ :=
(

3
12β − 4α1 − 8α2

)3/4

, (7.180)

and
θ̃ := 3 β − α1 − 2α2. (7.181)

Proof. By Corollary 7.16. �

We continue related results regarding the L∞− norm ‖ · ‖∞.

Theorem 7.18. Let α1, α2 ∈ R+, β > α1, α2, and let f1, f2 ∈ L1(0, x), x ∈
R+−{0}, have, respectively, L∞ fractional derivatives Dβf1, D

βf2 in [0, x],
and let Dβ−kfi(0) = 0 for k = 1, . . . , [β] + 1; i = 1, 2. Consider p(s) ≥
0, p(s) ∈ L∞(0, x). Let λα1 , λα2 , λβ ≥ 0.
Set

ρ(x) :=

{
‖p(s)‖∞ x(βλα1−α1λα1+βλα2−α2λα2+1)

(Γ(β − α1 + 1))λα1 (Γ(β − α2 + 1))λα2 [βλα1 − α1λα1 + βλα2 − α2λα2 + 1]

}
.

(7.182)
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Then ∫ x

0

p(s)
[
|Dα1f1(s)|λα1 |Dα2f2(s)|λα2

∣∣Dβf1(s)
∣∣λβ +

|Dα2f1(s)|λα2 |Dα1f2(s)|λα1
∣∣Dβf2(s)

∣∣λβ
]
ds ≤

ρ(x)
2

[
‖Dβf1‖2(λα1+λβ)

∞ +
∥∥Dβf1

∥∥2λα2

∞ +
∥∥Dβf2

∥∥2λα2

∞ +
∥∥Dβf2

∥∥2(λα1+λβ)

∞
]
.

(7.183)

Proof. From (7.9) we get

|Dαifj(s)| ≤ 1
Γ(β − αi)

∫ s

0

(s − t)β−αi−1|Dβfj(t)|dt

≤ 1
Γ(β − αi)

(∫ s

0

(s − t)β−αi−1dt

)
‖Dβfj‖∞ (7.184)

=
‖Dβfj‖∞
Γ(β − αi)

sβ−αi

(β − αi)
=

sβ−αi

Γ(β − αi + 1)
‖Dβfj‖∞. (7.185)

That is,

|Dαifj(s)| ≤ sβ−αi

Γ(β − αi + 1)
‖Dβfj‖∞, (7.186)

∀ s ∈ [0, x], i = 1, 2; j = 1, 2.
Then we have

|Dα1f1(s)|λα1 ≤ s(β−α1)λα1

(Γ(β − α1 + 1))λα1
‖Dβf1‖λα1∞ , (7.187)

|Dα2f2(s)|λα2 ≤ s(β−α2)λα2

(Γ(β − α2 + 1))λα2
‖Dβf2‖λα2∞ , (7.188)

|Dβf1(s)|λβ ≤ ‖Dβf1‖λβ∞ . (7.189)

Multiplying the last three inequalities (7.187) through (7.189), we obtain

|Dα1f1(s)|λα1 |Dα2f2(s)|λα2 |Dβf1(s)|λβ ≤
s(βλα1−α1λα1+βλα2−α2λα2 )

(Γ(β − α1 + 1))λα1 (Γ(β − α2 + 1))λα2
‖Dβf1‖λα1+λβ∞ ‖Dβf2‖λα2∞ . (7.190)

Similarly we see that

|Dα2f1(s)|λα2 ≤ s(β−α2)λα2

(Γ(β − α2 + 1))λα2
‖Dβf1‖λα2∞ , (7.191)

|Dα1f2(s)|λα1 ≤ s(β−α1)λα1

(Γ(β − α1 + 1))λα1
‖Dβf2‖λα1∞ , (7.192)
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|Dβf2(s)|λβ ≤ ‖Dβf2‖λβ∞ . (7.193)

Multiplying the last three inequalities (7.191) through (7.193), we get

|Dα2f1(s)|λα2 |Dα1f2(s)|λα1 |Dβf2(s)|λβ ≤
s(βλα2−α2λα2+βλα1−α1λα1 )

(Γ(β − α2 + 1))λα2 (Γ(β − α1 + 1))λα1
‖Dβf1‖λα2∞ ‖Dβf2‖λα1+λβ∞ . (7.194)

Adding (7.190), (7.194) produces

|Dα1f1(s)|λα1 |Dα2f2(s)|λα2 |Dβf1(s)|λβ + |Dα2f1(s)|λα2 |Dα1f2(s)|λα1 |Dβf2(s)|λβ

≤ s(βλα1−α1λα1+βλα2−α2λα2 )

(Γ(β − α1 + 1))λα1 (Γ(β − α2 + 1))λα2
·[

‖Dβf1‖λα1+λβ∞
∥∥Dβf2

∥∥λα2

∞ +
∥∥Dβf1

∥∥λα2

∞
∥∥Dβf2

∥∥λα1+λβ

∞
]
. (7.195)

It follows that∫ x

0

p(s)
[|Dα1f1(s)|λα1 |Dα2f2(s)|λα2 |Dβf1(s)|λβ +

|Dα2f1(s)|λα2 |Dα1f2(s)|λα1 |Dβf2(s)|λβ
]
ds ≤

‖p(s)‖∞
(∫ x

0
s(βλα1−α1λα1+βλα2−α2λα2 )ds

)
(Γ(β − α1 + 1))λα1 (Γ(β − α2 + 1))λα2

·[
‖Dβf1‖λα1+λβ∞

∥∥Dβf2

∥∥λα2

∞ +
∥∥Dβf1

∥∥λα2

∞
∥∥Dβf2

∥∥λα1+λβ

∞
]

(7.196)

=
‖p(s)‖∞ x(βλα1−α1λα1+βλα2−α2λα2+1)

(Γ(β − α1 + 1))λα1 (Γ(β − α2 + 1))λα2 [βλα1 − α1λα1 + βλα2 − α2λα2 + 1]
·[

‖Dβf1‖λα1+λβ∞
∥∥Dβf2

∥∥λα2

∞ +
∥∥Dβf1

∥∥λα2

∞
∥∥Dβf2

∥∥λα1+λβ

∞
]

(7.197)

≤ ρ(x)

2

[
‖Dβf1‖2(λα1+λβ)

∞ +
∥∥∥Dβf2

∥∥∥2λα2

∞
+
∥∥∥Dβf1

∥∥∥2λα2

∞
+
∥∥∥Dβf2

∥∥∥2(λα1+λβ)

∞

]
.

(7.198)

We have proved (7.183). �

We present some special cases of the last theorem.

Theorem 7.19. (all are as in Theorem 7.18; λα2 = 0).
It holds∫ x

0

p(s)
[|Dα1f1(s)|λα1 |Dβf1(s)|λβ + |Dα1f2(s)|λα1 |Dβf2(s)|λβ

]
ds ≤

‖p(s)‖∞ x(βλα1−α1λα1+1)

(Γ(β − α1 + 1))λα1 [βλα1 − α1λα1 + 1]

[
‖Dβf1‖λα1+λβ∞ +

∥∥Dβf2

∥∥λα1+λβ

∞
]
.

(7.199)
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Proof. As in Theorem 7.18, similarly. �

We continue with

Theorem 7.20. (all are as in Theorem 7.18; λα2 = λα1 + λβ).
It holds∫ x

0

p(s)
[|Dα1f1(s)|λα1 |Dα2f2(s)|λα1+λβ |Dβf1(s)|λβ +

|Dα2f1(s)|λα1+λβ |Dα1f2(s)|λα1 |Dβf2(s)|λβ
]
ds ≤

{ ‖p(s)‖∞
(Γ(β − α1 + 1))λα1 (Γ(β − α2 + 1))λα1+λβ

x(2βλα1−α1λα1+βλβ−α2λα1−α2λβ+1)

(2βλα1 − α1λα1 + βλβ − α2λα1 − α2λβ + 1)

}
[
‖Dβf1‖2(λα1+λβ)

∞ +
∥∥Dβf2

∥∥2(λα1+λβ)

∞
]
. (7.200)

Proof. As in Theorem 7.18, similarly. �

We give

Theorem 7.21. (all are as in Theorem 7.18; λβ = 0, λα1 = λα2).
It holds∫ x

0

p(s)
[|Dα1f1(s)|λα1 |Dα2f2(s)|λα1 + |Dα2f1(s)|λα1 |Dα1f2(s)|λα1

]
ds

≤ ρ∗(x)
[
‖Dβf1‖2λα1∞ +

∥∥Dβf2

∥∥2λα1

∞
]
, (7.201)

where

ρ∗(x) :=

{
‖p(s)‖∞ x(2βλα1−α1λα1−α2λα1+1)

(Γ(β − α1 + 1)Γ(β − α2 + 1))λα1 (2βλα1 − α1λα1 − α2λα1 + 1)

}
.

(7.202)

Proof. As in Theorem 7.18, when λβ = 0, we follow the proof and we
obtain∫ x

0

p(s)
[|Dα1f1(s)|λα1 |Dα2f2(s)|λα2 + |Dα2f1(s)|λα2 |Dα1f2(s)|λα1

]
ds

≤ ρ(x)
[
‖Dβf1‖λα1∞

∥∥Dβf2

∥∥λα2

∞ + ‖Dβf1‖λα2∞
∥∥Dβf2

∥∥λα1

∞
]
, (7.203)
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which inequality is in itself of interest, and so on. Then setting λα1 = λα2

into (7.203) and (7.182), we finally derive (7.201) and (7.202). �

We give

Theorem 7.22. (all are as in Theorem 7.18; λα1 = 0, λα2 = λβ). It
holds∫ x

0

p(s)
[|Dα2f2(s)|λα2 |Dβf1(s)|λα2 + |Dα2f1(s)|λα2 |Dβf2(s)|λα2

]
ds

≤
(

x(βλα2−α2λα2+1)‖p(s)‖∞
(β λα2 − α2λα2 + 1)(Γ(β − α2 + 1))λα2

)[
‖Dβf1‖2λα2∞ +

∥∥∥Dβf2

∥∥∥2λα2

∞

]
.

(7.204)

Proof. As in Theorem 7.18. �

We continue with

Corollary 7.23. (to Theorem 7.21; all are as in Theorem 7.18; λβ = 0,
λα1 = λα2 , α2 = α1 + 1).

It holds∫ x

0

p(s)
[|Dα1f1(s)|λα1 |Dα1+1f2(s)|λα1 + |Dα1+1f1(s)|λα1 |Dα1f2(s)|λα1

]
ds

≤
(

x(2βλα1−2α1λα1−λα1+1)‖p(s)‖∞
(2β λα1 − 2α1λα1 − λα1 + 1)(β − α1)λα1 (Γ(β − α1))2λα1

)
·[

‖Dβf1‖2λα1∞ +
∥∥Dβf2

∥∥2λα1

∞
]
. (7.205)

Proof. By Theorem 7.21. �

We give

Corollary 7.24. (to Corollary 7.23) In detail: let α1 ∈ R+, β > α1 + 1
and let f1, f2 ∈ L1(0, x), x ∈ R+ − {0}, have, respectively, L∞ fractional
derivative Dβf1, D

βf2 in [0, x], and let Dβ−kfi(0) = 0, for k = 1, . . . ,
[β] + 1; i = 1, 2.
Then ∫ x

0

[|Dα1f1(s)| |Dα1+1f2(s)| + |Dα1+1f1(s)| |Dα1f2(s)|
]
ds
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≤
(

x2(β−α1)

2(β − α1)2(Γ(β − α1))2

)[
‖Dβf1‖2

∞ +
∥∥Dβf2

∥∥2
∞
]
. (7.206)

Proof. In (7.205) set λα1 = 1 and p(s) = 1. �

Proposition 7.25. Inequality (7.206) is sharp; in fact it is attained when
f1 = f2.

Proof. Clearly (7.206) when f1 = f2 collapses to∫ x

0

|Dα1f1(s)| |Dα1+1f1(s)|ds ≤
(

x2(β−α1)

2(β − α1)2(Γ(β − α1))2

)
‖Dβf1‖2

∞.

(7.207)
In [64] (see Theorem 2.5, Remark 2.6) we proved that (7.207) is sharp; in
fact it is attained by f1(s) = sβ . �

7.4 Applications

We present a uniqueness of solution result for a system of fractional differ-
ential equations involving Riemann–Liouville fractional derivatives.

Theorem 7.26. Let αi ∈ R+, β > αi, β −αi > (1/2), i = 1, . . . , r ∈ N,
and let fj ∈ L1(0, x), j = 1, 2; x ∈ R+ − {0}, have, respectively, L∞
fractional derivative Dβfj in [0, x], and let Dβ−kfj(0) = akj ∈ R for k =
1, . . . , [β] + 1; j = 1, 2. Furthermore for j = 1, 2 we have that

Dβfj(s) = Fj (s, {Dαif1(s)}r
i=1 , {Dαif2(s)}r

i=1) , (7.208)

all s ∈ [0, x].
Here Fj(s, z1, . . . , zr, y1, . . . , yr) are continuous for (z1, . . . , zr, y1, . . . , yr)

∈ R
2r, bounded for s ∈ [0, x], and satisfy the Lipschitz condition

|Fj(s, z1, . . . , zr, y1, . . . , yr) − Fj(s, z′1, . . . , z
′
r, y

′
1, . . . , y

′
r)| ≤

r∑
i=1

[q1,i,j(s)|zi − z′i| + q2,i,j(s)|yi − y′
i|] , (7.209)

j = 1, 2, where q1,i,j(s), q2,i,j(s) ≥ 0 are bounded on [0, x], 1 ≤ i ≤ r.
Call

M1,i := max(‖q1,i,1‖∞, ‖q2,i,2‖∞) and M2,i := max(‖q2,i,1‖∞, ‖q1,i,2‖∞).
(7.210)
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Assume here that

φ∗(x) :=
r∑

i=1

(
M1,i

2
+

M2,i√
2

)(
xβ−αi

Γ(β − αi)
√

β − αi

√
2β − 2αi − 1

)
< 1.

(7.211)

Then, if the system (7.208) has two pairs of solutions (f1, f2) and (f∗
1 , f∗

2 ),
we prove that fj = f∗

j , j = 1, 2; that is, we have the uniqueness of solution
property for the fractional system (7.208).

Proof. Assume there are two pairs of solutions (f1, f2), (f∗
1 , f∗

2 ) to
system (7.208). Set gj := fj − f∗

j , j = 1, 2 . Then

Dβ−kgj(0) = 0, k = 1, ..., [β] + 1; j = 1, 2. (7.212)

It holds
Dβgj(s) = Fj (s, {Dαif1(s)}r

i=1 , {Dαif2(s)}r
i=1)

−Fj (s, {Dαif∗
1 (s)}r

i=1 , {Dαif∗
2 (s)}r

i=1) . (7.213)

Hence by (7.209) we have

|Dβgj(s)| ≤
r∑

i=1

[g1,i,j(s)|Dαig1(s)| + g2,i,j(s)|Dαig2(s)|]. (7.214)

Thus

|Dβgj(s)| ≤
r∑

i=1

[‖g1,i,j‖∞|Dαig1(s)| + ‖g2,i,j‖∞|Dαig2(s)|]. (7.215)

The last implies that

(Dβgj(s))2 ≤
r∑

i=1

[‖g1,i,j‖∞|Dαig1(s)| |Dβgj(s)|+

‖g2,i,j‖∞|Dαig2(s)| |Dβgj(s)|
]
, j = 1, 2. (7.216)

Consequently we see that

I :=
∫ x

0

(
(Dβg1(s))2 + (Dβg2(s))2

)
ds ≤

r∑
i=1

[
‖g1,i,1‖∞

∫ x

0
|Dαig1(s)| |Dβg1(s)|ds + ‖g2,i,1‖∞

∫ x

0
|Dαig2(s)| |Dβg1(s)|ds

]

+
r∑

i=1

[
‖g1,i,2‖∞

∫ x

0

|Dαig1(s)| |Dβg2(s)|ds+
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‖g2,i,2‖∞
∫ x

0

|Dαig2(s)| |Dβg2(s)|ds

]
(7.217)

≤
r∑

i=1

M1,i

(∫ x

0

[|Dαig1(s)| |Dβg1(s)| + |Dαig2(s)| |Dβg2(s)|
]
ds

)

+
r∑

i=1

M2,i

(∫ x

0

[|Dαig2(s)| |Dβg1(s)| + |Dαig1(s)| |Dβg2(s)|
]
ds

)
=: (∗).
(7.218)

However by Corollary 7.11, (7.130) we have∫ x

0

[|Dαig1(s)| |Dβg1(s)| + |Dαig2(s)| |Dβg2(s)|]ds

≤
(

x(β−αi)

2Γ(β − αi)
√

β − αi

√
2β − 2αi − 1

)
I. (7.219)

Also by Corollary 7.13, (7.145) and (7.146) we find∫ x

0

[|Dαig2(s)| |Dβg1(s)| + |Dαig1(s)| |Dβg2(s)|]ds

≤
(

x(β−αi)

√
2Γ(β − αi)

√
β − αi

√
2β − 2αi − 1

)
I. (7.220)

Therefore by (7.219) and (7.220) we get

(∗) ≤
r∑

i=1

M1,i

(
x(β−αi) I

2Γ(β − αi)
√

β − αi

√
2β − 2αi − 1

)
+ (7.221)

r∑
i=1

M2,i

(
x(β−αi) I√

2Γ(β − αi)
√

β − αi

√
2β − 2αi − 1

)
= φ∗(x)I. (7.222)

We have established that
I ≤ φ∗(x) I. (7.223)

If I = 0 then φ∗(x) ≥ 1, a contradiction by assumption (7.211) that
φ∗(x) < 1. Therefore I = 0, implying that

(Dβg1(s))2 + (Dβg2(s))2 = 0, a.e. in [0, x]. (7.224)

That is, (
Dβg1(s)

)2
= 0,

(
Dβg2(s)

)2
= 0, a.e. in [0, x]. (7.225)

That is,
Dβg1(s) = 0, Dβg2(s) = 0, a.e. in [0, x]. (7.226)
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By (7.212) and Lemma 7.3, apply (7.3) for α = 0; we find g1(s) ≡ g2(s) ≡ 0
over [0, x].
The last implies fj = f∗

j , j = 1, 2, over [0, x], thus proving the uniqueness
of solution to the initial value problem of this theorem. �

Next we give upper bounds on Dβfj , solutions fj , and so on, all involved
in a system of fractional differential equations involving Riemann–Liouville
fractional derivatives.

Theorem 7.27. Let αi ∈ R+, β > αi, β −αi > (1/2), i = 1, . . . , r ∈ N,
and let fj ∈ L1(0, x), j = 1, 2; x ∈ R+ − {0}, have, respectively, frac-
tional derivative Dβfj in [0, x] that is absolutely continuous on [0, x], and
let Dβ−kfj(0) = 0 for k = 1, . . . , [β]+1; j = 1, 2. Furthermore (Dβfj)(0) =
Aj ∈ R.
Furthermore for 0 ≤ s ≤ x we have holding the system of fractional differ-
ential equations(
Dβfj

)′
(s) = Fj

(
s,
{
Dαif1(s)

}r

i=1
,
(
Dβf1

)
(s),
{
Dαif2(s)

}r

i=1
,
(
Dβf2

)
(s)
)

,

(7.227)

for j = 1, 2. Here Fj is Lebesgue measurable on [0, x] × R
r+1 × R

r+1 such
that

|Fj(s, x1x2, ..., xr, xr+1, y1, ..., yr, yr+1)| ≤
r∑

i=1

[
q1,i,j(s) · |xi| + q2,i,j(s)|yi|

]
,

(7.228)

where q1,i,j(s), q2,i,j(s) ≥ 0, 1 ≤ i ≤ r, j = 1, 2, are bounded on [0,x]. Call

M1,i := max(‖q1,i,1‖∞, ‖q2,i,2‖∞), (7.229)

and
M2,i := max(‖q2,i,1‖∞, ‖q1,i,2‖∞). (7.230)

Also we set (0 ≤ s ≤ x)

θ(s) := ((Dβf1)(s))2 + ((Dβf2)(s))2, (7.231)

ρ := A2
1 + A2

2, (7.232)

Q(s) :=
r∑

i=1

(M1,i +
√

2 M2,i)
(

sβ−αi

Γ(β − αi)
√

β − αi

√
2β − 2αi − 1

)
,

(7.233)
and

χ(s) :=
√

ρ ·
{

1 + Q(s) · e(
∫ s
0 Q(t)dt) ·

[∫ s

0

(
e−(

∫ z
0 Q(t)dt)

)
dz

]}1/2

. (7.234)

Then √
θ(s) ≤ χ(s), all 0 ≤ s ≤ x. (7.235)
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Consequently it holds
|Dβfj(s)| ≤ χ(s), (7.236)

|fj(s)| ≤ 1
Γ(β)

∫ s

0

(s − t)β−1χ(t)dt, (7.237)

for j = 1, 2, 0 ≤ s ≤ x.
Also it holds that

|Dαifj(s)| ≤ 1
Γ(β − αi)

∫ s

0

(s − t)β−αi−1χ(t)dt, (7.238)

for j = 1, 2, i = 1, . . . , r, all 0 ≤ s ≤ x.

Proof. We observe that

(Dβfj)(s)(Dβfj)′(s) =
(
Dβfj)(s) · Fj (s, {Dαif1(s)}r

i=1 ,(
Dβf1

)
(s), {Dαif2(s)}r

i=1 ,
(
Dβf2

)
(s)
)
, (7.239)

j = 1, 2, all 0 ≤ s ≤ x.
We then integrate (7.239),∫ y

0

(Dβfj)(s)(Dβfj)′(s)ds =
∫ y

0

(Dβfj)(s)·Fj

(
s, {Dαif1(s)}r

i=1 ,
(
Dβf1

)
(s),

{Dαif2(s)}r
i=1 ,

(
Dβf2

)
(s)
)
ds, 0 ≤ y ≤ x. (7.240)

Hence we obtain

((Dβfj)(s))2

2

∣∣∣∣y
0

≤
∫ y

0

|Dβfj(s)| |Fj · · · |ds
(7.228)

≤

∫ y

0

|Dβfj(s)|
[

r∑
i=1

[g1,i,j(s)|Dαif1(s)| + g2,i,j(s)|Dαif2(s)|]
]

ds (7.241)

≤
r∑

i=1

{
‖g1,i,j‖∞

(∫ y

0

|Dβfj(s)| |Dαif1(s)|ds

)

+ ‖g2,i,j‖∞
(∫ y

0

|Dβfj(s)| |Dαif2(s)|ds

)}
. (7.242)

Thus we find

((Dβfj(y))2 ≤ A2
j + 2

r∑
i=1

{
‖g1,i,j‖∞

(∫ y

0

|Dβfj(s)| |Dαif1(s)|ds

)

+ ‖g2,i,j‖∞
(∫ y

0

|Dβfj(s)| |Dαif2(s)|ds

)}
. (7.243)
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Consequently we write

θ(y) ≤ ρ+2
r∑

i=1

{
M1,i

∫ y

0

[|Dβf1(s)| |Dαif1(s)| + |Dβf2(s)| |Dαif2(s)|
]
ds

+ M2,i

∫ y

0

[|Dβf2(s)| |Dαif1(s)| + |Dβf1(s)| |Dαif2(s)|
]
ds

}
(7.244)

(by (7.130),(7.145))

≤ ρ + 2
r∑

i=1

{
M1,i

(
y(β−αi)

∫ y

0
θ(s)ds

2Γ(β − αi)
√

β − αi

√
2β − 2αi − 1

)

+M2,i

(
y(β−αi)

∫ y

0
θ(s)ds√

2Γ(β − αi)
√

β − αi

√
2β − 2αi − 1

)}
(7.245)

= ρ + Q(y)
∫ y

0

θ(s)ds. (7.246)

That is, we get

θ(y) ≤ ρ + Q(y)
∫ y

0

θ(s)ds, (7.247)

all 0 ≤ y ≤ x . Here ρ ≥ 0, Q(y) ≥ 0, Q(0) = 0, θ(y) ≥ 0 , all 0 ≤ y ≤ x .
Solving the integral inequality (7.247), exactly as in [17] (see pp. 224–225,
Application 3.2 and inequalities (44), (47) there) we find that√

θ(y) ≤ χ(y), 0 ≤ y ≤ x, (7.248)

proving (7.235).
Then (7.236) is obvious.
Next from (7.3), the case of α = 0, we obtain

|fj(s)| ≤ 1
Γ(β)

∫ s

0

(s − t)β−1|Dβfj(t)|dt ≤ 1
Γ(β)

∫ s

0

(s − t)β−1χ(t)dt,

(7.249)
proving (7.237).

Finally, again from (7.3), we find

|Dαifj(s)| ≤ 1
Γ(β − αi)

∫ s

0

(s − t)β−αi−1|Dβfj(t)|dt (7.250)

≤ 1
Γ(β − αi)

∫ s

0

(s − t)β−αi−1χ(t)dt, (7.251)

thus proving (7.238). �

In the last application we give similar upper bounds as in Theorem 7.27,
but under different conditions.
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Theorem 7.28. Let αi ∈ R+, β > αi i = 1, . . . , r ∈ N, and fj ∈
L1(0, x), j = 1, 2; x ∈ R+ − {0}, have, respectively, fractional derivative
Dβfj in [0, x] that is absolutely continuous on [0, x], and let Dβ−μfj(0) =
0 for μ = 1, . . . , [β] + 1; j = 1, 2. And (Dβfj)(0) = Aj ∈ R. Further-
more for 0 ≤ s ≤ x we have holding the system of fractional differential
equations (

Dβfj

)′
(s) = Fj

(
s, {Dαif1(s)}r

i=1 , (Dβf1)(s),

{Dαif2(s)}r
i=1 ,

(
Dβf2

)
(s)
)
, for j = 1,2. (7.252)

For fixed i∗ ∈ {1, ..., r} we assume that αi∗+1 = αi∗+1 , where αi∗ , αi∗+1 ∈
{α1, . . . , αr}. Call k := αi∗ , γ := αi∗ + 1; that is, γ = k + 1. Here Fj is
Lebesgue measurable on [0, x] × R

r+1 × R
r+1 such that

|Fj(s, x1, ..., xr, xr+1, y1, ..., yr, yr+1)| ≤

q1,j(s)|xi∗ |
√

|yi∗+1| + q2,j(s)|yi∗ |
√

|xi∗+1|, (7.253)

where both 0 ≡ q1,j , q2,j ≥ 0, bounded functions over [0, x]. Put

M := max(‖q1,1‖∞, ‖q2,1‖∞, ‖q1,2‖∞, ‖q2,2‖∞), (7.254)

θ(s) := |(Dβf1)(s)|+ |(Dβf2)(s)|, 0 ≤ s ≤ x, ρ := |A1|+ |A2|. (7.255)

Also we define

Q(s) :=
(

4M√
3β − 3k − 2

)
s((3β−3k−1)/2)

(Γ(β − k))3/2
, (7.256)

σ :=
(

4M√
3β − 3k − 2

)
x((3β−3k−1)/2)

(Γ(β − k))3/2
, (7.257)

all 0 ≤ s ≤ x.
We assume that

xσ
√

ρ < 2. (7.258)

Call

ϕ̃(s) :=
s(σ − Q(s))

[
σρ2s − 4ρ3/2

]
+ 4ρ

(2 − σ
√

ρ s)2
, (7.259)

all 0 ≤ s ≤ x. Then
θ(s) ≤ ϕ̃(s); (7.260)

in particular, it holds

|Dβfj(s)| ≤ ϕ̃(s), j = 1, 2, (7.261)

for all 0 ≤ s ≤ x. Furthermore we find

|fj(s)| ≤ 1
Γ(β)

∫ s

0

(s − t)β−1ϕ̃(t)dt, (7.262)
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|Dαifj(s)| ≤ 1
Γ(β − αi)

∫ s

0

(s − t)β−αi−1ϕ̃(t)dt, (7.263)

j = 1, 2; i = 1, . . . , r, all 0 ≤ s ≤ x.

Proof. Clearly, here Dβfj are L∞ fractional derivatives in [0, x]. For
0 ≤ s ≤ y ≤ x, by (7.252) we get that∫ y

0

(
Dβfj

)′
(s)ds =

∫ y

0

Fj (s, {Dαif1(s)}r
i=1 ,

(
Dβf1

)
(s),

{Dαif2(s)}r
i=1 ,

(
Dβf2

)
(s)
)
ds. (7.264)

That is,

(Dβfj)(y) = Aj +
∫ y

0

Fj(s, . . .)ds. (7.265)

Then we observe

|(Dβfj)(y)| ≤ |Aj | +
∫ y

0

|Fj(s, ...)|ds ≤ |Aj |+
∫ y

0

[
‖q1,j‖∞|(Dkf1)(s)|

√
|(Dk+1f2)(s)| + ‖q2,j‖∞|(Dkf2)(s)|

√
|(Dk+1f1)(s)|

]
ds

(7.266)

≤ |Aj | + M

(∫ y

0

[
|(Dkf1)(s)|

√
|(Dk+1f2)(s)| + |Dkf2(s)|

√
|(Dk+1f1)(s)|

]
ds

)
.

(7.267)
Therefore

θ(y) ≤ ρ + 2M

(∫ y

0

[
|Dkf1(s)|

√
|Dk+1f2(s)| + |Dkf2(s)|

√
|Dk+1f1(s)|

]
ds

)
(7.268)

((7.160),(7.161))

≤ ρ +
(

4M√
3β − 3k − 2

)
· y(3β−3k−1/2)

(Γ(β − k))3/2

·
(∫ y

0

(|Dβf1)(s)|3/2 + |(Dβf2(s)|3/2)ds

)
(7.269)

(7.27)

≤ ρ +

(
4M√

3β − 3k − 2

)(
y(3β−3k−1/2)

(Γ(β − k))3/2

)(∫ y

0
(|Dβf1(s)| + |Dβf2(s)|)3/2ds

)
.

(7.270)

We have proved that

θ(y) ≤ ρ + Q(y)
∫ y

0

(θ(s))3/2ds, (7.271)

all 0 ≤ y ≤ x.
Notice that θ(y) ≥ 0, ρ ≥ 0, Q(y) ≥ 0, and Q(0) = 0, also it is σ > 0.
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Call

0 ≤ w(y) :=
∫ y

0

(θ(s))3/2ds, w(0) = 0, all 0 ≤ y ≤ x. (7.272)

That is,
w′(y) = (θ(y))3/2 ≥ 0 over [0, x], (7.273)

and
θ(y) = (w′(y))2/3, all 0 ≤ y ≤ x. (7.274)

Hence we rewrite (7.271) as follows,

(w′(y))2/3 ≤ ρ + Q(y)w(y), all 0 ≤ y ≤ x. (7.275)

So that
(w′(y))2/3 ≤ ρ + σ w(y) < ρ + ε + σ w(y), (7.276)

for ε > 0 arbitrarily small. Thus

w′(y) < (ρ + ε + σ w(y))3/2, all 0 ≤ y ≤ x. (7.277)

Here (ρ + ε + σ w(y))3/2 > 0 . In particular it holds

w′(s) < (ρ + ε + σ w(y))3/2, all 0 ≤ s ≤ y, (7.278)

and
w′(s)

(ρ + ε + σ w(s))3/2
< 1. (7.279)

The last is the same as(
− 2

σ
(ρ + ε + σ w(s))−1/2

)′
< 1. (7.280)

Therefore after integration we get

−
∫ y

0

d((ρ + ε + σ w(s))−1/2) ≤ σ

2
y, (7.281)

and
(ρ + ε + σ w(s))−1/2

∣∣∣0
y

≤ σ

2
y. (7.282)

That is,
(ρ + ε)−1/2 − (ρ + ε + σ w(y))−1/2 ≤ σ

2
y, (7.283)

and
(ρ + ε)−1/2 − σ

2
y ≤ (ρ + ε + σ w(y))−1/2. (7.284)

That is,
(2 − σ(ρ + ε)1/2y)

2(ρ + ε)1/2
≤ 1

(ρ + ε + σ w(y))1/2
. (7.285)
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By assumption (7.258) we have

y σ
√

ρ < 2, all 0 ≤ y ≤ x. (7.286)

Then for sufficiently small ε > 0 we still have

y σ(ρ + ε)1/2 < 2. (7.287)

That is,
2 − y σ(ρ + ε)1/2 > 0, all 0 ≤ y ≤ x. (7.288)

From (7.285) and (7.288) we obtain

(ρ + ε + σ w(y))1/2 ≤ 2(ρ + ε)1/2

(2 − σ(ρ + ε)1/2y)
, (7.289)

all 0 ≤ y ≤ x.
Solving (7.289) for w(y) we find

w(y) ≤
(

ρ + ε

σ

)[
4

(2 − σ(
√

ρ + ε)y)2
− 1
]

, (7.290)

for ε > 0 sufficiently small and for all 0 ≤ y ≤ x.
Letting ε → 0 we obtain

w(y) ≤
( ρ

σ

)( 4
(2 − σ y

√
ρ)2

− 1
)

, (7.291)

for all 0 ≤ y ≤ x.
That is,

w(y) ≤ (4 y ρ3/2 − σ y2ρ2)
(2 − σ y

√
ρ)2

, (7.292)

all 0 ≤ y ≤ x.
Hence by (7.271) through (7.292) we derive

θ(y) ≤ ρ + Q(y)
[
(4 y ρ3/2 − σ y2ρ2)

(2 − σ y
√

ρ)2

]
= ϕ̃(y), (7.293)

all 0 ≤ y ≤ x.
We have proved (7.260) and (7.261).
Next by applying Lemma 7.3, formula (7.3) for α = 0 , and using (7.261),

we obtain (7.262). Finally by again applying Lemma 7.3, formula (7.3) for
αi , and using (7.261), we get (7.263). The proof of the theorem now is
complete. �



8
Canavati Fractional Opial-Type
Inequalities for Several Functions
and Applications

A wide variety of very general Lp (1 ≤ p ≤ ∞)-form Opial-type inequali-
ties [315] is presented involving generalized Canavati fractional derivatives
[17, 101] of several functions in different orders and powers. The above
are based on a generalization of Taylor’s formula for generalized Canavati
fractional derivatives [17]. From the established results are derived several
other particular results of special interest. Applications of some of these
special inequalities are given in proving the uniqueness of solution and in
giving upper bounds to solutions of initial value problems involving a very
general system of several fractional differential equations. Upper bounds to
various fractional derivatives of the solutions that are involved in the above
systems are given too. This treatment is based on [27].

8.1 Introduction

Here the author continues his study of Canavati fractional Opial inequali-
ties now involving several different functions and produces a wide variety
of corresponding results with important applications to systems of sev-
eral fractional differential equations. This chapter is a generalization of
Chapter 6.

We start in Section 8.2 with preliminaries, we continue in Section 8.3
with the main results, and we finish in Section 8.4 with applications.
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To give the reader an idea of the kind of inequalities we are dealing with,
we briefly mention a simple one

∫ x

a

⎛⎝ M∑
j=1

|(Dγ
afj)(w)| |(Dν

afj)(w)|
⎞⎠ dw

≤
(

(x − a)ν−γ

2Γ(ν − γ)
√

ν − γ
√

2ν − 2γ − 1

)⎧⎨⎩
∫ x

a

⎛⎝ M∑
j=1

((Dν
afj)(w))2

⎞⎠ dw

⎫⎬⎭ ,

all a ≤ x ≤ b, for a certain kind of continuous function fj , j = 1, . . . , M ∈
N; ν ≥ 1, γ ≥ 0, ν−γ ≥ 1, and so on. Furthermore one system of fractional
differential equations we are dealing with is of the form

(Dν
afj)(t) = Fj (t, {(Dγi

a f1)(t)}r
i=1, {(Dγi

a f2)(t)}r
i=1,

. . . , {(Dγi
a fM )(t)}r

i=1) , all t ∈ [a, b],

for j = 1, 2, . . . ,M ∈ N and with f
(i)
j (a) = aij ∈ R, i = 0, 1, . . . , n − 1,

where n := [ν], ν ≥ 2, and so on.
In the literature there are many different definitions of fractional deriva-

tives, some of them equivalent (see [197, 333]). In this chapter we use one
of the most recent due to J. Canavati [101], generalized in [15] and [17] by
the author.

One of the advantages of Canavati fractional derivatives is that in appli-
cations to fractional initial value problems we need only n initial conditions
as with the ordinary derivative case, whereas with other definitions of frac-
tional derivatives we need n + 1 or more initial conditions (see [333]).

8.2 Preliminaries

In the sequel we follow [101]. Let g ∈ C([0, 1]). Let ν be a positive number,
n := [ν], and α := ν − n (0 < α < 1). Define

(Jνg)(x) :=
1

Γ(ν)

∫ x

0

(x − t)ν−1g(t) dt, 0 ≤ x ≤ 1, (8.1)

the Riemann–Liouville integral, where Γ is the gamma function. We define
the subspace Cν([0, 1]) of Cn([0, 1]) as follows,

Cν([0, 1]) := {g ∈ Cn([0, 1]) : J1−αDng ∈ C1([0, 1])},

where D := d/dx. So for g ∈ Cν([0, 1]), we define the Canavati ν-fractional
derivative of g as

Dνg := DJ1−αDng. (8.2)
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When ν ≥ 1 we have the Taylor’s formula

g(t) =g(0) + g′(0)t + g′′(0)
t2

2!
+ · · · + g(n−1)(0)

tn−1

(n − 1)!
+ (JνDνg)(t), for all t ∈ [0, 1]. (8.1)

When 0 < ν < 1 we find

g(t) = (JνDνg)(t), for all t ∈ [0, 1]. (8.4)

Next we transfer the above notions over to arbitrary [a, b] ⊆ R (see [17]).
Let x, x0 ∈ [a, b] such that x ≥ x0, where x0 is fixed. Let f ∈ C([a, b]) and
define

(Jx0
ν f)(x) :=

1
Γ(ν)

∫ x

x0

(x − t)ν−1f(t) dt, x0 ≤ x ≤ b, (8.5)

the generalized Riemann–Liouville integral . We define the subspace
Cν

x0
([a, b]) of Cn([a, b]):

Cν
x0

([a, b]) := {f ∈ Cn([a, b]) : Jx0
1−αDnf ∈ C1([x0, b])}.

For f ∈ Cν
x0

([a, b]), we define the generalized ν-fractional derivative of f
over [x0, b] as

Dν
x0

f := DJx0
1−αf (n) (f (n) := Dnf). (8.6)

Observe that

(Jx0
1−αf (n))(x) =

1
Γ(1 − α)

∫ x

x0

(x − t)−αf (n)(t) dt

exists for f ∈ Cν
x0

([a, b]).
We mention the following fractional generalization of Taylor’s formula

(see [17, 101]); see also Theorem 2.1.

Theorem 8.1. Let f ∈ Cν
x0

([a, b]), x0 ∈ [a, b], fixed.

(i) If ν ≥ 1 then

f(x) =f(x0) + f ′(x0)(x − x0) + f ′′(x0)
(x − x0)2

2

+ · · · + f (n−1)(x0)
(x − x0)n−1

(n − 1)!
+ (Jx0

ν Dν
x0

f)(x), for all x ∈ [a, b] : x ≥ x0. (8.2)

(ii) If 0 < ν < 1 then

f(x) = (Jx0
ν Dν

x0
f)(x), for all x ∈ [a, b] : x ≥ x0. (8.8)
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We make

Remark 8.2. (1) (Dn
x0

f) = f (n), n ∈ N.
(2) Let f ∈ Cν

x0
([a, b]), ν ≥ 1, and f (i)(x0) = 0, i = 0, 1, . . . , n − 1;

n := [ν]. Then by (8.7)

f(x) = (Jx0
ν Dν

x0
f)(x).

That is,

f(x) =
1

Γ(ν)

∫ x

x0

(x − t)ν−1(Dν
x0

f)(t) dt, (8.9)

for all x ∈ [a, b] with x ≥ x0. Notice that (8.9) is true, also when 0 < ν < 1.

We also make

Remark 8.3. Let ν ≥ 1, γ ≥ 0, such that ν − γ ≥ 1, so that γ < ν.
Call n := [ν], α := ν − n ; m := [γ], ρ := γ − m. Note that ν − m ≥ 1 and
n−m ≥ 1. Let f ∈ Cν

x0
([a, b]) be such that f (i)(x0) = 0, i = 0, 1, . . . , n−1.

Hence by (8.7)

f(x) = (Jx0
ν Dν

x0
f)(x), for all x ∈ [a, b] : x ≥ x0.

Therefore by Leibnitz’s formula and Γ(p + 1) = pΓ(p), p > 0, we get that

f (m)(x) = (Jx0
ν−mDν

x0
f)(x), for all x ≥ x0.

It follows that f ∈ Cγ
x0

([a, b]) and thus (Dγ
x0

f)(x) := (DJx0
1−ρf

(m))(x) exists
for all x ≥ x0.

We easily obtain

(Dγ
x0

f)(x) = D((Jx0
1−ρf

(m))(x)) =
1

Γ(ν − γ)

∫ x

x0

(x− t)(ν−γ)−1(Dν
x0

f)(t) dt,

(8.10)
and thus

(Dγ
x0

f)(x) = (Jx0
ν−γ(Dν

x0
f))(x)

and is continuous in x on [x0, b].

8.3 Main Results

Here we often use the following basic inequalities.
Let a1, . . . , an ≥ 0, n ∈ N; then

ar
1 + · · · + ar

n ≤ (a1 + · · · + an)r, r ≥ 1, (8.11)



8.3 Main Results 153

and
ar
1 + · · · + ar

n ≤ n1−r(a1 + · · · + an)r, 0 ≤ r ≤ 1. (8.12)

Our first result follows next.

Theorem 8.4. Let ν ≥ 1, γ1, γ2 ≥ 0, such that ν − γ1 ≥ 1, ν − γ2 ≥ 1,
and fj ∈ Cν

x0
([a, b]) with f

(i)
j (x0) = 0, i = 0, 1, . . . , n − 1, n := [ν], j =

1, . . . , M ∈ N. Here x, x0 ∈ [a, b] : x ≥ x0. Also consider p(t) > 0, and
q(t) ≥ 0 continuous functions on [x0, b]. Let λν > 0 and λα, λβ ≥ 0 such
that λν < p, where p > 1. Set

Pk(w) :=
∫ w

x0

(w − t)(ν−γk−1)p/p−1(p(t))−1/p−1 dt, k = 1, 2, (8.13)

x0 ≤ w ≤ b;

A(w) :=
q(w) · (P1(w))λα(p−1/p) · (P2(w))λβ((p−1)/p)(p(w))−λν/p

(Γ(ν − γ1))λα · (Γ(ν − γ2))λβ
; (8.14)

A0(x) :=
(∫ x

x0

A(w)p/p−λν dw

)(p−λν)/p

. (8.15)

Call

ϕ1(x) :=
(
A0(x)|λβ=0

) · ( λν

λα + λν

)λν/p

, (8.16)

δ∗1 :=
{

M1−(λα+λν/p), if λα + λν ≤ p,
2(λα+λν/p)−1 if λα + λν ≥ p.

(8.17)

If λβ = 0, we obtain that∫ x

x0

q(w)

⎛⎝ M∑
j=1

|(Dγ1
x0

fj)(w)|λα |(Dν
x0

fj)(w)|λν

⎞⎠ dw

≤ δ∗1 · ϕ1(x) ·
⎡⎣∫ x

x0

p(w)

⎛⎝ M∑
j=1

|(Dν
x0

fj)(w)|p
⎞⎠ dw

⎤⎦((λα+λν)/p)

,

(8.18)

all x0 ≤ x ≤ b.

Proof. From Theorem 2 of [26] (see here Theorem 6.5) we get∫ x

x0

q(w)
[|(Dγ1

x0
fj)(w)|λα |(Dν

x0
fj)(w)|λν

+ |(Dγ1
x0

fj+1)(w)|λα |(Dν
x0

fj+1)(w)|λν
]
dw (8.19)

≤ δ1ϕ1(x)
[∫ x

x0

p(w)
[|(Dν

x0
fj)(w)|p + |(Dν

x0
fj+1)(w)|p] dw

]((λα+λν)/p
)
,
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j = 1, 2, . . . ,M − 1, where

δ1 :=

⎧⎨⎩ 21−
(
(λα+λν)/p

)
, if λα + λν ≤ p,

1, if λα + λν ≥ p.
(8.20)

Hence by adding all the above we find∫ x

x0

q(w)
(M−1∑

j=1

[|(Dγ1
x0

fj)(w)|λα |(Dν
x0

fj)(w)|λν

+|(Dγ1
x0

fj+1)(w)|λα |(Dν
x0

fj+1)(w)|λν
])

dw

≤ δ1ϕ1(x) ·
(M−1∑

j=1

[∫ x

x0

p(w)[|(Dν
x0

fj)(w)|p (8.21)

+|(Dν
x0

fj+1)(w)|p] dw

]((λα+λν)/p
))

.

Also it holds∫ x

x0

q(w)
[|(Dγ1

x0
f1)(w)|λα |(Dν

x0
f1)(w)|λν

+ |(Dγ1
x0

fM )(w)|λα |(Dν
x0

fM )(w)|λν
]
dw (8.22)

≤ δ1ϕ1(x)
[∫ x

x0

p(w)
[|(Dν

x0
f1)(w)|p + |(Dν

x0
fM )(w)|p] dw

]((λα+λν)/p
)
.

Call

ε1 =

{
1, if λα + λν ≥ p

M1−
(
λα+λν/p

)
, if λα + λν ≤ p.

(8.23)

Adding (8.21) and (8.22), and using (8.11) and (8.12) we have

2
∫ x

x0

q(w)

⎛⎝ M∑
j=1

|(Dγ1
x0

fj)(w)|λα |(Dν
x0

fj)(w)|λν

⎞⎠ dw

≤ δ1ϕ1(x)

{{M−1∑
j=1

[∫ x

x0

p(w)[|(Dν
x0

fj)(w)|p

+|(Dν
x0

fj+1)(w)|p]dw

]((λα+λν)/p
)}
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+
{∫ x

x0

p(w)[|(Dν
x0

f1)(w)|p + |(Dν
x0

fM )(w)|p]dw

}((λα+λν)/p
)}

≤ δ1ε1ϕ1(x)
{∫ x

x0

p(w)
[
2

M∑
j=1

|(Dν
x0

fj)(w)|p
]
dw

}((λα+λν)/p
)
.

We have proved

∫ x

x0

q(w)

⎛⎝ M∑
j=1

|(Dγ1
x0

fj)(w)|λα |(Dν
x0

fj)(w)|λν

⎞⎠ dw

≤ δ1

(
2
(
λα+λν/p

)
−1

)
ε1ϕ1(x)

·
⎧⎨⎩
∫ x

x0

p(w)
[ M∑

j=1

|(Dν
x0

fj)(w)|p
]

dw

⎫⎬⎭
(
(λα+λν)/p

)
. (8.24)

Clearly here we have

δ∗1 = δ1

(
2
(
λα+λν/p

)
−1

)
ε1. (8.25)

From (8.24) and (8.25) we derive (8.18). �

Next we give

Theorem 8.5. All here are as in Theorem 8.4. Denote

δ3 :=

{
2λβ/λν − 1, if λβ ≥ λν ,

1, if λβ ≤ λν ,
(8.26)

ε2 :=

{
1, if λν + λβ ≥ p,

M1−
(
λν+λβ/p

)
, if λν + λβ ≤ p,

(8.27)

and

ϕ2(x) :=
(
A0(x)

∣∣
λα=0

)
2
(
p−λν/p

) (
λν

λβ + λν

)λν/p

δ
λν/p
3 . (8.28)

If λα = 0, then∫ x

x0

q(w)

{{M−1∑
j=1

[|(Dγ2
x0

fj+1)(w)|λβ |(Dν
x0

fj)(w)|λν
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+ |(Dγ2
x0

fj)(w)|λβ |(Dν
x0

fj+1)(w)|λν
]}

+
[|(Dγ2

x0
fM )(w)|λβ |(Dν

x0
f1)(w)|λν

+ |(Dγ2
x0

f1)(w)|λβ |(Dν
x0

fM )(w)|λν
]}

dw

≤ 2
(
(λν+λβ)/p

)
ε2ϕ2(x) ·

{∫ x

x0

p(w)

·
[ M∑

j=1

|(Dν
x0

fj)(w)|p
]
dw

}((λν+λβ)/p
)
, x ≥ x0. (8.29)

Proof. From Theorem 3 of [26] (see here Theorem 6.6) we have∫ x

x0

q(w)
[|(Dγ2

x0
fj+1)(w)|λβ |(Dν

x0
fj)(w)|λν

+ |(Dγ2
x0

fj)(w)|λβ |(Dν
x0

fj+1)(w)|λν
]
dw

≤ ϕ2(x)
(∫ x

x0

p(w)
[|(Dν

x0
fj)(w)|p +

|(Dν
x0

fj+1)(w)|p]dw

)((λν+λβ)/p
)
, (8.30)

for j = 1, . . . , M − 1. Hence by adding all the above we get

∫ x

x0

q(w)
(M−1∑

j=1

[|(Dγ2
x0

fj+1)(w)|λβ |(Dν
x0

fj)(w)|λν

+ |(Dγ2
x0

fj)(w)|λβ |(Dν
x0

fj+1)(w)|λν
])

dw

≤ ϕ2(x)

{
M−1∑
j=1

(∫ x

x0

p(w)[|(Dν
x0

fj)(w)|p

+ |(Dν
x0

fj+1)(w)|p dw

)((λν+λβ)/p
)}

. (8.31)
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Similarly it holds

∫ x

x0

q(w)
[|(Dγ2

x0
fM )(w)|λβ |(Dν

x0
f1)(w)|λν

+ |(Dγ2
x0

f1)(w)|λβ |(Dν
x0

fM )(w)|λν
]
dw

≤ ϕ2(x)
(∫ x

x0

p(w)
[|(Dν

x0
f1)(w)|p +

|(Dν
x0

fM )(w)|p] dw

)((λν+λβ)/p
)
. (8.32)

Adding (8.31) and (8.32) and using (8.11), (8.12) we produce (8.29). �

The general case follows.

Theorem 8.6. All here are as in Theorem 8.4. Denote

γ̃1 :=

{
2
(
λα+λβ/λν

)
− 1, if λα + λβ ≥ λν ,

1, if λα + λβ ≤ λν ,
(8.33)

and

γ̃2 :=

{
1, if λα + λβ + λν ≥ p,

21−
(
λα+λβ+λν/p

)
, if λα + λβ + λν ≤ p.

(8.34)

Set

ϕ3(x) := A0(x) ·
(

λν

(λα + λβ)(λα + λβ + λν)

)λν/p

·
[
λλν/p

α γ̃2 + 2
(
p−λν/p

)
(γ̃1λβ)λν/p

]
, (8.35)

and

ε3 :=

{
1, if λα + λβ + λν ≥ p,

M1−
(
(λα+λβ+λν)/p

)
, if λα + λβ + λν ≤ p.

(8.36)
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Then ∫ x

x0

q(w)
[M−1∑

j=1

[|(Dγ1
x0

fj)(w)|λα |(Dγ2
x0

fj+1)(w)|λβ |(Dν
x0

fj)(w)|λν

+|(Dγ2
x0

fj)(w)|λβ |(Dγ1
x0

fj+1)(w)|λα |(Dν
x0

fj+1)(w)|λν
]

+
[|(Dγ1

x0
f1)(w)|λα |(Dγ2

x0
fM )(w)|λβ |(Dν

x0
f1)(w)|λν

+|(Dγ2
x0

f1)(w)|λβ |(Dγ1
x0

fM )(w)|λα |(Dν
x0

fM )(w)|λν
]]

dw (8.37)

≤ 2
(
λα+λβ+λν/p

)
ε3ϕ3(x) ·

{∫ x

x0

p(w)

[ M∑
j=1

|(Dν
x0

fj)(w)|p
]

dw

}((λα+λβ+λν)/p
)
,

all x0 ≤ x ≤ b.

Proof. From Theorem 4 of [26] (see here Theorem 6.7) and adding all
together we have

M−1∑
j=1

∫ x

x0

q(w)
[|(Dγ1

x0 fj)(w)|λα |(Dγ2
x0 fj+1)(w)|λβ |(Dν

x0fj)(w)|λν

+|(Dγ2
x0 fj)(w)|λβ |(Dγ1

x0 fj+1)(w)|λα |(Dν
x0fj+1)(w)|λν

]
dw (8.38)

≤ ϕ3(x)

M−1∑
j=1

(∫ x

x0

p(w)
(|(Dν

x0fj)(w)|p

+|(Dν
x0fj+1)(w)|p) dw

)((λα+λβ+λν)/p
)
,

all x0 ≤ x ≤ b.
Also it holds∫ x

x0

q(w)
[|(Dγ1

x0 f1)(w)|λα |(Dγ2
x0 fM )(w)|λβ |(Dν

x0f1)(w)|λν

+ |(Dγ2
x0 f1)(w)|λβ |(Dγ1

x0 fM )(w)|λα |(Dν
x0fM )(w)|λν

]
dw (8.39)

≤ ϕ3(x)

(∫ x

x0

p(w)(|(Dν
x0f1)(w)|p + |(Dν

x0fM )(w)|p) dw

)((λα+λβ+λν/p)
)
,

all x0 ≤ x ≤ b.
Adding (8.38) and (8.39), along with (8.11) and (8.12) we produce (8.37).

�
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We continue with

Theorem 8.7. Let ν ≥ 2 and γ1 ≥ 0 such that ν − γ1 ≥ 2. Let fj ∈
Cν

x0
([a, b]) with f

(i)
j (x0) = 0, i = 0, 1, . . . , n−1, n := [ν], j = 1, . . . , M ∈ N.

Here x, x0 ∈ [a, b] : x ≥ x0. Also consider p(t) > 0, and q(t) ≥ 0 continuous
functions on [x0, b]. Let λα ≥ 0, 0 < λα+1 < 1, and p > 1. Denote

θ3 :=

{
2
(
λα/λα+1

)
− 1, if λα ≥ λα+1,

1, if λα ≤ λα+1

}
(8.40)

L(x) :=
(

2
∫ x

x0

(q(w))
(
1/1−λα+1

)
dw

)(1−λα+1)

(
θ3λα+1

λα + λα+1

)λα+1

, (8.41)

and

P1(x) :=
∫ x

x0

(x − t)(ν−γ1−1)p/p−1(p(t))−1/(p−1) dt, (8.42)

T (x) :=L(x) ·
⎛⎝P1(x)

(
(p−1)/p

)
Γ(ν − γ1)

⎞⎠(λα+λα+1)

, (8.43)

and

ω1 := 2((p−1)/p)(λα+λα+1), (8.44)

Φ(x) := T (x)ω1. (8.45)

Also put

ε4 :=

{
1, if λα + λα+1 ≥ p,

M1−
(
(λα+λα+1)/p

)
, if λα + λα+1 ≤ p

}
. (8.46)
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Then ∫ x

x0

q(w)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[|(Dγ1
x0

fj)(w)|λα |(Dγ1+1
x0

fj+1)(w)|λα+1

+|(Dγ1
x0

fj+1)(w)|λα |(Dγ1+1
x0

fj)(w)|λα+1
]}

+
[|(Dγ1

x0
f1)(w)|λα |(Dγ1+1

x0
fM )(w)|λα+1

+|(Dγ1
x0

fM )(w)|λα |(Dγ1+1
x0

f1)(w)|λα+1
]}

dw

≤ 2
(
λα+λα+1/p

)
ε4Φ(x)

[∫ x

x0

p(w) (8.47)

( M∑
j=1

|(Dν
x0

fj)(w)|p
)

dw

]((λα+λα+1)/p
)
,

all x0 ≤ x ≤ b.

Proof. From Theorem 5 [26] (see here Theorem 6.8) we get∫ x

x0

q(w)
M−1∑
j=1

[|(Dγ1
x0

fj)(w)|λα |(Dγ1+1
x0

fj+1)(w)|λα+1

+|(Dγ1
x0

fj+1)(w)|λα |(Dγ1+1
x0

fj)(w)|λα+1
]
dw

≤ Φ(x)
M−1∑
j=1

[∫ x

x0

p(w)
(|(Dν

x0
fj)(w)|p (8.48)

+|(Dν
x0

fj+1)(w)|p)dw

]((λα+λα+1)/p
)

all x0 ≤ x ≤ b.
Also it holds ∫ x

x0

q(w)
[|(Dγ1

x0
f1)(w)|λα |(Dγ1+1

x0
fM )(w)|λα+1

+|(Dγ1
x0

fM )(w)|λα |(Dγ1+1
x0

f1)(w)|λα+1
]
dw

≤ Φ(x)
[∫ x

x0

p(w)(|(Dν
x0

f1)(w)|p (8.49)

+|(Dν
x0

fM )(w)|p] dw

]((λα+λα+1)/p
)
,

all x0 ≤ x ≤ b. Adding (8.48) and (8.49), along with (8.11) and (8.12) we
derive (8.47). �
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Next comes the following theorem.

Theorem 8.8. All here are as in Theorem 8.4. Consider the special case
λβ = λα + λν . Denote

T̃ (x) := A0(x)
(

λν

λα + λν

)λν/p

2
(
(p−2λα−3λν)/p

)
, (8.50)

ε5 :=

{
1, if 2(λα + λν) ≥ p,

M1−
(
2(λα+λν)/p

)
, if 2(λα + λν) ≤ p

}
. (8.51)

Then∫ x

x0

q(w)

{{M−1∑
j=1

[|(Dγ1
x0

fj)(w)|λα |(Dγ2
x0

fj+1)(w)|λα+λν |(Dν
x0

fj)(w)|λν

+|(Dγ2
x0

fj)(w)|λα+λν |(Dγ1
x0

fj+1)(w)|λα |(Dν
x0

fj+1)(w)|λν
]}

+
[|(Dγ1

x0
f1)(w)|λα |(Dγ2

x0
fM )(w)|λα+λν |(Dν

x0
f1)(w)|λν

+|(Dγ2
x0

f1)(w)|λα+λν |(Dγ1
x0

fM )(w)|λα |(Dν
x0

fM )(w)|λν
]}

dw

≤ 22
(
λα+λν/p

)
ε5T̃ (x)

[∫ x

x0

p(w) (8.52)

( M∑
j=1

|(Dν
x0

fj)(w)|p
)

dw

](2((λα+λν)/p
))

,

all x0 ≤ x ≤ b.

Proof. Based on Theorem 6 [26] (see here Theorem 6.9). The rest is as
in the proof of Theorem 8.7. �

Next we give special cases of the above theorems.

Corollary 8.9. (to Theorem 8.4; λβ = 0, p(t) = q(t) = 1). It holds

∫ x

x0

( M∑
j=1

|(Dγ1
x0

fj)(w)|λα |(Dν
x0

fj)(w)|λν

)
dw

≤ δ∗1ϕ1(x)

[∫ x

x0

[ M∑
j=1

|(Dν
x0

fj)(w)|p
]

dw

]((λα+λν)/p
)

(8.53)

all x0 ≤ x ≤ b.
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In (8.53)
(
A0(x)

∣∣
λβ=0

)
of ϕ1(x) is given in [26], Corollary 1, by Equation

(55) there; see here (6.55).

Corollary 8.10. (to Theorem 8.4; λβ = 0, p(t) = q(t) = 1 , λα = λν = 1,
p = 2). In detail : let ν ≥ 1, γ1 ≥ 0, such that ν − γ1 ≥ 1, fj ∈ Cν

x0
([a, b])

with f
(i)
j (x0) = 0, i = 1, . . . , n − 1, n := [ν], j = 1, . . . , M ∈ N. Here

x, x0 ∈ [a, b] : x ≥ x0. Then

∫ x

x0

( M∑
j=1

|(Dγ1
x0

fj)(w)| |(Dν
x0

fj)(w)|
)

dw (8.54)

≤
(

(x − x0)ν−γ1

2Γ(ν − γ1)
√

ν − γ1

√
2ν − 2γ1 − 1

)

·
⎧⎨⎩
∫ x

x0

[ M∑
j=1

((Dν
x0

fj)(w))2
]

dw

⎫⎬⎭ ,

all x0 ≤ x ≤ b.

Proof. Based on our Corollary 8.9 and Corollary 1 of [26], especially
Equation (55) there; see here (6.55). �

Corollary 8.11. (to Theorem 8.5, λα = 0, p(t) = q(t) = 1). It holds

∫ x

x0

{{M−1∑
j=1

[|(Dγ2
x0

fj+1)(w)|λβ |(Dν
x0

fj)(w)|λν

+|(Dγ2
x0

fj)(w)|λβ |(Dν
x0

fj+1)(w)|λν
]}

+
[|(Dγ2

x0
fM )(w)|λβ |(Dν

x0
f1)(w)|λν

+|(Dγ2
x0

f1)(w)|λβ |(Dν
x0

fM )(w)|λν
]}

dw

≤ 2
(
λν+λβ/p

)
ε2ϕ2(x)·⎧⎨⎩

∫ x

x0

[ M∑
j=1

|(Dν
x0

fj)(w)|p
]

dw

⎫⎬⎭
(
(λν+λβ)/p

)
, (8.55)

all x0 ≤ x ≤ b.
In (8.55),

(
A0(x)

∣∣
λα=0

)
of ϕ2(x) is given in [26], Corollary 3 by Equation

(59); see here (6.59).



8.3 Main Results 163

Corollary 8.12. (to Theorem 8.5, λα = 0, p(t) = q(t) = 1, λβ = λν = 1,
p = 2). In detail : let ν ≥ 1, γ2 ≥ 0 such that ν−γ2 ≥ 1 and fj ∈ Cν

x0
([a, b])

with f
(i)
j (x0) = 0, i = 0, 1, . . . , n − 1, n := [ν], j = 1, . . . , M ∈ N. Here

x, x0 ∈ [a, b] : x ≥ x0. Then∫ x

x0

{{M−1∑
j=1

[|(Dγ2
x0

fj+1)(w)| |(Dν
x0

fj)(w)|

+|(Dγ2
x0

fj)(w)| |(Dν
x0

fj+1)(w)
]}

+
[|(Dγ2

x0
fM )(w)| |(Dν

x0
f1)(w)|

+|(Dγ2
x0

f1)(w)| |(Dν
x0

fM )(w)|]} dw

≤
( √

2(x − x0)(ν−γ2)

Γ(ν − γ2)
√

ν − γ2

√
2ν − 2γ2 − 1

)
⎧⎨⎩
∫ x

x0

⎡⎣ M∑
j=1

((Dν
x0

fj)(w))2

⎤⎦ dw

⎫⎬⎭ , (8.56)

all x0 ≤ x ≤ b.

Proof. From our Corollary 8.11 and Corollary 3 of [26], especially
Equation (59); see here (6.59). �

Corollary 8.13. (to Theorem 8.6, λα = λβ = λν = 1, p = 3, p(t) =
q(t) = 1). It holds∫ x

x0

[M−1∑
j=1

[|(Dγ1
x0

fj)(w)| |(Dγ2
x0

fj+1)(w)||(Dν
x0

fj)(w)|

+|(Dγ2
x0

fj)(w)| |(Dγ1
x0

fj+1)(w)| |(Dν
x0

fj+1)(w)|]
+
[|(Dγ1

x0
f1)(w)| |(Dγ2

x0
fM )(w)| |(Dν

x0
f1)(w)|

+|(Dγ2
x0

f1)(w)| |(Dγ1
x0

fM )(w)| |(Dν
x0

fM )(w)|]] dw

≤ 2ϕ∗
3(x) ·

⎡⎣∫ x

x0

[ M∑
j=1

|(Dν
x0

fj)(w)|3 dw

]⎤⎦ , (8.57)

all x0 ≤ x ≤ b.
Here

ϕ∗
3(x) :=

(
3
√

2 +
1
3
√

6

)
A0(x), (8.58)
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where in this special case

A0(x) :=
4(x − x0)

(2ν−γ1−γ2)

Γ(ν − γ1)Γ(ν − γ2)[3(3ν − 3γ1 − 1)(3ν − 3γ2 − 1)(2ν − γ1 − γ2)]
2/3

.

(8.59)

Proof. From Theorem 8.6 and Equation (62) of [26], which is here
Equation (8.59). �

Corollary 8.14. (to Theorem 8.7, λα = 1, λα+1 = 1/2, p = 3/2, p(t) =
q(t) = 1). In detail :

Let ν ≥ 2 and γ1 ≥ 0 such that ν − γ1 ≥ 2. Let fj ∈ Cν
x0

([a, b]) with
f

(i)
j (x0) = 0, i = 0, 1, . . . , n − 1, n := [ν], j = 1, . . . , M ∈ N. Here x, x0 ∈

[a, b] : x ≥ x0. Call

Φ∗(x) :=
(

2√
3ν − 3γ1 − 2

)
(x − x0)

(
3ν−3γ1−1/2

)
(Γ(ν − γ1))3/2

, (8.60)

all x0 ≤ x ≤ b.
Then ∫ x

x0

{{M−1∑
j=1

[|(Dγ1
x0

fj)(w)|
√

|(Dγ1+1
x0 fj+1)(w)|

+|(Dγ1
x0

fj+1)(w)|
√

|(Dγ1+1
x0 fj)(w)|]}

+
[|(Dγ1

x0
f1)(w)|

√
|(Dγ1+1

x0 fM )(w)|

+|(Dγ1
x0

fM )(w)|
√

|(Dγ1+1
x0 f1)(w)|]} dw

≤ 2Φ∗(x) ·
⎡⎣∫ x

x0

⎛⎝ M∑
j=1

|(Dν
x0

fj)(w)|3/2

⎞⎠ dw

⎤⎦ , (8.61)

all x0 ≤ x ≤ b.

Proof. Based on Theorem 8.7 here, and Equation (64) of [26] to establish
coefficient Φ∗(x) in (8.61). �

Corollary 8.15. (to Theorem 8.8, p = 2(λα + λν) > 1, p(t) = q(t) = 1).
It holds∫ x

x0

{{M−1∑
j=1

[|(Dγ1
x0

fj)(w)|λα |(Dγ2
x0

fj+1)(w)|λα+λν |(Dν
x0

fj)(w)|λν
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+|(Dγ2
x0

fj)(w)|λα+λν |(Dγ1
x0

fj+1)(w)|λα |(Dν
x0

fj+1)(w)|λν
]}

+
[|(Dγ1

x0
f1)(w)|λα |(Dγ2

x0
fM )(w)|λα+λν |(Dν

x0
f1)(w)|λν

+|(Dγ2
x0

f1)(w)|λα+λν |(Dγ1
x0

fM )(w)|λα |(Dν
x0

fM )(w)|λν
]}

dw

≤ 2T̃ (x)

⎡⎣∫ x

x0

⎛⎝ M∑
j=1

|(Dν
x0

fj)(w)|2(λα+λν)

⎞⎠ dw

⎤⎦ , (8.62)

all x0 ≤ x ≤ b.
Here T̃ (x) in (8.62) is given precisely by Equations (66)–(70) of [26]; see

here (6.66)–(6.70).

Corollary 8.16. (to Theorem 8.8, p = 4, λα = λν = 1, p(t) = q(t) = 1).
It holds ∫ x

x0

{{M−1∑
j=1

[|(Dγ1
x0

fj)(w)|((Dγ2
x0

fj+1)(w))2|(Dν
x0

fj)(w)|

+((Dγ2
x0

fj)(w))2|(Dγ1
x0

fj+1)(w)| |(Dν
x0

fj+1)(w)|]}
+
[|(Dγ1

x0
f1)(w)|((Dγ2

x0
fM )(w))2|(Dν

x0
f1)(w)|

+((Dγ2
x0

f1)(w))2|(Dγ1
x0

fM )(w)| |(Dν
x0

fM )(w)|]} dw

≤ 2T̃ (x)

⎡⎣∫ x

x0

⎛⎝ M∑
j=1

((Dν
x0

fj)(w))4

⎞⎠ dw

⎤⎦ , (8.63)

all x0 ≤ x ≤ b.
Here in (8.63) we have that T̃ (x) = T ∗(x) of Corollary 8 in [26] for it

(see there Equations (72)–(76), and here (6.72)–(6.76)) .

Next we present the supremum case.

Theorem 8.17. Let ν ≥ 1, γ1, γ2 ≥ 0, such that ν − γ1 ≥ 1, ν − γ2 ≥ 1,
and fj ∈ Cν

x0
([a, b]) with f

(i)
j (x0) = 0, i = 0, 1, . . . , n − 1, n := [ν], j =

1, . . . , M ∈ N. Here x, x0 ∈ [a, b] : x ≥ x0. Consider p(x) ≥ 0 a continuous
function on [x0, b]. Let λα, λβ , λν ≥ 0. Set

ρ(x) :=
(x − x0)

(νλα−γ1λα+νλβ−γ2λβ+1)‖p(x)‖∞
(νλα − γ1λα + νλβ − γ2λβ + 1)(Γ(ν − γ1 + 1))λα(Γ(ν − γ2 + 1))λβ

.

(8.64)
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Then∫ x

x0

p(w)

{{M−1∑
j=1

[|(Dγ1
x0

fj)(w)|λα |(Dγ2
x0

fj+1)(w)|λβ |(Dν
x0

fj)(w)|λν

+|(Dγ2
x0

fj)(w)|λβ |(Dγ1
x0

fj+1(w)|λα |(Dν
x0

fj+1)(w)|λν
]}

+
[|(Dγ1

x0
f1)(w)|λα |(Dγ2

x0
fM )(w)|λβ |(Dν

x0
f1)(w)|λν

+|(Dγ2
x0

f1)(w)|λβ |(Dγ1
x0

fM )(w)|λα |(Dν
x0

fM )(w)|λν
]}

dw

≤ ρ(x)
{ M∑

j=1

{‖(Dν
x0

fj)‖2(λα+λν)
∞ + ‖(Dν

x0
fj)‖2λβ∞ }

}
, (8.65)

all x0 ≤ x ≤ b.

Proof. Based on Theorem 7 of [26]; see here Theorem 6.18. �

Similarly we give

Theorem 8.18. (as in Theorem 8.17, λβ = 0). It holds

∫ x

x0

p(w)
( M∑

j=1

|(Dγ1
x0

fj)(w)|λα |(Dν
x0

fj)(w)|λν

)
dw

≤
(

(x − x0)(νλα−γ1λα+1)‖p(x)‖∞
(νλα − γ1λα + 1)(Γ(ν − γ1 + 1))λα

)
(8.66)

·
⎛⎝ M∑

j=1

‖Dν
x0

fj‖λα+λν∞

⎞⎠ ,

all x0 ≤ x ≤ b.

Proof. Based on Theorem 8 of [26]; see here Theorem 6.19. �

It follows

Theorem 8.19. (as in Theorem 8.17, λβ = λα + λν). It holds

∫ x

x0

p(w)

{{M−1∑
j=1

[|(Dγ1
x0

fj)(w)|λα |(Dγ2
x0

fj+1)(w)|λα+λν |(Dν
x0

fj)(w)|λν
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+|(Dγ2
x0

fj)(w)|λα+λν |(Dγ1
x0

fj+1)(w)|λα |(Dν
x0

fj+1)(w)|λν
]}

+
[|(Dγ1

x0
f1)(w)|λα |(Dγ2

x0
fM )(w)|λα+λν |(Dν

x0
f1)(w)|λν

+|(Dγ2
x0

f1)(w)|λα+λν |(Dγ1
x0

fM )(w)|λα |(Dν
x0

fM )(w)|λν
]}

dw

≤
(

2(x − x0)(2νλα−γ1λα+νλν−γ2λα−γ2λν+1)

(2νλα − γ1λα + νλν − γ2λα − γ2λν + 1)(Γ(ν − γ1 + 1))λα

‖p(x)‖∞
(Γ(ν − γ2 + 1))(λα+λν)

)
·
⎛⎝ M∑

j=1

‖Dν
x0

fj‖2(λα+λν)
∞

⎞⎠ , (8.67)

all x0 ≤ x ≤ b.

Proof. By Theorem 9 of [26]; see here Theorem 6.20. �

We continue with

Theorem 8.20. (as in Theorem 8.17, λν = 0, λα = λβ). It holds∫ x

x0

p(w)

{{M−1∑
j=1

[|(Dγ1
x0

fj)(w)|λα |(Dγ2
x0

fj+1)(w)|λα

+|(Dγ2
x0

fj)(w)|λα |(Dγ1
x0

fj+1)(w)|λα
]}

+
[|(Dγ1

x0
f1)(w)|λα |(Dγ2

x0
fM )(w)|λα

+|(Dγ2
x0

f1)(w)|λα |(Dγ1
x0

fM )(w)|λα
]}

dw

≤ 2ρ∗(x)

⎡⎣ M∑
j=1

‖Dν
x0

fj‖2λα∞

⎤⎦ , (8.68)

all x0 ≤ x ≤ b.
Here we have

ρ∗(x) :=

(
(x − x0)

(2νλα−γ1λα−γ2λα+1)‖p(x)‖∞
(2νλα − γ1λα − γ2λα + 1)(Γ(ν − γ1 + 1))λα(Γ(ν − γ2 + 1))λα

)
.

(8.69)

Proof. Based on Theorem 10 of [26]; see here Theorem 6.21. �

Next we give
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Theorem 8.21. (as in Theorem 8.17, λα = 0, λβ = λν). It holds∫ x

x0

p(w)

{{M−1∑
j=1

[|(Dγ2
x0

fj+1)(w)|λβ |(Dν
x0

fj)(w)|λβ

+|(Dγ2
x0

fj)(w)|λβ |(Dν
x0

fj+1)(w)|λβ
]}

+
[|(Dγ2

x0
fM )(w)|λβ |(Dν

x0
f1)(w)|λβ

+|(Dγ2
x0

f1)(w)|λβ |(Dν
x0

fM )(w)|λβ
]}

dw

≤ 2 ·
(

(x − x0)(νλβ−γ2λβ+1)‖p(x)‖∞
(νλβ − γ2λβ + 1)(Γ(ν − γ2 + 1))λβ

)
⎡⎣ M∑

j=1

‖Dν
x0

fj‖2λβ∞

⎤⎦ , (8.70)

all x0 ≤ x ≤ b.

Proof. Based on Theorem 11 of [26]; see here Theorem 6.22. �

Some special cases follow.

Corollary 8.22. (to Theorem 8.20, all are as in Theorem 8.17, λν = 0,
λα = λβ , γ2 = γ1 + 1). It holds∫ x

x0

p(w)

{{M−1∑
j=1

[|(Dγ1
x0

fj)(w)|λα |(Dγ1+1
x0

fj+1)(w)|λα

+|(Dγ1+1
x0

fj)(w)|λα |(Dγ1
x0

fj+1)(w)|λα
]}

+
[|(Dγ1

x0
f1)(w)|λα |(Dγ1+1

x0
fM )(w)|λα

+|(Dγ1+1
x0

f1)(w)|λα |(Dγ1
x0

fM )(w)|λα
]}

dw

≤ 2 ·
(

(x − x0)(2νλα−2γ1λα−λα+1)‖p(x)‖∞
(2νλα − 2γ1λα − λα + 1)(ν − γ1)λα(Γ(ν − γ1))2λα

)

·
⎡⎣ M∑

j=1

‖Dν
x0

fj‖2λα∞

⎤⎦ , (8.71)

all x0 ≤ x ≤ b.
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Proof. Based on Corollary 9 of [26]; see here Corollary 6.23. �

Corollary 8.23. (to Corollary 8.22). In detail : let ν ≥ 2, γ1 ≥ 0, such
that ν − γ1 ≥ 2 and fj ∈ Cν

x0
([a, b]) with f

(i)
j (x0) = 0, i = 0, 1, . . . , n − 1,

n := [ν], j = 1, . . . , M ∈ N. Here x, x0 ∈ [a, b] : x ≥ x0. Then∫ x

x0

{{M−1∑
j=1

[|(Dγ1
x0

fj)(w)| |(Dγ1+1
x0

fj+1)(w)|

+|(Dγ1+1
x0

fj)(w)| |(Dγ1
x0

fj+1)(w)|]}
+
[|(Dγ1

x0
f1)(w)| |(Dγ1+1

x0
fM )(w)|

+|(Dγ1+1
x0

f1)(w)| |(Dγ1
x0

fM )(w)|]} dw

≤
(

(x − x0)2(ν−γ1)

(ν − γ1)2(Γ(ν − γ1))2

)⎛⎝ M∑
j=1

‖Dν
x0

fj‖2
∞

⎞⎠ , (8.72)

all x0 ≤ x ≤ b.

Proof. Based on Corollary 10 of [26]; see here Corollary 6.24. �

Corollary 8.24. (to Corollary 8.23). It holds∫ x

x0

⎛⎝ M∑
j=1

|(Dγ1
x0

fj)(w)| |(Dγ1+1
x0

fj)(w)|
⎞⎠ dw

≤
(

(x − x0)2(ν−γ1)

2(ν − γ1)2(Γ(ν − γ1))2

)⎛⎝ M∑
j=1

‖Dν
x0

fj‖2
∞

⎞⎠ , (8.73)

all x0 ≤ x ≤ b.

Proof. Based on Equation (97) of [26]; see here (6.97). �

8.4 Applications

We present our first application.

Theorem 8.25. Let ν ≥ 1, γi ≥ 0, ν−γi ≥ 1, i = 1, . . . , r ∈ N, n := [ν],
fj ∈ Cν

a ([a, b]), j = 1, 2, 3, . . . ,M , f
(i)
j (a) = aij ∈ R, i = 0, 1, . . . , n − 1.

Furthermore we have for j = 1, 2, . . . , M that

(Dν
afj)(t) = Fj

(
t,
{
(D

γi
a f1)(t)

}r

i=1
,
{
(D

γi
a f2)(t)

}r

i=1
, . . . ,

{
(D

γi
a fM )(t)

}r

i=1

)
,

(8.74)
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all t ∈ [a, b].
Here Fj are continuous functions on [a, b] × (Rr)M and satisfy the

Lipschitz condition∣∣Fj(t, x11, x12, . . . , x1r, x21, . . . , x2r, x31, . . . , x3r, . . . , xM1, . . . , xMr)

−Fj(t, x′
11, x

′
12, . . . , x

′
1r, x

′
21, . . . , x

′
2r, x

′
31, . . . , x

′
3r, x

′
M1, . . . , x

′
Mr)
∣∣

≤
r∑

i=1

(
M∑

�=1

q�,i,j(t)|x�i − x′
�i|
)

, (8.75)

j = 1, 2, . . . ,M , where all q�,i,j ≥ 0, 1 ≤ i ≤ r, are continuous functions
over [a, b].

Call

W := max
{‖q�,i,j‖∞, 
, j = 1, 2, . . . ,M, i = 1, . . . , r

}
. (8.76)

Assume here that

φ∗(b) := W

(
1
2

+
M − 1√

2

)( r∑
i=1

(
(b − a)ν−γi

Γ(ν − γi)
√

ν − γi

√
2ν − 2γi − 1

))
< 1.

(8.77)
Then if system (8.74) has two M -tuples of solutions (f1, f2, . . . , fM ) and
(f∗

1 , f∗
2 , . . . , f∗

M ) we prove that

fj = f∗
j , j = 1, 2, . . . ,M ;

that is, we have uniqueness of solution.

Proof. Assume that there are two M -tuples of solutions (f1, f2, . . . , fM )
and (f∗

1 , . . . , f∗
M ) satisfying the system (8.74). Set gj := fj − f∗

j , j =

1, 2, . . . ,M . Then g
(i)
j = f

(i)
j − f

∗(i)
j and g

(i)
j (a) = 0, i = 0, 1, . . . , n − 1;

j = 1, 2, . . . ,M . It holds

(Dν
agj)(t) = Fj

(
t,
{
(Dγi

a f1)(t)
}r

i=1
, . . . ,

{
(Dγi

a fM )(t)
}r

i=1

)
− Fj

(
t,
{
(Dγi

a f∗
1 )(t)

}r

i=1
, . . . ,

{
(Dγi

a f∗
M )(t)

}r

i=1

)
.

Therefore by (8.75) we get

|(Dν
agj)(t)| ≤

r∑
i=1

[
q1,i,j(t)|(Dγi

a g1)(t)| + q2,i,j(t)|(Dγi
a g2)(t)|

+ · · · + qM,i,j(t)|(Dγi
a gM )(t)|].

And thus

|(Dν
agj)(t)| ≤

r∑
i=1

[‖q1,i,j‖∞|(Dγi
a g1)(t)| + ‖q2,i,j‖∞|(Dγi

a g2)(t)|

+ · · · + ‖qM,i,j‖∞|(Dγi
a gM )(t)|].
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Furthermore we have

|(Dν
agj)(t)| ≤W

{ r∑
i=1

[|(Dγi
a g1)(t)| + |(Dγi

a g2)(t)|

+ · · · + |(Dγi
a gM )(t)|]}. (8.78)

Clearly (8.78) implies

M∑
j=1

(
(Dν

agj)(t)
)2 ≤W

{ r∑
i=1

M∑
j=1

[|(Dγi
a g1)(t)| |(Dν

agj)(t)|

+ |(Dγi
a g2)(t)| |(Dν

agj)(t)|

+ · · · + |(Dγi
a gM )(t)| |(Dν

agj)(t)|
]}

. (8.79)

Integrating (8.79) we observe

I :=
∫ b

a

⎛⎝ M∑
j=1

(
(Dν

agj)(t)
)2⎞⎠ dt

≤ W

{
r∑

i=1

M∑
j=1

[∫ b

a

|(Dγi
a g1)(t)| |(Dν

agj)(t)| dt

+
∫ b

a

|(Dγi
a g2)(t)| |(Dν

agj)(t)| dt

+ · · · +
∫ b

a

|(Dγi
a gM )(t)| |(Dν

agj)(t)| dt

]}
. (8.80)

That is,

I ≤ W

{
r∑

i=1

[(∫ b

a

( M∑
λ=1

|(Dγi
a gλ)(t)| |(Dν

agλ)(t)|
)

dt

)

+
∑

τ,m∈{1,...,M}
τ �=m

(∫ b

a

(|(Dγi
a gm)(t)| |(Dν

agτ )(t)|

+ |(Dγi
a gτ )(t)| |(Dν

agm)(t)|
)

dt

)]}
. (8.81)
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Using Corollary 2 from here and Corollary 4 of [26] (see here Corollary
6.11 and Corollary 6.13), we obtain

I ≤W

{
r∑

i=1

[(
(b − a)ν−γi

2Γ(ν − γi)
√

ν − γi

√
2ν − 2γi − 1

)
I

+

(
(b − a)ν−γi√

2Γ(ν − γi)
√

ν − γi

√
2ν − 2γi − 1

)
(M − 1)I

]}
. (8.82)

That is, we get that
I ≤ φ∗(b) · I. (8.83)

If I = 0 then φ∗(b) ≥ 1, a contradiction by the assumption that
φ∗(b) < 1; see (8.77). Therefore I = 0, implying that

M∑
λ=1

(
(Dν

agλ)(t)
)2 = 0, a.e. in [a, b].

That is,
(Dν

agλ)2(t) = 0, a.e. in [a, b].

That is,
(Dν

agλ)(t) = 0, λ = 1, 2, . . . ,M, a.e. in [a, b].

But for λ = 1, 2, . . . ,M we get that

g
(i)
λ (a) = 0, 0 ≤ i ≤ n − 1.

Hence from fractional Taylor’s Theorem 8.1 we get that gλ(t) = 0 on [a, b].
That is,

fλ = f∗
λ , λ = 1, 2, . . . ,M,

proving the uniqueness argument of this theorem. �

Another related application follows.

Theorem 8.26. Let ν ≥ 1, γi ≥ 0, ν − γi ≥ 1, i = 1, . . . , r ∈ N,
n := [ν], fj ∈ Cν

a ([a, b]), j = 1, 2, . . . ,M ; f
(i)
j (a) = 0, i = 0, 1, . . . , n − 1,

and (Dν
afj)(a) = Aj ∈ R. Furthermore for a ≤ t ≤ b we have holding the

system of fractional differential equations

(Dν
afj)′(x) = Fj

(
t, ({(Dγi

a fλ)(t)}r
i=1, (D

ν
afλ)(t));

λ = 1, 2, . . . ,M
)
, j = 1, 2, . . . ,M. (8.84)

Here Fj are continuous functions on [a, b] × (Rr+1)M such that

|Fj(t, x11, x12, . . . , x1r, x1,r+1;x21, x22, . . . , x2r, x2,r+1;x31, x32, . . . , x3,r+1;



8.4 Applications 173

xM1, xM2, . . . , xM,r+1)| ≤
r∑

i=1

(
M∑

�=1

q�,i,j(t)|x�i|
)

, (8.85)

where
q�,i,j(t) ≥ 0, 1 ≤ i ≤ r; 
, j = 1, 2, . . . ,M,

are continuous functions on [a, b].
Call

W := max
{‖q�,i,j‖∞; 
, j = 1, 2, . . . ,M, i = 1, . . . , r

}
. (8.86)

Also we set (a ≤ x ≤ b)

θ(x) :=
M∑

λ=1

(
(Dν

afλ)(x)
)2

, (8.87)

ρ :=
M∑

λ=1

A2
λ, (8.88)

Q(x) := W
(
1 +

√
2(M − 1)

)(
r∑

i=1

(
(x − a)ν−γi

Γ(ν − γi)
√

ν − γi

√
2ν − 2γi − 1

))
(8.89)

and

χ(x) :=
√

ρ ·
{

1 + Q(x) · e
(∫ x

a
Q(s)ds

)
·
[∫ x

a

(
e−
(∫ t

a
Q(s)ds

))
dt

]}1/2

. (8.90)

Then √
θ(x) ≤ χ(x), a ≤ x ≤ b. (8.91)

Consequently we get

|(Dν
afj)(x)| ≤ χ(x), (8.92)

|fj(x)| ≤ 1
Γ(ν)

∫ x

a

(x − t)ν−1χ(t) dt, (8.93)

all a ≤ x ≤ b, j = 1, 2, . . . ,M . Also it holds

|(Dγi
a fj)(x)| ≤ 1

Γ(ν − γi)

∫ x

a

(x − t)ν−γi−1χ(t) dt, (8.94)

all a ≤ x ≤ b, j = 1, 2, . . . ,M , i = 1, . . . , r.

Proof. We easily get that (a ≤ x ≤ b),∫ x

a

(Dν
afj)(t)(Dν

afj)′(t)dt =
∫ x

a

(Dν
afj)(t) · Fj

(
t, ({(Dγi

a fλ)(t)}r
i=1,

(Dν
afλ)(t)); λ = 1, 2, . . . , M

)
dt. (8.95)
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Hence we obtain

((Dν
afj)(t))2

2

∣∣∣∣x
a

≤
∫ x

a

|(Dν
afj)(t)| |Fj · · · |dt

≤
∫ x

a

|(Dν
afj)(t)|

[ r∑
i=1

( M∑
�=1

q�,i,j(t)|(Dγi
a f�)(t)|

]
dt

≤
r∑

i=1

( M∑
�=1

‖q�,i,j‖∞
∫ x

a

|(Dν
afj)(t)| |(Dγi

a f�)(t)| dt

)

≤ W

( r∑
i=1

M∑
�=1

(∫ x

a

|(Dν
afj)(t)| |(Dγi

a f�)(t)| dt

))
.

Thus we have for j = 1, . . . , M that

(
(Dν

afj)(x)
)2 ≤ A2

j + 2W
{ r∑

i=1

M∑
�=1

·
(∫ x

a

|(Dν
afj)(t)| |(Dγi

a f�)(t)| dt

)}
. (8.96)

Consequently it holds

θ(x) ≤ ρ + 2W

{
r∑

i=1

( M∑
j=1

M∑
�=1

(∫ x

a

|(Dν
afj)(t)| |(Dγi

a f�)(t)| dt

))}

= ρ + 2W

{
r∑

i=1

{∫ x

a

( M∑
λ=1

|(Dγi
a fλ)(t)| |(Dν

afλ)(t)|
)

dt

+
∑

τ,m∈{1,...,M}
τ �=m

(∫ x

a

(|(Dγi
a fm)(t)| |(Dν

afτ )(t)|

+ |(Dγi
a fτ )(t)| |(Dν

afm)(t)|) dt

)}}
. (8.97)

Using Corollary 2 from here and Corollary 4 of [26] (see here Corollary
6.11 and Corollary 6.13) we obtain

θ(x) ≤ ρ + 2W

{
r∑

i=1

{(
(x − a)ν−γi

2Γ(ν − γi)
√

ν − γi

√
2ν − 2γi − 1

)
(∫ x

a

θ(t) dt

)
+

(
(x − a)ν−γi√

2Γ(ν − γi)
√

ν − γi

√
2ν − 2γi − 1

)
(8.98)

(M − 1)
(∫ x

a

θ(t) dt

)}}
.
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Hence we have

θ(x) ≤ ρ + Q(x)
∫ x

a

θ(t) dt, all a ≤ x ≤ b. (8.99)

Here ρ ≥ 0, Q(x) ≥ 0, Q(a) = 0, θ(x) ≥ 0, all a ≤ x ≤ b. As in the proof
of Theorem 13 of [26] (see also [17]), we get (8.91) and (8.92). Using (8.9)
we get (8.93), and using (8.10) we establish (8.94). �

Finally we give a specialized application.

Theorem 8.27. Let a = b, ν ≥ 2, γi ≥ 0, ν − γi ≥ 1, i = 1, . . . , r ∈ N,
n := [ν], fj ∈ Cν

a ([a, b]), j = 1, 2, . . . ,M ; f
(i)
j (a) = 0, i = 0, 1, . . . , n − 1,

and
(Dν

afj)(a) = Aj ∈ R. (8.100)
Furthermore for a ≤ t ≤ b we have holding the system of fractional differ-
ential equations

(Dν
afj)′(t) = Fj

(
t, ({(Dγi

a f�)(t)}r
i=1, (D

ν
af�)(t));


 = 1, . . . , M
)
, for j = 1, 2, . . . ,M. (8.101)

For fixed i∗ ∈ {1, . . . , r} we assume that γi∗+1 = γi∗ + 1, and ν − γi∗ ≥ 2,
where γi∗ , γi∗+1 ∈ {γ1, . . . , γr}. Call k := γi∗ , γ := γi∗ + 1; that is,
γ = k + 1.

Here Fj are continuous functions on [a, b] × (Rr+1)M such that

|Fj(t, x11, x12, . . . , x1r, x1,r+1;x21, x22, . . . , x2r, x2,r+1;

x31, x32, . . . , x3r, x3,r+1; . . . ;xM1, xM2, . . . , xMr, xM,r+1)|

≤
{{M−1∑

�=1

(
q�,1,j(t)|x�i∗ |

√
|x�+1,i∗+1| + q�,2,j(t)|x�+1,i∗ |

√
|x�,i∗+1|

)}

+
(

qM,1,j(t)|x1i∗ |
√

|xM,i∗+1| + qM,2,j(t)|xMi∗ |
√

|x1,i∗+1|
)}

, (8.102)

where all 0 ≤ q�,1,j, q�,2,j ≡ 0 are continuous functions over [a, b].
Put

W := max
{‖q�,1,j‖∞, ‖q�,2,j‖∞

}M

�,j=1
. (8.103)

Also set

θ(x) :=
M∑

j=1

|(Dν
afj)(x)|, a ≤ x ≤ b, (8.104)

ρ :=
M∑

j=1

|Aj |, (8.105)

Φ∗(x) :=
(

2√
3ν − 3k − 2

)
(x − a)

(
(3ν−3k−1)/2

)
(Γ(ν − k))3/2

, (8.106)
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all a ≤ x ≤ b, and

Q(x) := 2MWΦ∗(x), a ≤ x ≤ b, (8.107)

σ := ‖Q(x)‖∞, a ≤ x ≤ b. (8.108)

We assume that
(b − a)σ

√
ρ < 2. (8.109)

Call

ϕ̃(x) := ρ + Q(x) ·
[
4ρ3/2(x − a) − σρ2(x − a)2

(2 − σ
√

ρ(x − a))2

]
, all a ≤ x ≤ b. (8.110)

Then
θ(x) ≤ ϕ̃(x), all a ≤ x ≤ b; (8.111)

in particular we have

|(Dν
afj)(x)| ≤ ϕ̃(x), j = 1, . . . , M, all a ≤ x ≤ b. (8.112)

Furthermore we get

|fj(x)| ≤ 1
Γ(ν)

∫ x

a

(x − t)ν−1ϕ̃(t) dt, (8.113)

and

|(Dγi
a fj)(x)| ≤ 1

Γ(ν − γi)

∫ x

a

(x − t)ν−γi−1ϕ̃(t) dt, (8.114)

j = 1, . . . , M ; i = 1, . . . , r; all a ≤ x ≤ b.

Proof. Notice that W > 0 and σ > 0. For a ≤ x ≤ b we get∫ x

a

(Dν
afj)′(t)dt =

∫ x

a

Fj

(
t, ({Dγi

a f�)(t)}r
i=1, (D

ν
af�)(t));


 = 1, . . . , M
)
dt, j = 1, . . . , M.(8.115)

That is,

(Dν
afj)(x) = Aj +

∫ x

a

Fj(t, . . .) dt. (8.116)

Then we observe

|(Dν
afj)(x)| ≤ |Aj | +

∫ x

a

|Fj(t, . . .)| dt

≤ |Aj | +
∫ x

a

{{M−1∑
�=1

(
q�,1,j(t)|(Dγi∗

a f�)(t)|
√

|(Dγi∗+1
a f�+1)(t)|
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+q�,2,j(t)|(Dγi∗
a f�+1)(t)|

√
|(Dγi∗+1

a f�)(t)|
)}

+
(
qM,1,j(t)|(Dγi∗

a f1)(t)|
√

|(Dγi∗+1
a fM )(t)|

+ qM,2,j(t)|(Dγi∗
a fM )(t)|

√
|(Dγi∗+1

a f1)(t)|
)}

dt. (8.117)

Thus

|(Dν
afj)(x)| ≤ |Aj | + W

(∫ x

a

{{M−1∑
�=1

(|(Dk
af�)(t)|

√
|(Dk+1

a f�+1)(t)|

+|(Dk
af�+1)(t)|

√
|(Dk+1

a f�)(t)|
)}

+
(|(Dk

af1)(t)|
√

|(Dk+1
a fM )(t)|

+ |(Dk
afM )(t)|

√
|(Dk+1

a f1)(t))|
}

dt. (8.118)

By Corollary 8.14 we obtain

|(Dν
afj)(x)| ≤ |Aj | + 2WΦ∗(x)

(∫ x

a

(
M∑

�=1

|(Dν
af�)(t)|3/2

)
dt

)
, (8.119)

j = 1, 2, . . . ,M .
Therefore by adding all of the inequalities (8.119) we get

θ(x) ≤ ρ + 2MΦ∗(x)W

(∫ x

a

(
M∑

�=1

|(Dν
af�)(t)|3/2

)
dt

)

(by (8.11))

≤ ρ + 2MΦ∗(x)W

⎛⎝∫ x

a

(
M∑

�=1

|(Dν
af�)(t)|

)3/2

dt

⎞⎠ . (8.120)

That is,

θ(x) ≤ ρ + (2MΦ∗(x)W )
(∫ x

a

(θ(t))3/2 dt

)
, all a ≤ x ≤ b. (8.121)

More precisely we get that

θ(x) ≤ ρ + Q(x)
(∫ x

a

(θ(t))3/2 dt

)
, a ≤ x ≤ b. (8.122)

Notice that θ(x) ≥ 0, ρ ≥ 0, Q(x) ≥ 0, and Q(a) = 0 by Φ∗(a) = 0. Acting
here as in the proof of Theorem 14 of [26] (see here Theorem 6.28), we
derive (8.111) and (8.112). Using (8.9) we get (8.113), and using (8.10) we
establish (8.114). �



9
Riemann–Liouville Fractional
Opial-Type Inequalities for Several
Functions and Applications

A wide variety of very general Lp(1 ≤ p ≤ ∞)-form Opial-type inequal-
ities [315] is presented involving Riemann–Liouville fractional derivatives
[17, 230, 295, 314] of several functions in different orders and powers.

Several other particular results of special interest from the established
results are derived. Applications of some of these special inequalities are
given in proving the uniqueness of solution and in giving upper bounds
to solutions of initial value fractional problems involving a very general
system of several fractional differential equations. Upper bounds to various
Riemann–Liouville fractional derivatives of the solutions that are involved
in the above systems are given too. This treatment is based on [46].

9.1 Introduction

Here the author continues his study of Riemann–Liouville fractional Opial-
type inequalities now involving several different functions and produces a
wide variety of corresponding results with important applications to sys-
tems of several fractional differential equations. This chapter continues
Chapter 7.

We start in Section 9.2 with background, we continue in Section 9.3 with
the main results, and we finish in Section 9.4 with applications.
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To give the reader an idea of the kind of inequalities we are dealing with,
we briefly mention a simple one,

∫ x

0

⎛⎝ M∑
j=1

|(Dγfj)(w)| |(Dνfj)(w)|
⎞⎠ dw ≤

(
xν−γ

2Γ(ν − γ)
√

ν − γ
√

2ν − 2γ − 1

)⎧⎨⎩
∫ x

0

⎛⎝ M∑
j=1

((Dνfj)(w))2

⎞⎠ dw

⎫⎬⎭ ,

x ≥ 0, for functions fj ∈ L1(0, x), j = 1, . . . , M ∈ N; ν > γ ≥ 0, and so
on. Here Dβf stands for the Riemann–Liouville fractional derivative of f
of order β ≥ 0. Furthermore one system of fractional differential equations
we are dealing with briefly is of the form

(Dνfj)(t) = Fj(t, {(Dγif1)(t)}r
i=1,

{(Dγif2)(t)}r
i=1, . . . , {(DγifM )(t)}r

i=1), all t ∈ [a, b],

j = 1, . . . , M ;Dν−kfj(0) = αkj ∈ R, k = 1, . . . , [ν] + 1. Here [ν] is the
integral part of ν.

9.2 Background

We need

Definition 9.1. (see [187, 295, 314]). Let α ∈ R+ − {0} . For any
f ∈ L1(0, x); x ∈ R+ − {0}, the Riemann–Liouville fractional integral of f
of order α is defined by

(Jαf)(s) :=
1

Γ(α)

∫ s

0

(s − t)α−1f(t)dt, ∀s ∈ [0, x], (9.1)

and the Riemann–Liouville fractional derivative of f of order α by

Dαf(s) :=
1

Γ(m − a)

(
d

ds

)m ∫ s

0

(s − t)m−α−1f(t)dt, (9.2)

where m := [α] + 1, [·] is the integral part. In addition, we set D0f :=
f := J0f, J−αf = Dαf if α > 0, D−αf := Jαf , if 0 < α ≤ 1. If α ∈ N,
then Dαf = f (α) the ordinary derivative.

Definition 9.2. [187]. We say that f ∈ L1(0, x) has an L∞ fractional
derivative Dαf in [0, x], x ∈ R+ − {0}, iff Dα−kf ∈ C([0, x]),
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k = 1, . . . , m := [α] + 1;α ∈ R+ − {0}, and Dα−1f ∈ AC([0, x]) (abso-
lutely continuous functions) and Dαf ∈ L∞(0, x).

We need

Lemma 9.3. [187]. Let α ∈ R+, β > α, let f ∈ L1(0, x), x ∈ R+ −{0},
have an L∞ fractional derivative Dβf in [0, x], and let Dβ−kf(0) = 0 for
k = 1, . . . , [β] + 1. Then

Dαf(s) =
1

Γ(β − α)

∫ s

0

(s − t)β−α−1Dβf(t)dt,∀ s ∈ [0, x]. (9.3)

Clearly here Dαf ∈ AC([0, x]) for β−α ≥ 1 and in C([0, x]) for β−α ∈
(0, 1), hence Dαf ∈ L∞(0, x) and Dαf ∈ L1(0, x).

9.3 Main Results

Here we often use the following basic inequalities. Let α1, α2, . . . , αn

≥ 0, n ∈ N; then

ar
1 + ... + ar

n ≤ (a1 + ... + an)r, r ≥ 1, (9.4)

and
ar
1 + ... + ar

n ≤ n1−r(a1 + ... + an)r, 0 ≤ r ≤ 1. (9.5)

Our first result follows.

Theorem 9.4. Let α1, α2 ∈ R+, β > α1, α2, β − αi > (1/p), p > 1, i =
1, 2, and let fj ∈ L1(0, x), j = 1, . . . , M ∈ N, x ∈ R+ − {0} have, respec-
tively, L∞ fractional derivatives Dβfj in [0, x], and let Dβ−kfj(0) = 0, for
k = 1, . . . , [β] + 1; j = 1, . . . , M . Consider also p(t) > 0 and q(t) ≥ 0, with
all p(t), 1/p(t), q(t) ∈ L∞(0, x). Let λβ > 0 and λα1 , λα2 ≥ 0, such that
λβ < p. Set

Pi(s) :=
∫ s

0

(s − t)p(β−αi−1)/p−1(p(t))−1/(p−1) dt, i = 1, 2; 0 ≤ s ≤ x,

(9.6)

A(s) :=
q(s)(P1(s))λα1 (p−1/p)(P2(s))λα2 ((p−1)/p)(p(s))−λβ/p

(Γ(β − α1))λα1 (Γ(β − α2))λα2
, (9.7)

A0(x) :=
(∫ x

0

(A(s))p/(p−λβ)ds

)(p−λβ)/p

, (9.8)



182 9. Riemann–Liouville Fractional Opial Inequalities

and

δ∗1 :=
{

M1−((λα1+λβ)/p), if λα1 + λβ ≤ p,
2(λα1+λβ/p)−1, if λα1 + λβ ≥ p.

(9.9)

Call

ϕ1(x) := (A0(x)|λα2=0)
(

λβ

λα1 + λβ

)λβ/p

. (9.10)

If λα2 = 0, we obtain that,

∫ x

0

q(s)

⎛⎝ M∑
j=1

|Dα1fj(s)|λα1 |Dβfj(s)|λβ

⎞⎠ ds ≤

δ∗1ϕ1(x)

⎡⎣∫ x

0

p(s)

⎛⎝ M∑
j=1

|Dβfj(s)|p
⎞⎠ ds

⎤⎦(λα1+λβ/p)

. (9.11)

Proof. By Theorem 4 of [48] and here Theorem 7.4 we obtain∫ x

0

q(s)
[
|Dα1fj(s)|λα1

∣∣Dβfj(s)
∣∣λβ + |Dα1fj+1(s)|λα1

∣∣Dβfj+1(s)
∣∣λβ
]
ds ≤

(
A0(x)|λα2=0

)( λβ

λα1 + λβ

)(λβ/p)

δ1

[∫ x

0

p(s)
[∣∣Dβfj(s)

∣∣p +

∣∣Dβfj+1(s)
∣∣p] ds

](λα1+λβ/p)

, j = 1, 2...,M − 1, (9.12)

where

δ1 :=
{

21−((λα1+λβ)/p), if λα1 + λβ ≤ p,
1, if λα1 + λβ ≥ p.

(9.13)

Hence by adding all the above we get∫ x

0

q(s)

{
M−1∑
j=1

[
|Dα1fj(s)|λα1 |Dβfj(s)|λβ + |Dα1fj+1(s)|λα1 |Dβfj+1(s)|λβ

]}
ds

≤ δ1ϕ1(x)

⎧⎨⎩
M−1∑
j=1

[∫ x

0

p(s)
[|Dβfj(s)|p + |Dβfj+1(s)|p

]
ds

](λα1+λβ)/p
⎫⎬⎭ .

(9.14)
Also it holds∫ x

0

q(s)
[|Dα1f1(s)|λα1 |Dβf1(s)|λβ + |Dα1fM (s)|λα1 |DβfM (s)|λβ

]
ds ≤

δ1ϕ1(x)
[∫ x

0

p(s)
[|Dβf1(s)|p + |DβfM (s)|p] ds

](λα1+λβ)/p

. (9.15)
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Call

ε1 =
{

1, if λα1 + λβ ≥ p,
M1−(λα1+λβ/p), if λα1 + λβ ≤ p.

(9.16)

Adding (9.14) and (9.15), and using (9.4) and (9.5) we have

2
∫ x

0

q(s)

⎛⎝ M∑
j=1

|Dα1fj(s)|λα1 |Dβfj(s)|λβ

⎞⎠ ds ≤ (9.17)

δ1ϕ1(x)

⎧⎨⎩
M−1∑
j=1

[∫ x

0

p(s)
[|Dβfj(s)|p + |Dβfj+1(s)|p

]
ds

](λα1+λβ/p)

+

[∫ x

0

p(s)
[|Dβf1(s)|p + |DβfM (s)|p] ds

]((λα1+λβ)/p)
}

≤

δ1ε1ϕ1(x)

⎧⎨⎩
∫ x

0

p(s)

⎛⎝2
M∑

j=1

|Dβfj(s)|p
⎞⎠ ds

⎫⎬⎭
((λα1+λβ)/p)

. (9.18)

We have derived∫ x

0

q(s)

⎛⎝ M∑
j=1

|Dα1fj(s)|λα1 |Dβfj(s)|λβ

⎞⎠ ds ≤

δ1

(
2(λα1+λβ/p)−1

)
ε1ϕ1(x)

⎧⎨⎩
∫ x

0

p(s)

⎡⎣ M∑
j=1

|Dβfj(s)|p
⎤⎦ ds

⎫⎬⎭
((λα1+λβ)/p)

.

(9.19)
Clearly here we have

δ∗1 = δ1

(
2(λα1+λβ/p)−1

)
ε1. (9.20)

From (9.19) and (9.20) we derive (9.11). �

Next we give

Theorem 9.5. All here are as in Theorem 9.4. Denote

δ3 :=
{

2λα2/λβ − 1, if λα2 ≥ λβ ,
1, if λα2 ≤ λβ ,

(9.21)

ε2 :=
{

1, if λβ + λα2 ≥ p,
M1−(λβ+λα2/p), if λβ + λα2 ≤ p,

(9.22)
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and

ϕ2(x) :=
(
A0(x)

∣∣
λα1=0

)
2(p−λβ/p)

(
λβ

λα2 + λβ

)λβ/p

δ
(λβ/p)
3 . (9.23)

If λα1 = 0, then

∫ x

0

q(s)

{{
M−1∑
j=1

[
|Dα2fj+1(s)|λα2 |Dβfj(s)|λβ + |Dα2fj(s)|λα2 |Dβfj+1(s)|λβ

]}

+
[|Dα2fM (s)|λα2 |Dβf1(s)|λβ + |Dα2f1(s)|λα2 |DβfM (s)|λβ

]}
ds ≤

2(λβ+λα2/p)ε2ϕ2(x)

⎧⎨⎩
∫ x

0

p(s)

⎡⎣ M∑
j=1

|Dβfj(s)|p
⎤⎦ ds

⎫⎬⎭
((λβ+λα2 )/p)

. (9.24)

Proof. From Theorem 5 of [48] and here Theorem 7.5, we have∫ x

0

q(s)
[|Dα2fj+1(s)|λα2 |Dβfj(s)|λβ + |Dα2fj(s)|λα2 |Dβfj+1(s)|λβ

]
ds ≤

ϕ2(x)
(∫ x

0

p(s)
[|Dβfj(s)|p + |Dβfj+1(s)|p

]
ds

)(λβ+λα2 )/p

, (9.25)

for j = 1, . . . , M − 1. Hence by adding all of the above we find

∫ x

0

q(s)

(
M−1∑
j=1

[
|Dα2fj+1(s)|λα2 |Dβfj(s)|λβ + |Dα2fj(s)|λα2 |Dβfj+1(s)|λβ

])
ds

≤ ϕ2(x)

⎛⎝M−1∑
j=1

(∫ x

0

p(s)
[|Dβfj(s)|p + |Dβfj+1(s)|p

]
ds

)(λβ+λα2 )/p
⎞⎠ .

(9.26)
Similarly it holds∫ x

0

q(s)
[|Dα2fM (s)|λα2 |Dβf1(s)|λβ + |Dα2f1(s)|λα2 |DβfM (s)|λβ

]
ds ≤

ϕ2(x)
(∫ x

0

p(s)
[|Dβf1(s)|p + |DβfM (s)|p] ds

)(λβ+λα2 )/p

. (9.27)

Adding (9.26) and (9.27) and using (9.4), (9.5) we derive (9.24). �
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The general case follows.

Theorem 9.6. All here are as in Theorem 9.4. Denote

γ̃1 :=
{

2((λα1+λα2 )/λβ) − 1, if λα1 + λα2 ≥ λβ ,
1, if λα1 + λα2 ≤ λβ ,

(9.28)

and

γ̃2 :=
{

1, if λα1 + λα2 + λβ ≥ p,
21−((λα1+λα2+λβ)/p), if λα1 + λα2 + λβ ≤ p.

(9.29)

Set

ϕ3(x) : = A0(x)
(

λβ

(λα1 + λα2)(λα1 + λα2 + λβ)

)λβ/p

[
λλβ/p

α1
γ̃2 + 2(p−λβ)/p(γ̃1λα2)

λβ/p
]
, (9.30)

and

ε3 :=
{

1, if λα1 + λα2 + λβ ≥ p,
M1−(λα1+λα2+λβ/p), if λα1 + λα2 + λβ ≤ p.

(9.31)

Then ∫ x

0

q(s)

⎡⎣M−1∑
j=1

[|Dα1fj(s)|λα1 |Dα2fj+1(s)|λα2 |Dβfj(s)|λβ +

|Dα2fj(s)|λα2 |Dα1fj+1(s)|λα1 |Dβfj+1(s)|λβ
]
+[|Dα1f1(s)|λα1 |Dα2fM (s)|λα2 |Dβf1(s)|λβ

+ |Dα2f1(s)|λα2 |Dα1fM (s)|λα1 |DβfM (s)|λβ
]]

ds

≤ 2(λα1+λα2+λβ/p)ε3ϕ3(x)

⎧⎨⎩
∫ x

0

p(s)

⎡⎣ M∑
j=1

|Dβfj(s)|p
⎤⎦ ds

⎫⎬⎭
((λα1+λα2+λβ)/p)

.

(9.32)

Proof. From Theorem 6 of [48] and here Theorem 7.6, and by adding
we find

M−1∑
j=1

∫ x

0

q(s)
[|Dα1fj(s)|λα1 |Dα2fj+1(s)|λα2 |Dβfj(s)|λβ +
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|Dα2fj(s)|λα2 |Dα1fj+1(s)|λα1 |Dβfj+1(s)|λβ
]
ds ≤

ϕ3(x)
M−1∑
j=1

(∫ x

0

p(s)(|Dβfj(s)|p + |Dβfj+1(s)|p)ds

)(λα1+λα2+λβ)/p

.

(9.33)
Also it holds∫ x

0

q(s)
[|Dα1f1(s)|λα1 |Dα2fM (s)|λα2 |Dβf1(s)|λβ +

|Dα2f1(s)|λα2 |Dα1fM (s)|λα1 |DβfM (s)|λβ
]
ds ≤

ϕ3(x)
(∫ x

0

p(s)
(|Dβf1(s)|p + |DβfM (s)|p) ds

)(λα1+λα2+λβ)/p

. (9.34)

Adding (9.33) and (9.34), along with (9.4), (9.5) we derive (9.32). �

We continue with

Theorem 9.7. Let β > α1 + 1, α1 ∈ R+ and let fj ∈ L1(0, x), j =
1, . . . , M ∈ N, x ∈ R+ − {0} have, respectively, L∞ fractional derivatives
Dβfj , in[0, x], and let Dβ−kfj(0) = 0, for k = 1, . . . , [β] + 1; j = 1, . . . , M .
Consider also p(t) > 0 and q(t) ≥ 0, with p(t), 1/p(t), q(t) ∈ L∞(0, x). Let
λα ≥ 0, 0 < λα+1 < 1, and p > 1.

Denote

θ3 :=
{

2λα/(λα+1) − 1, if λα ≥ λα+1,
1, if λα ≤ λα+1,

(9.35)

L(x) :=
(

2
∫ x

0

(q(s))(1/(1−λα+1))ds

)(1−λα+1)( θ3λα+1

λα + λα+1

)λα+1

, (9.36)

and

P1(x) :=
∫ x

0

(x − s)(β−α1−1)p/(p−1)(p(s))−1/(p−1)ds, (9.37)

T (x) := L(x)
(

P1(x)(p−1/p)

Γ(β − α1)

)(λα+λα+1)

, (9.38)

and
ω1 := 2(p−1/p)(λα+λα+1), (9.39)

Φ(x) := T (x)ω1. (9.40)

Also put

ε4 :=
{

1, if λα + λα+1 ≥ p,
M1−(λα+λα+1/p), if λα + λα+1 ≤ p.

(9.41)
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Then ∫ x

0

q(s)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[|Dα1fj(s)|λα |Dα1+1fj+1(s)|λα+1+

|Dα1fj+1(s)|λα |Dα1+1fj(s)|λα+1
]}

+
[|Dα1f1(s)|λα |Dα1+1fM (s)|λα+1 + |Dα1fM (s)|λα |Dα1+1f1(s)|λα+1

]}
ds ≤

2(λα+λα+1/p) ε4Φ(x)

⎡⎣∫ x

0

p(s)

⎛⎝ M∑
j=1

|Dβfj(s)|p
⎞⎠ ds

⎤⎦((λα+λα+1)/p)

.

(9.42)

Proof. From Theorem 8 of [48] and here Theorem 7.8, we find∫ x

0

q(s)
M−1∑
j=1

[|Dα1fj(s)|λα |Dα1+1fj+1(s)|λα+1+

|Dα1fj+1(s)|λα |Dα1+1fj(s)|λα+1
]
ds

≤ Φ(x)
M−1∑
j=1

[∫ x

0

p(s)(|Dβfj(s)|p + |Dβfj+1(s)|p)ds

]((λα+λα+1)/p)

.

(9.43)
Similarly it holds∫ x

0

q(s)
[|Dα1f1(s)|λα |Dα1+1fM (s)|λα+1 + |Dα1fM (s)|λα |Dα1+1f1(s)|λα+1

]
ds

≤ Φ(x)
[∫ x

0

p(s)(|Dβf1(s)|p + |DβfM (s)|p)ds

](λα+λα+1)/p

. (9.44)

Adding (9.43) and (9.44), along with (9.4), (9.5) we obtain (9.42). �

Next comes the following theorem.

Theorem 9.8. All are as in Theorem 9.4. Consider the special case of
λα2 = λα1 + λβ.

Denote

T̃ (x) := A0(x)
(

λβ

λα1 + λβ

)λβ/p

2(p−2λα1−3λβ)/p, (9.45)

ε5 :=
{

1, if 2(λα1 + λβ) ≥ p,
M1−(2(λα1+λβ)/p), if 2(λα1 + λβ) ≤ p.

(9.46)
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Then

∫ x

0

q(s)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[
|Dα1fj(s)|λα1 |Dα2fj+1(s)|λα1+λβ

∣∣Dβfj(s)
∣∣λβ

+ |Dα2fj(s)|λα1+λβ |Dα1fj+1(s)|λα1
∣∣Dβfj+1(s)

∣∣λβ
]}

+
[
|Dα1f1(s)|λα1 |Dα2fM (s)|λα1+λβ

∣∣Dβf1(s)
∣∣λβ

+ |Dα2f1(s)|λα1+λβ |Dα1fM (s)|λα1
∣∣DβfM (s)

∣∣λβ
]}

ds ≤

22(λα1+λβ)/p ε5 T̃ (x)

⎡⎣∫ x

0

p(s)

⎛⎝ M∑
j=1

∣∣Dβfj(s)
∣∣p⎞⎠ ds

⎤⎦2(λα1+λβ)/p

. (9.47)

Proof. Based on Theorem 9 of [48] and here Theorem 7.9. The rest is
as in the proof of Theorem 9.7. �

Next we give a special case of the above theorems.

Corollary 9.9. (to Theorem 9.4, λα2 = 0, p(t) = q(t) = 1). It holds

∫ x

0

⎛⎝ M∑
j=1

|Dα1fj(s)|λα1
∣∣Dβfj(s)

∣∣λβ

⎞⎠ ds ≤

δ∗1ϕ1(x)

⎡⎣∫ x

0

⎡⎣ M∑
j=1

∣∣Dβfj(s)
∣∣p⎤⎦ ds

⎤⎦(λα1+λβ/p)

. (9.48)

In (9.48), (A0(x) |λα2=0) of ϕ1(x) is given in [48], Corollary 10, Equation
(123) there; here see (7.123).

Corollary 9.10. (to Theorem 9.4, λα2 = 0, p(t) = q(t) = 1, λα1 =
λβ = 1, p = 2). In detail; let α1 ∈ R+, β > α1, β − α1 > (1/2), and
let fj ∈ L1(0, x), j = 1, . . . , M ∈ N, x ∈ R+ − {0}, have, respectively,
L∞ fractional derivatives Dβfj in [0, x], and let Dβ−kfj(0) = 0 for k =
1, . . . , [β] + 1; j = 1, . . . , M . Then

∫ x

0

⎛⎝ M∑
j=1

|Dα1fj(s)|
∣∣Dβfj(s)

∣∣⎞⎠ ds ≤
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(
x(β−α1)

2Γ(β − α1)
√

β − α1

√
2β − 2α1 − 1

)⎧⎨⎩
∫ x

0

⎡⎣ M∑
j=1

(
Dβfj(s)

)2⎤⎦ ds

⎫⎬⎭ .

(9.49)

Proof. Based on our Corollary 9.9 and Corollary 11 of [48] (see inequal-
ity (130) there; also see here Corollary 7.11). �

Corollary 9.11. (to Theorem 9.5, λα1 = 0, p(t) = q(t) = 1). It holds

∫ x

0

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[∣∣Dα2fj+1(s)
∣∣λα2

∣∣∣Dβfj(s)
∣∣∣λβ

+
∣∣Dα2fj(s)

∣∣λα2

∣∣∣Dβfj+1(s)
∣∣∣λβ
]⎫⎬⎭

+
[
|Dα2fM (s)|λα2

∣∣Dβf1(s)
∣∣λβ + |Dα2f1(s)|λα2

∣∣DβfM (s)
∣∣λβ
]}

ds ≤

2(λβ+λα2/p) ε2ϕ2(x)

⎧⎨⎩
∫ x

0

⎡⎣ M∑
j=1

∣∣Dβfj(s)
∣∣p⎤⎦ ds

⎫⎬⎭
((λβ+λα2 )/p)

. (9.50)

In (9.50), (A0(x) |λα1=0) of ϕ2(x) is given in [48], Corollary 12, Equation
(137) there; also see Corollary 7.12 here.

Corollary 9.12. (to Theorem 9.5, λα1 = 0, p(t) = q(t) = 1, λα2 =
λβ = 1, p = 2). In detail; let α2 ∈ R+, β > α2, β − α2 > (1/2), and
let fj ∈ L1(0, x), j = 1, . . . , M ∈ N, x ∈ R+ − {0}, have, respectively,
L∞ fractional derivatives Dβfj in [0,x], and let Dβ−kfj(0) = 0, for k =
1, . . . , [β] + 1; j = 1, . . . , M . Then

∫ x

0

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[|Dα2fj+1(s)|
∣∣Dβfj(s)

∣∣+ |Dα2fj(s)|
∣∣Dβfj+1(s)

∣∣]⎫⎬⎭ +

[|Dα2fM (s)| ∣∣Dβf1(s)
∣∣+ |Dα2f1(s)|

∣∣DβfM (s)
∣∣]} ds

≤
( √

2 x(β−α2)

Γ(β − α2)
√

β − α2

√
2β − 2α2 − 1

)⎧⎨⎩
∫ x

0

⎡⎣ M∑
j=1

(Dβfj(s))2

⎤⎦ ds

⎫⎬⎭ .

(9.51)

Proof. From Corollary 9.11 and Corollary 13 of [48], especially Equation
(146) there. Also see Corollary 7.13 here. �
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Corollary 9.13. (to Theorem 9.6, λα1 = λα2 = λβ = 1, p = 3, p(t) =
q(t) = 1). It holds

∫ x

0

⎡⎣M−1∑
j=1

[|Dα1fj(s)| |Dα2fj+1(s)|
∣∣Dβfj(s)

∣∣+
|Dα2fj(s)| |Dα1fj+1(s)|

∣∣Dβfj+1(s)
∣∣]+[

|Dα1f1(s)| |Dα2fM (s)|
∣∣∣Dβf1(s)

∣∣∣ + |Dα2f1(s)| |Dα1fM (s)|
∣∣∣DβfM (s)

∣∣∣]] ds ≤

2 ϕ∗
3(x)

[∫ x

0

[
M∑

j=1

∣∣∣Dβfj(s)
∣∣∣3 ds

]]
. (9.52)

Here

ϕ∗
3 :=

(
3
√

2 +
1
3
√

6

)
A0(x), (9.53)

where in this special case,
A0(x) =

4x(2β−α1−α2)

Γ(β − α1)Γ(β − α2)[3(3β − 3α1 − 1)(3β − 3α2 − 1)(2β − α1 − α2)]2/3
.

(9.54)

Proof. From Theorem 9.6 and Corollary 14 of [48]; see there Equation
(151) which is here (9.54); see also Corollary 7.14. �

Corollary 9.14. (to Theorem 9.7, λα = 1, λα+1 = 1/2, p = 3/2, p(t) =
q(t) = 1). In detail: let β > α1 + 1, α1 ∈ R+ and let fj ∈ L1(0, x), j =
1, . . . , M ∈ N, x ∈ R+ − {0} have, respectively, L∞ fractional derivatives
Dβfj in [0, x], and let Dβ−kfj(0) = 0, for k = 1, . . . , [β] + 1; j = 1, . . . , M .
Set

Φ∗(x) :=
(

2√
3β − 3α1 − 2

)
x( 3β−3α1−1/2)

(Γ(β − α1))3/2
. (9.55)

Then∫ x

0

{{
M−1∑
j=1

[
|Dα1fj(s)|

√
|Dα1+1fj+1(s)| + |Dα1fj+1(s)|

√
|Dα1+1fj(s)|

]}
+

[
|Dα1f1(s)|

√
|Dα1+1fM (s)| + |Dα1fM (s)|

√
|Dα1+1f1(s)|

]}
ds ≤

2Φ∗(x)

⎡⎣∫ x

0

⎛⎝ M∑
j=1

|Dβfj(s)|3/2

⎞⎠ ds

⎤⎦ . (9.56)
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Proof. Based on Theorem 9.7 here, and Corollary 15 of [48] (see there
Equation (161) which is here (9.55)); see also Corollary 7.15 here. �

Corollary 9.15. (to Theorem 9.8, here p = 2(λα1 + λβ) > 1, p(t) =
q(t) = 1). It holds

∫ x

0

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[
|Dα1fj(s)|λα1 |Dα2fj+1(s)|λα1+λβ

∣∣Dβfj(s)
∣∣λβ +

|Dα2fj(s)|λα1+λβ |Dα1fj+1(s)|λα1
∣∣Dβfj+1(s)

∣∣λβ
]}

+[
|Dα1f1(s)|λα1 |Dα2fM (s)|λα1+λβ

∣∣Dβf1(s)
∣∣λβ +

|Dα2f1(s)|λα1+λβ |Dα1fM (s)|λα1
∣∣DβfM (s)

∣∣λβ
]}

ds ≤

2 T̃ (x)

⎡⎣∫ x

0

⎛⎝ M∑
j=1

∣∣Dβfj(s)
∣∣2(λα1+λβ)

⎞⎠ ds

⎤⎦ . (9.57)

Here T̃ (x) in (9.57) is given by (9.45) and in detail by ˜̃T (x) of [48]; see there
Corollary 16 and Equations (165) – (169). Also see here Corollary 7.16 and
(7.165)–(7.169) .

Corollary 9.16. (to Theorem 9.8, p = 4, λα1 = λβ = 1, p(t) = q(t) =
1). It holds

∫ x

0

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[
|Dα1fj(s)| (Dα2fj+1(s))

2 ∣∣Dβfj(s)
∣∣ +

(Dα2fj(s))
2 |Dα1fj+1(s)|

∣∣Dβfj+1(s)
∣∣]}+[

|Dα1f1(s)| (Dα2fM (s))2
∣∣Dβf1(s)

∣∣ +
(Dα2f1(s))

2 |Dα1fM (s)| ∣∣DβfM (s)
∣∣]} ds ≤

2 T̃ (x)

⎡⎣∫ x

0

⎛⎝ M∑
j=1

(
Dβfj(s)

)4⎞⎠ ds

⎤⎦ . (9.58)

Here in (9.58) we have that T̃ (x) = T ∗(x) of Corollary 17 of [48]; for that
see Equations (177)–(181) there. Also see here Corollary 7.17, Equations
(7.177)–(7.181).
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Next we present the L∞ case.

Theorem 9.17. Let α1, α2 ∈ R+, β > α1, α2, and let fj ∈ L1(0, x), j =
1, . . . , M ∈ N, x ∈ R+ − {0}, have, respectively, L∞ fractional derivatives
Dβfj in [0, x], and let Dβ−kfj(0) = 0 for k = 1, . . . , [β] + 1; j = 1, . . . , M .
Consider p(s) ≥ 0, p(s) ∈ L∞(0, x) . Let λα1 , λα2 , λβ ≥ 0. Set

ρ(x) :=
{ ‖p(s)‖∞

(Γ(β − α1 + 1))λα1 (Γ(β − α2 + 1))λα2

x(βλα1−α1λα1+βλα2−α2λα2+1)

[βλα1 − α1λα1 + βλα2 − α2λα2 + 1]

}
. (9.59)

Then∫ x

0

p(s)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[
|Dα1fj(s)|λα1 |Dα2fj+1(s)|λα2

∣∣Dβfj(s)
∣∣λβ +

|Dα2fj(s)|λα2 |Dα1fj+1(s)|λα1
∣∣Dβfj+1(s)

∣∣λβ
]}

+

[
|Dα1f1(s)|λα1 |Dα2fM (s)|λα2

∣∣Dβf1(s)
∣∣λβ

+ |Dα2f1(s)|λα2 |Dα1fM (s)|λα1
∣∣DβfM (s)

∣∣λβ
]}

ds ≤

ρ(x)

⎧⎨⎩
M∑

j=1

{∥∥Dβfj

∥∥2(λα1+λβ)

∞ +
∥∥Dβfj

∥∥2λα2

∞
}⎫⎬⎭ . (9.60)

Proof. Based on Theorem 18 of [48]; see also Theorem 7.18 here. �

Similarly we give

Theorem 9.18. (as in Theorem 9.17, λα2 = 0). It holds

∫ x

0

p(s)

⎛⎝ M∑
j=1

|Dα1fj(s)|λα1 |Dβfj(s)|λβ

⎞⎠ ds ≤

(
x(βλα1−α1λα1+1) ‖p(s)‖∞

(βλα1 − α1λα1 + 1)(Γ(β − α1 + 1))λα1

)⎛⎝ M∑
j=1

∥∥Dβfj

∥∥λα1+λβ

∞

⎞⎠ .

(9.61)

Proof. Based on Theorem 19 of [48]; see Theorem 7.19 here. �
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It follows

Theorem 9.19. (as in Theorem 9.17, λα2 = λα1 + λβ). It holds

∫ x

0

p(s)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[
|Dα1fj(s)|λα1 |Dα2fj+1(s)|λα1+λβ

∣∣Dβfj(s)
∣∣λβ +

|Dα2fj(s)|λα1+λβ |Dα1fj+1(s)|λα1
∣∣Dβfj+1(s)

∣∣λβ
]}

+[
|Dα1f1(s)|λα1 |Dα2fM (s)|λα1+λβ

∣∣Dβf1(s)
∣∣λβ +

|Dα2f1(s)|λα1+λβ |Dα1fM (s)|λα1
∣∣DβfM (s)

∣∣λβ
]}

ds ≤((
2x(2βλα1−α1λα1+βλβ−α2λα1−α2λβ+1)

(2βλα1 − α1λα1 + βλβ − α2λα1 − α2λβ + 1)

)
‖p(s)‖∞

(Γ(β − α1 + 1))λα1 (Γ(β − α2 + 1))(λα1+λβ)

)
⎛⎝ M∑

j=1

∥∥Dβfj

∥∥2(λα1+λβ)

∞

⎞⎠ . (9.62)

Proof. By Theorem 20 of [48]; see Theorem 7.20 here. �

We continue with

Theorem 9.20. (as in Theorem 9.17, λβ = 0, λα1 = λα2). It holds

∫ x

0

p(s)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[
|Dα1fj(s)|λα1 |Dα2fj+1(s)|λα1 +

|Dα2fj(s)|λα1 |Dα1fj+1(s)|λα1

]}
+
[
|Dα1f1(s)|λα1 |Dα2fM (s)|λα1 + |Dα2f1(s)|λα1 |Dα1fM (s)|λα1

]}
ds

≤ 2 ρ∗(x)

⎡⎣ M∑
j=1

∥∥Dβfj

∥∥2λα1

∞

⎤⎦ . (9.63)

Here we have
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ρ∗(x) :=

(
x(2βλα1−α1λα1−α2λα1+1)‖p(s)‖∞

(2β λα1 − α1λα1 − α2λα1 + 1)(Γ(β − α1 + 1))λα1 (Γ(β − α2 + 1))λα1

)
.

(9.64)

Proof. Based on Theorem 21 of [48]; see here Theorem 7.21. �
Next we give

Theorem 9.21. (as in Theorem 9.17, λα1 = 0, λα2 = λβ). It holds

∫ x

0

p(s)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[
|Dα2fj+1(s)|λα2

∣∣Dβfj(s)
∣∣λα2 +

|Dα2fj(s)|λα2
∣∣Dβfj+1(s)

∣∣λα2
]}

[
|Dα2fM (s)|λα2

∣∣Dβf1(s)
∣∣λα2 + |Dα2f1(s)|λα2

∣∣DβfM (s)
∣∣λα2
]}

ds ≤

2
(

x(βλα2−α2λα2+1) ‖p(s)‖∞
(βλα2 − α2λα2 + 1)(Γ(β − α2 + 1))λα2

)⎛⎝ M∑
j=1

∥∥Dβfj

∥∥2λα2

∞

⎞⎠ . (9.65)

Proof. Based on Theorem 22 of [48]; see Theorem 7.22 here. �

Some special cases follow.

Corollary 9.22. (to Theorem 9.20, all are as in Theorem 9.17, λβ =
0, λα1 = λα2 , α2 = α1 + 1). It holds∫ x

0

p(s)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[
|Dα1fj(s)|λα1

∣∣Dα1+1fj+1(s)
∣∣λα1 +

∣∣Dα1+1fj(s)
∣∣λα1 |Dα1fj+1(s)|λα1

]}
+

[∣∣Dα1f1(s)
∣∣λα1

∣∣∣Dα1+1fM (s)
∣∣∣λα1

+
∣∣∣Dα1+1f1(s)

∣∣∣λα1 ∣∣Dα1fM (s)
∣∣λα1

]}
ds ≤

2
(

x(2βλα1−2α1λα1−λα1+1) ‖p(s)‖∞
(2βλα1 − 2α1λα1 − λα1 + 1)(β − α1)λα1 (Γ(β − α1))2λα1

)
⎡⎣ M∑

j=1

∥∥Dβfj

∥∥2λα1

∞

⎤⎦ . (9.66)
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Proof. Based on Corollary 23 of [48]; see Corollary 7.23 here. �

Corollary 9.23. (to Corollary 9.22 ). In detail : let α1 ∈ R+, β > α1+1,
and let fj ∈ L1(0, x), j = 1, . . . , M ∈ N, x ∈ R+ − {0}, have, respectively,
L∞ fractional derivatives Dβfj in [0, x], and let Dβ−kfj(0) = 0, for k =
1, . . . , [β] + 1; j = 1, . . . , M . Then

∫ x

0

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[|Dα1fj(s)| |Dα1+1fj+1(s)| + |Dα1+1fj(s)| |Dα1fj+1(s)|
]⎫⎬⎭ +

[|Dα1f1(s)| |Dα1+1fM (s)| + |Dα1+1f1(s)| |Dα1fM (s)|]} ds

≤ x2( β−α1)

(β − α1)2(Γ(β − α1))2

⎛⎝ M∑
j=1

∥∥Dβfj

∥∥2
∞

⎞⎠ . (9.67)

Proof. Based on Corollary 24 of [48]; see Corollary 7.24 here. �

Corollary 9.24. (to Corollary 29.3). It holds

∫ x

0

⎛⎝ M∑
j=1

|Dα1fj(s)| |Dα1+1fj(s)|
⎞⎠ ds ≤

(
x2 (β−α1)

2(β − α1)2(Γ(β − α1))2

)⎛⎝ M∑
j=1

∥∥Dβfj

∥∥2
∞

⎞⎠ . (9.68)

Proof. Based on inequality (207) of [48]; see also (7.207) here. �

9.4 Applications

We present our first application.

Theorem 9.25. Let αi ∈ R+, β > αi, β −αi > (1/2), i = 1, . . . , r ∈ N,
and let fj ∈ L1(0, x), j = 1, . . . , M ∈ N; x ∈ R+ − {0}, have, respectively,
L∞ fractional derivatives Dβfj in [0, x], and let Dβ−kfj(0) = αkj ∈ R for
k = 1, . . . , [β] + 1; j = 1, . . . , M . Furthermore for j = 1, . . . , M , we have
that

Dβfj(s) = Fj

(
s, {Dαifj(s)}r,M

i=1,j=1

)
, (9.69)
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all s ∈ [0, x].
Here Fj(s, �z1, �z2, . . . , �zM ) are continuous for (�z1, �z2, . . . , �zM ) ∈ (Rr)M ,

bounded for s ∈ [0, x], and satisfy the Lipschitz condition

|Fj(t;x11, x12, ..., x1r;x21, x22, ..., x2r;x31, ..., x3r; ..., xM1, ..., xMr)

−Fj(t, x′
11, x

′
12, ..., x

′
1r;x

′
21, x

′
22, ..., x

′
2r;x

′
31, ..., x

′
3r; ..., x

′
M1, ..., x

′
Mr)| ≤

r∑
i=1

(
M∑

�=1

q�,i,j(t)|x�i − x′
�i|
)

, (9.70)

j = 1, 2, . . . ,M , where all q�,i,j(s) ≥ 0 are bounded on [0, x], 1 ≤ i ≤
r, 
 = 1, . . . , M . Call

W := max {‖q�,i,j‖∞, | 
, j = 1, 2, ...,M ; i = 1, ..., r} . (9.71)

Assume here that

φ∗(x) := W

(
1

2
+

M − 1√
2

)( r∑
i=1

(
xβ−αi

Γ(β − αi)
√

β − αi
√

2β − 2αi − 1

))
< 1.

(9.72)

Then, if the system (9.69) has two pairs of solutions (f1, f2, . . . , fM ) and
(f∗

1 , f∗
2 , . . . , f∗

M ), we prove that fj = f∗
j , j = 1, 2, . . . ,M ; that is, we have

uniqueness of solution for the fractional system (9.69).

Proof. Assume that there are two M -tuples of solutions (f1, . . . , fM ) and
(f∗

1 , . . . , f∗
M ) satisfying the system (9.69). Set gj := fj−f∗

j , j = 1, 2, . . . ,M.

Then Dβ−kgj(0) = 0, k = 1, . . . , [β] + 1; j = 1, . . . , M. It holds

Dβgj(s) = Fj

(
s, {Dαifj(s)}r,M

i=1,j=1

)
−Fj

(
s,
{
Dαif∗

j (s)
}r,M

i=1,j=1

)
. (9.73)

Hence by (9.70) we get

|Dβgj(s)| ≤
r∑

i=1

(
M∑

�=1

g�,i,j(t)|Dαig�(s)|
)

. (9.74)

Thus

|Dβgj(s)| ≤ W
r∑

i=1

(
M∑

�=1

|Dαig�(s)|
)

. (9.75)

The last implies

(Dβgj(s))2 ≤ W

r∑
i=1

(
M∑

�=1

|Dβgj(s)| |Dαig�(s)|
)

, (9.76)
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and

M∑
j=1

(Dβgj(s))2 ≤ W

r∑
i=1

M∑
j=1

M∑
�=1

|Dβgj(s)| |Dαig�(s)|. (9.77)

Integrating (9.77) we observe

I :=
∫ x

0

⎛⎝ M∑
j=1

(Dβgj(s))2

⎞⎠ ds ≤

W

⎧⎨⎩
r∑

i=1

M∑
j=1

(
M∑

�=1

(∫ x

0

|Dβgj(s)| |Dαig�(s)|ds

))⎫⎬⎭ . (9.78)

That is,

I ≤ W

{
r∑

i=1

[(∫ x

0

(
M∑

λ=1

|Dαigλ(s)| |Dβgλ(s)|
)

ds

)
+

∑
τ,m∈{1,...,M}

τ �=m

(∫ x

0

(|Dαigm(s)| |Dβgτ (s)| + |Dαigτ (s)| |Dβgm(s)|) ds

)⎤⎥⎦
⎫⎪⎬⎪⎭ .

(9.79)
Using Corollary 9.10 from here, and Corollary 13 of [48] (see also here
Corollary 7.13) we find

I ≤ W

{
r∑

i=1

[(
x(β−αi) I

2Γ(β − αi)
√

β − αi

√
2β − 2αi − 1

)
+

(
x(β−αi) (M − 1)I√

2 Γ(β − αi)
√

β − αi

√
2β − 2αi − 1

)]}
. (9.80)

That is, we get that
I ≤ φ∗(x) I. (9.81)

If I = 0 then φ∗(x) ≥ 1, a contradiction by assumption that φ∗(x) < 1;
see (9.72). Therefore I = 0, implying that

M∑
j=1

(Dβgj(s))2 = 0, a.e. in [0, x]. (9.82)

That is,
(Dβgj(s))2 = 0, a.e. in [0, x], j = 1, ...,M, (9.83)

and
Dβgj(s) = 0, a.e. in [0, x], j = 1, ...,M. (9.84)
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By Dβ−kgj(0) = 0, k = 1, . . . , [β]+1; j = 1, . . . , M , and Lemma 9.3, apply
(9.3) for α = 0, we find gj(s) ≡ 0, all s ∈ [0, x], all j = 1, . . . , M .

The last implies fj = f∗
j , j = 1, ...,M , over [0, x], thus proving the

uniqueness of solution to the initial value problem of this theorem. �

Another related application follows.

Theorem 9.26. Let αi ∈ R+, β > αi, β − αi > (1/2), i = 1, . . . , r ∈ N,
and let fj ∈ L1(0, x), j = 1, . . . , M ∈ N; x ∈ R+ − {0}, have, respec-
tively, fractional derivatives Dβfj in [0, x], that are absolutely continuous
on [0, x], and let Dβ−kfj(0) = 0 for k = 1, . . . , [β] + 1; j = 1, . . . , M . And
(Dβfj)(0) = Aj ∈ R . Furthermore for 0 ≤ s ≤ x we have holding the
system of fractional differential equations(

Dβfj

)′
(s) = Fj

(
s, {Dαifj(s)}r,M

i=1,j=1 ,
{
Dβfj(s)

}M

j=1

)
, (9.85)

for j = 1, . . . , M . Here Fj is Lebesgue measurable on [0, x]× (Rr+1)M such
that

|Fj (t;x11, x12, ..., x1r, x1,r+1;x21, x22, ..., x2r, x2,r+1; ...

xM1, xM2, ..., xM,r+1)| ≤
r∑

i=1

(
M∑

�=1

q�,i,j(t)|x�i|
)

, (9.86)

where q�,i,j ≥ 0, 1 ≤ i ≤ r; 
, j = 1, . . . , M , are bounded on [0, x]. Set

W := max{‖q�,i,j‖∞; 
, j = 1, ...,M ; i = 1, ..., r}. (9.87)

Also we put (0 ≤ s ≤ x)

θ(s) :=
M∑

λ=1

(Dβfλ(s))2, (9.88)

ρ :=
M∑

λ=1

A2
λ, (9.89)

Q(s) := W (1 +
√

2(M − 1))

(
r∑

i=1

(
sβ−αi

Γ(β − αi)
√

β − αi

√
2β − 2αi − 1

))
,

(9.90)
and

χ(s) :=
√

ρ

{
1 + Q(s) · e(

∫ s
0 Q(t)dt) ·

[∫ s

0

(
e−(

∫ t
0 Q(y)dy)

)
dt

]}1/2

. (9.91)

Then √
θ(s) ≤ χ(s), 0 ≤ s ≤ x. (9.92)
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Consequently we get
|Dβfj(s)| ≤ χ(s), (9.93)

|fj(s)| ≤ 1
Γ(β)

∫ s

0

(s − t)β−1 χ(t)dt, (9.94)

all 0 ≤ s ≤ x, j = 1, . . . , M . Also it holds

|Dαifj(s)| ≤ 1
Γ(β − αi)

∫ s

0

(s − t)β−αi−1 χ(t)dt, (9.95)

all 0 ≤ s ≤ x, j = 1, . . . , M, i = 1, . . . , r.

Proof. We see that

(Dβfj)(s)(D
βfj)

′(s) = (Dβfj)(s) Fj

(
s,
{
Dαifj(s)

}r,M

i=1,j=1
,
{

Dβfj(s)
}M

j=1

)
,

(9.96)

j = 1, . . . , M , all 0 ≤ s ≤ x.
We then integrate (9.96),∫ y

0

(Dβfj)(s)(Dβfj)′(s)ds =∫ y

0

(Dβfj)(s) Fj

(
s, {Dαifj(s)}r,M

i=1,j=1 ,
{
Dβfj(s)

}M

j=1

)
ds, (9.97)

0 ≤ y ≤ x.
Hence we obtain

((Dβfj)(s))2

2

∣∣∣∣y
0

≤
∫ y

0

|Dβfj(s)| |Fj · · · |ds
(9.86)

≤
(9.87)

W

∫ y

0

|Dβfj(s)|
[

r∑
i=1

(
M∑

�=1

|Dαif�(s)|
)]

ds =

W

(
r∑

i=1

(
M∑

�=1

(∫ y

0

|Dαif�(s)| |Dβfj(s)|ds

)))
. (9.98)

Thus we have for j = 1, . . . , M that

(Dβfj(y))2 ≤ A2
j + 2W

(
r∑

i=1

(
M∑

�=1

(∫ y

0

|Dαif�(s)| |Dβfj(s)|ds

)))
.

(9.99)
Consequently it holds

θ(y) ≤ ρ + 2W

⎛⎝ r∑
i=1

⎛⎝ M∑
j=1

(
M∑

�=1

(∫ y

0

|Dαif�(s)| |Dβfj(s)|ds

))⎞⎠⎞⎠ =

(9.100)
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ρ + 2W

{
r∑

i=1

{(∫ y

0

(
M∑

λ=1

|Dαifλ(t)| |Dβfλ(t)|
)

dt

)
+

∑
τ,m∈{1,...,M}

τ �=m

(∫ y

0

(|Dαifm(t)| |Dβfτ (t)| + |Dαifτ (t)| |Dβfm(t)|) dt

)⎫⎪⎬⎪⎭
⎫⎪⎬⎪⎭ .

(9.101)
Using Corollary 9.10 from here, and Corollary 13 of [48] (see here Corollary
7.13) we find

θ(y) ≤ ρ + 2 W

{
r∑

i=1

{(
y(β−αi)

2Γ(β − αi)
√

β − αi
√

2β − 2αi − 1

) (∫ y

0
θ(t)dt

)
+

(
y(β−αi)

√
2 Γ(β − αi)

√
β − αi

√
2β − 2αi − 1

)
(M − 1)

(∫ y

0

θ(t)dt

)}}
.

(9.102)
Hence we have

θ(y) ≤ ρ + Q(y)
∫ y

0

θ(t)dt, all 0 ≤ y ≤ x. (9.103)

Here ρ ≥ 0, Q(y) ≥ 0, Q(0) = 0, θ(y) ≥ 0, all 0 ≤ y ≤ x. As in the
proof of Theorem 27 of [48] (here also see the proof of Theorem 7.27; see
also [17]) we get (9.92), (9.93). Using Lemma 9.3 (see (9.3)), for α = 0, and
(9.93) we obtain (9.94). Again using (9.3) and (9.93) we get (9.95). �

Finally we give a specialized application.

Theorem 9.27. Let αi ∈ R+, β > αi, i = 1, . . . , r ∈ N, and fj ∈
L1(0, x), j = 1, . . . , M ∈ N; x ∈ R+ − {0} , have, respectively, frac-
tional derivatives Dβfj in [0, x], that are absolutely continuous on [0, x],
and let Dβ−μfj(0) = 0 for μ = 1, . . . , [β] + 1; j = 1, . . . , M . And
(Dβfj)(0) = Aj ∈ R. Furthermore for 0 ≤ s ≤ x we have holding the
system of fractional differential equations(

Dβfj

)′
(s) = Fj

(
s, {Dαifj(s)}r,M

i=1,j=1 ,
{
Dβfj(s)

}M

j=1

)
, (9.104)

for j = 1, . . . , M .
For fixed i∗ ∈ {1, . . . , r} we assume that αi∗+1 = αi∗ + 1 , where αi∗ ,

αi∗+1 ∈ {α1, . . . , αr}. Call k := αi∗ , γ := αi∗ +1; that is, γ = k+1 . Here
Fj is Lebesgue measurable on [0, x] × (Rr+1)M such that

|Fj(t, x11, x12, ..., x1r, x1,r+1;x21, x22, ..., x2r, x2,r+1;

x31, x32, ..., x3r, x3,r+1; ...;xM1, xM2, ..., xMr, xM,r+1)|



9.4 Applications 201

≤
{{

M−1∑
�=1

(
q�,1,j(t)|x�i∗ |

√
|x�+1,i∗+1| + q�,2,j(t)|x�+1,i∗ |

√
|x�,i∗+1|

)}
+

(
qM,1,j(t)|x1i∗ |

√
|xM,i∗+1| + qM,2,j(t)|xMi∗ |

√
|x1,i∗+1|

)}
, (9.105)

where all 0 ≤ q�,1,j , q�,2,j ≡ 0, are bounded over [0, x]. Call

W := max {‖q�,1,j‖∞, ‖q�,2,j‖∞}M
�,j=1 . (9.106)

Also set

θ(s) :=
M∑

j=1

|(Dβfj)(s)|, 0 ≤ s ≤ x, (9.107)

ρ :=
M∑

j=1

|Aj |,

Φ∗(s) :=
(

2√
3β − 3k − 2

)
s((3β−3k−1)/2)

(Γ(β − k))3/2
, (9.108)

all 0 ≤ s ≤ x, and

Q(s) := 2MWΦ∗(s), 0 ≤ s ≤ x, (9.109)

σ := ‖Q(s)‖∞ =
4MW x((3β−3k−1)/2)

√
3β − 3k − 2 (Γ(β − k))3/2

. (9.110)

We assume that
xσ

√
ρ < 2. (9.111)

Set

ϕ̃(s) := ρ + Q(s)
[
4ρ3/2s − σρ2s2

(2 − σ
√

ρ s)2

]
, all 0 ≤ s ≤ x. (9.112)

Then
θ(s) ≤ ϕ̃(s), all 0 ≤ s ≤ x, (9.113)

in particular we have

|Dβfj(s)| ≤ ϕ̃(s), j = 1, ...,M, for all 0 ≤ s ≤ x. (9.114)

Furthermore we get

|fj(s)| ≤ 1
Γ(β)

∫ s

0

(s − t)β−1ϕ̃(t)dt, (9.115)

and

|Dαifj(s)| ≤ 1
Γ(β − αi)

∫ s

0

(s − t)β−αi−1ϕ̃(t)dt, (9.116)
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j = 1, . . . , M ; i = 1, . . . , r, all 0 ≤ s ≤ x.

Proof. Notice here that W > 0 and σ > 0 . Clearly, here Dβfj are L∞
fractional derivatives in [0, x]. For 0 ≤ s ≤ y ≤ x, by (9.104) we get that∫ y

0

(
Dβfj

)′
(s)ds =

∫ y

0

Fj

(
s, {Dαifj(s)}r,M

i=1,j=1 ,
{
Dβfj(s)

}M

j=1

)
ds.

(9.117)
That is,

(Dβfj)(y) = Aj +
∫ y

0

Fj(s, ...)ds. (9.118)

Then we observe that

|Dβfj(y)| ≤ |Aj | +
∫ y

0

|Fj(s, ...)|ds ≤ |Aj |+

W

∫ y

0

{{
M−1∑
�=1

(|Dαi∗ f�(s)|
√

|Dαi∗+1f�+1(s)| + |Dαi∗ f�+1(s)|
√

|Dαi∗+1f�(s)|)
}

+(|Dαi∗ f1(s)|
√

|Dαi∗+1fM (s)| + |Dαi∗ fM (s)|
√

|Dαi∗+1f1(s)|)
}

ds.

(9.119)
That is,

|Dβfj(y)| ≤ |Aj | + W

(∫ y

0

{{
M−1∑
�=1

(
|Dkf�(s)|

√
|Dk+1f�+1(s)|+

|Dkf�+1(s)|
√

|Dk+1f�(s)|
)}

+(
|Dkf1(s)|

√
|Dk+1fM (s)| + |DkfM (s)|

√
|Dk+1f1(s)|

)}
ds. (9.120)

By Corollary 9.14 we obtain

|Dβfj(s)| ≤ |Aj | + 2Wφ∗(s)

(∫ s

0

(
M∑

�=1

|Dβf�(t)|3/2

)
dt

)
, (9.121)

j = 1, . . . , M , all 0 ≤ s ≤ x.
Therefore by adding all of inequalities (9.121) we find

θ(s) ≤ ρ + 2MWφ∗(s)

(∫ s

0

(
M∑

�=1

|Dβf�(t)|3/2

)
dt

)
, (9.122)

(9.4)

≤ ρ + 2MWφ∗(s)

⎛⎝∫ s

0

(
M∑

�=1

|Dβf�(t)|
)3/2

dt

⎞⎠ . (9.123)
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That is,

θ(s) ≤ ρ + (2MWφ∗(s))
(∫ s

0

(θ(t))3/2dt

)
, (9.124)

all 0 ≤ s ≤ x.
More precisely we get that

θ(s) ≤ ρ + Q(y)
(∫ s

0

(θ(t))3/2dt

)
, all 0 ≤ s ≤ x. (9.125)

Notice that θ(s) ≥ 0, ρ ≥ 0, Q(s) ≥ 0, and Q(0) = 0 by Φ∗(0) = 0. Acting
here as in the proof of Theorem 28 of [48] (also see Theorem 7.28 here) we
derive (9.113) and (9.114).

Using Lemma 9.3 (see (9.3)), along with (9.114), we obtain (9.115) and
(9.116). �



10
Converse Canavati Fractional
Opial-Type Inequalities for Several
Functions

A collection of very general Lp(0<p<1)-form converse Opial-type inequal-
ities [315] is presented involving generalized Canavati fractional derivatives
[17, 101] of several functions in different orders and powers. Other particu-
lar results of special interest are derived from the established results. This
treatment is based on [51].

10.1 Introduction

Opial inequalities appeared for the first time in [315] and since then many
authors have dealt with them in different directions and for various cases.
For a complete account of the recent activity in this field see [4], and it still
remains a very active area of research. One of the main attractions to these
inequalities is their applications, especially in proving the uniqueness and
upper bounds of the solution of initial value problems in differential equa-
tions. The author was the first to present Opial-type inequalities involving
fractional derivatives of functions in [15, 17] with applications to fractional
differential equations.

Fractional derivatives come up naturally in a number of fields, especially
in physics; see the recent books [197, 333]. Here the author continues his
study of fractional Opial-type inequalities now involving several different
functions and produces a wide variety of converse results. To give the reader
an idea of the kind of inequalities we are dealing with, we briefly mention

G.A. Anastassiou, Fractional Differentiation Inequalities, 205
DOI 10.1007/978-0-387-98128-4 10, c© Springer Science+Business Media, LLC 2009
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a specific one (see Corollary 10.15).

∫ x

x0

⎛⎝ M∑
j=1

∣∣(Dγ1
x0

fj

)
(w)
∣∣λα
∣∣(Dv

x0
fj

)
(w)
∣∣λv

⎞⎠ dw ≥

C (x)

⎡⎣∫ x

x0

⎡⎣ M∑
j=1

∣∣(Dv
x0

fj

)
(w)
∣∣p⎤⎦ dw

⎤⎦(λα+λv/p)

,

all x0 ≤ x ≤ b.
In the last inequality C (x) is a constant that depends on x0, x, and the

involved parameters, γ1 ≥ 0, 1 ≤ v−γ1 < 1/p, 0 < p < 1; Dv
x0

fj is of fixed
sign on [x0, b] , j = 1, . . . , M ∈ N. Also λα ≥ 0, λv > p. Here f

(i)
j (x0) = 0,

i = 0, 1, . . . , n − 1, n := [v] (integral part); j = 1, . . . , M.
And D

γ1
x0fj , Dv

x0
fj are the generalized (of Canavati) type [15, 101] frac-

tional derivatives of fj of orders γ1, v, respectively.

10.2 Preliminaries

In the sequel we follow [101]. Let g ∈ C ([0, 1]) . Let v be a positive number,
n := [v], and α := v − n (0 < α < 1) . Define

(Jvg) (x) :=
1

Γ (v)

∫ x

0

(x − t)v−1
g (t) dt, 0 ≤ x ≤ 1, (10.1)

the Riemann–Liouville integral, where Γ is the gamma function. We define
the subspace Cv ([0, 1]) of Cn ([0, 1]) as follows.

Cv ([0, 1]) :=
{
g ∈ Cn ([0, 1]) : J1−αDng ∈ C1 ([0, 1])

}
,

where D := d/dx. So for g ∈ Cv ([0, 1]) , we define the Canavati v-fractional
derivative of g as

Dvg := DJ1−αDng. (10.2)

When v ≥ 1 we have the fractional Taylor’s formula

g (t) = g (0) + g′ (0) t + g” (0)
t2

2!
+ . . . + g(n−1) (0)

tn−1

(n − 1)!

+ (JvD
vg) (t) , for all t ∈ [0, 1] . (10.3)

When 0 < v < 1 we find

g (t) = (JvD
vg) (t) , for all t ∈ [0, 1] . (10.4)
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Next we carry the above notions over to arbitrary [a, b] ⊆ R (see [17]).
Let x, x0 ∈ [a, b] such that x > x0, where x0 < b is fixed. Let f ∈ C ([a, b])
and define

(Jx0
v f) (x) :=

1
Γ (v)

∫ x

x0

(x − t)v−1
f (t) dt, x0 ≤ x ≤ b, (10.5)

the generalized Riemann–Liouville integral. We define the subspace
Cv

x0
([a, b]) of Cn ([a, b]) :

Cv
x0

([a, b]) :=
{
f ∈ Cn ([a, b]) : Jx0

1−αDnf ∈ C1 ([x0, b])
}

;

clearly C0
x0

([a, b]) = C ([a, b]); also Cn
x0

([a, b]) = Cn ([a, b]) , n ∈ N.
For f ∈ Cv

x0
([a, b]) , we define the generalized v-fractional derivative of

f over [x0, b] as

Dv
x0

f := DJx0
1−αf (n)

(
f (n) := Dnf

)
. (10.6)

Notice that(
Jx0

1−αf (n)
)

(x) =
1

Γ (1 − α)

∫ x

x0

(x − t)−α
f (n) (t) dt

exists for f ∈ Cv
x0

([a, b]) .

We recall the following fractional generalization of Taylor’s formula (see
[17, 101]).

Theorem 10.1. Let f ∈ Cv
x0

([a, b]) , x0 ∈ [a, b] fixed.
(i) If v ≥ 1 then

f (x) = f (x0) + f ′ (x0) (x − x0) + f” (x0)
(x − x0)

2

2
+ . . . +

f (n−1) (x0)
(x − x0)

n−1

(n − 1)!
+
(
Jx0

v Dv
x0

f
)
(x) , for all x ∈ [a, b] : x ≥ x0.

(10.7)
(ii) If 0 < v < 1 then

f (x) =
(
Jx0

v Dv
x0

f
)
(x) , for all x ∈ [a, b] : x ≥ x0. (10.8)

We make

Remark 10.2. (1)
(
Dn

x0
f
)

= f (n), n ∈ N.

(2) Let f ∈ Cv
x0

([a, b]) , v ≥ 1, and f (i) (x0) = 0, i = 0, 1, . . . , n − 1,
n := [v] . Then by (10.7),

f (x) =
(
Jx0

v Dv
x0

f
)
(x) .
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That is,

f (x) =
1

Γ (v)

∫ x

x0

(x − t)v−1 (
Dv

x0
f
)
(t) dt, (10.9)

for all x ∈ [a, b] with x ≥ x0. Notice that (10.9) is true, also when 0 < v < 1.

We need the following from [17].

Lemma 10.3. Let f ∈ C ([a, b]) , μ, v > 0. Then

Jx0
μ (Jx0

v f) = Jx0
μ+v (f) . (10.10)

We also make

Remark 10.4. Let v ≥ γ + 1, γ ≥ 0, so that γ < v. Call n := [v] ,
α := v − n; m := [γ] , ρ := γ − m. Note that v − m ≥ 1 and n − m ≥ 1.
Let f ∈ Cv

x0
([a, b]) be such that f (i) (x0) = 0, i = 0, 1, . . . , n− 1. Hence by

(10.7),
f (x) =

(
Jx0

v Dv
x0

f
)
(x) , for all x ∈ [a, b] : x ≥ x0.

Therefore by Leibnitz’s formula and Γ (p + 1) = pΓ (p) , p > 0, we get that

f (m) (x) =
(
Jx0

v−mDv
x0

f
)
(x) , for all x ≥ x0. (10.11)

It follows that f ∈ Cγ
x0

([a, b]) and thus(
Dγ

x0
f
)
(x) :=

(
DJx0

1−ρf
(m)
)

(x) exists for all x ≥ x0. (10.12)

By the use of (10.11) we have on [x0, b],

Jx0
1−ρ

(
f (m)

)
= Jx0

1−ρ

(
Jx0

v−mDv
x0

f
)

=
(
Jx0

1−ρ ◦ Jx0
v−m

) (
Dv

x0
f
)

= Jx0
v−m+1−ρ

(
Dv

x0
f
)

= Jx0
v−γ+1

(
Dv

x0
f
)
,

by (10.10). That is,(
Jx0

1−ρf
(m)
)

(x) =
1

Γ (v − γ + 1)

∫ x

x0

(x − t)v−γ (
Dv

x0
f
)
(t) dt.

Therefore (
Dγ

x0
f
)
(x) = D

((
Jx0

1−ρf
(m)
)

(x)
)

=
1

Γ (v − γ)
·∫ x

x0

(x − t)(v−γ)−1 (
Dv

x0
f
)
(t) dt;

(10.13)

hence (
Dγ

x0
f
)
(x) =

(
Jx0

v−γ

(
Dv

x0
f
))

(x)
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and is continuous in x on [x0, b]. In particular when v ≥ 2 we have

(
Dv−1

x0
f
)
(x) =

∫ x

x0

(
Dv

x0
f
)
(t) dt, x ≥ x0. (10.14)

That is, (
Dv−1

x0
f
)′

= Dv
x0

f,
(
Dv−1

x0
f
)
(x0) = 0.

10.3 Main Results

10.3.1 Results Involving Two Functions

We present our first main result.
Theorem 10.5. Let γj ≥ 0, 1 ≤ v − γj < 1/p, 0 < p < 1, j = 1, 2,

and f1, f2 ∈ Cv
x0

([a, b])with f
(i)
1 (x0) = f

(i)
2 (x0) = 0, i = 0, 1, . . . , n − 1,

n := [v] . Here x, x0 ∈ [a, b] : x ≥ x0. We assume here that Dv
x0

fi is of fixed
sign on [x0, b] , i = 1, 2. Consider also p (t) > 0 and q (t) > 0 continuous
functions on [x0, b]. Let λv > 0 and λα, λβ ≥ 0 such that λv > p.

Set

Pk (w) :=
∫ w

x0

(w − t)(v−γk−1)p/p−1 (p (t))−1/p−1
dt, k = 1, 2, x0 ≤ x ≤ b;

(10.15)

A (w) :=
q (w) · (P1 (w))λα(p−1/p) · (P2 (w))(λβ(p−1)/p) (p (w))−λv/p

(Γ (v − γ1))
λα (Γ (v − γ2))

λβ
,

(10.16)

A0 (x) :=
(∫ x

x0

(A (w))p/(p−λv)
dw

)(p−λv)/p

, (10.17)

and
δ1 := 21−((λα+λv)/p). (10.18)

If λβ = 0, we obtain that∫ x

x0

q (w)
[∣∣(Dγ1

x0
f1

)
(w)
∣∣λα · ∣∣(Dv

x0
f1

)
(w)
∣∣λv +

∣∣(Dγ1
x0

f2

)
(w)
∣∣λα · ∣∣(Dv

x0
f2

)
(w)
∣∣λv
]
dw

≥ (A0 (x) |λβ=0

) · ( λv

λα + λv

)λv/p

· δ1 ·
[∫ x

x0

p (w)
[∣∣(Dv

x0
f1

)
(w)
∣∣p +

∣∣(Dv
x0

f2

)
(w)
∣∣p] dw

]((λα+λv)/p)
. (10.19)
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Proof. From (10.13) and assumption we get

∣∣(Dγk
x0

fj

)
(w)
∣∣ = 1

Γ (v − γk)

∫ w

x0

(w − t)v−γk−1 ∣∣(Dv
x0

fj

)
(t)
∣∣ dt,

for k = 1, 2, j = 1, 2 and for all x0 ≤ w ≤ b.
Next applying Hölder’s inequality with indices p, p/p − 1 we have

∣∣(Dγk
x0

fj

)
(w)
∣∣ = 1

Γ (v − γk)

∫ w

x0

(w − t)v−γk−1 (p (t))−1/p (p (t))1/p

∣∣(Dv
x0

fj

)
(t)
∣∣ dt

≥ 1
Γ (v − γk)

(∫ w

x0

(
(w − t)v−γk−1 (p (t))−1/p

)p/p−1

dt

)p−1/p

(∫ w

x0

p (t)
∣∣(Dv

x0
fj

)
(t)
∣∣p dt

)1/p

=
1

Γ (v − γk)
(Pk (w))p−1/p

(∫ w

x0

p (t)
∣∣(Dv

x0
fj

)
(t)
∣∣p dt

)1/p

.

That is, it holds

∣∣(Dγk
x0

fj

)
(w)
∣∣ ≥ 1

Γ (v − γk)
(Pk (w))p−1/p

(∫ w

x0

p (t)
∣∣(Dv

x0
fj

)
(t)
∣∣p dt

)1/p

.

(10.20)
Put

zj (w) :=
∫ w

x0

p (t)
∣∣(Dv

x0
fj

)
(t)
∣∣p dt,

thus,
z

′
j (w) = p (w)

∣∣(Dv
x0

fj

)
(w)
∣∣p , zj (x0) = 0; j = 1, 2.

Hence, we have∣∣(Dγk
x0

fj

)
(w)
∣∣ ≥ 1

Γ (v − γk)
(Pk (w))p−1/p (zj (w))1/p

,

and ∣∣(Dv
x0

fj

)
(w)
∣∣λv = p (w)−λv/p

(
z

′
j (w)

)λv/p

, j = 1, 2.

Therefore we obtain

q (w)
∣∣(Dγ1

x0
f1

)
(w)
∣∣λα
∣∣(Dγ2

x0
f2

)
(w)
∣∣λβ
∣∣(Dv

x0
f1

)
(w)
∣∣λv

≥ q (w)
1

(Γ (v − γ1))
λα

(P1 (w))λα(p−1/p) (z1 (w))λα/p
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1

(Γ (v − γ2))
λβ

(P2 (w))λβ(p−1/p) (z2 (w))λβ/p (p (w))−λv/p
(
z

′
1 (w)

)λv/p

= A (w) (z1 (w))λα/p (z2 (w))λβ/p
(
z

′
1 (w)

)λv/p

.

Consequently, by another Hölder’s inequality application, we find (by
p/λv < 1)∫ x

x0

q (w)
∣∣(Dγ1

x0
f1

)
(w)
∣∣λα
∣∣(Dγ2

x0
f2

)
(w)
∣∣λβ
∣∣(Dv

x0
f1

)
(w)
∣∣λv

dw

≥ A0 (x)
[∫ x

x0

(z1 (w))λα/λv (z2 (w))λβ/λv z
′
1 (w) dw

]λv/p

. (10.21)

Similarly one derives∫ x

x0

q (w)
∣∣(Dγ2

x0
f1

)
(w)
∣∣λβ
∣∣(Dγ1

x0
f2

)
(w)
∣∣λα
∣∣(Dv

x0
f2

)
(w)
∣∣λv

dw

≥ A0 (x)
[∫ x

x0

(z1 (w))λβ/λv (z2 (w))λα/λv z
′
2 (w) dw

]λv/p

. (10.22)

Taking λβ = 0 and adding (10.21) and (10.22) we obtain∫ x

x0

q (w)
[∣∣(Dγ1

x0
f1

)
(w)
∣∣λα · ∣∣(Dv

x0
f1

)
(w)
∣∣λv +

∣∣(Dγ1
x0

f2

)
(w)
∣∣λα · ∣∣(Dv

x0
f2

)
(w)
∣∣λv
]
dw

≥ (A0 (x) |λβ=0

){[∫ x

x0

(z1 (w))λα/λv z
′
1 (w) dw

]λv/p

+

[∫ x

x0

(z2 (w))λα/λv z
′
2 (w) dw

]λv/p
}

=
(
A0 (x) |λβ=0

){
(z1 (x))(λα+λv)/p +

(z2 (x))(λα+λv)/p
}( λv

λα + λv

)λv/p

=
(
A0 (x) |λβ=0

)( λv

λα + λv

)λv/p
{(∫ x

x0

p (t)
∣∣(Dv

x0
f1

)
(t)
∣∣p dt

)(λα+λv)/p

+
(∫ x

x0

p (t)
∣∣(Dv

x0
f2

)
(t)
∣∣p dt

)(λα+λv)/p}
=: (∗) .
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In this chapter we frequently use the basic inequalities

2r−1 (ar + br) ≤ (a + b)r ≤ ar + br, a, b ≥ 0, 0 ≤ r ≤ 1, (10.23)

ar + br ≤ (a + b)r ≤ 2r−1 (ar + br) , a, b ≥ 0, r ≥ 1. (10.24)

Finally using (10.23) , (10.24), and (10.18) we find

(∗) ≥ (A0 (x) |λβ=0

) · ( λv

λα + λv

)λv/p

· δ1

{∫ x

x0

p (t)
[∣∣(Dv

x0
f1

)
(t)
∣∣p +

∣∣(Dv
x0

f2

)
(t)
∣∣p] dt

}(λα+λv)/p

.

Inequality (10.19) has been established.
Here we see that (p/p − 1) (v − γi − 1) + 1 > 0, −1/(p − 1) > 0 and

p (t) ∈ C ([x0, b]) , thus (see (10.15)) Pi (w) ∈ R for every w ∈ [x0, b] , also
Pi (w) is continuous and bounded on [x0, b] for i = 1, 2.

By λv > p > 0, we have 0 < p/λv < 1, p/p − λv < 0.
We see that

1
A (w)

=
1

q (w)
(Γ (v − γ1))

λα (Γ (v − γ2))
λβ (p (w))λv/p

(P1 (w))λα(1−p/p) (P2 (w))λβ(1−p/p) ∈ C ([x0, b]) ,

and 1/A (w) > 0 on (x0, b] , 1/A (x0) = 0.
Therefore 0 < A0 (x) < ∞, and all we have done in this proof is valid.

�

The counterpart of the last theorem follows.

Theorem 10.6. All here are as in Theorem 10.5. Further assume
λβ ≥ λv.

Denote
δ2 := 21−(λβ/λv), δ3 := (δ2 − 1) 2−(λβ/λv). (10.25)

If λα = 0, then∫ x

x0

q (w)
[∣∣(Dγ2

x0
f2

)
(w)
∣∣λβ · ∣∣(Dv

x0
f1

)
(w)
∣∣λv +

∣∣(Dγ2
x0

f1

)
(w)
∣∣λβ · ∣∣(Dv

x0
f2

)
(w)
∣∣λv
]
dw

≥ (A0 (x) |λα=0) 2(p−λv)/p

(
λv

λβ + λv

)λv/p

δ
λv/p
3
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·
(∫ x

x0

p (w)
[∣∣(Dv

x0
f1

)
(w)
∣∣p +

∣∣(Dv
x0

f2

)
(w)
∣∣p] dw

)((λv+λβ)/p)

,

all x0 ≤ x ≤ b.

(10.26)

Proof. When λα = 0 from (10.21) and (10.22) we have∫ x

x0

q (w)
∣∣(Dγ2

x0
f2

)
(w)
∣∣λβ
∣∣(Dv

x0
f1

)
(w)
∣∣λv

dw

≥ (A0 (x) |λα=0)
[∫ x

x0

(z2 (w))λβ/λv z
′
1 (w) dw

]λv/p

, (10.27)

and ∫ x

x0

q (w)
∣∣(Dγ2

x0
f1

)
(w)
∣∣λβ
∣∣(Dv

x0
f2

)
(w)
∣∣λv

dw

≥ (A0 (x) |λα=0)
[∫ x

x0

(z1 (w))λβ/λv z
′
2 (w) dw

]λv/p

, (10.28)

all x0 ≤ x ≤ b. Adding (10.27) and (10.28) we obtain∫ x

x0

q (w)
[∣∣(Dγ2

x0
f2

)
(w)
∣∣λβ · ∣∣(Dv

x0
f1

)
(w)
∣∣λv +

∣∣(Dγ2
x0

f1

)
(w)
∣∣λβ · ∣∣(Dv

x0
f2

)
(w)
∣∣λv
]
dw

≥ (A0 (x) |λα=0)

{[∫ x

x0

(z2 (w))λβ/λv z
′
1 (w) dw

]λv/p

+

[∫ x

x0

(z1 (w))λβ/λv z
′
2 (w) dw

]λv/p
}

≥ (A0 (x) |λα=0) · 2p−λv/p · (M (x))λv/p =: (∗) , (10.29)

by λv/p > 1 and (10.24) , where

M (x) :=
∫ x

x0

(z2 (w))λβ/λv z
′
1 (w) + (z1 (w))λβ/λv z

′
2 (w) dw. (10.30)

Next we work on M (x). We have that

M (x) =
∫ x

x0

(
(z1 (w))λβ/λv + (z2 (w))λβ/λv

)(
z

′
1 (w) + z

′
2 (w)

)
dw

−
∫ x

x0

[
(z1 (w))λβ/λv z

′
1 (w) + (z2 (w))λβ/λv z

′
2 (w)

]
dw
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(by (10.24))

≥ δ2

∫ x

x0

(z1 (w) + z2 (w))λβ/λv (z1 (w) + z2 (w))′ dw

−
(

λv

λβ + λv

)[
(z1 (x))((λv+λβ)/λv) + (z2 (x))((λv+λβ)/λv)

]
= δ2 (z1 (x) + z2 (x))(λv+λβ/λv)

(
λv

λv + λβ

)
−
(

λv

λβ + λv

)
[
(z1 (x))(λv+λβ/λv) + (z2 (x))(λv+λβ/λv)

]
=
(

λv

λβ + λv

)[
δ2 (z1 (x) + z2 (x))(λv+λβ/λv) −(

(z1 (x))(λv+λβ/λv) + (z2 (x))(λv+λβ/λv)
)]

(10.24)

≥
(

λv

λβ + λv

)[
δ2

(
(z1 (x))(λv+λβ/λv) + (z2 (x))(λv+λβ/λv)

)
−
(
(z1 (x))(λv+λβ/λv) + (z2 (x))(λv+λβ/λv)

)]
=
(

λv

λβ + λv

)
(δ2 − 1)

[
(z1 (x))(λv+λβ/λv) + (z2 (x))(λv+λβ/λv)

]
(10.24)

≥
(

λv

λβ + λv

)
δ3 (z1 (x) + z2 (x))(λv+λβ/λv)

.

That is, we present that

M (x) ≥
(

λv

λβ + λv

)
δ3 (z1 (x) + z2 (x))(λv+λβ/λv)

. (10.31)

Consequently, by (10.29) and (10.31) we obtain

(∗) ≥ (A0 (x) |λα=0) 2 p−λv/p

(
λv

λβ + λv

)λv/p

δ
λv/p
3 (z1 (x) + z2 (x))(λv+λβ/p)

= (A0 (x) |λα=0) 2 p−λv/p

(
λv

λβ + λv

)λv/p

δ
λv/p
3(∫ x

x0

p (t)
[∣∣(Dv

x0
f1

)
(t)
∣∣p +

∣∣(Dv
x0

f2

)
(t)
∣∣p] dt

)(λv+λβ/p)

.

We have established (10.26) . �

A special important case follows.
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Theorem 10.7. Let v ≥ 2 and γ1 ≥ 0 such that 2 ≤ v − γ1 < 1/p,

0 < p < 1. Let f1, f2 ∈ Cv
x0

([a, b]) with f
(i)
1 (x0) = f

(i)
2 (x0) = 0, i =

0, 1, . . . , n − 1, n := [v] . Here x, x0 ∈ [a, b] : x ≥ x0. We assume here
that Dv

x0
fj is of fixed sign on [x0, b] , j = 1, 2. Consider also p (t) > 0 and

q (t) > 0 continuous functions on [x0, b] . Let λα ≥ λα+1 > 1.
Denote

θ3 :=
(
21−(λα/λα+1) − 1

)
2−λα/λα+1 , (10.32)

L (x) :=
(

2
∫ x

x0

(q (w))(1/1−λα+1) dw

)(1−λα+1)( θ3λα+1

λα + λα+1

)λα+1

,

(10.33)
and

P1 (x) :=
∫ x

x0

(x − t)(v−γ1−1)p/p−1 (p (t))−1/p−1
dt, (10.34)

T (x) := L (x) ·
(

P1 (x)(p−1/p)

Γ (v − γ1)

)(λα+λα+1)

,

ω1 := 2(p−1/p)(λα+λα+1), (10.35)

and
Φ(x) := T (x) ω1. (10.36)

Then ∫ x

x0

q (w)
[∣∣(Dγ1

x0
f1

)
(w)
∣∣λα
∣∣(Dγ1+1

x0
f2

)
(w)
∣∣λα+1

+
∣∣(Dγ1

x0
f2

)
(w)
∣∣λα
∣∣(Dγ1+1

x0
f1

)
(w)
∣∣λα+1

]
dw (10.37)

≥ Φ(x)
[∫ x

x0

p (w)
(∣∣(Dv

x0
f1

)
(w)
∣∣p +

∣∣(Dv
x0

f2

)
(w)
∣∣p) dw

](λα+λα+1)/p

,

all x0 ≤ x ≤ b.

Proof. For convenience we set γ2 := γ1+1. From (10.13) and assumption
we obtain∣∣(Dγk

x0
fj

)
(w)
∣∣ = 1

Γ (v − γk)

∫ w

x0

(w − t)v−γk−1 ∣∣(Dv
x0

fi

)
(t)
∣∣ dt =: gj,γk

(w),

(10.38)
where j = 1, 2, k = 1, 2, all x0 ≤ x ≤ b. We observe that((

Dγ1
x0

fj

)
(x)
)′ =

(
Dγ1+1

x0
fj

)
(x) =

(
Dγ2

x0
fj

)
(x) , (10.39)

all x0 ≤ x ≤ b. And also(
gj,γ1

(w)
)′ = gj,γ2

(w) ; gj,γk
(x0) = 0. (10.40)
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Notice that if v − γ2 = 1, then

gj,γ2
(w) =

∫ w

x0

∣∣(Dv
x0

fj

)
(t)
∣∣ dt.

Next we apply Hölder’s inequality with indices 1/λα+1 < 1, 1/(1 − λα+1)
< 0; we obtain∫ x

x0

q (w)
∣∣(Dγ1

x0
f1

)
(w)
∣∣λα
∣∣(Dγ1+1

x0
f2

)
(w)
∣∣λα+1

dw

=
∫ x

x0

q (w)
(
g1,γ1

(w)
)λα
((

g2,γ1
(w)
)′)λα+1

dw (10.41)

≥
(∫ x

x0

(q (w))(1/1−λα+1) dw

)(1−λα+1)

(∫ x

x0

(
g1,γ1

(w)
)λα/λα+1

(
g2,γ1

(w)
)′

dw

)λα+1

.

Similarly we have∫ x

x0

q (w)
∣∣(Dγ1

x0
f2

)
(w)
∣∣λα
∣∣(Dγ1+1

x0
f1

)
(w)
∣∣λα+1

dw

≥
(∫ x

x0

(q (w))(1/1−λα+1) dw

)(1−λα+1)

(∫ x

x0

(
g2,γ1

(w)
)λα/λα+1

(
g1,γ1

(w)
)′

dw

)λα+1

. (10.42)

Adding (10.41) and (10.42) we see that∫ x

x0

q (w)
[∣∣(Dγ1

x0
f1

)
(w)
∣∣λα
∣∣(Dγ1+1

x0
f2

)
(w)
∣∣λα+1

+
∣∣(Dγ1

x0
f2

)
(w)
∣∣λα
∣∣(Dγ1+1

x0
f1

)
(w)
∣∣λα+1

]
dw

≥
(∫ x

x0

(q (w))(1/1−λα+1) dw

)(1−λα+1)

[(∫ x

x0

(
g1,γ1

(w)
)λα/λα+1

(
g2,γ1

(w)
)′

dw

)λα+1

+
(∫ x

x0

(
g2,γ1

(w)
)λα/λα+1

(
g1,γ1

(w)
)′

dw

)λα+1
]
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(10.24)

≥
(

2
∫ x

x0

(q (w))(1/1−λα+1) dw

)(1−λα+1)

·
[∫ x

x0

[(
g1,γ1

(w)
)λα/λα+1

(
g2,γ1

(w)
)′

+
(
g2,γ1

(w)
)λα/λα+1

(
g1,γ1

(w)
)′]

dw
]λα+1

(note (10.30) and the proof of (10.31); accordingly here we have)

≥
(

2
∫ x

x0

(q (w))(1/1−λα+1) dw

)(1−λα+1)

(
λα+1θ3

λα + λα+1

)λα+1 (
g1,γ1

(x) + g2,γ1
(x)
)(λα+λα+1)

= L (x)
(
g1,γ1

(x) + g2,γ1
(x)
)(λα+λα+1)

=
L (x)

(Γ (v − γ1))
(λα+λα+1)

{∫ x

x0

(x − t)v−γ1−1 (p (t))−1/p (p (t))1/p

[∣∣(Dv
x0

f1

)
(t)
∣∣+ ∣∣(Dv

x0
f2

)
(t)
∣∣] dt

}(λα+λα+1)

(applying Hölder’s inequality with indices
p

p − 1
and p we find)

≥ L (x)

(Γ (v − γ1))
(λα+λα+1)

·
(∫ x

x0

(x − t)(v−γ1−1)p/p−1

(p (t))−1/p−1
dt

)(p−1/p)(λα+λα+1)

(∫ x

x0

p (t)
[∣∣(Dv

x0
f1

)
(t)
∣∣+ ∣∣(Dv

x0
f2

)
(t)
∣∣]p dt

)(λα+λα+1/p)

= T (x) ·
[∫ x

x0

p (t)
(∣∣(Dv

x0
f1

)
(t)
∣∣+ ∣∣(Dv

x0
f2

)
(t)
∣∣)p dt

](λα+λα+1/p)

≥ Φ(x) ·
[∫ x

x0

p (t)
(∣∣(Dv

x0
f1

)
(t)
∣∣p +

∣∣(Dv
x0

f2

)
(t)
∣∣p) dt

](λα+λα+1/p)

.

We have proved (10.37) . �

Next we treat the case of exponents λβ = λα + λv.

Theorem 10.8. All here are as in Theorem 10.5. Consider the special
case of λβ = λα + λv.
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Assume here for j = 1, 2 that

zj (x) :=
∫ x

x0

p (t)
∣∣(Dv

x0
fj

)
(t)
∣∣p dt ∈ [H,Ψ] , 0 < H < Ψ,

h :=
Ψ
H

> 1, Mh (1) :=
(h − 1) h1/h−1

e ln h
. (10.43)

Denote

T̃ (x) := A0 (x)
(

λv

λα + λv

)λv/p

2p−2λα−3λv/p (Mh (1))−2(λα+λv)/p
.

(10.44)
Then ∫ x

x0

q (w)
[∣∣(Dγ1

x0
f1

)
(w)
∣∣λα
∣∣(Dγ2

x0
f2

)
(w)
∣∣λα+λv

∣∣(Dv
x0

f1

)
(w)
∣∣λv

+
∣∣(Dγ2

x0
f1

)
(w)
∣∣λα+λv

∣∣(Dγ1
x0

f2

)
(w)
∣∣λα
∣∣(Dv

x0
f2

)
(w)
∣∣λv
]
dw

≥ T̃ (x)
(∫ x

x0

p (w)
(∣∣(Dv

x0
f1

)
(w)
∣∣p +

∣∣(Dv
x0

f2

)
(w)
∣∣p) dw

)2((λα+λv)/p)

,

(10.45)
all x0 ≤ x ≤ b.

Proof. We apply (10.21) and (10.22) for λβ = λα + λv and add to find∫ x

x0

q (w)
[∣∣(Dγ1

x0
f1

)
(w)
∣∣λα
∣∣(Dγ2

x0
f2

)
(w)
∣∣λα+λv

∣∣(Dv
x0

f1

)
(w)
∣∣λv

+
∣∣(Dγ2

x0
f1

)
(w)
∣∣λα+λv

∣∣(Dγ1
x0

f2

)
(w)
∣∣λα
∣∣(Dv

x0
f2

)
(w)
∣∣λv
]
dw

≥ A0 (x)

{[∫ x

x0

(z1 (w))λα/λv (z2 (w))λα/λv+1
z′1 (w) dw

]λv/p

+
[∫ x

x0

(z1 (w))λα/λv+1 (z2 (w))λα/λv z′2 (w) dw

]λv/p
}

(10.24)

≥ A0 (x) 21−λv/p

{∫ x

x0

[
(z1 (w))λα/λv (z2 (w))λα/λv+1

z′1 (w)

+ (z1 (w))λα/λv+1 (z2 (w))λα/λv z′2 (w)
]
dw
}λv/p

= A0 (x) 21−λv/p

{∫ x

x0

(z1 (w) z2 (w))
λα/λv

[z2 (w) z′1 (w) + z1 (w) z′2 (w)] dw}λv/p
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= A0 (x) 21−λv/p

{∫ x

x0

(z1 (w) z2 (w))
λα/λv

(z1 (w) z2 (w))′ dw

}λv/p

= A0 (x) 21−λv/p

(
(z1 (x) z2 (x))λα/λv+1

λα

λv
+ 1

)λv/p

= A0 (x) 2p−λv/p

(
λv

λα + λv

)λv/p

(z1 (x) z2 (x))(λα+λv)/p

(see [377])

≥ A0 (x) 2p−λv/p

(
λv

λα + λv

)λv/p(
z1 (x) + z2 (x)

2Mh (1)

)2(λα+λv)/p

= T̃ (x) (z1 (x) + z2 (x))2(λα+λv)/p

= T̃ (x)
(∫ x

x0

p (w)
(∣∣(Dv

x0
f1

)
(w)
∣∣p +

∣∣(Dv
x0

f2

)
(w)
∣∣p) dw

)2(λα+λv/p)

.

We have established (10.45) . �

Special cases of the above theorems follow next.

Corollary 10.9. (to Theorem 10.5; λβ = 0, p (t) = q (t) = 1). Then∫ x

x0

[∣∣(Dγ1
x0 f1

)
(w)
∣∣λα
∣∣(Dv

x0f1
)
(w)
∣∣λv +

∣∣(Dγ1
x0 f2

)
(w)
∣∣λα
∣∣(Dv

x0f2
)
(w)
∣∣λv
]
dw

≥ C1 (x) ·
(∫ x

x0

(∣∣(Dv
x0f1

)
(w)
∣∣p +

∣∣(Dv
x0f2

)
(w)
∣∣p) dw

)(λα+λv/p)

, (10.46)

all x0 ≤ x ≤ b, where

C1 (x) :=
(
A0 (x) |λβ=0

) · ( λv

λα + λv

)λv/p

· δ1, (10.47)

δ1 := 21−(λα+λv/p) (10.48)

We have that

(
A0 (x) |λβ=0

)
=

{(
(p − 1)((λαp−λα)/p)

(Γ (v − γ1))
λα (vp − γ1p − 1)((λαp−λα)/p)

)
(10.49)

·
(

(p − λv)(p−λv/p)

(λαvp − λαγ1p − λα + p − λv)((p−λv)/p)

)}
·

(x − x0)
((λαvp−λαγ1p−λα+p−λv)/p)

.
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Proof. By Theorem 10.5. The constant
(
A0 (x) |λβ=0

)
was calculated in

[26]; see here (6.55). �

Corollary 10.10. (to Theorem 10.6; λα = 0, p (t) = q (t) = 1, λβ ≥ λv).
Then∫ x

x0

[∣∣(Dγ2
x0 f2

)
(w)
∣∣λβ
∣∣(Dv

x0f1
)
(w)
∣∣λv +

∣∣(Dγ2
x0 f1

)
(w)
∣∣λβ
∣∣(Dv

x0f2
)
(w)
∣∣λv
]
dw

≥ C2 (x)

(∫ x

x0

[∣∣(Dv
x0f1

)
(w)
∣∣p +

∣∣(Dv
x0f2

)
(w)
∣∣p] dw

)(λv+λβ/p)

, (10.50)

all x0 ≤ x ≤ b, where

C2 (x) := (A0 (x) |λα=0) 2(p−λv)/p

(
λv

λβ + λv

)λv/p

δ
λv/p
3 . (10.51)

We have that

(A0 (x) |λα=0) =

{(
(p − 1)((λβp−λβ)/p)

(Γ (v − γ2))
λβ (vp − γ2p − 1)((λβp−λβ)/p)

)
(10.52)

·
(

(p − λv)(p−λv/p)

(λβvp − λβγ2p − λβ + p − λv)((p−λv)/p)

)}
·

(x − x0)
((λβvp−λβγ2p−λβ+p−λv)/p)

.

Proof. By Theorem 10.6. The constant (A0 (x) |λα=0) was calculated in
[26]; see here (6.59). �

10.3.2 Results Involving Several Functions

Here we use the following basic inequality. Let α1, . . . , αn ≥ 0, n ∈ N; then

ar
1 + . . . + ar

n ≤ (a1 + . . . + an)r ≤ nr−1

(
n∑

i=1

ar
i

)
, r ≥ 1. (10.53)

We present

Theorem 10.11. Let γ1, γ2 ≥ 0 such that 1 ≤ v − γi < 1/p, 0 < p < 1,

i = 1, 2, and fj ∈ Cv
x0

([a, b]) with f
(i)
j (x0) = 0, i = 0, 1, . . . , n−1, n := [v] ,

j = 1, . . . , M ∈ N. Here x, x0 ∈ [a, b] : x ≥ x0. We assume that Dv
x0

fj is of
fixed sign on [x0, b] , j = 1, . . . , M. Consider also p (t) > 0, and q (t) > 0
continuous functions on [x0, b] . Let λv > 0 and λα, λβ ≥ 0 such that
λv > p.
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Set

Pk (w) :=
∫ w

x0

(w − t)(v−γk−1)p/p−1 (p (t))−1/p−1
dt, k = 1, 2; x0 ≤ w ≤ b;

(10.54)

A (w) :=
q (w) (P1 (w))(λα(p−1)/p) (P2 (w))(λβ(p−1)/p) (p (w))−λv/p

(Γ (v − γ1))
λα (Γ (v − γ2))

λβ
;

(10.55)

A0 (x) :=
(∫ x

x0

(A (w))p/p−λv dw

)(p−λv)/p

. (10.56)

Call

ϕ1 (x) :=
(
A0 (x) |λβ=0

) · ( λv

λα + λv

)λv/p

, (10.57)

δ∗1 := M1−(λα+λv/p). (10.58)

If λβ = 0, we obtain that∫ x

x0

q (w)

⎛⎝ M∑
j=1

∣∣(Dγ1
x0

fj

)
(w)
∣∣λα
∣∣(Dv

x0
fj

)
(w)
∣∣λv

⎞⎠ dw

≥ δ∗1 · ϕ1 (x) ·
⎡⎣∫ x

x0

p (w)

⎛⎝ M∑
j=1

∣∣(Dv
x0

fj

)
(w)
∣∣p⎞⎠ dw

⎤⎦((λα+λv)/p)

, (10.59)

all x0 ≤ x ≤ b.

Proof. By Theorem 10.5 we have∫ x

x0

q (w)
[∣∣(Dγ1

x0
fj

)
(w)
∣∣λα
∣∣(Dv

x0
fj

)
(w)
∣∣λv

+
∣∣(Dγ1

x0
fj+1

)
(w)
∣∣λα
∣∣(Dv

x0
fj+1

)
(w)
∣∣λv
]
dw (10.60)

≥ δ1ϕ1 (x)
[∫ x

x0

p (w)
[∣∣(Dv

x0
fj

)
(w)
∣∣p +

∣∣(Dv
x0

fj+1

)
(w)
∣∣p] dw

]((λα+λv)/p)

,

j = 1, 2, . . . ,M − 1.
Hence by adding all the above we derive

∫ x

x0

q (w)

⎛⎝M−1∑
j=1

[∣∣(Dγ1
x0

fj

)
(w)
∣∣λα
∣∣(Dv

x0
fj

)
(w)
∣∣λv

+
∣∣(Dγ1

x0
fj+1

)
(w)
∣∣λα
∣∣(Dv

x0
fj+1

)
(w)
∣∣λv
]⎞⎠ dw (10.61)



222 10. Converse Canavati Fractional Inequalities

≥δ1ϕ1 (x) ·
⎛⎝M−1∑

j=1

[∫ x

x0

p (w)
[∣∣(Dv

x0
fj

)
(w)
∣∣p

+
∣∣(Dv

x0
fj+1

)
(w)
∣∣p] dw

](λα+λv/p)

⎞⎠ .

Also it holds∫ x

x0

q (w)
[∣∣(Dγ1

x0
f1

)
(w)
∣∣λα
∣∣(Dv

x0
f1

)
(w)
∣∣λv

+
∣∣(Dγ1

x0
fM

)
(w)
∣∣λα
∣∣(Dv

x0
fM

)
(w)
∣∣λv
]
dw (10.62)

≥ δ1ϕ1 (x)
[∫ x

x0

p (w)
[∣∣(Dv

x0
f1

)
(w)
∣∣p +

∣∣(Dv
x0

fM

)
(w)
∣∣p] dw

]((λα+λv)/p)

.

Adding (10.61) and (10.62) , and using (10.53) we have

2
∫ x

x0

q (w)

⎛⎝ M∑
j=1

∣∣(Dγ1
x0

fj

)
(w)
∣∣λα
∣∣(Dv

x0
fj

)
(w)
∣∣λv

⎞⎠ dw

≥ δ1ϕ1 (x)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[∫ x

x0

p (w)
[∣∣(Dv

x0
fj

)
(w)
∣∣p (10.63)

+
∣∣(Dv

x0
fj+1

)
(w)
∣∣p] dw

](λα+λv/p)
}

+
{∫ x

x0

p (w)
[∣∣(Dv

x0
f1

)
(w)
∣∣p +

∣∣(Dv
x0

fM

)
(w)
∣∣p] dw

}((λα+λv)/p)
}

≥

M1−(λα+λv/p)δ1ϕ1 (x)

⎧⎨⎩
∫ x

x0

p (w)

⎡⎣2
M∑

j=1

∣∣(Dv
x0

fj

)
(w)
∣∣p⎤⎦ dw

⎫⎬⎭
((λα+λv)/p)

.

(10.64)
We have proved∫ x

x0

q (w)

⎛⎝ M∑
j=1

∣∣(Dγ1
x0

fj

)
(w)
∣∣λα
∣∣(Dv

x0
fj

)
(w)
∣∣λv

⎞⎠ dw ≥ (10.65)

M1−(λα+λv/p)δ1

(
2(λα+λv/p)−1

)
ϕ1 (x)

·
⎧⎨⎩
∫ x

x0

p (w)

⎡⎣ M∑
j=1

∣∣(Dv
x0

fj

)
(w)
∣∣p⎤⎦ dw

⎫⎬⎭
((λα+λv)/p)

,

thus proving (10.59). �
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Next we give

Theorem 10.12. All here are as in Theorem 10.11. Assume λβ ≥ λv.
Denote

ϕ2 (x) := (A0 (x) |λα=0) 2(p−λv)/p

(
λv

λβ + λv

)λv/p

δ
λv/p
3 . (10.66)

If λα = 0, then

∫ x

x0

q (w)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[∣∣(Dγ2
x0

fj+1

)
(w)
∣∣λβ
∣∣(Dv

x0
fj

)
(w)
∣∣λv

+
∣∣(Dγ2

x0
fj

)
(w)
∣∣λβ
∣∣(Dv

x0
fj+1

)
(w)
∣∣λv
]}

+
[∣∣(Dγ2

x0
fM

)
(w)
∣∣λβ
∣∣(Dv

x0
f1

)
(w)
∣∣λv

+
∣∣(Dγ2

x0
f1

)
(w)
∣∣λβ
∣∣(Dv

x0
fM

)
(w)
∣∣λv
]}

dw ≥

M1−((λv+λβ)/p)2((λv+λβ)/p)ϕ2 (x) ·
{∫ x

x0

p (w)

⎡⎣ M∑
j=1

∣∣(Dv
x0

fj

)
(w)
∣∣p⎤⎦ dw

⎫⎬⎭
((λv+λβ)/p)

, x ≥ x0. (10.67)

Proof. From Theorem 10.6 we obtain∫ x

x0

q (w)
[∣∣(Dγ2

x0
fj+1

)
(w)
∣∣λβ
∣∣(Dv

x0
fj

)
(w)
∣∣λv

+
∣∣(Dγ2

x0
fj

)
(w)
∣∣λβ
∣∣(Dv

x0
fj+1

)
(w)
∣∣λv
]
dw

≥ ϕ2 (x)
(∫ x

x0

p (w)
[∣∣(Dv

x0
fj

)
(w)
∣∣p +

∣∣(Dv
x0

fj+1

)
(w)
∣∣p] dw

)((λv+λβ)/p)

,

(10.68)
for j = 1, . . . , M − 1. Hence by adding all of the above we find

∫ x

x0

q (w)

⎛⎝M−1∑
j=1

[∣∣(Dγ2
x0

fj+1

)
(w)
∣∣λβ
∣∣(Dv

x0
fj

)
(w)
∣∣λv

+
∣∣(Dγ2

x0
fj

)
(w)
∣∣λβ
∣∣(Dv

x0
fj+1

)
(w)
∣∣λv
])

dw
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≥ ϕ2 (x)

⎧⎨⎩
M−1∑
j=1

(∫ x

x0

p (w)
[∣∣(Dv

x0
fj

)
(w)
∣∣p

+
∣∣(Dv

x0
fj+1

)
(w)
∣∣p] dw

)((λv+λβ)/p)
}

. (10.69)

Similarly it holds∫ x

x0

q (w)
[∣∣(Dγ2

x0
fM

)
(w)
∣∣λβ
∣∣(Dv

x0
f1

)
(w)
∣∣λv

+
∣∣(Dγ2

x0
f1

)
(w)
∣∣λβ
∣∣(Dv

x0
fM

)
(w)
∣∣λv
]
dw

≥ ϕ2 (x)
(∫ x

x0

p (w)
[∣∣(Dv

x0
f1

)
(w)
∣∣p +

∣∣(Dv
x0

fM

)
(w)
∣∣p] dw

)((λv+λβ)/p)

.

(10.70)
Adding (10.69), (10.70), and using (10.53) we derive (10.67) . �

We continue with

Theorem 10.13. Let v ≥ 2 and γ1 ≥ 0 such that 2 ≤ v − γ1 < 1/p,

0 < p < 1. Let fj ∈ Cv
x0

([a, b]) with f
(i)
j (x0) = 0, i = 0, 1, . . . , n − 1,

n := [v] , j = 1, . . . , M ∈ N. Here x, x0 ∈ [a, b] : x ≥ x0. Assume that
Dv

x0
fj is of fixed sign on [x0, b] , j = 1, . . . , M. Consider also p (t) > 0, and

q (t) > 0 continuous functions on [x0, b] . Let λα ≥ λα+1 > 1; Φ is as in
Theorem 10.7.

Then ∫ x

x0

q (w)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[∣∣(Dγ1
x0

fj

)
(w)
∣∣λα
∣∣Dγ1+1

x0
fj+1 (w)

∣∣λα+1

+
∣∣(Dγ1

x0
fj+1

)
(w)
∣∣λα
∣∣Dγ1+1

x0
fj (w)

∣∣λα+1
]}

+
[∣∣(Dγ1

x0
f1

)
(w)
∣∣λα
∣∣Dγ1+1

x0
fM (w)

∣∣λα+1

+
∣∣(Dγ1

x0
fM

)
(w)
∣∣λα
∣∣Dγ1+1

x0
f1 (w)

∣∣λα+1
]}

dw ≥

M1−((λα+λα+1)/p)2((λα+λα+1)/p)Φ(x)⎡⎣∫ x

x0

p (w)

⎛⎝ M∑
j=1

∣∣(Dv
x0

fj

)
(w)
∣∣p⎞⎠ dw

⎤⎦((λα+λα+1)/p)

, (10.71)

all x0 ≤ x ≤ b.
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Proof. From Theorem 10.7 we obtain∫ x

x0

q (w)
M−1∑
j=1

[∣∣(Dγ1
x0

fj

)
(w)
∣∣λα
∣∣Dγ1+1

x0
fj+1 (w)

∣∣λα+1

+
∣∣(Dγ1

x0
fj+1

)
(w)
∣∣λα
∣∣Dγ1+1

x0
fj (w)

∣∣λα+1
]
dw

≥ Φ(x)

M−1∑
j=1

[∫ x

x0

p (w)
(∣∣(Dv

x0fj

)
(w)
∣∣p +

∣∣(Dv
x0fj+1

)
(w)
∣∣p) dw

](λα+λα+1/p)

,

(10.72)

all x0 ≤ x ≤ b.
Also it holds∫ x

x0

q (w)
[∣∣(Dγ1

x0
f1

)
(w)
∣∣λα
∣∣Dγ1+1

x0
fM (w)

∣∣λα+1

+
∣∣(Dγ1

x0
fM

)
(w)
∣∣λα
∣∣Dγ1+1

x0
f1 (w)

∣∣λα+1
]
dw

≥ Φ(x)
[∫ x

x0

p (w)
(∣∣(Dv

x0
f1

)
(w)
∣∣p +

∣∣(Dv
x0

fM

)
(w)
∣∣p) dw

]((λα+λα+1)/p)

,

(10.73)
all x0 ≤ x ≤ b. Adding (10.72) and (10.73) , along with (10.53) we derive
(10.71). �

Next comes the following theorem.

Theorem 10.14. All here are as in Theorem 10.11. Consider the special
case of λβ = λα + λv. Here T̃ (x) is as in (10.44) .

Assume here for j = 1, . . . , M that

zj (x) :=
∫ x

x0

p (t)
∣∣Dv

x0
fj (t)

∣∣p dt ∈ [H,Ψ] , 0 < H < Ψ.

Then

∫ x

x0

q (w)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[∣∣(Dγ1
x0

fj

)
(w)
∣∣λα
∣∣(Dγ2

x0
fj+1

)
(w)
∣∣λα+λv

∣∣(Dv
x0

fj

)
(w)
∣∣λv

+
∣∣(Dγ2

x0
fj

)
(w)
∣∣λα+λv

∣∣(Dγ1
x0

fj+1

)
(w)
∣∣λα
∣∣(Dv

x0
fj+1

)
(w)
∣∣λv
]}
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+
[∣∣(Dγ1

x0
f1

)
(w)
∣∣λα
∣∣(Dγ2

x0
fM

)
(w)
∣∣λα+λv

∣∣(Dv
x0

f1

)
(w)
∣∣λv

+
∣∣(Dγ2

x0
f1

)
(w)
∣∣λα+λv

∣∣(Dγ1
x0

fM

)
(w)
∣∣λα
∣∣(Dv

x0
fM

)
(w)
∣∣λv
]}

dw ≥
(10.74)

M (1−2(λα+λv)/p)22(λα+λv/p)T̃ (x)

×
⎡⎣∫ x

x0

p (w)

⎛⎝ M∑
j=1

∣∣(Dv
x0

fj

)
(w)
∣∣p⎞⎠ dw

⎤⎦(2(λα+λv)/p)

,

all x0 ≤ x ≤ b.

Proof. Based on Theorem 10.8. The rest is as in the proof of Theorem
10.13. �

We continue with

Corollary 10.15. (to Theorem 10.11, λβ = 0, p (t) = q (t) = 1). Then

∫ x

x0

⎛⎝ M∑
j=1

∣∣(Dγ1
x0

fj

)
(w)
∣∣λα
∣∣(Dv

x0
fj

)
(w)
∣∣λv

⎞⎠ dw

≥ δ∗1ϕ1 (x)

⎡⎣∫ x

x0

⎡⎣ M∑
j=1

∣∣(Dv
x0

fj

)
(w)
∣∣p⎤⎦ dw

⎤⎦((λα+λv)/p)

, (10.75)

all x0 ≤ x ≤ b.
In (10.75) ,

(
A0 (x) |λβ=0

)
of ϕ1 (x) is given by (10.49).

Proof. Based on Theorem 10.11. �

Corollary 10.16. (to Theorem 10.12, λα = 0, p (t) = q (t) = 1). It holds

∫ x

x0

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[∣∣(Dγ2
x0

fj+1

)
(w)
∣∣λβ
∣∣(Dv

x0
fj

)
(w)
∣∣λv

+
∣∣(Dγ2

x0
fj

)
(w)
∣∣λβ
∣∣(Dv

x0
fj+1

)
(w)
∣∣λv
]}

+
[∣∣(Dγ2

x0
fM

)
(w)
∣∣λβ
∣∣(Dv

x0
f1

)
(w)
∣∣λv

+
∣∣(Dγ2

x0
f1

)
(w)
∣∣λβ
∣∣(Dv

x0
fM

)
(w)
∣∣λv
]}

dw ≥
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(
M1−(λv+λβ/p)

)
2((λv+λβ)/p)ϕ2 (x)

⎧⎨⎩
∫ x

x0

⎡⎣ M∑
j=1

∣∣(Dv
x0fj

)
(w)
∣∣p⎤⎦ dw

⎫⎬⎭
((λv+λβ)/p)

,

(10.76)

all x0 ≤ x ≤ b.
In (10.76) , (A0 (x) |λα=0) of ϕ2 (x) is given by (10.52) .

Proof. Based on Theorem 10.12. �



11
Converse Riemann–Liouville
Fractional Opial-Type Inequalities
for Several Functions

A collection of very general Lp(0 < p < 1)-form converse Opial-type
inequalities [315] is presented involving Riemann – Liouville fractional
derivatives [17, 230, 295, 314] of several functions in different orders and
powers. Other particular results of special interest are derived from the
established results. This treatment is based on [47].

11.1 Introduction

Opial inequalities appeared for the first time in [315] and since then many
authors dealt with them in different directions and for various cases. For
a complete account of the recent activity in this field see [4], and it still
remains a very active area of research. One of the main attractions to
these inequalities is their applications, especially in proving the uniqueness
and upper bounds of the solution of initial value problems in differential
equations. The author was the first to present Opial inequalities involving
fractional derivatives of functions in [15, 17] with applications to fractional
differential equations. See also [64, 65].

Fractional derivatives come up naturally in a number of fields, especially
in physics, for example; see the recent books [197, 333]. Here the author
continues his study of Riemann – Liouville fractional Opial-type inequalities
now involving several different functions and produces a wide variety of
reverse results. To give the reader an idea of the kind of converse inequalities
we are dealing with, we briefly mention a specific one (see Corollary 11.15).

G.A. Anastassiou, Fractional Differentiation Inequalities, 229
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∫ x

0

⎛⎝ M∑
j=1

∣∣Dα1fj (s)
∣∣λα1

∣∣∣Dβfj (s)
∣∣∣λβ

⎞⎠ ds ≥
[(

M1−((λα1+λβ)/p)
)

(
λβ

λα1 + λβ

)λβ/p
1

(Γ (β − α1))
λα1

(
p − 1

βp − α1p − 1

)λα1 (p−1/p)

(
p − λβ

λα1βp − λα1α1p − λα1 + p − λβ

)(p−λβ/p)

x((λα1βp−λα1α1p−λα1+p−λβ)/p)
]

∫ x

0

⎡⎣ M∑
j=1

∣∣∣Dβfj (s)
∣∣∣p ds

⎤⎦((λα1+λβ)/p)

,

where α1 ≥ 0, 0 < β − α1 < 1/p, 0 < p < 1, and λα1 ≥ 0, λβ > p.
All fractional derivatives involved here are of Riemann – Liouville type.

The L∞ fractional derivatives Dβfj in [0, x] are each of fixed sign a.e. on
[0, x] , and Dβ−kfj (0) = 0, for k = 1, . . . , [β] + 1; j = 1, . . . , M.

Here [·] denotes the integral part of the number; Γ stands for the gamma
function.

11.2 Background

We need

Definition 11.1. (see [187, 295, 314]). Let α ∈ R+ − {0} . For any
f ∈ L1 (0, x) ; x ∈ R+ −{0} , the Riemann – Liouville fractional integral of
f of order α is defined by

(Jαf) (s) :=
1

Γ (α)

∫ s

0

(s − t)α−1
f (t) dt,∀s ∈ [0, x] , (11.1)

and the Riemann – Liouville fractional derivative of f of order α by

Dαf (s) :=
1

Γ (m − a)

(
d

ds

)m ∫ s

0

(s − t)m−α−1
f (t) dt, (11.2)

where m := [α]+1, [·] is the integral part. In addition, we set D0f := f :=
J0f, J−αf = Dαf if α > 0, D−αf := Jαf, if 0 < α ≤ 1. If α ∈ N, then
Dαf = f (α) the ordinary derivative.

Definition 11.2. [187]. We say that f ∈ L1 (0, x) has an L∞ frac-
tional derivative Dαf in [0, x] , x ∈ R+ − {0} , iff Dα−kf ∈ C ([0, x]) , k =
1, . . . , m := [α] + 1;α ∈ R+ − {0} , and Dα−1f ∈ AC ([0, x]) (absolutely
continuous functions) and Dαf ∈ L∞ (o, x) .
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We need

Lemma 11.3. [187]. Let α ∈ R+, β > α, let f ∈ L1 (o, x) , x ∈ R+−{0} ,
have an L∞ fractional derivative Dβf in [0, x] , and let Dβ−kf (0) = 0
for k = 1, . . . , [β] + 1. Then

Dαf (s) =
1

Γ (β − α)

∫ s

0

(s − t)β−α−1
Dβf (t) dt,∀s ∈ [0, x] . (11.3)

Here Dαf ∈ AC ([0, x]) for β − α ≥ 1 and Dαf ∈ C ([0, x]) for β − α ∈
(0, 1) , hence Dαf ∈ L∞ (o, x) and Dαf ∈ L1 (o, x) .

11.3 Main Results

11.3.1 Results Involving Two Functions

We present our first main result.

Theorem 11.4. Let αi ∈ R+, 0 < β − αi < 1/p, 0 < p < 1, i = 1, 2,
and let f1, f2 ∈ L1 (0, x) , x ∈ R+ − {0} have, respectively, L∞ fractional
derivatives Dβf1, D

βf2 in [0, x] , each of fixed sign a.e. on [0, x] , and let
Dβ−kfi (0) = 0, for k = 1, . . . , [β] + 1; i = 1, 2.

Consider also p (t) > 0 and q (t) ≥ 0, with all p (t) , 1/p (t), q (t) , 1/q (t) ∈
L∞ (0, x) . Let λβ > 0 and λα1 , λα2 ≥ 0, such that λβ > p.

Call

Pi (s) :=
∫ s

0

(s − t)p(β−αi−1)/p−1 (p (t))−1/(p−1)
dt, i = 1, 2; 0 ≤ s ≤ x,

(11.4)

A (s) :=
q (s) (P1 (s))λα1 ((p−1)/p) (P2 (s))λα2 ((p−1)/p) (p (s))−λβ/p

(Γ (β − α1))
λα1 (Γ (β − α2))

λα2
(11.5)

A0 (x) :=
(∫ x

0

(A (s))p/(p−λβ)
ds

)(p−λβ)/p

(11.6)

and
δ1 := 21−((λα1+λβ)/p) . (11.7)

If λα2 = 0, we obtain that

∫ x

0

q (s)
[
|Dα1f1 (s)|λα1

∣∣Dβf1 (s)
∣∣λβ + |Dα1f2 (s)|λα1

∣∣Dβf2 (s)
∣∣λβ
]
ds ≥
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(
A0 (x) |λα2=0

)( λβ

λα1 + λβ

)λβ/p

δ1

[∫ x

0

p (s)
[∣∣Dβf1 (s)

∣∣p +

∣∣Dβf2 (s)
∣∣p] ds

]((λα1+λβ)/p)
. (11.8)

Proof. From (11.3) and assumption we have

|Dαifj (s)| =
1

Γ (β − αi)

∫ s

0

(s − t)β−αi−1 ∣∣Dβfj (t)
∣∣ dt, (11.9)

∀s ∈ [0, x] , i = 1, 2; j = 1, 2.

Next, applying Hölder’s inequality with indices p, p/ (p − 1) , we find

|Dαifj (s)| =
1

Γ (β − αi)

∫ s

0

(s − t)β−αi−1

(p (t))−1/p (p (t))1/p ∣∣Dβfj (t)
∣∣ dt (11.10)

≥ 1
Γ (β − αi)

(∫ s

0

(
(s − t)β−αi−1 (p (t))−1/p

)p/p−1

dt

)(p−1)/p

(11.11)

×
(∫ s

0

p (t)
∣∣Dβfj (t)

∣∣p dt

)1/p

=
1

Γ (β − αi)
(Pi (s))p−1/p

(∫ s

0

p (t)
∣∣Dβfj (t)

∣∣p dt

)1/p

. (11.12)

That is, it holds

|Dαifj (s)| ≥ 1
Γ (β − αi)

(Pi (s))p−1/p

(∫ s

0

p (t)
∣∣Dβfj (t)

∣∣p dt

)1/p

.

(11.13)
Put

zj (s) :=
∫ s

0

p (t)
∣∣Dβfj (t)

∣∣p dt, (11.14)

thus,

z
′
j (s) = p (s)

∣∣Dβfj (s)
∣∣p , a.e. in (0, x) , zj (0) = 0; j = 1, 2. (11.15)

Hence, we have

|Dαifj (s)| ≥ 1
Γ (β − αi)

(Pi (s))p−1/p (zj (s))1/p
, (11.16)
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and ∣∣Dβfj (s)
∣∣λβ = (p (s))−λβ/p

(
z

′
j (s)

)λβ/p

, (11.17)

a.e. in (o, x) , i = 1, 2; j = 1, 2.

Therefore we obtain

q (s) |(Dα1f1) (s)|λα1 |(Dα2f2) (s)|λα2 |(Dβ f1) (s)|λβ

≥ q (s)
1

(Γ (β − α1))
λα1

(P1 (s))λα1 (p−1/p) (z1 (s))λα1/p (11.18)

1

(Γ (β − α2))
λα2

(P2 (s))λα2 (p−1/p) (z2 (s))λα2/p (p (s))−λβ/p
(
z

′
1 (s)

)λβ/p

(11.19)

= A (s) (z1 (s))λα1/p (z2 (s))λα2/p
(
z

′
1 (s)

)λβ/p

, a.e. in (0, x) . (11.20)

Consequently, by another Hölder’s inequality application, we get (by
(p/λβ) < 1)∫ x

0

q (s) |(Dα1f1) (s)|λα1 |(Dα2f2) (s)|λα2 |(Dβ f1) (s)|λβ ds

≥ A0 (x)
(∫ x

0

(z1 (s))λα1/λβ (z2 (s))λα2/λβ z
′
1 (s) ds

)λβ/p

. (11.21)

Similarly, one finds∫ x

0

q (s) |(Dα1f2) (s)|λα1 |(Dα2f1) (s)|λα2 |(Dβ f2) (s)|λβ ds

≥ A0 (x)
(∫ x

0

(z1 (s))λα2/λβ (z2 (s))λα1/λβ z
′
2 (s) ds

)λβ/p

. (11.22)

Taking λα2 = 0 and adding (11.21) and (11.22) , we derive

∫ x

0

q (s)
[
|(Dα1f1) (s)|λα1 |(Dβ f1) (s)|λβ + |(Dα1f2) (s)|λα1 |(Dβ f2) (s)|λβ

]
ds

≥ (A0 (x) |λα2=0

) [(∫ x

0

(z1 (s))λα1/λβ

(
z

′
1 (s)

)
ds

)λβ/p

+
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(∫ x

0

(z2 (s))λα1/λβ z
′
2 (s) ds

)λβ/p
]

= (11.23)

(
A0 (x) |λα2=0

) [
(z1 (x))(λα1+λβ/p) +

(z2 (x))(λα1+λβ/p)
]( λβ

λα1 + λβ

)λβ/p

= (11.24)

(
A0 (x) |λα2=0

)( λβ

λα1 + λβ

)λβ/p

⎡⎢⎣(∫ x

0

p (t)
∣∣Dβf1 (t)

∣∣p dt

)(λα1+λβ/p)

+
(∫ x

0

p (t)
∣∣Dβf2 (t)

∣∣p dt

)(λα1+λβ/p)
⎤⎥⎦ =: (∗) . (11.25)

In this study, we frequently use the basic inequalities

2r−1 (ar + br) ≤ (a + b)r ≤ ar + br, a, b ≥ 0, 0 ≤ r ≤ 1, (11.26)

and

ar + br ≤ (a + b)r ≤ 2r−1 (ar + br) , a, b ≥ 0, r ≥ 1. (11.27)

At last using (11.7) , (11.26), and (11.27) , we get

(∗) ≥ (A0 (x) |λα2=0

)( λβ

λα1 + λβ

)λβ/p

δ1

[∫ x

0

p (t)
[∣∣Dβf1 (t)

∣∣p +
∣∣Dβf2 (t)

∣∣p] dt

](λα1+λβ/p)
. (11.28)

Inequality (11.8) has been proved.
We remark the following.
Here we see that (p/p − 1) (β − αi − 1) + 1 > 0, −1/(p − 1) > 0 and

p (t) ∈ L∞ (0, x) ; thus (see (11.4)) Pi (s) ∈ R, for every s ∈ [0, x] ; also
Pi (s) is continuous and bounded on [0, x] .

By λβ > p > 0, we have 0 < p/λβ < 1, p/p − λβ < 0.
We observe that

1
A (s)

=
1

q (s)
(Γ (β − α1))

λα1 (Γ (β − α2))
λα2 (p (s))λβ/p

(P1 (s))λα1 (1−p/p) (P2 (s))λα2 (1−p/p) ∈ L∞ (0, x) ,
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and 1/A (s) > 0, a.e. on [0, x] .
Therefore 0 < A0 (x) < ∞, and all we have done in this proof is valid.

�

The counterpart of the last theorem follows.

Theorem 11.5. All here are as in Theorem 11.4. Further assume
λα2 ≥ λβ .

Denote
δ2 := 21−(λα2/λβ) (11.29)

and
δ3 := (δ2 − 1) 2−λα2/λβ (11.30)

If λα1 = 0, then

∫ x

0

q (s)

[
|(Dα2f2) (s)|λα2

∣∣∣(Dβf1

)
(s)
∣∣∣λβ

+ |(Dα2f1) (s)|λα2

∣∣∣(Dβf2

)
(s)
∣∣∣λβ
]

ds

≥ (A0 (x) |λα1=0

)
2(p−λβ)/p

(
λβ

λα2 + λβ

)λβ/p

δ
λβ/p
3

·
(∫ x

0

p (s)
[∣∣Dβf1 (s)

∣∣p +
∣∣Dβf2 (s)

∣∣p] ds

)(λβ+λα2)/p

. (11.31)

Proof. When λα1 = 0 from (11.21) and (11.22) we find∫ x

0

q (s)
[
|Dα2f2 (s)|λα2

∣∣Dβf1 (s)
∣∣λβ + |Dα2f1 (s)|λα2

∣∣Dβf2 (s)
∣∣λβ
]
ds ≥

(11.32)

(
A0 (x) |λα1=0

) [(∫ x

0

(z2 (s))λα2/λβ

(
z

′
1 (s)

)
ds

)λβ/p

+

(∫ x

0

(z1 (s))λα2/λβ

(
z

′
2 (s)

)
ds

)λβ/p
]
≥

(
A0 (x) |λα1=0

)
21−λβ/p (M (x))λβ/p := (∗) , (11.33)

by λβ/p > 1 and by (11.27) , where

M (x) :=
∫ x

0

[
(z2 (s))λα2/λβ z

′
1 (s) + (z1 (s))λα2/λβ z

′
2 (s)

]
ds. (11.34)

We observe that
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M (x) =
∫ x

0

(
(z1 (s))λα2/λβ + (z2 (s))λα2/λβ

)(
z

′
1 (s) + z

′
2 (s)

)
ds

−
∫ x

0

[
(z1 (s))λα2/λβ z

′
1 (s) + (z2 (s))λα2/λβ z

′
2 (s)

]
ds (11.35)

(by (11.27))

≥ δ2

∫ x

0

(z1 (s) + z2 (s))λα2/λβ (z1 (s) + z2 (s))
′
ds

−
(

λβ

λα2 + λβ

)[
(z1 (x))((λα2+λβ)/λβ) + (z2 (x))((λα2+λβ)/λβ)

]
(11.36)

= δ2 (z1 (x) + z2 (x))(λα2+λβ/λβ)
(

λβ

λα2 + λβ

)

−
(

λβ

λα2 + λβ

)[
(z1 (x))((λα2+λβ)/λβ) + (z2 (x))((λα2+λβ)/λβ)

]
(11.37)

=
(

λβ

λα2 + λβ

)
[
δ2 (z1 (x) + z2 (x))(λα2+λβ/λβ) −

[
(z1 (x))(λα2+λβ/λβ) + (z2 (x))(λα2+λβ/λβ)

]]
11.38

(11.27)

≥
(

λβ

λα2 + λβ

)[
δ2

(
(z1 (x))(λα2+λβ/λβ) + (z2 (x))(λα2+λβ/λβ)

)

−
[
(z1 (x))(λα2+λβ/λβ) + (z2 (x))(λα2+λβ)/λβ

]]
(11.39)

=
(

λβ

λα2 + λβ

)
(δ2 − 1)

[
(z1 (x))(λα2+λβ/λβ) + (z2 (x))(λα2+λβ/λβ)

]
(11.40)

(11.27)

≥
(

λβ

λα2 + λβ

)
δ3 (z1 (x) + z2 (x))(λα2+λβ/λβ) . (11.41)

That is, we get that
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M (x) ≥
(

λβ

λα2 + λβ

)
δ3 (z1 (x) + z2 (x))(λα2+λβ/λβ) . (11.42)

Therefore, by (11.32) , (11.33), and (11.42) , we derive

(∗) ≥ (A0 (x) |λα1=0

)
2(p−λβ)/p

(
λβ

λα2 + λβ

)λβ/p

δ
λβ/p
3 (z1 (x) + z2 (x))(λα2+λβ)/p (11.43)

=
(
A0 (x) |λα1=0

)
2(p−λβ)/p

(
λβ

λα2 + λβ

)λβ/p

δ
λβ/p
3

[∫ x

0

p (s)
[∣∣Dβf1 (s)

∣∣p +
∣∣Dβf2 (s)

∣∣p] ds

](λα2+λβ/p)
. (11.44)

We have established (11.31) . �

We need

Theorem 11.6. (see [48]) Let 0 ≤ s ≤ x and f ∈ L∞ ([0, x]) , r > 0.
Define

F (s) :=
∫ s

0

(s − t)r
f (t) dt. (11.45)

Then there exists

F
′
(s) = r

∫ s

0

(s − t)r−1
f (t) dt, all s ∈ [0, x] (11.46)

We proceed with a special important case.

Theorem 11.7. Let 1 < β − α1 < 1/p, 0 < p < 1, α1 ∈ R+ and
let f1, f2 ∈ L1 (0, x) , x ∈ R+ − {0} have, respectively, L∞ fractional
derivatives Dβf1, D

βf2 in [0, x] , each of fixed sign a.e. in [0, x] , and let
Dβ−kfi (0) = 0, for k = 1, . . . , [β]+ 1; i = 1, 2. Consider also p (t) > 0 and
q (t) ≥ 0, with p (t) , 1/p (t), q (t) , 1/q (t) ∈ L∞ (0, x) . Let λα ≥ λα+1 > 1.

Denote
θ3 :=

(
21−(λα/λα+1) − 1

)
2−λα/λα+1 (11.47)

L (x) :=
(

2
∫ x

0

(q (s))(1/(1−λα+1)) ds

)1−λα+1
(

θ3λα+1

λα + λα+1

)λα+1

. (11.48)
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and

P1 (x) :=
∫ x

0

(x − s)(β−α1−1)p/(p−1) (p (s))−1/(p−1)
ds, (11.49)

T (x) := L (x)

(
P1 (x)((p−1)/p)

Γ (β − α1)

)(λα+λα+1)

(11.50)

and

ω1 := 2(p−1/p)(λα+λα+1), (11.51)

Φ (x) := T (x) ω1. (11.52)

Then

∫ x

0

q (s)
[
|Dα1f1 (s)|λα

∣∣Dα1+1f2 (s)
∣∣λα+1 + |Dα1f2 (s)|λα

∣∣Dα1+1f1 (s)
∣∣λα+1

]
ds

≥ Φ(x)
[∫ x

0

p (s)
(∣∣Dβf1 (s)

∣∣p +
∣∣Dβf2 (s)

∣∣p) ds

](λα+λα+1)/p

. (11.53)

Proof. For convenience, we set

α2 := α1 + 1. (11.54)

By Lemma 11.3 and assumption we have

|Dα1fi (s)| =
1

Γ (β − α1)

∫ s

0

(s − t)β−α1−1 ∣∣Dβfi (t)
∣∣ dt, (11.55)

∀s ∈ [0, x] , i = 1, 2, and

|Dα2fi (s)| =
∣∣Dα1+1fi (s)

∣∣ =
1

Γ (β − α1 − 1)

∫ s

0

(s − t)β−α1−2 ∣∣Dβfi (t)
∣∣ dt, (11.56)

∀s ∈ [0, x] , i = 1, 2.
By Theorem 11.6 we obtain that

(Dα1fi (s))
′
= Dα1+1fi (s) = Dα2fi (s) , (11.57)

∀s ∈ [0, x] , i = 1, 2.
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So we have

|Dαifj (s)| =
1

Γ (β − αi)

∫ s

0

(s − t)β−αi−1 ∣∣Dβfj (t)
∣∣ dt =: gj,αi

(s) ,

(11.58)
where j = 1, 2, i = 1, 2, 0 ≤ s ≤ x.

We also have by Theorem 11.6 that

(gj,α1 (s))
′
= gj,α2 (s) ; gj,αi

(0) = 0. (11.59)

Notice that, if β − α2 = 1, then

gj,α2 (s) =
∫ s

0

∣∣Dβfj (t)
∣∣ dt. (11.60)

Next, we apply Hölder’s inequality with indices 1/λα+1 < 1, 1/(1 − λα+1) <
0 to obtain ∫ x

0

q (s) |Dα1f1 (s)|λα
∣∣Dα1+1f2 (s)

∣∣λα+1
ds = (11.61)

∫ x

0

q (s) (g1,α1 (s))λα

(
(g2,α1 (s))

′)λα+1

ds ≥

(∫ x

0

(q (s))(1/1−λα+1) ds

)(1−λα+1)

(∫ x

0

(g1,α1 (s))λα/λα+1 (g2,α1 (s))
′
ds

)λα+1

. (11.62)

Similarly, we find∫ x

0

q (s) |Dα1f2 (s)|λα
∣∣Dα1+1f1 (s)

∣∣λα+1
ds ≥

(∫ x

0

(q (s))(1/1−λα+1) ds

)(1−λα+1)

(∫ x

0

(g2,α1 (s))λα/λα+1 (g1,α1 (s))
′
ds

)λα+1

. (11.63)

Adding the last two inequalities (11.62), (11.63), we derive

∫ x

0

q (s)
[
|Dα1f1 (s)|λα

∣∣Dα1+1f2 (s)
∣∣λα+1 + |Dα1f2 (s)|λα

∣∣Dα1+1f1 (s)
∣∣λα+1

]
ds
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≥
(∫ x

0
(q (s))(1/1−λα+1) ds

)(1−λα+1)
⎡⎣(∫ x

0
(g1,α1 (s))λα/λα+1 (g2,α1 (s))

′
ds

)λα+1

+

(∫ x

0

(g2,α1 (s))λα/λα+1 (g1,α1 (s))
′
ds

)λα+1
]

(11.64)

(11.27)

≥
(

2
∫ x

0

(q (s))(1/1−λα+1) ds

)(1−λα+1)

×
[∫ x

0

[
(g1,α1 (s))λα/λα+1 (g2,α1 (s))

′
+ (g2,α1 (s))λα/λα+1 (g1,α1 (s))

′]
ds

]λα+1

(11.65)
(notice (11.34) and (11.42) , so similarly we have)

≥
(

2
∫ x

0

(q (s))(1/1−λα+1) ds

)(1−λα+1)

(
λα+1θ3

λα + λα+1

)λα+1

(g1,α1 (x) + g2,α1 (x))
(λα+λα+1)

(11.66)

= L (x) (g1,α1 (x) + g2,α1 (x))
(λα+λα+1)

(11.67)

=
L (x)

(Γ (β − α1))
(λα+λα+1)

×

[∫ x

0

(x − t)β−α1−1 (p (t))−1/p (p (t))1/p
[∣∣∣Dβf1 (t)

∣∣∣+ ∣∣∣Dβf2 (t)
∣∣∣] dt

](λα+λα+1)

(11.68)

(applying Hölder’s inequality with indices p/(p − 1) and p, we find)

≥ L (x)

(Γ (β − α1))
(λα+λα+1)

[∫ x

0
(x − t)

(β−α1−1)p/(p−1)
(p (t))

−1/(p−1)
dt

]((p−1)/p)(λα+λα+1)

(11.69)

[∫ x

0

p (t)
(∣∣Dβf1 (t)

∣∣+ ∣∣Dβf2 (t)
∣∣)p dt

]((λα+λα+1)/p)

=

L (x) (P1 (x))(p−1/p)(λα+λα+1)

(Γ (β − α1))(λα+λα+1)

[∫ x

0
p (t)

(∣∣∣Dβf1 (t)
∣∣∣ + ∣∣∣Dβf2 (t)

∣∣∣)p
dt

]((λα+λα+1)/p)

(11.70)
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= T (x)
[∫ x

0

p (t)
(∣∣Dβf1 (t)

∣∣+ ∣∣Dβf2 (t)
∣∣)p dt

](λα+λα+1/p)

(11.26)

≥ T (x) 2(p−1/p)(λα+λα+1)
[∫ x

0
p (t)

(∣∣∣Dβf1 (t)
∣∣∣p +

∣∣∣Dβf2 (t)
∣∣∣p) dt

](λα+λα+1/p)

(11.71)

= Φ (x)
[∫ x

0

p (t)
(∣∣Dβf1 (t)

∣∣p +
∣∣Dβf2 (t)

∣∣p) dt

](λα+λα+1)/p

. (11.72)

We have proved (11.53) . �

We continue with

Theorem 11.8. All here are as in Theorem 11.4. Consider the special
case of λα2 = λα1 + λβ .

Assume here for j = 1, 2 that

zj (x) :=
∫ x

0

p (t)
∣∣Dβfj (t)

∣∣p dt ∈ [H,Ψ] , 0 < H < Ψ, (11.73)

along with

h :=
Ψ
H

> 1, Mh (1) =
(h − 1) h1/h−1

e ln h
. (11.74)

Denote

T̃ (x) := A0 (x)
(

λβ

λα1 + λβ

)λβ/p

2(p−2λα1−3λβ)/p (Mh (1))−2(λα1+λβ)/p
.

(11.75)
Then ∫ x

0

q (s)
[
|Dα1f1 (s)|λα1 |Dα2f2 (s)|λα1+λβ

∣∣Dβf1 (s)
∣∣λβ +

|Dα2f1 (s)|λα1+λβ |Dα1f2 (s)|λα1
∣∣Dβf2 (s)

∣∣λβ
]
ds ≥

T̃ (x)
(∫ x

0

p (s)
(∣∣Dβf1 (s)

∣∣p +
∣∣Dβf2 (s)

∣∣p) ds

)2(λα1+λβ)/p

. (11.76)

Proof. We apply (11.21) and (11.22) for λα2 = λα1 +λβ , and by adding
we obtain
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∫ x

0

q (s)
[
|Dα1f1 (s)|λα1 |Dα2f2 (s)|λα1+λβ

∣∣Dβf1 (s)
∣∣λβ +

|Dα1f2 (s)|λα1 |Dα2f1 (s)|λα1+λβ
∣∣Dβf2 (s)

∣∣λβ
]
ds

≥ A0 (x)

[(∫ x

0

(z1 (s))λα1/λβ (z2 (s))λα1+λβ/λβ z
′
1 (s) ds

)λβ/p

+

(∫ x

0

(z1 (s))(λα1+λβ)/λβ (z2 (s))
λα1/λβ

z
′
2 (s) ds

)λβ/p
]

(11.77)

(11.27)

≥ A0 (x) 21−(λβ/p) ×
[∫ x

0

(z1 (s))λα1/λβ (z2 (s))λα1/λβ+1
z

′
1 (s) + =

(z1 (s))(λα1/λβ)+1 (z2 (s))λα1/λβ z
′
2 (s) ds

]λβ/p

= (11.78)

A0 (x) 21−(λβ/p)

[∫ x

0

(z1 (s) z2 (s))
λα1/λβ

[
z2 (s) z

′
1 (s) + z1 (s) z

′
2 (s)

]
ds
]λβ/p

= (11.79)

A0 (x) 2(p−λβ)/p

[∫ x

0

(z1 (s) z2 (s))
(λα1/λβ)

(z1 (s) z2 (s))
′
ds

]λβ/p

(11.80)

= A0 (x) 2(p−λβ/p) (z1 (x) z2 (x))(λα1+λβ/p)
(

λβ

λα1 + λβ

)λβ/p

(11.81)

(see [377])

≥ A0 (x) 2(p−λβ/p)

(
λβ

λα1 + λβ

)λβ/p(
z1 (x) + z2 (x)

2Mh (1)

)2(λα1+λβ)/p

(11.82)

= T̃ (x) (z1 (x) + z2 (x))2(λα1+λβ)/p = (11.83)
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T̃ (x)
[∫ x

0

p (s)
(∣∣Dβf1 (s)

∣∣p +
∣∣Dβf2 (s)

∣∣p) ds

]2(λα1+λβ)/p

. (11.84)

We have proved (11.76) . �

Next are special cases of the above theorems.

Corollary 11.9. (to Theorem 11.4) Set λα2 = 0, p (t) = q (t) = 1. Then

∫ x

0

[
|Dα1f1 (s)|λα1

∣∣Dβf1 (s)
∣∣λβ + |Dα1f2 (s)|λα1

∣∣Dβf2 (s)
∣∣λβ
]
ds ≥

C1 (x)
[∫ x

0

[∣∣Dβf1 (s)
∣∣p +

∣∣Dβf2 (s)
∣∣p] ds

](λα1+λβ/p)
,

where

C1 (x) :=
(
A0 (x) |λα2=0

)( λβ

λα1 + λβ

)λβ/p

δ1, (11.85)

with

δ1 = 21−((λα1+λβ)/p) . (11.86)

We have that

(
A0 (x) |λα2=0

)
=

{(
1

(Γ (β − α1))
λα1

)(
p − 1

βp − α1p − 1

)((λα1p−λα1)/p)

(11.87)(
p − λβ

λα1βp − λα1α1p − λα1 + p − λβ

)((p−λβ)/p)
}
×

x((λα1βp−λα1α1p−λα1+p−λβ)/p).

Proof. By Theorem 11.4. The constant
(
A0 (x) |λα2=0

)
was calculated

in [48]. �

We continue with

Corollary 11.10. (to Theorem 11.5, λα1 = 0, p (t) = q (t) = 1, λα2 ≥
λβ). Then
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∫ x

0

[
|Dα2f2 (s)|λα2

∣∣Dβf1 (s)
∣∣λβ + |Dα2f1 (s)|λα2

∣∣Dβf2 (s)
∣∣λβ
]
ds ≥
(11.88)

C2 (x)
(∫ x

0

[∣∣Dβf1 (s)
∣∣p +

∣∣Dβf2 (s)
∣∣p] ds

)(λβ+λα2)/p

.

Here

C2 (x) :=
(
A0 (x) |λα1=0

)
2(p−λβ)/p

(
λβ

λα2 + λβ

)λβ/p

δ
λβ/p
3 . (11.89)

We have that

(
A0 (x) |λα1=0

)
=

{(
1

(Γ (β − α2))
λα2

)(
p − 1

βp − α2p − 1

)((λα2p−λα2)/p)

(11.90)(
p − λβ

λα2βp − λα2α2p − λα2 + p − λβ

)((p−λβ)/p)
}
·

x((λα2βp−λα2α2p−λα2+p−λβ)/p).

Proof. By Theorem 11.5. The constant
(
A0 (x) |λα1=0

)
was calculated

in [48]. �

11.3.2 Results Involving Several Functions

Here we use the following basic inequalities. Let α1, α2, . . . , αn ≥ 0, n ∈ N,
then

ar
1 + . . . + ar

n ≤ (a1 + . . . + an)r ≤ nr−1

(
n∑

i=1

ar
i

)
, r ≥ 1, (11.91)

and

nr−1 (ar
1 + . . . + ar

n) ≤ (a1 + . . . + an)r ≤
n∑

i=1

ar
i , 0 ≤ r ≤ 1. (11.92)
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We present

Theorem 11.11. Let αi ∈ R+, 0 < β − αi < 1/p, 0 < p < 1, i = 1, 2,
and let fj ∈ L1 (0, x) , j = 1, . . . , M ∈ N, x ∈ R+ − {0} have, respectively,
L∞ fractional derivatives Dβfj in [0, x] , each of fixed sign a.e. on [0, x] ,
and let Dβ−kfj (0) = 0, for k = 1, . . . , [β] + 1; j = 1, . . . , M. Consider also
p (t) > 0 and q (t) ≥ 0, with all p (t) , 1/p (t), q (t) , 1/q (t) ∈ L∞ (0, x) .
Let λβ > 0 and λα1 , λα2 ≥ 0, such that λβ > p.

Put

Pi (s) :=
∫ s

0

(s − t)p(β−αi−1)/p−1 (p (t))−1/(p−1)
dt, i = 1, 2; 0 ≤ s ≤ x,

(11.93)

A (s) :=
q (s) (P1 (s))λα1 (p−1/p) (P2 (s))λα2 (p−1/p) (p (s))−λβ/p

(Γ (β − α1))
λα1 (Γ (β − α2))

λα2
, (11.94)

A0 (x) :=
(∫ x

0

(A (s))p/(p−λβ)
ds

)(p−λβ)/p

, (11.95)

and

δ∗1 := M1−((λα1+λβ)/p). (11.96)

Call

ϕ1 (x) :=
(
A0 (x) |λα2=0

)( λβ

λα1 + λβ

)λβ/p

. (11.97)

If λα2 = 0, we obtain that

∫ x

0

q (s)

⎛⎝ M∑
j=1

|Dα1fj (s)|λα1
∣∣Dβfj (s)

∣∣λβ

⎞⎠ ds ≥

δ∗1ϕ1 (x)

⎡⎣∫ x

0

p (s)

⎛⎝ M∑
j=1

∣∣Dβfj (s)
∣∣p⎞⎠ ds

⎤⎦((λα1+λβ)/p)

. (11.98)

Proof. By Theorem 11.4 we get

∫ x

0
q (s)

[∣∣Dα1fj (s)
∣∣λα1

∣∣∣Dβfj (s)
∣∣∣λβ

+
∣∣Dα1fj+1 (s)

∣∣λα1

∣∣∣Dβfj+1 (s)
∣∣∣λβ
]

ds ≥
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(
A0 (x) |λα2=0

)( λβ

λα1 + λβ

)λβ/p

δ1

[∫ x

0

p (s)
[∣∣Dβfj (s)

∣∣p +

∣∣Dβfj+1 (s)
∣∣p] ds

](λα1+λβ/p)
, j = 1, 2, . . . ,M − 1. (11.99)

Hence by adding all the above we obtain

∫ x

0

q (s)

⎧⎨⎩
M−1∑
j=1

[
|Dα1fj (s)|λα1

∣∣Dβfj (s)
∣∣λβ +

|Dα1fj+1 (s)|λα1
∣∣Dβfj+1 (s)

∣∣λβ
]}

ds

≥ δ1ϕ1 (x)

⎧⎨⎩
M−1∑
j=1

[∫ x

0

p (s)
[∣∣Dβfj (s)

∣∣p +
∣∣Dβfj+1 (s)

∣∣p] ds

](λα1+λβ/p)
⎫⎬⎭ .

(11.100)
Also it holds

∫ x

0

q (s)
[
|Dα1f1 (s)|λα1

∣∣Dβf1 (s)
∣∣λβ + |Dα1fM (s)|λα1

∣∣DβfM (s)
∣∣λβ
]
ds ≥

δ1ϕ1 (x)
[∫ x

0

p (s)
[∣∣Dβf1 (s)

∣∣p +
∣∣DβfM (s)

∣∣p] ds

]((λα1+λβ)/p)
(11.101)

Adding (11.100) and (11.101) , and using (11.91) we have

2
∫ x

0

q (s)

⎛⎝ M∑
j=1

|Dα1fj (s)|λα1
∣∣Dβfj (s)

∣∣λβ

⎞⎠ ds ≥

δ1ϕ1 (x)

⎧⎨⎩
M−1∑
j=1

[∫ x

0

p (s)
[∣∣Dβfj (s)

∣∣p +
∣∣Dβfj+1 (s)

∣∣p] ds

]((λα1+λβ)/p)
+

(11.102)[∫ x

0

p (s)
[∣∣Dβf1 (s)

∣∣p +
∣∣DβfM (s)

∣∣p] ds

](λα1+λβ/p)}
≥

M1−(λα1+λβ/p)δ1ϕ1 (x)

⎧⎨⎩
∫ x

0

p (s)

⎛⎝2
M∑

j=1

∣∣Dβfj (s)
∣∣p⎞⎠ ds

⎫⎬⎭
((λα1+λβ)/p)

.

(11.103)
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We have established

∫ x

0

q (s)

⎛⎝ M∑
j=1

|Dα1fj (s)|λα1
∣∣Dβfj (s)

∣∣λβ

⎞⎠ ds ≥

M1−(λα1+λβ/p)δ1

(
2(λα1+λβ/p)−1

)

ϕ1 (x)

⎧⎨⎩
∫ x

0

p (s)

⎡⎣ M∑
j=1

∣∣Dβfj (s)
∣∣p⎤⎦ ds

⎫⎬⎭
(λα1+λβ/p)

, (11.104)

thus proving (11.98) . �

Next we give

Theorem 11.12. All here are as in Theorem 11.11. Further assume
λα2 ≥ λβ .

Denote

ϕ2 (x) :=
(
A0 (x) |λα1=0

)
2(p−λβ)/p

(
λβ

λα2 + λβ

)λβ/p

δ
λβ/p
3 . (11.105)

If λα1 = 0, then∫ x

0

q (s)

⎧⎨⎩
M−1∑
j=1

[
|Dα2fj+1 (s)|λα2

∣∣Dβfj (s)
∣∣λβ +

|Dα2fj (s)|λα2
∣∣Dβfj+1 (s)

∣∣λβ
]}

+

[
|Dα2fM (s)|λα2

∣∣Dβf1 (s)
∣∣λβ + |Dα2f1 (s)|λα2

∣∣DβfM (s)
∣∣λβ
]}

ds ≥
(11.106)

M1−(λβ+λα2/p)2(λβ+λα2/p)ϕ2 (x)

⎧⎨⎩
∫ x

0
p (s)

⎡⎣ M∑
j=1

∣∣∣Dβfj (s)
∣∣∣p
⎤⎦ ds

⎫⎬⎭
((λβ+λα2 )/p)

.

Proof. From Theorem 11.5 we have

∫ x

0
q (s)

[∣∣Dα2fj+1 (s)
∣∣λα2

∣∣∣Dβfj (s)
∣∣∣λβ

+
∣∣Dα2fj (s)

∣∣λα2

∣∣∣Dβfj+1 (s)
∣∣∣λβ
]

ds ≥
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ϕ2 (x)
(∫ x

0

p (s)
[∣∣Dβfj (s)

∣∣p +
∣∣Dβfj+1 (s)

∣∣p] ds

)(λβ+λα2/p)
, (11.107)

for j = 1, . . . , M − 1. Hence by adding all of the above we derive

∫ x

0

q (s)

⎛⎝M−1∑
j=1

[
|Dα2fj+1 (s)|λα2

∣∣Dβfj (s)
∣∣λβ +

|Dα2fj (s)|λα2
∣∣Dβfj+1 (s)

∣∣λβ
])

ds ≥

ϕ2 (x)

⎛⎝M−1∑
j=1

(∫ x

0

p (s)
[∣∣Dβfj (s)

∣∣p +
∣∣Dβfj+1 (s)

∣∣p] ds

)(λβ+λα2/p)
⎞⎠ .

(11.108)
Similarly it holds

∫ x

0

q (s)
[
|Dα2fM (s)|λα2

∣∣Dβf1 (s)
∣∣λβ + |Dα2f1 (s)|λα2

∣∣DβfM (s)
∣∣λβ
]
ds ≥

ϕ2 (x)
(∫ x

0

p (s)
[∣∣Dβf1 (s)

∣∣p +
∣∣DβfM (s)

∣∣p] ds

)(λβ+λα2/p)
. (11.109)

Adding (11.108) and (11.109) and using (11.91) we derive (11.106). �

We continue with

Theorem 11.13. Let 1 < β − α1 < 1/p, 0 < p < 1, α1 ∈ R+, and let
fj ∈ L1 (0, x) , j = 1, . . . , M ∈ N, x ∈ R+ − {0} have, respectively, L∞
fractional derivatives Dβfj in [0, x] , each of fixed sign a.e. on [0, x] , and
let Dβ−kfj (0) = 0, for k = 1, . . . , [β] + 1; j = 1, . . . , M. Consider also
p (t) > 0 and q (t) ≥ 0, with p (t) , 1/p (t), q (t) , 1/q (t) ∈ L∞ (0, x) . Let
λα ≥ λα+1 > 1; Φ is as in Theorem 11.7.

Then ∫ x

0

q (s)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[
|Dα1fj (s)|λα

∣∣Dα1+1fj+1 (s)
∣∣λα+1 +

|Dα1fj+1 (s)|λα
∣∣Dα1+1fj (s)

∣∣λα+1
]}

+
[
|Dα1f1 (s)|λα

∣∣Dα1+1fM (s)
∣∣λα+1 + |Dα1fM (s)|λα

∣∣Dα1+1f1 (s)
∣∣λα+1

]}
ds ≥



11.3 Main Results 249

M1−(λα+λα+1/p)2(λα+λα+1/p)Φ (x)

[∫ x

0

p (s)

(
M∑

j=1

∣∣∣Dβfj (s)
∣∣∣p) ds

]((λα+λα+1)/p)

.

(11.110)

Proof. From Theorem 11.7 we have∫ x

0

q (s)
M−1∑
j=1

[
|Dα1fj (s)|λα

∣∣Dα1+1fj+1 (s)
∣∣λα+1 +

|Dα1fj+1 (s)|λα
∣∣Dα1+1fj (s)

∣∣λα+1
]
ds

≥ Φ(x)
M−1∑
j=1

[∫ x

0

p (s)
(∣∣Dβfj (s)

∣∣p +
∣∣Dβfj+1 (s)

∣∣p) ds

](λα+λα+1/p)

.

(11.111)
Similarly it holds∫ x

0

q (s)
[
|Dα1f1 (s)|λα

∣∣Dα1+1fM (s)
∣∣λα+1 +

|Dα1fM (s)|λα
∣∣Dα1+1f1 (s)

∣∣λα+1
]
ds

≥ Φ(x)
[∫ x

0

p (s)
(∣∣Dβf1 (s)

∣∣p +
∣∣DβfM (s)

∣∣p) ds

](λα+λα+1/p)

. (11.112)

Adding (11.111) and (11.112) , along with (11.91) we obtain (11.110) . �

We present

Theorem 11.14. All are as in Theorem 11.11. Consider the special case
of λα2 = λα1 + λβ . Here T̃ (x) is as in (11.75) .

Assume here for j = 1, . . . , M that

zj (x) :=
∫ x

0

p (t)
∣∣Dβfj (t)

∣∣p dt ∈ [H,Ψ] , 0 < H < Ψ.

Then

∫ x

0

q (s)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[
|Dα1fj (s)|λα1 |Dα2fj+1 (s)|λα1+λβ

∣∣Dβfj (s)
∣∣λβ
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+ |Dα2fj (s)|λα1+λβ |Dα1fj+1 (s)|λα1
∣∣Dβfj+1 (s)

∣∣λβ
]}

+
[
|Dα1f1 (s)|λα1 |Dα2fM (s)|λα1+λβ

∣∣Dβf1 (s)
∣∣λβ

+ |Dα2f1 (s)|λα1+λβ |Dα1fM (s)|λα1
∣∣DβfM (s)

∣∣λβ
]}

ds ≥ (11.113)

M(1−(2(λα1+λβ)/p))22(λα1+λβ)/pT̃ (x)

⎡⎣∫ x

0
p (s)

⎛⎝ M∑
j=1

∣∣∣Dβfj (s)
∣∣∣p
⎞⎠ ds

⎤⎦2(λα1+λβ)/p

.

Proof. Based on Theorem 11.8. The rest of the proof is as in the proof
of Theorem 11.13. �

We continue with

Corollary 11.15. (to Theorem 11.11, λα2 = 0, p (t) = q (t) = 1). Then

∫ x

0

⎛⎝ M∑
j=1

|Dα1fj (s)|λα1
∣∣Dβfj (s)

∣∣λβ

⎞⎠ ds ≥

δ∗1ϕ1 (x)

⎡⎣∫ x

0

⎡⎣ M∑
j=1

∣∣Dβfj (s)
∣∣p⎤⎦ ds

⎤⎦((λα1+λβ)/p)

. (11.114)

Here
(
A0 (x) |λα2=0

)
within ϕ1 (x) is given by (11.87) . �

Proof. Based on Theorem 11.11. �

We also give

Corollary 11.16. (to Theorem 11.12, λα1 = 0, p (t) = q (t) = 1). It
holds

∫ x

0

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[
|Dα2fj+1 (s)|λα2

∣∣Dβfj (s)
∣∣λβ +

|Dα2fj (s)|λα2
∣∣Dβfj+1 (s)

∣∣λβ
]}

+[
|Dα2fM (s)|λα2

∣∣Dβf1 (s)
∣∣λβ + |Dα2f1 (s)|λα2

∣∣DβfM (s)
∣∣λβ
]}

ds ≥
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(
M1−(λβ+λα2/p)

)
2(λβ+λα2/p)ϕ2 (x)

⎧⎨⎩
∫ x

0

⎡⎣ M∑
j=1

∣∣∣Dβfj (s)
∣∣∣p
⎤⎦ ds

⎫⎬⎭
((λβ+λα2 )/p)

.

(11.115)

In (11.115) , within ϕ2 (x) ,
(
A0 (x) |λα1=0

)
is given by (11.90) .

Proof. Based on Theorem 11.12. �

11.3.3 Results with Respect to Generalized Riemann –
Liouville Fractional Derivative

We give the notion of a generalized Riemann – Liouville fractional deriva-
tive at arbitrary anchor point a ∈ R; see [64].

Definition 11.17. Let v ≥ 0; define

(Dv
af) (s) := (Dvfa) (s − a) , s ≥ a, (11.116)

where fa (t) := f (t + a) is the translate function, for v = 0 both sides
equal to f (s) , and for v = n ∈ N we get (Dn

af) (s) = f (n) (s) , the ordinary
derivative.

Clearly here

(Dv
af) (z + a) = (Dvfa) (z) . (11.117)

For p (s) , Dv
af (s) ∈ L∞ (a, x) , x > a, a, x ∈ R we get

∫ w

a

p (y) (Dv
af) (y) dy =

∫ w−a

a

p (z + a) (Dvfa) (z) dz, (11.118)

all a ≤ w ≤ x.
So here we transfer the results of Sections 11.3.1 and 11.3.2, using the

above concepts, to arbitrary interval [a, x] . Thus earlier results are applied
to fa over [0, x − a] , for f over [a, x] and use the generalized Riemann –
Liouville fractional derivative. This method was applied extensively in [45];
see there for all details concerning this transfer.

We need

Definition 11.18. [45] We say that f ∈ L1 (a,w) , a < w; a,w ∈ R has
an L∞ fractional derivative Dβ

af [β > 0] in [a,w] , iff

(1) Dβ−k
a f ∈ C ([a,w]) , k = 1, . . . , m := [β] + 1
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(2) Dβ−1
a f ∈ AC ([a,w]) ,

and

(3) Dβ
af ∈ L∞ (a,w) .

We need

Lemma 11.19. (see [45]) Let β > α ≥ 0 and let f ∈ L1 (a,w) have
an L∞ fractional derivative Dβ

af in [a,w] , and let
(
Dβ−k

a f
)
(a) = 0, k =

1, . . . , [β] + 1.
Then

Dα
a f (s) =

1
Γ (β − α)

∫ s

a

(s − t)β−α−1
Dβ

af (t) dt, (11.119)

all a ≤ s ≤ w.
Clearly here Dα

a f ∈ AC ([a,w]) for β − α ≥ 1, and in C ([a,w]) for
β − α ∈ (0, 1) , hence Dα

a f ∈ L∞ (a,w) , and Dα
a f ∈ L1 (a,w) .

Notice that for β > 0 that(
Dβ−k

a f
)
(a) = Dβ−kfa (0) , all k = 1, . . . , [β] + 1. (11.120)

Here we only show two such transfers; for the rest of the results so far we
can get similar corresponding transfers, acting as in [45].

We give

Theorem 11.20. Let αi ≥ 0, 0 < β −αi < 1/p, 0 < p < 1, i = 1, 2, and
let

f1, f2 ∈ L1 (a, x) , a, x ∈ R, a < x,

have, respectively, L∞ fractional derivatives Dβ
af1, D

β
af2 in [a, x] , each of

fixed sign a.e. on [a, x] , and let Dβ−k
a fi (a) = 0, for k = 1, . . . , [β] + 1;

i = 1, 2.
Consider also

p (t) > 0 and q (t) ≥ 0,

with all
p (t) ,

1
p (t)

, q (t) ,
1

q (t)
∈ L∞ (a, x) .

Let
λβ > 0 and λα1 , λα2 ≥ 0,

such that
λβ > p.
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Put

Pi (s) :=

∫ s

0
(s − t)p(β−αi−1)/p−1 (p (t + a))−1/(p−1) dt, i = 1, 2; 0 ≤ s ≤ x−a,

(11.121)

A (s) :=
q (s + a) (P1 (s))λα1 (p−1/p) (P2 (s))λα2 (p−1/p) (p (s + a))−λβ/p

(Γ (β − α1))
λα1 (Γ (β − α2))

λα2
,

(11.122)

A0 (x − a) :=
(∫ x−a

0

(A (s))p/(p−λβ)
ds

)(p−λβ)/p

, (11.123)

and

δ1 := 21−(λα1+λβ/p). (11.124)

If λα2 = 0, then

∫ x

a

q (s)
[
|Dα1

a f1 (s)|λα1
∣∣Dβ

af1 (s)
∣∣λβ + |Dα1

a f2 (s)|λα1
∣∣Dβ

af2 (s)
∣∣λβ
]
ds ≥

(
A0 (x − a) |λα2=0

)( λβ

λα1 + λβ

)λβ/p

δ1

[∫ x

a

p (s)
[∣∣Dβ

af1 (s)
∣∣p +

∣∣Dβ
af2 (s)

∣∣p] ds
]((λα1+λβ)/p)

. (11.125)

Proof. We apply (11.8) for

f1a := f1 (· + a) , f2a := f2 (· + a) , p (· + a) , q (· + a)

and the fractional derivatives

Dβf1a, Dβf2a, Dαif1a, Dαif2a, i = 1, 2,

all on [0, x − a] .
Namely here we have that the functions f1a, f2a, p (· + a) , q (· + a) fulfill

all the assumptions of Theorem 11.4 on the interval [0, x − a] , so for λα2 = 0
we get by (11.8) that

∫ x−a

0
q (s + a)

[
|Dα1f1a (s)|λα1

∣∣∣Dβf1a (s)
∣∣∣λβ

+ |Dα1f2a (s)|λα1

∣∣∣Dβf2a (s)
∣∣∣λβ
]

ds
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≥ (A0 (x − a) |λα2=0

)( λβ

λα1 + λβ

)λβ/p

δ1

[∫ x−a

0

p (s + a)
[∣∣Dβf1a (s)

∣∣p +

∣∣Dβf2a (s)
∣∣p] ds

](λα1+λβ/p)
. (11.126)

Using (11.117) , and from (11.126) we find∫ x−a

0

q (s + a)
[
|Dα1

a f1 (s + a)|λα1
∣∣Dβ

af1 (s + a)
∣∣λβ +

|Dα1
a f2 (s + a)|λα1

∣∣Dβ
af2 (s + a)

∣∣λβ
]
ds ≥

(
A0 (x − a) |λα2=0

)( λβ

λα1 + λβ

)λβ/p

δ1

[∫ x−a

0

p (s + a)
[∣∣Dβ

af1 (s + a)
∣∣p +

∣∣Dβ
af2 (s + a)

∣∣p] ds
](λα1+λβ/p)

. (11.127)

Let Fa (s) := F (s + a) , Ga (s) := G (s + a) denote the integrands of left
and right integrals of (11.127) . Notice easily that Fa, Ga ∈ L∞ (0, x − a) ,
that is, F, G ∈ L∞ (a, x) , hence F, G ∈ L1 (a, x) .

Thus

∫ x−a

0

Fa (s) ds =
∫ x

a

F (s) ds,

∫ x−a

0

Ga (s) ds =
∫ x

a

G (s) ds,

proving (11.125) . Notice for a = 0, inequality (11.125) collapses to inequal-
ity (11.8) . �

We finish this chapter with

Theorem 11.21. Let αi ≥ 0, 0 < β −αi < 1/p, 0 < p < 1, i = 1, 2, and
let

fj ∈ L1 (a, x) , j = 1, . . . , M ∈ N, a, x ∈ R, a < x,

have, respectively, L∞ fractional derivatives Dβ
afj in [a, x] , each of fixed

sign a.e. on [a, x] , and let

Dβ−k
a fi (a) = 0, for k = 1, . . . , [β] + 1; j = 1, . . . , M.

Consider also
p (t) > 0 and q (t) ≥ 0,
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with all

p (t) ,
1

p (t)
, q (t) ,

1
q (t)

∈ L∞ (a, x) .

Let
λβ > 0 and λα1 , λα2 ≥ 0,

such that
λβ > p.

Call

Pi (s) :=

∫ s

0
(s − t)p(β−αi−1)/p−1 (p (t + a))−1/(p−1) dt, i = 1, 2; 0 ≤ s ≤ x−a,

(11.128)

A (s) :=
q (s + a) (P1 (s))λα1 (p−1/p) (P2 (s))λα2 ((p−1)/p) (p (s + a))−λβ/p

(Γ (β − α1))
λα1 (Γ (β − α2))

λα2
,

(11.129)

A0 (x − a) :=
(∫ x−a

0

(A (s))p/(p−λβ)
ds

)(p−λβ)/p

, (11.130)

and

δ∗1 := M(1−(λα1+λβ/p)). (11.131)

Call

ϕ1 (x − a) :=
(
A0 (x − a) |λα2=0

)( λβ

λα1 + λβ

)λβ/p

. (11.132)

If λα2 = 0, then

∫ x

a

q (s)

⎛⎝ M∑
j=1

|Dα1
a fj (s)|λα1

∣∣Dβ
afj (s)

∣∣λβ

⎞⎠ ds ≥

δ∗1ϕ1 (x − a)

⎡⎣∫ x

a

p (s)

⎛⎝ M∑
j=1

∣∣Dβ
afj (s)

∣∣p⎞⎠ ds

⎤⎦((λα1+λβ)/p)

. (11.133)

Proof. Based on Theorem 11.11 (see (11.98)) and similar to Theorem
11.20. �



12
Multivariate Canavati Fractional
Taylor Formula

We present here is a multivariate fractional Taylor formula using the Cana-
vati definition of fractional derivative. As related results we present that
the order of fractional-ordinary partial differentiation is immaterial, we dis-
cuss fractional integration by parts, and we estimate the remainder of our
multivariate fractional Taylor formula. This treatment is based on [40].

12.1 Introduction

The main motivation here comes from Canavati [101], Anastassiou [17],
and Anastassiou [19], where there is presented a Taylor univariate frac-
tional formula by using an appropriate definition of fractional derivative
introduced first in Canavati [101].

So we extend this formula to the multivariate fractional case over a com-
pact and convex subset of R

k, k ≥ 2, for all fractional orders ν > 0.
We give an estimate to the remainder of our multivariate fractional

Taylor formula. We give under mild and natural assumptions that the order
of fractional-ordinary partial differentiation is immaterial. Also we present
some fractional integration by parts results. The main overall ingredient
here is the Riemann–Liouville integral.

G.A. Anastassiou, Fractional Differentiation Inequalities, 257
DOI 10.1007/978-0-387-98128-4 12, c© Springer Science+Business Media, LLC 2009
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12.2 Results

We make

Remark 12.1. We follow Anastassiou [19, p. 540] (see also Canavati
[101] and Anastassiou [17]). Let [a, b] ⊆ R. Let x, x0 ∈ [a, b] such that
x ≥ x0, x0 is fixed. Let f ∈ C([a, b]) and define

(Jx0
ν f)(x) =

1
Γ(ν)

∫ x

x0

(x − t)ν−1f(t)dt, x0 ≤ x ≤ b, (12.1)

ν > 0, the generalized Riemann–Liouville integral. We consider the sub-
space Cν

x0
([a, b]) of Cn([a, b]), n := [ν], α := ν − n(0 < α < 1):

Cν
x0

([a, b]) := {f ∈ Cn([a, b]) : Jx0
1−αf (n) ∈ C1([x0, b])}. (12.2)

Hence, let f ∈ Cν
x0

([a, b]) , we define the generalized ν - fractional deriva-
tive of f over [x0, b] (see also Canavati [101] and Anastassiou [17]) as

Dν
x0

f := (Jx0
1−αf (n))′. (12.3)

Notice that (
Jx0

1−αf (n)
)

(x) =
1

Γ(1 − α)

∫ x

x0

(x − t)−αf (n)(t)dt (12.4)

exists for f ∈ Cν
x0

([a, b]).
Let fx0(t) := f(x0 + t), 0 ≤ t ≤ b−x0, x ≥ x0. By change of variable

we obtain
(Dν

0fx0)(x − x0) = (Dν
x0

f)(x). (12.5)

When ν ∈ N then the fractional derivative collapses to the usual one.

We mention the fractional Taylor formula. See Anastassiou [19, p. 540],
Canavati [101], and Anastassiou [17].

Theorem 12.2. Let f ∈ Cν
x0

([a, b]), x0 ∈ [a, b] fixed.
(i) If ν ≥ 1, then it holds

f(x) = f(x0)+f ′(x0)(x−x0)+f ′′(x0)
(x − x0)

2

2
+ · · ·+f (n−1)(x0)

(x − x0)
n−1

(n − 1)!

+(Jx0
ν Dν

x0
f)(x), all x ∈ [a, b] : x ≥ x0. (12.6)

(ii) If 0 < ν < 1 we have

f(x) = (Jx0
ν Dν

x0
f)(x), all x ∈ [a, b] : x ≥ x0. (12.7)
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We transfer Theorem 12.2 to the multivariate case.

We make

Remark 12.3. Let Q be a compact and convex subset of R
k, k ≥ 2;

z := (z1, . . . , zk), x0 := (x01, . . . , x0k) ∈ Q . Let f ∈ Cn(Q), n ∈ N.
Call

gz(t) := f(x0 + t(z − x0)), 0 ≤ t ≤ 1; gz(0) = f(x0), gz(1) = f(z). (12.8)

Then

g(j)
z (t) =

⎡⎣( k∑
i=1

(zi − x0i)
∂

∂xi

)j

f

⎤⎦ (x0 + t(z − x0)), (12.9)

j = 0, 1, 2, . . . , n,
and

g(n)
z (0) =

[(
k∑

i=1

(zi − x0i)
∂

∂xi

)n

f

]
(x0). (12.10)

If all fα(x0) := ∂αf/∂xα(x0) = 0, α := (α1, . . . , αk), αi ∈ Z
+, i =

1, . . . , k ; |α| :=
∑k

i=1 αi =: l, then g
(l)
z (0) = 0, where l ∈ {0, 1, . . . , n}. We

quote that

g′z(t) =
k∑

i=1

(zi − x0i)
∂f

∂xi
(x0 + t(z − x0)). (12.11)

First let 1 ≤ ν < 2 ; then here n := [ν] = 1 and α = ν − 1; 1 − α = 2 − ν.
Because 0 ≤ ν − 1 < 1, then n∗ := [ν − 1] = 0, α∗ = ν − 1 − n∗ = ν − 1,
and 1 − α∗ = 2 − ν.

Set

(Jνgz)(x) :=
1

Γ(ν)

∫ x

0

(x − t)ν−1gz(t)dt, (12.12)

0 ≤ x ≤ 1.
Consider

Cν([0, 1]) := {g ∈ C1([0, 1]) : J2−νg′ ∈ C1([0, 1])} ⊆ C1([0, 1]), 1 ≤ ν < 2.
(12.13)

Assume that as a function of t : fxi
(x0 + t(z − x0)) ∈ Cν−1([0, 1]), i =

1, . . . , k, then there exists the fractional derivative g
(ν)
z , g

(ν)
z = (J2−νg′z)

′.
The last comes by using (12.11) to have

(J2−νg′z)(x) =
1

Γ(2 − ν)

∫ x

0

(x − t)1−νg′z(t)dt (12.14)
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=
∑k

i=1(zi − x0i)
Γ(2 − ν)

∫ x

0

(x − t)1−ν ∂f

∂xi
(x0 + t(z − x0))dt, (12.15)

0 ≤ x ≤ 1.
Hence it holds

(J2−νg′z(x))′ =
k∑

i=1

(zi − x0i)
(

1
Γ(2 − ν)

∫ x

0

(x − t)1−ν ∂f

∂xi
(x0 + t(z − x0))dt

)′
(12.16)

=
k∑

i=1

(zi − x0i)(J2−ν(fxi
(x0 + t(z − x0))))′. (12.17)

That is,

g(ν)
z (t) =

k∑
i=1

(zi − x0i)
(

∂f

∂xi
(x0 + t(z − x0))

)(ν−1)

, (12.18)

0 ≤ t ≤ 1, 1 ≤ ν < 2.
Thus the remainder turns to

(Jνg(ν)
z )(t) =

k∑
i=1

(zi − x0i)[Jν(fxi
(x0 + t(z − x0)))(ν−1)](t). (12.19)

By (12.6) applied on gz we obtain

f(z) = gz(1) = f(x0) + (Jνg(ν)
z )(1). (12.20)

That is, it holds

f(z) = f(x0) +
k∑

i=1

(zi − x0i)[Jν(fxi
(x0 + t(z − x0)))(ν−1)](1). (12.21)

More precisely we find

f(z) = f(x0) +
k∑

i=1

(zi − x0i)
1

Γ(ν)∫ 1

0

(1 − t)ν−1(fxi
(x0 + t(z − x0)))(ν−1)dt. (12.22)

From Remark 12.3 we have established the basic multivariate Canavati
fractional Taylor formula.

Theorem 12.4. Let f ∈ C1(Q), Q compact and convex ⊆ R
k, k ≥ 2.

For fixed x0, z ∈ Q, assume that as a function of t : fxi
(x0 + t(z − x0)) ∈

Cν−1([0, 1]), 1 ≤ ν < 2, all i = 1, . . . , k. Then
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(i)
f(z1, . . . , zk) = f(x01, . . . , x0k)+

k∑
i=1

(zi − x0i)
Γ(ν)

∫ 1

0

(1 − t)ν−1(fxi
(x0 + t(z − x0)))(ν−1)dt. (12.23)

(ii) Given f(x0) = 0, then

f(z) =
k∑

i=1

(zi − x0i)
Γ(ν)

∫ 1

0

(1 − t)ν−1(fxi
(x0 + t(z − x0)))(ν−1)dt. (12.24)

We make

Remark 12.5. Continuing from Remark 12.3. Here f ∈ C2(Q), Q ⊆ R
2,

we have

g′′z (t) = (z1 − x01)2
∂2f

∂x2
1

(x0 + t(z − x0)) + 2(z1 − x01)(z2 − x02)

∂2f

∂x1∂x2
(x0 + t(z − x0)) + (z2 − x02)2

∂2f

∂x2
2

(x0 + t(z − x0)). (12.25)

Let 2 ≤ ν < 3; then n := [ν] = 2, α := ν − n = ν − 2, 1 − α = 3 − ν. Set
ν∗ := ν−2; then n∗ := [ν−2] = 0, α∗ = (ν−2)−n∗ = ν−2, 1−α∗ = 3−ν.

We have (0 ≤ x ≤ 1)

(J3−νg′′z )(x) =
1

Γ(3 − ν)

∫ x

0

(x − t)2−νg′′z (t)dt =

(z1 − x01)2
1

Γ(3 − ν)

∫ x

0

(x − t)2−νfx1x1(x0 + t(z − x0))dt

+2(z1 − x01)(z2 − x02)
1

Γ(3 − ν)

∫ x

0

(x − t)2−νfx1x2(x0 + t(z − x0))dt

+(z2 − x02)2
1

Γ(3 − ν)

∫ x

0

(x − t)2−νfx2x2(x0 + t(z − x0))dt. (12.26)

That is, it holds.

(J3−νg′′z )(x) = (z1 − x01)2(J3−ν(fx1x1(x0 + t(z − x0))))(x)+

2(z1 − x01)(z2 − x02)(J3−ν(fx1x2(x0 + t(z − x0))))(x)+

(z2 − x02)2(J3−ν(fx2x2(x0 + t(z − x0))))(x). (12.27)
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Assuming now that fx1x1(x0 + t(z−x0)), fx1x2(x0 + t(z−x0)), fx2x2(x0 +
t(z − x0)), as functions of t belong to C(ν−2)([0, 1]) we obtain that there
exists

g(ν)
z (t) = (z1 − x01)2(fx1x1(x0 + t(z − x0)))(ν−2)+

2(z1 − x01)(z2 − x02)(fx1x2(x0 + t(z − x0)))(ν−2)+

(z2 − x02)2(fx2x2(x0 + t(z − x0)))(ν−2). (12.28)

Next we observe that

(Jνg(ν)
z )(x) = (z1 − x01)2(Jν(fx1x1(x0 + t(z − x0)))(ν−2))(x)

+2(z1 − x01)(z2 − x02)(Jν(fx1x2(x0 + t(z − x0)))(ν−2))(x)

+(z2 − x02)2(Jν(fx2x2(x0 + t(z − x0)))(ν−2))(x). (12.29)

We have proved via (12.6) the next Taylor type result.

Theorem 12.6. Let f ∈ C2(Q), Q compact and convex ⊆ R
2. For fixed

x0, z ∈ Q assume that as functions of t : fx1x1(x0 + t(z − x0)), fx1x2(x0 +
t(z−x0)), fx2x2(x0 + t(z−x0)) ∈ C(ν−2)([0, 1]), where 2 ≤ ν < 3. Then

(i)

f(z1, z2) = f(x01, x02) + (z1 − x01)
∂f

∂x1
(x0) + (z2 − x02)

∂f

∂x2
(x0)+

(z1 − x01)2
1

Γ(ν)

∫ 1

0

(1 − t)ν−1(fx1x1(x0 + t(z − x0)))(ν−2)dt

+2(z1 − x01)(z2 − x02)
1

Γ(ν)

∫ 1

0

(1 − t)ν−1(fx1x2(x0 + t(z − x0)))(ν−2)dt+

(z2 − x02)2
1

Γ(ν)

∫ 1

0

(1 − t)ν−1(fx2x2(x0 + t(z − x0)))(ν−2)dt. (12.30)

(ii) When f(x0) = ∂f
∂x1

(x0) = ∂f
∂x2

(x0) = 0 , then

f(z1, z2) = (z1 − x01)2
1

Γ(ν)

∫ 1

0

(1 − t)ν−1(fx1x1(x0 + t(z − x0)))(ν−2)dt

+2(z1 − x01)(z2 − x02)
1

Γ(ν)

∫ 1

0

(1 − t)ν−1(fx1x2(x0 + t(z − x0)))(ν−2)dt+

(z2 − x02)2
1

Γ(ν)

∫ 1

0

(1 − t)ν−1(fx2x2(x0 + t(z − x0)))(ν−2)dt. (12.31)
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The following general multivariate Canavati fractional Taylor formula is
valid.

Theorem 12.7. Let f ∈ Cn(Q), Q compact and convex ⊆ R
k, k ≥ 2 ;

here ν ≥ 1 such that n = [ν]. For fixed x0, z ∈ Q assume that as functions
of t : fα(x0 + t(z − x0)) ∈ C(ν−n)([0, 1]), for all α := (α1, . . . , αk), αi ∈
Z

+, i = 1, . . . , k; |α| :=
∑k

i=1 αi = n.
Then
(i)

f(z1, . . . , zk) = f(x01, . . . , x0k) +
k∑

i=1

(zi − x0i)
∂f

∂xi
(x01, . . . , x0k)

+

[(∑k
i=1(zi − x0i) ∂

∂xi

)2

f

]
(x01, . . . , x0k)

2
+ . . .

[(∑k
i=1(zi − x0i) ∂

∂xi

)n−1

f

]
(x01, . . . , x0k)

(n − 1)!
+

1
Γ(ν)

∫ 1

0

(1 − t)ν−1

⎧⎨⎩
[(

k∑
i=1

(zi − x0i)
∂

∂xi

)n

f

](ν−n)

(x0 + t(z − x0))

⎫⎬⎭ dt.

(12.32)

(ii) If all fα(x0) = 0, α := (α1, . . . , αk), αi ∈ Z
+, i = 1, . . . , k, |α| :=∑k

i=1 αi = l, l = 0, . . . , n − 1, then

f(z1, . . . , zk) =
1

Γ(ν)

∫ 1

0

(1 − t)ν−1

⎧⎨⎩
[(

k∑
i=1

(zi − x0i)
∂

∂xi

)n

f

](ν−n)

(x0 + t(z − x0))

⎫⎬⎭ dt. (12.33)

Proof. Use (12.6). �

(Note that fractional differentiation is a linear operation.)
We make
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Remark 12.8. Continuing from the previous remarks. Let here 0 < ν <
1. Assume that f(x0 + t(z − x0)) ∈ Cν([0, 1]) as a function of t . Then by
gz(t) := f(x0 + t(z − x0)) we have

g
(ν)
z (t) = (f(x0 +t(z−x0)))

(ν), and (Jν g
(ν)
z )(t) = (Jν(f(x0 +t(z−x0)))

(ν))(t),

t ∈ [0, 1]. Hence

(Jν g(ν)
z )(1) =

1
Γ(ν)

∫ 1

0

(1 − t)ν−1(f(x0 + t(z − x0)))(ν)dt. (12.34)

We have established the next multivariate Canavati fractional Taylor
formula when 0 < ν < 1.

Theorem 12.9. Let bounded f : Q → R, where Q convex ⊆ R
k, k ≥ 2,

such that as a function of t : f(x0+t(z−x0)) ∈ Cν([0, 1]), 0 < ν < 1, x0, z ∈
Q being fixed.

Then

f(z1, . . . , zk) =
1

Γ(ν)

∫ 1

0

(1 − t)ν−1(f(x0 + t(z − x0)))(ν)dt. (12.35)

Proof. Use (12.7). �

We make

Remark 12.10. Next we study the ordinary partial derivatives of frac-
tional derivatives. Let 0 < α < 1, f ∈ C1([0, 1]2), x ∈ [0, 1] fixed, and
consider

γ(x, z) :=
∫ x

0

(x − t)−αf(t, z)dt, (12.36)

∀ z ∈ [0, 1].
We observe that

|γ(x, z)| ≤
∫ x

0

(x − t)−α|f(t, z)|dt ≤ ‖f‖∞
∫ x

0

(x − t)−αdt =

‖f‖∞ x1−α

1 − α
≤ ‖f‖∞

1 − α
< +∞.

That is, the function
ρ(t) := (x − t)−αf(t, z) (12.37)

is Lebesgue integrable in t ∈ [0, x], ∀ z ∈ [0, 1]. Thus one can consider
integration in (12.36) over [0, x), ∀ z ∈ [0, 1].
Also the function

λ(z) := (x − t)−αf(t, z) (12.38)
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is differentiable in z ∈ [0, 1], ∀ t ∈ [0, x). That is, we have

λ′(z) = (x − t)−α ∂f(t, z)
∂z

,∀t ∈ [0, x). (12.39)

Moreover,

|λ′(z)| ≤ (x − t)−α

∥∥∥∥∂f

∂z

∥∥∥∥
∞

, (12.40)

∀ (t, z) ∈ [0, x) × [0, 1].
The R.H.S (12.40) is integrable in t ∈ [0, x] and nonnegative. Hence by H.

Bauer [79, pp. 103–104] we obtain that (x − t)−α∂f(t, z)/∂z is integrable
in t ∈ [0, x) and

∂γ(x, z)
∂z

=
∫ x

0

(x − t)−α ∂f(t, z)
∂z

dt, (12.41)

∀ z ∈ [0, 1].

We have proved

Lemma 12.11. Let 0 < α < 1, f ∈ C1([0, 1]2), 0 ≤ x ≤ 1. Then

∂

∂z

(∫ x

0

(x − t)−αf(t, z)dt

)
=
∫ x

0

(x − t)−α ∂f(t, z)
∂z

dt, (12.42)

∀ z ∈ [0, 1].

We make

Remark 12.12. Assume now 0 < α < 1, f ∈ Cn+1([0, 1]2), n ∈ N.
Then by Lemma 12.11 we get

∂

∂z

(∫ x

0

(x − t)−α ∂nf

∂tn
(t, z)dt

)
=
∫ x

0

(x − t)−α ∂n+1f

∂tn∂z
(t, z)dt. (12.43)

Let now ν > 0, n := [ν], α := ν − n.
We suppose existence of

g(ν)(x, z) :=
∂νg(x, z)

∂xν
=

∂

∂x

(
J1−α

(
∂ng

∂tn
(·, z)

))
(x, z). (12.44)

We also assume here that g ∈ Cn+1([0, 1]2), and (g(ν)(x, z))z, g
(ν)
z (x, z)

exist and are jointly continuous in (x, z) ∈ [0, 1]2, [ν] = n ∈ N.
Then it holds

(g(ν)(x, z))z =
∂

∂z
(g(ν)(x, z)) =

∂

∂z

(
∂

∂x

(
J1−α

(
∂ng

∂tn
(·, z)

)))
(x, z) =
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∂

∂x

(
∂

∂z

(
J1−α

(
∂ng

∂tn
(·, z)

)))
(x, z)(by (12.43)) =

∂

∂x

(
J1−α

(
∂n+1

∂z∂tn
g(·, z)

))
(x, z)

=
∂

∂x

(
J1−α

(
∂n

∂tn
gz(·, z)

))
= g(ν)

z (x, z).

That is,

(g(ν)(x, z))z = g(ν)
z (x, z), ∀(x, z) ∈ [0, 1]2, ν > 0. (12.45)

In brief, it holds
(g(ν))z = (gz)(ν). (12.46)

Under more similar suitable assumptions one obtains

(g(ν))zz = (gzz)(ν), (g(ν))z1z2 = (gz1z2)
(ν), (g(ν))z1z2z3 = (gz1z2z3)

(ν), . . . .
(12.47)

We have established that the order of fractional-ordinary partial differ-
entiation is immaterial.

Theorem 12.13. Let g ∈ Cn+1([0, 1]2), and ν > 0 such that [ν] = n ∈ N.
Assume the existence of g(ν)(x, z) , and (g(ν)(x, z))z, g

(ν)
z (x, z) both exist

and are jointly continuous in (x, z) ∈ [0, 1]2.
Then

(g(ν)(x, z))z = g(ν)
z (x, z), (12.48)

∀(x, z) ∈ [0, 1]2.

We make

Remark 12.14. Next comes fractional integration by parts.
Let f, g ∈ Cν([0, 1]), ν > 0, n := [ν], α := ν − n. Here

g(ν) =
d(J1−αg(n))

dx
, f (ν) =

d (J1−αf (n))
dx

.

That is, d (J1−αg(n)) = g(ν)dx, d (J1−αf (n)) = f (ν)dx. We observe that∫ 1

0

(J1−αf (n))(x)g(ν)(x)dx =
∫ 1

0

(J1−αf (n))(x)d (J1−αg(n))(x) =

(J1−αf (n))(1)(J1−αg(n))(1) −
∫ 1

0

(J1−αg(n))(x)d (J1−αf (n))(x) =
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(J1−α f (n))(1)(J1−αg(n))(1) −
∫ 1

0

(J1−αg(n))(x)f (ν)(x)dx. (12.49)

Next let us take g ∈ Cν([0, 1]), 1 ≤ ν < 2, n := [ν] = 1, α := ν − n =
ν − 1, 1 − α = 2 − ν, and f ∈ C1([0, 1]).

Then g(ν)(x) = d (J2−ν g′)(x)/dx; that is, d (J2−ν g′)(x) = g(ν)(x)dx.
Hence ∫ 1

0

f(x)g(ν)(x)dx =
∫ 1

0

f(x)d(J2−ν g′)(x) =

f(1)(J2−ν g′)(1) −
∫ 1

0

(J2−ν g′)(x)f ′(x)dx. (12.50)

We have established the following fractional integration by parts formu-
lae.

Theorem 12.15. (i) Let f, g ∈ Cν([0, 1]), ν > 0, n := [ν], α := ν − n.
Then ∫ 1

0

(J1−α f (n))(x)g(ν)(x)dx =

(J1−α f (n))(1)(J1−α g(n))(1) −
∫ 1

0

(J1−α g(n))(x)f (ν)(x)dx. (12.51)

(ii) Let g ∈ Cν([0, 1]), 1 ≤ ν < 2, f ∈ C1([0, 1]). Then

∫ 1

0

f(x)g(ν)(x)dx = f(1)(J2−ν g′)(1) −
∫ 1

0

(J2−ν g′)(x)f ′(x)dx. (12.52)

We make the last

Remark 12.16. Here we estimate the remainder (12.32). By definition
in this chapter (see (12.2), (12.3)), the fractional derivatives are continuous
functions. So the function

Gν(t) :=

⎧⎨⎩
[(

k∑
i=1

(zi − x0i)
∂

∂xi

)n

f

](ν−n)

(x0 + t(z − x0))

⎫⎬⎭ , (12.53)

t ∈ [0, 1], that appears in the remainder of (12.32), is continuous in t. We
write the remainder (12.32) as

Rν :=
1

Γ(ν)

∫ 1

0

(1 − t)ν−1
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[(

k∑
i=1

(zi − x0i)
∂

∂xi

)n

f

](ν−n)

(x0 + t(z − x0))

⎫⎬⎭ dt =

1
Γ(ν)

∫ 1

0

(1 − t)ν−1Gν(t)dt, ν ≥ 1. (12.54)

We obtain

|Rν | ≤ 1
Γ(ν)

∫ 1

0

(1 − t)ν−1|Gν(t)|dt ≤ 1
Γ(ν)

∫ 1

0

|Gν(t)|dt =

1
Γ(ν)

‖Gν‖L1([0,1]). (12.55)

Also for p, q > 1 : 1/p + 1/q = 1, we get

|Rν | ≤ 1
Γ(ν)

∫ 1

0

(1 − t)ν−1|Gν(t)|dt ≤

1
Γ(ν)

(∫ 1

0

((1 − t)ν−1)pdt

)1/p(∫ 1

0

|Gν(t)|qdt

)1/q

=

1
Γ(ν)

1
(p(ν − 1) + 1)1/p

‖Gν‖Lq([0,1]). (12.56)

In the case p = q = 2 we have

|Rν | ≤ 1
Γ(ν)

1√
2ν − 1

‖Gν‖L2([0,1]). (12.57)

Finally we get that

|Rν | ≤ 1
Γ(ν)

∫ 1

0

(1 − t)ν−1|Gν(t)|dt ≤ ‖Gν‖∞
Γ(ν + 1)

. (12.58)

We have established the following remainder estimate.

Theorem 12.17. All here are as in Theorem 12.7. Let Rν be the re-
mainder in (12.32) (see (12.54)), and Gν as in (12.53). Then

|Rν | ≤ min

{‖Gν‖L1([0,1])

Γ(ν)
,

‖Gν‖Lq([0,1])

Γ(ν)(p(ν − 1) + 1)1/p
,

‖Gν‖L2([0,1])

Γ(ν)
√

2ν − 1
,

‖Gν‖∞
Γ(ν + 1)

}
, (12.59)

where p, q > 1 : 1/p + 1/q = 1.

Comment. The chain rule as in ordinary differentiation is not possible
in Canavati fractional differentiation. That limits us a lot from using the
multivariate Canavati fractional Taylor formula, as we employ the usual
one involving only ordinary partial derivatives of functions.



13
Multivariate Caputo Fractional Taylor
Formula

This is a continuation of Chapter 12. We establish here a multivariate frac-
tional Taylor formula via the Caputo fractional derivative. The fractional
remainder is expressed as a composition of two Riemann–Liouville frac-
tional integrals.

We estimate the remainder. This treatment is based on [53].

13.1 Background

We start with

Definition 13.1. [134] Let ν ≥ 0; the operator Jν
a , defined on

L1 (a, b) by

Jν
a f (x) :=

1
Γ (ν)

∫ x

a

(x − t)ν−1
f (t) dt (13.1)

for a ≤ x ≤ b, is called the Riemann–Liouville fractional integral operator
of order ν. For ν = 0, we set J0

a := I, the identity operator. Here Γ stands
for the gamma function.

By Theorem 2.1 of [134, p. 13], Jν
a f (x), ν > 0, exists for almost all

x ∈ [a, b] and Jν
a f ∈ L1 (a, b), where f ∈ L1 (a, b) .

Here ACn ([a, b]) is the space of functions with absolutely continuous
(n − 1)–st derivative.

G.A. Anastassiou, Fractional Differentiation Inequalities, 269
DOI 10.1007/978-0-387-98128-4 13, c© Springer Science+Business Media, LLC 2009
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We need to mention

Definition 13.2. [58, 134] Let ν ≥ 0; n := �ν� , �·� is the ceiling of the
number, f ∈ ACn ([a, b]) . We call the Caputo fractional derivative

Dν
∗af (x) :=

1
Γ (n − ν)

∫ x

a

(x − t)n−ν−1
f (n) (t) dt, (13.2)

∀x ∈ [a, b] .
The above function Dν

∗af (x) exists almost everywhere for x ∈ [a, b] .
If ν ∈ N, then Dν

∗af = f (ν) the ordinary derivative; it is also D0
∗af = f.

We need

Theorem 13.3. (Taylor expansion for Caputo derivatives, [134, p. 40])
Assume ν ≥ 0, n = �ν� , and f ∈ ACn ([a, b]) .

Then

f (x) =
n−1∑
k=0

f (k) (a)
k!

(x − a)k +
1

Γ (ν)

∫ x

a

(x − t)ν−1
Dν

∗af (t) dt, (13.3)

∀x ∈ [a, b] .

13.2 Results

We establish analogues of Theorem 13.3 to the multivariate case. We make

Remark 13.4. Let Q be a compact and convex subset of R
k, k ≥ 2;

z := (z1, . . . , zk) , x0 := (x01, . . . , x0k) ∈ Q. Let f ∈ Cn (Q) , n ∈ N.
Set

gz (t) := f (x0 + t (z − x0)) ,

0 ≤ t ≤ 1; gz (0) = f (x0) , gz (1) = f (z) . (13.4)

Then

g(j)
z (t) =

⎡⎣( k∑
i=1

(zi − x0i)
∂

∂xi

)j

f

⎤⎦ (x0 + t (z − x0)) , (13.5)

j = 0, 1, 2, . . . , n,
and

g(n)
z (0) =

[(
k∑

i=1

(zi − x0i)
∂

∂xi

)n

f

]
(x0) . (13.6)
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If all fα (x0) := ∂αf/∂xα (x0) = 0, α := (α1, . . . , αk) , αi ∈ Z
+, i =

1, . . . , k; |α| :=
∑k

i=1 αi =: l, then g
(l)
z (0) = 0, where l ∈ {0, 1, . . . , n} . We

quote that

g′z (t) =
k∑

i=1

(zi − x0i)
∂f

∂xi
(x0 + t (z − x0)) . (13.7)

When f ∈ C2 (Q) , Q ⊆ R
2, we have

g′′z (t) = (z1 − x01)
2 ∂2f

∂x2
1

(x0 + t (z − x0)) +

2 (z1 − x01) (z2 − x02)
∂2f

∂x1∂x2
(x0 + t (z − x0)) +

(z2 − x02)
2 ∂2f

∂x2
2

(x0 + t (z − x0)) , (13.8)

and so on.
Clearly here gz ∈ Cn ([0, 1]) , hence gz ∈ ACn ([0, 1]) .
Let now ν > 0 with �ν� = n.
By applying (13.3) for gz we find

gz (1) =
n−1∑
l=0

g
(l)
z (0)

l!
+

1
Γ (ν)

∫ 1

0

(1 − t)ν−1
Dν

∗0gz (t) dt. (13.9)

Here we observe by (13.2) that

Dν
∗0gz (t) =

1
Γ (n − ν)

∫ t

0

(t − s)n−ν−1
g(n)

z (s) ds. (13.10)

Let us consider the case of 0 < ν ≤ 1; that is, n = 1. Then

Dν
∗0gz (t) =

1
Γ (1 − ν)

∫ t

0

(t − s)−ν
g′z (s) ds

(13.7)
=

1
Γ (1 − ν)

∫ t

0

(t − s)−ν

(
k∑

i=1

(zi − x0i)
∂f

∂xi
(x0 + s (z − x0))

)
ds =

1
Γ (1 − ν)

(
k∑

i=1

(zi − x0i)
∫ t

0

(t − s)−ν ∂f

∂xi
(x0 + s (z − x0)) ds

)

=
k∑

i=1

(zi − x0i) J1−ν
0

(
∂f

∂xi
(x0 + t (z − x0))

)
. (13.11)
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That is,

Dν
∗0gz (t) =

k∑
i=1

(zi − x0i) J1−ν
0

(
∂f

∂xi
(x0 + t (z − x0))

)
, (13.12)

for all t ∈ [0, 1] .
Consequently by (13.9) and (13.12) we get

f (z) = f (x0) +
1

Γ (ν)

∫ 1

0

(1 − t)ν−1

(
k∑

i=1

(zi − x0i) J1−ν
0

(
∂f

∂xi
(x0 + t (z − x0))

))
dt =

f (x0) +
k∑

i=1

(zi − x0i)
[

1
Γ (ν)

∫ 1

0

(1 − t)ν−1

J1−ν
0

(
∂f

∂xi
(x0 + t (z − x0))

)
dt

]
. (13.13)

Based on the last comments we present the following basic multivariate
fractional fundamental theorem.

Theorem 13.5. Let Q be a compact and convex subset of R
k, k ≥ 2;

z := (z1, . . . , zk) , x0 := (x01, . . . , x0k) ∈ Q, f ∈ C1 (Q) , 0 < ν ≤ 1. Then

f (z) = f (x0) +
k∑

i=1

(zi − x0i)
[

1
Γ (ν)

∫ 1

0

(1 − t)ν−1

J1−ν
0

(
∂f

∂xi
(x0 + t (z − x0))

)
dt

]
. (13.14)

We make

Remark 13.6. This is a continuation of Remark 13.4.
Let now 1 < ν ≤ 2; that is, n = 2, f ∈ C2 (Q) , Q ⊆ R

2.
Then

Dν
∗0gz (t) =

1
Γ (2 − ν)

∫ t

0

(t − s)1−ν
g′′z (s) ds

(13.8)
=

1
Γ (2 − ν)

∫ t

0

(t − s)1−ν

[
(z1 − x01)

2 ∂2f

∂x2
1

(x0 + s (z − x0)) +
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2 (z1 − x01) (z2 − x02)
∂2f

∂x1∂x2
(x0 + s (z − x0)) +

(z2 − x02)
2 ∂2f

∂x2
2

(x0 + s (z − x0))
]

ds =

(z1 − x01)
2

[
1

Γ (2 − ν)

∫ t

0

(t − s)1−ν ∂2f

∂x2
1

(x0 + s (z − x0)) ds

]
+2 (z1 − x01) (z2 − x02)[

1
Γ (2 − ν)

∫ t

0

(t − s)1−ν ∂2f

∂x1∂x2
(x0 + s (z − x0)) ds

]

+ (z2 − x02)
2

(
1

Γ (2 − ν)

∫ t

0

(t − s)1−ν ∂2f

∂x2
2

(x0 + s (z − x0)) ds

)

= (z1 − x01)
2

(
J2−ν

0

(
∂2f

∂x2
1

(x0 + t (z − x0))
))

(13.15)

+2 (z1 − x01) (z2 − x02)
(

J2−ν
0

(
∂2f

∂x1∂x2
(x0 + t (z − x0))

))

+ (z2 − x02)
2

(
J2−ν

0

(
∂2f

∂x2
2

(x0 + t (z − x0))
))

.

That is, we get

Dν
∗0gz (t) = (z1 − x01)

2

(
J2−ν

0

(
∂2f

∂x2
1

(x0 + t (z − x0))
))

+2 (z1 − x01) (z2 − x02)
(

J2−ν
0

(
∂2f

∂x1∂x2
(x0 + t (z − x0))

))
+

(z2 − x02)
2

(
J2−ν

0

(
∂2f

∂x2
2

(x0 + t (z − x0))
))

, 0 ≤ t ≤ 1. (13.16)

Thus by (13.6), (13.7), (13.9), and (13.16) we obtain

f (z) = f (x0) + (z1 − x01)
∂f

∂x1
(x0) +

(z2 − x02)
∂f

∂x2
(x0) +

1
Γ (ν)

∫ 1

0

(1 − t)ν−1
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(z1 − x01)

2

(
J2−ν

0

(
∂2f

∂x2
1

(x0 + t (z − x0))
))

+

2 (z1 − x01) (z2 − x02)
(

J2−ν
0

(
∂2f

∂x1∂x2
(x0 + t (z − x0))

))

+ (z2 − x02)
2

(
J2−ν

0

(
∂2f

∂x2
2

(x0 + t (z − x0))
))]

dt (13.17)

= f (x0) + (z1 − x01)
∂f

∂x1
(x0) + (z2 − x02)

∂f

∂x2
(x0) +

(z1 − x01)
2

(
1

Γ (ν)

∫ 1

0

(1 − t)ν−1

(
J2−ν

0

(
∂2f

∂x2
1

(x0 + t (z − x0))
))

dt

)
+

+2 (z1 − x01) (z2 − x02)
(

1
Γ (ν)

∫ 1

0

(1 − t)ν−1

(
J2−ν

0

(
∂2f

∂x1∂x2
(x0 + t (z − x0))

))
dt

)
+

(z2 − x02)
2

(
1

Γ (ν)

∫ 1

0

(1 − t)ν−1

(
J2−ν

0

(
∂2f

∂x2
2

(x0 + t (z − x0))
))

dt

)
. (13.18)

We have established the following Caputo fractional bivariate Taylor
formula.

Theorem 13.7. Let f ∈ C2 (Q) , Q ⊆ R
2 compact and convex, z :=

(z1, z2), x0 := (x01, x02) ∈ Q, and 1 < ν ≤ 2. Then

(1) f (z1, z2) = f (x01, x02) + (z1 − x01)
∂f

∂x1
(x01, x02) +

(z2 − x02)
∂f

∂x2
(x01, x02) + (z1 − x01)

2

(
1

Γ (ν)

∫ 1

0

(1 − t)ν−1

(
J2−ν

0

(
∂2f

∂x2
1

(x0 + t (z − x0))
))

dt

)
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+2 (z1 − x01) (z2 − x02)
(

1
Γ (ν)

∫ 1

0

(1 − t)ν−1

(
J2−ν

0

(
∂2f

∂x1∂x2
(x0 + t (z − x0))

))
dt

)
+

(z2 − x02)
2

(
1

Γ (ν)

∫ 1

0

(1 − t)ν−1

(
J2−ν

0

(
∂2f

∂x2
2

(x0 + t (z − x0))
))

dt

)
. (13.19)

Additionally assume that

f (x0) =
∂f

∂x1
(x0) =

∂f

∂x2
(x0) = 0,

then

(2) f (z1, z2) = (z1 − x01)
2

(
1

Γ (ν)

∫ 1

0

(1 − t)ν−1

(
J2−ν

0

(
∂2f

∂x2
1

(x0 + t (z − x0))
))

dt

+2 (z1 − x01) (z2 − x02)
(

1
Γ (ν)

∫ 1

0

(1 − t)ν−1

(
J2−ν

0

(
∂2f

∂x1∂x2
(x0 + t (z − x0))

))
dt

)
+

(z2 − x02)
2

(
1

Γ (ν)

∫ 1

0

(1 − t)ν−1

(
J2−ν

0

(
∂2f

∂x2
2

(x0 + t (z − x0))
))

dt

)
. (13.20)

We make

Remark 13.8. This is another continuation of Remark 13.4.
Let ν > 0, n = �ν� , f ∈ Cn (Q) . By (13.4), (13.6), and (13.9) we get

f (z) = f (x0) +
k∑

i=1

(zi − x0i)
∂f

∂xi
(x0) +
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n−1∑
l=2

[(∑k
i=1 (zi − x0i) ∂

∂xi

)l

f

]
(x0)

l!

+
1

Γ (ν)

∫ 1

0

(1 − t)ν−1
Dν

∗0gz (t) dt. (13.21)

But we have

Dν
∗0gz (t) =

1
Γ (n − ν)

∫ t

0

(t − s)n−ν−1
g(n)

z (s) ds =

1
Γ (n − ν)

∫ t

0

(t − s)n−ν−1

[(
k∑

i=1

(zi − x0i)
∂

∂xi

)n

f

]
(x0 + s (z − x0)) ds

= Jn−ν
0

{[(
k∑

i=1

(zi − x0i)
∂

∂xi

)n

f

]
(x0 + t (z − x0))

}
. (13.22)

We have proved the following general multivariate Caputo fractional
Taylor formula.

Theorem 13.9. Let ν > 0, n = �ν� , f ∈ Cn (Q) , where Q is a compact
and convex subset of R

k, k ≥ 2; z := (z1, . . . , zk) , x0 := (x01, . . . , x0k) ∈ Q.
Then

1) f (z) = f (x0) +
k∑

i=1

(zi − x0i)
∂f (x0)

∂xi
+

n−1∑
l=2

[(∑k
i=1 (zi − x0i) ∂

∂xi

)l

f

]
(x0)

l!

+
1

Γ (ν)

∫ 1

0

(1 − t)ν−1 [
Jn−ν

0

{[(
k∑

i=1

(zi − x0i)
∂

∂xi

)n

f

]
(x0 + t (z − x0))

}]
dt. (13.23)
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Additionally assume that fα (x0) = 0, α := (α1, . . . , αk) , αi ∈ Z
+, i =

1, . . . , k; |α| :=
∑k

i=1 αi =: r, r = 0, . . . , n − 1; then

2) f (z) =
1

Γ (ν)

∫ 1

0

(1 − t)ν−1 [
Jn−ν

0

{[(
k∑

i=1

(zi − x0i)
∂

∂xi

)n

f

]
(x0 + t (z − x0))

}]
dt =: Rν . (13.24)

We continue with

Remark 13.10. Here we estimate the remainder of (13.23) , which is
the same as Rν of (13.24).

The function

Gν (t) := Jn−ν
0

{[(
k∑

i=1

(zi − x0i)
∂

∂xi

)n

f

]

(x0 + t (z − x0))} , t ∈ [0, 1] , (13.25)

which appears in Rν is continuous; see Proposition 114 of [45] and Rν ∈ R.
Similarly the remainder of (13.14) exists and the same holds for all the

integrals of (13.19); they are all real numbers.
So we can write

Rν =
1

Γ (ν)

∫ 1

0

(1 − t)ν−1
Gν (t) dt, ν > 0. (13.26)

When ν ≥ 1 we obtain

|Rν | ≤ 1
Γ (ν)

∫ 1

0

(1 − t)ν−1 |Gν (t)| dt ≤

1
Γ (ν)

∫ 1

0

|Gν (t)| dt =
1

Γ (ν)
‖Gν‖L1(0,1) ;

That is,

|Rν | ≤ 1
Γ (ν)

‖Gν‖L1(0,1) . (13.27)

Also for p, q > 1 : 1/p + 1/q = 1 and with p (ν − 1) + 1 > 0 for ν > 0,
we derive

|Rν | ≤ 1
Γ (ν)

∫ 1

0

(1 − t)ν−1 |Gν (t)| dt ≤
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1
Γ (ν)

(∫ 1

0

(
(1 − t)ν−1

)p

dt

)1/p(∫ 1

0

|Gν (t)|q dt

)1/q

=

1
Γ (ν)

1

(p (ν − 1) + 1)1/p
‖Gν‖Lq([0,1]) .

That is,

|Rν | ≤ 1
Γ (ν)

1

(p (ν − 1) + 1)1/p
‖Gν‖Lq([0,1]) . (13.28)

In the case of p = q = 2 and ν > 1/2 we have

|Rν | ≤ 1
Γ (ν)

1√
2ν − 1

‖Gν‖L2([0,1]) . (13.29)

Finally we get that

|Rν | ≤ 1
Γ (ν)

∫ 1

0

(1 − t)ν−1 |Gν (t)| dt ≤ ‖Gν‖∞
Γ (ν + 1)

;

that is,

|Rν | ≤ ‖Gν‖∞
Γ (ν + 1)

, ν > 0. (13.30)

We have established the following remainder estimate.

Theorem 13.11. All here are as in Theorem 13.9. Let Rν be the re-
mainder in (13.23) , and Gν (t) , t ∈ [0, 1] as in (13.25) , ν ≥ 1.

Then

|Rν | ≤ min

{‖Gν‖L1([0,1])

Γ (ν)
,

‖Gν‖Lq([0,1])

Γ (ν) (p (ν − 1) + 1)1/p
,

‖Gν‖L2([0,1])

Γ (ν)
√

2ν − 1
,
‖Gν‖∞

Γ (ν + 1)

}
, (13.31)

where p, q > 1 : 1/p + 1/q = 1.



14
Canavati Fractional Multivariate
Opial-Type Inequalities on Spherical
Shells

Here we introduce the concept of multivariate Canavati fractional differen-
tiation especially of the fractional radial differentiation, by extending the
univariate definition of [101]. Then we present Opial-type inequalities over
compact and convex subsets of R

N , N ≥ 2 , mainly over spherical shells,
studying the problem in all possibilities. Our results involve one, two, or
more functions. This treatment is based on [44].

14.1 Introduction

This chapter is motivated by the articles of Opial [315], Beesack [80], and
Anastassiou [15, 17–19, 26, 27, 61].

We would like to mention

Theorem 14.1. (Opial [315, 1960]). Let c > 0 , and y(x) be real, con-
tinuously differentiable on [0, c], with y(0) = y(c) = 0 . Then∫ c

0

|y(x)y′(x)|dx ≤ c

4

∫ c

0

(y′(x))2dx. (14.1)

Equality holds for the function y(x) = x on [0, c/2], and y(x) = c − x on
[c/2, c].

The next result implies Theorem 14.1 and is often used in applications.

G.A. Anastassiou, Fractional Differentiation Inequalities, 279
DOI 10.1007/978-0-387-98128-4 14, c© Springer Science+Business Media, LLC 2009
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Theorem 14.2. (Beesack [80,1962]). Let b > 0. If y(x) is real, contin-
uously differentiable on [0, b], and y(0) = 0 then∫ b

0

|y(x)y′(x)|dx ≤ b

2

∫ b

0

(y′(x))2dx. (14.2)

Equality holds only for y = mx where m is a constant.

We describe here our specific multivariate setting. Let the balls B(0, R1),
B(0, R2); 0 < R1 < R2. Here B(0, R) := {x ∈ R

N : |x| < R} ⊆ R
N , N ≥

2, R > 0 , and the sphere SN−1 := {x ∈ R
N : |x| = 1}, where | · | is the

Euclidean norm. Let dω be the element of surface measure on SN−1 and
let ωN =

∫
SN−1 dω = 2πN/2/Γ(N/2). For x ∈ R

N − {0} we can write
uniquely x = rω , where r = |x| > 0, and ω = x/r ∈ SN−1, |ω| = 1.
Let the spherical shell A := B(0, R2)−B(0, R1) . We have that V ol(A) =
ωN (RN

2 − RN
1 )/N . Indeed Ā = [R1, R2] × SN−1.

For F ∈ C(Ā) it holds∫
A

F (x)dx =
∫

SN−1

(∫ R2

R1

F (rω)rN−1dr

)
dω; (14.3)

we often use this formula here.
In this chapter we present a series of various fractional multivariate

Opial-type inequalities over spherical shells and arbitrary domains. Opial-
type inequalities find applications in establishing the uniqueness of solution
of initial value problems for differential equations and their systems; see
[406].

14.2 Results

We make

Remark 14.3. We introduce here the partial Canavati type fractional
derivatives. Let f : [0, 1]2 → R. Let ν > 0 , n := [ν] , α := ν −
n, 0 < α < 1; μ > 0, m := [μ], β := μ − m, 0 < β < 1. Assume
∃ ∂m+nf(t, s)/∂xn∂ym ∈ C([0, 1]2); then (x − t)−α(y − s)−β∂m+nf(t, s)/
∂xn∂ym is integrable over [0, x] × [0, y];x, y ∈ [0, 1]; that is,

F (x, y) :=
∫ x

0

∫ y

0

(x − t)−α(y − s)−β ∂m+nf(t, s)
∂xn∂ym

dt ds (14.4)

is real-valued.
Thus, by Fubini’s theorem, the order of integration in (14.4) does not

matter.
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Let now g ∈ C([0, 1]); we define the Riemann–Liouville integral ; Γ is
the gamma function: Γ(ν) :=

∫∞
0

e−ttν−1dt, as

(Jνg)(x) :=
1

Γ(ν)

∫ x

0

(x − t)ν−1g(t)dt, 0 ≤ x ≤ 1. (14.5)

We consider here the space

Cν([0, 1]) := {g ∈ Cn([0, 1]) : J1−α g(n) ∈ C1([0, 1])}; (14.6)

then the ν – fractional derivative of g is defined by g(ν) := (J1−α g(n))′;
see [101].

We assume here f(· , y) ∈ Cν([0, 1]), ∀ y ∈ [0, 1]; then we define the
ν-partial fractional derivate of f with respect to x : ∂fν(· , y)/∂xν as

∂νf(x, y)
∂xν

:=
∂

∂x

(
J1−α

∂nf(x, y)
∂xn

)
, ∀ (x, y) ∈ [0, 1]2. (14.7)

Also, we assume f(x, ·) ∈ Cμ([0, 1]), ∀x ∈ [0, 1] , where

Cμ([0, 1]) := {g ∈ Cm([0, 1]) : J1−β g(m) ∈ C1([0, 1])}. (14.8)

Then we define the μ – partial fractional derivative of f with respect to y:
∂fμ/∂yμ(x, ·) as

∂fμ(x, y)
∂yμ

:=
∂

∂y

(
J1−β

∂mf

∂ym
(x, y)

)
, ∀ (x, y) ∈ [0, 1]2. (14.9)

Define the space

Cν+μ([0, 1]2) :=
{
f ∈ Cn+m([0, 1]2) :

J1−α

(
∂nf(·, y)

∂xn

)
∈ C1([0, 1]), ∀ y ∈ [0, 1];

J1−β

(
∂mf(x, ·)

∂xm

)
∈ C1([0, 1]), ∀x ∈ [0, 1];

∃Fx, Fy, Fyx ∈ C([0, 1]2)
}

. (14.10)

Define the mixed Canavati fractional partial derivative:

∂ν+μf(x, y)
∂xν∂yμ

:=

1
Γ(1 − α)Γ(1 − β)

∂2

∂x∂y

∫ x

0

∫ y

0

(x − t)−α(y − s)−β ∂n+mf(t, s)
∂xn∂ym

dt ds.

(14.11)
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One can have anchor points x0, y0 = 0; then all the above definitions go
through for x ≥ x0, y ≥ y0.

Conclusion 1: Clearly then we have Fxy = Fyx, and

∂ν+μf

∂xν∂yμ
=

∂μ+νf

∂yμ∂xν
, (14.12)

so the order of fractional differentiation is immaterial.
Here, it is by definition

∂μ+νf(x, y)
∂yμ∂xν

:=

1
Γ(1 − α) Γ(1 − β)

∂2

∂y∂x

∫ x

0

∫ y

0

(x − t)−α(y − s)−β ∂m+nf(t, s)
∂ym∂xn

dt ds.

(14.13)

Comment: (1) Let ν = 0; then n = α = 0, and (14.11) becomes

∂μf(x, y)
∂yμ

=
1

Γ(1 − β)
∂2

∂x∂y

∫ x

0

∫ y

0

(y − s)−β ∂mf(t, s)
∂ym

dt ds =

1
Γ(1 − β)

∂2

∂y∂x

∫ x

0

∫ y

0

(y − s)−β ∂mf(t, s)
∂ym

dt ds =

1
Γ(1 − β)

(
∂

∂y

(
∂

∂x

∫ x

0

(∫ y

0

(y − s)−β ∂mf(t, s)
∂ym

ds

)
dt

))
=: (�).

(14.14)
Notice for fixed y we have that (y−s)−β ∂mf(t, s)/∂ym is integrable over
[0, y], so the function

ϕ(t) :=
∫ y

0

(y − s)−β ∂mf(t, s)
∂ym

ds (14.15)

is real-valued for any t ∈ [0, x].
By continuity of ∂mf/∂ym we have true that ∀ ε > 0 ∃ δ > 0 :

whenever |t1 − t2| < δ we have |∂mf(t1, s)/∂ym − ∂mf(t2, s)/∂ym| < ε .
We further have

ϕ(t1) − ϕ(t2) =
∫ y

0

(y − s)−β

(
∂mf(t1, s)

∂ym
− ∂mf(t2, s)

∂ym

)
ds.

Hence

|ϕ(t1) − ϕ(t2)| ≤
∫ y

0

(y − s)−β

∣∣∣∣∂mf(t1, s)
∂ym

− ∂mf(t2, s)
∂ym

∣∣∣∣ ds ≤
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ε

∫ y

0

(y − s)−βds =
ε y1−β

1 − β
, (14.16)

proving ϕ(t) continuous.
Consequently

(�) =
1

Γ(1 − β)

(
∂

∂y

(∫ y

0

(y − s)−β ∂mf(x, s)
∂ym

ds

))
=:

∂μf(x, y)
∂yμ

.

(14.17)

Conclusion 2: When ν = 0, the fractional mixed partial derivative
collapses to the single fractional partial derivative.

(2) Let μ = 0; then m = β = 0 , and (14.11) becomes

∂νf(x, y)
∂xν

=
1

Γ(1 − α)
∂2

∂x∂y

∫ x

0

∫ y

0

(x − t)−α ∂nf(t, s)
∂xn

dt ds =

1
Γ(1 − α)

(
∂

∂x

(
∂

∂y

(∫ y

0

(∫ x

0

(x − t)−α ∂nf(t, s)
∂xn

dt

)
ds

)))
(14.18)

(notice
∫ x

0

(x − t)−α ∂nf(t, s)
∂xn

dt is continuous in s ∈ [0, y]) =

1
Γ(1 − α)

(
∂

∂x

(∫ x

0

(x − t)−α ∂nf(t, y)
∂xn

dt

))
=:

∂νf(x, y)
∂xν

. (14.19)

Conclusion 3: When μ = 0, the mixed fractional derivative collapses
again to the single one.

(3) Let now n = ν ∈ N (i.e., α = 0); then

∂νf(x, y)
∂xν

=
∂

∂x

(∫ x

0

∂nf(t, y)
∂xn

dt

)
=

∂nf(x, y)
∂xn

, (14.20)

the ordinary one.
(4) When m = μ ∈ N (i.e., β = 0), then

∂μf(x, y)
∂yμ

=
∂

∂y

∫ y

0

∂mf(x, s)
∂ym

ds =
∂mf(x, y)

∂ym
, (14.21)

the ordinary one.
(5) Furthermore, let finally both ν = n ∈ N and μ = m ∈ N (i.e.,

α = β = 0). Then

∂ν+μf(x, y)
∂xν∂yμ

=
∂2

∂x∂y

∫ x

0

∫ y

0

∂n+mf(t, s)
∂xn∂ym

dt ds =

∂

∂x

(
∂

∂y

(∫ y

0

(∫ x

0

∂n+mf(t, s)
∂xn∂ym

dt

)
ds

))
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=
∂

∂x

(∫ x

0

∂n+mf(t, y)
∂xn∂ym

dt

)
=

∂n+mf(x, y)
∂xn∂ym

, (14.22)

proving that the fractional mixed partial collapses to the ordinary one.
Fractional differentiation is a linear operation.

Conclusion 4: The above definitions we gave for the fractional partial
derivatives are natural extensions of the ordinary positive integer ones.

Having introduced the fractional partial derivatives we are ready to de-
velop our Opial-type results.

We make

Remark 14.4. First we consider a general domain. Let Q be a compact
and convex subset of R

N , N ≥ 2; z := (z1, ..., zN ), x0 := (x01, ...x0N ) ∈
Q be fixed. Let f ∈ Cn(Q), n ∈ N. Set gz(t) = f(x0 + t(z − x0)), 0 ≤
t ≤ 1;

gz(0) = f(x0), gz(1) = f(z).

Then it holds

g(j)
z (t) =

⎡⎣( N∑
i=1

(zi − x0i)
∂

∂xi

)j

f

⎤⎦ (x0 + t(z − x0)), (14.23)

j = 0, 1, 2, . . . , n, and in particular

g′z(t) =
N∑

i=1

(zi − x0i)
∂f

∂xi
(x0 + t(z − x0)), (14.24)

0 ≤ t ≤ 1.
Clearly here gz ∈ Cn([0, 1]). Let first 1 ≤ ν < 2; in that case we take

n := [ν] = 1. Following [40] and by assuming that as a function of t :
fxi

(x0 + t(z − x0)) ∈ Cν−1([0, 1]), i = 1, . . . , N, then there exists g
(ν)
z =

(J2−ν g′z)
′, and it holds

g(ν)
z (t) =

N∑
i=1

(zi − x0i)
(

∂f

∂xi
(x0 + t(z − x0))

)(ν−1)

, (14.25)

0 ≤ t ≤ 1.
Also here we have

(J2−ν g′z)(t) =
∑N

i=1(zi − x0i)
Γ(2 − ν)

∫ t

0

(t−s)1−ν fxi
(x0 +s(z−x0))ds, (14.26)

0 ≤ t ≤ 1.
Clearly (J2−ν g′z)(t) ∈ C1([0, 1]) and (J2−ν g′z)(0) = 0. Therefore by (14.2)
we get∫ s

0

|J2−ν g′z(t)| |Dνgz(t)| dt ≤ s

2

∫ s

0

(Dνgz(t))
2
dt, ∀ s ∈ [0, 1]. (14.27)
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We have established the following Opial-type result.

Theorem 14.5. Let Q be a compact and convex subset of R
N , N ≥

2; z, x0 ∈ Q be fixed; 1 ≤ ν < 2. Let f ∈ C1(Q). Assume that as a function
of t : fxi

(x0 + t(z − x0)) ∈ Cν−1([0, 1]), i = 1, . . . , N .
Then

1
Γ(2 − ν)

∫ s

0

∣∣∣∣∣
N∑

i=1

(zi − x0i)
(∫ t

0

(t − s)1−νfxi
(x0 + s(z − x0))ds

)∣∣∣∣∣∣∣∣∣∣
N∑

i=1

(zi − x0i)(fxi
(x0 + t(z − x0)))(ν−1)

∣∣∣∣∣ dt ≤

s

2

∫ s

0

(
N∑

i=1

(zi − x0i)(fxi
(x0 + t(z − x0)))(ν−1)

)2

dt, (14.28)

∀ s ∈ [0, 1].

Remark 14.6. (Continuation) Let here ν ≥ 2 and n := [ν], β := ν−n.
We assume that as functions of t : fα(x0 + t(z − x0)) ∈ C(ν−n)([0, 1]), for
all α := (α1, . . . , αk), αi ∈ Z

+, i = 1, . . . , N ; |α| :=
∑N

i=1 αi = n. Clearly
then there exists g

(ν)
z = (J1−β g

(n)
z )′, and it holds

g(ν)
z (t) =

[(
N∑

i=1

(zi − x0i)
∂

∂xi

)n

f

](ν−n)

(x0 + t(z − x0)), (14.29)

all t ∈ [0, 1].
Of course, it holds

(J1−β g(n)
z )(t)

(14.23)
=

1
Γ(1 − β)

∫ t

0

(t − s)−β

{[(
N∑

i=1

(zi − x0i)
∂

∂xi

)n

f

]
(x0 + s(z − x0))

}
ds. (14.30)

Notice (J1−β g
(n)
z )(0) = 0. Hence again by (14.2) we get∫ s

0

|J1−β g(n)
z (t)| |Dνgz(t)|dt ≤ s

2

∫ s

0

(Dνgz(t))2dt, ∀ s ∈ [0, 1]. (14.31)

We have proved the following general Opial-type result.

Theorem 14.7. Let Q be a compact and convex subset of R
N , N ≥

2; z, x0 ∈ Q be fixed ; ν ≥ 2, n := [ν], β := ν − n . Let f ∈ Cn(Q).
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Assume that as a function of t : fα(x0 + t(z − x0)) ∈ C(ν−n)([0, 1]), for
all α := (α1, ..., αk), αi ∈ Z

+, i = 1, . . . , N ; |α| :=
∑N

i=1 αi = n . Then

1

Γ(1 − β)

∫ s

0

∣∣∣∣∣∣
∫ t

0
(t − s)−β

⎧⎨⎩
⎡⎣( N∑

i=1

(zi − x0i)
∂

∂xi

)n

f

⎤⎦ (x0 + s(z − x0))

⎫⎬⎭ ds

∣∣∣∣∣∣∣∣∣∣∣∣
[(

N∑
i=1

(zi − x0i)
∂

∂xi

)n

f

](ν−n)

(x0 + t(z − x0))

∣∣∣∣∣∣ dt ≤

s

2

∫ s

0

⎧⎨⎩
[(

N∑
i=1

(zi − x0i)
∂

∂xi

)n

f

](ν−n)

(x0 + t(z − x0))

⎫⎬⎭
2

dt, (14.32)

∀ s ∈ [0, 1].

Note. Following the last pattern one can transfer any univariate Opial-
type inequality(see [4]) into this fractional multivariate general setting.
Inasmuch as no chain rule is valid in the fractional differentiation, inequal-
ities such as (14.31), (14.32) are not revealing themselves to totally de-
compose into all of their ingredients. Next, working over spherical shells
we obtain a series of various Opial-type fractional multivariate inequalities
that look nice and are very clear.

We give

Definition 14.8. (see [17; 19, p. 540]) In the following we carry earlier
notions introduced in Remark 14.3 over to arbitrary [a, b] ⊆ R. Let x, x0 ∈
[a, b] such that x ≥ x0, x0 is fixed. Let f ∈ C([a, b]) and define

(J x0
ν f)(x) :=

1
Γ(ν)

∫ x

x0

(x − t)ν−1f(t)dt, x0 ≤ x ≤ b, (14.33)

the generalized Riemann–Liouville integral. We consider the subspace
Cν

x0
([a, b]) of Cn([a, b]):

Cν
x0

([a, b]) := {f ∈ Cn([a, b]) : J x0
1−α f (n) ∈ C1([x0, b])} (14.34)

Hence, let f ∈ Cν
x0

([a, b]); we define the generalized ν - fractional deriva-
tive of f over [x0, b] as

Dν
x0

f :=
(
J x0

1−αf (n)
)′

. (14.35)

Notice that(
J x0

1−αf (n)
)

(x) =
1

Γ(1 − α)

∫ x

x0

(x − t)−αf (n)(t)dt (14.36)
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exists for f ∈ Cν
x0

([a, b]).

Next we use

Theorem 14.9. [15; 19, p. 567] Let γi ≥ 0, ν ≥ 1 such that ν − γi ≥
1; i = 1, . . . , l and f ∈ Cν

x0
([a, b]) with f (j)(x0) = 0, j = 0, 1, . . . , n −

1, n := [ν]. Here x, x0 ∈ [a, b] : x ≥ x0. Let q1, q2 > 0 be continuous
functions on [a, b] and ri > 0 :

∑l
i=1 ri = r. Let s1, s

′
1 > 1 : 1/s1+1/s′1 =

1 and s2, s
′
2 > 1 : 1/s2 + 1/s′2 = 1 and p > s2. Furthermore suppose that

Q1 :=
(∫ x

x0

(q1(ω))s′
1 dω

)1/s′
1

< +∞ (14.37)

and

Q2 :=
(∫ x

x0

(q2(ω))−s′
2/pdω

)r/s′
2

< +∞. (14.38)

Call σ := p − s2/ps2. Then∫ x

x0

q1(ω)
l∏

i=1

|(Dγi
x0

(f))(ω)|ridω ≤ Q1Q2

·
l∏

i=1

{
σriσ

(Γ(ν − γi))
ri (ν − γi − 1 + σ)riσ

}

· (x − x0)(
∑ l

i=1(ν−γi−1)ri+σr+1/s1)

((
∑l

i=1(ν − γi − 1)ris1) + rs1σ + 1)1/s1

·
(∫ x

x0

q2(ω)|(Dν
x0

f)(ω)|pdω

)r/p

. (14.39)

We next work in the setting of spherical shells introduced in Section 14.1,
Introduction.

We need

Definition 14.10. Let ν > 0, n := [ν], α := ν − n, f ∈ Cn(Ā), and
A is a spherical shell. Assume that there exists ∂ν

R1
f(x)/∂rν ∈ C(Ā),

given by

∂ν
R1

f(x)
∂rν

:=
1

Γ(1 − α)
∂

∂r

(∫ r

R1

(r − t)−α ∂nf(tω)
∂rn

dt

)
, (14.40)

where x ∈ Ā; that is, x = rω, r ∈ [R1, R2], and ω ∈ SN−1.
We call ∂ν

R1
f/∂rν the radial fractional derivative of f of order ν .
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We need

Lemma 14.11. Let γ ≥ 0, ν ≥ 1 such that ν−γ ≥ 1. Let f ∈ Cn(Ā)
and there exists ∂ν

R1
f(x)/∂rν ∈ C(Ā), x ∈ Ā, A a spherical shell. Further

assume that ∂jf(R1ω)/∂rj = 0, j = 0, 1, . . . , n−1, n := [ν], ∀ ω ∈ SN−1.
Then there exists ∂γ

R1
f(x)/∂rγ ∈ C(Ā).

Proof. The assumption implies that ∂ν
R1

f(rω)/∂rν ∈ C([R1, R2]), ∀ω ∈
SN−1; that is, f(rω) ∈ Cν

R1
([R1, R2], ∀ω ∈ SN−1. Following [17], and [19,

pp. 544–545], we get that there exists ∂γ
R1

f(r ω)/∂rγ , given by

∂γ
R1

f(r ω)
∂rγ

=
1

Γ(ν − γ)

∫ r

R1

(r − t)ν−γ−1
∂ν

R1
f(tω)

∂rν
dt; (14.41)

indeed f(r ω) ∈ Cγ
R1

([R1, R2]), ∀ω ∈ SN−1.
Hence

∂γ
R1

f(r ω)
∂rγ

=
1

Γ(ν − γ)

∫ R2

R1

X[R1,r](t)(r − t)ν−γ−1
∂ν

R1
f(t ω)
∂rν

dt. (14.42)

Let rn → r, ωn → ω; then X[R1,rn](t) → X[R1,r](t), a.e.; also (rn −
t)ν−γ−1 → (r − t)ν−γ−1, and

∂ν
R1

f(t ωn)
∂rν

→ ∂ν
R1

f(t ω)
∂rν

.

Furthermore it holds that

X[R1,rn](t)(rn − t)ν−γ−1
∂ν

R1
f(t ωn)
∂rν

−→

X[R1,r](t)(r − t)ν−γ−1
∂ν

R1
f(t ω)
∂rν

, a.e. on [R1, R2]. (14.43)

However we have

X[R1,rn](t)|rn − t|ν−γ−1

∣∣∣∣ ∂ν
R1

f(t ωn)
∂rν

∣∣∣∣ ≤
(R2 − R1)ν−γ−1

∥∥∥∥∂ν
R1

f

∂rν

∥∥∥∥
∞

< ∞. (14.44)

Thus, by the dominated convergence theorem we obtain∫ R2

R1

X[R1,rn](t)(rn − t)ν−γ−1
∂ν

R1
f(t ωn)
∂rν

dt →

∫ R2

R1

X[R1,r](t)(r − t)ν−γ−1
∂ν

R1
f(t ω)
∂rν

dt, (14.45)
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proving the claim. �

We present the following very general result.

Theorem 14.12. Let γi ≥ 0, ν ≥ 1,such that ν − γi ≥ 1; i =
1, . . . , l, n := [ν]. Let f ∈ Cn(Ā) and there exists ∂ν

R1
f(x)/∂rν ∈

C(Ā), x ∈ Ā; A is a spherical shell: A := B(0, R2) − B(0, R1) ⊆
R

N , N ≥ 2. Furthermore assume that ∂jf/∂rj , j = 0, 1, . . . , n−1, vanish
on ∂B(0, R1). Let ri > 0 :

∑l
i=1 ri = p. Let s1, s

′
1 > 1 : 1/s1 +1/s′1 = 1,

and s2, s
′
2 > 1 : 1/s2 + 1/s′2 = 1, and p > s2. Denote

Q1 =

(
R

(N−1)s′
1+1

2 − R
(N−1)s′

1+1
1

(N − 1)s′1 + 1

)1/s′
1

, (14.46)

and

Q2 =

⎛⎝R
(1−N)s′

2/p+1
2 − R

(1−N)s′
2/p+1

1

(1 − N) s′
2
p + 1

⎞⎠p/s′
2

. (14.47)

Call σ := p − s2/p s2.
Also call

C := Q1 Q2

l∏
i=1

{
σriσ

(Γ(ν − γi))ri(ν − γi − 1 + σ)riσ

}

(R2 − R1)
(
∑ l

i=1(ν−γi−1)ri+
p

s2
+ 1

s1
−1)((∑l

i=1(ν − γi − 1)ris1

)
+ s1( p

s2
− 1) + 1

)1/s1
. (14.48)

Then ∫
A

l∏
i=1

∣∣∣∣∣ ∂
γi

R1
f(x)

∂rγi

∣∣∣∣∣
ri

dx ≤ C

∫
A

∣∣∣∣∂ν
R1

f(x)
∂rν

∣∣∣∣p dx. (14.49)

Proof. The assumption implies that f(r ω) ∈ Cn([R1, R2]), ∂ν
R1

f(r ω)/
∂rν ∈ C([R1, R2]), ∀ ω ∈ SN−1. By Theorem 14.9 we have∫ R2

R1

rN−1
l∏

i=1

∣∣∣∣∣∂
γi

R1
f(r ω)

∂rγi

∣∣∣∣∣
ri

dr ≤ C

∫ R2

R1

rN−1

∣∣∣∣∂ν
R1

f(r ω)
∂rν

∣∣∣∣p dr, ∀ω ∈ SN−1.

(14.50)
Therefore it holds∫

SN−1

(∫ R2

R1

rN−1
l∏

i=1

∣∣∣∣∣∂
γi

R1
f(r ω)

∂rγi

∣∣∣∣∣
ri

dr

)
dω ≤
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C

∫
SN−1

(∫ R2

R1

rN−1

∣∣∣∣∂ν
R1

f(r ω)
∂rν

∣∣∣∣p dr

)
dω. (14.51)

Using Lemma 14.11 and by (14.3) we derive (14.49). �

We mention

Theorem 14.13. [15; 19, p. 573] Let γi ≥ 0, ν ≥ 1 such that ν − γi ≥
1; i = 1, . . . , l and f ∈ Cν

x0
([a, b]) with f (j)(x0) = 0, j = 0, 1..., n −

1, n := [ν]. Here x, x0 ∈ [a, b] : x ≥ x0. Let q̃(w) ≥ 0 continuous on [a,b]
and ri > 0 :

∑l
i=1 ri = r. Then∫ x

x0

q̃(w) ·
l∏

i=1

(|Dν
x0

f |(w))ridw

≤
{

‖q̃‖∞(‖Dν
x0

f‖∞)r∏l
i=1(Γ(ν − γi + 1))ri

}
·
{

(x − x0)rν−∑ l
i=1 riγi+1

(rν −∑l
i=1 riγi + 1)

}
. (14.52)

We give

Theorem 14.14. Let γi ≥ 0, ν ≥ 1, such that ν − γi ≥ 1; i =
1, . . . , l, n := [ν]. Let f ∈ Cn(Ā) and there exists ∂ν

R1
f(x)/∂rν ∈

C(Ā), x ∈ Ā;A is a spherical shell: A := B(0, R2)−B(0, R1) ⊆ R
N , N ≥

2. Furthermore assume that ∂jf/∂rj , j = 0, 1, . . . , n − 1, vanish on
∂B(0, R1). Let ri > 0 :

∑l
i=1 ri = r. Call

M :=
RN−1

2 (R2 − R1)rν−∑ l
i=1 riγi+1∏l

i=1(Γ(ν − γi + 1))ri(rν −∑l
i=1 riγi + 1)

> 0. (14.53)

Then ∫
A

(
l∏

i=1

∣∣∣∣∣ ∂
γi

R1
f(x)

∂rγi

∣∣∣∣∣
ri
)

dx ≤ M
2πN/2

Γ(N/2)

∥∥∥∥∂ν
R1

f

∂rν

∥∥∥∥r

∞,Ā

. (14.54)

Proof. By Theorem 14.13 we get that∫ R2

R1

rN−1

(
l∏

i=1

∣∣∣∣∣∂
γi

R1
f(rω)

∂rγi

∣∣∣∣∣
ri
)

dr ≤ M

∥∥∥∥ ∂ν
R1

f

∂rν

∥∥∥∥r

∞,Ā

. (14.55)

Hence it holds∫
SN−1

(∫ R2

R1

rN−1

(
l∏

i=1

∣∣∣∣∣∂
γi

R1
f(r ω)

∂rγi

∣∣∣∣∣
ri
)

dr

)
dω ≤ M ωN

∣∣∣∣∂ν
R1

f

∂rν

∣∣∣∣r
∞,Ā

.

(14.56)
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Using (14.3) and Lemma 14.11, we establish the claim. �

We need

Theorem 14.15. [61]. Let γ ≥ 0, ν ≥ 1, ν−γ ≥ 1, α, β > 0, r > α, r >
1; let p > 0, q ≥ 0 be continuous functions on [a, b]. Let f ∈ Cν

x0
([a, b])

with f (i)(x0) = 0, i = 0, 1, . . . , n − 1, n := [ν]. Let x, x0 ∈ [a, b] with
x ≥ x0. Then∫ x

x0

q(w)|Dγ
x0

f(w)|β |Dν
x0

f(w)|αdw ≤ K(p, q, γ, ν, α, β, r, x, x0)

·
(∫ x

x0

p(w)
∣∣Dν

x0
f(w)

∣∣r dw

)(α+β/r)

. (14.57)

Here

K(p, q, γ, ν, α, β, r, x, x0) :=
(

α

α + β

)α/r

· 1
(Γ(ν − γ))β

·
(∫ x

x0

(q(w))r · (p(w))−α)1/(r−α) · (P1(w))(β(r−1)/r−α) · dw

)r−α/r

,

(14.58)
with

P1(w) :=
∫ w

x0

(p(t))−1/r−1 · (w − t)(ν−γ−1)(r/r−1) · dt. (14.59)

We present

Theorem 14.16. Let γ ≥ 0, ν ≥ 1, n := [ν], ν − γ ≥ 1, α, β > 0, α +
β > 1. Let f ∈ Cn(Ā) and there exists ∂ν

R1
f(x)/∂rν ∈ C(Ā), x ∈ Ā;A is

a spherical shell: A := B(0, R2) − B(0, R1) ⊆ R
N , N ≥ 2. Furthermore

assume that ∂jf/∂rj = 0, for j = 0, 1, . . . , n − 1, on ∂B(0, R1). Then∫
A

∣∣∣∣∂γ
R1

f(x)
∂rγ

∣∣∣∣β ∣∣∣∣∂ν
R1

f(x)
∂rν

∣∣∣∣α dx ≤ K

∫
A

∣∣∣∣∂ν
R1

f(x)
∂rν

∣∣∣∣α+β

dx. (14.60)

Here

K =
(

α

α + β

)α/(α+β) 1
(Γ(ν − γ))β

∫ R2

R1

rN−1
(
(P1(r))(a+β−1)dr

)β/(α+β)

,

(14.61)
with

P1(r) :=
∫ r

R1

t(1−N)/(a+β−1)(r − t)(ν−γ−1)(α+β)/(α+β−1)dr. (14.62)
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Proof. The assumption implies that f(rω) ∈ Cn([R1, R2]) and
∂ν

R1
f(r ω)/∂rν ∈ C([R1, R2]), ∀ ω ∈ SN−1. Hence by Theorem 14.15,

∀ ω ∈ SN−1 , we get that∫ R2

R1

rN−1

∣∣∣∣∂γ
R1

f(r ω)
∂rγ

∣∣∣∣β ∣∣∣∣∂ν
R1

f(r ω)
∂rν

∣∣∣∣α dr ≤ K

∫ R2

R1

rN−1

∣∣∣∣∂ν
R1

f(r ω)
∂rν

∣∣∣∣α+β

dr.

(14.63)
Therefore it holds∫

SN−1

(∫ R2

R1

rN−1

∣∣∣∣∂γ
R1

f(r ω)
∂rγ

∣∣∣∣β ∣∣∣∣∂ν
R1

f(r ω)
∂rν

∣∣∣∣α dr

)
dω

= K

(∫
SN−1

(∫ R2

R1

rN−1

∣∣∣∣∂ν
R1

f(r ω)
∂rν

∣∣∣∣α+β

dr

)
dω

)
. (14.64)

Using Lemma 14.11 and by (14.3) we derive (14.60). �

We need

Theorem 14.17. [61]. Let ν ≥ 1, α, β > 0, r > α, r > 1; let
p > 0, q ≥ 0 be continuous functions on [a, b]. Let f ∈ Cν

x0
([a, b]) with

f (i)(x0) = 0, i = 0, 1, . . . , n − 1, n := [ν]. Let x, x0 ∈ [a, b] with x ≥ x0.
Then ∫ x

x0

g(w) |f(w)|β ∣∣Dν
x0

f(x)
∣∣α dw ≤ K∗(p, q, ν, α, β, r, x, x0)

·
(∫ x

x0

p(w)
∣∣Dν

x0
f(w)

∣∣r dw

)(α+β/r)

. (14.65)

Here

K∗(p, q, ν, α, β, r, x, x0) :=
(

α

α + β

)α/r

· 1/(Γ(ν))β

·
(∫ x

x0

((q(w))r · (p(w))−α)1/(r−α) · (P ∗
1 (w))(β(r−1)/r−α) · dw

)(r−α)/r

,

(14.66)
with

P ∗
1 (w) :=

∫ w

x0

(p(t))−1/r−1 · (w − t)(ν−1)(r/(r−1))dt. (14.67)

Based on Theorem 14.17 we give similarly:

Theorem 14.18. Let ν ≥ 1, n := [ν], α, β > 0, α + β > 1. Let
f ∈ Cn(Ā) and there exists ∂ν

R1
f(x)/∂rν ∈ C(Ā), x ∈ Ā;A is a spherical
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shell : A := B(0, R2) − B(0, R1) ⊆ R
N , N ≥ 2. Furthermore assume that

∂jf/∂rj = 0, for j = 0, 1, . . . , n − 1, on ∂B(0, R1). Then∫
A

|f(x)|β
∣∣∣∣∂ν

R1
f(x)

∂rν

∣∣∣∣α dx ≤ K∗
∫

A

∣∣∣∣∂ν
R1

f(x)
∂rν

∣∣∣∣α+β

dx. (14.68)

Here

K∗ :=
(

α

α + β

)(α/α+β) 1
(Γ(ν))β

(∫ R2

R1

rN−1(P ∗
1 (r))(α+β−1)dr

)(β/(α+β))

,

(14.69)
with

P ∗
1 (r) :=

∫ r

R1

t(1−N/α+β−1)(r − t)(α+β)(ν−1)/(α+β−1)dt. (14.70)

Next we present a set of multivariate fractional Opial-type inequalities
involving two functions over the shell.

We need

Theorem 14.19. [26]. Let ν ≥ 1, γ1, γ2 ≥ 0, such that ν − γ1 ≥
1, ν − γ2 ≥ 1, and f1, f2 ∈ Cν

x0
([a, b]) with

f
(i)
1 (x0) = f

(i)
2 (x0) = 0, i = 0, 1, . . . , n − 1, n := [ν]. (14.71)

Here, x, x0,∈ [a, b] : x ≥ x0. Consider also p(t) > 0, and q(t) ≥ 0
continuous functions on [x0, b].

Let λν > 0 and λα, λβ ≥ 0, such that λν < p, where p > 1. Set

Pk(w) :=

∫ w

x0

(w − t)(ν−γk−1)p/(p−1)(p(t))−1/(p−1)dt, k = 1, 2, x0 ≤ w ≤ b,

(14.72)

A(w) :=
q(w) · (P1(w))λα((p−1)/p) · (P2(w))λβ((p−1)/p)(p(w))−λν/p

(Γ(ν − γ1))λα · (Γ(ν − γ2))λβ
,

(14.73)

A0(x) :=
(∫ x

x0

A(w)p/(p−λν)dw

)(p−λν)/p

, (14.74)

and

δ1 :=
{

21−((λα+λν)/p), if λα + λν ≤ p,
1, if λα + λν ≥ p.

(14.75)
If λβ = 0, we obtain that∫ x

x0

q(w)
[∣∣(Dγ1

x0
f1)(w)

∣∣λα · ∣∣(Dν
x0

f1

)
(w)
∣∣λν +
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x0

f2

)
(w)
∣∣λα · ∣∣(Dν

x0
f2

)
(w)
∣∣λν
]
dw

≤ (A0(x)
∣∣
λβ=0

) · ( λν

λα + λν

)λν/p

· δ1

·
[∫ x

x0

p(w)
[∣∣(Dν

x0
f1

)
(w)
∣∣p +

∣∣(Dν
x0

f2

)
(w)
∣∣p] dw

]((λα+λν)/p)

. (14.76)

Similarly, by (14.76), we derive

Theorem 14.20. Let ν ≥ 1, γ1, γ2 ≥ 0, such that ν−γ1 ≥ 1, ν−γ2 ≥
1, n := [ν], and f1, f2 ∈ Cn(Ā), and there exist ∂ν

R1
f1(x)/∂rν , ∂ν

R1
f2(x)/

∂rν ∈ C(Ā), A := B(0, R2) − B(0, R1) ⊆ R
N , N ≥ 2. Furthermore

assume ∂jf1/∂rj = ∂jf2/∂rj = 0, for j = 0, 1, . . . , n− 1, on ∂B(0, R1).
Let λν > 0 and λα > 0; λβ ≥ 0, p := λα + λν > 1. Call

Pk(w) :=
∫ w

R1

(w − t)(ν−γk−1)p/(p−1)t(1−N)/(p−1)dt, (14.77)

k = 1, 2, R1 ≤ w ≤ R2,

A(w) :=
w(N−1)(1−(λν/p))(P1(w))λα((p−1)/p)(P2(w))λβ((p−1)/p)

(Γ(ν − γ1))λα(Γ(ν − γ2))λβ
, (14.78)

A0(R2) :=

(∫ R2

R1

(A(w))p/λαdw

)λα/p

. (14.79)

Take the case of λβ = 0. Then

∫
A

⎡⎣∣∣∣∣∣ ∂
γ1
R1

∂rγ1
f1(x)

∣∣∣∣∣
λα ∣∣∣∣(∂ν

R1
f1

∂rν

)
(x)
∣∣∣∣λν

+

∣∣∣∣∣
(

∂
γ1
R1

f2

∂rγ1

)
(x)

∣∣∣∣∣
λα ∣∣∣∣(∂ν

R1
f2

∂rν

)
(x)
∣∣∣∣λν

⎤⎦ dx ≤

(
A0(R2)|λβ=0

)(λν

p

)(λν/p) ∫
A

[∣∣∣∣(∂ν
R1

f1

∂rν

)
(x)
∣∣∣∣p +

∣∣∣∣(∂ν
R1

f2

∂rν

)
(x)
∣∣∣∣p] dx.

(14.80)

We need
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Theorem 14.21. [26]. All here are as in Theorem 14.19. Denote

δ3 :=
{

2λβ/λν − 1, if λβ ≥ λν ,
1, if λβ ≤ λν .

If λα = 0, then∫ x

x0

q(w)
[∣∣(Dγ2

x0
f2

)
(w)
∣∣λβ · ∣∣(Dν

x0
f1

)
(w)
∣∣λν +

∣∣(Dγ2
x0

f1

)
(w)
∣∣λβ · ∣∣(Dν

x0
f2

)
(w)
∣∣λν
]
dw

≤ (A0(x)|λα=0) 2p−λν/p

(
λν

λβ + λν

)λν/p

δ
λν/p
3

·
(∫ x

x0

p(w)
[∣∣(Dν

x0
f1

)
(w)
∣∣p +

∣∣(Dν
x0

f2

)
(w)
∣∣p] dw

)((λν+λβ)/p)

, (14.81)

all x0 ≤ x ≤ b.

Similarly, by (14.81), we derive

Theorem 14.22. All basic assumptions are as in Theorem 14.20. Let
λν > 0, λα = 0, λβ > 0, p := λν + λβ > 1, P2 defined by (14.77). Now it
is

A(w) :=
w(N−1)(1−λν/p)(P2(w))λβ((p−1)/p)

(Γ(ν − γ2))λβ
, (14.82)

A0(R2) :=

(∫ R2

R1

(A(w))p/λβ dw

)λβ/p

. (14.83)

Denote

δ3 :=
{

2λβ/λν − 1, if λβ ≥ λν ,
1, if λβ ≤ λν .

(14.84)

Then∫
A

⎡⎣∣∣∣∣∣∂
γ2
R1

f2(x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

R1
f1(x)

∂rν

∣∣∣∣λν

+

∣∣∣∣∣∂
γ2
R1

f1(x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

R1
f2(x)

∂rν

∣∣∣∣λν

⎤⎦ dx ≤

A0(R2) 2λβ/p

(
λν

p

)(λν/p)

δ
λν/p
3

∫
A

(∣∣∣∣∂ν
R1

f1(x)
∂rν

∣∣∣∣p +
∣∣∣∣∂ν

R1
f2(x)

∂rν

∣∣∣∣p) dx.

(14.85)
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We need

Theorem 14.23. [26]. All here are as in Theorem 14.19 , (λα, λβ = 0).
Denote

γ̃1 :=

⎧⎨⎩ 2((λα+λβ)/λν)−1, if λα + λβ ≥ λν ,
1, if λα + λβ ≤ λν , (14.86)

and

γ̃2 :=
{

1, if λα + λβ + λν ≥ p,
21−((λα+λβ+λν)/p), if λα + λβ + λν ≤ p.

(14.87)

Then∫ x

x0

q(w)
[∣∣(Dγ1

x0
f1

)
(w)
∣∣λα · ∣∣(Dγ2

x0
f2

)
(w)
∣∣λβ · ∣∣(Dν

x0
f1

)
(w)
∣∣λν

+
∣∣(Dγ2

x0
f1

)
(w)
∣∣λβ · ∣∣(Dγ1

x0
f2

)
(w)
∣∣λα · ∣∣(Dν

x0
f2

)
(w)
∣∣λν
]
dw

≤ A0(x)

(
λν

(λα + λβ)(λα + λβ + λν)

) λν/p [
λλν/p

α γ̃2 + 2(p−λν)/p( γ̃1λβ)λν/p
]

·
(∫ x

x0

p(w)
(∣∣(Dν

x0
f1

)
(w)
∣∣p +

∣∣(Dν
x0

f2

)
(w)
∣∣p) dw

)((λα+λβ+λν)/p)

,

(14.88)
all x0 ≤ x ≤ b.

Similarly, by (14.88), we obtain

Theorem 14.24. Let all basics be as in Theorem 14.20. Here, λν , λα, λβ

> 0, p := λα + λβ + λν > 1. Also Pk, k = 1, 2 as in (14.77), and A(w)
is as in (14.78).

Here it is

A0(R2) :=

(∫ R2

R1

(A(w))p/λα+λβ dw

)λα+λβ/p

, (14.89)

γ̃1 :=
{

2((λα+λβ)/λν) − 1, if λα + λβ ≥ λν ,
1, if λα + λβ ≤ λν .

(14.90)

Then ∫
A

⎡⎣∣∣∣∣∣∂
γ1
R1

f1(x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ2
R1

f2(x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

R1
f1(x)

∂rν

∣∣∣∣λν

+
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γ2
R1

f1(x)
∂rγ2

∣∣∣∣∣
λβ
∣∣∣∣∣∂

γ1
R1

f2(x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

R1
f2(x)

∂rν

∣∣∣∣λν

⎤⎦ dx ≤

A0(R2)
(

λν

(λα + λβ)p

)(λν/p) [
λλν/p

α + 2(λα+λβ)/p(γ̃1λβ)λν/p
]

∫
A

(∣∣∣∣∂ν
R1

f1(x)
∂rν

∣∣∣∣p +
∣∣∣∣∂ν

R1
f2(x)

∂rν

∣∣∣∣p) dx. (14.91)

We need

Theorem 14.25. [26]. Let ν ≥ 2 and γ1 ≥ 0, such that ν − γ1 ≥ 2.
Let f1, f2 ∈ Cν

x0
([a, b]) with

f
(i)
1 (x0) = f

(i)
2 (x0) = 0, i = 0, 1, . . . , n − 1,

n := [ν]. Here x, x0 ∈ [a, b] : x ≥ x0. Consider also, p(t) > 0, and q(t) ≥ 0
continuous functions on [x0, b]. Let

λα ≥ 0, 0 < λα+1 < 1,

and p > 1. Denote

θ3 :=
{

2λα/(λα+1) − 1, if λα ≥ λα+1,
1, if λα ≤ λα+1,

L(x) :=
(

2
∫ x

x0

(q(w))(1/1−(λα+1))dw

)(1−λα+1)( θ3λα+1

λα + λα+1

)λα+1

,

(14.92)
and

P1(x) :=
∫ x

x0

(x − t)(ν−γ1−1)p/(p−1)(p(t))−1/(p−1) dt, (14.93)

T (x) := L(x) ·
(

P1(x)((p−1)/p)

Γ(ν − γ1)

)(λα+λα+1)

, (14.94)

and
ω1 := 2(p−1/p)(λα+λα+1), (14.95)

Φ(x) := T (x) ω1. (14.96)

Then ∫ x

x0

q(w)
[∣∣(Dγ1

x0
f1

)
(w)
∣∣λα · ∣∣(Dγ1+1

x0
f2

)
(w)
∣∣λα+1 +
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x0

f2

)
(w)
∣∣λα · ∣∣(Dγ1+1

x0
f1

)
(w)
∣∣λα+1

]
dw ≤

Φ(x)
[∫ x

x0

p(w) · ∣∣(Dν
x0

f1

)
(w)
∣∣p +

∣∣(Dν
x0

f2

)
(w)
∣∣p dw

]((λα+λα+1)/p)

,

(14.97)
all x0 ≤ x ≤ b.

Similarly, by (14.97), we obtain

Theorem 14.26. Let ν ≥ 2, γ1 ≥ 0, such that ν − γ1 ≥ 2, n :=
[ν]. Let f1, f2 ∈ Cn(Ā) and there exist ∂ν

R1
f1(x)/∂rν , ∂ν

R1
f2(x)/∂rν ∈

C(Ā), A := B(0, R2) − B(0, R1) ⊆ R
N , N ≥ 2. Furthermore assume

∂jf1/∂rj = ∂jf2/∂rj = 0, j = 0, 1, . . . , n − 1, on ∂B(0, R1). Let λα >
0, 0 < λα+1 < 1, such that p := λα + λα+1 > 1.

Denote

θ3 :=
{

2(λα/λα+1) − 1 if λα ≥ λα+1

1, if λα ≤ λα+1,
(14.98)

L(R2) :=[
2

(1 − λα+1)

(N − λα+1)

(
R

(N−λα+1)/(1−λα+1)
2 − R

(N−λα+1)/(1−λα+1)
1

)](1−λα+1) ( θ3λα+1

p

)λα+1
,

(14.99)

and

P1(R2) :=
∫ R2

R1

(R2 − t) (ν−γ1−1)p/(p−1) t (1−N)/(p−1) dt, (14.100)

Φ(R2) := L(R2)
(

P1(R2)(p−1)

(Γ(ν − γ1))p

)
2p−1. (14.101)

Then∫
A

⎡⎣∣∣∣∣∣∂
γ1
R1

f1(x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ1+1
R1

f2(x)
∂rγ1+1

∣∣∣∣∣
λα+1

+

∣∣∣∣∣∂
γ1
R1

f2(x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ1+1
R1

f1(x)
∂rγ1+1

∣∣∣∣∣
λα+1

⎤⎦ dx

≤ Φ(R2)
∫

A

(∣∣∣∣∂ν
R1

f1(x)
∂rν

∣∣∣∣p +
∣∣∣∣∂ν

R1
f2(x)

∂rν

∣∣∣∣p) dx. (14.102)

We need

Theorem 14.27. [26]. All here are as in Theorem 14.19. Consider the
special case λβ = λα + λν . Denote

T̃ (x) := A0(x)
(

λν

λα + λν

)λν/p

2(p−2λα−3λν)/p. (14.103)
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Then ∫ x

x0

q(w)
[∣∣(Dγ1

x0
f1

)
(w)
∣∣λα
∣∣(Dγ2

x0
f2

)
(w)
∣∣λα+λν

∣∣(Dν
x0

f1

)
(w)
∣∣λν

+
∣∣(Dλ2

x0
f1

)
(w)
∣∣λα+λν

∣∣(Dγ1
x0

f2

)
(w)
∣∣λα
∣∣(Dν

x0
f2

)
(w)
∣∣λν
]
dw ≤

T̃ (x)
(∫ x

x0

p(w)
(∣∣(Dν

x0
f1

)
(w)
∣∣p +

∣∣(Dν
x0

f2

)
(w)
∣∣p) dw

)2((λα+λν)/p)

,

(14.104)
all x0 ≤ x ≤ b.

Similarly, by (14.104), we obtain

Theorem 14.28. Here all are as in Theorem 14.20. Consider the case
λβ = λα + λν ; λα ≥ 0, λν > 0, λβ > 1/2, p := 2λβ . Here Pk, k = 1, 2,
as in (14.77) and A(w) is as in (14.78). Call

A0(R2) :=

(∫ R2

R1

(A(w))p/(2λα+λν)

)((2λα+λν)/p)

. (14.105)

Also set

T̃ (R2) := A0(R2)
(

λν

λβ

)λν/p

2(−λν/p). (14.106)

Then ∫
A

⎡⎣∣∣∣∣∣∂
γ1
R1

f1(x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ2
R1

f2(x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

R1
f1(x)

∂rν

∣∣∣∣λν

+

∣∣∣∣∣∂
γ2
R1

f1(x)
∂rγ2

∣∣∣∣∣
λβ
∣∣∣∣∣∂

γ1
R1

f2(x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

R1
f2(x)

∂rν

∣∣∣∣λν

⎤⎦ dx ≤

T̃ (R2)
∫

A

(∣∣∣∣∂ν
R1

f1(x)
∂rν

∣∣∣∣p +
∣∣∣∣∂ν

R1
f2(x)

∂rν

∣∣∣∣p) dx. (14.107)

We need

Theorem 14.29. [26]. Let ν ≥ 1, γ1, γ2 ≥ 0, such that ν − γ1 ≥
1, ν − γ2 ≥ 1 and f1, f2 ∈ Cν

x0
([a, b]) with f

(i)
1 (x0) = f

(i)
2 (x0) = 0, i =

0, 1, . . . , n − 1, n := [ν]. Here, x, x0 ∈ [a, b] : x ≥ x0. Consider p(x) ≥ 0
continuous functions on [x0, b]. Let λα, λβ , λν ≥ 0. Set

ρ(x) :=
(x − x0)

(νλα−γ1λα+νλβ−γ2λβ+1)‖p(x)‖∞
(νλα − γ1λα + νλβ − γ2λβ + 1)(Γ(ν − γ1 + 1))λα(Γ(ν − γ2 + 1))λβ

.

(14.108)
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Then ∫ x

x0

q(w)
[∣∣(Dγ1

x0
f1
)
(w)
∣∣λα
∣∣(Dγ2

x0
f2
)
(w)
∣∣λβ
∣∣(Dν

x0
f1
)
(w)
∣∣λν +

∣∣(Dλ2
x0

f1

)
(w)
∣∣λβ
∣∣(Dγ1

x0
f2

)
(w)
∣∣λα
∣∣(Dν

x0
f2

)
(w)
∣∣λν
]
dw

≤ ρ(x)

2

[
‖Dν

x0f1‖2(λα+λν)

∞ + ‖Dν
x0f1‖2λβ

∞ + ‖Dν
x0f2‖2λβ

∞ + ‖Dν
x0f2‖2(λα+λν)

∞

]
,

(14.109)

all x0 ≤ x ≤ b.

Similarly, by (14.109), we get

Theorem 14.30. Same basic assumptions as in Theorem 14.20. Let
λα, λβ , λν ≥ 0. Call

ρ(R2) :=
RN−1

2 (R2 − R1)
(νλα−γ1λα+νλβ−γ2λβ+1)

(νλα − γ1λα + νλβ − γ2λβ + 1)(Γ(ν − γ1 + 1))λα(Γ(ν − γ2 + 1))λβ
.

(14.110)

Then ∫
A

⎡⎣∣∣∣∣∣∂
γ1
R1

f1(x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ2
R1

f2(x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

R1
f1(x)

∂rν

∣∣∣∣λν

+

∣∣∣∣∣∂
γ2
R1

f1(x)
∂rγ2

∣∣∣∣∣
λβ
∣∣∣∣∣∂

γ1
R1

f2(x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

R1
f2(x)

∂rν

∣∣∣∣λν

⎤⎦ dx ≤

ρ(R2)
πN/2

Γ(N/2)

[∥∥∥∥∂ν
R1

f1

∂rν

∥∥∥∥2(λα+λν)

∞
+
∥∥∥∥∂ν

R1
f1

∂rν

∥∥∥∥2λβ

∞
+

∥∥∥∥∂ν
R1

f2

∂rν

∥∥∥∥2λβ

∞
+
∥∥∥∥∂ν

R1
f2

∂rν

∥∥∥∥2(λα+λν)

∞

]
. (14.111)

We need

Theorem 14.31. [26]. Assume, as in Theorem 14.29, λβ = 0. It holds∫ x

x0

p(w)
[∣∣(Dγ1

x0
f1

)
(w)
∣∣λα · ∣∣(Dν

x0
f1

)
(w)
∣∣λν +

∣∣(Dγ1
x0

f2

)
(w)
∣∣λα · ∣∣(Dν

x0
f2

)
(w)
∣∣λν
]
dw ≤
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(x − x0)(νλα−γ1λα+1)‖p(x)‖∞

(νλα − γ1λα + 1)(Γ(ν − γ1 + 1))λα

)
·
[∥∥Dν

x0
f1

∥∥λα+λν

∞ +
∥∥Dν

x0
f2

∥∥λα+λν

∞
]
,

(14.112)
all x0 ≤ x ≤ b.

Similarly, by (14.112), we derive

Theorem 14.32. All are as in Theorem 14.30. Assume λβ = 0. Then

∫
A

⎡⎣∣∣∣∣∣∂
γ1
R1

f1(x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

R1
f1(x)

∂rν

∣∣∣∣λν

+

∣∣∣∣∣∂
γ1
R1

f2(x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

R1
f2(x)

∂rν

∣∣∣∣λν

⎤⎦ dx ≤

2πN/2

Γ(N/2)

RN−1
2 (R2 − R1)(νλα−γ1λα+1)

(νλα − γ1λα + 1)(Γ(ν − γ1 + 1))λα

⎛⎝∥∥∥∥∥ ∂ν
R1

f1

∂rν

∥∥∥∥∥
λα+λν

∞
+

∥∥∥∥∥ ∂ν
R1

f2

∂rν

∥∥∥∥∥
λα+λν

∞

⎤⎦ .

(14.113)

We need

Theorem 14.33. [26]. (In relationship to Theorem 14.29, λβ = λα +
λν .) It holds∫ x

x0

p(w)
[∣∣(Dγ1

x0
f1

)
(w)
∣∣λα
∣∣(Dγ2

x0
f2

)
(w)
∣∣λα+λν

∣∣(Dν
x0

f1

)
(w)
∣∣λν +

∣∣(Dγ2
x0

f1

)
(w)
∣∣λα+λν

∣∣(Dγ1
x0

f2

)
(w)
∣∣λα
∣∣(Dν

x0
f2

)
(w)
∣∣λν
]
dw ≤(

(x − x0)(2νλα−γ1λα+νλν−γ2λα−γ2λν+1)

(2νλα − γ1λα + νλν − γ2λα − γ2λν + 1)

· ‖p(x)‖∞
(Γ(ν − γ1 + 1))λα(Γ(ν − γ2 + 1))λα+λν

)
·
(∥∥Dν

x0
f1

∥∥2(λα+λν)

∞ +
∥∥(Dν

x0
f2

)∥∥2(λα+λν)

∞
)

, (14.114)

all x0 ≤ x ≤ b.

Similarly, by (14.114), we derive

Theorem 14.34. All are as in Theorem 14.30. Assume λβ = λα + λν .
Then ∫

A

⎡⎣∣∣∣∣∣∂
γ1
R1

f1(x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ2
R1

f2(x)
∂rγ2

∣∣∣∣∣
λα+λν ∣∣∣∣∂ν

R1
f1(x)

∂rν

∣∣∣∣λν

+
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γ2
R1

f1(x)
∂rγ2

∣∣∣∣∣
λα+λν

∣∣∣∣∣∂
γ1
R1

f2(x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

R1
f2(x)

∂rν

∣∣∣∣λν

⎤⎦ dx ≤
(

2πN/2

Γ(N/2)

)
(

RN−1
2 (R2 − R1)(2νλα−γ1λα+νλν−γ2λα−γ2λν+1)

(2νλα − γ1λα + νλν − γ2λα − γ2λν + 1)(Γ(ν − γ1 + 1))λα (Γ(ν − γ2 + 1))λα+λν

)
(∥∥∥∥∂ν

R1
f1

∂rν

∥∥∥∥2(λα+λν)

∞
+
∥∥∥∥∂ν

R1
f2

∂rν

∥∥∥∥2(λα+λν)

∞

)
. (14.115)

We need

Theorem 14.35. [26]. (In relationship to Theorem 14.29, λν = 0, λα =
λβ .) It holds ∫ x

x0

p(w)
[∣∣(Dγ1

x0
f1

)
(w)
∣∣λα · ∣∣(Dγ2

x0
f2

)
(w)
∣∣λα +

∣∣(Dγ2
x0

f1

)
(w)
∣∣λα · ∣∣(Dγ1

x0
f2

)
(w)
∣∣λα
]
dw ≤

ρ∗(x)
[∥∥Dν

x0
f1

∥∥2λα

∞ +
∥∥Dν

x0
f2

∥∥2λα

∞
]
, (14.116)

all x0 ≤ x ≤ b.
Here

ρ∗(x) :=
(

(x − x0)(2νλα−γ1λα−γ2λα+1) · ‖p(x)‖∞
(2νλα − γ1λα − γ2λα + 1)(Γ(ν − γ1 + 1))λα(Γ(ν − γ2 + 1))λα

)
.

(14.117)

We get, by (14.116), the result

Theorem 14.36. All are as in Theorem 14.30. Assume λν = 0, λα =
λβ . Then

∫
A

⎡⎣∣∣∣∣∣∂
γ1
R1

f1(x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ2
R1

f2(x)
∂rγ2

∣∣∣∣∣
λα

+

∣∣∣∣∣∂
γ2
R1

f1(x)
∂rγ2

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ1
R1

f2(x)
∂rγ1

∣∣∣∣∣
λα
⎤⎦ dx ≤

(
2πN/2

Γ(N/2)

)
ρ∗(R2)

[∥∥∥∥∂ν
R1

f1

∂rν

∥∥∥∥2λα

∞
+
∥∥∥∥∂ν

R1
f2

∂rν

∥∥∥∥2λα

∞

]
, (14.118)

where

ρ∗(R2) :=

(
RN−1

2 (R2 − R1)
(2νλα−γ1λα−γ2λα+1)

(2νλα − γ1λα − γ2λα + 1)(Γ(ν − γ1 + 1))λα(Γ(ν − γ2 + 1))λα

)
.

(14.119)
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We need

Theorem 14.37. [26]. (In relationship to Theorem 14.29, λα = 0, λβ =
λν .) It holds ∫ x

x0

p(w)
[∣∣(Dγ2

x0
f2

)
(w)
∣∣λβ · ∣∣(Dν

x0
f1

)
(w)
∣∣λβ +

∣∣(Dγ2
x0

f1

)
(w)
∣∣λβ · ∣∣(Dν

x0
f2

)
(w)
∣∣λβ
]
dw ≤(

(x − x0)(νλβ−γ2λβ+1) · ‖p(x)‖∞
(νλβ − γ2λβ + 1)(Γ(ν − γ2 + 1))λβ

)
·
[∥∥Dν

x0
f1

∥∥2λβ

∞ +
∥∥(Dν

x0
f2

)∥∥2λβ

∞
]
,

(14.120)
all x0 ≤ x ≤ b.

We get, by (14.120), the next result.

Theorem 14.38. All are as in Theorem 14.30. Assume λα = 0 and
λβ = λν . Then

∫
A

⎡⎣∣∣∣∣∣∂
γ2
R1

f2(x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

R1
f1(x)

∂rν

∣∣∣∣λβ

+

∣∣∣∣∣∂
γ2
R1

f1(x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

R1
f2(x)

∂rν

∣∣∣∣λβ

⎤⎦ dx ≤

(
2πN/2

Γ(N/2)

)(
RN−1

2 (R2 − R1)(νλβ−γ2λβ+1)

(νλβ − γ2λβ + 1)(Γ(ν − γ2 + 1))λβ

)[∥∥∥∥∂ν
R1

f1

∂rν

∥∥∥∥2λβ

∞

+
∥∥∥∥∂ν

R1
f2

∂rν

∥∥∥∥2λβ

∞

]
. (14.121)

We make

Assumption 14.39. Let ν ≥ 1, n := [ν], fj ∈ Cn(Ā), j = 1, . . . , M ∈
N, and there exist ∂ν

R1
fj/∂rν ∈ C(Ā), A := B(0, R2) − B(0, R1) ⊆

R
N , N ≥ 2. Furthermore assume that ∂ifj/∂ri = 0, i = 0, 1, . . . , n − 1,

on ∂B(0, R1), for all j = 1, . . . , M .

Next we present a set of multivariate fractional Opial-type inequalities
involving several functions over the shell.

We need

Theorem 14.40. [27] Let ν ≥ 1, γ1, γ2 ≥ 0, such that ν−γ1 ≥ 1, ν−γ2 ≥
1 and fj ∈ Cν

x0
([a, b]) with f

(i)
j (x0) = 0, i = 0, 1, . . . , n− 1, n := [ν], j =
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1, . . . , M ∈ N. Here, x, x0 ∈ [a, b] : x ≥ x0. Consider also p(t) > 0, and
q(t) ≥ 0 continuous functions on [x0, b]. Let λν > 0 and λα, λβ ≥ 0
such that λν < p, where p > 1. Call

Pk(w) :=
∫ w

x0

(w − t)(ν−γk−1)p/p−1(p(t))−1/p−1 dt, k = 1, 2, x0 ≤ w ≤ b;

(14.122)

A(w) :=
q(w) · (P1(w))λα((p−1)/p) · (P2(w))λβ((p−1)/p)(p(w))−λν/p

(Γ(ν − γ1))λα · (Γ(ν − γ2))λβ
; (14.123)

A0(x) :=
(∫ x

x0

A(w)p/(p−λν)dw

)(p−λν)/p

. (14.124)

Set

ϕ1(x) :=
(
A0(x)

∣∣
λβ=0

) · ( λν

λα + λν

)λν/p

, (14.125)

δ∗1 :=
{

M1−(λα+λν/p), if λα + λν ≤ p,
2(λα+λν/p) − 1, if λα + λν ≥ p.

(14.126)

If λβ = 0, we obtain that∫ x

x0

q(w)

⎛⎝ M∑
j=1

∣∣(Dγ1
x0

fj

)
(w)
∣∣λα · ∣∣(Dν

x0
fj

)
(w)
∣∣λν

⎞⎠ dw ≤

δ∗1 · ϕ1(x) ·
⎡⎣∫ x

x0

p(w)

⎛⎝ M∑
j=1

∣∣(Dν
x0

fj

)
(w)
∣∣p⎞⎠ dw

⎤⎦((λα+λν)/p)

, (14.127)

all x0 ≤ x ≤ b.

Similarly, by (14.127), we derive

Theorem 14.41. Let fj , j = 1, . . . , M,as in Assumption 14.39. Let
γ1, γ2 ≥ 0, such that ν − γ1 ≥ 1, ν − γ2 ≥ 1. Let λν > 0, and λα >
0; λβ ≥ 0, p := λα + λν > 1. Set

Pk(w) :=
∫ w

R1

(w − t)(ν−γk−1)p/(p−1)t(1−N)/(p−1) dt, (14.128)

k = 1, 2, R1 ≤ w ≤ R2,

A(w) :=
w(N−1)(1−(λν/p))(P1(w))λα((p−1)/p)(P2(w))λβ((p−1)/p)

(Γ(ν − γ1))λα(Γ(ν − γ2))λβ
, (14.129)

A0(R2) :=

(∫ R2

R1

(A(w))p/λαdw

)λα/p

. (14.130)



14.2 Results 305

Take the case of λβ = 0. Then

M∑
j=1

∫
A

∣∣∣∣∣∂
γ1
R1

fj(x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

R1
fj

∂rν

∣∣∣∣λν

dx

≤ (A0(R2)|λβ=0

)(λν

p

)(λν/p)
⎡⎣ M∑

j=1

(∫
A

∣∣∣∣∂ν
R1

fj(x)
∂rν

∣∣∣∣p dx

)⎤⎦ . (14.131)

We need

Theorem 14.42. [27]. All here are as in Theorem 14.40. Denote

δ3 :=
{

2λβ/λν − 1, if λβ ≥ λν ,
1, if λβ ≤ λν ,

(14.132)

ε2 :=
{

1, if λν + λβ ≥ p,
M1−((λν+λβ)/p), if λν + λβ ≤ p,

(14.133)

and

ϕ2(x) := (A0(x)|λα=0)2(p−λν/p)

(
λν

λβ + λν

)λν/p

δ
λν/p
3 . (14.134)

If λα = 0, then

∫ x

x0

q(w)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[∣∣(Dγ2
x0

fj+1

)
(w)
∣∣λβ
∣∣(Dν

x0
fj

)
(w)
∣∣λν

+
∣∣(Dγ2

x0
fj

)
(w)
∣∣λβ
∣∣(Dν

x0
fj+1

)
(w)
∣∣λν
]}

+
[∣∣(Dγ2

x0
fM

)
(w)
∣∣λβ
∣∣(Dν

x0
f1

)
(w)
∣∣λν

+
∣∣(Dγ2

x0
f1

)
(w)
∣∣λβ
∣∣(Dν

x0
fM

)
(w)
∣∣λν
]}

dw ≤

2((λν+λβ)/p)ε2ϕ2(x) ·
⎧⎨⎩
∫ x

x0

p(w) ·
⎡⎣ M∑

j=1

∣∣(Dν
x0

fj

)
(w)
∣∣p⎤⎦ dw

⎫⎬⎭
((λν+λβ)/p)

,

(14.135)
x ≥ x0.

Similarly, by (14.135), we obtain
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Theorem 14.43. All basic assumptions are as in Theorem 14.41. Let
λν > 0, λα = 0; λβ > 0, p := λν + λβ > 1, P2 defined by (14.128).

Now it is

A(w) :=
w(N−1)(1−λν/p)(P2(w))λβ(p−1/p)

(Γ(ν − γ2))λβ
, (14.136)

A0(R2) :=

(∫ R2

R1

(A(w))p/λβ dw

)λβ/p

. (14.137)

Denote

δ3 :=
{

2λβ/λν − 1, if λβ ≥ λν ,
1, if λβ ≤ λν .

(14.138)

Call

ϕ2(R2) := A0(R2)2λβ/p

(
λν

p

)λν/p

δ
λν/p
3 . (14.139)

Then ∫
A

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

⎡⎣∣∣∣∣∣∂
γ2
R1

fj+1(x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

R1
fj(x)

∂rν

∣∣∣∣λν

+

∣∣∣∣∣∂
γ2
R1

fj(x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

R1
fj+1(x)
∂rν

∣∣∣∣λν

⎤⎦⎫⎬⎭+

⎡⎣∣∣∣∣∣∂
γ2
R1

fM (x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

R1
f1(x)

∂rν

∣∣∣∣λν

+

∣∣∣∣∣∂
γ2
R1

f1(x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

R1
fM (x)
∂rν

∣∣∣∣λν

⎤⎦⎫⎬⎭ dx ≤

2ϕ2(R2)

⎡⎣ M∑
j=1

(∫
A

∣∣∣∣∂ν
R1

fj(x)
∂rν

∣∣∣∣p dx

)⎤⎦ . (14.140)

We need

Theorem 14.44. [27]. All here are as in Theorem 14.40, (λα, λβ = 0).

γ̃1 :=
{

2((λα+λβ)/λν) − 1, if λα + λβ ≥ λν ,
1, if λα + λβ ≤ λν ,

(14.141)

and

γ̃2 :=
{

1, if λα + λβ + λν ≥ p,
21−((λα+λβ+λν)/p), if λα + λβ + λν ≤ p.

(14.142)
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Set

ϕ3(x) := A0(x) ·
(

λν

(λα + λβ)(λα + λβ + λν)

)λν/p

(14.143)

and

ε3 :=
{

1, if λα + λβ + λν ≥ p,
M1−(λα+λβ+λν/p), if λα + λβ + λν ≤ p,

(14.144)

Then

∫ x

x0

q(w)

⎡⎣M−1∑
j=1

[∣∣(Dγ1
x0

fj

)
(w)
∣∣λα
∣∣(Dγ2

x0
fj+1

)
(w)
∣∣λβ
∣∣(Dν

x0
fj

)
(w)
∣∣λν

+
∣∣(Dγ2

x0
fj

)
(w)
∣∣λβ
∣∣(Dγ1

x0
fj+1

)
(w)
∣∣λα
∣∣(Dν

x0
fj+1

)
(w)
∣∣λν
]

+
[∣∣(Dγ1

x0
f1

)
(w)
∣∣λα
∣∣(Dγ2

x0
fM

)
(w)
∣∣λβ
∣∣(Dν

x0
f1

)
(w)
∣∣λν

+
∣∣(Dγ2

x0
f1

)
(w)
∣∣λβ
∣∣(Dγ1

x0
fM

)
(w)
∣∣λα
∣∣(Dν

x0
fM

)
(w)
∣∣λν
]]

dw

≤ 2(λα+λβ+λν/p)ε3ϕ3(x)·
⎧⎨⎩
∫ x

x0

p(w)

⎡⎣ M∑
j=1

∣∣(Dν
x0

fj

)
(w)
∣∣p⎤⎦ dw

⎫⎬⎭((λα+λβ+λν)/p),

(14.145)
all x0 ≤ x ≤ b.

Similarly, by (14.145), we obtain

Theorem 14.45. All basic assumptions are as in Theorem 14.41. Here
λν , λα, λβ > 0, p := λα + λβ + λν > 1, Pk as in (14.128). A is as in
(14.129). Here

A0(R2) :=

(∫ R2

R1

(A(w))p/(λα+λβ),

)(λα+λβ)/p

, (14.146)

γ̃1 :=
{

2(λα+λβ/λν) − 1, if λα + λβ ≥ λν ,
1, if λα + λβ ≤ λν .

(14.147)

Set

ϕ3(R2) := A0(R2)
(

λν

(λα + λβ)p

)
(λν/p)

[
λ(λν/p)

α + 2((λα+λβ)/p)(γ̃1λβ)(λν/p)
]
.

(14.148)
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Then ∫
A

⎡⎣M−1∑
j=1

⎡⎣∣∣∣∣∣∂
γ1
R1

fj(x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ2
R1

fj+1(x)
∂rγ1

∣∣∣∣∣
λβ ∣∣∣∣∂ν

R1
fj(x)

∂rν

∣∣∣∣λν

+

∣∣∣∣∣∂
γ2
R1

fj(x)
∂rγ2

∣∣∣∣∣
λβ
∣∣∣∣∣∂

γ1
R1

fj+1(x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

R1
fj+1(x)
∂rν

∣∣∣∣λν

⎤⎦+

⎡⎣∣∣∣∣∣∂
γ1
R1

f1(x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ2
R1

fM (x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

R1
f1(x)

∂rν

∣∣∣∣λν

+

∣∣∣∣∣∂
γ2
R1

f1(x)
∂rγ2

∣∣∣∣∣
λβ
∣∣∣∣∣∂

γ1
R1

fM (x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

R1
fM (x)
∂rν

∣∣∣∣λν

⎤⎦⎤⎦ dx ≤

2ϕ3(R2)

⎡⎣ M∑
j=1

(∫
A

∣∣∣∣∂ν
R1

fj(x)
∂rν

∣∣∣∣p dx

)⎤⎦ . (14.149)

We need

Theorem 14.46. [27]. Let ν ≥ 2, and γ1 ≥ 0, such that ν − γ1 ≥ 2.
Let fj ∈ Cν

x0
([a, b]) with f

(i)
j (x0) = 0, i = 0, 1, . . . , n − 1, n := [ν], j =

1, . . . , M ∈ N. Here, x, x0 ∈ [a, b] : x ≥ x0. Consider also p(t) > 0, , and
q(t) ≥ 0 continuous functions on [x0, b]. Let λα ≥ 0, 0 < λα+1 < 1, and
p > 1 . Denote

θ3 :=
{

2(λα/λα+1) − 1, if λα ≥ λα+1,
1, if λα ≤ λα+1,

(14.150)

L(x) :=
(

2
∫ x

x0

(q(w))(1/1−λα+1) dw

)(1−λα+1)( θ3λα+1

λα + λα+1

)λα+1

,

(14.151)
and

P1(x) :=
∫ x

x0

(x − t)((ν−γ1−1)p/(p−1))(p(t))−1/(p−1)dt, (14.152)

T (x) := L(x) ·
(

P1(x)(p−1/p)

Γ(ν − γ1)

)(λα+λα+1)

, (14.153)

and
ω1 := 2((p−1)/p)(λα+λα+1), (14.154)

Φ(x) := T (x) ω1.
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Also put

ε4 :=
{

1, if λα + λα+1 ≥ p,
M1−(λα+λα+1/p), if λα + λα+1 ≤ p

}
. (14.155)

Then ∫ x

x0

q(w)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[∣∣(Dγ1
x0

fj

)
(w)
∣∣λα
∣∣(Dγ1+1

x0
fj+1

)
(w)
∣∣λα+1

+
∣∣(Dγ1

x0
fj+1

)
(w)
∣∣λα
∣∣(Dγ1+1

x0
fj

)
(w)
∣∣λα+1

]}
+
[∣∣(Dγ1

x0
f1

)
(w)
∣∣λα
∣∣(Dγ1+1

x0
fM

)
(w)
∣∣λα+1

+
∣∣(Dγ1

x0
fM

)
(w)
∣∣λα
∣∣(Dγ1+1

x0
f1

)
(w)
∣∣λα+1

]}
dw

≤ 2(λα+λα+1/p)ε4Φ(x)

⎡⎣∫ x

x0

p(w)

⎛⎝ M∑
j=1

∣∣(Dν
x0

fj

)
(w)
∣∣p⎞⎠ dw

⎤⎦((λα+λα+1)/p)

,

(14.156)
all x0 ≤ x ≤ b.

Similarly, by (14.156), we get

Theorem 14.47. Let all be as in Assumption 14.39. Here ν ≥ 2, γ1 ≥ 0
such that ν − γ1 ≥ 2. Let λα > 0, 0 < λα+1 < 1, such that p :=
λα + λα+1 > 1. Denote

θ3 :=
{

2(λα/λα+1) − 1, if λα ≥ λα+1,
1, if λα ≤ λα+1,

(14.157)

L(R2) :=
[
2
(

1 − λα+1

N − λα+1

)(
R

(N−λα+1)/(1−λα+1)
2 −

R
(N−λα+1)/(1−λα+1)
1

)](1−λα+1)
(

θ3λα+1

λα + λα+1

)λα+1

, (14.158)

and

P (R2) :=
∫ R2

R1

(R2 − t)(ν−γ1−1)(p/(p−1)) t (1−N)/(p−1) dt, (14.159)

Φ(R2) := L(R2)
(

P1(R2)(p−1)

(Γ(ν − γ1))p

)
2(p−1). (14.160)
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Then ∫
A

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

⎡⎣∣∣∣∣∣∂
γ1
R1

fj(x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ1+1
R1

fj+1(x)
∂rγ1+1

∣∣∣∣∣
λα+1

+

∣∣∣∣∣∂
γ1
R1

fj+1(x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ1+1
R1

fj(x)
∂rγ1+1

∣∣∣∣∣
λα+1

⎤⎦⎫⎬⎭+

⎡⎣∣∣∣∣∣∂
γ1
R1

f1(x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ1+1
R1

fM (x)
∂rγ1+1

∣∣∣∣∣
λα+1

+

∣∣∣∣∣∂
γ1
R1

fM (x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ1+1
R1

f1(x)
∂rγ1+1

∣∣∣∣∣
λα+1

⎤⎦⎫⎬⎭ dx ≤

2Φ(R2)

⎡⎣ M∑
j=1

(∫
A

∣∣∣∣∂ν
R1

fj(x)
∂rν

∣∣∣∣p dx

)⎤⎦ . (14.161)

We need

Theorem 14.48. [27]. All here are as in Theorem 14.40. Consider the
special case λβ = λα + λν . Denote

T̃ (x) := A0(x)
(

λν

λα + λν

)λν/p

2(p−2λα−3λν/p), (14.162)

ε5 :=
{

1, if 2(λα + λν) ≥ p,
M1−(2(λα+λν)/p), if 2(λα + λν) ≤ p

}
. (14.163)

Then∫ x

x0

q(w)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[∣∣(Dγ1
x0

fj

)
(w)
∣∣λα
∣∣(Dγ2

x0
fj+1

)
(w)
∣∣λα+λν

∣∣(Dν
x0

fj

)
(w)
∣∣λν

+
∣∣(Dγ2

x0
fj

)
(w)
∣∣λα+λν

∣∣(Dγ1
x0

fj+1

)
(w)
∣∣λα
∣∣(Dν

x0
fj+1

)
(w)
∣∣λν
]}

+
[∣∣(Dγ1

x0
f1

)
(w)
∣∣λα
∣∣(Dγ2

x0
fM

)
(w)
∣∣λα+λν

∣∣(Dν
x0

f1

)
(w)
∣∣λν

+
∣∣(Dγ2

x0
f1

)
(w)
∣∣λα+λν

∣∣(Dγ1
x0

fM

)
(w)
∣∣λα
∣∣(Dν

x0
fM

)
(w)
∣∣λν
]}

dw

≤ 22((λα+λν)/p)ε5 T̃ (x)

⎡⎣∫ x

x0

p(w)

⎛⎝ M∑
j=1

∣∣(Dν
x0

fj

)
(w)
∣∣p⎞⎠ dw

⎤⎦(2(λα+λν)/p)

,

(14.164)
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all x0 ≤ x ≤ b.

Similarly, by (14.164), we have

Theorem 14.49. Here all are as in Theorem 14.41. Consider the case
λβ = λα + λν ; λα ≥ 0, λν > 0, λβ > 1/2, p := 2λβ . Here Pk, k = 1, 2,
as in (14.128) and A is as in (14.129). Set

A0(R2) :=

(∫ R2

R1

(A(w))p/(2λα+λν)dw

)(2λα+λν/p)

. (14.165)

Also put

T̃ (R2) := A0(R2)
(

λν

λβ

)(λν/p)

2−(λν/p). (14.166)

Then ∫
A

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

⎡⎣∣∣∣∣∣∂
γ1
R1

fj(x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ2
R1

fj+1(x)
∂rγ2

∣∣∣∣∣
λα+λν ∣∣∣∣∂ν

R1
fj(x)

∂rν

∣∣∣∣λν

+

∣∣∣∣∣∂
γ2
R1

fj(x)
∂rγ2

∣∣∣∣∣
λα+λν

∣∣∣∣∣∂
γ1
R1

fj+1(x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

R1
fj+1(x)
∂rν

∣∣∣∣λν

⎤⎦⎫⎬⎭+

⎡⎣∣∣∣∣∣∂
γ1
R1

f1(x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ2
R1

fM (x)
∂rγ2

∣∣∣∣∣
λα+λν ∣∣∣∣∂ν

R1
f1(x)

∂rν

∣∣∣∣λν

+

∣∣∣∣∣∂
γ2
R1

f1(x)
∂rγ2

∣∣∣∣∣
λα+λν

∣∣∣∣∣∂
γ1
R1

fM (x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

R1
fM (x)
∂rν

∣∣∣∣λν

⎤⎦⎫⎬⎭ dx

≤ 2 T̃ (R2)

⎡⎣ M∑
j=1

(∫
A

∣∣∣∣∂ν
R1

fj(x)
∂rν

∣∣∣∣p dx

)⎤⎦ . (14.167)

We need

Theorem 14.50. [27]. Let ν ≥ 1, γ1, γ2 ≥ 0, such that ν−γ1 ≥ 1, ν−
γ2 ≥ 1 and fj ∈ Cν

x0
([a, b]) with f

(i)
j (x0) = 0, i = 0, 1, . . . , n − 1, n :=

[ν], j = 1, . . . , M ∈ N. Here, x, x0 ∈ [a, b] : x ≥ x0. Consider p(x) ≥ 0
continuous functions on [x0, b]. Let λα, λβ , λν ≥ 0. Set

ρ(x) :=
(x − x0)

(νλα−γ1λα+νλβ−γ2λβ+1)‖p(x)‖∞
(νλα − γ1λα + νλβ − γ2λβ + 1)(Γ(ν − γ1 + 1))λα(Γ(ν − γ2 + 1))λβ

.

(14.168)
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Then∫ x

x0

p(w)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[∣∣(Dγ1
x0

fj

)
(w)
∣∣λα
∣∣(Dγ2

x0
fj+1

)
(w)
∣∣λβ
∣∣(Dν

x0
fj

)
(w)
∣∣λν +

∣∣(Dγ2
x0

fj

)
(w)
∣∣λβ
∣∣(Dγ1

x0
fj+1

)
(w)
∣∣λα
∣∣(Dν

x0
fj+1

)
(w)
∣∣λν
]}

+[∣∣(Dγ1
x0

f1

)
(w)
∣∣λα
∣∣(Dγ2

x0
fM

)
(w)
∣∣λβ
∣∣(Dν

x0
f1

)
(w)
∣∣λν +∣∣(Dγ2

x0
f1

)
(w)
∣∣λβ
∣∣(Dγ1

x0
fM

)
(w)
∣∣λα
∣∣(Dν

x0
fM

)
(w)
∣∣λν
]}

dw

≤ ρ(x)

⎧⎨⎩
M∑

j=1

{∥∥(Dν
x0

fj

)∥∥2(λα+λν)

∞ +
∥∥(Dν

x0
fj

)∥∥2λβ

∞
}⎫⎬⎭ , (14.169)

all x0 ≤ x ≤ b.

Similarly, by (14.169), we have

Theorem 14.51. All are as in Assumption 14.39. Let γ1, γ2 ≥ 0, such
that
ν − γ1 ≥ 1, ν − γ2 ≥ 1; λα, λβ , λν ≥ 0. Set

ρ(R2) :=
RN−1

2 (R2 − R1)
(νλα−γ1λα+νλβ−γ2λβ+1)

(νλα − γ1λα + νλβ − γ2λβ + 1)(Γ(ν − γ1 + 1))λα(Γ(ν − γ2 + 1))λβ
.

(14.170)

Then ∫
A

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

⎡⎣∣∣∣∣∣∂
γ1
R1

fj(x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ2
R1

fj+1(x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

R1
fj(x)

∂rν

∣∣∣∣λν

+

∣∣∣∣∣∂
γ2
R1

fj(x)
∂rγ2

∣∣∣∣∣
λβ
∣∣∣∣∣∂

γ1
R1

fj+1(x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

R1
fj+1(x)
∂rν

∣∣∣∣λν

⎤⎦⎫⎬⎭+

⎡⎣∣∣∣∣∣∂
γ1
R1

f1(x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ2
R1

fM (x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

R1
f1(x)

∂rν

∣∣∣∣λν

+

∣∣∣∣∣∂
γ2
R1

f1(x)
∂rγ2

∣∣∣∣∣
λβ
∣∣∣∣∣∂

γ1
R1

fM (x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

R1
fM (x)
∂rν

∣∣∣∣λν

⎤⎦⎫⎬⎭ dx ≤

2πN/2

Γ(N/2)
ρ (R2)

⎧⎨⎩
M∑

j=1

{∥∥∥∥∂ν
R1

fj

∂rν

∥∥∥∥2(λα+λν)

∞
+
∥∥∥∥∂ν

R1
fj

∂rν

∥∥∥∥2λβ

∞

}⎫⎬⎭ . (14.171)
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We need

Theorem 14.52. [27]. (As in Theorem 14.50, λβ = 0.) It holds

∫ x

x0

p(w)

⎛⎝ M∑
j=1

∣∣(Dγ1
x0

fj

)
(w)
∣∣λα
∣∣(Dν

x0
fj

)
(w)
∣∣λν

⎞⎠ dw ≤

(
(x − x0)(νλα−γ1λα+1)‖p(x)‖∞

(νλα − γ1λα + 1)(Γ(ν − γ1 + 1))λα

)
·
⎛⎝ M∑

j=1

∥∥Dν
x0

fj

∥∥λα+λν

∞

⎞⎠ , (14.172)

all x0 ≤ x ≤ b.

Similarly, by (14.172), we obtain

Theorem 14.53. Here all are as in Theorem 14.51. Case of λβ = 0.
Then

M∑
j=1

⎛⎝∫
A

∣∣∣∣∣∂
γ1
R1

fj(x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

R1
fj(x)

∂rν

∣∣∣∣λν

dx

⎞⎠ ≤

(
2πN/2

Γ(N/2)

)(
RN−1

2 (R2 − R1)(νλα−γ1λα+1)

(νλα − γ1λα + 1)(Γ(ν − γ1 + 1))λα

)⎛⎝ M∑
j=1

∥∥∥∥∂ν
R1

fj

∂rν

∥∥∥∥λα+λν

∞

⎞⎠ .

(14.173)

We need

Theorem 14.54. [27]. (As in Theorem 14.50, λβ = λα + λν .) It holds

∫ x

x0

p(w)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[∣∣(Dγ1
x0

fj

)
(w)
∣∣λα
∣∣(Dγ2

x0
fj+1

)
(w)
∣∣λα+λν

∣∣(Dν
x0

fj

)
(w)
∣∣λν +

∣∣(Dγ2
x0

fj

)
(w)
∣∣λα+λν

∣∣(Dγ1
x0

fj+1

)
(w)
∣∣λα
∣∣(Dν

x0
fj+1

)
(w)
∣∣λν
]}

+[∣∣(Dγ1
x0

f1

)
(w)
∣∣λα
∣∣(Dγ2

x0
fM

)
(w)
∣∣λα+λν

∣∣(Dν
x0

f1

)
(w)
∣∣λν +∣∣(Dγ2

x0
f1

)
(w)
∣∣λα+λν

∣∣(Dγ1
x0

fM

)
(w)
∣∣λα
∣∣(Dν

x0
fM

)
(w)
∣∣λν
]}

dw ≤(
2(x − x0)(2νλα−γ1λα+νλν−γ2λα−γ2λν+1)

(2νλα − γ1λα + νλν − γ2λα − γ2λν + 1)

‖p(x)‖∞
(Γ(ν − γ1 + 1))λα(Γ(ν − γ2 + 1))(λα+λν)

)
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·
⎛⎝ M∑

j=1

∥∥Dν
x0

fj

∥∥2(λα+λν)

∞

⎞⎠ , (14.174)

all x0 ≤ x ≤ b.

Similarly, by (14.174), we derive

Theorem 14.55. Here all are as in Theorem 14.51. Case of λβ =
λα + λν . Then

∫
A

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

⎡⎣∣∣∣∣∣∂
γ1
R1

fj(x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ2
R1

fj+1(x)
∂rγ2

∣∣∣∣∣
λα+λν ∣∣∣∣∂ν

R1
fj(x)

∂rν

∣∣∣∣λν

+

∣∣∣∣∣∂
γ2
R1

fj(x)
∂rγ2

∣∣∣∣∣
λα+λν

∣∣∣∣∣∂
γ1
R1

fj+1(x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

R1
fj+1(x)
∂rν

∣∣∣∣λν

⎤⎦⎫⎬⎭+

⎡⎣∣∣∣∣∣∂
γ1
R1

f1(x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ2
R1

fM (x)
∂rγ2

∣∣∣∣∣
λα+λν ∣∣∣∣∂ν

R1
f1(x)

∂rν

∣∣∣∣λν

+

∣∣∣∣∣∂
γ2
R1

f1(x)
∂rγ2

∣∣∣∣∣
λα+λν

∣∣∣∣∣∂
γ1
R1

fM (x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

R1
fM (x)
∂rν

∣∣∣∣λν

⎤⎦⎫⎬⎭ dx ≤

4πN/2

Γ(N/2)
·
(

RN−1
2

(2νλα − γ1λα + νλν − γ2λα − γ2λν + 1)

(R2 − R1)(2νλα−γ1λα+νλν−γ2λα−γ2λν+1)

(Γ(ν − γ1 + 1))λα(Γ(ν − γ2 + 1))(λα+λν)

)

·
⎛⎝ M∑

j=1

∥∥∥∥∂ν
R1

fj

∂rν

∥∥∥∥2(λα+λν)

∞

⎞⎠ . (14.175)

We need

Theorem 14.56. [27]. (As in Theorem 14.50, λν = 0, λα = λβ .) It
holds ∫ x

x0

p(w)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[∣∣(Dγ1
x0

fj

)
(w)
∣∣λα
∣∣(Dγ2

x0
fj+1

)
(w)
∣∣λα
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+
∣∣(Dγ2

x0
fj

)
(w)
∣∣λα
∣∣(Dγ1

x0
fj+1

)
(w)
∣∣λα
]}

+
[∣∣(Dγ1

x0
f1

)
(w)
∣∣λα
∣∣(Dγ2

x0
fM

)
(w)
∣∣λα

+
∣∣(Dγ2

x0
f1

)
(w)
∣∣λα
∣∣(Dγ1

x0
fM

)
(w)
∣∣λα
]}

dw

≤ 2 ρ∗(x)

⎡⎣ M∑
j=1

∥∥Dν
x0

fj

∥∥2λα

∞

⎤⎦ , (14.176)

all x0 ≤ x ≤ b.
Here we have

ρ∗(x) :=
(

(x − x0)(2νλα−γ1λα−γ2λα+1)‖p(x)‖∞
(2νλα − γ1λα − γ2λα + 1)(Γ(ν − γ1 + 1))λα(Γ(ν − γ2 + 1))λα

)
.

(14.177)

Similarly, by (14.177), we derive

Theorem 14.57. Here all are as in Theorem 14.51. Case of λν =
0, λα = λβ.

Then ∫
A

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

⎡⎣∣∣∣∣∣∂
γ1
R1

fj(x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ2
R1

fj+1(x)
∂rγ2

∣∣∣∣∣
λα

+

∣∣∣∣∣∂
γ2
R1

fj(x)
∂rγ2

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ1
R1

fj+1(x)
∂rγ1

∣∣∣∣∣
λα
⎤⎦⎫⎬⎭

+

⎡⎣∣∣∣∣∣∂
γ1
R1

f1(x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ2
R1

fM (x)
∂rγ2

∣∣∣∣∣
λα

+

∣∣∣∣∣∂
γ2
R1

f1(x)
∂rγ2

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ1
R1

fM (x)
∂rγ1

∣∣∣∣∣
λα
⎤⎦⎫⎬⎭ dx

≤
(

4πN/2

Γ(N/2)

)
ρ∗(R2)

⎡⎣ M∑
j=1

∥∥∥∥∂ν
R1

fj

∂rν

∥∥∥∥2λα

∞

⎤⎦ . (14.178)

Here we have

ρ∗(R2) :=
RN−1

2 (R2 − R1)(2νλα−γ1λα−γ2λα+1)

(2νλα − γ1λα − γ2λα + 1)(Γ(ν − γ1 + 1))λα(Γ(ν − γ2 + 1))λα
.

(14.179)
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We need

Theorem 14.58. [27]. (As in Theorem 14.50, λα = 0, λβ = λν .) It
holds ∫ x

x0

p(w)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[∣∣(Dγ2
x0

fj+1

)
(w)
∣∣λβ
∣∣(Dν

x0
fj

)
(w)
∣∣λβ

+
∣∣(Dγ2

x0
fj

)
(w)
∣∣λβ
∣∣(Dν

x0
fj+1

)
(w)
∣∣λβ
]}

+
[∣∣(Dγ2

x0
fM

)
(w)
∣∣λβ
∣∣(Dν

x0
f1

)
(w)
∣∣λβ

+
∣∣(Dγ2

x0
f1

)
(w)
∣∣λβ
∣∣(Dν

x0
fM

)
(w)
∣∣λβ
]}

dw

≤ 2·
(

(x − x0)(νλβ−γ2λβ+1)‖p(x)‖∞
(νλβ − γ2λβ + 1)(Γ(ν − γ2 + 1))λβ

) ⎡⎣ M∑
j=1

∥∥Dν
x0

fj

∥∥2λβ

∞

⎤⎦ , (14.180)

all x0 ≤ x ≤ b.

Similarly, by (14.180), we give the following.

Theorem 14.59. Here all are as in Theorem 14.51. Case of λα =
0, λβ = λν . Then

∫
A

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

⎡⎣∣∣∣∣∣∂
γ2
R1

fj+1(x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

R1
fj(x)

∂rν

∣∣∣∣λβ

+

∣∣∣∣∣∂
γ2
R1

fj(x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

R1
fj+1(x)
∂rν

∣∣∣∣λβ

⎤⎦⎫⎬⎭
+

⎡⎣∣∣∣∣∣∂
γ2
R1

fM (x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

R1
f1(x)

∂rν

∣∣∣∣λβ

+

∣∣∣∣∣∂
γ2
R1

f1(x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

R1
fM (x)
∂rν

∣∣∣∣λβ

⎤⎦⎫⎬⎭ dx ≤

(
4πN/2

Γ(N/2)

) (
RN−1

2 (R2 − R1)(νλβ−γ2λβ+1)

(νλβ − γ2λβ + 1)(Γ(ν − γ2 + 1))λβ

)⎡⎣ M∑
j=1

∥∥∥∥∂ν
R1

fj

∂rν

∥∥∥∥2λβ

∞

⎤⎦ .

(14.181)
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To extend the above research we give a motivational result regarding
fractional integration by parts.

Proposition 14.60. Let f ∈ C1([0, 1]) and g ∈ Cν([0, 1]), ν > 0, n :=
[ν], α := ν − n. Then∫ 1

0

f(x)g(ν)(x)dx = f(1)(J1−α g(n))(1) −
∫ 1

0

(J1−α g(n))(x)f ′(x)dx.

(14.182)

Proof. Here g(ν) = d (J1−α g(n))(x)/dx; that is, d (J1−α g(n))(x) =
g(ν)(x) dx.
Hence, by ordinary integration by parts we have:∫ 1

0

f(x)g(ν)(x) dx =
∫ 1

0

f(x) d (J1−α g(n))(x) =

f(1)(J1−α g(n))(1) −
∫ 1

0

(J1−α g(n))(x)f ′(x) dx,

by (J1−α g(n))(0) = 0. �

Now we are ready to give

Definition 14.61. Let ν > 0, n := [ν], α := ν − n, g : [0, 1] → R such
that there exists g(n) which is measurable. Assume that (J1−α g(n)) ∈
L1([0, 1]). We say that g(ν) ∈ L1([0, 1]) is a weak fractional derivative of
order ν for g, iff∫ 1

0

u(x) g(ν)(x) dx = −
∫ 1

0

(J1−α g(n))(x)u′(x) dx, (14.183)

∀ u ∈ C∞([0, 1]) : u(1) = 0.

Based on the above Definition 14.61, we can extend the concept of weak
fractional differentiation to anchor points x0 = 0, and to the multivariate
case, especially to the radial case. Then we try to generalize the results of
this chapter.



15
Riemann–Liouville Fractional
Multivariate Opial-Type Inequalities
over a Spherical Shell

Here we introduce the concept of the Riemann–Liouville fractional radial
derivative for a function defined on a spherical shell. Using polar coor-
dinates we are able to derive multivariate Opial-type inequalities over a
spherical shell of R

N , N ≥ 2, by studying the topic in all possibilities. Our
results involve one, two, or more functions. We also produce several gener-
alized univariate fractional Opial-type inequalities, many of which are used
to achieve the main goals. This treatment is based on [45].

15.1 Introduction

This chapter is motivated by articles of Opial [315], Bessack [80], Anastas-
siou, Koliha, and Pecaric [64, 65], and Anastassiou [46, 48].

Opial-type inequalities usually find applications in establishing the unique-
ness of solution of initial value problems for differential equations and
their systems; see Willett [406]. In this chapter we present a series of vari-
ous Riemann–Liouville fractional multivariate Opial-type inequalities over
spherical shells. To achieve our goal we use polar coordinates, and we intro-
duce and use the Riemann–Liouville fractional radial derivative. We work
on the spherical shell, and not on the ball, because a radial derivative can-
not be defined at zero. So, we reduce the problem to a univariate one.

Consequently we use a large array of univariate Opial-type inequalities
involving generalized Riemann–Liouville fractional derivatives; these are
Riemann–Liouville fractional derivatives defined at the arbitrary anchor

G.A. Anastassiou, Fractional Differentiation Inequalities, 319
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point a ∈ R. So we also present a very large set of generalized univariate
Riemann–Liouville fractional Opial-type inequalities transferred from ear-
lier ones, proved at anchor point zero for the standard Riemann–Liouville
fractional derivative. In our results we involve one, two, or several func-
tions. But first we need to develop an extensive background in three parts,
and then follow the main results in three subsections.

15.2 Background—I

Here we follow [356, pp. 149–150] and [383, pp. 87–88]. Also here R
N , N > 1

denotes the N -tuple of reals R, and N denotes the natural numbers. Let
us denote by dx ≡ λRN (dx) the Lebesgue measure on R

N , N > 1, and
SN−1 := {x ∈ R

N : |x| = 1} the unit sphere on R
N , where | · | stands for

the Euclidean norm in R
N . Also denote the ball

B(0, R) := {x ∈ R
N : |x| < R} ⊆ R

N , R > 0,

and the spherical shell

A := B(0, R2) − B(0, R1), 0 < R1 < R2.

For x ∈ R
N − {0} we can write uniquely x = rw, where r = |x| > 0 , and

w = x/r ∈ SN−1, |w| = 1. Clearly here

R
N − {0} = (0,∞) × SN−1,

also the map
Φ : R

N − {0} → SN−1 : Φ(x) =
x

|x|
is continuous. In addition, A = [R1, R2] × SN−1. Let us denote by dw ≡
λSN−1(w) the surface measure on SN−1 to be defined as the image under
Φ of N · λRN restricted to the Borel class of B(0, 1) − {0}. More precisely,
the last definition is as follows. Let A ⊂ SN−1 be a Borel set, and let

Ã := {ru : 0 < r < 1, u ∈ A} ⊂ R
N ;

we define
λSN−1(A) = N · λRN (Ã).

Noting Φ(rx) = Φ(x), all r > 0 and x ∈ R
N −{0}, one can conclude that∫

B(0,r)−{0}
f ◦ Φ(x)dx = rN

∫
B(0,1)−{0}

f ◦ Φ(x)dx

and thus ∫
B(0,r)−{0}

f ◦ Φ(x)dx =
rN

N

∫
SN−1

f(w)λSN−1(dw),
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for all f nonnegative and measurable functions on (SN−1,BSN−1); B stands
for the Borel class.

We denote by

wN ≡ λSN−1(SN−1) =
∫

SN−1
dw =

2πN/2

Γ(N/2)

the surface area of SN−1 and we get the volume

|B(0, r)| =
wN rN

N
=

2πN/2 rN

N Γ(N/2)
,

so that |B(0, 1)| = 2πN/2/(N Γ(N/2)). Clearly here

Vol(A) = |A| =
wN (RN

2 − RN
1 )

N
=

2πN/2(RN
2 − RN

1 )
N Γ(N/2)

.

Next, define
ψ : (0,∞) × SN−1 → R

N − {0}

by ψ(r, w) := rw; ψ is a one-to-one and onto function. Thus

(r, w) ≡ ψ−1(x) = (|x|,Φ(x))

are called the polar coordinates of x ∈ R
N − {0}.

Finally, define the measure RN on
(
(0,∞),B(0,∞)

)
by

RN (Γ) =
∫

Γ

rN−1dr, any Γ ∈ B(0,∞).

We mention the following very important theorem.

Theorem 15.1. (See exercise 6, pp. 149–150 in [356] and Theorem
5.2.2 pp. 87–88 of [383].) We have that λRN = (RN × λSN−1) ◦ ψ−1 on
BRN−{0}.

In particular, if f is a nonnegative Borel measurable function on(
R

N ,BRN

)
, then the Lebesgue integral∫
RN

f(x)dx =
∫

(0,∞)

rN−1

(∫
SN−1

f(rw)λSN−1(dw)
)

dr

=
∫

SN−1

(∫
(0,∞)

f(rw)rN−1dr

)
λSN−1(dw). (15.1)

Clearly 15.1 is true for f a Borel integrable function taking values in R.
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Using the facts that:

(i) The Lebesgue measure of a Lebesgue measurable set K equals the
Lebesgue measure of a Borel set (i.e., there exist M , an Fσ, and T a
Gδ sets: M ⊂ K ⊂ T with λRN (K) = λRN (M) = λRN (T ) ; see [354],
p. 62).

(ii) For each g Lebesgue measurable function, there exists an f Borel
measurable function such that g = f a.e. (see [356, p. 145]), we get
valid that (15.1) is true for Lebesgue integrable functions f : R

N → R.

We give the important

Proposition 15.2. Let f : B(0, R) → R, R > 0, be a Lebesgue integrable
function. Then∫

B(0,R)

f(x)dx =
∫

SN−1

(∫ R

0

f(rw)rN−1dr

)
dw. (15.2)

Proof. Call

F (x) :=

⎧⎨⎩
f(x), x ∈ B(0, R),

0, x ∈ R
N − B(0, R).

Then apply (15.1) for F to get (15.2) easily.

At last here we give the main tool for this chapter.

Proposition 15.3. Let f : A → R be a Lebesgue integrable function,
where

A := B(0, R2) − B(0, R1), 0 < R1 < R2.

Then ∫
A

f(x)dx =
∫

SN−1

(∫ R2

R1

f(rw)rN−1dr

)
dw. (15.3)

Proof. Apply (15.1) for

F (x) :=

⎧⎨⎩
f(x), x ∈ A,

0, x ∈ R
N − A;

then (15.3) is valid. �
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We also need the following well-known result.

Proposition 15.4. Let f : [a, b] → R, be a Lebesgue integrable function.
Then ∫ b

a

f(z)dz =
∫ b−a

0

f(t + a)dt. (15.4)

So if fa(t) := f(a + t), the translation of f , then∫ b

a

f(z)dz =
∫ b−a

0

fa(t)dt. (15.5)

15.3 Background—II

Here we define the Riemann–Liouville fractional derivative that we use.

Definition 15.5. (See [64, 65, 187].) Let α > 0. For any f ∈ L1(0, x); x >
0, the Riemann–Liouville fractional integral of f of order α is defined by

(Jαf) (s) :=
1

Γ(α)

∫ s

0

(s − t)α−1f(t)dt, (15.6)

all s ∈ [0, x], and the Riemann–Liouville fractional derivative of f of order
α by

Dαf(s) :=
1

Γ(m − α)

(
d

ds

)m ∫ s

0

(s − t)m−α−1f(t)dt, (15.7)

where m = [α] + 1, [·] is the integer part.
In addition, we set

D0f := f := J0f,

J−αf = Dαf, if α > 0,

D−αf := Jαf, if 0 < α ≤ 1.

If α ∈ N, then Dαf = f (α) the ordinary derivative.

Definition 15.6. (See [187].) We say that f ∈ L1(0, x) has an L∞
fractional derivative Dαf in [0, x] if x > 0, if and only if

Dα−kf ∈ C([0, x]), k = 1, . . . , m := [α] + 1; α > 0,

and
Dα−1f ∈ AC([0, x]) (absolutely continuous functions),
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and Dαf ∈ L∞(0, x).

We mention

Lemma 15.7. (See [187].) Let β > α ≥ 0. Let f ∈ L1(0, x), x > 0, have
an L∞ fractional derivative Dβf in [0, x] and let

Dβ−kf(0) = 0 for k = 1, . . . , [β] + 1.

Then
Dαf(s) :=

1
Γ(β − α)

∫ s

0

(s − t)β−α−1Dβf(t)dt, (15.8)

all s ∈ [0, x]. Clearly here

Dαf ∈ AC([0, x]) for β − α ≥ 1

and
Dαf ∈ C([0, x]), for β − α ∈ (0, 1),

hence Dαf ∈ L∞(0, x), and Dαf ∈ L1(0, x).

Next, we define the generalized Riemann–Liouville fractional derivative
with arbitrary anchor point a ∈ R; see [64].

Definition 15.8. Let v ≥ 0, define

(Dv
af)(s) := (Dvfa)(s − a), s ≥ a, (15.9)

for v = 0 both sides equal to f(s), and for v = n ∈ N we easily get that
(Dn

af)(s) = f (n)(s), the ordinary derivative. Clearly here

(Dv
af)(z + a) = (Dvfa)(z). (15.10)

We use p(s) and Dv
af(s) in L∞(a, x), x > a, a, x ∈ R. In that case by

using (15.5) we obtain∫ w

a

p(y)(Dv
af)(y)dy =

∫ w−a

0

p(z + a)(Dvfa)(z)dz, (15.11)

for all a ≤ w ≤ x, a, x ∈ R, which identity we use a lot in this chapter.

Our initial intention is to transfer Riemann–Liouville fractional Opial
inequalities, [46, 48, 64, 65] applied to fa over [0, w − a], for f over [a,w]
and use the generalized Riemann–Liouville fractional derivative. For that
we observe the following.

Lemma 15.9. f ∈ L1(a,w) if and only if fa ∈ L1(0, w − a), where
w ≥ a, a, w ∈R; fa(t) := f(a + t).
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Proof. We see that∫ w

a

|f(z)|dz =
∫ w−a

0

|fa(t)|dt. �

We need

Lemma 15.10. Let F (s) := f(s−a), a ∈ R be fixed. Here f : [0, w−a] →
R, where w > a and F : [a,w] → R. Then

(i) F ∈ C([a,w]) if and only if f ∈ C([0, w − a]).

(ii) F ∈ L∞(a,w) if and only if f ∈ L∞(0, w − a).

(iii) F ∈ AC([a,w]) if and only if f ∈ AC([0, w − a]).

Proof. It is based on the fact that the map g : [a,w] → [0, w − a], such
that g(s) := s − a is one to one and onto.

(i) (⇒) Let F be continuous, and let zn, z ∈ [0, w − a] : zn → z; that
is, zn + a → z + a, here zn + a, z + a ∈ [a,w]. Hence F (zn + a) → F (z + a)
(i.e., f(zn) → f(z)), proving continuity of f .

(⇐) Let f be continuous, and let

sn → s; sn, s ∈ [a,w] ⇐⇒ sn − a, s − a ∈ [0, w − a],

and sn − a → s − a. Hence f(sn − a) → f(s − a); that is, F (sn) → F (s).
That is, F is continuous.

(ii) We see that

|F (s)| = |f(s − a)| ≤ ‖f‖∞, [0,w−a]

a.e. in s ∈ [a,w]. Hence

‖F‖∞, [a,w] ≤ ‖f‖∞, [0,w−a].

Also
|f(s − a)| = |F (s)| ≤ ‖F‖∞, [a,w]

a.e. in s ∈ [a,w]. So that

‖f‖∞, [0,w−a] ≤ ‖F‖∞, [a,w];

that is,
‖F‖∞, [a,w] = ‖f‖∞, [0,w−a],

proving the claim.
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(iii) (⇒) Let F be absolutely continuous; that is, for every ε > 0 there is a
δ > 0 such that whenever (a1, b1), . . . , (an, bn) are disjoint open subintervals
of [a,w], then

n∑
i=1

(bi − ai) < δ ⇒
n∑

i=1

|F (bi) − F (ai)| < ε.

Here (ai − a, bi − a) ⊂ [0, w − a], i = 1, . . . , n and also disjoint. Rewriting
the last statement we have

n∑
i=1

((bi − a) − (ai − a)) < δ ⇒
n∑

i=1

|f(bi − a) − f(ai − a)| < ε;

that is, f is absolutely continuous. Notice that any open subinterval (a′
i, b

′
i) ⊂

[0, w − a] has the form (ai − a, bi − a), where (ai, bi) ⊂ [a,w], for each
i = 1, . . . , n; by a′

i = ai − a, b′i = bi − a.
(⇐) Assume now f is absolutely continuous; that is, for every ε > 0

there is a δ > 0: for any (a1, b1), . . . , (an, bn) that are disjoint subintervals
of [0, w − a], then

n∑
i=1

(bi − ai) < δ ⇒
n∑

i=1

|f(bi) − f(ai)| < ε.

The last statement is rewritten as

(∀ ε > 0) (∃ δ > 0) : (a1 + a, b1 + a), . . . , (an + a, bn + a) ⊂ [a,w]

(they are disjoint open subintervals); then

n∑
i=1

((bi + a) − (ai + a)) < δ ⇒
n∑

i=1

|F (bi + a) − F (ai + a)| < ε,

by
f(bi) = F (bi + a), f(ai) = F (ai + a).

Therefore F is absolutely continuous. Notice again here that any open
subinterval (a′

i, b
′
i) ⊂ [a,w] has the form (ai + a, bi + a), where (ai, bi) ⊂

[0, w − a] all i = 1, . . . , n; by a′
i = ai + a, b′i = bi + a . �

We need

Lemma 15.11. Here a < w, a,w ∈ R. Then

p(s) ∈ L∞(a,w) if and only if δ(z) := p(a + z) ∈ L∞(0, w − a).

In fact ‖δ‖∞, [0,w−a] = ‖p(s)‖∞, [a,w].
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Proof. Let L1 stand for the class of Lebesgue measurable sets. Assume
p(s) is Lebesgue measurable on [a,w]. Then for any c ∈ R we have

L1 ([a, w]) 	 {x ∈ [a, w] : p(x) ≤ c} = {a+(x−a) ∈ [a, w] : p(a+(x−a)) ≤ c} =

a+{(x−a) ∈ [0, w−a] : p(a+(x−a)) ≤ c} = a+{u ∈ [0, w−a] : p(a+u) ≤ c}.
Therefore

{u ∈ [0, w − a] : δ(u) ≤ c} = {u ∈ [0, w − a] : p(a + u) ≤ c} =

−a + {x ∈ [a,w] : p(x) ≤ c} ∈ L1 ([0, w − a]) ,

for all c ∈ R. Hence δ is Lebesgue measurable on [0, w − a].
Assume now that δ is Lebesgue measurable on [0, w − a]. Then for any

c ∈ R we have

L1 ([0, w − a]) � {z ∈ [0, w − a] : δ(z) ≤ c} =

{z ∈ [0, w− a] : p(a + z) ≤ c} = {(a + z)− a ∈ [0, w− a] : p(a + z) ≤ c} =

−a + {(a + z) ∈ [a,w] : p(a + z) ≤ c} = −a + {x ∈ [a,w] : p(x) ≤ c};
that is,

{x ∈ [a,w] : p(x) ≤ c} = a + {z ∈ [0, w − a] : δ(z) ≤ c} ∈ L1 ([a,w]) ,

for all c ∈ R. Hence p(s) is Lebesgue measurable on [a,w]. We do have that

|δ(z)| = |p(a + z)| ≤ ‖p(s)‖∞, [a,w],

a.e. z ∈ [0, w − a]. Hence ‖δ‖∞, [0,w−a] ≤ ‖p(s)‖∞, [a,w]. Also we have

|p(a + z)| = |δ(z)| ≤ ‖δ‖∞, [0,w−a],

a.e. z ∈ [0, w − a]. Hence ‖p(s)‖∞,[a,w] ≤ ‖δ‖∞,[0,w−a], proving the claim.
�

We continue with

Definition 15.12. We say that f ∈ L1(a,w), a < w; a,w ∈ R has an
L∞ fractional derivative Dβ

af (β > 0) in [a,w], if and only if (1) Dβ−k
a f ∈

C([a,w]), k = 1, . . . , m := [β] + 1; (2)Dβ−1
a f ∈ AC([a,w]); and (3)Dβ

af ∈
L∞(a,w).

Based on Lemmas 15.9 and 15.10, the last definition 15.12 is equivalent
step by step to
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Definition 15.13. We say that fa(s) := f(a + s) ∈ L1(0, w − a) has an
L∞ fractional derivative Dβfa in [0, w−a], β > 0, w > a; a,w ∈ R, if and
only if (1) Dβ−kfa ∈ C([0, w − a]), k = 1, . . . , m := [β] + 1; (2) Dβ−1fa ∈
AC([0, w − a]); and (3) Dβfa ∈ L∞(0, w − a).

Definition 15.14. Here we define for s ≥ a,

Dβ−m
a f(s) = Dβ−([β]+1)

a f(s) := Dβ−([β]+1)fa(s−a) = J([β]+1−β)fa(s−a) =

1
Γ ([β] + 1 − β)

∫ s−a

0

(s − (a + t))[β]−βf(a + t)dt, (15.12)

where f ∈ L1(a,w), a < w; a,w ∈ R. Notice that 0 < [β] + 1 − β ≤ 1. If
f ∈ L∞(a,w), then

Dβ−m
a f(s) =

1
Γ(m − β)

∫ s

a

(s − t)[β]−βf(t)dt.

Remark 15.15. Notice that(
Dβ−k

a f
)
(a) = Dβ−kfa(0), for k = 1, . . . , [β] + 1. (15.13)

Based on Lemma 15.7 we get

Lemma 15.16. Let β > α ≥ 0 and let f ∈ L1(a,w) (if and only if
fa ∈ L1(0, w − a), a < w; a,w ∈ R ) have an L∞ fractional derivative
Dβ

af in [a,w] (if and only if fa have an L∞ fractional derivative Dβfa in
[0, w − a]), and let (

Dβ−k
a f

)
(a) = 0, k = 1, . . . , [β] + 1

(which is the same as Dβ−kfa(0) = 0, for k = 1, . . . , [β] + 1 ). Then

(i) Dαfa(s) =
1

Γ(β − α)

∫ s

0

(s − t)β−α−1Dβfa(t)dt, (15.14)

all s ∈ [0, w − a].

(ii) Dα
a f(s) =

1
Γ(β − α)

∫ s

a

(s − t)β−α−1Dβ
af(t)dt, (15.15)

all a ≤ s ≤ w.
Clearly here

Dα
a f ∈ AC([a,w]) for β − α ≥ 1, and Dα

a f ∈ C([a,w]) for β − α ∈ (0, 1);
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hence Dα
a f ∈ L∞(a,w) and Dα

a f ∈ L1(a,w), and likewise for Dαfa on
[0, w − a].

Proof. By Lemma 15.7, and by Definition 15.8 and (15.14), we have

(Dα
a f) (s) = (Dαfa) (s−a)

(15.14)
=

1

Γ(β − α)

∫ s−a

0

((s−a)−t)β−α−1
(
Dβ

af
)

(t+a)dt

=
1

Γ(β − α)

∫ s−a

0

(s − (t + a))β−α−1
(
Dβ

af
)
(t + a)dt

(15.4)
=

1
Γ(β − α)

∫ s

a

(s − t)β−α−1
(
Dβ

af
)
(t)dt, (15.16)

proving (15.15). �

15.4 Background—III

We make

Remark 15.17. Let f ∈ L1(a,w), where a < w; a,w ∈ R. Let β >
0, a ≤ s ≤ w; by Definition 15.8 we have

(
Dβ

af
)
(s) =

1
Γ(m − β)

(
d

ds

)m ∫ s−a

0

(s−a− t)m−β−1f(a+ t)dt, (15.17)

where m := [β] + 1.
If β = 0, then

(
Dβ

af
)
(s) = f(s). Let now

F ∈ L1(A) = L1

(
[R1, R2] × SN−1

)
.

For a fixed w ∈ SN−1, define gw(r) := F (rw) = F (x), where

x ∈ A := B(0, R2) − B(0, R1),

0 < R1 ≤ r ≤ R2, r = |x|, w =
x

r
∈ SN−1.

By Fubini’s theorem gw ∈ L1

(
[R1, R2],B[R1,R2], RN

)
, for λSN−1 -almost

every w ∈ SN−1.
Call

K(F ) := {w ∈ SN−1 : gw /∈ L1

(
[R1, R2],B[R1,R2], RN

)}
= {w ∈ SN−1 : F (· w) /∈ L1

(
[R1, R2],B[R1,R2], RN

)}. (15.18)

That is, λSN−1 (K(F )) = 0. Of course, Θ(F ) := [R1, R2] × K(F ) ⊂ A and
λRN (Θ(F )) = 0.
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By (15.17) then we have

(
Dβ

R1
gw

)
(r) =

1
Γ(m − β)

(
d

dr

)m ∫ r−R1

0

(r −R1 − t)m−β−1gw(R1 + t)dt,

(15.19)
where β > 0, m := [β] + 1, r ∈ [R1, R2]. If β = 0, then

(
Dβ

R1
gw

)
(r) =

gw(r). Formula (15.19) is written for all w ∈ SN−1 − K(F ). We set(
Dβ

R1
gw

)
(r) ≡ 0, for all w ∈ K(F ), r ∈ [R1, R2], any β > 0.

The above leads to the following definition.

Definition 15.18. Let β > 0, m := [β] + 1, F ∈ L1(A); A is the
spherical shell. We define

∂β
R1

F (x)
∂rβ

:=

⎧⎨⎩
1

Γ(m−β)

(
d
dr

)m ∫ r−R1

0
(r − R1 − t)m−β−1F ((R1 + t)w)dt,

for w ∈ SN−1 − K(F ),
0, for w ∈ K(F ),

(15.20)
where x = rw ∈ A, r ∈ [R1, R2], w ∈ SN−1.

If β = 0, define
∂β

R1
F (x)

∂rβ
:= F (x).

We call
∂β

R1
F (x)

∂rβ

the Riemann–Liouville radial fractional derivative of F of order β.

We make

Remark 15.19. If f ∈ L∞(a,w), then (15.17) becomes

(
Dβ

af
)
(s) =

1
Γ(m − β)

(
d

ds

)m ∫ s

a

(s − t)m−β−1f(t)dt, (15.21)

β > 0, m := [β] + 1, s ∈ [a,w]. If F is a Lebesgue measurable function
from A into R and bounded, that is, there exists

M∗ > 0 : |F (x)| ≤ M∗, all x ∈ A,

then of course F ∈ L1(A). Clearly then |gw(r)| ≤ M∗, all r ∈ [R1, R2], and
all w ∈ SN−1.
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Therefore (15.19) becomes(
Dβ

R1
gw

)
(r) =

1
Γ(m − β)

(
d

dr

)m ∫ r

R1

(r − t)m−β−1gw(t)dt, (15.22)

where m := [β] + 1, β > 0, r ∈ [R1, R2], for all w ∈ SN−1 −K(F ). In this
last case, (15.20) becomes

∂β
R1

F (x)
∂rβ

:=

⎧⎪⎪⎨⎪⎪⎩
1

Γ(m−β)

(
d
dr

)m ∫ r

R1
(r − t)m−β−1F (tw)dt,

for w ∈ SN−1 − K(F ),

0, for w ∈ K(F ),
(15.23)

where x = rw ∈ A, r ∈ [R1, R2], w ∈ SN−1.

We need

Theorem 15.20. Let β > α > 0 and F ∈ L1(A). Assume that

∂β
R1

F (x)
∂rβ

∈ L∞(A).

Further assume that Dβ
R1

F (rw) takes real values for almost all r ∈ [R1, R2],
for each w ∈ SN−1, and for these |Dβ

R1
F (rw)| ≤ M1 for some M1 > 0.

For each w ∈ SN−1−K(F ), we assume that F (· w) have an L∞ fractional
derivative Dβ

R1
F (· w) in [R1, R2], and that

Dβ−k
R1

F (R1w) = 0, k = 1, . . . , [β] + 1.

Then

∂α
R1

F (x)
∂rα

=
(
Dα

R1
F
)
(rw) =

1
Γ(β − α)

∫ r

R1

(r − t)β−α−1
(
Dβ

R1
F
)

(tw)dt,

(15.24)
is true for all x ∈ A, that is, is true for all r ∈ [R1, R2] and for all
w ∈ SN−1. Here(

Dα
R1

F
)
(· w) ∈ AC([R1, R2]) for β − α ≥ 1

and (
Dα

R1
F
)
(· w) ∈ C([R1, R2]) for β − α ∈ (0, 1),

for all w ∈ SN−1. Furthermore

∂α
R1

F (x)
∂rα

∈ L∞(A).
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In particular, it holds

F (x) = F (rw) =
1

Γ(β)

∫ r

R1

(r − t)β−1
(
Dβ

R1
F
)

(tw)dt, (15.25)

for all r ∈ [R1, R2] and w ∈ SN−1 − K(F ); x = rw, and

F (· w) ∈ AC([R1, R2]) for β ≥ 1

and
F (· w) ∈ C([R1, R2]) for β ∈ (0, 1),

for all w ∈ SN−1 − K(F ).

Proof. Here we observe that for each w ∈ SN−1 − K(F ), we have

F (· w) ∈ L1

(
[R1, R2],B[R1,R2], RN

)
.

By our assumptions and Lemma 15.16, we have(
Dα

R1
F
)
(rw) =

1
Γ(β − α)

∫ r

R1

(r − t)β−α−1Dβ
R1

F (tw)dt, (15.26)

for all r ∈ [R1, R2] and w ∈ SN−1 − K(F ), for β > α ≥ 0, thus initially
proving (15.25) by setting α = 0 in (15.26). Here

Dα
R1

F (· w) ∈ AC([R1, R2]), for all w ∈ SN−1 − K(F ), β − α ≥ 1,

and
Dα

R1
F (· w) ∈ C([R1, R2]), for β − α ∈ (0, 1).

Formula (15.26) for α > 0, is true for all r ∈ [R1, R2] and w ∈ SN−1,
and (

Dα
R1

F
)
(· w) ∈ AC([R1, R2]), for all w ∈ SN−1, β − α ≥ 1

and
Dα

R1
F (· w) ∈ C([R1, R2]), for β − α ∈ (0, 1).

Thus proving (15.24). Fixing r ∈ [R1, R2], the function

δr(t, w) := (r − t)β−α−1Dβ
R1

F (tw)

is measurable on (
[R1, r] × SN−1,B[R1,r] × BSN−1

)
.

Here B[R1,r] × BSN−1 stands for the complete σ- algebra generated by
B[R1,r] × BSN−1 , where BX stands for the completion of BX . Then we get
that∫

SN−1

(∫ r

R1

|δr(t, w)|dt

)
dw =

∫
SN−1

(∫ r

R1

(r − t)β−α−1|Dβ
R1

F (tw)|dt

)
dw
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≤
888∂β

R1
F (x)

∂rβ

888
∞, ([R1,r]×SN−1)

(∫
SN−1

(∫ r

R1

(r − t)β−α−1dt

)
dw

)
(15.27)

=
888∂β

R1
F (x)

∂rβ

888
∞, ([R1,r]×SN−1)

(
2πN/2

Γ(N/2)

)
(r − R1)β−α

(β − α)
≤

888∂β
R1

F (x)
∂rβ

888
∞, A

(
2πN/2

Γ(N/2)

)
(R2 − R1)β−α

(β − α)
< ∞. (15.28)

Hence δr(t, w) is integrable on(
[R1, r] × SN−1,B[R1,r] × BSN−1

)
.

Consequently, by Fubini’s theorem and (15.24), we obtain that(
Dα

R1
F
)
(rw), β > α > 0,

is integrable in w over
(
SN−1, BSN−1

)
. So we have that(

Dα
R1

F
)
(rw), β > α > 0,

is continuous in r ∈ [R1, R2] for each w ∈ SN−1, and measurable in
w ∈ SN−1 for each r ∈ [R1, R2]. So, it is a Carathéodory function. Here
[R1, R2] is a separable metric space and SN−1 is a measurable space, and
the function takes values in R

∗ = R ∪ {±∞}, which is a metric space.
Therefore by Theorem 20.15, p. 156 of [10],

(
Dα

R1
F
)
(rw), β > α > 0 is

jointly
(B[R1,R2] × BSN−1

)
-measurable on [R1, R2] × SN−1 = A, that is,

Lebesgue measurable on A. Indeed then we have that

| (Dα
R1

F
)
(rw)| ≤ 1

Γ(β − α)

∫ r

R1

(r − t)β−α−1
⏐⏐⏐(Dβ

R1
F
)

(tw)
⏐⏐⏐dt

≤
‖Dβ

R1
F (· w)‖∞, [R1,R2]

Γ(β − α)

(∫ r

R1

(r − t)β−α−1dt

)
≤ M1

Γ(β − α)
(r − R1)β−α

(β − α)
(15.29)

≤ M1

Γ(β − α + 1)
(R2 − R1)β−α := τ < ∞,

for all w ∈ SN−1 and all r ∈ [R1, R2]; that is, we proved that

| (Dα
R1

F
)
(rw)| ≤ τ < ∞, (15.30)

for all w ∈ SN−1 and all r ∈ [R1, R2], hence proving that

∂α
R1

F (x)
∂rα

∈ L∞(A).
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We have finished our proof. �

We have built the machinery to do Riemann–Liouville fractional Opial-
type inequalities on the spherical shell.

Now we are ready to present our main results next.

15.5 Main Results

15.5.1 Riemann–Liouville Fractional Opial-Type Inequalities
Involving One Function

We mention

Theorem 15.21. (See [64].) Let 1/p + 1/q = 1 with p, q > 1, let γ ≥
0, v > γ +1− 1/p, and f ∈ L1(0, x) have an L∞ fractional derivative Dvf
in [0, x], x > 0, such that

Dv−jf(0) = 0, for j = 1, . . . , [v] + 1.

Then ∫ x

0

|Dγf(s)| |Dvf(s)|ds ≤ Ω(x)
(∫ x

0

|Dvf(s)|qds

)2/q

(15.31)

where

Ω(x) :=
x(rp+2)/p

21/q Γ(r + 1) ((rp + 1)(rp + 2))1/p
(15.32)

and
r := v − γ − 1. (15.33)

We transfer Theorem 15.21 to arbitrary anchor point a ∈ R. We present

Theorem 15.22. Let 1/p + 1/q = 1 with p, q > 1, let γ ≥ 0, v >
γ + 1 − 1/p, and f ∈ L1(a, x) have an L∞ fractional derivative Dv

af in
[a, x], a, x ∈ R, a < x, such that

Dv−j
a f(a) = 0, for j = 1, . . . , [v] + 1.

Then∫ x

a

|Dγ
af(s)| |Dv

af(s)|ds ≤ Ω(x − a)
(∫ x

a

|Dv
af(s)|qds

)2/q

, (15.34)

where Ω is as in (15.32).
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Proof. By Lemma 15.9, fa ∈ L1(0, x− a) with L∞ fractional derivative
Dvfa in [0, x − a]; see Definitions 15.12 and 15.13. Furthermore it holds
(see (15.13)),

Dv−jfa(0) = 0, for j = 1, . . . , [v] + 1.

Therefore by (15.31) we have

∫ x−a

0

|Dγfa(s)| |Dvfa(s)|ds ≤ Ω(x−a)
(∫ x−a

0

|Dvfa(s)|qds

)2/q

. (15.35)

Using (15.10) we have

∫ x−a

0

| (Dγ
af) (s+a)| | (Dv

af) (s+a)|ds ≤ Ω(x−a)

(∫ x−a

0

| (Dv
af) (s + a)|qds

)2/q

.

By Lemma 15.16, we have that

Dγ
af ∈ AC([a, x]) for v − γ ≥ 1 and Dγ

af ∈ C([a, x]) for v − γ ∈ (0, 1).

Clearly then by Proposition 15.4 we get∫ x−a

0

| (Dγ
af) (s + a)| | (Dv

af) (s + a)|ds =
∫ x

a

|Dγ
af(s)| | (Dv

af) (s)|ds

(15.36)
and ∫ x−a

0

| (Dv
af) (s + a)|qds =

∫ x

a

| (Dv
af) (s)|qds,

notice here functions under right-hand side integrations are integrable.
That proves (15.34). �

We mention

Theorem 15.23. (See [64].) Let v > γ ≥ 0, and let f ∈ L1(0, x) have
an L∞ fractional derivative Dvf in [0, x], x > 0, such that

Dv−jf(0) = 0, for j = 1, . . . , [v] + 1.

Then∫ x

0

|Dγf(s)| |Dvf(s)|ds ≤ Ω1(x) ess sups∈[0,x] |Dvf(s)|2, (15.37)

where

Ω1(x) =
xr+2

Γ(r + 3)
, r = v − γ − 1. (15.38)
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We give the general transfer.

Theorem 15.24. Let v > γ ≥ 0, and let f ∈ L1(a, x) have an L∞
fractional derivative Dv

af in [a, x], a, x ∈ R, a < x, such that

Dv−j
a f(a) = 0, for j = 1, . . . , [v] + 1.

Then∫ x

a

|Dγ
af(s)| |Dv

af(s)|ds ≤ Ω1(x − a) ess sups∈[a,x] |Dv
af(s)|2, (15.39)

where Ω1 is as in (15.38).

Proof. By Lemma 15.9, fa ∈ L1(0, x− a) with L∞ fractional derivative
Dvfa in [0, x − a]; see Definitions 15.12 and 15.13. Furthermore it holds
(see (15.13)),

Dv−jfa(0) = 0, for j = 1, . . . , [v] + 1.

Therefore by (15.37) we have∫ x−a

0

|Dγfa(s)| |Dvfa(s)|ds ≤ Ω1(x − a) ess sups∈[0,x−a] |Dvfa(s)|2.
(15.40)

Using (15.10) we get∫ x−a

0

|Dγ
af(s+a)| | (Dv

af) (s+a)|ds ≤ Ω1(x−a)ess sups∈[0,x−a] |Dv
af(s+a)|2.

We have again by Proposition 15.4 that∫ x−a

0

|Dγ
af(s + a)| |Dv

af(s + a)|ds =
∫ x

a

|Dγ
af(s)| |Dv

af(s)|ds. (15.41)

Also by Lemma 15.11 we obtain

ess sups∈[0,x−a] |Dv
af(s + a)|2 = ess sups∈[a,x] |Dv

af(s)|2,

thus proving the claim. �

We give the transfer

Theorem 15.25. Let 1/p + 1/q = 1 with 0 < p < 1, let v > γ ≥ 0, and
let f ∈ L1(a, x) have an L∞ fractional derivative Dv

af in [a, x], a, x ∈
R, a < x, such that

Dv−j
a f(a) = 0, for j = 1, . . . , [v] + 1.
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Additionally assume (1/Dv
af) ∈ L∞(a, x) and that Dv

af has the same sign
a.e. in (a, x). Then∫ x

a

|Dγ
af(s)| |Dv

af(s)|ds ≥ Ω(x − a)
(∫ x

a

|Dv
af(s)|qds

)2/q

(15.42)

where Ω is defined by (15.32).

Proof. Based on Theorem 2.3, of [64], special case of a = 0. It is a similar
method of proving as in Theorem 15.22. �

We give the transfer.

Theorem 15.26. Let 1/p + 1/q = 1 with p, q > 1 let γ ≥ 0, v ≥
γ + 2 − 1/p, and f ∈ L1(a, x) have an L∞ fractional derivative Dv

af in
[a, x], a, x ∈ R, a < x, such that

Dv−j
a f(a) = 0, for j = 1, . . . , [v] + 1.

Then∫ x

a

|Dγ
af(s)| |Dγ+1

a f(s)|ds ≤ Ω2(x − a)
(∫ x

a

|Dv
af(s)|qds

)2/q

, (15.43)

where

Ω2(t) :=
t2 (rp+1)/p

2 (Γ(r + 1))2 (rp + 1)2/p
, r = v − γ − 1, t ≥ 0. (15.44)

Proof. Based on Theorem 2.4 of [64], special case of a = 0. It is a similar
method of proving as in Theorem 15.22. �

We present the transfer.

Theorem 15.27. Let γ ≥ 0, v > γ + 1, and let f ∈ L1(a, x) have an
L∞ fractional derivative Dv

af in [a, x], a, x ∈ R, a < x, such that

Dv−j
a f(a) = 0, for j = 1, . . . , [v] + 1.

Then∫ x

a

|Dγ
af(s)| |Dγ+1

a f(s)|ds ≤ Ω3(x − a) ess supt∈(a,x) |Dv
af(t)|2, (15.45)

where

Ω3(t) :=
t2(v−γ)

2 (Γ(v − γ + 1))2
, t ≥ 0. (15.46)
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Proof. Based on Theorem 2.5, of [64], special case of a = 0. It is a similar
method of proving as in Theorem 15.24. �

We further give

Proposition 15.28. Inequality (15.45) is sharp; namely it is attained
by

f∗(s) := (s − a)v , a ≤ s ≤ x , v > γ + 1 , γ ≥0.

Proof. Here we are acting as in Remark 2.6 of [64]. We use the known
formula∫ s

a

(s − t)u−1(t − a)v−1dt =
Γ(u) Γ(v)
Γ(u + v)

(s − a)u+v−1, u, v > 0. (15.47)

Let
0 ≤ j ≤ [v] + 1, m := [v] − j + 1, α := v − [v].

We have 1 − α > 0, v + 1 > 0, and by (15.21) we obtain

Dv−j
a f∗(s) = Dv−j

a (s−a)v =
1

Γ(1 − α)

(
d

ds

)m ∫ s

a
(s−t)(1−α)−1(t−a)(v+1)−1dt

(15.48)

=
1

Γ(1 − α)
Γ(1 − α) Γ(v + 1)

Γ(m + j + 1)

(
d

ds

)m

(s − a)m+j =
Γ(v + 1)

j!
(s − a)j ;

(15.49)
that is,

Dv−j
a (s − a)v =

Γ(v + 1)
j!

(s − a)j . (15.50)

Hence
Dv−j

a f∗(a) = 0, for j = 1, . . . , [v] + 1 (15.51)

and
Dv

af∗(s) = Dv
a(s − a)v = Γ(v + 1). (15.52)

Using Lemma 15.16, in particular applying (15.15), we obtain

Dγ
a(s−a)v =

Γ(v + 1)(s − a)v−γ

Γ(v − γ + 1)
, Dγ+1

a (s−a)v =
Γ(v + 1)
Γ(v − γ)

(s−a)v−γ−1.

(15.53)
Therefore

L.H.S. (15.45) =
∫ x

a

|Dγ
af∗(s)| |Dγ+1

a f∗(s)|ds =
(Γ(v + 1))2

Γ(v − γ) Γ(v − γ + 1)
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a

(s−a)2(v−γ)−1ds =
1
2

(
Γ(v + 1)

Γ(v − γ + 1)

)2

(x−a)2(v−γ) = R.H.S. (15.45),

(15.54)
thus proving the claim. �

We present

Theorem 15.29. Let 1/p+1/q = 1 with 0 < p < 1, let γ ≥ 0, v > γ+1,
and let f ∈ L1(a, x) have an L∞ fractional derivative Dv

af in [a, x], a, x ∈
R, a < x, such that

Dv−j
a f(a) = 0, for j = 1, . . . , [v] + 1.

Also assume (1/Dv
af) ∈ L∞(a, x) and that Dv

af has the same sign a.e. in
(a, x). Then∫ x

a

|Dγ
af(s)| |Dγ+1

a f(s)|ds ≥ Ω2(x − a)
(∫ x

a

|Dv
af(s)|qds

)2/q

, (15.55)

where Ω2 is given by (15.44).

Proof. We transfer here for arbitrary anchor point a ∈ R, Theorem 2.7
of [64]. We apply the earlier established method; see Theorem 15.22. �

We present

Theorem 15.30. Let 1/p + 1/q = 1 with p, q > 1, let γ ≥ 0, v >
γ + 1 − 1/p, and let f ∈ L1(a, x) have an L∞ fractional derivative Dv

af in
[a, x], a, x ∈ R, a < x, such that

Dv−j
a f(a) = 0, for j = 1, . . . , [v] + 1;

let m > 0. Then∫ x

a

|Dγ
af(s)|mds ≤ Ω4(x − a)

(∫ x

a

|Dv
af(s)|qds

)m/q

, (15.56)

where

Ω4(t) :=
t(rm+1+(m/p))

(Γ(r + 1))m
(
rm + 1 +

(
m
p

))
(rp + 1)m/p

,

r := v − γ − 1, t ≥ 0. (15.57)

Proof. Based on Theorem 2.8 of [64] and its transfer to arbitrary anchor
point a ∈ R. �
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We give

Theorem 15.31. Let v > γ ≥ 0, and let f ∈ L1(a, x) have an L∞
fractional derivative Dv

af in [a, x], a, x ∈ R, a < x, such that

Dv−j
a f(a) = 0, for j = 1, . . . , [v] + 1;

let m > 0. Then∫ x

a

|Dγ
af(s)|mds ≤ Ω5(x − a)esssupt∈[a,x]|Dv

af(t)|m, (15.58)

where

Ω5(t) :=
t(v−γ)m+1

(Γ(v − γ + 1))m
(
(v − γ − 1) m + 1 +

(
m
p

))
((v − γ)m + 1)

, t ≥ 0.

(15.59)

Proof. Based on Theorem 2.9 of [64], and so on. �

We next give the notation valid for the rest of Section 15.5.1; we follow
[65].

Notation 15.32. Here we call

• l: a positive integer.

• v, ri: positive real numbers, i = 1, . . . , l, r =
∑l

i=1 ri.

• μi: real numbers satisfying 0 ≤ μi < v, i = 1, . . . , l.

• αi = v − μi − 1, i = 1, . . . , l.

• α = max{(αi)− : i = 1, . . . , l}, where (αi)− := (−αi)+.

• β = max{(αi)+ : i = 1, . . . , l}, where (αi)+ := max (αi, 0).

• w1, w2: continuous positive weight functions on [a, x], a, x ∈ R,
a < x.

• w: continuous nonnegative weight function on [a, x].

• sk, s′k : sk > 0 and 1/sk + 1/s′k = 1 k = 1, 2.

We write μ = (μ1, . . . , μl) for a selection of the orders μi of fractional
derivatives, and r = (r1, . . . , rl) for a selection of the constants ri.
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We mention

Theorem 15.33. [65] Let f ∈ L1(0, x) have an L∞ fractional derivative
Dvf in [0, x], x > 0, such that

Dv−jf(0) = 0, for j = 1, . . . , [v] + 1.

Here a = 0. For k = 1, 2, let sk > 1 and p > 0 satisfy

αs2 < 1, p >
s2

1 − αs2
(15.60)

and let σ = 1/s2 − 1/p. Finally, let

Q1 :=
(∫ x

0

w1(τ)s′
1dτ

)1/s′
1

; Q2 :=
(∫ x

0

w2(τ)−s′
2/pdτ

)r/s′
2

. (15.61)

Then ∫ x

0

w1(τ)
l∏

i=1

|Dμif(τ)|ridτ ≤

Q1Q2C1 xρ+(1/s1)

(∫ x

0

w2(τ) |Dvf(τ)|pdτ

)r/p

, (15.62)

where ρ :=
∑l

i=1 αiri + σr, and

C1 := C1(v, μ, r, p, s1, s2) :=
σrσ∏l

i=1 Γ(v − μi)ri(αi + σ)riσ(ρs1 + 1)1/s1
.

(15.63)

We transfer the last theorem to arbitrary anchor point a ∈ R.

Theorem 15.34. Here all constant and parameter notation is as in
Theorem 15.33. Let f ∈ L1(a, x), a < x, a, x ∈ R, have an L∞ fractional
derivative Dv

af in [a, x], such that

Dv−j
a f(a) = 0, for j = 1, . . . , [v] + 1.

Let

Q1(a) :=
(∫ x

a

w1(τ)s′
1dτ

)1/s′
1

, Q2(a) :=
(∫ x

a

w2(τ)−s′
2/pdτ

)r/s′
2

.

(15.64)
Then ∫ x

a

w1(τ)
l∏

i=1

|Dμi
a f(τ)|ridτ ≤
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Q1(a)Q2(a)C1(x − a)ρ+(1/s1)

(∫ x

a

w2(τ) |Dv
af(τ)|pdτ

)r/p

. (15.65)

Proof. By Lemma 15.9, fa ∈ L1(0, x− a) with an L∞ fractional deriva-
tive Dvfa in [0, x − a]; see Definitions 15.12, and 15.13. Furthermore it
holds (see (15.13))

Dv−jfa(0) = 0, for j = 1, . . . , [v] + 1.

Notice that

Q1(a) :=

(∫ x−a

0

w1(τ + a)s′1dτ

)1/s′1
, Q2(a) :=

(∫ x−a

a

w2(τ + a)−s′2/pdτ

)r/s′2
.

(15.66)

Next we apply (15.62) on [0, x − a] to fa with respect to

w1(a + τ), w2(a + τ), τ ∈ [0, x − a].

We have ∫ x−a

0

w1(a + τ)
l∏

i=1

|Dμifa(τ)|ridτ ≤

Q1(a)Q2(a)C1 (x − a)ρ+(1/s1)

(∫ x−a

0

w2(a + τ) |Dvfa(τ)|pdτ

)r/p

.

(15.67)
Equivalently, via (15.10), we write

∫ x−a

0

w1(a + τ)
l∏

i=1

|Dμi
a f(a + τ)|ridτ ≤

Q1(a)Q2(a)C1 (x − a)ρ+(1/s1)

(∫ x−a

0

w2(a + τ) |Dv
af(a + τ)|pdτ

)r/p

.

(15.68)
By Lemma 15.16, we have that D

μi
a f ∈ AC([a, x]). Hence, by Proposition

15.4, we get (15.65). �

Next, we apply Theorem 15.34 to the spherical shell A. We give

Theorem 15.35. Here all constant and parameter notation is as in
Theorem 15.33. Let f ∈ L1(A) with

∂v
R1

f(x)
∂rv

∈ L∞(A), x ∈ A;

A := B(0, R2) − B(0, R1) ⊆ R
N , N ≥ 2, 0 < R1 < R2.
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Further assume that Dv
R1

f(rw) ∈ R for almost all r ∈ [R1, R2], for each
w ∈ SN−1, and for these |Dv

R1
f(rw)| ≤ M1 for some M1 > 0. For each

w ∈ SN−1 −K(F ), we assume that f(· w) has an L∞ fractional derivative
Dv

R1
f(· w) in [R1, R2], and that

Dv−j
R1

f(R1w) = 0, j = 1, . . . , [v] + 1.

We take p =
∑l

i=1 ri, and 0 ≤ μ1 < μ2 ≤ μ3 ≤ . . . ≤ μl < v.
If μ1 = 0 we set r1 = 1. Denote

Q1(R1) :=

(
R

(N−1)s′
1+1

2 − R
(N−1)s′

1+1
1

(N − 1)s′1 + 1

)1/s′
1

,

Q2(R1) :=

⎛⎝R
(1−N)(s′

2/p)+1
2 − R

(1−N)(s′
2/p)+1

1

(1 − N)( s′
2
p ) + 1

⎞⎠p/s′
2

. (15.69)

Then ∫
A

l∏
i=1

⏐⏐⏐∂
μi

R1
f(x)

∂rμi

⏐⏐⏐ri

dx ≤ C∗
(∫

A

⏐⏐⏐∂v
R1

f(x)
∂rv

⏐⏐⏐p

dx

)
, (15.70)

where
C∗ := Q1(R1)Q2(R1)C1(R2 − R1)ρ+(1/s1). (15.71)

Proof. By Theorem 15.20 for μi > 0 we get that

∂
μi

R1
f(x)

∂rμi
∈ L∞(A).

In general here we get that

l∏
i=1

⏐⏐⏐∂
μi

R1
f(x)

∂rμi

⏐⏐⏐ri ∈ L1(A).

Thus, by Proposition 15.3 we have

I1 :=
∫

A

l∏
i=1

⏐⏐⏐∂
μi

R1
f(x)

∂rμi

⏐⏐⏐ri

dx =
∫

SN−1

(∫ R2

R1

l∏
i=1

|Dμi

R1
f(rw)|ri rN−1dr

)
dw

=
∫

(SN−1−K(f))

(∫ R2

R1

l∏
i=1

|Dμi

R1
f(rw)|ri rN−1dr

)
dw. (15.72)
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Because
⏐⏐⏐∂v

R1
f(x)

∂rv

⏐⏐⏐p

∈ L1(A), we also obtain

I2 :=
∫

A

⏐⏐⏐∂v
R1

f(x)
∂rv

⏐⏐⏐p

dx =
∫

SN−1

(∫ R2

R1

|Dr
R1

f(rw)|p rN−1dr

)
dw

=
∫

(SN−1−K(f))

(∫ R2

R1

|Dr
R1

f(rw)|p rN−1dr

)
dw. (15.73)

Notice here

f(· w) ∈ L1([R1, R2]), for all w ∈ SN−1 − K(f),

and λSN−1(K(f)) = 0.
Setting w1(r) = w2(r) := rN−1, r ∈ [R1, R2], we use Theorem 15.34, for

every w ∈ SN−1 − K(f). We get∫ R2

R1

l∏
i=1

|Dμi

R1
f(rw)|ri rN−1dr

≤ Q1(R1)Q2(R1)C1(R2 − R1)ρ+(1/s1)

(∫ R2

R1

|Dv
R1

f(rw)|p rN−1dr

)
;

(15.74)
that is, we find that ∫ R2

R1

l∏
i=1

|Dμi

R1
f(rw)|ri rN−1dr ≤

C∗
∫ R2

R1

|Dv
R1

f(rw)|p rN−1dr, for all w ∈ SN−1 − K(f). (15.75)

Therefore∫
(SN−1−K(f))

(∫ R2

R1

l∏
i=1

|Dμi

R1
f(rw)|ri rN−1dr

)
dw

≤ C∗
(∫

(SN−1−K(f))

(∫ R2

R1

|Dv
R1

f(rw)|p rN−1dr

)
dw

)
. (15.76)

That is,
I1 ≤ C∗I2, (15.77)

thus proving (15.70). �
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We continue with

Theorem 15.36. Let f ∈ L1(a, x), a < x, a, x ∈ R have an L∞
fractional derivative Dv

af in [a, x] such that

Dv−j
a f(a) = 0, for j = 1, . . . , [v] + 1.

Then∫ x

a

w(τ)
l∏

i=1

|Dμi
a f(τ)|ridτ ≤ ‖w‖∞(x − a)ρ

ρ
∏l

i=1 Γ(v − μi + 1)ri

‖Dv
af‖r

∞, (15.78)

where ρ :=
∑l

i=1(v − μi)ri + 1.

Proof. This is a transfer of Theorem 2.2 of [65] and its proof. By (15.15)
we have

|Dμi
a f(τ)| ≤ 1

Γ(v − μi)

∫ τ

a

(τ − t)αi |Dv
af(τ)|dt, (15.79)

implying that

|Dμi
a f(τ)| ≤ ‖Dv

af‖∞(τ − a)v−μi

Γ(v − μi + 1)
. (15.80)

Hence

|Dμi
a f(τ)|ri ≤ ‖Dv

af‖ri∞ (τ − a)(v−μi)ri

(Γ(v − μi + 1))ri
, (15.81)

and

w(τ)
l∏

i=1

|Dμi
a f(τ)|ri ≤ ‖w‖∞ ‖Dv

af‖r
∞ (τ − a)

∑ l
i=1(v−μi)ri∏l

i=1 (Γ(v − μi + 1))ri
. (15.82)

Integrating (15.82) over [a, x] we get∫ x

a

w(τ)
l∏

i=1

|Dμi
a f(τ)|ridτ ≤ ‖w‖∞ ‖Dv

af‖r
∞∏l

i=1 (Γ(v − μi + 1))ri

∫ x

a

(τ − a)
∑ l

i=1(v−μi)ridτ =

‖w‖∞ ‖Dv
af‖r

∞∏l
i=1 (Γ(v − μi + 1))ri

(x − a)ρ

ρ
, (15.83)

proving (15.78). �

We apply Theorem 15.36 to the spherical shell A case.

Theorem 15.37. Let f ∈ L1(A) with

∂v
R1

f

∂rv
∈ L∞(A).
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Assume Dv
R1

f(rw) ∈ R for almost all r ∈ [R1, R2], for each w ∈ SN−1,
and for these |Dv

R1
f(rw)| ≤ M1 for some M1 > 0. For each w ∈ SN−1 −

K(f), we assume that f(· w) has an L∞ fractional derivative Dv
R1

f(· w)
in [R1, R2], and that

Dv−j
R1

f(R1w) = 0, for j = 1, . . . , [v] + 1.

We take
0 ≤ μ1 < μ2 ≤ μ3 ≤ . . . ≤ μl < v.

If μ1 = 0 we set r1 = 1. Then∫
A

l∏
i=1

⏐⏐⏐∂
μi

R1
f(x)

∂rμi

⏐⏐⏐ri

dx ≤ RN−1
2 (R2 − R1)ρMr

1

ρ
∏l

i=1 (Γ(v − μi + 1))ri

2πN/2

Γ(N/2)
, (15.84)

where ρ :=
∑l

i=1(v − μi)ri + 1.

Proof. Here
l∏

i=1

⏐⏐⏐∂
μi

R1
f(x)

∂rμi

⏐⏐⏐ri ∈ L1(A).

Hence as before

I1 :=

∫
A

l∏
i=1

⏐⏐⏐ ∂
μi
R1

f(x)

∂rμi

⏐⏐⏐ri
dx =

∫
(SN−1−K(f))

(∫ R2

R1

l∏
i=1

|Dμi
R1

f(rw)|ri rN−1dr

)
dw.

(15.85)

Here we set w(r) := rN−1, r ∈ [R1, R2]. For each w ∈ SN−1 − K(f) we
apply Theorem 15.36. From (15.78) we obtain

∫ R2

R1

l∏
i=1

|Dμi
R1

f(rw)|ri rN−1dr ≤ RN−1
2 (R2 − R1)

ρ

ρ
∏l

i=1 (Γ(v − μi + 1))ri
‖Dv

R1f(· w)‖r
∞, [R1,R2]

(15.86)

≤ RN−1
2 (R2 − R1)ρ Mr

1

ρ
∏l

i=1 (Γ(v − μi + 1))ri
:= θ, for all w ∈ SN−1 − K(f). (15.87)

Therefore

I1 =
∫

(SN−1−K(f))

(∫ R2

R1

l∏
i=1

|Dμi

R1
f(rw)|ri rN−1dr

)
dw

≤ θ

∫
(SN−1−K(f))

dw = θ

∫
SN−1

dw (15.88)

= θ
2πN/2

Γ(N/2)
, (15.89)
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proving (15.84). �

We continue with

Theorem 15.38. Let f ∈ L1(a, x), a < x, a, x ∈ R have an L∞ frac-
tional derivative Dv

af in [a, x] such that

Dv−j
a f(a) = 0, for j = 1, . . . , [v] + 1.

Assume also that Dv
af has the same sign a.e. in (a, x). For k = 1, 2 , let

0 < sk < 1, let p < 0, and let σ := 1/s2 − 1/p, Q1(a) and Q2(a) as in
(15.64), C1 as in (15.63). Then∫ x

a

w(τ)
l∏

i=1

|Dμi
a f(τ)|ridτ ≥

Q1(a)Q2(a)C1 (x − a)ρ+(1/s1)

(∫ x

a

w2(τ)|Dv
af(τ)|pdτ

)r/p

, (15.90)

where

ρ :=
l∑

i=1

αiri + σr. (15.91)

Proof. Similar to Theorem 15.34 with transfer of Theorem 2.3 of [65] to
anchor point a ∈ R. �

We give

Theorem 15.39. Let s1, s2, p ∈ (0, 1), rs1 ≤ 1 and

s2

1 − αs2 + s2
< p <

s2

1 + βs2
, σ =

1
s2

− 1
p
,

ρ as in (15.91), Q1(a) and Q2(a) as in (15.64), and C1 as in (15.63). Let
f ∈ L1(a, x), a < x, a, x ∈ R have an L∞ fractional derivative Dv

af in
[a, x], such that

Dv−j
a f(a) = 0, for j = 1, . . . , [v] + 1.

Assume also that Dv
af has the same sign a.e. in (a, x). Then∫ x

a

w1(τ)
l∏

i=1

|Dμi
a f(τ)|ridτ ≥

Q1(a)Q2(a)C1 (x − a)ρ+(1/s1)

(∫ x

a

w2(τ)|Dv
af(τ)|pdτ

)r/p

. (15.92)
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Proof. Similar transfer of Theorem 2.4 from [65]. �

We apply Theorem 15.39 on the spherical shell A.

Theorem 15.40. All parameters and constants are as in Theorem 15.39.
We take p =

∑l
i=1 ri, and 0 ≤ μ1 < μ2 ≤ μ3 ≤ · · · ≤ μl < v. If μ1 = 0 we

set r1 = 1. Let f ∈ L1(A) with

∂v
R1

f

∂rv
∈ L∞(A).

Assume that Dv
R1

f(rw) ∈ R for almost all r ∈ [R1, R2], for each w ∈ SN−1,
and for these |Dv

R1
f(rw)| ≤ M1 for some M1 > 0. For each w ∈ SN−1 −

K(F ), we assume that f(· w) has an L∞ fractional derivative Dv
R1

f(· w)
in [R1, R2], and that

Dv−j
R1

f(R1w) = 0, j = 1, . . . , [v] + 1,

also Dv
R1

(· w) has the same sign a.e. in [R1, R2]. Then

∫
A

l∏
i=1

⏐⏐⏐∂
μi

R1
f(x)

∂rμi

⏐⏐⏐ri

dx ≥ C∗
(∫

A

⏐⏐⏐∂v
R1

f(x)
∂rv

⏐⏐⏐p

dx

)
, (15.93)

where

C∗ := Q1(R1)Q2(R1)C1(R2 − R1)ρ+(1/s1). (15.94)

Proof. Similar to Theorem 15.35 by using (15.92). �

We continue with

Theorem 15.41. Let f ∈ L1(a, x), a < x, a, x ∈ R, have an L∞
fractional derivative Dv

af in [a, x], such that

Dv−j
a f(a) = 0, for j = 1, . . . , [v] + 1.

Let v > μ2 ≥ μ1 + 1 ≥ 1. If p, q > 1 : 1/p + 1/q = 1; then

∫ x

a

|Dμ1
a f(τ)| |Dμ2

a f(τ)|dτ ≤ C2(x − a)2v−μ1−μ2−1+(2/q)

(∫ x

a

|Dv
af(τ)|pdτ

)2/p

, (15.95)

where C2 = C2(v, μ1, μ2, p) is given by
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C2 :=

(
1
2

)(1/p)

Γ(v − μ1)Γ(v − μ2 + 1) ((v − μ1)q + 1)1/q ((2v − μ1 − μ2 − 1)q + 2)1/q
.

(15.96)

Proof. Transfer to a ∈ R of Theorem 2.5 [65]. �

We give

Theorem 15.42. Let f ∈ L1(a, x), a < x, a, x ∈ R, have an L∞
fractional derivative Dv

af in [a, x], such that

Dv−j
a f(a) = 0, for j = 1, . . . , [v] + 1;

also |Dv
af | is decreasing on [a, x]. Let l ≥ 2. If p, q > 1 : 1/p+1/q = 1 and(∑l

i=1 αi

)
p > −1, then

∫ x

a

l∏
i=1

|Dμi
a f(τ)|dτ ≤ C3(x − a)(γp+lp+1)/p

(∫ x

a

|Dv
af(t)|lqdt

)1/q

,

(15.97)
where γ :=

∑l
i=1 αi and

C3 = C3(v, μ, p) :=
p

(γp + 1)1/p(γp + p + 1)
∏l

i=1 Γ(v − μi)
. (15.98)

Proof. Transfer of Theorem 2.6 of [65]. �

We finish this subsection with

Theorem 15.43. All are as in Theorem 15.42 with p = 1 and q = ∞.
Then ∫ x

a

l∏
i=1

|Dμi
a f(τ)|dτ ≤ C4(x − a)γ+l+1 ‖Dv

af‖l
∞, (15.99)

where γ :=
∑l

i=1 αi and

C4 = C4(v, μ) :=
1

(γ + 1)(γ + l + 1)
∏l

i=1 Γ(v − μi)
. (15.100)

Proof. Transfer of Theorem 2.7 [65]. �
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15.5.2 Riemann–Liouville Fractional Opial-Type Inequalities
Involving Two Functions

We present

Theorem 15.44. Let

α1, α2 ∈ R+, β > α1, α2, β − αi > (1/p), p > 1, i = 1, 2,

and let
f1, f2 ∈ L1(a, x), a, x ∈ R, a < x

have, respectively, L∞ fractional derivatives Dβ
af1, D

β
af2 in [a, x], and let

Dβ−k
a fi(a) = 0, for k = 1, . . . , [β] + 1; i = 1, 2.

Consider also p(t) > 0 and q(t) ≥ 0, with all p(t), 1/p(t), q(t) ∈ L∞(a, x).
Let λβ > 0 and λα1 , λα2 ≥ 0, such that λβ < p. Set

Pi(s) :=

∫ s

0
(s− t)p(β−αi−1)/(p−1) (p(t + a))−1/(p−1) dt, i = 1, 2; 0 ≤ s ≤ x−a,

(15.101)

A(s) :=
q(s + a) (P1(s))

λα1 ((p−1)/p) (P2(s))
λα2 ((p−1)/p) (p(s + a))−λβ/p

(Γ(β − α1))
λα1 (Γ(β − α2))

λα2
,

(15.102)

A0(x − a) :=
(∫ x−a

0

(A(s))p/(p−λβ)
ds

)(p−λβ)/p

, (15.103)

and

δ1 :=

{
21−((λα1+λβ)/p), if λα1 + λβ ≤ p,

1, if λα1 + λβ ≥ p.
(15.104)

If λα2 = 0 we obtain that∫ x

a

q(s)
[|Dα1

a f1(s)|λα1 |Dβ
af1(s)|λβ + | Dα1

a f2(s)|λα1 |Dβ
af2(s)|λβ

]
ds ≤

(
A0(x − a)

∣∣∣
λα2=0

)(
λβ

λα1 + λβ

)λβ/p

δ1

[ ∫ x

a

p(s)
[|Dβ

af1(s)|p + |Dβ
af2(s)|p

]
ds
]((λα1+λβ)/p)

. (15.105)

Proof. Similar proof to those of Theorems 15.22 and 15.34. Here we
transfer Theorem 4 of [48] to an arbitrary anchor point a ∈ R. In fact for
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a = 0 inequality (15.105) is identical to inequality (8) of Theorem 4 of [48].
We apply it here for the translates

f1a := f1(· + a), f2a := f2(· + a), p(· + a), q(· + a)

and the fractional derivatives

Dβf1a, Dβf2a, Dαif1a, Dαif2a, i = 1, 2,

all over [0, x − a].
We use Lemma 15.9, the equivalent definitions 15.12, 15.13, and (15.13).

We also use (15.9) through (15.11). We get the result by Proposition 15.4
applied at the end. �

We continue with

Theorem 15.45. All here are as in Theorem 15.44. Denote

δ3 :=
{

2λα2/λβ − 1, if λα2 ≥ λβ ,
1, if λα2 ≤ λβ .

(15.106)

If λα1 = 0, then∫ x

a

q(s)
[|Dα2

a f2(s)|λα2 |Dβ
af1(s)|λβ + | Dα2

a f1(s)|λα2 |Dβ
af2(s)|λβ

]
ds ≤

(
A0(x − a)

∣∣∣
λα1=0

)
2(p−λβ)/p

(
λβ

λα2 + λβ

)λβ/p

δ
λβ/p
3

(∫ x

a

p(s)
[|Dβ

af1(s)|p + |Dβ
af2(s)|p

]
ds

)(λα2+λβ)/p

. (15.107)

Proof. Transfer of Theorem 5 of [48] to a ∈ R. The proof is similar to
that of Theorem 15.44. �

The complete case λα1 , λα2 = 0 follows.

Theorem 15.46. All here are as in Theorem 15.44. Denote

γ̃1 :=
{

2((λα1+λα2 )/λβ) − 1, if λα1 + λα2 ≥ λβ ,
1, if λα1 + λα2 ≤ λβ ,

(15.108)

and

γ̃2 :=
{

1, if λα1 + λα2 + λβ ≥ p,
21−((λα1+λα2+λβ)/p), if λα1 + λα2 + λβ ≤ p.

(15.109)
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Then, it holds∫ x

a

q(s)
[
|Dα1

a f1(s)|λα1 |Dα2
a f2(s)|λα2 |Dβ

af1(s)|λβ

+| Dα2
a f1(s)|λα2 |Dα1

a f2(s)|λα1 |Dβ
af2(s)|λβ

]
ds ≤ A0(x − a)(

λβ

(λα1 + λα2)(λα1 + λα2 + λβ)

)λβ/p

· [λλβ/p
α1

γ̃2 + 2(p−λβ)/p (γ̃1λα2)
λβ/p]·

[ ∫ x

a

p(s)
(|Dβ

af1(s)|p + |Dβ
af2(s)|p

)
ds
](λα1+λα2+λβ)/p

. (15.110)

Proof. Similar transfer to a ∈ R of Theorem 6 of [48]. �

We proceed with a special important case.

Theorem 15.47. Let β > α1 + 1, α1 ∈ R+ and let

f1, f2 ∈ L1(a, x), a, x ∈ R, a < x

have, respectively, L∞ fractional derivatives Dβ
af1, D

β
af2 in [0, x], and let

Dβ−k
a fi(a) = 0, for k = 1, . . . , [β] + 1; i = 1, 2.

Consider also p(t) > 0 and q(t) ≥ 0, with p(t), 1/p(t) , q(t) ∈ L∞(a, x).
Let λα ≥ 0, 0 < λα+1 < 1, and p > 1. Denote

θ3 :=
{

2λα/λα+1 − 1, if λα ≥ λα+1,
1, if λα ≤ λα+1,

(15.111)

L(x − a) :=
(

2
∫ x

a

(q(s))(1/(1−λα+1))ds

)(1−λα+1)( θ3λα+1

λα + λα+1

)λα+1

,

(15.112)
and

P1(x − a) :=
∫ x

a

(x − s)(β−α1−1)p/(p−1) (p(s))−1/(p−1)ds, (15.113)

T (x − a) := L(x − a)
(

P1(x − a)(p−1/p)

Γ(β − α1)

)(λα+λα+1)

, (15.114)

and
w1 := 2((p−1)/p)(λα+λα+1), (15.115)
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with
Φ(x − a) := T (x − a)w1. (15.116)

Then∫ x

a

q(s)
[
|Dα1

a f1(s)|λα |Dα1+1
a f2(s)|λα+1+|Dα1

a f2(s)|λα |Dα1+1
a f1(s)|λα+1

]
ds

≤ Φ(x−a)
[ ∫ x

a

p(s)
(|Dβ

af1(s)|p + |Dβ
af2(s)|p

)
ds
]((λα+λα+1)/p)

. (15.117)

Proof. Similar transfer to a ∈ R of Theorem 8 of [48]. �

We give

Theorem 15.48. All here are as in Theorem 15.44. Consider the special
case of

λα2 = λα1 + λβ .

Denote

T̃ (x − a) := A0(x − a)
(

λβ

λα1 + λβ

)λβ/p

2(p−2λα1−3λβ)/p. (15.118)

Then ∫ x

a

q(s)
[
|Dα1

a f1(s)|λα1 |Dα2
a f2(s)|λα1+λβ |Dβ

af1(s)|λβ

+|Dα2
a f1(s)|λα1+λβ |Dα1

a f2(s)|λα1 |Dβ
af2(s)|λβ

]
ds ≤

T̃ (x − a)
(∫ x

a

p(s)
(|Dβ

af1(s)|p + |Dβ
af2(s)|p

)
ds
)2(λα1+λβ)/p

. (15.119)

Proof. Transfer of Theorem 9 of [48]. �

Next follow special cases of the last theorems.

Corollary 15.49. (to Theorem 15.44) Set λα2 = 0, p(t) = q(t) = 1.
Then∫ x

a

[
|Dα1

a f1(s)|λα1 |Dβ
af1(s)|λβ + |Dα1

a f2(s)|λα1 |Dβ
af2(s)|λβ

]
ds ≤

C1(x − a)
[ ∫ x

a

[|Dβ
af1(s)|p + |Dβ

af2(s)|p
)
ds
](λα1+λβ)/p

, (15.120)
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where

C1(x − a) :=
(

A0(x − a)
∣∣∣
λα2=0

)(
λβ

λα1 + λβ

)λβ/p

δ1, (15.121)

δ1 :=

{
21−((λα1+λβ)/p), if λα1 + λβ ≤ p,
1, if λα1 + λβ ≥ p.

(15.122)

We find that(
A0(x − a)

∣∣∣
λα2=0

)
=
{( (p − 1)((λα1p−λα1 )/p)

(Γ(β − α1))λα1 (βp − α1p − 1)((λα1p−λα1 )/p)

)
×

( (p − λβ)((p−λβ)/p)

(λα1βp − λα1α1p − λα1 + p − λβ)((p−λβ)/p)

)}
×

(x − a)((λα1βp−λα1α1p−λα1+p−λβ)/p). (15.123)

Proof. Transfer of Corollary 10 of [48]. �

We continue with

Corollary 15.50. (To Theorem 15.44: set λα2 = 0, p(t) = q(t) =
1, λα1 = λβ = 1, p = 2.) In detail; let α1 ∈ R+, β > α1, β − α1 > (1/2),
and let

f1, f2 ∈ L1(a, x), a, x ∈ R, a < x

have, respectively, L∞ fractional derivatives Dβ
af1, D

β
af2 in [a, x], and let

Dβ−k
a fi(a) = 0, for k = 1, . . . , [β] + 1; i = 1, 2.

Then ∫ x

a

[
|Dα1

a f1(s)| |Dβ
af1(s)| + |Dα1

a f2(s)| |Dβ
af2(s)|

]
ds ≤

(
(x − a)(β−α1)

2Γ(β − α1)
√

β − α1
√

2β − 2α1 − 1

)(∫ x

a

[
(Dβ

af1(s))
2 + (Dβ

af2(s))
2
]
ds

)
.

(15.124)

Proof. Transfer of Corollary 11 of [48]. �

We continue with
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Corollary 15.51. (To Theorem 15.45; λα1 = 0, p(t) = q(t) = 1.) It
holds∫ x

a

[
|Dα2

a f2(s)|λα2 |Dβ
af1(s)|λβ + |Dα2

a f1(s)|λα2 |Dβ
af2(s)|λβ

]
ds ≤

C2(x − a)
[ ∫ x

a

[|Dβ
af1(s)|p + |Dβ

af2(s)|p
)
ds
](λβ+λα2 )/p

. (15.125)

Here

C2(x − a) :=
(

A0(x − a)
∣∣∣
λα1=0

)
2(p−λβ/p)

(
λβ

λα2 + λβ

)λβ/p

δ
λβ/p
3 ,

(15.126)

δ3 :=
{

2λα2/λβ − 1, if λα2 ≥ λβ ,
1, if λα2 ≤ λβ .

(15.127)

We find that(
A0(x − a)

∣∣∣
λα1=0

)
=
{( (p − 1)(λα2p−λα2 )/p

(Γ(β − α2))λα2 (βp − α2p − 1)(λα2p−λα2 )/p)

)
×

( (p − λβ)((p−λβ)/p)

(λα2βp − λα2α2p − λα2 + p − λβ)((p−λβ)/p)

)}
×

(x − a)((λα2βp−λα2α2p−λα2+p−λβ)/p). (15.128)

Proof. Transfer of Corollary 12 of [48]. �

We give

Corollary 15.52. (To Theorem 15.45; λα1 = 0, p(t) = q(t) = 1, λα2 =
λβ = 1, p = 2.) In detail; let α2 ∈ R+, β > α2, β − α2 > (1/2), and let

f1, f2 ∈ L1(a, x), a, x ∈ R, a < x

have, respectively, L∞ fractional derivatives Dβ
af1, D

β
af2 in [a, x], and let

Dβ−k
a fi(a) = 0, for k = 1, . . . , [β] + 1; i = 1, 2.

Then ∫ x

a

[
|Dα2

a f2(s)| |Dβ
af1(s)| + |Dα2

a f1(s)| |Dβ
af2(s)|

]
ds ≤

C∗
2 (x − a)

(∫ x

a

[
(Dβ

af1(s))2 + (Dβ
af2(s))2

]
ds

)
, (15.129)
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where

C∗
2 (x − a) :=

(x − a)(β−α2)

√
2 Γ(β − α2)

√
β − α2

√
2β − 2α2 − 1

. (15.130)

Proof. Transfer of Corollary 13 of [48]. �

We continue with

Corollary 15.53. (To Theorem 15.46; λα1 = λα2 = λβ = 1, p =
3, p(t) = q(t) = 1.) It holds∫ x

a

[
|Dα1

a f1(s)| |Dα2
a f2(s)| |Dβ

af1(s)| + | Dα2
a f1(s)| |Dα1

a f2(s)| |Dβ
af2(s)|

]
ds ≤

A0(x − a)
(

3
√

2 +
1
3
√

6

)(∫ x

a

(|Dβ
af1(s)|3 + |Dβ

af2(s)|3
)
ds

)
. (15.131)

Here,
A0(x − a) = 4(x − a)(2β−α1−α2)×

1
Γ(β − α1) Γ(β − α2)[3(3β − 3α1 − 1)(3β − 3α2 − 1)(2β − α1 − α2)]2/3

.

(15.132)

Proof. Transfer of Corollary 14 of [48]. �

We give

Corollary 15.54. (To Theorem 15.47; here λα = 1, λα+1 = 1/2, p =
3/2, p(t) = q(t) = 1.) In detail: let β > α1 + 1, α1 ∈ R+, and let

f1, f2 ∈ L1(a, x), a, x ∈ R, a < x

have, respectively, L∞ fractional derivatives Dβ
af1, D

β
af2 in [a, x], and let

Dβ−k
a fi(a) = 0, for k = 1, . . . , [β] + 1; i = 1, 2.

Then∫ x

a

[
|Dα1

a f1(s)|
√
|Dα1+1

a f2(s)| + |Dα1
a f2(s)|

√
|Dα1+1

a f1(s)|
]
ds ≤

Φ∗(x − a)
[∫ x

a

(
|Dβ

af1(s)|3/2 + |Dβ
af2(s)|3/2

)
ds

]
, (15.133)

where

Φ∗(x − a) :=
2(x − a)(3β−3α1−1)/2

(Γ(β − α1))3/2
√

3β − 3α1 − 2
. (15.134)
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Proof. Transfer of Corollary 15 of [48]. �

We continue

Corollary 15.55. (To Theorem 15.48; here p = 2(λα1 +λβ) > 1, p(t) =
q(t) = 1.) It holds∫ x

a

[
|Dα1

a f1(s)|λα1 |Dα2
a f2(s)|λα1+λβ |Dβ

af1(s)|λβ

+|Dα2
a f1(s)|λα1+λβ |Dα1

a f2(s)|λα1 |Dβ
af2(s)|λβ

]
ds ≤

˜̃T (x − a)
(∫ x

a

(
|Dβ

af1(s)|2(λα1+λβ) + |Dβ
af2(s)|2(λα1+λβ)

)
ds
)
. (15.135)

Here,

˜̃T (x − a) := Ã0(x − a)
(

λβ

2(λα1 + λβ)

)(λβ/2(λα1+λβ))
, (15.136)

and

Ã0(x − a) := σσ∗(x − a)θ, (15.137)

where
σ :=

1
(Γ(β − α1))λα1 (Γ(β − α2))λα1+λβ

×
(

2λα1 + 2λβ − 1
2λα1β + 2λββ − 2λα1α1 − 2λβα1 − 1

)(2λ2
α1

+2λα1λβ−λα1 )/(2λα1+2λβ)

×
(

2λα1 + 2λβ − 1
2λα1β + 2λββ − 2λα1α2 − 2λβα2 − 1

)((2λα1+2λβ−1)/2)

, (15.138)

σ∗ :=
(

2λα1 + λβ

S

)(2λα1+λβ)/2(λα1+λβ)

,

where

S := 4λ2
α1

β + 6λα1λββ − 2λ2
α1

α1 − 2λα1λβα1

−2λ2
α1

α2 − 4λα1λβα2 + 2λβ
2β − 2λβ

2α2

and

θ :=
(

S

2λα1 + 2λβ

)
. (15.139)
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Proof. Transfer of Corollary 16 of [48]. �

We give the following interesting special case.

Corollary 15.56. (To Theorem 15.48; here p = 4, λα1 = λβ = 1, p(t) =
q(t) = 1.) It holds∫ x

a

[
|Dα1

a f1(s)| (Dα2
a f2(s))

2 |Dβ
af1(s)|+(Dα2

a f1(s))
2 |Dα1

a f2(s)| |Dβ
af2(s)|

]
ds ≤

T ∗(x − a)
(∫ x

a

(
Dβ

af1(s))4 + (Dβ
af2(s)4

)
ds
)
. (15.140)

Here,

T ∗(x − a) :=
A∗

0(x − a)√
2

, (15.141)

and
A∗(x − a) := σ̃σ̃∗(x − a)θ̃, (15.142)

where

σ̃ :=
1

Γ(β − α1)(Γ(β − α2))2

(
3

4β − 4α1 − 1

)3/4( 3
4β − 4α2 − 1

)3/2

,

(15.143)

σ̃∗ :=
(

3
12β − 4α1 − 8α2

)3/4

, (15.144)

and
θ̃ := 3β − α1 − 2α2. (15.145)

Proof. Transfer of Corollary 17 of [48]. �

We continue with related results regarding the L∞-norm ‖ · ‖∞.

Theorem 15.57. Let α1, α2 ∈ R+, β > α1, α2, and let

f1, f2 ∈ L1(a, x), a, x ∈ R, a < x

have, respectively, L∞ fractional derivatives Dβ
af1, D

β
af2 in [a, x], and let

Dβ−k
a fi(a) = 0, for k = 1, . . . , [β] + 1; i = 1, 2.

Consider also p(s) ≥ 0, p(s) ∈ L∞(a, x). Let λα1 , λα2 , λβ ≥ 0. Set

ρ(x − a) :=
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‖p(s)‖∞ (x − a)(βλα1−α1λα1+βλα2−α2λα2+1)

(Γ(β − α1 + 1))λα1 (Γ(β − α2 + 1))λα2 [βλα1 − α1λα1 + βλα2 − α2λα2 + 1]
.

(15.146)

Then ∫ x

a

p(s)
[
|Dα1

a f1(s)|λα1 |Dα2
a f2(s)|λα2 |Dβ

af1(s)|λβ

+| Dα2
a f1(s)|λα2 |Dα1

a f2(s)|λα1 |Dβ
af2(s)|λβ

]
ds ≤

ρ(x − a)
2

[
‖Dβ

af1‖2(λα1+λβ)
∞ + ‖Dβ

af1‖2λα2∞

+ ‖Dβ
af2‖2λα2∞ + ‖Dβ

af2‖2(λα1+λβ)
∞

]
. (15.147)

Proof. Transfer of Theorem 18 of [48]. It is similar to the proof of The-
orem 15.24, and so on. �

We give special cases of the last theorem.

Theorem 15.58. (All are as in Theorem 15.57; λα2 = 0.) It holds∫ x

a

p(s)
[
|Dα1

a f1(s)|λα1 |Dβ
af1(s)|λβ + |Dα1

a f2(s)|λα1 |Dβ
af2(s)|λβ

]
ds ≤

‖p(s)‖∞ (x − a)(βλα1−α1λα1+1)

(Γ(β − α1 + 1))λα1 [βλα1 − α1λα1 + 1]
·
[
‖Dβ

af1‖λα1+λβ∞ + ‖Dβ
af2‖λα1+λβ∞

]
.

(15.148)

Proof. Transfer of Theorem 19 of [48]. It is similar to the proof of The-
orem 15.57. �

We continue with

Theorem 15.59. (All are as in Theorem 15.57; λα2 = λα1 + λβ .) It
holds ∫ x

a

p(s)
[
|Dα1

a f1(s)|λα1 |Dα2
a f2(s)|λα1+λβ |Dβ

af1(s)|λβ

+| Dα2
a f1(s)|λα1+λβ |Dα1

a f2(s)|λα1 |Dβ
af2(s)|λβ

]
ds

≤
{ ‖p(s)‖∞

(Γ(β − α1 + 1))λα1 (Γ(β − α2 + 1))λα1+λβ

· (x − a)(2βλα1−α1λα1+βλβ−α2λα1−α2λβ+1)

(2βλα1 − α1λα1 + βλβ − α2λα1 − α2λβ + 1)

}
·
[
‖Dβ

af1‖2(λα1+λβ)
∞ + ‖Dβ

af2‖2(λα1+λβ)
∞

]
. (15.149)
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Proof. Transfer of Theorem 20 of [48]. �

We give

Theorem 15.60. (All are as in Theorem 15.57; λβ = 0, λα1 = λα2 .) It
holds∫ x

a

p(s)
[
|Dα1

a f1(s)|λα1 |Dα2
a f2(s)|λα1 + |Dα2

a f1(s)|λα1 |Dα1
a f2(s)|λα1

]
ds ≤

ρ∗(x − a)
[
‖Dβ

af1‖2λα1∞ + ‖Dβ
af2‖2λα1∞

]
, (15.150)

where

ρ∗(x−a) =
{ ‖p(s)‖∞ (x − a)(2βλα1−α1λα1−α2λα1+1)

(Γ(β − α1 + 1) Γ(β − α2 + 1))λα1 (2βλα1 − α1λα1 − α2λα1 + 1)

}
.

(15.151)

Proof. Transfer of Theorem 21 of [48]. �

We give

Theorem 15.61. (All are as in Theorem 15.57; λα1 = 0, λα2 = λβ .) It
holds∫ x

a

p(s)
[
|Dα2

a f2(s)|λα2 |Dβ
af1(s)|λα2 + |Dα2

a f1(s)|λα2 |Dβ
af2(s)|λα2

]
ds ≤

(
(x − a)(βλα2−α2λα2+1) ‖p(s)‖∞

(βλα2 − α2λα2 + 1)(Γ(β − α2 + 1))λα2

)
·
[
‖Dβ

af1‖2λα2∞ + ‖Dβ
af2‖2λα2∞

]
.

(15.152)

Proof. Transfer of Theorem 22 of [48]. �

We continue with

Corollary 15.62. (To Theorem 15.60; all are as in Theorem 15.57; λβ =
0, λα1 = λα2 , α2 = α1 + 1.) It holds∫ x

a

p(s)
[
|Dα1

a f1(s)|λα1 |Dα1+1
a f2(s)|λα1 +|Dα1+1

a f1(s)|λα1 |Dα1
a f2(s)|λα1

]
ds ≤

(
(x − a)(2βλα1−2α1λα1−λα1+1) ‖p(s)‖∞

(2βλα1 − 2α1λα1 − λα1 + 1)(β − α1)λα1 (Γ(β − α1))2λα1

)
·
[
‖Dβ

af1‖2λα1∞ + ‖Dβ
af2‖2λα1∞

]
. (15.153)
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Proof. Transfer of Corollary 23 of [48]. �

We give

Corollary 15.63. (to Corollary 15.62) In detail: let α1 ∈ R+, β > α1+1,
and let

f1, f2 ∈ L1(a, x), a, x ∈ R, a < x

have, respectively, L∞ fractional derivatives Dβ
af1, D

β
af2 in [a, x], and let

Dβ−k
a fi(a) = 0, for k = 1, . . . , [β] + 1; i = 1, 2.

Then ∫ x

a

[
|Dα1

a f1(s)| |Dα1+1
a f2(s)| + |Dα1+1

a f1(s)| |Dα1
a f2(s)|

]
ds ≤

(
(x − a)2(β−α1)

2(β − α1)2(Γ(β − α1))2

)
·
[
‖Dβ

af1‖2
∞ + ‖Dβ

af2‖2
∞
]
. (15.154)

Proof. Transfer of Corollary 24 of [48]. �

We finally give

Proposition 15.64. Inequality (15.154) is sharp; in fact it is attained
when f1 = f2, by

f1(s) = (s − a)β , a ≤ s ≤ x, β > α1 + 1, α1 ≥ 0.

Proof. Clearly (15.154), when f1 = f2, collapses to∫ x

a

|Dα1
a f1(s)| |Dα1+1

a f1(s)|ds ≤
(

(x − a)2(β−α1)

2(Γ(β − α1 + 1))2

)
· ‖Dβ

af1‖2
∞;

(15.155)
see Theorem 15.27 and Proposition 15.28. �

Next we apply the above results on the spherical shell A.
We make

Assumption 15.65. Let

α1, α2 ∈ R+, β > α1, α2, β − αi > (1/p), p > 1, i = 1, 2,

and let f1, f2 ∈ L1(A) with

∂β
R1

f1(x)
∂rβ

,
∂β

R1
f2(x)

∂rβ
∈ L∞(A), x ∈ A;
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A := B(0, R2) − B(0, R1) ⊆ R
N , N ≥ 2, 0 < R1 < R2.

Further assume that each Dβ
R1

fi(rw) ∈ R for almost all r ∈ [R1, R2], for
each w ∈ SN−1, and for these |Dβ

R1
fi(rw)| ≤ Mi for some Mi > 0; i = 1, 2.

For each w ∈ SN−1 − (K(f1) ∪K(f2)), we assume that fi(· w) has an L∞
fractional derivative Dβ

R1
fi(· w) in [R1, R2], and that

Dβ−k
R1

fi(R1w) = 0, k = 1, . . . , [β] + 1;

i = 1, 2. Let λβ > 0 and λα1 , λα2 ≥ 0, such that λβ < p. If α1 = 0 we set
λα1 = 1, and if α2 = 0 we set λα2 = 1.

We need

Notation 15.66. (on Assumption 15.65) Set

Pi(s) :=

∫ s

0

(s− r)p(β−αi−1)/p−1 (r + R1)
1−N/p−1 dr, i = 1, 2; 0 ≤ s ≤ R2 −R1,

(15.156)

A(s) :=
(s + R1)(N−1)(1−(λβ/p)) (P1(s))

λα1 ((p−1)/p) (P2(s))
λα2 ((p−1)/p)

(Γ(β − α1))
λα1 (Γ(β − α2))

λα2
,

(15.157)
and

A0(R2 − R1) :=

(∫ R2−R1

0

(A(s))p/(p−λβ)
ds

)(p−λβ)/p

. (15.158)

We present

Theorem 15.67. (All are as in Assumption 15.65 and Notation 15.66.)
Here λα1 > 0, λα2 = 0, and p = λα1 + λβ > 1. Then∫

A

[⏐⏐⏐∂α1
R1

f1(x)
∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂β

R1
f1(x)

∂rβ

⏐⏐⏐λβ

+
⏐⏐⏐∂α1

R1
f2(x)

∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂β

R1
f2(x)

∂rβ

⏐⏐⏐λβ
]
dx ≤

(
A0(R2 − R1)

∣∣∣
λα2=0

)(
λβ

λα1 + λβ

)(λβ/(λα1+λβ))

[∫
A

[⏐⏐⏐∂β
R1

f1(x)
∂rβ

⏐⏐⏐p

+
⏐⏐⏐∂β

R1
f2(x)

∂rβ

⏐⏐⏐p]
dx

]
. (15.159)

Proof. By Theorem 15.20 for α1 > 0 we get that

∂α1
R1

fi(x)
∂rα1

∈ L∞(A), i = 1, 2.



15.5 Main Results 363

In general here the integrands of both integrals of (15.159) are in L1(A).
Thus, by Proposition 15.3 we have

I1 := L.H.S(15.159) =
∫

SN−1

(∫ R2

R1

[ |Dα1
R1

f1(rw)|λα1 |Dβ
R1

f1(rw)|λβ +

|Dα1
R1

f2(rw)|λα1 |Dβ
R1

f2(rw)|λβ ]rN−1dr
)
dw =∫

(SN−1−(K(f1)∪K(f2)))

(∫ R2

R1

[ |Dα1
R1

f1(rw)|λα1 |Dβ
R1

f1(rw)|λβ +

|Dα1
R1

f2(rw)|λα1 |Dβ
R1

f2(rw)|λβ ]rN−1dr
)
dw. (15.160)

Similarly we have

I2 :=
∫

A

[⏐⏐⏐∂β
R1

f1(x)
∂rβ

⏐⏐⏐p

+
⏐⏐⏐∂β

R1
f2(x)

∂rβ

⏐⏐⏐p]
dx

=
∫

SN−1

(∫ R2

R1

[ |Dβ
R1

f1(rw)|p + |Dβ
R1

f2(rw)|p ]rN−1dr
)
dw =

∫
(SN−1−(K(f1)∪K(f2)))

(∫ R2

R1

[ |Dβ
R1

f1(rw)|p + |Dβ
R1

f2(rw)|p ]rN−1dr
)
dw.

(15.161)
Notice here λSN−1(K(f1)∪K(f2)) = 0. Here for every w ∈ SN−1−(K(f1)∪
K(f2)) and for p(r) = q(r) = rN−1, r ∈ [R1, R2], N ≥ 2 we apply Theorem
15.44. We obtain∫ R2

R1

[ |Dα1
R1

f1(rw)|λα1 |Dβ
R1

f1(rw)|λβ +|Dα1
R1

f2(rw)|λα1 |Dβ
R1

f2(rw)|λβ ]rN−1dr ≤

(
A0(R2 − R1)

∣∣∣
λα2=0

)(
λβ

λα1 + λβ

)(λβ/λα1+λβ)
×(∫ R2

R1

[ |Dβ
R1

f1(rw)|p + |Dβ
R1

f2(rw)|p ]rN−1

)
dr. (15.162)

Integrating now (15.162) over SN−1 − (K(f1) ∪ K(f2)) and taking into
account (15.160) and (15.161) we derive (15.159). �

We continue with

Theorem 15.68. (All are as in Assumption 15.65 and Notation 15.66.)
Here λα1 = 0, λα2 > 0, and p = λβ + λα2 > 1. Denote

δ3 :=
{

2λα2/λβ − 1, if λα2 ≥ λβ ,
1, if λα2 ≤ λβ .

(15.163)
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Then∫
A

[⏐⏐⏐∂α2
R1

f2(x)
∂rα2

⏐⏐⏐λα2
⏐⏐⏐∂β

R1
f1(x)

∂rβ

⏐⏐⏐λβ

+
⏐⏐⏐∂α2

R1
f1(x)

∂rα2

⏐⏐⏐λα2
⏐⏐⏐∂β

R1
f2(x)

∂rβ

⏐⏐⏐λβ
]
dx ≤

(
A0(R2 − R1)

∣∣∣
λα1=0

)
2λα2/p

(
λβ

p

)λβ/p

δ
λβ/p
3(∫

A

[⏐⏐⏐∂β
R1

f1(x)
∂rβ

⏐⏐⏐p

+
⏐⏐⏐∂β

R1
f2(x)

∂rβ

⏐⏐⏐p]
dx

)
. (15.164)

Proof. Based on Theorem 15.45 and similar to the proof of Theorem
15.67. �

The complete case λα1 , λα2 > 0 follows.

Theorem 15.69. (All are as in Assumption 15.65 and Notation 15.66.)
Here λα1 , λα2 > 0, p = λα1 + λα2 + λβ > 1. Denote

γ̃1 :=
{

2((λα1+λα2 )/λβ) − 1, if λα1 + λα2 ≥ λβ ,
1, if λα1 + λα2 ≤ λβ .

(15.165)

Then ∫
A

[⏐⏐⏐∂α1
R1

f1(x)
∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂α2

R1
f2(x)

∂rα2

⏐⏐⏐λα2
⏐⏐⏐∂β

R1
f1(x)

∂rβ

⏐⏐⏐λβ

+

⏐⏐⏐∂α2
R1

f1(x)
∂rα2

⏐⏐⏐λα2
⏐⏐⏐∂α1

R1
f2(x)

∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂β

R1
f2(x)

∂rβ

⏐⏐⏐λβ
]
dx ≤

A0(R2 − R1)
(

λβ

(λα1 + λα2)p

)(λβ/p)

[λα1
(λβ/p) + 2(p−λβ)/p (γ̃1λα2)

(λβ/p)]·(∫
A

[⏐⏐⏐∂β
R1

f1(x)
∂rβ

⏐⏐⏐p

+
⏐⏐⏐∂β

R1
f2(x)

∂rβ

⏐⏐⏐p]
dx

)
. (15.166)

Proof. Based on Theorem 15.46 and similar to the proof of Theorem
15.67. �

A special important case is next.

Theorem 15.70. (All are as in Assumption 15.65.) Here α2 = α1 +
1, λα := λα1 ≥ 0, λα+1 := λα2 ∈ (0, 1), and p = λα + λα+1 > 1. Denote

θ3 :=
{

2(λα/λα+1) − 1, if λα ≥ λα+1,
1, if λα ≤ λα+1,

(15.167)

L(R2 − R1) :=
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[
2

(1 − λα+1)
(N − λα+1)

(
R2

N−λα+1/1−λα+1 − R1
N−λα+1/1−λα+1

)](1−λα+1)

(
θ3 λα+1

p

)λα+1

, (15.168)

and

P1(R2 − R1) :=
∫ R2

R1

(R2 − r)(β−α1−1)p/(p−1) r(1−N)/(p−1)dr, (15.169)

Φ(R2 − R1) := L(R2 − R1)
(

(P1(R2 − R1))(p−1)

(Γ(β − α1))p

)
2(p−1). (15.170)

Then∫
A

[⏐⏐⏐∂α1
R1

f1(x)

∂rα1

⏐⏐⏐λα
⏐⏐⏐∂α1+1

R1
f2(x)

∂rα1+1

⏐⏐⏐λα+1
+
⏐⏐⏐∂α1

R1
f2(x)

∂rα1

⏐⏐⏐λα
⏐⏐⏐∂α1+1

R1
f1(x)

∂rα1+1

⏐⏐⏐λα+1
]
dx

≤ Φ(R2 − R1)

(∫
A

[⏐⏐⏐∂β
R1

f1(x)
∂rβ

⏐⏐⏐p

+
⏐⏐⏐∂β

R1
f2(x)

∂rβ

⏐⏐⏐p]
dx

)
. (15.171)

Proof. Based on Theorem 15.47 and similar to the proof of Theorem
15.67. �

We also give

Theorem 15.71. (All are as in Assumption 15.65 and Notation 15.66.)
Here λα2 = λα1 + λβ and p = 2(λα1 + λβ) > 1. Denote

T̃ (R2 − R1) := A0(R2 − R1)
(

λβ

λα1 + λβ

)λβ/p

2−λβ/p. (15.172)

Then ∫
A

[⏐⏐⏐∂α1
R1

f1(x)
∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂α2

R1
f2(x)

∂rα2

⏐⏐⏐λα1+λβ
⏐⏐⏐∂β

R1
f1(x)

∂rβ

⏐⏐⏐λβ

+

⏐⏐⏐∂α2
R1

f1(x)
∂rα2

⏐⏐⏐λα1+λβ
⏐⏐⏐∂α1

R1
f2(x)

∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂β

R1
f2(x)

∂rβ

⏐⏐⏐λβ
]
dx ≤

T̃ (R2 − R1)

(∫
A

[⏐⏐⏐∂β
R1

f1(x)
∂rβ

⏐⏐⏐p

+
⏐⏐⏐∂β

R1
f2(x)

∂rβ

⏐⏐⏐p]
dx

)
. (15.173)

Proof. Based on Theorem 15.48. �
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We continue with related L∞ results on the shell A. We make

Assumption 15.72. Let α1, α2 ∈ R+, β > α1, α2 and let f1, f2 ∈ L1(A)
with

∂β
R1

f1(x)
∂rβ

,
∂β

R1
f2(x)

∂rβ
∈ L∞(A), x ∈ A;

A := B(0, R2) − B(0, R1) ⊆ R
N , N ≥ 2, 0 < R1 < R2.

Further assume that each Dβ
R1

fi(rw) ∈ R for almost all r ∈ [R1, R2], for
each w ∈ SN−1, and for these |Dβ

R1
fi(rw)| ≤ Mi for some Mi > 0; i = 1, 2.

For each w ∈ SN−1 − (K(f1) ∪K(f2)), we assume that fi(· w) has an L∞
fractional derivative Dβ

R1
fi(· w) in [R1, R2], and that

Dβ−k
R1

fi(R1w) = 0, k = 1, . . . , [β] + 1;

i = 1, 2. Let λα1 , λα2 , λβ ≥ 0. If α1 = 0 we set λα1 = 1, and if α2 = 0 we
set λα2 = 1.

We present

Theorem 15.73. (All here are as in Assumption 15.72.) Set

ρ(R2 − R1) =

R2
N−1(R2 − R1)(βλα1−α1λα1+βλα2−α2λα2+1)

(Γ(β − α1 + 1))λα1 (Γ(β − α2 + 1))λα2 (βλα1 − α1λα1 + βλα2 − α2λα2 + 1)
.

(15.174)
Then ∫

A

[⏐⏐⏐∂α1
R1

f1(x)
∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂α2

R1
f2(x)

∂rα2

⏐⏐⏐λα2
⏐⏐⏐∂β

R1
f1(x)

∂rβ

⏐⏐⏐λβ

+

⏐⏐⏐∂α2
R1

f1(x)
∂rα2

⏐⏐⏐λα2
⏐⏐⏐∂α1

R1
f2(x)

∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂β

R1
f2(x)

∂rβ

⏐⏐⏐λβ
]
dx ≤

ρ(R2 − R1)[M1
2(λα1+λβ) + M1

2λα2 + M2
2λα2 + M2

2(λα1+λβ)]
πN/2

Γ(N/2)
.

(15.175)

Proof. It is based on Theorem 15.57. By Theorem 15.20 for αj > 0 we
get that

∂
αj

R1
fi

∂rαj
∈ L∞(A), i = 1, 2; j = 1, 2.

In general here the integrand of the integral of (15.175) belongs to L1(A).
Thus by Proposition 15.3 we have

L.H.S(15.175) =

∫
SN−1

( ∫ R2

R1

[ |Dα1
R1

f1(rw)|λα1 |Dα2
R1

f2(rw)|λα2 |Dβ
R1

f1(rw)|λβ +

|Dα2
R1

f1(rw)|λα2 |Dα1
R1

f2(rw)|λα1 |Dβ
R1

f2(rw)|λβ ]rN−1dr
)
dw (15.176)
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=

∫
(SN−1−(K(f1)∪K(f2)))

( ∫ R2

R1

[ |Dα1
R1

f1(rw)|λα1 |Dα2
R1

f2(rw)|λα2 |Dβ
R1

f1(rw)|λβ +

|Dα2
R1

f1(rw)|λα2 |Dα1
R1

f2(rw)|λα1 |Dβ
R1

f2(rw)|λβ ]rN−1dr
)
dw (15.177)

(by (15.147) for p(r) = rN−1, r ∈ [R1, R2])

≤ ρ(R2 − R1)
2

∫
(SN−1−(K(f1)∪K(f2)))

[
‖Dβ

R1
f1(· w)‖2(λα1+λβ)

∞, [R1,R2]
+

‖Dβ
R1

f1(· w)‖2λα2
∞, [R1,R2] + ‖Dβ

R1
f2(· w)‖2λα2

∞, [R1,R2] + ‖Dβ
R1

f2(· w)‖2(λα1+λβ)

∞, [R1,R2]

]
dw

(15.178)

≤ ρ(R2 − R1)
2

[
M1

2(λα1+λβ) + M1
2λα2 + M2

2λα2 + M2
2(λα1+λβ)

]
.

(15.179)∫
(SN−1−(K(f1)∪K(f2)))

dw =

ρ(R2 − R1)
2

[
M1

2(λα1+λβ) + M1
2λα2 + M2

2λα2 + M2
2(λα1+λβ)

] 2πN/2

Γ(N/2)
,

(15.180)
by ∫

(SN−1−(K(f1)∪K(f2)))

dw =
∫

SN−1
dw =

2πN/2

Γ(N/2)
, (15.181)

because λSN−1(K(f1) ∪ K(f2)) = 0, thus proving inequality (15.175). �

We give special cases of the last theorem.

Theorem 15.74. (All here are as in Assumption 15.72; here λα2 = 0.)
It holds∫

A

[⏐⏐⏐∂α1
R1

f1(x)
∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂β

R1
f1(x)

∂rβ

⏐⏐⏐λβ

+
⏐⏐⏐∂α1

R1
f2(x)

∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂β

R1
f2(x)

∂rβ

⏐⏐⏐λβ
]
dx ≤

R2
N−1(R2 − R1)(βλα1−α1λα1+1)

(Γ(β − α1 + 1))λα1 [βλα1 − α1λα1 + 1]
×

[
M1

(λα1+λβ) + M2
(λα1+λβ)

] 2πN/2

Γ(N/2)
. (15.182)

Proof. Based on Theorem 15.58 and similar to the proof of Theorem
15.73. �
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We continue with

Theorem 15.75. (All here are as in Assumption 15.72; here λα2 =
λα1 + λβ .) It holds∫

A

[⏐⏐⏐∂α1
R1

f1(x)
∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂α2

R1
f2(x)

∂rα2

⏐⏐⏐λα1+λβ
⏐⏐⏐∂β

R1
f1(x)

∂rβ

⏐⏐⏐λβ

+

⏐⏐⏐∂α2
R1

f1(x)
∂rα2

⏐⏐⏐λα1+λβ
⏐⏐⏐∂α1

R1
f2(x)

∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂β

R1
f2(x)

∂rβ

⏐⏐⏐λβ
]
dx ≤

R2
N−1

(Γ(β − α1 + 1))λα1 (Γ(β − α2 + 1))λα1+λβ

(R2 − R1)(2βλα1−α1λα1+βλβ−α2λα1−α2λβ+1)

[2βλα1 − α1λα1 + βλβ − α2λα1 − α2λβ + 1]

×
[
M1

2(λα1+λβ) + M2
2(λα1+λβ)

] 2πN/2

Γ(N/2)
. (15.183)

Proof. Based on Theorem 15.59 and similar to the proof of Theorem
15.73. �

We give

Theorem 15.76. (All here are as in Assumption 15.72; here λβ =
0, λα1 = λα2 .) It holds∫

A

[⏐⏐⏐∂α1
R1

f1(x)

∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂α2

R1
f2(x)

∂rα2

⏐⏐⏐λα1
+
⏐⏐⏐∂α2

R1
f1(x)

∂rα2

⏐⏐⏐λα1
⏐⏐⏐∂α1

R1
f2(x)

∂rα1

⏐⏐⏐λα1
]
dx ≤

R2
N−1(R2 − R1)(2βλα1−α1λα1−α2λα1+1)

(Γ(β − α1 + 1) Γ(β − α2 + 1))λα1 (2βλα1 − α1λα1 − α2λα1 + 1)
×

[
M1

2λα1 + M2
2λα1

] 2πN/2

Γ(N/2)
. (15.184)

Proof. Based on Theorem 15.60 and similar to the proof of Theorem
15.73. �

We give

Theorem 15.77. (All here are as in Assumption 15.72; here λα1 =
0, λα2 = λβ .) It holds∫

A

[⏐⏐⏐∂α2
R1

f2(x)

∂rα2

⏐⏐⏐λα2
⏐⏐⏐∂β

R1
f1(x)

∂rβ

⏐⏐⏐λα2
+
⏐⏐⏐∂α2

R1
f1(x)

∂rα2

⏐⏐⏐λα2
⏐⏐⏐∂β

R1
f2(x)

∂rβ

⏐⏐⏐λα2
]
dx ≤
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R2
N−1(R2 − R1)(βλα2−α2λα2+1)

(βλα2 − α2λα2 + 1)(Γ(β − α2 + 1))λα2

(
M1

2λα2 + M2
2λα2

) 2πN/2

Γ(N/2)
.

(15.185)

Proof. Based on Theorem 15.61, and so on. �

We finish this section with

Corollary 15.78. (To Theorem 15.76. All here are as in Assumption
15.72, λβ = 0, λα1 = λα2 , α2 = α1 + 1.) It holds

∫
A

[⏐⏐⏐ ∂α1
R1

f1(x)

∂rα1

⏐⏐⏐λα1
⏐⏐⏐ ∂α1+1

R1
f2(x)

∂rα1+1

⏐⏐⏐λα1
+
⏐⏐⏐ ∂α1+1

R1
f1(x)

∂rα1+1

⏐⏐⏐λα1
⏐⏐⏐ ∂α1

R1
f2(x)

∂rα1

⏐⏐⏐λα1
]
dx ≤

R2
N−1(R2 − R1)(2βλα1−2α1λα1−λα1+1)

(2βλα1 − 2α1λα1 − λα1 + 1)(β − α1)λα1 (Γ(β − α1))2λα1
×

[
M1

2λα1 + M2
2λα1

] 2πN/2

Γ(N/2)
. (15.186)

Proof. Based on Corollary 15.62, and so on. �

15.5.3 Riemann–Liouville Fractional Opial-Type Inequalities
Involving Several Functions

We present the following theorem.

Theorem 15.79. Let

α1, α2 ∈ R+, β > α1, α2, β − αi > (1/p), p > 1, i = 1, 2,

and let
fj ∈ L1(a, x), j = 1, . . . , M ∈ N, a, x ∈ R, a < x,

have, respectively, L∞ fractional derivatives Dβ
afj in [a, x], and let

Dβ−k
a fj(a) = 0, for k = 1, . . . , [β] + 1; j = 1, . . . , M.

Consider also p(t) > 0 and q(t) ≥ 0, with all p(t), 1/p(t), q(t) ∈ L∞(a, x).
Let λβ > 0 and λα1 , λα2 ≥ 0, such that λβ < p. Set

Pi(s) :=
∫ s

0

(s−t)p(β−αi−1)/(p−1) (p(t + a))−1/(p−1)
dt, i = 1, 2; 0 ≤ s ≤ x−a,

(15.187)
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A(s) :=
q(s + a) (P1(s))

λα1 ((p−1)/p) (P2(s))
λα2 ((p−1)/p) (p(s + a))−λβ/p

(Γ(β − α1))
λα1 (Γ(β − α2))

λα2
,

(15.188)

A0(x − a) :=
(∫ x−a

0

(A(s))p/(p−λβ)
ds

)(p−λβ)/p

, (15.189)

and

δ∗1 :=

{
M1−((λα1+λβ)/p), if λα1 + λβ ≤ p,

2(λα1+λβ/p)−1, if λα1 + λβ ≥ p.
(15.190)

Call

ϕ1(x − a) :=
(

A0(x − a)
∣∣∣
λα2=0

)(
λβ

λα1 + λβ

)λβ/p

. (15.191)

If λα2 = 0, we obtain that

∫ x

a

q(s)

⎛⎝ M∑
j=1

|Dα1
a fj(s)|λα1 |Dβ

afj(s)|λβ

⎞⎠ ds ≤

δ∗1ϕ1(x − a)

⎡⎣∫ x

a

p(s)

⎛⎝ M∑
j=1

|Dβ
afj(s)|p

⎞⎠ ds

⎤⎦((λα1+λβ)/p)

. (15.192)

Proof. Similar to Theorem 15.44 and transfer of Theorem 4 of [46]. �

Next we give

Theorem 15.80. (All here are as in Theorem 15.79). Denote

δ3 :=
{

2λα2/λβ − 1, if λα2 ≥ λβ ,
1, if λα2 ≤ λβ .

(15.193)

ε2 :=

{
1, if λβ + λα2 ≥ p,

M1−((λβ+λα2 )/p), if λβ + λα2 ≤ p,
(15.194)

and

ϕ2(x − a) :=
(

A0(x − a)
∣∣∣
λα1=0

)
2((p−λβ)/p)

(
λβ

λα2 + λβ

)λβ/p

δ
(λβ/p)
3 .

(15.195)
If λα1 = 0, then

∫ x

a

q(s)
{
{

M∑
j=1

[ |Dα2
a fj+1(s)|λα2 |Dβ

afj(s)|λβ + |Dα2
a fj(s)|λα2 |Dβ

afj+1(s)|λβ ]}+
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[ |Dα2
a fM (s)|λα2 |Dβ

af1(s)|λβ + |Dα2
a f1(s)|λα2 |Dβ

afM (s)|λβ ]
}

ds ≤

2((λβ+λα2 )/p)ε2ϕ2(x − a)
{∫ x

a

p(s)
( M∑

j=1

|Dβ
afj(s)|p

)
ds
}((λβ+λα2 )/p)

.

(15.196)

Proof. Usual transfer of Theorem 5 of [46]. �

The general case follows.

Theorem 15.81. (All here are as in Theorem 15.79). Denote

γ̃1 :=
{

2((λα1+λα2 )/λβ) − 1, if λα1 + λα2 ≥ λβ ,
1, if λα1 + λα2 ≤ λβ ,

(15.197)

and

γ̃2 :=
{

1, if λα1 + λα2 + λβ ≥ p,
21−((λα1+λα2+λβ)/p), if λα1 + λα2 + λβ ≤ p.

(15.198)

Set

ϕ3(x − a) := A0(x − a)
(

λβ

(λα1 + λα2)(λα1 + λα2 + λβ)

)λβ/p

· [λλβ/p
α1

γ̃2 + 2(p−λβ)/p (γ̃1λα2)
λβ/p], (15.199)

and

ε3 :=
{

1, if λα1 + λα2 + λβ ≥ p,
M1−((λα1+λα2+λβ)/p), if λα1 + λα2 + λβ ≤ p.

(15.200)

Then ∫ x

a

q(s)
[M−1∑

j=1

[ |Dα1
a fj(s)|λα1 |Dα2

a fj+1(s)|λα2 |Dβ
afj(s)|λβ +

|Dα2
a fj(s)|λα2 |Dα1

a fj+1(s)|λα1 |Dβ
afj+1(s)|λβ ]+

[ |Dα1
a f1(s)|λα1 |Dα2

a fM (s)|λα2 |Dβ
af1(s)|λβ +

|Dα2
a f1(s)|λα2 |Dα1

a fM (s)|λα1 |Dβ
afM (s)|λβ ]

]
ds ≤ (15.201)

2((λα1+λα2+λβ)/p)ε3ϕ3(x−a)
{∫ x

a

p(s)
( M∑

j=1

|Dβ
afj(s)|p

)
ds
}((λα1+λα2+λβ)/p)

.
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Proof. Usual transfer of Theorem 6 of [46]. �

We continue.

Theorem 15.82. Let β > α1 + 1, α1 ∈ R+ and let

fj ∈ L1(a, x), j = 1, . . . , M ∈ N, a, x ∈ R, a < x,

have, respectively, L∞ fractional derivatives Dβ
afj in [a, x], and let

Dβ−k
a fj(a) = 0, for k = 1, . . . , [β] + 1; j = 1, . . . , M.

Consider also p(t) > 0 and q(t) ≥ 0, with all p(t), 1/p(t), q(t) ∈ L∞(a, x).
Let λα ≥ 0, 0 < λα+1 < 1, and p > 1. Denote

θ3 :=
{

2λα/(λα+1) − 1, if λα ≥ λα+1,
1, if λα ≤ λα+1,

L(x − a) :=
(

2
∫ x

a

(q(s))(1/(1−λα+1))ds

)(1−λα+1)( θ3 λα+1

λα + λα+1

)λα+1

,

(15.202)
and

P1(x − a) :=
∫ x

a

(x − s)(β−α1−1)p/(p−1) (p(s))−1/(p−1)ds, (15.203)

T (x − a) := L(x − a)
(

(P1(x − a))(p−1/p)

Γ(β − α1)

)(λα+λα+1)

, (15.204)

and
w1 := 2(p−1/p)(λα+λα+1), (15.205)

Φ(x − a) := T (x − a)w1. (15.206)

Also put

ε4 :=
{

1, if λα + λα+1 ≥ p,
M1−(λα+λα+1/p), if λα + λα+1 ≤ p.

(15.207)

Then ∫ x

a

q(s)
{
{

M−1∑
j=1

[ |Dα1
a fj(s)|λα |Dα1+1

a fj+1(s)|λα+1+

|Dα1
a fj+1(s)|λα |Dα1+1

a fj(s)|λα+1 ]}+
[ |Dα1

a f1(s)|λα |Dα1+1
a fM (s)|λα+1 + |Dα1

a fM (s)|λα |Dα1+1
a f1(s)|λα+1 ]

}
ds ≤

2((λα+λα+1)/p)ε4φ(x − a)
[ ∫ x

a

p(s)
( M∑

j=1

|Dβ
afj(s)|p

)
ds
]((λα+λα+1)/p)

.

(15.208)
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Proof. Transfer of Theorem 7 of [46]. �

Next comes

Theorem 15.83. (All are as in Theorem 15.79). Consider the special
case of λα2 = λα1 + λβ. Denote

T̃ (x − a) := A0(x − a)
(

λβ

λα1 + λβ

)λβ/p

2(p−2λα1−3λβ)/p. (15.209)

ε5 :=

{
1, if 2(λα1 + λβ) ≥ p,

M1−(2(λα1+λβ)/p), if 2(λα1 + λβ) ≤ p.
(15.210)

Then∫ x

a

q(s)
{
{

M−1∑
j=1

[ |Dα1
a fj(s)|λα1 |Dα2

a fj+1(s)|λα1+λβ |Dβ
afj(s)|λβ +

|Dα2
a fj(s)|λα1+λβ |Dα1

a fj+1(s)|λα1 |Dβ
afj+1(s)|λβ ]}+

[ |Dα1
a f1(s)|λα1 |Dα2

a fM (s)|λα1+λβ |Dβ
af1(s)|λβ +

|Dα2
a f1(s)|λα1+λβ |Dα1

a fM (s)|λα1 |Dβ
afM (s)|λβ ]

}
ds ≤

2(2(λα1+λβ)/p)ε5T̃ (x − a)
[ ∫ x

a

p(s)
( M∑

j=1

|Dβ
afj(s)|p

)
ds
](2(λα1+λβ)/p)

.

(15.211)

Proof. Transfer of Theorem 8 of [46]. �

Special cases follow.

Corollary 15.84. (To Theorem 15.79; λα2 = 0, p(t) = q(t) = 1.) It
holds ∫ x

a

( M∑
j=1

|Dα1
a fj(s)|λα1 |Dβ

afj(s)|λβ

)
ds ≤

δ∗1ϕ1(x − a)
[ ∫ x

a

M∑
j=1

[ |Dβ
afj(s)|p ]ds

]((λα1+λβ)/p)
. (15.212)

In (15.212) (
A0(x − a)

∣∣∣
λα2=0

)
of ϕ1(x) is given in Corollary 15.49, Equation (15.123).

Proof. Transfer of Corollary 9 of [46]. �
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Corollary 15.85. (To Theorem 15.79; λα2 = 0, p(t) = q(t) = 1, λα1 =
λβ = 1, p = 2.) In detail: let β > α1, α1 ∈ R+, β − α1 > (1/2), and let

fj ∈ L1(a, x), j = 1, . . . , M ∈ N, a, x ∈ R, a < x,

have, respectively, L∞ fractional derivatives Dβ
afj in [a, x], and let

Dβ−k
a fj(a) = 0, for k = 1, . . . , [β] + 1; j = 1, . . . , M.

Then ∫ x

a

( M∑
j=1

|Dα1
a fj(s)| |Dβ

afj(s)|
)
ds ≤

(x − a)(β−α1)

2Γ(β − α1)
√

β − α1

√
2β − 2α1 − 1

{∫ x

a

[ M∑
j=1

(Dβ
afj(s))2

]
ds
}

. (15.213)

Proof. Transfer of Corollary 10 of [46]. �

Corollary 15.86. (To Theorem 15.80; λα1 = 0, p(t) = q(t) = 1.) It
holds∫ x

a

{
{

M−1∑
j=1

[ |Dα2
a fj+1(s)|λα2 |Dβ

afj(s)|λβ +|Dα2
a fj(s)|λα2 |Dβ

afj+1(s)|λβ ]}+

[ |Dα2
a fM (s)|λα2 |Dβ

af1(s)|λβ + |Dα2
a f1(s)|λα2 |Dβ

afM (s)|λβ ]
}

ds ≤

2(λβ+λα2/p)ε2ϕ2(x − a)
{∫ x

a

( M∑
j=1

|Dβ
afj(s)|p

)
ds
}((λβ+λα2 )/p)

. (15.214)

In (15.214), (
A0(x − a)

∣∣∣
λα1=0

)
of ϕ2(x − a) is given in Corollary 15.51; see Equation (15.128).

Proof. Transfer of Corollary 11 of [46]. �

Corollary 15.87. (To Theorem 15.80, λα1 = 0, p(t) = q(t) = 1, λα2 =
λβ = 1, p = 2.) In detail: let α2 ∈ R+, β > α2, β − α2 > (1/2), and let

fj ∈ L1(a, x), j = 1, . . . , M ∈ N, a, x ∈ R, a < x,

have, respectively, L∞ fractional derivatives Dβ
afj in [a, x], and let

Dβ−k
a fj(a) = 0, for k = 1, . . . , [β] + 1; j = 1, . . . , M.
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Then∫ x

a

{
{

M−1∑
j=1

[ |Dα2
a fj+1(s)| |Dβ

afj(s)| + |Dα2
a fj(s)| |Dβ

afj+1(s)|]}+

[ |Dα2
a fM (s)| |Dβ

af1(s)| + |Dα2
a f1(s)| |Dβ

afM (s)| ]
}

ds

≤
√

2(x − a)(β−α2)

Γ(β − α2)
√

β − α2

√
2β − 2α2 − 1

{∫ x

a

[ M∑
j=1

(Dβ
afj(s))2

]
ds
}

.

(15.215)

Proof. Transfer of Corollary 12 of [46]. �

Corollary 15.88. (To Theorem 15.81; λα1 = λα2 = λβ = 1, p(t) =
q(t) = 1, p = 3.) It holds∫ x

a

[M−1∑
j=1

[ |Dα1
a fj(s)| |Dα2

a fj+1(s)| |Dβ
afj(s)|+

|Dα2
a fj(s)| |Dα1

a fj+1(s)| |Dβ
afj+1(s)| ]+[ |Dα1

a f1(s)| |Dα2
a fM (s)| |Dβ

af1(s)|+

|Dα2
a f1(s)| |Dα1

a fM (s)| |Dβ
afM (s)| ]

]
ds ≤ 2ϕ∗

3(x − a)
[ ∫ x

a

( M∑
j=1

|Dβ
afj(s)|3

)
ds
]
.

(15.216)

Here

ϕ∗
3(x − a) :=

(
3
√

2 +
1
3
√

6

)
A0(x − a), (15.217)

where in this special case
A0(x − a) =

4(x − a)(2β−α1−α2)

Γ(β − α1) Γ(β − α2) [3(3β − 3α1 − 1)(3β − 3α2 − 1)(2β − α1 − α2) ]2/3
.

(15.218)

Proof. Transfer of Corollary 13 of [46]. �

Corollary 15.89. (To Theorem 15.82; λα = 1, λα+1 = 1/2, p(t) =
q(t) = 1, p = 3/2.) In detail: let α1 ∈ R+, β > α1 + 1, and let

fj ∈ L1(a, x), j = 1, . . . , M ∈ N, a, x ∈ R, a < x,

have, respectively, L∞ fractional derivatives Dβ
afj in [a, x], and let

Dβ−k
a fj(a) = 0, for k = 1, . . . , [β] + 1; j = 1, . . . , M.
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Set

Φ∗(x − a) :=
(

2√
3β − 3α1 − 2

)
· (x − a)(3β−3α1−1/2)

(Γ(β − α1))3/2
. (15.219)

Then∫ x

a

{
{

M−1∑
j=1

[ |Dα1
a fj(s)|

√
|Dα1+1

a fj+1(s)|+|Dα1
a fj+1(s)|

√
|Dα1+1

a fj(s)| ]}+

[ |Dα1
a f1(s)|

√
|Dα1+1

a fM (s)| + |Dα1
a fM (s)|

√
|Dα1+1

a f1(s)| ]
}

ds ≤

2Φ∗(x − a)
[ ∫ x

a

( M∑
j=1

|Dβ
afj(s)|3/2

)
ds
]
. (15.220)

Proof. Transfer of Corollary 14 of [46]. �

Corollary 15.90. (To Theorem 15.83; p = 2(λα1 + λβ) > 1, p(t) =
q(t) = 1.) It holds∫ x

a

{
{

M−1∑
j=1

[ |Dα1
a fj(s)|λα1 |Dα2

a fj+1(s)|λα1+λβ |Dβ
afj(s)|λβ +

|Dα2
a fj(s)|λα1+λβ |Dα1

a fj+1(s)|λα1 |Dβ
afj+1(s)|λβ ]}+

[ |Dα1
a f1(s)|λα1 |Dα2

a fM (s)|λα1+λβ |Dβ
af1(s)|λβ +

|Dα2
a f1(s)|λα1+λβ |Dα1

a fM (s)|λα1 |Dβ
afM (s)|λβ ]

}
ds ≤

2T̃ (x − a)
[ ∫ x

a

( M∑
j=1

|Dβ
afj(s)|2(λα1+λβ)

)
ds
]
. (15.221)

Here ˜̃T (x− a) in (15.221) is given by (15.209) and in detail by ˜̃T (x− a) of
Corollary 15.55 and Equations (15.136)–(15.139).

Proof. Transfer of Corollary 15 of [46]. �

Corollary 15.91. (To Theorem 15.83; p = 4, λα1 = λβ = 1, p(t) =
q(t) = 1.) It holds∫ x

a

{
{

M−1∑
j=1

[ |Dα1
a fj(s)| (Dα2

a fj+1(s))2 |Dβ
afj(s)|+

(Dα2
a fj(s))

2|Dα1
a fj+1(s)| |Dβ

afj+1(s)| ]}+[ |Dα1
a f1(s)| (Dα2

a fM (s))2 |Dβ
af1(s)|+
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(Dα2
a f1(s))

2 |Dα1
a fM (s)| |Dβ

afM (s)| ]
}

ds ≤ 2T̃ (x−a)
[ ∫ x

a

( M∑
j=1

(Dβ
afj(s))

4
)
ds
]
.

(15.222)

Here in (15.222) we have that T̃ (x−a) = T ∗(x−a) of Corollary 15.56; see
the Equations (15.141)–(15.145).

Proof. Transfer of Corollary 16 of [46]. �

Next we present the L∞ case.

Theorem 15.92. Let α1, α2 ∈ R+, β > α1, α2, and let

fj ∈ L1(a, x), j = 1, . . . , M ∈ N, a, x ∈ R, a < x,

have, respectively, L∞ fractional derivatives Dβ
afj in [a, x], and let

Dβ−k
a fj(a) = 0, for k = 1, . . . , [β] + 1; j = 1, . . . , M.

Consider also p(s) ≥ 0, p(s) ∈ L∞(a, x). Let λα1 , λα2 , λβ ≥ 0. Set

ρ(x − a) =

‖p(s)‖∞ (x − a)(βλα1−α1λα1+βλα2−α2λα2+1)

(Γ(β − α1 + 1))λα1 (Γ(β − α2 + 1))λα2 [βλα1 − α1λα1 + βλα2 − α2λα2 + 1]
.

(15.223)
Then ∫ x

a

p(s)
{
{

M−1∑
j=1

[ |Dα1
a fj(s)|λα1 |Dα2

a fj+1(s)|λα2 |Dβ
afj(s)|λβ +

|Dα2
a fj(s)|λα2 |Dα1

a fj+1(s)|λα1 |Dβ
afj+1(s)|λβ ]}+

[ |Dα1
a f1(s)|λα1 |Dα2

a fM (s)|λα2 |Dβ
af1(s)|λβ +

|Dα2
a f1(s)|λα2 |Dα1

a fM (s)|λα1 |Dβ
afM (s)|λβ ]

}
ds

≤ ρ(x − a)
{ M∑

j=1

{‖Dβ
afj‖2(λα1+λβ)

∞ + ‖Dβ
afj‖2λα2∞ }

}
. (15.224)

Proof. Transfer of Corollary 17 of [46]. �

Similarly we give
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Theorem 15.93. (As in Theorem 15.92; λα2 = 0.) It holds∫ x

a

p(s)
( M∑

j=1

|Dα1
a fj(s)|λα1 |Dβ

afj(s)|λβ

)
ds ≤

‖p(s)‖∞ (x − a)(βλα1−α1λα1+1)

(Γ(β − α1 + 1))λα1 [βλα1 − α1λα1 + 1]
·
( M∑

j=1

‖Dβ
afj‖λα1+λβ∞

)
. (15.225)

Proof. Based on Theorem 18 of [46]. �

It follows

Theorem 15.94. (As in Theorem 15.92; λα2 = λα1 + λβ .) It holds

∫ x

a

p(s)
{
{

M−1∑
j=1

[ |Dα1
a fj(s)|λα1 |Dα2

a fj+1(s)|λα1+λβ |Dβ
afj(s)|λβ +

|Dα2
a fj(s)|λα1+λβ |Dα1

a fj+1(s)|λα1 |Dβ
afj+1(s)|λβ ]}+

[ |Dα1
a f1(s)|λα1 |Dα2

a fM (s)|λα1+λβ |Dβ
af1(s)|λβ +

|Dα2
a f1(s)|λα1+λβ |Dα1

a fM (s)|λα1 |Dβ
afM (s)|λβ ]

}
ds ≤

≤
{ ‖p(s)‖∞

(Γ(β − α1 + 1))λα1 (Γ(β − α2 + 1))(λα1+λβ)

· 2(x − a)(2βλα1−α1λα1+βλβ−α2λα1−α2λβ+1)

(2βλα1 − α1λα1 + βλβ − α2λα1 − α2λβ + 1)

}
·
( M∑

j=1

‖Dβ
afj‖2(λα1+λβ)

∞
)
.

(15.226)

Proof. By Theorem 19 of [46]. �

We continue with

Theorem 15.95. (As in Theorem 15.92; λβ = 0, λα1 = λα2 .) It holds

∫ x

a
p(s)

{
{

M−1∑
j=1

[ |Dα1
a fj(s)|λα1 |Dα2

a fj+1(s)|λα1 + |Dα2
a fj(s)|λα1 |Dα1

a fj+1(s)|λα1 ]}+

[ |Dα1
a f1(s)|λα1 |Dα2

a fM (s)|λα1 + |Dα2
a f1(s)|λα1 |Dα1

a fM (s)|λα1 ]
}

ds

≤ 2ρ∗(x − a)
[ M∑

j=1

‖Dβ
afj‖2λα1∞

]
. (15.227)
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Here we have
ρ∗(x − a) :=

(x − a)(2βλα1−α1λα1−α2λα1+1) ‖p(s)‖∞
(2βλα1 − α1λα1 − α2λα1 + 1)(Γ(β − α1 + 1))λα1 (Γ(β − α2 + 1))λα1

.

(15.228)

Proof. Based on Theorem 20 of [46]. �

Next we give

Theorem 15.96. (As in Theorem 15.92; λα1 = 0, λα2 = λβ .) It holds

∫ x

a

p(s)
{
{

M−1∑
j=1

[ |Dα2
a fj+1(s)|λα2 |Dβ

afj(s)|λα2 +|Dα2
a fj(s)|λα2 |Dβ

afj+1(s)|λα2 ]}+

[ |Dα2
a fM (s)|λα2 |Dβ

af1(s)|λα2 + |Dα2
a f1(s)|λα2 |Dβ

afM (s)|λα2 ]
}

ds ≤

2
(

(x − a)(βλα2−α2λα2+1) ‖p(s)‖∞
(βλα2 − α2λα2 + 1)(Γ(β − α2 + 1))λα2

)
·
( M∑

j=1

‖Dβ
afj‖2λα2∞

)
. (15.229)

Proof. Based on Theorem 21 of [46]. �

Some special cases follow.

Corollary 15.97. (To Theorem 15.95; all are as in Theorem 15.92; λβ =
0, λα1 = λα2 , α2 = α1 + 1.) It holds

∫ x

a

p(s)
{
{

M−1∑
j=1

[ |Dα1
a fj(s)|λα1 |Dα1+1

a fj+1(s)|λα1 +

|Dα1+1
a fj(s)|λα1 |Dα1

a fj+1(s)|λα1 ]}+

[ |Dα1
a f1(s)|λα1 |Dα1+1

a fM (s)|λα1 + |Dα1+1
a f1(s)|λα1 |Dα1

a fM (s)|λα1 ]
}

ds ≤

2

(
(x − a)(2βλα1−2α1λα1−λα1+1) ‖p(s)‖∞

(2βλα1 − 2α1λα1 − λα1 + 1)(β − α1)λα1 (Γ(β − α1))2λα1

)
·
[ M∑

j=1

‖Dβ
afj‖2λα1∞

]
.

(15.230)

Proof. Based on Theorem 22 of [46]. �
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Corollary 15.98. (to Corollary 15.97) In detail; let α1 ∈ R+, β > α1+1,
and let

fj ∈ L1(a, x), j = 1, . . . , M ∈ N, a, x ∈ R, a < x,

have, respectively, L∞ fractional derivatives Dβ
afj in [a, x], and let

Dβ−k
a fj(a) = 0, for k = 1, . . . , [β] + 1; j = 1, . . . , M.

Then∫ x

a

{
{

M−1∑
j=1

[ |Dα1
a fj(s)| |Dα1+1

a fj+1(s)| + |Dα1
a fj+1(s)| |Dα1+1

a fj(s)| ]}+

[ |Dα1
a f1(s)| |Dα1+1

a fM (s)| + |Dα1
a fM (s)| |Dα1+1

a f1(s)| ]
}

ds ≤

(x − a)2(β−α1)

(β − α1)2 (Γ(β − α1))2
( M∑

j=1

‖Dβ
afj‖2

∞
)
. (15.231)

Proof. Based on Corollary 23 of [46]. �

Corollary 15.99. (to Corollary 15.98) It holds

∫ x

a

⎛⎝ M∑
j=1

|Dα1
a fj(s)| |Dα1+1

a fj(s)|
⎞⎠ ds ≤

(x − a)2(β−α1)

2(β − α1)2 (Γ(β − α1))2
( M∑

j=1

‖Dβ
afj‖2

∞
)
. (15.232)

Proof. Based on inequality (15.155) of Proposition 15.64. �

Next we apply the previous results of this subsection to the spherical
shell A . We make

Assumption 15.100. Let

α1, α2 ∈ R+, β > α1, α2, β − αi > (1/p), p > 1, i = 1, 2,

and for j = 1, . . . , M, M ∈ N, let fj ∈ L1(A) with

∂β
R1

fj(x)
∂rβ

, ∈ L∞(A), x ∈ A,

A := B(0, R2) − B(0, R1) ⊆ R
N , N ≥ 2, 0 < R1 < R2.
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Further assume that each Dβ
R1

fj(rw) ∈ R for almost all r ∈ [R1, R2], for
each w ∈ SN−1, and for these |Dβ

R1
fj(rw)| ≤ Mj for some Mj > 0; j =

1, . . . , M . For each w ∈ SN−1 − (∪M
j=1K(fj)) , we assume that fj(· w) has

an L∞ fractional derivative Dβ
R1

fj(· w) in [R1, R2], and that

Dβ−k
R1

fj(R1w) = 0, k = 1, . . . , [β] + 1;

j = 1, . . . , M . Let λβ > 0 and λα1 , λα2 ≥ 0, such that λβ < p. If α1 = 0
we set λα1 = 1, and if α2 = 0 we set λα2 = 1.

We need

Notation 15.101. (on Assumption 15.100) We set

Pi(s) :=
∫ s

0

(s − r)p(β−αi−1)/p−1 (r + R1)
(1−N/p−1)

dr,

i = 1, 2; 0 ≤ s ≤ R2 − R1, (15.233)

A(s) :=
(s + R1)(N−1)(1−(λβ/p)) (P1(s))

λα1 (p−1/p) (P2(s))
λα2 (p−1/p)

(Γ(β − α1))
λα1 (Γ(β − α2))

λα2
,

(15.234)
and

A0(R2 − R1) :=

(∫ R2−R1

0

(A(s))p/(p−λβ)
ds

)(p−λβ)/p

. (15.235)

We present

Theorem 15.102. (All are as in Assumption 15.100 and Notation
15.101.) Denote

ϕ1(R2 − R1) :=
(

A0(R2 − R1)
∣∣∣
λα2=0

)(
λβ

p

)(λβ/p)

. (15.236)

Let λα1 > 0, λα2 = 0, and p = λα1 + λβ > 1. Then∫
A

[ M∑
j=1

⏐⏐⏐∂α1
R1

fj(x)
∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂β

R1
fj(x)

∂rβ

⏐⏐⏐λβ
]
dx ≤

ϕ1(R2 − R1)
[ ∫

A

( M∑
j=1

⏐⏐⏐∂β
R1

fj(x)
∂rβ

⏐⏐⏐p)
dx
]
. (15.237)
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Proof. Based on Theorem 15.79 and similar to the proof of Theorem
15.67; notice here λSN−1(∪M

j=1K(fj)) = 0. �

Next we give

Theorem 15.103. (All are as in Assumption 15.100 and Notation
15.101.) We denote

δ3 :=
{

2λα2/λβ − 1, if λα2 ≥ λβ ,
1, if λα2 ≤ λβ ,

(15.238)

and

ϕ2(R2 − R1) :=
(

A0(R2 − R1)
∣∣∣
λα1=0

)
2(λα2/p)

(
λβ

p

)(λβ/p)

δ
(λβ/p)
3 .

(15.239)
Here λα1 = 0, λα2 > 0 and p = λβ + λα2 > 1. Then∫

A

{
{

M−1∑
j=1

[⏐⏐⏐∂α2
R1

fj+1(x)
∂rα2

⏐⏐⏐λα2
⏐⏐⏐∂β

R1
fj(x)

∂rβ

⏐⏐⏐λβ

+

⏐⏐⏐∂α2
R1

fj(x)
∂rα2

⏐⏐⏐λα2
⏐⏐⏐∂β

R1
fj+1(x)
∂rβ

⏐⏐⏐λβ
]
}+

[⏐⏐⏐∂α2
R1

fM (x)
∂rα2

⏐⏐⏐λα2
⏐⏐⏐∂β

R1
f1(x)

∂rβ

⏐⏐⏐λβ

+
⏐⏐⏐∂α2

R1
f1(x)

∂rα2

⏐⏐⏐λα2
⏐⏐⏐∂β

R1
fM (x)
∂rβ

⏐⏐⏐λβ
]
dx
}
≤

2ϕ2(R2 − R1)
[ ∫

A

( M∑
j=1

⏐⏐⏐∂β
R1

fj(x)
∂rβ

⏐⏐⏐p)
dx
]
. (15.240)

Proof. Based on Theorem 15.80 and similar to the proof of Theorem
15.67. �

The general case follows.

Theorem 15.104. (All are as in Assumption 15.100 and Notation
15.101.) Here λα1 , λα2 > 0, p = λα1 + λα2 + λβ > 1. Denote

γ̃1 :=
{

2((λα1+λα2 )/λβ) − 1, if λα1 + λα2 ≥ λβ ,
1, if λα1 + λα2 ≤ λβ ,

(15.241)

and

ϕ3(R2 − R1) := A0(R2 − R1)
(

λβ

(λα1 + λα2)p

)(λβ/p)

[λα1
(λβ/p) + 2(λα1+λα2 )/p(γ̃1λα2)

(λβ/p)]. (15.242)
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Then ∫
A

{M−1∑
j=1

[⏐⏐⏐∂α1
R1

fj(x)
∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂α2

R1
fj+1(x)
∂rα2

⏐⏐⏐λα2
⏐⏐⏐∂β

R1
fj(x)

∂rβ

⏐⏐⏐λβ

+

⏐⏐⏐∂α2
R1

fj(x)
∂rα2

⏐⏐⏐λα2
⏐⏐⏐∂α1

R1
fj+1(x)
∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂β

R1
fj+1(x)
∂rβ

⏐⏐⏐λβ
]
+

[⏐⏐⏐∂α1
R1

f1(x)
∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂α2

R1
fM (x)

∂rα2

⏐⏐⏐λα2
⏐⏐⏐∂β

R1
f1(x)

∂rβ

⏐⏐⏐λβ

+

⏐⏐⏐∂α2
R1

f1(x)
∂rα2

⏐⏐⏐λα2
⏐⏐⏐∂α1

R1
fM (x)

∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂β

R1
fM (x)
∂rβ

⏐⏐⏐λβ
]}

dx

≤ 2ϕ3(R2 − R1)
[ ∫

A

( M∑
j=1

⏐⏐⏐∂β
R1

fj(x)
∂rβ

⏐⏐⏐p)
dx
]
. (15.243)

Proof. Based on Theorem 15.81 and similar to the proof of Theorem
15.67. �

We continue with

Theorem 15.105. (All are as in Assumption 15.100.) Here α2 = α1 +
1, λα := λα1 ≥ 0, λα+1 := λα2 ∈ (0, 1) and p = λα + λα1 > 1. Denote

θ3 :=
{

2(λα/λα+1) − 1, if λα ≥ λα+1,
1, if λα ≤ λα+1,

(15.244)

L(R2 − R1) :=

[
2

(1 − λα+1)
(N − λα+1)

(
R2

(N−λα+1)/(1−λα+1) − R1
(N−λα+1)/(1−λα+1)

)](1−λα+1)

(
θ3 λα+1

p

)λα+1

, (15.245)

and

P1(R2 − R1) :=
∫ R2

R1

(R2 − r)(β−α1−1)p/(p−1) r(1−N)/(p−1)dr, (15.246)

and

Φ(R2 − R1) := L(R2 − R1)
(

(P1(R2 − R1))(p−1)

(Γ(β − α1))p

)
2(p−1). (15.247)

Then ∫
A

{
{

M−1∑
j=1

[⏐⏐⏐∂α1
R1

fj(x)
∂rα1

⏐⏐⏐λα
⏐⏐⏐∂α1+1

R1
fj+1(x)

∂rα1+1

⏐⏐⏐λα+1

+
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⏐⏐⏐∂α1
R1

fj+1(x)
∂rα1

⏐⏐⏐λα
⏐⏐⏐∂α1+1

R1
fj(x)

∂rα1+1

⏐⏐⏐λα+1
]
}

+
[⏐⏐⏐ ∂α1

R1
f1(x)

∂rα1

⏐⏐⏐λα
⏐⏐⏐ ∂α1+1

R1
fM (x)

∂rα1+1

⏐⏐⏐λα+1
+
⏐⏐⏐ ∂α1

R1
fM (x)

∂rα1

⏐⏐⏐λα
⏐⏐⏐ ∂α1+1

R1
f1(x)

∂rα1+1

⏐⏐⏐λα+1
]}

dx

≤ 2Φ(R2 − R1)
[ ∫

A

( M∑
j=1

⏐⏐⏐∂β
R1

fj(x)
∂rβ

⏐⏐⏐p)
dx
]
. (15.248)

Proof. Based on Theorem 15.82 and similar to the proof of Theorem
15.67. �

We also give

Theorem 15.106. (All are as in Assumption 15.100 and Notation
15.101.) Here λα2 = λα1 + λβ and p = 2(λα1 + λβ) > 1. Denote

T̃ (R2 − R1) := A0(R2 − R1)
(

2λβ

p

)λβ/p

2−λβ/p. (15.249)

Then∫
A

{
{

M−1∑
j=1

[⏐⏐⏐∂α1
R1

fj(x)
∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂α2

R1
fj+1(x)
∂rα2

⏐⏐⏐λα1+λβ
⏐⏐⏐∂β

R1
fj(x)

∂rβ

⏐⏐⏐λβ

+

⏐⏐⏐∂α2
R1

fj(x)
∂rα2

⏐⏐⏐λα1+λβ
⏐⏐⏐∂α1

R1
fj+1(x)
∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂β

R1
fj+1(x)
∂rβ

⏐⏐⏐λβ
]
}+

[⏐⏐⏐∂α1
R1

f1(x)
∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂α2

R1
fM (x)

∂rα2

⏐⏐⏐λα1+λβ
⏐⏐⏐∂β

R1
f1(x)

∂rβ

⏐⏐⏐λβ

+⏐⏐⏐∂α2
R1

f1(x)
∂rα2

⏐⏐⏐λα1+λβ
⏐⏐⏐∂α1

R1
fM (x)

∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂β

R1
fM (x)
∂rβ

⏐⏐⏐λβ
]}

dx

≤ 2T̃ (R2 − R1)

⎡⎣∫
A

( M∑
j=1

⏐⏐⏐∂β
R1

fj(x)
∂rβ

⏐⏐⏐p)
dx

⎤⎦ . (15.250)

Proof. Based on Theorem 15.83. �

Next we give L∞ results on the shell A involving several functions. We
make

Assumption 15.107. Let α1, α2 ∈ R+, β > α1, α2, and for j =
1, . . . , M, M ∈ N, let fj ∈ L1(A) with

∂β
R1

fj(x)
∂rβ

, ∈ L∞(A), x ∈ A,
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A := B(0, R2) − B(0, R1) ⊆ R
N , N ≥ 2, 0 < R1 < R2.

Further assume that each Dβ
R1

fj(rw) ∈ R for almost all r ∈ [R1, R2], for
each w ∈ SN−1, and for these |Dβ

R1
fj(rw)| ≤ Mj for some Mj > 0; j =

1, . . . , M . For each w ∈ SN−1 − (∪M
j=1K(fj)) , we assume that fj(· w) has

an L∞ fractional derivative Dβ
R1

fj(· w) in [R1, R2], and that

Dβ−k
R1

fj(R1w) = 0, k = 1, . . . , [β] + 1;

j = 1, . . . , M . Let λα1 , λα2 , λβ ≥ 0. If α1 = 0 we set λα1 = 1, and if
α2 = 0 we set λα2 = 1.

We present

Theorem 15.108. (All here are as in Assumption 15.107.) Set

ρ(R2 − R1) =

R2
N−1(R2 − R1)(βλα1−α1λα1+βλα2−α2λα2+1)

(Γ(β − α1 + 1))λα1 (Γ(β − α2 + 1))λα2 (βλα1 − α1λα1 + βλα2 − α2λα2 + 1)
.

(15.251)
Then ∫

A

{
{

M−1∑
j=1

[⏐⏐⏐∂α1
R1

fj(x)
∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂α2

R1
fj+1(x)
∂rα2

⏐⏐⏐λα2
⏐⏐⏐∂β

R1
fj(x)

∂rβ

⏐⏐⏐λβ

+

⏐⏐⏐∂α2
R1

fj(x)
∂rα2

⏐⏐⏐λα2
⏐⏐⏐∂α1

R1
fj+1(x)
∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂β

R1
fj+1(x)
∂rβ

⏐⏐⏐λβ
]
}+

[⏐⏐⏐∂α1
R1

f1(x)
∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂α2

R1
fM (x)

∂rα2

⏐⏐⏐λα2
⏐⏐⏐∂β

R1
f1(x)

∂rβ

⏐⏐⏐λβ

+

⏐⏐⏐∂α2
R1

f1(x)
∂rα2

⏐⏐⏐λα2
⏐⏐⏐∂α1

R1
fM (x)

∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂β

R1
fM (x)
∂rβ

⏐⏐⏐λβ
]}

dx

≤ 2πN/2

Γ(N/2)
ρ(R2 − R1)

{ M∑
j=1

[Mj
2(λα1+λβ) + Mj

2λα2 ]
}

. (15.252)

Proof. Based on Theorem 15.92 and a similar proof to that of Theorem
15.73. �

Similarly we give
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Theorem 15.109. (All are as in Assumption 15.107; λα2 = 0.) Then∫
A

[ M∑
j=1

⏐⏐⏐∂α1
R1

fj(x)
∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂β

R1
fj(x)

∂rβ

⏐⏐⏐λβ
]
dx ≤

R2
N−1(R2 − R1)(βλα1−α1λα1+1)

(Γ(β − α1 + 1))λα1 [βλα1 − α1λα1 + 1]

⎛⎝ M∑
j=1

Mj
(λα1+λβ)

⎞⎠ 2πN/2

Γ(N/2)
.

(15.253)

Proof. Based on Theorem 15.93, similar to Theorem 15.73. �

It follows

Theorem 15.110. (All are as in Assumption 15.107; λα2 = λα1 + λβ .)
Then∫

A

{
{

M−1∑
j=1

[⏐⏐⏐∂α1
R1

fj(x)
∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂α2

R1
fj+1(x)
∂rα2

⏐⏐⏐λα1+λβ
⏐⏐⏐∂β

R1
fj(x)

∂rβ

⏐⏐⏐λβ

+

⏐⏐⏐∂α2
R1

fj(x)
∂rα2

⏐⏐⏐λα1+λβ
⏐⏐⏐∂α1

R1
fj+1(x)
∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂β

R1
fj+1(x)
∂rβ

⏐⏐⏐λβ
]
}

+
[⏐⏐⏐∂α1

R1
f1(x)

∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂α2

R1
fM (x)

∂rα2

⏐⏐⏐λα1+λβ
⏐⏐⏐∂β

R1
f1(x)

∂rβ

⏐⏐⏐λβ

+

⏐⏐⏐∂α2
R1

f1(x)
∂rα2

⏐⏐⏐λα1+λβ
⏐⏐⏐∂α1

R1
fM (x)

∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂β

R1
fM (x)
∂rβ

⏐⏐⏐λβ
]}

dx ≤

R2
N−1

(Γ(β − α1 + 1))λα1 (Γ(β − α2 + 1))λα1+λβ
·

(R2 − R1)(2βλα1−α1λα1+βλβ−α2λα1−α2λβ+1)

[2βλα1 − α1λα1 + βλβ − α2λα1 − α2λβ + 1]

⎡⎣ M∑
j=1

Mj
2(λα1+λβ)

⎤⎦ 4πN/2

Γ(N/2)
.

(15.254)

Proof. Based on Theorem 15.94 and similar to the proof of Theorem
15.73. �

We continue with

Theorem 15.111. (All are as in Assumption 15.107; here λβ = 0, λα1 =
λα2 .) Then ∫

A

{
{

M−1∑
j=1

[⏐⏐⏐∂α1
R1

fj(x)
∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂α2

R1
fj+1(x)
∂rα2

⏐⏐⏐λα1
+



15.5 Main Results 387

⏐⏐⏐∂α2
R1

fj(x)
∂rα2

⏐⏐⏐λα1
⏐⏐⏐∂α1

R1
fj+1(x)
∂rα1

⏐⏐⏐λα1
]
}+

[⏐⏐⏐∂α1
R1

f1(x)
∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂α2

R1
fM (x)

∂rα2

⏐⏐⏐λα1
+

⏐⏐⏐∂α2
R1

f1(x)
∂rα2

⏐⏐⏐λα1
⏐⏐⏐∂α1

R1
fM (x)

∂rα1

⏐⏐⏐λα1
]}

dx ≤ 4πN/2

Γ(N/2)(
R2

N−1(R2 − R1)(2βλα1−α1λα1−α2λα1+1)

(Γ(β − α1 + 1)Γ(β − α2 + 1))λα1 (2βλα1 − α1λα1 − α2λα1 + 1)

)
⎛⎝ M∑

j=1

Mj
2λα1

⎞⎠ . (15.255)

Proof. Based on Theorem 15.95. �

Next we give

Theorem 15.112. (All are as in Assumption 15.107; here λα1 = 0, λα2 =
λβ .) Then

∫
A

{
{

M−1∑
j=1

[⏐⏐⏐∂α2
R1

fj+1(x)
∂rα2

⏐⏐⏐λα2
⏐⏐⏐∂β

R1
fj(x)

∂rβ

⏐⏐⏐λα2
+

⏐⏐⏐∂α2
R1

fj(x)
∂rα2

⏐⏐⏐λα2
⏐⏐⏐∂β

R1
fj+1(x)
∂rβ

⏐⏐⏐λα2
]
}+

[⏐⏐⏐∂α2
R1

fM (x)
∂rα2

⏐⏐⏐λα2
⏐⏐⏐∂β

R1
f1(x)

∂rβ

⏐⏐⏐λα2
+

⏐⏐⏐∂α2
R1

f1(x)
∂rα2

⏐⏐⏐λα2
⏐⏐⏐∂β

R1
fM (x)
∂rβ

⏐⏐⏐λα2
]}

dx ≤ 4πN/2

Γ(N/2)(
R2

N−1(R2 − R1)(βλα2−α2λα2+1)

(βλα2 − α2λα2 + 1)(Γ(β − α2 + 1))λα2

)⎛⎝ M∑
j=1

Mj
2λα2

⎞⎠ . (15.256)

Proof. Based on Theorem 15.96. �

We also mention a special case.



388 15. Fractional Multivariate Opial Inequalities

Corollary 15.113. (to Theorem 15.111) All are as in Assumption
15.107; here λβ = 0, λα1 = λα2 , α2 = α1 + 1. Then∫

A

{
{

M−1∑
j=1

[⏐⏐⏐∂α1
R1

fj(x)
∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂α1+1

R1
fj+1(x)

∂rα1+1

⏐⏐⏐λα1
+

⏐⏐⏐∂α1+1
R1

fj(x)
∂rα1+1

⏐⏐⏐λα1
⏐⏐⏐∂α1

R1
fj+1(x)
∂rα1

⏐⏐⏐λα1
]
}+[⏐⏐⏐∂α1

R1
f1(x)

∂rα1

⏐⏐⏐λα1
⏐⏐⏐∂α1+1

R1
fM (x)

∂rα1+1

⏐⏐⏐λα1
+⏐⏐⏐∂α1+1

R1
f1(x)

∂rα1+1

⏐⏐⏐λα1
⏐⏐⏐∂α1

R1
fM (x)

∂rα1

⏐⏐⏐λα1
]}

dx ≤ 4πN/2

Γ(N/2)(
R2

N−1(R2 − R1)
(2βλα1−2α1λα1−λα1+1)

(2βλα1 − 2α1λα1 − λα1 + 1)(β − α1)λα1 (Γ(β − α1))2λα1

)( M∑
j=1

Mj
2λα1

)
.

(15.257)

Proof. Based on Corollary 15.97. �

We finish the chapter with the proof that Dαf of Lemma 15.7 (see (15.8),
also other similar fractional derivatives here) are such that

Dαf ∈ AC([0, x]) for β − α ≥ 1 and Dαf ∈ C([0, x]), for β − α ∈ (0, 1).

The last derives from the next.

Proposition 15.114. Let r > 0, F ∈ L∞(a, b), and

G(s) :=
∫ s

a

(s − t)r−1F (t)dt, (15.258)

all s ∈ [a, b]. Then G ∈ AC([a, b]) for r ≥ 1 and G ∈ C([a, b]), only for
r ∈ (0, 1).

Proof. (1) Case r ≥ 1. We use the definition of absolute continuity. So
for every ε > 0 we need δ > 0: whenever (ai, bi), i = 1, . . . , n, are disjoint
open subintervals of [a, b], then

n∑
i=1

(bi − ai) < δ ⇒
n∑

i=1

|G(bi) − G(ai)| < ε.

If ‖F‖∞ = 0, then G(s) = 0, for all s ∈ [a, b], the trivial case and all
fulfilled. So we assume ‖F‖∞ = 0. Hence we have

G(bi) − G(ai) =
∫ bi

a

(bi − t)r−1F (t)dt −
∫ ai

a

(ai − t)r−1F (t)dt =
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a

(bi − t)r−1F (t)dt −
∫ ai

a

(ai − t)r−1F (t)dt +
∫ bi

ai

(bi − t)r−1F (t)dt =

∫ ai

a

(
(bi − t)r−1 − (ai − t)r−1

)
F (t)dt +

∫ bi

ai

(bi − t)r−1F (t)dt. (15.259)

Call

Ii :=
∫ ai

a

|(bi − t)r−1 − (ai − t)r−1|dt. (15.260)

Thus

|G(bi) − G(ai)| ≤
[
Ii +

(bi − ai)r

r

]
‖F‖∞ := Ti. (15.261)

If r = 1, then Ii = 0, and

|G(bi) − G(ai)| ≤ ‖F‖∞(bi − ai), (15.262)

for all i := 1, . . . , n.
If r > 1, then because

[
(bi − t)r−1 − (ai − t)r−1

] ≥ 0, for all t ∈ [a, ai],
we find

Ii =
∫ ai

a

(
(bi − t)r−1 − (ai − t)r−1

)
dt =

(bi − a)r − (ai − a)r − (bi − ai)r

r

=
r(ξ − a)r−1(bi − ai) − (bi − ai)r

r
, (15.263)

for some ξ ∈ (ai, bi). Therefore, it holds

Ii ≤ r(b − a)r−1(bi − ai) − (bi − ai)r

r
, (15.264)

and (
Ii +

(bi − ai)r

r

)
≤ (b − a)r−1(bi − ai). (15.265)

That is,
Ti ≤ ‖F‖∞(b − a)r−1(bi − ai),

so that

|G(bi) − G(ai)| ≤ ‖F‖∞(b − a)r−1(bi − ai), for all i = 1, . . . , n. (15.266)

So in the case of r = 1, and by choosing δ := ε/‖F‖∞, we get

n∑
i=1

|G(bi) − G(ai)| ≤(15.262) ‖F‖∞
(

n∑
i=1

(bi − ai)

)
≤ ‖F‖∞δ = ε,

(15.267)
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proving for r = 1 that G is absolutely continuous. In the case of r > 1, and
by choosing δ := ε/‖F‖∞(b − a)r−1, we get

n∑
i=1

|G(bi) − G(ai)| ≤(15.266) ‖F‖∞(b − a)r−1

(
n∑

i=1

(bi − ai)

)
(15.268)

≤ ‖F‖∞(b − a)r−1δ = ε,

proving for r > 1 that G is absolutely continuous again.
(2) Case of 0 < r < 1. Let ai∗ , bi∗ ∈ [a, b] : ai∗ ≤ bi∗ . Then (ai∗ −t)r−1 ≥

(bi∗ − t)r−1, for all t ∈ [a, ai∗ ]. Then

Ii∗ =
∫ ai∗

a

(
(ai∗ − t)r−1 − (bi∗ − t)r−1

)
dt =

(bi∗ − ai∗)
r

r

+
(

(ai∗ − a)r − (bi∗ − a)r

r

)
≤ (bi∗ − ai∗)

r

r
, (15.269)

by (ai∗ − a)r − (bi∗ − a)r < 0. Therefore

Ii∗ ≤ (bi∗ − ai∗)
r

r
(15.270)

and

Ti∗ ≤ 2(bi∗ − ai∗)
r

r
‖F‖∞, (15.271)

proving that

|G(bi∗) − G(ai∗)| ≤
(

2‖F‖∞
r

)
(bi∗ − ai∗)

r, (15.272)

which proves that G is continuous. Taking the special case of a = 0 and
F (t) = 1, for all t ∈ [0, b], we get that

G(s) =
sr

r
, all s ∈ [0, b], for 0 < r < 1. (15.273)

The last is a Lipschitz function of order r ∈ (0, 1), which is not absolutely
continuous. Consequently G for r ∈ (0, 1) in general, cannot be absolutely
continuous. That completes the proof. �



16
Caputo Fractional Multivariate
Opial-Type Inequalities over a
Spherical Shell

Here is introduced the concept of the Caputo fractional radial derivative
for a function defined on a spherical shell. Using polar coordinates we are
able to derive multivariate Opial-type inequalities over a spherical shell of
R

N , N ≥ 2, by studying the topic in all possibilities. Our results involve
one, two, or more functions. We present many univariate Caputo fractional
Opial-type inequalities, several of which are used to establish results on
the shell. We give an application to prove the uniqueness of solution of a
general partial differential equation on the shell. Also we apply our results
for Riemann – Liouville fractional derivatives. This treatment relies on [58].

16.1 Introduction

This chapter is inspired by articles of Opial [315], Bessack [80], and Anas-
tassiou, Koliha, and Pecaric [64, 65], and Anastassiou [46, 48].

Opial-type inequalities usually find applications in establishing the
uniqueness of solution of initial value problems for differential equations
and their systems; see Willett [406]. In this chapter we present a series of
various Caputo fractional multivariate Opial type inequalities over spheri-
cal shells. To achieve our goal we use polar coordinates, and we introduce
and use the Caputo fractional radial derivative. We work on the spherical
shell, and not on the ball, because a radial derivative cannot be defined at
zero. So, we reduce the problem to a univariate one.

G.A. Anastassiou, Fractional Differentiation Inequalities, 391
DOI 10.1007/978-0-387-98128-4 16, c© Springer Science+Business Media, LLC 2009
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Therefore we derive and use a large array of univariate Opial-type in-
equalities involving Caputo fractional derivatives; these are Caputo frac-
tional derivatives defined at arbitrary anchor point a ∈ R. In our results
we involve one, two, or several functions. But first we need to develop an
extensive background in two parts, then follow the main results.

At the end we give an application proving the uniqueness of solution for
a general PDE initial value problem. Also we re-establish our results by
involving Riemann – Liouville fractional derivatives defined at an arbitrary
anchor point.

In this chapter to build our background regarding the Caputo fractional
derivative we use the excellent monograph [134].

The Caputo derivative was introduced in 1967; see [102], and also see
[112, 114].

It happens that the Riemann – Liouville fractional derivative has some
disadvantages when modeling real-world phenomena with fractional dif-
ferential equations. One reason is that the initial conditions there involve
fractional derivatives that are difficult to connect with actual data, and so
on. However, Caputo fractional derivative modeling involves initial condi-
tions that are described by ordinary derivatives, much easier to write based
on real-world data. So more and more in recent years the Caputo version is
usually preferred when physical models are described, because the physical
interpretation of the prescribed data is clear, and therefore it is in general
possibly easier to gather these data, for example, by appropriate measure-
ments. Also from the pure mathematics side there are reasons to prefer the
Caputo fractional derivative.

16.2 Background—I

Here we follow [134].
We start with

Definition 16.1. Let ν ≥ 0; the operator Jν
a , defined on L1 [a, b] by

Jν
a f (x) :=

1
Γ (ν)

∫ x

a

(x − t)ν−1
f (t) dt (16.1)

for a ≤ x ≤ b, is called the Riemann – Liouville fractional integral operator
of order ν.

For ν = 0, we set J0
a := I, the identity operator. Here Γ stands for the

gamma function.

Theorem 16.2. [134] Let f ∈ L1 [a, b] , ν > 0. Then, the integral Jν
a f (x)

exists for almost every x ∈ [a, b] .
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Moreover, Jν
a f ∈ L1 ([a, b]).

We need

Theorem 16.3. [134] Let m,n ≥ 0, Φ ∈ L1 ([a, b]).
Then

Jm
a Jn

a Φ = Jm+n
a Φ (16.2)

holds almost everywhere on [a, b] . If additionally Φ ∈ C ([a, b]) or m+n ≥
1, then the identity holds everywhere on [a, b] .

We give

Definition 16.4. [134] Let ν ∈ R+ and m = �ν� ; �·� is the ceiling of
number. The operator Dν

a , defined by

Dν
af := DmJm−ν

a f, D :=
d

dx
, (16.3)

is called the Riemann – Liouville fractional differential operator of order ν.
For ν = 0, we set D0

a := I, the identity operator.
If ν ∈ N then Dν

af = f (ν), the ordinary ν-order derivative.

Next we give

Definition 16.5. (p. 37, [134]) Let ν ≥ 0 and n := �ν�, a ∈ R. Then,
we define the operator

D̂ν
af := Jn−ν

a f (n), (16.4)

whenever f (n) ∈ L1 ([a, b]).

Also we need

Theorem 16.6. (p. 37, [134]) Let ν ≥ 0, n := �ν�. Moreover assume that
f ∈ ACn ([a, b])(the space of functions with absolutely continuous (n − 1)st
derivative). Then

D̂ν
af = Dν

a (f − Tn−1 (f ; a)), a.e. on [a, b] , (16.5)

where

Tn−1 (f ; a) (x) :=
n−1∑
k=0

f (k) (a)
k!

(x − a)k
, x ∈ [a, b] , (16.6)

is the Taylor polynomial of degree n − 1 of f, centered at a.

Next we give the definition of Caputo fractional derivative [134].
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Definition 16.7. (p. 38, [134]) Assume that f is such that Dν
a (f − Tn−1

(f ; a)) (x) exists for some x ∈ [a, b]. Then we define the Caputo fractional
derivative by

Dν
∗af (x) := Dν

a (f − Tn−1 (f ; a)) (x). (16.7)

So the above definition applies to all points x ∈ [a, b] : Dν
a (f − Tn−1 (f ; a))

(x) ∈ R.

We have

Corollary 16.8. Let ν ≥ 0, n := �ν�, f ∈ ACn ([a, b]). Then the Caputo
fractional derivative

Dν
∗af (x) =

1
Γ (n − ν)

∫ x

a

(x − t)n−ν−1
f (n) (t) dt (16.8)

exists almost everywhere for x in [a, b].

We have

Corollary 16.9. Let ν ≥ 0, n := �ν�, f ∈ ACn ([a, b]). Then, Dν
∗af

exists iff Dν
af exists.

Proof. By linearity of Dν
a operator and assumption. �

We need

Lemma 16.10. [134] Let ν ≥ 0, n = �ν�. Assume that f is such that
both Dν

∗af and Dν
af exist.

Then,

Dν
∗af (x) = Dν

af (x) −
n−1∑
k=0

f (k) (a)
Γ (k − ν + 1)

(x − a)k−ν
. (16.9)

Lemma 16.11. [134] All are as in Lemma 16.10.
Additionally assume that f (k) (a) = 0 for k = 0, 1, . . . , n − 1. Then,

Dν
∗af = Dν

af. (16.10)

In conclusion

Corollary 16.12. Let ν ≥ 0, n := �ν�, f ∈ ACn ([a, b]), Dν
∗af exists or

Dν
af exists, and f (k) (a) = 0, k = 0, 1, . . . , n − 1. Then

Dν
af = Dν

∗af. (16.11)
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We need the following Taylor – Caputo formula.

Theorem 16.13. (p. 40, [134]) Let ν ≥ 0, n := �ν�, f ∈ ACn ([a, b]).
Then

f (x) =
n−1∑
k=0

f (k) (a)
k!

(x − a)k + Jν
a Dν

∗af (x), (16.12)

∀x ∈ [a, b] .
Clearly here Jν

a Dν
∗af ∈ ACn ([a, b]).

Corollary 16.14. Let ν ≥ 0, n := �ν�, f ∈ ACn ([a, b]), and f (k) (a) =
0, k = 0, 1, . . . , n − 1. Then

f (x) = Jν
a Dν

∗af (x) =
1

Γ (ν)

∫ x

a

(x − t)ν−1
Dν

∗af (t) dt. (16.13)

We need

Lemma 16.15. Let ν ≥ γ + 1, γ ≥ 0. Call n := �ν�, m := �γ�. Then
n − m ≥ 1; that is, m ≤ n − 1.

Proof. Clearly ν ≥ 1 and ν > γ, ν −γ ≥ 1. By γ +1 > m we get ν > m,
and n > m; that is, ν − m > 0 and n − m > 0.

We see that ν ≥ γ + 1 ≥ [γ] + 1, where [·] is the integral part. Thus
ν ≥ ([γ] + 1) ∈ N and ν ≥ [ν] ≥ [γ] + 1.

Therefore
[ν] − [γ] ≥ 1, (16.14)

which is used next.
We distinguish the following cases.
(i) Let ν, γ /∈ N; then �ν� = [ν] + 1, �γ� = [γ] + 1. By (16.14) we get

([ν] + 1) − ([γ] + 1) ≥ 1. Hence n − m ≥ 1.
(ii) Let ν, γ ∈ N; then [ν] = �ν� = ν, [γ] = �γ� = γ. So by (16.14)

n − m ≥ 1.
(iii) Let ν /∈ N, γ ∈ N. Then n = �ν� = [ν] + 1, m = �γ� = [γ] = γ.

Hence by (16.14) we have (�ν� − 1) − m ≥ 1, and �ν� − m ≥ 2 > 1. Hence
n − m > 1.

(iv) Let ν ∈ N, γ /∈ N. Then 1+γ < �γ�+1 = �γ + 1�, and 1+γ ≤ ν ∈ N

by assumption.
Therefore �γ� + 1 ≤ ν, and ν − �γ� ≥ 1. So that again n − m ≥ 1.
The claim is proved in all cases. �

We present the representation theorem.

Theorem 16.16. Let ν ≥ γ + 1, γ ≥ 0. Call n := �ν�, m := �γ�.
Assume f ∈ ACn ([a, b]), such that f (k) (a) = 0, k = 0, 1, . . . , n − 1, and
Dν

∗af ∈ L∞ (a, b).
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Then
Dγ

∗af ∈ C ([a, b]), Dγ
∗af (x) = Jm−γ

a f (m) (x), (16.15)

and

Dγ
∗af (x) =

1
Γ (ν − γ)

∫ x

a

(x − t)ν−γ−1
Dν

∗af (t) dt, (16.16)

∀x ∈ [a, b] .

Proof. If γ = 0 then (16.16) collapses to (16.13) ; also (16.15) is clear. So
we assume γ > 0. By Lemma 16.15 we have m ≤ n− 1. By the assumption
f ∈ ACn ([a, b]) we get that f ∈ Cn−1 ([a, b]) and thus f ∈ Cm ([a, b]).

By Lemma 3.7, p. 41 of [134] we get that Dγ
∗af = Jm−γ

a f (m) ∈ C ([a, b])
and Dγ

∗af (a) = 0, for γ /∈ N. Clearly the last statement is true also when
γ ∈ N, thus proving (16.15) and the first claim.

Recall that we have ν−m > 0, and ν−1 > 0 by γ > 0. Using Γ (p + 1) =
pΓ (p), p > 0, (16.13), and Theorem 7 of [48], we obtain

f (m) (x) = Jν−m
a Dν

∗af (x), ∀x ∈ [a, b] . (16.17)

Therefore we get

Dγ
∗af (x) = Jm−γ

a f (m) (x)
(16.17)

= Jm−γ
a Jν−m

a Dν
∗af (x)

(by Theorem 2.2, p. 14 of [134], and ν − γ ≥ 1)

= Jν−γ
a Dν

∗af (x), ∀x ∈ [a, b] ,

thus proving (16.16). �

We also give the representation theorem.

Theorem 16.17. Let ν ≥ γ + 1, γ ≥ 0. Call n := �ν�, m := �γ�. Let
f ∈ ACn ([a, b]), such that f (k) (a) = 0, k = 0, 1, . . . , n − 1. Assume there
exists Dν

af (x) ∈ R, ∀x ∈ [a, b] , and Dν
af ∈ L∞ (a, b). Then

Dγ
af ∈ C ([a, b]), Dγ

af (x) = Jm−γ
a f (m) (x), (16.18)

∀x ∈ [a, b] ,

Dγ
af (x) =

1
Γ (ν − γ)

∫ x

a

(x − t)ν−γ−1
Dν

af (t) dt, (16.19)

∀x ∈ [a, b] .

Proof. By Corollaries 16.9 and 16.12 we get existing Dν
∗af (x) ∈ R, and

that Dν
∗af (x) = Dν

af (x), ∀x ∈ [a, b] . That is, Dν
∗af ∈ L∞ (a, b) and by

(16.16) we have

Dγ
∗af (x) =

1
Γ (ν − γ)

∫ x

a

(x − t)ν−γ−1
Dν

af (t) dt, ∀x ∈ [a, b] . (16.20)
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Because Dγ
∗af ∈ C ([a, b]) we get Dγ

∗af (x) ∈ R, ∀x ∈ [a, b] . And be-
cause f ∈ Cm ([a, b]) then f ∈ ACm ([a, b]). By Corollary 16.9 Dγ

af exists.
Also f (k) (a) = 0, for k = 0, 1, . . . , m − 1. Thus by Corollary 16.12 we ob-
tain Dγ

af (x) = Dγ
∗af (x), ∀x ∈ [a, b] . Now by (16.20) we have established

(16.19). �

16.3 Main Results

16.3.1 Results Involving One Function

We present the following theorem.

Theorem 16.18. Let ν ≥ γ + 1, γ ≥ 0. Call n := �ν� and assume
f ∈ ACn ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , n − 1, and Dν

∗af ∈
L∞ (a, b). Let p, q > 1 such that 1/p + 1/q = 1, a ≤ x ≤ b.

Then ∫ x

a

|Dγ
∗af (ω)| |(Dν

∗af) (ω)| dω ≤

(x − a)(pν−pγ−p+2)/p(
q
√

2
)
Γ (ν − γ) ((pν − pγ − p + 1) (pν − pγ − p + 2))1/p

·
(∫ x

a

|Dν
∗af (ω)|q dω

)2/q

. (16.21)

Proof. Similar to Theorem 25.2, p. 545, [19], and Theorem 2.1 of [64].
�

A related extreme case comes next.

Proposition 16.19. All are as in Theorem 16.18, but with p = 1 and
q = ∞, we find ∫ x

a

|Dγ
∗af (ω)| |Dν

∗af (ω)| dω ≤

(x − a)ν−γ+1

Γ (ν − γ + 2)

(
‖Dν

∗af‖∞,(a,x)

)2

. (16.22)

Proof. Similar to Proposition 25.1, p. 547, [19]. �

The converse of (16.21) follows.
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Theorem 16.20. Let ν ≥ γ + 1, γ ≥ 0. Call n := �ν� and assume
f ∈ ACn ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , n − 1, and Dν

∗af,
1/Dν

∗af ∈ L∞ (a, b). Suppose that Dν
∗af is of fixed sign a.e. in [a, b] . Let

p, q be such that 0 < p < 1, q < 0 and 1/p + 1/q = 1, a ≤ x ≤ b. Then∫ x

a

|Dγ
∗af (ω)| |Dν

∗af (ω)| dω ≥

(x − a)(pν−pγ−p+2)/p(
q
√

2
)
Γ (ν − γ) ((pν − pγ − p + 1) (pν − pγ − p + 2))1/p

·
(∫ x

a

|Dν
∗af (ω)|q dω

)2/q

. (16.23)

Proof. Similar to Theorem 25.3, p. 547, [19], and Theorem 2.3 of [64].
�

We give

Theorem 16.21. Let ν ≥ 2, k ≥ 0, ν ≥ k + 2. Call n := �ν� and
assume f ∈ ACn ([a, b]) such that f (j) (a) = 0, j = 0, 1, . . . , n − 1, and
Dν

∗af ∈ L∞ (a, b). Let p, q > 1 such that 1/p + 1/q = 1, a ≤ x ≤ b. Then∫ x

a

∣∣Dk
∗af (ω)

∣∣ ∣∣Dk+1
∗a f (ω)

∣∣ dω ≤

(x − a)2(pν−pk−p+1)/p

2 (Γ (ν − k))2 (pν − pk − p + 1)2/p

·
(∫ x

a

|Dν
∗af (ω)|q dω

)2/q

. (16.24)

Proof. Similar to Theorem 25.4, p. 549, [19], and Theorem 2.4 of [64].
�

The extreme case follows.

Proposition 16.22. Under the assumptions of Theorem 16.21 when p =
1, q = ∞ we find ∫ x

a

∣∣Dk
∗af (ω)

∣∣ ∣∣Dk+1
∗a f (ω)

∣∣ dω ≤

(x − a)2(ν−k)
(
‖Dν

∗af‖∞,(a,x)

)2

2 (Γ (ν − k + 1))2
. (16.25)



16.3 Main Results 399

Proof. Similar to Proposition 25.2, p. 551 of [19]. �

We give the related converse result.

Theorem 16.23. Let ν ≥ 2, k ≥ 0, ν ≥ k+2. Call n := �ν�. Assume f ∈
ACn ([a, b]) such that f (j) (a) = 0, j = 0, 1, . . . , n− 1, and Dν

∗af, 1/Dν
∗af ∈

L∞ (a, b). Suppose that Dν
∗af is of fixed sign a.e. in [a, b] . Let p, q be such

that 0 < p < 1, q < 0 and 1/p + 1/q = 1, a ≤ x ≤ b. Then∫ x

a

∣∣Dk
∗af (ω)

∣∣ ∣∣Dk+1
∗a f (ω)

∣∣ dω ≥

(x − a)2(pν−pk−p+1)/p

2 (Γ (ν − k))2 (pν − pk − p + 1)2/p

·
(∫ x

a

|Dν
∗af (ω)|q dω

)2/q

. (16.26)

Proof. Similar to Theorem 25.5, p. 553 of [19]. �

Next we present

Theorem 16.24. Let γi ≥ 0, ν ≥ 1, ν − γi ≥ 1; i = 1, . . . , l, n := �ν�,
and f ∈ ACn ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , n − 1, and
Dν

∗af ∈ L∞ (a, b). Here a ≤ x ≤ b; q1 (x), q2 (x) continuous functions on
[a, b] such that q1 (x) ≥ 0, q2 (x) > 0 on [a, b] , and ri > 0 :

∑l
i=1 ri = r. Let

s1, s
′
1 > 1 : 1/s1 + 1/s′1 = 1 and s2, s

′
2 > 1 : 1/s2 + 1/s′2 = 1, and p > s2.

Denote by

Q1 (x) :=
(∫ x

a

(q1 (ω))s′
1 dω

)1/s′
1

(16.27)

and

Q2 (x) :=
(∫ x

a

(q2 (ω))−s′
2/p

dω

)r/s′
2

, (16.28)

σ :=
p − s2

ps2
. (16.29)

Then ∫ x

a

q1 (ω)
l∏

i=1

∣∣Dγi∗af (ω)
∣∣ri

dω ≤ Q1 (x)Q2 (x)

l∏
i=1

{
σriσ

(Γ (ν − γi))
ri (ν − γi − 1 + σ)riσ

}
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· (x − a)(
∑ l

i=1(ν−γi−1)ri+σr+1/s1)((∑l
i=1 (ν − γi − 1) ris1

)
+ rs1σ + 1

)1/s1

·
(∫ x

a

q2 (ω) |Dν
∗af (ω)|p dω

)r/p

. (16.30)

Proof. Similar to Theorem 26.1, p. 567 of [19], and Theorem 2.1 of [65].
�

The counterpart of the last theorem follows.

Theorem 16.25. Let γi ≥ 0, ν ≥ 1, ν − γi ≥ 1; i = 1, . . . , l, n := �ν�,
and f ∈ ACn ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , n − 1, and
Dν

∗af, 1/Dν
∗af ∈ L∞ (a, b). Here a ≤ x ≤ b; q1 (x), q2 (x) > 0 are continuous

functions on [a, b] and ri > 0 :
∑l

i=1 ri = r. Let 0 < s1, s2 < 1, and s′1,
s′2 < 0 such that 1/s1 + 1/s′1 = 1, 1/s2 + 1/s′2 = 1. Assume that Dν

∗af (t)
is of fixed sign a.e. in [a, b] . Denote

Q1 (x) :=
(∫ x

a

(q1 (ω))s′
1 dω

)1/s′
1

, (16.31)

Q2 (x) :=
(∫ x

a

(q2 (ω))−s′
2 dω

)r/s′
2

. (16.32)

Set
λ :=

s1s2

s1s2 − 1
. (16.33)

Then ∫ x

a

q1 (ω)

(
l∏

i=1

∣∣Dγi∗af (ω)
∣∣ri

)
dω ≥

Q1 (x)Q2 (x)∏l
i=1

{
(Γ (ν − γi))

ri ((ν − γi − 1) s2
2s1 + 1)(ri/s2

2s1)
}

· (x − a){(
∑ l

i=1 ri((ν−γi−1)s1+s−2
2 ))+1}/s1{(∑l

i=1 ri

(
(ν − γi − 1) s1 + s−2

2

))
+ 1
}1/s1

·
(∫ x

a

qλs2
2 (ω) |Dν

∗af (ω)|λs2 dω

)r/λs2

. (16.34)

Proof. Similar to Theorem 26.2, p. 570 of [19], and Theorem 2.3 of [65].
�
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A related extreme case comes next for p = 1 and q = ∞.

Theorem 16.26. Let ν ≥ γi + 1, γi ≥ 0; i = 1, . . . , l. Call n := �ν�
and assume f ∈ ACn ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , n − 1,
and Dν

∗af ∈ L∞ (a, b). Here a ≤ x ≤ b, with 0 ≤ q̃ (ω) ∈ L∞ (a, b) and
ri > 0 :

∑l
i=1 ri = r. Then∫ x

a

q̃ (ω)
l∏

i=1

∣∣Dγi∗af (ω)
∣∣ri

dω ≤

⎧⎨⎩‖q̃‖∞,(a,x)

(
‖Dν

∗af‖∞,(a,x)

)r

∏l
i=1 (Γ (ν − γi + 1))ri

⎫⎬⎭ .

⎧⎨⎩ (x − a)rν−∑ l
i=1 riγi+1(

rν −∑l
i=1 riγi + 1

)
⎫⎬⎭ . (16.35)

Proof. Similar to Proposition 26.1 of [19], p. 573, and Theorem 2.2 of
[65]. �

We continue with the interesting

Theorem 16.27. Let k ≥ 0, γ ≥ 1, ν ≥ 2, n := �ν�, such that ν−γ ≥ 1,
γ − k ≥ 1, and f ∈ ACn ([a, b]) such that f (j) (a) = 0, j = 0, 1, . . . , n − 1,
and Dν

∗af ∈ L∞ (a, b). Here a ≤ x ≤ b, p, q > 1 : 1/p + 1/q = 1. Then∫ x

a

|Dγ
∗af (ω)| ∣∣Dk

∗af (ω)
∣∣ dω ≤

2−1/p (x − a)(2ν−k−γ−1+2/q)

Γ (ν − k) Γ (ν − γ + 1) ((ν − γ) q + 1)1/q

·
(∫ x

a
|Dν

∗af (ω)|p dω
)2/p

(2νq − kq − γq − q + 2)1/q
. (16.36)

Proof. Similar to Theorem 26.3, p. 574 of [19], and Theorem 2.5 of [65].
�

We give

Theorem 16.28. Let ν ≥ γi + 1, γi ≥ 0, i = 1, . . . , k ∈ N − {1} ,
n := �ν�. Assume f ∈ ACn ([a, b]) such that f (j) (a) = 0, j = 0, 1, . . . , n−1,

and Dν
∗af ∈ L∞ (a, b). Here a ≤ x ≤ b, γ :=

∑k
i=1 γi. Let p, q > 1 such
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that 1/p + 1/q = 1. Furthermore, suppose that |Dν
∗af (t)| is decreasing on

[a, x] . Then ∫ x

a

k∏
i=1

∣∣Dγi∗af (ω)
∣∣ dω ≤

p (x − a)(1+kνp−γp/p)∏k
i=1 Γ (ν − γi) (kνp − γp − kp + 1)1/p

·
(∫ x

a
|Dν

∗af (t)|kq
dt
)1/q

(kνp − γp − kp + p + 1)
. (16.37)

Proof. Similar to Theorem 26.6, p. 581 of [19], and Theorem 2.6 of [65].
�

The extreme case follows.

Theorem 16.29. All are as in Theorem 16.28, but p = 1, q = ∞. Then∫ x

a

k∏
i=1

∣∣Dγi∗af (ω)
∣∣ dω ≤

·
(x − a)kν−γ+1

(
‖Dν

∗af‖∞,(a,x)

)k

(∏k
i=1 Γ (ν − γi)

)
(kν − γ − k + 1) (kν − γ + 1)

. (16.38)

Proof. Similar to Proposition 26.4, p. 582 of [19], and Theorem 2.7 of
[65]. �

16.3.2 Results Involving Two Functions

We present the following theorem.

Theorem 16.30. Let ν ≥ γi + 1, γi ≥ 0, i = 1, 2, n := �ν�, and f1,

f2 ∈ ACn ([a, b]) such that f
(j)
1 (a) = f

(j)
2 (a) = 0, j = 0, 1, . . . , n − 1,

a ≤ x ≤ b. Consider also p (t) > 0 and q (t) ≥ 0, with all p (t), 1/p (t),
q (t) ∈ L∞ (a, b). Further assume Dν

∗afi ∈ L∞ (a, b), i = 1, 2.
Let λν > 0 and λα, λβ ≥ 0 such that λν < p, where p > 1. Set

Pk (ω) :=
∫ ω

a

(ω − t)(ν−γk−1)p/(p−1) (p (t))−1/(p−1)
dt, (16.39)
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k = 1, 2, a ≤ x ≤ b;

A (ω) :=
q (ω) (P1 (ω))λα((p−1)/p) (P2 (ω))λβ((p−1)/p) (p (ω))−λν/p

(Γ (ν − γ1))
λα (Γ (ν − γ2))

λβ
,

(16.40)

A0 (x) :=
(∫ x

a

(A (ω))p/p−λν dω

)(p−λν)/p

, (16.41)

and

δ1 :=
{

21−(λα+λν/p), if λα + λν ≤ p,
1, if λα + λν ≥ p.

(16.42)

If λβ = 0, we obtain that∫ x

a

q (ω)
[∣∣Dγ1∗af1 (ω)

∣∣λα |Dν
∗af1 (ω)|λν +

∣∣Dγ1∗af2 (ω)
∣∣λα |Dν

∗af2 (ω)|λν

]
dω ≤ (16.43)

(
A0 (x) |λβ=0

)( λν

λα + λν

)λν/p

δ1

[∫ x

a

p (ω) [|Dν
∗af1 (ω)|p + |Dν

∗af2 (ω)|p] dω

]((λα+λν)/p)

.

Proof. Similar to Theorem 2 of [26] and Theorem 4 of [48]. �

The counterpart of the last theorem follows.

Theorem 16.31. All here are as in Theorem 16.30.
Denote

δ3 :=
{

2λβ/λν − 1, if λβ ≥ λν ,
1, if λβ ≤ λν .

(16.44)

If λα = 0, then∫ x

a

q (ω)
[∣∣Dγ2∗af2 (ω)

∣∣λβ |Dν
∗af1 (ω)|λν +

∣∣Dγ2∗af1 (ω)
∣∣λβ |Dν

∗af2 (ω)|λν

]
dω ≤ (16.45)

(A0 (x) |λα=0) 2p−λν/p

(
λν

λβ + λν

)λν/p

δ
λν/p
3(∫ x

a

p (ω) [|Dν
∗af1 (ω)|p + |Dν

∗af2 (ω)|p] dω

)((λν+λβ)/p)

,

all a ≤ x ≤ b.
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Proof. Similar to Theorem 3 of [26] and Theorem 5 of [48]. �

The complete case λα, λβ = 0 follows.

Theorem 16.32. All here are as in Theorem 16.30.
Denote

γ̃1 :=
{

2((λα+λβ)/λν) − 1, if λα + λβ ≥ λν ,
1, if λα + λβ ≤ λν ,

(16.46)

and

γ̃2 :=
{

1, if λα + λβ + λν ≥ p,
21−(λα+λβ+λν/p), if λα + λβ + λν ≤ p.

(16.47)

Then ∫ x

a

q (ω)
[∣∣Dγ1∗af1 (ω)

∣∣λα
∣∣Dγ2∗af2 (ω)

∣∣λβ |Dν
∗af1 (ω)|λν +

∣∣Dγ2∗af1 (ω)
∣∣λβ
∣∣Dγ1∗af2 (ω)

∣∣λα |Dν
∗af2 (ω)|λν

]
dω ≤ (16.48)

A0 (x)
(

λν

(λα + λβ) (λα + λβ + λν)

)λν/p [
λλν/p

α γ̃2 + 2p−λν/p (γ̃1λβ)λν/p
]

·
(∫ x

a

p (ω) (|Dν
∗af1 (ω)|p + |Dν

∗af2 (ω)|p) dω

)((λα+λβ+λν)/p)

,

all a ≤ x ≤ b.

Proof. As for Theorem 4 of [26], and Theorem 6 of [48]. �

We continue with a special important case.

Theorem 16.33. Let ν ≥ γ1 + 2, γ1 ≥ 0, n := �ν�, and f1, f2 ∈
ACn ([a, b]) such that f

(j)
1 (a) = f

(j)
2 (a) = 0, j = 0, 1, . . . , n− 1, a ≤ x ≤ b.

Consider also p (t) > 0 and q (t) ≥ 0, with all p (t), 1/p (t), q (t) ∈ L∞ (a, b).
Furthermore assume Dν

∗afi ∈ L∞ (a, b), i = 1, 2.
Let λα ≥ 0, 0 < λα+1 < 1, and p > 1. Denote

θ3 :=
{

2λα/λα+1 − 1, if λα ≥ λα+1,
1, if λα ≤ λα+1,

}
, (16.49)

L (x) :=
(

2
∫ x

a

(q (ω))(1/1−λα+1) dω

)(1−λα+1)( θ3λα+1

λα + λα+1

)λα+1

,

(16.50)
and

P1 (x) :=
∫ x

a

(x − t)(ν−γ1−1)p/(p−1) (p (t))−1/(p−1)
dt, (16.51)
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T (x) := L (x)

(
P1 (x)((p−1)/p)

Γ (ν − γ1)

)(λα+λα+1)

, (16.52)

ω1 := 2(p−1/p)(λα+λα+1), (16.53)

and
Φ(x) := T (x) ω1. (16.54)

Then ∫ x

a

q (ω)
[∣∣Dγ1∗af1 (ω)

∣∣λα

∣∣∣Dγ1+1
∗a f2 (ω)

∣∣∣λα+1

+

∣∣Dγ1∗af2 (ω)
∣∣λα

∣∣∣Dγ1+1
∗a f1 (ω)

∣∣∣λα+1
]

dω ≤

Φ(x)
[∫ x

a

p (ω) (|Dν
∗af1 (ω)|p +

|Dν
∗af2 (ω)|p) dω]((λα+λα+1)/p)

, (16.55)

all a ≤ x ≤ b.

Proof. As in Theorem 5 of [26], and Theorem 8 of [48]. �

We give

Corollary 16.34. All here are as in Theorem 16.30, with λβ = 0, p (t) =
q (t) = 1. Then ∫ x

a

[∣∣Dγ1∗af1 (ω)
∣∣λα |Dν

∗af1 (ω)|λν +

∣∣Dγ1∗af2 (ω)
∣∣λα |Dν

∗af2 (ω)|λν

]
dω ≤ (16.56)

C1 (x)
(∫ x

a

(|Dν
∗af1 (ω)|p + |Dν

∗af2 (ω)|p) dω

)((λα+λν)/p)

,

all a ≤ x ≤ b, where

C1 (x) :=
(
A0 (x) |λβ=0

)( λν

λα + λν

)λν/p

δ1, (16.57)

δ1 :=
{

21−((λα+λν)/p), if λα + λν ≤ p,
1, if λα + λν ≥ p.

(16.58)

We find that

(
A0 (x) |λβ=0

)
=

{(
(p − 1)((λαp−λα)/p)

(Γ (ν − γ1))
λα (νp − γ1p − 1)((λαp−λα)/p)

)
·
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(p − λν)((p−λν)/p)

(λανp − λαγ1p − λα + p − λν)((p−λν)/p)

)}
·

(x − a)((λανp−λαγ1p−λα+p−λν)/p)
. (16.59)

Proof. As for Corollary 1 of [26], and Corollary 10 of [48]. �

Corollary 16.35. (All are as in Theorem 16.30; λβ = 0, p (t) = q (t) = 1,
λα = λν = 1, p = 2.) In detail: let ν ≥ γ1 + 1, γ1 ≥ 0, n := �ν�, f1,

f2 ∈ ACn ([a, b]) : f
(j)
1 (a) = f

(j)
2 (a) = 0, j = 0, 1, . . . , n − 1, a ≤ x ≤ b,

Dν
∗afi ∈ L∞ (a, b), i = 1, 2. Then∫ x

a

[∣∣(Dγ1∗af1

)
(ω)
∣∣ |(Dν

∗af1) (ω)|+

∣∣(Dγ1∗af2

)
(ω)
∣∣ |(Dν

∗af2) (ω)|] dω ≤ (16.60)(
(x − a)(ν−γ1)

2Γ (ν − γ1)
√

ν − γ1

√
2ν − 2γ1 − 1

)
(∫ x

a

[
((Dν

∗af1) (ω))2 + ((Dν
∗af2) (ω))2

]
dω

)
,

all a ≤ x ≤ b.

Corollary 16.36. (To Theorem 16.31; λα = 0, p (t) = q (t) = 1.)
It holds ∫ x

a

[∣∣Dγ2∗af2 (ω)
∣∣λβ |Dν

∗af1 (ω)|λν +

∣∣Dγ2∗af1 (ω)
∣∣λβ |Dν

∗af2 (ω)|λν

]
dω ≤ (16.61)

C2 (x)
(∫ x

a

[|Dν
∗af1 (ω)|p + |Dν

∗af2 (ω)|p] dω

)((λν+λβ)/p)

,

all a ≤ x ≤ b, where

C2 (x) := (A0 (x) |λα=0) 2p−λν/p

(
λν

λβ + λν

)λν/p

δ
λν/p
3 , (16.62)

δ3 :=
{

2λβ/λν − 1, if λβ ≥ λν ,
1, if λβ ≤ λν

}
. (16.63)

We find that

(A0 (x) |λα=0) =

{(
(p − 1)((λβp−λβ)/p)

(Γ (ν − γ2))
λβ (νp − γ2p − 1)((λβp−λβ)/p)

)
·
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(p − λν)((p−λν)/p)

(λβνp − λβγ2p − λβ + p − λν)((p−λν)/p)

)}
·

(x − a)((λβνp−λβγ2p−λβ+p−λν)/p)
. (16.64)

Corollary 16.37. (To Theorem 16.31; λα = 0, p (t) = q (t) = 1, λβ =
λν = 1, p = 2.) In detail: let ν ≥ γ2 + 1, γ2 ≥ 0, n := �ν�, f1, f2 ∈
ACn ([a, b]) : f

(j)
1 (a) = f

(j)
2 (a) = 0, j = 0, 1, . . . , n − 1, a ≤ x ≤ b,

Dν
∗afi ∈ L∞ (a, b), i = 1, 2.
Then ∫ x

a

[∣∣Dγ2∗af2 (ω)
∣∣ |Dν

∗af1 (ω)|+∣∣Dγ2∗af1 (ω)
∣∣ |Dν

∗af2 (ω)|] dω ≤
(

(x − a)(ν−γ2)

√
2Γ (ν − γ2)

√
ν − γ2

√
2ν − 2γ2 − 1

)
. (16.65)

(∫ x

a

(
(Dν

∗af1 (ω))2 + (Dν
∗af2 (ω))2

)
dω

)
,

all a ≤ x ≤ b.

We continue with related results regarding ‖·‖∞ .

Theorem 16.38. Let ν ≥ γi +1, γi ≥ 0, i = 1, 2, n := �ν�, and f1, f2 ∈
ACn ([a, b]) such that f

(j)
1 (a) = f

(j)
2 (a) = 0, j = 0, 1, . . . , n−1; a ≤ x ≤ b.

Consider p (x) ≥ 0 and p (x) ∈ L∞ (a, b), and assume Dν
∗afi ∈ L∞ (a, b),

i = 1, 2. Let λα, λβ , λν ≥ 0. Set

T (x) :=
(x − a)(νλα−γ1λα+νλβ−γ2λβ+1)

(νλα − γ1λα + νλβ − γ2λβ + 1)

· ‖p (s)‖∞,(a,x)

(Γ (ν − γ1 + 1))λα (Γ (ν − γ2 + 1))λβ
. (16.66)

Then ∫ x

a

p (ω)
[∣∣Dγ1∗af1 (ω)

∣∣λα
∣∣Dγ2∗af2 (ω)

∣∣λβ |Dν
∗af1 (ω)|λν +

∣∣Dγ2∗af1 (ω)
∣∣λβ
∣∣Dγ1∗af2 (ω)

∣∣λα |Dν
∗af2 (ω)|λν

]
dω ≤

T (x)
2

[
‖Dν

∗af1‖2(λα+λν)
∞,(a,x) + ‖Dν

∗af1‖2λβ

∞,(a,x) +
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‖Dν
∗af2‖2λβ

∞,(a,x) + ‖Dν
∗af2‖2(λα+λν)

∞,(a,x)

]
, (16.67)

all a ≤ x ≤ b.

Proof. Similar to Theorem 7 of [26], and Theorem 18 of [48]. �

We give

Corollary 16.39. (to Theorem 16.38) Let ν ≥ γ1 +2, γ1 ≥ 0, n := �ν�,
and f1, f2 ∈ ACn ([a, b]) such that f

(j)
1 (a) = f

(j)
2 (a) = 0, j = 0, 1, . . . , n−1;

Dν
∗afi ∈ L∞ (a, b), i = 1, 2. Then∫ x

a

[∣∣Dγ1∗af1 (ω)
∣∣ ∣∣∣Dγ1+1

∗a f2 (ω)
∣∣∣+∣∣∣Dγ1+1

∗a f1 (ω)
∣∣∣ ∣∣Dγ1∗af2 (ω)

∣∣] dω

≤ (x − a)2(ν−γ1)

2 (Γ (ν − γ1 + 1))2[
‖Dν

∗af1‖2
∞,(a,x) + ‖Dν

∗af2‖2
∞,(a,x)

]
, (16.68)

all a ≤ x ≤ b.

Next we give converse results involving two functions.

Theorem 16.40. Let γj ≥ 0, 1 ≤ ν − γj < 1/p, 0 < p < 1, j = 1, 2;

n := �ν�, and f1, f2 ∈ ACn ([a, b]) such that f
(l)
1 (a) = f

(l)
2 (a) = 0,

l = 0, 1, . . . , n−1, a ≤ x ≤ b. Consider also p (t) > 0 and q (t) ≥ 0, with all
p (t), 1/p (t), q (t), 1/q (t) ∈ L∞ (a, b). Further assume Dν

∗afi ∈ L∞ (a, b),
i = 1, 2, each of which is of fixed sign a.e. on [a, b] . Let λν > 0 and λα,
λβ ≥ 0 such that λν > p.

Here Pk (ω), A (ω), A0 (x) are as in (16.39), (16.40), and (16.41), respec-
tively.

Set
δ1 := 21−((λα+λν)/p). (16.69)

If λβ = 0, then∫ x

a

q (ω)
[∣∣Dγ1∗af1 (ω)

∣∣λα |Dν
∗af1 (ω)|λν +

∣∣Dγ1∗af2 (ω)
∣∣λα |Dν

∗af2 (ω)|λν

]
dω ≥

(
A0 (x) |λβ=0

)( λν

λα + λν

)λν/p

δ1
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[∫ x

a

p (ω) [|Dν
∗af1 (ω)|p + |Dν

∗af2 (ω)|p] dω

](λα+λν/p)

. (16.70)

Proof. Similar to Theorem 5 of [51], and Theorem 4 of [47]. �

We continue with

Theorem 16.41. All here are as in Theorem 16.40. Further assume
λβ ≥ λν . Denote

δ2 := 21−(λβ/λν),

δ3 := (δ2 − 1) 2−(λβ/λν). (16.71)

If λα = 0, then∫ x

a

q (ω)
[∣∣Dγ2∗af2 (ω)

∣∣λβ |Dν
∗af1 (ω)|λν +

∣∣Dγ2∗af1 (ω)
∣∣λβ |Dν

∗af2 (ω)|λν

]
dω ≥

(A0 (x) |λα=0) 2p−λν/p

(
λν

λβ + λν

)λν/p

δ
λν/p
3

·
(∫ x

a

p (ω) [|Dν
∗af1 (ω)|p + |Dν

∗af2 (ω)|p] dω

)((λν+λβ)/p)

, (16.72)

all a ≤ x ≤ b.

Proof. Similar to Theorem 6 of [51], and Theorem 5 of [47]. �

We give

Theorem 16.42. Let ν ≥ 2 and γ1 ≥ 0 such that 2 ≤ ν − γ1 < 1/p,

0 < p < 1, n := �ν�. Consider f1, f2 ∈ ACn ([a, b]) such that f
(l)
1 (a) =

f
(l)
2 (a) = 0, l = 0, 1, . . . , n − 1, a ≤ x ≤ b. Assume that Dν

∗afi ∈ L∞ (a, b),
i = 1, 2, each of which is of fixed sign a.e. on [a, b] . Consider also p (t) > 0
and q (t) ≥ 0, with all p (t), 1/p (t), q (t), 1/q (t) ∈ L∞ (a, b). Let λα ≥
λα+1 > 1. Denote

θ3 :=
(
21−(λα/λα+1) − 1

)
2−λα/λα+1 , (16.73)

L (x) is as in (16.50), P1 (x) as in (16.51), T (x) as in (16.52), ω1 as in
(16.53), and Φ as in (16.54). Then∫ x

a

q (ω)
[∣∣Dγ1∗af1 (ω)

∣∣λα

∣∣∣Dγ1+1
∗a f2 (ω)

∣∣∣λα+1

+
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∣∣Dγ1∗af2 (ω)
∣∣λα

∣∣∣Dγ1+1
∗a f1 (ω)

∣∣∣λα+1
]

dω ≥

Φ(x)
[∫ x

a

p (ω) (|Dν
∗af1 (ω)|p + |Dν

∗af2 (ω)|p) dω

]((λα+λα+1)/p)

, (16.74)

all a ≤ x ≤ b.

Proof. Similar to Theorem 7 of [51], and Theorem 7 of [47]. �

We have

Corollary 16.43. (To Theorem 16.40; λβ = 0, p (t) = q (t) = 1.) Then∫ x

a

[∣∣Dγ1∗af1 (ω)
∣∣λα |Dν

∗af1 (ω)|λν +

∣∣Dγ1∗af2 (ω)
∣∣λα |Dν

∗af2 (ω)|λν

]
dω ≥ (16.75)

C1 (x)
(∫ x

a

(|Dν
∗af1 (ω)|p + |Dν

∗af2 (ω)|p) dω

)((λα+λν)/p)

,

all a ≤ x ≤ b, where

C1 (x) :=
(
A0 (x) |λβ=0

)( λν

λα + λν

)λν/p

δ1, (16.76)

δ1 := 21−(λα+λν/p). (16.77)

Here
(
A0 (x) |λβ=0

)
is given by (16.59).

Corollary 16.44. (To Theorem 16.41; λα = 0, p (t) = q (t) = 1, λβ ≥
λν .) Then ∫ x

a

[∣∣Dγ2∗af2 (ω)
∣∣λβ |Dν

∗af1 (ω)|λν +

∣∣Dγ2∗af1 (ω)
∣∣λβ |Dν

∗af2 (ω)|λν

]
dω ≥ (16.78)

C2 (x)
(∫ x

a

[|Dν
∗af1 (ω)|p + |Dν

∗af2 (ω)|p] dω

)((λν+λβ)/p)

,

all a ≤ x ≤ b, where

C2 (x) := (A0 (x) |λα=0) 2p−λν/p

(
λν

λβ + λν

)λν/p

δ
λν/p
3 .

Here (A0 (x) |λα=0) is given by (16.64).
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16.3.3 Results Involving Several Functions

We present

Theorem 16.45. Here all notations, terms, and assumptions are as in
Theorem 16.30, but for fj ∈ ACn ([a, b]), with j = 1, . . . , M ∈ N. Instead
of δ1 there, we define here

δ∗1 :=
{

M1−(λα+λν/p), if λα + λν ≤ p,
2(λα+λν/p)−1, if λα + λν ≥ p.

(16.79)

Call

ϕ1 (x) :=
(
A0 (x) |λβ=0

)( λν

λα + λν

)λν/p

. (16.80)

If λβ = 0, then

∫ x

a

q (ω)

⎛⎝ M∑
j=1

∣∣Dγ1∗afj (ω)
∣∣λα |Dν

∗afj (ω)|λν

⎞⎠ dω

≤ δ∗1ϕ1 (x)

⎡⎣∫ x

a

p (ω)

⎛⎝ M∑
j=1

|Dν
∗afj (ω)|p

⎞⎠ dω

⎤⎦((λα+λν)/p)

, (16.81)

all a ≤ x ≤ b.

Proof. As in Theorem 2 of [27], and Theorem 4 of [46]. �

We continue with

Theorem 16.46. All here are as in Theorem 16.45.
Denote

δ3 :=
{

2λβ/λν − 1, if λβ ≥ λν ,
1, if λβ ≤ λν ,

(16.82)

ε2 :=
{

1, if λν + λβ ≥ p,
M1−(λν+λβ/p) if λν + λβ ≤ p,

(16.83)

and

ϕ2 (x) := (A0 (x) |λα=0) 2(p−λν/p)

(
λν

λβ + λν

)λν/p

δ
λν/p
3 . (16.84)

If λα = 0, then

∫ x

a

q (ω)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[∣∣Dγ2∗afj+1 (ω)
∣∣λβ |Dν

∗afj (ω)|λν +
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∣∣λβ |Dν

∗afj+1 (ω)|λν

]}
+

[∣∣Dγ2∗afM (ω)
∣∣λβ |Dν

∗af1 (ω)|λν +∣∣Dγ2∗af1 (ω)
∣∣λβ |Dν

∗afM (ω)|λν

]}
dω

≤ 2(λν+λβ/p)ε2ϕ2 (x) ·
{∫ x

a

p (ω)

·
⎡⎣ M∑

j=1

|Dν
∗afj (ω)|p

⎤⎦ dω

⎫⎬⎭
((λν+λβ)/p)

, (16.85)

all a ≤ x ≤ b.

Proof. As for Theorem 3 of [27], and Theorem 5 of [46]. �

We give the general case.

Theorem 16.47. All are as in Theorem 16.45.
Denote

γ̃1 :=
{

2(λα+λβ/λν) − 1, if λα + λβ ≥ λν ,
1, if λα + λβ ≤ λν ,

(16.86)

and

γ̃2 :=
{

1, if λα + λβ + λν ≥ p,
21−(λα+λβ+λν/p), if λα + λβ + λν ≤ p.

(16.87)

Set

ϕ3 (x) := A0 (x) ·
(

λν

(λα + λβ) (λα + λβ + λν)

)λν/p

·
[
λλν/p

α γ̃2 + 2(p−λν/p) (γ̃1λβ)λν/p
]
, (16.88)

and

ε3 :=
{

1, if λα + λβ + λν ≥ p,
M1−(λα+λβ+λν/p) if λα + λβ + λν ≤ p.

(16.89)

Then

∫ x

a

q (ω)

⎡⎣M−1∑
j=1

[∣∣(Dγ1∗afj

)
(ω)
∣∣λα
∣∣(Dγ2∗afj+1

)
(ω)
∣∣λβ |(Dν

∗afj) (ω)|λν

+
∣∣(Dγ2∗afj

)
(ω)
∣∣λβ
∣∣(Dγ1∗afj+1

)
(ω)
∣∣λα |(Dν

∗afj+1) (ω)|λν

]
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+
[∣∣(Dγ1∗af1

)
(ω)
∣∣λα
∣∣(Dγ2∗afM

)
(ω)
∣∣λβ |(Dν

∗af1) (ω)|λν

+
∣∣(Dγ2∗af1

)
(ω)
∣∣λβ
∣∣(Dγ1∗afM

)
(ω)
∣∣λα |(Dν

∗afM ) (ω)|λν

]]
dω

≤ 2(λα+λβ+λν/p)ε3ϕ3 (x) ·
{∫ x

a

p (ω)

·
⎡⎣ M∑

j=1

|(Dν
∗afj) (ω)|p

⎤⎦ dω

⎫⎬⎭
((λα+λβ+λν)/p)

, (16.90)

all a ≤ x ≤ b.

Proof. As for Theorem 4 of [27], and Theorem 6 of [46]. �

We give

Theorem 16.48. All here are as in Theorem 16.33, but for fj ∈ ACn

([a, b]), j = 1, . . . , M ∈ N.
Also put

ε4 :=
{

1, if λα + λα+1 ≥ p,
M1−(λα+λα+1/p) if λα + λα+1 ≤ p.

}
. (16.91)

Then

∫ x

a

q (ω)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[∣∣(Dγ1∗afj

)
(ω)
∣∣λα

∣∣∣(Dγ1+1
∗a fj+1

)
(ω)
∣∣∣λα+1

+
∣∣(Dγ1∗afj+1

)
(ω)
∣∣λα

∣∣∣(Dγ1+1
∗a fj

)
(ω)
∣∣∣λα+1

]}
+
[∣∣(Dγ1∗af1

)
(ω)
∣∣λα

∣∣∣(Dγ1+1
∗a fM

)
(ω)
∣∣∣λα+1

+
∣∣(Dγ1∗afM

)
(ω)
∣∣λα

∣∣∣(Dγ1+1
∗a f1

)
(ω)
∣∣∣λα+1

]}
dω

≤ 2(λα+λα+1/p)ε4Φ(x) ·
[∫ x

a

p (ω)

·
⎛⎝ M∑

j=1

|(Dν
∗afj) (ω)|p

⎞⎠ dω

⎤⎦((λα+λα+1)/p)

, (16.92)

all a ≤ x ≤ b.

Proof. As for Theorem 5 of [27], and Theorem 7 of [46]. �
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We continue with

Corollary 16.49. (To Theorem 16.45; λβ = 0, p (t) = q (t) = 1, λα =
λν = 1, p = 2 .) In detail: let ν ≥ γ1+1, γ1 ≥ 0, n := �ν�, fj ∈ ACn ([a, b]),
j = 1, . . . , M ∈ N; a ≤ x ≤ b, and Dν

∗afj ∈ L∞ (a, b), j = 1, . . . , M.

Here f
(l)
j (a) = 0, l = 0, 1, . . . , n − 1; j = 1, . . . , M.

Then

∫ x

a

⎛⎝ M∑
j=1

∣∣Dγ1∗afj (ω)
∣∣ |Dν

∗afj (ω)|
⎞⎠ dω ≤

(
(x − a)ν−γ1

2Γ (ν − γ1)
√

ν − γ1

√
2ν − 2γ1 − 1

)
. (16.93)

⎧⎨⎩
∫ x

a

⎡⎣ M∑
j=1

(Dν
∗afj (ω))2

⎤⎦ dω

⎫⎬⎭ ,

all a ≤ x ≤ b.

Corollary 16.50. (To Theorem 16.46; λα = 0, p (t) = q (t) = 1, λβ =
λν = 1, p = 2.) In detail: let ν ≥ γ2 +1, γ2 ≥ 0, n := �ν�, fj ∈ ACn ([a, b]),
Dν

∗afj ∈ L∞ (a, b), j = 1, . . . , M ∈ N; a ≤ x ≤ b.

Here f
(l)
j (a) = 0, l = 0, 1, . . . , n − 1; j = 1, . . . , M.

Then

∫ x

a

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[∣∣(Dγ2∗afj+1

)
(ω)
∣∣ |(Dν

∗afj) (ω)|

+
∣∣(Dγ2∗afj

)
(ω)
∣∣ |(Dν

∗afj+1) (ω)|]}
+
[∣∣(Dγ2∗afM

)
(ω)
∣∣ |(Dν

∗af1) (ω)|
+
∣∣(Dγ2∗af1

)
(ω)
∣∣ |(Dν

∗afM ) (ω)|]} dω

≤
( √

2 (x − a)(ν−γ2)

Γ (ν − γ2)
√

ν − γ2

√
2ν − 2γ2 − 1

)
(16.94)

⎧⎨⎩
∫ x

a

⎡⎣ M∑
j=1

((Dν
∗afj) (ω))2

⎤⎦ dω

⎫⎬⎭ ,

all a ≤ x ≤ b.

Corollary 16.51. (To Theorem 16.48; λα = 1, λα+1 = 1/2, p = 3/2,
p (t) = q (t) = 1.) In detail: let ν ≥ γ1 + 2, γ1 ≥ 0, n := �ν�, and fj ∈
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ACn ([a, b]), j = 1, . . . , M ∈ N, such that f
(l)
j (a) = 0, l = 0, 1, . . . , n − 1,

a ≤ x ≤ b. Assume also Dν
∗afj ∈ L∞ (a, b), j = 1, . . . , M.

Set

Φ∗ (x) :=
(

2√
3ν − 3γ1 − 2

)
(x − a)(3ν−3γ1−1/2)

(Γ (ν − γ1))
3/2

, (16.95)

all a ≤ x ≤ b. Then∫ x

a

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[∣∣(Dγ1∗afj

)
(ω)
∣∣√∣∣∣(Dγ1+1

∗a fj+1

)
(ω)
∣∣∣

+
∣∣(Dγ1∗afj+1

)
(ω)
∣∣√∣∣∣(Dγ1+1

∗a fj

)
(ω)
∣∣∣]}

+

[∣∣(Dγ1∗af1

)
(ω)
∣∣√∣∣∣(Dγ1+1

∗a fM

)
(ω)
∣∣∣

+
∣∣(Dγ1∗afM

)
(ω)
∣∣√∣∣∣(Dγ1+1

∗a f1

)
(ω)
∣∣∣]} dω

≤ 2Φ∗ (x) ·
⎡⎣∫ x

a

⎛⎝ M∑
j=1

|(Dν
∗afj) (ω)|3/2

⎞⎠ dω

⎤⎦ , (16.96)

all a ≤ x ≤ b.

We continue with results regarding ‖·‖∞ .

Theorem 16.52. All are as in Theorem 16.38 but for fj ∈ ACn ([a, b]),
j = 1, . . . , M ∈ N. Then

∫ x

a

p (ω)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[∣∣(Dγ1∗afj

)
(ω)
∣∣λα
∣∣(Dγ2∗afj+1

)
(ω)
∣∣λβ |(Dν

∗afj) (ω)|λν

+
∣∣(Dγ2∗afj

)
(ω)
∣∣λβ
∣∣(Dγ1∗afj+1

)
(ω)
∣∣λα |(Dν

∗afj+1) (ω)|λν

]}
+
[∣∣(Dγ1∗af1

)
(ω)
∣∣λα
∣∣(Dγ2∗afM

)
(ω)
∣∣λβ |(Dν

∗af1) (ω)|λν

+
∣∣(Dγ2∗af1

)
(ω)
∣∣λβ
∣∣(Dγ1∗afM

)
(ω)
∣∣λα |(Dν

∗afM ) (ω)|λν

]}
dω

≤ T (x)

⎧⎨⎩
M∑

j=1

{
‖Dν

∗afj‖2(λα+λν)
∞,(a,x) + ‖Dν

∗afj‖2λβ

∞,(a,x)

}⎫⎬⎭ , (16.97)

all a ≤ x ≤ b.
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Proof. Based on Theorem 16.38. �

We give

Corollary 16.53. (to Theorem 16.52) In detail: let ν ≥ γ1 + 2, γ1 ≥ 0,

n := �ν� and fj ∈ ACn ([a, b]), j = 1, . . . , M ∈ N, such that f
(l)
j (a) = 0,

l = 0, 1, . . . , n − 1; j = 1, . . . , M ; a ≤ x ≤ b. Further suppose that Dν
∗afj ∈

L∞ (a, b), j = 1, . . . , M. Then

∫ x

a

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[∣∣(Dγ1∗afj

)
(ω)
∣∣ ∣∣∣(Dγ1+1

∗a fj+1

)
(ω)
∣∣∣

+
∣∣∣(Dγ1+1

∗a fj

)
(ω)
∣∣∣ ∣∣(Dγ1∗afj+1

)
(ω)
∣∣]}

+
[∣∣(Dγ1∗af1

)
(ω)
∣∣ ∣∣∣(Dγ1+1

∗a fM

)
(ω)
∣∣∣

+
∣∣∣(Dγ1+1

∗a f1

)
(ω)
∣∣∣ ∣∣(Dγ1∗afM

)
(ω)
∣∣]} dω

≤
(

(x − a)2(ν−γ1)

(Γ (ν − γ1 + 1))2

)⎛⎝ M∑
j=1

‖Dν
∗afj‖2

∞

⎞⎠, (16.98)

all a ≤ x ≤ b.

We continue with the converse results.

Theorem 16.54. Let γj ≥ 0, 1 ≤ ν − γj < 1/p, 0 < p < 1, j = 1, 2;

n := �ν�, and fi ∈ ACn ([a, b]), i = 1, . . . , M ∈ N, such that f
(l)
i (a) = 0,

l = 0, 1, . . . , n − 1; i = 1, . . . , M ; a ≤ x ≤ b. Consider also p (t) > 0 and
q (t) ≥ 0, with all p (t), 1/p (t), q (t), 1/q (t) ∈ L∞ (a, b) . Further assume
Dν

∗afi ∈ L∞ (a, b), i = 1, . . . , M, each of which is of fixed sign a.e. on [a, b] .
Let λν > 0 and λα, λβ ≥ 0 such that λν > p.

Here Pk (ω), k = 1, 2, A (ω), A0 (x) are as in (16.39), (16.40), and (16.41),
respectively. Call

ϕ1 (x) :=
(
A0 (x) |λβ=0

)( λν

λα + λν

)λν/p

, (16.99)

δ∗1 := M1−(λα+λν/p). (16.100)

If λβ = 0, then

∫ x

a

q (ω)

⎛⎝ M∑
j=1

∣∣Dγ1∗afj (ω)
∣∣λα |Dν

∗afj (ω)|λν

⎞⎠ dω (16.101)
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≥ δ∗1ϕ1 (x)

⎡⎣∫ x

a

p (ω)

⎛⎝ M∑
j=1

|Dν
∗afj (ω)|p

⎞⎠ dω

⎤⎦(λα+λν/p)

,

all a ≤ x ≤ b.

Proof. As for Theorem 11 of [47], and Theorem 11 of [51]. �

We continue with

Theorem 16.55. All are as in Theorem 16.54. Assume λβ ≥ λν . Denote

ϕ2 (x) := (A0 (x) |λα=0) 2(p−λν/p)

(
λν

λβ + λν

)λν/p

δ
λν/p
3 , (16.102)

where δ3 is as in (16.71). If λα = 0, then

∫ x

a

q (ω)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[∣∣(Dγ2∗afj+1

)
(ω)
∣∣λβ |(Dν

∗afj) (ω)|λν

+
∣∣(Dγ2∗afj

)
(ω)
∣∣λβ |(Dν

∗afj+1) (ω)|λν

]}
+
[∣∣(Dγ2∗afM

)
(ω)
∣∣λβ |(Dν

∗af1) (ω)|λν

+
∣∣(Dγ2∗af1

)
(ω)
∣∣λβ |(Dν

∗afM ) (ω)|λν

]}
dω ≥

M1−(λν+λβ/p)2(λν+λβ/p)ϕ2 (x) ·
{∫ x

a

p (ω)

⎡⎣ M∑
j=1

|(Dν
∗afj) (ω)|p

⎤⎦ dω

⎫⎬⎭
((λν+λβ)/p)

, (16.103)

all a ≤ x ≤ b.

Proof. As for Theorem 12 of [47], and Theorem 12 of [51]. �

We give

Theorem 16.56. Let ν ≥ 2 and γ1 ≥ 0 such that 2 ≤ ν − γ1 < 1/p,
0 < p < 1, n := �ν�. Consider fi ∈ ACn ([a, b]), i = 1, . . . , M ∈ N, such
that f

(l)
i (a) = 0, l = 0, 1, . . . , n − 1; i = 1, . . . , M ; a ≤ x ≤ b. Assume

that Dν
∗afi ∈ L∞ (a, b), i = 1, . . . , M, each of which is of fixed sign a.e. on

[a, b] . Consider also p (t) > 0 and q (t) ≥ 0, with all p (t), 1/p (t), q (t),
1/q (t) ∈ L∞ (a, b). Let λα ≥ λα+1 > 1.
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Here θ3 is as in (16.73), L (x) as in (16.50), P1 (x) as in (16.51), T (x)
as in (16.52), ω1 as in (16.53), and Φ as in (16.54).

∫ x

a

q (ω)

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[∣∣(Dγ1∗afj

)
(ω)
∣∣λα

∣∣∣Dγ1+1
∗a fj+1 (ω)

∣∣∣λα+1

+
∣∣(Dγ1∗afj+1

)
(ω)
∣∣λα

∣∣∣Dγ1+1
∗a fj (ω)

∣∣∣λα+1
]}

+
[∣∣(Dγ1∗af1

)
(ω)
∣∣λα

∣∣∣Dγ1+1
∗a fM (ω)

∣∣∣λα+1

+
∣∣(Dγ1∗afM

)
(ω)
∣∣λα

∣∣∣Dγ1+1
∗a f1 (ω)

∣∣∣λα+1
]}

dω ≥

M1−(λα+λα+1/p)2(λα+λα+1/p)Φ(x) ·⎡⎣∫ x

a

p (ω)

⎛⎝ M∑
j=1

|(Dν
∗afj) (ω)|p

⎞⎠ dω

⎤⎦((λα+λα+1)/p)

, (16.104)

all a ≤ x ≤ b.

Proof. As for Theorem 13 of [47] and Theorem 13 of [51]. �

We have the special cases.

Corollary 16.57. (To Theorem 16.54; λβ = 0, p (t) = q (t) = 1.)
Then ∫ x

a

⎛⎝ M∑
j=1

∣∣Dγ1∗afj (ω)
∣∣λα |Dν

∗afj (ω)|λν

⎞⎠ dω

≥ δ∗1ϕ1 (x)

⎡⎣∫ x

a

⎡⎣ M∑
j=1

|Dν
∗afj (ω)|p

⎤⎦ dω

⎤⎦((λα+λν)/p)

, (16.105)

all a ≤ x ≤ b.
In (16.105),

(
A0 (x) |λβ=0

)
of ϕ1 (x) is given by (16.59).

Corollary 16.58. (To Theorem 16.55; λα = 0, p (t) = q (t) = 1.) It
holds ∫ x

a

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

[∣∣(Dγ2∗afj+1

)
(ω)
∣∣λβ |(Dν

∗afj) (ω)|λν

+
∣∣(Dγ2∗afj

)
(ω)
∣∣λβ |(Dν

∗afj+1) (ω)|λν

]}
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+
[∣∣(Dγ2∗afM

)
(ω)
∣∣λβ |(Dν

∗af1) (ω)|λν

+
∣∣(Dγ2∗af1

)
(ω)
∣∣λβ |(Dν

∗afM ) (ω)|λν

]}
dω ≥(

M1−(λν+λβ/p)
)

2(λν+λβ/p)ϕ2 (x) ·⎧⎨⎩
∫ x

a

⎡⎣ M∑
j=1

|(Dν
∗afj) (ω)|p

⎤⎦ dω

⎫⎬⎭
((λν+λβ)/p)

, (16.106)

all a ≤ x ≤ b.
In (16.106), (A0 (x) |λα=0) of ϕ2 (x) is given by (16.64).
Next we apply the above results on the spherical shell.

16.4 Background—II

Here we initially follow [356, pp. 149–150] and [383, pp. 87–88]. Let us
denote by dx ≡ λRN (dx), N ∈ N, the Lebesgue measure on R

N , and
SN−1 :=

{
x ∈ R

N : |x| = 1
}

the unit sphere on R
N , where |·| stands for

the Euclidean norm in R
N . Also denote the ball

B (0, R) :=
{
x ∈ R

N : |x| < R
} ⊆ R

N , R > 0,

and the spherical shell

A := B (0, R2) − B (0, R1), 0 < R1 < R2.

For x ∈ R
N − {0} we can write uniquely x = rω, where r = |x| > 0, and

ω = x/r ∈ SN−1, |ω| = 1. Clearly here

R
N − {0} = (0,∞) × SN−1,

and the map
Φ : R

N − {0} → SN−1 : Φ (x) =
x

|x|
is continuous.

Also A = [R1, R2]× SN−1. Let us denote by dω ≡ λSN−1 (ω) the surface
measure on SN−1 to be defined as the image under Φ of N · λRN restricted
to the Borel class of B (0, 1) − {0} . More precisely the last definition is as
follows. Let A ⊂ SN−1 be a Borel set, and let

Ã := {ru : 0 < r < 1, u ∈ A} ⊂ R
N .

We define
λSN−1 (A) = N · λRN

(
Ã
)
.
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BX here stands for the Borel class on space X.
We denote by

ωN ≡ λSN−1

(
SN−1

)
=
∫

SN−1
dω =

2πN/2

Γ (N/2)

the surface area of SN−1 and we get the volume

|B (0, r)| =
ωNrN

N
=

2πN/2rN

NΓ (N/2)
,

so that

|B (0, 1)| =
2πN/2

NΓ (N/2)
.

Clearly here

V ol (A) = |A| =
ωN

(
RN

2 − RN
1

)
N

=
2πN/2

(
RN

2 − RN
1

)
NΓ (N/2)

.

Next, define
ψ : (0,∞) × SN−1 → R

N − {0}
by ψ (r, ω) := rω, ψ is a one-to-one and onto function; thus

(r, ω) ≡ ψ−1 (x) = (|x| ,Φ(x))

are called the polar coordinates of x ∈ R
N − {0} .

Finally, define the measure RN on
(
(0,∞),B(0,∞)

)
by

RN (Γ) =
∫

Γ

rN−1dr, any Γ ∈ B(0,∞).

We mention the following very important theorem.

Theorem 16.59. (See Exercise 6, pp. 149–150 in [356] and Theorem
5.2.2 pp. 87–88 of [383].) We have that λRN = (RN × λSN−1) ◦ ψ−1 on
BRN−{0}.

In particular, if f is a nonnegative Borel measurable function on
(
R

N ,BRN

)
,

then the Lebesgue integral∫
RN

f (x) dx =
∫

(0,∞)

rN−1

(∫
SN−1

f (rω) λSN−1 (dω)
)

dr

=
∫

SN−1

(∫
(0,∞)

f (rω) rN−1dr

)
λSN−1 (dω) . (16.107)
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Clearly (16.107) is true for f a Borel integrable function taking values
in R.

Based on Theorem 16.59 in [45] we prove the next result which is the
main tool of this section.

Proposition 16.60. Let

f : A → R,

be a Lebesgue integrable function, where

A := B (0, R2) − B (0, R1), 0 < R1 < R2. (16.108)

Then ∫
A

f (x) dx =
∫

SN−1

(∫ R2

R1

f (rω) rN−1dr

)
dω.

We make

Remark 16.61. Let F : A = [R1, R2] × SN−1 → R and for each ω ∈
SN−1 define

gω (r) := F (rω) = F (x),

where x ∈ A, with A := B (0, R2) − B (0, R1); 0 < R1 ≤ r ≤ R2, r = |x| ,
ω = x/r ∈ SN−1.

For each ω ∈ SN−1 we assume that gω ∈ ACn ([R1, R2]), where n := �ν�,
ν ≥ 0.

Thus, by Corollary 16.8, for almost all r ∈ [R1, R2] , there exists the
Caputo fractional derivative

Dν
∗R1

gω (r) =
1

Γ (n − ν)

∫ r

R1

(r − t)n−ν−1
g(n)

ω (t) dt, (16.109)

for all ω ∈ SN−1.

Now we are ready to give

Definition 16.62. Let F : A → R, ν ≥ 0, n := �ν� such that F (·ω)
∈ ACn ([R1, R2]), for all ω ∈ SN−1.

We call the Caputo radial fractional derivative the following function

∂ν
∗R1

F (x)
∂rν

:=
1

Γ (n − ν)

∫ r

R1

(r − t)n−ν−1 ∂nF (tω)
∂rn

dt, (16.110)

where x ∈ A; that is, x = rω, r ∈ [R1, R2] , ω ∈ SN−1.
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Clearly
∂0
∗R1

F (x)
∂r0

= F (x),

∂ν
∗R1

F (x)
∂rν

=
∂νF (x)

∂rν
, if ν ∈ N.

The above function (16.110) exists almost everywhere for x ∈ A.

We justify this next.

Note 16.63. Call

Λ1 :=
{

r ∈ [R1, R2] :
∂ν
∗R1

F (x)
∂rν

does not exist
}

. (16.111)

We have that Lebesgue measure λR (Λ1) = 0.
Call ΛN := Λ1 × SN−1. So there exists a Borel set Λ∗

1 ⊂ [R1, R2] , such
that Λ1 ⊂ Λ∗

1, λR (Λ∗
1) = λR (Λ1) = 0; thus RN (Λ∗

1) = 0.
Consider now Λ∗

N := Λ∗
1 × SN−1 ⊂ A, which is a Borel set of R

N − {0} .
Clearly then by Theorem 16.59, λRN (Λ∗

N ) = 0, but ΛN ⊂ Λ∗
N , implying

λRN (ΛN ) = 0.
Consequently (16.110) exists a.e. in x with respect to λRN on A.

We give the following fundamental representation result.

Theorem 16.64. Let ν ≥ γ + 1, γ ≥ 0, n := �ν�, F : A → R with
F ∈ L1 (A). Assume that F (·ω) ∈ ACn ([R1, R2]) for all ω ∈ SN−1, and
that ∂ν

∗R1
F (·ω)/∂rν ∈ L∞ (R1, R2) for all ω ∈ SN−1.

Further assume that ∂ν
∗R1

F (x)/∂rν ∈ L∞ (A). More precisely, for these
r ∈ [R1, R2] , and for each ω ∈ SN−1, for which Dν

∗R1
F (rω) takes real

values, there exists M1 > 0 such that
∣∣Dν

∗R1
F (rω)

∣∣ ≤ M1.

We suppose that ∂iF (R1ω)/∂rj = 0, j = 0, 1, . . . , n − 1, for every ω ∈
SN−1. Then

∂γ
∗R1

F (x)
∂rγ

= Dγ
∗R1

F (rω) =

1
Γ (ν − γ)

∫ r

R1

(r − t)ν−γ−1 (
Dν

∗R1
F
)
(tω) dt, (16.112)

true ∀x ∈ A; that is, true ∀r ∈ [R1, R2] and ∀ω ∈ SN−1, γ > 0.
Here

Dγ
∗R1

F (·ω) ∈ AC ([R1, R2]), (16.113)

∀ω ∈ SN−1, γ > 0.
Furthermore

∂γ
∗R1

F (x)
∂rγ

∈ L∞ (A), γ > 0. (16.114)
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In particular, it holds

F (x) = F (rω) =
1

Γ (ν)

∫ r

R1

(r − t)ν−1 (
Dν

∗R1
F
)
(tω) dt, (16.115)

true ∀x ∈ A; that is, true ∀r ∈ [R1, R2] and ∀ω ∈ SN−1, and

F (·ω) ∈ AC ([R1, R2]), ∀ω ∈ SN−1. (16.116)

Proof. By our assumptions and Theorem 16.16, Corollary 16.14, we
have valid (16.112) and (16.115). Also (16.113) is clear; see [45]. Property
(16.116) is easy to prove.

Fixing r ∈ [R1, R2] , the function

δr (t, ω) := (r − t)ν−γ−1
Dν

∗R1
F (tω)

is measurable on (
[R1, r] × SN−1,B[R1,r] × BSN−1

)
.

Here B[R1,r] × BSN−1 stands for the complete σ-algebra generated by
B[R1,r] × BSN−1 , where BX stands for the completion of BX .

Then we get that ∫
SN−1

(∫ r

R1

|δr (t, ω)| dt

)
dω =

∫
SN−1

(∫ r

R1

(r − t)ν−γ−1 ∣∣Dν
∗R1

F (tω)
∣∣ dt

)
dω ≤ (16.117)∥∥∥∥∂ν

∗R1
F (x)

∂rν

∥∥∥∥
∞,([R1,r]×SN−1)

(∫
SN−1

(∫ r

R1

(r − t)ν−γ−1
dt

)
dω

)
(16.118)

=
∥∥∥∥∂ν

∗R1
F (x)

∂rν

∥∥∥∥
∞,([R1,r]×SN−1)

(
2πN/2

Γ (N/2)

)
(r − R1)

ν−γ

(ν − γ)
≤

∥∥∥∥∂ν
∗R1

F (x)
∂rν

∥∥∥∥
∞,A

(
2πN/2

Γ (N/2)

)
(R2 − R1)

ν−γ

(ν − γ)
< ∞. (16.119)

Hence δr (t, ω) is integrable on(
[R1, r] × SN−1,B[R1,r] × BSN−1

)
.

Consequently, by Fubini’s theorem and (16.112), we obtain that Dγ
∗R1

F

(rω), ν ≥ γ + 1, γ > 0 is integrable in ω over
(
SN−1,BSN−1

)
. So we
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have that Dγ
∗R1

F (rω) is continuous in r ∈ [R1, R2] , ∀ω ∈ SN−1, and
measurable in ω ∈ SN−1, ∀r ∈ [R1, R2] . So, it is a Carathéodory function.
Here [R1, R2] is a separable metric space and SN−1 is a measurable space,
and the function takes values in R

∗ := R ∪ {±∞} , which is a metric
space. Therefore by Theorem 20.15, p. 156 of [10],

(
Dγ

∗R1
F
)
(rω) is jointly(B[R1,R2] × BSN−1

)
-measurable on [R1, R2]× SN−1 = A, that is, Lebesgue

measurable on A. Indeed then we have that∣∣Dγ
∗R1

F (rω)
∣∣ ≤ 1

Γ (ν − γ)∫ r

R1

(r − t)ν−γ−1 ∣∣Dν
∗R1

F (tω)
∣∣ dt (16.120)

≤
∥∥Dν

∗R1
F (·ω)

∥∥
∞,[R1,R2]

Γ (ν − γ)

(∫ r

R1

(r − t)ν−γ−1
dt

)
≤ (16.121)

M1

Γ (ν − γ)
(r − R1)

ν−γ

(ν − γ)
≤ M1

Γ (ν − γ − 1)
(R2 − R1)

ν−γ := τ < ∞,

for all ω ∈ SN−1 and for all r ∈ [R1, R2] .
We proved that∣∣Dγ

∗R1
F (rω)

∣∣ ≤ τ < ∞,∀ω ∈ SN−1, and ∀r ∈ [R1, R2] , (16.122)

hence proving ∂γ
∗R1

F (x)/∂rγ ∈ L∞ (A), γ > 0. We have completed our
proof. �

16.5 Main Results on a Spherical Shell

16.5.1 Results Involving One Function

We give

Theorem 16.65. Let ν ≥ γi + 1, γi ≥ 0, i = 1, . . . , l ∈ N, n := �ν� ;
and 0 ≤ γ1 < γ2 ≤ γ3 ≤ . . . ≤ γl. Here f : A → R is as in Theorem
16.64. Let ri > 0 :

∑l
i=1 ri = p. If γ1 = 0 we set r1 = 1. Let s1, s′1 > 1 :

1/s1 + 1/s′1 = 1, and s2, s′2 > 1 : 1/s2 + 1/s′2 = 1, and p > s2, N ≥ 2.
Denote

Q1 (R2) :=

(
R

(N−1)s′
1+1

2 − R
(N−1)s′

1+1
1

(N − 1) s′1 + 1

)1/s′
1

, (16.123)

Q2 (R2) :=

(
R

(1−N)(s′
2/p)+1

2 − R
(1−N)(s′

2/p)+1
1

(1 − N) (s′2/p) + 1

)p/s′
2

, (16.124)
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and
σ :=

p − s2

ps2
. (16.125)

Also call
C := Q1 (R2) Q2 (R2)

l∏
i=1

{
σriσ

(Γ (ν − γi))
ri (ν − γi − 1 + σ)riσ

}

(R2 − R1)(
∑ l

i=1(ν−γi−1)ri+p/s2+1/s1−1)((∑l
i=1 (ν − γi − 1) ris1

)
+ s1

(
p
s2

− 1
)

+ 1
)1/s1

. (16.126)

Then ∫
A

l∏
i=1

∣∣∣∣∣∂
γi

∗R1
f (x)

∂rγi

∣∣∣∣∣
ri

dx ≤

C

∫
A

∣∣∣∣∂ν
∗R1

f (x)
∂rν

∣∣∣∣p dx. (16.127)

Proof. Clearly here f (·ω) fulfills all the assumptions of Theorem 16.24,
∀ω ∈ SN−1.

We set there q1 (r) = q2 (r) := rN−1, r ∈ [R1, R2] .
Hence by (16.30) we have

∫ R2

R1

rN−1
l∏

i=1

∣∣∣∣∣∂
γi

∗R1
f (rω)

∂rγi

∣∣∣∣∣
ri

dr ≤

C

∫ R2

R1

rN−1

∣∣∣∣∂ν
∗R1

f (rω)
∂rν

∣∣∣∣p dr,∀ω ∈ SN−1. (16.128)

Therefore it holds∫
SN−1

(∫ R2

R1

rN−1
l∏

i=1

∣∣∣∣∣∂
γi

∗R1
f (rω)

∂rγi

∣∣∣∣∣
ri

dr

)
dω ≤

C

∫
SN−1

(∫ R2

R1

rN−1

∣∣∣∣∂ν
∗R1

f (rω)
∂rν

∣∣∣∣p dr

)
dω. (16.129)

Using the conclusion of Theorem 16.64 and Proposition 16.60 we derive
(16.127) . �

We continue with the following extreme case.
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Theorem 16.66. Let ν ≥ γi + 1, γi ≥ 0, i = 1, . . . , l ∈ N, n := �ν�, and
0 ≤ γ1 < γ2 ≤ γ3 ≤ . . . ≤ γl. Here f : A → R as in Theorem 16.64. Let
ri > 0 :

∑l
i=1 ri = r. If γ1 = 0 we set r1 = 1, N ≥ 2.

Call

M̃ :=
RN−1

2 (R2 − R1)
rν−∑ l

i=1 riγi+1∏l
i=1 (Γ (ν − γi + 1))ri

(
rν −∑l

i=1 riγi + 1
) > 0. (16.130)

Then ∫
A

(
l∏

i=1

∣∣∣∣∣∂
γi

∗R1
f (x)

∂rγi

∣∣∣∣∣
ri
)

dx ≤

M̃Mr
1

2πN/2

Γ (N/2)
. (16.131)

Proof. Clearly here f (·ω) fulfills all the assumptions of Theorem 16.26,
∀ω ∈ SN−1.

We set q̃ (r) = rN−1, r ∈ [R1, R2] .
Hence by (16.35) we have

∫ R2

R1

rN−1
l∏

i=1

∣∣Dγi

∗R1
f (rω)

∣∣ri
dr ≤

⎛⎝ RN−1
2 (R2 − R1)

rν−∑ l
i=1 riγi+1∏l

i=1 (Γ (ν − γi + 1))ri

(
rν −∑l

i=1 riγi + 1
)
⎞⎠∥∥∥∥∂ν

∗R1
f (·ω)

∂rν

∥∥∥∥
∞,[R1,R2]

≤ M̃Mr
1 , ∀ω ∈ SN−1. (16.132)

Hence ∫
SN−1

(∫ R2

R1

rN−1
l∏

i=1

∣∣Dγi

∗R1
f (rω)

∣∣ri
dr

)
dω ≤

M̃Mr
1

2πN/2

Γ (N/2)
. (16.133)

Using the conclusion of Theorem 16.64 and Proposition 16.60 we derive
(16.131). �
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16.5.2 Results Involving Two Functions

We need to make the following assumption.

Assumption 16.67. Let ν ≥ γi + 1, γi ≥ 0, i = 1, 2, n := �ν� , f1,
f2 : A → R with f1, f2 ∈ L1 (A), where A := B (0, R2) − B (0, R1), 0 <
R1 < R2. Assume that f1 (·ω), f2 (·ω) ∈ ACn ([R1, R2]) for all ω ∈ SN−1,
and that ∂ν

∗R1
fi (·ω)/∂rν ∈ L∞ (R1, R2), for all ω ∈ SN−1; i = 1, 2. Further

assume that ∂ν
∗R1

fi (x)/∂rν ∈ L∞ (A), i = 1, 2. More precisely, for these
r ∈ [R1, R2] , ∀ω ∈ SN−1, for which Dν

∗R1
fi (rω) takes real values, there

exists Mi > 0 such that∣∣Dν
∗R1

fi (rω)
∣∣ ≤ Mi, for i = 1, 2. (16.134)

We suppose that

∂jfi (R1ω)
∂rj

= 0, j = 0, 1, . . . , n − 1,

∀ω ∈ SN−1; i = 1, 2.
Let λν > 0, and λα, λβ ≥ 0, such that λν < p, where p > 1. If γ1 = 0 we

set λα = 1 and if γ2 = 0 we set λβ = 1, here N ≥ 2.

Assumption 16.67*. (continuation of Assumption 16.67)
Set

Pk (w) :=
∫ w

R1

(w − t)(ν−γk−1)p/(p−1)
t(1−N/p−1)dt, (16.135)

k = 1, 2, R1 ≤ w ≤ R2,

A (w) :=
w(N−1)(1−λν/p) (P1 (w))λα(p−1/p) (P2 (w))λβ((p−1)/p)

(Γ (ν − γ1))
λα (Γ (ν − γ2))

λβ
, (16.136)

A0 (R2) :=

(∫ R2

R1

(A (w))p/(p−λν)
dw

)(p−λν)/p

. (16.137)

We present

Theorem 16.68. All here are as in Assumptions 16.67 and 16.67*; es-
pecially assume λα > 0, λβ = 0, and p = λα + λν > 1. Then

∫
A

⎡⎣∣∣∣∣∣∂
γ1
∗R1

f1 (x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

∗R1
f1 (x)

∂rν

∣∣∣∣λν

+
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γ1
∗R1

f2 (x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

∗R1
f2 (x)

∂rν

∣∣∣∣λν

⎤⎦ dx ≤ (16.138)

(
A0 (R2) |λβ=0

)(λν

p

)(λν/p)

∫
A

[∣∣∣∣∂ν
∗R1

f1 (x)
∂rν

∣∣∣∣p +
∣∣∣∣∂ν

∗R1
f2 (x)

∂rν

∣∣∣∣p] dx.

Proof. We apply Theorem 16.30 here for every ω ∈ SN−1; here p (r) =
q (r) = rN−1, r ∈ [R1, R2] . We use Theorem 16.64 and Proposition 16.60.
Thus the proof is similar to the proof of Theorem 16.65. �

The counterpart of the last theorem follows.

Theorem 16.69. All here are as in Assumptions 16.67 and 16.67*; es-
pecially suppose λα = 0, λβ > 0, p = λν + λβ > 1.

Denote

δ3 :=
{

2λβ/λν − 1, if λβ ≥ λν ,
1, if λβ ≤ λν .

(16.139)

Then ∫
A

⎡⎣∣∣∣∣∣∂
γ2
∗R1

f2 (x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

∗R1
f1 (x)

∂rν

∣∣∣∣λν

+

∣∣∣∣∣∂
γ2
∗R1

f1 (x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

∗R1
f2 (x)

∂rν

∣∣∣∣λν

⎤⎦ dx ≤ (16.140)

(A0 (R2) |λα=0) 2λβ/p

(
λν

p

)(λν/p)

δ
λν/p
3∫

A

[∣∣∣∣∂ν
∗R1

f1 (x)
∂rν

∣∣∣∣p +
∣∣∣∣∂ν

∗R1
f2 (x)

∂rν

∣∣∣∣p] dx.

Proof. Based on Theorem 16.31, similar to the proof of Theorem 16.68.
�

Theorem 16.70. All here are as in Assumptions 16.67 and 16.67*; es-
pecially suppose λν , λα, λβ > 0, p = λα + λβ + λν > 1.

Denote

γ̃1 :=
{

2(λα+λβ/λν) − 1, if λα + λβ ≥ λν ,
1, if λα + λβ ≤ λν .

(16.141)
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Then ∫
A

⎡⎣∣∣∣∣∣∂
γ1
∗R1

f1 (x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ2
∗R1

f2 (x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

∗R1
f1 (x)

∂rν

∣∣∣∣λν

+

∣∣∣∣∣∂
γ2
∗R1

f1 (x)
∂rγ2

∣∣∣∣∣
λβ
∣∣∣∣∣∂

γ1
∗R1

f2 (x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

∗R1
f2 (x)

∂rν

∣∣∣∣λν

⎤⎦ dx ≤

A0 (R2)
(

λν

(λα + λβ) p

)(λν/p) [
λλν/p

α + 2(λα+λβ)/p (γ̃1λβ)λν/p
]

∫
A

(∣∣∣∣∂ν
∗R1

f1 (x)
∂rν

∣∣∣∣p +
∣∣∣∣∂ν

∗R1
f2 (x)

∂rν

∣∣∣∣p) dx. (16.142)

Proof. Based on Theorem 16.32, similar to the proof of Theorem 16.68.
�

We give the next special important case.

Theorem 16.71. All are as in Assumption 16.67 without λν there. Here
γ2 = γ1 + 1, λα ≥ 0, λβ := λα+1 ∈ (0, 1), and p = λα + λα+1 > 1.

Denote

θ3 :=
{

2(λα/λα+1) − 1 if λα ≥ λα+1

1, if λα ≤ λα+1,
(16.143)

L (R2) :=
[
2

(1 − λα+1)
(N − λα+1)(

R
(N−λα+1)/(1−λα+1)
2 − R

(N−λα+1)/(1−λα+1)
1

)](1−λα+1)
(

θ3λα+1

p

)λα+1

,

(16.144)
and

P1 (R2) :=
∫ R2

R1

(R2 − t)(ν−γ1−1)p/(p−1)
t(1−N)/(p−1)dt, (16.145)

Φ (R2) := L (R2)

(
P1 (R2)

(p−1)

(Γ (ν − γ1))
p

)
2p−1. (16.146)

Then ∫
A

⎡⎣∣∣∣∣∣∂
γ1
∗R1

f1 (x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ1+1
∗R1

f2 (x)
∂rγ1+1

∣∣∣∣∣
λα+1

+

∣∣∣∣∣∂
γ1
∗R1

f2 (x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ1+1
∗R1

f1 (x)
∂rγ1+1

∣∣∣∣∣
λα+1

⎤⎦ dx
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≤ Φ(R2)
∫

A

(∣∣∣∣∂ν
∗R1

f1 (x)
∂rν

∣∣∣∣p +
∣∣∣∣∂ν

∗R1
f2 (x)

∂rν

∣∣∣∣p) dx. (16.147)

Proof. Based on Theorem 16.33, similar to the proof of Theorem 16.68.
�

We give an L∞ result on the shell.
We need to make

Assumption 16.72. Let ν ≥ γi + 1, γi ≥ 0, i = 1, 2, n := �ν� , f1,
f2 : A → R with f1, f2 ∈ L1 (A), where R

N ⊇ A := B (0, R2) − B (0, R1),
0 < R1 < R2, N ≥ 2. Assume that f1 (·ω), f2 (·ω) ∈ ACn ([R1, R2]) for
all ω ∈ SN−1, and that ∂ν

∗R1
fi (·ω)/∂rν ∈ L∞ (R1, R2), for all ω ∈ SN−1;

i = 1, 2. Further assume that ∂ν
∗R1

fi (x)/∂rν ∈ L∞ (A), i = 1, 2. More
precisely, for these r ∈ [R1, R2] , ∀ω ∈ SN−1, for which Dν

∗R1
fi (rω) takes

real values, there exists Mi > 0 such that∣∣Dν
∗R1

fi (rω)
∣∣ ≤ Mi, for i = 1, 2. (16.148)

We suppose that

∂jfi (R1ω)
∂rj

= 0, j = 0, 1, . . . , n − 1,

∀ω ∈ SN−1; i = 1, 2.
Let λν , λα, λβ ≥ 0. If γ1 = 0 we set λα = 1 and if γ2 = 0 we set λβ = 1.

We present

Theorem 16.73. All are as in Assumption 16.72.
Set

T (R2 − R1) :=
RN−1

2

(νλα − γ1λα + νλβ − γ2λβ + 1)
·

(R2 − R1)
(νλα−γ1λα+νλβ−γ2λβ+1)

(Γ (ν − γ1 + 1))λα (Γ (ν − γ2 + 1))λβ
. (16.149)

Then ∫
A

⎡⎣∣∣∣∣∣∂
γ1
∗R1

f1 (x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ2
∗R1

f2 (x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

∗R1
f1 (x)

∂rν

∣∣∣∣λν

+

∣∣∣∣∣∂
γ2
∗R1

f1 (x)
∂rγ2

∣∣∣∣∣
λβ
∣∣∣∣∣∂

γ1
∗R1

f2 (x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

∗R1
f2 (x)

∂rν

∣∣∣∣λν

⎤⎦ dx
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≤ T (R2 − R1)
πN/2

Γ (N/2)[
M

2(λα+λν)
1 + M

2λβ

1 + M
2λβ

2 + M
2(λα+λν)
2

]
. (16.150)

Proof. Apply Theorem 16.38 for every ω ∈ SN−1; here p (r) = rN−1,
r ∈ [R1, R2] . It follows the proof of Theorem 16.66. Finally use Theorem
16.64 and Proposition 16.60. �

16.5.3 Results Involving Several Functions

We need to make the following assumption.

Assumption 16.74. Let ν ≥ γi + 1, γi ≥ 0, i = 1, 2, n := �ν�, fj : A →
R with fj ∈ L1 (A), j = 1, . . . , M, M ∈ N, where R

N ⊇ A := B (0, R2) −
B (0, R1), 0 < R1 < R2, N ≥ 2. Assume that fj (·ω) ∈ ACn ([R1, R2]) for
all ω ∈ SN−1, and that ∂ν

∗R1
fj (·ω)/∂rν ∈ L∞ (R1, R2), for all ω ∈ SN−1;

j = 1, . . . , M. Further assume that ∂ν
∗R1

fj (x)/∂rν ∈ L∞ (A), j = 1, . . . , M.

More precisely, for these r ∈ [R1, R2] , ∀ω ∈ SN−1, for which Dν
∗R1

fj (rω)
takes real values, there exists Mj > 0 such that∣∣Dν

∗R1
fj (rω)

∣∣ ≤ Mj , for j = 1, . . . , M. (16.151)

We suppose that

∂jfj (R1ω)
∂rk

= 0, k = 0, 1, . . . , n − 1,

∀ω ∈ SN−1; j = 1, . . . , M.
Let λν > 0, and λα, λβ ≥ 0, such that λν < p, where p > 1. If γ1 = 0 we

set λα = 1 and if γ2 = 0 we set λβ = 1.

We give

Theorem 16.75. Let fj , j = 1, . . . , M, as in Assumption 16.74. Let
λν > 0, and λα > 0; λβ ≥ 0, p := λα + λν > 1. Set

Pk (w) :=
∫ w

R1

(w − t)(ν−γk−1)p/(p−1)
t(1−N/p−1)dt, (16.152)

k = 1, 2, R1 ≤ w ≤ R2,

A (w) :=
w(N−1)(1−(λν/p)) (P1 (w))λα((p−1)/p) (P2 (w))λβ((p−1)/p)

(Γ (ν − γ1))
λα (Γ (ν − γ2))

λβ
,

(16.153)
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A0 (R2) :=

(∫ R2

R1

(A (w))p/λα dw

)λα/p

. (16.154)

Take the case of λβ = 0. Then

M∑
j=1

∫
A

∣∣∣∣∣∂
γ1
∗R1

fj (x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

∗R1
fj (x)

∂rν

∣∣∣∣λν

dx

≤ (A0 (R2) |λβ=0

)(λν

p

)(λν/p)

⎡⎣ M∑
j=1

(∫
A

∣∣∣∣∂ν
∗R1

fj (x)
∂rν

∣∣∣∣p dx

)⎤⎦ . (16.155)

Proof. As in Theorem 16.68, based on Theorem 16.45. �

We continue with

Theorem 16.76. All basic assumptions are as in Theorem 16.75. Let
λν > 0, λα = 0; λβ > 0, p := λν + λβ > 1, P2 defined by (16.152).

Now it is

A (w) :=
w(N−1)(1−(λν/p)) (P2 (w))λβ((p−1)/p)

(Γ (ν − γ2))
λβ

, (16.156)

A0 (R2) :=

(∫ R2

R1

(A (w))p/λβ dw

)λβ/p

. (16.157)

Denote

δ3 :=
{

2λβ/λν − 1, if λβ ≥ λν ,
1, if λβ ≤ λν .

(16.158)

Call

ϕ2 (R2) := A0 (R2) 2λβ/p

(
λν

p

)λν/p

δ
λν/p
3 . (16.159)

Then ∫
A

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

⎡⎣∣∣∣∣∣∂
γ2
∗R1

fj+1 (x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

∗R1
fj (x)

∂rν

∣∣∣∣λν

+

∣∣∣∣∣∂
γ2
∗R1

fj (x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

∗R1
fj+1 (x)
∂rν

∣∣∣∣λν

⎤⎦⎫⎬⎭+
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γ2
∗R1

fM (x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

∗R1
f1 (x)

∂rν

∣∣∣∣λν

+

∣∣∣∣∣∂
γ2
∗R1

f1 (x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

∗R1
fM (x)
∂rν

∣∣∣∣λν

⎤⎦⎫⎬⎭ dx ≤

2ϕ2 (R2)

⎡⎣ M∑
j=1

(∫
A

∣∣∣∣∂ν
∗R1

fj (x)
∂rν

∣∣∣∣p dx

)⎤⎦ . (16.160)

Proof. As in Theorem 16.68, based on Theorem 16.46. �

We present the general case.

Theorem 16.77. All basic assumptions are as in Theorem 16.75. Here
λν , λα, λβ > 0, p := λα + λβ + λν > 1, Pk as in (16.152), and A is as in
(16.153). Here

A0 (R2) :=

(∫ R2

R1

(A (w))p/(λα+λβ)
dw

)(λα+λβ)/p

, (16.161)

γ̃1 :=
{

2(λα+λβ/λν) − 1, if λα + λβ ≥ λν ,
1, if λα + λβ ≤ λν .

(16.162)

Put

ϕ3 (R2) := A0 (R2)
(

λν

(λα + λβ) p

)(λν/p)

[
λ(λν/p)

α + 2(λα+λβ/p) (γ̃1λβ)(λν/p)
]
. (16.163)

Then ∫
A

⎡⎣M−1∑
j=1

⎡⎣∣∣∣∣∣∂
γ1
∗R1

fj (x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ2
∗R1

fj+1 (x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

∗R1
fj (x)

∂rν

∣∣∣∣λν

+

∣∣∣∣∣∂
γ2
∗R1

fj (x)
∂rγ2

∣∣∣∣∣
λβ
∣∣∣∣∣∂

γ1
∗R1

fj+1 (x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

∗R1
fj+1 (x)
∂rν

∣∣∣∣λν

⎤⎦+

⎡⎣∣∣∣∣∣∂
γ1
∗R1

f1 (x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ2
∗R1

fM (x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

∗R1
f1 (x)

∂rν

∣∣∣∣λν

+

∣∣∣∣∣∂
γ2
∗R1

f1 (x)
∂rγ2

∣∣∣∣∣
λβ
∣∣∣∣∣∂

γ1
∗R1

fM (x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

∗R1
fM (x)
∂rν

∣∣∣∣λν

⎤⎦⎤⎦ dx ≤
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2ϕ3 (R2)

⎡⎣ M∑
j=1

(∫
A

∣∣∣∣∂ν
∗R1

fj (x)
∂rν

∣∣∣∣p dx

)⎤⎦ . (16.164)

Proof. As in Theorem 16.68, based on Theorem 16.47. �

We show the special important case next.

Theorem 16.78. Let all be as in Assumption 16.74 without λν there.
Here γ2 = γ1 + 1, and let λα > 0, λβ := λα+1, 0 < λα+1 < 1, such that
p := λα + λα+1 > 1. Denote

θ3 :=
{

2(λα/λα+1) − 1, if λα ≥ λα+1,
1, if λα ≤ λα+1,

(16.165)

L (R2) :=
[
2

(1 − λα+1)
(N − λα+1)(

R
(N−λα+1)/(1−λα+1)
2 − R

(N−λα+1)/(1−λα+1)
1

)](1−λα+1)
(

θ3λα+1

λα + λα+1

)λα+1

,

(16.166)
and

P (R2) :=
∫ R2

R1

(R2 − t)(ν−γ1−1)(p/p−1)
t(1−N/p−1)dt, (16.167)

Φ (R2) := L (R2)

(
P1 (R2)

(p−1)

(Γ (ν − γ1))
p

)
2(p−1). (16.168)

Then ∫
A

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

⎡⎣∣∣∣∣∣∂
γ1
∗R1

fj (x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ1+1
∗R1

fj+1 (x)
∂rγ1+1

∣∣∣∣∣
λα+1

+

∣∣∣∣∣∂
γ1
∗R1

fj+1 (x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ1+1
∗R1

fj (x)
∂rγ1+1

∣∣∣∣∣
λα+1

⎤⎦⎫⎬⎭+

⎡⎣∣∣∣∣∣∂
γ1
∗R1

f1 (x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ1+1
∗R1

fM (x)
∂rγ1+1

∣∣∣∣∣
λα+1

+

∣∣∣∣∣∂
γ1
∗R1

fM (x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ1+1
∗R1

f1 (x)
∂rγ1+1

∣∣∣∣∣
λα+1

⎤⎦⎫⎬⎭ dx ≤
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2Φ (R2)

⎡⎣ M∑
j=1

(∫
A

∣∣∣∣∂ν
∗R1

fj (x)
∂rν

∣∣∣∣p dx

)⎤⎦ . (16.169)

Proof. As in Theorem 16.68, based on Theorem 16.48. �

We study the L∞ case next.
We need to make

Assumption 16.79. Let ν ≥ γi + 1, γi ≥ 0, i = 1, 2, n := �ν�, fj : A →
R with fj ∈ L1 (A), j = 1, . . . , M, M ∈ N, where R

N ⊇ A := B (0, R2) −
B (0, R1), 0 < R1 < R2, N ≥ 2. Assume that fj (·ω) ∈ ACn ([R1, R2]) for
all ω ∈ SN−1, and that ∂ν

∗R1
fj (·ω)/∂rν ∈ L∞ (R1, R2), for all ω ∈ SN−1;

j = 1, . . . , M. Further assume that ∂ν
∗R1

fj (x)/∂rν ∈ L∞ (A), j = 1, . . . , M.

More precisely, for these r ∈ [R1, R2] , ∀ω ∈ SN−1, for which Dν
∗R1

fj (rω)
takes real values, there exists Mj > 0 such that∣∣Dν

∗R1
fj (rω)

∣∣ ≤ Mj , for j = 1, . . . , M. (16.170)

We suppose that

∂kfj (R1ω)
∂rk

= 0, k = 0, 1, . . . , n − 1,

∀ω ∈ SN−1; j = 1, . . . , M.
Let λν , λα, λβ ≥ 0. If γ1 = 0 we set λα = 1 and if γ2 = 0 we set λβ = 1.

The last main result follows.

Theorem 16.80. All are as in Assumption 16.79.
Set

T (R2) :=
RN−1

2

(νλα − γ1λα + νλβ − γ2λβ + 1)
·

(R2 − R1)
(νλα−γ1λα+νλβ−γ2λβ+1)

(Γ (ν − γ1 + 1))λα (Γ (ν − γ2 + 1))λβ
. (16.171)

Then∫
A

⎧⎨⎩
⎧⎨⎩

M−1∑
j=1

⎡⎣∣∣∣∣∣∂
γ1
∗R1

fj (x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ2
∗R1

fj+1 (x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

∗R1
fj (x)

∂rν

∣∣∣∣λν

+

∣∣∣∣∣∂
γ2
∗R1

fj (x)
∂rγ2

∣∣∣∣∣
λβ
∣∣∣∣∣∂

γ1
∗R1

fj+1 (x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

∗R1
fj+1 (x)
∂rν

∣∣∣∣λν

⎤⎦⎫⎬⎭+
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γ1
∗R1

f1 (x)
∂rγ1

∣∣∣∣∣
λα
∣∣∣∣∣∂

γ2
∗R1

fM (x)
∂rγ2

∣∣∣∣∣
λβ ∣∣∣∣∂ν

∗R1
f1 (x)

∂rν

∣∣∣∣λν

+

∣∣∣∣∣∂
γ2
∗R1

f1 (x)
∂rγ2

∣∣∣∣∣
λβ
∣∣∣∣∣∂

γ1
∗R1

fM (x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

∗R1
fM (x)
∂rν

∣∣∣∣λν

⎤⎦⎫⎬⎭ dx ≤

2πN/2

Γ (N/2)
T (R2)

⎧⎨⎩
M−1∑
j=1

{
M

2(λα+λν)
j + M

2λβ

j

}⎫⎬⎭ . (16.172)

Proof. Based on Theorem 16.52; here p (r) = rN−1, r ∈ [R1, R2]. Apply
(16.97) ∀ω ∈ SN−1. It follows the proof of Theorem 16.66. Finally use
Theorem 16.64 and Proposition 16.60. �

16.6 Applications

We need the following.

Corollary 16.81. (To Theorem 16.68; f1 = f2.) All are as in Theorem
16.68. It holds ∫

A

∣∣∣∣∣∂
γ1
∗R1

f1 (x)
∂rγ1

∣∣∣∣∣
λα ∣∣∣∣∂ν

∗R1
f1 (x)

∂rν

∣∣∣∣λν

dx ≤

(
A0 (R2) |λβ=0

)(λν

p

)(λν/p)(∫
A

∣∣∣∣∂ν
∗R1

f1 (x)
∂rν

∣∣∣∣p dx

)
. (16.173)

So setting λα = λν = 1, p = 2 in (16.173), we obtain in detail

Proposition 16.82. Let ν ≥ γ + 1, γ ≥ 0, n := �ν�, f : A → R with
f ∈ L1 (A), where A := B (0, R2) − B (0, R1) ⊆ R

N , N ≥ 2, 0 < R1 < R2.
Assume that f (·ω) ∈ ACn ([R1, R2]), ∀ω ∈ SN−1, and that ∂ν

∗R1
f (·ω)/∂rν

∈ L∞ (R1, R2), ∀ω ∈ SN−1. Further assume that ∂ν
∗R1

f (x)/∂rν ∈ L∞ (A).
More precisely, for these r ∈ [R1, R2] , ∀ω ∈ SN−1, for which Dν

∗R1
f (rω)

takes real values, ∃ M1 > 0 such that∣∣Dν
∗R1

f (rω)
∣∣ ≤ M1.

Suppose that

∂jf (R1ω)
∂rj

= 0, j = 0, 1, . . . , n − 1, ∀ω ∈ SN−1.
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Set

P (r) :=
∫ r

R1

(r − t)2(ν−γ−1)
t(1−N)dt, R1 ≤ r ≤ R2, (16.174)

A (r) :=
r(N−1/2)

√
P (r)

Γ (ν − γ)
, (16.175)

Ã0 (R2) :=

(∫ R2

R1

(A (r))2 dr

)1/2

. (16.176)

Then ∫
A

∣∣∣∣∂γ
∗R1

f (x)
∂rγ

∣∣∣∣ ∣∣∣∣∂ν
∗R1

f (x)
∂rν

∣∣∣∣ dx ≤

Ã0 (R2) 2−1/2

(∫
A

(
∂ν
∗R1

f (x)
∂rν

)2

dx

)
. (16.177)

When γ = 0 we get the following in detail.

Proposition 16.83. Let ν ≥ 1, n := �ν�, f : A → R with f ∈ L1 (A),
where A := B (0, R2) − B (0, R1) ⊆ R

N , N ≥ 2, 0 < R1 < R2. As-
sume that f (·ω) ∈ ACn ([R1, R2]), ∀ω ∈ SN−1, and that ∂ν

∗R1
f (·ω)/∂rν

∈ L∞ (R1, R2), ∀ω ∈ SN−1. Further assume that ∂ν
∗R1

f (x)/∂rν ∈ L∞ (A).
More precisely, for these r ∈ [R1, R2] , ∀ω ∈ SN−1, for which Dν

∗R1
f (rω)

takes real values, ∃ M1 > 0 such that∣∣Dν
∗R1

f (rω)
∣∣ ≤ M1.

Suppose that

∂jf (R1ω)
∂rj

= 0, j = 0, 1, . . . , n − 1, ∀ω ∈ SN−1.

Set

P0 (r) :=
∫ r

R1

(r − t)2(ν−1)
t(1−N)dt, R1 ≤ r ≤ R2, (16.178)

A∗ (r) :=
r(N−1/2)

√
P0 (r)

Γ (ν)
, (16.179)

˜̃
A0 (R2) :=

(∫ R2

R1

(A∗ (r))2 dr

)1/2

. (16.180)
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Then ∫
A

|f (x)|
∣∣∣∣∂ν

∗R1
f (x)

∂rν

∣∣∣∣ dx ≤

˜̃
A0 (R2) 2−1/2

(∫
A

(
∂ν
∗R1

f (x)
∂rν

)2

dx

)
. (16.181)

Based on Corollary 16.35 we give

Proposition 16.84. Let ν ≥ γ + 1, γ ≥ 0, n := �ν�, f : A → R with
f ∈ L1 (A), where A := B (0, R2) − B (0, R1) ⊆ R

N , N ≥ 2, 0 < R1 < R2.
Assume that f (·ω) ∈ ACn ([R1, R2]), ∀ω ∈ SN−1, and that ∂ν

∗R1
f (·ω)/∂rν

∈ L∞ (R1, R2), ∀ω ∈ SN−1.
Suppose that

∂jf (R1ω)
∂rj

= 0, j = 0, 1, . . . , n − 1, ∀ω ∈ SN−1.

Then
(1)

∫ r

R1

∣∣Dγ
∗R1

f (tω)
∣∣ ∣∣Dν

∗R1
f (tω)

∣∣ dt ≤(
(r − R1)

(ν−γ)

2Γ (ν − γ)
√

ν − γ
√

2ν − 2γ − 1

)
(∫ r

R1

(
Dν

∗R1
f (tω)

)2
dt

)
, all R1 ≤ r ≤ R2, ∀ω ∈ SN−1. (16.182)

(2) When γ = 0 we get∫ r

R1

|f (tω)| ∣∣Dν
∗R1

f (tω)
∣∣ dt ≤(

(r − R1)
ν

2Γ (ν)
√

ν
√

2ν − 1

)(∫ r

R1

(
Dν

∗R1
f (tω)

)2
dt

)
, (16.183)

all R1 ≤ r ≤ R2, ∀ω ∈ SN−1.
In particular we have

(3)
∫ R2

R1

|f (rω)| ∣∣Dν
∗R1

f (rω)
∣∣ dr ≤

(
(R2 − R1)

ν

2Γ (ν)
√

ν
√

2ν − 1

)(∫ R2

R1

(
Dν

∗R1
f (rω)

)2
dr

)
, ∀ω ∈ SN−1. (16.184)

Next we apply Proposition 16.84; see (16.183) for proving the uniqueness
of solution in a PDE initial value problem on A.
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Theorem 16.85. Let ν > 1, ν /∈ N, n := �ν�, f : A → R with f ∈
L1 (A), where A := B (0, R2) − B (0, R1) ⊆ R

N , N ≥ 2, 0 < R1 < R2.
Assume that f (·ω) ∈ ACn ([R1, R2]), ∀ω ∈ SN−1, and that ∂ν

∗R1
f (·ω)/∂rν

∈ AC ([R1, R2]), ∀ω ∈ SN−1. Further assume Dν
∗R1

f (x)/∂rν ∈ L∞ (A),
such that there exists M1 > 0 with

∣∣Dν
∗R1

f (rω)
∣∣ ≤ M1, ∀r ∈ [R1, R2] ,

∀ω ∈ SN−1. Suppose that

∂jf (R1ω)
∂rj

= 0, j = 0, 1, . . . , n − 1, ∀ω ∈ SN−1.

Consider the PDE

∂

∂r

(
∂ν
∗R1

f (x)
∂rν

)
= θ (x) f (x), (16.185)

∀x ∈ A, where 0 = θ : A → R is continuous. If (16.185) has a solution
then it is unique.

Proof. We rewrite (16.185) as

∂

∂r

(
∂ν
∗R1

f (rω)
∂rν

)
= θ (rω) f (rω), (16.186)

valid ∀r ∈ [R1, R2] , ∀ω ∈ SN−1, and 0 = θ :
(
[R1, R2] × SN−1

) → R is
continuous.

Assume f1 and f2 are the solution to (16.185); then

∂

∂r

(
∂ν
∗R1

f1 (rω)
∂rν

)
= θ (rω) f1 (rω), (16.187)

and
∂

∂r

(
∂ν
∗R1

f2 (rω)
∂rν

)
= θ (rω) f2 (rω), (16.188)

∀r ∈ [R1, R2] , ∀ω ∈ SN−1.
Call g := f1 − f2; thus by subtraction in (16.187) we get

∂

∂r

(
∂ν
∗R1

g (rω)
∂rν

)
= θ (rω) g (rω), (16.189)

∀r ∈ [R1, R2] , ∀ω ∈ SN−1. Of course

∂jg (R1ω)
∂rj

= 0, j = 0, 1, . . . , n − 1, ∀ω ∈ SN−1.

Consequently we have(
∂ν
∗R1

g (rω)
∂rν

)
∂

∂r

(
∂ν
∗R1

g (rω)
∂rν

)
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= θ (rω) g (rω)
(

∂ν
∗R1

g (rω)
∂rν

)
, (16.190)

∀r ∈ [R1, R2] , ∀ω ∈ SN−1.
Hence ∫ r

R1

(
∂ν
∗R1

g (tω)
∂rν

)
∂

∂r

(
∂ν
∗R1

g (tω)
∂rν

)
dt

=
∫ r

R1

θ (tω) g (tω)
(

∂ν
∗R1

g (tω)
∂rν

)
dt, (16.191)

∀r ∈ [R1, R2] , ∀ω ∈ SN−1.
Therefore we find(

∂ν
∗R1

g(tω)

∂rν

)2

2

∣∣∣∣∣∣∣
r

R1

=
∫ r

R1

θ (tω) g (tω)
(

∂ν
∗R1

g (tω)
∂rν

)
dt, (16.192)

∀r ∈ [R1, R2] , ∀ω ∈ SN−1.
Notice that ∂ν

∗R1
g (R1ω)/∂rν = 0, ∀ω ∈ SN−1; see (16.110).

Consequently we find(
∂ν
∗R1

g (rω)
∂rν

)2

= 2
∣∣∣∣∫ r

R1

θ (tω) g (tω)
(

∂ν
∗R1

g (tω)
∂rν

)
dt

∣∣∣∣
≤ 2 ‖g‖∞

∫ r

R1

|g (tω)|
∣∣∣∣∂ν

∗R1
g (tω)

∂rν

∣∣∣∣ dt (16.193)

(16.183)

≤
( ‖θ‖∞ (r − R1)

ν

Γ (ν)
√

ν
√

2ν − 1

)
(16.194)(∫ r

R1

(
Dν

∗R1
g (tω)

)2
dt

)
≤(‖θ‖∞ (R2 − R1)

ν

Γ (ν)
√

ν
√

2ν − 1

)(∫ r

R1

(
Dν

∗R1
g (tω)

)2
dt

)
, (16.195)

∀r ∈ [R1, R2] , ∀ω ∈ SN−1.
Call

K :=
‖θ‖∞ (R2 − R1)

ν

Γ (ν)
√

ν
√

2ν − 1
> 0. (16.196)

So we have proved that(
∂ν
∗R1

g (rω)
∂rν

)2

≤ K

(∫ r

R1

(
Dν

∗R1
g (tω)

)2
dt

)
, (16.197)

∀r ∈ [R1, R2] , ∀ω ∈ SN−1. Here Dν
∗R1

g (·ω) ∈ C ([R1, R2]), ∀ω ∈ SN−1.
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Hence by Grönwall’s inequality we get
(
Dν

∗R1
g (rω)

)2 ≡ 0, so that
Dν

∗R1
g (rω) ≡ 0,∀r ∈ [R1, R2] , ∀ω ∈ SN−1. Thus ∂/∂r

(
∂ν
∗R1

g (rω)/∂rν
)

≡ 0,∀r ∈ [R1, R2] , ∀ω ∈ SN−1. And by (16.188) we have θ (rω) g (rω)
≡ 0,∀r ∈ [R1, R2] , ∀ω ∈ SN−1, implying g (rω) ≡ 0,∀r ∈ [R1, R2] ,
∀ω ∈ SN−1.

Hence we proved f1 (rω) = f2 (rω),∀r ∈ [R1, R2] , ∀ω ∈ SN−1. Thus

f1 (x) = f2 (x),∀x ∈ A,

there by proving the claim. �

We give the very important

Remark 16.86. From Corollary 16.12 we saw that: for ν ≥ 0, n := �ν�,
f ∈ ACn ([a, b]), given that Dν

af (x) exists in R, ∀x ∈ [a, b] , and f (k) (a) =
0, k = 0, 1, . . . , n − 1, imply that Dν

∗af = Dν
af. Also we saw in Theorems

16.16 and 16.17, that by adding to the assumptions of Theorem 16.16 that
“there exists Dν

af (x) ∈ R, ∀x ∈ [a, b],” we can rewrite the conclusions of
Theorem 16.16; that is, we can frame the conclusions of Theorem 16.17 in
the language of Riemann – Liouville fractional derivatives. Notice there,
under the above additional assumption, that Dγ

af (x) = Dγ
∗af (x), ∀x ∈

[a, b] also holds.
This entire chapter is based on Theorem 16.16. So by adding to the as-

sumptions of all of our results here for all functions involved that “there
exists Dν

af (x) ∈ R, ∀x ∈ [a, b],” we can rewrite them all in terms of Rie-
mann – Liouville fractional derivatives. Accordingly for the case of the
spherical shell we need to add “there exists Dν

R1
f (rω) ∈ R, ∀r ∈ [R1, R2] ,

for each ω ∈ SN−1,” and all can be rewritten in terms of Riemann – Liou-
ville radial fractional derivatives.

As examples we next present only a few of all those results that can be
rewritten.

We present

Theorem 16.87. Let ν ≥ γ + 1, γ ≥ 0. Call n := �ν� and assume f ∈
ACn ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , n − 1, and ∃Dν

af (x) ∈ R,
∀x ∈ [a, b] with Dν

af ∈ L∞ (a, b). Let p, q > 1 such that 1/p + 1/q = 1,
a ≤ x ≤ b.

Then ∫ x

a

|Dγ
af (ω)| |(Dν

af) (ω)| dω ≤

(x − a)(pν−pγ−p+2)/p(
q
√

2
)
Γ (ν − γ) ((pν − pγ − p + 1) (pν − pγ − p + 2))1/p
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·
(∫ x

a

|Dν
af (ω)|q dω

)2/q

. (16.198)

Proof. Similar to Theorem 16.18. �

The converse result follows.

Theorem 16.88. Let ν ≥ γ + 1, γ ≥ 0. Call n := �ν� and assume f ∈
ACn ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , n − 1, and ∃Dν

af (x) ∈ R,
∀x ∈ [a, b] with Dν

af, 1/Dν
af ∈ L∞ (a, b). Suppose that Dν

af is of fixed sign
a.e in [a, b] . Let p, q such that 0 < p < 1, q < 0 and 1/p + 1/q = 1,
a ≤ x ≤ b.

Then ∫ x

a

|Dγ
af (ω)| |Dν

af (ω)| dω ≥

(x − a)(pν−pγ−p+2)/p(
q
√

2
)
Γ (ν − γ) ((pν − pγ − p + 1) (pν − pγ − p + 2))1/p

·
(∫ x

a

|Dν
af (ω)|q dω

)2/q

. (16.199)

Proof. As in Theorem 16.20. �

We present

Theorem 16.89. Let ν ≥ γi + 1, γi ≥ 0, i = 1, 2, n := �ν�, and f1,

f2 ∈ ACn ([a, b]) such that f
(j)
1 (a) = f

(j)
2 (a) = 0, j = 0, 1, . . . , n − 1,

a ≤ x ≤ b. Consider also p (t) > 0 and q (t) ≥ 0, with all p (t), 1/p (t),
q (t) ∈ L∞ (a, b). Further assume ∃Dν

afi (x) ∈ R, ∀x ∈ [a, b], and Dν
afi ∈

L∞ (a, b), i = 1, 2. Let λν > 0 and λα, λβ ≥ 0 such that λν < p, where
p > 1.

Here Pk is as in (16.39), A (ω) is as in (16.40), A0 (x) as in (16.41),
and δ1 as in (16.42).

If λβ = 0, we obtain that∫ x

a

q (ω)
[
|Dγ1

a f1 (ω)|λα |Dν
af1 (ω)|λν +

|Dγ1
a f2 (ω)|λα |Dν

af2 (ω)|λν

]
dω ≤ (16.200)

(
A0 (x) |λβ=0

)( λν

λα + λν

)λν/p

δ1
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a

p (ω) [|Dν
af1 (ω)|p + |Dν

af2 (ω)|p] dω

]((λα+λν)/p)

.

Proof. As in Theorem 16.30. �

Corollary 16.90. (All are as in Theorem 16.89, λβ = 0, p (t) = q (t) = 1,
λα = λν = 1, p = 2.) In detail: let ν ≥ γ1 + 1, γ1 ≥ 0, n := �ν�, f1,

f2 ∈ ACn ([a, b]) : f
(j)
1 (a) = f

(j)
2 (a) = 0, j = 0, 1, . . . , n − 1, a ≤ x ≤ b;

∃Dν
afi (x) ∈ R, ∀x ∈ [a, b] with Dν

afi ∈ L∞ (a, b), i = 1, 2. Then∫ x

a

[|(Dγ1
a f1) (ω)| |(Dν

af1) (ω)|+

|(Dγ1
a f2) (ω)| |(Dν

af2) (ω)|] dω ≤ (16.201)(
(x − a)(ν−γ1)

2Γ (ν − γ1)
√

ν − γ1

√
2ν − 2γ1 − 1

)
(∫ x

a

[
((Dν

af1) (ω))2 + ((Dν
af2) (ω))2

]
dω

)
,

all a ≤ x ≤ b.

We need

Definition 16.91. Let F : A → R, ν ≥ 0, n := �ν� such that F (·ω) ∈
ACn ([R1, R2]), for all ω ∈ SN−1. We call the Riemann – Liouville radial
fractional derivative the following function

∂ν
R1

F (x)
∂rν

:=
1

Γ (n − ν)
∂n

∂rn

∫ r

R1

(r − t)n−ν−1
F (tω) dt, (16.202)

where x ∈ A; that is, x = rω, r ∈ [R1, R2] , ω ∈ SN−1.
Clearly

∂0
∗R1

F (x)
∂r0

= F (x),

and
∂ν

R1
F (x)

∂rν
=

∂νF (x)
∂rν

, if ν ∈ N.

We give

Proposition 16.92. Let ν ≥ γ + 1, γ ≥ 0, n := �ν�, f : A → R with
f ∈ L1 (A), where A := B (0, R2) − B (0, R1) ⊆ R

N , N ≥ 2, 0 < R1 < R2.
Assume that f (·ω) ∈ ACn ([R1, R2]), ∀ω ∈ SN−1, and that ∂ν

R1
f (·ω)/∂rν

∈ L∞ (R1, R2), ∀ω ∈ SN−1. Further assume that ∃Dν
R1

f (rω) ∈ R, ∀r ∈
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[R1, R2] , for each ω ∈ SN−1, with ∂ν
R1

f (x)/∂rν ∈ L∞ (A). We suppose
∀r ∈ [R1, R2] and ∀ω ∈ SN−1 that ∃M1 > 0 such that

∣∣Dν
R1

f (rω)
∣∣ ≤ M1.

Suppose that

∂jf (R1ω)
∂rj

= 0, j = 0, 1, . . . n − 1,∀ω ∈ SN−1.

Set

P (r) :=
∫ r

R1

(r − t)2(ν−γ−1)
t(1−N)dt, R1 ≤ r ≤ R2, (16.203)

also

A (r) :=
r(N−1/2)

√
P (r)

Γ (ν − γ)
, (16.204)

Ã0 (R2) :=

(∫ R2

R1

(A (r))2 dr

)1/2

. (16.205)

Then ∫
A

∣∣∣∣∂γ
R1

f (x)
∂rγ

∣∣∣∣ ∣∣∣∣∂ν
R1

f (x)
∂rν

∣∣∣∣ dx ≤

Ã0 (R2) 2−1/2

(∫
A

(
∂ν

R1
f (x)

∂rν

)2

dx

)
. (16.206)

Proof. Similarly as in Proposition 16.82. �



17
Poincaré-Type Fractional Inequalities

Here we present Poincaré-type fractional inequalities involving fractional
derivatives of Canavati, Riemann–Liouville, and Caputo types. The results
are general Lp inequalities forward and reverse, univariate and multivariate,
on a spherical shell. We give applications to ODEs and PDEs. We present
also mean Poincaré-type fractional inequalities. This treatment relies on
[57].

17.1 Introduction

This chapter is motivated by the famous Poincaré inequality; see [2]. Given
a bounded domain Ω ⊂ R

n, n ∈ N, it holds that

‖u‖Lp(Ω) ≤ C ‖∇u‖Lp(Ω)

for functions u with vanishing mean value over Ω, 1 ≤ p ≤ ∞, under very
general assumptions on Ω, where ‖∇u‖Lp(Ω) is defined as the Lp-norm of
the Euclidean norm of ∇u.

Especially in [2] it is proven for a convex domain Ω ⊂ R
n with diameter

d that
‖u‖L1(Ω) ≤

d

2
‖∇u‖L1(Ω)

for any u with zero mean value on Ω, with the constant 1/2 also being
optimal.

G.A. Anastassiou, Fractional Differentiation Inequalities, 445
DOI 10.1007/978-0-387-98128-4 17, c© Springer Science+Business Media, LLC 2009
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We are also motivated by [126], where the authors prove the following.
Let 1 < p < ∞, −∞ < a < b < ∞. The best constant C (independent of
a, b) for which the one-dimensional Poincaré inequality∥∥∥∥∥f −

∫ b

a
f (t) dt

b − a

∥∥∥∥∥
L1([a,b])

≤ C (b − a)2−1/p ‖f ′‖Lp([a,b])

holds for all Lipschitz continuous functions f, is C = 1/2 (1 + p′)−1/p′
, where

p′ > 1 : 1/p + 1/p′ = 1.
Here we present Poincaré-type inequalities with respect to fractional

derivatives of Canavati, Riemann–Liouville, and Caputo types. We give
univariate results on a closed interval of R, and multivariate ones on a
spherical shell. The surprising fact here is that we require only vanishing
initial conditions of the derivatives up to a certain order for the involved
function.

17.2 Fractional Poincaré Inequalities Results

Let [a, b] ⊆ R; here see [19, 101]. Let x, x0 ∈ [a, b] such that x ≥ x0, x0 is
fixed, f ∈ C ([a, b]), and define

(Jx0
ν f) (x) :=

1
Γ (ν)

∫ x

x0

(x − t)ν−1
f (t) dt,

all x0 ≤ x ≤ b, where ν > 0, n := [ν] (integral part), α := ν − n, the
generalized Riemann–Liouville integral, with Γ the gamma function.

We consider

Cν
x0

([a, b]) :=
{

f ∈ Cn ([a, b]) : Jx0
1−αf (n) ∈ C1 ([x0, b])

}
.

Let f ∈ Cν
x0

([a, b]); we define the generalized ν-fractional derivative of f
over [x0, b] as

Dν
x0

f :=
(
Jx0

1−αf (n)
)′

,

the derivative with respect to x.
Clearly Dν

x0
f ∈ C ([x0, b]).

We need

Lemma 17.1. ([19, pp. 544–545]) Let ν ≥ γ + 1, γ ≥ 0, n := [ν], and
f ∈ Cν

x0
([a, b]), x0 ∈ [a, b]. Assume f (i) (x0) = 0, i = 0, 1, . . . , n− 1. Then(
Dγ

x0
f
)
(x) =

1
Γ (ν − γ)

∫ x

x0

(x − t)ν−γ−1 (
Dν

x0
f
)
(t) dt, (17.1)
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all x ∈ [x0, b].

We give Poincaré inequalities with respect to the above-defined Canavati-
type fractional derivative.

Theorem 17.2. Assumptions are as in Lemma 17.1. Let p, q > 1 :
1/p + 1/q = 1.

It holds ∫ b

x0

∣∣Dγ
x0

f (x)
∣∣q dx ≤

[
(b − x0)

q(ν−γ)

(Γ (ν − γ))q (p (ν − γ − 1) + 1)(q/p)
q (ν − γ)

](∫ b

x0

∣∣Dν
x0

f (t)
∣∣q dt

)
.

(17.2)

Proof. We have∣∣Dγ
x0

f (x)
∣∣ ≤ 1

Γ (ν − γ)

∫ x

x0

(x − t)ν−γ−1 ∣∣Dν
x0

f (t)
∣∣ dt (17.3)

(by the Hölder inequality)

≤ 1
Γ (ν − γ)

(∫ x

x0

(x − t)p(ν−γ−1)
dt

)1/p

(∫ x

x0

∣∣Dν
x0

f (t)
∣∣q dt

)1/q

= (17.4)

1
Γ (ν − γ)

(x − x0)
(ν−γ−1)+1/p

(p (ν − γ − 1) + 1)1/p

(∫ x

x0

∣∣Dν
x0

f (t)
∣∣q dt

)1/q

(17.5)

≤ 1
Γ (ν − γ)

(x − x0)
(ν−γ−1)+1/p

(p (ν − γ − 1) + 1)1/p

(∫ b

x0

∣∣Dν
x0

f (t)
∣∣q dt

)1/q

.

That is, we have

∣∣Dγ
x0

f (x)
∣∣ ≤ ( (x − x0)

(ν−γ−1)+1/p

Γ (ν − γ) (p (ν − γ − 1) + 1)1/p

)(∫ b

x0

∣∣Dν
x0

f (t)
∣∣q dt

)1/q

,

(17.6)
∀x ∈ [x0, b].

Consequently we find

∣∣Dγ
x0

f (x)
∣∣q ≤

(
(x − x0)

q(ν−γ−1)+q/p

(Γ (ν − γ))q (p (ν − γ − 1) + 1)q/p

)
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x0

∣∣Dν
x0

f (t)
∣∣q dt

)
, (17.7)

∀x ∈ [x0, b].
Hence we obtain∫ b

x0

∣∣Dγ
x0

f (x)
∣∣q dx ≤

[
(b − x0)

q(ν−γ−1)+(q/p)+1

(Γ (ν − γ))q (p (ν − γ − 1) + 1)(q/p)
·

1(
q (ν − γ − 1) + q

p + 1
)
⎤⎦(∫ b

x0

∣∣Dν
x0

f (t)
∣∣q dt

)
. (17.8)

�

Corollary 17.3. (to Theorem 17.2) When γ = 0 we find∫ b

x0

|f (x)|q dx ≤
(

(b − x0)
qν

(Γ (ν))q (p (ν − 1) + 1)(q/p)
qν

)
(∫ b

x0

∣∣Dν
x0

f (t)
∣∣q dt

)
. (17.9)

Let α > 0, f ∈ L1 (a, x), a, x ∈ R, see [45, 64, 134].
We define the generalized Riemann–Liouville fractional derivative of f

of order α by

Dα
a f (s) :=

1
Γ (m − α)

(
d

ds

)m ∫ s

a

(s − t)m−α−1
f (t) dt,

where m := [α] + 1, s ∈ [a, x], see also later Remark 17.46.
In addition, we set

D0
af := f := Ja

0 f,

Ja
−αf := Dα

a f, if α > 0,

D−α
a f := Ja

αf, if 0 < α ≤ 1,

Dn
af = f (n), for n ∈ N.

We need

Definition 17.4. [45] We say that f ∈ L1 (a, x) has an L∞ fractional
derivative Dα

a f (α > 0) in [a, x], a, x ∈ R, iff Dα−k
a f ∈ C ([a, x]),

k = 1, . . . , m := [α] + 1, and Dα−1
a f ∈ AC ([a, x]) (absolutely continuous

functions) and Dα
a f ∈ L∞ (a, x).
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Lemma 17.5. [45] Let β > α ≥ 0, f ∈ L1 (a, x) , a, x ∈ R, have an L∞
fractional derivative Dβ

af in [a, x]; let Dβ−k
a f (a) = 0 for k = 1, . . . , [β]+1.

Then

Dα
a f (s) =

1
Γ (β − α)

∫ s

a

(s − t)β−α−1
Dβ

af (t) dt, (17.10)

∀s ∈ [a, x].
Here Dα

a f ∈ AC ([a, x]) for β − α ≥ 1, and Dα
a f ∈ C ([a, x]) for β − α ∈

(0, 1).

We present Poincaré inequalities with respect to the above-defined gen-
eralized Riemann–Liouville fractional derivative.

Theorem 17.6. Let all the assumptions be the same as in Lemma 17.5;
p, q > 1 : 1/p + 1/q = 1 with p (β − α − 1) + 1 > 0. Then∫ x

a

|Dα
a f (t)|q dt ≤

[
(x − a)q(β−α)

(Γ (β − α))q (p (β − α − 1) + 1)(q/p)
q (β − α)

]
(∫ x

a

∣∣Dβ
af (t)

∣∣q dt

)
. (17.11)

Corollary 17.7. All are as in Theorem 17.6. Let α = 0; then it holds
that ∫ x

a

|f (t)|q dt ≤
[

(x − a)qβ

(Γ (β))q (p (β − 1) + 1)(q/p)
qβ

]
(∫ x

a

∣∣Dβ
af (t)

∣∣q dt

)
. (17.12)

Next we produce Poincaré inequalities with respect to the Caputo frac-
tional derivative.

We mention

Definition 17.8. [134] Let ν ≥ 0, n := �ν�; �·� is the ceiling of the
number f ∈ ACn ([a, b]). The Caputo fractional derivative is given by

Dν
∗af (x) :=

1
Γ (n − ν)

∫ x

a

(x − t)n−ν−1
f (n) (t) dt, (17.13)

∀x ∈ [a, b].
The above function Dν

∗af (x) exists almost everywhere for x ∈ [a, b].

We need
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Proposition 17.9. [134] Let ν ≥ 0, n := �ν�, f ∈ ACn ([a, b]). Then
Dν

∗af exists iff the generalized Riemann–Liouville fractional derivative Dν
af

exists.

Proposition 17.10. [134] Let ν ≥ 0, n = �ν�. Assume that f is such that
both Dν

∗af and Dν
af exist. Suppose that f (k) (a) = 0 for k = 0, 1, . . . , n− 1.

Then
Dν

∗af = Dν
af.

In conclusion

Corollary 17.11. [58] Let ν ≥ 0, n := �ν�, f ∈ ACn ([a, b]), Dν
∗af exists

or Dν
af exists, and f (k) (a) = 0, k = 0, 1, . . . , n − 1. Then

Dν
af = Dν

∗af.

We need

Proposition 17.12. [58] Let ν ≥ 0, n := �ν�, f ∈ ACn ([a, b]), and
f (k) (a) = 0, k = 0, 1, . . . , n − 1. Then

f (x) =
1

Γ (ν)

∫ x

a

(x − t)ν−1
Dν

∗af (t) dt. (17.14)

We also need

Theorem 17.13. [58] Let ν ≥ γ + 1, γ ≥ 0. Call n := �ν�. Assume
f ∈ ACn ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , n − 1, and Dν

∗af ∈
L∞ (a, b). Then Dγ

∗af ∈ C ([a, b]), and

Dγ
∗af (x) =

1
Γ (ν − γ)

∫ x

a

(x − t)ν−γ−1
Dν

∗af (t) dt, (17.15)

∀x ∈ [a, b].

Theorem 17.14. [58] Let ν ≥ γ+1, γ ≥ 0, n := �ν�. Let f ∈ ACn ([a, b])
such that f (k) (a) = 0, k = 0, 1, . . . , n − 1. Assume ∃Dν

af (x) ∈ R, ∀x ∈
[a, b], and Dν

af ∈ L∞ (a, b). Then Dγ
af ∈ C ([a, b]), and

Dγ
af (x) =

1
Γ (ν − γ)

∫ x

a

(x − t)ν−γ−1
Dν

af (t) dt, (17.16)

∀x ∈ [a, b].

Now we are ready to give
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Theorem 17.15. Let ν ≥ γ+1, γ ≥ 0, n := �ν�. Assume f ∈ ACn ([a, b])
such that f (k) (a) = 0, k = 0, 1, . . . , n − 1, and Dν

∗af ∈ L∞ (a, b). Let p,
q > 1 : 1/p + 1/q = 1.

Then ∫ b

a

|Dγ
∗af (x)|q dx ≤[

(b − a)q(ν−γ)

(Γ (ν − γ))q (p (ν − γ − 1) + 1)(q/p)
q (ν − γ)

](∫ b

a

|Dν
∗af (x)|q dx

)
.

(17.17)

Proof. Similar to Theorem 17.2. �

We also give

Theorem 17.16. Let ν ≥ γ + 1, γ ≥ 0, n := �ν�. Let f ∈ ACn ([a, b])
such that f (k) (a) = 0, k = 0, 1, . . . , n − 1. Assume ∃Dν

af (x) ∈ R, ∀x ∈
[a, b], and Dν

af ∈ L∞ (a, b). Let p, q > 1 : 1/p + 1/q = 1.
Then ∫ b

a

|Dγ
af (x)|q dx ≤[

(b − a)q(ν−γ)

(Γ (ν − γ))q (p (ν − γ − 1) + 1)(q/p)
q (ν − γ)

](∫ b

a

|Dν
af (x)|q dx

)
.

(17.18)

Proof. Similar to Theorem 17.2. �

When γ = 0 we get

Proposition 17.17. Same assumptions as in Theorem 17.15; γ = 0.
Then ∫ b

a

|f (x)|q dx ≤(
(b − a)qν

(Γ (ν))q (p (ν − 1) + 1)(q/p)
qν

)(∫ b

a

|Dν
∗af (x)|q dx

)
. (17.19)

Similarly we have

Proposition 17.18. Same assumptions as in Theorem 17.16; γ = 0.
Then ∫ b

a

|f (x)|q dx ≤
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(b − a)qν

(Γ (ν))q (p (ν − 1) + 1)(q/p)
qν

)(∫ b

a

|Dν
af (x)|q dx

)
. (17.20)

Special cases of the above results follow.

Corollary 17.19. (To Theorem 17.2; p = q = 2.) It holds∫ b

x0

(
Dγ

x0
f (x)

)2
dx ≤

[
(b − x0)

2(ν−γ)

(Γ (ν − γ))2 (2 (ν − γ) − 1) 2 (ν − γ)

](∫ b

x0

(
Dν

x0
f (x)

)2
dx

)
. (17.21)

Corollary 17.20. (To Theorem 17.6; p = q = 2.) Assume β − α > 1/2.
Then ∫ x

a

(Dα
a f (t))2 dt ≤[

(x − a)2(β−α)

(Γ (β − α))2 (2 (β − α) − 1) 2 (β − α)

](∫ x

a

(
Dβ

af (t)
)2

dt

)
. (17.22)

Corollary 17.21. (To Theorem 17.15; p = q = 2.) It holds∫ b

a

(Dγ
∗af (x))2 dx ≤

[
(b − a)2(ν−γ)

(Γ (ν − γ))2 (2 (ν − γ) − 1) 2 (ν − γ)

](∫ b

a

(Dν
∗af (x))2 dx

)
. (17.23)

Corollary 17.22. (To Theorem 17.16; p = q = 2.) It holds∫ b

a

(Dγ
af (x))2 dx ≤

[
(b − a)2(ν−γ)

(Γ (ν − γ))2 (2 (ν − γ) − 1) 2 (ν − γ)

](∫ b

a

(Dν
af (x))2 dx

)
. (17.24)

Next we give converse results.

Theorem 17.23. Let ν ≥ γ + 1, γ ≥ 0, n := [ν], f ∈ Cν
x0

([a, b]),
x0 ∈ [a, b]. Assume f (i) (x0) = 0, i = 0, 1, . . . , n − 1. Assume that Dν

x0
f is

of fixed strict sign on [x0, b]. Let 0 < p < 1, q < 0, such that 1/p+1/q = 1.
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Then ∫ b

x0

∣∣Dγ
x0

f (t)
∣∣−q

dt ≥
(

1
(Γ (ν − γ))−q

)
(b − x0)

(−q(ν−γ)+2)

(p (ν − γ − 1) + 1)(1−q) (−q (ν − γ) + 2)

(∫ b

x0

∣∣Dν
x0

f (t)
∣∣q d

)−1

. (17.25)

Proof. Here
(
Dγ

x0
f
)
(x0) = 0 by (17.1), but by assumption

(
Dγ

x0
f
)
(x) =

0, ∀x ∈ (x0, b].
By Lemma 17.1 and assumptions of the theorem we have∣∣Dγ

x0
f (x)

∣∣ = 1
Γ (ν − γ)

∫ x

x0

(x − t)ν−γ−1 ∣∣Dν
x0

f (t)
∣∣ dt (17.26)

(by reverse Hölder’s inequality)

≥ 1
Γ (ν − γ)

(∫ x

x0

(x − t)p(ν−γ−1)
dt

)1/p(∫ x

x0

∣∣Dν
x0

f (t)
∣∣q dt

)1/q

(17.27)

≥ 1
Γ (ν − γ)

(x − x0)
(ν−γ−1)+1/p

(p (ν − γ − 1) + 1)1/p

(∫ b

x0

∣∣Dν
x0

f (t)
∣∣q dt

)1/q

. (17.28)

So that

∣∣Dγ
x0

f (x)
∣∣ ≥ 1

Γ (ν − γ)
(x − x0)

(ν−γ−1)+1/p

(p (ν − γ − 1) + 1)1/p

(∫ b

x0

∣∣Dν
x0

f (t)
∣∣q dt

)1/q

,

(17.29)
∀x ∈ [x0, b].

Therefore ∣∣Dγ
x0

f (x)
∣∣−q ≥

(
1

(Γ (ν − γ))−q

)
(x − x0)

−q(ν−γ−1)−q/p

(p (ν − γ − 1) + 1)−q/p

(∫ b

x0

∣∣Dν
x0

f (t)
∣∣q dt

)−1

, (17.30)

∀x ∈ [x0, b].
Finally we obtain∫ b

x0

∣∣Dγ
x0

f (x)
∣∣−q

dx ≥
(

1
(Γ (ν − γ))−q

)

(b − x0)
−q(ν−γ−1)−q/p+1

(p (ν − γ − 1) + 1)−q/p (−q (ν − γ − 1) − q/p + 1)

(∫ b

x0

∣∣Dν
x0

f (t)
∣∣q dt

)−1

,

(17.31)
proving the claim. �
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Corollary 17.24. (To Theorem 17.23; γ = 0.) It holds∫ b

x0

|f (t)|−q
dt ≥

(
1

(Γ (ν))−q

)

(b − x0)
(−qν+2)

(p (ν − 1) + 1)(1−q) (−qν + 2)

(∫ b

x0

∣∣Dν
x0

f (t)
∣∣q dt

)−1

. (17.32)

We continue with

Theorem 17.25. Let β > α ≥ 0, f ∈ L1 (a, x), a, x ∈ R, have
an L∞ fractional derivative Dβ

af in [a, x], and let Dβ−k
a f (a) = 0 for

k = 1, . . . , [β] + 1. Assume that Dβ
af has fixed sign a.e. on [a, x], and

1/Dβ
af ∈ L∞ (a, x). Let 0 < p < 1, q < 0, such that 1/p + 1/q = 1, with

p (β − α − 1) + 1 > 0. Then∫ x

a

|Dα
a f (t)|−q

dt ≥
(

1
(Γ (β − α))−q

)
(x − a)(−q(β−α)+2)

(p (β − α − 1) + 1)(1−q) (−q (β − α) + 2)

(∫ x

a

∣∣Dβ
a
f (t)

∣∣q dt

)−1

. (17.33)

Proof. Similar to Theorem 17.23; use (17.10). �

Corollary 17.26. (To Theorem 17.25; α = 0.) It holds∫ x

a

|f (t)|−q
dt ≥

(
1

(Γ (β))−q

)
(x − a)(−qβ+2)

(p (β − 1) + 1)(1−q) (−qβ + 2)

(∫ x

a

∣∣Dβ
af (t)

∣∣q dt

)−1

. (17.34)

We present

Theorem 17.27. Let ν ≥ γ + 1, γ ≥ 0, n := �ν�, f ∈ ACn ([a, b]) and
f (k) (a) = 0, k = 0, 1, . . . , n − 1. Assume that Dν

∗af is of fixed sign a.e on
[a, b], and Dν

∗af , 1/Dν
∗af ∈ L∞ (a, b). Let 0 < p < 1, q < 0, such that

1/p + 1/q = 1.
Then ∫ b

a

|Dγ
∗af (t)|−q

dt ≥
(

1
(Γ (ν − γ))−q

)
(b − a)(−q(ν−γ)+2)

(p (ν − γ − 1) + 1)(1−q) (−q (ν − γ) + 2)

(∫ b

a

|Dν
∗af (t)|q dt

)−1

. (17.35)
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Proof. Similar to Theorem 17.23; use (17.15). �

Corollary 17.28. (To Theorem 17.27; γ = 0.) It holds∫ b

a

|f (t)|−q
dt ≥

(
1

(Γ (ν))−q

)

(b − a)(−qν+2)

(p (ν − 1) + 1)(1−q) (−qν + 2)

(∫ b

a

|Dν
∗af (t)|q dt

)−1

. (17.36)

We give

Theorem 17.29. Let ν ≥ γ + 1, γ ≥ 0, n := �ν�, f ∈ ACn ([a, b]),
and f (k) (a) = 0, k = 0, 1, . . . , n − 1. Suppose ∃Dν

af (x) ∈ R, ∀x ∈ [a, b],
and Dν

af , 1/Dν
af ∈ L∞ (a, b). Here Dν

af is of fixed sign a.e on [a, b]. Let
0 < p < 1, q < 0, such that 1/p + 1/q = 1.

Then ∫ b

a

|Dγ
af (t)|−q

dt ≥
(

1
(Γ (ν − γ))−q

)
(b − a)(−q(ν−γ)+2)

(p (ν − γ − 1) + 1)(1−q) (−q (ν − γ) + 2)

(∫ b

a

|Dν
af (t)|q dt

)−1

. (17.37)

Proof. As in Theorem 17.23; use (17.16). �

Corollary 17.30. (To Theorem 17.29; γ = 0.) It holds∫ b

a

|f (t)|−q
dt ≥

(
1

(Γ (ν))−q

)

(b − a)(−qν+2)

(p (ν − 1) + 1)(1−q) (−qν + 2)

(∫ b

a

|Dν
af (t)|q dt

)−1

. (17.38)

Next we treat the easy but important case of p = 1.
We present for Canavati-type fractional derivatives

Theorem 17.31. Let ν ≥ γ + 1, γ ≥ 0, n := �ν�, and f ∈ Cν
x0

([a, b]),
x0 ∈ [a, b]. Assume f (i) (x0) = 0, i = 0, 1, . . . , n − 1.

Then

(1)
∫ b

x0

∣∣Dγ
x0

f (t)
∣∣ dt ≤ (b − x0)

ν−γ

Γ (ν − γ + 1)

∫ b

x0

∣∣Dν
x0

f (t)
∣∣ dt. (17.39)



456 17. Poincaré-Type Fractional Inequalities

Setting γ = 0 we get

(2)
∫ b

x0

|f (t)| dt ≤ (b − x0)
ν

Γ (ν + 1)

∫ b

x0

∣∣Dν
x0

f (t)
∣∣ dt. (17.40)

Proof. By (17.1) we have

∣∣Dγ
x0

f (x)
∣∣ ≤ 1

Γ (ν − γ)

∫ x

x0

(x − t)ν−γ−1 ∣∣Dν
x0

f (t)
∣∣ dt

≤ (x − x0)
ν−γ−1

Γ (ν − γ)

∫ b

x0

∣∣Dν
x0

f (t)
∣∣ dt, (17.41)

∀x ∈ [x0, b].
Thus by integrating (17.41) over [x0, b] we find (17.39); setting there

γ = 0 we obtain (17.40). �

Similarly we find for Riemann–Liouville fractional derivatives

Theorem 17.32. Let β > α + 1, α ≥ 0, f ∈ L1 (a, x), a, x ∈ R,
have an L∞ fractional derivative Dβ

af in [a, x], and let Dβ−k
a f (a) = 0 for

k = 1, . . . , [β] + 1. Then

(1)
∫ x

a

|Dα
a f (t)| dt ≤ (x − a)β−α

Γ (β − α + 1)

∫ x

a

∣∣Dβ
af (t)

∣∣ dt. (17.42)

When α = 0 we find

(2)
∫ x

a

|f (t)| dt ≤ (x − a)β

Γ (β + 1)

∫ x

a

∣∣Dβ
af (t)

∣∣ dt. (17.43)

Proof. As in Theorem 17.31; based on Lemma 17.5. �

Also we have for Caputo derivatives

Theorem 17.33. Let ν ≥ γ+1, γ ≥ 0, n := �ν�. Assume f ∈ ACn ([a, b])
such that f (k) (a) = 0, k = 0, 1, . . . , n − 1, and Dν

∗af ∈ L∞ (a, b). Then

1)
∫ b

a

|Dγ
∗af (t)| dt ≤ (b − a)ν−γ

Γ (ν − γ + 1)

∫ b

a

|Dν
∗af (t)| dt. (17.44)

When γ = 0 we get

2)
∫ b

a

|f (t)| dt ≤ (b − a)ν

Γ (ν + 1)

∫ b

a

|Dν
∗af (t)| dt. (17.45)
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Proof. As in Theorem 17.31; based on Theorem 17.13. �

Coming back to Riemann–Liouville derivatives we get

Theorem 17.34. Let ν ≥ γ + 1, γ ≥ 0, n := �ν�. Let f ∈ ACn ([a, b])
such that f (k) (a) = 0, k = 0, 1, . . . , n − 1. Assume ∃Dν

af (x) ∈ R, ∀x ∈
[a, b], and Dν

af ∈ L∞ (a, b). Then

(1)
∫ b

a

|Dγ
af (t)| dt ≤ (b − a)ν−γ

Γ (ν − γ + 1)

∫ b

a

|Dν
af (t)| dt. (17.46)

When γ = 0 we get

(2)
∫ b

a

|f (t)| dt ≤ (b − a)ν

Γ (ν + 1)

∫ b

a

|Dν
af (t)| dt. (17.47)

Proof. As in Theorem 17.31; based on Theorem 17.14. �

17.3 Applications of Fractional Poincaré
Inequalities

Next we apply some of the above results to the multivariate case of the
spherical shell.

Let N ≥ 2, SN−1 :=
{
x ∈ R

N : |x| = 1
}

the unit sphere on R
N, where

|·| stands for the Euclidean norm in R
N. Also denote the ball

B (0, R) :=
{
x ∈ R

N : |x| < R
} ⊆ R

N, R > 0,

and the spherical shell

A := B (0, R2) − B (0, R1), 0 < R1 < R2.

For the following see [356, pp. 149–150] and [383, pp. 87–88].
For x ∈ R

N − {0} we can write uniquely x = rω, where r = |x| > 0, and
ω = x/r ∈ SN−1, |ω| = 1.

Clearly here
R

N − {0} = (0,∞) × SN−1,

also
A = [R1, R2] × SN−1.

In the sequel the following theorem is used frequently.
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Theorem 17.35. Let f : A → R be a Lebesgue integrable function. Then∫
A

f (x) dx =
∫

SN−1

(∫ R2

R1

f (rω) rN−1dr

)
dω. (17.48)

So we are able to write an integral in polar form using the polar coordi-
nates (r, ω).

Regarding the Canavati-type fractional derivative we need

Definition 17.36. (see [44]) Let ν > 0, n := [ν], α := ν−n, f ∈ Cn
(
A
)
,

and A is a spherical shell. Assume that there exists ∂ν
R1

f (x)/∂rν ∈ C
(
A
)
,

given by

∂ν
R1

f (x)
∂rν

:=
1

Γ (1 − α)
∂

∂r

(∫ r

R1

(r − t)−α ∂nf (tω)
∂rn

dt

)
, (17.49)

where x ∈ A; that is, x = rω, r ∈ [R1, R2], ω ∈ SN−1.
We call ∂ν

R1
f/∂rν the radial Canavati-type fractional derivative of f of

order ν. If ν = 0, then set ∂ν
R1

f (x)/∂rν := f (x).

We also need

Lemma 17.37. (see [44]) Let γ ≥ 0, ν ≥ 1 such that ν − γ ≥ 1. Let f ∈
Cn
(
A
)

and there exists ∂ν
R1

f (x)/∂rν ∈ C
(
A
)
, x ∈ A, and A a spherical

shell. Further assume that ∂jf (R1ω)/∂rj = 0, j = 0, 1, . . . , n− 1, n := [ν],
and ∀ω ∈ SN−1. Then there exists ∂γ

R1
f (x)/∂rγ ∈ C

(
A
)
.

We present the following Canavati-type fractional Poincaré inequalities
on the spherical shell.

Theorem 17.38. Let ν ≥ γ + 1, γ ≥ 0, n := [ν], and f ∈ Cn
(
A
)

and
there exists ∂ν

R1
f (x)/∂rν ∈ C

(
A
)
, x ∈ A, and A a spherical shell. Further

assume that ∂jf (R1ω)/∂rj = 0, j = 0, 1, . . . , n − 1; ∀ω ∈ SN−1. Let p,
q > 1 : 1/p + 1/q = 1.

Then

1)
∫

A

∣∣∣∣∂γ
R1

f (x)
∂rγ

∣∣∣∣q dx ≤
(

R2

R1

)N−1

[
(R2 − R1)

q(ν−γ)

q (ν − γ) (Γ (ν − γ))q (p (ν − γ − 1) + 1)q/p

] ∫
A

∣∣∣∣∂ν
R1

f (x)
∂rν

∣∣∣∣q dx.

(17.50)
When γ = 0 we get

2)
∫

A

|f (x)|q dx ≤
(

R2

R1

)N−1
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(R2 − R1)

qν

qν (Γ (ν))q (p (ν − 1) + 1)q/p

] ∫
A

∣∣∣∣∂ν
R1

f (x)
∂rν

∣∣∣∣q dx. (17.51)

Proof. Because R1 ≤ r ≤ R2, N ≥ 2, we have that RN−1
1 ≤ rN−1 ≤

RN−1
2 and R1−N

2 ≤ r1−N ≤ R1−N
1 . Hence

R1−N
2

∫ R2

R1

rN−1
∣∣Dγ

R1
f (rω)

∣∣q dr ≤

∫ R2

R1

r1−NrN−1
∣∣Dγ

R1
f (rω)

∣∣q dr =

∫ R2

R1

∣∣Dγ
R1

f (rω)
∣∣q dr

(17.2)

≤
(

(R2 − R1)
q(ν−γ)

(Γ (ν − γ))q (p (ν − γ − 1) + 1)q/p
q (ν − γ)

)
(∫ R2

R1

r1−NrN−1
∣∣Dν

R1
f (rω)

∣∣q dr

)
≤

(
(R2 − R1)

q(ν−γ)
R1−N

1

(Γ (ν − γ))q (p (ν − γ − 1) + 1)q/p
q (ν − γ)

)
(∫ R2

R1

rN−1
∣∣Dν

R1
f (rω)

∣∣q dr

)
. (17.52)

So we have established that∫ R2

R1

rN−1
∣∣Dγ

R1
f (rω)

∣∣q dr ≤
(

R2

R1

)N−1

(
(R2 − R1)

q(ν−γ)

(Γ (ν − γ))q (p (ν − γ − 1) + 1)q/p
q (ν − γ)

)
(∫ R2

R1

rN−1
∣∣Dν

R1
f (rω)

∣∣q dr

)
, ∀ω ∈ SN−1. (17.53)

Then by integration of (17.53) on SN−1 we obtain∫
SN−1

(∫ R2

R1

∣∣Dγ
R1

f (rω)
∣∣q rN−1dr

)
dω ≤

(
R2

R1

)N−1

[
(R2 − R1)

q(ν−γ)

q (ν − γ) (Γ (ν − γ))q (p (ν − γ − 1) + 1)q/p

]
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∫
SN−1

(∫ R2

R1

∣∣Dν
R1

f (rω)
∣∣q rN−1dr

)
dω. (17.54)

Using (17.48) in (17.54) we have proven the claim. �

Regarding the Riemann–Liouville fractional derivative we need

Remark 17.39. Here we follow [383] and denote by λRN (x) ≡ dx the
Lebesgue measure on R

N , N ≥ 2, and by λSN−1 (ω) ≡ dω the surface
measure on SN−1, where BX stands for the Borel class on space X.

Define the measure RN on
(
(0,∞) ,B(0,∞)

)
by

RN (Γ) =
∫

Γ

rN−1dr, any Γ ∈ B(0,∞).

Now let
F ∈ L1 (A) = L1

(
[R1, R2] × SN−1

)
.

For a fixed ω ∈ SN−1, define

gω (r) := F (rω) = F (x),

where
x ∈ A := B (0, R2) − B (0, R1),

0 < R1 ≤ r ≤ R2, r = |x| , ω =
x

r
∈ SN−1.

By Fubini’s theorem and Theorem 5.2.2, pp. 87 and 88 of [383], we have

gω ∈ L1

(
[R1, R2] ,B[R1,R2], RN

)
,

for λSN−1− almost every ω ∈ SN−1.
Call

K (F ) :=
{
ω ∈ SN−1 : gω /∈ L1

(
[R1, R2] ,B[R1,R2], RN

)}
=
{
ω ∈ SN−1 : F (·ω) /∈ L1

(
[R1, R2] ,B[R1,R2], RN

)}
. (17.55)

That is,
λSN−1 (K (F )) = 0.

Of course,
Θ (F ) := [R1, R2] × K (F ) ⊂ A

and
λRN (Θ (F )) = 0.

By the definition of the generalized Riemann–Liouville fractional deriva-
tive we then have (see also Remark 17.46 later)(

Dβ
R1

gω

)
(r) =

1
Γ (m − β)

(
d

dr

)m
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0

(r − R1 − t)m−β−1
gω (R1 + t) dt, (17.56)

where
β > 0, m := [β] + 1, r ∈ [R1, R2].

If β = 0, then (
Dβ

R1
gω

)
(r) = gω (r).

Formula (17.56) is written for all ω ∈ SN−1 − K (F ). We set(
Dβ

R1
gω

)
(r) ≡ 0, ∀ω ∈ K (F ) , ∀r ∈ [R1, R2] , any β > 0.

The above lead to the following definition (see [45]).

Definition 17.40. Let β > 0, m := [β] + 1, F ∈ L1 (A), and A is the
spherical shell. We define

∂β
R1

F (x)
∂rβ

:=

⎧⎨⎩
1

Γ(m−β)

(
d
dr

)m ∫ r−R1

0
(r − R1 − t)m−β−1

F ((R1 + t) ω) dt,

for ω ∈ SN−1 − K (F ),
0, for ω ∈ K (F ),

(17.57)
where

x = rω ∈ A, r ∈ [R1, R2] , ω ∈ SN−1.

If β = 0, define
∂β

R1
F (x)

∂rβ
:= F (x).

We call ∂β
R1

F (x)/∂rβ the Riemann–Liouville radial fractional derivative
of F of order β.

We need

Theorem 17.41. (see [45]) Let β > α > 0 and F ∈ L1 (A). Assume
that

∂β
R1

F (x)
∂rβ

∈ L∞ (A).

Further suppose that Dβ
R1

F (rω) takes real values for almost all r ∈
[R1, R2] , for each ω ∈ SN−1, and for these∣∣∣Dβ

R1
F (rω)

∣∣∣ ≤ M1

for some M1 > 0.
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For each ω ∈ SN−1−K (F ), we assume that F (·ω) has an L∞ fractional
derivative Dβ

R1
F (·ω) in [R1, R2], and that

Dβ−k
R1

F (R1ω) = 0, k = 1, . . . , [β] + 1.

Then
∂α

R1
F (x)

∂rα
=
(
Dα

R1
F
)
(rω) =

1
Γ (β − α)

∫ r

R1

(r − t)β−α−1
(
Dβ

R1
F
)

(tω) dt, (17.58)

true ∀x ∈ A; that is, true ∀r ∈ [R1, R2] and ∀ω ∈ SN−1.
Here (

Dα
R1

F
)
(·ω) is in AC ([R1, R2]) for β − α ≥ 1

and (
Dα

R1
F
)
(·ω) is in C ([R1, R2]) for β − α ∈ (0, 1),

∀ω ∈ SN−1.
Furthermore

∂α
R1

F (x)
∂rα

∈ L∞ (A) .

In particular, it holds

F (x) = F (rω) =
1

Γ (β)

∫ r

R1

(r − t)β−1
(
Dβ

R1
F
)

(tω) dt, (17.59)

∀r ∈ [R1, R2], ∀ω ∈ SN−1 − K (F ); x = rω, and

F (·ω) is in AC ([R1, R2]) for β ≥ 1

and
F (·ω) is in C ([R1, R2]) for β ∈ (0, 1),

∀ω ∈ SN−1 − K (F ).

We present Poincaré inequalities on the shell involving Riemann – Liouville
radial fractional derivatives.

Theorem 17.42. Let all terms and assumptions be as in Theorem 17.41.
Let p, q > 1 : 1/p + 1/q = 1 with p (β − α − 1) + 1 > 0.

Then

(1)
∫

A

∣∣∣∣∂α
R1

F (x)
∂rα

∣∣∣∣q dx ≤
(

R2

R1

)N−1

[
(R2 − R1)

q(β−α)

q (β − α) (Γ (β − α))q (p (β − α − 1) + 1)q/p

] ∫
A

∣∣∣∣∣∂
β
R1

F (x)
∂rβ

∣∣∣∣∣
q

dx.

(17.60)
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When α = 0 we get

(2)
∫

A

|F (x)|q dx ≤
(

R2

R1

)N−1

[
(R2 − R1)

qβ

qβ (Γ (β))q (p (β − 1) + 1)q/p

] ∫
A

∣∣∣∣∣∂
β
R1

F (x)
∂rβ

∣∣∣∣∣
q

dx. (17.61)

Proof. Similar to Theorem 17.38; based on Theorem 17.41. �

Regarding the Caputo fractional derivative we mention

Definition 17.43. (see [58]) Let F : A → R, ν ≥ 0, n := �ν� such
that F (·ω) ∈ ACn ([R1, R2]), for all ω ∈ SN−1. We call the Caputo radial
fractional derivative the following function

∂ν
∗R1

F (x)
∂rν

:=
1

Γ (n − ν)

∫ r

R1

(r − t)n−ν−1 ∂nF (tω)
∂rn

dt, (17.62)

where x ∈ A; that is, x = rω, r ∈ [R1, R2], ω ∈ SN−1.
Clearly

∂0
∗R1

F (x)
∂r0

= F (x) ,

and

∂ν
∗R1

F (x)
∂rν

=
∂νF (x)

∂rν
, if ν ∈ N, the usual radial derivative.

The above function (17.62) exists almost everywhere for x ∈ A.

We mention the following fundamental representation result.

Theorem 17.44. (see [58]) Let ν ≥ γ + 1, γ ≥ 0, n := �ν�, F : A → R

with F ∈ L1 (A). Assume that F (·ω) ∈ ACn ([R1, R2]) for all ω ∈ SN−1,
and that ∂ν

∗R1
F (·ω)/∂rν ∈ L∞ (R1, R2) for all ω ∈ SN−1. Further assume

that ∂ν
∗R1

F (x)/∂rν ∈ L∞ (A).
More precisely, for these r ∈ [R1, R2], for each ω ∈ SN−1, for which

Dν
∗R1

F (rω) takes real values, there exists M1 > 0 such that∣∣Dν
∗R1

F (rω)
∣∣ ≤ M1.

We suppose that ∂jF (R1ω)/∂rj = 0, j = 0, 1, . . . , n − 1, for every
ω ∈ SN−1. Then

∂γ
∗R1

F (x)
∂rγ

= Dγ
∗R1

F (rω) =
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1
Γ (ν − γ)

∫ r

R1

(r − t)ν−γ−1 (
Dν

∗R1
F
)
(tω) dt, (17.63)

true ∀x ∈ A; that is, true ∀r ∈ [R1, R2] and ∀ω ∈ SN−1, γ > 0.
Here

Dγ
∗R1

F (·ω) ∈ AC ([R1, R2]), (17.64)

∀ω ∈ SN−1, γ > 0.
Furthermore

∂γ
∗R1

F (x)
∂rγ

∈ L∞ (A), γ > 0. (17.65)

In particular, it holds

F (x) = F (rω) =
1

Γ (ν)

∫ r

R1

(r − t)ν−1 (
Dν

∗R1
F
)
(tω) dt, (17.66)

true ∀x ∈ A; that is, true ∀r ∈ [R1, R2] and ∀ω ∈ SN−1, and

F (·ω) ∈ AC ([R1, R2]), ∀ω ∈ SN−1. (17.67)

We present Poincaré inequalities on the shell involving Caputo radial
fractional derivatives.

Theorem 17.45. All terms and assumptions for f are as in Theorem
17.44. Let p, q > 1 : 1/p + 1/q = 1.

Then

1)
∫

A

∣∣∣∣∂γ
∗R1

f (x)
∂rγ

∣∣∣∣q dx ≤
(

R2

R1

)N−1

[
(R2 − R1)

q(ν−γ)

q (ν − γ) (Γ (ν − γ))q (p (ν − γ − 1) + 1)q/p

] ∫
A

∣∣∣∣∂ν
∗R1

f (x)
∂rν

∣∣∣∣q dx.

(17.68)
When γ = 0 we get

2)
∫

A

|f (x)|q dx ≤
(

R2

R1

)N−1

[
(R2 − R1)

qν

qν (Γ (ν))q (p (ν − 1) + 1)q/p

] ∫
A

∣∣∣∣∂ν
∗R1

f (x)
∂rν

∣∣∣∣q dx. (17.69)

We make

Remark 17.46. Regarding the two identical forms of the definition
of generalized Riemann–Liouville fractional derivative, here f ∈ L1 (a, x),
a < x; a, x ∈ R, iff fa ∈ L1 (0, x − a), where fa (t) := f (a + t).
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The basic Riemann–Liouville derivative of fa anchored at zero is defined
and given by

(Dνfa) (s′) =
1

Γ (m − ν)

(
d

ds′

)m ∫ s′

0

(s′ − t)m−ν−1
f (a + t) dt, (17.70)

s′ ∈ [0, x − a], m := [ν] + 1, ν > 0.
Another way to define the generalized Riemann–Liouville fractional deriva-

tive (see [45, 64]) is

(Dν
af) (s) := (Dνfa) (s − a) , for s ∈ [a, x]. (17.71)

But 0 ≤ s−a ≤ x−a, calling s′ := s−a, which is a one-to-one and onto
map from [a, x] onto [0, x − a]; we have 0 ≤ s′ ≤ x − a.

Consequently we get

(Dνfa) (s − a) =
1

Γ (m − ν)

(
d

d (s − a)

)m

(∫ s−a

0

((s − a) − t)m−ν−1
f (a + t) dt

)
= (17.72)

1
Γ (m − n)

(
d

ds

)m(∫ s−a

0

(s − (a + t))m−ν−1
f (a + t) dt

)
=: (∗).

(17.73)
In [65, 134], it is proved that∫ s

a

(s − t)m−ν−1 |f (t)| dt < ∞ for a.e. s ∈ [a, x];

that is, there exists∫ s

a

(s − t)m−ν−1
f (t) dt for a.e. s ∈ [a, x].

Therefore from (17.73) we have

(∗) =
1

Γ (m − ν)

(
d

ds

)m ∫ s

0

(s − t)m−ν−1
f (t) dt (17.74)

(change of variable) true a.e. for s ∈ [a, x].
Because the derivative is defined only for real-valued functions (i.e., here

only on existing integrals in (17.74)), we obviously get the identity of the
two definitions. That is, Dν

af of (17.71) is such that

(Dν
af) (s) =

1
Γ (m − ν)

(
d

ds

)m ∫ s

a

(s − t)m−ν−1
f (t) dt, (17.75)

m := [ν] + 1, ν > 0, s ∈ [a, x], as defined earlier in this chapter.
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So based on the above Remark 17.46 we can redefine the Riemann–
Liouville radial fractional derivative as follows.

Definition 17.47. Let β > 0, m := [β] + 1, F ∈ L1 (A), and A is the
spherical shell. We define

∂β
R1

F (x)
∂rβ

:=

⎧⎨⎩
1

Γ(m−β)

(
∂
∂r

)m ∫ r

R1
(r − t)m−β−1

F (tω) dt,

for ω ∈ SN−1 − K (F ),
0, for ω ∈ K (F ),

(17.76)

where

x = rω ∈ A, r ∈ [R1, R2] , ω ∈ SN−1; K (F ) as in (17.55).

If β = 0, define
∂β

R1
F (x)

∂rβ
:= F (x).

So functions (17.57) and (17.76) are identical.

We need the following important representation result for Riemann–
Liouville radial fractional derivatives.

Theorem 17.48. Let ν ≥ γ + 1, γ ≥ 0, n := �ν�, F : A → R

with F ∈ L1 (A). Assume that F (·ω) ∈ ACn ([R1, R2]), ∀ω ∈ SN−1, and
that ∂ν

R1
F (·ω)/∂rν is measurable on [R1, R2], ∀ω ∈ SN−1. Also assume

∃∂ν
R1

F (rω)/∂rν ∈ R, ∀r ∈ [R1, R2] and ∀ω ∈ SN−1, and ∂ν
R1

F (x)/∂rν is
measurable on A. Suppose ∃M1 > 0 :∣∣∣∣∂ν

R1
F (rω)
∂rν

∣∣∣∣ ≤ M1, ∀ (r, ω) ∈ [R1, R2] × SN−1.

We suppose that ∂jF (R1ω)/∂rj = 0, j = 0, 1, . . . , n − 1; ∀ω ∈ SN−1.
Then

∂γ
R1

F (x)
∂rγ

= Dγ
R1

F (rω) =

1
Γ (ν − γ)

∫ r

R1

(r − t)ν−γ−1 (
Dν

R1
F
)
(tω) dt, (17.77)

valid ∀x ∈ A; that is, true ∀r ∈ [R1, R2] and ∀ω ∈ SN−1; γ > 0.
Here

Dγ
R1

F (·ω) ∈ AC ([R1, R2]), (17.78)

∀ω ∈ SN−1, γ > 0.
Furthermore

∂γ
R1

F (x)
∂rγ

∈ L∞ (A), γ > 0. (17.79)
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In particular, it holds

F (x) = F (rω) =
1

Γ (ν)

∫ r

R1

(r − t)ν−1 (
Dν

R1
F
)
(tω) dt, (17.80)

true ∀x ∈ A; that is, true ∀r ∈ [R1, R2] and ∀ω ∈ SN−1, and

F (·ω) ∈ AC ([R1, R2]) , ∀ω ∈ SN−1. (17.81)

Proof. By our assumptions and Theorem 17.17, Corollary 14 of [58], we
have (17.77) and (17.80). Also (17.78) is clear; see [45]. Property (17.81) is
easy to prove.

Fixing r ∈ [R1, R2], the function

δr (t, ω) := (r − t)ν−γ−1
Dν

R1
F (tω)

is measurable on (
[R1, r] × SN−1,B[R1,r] × BSN−1

)
.

Here B[R1,r] × BSN−1 stands for the complete σ-algebra generated by
B[R1,r] × BSN−1 , where BX stands for the completion of BX .

Then we get that ∫
SN−1

(∫ r

R1

|δr (t, ω)| dt

)
dω =

∫
SN−1

(∫ r

R1

(r − t)ν−γ−1 ∣∣Dν
R1

F (tω)
∣∣ dt

)
dω ≤ (17.82)∥∥∥∥∂ν

R1
F (x)

∂rν

∥∥∥∥
∞,([R1,r]×SN−1)

(∫
SN−1

(∫ r

R1

(r − t)ν−γ−1
dt

)
dω

)

=
∥∥∥∥∂ν

R1
F (x)

∂rν

∥∥∥∥
∞,([R1,r]×SN−1)

(
2πN/2

Γ (N/2)

)
(r − R1)

ν−γ

(ν − γ)
≤ (17.83)

∥∥∥∥∂ν
R1

F (x)
∂rν

∥∥∥∥
∞,A

(
2πN/2

Γ (N/2)

)
(R2 − R1)

ν−γ

(ν − γ)
< ∞. (17.84)

Hence δr (t, ω) is integrable on(
[R1, r] × SN−1,B[R1,r] × BSN−1

)
.

Consequently, by Fubini’s theorem and (17.77), we obtain that
Dγ

R1
F (rω), ν ≥ γ + 1, γ > 0, is integrable in ω over

(
SN−1,BSN−1

)
.
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So we have that Dγ
R1

F (rω) is continuous in r ∈ [R1, R2], ∀ω ∈ SN−1,
and measurable in ω ∈ SN−1, ∀r ∈ [R1, R2] . So, it is a Carathéodory func-
tion. Here [R1, R2] is a separable metric space and SN−1 is a measurable
space, and the function takes values in R

∗ := R∪{±∞}, which is a metric
space. Therefore by Theorem 20.15, p. 156 of [10],

(
Dγ

R1
F
)
(rω) is jointly(B[R1,R2] × BSN−1

)
-measurable on [R1, R2]× SN−1 = A, that is, Lebesgue

measurable on A. Then we have that∣∣Dγ
R1

F (rω)
∣∣ ≤ 1

Γ (ν − γ)

∫ r

R1

(r − t)ν−γ−1 ∣∣Dν
R1

F (tω)
∣∣ dt (17.85)

≤
∥∥Dν

R1
F (·ω)

∥∥
∞,[R1,R2]

Γ (ν − γ)

(∫ r

R1

(r − t)ν−γ−1
dt

)
≤ (17.86)

M1

Γ (ν − γ)
(r − R1)

ν−γ

(ν − γ)
≤ M1

Γ (ν − γ + 1)
(R2 − R1)

ν−γ := τ < ∞,

for all ω ∈ SN−1 and for all r ∈ [R1, R2] .
Hence we have shown that∣∣Dγ

R1
F (rω)

∣∣ ≤ τ < ∞, ∀ω ∈ SN−1 and ∀r ∈ [R1, R2] (17.87)

and
∂γ

R1
F (x)

∂rγ
∈ L∞ (A) , γ > 0.

We have completed our proof. �

Next we give Poincaré inequalities on the shell involving Riemann–Liouville
radial fractional derivatives.

Theorem 17.49. Let all terms and assumptions for f be as in Theorem
17.48, and p, q > 1 : 1/p + 1/q = 1.

Then

(1)
∫

A

∣∣∣∣∂γ
R1

f (x)
∂rγ

∣∣∣∣q dx ≤
(

R2

R1

)N−1

[
(R2 − R1)

q(ν−γ)

q (ν − γ) (Γ (ν − γ))q (p (ν − γ − 1) + 1)q/p

] ∫
A

∣∣∣∣∂ν
R1

f (x)
∂rν

∣∣∣∣q dx.

(17.88)
When γ = 0 we get

(2)
∫

A

|f (x)|q dx ≤
(

R2

R1

)N−1

[
(R2 − R1)

qν

qν (Γ (ν))q (p (ν − 1) + 1)q/p

] ∫
A

∣∣∣∣∂ν
R1

f (x)
∂rν

∣∣∣∣q dx. (17.89)
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Next we apply (17.69) to a Caputo fractional PDE.

Theorem 17.50. Let 1 ≤ ν1 < ν2 < · · · < νk, nk := �νk�, k ∈ N,
F : A → R with F ∈ L1 (A). Assume that F (·ω) ∈ ACnk ([R1, R2]), ∀ω ∈
SN−1, and that ∂νl

∗R1
F (·ω)/∂rνl ∈ L∞ (R1, R2), ∀ω ∈ SN−1; l = 1, . . . , k.

Suppose ∂νl

∗R1
F (x)/∂rνl ∈ L∞ (A), l = 1, . . . , k, such that ∃Ml > 0 :∣∣Dνl

∗R1
F (rω)

∣∣ ≤ Ml, l = 1, . . . , k, a.e. r ∈ [R1, R2], ∀ω ∈ SN−1. Also
suppose ∂jF (R1ω)/∂rj = 0, j = 0, 1, . . . , nk − 1, ∀ω ∈ SN−1. Let also B,
Cl, 1/Cl ∈ L∞ (A), l = 1, . . . , k, with all Cl ≥ 0.

The above-described F fulfills

k∑
l=1

Cl (x)
(

∂νl

∗R1
F (x)

∂rνl

)2

= B (x), ∀x ∈ A. (17.90)

Define

δ :=
1
2

(
R2

R1

)N−1

max
1≤l≤k

(
(R2 − R1)

2νl

νl (Γ (νl))
2 (2νl − 1)

)
, (17.91)

ρ := max
1≤l≤k

∥∥∥∥ 1
Cl

∥∥∥∥
L∞(A)

. (17.92)

Then

‖F‖L2(A) ≤
√

δρ

k

(∫
A

B (x) dx

)1/2

. (17.93)

Proof. Set nl := �νl�, l = 1, . . . , k− 1. Clearly, F (·ω) ∈ ACnl ([R1, R2]),
∀ω ∈ SN−1; l = 1, . . . , k − 1. Also

∂jF (R1ω)
∂rj

= 0, j = 0, 1, . . . , nl − 1,∀ω ∈ SN−1,

as nl ≤ nk, for all l = 1, . . . , k − 1.
So all assumptions of Theorem 17.44 are fulfilled for F and fractional

orders νl, l = 1, . . . , k. Thus by choosing p = q = 2 we apply (17.69), and
we obtain for l = 1, . . . , k that∫

A

(F (x))2 dx ≤
(

R2

R1

)N−1

[
(R2 − R1)

2νl

2νl (Γ (νl))
2 (2νl − 1)

] ∫
A

(
∂νl

∗R1
F (x)

∂rνl

)2

dx (17.94)

≤ δ

∫
A

(Cl (x))−1 (Cl (x))
(

∂νl

∗R1
F (x)

∂rνl

)2

dx
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≤ δ

∥∥∥∥ 1
Cl

∥∥∥∥
L∞(A)

∫
A

Cl (x)
(

∂νl

∗R1
F (x)

∂rνl

)2

dx (17.95)

≤ δρ

∫
A

Cl (x)
(

∂νl

∗R1
F (x)

∂rνl

)2

dx. (17.96)

That is,∫
A

(F (x))2 dx ≤ δρ

∫
A

Cl (x)
(

∂νl

∗R1
F (x)

∂rνl

)2

dx, (17.97)

for all l = 1, . . . , k.
Consequently, summing (17.97) over all possible l values gives∫

A

(F (x))2 dx ≤ δρ

k

∫
A

(
k∑

l=1

Cl (x)
(

∂νl

∗R1
F (x)

∂rνl

)2
)

dx

=
δρ

k

∫
A

B (x) dx, (17.98)

proving the claim. �

In the simpler case of an ordinary differential equation we apply (17.19)
next.

Theorem 17.51. Let 1 ≤ ν1 < ν2 < . . . < νk, nk := �νk�, k ∈ N.
Assume f ∈ ACnk ([a, b]) such that f (j) (a) = 0, j = 0, 1, . . . , nk − 1, and
Dνl∗af ∈ L∞ (a, b), for all l = 1, . . . , k. Let also B, Cl, 1/Cl ∈ L∞ (a, b),
l = 1, . . . , k, with all Cl ≥ 0. The above described f satisfies

k∑
l=1

Cl (x) (Dνl∗af (x))2 = B (x) , ∀x ∈ [a, b]. (17.99)

Call

δ∗ :=
1
2

max
1≤l≤k

(
(b − a)2νl

νl (Γ (νl))
2 (2νl − 1)

)
, (17.100)

ρ∗ := max
1≤l≤k

∥∥∥∥ 1
Cl

∥∥∥∥
L∞(a,b)

. (17.101)

Then

‖f‖L2(a,b) ≤
√

δ∗ρ∗

k

(∫ b

a

B (x) dx

)1/2

. (17.102)

Proof. Set nl := �νl�, l = 1, . . . , k − 1. Clearly here f ∈ ACnl ([a, b]),
l = 1, . . . , k − 1. Also f (j) (a) = 0, j = 0, 1, . . . , nl − 1, l = 1, . . . , k − 1. So
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all assumptions of Theorem 17.15 are fulfilled for f and fractional orders
νl, l = 1, . . . , k − 1. Thus by choosing p = q = 2 we apply (17.19), for
l = 1, . . . , k, to find∫ b

a

(f (x))2 dx ≤
(

(b − a)2νl

2νl (Γ (νl))
2 (2νl − 1)

)(∫ b

a

(Dνl∗af (x))2 dx

)
(17.103)

≤ δ∗
∫ b

a

(Cl (x))−1 (Cl (x)) (Dνl∗af (x))2 dx

≤ δ∗ρ∗
∫ b

a

Cl (x) (Dνl∗af (x))2 dx. (17.104)

That is,∫ b

a

(f (x))2 dx ≤ δ∗ρ∗
∫ b

a

Cl (x) (Dνl∗af (x))2 dx, (17.105)

for all l = 1, . . . , k.
The last imply∫ b

a

(f (x))2 dx ≤ δ∗ρ∗

k

∫ b

a

(
k∑

l=1

Cl (x) (Dνl∗af (x))2
)

dx

=
δ∗ρ∗

k

∫ b

a

B (x) dx, (17.106)

proving the claim. �

One can give similar applications to ODEs and PDEs involving fractional
derivatives of Canavati-type and Riemann–Liouville-type.

We finish this section with L1 results on the shell.
We present for Canavati-type radial fractional derivatives

Theorem 17.52. Let ν ≥ γ + 1, γ ≥ 0, n := [ν], and f ∈ Cn
(
A
)

and
there exists ∂ν

R1
f (x)/∂rν ∈ C

(
A
)
, x ∈ A, and A a spherical shell. Further

assume ∂jf (R1ω)/∂rj = 0, j = 0, 1, . . . , n − 1; ∀ω ∈ SN−1.
Then

(1)
∫

A

∣∣∣∣∂γ
R1

f (x)
∂rγ

∣∣∣∣ dx ≤
(

R2

R1

)N−1

(R2 − R1)
ν−γ

Γ (ν − γ + 1)

∫
A

∣∣∣∣∂ν
R1

f (x)
∂rν

∣∣∣∣ dx. (17.107)

When γ = 0 we get

(2)
∫

A

|f (x)| dx ≤
(

R2

R1

)N−1 (R2 − R1)
ν

Γ (ν + 1)

∫
A

∣∣∣∣∂ν
R1

f (x)
∂rν

∣∣∣∣ dx. (17.108)
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Proof. Because R1 ≤ r ≤ R2, N ≥ 2, we have that R1−N
2 ≤ r1−N ≤

R1−N
1 . Hence

R1−N
2

∫ R2

R1

rN−1
∣∣Dγ

R1
f (rω)

∣∣ dr ≤
∫ R2

R1

r1−NrN−1
∣∣Dγ

R1
f (rω)

∣∣ dr =
∫ R2

R1

∣∣Dγ
R1

f (rω)
∣∣ dr (17.109)

(17.39)

≤ (R2 − R1)
ν−γ

Γ (ν − γ + 1)

∫ R2

R1

r1−NrN−1
∣∣Dν

R1
f (rω)

∣∣ dr ≤

R1−N
1 (R2 − R1)

ν−γ

Γ (ν − γ + 1)

∫ R2

R1

rN−1
∣∣Dν

R1
f (rω)

∣∣ dr, (17.110)

∀ω ∈ SN−1. We have proven so far∫ R2

R1

∣∣Dγ
R1

f (rω)
∣∣ rN−1dr ≤

(
R2

R1

)N−1 (R2 − R1)
ν−γ

Γ (ν − γ + 1)∫ R2

R1

∣∣Dν
R1

f (rω)
∣∣ rN−1dr, ∀ω ∈ SN−1. (17.111)

Thus by integration of (17.111) on SN−1 we find∫
SN−1

(∫ R2

R1

∣∣Dγ
R1

f (rω)
∣∣ rN−1dr

)
dω ≤

((
R2

R1

)N−1 (R2 − R1)
ν−γ

Γ (ν − γ + 1)

)(∫
SN−1

(∫ R2

R1

∣∣Dν
R1

f (rω)
∣∣ rN−1dr

)
dω

)
.

(17.112)
Using (17.48) on (17.112) we have proven the claim. �

We present for Riemann–Liouville radial fractional derivatives

Theorem 17.53. Let all terms and assumptions for f be as in Theorem
17.41; here β > α + 1, α ≥ 0.

Then

(1)
∫

A

∣∣∣∣∂α
R1

f (x)
∂rα

∣∣∣∣ dx ≤
(

R2

R1

)N−1 (R2 − R1)
β−α

Γ (β − α + 1)

∫
A

∣∣∣∣∣∂
β
R1

f (x)
∂rβ

∣∣∣∣∣ dx.

(17.113)
When α = 0 we get

(2)
∫

A

|f (x)| dx ≤
(

R2

R1

)N−1 (R2 − R1)
β

Γ (β + 1)

∫
A

∣∣∣∣∣∂
β
R1

f (x)
∂rβ

∣∣∣∣∣ dx. (17.114)
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Proof. Similar to Theorem 17.52, using (17.42). �

We give for Caputo radial fractional derivatives

Theorem 17.54. Let all terms and assumptions for f be as in Theorem
17.44.

Then

(1)
∫

A

∣∣∣∣∂γ
∗R1

f (x)
∂rγ

∣∣∣∣ dx ≤
(

R2

R1

)N−1 (R2 − R1)
ν−γ

Γ (ν − γ + 1)

∫
A

∣∣∣∣∂ν
∗R1

f (x)
∂rν

∣∣∣∣ dx.

(17.115)
When γ = 0 we obtain

(2)
∫

A

|f (x)| dx ≤
(

R2

R1

)N−1 (R2 − R1)
ν

Γ (ν + 1)

∫
A

∣∣∣∣∂ν
∗R1

f (x)
∂rν

∣∣∣∣ dx. (17.116)

Proof. Similar to Theorem 17.52, using (17.44). �

Going back to Riemann–Liouville radial fractional derivatives we have

Theorem 17.55. Let all terms and assumptions for f be as in Theorem
17.48.

Then

(1)
∫

A

∣∣∣∣∂γ
R1

f (x)
∂rγ

∣∣∣∣ dx ≤
(

R2

R1

)N−1 (R2 − R1)
ν−γ

Γ (ν − γ + 1)

∫
A

∣∣∣∣∂ν
R1

f (x)
∂rν

∣∣∣∣ dx.

(17.117)
When γ = 0 we obtain

(2)
∫

A

|f (x)| dx ≤
(

R2

R1

)N−1 (R2 − R1)
ν

Γ (ν + 1)

∫
A

∣∣∣∣∂ν
R1

f (x)
∂rν

∣∣∣∣ dx. (17.118)

Proof. Similar to Theorem 17.52, using (17.46). �

17.4 Fractional Mean Poincaré Inequalities

First we give Canavati-type fractional derivatives related results.

Theorem 17.56. Let γ ≥ 0 and 1+γ ≤ ν1 < ν2 < . . . < νk, nk := [νk],
k ∈ N. Assume f ∈ ⋂k

l=1 Cνl
x0

([a, b]), x0 ∈ [a, b]. Assume f (i) (x0) = 0,



474 17. Poincaré-Type Fractional Inequalities

i = 0, 1, . . . , nk − 1; p, q > 1 : 1/p + 1/q = 1. Call

Λγ := max
1≤l≤k

[
(b − x0)

(νl−γ)

(Γ (νl − γ)) (p (νl − γ − 1) + 1)1/p (q (νl − γ))1/q

]
.

(17.119)
Then

(1)
∥∥Dγ

x0
f
∥∥

Lq(x0,b)
≤
(

Λγ

k

)( k∑
l=1

∥∥Dνl
x0

f
∥∥

Lq(x0,b)

)
. (17.120)

When γ = 0 we get

(2) ‖f‖Lq(x0,b) ≤
(

Λ0

k

)( k∑
l=1

∥∥Dνl
x0

f
∥∥

Lq(x0,b)

)
, (17.121)

where

Λ0 := max
1≤l≤k

[
(b − x0)

νl

(Γ (νl)) (p (νl − 1) + 1)1/p (qνl)
1/q

]
. (17.122)

Proof. Here we apply Theorem 17.2.
By (17.2) we obtain

∥∥Dγ
x0

f
∥∥

Lq(x0,b)
≤
[

(b − x0)
(νl−γ)

(Γ (νl − γ)) (p (νl − γ − 1) + 1)1/p (q (νl − γ))1/q

]
∥∥Dνl

x0
f
∥∥

Lq(x0,b)
≤ Λγ

∥∥Dνl
x0

f
∥∥

Lq(x0,b)
. (17.123)

That is, for l = 1, . . . , k holds∥∥Dγ
x0

f
∥∥

Lq(x0,b)
≤ Λγ

∥∥Dνl
x0

f
∥∥

Lq(x0,b)
. (17.124)

Consequently by addition of (17.124) we have

k
∥∥Dγ

x0
f
∥∥

Lq(x0,b)
≤ Λγ

(
k∑

l=1

∥∥Dνl
x0

f
∥∥

Lq(x0,b)

)
, (17.125)

proving (17.120). �

We continue with Riemann–Liouville fractional derivatives related
results.

Theorem 17.57. Let 0 ≤ α < β1 < β2 < . . . < βk, k ∈ N; f ∈
L1 (a, x), a, x ∈ R, have L∞ fractional derivatives D

βl
a f in [a, x], with
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D
βl−k
a f (a) = 0 for k = 1, . . . , [βl] + 1; l = 1, . . . , k. Let p, q > 1 : 1/p +

1/q = 1 with p (βl − α − 1) + 1 > 0, all l = 1, . . . , k. Put

Kα := max
1≤l≤k

[
(x − a)(βl−α)

(Γ (βl − α)) (p (βl − α − 1) + 1)1/p (q (βl − α))1/q

]
,

(17.126)
and

K0 := max
1≤l≤k

[
(x − a)βl

(Γ (βl)) (p (βl − 1) + 1)1/p (qβl)
1/q

]
. (17.127)

Then

(1) ‖Dα
a f‖Lq(a,x) ≤

(
Kα

k

)( k∑
l=1

∥∥Dβl
a f
∥∥

Lq(a,x)

)
. (17.128)

When α = 0 we obtain

(2) ‖f‖Lq(a,x) ≤
K0

k

(
k∑

l=1

∥∥Dβl
a f
∥∥

Lq(a,x)

)
. (17.129)

Proof. Similar to Theorem 17.56, now using Lemma 17.5 and Theorem
17.6; see (17.11) there. �

We continue with Caputo fractional derivative related results.

Theorem 17.58. Let γ ≥ 0 and 1+γ ≤ ν1 < ν2 < . . . < νk, nk := �νk�,
k ∈ N. Assume f ∈ ACnk ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , nk−1,
and Dνl∗af ∈ L∞ (a, b), l = 1, . . . , k. Let p, q > 1 : 1/p + 1/q = 1. Set

Mγ := max
1≤l≤k

{
(b − a)(νl−γ)

(Γ (νl − γ)) (p (νl − γ − 1) + 1)(1/p) (q (νl − γ))1/q

}
,

(17.130)
and

M0 := max
1≤l≤k

{
(b − a)νl

(Γ (νl)) (p (νl − 1) + 1)(1/p) (qνl)
1/q

}
. (17.131)

Then

(1) ‖Dγ
∗af‖Lq(a,b) ≤

(
Mγ

k

)( k∑
l=1

‖Dνl∗af‖Lq(a,b)

)
. (17.132)
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When γ = 0 we obtain

(2) ‖f‖Lq(a,b) ≤
(

M0

k

)( k∑
l=1

‖Dνl∗af‖Lq(a,b)

)
. (17.133)

Proof. Similar to Theorem 17.56; based on (17.17). �

We also give a related average result again regarding Riemann–Liouville
fractional derivatives.

Theorem 17.59. Let γ ≥ 0 and 1+γ ≤ ν1 < ν2 < . . . < νk, nk := �νk�,
k ∈ N. Assume f ∈ ACnk ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , nk−1.
Assume ∃Dνl

a f (x) ∈ R, ∀x ∈ [a, b], and Dνl
a f ∈ L∞ (a, b), for all l =

1, . . . , k. Let p, q > 1 : 1/p + 1/q = 1. Here Mγ , M0 as in (17.130),
(17.131), respectively. Then

(1) ‖Dγ
af‖Lq(a,b) ≤

(
Mγ

k

)( k∑
l=1

‖Dνl
a f‖Lq(a,b)

)
. (17.134)

When γ = 0 we have

(2) ‖f‖Lq(a,b) ≤
(

M0

k

)( k∑
l=1

‖Dνl
a f‖Lq(a,b)

)
. (17.135)

Proof. Similar to Theorem 17.56; based on (17.18). �

Next we present converse fractional mean Poincaré inequalities.
First we give Canavati-type fractional derivative related results.

Theorem 17.60. Let γ ≥ 0 and 1+γ ≤ ν1 < ν2 < . . . < νk, nk := [νk],
k ∈ N. Assume f ∈ ⋂k

l=1 Cνl
x0

([a, b]), x0 ∈ [a, b]. Assume f (i) (x0) = 0,
i = 0, 1, . . . , nk − 1; 0 < p < 1, q < 0 : 1/p+1/q = 1. Further suppose each
Dνl

x0
f is of fixed strict sign on [x0, b]; all l = 1, . . . , k. Call

θγ := min
1≤l≤k

{
(b − x0)

((νl−γ)−2/q)

Γ (νl − γ) (p (νl − γ − 1) + 1)(1−1/q) (−q (νl − γ) + 2)(−1/q)

}
,

(17.136)

and

θ0 := min
1≤l≤k

{
(b − x0)

(νl−2/q)

Γ (νl) (p (νl − 1) + 1)(1−1/q) (−qνl + 2)(−1/q)

}
. (17.137)
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Then

(1)
∥∥Dγ

x0
f
∥∥

L(−q)(x0,b)
≥ θγ

k

(
k∑

l=1

∥∥Dνl
x0

f
∥∥

Lq(x0,b)

)
. (17.138)

When γ = 0 we get

(2) ‖f‖L(−q)(x0,b) ≥
θ0

k

(
k∑

l=1

∥∥Dνl
x0

f
∥∥

Lq(x0,b)

)
. (17.139)

Proof. By (17.25) we obtain

‖Dγ
x0f‖

L(−q)(x0,b)
≥

(b − x0)
((νl−γ)−2/q) ‖Dνl

x0f‖Lq(x0,b)

Γ (νl − γ) (p (νl − γ − 1) + 1)(1−1/q) (−q (νl − γ) + 2)(−1/q)

≥ θγ

∥∥Dνl
x0

f
∥∥

Lq(x0,b)
. (17.140)

That is, ∥∥Dγ
x0

f
∥∥

L(−q)(x0,b)
≥ θγ

∥∥Dνl
x0

f
∥∥

Lq(x0,b)
; (17.141)

for all l = 1, . . . .k.
Consequently by addition of (17.141) we have

k
∥∥Dγ

x0
f
∥∥

L(−q)(x0,b)
≥ θγ

(
k∑

l=1

∥∥Dνl
x0

f
∥∥

Lq(x0,b)

)
, (17.142)

proving the claim. �

We continue with Riemann–Liouville fractional derivatives
related results.

Theorem 17.61. Let 0 ≤ α < β1 < β2 < . . . < βk, k ∈ N; f ∈
L1 (a, x), a, x ∈ R, have L∞ fractional derivatives D

βl
a f in [a, x], with

D
βl−k
a f ( a) = 0 for k = 1, . . . , [βl] + 1; l = 1, . . . , k. Let 0 < p < 1, q < 0,

such that 1/p + 1/q = 1, with p (βl − α − 1) + 1 > 0, all l = 1, . . . , k.
Further assume that each D

βl
a f has fixed sign a.e. on [a, x], and 1/D

βl
a f ∈

L∞ (a, x), for all l = 1, . . . , k. Set

θ∗α := min
1≤l≤k

{
(x − a)((βl−α)−2/q)

Γ (βl − α) (p (βl − α − 1) + 1)(1−1/q) (−q (βl − α) + 2)(−1/q)

}
(17.143)

and

θ∗0 := min
1≤l≤k

{
(x − a)(βl−2/q)

Γ (βl) (p (βl − 1) + 1)(1−1/q) (−qβl + 2)(−1/q)

}
. (17.144)
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Then

(1) ‖Dα
a f‖L(−q)(a,x) ≥

θ∗α
k

(
k∑

l=1

∥∥Dβl
a f
∥∥

Lq(a,x)

)
. (17.145)

When α = 0 we obtain

(2) ‖f‖L(−q)(a,x) ≥
θ∗0
k

(
k∑

l=1

∥∥Dβl
a f
∥∥

Lq(a,x)

)
. (17.146)

Proof. Similar to Theorem 17.60; based on (17.33). �

We continue with Caputo fractional derivatives related results.

Theorem 17.62. Let γ ≥ 0 and 1+γ ≤ ν1 < ν2 < . . . < νk, nk := �νk�,
k ∈ N. Assume f ∈ ACnk ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , nk−1,
and Dνl∗af , 1/Dνl∗af ∈ L∞ (a, b), l = 1, . . . , k. Suppose each Dνl∗af is of fixed
sign a.e. on [a, b] ; all l = 1, . . . , k. Let 0 < p < 1, q < 0, such that
1/p + 1/q = 1. Set

Aγ := min
1≤l≤k

{
(b − a)((νl−γ)−2/q)

Γ (νl − γ) (p (νl − γ − 1) + 1)(1−1/q) (−q (νl − γ) + 2)(−1/q)

}
,

(17.147)

and

A0 := min
1≤l≤k

{
(b − a)(νl−2/q)

Γ (νl) (p (νl − 1) + 1)(1−1/q) (−qνl + 2)(−1/q)

}
. (17.148)

Then

(1) ‖Dγ
∗af‖L(−q)(a,b) ≥

Aγ

k

(
k∑

l=1

‖Dνl∗af‖Lq(a,b)

)
. (17.149)

When γ = 0 we get

(2) ‖f‖L(−q)(a,b) ≥
A0

k

(
k∑

l=1

‖Dνl∗af‖Lq(a,b)

)
. (17.150)

Proof. Similar to Theorem 17.60; based on (17.35). �

We come back to Riemann–Liouville fractional derivatives next.

Theorem 17.63. Let γ ≥ 0 and 1+γ ≤ ν1 < ν2 < . . . < νk, nk := �νk�,
k ∈ N. Assume f ∈ ACnk ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , nk−1.
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Suppose ∃Dνl
a f (x) ∈ R, ∀x ∈ [a, b], and Dνl

a f , 1/Dνl
a f ∈ L∞ (a, b) ;

l = 1, . . . , k. Assume each Dνl
a f is of fixed sign a.e. on [a, b], all

l = 1, . . . , k. Let 0 < p < 1, q < 0 : 1/p + 1/q = 1. Here Aγ is as in
(17.147), and A0 is as in (17.148).

Then

(1) ‖Dγ
af‖L(−q)(a,b) ≥

Aγ

k

(
k∑

l=1

‖Dνl
a f‖Lq(a,b)

)
. (17.151)

When γ = 0 we get

(2) ‖f‖L(−q)(a,b) ≥
A0

k

(
k∑

l=1

‖Dνl
a f‖Lq(a,b)

)
. (17.152)

Proof. Similar to Theorem 17.60; based on (17.37). �

17.5 Applications of Fractional Mean Poincaré
Inequalities

Next we apply some of the results of Section 17.4 to the multivariate case
of the spherical shell. All terminology and symbols are as in Section 17.3.

We present the following Canavati-type fractional radial mean Poincaré
inequalities on the spherical shell.

Theorem 17.64. Let γ ≥ 0 and 1+γ ≤ ν1 < ν2 < . . . < νk, nk := [νk],
k ∈ N. Let f ∈ Cn

(
A
)
; there exist ∂νl

R1
f (x)/∂rνl ∈ C

(
A
)
, x ∈ A, A and a

spherical shell, for all l = 1, . . . , k. Further assume that ∂jf (R1ω)/∂rj = 0,
j = 0, 1, . . . , nk − 1; ∀ω ∈ SN−1. Let p, q > 1 : 1/p + 1/q = 1. Set

Λ̃γ :=

[
max
1≤l≤k

{
(R2 − R1)

(νl−γ)

(q (νl − γ))1/q (Γ (νl − γ)) (p (νl − γ − 1) + 1)1/p

}](
R2

R1

)(N−1)/q

,

(17.153)

and

Λ̃0 :=

[
max
1≤l≤k

{
(R2 − R1)

νl

(qνl)
1/q (Γ (νl)) (p (νl − 1) + 1)1/p

}](
R2

R1

)((N−1)/q)

.

(17.154)
Then

1)
∥∥∥∥∂γ

R1
f

∂rγ

∥∥∥∥
Lq(A)

≤ Λ̃γ

k

(
k∑

l=1

∥∥∥∥∂νl

R1
f

∂rνl

∥∥∥∥
Lq(A)

)
. (17.155)
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When γ = 0 we get

2) ‖f‖Lq(A) ≤
Λ̃0

k

(
k∑

l=1

∥∥∥∥∂νl

R1
f

∂rνl

∥∥∥∥
Lq(A)

)
. (17.156)

Proof. By (17.50) we get∥∥∥∥∂γ
R1

f

∂rγ

∥∥∥∥
Lq(A)

≤ Λ̃γ

∥∥∥∥∂νl

R1
f

∂rνl

∥∥∥∥
Lq(A)

, (17.157)

for all l = 1, . . . , k.
Adding all (17.157) we derive (17.155).
Setting γ = 0 in (17.155) we obtain (17.156). �

Next follow Riemann–Liouville fractional radial mean Poincaré inequal-
ities on the spherical shell.

Theorem 17.65. Let 0 ≤ α < β1 < β2 < . . . < βk, k ∈ N; f ∈ L1 (A),
∂

βk

R1
f (x)/∂rβk ∈ L∞ (A). Further assume that D

βl

R1
f (rω) takes real values

for almost all r ∈ [R1, R2], for each ω ∈ SN−1, and for these
∣∣∣Dβl

R1
f (rω)

∣∣∣ ≤
Ml, where Ml > 0, for all l = 1, . . . , k. For each ω ∈ SN−1 − K (f), we
assume that f (·ω) have L∞ fractional derivatives D

βl

R1
f (·ω) in [R1, R2],

and that
D

βl−ρ
R1

f (R1ω) = 0, ρ = 1, . . . , [βl] + 1, (17.158)

for all l = 1, . . . , k. Let p, q > 1 : 1/p+1/q = 1 with p (βl − α − 1)+1 > 0,
all l = 1, . . . , k. Set

K̃γ :=
(

R2

R1

)(N−1/q)

{
max
1≤l≤k

{
(R2 − R1)

(βl−α)

(q (βl − α))1/q (Γ (βl − α)) (p (βl − α − 1) + 1)1/p

}}
,

(17.159)
and

K̃0 :=
(

R2

R1

)(N−1/q)
{

max
1≤l≤k

{
(R2 − R1)

βl

(qβl)
1/q (Γ (βl)) (p (βl − 1) + 1)1/p

}}
.

(17.160)
Then

(1)
∥∥∥∥∂α

R1
f

∂rα

∥∥∥∥
Lq(A)

≤ K̃γ

k

⎛⎝ k∑
l=1

∥∥∥∥∥∂
βl

R1
f

∂rβl

∥∥∥∥∥
Lq(A)

⎞⎠. (17.161)
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When α = 0 we get

(2) ‖f‖Lq(A) ≤
K̃0

k

⎛⎝ k∑
l=1

∥∥∥∥∥∂
βl

R1
f

∂rβl

∥∥∥∥∥
Lq(A)

⎞⎠. (17.162)

Proof. As in Theorem 17.64; based on Theorems 17.41 and 17.42. �

Next are Caputo fractional radial mean Poincaré inequalities on the
spherical shell.

Theorem 17.66. Let γ ≥ 0 and 1+γ ≤ ν1 < ν2 < . . . < νk, nk := �νk�,
k ∈ N; f : A → R with f ∈ L1 (A). Assume that f (·ω) ∈ ACnk ([R1, R2])
for all ω ∈ SN−1, and that ∂νl

∗R1
f (·ω)/∂rνl ∈ L∞ (R1, R2) for all ω ∈

SN−1, l = 1, . . . , k. Further assume that ∂νl

∗R1
F (x)/∂rνl ∈ L∞ (A), for

all l = 1, . . . , k. More precisely, for these r ∈ [R1, R2], for each ω ∈
SN−1, for which Dνl

∗R1
f (rω) takes real values, there exist Ml > 0 such

that
∣∣Dνl

∗R1
f (rω)

∣∣ ≤ Ml, for all l = 1, . . . , k. We suppose that ∂jf (R1ω)/
∂rj = 0, j = 0, 1, . . . , nk − 1, for every ω ∈ SN−1. Let p, q > 1 such that
1/p + 1/q = 1.

Here Λ̃γ as in (17.153), and Λ̃0 as in (17.154). Then

(1)
∥∥∥∥∂γ

∗R1
f

∂rγ

∥∥∥∥
Lq(A)

≤ Λ̃γ

k

(
k∑

l=1

∥∥∥∥∂νl

∗R1
f

∂rνl

∥∥∥∥
Lq(A)

)
. (17.163)

When γ = 0 we get

(2) ‖f‖Lq(A) ≤
Λ̃0

k

(
k∑

l=1

∥∥∥∥∂νl

∗R1
f

∂rνl

∥∥∥∥
Lq(A)

)
. (17.164)

Proof. Similar to Theorem 17.64, using Theorems 17.44 and 17.45. �

We finish this chapter by returning to Riemann–Liouville fractional ra-
dial mean Poincaré inequalities on the spherical shell.

Theorem 17.67. Let γ ≥ 0 and 1+γ ≤ ν1 < ν2 < . . . < νk, nk := �νk�,
k ∈ N; f : A → R with f ∈ L1 (A). Assume that f (·ω) ∈ ACnk ([R1, R2])
∀ ω ∈ SN−1, and that ∂νl

R1
f (·ω)/∂rνl is measurable on [R1, R2], ∀ω ∈

SN−1; l = 1, . . . , k. Also assume ∃∂νl

R1
f (rω)/∂rνl ∈ R, ∀r ∈ [R1, R2]

and ∀ω ∈ SN−1, and ∂νl

R1
f (x)/∂rνl is measurable on A; all l = 1, . . . , k.

Suppose ∃Ml > 0 :
∣∣∂νl

R1
f (rω)/∂rνl

∣∣ ≤ Ml, ∀ (r, ω) ∈ [R1, R2] × SN−1;
all l = 1, . . . , k. We suppose that ∂jf (R1ω)/∂rj = 0, j = 0, 1, . . . , nk − 1,
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∀ω ∈ SN−1. Let p, q > 1 : 1/p + 1/q = 1, Λ̃γ as in (17.153), and Λ̃0 as
in (17.154).

Then

(1)
∥∥∥∥∂γ

R1
f

∂rγ

∥∥∥∥
Lq(A)

≤ Λ̃γ

k

(
k∑

l=1

∥∥∥∥∂νl

R1
f

∂rνl

∥∥∥∥
Lq(A)

)
. (17.165)

When γ = 0 we obtain

(2) ‖f‖Lq(A) ≤
Λ̃0

k

(
k∑

l=1

∥∥∥∥∂νl

R1
f

∂rνl

∥∥∥∥
Lq(A)

)
. (17.166)

Proof. Similar to Theorem 17.64, using Theorems 17.48 and 17.49. �



18
Various Sobolev-Type Fractional
Inequalities

Here we present various univariate Sobolev-type fractional inequalities
involving fractional derivatives of Canavati, Riemann–Liouville, and Ca-
puto types. The results are general Lp inequalities forward and converse on
a closed interval. We give an application to a fractional ODE. We present
also the mean Sobolev-type fractional inequalities. This treatment relies on
[56].

18.1 Introduction

This chapter is motivated by the famous Sobolev-type inequality (see [159,
p. 263]), the Gagliardo–Nirenberg–Sobolev inequality: Assume 1 ≤ p < n.
Then there exists a constant C, depending only on p and n, such that

‖u‖Lp∗ (Rn) ≤ C ‖Du‖Lp(Rn) ,

for all u ∈ C1
c (Rn) .

Here p∗ := np/n − p, p∗ > p, and Du is the gradient of u.
Also we are motivated by the following result (p. 265, [159]): estimates

for Sobolev space W 1,p, 1 ≤ p < n : let U be a bounded open subset of R
n,

and suppose the boundary ∂U is C1. Assume 1 ≤ p < n, and u ∈ W 1,p (U).
Then u ∈ Lp∗

(U), with the estimate

‖u‖Lp∗ (U) ≤ C ‖u‖W 1,p(U) ,

the constant C depending only on p, n, and U.

G.A. Anastassiou, Fractional Differentiation Inequalities, 483
DOI 10.1007/978-0-387-98128-4 18, c© Springer Science+Business Media, LLC 2009
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So here we derive general fractional Sobolev-type inequalities on a closed
interval of the real line.

As a typical case we mention our results that involve the Caputo frac-
tional derivative. Please see the following results of Theorem 18.21, Corol-
lary 18.22, Theorem 18.23, and Theorem 18.24, the converse inequality in
Theorem 18.33, and the application in Theorem 18.39. We also produce
corresponding results for the Canavati-type and Riemann–Liouville-type
fractional derivatives.

18.2 Various Univariate Sobolev-Type Fractional
Inequalities

Let [a, b] ⊆ R here; see [19, 101]. Let x, x0 ∈ [a, b] such that x ≥ x0, x0 is
fixed, f ∈ C ([a, b]), and define

(Jx0
ν f) (x) :=

1
Γ (ν)

∫ x

x0

(x − t)ν−1
f (t) dt,

all x0 ≤ x ≤ b, where ν > 0, n := [ν] (integral part), α := ν − n, the
generalized Riemann–Liouville integral, with Γ the gamma function.

We consider

Cν
x0

([a, b]) :=
{

f ∈ Cn ([a, b]) : Jx0
1−αf (n) ∈ C1 ([x0, b])

}
.

Let f ∈ Cν
x0

([a, b]); we define the generalized ν-fractional derivative of f
over [x0, b] as

Dν
x0

f :=
(
Jx0

1−αf (n)
)′

.

Clearly Dν
x0

f ∈ C ([x0, b]) .

We need

Lemma 18.1. ([19, pp. 544–545]) Let ν ≥ γ + 1, γ ≥ 0, n := [ν], and
f ∈ Cν

x0
([a, b]), x0 ∈ [a, b]. Assume f (i) (x0) = 0, i = 0, 1, . . . , n− 1. Then

(
Dγ

x0
f
)
(x) =

1
Γ (ν − γ)

∫ x

x0

(x − t)ν−γ−1 (
Dν

x0
f
)
(t) dt, (18.1)

all x ∈ [x0, b].

We give Sobolev-type inequalities with respect to the above-defined Cana-
vati ([19, 101]) type fractional derivative.
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Theorem 18.2. Let ν ≥ γ + 1, γ ≥ 0, n := [ν], and f ∈ Cν
x0

([a, b]),
x0 ∈ [a, b] . Assume f (i) (x0) = 0, i = 0, 1, . . . , n − 1. Let r ≥ 1; p, q > 1 :
1/p + 1/q = 1. Then ∥∥Dγ

x0
f
∥∥

Lr(x0,b)
≤

(b − x0)
ν−γ+1/r−1/q ∥∥Dν

x0
f
∥∥

Lq(x0,b)

(Γ (ν − γ)) (p (ν − γ − 1) + 1)1/p
[
r
(
ν − γ − 1

q

)
+ 1
]1/r

. (18.2)

Proof. We have∣∣Dγ
x0

f (x)
∣∣ ≤ 1

Γ (ν − γ)

∫ x

x0

(x − t)ν−γ−1 ∣∣Dν
x0

f (t)
∣∣ dt (18.3)

(by the Hölder inequality)

≤ 1
Γ (ν − γ)

(∫ x

x0

(x − t)p(ν−γ−1)
dt

)1/p

(∫ x

x0

∣∣Dν
x0

f (t)
∣∣q dt

)1/q

= (18.4)

1
Γ (ν − γ)

(x − x0)
(ν−γ−1)+1/p

(p (ν − γ − 1) + 1)1/p(∫ x

x0

∣∣Dν
x0

f (t)
∣∣q dt

)1/q

≤ 1
Γ (ν − γ)

(x − x0)
(ν−γ−1)+1/p

(p (ν − γ − 1) + 1)1/p(∫ b

x0

∣∣Dν
x0

f (t)
∣∣q dt

)1/q

. (18.5)

That is,

∣∣Dγ
x0

f (x)
∣∣ ≤ [ (x − x0)

(ν−γ−1)+1/p

Γ (ν − γ) (p (ν − γ − 1) + 1)1/p

]
(∫ b

x0

∣∣Dν
x0

f (t)
∣∣q dt

)1/q

, (18.6)

∀x ∈ [x0, b] .
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That is,

∣∣Dγ
x0

f (x)
∣∣ ≤ (x − x0)

(ν−γ−1/q)

Γ (ν − γ) (p (ν − γ − 1) + 1)1/p

∥∥Dν
x0

f
∥∥

Lq(x0,b)
, (18.7)

∀x ∈ [x0, b] .
Hence, by r ≥ 1, we obtain

∣∣Dγ
x0

f (x)
∣∣r ≤ (x − x0)

r(ν−γ−1/q)

(Γ (ν − γ))r (p (ν − γ − 1) + 1)r/p

∥∥Dν
x0

f
∥∥r

Lq(x0,b)
, (18.8)

∀x ∈ [x0, b].
Consequently it holds ∫ b

x0

∣∣Dγ
x0

f (x)
∣∣r dx ≤

(b − x0)
r(ν−γ−1/q)+1 ∥∥Dν

x0
f
∥∥r

Lq(x0,b)

(Γ (ν − γ))r (p (ν − γ − 1) + 1)r/p
[
r
(
ν − γ − 1

q

)
+ 1
] . (18.9)

So that ∥∥Dγ
x0

f
∥∥

Lr(x0,b)
≤

(b − x0)
ν−γ−1/q+1/r ∥∥Dν

x0
f
∥∥

Lq(x0,b)

(Γ (ν − γ)) (p (ν − γ − 1) + 1)1/p
[
r
(
ν − γ − 1

q

)
+ 1
]1/r

, (18.10)

proving the claim. �

Corollary 18.3. (to Theorem 18.2) When γ = 0 it holds

‖f‖Lr(x0,b) ≤
(b − x0)

ν+1/r−1/q ∥∥Dν
x0

f
∥∥

Lq(x0,b)

(Γ (ν)) (p (ν − 1) + 1)1/p
[
r
(
ν − 1

q

)
+ 1
]1/r

. (18.11)

Next we give the corresponding L1 result.

Theorem 18.4. Let ν ≥ γ + 1, γ ≥ 0, n := [ν], and f ∈ Cν
x0

([a, b]),
x0 ∈ [a, b] . Assume f (i) (x0) = 0, i = 0, 1, . . . , n − 1; r ≥ 1. Then

(1)
∥∥Dγ

x0
f
∥∥

Lr(x0,b)
≤

(b − x0)
ν−γ−1+1/r ∥∥Dν

x0
f
∥∥

L1(x0,b)

(Γ (ν − γ)) [r (ν − γ − 1) + 1]1/r
. (18.12)

When γ = 0 we get

(2) ‖f‖Lr(x0,b) ≤
(b − x0)

ν−1+1/r ∥∥Dν
x0

f
∥∥

L1(x0,b)

(Γ (ν)) [r (ν − 1) + 1]1/r
. (18.13)
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Proof. By (18.1) we have∣∣Dγ
x0

f (x)
∣∣ ≤ 1

Γ (ν − γ)

∫ x

x0

(x − t)ν−γ−1 ∣∣Dν
x0

f (t)
∣∣ dt

≤ (x − x0)
ν−γ−1

Γ (ν − γ)

∫ b

x0

∣∣Dν
x0

f (t)
∣∣ dt, (18.14)

∀x ∈ [x0, b] .
That is, ∣∣Dγ

x0
f (x)

∣∣ ≤ (x − x0)
ν−γ−1

Γ (ν − γ)

∥∥Dν
x0

f
∥∥

L1(x0,b)
, (18.15)

∀x ∈ [x0, b] .
Consequently

∣∣Dγ
x0

f (x)
∣∣r ≤ (x − x0)

r(ν−γ−1)

(Γ (ν − γ))r

∥∥Dν
x0

f
∥∥r

L1(x0,b]
, (18.16)

∀x ∈ [x0, b] and∫ b

x0

∣∣Dγ
x0

f (x)
∣∣r dx ≤

(b − x0)
r(ν−γ−1)+1 ∥∥Dν

x0
f
∥∥r

L1(x0,b)

(Γ (ν − γ))r (r (ν − γ − 1) + 1)
, (18.17)

proving the claim. �

We continue with the following mean Sobolev-type inequalities result.

Theorem 18.5. Let γ ≥ 0 and 1 + γ ≤ ν1 < ν2 < . . . < νk, nk := [νk],
k ∈ N. Assume f ∈ ⋂k

l=1 Cνl
x0

([a, b]) , x0 ∈ [a, b] . Suppose f (i) (x0) = 0,
i = 0, 1, . . . , nk − 1. Let r ≥ 1; p, q > 1 : 1/p + 1/q = 1.

Call
Λγ := max

1≤l≤k⎡⎢⎣ (b − x0)
νl−γ+1/r−1/q

(Γ (νl − γ)) [p (νl − γ − 1) + 1]1/p
[
r
(
νl − γ − 1

q

)
+ 1
]1/r

⎤⎥⎦ . (18.18)

Then

(1)
∥∥Dγ

x0
f
∥∥

Lr(x0,b)
≤
(

Λγ

k

)( k∑
l=1

∥∥Dνl
x0

f
∥∥

Lq(x0,b)

)
. (18.19)

When γ = 0 we find

(2) ‖f‖Lr(x0,b) ≤
(

Λ0

k

)( k∑
l=1

∥∥Dνl
x0

f
∥∥

Lq(x0,b)

)
, (18.20)
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where
Λ0 := max

1≤l≤k⎡⎢⎣ (b − x0)
νl+1/r−1/q

(Γ (νl)) [p (νl − 1) + 1]1/p
[
r
(
νl − 1

q

)
+ 1
]1/r

⎤⎥⎦ . (18.21)

Proof. Easy; based on Lemma 18.1, Theorem 18.2, and Corollary 18.3.
�

The corresponding L1 result follows.

Theorem 18.6. Let γ ≥ 0 and 1 + γ ≤ ν1 < ν2 < . . . < νk, nk := [νk],
k ∈ N. Assume f ∈ ⋂k

l=1 Cνl
x0

([a, b]) and x0 ∈ [a, b] . Suppose f (i) (x0) = 0,
i = 0, 1, . . . , nk − 1; r ≥ 1.

Call

Λ∗
γ := max

1≤l≤k

[
(b − x0)

(νl−γ−1+1/r)

(Γ (νl − γ)) [r (νl − γ − 1) + 1]1/r

]
, (18.22)

and

Λ∗
0 := max

1≤l≤k

[
(b − x0)

(νl−1+1/r)

(Γ (νl)) [r (νl − 1) + 1]1/r

]
. (18.23)

Then

(1)
∥∥Dγ

x0
f
∥∥

Lr(x0,b)
≤
(

Λ∗
γ

k

)( k∑
l=1

∥∥Dνl
x0

f
∥∥

L1(x0,b)

)
. (18.24)

When γ = 0 we obtain

(2) ‖f‖Lr(x0,b) ≤
(

Λ∗
0

k

)( k∑
l=1

∥∥Dνl
x0

f
∥∥

L1(x0,b)

)
. (18.25)

Proof. Easy; based on Lemma 18.1 and Theorem 18.4. �

Let α > 0, f ∈ L1 (a, x), a, x ∈ R; see [45, 64, 134].
We define the generalized Riemann–Liouville fractional derivative of f

of order α by

Dα
a f (s) :=

1
Γ (m − α)

(
d

ds

)m ∫ s

a

(s − t)m−α−1
f (t) dt,

where m := [α] + 1, s ∈ [a, x] ; see also [57, Remark 46].
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In addition, we set
D0

af := f := Ja
0 f,

Ja
−αf := Dα

a f, if α > 0,

D−α
a f := Ja

αf, if 0 < α ≤ 1,

Dn
af = f (n), for n ∈ N.

We need

Definition 18.7. [45] We say that f ∈ L1 (a, x) has an L∞ fractional
derivative Dα

a f (α > 0) in [a, x], a, x ∈ R, iff Dα−k
a f ∈ C ([a, x]),

k = 1, . . . , m := [α] + 1, and Dα−1
a f ∈ AC ([a, x]) (absolutely continuous

functions) and Dα
a f ∈ L∞ (a, x).

Lemma 18.8. [45] Let β > α ≥ 0, f ∈ L1 (a, x), a, x ∈ R, have an
L∞ fractional derivative Dβ

af in [a, x], and let Dβ−k
a f (a) = 0 for k =

1, . . . , [β] + 1. Then

Dα
a f (s) =

1
Γ (β − α)

∫ s

a

(s − t)β−α−1
Dβ

af (t) dt, (18.26)

∀s ∈ [a, x] .
Here Dα

a f ∈ AC ([a, x]) for β −α ≥ 1, and Dα
a f ∈ C ([a, x]) for β −α ∈

(0, 1).

We present Sobolev-type inequalities with respect to the above-defined
generalized Riemann–Liouville fractional derivative.

Theorem 18.9. Let β > α ≥ 0, f ∈ L1 (a, x), a, x ∈ R, have an L∞
fractional derivative Dβ

af in [a, x], and let Dβ−k
a f (a) = 0, for

k = 1, . . . , [β]+1. Let r ≥ 1; p, q > 1 : 1/p+1/q = 1 with p (β − α − 1)+1 >
0. Then

‖Dα
a f‖Lr(a,x) ≤

(x − a)β−α+1/r−1/q

(Γ (β − α)) (p (β − α − 1) + 1)1/p∥∥Dβ
af
∥∥

Lq(a,x)[
r
(
β − α − 1

q

)
+ 1
]1/r

. (18.27)

Proof. Similar to Theorem 18.2; now based on Lemma 18.8. �

Corollary 18.10. (to Theorem 18.9) When α = 0 it holds

‖f‖Lr(a,x) ≤
(x − a)β+1/r−1/q ∥∥Dβ

af
∥∥

Lq(a,x)

(Γ (β)) (p (β − 1) + 1)1/p
[
r
(
β − 1

q

)
+ 1
]1/r

. (18.28)
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Next we give the corresponding L1 result.

Theorem 18.11. Let β > α + 1, α ≥ 0, f ∈ L1 (a, x), a, x ∈ R,
have an L∞ fractional derivative Dβ

af in [a, x] and let Dβ−k
a f (a) = 0, for

k = 1, . . . , [β] + 1; r ≥ 1. Then

(1) ‖Dα
a f‖Lr(a,x) ≤

(x − a)(β−α−1+1/r) ∥∥Dβ
af
∥∥

L1(a,x)

(Γ (β − α)) [r (β − α − 1) + 1]1/r
. (18.29)

When α = 0 we find

(2) ‖f‖Lr(a,x) ≤
(x − a)(β−1+1/r) ∥∥Dβ

af
∥∥

L1(a,x)

(Γ (β)) [r (β − 1) + 1]1/r
. (18.30)

Proof. As in Theorem 18.4; now based on Lemma 18.8. �

We continue with mean Sobolev-type inequalities.

Theorem 18.12. Let 0 ≤ α < β1 < β2 < . . . < βk, k ∈ N; f ∈ L1 (a, x),
a, x ∈ R, have L∞ fractional derivatives D

βl
a f in [a, x], with D

βl−k
a f (a) = 0

for k = 1, . . . , [βl] + 1; l = 1, . . . , k. Let p, q > 1 : 1/p + 1/q = 1 with
p (βl − α − 1) + 1 > 0, all l = 1, . . . , k; r ≥ 1. Put

Kα := max
1≤l≤k⎡⎢⎣ (x − a)βl−α+1/r−1/q

(Γ (βl − α)) (p (βl − α − 1) + 1)1/p
[
r
(
βl − α − 1

q

)
+ 1
]1/r

⎤⎥⎦, (18.31)

and

K0 := max
1≤l≤k

⎡⎢⎣ (x − a)βl+1/r−1/q

(Γ (βl)) (p (βl − 1) + 1)1/p
(
r
(
βl − 1

q

)
+ 1
)1/r

⎤⎥⎦ . (18.32)

Then

(1) ‖Dα
a f‖Lr(a,x) ≤

(
Kα

k

)( k∑
l=1

∥∥Dβl
a f
∥∥

Lq(a,x)

)
. (18.33)

When α = 0 we get

(2) ‖f‖Lr(a,x) ≤
(

K0

k

)( k∑
l=1

∥∥Dβl
a f
∥∥

Lq(a,x)

)
. (18.34)
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Proof. Based on Theorem 18.9 and Corollary 18.10. �

The corresponding average L1 result follows.

Theorem 18.13. Let α ≥ 0 and α + 1 < β1 < β2 < . . . < βk, k ∈ N;
f ∈ L1 (a, x), a, x ∈ R, have L∞ fractional derivatives D

βl
a f in [a, x], with

D
βl−k
a f (a) = 0 for k = 1, . . . , [βl] + 1; l = 1, . . . , k, and r ≥ 1.
Set

K∗
α := max

1≤l≤k

[
(x − a)(βl−α−1+1/r)

(Γ (βl − α)) (r (βl − α − 1) + 1)1/r

]
, (18.35)

K∗
0 := max

1≤l≤k

[
(x − a)(βl−1+1/r)

(Γ (βl)) (r (βl − 1) + 1)1/r

]
. (18.36)

Then

(1) ‖Dα
a f‖Lr(a,x) ≤

(
K∗

α

k

)( k∑
l=1

∥∥Dβl
a f
∥∥

L1(a,x)

)
. (18.37)

When α = 0 we get

(2) ‖f‖Lr(a,x) ≤
(

K∗
0

k

)( k∑
l=1

∥∥Dβl
a f
∥∥

L1(a,x)

)
. (18.38)

Proof. Based on Theorem 18.11. �

Next we produce Sobolev-type inequalities with respect to the Caputo
fractional derivative.

We mention

Definition 18.14. [134] Let ν ≥ 0, n := �ν�; �·� is the ceiling of the
number f ∈ ACn ([a, b]). We call the Caputo fractional derivative

Dν
∗af (x) :=

1
Γ (n − ν)

∫ x

a

(x − t)n−ν−1
f (n) (t) dt, (18.39)

∀x ∈ [a, b] .
The above function Dν

∗af (x) exists almost everywhere for x ∈ [a, b] .

We need

Proposition 18.15. [134] Let ν ≥ 0, n := �ν� and f ∈ ACn ([a, b]). Then
Dν

∗af exists iff the generalized Riemann–Liouville fractional derivative Dν
af

exists.
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Proposition 18.16. [134] Let ν ≥ 0, n := �ν� . Assume that f is such
that both Dν

∗af and Dν
af exist. Suppose that f (k) (a) = 0 for k = 0, 1, . . . ,

n − 1.
Then

Dν
∗af = Dν

af.

In conclusion

Corollary 18.17. [58] Let ν ≥ 0, n := �ν�, f ∈ ACn ([a, b]), Dν
∗af exists

or Dν
af exists, and f (k) (a) = 0, k = 0, 1, . . . , n − 1. Then

Dν
af = Dν

∗af.

We need

Theorem 18.18. [58] Let ν ≥ 0, n := �ν�, f ∈ ACn ([a, b]), and
f (k) (a) = 0, k = 0, 1, . . . , n − 1. Then

f (x) =
1

Γ (ν)

∫ x

a

(x − t)ν−1
Dν

∗af (t) dt. (18.40)

We also need

Theorem 18.19. [58] Let ν ≥ γ + 1, γ ≥ 0. Call n := �ν� . Assume
f ∈ ACn ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , n − 1, and Dν

∗af ∈
L∞ (a, b). Then Dγ

∗af ∈ C ([a, b]), and

Dγ
∗af (x) =

1
Γ (ν − γ)

∫ x

a

(x − t)ν−γ−1
Dν

∗af (t) dt, (18.41)

∀x ∈ [a, b] .

Theorem 18.20. [58] Let ν ≥ γ+1, γ ≥ 0, n := �ν� . Let f ∈ ACn ([a, b])
such that f (k) (a) = 0, k = 0, 1, . . . , n−1. Assume ∃Dν

af (x) ∈ R, ∀x ∈ [a, b],
and Dν

af ∈ L∞ (a, b). Then Dγ
af ∈ C ([a, b]), and

Dγ
af (x) =

1
Γ (ν − γ)

∫ x

a

(x − t)ν−γ−1
Dν

af (t) dt, (18.42)

∀x ∈ [a, b] .

Now we are ready to give
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Theorem 18.21. Let ν ≥ γ + 1, γ ≥ 0, n := �ν� . Assume f ∈
ACn ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , n−1, and Dν

∗af ∈ L∞ (a, b).
Let p, q > 1 : 1/p + 1/q = 1, r ≥ 1. Then

‖Dγ
∗af‖Lr(a,b) ≤

(b − a)ν−γ+1/r−1/q

(Γ (ν − γ)) (p (ν − γ − 1) + 1)1/p

‖Dν
∗af‖Lq(a,b)[

r
(
ν − γ − 1

q

)
+ 1
]1/r

. (18.43)

Proof. As in Theorem 18.2; based on Theorems 18.18 and 18.19. �

Corollary 18.22. (to Theorem 18.21) When γ = 0 it holds

‖f‖Lr(a,b) ≤
(b − a)ν+1/r−1/q ‖Dν

∗af‖Lq(a,b)

(Γ (ν)) (p (ν − 1) + 1)1/p
(
r
(
ν − 1

q

)
+ 1
)1/r

. (18.44)

Next we give the corresponding L1 result.

Theorem 18.23. Let ν ≥ γ + 1, γ ≥ 0, n := �ν� . Assume f ∈
ACn ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , n−1, and Dν

∗af ∈ L∞ (a, b),
r ≥ 1. Then

(1) ‖Dγ
∗af‖Lr(a,b) ≤

(b − a)(ν−γ−1+1/r) ‖Dν
∗af‖L1(a,b)

(Γ (ν − γ)) (r (ν − γ − 1) + 1)1/r
. (18.45)

When γ = 0 we get

(2) ‖f‖Lr(a,b) ≤
(b − a)(ν−1+1/r) ‖Dν

∗af‖L1(a,b)

(Γ (ν)) (r (ν − 1) + 1)1/r
. (18.46)

Proof. Similar to Theorem 18.4; based on Theorems 18.18 and 18.19. �

We continue with mean Sobolev-type inequalities.

Theorem 18.24. Let γ ≥ 0 and 1+γ ≤ ν1 < ν2 < . . . < νk, nk := �νk�,
k ∈ N. Assume f ∈ ACnk ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , nk−1,
and Dνl∗af ∈ L∞ (a, b) , l = 1, . . . , k. Let p, q > 1 : 1/p + 1/q = 1, r ≥ 1.
Call

Mγ := max
1≤l≤k
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(Γ (νl − γ)) [p (νl − γ − 1) + 1]1/p
[
r
(
νl − γ − 1

q

)
+ 1
]1/r

⎤⎥⎦, (18.47)

and

M0 := max
1≤l≤k

⎡⎢⎣ (b − a)νl+1/r−1/q

(Γ (νl)) [p (νl − 1) + 1]1/p
(
r
(
νl − 1

q

)
+ 1
)1/r

⎤⎥⎦ . (18.48)

Then

(1) ‖Dγ
∗af‖Lr(a,b) ≤

(
Mγ

k

)( k∑
l=1

‖Dνl∗af‖Lq(a,b)

)
. (18.49)

When γ = 0 we obtain

(2) ‖f‖Lr(a,b) ≤
(

M0

k

)( k∑
l=1

‖Dνl∗af‖Lq(a,b)

)
. (18.50)

Proof. Easy; based on Theorems 18.18, 18.19, 18.21 and Corollary 18.22. �

The corresponding average L1 result follows.

Theorem 18.25. Let γ ≥ 0 and 1+γ ≤ ν1 < ν2 < . . . < νk, nk := �νk�,
k ∈ N. Assume f ∈ ACnk ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , nk−1,
and Dνl∗af ∈ L∞ (a, b), l = 1, . . . , k, r ≥ 1. Set

M∗
γ := max

1≤l≤k

[
(b − a)(νl−γ−1+1/r)

(Γ (νl − γ)) (r (νl − γ − 1) + 1)1/r

]
, (18.51)

and

M∗
0 := max

1≤l≤k

[
(b − a)(νl−1+1/r)

(Γ (νl)) (r (νl − 1) + 1)1/r

]
. (18.52)

Then

1) ‖Dγ
∗af‖Lr(a,b) ≤

(
M∗

γ

k

)( k∑
l=1

‖Dνl∗af‖L1(a,b)

)
. (18.53)

When γ = 0 we get

2) ‖f‖Lr(a,b) ≤
(

M∗
0

k

)( k∑
l=1

‖Dνl∗af‖L1(a,b)

)
. (18.54)
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Proof. Easy; based on Theorem 18.23. �

Next we return to Riemann–Liouville fractional derivatives related
results from another perspective.

Theorem 18.26. Let ν ≥ γ + 1, γ ≥ 0, n := �ν� . Assume f ∈
ACn ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , n−1, and Dν

af ∈ L∞ (a, b).
Assume ∃Dν

af (x) ∈ R, ∀x ∈ [a, b] . Let p, q > 1 : 1/p + 1/q = 1, r ≥ 1.
Then

‖Dγ
af‖Lr(a,b) ≤

(b − a)ν−γ+1/r−1/q ‖Dν
af‖Lq(a,b)

(Γ (ν − γ)) (p (ν − γ − 1) + 1)1/p
[
r
(
ν − γ − 1

q

)
+ 1
]1/r

, (18.55)

Proof. As in Theorem 18.2; based on Theorem 18.20. �

Corollary 18.27. (to Theorem 18.26) When γ = 0 it holds

‖f‖Lr(a,b) ≤
(b − a)ν+1/r−1/q ‖Dν

af‖Lq(a,b)

(Γ (ν)) (p (ν − 1) + 1)1/p
(
r
(
ν − 1

q

)
+ 1
)1/r

. (18.56)

Next we give the corresponding L1 result.

Theorem 18.28. Let ν ≥ γ + 1, γ ≥ 0, n := �ν� . Assume f ∈
ACn ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , n−1, and Dν

af ∈ L∞ (a, b),
r ≥ 1. Assume ∃Dν

af (x) ∈ R, ∀x ∈ [a, b] . Then

(1) ‖Dγ
af‖Lr(a,b) ≤

(b − a)(ν−γ−1+1/r) ‖Dν
af‖L1(a,b)

(Γ (ν − γ)) (r (ν − γ − 1) + 1)1/r
. (18.57)

When γ = 0 we obtain

(2) ‖f‖Lr(a,b) ≤
(b − a)(ν−1+1/r) ‖Dν

af‖L1(a,b)

(Γ (ν)) (r (ν − 1) + 1)1/r
. (18.58)

Proof. Similar to Theorem 18.4; based on Theorem 18.20. �

We continue with mean Sobolev-type inequalities.

Theorem 18.29. Let γ ≥ 0 and 1 + γ ≤ ν1 < ν2 < . . . < νk, nk := �νk�,
and k ∈ N. Assume f ∈ ACnk ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . ,
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nk − 1, and Dνl
a f ∈ L∞ (a, b), l = 1, . . . , k. Let p, q > 1 : 1/p + 1/q = 1,

r ≥ 1. Further assume ∃Dν
af (x) ∈ R, ∀x ∈ [a, b] . Here Mγ is as in (18.47)

and M0 as in (18.48). Then

(1) ‖Dγ
af‖Lr(a,b) ≤

(
Mγ

k

)( k∑
l=1

‖Dνl
a f‖Lq(a,b)

)
. (18.59)

When γ = 0 we obtain

(2) ‖f‖Lr(a,b) ≤
(

M0

k

)( k∑
l=1

‖Dνl
a f‖Lq(a,b)

)
. (18.60)

Proof. Easy; based on Theorem 18.26 and Corollary 18.27. �

The corresponding average L1 result follows.

Theorem 18.30. Let γ ≥ 0 and 1 + γ ≤ ν1 < ν2 < . . . < νk, nk := �νk�,
and k ∈ N. Assume f ∈ ACnk ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , nk−
1, and Dνl

a f ∈ L∞ (a, b), l = 1, . . . , k, r ≥ 1. Further assume ∃Dν
af (x) ∈ R,

∀x ∈ [a, b] . Here M∗
γ is as in (18.51) and M∗

0 as in (18.52). Then

(1) ‖Dγ
af‖Lr(a,b) ≤

(
M∗

γ

k

)( k∑
l=1

‖Dνl
a f‖L1(a,b)

)
. (18.61)

When γ = 0 we get

(2) ‖f‖Lr(a,b) ≤
(

M∗
0

k

)( k∑
l=1

‖Dνl
a f‖L1(a,b)

)
. (18.62)

Proof. Easy; based on Theorem 18.28. �

Next we give converse Sobolev-type results, starting with the Canavati-
type fractional derivative.

Theorem 18.31. Let ν ≥ γ + 1, γ ≥ 0, n := [ν], f ∈ Cν
x0

([a, b]),
x0 ∈ [a, b] . Assume f (i) (x0) = 0, i = 0, 1, . . . , n − 1. Assume that Dν

x0
f is

of fixed strict sign on [x0, b] . Let 0 < p < 1, q < 0, such that 1/p+1/q = 1,
r ≥ 1. Then

(1)
∥∥Dγ

x0
f
∥∥

Lr(x0,b)
≥

(b − x0)
(ν−γ−1/q+1/r) ∥∥Dν

x0
f
∥∥

Lq(x0,b)

Γ (ν − γ) (p (ν − γ − 1) + 1)1/p
(
r
(
ν − γ − 1

q

)
+ 1
)1/r

. (18.63)
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When γ = 0 we obtain

(2) ‖f‖Lr(x0,b) ≥
(b − x0)

(ν−1/q+1/r) ∥∥Dν
x0

f
∥∥

Lq(x0,b)

Γ (ν) (p (ν − 1) + 1)1/p
(
r
(
ν − 1

q

)
+ 1
)1/r

. (18.64)

Proof. Here
(
Dγ

x0
f
)
(x0) = 0 by (18.1), but by assumption

(
Dγ

x0
f
)
(x) =

0, ∀x ∈ (x0, b] .
By Lemma 18.1 and assumptions of the theorem we have

∣∣Dγ
x0

f (x)
∣∣ = 1

Γ (ν − γ)

∫ x

x0

(x − t)ν−γ−1 ∣∣Dν
x0

f (t)
∣∣ dt

(by the reverse Hölder’s inequality)

≥ 1
Γ (ν − γ)

(∫ x

x0

(x − t)p(ν−γ−1)
dt

)1/p

(∫ x

x0

∣∣Dν
x0

f (t)
∣∣q dt

)1/q

≥ 1
Γ (ν − γ)

(x − x0)
(ν−γ−1)+1/p

(p (ν − γ − 1) + 1)1/p(∫ b

x0

∣∣Dν
x0

f (t)
∣∣q dt

)1/q

. (18.65)

So that ∣∣Dγ
x0

f (x)
∣∣ ≥ 1

Γ (ν − γ)

(x − x0)
(ν−γ−1)+1/p

(p (ν − γ − 1) + 1)1/p

(∫ b

x0

∣∣Dν
x0

f (t)
∣∣q dt

)1/q

, (18.66)

∀x ∈ [x0, b] . Thus ∣∣Dγ
x0

f (x)
∣∣r ≥ 1

(Γ (ν − γ))r

(x − x0)
r(ν−γ−1)+r/p

(p (ν − γ − 1) + 1)r/p

∥∥Dν
x0

f
∥∥r

Lq(x0,b)
, (18.67)

∀x ∈ [x0, b] . Hence

∫ b

x0

∣∣Dγ
x0

f (x)
∣∣r dx ≥

∥∥Dν
x0

f
∥∥r

Lq(x0,b)

(Γ (ν − γ))r
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1

(p (ν − γ − 1) + 1)r/p

∫ b

x0

(x − x0)
r(ν−γ−1)+r/p

dx (18.68)

=

∥∥Dν
x0

f
∥∥r

Lq(x0,b)

(Γ (ν − γ))r
1

(p (ν − γ − 1) + 1)r/p

(b − x0)
r(ν−γ−1)+r/p+1(

r (ν − γ − 1) + r
p + 1

) .

So we have established

∥∥Dγ
x0

f
∥∥

Lr(x0,b)
≥
∥∥Dν

x0
f
∥∥

Lq(x0,b)

Γ (ν − γ)
1

(p (ν − γ − 1) + 1)1/p

(b − x0)
(ν−γ−1)+1/p+1/r(

r (ν − γ − 1) + r
p + 1

)1/r
, (18.69)

proving the claim. �

Converse results follow related to the Riemann–Liouville fractional deriva-
tive.

Theorem 18.32. Let β > α ≥ 0, f ∈ L1 (a, x), a, x ∈ R, have L∞ frac-
tional derivative Dβ

af in [a, x], and let Dβ−k
a f (a) = 0 for k = 1, . . . , [β]+1.

Assume that Dβ
af has fixed sign a.e. on [a, x], and 1/Dβ

af ∈ L∞ (a, x).
Let 0 < p < 1, q < 0, such that 1/p + 1/q = 1, with p (β − α − 1) + 1 > 0;
r ≥ 1. Then

(1) ‖Dα
a f‖Lr(a,x) ≥

(x − a)(β−α−1/q+1/r) ∥∥Dβ
af
∥∥

Lq(a,x)

Γ (β − α) (p (β − α − 1) + 1)1/p
(
r
(
β − α − 1

q

)
+ 1
)1/r

. (18.70)

When α = 0 we get

(2) ‖f‖Lr(a,x) ≥
(x − a)(β−1/q+1/r) ∥∥Dβ

af
∥∥

Lq(a,x)

Γ (β) (p (β − 1) + 1)1/p
(
r
(
β − 1

q

)
+ 1
)1/r

. (18.71)

Proof. Similar to Theorem 18.31; based on (18.26). �

We continue with converse results related to the Caputo fractional
derivative.
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Theorem 18.33. Let ν ≥ γ + 1, γ ≥ 0, n := �ν�, f ∈ ACn ([a, b]), and
f (k) (a) = 0, k = 0, 1, . . . , n − 1. Assume that Dν

∗af is of fixed sign a.e.
on [a, b], and Dν

∗af, 1/Dν
∗af ∈ L∞ (a, b). Let 0 < p < 1, q < 0, such that

1/p + 1/q = 1; r ≥ 1. Then

(1) ‖Dγ
∗af‖Lr(a,b) ≥

(b − a)(ν−γ−1/q+1/r) ‖Dν
∗af‖Lq(a,b)

Γ (ν − γ) (p (ν − γ − 1) + 1)1/p
(
r
(
ν − γ − 1

q

)
+ 1
)1/r

. (18.72)

When γ = 0 we get

(2) ‖f‖Lr(a,b) ≥
(b − a)(ν−1/q+1/r) ‖Dν

∗af‖Lq(a,b)

Γ (ν) (p (ν − 1) + 1)1/p
(
r
(
ν − 1

q

)
+ 1
)1/r

. (18.73)

Proof. Similar to Theorem 18.31; based on (18.40), (18.41). �

Next we give converse results again for the Riemann–Liouville fractional
derivative.

Theorem 18.34. Let ν ≥ γ + 1, γ ≥ 0, n := �ν�, f ∈ ACn ([a, b]),
and f (k) (a) = 0, k = 0, 1, . . . , n − 1. Suppose ∃Dν

af (x) ∈ R,∀x ∈ [a, b],
and Dν

af, 1/Dν
af ∈ L∞ (a, b). Here Dν

af is of fixed sign a.e. on [a, b] . Let
0 < p < 1, q < 0, such that 1/p + 1/q = 1; r ≥ 1. Then

(1) ‖Dγ
af‖Lr(a,b) ≥

(b − a)(ν−γ−1/q+1/r) ‖Dν
af‖Lq(a,b)

Γ (ν − γ) (p (ν − γ − 1) + 1)1/p
(
r
(
ν − γ − 1

q

)
+ 1
)1/r

. (18.74)

When γ = 0 we get

(2) ‖f‖Lr(a,b) ≥
(b − a)(ν−1/q+1/r) ‖Dν

af‖Lq(a,b)

Γ (ν) (p (ν − 1) + 1)1/p
(
r
(
ν − 1

q

)
+ 1
)1/r

. (18.75)

Proof. Similar to Theorem 18.31; based on (18.42) . �

Next we give converse mean Sobolev type inequalities.

Theorem 18.35. Let γ ≥ 0 and 1+γ ≤ ν1 < ν2 < . . . < νk, nk := [νk],
and k ∈ N. Assume f ∈ ⋂k

l=1 Cνl
x0

([a, b]) , x0 ∈ [a, b] . Assume f (i) (x0) = 0,
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i = 0, 1, . . . , nk−1; 0 < p < 1, q < 0 : 1/p+1/q = 1; r ≥ 1. Further suppose
each Dνl

x0
f is of fixed strict sign on [x0, b], all l = 1, . . . , k. Call

θγ := min
1≤l≤k⎧⎪⎨⎪⎩ (b − x0)

(νl−γ−1/q+1/r)

Γ (νl − γ) (p (νl − γ − 1) + 1)1/p
(
r
(
νl − γ − 1

q

)
+ 1
)1/r

⎫⎪⎬⎪⎭ , (18.76)

and

θ0 := min
1≤l≤k

⎧⎪⎨⎪⎩ (b − x0)
(νl−1/q+1/r)

Γ (νl) (p (νl − 1) + 1)1/p
(
r
(
νl − 1

q

)
+ 1
)1/r

⎫⎪⎬⎪⎭ . (18.77)

Then

(1)
∥∥Dγ

x0
f
∥∥

Lr(x0,b)
≥ θγ

k

(
k∑

l=1

∥∥Dνl
x0

f
∥∥

Lq(x0,b)

)
. (18.78)

When γ = 0 we obtain

(2) ‖f‖Lr(x0,b) ≥
θ0

k

(
k∑

l=1

∥∥Dνl
x0

f
∥∥

Lq(x0,b)

)
. (18.79)

Proof. By (18.63) we have∥∥Dγ
x0

f
∥∥

Lr(x0,b)
≥

(b − x0)
(νl−γ−1/q+1/r) ∥∥Dνl

x0
f
∥∥

Lq(x0,b)

Γ (νl − γ) (p (νl − γ − 1) + 1)1/p
(
r
(
νl − γ − 1

q

)
+ 1
)1/r

≥ θγ

∥∥Dνl
x0

f
∥∥

Lq(x0,b)
, (18.80)

for all l = 1, . . . , k. That is,∥∥Dγ
x0

f
∥∥

Lr(x0,b)
≥ θγ

∥∥Dνl
x0

f
∥∥

Lq(x0,b)
, (18.81)

for all l = 1, . . . , k.
Adding the above (18.81) we obtain

k
∥∥Dγ

x0
f
∥∥

Lr(x0,b)
≥ θγ

(
k∑

l=1

∥∥Dνl
x0

f
∥∥

Lq(x0,b)

)
, (18.82)

establishing our claim. �
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We continue with Riemann–Liouville fractional derivatives.

Theorem 18.36. Let 0 ≤ α < β1 < β2 < . . . < βk, k ∈ N; f ∈
L1 (a, x), a, x ∈ R, have L∞ fractional derivatives D

βl
a f in [a, x], with

D
βl−k
a f (a) = 0 for k = 1, . . . , [βl] + 1; l = 1, . . . , k. Let 0 < p < 1,

q < 0, such that 1/p + 1/q = 1, with p (βl − α − 1) > 0, all l = 1, . . . , k;
r ≥ 1. Further assume that each D

βl
a f has fixed sign a.e. on [a, x], and

1/D
βl
a f ∈ L∞ (a, x), for all l = 1, . . . , k.

Put
θ∗α := min

1≤l≤k⎧⎪⎨⎪⎩ (x − a)(βl−α−1/q+1/r)

Γ (βl − α) (p (βl − α − 1) + 1)1/p
(
r
(
βl − α − 1

q

)
+ 1
)1/r

⎫⎪⎬⎪⎭ , (18.83)

and

θ∗0 := min
1≤l≤k

⎧⎪⎨⎪⎩ (x − a)(βl−1/q+1/r)

Γ (βl) (p (βl − 1) + 1)1/p
(
r
(
βl − 1

q

)
+ 1
)1/r

⎫⎪⎬⎪⎭ . (18.84)

Then

(1) ‖Dα
a f‖Lr(a,x) ≥

θ∗α
k

(
k∑

l=1

∥∥Dβl
a f
∥∥

Lq(a,x)

)
. (18.85)

When α = 0 we get

(2) ‖f‖Lr(a,x) ≥
θ∗0
k

(
k∑

l=1

∥∥Dβl
a f
∥∥

Lq(a,x)

)
. (18.86)

Proof. As in Theorem 18.35; based on Theorem 18.32. �

We continue with Caputo fractional derivatives.

Theorem 18.37. Let γ ≥ 0 and 1+γ ≤ ν1 < ν2 < . . . < νk, nk := �νk�,
k ∈ N. Assume f ∈ ACnk ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , nk−1,
and Dνl∗af, 1/Dνl∗af ∈ L∞ (a, b), l = 1, . . . , k. Suppose each Dνl∗af is of fixed
sign a.e. on [a, b], all l = 1, . . . , k. Let 0 < p < 1, q < 0, such that
1/p + 1/q = 1; r ≥ 1.

Set
Aγ := min

1≤l≤k
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Γ (νl − γ) (p (νl − γ − 1) + 1)1/p
(
r
(
νl − γ − 1

q

)
+ 1
)1/r

⎫⎪⎬⎪⎭ , (18.87)

and

A0 := min
1≤l≤k

⎧⎪⎨⎪⎩ (b − a)(νl−1/q+1/r)

Γ (νl) (p (νl − 1) + 1)1/p
(
r
(
νl − 1

q

)
+ 1
)1/r

⎫⎪⎬⎪⎭ . (18.88)

Then

(1) ‖Dγ
∗af‖Lr(a,b) ≥

Aγ

k

(
k∑

l=1

‖Dνl∗af‖Lq(a,b)

)
. (18.89)

When γ = 0 we get

(2) ‖f‖Lr(a,b) ≥
A0

k

(
k∑

l=1

‖Dνl∗af‖Lq(a,b)

)
. (18.90)

Proof. As in Theorem 18.35; based on Theorem 18.33. �

Next we come back to Riemann–Liouville fractional derivatives.

Theorem 18.38. Let γ ≥ 0 and 1 + γ ≤ ν1 < ν2 < . . . < νk, nk := �νk�,
and k ∈ N. Assume f ∈ ACnk ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , nk−
1; ∃Dνl

a f (x) ∈ R, ∀x ∈ [a, b], and Dνl
a f, 1/Dνl

a f ∈ L∞ (a, b), l = 1, . . . , k.
Suppose each Dνl

a f is of fixed sign a.e. on [a, b], all l = 1, . . . , k. Let
0 < p < 1, q < 0, such that 1/p+1/q = 1; r ≥ 1. Here Aγ is as in (18.87),
and A0 as in (18.88). Then

(1) ‖Dγ
af‖Lr(a,b) ≥

Aγ

k

(
k∑

l=1

‖Dνl
a f‖Lq(a,b)

)
. (18.91)

When γ = 0 we get

(2) ‖f‖Lr(a,b) ≥
A0

k

(
k∑

l=1

‖Dνl
a f‖Lq(a,b)

)
. (18.92)

Proof. As in Theorem 18.35; based on Theorem 18.34. �
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18.3 Applications

Next we give an application to ordinary fractional differential equations
involving Caputo fractional derivatives.

Theorem 18.39. Let 1 ≤ ν1 < ν2 < . . . < νk, nk := �νk�, and k ∈ N.
Assume f ∈ ACnk ([a, b]) such that f (j) (a) = 0, j = 0, 1, . . . , nk − 1, and
Dνl∗af ∈ L∞ (a, b), all l = 1, . . . , k; r ≥ 1. Let also B, Cl, 1/Cl ∈ L∞ (a, b),
l = 1, . . . , k, with all Cl ≥ 0. The above-described f satisfies

k∑
l=1

Cl (x) (Dνl∗af (x))2 = B (x) , ∀x ∈ [a, b] . (18.93)

Call

δ∗ := max
1≤l≤k

{
(b − a)(2νl+2/r−1)

(Γ (νl))
2 (2νl − 1)

(
r
(
νl − 1

2

)
+ 1
)2/r

}
, (18.94)

ρ∗ := max
1≤l≤k

∥∥∥∥ 1
Cl

∥∥∥∥
L∞(a,b)

. (18.95)

Then

‖f‖Lr(a,b) ≤
√

δ∗ρ∗

k

(∫ b

a

B (x) dx

)1/2

. (18.96)

Proof. Set nl := �νl�, l = 1, . . . , k − 1. Clearly here f ∈ ACnl ([a, b]),
l = 1, . . . , k − 1. Also f (j) (a) = 0, j = 0, 1, . . . , nl − 1, l = 1, . . . , k − 1. So
all assumptions of Theorem 18.21 are fulfilled for f and fractional orders
νl, l = 1, . . . , k − 1. Thus by choosing p = q = 2 we apply (18.44), for
l = 1, . . . , k, to obtain

‖f‖Lr(a,b) ≤
(b − a)νl+1/r−1/2

(∫ b

a
(Dνl∗af (x))2 dx

)1/2

Γ (νl) (2νl − 1)1/2 (
r
(
νl − 1

2

)
+ 1
)1/r

. (18.97)

Hence it holds

‖f‖2
Lr(a,b) ≤

(b − a)(2νl+2/r−1)
(∫ b

a
(Dνl∗af (x))2 dx

)
(Γ (νl))

2 (2νl − 1)
(
r
(
νl − 1

2

)
+ 1
)2/r

≤

δ∗
∫ b

a

(Cl (x))−1 (Cl (x)) (Dνl∗af (x))2 dx ≤

δ∗ρ∗
∫ b

a

Cl (x) (Dνl∗af (x))2 dx. (18.98)
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That is,

‖f‖2
Lr(a,b) ≤ δ∗ρ∗

∫ b

a

Cl (x) (Dνl∗af (x))2 dx, (18.99)

for all l = 1, . . . , k.
The last imply by addition that

‖f‖2
Lr(a,b) ≤

δ∗ρ∗

k

(∫ b

a

(
k∑

l=1

Cl (x) (Dνl∗af (x))2
)

dx

)

=
δ∗ρ∗

k

∫ b

a

B (x) dx, (18.100)

proving the claim. �

One can give similar applications to fractional ODEs involving fractional
derivatives of Canavati-type and Riemann–Liouville-type.



19
General Hilbert–Pachpatte-Type
Integral Inequalities

In this chapter we present very general weighted Hilbert–Pachpatte-type
integral inequalities. These are with regard to ordinary derivatives and
fractional derivatives of Riemann–Liouville and Canavati types, and also
in regard to general derivatives of Widder-type and linear differential oper-
ators. These results apply to continuous functions and some to integrable
functions. This treatment relies on [41].

19.1 Introduction

In this chapter we present a series of weighted very general Hilbert–
Pachpatte-type integral inequalities regarding ordinary and fractional
derivatives, derivatives of Widder-type, and linear differential operators.
First we derive a very general result in Theorem 19.3, for which the rest of
the results are applications.

The results here are motivated by the original Hilbert double integral
inequality.

Theorem 19.1. [191, Theorem 316]. If p > 1, q = p/(p − 1) and∫ ∞

0

fp(x)dx ≤ F,

∫ ∞

0

gq(y)dy ≤ G,

then ∫ ∞

0

∫ ∞

0

f(x)g(y)
x + y

dxdy <
π

sin(π/p)
F 1/pG1/q (19.1)

G.A. Anastassiou, Fractional Differentiation Inequalities, 505
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where f, g are nonnegative measurable functions, unless

f ≡ 0 or g ≡ 0.

The constant π cosec(π/p) is the best possible in (19.1).

Also the results here are motivated by

Theorem 19.2. (Pachpatte [320, Theorem 1]). Let n ≥ 1 and 0 ≤ k ≤
n−1 be integers. Let u ∈ Cn([0, x]) and v ∈ Cn([0, y]), where x > 0, y > 0,
and let u(j)(0) = v(j)(0) = 0 for j ∈ {0, . . . , n − 1}. Then∫ x

0

∫ y

0

|u(k)(s)| |v(k)(t)|
s2n−2k−1 + t2n−2k−1

dsdt ≤ M(n, k, x, y)

(∫ x

0

(x − s)
(
u(n)(s)

)2
ds

)1/2(∫ y

0

(y − t)
(
v(n)(t)

)2
dt

)1/2

, (19.2)

where

M(n, k, x, y) :=
1
2

√
xy

[(n − k − 1)!]2(2n − 2k − 1)
.

Also of great motivation to this chapter are the articles [147, 187, 188].

19.2 Main Results

We present the following general result.

Theorem 19.3. Here for i ∈ {1, . . . , n}, take xi > 0, and assume

ui ∈ L1(0, xi), gi ∈ L∞
(
(0, xi)2

)
, Φi ∈ L∞(0, xi),

with gi,Φi ≥ 0. Take ri ≥ 0, pi, qi > 1: 1/pi + 1/qi = 1, and wi > 0 such
that

∑n
i=1 wi = Ωn, and ai, bi ∈ [0, 1] such that ai + bi = 1. Call

ϕi(si) :=
∫ si

0

(
gi(si, τ i)

)(ai+biqi)ri
dτ i. (19.3)

Suppose ϕi(si) > 0,with the exception ϕi(0) = 0. If

|ui(si)| ≤
∫ si

0

(
gi(si, τ i)

)riΦi(τ i)dτ i, si ∈ [0, xi], i = 1, . . . , n, (19.4)

then

I1 : =
∫ x1

0

· · ·
∫ xn

0

n∏
i=1

|ui(si)|(
1

Ωn

n∑
i=1

wi

(
ϕi(si)

)1/qiwi
)Ωn

ds1 · · · dsn

≤
n∏

i=1

x
1/qi

i

[∫ xi

0

(
Φi(τ i)

)pi

(∫ xi

τ i

(
gi(si, τ i)

)airi
dsi

)
dτ i

]1/pi

.(19.5)



19.2 Main Results 507

Proof. We write

(
gi(si, τ i)

)riΦi(τ i) =
(
gi(si, τ i)

)(ai/qi+bi

)
ri × (gi(si, τ i)

)(ai/pi

)
riΦi(τ i).

Notice here that the two sections of gi belong to L∞(0, xi), a.e.
Using Hölder’s inequality we find

|ui(si)| ≤
(∫ si

0

(
gi(si, τ i)

)(ai+biqi)ri
dτ i

)1/qi

×
(∫ si

0

(
gi(si, τ i)

)airi
(
Φi(τ i)

)pi
dτ i

)1/pi

.

That is, we have that

|ui(si)| ≤
(
ϕi(si)

)1/qi

(∫ si

0

(
gi(si, τ i)

)airi
(
Φi(τ i)

)pi
dτ i

)1/pi

, i = 1, . . . , n.

Set r∗i = 1/qiwi.
By the means inequality ([297, p. 15]) we have

(
n∏

i=1

(
ϕi(si)

)wir
∗
i

)
≤
(

1
Ωn

n∑
i=1

wiϕ
r∗

i
i (si)

)Ωn

.

Therefore we find

n∏
i=1

|ui(si)| ≤
(

1
Ωn

n∑
i=1

wiϕ
r∗

i
i (si)

)Ωn

×
n∏

i=1

(∫ si

0

(
gi(si, τ i)

)airi
(
Φi(τ i)

)pi
dτ i

)1/pi

.

That is,

n∏
i=1

|ui(si)|(
1

Ωn

n∑
i=1

wiϕ
r∗

i
i (si)

)Ωn

≤
n∏

i=1

(∫ si

0

(
gi(si, τ i)

)airi
(
Φi(τ i)

)pi
dτ i

)1/pi

,
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whenever at least one si > 0, i ∈ {1, . . . , n}, where si ∈ [0, xi].
Thus we obtain

∫ x1

0

· · ·
∫ xn

0

n∏
i=1

|ui(si)|(
1

Ωn

n∑
i=1

wiϕ
r∗

i
i (si)

)Ωn

ds1 · · · dsn

≤
∫ x1

0

· · ·
∫ xn

0

n∏
i=1

(∫ si

0

(
gi(si, τ i)

)airi
(
Φi(τ i)

)pi
dτ i

)1/pi

ds1 · · · dsn

=
n∏

i=1

(∫ xi

0

(∫ si

0

(
gi(si, τ i)

)airi
(
Φi(τ i)

)pi
dτ i

)1/pi

dsi

)

(using again Hölder’s inequality)

≤
n∏

i=1

x
1/qi

i

[∫ xi

0

(∫ si

0

(
gi(si, τ i)

)airi
(
Φi(τ i)

)pi
dτ i

)
dsi

]1/pi

(by changing the order of integration)

=
n∏

i=1

x
1/qi

i

[∫ xi

0

(∫ xi

τ i

(
gi(si, τ i)

)airi
(
Φi(τ i)

)pi
dsi

)
dτ i

]1/pi

=
n∏

i=1

x
1/qi

i

[∫ xi

0

(
Φi(τ i)

)pi

(∫ xi

τi

(
gi(si, τ i)

)airi
dsi

)
dτ i

]1/pi

,

proving the claim. �

We give

Corollary 19.4. All are as in Theorem 19.3 and 1/p :=
∑n

i=1 1/pi,
r > 0. Then

I1 ≤ p1/rp
n∑

i=1

x
1/qi

i

[
n∑

i=1

1
pi

{∫ xi

0

(
Φi(τ i)

)pi

×
(∫ xi

τ i

(
gi(si, τ i)

)airi
dsi

)
dτ i

}r]1/rp

.

Proof. By the inequality of means, for any Ai ≥ 0 and r > 0, we derive

n∏
i=1

A
1/pi

i ≤
(

p

n∑
i=1

1
pi

Ar
i

)1/rp

.

We use here (19.5). �
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Next we apply Theorem 19.3.
We give

Theorem 19.5. Let ui ∈ Cmi([0, xi]), xi > 0, mi ∈ N, be such that
u

(j)
i (0) = 0 for j ∈ {0, . . . , mi − 1}, i = 1, . . . , n. Let ki ∈ {0, . . . , mi − 1};

pi, qi > 1: 1/pi + 1/qi = 1; ai, bi ∈ [0, 1] : ai + bi = 1. Let also wi > 0 such
that

∑n
i=1 wi = Ωn. Then

I2 : =

∫ x1

0
· · ·
∫ xn

0

n∏
i=1

|u(ki)
i (si)|(

1
Ωn

n∑
i=1

wi
s
[(ai+biqi)(mi−ki−1)+1]/qiwi
i

[(ai+biqi)(mi−ki−1)+1]1/qiwi

)Ωn
ds1 · · · dsn

≤ A

n∏
i=1

x
1/qi

i

[∫ xi

0
|u(mi)

i (τ i)|pi(xi − τ i)
[ai(mi−ki−1)+1]dτ i

]1/pi

, (19.6)

where

A :=
n∏

i=1

(
1

(mi − ki − 1)![ai(mi − ki − 1) + 1]1/pi

)
.

Proof. By [320, Equation (7)] we have

u
(ki)
i (si) =

1
(mi − ki − 1)!

∫ si

0

(si − τ i)mi−ki−1u
(mi)
i (τ i)dτ i,

where si ∈ [0, xi], i = 1, . . . , n. We use Theorem 19.3.
We set

Φi(τ i) :=
|u(mi)

i (τ i)|
(mi − ki − 1)!

, all 0 ≤ τ i ≤ xi, i = 1, . . . , n.

We also set
gi(si, τ i) := |si − τ i|, all si, τ i ∈ [0, xi],

and ri := mi − ki − 1. Clearly then

ϕi(si) =
∫ si

0

(si − τ i)(ai+biqi)(mi−ki−1)dτ i

=
s
(ai+biqi)(mi−ki−1)+1
i

(ai + biqi)(mi − ki − 1) + 1
, si ∈ [0, xi], i = 1, . . . , n.

We see here that

|u(ki)
i (si)| ≤

∫ si

0

(si − τ i)mi−ki−1 |u(mi)
i (τ i)|

(mi − ki − 1)!
dτ i,
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where si ∈ [0, xi], i = 1, . . . , n. We also find∫ xi

τ i

(si − τ i)ai(mi−ki−1)dsi =
(xi − τ i)ai(mi−ki−1)+1

ai(mi − ki − 1) + 1
.

Now the claim is clear. �

We give

Corollary 19.6. All are as in Theorem 19.5 and 1/p :=
∑n

i=1 1/pi,
r > 0. Then

I2 ≤ p1/rpA

n∏
i=1

x
1/qi

i

[
n∑

i=1

1
pi

×
{∫ xi

0

|u(mi)
i (τ i)|pi(xi − τ i)[ai(mi−ki−1)+1]dτ i

}r
]1/rp

.

Proof. By using inequality of means and (19.6). �

We present

Theorem 19.7. Let ui ∈ Cmi+1([0, xi]) be such that u
(j)
i (0) = 0 for

j ∈ {0, . . . , mi}, and let ρ ∈ C1([0,∞)), where ρ > 0; xi > 0, mi ∈ N,
j ∈ {0, . . . , mi−1}, i = 1, . . . , n. Let ki ∈ {0, . . . , mi−1}; pi, qi > 1: 1/pi +
1/qi = 1; ai, bi ∈ [0, 1] : ai + bi = 1. Also Let wi > 0:

∑n
i=1 wi = Ωn. Then

I3 : =

∫ x1

0
· · ·
∫ xn

0

n∏
i=1

|u(ki)
i (si)|(

1
Ωn

n∑
i=1

wi
s
[(ai+biqi)(mi−ki−1)+1]/qiwi
i

[(ai+biqi)(mi−ki−1)+1]1/qiwi

)Ωn
ds1 · · · dsn

≤ A
n∏

i=1

x
1/qi

i

[∫ xi

0

τpi−1
i

(ρ(τ i))pi

(∫ τ i

0
|(ρ(σi)u

(mi)
i (σi)

)′|pidσi

)

× (xi − τ i)
[ai(mi−ki−1)+1]dτ i

]1/pi

, (19.7)

where

A :=
n∏

i=1

(
1

(mi − ki − 1)![ai(mi − ki − 1) + 1]1/pi

)
.

Proof. By [320, Equation (14)] we have

u
(ki)
i (si) =

1
(mi − ki − 1)!

∫ si

0

(si − τ i)mi−ki−1

×
(

1
ρ(τ i)

∫ τ i

0

(
ρ(σi)u

(mi)
i (σi)

)′
dσi

)
dτ i.
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By Hölder’s inequality we obtain∫ τ i

0

∣∣(ρ(σi)u
(mi)
i (σi)

)′∣∣dσi ≤ τ
1/qi

i

(∫ τ i

0

∣∣(ρ(σi)u
(mi)
i (σi)

)′∣∣pi
dσi

)1/pi

.

We set here

Φi(τ i) :=
1

(mi − ki − 1)!
τ

1/qi

i

ρ(τ i)

(∫ τ i

0

∣∣(ρ(σi)u
(mi)
i (σi)

)′∣∣pi
dσi

)1/pi

.

The claim now is clear. �

We give

Corollary 19.8. All are as in Theorem 19.7 and 1/p :=
∑n

i=1 1/pi,
r > 0. Then

I3 ≤ p1/rpA
n∏

i=1

x
1/qi

i

[
n∑

i=1

1

pi

{∫ xi

0

τpi−1
i

(ρ(τ i))pi

(∫ τ i

0

∣∣(ρ(σi)u
(mi)
i (σi)

)′∣∣pidσi

)

×(xi − τ i)
[ai(mi−ki−1)+1]dτ i

}r]1/rp

.

Proof. By using inequality of means and (19.7). �

We give

Theorem 19.9. Let ui ∈ C2mi([0, xi]), ρ ∈ Cm([0,∞)), ρ > 0, with
m = max mi, be such that u

(j)
i (0) = 0, and

(
ρ(si)u

(mi)
i (si)

)(j) = 0 at
si = 0, for j ∈ {0, . . . , mi − 1}; j ∈ {1, . . . , n}, xi > 0, mi ∈ N. Let
ki ∈ {0, . . . , mi − 1} ; pi, qi > 1: 1/pi + 1/qi = 1; ai, bi ∈ [0, 1] : ai + bi = 1.
Also let wi > 0:

∑n
i=1 wi = Ωn. Then

I4 : =

∫ x1

0

· · ·
∫ xn

0

n∏
i=1

|u(ki)
i (si)|(

1
Ωn

n∑
i=1

wi
s
[(ai+biqi)(mi−ki−1)+1]/qiwi
i

[(ai+biqi)(mi−ki−1)+1]1/qiwi

)Ωn
ds1 · · · dsn

≤ B
n∏

i=1

x
1/qi
i

[∫ xi

0

τ
(qi(mi−1)+1)(pi−1)
i

(ρ(τ i))pi

(∫ τi

0

∣∣(ρ(σi)u
(mi)
i (σi)

)(mi)
∣∣pidσi

)

×(xi − τ i)
[ai(mi−ki−1)+1]dτ i

]1/pi

, (19.8)

where

B :=
n∏

i=1
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1[

(mi − 1)!(mi − ki − 1)!(qi(mi − 1) + 1)1/qi
][

ai(mi − ki − 1) + 1
]1/pi

)
.

Proof. By [320, Equation (21)], we get that

u
(ki)
i (si) =

1
(mi − 1)!(mi − ki − 1)!

∫ si

0

(si − τ i)mi−ki−1

×
(

1
ρ(τ i)

∫ τ i

0

(τ i − σi)mi−1
(
ρ(σi)u

(mi)
i (σi)

)(mi)
dσi

)
dτ i.

Put
Fi(σi) :=

∣∣(ρ(σi)u
(mi)
i (σi)

)(mi)∣∣.
Using Hölder’s inequality we derive∫ τ i

0

(τ i − σi)mi−1Fi(σi)dσi

≤
(∫ τ i

0

(τ i − σi)qi(mi−1)dσi

)1/qi
(∫ τ i

0

Fi(σi)pidσi

)1/pi

=
τ

(qi(mi−1)+1)/qi

i

(qi(mi − 1) + 1)1/qi

(∫ τ i

0

Fi(σi)pidσi

)1/pi

.

Set now

Φi(τ i) := Wi
τ

(qi(mi−1)+1)/qi

i

ρ(τ i)

(∫ τi

0

∣∣(ρ(σi)u
(mi)
i (σi)

)(mi)∣∣pi
dσi

)1/pi

,

where
Wi :=

1
(mi − 1)!(mi − ki − 1)!(qi(mi − 1) + 1)1/qi

.

Now apply Theorem19.3. The claim is now clear. �

We give

Corollary 19.10. All are as in Theorem 19.9 and 1/p :=
∑n

i=1 1/pi,
r > 0. Then

I4 ≤ p1/rpB

n∏
i=1

x
1/qi
i

[
n∑

i=1

1

pi

{∫ xi

0

τ
(qi(mi−1)+1)(pi−1)
i

(ρ(τ i))pi

×
(∫ τi

0

∣∣(ρ(σi)u
(mi)
i (σi)

)(mi)
∣∣pidσi

)
(xi − τ i)

[ai(mi−ki−1)+1]dτ i

}r]1/rp

.

Proof. By using inequality of means and (19.8). �
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Note. Similar theorems to our Theorems 19.5–19.9 appeared earlier in
[188].

We need (see [187])

Definition 19.11. Let α > 0. For any f ∈ L1(0, x); x > 0 , the
Riemann–Liouville fractional integral of f of order α is defined by

(Jαf)(s) :=
1

Γ(α)

∫ s

0

(s − t)α−1f(t)dt, s ∈ [0, x], (19.9)

and the Riemann–Liouville fractional derivative of f of order α by

Δαf(s) :=
1

Γ(m − α)

(
d

ds

)m ∫ s

0

(s − t)m−α−1f(t)dt, (19.10)

where m := [α] + 1, [·] is the integral part. In addition, we set

Δ0f := f =: J0f, J−αf := Δαf if α > 0, Δ−αf := Jαf if 0 < α ≤ 1.

If α ∈ N, then Δαf = f (α).

Definition 19.12. [187]. We say that f ∈ L1(0, x) has an L∞ fractional
derivative Δαf in [0, x] iff

Δα−kf ∈ C([0, x]), k = 1, . . . , m := [α] + 1; α > 0,

and Δα−1f ∈ AC([0, x]) (absolutely continuous functions) and Δαf ∈
L∞(0, x).

We also need

Lemma 19.13. [187]. Let α ≥ 0, β > α, let f ∈ L1(0, x) have an
L∞ fractional derivative Δβf in [0, x], and let Δβ−kf(0) = 0 for k =
1, . . . , [β] + 1. Then

Δαf(s) =
1

Γ(β − α)

∫ s

0

(s − t)β−α−1Δβf(t)dt, s ∈ [0, x]. (19.11)

Clearly here Δαf ∈ L∞(0, x), thus Δαf ∈ L1(0, x).

We give

Theorem 19.14. Let i ∈ {1, . . . , n}, xi > 0, αi ≥ 0, βi ≥ αi + 1. Let
fi ∈ L1(0, xi) have L∞ fractional derivatives Δβifi in [0, xi], and let

Δβi−kifi(0) = 0 for ki = 1, . . . , [βi] + 1.
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Let pi, qi > 1: 1/pi + 1/qi = 1, and wi > 0 such that
∑n

i=1 wi = Ωn, and
ai, bi ∈ [0, 1] such that ai + bi = 1. Then

I5 : =

∫ x1

0
· · ·
∫ xn

0

n∏
i=1

|Δαifi(si)|(
1

Ωn

n∑
i=1

wi
s
[(ai+biqi)(βi−αi−1)+1]/qiwi
i(

(ai+biqi)(βi−αi−1)+1
)1/qiwi

)Ωn
ds1 · · · dsn

≤ C
n∏

i=1

x
1/qi

i

[∫ xi

0

∣∣Δβifi(ti)
∣∣pi(xi − ti)

[ai(βi−αi−1)+1]dti

]1/pi

, (19.12)

where

C :=
n∏

i=1

(
1

Γ(βi − αi)
(
ai(βi − αi − 1) + 1

)1/pi

)
.

Proof. Here we again apply Theorem 19.3. By Lemma 19.13 we get that
Δαifi ∈ L1(0, xi), also Δβifi ∈ L∞(0, xi), and

|Δαifi(si)| ≤ 1
Γ(βi − αi)

∫ si

0

(si − ti)βi−αi−1|Δβifi(ti)|dti, ∀si ∈ [0, xi].

We put ui := Δαifi, gi(si, ti) := |si − ti|,

Φi(ti) :=
|Δβifi(ti)|
Γ(βi − αi)

and ri := βi − αi − 1, i = 1, . . . , n.

Here

ϕi(si) :=
∫ si

0

(si − ti)(ai+biqi)(βi−αi−1)dti

=
s
(ai+biqi)(βi−αi−1)+1
i

(ai + biqi)(βi − αi − 1) + 1
> 0, ∀s ∈ (0, xi],

with ϕi(0) = 0. Now the proof is clear. �

Note. Theorem 19.14 is related and is similar to Theorem 3.2 of [187],
but in terms of weights is more general.

We give

Corollary 19.15. All are as in Theorem 19.14 and 1/p :=
∑n

i=1 1/pi,
r > 0. Then

I5 ≤ p1/rpC
n∏

i=1

x
1/qi

i

[
n∑

i=1

1
pi

{∫ xi

0

∣∣Δβifi(ti)
∣∣pi(xi − ti)(ai(βi−αi−1)+1)dti

}r]1/rp

.
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Proof. By using inequality of means and (19.12). �

We need

Definition 19.16. [17, 19, 101, pp. 539–540]. Let ν > 0, n := [ν] and
α := ν − n (0 < α < 1). Let f ∈ C([0, x]), s ∈ [0, x]. We consider the
Riemann–Liouville fractional integral

(Jνf)(s) =
1

Γ(ν)

∫ s

0

(s − t)ν−1f(t)dt.

We consider the subspace Cν([0, x]) of Cn([0, x]):

Cν([0, x]) :=
{
f ∈ Cn([0, x]) : J1−αf (n) ∈ C1([0, x])

}
.

Hence, letting f ∈ Cν([0, x]), we define the generalized ν -fractional deriva-
tive of f over [0, x] as

f (ν) :=
(
J1−αf (n)

)′
.

Notice that (
J1−αf (n)

)
(s) =

1
Γ(1 − α)

∫ s

0

(s − t)−αf (n)(t)dt

exists for f ∈ Cν([0, x]).

We also need

Lemma 19.17. [17, 19, pp. 544–545]. Let νi ≥ 1, γi ≥ 0, νi − γi − 1 ≥
0, i = 1, . . . , n. Call ni := [νi]. Let fi ∈ Cνi([0, xi]), xi > 0, such that
f

(j)
i (0) = 0, j = 0, 1, . . . , ni − 1. It follows that fi ∈ Cγi([0, xi]) and

f
(γi)
i (si) =

1

Γ(νi − γi)

∫ si

0
(si−ti)

νi−γi−1f
(νi)
i (ti)dti, ∀si ∈ [0, xi], i = 1, . . . , n.

(19.13)

We make

Remark 19.18. (on Lemma 19.17). That is, by (19.13) we have

∣∣f (γi)
i (si)

∣∣ ≤ ∫ si

0

(si − ti)νi−γi−1 |f (νi)
i (ti)|

Γ(νi − γi)
dti, ∀si ∈ [0, xi]; i = 1, . . . , n.

(19.14)
We set here

ui := f
(γi)
i , gi(si, ti) := |si − ti|, ri := νi − γi − 1 ≥ 0,
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Φi(ti) :=
|f (νi)

i (ti)|
Γ(νi − γi)

, all si, ti ∈ [0, xi]; i = 1, . . . , n.

So that (19.4) is fulfilled.

By applying Theorem 19.3 now we obtain

Theorem 19.19. Let i ∈ {1, . . . , n}, xi > 0, νi ≥ 1, γi ≥ 0, νi−γi−1 ≥
0, ni := [νi]. Let fi ∈ Cνi([0, xi]), such that f

(j)
i (0) = 0, j = 0, 1, . . . , ni−1.

Let pi, qi > 1: 1/pi + 1/qi = 1, and wi > 0 such that
∑n

i=1 wi = Ωn, and
ai, bi ∈ [0, 1] such that ai + bi = 1. Then

I6 : =

∫ x1

0
· · ·
∫ xn

0

n∏
i=1

|f (γi)
i (si)|(

1
Ωn

n∑
i=1

wi
s
((ai+biqi)(νi−γi−1)+1)/qiwi
i

((ai+biqi)(νi−γi−1)+1)1/qiwi

)Ωn
ds1 · · · dsn

≤ D
n∏

i=1

x
1/qi

i

[∫ xi

0
|f (νi)

i (ti)|pi(xi − ti)
(ai(νi−γi−1)+1)dti

)1/pi

, (19.15)

where

D :=
n∏

i=1

(
1

Γ(νi − γi)(ai(νi − γi − 1) + 1)1/pi

)
.

We give

Corollary 19.20. All are as in Theorem 19.19 and 1/p :=
∑n

i=1 1/pi,
r > 0. Then

I6 ≤ p1/rpD

n∏
i=1

x
1/qi

i

[
n∑

i=1

1
pi

{∫ xi

0

|f (νi)
i (ti)|pi

×(xi − ti)(ai(νi−γi−1)+1)dti

}r]1/rp

.

Proof. By using inequality of means and (19.15). �

We make

Remark 19.21. The following are taken from [405]. Let f, u0, u1, . . . ,
un ∈ Cn+1([a, b]), n ≥ 0, and the Wronskians

Wi(x) := W [u0(x), u1(x), . . . , ui(x)] :=
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u0(x) u1(x) · · · ui(x)
u′

0(x) u′
1(x) · · · u′

i(x)
...

u
(i)
0 (x) u

(i)
1 (x) · · · u

(i)
i (x)

∣∣∣∣∣∣∣∣∣∣
, i = 0, 1, . . . , n. (19.16)

Assume Wi(x) > 0 over [a, b].
For i ≥ 0, the differential operator of order i (Widder derivative):

Lif(x) :=
W [u0(x), u1(x), . . . , ui−1(x), f(x)]

Wi−1(x)
, (19.17)

i = 1, . . . , n + 1; L0f(x) := f(x), ∀x ∈ [a, b]. Consider also

gi(x, t) :=
1

Wi(t)

∣∣∣∣∣∣∣∣∣∣∣∣

u0(t) u1(t) · · · ui(t)
u′

0(t) u′
1(t) · · · u′

i(t)
...

u
(i−1)
0 (t) u

(i−1)
1 (t) · · · u

(i−1)
i (t)

u0(x) u1(x) · · · ui(x)

∣∣∣∣∣∣∣∣∣∣∣∣
, (19.18)

i = 1, 2, . . . , n; g0(x, t) := u0(x)/u0(t), ∀x, t ∈ [a, b].

Example [405] Sets {u0, u1, . . . , un} are {1, x, x2, . . . , xn},
{1, sin x,− cos x,− sin 2x, cos 2x, . . . , (−1)n−1 sin nx, (−1)n cos nx},

and so on.

We also mention the generalized Widder–Taylor formula; see [405].

Theorem 19.22. Let the functions f, u0, u1, . . . , un ∈ Cn+1([a, b]), and
the Wronskians W0(x), W1(x), . . . , Wn(x) > 0 on [a, b], x ∈ [a, b]. Then for
t ∈ [a, b] we have

f(x) = f(t)
u0(x)
u0(t)

+L1f(t)g1(x, t)+ · · ·+Lnf(t)gn(x, t)+Rn(x), (19.19)

where
Rn(x) :=

∫ x

t

gn(x, s)Ln+1f(s)ds. (19.20)

For example, one could take u0(x) = c > 0. If ui(x) = xi, i = 0, 1, . . . , n,
defined on [a, b], then Lif(t) = f (i)(t), and

gi(x, t) =
(x − t)i

i!
, t ∈ [a, b].

We need
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Corollary 19.23. (on Theorem 19.22). By additionally assuming for
fixed t ∈ [a, b] that Lif(t) = 0, i = 0, 1, . . . , n , we get that

f(x) =
∫ t

x

gn(x, s)Ln+1f(s)ds, ∀x ∈ [a, b]. (19.21)

We make

Remark 19.24. Here we make use of (19.21). For i = 1, . . . , n let the
function sets{

fi, ui0, ui1, . . . , uini

} ⊆ Cni+1([0, xi]), xi > 0, ni ∈ N.

Assume that the Wronskians Wi0,Wi1, . . . , Wini
> 0 on [0, xi], i = 1, . . . , n.

Also assume that

Lijfi(0) = 0; all j = 0, 1, . . . , ni, for all i = 1, . . . , n.

By (19.21) we obtain that

fi(si) =
∫ si

0

gini
(si, ti)Li,ni+1fi(ti)dti, all i = 1, . . . , n, ∀si ∈ [0, xi].

(19.22)
Thus

|fi(si)| ≤
∫ si

0

gini
(si, ti)

∣∣Li,ni+1fi(ti)
∣∣dti, i = 1, . . . , n, ∀si ∈ [0, xi].

(19.23)
From [405] we derive that gini

(si, ti) ≥ 0 when si ≥ ti ≥ 0, i = 1, . . . , n.
When si > ti then

gini
(si, ti) > 0.

Using Theorem 19.3 we derive

Theorem 19.25. Here for i ∈ {1, . . . , n}, xi > 0, assume {fi, ui0,
ui1, . . . , uini

} ⊆ Cni+1([0, xi]), ni ∈ N. Suppose that the Wronskians Wi0,
Wi1, . . . , Wini

> 0 on [0, xi]. Further assume that

Lijfi(0) = 0; all j = 0, 1, . . . , ni, for all i = 1, . . . , n.

Take pi, qi > 1: 1/pi + 1/qi = 1, and wi > 0 such that
∑n

i=1 wi = Ωn, and
ai, bi ∈ [0, 1] such that ai + bi = 1. Call

ψi(si) :=
∫ si

0

(
gini

(si, ti)
)(ai+biqi)

dti. (19.24)
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Then

I7 :=
∫ x1

0

· · ·
∫ xn

0

n∏
i=1

|fi(si)|(
1

Ωn

n∑
i=1

wi(ψi(si))1/qiwi

)Ωn
ds1 · · · dsn

≤
n∏

i=1

x
1/qi

i

[∫ xi

0

∣∣Li,ni+1fi(ti)
∣∣pi

(∫ xi

ti

(
gini

(si, ti)
)ai

dsi

)
dti

]1/pi

. (19.25)

Proof. In Theorem 19.3 put ui := fi, gi :=
∣∣gini

∣∣, Φi :=
∣∣Li,ni+1(fi)

∣∣,
ϕi := ψi, i = 1, . . . , n. Notice here that fi ∈ C([0, xi]),∣∣gini

∣∣ ∈ C([0, xi]2),
∣∣Li,ni+1(fi)

∣∣ ∈ C([0, xi]), ri = 1; all i = 1, . . . , n.

So (19.4) is fulfilled by (19.23). Also for si > 0 we get that ψi(si) > 0 with
ψi(0) = 0. Finally we apply (19.5) to get (19.25). �

We give
Corollary 19.26. All are as in Theorem 19.25 and 1/p :=

∑n
i=1 1/pi,

r > 0. Then

I7 ≤ p1/rp
n∑

i=1

x
1/qi

i

[
n∑

i=1

1
pi

{∫ xi

0

∣∣Li,ni+1fi(ti)
∣∣pi

×
(∫ xi

ti

(
gini

(si, ti)
)ai

dsi

)
dti

}r]1/rp

.

Proof. By using inequality of means and (19.25). �

We need

Setting 19.27. Here we use the notation from [239, pp. 145–154]. Let I
be a closed interval of R. Let αj(x), j = 0, 1, . . . ,m − 1 (m ∈ N), h(x) be
continuous functions on I, and let

L = Dm + αm−1(x)Dm−1 + · · · + α0(x)

be a fixed linear differential operator on Cm(I). Let y1(x), . . . , ym(x) be a
set of linear independent solutions to Ly = 0. Here the associated Green’s
function for L is given by
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H(x, t) :=

∣∣∣∣∣∣∣∣∣∣∣∣

y1(t) · · · ym(t)
y′
1(t) · · · y′

m(t)
...

y
(m−2)
1 (t) · · · y

(m−2)
m (t)

y1(x) · · · ym(x)

∣∣∣∣∣∣∣∣∣∣∣∣
/
∣∣∣∣∣∣∣∣∣∣∣∣

y1(t) · · · ym(t)
y′
1(t) · · · y′

m(t)
...

y
(m−2)
1 (t) · · · y

(m−2)
m (t)

y
(m−1)
1 (t) · · · y

(m−1)
m (t)

∣∣∣∣∣∣∣∣∣∣∣∣
, (19.26)

which is a continuous function on I2. Take a fixed x0 ∈ I; then

y(x) =
∫ x

x0

H(x, t)h(t)dt, all x ∈ I (19.27)

is the unique solution of the initial value problem

Ly = h; y(j)(x0) = 0, j = 0, 1, . . . ,m − 1. (19.28)

Based on Setting 19.27 we make

Remark 19.28. Let i ∈ {1, . . . , n}, [0, xi] ⊆ R, xi > 0. Let αi,j(si),
j = 0, 1, . . . ,mi − 1 (mi ∈ N), hi(si) be continuous functions on [0, xi], and
let

Li = Dmi + αi,mi−1(si)Dmi−1 + · · · + αi,0(si)

be a fixed linear differential operator on Cmi([0, xi]). Let yi1(si), . . . , yimi
(si)

be a set of linear independent solutions to Liy = 0. Here the associated
Green’s function for Li is denoted by Hi(si, ti), which is a continuous func-
tion on [0, xi]2. Then

yi(si) =
∫ si

0

Hi(si, ti)hi(ti)dti, all si ∈ [0, xi] (19.29)

is the unique solution of the initial value problem

Liy = hi; y(j)(0) = 0, j = 0, 1, . . . ,mi − 1; all i = 1, . . . , n. (19.30)

Let εi > 0, then

|yi(si)| ≤
∫ si

0

(|Hi(si, ti)| + εi

)|hi(ti)|dti, i = 1, . . . , n. (19.31)

We give



19.2 Main Results 521

Theorem 19.29. All elements are as in Remark 19.28. Take pi, qi >
1: 1/pi + 1/qi = 1, and wi > 0 such that

∑n
i=1 wi = Ωn, and ai, bi ∈

[0, 1] : ai + bi = 1. Call

ψi(si) :=
∫ si

0

(|Hi(si, ti)| + εi

)(ai+biqi)
dti, i = 1, . . . , n. (19.32)

Then

I8 :=
∫ x1

0

· · ·
∫ xn

0

n∏
i=1

|yi(si)|(
1

Ωn

n∑
i=1

wi(ψi(si))1/qiwi

)Ωn
ds1 · · · dsn

≤
n∏

i=1

x
1/qi

i

[∫ xi

0

|hi(ti)|pi

(∫ xi

ti

(|Hi(si, ti)| + εi

)ai
dsi

)
dti

]1/pi

. (19.33)

Proof. In Theorem 19.3 put ui := yi, gi := |Hi(·, ·)| + εi, Φi := |hi|,
ϕi := ψi , i = 1, . . . , n. Notice here that yi ∈ C([0, xi]),

(|Hi(·, ·)| + εi

) ∈
C([0, xi]2), |hi| ∈ C([0, xi]), ri = 1; all i = 1, . . . , n. So (19.4) is fulfilled by
(19.31). Also for si > 0 we get ψi(si) > 0 with ψi(0) = 0. Finally we apply
(19.5) to get (19.33). �

We give

Corollary 19.30. All are as in Remark 19.28 and Theorem 19.29, and
1/p =

∑n
i=1 1/pi, r > 0. Then

I8 ≤ p1/rp
n∏

i=1

x
1/qi

i

[
n∑

i=1

1
pi

{∫ xi

0

|hi(ti)|pi

×
(∫ xi

ti

(|Hi(si, ti)| + εi

)ai
dsi

)
dti

}r]1/rp

.

Proof. By using inequality of means and (19.33). �

Note 19.31. One can give several examples based on all the above results
by assuming for instance, that all ai = 1, bi = 0 or ai = 0 and bi = 1, with
or without

qi = n, wi =
1
n

, pi =
n

n − 1
, ri = r; all i = 1, . . . , n,
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also for pi = qi = n = 2. Especially and additionally in Theorems 19.5–19.9
one can assume mi = m, ki = k. Also in Theorem 19.14 we can set αi = α,
βi = β; in Theorem 19.19 we can set νi = ν, γi = γ, all i = 1, . . . , n, and
so on.



20
General Multivariate
Hilbert–Pachpatte-Type
Integral Inequalities

In this chapter we present general weighted Hilbert–Pachpatte-type mul-
tivariate integral inequalities. These are with regard to ordinary partial
derivatives and fractional partial derivatives of Canavati and Riemann–
Liouville types. These results are applications of a general theorem we
present for integrable multivariate functions. This treatment relies on [42].

20.1 Introduction

In this chapter we present several weighted general Hilbert–Pachpatte-
type multidimensional integral inequalities for ordinary partial derivatives
and fractional partial derivatives of Canavati and Riemann–Liouville kinds.
First we establish a very general multivariate result regarding integrable
functions (see Theorem 20.3) to which the rest of the results are applica-
tions. Along the way many other interesting results are given. Our results
are mainly inspired by [189].

To stimulate the reader’s interest, we give an interesting result from [322].
In this theorem, H(I×J) denotes the class of functions u ∈ C(n−1,m−1)(I×
J) such that Di

1u(0, t) = 0, 0 ≤ i ≤ n − 1, t ∈ J , Dj
2u(s, 0) = 0, 0 ≤

j ≤ m − 1, s ∈ I, and Dn
1 Dm−1

2 u(s, t) and Dn−1
1 Dm

2 u(s, t) are absolutely
continuous on I × J . Here I, J are intervals of the type Iξ = [0, ξ), ξ ∈ R.

Theorem 20.1. [322, Theorem 1] Let u(s, t) ∈ H(Ix × Iy) and v(k, r) ∈
H(Iz×Iw). Then, for 0 ≤ i ≤ n−1, 0 ≤ j ≤ m−1, the following inequality
holds.

G.A. Anastassiou, Fractional Differentiation Inequalities, 523
DOI 10.1007/978-0-387-98128-4 20, c© Springer Science+Business Media, LLC 2009
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∫ x

0

∫ y

0

(∫ z

0

∫ w

0

|Di
1D

j
2u(s, t)Di

1D
j
2v(k, r)|dkdr

s2n−2i−1t2m−2j−1 + k2n−2i−1r2m−2j−1

)
dsdt

≤ 1
2
(Ai,jBi,j)2

√
xyzw

(∫ x

0

∫ y

0

(x − s)(y − t)
(
Dn

1 Dm
2 u(s, t)

)2
dsdt

)1/2

×
(∫ z

0

∫ w

0

(z − k)(w − r)
(
Dn

1 Dm
2 u(k, r)

)2
dkdr

)1/2

, (20.1)

where

Aij : =
1

(n − i − 1)!(m − j − 1)!
,

Bij =
1

(2n − 2i − 1)(2m − 2j − 1)
. (20.2)

This chapter’s results generalize the results of [189, 322], and then mainly
treat fractional partial derivatives.

20.2 Symbols and Basics

By Z(Z+) and R(R+) we denote the sets of all (nonnegative) integers and
(nonnegative) real numbers. We work with functions of d variables, where d
is a fixed positive integer, writing the variable as a vector s = (s1, . . . , sd) ∈
R

d. A multi-index m is an element m = (m1, . . . , md) of Z
d
+. As usual, the

factorial of a multi-index m is defined by m! = · · ·md!. An integer j may be
regarded as the multi-index (j, . . . , j) depending on the context. For vectors
in R

d and multi-indices we use the usual operations of vector addition and
multiplication of vectors by scalars. We write s ≤ τ (s < τ) if sj ≤ τ j

(sj < τ j) for 1 ≤ j ≤ d. The same convention applies to multi-indices. In
particular, s ≥ 0 (s > 0) means sj ≥ 0 (sj > 0) if 1 ≤ j ≤ d.

If s = (s1, . . . , sd) ∈ R
d and s > 0, we define the cell

Q(s) = [0, s1] × · · · × [0, sj ] × · · · × [0, sd];

replacing the factor [0, sj ] by {0} in this product, we have the face ∂jQ(s)
of Q(s).

Let s = (s1, . . . , sd), τ = (τ1, . . . , τd) ∈ R
d, s, τ > 0, let k = (k1, . . . , kd)

be a multi-index, and let u : Q(s) → R. Write Dj = ∂/∂sj . We use the
following notation:

sτ = (s1)τ1 · · · (sd)τd ,

Dku(s) = Dk1

1 · · ·Dkd

d u(s), (20.3)∫ s

0

u(τ)dτ =
∫ s1

0

· · ·
∫ sd

0

u(τ)dτ1 · · · dτd.
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An exponent α ∈ R in the expression sα, where s ∈ R
d, is regarded as a

multiexponent; that is, sα = s(α,...,α). Let N ∈ N be fixed.
The following notation and hypotheses are used throughout the chapter.

I = {1, . . . , N}
mi, i ∈ I mi = (m1

i , . . . , m
d
i ) ∈ Z

d
+

xi, i ∈ I xi = (x1
i , . . . , x

d
i ) ∈ R

d, xi > 0

pi, qi, i ∈ I pi, qi > 1, 1
pi

+ 1
qi

= 1

p, q 1
p =

∑N
i=1

1
pi

, 1
q =

∑N
i=1

1
qi

ai, bi, i ∈ I a,bi ∈ R+, ai + bi = 1

wi, i ∈ I wi ∈ R, wi > 0,
∑N

i=1 wi = ΩN .

Throughout this chapter, ui, vi, Φi denote functions from Q(xi) to R that
are measurable with further Lp-type assumptions. If m is a multi-index and
x ∈ R

d, x > 0, then Cm(Q(x)) denotes the set of all functions u : Q(x) → R

that possess continuous derivatives Dku, where 0 ≤ k ≤ m.
We further denote αi := (ai + biqi)ci ∈ R

d, βi := aici ∈ R
d, for ci ∈ R

d,
i ∈ I. In particular we observe that

x
1/qi

i = (x1
i )

1/qi · · · (xd
i )

1/qi ,

N∏
i=1

(αi + 1)1/qi =
N∏

i=1

d∏
j=1

(αj
i + 1)1/qi .

We give and need the next basic result.

Proposition 20.2. In the space Cm(Q(x)), m is a multi-index; the order
of differentiation does not matter. That is, Dku(s) (see (20.3)) remains the
same under any permutation of

(
Dk1

1 , . . . , Dkd

d

)
.

Proof. It is enough to prove it for d = 2, which we prove by mathematical
induction. So let f ∈ C(m̃,n)(Q(x)); m̃, n ∈ N. We prove in a neighborhood
of (x0, y0) ∈ Q(x) that

∂j

∂xj

∂kf

∂yk
= P

(
∂j

∂xj
,

∂k

∂yk

)
f, 0 ≤ j ≤ m̃, 0 ≤ k ≤ n,

P stands for any permutation of the involved differentials. �

Claim: It holds

∂

∂x

∂k

∂yk
f =

∂k

∂yk

∂

∂x
f, 0 ≤ k ≤ n. (20.4)
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Proof of Claim: For n = 0 we have (20.4) is true trivially.
Using Theorem 6.20, p. 121 of [68] (i.e., if fx, fy, fyx are continuous,

then fxy exists and fyx = fxy), we have that (20.4) is true when n = 1.
Next we use mathematical induction. Assume the claim true for n; we

prove it for n + 1. So let f ∈ C(m̃,n+1). We prove that

∂

∂x

∂n+1

∂yn+1
f =

∂n+1

∂yn+1

∂

∂x
f.

Notice that C(m̃,n+1)(Q(x)) ⊂ C(m̃,n)(Q(x)), and for 0 ≤ k ≤ n by the
induction hypothesis it holds

∂

∂x

∂k

∂yk
f =

∂k

∂yk

∂

∂x
f.

But g := ∂/∂yf ∈ C(m̃,n). Hence by the induction hypothesis we have

∂

∂x

∂n

∂yn
g =

∂n

∂yn

∂

∂x
g;

That is,
∂

∂x

∂n+1f

∂yn+1
=

∂n

∂yn

∂

∂x

∂f

∂y
=

∂n+1

∂yn+1

∂f

∂x
,

proving the claim.
Let now 0 ≤ 
 ≤ m̃, 0 ≤ k ≤ n. Using the above claim we obtain

∂�

∂x�

∂k

∂yk
f =

∂�−1

∂x�−1

(
∂

∂x

∂k

∂yk
f

)
=

∂�−1

∂x�−1

(
∂k

∂yk

∂

∂x
f

)
(

set h :=
∂

∂x
f ∈ C(m̃−1,n)

)
=

∂�−1

∂x�−1

(
∂k

∂yk
h

)
=

∂�−2

∂x�−2

(
∂

∂x

∂k

∂yk
h

)
=

∂�−2

∂x�−2

(
∂k

∂yk

∂

∂x
h

)
(

set ρ :=
∂h

∂x
∈ C(m̃−2,n)

)
=

∂�−2

∂x�−2

(
∂kρ

∂xk

)
=

∂�−3

∂x�−3

(
∂

∂x

∂kρ

∂yk

)
=

∂�−3

∂x�−3

(
∂k

∂yk

∂

∂x
ρ

)
· · ·

= P

(
∂�

∂x�
,

∂k

∂yk

)
f, true. �
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20.3 Main Results

We give our first very general result on which the next results rely.

Theorem 20.3. Let vi ∈ L1(Q(xi)), Φi ∈ L∞(Q(xi)), Φi ≥ 0, ci > −1;
ci ∈ R

d, i = 1, . . . , N . Set

U :=
1

N∏
i=1

[(αi + 1)1/qi(βi + 1)1/pi ]
.

Let Ji := {j ∈ {1, . . . , d} | −1 < cj
i < 0}. If Ji = ∅ we take

bi > max
j∈Ji

(
(1 + cj

i )
cj
i (1 − qi)

)
.

Suppose

|vi(si)| ≤
∫ si

0

(si − τ i)ciΦi(τ i)dτ i, ∀si ∈ Q(xi), i = 1, . . . , N. (20.5)

Then

M : =
∫ x1

0

· · ·
∫ xN

0

N∏
i=1

|vi(si)|ds1 · · · dsN(
1

ΩN

N∑
i=1

wis
(αi+1)/qiwi

i

)ΩN

≤ U
N∏

i=1

x
1/qi

i

N∏
i=1

(∫ xi

0

(xi − si)βi+1Φi(si)pidsi

)1/pi

. (20.6)

Proof. One can write

(si − τ i)ciΦi(τ i) = (si − τ i)
(
ai/qi+bi)ci(si − τ i)

(
ai/pi

)
ciΦi(τ i).

Next we rewrite (20.5), and apply Hölder’s inequality and Fubini’s the-
orem to get

|vi(si)| ≤
∫ si

0
(si − τ i)

(
ai/qi+bi

)
ci (si − τ i)

(
ai/pi

)
ciΦi(τ i)dτ i

≤
(∫ si

0
(si − τ i)

(ai+biqi)cidτ i

)1/qi

×
(∫ si

0
(si − τ i)

aiciΦi(τ i)
pidτ i

)1/pi

=
s
(αi+1)/qi
i

(αi + 1)1/qi

(∫ si

0
(si − τ i)

βiΦi(τ i)
pidτ i

)1/pi

.

That is, we found that

|vi(si)| ≤ s
(αi+1)/qi

i

(αi + 1)1/qi

(∫ si

0

(si − τ i)βiΦi(τ i)pidτ i

)1/pi

. (20.7)
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Using the inequality of general means [297, p. 15] we have

N∏
i=1

s
(αi+1)/qi

i ≤
(

1
ΩN

N∑
i=1

wis
(αi+1)/qiwi

i

)ΩN

. (20.8)

We also have by (20.7) that

N∏
i=1

|vi(si)| ≤
N∏

i=1

s
(αi+1)/qi

i

(αi + 1)1/qi

N∏
i=1

(∫ si

0

(si − τ i)βiΦi(τ i)pidτ i

)1/pi

. (20.9)

Put

W :=
1

N∏
i=1

(αi + 1)1/qi

.

Using (20.9) and (20.8) we find

N∏
i=1

|vi(si)| ≤ W

(
1

ΩN

N∑
i=1

wis
(αi+1)/qiwi

i

)ΩN

N∏
i=1

(∫ si

0

(si − τ i)βiΦi(τ i)pidτ i

)1/pi

. (20.10)

Thus

N∏
i=1

|vi(si)|(
1

ΩN

N∑
i=1

wis
(αi+1)/qiwi

i

)ΩN
≤ W

N∏
i=1

(∫ si

0

(si − τ i)βiΦi(τ i)pidτ i

)1/pi

,

(20.11)
whenever at least one si > 0, i ∈ {1, . . . , N}, where si ∈ Q(xi).

Next we integrate (20.11), use Hölder’s inequality and Fubini’s theorem,
and at the end we change the order of integration. So we have

∫ x1

0

· · ·
∫ xN

0

N∏
i=1

|vi(si)|ds1 · · · dsN(
1

ΩN

N∑
i=1

wis
(αi+1)/qiwi

i

)ΩN

≤ W
N∏

i=1

[∫ xi

0

(∫ si

0

(si − τ i)βiΦi(τ i)pidτ i

)1/pi

dsi

]
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≤ W

N∏
i=1

x
1/qi

i

(∫ xi

0

(∫ si

0

(si − τ i)βiΦi(τ i)pidτ i

)
dsi

)1/pi

=
W

N∏
i=1

(βi + 1)1/pi

N∑
i=1

x
1/qi

i

N∏
i=1

(∫ xi

0

(xi − τ i)βi+1Φi(τ i)pidτ i

)1/pi

,

proving (20.6). �

Note. Theorem 20.3 and the proof generalize a lot and resemble Theorem
3.1 and its proof in [189].

Corollary 20.4. All are as in Theorem 20.3. Then

M ≤ p1/rpU

N∏
i=1

x
1/qi

i

[
N∑

i=1

1
pi

(∫ xi

0

(xi − si)βi+1Φi(si)pidsi

)r
]1/rp

,

(20.12)
where r > 0.

Proof. By the inequality of means, for any Ai ≥ 0, r > 0, we obtain

N∏
i=1

A
1/pi

i ≤
(

p

( N∑
i=1

1
pi

Ar
i

))1/rp

.

Plug into it

Ai :=
∫ xi

0

(xi − si)βi+1φi(si)pidsi.

Thus inequality (20.12) is now established. �

Next we apply Theorem 20.3 to ordinary partial derivatives.

Convention 20.5. Here we assume that mi, ki are multi-indices satis-
fying 0 ≤ ki ≤ mi − 1, and write

αi = (ai + biqi)(mi − ki − 1), βi = ai(mi − ki − 1). (20.13)

Recall that mi − ki − 1 = (m1
i − k1

i − 1, . . . , md
1 − kd

i − 1).

We give

Theorem 20.6. Under Convention 20.5, let ui ∈ Cmi(Q(xi)) be such
that Dr

jui(si) = 0 for si ∈ ∂jQ(xi), 0 ≤ r ≤ mj
i − 1, 1 ≤ j ≤ d, i ∈ I .

Then

M1 :=
∫ x1

0

· · ·
∫ xN

0

N∏
i=1

|Dkiui(si)|ds1 · · · dsN(
1

ΩN

N∑
i=1

wis
(αi+1)/qiwi

i

)ΩN
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≤ U1

N∏
i=1

x
1/qi

i

N∏
i=1

(∫ xi

0

(xi − si)βi+1|Dmiui(si)|pidsi

)1/pi

, (20.14)

where

U1 :=
1

N∏
i=1

[
(mi − ki − 1)!(αi + 1)1/qi(βi + 1)1/pi

] . (20.15)

Proof. Under the assumptions of the theorem we have from [319] that

Dkiui(si) =
1

(mi − ki − 1)!

∫ si

0

(si − τ i)mi−ki−1Dmiui(τ i)dτ i, i ∈ I.

(20.16)
So using (20.6) with vi(si) = Dkiui(si), ci = mi − ki − 1, and Φi(si) =
|Dmiui(si)|/(mi − k1 − 1)! we get (20.14). �

We give

Corollary 20.7. All are as in Theorem 20.6. Then

M1 ≤ p1/rpU1

N∏
i=1

x
1/qi

i

[
N∑

i=1

1
pi

(∫ xi

0

(xi − si)βi+1|Dmiui(si)|pidsi

)r
]1/rp

,

(20.17)
where r > 0.

Proof. Apply (20.12). �

Note. Theorem 20.6 and Corollary 20.7 are similar but generalize The-
orem 4.1 and Corollary 4.2 of [189].

We proceed with

Theorem 20.8. Let ui ∈ C
�1(Q(xi)), �1 = (1, . . . , 1) ∈ N

d, be such that
ui(si) = 0 for si ∈ ∂j(Q(si)), 1 ≤ j ≤ d, i ∈ I. Then

M2 : =
∫ x1

0

· · ·
∫ xN

0

N∏
i=1

|ui(si)|ds1 · · · dsN(
1

ΩN

N∑
i=1

wis
1/qiwi

i

)ΩN

≤
N∏

i=1

x
1/qi

i

N∏
i=1

(∫ xi

0

(xi − si)
∣∣D�1ui(si)

∣∣pi
dsi

)1/pi

. (20.18)
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Proof. By [319] we have that

ui(si) =
∫ si

0

D
�1ui(τ i)dτ i, i ∈ I.

In Theorem 20.3 set vi(si) = ui(si), ci = 0, Φi(si) =
∣∣D�1ui(si)

∣∣ (see here
αi = βi = 0, U = 1), and the result follows. �

We have

Corollary 20.9. All are as in Theorem 20.8. Then

M2 ≤ p1/rp
N∏

i=1

x
1/qi

i

[
N∑

i=1

1
pi

(∫ xi

0

(xi − si)
∣∣D�1ui(si)

∣∣pi
dsi

)r
]1/rp

.

(20.19)

Proof. Apply (20.12). �

Note 20.10. Theorem 20.8 and Corollary 20.9 are similar and generalize
Theorem 4.3 and Corollary 4.4 of [189].

Next we apply Theorem 20.3 to fractional partial derivatives. To keep
things simple we work at d = 2.

We start with those in the Canavati [101] sense. But first we need to build
some necessary background. We need the following univariate concept.

Definition 20.11. [101, 17, 19, pp. 539–540] Let ν > 0, ñ := [ν], [·] the
integral part, and α := ν − ñ (0 < α < 1). Let f ∈ C([0, x]), x ∈ R+ −{0},
s ∈ [0, x]. We consider the Riemann–Liouville fractional integral

(Jνf)(s) =
1

Γ(ν)

∫ s

0

(s − t)ν−1f(t)dt. (20.20)

We consider the subspace Cν([0, x]) of Cñ([0, x]):

Cν([0, x]) :=
{
f ∈ Cñ([0, x]) : J1−αf (ñ) ∈ C1([0, x])

}
.

Hence, let f ∈ Cν([0, x]); we define the generalized ν -fractional derivative
of f over [0, x] as

f (ν) :=
(
J1−αf (ñ)

)′
. (20.21)

Notice that (
J1−αf (ñ)

)
=

1
Γ(1 − α)

∫ s

0

(s − t)−αf (ñ)(t)dt

exists for f ∈ Cν([0, x]), ∀s ∈ [0, x]; x ∈ R+ − {0}.
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We need the following univariate result.

Lemma 20.12. [17, 19, pp. 544–545] Let ν ≥ 1, γ ≥ 0, ν − γ − 1 ≥ 0,
ñ := [ν]. Let f ∈ Cν([0, x]), x ∈ R+ − {0}, such that f (j)(0) = 0, j =
0, 1, . . . , ñ − 1. It follows that f ∈ Cγ([0, x]) and

f (γ)(s) =
1

Γ(ν − γ)

∫ s

0

(s − t)ν−γ−1f (ν)(t)dt, ∀s ∈ [0, x], x ∈ R+ − {0}.
(20.22)

We define fractional partial derivatives in the Canavati sense.

Definition 20.13. (i) Let ν > 0, ñ := [ν], α := ν − ñ; assume here

f(·, t) ∈ Cν([0, x]); x ∈ R+ − {0}, ∀t ∈ [0, y]; y ∈ R+ − {0}.
We define the ν-partial fractional derivative of f with respect to
s : ∂νf(·, t)/∂sν as

∂νf(s, t)
∂sν

:=
∂

∂s

(
J1−α

∂ñf(s, t)
∂sñ

)
, ∀(s, t) ∈ [0, x] × [0, y]. (20.23)

(ii) Let μ > 0, m := [μ], β := μ − m; assume here

f(s, ·) ∈ Cμ([0, y]); y ∈ R+ − {0}, ∀s ∈ [0, x]; x ∈ R+ − {0}.
We define the μ-partial fractional derivative of f with respect to
t : ∂μf(s, ·)/∂tμ as

∂μf(s, t)
∂tμ

:=
∂

∂t

(
J1−β

∂mf(s, t)
∂tm

)
, ∀(s, t) ∈ [0, x] × [0, y]. (20.24)

We present

Theorem 20.14. Let f : [0, x] × [0, y] → R, x, y ∈ R+ − {0}. Let ν > 0,
n := [ν], α := ν − n; ρ > 0, r̃ := [ρ], δ := ρ − r̃. Assume

∂ρf

∂sρ
2

(·, s2) ∈ Cν([0, x]), ∀s2 ∈ [0, y].

Suppose also that ∂νf/∂sν
1(s1, ·) ∈ Cρ([0, y]), ∀s1 ∈ [0, x]. That is, there ex-

ist the fractional mixed partial derivatives ∂ν+ρf/∂sν
1∂sρ

2 and ∂ρ+νf/∂sρ
2∂sν

1

on [0, x] × [0, y], that are meant the obvious iterated way. Suppose further :
(1) f ∈ Cn,r̃([0, x] × [0, y]).
(2)

G1(t, s2) :=
∫ s2

0

(s2 − s)−δ ∂r̃f

∂sr̃
2

(t, s)ds ∈ Cn,1([0, x] × [0, y]). (20.25)
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(3)

M1(t, s2) :=
∫ s2

0

(s2 − s)−δ ∂n+r̃

∂sn
1∂sr̃

2

f(t, s)ds ∈ C1([0, x]) × [0, y]). (20.26)

(4) Let

F (s1, s2) :=
∫ s1

0

∫ s2

0

(s1 − t)−α(s2 − s)−δ ∂n+r̃

∂sn
1∂sr̃

2

f(t, s)dsdt. (20.27)

Assume Fs1 , Fs2 , Fs2s1 ∈ C([0, x] × [0, y]).
(5)

G2(s1, s) :=
∫ s1

0

(s1 − t)−α ∂n

∂sn
1

f(t, s)dt ∈ C1,r̃([0, x] × [0, y]). (20.28)

(6)

M2(s1, s) :=
∫ s1

0

(s1 − t)−α ∂n+r̃

∂sn
1∂sr̃

2

f(t, s)dt ∈ C1([0, x] × [0, y]). (20.29)

Then
∂ν+ρf

∂sν
1∂sρ

2

=
∂ρ+νf

∂sρ
2∂sν

1

(20.30)

and are continuous on [0, x] × [0, y].

Proof. We observe the following

∂ν

∂sν
1

(
∂ρ

∂sρ
2

f(s1, s2)

)
=

1

Γ(1 − α)

∂

∂s1

(∫ s1

0
(s1 − t)−α ∂n

∂sn
1

(
∂ρ

∂sρ
2

f(t, s2)

)
dt

)

=
1

Γ(1 − α)Γ(1 − δ)

∂

∂s1

[∫ s1

0
(s1 − t)−α ∂n

∂sn
1

{
∂

∂s2

(∫ s2

0
(s2 − s)−δ ∂r̃

∂sr̃
2

f(t, s)ds

)}
dt

]

(by Proposition 20.2)

=
1

Γ(1 − α)Γ(1 − δ)

∂

∂s1

[∫ s1

0
(s1 − t)−α ∂

∂s2

{
∂n

∂sn
1

(∫ s2

0
(s2 − s)−δ ∂r̃

∂sr̃
2

f(t, s)ds

)}
dt

]

(by Theorem 24.5, p. 193 of [10])

=
1

Γ(1 − α)Γ(1 − δ)

∂

∂s1

[∫ s1

0
(s1 − t)−α ∂

∂s2

(∫ s2

0
(s2 − s)−δ ∂n+r̃

∂sn
1 ∂sr̃

2

f(t, s)ds

)
dt

]

=
1

Γ(1 − α)Γ(1 − δ)

∂2

∂s1∂s2

(∫ s1

0

∫ s2

0
(s1 − t)−α(s2 − s)−δ ∂n+r̃

∂sn
1 ∂sr̃

2

f(t, s)dsdt

)
=: A.
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Similarly we have

∂ρ

∂sρ
2

(
∂ν

∂sν
1

f(s1, s2)

)
=

1

Γ(1 − δ)

∂

∂s2

(∫ s2

0
(s2 − s)−δ ∂r̃

∂sr̃
2

(
∂ν

∂sν
1

f(s1, s)

)
ds

)

=
1

Γ(1 − α)Γ(1 − δ)

∂

∂s2

[∫ s2

0
(s2 − s)−δ ∂r̃

∂sr̃
2

{
∂

∂s1

(∫ s1

0
(s1 − t)−α ∂n

∂sn
1

f(t, s)dt

)}
ds

]

(by Proposition 20.2)

=
1

Γ(1 − α)Γ(1 − δ)

∂

∂s2

(∫ s2

0
(s2 − s)−δ ∂

∂s1

(
∂r̃

∂sr̃
2

(∫ s1

0
(s1 − t)−α ∂n

∂sn
1

f(t, s)dt

))
ds

)

(by Theorem 24.5, p. 193 of [10])

=
1

Γ(1 − α)Γ(1 − δ)

∂

∂s2

(∫ s2

0
(s2 − s)−δ ∂

∂s1

(∫ s1

0
(s1 − t)−α ∂n+r̃

∂sn
1 ∂sr̃

2

f(t, s)dt

)
ds

)

=
1

Γ(1 − α)Γ(1 − δ)

∂2

∂s2∂s1

(∫ s2

0

∫ s1

0
(s2 − s)−δ(s1 − t)−α ∂n+r̃

∂sn
1 ∂sr̃

2

f(t, s)dtds

)

1

Γ(1 − α)Γ(1 − δ)

∂2

∂s1∂s2

(∫ s1

0

∫ s2

0
(s1 − t)−α(s2 − s)−δ ∂n+r̃

∂sn
1 ∂sr̃

2

f(t, s)dtds

)
= A,

proving the claim. �

We need

Lemma 20.15. Let f ∈ L∞([0, A]× [0, B]), where A,B ∈ R+ −{0}. Let

F (x, y) :=

∫ x

0

∫ y

0
(x−t)α(y−s)βf(t, s)dtds, ∀x ∈ [0, A], ∀y ∈ [0, B]; α, β ∈ R+.

Then
F ∈ C([0, A] × [0, B]).

Proof. We notice that

F (x, y) =
∫ x

0

∫ y

0

|x − t|α|y − s|βf(t, s)dtds

=
∫ A

0

∫ B

0

χ[0,x]×[0,y](t, s)|x− t|α|y − s|βf(t, s)dtds,

∀x ∈ [0, A], ∀y ∈ [0, B].

Let xn ∈ [0, A], yn ∈ [0, B], n ∈ N : (xn, yn) → (x, y), as n → ∞, x ∈ A,
y ∈ B. We have, as n → ∞, that

χ[0,xn]×[0,yn](t, s) −→ χ[0,x]×[0,y](t, s) a.e. in (t, s) ∈ [0, A] × [0, B].
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Also, as n → ∞, we have that

|xn − t|α|yn − s|βf(t, s) → |x − t|α|y − s|βf(t, s), ∀(t, s) ∈ [0, A] × [0, B].

Consequently it holds

χ[0,xn]×[0,yn](t, s)|xn− t|α|yn−s|βf(t, s) −→ χ[0,x]×[0,y](t, s)|x− t|α|y−s|βf(t, s),

a.e. in (t, s) ∈ [0, A] × [0, B]. Furthermore

χ[0,xn]×[0,yn](t, s)|xn−t|α|yn−s|β |f(t, s)| ≤ AαBβ |f(t, s)|, ∀(t, s) ∈ [0, A]×[0, B],

and AαBβ |f(t, s)| is integrable. Hence by the dominated convergence the-
orem we obtain, as n → ∞, that

F (xn, yn) =

∫ A

0

∫ B

0
χ[0,xn]×[0,yn](t, s)|xn − t|α|yn − s|βf(t, s)dtds

−→
∫ A

0

∫ B

0
χ[0,x]×[0,y](t, s)|x − t|α|y − s|βf(t, s)dtds = F (x, y),

proving that F is jointly continuous in (x, y). �

We present

Theorem 20.16. Here i = 1, . . . , N . Let νi ≥ 1, γi ≥ 0, νi − γi − 1 ≥ 0,
ni = [νi], and μi, ρi ≥ 1: μi − ρi − 1 ≥ 0, mi := [μi], ri := [ρi]; xi, yi ∈
R+ − {0}. Let fi ∈ Cni,ri([0, xi] × [0, yi]). Assume that

∂ρifi

∂s
ρi
i2

(·, si2) ∈ Cνi([0, xi]), ∀si2 ∈ [0, yi],

and

∂j

∂sj
i1

(
∂ρifi

∂s
ρi
i2

)
(0, si2) = 0, all j = 0, 1, . . . , ni − 1; ∀si2 ∈ [0, yi].

Also suppose that

∂νifi

∂sνi
i1

(si1, ·) ∈ Cμi([0, yi]), ∀si1 ∈ [0, xi],

and

∂j

∂sj
i2

(
∂νifi

∂sνi
i1

)
(si1, 0) = 0, all j = 0, 1, . . . ,mi − 1; ∀si1 ∈ [0, xi].

We suppose∂μi+νifi/∂s
μi
i2 ∂sνi

i1 ∈ L∞([0, xi] × [0, yi]). Further assume that
fi fulfills all assumptions of Theorem 20.14 (by indexing all there by i).
Then we get the continuous function

∂γi+ρifi(si1, si2)

∂s
γi
i1 ∂s

ρi
i2

=
1

Γ(νi − γi)Γ(μi − ρi)

∫ si1

0

∫ si2

0
(si1−ti1)νi−γi−1(si2−ti2)μi−ρi−1
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× ∂μi+νifi

∂s
μi
i2 ∂sνi

i1

(ti1, ti2)dti2dti1, ∀(si1, si2) ∈ [0, xi] × [0, yi], (20.31)

all i = 1, . . . , N .

Proof. By using Lemma 20.12 we obtain that

∂ρifi

∂s
ρi
i2

(·, si2) ∈ Cγi([0, xi]), ∀si2 ∈ [0, yi].

Furthermore we get

∂γi+ρifi

∂s
γi
i1∂s

ρi
i2

(si1, si2) =
∂γi

∂s
γi
i1

(
∂ρifi

∂s
ρi
i2

)
(si1, si2)

=
1

Γ(νi − γi)

∫ si1

0

(si1 − ti1)νi−γi−1 ∂νi

∂sνi
i1

(
∂ρifi

∂s
ρi
i2

(ti1, si2)
)

dti1

=
1

Γ(νi − γi)

∫ si1

0

(si1 − ti1)νi−γi−1 ∂νi+ρi

∂sνi
i1∂s

ρi
i2

fi(ti1, si2)dti1,

∀si1 ∈ [0, xi]; ∀si2 ∈ [0, yi]. (20.32)

Again applying Lemma 20.12 we get

∂νifi

∂sνi
i1

(ti1, ·) ∈ Cρi([0, yi]), ∀ti1 ∈ [0, xi],

and
∂ρi

∂s
ρi
i2

(
∂νifi

∂sνi
i1

)
(ti1, si2)

=
1

Γ(μi − ρi)

∫ si2

0

(si2 − ti2)μi−ρi−1 ∂μi

∂s
μi
i2

(
∂νifi

∂sνi
i1

)
(ti1, ti2)dti2,

∀si2 ∈ [0, yi]; ∀ti1 ∈ [0, xi].

Thus we have

∂ρi+νifi

∂s
ρi
i2∂sνi

i1

(ti1, si2) =
1

Γ(μi − ρi)

∫ si2

0

(si2 − ti2)μi−ρi−1

× ∂μi+νifi

∂s
μi
i2 ∂sνi

i1

(ti1, ti2)dti2, ∀si2 ∈ [0, yi]; ∀ti1 ∈ [0, xi]. (20.33)

By Theorem 20.14 we obtain that

∂ρi+νifi

∂s
ρi
i2∂sνi

i1

=
∂νi+ρifi

∂sνi
i1∂s

ρi
i2

over [0, xi] × [0, yi]. (20.34)
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Using (20.34) and plugging (20.33) into (20.32) we finally find

∂γi+ρifi(si1, si2)
∂s

γi
i1∂s

ρi
i2

=
1

Γ(νi − γi)Γ(μi − ρi)

∫ si1

0

(si1 − ti1)νi−γi−1

×
(∫ si2

0

(si2 − ti2)μi−ρi−1

∂μi+νi

∂s
μi
i2 ∂sνi

i1

fi(ti1, ti2)dti2

)
dti1, (20.35)

all i = 1, . . . , N ; there by proving the claim. Continuity of ∂γi+ρifi(si1, si2)/
∂s

γi
i1∂s

ρi
i2 is arrived at via Lemma 20.15. �

We continue with an application of Theorem 20.3.

Theorem 20.17. All here are as in Theorem 20.16. Call αi1 := (ai +
biqi)(νi − γi − 1), αi2 := (ai + biqi)(μi − ρi − 1); βi1 := ai(νi − γi − 1),
βi2 := ai(μi − ρi − 1); all i = 1, . . . , N . Then

M∗ :=
∫ x1

0

∫ y1

0

∫ x2

0

∫ y2

0

· · ·
∫ xN

0

∫ yN

0

N∏
i=1

∣∣∂γi+ρi fi(si1,si2)

∂s
γi
i1 ∂s

ρi
i2

∣∣ds11ds12ds21ds22 · · · dsN1dsN2(
1

ΩN

N∑
i=1

wis
(αi1+1)/qiwi

i1 s
(αi2+1)/qiwi

i2

)ΩN

≤ U∗
N∏

i=1

(xiyi)1/qi

N∑
i=1

(∫ xi

0

∫ yi

0

(xi − si1)βi1+1(yi − si2)βi2+1

×
(∣∣∣∣ ∂μi+νifi

∂s
μi
i2 ∂sνi

i1

(si1, si2)
∣∣∣∣)pi

dsi1dsi2

)1/pi

. (20.36)

Here

U∗ :=
1

N∏
i=1

[(
(αi1 + 1)(αi2 + 1)

)1/qi
(
(βi1 + 1)(βi2 + 1)

)1/pi
] . (20.37)

Proof. Here we use (20.31). Call

vi(si1, si2) :=
∂γi+ρifi(si1, si2)

∂s
γi
i1∂s

ρi
i2

∈ C([0, xi] × [0, yi])
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and by (20.31),

Φi(si1, si2) :=
∣∣∣∣∂μi+νifi(si1, si2)

∂s
μi
i2 ∂sνi

i1

∣∣∣∣ 1
Γ(νi − γi)Γ(μi − ρi)

∈ L∞([0, xi]×[0, yi]),

and use Theorem 20.3. Then (20.36) is obvious. �

We give

Corollary 20.18. All are as in Theorem 20.17. Then

M∗ ≤ p1/rpU∗
N∏

i=1

(xiyi)
1/qi

[
N∑

i=1

1

pi

(∫ xi

0

∫ yi

0
(xi − si1)

βi1+1(yi − si2)
βi2+1

×
(∣∣∣∣ ∂μi+νifi

∂s
μi
i2 ∂sνi

i1

(si1, si2)

∣∣∣∣
)pi

dsi1dsi2

)r]1/rp

, (20.38)

where r ∈ R+ − {0}.

Proof. By (20.36) and (20.12). �

Finally, we deal with the Riemann–Liouville fractional partial deriva-
tives. Again we work at d = 2.

First we need to build the necessary background.

Definition 20.19. (See [187].) Let α ∈ R+ −{0} . For any f ∈ L1(0, x);
x ∈ R+ −{0}, the Riemann–Liouville fractional integral of f of order α is
defined by

(Jαf)(s) :=
1

Γ(α)

∫ s

0

(s − t)α−1f(t)dt, ∀s ∈ [0, x], (20.39)

and the Riemann–Liouville fractional derivative of f of order α by

Δαf(s) :=
1

Γ(m − α)

(
d

ds

)m ∫ s

0

(s − t)m−α−1f(t)dt, (20.40)

where m := [α] + 1, [·] is the integral part. In addition, we set Δ0f := f =:
J0f , J−αf := Δαf if α > 0, and Δ−αf := Jαf , if 0 < α ≤ 1. If α ∈ N,
then Δαf = f (α).

Definition 20.20. [187] We say that f ∈ L1(0, x) has an L∞ frac-
tional derivative Δαf in [0, x] , x ∈ R+ − {0}, iff Δα−kf ∈ C([0, x]),
k = 1, . . . , m := [α]+1; α ∈ R+−{0}, and Δα−1f ∈ AC([0, x]) (absolutely
continuous functions) and Δαf ∈ L∞(0, x).

We also need
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Lemma 20.21. [187] Let α ∈ R+, β > α, let f ∈ L1(0, x), x ∈ R+−{0},
have an L∞ fractional derivative Δβf in [0, x], and let Δβ−kf(0) = 0 for
k = 1, . . . , [β] + 1. Then

Δαf(s) =
1

Γ(β − α)

∫ s

0

(s − t)β−α−1Δβf(t)dt, ∀s ∈ [0, x]. (20.41)

Clearly here Δαf ∈ L∞(0, x); thus Δαf ∈ L1(0, x).

We need

Definition 20.22. Let f : [0, x]× [0, y] → R, x, y ∈ R+ − {0}, such that
f(·, s2) ∈ L1(0, x), ∀s2 ∈ [0, y]; f(s1, ·) ∈ L1(0, y), ∀s1 ∈ [0, x]; α, β ∈
R+ − {0}. We define the Riemann–Liouville fractional partial derivatives
with respect to s1 (resp., s2) of f of order α (resp., order β) by

Δα
s1

f(s1, s2) :=
1

Γ(m − α)

(
∂

∂s1

)m ∫ s1

0

(s1 − t1)m−α−1f(t1, s2)dt1,

(20.42)
where m := [α] + 1, ∀s1 ∈ [0, x], all s2 ∈ [0, y]; and

Δβ
s2

f(s1, s2) :=
1

Γ(r − β)

(
∂

∂s2

)r ∫ s2

0

(s2 − t2)r−β−1f(s1, t2)dt2, (20.43)

where r := [β] + 1, ∀s2 ∈ [0, y], all s1 ∈ [0, x].
We define the Riemann–Liouville fractional mixed (iterated ) partial deriva-

tives as

Δα
s1

Δβ
s2

f(s1, s2) : = Δα
s1

(
Δβ

s2
f(s1, s2)

)
:= Δα+β

s1s2
f(s1, s2),

Δβ
s2

Δα
s1

f(s1, s2) : = Δβ
s2

(
Δα

s1
f(s1, s2)

)
:= Δβ+α

s2s1
f(s1, s2),

∀(s1, s2) ∈ [0, x] × [0, y],

defined the obvious way via (20.40).

We need and give a commutativity result for the above partials.

Theorem 20.23. Let f ∈ L∞((0, x1) × (0, x2)), x1, x2 ∈ R+ − {0}.
Let β1, α2 ∈ R+ − {0}, r1 := [β1] + 1, m2 := [α2] + 1. Assume that
f(s1, ·) ∈ L1(0, x2) has Δα2

s2
f(s1, ·) ∈ L∞(0, x2), ∀s1 ∈ [0, x1], and be given

Δα2
s2

f(·, s2) ∈ L1(0, x1) form Δβ1
s1 (Δα2

s2
f(·, s2)) over [0, x1], ∀s2 ∈ [0, x2].

Also assume that f(·, s2) ∈ L1(0, x1) has Δβ1
s1 f(·, s2) ∈ L∞(0, x1), ∀s2 ∈

[0, x2], and be given Δβ1
s1 f(s1, ·) ∈ L1(0, x2) form Δα2

s2
(Δβ1

s1 f(s1, ·)) over
[0, x2], ∀s1 ∈ [0, x1].

We suppose further :
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(1)

M1(t1, s2) :=
∫ s2

0

(s2 − t2)m2−α2−1f(t1, t2)dt2 ∈ Cm2([0, x1] × [0, x2]).

(20.44)
(2)

M2(s1, t2) :=
∫ s1

0

(s1 − t1)r1−β1−1f(t1, t2)dt1 ∈ Cr1([0, x1] × [0, x2]).

(20.45)
(3)

λ(s1, s2) :=
∫ s1

0

∫ s2

0

(s1 − t1)r1−β1−1(s2 − t2)m2−α2−1f(t1, t2)dt2dt1

∈ Cr1,m2([0, x1] × [0, x2]). (20.46)

Then there exist Δβ1+α2
s1s2 f , Δα2+β1

s2s1 f , are continuous; and

Δβ1+α2
s1s2

f = Δα2+β1
s2s1

f (20.47)

on [0, x1] × [0, x2].

Proof. We observe that

Δβ1+α2
s1s2

f(s1, s2) = Δβ1
s1

(
Δα2

s2
f(s1, s2)

)
=

1
Γ(r1 − β1)

(
∂

∂s1

)r1 ∫ s1

0

(s1 − t1)r1−β1−1Δα2
s2

f(t1, s2)dt1

=
1

Γ(r1 − β1)Γ(m2 − α2)

(
∂

∂s1

)r1 ∫ s1

0

(s1 − t1)r1−β1−1

×
((

∂

∂s2

)m2 ∫ s2

0

(s2 − t2)m2−α2−1f(t1, t2)dt2

)
dt1

(by [10, Theorem 24.5, p. 193])

=
1

Γ(r1 − β1)Γ(m2 − α2)

(
∂

∂s1

)r1
(

∂

∂s2

)m2

∫ s1

0

∫ s2

0

(s1 − t1)r1−β1−1(s2 − t2)m2−α2−1f(t1, t2)dt2dt1

=
1

Γ(r1 − β1)Γ(m2 − α2)
∂r1+m2

∂sr1
1 ∂sm2

2∫ s1

0

∫ s2

0

(s1 − t1)r1−β1−1(s2 − t2)m2−α2−1f(t1, t2)dt2dt1 =: B < +∞.
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Also we have
Δα2+β1

s2s1
f(s1, s2) = Δα2

s2

(
Δβ1

s1
f(s1, s2)

)
=

1
Γ(m2 − α2)

(
∂

∂s2

)m2 ∫ s2

0

(s2 − t2)m2−α2−1Δβ1
s1

f(s1, t2)dt2

=
1

Γ(r1 − β1)Γ(m2 − α2)

(
∂

∂s2

)m2 ∫ s2

0

(s2 − t2)m2−α2−1

((
∂

∂s1

)r1 ∫ s1

0

(s1 − t1)r1−β1−1f(t1, t2)dt1

)
dt2

(by [10, Theorem 24.5, p. 193])

=
1

Γ(r1 − β1)Γ(m2 − α2)

(
∂

∂s2

)m2
(

∂

∂s1

)r1

∫ s2

0

(∫ s1

0

(s2 − t2)m2−α2−1(s1 − t1)r1−β1−1f(t1, t2)dt1

)
dt2

=
1

Γ(r1 − β1)Γ(m2 − α2)
∂m2+r1

∂sm2
2 ∂sr1

1∫ s1

0

∫ s2

0

(s1 − t1)r1−β1−1(s2 − t2)m2−α2−1f(t1, t2)dt2dt1

(by Proposition 20.2)

=
1

Γ(r1 − β1)Γ(m2 − α2)
∂r1+m2

∂sr1
1 ∂sm2

2∫ s1

0

∫ s2

0

(s1 − t1)r1−β1−1(s2 − t2)m2−α2−1f(t1, t2)dt2dt1 = B,

proving the claim. �

We proceed with

Theorem 20.24. Here i = 1, . . . , N . Let αi1, αi2 ∈ R+; βi1, βi2 ∈ R+ −
{0}: βi1 ≥ αi1 + 1, βi2 ≥ αi2 + 1; fi ∈ L∞

(
(0, xi1) × (0, xi2)

)
, xi1, xi2 ∈

R+−{0}. Assume that fi(si1, ·) ∈ L1(0, xi2) has Δαi2
si2

fi(si1, ·) ∈ L∞(0, xi2),
∀si1 ∈ [0, xi1]. Assume that Δαi2

si2
fi(·, si2) ∈ L1(0, xi1) has an L∞ partial

fractional derivative Δβi1
si1

(
Δαi2

si2
fi(·, si2)

)
in [0, xi1], and

Δβi1−ki1
si1

(
Δαi2

si2
fi(0, si2)

)
= 0, for ki1 = 1, . . . , [βi1] + 1, ∀si2 ∈ [0, xi2].

Suppose that fi(·, si2) ∈ L1(0, xi1) has Δβi1
si1 fi(·, si2) ∈ L∞(0, xi1), ∀si2 ∈

[0, xi2]. Suppose that Δβi1
si1 fi(ti1, ·) ∈ L1(0, xi2) has an L∞ fractional deriva-

tive Δβi2
si2

(
Δβi1

si1 fi(ti1, ·)
)

in [0, xi2], and let

Δβi2−ki2
si2

(
Δβi1

si1
fi(ti1, 0)

)
= 0,
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for all ki2 = 1, . . . , [βi2]+1, ∀ti1 ∈ [0, xi1]. Suppose Δβi2+βi1
si2si1 fi ∈ L∞((0, xi1)

×(0, xi2)). Further assume that fi fulfills all assumptions of Theorem 20.23
(by indexing all there by i). Then we get the continuous function

Δαi1+αi2
si1si2

fi(si1, si2) =
1

Γ(βi1 − αi1)Γ(βi2 − αi2)

×
∫ si1

0

∫ si2

0

(si1−ti1)βi1−αi1−1(si2−ti2)βi2−αi2−1Δβi2+βi1
si2si1

fi(ti1, ti2)dti2dti1,

∀(si1, si2) ∈ [0, xi1] × [0, xi2], all i = 1, . . . , N. (20.48)

Proof. By using Lemma 20.21 we get

Δαi1
si1

(
Δαi2

si2
fi(si1, si2)

)
=

1
Γ(βi1 − αi1)

∫ si1

0

(si1 − ti1)βi1−αi1−1Δβi1
si1

(
Δαi2

si2
fi(ti1, si2)

)
dti1,

(20.49)
∀si1 ∈ [0, xi1], all si2 ∈ [0, xi2]. Also by Lemma 20.21 we have

Δαi2
si2

(
Δβi1

si1
fi(ti1, si2)

)
=

1
Γ(βi2 − αi2)

∫ si2

0

(si2−ti2)βi2−αi2−1Δβi2
si2

(
Δβi1

si1
fi(ti1, ti2)

)
dti2, (20.50)

∀si2 ∈ [0, xi2], all ti1 ∈ [0, xi1]. That is,

Δαi2+βi1
si2si1

fi(ti1, si2)

=
1

Γ(βi2 − αi2)

∫ si2

0

(si2 − ti2)βi2−αi2−1Δβi2+βi1
si2si1

fi(ti1, ti2)dti2, (20.51)

∀si2 ∈ [0, xi2], all ti1 ∈ [0, xi1].
By Theorem 20.23 we have existence and continuity of partials and

Δβi1+αi2
si1si2

fi = Δαi2+βi1
si2si1

fi, (20.52)

on [0, xi1]× [0, xi2], all i = 1, . . . , N . Using (20.52) and (20.51) into (20.49)
we derive (20.48). Continuity of Δαi1+αi2

si1si2
fi(si1, si2) is arrived at via Lemma

20.15. �

Next we give the final application of Theorem 20.3.

Theorem 20.25. All here are as in Theorem 20.24. Call α̃i1 := (ai +
biqi)(βi1−αi1−1), α̃i2 := (ai +biqi)(βi2−αi2−1); β̃i1 := ai(βi1−αi1−1),
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β̃i2 := ai(βi2 − αi2 − 1); all i = 1, . . . , N . Then

Θ : =
∫ x11

0

∫ x12

0

∫ x21

0

∫ x22

0

· · ·
∫ xN1

0

∫ xN2

0

N∏
i=1

∣∣Δαi1+αi2
si1si2

fi(si1, si2)

∣∣ds11ds12ds21ds22 · · · dsN1dsN2(
1

ΩN

N∑
i=1

wis
(α̃i1+1)/qiwi

i1 s
(α̃i2+1)/qiwi

i2

)ΩN

≤ Ũ

N∏
i=1

(xi1xi2)1/qi

N∏
i=1

(∫ xi1

0

∫ xi2

0

(xi1 − si1)β̃i1+1(xi2 − si2)β̃i2+1

× ∣∣Δβi2+βi1
si2si1

fi(si1, si2)
∣∣pi

dsi1dsi2

)1/pi

. (20.53)

Here

Ũ :=
1

N∏
i=1

[(
(α̃i1 + 1)(α̃i2 + 1)

)1/qi
(
(β̃i1 + 1)(β̃i2 + 1)

)1/pi
] . (20.54)

Proof. Here we use (20.48). Call

vi(si1, si2) := Δαi1+αi2
si1si2

fi(si1, si2) ∈ C([0, xi1] × [0, xi2])

by (20.48), and

Φi(si1, si2) :=
∣∣Δβi2+βi1

si2si1
fi(si1, si2)

∣∣
1

Γ(βi1 − αi1)Γ(βi2 − αi2)
∈ L∞([0, xi1] × [0, xi2]),

and use Theorem 20.3. Then (20.53) is obvious. �

We give

Corollary 20.26. All are as in Theorem 20.25. Then

θ ≤ p1/rpŨ
N∏

i=1

(xi1xi2)1/qi

[
N∑

i=1

1
pi

(∫ xi1

0∫ xi2

0

(xi1 − si1)β̃i1+1(xi2 − si2)β̃i2+1

×∣∣Δβi2+βi1
si2si1

fi(si1, si2)
∣∣pi

dsi1dsi2

)r
]1/rp

, (20.55)
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where r ∈ R+ − {0}.

Proof. By (20.53) and (20.12). �

Note 20.27. One can give several examples based on all the above results
by assuming, for instance, that all ai = 1, b1 = 0 or ai = 0 and bi = 1; with
or without qi = N , wi = 1/N , pi = N/N − 1, ci = c∗; all i = 1, . . . , N .
Also for pi = qi = N = 2, all i = 1, . . . , N . Especially and additionally in
Theorem 20.6 one can assume mi = m∗, ki = k∗, all i = 1, . . . , N . Also
in Theorem 20.17 one can put μi = μ∗, ρi = ρ∗ , νi = ν∗, γi = γ∗; all
i = 1, . . . , N .

In Theorem 20.25 one can put αi1 = α∗, βi1 = β∗; αi2 = α̃, βi2 = β̃, all
i = 1, . . . , N , and so on. Wishing to keep the length of the chapter short,
we do not show these applications here.



21
Other Hilbert–Pachpatte-Type
Fractional Integral Inequalities

This is a continuation of Chapters 19 and 20.
We present here very general weighted univariate and multivariate

Hilbert–Pachpatte-type integral inequalities. These involve Caputo and
Riemann–Liouville fractional derivatives and fractional partial derivatives
of the mentioned types. This treatment is based on [54]. Of great motiva-
tion to write this chapter have been [191, Theorem 316], [320, Theorem 1],
[322, Theorem 1], and [147, 187, 188].

21.1 Background

Here we follow [134].
We start with

Definition 21.1. Let ν ≥ 0 and the operator Jν
a , defined on L1 (a, b) by

Jν
a f (x) :=

1
Γ (ν)

∫ x

a

(x − t)ν−1
f (t) dt (21.1)

for a ≤ x ≤ b, be called the Riemann–Liouville fractional integral operator
of order ν.

For ν = 0, we set J0
a := I, the identity operator. Here Γ stands for the

gamma function. Let α > 0, f ∈ L1 (a, b) , a, b ∈ R; see [134]. Here [·]
stands for the integral part of the number.

G.A. Anastassiou, Fractional Differentiation Inequalities, 545
DOI 10.1007/978-0-387-98128-4 21, c© Springer Science+Business Media, LLC 2009
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We define the generalized Riemann–Liouville fractional derivative of f
of order α by

Dα
a f (s) :=

1
Γ (m − α)

(
d

ds

)m ∫ s

a

(s − t)m−α−1
f (t) dt, (21.2)

where m := [α] + 1, s ∈ [a, b]; see also [57], Remark 46 there.
In addition, we set

D0
af := f,

J−α
a f := Dα

a f, if α > 0,

D−α
a f := Jα

a f, if 0 < α ≤ 1,

Dn
af = f (n), for n ∈ N. (21.3)

We need to mention

Definition 21.2. [134] Let ν ≥ 0, n := �ν� and �·� be the ceiling of the
number, f ∈ ACn ([a, b]). We call the Caputo fractional derivative

Dν
∗af (x) :=

1
Γ (n − ν)

∫ x

a

(x − t)n−ν−1
f (n) (t) dt, (21.4)

∀x ∈ [a, b] .
The above function Dν

∗af (x) exists almost everywhere for x ∈ [a, b] . Here
ACn ([a, b]) is the space of functions with absolutely continuous (n − 1)st
derivative, n ∈ N.

We need

Proposition 21.3. [134] Let ν ≥ 0, n := �ν� and f ∈ ACn ([a, b]) . Then
Dν

∗af exists iff the generalized Riemann–Liouville fractional derivative Dν
af

exists.

Proposition 21.4. [134] Let ν ≥ 0, n := �ν� . Assume that f is
such that both Dν

∗af and Dν
af exist. Suppose that f (k) (a) = 0 for k =

0, 1, . . . , n − 1.
Then

Dν
∗af = Dν

af. (21.5)

In conclusion

Corollary 21.5. [58] Let ν ≥ 0, n := �ν� , f ∈ ACn ([a, b]) , Dν
∗af exists

or Dν
af exists, and f (k) (a) = 0, k = 0, 1, . . . , n − 1.
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Then
Dν

af = Dν
∗af. (21.6)

We need

Theorem 21.6. [58] Let ν ≥ 0, n := �ν� , f ∈ ACn ([a, b]) , and
f (k) (a) = 0, k = 0, 1, . . . , n − 1.

Then
f (x) =

1
Γ (ν)

∫ x

a

(x − t)ν−1
Dν

∗af (t) dt. (21.7)

We also need

Theorem 21.7. [58] Let ν ≥ γ + 1, γ ≥ 0. Call n := �ν� . Assume
f ∈ ACn ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , n − 1, and Dν

∗af ∈
L∞ (a, b) . Then Dγ

∗af ∈ AC ([a, b]) , and

Dγ
∗af (x) =

1
Γ (ν − γ)

∫ x

a

(x − t)ν−γ−1
Dν

∗af (t) dt, (21.8)

∀x ∈ [a, b].

Theorem 21.8. [58] Let ν ≥ γ + 1, γ ≥ 0, and n := �ν� . Let f ∈
ACn ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , n− 1. Assume ∃Dν

af (x) ∈
R, ∀x ∈ [a, b] , and Dν

af ∈ L∞ (a, b) . Then Dγ
af ∈ AC ([a, b]) , and

Dγ
af (x) =

1
Γ (ν − γ)

∫ x

a

(x − t)ν−γ−1
Dν

af (t) dt, (21.9)

∀x ∈ [a, b] .

In [41] we proved the following result which we use here.

Theorem 21.9. Here for i ∈ {1, . . . , n} , take xi > 0, and assume

ui ∈ L1 (0, xi) , gi ∈ L∞
(
(0, xi)

2
)

, Φi ∈ L∞ (0, xi) ,

with gi, Φi ≥ 0. Take τ i ≥ 0, pi, qi > 1 : 1/pi + 1/qi = 1, and ωi > 0 such
that

∑n
i=1 ωi = Ωn, and ai, bi ∈ [0, 1] such that ai + bi = 1. Call

ϕi (si) :=
∫ si

0

(gi (si, τ i))
(ai+biqi)τi dτ i. (21.10)

Assume ϕi (si) > 0, with the exception ϕi (0) = 0. If

|ui (si)| ≤
∫ si

0

(gi (si, τ i))
τ i Φi (τ i) dτ i, si ∈ [0, xi] , i = 1, . . . , n, (21.11)
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then

I1 :=
∫ x1

0

. . .

∫ xn

0

n∏
i=1

|ui (si)|(
1

Ωn

n∑
i=1

ωi (ϕi (si))
1/qiωi

)Ωn
ds1 . . . dsn

≤
n∏

i=1

x
1/qi

i

[∫ xi

0

(Φi (τ i))
pi

(∫ xi

τ i

(gi (si, τ i))
aiτi dsi

)
dτ i

]1/pi

. (21.12)

Also from [41] we need

Corollary 21.10. All are as in Theorem 21.9 and 1/p :=
∑n

i=1 1/pi,
τ > 0. Then

I1 ≤ p1/τp
n∑

i=1

x
1/qi

i

[
n∑

i=1

1
pi

{∫ xi

0

(Φi (τ i))
pi

×
(∫ xi

τi

(gi (si, τ i))
aiτ i dsi

)
dτ i

}τ]1/τp

. (21.13)

For the multivariate results, Section 21.3, we need

Symbols 21.11. By Z (Z+) and R (R+) we denote the sets of all (non-
negative) integers and (nonnegative) real numbers. In the following we work
with functions of d variables, where d is a fixed positive integer, writing the
variable as a vector s =

(
s1, . . . , sd

) ∈ R
d. A multi-index m is an element

m =
(
m1, . . . , md

)
of Z

d
+. An usual, the factorial of a multi-index m is de-

fined by m! = m1! . . . md!. An integer j may be regarded as the multi-index
(j, . . . , j) depending on the context. For vectors in R

d and multi-indices we
use the usual operations of vector addition and multiplication of vectors
by scalars. We write s ≤ τ (s < τ) if sj ≤ τ j

(
sj < τ j

)
for 1 ≤ j ≤ d.

The same convention applies to multi-indices. In particular, s ≥ 0 (s > 0)
means sj ≥ 0

(
sj > 0

)
if 1 ≤ j ≤ d.

If s =
(
s1, . . . , sd

) ∈ R
d and s > 0, we define the cell

Q (s) =
[
0, s1

]× . . . × [0, sj
]× . . . × [0, sd

]
;

replacing the factor
[
0, sj

]
by {0} in this product, we have the face ∂jQ (s)

of Q (s) .
Let s =

(
s1, . . . , sd

)
, τ =

(
τ1, . . . , τd

) ∈ R
d, s, τ > 0, let k =

(
k1, . . . , kd

)
be a multi-index, and let u : Q (s) → R. Write Dj = ∂/∂sj . We use the
following notation.

sτ =
(
s1
)τ1

. . .
(
sd
)τd

,
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Dku (s) = Dk1

1 . . . Dkd

d u (s) ,∫ s

0

u (τ) dτ =
∫ s1

0

. . .

∫ sd

0

u (τ) dτ1 . . . dτd. (21.14)

An exponent α ∈ R in the expression sα, where s ∈ R
d, is regarded as a

multiexponent; that is, sα = s(α,...,α). Let N ∈ N be fixed.
The following notation and hypotheses are used in the following.

I = {1, . . . , N}
mi, i ∈ I mi =

(
m1

i , . . . , m
d
i

) ∈ Z
d
+

xi, i ∈ I xi =
(
x1

i , . . . , x
d
i

) ∈ R
d, xi > 0

pi, qi, i ∈ I pi, qi > 1, 1
pi

+ 1
qi

= 1
p, q 1

p =
∑N

i=1
1
pi

, 1
q =

∑N
i=1

1
qi

ai, bi, i ∈ I a, bi ∈ R+, ai + bi = 1
ωi, i ∈ I ωi ∈ R, ωi > 0,

∑N
i=1 ωi = ΩN .

(21.15)

In the sequel, ui, vi, Φi denote functions from Q (xi) to R that are measur-
able with further Lp-type assumptions. If m is a multi-index and x ∈ R

d,
x > 0, then Cm (Q (x)) denotes the set of all functions u : Q (x) → R that
possesses continuous derivatives Dku, where 0 ≤ k ≤ m. In [42] we proved
that in Cm (Q (x)) the order of differentiation does not matter.

We further denote αi := (ai + biqi) ci ∈ R
d, βi := aici ∈ R

d, for ci ∈ R
d,

i ∈ I. In particular we observe that

x
1/qi

i =
(
x1

i

)1/qi
. . .
(
xd

i

)1/qi
,

N∏
i=1

(αi + 1)1/qi =
N∏

i=1

d∏
j=1

(
αj

i + 1
)1/qi

. (21.16)

From [42] we use the following.

Theorem 21.12. Let vi ∈ L1 (Q (xi)) , Φi ∈ L∞ (Q (xi)) , Φi ≥ 0,
ci > −1; ci ∈ R

d, i = 1, . . . , N.
Set

U :=
1

N∏
i=1

[
(αi + 1)1/qi (βi + 1)1/pi

] . (21.17)

Let Ji :=
{

j ∈ {1, . . . , d} | − 1 < cj
i < 0

}
. If Ji = ∅ we take

bj > max
j∈Ji

⎛⎝
(
1 + cj

i

)
cj
i (1 − qi)

⎞⎠ . (21.18)
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Assume

|vi (si)| ≤
∫ si

0

(si − τ i)
ci Φi (τ i) dτ i, ∀si ∈ Q (xi) , i = 1, . . . , N. (21.19)

Then

M1 :=
∫ x1

0

. . .

∫ xN

0

N∏
i=1

|vi (si)| ds1 . . . dsN(
1

ΩN

N∑
i=1

ωis
(αi+1)/qiωi

i

)ΩN

≤ U

N∏
i=1

x
1/qi

i

N∏
i=1

(∫ xi

0

(xi − si)
βi+1 Φi (si)

pi dsi

)1/pi

. (21.20)

Finally from [42] we use

Corollary 21.13. All are as in Theorem 21.12. Then

M1 ≤ p1/τpU

N∏
i=1

x
1/qi

i

[
N∑

i=1

1
pi

(∫ xi

0

(xi − si)
βi+1 Φi (si)

pi dsi

)τ
]1/τp

, (21.21)

where τ > 0.

21.2 Univariate Results

We present the first main result of this chapter.

Theorem 21.14. Let i ∈ {1, . . . , n} , xi > 0, γi ≥ 0, νi ≥ γi + 1. Let
fi ∈ ACni ([0, xi]) , ni := �νi� , such that f

(ki)
i (0) = 0, ki = 0, 1, . . . , ni −1,

and Dνi
∗0fi ∈ L∞ (0, xi) . Let pi, qi > 1 : 1/pi + 1/qi = 1, and ωi > 0 such

that
∑n

i=1 ωi = Ωn, and ai, bi ∈ [0, 1] such that ai + bi = 1. Then

I2 :=
∫ x1

0

. . .

∫ xn

0

n∏
i=1

∣∣Dγi
∗0fi (si)

∣∣ ds1 . . . dsn(
1

Ωn

n∑
i=1

ωi
s
[(ai+biqi)(νi−γi−1)+1]/qiωi
i

((ai+biqi)(νi−γi−1)+1)1/qiωi

)Ωn

≤ C
n∏

i=1

x
1/qi

i

[∫ xi

0

|Dνi
∗0fi (ti)|pi (xi − ti)

[ai(νi−γi−1)+1]
dti

]1/pi

, (21.22)
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where

C :=
n∏

i=1

(
1

Γ (νi − γi) (ai (νi − γi − 1) + 1)1/pi

)
. (21.23)

Proof. By Theorem 21.7 we get

D
γi
∗0fi (si) =

1
Γ (νi − γi)

∫ si

0

(si − ti)
νi−γi−1

Dνi
∗0fi (ti) dti, (21.24)

∀si ∈ [0, xi] .
Here we apply Theorem 21.9. By Theorem 21.7 we have that D

γi
∗0fi ∈

AC ([0, xi]) ; also by assumption Dνi
∗0fi ∈ L∞ (0, xi) ; and by (21.24) we

have∣∣Dγi
∗0fi (si)

∣∣ ≤ 1
Γ (νi − γi)

∫ si

0

(si − ti)
νi−γi−1 |Dνi

∗0fi (ti)| dti, (21.25)

∀si ∈ [0, xi] .
We set

ui := D
γi
∗0fi, gi (si, ti) := |si − ti| ,

Φi (ti) :=
|Dνi

∗0fi (ti)|
Γ (νi − γi)

and

τ i := νi − γi − 1, i = 1, . . . , n.

Here

ϕi (si) :=
∫ si

0

(si − ti)
(ai+biqi)(νi−γi−1)

dti =

s
(ai+biqi)(νi−γi−1)+1
i

(ai + biqi) (νi − γi − 1) + 1
> 0, ∀si ∈ (0, xi] , (21.26)

with ϕi (0) = 0. Now the proof is clear. �

We give

Corollary 21.15. All are as in Theorem 21.14 and 1/p :=
∑n

i=1 1/pi,
τ > 0. Then

I2 ≤ p1/τpC
n∏

i=1

x
1/qi

i

[
n∑

i=1

1
pi{∫ xi

0

|Dνi
∗0fi (ti)|pi (xi − ti)

(ai(νi−γi−1)+1)
dti

}τ]1/τp

. (21.27)
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Proof. By using (21.22) and the inequality of means: for any Ai ≥ 0
and τ > 0, we obtain

n∏
i=1

A
1/pi

i ≤
(

p

n∑
i=1

1
pi

Aτ
i

)1/τp

. (21.28)

Here we put

Ai :=
∫ xi

0

|Dνi
∗0fi (ti)|pi (xi − ti)

[ai(νi−γi−1)+1]
dti, (21.29)

i = 1, . . . , n. �

We continue with

Theorem 21.16. Let i ∈ {1, . . . , n} , xi > 0, γi ≥ 0, νi ≥ γi + 1. Let
fi ∈ ACni ([0, xi]) , ni := �νi� , such that f

(ki)
i (0) = 0, ki = 0, 1, . . . , ni −1,

and there exists Dνi
0 fi (si) ∈ R, all si ∈ [0, xi] , and Dνi

0 fi ∈ L∞ (0, xi) .
Let pi, qi > 1 : 1/pi + 1/qi = 1, and ωi > 0 such that

∑n
i=1 ωi = Ωn, and

ai, bi ∈ [0, 1] such that ai + bi = 1. Then

I3 :=
∫ x1

0

. . .

∫ xn

0

n∏
i=1

∣∣Dγi
0 fi (si)

∣∣ ds1 . . . dsn(
1

Ωn

n∑
i=1

ωi
s
((ai+biqi)(νi−γi−1)+1)/qiωi
i

((ai+biqi)(νi−γi−1)+1)1/qiωi

)Ωn

≤ C
n∏

i=1

x
1/qi

i

[∫ xi

0

|Dνi
0 fi (ti)|pi (xi − ti)

[ai(νi−γi−1)+1]
dti

]1/pi

, (21.30)

where C is as in (21.23) .

Proof. Very similar to the proof of Theorem 21.14, now using Theorem
21.8 and applying Theorem 21.9. �

We also give

Corollary 21.17. All are as in Theorem 21.16 and 1/p :=
∑n

i=1 1/pi,
τ > 0. Then

I3 ≤ p1/τpC

n∏
i=1

x
1/qi

i

[
n∑

i=1

1
pi{∫ xi

0

|Dνi
0 fi (ti)|pi (xi − ti)

(ai(νi−γi−1)+1)
dti

}τ]1/τp

. (21.31)

Proof. By using (21.30) and (21.28) . �

One can give a variety of applications of the derived inequalities (21.22) ,
(21.27) , (21.30) , and (21.31) , for various specific values of the involved
parameters n, pi, qi, ωi, ai, and bi.
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21.3 Multivariate Results

We need the following.

Definition 21.18. (See also [42].) Let f : [0, x] × [0, y] → R, x, y ∈
R+ − {0} , such that f (·, s2) ∈ L1 (0, x) , ∀s2 ∈ [0, y] ; f (s1, ·) ∈ L1 (0, y) ,
∀s1 ∈ [0, x] ; α, β ∈ R+ − {0}.

We define the Riemann–Liouville fractional partial derivatives with re-
spect to s1 (resp., s2) of f of order α (resp., order β) by

Dα
s1

f (s1, s2) :=
1

Γ (m − α)

(
∂

∂s1

)m

∫ s1

0

(s1 − t1)
m−α−1

f (t1, s2) dt1, (21.32)

where m := [α] + 1, ∀s1 ∈ [0, x] , all s2 ∈ [0, y]; and

Dβ
s2

f (s1, s2) :=
1

Γ (τ − β)

(
∂

∂s2

)τ

∫ s2

0

(s2 − t2)
τ−β−1

f (s1, t2) dt2, (21.33)

where τ := [β] + 1, ∀s2 ∈ [0, y] , all s1 ∈ [0, x] .
We define the Riemann–Liouville fractional mixed (iterated) partial deriva-

tives as

Dα
s1

Dβ
s2

f (s1, s2) := Dα
s1

(
Dβ

s2
f (s1, s2)

)
:= Dα+β

s1s2
f (s1, s2) ,

Dβ
s2

Dα
s1

f (s1, s2) := Dβ
s2

(
Dα

s1
f (s1, s2)

)
:= Dβ+α

s2s1
f (s1, s2) , (21.34)

∀ (s1, s2) ∈ [0, x] × [0, y] , defined the obvious iterated way via (21.2) .
Clearly in the last (21.34) we assume that Dβ

s2
f (s1, s2) ∈ L1 (0, x) , ∀s2 ∈

[0, y], and Dα
s1

f (s1, s2) ∈ L1 (0, y) , ∀s1 ∈ [0, x] .

We also need

Definition 21.19. Let f : [0, x] × [0, y] → R, x, y ∈ R+ − {0} , such
that f (·, s2) ∈ ACn ([0, x]) , ∀s2 ∈ [0, y] , where n := �ν� , ν > 0; f (s1, ·) ∈
ACm ([0, y]) , ∀s1 ∈ [0, x] , where m := �μ� , μ > 0.

We define the Caputo fractional partial derivatives with respect to s1

(resp., s2) of f of order ν (resp., order μ) by

Dν
∗s1

f (s1, s2) :=
1

Γ (n − ν)∫ s1

0

(s1 − t1)
n−ν−1 ∂n

∂sn
1

f (t1, s2) dt1, (21.35)
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∀s1 ∈ [0, x] , all s2 ∈ [0, y] ; and

Dμ
∗s2

f (s1, s2) :=
1

Γ (m − μ)∫ s2

0

(s2 − t2)
m−μ−1 ∂m

∂sm
2

f (s1, t2) dt2, (21.36)

∀s2 ∈ [0, y] , all s1 ∈ [0, x] .
We define the Caputo fractional mixed (iterated) partial derivatives as

Dν
∗s1

Dμ
∗s2

f (s1, s2) := Dν
∗s1

(
Dμ

∗s2
f (s1, s2)

)
:= Dν+μ

∗s1s2
f (s1, s2) ,

Dμ
∗s2

Dν
∗s1

f (s1, s2) := Dμ
∗s2

(
Dν

∗s1
f (s1, s2)

)
:= Dμ+ν

∗s2s1
f (s1, s2) , (21.37)

∀ (s1, s2) ∈ [0, x] × [0, y] , defined the obvious iterated way via (21.4) .
Clearly in the last (21.37) we assume that Dμ

∗s2f (s1, s2) ∈ ACn ([0, x]) ,
all s2 ∈ [0, y] , and that Dν

∗s1
f (s1, s2) ∈ ACm ([0, y]) , all s1 ∈ [0, x] .

We need

Theorem 21.20. Let f be as in Definition 21.19. Additionally assume
that f ∈ C(n,m) ([0, x] × [0, y]) .

Then
Dν+μ

∗s1s2
f (s1, s2) = Dμ+ν

∗s2s1
f (s1, s2) , (21.38)

for all (s1, s2) ∈ [0, x] × [0, y] .

Proof. We observe that

Dν+μ
∗s1s2

f (s1, s2) = Dν
∗s1

(
Dμ

∗s2
f (s1, s2)

)
=

1
Γ (n − ν)

∫ s1

0

(s1 − t1)
n−ν−1 ∂n

∂sn
1

(
Dμ

∗s2
f (t1, s2)

)
dt1 =

1
Γ (n − ν) Γ (m − μ)

∫ s1

0

(s1 − t1)
n−ν−1 ∂n

∂sn
1(∫ s2

0

(s2 − t2)
m−μ−1 ∂m

∂sm
2

f (t1, t2) dt2

)
dt1

(by [10, Theorem 24.5, p. 193], repeated application)

=
1

Γ (n − ν) Γ (m − μ)

∫ s1

0(∫ s2

0

(s1 − t1)
n−ν−1 (s2 − t2)

m−μ−1 ∂n+m

∂sn
1∂sm

2

f (t1, t2) dt2

)
dt1
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(by Fubini’s theorem and commutativity of ordinary partials)

=
1

Γ (m − μ) Γ (n − ν)

∫ s2

0(∫ s1

0

(s2 − t2)
m−μ−1 (s1 − t1)

n−ν−1 ∂m+n

∂sm
2 ∂sn

1

f (t1, t2) dt1

)
dt2

(by [10, Theorem 24.5, p. 193], repeated application)

=
1

Γ (m − μ) Γ (n − ν)

∫ s2

0

(s2 − t2)
m−μ−1 ∂m

∂sm
2(∫ s1

0

(s1 − t1)
n−ν−1 ∂n

∂sn
1

f (t1, t2) dt1

)
dt2 =

1
Γ (m − μ)

∫ s2

0

(s2 − t2)
m−μ−1 ∂m

∂sm
2

(
Dν

∗s1
f (s1, t2)

)
dt2

= Dμ
∗s2

(
Dν

∗s1
f (s1, s2)

)
= Dμ+ν

∗s2s1
f (s1, s2) ,

proving the commutativity of Caputo fractional mixed partials under the
assumptions of the theorem. �

We give the counterpart of the last theorem.

Theorem 21.21. All are as in Theorem 21.20. Assume that R �Dμ
s2

f
(s1, s2) exists in s2 ∈ [0, y] , ∀s1 ∈ [0, x] , and ∂lf/∂sl

2 (s1, 0) = 0, l =
0, 1, . . . ,m − 1, ∀s1 ∈ [0, x] . Assume that Dμ

s2
f (s1, s2) ∈ ACn ([0, x]) ,

∀s2 ∈ [0, y] , and R �Dν
s1

(
Dμ

s2
f (s1, s2)

)
exists in s1 ∈ [0, x] , ∀s2 ∈ [0, y] ,

with ∂k/∂sk
1

(
Dμ

s2
f (0, s2)

)
= 0, for k = 0, 1, . . . , n − 1, ∀s2 ∈ [0, y] .

Also suppose that R �Dν
s1

f (s1, s2) exists in s1 ∈ [0, x] , ∀s2 ∈ [0, y] ,
and ∂kf/∂sk

1 (0, s2) = 0, k = 0, 1, . . . , n − 1, ∀s2 ∈ [0, y] . And suppose
that Dν

s1
f (s1, s2) ∈ ACm ([0, y]) , ∀s1 ∈ [0, x] , and R �Dμ

s2

(
Dν

s1
f (s1, s2)

)
exists in s2 ∈ [0, y] , ∀s1 ∈ [0, x] , and ∂l/∂sl

2

(
Dν

s1
f (s1, 0)

)
= 0, l =

0, 1, . . . ,m − 1, ∀s1 ∈ [0, x] .
Then

Dν+μ
s1s2

f (s1, s2) = Dμ+ν
s2s1

f (s1, s2) , (21.39)

for all (s1, s2) ∈ [0, x] × [0, y].

Proof. We apply Theorem 21.20 and use Corollary 21.5 repeatedly.
Namely we have the following.

We notice

Dν+μ
∗s1s2

f (s1, s2) = Dν
∗s1

(
Dμ

∗s2
f (s1, s2)

)
=

Dν
∗s1

(
Dμ

s2
f (s1, s2)

)
= Dν

s1

(
Dμ

s2
f (s1, s2)

)
= Dν+μ

s1s2
f (s1, s2) .
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Similarly we have

Dμ+ν
∗s2s1

f (s1, s2) = Dμ
∗s2

(
Dν

∗s1
f (s1, s2)

)
=

Dμ
∗s2

(
Dν

s1
f (s1, s2)

)
= Dμ

s2

(
Dν

s1
f (s1, s2)

)
= Dμ+ν

s2s1
f (s1, s2) .

Now using (21.38) we prove the claim. �

We need

Lemma 21.22. [42] Let f ∈ L∞ ([0, A] × [0, B]) , where A, B ∈ R+ −
{0} . Let

F (x, y) :=
∫ x

0

∫ y

0

(x − t)α (y − s)β
f (t, s) dtds, (21.40)

∀x ∈ [0, A] , ∀y ∈ [0, B] ; α, β ∈ R+.
Then F ∈ C ([0, A] × [0, B]) .

We further present

Theorem 21.23. Here i = 1, . . . , N. Let αi1, αi2 ∈ R+; βi1, βi2 ∈
R+ − {0} : βi1 ≥ αi1 + 1, βi2 ≥ αi2 + 1; xi1, xi2 ∈ R+ − {0} , fi :
[0, xi1] × [0, xi2] �−→ R. Call ni1 := �βi1� , ni2 := �βi2� ; λi1 := �αi1� ,

λi2 := �αi2� . The mixed partials Dαi1+αi2∗si1si2
fi, D

βi2+βi1∗si2si1 fi, D
βi1+αi2∗si1si2 fi, and

D
αi2+βi1∗si2si1 fi are considered according to Definition 21.19.
Assume that fi ∈ C(ni1,λi2) ([0, xi1] × [0, xi2]) and are as in Definition

21.19.
Suppose Dαi2∗si2

fi (·, si2) ∈ ACni1 ([0, xi1]) , such that

∂ki

∂ki
si1

(
Dαi2∗si2

fi (0, si2)
)

= 0, ki = 0, 1, . . . , ni1 − 1, and

D
βi1+αi2∗si1si2 fi (·, si2) ∈ L∞ (0, xi1) , all these ∀si2 ∈ [0, xi2] .

Suppose that D
βi1∗si1fi (ti1, ·) ∈ ACni2 ([0, xi2]) , such that

∂li

∂li
si2

(
D

βi1∗si1fi (ti1, 0)
)

= 0, li = 0, 1, . . . , ni2 − 1, and

D
βi2+βi1∗si2si1 fi (ti1, ·) ∈ L∞ (0, xi2) , all these ∀ti1 ∈ [0, xi1] .

Further suppose

D
βi2+βi1∗si2si1 fi ∈ L∞ ((0, xi1) × (0, xi2)) .
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Then we obtain the continuous function

Dαi1+αi2∗si1si2
fi (si1, si2) =

1
Γ (βi1 − αi1) Γ (βi2 − αi2)∫ si1

0

∫ si2

0

(si1 − ti1)
βi1−αi1−1 (si2 − ti2)

βi2−αi2−1
D

βi2+βi1∗si2si1 fi (ti1,ti2)

(21.41)
dti2dti1, ∀ (si1, si2) ∈ [0, xi1] × [0, xi2] , all i = 1, . . . , N.

Proof. By using Theorem 21.7 we have

Dαi1∗si1

(
Dαi2∗si2

fi (si1, si2)
)

=
1

Γ (βi1 − αi1)∫ si1

0

(si1 − ti1)
βi1−αi1−1

D
βi1∗si1

(
Dαi2∗si2

fi (ti1, si2)
)
dti1, (21.42)

∀si1 ∈ [0, xi1] , all si2 ∈ [0, xi2] .

Again by Theorem 21.7 we obtain

Dαi2∗si2

(
D

βi1∗si1fi (ti1, si2)
)

=
1

Γ (βi2 − αi2)∫ si2

0

(si2 − ti2)
βi2−αi2−1

D
βi2∗si2

(
D

βi1∗si1fi (ti1, ti2)
)

dti2, (21.43)

∀si2 ∈ [0, xi2] , all ti1 ∈ [0, xi1] .

That is,

D
αi2+βi1∗si2si1 fi (ti1, si2) =

1
Γ (βi2 − αi2)∫ si2

0

(si2 − ti2)
βi2−αi2−1

D
βi2+βi1∗si2si1 fi (ti1, ti2) dti2, (21.44)

∀si2 ∈ [0, xi2] , all ti1 ∈ [0, xi1] .

Using Theorem 21.20 we obtain

D
βi1+αi2∗si1si2 fi = D

αi2+βi1∗si2si1 fi, (21.45)

on [0, xi1] × [0, xi2] , all i = 1, . . . , N.
Using (21.45) and (21.44) into (21.42) we derive (21.41) . Continuity of

Dαi1+αi2∗si1si2
fi (si1, si2) is arrived at via Lemma 21.22. �

Next we apply Theorem 21.12 for d = 2 at the fractional level.
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Theorem 21.24. All here are as in Theorem 21.23. Call α̃i1 := (ai + biqi)
(βi1 − αi1 − 1) , α̃i2 := (ai + biqi) (βi2 − αi2 − 1) ; β̃i1 := ai (βi1 − αi1 − 1) ,
β̃i2 := ai (βi2 − αi2 − 1) ; all i = 1, . . . , N.

Then

M2 :=
∫ x11

0

∫ x12

0

∫ x21

0

∫ x22

0

. . .

∫ xN1

0

∫ xN2

0

N∏
i=1

∣∣Dαi1+αi2∗si1si2
fi (si1, si2)

∣∣ ds11ds12ds21ds22 . . . dsN1dsN2(
1

ΩN

N∑
i=1

ωis
(α̃i1+1)/qiωi

i1 s
(α̃i2+1)/qiωi

i2

)ΩN

≤ Ũ
N∏

i=1

(xi1xi2)
1/qi

N∏
i=1

(∫ xi1

0

∫ xi2

0

(xi1 − si1)
β̃i1+1 (21.46)

(xi2 − si2)
β̃i2+1

∣∣∣Dβi2+βi1∗si2si1 fi (si1, si2)
∣∣∣pi

dsi1dsi2

)1/pi

.

Here

Ũ :=
1

N∏
i=1

[
((α̃i1 + 1) (α̃i2 + 1))1/qi

((
β̃i1 + 1

)(
β̃i2 + 1

))1/pi
] . (21.47)

Proof. Here we use (21.41) . Call

vi (si1, si2) := Dαi1+αi2∗si1si2
fi (si1, si2) ∈ C ([0, xi1] × [0, xi2])

by (21.41) , and

Φi (si1, si2) :=

∣∣∣Dβi2+βi1∗si2si1 fi (si1, si2)
∣∣∣

Γ (βi1 − αi1) Γ (βi2 − αi2)
∈ L∞ ([0, xi1] × [0, xi2])

by assumption; also set

ci1 := βi1 − αi1 − 1, ci2 := βi2 − αi2 − 1,

and use Theorem 21.12. Then (21.46) is obvious. �

We give

Corollary 21.25. All here are as in Theorem 21.24. Then

M2 ≤ p1/τpŨ
N∏

i=1

(xi1xi2)
1/qi

[
N∑

i=1

1
pi

(∫ xi1

0

∫ xi2

0

(xi1 − si1)
β̃i1+1
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(xi2 − si2)
β̃i2+1

∣∣∣Dβi2+βi1∗si2si1 fi (si1, si2)
∣∣∣pi

dsi1dsi2

)τ
]1/τp

, (21.48)

where τ > 0.

Proof. By (21.46) and (21.21) . �

We further give

Theorem 21.26. Here i = 1, . . . , N. Let αi1, αi2 ∈ R+; βi1, βi2 ∈
R+ − {0} : βi1 ≥ αi1 + 1, βi2 ≥ αi2 + 1; xi1, xi2 ∈ R+ − {0} , fi :
[0, xi1] × [0, xi2] �−→ R. Call ni1 := �βi1� , ni2 := �βi2� ; λi1 := �αi1� ,

λi2 := �αi2� . The mixed partials Dαi1+αi2
si1si2

fi, D
βi2+βi1
si2si1 fi, D

βi1+αi2
si1si2 fi, and

D
αi2+βi1
si2si1 fi are considered according to Definition 21.18.
Assume that

Dβi1+αi2
si1si2

fi = Dαi2+βi1
si2si1

fi. (21.49)

(For sufficient conditions for (21.49) see Theorem 21.21.)
Suppose Dαi2

si2
fi (·, si2) ∈ ACni1 ([0, xi1]) , such that

∂ki

∂ki
si1

(
Dαi2

si2
fi (0, si2)

)
= 0, ki = 0, 1, . . . , ni1 − 1,

and there exists in R the next

Dβi1+αi2
si1si2

fi (·, si2) ∈ L∞ (0, xi1) , all these ∀si2 ∈ [0, xi2] .

Suppose that D
βi1
si1 fi (ti1, ·) ∈ ACni2 ([0, xi2]) , such that

∂li

∂li
si2

(
Dβi1

si1
fi (ti1, 0)

)
= 0, li = 0, 1, . . . , ni2 − 1,

and there exists in R the next

Dβi2+βi1
si2si1

fi (ti1, ·) ∈ L∞ (0, xi2) , all these ∀ti1 ∈ [0, xi1] .

Further assume

Dβi2+βi1
si2si1

fi ∈ L∞ ((0, xi1) × (0, xi2)) .

Then we obtain the continuous function

Dαi1+αi2
si1si2

fi (si1, si2) =
1

Γ (βi1 − αi1) Γ (βi2 − αi2)∫ si1

0

∫ si2

0

(si1 − ti1)
βi1−αi1−1 (si2 − ti2)

βi2−αi2−1
Dβi2+βi1

si2si1
fi (ti1,ti2)
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dti2dti1, ∀ (si1, si2) ∈ [0, xi1] × [0, xi2] , all i = 1, . . . , N. (21.50)

Proof. By using Theorem 21.8 we have

Dαi1
si1

(
Dαi2

si2
fi (si1, si2)

)
=

1
Γ (βi1 − αi1)∫ si1

0

(si1 − ti1)
βi1−αi1−1

Dβi1
si1

(
Dαi2

si2
fi (ti1, si2)

)
dti1, (21.51)

∀si1 ∈ [0, xi1] , all si2 ∈ [0, xi2] .

Again by Theorem 21.8 we obtain

Dαi2
si2

(
Dβi1

si1
fi (ti1, si2)

)
=

1
Γ (βi2 − αi2)∫ si2

0

(si2 − ti2)
βi2−αi2−1

Dβi2
si2

(
Dβi1

si1
fi (ti1, ti2)

)
dti2, (21.52)

∀si2 ∈ [0, xi2] , all ti1 ∈ [0, xi1] .

That is,

Dαi2+βi1
si2si1

fi (ti1, si2) =
1

Γ (βi2 − αi2)∫ si2

0

(si2 − ti2)
βi2−αi2−1

Dβi2+βi1
si2si1

fi (ti1, ti2) dti2, (21.53)

∀si2 ∈ [0, xi2] , all ti1 ∈ [0, xi1] .

Using (21.49) and (21.53) into (21.51) we derive (21.50) . Continuity of
Dαi1+αi2

si1si2
fi (si1, si2) is arrived at via Lemma 21.22. �

Next we apply Theorem 21.12 for d = 2 at the fractional level again.

Theorem 21.27. All here are as in Theorem 21.26. Call α̃i1 := (ai + biqi)
(βi1 − αi1 − 1) , α̃i2 := (ai + biqi) (βi2 − αi2 − 1) ; β̃i1 := ai (βi1 − αi1 − 1) ,
β̃i2 := ai (βi2 − αi2 − 1) ; all i = 1, . . . , N.

Then
M3 :=

∫ x11

0

∫ x12

0

∫ x21

0

∫ x22

0

. . .

∫ xN1

0

∫ xN2

0

N∏
i=1

∣∣Dαi1+αi2
si1si2

fi (si1, si2)
∣∣ ds11ds12ds21ds22 . . . dsN1dsN2(

1
ΩN

N∑
i=1

ωis
(α̃i1+1)/qiωi

i1 s
(α̃i2+1)/qiωi

i2

)ΩN

≤ Ũ
N∏

i=1

(xi1xi2)
1/qi

N∏
i=1

(∫ xi1

0

∫ xi2

0

(xi1 − si1)
β̃i1+1 (21.54)
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(xi2 − si2)
β̃i2+1 ∣∣Dβi2+βi1

si2si1
fi (si1, si2)

∣∣pi
dsi1dsi2

)1/pi

.

Here

Ũ :=
1

N∏
i=1

[
((α̃i1 + 1) (α̃i2 + 1))1/qi

((
β̃i1 + 1

)(
β̃i2 + 1

))1/pi
] . (21.55)

Proof. Here we use (21.50) . Call

vi (si1, si2) := Dαi1+αi2
si1si2

fi (si1, si2) ∈ C ([0, xi1] × [0, xi2])

by (21.50) , and

Φi (si1, si2) :=

∣∣∣Dβi2+βi1
si2si1 fi (si1, si2)

∣∣∣
Γ (βi1 − αi1) Γ (βi2 − αi2)

∈ L∞ ([0, xi1] × [0, xi2])

by assumption; also set

ci1 := βi1 − αi1 − 1, ci2 := βi2 − αi2 − 1,

and use Theorem 21.12. Then (21.54) is obvious. �

We give

Corollary 21.28. All here are as in Theorem 21.27. Then

M3 ≤ p1/τpŨ

N∏
i=1

(xi1xi2)
1/qi

[
N∑

i=1

1
pi

(∫ xi1

0

∫ xi2

0

(xi1 − si1)
β̃i1+1

(xi2 − si2)
β̃i2+1 ∣∣Dβi2+βi1

si2si1
fi (si1, si2)

∣∣pi
dsi1dsi2

)τ]1/τp

, (21.56)

where τ > 0.

Proof. By (21.54) and (21.21) . �

One can give a variety of applications of the derived inequalities (21.46) ,
(21.48) , (21.54), and (21.56) , for various specific values of the involved
parameters, such as N, pi, qi, ai, bi, ωi, αi1, αi2, βi1, and βi2.



22
Canavati Fractional and Other
Approximation of Csiszar’s
f -Divergence

Here are presented various sharp and nearly optimal probabilistic inequal-
ities that give best or nearly best estimates for the Csiszar’s f -divergence.
These involve Canavati fractional and ordinary derivatives of the direct-
ing function f . Also given are lower bounds for the Csiszar’s distance.
The Csiszar’s discrimination is the most essential and general measure for
the comparison between two probability measures. This treatment is based
on [28].

22.1 Preliminaries

Throughout this chapter we use the following.
(I) Let f be a convex function from (0,+∞) into R that is strictly convex

at 1 with f(1) = 0. Let (X,A, λ) be a measure space, where λ is a finite or
a σ-finite measure on (X,A). And let μ1, μ2 be two probability measures
on (X,A) such that μ1 � λ, μ2 � λ (absolutely continuous); for example,
λ = μ1 + μ2. Denote by p = dμ1/dλ, q = dμ2/dλ the (densities) Radon–
Nikodym derivatives of μ1, μ2 with respect to λ. Here we suppose that

a < a ≤ p

q
≤ b, a.e. on X

and a ≤ 1 ≤ b.
The quantity

Γf (μ1, μ2) =
∫

X

q(x)f
(

p(x)
q(x)

)
dλ(x), (22.1)

G.A. Anastassiou, Fractional Differentiation Inequalities, 563
DOI 10.1007/978-0-387-98128-4 22, c© Springer Science+Business Media, LLC 2009
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was introduced by I. Csiszar in 1967 (see [128]), and is called f -divergence
of the probability measures μ1 and μ2. By Lemma 1.1 of [128], the integral
(22.1) is well defined and Γf (μ1, μ2) ≥ 0 with equality only when μ1 = μ2.
In [128] the author without proof mentions that Γf (μ1, μ2) does not depend
on the choice of λ. We give a proof of that fact in our setting.

Lemma 22.1. Call

p =
dμ1

d(μ1 + μ2)
, q =

dμ2

d(μ1 + μ2)
, p∗ =

dμ1

dλ
, q∗ =

dμ2

dλ
.

Then ∫
X

q(x)f
(

p(x)
q(x)

)
d(μ1 + μ2) =

∫
X

q∗(x)f
(

p∗(x)
q∗(x)

)
dλ. (22.2)

Proof. Because f : (0,+∞) → R is a convex function it is continuous
there and Borel measurable, making f

(
p(x)/q(x)

)
X-measurable.

In general let μ, ν be σ-finite measures on X such that ν � μ and a
g-measurable function on X; then it is known that∫

X

g± dν =
∫

X

g±

(
dν

dμ

)
dμ,

respectively, where g = g+ − g−, g± ≥ 0. Finally we obtain∫
X

g dν =
∫

X

g

(
dν

dμ

)
dμ. (22.3)

Next let E ∈ A be such that λ(E) = 0; then μ1(E) = μ2(E) = 0 and
(μ1 + μ2)(E) = 0; that is, μ1 + μ2 � λ. Clearly here we have that

μ1 � μ1 + μ2 � λ, (22.4)
μ2 � μ1 + μ2 � λ. (22.5)

Then it is known that

dμ1

dλ
=

dμ1

d(μ1 + μ2)
d(μ1 + μ2)

dλ
, (22.6)

and
dμ2

dλ
=

dμ2

d(μ1 + μ2)
d(μ1 + μ2)

dλ
. (22.7)

That is,

p∗ = p
d(μ1 + μ2)

dλ
(22.8)
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and

q∗ = q
d(μ1 + μ2)

dλ
. (22.9)

Here by assumption

0 < a ≤ p

q
,

p∗

q∗
≤ b, a.e. on X;

that is, q, q∗ > 0 a.e. on X. That is, d(μ1 + μ2)/dλ > 0 a.e. on X. Therefore
from the above we get

p∗

q∗
=

p

q
a.e. on X. (22.10)

Consequently it holds∫
X

q(x)f
(

p(x)
q(x)

)
d(μ1+μ2) =

∫
X

f

(
p∗(x)
q∗(x)

)
dμ2 =

∫
X

q∗(x)f
(

p∗(x)
q∗(x)

)
dλ.

�

The concept of f -divergence was introduced first in [127] as a generaliza-
tion of Kullback’s “information for discrimination” or I-divergence ( gener-
alized entropy) [240, 241] and of Rényi’s “information gain” (I-divergence
of order α) [345]. In fact the I-divergence of order 1 equals

Γu log2 u(μ1, μ2).

The choice f(u) = (u − 1)2 again produces a known measure of difference
of distributions that is called χ2-divergence; of course the total variation
distance |μ1 − μ2| =

∫
X
|p(x) − q(x)| dλ(x) equals Γ|u−1|(μ1, μ2).

Here by assuming f(1) = 0 we can consider Γf (μ1, μ2) as a measure of
the difference between the probability measures μ1, μ2. The f -divergence
is in general asymmetric in μ1 and μ2. But because f is convex and strictly
convex at 1 (see Lemma 22.2 next) so is

f∗(u) = uf

(
1
u

)
(22.11)

and as in [128] we find

Γf (μ2, μ1) = Γf∗(μ1, μ2). (22.12)

Lemma 22.2. Let f : (0,+∞) → R be a strictly convex function at 1.
Then so is f∗(u) = uf

(
1/u
)
, u ∈ (0,+∞).

Proof. Let 0 < u1 < 1 < u2; then 1/u2 < 1 < 1/u1. Hence

f

(
2

u1 + u2

)
= f

((
u1

u1 + u2

)
1
u1

+
(

u2

u1 + u2

)
1
u2

)
<

(
u1

u1 + u2

)
f

(
1
u1

)
+
(

u2

u1 + u2

)
f

(
1
u2

)
.
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Clearly we get(
u1 + u2

2

)
f

(
1(

u1+u2
2

)) <
u1f
(

1
u1

)
+ u2f

(
1
u2

)
2

.

Thus we have

f∗
(

u1 + u2

2

)
<

f∗(u1) + f∗(u2)
2

,

proving our claim. �

In information theory and statistics many other concrete divergences are
used that are special cases of the above general Csiszar f -divergence, such
as Hellinger distance DH , α-divergence Dα, Bhattacharyya distance DB ,
harmonic distance DHa, Jeffrey’s distance DJ , and triangular discrimina-
tion DΔ; for all these see, for example [78, 145]. The problem of finding
and estimating the proper distance (or difference or discrimination) of
two probability distributions is one of the major questions in probability
theory.

The above f -divergence measures in their various forms have also been
applied to anthropology, genetics, finance, economics, political science, bi-
ology, approximation of probability distributions, signal processing, and
pattern recognition. A great inspiration for this chapter has been the very
important monograph on the topic by S. Dragomir [145].

(II) In the sequel we follow [101]. Let g ∈ C([0, 1]). Let ν be a positive
number, n := [ν] and α := ν − n (0 < α < 1). Define

(Jνg)(x) :=
1

Γ(ν)

∫ x

0

(x − t)ν−1g(t) dt, 0 ≤ x ≤ 1, (22.13)

the Riemann–Liouville integral, where Γ is the gamma function. We define
the subspace Cν([0, 1]) or Cn([0, 1]) as follows.

Cν([0, 1]) := {g ∈ Cn([0, 1]) : J1−αDng ∈ C1([0, 1])},
where D := d/dx. So for g ∈ Cν([0, 1]), we define the Canavati ν-fractional
derivative of g as

Dνg := DJ1−αDng. (22.14)

When ν ≥ 1 we have the Taylor formula

g(t) = g(0) + g′(0)t + g′′(0)
t2

2!
+ · · · + g(n−1)(0)

tn−1

(n − 1)!
+ (JνDνg)(t), for all t ∈ [0, 1]. (22.15)

When 0 < ν < 1 we find

g(t) = (JνDνg)(t), for all t ∈ [0, 1]. (22.16)
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Next we transfer the above notions over to arbitrary [a, b] ⊆ R (see [17]).
Let x, x0 ∈ [a, b] such that x ≥ x0, where x0 is fixed. Let f ∈ C([a, b]) and
define

(Jx0
ν f)(x) :=

1
Γ(ν)

∫ x

x0

(x − t)ν−1f(t) dt, x0 ≤ x ≤ b, (22.17)

the generalized Riemann–Liouville integral. We define the subspace
Cν

x0
([a, b]) of Cn([a, b]):

Cν
x0

([a, b]) := {f ∈ Cn([a, b]) : Jx0
1−αDnf ∈ C1([x0, b])}.

For f ∈ Cν
x0

([a, b]), we define the generalized ν -fractional derivative of
f over [x0, b] as

Dν
x0

f := DJx0
1−αf (n) (f (n) := Dnf). (22.18)

Observe that

(Jx0
1−αf (n))(x) =

1
Γ(1 − α)

∫ x

x0

(x − t)−αf (n)(t) dt

exists for f ∈ Cν
x0

([a, b]).

We recall the following generalization of Taylor’s formula (see [17, 101]).

Theorem 22.3. Let f ∈ Cν
x0

([a, b]), x0 ∈ [a, b], fixed.

(i) If ν ≥ 1 then

f(x) = f(x0) + f ′(x0)(x − x0) + f ′′(x0)
(x − x0)2

2

+ · · · + f (n−1)(x0)
(x − x0)n−1

(n − 1)!

+ (Jx0
ν Dν

x0
f)(x), for all x ∈ [a, b] : x ≥ x0. (22.19)

(ii) If 0 < ν < 1 then

f(x) = (Jx0
ν Dν

x0
f)(x), for all x ∈ [a, b] : x ≥ x0. (22.20)

We make

Remark 22.4. (1) (Dn
x0

f) = f (n), n ∈ N.
(2) Let f ∈ Cν

x0
([a, b]), ν ≥ 1 and f (i)(x0) = 0, i = 0, 1, . . . , n − 1;

n := [ν]. Then by (22.19)

f(x) = (Jx0
ν Dν

x0
f)(x).
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That is,

f(x) =
1

Γ(ν)

∫ x

x0

(x − t)ν−1(Dν
x0

f)(t) dt, (22.21)

for all x ∈ [a, b] with x ≥ x0. Notice that (22.21) is also true when 0 < ν < 1.

We also make

Remark 22.5. Let ν ≥ 1, γ ≥ 0, such that ν − γ ≥ 1, so that γ < ν.
Call n := [ν], α := ν − n ; m := [γ], ρ := γ − m. Note that ν − m ≥ 1 and
n−m ≥ 1. Let f ∈ Cν

x0
([a, b]) be such that f (i)(x0) = 0, i = 0, 1, . . . , n−1.

Hence by (22.19)

f(x) = (Jx0
ν Dν

x0
f)(x), for all x ∈ [a, b] : x ≥ x0.

Therefore by Leibnitz’s formula and Γ(p + 1) = pΓ(p), p > 0, we get that

f (m)(x) = (Jx0
ν−mDν

x0
f)(x), for all x ≥ x0.

It follows that f ∈ Cγ
x0

([a, b]) and thus (Dγ
x0

f)(x) := (DJx0
1−ρf

(m))(x) exists
for all x ≥ x0.

We easily obtain

(Dγ
x0

f)(x) = D((Jx0
1−ρf

(m))(x)) =
1

Γ(ν − γ)

∫ x

x0

(x− t)(ν−γ)−1(Dν
x0

f)(t) dt,

(22.22)
and thus

(Dγ
x0

f)(x) = (Jx0
ν−γ(Dν

x0
f))(x)

and is continuous in x on [x0, b].

22.2 Main Results

Again f and the whole setting is as in Section 22.1(I). Other notations are
as in Section 22.1(II). We present the following.

Theorem 22.6. Let a < b, 1 ≤ ν < 2, f ∈ Cν
a ([a, b]), and a ≤

p(x)/q(x) ≤ b, a.e. on X. Then

Γf (μ1, μ2) ≤
‖Dν

af‖∞,[a,b]

Γ(ν + 1)

∫
X

(q(x))1−ν(p(x) − aq(x))ν dλ(x). (22.23)

Proof. Here n := [ν] = 1 and from (22.21) we have

f(x) =
1

Γ(ν)

∫ x

a

(x − w)ν−1(Dν
af)(w) dw, all a ≤ x ≤ b. (22.24)
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Then

|f(x)| ≤ 1
Γ(ν)

∫ x

a

(x − w)ν−1|(Dν
af)(w)| dw

≤ ‖Dν
af‖∞,[a,b]

Γ(ν)

∫ x

a

(x − w)ν−1 dw

=
‖Dν

af‖∞,[a,b]

Γ(ν + 1)
(x − a)ν . (22.25)

That is, we get

|f(x)| ≤ ‖Dν
af‖∞,[a,b]

Γ(ν + 1)
(x − a)ν , for all a ≤ x ≤ b. (22.26)

Consequently we obtain

Γf (μ1, μ2) =
∫

X

q(x)f
(

p(x)
q(x)

)
dλ ≤

∫
X

q(x)
∣∣∣∣f (p(x)

q(x)

)∣∣∣∣ dλ

≤
(‖Dν

af‖∞,[a,b]

Γ(ν + 1)

)∫
X

q(x)
(

p(x)
q(x)

− a

)ν

dλ

=
‖Dν

af‖∞,[a,b]

Γ(ν + 1)

∫
X

(q(x))1−ν(p(x) − aq(x))ν dλ(x), (22.27)

thereby proving (22.23). �

The counterpart of the previous result follows.

Theorem 22.7. Let a < b, ν ≥ 2, n := [ν], f ∈ Cν
a ([a, b]), f (i)(a) = 0,

i = 0, 1, . . . , n − 1, and a ≤ p(x)/q(x) ≤ b, a.e. on X. Then

Γf (μ1, μ2) ≤
‖Dν

af‖∞,[a,b]

Γ(ν + 1)

∫
X

(q(x))1−ν(p(x) − aq(x))ν dλ(x). (22.28)

Proof. As in the proof of Theorem 22.6. �

Next we give an Lα estimate.

Theorem 22.8. Let a < b, ν ≥ 1, n := [ν], f ∈ Cν
a ([a, b]), f (i)(a) = 0,

i = 0, 1, . . . , n − 1, and a ≤ p(x)/q(x) ≤ b, a.e. on X. Let α, β > 1:
1/α + 1/β = 1. Then

Γf (μ1, μ2) ≤
‖Dν

af‖α,[a,b]

Γ(ν)(β(ν − 1) + 1)1/β

∫
X

(q(x))2−ν−1/β(p(x)−aq(x))ν−1+1/β dλ(x).

(22.29)
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Proof. From (22.21) we have

f(x) =
1

Γ(ν)

∫ x

a

(x − w)ν−1(Dν
af)(w) dw, for all a ≤ x ≤ b. (22.30)

Also (Dν
af)(w) ∈ C([a, b]). Hence

|f(x)| ≤ 1
Γ(ν)

∫ x

a

(x − w)ν−1|(Dν
af)(w)| dw

≤ 1
Γ(ν)

(∫ x

a

(x − w)β(ν−1) dw

)1/β (∫ x

a

|(Dν
af)(w)|α dw

)1/α

≤ ‖Dν
af‖α,[a,b]

Γ(ν)

(∫ x

a

(x − w)β(ν−1) dw

)1/β

=
‖Dν

af‖α,[a,b]

Γ(ν)

(
(x − a)β(ν−1)+1

β(ν − 1) + 1

)1/β

. (22.31)

That is, we find that

|f(x)| ≤ ‖Dν
af‖α,[a,b]

Γ(ν)(β(ν − 1) + 1)1/β
(x − a)

(
ν−1+1/β

)
. (22.32)

Therefore

Γf (μ1, μ2) ≤
∫

X

q

∣∣∣∣f (p

q

)∣∣∣∣ dλ ≤ ‖Dν
af‖α,[a,b]

Γ(ν)(β(ν − 1) + 1)1/β

∫
X

q

(
p

q
− a

)ν−1+1/β

dλ

=
‖Dν

af‖α,[a,b]

Γ(ν)(β(ν − 1) + 1)1/β

∫
X

q2−ν−1/β(p − aq)ν−1+1/β dλ, (22.33)

proving (22.29). �

An L1 estimate follows.

Theorem 22.9. Let a < b, ν ≥ 1, n := [ν], f ∈ Cν
a ([a, b]), f (i)(a) = 0,

i = 0, 1, . . . , n − 1, and a ≤ p(x)/q(x) ≤ b, a.e. on X. Then

Γf (μ1, μ2) ≤
‖Dν

af‖1,[a,b]

Γ(ν)

∫
X

q(x)2−ν(p(x) − aq(x))ν−1 dλ(x). (22.34)

Proof. Again from (22.21) and (22.30) we have

|f(x)| ≤ 1
Γ(ν)

∫ x

a

(x−w)ν−1|Dν
af(w)| dw ≤ 1

Γ(ν)
(x−a)ν−1

∫ x

a

|Dν
af(w)|dw

≤ 1
Γ(ν)

(x−a)ν−1

∫ b

a

|Dν
af(w)| dw =

1
Γ(ν)

(x−a)ν−1‖Dν
af‖1,[a,b]. (22.35)
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That is,

|f(x)| ≤ ‖Dν
af‖1,[a,b]

Γ(ν)
(x − a)ν−1, (22.36)

for all x in [a, b]. Thus

Γf (μ1, μ2) ≤
∫

X

q

∣∣∣∣f (p

q

)∣∣∣∣ dλ ≤
(∫

X

q

(
p

q
− a

)ν−1

dλ

)
‖Dν

af‖1,[a,b]

Γ(ν)

=
‖Dν

af‖1,[a,b]

Γ(ν)

(∫
X

q2−ν(p − aq)ν−1 dλ

)
, (22.37)

proving (22.34). �

Remark 22.10. Let f : [a, b] → R convex,

f ∈ C1([a, b]), x0 ∈ [a, b], a = b.

Then

f(x) ≥ f(x0) + f ′(x0)(x − x0), for all x ∈ [a, b]. (22.38)

Then one can easily prove that

Δ(x0) :=
1

b − a

∫ b

a

f(x) dx − f(x0) ≥ f ′(x0)
[
a + b

2
− x0

]
; (22.39)

see also S. Dragomir and C. E. M. Pearce [146, p. 9, Theorem 18]. In this
chapter’s setting

0 < a ≤ p(x)
q(x)

≤ b, a.e. on X,

and by calling

M :=
1

b − a

∫ b

a

f(x) dx (22.40)

we get

M − f

(
p(x)
q(x)

)
≥ f ′

(
p(x)
q(x)

)[
a + b

2
− p(x)

q(x)

]
, a.e. on X. (22.41)

Then

q(x)M − q(x)f
(

p(x)
q(x)

)
≥ f ′

(
p(x)
q(x)

)[
q(x)

(a + b)
2

− p(x)
]
, a.e. on X.

(22.42)
Here q(x) > 0 a.e. on X. Therefore by integrating (22.42) against λ we
obtain

M −
∫

X

q(x)f
(

p(x)
q(x)

)
dλ(x) ≥

∫
X

f ′
(

p(x)
q(x)

)(
q(x)(a + b)

2
− p(x)

)
dλ(x).

(22.43)
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We have established

Theorem 22.11. Let all elements be as in Section 22.1(I), hold, and
additionally assume that f ∈ C1([a, b]), a = b. Then

Γf (μ1, μ2) ≤
1

b − a

∫ b

a

f(x) dx −
∫

X

f ′
(

p(x)
q(x)

)(
q(x)(a + b)

2
− p(x)

)
dλ.

(22.44)

Remark 22.12. Let all elements be as in Section 22.1(I), hold, and
f ∈ C1([a, b]). Then by (22.38) we get

f(x) ≥ f ′(1)(x − 1) (22.45)

and

f

(
p(x)
q(x)

)
≥ f ′(1)

(
p(x)
q(x)

− 1
)

, a.e. on X. (22.46)

Thus

q(x)f
(

p(x)
q(x)

)
≥ f ′(1)(p(x) − q(x)), a.e. on X. (22.47)

Integrating (22.47) against λ over X we find

Γf (μ1, μ2) ≥ 0 (22.48)

which is known and mentioned in [128].

Remark 22.13. Let n ∈ N, f ∈ Cn+1([a, b]), [a, b] ⊂ R, such that
f (n+1) ≥ 0 (≤ 0); then by Taylor’s formula we get that

f(x) ≥ (≤)
n∑

i=0

f (i)(x0)
(x − x0)i

i!
, (22.49)

respectively, for any x, x0 ∈ [a, b] : x ≥ x0. Inequalities (22.49) are valid
also when n is odd and x ≤ x0. Take 0 < a ≤ 1 ≤ b, a ≤ p/q ≤ b, a.e. on
X and f(1) = 0, along with f ∈ Cn+1([a, b]), n odd, such that f (n+1) ≥ 0
(≤ 0); then

f(x) ≥ (≤)
n∑

i=1

f (i)(1)
(x − 1)i

i!
, (22.50)

for all x in [a, b]. Hence

qf

(
p

q

)
≥ (≤)

n∑
i=1

f (i)(1)
q
(

p
q − 1

)i
i!

. (22.51)
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And finally we obtain

Γf (μ1, μ2) ≥ (≤)
n∑

i=2

f (i)(1)
i!

∫
X

q1−i(p − q)i dλ, n odd. (22.52)

Remark 22.14. Let n be odd, f ∈ Cn+1([a, b]), [a, b] ⊂ R, such that
f (n+1) ≥ 0 (≤ 0), x, x0 ∈ [a, b]; then as before we have

f(x) − f(x0) ≥ (≤)
n∑

i=1

f (i)(x0)
(x − x0)i

i!
. (22.53)

Then

1
b − a

∫ b

a

f(x) dx − f(x0) =
1

b − a

∫ b

a

(f(x) − f(x0)) dx

≥ (≤)
1

b − a

∫ b

a

n∑
i=1

f (i)(x0)
i!

(x − x0)i dx

=
1

b − a

n∑
i=1

f (i)(x0)
i!

∫ b

a

(x − x0)i dx

=
1

b − a

n∑
i=1

f (i)(x0)
(i + 1)!

(
(x − x0)i+1

∣∣b
a

)
=

1
b − a

n∑
i=1

f (i)(x0)
(i + 1)!

[
(b − x0)i+1 (22.54)

−(a − x0)i+1
]
.

We obtained

1
b − a

∫ b

a

f(x) dx − f(x0) ≥ (≤)
n∑

i=1

f (i)(x0)
(i + 1)!

[
i∑

k=0

(b − x0)i−k(a − x0)k

]
,

(22.55)
where n is odd.

Next let 0 < a ≤ p/q ≤ b, a.e. on X. Then from (22.55) we find

q

b − a

∫ b

a

f(x)dx − qf

(
p

q

)
≥ (≤)

n∑
i=1

f (i)
(

p
q

)
(i + 1)!

[
i∑

k=0

q

(
b − p

q

)i−k (
a − p

q

)k
]

=
n∑

i=1

f (i)
(

p
q

)
(i + 1)!

[
i∑

k=0

q1−i(bq − p)i−k(aq − p)k

]
. (22.56)
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So when n is odd we get

1
b − a

∫ b

a

f(x) dx − Γf (μ1, μ2)

≥ (≤)
n∑

i=1

1
(i + 1)!

(
i∑

k=0

∫
X

f (i)

(
p

q

)
q1−i(bq − p)(i−k)(aq − p)kdλ

)
.

(22.57)
We have proved

Theorem 22.15. Let n be odd and f ∈ Cn+1([a, b]), such that f (n+1) ≥ 0
(≤ 0), 0 < a ≤ p/q ≤ b, a.e. on X. Then

Γf (μ1, μ2) ≤ (≥)
1

b − a

∫ b

a

f(x)dx

−
n∑

i=1

1
(i + 1)!

(
i∑

k=0

∫
X

f (i)

(
p

q

)
q1−i(bq − p)(i−k)(aq − p)kdλ

)
. (22.58)

Remark 22.16. Let n be odd, f ∈ Cn+1([a, b]), a, b ∈ R, such that
f (n+1) ≥ 0 (≤ 0), x, x0 ∈ [a, b], and μ be any probability measure on [a, b];
then by (22.53) we get∫

[a,b]

f(x)dμ − f(x0) ≥ (≤)
n∑

i=1

f (i)(x0)
i!

∫
[a,b]

(x − x0)idμ. (22.59)

Comment 22.17. Assume all singletons of X belong to A . Let the
Dirac measure δx0 � λ, x0 ∈ X; then there exists density f̂ ≥ 0 such that

δx0(E) =
∫

E

f̂ dλ, for all E ∈ A,

(here f̂ is the Radon–Nikodym derivative of δx0 with respect to λ). Clearly

1 = δx0({x0}) =
∫
{x0}

f̂ dλ = f̂(x0)λ({x0}). (22.60)

Because f̂ is real-valued we must have λ({x0}) = 0 and

f̂(x0) =
1

λ({x0}) > 0. (22.61)

Also
0 = δx0(X − {x0}) =

∫
X−{x0}

f̂ dλ.
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Therefore
f̂
∣∣
X−{x0} = 0, a.e. on X. (22.62)

So let μ2 = δx0 ; then q = f̂ and

Γf (μ1, δx0) =
∫

X

f̂ f

(
p

f̂

)
dλ = f(λ({x0})p(x0)), (22.63)

is trivial and of no interest for further study.

Finally we give

Comment 22.18. Let f ∈ Cν
x0

([a, b]), x0 ∈ [a, b] ⊂ R, and ν ≥ 1, the
remainder of the fractional Taylor formula (see Theorem 22.3 and (22.19))
is (

Jx0
ν (Dν

x0
f)
)
(x) =

1
Γ(ν)

∫ x

x0

(x − t)ν−1(Dν
x0

f)(t) dt, (22.64)

for all x0 ≤ x ≤ b. If

(Dν
x0

f)(t)
≥ 0

(≤ 0)

over [x0, b] then

(
Jx0

ν (Dν
x0

f)
)
(x)

≥ 0
(≤ 0)

over [x0, b]. The last implies (by (22.19)) that

f(x) ≥ (≤)
n−1∑
i=0

f (i)(x0)
(x − x0)i

i!
, (22.65)

where n := [ν], for all x0 ≤ x ≤ b. According to Section 22.1(I) we take
here f to be convex from (0,+∞) into R which is strictly convex at 1 with
f(1) = 0. Also we take 0 < a ≤ p/q ≤ b a.e. on X, with a ≤ 1 ≤ b.

Let ν ≥ 1 and additionally assume that f ∈ Cν
a ([a, b]) such that (Dν

af)(t)
≥ 0 (≤ 0) over [a, b]; then we find

f(x) ≥ (≤)
n−1∑
i=0

f (i)(a)
(x − a)i

i!
, (22.66)

for all a ≤ x ≤ b, n := [ν]. Then

qf

(
p

q

)
≥ (≤)

n−1∑
i=0

f (i)(a)
q
(

p
q − a

)i
i!

, (22.67)
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a.e. on X. Consequently we obtain

Γf (μ1, μ2) ≥ (≤)
n−1∑
i=0

f (i)(a)
i!

∫
X

q1−i(p − qa)i dλ, (22.68)

where n := [ν], ν ≥ 1.



23
Caputo and Riemann–Liouville
Fractional Approximation of Csiszar’s
f -Divergence

Here are presented various tight probabilistic inequalities that give nearly
best estimates for the Csiszar’s f -divergence. These involve Riemann–
Liouville and Caputo fractional derivatives of the directing function f. Also
is given a lower bound for the Csiszar’s distance. The Csiszar’s discrimina-
tion is the most essential and general measure for the comparison between
two probability measures. This is a continuation of Chapter 22 and is based
on [55].

23.1 Preliminaries

Throughout this chapter we use the following.
(I) Let f be a convex function from (0,+∞) into R that is strictly convex

at 1 with f (1) = 0. Let (X,A, λ) be a measure space, where λ is a finite or
a σ-finite measure on (X,A). And let μ1, μ2 be two probability measures
on (X,A) such that μ1 � λ, μ2 � λ (absolutely continuous); for example,
λ = μ1 + μ2. Denote by p = dμ1/dλ, q = dμ2/dλ the (densities) Radon–
Nikodym derivatives of μ1, μ2 with respect to λ. Here we assume that

0 < a ≤ p

q
≤ b, a.e. on X

and a ≤ 1 ≤ b.

G.A. Anastassiou, Fractional Differentiation Inequalities, 577
DOI 10.1007/978-0-387-98128-4 23, c© Springer Science+Business Media, LLC 2009
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The quantity

Γf (μ1, μ2) =
∫

X

q (x) f

(
p (x)
q (x)

)
dλ (x), (23.1)

was introduced by I. Csiszar in 1967 (see [128]), and is called f -divergence
of the probability measures μ1 and μ2. By Lemma 1.1 of [128], the integral
(23.1) is well defined and Γf (μ1, μ2) ≥ 0 with equality only when μ1 = μ2.
In [128] the author without proof mentions that Γf (μ1, μ2) does not depend
on the choice of λ.

For a proof of the last see [28], Lemma 1.1; see here Lemma 22.1.
The concept of f -divergence was introduced first in [127] as a generaliza-

tion of Kullback’s “information for discrimination” or I-divergence (gener-
alized entropy) [240, 241] and of Rényi’s “information gain” (I-divergence
of order α) [345]. In fact the I-divergence of order 1 equals

Γu log2 u (μ1, μ2).

The choice f (u) = (u − 1)2 again produces a known measure of difference
of distributions called κ

2- divergence; of course the total variation distance
|μ1 − μ2| =

∫
X
|p (x) − q (x)| dλ (x) equals Γ|u−1| (μ1, μ2).

Here by assuming f (1) = 0 we can consider Γf (μ1, μ2) as a measure of
the difference between the probability measures μ1, μ2. The f -divergence
is in general asymmetric in μ1 and μ2. But because f is convex and strictly
convex at 1 (see Lemma 2, [28]) so is

f∗ (u) = uf

(
1
u

)
(23.2)

and as in [128] we get

Γf (μ2, μ1) = Γf∗ (μ1, μ2). (23.3)

In information theory and statistics many other concrete divergences are
used that are special cases of the above general Csiszar f -divergence, such
as Hellinger distance DH , α-divergence Dα, Bhattacharyya distance DB ,
harmonic distance DHα

, Jeffrey’s distance DJ , and triangular discrimina-
tion DΔ; for all these, see, for example [78, 145]. The problem of finding
and estimating the proper distance (or difference or discrimination) of two
probability distributions is one of the major questions in probability theory.

The above f -divergence measures in their various forms have also been
applied to anthropology, genetics, finance, economics, political science, bi-
ology, approximation of probability distributions, signal processing, and
pattern recognition. A great inspiration for this chapter has been the very
important monograph on the topic by S. Dragomir [145].

(II) Here we follow [134].
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We start with

Definition 23.1. Let ν ≥ 0; the operator Jν
a , defined on L1 (a, b) by

Jν
a f (x) :=

1
Γ (ν)

∫ x

a

(x − t)ν−1
f (t) dt (23.4)

for a ≤ x ≤ b, is called the Riemann–Liouville fractional integral operator
of order ν.

For ν = 0, we set J0
a := I, the identity operator. Here Γ stands for the

gamma function.
Let α > 0, f ∈ L1 (a, b), a, b ∈ R; see [134]. Here [·] stands for the

integral part of the number.
We define the generalized Riemann–Liouville fractional derivative of f

of order α by

Dα
a f (s) :=

1
Γ (m − α)

(
d

ds

)m ∫ s

a

(s − t)m−α−1
f (t) dt,

where m := [α] + 1, s ∈ [a, b]; see also [57], Remark 46 there.
In addition, we set

D0
af := f,

J−α
a f := Dα

a f, if α > 0,

D−α
a f := Jα

a f, if 0 < α ≤ 1,

Dn
af = f (n), for n ∈ N. (23.5)

We need

Definition 23.2. [45] We say that f ∈ L1 (a, b) has an L∞ fractional
derivative Dα

a f (α > 0) in [a, b] , a, b ∈ R, iff Dα−k
a f ∈ C ([a, b]), k =

1, . . . , m := [α] + 1, and Dα−1
a f ∈ AC ([a, b]) (absolutely continuous func-

tions) and Dα
a f ∈ L∞ (a, b).

Lemma 23.3. [45] Let β > α ≥ 0, f ∈ L1 (a, b) , a, b ∈ R, have an
L∞ fractional derivative Dβ

af in [a, b], and let Dβ−k
a f (a) = 0 for k =

1, . . . , [β] + 1. Then

Dα
a f (s) =

1
Γ (β − α)

∫ s

a

(s − t)β−α−1
Dβ

af (t) dt, (23.6)

∀s ∈ [a, b].
Here Dα

a f ∈ AC ([a, b]) for β − α ≥ 1, and Dα
a f ∈ C ([a, b]) for β − α ∈

(0, 1).
Here ACn ([a, b]) is the space of functions with absolutely continuous

(n − 1)st derivative.
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We need to mention

Definition 23.4. [134] Let ν ≥ 0, n := �ν�; �·� is the ceiling of the
number, f ∈ ACn ([a, b]). We call the Caputo fractional derivative

Dν
∗af (x) :=

1
Γ (n − ν)

∫ x

a

(x − t)n−ν−1
f (n) (t) dt, (23.7)

∀x ∈ [a, b].
The above function Dν

∗af (x) exists almost everywhere for x ∈ [a, b].

We need

Proposition 23.5. [134] Let ν ≥ 0, n := �ν�, f ∈ ACn ([a, b]). Then
Dν

∗af exists iff the generalized Riemann–Liouville fractional derivative Dν
af

exists.

Proposition 23.6. [134] Let ν ≥ 0, n := �ν�. Assume that f is such that
both Dν

∗af and Dν
af exist. Suppose that f (k) (a) = 0 for k = 0, 1, . . . , n−1.

Then

Dν
∗af = Dν

af. (23.8)

In conclusion

Corollary 23.7. [58] Let ν ≥ 0, n := �ν�, f ∈ ACn ([a, b]), Dν
∗af exists

or Dν
af exists, and f (k) (a) = 0, k = 0, 1, . . . , n − 1.

Then
Dν

af = Dν
∗af. (23.9)

We need

Theorem 23.8. [58] Let ν ≥ 0, n := �ν�, f ∈ ACn ([a, b]), and f (k) (a) =
0, k = 0, 1, . . . , n − 1.

Then
f (x) =

1
Γ (ν)

∫ x

a

(x − t)ν−1
Dν

∗af (t) dt. (23.10)

We also need

Theorem 23.9. [58] Let ν ≥ γ + 1, γ ≥ 0. Call n := �ν�. Assume
f ∈ ACn ([a, b]) such that f (k) (a) = 0, k = 0, 1, . . . , n − 1, and Dν

∗af ∈
L∞ (a, b). Then Dγ

∗af ∈ AC ([a, b]), and

Dγ
∗af (x) =

1
Γ (ν − γ)

∫ x

a

(x − t)ν−γ−1
Dν

∗af (t) dt, (23.11)

∀x ∈ [a, b].
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Theorem 23.10. [58] Let ν ≥ γ+1, γ ≥ 0, n := �ν�. Let f ∈ ACn ([a, b])
such that f (k) (a) = 0, k = 0, 1, . . . , n−1. Assume ∃Dν

af (x) ∈ R, ∀x ∈ [a, b],
and Dν

af ∈ L∞ (a, b). Then Dγ
af ∈ AC ([a, b]), and

Dγ
af (x) =

1
Γ (ν − γ)

∫ x

a

(x − t)ν−γ−1
Dν

af (t) dt, (23.12)

∀x ∈ [a, b].

23.2 Results

Here f and the whole setting are as in section 23.1, Preliminaries (I). We
present first results regarding the Riemann–Liouville fractional derivative.

Theorem 23.11. Let β > 0, f ∈ L1 (a, b), have an L∞ fractional deriva-
tive Dβ

af in [a, b], and let Dβ−k
a f (a) = 0 for k = 1, . . . , [β] + 1. Also it

holds 0 < a ≤ p (x)/q (x) ≤ b, a.e. on X, a < b. Then

Γf (μ1, μ2) ≤
∥∥Dβ

af
∥∥
∞,[a,b]

Γ (β + 1)∫
X

q (x)1−β (p (x) − aq (x))β
dλ (x). (23.13)

Proof. By (23.6), α = 0, we obtain

f (s) =
1

Γ (β)

∫ s

a

(s − t)β−1
Dβ

af (t) dt, (23.14)

all a ≤ s ≤ b.
Then

|f (s)| ≤ 1
Γ (β)

∫ s

a

(s − t)β−1 ∣∣Dβ
af (t)

∣∣ dt

≤
∥∥Dβ

af
∥∥
∞,[a,b]

Γ (β)

∫ s

a

(s − t)β−1
dt

=

∥∥Dβ
af
∥∥
∞,[a,b]

Γ (β)
(s − a)β

β
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=

∥∥Dβ
af
∥∥
∞,[a,b]

Γ (β + 1)
(s − a)β

, all a ≤ s ≤ b. (23.15)

That is, we have that

|f (s)| ≤
∥∥Dβ

af
∥∥
∞,[a,b]

Γ (β + 1)
(s − a)β

, all a ≤ s ≤ b. (23.16)

Consequently we find

Γf (μ1, μ2) =
∫

X

q (x) f

(
p (x)
q (x)

)
dλ (x)

≤
∥∥Dβ

af
∥∥
∞,[a,b]

Γ (β + 1)

∫
X

q (x)
(

p (x)
q (x)

− a

)β

dλ (x)

=

∥∥Dβ
af
∥∥
∞,[a,b]

Γ (β + 1)

∫
X

q (x)1−β (p (x) − aq (x))β
dλ (x), (23.17)

proving the claim. �

Next we give an Lδ result.

Theorem 23.12. Same assumptions as in Theorem 23.11. Let γ, δ > 1 :
1/γ + 1/δ = 1 and γ (β − 1) + 1 > 0.

Then

Γf (μ1, μ2) ≤
∥∥Dβ

af
∥∥

δ,[a,b]

Γ (β) (γ (β − 1) + 1)1/γ∫
X

q (x)2−β−1/γ (p (x) − aq (x))β−1+1/γ
dλ (x). (23.18)

Proof. By (23.6), α = 0, we get again

f (s) =
1

Γ (β)

∫ s

a

(s − t)β−1
Dβ

af (t) dt, (23.19)

all a ≤ s ≤ b.
Hence

|f (s)| ≤ 1
Γ (β)

∫ s

a

(s − t)β−1 ∣∣Dβ
af (t)

∣∣ dt

≤ 1
Γ (β)

(∫ s

a

(s − t)γ(β−1)
dt

)1/γ (∫ s

a

∣∣Dβ
af (t)

∣∣δ dt

)1/δ

≤
∥∥Dβ

af
∥∥

δ,[a,b]

Γ (β)
(s − a)β−1+1/γ

(γ (β − 1) + 1)1/γ
, (23.20)

all a ≤ s ≤ b.
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That is,

|f (s)| ≤
∥∥Dβ

af
∥∥

δ,[a,b]

Γ (β)
(s − a)β−1+1/γ

(γ (β − 1) + 1)1/γ
, (23.21)

all a ≤ s ≤ b.
Consequently we find

Γf (μ1, μ2) ≤
∫

X

q

∣∣∣∣f (p

q

)∣∣∣∣ dλ

≤
∥∥Dβ

af
∥∥

δ,[a,b]

Γ (β) (γ (β − 1) + 1)1/γ

∫
X

q

(
p

q
− a

)β−1+1/γ

dλ

=

∥∥Dβ
af
∥∥

δ,[a,b]

Γ (β) (γ (β − 1) + 1)1/γ

∫
X

q2−β−1/γ (p − aq)β−1+1/γ
dλ, (23.22)

proving the claim. �

It follows an L1 estimate.

Theorem 23.13. Same assumptions as in Theorem 23.11. Let β ≥ 1.
Then

Γf (μ1, μ2) ≤
∥∥Dβ

af
∥∥

1,[a,b]

Γ (β)(∫
X

(q (x))2−β (p (x) − aq (x))β−1
dλ (x)

)
. (23.23)

Proof. By (23.19) we have

|f (s)| ≤ 1
Γ (β)

∫ s

a

(s − t)β−1 ∣∣Dβ
af (t)

∣∣ dt

≤ (s − a)β−1

Γ (β)

∫ b

a

∣∣Dβ
af (t)

∣∣ dt

=
(s − a)β−1

Γ (β)

∥∥Dβ
af
∥∥

1,[a,b]
. (23.24)

That is,

|f (s)| ≤ (s − a)β−1

Γ (β)

∥∥Dβ
af
∥∥

1,[a,b]
, (23.25)

for all s in [a, b]. Thus

Γf (μ1, μ2) ≤
∫

X

q

∣∣∣∣f (p

q

)∣∣∣∣ dλ
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≤
∥∥Dβ

af
∥∥

1,[a,b]

Γ (β)

∫
X

q

(
p

q
− a

)β−1

dλ

=

∥∥Dβ
af
∥∥

1,[a,b]

Γ (β)

(∫
X

q2−β (p − aq)β−1
dλ

)
, (23.26)

proving the claim. �

We continue with results regarding the Caputo fractional derivative.

Theorem 23.14. Let ν > 0, n := �ν�, f ∈ ACn ([a, b]), and f (k) (a) = 0,
k = 0, 1, . . . , n − 1. Assume Dν

∗af ∈ L∞ (a, b), 0 < a ≤ p (x)/q (x) ≤ b,
a.e. on X, a < b.

Then

Γf (μ1, μ2) ≤
‖Dν

∗af‖∞,[a,b]

Γ (ν + 1)∫
X

q (x)1−ν (p (x) − aq (x))ν
dλ (x). (23.27)

Proof. Similar to Theorem 23.11, using Theorem 23.8. �

Next we give an Lδ result.

Theorem 23.15. Assume all are as in Theorem 23.14. Let γ, δ > 1 :
1/γ + 1/δ = 1, and γ (ν − 1) + 1 > 0.

Then

Γf (μ1, μ2) ≤
‖Dν

∗af‖δ,[a,b]

Γ (ν) (γ (ν − 1) + 1)1/γ∫
X

q (x)2−ν−1/γ (p (x) − aq (x))ν−1+1/γ
dλ (x). (23.28)

Proof. Similar to Theorem 23.12, using Theorem 23.8. �

It follows an L1 estimate.

Theorem 23.16. Assume all are as in Theorem 23.14. Let ν ≥ 1. Then

Γf (μ1, μ2) ≤
‖Dν

∗af‖1,[a,b]

Γ (ν)(∫
X

(q (x))2−ν (p (x) − aq (x))ν−1
dλ (x)

)
. (23.29)

Proof. Similar to Theorem 23.13, using Theorem 23.8. �
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Regarding again the Riemann–Liouville fractional derivative we need:

Corollary 23.17. Let ν ≥ 0, n := �ν�, f ∈ ACn ([a, b]), ∃Dν
af (x) ∈ R,

∀x ∈ [a, b], and f (k) (a) = 0, k = 0, 1, . . . , n − 1. Then

f (x) =
1

Γ (ν)

∫ x

a

(x − t)ν−1
Dν

af (t) dt. (23.30)

Proof. By Corollary 23.7 and Theorem 23.8. �

We continue with results again regarding the Riemann–Liouville frac-
tional derivative.

Theorem 23.18. Let ν > 0, n := �ν�, f ∈ ACn ([a, b]), ∃Dν
af (x) ∈ R,

∀x ∈ [a, b], and f (k) (a) = 0, k = 0, 1, . . . , n − 1. Assume Dν
af ∈ L∞ (a, b),

0 < a ≤ p (x)/q (x) ≤ b, a.e. on X, a < b.
Then

Γf (μ1, μ2) ≤
‖Dν

af‖∞,[a,b]

Γ (ν + 1)∫
X

q (x)1−ν (p (x) − aq (x))ν
dλ (x). (23.31)

Proof. Similar to Theorem 23.11, using Corollary 23.17. �

Next we give the corresponding Lδ result.

Theorem 23.19. Assume all are as in Theorem 23.18. Let γ, δ > 1 :
1/γ + 1/δ = 1, and γ (ν − 1) + 1 > 0.

Then

Γf (μ1, μ2) ≤
‖Dν

af‖δ,[a,b]

Γ (ν) (γ (ν − 1) + 1)1/γ∫
X

q (x)2−ν−1/γ (p (x) − aq (x))ν−1+1/γ
dλ (x) . (23.32)

Proof. Similar to Theorem 23.12, using Corollary 23.17. �

The L1 estimate follows.

Theorem 23.20. Assume all are as in Theorem 23.18. Let ν ≥ 1. Then

Γf (μ1, μ2) ≤
‖Dν

af‖1,[a,b]

Γ (ν)
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X

(q (x))2−ν (p (x) − aq (x))ν−1
dλ (x)

)
. (23.33)

Proof. Similar to Theorem 23.13, using Corollary 23.17. �

We need

Theorem 23.21. (Taylor expansion for Caputo derivatives, [134, p. 40])
Assume ν ≥ 0, n = �ν�, and f ∈ ACn ([a, b]).

Then

f (x) =
n−1∑
k=0

f (k) (a)
k!

(x − a)k +
1

Γ (ν)

∫ x

a

(x − t)ν−1
Dν

∗af (t) dt, (23.34)

∀x ∈ [a, b].

We make

Remark 23.22. Let ν > 0, n = �ν�, and f ∈ ACn ([a, b]).
If Dν

∗af ≥ 0
(≤0)

over [a, b], then

∫ x

a

(x − t)ν−1
Dν

∗af (t) dt ≥ 0
(≤0)

on [a, b].

By (23.34) then we obtain

f (x) ≥ (≤)
n−1∑
k=0

f (k) (a)
k!

(x − a)k
, (23.35)

∀x ∈ [a, b]. Hence

qf

(
p

q

)
≥ (≤)

n−1∑
k=0

f (k) (a)
k!

q

(
p

q
− a

)k

, (23.36)

a.e. on X.
Consequently we derive

Γf (μ1, μ2) ≥ (≤)
n−1∑
k=0

f (k) (a)
k!

∫
X

q1−k (p − aq)k
dλ. (23.37)

We have established

Theorem 23.23. Let ν > 0, n = �ν�, and f ∈ ACn ([a, b]).
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If Dν
∗af ≥ 0

(≤0)
on [a, b], then

Γf (μ1, μ2) ≥ (≤)
n−1∑
k=0

f (k) (a)
k!(∫

X

(q (x))1−k (p (x) − aq (x))k
dλ (x)

)
. (23.38)

We finish with

Remark 23.24. Using Lemma 23.3, Theorem 23.9, and Theorem 23.10
and in their settings, for g any of Dα

a f, Dγ
∗af, Dγ

af, that fulfill the condi-
tions and assumptions of section 23.1, Preliminaries (I), we can find similar
estimates as above for Γg (μ1, μ2).



24
Canavati Fractional Ostrowski-Type
Inequalities

Optimal upper bounds are given to the deviation of an initial value of a
function f ∈ Cν

x0
([a, b]), x0 ∈ [a, b], ν > 0 from the corresponding average

of f . These bounds are of type A · ‖Dν
x0

f‖∞,[x0,b], where A is the smallest
universal constant; that is, the produced inequalities are sharp and at-
tained. Here Dν

x0
f is the ν-order Canavati-type fractional derivative of f .

This chapter was inspired by the work of Ostrowski [318], 1938, and of the
author’s [13], 1995. This treatment relies on [24].

24.1 Background

In the sequel we follow [101]. Let g ∈ C([0, 1]), n := [ν], ν > 0, and
α := ν − n (0 < α < 1). Define

(Jνg)(x) :=
1

Γ(ν)

∫ x

0

(x − t)ν−1g(t)dt, 0 ≤ x ≤ 1, (24.1)

the Riemann–Liouville integral, where Γ is the gamma function Γ(ν) :=∫∞
0

e−ttν−1dt. We define the subspace Cν([0, 1]) of Cn([0, 1]):

Cν([0, 1]) := {g ∈ Cn([0, 1]) : J1−αg(n) ∈ C1([0, 1])}.
Thus letting g ∈ Cν([0, 1]), we define the Canavati ν- fractional derivative
of g as

Dνg := DJ1−αg(n), D :=
d

dx
. (24.2)

G.A. Anastassiou, Fractional Differentiation Inequalities, 589
DOI 10.1007/978-0-387-98128-4 24, c© Springer Science+Business Media, LLC 2009
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When ν ≥ 1 we have the Taylor formula

g(t) = g(0) + g′(0)t + g′′(0)
t2

2!
+ · · · + g(n−1)(0)

tn−1

(n − 1)!
+ (JνDνg)(t), ∀t ∈ [0, 1]. (24.3)

When 0 < ν < 1 we find

g(t) = (JνDνg)(t), ∀t ∈ [0, 1]. (24.4)

Next we carry the above notions over to an arbitrary [a, b] ⊆ R (see [17]).
Let x, x0 ∈ [a, b] such that x ≥ x0, x0 is fixed. Let f ∈ C([a, b]) and define

(Jx0
ν f)(x) :=

1
Γ(ν)

∫ x

x0

(x − t)ν−1f(t)dt, x0 ≤ x ≤ b, (24.5)

the generalized Riemann–Liouville integral. We define the subspace
Cν

x0
([a, b]) of Cn([a, b]):

Cν
x0

([a, b]) := {f ∈ Cn([a, b]) : Jx0
1−αf (n) ∈ C1([x0, b])}.

For f ∈ Cν
x0

([a, b]), we define the generalized ν -fractional derivative of f
over [x0, b] as

Dν
x0

f := DJx0
1−αf (n). (24.6)

We observe that Dn
x0

f = f (n), n ∈ N. Notice that

(Jx0
1−αf (n))(x) =

1
Γ(1 − α)

∫ x

x0

(x − t)−αf (n)(t)dt

exists for f ∈ Cν
x0

([a, b]).

We recall the following fractional generalization of Taylor’s formula
(see [17, 101]).

Theorem 24.1. Let f ∈ Cν
x0

([a, b]), x0 ∈ [a, b] fixed.
(i) If ν ≥ 1 then

f(x) = f(x0) + f ′(x0)(x − x0) + f ′′(x0)
(x − x0)2

2
+

· · · + f (n−1)(x0)
(x − x0)n−1

(n − 1)!
+(Jx0

ν Dν
x0

f)(x), all x ∈ [a, b] : x ≥ x0. (24.7)

(ii) If 0 < ν < 1 we get

f(x) = (Jx0
ν Dν

x0
f)(x), all x ∈ [a, b] : x ≥ x0. (24.8)

Here we use (24.7).
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24.2 Results

We present the first fractional Ostrowski-type inequality.

Theorem 24.2. Let 1 ≤ ν < 2 and f ∈ Cν
x0

([a, b]), a ≤ x0 < b, x0 fixed.
Then ∣∣∣∣∣ 1

b − x0

∫ b

x0

f(y)dy − f(x0)

∣∣∣∣∣ ≤ ‖Dν
x0

f‖∞,[x0,b]

Γ(ν + 2)
(b − x0)ν . (24.9)

Proof. Here n := [ν] = 1. From (24.7) we have

f(y) − f(x0) =
1

Γ(ν)

∫ y

x0

(y − w)ν−1(Dν
x0

f)(w)dw, ∀y ≥ x0.

Thus ∣∣∣∣∣ 1
b − x0

∫ b

x0

f(y)dy − f(x0)

∣∣∣∣∣ =
∣∣∣∣∣ 1
b − x0

∫ b

x0

(f(y) − f(x0))dy

∣∣∣∣∣
≤ 1

b − x0

∫ b

x0

|f(y) − f(x0)|dy

≤ 1
b − x0

∫ b

x0

(
1

Γ(ν)

∫ y

x0

(y − w)ν−1|Dν
x0

f(w)|dw

)
dy

≤ 1
b − x0

∫ b

x0

1
Γ(ν)

‖Dν
x0

f‖∞,[x0,b]

(∫ y

x0

(y − w)ν−1dw

)
dy

=
‖Dν

x0
f‖∞,[x0,b]

(b − x0)Γ(ν)
·
∫ b

x0

(y − x0)ν

ν
dy

(by Γ(ν + 1) = νΓ(ν), ν > 0)

=
‖Dν

x0
f‖∞,[x0,b]

(b − x0)Γ(ν + 1)
· (b − x0)ν+1

ν + 1

=
‖Dν

x0
f‖∞,[x0,b] · (b − x0)ν

Γ(ν + 2)
.

We have proved (24.9). �

Next we give another more general fractional Ostrowski-type inequality.

Theorem 24.3. Let a ≤ x0 < b fixed. Let f ∈ Cν
x0

([a, b]), ν ≥ 2, n := [ν].
Assume f (i)(x0) = 0, i = 1, . . . , n − 1. Then∣∣∣∣∣ 1

b − x0

∫ b

x0

f(y)dy − f(x0)

∣∣∣∣∣ ≤ ‖Dν
x0

f‖∞,[x0,b]

Γ(ν + 2)
· (b − x0)ν . (24.10)
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Proof. Again from (24.7) we have

f(y) − f(x0) =
1

Γ(ν)

∫ y

x0

(y − w)ν−1(Dν
x0

f)(w)dw, ∀y ≥ x0.

We observe that

|f(y) − f(x0)| ≤ 1

Γ(ν)
‖Dν

x0f‖∞,[x0,b]

∫ y

x0

(y − w)ν−1dw

=
1

Γ(ν)
‖Dν

x0f‖∞,[x0,b]
(y − x0)

ν

ν
=

‖Dν
x0f‖∞,[x0,b]

Γ(ν + 1)
· (y − x0)

ν .

That is,

|f(y) − f(x0)| ≤
‖Dν

x0
f‖∞,[x0,b]

Γ(ν + 1)
· (y − x0)ν , ∀y ≥ x0. (24.11)

Therefore we get∣∣∣∣∣ 1

b − x0

∫ b

x0

f(y)dy − f(x0)

∣∣∣∣∣ =

∣∣∣∣∣ 1

b − x0

∫ b

x0

(f(y) − f(x0))dy

∣∣∣∣∣
≤ 1

b − x0

∫ b

x0

|f(y) − f(x0)|dy

(24.11)
≤ 1

b − x0

∫ b

x0

‖Dν
x0f‖∞,[x0,b]

Γ(ν + 1)
· (y − x0)

νdy

=
1

b − x0
· ‖D

ν
x0f‖∞,[x0,b]

Γ(ν + 1)
· (b − x0)

ν+1

ν + 1

=
‖Dν

x0f‖∞,[x0,b]

Γ(ν + 2)
· (b − x0)

ν .

That proves (24.10). �

Remark 24.4. Let μ, ν > 0 such that ν ≤ μ, and n := [ν], α := ν − n.
Consider

φμ(x) :=
(x − x0)μ

Γ(μ + 1)
, x0 ≤ x ≤ b. (24.12)

Then

φ(n)
μ (x) =

μ(μ − 1)(μ − 2) · · · (μ − n + 2)(μ − n + 1)(x − x0)μ−n

Γ(μ + 1)
,

and

φ(n)
μ (x) =

(x − x0)μ−n

Γ(μ − n + 1)
= φμ−n(x).
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Next we find that

(Jx0
1−αφμ−n)(x) =

1
Γ(1 − α)

∫ x

x0

(x − t)−α (t − x0)μ−n

Γ(μ − n + 1)
dt

=
1

Γ(1 − α)

∫ x

x0

(x − t)(1−α)−1 (t − x0)(μ−n+1)−1

Γ(μ − n + 1)
dt

(by [404, p. 256]; notice that 1 − α, μ − n + 1 > 0)

=
1

Γ(1 − α)Γ(μ − n + 1)
·

Γ(1 − α)Γ(μ − n + 1)
Γ(1 − α + μ − n + 1)

(x − x0)(1−α+μ−n)

=
(x − x0)(μ−ν+1)

Γ(μ − ν + 2)
.

That is,

(Jx0
1−αφμ−n)(x) =

(x − x0)(μ−ν+1)

Γ(μ − ν + 2)
. (24.13)

Hence

(Dν
x0

φμ)(x) = (DJx0
1−αφ(n))(x) = (DJx0

1−αφμ−n)(x)

=
(

(x − x0)μ−ν+1

Γ(μ − ν + 2)

)′
=

(x − x0)μ−ν

Γ(μ − ν + 1)
,

so that

(Dν
x0

φμ)(x) =
(x − x0)μ−ν

Γ(μ − ν + 1)
= φμ−ν(x), (24.14)

and

Dν
x0

(x − x0)μ =
Γ(μ + 1)

Γ(μ − ν + 1)
(x − x0)μ−ν , 0 < ν ≤ μ, x0 ≤ x ≤ b.

(24.15)
In particular we get

Dν
x0

(x − x0)ν = Γ(ν + 1), (by Γ(1) = 1).

Consequently it holds

‖Dν
x0

(x − x0)ν‖∞,[x0,b] = Γ(ν + 1). (24.16)

Proposition 24.5. Inequality (24.9) is sharp; namely it is attained by

f(x) := (x − x0)ν , 1 ≤ ν < 2, x ∈ [a, b].
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Proof. Observe that

R.H.S.(24.9) =
1

b − x0

∫ b

x0

(y − x0)νdy =
(b − x0)ν

ν + 1
.

Also we see

L.H.S.(24.9)
(24.16)

=
Γ(ν + 1)

Γ(ν + 2)
(b − x0)

ν =
Γ(ν + 1)

(ν + 1)Γ(ν + 1)
(b − x0)

ν =
(b − x0)

ν

ν + 1
.

That is, both sides of (24.9) are equal. �

Proposition 24.6. Inequality (24.10) is sharp; namely it is attained by

f(x) := (x − x0)ν , ν ≥ 2, x ∈ [a, b].

Proof. Observe that

f (i)(x0) = ((x − x0)ν)(i)
∣∣∣∣
x=x0

= 0, i = 1, . . . , n − 1.

Again we have

R.H.S.(24.10) =
(b − x0)ν

ν + 1
,

and

L.H.S.(24.10) =
(b − x0)ν

ν + 1
.

That is, both sides of (24.10) are equal. �

Comment 24.7. In the fractional Ostrowski-type inequalities, under
the same initial conditions—assumption, as in the integer ordinary deriva-
tive case—one can derive results for higher-order (fractional) derivatives,
appearing in the R.H.S.s of the corresponding inequalities. Thus, compare
Theorem 24.2, 1 ≤ ν < 2, with an ordinary case of order n = 1 ; see [13].
Also compare Theorem 24.3, ν ≥ 2, where n + 1 ≤ ν < n + 2 , n + 1 = [ν],
with an ordinary case of order n + 1; see [13].



25
Multivariate Canavati Fractional
Ostrowski-Type Inequalities

Optimal upper bounds are given to the deviation of a value of a multivari-
ate function of a fractional space from its average, over convex and compact
subsets of R

N , N ≥ 2. In particular we work over rectangles, balls, and
spherical shells. These bounds involve the supremum and L∞ norms of
related multivariate Canavati fractional derivatives of the involved func-
tion. The presented inequalities are sharp; namely they are attained. This
chapter has been motivated by the works of Ostrowski [318], 1938, and
Anasstasiou [24], 2003, and the chapter is based on [43].

25.1 Background

In the sequel we follow Canavati [101]. Let g ∈ C([0, 1]), n := [ν], ν > 0,
and α := ν − n (0 < α < 1). Define

(Jνg)(x) :=
1

Γ(ν)

∫ x

0

(x − t)ν−1g(t)dt, 0 ≤ x ≤ 1, (25.1)

the Riemann – Liouville fractional integral, where Γ is the gamma function
Γ(ν) :=

∫∞
0

e−ttν−1dt. We define the subspace Cν([0, 1]) of Cn([0, 1]):

Cν([0, 1]) := {g ∈ Cn([0, 1]) : J1−αg(n) ∈ C1([0, 1])}. (25.2)
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So let g ∈ Cν([0, 1]); we define the Canavati ν -fractional derivative of g
as

g(ν) := (J1−α g(n))′. (25.3)

When ν ≥ 1 we have the fractional Taylor formula ([101])

g(t) = g(0)+g′(0)t+g′′(0)
t2

2!
+ · · ·+g(n−1)(0)

tn−1

(n − 1)!
+(Jνg(ν))(t), ∀ t ∈ [0, 1],

(25.4)

and when 0 < ν < 1 we find

g(t) = (Jνg(ν))(t), ∀ t ∈ [0, 1]. (25.5)

Next we carry the above notions over to an arbitrary interval [a, b] ⊆ R

(see Anastassiou [17]). Let x, x0 ∈ [a, b] such that x ≥ x0, x0 is fixed. Let
f ∈ C([a, b]) and define

(J x0
ν f)(x) :=

1
Γ(ν)

∫ x

x0

(x − t)ν−1f(t)dt, x0 ≤ x ≤ b, (25.6)

the generalized Riemann – Liouville integral. We define the subspace
Cν

x0
([a, b]) of Cn([a, b]) :

Cν
x0

([a, b]) := {f ∈ Cn([a, b]) : J x0
1−α f (n) ∈ C1([x0, b])}. (25.7)

For f ∈ Cν
x0

([a, b]), we define the generalized ν-fractional derivative of f
over [x0, b], as

Dν
x0

f :=
(
J x0

1−α f (n)
)′

. (25.8)

We observe that Dn
x0

f = f (n), n ∈ N . Notice that

J x0
1−α f (n)(x) =

1
Γ(1 − α)

∫ x

x0

(x − t)−α f (n)(t)dt (25.9)

exists for f ∈ Cν
x0

([a, b]).

We mention the following generalization of the fractional Taylor formula
(see Anastassiou [17] and Canavati [101]).

Theorem 25.1. Let f ∈ Cν
x0

([a, b]), x0 ∈ [a, b] fixed.
(i) If ν ≥ 1, then

f(x) = f(x0) + f ′(x0)(x − x0) + f ′′(x0)
(x − x0)2

2!
+ · · ·+

f (n−1)(x0)
(x − x0)n−1

(n − 1)!
+ (J x0

ν Dν
x0

f)(x), all x ∈ [a, b] : x ≥ x0.

(25.10)
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(ii) If 0 < ν < 1, we get

f(x) = (J x0
ν Dν

x0
f)(x), all x ∈ [a, b] : x ≥ x0. (25.11)

We also mention from Anastassiou [40], the basic multivariate fractional
Taylor formula.

Theorem 25.2. Let f ∈ C1(Q), where Q is convex and compact ⊆
R

N , N ≥ 2. For fixed x0, z ∈ Q, assume that as a function of t ∈ [0, 1] :
fxi

(x0 + t(z−x0)) ∈ Cν−1([0, 1]), all i = 1, . . . , N , where ν ∈ [1, 2). Then

f(z) = f(x0) +
N∑

i=1

(zi − x0i)
Γ(ν)

∫ 1

0

(1 − t)ν−1(fxi
(x0 + t(z − x0)))(ν−1)dt,

(25.12)
where z = (z1, . . . , zN ), x = (x01, . . . , x0N ).

The following general multivariate fractional Taylor formula also comes
from Anastassiou [40].

Theorem 25.3. Let f ∈ Cn(Q), Q compact and convex ⊆ R
N , N ≥ 2;

here ν ≥ 1 such that n = [ν]. For fixed x0, z ∈ Q assume that
as functions of t ∈ [0, 1] : fα (x0 + t(z − x0)) ∈ C(ν−n)([0, 1]), for all
α := (α1, . . . , αN ), αi ∈ Z

+, i = 1, . . . , N ; |α| :=
∑N

i=1 αi = n. Then
(i)

f(z) = f(x0) +
N∑

i=1

(zi − x0i)
∂f

∂xi
(x0)+

[(∑N
i=1(zi − x0i) ∂

∂xi

)2

f

]
(x0)

2 !
+ · · ·+

[(∑N
i=1(zi − x0i) ∂

∂xi

)n−1

f

]
(x0)

(n − 1)!
+

1
Γ(ν)

∫ 1

0

(1 − t)ν−1

⎧⎨⎩
[(

N∑
i=1

(zi − x0i)
∂

∂xi

)n

f

](ν−n)

(x0 + t(z − x0))

⎫⎬⎭ dt.

(25.13)
(ii) If all fα(x0) = 0, α := (α1, . . . , αN ), αi ∈ Z

+, i = 1, . . . , N, |α| :=∑N
i=1 αi = l, l = 1, . . . , n − 1, then

f(z) − f(x0) =

1
Γ(ν)

∫ 1

0

(1 − t)ν−1

⎧⎨⎩
[(

N∑
i=1

(zi − x0i)
∂

∂xi

)n

f

](ν−n)

(x0 + t(z − x0))

⎫⎬⎭ dt.

(25.14)
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In Anastassiou [24] we proved the following Ostrowski-type results.

Theorem 25.4. Let 1 ≤ ν < 2 and f ∈ Cν
x0

([α, b]), α ≤ x0 < b, x0

fixed. Then∣∣∣∣∣ 1
b − x0

∫ b

x0

f(y)dy − f(x0)

∣∣∣∣∣ ≤ ‖Dν
x0

f‖∞,[x0,b]

Γ(ν + 2)
(b − x0)ν . (25.15)

Inequality (25.15) is sharp; namely it is attained by f(x) := (x−x0)ν , 1 ≤
ν < 2, x ∈ [a, b].

Also in [24] we gave

Theorem 25.5. Let α ≤ x0 < b be fixed. Let f ∈ Cν
x0

([a, b]), ν ≥
2, n := [ν]. Assume f (i)(x0) = 0, i = 1, . . . , n − 1. Then∣∣∣∣∣ 1

b − x0

∫ b

x0

f(y)dy − f(x0)

∣∣∣∣∣ ≤ ‖Dν
x0

f‖∞,[x0,b]

Γ(ν + 2)
(b − x0)ν . (25.16)

Inequality (25.16) is sharp; namely it is attained by

f(x) := (x − x0)ν , ν ≥ 2, x ∈ [a, b].

Establishing sharpness in (25.15) and (25.16), we proved first that [24]

‖Dν
x0

(x − x0)ν‖∞,[x0,b] = Γ(ν + 1). (25.17)

In this chapter, motivated by (25.15) and (25.16), we present various
multivariate fractional Ostrowski-type inequalities.

25.2 Results

We present the first main result of the chapter.

Theorem 25.6. Let f ∈ C1(Q), where Q is convex and compact ⊆
R

N , N ≥ 2. For fixed x0 ∈ Q and any z ∈ Q assume that as a function
of t ∈ [0, 1] : fxi

(x0 + t(z − x0)) ∈ Cν−1([0, 1]) , all i = 1, . . . , N , where
ν ∈ [1, 2). Then ∣∣∣∣∣f(x0) −

∫
Q

f(z)dz

V ol(Q)

∣∣∣∣∣ ≤
max

1≤i≤N
‖(fxi

(x0 + t(z − x0)))(ν−1)‖∞,(t,z)∈[0,1]×Q

Γ(ν + 1)V ol(Q)

∫
Q

‖z −x0‖l1dz. (25.18)
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Proof. From (25.12) we obtain

f(z) − f(x0) =
N∑

i=1

(zi − x0i)
Γ(ν)

∫ 1

0

(1 − t)ν−1(fxi
(x0 + t(z − x0)))(ν−1)dt,

(25.19)
and

|f(z)− f(x0)| ≤
N∑

i=1

|zi − x0i|
Γ(ν)

∫ 1

0

(1− t)ν−1|(fxi
(x0 + t(z − x0)))(ν−1)|dt ≤

1
Γ(ν + 1)

N∑
i=1

|xi − x0i
| ‖ (fxi

(x0 + t(z − x0)))(ν−1) ‖∞,t∈[0,1] . (25.20)

That is,

|f(z)− f(x0)| ≤ 1

Γ(ν + 1)
‖ z −x0 ‖l1 max

1≤i≤N
‖(fxi (x0 + t(z −x0)(ν−1)‖∞,(t,z)∈[0,1]×Q,

(25.21)

∀ z ∈ Q, x0 ∈ Q fixed.
Hence we have∣∣∣∣∣
∫

Q
f(z)dz

V ol(Q)
− f(x0)

∣∣∣∣∣ =
∣∣∣∣∣
∫

Q
(f(z) − f(x0))dz

V ol(Q)

∣∣∣∣∣ ≤ 1
V ol(Q)

∫
Q

|f(z)−f(x0)|dz

(25.21)

≤
max

1≤i≤N
‖(fxi

(x0 + t(z − x0)))(ν−1)‖∞,(t,z)∈[0,1]×Q

Γ(ν + 1)V ol(Q)

∫
Q

‖z − x0‖l1dz,

(25.22)
proving the claim. �

Next we give

Theorem 25.7. Let f ∈ Cn(Q), Q compact and convex ⊆ R
N , N ≥ 2;

here ν ≥ 1 such that n = [ν]. For fixed x0 ∈ Q and any z ∈ Q assume
that as functions of t ∈ [0, 1] : fα(x0 + t(z − x0)) ∈ Cν−n([0, 1]) , for all
α : (α1, ...αN ), αi ∈ Z

+, i = 1, . . . , N ; |α| :=
∑N

i=1 αi = n . Assume
fα (x0) = 0, all α := (α1, . . . , αN ), αi ∈ Z

+, i = 1, . . . , N, |α| = l,
l = 1, . . . , n − 1. Call

‖Dν−nf(x0 + t(z − x0))‖∞,(t,z)∈[0,1]×Q =

max
|α|=n

‖f (ν−n)
α (x0 + t(z − x0))‖∞,(t,z)∈[0,1]×Q. (25.23)

Then∣∣∣∣∣f(x0) −
∫
Q f(z)dz

V ol(Q)

∣∣∣∣∣ ≤ ‖Dν−nf(x0 + t(z − x0))‖∞,(t,z)∈[0,1]×Q

Γ(ν + 1) V ol(Q)

∫
Q
‖z−x0‖n

l1dz.

(25.24)
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Proof. From (25.14) we have

|f(z) − f(x0)| ≤

1
Γ(ν)

∫ 1

0

(1− t)ν−1

∣∣∣∣∣∣
⎧⎨⎩
[(

N∑
i=1

(zi − x0i)
∂

∂xi

)n

f

](ν−n)

(x0 + t(z − x0))

⎫⎬⎭
∣∣∣∣∣∣ dt

≤ 1

Γ(ν + 1)

∥∥∥∥∥∥∥
⎧⎪⎨⎪⎩
⎡⎣( N∑

i=1

(zi − x0i)
∂

∂xi

)n

f

⎤⎦(ν−n)

(x0 + t(z − x0))

⎫⎪⎬⎪⎭
∥∥∥∥∥∥∥∞,t∈[0,1]

≤

1
Γ(ν − 1)

(‖z − x0‖l1)
n‖Dν−nf(x0 + t(z − x0))‖∞,(t,z)∈[0,1]×Q. (25.25)

That is, we find

|f(z) − f(x0)| ≤ (‖z − x0‖l1)
n

Γ(ν + 1)
‖Dν−nf(x0 + t(z − x0))‖∞,(t,z)∈[0,1]×Q,

(25.26)
∀ z ∈ Q, x0 ∈ Q fixed.

Therefore as before in (25.22) we have that∣∣∣∣∣
∫

Q
f(z)dz

V ol(Q)
− f(x0)

∣∣∣∣∣ ≤ 1
V ol(Q)

∫
Q

|f(z) − f(x0)|dz

(25.26)

≤ ‖Dν−nf(x0 + t(z − x0))‖∞,(t,z)∈[0,1]×Q

Γ(ν + 1)V ol(Q)

∫
Q

(‖z − x0‖l1)
ndz, (25.27)

proving the claim. �

We continue with

Theorem 25.8. Let Q := [x0, b]× [c, d], x0 ∈ [a, b), and f ∈ C([a, b]×
[c, d]). Let 1 ≤ ν < 2 and ∂ν

x0
f/∂xν ∈ Cν

x0
([a, b]), y0 ∈ [a, b].

Then ∣∣∣∣ 1
(b − x0)(d − c)

∫
Q

f(x, y)dx dy − f(x0, y0)
∣∣∣∣ ≤

1
d − c

∫ d

c

|f(x0, y) − f(x0, y0)|dy +
(b − x0)ν

Γ(ν + 2)

∥∥∥∥∂ν
x0

f

∂xν

∥∥∥∥
∞,Q

. (25.28)

Proof. By (25.10) we have

f(x, y) − f(x0, y) =
1

Γ(ν)

∫ x

x0

(x − t)ν−1 ∂ν
x0

f

∂xν
(t, y)dt, (25.29)
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x ≥ x0, all y ∈ [c, d].
That is,

|f(x, y) − f(x0, y)| ≤ 1
Γ(ν)

∥∥∥∥∂ν
x0

f

∂xν

∥∥∥∥
∞,Q

∫ x

x0

(x − t)ν−1dt, (25.30)

and

|f(x, y) − f(x0, y)| ≤ (x − x0)ν

Γ(ν + 1)

∥∥∥∥∂ν
x0

f

∂xν

∥∥∥∥
∞,Q

, (25.31)

all x ≥ x0, all y ∈ [c, d].
However, it holds

|f(x, y) − f(x0, y0)| ≤ |f(x, y) − f(x0, y)| + |f(x0, y) − f(x0, y0)| ≤

|f(x0, y) − f(x0, y0)| + 1
Γ(ν + 1)

∥∥∥∥∂ν
x0

f

∂xν

∥∥∥∥
∞,Q

(x − x0)ν , (25.32)

∀ x ≥ x0, ∀ y ∈ [c, d].
Consequently we derive∣∣∣∣∣ 1

(b − x0)(d − c)

∫
[x0,b]×[c,d]

f(x, y)dx dy − f(x0, y0)

∣∣∣∣∣ =
1

(b − x0)(d − c)

∣∣∣∣∣
∫

[x0,b]×[c,d]

(f(x, y) − f(x0, y0))dx dy

∣∣∣∣∣ ≤
1

(b − x0)(d − c)

∫
[x0,b]×[c,d]

|f(x, y) − f(x0, y0)|dx dy (25.33)

(25.32)

≤ 1
(b − x0)(d − c)

[
(b − x0)

∫ d

c

|f(x0, y) − f(x0, y0)|dy+

(d − c)
Γ(ν + 1)

∥∥∥∥∂ν
x0

f

∂xν

∥∥∥∥
∞,Q

∫ b

x0

(x − x0)νdx

]

=
1

(b − x0)(d − c)

[
(b − x0)

∫ d

c

|f(x0, y) − f(x0, y0)|dy+

(b − x0)ν+1(d − c)
Γ(ν + 2)

∥∥∥∥∂ν
x0

f

∂xν

∥∥∥∥
∞,Q

]
(25.34)

=
1

d − c

∫ d

c

|f(x0, y) − f(x0, y0)|dy +
(b − x0)ν

Γ(ν + 2)

∥∥∥∥∂ν
x0

f

∂xν

∥∥∥∥
∞,Q

, (25.35)

proving the claim. �
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We further have

Theorem 25.9. Let Q := [x0, b]× [c, d], x0 ∈ [a, b), and f ∈ Cn([a, b]×
[c, d]). Let ν ≥ 2 such that n = [ν] and ∂ν

x0
f/∂xν ∈ Cν

x0
([a, b]), y0 ∈

[a, b]. We further assume that ∂jf(x0, y)/∂xj = 0, j = 1, . . . , n − 1.
Then ∣∣∣∣ 1

(b − x0)(d − c)

∫
Q

f(x, y)dx dy − f(x0, y0)
∣∣∣∣ ≤

1
d − c

∫ d

c

|f(x0, y) − f(x0, y0)|dy +
(b − x0)ν

Γ(ν + 2)

∥∥∥∥∂ν
x0

f

∂xν

∥∥∥∥
∞,Q

. (25.36)

Proof. By (25.10) we get again

f(x, y) − f(x0, y) =
1

Γ(ν)

∫ x

x0

(x − t)ν−1 ∂ν
x0

f

∂xν
(t, y)dt, (25.37)

x ≥ x0, ∀ y ∈ [c, d].
And again

|f(x, y) − f(x0, y)| ≤ (x − x0)ν

Γ(ν + 1)

∥∥∥∥ ∂ν
x0

f

∂xν

∥∥∥∥
∞,Q

, (25.38)

∀ x ≥ x0, ∀ y ∈ [c, d].
Also, it holds again

|f(x, y) − f(x0, y0)| ≤ |f(x0, y) − f(x0, y0)| + (x − x0)ν

Γ(ν + 1)

∥∥∥∥ ∂ν
x0

f

∂xν

∥∥∥∥
∞,Q

,

(25.39)
∀ x ≥ x0, ∀ y ∈ [c, d].
Integrating (25.39) over Q we prove (25.36). �

Similar to (25.28) and (25.36) one can prove inequalities in more than
two variables.

Next we study fractional Ostrowski-type inequalities over balls and spher-
ical shells. For that we make

Remark 25.10. We define the ball B(0, R) := {x ∈ R
N : |x| < R} ⊆

R
N , N ≥ 2, R > 0, and the sphere SN−1 := {x ∈ R

N : |x| = 1}, where
| · | is the Euclidean norm.

Let dω be the element of surface measure on SN−1 and let ωN =
∫

SN−1

dω = 2πN/2/Γ(N/2). For x ∈ R
N − {0} we can write uniquely x = rω ,

where r = |x| > 0 and ω = x/r ∈ SN−1, |ω| = 1 . Note that
∫

B(0,R)
dy =
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ωNRN/N is the Lebesgue measure of the ball. For F ∈ C(B(0, R)) we
have

∫
B(0,R)

F (x)dx =
∫

SN−1

(∫ R

0
F (rω)rN−1dr

)
dω; we use this formula

frequently.
The function f : B(0, R) → R is radial if there exists a function g

such that f(x) = g(r), where r = |x|, r ∈ [0, R], ∀ x ∈ B(0, R). Here we
suppose that g ∈ Cν

0 ([0, R]), 1 ≤ ν < 2.
By (25.10) we have

g(s) − g(0) =
1

Γ(ν)

∫ s

0

(s − w)ν−1(Dν
0g)(w)dw, (25.40)

∀ s ∈ [0, R].
Thus

|g(s) − g(0)| ≤ sν

Γ(ν + 1)
‖Dν

0g‖∞,[0,R],∀s ∈ [0, R]. (25.41)

Next we observe that∣∣∣∣∣f(0) −
∫

B(0,R)
f(y)dy

V ol(B(0, R))

∣∣∣∣∣ =
∣∣∣∣∣g(0) −

∫
SN−1(

∫ R

0
g(s)sN−1ds)dω∫

SN−1(
∫ R

0
sN−1ds)dω

∣∣∣∣∣ = (25.42)

∣∣∣∣∣g(0) − N

RN

∫ R

0

g(s)sN−1ds

∣∣∣∣∣ = N

RN

∣∣∣∣∣
∫ R

0

sN−1(g(0) − g(s))ds

∣∣∣∣∣ ≤ (25.43)

N

RN

∫ R

0

sN−1|g(s) − g(0)|ds
(25.41)

≤ ‖Dν
0g‖∞

Γ(ν + 1)
N

RN

∫ R

0

sν+N−1ds =

‖Dν
0g‖∞NRν

Γ(ν + 1)(ν + N)
. (25.44)

That is, we have proved that∣∣∣∣∣f(0) −
∫
B(0,R) f(y)dy

V ol(B(0, R))

∣∣∣∣∣ =
∣∣∣∣∣g(0) − N

RN

∫ R

0
g(s)sN−1ds

∣∣∣∣∣ ≤ ‖Dν
0g‖∞N Rν

Γ(ν + 1)(ν + N)
.

(25.45)

The last inequality (25.45) is sharp; namely it is attained by g(r) =
rν , 1 ≤ ν < 2, r ∈ [0, R]. Indeed by (25.17) we get ‖Dν

0xν‖∞,[0,R] =
Γ(ν + 1).
Notice also that

L.H.S.(25.45) =
N

RN

∫ R

0

sν+N−1ds =
N Rν

ν + N
= R.H.S.(25.45), (25.46)

proving optimality.

We have established
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Theorem 25.11. Let f : B(0, R) → R that is radial; that is, there
exists g such that f(x) = g(r), r = |x|, ∀ x ∈ B(0, R). Assume that
g ∈ Cν

0 ([0, R]), 1 ≤ ν < 2. Then∣∣∣∣∣f(0) −
∫

B(0,R)
f(y)dy

V ol(B(0, R))

∣∣∣∣∣ =
∣∣∣∣∣g(0) − N

RN

∫ R

0

g(s)sN−1ds

∣∣∣∣∣ ≤ ‖Dν
0g‖∞N Rν

Γ(ν + 1)(ν + N)
.

(25.47)
Inequality (25.47) is sharp; that is, it is attained by g(r) = rν .

We continue the previous remark.

Remark 25.12. We treat here the general, not necessarily radial, case
of f ∈ C(B(0, R)). For any fixed ω ∈ SN−1 the function f(·ω) is ra-
dial on [0,R]. We suppose that f(·ω) ∈ Cν

0 ([0, R]), 1 ≤ ν < 2. That is,
∃∂ν

0 f(rω)/∂rν and is continuous in r ∈ [0, R], for any ω ∈ SN−1. Here we
have

∂ν
0 f(rω)
∂rν

=
∂

∂r

(
J2−ν

(
∂f

∂r
(·ω)
))

(r) =

1
Γ(2 − ν)

∂

∂r

(∫ r

0

(r − t)1−ν ∂f

∂r
(tω)dt

)
. (25.48)

For x = 0 (i.e. x = rω, r > 0, ω ∈ SN−1), the fractional radial derivative
∂ν
0 f(x)/∂rν is defined as in (25.48). Clearly

∂ν
0 f(x)
∂rν

∣∣∣∣
x=0

is not defined.

We mention

Lemma 25.13. All are as in Remark 25.12. The function ∂ν
0 f(x)/∂rν

is measurable over B(0, R) − {0}.

Proof. For each n ∈ N define

gn(r, ω) := n

[
f

((
r − 1

n

)
ω

)
− f(rω)

]
=

f
((

r − 1
n

)
ω
)− f(rω)

1
n

and note that each gn is jointly measurable in (r, ω) because it is jointly
continuous in (r, ω) by f ∈ C(B(0, R)); here r ∈ (0, R] and ω ∈ SN−1. In
view of gn(r, ω) → ∂f(rω)/∂r as n → ∞, we get that ∂f(rω)/∂r is
jointly measurable in (r, ω) ∈ (0, R] × sN−1 = B(0, R) − {0}.

Then ∂f/∂r(r·) is measurable in ω ∈ SN−1, ∀ r ∈ (0, R]. Thus the
integral Iε(r, ω) =

∫ r−ε

0
(r − t)1−ν∂f/∂r(tω)dt, r ∈ (0, R], ω ∈ SN−1, ε >

0 small; because it is a limit of Riemann sums, it is measurable in ω ∈
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SN−1. Because (r − t)1−ν∂f/∂r(tω) is integrable over [0,r], we get that
Iε(r, ω) is continuous in r − ε, ∀ ε > 0 small. Thus

lim
ε→0

Iε(r, ω) = I(r, ω) :=
∫ r

0

(r − t)1−ν ∂f

∂r
(tω)dt,

proving I(r, ω) measurable in ω ∈ sN−1, ∀ r ∈ (0, R].
But, by the assumption f(·ω) ∈ Cν

0 ([0, R]), we have that I(r, ω) is
continuous in r ∈ [0, R], ∀ω ∈ sN−1. Therefore by the Carathéodory
theorem (see [10, p. 156]) we get that I(r, ω) is jointly measurable in
(r, ω) ∈ (0, R] × SN−1, as being a Carathéodory function. Because

∂I(r, ω)
∂r

= lim
n→∞n

[
I(r − 1

n
, ω) − I(r, ω)

]
and also I(r−1/n, ω) is jointly measurable in (r, ω) ∈ (0, R]×Sn−1, we get
that ∂I(r, ω)/∂r is jointly measurable in (r, ω) ∈ B(0, R) − {0}, proving
the claim. �

We need

Lemma 25.14. All are as in Remark 25.12. Additionally assume that
∂ν
0 f(x)/∂rν is continuous on B(0, R) − {0}, and

K :=
∥∥∥∥ ∂ν

0 f(x)
∂rν

∥∥∥∥
L∞(B(0,R))

= ess sup
∣∣∣∣∂ν

0 f(x)
∂rν

∣∣∣∣
B(0,R)

< ∞.

Then ∥∥∥∥∂ν
0 f(rω)
∂rν

∥∥∥∥
∞,(r∈[0,R])

≤ K, ∀ ω ∈ sN−1. (25.49)

Proof. In the radial case (25.49) is obvious. Also it is obvious if∥∥∥∥∂ν
0 f(rω)
∂rν

∥∥∥∥
∞,[0,R]

=
∣∣∣∣∂ν

0 f(r0ω)
∂rν

∣∣∣∣,
for some r0 ∈ (0, R] . The only difficulty here is if for specific ω0 ∈ SN−1

we have that ∥∥∥∥∂ν
0 f(rω0)

∂rν

∥∥∥∥
∞,[0,R]

=
∣∣∣∣∂ν

0 f(0)
∂rν

∣∣∣∣.
Then it is evident, for very small r∗ > 0, that by continuity of ∂ν

0 f(·ω0)/∂rν

we have ∣∣∣∣∂ν
0 f(r∗ω0)

∂rν

∣∣∣∣ ≈ ∣∣∣∣∂ν
0 f(0)
∂rν

∣∣∣∣ .
If ∣∣∣∣∂ν

0 f(0)
∂rν

∣∣∣∣ > ess sup
∣∣∣∣∂ν

0 f(x)
∂rν

∣∣∣∣
B(0,R)

,
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then ∣∣∣∣∂ν
0 f(r∗ω0)

∂rν

∣∣∣∣ > ess sup
∣∣∣∣∂ν

0 f(x)
∂rν

∣∣∣∣
B(0,R)

=
∥∥∥∥∂ν

0 f(x)
∂rν

∥∥∥∥
∞,B(0,R)−{0}

,

a contradiction. �

Remark 25.15. (continuation) By (25.47) we obtain

∣∣∣∣f(0) − N

RN

∫ R

0

f(sω)sN−1ds

∣∣∣∣ ≤
∥∥∥ ∂ν

0 f(rω)

∂rν

∥∥∥
∞,(r∈[0,R])

N Rν

Γ(ν + 1)(ν + N)
≤ K N Rν

Γ(ν + 1)(ν + N)
.

Consequently we find

∣∣∣∣∣f(0) − N

ωNRN

∫
SN−1

(∫ R

0

f(sω)sN−1ds

)
dω

∣∣∣∣∣ ≤ K N Rν

Γ(ν + 1)(ν + N)
.

That proves ∣∣∣∣∣f(0) −
∫

B(0,R)
f(y)dy

V ol(B(0, R))

∣∣∣∣∣ ≤ K N Rν

Γ(ν + 1)(ν + N)
. (25.50)

We have established

Theorem 25.16. Let f ∈ C(B(0, R)) that is not necessarily radial, and
assume that f(·ω) ∈ Cν

0 ([0, R]), 1 ≤ ν < 2, for any ω ∈ SN−1. Suppose
also ∂ν

0 f(x)/∂rν is continuous on B(0, R) − {0}, and that∥∥∥∥∂ν
0 f(x)
∂rν

∥∥∥∥
L∞(B(0,R))

< ∞.

Then∣∣∣∣∣f(0) −
∫

B(0,R)
f(y)dy

V ol(B(0, R))

∣∣∣∣∣ ≤ N Rν

Γ(ν + 1)(ν + N)

∥∥∥∥∂ν
0 f(x)
∂rν

∥∥∥∥
L∞(B(0,R))

. (25.51)

We make

Remark 25.17. Let the spherical shell A := B(0, R2) − B(0, R1), 0 <
R1 < R2, A ⊆ R

N , N ≥ 2, x ∈ Ā. Consider f ∈ C1(Ā) and assume that
there exists ∂ν

R1
f(x)/∂rν ∈ C(Ā), 1 ≤ ν < 2; x = rω, r ∈ [R1, R2], ω ∈

SN−1; where ∂ν
R1

f(x)/∂rν = 1/Γ(2 − ν) ∂/∂r
(∫ r

R1
(r − t)1−ν∂f/∂r(tω)dt

)
.
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Clearly here f(rω) ∈ C1([R1, R2]) and ∂ν
R1

f(rω)/∂rν ∈ C([R1, R2]), ∀ ω ∈
SN−1. For F ∈ C(Ā) it holds

∫
A

F (x)dx =
∫

SN−1

(∫ R2

R1
F (rω)rN−1dr

)
dω;

we often exploit this formula here.
Initially we assume that f is radial ; that is, there exists g such that

f(x) = g(r). Here V ol(A) = ωN (RN
2 − RN

1 )/N . Then we get via the polar
method that∣∣∣∣f(R1ω) −

∫
A

f(y)dy

V ol(A)

∣∣∣∣ =
∣∣∣∣∣g(R1) −

(
N

RN
2 − RN

1

)∫ R2

R1

g(s)sN−1ds

∣∣∣∣∣
=
(

N

RN
2 − RN

1

) ∣∣∣∣∣
∫ R2

R1

(g(R1) − g(s)) sN−1ds

∣∣∣∣∣ ≤(
N

RN
2 − RN

1

)∫ R2

R1

|g(R1) − g(s)|sN−1ds =: (�). (25.52)

Here by (25.10) we get for s ≥ R1,

g(s) − g(R1) =
1

Γ(ν)

∫ s

R1

(s − w)ν−1(Dν
R1

g)(w)dw. (25.53)

Thus

|g(s) − g(R1)| ≤
‖Dν

R1
g‖∞,[R1,R2]

Γ(ν + 1)
(s − R1)ν , (25.54)

∀ s ≥ R1.
Consequently it holds

(�) ≤
(

N(‖Dν
R1

g‖∞,[R1,R2])
(RN

2 − RN
1 ) Γ(ν + 1)

)∫ R2

R1

(s − R1)νsN−1ds =

=
N‖Dν

R1
g‖∞,[R1,R2]

(RN
2 − RN

1 ) Γ(ν + 1)
I =: (� �). (25.55)

Here

I :=
∫ R2

R1

(s − R1)νsN−1ds = (−1)N−1

∫ R2

R1

(−s)N−1(s − R1)νds

= (−1)N−1

∫ R2

R1

(−R2 + R2 − s)N−1(s − R1)νds = (25.56)

(−1)N−1
∫ R2

R1

[
N−1∑
k=0

(
N − 1

k

)
(−R2)

N−1−k(R2 − s)k
]

(s−R1)
νds = ((−1)N−1)2

(
N−1∑
k=0

(
N − 1

k

)
(−1)−kRN−k−1

2

∫ R2

R1

(R2 − s)(k+1)−1(s − R1)(ν+1)−1ds

)
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=
N−1∑
k=0

(
N − 1

k

)
(−1)k RN−k−1

2

Γ(k + 1)Γ(ν + 1)
Γ(k + ν + 2)

(R2 − R1)k+ν+1 =

Γ(ν + 1)(N − 1)!
N−1∑
k=0

(−1)k

(n − k − 1)!
Rn−k−1

2

(R2 − R1)k+ν+1

Γ(k + ν + 2)
. (25.57)

That is,

I =
∫ R2

R1

(s − R1)νsN−1ds =

Γ(ν + 1) (N − 1)!
N−1∑
k=0

(−1)k

(N − k − 1)!
RN−k−1

2

(R2 − R1)k+ν+1

Γ(k + ν + 2)
. (25.58)

Continuing with (25.55) via (25.58), we have

(��) =

(
N ! ‖Dν

R1g‖∞,[R1,R2]

RN
2 − RN

1

)(N−1∑
k=0

(−1)k

(N − k − 1)!
RN−k−1

2

(R2 − R1)
k+ν+1

Γ(k + ν + 2)

)
.

(25.59)

Hence in the radial case we established∣∣∣∣f(R1ω) −
∫

A
f(y)dy

V ol(A)

∣∣∣∣ ≤ (N !‖Dν
R1

g‖∞,[R1,R2]

RN
2 − RN

1

)
(

N−1∑
k=0

(−1)k

(N − k − 1)!
RN−k−1

2

(R2 − R1)k+ν+1

Γ(k + ν + 2)

)
. (25.60)

Inequality (25.60) is attained by g(s) := (s−R1)ν , 1 ≤ ν < 2, s ∈ [R1, R2].
Indeed, we observe that

L.H.S.(25.60) =
(

N

RN
2 − RN

1

)∫ R2

R1

(s − R1)νsN−1ds =

Γ(ν + 1) N !

(RN
2 − RN

1 )

(
N−1∑
k=0

(−1)k

(N − k − 1)!
RN−k−1

2
(R2 − R1)

k+ν+1

Γ(k + ν + 2)

)
= R.H.S.(25.60);

(25.61)

by (25.17) that says

‖Dν
R!

(s − R1)ν‖∞,[R1,R2] = Γ(ν + 1). (25.62)

We have established

Theorem 25.18. Let A := B(0, R2) − B(0, R1), 0 < R1 < R2, A ⊆
R

N , N ≥ 2. Consider f : Ā → R that is radial; that is, there exists g such
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that f(x) = g(r), x = rω, r ∈ [R1, R2], ω ∈ SN−1, x ∈ Ā. Suppose that
g ∈ Cν

R1
([R1, R2]), 1 ≤ ν < 2.

Then∣∣∣∣f(R1ω) −
∫

A
f(y)dy

V ol(A)

∣∣∣∣ =
∣∣∣∣∣g(R1) −

(
N

RN
2 − RN

1

)∫ R2

R1

g(s)sN−1ds

∣∣∣∣∣ ≤(
N ! ‖Dν

R1
g‖∞,[R1,R2]

RN
2 − RN

1

)(N−1∑
k=0

(−1)k

(N − k − 1)!
RN−k−1

2

(R2 − R1)k+ν+1

Γ(k + ν + 2)

)
.

(25.63)
Inequality (25.63) is sharp; namely it is attained by g(s) = (s − R1)ν , s ∈
[R1, R2].

We continue the last remark.

Remark 25.19. We treat the nonradial case here. For fixed ω ∈ SN−1

the function f(rω) is radial over [R1, R2]. We apply (25.63) for g = f(·ω)
to get: ∣∣∣∣∣f(R1ω) −

(
N

RN
2 − RN

1

)∫ R2

R1

f(sω)sN−1ds

∣∣∣∣∣ ≤⎛⎜⎝N !
∥∥∥∂ν

R1
f

∂rν

∥∥∥
∞,Ā

RN
2 − RN

1

⎞⎟⎠(N−1∑
k=0

(−1)k

(N − k − 1)!
RN−k−1

2

(R2 − R1)k+ν+1

Γ(k + ν + 2)

)
.

(25.64)
Hence it holds∣∣∣∣∣
∫

SN−1 f(R1ω)dω

ωN
− N

(RN
2 − RN

1 )ωN

∫
SN−1

(∫ R2

R1

f(sω)sN−1ds

)
dω

∣∣∣∣∣
≤

⎛⎜⎝N !
∥∥∥∂ν

R1
f

∂rν

∥∥∥
∞,Ā

RN
2 − RN

1

⎞⎟⎠(N−1∑
k=0

(−1)k

(N − k − 1)!
RN−k−1

2

(R2 − R1)k+ν+1

Γ(k + ν + 2)

)

=: C

∥∥∥∥∂ν
R1

f

∂rν

∥∥∥∥
∞,Ā

. (25.65)

That is, we proved that∣∣∣∣∣Γ(N
2 )
∫

SN−1 f(R1ω)dω

2πN/2
−
∫

A
f(y)dy

V ol(A)

∣∣∣∣∣ ≤ C

∥∥∥∥∂ν
R1

f

∂rν

∥∥∥∥
∞,Ā

. (25.66)

However, we have for x ∈ Ā :∣∣∣∣f(x) −
∫

A
f(y)dy

V ol(A)

∣∣∣∣ ≤
∣∣∣∣∣f(x) − Γ(N

2 )
∫

SN−1 f(R1ω)dω

2πN/2

∣∣∣∣∣+ C

∥∥∥∥∂ν
R1

f

∂rν

∥∥∥∥
∞,Ā

.

(25.67)



610 25. Multivariate Canavati Fractional Inequalities

We have established the following result.

Theorem 25.20. Consider f ∈ C1(Ā) such that there exists ∂ν
R1

f(x)/∂rν

∈ C(Ā), 1 ≤ ν < 2, x ∈ Ā. Then∣∣∣∣f(x) −
∫

A
f(y)dy

V ol(A)

∣∣∣∣ ≤
∣∣∣∣∣f(x) − Γ(N

2 )
∫

SN−1 f(R1ω)dω

2πN/2

∣∣∣∣∣+
(

N !
RN

2 − RN
1

)(N−1∑
k=0

(−1)k

(N − k − 1)!
RN−k−1

2

(R2 − R1)k+ν+1

Γ(k + ν + 2)

)∥∥∥∥∂ν
R1

f

∂rν

∥∥∥∥
∞,Ā

.

(25.68)

We make

Remark 25.21. This continues Remarks 25.17 and 25.19. Here we es-
tablish higher-order multivariate fractional Ostrowski-type inequalities over
spherical shells.

Here ν ≥ 2, n := [ν] ≥ 2, α := ν−n. Consider f ∈ Cn(Ā), which implies
that f(rω) ∈ Cn([R1, R2]), ∀ω ∈ SN−1. Furthermore assume that there
exists ∂ν

R1
f(x)/∂rν ∈ C(Ā), x ∈ Ā; x = rω, r ∈ [R1, R2], ω ∈ SN−1,

where ∂ν
R1

f(x)/∂rν = 1/Γ(1 − α)∂/∂r
(∫ r

R1
(r − t)−α ∂nf(t, ω)/∂rndt

)
.

The last implies ∂ν
R1

f(rω)/∂rν ∈ C([R1, R2]), ∀ ω ∈ SN−1 . We start
again with f being radial; that is, ∃ g : f(x) = g(r), r ∈ [R1, R2], x ∈ Ā.

We have∣∣∣∣f(R1ω) −
∫

A
f(y)dy

V ol(A)

∣∣∣∣ = ( N

RN
2 − RN

1

) ∣∣∣∣∣
∫ R2

R1

(g(s) − g(R1))sN−1ds

∣∣∣∣∣ =: (�).

(25.69)
By (25.10) we get

g(s)− g(R1) =
n−1∑
k=1

g(k)(R1)
(s − R1)k

k !
+

1
Γ(ν)

∫ s

R1

(s−w)ν−1(Dν
R1

g)(w)dw,

(25.70)
all s ≥ R1.
Consequently it holds

(�) =
(

N

RN
2 − RN

1

)[n−1∑
k=1

|g(k)(R1)|
k !

∣∣∣∣∣
∫ R2

R1

sN−1(s − R1)kds

∣∣∣∣∣+
1

Γ(ν)

∫ R2

R1

sN−1

∣∣∣∣∫ s

R1

(s − w)ν−1(Dν
R1

g)(w)dw

∣∣∣∣ ds

]
≤ ( by (25.58))

(25.71)
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(
N

RN
2 − RN

1

) [
(N − 1)!

n−1∑
k=1

|g(k)(R1)|
∣∣∣∣∣
N−1∑
λ=0

(−1)λ

(N − λ − 1)!
RN−λ−1

2

(R2 − R1)λ+k+1

(λ + k + 1)!

∣∣∣∣∣
+

‖Dν
R1

g‖∞,[R1,R2]

Γ(ν + 1)

(∫ R2

R1

(s − R1)νsN−1ds

)]
(25.58)

=

(
N !

RN
2 − RN

1

)[
n−1∑
k=1

|g(k)(R1)|
∣∣∣∣∣
N−1∑
λ=0

(−1)λ

(N − λ − 1)!
RN−λ−1

2
(R2 − R1)

λ+k+1

(λ + k + 1)!

∣∣∣∣∣+
(‖Dν

R1g‖∞,[R1,R2])

(
N−1∑
λ=0

(−1)λ

(N − λ − 1)!
RN−λ−1

2
(R2 − R1)

λ+ν+1

Γ(λ + ν + 2)

)]
. (25.72)

We have established the following result.

Theorem 25.22. Here ν ≥ 2, n := [ν]. Suppose that f is radial; that is,

f(x) = g(r), r ∈ [R1, R2], ∀x ∈ Ā. Assume that g ∈ Cν
R1

([R1, R2]). Then

E :=

∣∣∣∣f(R1ω) −
∫
A f(y)dy

V ol(A)

∣∣∣∣ =
∣∣∣∣∣g(R1) −

(
N

RN
2 − RN

1

)∫ R2

R1

g(s)sN−1ds

∣∣∣∣∣ ≤
(25.73)(

N !

RN
2 − RN

1

)[
n−1∑
k=1

|g(k)(R1)|
∣∣∣∣∣
N−1∑
λ=0

(−1)λ

(N − λ − 1)!
RN−λ−1

2
(R2 − R1)

λ+k+1

(λ + k + 1)!

∣∣∣∣∣+

(‖Dν
R1g‖∞,[R1,R2])

(
N−1∑
λ=0

(−1)λ

(N − λ − 1)!
RN−λ−1

2
(R2 − R1)

λ+ν+1

Γ(λ + ν + 2)

)]
.

Inequality (25.73) is sharp; namely it is attained by g∗(s) = (s − R1)
ν , s ∈

[R1, R2].

Proof of Sharpness. Again by (25.17) we get

‖Dν
R1g∗‖∞,[R1,R2] = Γ(ν + 1). (25.74)

Also it holds g∗(k)(R1) = 0, k = 1, . . . , n − 1.

Thus

L.H.S.(25.73) =

(
N

RN
2 − RN

1

)∫ R2

R1

(s − R1)
νsN−1ds

=

(
N ! Γ(ν + 1)

RN
2 − RN

1

)[N−1∑
λ=0

(−1)λ

(N − λ − 1)!
RN−λ−1

2

(R2 − R1)
λ+ν+1

Γ(λ + ν + 2)

]
= R.H.S.(25.73).

(25.75)

�

We give
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Corollary 25.23. In the terms and assumptions of Theorem 25.22, addition-

ally suppose that g(k)(R1) = 0, k = 1, . . . , n − 1.

Then

E ≤
(

N !

RN
2 − RN

1

)(
N−1∑
λ=0

(−1)λ

(N − λ − 1)!
RN−λ−1

2
(R2 − R1)

λ+ν+1

Γ(λ + ν + 2)

)
·

‖Dν
R1g‖∞,[R1,R2]. (25.76)

We continue Remark 25.21 with

Remark 25.24. We treat here the general, not necessarily radial, case of f .

We apply (25.73) to f(rω), ω fixed, r ∈ [R1, R2]. We then have∣∣∣∣∣f(R1ω) −
(

N

RN
2 − RN

1

)∫ R2

R1

f(sω)sN−1ds

∣∣∣∣∣ ≤
(

N !

RN
2 − RN

1

)
[

n−1∑
k=1

∣∣∣∣∣∂kf

∂rk
(R1ω)

∣∣∣∣∣
∣∣∣∣∣
N−1∑
λ=0

(−1)λ

(N − λ − 1)!
RN−λ−1

2
(R2 − R1)

λ+k+1

(λ + k + 1)!

∣∣∣∣∣
+

∥∥∥∥∂ν
R1

f

∂rν

∥∥∥∥∞,Ā

(
N−1∑
λ=0

(−1)λ

(N − λ − 1)!
RN−λ−1

2
(R2 − R1)

λ+ν+1

Γ(λ + ν + 2)

)]
. (25.77)

Therefore∣∣∣∣∣
∫
SN−1 f(R1ω)dω

ωN
− N

(RN
2 − RN

1 )ωN

∫
SN−1

(∫ R2

R1

f(sω)sN−1ds

)
dω

∣∣∣∣∣
≤
(

N !

RN
2 − RN

1

)⎡⎣n−1∑
k=1

⎛⎝∫SN−1

∣∣∣ ∂kf
∂rk (R1ω)

∣∣∣ dω

ωN

⎞⎠
∣∣∣∣∣
N−1∑
λ=0

(−1)λ

(N − λ − 1)!
RN−λ−1

2
(R2 − R1)

λ+k+1

(λ + k + 1)!

∣∣∣∣∣
+

∥∥∥∥ ∂ν
R1

f

∂rν

∥∥∥∥∞,Ā

(
N−1∑
λ=0

(−1)λ

(N − λ − 1)!
RN−λ−1

2
(R2 − R1)

λ+ν+1

(λ + ν + 2)

)]
=: δ. (25.78)

That is, ∣∣∣∣∣Γ(N
2 )
∫
SN−1 f(R1ω)dω

2πN/2
−
∫
A f(y)dy

V ol(A)

∣∣∣∣∣ ≤ δ. (25.79)

Consequently it holds for x ∈ Ā that∣∣∣∣f(x) −
∫
A f(y)dy

V ol(A)

∣∣∣∣ ≤
∣∣∣∣∣f(x) − Γ(N

2 )
∫
SN−1 f(R1ω)dω

2πN/2

∣∣∣∣∣+ δ. (25.80)

We have established the next result.
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Theorem 25.25. Here ν ≥ 2, n := [ν]. Consider f ∈ Cn(Ā) and assume

there exists ∂ν
R1

f(x)/∂rν ∈ C(Ā), x ∈ Ā. Then

M :=

∣∣∣∣f(x) −
∫
A f(y)dy

V ol(A)

∣∣∣∣ ≤
∣∣∣∣∣f(x) − Γ(N

2 )
∫
SN−1 f(R1ω)dω

2πN/2

∣∣∣∣∣+
(

N !

RN
2 − RN

1

)[
Γ(N

2 )

2πN/2

n−1∑
k=1

(∫
SN−1

∣∣∣∣∣∂kf

∂rk
(R1ω)

∣∣∣∣∣ dω

)
∣∣∣∣∣
N−1∑
λ=0

(−1)λ

(N − λ − 1)!
RN−λ−1

2
(R2 − R1)

λ+k+1

(λ + k + 1)!

∣∣∣∣∣+
+

∥∥∥∥ ∂ν
R1

f

∂rν

∥∥∥∥∞,Ā

(
N−1∑
λ=0

(−1)λ

(N − λ − 1)!
RN−λ−1

2
(R2 − R1)

λ+ν+1

(λ + ν + 2)

)]
. (25.81)

We finish with

Corollary 25.26. In the terms and assumptions of Theorem 25.25, addition-

ally suppose that ∂kf/∂rk, k = 1, . . . , n − 1, vanish on ∂B(0, R1). Then

M ≤
∣∣∣∣∣f(x) − Γ(N

2 )

2πN/2

∫
SN−1

f(R1ω)dω

∣∣∣∣∣+
(

N !

RN
2 − RN

1

)(
N−1∑
λ=0

(−1)λ

(N − λ − 1)!
RN−λ−1

2
(R2 − R1)

λ+ν+1

Γ(λ + ν + 2)

)∥∥∥∥∂ν
R1

f

∂rν

∥∥∥∥∞,Ā

.

(25.82)



26
Caputo Fractional Ostrowski-Type
Inequalities

Optimal upper bounds are given to the deviation of a value of a univariate or

multivariate function of a Caputo fractional derivative related space from its av-

erage, over convex and compact subsets of R
N , N ≥ 1. In particular we work over

closed intervals, rectangles, balls, and spherical shells. These bounds involve the

supremum and L∞ norms of related univariate or multivariate Caputo fractional

derivatives of the involved functions. The derived inequalities are sharp; namely

they are attained by simple functions. This chapter has been motivated by the

works of Ostrowski [318], 1938, and of the author’s [24], 2003 and [43], 2007, and

the chapter also relies on [52].

26.1 Background

We start with

Definition 26.1. [134] Let ν ≥ 0; the operator Jν
a , defined on L1 (a, b) by

Jν
a f (x) :=

1

Γ (ν)

∫ x

a
(x − t)ν−1 f (t) dt (26.1)

for a ≤ x ≤ b, is called the Riemann–Liouville fractional integral operator of

order ν. For ν = 0, we set J0
a := I, the identity operator. Here Γ stands for the

gamma function. By Theorem 2.1 of [134, p. 13], Jν
a f (x) , ν > 0, exists for almost

all x ∈ [a, b] and Jν
a f ∈ L1 (a, b) , where f ∈ L1 (a, b).

G.A. Anastassiou, Fractional Differentiation Inequalities, 615
DOI 10.1007/978-0-387-98128-4 26, c© Springer Science+Business Media, LLC 2009
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Here ACn ([a, b]) is the space of functions with absolutely continuous (n − 1)st

derivative.

We need to mention

Definition 26.2. [58, 134] Let ν ≥ 0, n := �ν�; �·� is the ceiling of the number,

f ∈ ACn ([a, b]) . We call the Caputo fractional derivative

Dν∗af (x) :=
1

Γ (n − ν)

∫ x

a
(x − t)n−ν−1 f (n) (t) dt, (26.2)

∀x ∈ [a, b].

The above function Dν∗af (x) exists almost everywhere for x ∈ [a, b]. If ν ∈ N,

then Dν∗af = f (ν) the ordinary derivative; it is also D0∗af = f.

We need

Theorem 26.3. (Taylor expansion for Caputo derivatives, [134, p. 40])

Assume ν ≥ 0, n := �ν�, and f ∈ ACn ([a, b]). Then

f (x) =

n−1∑
k=0

f (k) (a)

k!
(x − a)k +

1

Γ (ν)

∫ x

a
(x − t)ν−1 Dν∗af (t) dt, (26.3)

∀x ∈ [a, b].

Additionally assume

f (k) (a) = 0, k = 1, . . . , n − 1;

then

f (x) − f (a) =
1

Γ (ν)

∫ x

a
(x − t)ν−1 Dν∗af (t) dt. (26.4)

Next we mention the multivariate analogue of (26.3) and (26.4) (see [53]).

Remark 26.4. Let Q be a compact and convex subset of R
k, k ≥ 2; z :=

(z1, . . . , zk), x0 := (x01, . . . , x0k) ∈ Q. Let f ∈ Cn (Q), n ∈ N.

Set

gz (t) := f (x0 + t (z − x0)),

0 ≤ t ≤ 1; gz (0) = f (x0) , gz (1) = f (z). (26.5)

Then

g
(j)
z (t) =

⎡⎣( k∑
i=1

(zi − x0i)
∂

∂xi

)j

f

⎤⎦ (x0 + t (z − x0)), (26.6)

j = 0, 1, 2, . . . , n, and

g
(n)
z (0) =

⎡⎣( k∑
i=1

(zi − x0i)
∂

∂xi

)n

f

⎤⎦ (x0). (26.7)
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If all

fα (x0) :=
∂αf

∂xα
(x0) = 0, α := (α1, . . . , αk),

αi ∈ Z
+, i = 1, . . . , k; |α| :=

k∑
i=1

αi =: l,

then

g
(l)
z (0) = 0, where l ∈ {0, 1, . . . , n}.

We quote that

g′z (t) =

k∑
i=1

(zi − x0i)
∂f

∂xi
(x0 + t (z − x0)). (26.8)

When f ∈ C2 (Q), Q ⊆ R
2, we have

g′′z (t) = (z1 − x01)
2 ∂2f

∂x2
1

(x0 + t (z − x0)) + 2 (z1 − x01)

(z2 − x02)
∂2f

∂x1∂x2
(x0 + t (z − x0))

+ (z2 − x02)
2 ∂2f

∂x2
2

(x0 + t (z − x0)), (26.9)

and so on.

Clearly here gz ∈ Cn ([0, 1]) , hence gz ∈ ACn ([0, 1]).

In [53] we proved the following general multivariate fractional Taylor formula.

Theorem 26.5. [53] Let ν > 0, n = �ν�, f ∈ Cn (Q), where Q is a compact

and convex subset of R
k, k ≥ 2; z := (z1, . . . , zk), x0 := (x01, . . . , x0k) ∈ Q.

Then

(1) f (z) = f (x0) +
k∑

i=1

(zi − x0i)
∂f (x0)

∂xi

+

n−1∑
l=2

[(∑k
i=1 (zi − x0i)

∂
∂xi

)l
f

]
(x0)

l!
+

1

Γ (ν)

∫ 1

0
(1 − t)ν−1

⎡⎣Jn−ν
0

⎧⎨⎩
⎡⎣( k∑

i=1

(zi − x0i)
∂

∂xi

)n

f ] (x0 + t (z − x0))}] dt. (26.10)

Additionally assume that

fα (x0) = 0, α := (α1, . . . , αk) , αi ∈ Z
+, i = 1, . . . , k;
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|α| :=
k∑

i=1

αi =: r, r = 1, . . . , n − 1; then

(2) f (z) − f (x0) =
1

Γ (ν)

∫ 1

0
(1 − t)ν−1

[
Jn−ν
0⎧⎨⎩

⎡⎣( k∑
i=1

(zi − x0i)
∂

∂xi

)n

f

⎤⎦
(x0 + t (z − x0))}] dt =: Rν . (26.11)

Remark 26.6. [53] (on Theorem 26.5)

Set

Gν (t) := Jn−ν
0

⎧⎨⎩
⎡⎣( k∑

i=1

(zi − x0i)
∂

∂xi

)n

f

⎤⎦
(x0 + t (z − x0))}, t ∈ [0, 1], (26.12)

which shows up in Rν and is continuous; see Proposition 114 of [45] and Rν ∈ R.

So we can rewrite

Rν =
1

Γ (ν)

∫ 1

0
(1 − t)ν−1 Gν (t) dt, ν > 0. (26.13)

We mention

Theorem 26.7. [53] All are as in Theorem 26.5. Let Rν be the remainder in

(26.10) (same as in (26.11)), and Gν (t), t ∈ [0, 1] as in (26.12), ν ≥ 1. Then

|Rν | ≤ min

{ ‖Gν‖L1([0,1])

Γ (ν)
,

‖Gν‖Lq([0,1])

Γ (ν) (p (ν − 1) + 1)1/p

,
‖Gν‖L2([0,1])

Γ (ν)
√

2ν − 1
,
‖Gν‖∞,[0,1]

Γ (ν + 1)

}
=: Λν , (26.14)

where p, q > 1 : 1/p + 1/q = 1.

26.2 Univariate Results

We present here our first Ostrowski-type result.

Theorem 26.8. Let ν ≥ 0, n = �ν�, and f ∈ ACn ([a, b]). Assume that

f (k) (a) = 0, k = 1, . . . , n − 1, and Dν∗af ∈ L∞ ([a, b]).
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Then ∣∣∣∣∣ 1

b − a

∫ b

a
f (x) dx − f (a)

∣∣∣∣∣ ≤ ‖Dν∗af‖∞,[a,b]

Γ (ν + 2)
(b − a)ν . (26.15)

Proof. By (26.4) we get

|f (x) − f (a)| ≤ 1

Γ (ν)

∫ x

a
(x − t)ν−1 ∣∣Dν∗af (t)

∣∣ dt

≤ 1

Γ (ν)

(∫ x

a
(x − t)ν−1 dt

)∥∥Dν∗af
∥∥∞,[a,b]

=
(x − a)ν

Γ (ν + 1)

∥∥Dν∗af
∥∥∞,[a,b]

.

That is, we have

|f (x) − f (a)| ≤
‖Dν∗af‖∞,[a,b]

Γ (ν + 1)
(x − a)ν , (26.16)

∀x ∈ [a, b].

Therefore we get∣∣∣∣∣ 1

b − a

∫ b

a
f (x) dx − f (a)

∣∣∣∣∣ =
∣∣∣∣∣ 1

b − a

∫ b

a
(f (x) − f (a)) dx

∣∣∣∣∣
≤ 1

b − a

∫ b

a
|f (x) − f (a)| dx

(26.16)
≤

‖Dν∗af‖∞,[a,b]

Γ (ν + 1) (b − a)∫ b

a
(x − a)ν dx =

‖Dν∗af‖∞,[a,b]

Γ (ν + 2)
(b − a)ν .

This proves (26.15). �

We continue with

Theorem 26.9. Let ν ≥ 1, n = �ν�, and f ∈ ACn ([a, b]) . Assume that

f (k) (a) = 0, k = 1, . . . , n − 1, and Dν∗af ∈ L1 ([a, b]).

Then ∣∣∣∣∣ 1

b − a

∫ b

a
f (x) dx − f (a)

∣∣∣∣∣ ≤ ‖Dν∗af‖L1([a,b])

Γ (ν + 1)
(b − a)ν−1. (26.17)

Proof. Again by (26.4) we get

|f (x) − f (a)| ≤ 1

Γ (ν)

∫ x

a
(x − t)ν−1 ∣∣Dν∗af (t)

∣∣ dt
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≤ 1

Γ (ν)
(x − a)ν−1

∫ x

a

∣∣Dν∗af (t)
∣∣ dt ≤

1

Γ (ν)
(x − a)ν−1 ∥∥Dν∗af

∥∥
L1([a,b])

.

That is, we have

|f (x) − f (a)| ≤
‖Dν∗af‖L1([a,b])

Γ (ν)
(x − a)ν−1 , (26.18)

∀x ∈ [a, b].

Therefore we get∣∣∣∣∣ 1

b − a

∫ b

a
f (x) dx − f (a)

∣∣∣∣∣ ≤ 1

b − a

∫ b

a
|f (x) − f (a)| dx

(26.18)
≤

‖Dν∗af‖L1([a,b])

Γ (ν) (b − a)

∫ b

a
(x − a)ν−1 dx =

‖Dν∗af‖L1([a,b])

Γ (ν + 1)
(b − a)ν−1 .

This proves (26.17). �

We also give

Theorem 26.10. Let p, q > 1 : 1/p + 1/q = 1, and ν > 1− 1/p, n = �ν�, and

f ∈ ACn ([a, b]). Assume that

f (k) (a) = 0, k = 1, . . . , n − 1, and Dν∗af ∈ Lq ([a, b]).

Then ∣∣∣∣∣ 1

b − a

∫ b

a
f (x) dx − f (a)

∣∣∣∣∣ ≤
‖Dν∗af‖Lq([a,b])

Γ (ν) (p (ν − 1) + 1)1/p (ν + 1/p)
(b − a)ν−1+1/p . (26.19)

Proof. Again by (26.4) we obtain

|f (x) − f (a)| ≤ 1

Γ (ν)

∫ x

a
(x − t)ν−1 ∣∣Dν∗af (t)

∣∣ dt

≤ 1

Γ (ν)

(∫ x

a
(x − t)p(ν−1) dt

)1/p (∫ x

a

∣∣Dν∗af (t)
∣∣q dt

)1/q

≤

1

Γ (ν)

(x − a)ν−1+1/p

(p (ν − 1) + 1)1/p

∥∥Dν∗af
∥∥

Lq([a,b])
.
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That is, we have

|f (x) − f (a)| ≤
‖Dν∗af‖Lq([a,b])

Γ (ν) (p (ν − 1) + 1)1/p
(x − a)ν−1+1/p , (26.20)

∀x ∈ [a, b] .

Consequently we get∣∣∣∣∣ 1

b − a

∫ b

a
f (x) dx − f (a)

∣∣∣∣∣ ≤ 1

b − a

∫ b

a
|f (x) − f (a)| dx

(26.20)
≤

‖Dν∗af‖Lq([a,b])

Γ (ν) (p (ν − 1) + 1)1/p (b − a)

∫ b

a
(x − a)ν−1+1/p dx

=
‖Dν∗af‖Lq([a,b])

Γ (ν) (p (ν − 1) + 1)1/p (ν + 1/p)
(b − a)ν−1+1/p .

This proves (26.19) . �

Corollary 26.11. (To Theorem 26.10; p = q = 2 case.) Let ν > 1/2, n = �ν�,
and f ∈ ACn ([a, b]). Assume that

f (k) (a) = 0, k = 1, . . . , n − 1, and Dν∗af ∈ L2 ([a, b]).

Then ∣∣∣∣∣ 1

b − a

∫ b

a
f (x) dx − f (a)

∣∣∣∣∣ ≤
‖Dν∗af‖L2([a,b])

Γ (ν)
(√

2ν − 1
) (

ν + 1
2

) (b − a)ν−1/2 . (26.21)

Proof. Apply (26.19) . �

We finish this section with

Proposition 26.12. Inequality (26.15) is sharp; namely it is attained by

f (x) = (x − a)ν , ν > 0, ν /∈ N, x ∈ [a, b] .

Proof. Here the function

f (x) = (x − a)ν , ν > 0, ν /∈ N, x ∈ [a, b],

belongs to ACn ([a, b]) , n = �ν�. We observe that

f ′ (x) = ν (x − a)ν−1 , f ′′ (x) = ν (ν − 1) (x − a)ν−2 , . . . ,
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f (n−1) (x) = ν (ν − 1) (ν − 2) . . . (ν − n + 2) (x − a)ν−n+1

f (n) (x) = ν (ν − 1) . . . (ν − n + 1) (x − a)ν−n .

Thus

Dν∗af (x)
(26.2)

=
1

Γ (n − ν)

∫ x

a
(x − t)(n−ν)−1

ν (ν − 1) . . . (ν − n + 1) (t − a)ν−n dt

=
ν (ν − 1) . . . (ν − n + 1)

Γ (n − ν)

∫ x

a
(x − t)(n−ν)−1 (t − a)(ν−n+1)−1 dt

(by Whittaker and Watson [404, p. 256]; notice that n − ν, ν − n + 1 > 0)

=
ν (ν − 1) . . . (ν − n + 1)

Γ (n − ν)

Γ (n − ν) Γ (ν − n + 1)

Γ (1)

= ν (ν − 1) . . . (ν − n + 1) Γ (ν − n + 1) = Γ (ν + 1) .

That is,

Dν∗af (x) = Γ (ν + 1) , ∀x ∈ [a, b]. (26.22)

Also we see that

f (k) (a) = 0, k = 0, 1, . . . , n − 1, and Dν∗af ∈ L∞ ([a, b]) .

So f fulfills all the assumptions of Theorem 26.8.

Next we find

R.H.S. (26.15) =
Γ (ν + 1)

Γ (ν + 2)
(b − a)ν =

(b − a)ν

(ν + 1)
. (26.23)

Furthermore we have

L.H.S. (26.15) =

∣∣∣∣∣ 1

b − a

∫ b

a
(x − a)ν dx

∣∣∣∣∣
=

1

(b − a)

(b − a)ν+1

(ν + 1)
=

(b − a)ν

(ν + 1)
. (26.24)

Clearly R.H.S. (26.15) = L.H.S. (26.15), proving the claim. �

26.3 Multivariate Results

We present our first multivariate Ostrowski-type fractional inequality in the Ca-

puto sense.



26.3 Multivariate Results 623

Theorem 26.13. Let ν > 0, n = �ν�, f ∈ Cn (Q), where Q is a nonempty

compact and convex subset of R
k, k ≥ 2; z := (z1, . . . , zk), x0 := (x01, . . . , x0k) ∈

Q. Further assume that

fα (x0) = 0, α := (α1, . . . , αk) , αi ∈ Z
+, i = 1, . . . , k;

|α| :=
k∑

i=1

αi =: r, r = 1, . . . , n − 1,

where x0 ∈ Q is fixed.

Then ∣∣∣∣∣
∫
Q f (z) dz

V ol (Q)
− f (x0)

∣∣∣∣∣ ≤⎛⎜⎜⎝ max
|α|=n

∥∥∥Jn−ν
0 fα (x0 + t (z − x0))

∥∥∥∞,(t,z)∈[0,1]×Q

Γ (ν + 1) V ol (Q)

⎞⎟⎟⎠∫
Q
‖z − x0‖n

l1
dz. (26.25)

Proof. Notice that (see (26.12))

|Gν (t)| =

∣∣∣∣∣∣
⎡⎣( k∑

i=1

(zi − x0i) Jn−ν
0

∂

∂xi

)n

f

⎤⎦
(x0 + t (z − x0))| ≤

(
‖z − x0‖l1

)n
(26.26)

max
|α|=n

∥∥∥Jn−ν
0 fα (x0 + t (z − x0))

∥∥∥∞,(t,z)∈[0,1]×Q
,

∀z ∈ Q, x0 ∈ Q being fixed, 0 ≤ t ≤ 1.

Hence

‖Gν‖∞,t∈[0,1] ≤
(
‖z − x0‖l1

)n

max
|α|=n

∥∥∥Jn−ν
0 fα (x0 + t (z − x0))

∥∥∥∞,(t,z)∈[0,1]×Q
, (26.27)

and by (26.11) and (26.14) we get

|f (z) − f (x0)| ≤ Λν ≤
‖Gν‖∞,t∈[0,1]

Γ (ν + 1)

(26.27)
≤

(
‖z − x0‖l1

)n

Γ (ν + 1)

max
|α|=n

∥∥∥Jn−ν
0 fα (x0 + t (z − x0))

∥∥∥∞,(t,z)∈[0,1]×Q
, (26.28)

∀z ∈ Q.

Consequently we obtain∣∣∣∣∣
∫
Q f (z) dz

V ol (Q)
− f (x0)

∣∣∣∣∣ =
∣∣∣∣∣
∫
Q (f (z) − f (x0)) dz

V ol (Q)

∣∣∣∣∣ ≤
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1

V ol (Q)

∫
Q
|f (z) − f (x0)| dz ≤

⎛⎜⎜⎝ max
|α|=n

∥∥∥Jn−ν
0 fα (x0 + t (z − x0))

∥∥∥∞,(t,z)∈[0,1]×Q

Γ (ν + 1) V ol (Q)

⎞⎟⎟⎠∫
Q
‖z − x0‖n

l1
dz, (26.29)

proving the claim. �

We further have

Theorem 26.14. Let f : [a, b]× [c, d] → R be Lebesgue integrable, also f (a, ·)
integrable on [c, d] and f (·, y) ∈ ACn ([a, b]), ∀y ∈ [c, d], where n = �ν�, ν ≥ 0,

and ∂k/∂xkf (a, y) = 0, k = 1, . . . , n − 1, ∀y ∈ [c, d]. Here ‖·‖∞,[a,b]×[c,d] is the

supremum norm.

Further suppose that ∂ν∗af (x, y)/∂xν ∈ B ([a, b] × [c, d]) bounded functions,

(x, y) ∈ [a, b] × [c, d].

Then ∣∣∣∣∣ 1

(b − a) (d − c)

∫
[a,b]×[c,d]

f (x, y) dxdy − f (a, c)

∣∣∣∣∣ ≤
1

(d − c)

∫
[c,d]

|f (a, y) − f (a, c)| dy +
(b − a)ν

Γ (ν + 2)

∥∥∥∥∂ν∗af

∂xν

∥∥∥∥∞,[a,b]×[c,d]

. (26.30)

Proof. Because f (·, y) ∈ ACn ([a, b]), ∀y ∈ [c, d], and ∂k/∂xkf (a, y) = 0,

k = 1, . . . , n − 1, ∀y ∈ [c, d], by (26.4) we have

f (x, y) − f (a, y) =
1

Γ (ν)

∫ x

a
(x − t)ν−1 ∂ν∗af

∂xν
(t, y) dt, (26.31)

∀x ∈ [a, b] , ∀y ∈ [c, d].

Because
∂ν∗af

∂xν
(x, y) ∈ B ([a, b] × [c, d]),

we obtain

|f (x, y) − f (a, y)| ≤ (x − a)ν

Γ (ν + 1)

∥∥∥∥∂ν∗af

∂xν

∥∥∥∥∞,[a,b]×[c,d]

, (26.32)

∀x ∈ [a, b], ∀y ∈ [c, d].

But it holds

|f (x, y) − f (a, c)| ≤ |f (x, y) − f (a, y)|
+ |f (a, y) − f (a, c)| ≤ |f (a, y) − f (a, c)|+

(x − a)ν

Γ (ν + 1)

∥∥∥∥∂ν∗af

∂xν

∥∥∥∥∞,[a,b]×[c,d]

, (26.33)

∀x ∈ [a, b], ∀y ∈ [c, d].
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Consequently we have∣∣∣∣∣ 1

(b − a) (d − c)

∫
[a,b]×[c,d]

f (x, y) dxdy − f (a, c)

∣∣∣∣∣ =
1

(b − a) (d − c)

∣∣∣∣∣
∫
[a,b]×[c,d]

(f (x, y) − f (a, c)) dxdy

∣∣∣∣∣ ≤ (26.34)

1

(b − a) (d − c)

∫
[a,b]×[c,d]

|f (x, y) − f (a, c)| dxdy
(26.33)
≤

1

(b − a) (d − c)

∫
[a,b]×[c,d]

|f (a, y) − f (a, c)| dxdy + (26.35)

1

(b − a) (d − c)

1

Γ (ν + 1)

∥∥∥∥∂ν∗af

∂xν

∥∥∥∥∞,[a,b]×[c,d]∫
[a,b]×[c,d]

(x − a)ν dxdy =
1

(d − c)

∫
[c,d]

|f (a, y) − f (a, c)| dy

+
(b − a)ν

Γ (ν + 2)

∥∥∥∥∂ν∗af

∂xν

∥∥∥∥∞,[a,b]×[c,d]

, (26.36)

proving the claim. �

Similar to (26.30) one can prove inequalities in more than two variables.

Next we study fractional Ostrowski-type inequalities over balls and spherical

shells. For that we need to make

Remark 26.15. We define the ball

B (0, R) :=
{

x ∈ R
N : |x| < R

}
⊆ R

N , N ≥ 2, R > 0,

and the sphere

SN−1 :=
{

x ∈ R
N : |x| = 1

}
,

where |·| is the Euclidean norm.

Let dω be the element of surface measure on SN−1 and let

ωN =

∫
SN−1

dω =
2πN/2

Γ (N/2)
.

For x ∈ R
N − {0} we can write uniquely x = rω, where r = |x| > 0 and

ω = x/r ∈ SN−1, |ω| = 1. Note that∫
B(0,R)

dy =
ωNRN

N
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is the Lebesgue measure of the ball. Following [356, pp. 149–150, Exercise 6] and

[383, pp. 87–88, Theorem 5.2.2] we can write for F : B (0, R) → R a Lebesgue

integrable function that

∫
B(0,R)

F (x) dx =

∫
SN−1

(∫ R

0
F (rω) rN−1dr

)
dω; (26.37)

we use this formula often.

Initially the function f : B (0, R) → R is radial; that is, there exists a function

g such that f (x) = g (r), where r = |x|, r ∈ [0, R], ∀x ∈ B (0, R). Here we assume

that g ∈ ACn ([0, R]), n = �ν�, ν ≥ 0, and g(k) (0) = 0, k = 1, . . . , n − 1.

By (26.4) we get

g (s) − g (0) =
1

Γ (ν)

∫ s

0
(s − t)ν−1 Dν∗0g (t) dt, (26.38)

∀s ∈ [0, R].

Further assume that Dν∗0g ∈ L∞ ([0, R]).

By (26.38) we obtain

|g (s) − g (0)| ≤ sν

Γ (ν + 1)

∥∥Dν∗0g
∥∥∞,[0,R]

, (26.39)

∀s ∈ [0, R].

Next we observe that ∣∣∣∣∣f (0) −
∫
B(0,R) f (y) dy

V ol (B (0, R))

∣∣∣∣∣ =
∣∣∣∣∣∣g (0) −

∫
SN−1

(∫ R
0 g (s) sN−1ds

)
dω∫

SN−1

(∫ R
0 sN−1ds

)
dω

∣∣∣∣∣∣ = (26.40)

∣∣∣∣∣g (0) − N

RN

∫ R

0
g (s) sN−1ds

∣∣∣∣∣ = N

RN

∣∣∣∣∣
∫ R

0
sN−1 (g (0) − g (s)) ds

∣∣∣∣∣ ≤ (26.41)

N

RN

∫ R

0
sN−1 |g (0) − g (s)| ds

(26.39)
≤

N

RN

‖Dν∗0g‖∞,[0,R]

Γ (ν + 1)

∫ R

0
sN−1sνds = (26.42)

N

RN

‖Dν∗0g‖∞,[0,R]

Γ (ν + 1)

Rν+N

(ν + N)
=

(
‖Dν∗0g‖∞,[0,R]

)
NRν

Γ (ν + 1) (ν + N)
. (26.43)
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That is, we have proved that∣∣∣∣∣f (0) −
∫
B(0,R) f (y) dy

V ol (B (0, R))

∣∣∣∣∣ =
∣∣∣∣∣g (0) − N

RN

∫ R

0
g (s) sN−1ds

∣∣∣∣∣ ≤
(
‖Dν∗0g‖∞,[0,R]

)
NRν

Γ (ν + 1) (ν + N)
. (26.44)

The last inequality (26.44) is sharp; namely it is attained by g (r) = rν , ν > 0,

r ∈ [0, R]. Indeed by (26.2) we get

Dν∗0g (r) = Γ (ν + 1) ,

and ∥∥Dν∗0g
∥∥∞,[0,R]

= Γ (ν + 1) .

So that in that case

R.H.S (26.44) =
NRν

ν + N
. (26.45)

But

L.H.S (26.44) =
N

RN

∫ R

0
sν+N−1ds

=
N

RN

Rν+N

(ν + N)
=

NRν

ν + N
, (26.46)

proving equality in (26.44).

We have established the following.

Theorem 26.16. Let f : B (0, R) → R that is radial; that is, there exists g

such that f (x) = g (r), r = |x|, ∀x ∈ B (0, R). Assume that g ∈ ACn ([0, R]),

n = �ν�, ν ≥ 0, and

g(k) (0) = 0, k = 1, . . . , n − 1, and Dν∗0g ∈ L∞ ([0, R]).

Then ∣∣∣∣∣f (0) −
∫
B(0,R) f (y) dy

V ol (B (0, R))

∣∣∣∣∣ =∣∣∣∣∣g (0) − N

RN

∫ R

0
g (s) sN−1ds

∣∣∣∣∣ ≤
(
‖Dν∗0g‖∞,[0,R]

)
NRν

Γ (ν + 1) (ν + N)
. (26.47)

Inequality (26.47) is sharp; it is attained by g (r) = rν , ν > 0.

We make

Remark 26.17. Let the spherical shell A := B (0, R2) − B (0, R1), 0 < R1 <

R2, A ⊆ R
N , N ≥ 2, x ∈ A. Consider again that f : A → R is radial; that is,
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there exists g such that f (x) = g (r), r = |x|, r ∈ [R1, R2], ∀x ∈ A. Here again

x can be written uniquely as x = rω, where r = |x| > 0, and ω = x/r ∈ SN−1,

|ω| = 1.

Following [356, pp. 149–150, Exercise 6] and [383, pp. 87–88, Theorem 5.2.2]

we can write for F : A → R a Lebesgue integrable function that∫
A

F (x) dx =

∫
SN−1

(∫ R2

R1

F (rω) rN−1dr

)
dω. (26.48)

Here

V ol (A) =
ωN

(
RN

2 − RN
1

)
N

,

and we assume that g ∈ ACn ([R1, R2]), n = �ν�, ν ≥ 0, and g(k) (R1) = 0,

k = 1, . . . , n − 1.

By (26.4) we get

g (s) − g (R1) =
1

Γ (ν)

∫ s

R1

(s − t)ν−1 Dν
∗R1g (t) dt, (26.49)

∀s ∈ [R1, R2].

Further assume that Dν
∗R1

g ∈ L∞ ([R1, R2]) . By (26.49) we obtain

|g (s) − g (R1)| ≤ (s − R1)
ν

Γ (ν + 1)

∥∥Dν
∗R1g

∥∥∞,[R1,R2]
, (26.50)

∀s ∈ [R1, R2].

Next we observe that ∣∣∣∣f (R1ω) −
∫
A f (y) dy

V ol (A)

∣∣∣∣ =
∣∣∣∣∣g (R1) −

(
N

RN
2 − RN

1

)∫ R2

R1

g (s) sN−1ds

∣∣∣∣∣ = (26.51)

(
N

RN
2 − RN

1

) ∣∣∣∣∣
∫ R2

R1

(g (R1) − g (s)) sN−1ds

∣∣∣∣∣ ≤ (26.52)

(
N

RN
2 − RN

1

)∫ R2

R1

|g (R1) − g (s)| sN−1ds
(26.50)
≤

(
N

RN
2 − RN

1

)(∥∥Dν
∗R1

g
∥∥
∞,[R1,R2]

Γ (ν + 1)

)∫ R2

R1

(s − R1)
ν sN−1ds (26.53)

(by [43], there (2.41))

=

(
N

RN
2 − RN

1

)(∥∥Dν
∗R1

g
∥∥
∞,[R1,R2]

Γ (ν + 1)

)
(Γ (ν + 1) (N − 1)!
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N−1∑
k=0

(−1)k

(N − k − 1)!
RN−k−1

2
(R2 − R1)

k+ν+1

Γ (k + ν + 2)

)
(26.54)

=

⎛⎝N !
(∥∥Dν

∗R1
g
∥∥
∞,[R1,R2]

)
RN

2 − RN
1

⎞⎠
(

N−1∑
k=0

(−1)k

(N − k − 1)!
RN−k−1

2
(R2 − R1)

k+ν+1

Γ (k + ν + 2)

)
. (26.55)

Hence in the radial case we proved∣∣∣∣f (R1ω) −
∫
A f (y) dy

V ol (A)

∣∣∣∣ =
∣∣∣∣∣g (R1) −

(
N

RN
2 − RN

1

)∫ R2

R1

g (s) sN−1ds

∣∣∣∣∣ ≤⎛⎝N !
(∥∥Dν

∗R1
g
∥∥
∞,[R1,R2]

)
RN

2 − RN
1

⎞⎠
(

N−1∑
k=0

(−1)k

(N − k − 1)!
RN−k−1

2
(R2 − R1)

k+ν+1

Γ (k + ν + 2)

)
. (26.56)

Inequality (26.56) is attained by

g (s) := (s − R1)
ν , ν > 0, s ∈ [R1, R2].

Indeed we observe that

L.H.S. (26.56) =

(
N

RN
2 − RN

1

)∫ R2

R1

(s − R1)
ν sN−1ds =

Γ (ν + 1) N !(
RN

2 − RN
1

) (N−1∑
k=0

(−1)k

(N − k − 1)!
RN−k−1

2
(R2 − R1)

k+ν+1

Γ (k + ν + 2)

)
. (26.57)

But by (26.22) we get

Dν
∗R1g (s) = Γ (ν + 1) , ∀s ∈ [R1, R2]. (26.58)

That is, ∥∥Dν
∗R1g

∥∥∞,[R1,R2]
= Γ (ν + 1). (26.59)

The last implies that

R.H.S. (26.56) =

(
Γ (ν + 1) N !

RN
2 − RN

1

)
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(
N−1∑
k=0

(−1)k

(N − k − 1)!
RN−k−1

2
(R2 − R1)

k+ν+1

Γ (k + ν + 2)

)
. (26.60)

So by (26.57) and (26.60) we get

L.H.S. (26.56) = R.H.S. (26.56), (26.61)

proving sharpness of (26.56).

So putting the above together we derive

Theorem 26.18. Let f : A → R be radial; that is, there exists g such that

f (x) = g (r), r = |x|, ∀x ∈ A; ω ∈ SN−1. Assume that g ∈ ACn ([R1, R2]),

n = �ν�, ν ≥ 0, and

g(k) (R1) = 0, k = 1, . . . , n − 1, and Dν
∗R1g ∈ L∞ ([R1, R2]).

Then ∣∣∣∣f (R1ω) −
∫
A f (y) dy

V ol (A)

∣∣∣∣ =∣∣∣∣∣g (R1) −
(

N

RN
2 − RN

1

)∫ R2

R1

g (s) sN−1ds

∣∣∣∣∣ ≤(
N !
∥∥Dν

∗R1
g
∥∥
∞,[R1,R2]

RN
2 − RN

1

)
(

N−1∑
k=0

(−1)k

(N − k − 1)!
RN−k−1

2
(R2 − R1)

k+ν+1

Γ (k + ν + 2)

)
. (26.62)

Inequality (26.62) is sharp; namely it is attained by

g (s) := (s − R1)
ν , ν > 0, s ∈ [R1, R2] . (26.63)

We need

Definition 26.19. (See [58].) Let F : A → R, ν ≥ 0, n := �ν� such that

F (·ω) ∈ ACn ([R1, R2]), for all ω ∈ SN−1. We call the Caputo radial fractional

derivative the following function

∂ν
∗R1

F (x)

∂rν
:=

1

Γ (n − ν)

∫ r

R1

(r − t)n−ν−1 ∂nF (tω)

∂rn
dt, (26.64)

where x ∈ A; that is, x = rω, r ∈ [R1, R2] , ω ∈ SN−1.

Clearly

∂0
∗R1

F (x)

∂r0
= F (x) ,
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∂ν
∗R1

F (x)

∂rν
=

∂νF (x)

∂rν
, if ν ∈ N. (26.65)

The above function (26.64) exists almost everywhere for x ∈ A (see [58]).

We continue Remark 26.17; we make

Remark 26.20. We treat here the general, not necessarily radial, case of f. We

apply (26.62) to f (rω) , ω fixed, r ∈ [R1, R2], under the following assumptions:

f (·ω) ∈ ACn ([R1, R2]) , for all ω ∈ SN−1, ν ≥ 0, n := �ν�, where f : A → R is

Lebesgue integrable;

∂kf

∂rk
, k = 1, . . . , n − 1 vanish on ∂B (0, R1) ;

and
∂ν
∗R1

f

∂rν
∈ B

(
A
)
, along with

Dν
∗R1f (·ω) ∈ L∞ ([R1, R2]), ∀ω ∈ SN−1.

So we have ∣∣∣∣∣f (R1ω) −
(

N

RN
2 − RN

1

)∫ R2

R1

f (sω) sN−1ds

∣∣∣∣∣ ≤⎛⎜⎜⎜⎝
N !

∥∥∥∥ ∂ν
∗R1

f

∂rν

∥∥∥∥∞,A

RN
2 − RN

1

⎞⎟⎟⎟⎠
(

N−1∑
k=0

(−1)k

(N − k − 1)!

RN−k−1
2 (R2 − R1)

k+ν+1

Γ (k + ν + 2)

)

=: λ1. (26.66)

Consequently it holds∣∣∣∣∣
∫
SN−1 f (R1ω) dω

ωN
− N(

RN
2 − RN

1

)
ωN

∫
SN−1(∫ R2

R1

f (sω) sN−1ds

)
dω

∣∣∣∣∣ ≤ λ1. (26.67)

That is, ∣∣∣∣Γ (N/2)

2πN/2

∫
SN−1

f (R1ω) dω −
∫
A f (x) dx

V ol (A)

∣∣∣∣ ≤ λ1. (26.68)

Therefore it holds for x ∈ A that∣∣∣∣f (x) −
∫
A f (x) dx

V ol (A)

∣∣∣∣ ≤ ∣∣∣∣f (x) − Γ (N/2)

2πN/2

∫
SN−1

f (R1ω) dω

∣∣∣∣+ λ1. (26.69)

We have established the next result.
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Theorem 26.21. Let f : A → R be Lebesgue integrable with f (·ω) ∈ ACn ([R1, R2]),

ν ≥ 0, n := �ν�, ∀ω ∈ SN−1; ∂kf/∂rk, k = 1, . . . , n − 1 vanish on ∂B (0, R1);

Dν
∗R1

f (·ω) ∈ L∞ ([R1, R2]), ∀ω ∈ SN−1; and ∂ν
∗R1

f/∂rν ∈ B
(
A
)

(bounded

functions on A). Then for x ∈ A we have∣∣∣∣f (x) −
∫
A f (x) dx

V ol (A)

∣∣∣∣ ≤ ∣∣∣∣f (x) − Γ (N/2)

2πN/2

∫
SN−1

f (R1ω) dω

∣∣∣∣

+

⎛⎜⎜⎜⎝
N !

∥∥∥∥ ∂ν
∗R1

f

∂rν

∥∥∥∥∞,A

RN
2 − RN

1

⎞⎟⎟⎟⎠
(

N−1∑
k=0

(−1)k

(N − k − 1)!

RN−k−1
2 (R2 − R1)

k+ν+1

Γ (k + ν + 2)

)
.

(26.70)

We make

Remark 26.22. Let f : B (0, R) → R be a Lebesgue integrable function, that

is not necessarily a radial function. Assume f (·ω) ∈ AC1 ([0, R]), ∀ω ∈ SN−1;

0 ≤ ν < 1, and Dν∗0f (·ω) ∈ L∞ ([0, R]), ∀ω ∈ SN−1.

Clearly here by (26.3) we obtain

f (sω) − f (0) =
1

Γ (ν)

∫ s

0
(s − t)ν−1 Dν∗0f (tω) dt, (26.71)

∀ω ∈ SN−1, ∀s ∈ [0, R] .

We further assume that∥∥Dν∗0f (tω)
∥∥∞,(t∈[0,R])

≤ K, ∀ω ∈ SN−1, (26.72)

where K > 0.

So we apply (26.47) for f (·ω), ∀ω ∈ SN−1.

We obtain ∣∣∣∣∣f (0) − N

RN

∫ R

0
f (sω) sN−1ds

∣∣∣∣∣ ≤(
‖Dν∗0f (tω)‖∞,(t∈[0,R])

)
NRν

Γ (ν + 1) (ν + N)

(26.72)
≤

KNRν

Γ (ν + 1) (ν + N)
. (26.73)

Consequently we find∣∣∣∣∣f (0) − N

ωNRN

∫
SN−1

(∫ R

0
f (sω) sN−1ds

)
dω

∣∣∣∣∣
≤ KNRν

Γ (ν + 1) (ν + N)
. (26.74)
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That proves ∣∣∣∣∣f (0) −
∫
B(0,R) f (x) dx

V ol (B (0, R))

∣∣∣∣∣ ≤ KNRν

Γ (ν + 1) (ν + N)
. (26.75)

We have established our last result.

Theorem 26.23. Let f : B (0, R) → R be a Lebesgue integrable function, not

necessarily radial. Assume f (·ω) ∈ AC1 ([0, R]), R > 0, ∀ω ∈ SN−1; 0 ≤ ν < 1,

and Dν∗0f (·ω) ∈ L∞ ([0, R]), ∀ω ∈ SN−1.

Suppose also that ∥∥Dν∗0f (tω)
∥∥∞,(t∈[0,R])

≤ K, (26.76)

∀ω ∈ SN−1, where K > 0.

Then ∣∣∣∣∣f (0) −
∫
B(0,R) f (x) dx

V ol (B (0, R))

∣∣∣∣∣ ≤ KNRν

Γ (ν + 1) (ν + N)
. (26.77)



27
Appendix

27.1 Conversion Formulae for Different Kinds
of Fractional Derivatives

Without loss of generality we work on [0, 1] and the anchor point is zero.

Let ν > 0, n /∈ N, n = [ν] . We denote by Dν
R−L the Riemann–Liouville

fractional derivative of order ν > 0, by Dν
c the Canavati fractional derivative of

order ν > 0, and by c∂ν/∂xν the Caputo fractional derivative of order ν > 0.

Consider

Cn+1
0 ([0, 1]) =

{
f ∈ Cn+1 ([0, 1]) :

f (0) = f ′ (0) = · · · f (n) (0) = 0
}

.

By Lemma 6, p. 64 of [101], we obtain that if f ∈ Cn+1
0 ([0, 1]), then Dν

c f (x)

exists and is continuous for any x ∈ [0, 1]. We also have that Cn+1 ([0, 1]) ⊂
ACn+1 ([0, 1]) . By Lemma 3.7, p. 41 of [134], for f ∈ Cn+1 ([0, 1]) we have that
c∂νf (x)/∂xν exists and is continuous for any x ∈ [0, 1], and c∂νf (0)/∂xν = 0.

By our Corollary 16.9 for the last case, we get equivalently that Dν
R−Lf (x)

exists for any x ∈ [0, 1]. So for f ∈ Cn+1
0 ([0, 1]) all three derivatives exist.

When f ∈ Cn+1
0 ([0, 1]), by Lemma 3.3, p. 39 of [134] we get that

Dν
R−Lf (x) =

c∂νf (x)

∂xν
,

for any x ∈ [0, 1].

So we conclude that studying conversion formulae among the above three types

of fractional derivatives makes perfect sense.

G.A. Anastassiou, Fractional Differentiation Inequalities, 635
DOI 10.1007/978-0-387-98128-4 27, c© Springer Science+Business Media, LLC 2009
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We mention again that

Dν
R−Lf (x) =

1

Γ (n + 1 − ν)

(
d

dx

)n+1 ∫ x

0
(x − t)n−ν f (t) dt, (27.1)

Dν
c f (x) =

1

Γ (n + 1 − ν)

d

dx

∫ x

0
(x − t)n−ν f (n) (t) dt, (27.2)

and
c∂νf (x)

∂xν
=

1

Γ (n + 1 − ν)

∫ x

0
(x − t)n−ν f (n+1) (t) dt. (27.3)

Let us assume first that f ∈ Cn+1
0 ([0, 1]). We set

y (x) =

∫ x

0

(x − t)n−1

(n − 1)!
f (t) dt =

∫ x

0

∫ x1

0
. . .

∫ xn−1

0
f (xn) dxn . . . dx1, (27.4)

for any x ∈ [0, 1]. Thus y(n) (x) = f (x), for all x ∈ [0, 1], and y(i) (0) = 0,

i = 0, 1, . . . , n. Clearly y ∈ Cn+1
0 ([0, 1]), so that Dν

c y exists and is continuous.

We observe that

Dν
R−Lf (x) =

1

Γ (n + 1 − ν)

(
d

dx

)n
d

dx

∫ x

0
(x − t)n−ν f (t) dt

=
1

Γ (n + 1 − ν)

(
d

dx

)n
d

dx

∫ x

0
(x − t)n−ν y(n) (t) dt

=

(
d

dx

)n

Dν
c y (x). (27.5)

So we have proved

Proposition 27.1. For f ∈ Cn+1
0 ([0, 1]) it holds that

Dν
R−Lf (x) =

(
d

dx

)n

Dν
c y (x), (27.6)

for any x ∈ [0, 1], where y is as in (27.4).

Next assume that f ∈ Cn+2
0 ([0, 1]). We observe that the following function

exists and is continuous,

Dν
c f ′ (x) =

1

Γ (n + 1 − ν)

d

dx

∫ x

0
(x − t)n−ν f (n+1) (t) dt

=
d

dx

( c∂νf (x)

∂xν

)
. (27.7)

So we have
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Proposition 27.2. For f ∈ Cn+2
0 ([0, 1]) it holds

Dν
c f ′ (x) =

( c∂νf (x)

∂xν

)′
, (27.8)

for any x ∈ [0, 1], and c∂νf (0)/∂xν = 0.

From the last we get
c∂νf (x)

∂xν
=

∫ x

0
Dν

c f ′ (t) dt. (27.9)

Call F = f ′; that is, f (x) =
∫ x
0 F (t) dt. Thus by (27.9) we obtain

c∂ν (∫ x
0 F (t) dt

)
∂xν

(x) =

∫ x

0

(
Dν

c F
)
(t) dt, (27.10)

for any x ∈ [0, 1] .

Again by (27.8) we derive

Dν
c F (x) =

(
c∂ν (∫ x

0 F (t) dt
)

∂xν
(x)

)′
, (27.11)

for any x ∈ [0, 1]; here F ∈ Cn+1
0 ([0, 1]) .

Next we assume that f ∈ Cn+1 ([0, 1]) .

We put

g (x) =

∫ x

0

(x − t)n

n!
f (t) dt; (27.12)

that is, g(n+1) (x) = f (x), for any x ∈ [0, 1], and g ∈ Cn+1 ([0, 1]). Therefore

there exists c∂νg/∂xν and it is continuous on [0, 1] .

We observe that

Dν
R−Lf (x) =

1

Γ (n + 1 − ν)

(
d

dx

)n+1 ∫ x

0
(x − t)n−ν g(n+1) (t) dt

=

(
d

dx

)n+1 ( c∂νg (x)

∂xν

)
. (27.13)

We have established

Proposition 27.3. Let f ∈ Cn+1 ([0, 1]) . Then

Dν
R−Lf (x) =

(
d

dx

)n+1 ( c∂νg (x)

∂xν

)
, (27.14)

for any x ∈ [0, 1], where g is as in (27.12).

Conclusion 27.4. Any two kinds of the above main fractional derivatives of

the literature are connected indirectly via the above established formulae (27.6),

(27.8), and (27.14); see also our Lemma 16.10, which is Lemma 3.2, p. 39 of [134].

Consequently treating all, but each one separately, regarding establishing frac-

tional differentiation inequalities in this monograph, it makes perfect sense and

is well justified by their many applications, for example, in differential equations,

and their importance in mathematics.
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27.2 Some Basic Fractional Derivatives

Here we mention the formulae of some basic functions’ fractional derivatives. The

anchor points are again zero.

Regarding the Canavati fractional derivative from [101] we get

Dν
c xμ =

Γ (μ + 1)

Γ (μ − ν + 1)
xμ−ν , 0 < ν ≤ μ. (27.15)

Let μ = m an integer and ν = 1/2; we have

D
1/2
c xm =

m!

Γ (m + (1/2))
xm−(1/2)

=
m!(

m − ( 1
2

)) (
m − ( 3

2

))
. . .
(

1
2

)√
π

xm−(1/2). (27.16)

Regarding the Riemann–Liouville fractional derivative, from [333, pp. 309–

310], with function variable t > 0, order α ∈ R, we get

Dα
R−L (H (t)) =

t−α

Γ (1 − α)
, (27.17)

where H is the Heavyside function,

Dα
R−L (H (t − a)) =

{
(t−a)−α

Γ(1−α)
, t > a

0, 0 ≤ t ≤ a,
(27.18)

and

Dα
R−L (δ (t)) =

t−α−1

Γ (−α)
, (27.19)

where δ is the delta function.

We continue with

Dα
R−Ltν =

Γ (ν + 1)

Γ (ν + 1 − α)
tν+α, ν > −1, (27.20)

Dα
R−Leλt = t−αE1,1−α (λt), (27.21)

where Ea,b stands for the two-parameter Mittag–Leffler function; see p. 17 of

[333],

Dα
R−L cosh

(√
λt
)

= t−αE2,1−α

(
λt2
)
, (27.22)

Dα
R−L ln t =

t−α

Γ (1 − α)
(ln t + Ψ(1) − Ψ(1 − α)), (27.23)

where Ψ is the digamma function, and

Dα
R−Ltβ−1 ln t =

Γ (β) tβ−α−1

Γ (β − α)
(ln t + Ψ(β) − Ψ(β − α)), Re β > 0. (27.24)
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Regarding the Caputo fractional derivative from [134, pp. 155–156], with order

n > 0, n /∈ N, m := �n�, i =
√−1, N0 = N∪{0}, we get

Dn∗0xj =

⎧⎪⎨⎪⎩
0, if j ∈ N0 and j < m,

Γ(j+1)
Γ(j+1−n)

xj−n, if j ∈ N0 and j ≥ m,

or j /∈ N and j > m − 1.

(27.25)

Next let c > 0, j ∈ R; then

Dn∗0
(
(x + c)j

)
=

Γ (j + 1)

Γ (j + 1 − m)

cj−m−1xm−n

Γ (m − n + 1)

2F1

(
1, m − j; m − n + 1;−x

c

)
, (27.26)

where 2F1 is the hypergeometric series.

For j ∈ R we have

Dn∗0
(
ejx
)

= jmxm−nEm−n+1 (jx), (27.27)

where Ea stands for the Mittag–Leffler function; see [333, p. 16], and

Dn∗0 (sin jx) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
jmi(−1)m/2xm−n

2Γ(m−n+1)
[−1F1 (1; m − n + 1; ijx)

+1F1 (1; m − n + 1;−ijx)] ; m even,
jm(−1)(m−1)/2xm−n

2Γ(m−n+1)
[1F1 (1; m − n + 1; ijx)

+1F1 (1; m − n + 1;−ijx)] ; m odd,
(27.28)

where 1F1 is the confluent hypergeometric function, and so on.

As we see above, computing the fractional derivatives exactly leads to highly

complicated formulae, hard to handle. Therefore in applications they numeri-

cally approximate the fractional derivatives, and numerically solve the fractional

differential equations, and so on.

Excellent sources for the above are [134, 140] and [333].
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convex domains, Proc. AMS 132 (2003), No. 1, 195–202.

[3] R. P. Agarwal, Sharp Opial-type inequalities involving r−derivatives and
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[347] M. Riesz, L’intégrale de Riemann-Liouville et le problème de Cauchy, Acta.
Math. 81 (1949), 1–223.

[348] F. Riewe, Mechanics with fractional derivatives, Phys. Rev. E 55 (1997),
No. 3, 3581–3592.

[349] B. Ross, Fractional Calculus and its Applications, Springer-Verlag, Berlin,
New York, 1975.

[350] B. Ross, Fractional calculus: An historical apologia for the development of a
calculus using differentiation and antidifferentiation of non integral orders,
Mathematics Magazine 50 (1977), No. 3, 115–122.

[351] B. Ross, The development of fractional calculus 1695–1900, Historia Math.
4 (1977), 75–89.

[352] B. Ross, S. G. Samko, E. R. Love, Functions that have no first order deriva-
tive might have fractional derivatives of all orders less than one, Real Anal.
Exchange 20 (1994/95), No. 1, 140–157.

[353] Yu. A. Rossikhin and M. V. Shitikova, Applications of fractional calculus
to dynamic problems of linear and nonlinear hereditary mechanics of solids,
Appl. Mech. Rev. 50 (1997), No. 1, 15–67.

[354] H. L. Royden, Real Analysis, Second edition, Macmillan, New York, 1968.

[355] B. Rubin, Fractional Integrals and Potentials, Pitman Monographs and
Surveys in Pure Appl. Math. 82, Longman, Harlow, 1996.

[356] W. Rudin, Real and Complex Analysis, International Student Edition,
Mc Graw Hill, London, New York, 1970.

[357] Th. Runst and W. Sickel, Sobolev spaces of fractional orders, Nemytskij Op-
erators, and Nonlinear Partial Differential Equations, De Gruyter, Berlin,
1996.

[358] R. S. Rutman and R. Gorenflo, Simulation and inversion of fractional inte-
gration: A systems theory approach, Inverse Problems and Applications to
Geophysics, Industry, Medicine and Technology (Ho Chi Minh City, 1995),
141–148, Publ. HoChiMinh City Math. Soc., 2, HoChiMinh City Math.
Soc., Ho Chi Minh City, 1995.

[359] S. Samadi, M. O. Ahmad and M. N. S. Swamy, Exact fractional-order
differentiators for polynomial signals, IEEE Signal Process. Lett. 11 (2004),
No. 6, 529–532.

[360] S. G. Samko, The coincidence of Grü nwald-Letnikov differentiation with
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