


Elements of Quantum Optics



Pierre Meystre · Murray Sargent III

Elements of Quantum Optics

Fourth Edition

With 124 Figures



Pierre Meystre
The University of Arizona
Department of Physics & College of Optical
Sciences
Tucson, AZ 85721
USA
pierre.meystre@optics.Arizona.edu

Murray Sargent III
Microsoft Corporation
Redmont, WA 98052
USA

Library of Congress Control Number: 2007933854

ISBN 978-3-540-74209-8 Springer Berlin Heidelberg New York
ISBN 978-3-540-64220-X 3rd edition Springer Berlin Heidelberg New York

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is
concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting,
reproduction on microfilm or in any other way, and storage in data banks. Duplication of this publication
or parts thereof is permitted only under the provisions of the German Copyright Law of September 9,
1965, in its current version, and permission for use must always be obtained from Springer. Violations
are liable for prosecution under the German Copyright Law.

Springer is a part of Springer Science+Business Media
springer.com
c© Springer-Verlag Berlin Heidelberg 2007

The use of general descriptive names, registered names, trademarks, etc. in this publication does not imply,
even in the absence of a specific statement, that such names are exempt from the relevant protective laws
and regulations and therefore free for general use.

Typesetting: by the author and Integra, India using a Springer LATEX macro package
Cover design: eStudio Calamar S.L., F. Steinen-Broo, Pau/Girona, Spain

Printed on acid-free paper SPIN: 11919896 5 4 3 2 1 0



Preface

This book grew out of a 2-semester graduate course in laser physics and quan-
tum optics. It requires a solid understanding of elementary electromagnetism
as well as at least one, but preferably two, semesters of quantum mechanics.
Its present form resulted from many years of teaching and research at the
University of Arizona, the Max-Planck-Institut für Quantenoptik, and the
University of Munich. The contents have evolved significantly over the years,
due to the fact that quantum optics is a rapidly changing field. Because the
amount of material that can be covered in two semesters is finite, a number
of topics had to be left out or shortened when new material was added. Im-
portant omissions include the manipulation of atomic trajectories by light,
superradiance, and descriptions of experiments.

Rather than treating any given topic in great depth, this book aims to
give a broad coverage of the basic elements that we consider necessary to
carry out research in quantum optics. We have attempted to present a vari-
ety of theoretical tools, so that after completion of the course students should
be able to understand specialized research literature and to produce original
research of their own. In doing so, we have always sacrificed rigor to phys-
ical insight and have used the concept of “simplest nontrivial example” to
illustrate techniques or results that can be generalized to more complicated
situations. In the same spirit, we have not attempted to give exhaustive lists
of references, but rather have limited ourselves to those papers and books
that we found particularly useful.

The book is divided into three parts. Chapters 1–3 review various aspects
of electromagnetic theory and of quantum mechanics. The material of these
chapters, especially Chaps. 1–3, represents the minimum knowledge required
to follow the rest of the course. Chapter 2 introduces many nonlinear optics
phenomena by using a classical nonlinear oscillator model, and is usefully
referred to in later chapters. Depending on the level at which the course is
taught, one can skip Chaps. 1–3 totally or at the other extreme, give them
considerable emphasis.

Chapters 4–12 treat semiclassical light-matter interactions. They contain
more material than we have typically been able to teach in a one-semester
course. Especially if much time is spent on the Chaps. 1–3, some of Chaps. 4–
12 must be skipped. However, Chap. 4 on the density matrix, Chap. 5 on the



VI Preface

interaction between matter and cw fields, Chap. 7 on semi-classical laser
theory, and to some extent Chap. 9 on nonlinear spectroscopy are central to
the book and cannot be ignored. In contrast one could omit Chap. 8 on optical
bistability, Chap. 10 on phase conjugation, Chap. 11 on optical instabilities,
or Chap. 12 on coherent transients.

Chapters 13–19 discuss aspects of light-matter interaction that require
the quantization of the electromagnetic field. They are tightly knit together
and it is difficult to imagine skipping one of them in a one-semester course.
Chapter 13 draws an analogy between electromagnetic field modes and har-
monic oscillators to quantize the field in a simple way. Chapter 14 discusses
simple aspects of the interaction between a single mode of the field and a
two-level atom. Chapter 15 on reservoir theory in essential for the discus-
sion of resonance fluorescence (Chap. 16) and squeezing (Chap. 17). These
chapters are strongly connected to the nonlinear spectroscopy discussion of
Chap. 9. In resonance fluorescence and in squeezing the quantum nature of
the field appears mostly in the form of noise. We conclude in Chap. 19 by
giving elements of the quantum theory of the laser, which requires a proper
treatment of quantum fields to all orders.

In addition to being a textbook, this book contains many important for-
mulas in quantum optics that are not found elsewhere except in the original
literature or in specialized monographs. As such, and certainly for our own
research, this book is a very valuable reference. One particularly gratify-
ing feature of the book is that it reveals the close connection between many
seemingly unrelated or only distantly related topics, such as probe absorption,
four-wave mixing, optical instabilities, resonance fluorescence, and squeezing.

We are indebted to the many people who have made important contri-
butions to this book: they include first of all our students, who had to suf-
fer through several not-so-debugged versions of the book and have helped
with their corrections and suggestions. Special thanks to S. An, B. Capron,
T. Carty, P. Dobiasch, J. Grantham, A. Guzman, D. Holm, J. Lehan, R. Mor-
gan, M. Pereira, G. Reiner, E. Schumacher, J. Watanabe, and M. Watson.
We are also very grateful to many colleagues for their encouragements and
suggestions. Herbert Walther deserves more thanks than anybody else: this
book would not have been started or completed without his constant encour-
agement and support. Thanks are due especially to the late Fred Hopf as well
as to J.H. Eberly, H.M. Gibbs, J. Javanainen, S.W. Koch, W.E. Lamb, Jr.,
H. Pilloff, C.M. Savage, M.O. Scully, D.F. Walls, K. Wodkiewicz, and E.M.
Wright. We are also indebted to the Max-Planck-Institut fur Quantenop-
tik and to the U.S. Office of Naval Research for direct or indirect financial
support of this work.

Tucson, August 1989 Pierre Meystre
Murray Sargent III
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Preface to the Second Edition

This edition contains a significant number of changes designed to improve
clarity. We have also added a new section on the theory of resonant light
pressure and the manipulation of atomic trajectories by light. This topic is
of considerable interest presently and has applications both in high resolu-
tion spectroscopy and in the emerging field of atom optics. Smaller changes
include a reformulation of the photon-echo problem in a way that reveals its
relationship to four-wave mixing, as well as a discussion of the quantization
of standing-waves versus running-waves of the electromagnetic field. Finally,
we have also improved a number of figures and have added some new ones.

We thank the readers who have taken the time to point out to us a num-
ber of misprints. Special tanks are due to Z. Bialynicka-Birula. S. Haroche,
K. Just, S. LaRochelle, E. Schumacher, and M. Wilkens.

Tucson, February 1991 P.M. M.S. III

Preface to the Third Edition

Important developments have taken place in quantum optics in the last few
years. Particularly noteworthy are cavity quantum electrodynamics, which
is already moving toward device applications, atom optics and laser cooling,
which are now quite mature subjects, and the recent experimental demonstra-
tion of Bose-Einstein condensation in low density alkali vapors. A number of
theoretical tools have been either developed or introduced to quantum optics
to handle the new situations at hand.

The third edition of Elements of Quantum Optics attempts to include
many of these developments, without changing the goal of the book, which
remains to give a broad description of the basic tools necessary to carry out re-
search in quantum optics. We have therefore maintained the general structure
of the text, but added topics called for by the developments we mentioned.
The discussion of light forces and atomic motion has been promoted to a
whole chapter, which includes in addition a simple analysis of Doppler cool-
ing. A new chapter on cavity QED has also been included. We have extended
the discussion of quasi-probability distributions of the electromagnetic field,
and added a section on the quantization of the Schrödinger field, aka second
quantization. This topic has become quite important in connection with atom
optics and Bose condensation, and is now a necessary part of quantum optics
education. We have expanded the chapter on system-reservoir interactions to
include an introduction to the Monte Carlo wave functions technique. This
method is proving exceedingly powerful in numerical simulations as well as
in its intuitive appeal in shedding new light on old problems. Finally, at a
more elementary level we have expanded the discussion of quantum mechan-
ics to include a more complete discussion of the coordinate and momentum
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representations. We have also fixed whatever misprints have been brought to
our attention in the previous edition.

Because Murray Sargent moved from the sunny Southwest to the rainy
Northwest to pursue his interests in computer science, it rested on my shoul-
ders to include these changes in the book. Fans of Murray’s style and physical
understanding will no doubt regret this, as I missed his input, comments and
enthusiasm. I hope that the final product will nonetheless meet his and your
approval.

As always, I have benefited enormously from the input of my students
and colleagues. Special thanks are due this time to J.D. Berger, H. Giessen,
E.V. Goldstein, G. Lenz and M.G. Moore.

Tucson, November 1997 P.M.

Preface to the Fourth Edition

It has been 10 years since the publication of the third edition of this text, and
quantum optics continues to be a vibrant field with exciting and oftentimes
unexpected new developments. This is the motivation behind the addition of
a new chapter on quantum entanglement and quantum information, two areas
of considerable current interest. A section on the quantum theory of the beam
splitter has been included in that chapter, as this simple, yet rather subtle
device is central to much of the work on that topic. Spectacular progress
also continues in the study of quantum-degenerate atoms and molecules, and
quantum optics plays a leading role in that research, too. While it is well
beyond the scope of this book to cover this fast moving area in any kind of
depth, we have included a section on the Gross-Pitaevskii equation, which is a
good entry point to that exciting field. New sections on atom interferometry,
electromagnetically induced transparency (EIT), and slow light have also
been added. There is now a more detailed discussion of the electric dipole
approximation in Chap. 3, complemented by three problems that discuss
details of the minimum coupling Hamiltonian, and an introduction to the
input-output formalism in Chap. 18. More minor changes have been included
at various places, and hopefully all remaining misprints have been fixed. Many
of the figures have been redrawn and replace originals that dated in many
cases from the stone-age of word processing. I am particularly thankful to
Kiel Howe for his talent and dedication in carrying out this task.

Many thanks are also due to M. Bhattacharya, W. Chen, O. Dutta, R.
Kanamoto, V. S. Lethokov, D. Meiser, T. Miyakawa, C. P. Search, and H.
Uys. The final touches to this edition were performed at the Kavli Institute for
Theoretical Physics, University of California, Santa Barbara. It is a pleasure
to thank Dr. David Gross and the KITP staff for their perfect hospitality.

Tucson, June 2007 P.M.
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1 Classical Electromagnetic Fields

In this book we present the basic ideas needed to understand how laser light
interacts with various forms of matter. Among the important consequences
is an understanding of the laser itself. The present chapter summarizes clas-
sical electromagnetic fields, which describe laser light remarkably well. The
chapter also discusses the interaction of these fields with a medium con-
sisting of classical simple harmonic oscillators. It is surprising how well this
simple model describes linear absorption, a point discussed from a quantum
mechanical point of view in Sect. 3.3. The rest of the book is concerned
with nonlinear interactions of radiation with matter. Chapter 2 generalizes
the classical oscillator to treat simple kinds of nonlinear mechanisms, and
shows us a number of phenomena in a relatively simple context. Starting with
Chap. 3, we treat the medium quantum mechanically. The combination of a
classical description of light and a quantum mechanical description of matter
is called the semiclassical approximation. This approximation is not always
justified (Chaps. 13–19), but there are remarkably few cases in quantum op-
tics where we need to quantize the field.

In the present chapter, we limit ourselves both to classical electromagnetic
fields and to classical media. Section 1.1 briefly reviews Maxwell’s equations
in a vacuum. We derive the wave equation, and introduce the slowly-varying
amplitude and phase approximation for the electromagnetic field. Section 1.2
recalls Maxwell’s equations in a medium. We then show the roles of the in-
phase and in-quadrature parts of the polarization of the medium through
which the light propagates, and give a brief discussion of Beer’s law of light
absorption. Section 1.3 discusses the classical dipole oscillator. We introduce
the concept of the self-field and show how it leads to radiative damping.
Then we consider the classical Rabi problem, which allows us to introduce
the classical analog of the optical Bloch equations. The derivations in Sects.
1.1–1.3 are not necessarily the simplest ones, but they correspond as closely
as possible to their quantum mechanical counterparts that appear later in
the book.

Section 1.4 is concerned with the coherence of the electromagnetic field.
We review the Young and Hanbury Brown-Twiss experiments. We intro-
duce the notion of nth order coherence. We conclude this section by a brief
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comment on antibunching, which provides us with a powerful test of the
quantum nature of light.

With knowledge of Sects. 1.1–1.4, we have all the elements needed to un-
derstand an elementary treatment of the Free-Electron Laser (FEL), which
is presented in Sect. 1.5. The FEL is in some way the simplest laser to un-
derstand, since it can largely be described classically, i.e., there is no need to
quantize the matter.

1.1 Maxwell’s Equations in a Vacuum

In the absence of charges and currents, Maxwell’s equations are given by

∇·B = 0 , (1.1)
∇·E = 0 , (1.2)

∇×E = −∂B
∂t

, (1.3)

∇×B = μ0ε0
∂E
∂t
, (1.4)

where E is the electric field, B is the magnetic field, μ0 is the permeability
of the free space, and ε0 is the permittivity of free space (in this book we
use MKS units throughout). Alternatively it is useful to write c2 for 1/μ0ε0,
where c is the speed of light in the vacuum. Taking the curl of (1.3) and
substituting the rate of change of (1.4) we find

∇×∇×E = − 1
c2
∂2E
∂t2

. (1.5)

This equation can be simplified by noting that ∇×∇ = ∇(∇·) − ∇2 and
using (1.2). We find the wave equation

∇2E − 1
c2
∂2E
∂t2

= 0 . (1.6)

This tells us how an electromagnetic wave propagates in a vacuum. By direct
substitution, we can show that

E(r, t) = E0f(K·r − νt) (1.7)

is a solution of (1.6) where f is an arbitrary function, E0 is a constant, ν
is an oscillation frequency in radians/second (2π × Hz), K is a constant
vector in the direction of propagation of the field, and having the magnitude
K ≡ |K| = ν/c. This solution represents a transverse plane wave propagating
along the direction of K with speed c = ν/K.

A property of the wave equation (1.6) is that if E1(r, t) and E2(r, t) are
solutions, then the superposition a1E1(r, t) + a2E2(r, t) is also a solution,
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where a1 and a2 are any two constants. This is called the principle of super-
position. It is a direct consequence of the fact that differentiation is a linear
operation. In particular, the superposition

E(r, t) =
∑

k

Ekf(Kk·r − νt) (1.8)

is also a solution. This shows us that nonplane waves are also solutions of the
wave equation (1.6).

Quantum opticians like to decompose electric fields into “positive” and
“negative” frequency parts

E(r, t) = E+(r, t) + E−(r, t) , (1.9)

where E+(r, t) has the form

E+(r, t) =
1
2

∑

n

En(r)e−iνnt , (1.10)

where En(r) is a complex function of r, νn is the corresponding frequency,
and in general

E−(r, t) = [E+(r, t)]∗ . (1.11)

In itself this decomposition is just that of the analytic signal used in classical
coherence theory [see Born and Wolf (1970)], but as we see in Chap. 13,
it has deep foundations in the quantum theory of light detection. For now
we consider this to be a convenient mathematical trick that allows us to
work with exponentials rather than with sines and cosines. It is easy to see
that since the wave equation (1.6) is real, if E+(r, t) is a solution, then so
is E−(r, t), and the linearity of (1.6) guarantees that the sum (1.9) is also a
solution.

In this book, we are concerned mostly with the interaction of monochro-
matic (or quasi-monochromatic) laser light with matter. In particular, con-
sider a linearly-polarized plane wave propagating in the z-direction. Its elec-
tric field can be described by

E+(z, t) =
1
2
x̂E0(z, t)ei[Kz−νt−φ(z,t)] , (1.12)

where x̂ is the direction of polarization, E0(z, t) is a real amplitude, ν is
the central frequency of the field, and the wave number K = ν/c. If E(z, t)
is truly monochromatic, E0 and φ are constants in time and space. More
generally, we suppose they vary sufficiently slowly in time and space that the
following inequalities are valid:
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∣∣∣∣
∂E0

∂t

∣∣∣∣ � νE0 , (1.13)
∣∣∣∣
∂E0

∂z

∣∣∣∣ � KE0 , (1.14)
∣∣∣∣
∂φ

∂t

∣∣∣∣ � ν , (1.15)
∣∣∣∣
∂φ

∂z

∣∣∣∣ � K . (1.16)

These equations define the so-called slowly-varying amplitude and phase ap-
proximation (SVAP), which plays a central role in laser physics and pulse
propagation problems. Physically it means that we consider light waves whose
amplitudes and phases vary little within an optical period and an optical
wavelength. Sometimes this approximation is called the SVEA, for slowly-
varying envelope approximation.

The SVAP leads to major mathematical simplifications as can be seen by
substituting the field (1.12) into the wave equation (1.6) and using (1.13–1.16)
to eliminate the small contributions Ë0, φ̈, E

′′
0 , φ

′′, and Ėφ̇. We find

∂E0

∂z
+

1
c

∂E0

∂t
= 0 , (1.17)

∂φ

∂z
+

1
c

∂φ

∂t
= 0 , (1.18)

where (1.17) results from equating the sum of the imaginary parts to zero
and (1.18) from the real parts. Thus the SVAP allows us to transform the
second-order wave equation (1.6) into first-order equations. Although this
does not seem like much of an achievement right now, since we can solve
(1.6) exactly anyway, it is a tremendous help when we consider Maxwell’s
equations in a medium. The SVAP is not always a good approximation. For
example, plasma physicists who shine light on targets typically must use the
second-order equations. In addition, the SVAP approximation also neglects
the backward propagation of light.

1.2 Maxwell’s Equations in a Medium

Inside a macroscopic medium, Maxwell’s equations (1.1–1.4) become

∇·B = 0 , (1.19)
∇·D = ρfree , (1.20)

∇×E = −∂B
∂t

, (1.21)

∇×H = J +
∂D
∂t

. (1.22)
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These equations are often called the macroscopic Maxwell’s equations, since
they relate vectors that are averaged over volumes containing many atoms
but which have linear dimensions small compared to significant variations
in the applied electric field. General derivations of (1.19–1.22) can be very
complicated, but the discussion by Jackson (1999) is quite readable. In (1.20,
1.22), the displacement electric field D is given for our purpose by

D = εE + P , (1.23)

where the permittivity ε includes the contributions of the host lattice and
P is the induced polarization of the resonant or nearly resonant medium we
wish to treat explicitly. For example, in ruby the Al2O3 lattice has an index
of refraction of 1.76, which is included in ε. The ruby color is given by Cr ions
which are responsible for laser action. We describe their interaction with light
by the polarization P. Indeed much of this book deals with the calculation
of P for various situations. The free charge density ρfree in (1.20) consists of
all charges other than the bound charges inside atoms and molecules, whose
effects are provided for by P. We don’t need ρfree in this book. In (1.22), the
magnetic field H is given by

H =
B
μ

− M , (1.24)

where μ is the permeability of the host medium and M is the magnetization
of the medium. For the media we consider, M = 0 and μ = μ0. The current
density J is often related to the applied electric field E by the constitutive
relation J = σE, where σ is the conductivity of the medium.

The macroscopic wave equation corresponding to (1.6) is given by com-
bining the curl of (1.21) with (1.23, 1.24). In the process we find ∇×∇×E =
∇(∇·E) −∇2E � −∇2E. In optics ∇·E � 0, since most light field vectors
vary little along the directions in which they point. For example, a plane-
wave field is constant along the direction it points, causing its ∇ ·E to vanish
identically. We find

−∇2E + μ
∂J
∂t

+
1
c2
∂2E
∂t2

= −μ∂
2P
∂t2

, (1.25)

where c = 1/
√
εμ is now the speed of light in the host medium. In

Chap. 7 we use the ∂J/∂t term to simulate losses in a Fabry–Perot resonator.
We drop this term in our present discussion.

For a quasi-monochromatic field, the polarization induced in the medium
is also quasi-monochromatic, but generally has a different phase from the
field. Thus as for the field (1.9) we decompose the polarization into positive
and negative frequency parts

P(z, t) = P+(z, t) + P−(z, t) ,

but we include the complex amplitude P(z, t) = N� X(z, t), that is,
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P+(z, t) =
1
2
x̂P(z, t)ei[Kz−νt−φ(z,t)]

=
1
2
x̂N(z)� X(z, t)ei[Kz−νt−φ(z,t)] . (1.26)

Here N(z) is the number of systems per unit volume, � is the dipole mo-
ment constant of a single oscillator, and X(z, t) is a complex dimensionless
amplitude that varies little in an optical period or wavelength. In quantum
mechanics, � is given by the electric dipole matrix element ℘. Since the po-
larization is real, we have

P−(z, t) = [P+(z, t)]∗ . (1.27)

It is sometimes convenient to write X(z, t) in terms of its real and imaginary
parts in the form

X ≡ U − iV . (1.28)

The classical real variables U and V have quantum mechanical counterparts
that are components of the Bloch vector Uê1 + V ê2 + Wê3, as discussed
in Sect. 4.3. The slowly-varying amplitude and phase approximation for the
polarization is given by

∣∣∣∣
∂U

∂t

∣∣∣∣ � ν|U | , (1.29)
∣∣∣∣
∂V

∂t

∣∣∣∣ � ν|V | . (1.30)

or equivalently by ∣∣∣∣
∂X

∂t

∣∣∣∣ � ν|X| .

We generalize the slowly-varying Maxwell equations (1.17, 1.18) to include
the polarization by treating the left-hand side of the wave equation (1.25)
as before and substituting (1.26) into the right-hand side of (1.25). Using
(1.29, 1.30) to eliminate the time derivatives of U and V and equating real
imaginary parts separately, we find

∂E0

∂z
+

1
c

∂E0

∂t
= −K

2ε
Im(P) =

K

2ε
N(z)� V (1.31)

E0

(
∂φ

∂z
+

1
c

∂φ

∂t

)
= −K

2ε
ReP = −K

2ε
N(z)� U (1.32)

These two equations play a central role in optical physics and quantum optics.
They tell us how light propagates through a medium and specifically how the
real and imaginary parts of the polarization act. Equation (1.31) shows that
the field amplitude is driven by the imaginary part of the polarization. This
in-quadrature component gives rise to absorption and emission.
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Equation (1.32) allows us to compute the phase velocity with which the
electromagnetic wave propagates in the medium. It is the real part of the
polarization, i.e, the part in-phase with the field, that determines the phase
velocity. The effects described by this equation are those associated with the
index of refraction of the medium, such as dispersion and self focusing.

Equations (1.31, 1.32) alone are not sufficient to describe physical prob-
lems completely, since they only tell us how a plane electromagnetic wave
responds to a given polarization of the medium. That polarization must still
be determined. Of course, we know that the polarization of a medium is
influenced by the field to which it is subjected. In particular, for atoms or
molecules without permanent polarization, it is the electromagnetic field it-
self that induces their polarization! Thus the polarization of the medium
drives the field, while the field drives the polarization of the medium. In gen-
eral this leads to a description of the interaction between the electromagnetic
field and matter expressed in terms of coupled, nonlinear, partial differen-
tial equations that have to be solved self-consistently. The polarization of
a medium consisting of classical simple harmonic oscillators is discussed in
Sect. 1.3 and Chap. 2 discusses similar media with anharmonic (nonlinear)
oscillators. Two-level atoms are discussed in Chaps. 3–7.

There is no known general solution to the problem, and the art of quantum
optics is to make reasonable approximations in the description of the field
and/or medium valid for cases of interest. Two general classes of problems
reduce the partial differential equations to ordinary differential equations:
1) problems for which the amplitude and phase vary only in time, e.g., in
a cavity, and 2) problems for which they vary only in space, i.e., a steady
state exists. The second of these leads to Beer’s law of absorption,1 which we
consider here briefly. We take the steady-state limit given by

∂E0

∂t
= 0

in (1.31). We further shine a continuous beam of light into a medium that
responds linearly to the electric field as described by the slowly-varying com-
plex polarization

P = N(z)� (U − iV ) ≡ N(z)� X = ε(χ′ + iχ′′)E0(z) , (1.33)

where χ′ and χ′′ are the real and imaginary parts of the linear susceptibility
χ. This susceptibility is another useful way of expressing the polarization.
Substituting the in-quadrature part of P into (1.31), we obtain

dE0

dz
= −K

2
χ′′E0

= −Re{α}E0 , (1.34)
1 Beer’s law is perhaps more accurately called Bouguier-Lambert-Beer’s law. We

call it Beer’s law due to popular usage.
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where

α =
iK
2ε

P
E0

=
iK
2ε
N(z)� X
E0

= −KN(z)�
2εE0

(V + iU) (1.35)

is called the complex amplitude absorption coefficient. We use an amplitude
absorption coefficient instead of an intensity coefficient to be consistent with
coupled-mode equations important for phase conjugation and other nonlinear
mode interactions. If χ′′ is independent of E0, (1.34) can be readily integrated
to give

E0(z) = E0(0)e−Re{α}z . (1.36)

Taking the absolute square of (1.36) gives Beer’s law for the intensity

I(z) = I(0)e−2Re{α}z . (1.37)

We emphasize that this important result can only be obtained if α is in-
dependent of I, that is, if the polarization (1.33) of the medium responds
linearly to the field amplitude E0. Chapter 2 shows how to extend (1.33) to
treat larger fields, leading to the usual discussion of nonlinear optics. Time
dependent fields also lead to results such as (12.27) that differ from Beer’s
law. For these, (1.33) doesn’t hold any more (even in the weak-field limit) if
the medium cannot respond fast enough to the field changes. This can lead
to effects such as laser lethargy, for which the field is absorbed or amplified
according to the law

I(z) ∝ exp(−b
√
z) , (1.38)

where b is some constant.
The phase equation (1.32) allows us to relate the in-phase component of

the susceptibility to the index of refraction n. As for the amplitude (1.34),
we consider the continuous wave limit, for which ∂φ/∂t = 0. This gives

dφ/dz = −Kχ′/2 . (1.39)

Expanding the slowly varying phase φ(z) � φ0 + zdφ/dz, we find the total
phase factor

Kz − νt− φ � ν[(K − dφ/dz)z/ν − t] − φ0

= ν[(1 + χ′/2)z/c− t] − φ0

= ν(z/v − t) − φ0 .

Noting that the velocity component2 v is also given by c/n, we find the index
of refraction (relative to the host medium)

n = 1 + χ′/2 . (1.40)

2 Note that the character v, which represents a speed, is different from the char-
acter ν, which represents a circular frequency (radians per second).
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In coupled-mode problems (see Sects. 2.2, 11.2) and pulse propagation, in-
stead of (1.12) it is more convenient to decompose the electric field in terms
of a complex amplitude E(z, t) ≡ E0(z, t) exp(−iφ), that is,

E(z, t) =
1
2
E(z, t)ei(Kz−νt) + c.c. . (1.41)

The polarization is then also defined without the explicit exp(iφ) as

P (z, t) =
1
2
P(z, t)ei(Kz−νt) + c.c. . (1.42)

Substituting these forms into the wave equation (1.25) and neglecting small
terms like ∂2E/∂t2, ∂2P/∂t2, and ∂P/∂t, and equating the coefficients of
ei(Kz−νt) on both sides of the equation, we find the slowly-varying Maxwell’s
equation

∂E
∂z

+
1
c

∂E
∂t

= i
K

2ε
P . (1.43)

Note that in equating the coefficients of ei(Kz−νt), we make use of our assump-
tion that P(z, t)varies little in a wavelength. Should it vary appreciably in a
wavelength due, for example, to a grating induced by an interference fringe,
we would have to evaluate a projection integral as discussed for standing
wave interactions in Sect. 5.3.

In a significant number of laser phenomena, the plane-wave approximation
used in this chapter is inadequate. For these problems, Gaussian beams may
provide a reasonable description. A simple derivation of the Gaussian beam
as a limiting case of a spherical wave exp(iKr)/r is given in Sect. 7.7.

Group velocity

The preceding discussion introduced the velocity v = c/n, which is the veloc-
ity at which the phase of a monochromatic wave of frequency ν propagates
in a medium with index of refraction n(ν), or phase velocity. Consider now
the situation of two plane monochromatic waves of same amplitude E that
differ slightly in frequency and wave number,

E(z, t) = Eei[(k0+Δk)z−(ν0+Δν)t] + Eei[(k0−Δk)z−(ν0Δν)t]

= 2Eei(k0z−ν0t) cos
[
Δν

(
t− Δk

Δν
z

)]
.

When adding a group of waves with a small spread of wave numbers and
frequencies about k0 and ν0, we find similarly that the total field consists of
a carrier wave with phase velocity v = c/n and group velocity

vg =
dν

dk
. (1.44)
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In case the absorption of light at the frequency ν0 is sufficiently weak to be
negligible, vg can be taken to be real and with k = νn(ν)/c we find readily

vg =
dν

dk
=

c

(n+ νdn/dν)ν0

. (1.45)

We observe that in regions of “normal dispersion”, dn/dν > 0, the group
velocity is less than the phase velocity. However, the situation is reversed in
regions of “anomalous dispersion”, dn/dν < 0. Indeed vg can even exceed
c in this region. This has been the origin of much confusion in the past, in
particular it has been mentioned that this could be in conflict with special
relativity. This, however, is not the case. This is incorrect, because the group
velocity is not in general a signal velocity. This, as many other aspects of“fast
light“ and “slow light,” is discussed very clearly in Milonni (2005).

Chapter 12 discusses how quantum interference effects such as electromag-
netically induced transparency can be exploited to dramatically manipulate
the group velocity of light, resulting in particular in the generation of “slow
light.”

1.3 Linear Dipole Oscillator

As a simple and important example of the interaction between electromag-
netic waves and matter, let us consider the case of a medium consisting
of classical damped linear dipole oscillators. As discussed in Chap. 3, this
model describes the absorption by quantum mechanical atoms remarkably
well. Specifically we consider a charge (electron) cloud bound to a heavy pos-
itive nucleus and allowed to oscillate about its equilibrium position as shown
in Fig. 1.1. We use the coordinate x to label the deviation from the equilib-
rium position with the center of charge at the nucleus. For small x it is a
good approximation to describe the motion of the charged cloud as that of a
damped simple harmonic oscillator subject to a sinusoidal electric field. Such
a system obeys the Abraham-Lorentz equation of motion

ẍ(t) + 2γẋ(t) + ω2x(t) =
e

m
E(t) , (1.46)

where ω is the natural oscillation frequency of the oscillator, and the dots
stand for derivatives with respect to time. Note that since oscillating charges
radiate, they lose energy. The end of this section shows how this process
leads naturally to a damping constant γ. Quantum mechanically this decay
is determined by spontaneous emission and collisions.

The solution of (1.44) is probably known to the reader. We give a deriva-
tion below that ties in carefully with the corresponding quantum mechani-
cal treatments given in Chaps. 4, 5. Chapter 2 generalizes (1.44) by adding
nonlinear forces proportional to x2 and x3 [see (2.1)]. These forces lead to



1.3 Linear Dipole Oscillator 11

Fig. 1.1. Negative charge cloud bound to a heavy positive nucleus by Coulomb
attraction. We suppose that some mysterious forces prevents the charge cloud from
collapsing into the nucleus

coupling between field modes producing important effects such as sum and
difference frequency generation and phase conjugation. As such (1.44) and
its nonlinear extensions allow us to see many “atom”-field interactions in a
simple classical context before we consider them in their more realistic, but
complex, quantum form.

We suppose the electric field has the form

E(t) =
1
2
E0e−iνt + c.c. , (1.47)

where E0 is a constant real amplitude. In general the phase of x(t) differs
from that of E(t). This can be described by a complex amplitude for x, that
is,

x(t) =
1
2
x0X(t)e−iνt + c.c. , (1.48)

where X(t) is the dimensionless complex amplitude of (1.26). In the following
we suppose that it varies little in the damping time 1/γ, which is a much more
severe approximation than the SVAP. Our problem is to find the steady-state
solution for X(t).

As in the discussion of (1.33, 1.34), we substitute (1.45, 1.46) into (1.44),
neglect the small quantities Ẍ and γẊ, and equate positive frequency com-
ponents. This gives

Ẋ = −[γ + i(ω2 − ν2)/2ν] X +
ieE0

2νmx0
. (1.49)

In steady state (Ẋ = 0), this gives the amplitude

X =
ieE0/2νmx0

γ + i(ω2 − ν2)/2ν
, (1.50)

and hence the displacement
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x(t) =
i
2
eE0

2mν
e−iνt

γ + i(ω2 − ν2)/2ν
+ c.c. (1.51)

We often deal with the near resonance, that is, the situation where |ν −
ω � ν+ω. For this case we can make the classical analog of the rotating-wave
approximation defined in Sect. 3.2. Specifically we approximate ω2 − ν2 by

ω2 − ν2 � 2ν(ω − ν) . (1.52)

This reduces (1.48, 1.49) to

X =
ieE0/2νmx0

γ + i(ω − ν) , (1.53)

x(t) =
i
2
eE0

2mν
eiνt

γ + i(ω − ν) + c.c. (1.54)

Equation (1.52) shows that in steady state the dipole oscillates with the
same frequency as the driving field, but with a different phase. At resonance
(ν = ω), (1.52) reduces to

x(t, ν = ω) =
eE0

2mνγ
sin νt , (1.55)

that is, the dipole lags by π/2 behind the electric field (1.45), which oscillates
as cos νt. The corresponding polarization of the medium is P = Nex(t),
where N is the number of oscillators per unit volume. Substituting this along
with (1.52) into (1.35), we find the complex amplitude Beer’s law absorption
coefficient

α = K
N

2εγ
e2

2mν
γ

γ + i(ω − ν)
or

α =
α0γ[γ − i(ω − ν)]
γ2 + (ω − ν)2 , (1.56)

where the resonant absorption coefficient α0 = KNe2/4εγmν. The real
part of this expression shows the Lorentzian dependence observed in actual
absorption spectra (see Fig. 1.2). The corresponding quantum mechanical
absorption coefficient of (5.29) differs from (1.54) in three ways:

1. γ2 + (ω − ν)2 is replaced by γ2(1 + I) + (ω − ν)2
2. N becomes negative for gain media
3. e2/2mν is replaced by ℘/�

⎫
⎬

⎭ (1.57)

For weak fields interacting with absorbing media, only the third of these
differences needs to be considered and it just defines the strength of the
dipole moment being used. Hence the classical model mirrors the quantum
mechanical one well for linear absorption (for a physical interpretation of this
result, see Sect. 3.2).
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ω − ν

χ′′

χ′

Fig. 1.2. Absorption (Lorentzian bell shape) and index parts of the complex ab-
sorption coefficient of (1.54)

Identifying the real and imaginary parts of (1–47) and using (1.33), we
obtain the equations of motion for the classical Bloch-vector components U
and V

U̇ = −(ω − ν)V − γU , (1.58)
V̇ = (ω − ν)U − γV − eE0/2mνx0 . (1.59)

Comparing (1.57) with (4.49) (in which γ = 1/T2), we see that the E0 term
is multiplied by −W , which is the third component of the Bloch vector. This
component equals the probability that a two-level atom is in the upper level
minus the probability that it is in the lower level. Hence we see that the
classical (1.57) is reasonable as long as W � −1, i.e., so long as the atom is
in the lower level.

From the steady-state value ofX given by (1.51), we have the steady-state
U and V values

U =
eE0

2mνx0

ω − ν
γ2 + (ω − ν)2 (1.60)

and
V = − eE0

2mνx0

γ

γ2 + (ω − ν)2 . (1.61)

Since (1.44) is linear, once we know the solution for the single frequency
field (1.45), we can immediately generalize to a multifrequency field simply
by taking a corresponding superposition of single frequency solutions. The
various frequency components in x(t) oscillate independently of one another.
In contrast the nonlinear media in Chap. 2 and later chapters couple the
modes. Specifically, consider the multimode field

E(z, t) =
1
2

∑

n

En(z) ei(Knz−νnt) + c.c. , (1.62)



14 1 Classical Electromagnetic Fields

where we allow the field amplitudes to be slowly varying functions of z and to
be complex since they do not in general have the same phases. The solution
for the oscillator displacement x(t) at the position z is a superposition of
solutions like (1.46), namely,

x(t) =
1
2

∑

n

x0nXnei(Knz−νnt) + c.c. , (1.63)

where mode n′s oscillator strength is proportional to x0n and the coefficients

Xn =
eEn/mx0n

ω2 − ν2
n − 2iνnγ

. (1.64)

Here we don’t make the resonance approximation of (1.50), since some of
the modes may be off resonance. The steady-state polarization P (z, t) of a
medium consisting of such oscillators is then given by

P (z, t) =
1
2

∑

n

Pn(z)ei(Knz−νnt) + c.c. , (1.65)

where Pn(z) is given by N(z)ex0nXn. In Sect. 2.1, we find that higher-order
terms occur when nonlinearities are included in the equation of motion (1.44).
These terms couple the modes and lead to anharmonic response. Finally, we
note that the multimode field (1.60) and the polarization (1.63) have the
same form in the unidirectional ring laser of Chap. 7, except that in a high-Q
cavity the mode amplitudes En and polarization components Pn are functions
of t, rather than z.

Radiative Damping

We now give a simple approximate justification for the inclusion of a damping
coefficient γ in (1.44). As a charge oscillates it radiates electromagnetic energy
and consequently emits a “self-field” Es. We need to find the influence of this
self-field back on the charge’s motion in a self-consistent fashion. We find
that the main effect is the exponential damping of this motion as given by
(1.44). Specifically, we consider the equation governing the charge’s motion
under the influence of the self-field Es:

ẍ+ ω2x =
e

m
Es , (1.66)

which is just Newton’s law with the Lorentz force

Fs = e(Es + v ×Bs) (1.67)

in the limit of small charge velocities (v � c), where the magnetic part of
the Lorentz force may be neglected.
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While we don’t know the explicit form of Es, we can calculate its effects
using the conservation of energy. We evaluate the force Frad of the radiating
charge by equating the work it expends on the charge (during a time interval
long compared to the optical period 1/ω) to minus the energy radiated by
the charge during that time

∫ t+Δt

t

Frad ·v dt′ = −
∫ t+Δt

t

(radiated power) dt′ . (1.68)

To calculate the radiated power, we note that the instantaneous electromag-
netic energy flow is given by the Poynting vector

S =
1
μ0

Es×Bs , (1.69)

where for simplicity we suppose that the “host medium” is the vacuum. We
note that the electric field radiated in the far field of the dipole is

Es(R, t) =
e

4πε0c2

(
n×(n×v̇)

R

)

t−R/c

(1.70)

as shown in Fig. 1.3. The corresponding magnetic field is Bs(R, t) =
c−1n×Es(R, t). In both expressions the dipole acceleration v̇ is evaluated
at the retarded time t − R/c and n is the unit vector R/R. Inserting these
expressions into (1.66), we find the Poynting vector [ Jackson (1999)]

S =
1
μ0c

(Es ·Es)n

=
e2

16π2ε20c
4

1
μ0c

1
R2

(n×v̇)2n

=
e2ν̇2 sin2 θ

16π2ε0c3R2
n . (1.71)

Fig. 1.3. Butterfly pattern given by (1.69) and emitted by an oscillating dipole.
The vector gives the direction and relative magnitude of the Poynting vector S as
a function of θ.



16 1 Classical Electromagnetic Fields

The total power radiated is given by integration of S over a sphere surround-
ing the charge. Noting that

∫ 2π

0

dφ
∫ π

0

dθ sin3 θ = −2π
∫ −1

1

d(cos θ)(1 − cos2 θ) = 8π/3 , (1.72)

we find ∫
S · da =

2
3

e2

4πε0c3
ν̇2 , (1.73)

which is the Larmor power formula for an accelerated charge. We now sub-
stitute (1.71) into (1.66) and integrate by parts. We encounter the integral

∫ t+Δt

t

dt v̇ · v̇ = v̇ ·v
∣∣∣∣
t+Δt

t

−
∫ t+Δt

t

dtv · v̈ .

Since v and its derivatives are periodic, the constant of integration on the
right hand side has a maximum magnitude, while the integrals continue to
increase as Δt increases. Hence the constant can be dropped. Equating the
integrands, we find the radiation force

Frad =
2
3

e2

4πε0c3
v̈ . (1.74)

A more detailed analysis of this problem is given in Sect. 19.3 of Jackson
(1999), where the infinities associated with point-like charges are also dis-
cussed.

Assuming that the radiative damping is sufficiently small that the motion
of the dipole remains essentially harmonic, (1.72) yields

Frad = mẍ = −2
3

e2ω2

4πε0c3
v , (1.75)

which indicates that radiation reaction acts as a friction on the motion of the
charge. This implies a damping rate constant

γ =
1

4πε0
1
3

e2ω2

c3m
=

1
3
ω2r0
c

, (1.76)

where the classical radius of the electron is

r0 =
e2

4πε0mc2
� 2.8 × 10−15 meters . (1.77)

For 1 μm radiation, γ = 2π× 1.8 MHz, which is in the range of decay values
found in atoms. In cgs units the 4πε0 in (1.74, 1.75).

With the replacement of e2/2mν by ℘2/�, see (1.55), the classical decay
rate (1.74) gives half the quantum mechanical decay rate (14.60). Here ℘ is the
reduced dipole matrix element between the upper and lower level transition.
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The other half of the decay rate is contributed by the effects of vacuum
fluctuations missing in a classical description. Note that in both the classical
and quantum mechanical cases, an ω2 term appears. In the quantum case,
this term results from the density of states of free space (14.46), while for the
classical case it comes from the acceleration of the electron. In some sense the
density of states for the field reflects the fact that the field itself is radiated
by accelerating, oscillating charges. In free space the charge responsible for
this field is the bound electron itself, radiating a field that acts back on the
charge and causes it to emit radiation until no more downward transitions
are possible. For further discussion, see Milonni (1986, 1984, 1994).

1.4 Coherence

Coherence plays a central role in modern physics. It is very hard to find a
single domain of physics where this concept is not applied. In this book we
use it a great deal, speaking of coherent light, coherent transients, coherent
propagation, coherent states, coherent excitation, etc. Just what is coherent?
The answer typically depends on whom you ask! In a very general sense,
a process is coherent if it is characterized by the existence of some well-
defined deterministic phase relationship, or in other words, if some phase
is not subject to random noise. This is a very vague definition, but general
enough to encompass all processes usually called “coherent”. In this section
and Sect. 13.5 we consider the coherence of classical light. Chapters 4, 12
discuss coherence in atomic systems.

The classic book by Born and Wolf (1970) gives a discussion of coherent
light in pre-laser terms. With the advent of the laser, a number of new effects
have been discovered that have caused us to rethink our ideas about coherent
light. In addition, the Hanbury Brown-Twiss experiment, which had nothing
to do with lasers, plays an important role in this rethinking. Our discussion
is based on the theory of optical coherence as developed by R. Glauber and
summarized in his Les Houches lectures (1965).

We start with the famous Young double-slit experiment which shows how
coherent light passing through two slits interferes giving a characteristic in-
tensity pattern on a screen (see Fig. 1.4). Before going into the details of
this experiment, we need to know how the light intensity is measured, either
on a screen or with a photodetector. Both devices work by absorbing light.
The absorption sets up a chemical reaction in the case of film, and ionizes
atoms or lifts electrons into a conduction band in the cases of two kinds
of photodetec-tors. Section 13.5 shows by a quantum-mechanical analysis of
the detection process that these methods measure |E+(r, t)|2, rather than
|E(r, t)|2. This is why we performed the decomposition in (1.9).

Returning to Young’s double-slit experiment, we wish to determine
E+(r, t), where r is the location of the detector. E+(r, t) is made up of two
components, each coming from its respective slit
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Fig. 1.4. Young double-slit experiment illustrating how coherent light can interfere
with itself

E+(r, t) = E+(r1, t1) + E+(r2, t2) , (1.78)

where r1 and r2 are locations of the slits and t1 and t2 are the retarded times

t1,2 = t− s1,2/c (1.79)

s1 and s2 being the distances between the slits and the detector. From (1.76),
the intensity at the detector is given by

|E+(r, t)|2 = |E+(r1, t1)|2 + |E+(r2, t2)|2

+ 2 Re[E−(r1, t1)E+(r2, t2)] , (1.80)

where we have made use of (1.9).
In general the light source contains noise. To describe light with noise

we use a statistical approach, repeating the measurement many times and
averaging the results. Mathematically this looks like

〈|E+(r, t)2|〉 = 〈|E+(r1, t1)|2〉 + 〈|E+(r2, t2)|2〉
+ 2Re〈E−(r1, t1)E+(r2, t2)〉 , (1.81)

where the brackets 〈· · · 〉 stands for the ensemble average. Introducing the
first-order correlation function

G(1)(r1t1, r2t2) ≡ 〈E−(r1, t1)E+(r2, t2)〉 , (1.82)

we rewrite (1.79) as

〈|E+(r, t)|2〉 = G(1)(r1t1, r1t1) +G(1)(r2t2, r2t2)
+2ReG(1)(r1t1, r2t2) . (1.83)

G(1)(riti, riti) is clearly a real, positive quantity, while G(1)(riti, rjtj) is in
general complex.
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With the cross-correlation function rewritten as

G(1)(r1t1, r2t2) = |G(1)(r1t1, r2t2)|eiφ(r1t1,r2t2) , (1.84)

(1.81) becomes

〈|E+(r, t)|2〉 = G(1)(r1t1, r1t1) +G(1)(r2t2, r2t2)
2|G(1)(r1t1, r2t2)| cosφ . (1.85)

The third term in (1.83) is responsible for the appearance of interferences.
We say that the highest degree of coherence corresponds to a light field

that produces the maximum contrast on the screen, where contrast is defined
as

V =
Imax − Imin

Imax + Imin
. (1.86)

Substituting (1.83) with cosφ = 1, we readily obtain

V =
2|G(1)(r1t1, r2t2)|

G(1)(r1t1, r1t1) +G(1)(r2t2, r2t2)
. (1.87)

The denominator in (1.85) doesn’t play an important role; G(1)(riti, riti) is
just the intensity on the detector due to the ith slit and the denominator acts
as a normalization constant. To maximize the contrast for a given source and
geometry, we need to maximize the numerator 2|G(1)(r1t1, r2t2)|. To achieve
this goal we note that according to the Schwarz inequality

G(1)(r1t1, r1t1)G(1)(r2t2, r2t2) ≥ |G(1)(r1t1, r2t2)|2 . (1.88)

The coherence function is maximized when equality holds, that is when

|G(1)(r1t1, r2t2)| = [G(1)(r1t1, r1t1)G(1)(r2t2, r2t2)]1/2 , (1.89)

which is the coherence condition used by Born and Wolf. As pointed out by
Glauber, it is convenient to replace this condition by the equivalent expression

G(1)(r1t1, r2t2) = E∗(r1t1)E(r2t2) , (1.90)

where the complex function E(r1t1) is some function, not necessarily the
electric field. If G(1)(r1t1, r2t2) may be expressed in the form (1.88), we say
that G(1) factorizes. This factorization property defines first-order coherence:
when (1.88) holds, the fringe contrast V is maximum.

This definition of first-order coherence can be readily generalized to higher
orders. A field is said to have nth-order coherence if its mth-order correlation
functions

G(m)(x1 . . . xm, ym . . . y1) = 〈E−(x1) · · ·E−(xm)E+(ym) · · ·E+(y1)〉 (1.91)

factorize as
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G(m)(x1 . . . xm, ym . . . y1) = E∗(x1) · · · E∗(xm)E(ym) · · · E(y1) (1.92)

for all m ≥ n. Here we use the compact notation xj = (rj , tj), yj =
(rm+j , tm+j), and G(m) is a direct generalization of (1.80).

Before giving an example where second-order correlation functions play
a crucial role, we point out that although a monochromatic field is coherent
to all orders, a first-order coherent field is not necessarily monochromatic.
One might be led to think otherwise because we often deal with stationary
light, such as that from stars and cw light sources. By definition, the two-
time properties of a stationary field depend only on the time difference. The
corresponding first-order correlation function thus has the form

G(1)(t1, t2) = G(1)(t1 − t2) . (1.93)

If such a field is first-order coherent, then with (1.88), we find

G(1)(t1 − t2) = E∗(t1)E(t2) , (1.94)

which is true only if
E(t1) ∝ e−iνt1 , (1.95)

that is, stationary first-order coherent fields are monochromatic!
Let us now turn to the famous Hanbury Brown-Twiss experiment Fig. 1.5,

which probes higher-order coherence properties of a field. In this experiment,
a beam of light (from a star in the original experiment) is split into two
beams, which are detected by detectorsD1 andD2. The signals are multiplied
and averaged in a correlator. This procedure differs from the Young two-slit
experiment in that light intensities, rather than amplitudes, are compared.
Two absorption measurements are performed on the same field, one at time
t and the other at t+ τ . It can be shown [Cohen-Tannoudji et al. 1989] that
this measures |E+(r, t + τ, )E+(r, t)|2 . Dropping the useless variable r and
averaging, we see that this is precisely the second-order correlation function

G(2)(t, t+ τ, t+ τ, t) = 〈E−(t)E−(t+ τ)E+(t+ τ)E+(t)〉 , (1.96)

Fig. 1.5. Diagram of Hanbury Brown-Twiss experiment
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or for a stationary process,

G(2)(τ) = 〈E−(0)E−(τ)E+(τ)E+(0)〉 . (1.97)

According to (1.89), the field is second-order coherent if (1.92) holds and

G(2)(τ) = E∗(0)E∗(τ)E(τ)E(0) . (1.98)

It is convenient to normalize this second-order correlation function as

g(2)(τ) =
G(2)(τ)
|G(1)(0)|2 . (1.99)

Since a stationary first-order coherent field is monochromatic and satisfies
(1.93), second-order coherence implies that

g(2)(τ) = 1 . (1.100)

that is, g(2)(τ) is independent to the delay τ .
The original experiment on Hanbury Brown-Twiss was used to measure

the apparent diameter of stars by passing their light through a pinhole. A
second-order correlation function like that in Fig. 1.6 was measured. Although
the light was first-order coherent, we see that it was not second-order coher-
ent. The energy tended to arrive on the detector in bunches, with strong
statistical correlations.

In contrast to the well-stabilized laser with a unity g(2) and the star-light
with bunching, recent experiments in resonance fluorescence show antibunch-
ing, with the g(2) shown in Fig. 1.7. Chapter 16 discusses this phenomenon

1

g(2)(τ)

τ0

Fig. 1.6. Second-order correlation function (1.97) for starlight in original Hanbury
Brown-Twiss experiment
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1

g(2)(τ)

τ0

Fig. 1.7. Second-order correlation function showing antibunching found in reso-
nance fluorescence

in detail; here we point out that such behavior cannot be explained with
classical fields. To see this, note that

g(2)(0) − 1 =
G(2)(0) − |G(1)(0)|2

|G(1)(0)|2 . (1.101)

In terms of intensities, this gives

g(2)(0) − 1 =
〈I2〉 − 〈I〉2

〈I〉2 =
〈(I − 〈I〉)2〉

〈I〉2 , (1.102)

where we do not label the times, since we consider a stationary system with
τ = 0. Introducing the probability distribution P (I) to describe the average
over fluctuations, we find for (1.100)

g(2)(0) − 1 =
1

〈I〉2
∫

dIP (I)(I − 〈I〉)2 . (1.103)

Classically this must be positive, since (I − 〈I〉)2 ≥ 0 and the probability
distribution P (I) must be positive. Hence g(2) cannot be less than unity, in
contradiction to the experimental result shown in Fig. 1.7. At the beginning
of this chapter we say that the fields we use can usually be treated classically.
Well we didn’t say always! To use a formula like (1.101) for the antibunched
case, we need to use the concept of a quasi -probability function P (I) that
permits negative values. Quantum mechanics allows just that (see Sect. 13.6).

1.5 Free-Electron Lasers

At this point we already have all the ingredients necessary to discuss the
basic features of free-electron lasers (FEL). They are extensions of devices
such as klystrons, undulators, and ubitrons, which were well-known in the
millimeter regime many years ago, long before lasers existed. In principle, at
least, nothing should have prevented their invention 30 or 40 years ago.
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As shown in Chap. 7, conventional lasers rely on the inversion of an
atomic or molecular transition. Thus the wavelength at which they oper-
ate is determined by the active medium they use. The FEL eliminates the
atomic “middle-man”, and does not rely on specific transitions. Potentially,
FEL’s offer three characteristics that are often hard to get with conventional
lasers, namely, wide tunability, high power, and high efficiency. They do this
by using a relativistic beam of free electrons that interact with a periodic
structure, typically in the form of a static magnetic field. This structure
exerts a Lorentz force on the moving electrons, forcing them to oscillate, sim-
ilarly to the simple harmonic oscillators of Sect. 1.3. As discussed at the end
of that section, oscillating electrons emit radiation with the field shown in
Fig. 1.3. In the laboratory frame, this radiation pattern is modified according
to Lorentz transformations. Note that in contrast to the case of radiative de-
cay discussed in Sect. 1.3, the FEL electron velocity approaches that of light
and the v×B factor in the Lorentz force of (1.65) cannot be neglected.

The emitted radiation is mostly in the forward direction, within a cone
of solid angle θ = 1/γ (see Fig. 1.8). Here γ is the relativistic factor

γ = [1 − v2/c2]−1/2 , (1.104)

where v is the electron velocity. For γ = 200, which corresponds to electrons
with an energy on the order of 100 MeV, θ is about 5 milliradians, a very
small angle.

In general for more that one electron, each dipole radiates with its own
phase, and these phases are completely random with respect to one another.
The total emitted field is ET = E+

T + E−
T , where

Fig. 1.8. Highly directional laboratory pattern of the radiation emitted by a rela-
tivistic electron in circular orbit in the x-y plane while moving along the z axis at
the speed v = 0.9c. The x axis is defined to be that of the instantaneous accelera-
tion. Equation (14.44) of Jackson (1999) is used for an observation direction n in
the x-z plane (the azimuthal angle φ = 0). In the nonrelativistic limit (v � c), this
formula gives the butterfly pattern of Fig. 1.3
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E+
T =

N∑

k=1

E+
k eiφk , (1.105)

and the sum is over all electrons in the system.
The total radiated intensity IT is proportional to |E+

T |2, which is

IT =

∣∣∣∣∣

N∑

k=1

E+
k eiφk

∣∣∣∣∣

2

. (1.106)

Expanding the absolute value in (1.104), we obtain

IT =
N∑

k=1

|E+
k |2 +

∑

k �=j

E−
k E+

j e−i(φk−φj) . (1.107)

Assuming that the amplitudes of the fields emitted by each electron are the
same

|Ek|2 = I , (1.108)

we obtain
IT = NI + I

∑

k �=j

e−i(φk−φj) . (1.109)

For random phases, the second term in (1.107) averages to zero, leaving

IT = NI , (1.110)

that is, the total intensity is just the sum of the individual intensities. The
contributions of the electrons add incoherently with random interferences, as
is the case with synchrotron radiation.

However if we could somehow force all electrons to emit with roughly the
same phase, φk � φj for all k and j, then (1.107) would become

IT = NI +N(N − 1)I = N2I . (1.111)

Here the fields emitted by all electrons would add coherently, i.e., with con-
structive interference, giving an intensity N times larger than with random
phases.

The basic principle of the FEL is to cause all electrons to have approxi-
mately the same phase, thereby producing constructive interferences (stim-
ulated emission). A key feature of these lasers is that the wavelength of the
emitted radiation is a function of the electron energy. To understand this,
note that an observer moving along with the electrons would see a wiggler
moving at a relativistic velocity with a period that is strongly Lorentz con-
tracted. To this observer the field appears to be time-dependent, rather than
static, since it ties by. In fact, the wiggler magnetic field appears almost as
an electromagnetic field whose wavelength is the Lorentz-contracted period
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of the wiggler. It is well-known that an electron at rest can scatter electro-
magnetic radiation. This is called Thomson scattering. Because the electron
energy is much higher than that of the photons, at least in the visible range,
we can neglect their recoil, and hence the wavelength of the scattered radia-
tion equals that of the incident radiation

λ′s = λ′w . (1.112)

Here we use primes to mean that we are in the electron rest frame. Going
back to the laboratory frame, we examine the radiation emitted in the for-
ward direction. As Prob. 1.16 shows, this is also Lorentz contracted with the
wavelength

λs = λw/2γ2
z , (1.113)

where λw is the period of the wiggler and

γz = (l − v2z/c2)−1/2 . (1.114)

Here we use γz rather than γ because the relevant velocity for the Lorentz
transformation is the component along the wiggler (z) axis. Since v is directed
primarily along this axis, λs is to a good approximation given by λw/2γ2.

An alternative way to obtain the scattered radiation wavelength λs of
(1.111) is to note that for constructive interference of scattered radiation,
λs + λw must equal the distance ct the light travels in the transit time t =
λw/vz it takes for the electrons to move one wiggler wavelength. This gives
λs + λw = cλw/vz, and (1.111) follows with the use of (1.112).

We see that two Lorentz transformations are needed to determine λs.
Since γz � γ is essentially the energy of the electron divided by mc2, we can
change the wavelength λs of the FEL simply by changing the energy of the
electrons. The FEL is therefore a widely tunable system. In principle the FEL
should be tunable continuously from the infrared to the vacuum ultraviolet.

We now return to the problem of determining how the electrons are forced
of emit with approximately the same phase, so as to produce constructive
interferences. We can do this with Hamilton’s formalism in a straightforward
way. For this we need the Hamiltonian for the relativistic electron interacting
with electric and magnetic fields. We note that the energy of a relativistic
electron is

E =
√
m2c4 + p2c2 (1.115)

where p is the electron momentum. For an electron at rest, p = 0, giving
Einstein’s famous formula E = mc2. For slow electrons (p� mc), we expand
the square root in (1.113) finding E � mc2+p2/2m, which is just the rest en-
ergy of the electron plus the nonrelativistic kinetic energy. For the relativistic
electrons in FEL, we need to use the exact formula (1.113).

To include the interaction with the magnetic and electric fields, we use
the principle of minimum coupling, which replaces the kinetic momentum p
by the canonical momentum
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p → P − eA . (1.116)

Here A is the vector potential of the field. Using the prescription (1.113), we
find the required Hamiltonian

H = c[(P − eA)2 +m2c2]1/2 ≡ γmc2 . (1.117)

Hamilton’s equations of motion are

Ṗi = −∂H
∂qi

(1.118)

q̇i = − ∂H
∂Pi

, (1.119)

where the three components of the canonical momentum, Pi, and the three
electron coordinates, qi, completely describe the electron motion. To obtain
their explicit form, we need to know A. This consists of two contributions,
that of the static periodic magnetic field, and that of the scattered laser field.

If the transverse dimensions of the electron beam are sufficiently small
compared to the transverse variations of both fields, we can treat the fields
simply as plane waves. A then has the form

A =
1
2
ê−[Awe−iKwz +Ase−i(wst−Ksz)] + c.c. (1.120)

Here Aw and As are the amplitudes of the vector potential of the wiggler and
the laser, respectively, and

ê− = ê∗+ = (x̂ − iŷ)/
√

2 , (1.121)

where x̂ and ŷ are the unit vectors along the transverse axes x and y, respec-
tively. This form of the vector potential is appropriate for circularly polarized
magnets. Also Kw = 2π/λw, where λw is the wiggler period, and ωs and Ks

are the frequency and wave number of the scattered light.
With this form of the vector potential, the Hamiltonian (1.115) doesn’t

depend explicitly on x and y. Hence from (1.116), we have

Ṗx = −∂H
∂x

= 0 ,

Ṗy = −∂H
∂z

= 0 , (1.122)

that is, the transverse canonical momentum is constant. Furthermore, this
constant equals zero if the electrons have zero transverse canonical momen-
tum upon entering the wiggler

PT = 0 . (1.123)

This gives the kinetic transverse momentum
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pT = −eA , (1.124)

which shows that the transverse motion of the electron is simply a circular
orbit, as might be expected intuitively.

For the longitudinal motion, the Hamilton equations of motion reduce to

ż = pz/mγ , (1.125)

ṗz = − e2

2mγ
∂

∂z
(A2) . (1.126)

Equation (1.123) just gives the usual formula pz = γmvz for relativistic
particles. Equation (1.124) is more informative and states that the time rate
of change of the longitudinal electron momentum is given by the spatial
derivative of the square of the vector potential. Potentials proportional to A2

are common in plasma physics where they are called ponderomotive potentials.
Computing ∂(A2)/∂z explicitly, we find

∂(A2)
∂z

= 2iKA∗
wAsei(Kz−ωst) + c.c. , (1.127)

where
K = Kw +Ks . (1.128)

Thus in the longitudinal direction, the electron is subject to a longitudinal
force moving with the high speed

vs =
ωs

K
. (1.129)

Since according to (1.111) Ks 
 Kw, vs is almost the speed of light.
In the laboratory frame, both the electrons and the potential move at

close to the speed of light. It is convenient to rewrite the equations of motion
(1.123, 1.124) in a frame moving at velocity vs, that is, riding on the pondero-
motive potential. For this we use

ξ = z − vst+ ξ0 − π , (1.130)

which is the position of the electron relative to the potential and Kξ is
the phase of the electron in the potential. ξ0 is determined by A∗

wAs =
|AwAs| exp(iKξ0) and Kξ0 is the phase of the electron relative to the pon-
deromotive potential at z = t = 0. This gives readily

ξ̇ = vz = vs , (1.131)

which is the electron velocity relative to the potential. To transform (1.124)
we have to take into account that γ is not constant. First, taking Aw and As

real, we readily find

ṗz = −2Ke2

mγ
|AwAs| sinKξ . (1.132)
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This is a nonlinear oscillator equation that includes all odd powers of the
displacement Kξ. Noting further that ṗz = mγγ2

z v̇z (see Prob. 1.17) and
that v̇z = ξ̈, we obtain

ξ̈ = − 2K e2

M2γ4
s

|AwAs| sinKξ , (1.133)

where
M = m[1 + (eA/mc)2]1/2 (1.134)

is the effective (or shifted) electron mass, and we have at the last stage
of the derivation approximated γz by γs = [1 − v2s/c2]1/2. Equation (1.131)
is the famous pendulum equation. Thus in the frame moving at velocity vs,
the dynamics of the electrons is the same as the motion of a particle in a
sinusoidal potential. Note that the shifted mass M is used rather than the
electron mass m.

The pendulum equation describes the motion of particles on a corrugated
rooftop. In the moving frame, the electrons are injected at some random
position (or phase) ξ0 with some relative velocity ξ̇(0). Intuitively, we might
expect that if this velocity is positive, the electron will decelerate, transferring
energy to the field, while if the velocity is negative, the electron will accelerate,
absorbing energy from the field. However as we know from the standard
pendulum problem, the relative phase ξ0 with respect to the field also plays
a crucial role. From (1.130), we see that ṗz is negative if and only if sin Kξ

π−π
ξ

ξ̇

Fig. 1.9. Initial phase-space configuration of the electrons relative to the pon-
deromotive potential. The phases (plotted horizontally) are shown only between
−π ≤ ξ ≤ π. The vertical axis gives the electron energies. Initially, the electron
beam is assumed to have vanishing energy spread and random phase
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is positive. Hence the electrons initially absorb energy for 0 ≤ ξ0 ≤ π/K and
give up energy for π/K ≤ ξ0 ≤ 2π/K. This is illustrated in Fig. 1.9, which
shows the phase space of the pendulum. The abscissa is the phase ξ of the
electron relative to the potential, while the ordinate is the relative velocity
ξ̇. Initially all electrons have the same velocity (or energy) ξ̇. Since there is
no way to control their initial phases, they are distributed uniformly between
−π and π.

Electrons with phases between −π and 0 accelerate, while others decel-
erate, so that after a small time, the phase-space distribution looks like that
in Fig. 1.10. Three important things have occurred. First, the electrons now
have different energies, more or less accelerated or decelerated, depending on
their initial phases. Thus the initially monoenergetic electron beam now has
an energy spread. Second, the average relative velocity 〈ξ̇〉 of the electrons
has decreased, giving an average energy loss by the electrons. Conservation
of energy shows that the field energy has increased by the same amount. The
recoil of the electrons leads to gain. Third, the electron distribution is no
longer uniformly distributed between ξ = −π/K and π/K. The electrons are
now bunched in a smaller region. Instead of producing random interferences
with an emitted intensity proportional to N , they are redistributed by the
ponderomotive potential to produce constructive interference as discussed for
(1.109). These three effects, recoil, bunching, and spread, are key to under-
standing FEL’s. They always occur together, and a correct FEL description
must treat them all.

π−π
ξ

ξ̇

Fig. 1.10. As in Fig. 1.9, but a small time after injection into the wiggler. We see
a bunching in position (horizontial axis) and spread in energy (vertical axis)
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π−π
ξ

ξ̇

Fig. 1.11. As in Fig. 1.9, but at the instant of maximum energy extraction

π−π
ξ

ξ̇

Fig. 1.12. As in Fig. 1.9, but for longer times such that the electron absorb energy
from the laser field

What happens for even longer times is shown in Fig. 1.11. The bunching,
recoil, and spread have all increased. Note that the spread increases much
faster than the recoil. This is a basic feature of the FEL that makes it hard
to operate efficiently. Since pendulum trajectories are periodic, still longer
times cause electrons that first decelerated to accelerate and vice versa as
shown in Fig. 1.12. For such times the average electron energy increases, that
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is, laser saturated. To maximize the energy transfer from the electrons to the
laser field, the length of the wiggler should be chosen just short enough to
avoid this backward energy transfer. This kind of saturation is quite different
from that for two-level media discussed in Chap. 5. For the latter, the gain is
bleached toward zero, but does not turn into absorption. Here the saturation
results from the onset of destructive interference in a fashion analogous the
phase matching discussed in Sect. 1.2. To maintain the constructive interfer-
ence required for (1.111) as the electrons slow down, some FEL’s gradually
decrease the wiggler wavelength along the propagation direction. This kind
of wiggler is called a tapered wiggler.

In this qualitative discussion, we have assumed that the initial relative
velocity of the electrons was positive, i.e., that the average electron moves
faster than the ponderomotive potential. If the initial velocity is negative,
the average electron initially absorbs energy. These trends are depicted in
Fig. 1.13, which plots the small-signal gain of the FEL versus the relative
electron velocity.

x

Gain

−2π −π 0 π 2π
−0.6

−0.3

0.0

0.3

0.6

Fig. 1.13. FEL Gain function versus initial electron velocity relative to the pon-
deromotive potential

This elementary discussion of the FEL only consider the electrons, and
uses conservation of energy to determine whether the field is amplified. A
more complete FEL theory would be self-consistent, with the electrons and
field treated on the same footing. Such a theory of the FEL is beyond the
scope of this book and the reader is referred to the references for further
discussion. A self-consistent theory of conventional lasers is given in Chap. 7.
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Problems

1.1 Derive the wave equation from microscopic Maxwell’s equations that
include a charge density and current. For this, (1.2, 1.4) become

∇·E =
ρ

ε0
,

∇×B = μ0J +
1
c2
∂E
∂t
,

respectively. Hint: first show that the conservation of charge equation

∂ρ

∂t
+ ∇·J = 0

is solved by ρ = −∇·P+ρfree, J = ∂P/∂t+∇×M+Jfree. For our purposes,
assume M = Jfree = ρfree = 0, and neglect a term proportional to ∇ρ.

1.2 Show using the divergence theorem that
∫

dV (∇ ·P)r =
∮

(P ·dσ)r −
∫

PdV .

Given the relation ρ = −∇ ·P from Prob. 1.1, show that the polarization P
can be interpreted as the dipole moment per unit volume.

1.3 Derive the slowly-varying amplitude and phase equations of motion (1.31,
1.32) by substituting (1.26, 1.28) into the wave equation (1.25). Specify which
terms you drop and why.

1.4 Derive the equations (1.56, 1.57) of motion for the classical Bloch vector
components U and V by substituting (1.28) into (1.44) and using the slowly-
varying approximation. Calculate the evolution and magnitude of the classical
Bloch vector in the absence of decay.

1.5 What are the units of Ke2/2mνεγ in (1.54), where γ is given by (1.74).
What is the value of this quantity for the 632.8 nm line of the He–Ne
laser (take ω = ν)? Calculate the absorption length (1/α) for a 1.06 μm
Nd:YAG laser beam propagating through a resonant linear medium with
1016 dipoles/m3.

1.6 A field of the form E(z, t) cos(Kz−νt) interacts with a medium. Using the
“classical Bloch equations”, derive an expression for the index of refraction
of the medium. Assume the oscillator frequency ω is sufficiently close to the
field frequency ν so that the rotating-wave approximation of (1.50) may be
made.

1.7 In both laser physics and nonlinear optics, the polarization of a medium
frequently results from the interaction of several separate fields. If P(r, t) is
given by
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P(r, t) =
∑

n

Pn(r, t)ei(Kn·r) ,

solve for the polarization amplitude component Pn(r, t).

1.8 Find the magnetic field B corresponding to the electric field

E(z, t) =
1
2
x̂EU(z)e−iνt + c.c. ,

for running-wave [U(z) = e−iKz] and standing-wave [U(z) = sinKz] fields.
Draw a “3-D” picture showing how the fields look in space at one instant of
time.

1.9 The change of variables z → z′ and t → t′ = t′ − z/c transforms the
slowly-varying Maxwell’s equations from the laboratory frame to the so-called
retarded frame. Write the slowly-varying Maxwell’s equations in this frame.
Discuss Beer’s law in this frame.

1.10 In an optical cavity, the resonant wavelengths are determined by the
constructive-interference condition that an integral number of wavelengths
must occur in a round trip. The corresponding frequencies are determined by
these wavelengths and the speed of light in the cavity. Given a cavity with
a medium having anomalous dispersion, would it be possible to have more
than one frequency resonant for a single wavelength? How?

1.11 Using Cartesian coordinates and using spherical coordinates show that
the spherical wave exp(iKr− iνt)/r satisfies the wave equation for free space.

1.12 Calculate the magnitudes of the electric and magnetic fields for a 3 mW
632.8 nm laser focussed down to a spot with a 2 μm radius. Assume constant
intensity across the spot. How does this result scale with wavelength?

1.13 Derive the index of refraction (1.40) for the case that φ = φ(t), i.e., not
φ(z) as assumed in (1.39). The φ(t) case is generally more appropriate for
lasers.

1.14 Solve (1.47) for X(t), i.e., as function of time.

1.15 Calculate the first and second-order coherence functions for the field

E+(r, t) =
E0

r
e−(γ+iω)(t−r/c)Θ(t− r/c) ,

where Θ is the Heaviside (step) function. This would be the field emitted by
an atom located at r = 0 and decaying spontaneously from time t = 0, if
such a field could be described totally classically.

1.16 Derive the FEL equation (1.111) using the Lorentz transformation z′ =
γ(z − βct) and t′ = γ(t− βz/c), where γ is given by (1.102) and β = v/c.

1.17 Show that ṗz = mγγ2
z v̇z and proceed to derive the pendulum equa-

tion (1.130). Use a personal computer to draw electron trajectories shown in
Figs. 1.10–1.13 and discuss the trajectories.
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1.18 The Kramers-Kronig relations allow one to calculate the real and imag-
inary parts of a linear susceptibility χ(ν) as integrals over one another as
follows:

χ′′(ν) = − 1
π
P.V.

∫ ∞

−∞

dν′χ′(ν′)
ν′ − ν (1.135)

χ′(ν) =
1
π
P.V.

∫ ∞

∞

dν′χ′′(ν′)
ν′ − ν , (1.136)

where P.V. means the principal value, i.e., the integral along the real axis
excluding an arbitrarily small counterclockwise semicircle around the pole at
ν′ = ν. Equations (1.133, 1.134) are based on the assumption that χ has no
poles in the upper half plane; an equivalent set with a change in sign results
for a χ that has no poles in the lower half plane. From (1.33, 1.51) we have
the linear susceptibility

χ(ν) = χ′(ν) + iχ′′(ν) =
Nex0X(ν)
εE0

= − N e2

2ενm
1

ν − ω + iγ

= − N e2

2ενm
ν − ω − iγ

(ω − ν)2 + γ2
. (1.137)

Show that this χ(ν) satisfies (1.133, 1.134). Hint: for (1.133) use the residue
theorem as follows: the desired principal part = the residue for the pole at
ν′ = ω + iγ minus the half residue for the pole at ν′ = ν. It is interesting
to note that the power-broadened version of (1.135), namely (5.29), does not
satisfy the Kramers-Kronig relations, since unlike (1.135), (5.29) does not
reduce to a single pole in the lower half plane.
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Many problems of interest in optics and virtually all of those in this book in-
volve nonlinear interactions that occur when the electromagnetic interaction
becomes too large for the medium to continue to respond linearly. We have
already seen how a nonlinearity plays an essential role in the free electron
laser pendulum equation (1.133). In another example that we discuss in detail
in Chap. 7, the output intensity of a laser oscillator builds up until satura-
tion reduces the laser gain to the point where it equals the cavity losses. In
situations such as second harmonic generation, one uses the fact that non-
linearities can couple electromagnetic field modes, transferring energy from
one to another. Such processes can be used both to measure properties of the
nonlinear medium and to produce useful applications such as tunable light
sources.

In this chapter we extend Sect. 1.3’s discussion of the simple harmonic
oscillator to include quadratic and cubic nonlinearities, i.e., nonlinearities
proportional to x2 and x3, respectively. Such nonlinearities allow us to un-
derstand phenomena such as sum and difference frequency generation, mode
coupling, and even chaos in a simple classical context. Subsequent chapters
treat these and related phenomena in a more realistic, but complex, quantized
environment.

2.1 Nonlinear Dipole Oscillator

Section 1.3 discusses the response of a linear dipole oscillator to a monochro-
matic electric field. When strongly driven, most oscillators exhibit nonlinear-
ities that can be described by equations of motion of the form [compare with
(1.46)]

ẍ(z, t) + 2γẋ(z, t) + ω2x(z, t) + ax2(z, t) + bx3(z, t) + · · ·
=
e

m
E(z, t) . (2.1)

Here we include a z dependence, since the polarization modeled by x(z, t) is
a function of z. Specifically, x describes the position of an electron relative
to the nucleus (internal degree of freedom) while z is the location of the
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dipole in the sample (external degree of freedom). Such oscillators are called
“anharmonic”. In many cases such as for isolated atoms, the coefficient a
vanishes, leaving bx3 as the lowest order nonlinear term.

We can determine the effect of the nonlinear terms on the response by a
process of iteration that generates an increasingly accurate approximation to
x(t) in the form of a power series

x(t) � x(1)(t) + x(2)(t) + · · · + x(n)(t) + · · · , (2.2)

The leading term in this series is just the linear solution (1.51) itself or a
linear superposition (1.63) of such solutions. To obtain the second-order con-
tributions, we substitute the linear solution into (2.1), assume an appropriate
form for the second-order contributions, and solve the resulting equations in
a fashion similar to that for the linear solution. In the process, we find that
new field frequencies are introduced. In general, the nth order term is given
by solving the equation assuming that the nonlinear terms can be evalu-
ated with the (n − 1)th order terms. Many of the phenomena in this book
require solutions that go beyond such a perturbative approach, since the cor-
responding series solution may fail to converge. Nevertheless, the subjects
usually considered under the heading “nonlinear optics” are very useful and
are typically described by second- and third-order nonlinearities.

We consider first the response of a medium with an ax2 nonlinearity
subjected to a monochromatic field of frequency νn, that is, (1.62) with a
single amplitude En(z). Choosing x(1) to be given by the corresponding linear
solution (1.51), we find for x2 the approximate value

x2 � [x(1)]2 =
1
4
|x(1)

n |2 +
1
4
[x(1)

n ]2 e2i(Knz−νnt) + c.c. , (2.3)

where the slowly varying amplitude x(1)
n = x0nXn and Xn is given by (1.50).

We see that this nonlinear term contains both a dc contribution and one at
twice the initial frequency. The dc term gives the intensity measured by a
square-law detector and is the origin of the Kerr electro-optic effect in crys-
tals, while the doubled frequency term leads to second harmonic generation.
Observation of the latter in quartz subjected to ruby laser light kicked off
the field known as nonlinear optics [see Franken et al. (1961)]. With an an-
harmonic forcing term proportional to (2.3), the second-order contribution
x(2)(t) has the form

x(2)(t) =
1
2
x

(2)
dc +

1
2
x

(2)
2νn

ei(2Knz−2νnt) + c.c. . (2.4)

According to our iteration method, we determine the second-order coeffi-
cients x(2)

2νn
and x(2)

dc by substituting (2.2) into (1.1) approximating x2 by the
first-order expression (2.3). By construction, the terms linear in x(1) cancel
the driving force (e/m)E, and we are left with a simple harmonic oscillator
equation for the x(2) coefficient, namely,
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ẍ(2)(t) + 2γẋ(2)(t) + ω2x(2)(t) = a[x(1)(t)]2 . (2.5)

Equating coefficients of terms with like time dependence, we find

x
(2)
dc = − a

2ω2
|x(1)

n |2

= − a

2ω2

∣∣∣∣
eEn(z)/m

ω2 − ν2
n − 2iνnγ

∣∣∣∣
2

, (2.6)

x
(2)
2νn

= −a
2
(x(1)

n )2
1

ω2 − (2νn)2 − 2i(2νn)γ
. (2.7)

Note here that if the applied field frequency νn is approximately equal to the
natural resonance frequency ω, both the dc and second-harmonic coefficients
are divided by squares of optical frequencies. Hence these terms are usually
very small, and second-order theory is a good approximation, for example,
in noncentrosymmetric crystals.

Now consider the response of this nonlinear oscillator to an electric field
given by (1.62) with two frequency components at the frequencies ν1 and ν2.
To lowest order (first order in the fields), we neglect the nonlinearities and
find x(t) � x(1)(t), which is given by the linear superposition (1.63) with two
modes. The approximate second-order nonlinearity [x(1)]2 has the explicit
form

[x(1)]2 = [x(1)
1 ei(K1z−ν1t) + x(1)

2 ei(K2z−ν2t)]2

=
1
2
x

(1)
1 [x(1)

2 ]∗ ei[(K1−K2)z−(ν1−ν2)t] +
1
2
x

(1)
1 x

(1)
2 ei[(K1+K2)z−(ν1+ν2)t]

+
1
4

2∑

n=1

(|x(1)
n |2 + [x(1)

n ]2 e2i(Knz−νnt)) + c.c. . (2.8)

As one expects from (2.4), each mode contributes a dc component and a com-
ponent oscillating at its doubled frequency, 2νn. In addition, (2.8) contains
components at the sum and difference frequencies ν1 ± ν2. Hence the non-
linear dipoles can generate fields at these frequencies. More generally, when
higher orders of perturbation are considered, the polarization of a medium
consisting of such anharmonic oscillators can generate all frequency com-
ponents of the form mν1 ± nν2, with m and n being integers. When such
combinations lead to frequencies other than harmonics of ν1 or ν2, they are
called combination tones. Such tones are responsible for self mode locking
in lasers (Sect. 11.3) and three- and four-wave mixing (rest of the present
chapter and Chap. 10).

Generalizing the second-order contribution (2.4) to include the sum and
difference frequencies, we have

x(2)(t) =
1
2
x(2)

s ei[(K1+K2)z−(ν1+ν2)t] +
1
2
x

(2)
d ei[(K1−K2)z−(ν1−ν2)t]

+
1
2

2∑

n=1

x
(2)
2νn

ei(2Knz−2νnt) +
1
2
x

(2)
dc + c.c. . (2.9)
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Substituting (2.8, 2.9) into (2.5) and equating coefficients of like time de-
pendence, we find that x(2)

dc is given by the sum of two terms like (2.6), the
doubled frequency terms are given by (2.7), and the difference and sum fre-
quency terms are given by

x
(2)
d = −a x

(1)
1 [x(1)

2 ]∗

ω2 − (ν2 − ν2)2 − 2i(ν1 − ν2)γ
, (2.10)

x(2)
s = −a x

(1)
1 x

(1)
2

ω2 − (ν1 + ν2)2 − 2i(ν1 + ν2)γ
. (2.11)

Except for a factor of 2 for the degenerate frequency case ν1 = ν2 the differ-
ence frequency term (2.10) reduces to the dc term (2.6) and the sum frequency
term (2.11) reduces to the second harmonic term (2.7).

Frequency combinations like those in (2.9) also appear in quantum me-
chanical descriptions of the medium, which typically involve more intricate
nonlinearities. In particular, difference frequency generation induces pulsa-
tions of the populations in a medium consisting of two-level atoms irradiated
by two beams of different frequencies. These pulsations play an important
role in saturation spectroscopy, as discussed in Chap. 9.

2.2 Coupled-Mode Equations

So far we have obtained the steady-state response of the nonlinear dipole to
second order in the field and have seen how combination tones at the fre-
quencies mν1 + nν2 can be generated by such systems. The way in which
the corresponding waves evolve is readily obtained from the wave equation
(1.25) giving the propagation of an electromagnetic field E(z, t) inside a
medium of polarization P (z, t). For a medium consisting of nonlinear os-
cillators, P (z, t) = N(z)ex(z, t), where N(z) is the oscillator density and z
labels the position inside the medium. To analyze the growth of a wave at
a frequency ν3, we consider three modes in the field (1.62) and in the po-
larization (1.65). The slowly varying amplitude approximation allows us to
derive coupled differential equations for the evolution of the field envelopes
En. These are called coupled-mode equations, and play an important role in
multiwave phenomena such as phase conjugation (Sect. 2.4 and Chap. 10) and
the generation of squeezed states (Chap. 17), in which case a fully quantum
mechanical version of these equations is required. In general, coupled-wave
equations form an infinite hierarchy of ordinary differential equations, and
some kind of approximation scheme is needed to truncate them. For instance,
if we are only interested in the small signal build-up of the wave at frequency
ν3, we can neglect its back-action on the nonlinear polarization P (z, t) – first-
order theory in E3. This is the procedure used in Sect. 2.1. Another common
approximation assumes that the waves at frequencies ν1 and ν2 are so intense
that their depletion via the nonlinear wave-mixing process can be neglected.
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An important feature of coupled-mode equations is phase matching, which
represents the degree to which the induced mode coupling terms in the po-
larization have the same phase as the field modes they affect. To the extent
that the phases differ, the mode coupling is reduced. Phase matching involves
differences in wave vectors and amounts to conservation of momentum. This
is distinct from the frequency differences of the last section, which amount
to conservation of energy.

Indeed, the resonance denominators appearing in the nonlinear suscepti-
bilities can be interpreted as a consequence of energy conservation. In con-
trast, the spatial phase factors are a result of momentum conservation. This
is particularly apparent when the electromagnetic field is quantized, as will
be the case in the second part of the book, because in that case, it is easy
to show that the energy and momentum of a photon of frequency ν and mo-
mentum K are �ν and �K, respectively. In a vacuum, one has that ν = Kc
for all frequencies, so that energy conservation automatically guarantees mo-
mentum conservation. But this ceases to be true in dispersive media, where
the factor of proportionality between ν and K is frequency-dependent.

Consider for instance the case of difference-frequency generation, where
two incident waves at frequencies ν1 and ν2 combine in the nonlinear medium
to generate a wave at the difference frequency νd. In the slowly-varying am-
plitude approximation and in steady state (we neglect the ∂/∂t terms), (1.43)
becomes

dEn

dz
=

iKn

2εn
Pn , (2.12)

where εn is the permittivity at the frequency νn of the host medium in which
our oscillators are found. From (1.64, 1.65), we use the linear solutions for
modes 1 and 2

dEn

dz
� iKn

N(z)e2

2εnm
En

ω2 − ν2
n − 2iνnγ

= −ανEn . (2.13)

Note that in this example we assume that the host medium is purely dis-
persive; otherwise another absorption term would have to be included. Us-
ing (2.10, 2.12), we find for the difference-frequency term at the frequency
νd = ν1 − ν2

dEd

dz
=

iKdN(z)e
2εd

[
(e/m)Ed − ax(1)

1 [x(1)
2 ]∗ei(K1−K2−Kd)z

ω2 − ν2
d − 2iνdγ

]
. (2.14)

The coupled-mode equations (2.13, 2.14) take a rather simple form, since
we have neglected the back action of Ed on E1 and E2. Equation (2.13) sim-
ply describes the linear absorption and dispersion of E1 and E2 due to the
nonlinear oscillators, as does the first term on the right-hand side of (2.14)
for Ed. In many cases these are small effects compared to those of the host
medium accounted for by εn, and we neglect them in the following. E1 and E2
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then remain constant and (2.14) (without the leading term) can be readily
integrated over the length L of the nonlinear medium to give

Ed(L) = GE1E∗
2

eiΔKL − 1
iΔK

, (2.15)

where

G = − iKdaNe

2εd

[
x

(1)
1 [x(1)

2 ]∗/E1E∗
2

ω2 − ν2
d − 2iνdγ

]
,

and the K-vector mismatch ΔK = K1 − K2 − Kd. The resulting intensity
Id = |Ed|2 is

Id(L) = |G|2I1I2
sin2(ΔKL/2)

(ΔK/2)2
. (2.16)

If ΔK = 0, Id(L) reduces to |G|2I1I2L2, but for ΔK �= 0, it oscillates
periodically. To achieve efficient frequency conversion, it is thus crucial that
(K1−K2)L be close toKdL. ForΔK �= 0 the maximum intensity Id is reached
for a medium of length L = π/ΔK. For larger values of ΔKL, the induced
polarization at the frequency νd and the wave propagation at that frequency
start to interfere destructively, attenuating the wave. For still larger values
L, the interference once again becomes positive, and continues to oscillate
in this fashion. Since nonlinear crystals are expensive, it is worth trying to
achieve the best conversion with the smallest crystal, namely for ΔKL = π.
In the plane-wave, collinear propagation model described here, perfect phase
matching requires that the wave speeds un = vn/Kn all be equal, as would
be the case in a dispersionless medium. More generally we have the difference
ΔK = K1 −K2 −Kd = (n1ν1 − n2ν2 − ndνd)/c �= 0 since the n’s differ. For
noncollinear operation the vectorial phase matching condition

ΔKL = |K1 − K2 − Kd|L � π (2.17)

must be fulfilled for maximum Id. There are a number of ways to achieve
this, including appropriate geometry, the use of birefringent media, and tem-
perature index tuning.

2.3 Cubic Nonlinearity

We already mentioned that quadratic nonlinearities such as described in the
preceding sections to not occur in isolated atoms, for which the lowest order
nonlinear effects are cubic in the fields. These can be described in our classical
model by keeping the bx3 term instead of ax2 in the nonlinear oscillator
equation (2.1). In the presence of two strong pump fields at frequencies ν1
and ν2, the third-order polarization given by bx3 includes contributions at
the frequencies ν1 and ν2 and at the sideband frequencies ν0 = ν1 −Δ and
ν3 = ν2 +Δ as well, where
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Δ = ν2 − ν1 . (2.18)

The generation of these sidebands is an example of four-wave mixing. To
describe the initial growth of the sidebands, we write the anharmonic term
bx3 to third-order in x1 and x2, and first-order in the small displacements x0

and x3, that is,

[x(1)]3 =
1
8
[x(1)

1 ei(K1z−ν1t) + x(1)
2 ei(K2z−ν2t)

+3x(1)
0 ei(K0z−ν0t) + 3x(1)

3 ei(K3z−ν3t) + c.c.]

×
{

2x(1)
1 x

(1)
2 ei[(K1+K2)z−(ν1+ν2)t]

+2x(1)
1 [x(1)

2 ]∗ ei[(K1−K2)z−(ν1+ν2)t]

+
2∑

n=1

{[x(1)
n ]2 e2i(Knz−νnt) + |x(1)

n |2} + c.c.

}
, (2.19)

where the terms in {} are similar to those in (2.9). The factor of 3 results
from the three ways of choosing the x0 and x3 from the triple product.

The curly braces in (2.19) contain two dc terms, a contribution oscillat-
ing at the difference frequency Δ, and three rapidly oscillating contributions
oscillating at the frequencies νn +νm. These time-dependent terms are some-
times called (complex) index gratings, and the nonlinear polarization may
be interpreted as the scattering of a light field En from the grating produced
by two fields Em and Ek. In this picture, the dc terms are “degenerate” grat-
ings produced by the fields Em and E∗

m. Equation (2.19) readily gives the
third-order contributions to the components of the polarization Pn at the
frequencies of interest.

One can interpret (2.19) as the scattering of components in the [ ] of the
first lines off the slowly varying terms in the {}. Specifically the |x(1)

n |2 terms
in (2.19) contribute nonlinear changes at the respective frequencies of the
components in the [ ]. In contrast, the scattering off the “Raman-like” term
exp[i(K2 −K1)z − iΔt] and its complex conjugate contribute corrections at
frequencies shifted by ±Δ. Taking ν2 > ν1, we see that the ν2 term in the [ ]
scatters producing components at both the lower frequency ν1 (called a Stokes
shift) and the higher frequency ν3 = ν2 + Δ (called an anti-Stokes shift).
Similarly the ν1 term in the [ ] leads to contributions at the frequencies ν0 =
ν1 − Δ and at ν2. The induced polarization components at the frequencies
ν0 and ν3 are called combination tones. They are generated in the nonlinear
medium from other frequencies. If the two pump beams at ν1 and ν2 are
copropagating, the index grating represented by theK2−K1 term propagates
at approximately the velocity of light in the host medium, but if the beams
are counterpropagating, the grating propagates at the relatively slow speed
v = −Δ/(K1 +K2). In particular, it becomes stationary for the degenerate
case ν1 = ν2. (Compare with the ponderomotive force acting on the electrons
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in the free electron laser, (1.126)! –Can you draw an analogy between the two
situations?)

We are often only interested in induced polarizations near or at the fun-
damental frequencies νn, n = 0, 1, 2, 3. Keeping only these in (2.19) and
neglecting combination tones involving x0 and x1 in the pump-mode polar-
izations (Prob. 2.7), we find

|[x(1)]3|fund =
3
8
x

(1)
1 (|x(1)

1 |2 + 2|x(1)
2 |2) ei(K1z−ν1t)

+
3
8
x

(1)
2 (|x(1)

2 |2 + 2|x(1)
1 |2) ei(K2z−ν2t)

+
6
8
[|x(1)

1 |2 + |x(1)
2 |2][x(1)

0 ei(K0z−ν0t) + x(1)
3 ei(K3z−ν3t)]

+
6
8
x

(1)
1 x

(1)
2 [x(1)

3 ]∗ ei[(K1+K2−K3)z−ν0t]

+
6
8
x

(1)
1 x

(1)
2 [x(1)

0 ]∗ ei[(K1+K2−K0)z−ν3t]

+
3
8
[x(1)

1 ]2[x(1)
2 ]∗ ei[(2K1−K2)z−ν0t]

+
3
8
[x(1)

2 ]2[x(1)
1 ]∗ ei[(2K2−K1)z−ν3t] + c.c. (2.20)

Combining the various terms, we find that the third-order polarization com-
ponents are given by

P(3)
0 =

6
8
Neb [|x(1)

1 |2 + |x(1)
2 |2]x(1)

0

+
6
8
Neb x

(1)
1 x

(1)
2 [x(1)

3 ]∗ ei(K1+K2−K3−K0)z

+
3
8
Neb [x(1)

1 ]2[x(1)
2 ]∗ ei(2K1−K2−K0)z (2.21a)

P(3)
1 =

3
8
Neb x

(1)
1 [|x(1)

1 |2 + 2|x(1)
2 |2] (2.21b)

P(3)
2 =

3
8
Neb x

(1)
2 [2|x(1)

1 |2 + |x(1)
2 |2] (2.21c)

P(3)
3 =

6
8
Neb [|x(1)

1 |2 + |x(1)
2 |2]x(1)

3

+
6
8
Neb x

(1)
1 x

(1)
2 [x(1)

0 ]∗ ei(K1+K2−K0−K3)z

+
3
8
Neb [x(1)

2 ]2[x(1)
1 ]∗ ei(2K2−K1−K3) . (2.21d)

The polarization components P(3)
0 and P(3)

3 are solely due to the exis-
tence of index gratings, which are also responsible for the factors of 2 in the
cross coupling terms for P(3)

1 and P(3)
2 . This asymmetry is sometimes called

nonlinear nonreciprocity and was discovered in quantum optics by Chiao



2.4 Four-Wave Mixing with Degenerate Pump Frequencies 43

et al. (1966). It also appears in the work by van der Pol (1934) on coupled
vacuum-tube tank circuits. In the absence of index gratings, the factors of 2
in (2.21b, c) are replaced by 1, and |x(1)

1 |2 and |x(1)
2 |2 play symmetrical roles

in P(3)
1 and P(3)

2 .
The polarizations Pn lead to coupled-mode equations for the field en-

velopes. The procedure follows exactly the method of Sect. 2.2 and we obtain
(Prob. 2.2)

dE0

dz
= −E0[α0 − θ01|E1|2 − θ02|E2|2] + ϑ0121E2

1E∗
2 ei(2K1−K2−K0)z

+ϑ0231E2E∗
3E1 ei(K1+K2−K3−K0)z , (2.22a)

dE1

dz
= −E [α1 − β1|E1|2 − θ12|E2|2] , (2.22b)

dE2

dz
= −E2[α2 − β2|E2|2 − θ21|E1|2] , (2.22c)

dE3

dz
= −E3[α3 − θ31|E1|2 − θ32|E2|2 + ϑ3212E2

2E∗
1 ei(2K2−K1−K3)z

+ϑ3102E1E∗
0E2 ei(K1+K2−K0−K3)z . (2.22d)

Here En is the complex amplitude of the field at frequency νn, and the −αnEn

terms allow for linear dispersion and absorption.
Equations (2.22b, c) for the pump modes amplitudes are coupled by the

cross-coupling (or cross-saturation) coefficients θnj . To this order of pertur-
bation, they are independent of the sidemode amplitudes E0 and E3. Because
E1 and E2 always conspire to create an index grating of the correct phase, the
evolution of these modes is not subject to a phase matching condition. Equa-
tions of this type are rather common in nonlinear optics and laser theory. In
Sect. 7.4, we obtain an evolution of precisely this type for the counterpropa-
gating modes in a ring laser. We show that the cross-coupling between modes
can lead either to the suppression of one of the modes or to their coexistence,
depending on the magnitude of the coupling parameter C = θ12θ21/β1β2 and
relative sizes of the αn.

In contrast, the sidemodes E0 and E3 are coupled to the strong pump fields
E1 and E2 only, and not directly to each other. They have no back-action on
the pump modes dynamics, and their growth is subject to a phase-matching
condition.

2.4 Four-Wave Mixing with Degenerate Pump
Frequencies

In many experimental situations, it is convenient to drive the nonlinear
medium with two pump fields of the same frequency ν2, but with opposite
propagation directions given by the wave vectors K2↓ and K2↑. The pump
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waves cannot by themselves generate polarization components at sideband
frequencies. However one can still take advantage of the index gratings pro-
duced by the pump beams with weak waves at frequencies symmetrically
detuned from ν2 by a small amount ±Δ (see Fig. 2.1). This procedure has
gained considerable popularity in connection with optical phase conjugation.
In optical phase conjugation, one of the sidebands is called the probe (at
ν1 = ν2 −Δ ) and the other the signal (at ν3 = ν2 +Δ), and we adopt this
notation here in anticipation of Chaps. 9, 10.

ν32νν1

Fig. 2.1. Mode spectrum in four-wave mixing for optical phase conjugation

We consider the wave confguration in Fig. 2.2 with two counterpropa-
gating pump beams along one direction, and counterpropagating signal and
“conjugate” waves along another direction, which we call the z axis. The
electric field for these four waves has the form

E(r, t) =
1
2
[E1 ei(K1z−ν1t) + E2↓ ei(K2↓·r−ν2t) + E2↑ ei(K2↑·r−ν2t)

+E3 ei(−K3z−ν3t)] + c.c. , (2.23)

where we take K2↑ = −K2↓. The field fringe patterns resulting from interfer-
ence between the various waves can induce index gratings. The corresponding
linear displacement x(1)(t) contains components proportional to each of the
field amplitudes, and the third-order nonlinear displacement x(3) consists of
the sum of all terms proportional to the products of three fields, each of which
can be anyone of the four waves or their complex conjugates. This gives a
grand total of 8 ·8 ·8 = 512 terms. Fortunately, we’re only interested in a rel-
atively small subset of these terms, namely those with the positive frequency
ν1 linear in E1. This gives a third-order signal polarization P(3)

1 proportional
to
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Fig. 2.2. Diagram of interaction between standing-wave pump beam (ν2) with
probe (ν1) and conjugate (ν3) beams used in phase conjugation

E1E2↓E∗
2↓ + E1E∗

2↓E2↓ + E2↓E1E∗
2↓ + E∗

2↓E1E2↓

+E2↓E∗
2↓E1↓ + E∗

2↓E2↓E1 + E1E2↑E∗
2↑ + E1E∗

2↑E2↑

+E2↑E1E∗
2↑ + E∗

2↑E1E2↑ + E2↑E∗
2↑E1 + E∗

2↑E2↑E1

+[E∗
3E2↑E2↓ + E∗

3E2↓E2↑ + E2↑E∗
3E2↓ + E2↓E∗

3E2↑

+E2↑E2↓E∗
3 + E2↓E2↑E∗

3 ] ei(K3−K1)z (2.24a)

= 6E1(|E2↓|2 + |E2↑|2) + 6E∗
3E2↑E2↓ ei(K3−K1)z . (2.24b)

The various terms in (2.24a) have simple physical interpretations. For
instance, the first term results from the product in [x(1)]3

E1 ei(K1z−ν1t)E2↓ ei(K2↓ · r−ν2t)E∗
2↓ e−1(K2↓ · r−ν2t) .

Note that the pump phase dependencies K2↓ · r cancel identically, as they do
for all terms in (2.24). The first and second terms represent contributions to
the nonlinear refraction of the field E1 due the nonlinear index (Kerr effect)
induced by the pump field intensity I2↓. The third term can be understood as
originating from the scattering of the field E2↓ off the grating produced by E1

and E2↓, etc. Its effect on the polarization is precisely the same as that of the
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first two terms, but we have intentionally written it separately in anticipation
of the quantum mechanical discussion of Chap. 10, where the order in which
the fields are applied to the medium matters. Indeed in our classical model,
the terms in the first three lines in (2.24a) are all proportional to the product
of a pump field intensity and the probe field E1, and can be globally described
as nonlinear absorption and refraction terms.

The last two lines in (2.24a) couple the sidemode E3 to E1 via the following
scattering mechanism: the field E∗

3 interferes with the pump fields E2↑ and
E2↓ to induce two complex index gratings that scatter E2↓ and E2↑, respec-
tively, into E1. This process, which is essentially the real-time realization of
holographic writing and reading, is called phase conjugation and is discussed
in detail in Chap. 10. The process retroreflects a wavefront, sending it back
along the path through which it came (see Fig. 10.1). It can be used to com-
pensate for poor optics. Note that although the pump phase dependencies
cancel one another as they do for the terms in the first four lines of (2.24a),
the induced polarization has the phase exp[i(K3z − ν1t)], while Maxwell’s
equations require exp[i(K1z − ν1t)]. This gives the phase mismatch factor
exp[i(K3−K1)z], which is important except in the degenerate frequency case
ν1 = ν2 = ν3, for which K3 = K1.

Neglecting the depletion of the pump beams E2↑ and E2↓, we find the
coupled-mode equations for E1 and E∗

3

dE1

dz
= −α1E1 + χ1E∗

3 e2iΔKz , (2.25a)

−dE∗
3

dz
= −α∗

3E∗
3 + χ∗3E1 e−2iΔKz , (2.25b)

where
ΔK =

K3 −K1

2
. (2.26)

Here −dE∗
3 /dz appears since E∗

3 propagates along −z, and we use χn for the
coupling coefficient to agree with later usage, although it is only a part of a
susceptibility.

To solve these equations, we proceed by first transforming away the phase
mismatch by the substitution

E1 = A1 e2iΔKz (2.27)

into (2.25). In particular, (2.25a) becomes

dA1

dz
= −(α1 + 2iΔK)A1 + χ1E∗

3 . (2.28)

We seek solutions of (2.25b, 2.28) of the form eμz. Substituting A1 = eμz into
(2.28), solving for E∗

3 , and substituting the result into (2.25b), we find the
eigenvalues
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μ± = −1
2
(α1 − α∗

3 + 2iΔK) ± [(α1 + α∗
3 + 2iΔK)2/4 − χ1χ

∗
3]

1/2

= −a± [α2 − χ1χ
∗
3]

1/2 = −a± w . (2.29)

Hence the general solutions are

A1(z) = e−az[A ewz +B e−wz] (2.30a)

and
E∗
3 (z) = e−az[C ewz +D e−wz] , (2.30b)

where the coefficients A,B,C and D are determined by the boundary condi-
tions of the problem.

We suppose here that a weak signal weak field E1(0) is injected inside the
nonlinear medium at z = 0, and we study the growth of the counterpropa-
gating conjugate wave E∗

3 , which is taken to be zero at z = L. This means that
A1(0) = E1(0) = constant, and E∗

3 (L) = 0, in which case one has immediately
B = E1(0)−A andD = −C ewL. Matching the boundary conditions of (2.25b,
2.28) at z = L yields

A =
1
2
A1(0) e−wL(w − α)/(w coshwL+ α sinh wL) , (2.31)

2wC ewL = χ∗3(A sinh wL+ A1(0) e−wL . (2.32)

Further manipulation yields finally

E1(z) = E1(0) e−(a+w+2iΔK)z

[
1 +

(w − α) ew(z−L) sinh wz
w coswL+ α sinhwL

]
, (2.33)

E∗
3 (z) = χ∗3E1(0)

e−az sinhw(z − L)
w coshwL+ α sinhwL

. (2.34)

In particular the amplitude reflection coefficient r = E∗
3 (0)/E1(0) is given by

r =
E∗
3 (0)
E1(0)

= −χ∗3
sinhwL

w coshwL+ α sinhwL
. (2.35)

See Chap. 10 on phase conjugation for further discussion of these equations.

Coupled Modes and Squeezing

A popular topic is the “squeezing”, i.e., deamplifying, of noise in one quadra-
ture of an electromagnetic wave at the expense of amplifying the noise in
the orthogonal quadrature. One way to achieve such squeezing is through
the use of mode coupling mechanisms such as described by (2.25a, b). To see
under which conditions the χn coupling factors can lead to this quadrature-
dependent amplification, let’s drop the αn term in (2.25) and put the time
dependencies back in. We find for example the schematic equation
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{χ(3)E2
2 e−2iνt}[E3 eiνt]∗ → E1e−iνt , (2.36)

where (χ3) is a third-order susceptibility. Suppose that at a time t, eiνt = 1
and that {} = 1. According to (2.36), this tends to amplify E1. Now wait
until the orthogonal quadrature phasor exp(iνt− iπ/2) = 1. At this time, the
second-harmonic (two-photon) phasor exp(−2iνt) has precessed through two
times π/2, that is, {} = –1. Hence a two-photon coupling {} flips the sign
of the coupling between orthogonal quadratures. This is the signature of a
coupling process that can lead to squeezing. It is equally possible that a χ(2)

process with a single pump photon having the value 2ν can cause squeezing.
This χ(2) process is known as parametric amplification. Chapter 17 discusses
the squeezing of quantum noise by four-wave mixing.

2.5 Nonlinear Susceptibilities

So far we have used an anharmonic oscillator to introduce some aspects of
nonlinear optics that are useful in the remainder of this book. Such a simple
model is surprisingly powerful and permits us to understand numerous non-
linear optics effects intuitively. In general, however, first principle quantum
mechanical calculations are needed to determine the response of a medium
to a strong electromagnetic field. A substantial fraction of this book ad-
dresses this problem under resonant or near-resonant conditions, i.e., under
conditions such that the frequency (ies) of the field(s) are near an atomic
transition. Perturbative analyzes such as sketched in this chapter are usually
not sufficient to describe these situations.

In many cases, however, the incident radiation is far from resonance with
any transition of interest, and/or the material relaxation rate is exceedingly
fast. In such cases, perturbation theory based on the concept on nonlinear
susceptibility may be of great advantage. This is the realm of conventional
nonlinear optics, and the reader should consult the recent treatises by Shen
(1984), by Hopf and Stegeman (1986), and by Boyd (1992), as well as the
classic book by Bloembergen (1965), for detailed descriptions of these fields.
Here we limit ourselves to a brief introduction to the formalism of nonlinear
susceptibility.

In linear problems, the polarization of the medium is (by definition) a
linear function of the applied electric fields. The most general form that it
can take is given by the space-time convolution of a linear susceptibility tensor
χ(1) with the electric field:

P(r, t) = ε0
∫

d3r

∫ t

−∞
dt′χ(1)(r − r′, t− t′) : E(r′, t′) . (2.37)

Taking the four-dimensional Fourier transform of this expression for a monochro-
matic wave E(r, t) = E(K, ν)ei(K·r−νt), we fiid
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P(K, ν) = ε0χ(1)(K, ν) : E(K, ν) , (2.38)

with

χ(1)(K, ν) =
∫

d3r

∫ t

−∞
dt′χ(1)(r, t′)ei(K · r−νt′) . (2.39)

The linear dielectric constant is related to χ(1)(K, ν) via

ε(K, ν) = ε0[1 + χ(1)(K, ν)] . (2.40)

In the nonlinear case, and for electric fields sufficiently weak that perturbation
theory is valid, one gets instead

P (r, t) = ε0
∫

d3r

∫ t

−∞
dt′χ(1)(r − r′, t− t′) ·E(r′, t′)

+ε0
∫

dr1dt1dr2dt2χ(2)(r − r1, t− t1; r − r2, t− t2) : E(r1, t1)E(r2, t2)

+ε0
∫

dr1dt1dr2dt2dr3dt2χ(3)(r − r1, t− t1; r − r2, t− t2; r − r3, t− t3)

...E(r1, t1)E(r2, t2)E(r3, t3) + . . . , (2.41)

where χ(n) the nth-order susceptibility. If E(r, t) can be expressed as a sum
of plane waves,

E(r, t) =
∑

n

E(Kn, νn)ei(Kn · r−νnt) , (2.42)

then as in the linear case, the Fourier transform of (2.41) gives

P(K, ν) = P(1)(K, ν) + P(2)(K, ν) + P(3)(K, ν) + . . . (2.43)

with P(1)(K, ν) given by (2.38) and

P(2)(K, ν) = χ(2)(K = Kn + Km, ν = νn + νm) : E(Kn, νn)E(Km, νm)
P(3)(K, ν) = χ(3)(K = Kn + Km + K
, ν = νn + νm + ν
)

...E(Kn, νn)E(Km, νm)E(K
, ν
)

and

χ(n)(K = K1 + K2 + . . .+ Kn, ν = ν1 + ν2 + . . .+ νn)

=
∫

d3r1dt1dr
2dt2 . . . d

3rndtnχ(n)

×(r − r1, t− t1; r − r2, t− t2; . . . r − rn, t− tn)
× exp[+iKi·(r − r1) − iν1(t− t1) + . . .+ iKn·(r − rn) − iνn(t− tn)] .
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Problems

2.1 Solve the couplem. ode equations

dE1

dz
= −α1E1 + χ1E∗

3 , (2.44)

dE∗
3

dz
= −α∗

3E∗
3 + χ∗3E1 , (2.45)

valid for phase-matched forward three-wave mixing. Ans:

E1(z) = e−az[E1(0) coshwz + (−αE1(0) + χ1E∗
3 (0)) sinhwz/w] (2.46)

E∗
3 (z) = e−az[E∗

3 (0) coshwz + (aE∗
3 (0) + χ∗3E1(0)) sinhwz/w] , (2.47)

where a = (α1 + α∗
3)/2, α = (α1 − α∗

3)/2, and w =
√
α2 + χ1χ∗3.

2.2 Derive the coefficients in the coupled-mode equations (2.22).

2.3 Calculate all wavelengths generated in a χ(3) nonlinear medium by a
combination of 632.8 nm and 388 nm laser light.

2.4 Calculate the coupling coefficient χn for four-wave mixing based on an
anharmonic oscillator.

2.5 Write the propagation equations for second-harmonic generation. Com-
ment on phase matching.

2.6 Calculate the phase mismatch for a conjugate wave of frequency ν3 =
ν2 + (ν2 − ν1) generated by signal and pump waves with frequencies ν1 and
ν2, respectively, and propagating in the same direction. Include the fact that
the indices of refraction for the three waves are in general different, that is,
η(ν1) = η(ν2) + δη1 and η(ν3) = η(ν2) + δη3.

2.7 Show that (2.20) contains all the fundamental contributions from the
third-order expression (2.19).

2.8 Evaluate the reflection coefficient r of (2.35) in the limit of large L.
Answer: r = ∓χ∗3/(w ± α) for Re(w) ≷ 0.



3 Quantum Mechanical Background

Chapters 1, 2 describe the interaction of radiation with matter in terms of a
phenomenological classical polarization P. The question remains as to when
this approach is justified and what to do when it isn’t. Unexcited systems
interacting with radiation far from the system resonances can often be treated
purely classically. The response of the system near and at resonance often
deviates substantially from the classical descriptions. Since the laser itself and
many applications involve systems near atomic (or molecular) resonances, we
need to study them with the aid of quantum mechanics.

In preparation for this study, this chapter reviews some of the highlights
of quantum mechanics paying particular attention to topics relevant to the
interaction of radiation with matter. Section 3.1 introduces the wave function
for an abstract quantum system, discusses the wave function’s probabilistic
interpretation, its role in the calculation of expectation values, and its equa-
tion of motion (the Schrödinger equation). Expansions of the wave function
in various bases, most notably in terms of energy eigenstates, are presented
and used to convert the Schrödinger partial differential equation into a set of
ordinary differential equations. The Dirac notation is reviewed and used to
discuss the state vector and how the state vector is related to the wave func-
tion. System time evolution is revisited with a short review of the Schrödinger,
Heisenberg and interaction pictures.

In Chaps. 4–12, we are concerned with the interaction of classical electro-
magnetic fields with simple atomic systems. Section 3.2 lays the foundations
for these chapters by discussing wave functions for atomic systems and study-
ing their evolution under the influence of applied perturbations. Time depen-
dent perturbation theory and the rotating wave approximation are used to
predict this evolution in limits for which transitions are unlikely. The Fermi
Golden Rule is derived. Section 3.3 deals with a particularly simple atomic
model, the two-level atom subject to a resonant or nearly resonant classi-
cal field. We first discuss the nature of the electric-dipole interaction and
then use the Fermi Golden Rule to derive Einstein’s A and B coefficients for
spontaneous and stimulated emission. We then relax the assumption that the
interaction is weak and derive the famous Rabi solution.

In Chaps. 13–19, we discuss interactions for which the electromagnetic
field as well as the atoms must be quantized. In particular, Chap. 13 shows
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that electromagnetic field modes are described mathematically by simple har-
monic oscillators. In addition, these oscillators can model the polarization of
certain kinds of media, such as simple molecular systems. In preparation for
such problems, Sect. 3.4 quantizes the simple harmonic oscillator. The section
writes the appropriate Hamiltonian in terms of the annihilation and creation
operators, and derives the corresponding energy eigenstates.

This chapter is concerned with the quantum mechanics of single systems
in pure states. Discussions of mixtures of systems including the decay phe-
nomena and excitation mechanisms that occur in lasers and their applications
are postponed to Chap. 4 on the density matrix.

3.1 Review of Quantum Mechanics

According to the postulates of quantum mechanics, the best possible knowl-
edge about a quantum mechanical system is given by its wave function ψ(r, t).
Although ψ(r, t) itself has no direct physical meaning, it allows us to calcu-
late the expectation values of all observables of interest. This is due to the
fact that the quantity

ψ(r, t)∗ψ(r, t) d3r

is the probability of finding the system in the volume element d3r. Since
the system described by ψ(r, t) is assumed to exist, its probability of being
somewhere has to equal 1. This gives the normalization condition

∫
ψ(r, t)∗ψ(r, t) d3r = 1 , (3.1)

where the integration is taken over all space.
An observable is represented by a Hermitian operator O(r) and its ex-

pectation value is given in terms of ψ(r, t) by

〈O〉(t) =
∫

d3rψ∗(r, t)O(r)ψ(r, t) . (3.2)

Experimentally this expectation value is given by the average value of the
results of many measurements of the observable O acting on identically pre-
pared systems. The accuracy of the experimental value for 〈O〉 typically de-
pends on the number of measurements performed. Hence enough measure-
ments should be made so that the value obtained for 〈O〉 doesn’t change
significantly when still more measurements are performed. It is crucial to
note that the expectation value (3.2) predicts the average from many mea-
surements; in general it is unable to predict the outcome of a single event
with absolute certainty. This does not mean that quantum mechanics in other
ways is unable to make some predictions about single events.
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The reason observables, such as position, momentum, energy, and dipole
moment, are represented by Hermitian operators is that the expectation val-
ues (3.2) must be real. Denoting by (φ, ψ) the inner or scalar product of two
vectors φ and ψ, we say that a linear operator O is Hermitian if the equality

(φ,Oψ) = (Oφ, ψ) . (3.3)

holds for all φ and ψ. In this notation, (3.2) reads 〈O〉 = (ψ,Oψ).
An important observable in the interaction of radiation with bound elec-

trons is the electric dipole er. This operator provides the bridge between
the quantum mechanical description of a system and the polarization of the
medium P used as a source in Maxwell’s equations for the electromagnetic
field. According to (3.2) the expectation value of er is

〈er〉(t) =
∫

d3 r r e|ψ (r, t) |2 , (3.4)

where we can move er to the left of ψ(r, t)∗ since the two commute (an opera-
tor like ∇cannot be moved). Here we see that the dipole-moment expectation
value has the same form as the classical value if we identify ρ = e|ψ(r, t)|2 as
the charge density.

In nonrelativistic quantum mechanics, the evolution of ψ(r, t) is governed
by the Schrödinger equation.

i�
∂

∂t
ψ(r, t) = Hψ(r, t) , (3.5)

where H is the Hamiltonian for the system and � = 1.054× 10−34 joule-
seconds is Planck’s constant divided by 2π. The Hamiltonian of an unper-
turbed system, for instance an atom not interacting with light, is the sum of
its kinetic and potential energies

H0 =
−�

2∇2

2m
+ V (r) , (3.6)

where m is its mass and V (r) the potential energy. As we shall see shortly,
in the coordinate representation we are considering here the momentum op-
erator p̂ is expressed in terms of the system’s position operator r as

p̂ = −i�∇ , (3.7)

so that we recognize that the first term of the Hamiltonian (3.6) is nothing
but the kinetic energy of the system. Note also the important relationship

[x̂i, p̂j ] = i�δij (3.8)

where x̂i and p̂j are cartesian coordinates of the operators x̂ and p̂, and
[â, b̂] ≡ âb̂ − âb̂ is the commutator between the operators â and b̂. Observ-
ables which satisfy this commutation relation are generally called conjugate
variables.
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In view of (3.7), we see that the Schrödinger equation (3.5) is a partial
differential equation. The time and space dependencies in (3.5) separate for
functions having the form

ψn(r, t) = un(r)e−iωnt (3.9)

for which the un(r) satisfy the energy eigenvalue equation

Hun(r) − �ωnun(r) . (3.10)

The eigenfunctions un(r) can be shown to be orthogonal, and we take them
to be normalized according to (3.1), so that they are then orthonormal,

∫
u∗n(r)um(r)d3r = δn,m =

{
1 n = m
0 n �= m (3.11)

and complete ∑

n

u∗n(r)un(r′) = δ(r − r′) , (3.12)

where δn,m and δ(r − r′) are the Kronecker and Dirac delta functions, re-
spectively. The completeness relation (3.12) means that any function can be
written as a superposition of the un(r). Problem 3.1 shows that this definition
is equivalent to saying that any wave function can be expanded in a complete
set of states.

In particular the wave function ψ(r, t) itself can be written as the super-
position of the ψn(r, t):

ψ(r, t) =
∑

n

Cn(t)un(r)e−iωnt . (3.13)

The expansion coefficients Cn(t) are actually independent of time for prob-
lems described by a Hamiltonian satisfying the eigenvalue equation (3.10).
We have nevertheless included a time dependence in anticipation of adding an
interaction energy to the Hamiltonian. Such a modified Hamiltonian wouldn’t
quite satisfy (3.10), thereby causing the Cn(t) to change in time.

Substituting (3.13) into the normalization condition (3.1) and using the
orthonormality condition (10), we find

∑

n

|Cn|2 = 1 . (3.14)

The |Cn|2 can be interpreted as the probability that the system is in the nth
energy state. The Cn are complex probability amplitudes and completely
determine the wave function. To find the expectation value (3.2) in terms of
the Cn, we substitute (3.13) into (3.2). This gives

〈O〉 =
∑

n,m

CnC
∗
mOmne−iωnmt , (3.15)
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where the operator matrix elements Omn are given by

Omn =
∫

d3r u∗m (r)Oun(r) , (3.16)

and the frequency differences

ωnm = ωn − ωm . (3.17)

Typically we consider the interaction of atoms with electromagnetic fields.
To treat such interactions, we add the appropriate interaction energy to the
Hamiltonian, that is

H = H0 + V . (3.18)

If we expand the wave function in terms of the eigenfunctions of the “unper-
turbed Hamiltonian” H0, rather than those of the total Hamiltonian H, the
probability amplitudes Cn(t) change in time. To find out just how, we sub-
stitute the wave function (3.13) and Hamiltonian (3.18) into Schrödinger’s
equation (3.5) to find

∑

n

(�ωn + V)Cnun(r)e−iωnt =
∑

n

(�ωnCn + i�Ċn)un(r)e−iωnt . (3.19)

Cancelling the �ωn terms, changing the summation index n tom, multiplying
through by u∗n(r) exp(iωnt), and using the orthonormality property (3.11),
we find the equation of motion for the probability amplitude Cn(t)

Ċn(t) = − i
�

∑

m

〈n|V|m〉eiωnmtCm(t) , (3.20)

where the matrix element

〈n|V|m〉 =
∫

d3ru∗n(r)Vum(r) . (3.21)

Note that instead of the form (3.13), we can also expand the wave function
ψ(r, t) as

ψ(r, t) =
∑

n

cn(t)un(r) , (3.22)

for which the �ωn time dependence in (3.19) doesn’t cancel out. The cn(t)
then obey the equation of motion

ċn(t) = −iωncn(t) − i

�

∑

m

〈n|V|m〉cm(t) . (3.23)

In terms of the cn, the expectation value (3.2) becomes

〈O〉 =
∑

n,m

cnc
∗
mOmn . (3.24)
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Equation (3.20) and equivalently (3.23) shows how the probability am-
plitudes for the wave function written as a superposition of energy eigen-
functions changes in time. They are equivalent to the original Schrödinger
equation (3.5), but are no longer concerned with the precise position depen-
dence, which is already accounted for by the r-dependence of the eigenfunc-
tions un(r). In particular if we’re only concerned about how a system such
as an atom absorbs energy from a light field, this development is completely
described by the changes in the Cn or cn.

The choice of using the relatively slowly varying Cn versus using the rapidly
varying cn is a matter of taste and convenience. The time dependence of the
Cn is due to the interaction energy V alone, while that of the cn is due to
the total Hamiltonian H. To distinguish between the two, we say that the
Cn are in the interaction picture, while the cn are in the Schrödinger picture.
We discuss this more formally at the end of this section.

Armed with (3.20) or (3.23), you can skip directly to Sect. 3.2, which
shows how systems evolve in time due to various interactions. Before going
ahead, we review the Dirac notation and some other aspects of the wave
function and of its more abstract form, the state vector |ψ〉. This material is
needed for our discussions involving quantized fields in Chaps. 13–19, and is
useful in proving various properties of the density operator in Chap. 4.

Up to now we have used the so-called coordinate representation, where
all operators, as well as the wave function, are expressed as functions of
the system’s position r. Alternatively, one can work in a number of other
representations, a rather common one being the momentum representation.
Here, operators and wave functions are expressed as functions of the system’s
momentum p. As we shall see shortly, one can transform the system’s wave
function from the coordinate to the momentum representation by a simple
Fourier transformation of ψ(r, t),

φ(p, t) =
1

(2π�)3/2

∫
d3r ψ(r, t)e−ip·r/� . (3.25)

Here φ(p, t) describes the same dynamical state as ψ(r, t). It doesn’t make
any difference in principle which representation we choose to use, and as we
see with the Ċn, we sometimes don’t have to worry about the coordinate
representation at all.

We now turn to a discussion of a general formalism which does away
with the explicit use of representations, and allows us to switch from one to
another representation, when it is desirable.

Dirac Notation

The formalism that permits one to achieve this goal is the Dirac notation.
Roughly speaking Dirac’s formulation is analogous to using vectors instead of
coordinates. The notation has an additional advantage in that one can label
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Fig. 3.1. A two dimensional vector written in ordinary vector notation and in
Dirac notation

the basis vectors much more conveniently than with ordinary vector notation.
We start our discussion with a comparison between ordinary notation for a
vector in a two-dimensional space and Dirac’s version. As shown in Fig. 3.1,
a vector v can be expanded as

v = vxx̂ + vyŷ , (3.26)

where x̂ and ŷ are unit vectors along the x and y axes, respectively. In Dirac
notation, this reads

|v〉 = vx|x〉 + vy|y〉 , (3.27)

the component vx given in ordinary vector notation by the dot product x̂ ·v
is given in Dirac notation by

vx = 〈x|v〉 . (3.28)

The Dirac vector |v〉 is called a “ket” and the vector 〈v| a “bra”, which come
from calling the inner product (3.28) a “bra c ket”. With the notation (3.28),
(3.27) reads

|v〉 = |x〉〈x|v〉 + |y〉〈y|v〉 . (3.29)

This immediately gives the identity diadic (outer product of two vectors)

|x〉〈x| + |y〉〈y| = I . (3.30)

Equations (3.27, 3.30) can be immediately generalized to many dimensions
as in

|v〉 =
∑

n

|n〉〈n|v〉 , (3.31)

I =
∑

n

|n〉〈n| , (3.32)

where the {|n〉} are a complete orthonormal set of vectors, i.e., a basis. The
inner products 〈n|v〉 are the expansion coefficients of the vector |v〉 in this
basis. The bra 〈n| is the adjoint of the ket |n〉 and the expansion coefficients
have the property
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〈k|v〉 = 〈v|k〉∗ . (3.33)

Unlike the real spaces of usual geometry, quantum mechanics works in a
complex vector space called a Hilbert space, where the expansion coefficients
are in general complex.

The basis {|n〉} is discrete. Alternatively, we can expand vectors in terms
of the coordinate basis {|r〉} which like the {|n〉} forms a complete basis,
albeit a continuous one. For such a situation we need to use continuous sum-
mations in (3.31, 3.32), that is, integrals. For example, the identity operator
of (3.32) can be expanded as

I =
∫

d3r |r〉〈r| . (3.34)

One major advantage of the bra and ket notation is that you can label the
vectors with as many letters as desired. For example, you could write |rθφ〉
in place of |r〉.

The vector of primary interest in quantum mechanics is the state vector
|ψ(t)〉. The wave function is actually the expansion coefficient of |ψ〉 in the
coordinate basis

|ψ〉 =
∫

d3r|r〉〈r|ψ〉 , (3.35)

where the wave function
ψ(r, t) = 〈r|ψ〉 . (3.36)

Hence the state vector |ψ〉 is equivalent to the wave function ψ(r, t), but
doesn’t explicitly display the coordinate dependence.

Instead of using the position expansion of (3.35), we can expand the state
vector in the discrete basis {|n〉} as

|ψ〉 =
∑

n

cn|n〉 . (3.37)

The most common basis to use consists of the eigenstates of the unperturbed
Hamiltonian operator H0. For this basis, the expansion coefficients cn are just
those in (3.22), and the energy eigenfunctions are related to the eigenvectors
by

un(r) = 〈r|n〉 . (3.38)

A useful trick in transforming from one basis to another is to think of the
vertical bar as an identity operator expanded either as in (3.32) or as in
(3.34). Using the form of (3.34) in (3.37) on both sides of the equation along
with (3.38), we recover (3.22).

The expectation value of the operator O is given in terms of the state
vector by

〈O〉(t) = 〈ψ(t)|O|ψ(t)〉 . (3.39)
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To see that this is the same as the position representation version of (3.2) is
a little trickier. We substitute the identity expansion (3.34) in for the left bar
and the same expansion with r → r′ in for the right bar obtaining

〈O〉 =
∫

d3r

∫
d3r′〈ψ|r〉〈r|O|r′〉〈r′|ψ〉

=
∫

d3r

∫
d3r′ψ∗(r, t)O(r, r′)ψ(r′, t) . (3.40)

Hermitian operators in quantum mechanics often turn out to be local, and
hence

O(r, r′) = O(r, r)δ(r − r′) . (3.41)

This fact reduces (3.40) to (3.2) as desired. More generally we can interpret
Oψ(r, t) on the right-hand side of (3.2) as

Oψ(r, t) =
∫

d3r′O(r, r′)ψ(r′, t) .

Similarly substituting the expansion (3.37) into (3.39), we find the ex-
pectation value (3.24), where the operator matrix elements written earlier as
(3.16) can be written simply as

Omn = 〈m|O|n〉 . (3.42)

Problem 3.2 shows that this equals (3.16). It is also useful to express the
operator O directly in terms of the basis set. This then reads as

O =
∑

n,m

Onm|n〉〈m| . (3.43)

Finally, we note that the state vector version of the Schrödinger equation
(3.5) is

i�
∂

∂t
|ψ〉 = H|ψ〉 , (3.44)

where

H =
p̂2

2m
+ V (r̂) . (3.45)

This reduces to the Schrödinger equation (3.5) in the coordinate representa-
tion.

Coordinate and Momentum Representations

Equation (3.36) introduced the coordinate representation wave function
ψ(r, t) = 〈r|ψ〉. One can in a similar fashion introduce the momentum repre-
sentation wave function

φ(p, t) = 〈p|ψ〉 . (3.46)
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In order to discuss the connection between the coordinate and momentum
representations, we restrict ourselves to a one-dimensional situation where
p̂ → p̂ and x̂ → x̂, with [x̂, p̂] = i�. We proceed by introducing the translation,
or shift operator

S(λ) = exp(−iλp̂/�) . (3.47)

S(λ) is unitary, with S†(λ) = S−1(λ) = S(−λ), and it has a number of
interesting properties. For instance, using the commutation relations

[x̂, f(p̂)] = i�f ′(p̂) , (3.48)
[p̂, g(x̂)] = −i�g′(x̂) , (3.49)

which are proven in Prob. 3.19, one finds readily that

[x̂, S(λ)] = λS(λ) , (3.50)

so that x̂S(λ) = S(λ)[x̂+λ]. Since the ket |x〉 is an eigenstate of the operator
x̂ with x̂|x〉 = x|x〉, we have therefore that x̂S(λ)|x〉 = S(λ)(x + λ)|x〉 =
(x + λ)S(λ)|x〉. In other words, the state S(λ)|x〉 is also an eigenstate of x̂,
but with eigenvalue (x + λ): the action of the operator S(λ) on the ket |x〉
is to transform it into a new eigenvector of x̂ with eigenvalue shifted by the
arbitrary amount λ,

S(λ)|x〉 = |x+ λ〉 . (3.51)

This also proves that the spectrum of x̂ is continuous. Finally, we note that
the coordinate representation wave function corresponding to the ket S(λ)|ψ〉
is

〈x|S(λ)|ψ〉 = 〈x− λ|ψ〉 = ψ(x− λ) . (3.52)

The translation operator permits one to easily determine the action of the
momentum operator p̂ in the coordinate representation. Considering a small
shift ε such that S(−ε) = exp(iεp̂/�) � 1 + i ε

�
p̂+O(ε2), we have

〈x|S(−ε)|ψ〉 = ψ(x) + i
ε

�
〈x|p̂|ψ〉 +O(ε2) = ψ(x+ ε) , (3.53)

so that

〈x|p̂|ψ〉 =
�

i
lim
ε→0

ψ(x+ ε) − ψ(x)
ε

=
�

i
d
dx
ψ(x) . (3.54)

The action of p̂ in the coordinate representation is therefore

p̂→ −i� d
dx
. (3.55)

A similar derivation shows that in the momentum representation, the action
of x̂ is

x̂→ i�
d
dp
. (3.56)
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Armed with this knowledge, it is quite easy to obtain the form of the
Schrödinger equation in the momentum representation from its coordinate
representation of (3.6). This requires evaluating 〈p|V (x̂)|ψ(t)〉. Introducing
the identity

∫
dp |p〉〈p| = 1, we have

〈p|V (x̂)|ψ(t)〉 =
∫

dp′〈p|V (x̂)|p′〉〈p′|ψ(t)〉 =
∫

dp′V (p− p′)φ(p′, t) , (3.57)

where V (p − p′) are of course the matrix elements of the potential V in
the momentum representation. They can be obtained from the coordinate
representation by noting that

〈p|V (x)|p′〉 =
∫

dx〈p|x〉〈x|V (x̂)|x〉〈x|p′〉 . (3.58)

Since 〈x|p′〉 may be interpreted as the coordinate representation wave func-
tion ψ(x) associated with the state vector |p′〉 we have from (3.54)

〈x|p̂|p〉 = −i�
dψ(x)

dx
,

so that

ψ(x) =
(
−i�
p

)
dψ(x)

dx
or

〈x|p〉 =
1√
2π�

exp(ipx/�) , (3.59)

where we have used the plane wave normalization appropriate for the one-
dimensional situation at hand. Introducing this result into (3.58) yields

V (p) =
1√
2π�

∫
dx e−ipx/�V (x) , (3.60)

that is, V (p) is the Fourier transform of V (x). With this result, the momen-
tum representation of the Schrödinger equation is therefore

i�
dφ(p)

dt
=

(
p2

2m

)
φ(p) +

1
(2π�)n/2

∫
dnp′V (p − p′)φ(p′) (3.61)

Here, we have extended the one-dimensional result to n dimensions in a
straightforward way. Note that in contrast to the coordinate representation,
where the potential energy term is usually local and the kinetic energy term
is not, the kinetic energy term is now local, but the potential energy term is
not.
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Schrödinger, Heisenberg and Interaction Pictures

The problem we are normally interested in quantum optics is to determine
the expectation values (3.39) of observables at the time t. To do this we typ-
ically start with a system in a well defined state at an earlier time and follow
the development up to the time t using the Schrödinger equation (3.44). It is
possible to follow this evolution in three general ways and in many combina-
tions thereof. The one we use primarily in the first part of this book is called
the Schrödinger picture and puts all of the time dependence in the state vec-
tor. The interaction picture puts only the interaction-energy time dependence
into the state vector, putting the unperturbed energy dependence into the
operators. The Heisenberg picture puts all of the time dependence into the
operators, leaving the state vector stationary in time. In the remainder of this
section, we review the way in which these three pictures are tied together.

The Schrödinger equation (3.44) can be formally integrated to give

|ψ(t)〉 = U(t)|ψ(0)〉 , (3.62)

where the evolution operator U(t) for a time-independent Hamiltonian is
given by

U(t) = exp(−iHt/�) . (3.63)

Substituting (3.62) into the expectation value (3.39) we obtain

〈O〉 = 〈ψ(0)|U†(t)O(0)U(t)|ψ(0)〉 . (3.64)

We can also find this same value if we can determine the time dependent
operator.

O(t) = U†(t)O(0)U(t) . (3.65)

As Heisenberg first showed, it is possible to follow the time evolution of
the quantum mechanical operators. In fact we can obtain their equations of
motion by differentiating (3.65). This gives

d
dt

O(t) =
dU†

dt
OU + U† ∂O

∂t
U + U†OdU

dt
,

i.e.,
d
dt

O(t) =
i

�
[H,O] + U† ∂O

∂t
U , (3.66)

where
[H,O] ≡ HO −OH (3.67)

is the commutator of H with O. In deriving (3.66), we have used the fact that
H commutes with U , which follows from the fact that U is a function of H
only. The ∂O/∂t accounts for any explicit time dependence of the Schrödinger
operator O.
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In general when the system evolution is determined by integrating equa-
tions of motion for the observable operators, we say the Heisenberg picture is
being used. When the evolution is determined by integrating the Schrödinger
equation, we say that the Schrödinger picture is being used. In either case,
(3.64) shows that we get the same answers. You ask, why use one picture
instead of the other? The answer is simply, use the picture that makes your
life easier. Typically the insights obtained with one differ somewhat from the
other, but you get the same answer with either. Traditionally the Schrödinger
picture is the first one taught to students and many people feel more com-
fortable with it. Much of this book is carried out in the Schrödinger picture.

On the other hand, the Heisenberg picture is a “natural” picture in the
sense that the observables (electric fields, dipole moment, etc.) are time-
dependent, exactly as in classical physics. As a result, their equations of
motion usually have the same form as in the classical case, although they are
operator equations, which modifies the way one can integrate and use them.
Another aspect is that in the Schrödinger picture, one has to find |ψ(t)〉(or its
generalization the density operator ρ) before computing the desired expec-
tation values. Since |ψ(t)〉 contains all possible knowledge about the system,
you have to solve the complete problem, which may be more than you need.
In many cases, you only want to know one or a few observables of the system.
The Heisenberg picture allows you to concentrate on precisely those observ-
ables, and with some luck, you may not have to solve the whole problem to
get the desired answers.

In discussing (3.13, 3.22), we hinted at another way of following the time
dependence, namely, we put only the time dependence due to the interaction
energy into the Cn(t), while the time dependence of the total Hamiltonian is
contained in the cn(t). The state vector of (3.37) is the Schrödinger-picture
state vector, while the state vector

|ψI(t)〉 =
∑

n

Cn(t)|n〉 (3.68)

is said to be the interaction-picture state vector. The thought behind using
the interaction picture is to take advantage of the fact that we often face
situations where we already know the solutions of the problem in the absence
of the interaction.

More formally, to eliminate the known part of the problem, we substitute
the state vector

|ψS(t)〉 = U0(t)|ψI(t)〉 , (3.69)

where
U0(t) = exp(−iH0t/�) (3.70)

into the Schrödinger equation (3.44). We include the subscript S in (3.69)
to remind ourselves that |ψS(t)〉 is the Schrödinger-picture state vector. We
find



64 3 Quantum Mechanical Background

d
dt

|ψI(t)〉 = − i
�
VI(t)|ψI(t)〉 , (3.71)

where we have defined the interaction-picture interaction energy

VI(t) = U†
0 (t)VSU0(t) (3.72)

and put a subscript S on the RHS to remind ourselves that VS is in the
Schrödinger picture. From (3.69, 3.39), we also immediately find that the
ex-ceptation value of an operator O in the interaction picture is given by

〈O(t)〉 = 〈ψI(t)|OI(t)|ψI(t)〉 , (3.73)

where
OI(t) = U†

0 (t)OSU(t)0 . (3.74)

Note that since we know the solution of the unperturbed problem, OI(t) is
already known. Comparing the equation of motion (3.71) achieved with the
original Schrödinger equation (3.44), we see that we have achieved our goal,
namely, that we have eliminated the part of the problem whose solution we al-
ready knew. We see in Chap. 4 that the interaction picture (or more precisely,
an interaction picture) is particularly helpful in visualizing the response of a
two-level atom to light.

3.2 Time-Dependent Perturbation Theory

To predict expectation values of operators, we need to know what the wave
function is. Typically, we know the initial value of the wave function, which
then evolves in time according to the Schrödinger equation, or equivalently,
the operators of interest evolve according to the Heisenberg equations. For
some problems, these equations can be integrated exactly, giving us the values
needed to compute the expectations values and the desired time t. More gen-
erally the equations can be integrated approximately using a method called
time-dependent perturbation theory. The name comes from the introduction
of a perturbation energy V as given in (3.18), which describes the interaction
of the quantum system under consideration with some other system. An atom
interacting with an electromagnetic field is the combination that we consider
most often in this book. The perturbation energy forces the probability am-
plitudes in (3.13) or (3.22) to be time dependent. The method of time de-
pendent perturbation theory consists of formally integrating the Schrödinger
equation, converting it into an integral equation, and then solving the in-
tegral equation iteratively. One way to proceed is by writing V → εV and
|ψ(t)〉 → |ψ(0)(t)〉 + ε|ψ(1)(t)〉 + ε2|ψ(2)(t)〉 + . . .. The zeroth-order solution,
the solution in absence of perturbation, is then obtained by equating terms
proportional to order ε0 on both sides of Schrödinger’s equation. First-order
perturbation theory is obtained by equating terms proportional to ε, second-
order theory to terms proportional to ε2, and so on. One can then set ε = 1



3.2 Time-Dependent Perturbation Theory 65

at the end of the calculation. For example on the RHS of the equations of
motion (3.20) for the Cn, we insert the initial values of the Cn and inte-
grate, obtaining better values on the LHS. This first integration gives the
“first-order” corrections to the Cn. That may be accurate enough for your
purposes, and it is used in the famous Fermi Golden Rule. If it is not accurate
enough, you substitute the improved values in on the RHS and integrate to
obtain a second-order correction. One can iterate this procedure to succes-
sively higher orders of perturbation. This section carries out this procedure to
first order in the perturbation energy, i.e., one time integration. The answer
is illustrated and then used to derive the Fermi Golden Rule. The section
concludes with a general formulation of higher-order perturbation theory.

An important question is, given a quantum system initially in the state
|i〉, what are the probabilities that transitions occur to other states? This
question asks, for example, what the probability is that an initially unexcited
atom interacting with an electromagnetic field absorbs energy from the field.
The wave function (3.13) has the initial value

ψ(r, 0) = ui(r) ,

that is,
Ci(0) = 1, Cn�=i(0) = 0 . (3.75)

To find out the first-order correction to the Cn(t), we use the initial values
(3.75) on the RHS of the Schrödinger equations of motion (3.20) for the Cn(t).
This gives

Ċn(t) � Ċ(1)
n (t) = −i�−1〈n|V|i〉eiωnit , (3.76)

where C(1)
n is a special case of C(k)

n , which means we have iterated (3.20) k
times.

Equation (3.76) is easy to integrate for two important kinds of perturba-
tion energies: one time independent, and one sinusoidal such that

V = V0 cos νt . (3.77)

Integrating (3.76) from 0 to t for a time independent V(ν = 0), we have

Cn(t) � C(1)
n (t) = −i�−1Vni

eiωnit − 1
iωni

= −i�−1Vnieiωnit/2 sin (ωnit/2)
ωni/2

,

where we write Vni for 〈n|V0|i〉. The probability that a transition occurs to
level n is given by

|C(1)
n |2 =

|Vni|2
�2

sin2(ωnit/2)
(ωni/2)2

. (3.78)

It’s interesting to note that we have already seen this kind of result in the
phase matching discussion of Sect. 2.2, for which electromagnetic field am-
plitudes are used instead of the probability amplitudes used here. Problem
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3.3 discusses the analogy between the two problems. The value of (3.78) is
accurate so long as Ci(t) doesn’t change appreciably from the initial value
Ci(0) = 1. In view of the normalization condition (3.14), this means that the
total transition probability

PT = 1 − |C(1)
i |2 =

∑

n�=i

|C(1)
n |2 (3.79)

must be much less than unity.
Figure 3.2 plots the probability in (3.78) at the time t as a function of

the frequency difference ωni. For short enough times we can expand the sine
in (3.78) to find

|C(1)
n |2 � |Vni|2

�2
t2 (3.80)

which shows that the center of the curve increases proportionally to t2. We
further see that for increasing frequency differences |ωni|, the probability that
the interaction induces a transition to level n becomes smaller rapidly. Thus
transitions are much more likely if the energy is conserved between initial
and final states.

Consider now the sinusoidal interaction energy (3.77), which can be used
to model an atom interacting with a monochromatic electromagnetic field.
For such a field, (3.77) is proportional to the electric field amplitude, as we
see in Sect. 3.3. Integrating (3.76) accordingly, we have

Cn(t) � C(1)
n (t) = −iVni

2�

[
ei(ωni+ν)t − 1

i(ωni + ν)
+
ei(ωni+ν)t − 1

i(ωni − ν)

]
. (3.81)

For the sake of definiteness, consider the case ωni > 0. Then the denomina-
tor ωni + ν is always positive and larger than ωni. This is not true for the

(ω − ν) t
2
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0
×

∣ ∣ ∣C
(1

)
n

(t
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Fig. 3.2. Probability |C(1)
n (t)|2 of (3.78) versus (ω − ν)t/2
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denominator ωni − ν, which vanishes if the resonance condition

ν � ωni (3.82)

is satisfied. For interactions near resonance, the term with the relatively small
denominator ωni−ν is much larger than that with the ωni +ν, allowing us to
neglect the latter. For the same reason, we can probably neglect transitions
to levels with energies very different from �ν. This observation is used to
justify the two-level atom approximation discussed in Sect. 3.3. Neglecting
the term with the relatively large denominator ωni + ν is called the rotating-
wave approximation. It is used in much of the book.

Making the rotating-wave approximation in (3.81), we find the transition
probability

|C(1)
n |2 =

|Vni|2
4�2

sin2[(ωni − ν)t/2]
(ωni − ν)2/4

. (3.83)

This result is formally the same as the dc case of (3.78), provided we substi-
tute ωni − ν for ωni. Thus Fig. 3.2 and the corresponding discussion apply to
this case as well. In particular, we see that in the course of time, transitions
are unlikely to occur unless the resonance condition (3.82) is satisfied, that
is, unless the applied field frequency matches the transition frequency.

So far we have infinitely sharp energy levels. This is not realistic, since
levels can be broadened by effects like spontaneous emission and collisions.
Furthermore, there may be a continuum of levels such as in the energy bands
in solid-state media. For these situations, the summation in the total transi-
tion probability (3.79) can be replaced by an integral with a density of state
factor D(ω) to weight the distribution correctly. For example, there are typi-
cally more states per frequency interval for higher frequencies then for lower
frequencies. The total transition probability PT then has the value

PT �
∫

D(ω)|C(1)(ω)|2dω ,

where the discrete frequency ωni is replaced by the continuous frequency ω.
Substituting (3.83), we find

PT =
∫

dωD(ω)
|V(ω)|2

4�2
t2

sin2[(ω − ν)t/2]
[(ω − ν)t/2]2

. (3.84)

It is interesting to evaluate the total transition probability integral (3.84)
for two reasons. First, so long as it is small enough, we know that the first-
order perturbation theory answer is valid. Secondly, dPT /dt gives the rate at
which transitions occur. The equation for this rate is called the Fermi Golden
Rule, and can be used to find a variety of rates, such as those occurring in
the photoelectric effect, spontaneous emission, and the Planck radiation law.

Equation (3.84) is a special case of the general integral
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J =
∫

dωF (ω)G(ω) . (3.85)

There are problems for which both the density of states factor D(ω) and the
matrix elements Vni are known. But even in such situations the resulting in-
tegral for (3.84) is typically hard to solve. However, we can approximate J if
either F (ω) or G(ω) varies little over the frequency range for which the other
has an appreciable value. The extreme example is when one of the functions,
say G(ω) is the delta function δ(ω − ω0). Then J = F (ω0). More generally,
suppose G(ω) is sharply peaked about ω0 and that F (ω0) varies little in this
interval. Then J � F (ω0)

∫
G(ω). For the purposes of this problem, G(ω) is

a delta function, and it is in this way that delta functions approximate nat-
ural behavior. This is an example of what one sometimes calls an “adiabatic
elimination”. This kind of elimination is equally important in the solution of
coupled differential equations, for which one function varies slowly compared
to another. Typically we consider problems in which atoms coupled to an
electromagnetic field vary rapidly compared to the field envelope. In such
cases, the technique of adiabatic elimination allows us to solve the atomic
equations of motion assuming that the field envelope is constant, and then
to substitute the resulting steady-state polarization of the medium into the
correspondingly simplified slowly-varying field equations of motion (Chap. 5).

The integral (3.84) has the form of (3.85) with F (ω) = D(ω)|V(ω)|2 and
G(ω) = sin2[(ω−ν)t/2]/[(w−ν)t/2]2. Hence we can solve (3.84) when either F
or G varies rapidly compared to the other. In particular, for times sufficiently
small that all relevant values of |ω − ν|t are much less than unity, the G =
sin x/x function in (3.84) can be approximated by unity. By relevant values
of |ω − ν|t, we mean those for which the density of states factor D(ω) and
the matrix element V(ω) have appreciable values. This then gives

PT � t2
∫ D(ω)|V(ω)|2

4�2
dω . (3.86)

Hence for such small times, the transition rate dPT /dt is proportional to
time, starting up from zero. Unless the density of states and the interaction
energy matrix element have infinitely wide frequency response, i.e., infinite
bandwidth, this limit implies a build-up time in the response of the system
to the applied perturbation V(ω). (This means, for example, that detectors
have a nonzero response time).

After this initial small time region, we suppose that the factor D(ω)|Vni|2
varies little in the frequency interval for which the sin2 x/x2 function in (3.84)
has appreciable values (see Fig. 3.3). In this limit, we can evaluate D(ω)|Vni|2
at the peak ω = ν of the sin2 x/x2 function, finding

PT = D(ν)
|V(ν)|2

2�2
t

∫ ∞

−∞
dx

sin2x

x2

=
π

2�2
D(ν)|V(ν)|2t . (3.87)
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Fig. 3.3. sin2 x/x2 term in the total transition probability integral (3.87) versus
x = (ω−ν)t/2. As time increases, this function peaks up like the δ-function δ(ω−ν)

Here, we have extended the limits of the integral to ±∞ since in the present
approximation this adds little to the integral and yields an analytic answer.
Equation (3.87) gives then the Fermi Golden Rule rate

Γ =
dPT

dt
= − d

dt
|C(1)

i |2 =
π

2�2
D(ν)|V(ν)|2 , (3.88)

which is a constant in time.
This constant rate proportional to the intensity of the incident radiation

is what people typically observe in the photoelectric effect. Note that the
rate vanishes if no transitions exist for the frequency ν. The photoelectric
effect occurs in media that have an energy gap above the ground state. To
be absorbed, the applied photon energy �ν must be larger than this gap.

Summarizing the rate at which transitions occurs, we see that for times
short compared to the reciprocal of the width of the function |V0|2D, the rate
increases linearly in time. For longer times the rate becomes constant. For
still longer times, when PT does not remain small, we cannot assume that
the probability of the initial state is unity. Section 14.3 shows that to a good
approximation, we can fix up the rate by multiplying it by the initial state
probability |Ci(t)|2. This generalizes the Fermi Golden Rule to

d
dt

|Ci|2 = −Γ |Ci|2 , (3.89)

which states that the probability for being in the initial level decays exponen-
tially in time. Such a formula doesn’t make a first-order perturbation theory
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approximation. This kind of time response is typical of certain important pro-
cesses in quantum optics, such as spontaneous emission, which is described
in Chap. 14.

Note that we get the same kind of integral (3.84) for two sharp levels
interacting with a non-monochromatic field with a spectral intensity distri-
bution proportional to V(ν). This yields a transition rate γ given by (3.88)
with ν replaced by ω, since it is the atomic frequency ω, rather than the field
frequency ν, that determines the center of the sin2 x/x2 distribution. This
observation is important in the next section, where we derive the Planck
black-body radiation formula.

Higher-Order Perturbation Theory

The iterative approach outlined at the start of this section can be written
in an analytic form by using the formal solution of (3.62) in the interaction
picture as

|ψI(t)〉 = UI(t)|ψI(0)〉 . (3.90)

Here, we use the subscript I to remind ourselves that we are working in the
interaction picture. Taking the time rate of change of (3.90) and using the
Schrödinger equation (3.71), we obtain

i�
dUI(t)

dt
= VI(t)UI(t) . (3.91)

Remembering that UI(0) = 1, we integrate this equation formally to get

UI(t) = 1 − i

�

∫ t

0

dt′ VI(t′)UI(t′) . (3.92)

We can solve this equation by successive iterations, obtaining

UI(t) = 1 − i

�

∫ t

0

dt1 VI(t1)

+
[
−i
�

]2 ∫ t

0

dt1 VI(t1)
∫ t1

0

dt2 VI(t2) + ... . (3.93)

Truncating this expression after the lowest order term in VI gives first-order
perturbation theory. Keeping higher-order terms gives second-order, third-
order, etc., perturbation theory. Note that this iteration process implies a
time ordering such that t2 ≤ t1 ≤ t.

By way of illustration, we calculate the first-order answer this way as

|ψI(t)〉 �
[
1 − i

�

∫ t

0

dt1 VI(t1)
]
|ψI(0)〉 . (3.94)

Substituting this into the equation for the transition probability to level m
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|Cm(t)|2 = |〈m|ψI(t)〉|2 = |〈m|ψS(t)〉|2 , (3.95)

we have
|Cm(t)|2 � |〈m|i〉|2 + �

−2|〈m|
∫

dt1VI(t1)|i〉|2 .

Converting VI back to the Schrödinger value using (3.72), we have

|Cm(t)|2 � |C(1)
m (t)|2 =

1
�2

∣∣∣∣
∫ t

0

dt eiωmit
′〈m|VS |i〉

∣∣∣∣
2

. (3.96)

This gives (3.83) as before. By including more terms in (3.94), we can calcu-
late successively higher-order contributions.

3.3 Atom-Field Interaction for Two-Level Atoms

This section introduces the two-level atom, a concept we write a great deal
about in this book. Such later consideration merits a careful introduction.
Consider first the simplest of all atoms, hydrogen. This atom has an infinite
number of bound levels, characterized by the energies

En = − e2

2a0n2
= −R∞

n2
, (3.97)

where n = 1, 2, 3, . . . , a0 is the Bohr radius (a0 = 0.53 Å), and R∞ = 13.6 eV
is Rydberg’s constant. A few of these energy levels are shown in Fig. 3.4.
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Fig. 3.4. Energy levels of the hydrogen atom units of R∞
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Unlike the quantum simple harmonic oscillator of Sect. 3.4, the energy levels
of hydrogen and of atoms in general are not equally spaced. For example,

E2 − E1 =
3
4
R∞ , E3 − E2 =

5
36
R∞ .

In quantum optics and in laser spectroscopy, we often shine monochro-
matic laser light of such an atom and study what happens. If the laser fre-
quency almost matches a particular transition frequency, then the transition
probability predicted by (3.83) for this transition is much larger than that
for other transitions. The approximation is almost the same as that used in
making the rotating-wave approximation: in both cases, one neglects terms
with denominators large compared to the term with the resonant denomina-
tor. A particular frequency difference ωni − ν is much smaller, say 2π×108

radians/sec, than the sum ωni + ν(� 2π×1014 radians/sec) for the antiro-
tating wave or the difference ωmi − ν, m �= n, which might be 0.6π×1014

radians/sec for some nonresonant transition. If this is the case, the problem
reduces to two levels. Since the antirotating-wave contribution is actually
smaller than many nonresonant contributions, it follows that the two-level
atom approximation is usually only consistent if made simultaneously with
the rotating-wave approximation. If one decides to keep the antirotating wave
contribution, one must also keep all the nonresonant contributions as well.
This is not as hard as it might seem, since nonresonant contributions can be
usually treated using first-order perturbation theory. Also, we can account to
some degree for transitions to levels other than the principal two by including
various decay and pump rates.

A famous two-level system is the spin 1/2 magnetic dipole in nuclear
magnetic resonance. This is a true two-level system with relatively simple
decay mechanisms. It has a lot in common with its brother the two-level
atom, but its response can differ significantly in cases where level decay rates
play an important role.

In our treatment of atoms using the two-level approximation, we ignore
the fact that levels usually have a number of sublevels that all can contribute
to a resonant transition. This produces complications when experiments with
real atoms are used to test theories based on the two-level approximation. In
such cases, optical pumping techniques can sometimes be used to produce a
true two-level atom.

We emphasize the two-level atom because we can often describe its inter-
action with the electromagnetic field in detail and obtain analytic solutions.
It thus allows us to learn a great deal about the atom-field interaction, and
hopefully this knowledge can be generalized to more realistic situations. Note
that although the two-level atom includes the low-order χ(3) type of nonlin-
earity of Sect. 2.3 as a special case, in general it provides for more complicated
nonlinear responses, such as saturation.

We label the upper level of our two-level atom by the letter a, and the
lower by b as shown in Fig. 3.5. The corresponding wave function is
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Fig. 3.5. Energy level diagram of two-level atom

ψ(r, t) = Ca(t)e−iωatua(r) + Cb(t)e−iωbtub(r) . (3.98)

Before we see how this wave function evolves under the influence of an
applied electromagnetic field, let us consider the kind of charge distribution
it represents. To be specific, suppose the lower level is the 1s ground state of
hydrogen with the energy eigenfunction

ub(r) = u100(r, θ, φ) = (πa30)
−1/2e−r/a0 , (3.99)

and the upper level is the 2p state with the eigenfunction

ua(r) = u210(r, θ, φ) = (32πa30)
−1/2(r/a0) cos θ e−r/2a0 . (3.100)

These eigenfunctions are plotted versus the z coordinate in Fig. 3.6, followed
by the superposition ψ(r, t) of (3.98) for two times separated by π/ω. For one
of these times, the two probability amplitudes in (3.98) add. Half a period
later, they subtract. Figure 3.6c shows the probability density |ψ(z, t)|2 for
these two points in time. We see that this probability density, and hence the
“charge density” e|ψ(z, t)|2, oscillates back and forth across the nucleus in
a fashion analogous to the charge on the spring in Sect. 1.3. This similarity
is the underlying reason why the classical model of Chap. 2 is so successful
in describing the linear absorption of light by a collection of atoms. Chapter
5 derives this response quantum mechanically in detail, revealing where the
classical model fails in laser physics.

Electric dipole interaction

We mentioned in the discussion of the free-electron laser of Chap.1 that the
interaction between light and charged particles is described by invoking the
principle of minimum coupling , which states that the canonical momentum
p of a particle of charge q is no longer its kinetic momentum mṙ, as is the
case for a free particle, but rather

p = mṙ + qA(r) , (3.101)
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where A(r) is the vector potential and U(r) the scalar potential and

E = −∂A
∂t

−∇U ,

B = ∇× A . (3.102)

As discussed at length in Problems (3.20) – (3.212) the classical version of this
Hamiltonian guarantees that charged particles are subjected to the Lorentz
force, as should be the case, and also that the electromagnetic field is governed
by Maxwell equations.1 More formally, it follows from the requirement of local
gauge invariance, which states that the physical predictions of our theory
must remain unchanged under the gauge transformation

ψ(r, t) → ψ(r, t)eiχ(r,t) .

The interaction between a light field a charge q bound to an atomic nucleus by
a potential V (r) is then given in the non-relativistic limit by the Hamiltonian

H =
1

2m
[p − qA(r, t)]2 + qU(r, t) + V (r) , (3.103)

where the vector potential A and the scalar potential U are evaluated at the
location r of the charge. We recognize that the first term in that Hamiltonian
is just the kinetic energy of the charged particle.

We are free to choose to work in the so-called radiation gauge, where

U(r, t) = 0 (3.104)

and
∇ · A(r, t) = 0 , (3.105)

and we do so consistently in the remainder of this book. In addition, we
exploit the fact that in most problems of interest in quantum optics, the
wavelength of the optical field is large compared to the size of an atom, and
it is justified to evaluate the vector potential at the location R of the nucleus
rather than at the location r of the electron. This amounts to approximating
that field as constant over the dimensions of the atom, and is called the
electric dipole approximation, or dipole approximation in short.

With the coordinate representation form of the canonical momentum p =
−i�∇, the Schrödinger equation becomes then

i�
∂ψ(r, t)
∂t

= − �
2

2m

[
∇− iq

�
A(R, t)

]2

+ V (r) . (3.106)

Introducing the new wave function φ(r, t) via the gauge transformation

1 Theoretically inclined students are strongly encouraged to work through these
problems in detail.
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ψ(r, t) = exp[(−iqr/�) · A(R, t)]φ(r, t) , (3.107)

and remembering that [p, f(x)] = −i�f ′(x) and that in the Coulomb gauge
the electric field and the potential vector are related by

E(R, t) = −∂A(R, t)
∂t

(3.108)

we find that φ(r, t) obeys the Schrödinger equation

φ(r, t) = [H0 − qr · E(R, t)]φ(r, t) . (3.109)

where H0 = p2/2m + V (r) is the unperturbed Hamiltonian of the electron.
This shows that in the electric dipole approximation, the interaction between
the electron and the electromagnetic field is described by the interaction
Hamiltonian

V = −qr · E(R, t) , (3.110)

where R is the position of the center of the mass of the atom.2

Typically we are also interested in plane waves, for which we write simply
E(z, t), where z is the axis of propagation. The dipole traditionally is writ-
ten as the positive charge value times the distance vector pointing from the
negative to the positive charge. This gives the same answer as er, which is
the negative charge value of the electron times the distance vector pointing
from the positive charge to the negative charge. There has been substantial
discussion over the years since Lamb (1952) first brought it up concerning
the use of (3.110) versus a Hamiltonian involving A · p, where A is the field
vector potential and p is the electron momentum. For our purposes, (3.101)
combines intuitive appeal with excellent accuracy.

The matrix element of the dipole operator between a level and itself [recall
(3.16)]

erαα =
∫

d3r er|uα(r)|2 , (3.111)

vanishes unless the system has as permanent dipole moment (like H2O), since
|uα(r)|2 is inevitably a symmetrical function of r and r itself is antisymmetric.
Matrix elements of r between different states can also vanish, but we are
primarily interested in two levels a and b between which the matrix element
does not vanish. We can then write the electric-dipole interaction energy
matrix element

Vab = −℘E(R, t) , (3.112)

where ℘ (pronounced “squiggle” and also used for the Weierstrass elliptic
function) is the component of erab along E.

2 For an excellent discussion of the Hamiltonian approach to electrodynamics, the
electric dipole interaction, and the the A ·p vs. E · r forms of the electric dipole
interaction, see Cohen-Tannoudji, Dupont-Roc and Grynberg (1989).
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Fig. 3.6. (a) z dependence of ψ(r, t1) = u100(r)+u200(r) for the time t1 = 2nπ/ω.
(b) z dependence of ψ(r, t2) = u100(r)−u210(r) for t2 = (2n+1)π/ω = t1+π/ω. (c)
Corresponding dependencies of the probability densities |ψ(z, t1)|2 and |ψ(z, t2)|2
(with a slightly different scale)

For the sake of simplicity, we ignore the spatial dependence altogether in
the remainder of this section, and use

E(t) = E0 cos νt . (3.113)

This gives the interaction energy matrix element

Vab = −℘E0 cos νt . (3.114)

Substituting this into (3.83) with a as the final state n and b as the initial
state i, we have
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|C(1)
α |2 = |℘E0/2�|2 sin2[(ω − ν)t/2]

(ω − ν)2/4 . (3.115)

This is the probability that the two-level atom absorbs energy under the
influence of a driving field, a phenomenon called (stimulated) absorption. Al-
ternatively, by identifying the initial state as a and the final state as b, we
describe a process called stimulated emission. It is easy to show that |C(1)

b |2
in this case is the same as |C(1)

a |2 in the case of absorption: the probabili-
ties for stimulated emission and absorption are equal. This is an example of
microscopic reversibility.

Blackbody Radiation

Now consider the probability of a transition due to a field that is not
monochromatic, but rather has a continuous spectrum such as that for black-
body radiation. For this we replace the E2

0D(ω) that occurs in using (3.115)
by 2U(ν)/ε0, where U(ν) is the energy density per radian/sec, and sum over
all field frequencies ν. The 2 here comes from the fact that two polarizations
are possible for each frequency. We then find the total transition probability

PT =
∫

dν U(ν)
t2

�2

sin2[(ω − ν)t/2]
[(ω − ν)t/2]2

. (3.116)

This is the same kind of integral as that encountered for the Fermi Golden
Rule in (3.84), except that for this two-level atom, we integrate over the field
continuum frequency ν instead of the level continuum frequency ω. Here, we
factor the slowly-varying energy density U(ν) outside the integral, evaluating
it at the peak, ν = ω, of the sin2 x/x2 curve. We find the transition rate

B(ω)U(ω) =
π

3�2ε0
℘2U(ω) , (3.117)

where the 3 comes from replacing ℘2 by ℘2/3 since the radiation can come
from all directions: only 1/3 of the field components effectively couple to the
dipole. Note that PT of (3.116) has the same value if the atom is initially in
the upper state, rather than in the lower state as taken for (3.1115). Hence
the stimulated emission rate equals the stimulated absorption rate of (3.117).

Another case in which a two-level atom interacts with a radiation con-
tinuum is spontaneous emission, which can be described as a combination of
radiation reaction (see end of Sect. 1.3) and stimulated emission by vacuum
fluctuations. This interpretation is clarified in Chap. 14, which derives the
upper-level decay formula given by (3.89). For now just think of the radiation
field as consisting of a continuum of modes, each of which acts like a quan-
tized simple harmonic oscillator. Section 3.4 shows that such an oscillator has
a zero-point energy, which is associated with fluctuations in the displacement
variable. For the case of the electric field, this displacement becomes the field
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amplitude, which then has fluctuations. These fluctuations are called vacuum
fluctuations, because they exist even in the vacuum, i.e., even when no clas-
sical field exists. The vacuum field has a continuous spectrum. When this is
used with the quantized field version of (3.78) (see Sect. 14.3), we find the
spontaneous emission rate constant called A by Einstein and Γ in (3.89). To
find the value of A intuitively, we can use the rate given by (3.117) if we can
guess what the energy density U(ω) of the vacuum field is. We note that the
number of field modes per unit volume between ω and ω+dω is ω2/π2c3 [see
(14.46)]. Multiplying this number by the energy �ω of one photon, we have
Uspon(ω) = �ω3/π2c3. Using this in (3.117) gives the spontaneous emission
rate

A = B
�ω3

π2c3
=

℘2ω3

3πε0�c3
. (3.118)

The lifetime of the upper level is 1/A. This is the same result (14.60) as
derived in detail in Sect. 14.3. This section also shows that spontaneous
absorption does not occur.

We can use these facts to derive informally the Planck blackbody spec-
trum

U(ω) =
�ω3/π2c3

e�ω/κBT − 1
, (3.119)

where kB is Boltzmann’s constant and T is the absolute temperature. We
describe the response of the atoms to the blackbody radiation in terms of the
number of atoms na in the upper state and the number nb in the lower state.
Due to the three processes of spontaneous emission, stimulated emission, and
stimulated absorption, these numbers change according to the rate equations

ṅa = −Ana −BU(ω)(na − nb) , (3.120)
ṅb = +Ana +BU(ω)(na − nb) . (3.121)

We solve these equations in steady state, defined by ṅa = ṅb = 0. Either
equation (note that ṅa = −ṅb) gives

U(ω) =
A/B

nb/na − 1
,

which with (3.118) becomes

U(ω) =
�ω3/π2c3

nb/na − 1
, (3.122)

Furthermore according to Boltzmann, in thermodynamic equilibrium the ra-
tio of the number of atoms na in the upper state to that nb in the lower state
is given by

na

nb
= e−�ω/kBT . (3.123)

Substituting this into (3.120), we find the Planck formula (3.119).
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Rabi Flopping

Blackbody radiation is emitted by a collection of atoms in thermal equilib-
rium with the radiation field. On a microscopic basis the atoms constantly
exchange energy with the field in such a way that macroscopically no change
is noticed. As we see in Sect. 5.1, this limit is valid in the rate equation
approximation, for which the field amplitude varies slowly (here not at all)
compared to the atomic response.

Now let us consider the opposite extreme for which we ignore atomic
damping altogether, and for simplicity we take the monochromatic field
(3.113) with frequency ν approximately equal to the two-level transition fre-
quency ω = ωa − ωb. Examining the interaction energy (3.77, 3.81), we see
that in the rotating-wave approximation we keep the e−iνt term for ωni > 0.
In the present case, ω > 0, and hence in the rotating-wave approximation we
keep only

Vab � −1
2
℘E0e−iνt . (3.124)

For Vba we use eiνt. Because ν may differ somewhat from ω, it is convenient
to write ψ(r, t) slightly differently from (3.98), namely, as

ψ(r, t) = Ca(t)exp
[
i
(

1
2
δ − ωa

)
t

]
ua(r)

+Cb(t)exp
[
i
(
−1

2
δ − ωb

)
t

]
ub(r) , (3.125)

where the frequency shift δ = ω − ν. This choice places the wave function in
the rotating frame used for the Bloch vector in Sect. 4.3. Substituting this
expansion for ψ into the Schrödinger equation (3.5) and projecting onto the
eigenfunctions ua and ub as in the derivation of (3.20), we find

Ċa =
1
2
i(−δCa +R0Cb) , (3.126)

Ċb =
1
2
i(δCb +R∗

0Ca) , (3.127)

where |R0| is the Rabi flopping frequency defined by

R0 ≡ ℘E0

�
(3.128)

after Rabi (1936), who studied the similar system of a spin–1
2 magnetic dipole

in nuclear magnetic resonance. Equations (3.126, 3.127) provide a simple ex-
ample of two coupled equations, a combination we see repeatedly in phase
conjugation (Chaps. 2, 10) and in linear stability analysis (Chap. 11). Equa-
tion (3.78) solves the n-level probability amplitude to first order in the in-
teraction energy. Here, we solve the two-level probability amplitudes to all
orders in that energy.
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Before solving (3.126, 3.127) generally, we can very quickly discover the
basic physics by considering exact resonance, for which δ = 0. We can then
differentiate (3.127) with respect to time and substitute (3.128) to find

C̈b = −1
4
|R0|2Cb ,

i.e., the differential equation for sines and cosines. In particular if at time
t = 0 the atom is in the lower state [Cb(0) = 1, Ca(0) = 0], then

Cb(t) = cos
1
2
|R0|t (3.129)

which from (3.127) gives

Ca(t) = i sin
1
2
|R0|t . (3.130)

The probability that the system is in the lower level |Cb(t)|2 = cos2 1
2 |R0|t =

(1 + cos|R0|t)/2, while |Ca|2 = sin2 1
2 |R0|t = (1 − cos |R0|t)/2. Hence the

wave function oscillates between the lower and the upper states sinusoidally
at the frequency |R0|. In total contrast with blackbody radiation, instead of
coming to an equilibrium with constant probability for being in the upper
and lower levels, here the probabilities oscillate back and forth. In this case
the atoms maintain a definite phase relationship with the inducing electric
field, while for blackbody radiation any such relationship averages to zero.
As we see in Chap. 4 on the density matrix, Rabi flopping preserves atomic
coherence, while blackbody radiation destroys it. Further discussions on the
irreversibility of coupling to a continuum are given in Sect. 14.3 on the theory
of spontaneous emission, and more generally in Chap. 15.

To solve the coupled equations (3.126, 3.127) including a nonzero detuning
δ, we write them as a single matrix equation

d
dt

[
Ca(t)
Cb(t)

]
=

i
2

[
−δ R0

R∗
0 δ

] [
Ca(t)
Cb(t)

]
. (3.131)

This is a vector equation of the form dC/dt = 1
2 iMC, which has solutions

of the form exp(1
2 iλt). Accordingly substituting C(t) = C(0) exp(1

2 iλt) into
(3.131), we find that det(M − λI) = 0. This yields the eigenvalues λ = ±R,
where R is the generalized Rabi flopping frequency

R ≡
√
δ2 + |R0|2 . (3.132)

Equation (3.131) has simple sinusoidal solutions of the form

Ca(t) = Ca(0) cos
1
2
Rt+A sin

1
2
Rt ,
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Cb(t) = Cb(0) cos
1
2
Rt+B sin

1
2
Rt .

Substituting these values into (3.126, 3.127) and setting t = 0, we immedi-
ately find the constants A and B. Collecting the results in matrix form, we
have the general undamped solution
[
Ca(t)
Cb(t)

]
=

[
cos 1

2Rt− iδR−1 sinRt iR0R−1 sin 1
2Rt

iR∗
0R−1 sin1

2Rt cos 1
2Rt+ iδR−1 sin 1

2Rt

] [
Ca(0)
Cb(0)

]
.

(3.133)
The 2×2 matrix in this equation is precisely the Schrödinger evolution matrix
U(t) of (3.63) for the problem at hand. This U -matrix solution is valuable
for the discussion of coherent transients in Chap. 12 and in general whenever
damping can be neglected. It yields the first-order perturbation result (3.115)
in the limit of a weak field (R → δ). Section 4.1 shows how to account for
possibly unequal level decay from both levels. More general decay schemes
require the use of a density matrix as discussed in Sect. 4.2. Note that the
matrix in (3.133) is a U matrix [see (3.62)]. For further discussion, see Probs.
3.14–3.16 and Sect. 14.1.

Pauli Spin Matrices

In treating two-level atoms it is often handy to use a 2 × 2 matrix notation.
The eigenfunctions ua and ub are then represented by the column vectors

ua ←→
[

1
0

]
ub ←→

[
0
1

]
, (3.134)

and the wave function by the column vector

ψ ←→
[
Ca

Cb

]
. (3.135)

The energy and electric dipole operators are conveniently written in terms of
the Pauli spin matrices

σx =
[

0 1
1 0

]
σy =

[
0 −i
i 0

]
σz =

[
1 0
0 −1

]
. (3.136)

While these matrices are Hermitian, the “spin-flip” operators

σ− =
[

0 0
1 0

]
σ+ =

[
0 1
0 0

]
(3.137)

are not Hermitian. σ− flips the system from the upper level to the lower level

σ−

[
1
0

]
=

[
0
1

]
,
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while σ+ flips from lower to upper. This property is handy for representing
transitions caused by the interaction energy.

By choosing the energy zero to be half way between the upper and lower
levels, we can write the Schrödinger picture Hamiltonian (3.18) with the
interaction energy (3.114) in the rotating wave approximation as

H =
1
2

[
�ω −℘E0e−iνt

−℘E0eiνt −�ω

]

or
H =

�ω

2
σz −

1
2
[℘E0σ+e−iνt + adjoint] . (3.138)

The pair of interaction-picture coupled equations (3.126, 3.127) can be writ-
ten on resonance (δ = 0) as

d
dt

[
Ca

Cb

]
=

i
2

[
0 R0

R∗
0 0

] [
Ca

Cb

]
. (3.139)

Section 4.1 uses such a matrix representation to solve a generalization of
these equations including field detuning and atomic damping.

3.4 Simple Harmonic Oscillator

The simple harmonic oscillator plays a central role in quantum optics. Chap-
ter 13 discusses its connection with the quantum theory of radiation in detail.
It is also used in simple models of vibrational states of molecules, comes into
the description of large ensemble of two-level atoms, etc. . . .

The classical energy of a harmonic oscillator of frequency Ω and unit mass
is

Hc = p2/2 +Ω2q2/2 . (3.140)

where p is the momentum and q the position operator, satisfying the canonical
commutation relation |q, p| = i�. (Note that for notational clarity we omit
the “hat” on the operators in the following when no ambiguity is possible.)
Using the coordinate representation correspondence

p = −i�
d
dq
, (3.141)

we readily obtain the corresponding quantum-mechanical Hamiltonian

H = −�
2

2
d2

dq2
+Ω2q2/2 . (3.142)

The eigenfunctions of this system are well known and may be expressed in
terms of Hermite polynomials [Hn(αq)]
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un(q) =
√

α√
π2nn!

Hn(αq) exp(−α2q2/2) , (3.143)

where α =
√
Ω/�, with corresponding eigenenergies

�ωn = �Ω(n+ 1/2) , n = 0, 1, 2, . . . (3.144)

Although this summarizes in principle the theory of the harmonic oscillator,
it is useful to look at it from another point of view which provides further
physical insight into its properties. We introduce two new operators a and a†

defined as

a = 1/
√

2�Ω(Ωq + ip) (3.145)

a† = 1/
√

2�Ω(Ωq − ip) . (3.146)

Inverting these expressions, we find the position and momentum

q =
√

�/2Ω(a+ a†) (3.147)

p = i
√

�Ω/2(a− a†) . (3.148)

Right now this is a purely mathematical exercise, but we shall see that a
and a† have important and simple physical interpretations. With the com-
mutation relation [q, p] = i�, we readily find that a and a† obey the boson
commutation relation

[a, a†] = 1 . (3.149)

Substituting (3.147, 3.148) into (3.140), we find the Hamiltonian in terms of
a and a† as

H = �Ω

(
a†a+

1
2

)
. (3.150)

In the Heisenberg picture, the time evolution of a and a† is given by
(Prob. 3.13)

da
dt

=
i
�
[H, a] = −iΩa . (3.151)

This has the solution
a(t) = a(0) e−iΩt . (3.152)

Similarly we find that
a†(t) = a†(0) eiΩt . (3.153)

Consider now an energy eigenstate |H〉 of the harmonic oscillator with
eigenvalue �ω

H|H〉 = �ω|H〉 , (3.154)

and evaluate the energy of the state |H′〉 = a|H〉. From (3.151), we have
Ha = aH− �Ωa, so that

Ha|H〉 = aH|H〉 − �Ωa|H〉 = �(ω −Ω)a|H〉 . (3.155)
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That is, a|H〉 is again an eigenstate of the Hamiltonian, but of eigenenergy
�Ω lower than |H〉. Because a lowers the energy, it is called an annihilation
operator. Repeating the operation m times, we find

Ham|H〉 = �(ω −mΩ)am|H〉 . (3.156)

We can see that the lowest of these eigenvalues is positive as follows. For an
arbitrary vector |φ〉, the expectation value of H is

〈φ|�Ω
(
a†a+

1
2

)
|φ〉 = �Ω〈φ′|φ′〉 + �Ω/2 > 0 ,

where |φ′〉 = a|φ〉. Calling the lowest eigenvalue �ω0 with eigenstate |0〉, we
have

a|0〉 = 0 (3.157)

and from (3.150)

H|0〉 = �Ω(a† a+ 1/2)|0〉 = �ω0|0〉 , (3.158)

that is, the lowest-energy eigenvalue �ω0 = �Ω/2.
Using the commutation relation (3.149), we find

Ha†|0〉 = [a†H + �Ωa†]|0〉 = �Ω(1 + 1/2)a†|0〉 ,

i.e., the eigenstate |1〉 has eigenvalue �Ω(1+1/2). Because a† raises the energy,
it is called a creation operator. Substituting successively higher eigenstates
into equation, we find

H(a†)n|0〉 = �Ω(n+ 1/2)(a†)n|0〉 . (3.159)

and hence the eigenstates |n〉 ∝ (a†)n|0〉 has the eigenvalue (3.144). To find
the constant of proportionality, we note that

a|n〉 = sn|n− 1〉 , (3.160)

where sn is some scalar. This implies

〈n|a†a|n〉 = |sn|2〈n− 1|n− 1〉 = |sn|2 . (3.161)

Since a†a|n〉 = n|n〉, this gives sn =
√
n. Thus

a|n〉 =
√
n|n− 1〉 (3.162)

a†|n〉 =
√
n+ 1|n+ 1〉 (3.163)

With (3.159), this yields the normalized eigenstates

|n〉 =
1√
n!

(a†)n|0〉 . (3.164)
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Since a†a|n〉 = n|n〉, a†a is called the number operator. It gives the number
of quanta of excitation of the harmonic oscillator.

We can obtain the coordinate representation u0(q) of the ground state |0〉
by substituting (3.145) for a into (3.157) to find

(Ωq + ip)u0(q) = 0 (3.165)

Using (3.7) in one dimension (p = −i�d/dq), we find

d
dq
u0(q) = −Ω

�
qu0(q) ,

which has the normalized solution

u0(q) = (Ω/π�)1/4e−(Ω/2�)q2
, (3.166)

in agreement with (3.143). Similarly substituting (3.146) into (3.164) and
using (3.166), we have

un(q) =
1√
n!

(a†)nu0(q) =
1√

n!(2�Ω)2

(
Ωq − �

d
dq

)n

u0(q) , (3.167)

which yields (3.143).
We mentioned that the commutation relation [a, a†] = 1 is called a bo-

son commutation relation. As is well known, there are two kinds of quantum
particles, bosons and fermions. In the context of quantum optics, the most
famous kind of boson is the photon, which is introduced in some detail in
Chapter 13 on field quantization. Other types of bosons include a number of
atomic isotopes, such as 87Rb, 23Na and 7Li, to mention just three isotopes
of alkali atoms of particular importance in the context of Bose-Einstein con-
densation experiments. Some other atomic isotopes, including for example
6Li, as well as electrons and protons, are fermions. As we discuss in Sect.
13.7, there are circumstances where massive particles such as electrons and
atoms are conveniently described in terms of a matter-wave field that is in
many respects analogous to the optical field. In the case of fermions, the an-
nihilation and creation operators c and c† that describe that field obey the
anticommutation relations

[c, c†]+ = cc† + c†c = 1, (3.168)

[c, c]+ = [c†, c†]+ = 0. (3.169)

Section 13.7 shows how these anticommutation relations imply Pauli’s exclu-
sion principle.
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Problems

3.1 Show that with (3.11), the completeness relation (3.12) is equivalent to
the alternative definition that any function f(r) can be expanded as

f(r) =
∑

n

dnun(r) .

3.2 Show that the operator matrix element of (3.16) written in terms of
eigenfunctions has the same value as that of (3.42) written in terms of eigen-
vectors.

3.3 Compare and contrast (3.78) for the transition probability |C(1)
n (t)|2 with

(2.16) for the phase matching of the generation of a difference frequency in
a nonlinear medium.

3.4 What is the expectation value of the electric dipole operator er for a
system in an energy eigenstate? Why?

3.5 Calculate the expectation value of the dipole moment operator er for an
atom with the wave function

ψ(r, t) = C210u210(r)e−iω210t + C100u100(r)e−iω100t .

Hint: Use spherical coordinates and write the position vector in the form

r =
1
2
r sinθ[(x̂− iŷ)eiφ + (x̂+ iŷ)e−iφ] + r cos θẑ .

3.6 What is the expectation value of the energy (3.6) for the wave function
(3.13)? Is this value ever actually measured?

3.7 Derive the wave-function Schrödinger equation (3.5) from the state vector
version (3.44) by appropriate projections.

3.8 Starting with the initial conditions Ca(0) = 1 and Cb(0) = 0, solve
the equations of motion (3.126, 3.127) to third-order in the electric-dipole
interaction energy.

3.9 Given (3.133), (a) What is the free evolution matrix? (b) What are the
matrices for π and π/2 pulses? (c) How do you describe photon echo (a pulse,
a free evolution, a second pulse, and a second free evolution) in terms of these
matrices? (Don’t solve, just set up) Answer: see Sect. 12.3.

3.10 Draw the level diagram for and write the general solution to the three-
level equations of motion (taking R0 real)
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Ċ1 =
1
2
iR0C2 ,

Ċ2 =
1
2
iR0(C1 + C3) ,

Ċ3 =
1
2
iR0C2 .

3.11 Verify that the Pauli spin operator communication relations

[σx, σy] ≡ σxσy − σyσx = 2iσz ,

[σy, σz] = 2iσx; [σz, σx] = 2iσy .

3.12 Calculate the simple harmonic oscillator eigenfunction u1(q) using
(3.167). Show that it is orthogonal to the ground-state eigenfunction u0(q).

3.13 Show that [x, f(p)] = i�df/dp. Hint: use the momentum representation.
Also show that [p, e−�K∂/∂p] = −�K.

3.14 A useful alternative basis for the two-level system consists of dressed
states, which are the eigenvectors of the matrix M in the equation of mo-
tion (3.122). Specifically, show that the eigenvectors satisfying the eigenvalue
equations (taking R0 real)

M′
[
u
v

]
=

[
−δ R0

R0 δ

] [
u
v

]
= λ

[
u
v

]
, (3.170)

are given by
[
u2

v2

]
=

1√
(R− δ)2 + R2

0

[
R− δ
R0

]
=

[
cos θ
sin θ

]
, (3.171)

for the eigenvalue λ = R and
[
u1

v1

]
=

[
− sin θ
cos θ

]
(3.172)

for λ = −R. Hint: to find (3.160), in the bottom component equation given
by (3.161) with λ = R, equate u2 to the coefficient of v2 and vice versa,
and normalize the resulting vector. Show that cos 2θ = −δ/R and sin 2θ =
R0/R.

3.15 The dressed states of (3.160, 3.161) define the transformation matrix

U =
[

cos θ sin θ
− sin θ cos θ

]
, (3.173)

which diagonalizes the matrix M by
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UMU−1 =
[
R 0
0 −R

]
.

This transformation matrix relates the dressed-state probability amplitudes
to the “bare-state” amplitudes by

[
C2(t)
C1(t)

]
= U

[
Ca(t)
Cb(t)

]
, (3.174)

where the probability amplitudes C2 and C1 obey the equations of motion

Ċ2 =
1
2
iRC2 , (3.175)

Ċ1 = −1
2
iRC1 . (3.176)

Derive (3.124) by solving (3.164, 3.165), writing the initial values C1(0) and
C2(0) in terms of Ca(0) and Cb(0) using (3.163), and then using the inverse
of (3.163) to find Ca(t) and Cb(t). 3.16 Using the transformation matrix of

(3.162), calculate the Pauli spin flip operators of (3.128) in the dressed-atom
basis. Answer for σ+:

σ+ =
[

cos θ sin θ cos2 θ
− sin2 θ − cos θ sin θ

]
. (3.177)

3.17 Show by mathematical induction that
[
a, a†m

]
= m(a†)m−1 , (3.178)

[
a†, am

]
= −mam−1 . (3.179)

Hint: show validity for m = 1, then write out commutator, assume relation
is true for m− 1 and use (3.140).

3.18 Prove the operator identity

eBXe−B = X + [B,X] +
1
2!

[B, [B,X]] + . . .+
1
n!

[B, [B, . . . [B,X] . . .]] + . . . .

(3.180)
In particular, prove the Baker-Hausdorff relation

eA+B = eAeBe−
1
2 [A,B] (3.181)

provided [A, [A,B]] = [B, [A,B]] = 0. Alternative method: show that the
derivative of the operator f(λ) = eλBX e−λB is f ′(λ) = [B, f(λ)]. Using
this derivative and its derivatives in turn, expand f(λ) in a Maclaurin series.
Setting λ = 1 in this series yields (3.169).

3.19 Show that for any pair of operators p and q satisfying the canonical
commutation relation [q, p] = i� one has
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[q, f(p)] = i�
df(p)

dp
(3.182)

and

[p, g(q)] = −i�
dg(q)
dq

. (3.183)

3.20 This and the next two problems discuss important aspects of the La-
grangian and Hamiltonian formulation of the interaction between charges
and electromagnetic fields, and their connection to the minimum coupling
Hamiltonian. This topic is discussed pedagogically in great detail in Cohen-
Tannoudji, Dupont-Roc and Grynberg (1989).

The classical Lagrangian describing the coupling of the electromagnetic
field to a collection of charges {qα} at locations rα and with velocities ṙα is

L =
∑

α

{mα

2
ṙ2

α + qαrα · A(rα, t) − qαU(rα, t)

+
ε0
2

[
(−∇U(rα, t) − Ȧ(rα, t))2 − c2(∇× A(rα, t))2

]}

=
∑

α

mα

2
ṙ2

α +
∫
d3r {J(r, t) · A(r, t) − ρ(r, t)U(r, t)

+
ε0
2

[
E(r, t)2 − c2B(r, t)2

]}
, (3.184)

where the total charge is

ρ =
∑

α

qαδ(r − rα(t)) (3.185)

and the current is
J =

∑

α

ṙα(t)δ(r − rα(t)) . (3.186)

Show that the when applied to this Lagrangian, the Lagrange equations of
motion for the field F ,

∂L
∂Fi

−∇ ∂L
∂(∇Fi)

− d
dt
∂L
∂Ḟi

= 0 , (3.187)

yield the Maxwell equations

∇× B =
1
c2
∂E
∂t

+ μ0J (3.188)

∇ · E =
ρ

ε0
. (3.189)

Here the coordinates Fi of F are the vector potential A and the scalar po-
tential U , respectively, and the corresponding velocities are Ȧ and U̇ . Show
also that the Lagrange equations of motion for a particle,
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∂L
∂rα

− d
dt
∂L
∂ṙα

= 0 , (3.190)

yield the Lorentz equations of motion

mαr̈α = qα[E(rα, t) + ṙα × B(rα, t)] . (3.191)

Hint: Use the vector identity

∇(A ·B) = (B · ∇) ·A+ (A · ∇) ·B+B× (∇×A) +A× (∇×B) . (3.192)

3.22 Starting from the Lagrangian of Problem (3.20), show that the conju-
gate momenta of rα and A are

pα =
∂L
∂ṙα

= mαṙα + qαA(rα, t) (3.193)

and
Π =

∂L
∂Ȧ

= ε0E(r, t) . (3.194)

What is the conjugate momentum of the scalar potential U?
From these results, show that the Hamiltonian corresponding to that La-

grangian is the minimum coupling Hamiltonian

H =
∑

α

[pα − qαA(rα, t)]2 +
∑

α

qαU(rα, t)

+ ε0

∫
d3r[E2(r, t) + c2B2(r, t)] + E(r, t) · ∇U(r, t) , (3.195)

or, in the radiation gauge,

H =
∑

α

∫
d3r

{
1

2mα
[pα − qαA(rα, t)]2δ(r − rα)

+ ε0

∫
d3r[E2(r, t) + c2B2(r, t)]

}
. (3.196)

This is the same Hamiltonian as ((3.103), except that it contains also a
free field part that is, as we have seen, important to obtain Maxwell’s
equations. The minimum coupling Hamiltonian (3.103), complemented by
Maxwell equations, describes therefore the same physics as (Min coup ham
v2).

3.22 Consider the form of the minimum coupling Hamiltonian (3.103), and
use the Hamilton-Jacobi equations of motion

ṗ =
∂H
∂r

= ∇ · H

ṙ = −∂H
∂p

(3.197)
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to prove that the motion of a particle of charge q is governed by the Lorentz
equation

mr̈ = q
(
−∇U − ∂A

∂t

)
+ qṙ × (∇× A), (3.198)

or, with E = −∂A/∂t, B = ∇× A and U = 0,

mr̈ = qE + q(ṙ × B) . (3.199)

Hint: Use the same vector identity as in Problem (3.20).



4 Mixtures and the Density Operator

In this chapter we generalize our treatment of two-level systems to include
various kinds of damping. Some of these can be incorporated directly into the
equations of motion for the probability amplitudes. However, two important
kinds cannot: upper to lower level decay, and more rapid decay of the electric
dipole than the average level decay rate. For these two damping mechanisms,
we need a more general description than can be provided by the state vector.
Specifically, we need to consider systems for which we do not possess the
maximum knowledge allowed by quantum mechanics. In other words, we do
not know the state vector of the system, but rather the classical probabilities
for having various possible state vectors. Such situations are described by
the density operator ρ, which is a sum of projectors |ψi〉〈ψi| onto the possible
state vectors |ψi〉, each weighted by a classical probability Pi.

We refer to a problem described by a single normalized state vector as
a pure case, while a system described by a density operator consisting of
an incoherent sum of pure-case contributions is a mixed case or a mixture.
Such mixtures occur in particular when we consider only part of a total
system. We are often confronted with situations where an atom is coupled to
a large number of modes of the electromagnetic field, but are not interested
in what happens to the field; instead we are only interested in what happens
to the atom. Hence we write equations for the atom alone, and ignore what
happens to the field. The “truncation” of the total problem automatically
reduces our knowledge and usually results in a mixture. Chapter 15 discusses
such problems in more generality.

The projectors |ψi〉〈ψi| used in the density operator formalism involve bi-
linear combinations of probability amplitudes, such as CiaC

∗
ia and CiaC

∗
ib for

the case of two-level atoms. Although this might appear to be an added diffi-
culty, it often simpliffes the mathematical analysis. To appreciate this point,
note that the results of our discussions in Chap. 3, such as the probability
of a transition or the value of the induced dipole moment, are invariably
expressed in terms of bilinear combinations of the amplitudes. In fact, the
expectation value of any observable involves bilinear combinations.

The sum over all possible projectors performed in the density operator
is analogous to the incoherent or partially incoherent addition of light fields.
If two electric field amplitudes are added coherently, they interfere and the
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interference term is uniquely specified by the amplitudes. However, if the
addition is only partially coherent, the interference term is smaller than that
specified by the individual amplitudes. For the two-level atom, the coherence
term (electric dipole term) for the state vector |ψi〉 is given by CiaC

∗
ib. The

polarization of the medium resulting from many such systems is given by
a weighted sum of these individual CiaC

∗
ib. This sum is the matrix element

ρab = 〈a|ρ|b〉 of the density operator. For a number of systems with random
phases between the upper and lower state probability amplitudes, ρab tends
to average to zero, even though the corresponding sum of probabilities CiaC

∗
ia

is unaffected by the random phases.
Section 4.1 shows how simple level decay can be incorporated into the

two-level probability-amplitude equations of motion, and solves these equa-
tions for arbitrary tuning. This level decay causes the two-level probabil-
ity amplitudes to decrease exponentially in time, thereby destroying the
wave function’s normalization. Such an unnormalized wave function actually
describes a simple mixed case. Section 4.2 introduces the density matrix for
two-level and more general cases. It also gives a simple derivation of the
dipole decay constant, which due to collisions is in general larger than the
average level decay constant. This phenomenon is an important manifestation
of the partial coherence of a mixed case. Section 4.3 shows how the density
matrix can be visualized in three dimensions by transforming to the Bloch
vector. The Bloch-vector equations of motion provide an alternative to the
Schrödinger equation. They are popular in the literature and are particu-
larly useful in studying coherent transients (Chap. 12). The results of this
chapter are needed in our treatments of lasers, optical bistability, nonlinear
spectroscopy, phase conjugation, optical instabilities, and coherent transients.

4.1 Level Damping

We have sees how the populations of excited atomic levels decay in time
because of spontaneous emission. They can also decay because of collisions
and other phenomena. In Fig. 4.1, we indicate one kind of such decay from
both the a and the b levels, a situation which occurs in typical laser media.
The loss of excited level probability corresponds to an increase of probability
for lower-lying levels that we do not consider explicitly. For reasons that will
become apparent in Chap. 15, it turns out that the finite level lifetimes can be
described quite well by adding phenomenological decay terms to the equations
of motion (3.126, 3.127). This is true provided that one is not interested in
the explicit dynamics of the levels populated by these decay mechanisms. We
write

Ċa = −1
2
(γa + iδ)Ca +

1
2
iR0Cb (4.1)

Ċb = −1
2
(γb − iδ)Cb +

1
2
iR0Ca , (4.2)
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Fig. 4.1. Energy level diagram for two-level atom, showing decay rates γa and γb

for the probabilities |Ca|2 and |Cb|2

where δ = ω− ν and the Rabi flopping frequency R0 = ℘E0/� is assumed to
be real. The factors of 1

2 are included in the decay terms so that, for example,
the probability |Ca|2 decays as exp (−γat) in the absence of E0. The lifetimes
are defined as the times at which the probabilities have decayed to 1/e of their
original values. Hence they are given by the reciprocals of the decay constants
γa and γb.

We can solve these equations by first-order perturbation theory as in
Sect. 3.2, or by the more exact formulations of Sect. 3.3. We note here that
for the simple case of equal decay constants, γa = γb = γ, the substitutions

C ′
b(t) = Cb(t)eγt/2 , (4.3)
C ′

a(t) = Ca(t)eγt/2 ,

reduce (4.1, 4.2) to the undamped versions (3.126, 3.127). The solutions for
this damped case are, then, just those for the undamped case multiplied by
the exponential decay factor exp(−γt/2). In particular to lowest order in
perturbation theory, the probability that stimulated absorption takes place
changes from that given by (3.115) to the form

|Ca(t)|2 � |C(1)
a (t)|2 =

1
4
R2

0e
−γt

[
sin[(ω − ν)t/2]

(ω − ν)/2

]2

. (4.4)

This is illustrated in Fig. 4.2. Since the probability amplitudes decay away in
time, the corresponding two-level wave function fails to remain normalized
and as such describes a simple kind of mixed case.

We can find the spectral distribution for stimulated emission by starting
with the atom in the upper level and calculating the total probability that
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t

|C(1)
n (t)|2

e−γt

Fig. 4.2. Transition probability of (4.4) with γa = γb = γ

it decays by spontaneous emission from the lower level to some other distant
state (s). This follows because stimulated emission is needed to get from the
a level to the b level in order that spontaneous emission from the b level can
occur. The total probability of decay from the b level is given by

Ps = γb

∫ ∞

0

dt′|Cb(t′)|2 , (4.5)

since γb|Cb(t)|2 is the probability per unit time that the atom decays from
the b level. For an initially excited atom (i.e., Ca(0) = 1), |Cb(t)|2 is given
for sufficiently small values of |R0/δ|2 by (4.4), since the role of the levels a
and b is reversed from the case of (4.4). Substituting this into (4.5), we find
that the profile is Lorentzian with width γ, that is,

Ps =
1
2

R2
0

(ω − ν)2 + γ2
. (4.6)

Of course, if the probability |Cb(t)|2 fails to remain always much less than
unity, (4.6) cannot be trusted. To generalize (4.6) accordingly and in antici-
pation of future need, we now solve (4.1, 4.2) exactly.

As for (3.131), we seek solutions of the form C = C(0)eiλt and find the
eigenvalues

λ1,2 =
1
2
(iγab ± μ) , (4.7)

where the average decay rate constant

γab =
1
2
(γa + γb) , (4.8)
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and where the complex Rabi flopping frequency

μ =

√[
δ − 1

2
i(γa − γb)

]2

+ R2
0 . (4.9)

Hence the solutions have the form

Ca(t) = exp
(
−1

2
γabt

)[
Ca(0) cos

1
2
μt+A sin

1
2
μt

]

Cb(t) = exp
(
−1

2
γabt

)[
Cb(0) cos

1
2
μt+B sin

1
2
μt

]
.

Substituting these values into the equations of motion (4.1, 4.2) at the time
t = 0, we find

−γabCa(0) + μA = −(γa + iδ)Ca(0) + iR0Cb(0) ,
−γabCb(0) + μB = −(γb − iδ)Cb(0) + iR0Ca(0) .

This gives the integration constants μA = −[12 (γa−γb)+iδ]Ca(0)+iR0Cb(0)
and μB = [12 (γa − γb) + iδ]Cb(0) + iR0Ca(0), that is,

[
Ca(t)
Cb(t)

]
=

[ cos 1
2μt− μ−1

[
1
2 (γa − γb) + iδ

]
sin 1

2μt iR0μ
−1 sin 1

2μt

iR0μ
−1 sin 1

2μt cos 1
2μt+ μ

−1
[
1
2 (γa − γb) + iδ

]
sin 1

2μt

]

× exp
(
− 1

2
γabt

)[
Ca(0)
Cb(0)

]
. (4.10)

To find the corresponding profile for stimulated emission, we substitute
Cb(t) from (4.10) with the initial values Ca(0) = 1 and Cb(0) = 0 into (4.5)
and find (with some algebra)

Ps =
1
2

|R0|2γab/γa

(ω − ν)2 + γ2
b (1 + I0)

, (4.11)

where the dimensionless intensity I0 is given by

I0 = |R0|2/γaγb . (4.12)

Comparing (4.6, 4.11), we see that the frequency response of the atom to
an applied field is broadened not only because of decay, but also because
of saturation. This second effect is called power broadening. Note that on
resonance (ω = ν) the stimulated emission profile of (4.11) approaches the
constant value γab/γb as I0 becomes large.
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4.2 The Density Matrix

The semiclassical situations discussed in the first part of this book (Chaps.
5–12) almost invariably use the Schrödinger picture (see Sect. 3.1). Hence for
the two-level system we write the wave function with the Schrödinger picture
amplitudes ca and cb defined by the general expression (3.22) for two levels,
that is,

ψ(r, t) = ca(t)ua(r) + cb(t)ub(r) (4.13a)

or equivalently by the state vector

|ψ(t)〉 = ca(t)|a〉 + cb(t)|b〉 . (4.13b)

The corresponding density operator is defined as the projector ρ = |ψ〉〈ψ|
onto this state, and the density matrix elements ρij = 〈j|ρ|i〉 are given by
the bilinear products
ρaa = cac∗a , probability of being in upper level;
ρab = cac∗b , dimensionless complex dipole moment1;
ρba = cbc∗a = ρ∗ab ,
ρbb = cbc∗b , probability of being in lower level.

In matrix notation, the density operator ρ is therefore

ρ =
(
cac

∗
a cac

∗
b

cbc
∗
a cbc

∗
b

)
=

(
ρaa ρab

ρba ρbb

)
. (4.14)

This density matrix is precisely the outer product

ρ =
(
ca
cb

)
(c∗a c∗b) .

In terms of the 2 × 2 density matrix of (4.14), the expectation value (3.24)
of an operator O is given by

〈O〉 = ρaaOaa + ρabOba + ρbaOab + ρbbObb . (4.15)

In particular the dipole moment is given in the ua, ub basis by

〈er〉 = ℘ρab + c.c. . (4.16)

Equation (4.15) and, more generally, (3.24) is just the trace of the matrix
product ρO :

〈O〉 =
∑

n

∑

m

ρnmOmn =
∑

n

(ρO)nn = tr(ρO) . (4.17)

1 Provided an electric-dipole transition is allowed between the a and b levels.
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We show at the end of this section that this result holds in all generality.
We can derive the equations of motion for the elements of the density ma-

trix from the Schrödinger equations of motion for the probability amplitudes
ca(t) and cb(t) of (4.13). From (3.23) including phenomenological decays, we
have

ċa = −(iωa + γa/2)ca − i�−1Vabcb , (4.18)

ċb = −(iωb + γb/2)cb − i�−1Vbaca , (4.19)

where Vab = 〈a|V|b〉. Proceeding one element at a time, we have

ρ̇aa = ċac
∗
a + caċ∗a

= (−iωaca − γaca/2 − i�−1Vabcb)c∗a
+ca(iωac

∗
a − γac

∗
a/2 + i�−1Vbac

∗
b)

= −γaρaa − [i�−1Vabρba + c.c.] . (4.20)

It is not surprising to find the complex conjugate in this equation, for prob-
abilities are real. Similarly, we find

ρ̇bb = −γbρbb + [i�−1Vabρba + c.c.] . (4.21)

Apart from the decay terms, this value is equal in magnitude and opposite in
sign from that in (4.20). This expresses the fact that probability is transferred
between the a and b levels by the interaction energy Vab. The off-diagonal
element ρab obeys the equation of motion

ρ̇ab = ċac
∗
b + caċ∗b

= (−iωaca − γaca/2 − i�−1Vabcb)c∗b
+ca(iωbc

∗
b − γbc

∗
b/2 + i�−1Vbac

∗
a)

= −(iω + γab)ρab + i�−1Vab(ρaa − ρbb) . (4.22)

The example treated so far can be described equally well by an unnormal-
ized state vector or by a density operator. However, the unnormalized state
vector description becomes usually inadequate as soon as we consider more
complex situations such as those encountered in the description of many-
system phenomena. The phenomenological damping factors in (4.1, 4.2) ac-
tually result from the interaction of an atom with the many modes of the elec-
tromagnetic field. To treat more complicated cases, e.g., a decay of the dipole
term ρab independent of the decay of the level probabilities pii the wave func-
tion becomes by itself very cumbersome to use, or even incorrect. Such dipole
decay results from an incoherent superposition of simple pure-case density
matrices and can be cast in terms of system-reservoir coupling, a general
approach followed in Chap. 15. That chapter will show that in general, it
becomes necessary in such situations to abandon the idea of describing the
system via a state vector. One needs to introduce instead a density opera-
tor whose evolution is irreversible and governed by nonhermitian dynamics.
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Alternatively, it is possible to use an ensemble average over a large number
of “quantum trajectories” describing the nonhermitian dynamics of an un-
normalized state vector, the so-called Monte Carlo wave functions approach.
Both of these approaches, as well as a third approach involving quantum
noise operator techniques, will be discussed in Chap. 15. Here we consider an
important simple case.

Elastic collisions between atoms in a gas or between phonons and atoms in
a solid can cause ρab to decay separately from the diagonal elements. Specif-
ically, if during an interaction the energy levels are merely shifted slightly
without a change of state (e.g., distant van der Waals interactions), the de-
cay rate for ρab is increased without much change in γa and γb. This is due
to the fact that the phase of the radiating atomic dipole is shifted in a some-
what random fashion, and the contributions of a collection of such dipoles
tend to average to zero. We can gain a semiquantitative understanding of this
process by considering the following discussion, couched in terms of phonon
interactions in ruby.

The active atom in ruby is the Cr3+ ion, which is surrounded with O2−

atoms. At room temperature, all atoms vibrate, with the result that the
energy levels in the Cr3+ ions experience random Stark shifts. For simplicity
we assume that this phenomenon can be expressed mathematically by adding
a random shift δω(t) to the energy difference ω. Ignoring other perturbations
for simplicity, we can write the equation of motion for the off-diagonal element
ρab as

ρ̇ab = −[iω + iδω(t) + γab]ρab . (4.23)

Integrating this formally, we have

ρab(t) = ρab(0)exp
[
−(iω + γab)t− i

∫ t

0

dt′δω(t′)
]
. (4.24)

We now perform a classical ensemble average of (4.24) over the random
variations in δω(t). This average affects only the δω(t) factor. Expanding the
second part of the exponential term by term, we have

exp
[
−i

∫ t

0

dt′δω(t′)
]

= 1 −i
∫ t

0

dt′δω(t′) − 1
2

∫ t

0

dt′
∫ t

0

dt′′δω(t)δω(t′′)

+
(−)n

(2n)!

2n∏

i=1

∫ t

0

dtiδω(ti) + . . . . (4.25)

The function δω(t) is as often positive as negative, as suggested in Fig. 4.3.
Hence the ensemble average 〈δω(t)〉 is zero (a frequency shift as well as damp-
ing can occur, which would change ω). Furthermore, averages of products
〈δω(t)δω(t′)〉 are zero as well, unless t � t′, in which case the product is
mostly positive since (−1)2 = 1. Assuming that variations in δω(t) are rapid
compared to other changes (which occur in times like 1/γab), we take
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Fig. 4.3. (a) Possible time dependence of random frequency shift δω(t) imposed
upon the frequency difference ω for Cr3+ in Al2O3 lattice. This shift could also occur
for atoms in gaseous state due to “soft” (elastic) collisions. Because δω(t) is as often
positive as negative, the integral

∫ t

0
dt′〈δω(t)〉 vanishes. (b) Possible dependence

for collision fluctuations. Same random characteristics hold in our simple model

〈δω(t) δω(t′)〉 = 2γph δ(t− t′) , (4.26)

where the subscript ph stands for phase. This infinitely short memory ap-
proximation is called the Markoff approximation.

Similarly, (for Gaussian statistics) the 2nth correlation 〈δω(t1) . . . δω(t2n)〉
is given by the sum of all distinguishable products of pairs like that in (4.26),
for only when the random functions coincide in pairs is the entire product
positive with nonvanishing ensemble average. The number of combinations
of 2n terms in pairs is given by

(
2n
2

)
, that for the remaining 2n – 2 terms

is
(
2n−2

2

)
, and so forth. Hence, the total number of distinguishable ways of

breaking 2n terms into products on n pairs is

1
n!

(
2n
2

)(
2n− 2

2

)
. . .

(
2
2

)
=

(2n)!
n!2n

. (4.27)

This gives for the 2nth term

(−1)n

(2n)!
(2γph)n (2n)!

2nn!

n∏

i=1

∫ t

0

dt2i

∫ t

0

dt2i−1δ(t2i − t2i−1) =
(−γpht)n

n!
.

The (2n + l)th term vanishes since it is given by the sum of products of n
pairs multiplied by a lone random function with zero average. Therefore,

exp
[
−i

∫ t

0

dt′δω(t′)
]

=
∞∑

n=1

(−γpht)n

n!
= e−γpht ,
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which gives for the classical average over collisions of (4.24)

ρab(t) = ρab(0) e−(iω+γab+γph)t . (4.28)

Our model of elastic collisions is just one example of the many physical
mechanisms that lead to a fast decay of the off-diagonal elements of the
density matrix. These are called decoherence mechanisms. One usually makes
a distinction between decoherence and dissipation, the loss of energy of a
system due to its coupling to the environment, with a concomitant decay of
the diagonal elements of the density operator expressed in a basis of energy
eigenstates). Decoherence is important in a number of situations in quantum
optics, and decoherence usually needs to be kept under control and reduced
as much as possible. This is in particular the case in quantum information
science, a topic that we touch upon in Chap. 20.

For typographical simplicity, from now on we drop the average bar, but
we should always remember that ρ typically includes such classical averages
in addition to the quantum mechanical average.

Defining the new decay rate

γ = γab + γph , (4.29)

differentiating (4.28), and including Vab, we have the averaged equations of
motion

ρ̇ab = −(iω + γ)ρab + i�−1Vab(ρaa − ρbb) , (4.30)
ρ̇aa = −γaρaa − [i�−1Vabρba + c.c.] , (4.20)
ρ̇bb = −γbρbb + [i�−1Vabρba + c.c.] , (4.21)

where for convenience we repeat the equations of motion for ρaa and ρbb. We
use (4.30) in place of (4.22) in our calculations. Equation (4.30) is an average
equation with respect to collisions, whereas (4.23) includes fluctuations due
to collisions. A fully quantal treatment reveals that the semiclassical equa-
tions (4.20–4.22), also, are average equations, in which the so-called vacuum
fluctuations of the electromagnetic field have been averaged over.

It is interesting to note that at low temperatures, the Cr3+ ions “freeze”
irregularly into place in the crystal lattice and the decay rate γ becomes
smaller. Different ions are subject to different Stark shifts and hence have
different resonant frequencies. Hence the atomic medium as a whole responds
to a range of frequencies considerably larger than for a single atom, as sug-
gested in Fig. 4.4. This kind of response is called inhomogeneously broadened,
as contrasted to the kind found in ruby at higher temperatures (called ho-
mogeneously broadened, inasmuch as all active atoms experience statistically
identical collisions and have essentially the same resonance frequency). The
two kinds of broadening overlap to some degree in a real medium, but one
kind is often responsible for most of the classical absorption (or emission)
linewidth. An intermediate situation is met when the temperature of ruby
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is somewhere between that of liquid helium and room temperature, and the
linewidth is due to approximately equal homogeneous and inhomogeneous
contributions. We emphasize right away that the two sources of broadening
are very different physically, the inhomogeneous one being a dynamical influ-
ence that can be effectively reversed (e.g., photon echo of Sect. 12.3), whereas
the homogeneous is an irreversible influence. In Chap. 5, we see in greater
detail just how differently the two sources are represented mathematically.

A transition similar to that occurring in ruby for temperature changes
takes place in gaseous media for pressure changes. Although gas atoms such
as neon generally have the same resonance frequencies in their rest frames,
they see Doppler-shifted electric field frequencies (as discussed in Chaps. 6, 7)
and hence respond as a group to a range of frequencies, that is, are inhomo-
geneously broadened. At low pressures, the linewidth of a single atom is al-
most completely due to spontaneous emission and is usually small compared
to average Doppler shifts. As the pressure is increased, however, collisions
broaden the atomic response homogeneously and ultimately mask out the
Doppler effect altogether. We see in Chap. 7 on lasers, Chap. 9 on saturation
spectroscopy, and Chap. 12 on coherent transients that the degree to which
the atomic response is inhomogeneously broadened can be determined exper-
imentally by measuring, for example, intensity vs tuning profiles in gases and
photon echoes in general. Note that although the considerations discussed
here apply qualitatively to many laser media, interesting counterexamples do
exist, e.g., Dicke narrowing in gases and the Mössbauer effect.

Fig. 4.4. Graph showing individual atomic response curves superimposed on inho-
mogeneously broadened line for possible laser medium. Here the homogeneous and
inhomogeneous contributions to the linewdith are 150 MHz and 1000 MHz, respec
tively. Hence this medium is primarily inhomogeneously broadened
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The level decay scheme described in Sect. 4.1 is useful for the description
of many laser media, for which both levels are excited. For spectroscopy and
for the ruby laser, the upper level decays to a ground-state lower level as
depicted in Fig. 4.5. For that case, the ρbb equation of motion changes from
(4.21) to

ρ̇bb = −ρ̇aa = Γρaa + [i�−1Vabρba + c.c.] , (4.31)

where we use Γ for the upper-to-lower-level decay constant. Since the two
levels are the only ones in the problem, the conservation of probability gives

ρaa + ρbb = 1 , (4.32)

which is not the case for the two-level system in Sect. 4.1. Using (4.32), we
can write (4.31) as

ρ̇bb = Γ (ρbb − 1) + [i�−1Vabρba + c.c.] . (4.33)

Note that due to the presence of the −1, this equation has no counterpart
in wave function notation. Similar “excitation rate” constants occur for the
level scheme of Sect. 4.1 when excitation processes are included as in Chap. 5.
Equations (4.31, 4.33) show that both ρaa and ρbb relax with the same rate
constant Γ , but ρbb relaxes to the value 1, while ρaa relaxes to 0.

We now consider generalizations of our two-level density matrix to more
levels and other statistical mixtures. Typically we do not know fully the state
vector for a many-particle problem. Instead, we know only certain statistical
properties. These properties are conveniently incorporated into the density
matrix formalism by definition of the general density operator

ρ =
∑

ψ

Pψ|ψ〉〈ψ| . (4.34)

Here, the summation over ψ is the result of classical averages and can be
discrete or continuous. Pψ is that fraction of the systems represented by the

Fig. 4.5. Energy level diagram for two-level atom with upper-to-lower level decay
with the ground state as the lower level. Unlike the level scheme in Fig. 4.1, only
one level decay rate occurs
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state vector |ψ〉. The summation can take the form of several summations
and integrals.

For state vectors of the form

|ψ〉 =
∑

n

cn|n〉 , (4.35)

(4.34) reduces to

ρ =
∑

ψ

Pψ

∑

n

∑

m

cnc
∗
m|n〉〈m| =

∑

n

∑

m

ρnm|〈n〉〈m| . (4.36)

The quantum mechanical expectation value of an operator O is still given
by

〈O〉 = tr(ρO) , (4.37)

for in terms of Pψ,

〈O〉 =
∑

ψ

Pψ〈ψ|O|ψ〉 =
∑

ψ

Pψ

∑

k

〈ψ|O|k|〉〈k|ψ〉

=
∑

k

∑

ψ

Pψ〈k|ψ〉〈ψ|O|k|〉 =
∑

k

(ρO)kk = tr(ρO) .

The equation of motion of the density operator (and hence that of its
matrix elements) is easily determined from the Schrödinger equation

ρ̇ =
∑

ψ

Pψ[|ψ̇〉〈ψ| + |ψ〉〈ψ̇|]

= − i
�

∑

ψ

Pψ[H|ψ〉〈ψ| − |ψ〉〈ψ|H]

which in terms of the commutator [H, ρ] = Hρ− ρH is given by

ρ̇ = − i
�
[H, ρ] . (4.38)

Equation (4.38) is valid only for collections of state vectors all having the
same Hamiltonian H. In much of our semiclassical discussions (Chaps. 5–
12), we add contributions from atoms excited at different times, places, and
states. Inasmuch as all these systems are subjected to the same Hamiltonian,
we can use (4.38) for a density matrix (4.34) that includes summations over
the times, places, and states of excitation [see (5.6)]. By dealing with this sum
of density matrices directly, we save considerable effort over both the single-
system density matrix approach and the state vector method. Summations
of statistical averages for systems with different equations of motion must
be performed after the equations have been integrated. Note that the nmth
matrix element of (4.38) is
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ρ̇nm = − i
�
〈n|Hρ− ρH|m〉

= − i
�

∑

k

[〈n|H|k〉〈k|ρ|m〉 − 〈n|ρ|k〉〈k|H|m〉]

= − i
�

∑

k

[Hnkρkm − ρnkHkm] . (4.39)

This formula is useful in the treatment of many-level problems.
A basic property of the more general density matrix ρ of (4.36) is that the

off-diagonal elements can be smaller than those given by a single state vector.
Whereas the coherence between levels is preserved in the superposition given
by the state vector, averages over the individual state vector coherences given
by (4.36) can reduce their values substantially. Hence, we see in (4.30) that
the off-diagonal element ρab decays with the value γ of (4.29), which leads to
a smaller magnitude for ρab than that given by (ρaa ρbb)1/2.

To see this important averaging process at work in a particularly simple
context, consider a set of two-level state vectors |ψ〉j all having the same
probabilities |Ca|2 and |Cb|2, but having a random relative phase φj between
the probability amplitudes:

|ψ〉j = ca|a〉 + eiφjcb|b〉 . (4.40)

For this problem, the probability Pj of the jth state vector is 1/N given N
systems, since all phase angle φj are equally likely. The off-diagonal element
ρab given by (4.36) for this problem is

ρab =
∑

j

Pjcajc
∗
bj = cac∗b

1
N

N∑

j=1

e−iφj = cac∗b
1
N

∫ 2π

0

dφe−iφ = 0 ,

that is, the atomic coherence between the levels a and b is completely washed
out by the averaging process. This destruction of the atomic coherence is
analogous to the destruction of coherence in a light beam, for which a nonzero
incoherent intensity is incapable of producing an interference fringe when
passed through another light beam.

4.3 Vector Model of Density Matrix

It is possible to make the two-level density matrix equations of motion (4.20,
4.21, 4.30) resemble those for a magnetic dipole undergoing precession in a
magnetic field. This approach has value not only in solving the equations,
but also in providing a physical picture of the density matrix in motion.
The equations we derive here are equivalent to the Bloch equations for a
spin 1/2 (two-level) system appearing in nuclear magnetic resonance. We
note at the outset that atoms are only approximated by two levels and are
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typically characterized by three decay constants γa, γb and γab, whereas the
spin 1/2 Bloch equations have only two. In particular, laser media usually
have γb 
 γa, a limit in which these equations can be a poor approximation.
On the other hand, for several useful situations [e.g., upper-to-ground-lower-
level decay of (4.31)], a single level decay constant is a good approximation
so that the Bloch model is accurate and may be easier to use. The solutions
obtained are used in the discussion of light forces of Chap. 6 and the study
of coherent transients in Chap. 12.

We suppose that the perturbing energy Vab is given in the rotating wave
approximation by (3.124). We further go into an (not the) interaction picture
by multiplying both sides of (4.30) by eiνt, thereby obtaining

d
dt

[ρabeiνt] = −[γ + i(ω − ν)]ρabeiνt − i(℘E0/2�)(ρaa − ρbb) . (4.41)

This is the same transformation that we used for the wave function in (3.125).
We introduce the real quantities

U = ρabeiνt + c.c. , (4.42)
V = iρabeiνt + c.c. , (4.43)
W = ρaa − ρbb , (4.44)

in terms of which
ρab =

1
2
(U − iV )e−iνt . (4.45)

These quantities vary little in an optical period and are the components of
the vector U given by

U = U ê1 + V ê2 +W ê3 = tr (ρ′ σ) , (4.46)

where σ is the Pauli spin tensor

σ = ê1σx + ê2σy + ê3σz ,

and ρ′ is an interaction-picture density matrix defined by

ρ′ =
(

ρaa ρab eiνt

ρabe−iνt ρbb

)
. (4.47)

Taking derivatives of (4.42–4.44) and using (4.41, 4.32), we find the Bloch
Equations (in this section, we take R0 to be real)

U̇ = −δV − U/T2 , (4.48)
V̇ = δU − V/T2 + R0W , (4.49)
Ẇ = −(W + 1)/T1 −R0V , (4.50)

where δ = ω − ν and R0 is the (real) Rabi flopping frequency ℘E0/�. Here
the Ẇ equation is written for the case of upper to lower level decay. This
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is a situation where a single level decay constant occurs (as in the spin 1/2
two-level system). In keeping with the literature on NMR we use T2 for the
induced dipole decay time in place of 1/γ, and we use T1 for the probability
difference decay time. For the upper-to-lower-level decay of (4.31), T1 = 1/Γ .
As Prob. 4.8 discusses, when two level decay constants γa and γb appear,
then T1 is the average level lifetime

T1 =
1
2

[
1
γa

+
1
γb

]
, (4.51)

but (4.50) is then only approximately correct, since it neglects the term (γa−
γb)(ρaa + ρbb)/2.

Comparing (4.48, 4.49) to their classical counterparts (1.51, 1.53), we see
that quantum mechanically a third variableW enters, which is the probability
difference between being in the upper and lower levels. This difference variable
has no classical meaning since classically no levels are involved. It makes the
induced polarization of the two-level system nonlinear, in contrast to the
linear classical charge on a spring of Sect. 1.3.

If T1 = T2 = γ−1, the three equations (4.48–4.50) have the simple, com-
bined form

U̇ = −γ(U + ê3) + U×R , (4.52)

where the effective Rabi precession “field” R is given by

R = R0ê1 − δê3 . (4.53)

The time dependence of such a vector is well known from classical mechanics.
The U vector processes clockwise about the effective field R with diminish-
ing magnitude. The precessions for resonance and slightly off resonance are
depicted in Fig. 4.6. On resonance, U precesses about the ê1 axis in a major
circle.

Physically U pointing along ê3(W = 1, U = V = 0) represents a system
initially in its upper level (ρaa = 1, ρbb = 0). Similarly, U points along −ê3

for a system in its lower level. The on-resonance precession about ê1 is just
a vector embodiment of the Rabi flopping of (3.129, 3.130).

To obtain an analytic feel for the time development of the Bloch vector,
we solve (4.48–4.50) first with no decay (T1 = T2 = ∞), second with free
evolution (zero applied field), and third, in steady state. These solutions are
used in the discussions of optical nutation (Sect. 12.1) and free induction
decay (Sect. 12.2), photon echo (Sect. 12.3), and Ramsey fringes (Sect. 12.4).
In the absence of decay, (4.48–4.50) reduce to

U̇ = −δV , (4.54)
V̇ = δU + R0W , (4.55)
Ẇ = −R0V . (4.56)

In particular on resonance (δ = 0), we find
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Fig. 4.6. (a) For central tuning (ω = ν) and ℘ < 0 (for an electron), U precesses
clockwise about ê1 at the angular frequency R0, as determined by (4.52). The
electric-dipole interaction energy is directed along the ê1 axis in the rotating-wave
approximation. For an initial W (0) = −1 (system in lower level), W (π/R0) = 1,
that is, the atom makes a transition in a time π/R0 in agreement with the Rabi
flopping formula (3.129). (b) For some detuning (ω �= ν), U acquires a nonzero ê1

component and a complete transition (e.g., from upper to lower level) never occurs.
The U precesses clockwise about the effective “field” R of (4.53) with generalized
Rabi flopping frequency R, thus tracing out a cone in the rotating frame

U̇ = 0 (4.57)
V̇ = R0W . (4.58)

Just as for the probability amplitudes Ca and Cb, (4.56, 4.58) are sinusoidal.
For arbitrary initial conditions, we can write the solution as

⎡

⎣
U(t)
V (t)
W (t)

⎤

⎦ =

⎡

⎣
1 0 0
0 cosR0t − sin R0t
0 sin R0t cos R0t

⎤

⎦

⎡

⎣
U(0)
V (0)
W (0)

⎤

⎦ , (4.59)

which is a Rabi rotation of R0t radians about ê1. Knowing this we can solve
the detuned case of (4.54–4.56) by first rotating our coordinate system about
ê2 so that ê′1 points along the effective field (4.53). This rotation is determined
by the angle

χ = tan−1(δ/R0) . (4.60)

In this new coordinate system we rotate an angle Rt about ê′1, where the
generalized Rabi flopping frequency is given by

R =
√
δ2 + R2

0 , (4.61)

and rotate back to the original coordinate system. This set of three rotations
is given by the product of the three matrices
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⎡

⎣
cosχ 0 sinχ

0 1 0
− sinχ 0 cosχ

⎤

⎦

⎡

⎣
1 0 0
0 cosRt − sinRt
0 sinRt cosRt

⎤

⎦

⎡

⎣
cosχ 0 − sinχ

0 1 0
sinχ 0 cosχ

⎤

⎦ .

(4.62)
Multiplying these matrices out, we find the general solution without decay

⎡

⎢⎢⎣

U(t)

V (t)

W (t)

⎤

⎥⎥⎦ =

⎡

⎢⎢⎢⎣

R2
0+δ2 cos Rt

R2 − δ
R sinRt − δR0

R2 (1 − cosRt)
δ
R sinRt cos Rt R0

R sin Rt

− δR0
R2 (1 − cosRt) −R0

R sin Rt R2
0 cos Rt+δ2

R2

⎤

⎥⎥⎥⎦

⎡

⎢⎢⎣

U(0)

V (0)

W (0)

⎤

⎥⎥⎦ .

(4.63)
In particular, if U(0) = V (0) = 0, this gives

U(t) = (R0δ/R2)W (0)[cosRt− 1] , (4.64)
V (t) = (R0/R)W (0) sinRt , (4.65)
W (t) = W (0)[1 + R2

0R−2(cosRt− 1) . (4.66)

These equations describe the motions depicted in Fig. 4.6 based on our knowl-
edge of spin precession. In particular for exact resonance (δ = 0), this so-
lution reduces to Rabi flopping in the ê2 ê3 plane with U(t) = 0, V (t) =
W (0) sinR0t, and W (t) = W (0) cosR0t, results which also follow immedi-
ately from (4.59). In optical nutation (Sect. 12.1), we integrate (4.64, 4.65)
over δ weighted by an inhomogeneous broadening distribution (Sect. 5.2).
This leads to a superposition of Rabi floppings that interfere destructively
for times on the order of or greater than the reciprocal of the inhomogeneous
broadening linewidth.

Another useful solution to the Bloch equations, particularly for inhomo-
geneously broadened problems like free induction decay and photon echo, is
the free evolution with no applied field (R0 = 0). For simplicity we also take
T1 = ∞. In this limit, the U̇ equation (4.48) remains the same, W (t) is a
constant of the motion, and (4.49) reduces to

V̇ = δU − V/T2 . (4.67)

The solution of these equations is also given by a rotation, namely,
⎡

⎣
U(t)
V (t)
W (t)

⎤

⎦

⎡

⎣
cos δte−γt − sin δte−γt 0
sin δte−γt cos δte−γt 0

0 0 1

⎤

⎦

⎡

⎣
U(0)
V (0)
W (0)

⎤

⎦ , (4.68)

where we use γ ≡ 1/T2.
Although the general time-dependent solution of the Bloch equations

(4.48–4.50) including T1 and T2 must be expressed in terms of the roots
of a cubic equation, the steady state answer is both easy to obtain and useful
for understanding the phenomenon of free induction decay (Sect. 12.2). For
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this, we simply set U̇ = V̇ = Ẇ = 0 in (4.48–4.50), and solve the resulting
algebraic equations. From (4.48), we find

U = −δT2V . (4.69)

Substituting this into (4.49), we obtain

T2R0W = (δ2T 2
2 + 1)V . (4.70)

Combining this with (4.50), we find the probability difference

W = − 1
1 + IL(δ)

, (4.71)

where we have introduced the dimensionless intensity

I = R2
0T1T2 (4.72)

and the dimensionless Lorentzian

L(δ) =
1

1 + δ2T 2
2

. (4.73)

Note that the dimensionless intensity (4.72) is the ratio of the square of the
Rabi flopping frequency R0 to the product of the dipole and probability decay
rate constants. This combination inevitably enters calculations involving the
saturation of two-level systems. Combining (4.70, 4.69), we find

V = −R0T2L(δ)
1 + IL(δ)

= − R0T2

1 + I + δ2T 2
2

, (4.74)

and inserting this into (4.69) gives

U =
δR0T

2
2L(δ)

1 + IL(δ)
=

δR0T
2
2

1 + I + δ2T 2
2

. (4.75)

In (4.74, 4.75), we write the result in two forms, the first revealing how the
saturation denominator has a Lorentzian dependence, the second showing
how this effect leads to power broadening. Chapter 5 discusses these effects in
substantially greater detail using an extension of the density matrix known as
the population matrix. For now we note that in contrast to the Rabi flopping
given by (4.64–4.66), (4.71, 4.74, 4.75) give a stationary Bloch vector for
which the coherent Rabi flopping process competes with the incoherent T1

and T2 decay processes to produce a constant partial rotation of the Bloch
vector. Equations (4.74, 4.75) correspond to the purely classical equations
(1.61, 1.60), respectively. The classical versions use eE0/2mνx0 in place of
the Rabi flopping frequency R0 and predict no power broadening (I = 0). The
failure of the classical model to give power broadening is due to the absence of
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an equation for the inversionW , that is, to the lack of a probability difference,
which is a quantum mechanical construct.

Our discussion of the Bloch vector using its (U , V , W ) components takes
place in the interaction picture rotating at the optical frequency ν. This
amounts to being on a merry-go-round rotating at that frequency ν. We can
return to the Schrödinger picture by means of the transformation

u̇ =
[
dU
dt

]

space

=
[
dU
dt

]

body

+ νê3 × U . (4.76)

We then find the rapidly rotating vector u, which obeys the equation of
motion

u̇ = − u
T1

+ u × b , (4.77)

where the effective field∇ is given by

∇ = R0ê1 − ωê3 . (4.78)

The vector u rotates counterclockwise about ê3 at approximately the fre-
quency ω.

In the case of the magnetic dipole (spin 1
2 ) particle, ℘E0 is replaced by

μH in the interaction energy Vab. Otherwise, the precession equations are the
same. However, unlike the electric-dipole case, the abstract axes ê1, ê2, and
ê3 for the magnetic dipole actually coincide with the real-life axes x, y, and
z, for an electron with spin up (along z) is in the upper state (along ê3). The
reader should bear in mind that in the first instance the equations refer to the
probabilistic density matrix, and only for an ensemble of magnetic dipoles
can U itself be identified with a macroscopic classical dipole precessing in a
magnetic field.

Problems

4.1 Show that the expectation value 〈d†d〉 is real and ≥0, where d is an
arbitrary operator. Assume a general mixture and Pψ > 0.

4.2 Consider a collection of two-level atoms 30% of which are described by
the wave function

ψ1 = 2−1/2[uae−iωat + ube−iωbt] ,

50% are described by

ψ2 = 10−1/2[uae−iωat − 3ube−iωbt]

and 20% are described by
ψ3 = ube−iωbt .
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Using the eigenfunctions ua and ub as a basis, determine the density matrix
for this system. What is the probability that this system is in the state ψ1?
Show that ρ2 �= ρ.
4.3 Beginning at time t = 0, an optical field E(t) = E0 cos νt interacts with
an ensemble of two-level atoms. Using the optical Bloch equations in the ro-
tating wave approximation, i.e., (4.48–4.50), and considering times �1/γ, 1/γa

so that decay processes may be neglected, show the field induces a polariza-
tion of the medium given by

P = −N℘R0

R2
[(ν − ω)(1 − cos Rt) cos νt−R sin Rt sin νt] , (4.79)

where N is the total number of atoms/volume, ℘ is the electric dipole matrix
element, R is the generalized Rabi flopping frequency of (4.61), and ω is
the atomic resonance frequency. Assume at t = 0 that the Bloch vector
U = (0, 0,−1).

4.4 An optical field E(t) = E0 cos νt interacting with a two-level medium in
duces the polarization of the medium given by (4.79). Calculate as a function
of time the emission or absorption from an optically thin inhomogeneously
broadened ensemble of these atoms characterized by the distribution

W(ω) =
1

Ku
√
π

e−(ω−ν)2/(Ku)2 ,

that is, calculate the expression f dω′ W(ω′P (ω′). Assume the field is turned
on instantaneously at t = 0 and do your calculation for both the extremely
short time regime just after t = 0 (specify what this means) and for the
time regime where the inhomogeneous distribution can be approximated by
its value at the frequency ν. Use a table of integrals if necessary and ignore
homogeneous damping processes. Plot the emission or absorption versus time
and interpret your results. The time development is called optical nutation
(see Sect. 12.1 for an alternative discussion).

4.5 Without making the rotating-wave approximation and including transi-
tions between all the levels, determine the equations of motion for all of the
density matrix elements for the following three-level system interacting with
the two optical fields:
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Now suppose ν1 � ω3 − ω2 and ν2 � ω2 − ω1 so that one may make the
appropriate rotating wave approximations. How do the equations of motion
simplify? Note that you are not required to solve the equations. This is an
appropriate level scheme for three-level probe/saturation spectroscopy, as
discussed in Sect. 9.3.

4.6 Some quickies: name two cases where the density matrix is required and
why it is required. What three-dimensional object does a slightly detuned
Bloch vector trace out in time? Can T1 ever be smaller than T2?

4.7 The Bloch vector corresponding to the wave function of (3.125) is defined
by

U = CaC
∗
b + c.c. ,

V = iCaC
∗
b + c.c. ,

W = |Ca|2 − |Cb|2 . (4.80)

Using the equations of motion (4.1, 4.2) for Ca and Cb, derive (4.48, 4.49)
for U̇ and V̇ . What value of T2 do you find? Your derivation shows that the
probability amplitudes in (3.125) are in the rotating frame, since by definition
U and V of (4.42, 4.43) are in this frame.

4.8 Defining the probability sum M = |Ca|2 + |Cb|2 along with the usual
Bloch-vector components in (4.80), find the equations of motion for W and
M using (4.1, 4.2). In particular show that the population difference decay
time T1 is given by

T1 � 1
2

(
1
γa

+
1
γb

)
, (4.81)

where 1/T1 is defined by the intensity-independent coefficient of −W in the
equation of motion for W . This problem shows that the three-component
Bloch equations are in general inadequate to describe a two-level atom with
differing level decay rates.

4.9 Derive Ps of (4.11) by combining (4.5, 4.10).
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4.10 Using the coefficient Cb(t) of (4.10) evaluated to first-order in ℘E0

integrate (4.5) to the time t instead of oo. Show that this leads to a subnatural
linewidth.

4.11 Show that tr{ρ2} ≤ 1. When does equality hold?

4.12 Quantum mechanically the von Neumann entropy is defined as

S = −kB tr{ρ ln ρ} . (4.82)

Show that S vanishes for a pure state. What does this mean physically? Hint:
ln O is defined by its Taylor expansion.

4.13 The root-mean-square deviation for an operator O is defined by

σ =
√

〈O2〉 − 〈O〉2 . (4.83)

Evaluate this for the dipole momentum operator

er =
[

0 ℘
℘ 0

]

using the density matrix of (4.14).

4.14 Calculate |Ca(t)|2 for an atom interacting with a resonant but incoher-
ent light source characterized by the intensity fluctuation function P (I) given
by

P (I) = I−1
0 e−I/I0 .

Assume that γa = γb = 0 and that the field phase vanishes, i.e., E =
√
I.

Discuss the results as t→ ∞.

4.15 Pure radiative decay is defined by an upper-to-ground-lower-level tran
sition with the dipole decay constant γ = 1

2Γ . By projecting onto the
“barestate” |a〉|b〉 basis, show that the density operator equation of motion

ρ̇ = − i
�
[H, ρ] − Γ

2
[σ+σ−ρ+ ρσ+σ−] + Γ σ − ρσ+ (4.84)

gives density matrix equations of motion like (4.30, 4.31, 4.33) for pure radia-
tive decay. Here σ± are the Pauli spin-flip operators of (3.137). What term
do you need to add to allow γ to vary independently of Γ?

Now project (4.84) onto the dressed-state basis defined by (3.169, 3.170).
Use dressed-state Pauli spin-flip matrices like (3.175) and for simplicity, ne-
glect decay-term coupling between diagonal and off-diagonal elements. An-
swer for ρ22:

ρ̇22 = −[i�−1H21ρ12 + c.c.] − Γ cos4 θ ρ22 + Γ sin4 θ ρ11 . (4.85)

Note that the inclusion of decay-term coupling between diagonal and off-
diagonal elements makes the dressed-atom representation substantially more
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complicated than the bare-atom representation. Hence, the dressed-atom rep-
resentation is used almost exclusively in cases when this kind of decay can
be neglected, such as when the Rabi frequency R0 greatly exceeds the decay
constants γ and Γ .

4.16 Using the transformation matrix of (3.171), show that the dressed-atom
density matrix is related to the bare-atom matrix by
⎡

⎢⎢⎣

ρ22
ρ21
ρ12
ρ11

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

cos2 θ cos θ sin θ cos θ sin θ sin2 θ
− cos θ sin θ cos2 θ − sin2 θ cos θ sin θ
− cos θ sin θ − sin2 θ cos2 θ cos θ sin θ

sin2 θ − cos θ sin θ − cos θ sin θ cos2 θ

⎤

⎥⎥⎦

⎡

⎢⎢⎣

ρaa

ρab

ρba

ρbb

⎤

⎥⎥⎦ .

(4.86)

4.17 Show that the eigenvalues of a pure-case density matrix all vanish ex
cept for one, which equals 1. Hint: note that a pure-case density matrix can
be written as the outer product of a column vector and a row vector [for
example, see the equation following (4.14)]. Thinking about what this im
plies about the determinant and all subdeterminants, write the eigenvalue
equation and simplify.

4.18 Write the Bloch equations corresponding to (4.48–4.50) for a complex
R0.
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This chapter uses the density matrix methods of Chap. 4 to find the po-
larization induced by one or two continuous (cw) plane waves in two-level
media. The density matrix is extended in a form known as the population
matrix, which treats collections of atomic responses simply. Section 5.1 deals
with homogeneously-broadened media, while Sect. 5.2 includes inhomoge-
neous broadening. The induced polarization is used as a source in the slowly-
varying Maxwell equations to yield a nonlinear Beer’s law for propagation.
The population matrix equations of motion are solved in the important rate
equation approximation, which assumes that the dipole lifetime T2 is short
compared to times for which the field envelope or population difference vary
appreciably. The concepts of power-broadening and spectral hole burning are
developed.

Section 5.3 treats the response of two-level media to two counterpropa-
gating waves of possibly different amplitudes. The waves interfere with one
another, producing interference patterns. These patterns burn spatial holes
into the atomic population difference, which act in turn as a grating that
scatters one wave back into the path of the other. The two waves are thus
coupled both by saturating one another’s gain/absorption and by scattering
off the grating they induce together. Section 5.4 deals with the two-photon
two-level model and Sect. 5.5 treats a semiconductor in quasi-equilibrium.
Both models have similarities with the two-level model as well as significant
differences.

The concepts of this chapter are important in laser theory (Chap. 7),
optical bistability (Chap. 8), saturation spectroscopy (Chap. 9), phase con-
jugation (Chap. 10), and instability phenomena (Chap. 11).

5.1 Polarization of Two-Level Medium

In this section, we derive the polarization of a two-level medium subject to
the plane running wave electric field

E(z, t) =
1
2
E(z)ei(Kz−νt) + c.c. , (5.1)

where the complex field amplitude E(z) changes little in an optical wave-
length, ν is the oscillation frequency and K is the wave number. This field
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induces in the medium a polarization of the similar form

P (z, t) =
1
2
P(z)ei(Kz−νt) + c.c. , (5.2)

with a slowly-varying complex polarization P(z) that typically is out of phase
from E(z). Equation (5.1) is the steady-state case of the field (1.41), and hence
the slowly-varying Maxwell equation of motion (1.43) reduces to

dE(z)/dz = i(K/2ε)P = −αE , (5.3)

where ε is the permittivity of the host medium, and where the complex
absorption coefficient is

α = −i(K/2ε)P/E . (5.4)

The dimensionless intensity I = |℘E/�|2T1T2 obeys the corresponding equa-
tion

dI
dz

= −2Re(α)I . (5.5)

Here we include the factor ℘2T1T2/�
2 for reasons that become clear in con-

nection with (5.21). Our goal in this chapter is to find the polarization P(z)
induced by the field (5.1).

To do this we suppose that the medium consists of one of two kinds of two-
level systems depicted in Figs. 4.1, 4.5. An important new ingredient is that
we now allow for external sources of excitation of the two levels. Such pump
mechanisms become essential in the laser theory of Chap. 7. The first two-
level system (Fig. 4.1) is characteristic of most laser media and has excitation
to both upper and lower levels along with decay from these levels as depicted
in Fig. 5.1.

The second kind (Fig. 4.5) has the ground state for its lower level, and de-
cay of the upper level is inevitably to the lower level. The ruby-laser medium
is approximated by this second model, as well as many cases of interest in sat-
uration spectroscopy. The equations of motion for the corresponding two-level
density matrices differ, although as we show, the formulas for the steady-state
polarizations are very similar. Problems in Chaps. 7, 9 treat a combination
that includes decay from the a level to the b level as well as decays from these
levels to lower lying levels.

The polarization of the medium P (z, t) of (5.2) for the first kind of medium
is contributed to by all atoms at the position z at time t, regardless of which
state they were excited to and when they were excited. Hence we need to add
up all these contributions. This is done conveniently in terms of a population
matrix defined by

ρ(z, t) =
∑

α=a,b

∫ t

−∞
dt0λα(z, t0)ρ(α, t0, z, t) . (5.6)

Here λα(z, t0) is the pump rate per unit volume to the level α(α = a or b)
for a homogeneously broadened medium, t0 is the time of excitation and
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ρ(α, t0, z, t) is the density matrix describing a system excited to the level
α at the time t0. ρ(z, t) has diagonal elements giving the population densi-
ties (rather than probabilities) of the levels, and hence the name population
matrix. The population matrix formalism leads directly to the popular rate
equations (5.15, 5.16) for the population densities for sufficiently rapidly de-
caying dipole moments. It furthermore bypasses some of the algebra in sum-
ming contributions from all systems at the place z at time t regardless of their
initial times and levels of excitation. Note that in the present discussion, we
limit ourselves to the inclusion of incoherent pump rates, i.e., we pump only
the populations of the levels α, but not the coherence ραβ . Such coherent
pumping has gained in popularity in recent years, in particular in connection
with “lasers without inversion”. We do not address these questions in this
book. In addition, the discussion of pump fluctuations is relegated to Chap.
15.

In terms of ρ(z, t) the polarization (5.2) is given by

P (z, t) = ℘ρab(z, t) + c.c. . (5.7)

Equation (5.14) shows that ρab ∝ ei(Kz−νt), so that we can combine (5.2,
5.7) to find

P(z) = 2℘e−i(Kz−νt)ρab . (5.8)

Hence we need to find ρab(z, t) as it evolves under the influence of the electric-
dipole interaction energy.

To do this we calculate the equation of motion of ρ(z, t) by differentiating
(5.6) with respect to time. Two time dependencies exist: that of the upper

Fig. 5.1. Two-level system with pumping to and decay from both levels (typical
of many laser media)
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limit of integration over the excitation time t0 and that of the single-atom
density matrix. We have

dρ(z, t)
dt

=
∑

α

λα(z, t)ρ(α, z, t, t) +
∑

α

∫ t

−∞
dt0λα(z, t0)ρ̇(α, z, t0, t) .

Assuming no off-diagonal excitation, we have by construction ρij(α, z, t, t) =
δiαδjα, and the first term can be replaced by the operator with the matrix
representation [

λa 0
0 λb

]
.

The second term has components identical to the right-hand sides of the
equations of motion for the single-atom density matrix [see (4.20, 4.21, 4.30)].
This result follows because the Hamiltonian does not depend on a or b and
the pump rates λα(z, t0) are assumed to vary slowly enough to be evaluated
at the time t. In component form, the equations of motion for the population
matrix ρ(z, t) become

ρ̇ab = −(iω + γ)ρab + i�−1Vab(z, t)(ρaa − ρbb) , (5.9)
ρ̇aa = λa − γaρaa − (i�−1Vabρba + c.c.) , (5.10)
ρ̇bb = λb − γbρbb + i�−1Vabρba + c.c.) . (5.11)

For the single-wave field (5.1) and in the rotating-wave-approximation, the
perturbation energy Vab has the value

Vab = −1
2
℘E(z)ei(Kz−νt) (5.12)

Rate Equation Approximation

We first integrate these equations using the rate equation approximation, so
called because it leads to the rate equations (5.15, 5.16). The rate equation
approximation consists of assuming that the dipole decay time T2 ≡ 1/γ,
is much smaller than times for which the population difference or the field
envelope can change. For steady state, this approximation is exact since the
population difference and field envelope are constant. We proceed by noting
that (5.9) can be integrated formally to give

ρab(z, t) =
i
�

∫ t

∞
dt′e−(iω+γ)(t−t′)Vab(z, t′)[ρaa(z, t′) − ρbb(z, t′)] . (5.13)

Using (5.12) for Vab, we can then factor both the population difference and
the field envelope outside the t′ integration, perform the integral over expo-
nentials, and find

ρab(z, t) = −i(℘E/2�)ei(Kz−νt) ρaa − ρbb

γ + i(ω − ν) . (5.14)
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Substituting this into the population equations of motion (5.10, 5.11), we
find the rate equations

ρ̇aa = λa − γaρaa −R(ρaa − ρbb) , (5.15)
ρ̇bb = λb − γbρbb −R(ρaa − ρbb) , (5.16)

where the rate constant R is given by

R =
1
2
|℘E/�|2γ−1L(ω − ν) , (5.17)

and the dimensionless Lorentzian L(ω − ν) is given by

L(ω − ν) =
γ2

γ2 + (ω − ν)2 . (5.18)

Solving (5.15, 5.16) in steady state (ρ̇aa = ρ̇bb = 0), we find the population
difference

ρaa − ρbb =
N(z)

1 + IL(ω − ν) . (5.19)

Here N(z) is the unsaturated population difference, which we take to be the
upper level population minus the lower to agree with the sign of the Bloch-
vector component W [see (4.44)] and with laser theory. The unsaturated
population difference for (5.15, 5.16) (set R = 0) is

N = λaγ
−1
a − λbγ

−1
b . (5.20)

The dimensionless intensity I has the definition

I = |℘E/�|2T1T2 , (5.21)

where for the level scheme of Fig. 5.1, the average level decay time T1 is

T1 =
1
2

[
1
γa

+
1
γb

]
. (5.22)

The dimensionless intensity of (5.21) is the average irradiance cε0|E|2 given
in units of the saturation intensity

Is = cε0|�/℘|2/T1T2 . (5.23)

The dimensionless intensity (5.21) is a generalization of (4.12), which takes
T2 = 1/γab, i.e., (5.21) includes effects of dephasing collisions. For I = 1, the
population difference is saturated down to the “half-saturation” point, that
is, half its unsaturated value.

Combining the saturated population difference (5.19) with the dipole ex-
pression (5.14), we find
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ρab = −i(℘E/2�)ei(Kz−νt) ND(ω − ν)
1 + IL(ω − ν) , (5.24)

where the complex Lorentzian denominator is defined as

D(ω − ν) =
1

γ + i(ω − ν) . (5.25)

Using (5.8), we find the desired complex polarization

P(z) = −i(℘2/�)
ND(ω − ν)

1 + IL(ω − ν) E . (5.26)

Substituting (5.26) into (5.4) gives the complex, nonlinear absorption coeffi-
cient

α = α0
γD(ω − ν)

1 + IL(ω − ν) , (5.27)

where the linear (I = 0), resonant (ν = ω) absorption coefficient

α0 = −K ℘
2N

2ε�γ
(5.28)

is positive for an uninverted medium (N < 0). Equation (5.27) is a very
important generalization of the linear case (5.28), and we use it in laser the-
ory (Chap. 7), optical bistability (Chap. 8), and in saturation spectroscopy
(Chap. 9). Figure 5.2 illustrates its form. The “half-height” value of α cor-
responds to an intensity equal to the saturation intensity Is of (5.23). The
complex absorption coefficient of (5.27) has the real and imaginary parts

Re(α) = α0
γ2

γ2(1 + I) + (ω − ν)2 , (5.29a)

Im(α) = −α0
γ(ω − ν)

γ2(1 + I) + (ω − ν)2 . (5.29b)

These parts are the same as those of (1.56), except that α0 has a different
definition and that here the natural width γ is power broadened by the fac-
tor (1 + I). Equation (5.29a) is similar to the stimulated emission profile
(4.11), and shows a power-broadened Lorentzian spectrum. Note that while
the width of the Lorentzian in (5.29) increases as the intensity increases, the
value for any given detuning decreases.

Writing the intensity equation (5.5) for the absorption coefficient (5.27),
we have

dI
dz

= − 2α0L
1 + ILI , (5.30)

where L ≡ L(ω − ν). For small IL, I decays exponentially to 0. For large
IL, I decays linearly in z with the slope −2α0. In general the intensity
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absorption coefficient is given by twice the amplitude coefficient of (5.29a).
Alternatively for a gain medium (α0 < 0), I grows exponentially at first and
then approaches a linear growth rate.

For the upper-to-ground-lower-level-decay two-level system of Fig. 4.5, the
pump rates in (5.10, 5.11) are given by λa = Λρbb and λb = Γρaa, respectively,
and the decay rate γb equals 0. The number of active systems per unit volume
N ′ is a constant, so that the population obeys the conservation relation

N ′ = ρaa + ρbb . (5.31)

This relation differs from (5.20), and in fact does not apply to the first kind
of two-level medium. In view of this conservation of the number of systems,
we have ρ̇aa = −ρ̇bb. With these observations, the population equations of
motion (5.10) and (5.11) reduce to

ρ̇aa = −ρ̇bb = Λρbb − Γρaa − (i�−1Vabρba + c.c.) , (5.32)

where atoms are pumped from the ground level b to the upper level a at the
rate Λρbb. Forming the population difference

D = ρaa − ρbb , (5.33)

we note that 2ρaa = N ′ +D and 2ρbb = N ′ −D. Differentiating (5.33) with
respect to t and using (5.32), we find

dD
dt

= −(Γ + Λ)D − (Γ − Λ)N ′ − 2(i�−1Vabρba + c.c.) . (5.34)

I

Re{α}
α0
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Fig. 5.2. (Solid line) resonant (ν = ω) absorption coefficient α of (5.27) versus
intensity. The value I = 1 corresponds to an intensity equal to the saturation
intensity (5.23). (Dashed line) corresponding inhomogeneous-broadening case (5.40)



124 5 CW Field Interactions

Here we see that the decay time for the population difference has the explicit
value T1 = 1/(Γ + Λ). The rest of the calculation proceeds as for the first
kind of two-level medium, and one obtains the saturated absorption coeffi-
cient (5.27) in which the dimensionless intensity is measured in units of Is
of (5.23) with the effective decay time T1 = (Γ + Λ)−1 and with the further
modification that α0 of (5.28) contains now the unsaturated population dif-
ference N = N ′(Λ−Γ )/(Λ+Γ ). It is interesting to note that the single time
constant T1 applies accurately to this second type of two-level medium, while
as we see in Chaps. 7, 9, it can give incorrect results for multimode fields
interacting with the first type of two-level media or with a combination of
the two.

5.2 Inhomogeneously Broadened Media

Many media are inhomogeneously broadened, that is, they are such that dif-
ferent atoms have different line centers as discussed in Sect. 4.2. This kind
of broadening differs from the homogeneous variety considered in preceding
sections in that it is a dynamical (not random) property and can be reversed.
A famous way to achieve this reversal is the technique of photon echoes,
which will be discussed in Chap. 12 (and which, by the way, can be explained
without reference to photons and has purely classical analogs). We consider
here two basically different kinds of inhomogeneous broadening: static and
Doppler. Static broadening occurs for example, in ruby at low temperatures,
where each active atom (Cr3+) experiences its own individual Stark shift
based on local lattice characteristics. Doppler broadening occurs in gas media
and results from the spread in Doppler shifts that atoms moving with differ-
ent velocities experience. For unidirectional fields, the effects are the same:
Doppler shifts yield essentially a spectrum of line centers. The standing-wave
static case is also similar to the unidirectional Doppler case, with the addition
of position complications discussed in Sect. 5.3. The standing-wave Doppler
case is however more complicated, for each atom sees two frequencies, one
Doppler up-shifted and one down-shifted. In this section, we consider the
interaction of a monochromatic running wave with these various inhomoge-
neously broadened media, once again in the rate equation approximation. It
is interesting to note at the outset that this approximation can be very accu-
rate, a fact established by comparison with more exact theories (see Chap. 9).

Except for the Doppler standing-wave case, the spread of line centers in
an inhomogeneously broadened medium is represented in the theory by a
line-center dependence in the level populations, ρaa(z, ω′, t) and ρbb(z, ω′, t),
and in the complex polarization ρab(z, ω′, t). The equations of motion are
still given by (5.9–5.11). The macroscopic polarization P(z), however, is con-
tributed to by all systems at z at the time t regardless of ω′ and hence includes
an integral over the latter
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P(z) =
∫

dω′P(z, ω′) . (5.35)

Furthermore, the linear population inversion includes a function specifying
the nature of the inhomogeneity, namely,

N(z, ω′, t) = W(ω′)N(z, t) . (5.36)

For many media, the Maxwellian distribution

W(ω′) =
1

Δω
√
π

e−(ω−ω′)2/(Δω)2 (5.37)

is descriptive. Sometimes we consider a Lorentzian distribution, which typ-
ically leads to analytic results, or a distribution so broad that it can be
evaluated at the peak of the homogeneous-broadening function (which acts
like a δ function) and taken outside the ω′ integral.

With these additions, we substitute the homogeneously-broadened result
(5.26) into the frequency integral of (5.35) to find the complex polarization
component

P(z) = − i℘2EN
�

∫ ∞

−∞
dω′W(ω′)D(ω′ − ν)

1 + IL(ω′ − ν) . (5.38)

Suppose first that the width of the distribution W(ω′) is much greater
than γ. This is called the inhomogeneously-broadened limit. As in the discus-
sion of (3.85), we evaluate W(ω′) at ν and take it outside the integral. The
imaginary part of D(ω′−ν) is antisymmetric about ν, thereby integrating to
0. Thus (5.38) reduces to

P(z) = −i
℘2EN

�
W(ν)

∫ ∞

−∞

dx
1 + x2 + I

= − iπ℘2NW(ν)E
�(1 + I)1/2

. (5.39)

This gives the inhomogeneous-broadening coefficient

α = α′
0/(1 + I)1/2 , (5.40)

where the linear inhomogeneous-broadening coefficient

α′
0 = α0γπW(ν) . (5.41)

Comparing this to the homogeneous-broadening case of (5.27), we see that
the tuning dependence is gone, and that the saturation is weaker, i.e., (5.40)
is proportional to (1 + I)−1/2, while (5.27) is proportional to (1 + I)−1. The
reduced saturation of the inhomogeneously broadened case is due to the fact
that contributions from detuned (and therefore less saturated) atoms are
included in the average over ω.
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For the Gaussian distribution (5.37), the frequency integral in (5.38) is
conveniently expressed in terms of the plasma dispersion function, defined as

Z(γ + iω − iν) =
i√
π

∫ ∞

−∞
dω′e−(ω−ω′)2/(Δω)2D(ω′ − ν)

=
i√
π

∫ ∞

−∞
dω′e−(ω−ω′)2/(Δω)2 γ − i(ω′ − ν)

γ2 + (ω′ − ν)2 . (5.42)

Specifically, multiplying the numerator and denominator of (5.38) by γ −
i(ω′ − ν) and comparing the result with (5.42), we find

P(z) = −℘
2NE

�Δω
[Zr(γ′ + iω − iν) + i(γ/γ′)Zi(γ′ + iω − iν)] , (5.43)

where the power-broadened decay constant

γ′ = γ(1 + I)1/2 , (5.44)

and Zr and Zi are the real and imaginary parts of Z. This gives the absorption
coefficient

α = α0
γ

Δω

[
Zi(γ′ − iω − iν)

(1 + I)1/2
− iZr(γ′ − iω − iν)

]
. (5.45)

In the limit Δω 
 γ, this reduces to (5.40), since Zr → 0 and Zi → π1/2.
In general, (5.45) looks like the Lorentzian version of Fig. 5.2, but with a
Gaussian influence near central tuning. The plasma dispersion function (5.42)
is the convolution of a Gaussian with a complex Lorentzian.

A better approximation to the Gaussian than the constant value of the
inhomogeneous broadening limit is the Lorentzian

W(ω′) =
1
π

Δω

(ω′ − ω)2 + (Δω)2
. (5.46)

This allows the polarization (5.38) to be integrated analytically, and hence
allows us to study the transition from pure homogeneous broadening to pure
inhomogeneous broadening. In terms of (5.46), (5.38) gives

P = −℘
2NEγ
�γ′

J(Δω, γ′, ω − ν) , (5.47)

where J(Δω, γ′, ω−ν) is a special case of the convolution between a real and
a complex Lorentzian

J(γ′′, γ′,Δ) =
i
π

∫ ∞

−∞
dδ

γ′′

γ′′2 + δ2
γ′[1 − i(δ +Δ)/γ]
γ′2 + (δ +Δ)2

=
i
π

∫ ∞

−∞

dδγ′′γ′[1 − i(δ +Δ)/γ]
(δ + iγ′′)(δ − iγ′′)(δ +Δ+ iγ′)(δ +Δ− iγ′)

.

(5.48)
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This convolution is easily evaluated using the residue theorem. Closing the
contour in the upper half plane around the poles δ = iγ′′, −Δ+ iγ′, we find

J(γ′′, γ′,Δ) =
i

Δ+ iγ′′ − iγ′

[
γ′(1 + γ′′/γ − iΔ/γ)

Δ+ iγ′′ + iγ′
+
γ′′(1 + γ′/γ)
Δ− iγ′′ − iγ′

]

=
i(γ′′ + γ′) +Δγ′/γ)
Δ2 + (γ′′ + γ′)2

. (5.49)

Hence, the convolution of two Lorentzians is itself a Lorentzian with width
equal to the sum of the individual widths. Combining (5.47, 5.49, 5.4), we
obtain

α =
α0γ

2

γ′
Δω + γ′ − i(ω − ν)γ′/γ
(ω − ν)2 + (Δω + γ′)2

. (5.50)

This reduces to (5.29) and (5.40) in the homogeneous (Δω = 0) and inhomo-
geneous (Δω 
 γ) broadening limits, respectively.

Having seen the results of inhomogeneous broadening, let us return to an
earlier point in the calculation to look at a very useful picture. Figure 5.3 plots
the population difference (5.19) with the inhomogeneous broadened linear
population inversion (5.36) vs detuning for the Gaussian distribution (5.37)
and ν = ω. The I = 1 case reveals a “hole burned” into the inhomogeneous
lineshape by the electromagnetic wave. The FWHM of this hole is about
2γ. This phenomenon was first discovered in the context of nuclear magnetic
resonance by Bloembergen et al. (1948) (who referred to it as “eating a hole”),

Fig. 5.3. Inhomogeneously broadened population difference given by (5.37) times
(5.19) versus the normalized frequency difference (ω′−ω)/γ with the inhomogeneous
width Δω = 5, central tuning (ν = ω), and I = 0 (solid line) and I = 1 (dashed
line). The I = 1 case shows spectral hole burning
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and was developed for gas lasers by Bennett (1962). We use the hole burning
concept in understanding features of gas laser operation (Sect. 7.3) and in
saturation spectroscopy (Chap. 9).

An integral similar to the imaginary part of (5.48) arises when one tries to
determine the hole width burned by a saturator wave of arbitrary intensity
I2 and frequency ν2 by measuring the absorption of a weak probe wave of
amplitude E1 and frequency ν1. This is a form of saturation spectroscopy
discussed in detail in Chap. 9 (see Fig. 9.1). Unlike in the treatments of
Chap. 9, we ignore for now the response of the system to the field interference
pattern created by the two waves. In this approach, the strong wave generates
a saturated inversion according to (5.19) with N given by (5.36), which is
then probed linearly by the weak field at the frequency ν1. We then obtain
the probe-wave polarization by replacing 1) the ν in the D(ω′ − ν) factor of
(5.38) by ν1, and 2) the ν in the IL(ω′ − ν) factor of (5.38) by ν2. This gives

P1(z) = −i℘2E1�
−1N

∫ ∞

−∞
dω′W(ω′)D(ω′ − ν1)

1 + I2L(ω′ − ν2)
. (5.51)

In the inhomogeneous-broadening limit, this gives the absorption coefficient
[using (5.4, 5.41) with W(ν) → W(ν1)]

α1 =
α′

0(ν1)
πγ

∫ ∞

−∞

dω′γD(ω′ − ν1)
1 + I2L(ω′ − ν2)

=
α′

0(ν1)
π

∫ ∞

−∞

−idδ′

δ′ − iγ

[
1 − γ2I2

(δ′ −Δ)2 + γ′2

]

= α′
0(ν1)

[
1 − γ2I2(γ + γ′ − iΔ)/γ′

(γ + γ′)2 +Δ2

]
, (5.52)

where δ′ = ω′ − ν1 and Δ = ν2 − ν1. The integrals can be evaluated using
contour integration (see Prob. 5.5). Note that the real part of the single-pole
i/(δ′ − iγ) converges much more readily (like 1/δ′2) than the imaginary part
(like 1/δ′). Hence for (5.52) to give an accurate calculation of Im(α1), W(ω′)
must have a substantially larger width (or be symmetric about ν1) than that
needed for an accurate calculation of Re(α1).

We see that the probe samples the power-broadened Lorentzian spectral
hole with its own Lorentzian. This gives a convolution of the probe Lorentzian
with the power-broadened Lorentzian, and yields a Lorentzian with a width
equal to the sum of the widths of the probe and power-broadened Lorentzians.
Thus even though the waves are taken to be monochromatic, the probe ab-
sorption displays a spectral hole at least twice as wide as that burned into
the population difference.

As discussed in Chap. 9, it is not in general valid to neglect the response of
a nonlinear medium to the interference pattern between the two waves. The
medium responds to the total field, which includes the probe field, and not
just to the pump field alone. In fact as we see in the next section, pump scat-
tering off a pump-probe interference pattern can cause the probe absorption
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coefficient [given by (5.70)] to be dramatically smaller than the single-mode
absorption coefficient of (5.27).

5.3 Counterpropagating Wave Interactions

In many situations, such as laser theory, optical bistability and phase con-
jugation, we need to consider the interaction between atoms and standing
waves. It is almost always correct to think of such a wave as the sum of two
running waves propagating in opposite directions (see Sect. 13.2 for a qual-
ifier). Such a wave is the sum of two waves like (5.1) traveling in opposite
directions

E(z, t) =
1
2
E+(z)ei(Kz−νt) +

1
2
E−(z)e−i(Kz+νt) + c.c. , (5.53)

which induces a polarization of the form

P (z, t) =
1
2
P + (z)ei(Kz−νt) +

1
2
P−(z)e−i(Kz+νt) + c.c. . (5.54)

As in deriving (5.3), we substitute (5.53) and (5.54) without complex con-
jugates into the wave equation (1.25) and drop second derivatives of the
slowly-varying quantities E+ and E−. Here, however, we wish to find sepa-
rate equations like (5.3) for E+ and E−. To do this, we project both sides of
our equation onto eiKz for E+ and onto e−iKz for E−. Specifically for E+, we
multiply both sides by [eiKz]* and integrate over a wavelength. This gives

K

2π

∫ 2π/K

0

dζe−iK(z+ζ)

[
dE+(z)

dz
eiK(2+ζ) − dE−(z)

dz
e−iK(z+ζ)

]
� dE+

dz
,

(5.55)

where we have used the fact that dE±/dz vary little in an optical wavelength.
The corresponding projection for the polarization (5.54) together with (5.7)
gives

P+(z) � 2℘
K

2π

∫ 2π/K

0

dζe−iK(z+ζ)eiνtρab(z + ζ, t) . (5.56)

With this, we find

±dE±
dz

= i(K/2ε)P± = −α±E± . (5.57)

Here the leading ± is present because E− propagates along −z. As far as
(5.55) is concerned, the two waves are “orthogonal” to one another, that is,
they can be separated by projection. However this does not mean that they
are uncoupled: the fringe pattern between the waves can induce a grating in
ρab that couples the waves.
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To find ρab for a homogeneously broadened medium, we write the in-
teraction energy for the field of (5.53) in the rotating wave approximation
as

Vab = −℘
2

[E+eiKz + E−eiKz]e−iνt . (5.58)

Substituting this into (5.13) and making the rate equation approximation,
we find

ρab(z, t) = −i(℘/2�)[E+eiKz + E−e−iKz]e−iνt ρaa − ρbb

γ + i(ω − ν) . (5.59)

In turn substituting this into the population equations of motion (5.10, 5.11),
we find the rate equations (5.15, 5.16), where the rate constant is now

R =
1
2
(℘/�)2γ−1L(ω − ν)|E+eiKz + E−e−iKz|2 . (5.60)

This gives the steady-state population difference

ρaa − ρbb =
N(z)

1 + [I+ + I− + 2(I+I−)1/2 cos(2Kz − Ψ)]L(ω − ν) , (5.61)

where E+ = E−(I+/I−)1/2e−iΨ .
Before substituting (5.61) into (5.59) to find ρab, consider the spatial

variation of the population difference ρaa − ρbb. This is plotted in Fig. 5.4
for I+ = I− = .25. Similarly to the spectral hole burning in Fig. 5.3, we
see spatial hole burning, with a peak-to-peak separation of half a wavelength
between holes.

We are now in a position to see that this spatial pattern forms a grating
that scatters one wave into the path of the other. Combining (5.56, 5.59,
5.61), we find

Fig. 5.4. Population difference (5.61) vs Kz for I+ = I− = .3 and 10. Standing-
wave fringe pattern burns spatial holes into the population difference. This creates
a grating that scatters each wave into the other
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P+(z) = −i
℘2N(z)

�
D(ω′ − ν)

×K
2π

∫ 2π/K

0

[E+ + E−e−2iKζ−iΨ ]dζ
1 + [I+ + I− + 2(I+I−)1/2 cos(2Kζ)]L ,

where for typographical simplicity we write L for L(ω−ν). We have chosen the
z reference such that cos(2Kz−Ψ) = 1, a general choice since we assume that
N(z), E+(z), and E−(z) vary little in a wavelength (but see Prob. 7.18). In the
absence of the cos 2Kζ in the denominator, i.e., the grating contribution, the
E− term would vanish here as it does in (5.55). Further using that E−e−iΨ =
E+(I−/I+)1/2 and that e−2iKζ can be replaced by cos 2Kζ, since sin 2Kζ
integrates to 0 when multiplied by functions of cos 2Kζ alone, we have

P+(z) = −i
℘2N

�
D(ω′ − ν)E+

×K
2π

∫ 2π/K

0

[1 + (I−/I+)1/2 cos(2Kζ)]dζ
1 + [I+ + I− + 2(I+I−)1/2 cos(2Kζ)]L .

(5.62)

This integral can be evaluated using the formula

1
2π

∫ 2π

0

dθ
a+ b cos θ

=
1

(a2 − b2)1/2
, (5.63)

a formula that appears in other problems in quantum optics as well (e.g., in
mode locking of Sect. 7.5). Equation (5.62) becomes

P+(z) = −i(℘2/�)D(ω − ν)NE+S(θ) , (5.64)

where the saturation factor

S(θ) =
1
2π

∫ 2π

0

dθ
1 + c cos θ
a+ b cos θ

=
1
2π

∫ 2π

0

dθ
c

b

[
1 − a− b/c

a+ b cos θ

]

=
c

b

[
1 − a− b/c

(a2 − b2)1/2

]
. (5.65)

For the polarization (5.64), a = 1 + (I+ + I−)L, b = 2(I+I−)1/2L, and
c = (I−/I+)1/2. Using (5.57), we find the absorption coefficient

α+ = α0γD(ω−ν) 1
2I+L

[
1 − 1 + (I− − I+)L√

1 + 2(I+ + I−)L + (I+ − I−)2L2

]
. (5.66)

Note that for I− = 0, this reduces to the running-wave answer (5.27) as it
should. For a standing wave, we set I− = I+ = ISW to find

αSW = α0γD(ω − ν) 1
2ISWL

[
1 − 1√

1 + 4ISWL

]
. (5.67)
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Expanding this to first-order in ISW , we find

αSW � α0γD(ω − ν)[1 − 3ISWL] . (5.68)

The corresponding expansion for the unidirectional absorption coefficient
(5.27) is

α � α0γD(ω − ν)[1 − IL] , (5.69)

i.e., for small intensities, the standing-wave case (5.68) has three times the
saturation for the same running wave intensity. The three is made up of
the incoherent bleaching by the two running waves plus a third contribution
due to the fact that the induced grating scatters constructively. To see that
the scattering is constructive, note that the in-phase contributions to the
polarization are more highly saturated than the out-of-phase contributions.
The numerator in (5.62) weights the in-phase contributions more than those
out-of-phase, thereby producing higher average saturation and thus reducing
the absorption.

For large intensities, the square root term in (5.67) can be neglected,
and the standing-wave saturation reduces to twice the running-wave satura-
tion. These observations are important for lasers, since all else being equal,
a running wave laser thereby has at least twice the output power of the
standing-wave in a given direction.

For a weak nonsaturating probe wave E+ in the presence of an arbitrarily
strong saturator wave E−, we expand (5.66) to find

α+ =
α0γD(ω − ν)

1 + I−L

[
1 − I−L

1 + I−L

]

or

α+ =
α0γD(ω − ν)
(1 + I−L)2

. (5.70)

The denominator of this probe absorption coefficient is squared in contrast
to that of the single wave case of (5.27). The increased saturation comes
from the scattering of the saturator wave E− off the weak grating induced by
the saturator-probe fringe pattern. This effect is discussed for nondegenerate
(ν1 �= ν2) probe-saturator absorption in Sect. 9.1, where we see that the
absorption coefficient as a function of the beat frequency ν2 − ν1 can have a
very different shape from the pure Lorentzian of (5.70).

Expanding (5.66) to third-order in both field amplitudes, we find (see
Prob. 7.3) α+ = α0γD[1−LI+ − 2LI−], i.e., I− saturates α+ twice as much
as I+ does. This is the degenerate two-level version of the nonlinear nonre-
ciprocity discussed in Sect. 2.3 [see (2.21b)]. It has important consequences
for the operation of ring lasers as discussed in Sect. 7.4.

With a little more effort, one can write the propagation equations for the
“distributed feedback” laser. This laser consists of a gain medium (α0 < 0)
in which a gain and/or index grating is created by some external means. Like
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spatial holes, this extra grating also produces scattering, i.e., feedback, of
one wave into the other. Chapter 7 treats a more conventional laser, in which
feedback is accomplished by mirrors.

5.4 Two-Photon Two-Level Model

In this section we derive the “two-photon two-level model”, a model that
allows us to transfer much of the two-level understanding of previous sec-
tions immediately to the two-photon transition shown in Fig. 5.5. Here the
transition between a and b is nearly resonant (ωab � 2ν), but is not dipole
allowed (℘ab = 0). The transitions from a and b to the intermediate states
j are dipole allowed, but are assumed to be sufficiently far from resonance
that they can be treated using first-order perturbation theory. The model
yields density matrix equations of motion that closely resemble those for
the single-photon case. Two major differences occur between the two mod-
els. First, dynamic Stark shifts of the level frequencies that are ignored by
construction in the one-photon situation can play an important role in the
two-photon case. Second, the coherence induced between the two levels in
the two-photon case does not contribute directly to the polarization; an ad-
ditional atom-field interaction is required. These two differences cause the
algebra for the two-photon problems to be about four times as involved as
that for the one-photon problems, and the resulting physics has consider-
ably more variety. We first derive the equations of motion for the two-photon
density matrix and then find the complex absorption coefficient for a single
running wave. The calculation is of value wherever the one-photon model
can be used, e.g., in saturation spectroscopy, lasers, optical bistability, and
in phase conjugation.

Fig. 5.5. Two-photon level scheme. The intermediate levels j are assumed to be
sufficiently nonresonant that they acquire no appreciable population
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In general the polarization of the medium with the level scheme in Fig. 5.5
is given by [Sargent et al. (1985)]

P (r, t) = N ′tr(erρ) = N ′
∑

j

[℘ajρja + ℘bjρjb] + c.c. , (5.71)

where N ′ is the number of interacting systems, ℘aj is the electric-dipole
matrix element between the a and j states, and ρja is the density-matrix
element between j and a. Since a ←→ b is a two-photon transition, ℘ab

vanishes. We consider cases in which the polarization (5.71) is induced by
the electric field

E(r, t) =
1
2
E(r)e−iνt + c.c. , (5.72)

where E(r) varies little in a time 1/ν, but may have rapid spatial variations
like exp(iK · r). This field induces the polarization

P (r, t) =
1
2
P(r)e−iνt + c.c. , (5.73)

where the complex polarization P(r) also varies little in the time 1/ν. Com-
bining (5.71, 5.73), we find

P(r) = 2N ′
∑

j

[℘ajρja + ℘bjρjb + c.c.]eiνt , (5.74)

where in P(r) we keep only terms varying little in the optical period 1/ν.
The electric-dipole coherences ρja are induced by the interaction energies

Vja = −1
2
℘jaE(r)e−iνt + c.c. (5.75)

with a similar formula for ρjb. Using the general Schrödinger equation of
motion

ρ̇ij = −(γij + iωij)ρij − i�−1[V, ρ]ij , (5.76)

we have

ρ̇ja = −(γja + iωja)ρja + i(2�)−1[Ee−iνt + E∗eiνt][℘jaρaa + ℘jbρba] ,
(5.77)

ρ̇jb = −(γjb + iωjb)ρjb + i(2�)−1[Ee−iνt + E∗eiνt][℘jbρbb + ℘jaρab] ,
(5.78)

where �ωij = �(ωi − ωj) is the energy difference between levels i and j, and
γij is the corresponding decay constant.

We integrate (5.77, 5.78) to first order in E without making a rotating-
wave approximation (RWA), since ν differs substantially from all ±ωja and
±ωjb. Setting ρab = Rbae2iνt, where Rba varies little in an optical period, we
find
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ρja =
i

2�

∫ t

−∞
dt′[Ee−iνt′ + E∗eiνt′ ]e−(γja+iωja)(t−t′)[℘jaρaa + ℘jbRbae2iνt′ ]

=
1
2�

[
Ee−iνt

ωja − ν +
E∗eiνt

ωja + ν

]
℘jaρaa +

1
2�

[
Eeiνt

ωja + ν
+

E∗e3iνt

ωja + 3ν

]
℘jbRba ,

(5.79)

where we neglect the γja in the nonresonant denominators. Since we assume
ωab ≡ ω � 2ν, we have

ωja + ν � ωjb − ν , (5.80)

which allows us to replace ωja +3ν in (5.79) by ωjb +ν. Similarly, integrating
(5.78), we find

ρjb =
1
2�

[
Ee−iνt

ωjb − ν
+

E∗eiνt

ωjb + ν

]
℘jbρbb +

1
2�

[
Ee−3iνt

ωja − ν +
E∗e−iνt

ωjb − ν

]
℘jaRab .

(5.81)

Substituting (5.79, 5.81) into the complex polarization (5.74) and keeping
only terms that vary little in the time 1/ν, we have

P = N ′E [kaaρaa + kbbρbb] + 2N ′E∗k∗abρabe2iνt , (5.82)

where the two-photon coefficients kab, kaa, and kbb are given by

kab =
1
�

∑

j

℘aj℘jb

ωjb − ν
� 1

�

∑

j

℘aj℘jb

ωja + ν
, (5.83)

kaa =
2
�

∑

j

|℘ja|2ωja

ω2
ja − ν2

, (5.84)

kbb =
2
�

∑

j

|℘jb|2ωjb

ω2
jb − ν2

. (5.85)

The k’s are normalized such that kijE2 has units of energy in analogy with
the one-photon ℘E energy. In these equations, we see that the e±3iνt terms
in (5.81) do not contribute to the polarization P directly. However they do
contribute to ρab via (5.87) and hence they contribute to P indirectly.

Equation (5.82) has a simple physical interpretation. N ′kbb/ε0 is the first
order contribution to the induced susceptibility for a multilevel atom due
to a probability ρbb for being in level b, as diagrammed in Fig. 5.6a. The
term 2N ′E∗k∗abρabe2iνt is the polarization component resulting from first-
order electric-dipole interactions starting with the two-photon coherence ρab.
This contribution shows up in third and higher-order perturbation theory,
since ρab requires at least two interactions. It plays an important role in mul-
tiwave mixing in two-photon media. Such a perturbation process in depicted
in Fig. 5.6b. It is convenient to write the polarization (5.82) in terms of the
probability sum ρaa + ρbb = 1 and difference D = ρaa − ρbb as
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Fig. 5.6. (a) Perturbation process yielding a pure index contribution to the polar-
ization of the medium (a similar process occurs for level a), (b) Perturbation pro-
cess yielding a complex polarization due to scattering off the induced two-photon
coherence ρab

P =
1
2
N ′E [kaa + kbb + (kaa − kbb)D] + 2N ′E∗k∗abρabe2iνt . (5.86)

Using (5.79, 5.81), we also derive the “two-level” equations of motion for
ρaa, ρbb, and ρab using the two-photon rotating-wave approximation, i.e., we
neglect terms like 1/[γ+ i(ω+ 2ν)] compared to 1/[γ+ i(ω− 2ν)]. According
to (5.86), we have

ρ̇ab = −(γ + iω)ρab − i�−1
∑

j

[Vajρjb − ρajVjb] (5.87)

ρ̇aa = −γaρaa − �
−1

∑

j

[iVajρja + c.c.] . (5.88)

For simplicity we take upper to ground-lower level decay, for which ρ̇bb =
−ρ̇aa, since we assume ρjj = 0. Problem 5.13 shows that cascade relaxation
schemes, i.e., level a decays to level b via a cascade of intermediate states,
are described by the same equation provided the population-difference decay
time T1 is appropriately defined. We find the population-difference equation
of motion

Ḋ = −2γaρaa − 2
�

∑

j

[iVajρja + c.c.]

= −D + 1
T1

− 2
�

∑

j

[iVajρja + c.c.] . (5.89)

Substituting the dipole equations (5.79, 5.81) into (5.87), we have
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ρ̇ab = −(γ + iω + iωsI)ρab − i[kabE2/4�]e−2iνtD , (5.90)

where the two-photon dimensionless intensity

I = |kabE2|
√
T1T2/2� ≡ |E/Es|2 , (5.91)

the two-photon coherence decay time T2 ≡ 1/γ, and the Stark shift parameter

ωs = (kbb − kaa)/2|kab|
√
T1T2 . (5.92)

Similarly, substituting (5.79, 5.81) into (5.89), we find

Ḋ = −(D + 1)/T1 +
1
2�

[ikabE2e−2iνtρba + c.c.] . (5.93)

Equation (5.90) is the same as that [(5.9) with (5.12)] for a one-photon two-
level system with the substitutions

ω → ω + ωsI, ℘E/� → kabE2/2� ; ν → 2ν . (5.94)

Similarly, the corresponding Bloch equations (4.48–4.50) are given by these
substitutions.

For single-frequency operation, we can solve (5.90, 5.93) in the rate equa-
tion approximation of Sect. 5.1. Specifically, we assume that E and D vary
little in the two-photon coherence decay time T2, allowing (5.90) to be for-
mally integrated with the value

ρab = −i[kabE2/4�]D(ω + ωsI − 2ν)De−i2νt , (5.95)

where the complex denominator D(Δ) is given by (5.25). Substituting this
into (5.93), we have

Ḋ = −(D + 1)/T1 − 2RD , (5.96)

where the rate constant R is given by

R =
1
2γ

|kabE2/2�|2L(ω + ωsI − 2ν) =
I2

2T1
L(ω + ωsI − 2ν) , (5.97)

and the Lorentzian L(Δ) is given by (5.18).
Solving for D in steady-state (Ḋ = 0), we have

D = −1/[1 + I2L(ω + ωsI − 2ν)] . (5.98)

Substituting this into (5.95) gives

ρab = i(kabE2/4�)De−2iνt/(1 + I2L) , (5.99)

where we have left off the frequency dependence on D and L for typographical
simplicity. Finally, substituting (5.98, 5.99) into the polarization (5.86) yields
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P(r) =
1
2
N ′E

[
kaa + kbb +

kbb − kaa

1 + I2L + i
|kabE|2D/�

1 + I2L

]
. (5.100)

In terms of the Stark shift parameter (5.92), this becomes

P(r) = N ′E(r)

[
1
2
(kaa + kbb) +

|kab|
√
T2/T1(ωsT1 + iIγD)

1 + I2L

]
. (5.101)

For the two-photon polarization (5.101), the absorption coefficient (5.4)
is

α = −i
KN ′

4ε0
(kaa + kbb) + α0

IγD − iωsT1

1 + I2L . (5.102)

The real part of α determines the absorption in the medium. This is given
by

Re(α) = α0
γ2I

γ2(1 + I2) + (ω + ωsI − 2ν)2
, (5.103)

where the two-photon absorption parameter

α0 = KN ′|kab|
√
T2/T1/2ε0 . (5.104)

The real part is totally due to the field scattering off the induced two-photon
coherence ρab, i.e., the D contribution in (5.86) produces only index of re-
fraction changes. For small I, ρab is proportional to I. Hence Re(α) is also
proportional to I, in contrast with the one-photon case given by (5.27), as
shown in Fig. 5.7. The larger values occur for the negative detuning −γ,
which is effectively tuned by the intensity I into resonance due to the dy-
namic Stark shift. In the limit of large I, Re(α) reduces to α0L(ωs)/I, which
aside from the L(ωs) and the different definition of α0 has the same value as
in the one-photon case.

The imaginary part of α adds to the wave vector K and hence, changes
the index of refraction. It has the value

Im(α) = −KN
′

4ε0
(kaa + kbb) − α0

Iγ−1(ω + ωsI − 2ν)L + ωsT1

1 + I2L . (5.105)

Fig. 5.7. Re{α}/α0 given in (5.103) for ωs = γ, and ω−2ν2 = ±γ, where −γ gives
the larger values
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The term proportional to ω + ωsI − 2ν is similar to the one-photon index
term and yields typical anomalous dispersion spectra. In addition, there is a
Stark shift term (that proportional to ωsT1) missing in the one-photon case.
This term is purely positive and distorts the usual index spectra in a fashion
similar to that noted by Fano (1961) for autoionization spectra.

In the limit of large ωsI, (5.104) approaches

Im(α) → −KN
′

4ε0
(kaa + kbb) − α0

γωs + ω3
sT1

γ2 + ω2
s

. (5.106)

Due to the dynamic Stark shift, this does not bleach to zero, unlike the single-
photon case. This is important in phase conjugation, where we find that the
reflection coefficient approaches a nonzero value for large ωsI due to induced
index gratings.

5.5 Polarization of Semiconductor Gain Media

This section derives the polarization of a semiconductor medium using a
simple but effective two-band “quasi-equilibrium” model. This model is fairly
accurate for single-mode laser operation and reveals important ways in which
semiconductor media are similar to and yet different from the inhomoge-
neously broadened two-level media of Sect. 5.2. Our discussion introduces the
basic features of a two-band semiconductor, points out the most important
assumptions of the model, and gives references to more precise treatments.
Section 7.5 applies the model to semiconductor diode-laser operation. Section
11.1 ends with a discussion of the stability of this single-mode operation.

Our semiconductor model has an “Upper-level” band called the conduc-
tion band, where electrons can flow, and a lower-level band, called the valence
band, where holes can flow. Holes are the absence of electrons. When we say
electron, we mean a conduction electron, although there are valence electrons,
and when we say hole, we mean a valence hole. As such holes and electrons
are charge carriers, and we often refer to them together simply as carriers.
The two bands are diagrammed in Fig. 5.8. Near k = 0, one can approximate
the shape of the bands by parabola, so that the dispersion relation of both
the conduction and the valence band become approximately quadratic, very
much like the free-space dispersion relation of massive particles. However, the
particle mass is replaced by an effective mass given by the curvature of the
dispersion curve at k = 0. In this effective mass approximation, the electron
and hole energies are given by

εe(k) =
�

2k2

2me
, (5.107)

εh(k) =
�

2k2

2mh
, (5.108)
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εg
h̄ω = εe + εh + εg + ∂εg

conduction band

valence band

k

εe

εh

Fig. 5.8. Energy band diagram ε versus momentum k. The electron energy εe

increases upward, and the hole energy εh increases downward. Optical transitions
are vertical on this graph, since photons have negligible momentum compared to
electrons. The semiconductor parameters illustrate GaAs, a common laser material.
The bandgap energy εg = 1.462 meV, the dielectric constant ε = 12.35 giving an
index of refraction of 3.5, the electron effective mass me = 1.27 m, where m is the
reduced mass, and the hole effective mass mh = 8.82 m. As seen from (5.107, 5.108),
the curvatures of the bands are inversely proportional to their respective effective
masses

where me and mh are the electron and hole effective masses, and �k is the
momentum. Note that since the effective mass of a valence band electron is
negative, the effective mass of the corresponding hole is positive with our
energy convention. If an electron of momentum �k in the valence band ab-
sorbs light, it is excited into the conduction band leaving behind a hole of
momentum −k in the valence band. The energy of the photon inducing this
transition is given by

�ω(k) = εe(k) + εh(k) + εg + δεg
= ε(k) + εg + δεg , (5.109)

where εg is the zero-field band-gap energy, ε is the reduced-mass energy

ε =
�

2k2

2m
, (5.110)

m is the reduced mass defined by

1
m

=
1
me

+
1
mh

, (5.111)
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and δεg is a reduction in the bandgap energy due to the intraband (electron–
electron and hole–hole) Coulomb repulsion and the fermion exchange corre-
lation. Both of these effects are enhanced by increasing the carrier density.
For our purpose, we express our results relative to the reduced (normalized)
band gap, so that we don’t need to know the value of the reduction.

Interband (electron-hole) Coulomb attraction can also be important. For
low (but nonzero) carrier densities, the Coulomb attraction creates excitons,
which are H-like “atoms” consisting of a bound electron-hole pair. The ex-
citon Bohr radius in GaAs is 124.3 Å, and the exciton Rydberg energy is
4.2 meV, which is tiny compared with 13.6 eV for the H atom and small
compared to room-temperature kBT = 25 meV. The nonlinear response of
excitons can lead to optical bistability (see Chap. 8). As the carrier density
increases (due to an injection current or optical absorption), the Coulomb
potential becomes increasingly screened, and for densities above 1016 cm−3

the excitons are completely ionized. The Coulomb attraction still exists and
reshapes the semiconductor absorption spectrum in a way called Coulomb
enhancement. This is particularly important for media with one or two di-
mensions (quantum wires and wells), but it not so important for bulk gain
media. Since we are basically interested in the latter, we neglect the Coulomb
enhancement. For further discussion, see Sargent et al. (1988), Haug and Koch
(1990), and the references therein.

The most important role of the Coulomb interaction is called carrier-
carrier scattering. This has a counterpart in gas lasers known as velocity
changing collisions, but is a much stronger effect in semiconductors and has
consequences in addition to re-equilibrating the carrier distributions. For den-
sities high enough to get gain (2 × 1018 cm−3), the excitons are ionized and
two main effects remain from the carrier-carrier scattering: 1) The intraband
carrier distributions can each be described by Fermi-Dirac distributions pro-
vided external forces like light fields vary little in the carrier-carrier scattering
time of 0.1 picoseconds or less. 2) Spontaneous emission, called radiation re-
combination, is proportional to the product of electron and hole occupation
probabilities, while for the pure radiative-decay two-level case it is propor-
tional to the probability of upper-level occupation alone.

The rapid carrier equilibration into Fermi-Dirac distributions greatly sim-
plifies the analysis, since instead of having to follow the carrier densities on
an individual k basis, we only need to determine the total carrier density N .
The individual k-dependent densities are then given by

fα(k) =
1

eβ[εα(k)−μα] + 1
, (5.112)

where α = e for electron, α = h for holes, β = 1/kBT , kB is Boltzmann’s
constant, T is the absolute temperature, and μα is the carrier chemical po-
tential, which is chosen to yield the total carrier density N when integrated
over k. From (5.112), we see that μα equals the carrier energy εα for which
fα is precisely 1

2 . For intrinsic (undoped) semiconductors, the total (summed
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over k) electron number density equals the total hole number density, that
is,

N = V −1Σkfe(k) = V −1Σkfh(k) . (5.113)

Here for typographical simplicity, we include the two spin states as part of
the Σk. Three dimensions are summed over for a bulk semiconductor, two
for quantum wells, etc. The chemical potential μα that satisfies this equation
can be determined numerically, but fairly accurate analytic formulas exist.
The Fermi-Dirac distribution has neat properties such as

1
ex + 1

+
1

e−x + 1
= 1 , (5.114)

which we use at the end of this section to find the width of the laser gain
region. Figure 5.9 plots electron and hole Fermi-Dirac distributions for several
temperatures. Note that the hole distributions all have negative chemical
potentials and look very much like the decaying tails of Maxwell-Boltzmann
distributions.

We can describe the polarization of the medium in terms of a density
matrix ρ(k, z, t) similar in form to the ρ(ω, z, t) of Sect. 5.2. The polarization
of the medium is

P (z, t) = V −1Σk℘ρab
(k) + c.c. (5.115)

where ℘ is the electric-dipole matrix element which in general is k-dependent,
V is the volume of the medium, ρab is the off-diagonal element of the two-
band density matrix whose elements are functions of the carrier wave vector
k. The subscript a refers to the conduction band and b to the valence band.
The volume V cancels out since it appears in the Σk. Combining (5.2, 5.115),
we find the slowly-varying complex polarization

P = 2℘e−i(Kz−νt)V −1Σkρab
(k) . (5.116)

The equation of motion for ρab couples it to the probabilities that the electron
is in the conduction or valence bands. It is convenient to use the probability of
a hole instead of the probability for a valence electron. In this “electron-hole”
picture, we define ne to be the probability of having a conduction electron
with momentum k, and nh to be the probability of having a valence hole with
momentum k. When a valence electron absorbs light, both a (conduction)
electron and a hole are created. However due to carrier-carrier scattering,
the probabilities that the electron and hole remain in the states of their
creation decrease from unity to the values given by the electron and hole
Fermi-Dirac distributions. Thus instead of two states for each k, we have the
four states |0e0h〉k, |0e1h〉k, |1e0h〉k, and |1e1h〉k, where the first number is
the occupation of the electron with momentum k and the second is that of
the hole with momentum −k. Optically, |0e0h〉k is connected to |1e1h〉k, but
carrier-carrier scattering connects them all. The states |0e1h〉k and |1e0h〉k
do not occur in the two-level atom, since there’s no way to take away the
built-in hole of an excited two-level atom.
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Fig. 5.9. Fermi-Dirac distributions given by (5.112) versus the “reduced” energy
ε = �

2k2/2m for electrons (α = e, solid lines) and holes (α = h, dashed lines) for
the temperatures (high to low) T = 200, 300, and 400 K. The chemical potentials μa

in (5.112) are chosen so that the total carrier density N of (5.113) is 3×1018 per cm3

for all curves. This gives μe = 112.4, 109.4, and 104.8 meV and μh = −5.63,−26.5,
and −51.5 meV for T = 200, 300, and 400 K, respectively

In general we need to define a 4×4 density matrix in this basis. However,
for semiclassical (classical field) problems, the problem reduces to three cou-
pled equations. Specifically we identify ρaa = ρ11,11 ≡ 〈11|ρ|11〉, ρbb = ρ00,00,
and ρab = ρ11,00. The Schrödinger equation i�ρ̇ = [H, ρ] tells us that ρab is
driven by ρaa − ρbb. Since tr{ρ} = 1, i.e., ρ11,11 + ρ10,10 + ρ01,01 + ρ00,00 = 1,
we eliminate ρbb to find

ρaa − ρbb = [ρ11,11 + ρ10,10] + [ρ11,11 + ρ01,01] − 1 = ne + nh − 1 , (5.117)

where ne is the probability of an electron with momentum k, independent
of whether there’s a hole of momentum −k, and nh is the corresponding
probability for a hole. Hence ρab is simply coupled to ne + nh − 1, and vice
versa, and we don’t have to treat a complicated four-level problem for a
semiclassical theory. For spontaneous emission to occur, however, ρaa alone
is involved, since the Pauli exclusion principle requires that both a hole of
momentum −k and an electron of momentum k be occupied. We approximate
ρaa for this purpose by nenh, which is the value given by many-body theory.

From (5.117), we see that ṅe is given by ρ̇aa + ρ̇10,10 and that ṅh is given
by ρ̇aa + ρ̇01,01. The optical contributions to ρ̇aa are identical to those for
the two-level system, since the commutator [H, ρ] has the same matrix ele-
ment. ρ̇10,10 and ρ̇01,01 result from carrier-carrier scattering alone. Including
phenomenological terms to describe decay processes and the carrier-carrier
scattering, we have the density matrix equations of motion
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ρ̇ab(k) = −(iω + γ)ρab(k) + i�−1Vab(z, t)[ne(k) + nh(k) − 1] , (5.118)
ṅe(k) = λe − γnrne(k) − Γne(k)nh(k) − ṅe|c-c − (iVabρba(k) + c.c.)/� ,

(5.119)
ṅh(k) = λh − γnrnh(k) − Γne(k)nh(k) − ṅh|c-c − (iVabρba(k) + c.c.)/� ,

(5.120)

where λα, α = e or h, is the pump rate due to an injection current, γnr is
the nonradiative decay constant for the electron and hole probabilities, Γ is
the radiative recombination rate constant, and ṅα|c-c is the carrier-carrier
scattering contribution. This scattering drives the distribution nα toward
the Fermi-Dirac distributions of (5.112). In fact, the carrier-carrier scattering
contribution found using many-body techniques vanishes when nα is given
by a Fermi-Dirac distribution. While rapidly suppressing deviations from the
Fermi-Dirac distribution, the scattering does not change the total carrier
density N of (5.113). Hence summing either (5.119) or (5.120), we find the
equation of motion

Ṅ = λ−γnrN − Γ
V

∑

k

ne(k)nh(k)−
(

i�−1Vab

V

∑

k

ρba(k) + c.c.

)
, (5.121)

where the injection current pump rate λ is given by

λ = ηJ/ed , (5.122)

η is the efficiency that the injected carriers reach the active region, J is the
current density, e is the electron charge, and d is the thickness of the active
region.

The interaction energy matrix element Vab for the field of (5.1) is given in
the rotating-wave approximation by (5.12), where we assume that the electric-
dipole matrix element ℘ varies little over the range of k values that interact.
We suppose that the dipole decay rate γ is large compared to variations in
Vab. For this we can solve (5.118) in the rate-equation approximation as

ρab(k) = − iD℘E
2�

ei(Kz−νt)d0(k) , (5.123)

where the complex Lorentzian denominator D is defined by (5.25) and the
probability difference d0(k) is given by

d0(k) = fe(k) + fh(k) − 1 . (5.124)

We call this probability difference d0(k) in view of Chap. 9, which includes
nonzero-frequency components (d±1) associated with the probability response
to beat frequencies (population pulsations). Substituting (5.12, 5.123) into
(5.121), we find the carrier-density equation of motion



5.5 Polarization of Semiconductor Gain Media 145

Ṅ = λ− γnrN − Γ

V

∑

k

fe(k)fh(k) − |℘E/�2

2γV

∑

k

L(ωk − ν)d0(k) , (5.125)

where L is the dimensionless saturator-wave Lorentzian of (5.18). Inserting
(5.123) into (5.116), we find the complex polarization

P = − i℘2E
�V

ΣkD(ωk − ν)d0(k) . (5.126)

Substituting this into (5.4), we have the absorption coefficient

α = − K℘2

2ε�γV
ΣkγD(ωk − ν)[fe(k) + fh(k) − 1] . (5.127)

To evaluate α, we need to know the Fermi-Dirac distributions fα of
(5.112). These are implicit functions of N , since their chemical potentials
μα must be chosen to satisfy the closure relation (5.113). We can determine
N by solving (5.125) self-consistently using numerical techniques. Alterna-
tively for any given N , we know the fα and can evaluate (5.127) accordingly.
To carry out the sums over k, we convert them to integrals over k including
a density of states factor specifying how the summation varies in k. This
factor depends greatly on the dimensionality of the system. For the three-
dimensional case, the Im{α} of (5.127) diverges, due to an increasing density
of states multiplied by a slowly decreasing index-like function. In Sect. 7.6 to
obtain a satisfactory expression for the imaginary part, we subtract off the
contribution in the absence of the carriers (the −1 in d0), including it in the
overall index factor ε. The αi then contains only the carrier-induced contri-
butions to the index. More discussion is given in Sect. 7.6, which calculates
the semiconductor laser steady-state intensity and mode pulling.

Semiconductor Gain Media

One of the most important applications of our theory is the laser. For this
device, we need a gain medium. For two-level atoms that means that the real
part of the absorption coefficient α, see (5.27), must be negative. This occurs
for an inverted medium, i.e., one for which the N of (5.20) is positive. For a
semiconductor laser, we need the Re{α} given by (5.127) to be negative. For
simplicity suppose the linewidth function L = Re{γD} is a Dirac-δ function.
Gain then occurs for fe + fh > 1, which according to (5.117) means that the
electron-hole plasma has a population inversion. We can easily show that this
inequality is valid provided the carrier reduced mass energy (5.110) obeys the
inequality

0 < ε < μe + μh . (5.128)

To see that the total chemical potential μe+μh is in fact the upper gain limit,
note the identity of (5.114). Hence the condition fe + fh = 1 is satisfied for
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energies for which the sum of the electron and hole exponential arguments
vanishes. Accordingly adding the exponential arguments implicit in (5.124)
with the energy value ε = μe + μh and using the reduced mass (5.111), we
find

[(μe + μh)m/me − μe] + [(μe + μh)m/mh − μh] = 0 .

The total chemical potential μe +μh is a crucial parameter in semiconductor
laser theory since it defines the upper limit of the gain region. To the extent
that the width 2�γ of the Lorentzian L is small compared to μe + μh, this
sum in fact gives the width of the gain region. In general the gain width is
somewhat smaller than μe +μh, since for sufficiently high energies L samples
a medium with fe + fh < 1. As we see in Chap. 7, if the gain exceeds the
cavity losses, laser action can take place.

For carrier densities sufficiently high to give gain, the gain g = −Re{α}
given by (5.127) is often replaced by g = Ag(N − Ng), where Ag is a phe-
nomenological gain coefficient and Ng is the carrier density at transparency
(neither gain nor absorption). This simple “linear” gain formula leads to the
same kind of gain saturation behavior (and laser output intensity) as that
given by the homogeneously broadened two-level formula (5.27), but without
the tuning dependence. To show this, we substitute the real part of (5.127)
into (5.125) and then approximate the gain by the phenomenological gain
formula. Further including the Γ term approximately in the γnr term, and
solving in steady state (Ṅ = 0), we find

N −Ng =
λ/γnr −Ng

1 + I
,

where the dimensionless intensity I = ε|E|2Ag/K�γnr. This has the same
form as (5.19), but without any tuning dependence. This simple theory agrees
remarkably well with observed laser operation. Since the semiconductor re-
sponse involves a summation over a wide distribution of transition frequen-
cies, one might think that an inhomogeneously broadened saturation behav-
ior like that of (5.40) would be more appropriate. However, the Fermi-Dirac
quasi-equilibria established by carrier-carrier scattering lead to a more ho-
mogeneously broadened saturation behavior.

Problems

5.1 An incident electric field E = E0 cos νt interacts with a two-level medium
whose lower level is the ground state.

a) If there are N atoms/volume, calculate the polarization of the medium by
solving (5.9, 5.34) in the rate-equation approximation.

b) In general, the steady-state power absorbed by a medium is given by
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Pabs = 〈ṖE〉time average ,

where P is the polarization of the medium and E is the electric field. Show
that for a medium of two-level atoms the power absorbed is

Pabs =
1
2
NΓ�ν

IL
1 + IL = Γ�νfa ,

where fa is the saturated upper-level population/volume, I = |℘E/�|2/γΓ ,
and the dimensionless Lorentzian L is given by (5.18).

5.2 Calculate the velocity of the fringe pattern for the field

E(r, t) =
1
2
A1 exp(iK1 · r − iν1t) +

1
2
A1 exp(iK2 · r − iν2t) + c.c. .

5.3 List and describe eight approximations leading to the two-level rate equa-
tions.

5.4 Describe two phenomena that cannot be treated in the rate-equation
approximation.

5.5 In the limit Δω 
 γ, evaluate

J =
∫ ∞

−∞
dω′ γe

−(ω−ω′)2/(Δω)2

γ2 + (ω′ − ν)2 .

Using contour integration, evaluate the integral

J(Δ) = i
∫ ∞

−∞
dδ D(δ)L(δ −Δ) ,

where D and L are defined by (5.25, 5.18), respectively. Which half-plane
yields the lesser algebra? Also evaluate this integral but with no L, i.e., a
single pole. Hint: close the contour in the lower-half plane, which has no
poles! The answer is given by the nonzero contribution from the infinite
circle. In this simple single-pole case, contour integration still works, while
the usual residue theorem fails to apply.

5.6 Write a computer program in the language of your choice to eval-
uate the real part of the degenerate pump-probe absorption coefficient
α1 = α0γD2/(1 + I2L2)2. Have the program print out (or plot) a few values
of Re{α1} as the detuning is varied.

5.7 Write the complex absorption coefficient for a homogeneously broadened
medium consisting of two isotopes with different line centers, ω1 and ω2.
Weight the isotope contributions by their respective fractional abundances
f1 and f2, where f1 + f2 = 1.

5.8 In electrodynamics one learns that Rayleigh scattering results from light
scattering by electric dipoles. By combining the results of Chaps. 1, 2, calcu-
late an expression for the intensity of Rayleigh scattering of a near-resonant
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electromagnetic wave of frequency ν interacting with an ensemble of two-level
atoms with a resonance frequency ω. The lower level is the ground state and
let Γ and γ denote the upper-level and dipole decay rates, respectively. What
is the frequency of the scattered radiation? In the special case of central tun-
ing (ω = ν), plot the scattered intensity versus the incident intensity and
label any significant regions.

5.9 Consider the following three-level system. A monochromatic, near reso-
nant field drives the transition from 1 → 2 (ν � ω2 − ω1). The excited level
decays to the states |1〉 and |3〉 at the rates Γ and R, respectively, and the
population returns from the metastable |3〉 state to the ground state at the
rate R′. Determine the equations of motion for the relevant density matrix
components for this system. Make the rotating wave approximation and let γ
denote the linewidth of the transition (dipole decay) between 1 and 2. Note
that there are only four nonzero components of ρ. Solve these equations for
the upper-level population ρ22 in the rate-equation approximation. Show that
in the limit of an infinitely large exciting resonant field ρ22 = R′/(2R′ +R),
which is smaller than the value of one-half predicted for a pure two-level
system.

5.10 A “squeezed vacuum” is one for which the fluctuations in some optical
quadrature are smaller than the average value permitted by the uncertainty
principle. If the applied field is in phase with the squeezing field, R0 may be
taken to be real, and the Bloch vector in such a squeezed vacuum may obey
the equations of motion

U̇ = −γuU − δV ,
V̇ = −γvV + δU + R0W , (5.129)
Ẇ = −(W + 1)/T1 −R0V .

In a normal vacuum, γu = γv = T−1
2 . (a) Discuss what the constants δ,

R0, T1, and T2 are. (b) Solve these equations of motion in steady state. (c)
Find the real part of the absorption coefficient of a medium of such atoms
with a density of N atoms per unit volume. (d) What is the FWHM of the
absorption spectrum?

5.11 Calculate the polarization

P (z, t) =
1
2

∑

j

℘bjρjb e−i(Kz−νt) + c.c.

between the ground-state level b and various levels j connected by electric-
dipole transitions as induced by the field (5.1) which is assumed to be very
nonresonant. Assume the system is initially in the ground state. Hint: use
first-order perturbation theory.

5.12 The Kramers-Kronig relations allow one to calculate the real and imag-
inary parts of a linear susceptibility χ as integrals over one another as given
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by (1.115, 11.136). The power-broadened χ(ν) corresponding to the complex
polarization of (5.26) is

χ(ν) =
P
ε0E

= − iN℘2

�ε0

D(ω − ν)
1 + IL(ω − ν) =

N℘2

�ε0

ν − ω − iγ
(ω − ν)2 + γ′2

, (5.130)

where γ′ = γ
√

1 + I and N is the unsaturated population difference of (5.20)
instead of the total number density used in (1.137). Show that unlike the
linear susceptibility of (1.137), this power-broadened susceptibility does not
satisfy (1.135, 1.136). What assumption made in deriving the Kramers-Kronig
relations is violated by (5.130)? We see that these relations have to be applied
with care in nonlinear situations.

5.13 Suppose level a decays to level b via an n-level cascade described by the
equations of motion

ρ̇aa = −γaρaa − [i�−1Vabρba + c.c.]
ρ̇jj = γj+1ρj+1j+1 − γjρjj

ρ̇bb = γ1ρ11 + [i�−1Vabρba + c.c.] .

Solve these equations in steady state, showing that ρaa−ρbb = −N ′/(1+IL),
where I is defined by (5.21) or (5.91) with

T1 =
1
γa

+
1
2

n∑

j=1

1
γj
.

5.14 Above (5.79), it is asserted that Rba varies slowly. Use (5.95) to verify
this assertion.



6 Mechanical Effects of Light

In this chapter we study the effects of light forces on the center-of-mass mo-
tion of two-level atoms. This discussion naturally leads to the distinction
between two operating regimes: The first one, which we call “ray atom op-
tics”, is characterized by the fact that the center-of-mass motion of the atoms
can be treated classically. This regime is important from many atomic cooling
schemes, such as Doppler cooling which is discussed in Sect. 6.2. “Wave atom
optics” is reached when the atomic center-of-mass motion must be treated
quantum-mechanically. In that case, it is useful to think of atoms as matter
waves subject to the laws of diffraction. This regime is important for ultra-
cold atomic samples, as can now be obtained by several cooling methods such
as, e.g., evaporative cooling, as well as in the study of diffraction of atoms by
optical and material gratings, and in atom interferometry.

In addition to the discussion of these regimes of operation, the study of
the mechanical effects of light on two-level atoms has several important goals:
it leads to a simple categorization of the forces acting on the atomic center
of mass, and in addition permits a simple discussion of Doppler cooling.
Unfortunately, the two-level model does not permit us to discuss important
types of laser cooling, such as, e.g., velocity-selective coherent population
trapping or Sisyphus cooling. For the discussion of such multilevel effects,
the reader is referred to the excellent review by Cohen-Tannoudji (1992).

But before proceeding, let us consider for a moment in one dimension the
action of the center-of-mass kinetic energy of an atom alone on a quasi-plane
wave function of the form

ψ(x, t) = ϕ(x, t)eip0x/� , (6.1)

where ϕ(x, t) is a slowly varying envelope, with
∣∣∣∣
∂ϕ

∂x

∣∣∣∣ �
∣∣∣
x0

�
ϕ
∣∣∣ . (6.2)

Note that in this chapter, the coordinate and momentum x and p refer to
the atomic center-of-mass motion. Inserting this form of the wave function
in the Schrödinger equation for a free particle, one finds readily

i�
∂ϕ

∂t
= − �

2

2m

(
∂2ϕ

∂x2
+

2ip0
�

∂ϕ

∂x
− p20

�2
ϕ

)
. (6.3)
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The first term in parentheses can be ignored in the slowly-varying amplitude
approximation, while the last term leads to a phase factor (frequency shift)
that can be straightforwardly incorporated into the definition of ϕ. Under
these conditions, (6.3) reduces to

∂ϕ

∂t
+ v0

∂ϕ

∂x
= 0 . (6.4)

Hence the partial time derivative in the Schrödinger equation is replaced by
a convective derivative, which expresses the fact that the particle is moving
at constant velocity v0 along the x-direction. This form of the Schrödinger
equation plays an important role in the theory of Doppler-broadened lasers of
Sect. 7.3. Note, however, that neglecting the second-order derivative amounts
to neglecting the quantum mechanical spreading of the atomic wavepacket, a
limit that we call the “ray optics” regime in the following discussion. In ad-
dition, by considering the limit of a free particle we have obviously neglected
the mechanical effects of light on the atomic motion, to which we now turn.

6.1 Atom-Field Interaction

In the preceding chapter, we have considered only the way in which light
induces electronic transitions in the atoms as a result of the electric dipole
interaction. In addition, light also modifies the center-of-mass motion of the
atoms. Such an effect was first suggested by Johannes Kepler, who correctly
suggested that the tail of comets is the result of radiation pressure. In order to
study the modifications in the center-of-mass atomic motion brought about
by the electric dipole interaction, it is necessary to include the center-of-mass
kinetic energy of the atom in the atomic Hamiltonian of (3.129), so that we
now have

Ha =
p2

2M
+

1
2

�ωσz , (6.5)

where p is the center-of-mass momentum of the atom. The electric dipole
interaction between an atom located at the position r and the electromagnetic
field is as before

V = −℘ ·E(r, t) , (6.6)

but it is now important to keep in mind that r is the operator conjugate
to p, with [xi, pj ] = i�δij . It is useful in the present discussion to explicitly
introduce the phase φ(r) of the electric field E(r, t), which we write therefore
as

E(r, t) = E(r) cos[νt+ φ(r)] . (6.7)

Note that in contrast to our preceding notation, we lump all rapid spatial
dependence of the field into the phase φ(r), as this dependence is central to
the following discussion. In the rotating wave approximation, the atom-field
interaction may therefore be expressed as
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V =
1
2

�R0(r)(e−iφ(r)|a〉〈b| + h.c.) , (6.8)

where the Rabi frequency R0(r) is now a function of position in general.
In contrast to the usual quantum optics situation where the atomic motion

is not treated dynamically, the atomic Hamiltonian (6.5) includes the center-
of-mass kinetic energy of the atom. This difference is central to the study
of the mechanical effects of light on atoms. In the coordinate representation,
the substitution pi → −i�∂/∂xi makes it straightforward to see that the
kinetic energy term leads to a diffraction-type contribution to the Schrödinger
equation. Indeed, we shall see in the study of the near-resonant Kapitza-
Dirac effect that this term leads to a one-to-one correspondence between the
interaction of a two-level atom and a standing-wave light field on the one
hand, and the diffraction of light waves by an optical grating on the other.

Generally speaking, neglecting the quantum dynamics associated with
the atomic center-of-mass motion is equivalent to treating the atom as a
classical point particle, as is done in the theory of Doppler-broadened lasers of
Chap. 7. The position of the atom is parametrized by its classical center-of-
mass velocity, but the concept of an atomic wavepacket subject to diffraction
is completely foreign to this description. In analogy to conventional optics,
we call this the “ray optics” regime, as opposed to the “wave optics” regime
where diffraction becomes important. Note that, that nomenclature differs
from that used in the laser cooling literature, where what we call the ray
optics regime is called the semiclassical regime. We prefer to reserve this term
for the traditional semiclassical regime of quantum optics, and restrict its use
to those situations where the electromagnetic field is treated classically.

By considering the evolution of the atomic center-of-mass momentum we
can establish the conditions under which the ray optics description is justified.
We start with the Heisenberg equation of motion

F(t) =
dp
dt

=
i
�
[H,p] (6.9)

for the light force operator F(t). This equation is nothing but the quantum
mechanical version of Newton’s law. Since p commutes with Ha, we have
readily

F(t) =
i
2
[R0(r)(e−iφ(r)|a〉〈b| + h.c.),p] . (6.10)

Although the Rabi frequency needs not be spatially varying, the field phase
φ(r) varies over a characteristic length given by the laser wavelength λ, and
consequently so does the force F(t). It will, therefore, be incorrect to treat the
atom as a classical point particle if the extent of its center-of-mass wavepacket
is comparable to λ. Hence, a necessary condition for a ray optics description
is that the initial width Δr(0) of the atomic wavepacket be significantly less
than an optical wavelength, Δr(0) � λ. We also need to restrict the spread
in momentum Δp(0) so that the associated Doppler broadening is less than
the natural linewidth Γ = 1/T1 of the atomic transition,
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K
Δp(0)
M

� Γ , (6.11)

where K = 2π/λ. Combining these two inequalities with the Heisenberg
uncertainty relation Δr(0)Δp(0) ≥ � yields the condition

ωrec � Γ , (6.12)

where we have introduced the recoil frequency

ωrec =
�K2

2M
. (6.13)

Physically, the recoil energy Erec = �ωrec is the center-of-mass energy of an
atom whose momentum is equal to the “photon momentum” �K. It is the
energy gained (or lost) by an atom initially at rest during an elementary
emission or absorption process.

In addition to the conditions on the initial spreads in momentum and
position of the atom, we must also make sure that the wavepacket’s spread,
Δr(t), remains small during the subsequent atomic evolution. Considering
times such that the changes in center-of-mass momentum remain small,
p(t) � p(0), the center-of-mass location is approximately given by

r(t) � r(0) +
p(0)
M

t , (6.14)

with the corresponding spread Δr(t) � Δr(0) +Δp(0)t/M � λ, so that

KΔp(0)
M

t� 1 . (6.15)

The characteristic time required by the internal state of the atom to reach
its steady state is Tint � Γ−1. For this time, (6.15) becomes equivalent to
(6.11). Later on, we shall see that the center-of-mass motion of the atom is
also characterized by a time that we call Text and which is of the order of
ω−1

rec . Hence, we observe that the ray optics approximation is limited to times
Tint � t� Text.

Returning now to (6.10), we can obtain the mean value of the force acting
on the atomic center-of-mass motion as

F(r, t) = 〈F(r, t)〉
= −Re{ρab(t)�R0(r) exp[−i(νt+ Φ(r))][α(r) − iβ(r)]} , (6.16)

where we have introduced

α(r) =
∇R0(r)
R0(r)

(6.17)

and
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β(r) = ∇φ(r) . (6.18)

This result can be further simplified by introducing the Bloch vector
⎡

⎣
U(r, t)
V (r, t)
W (r, t)

⎤

⎦ =

⎡

⎣
Re{ρab(t) exp[iνt− φ(r)]}
Im{ρab(t) exp[iνt− φ(r)]}

(ρaa − ρbb(r, t)

⎤

⎦ , (6.19)

which is a generalization of the Bloch vector of Chap. 3, and in terms of
which F(r, t) becomes simply

F(r, t) = −1
2

�R0(r)[U(r, t)α(r, t) + V (r, t)β(r, t)] . (6.20)

It is easily shown that the components of the Bloch vector (U, V, W) satisfy
the equations of motion, for upper to lower level decay,

⎡

⎣
U̇

V̇

Ẇ

⎤

⎦ =

⎡

⎣
−Γ/2 −δ + φ̇(r) 0
δ − φ̇(R) −Γ/2 −R0(r)

0 R0(r) −Γ

⎤

⎦

⎡

⎣
U
V
W

⎤

⎦ +

⎡

⎣
0
0

−Γ

⎤

⎦ (6.21)

where δ = ω − ν (Compare with (4.48–4.50) and see Prob. 6.1.) The steady-
state solution to these equations is

⎡

⎢⎣
Ust

Vst

Wst

⎤

⎥⎦ =

⎡

⎢⎢⎢⎢⎢⎣

−2δ
R0(r)

(
s

1 + s

)

Γ

R0(r)

(
s

1 + s

)

−1
(1 + s)

⎤

⎥⎥⎥⎥⎥⎦
, (6.22)

where we have introduced the saturation parameter

s =
1
2

(
R2

0(r)
δ2 + (Γ/2)2

)
. (6.23)

We have seen that the components U and V of the Bloch vector have
simple physical interpretations: The first component, U, is proportional to the
real part of ρab and is responsible for dispersive effects (index of refraction.)
In contrast, V is proportional to the imaginary part of ρab, and hence is
responsible for amplification and absorption of light.

This distinction permits us to separate the mean force F(r, t) into a dis-
sipative and a dispersive contribution, as can be illustrated most simply for
an atom initially at rest at r = 0. Under this condition we have simply

F(r) = Fdissip(r) + Freact(r) , (6.24)

where we have introduced the dissipative, or radiation pressure force
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Fdissip = −1
2

�R0Vstβ , (6.25)

and the reactive, or dipole force

Freact = −1
2

�R0Ustα . (6.26)

In these two equations we have R0 = R0(0),α = α(0), and β = β(0).
From the definitions of α and β we note that the dissipative force is

nonvanishing only if the laser field exhibits a phase gradient, β �= 0. In
contrast, the reactive force requires the presence of a field gradient, α �= 0.
In particular, for a monochromatic running wave E cos(kz − νt) we find

Fdissip =
1
2

�KΓ

(
R2

0/2
δ2 + (Γ/2)2 + R2

0/2

)
, (6.27)

which has the usual Lorentzian shape associated with absorption phenom-
ena in two-level atoms. Note that this force saturates to the value Fdissip =
�KΓ/2 for R0 → ∞.

In contrast to the dissipative force, the reactive component Freact is equal
to zero in the case of a running wave, since such a wave doesn’t exhibit a
field gradient, ∇E = 0. In general, we find from (6.22) that in steady state

Freact =
�δ

4

(
∇R2

0

δ2 + (Γ/2)2 + R2
0/2

)
, (6.28)

which shows that the reactive force is proportional to the sign of the detun-
ing between the atomic transition frequency and the light frequency.1 It is
possible to interpret Freact as deriving from an “optical potential”

Uopt = −�δ

2
ln

[
1 +

R2
0/2

δ2 + (Γ/2)2

]
, (6.29)

since we then have Freact = −∇Uopt. For δ > 0, which is called “red detun-
ing” in that the laser frequency is “to the red side” of the atomic transition
frequency, the atom becomes strong-field seeking, that is, Freact forces the
atom towards regions of higher laser intensity. For blue detuning δ < 0, in
contrast, the force is repulsive and forces the atoms towards regions of weak
laser intensity. Note also that Freact does not saturate for increasing Rabi
frequencies. Finally, we observe that since Freact is proportional to the com-
ponent U of the Bloch vector, it doesn’t involve the absorption of energy
from the field. Rather, it is due solely to the exchange and redistribution of
momentum between the atom and the various plane waves composing the
laser field. This feature will become quite apparent in the discussion of the
near-resonant Kapitza-Dirac effect.
1 Note that in much of the laser cooling literature, the detuning is defined as

δ̃ = ν − ω instead of δ = ω − ν, which is the convention of this book.
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6.2 Doppler Cooling

The explicit forms (6.27, 6.28) of the light force on two-level atoms were
derived for atoms initially at rest. We now turn to the situation of moving
atoms and show that under appropriate conditions the light force may be
approximated by a friction force which can be applied to cool an atomic
sample via the mechanism of Doppler cooling.

Consider an atom moving at constant velocity v0 along the axis of a
monochromatic wave. Treating its center-of-mass motion classically, i.e. in
the ray optics regime, it sees an electric field of the form

E(z, t) = E0 cos(νt− K ·v0t) , (6.30)

so that it experiences a time-dependent phase Φ(t), whereby

dΦ
dt

= −Kv0

is the usual Doppler shift. Under these conditions, the optical Bloch equa-
tions still have the solution (6.22), but with the substitution δ → δd =
δ + K ·v0. This same shift also appears in the dissipative force acting on
the atom, with the detuning δ replaced by δd. For small enough atomic ve-
locities, we can expand this force to lowest order in the atomic velocity, or
more precisely in the small parameter K ·v0/Γ . Under this condition, the
dissipative force Fdissip acquires a component with the form of a friction
force proportional to v. Assuming for concreteness that the laser and atomic
beam are counter-propagating, we find (see Prob. 6.2)

Fdissip(v0) � Fdissip(v0 = 0) − αv0 , (6.31)

where

α = �K2

[
s

(1 + s)2

](
δΓ

δ2 + (Γ/2)2

)
. (6.32)

For a given value of the saturation parameter s, α reaches its extrema for
δ = ±Γ/2, the positive sign corresponding to a maximum and the negative
sign to a minimum. In addition, for a detuning δ = Γ/2 the friction coefficient
α takes its maximum value for s = 1, with αmax = �K2/4. At this point, the
atomic velocity is damped at a rate equal to ωrec/2.

The friction coefficient is positive for positive atom-field detuning, and in
this case leads to a deceleration for atoms moving toward the running wave
laser beam. This suggests that one can cool atoms by applying a standing
wave instead of a running wave. For weak laser intensities, the contributions
of the two waves can simply be added, and the total dissipative force is the
sum of the two corresponding contributions. Expanding this result as before
to lowest order in atomic velocities yields (Prob. 6.3)

α = �K2R2
0

δΓ

[δ2 + (Γ/2)2]2
. (6.33)



158 6 Mechanical Effects of Light

This form of the low-intensity friction coefficient permits us to intuitively un-
derstand the mechanism of Doppler cooling. For positive atom-field detuning
(red detuning) the Doppler effect brings the atom closer to resonance with
the field propagating opposite to it, and further from resonance from the
co-propagating wave. This leads to an imbalance between the forces exerted
by the two beams on the atom, resulting in a net force opposite to v0. The
final temperature that can be achieved via Doppler cooling is reached when
the heating due to spontaneous emission is balanced by the cooling from the
friction force. This balance can be shown to lead to the Doppler cooling limit

kBT � �Γ

2
, (6.34)

where kB is Boltzmann’s constant. For Sodium, the final temperature T is of
the order of 240 μK.

We conclude this section by remarking that while the atomic recoil due
to a single fluorescence cycle is quite small, about 3 cm/s for sodium, the
number of cycles per second is roughly given by Γ, and is of the order of 109.
Hence, the atoms experience enormous accelerations in the process, of the
order of 106 m/s2, or 105 g.

It is possible to laser cool atoms to temperatures much lower than can
be achieved by Doppler cooling, using other techniques such as e.g. Sisyphus
cooling, Raman cooling and velocity-selective coherent population trapping.
However, these techniques all rely on more than two atomic levels, and their
discussion is beyond the scope of this book.

6.3 The Near-Resonant Kapitza-Dirac Effect

In 1933, Kapitza and Dirac predicted that an electron beam could be
diffracted by a standing light field as a result of stimulated Compton scatter-
ing. At that time, however, the authors concluded that the experiment was
not feasible due to the lack of a suitable light source. It was not until 1965
that the experiment was finally carried out [Bartell (1965)]. Shortly there-
after, it was suggested that diffraction could also occur for neutral atoms,
except that the effect would then be enhanced as a result of the resonant
enhancement of the absorption of a near-resonant light field.

A typical atomic diffraction experiment consists of a monoenergetic beam
of atoms interacting with a standing wave light field, see Fig. 6.1.

After leaving the field region, the atoms further propagate to a screen
where they are detected. As we shall see, the resulting near-resonant Kapitza-
Dirac effect can be categorized into three major regimes, commonly called the
Raman-Nath, Bragg, and Stern-Gerlach regimes. In the first two cases the
width of the impinging beam is large compared to the period of the standing
wave pattern, while it is small in the latter case. As a result, in that case
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θ

Standing Field

Screen

Fig. 6.1. Possible geometry of atomic diffraction illustrating an incoming atomic
beam at an angle θ and the resulting diffracted beam striking a detection screen

the atoms probe the local value of the electric field instead of its full spatial
structure as in the other cases.

We consider an atomic beam of high enough velocity vz along its prop-
agation axis z that it can be treated classically. In contrast, the transverse
velocity vx is treated quantum mechanically. The Hamiltonian of the system
is therefore, in a frame rotating at the laser frequency ν,

H =
p2x
2m

+ �δ|a〉〈a| + 1
2

�R0(x)f(t)(|a〉〈b| + h.c.) , (6.35)

where R0(x) = R0 cos(Kx), and [x, px] = i�. From now on we omit the
subscript in the momentum operator unless a confusion is possible. The in-
teraction time of the atom with the laser beam is determined by the velocity
vx of the atoms and the laser beam profile. We assume for simplicity that this
profile is rectangular of width L, so that f(t) = Θ(t) − Θ(t + L/vz), where
Θ is the Heaviside function.

Raman-Nath Regime

In the Raman-Nath regime, we neglect the kinetic energy term in the Hamil-
tonian (6.35), but still treat x as an operator. This approximation, which
is equivalent to considering an atom of infinite mass, will be removed later
on. In Chap. 3, we introduced the translation operator S(λ) = exp(−iλp/�),
whose effect on the ket |x〉 was S(λ)|x〉 = |x + λ〉. Similarly, see Prob. 6.4,
one can introduce a momentum translation operator Sp(κ) = exp(−iκx/�),
whose action on a ket |p〉 is readily found to be

Sp(κ)|p〉 = |p− κ〉 . (6.36)

Hence, we see that the action of the operator cos(Kx) on the ket |p〉 is simply

cos(Kx)|p〉 =
1
2
(eiKx + e−iKx)|p〉 =

1
2
(|p+ �K〉 + |p− �K〉) . (6.37)
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This provides us with a simple picture of the effect of the atom-field interac-
tion on the atomic center-of-mass motion. Each time the atom absorbs energy
from the wave propagating in the +z-direction, the center-of-mass momen-
tum is increased by �K. Conversely, each time the atom emits a quantum
of energy in that same direction, its momentum is decreased by �K. From
the field dispersion relation ν = Kc, we recognize that the momentum in-
crement �K is precisely the momentum carried by a wave of energy �ν. It
is sometimes called the “photon momentum”, a nomenclature that finds its
origin in the quantization of the electromagnetic field. (Note, however, that
our description uses classical fields and never needs to invoke the concept
of photon!) This transfer of momentum between the center-of-mass motion
of the atoms and the field is nothing but an expression of the conservation of
momentum.

When the atom interacts with a standing wave, we observe then that
the excitation of the atom can result in a momentum kick by ±�K. This
is because the standing wave can be thought of as the superposition of two
running waves, and the atom can be excited by either of these components.

In order to proceed, it is therefore convenient to work in the momentum
representation and to express the state vector of the system as

|ψ(t)〉 = a(p, t)|a〉 + b(p, t)|b〉 , (6.38)

where a(p, t) and b(p, t) are the momentum representation wave functions
associated with the atom being in its excited and ground electronic state,
respectively. Substituting this form into Schrödinger’s equation yields

i�
da(p, t)

dt
=

�R0

4
[b(p+ �K, t) + b(p− �K, t)] + �δa(p, t) ,

i�
db(p, t)

dt
=

�R0

4
[a(p+ �K, t) + a(p− �K, t)] , (6.39)

which forms an infinite set of coupled ordinary differential equations.
Consider for concreteness the resonant situation δ = 0 and the initial

condition |ψ(0)〉 = b(p = 0, t)|b〉, which describes an atom in its ground state
with a well defined momentum p = 0. Such a well defined momentum cor-
responds to a plane wave for the center-of-mass atomic wave function. This
initial condition, combined with the above equations, implies that only trans-
verse momenta which are integer numbers of �K can ever become populated.
Thus, we expand the partial wave functions a(p, t) and b(p, t) as

a(p, t) =
∑

m

am(t)δ(p−m�K) ,

b(p, t) =
∑

m

bm(t)δ(p−m�K) , (6.40)

with the initial condition am(0) = 0, bm(0) = δm0. The equations of motion
(6.39) reduce then to
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i�
dxm

dt
=

�R0

4
[xm−1 + xm+1] , (6.41)

where xm = am for m odd and xm = bm for m even, since for our initial
condition even scattering orders always correspond to ground state atoms
and odd scattering orders to excited atoms. The solution of this equation is
known to be in the form of mth-order Bessel functions of the first kind,

xm(t) = imJm

(
R0t

2

)
. (6.42)

This solution gives the probability Pm(t) for atoms to have a transverse
momentum m�K as

Pm(t) = J2
m

(
R0t

2

)
. (6.43)

The Raman-Nath approximation is valid provided that the transverse ki-
netic energy of the atoms remains small compared to the interaction energy.
Clearly, as more and more scattering orders are excited, this condition even-
tually ceases to be valid. The transverse kinetic energy corresponding to the
mth scattering order is easily seen to be m2ωrec, which implies that we must
have m2ωrec � �R0/4. From the properties of the Bessel functions Jm, one
can show that after an interaction time t, 2mmax translational states are pop-
ulated, with mmax � R0t, see Prob. 6.5. This implies that the Raman-Nath
approximation holds provided that t � 1/

√
R0ωrec. Figure 6.2 illustrates

the linear increase in the number of scattering orders as a function of time
predicted by the Raman-Nath approach, and also shows how this growth is
eventually stopped by the effects of the atomic kinetic energy.

Fig. 6.2. Diffraction pattern for an atom interacting with a standing-wave field,
for zero detuning and no dissipation. The vertical axis is the occupation probability
of a scattering order, and is truncated for graphical clarity. The momentum spread
is in units of �K
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Physically, this saturation results from a violation of energy-momentum
conservation. Specifically, since the dispersion relation of light is linear while
that of atoms is quadratic, is impossible to conserve both energy and momen-
tum at large scattering orders. This is similar to phase mismatch in nonlin-
ear optics. A numerical solution of the problem normally becomes necessary
in the general case, see, e.g., Arimondo et al. (1981) and Bernhardt and
Shore(1981).

Bragg Regime

In the Bragg regime of atomic diffraction, the effects of energy-momentum
conservation are so severe that we can not ignore the kinetic energy term
in the atomic Hamiltonian. We consider specifically a situation where the
dispersion relation limits the number of allowed diffracted orders to just two.
This situation is analogous to Bragg diffraction in optics, where substantial
diffraction only occurs if the Bragg condition is fulfilled.

To handle this problem it is advantageous to use the coordinate repre-
sentation, rather than the momentum representation as before. We therefore
expend the state vector of the system as

|ψ(t)〉 = a(x, t)|a〉 + b(x, t)|b〉 , (6.44)

where a(x, t) and b(x, t) are the center-of-mass wave functions corresponding
to the excited and ground electronic states, respectively. The equations of
motion for these wave functions are

i�
∂a(x, t)
∂t

= − �
2

2m
∂2a(x, t)
∂x2

+
�R0

2
cos(Kx)b(x, t) + �δa(x, t) ,

i�
∂b(x, t)
∂t

= − �
2

2m
∂2b(x, t)
∂x2

+
�R0

2
cos(Kx)a(x, t) .

For large detunings |δ| 
 R0 and atoms initially in their ground electronic
state, we can adiabatically eliminate the upper electronic state and obtain
for the remaining ground state wave function the equation of motion

i�
∂b(x, t)
∂t

= − �
2

2m
∂2b(x, t)
∂x2

− �
2R2

0

4δ
cos2(Kx)b(x, t) . (6.45)

This is a Mathieu equation, whose analytical solution is not possible in gen-
eral. We proceed to find an approximate solution in the regime of Bragg
diffraction by transforming it into an infinite set of ordinary differential
equations, which we then truncate, via the introduction of the Fourier series
expansion

b(x, t) =
∑

m

bm(t)eimKx , (6.46)

where m labels the units of transverse momentum. We concentrate for
concreteness on first-order Bragg scattering, bm(0) = δm1. Inserting the
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Fourier expansion (6.46) into the Mathieu equation (6.45) yields the cou-
pled difference-differential equations

i�
dbm(t)

dt
=

(
m2

�ωrec −
�R2

0

8δ

)
bm(t) − �R2

0

16δ
[bm+2(t) + bm−2(t)] . (6.47)

For m = ±1 we have explicitly

i�
db1(t)

dt
=

(
�ωrec −

�R2
0

8δ

)
b1(t) −

�R2
0

16δ
[b3(t) + b−1(t)] ,

i�
db−1(t)

dt
=

(
�ωrec −

�R2
0

8δ

)
b−1(t) −

�R2
0

16δ
[b1(t) + b−3(t)] . (6.48)

These equations belong to an infinite set of difference-differential equations
that can be truncated by a conservation of energy argument. The energy
difference between an initial state and a final state separated by m scattering
orders is

ΔE(m) =
1

2m
[(pi + 2m�K)2 − p2i ] , (6.49)

which is a parabola centered at m0 = −pi/2�K, where pi is the initial trans-
verse momentum of the atoms. This parabola crosses the horizontal axis
ΔE = 0 at two points, which are the only values of m leading to exact
energy conservation. Choosing pi = �K gives m0 = −1/2, so that energy
conservation is satisfied only for pf = ±�K, i.e. for m = ±1. This permits
to truncate (6.48) at m = ±1. The resulting equations can be solved in a
straightforward fashion to give

b1(t) = exp[−i(ωrec −R2
0/8δ)t] cos(ωpt) ,

b−1(t) = −i exp[−i(ωrec −R2
0/8δ)t] sin(ωpt) ,

where ωp = R2
0/16|δ|. This shows that Bragg scattering is characterized by

a periodic oscillation between the m = 1 and m = −1 scattering orders,
an effect known in neutron diffraction as “Pendellösung oscillations”. Bragg
diffraction permits in particular to split an atomic beam into two parts, very
much like a diffraction grating in optics. This, and other properties of the
mechanical effects of light on atoms, suggest that it is possible to reverse the
roles of light and matter, for instance diffracting atoms at a light beam as we
have just seen. Several types of atom mirrors, lenses, gratings and interfer-
ometers are readily conceivable, and many of them have now been realized.
Indeed, all basic elements of “atom optics” can be envisioned. Besides the
potential practical applications of atom optics, these mechanical manifesta-
tions of light-matter interactions are also a fascinating area of fundamental
research that combines the internal quantum structure of atomic particles
with their translational degrees of freedom in an essential way. As a last il-
lustration of these effects, we now turn to a discussion of the Stern-Gerlach
regime of atomic motion in a standing wave light field.
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Stern-Gerlach Regime

The previous discussion assumed that the transverse dimensions of the inci-
dent atomic beam were much larger than the period of the potential, so that
it could be approximated as a plane wave. In contrast to the Raman-Nath
and Bragg regimes, the Stern-Gerlach regime uses an atomic beam that is
well localized in space compared to the optical potential. In this case, the
atom sees a local potential rather than the whole cosine potential. One can,
therefore, most easily understand this regime in terms of a local diagonal-
ization of the Hamiltonian. This is achieved by neglecting the kinetic energy
term in the Hamiltonian (6.35), so that at resonance δ = 0

H → Hloc(x) =
1
2

�R0 cos(Kx)(|a〉〈b| + h.c.) . (6.50)

The eigenstates of Hloc are the dressed states discussed in Prob. 3.14,

|1〉f(x) =
1√
2
(|b〉 − |a〉)f(x) ,

|2〉f(x) =
1√
2
(|b〉 + |a〉)f(x) , (6.51)

except that their eigenvalues are now functions of x,

E1(x) =
1
2
R0 cos(Kx) ,

E2(x) = −1
2
R0 cos(Kx) . (6.52)

In (6.51), the spatial wave function f(x) is taken to be extremely narrow,
so that it can for all practical purposes be approximated by a δ-function,
f(x) → δ(x).

Consider, then, what happens to an atomic wavepacket initially in its
ground electronic state |b〉 and at location x0, |ψ(X, 0)〉 = |b〉f(x0). In
terms of the local eigenvectors |1〉f(x) and |2〉f(x) we have |b〉f(x) =
2−1/2(|1〉f(x0) + |2〉f(x0)), i.e., it is a superposition of two dressed states
subject to equal and opposite forces. The local forces on the local dressed
states are

F1(x) = −dE1(x)
dx

= −�K

2
R0 sin(Kx) ,

F2(x) = −dE2(x)
dx

=
�K

2
R0 sin(Kx) . (6.53)

These forces are π out-of-phase with each other, their minima and maxima
occurring midway between the nodes and antinodes of the field. As a result,
the mean positions 〈x1〉 and 〈x2〉 of the wavepackets associated with the atom
in the dressed states |1〉 and |2〉 are subject to the equations of motion
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d2

dt2
〈x1〉 = −�K

2m
R0 sin(K〈x1〉) ,

d2

dt2
〈x2〉 =

�K

2m
R0 sin(K〈x2〉) , (6.54)

with 〈x1(0)〉 = 〈x2(0)〉 = x0. These are pendulum equations, which we have
already encountered in the discussion of the free-electron laser. Indeed, this
and the free electron laser problem are actually quite closely related and both
describe the motion of particles in optical fields. In the case of electrons, the
interaction with the ponderomotive potential is quadratic in the fields, while
it is linear in the present situation, a result of the electric dipole interaction
between the atoms and the standing wave field. In addition, it is resonantly
enhanced, as already mentioned. The equations of motion (6.54) show that
an atomic wavepacket initially at rest is split into two parts that oscillate
within a potential well as illustrated in Fig. 6.3, in complete analogy with
the Stern-Gerlach effect for spin-1/2 particles in a magnetic field gradient.

Fig. 6.3. Spatial distribution for an atomic beam after interacting with a standing-
wave laser field in the Stern-Gerlach regime. This picture includes the effects of
spontaneous emission, which accounts for the broadening and the decrease in peak
heights of the distribution

The period of small oscillations is
√
R0ωrec. The first experimental veri-

fication of this effect was carried out by Sleator et al. (1992).
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6.4 Atom Interferometry

The effects that we have discussed in the preceding sections can form the
basis of atom optical elements that can be used to build a variety of atom
interferometers. In addition, atomic beam splitters can also be made from
nanofabricated mechanical diffraction gratings. Such nanostructures present
the advantage of being relatively inexpensive, rugged and reliable, but they
mask a significant fraction of the atomic beams as they propagate through
them. In contrast, optical elements do not lead to any such losses, and are
very precise because their periodicity is given by the laser wavelength.

The key features of interferometers, and in particular of atom interfer-
ometers, consist in first coherently splitting the incident wave into two or
more partial beams following different paths, applying interactions that af-
fect these paths differently, and finally in coherently recombining the partial
beams and measuring the phase shift of the resulting interference fringes.
The splitting and recombining of the matter wave field can be achieved for
instance by exploiting the near-resonant Kapitza-Dirac effect, but a number
of other techniques are also available.

We concentrate in the following of a two-arm interferometer as sketched
in Fig. 6.4. For weak enough perturbations, the phase difference accumulated
by the the atomic matter wave as it propagates along the two arms of the
interferometer can be evaluated in the WKB approximation, approximating
the stationary atomic wave function as

ψ(r) = ψ(r0)eiS(r)/� (6.55)

where S(r) is the classical action. The phase difference accumulated by the
atomic wave function as it propagates along both arms of the interferometer
is therefore approximately

Δφ =
1
�
(S2 − S1) , (6.56)

where Si is the action accumulated by the atom as it propagates along the
classical path Γi along the ith interferometer arm.

Atom interferometers offer much promise in precision measurements, in
particular as gravity gradiometers, inertial sensors, and rotation sensors. Fol-
lowing Henkel and Wilkens (2005) we introduce a formalism that allows to
evaluate the general action of a broad class of phenomena in a simple way.
To proceed, we consider the evolution of a single particle under the action of
general, classical vector and scalar potentials A(r, t) and U(r, t). The time-
dependent Hamiltonian that describes the evolution of a particle of mass m
under the influence of these potentials is

H(t) =
[p − A(r)]2

2m
+ U(r) , (6.57)
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the first term on the right-hand side of this Hamiltonian being the kinetic
energy of the particle. (We have seen a similar Hamiltonian in the discussion
of the electric dipole interaction of Chap. 3, in which case

U(r, t) = −qr · E (6.58)

and A(r, t) = 0.) The difference is that in the present context the vector and
scalar potential can take various forms appropriate to the specific situation
at hand. For instance, we can describe the dynamics of an atom subject to
the acceleration of gravity by setting

U(r) = −mgz (6.59)

and A(r, t) = 0, while the effects of a uniform rotation Ω are given by

U(r) = −m
2

(Ω × r)2 ,

A(r) = m(Ω × r) , (6.60)

where U(r) is the potential of the centrifugal force and A(r) is the potential
of the Coriolis force . Using the Heisenberg picture it is easily shown that
this Hamiltonian leads to the equation of motion

m〈r̈〉 = −2m(Ω × 〈ṙ〉) −mΩ × (Ω × 〈r〉) , (6.61)

which recovers the centrifugal force and the Coriolis force correctly.
Proceeding in a fashion similar to the discussion of the electric dipole

approximation in Chap. 3, we can perform a gauge transformation

ψ(r) = exp
(
− i

�

∫
dr · A(r)

)
φ(r) , (6.62)

see (3.107), with the corresponding transformation of the Hamiltonian to

H′ = exp
(
− i

�

∫
dr · A(r)

)
H exp

(
i
�

∫
dr · A(r)

)

=
p2

2m
+ U(r) , (6.63)

the only potential left in the Schrödinger equation for the transformed wave
function φ(r) is the scalar potential U(r), for which the classical action is
readily found as

Si =
∫

Γi

√
2m(E − U(r)) . (6.64)

Transforming back to the original wave function gives

Δφ =
1
�

∮
dr

√
2m(E − U(r)) +

1
�

∮
dr · A(r) . (6.65)



168 6 Mechanical Effects of Light

We see, then, that the phase difference accumulated by the atoms consists of
a component

Δφ[U ] =
1
�

∮
dr

√
2m(E − U(r)) (6.66)

and a component

Δφ[A] =
1
�

∮
dr · A(r) =

1
�

∫
(∇× A) · da (6.67)

due to the vector potential, where in the last equality we have used Stoke’s
theorem and the infinitesimal surface element da, and the integral extends
over the area enclosed by the interferometer.

Consider first the phase shift Δφ[U ]. We observe that

k(r) ≡ 1
�

√
2m(E − U(r)) (6.68)

is the local de Broglie vector of the atoms in the potential U(r). For a weak
potential U(r) << E, it is approximately given by

k(r) ≈ k0 −
1
2
k0U(r)
E

, (6.69)

where k0 is given by E = �
2k2

0/2m. Clearly, the constant term k0 does not
contribute a potential-dependent phase shift, so that we have finally

Δφ[U ] ≈ − 1
�v0

∮
drU(r) , (6.70)

where v0 = �k0/m. This shows that the phase shift resulting from the poten-
tial U(r) is inversely proportional to the velocity of the atoms, and therefore
proportional to their de Broglie wavelength. As such it is dispersive and can
be interpreted as an index of refraction effect.

We now turn to the phase shift Δφ[A], concentrating specifically on the
case of a rotation. With (6.60), (6.67) yields for the case of a rotation axis
perpendicular to the plane of the interferometer

ΔΦ = 2mΩA/� , (6.71)

where A is the geometric area enclosed by the interferometer. This phase
shift is the Sagnac effect, which we will encounter again in the discussion
of ring laser gyroscopes of Chap. 7. In contrast to the dispersive phase shift
just discussed, this is a geometrical phase shift, independent of the de Broglie
wavelength of the atoms.

When compared to optical rotation sensors, atom interferometers present
the advantage of producing a phase shift proportional to their mass. Since
photons are massless, one might be led to conclude that the Sagnac effect
vanishes in the case of electromagnetic waves. This, however, is not correct.
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Roughly speaking, in the framework of the paraxial approximation it is pos-
sible to identify in the transverse Laplacian of the Maxwell wave equation an
“effective mass,” which turns out to be equal to �ω/c2. This observation leads
to the conclusion that everything else being equal, a matter-wave rotation sen-
sor would be more sensitive than its optical counterpart by a staggering factor
of mc2/�ω, which is of the order of 1011. Of course, not everything is equal,
and there are many benefits to using optical gyroscope that eliminate much
of that potential advantage, Nonetheless, the potential of atom interferome-
ters is significant, and in addition to their interest for fundamental studies,
their potential use in rotational and inertial sensors remains an area of very
active research.

Atom interferometers have already found numerous applications from the
measurement of atomic and molecular properties to rotation sensors, and
from gravimetry to fundamental studies and precision tests of physical the-
ories. Potential geophysical applications include mineral exploration, earth-
quake predictions and studies of global warming.

Problems

6.1 Derive the equations of motion for the components of the Bloch vector
of (6.19).

6.2 Find the dissipative force Fdissip(v0) for the case of an atom interacting
with a running wave co-propagating with it, and express this force in terms
of a friction force for the case of small velocities. Find the explicit form of
the corresponding friction coefficient.

6.3 Considering now the case of two counterpropagating waves weak enough
that their contributions can simply be added, find the corresponding friction
coefficient.

Fig. 6.4. Schematic of an atom interferometer, indicating the two matter-wave
paths Γ1 and Γ2.



170 6 Mechanical Effects of Light

6.4 Find the effect on a ket |p〉 of 1 the momentum translation operator
Sp(κ) = exp(−iκp).

6.5 Using the asymptotic properties of Bessel functions, find the maximum
momentum state populated in Raman-Nath diffraction of a plane wave ini-
tially perpendicular to the optical standing wave acting as a matter-wave
grating.

6.6 Using the vector and scalar potentials (6.60), show using the Heisenberg
picture that the Hamiltonian (6.57) leads to the equation of motion (6.61) for
the expectation value of the acceleration of a particle subject to a rotation
Ω.



7 Introduction to Laser Theory

This chapter gives a simple theory of the laser using the classical electro-
magnetic theory of Chap. 1 in combination with Chap. 5’s discussion of the
interaction of radiation with two-level atoms. We consider arrangements of
two or three highly reflecting mirrors that form cavities as shown in Fig. 7.1.
Light in these cavities leaks out (decays to its 1/e value) in a time Q/ν, where
ν is the frequency of the light and Q is the cavity quality factor (the higher
the Q, the lower the losses). An active gain medium is inserted between the
mirrors to compensate for the losses. In the simple cases we consider in this
chapter, the electromagnetic field builds up until it saturates the gain down to
the cavity losses. Chapter 11 considers some more complicated cases. Chap-
ter 8 discusses a related cavity problem in which the medium in the cavity
is not a gain medium, i.e., it has dispersion and/or absorption. This nonlin-
ear cavity problem can lead to two or more stable output intensities for a
given input intensity, and hence belongs to a class of problems called optical
bistability. In the present chapter we also see a bistable configuration that
involves active media, namely the homogeneously broadened ring laser.

Our theory is based on the principle of self-consistency, that is, we require
that the electric field used to induce the polarization of the gain medium is
identical to the one supported by that gain. To simplify the treatment, we
assume that the electric field is plane polarized (e.g., by use of Brewster
windows), and we ignore variations of the field transverse to the laser axis.
Section 7.1 obtains multimode “self-consistency” equations, using the results
of Chap. 1. These equations are interpreted in terms of energy conservation
and mode pulling (as distinguished from anomalous dispersion). Section 7.2
substitutes the homogeneous and inhomogeneous broadening polarizations
derived in Chap. 5 into the self-consistency equations to predict the laser
steady-state amplitude and frequencies. Section 7.3 considers complications
occurring from the use of standing waves in Doppler-broadened media, and
derives the very useful Lamb dip. Section 7.4 develops two-mode operation
and the ring laser. Section 7.4 presents a simple theory of mode locking illus-
trated by frequency locking in the ring laser. Section 7.6 gives a simple single-
mode theory of the semiconductor diode laser based on the quasi-equilibrium
model of Sect. 5.5. Up to this point, the theory uses plane waves, although
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the fields in real lasers typically have Gaussian cross sections. Section 7.7
discusses the

Fig. 7.1. (a) Diagram of laser showing reflectors in plane perpendicular to laser
(z) axis and active medium between reflectors. Brewster windows are sketched on
the ends of the active medium to help enforce conditions that only one polarization
component of the electric field exists as is assumed in this chapter. (b) Correspond-
ing ring laser configuration. Usually both running waves oscillate in a ring laser,
although unidirectional operation is particularly easy to treat theoretically

Gaussian beam and a simple way in which one can include some transverse
variations in a laser theory.

7.1 The Laser Self-Consistency Equations

We suppose that the electromagnetic field in the laser cavity can be repre-
sented by the scalar electric field E(z, t) written as the superposition of plane
waves

E(z, t) =
1
2

∑

n

En(t) exp[−i(νnt+ φn)]Un(z) + c.c. (7.1)

Here the mode amplitudes En(t) vary little in an optical period and the νn

are the mode frequencies. The Un(z) specify the mode variations along the
laser axis and consist of standing waves
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Un(z) = sin(Knz) (7.2)

for the two-mirror laser and running waves

Un(z) = exp(iKnz) (7.3)

for the ring laser. The wave number Kn = nπ/L for the two-mirror laser
and 2nπ/L for the ring laser. The two cases are different since 2L is the
round-trip length in the former, and L is the round-trip length in the ring. In
Sects. 7.1–7.3, we consider standing-wave and unidirectional ring lasers, for
which the Kn are positive. Section 7.4 considers the two-mode bidirectional
ring laser, for which the two Kn are opposite in sign.

The superposition (7.1) differs from (1.62) used in Sect. 1.3 and Chap. 2
in that the amplitudes are functions of time and not of space. This is a basic
characteristic of high-Q cavity problems, for which the mode amplitudes and
phases are generally fairly uniform throughout the cavity (see Sect. 7.6 for
discussion about transverse variations). This approximation doesn’t preclude
having rapid spatial variations in the total field envelope, such as a train of
short pulses (see Sect. 11.4).

We take the polarization of the medium to be the corresponding super-
position

P (z, t) =
1
2

∑

n

Pn(t) exp[−i(νnt+ φn)]Un(z) + c.c. (7.4)

in which the complex polarization component Pn(t) also varies little in an
optical period. They are complex inasmuch as in general the induced polar-
ization has a different phase from the inducing field.

These quantities are then substituted into Maxwell’s equations with care-
ful attention paid to the slowly-varying properties of the En, φn, and Pn, and
with use of the orthogonality of the Un(z) [see the derivation of (1.31, 1.32)].
The result is the self-consistency equations

Ėn = − ν

2Qn
En − ν

2ε
Im(Pn) , (7.5)

νn + φ̇n = Ωn − ν

2ε
Re(Pn)/En , (7.6)

so named because the field parameters ultimately appearing in the formulas
for the Pn are taken to be the very same as the parameters in (7.1). Here
the passive cavity frequencies Ωn = cKn. In (7.5), we have included a phe-
nomenological decay term (−ν/2Qn)En, where Qn is the cavity quality factor
for the nth mode. This is similar to the μ∂J/∂t term in (1.25). Here Qn is
defined to be the ratio of the energy stored in the nth mode to the energy
the nth mode loses per radian. The quantity ν/Qn is thus the ratio of the
energy stored in the nth mode to the energy the nth mode loses per second.
As such ν/2Qn is an amplitude cavity-loss coefficient. In the loss factor we
have approximated the mode frequency νn by ν, independent of the mode
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number n. The Qn can be adjusted to make up any difference as far as the
cavity losses are concerned and the polarization contributions are only off by
|νn − ν|/ν, which is smaller than 10−6. The advantage of approximating νn

by ν is that the multimode polarization coefficients reduce to a simpler form.
It is worthwhile stopping at this point to gain a physical feel for these

equations. Our discussion, although similar to that surrounding the classical
case in Sects. 1.2, 1.3, differs notably in the introduction of cavity losses and
the use of a gain medium rather than an absorber. Chapter 2.5 shows how
the complex polarization Pn can be related to the electric field component
En by a complex susceptibility χn, that is,

Pn = εχnEn = ε(χ′n + iχ′′n)En . (7.7)

For our problem, this susceptibility is itself a decreasing function of the mode
amplitude En inasmuch as the response of the laser medium saturates. With
(7.7, 7.5, 7.6) simplify to

Ėn = − ν

2Qn
En − ν

2
χ′′nEn , (7.8)

νn + φ̇n = Ωn − ν

2
χ′n . (7.9)

Equation (7.8) expresses energy conservation (and could plausibly be postu-
lated therefrom). To see this, note that the mode energy hn is proportional
to E2

n. Hence multiplication of (7.8) by 2En yields the equation of motion for
the nth component of energy hn

ḣn = − ν

Qn
hn − νχ′′nhn

= −cavity losses
second

+
medium gain (χ′′n < 0)

second
.

If the gain parameter –χ′′n saturates sufficiently in time to yield an energy
gain/second equal in magnitude to the cavity losses/second, steady-state laser
operation is achieved. This is the case in particular for single-mode operation.

Inasmuch as the susceptibility term χ′n is small compared to unity, we can
approximate the ν in (7.9) by Ωn and interpret the resulting 1 − 1

2χ
′
n factor

as the first term in a Taylor expansion to get after “resumming”

νn + φ̇n =
Ωn

1 + 1
2χ

′
n

=
Ωn

η
,

where η is the index of the refraction. This equation [or (7.9)] reveals an
important difference between the gain problem and the classical absorption
problem of Chap. 1, namely, that the oscillation frequency, instead of the
wavelength, is shifted by the medium. This results from the self-consistent
nature of the laser field which requires an integral number of wavelengths in
a round trip regardless of the medium characteristics.
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ν

-χ′′n

χ′n

ω

Fig. 7.2. Gain (−χ′′
n) and mode pulling (χ′

n) parts of the complex susceptibil-
ity of (7.7) determined by (7.14) with no saturation [S(In) = 1]. The medium is
homogeneously broadened (Lorentzian gain)

Linear values of χ′n and χ′′n are graphed in Fig. 7.2 for a homogeneously
broadened medium having the line-center frequency ω(�= 2πν!). Note that
both curves are negative with respect to the classical index and absorption
curves in Fig. 1.2. In addition to gain, this change of sign leads to mode
pulling: νn is closer to ω than is the passive frequency ωn in contrast to the
dispersive nature one expects of absorbers.

7.2 Steady-State Amplitude and Frequency

Chapter 5 derives steady-state polarizations of homogeneously- and inhomo-
geneously-broadened media subject to cw running waves, and finds complex
Beer’s law coefficients. The laser problem is very similar, but differs in two
essential ways. First in lasers the unsaturated population difference N of
(5.20) is typically positive, i.e., more systems are pumped to the upper state
than to the lower state, thereby giving a gain medium. Second, rather than
considering variations of the field envelope in space, (7.5) determines its vari-
ation in time. This requires that we project the polarization onto the mode
function Un(z) to obtain Pn(t). Specifically, combining (7.4) with (5.7) and
projecting both sides of the equation onto the mode Un(z), we find

Pn(t) = 2℘ ei(νnt+φn) 1
Mn

∫ L

0

dz · U∗
n(z)ρab(z, t) , (7.10)

where Mn is the mode normalization factor

Mn =
∫ L

0

dz|Un(z)|2 . (7.11)
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In (5.24) for ρab(z, t), which was derived for a running wave (5.1), the eiKz is
just the mode function of the wave. Generalizing this result by replacing this
factor by Un(z) and ν by νn, and inserting the outcome into (7.10), we find

Pn(t) = −i
℘2

�
EnD(ω − νn)

1
Mn

∫ L

0

dz
N(z, t)|Un(z)|2

1 + InL(ω − νn)|Un(z)|2 , (7.12)

where the dimensionless intensity for the nth mode is

In ≡ |℘En/�|2T1T2 . (7.13)

The polarization (7.12) can be integrated immediately for unidirectional
operation since |Un(z)|2 = 1 in this case. This gives

Pn(t) = −i℘2
�
−1EnD(ω − νn)N̄S(In) , (7.14)

where the average population inversion density N̄ is given by

N̄ =
1
L

∫ L

0

dz N(z, t) , (7.15)

and the unity-normalized saturation factor S(In) is

S(In) =
1

1 + InL(ω − νn)
[running wave] . (7.16)

Equations (7.14, 7.16) show that the gain −Im(Pn) saturates as the intensity
In increases. Substituting (5.18) for L and (5.25) for D, we find

Pn(t) = −i℘2
�
−1EnN̄

γ − i(ω − νn)
(ω − νn)2 + γ2(1 + In)

, (7.17)

which reveals that the linear response width γ is power broadened to the
value γ(1 + In)1/2. Equation (7.17) is very similar to (5.26), but refers to a
time varying real field amplitude En(t) in a cavity rather than to a spatially
varying complex field amplitude E(z).

The polarization (7.12) can also be integrated for the standing-wave case
as already discussed for (5.62). In fact, the bidirectional running-wave field
(5.53) reduces to the single-mode standing wave field of (7.1) with Un(z) =
sinKnz provided we set E± = ±En exp(−iφn)/2i. The factors of ±1/2i come
from the sin Knz. Hence Sect. 5.3’s standing-wave case I+ = I− corresponds
to In/4. We obtain the same saturation factor (5.65) except that now a =
1 + InL/2, b = −InL/2, and c = −1, that is,

S(In) =
2

InL(ω − νn)

[
1 − 1

[1 + InL(ω − νn)]1/2

]
[standing wave] . (7.18)

This result is not simple to interpret, however, so we can expand the square
root in (7.18) up to order I2n. This expansion is valid for small laser intensities
and is also directly derivable from third-order perturbation theory. We find
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S(In) = 1 − 3
4
InL(ω − νn)

[
third-order

standing wave

]
. (7.19)

This is the same as the third-order expansion of the unidirectional satura-
tion factor (7.16) with In replaced by 3In/4. Since the choice of mode func-
tion gives an intensity scale factor of four, we see [as for (5.68, 5.69)] that
the low-intensity standing wave-case has three times as much saturation as
the unidirectional case. We get this factor of 3 because two waves saturate
and the scattering off of the induced Bragg gratings (see Sect. 5.3) in the
population inversion is destructive. Alternatively, we can interpret this re-
sult by noting that the standing-wave interacts with only part of the active
medium and hence experiences less gain than a single running wave, yet
this gain has to support two running waves. As discussed in connection with
(5.68, 5.69), the standing-wave large-intensity saturation is only twice as large
as the corresponding unidirectional saturation. We will see shortly that the
steady-state laser operation is characterized by the fact that the saturated
gain precisely equals the losses. Hence all else being equal, the running-wave
laser gives from two to three times the output intensity of the standing-wave
laser.

Combining the amplitude self-consistency (7.5) with the polarization com-
ponent (7.14) and multiplying through by the factor 2In/En, we obtain the
intensity equation of motion

İn = 2In

[
gnS(In) − ν

2Qn

]
, (7.20)

in which the linear gain parameter

gn(νn) = (ν℘2 N̄/2ε�γ)L(ω − νn) , (7.21)

and the unity-normalized saturation factor S(In) is given for various cases
by (7.16, 7.18, 7.19).

Threshold operation is defined to be that for which the centrally tuned
linear gain gn(ω) equals the losses ν/2Qn. Below this value, (7.20) predicts
the exponential decay of In with the trivial steady-state intensity In = 0,
that is, the laser doesn’t oscillate. Threshold operation occurs for the thresh-
old excitation N̄T , which allows the gain parameter gn to be conveniently
written in terms of the relative excitation N (excitation relative to threshold
excitation) defined by

N = N̄/N̄T , (7.22)

where N̄T = ε�γ/℘2Qn. In terms of N , the gain is given by

gn =
ν

2Qn
NL(ω − νn) . (7.23)

In (7.20) we see quite simply the effect of saturation. For small intensity,
there is exponential buildup with the factor exp[2(gn−ν/2Qn)t]. As In builds
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Table 7.1. Steady-state dimensionless intensities In for a number of laser con-
figurations. Values are derived from (7.24) for various saturation functions. Here,
L = L(ω − νn) for typographical simplicity

Steady-state intensity In Configuration

NL−1
L unidirectional ring [S of (7.16)]

4
3

NL−1
NL2 third-order, standing wave [from (7.19)]

NL− 1
4− 1

4 (10NL+ 1)1/2

L “exact”, standing wave [from (7.18)]

N 2exp
[
− 2(ω−νn)2

(Δω)2

]
− 1 unidirectional ring with IHB

Δω � γ [from (7.26)]

up, the gain term is reduced by the decreasing value of S(In), representing the
fact that the atoms only have a finite amount of energy to offer. Eventually a
steady-state (İn = 0) is reached when the saturated gain gnS(In) equals the
cavity losses, that is,

gnS(In) =
ν

2Qn
. (7.24)

This is a particular case of the general single-mode, steady-state oscillation
condition

Saturated Gain = Loss (7.25)

valid for both classical and quantum oscillators. Steady-state intensities given
by (7.24) for running and standing waves are summarized in Table 7.1.
Figure 7.3 illustrates the detuning dependence for the standing-wave case.
The intensity In of (7.13) is dimensionless, that is, it is given in units of the
saturation intensity Is of (5.23). Hence the laser output in watts/cm2 is pro-
portional to Is. This is one role of Is; another is power broadening, as seen,
for example, in (7.17).

For extreme inhomogeneous broadening and a running-wave field, we use
the polarization (5.39), which gives the intensity equation (7.20) with the
saturation function

S(In) = (1 + In)−1/2 (7.26)

and the linear gain

gn =
νπ℘2N̄W(ν)

2ε�
=

ν

2Qn
N exp[−(ω − ν)2/(Δω)2] , (7.27)

where in (7.22) we take N̄T = ε�/℘2W(ν)Qn. Equation (5.43) describes the
more general case of an arbitrary width Gaussian and gives the frequency
dependence in terms of the plasma dispersion function. Hence the polarization
cannot be written in the simple form of (7.14). Nevertheless, the intensity
equation is easily obtained (see Prob. 7.14).
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Fig. 7.3. Graphs of single-mode, strong signal, standing-wave intensity (see Table
7.1 versus detuning (ω − νn) for homogeneously broadened (γ = 2π×100 MHz,
γab = 2π×30 MHz) atoms. The relative excitations N of (7.22) are (in order of
increasing maxima) 2, 3, 4, 5, and 6

Stability Analysis

Equation (7.20) is a simple example of a differential equation admitting more
than one steady-state solution. To be physically relevant, however, such a
solution must be stable against small perturbations, otherwise, any noise will
drive the system away from it. A powerful and general method to determine to
which solution the laser will actually converge is to perform a linear stability
analysis. For this we suppose that the intensity is given by the steady-state
value in question plus a small deviation, that is, In(t) = I

(s)
n + εn(t). We

substitute this into (7.20) and keep only terms that are linear in εn(t). This
gives

ε̇n = 2εn

[
gnS(I(s)n ) + I(s)n gn

dS
dIn

− ν

2Qn

]
. (7.28)

A steady-state solution is stable provided the small perturbation εn decays
away in time. This requires the bracketed expression to be negative, since
then both positive and negative values of εn will exponentially decay to zero.
Hence the steady-state intensity I(s)n = 0 is stable provided gn − ν/2Qn < 0,
i.e., the laser is below threshold. Above threshold, In = 0 becomes unstable
and the solution given by (7.26) is stable provided the slope dS/dIn is neg-
ative, a condition satisfied by all the S’s we have considered. Physically this
means that a small intensity increase above the I(s)n of (7.26) saturates the
gain to a value less than the losses, which causes the intensity to decrease
toward the steady-state value. Alternatively, a small intensity decrease satu-
rates the gain to a value greater than the losses, which causes the intensity
to increase.
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For purposes of comparison with the two-mode theory of Sect. 7.4, it is
useful to write the third-order intensity equation of motion in the form

İn = 2In(gn − ν/2Qn − βnIn) , (7.29)

in which the self-saturation factor is

βn = −gn
dS(In)

dIn

∣∣∣∣∣
In=0

. (7.30)

The steady-state solutions to (7.29) are In = 0 below laser threshold and

In =
gn − ν/2Qn

βn
(7.31)

above. Note that (7.31) is unphysical below threshold, since it predicts a
negative intensity there.

Mode Pulling

So far we have studied (7.5), which determines the laser intensity. The other
equation of interest is the frequency-determining equation. Combining the
self-consistency equation (7.6) with the polarization (7.14), we have

νn + φ̇n = Ωn +
[
ω − νn

γ

]
gnS(In) . (7.32)

This reveals an index variation as discussed in connection with Fig. 7.2. In
contrast to the anomalous dispersion in Sect. 1.3, here we find an inverted
index behavior for which the mode frequencies νn are pulled from their pas-
sive cavity values Ωn toward the atomic line center ω. The reduction of the
variation with increasing intensity is given by the saturation factor S(In).
Using the steady-state solution (7.24) to eliminate S(In) and including φn in
νn, we write (7.32) as

νn =
Ωnγ + ω(ν/2Qn)
γ + ν/2Qn

. (7.33)

This equation is valid for all polarizations of the form of (7.14). It can be
interpreted as a center of mass formula in which the oscillation frequency νn

assumes a weighted average value of Ωn and ω with weights γ and ν/2Qn,
respectively. For high Q cavities, ν/2Qn � γ, and νn is pulled slightly from
Ωn toward the atomic line center.
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7.3 Standing-Wave, Doppler-Broadened Lasers

A Doppler-broadened medium consists of a gaseous ensemble of atoms whose
velocities Doppler shift incident light frequencies. Specifically, an atom mov-
ing with a velocity of z-component v interacting with a running wave of
frequency ν effectively “sees” a wave with the Doppler shifted frequency
ν′ = ν(1 − v/c). The atom sees a resonant field when this shifted fre-
quency coincides with ω, that is, when ω = ν′ = ν(1 − v/c). Alterna-
tively, we can say that the effective line center of such an atom is given by
ω′ = ω/(1− v/c) � ω(1 + v/c), since |v/c| � 1. Hence for the running wave,
there is a one-to-one correspondence between axial velocity components and
atomic line centers. Typically, the distribution of axial velocity components
is Maxwellian

W(v) =
1
u
√
π

e−v2/u2
, (7.34)

where u is the most probable speed. This corresponds to the inhomogeneous
broadening distribution (5.37) with Δω = Ku. However with Doppler broad-
ening an additional complication enters, namely that a time t′ of observation,
the atom has moved from its initial position z0 to the position z′ given by
z′ = z0 + v(t′ − t0). Hence in adding up contributions to the polarization
P(z, t), we have to ensure that the atoms arrive at the place z at the time t.
This is accomplished by including the Dirac delta function δ(z−z0−vt+vt0)
in the population-matrix integrand for a gaseous medium. With this, the
homogeneous-broadening population matrix of (5.6) is generalized to

ρ(z, v, t) =
∑

α=a,b

∫ t

−∞
dt0

∫ L

0

dz0λα(z0, t0)ρ(α, z0, t0, v, t)

×δ(z − z0 − vt+ vt0) . (7.35)

The total complex polarization Pn results from integrating ρab(z, v, t) over the
velocity distribution W(v). Problem 7.1 shows that this population matrix
obeys the equations of motion (5.9–5.11) in which the time derivative is given
by the convective derivative

d
dt

=
∂

∂t
+ v

∂

∂z
. (7.36)

This is precisely the result we obtained in Chap. 6 by including the center-
of-mass kinetic energy of the atoms into the total Hamiltonian.

The population-matrix equations of motion can be integrated by noting
that the equation

(
∂

∂t
+ v

∂

∂z

)
f(z, v, t) = g(z, v, t) (7.37)

has the formal solution
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f(z, v, t) =
∫ t

−∞
dt′ g(z′, v, t′) , (7.38)

where z′ is given by
z′ = z − v(t− t′) . (7.39)

Accordingly, integrating (5.9) using the convective derivative (7.36) and a
single-mode field, we find

ρab(z, v, t) = − i℘
2�

∫ t

−∞
dt′e(−iω+γ)(t−t′)En(t′)e−i[νnt′+φ(t′)]Un(z′)

×[ρaa(z′, v, t′) − ρbb(z′, v, t′)] . (7.40)

Comparing this with the homogeneous broadening case of (5.13), we see that
the only major change is that the mode factor Un(z) is replaced by Un(z′).
For unidirectional operation, the mode factor of (7.3) becomes

Un(z′) = eiKnz e−iKv(t−t′) , (7.41)

where for typographical simplicity we approximate Knv by a generic Kv,
since any difference between K’s leads to negligible differences in Doppler
shifts. Substituting (7.41) into (7.40), we see that the frequency ω is replaced
by the Doppler shifted value ω′ = ω + Kv, which reduces to the ordinary
inhomogeneous broadening of Sect. 5.2 and the formulas used there can be
applied here.

The situation is more complicated for a standing-wave field. In this case,
Un(z) = sinKnz, which gives two oppositely directed running waves. An
atom subject to this field and moving with an axial component v sees not
one, but two Doppler-shifted frequencies, namely νn(1 ± v/c) as indicated
in Fig. 7.4. Instead of the single spectral hole burned as in Fig. 5.2, two
holes are now burned in the population difference, as shown versus v in
Fig. 7.5. As shown below, this leads to a famous effect known as the Lamb
dip. Furthermore, the field fringe pattern experienced by a moving atom
“Walks”, rather than stands, and each velocity experiences a different walk-
ing speed. The total polarization includes the contributions of all different
walking speeds. The first paper able to treat all of these effects correctly was
given by Stenholm and Lamb (1969) and involves integrals over continued
fractions.

Here we limit ourselves to a simpler approach called the Doppler rate
equation approximation (Doppler REA), which neglects the effects of the
induced gratings. This is a good approximation provided the average Doppler
shift is large compared to the homogeneous linewidth. Specifically, we assume
that the field amplitude and phase and the population difference vary little
in the dipole lifetime T2 ≡ l/γ, and thereby can be evaluated at the time
t′ = t. Equation (7.40) becomes
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ρab(z, v, t) = − i℘
2�
En(t) e−i[νt+φ(t)][ρaa(z, v, t) − ρbb(z, v, t)]

×
∫ t

−∞
dt′e(−iω−iνn+γ)(t−t′)Un[z − v(t− t′)] . (7.42)

We substitute

Un(z − v(t− t′)) =
1
2i

[ei(Knz−Kv(t−t′)) − e−i(Knz−Kv(t−t′))] ,

expand exp(iKnz) = cos(Knz) + i sin(Knz) and then drop the cosines, since
for standing-waves they vanish in the polarization integral of (7.12). This
gives

ρab(z, v, t) = − i℘
4�
En(t)Un(z) exp[−i(νnt+ φn)][ρaa(z, v, t) + ρbb(z, v, t)]

×[D(ω − νn +Kv) + D(ω − νn −Kv)] . (7.43)

Substituting this, in turn, into the population equations of motion (5.10,
5.11), we find the rate equations (5.15, 5.16) with the rate constant

R(v) =
1
8
|℘En/�|2γ−1[L(ω − νn +Kv) + L(ω − νn −Kv)] . (7.44)

Here we have replaced the |Un(z)|2 = sin2 knz factor by the average value
1/2 that closely approximates the z dependence that rapidly moving atoms

ν

ν′ = ν(1 + v/c)

ν′ = ν(1 − v/c) v

v

v = 0

Fig. 7.4. Drawing showing how a traveling wave with oscillation frequency ν ap-
pears Doppler downshifted to an atom moving the same direction as the wave and
upshifted to an atom moving the opposite direction. This same effect is used in the
Doppler cooling discussed in Chap. 6



184 7 Introduction to Laser Theory

Fig. 7.5. Unsaturated (Gaussian) and saturated (with holes) population difference
versus z component of velocity, with R(v) given by (7.44). Holes are burned by the
field intensity for v = ±c(1 − ω/ν)

experience. This approximation amounts to neglecting the grating effects dis-
cussed in Sect. 5.3 for stationary atoms and hence is not as good near line
center where v � 0 atoms are involved, or, of course, in the homogeneously
broadened limit. It is excellent for large Doppler broadening (Ku
 γ) due to
the fact that rapidly moving atoms tend to see an average field, and that grat-
ings corresponding to different velocity groups are shifted varying amounts
along the axis, yielding a collection of scattered waves that tend to interfere
destructively with one another.

The complex polarization component Pn(t) becomes

Pn(t) = −i℘2
�
−1N̄En

×
∫ ∞

−∞
dv

W(v)D(ω − νn +Kv)
1 + In[L(ω − νn +Kv) + L(ω − νn −Kv)]/4 .

(7.45)

For central tuning (νn = ω) the Lorentzians coincide, yielding an integral
just like that for the unidirectional case (7.14) for central tuning, but with
a factor of 1/2 in the denominator. The integrals can be expressed easily
in terms of the plasma dispersion function as in (5.43). Off line center, the
algebra is considerably trickier and leads to a complicated combination of
plasma dispersion functions (See Prob. 7.12 of Sargent et al. (1977) for the
result).

To obtain the Lamb-dip formula for the mode intensity, we expand the
denominator in (7.45) to third-order in En. The first-order term is
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P(1)
n (t) = −℘2N̄(�Ku)−1EnZ[γ + i(ω − νn)]

� −i
√
π℘2N̄(�Ku)−1Ene−(ω−νn)2/(Ku)2 , (7.46)

where the superscript (1) means (7.46) is proportional to the first power of
En. The third-order term is given by

P(3)
n (t) =

1
4
℘2N̄(�Ku

√
π)−1EnIne−δ2/(Ku)2 J(δ) , (7.47)

where δ = ω−νn, we have evaluated the slowly-varying W(t) at the maximum
of the L function, and (setting x = Kv)

J(δ) = i
∫ ∞

−∞
dxD(δ + x)[L(δ + x) + L(δ − x)] = γ2

∫ ∞

−∞

dx
x+ δ − iγ

×
[

1
(x+ δ + iγ)(x+ δ − iγ)

+
1

(x− δ + iγ)(x− δ − iγ)

]
. (7.48)

This is easily integrated using the residue theorem. We close the contour in
the lower half plane (which gives an overall minus sign) around the single
poles x = −δ− iγ for the first product and x = δ− iγ for the second product.
This gives

J(δ) =
πi
2

[1 + γD(δ)] .

Inserting this into (7.47), we find the third-order contribution to the polar-
ization

P(3)
n =

1
8
i
√
π℘2N̄(�Ku)−1EnIne−(ω−νn)2/(Ku)2 [1 + γD(ω − νn)] . (7.49)

Substituting Pn � P(1)
n + P(3)

n into the amplitude self-consistency equa-
tion (7.5) and using the relative excitation

N =
2Qn

ν

√
π℘2N̄ν

2ε�Ku
, (7.50)

we find

Ėn = − ν

2Qn
En +

ν

2Qn
EnN e−(ω−νn)2/(Ku)2

{
1 − 1

8
In[1 + L(ω − νn)]

}
.

(7.51)
In steady state, this yields

In = 8
N − e(ω−νn)2/(Ku)2

N [1 + L(ω − νn)]
. (7.52)

For N > 1 + 2(γ/Ku)2 (see Prob. 7.6), this expression exhibits a Lamb dip
versus detuning as illustrated in Fig. 7.6.
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From a mathematical standpoint, we see that the Lamb dip results from
the L(ω − νn) in (7.52). This term is missing in the intensity for ordinary
inhomogeneous broadening. Tracing this L back, we see that it results from
the D(δ + Kv)L(δ − Kv) term in (7.48). This term is resonant when δ =
ω − νn � 0 (central tuning), i.e., when both running waves saturate the
response of the medium.

Fig. 7.6. Single-mode dimensionless intensity of (7.50). Doppler half-width (Ku)at
1/e point is 2π×1010 MHz, the decay constants γ = 2π×80 MHz, and the relative
excitation N = 1.01, 1.1, and 1.2

Pursuing this clue, we can understand the Lamp dip physically in terms
of the saturation by the two running waves, each contributing a Lorentzian
to (7.44). Both waves saturate the response of the v � 0 atoms, since both
Lorentzians are resonant, whereas only one running wave saturates the re-
sponse for nonzero v atoms. Hence, a given standing-wave intensity saturates
less off line center than on. Since the Doppler-limit linear gain is the same in
both cases, the saturated-gain-equals-loss condition (7.27) corresponds to a
larger steady-state intensity off line center than on. This intensity dip versus
detuning (illustrated in Fig. 7.6) was predicted by Lamb in 1962 in letters
to colleagues and was first explained intuitively by Bennett (1962) using a
phenomenological spectral hole burning model. The Lamb dip, as it is called,
has led to various laser stabilization schemes and plays an important role in
the field of saturation spectroscopy [see Sect. 9.3].

One trouble with (7.52) is that for large N , it saturates to the value
8/[1 + L(ω − νn)], rather than increasing with N . Following the example of
the homogeneously broadened cases in Table 7.1, we might just drop the N
in the denominator of (7.52), but this overestimates the depth of the dip
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and has no good justification. Respectable accuracy is obtained with the
“Doppler REA” expression (7.45) even for central tuning. This might be
surprising, since we assumed that grating effects could be ignored, that is,
that the sin2(Knz) for the rate constant R could be replaced by the average
value 1/2. A more careful analysis by Stenholm and Lamb (1969) reveals that
the various atomic ensembles can have population inversion differences with
considerable spatial dependence, although sufficiently rapidly moving atoms
do, in fact, see an average field. An additional effect enters to help justify the
Doppler REA, namely that due to the finite lifetimes, the gratings are shifted
varying amounts in the direction of travel and tend to average to zero.

7.4 Two-Mode Operation and the Ring Laser

As discussed in further detail in Sect. 11.3, lasers often operate with two
or more modes. In this section, we discuss a simple, very useful example of
a two-mode laser, the bidirectional ring laser (Fig. 7.1b), often used as a
laser gyroscope. This problem is interesting in its own right and serves to
illustrate general two-mode formalism. We first show how the frequencies of
the two oppositely-directed running waves can be split by rotation. This is the
original, optical version of the Sagnac effect that we have already encountered
in our discussion of atom interferometry, Sect. 6.4. We then derive general
two-mode intensity equations using the specific homogeneously-broadened
formulas of Sect. 5.3, and a ring-laser generalization of the Doppler standing-
wave formulas in Sect. 7.3. The steady-state solutions to these two-mode
equations are given along with a stability analysis revealing effects of mode
competition. Mode locking, another kind of mode competition, is discussed
in Sect. 7.5.

We describe the ring laser electric field by a special case of (7.1)

E(z, t) =
1
2
E+(t)e−i(ν+t+φ+−K+z) +

1
2
E−(t)e−i(ν−t+φ−+K−z) + c.c. (7.53)

This is a generalization of the single-mode standing wave in which the ampli-
tudes, frequencies, and phases of the two oppositely-directed running waves
can be independent of one another. It is the same as the bidirectional field
(5.53) with E± = E± exp(−iφ±). To see that a rotation of the ring at rate Ω
leads to unequal passive cavity frequencies, Ω± = cK±, consider the distance
a running wave travels in the time τ± used to make a round trip (see Fig. 7.7).
Since the starting point moves Ωrτ± in this time, we have cτ± = L±Ωrτ±,
i.e., cτ± = L/(1±Ωr/c). For constructive interference, an integral number of
wavelengths must fit into this distance, that is, cτ± = n2πc/Ω±. This gives

Ω± = Ω0(1 ∓Ωr/c) , (7.54)

where Ω0 = 2nπc/L is the Ω = 0 degenerate frequency. The beat frequency
Ω+ −Ω− is
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Ω+ −Ω− = −2Ω0Ωr/c = −(4AΩ0/Lc)Ω = SΩ , (7.55)

where A is the enclosed area. The area form of the Sagnac formula (7.55)
is clearly valid for a circle, since A = πr2 and L = 2πr. It is actually valid
for rings of arbitrary shape. Note that for a circle, the Sagnac constant S
equals the number of nodes in the standing wave inside the ring cavity, since
S = 2Ω0r/c = 2n. By measurement of the beat frequency of the laser, we
can thus determine the rotation rate, much like the atom interferometers
discussed in Sect. 6.4. A complete theory must, of course, include effects of
mode pulling introduced by the active medium.

Fig. 7.7. Diagram showing how far the + and – running waves have to travel to
make their respective round trips when the circular cavity rotates a rate Ω

To find the intensity equations of motion, we use the two-mode case
of the multimode self-consistency equation (7.5) in combination with ap-
propriate polarizations of the medium. One such polarization is that for
the homogeneously-broadened case with equal frequencies ν+ = ν− = ν in
Sect. 5.3. Note that approximating the frequencies of the two counterpropa-
gating waves by the same value in polarization calculations is an excellent ap-
proximation, since the Sagnac frequency shifts are typically extremely small
compared to ν. We can change the linear propagation absorption coefficient
α0 of (5.28) into a cavity gain coefficient by replacing −K by ν, i.e., here
a0 = ν℘2N/2ε�γ. Using this α0 in (5.66), we expand to third-order in the
field amplitudes to find the gain coefficient

α+ = α0γD(1 − I+L − 2I−L) . (7.56)
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Substituting this into (7.8) [set −νχ′′n/2 = Re(α+)] and multiplying through
by 2E+(℘/�)2T1T2, we find the intensity equation

İ+ = 2I+[g+ − ν/2Q+ − β+I+ − θ+−I−] , (7.57)

where for our current model the linear gain coefficient is g+ = α0L, the self-
saturation coefficient is β+ = α0L2, and the cross-saturation coefficient is
θ+− = 2β+. Similarly,

İ− = 2I−[g− − ν/2Q− − β−I− − θ−+I+] . (7.58)

The classical amplitude equations (2.22b, c) are closely related, but corre-
spond to propagation.

Because these equations occur often in laser theory (and in other disci-
plines like biology and chemistry as well), it is worth spending some time
analyzing them in some detail. Four steady-state solutions (dI±/dt = 0) are
possible in general, since either mode may or may not oscillate. (Note that
the solutions are physically possible only if they are positive.) The case for
which neither oscillates is trivial: both modes are below threshold. The two
single-mode cases with solutions given by (7.31) are more interesting, since
both modes might oscillate in the absence of the other, but might not be able
to oscillate in the other’s presence due to competition for the main medium.

The solution for which both intensities are nonzero results from solving
the pair of coupled equations given by setting the bracketed expressions in
(7.57, 7.58) separately equal to zero. We find

I± =
α±eff/β±

1 − C , (7.59)

where the effective net gain coefficients

α±eff = g± − ν

2Q±
− θ±∓

g∓ − ν/2Q∓
β∓

, (7.60)

and the coupling parameter

C =
θ+−θ−+

β+β−
. (7.61)

Here α+eff is called an effective net gain coefficient since it is the linear net
gain for I+ minus the saturation induced by I− oscillating alone.

To determine the stability of these solutions, we perform a linear stability
analysis similar to that of the single-mode case of (7.29). Specifically, we
substitute I±(t) = I(s)± + ε±(t) into (7.57) to find

ε̇+ = 2ε+
[
g+ − ν/2Q+ − β+I

(s)
+ − θ+−I

(s)
−

]

−2I(s)+ (β+ε+ + θ+−ε−) , (7.62)
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with a similar equation for ε−. Consider first the stability of the I(s)+ = 0 solu-
tion in the presence of I− oscillating alone with the value (g− − ν/2Q−)/β−.
In other words, we ask, can I+ build up in the presence of I−? For this case,
(7.62) reduces to ε̇+ = 2α+effε+. Hence, if I+’s effective net gain is positive,
I+ builds up. It may do so and then either suppress I− or coexist with it.

To find out which of these scenarios actually takes place, we consider the
stability of the two-mode solution of (7.59). In this case (7.62) reduces to

ε̇+ = −2α+eff

1 − C [ε+ + ε−θ+−/β+] , (7.63)

with a similar equation for ε̇−. For two-mode stability, the coefficient matrix
in these coupled equations has to have eigenvalues with negative real parts.
Problem 7.7 shows that this is the case provided that both effective α’s are
positive and that the coupling parameter C is smaller than 1. In contrast,
the solutions of (7.59) for which C > 1 and both effective α’s are negative
(to get In > 0) are unstable. For these cases, either single-mode solution
is stable, that is, we have bistability. Which mode oscillates depends on the
initial conditions.

Armed with these general solutions and their stability characteristics,
we return to the homogeneously broadened ring laser, for which θ−+/β+ =
θ+−/β− = 2. This gives C = 4 and α±eff = g± − ν/2Q± < 0. This gives
bistable operation and was the first kind of “optical bistability” to be pre-
dicted (see Chap. 8 for a discussion of optical bistability in its usual context).
This bistability is observed in ring-dye lasers. The factor of 2 in the ratio of
the cross-saturation to self-saturation coefficients results from the spatial-hole
grating burned in the population difference by the field fringe created by the
two waves. It is the same factor of two that occurs in a gain grating. This
grating is out of phase with the fringe field that burns it and hence scatters
out of phase destructively. Added to the ordinary saturation of the atoms,
this gives twice as much cross saturation (one mode saturating the other) as
self saturation.

Obviously a ring laser with a single running wave makes a bad gyro; one
needs both counterpropagating waves to obtain a beat frequency. The gaseous
medium of Sect. 7.3 averages out the grating thereby reducing the θ’s relative
to the β’s. The appropriate density matrix element ρab(z, v, t) is given by
(7.42) with the running-wave spatial factor U+(z) of (7.3). Evaluating the
time integral and projecting the result onto U∗

+, we find the polarization

P+(t) = −i℘2
�
−1N̄E+

×
∫ ∞

−∞

W(v)D(ω − ν+ +Kv)dv
1 + I+L(ω − ν+ +Kv) + I−L(ω − ν+ −Kv) . (7.64)

This yields the same first-order term (7.46) as the standing wave case with
the subscript n replaced by +. The third-order term becomes [using contour
integration as for (7.48)]
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P(3)
+ (t) =

1
2
√
π℘2N̄(�Ku)−1E+e−(ω−ν+)2/(Ku)2 [I+ +γD(ω−ν0)I−] , (7.65)

where the average detuning ν0 = (ν+−ν−)/2. This yields the intensity equa-
tions (7.57, 7.58) with g+ = (ν/2Q+) exp[−(ω − ν+)2(Ku)2], β+ = g+/2,
and θ+− = β+L(ω − ν0). For nonzero average detuning, the coupling ratio
θ+−/β+ is reduced below unity and the two-mode solution of (7.59) occurs
if both effective net gains are positive.

In general in ring laser gyros, one avoids the strong mode competition
at ν0 � ω by using a mixture of two isotopes (Ne20 and Ne22) whose line
centers differ by about 800 MHz. By tuning in between these centers, the
value of the Lorentzian L(ω − ν0) is reduced about 1/20, and the modes are
essentially uncoupled from one another as far as saturation is concerned. In
the next section, we see how backscattering from the mirrors can introduce
a phase-dependent coupling that can lock the laser mode frequencies to the
same value. This is the major problem with the low rotation-rate operation
of the laser gyro.

7.5 Mode Locking

The mode competition effects in the ring laser considered in Sect. 7.4 occur
from the fact that the two modes share the same atoms. This competition
is phaseless; the mode phases always cancel out in the nonlinear response
(for the scalar ring laser). In this section, we consider competition effects in
which the relative phase between the modes enters and can cause the mode
frequencies to lock to the same value. In Sect. 11.3, we consider multimode
operation with modes of different frequencies that lock into a regularly spaced
comb leading to a periodic laser output. The frequency locking in the ring
laser is the bête noire of the laser gyro, and people have worked very hard
and successfully to minimize it.

The basic idea of mode locking is that modes quite capable of existing
independently of one another are persuaded to follow the direction of some
impressed force either internally or externally generated. In short, the modes
are synchronized. As for mode competition, analogues of mode locking exist
in everyday life. Examples of the externally locked variety include musicians
following the direction of a conductor, a heart following the tempo of a pace-
maker, a TV raster scan synced to the broadcasted signal, and synchronous
transmission of computer data. An example of internally generated locking
is musicians in a quartet or rock band who somehow stay together without
the aid of a conductor.

A more scientific example was observed by Huygens and consisted of two
pendulum clocks (Huygens first put the pendulum into the clock) that ticked
at slightly different rates when apart, but ticked at the same rate when hung
close together on the same wall. Later Lord Rayleigh studied forced tuning
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forks and similarly found that although a beat note existed between the forks
when apart, the note vanished when both sat next to one another on a table.
Van der Pol observed that a triode oscillator may lock to an injected signal.

A modern version of Huygen’s clock experiment is to observe two com-
puter clocks (MHz square-wave generators) placed near one another on the
same printed circuit board. Due to imperfect decoupling of their common
power supply, they are coupled in a phase-sensitive way and lock together
when tuned sufficiently close to one another in frequency. This form of mode
locking is easy to observe on an oscilloscope, and reveals the principal features
of laser mode locking we talk about in this section.

Mode locking is caused by scattering or injecting some portion of one
mode into the other mode. For example in the ring laser, imperfections in the
mirrors can backscatter one mode into the other. For generality, we assume
that the corresponding scattering constant g+ih is complex: both index and
absorption variations may scatter. To include this in two-mode operation, we
replace the polarization Pn by

Pn → Pn + 2εν−1(g + ih)E3−neiψn·3−n , (7.66)

where n = 1 or 2 and the relative phase angle ψn,3−n = (νn − ν3−n)t+ φn −
φ3−n. The presence of ψnm is crucial; it does not occur in coupling due to
cross saturation.

Substituting (7.66) into the self-consistency equations (7.5, 7.6), we see
that the scattering affects both the amplitude and the frequency equations.
We suppose the effect on the amplitudes is small enough to be neglected,
which often is the case. The amplitude equations can then be solved and the
resulting amplitudes substituted into the frequency equations. Using (7.6),
we find that the relative phase angle

ψ = (ν2 − ν1)t+ φ2 − φ1 (7.67)

has the equation of motion

ψ̇ = a− g
[
E1

E2
− E2

E1

]
cosψ + h

[
E1

E2
+
E2

E1

]
sinψ

or
ψ̇ = a+ b sin(ψ − ψ0) , (7.68)

where

a = Ω2 −Ω1 −
ν

2ε
Re(P2E

−1
2 − P1E

−1
1 ) ,

b2 = g2
[
E1

E2
− E2

E1

]2

+ h2

[
E1

E2
+
E2

E1

]2

,

tanψ0 = g(E2
1 − E2

2)/h(E2
1 + E2

2) .
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The solutions to the “mode locking” equation (7.68) are divided into two
regimes by the ratio |a/b|. For |a/b| > 1 , no value of b sin(ψ−ψ0) can cancel
the a, and hence ψ changes monotonically in time, decreasing if a < 0 and
increasing if a > 0. On the other hand for |a/b| ≤ 1, one or two values of ψ
exist giving ψ̇ = 0, i.e., mode locking. These values are

ψs =
{
ψ0 − sin−1(a/b)
ψ0 + π + sin−1(a/b)

}
. (7.69)

To check their stability, we substitute ψ(t) = ψs + ε(t) into (7.69) and find

ε̇ = b cos(ψs − ψ0)ε , (7.70)

i.e., ψs is stable if b cos(ψs − ψ0) < 0.
If |a/b| 
 1, the relative angle ψ changes essentially linearly in time at

the rate ψ̇ = a. As |a/b| decreases toward unity, one can observe that the b
term in (7.68) starts to subtract from a term in one half of the cycle and to
add in the other half. This leads to a “slipping” behavior, as ψ “slips” past
the point where the b term tries to cancel the a term. When |a/b| reaches
unity, ψ gets to the slipping point and sticks. For |a/b| > 1, it is useful to
calculate the average frequency defined by the reciprocal of the ψ(t) period

Δν =
2π

t(ψ0 + 2π) − t(ψ0)
,

where t(ψ0) is the time when ψ = ψ0. From (7.68), we have

1
Δν

=
∫ t(ψ0+2π)

t(ψ0)

dt =
∫ ψ0+2π

ψ0

dψ
a+ b sinψ

.

We have already seen this integral in connection with spatial hole burning
in Sect. 5.3 [see (5.63)]. Both cases involve interferences between two waves.
For mode locking the interference is temporal and the average increases the
beat frequency period. For spatial hole burning, the interference is spatial
and the average increases the saturation. However, spatial hole burning has
nothing that corresponds to locking: |a/b| is inevitably greater than unity.
Using (7.63), we find

Δν = (a2 − b2)1/2 . (7.71)

This is plotted in Fig. 7.8 as a function of a, which shows the mode lock-
ing region as that for Δν = 0. In particular for the ring laser, one tries to
minimize this region. The most popular technique is to use the best obtain-
able mirrors and to dither (shake about the rotation axis) the laser, thereby
largely preventing it from locking.
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Δν

ab

−b

Fig. 7.8. Average frequency of (7.71) versus zero-locking beat frequency parameter
a. Note that aside from some index corrections a of (7.68) is proportional to the
rotation rate in the laser gyroscopes

7.6 Single-Mode Semiconductor Laser Theory

In its simplest form, the semiconductor laser consists of a diode, which is a
p-type semiconductor joined to an n-type semiconductor. By itself the p-type
material is neutral in charge, but contains doping atoms that need extra elec-
trons to fill their outermost valence shell. By itself the n-type semiconductor
is also neutral but contains doping atoms that have extra electrons outside
their last complete shell. When the two media are brought into contact with
one another, the extra electrons in the n-type medium move across the junc-
tion to the p-type medium, and corresponding holes from the p-type medium
move to the n-type medium. The Coulomb attraction prevents the carriers
from penetrating into the other medium very far. If a positive voltage is ap-
plied across the junction from the p-type to the n-type side, a current can
flow and the conduction electrons recombine in the junction with the holes,
emitting light. If this light can propagate in the plane of the junction and be
partially refected at the end facets, there may be enough gain to overcome
the losses, and the device will lase. To simplify our discussion we assume
that the junction consists of a thin layer (typically ≤ 0.1 μm of an intrinsic
semiconductor, that is, an undoped semiconductor.

We wish to describe the diode gain and lasing conditions as functions of
temperature, current, decay rates, and the carrier effective masses. We do
this by using the semiconductor quasi-equilibrium model of Sect. 5.5. The
appropriate complex polarization Pn is given by (5.126) with two changes:
1) the self-consistency equations (7.5, 7.6) assume that the field phase φn is
factored out, and 2) the constant backround index contribution given by the
−1 in the d0 of (5.126) is included in the outside ε factor, since otherwise the
long (and unphysical) wings of Lorentzian cause the sum over momentum
to diverge. In a more complete model, the sum converges because the band
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structure is not parabolic for large k. This gives the slowly-varying complex
polarization

Pn =
i℘2En

�γV

∑

κ

L[d0 − i(ω − νn)γ−1(fe + fh)] .

Substituting this into (7.5, 7.6), we find

Ė = (αrn − ν/2Qn)En , (7.72)
νn + φ̇n = φn − αin , (7.73)

where αrn and αin are the real and imaginary part of the complex saturated
gain coefficient

αn =
ν℘2

2εγ�V

∑

k

L[d0(k) − i(ω − νn)γ−1(fe(k) + fh(k))] . (7.74)

Steady-state operation occurs when Ė = 0. Above the laser threshold, this
implies the steady-state oscillation condition

αrn =
ν℘2

2εγ�V

∑

k

Ld0(k) =
ν

2Qn
, (7.75)

i.e. the saturated gain equals the cavity losses as in (7.27). According to
(7.75), the difference d0(k) and hence the total carrier density N must remain
at their respective laser-threshold values, a feature known as gain clamping.
In particular, (7.75) determines the steady-state single mode laser carrier
density N0 and the threshold pump value λth as functions of the cavity loss
rate constant ν/2Q and temperature T . Since the intensity determines the
total carrier density independently of the momentum k, we say that the
semiconductor laser medium saturates homogeneously, in spite of the linear
gain profile being inhomogeneously broadened.

In terms of the gain αrn, the carrier-density equation of motion (5.125)
becomes

Ṅ = λ− λth − α
rn\
, (7.76)

where the “photon number” density \ (t) (note that this is a classical quantity
in spite of the name we give it) is defined by

\ (t) = εE2
n/�ν , (7.77)

and the threshold pump value λth (that for \ = 0) is given by

λth = γnrN0 + ΓV −1
∑

k

fe(k)fh(k) , (7.78)



196 7 Introduction to Laser Theory

such that V −1Σkfα(k) = N0, for α = e or h. Equation (7.78) must be
evaluated numerically. Multiplying the field amplitude (7.72) by 2εEn/�ν,
we have the equation of motion

˙\ = 2/\αrn − ν/2Qn) . (7.79)

The steady-state photon number density is determined by the condition
˙\ = Ṅ = 0, which gives

\ = (N − 1)\ s , (7.80)

where the relative excitation N is defined by the ratio

N =
λ

λth
, (7.81)

and the “saturation photon number density” \ s is given by

\ s =
λth

αrn
. (7.82)

Equation (7.80) shows that the laser intensity increases as a linear function
of the pump rate with a slope proportional to \ s. According to Table 7.1 the
unidirectional ring laser with a homogeneously broadened two-level active
medium has the dimensionless intensity (intensity in units of the saturation
intensity Is) In = (NL−1)/L, which is similar to (7.80), although it displays
its tuning dependence explicity. For central tuning (L = 1) and a relative ex-
citation N = 2, the two-level dimensionless intensity In = 1, i.e., the laser
intensity equals the saturation intensity Is. In this spirit, we call \ s the
semiconductor-laser saturation photon number because it is the \ value cor-
responding to the relative excitation N = 2. We see that the semiconductor-
laser steady-state oscillation intensity has similarities with the corresponding
homogeneously broadened two-level laser intensity. However, it differs in im-
portant ways, such as its dependencies on carrier density, temperature and
effective masses, and on the cavity tuning. The semiconductor-laser \ s differs
from the two-level Is significantly in various respects, not the least of which
is that \ s is negative, i.e. unphysical, for an absorbing medium. Section 11.1
gives further comparisons in discussing the transient response of (7.76, 7.79).

The shift in the laser oscillation frequency νn from the passive cavity value
ωn is given by (7.73), where

αin = − ν℘2

2εγ2�V

∑

k

[fe(k) + fh(k)](ω − νn)L . (7.83)

Comparing (7.73) with (7.9), we see that (7.83) defines a negative change in
the index of refraction δν induced by the carriers of

δη � αin

Ωn
� − ℘2

2εγ2�V

∑

k

(ω − νn)[fe(k) + fh(k)]L . (7.84)
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Since the distributions fα depend on intensity, (7.84) implies that the nonlin-
ear medium has index antiguiding (defocussing) properties. These effects are
ignored in the present plane-wave theory, but they would have consequences
for a theory that includes transverse variations, such as the Gaussian beam
theory of Sect. 7.7.

Numerical Evaluation of Laser Gain and Index Formulas

To evaluate the complex gain given by (7.74), we convert the sum V −1
∑

k

into an integral. To do this we need to introduce the density of states, which
determines how the k values are distributed as function of k. Specifically in
a cavity of length L, the number of states up to a wavelength 2π/k is given
by L/(2π/k). In three dimensions, this becomes V k3/(2π)3, where V = L3.
Writing this in spherical coordinates, we have the relation

1
V

∑

k

→ 2 · 4π
(2π3)

∫ ∞

0

k2dk , (7.85)

where the leading 2 comes from the two possible spin values, and the 4π
comes from the integral over the solid angle. Converting to the reduced mass
energy ε of (5.110), we have dε = (�2/m)kdk and k = [2mε/�2]1/2, which
give

k2dk =
√

2[m/�2]3/2
√
εdε . (7.86)

Substituting this into (7.85), we find

1
V

∑

k

→ (2m/�2)3/2

2π2

∫ ∞

0

√
εdε =

1

2π2a30E
3/2
R

∫ ∞

0

√
εdε , (7.87)

where the exciton Bohr radius and Rydberg energy are given by

a0 =
�

2ε

me2
, (7.88)

ER =
�

2

2ma20
, (7.89)

and ε is the permittivity of the medium. Quantities expressed in terms of a0
and ER are less dependent on the specific semiconductor medium. In these
units, the carrier density of (5.113) is given by

N � 1

2π2a30E
3/2
R

∫ ∞

0

√
εdε

eβ(ε/m̃α−μα) + 1
, (7.90)

where the effective mass ratio m̃α ≡ mα/m. In terms of ε, we have the energy
detuning

�(ω − ν) = (�ω − εg − δεg) − (�ν − εg − δεg) = ε− �δ , (7.91)
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where the laser detuning relative to the renormalized bandgap is given by
�δ = �ν − εg − δεg.

To carry out integrations over carrier energy, we express all frequencies in
meV. To express �γ in meV, we take advantage of the fact that γ is usually
given in terms of its inverse, the carrier-carrier scattering time τs. Planck’s
constant � = 6.5817 × 10−13 meV, which gives

�γ =
�

τs
=

6.5817 × 10−13

τs
. (7.92)

For example, a scattering time of τs = 10−13 s gives �γ = 6.58 meV. Similarly
we express the frequency difference �δ in meV. For room temperature, 1/β �
25 meV.

The optical gain coefficient of (7.75) is given by

ατ =
ν℘2

2εγ�(2π2a30E
3/2
R )

∫ ∞

0

√
εdε

1 + (ε− �δ)2/(�γ)2

×
[

1
eβ(ε/m̃e−μe) + 1

+
1

eβ(ε/m̃h−μh) + 1
− 1

]
. (7.93)

To get a feel for this gain function, we plot
√
εfe(solid line)

√
εfh (dashed line)

and
√
ε(fe +fh −1) (dot-dashed line) in Fig. 7.9. The dot-dashed curve gives

the gain spectrum of an optical probe for zero linewidth; linewidths (2�γ)
larger than zero sample a range of values, changing the gain spectrum some-
what. For the parameters chosen, the gain disappears below N0 � 1.21×1018

carriers/cm3.
An increase in temperature reduces the gain by spreading the carriers

out. This is shown in Fig. 7.10 for the three temperatures T = 200, 300, and
400 K. The gain peak is defined by the condition ∂αrn/∂δ = 0. The laser
threshold occurs for the minimum carrier density N0 and the detuning δ0
that allow this condition and (7.75) to be satisfied simultaneously. N0 and δ0
can be found by using a Newton-Raphson numerical procedure.

7.7 Transverse Variations and Gaussian Beams

Up to this point we have approximated the laser field by a plane wave. Ob-
servations and theoretical treatments reveal that the real modes in a laser
are typically Hermite- or Laguerre-Gaussian functions, the simplest of which
is the Gaussian beam. In this section, we show how a Gaussian beam is a
solution of the Helmholtz equation (spatial part of the wave equation), we
give some of its properties, and we develop a simple single-mode laser theory
that uses the Gaussian beam.

It is well known that the spherical wave ψ = eiKr/r is a solution to the
Helmholtz equation ∇2ψ + K2ψ = 0. The spherical wave is also a solution
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with arbitrary constant translations of the origin. The Gaussian beam has
cylindrical symmetry about the z axis and decays as a Gaussian function of
the radial distance from the z axis. We can obtain a wave with cylindrical
symmetry about the z axis as well as a decay by choosing a spherical wave
with an imaginary displacement along the z axis. Specifically, we set r =
[x2 + y2 + (z − iz0)2]1/2 and suppose that ρ2 ≡ x2 + y2 � z20 . Then

eiKr

r
≡ eiK(z−iz0)

z − iz0
eiKρ2/2(z−iz0)

=
eKz0

z − iz0
eiK[z+zρ2/2(z2+z2

0)]e−Kz0ρ2/2(z2+z2
0) . (7.94)

Aside from the unimportant constant factor exp(Kz0), this is the formula for
a Gaussian beam. Its amplitude falls off to the 1/e point at ρ2 = w2, with
the width w defined by

w2 = w2
0(1 + z2/z20); w2

0 = 2z0/K . (7.95)

This equation shows that the beam spreads to
√

2 times in minimum waist
w0 at z = z0. The distance z0 is called the Rayleigh length.

In addition, the Gaussian beam of (7.94) has a radius of curvature given
by

Rc = z + z20/z . (7.96)

Fig. 7.9.
√

εfe (solid line),
√

εfh (dashed line), and
√

ε(fe + fh − 1) (dot-dashed
line), all in units of 2π2ER versus energy ε in meV for T = 300 K and a carrier
density of 3.5 × 1018 carriers/cm3, kB = .086164 meV/K, and carrier parameters
appropriate for GaAs, namely, a0 = 1.243 × 10−6 cm, ER = 4.2 meV, me/m =
1.127, me/m = 8.82. The gain formula used is (7.93) with the chemical potentials
determined by the closure relation (5.113) to be μe = 4.73 kBT and μh = −.86 kBT
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Fig. 7.10.
√

εd0(k) =
√

ε(fe(k) + fh(k) − 1) versus reduced-mass energy ε for the
temperature T = 200 K (solid line), 300 K (dashed line) and 400 K (dot-dashed
line), and other parameters as in Fig. 7.9

To see this, note in Fig. 7.11 that at a small off-axis distance ρ, a circle “sags”
a distance h given by R2

c = ρ2 +(Rc −h)2, which gives h � ρ2/2Rc. In (7.94)
the sag h = ρ2/2(z2 + z20), from which (7.95) follows. Figure 7.12 illustrates
the Gaussian beam.

To make a laser resonator, we locate mirrors with appropriate curva-
ture and separation to match the phase fronts given by (7.94). Provided
some value of z0(ω0) subject to the condition ρ2 � z20 can yield appropriate
phase fronts for the given mirrors and separation, the resonator is “stable”,
i.e., has low loss for highly refecting mirrors.

One problem is that this simple recipe produces some focussing of the
beam, and typically a substantial volume of potentially useful laser medium
lies outside the interaction region. To get around this wasteful geometry,
resonators that do not correspond to any Gaussian beam can be used, which
lead to rays that walk off the mirrors instead of being focused back onto

Fig. 7.11. Arc of a circle defining the “sag” h corresponding to off-axis distance ρ.
The corresponding sag for the Gaussian beam defines a radius of curvature given
by (7.95)
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Fig. 7.12. Gaussian beam diagram showing minimum waist size ω0 and Rayleigh
length z0 (distance at which the beam spreads to

√
2w0 in width and attains the

minimum radius of curvature). The parameters used are z0 = 5 and λ = 1

them. The laser output is then taken from around the edges of the smaller
mirror in the cavity as shown in Fig. 7.13. Such unstable resonators can give
an efficient laser with high power output, although the beam has a hole in
its middle. More elaborate schemes get rid of the hole as well.

Fig. 7.13. Diagram of a unstable resonator

To include a Gaussian beam in a single-mode laser theory, we replace
Un(z) of (7.2, 7.3) by

Un(r, z) = Un(z)e−r2/ω2
0 (7.97)

and include corresponding integrals over r wherever projections on Un(z)
occur. To simplify the analysis, we assume that the beam has a constant
width ω0 throughout the interaction region. A more exact theory would al-
low for the fact that spreading does occur, leading to smaller peak intensities
on the axis away from the beam waist. Still more elaborate theories would
include higher-order Hermite-Gaussian functions that occur for other trans-
verse modes found in lasers (see Fig. 7.14). We include an aperture of radius
a, which serves both to prevent higher-order modes from oscillating, and can
be used in theory to pass from the uniform-saturation, i.e., plane-wave limit
(given by a = 0, i.e., uniform across the aperture) to a full Gaussian limit
(a = ∞).
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Under these approximations, the polarization (7.10) and normalization
(7.11) integrals become, respectively,

Pn(t) = eiνnt 2℘
Mn

∫ a

0

dr
∫ 2π

0

r dφe−r2/ω2
0

∫ L

0

dz U∗
n(z)ρab(r, z, t) , (7.98)

where Mn is the mode normalization factor

Fig. 7.14. Picture showing some of transverse distributions for higher-order beams
in lasers

Mn =
∫ a

0

dr
∫ 2π

0

r dφ e−2r2/ω2
0

∫ L

0

dz|Un(z)|2 . (7.99)

As an example, consider the unidirectional ring cavity. The integrals can then
be solved by the substitution

u = e−2r2/ω2
0 ,du = −4rω−2

0 e−2r2/ω2
0 dr . (7.100)

The normalization factor (7.99) becomes

Mn = 2(πLω2
0/4)

∫ 1

ua

du =
π

2
Lω2

0(1 − ua) . (7.101)

Substituting this and (5.24) into (7.98), we find
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Pn(t) = −i℘2En�
−1N̄

Dn

1 − ua

∫ 1

ua

du
1 + InLnu

= −i℘2En�
−1N̄Dn

1
(1 − ua)InLn

ln
[

1 + InLn

1 + InLnua

]
. (7.102)

Note that for a→ 0, ua → 1, and the bracketed expression in (7.102) becomes
d ln(1 + I)/dI = 1/(1 + I), where I = InLn. Hence for uniform saturation,
i.e., a plane wave, we recover the plane-wave formula (7.14) with (7.16). In
terms of (7.14), we obtain the saturation factor

S(In) =
1

(1 − ua)InLn
ln

[
1 + InLn

1 + InLnua

]
. (7.103)

Substituting this into the intensity equation of motion (7.20) with gn
given by (7.23) [for which the linear loss terms have also had projections like
(7.99)], we find the steady-state result

NLn

(1 − ua)InLn
ln

[
1 + InLn

1 + InLnua

]
= 1 . (7.104)

In particular for a 
 ω0, which corresponds to a full Gaussian beam, this
gives

In = N ln(1 + InLn) . (7.105)

This gives a substantially softer saturation characteristic than the plane wave
formula given in Table 7.1. Figure 7.15 compares the two [(7.105) is solved
iteratively]. Note that for a given relative excitation N , the detuning values
for the onset of oscillations are the same for Gaussian-beam and plane-wave
theories, since the values are determined by linear theories.

Problems

7.1 Show that the population matrix ρ(z, v, t) of (7.35) obeys the equations
of motion (5.9–5.11) in which the time derivative is given by the convective
derivative of (7.36). Show also that the formal solution (7.38) satisfies the
equation of motion (7.37).

7.2 Consider a gas laser with γ = 2π×100 MHz and Ku 
 γ. We insert a
Doppler-broadened absorption cell with a natural linewidth of 10 kHz and the
same line center as the laser gain medium into the cavity. Suppose the steady-
state field is sufficiently small that the induced polarization of the media can
be treated to order E3. Qualitatively, how do you expect the intensity to
vary as a function of tuning? Write a formula for the combined polarizations
of the media. Solve the resulting steady-state laser equation for the output
intensity.
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Fig. 7.15. Unidirectional ring intensity versus detuning for a plane wave (dashed
lines – first entry in Table 7.1) and a Gaussian beam [solid lines – (7.105)]. The
pair of higher intensity curves is for the relative excitation N = 2, and the lower
pair is for N = 1.2. The dipole decay constant γ = 100

7.3 The gain for the I+ wave in a bidirectional ring laser with both waves
tuned to the atomic line center is

α+ =
α0

2I+

[
1 − 1 + I− − I+

[1 + 2I+ + 2I− + (I+ − I−)2]1/2

]
.

Show that to first-order in I+ and I−, the gain for I+ is

α+ � α0(1 − I+ − 2I−) .

Noting that α− is given by the same expression with the subscripts + and −
interchanged, what can you say about the steady-state solution(s)? What is
the physical origin of the factor of 2?

7.4 Show that the fringe pattern in a bidirectional circular ring cavity remains
stationary even when the cavity rotates. What two main problems occur in
the ring laser gyro and what ways are used to overcome them?

7.5 What condition must be satisfied so that only a single cavity mode os-
cillates in a cavity?

7.6 By setting ∂2In/∂ν
2
n|νn=ω = 0, show that (7.52) exhibits a Lamb dip

provided the relative excitation N of (7.22) satisfies the inequality N >
1 + 2(γ/Ku)2.

7.7 Show that the coefficient matrix in the coupled equations of motion (7.62)
and its ε− counterpart has eigenvalues with negative real parts, provided that
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both effective α’s are positive and that the coupling parameter C is smaller
than 1. Alternatively apply the Hurwitz criterion of Prob. 11.4.

7.8 Show that the indefinite integral

J =
∫

dθ
1

a+ b sin θ
=

2
(a2 − b2)1/2

tan−1

{
a tan(θ/2) + b
(a2 − b2)1/2

}
+ C

for a2 > b2. For b2 > a2, tan−1 → tanh−1 and a2 − b2 → b2 −a2, and you get
an overall minus sign. In what problem(s) does this integral occur in laser
physics?

7.9 What is the radius of curvature Rc of a phase front of a Gaussian beam?
What is the beam waist size ω? Answer: Rc = z + z20/z;ω = ω0

√
1 + z2/z20 ,

where the minimum waist size ω0 =
√
λz0/π.

7.10 The coupling between two longitudinal modes in a standing-wave laser
described by the field

E(z, t) =
∑

n

En(t) cos(νnt) sin(Knz)

is characterized in third-order perturbation theory by

Ė1 = E1

[
g1 −

ν

2Q1
− β1I1 − θ12I2

]

with a similar equation for Ė2 with 1 and 2 interchanged. The self- and cross-
saturation coefficients are given by

β1 = F3L2(ω − ν1) ,

θ12 =
1
3
F3(2 +N2/N̄)Re{γD1[L2 + F(Δ)

γ

2
(D1 + D∗

2)]} ,

where the “cross excitation” function

N2 =
1
L

∫ L

0

dzN(z) cos(2πz/L) .

Interpret these coefficients in terms of incoherent and coherent saturation
effects, noting the role of population pulsations. Neglecting these pulsations,
evaluate the coupling parameter C = θ12θ21/β1β2 when (a) N(z) fills the
cavity, (b) N(z) is the first quarter of the cavity, and (c) N(z) is in the
middle 1/10th of the cavity

7.11 Consider the sidemode polarization P1 in a two-mirror laser given by
the expression

P1 = − i℘2

�
E1D1

1
L

∫ L

0

dz
N(z)|U1(z)|2

1 + I2L2|U2(z)|2
,
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where Un(z) = sin(Knz). For what a kind of a medium is this valid? Have
population pulsations been neglected? Show that the answer is

P1 = − i℘2

�

E1D1√
1 + I2L2

(
N̄ −N2

I2L2/2
1 + I2L2 +

√
1 + I2L2

)
,

where N̄ = 1
L

∫ L

0
dz N(z) and N2 = 1

L

∫ L

0
dz N(z) cos(2Δz/c). Hint:

sin2(K1z) =
1
2
− 1

2
cos[2(K2 −Δ/c)z]

=
1
2
− 1

2
cos(2K2z) cos(2Δz/c) − 1

2
sin(2K2z) sin(2Δz/c)

and the sin(2K2z) terms can be dropped since it is an odd function which
is multiplied by an even function in P1 and integrated over an even interval.
Also use the fact that N(z) and cos(2Δz/c) vary little in a wavelength.

7.12 Using (7.20, 7.24, 7.25), calculate the steady-state intensity for a uni-
directional ring laser with extreme inhomogeneous broadening. Answer: see
Table 7.1.

7.13 Consider the three-level system shown below:

The applied electric field causes transitions between levels a and b while level
c (the ground state) acts as a reservoir connected to a and b by level decays
and pumps. γa and γb, are the rates at which levels a and b decay to level
c, and Λa and Λb are the pumping rates from level c to levels a and b. Γ
describes the decay from level a to level b.

(a) Assuming E = E0 cos νt where ν � ωa − ωb = ω so that the rotating
wave approximation may be made, determine the equations of motion for the
population matrix elements. There are four equations, one for the dipole ρab

and one for each level population.



Problems 207

(b) Solve these equations in steady state for ρaa, ρbb, and ρaa − ρbb using the
rate equation approximation. Keep in mind the trace condition ρaa + ρbb +
ρcc = N , where N = total number of systems.

(c) Defining I = (℘E0/�)2T1T2, T2 = 1
γ , show that the population difference

ρaa − ρbb = N ′/(1+ IL), where N ′ is the zero-field population difference and
L = γ2/(γ2 + (ω − ν)2). Determine the expression for N ′ and show that T1

is given approximately by (5.108).

(d) The semiclassical laser theory of Chap. 7 assumes there is no decay be-
tween a and b and that the populations of levels a and b are small compared
to the pumping reservoir. Set Γ = 0 and let γa, γb 
 Λa, Λb. Show that your
expressions reduce to N ′ = n(Λa/γa − Λb/γb) and T1 = 0.5(1/γa + 1/γb). In
this limit we are assuming ρcc � N so that NΛa � λa, Nλb � γb.

(e) This level scheme can also describe upper to ground state lower decay
with no pumping. Show by setting γa = γb = 0 in your general expressions
that N ′ = −N,T1 = 1/Γ . Note that the pumps cancel out.

7.14 Show that the steady-state oscillation condition (7.26) with the inho-
mogeneous broadening saturation factor (7.24) yields the corresponding laser
intensity given in Table 7.1.

7.15 Show that the width of the Lamb dip given by (7.52) is given approxi-
mately by 2

√
2γ.

7.16 Show that in the limit Λa, Λb � γa, γb, the population-difference life
time T1 of Prob. 7.13 is given by

T1 =
1
2
γa + γb

γb(γa + Γ )
=

1
2

1
γa + Γ

(
1 +

γa

γb

)
.

In appropriate limits, this formula reduces to the excited two-level system of
Fig. 4.1 and to the upper-to-ground-lower-level case of Fig. 4.5.

7.17 Calculate the polarization given by (7.12) for a two-mirror laser when
the length of the medium is small compared to an optical wavelength, e.g.,
as produceable by a molecular-beam epitaxy (MBE) machine. What is the
corresponding steady-state laser intensity.

7.18 Using (5.61), calculate α+ for a ring cavity with an active medium small
compared to a wavelength. Note that for this problem, the medium deter-
mines the z reference, in contrast to the choice leading to the polarization of
(5.62).



8 Optical Bistability

Chapter 7 gives the theory of a laser, which is a self-sustained oscillator con-
sisting of an active medium in a Fabry-Perot or ring cavity. The laser output
frequencies, imposed by the self-consistent laser equations, are compromises
between the atomic and cavity natural frequencies. In this chapter, we dis-
cuss another situation involving a nonlinear medium in Fabry-Perot and ring
cavities, but with two major changes: 1) the cavity output depends on an
injected signal for its energy and output frequency, and 2) the medium is
passive, i.e., it absorbs and/or provides an index change – but for two-level
media, the upper state is not pumped. The name optical bistability comes
from the characteristic of such systems that for a single input intensity, two
(or more) stable output intensities are often possible, one large and one small.
The system is like an electronic flip-flop except that it is all-optical.

We have already encountered a situation leading to a bistable output
in Sect. 7.4, which discusses optical bistability due to nonlinearities of the
medium in the homogeneously-broadened ring laser. In this case, the bista-
bility is directional, in that the laser likes to run in one direction or the other
but not in both. Similarly a laser based on an atomic J = 2 ←→ 2 transi-
tion likes to run with one circular polarization or the other, but not both.
Both of these systems are lasers and hence self-sustained oscillators, and were
understood in the mid 1960’s.

Szöke et al. (1969) considered injecting a signal into a ring cavity with an
unexcited two-level medium (see Fig. 8.1). They gave the theory presented
in Sect. 8.1, which shows that the bleaching of the medium due to saturable
absorption, combined with the feedback provided by the resonator, can lead
to hysteresis: once large, the cavity field can be reduced below the value that
led to the jump to the big value and the medium still remains sufficiently
bleached to maintain the big field. Such “absorptive optical bistability” has
been observed, but is relatively difficult to achieve.

In contrast, Gibbs et al. (1976) discovered and explained optical bistability
for a cavity containing a medium with a nonlinear index and no absorption
or gain, i.e., purely dispersive. For the simplest case of a Kerr nonlinearity,
the cavity frequency is swept an amount proportional to the light intensity
in the cavity. By choosing a weak-field detuning with opposite sign from this
sweep, larger fields can tune the cavity through resonance. Two stable output
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Fig. 8.1. Unidirectional ring cavity with input field EI and output field ET and a
nonlinear medium. This configuration is often used in discussions of optical bista-
bility

values are again possible, one for small cavity fields, one for large. In contrast
to the absorptive case, the theory can be based on low-order perturbation
theory, that is, on the first nonlinear index term n2 or the susceptibility term
χ(3).

Dispersive optical bistability differs from the absorptive also in that in-
creasing input intensities cause the cavity transmission to decrease after a
certain point, since they keep changing the cavity frequency, while the ab-
sorptive case passes all intensity values past a certain point with nearly unit
transmission. Furthermore, since the fields used in the dispersive case can
tune substantial amounts, “multistability” is possible with large transmis-
sions corresponding to input intensities appropriate for successive cavity res-
onances, again in contrast to the absorptive case.

Section 8.1 develops the simple theory of a cavity filled with a nonlinear
medium and driven by an injected field, and considers the purely dispersive
limit in some detail. Section 8.2 considers purely absorptive optical bistability
and develops a simple stability analysis of the steady-state solutions. When
bistability can occur, a third output value is a solution of the equations,
but it is found to be unstable. Section 8.3 analyzes the stability of a more
complicated situation in which a pair of sidemodes builds up in an optically
bistable cavity containing a pure index χ(3) medium [Ikeda (1989) instability].
This problem involves the three-wave mixing concepts developed in Chap. 2
and further in Chap. 10.

8.1 Simple Theory of Dispersive Optical Bistability

We consider the situation illustrated in Fig. 8.1 of a ring cavity with one leg
filled by a nonlinear medium and driven by an injected field EI . To determine
the field inside the unidirectional ring cavity, we write the relation
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En+1(0) =
√
TEI + f [En(0)] , (8.1)

which states that the field at z = 0 just inside the input mirror on the (n+1)st
“pass” around the cavity equals the transmitted portion of the input field EI

plus some function of the field present on the previous (nth) pass. Without
loss of generality, we take the cw input field to be real and the cavity field E
to be complex. In general the function f(E) depends on the growth or decay
of the field as it propagates through the nonlinear medium, but we take it to
be the simple function

f [En(0)] = Re−α
eiKLEn(0) , (8.2)

where L is the round-trip length of the ring cavity, $ is the length of the
nonlinear medium, α is the complex absorption coefficient, and R = 1 − T
is the mirror intensity reflectivity coefficient. As such, we assume that the
absorption coefficient depends only on the “uniform field” approximation
(field envelope is position independent) and thereby neglect saturation or
nonlinear index corrections due to field changes along the laser axis.

Possible steady-state solutions to (8.1) are given by setting En+1(0) =
En(0) = E0. This gives

E0 =
√
TEI + f(E0) , (8.3)

which with (8.2) becomes

E0 =
√
TEI +Re−α
eiKLE0 . (8.4)

Solving for E0, we have

E0 =
√
TEI

1 −Re−α
+KL
. (8.5)

Aside from a phase factor if the medium does not fill the first leg of the cavity,
the output field is given by

ET =
√
TE($) =

√
TE0e(−α+iK)
 . (8.6)

Combining this with (8.5), we have the amplitude transmission function

ET

EI
=

T e(−α+iK)


1 −Re−α
+iKL
=

T eiK(
−L)

eα
−iKL −R . (8.7)

Similarly, one can show for the two-mirror (Fabry-Perot) cavity that

ET

EI
=

Eeα
−iKL

e2α
−2iKL −R . (8.8)

Up to this point, our equations apply to an arbitrary complex absorp-
tion coefficient, α, and hence can be used to study both purely dispersive
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and purely absorptive optical bistability. In the remainder of this section, we
consider the purely dispersive case [Re(α) = 0]. This case is obviously an ap-
proximation, since a nonlinear dispersion implies the existence of a nonlinear
absorption, but the latter decreases significantly faster as the laser frequency
is detuned from the medium’s resonances. For example, in the case of homo-
geneously broadened two-level atoms the absorption scales as 1/δ2, while the
dispersion scales as 1/|δ|. Setting β = αi$ −KL – (nearest multiple of 2π),
we find that the amplitude transmission function (8.7) yields

IT
II

=
T 2

|eiβ −R|2 =
1

1 + 4R sin2(β/2)/T 2
, (8.9)

where IT = |ET |2 and II = |EI |2 (here we suppose the E’s are dimensionless
fields corresponding to the usual dimensionless intensity definition). Near a
cavity resonance, |β| � 1, which gives

IT
II

=
1

1 +Rβ2/T 2
, (8.10)

whereas for larger β, IT /II < T 2. This gives the familiar Lorentzian trans-
mission peaks (Fig. 8.2), which have FWHM = 2T/

√
R = 2π/F , where F is

the cavity finesse. Ordinarily the transfer function is plotted versus the input
frequency, while in Fig. 8.2 we have chosen the tuning axis to be the trans-
mitted intensity IT . This choice corresponds to dispersive optical bistability
and is explained along with the straight lines below.

To understand dispersive bistability, we expand the phase shift β in (8.10)
as

β = β0 + β2IT . (8.11)

We take β2 to have the opposite sign from β0, so that the field can tune the
cavity through resonance. Equation (8.10) then gives

II = IT [1 +R(β0 + β2IT )2/T 2] . (8.12)

Figure 8.2 plots the cavity transmission IT /II of (8.9) for cases with β
given by (8.11). The figure also illustrates a graphical solution of (8.9). The
straight lines are those of IT /II vs IT . The intersection points between these
straight lines and the cavity resonance curve give the dispersive bistability
solutions predicted by (8.9). This graphical approach gives one an immedi-
ate feel for the number of possible solutions corresponding to a given input
intensity.

For bistability to occur, we must have a region for which dIT /dII < 0, or
equivalently dII/dIT < 0. Setting dII/dIT = 0 to find the boundary of this
region. From (8.12) we obtain

0 = 1 +R(β0 + β2IT )2/T 2 + 2Rβ2IT (β0 + β2IT )/T 2

= (β2IT )2 + 4β0β2IT /3 + (T 2/R+ β2
0)/3 .
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Fig. 8.2. Transmission peaks of a high Q cavity. Intersections of straight lines with
the peaks correspond to various possible oscillation intensities for dispersive optical
bistability. The reflectance R = .7, β0 = 2, and β2 = −3.1

This equation has the roots

β2IT = −2
3
β0 ±

1
3

√
β2

0 − 3T 2/R . (8.13)

For real solutions, β2
0 > 3T 2/R. This bistability condition makes sense in

terms of the cavity transmission diagram (Fig. 8.2), since for bistability, the
cavity intensity must tune from a low transmission value on one side of a
resonance to a high transmission value on the other side. Since the resonance
has a FWHM = 2T/

√
R,

√
3T/

√
R might be expected to do the trick. When

plotting IT as a function of II with II on the x axis (Fig. 8.3), we see how
three output intensities can correspond to one input intensity.

To predict the stability of these solutions intuitively, note that the upper
branch corresponds to points on the right side of a resonance (see Fig. 8.2)
and the negative slope region to points on the left side. A small increase of
the cavity field for a point on the right side detunes the cavity, causing the
self-consistent field to decrease. Similarly, a decrease tunes the cavity toward
resonance, causing the field to increase. Hence such a point is stable. The
opposite is true for points on the left side. From this argument, we see that
for a given value of the input intensity, the line C in Fig. 8.2 has two such
stable outputs, hence the name optical bistability.

Figure 8.3 shows the hysteresis loop that the output follows as the input
intensity II is successively increased and decreased within the appropriate
range. Consider IT initially on the lower branch as II increases past its value
for the lower turning point. The output intensity IT then “switches” up to
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Fig. 8.3. Transmitted intensity IT versus input intensity II given by (8.12) for
dispersive optical bistability. The parameter values used are R = .99, β0 = .05, and
β2 = −.2. The vertical lines show the sides of the hysteresis loop traced out by
IT as II is increased above its value at the lower turning point and then below its
value at the upper turning point

the upper branch. So long as IT remains larger than its value at this switch
point, IT is given by the upper branch solution. The remarkable point is that
as IT decreases below this value, IT is still given by the upper-branch value
until II decreases below its value for the upper turning point. At this point,
IT switches back down to the lower branch.

It is also possible to obtain a β2 term purely classically by suspending
one cavity mirror in a vacuum and letting the force from radiation pressure
increase the cavity length. This force is proportional to the light intensity
in the cavity and hence to IT . In steady state, it is balanced by the force
exerted by gravity on the mirror pendulum. Since the latter is approximately
proportional to the mirror displacement ζ from the vertical, we have ζ ∝ IT .
Calling L0 the cavity length for ζ = 0, we have L = L0 + ζ. The two-mirror
cavity modes are Ωn = πnc/L. Hence the round-trip phase shift is

β =
2(ν −Ωn)L

c
=

2(ν −Ωn0)L0

c
+

2νζ
c

= β0 + β2IT . (8.14)

Instead of changing the optical length of the cavity, this arrangement changes
its physical length. Otherwise, everything remains the same. As for nonlin-
ear dispersive optical bistability, this radiation pressure bistability can be
multistable. Experimentally, noise plays an important role in this problem,
ordinarily causing the mirror to move around in times on the order of 0.1
seconds. Some combinations of parameters can “cool” this motion to a value
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near a steady-state solution to Newton’s law. For further information, see
Dorsel et al. (1983).

8.2 Absorptive Optical Bistability

Let us now turn to the case of purely absorptive optical bistability for which
the input field frequency coincides with both a cavity resonance and the
atomic line center. Ignoring the unimportant phase factor in the numerator
of (8.7), and supposing that α$� 1 so that e−α
 � 1−α$, we find that (8.7)
reduces to

ET

EI
� 1

1 + α$/T
. (8.15)

If α$/T is large, i.e., for T � α$ � 1, then ET /EI is small. However if the
absorption can be bleached, ET /EI can approach unity transmission.

Specifically for a two-level atom, Sect. 5.1 shows that on resonance
α = α0/(1 + I), where I is given in units of the saturation intensity. For
convenience, we take EI and ET also in the corresponding amplitude units,
which gives I = IT /T . Combining these formulas with (8.15) and solving for
EI , we find

EI√
T

=
ET√
T

[
1 +

α0$/T

1 + IT /T

]
. (8.16)

Alternatively for a standing-wave cavity, α = α0S(In), where the saturation
factor S(In) is given by (7.18), here with νn = ω. This gives

ET√
T

=
ET√
T

[
1 +

2α0$/T

IT /T

(
1 − 1

(1 + IT /T )1/2

)]
. (8.17)

Figure 8.4 plots EI

√
T (on the x axis) versus ET

√
T for various values of

α0$/T . We see that for sufficiently large α0$/T , three possible values of ET

occur for a single EI value, just as for the dispersive case. As discussed below,
both here and for the dispersive case the negative slope region (ET /EI < 0)
is unstable, so that only two solutions are stable.

To find the value of α0$/T giving the onset on multiple solutions, we set
dEI/dET = 0. This implies (we use the common notation 2C = α0$/T for
typographical simplicity)

0 = 1 +
2C

1 + I
− 4CI

(1 + I)2
.

This gives a quadratic equation for I = IT /T with the solutions

I = C − 1 ±
√
C
√
C − 4 . (8.18)

These solutions are real only if C ≥ 4, i.e., only if α0$/T ≥ 8.
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Fig. 8.4. Graphs of the output field versus input field given by (8.16) for centrally-
tuned absorptive optical bistability for α0�/T = 0, 4, 8, and 16, in order of decreas-
ing initial slope

Linear Stability Analysis

The question arises as to what solutions of (8.1) are stable. In Sect. 8.3, we
present an analysis that leads to a simple interpretation in terms of sidemode
build up. Here for simplicity, we consider purely absorptive bistability, for
which (8.2) is real and consider a real field En instead of the more general
complex field En. As in the treatment of Chap. 7, we perform a linear stability
analysis by expanding En about E0 as

En = E0 + εn (8.19)

and ask that εn → 0 as n → ∞. In principle εn could be complex and
in extreme cases even lead to “phase switching”, but we consider only real
fluctuations. Substituting (8.17) into (8.1), we find

E0 + εn+1 =
√
TEI + f(E0) + εn

df
dE0

,

i.e.,

εn+1 =
df(E0)

dE0
εn =

[
1 −

√
T

dEI

dE0

]
εn , (8.20)

where (8.3) gives the second equality. Equation (8.20) converges provided
∣∣∣∣1 −

√
T

dEI

dE0

∣∣∣∣ < 1 . (8.21)
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Since by assumption the equations are real, (8.21) implies that dEI/dET

must be positive, but not too large. The negative sloped regions in Fig. 8.4
are therefore unstable. Intuitively one can understand this in terms of servo
system concepts. Equation (8.3) is a self-consistent equation in which part of
the output, f(E0), is fed back into the input. Equation (8.21) says that if an
input increase leads to an output increase, the feedback is negative and the
system is stable. However if a decrease in EI produces an increase in E0, the
feedback is positive and therefore unstable. Note that if dEI/dET is positive
but too large, (8.21) also predicts instability.

More generally, (8.20) predicts the onset of an instability when |df(E0)/
dE0| = 1, that is, when

εn+1 = ±εn .
We see immediately that the condition with the minus sign allows period 2 or
period doubling solutions, since εn repeats after two round trips, (εn+2 = εn).
Section 8.3 considers a related but more complicated situation in terms of
three-wave mixing.

It is sometimes useful to define a field time rate of change by

En+1 � En + τ
dEn

dt
, (8.22)

where τ is the round-trip time. Substituting this into (8.1), we find

τ
dEn

dt
=

√
TEI + f(En) − En . (8.23)

Stability can also be studied in this case using (8.19), whereupon one finds

dεn
dt

=
1
τ

[
1 − df(E0)

dE0

]
εn = −T

τ

dET

dE
εn . (8.24)

Note that this relation yields stability for all dEI/dET > 0, i.e., is less strin-
gent than (8.21). This is an indication that in stability problems, it can be
dangerous to approximate a difference equation by a differential equation. It
is easy to show that for the absorptive case (8.15), df(E0)/dE0 > 0, so that
cases like df/dE0 < −1 forbidden by (8.20) do not occur.

Absorptive optical bistability is easy to understand in terms of the bleach-
ing of an absorber, but it is difficult to observe and to use. In contrast, purely
dispersive nonlinear media lead to forms of bistability that are readily ob-
served, and have greater promise for applications.

8.3 Ikeda Instability

The basic equations (8.1) and (8.2) can be written as

E(t+ τ) =
√
TEI +Re−α
eiKLE(t) , (8.25)
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where τ is the cavity round-trip time. This section studies the build-up of
side-mode instabilities in this system for the simple case of a Kerr-type non-
linearity with instantaneous response time. For this case, the current method
is a generalization of the simple analysis of (8.19–8.21). With the dispersive
bistability choice of (8.11), (8.25) becomes

E(t+ τ) =
√
TEI +Rei[β0+β2TI(t)]E(t) , (8.26)

where the transmitted intensity IT = TI(t). In steady state, E(t+ τ) = E(t)
and as in (8.9), we have

IT
II

=
1

1 + 4(R/T 2) sin2[12 (β0 + β2IT )]
. (8.27)

We analyze the stability of this solution against small side-mode pertur-
bations, i.e., we introduce a field with the envelope

E(t) = E2 + ε(t) = E2 + E1eiΔt + E3e−iΔ∗t (8.28)

into (8.26) and linearize the resulting equation about (8.27). Here E2 is the
steady-state solution of (8.26) and Δ is a complex frequency ν2 − ν1 + ig,
where g is the net gain of the sidemodes. We need to determine Δ in a self-
consistent fashion by subjecting the difference equation to a linear stability
analysis which is related to the three-wave mixing in Chaps. 2, 10. After one
round trip, we find the field fluctuation

E1eiΔ(t+τ) + E3e−iΔ∗(t+τ) = R exp[i(β0 + Tβ2|E2|2)]{E1eiΔt + E3e−iΔ∗t

+ iTβ2[|E2|2(E1eiΔt + E3e−iΔ∗t) + E2
2 (E∗

1 e−iΔ∗t + E∗
3 eiΔt)]} .

(8.29)

Equating the terms in eiΔt in this equation and in its complex conjugate
yields the coupled equations

E1eiΔr = BE1 + iBTβ2[|E2|2E1 + E2
2E∗

3 ] , (8.30a)
E∗
3 eiΔr = B∗E∗

3 − iB∗Tβ2 [|E2|2E∗
3 + E∗2

2 E1] , (8.30b)

where B ≡ R exp[i(β0 + Tβ2|E2|2)]. The first term in the square brackets is
due to nonlinear refraction in the Kerr medium, while the second one is a
four-wave mixing contribution: E2 is scattered off the index grating generated
by E2 and E∗

3 (or E∗
2 and E1) to produce absorption or gain for the sideband

amplitude E1 (or E∗
3 ) one round-trip later. The instability resulting from this

four-wave mixing process in dispersive bistability was discovered by Ikeda
(1979) and its side-mode gain interpretation was given first by Firth et al.
(1984). Combining (8.30a, b), we find the eigenvalue equation

[
B(1 + iTβ2|E2|2) − eiΔr iBTβ2E2

2

−iB∗Tβ2E2E∗2
2 B∗(1 − iTβ2|E2|2) − eiΔr

] [
E1

E∗
3

]
= 0 . (8.31)
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The corresponding equation for the eigenvalues λ = eiΔr is

λ2 − λ[B(1 + iTβ2|E2|2) + c.c.] +R2 = 0 , (8.32)

which gives

λ2−2Rλ[cos(β0 +Tβ2|ε2|2)−Tβ2|E2|2 sin(β0 +Tβ2|E2|2)]+R2 = 0 . (8.33)

The resonator is stable if the net gain g < 0 and unstable if g > 0. Thus
the instability edges are given by the condition |λ| = 1. Consider first the
case λ = 1. Substituting this value into (8.33) yields

cos[β0 + Tβ2|E2|2] − Tβ2|E2|2 sin[β0 + Tβ2|E2|2)] =
1 +R2

2R
. (8.34)

Using (8.27), we can show that this is precisely the same as the condition

dII
dIT

= 0 , (8.35)

as can be seen readily from (8.27). This means that the instability edge
corresponding to λ = 1 is just the usual “negative slope instability” of optical
bistability and multistability. Regions of the transmission curve IT /II with
negative slope are always unstable.

The instability edge λ = −1 yields

cos[β0 + Tβ2|E2|2] − Tβ2|ε2|2 sin[β0 + Tβ2|E2|2] = −1 +R2

2R
, (8.36)

which can be seen to correspond to instabilities occurring on the branches of
positive slope.

The instabilities corresponding to λ ≡ eiΔr = ±1 have quite distinct
physical signatures. The first case gives Δ = 2qπ, q integer, i.e.,

Δq = 2
qπ

τ
. (8.37)

The negative branch instabilities are such that

E(0, t+ τ) = E(0, t) . (8.38)

In this case the pump frequency (Δ = 0) along with all other frequencies
displaced from it by an integer multiple of the cavity mode spacing 2π/τ , is
made cavity resonant. Therefore, any small fluctuation in the input intensity
II induces the device to go unstable.

In contrast, λ = −1 implies Δ = (2q + 1)π, q integer, or

Δq =
(2q + 1)π

τ
. (8.37)
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Substituting (8.37) into (8.28) gives

E(0, t+ τ) �= E(0, t) , (8.38a)
E(0, t+ 2τ) = E(0, t) . (8.38b)

This is an oscillatory solution with period 2τ , i.e., twice the round-trip time.
After one round-trip time, E1 and E∗

3 are interchanged, and after two times,
they return to their original values. In this case the probe waves E1 and E3

are adjacent cavity modes separated by 2qπ/τ symmetrically placed about
the pump wave E2. This gives rise to a 2τ modulation of the total field,
the so-called Ikeda instability. This “period-2 bifurcation” is the first step
in a route to deterministic chaos following the period doubling scenario [see
Feigenbaum(1978)].

At the stability edges for the Ikeda instability, the parametric gain due
to the four-wave mixing interaction exactly balances the transmission losses,
and the pair of detuned probe fields give rise to a self-consistent set of side-
bands. This situation is just like that of four-wave mixing and the instabilities
discussed in Sect. 11.2, except here they occur far off any atomic line center
and with difference, rather than differential, equations. Hence, we see that
the transient phenomena of Sects. 11.1–11.3 can all be interpreted in terms
of sidemode oscillations; in Sect. 11.1, they decay away, while in Sects. 11.2,
11.3, they build up.

Problems

8.1 Show that

IT =
IIT

2 exp(−αBL/ cos θ)
(1 −R′)2[1 + 4R′(1 −R′)−2 sin2(2πLλ−1n0 cos θ)]

for a Fabry-Perot with loss A = 1−R−T in each coating and unsaturable ab-
sorption coefficient (intensity) of αB , R

′ = R exp(−αBL/ cos θ). The Fabry-
Perot makes an angle θ with respect to the normal. Note that the presence
of an unsaturable absorber lowers the finesse and makes optical bistability
more difficult to obtain.

8.2 From the equation relating the normalized incident and transmitted in-
tensities, defined as II = II/T and IT = IT /T , for absorptive optical bistabil-
ity, calculate the maximum differential gain G ·G is defined as G = dIT /dII

evaluated at the inflection point d2II/dI2
T = 0. What is the value of the

normalized transmitted intensity IT at that point?

8.3 Write the equation for absorptive optical bistability with an inhomoge-
neously broadened two-level medium. Prove that this equation can (or can-
not) exhibit bistability.
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8.4 Compare and contrast absorptive and dispersive optical bistability. How
are the incident and transmitted field phases related?

8.5 Optical bistability yields two stable outputs for the same input. In purely
dispersive optical bistability, for which there is no absorption, what happens
to the light energy after the system switches from the upper to the lower
branch?

8.6 Calculate the transmission equation II = f(IT ) for a two-level medium
allowing for the cavity detuning δc = KL – nearest multiple of 2π and atomic
detuning δ = ω − ν. Answer:

II = IT [(1 + αr$/T )2 + (1 + (αi$− δc)/T )2] .



9 Saturation Spectroscopy

Nonlinear phenomena can be used in two general ways, one of them being
applications such as second-harmonic generation, lasers, phase conjugation,
optical bistability, etc. Alternatively one can use them to study the properties
of the medium that generates them. The various kinds of nonlinear spec-
troscopy fall into the second category. Saturation spectroscopy deals typically
with the cw absorption of waves passing through a medium to be studied.
In the simplest case, a probe wave acts alone and one studies the probe
absorption as a function of the intensity. The formulas for this are given earlier
in Sect. 5.1, since this problem is of substantial use not only in spectroscopy,
but also in laser theory and optical bistability.

A more complex setup is pictured in Fig. 9.1, where a weak (nonsaturat-
ing) probe wave passes through a medium saturated by an arbitrarily intense
second wave, called the saturator wave. The theory predicts the absorption
versus probe-saturator detuning, which reveals the dynamic Stark effect and
various coherent dips. Section 5.2 already considers the measurement of a
spectral hole this way, as well as degenerate probe absorption, that is, the
situation where the probe and saturator waves have the same frequency. This
chapter concentrates on probe-saturation spectroscopy in two- and three-level
homogeneously and inhomogeneously broadened media. The concept of pop-
ulation pulsations and its relationship to dynamic Stark splitting are pre-
sented. Chapter 10 on phase conjugation considers three and four waves with
an emphasis on applications, but provides useful alternative probing config-
urations. Chapter 11 uses some of the results of Chaps. 9, 10 to discuss the
possible build-up of laser modes in the presence of an oscillating mode, a
further example of an optical instability. Chapter 12 studies fields with time
varying, rather than cw, envelopes. Chapter 16 presents resonance fluores-
cence, which Sect. 16.4 shows to be closely related to the probe absorption
problem. Absorption also plays a role in the generation of squeezed states
discussed in Chap. 17.

Section 9.1 develops the two-mode theory of an arbitrarily intense satu-
rator wave and a weak nonsaturating probe wave. This theory uses Fourier
series to solve the Schrödinger equations of motion. Section 9.2 applies the
resulting polarization of the medium to predict absorption coefficients in
various homogeneously-broadened media and to illustrate coherent dips and
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Fig. 9.1. Basic probe-saturator saturation spectroscopy configuration indicating
the fringe pattern created by the interference between two waves. This fringe induces
a grating that scatters some of wave 2 into the path of wave 1

the dynamic Stark effect. Here, the strong wave fundamentally modifies the
nature of the atomic interactions. Section 9.3 considers inhomogeneously-
broadened and Doppler broadened media and shows how the Lamb dip can
be used for spectroscopic purposes. Section 9.4 considers three-level phenom-
ena.

9.1 Probe Wave Absorption Coefficient

We consider a medium subjected to a saturating wave and study the trans-
mission of a weak (nonsaturating) probe wave as diagrammed in Fig. 9.1.
We assume that the saturating wave intensity is constant throughout the
interaction region and ignore transverse variations (see Sect. 7.6 for some
discussion of these variations). We label the probe wave by the index 1 and
the saturator by 2 as shown in Fig. 9.2. Our electric field has the form

E(r, t) =
1
2

∑

n

En(r)ei(Kn · r−νnt) + c.c. , (9.1)

where the mode amplitudes En(r) are in general complex and Kn are the
wave propagation vectors. This multimode field differs from that (7.1) used
in laser theory in that the fields may not be collinear. In this chapter the
mode index equals 1 or 2, while in Chap. 10, which considers two side-modes,
it may equal 3 as well. The field (9.1) induces the complex polarization

P (r, t) =
1
2

∑

n

Pn(r)ei(Kn · r−νnt) + c.c. , (9.2)
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ν1 ν2 ν3ω

E2

E1 E3

Fig. 9.2. Spectrum of two- and three-wave fields used in Chaps. 9,10. Waves with
frequencies ν1 and ν3 are usually taken to be weak (nonsaturating), while the ν2

wave is allowed to be arbitrarily intense. The beat frequency Δ ≡ ν2 − ν1 = ν3 − ν2

where Pn(r) is a complex polarization coefficient that yields index and ab-
sorption/gain characteristics for the probe and saturator waves. The polar-
ization P (r, t) in general has other components, but we are interested only
in those given by (9.2). In particular, strong wave interactions induce com-
ponents not only at the frequencies ν1 and ν2, but at ν1 ± k(ν2 − ν1) as
well, where k is an integer. The classical anharmonic oscillator discussed in
Chap. 2 has this property as well. To distill the components Pn(r) out of
P (r, t), we can use the mode factors exp(iKn · r) as for (5.56), provided they
differ sufficiently from one another in distances for which the amplitudes
vary noticeably. For nearly parallel (or parallel) waves, the mode functions
do not vary sufficiently rapidly, and one must separate components by their
temporal differences, e.g., by heterodyne techniques.

The problem reduces to determining the probe polarization P1(r), from
which the absorption coefficient is determined from an equation like (5.4)
with the subscript 1 on the E ,P, and α. One might guess that the probe
absorption coefficient is simply a probe Lorentzian multiplied by a population
difference saturated by the saturator wave as done in Sect. 5.2 in measuring
the width of a spectral hole. However, an additional contribution enters due to
population pulsations. Specifically, the nonlinear populations respond to the
superposition of the modes to give pulsations at the beat frequency Δ = ν2−
ν1. Since we suppose that the probe does not saturate, the pulsations occur
only at ±Δ, a point proved below. These pulsations act as modulators (or
like Raman “shifters”), putting sidebands onto the medium’s response to the
ν2 mode. One of these sidebands falls precisely at ν1, yielding a contribution
to the probe absorption coefficient. The other sideband would influence the
absorption at a frequency ν2+ν2−ν1, a point discussed in Sect. 10.3. As shown
by (5.70) for degenerate counterpropagating probe and saturator frequencies
(ν+ = ν− = ν), the probe absorption coefficient can be substantially smaller
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than the simple saturated value, since the saturation denominator (1+I L) is
squared. The square is due to pump scattering off the population pulsations.

In this section, we derive the complete nonsaturating probe absorption
coefficient. The equations of motion for the population matrix are (5.9–5.11)
for Type 1 two-level media (both levels excited – Fig. 4.1), and (5.9, 5.32) for
Type 2 media (ground-state lower level – Fig. 4.5). The interaction energy
matrix element Vab for (9.1) is given in the rotating-wave approximation by

Vab = −℘
2

∑

n

En(r)ei(Kn · r−νnt) , (9.3)

where n = 1 or 2 for this chapter.
To determine the response of the medium to this multimode field, we

Fourier analyze both the polarization component ρab of the population matrix
as well as the populations themselves. Specifically, we expand ρab as

ρab = Nei(K1·r−ν1t)
∞∑

m=−∞
pm+1eim[(K2−K1)·r−Δt] , (9.4)

where N is the unsaturated population difference. The population matrix
elements pαα have the corresponding Fourier expansions

ραα = N
∞∑

k=−∞
nαkeik[(K2−K1)·r−Δt] , α = a, b . (9.5)

It is further convenient to define the population difference D(r, t) with the
expansion

D(r, t) ≡ ρaa(r, t) − ρbb(r, t) = N
∞∑

k=−∞
dkeik[(K2−K1)·r−Δt] , (9.6)

where dk ≡ nak − nbk. Note that d∗k = d−k. We now substitute these expan-
sions into the population matrix equations of motion and identify coefficients
of common exponential frequency factors. We suppose that E1 does not sat-
urate, i.e., neglect terms where it appears more than once. We show that
in this approximation only p1, p2, and p3 occur in the polarization expansion
(9.4), and that only d0 and d±1 appear in the population difference expansion
(9.6). Physically this simplification occurs because a product of E1 and E2 cre-
ates the pulsations d±1, and from then on only E2 can interact. One obtains
the polarization sidebands of ν2 at frequencies ν1 and ν3 which subsequently
combine with ν2 only to give back d±1 components.

Consider first the component of the polarization driving the saturator
wave. It is given by the coefficient of exp(iK2 ·r−iν2t), i.e., by p2 or them = 1
term in (9.4). We calculate this polarization by neglecting the nonsaturating
probe field in Vab, substituting the expansions (9.4, 9.5) and equating the
terms in exp(iK2 · r − iν2t) in (5.9). We find readily
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−iν2p2 = −(iω + γ)p2 − i(℘E2/2�)d0 ,

which gives
p2 = −i(℘/2�)E2D2d0 , (9.7)

where for notational simplicity we have defined the complex Lorentzian

Dn = 1/[γ − i(ω − νn)] . (9.8)

Equation (9.7) is simply an alternate way of writing the single-mode density
matrix element of (5.14) in which we include a subscript 2 to specify the
saturator wave and have factored out the unsaturated population difference
N and the rapidly-varying time/space factor exp(iKz − iνt).

In (9.7), we need the dc Fourier component of the population difference
d0 = na0 − nb0, saturated by the saturator wave E2 alone. Combining (9.5,
5.10), we find for the k = 0 term

0 = λa/N − γana0 + [i(℘E2/2�)p∗2 + c.c.] .

Combined with (9.7), this yields

na0 = λa/Nγa − (2γaγ)−1|℘E2/�|2L2d0 . (9.9)

Here E2 is the saturator dimensionless Lorentzian (5.18) written in the form

Ln = γ2/[γ2 + (ω − νn)2] . (9.10)

The E1 contributions are ignored here, since we assume that E1 doesn’t sat-
urate. The dc population component nb0 is given by (9.9) with a→ b and a
change of sign. As for ρaa − ρbb of (5.19), this gives the population difference
component

d0 = 1 − I2L2d0 = 1/(1 + I2L2) . (9.11)

Let us now turn to the probe wave, which is driven by the polarization
component p1 oscillating at exp(iK1 · r− iν1t [m = 0 term in (9.4)]. Equating
the terms with this phasor in (5.9) yields an equation for p1 that includes an
extra term proportional to E2d−1

−iν1p1 = −(iω + γ)p1 − i(℘/2�)[E1d0 + E2d−1] ,

giving
p1 = −i(℘/2�)D1[E1d0 + E2d−1] . (9.12)

The E2d−1 term gives the scattering of E2 into the E1 mode by the population
pulsation component d−1. The polarization component p0 remains zero when
only d0 and d±1 are nonzero, since it is proportional to E1d−1, which involves
at least two E1’s.

Even though the saturator and one probe wave only are present, the
polarization component p3 has the nonzero value
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p3 = −i(℘/2�)D3E2d1 , (9.13)

while pj>3 vanishes since d(k>1) would be involved. The component p3 effects
the probe absorption coefficient, as will be seen shortly, and also plays an
essential role in three and four-wave mixing, as discussed in Chap. 10.

Proceeding with the population pulsation terms na,−1, nb,−1, and d−1,
we have

iΔna,−1 = −γana,−1 + i(℘/2�)[E1p
∗
2 + E2p

∗
3 − E∗

2 p1] ,

where we take ℘ to be real without loss of generality. Solving for na,−1 and
substracting a similar expression for nb,−1, we obtain the difference

d−1 = −2iT1F(Δ)(℘/2�)[E∗
2 p1 − E1p

∗
2 − E2p

∗
3] , (9.14)

where the dimensionless complex population-pulsation factor

F(Δ) = (2T1)−1[Da(Δ) + Db(Δ)] , (9.15)

where Da = [γa + iΔ]−1 and T1 is given by (5.22). The F factor approaches
unity as Δ → 0. Note that in (9.14), both p1 and p∗3 contain d−1 contribu-
tions, since d∗1 = d−1. These contributions lead to saturation in the following
expression for d−1. Substituting (9.7, 9.12, 9.13) for the pn, and solving for
d−1, we have

d−1 = −
(℘/�)2E1E∗

2T1T2F(Δ)γ
2 (D1 + D∗

2)
1 + I2F(Δ)γ

2 (D1 + D∗
3)

d0 . (9.16)

Here the sum D1 + D∗
2 comes from the E∗

2 p1 − E1p
∗
2 factor in (9.14) and

D1 +D∗
3 comes from E∗

2 p1 −E2p
∗
3. In general, Dn comes from the polarization

component pn.
Our calculation is self-consistent, since only d0 and d±1 can obtain nonzero

values from p1, p2, p3, and vice versa. Combining the pulsation component
(9.16) with the polarization component (9.12), setting P1 = 2℘Np1, and
using (5.4), we find the complex absorption coefficient

α1 =
α0γD1

1 + I2L2

[
1 −

I2F(Δ)γ
2 (D1 + D∗

2)
1 + I2F(Δ)γ

2 (D1 + D∗
3)

]
(9.17)

which can be written as
α1 = αinc + αcoh .

We refer to the term including only the 1 inside the large bracket as the inco-
herent contribution αinc to the probe absorption coefficient α1, since it does
not involve the response of the medium to the coherent superposition of the
probe and saturator fields. We refer to the term containing the F(Δ) factor as
the coherent contribution αcoh to α1 since it results from the scattering of the
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saturator wave off the population pulsations induced by the probe/saturator
fringe field. A formula equivalent to (9.17) was derived for the first time by
Mollow (1972).

It is instructive to interpret the incoherent and coherent contributions in
terms of transitions. By restricting the intensity of the probe to nonsaturating
values, we have obtained an expression valid for arbitrarily large values of the
saturator intensity I2. The saturation factor 1/(1+ I2L2) appearing in (9.17)
expands to 1 − I2L2 in the third-order approximation (E1E2E∗

2 is involved).
For much of saturation spectroscopy this value is inadequate, for I2 is typ-

ically as large as unity or larger, and the geometric series fails to converge!
Hence, we interpret (9.17) in a nonperturbative fashion as follows: The sat-
urator interacts with the unsaturated population difference N an effective
number of times giving the “summed series” saturation factor 1/(1 + I2L2).
Given an effective dc saturated population difference N/(1+I2L2), the probe
then interacts producing a polarization at the probe frequency. This yields the
incoherent contribution and in addition gives the numerator of the F(Δ)D1

term in (9.17). For the latter, the saturator in turn interacts with the probe
polarization to yield a population pulsation. Alternatively to this probe in-
teraction, the saturator interacts with the effective dc saturated population
difference to generate a polarization at the frequency ν2 [giving the D∗

2 term
in (9.17) without its denominator], followed by a probe interaction, a se-
quence also yielding a population pulsation [the E1p

∗
2 contribution in (9.14)].

The saturator then interacts an additional amount represented by the factor
1/(1 + I2F(Δ) . . .) in (9.17), and corresponding to successive generations of
probe polarizations (at ν3 and ν1, i.e., at ν2±Δ) and population pulsations at
Δ. These sequences give the scattering of the saturator into the probe wave,
i.e., the coherent F(Δ) term of (9.17). For a saturating probe, higher-order
population pulsations (at nΔ, n > 1) occur, forcing one to use a continued
fraction [see Sargent (1978)]. This fraction truncates ultimately due to the fi-
nite bandwidth of the medium. For small Δ, a saturating probe can generate
a substantial number of higher-order pulsations.

An interesting property of α1 is that the integrated area under the α1(Δ)
curve is independent of the coherent contribution αcoh. Whatever decrease the
population pulsations cause for one Δ must be made up in increases for other
values of Δ. The population pulsations merely redistribute the absorption as
a function of Δ and do not modify the medium’s broadband absorption. To
see this, we note that (9.17) has no poles in the lower-half plane for the beat
frequencies Δ. Therefore, the integral

∫ ∞

−∞
dΔαcoh(Δ) = 0 . (9.18)

This fact has analogs in three-level probe absorption spectra.
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9.2 Coherent Dips and the Dynamic Stark Effect

In this section, we illustrate the probe absorption coefficient of (9.17) for a
variety of relaxation rates and saturator intensities that lead to simple for-
mulas. We first recover the degenerate (ν1 = ν2) probe absorption coefficient
of (5.70), which reveals that the degenerate probe absorption is substantially
less than that for single-wave saturation. We then consider level lifetimes
long compared to dipole lifetimes (T1 
 T2). This leads to a coherent dip in
absorption versus probe detuning, caused by the inability of the population
inversion to follow a probe-saturator beat frequency much larger than its de-
cay rate. Hence the coherent contribution to the probe absorption coefficient
falls off as the beat frequency is increased. Such dips allow one to measure the
population decay times, a fact particularly valuable for situations in which
that decay is nonradiative, e.g., picosecond decays in liquids or semiconduc-
tors. We also discuss detuned operation, which introduces a dipole phase shift
that turns the coherent dip into a dispersive-like lineshape (like the χ′n curve
in Fig. 7.2).

We then allow the population and dipole decay times to approach one an-
other, and find that the coherent interaction leads to a dynamic Stark split-
ting with dispersive-like lineshape resonances at the Rabi sidebands. Hence,
in our model using the unperturbed eigenstates of the Hamiltonian, it is
population pulsations that are responsible for the dynamic Stark effect. Al-
ternatively, one can diagonalize the total Hamiltonian to find new energy
levels of shifted value (see the dressed atom picture of Sect. 14.1). In detuned
operation, the extra dipole phase shift turns the dispersive-like lineshapes
into Lorentzian shapes, one with gain (the “Raman” resonance), and the
other absorptive. For ease of reading, we divide this section into a sequence
of six subsections going from the limit T1 
 T2 to T1 � T2.

Degenerate Probe Absorption Coefficient

When the saturator and probe wave frequencies are all equal, the Dn’s of
(9.17) are all equal. Accordingly, writing the detunings as ω−νn � ω−ν2 = δ,
we find that the sums of the Dn functions collapse to a single Lorentzian of
width 6 given by (5.25) and that the population response function F(Δ)
equals unity. The absorption coefficient (9.17) reduces to

α1 =
α0γD2(δ)

1 + I2L2(δ)

[
1 − I2L2(δ)

1 + I2L2(δ)

]
=

α0γD2(δ)
[1 + I2L2(δ)]2

, (9.19)

where the dimensionless Lorentzian L2(δ) is given by (5.18). Equation (9.19)
is the same as (5.70). Noting that the pump scattering off the fringe induced
population pulsations gives the −I2L2/(1 + I2L2) contribution, we see very
clearly that this scattering is responsible for the square of the saturation de-
nominator and hence for the increased saturation of the probe absorption
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coefficient. Stated in other words, the additional saturation is due to the in-
creased transmission of the probe wave created by constructive scattering of
the pump wave off the fringe-induced grating. This scattering is constructive
because the projection of the total polarization onto the probe wave preferen-
tially weights contributions for which the probe and pump are in phase, and
these contributions have greater saturation than those for which the waves
are out of phase.

Short T2 Limit

In media dominated by dephasing collisions such as ruby at room temper-
ature, the population difference lifetime T1 is much greater than the dipole
lifetime T2. For simplicity, we consider beat frequencies Δ small compared
to γ(≡ 1/T2) and restrict ourselves to the upper-to-ground-lower-level decay
scheme of Fig. 4.5, for which T1 = 1/Γ . We remind the reader that for this
case the lower level matrix element ρbb relaxes with the same rate constant
(Γ ) as the upper level element ρaa, but instead of decaying to 0 as ρaa does,
it relaxes to N ′, where N ′ is the number of systems/volume. As for the de-
generate case of (9.19), in this limit the Dn’s are all equal. However, as shown
in Prob. 9.7, the population response function F is given by

F(Δ) =
Γ

Γ + iΔ
. (9.20)

This reduces α1 of (9.17) to

α1 =
α0γ(γ − iδ)
γ′2 + δ2

[
1 − I2L2Γ (Γ ′ − iΔ)

Γ ′2 +Δ2

]
, (9.21)

where the power-broadened decay constants γ′ and Γ ′ are given by γ′ =
γ
√

1 + I2 and Γ ′ = Γ (1 + I2L2), respectively.
In particular for a resonant pump wave (δ = 0), we recover the coherent-

dip (grating-dip) formula of Sargent (1976)

Re{α1} = α0

[
1

1 + I2
− I2Γ

2

Γ 2(1 + I2)2 +Δ2

]
. (9.22)

This formula predicts a set of power-broadened Lorentzians with FWHM
widths given by 2Γ ′ as illustrated in Fig. 9.3. As such it provides a way
to measure the population-difference lifetime T1 ≡ 1/Γ in long T1 media.
Equation (9.22) cannot give gain for any value of the pump intensity I2.

Physically the coherent dip of (9.22) is due to pump scattering off the pop-
ulation pulsations induced by the probe/saturator field fringe component. If
the waves propagate in opposite directions, this fringe has a spacing equal
to one half the light wavelength and moves with a “walking speed” of ap-
proximately Δ/(K1 +K2). If they propagate in the same direction, the fringe
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Fig. 9.3. Graphs of the real part of the normalized probe absorption coefficient of
(9.22) showing power-broadened Lorentzian coherent dips as the saturator intensity
is varied. The medium is homogeneously broadened. From top to bottom, the curves
are for the saturator intensities I2 = .1, .2, .4, .8, 1.6, 3.2, and 6.4

spacing goes to infinity, but the fringe component still oscillates at the beat
frequency Δ. For Δ = 0, the Re{α1} given by (9.22) reduces to the degen-
erate value α0/(1 + I2)2 implied by (9.19). The atomic populations act like
nonlinear anharmonic oscillators with a vanishing resonance frequency. Ac-
cordingly, when driven by a nonzero beat frequency component they respond
with reduced amplitude and a phase shift given by the complex Lorentzian
response function F appropriately power broadened. When Δ 
 Γ , the
populations lag behind by π/2, thereby scattering no pump energy into the
probes, and the absorption increases to the single-wave value α0/(1 + I2)
implied by (5.27). A related reduction in scattering occurs in the reflection
coefficient produced by nondegenerate four-wave mixing in two-level media
(see Sect. 10.4). This case yields a narrow-band retroreflection with a spectral
width determined by 1/T1. This situation is analogous to a car driving over
a “washboard” road. At slow speeds, the car bounces up and down, following
the road’s vertical variations. At higher speeds these variations arrive too fast
for the car chassis to follow them and the driver gets a smooth ride.

Suppose that the system is driven off the dipole (atomic) line center. Then
the dipole response contributes an additional phase shift determined by the
γ− iδ factor in (9.21). In particular if the dipole is driven far off its line center
(|δ| 
 γ) in the “pure-index” regime, the dipole contributes a π/2 phase shift
yielding a dispersive-like absorption profile that can give gain. In this limit,
(9.21) reduces to

α1 =
α0I2γ

3

δ3
Γ (Δ+ iΓ )
Δ2 + Γ 2

. (9.23)
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Fig. 9.4. Graph of the detuned probe absorption coefficient given by the real part
of (9.23). For negative probe/saturator detunings, the probe experiences gain

This formula is very interesting because in a simple way it shows that
two waves can exchange energy in what appears to be a pure index medium.
Ordinarily such media only allow two waves to affect one another’s index of
refraction. The real absorption given by (9.23) is negative if Δ < 0, that is,
gain occurs for Δ < 0 as shown in Fig. 9.4. The width of the interaction
region is characterized by T1 ≡ 1/Γ .

Physically, the reason that two waves can exchange energy in this highly
detuned case is exactly the same as the reason for the existence of the coherent
dip of (9.22). Specifically, the grating or population pulsations induced by
the probe/saturator fringe lag behind the forcing fringe, thereby giving a
phase shift. However, in the highly detuned case of (9.23), this phase shift
gives the pure-index coupling a gain/absorptive coupling character, which is
just the opposite from its effect on the coherent dip.

Transition from T2 � T1 to Comparable T1 and T2

To get a feel for the transition between (9.21) and (9.25), which will be ob-
tained valid for pure radiative decay, we plot in Fig. 9.5 two sets of curves
of the absorption coefficient α1 of (9.17), one for T1 = 100T2, and one for
T1 = T2. By lengthening the response time T2 of the dipole relative to that T1

of the population difference, we can prevent both the dipole and population
difference from following the field fringe component oscillating at sufficiently
large values of the beat frequencyΔ. To understand the changes from Fig. 9.3,
note that the equations of motion (5.9–5.11) for the dipole and populations
form a coupled set of damped anharmonic oscillators. When subjected to an
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oscillating component in the electric-dipole interaction energy, both dipoles
and populations can experience phase shifts for Δ values comparable to or
greater than the respective power-broadened bandwidths (power-broadening
factor times γ for the dipole and times Γ for the population difference). The
coupled dipole-population response to the probe-saturator beat frequency
yields the coherent contribution to (9.17). For nonzero Δ, the sum of the
dipole and population phase shifts can exceed π/2, and hence cause an in-
crease in absorption (αcoh > 0, whereas αcoh < 0 in the dip region) relative
to the αinc value. This results in the “shoulders” in Fig. 9.5. Figure 9.5a re-
veals sharp power-broadened pulsation dips (produced by αcoh) on a broader
background given by αinc. In Fig. 9.5b, we see that the coherent dip has
broadened out, changing shape into a dynamic Stark splitting (I2 = 2 in
Fig. 9.5b), as two sidebands appear.

Resonant Pump with Large Intensity

We can obtain a simple analytic formula valid for large I2, i.e., |℘E2/�|2 ≡
R2

0 
 γ, Γ , and resonant pump tuning (ν2 = ω), for which D∗
3 = D1. For

beat frequencies Δ � ∓R0, the absorption coefficient of (9.17) reduces to (we
neglect the incoherent part)

α1(Δ � ∓R0) � −α0ΓγD1

2R2
0

R2
0

Γ + iΔ+ R2
0D1

= − α0Γγ/2
(Γ + iΔ)(γ + iΔ) + R2

0

= − α0Γγ/2
(R0 +Δ)(R0 −Δ) + iΔ(Γ + γ)

= ∓i
α0Γγ/4R0

(γ + Γ )/2 ± i(R0 ±Δ)

= −α0Γγ

4R0

R0 ±Δ± i(γ + Γ )/2
(R0 ±Δ)2 + (γ + Γ )2/4

. (9.24)

This gives a symmetrically placed pair of dispersive-like lineshape curves
centered at the Rabi frequencies for the absorption (real part – see Fig. 9.5b,
bottom curve) and corresponding Lorentzian curves for the index (imaginary
part). The half width of the Lorentzian is (γ + Γ )/2, i.e., the average of the
dipole and population-difference decay constants. This is due to the fact that
the coherent term results from driving both the dipole and the population at
the frequency Δ. Similar features occur in the closely related phenomenon of
resonance fluorescence (see Sects. 16.3, 17.2).

Although the coherent dip and the Stark splitting behaviors appear to be
quite different, plots of αcoh alone all resemble the twin-peak, dip structure
shown in Fig. 9.6. All the curves in Fig. 9.5 are obtained by adding the
shoulder-dip structure in this figure to Lorentzians. Hence, the dynamic Stark
splitting is an extension of the coherent dip into regions of beat frequencies
as large as or larger than the homogeneous linewidth.
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Fig. 9.5. Real part of the probe absorption coefficient (9.17) versus probe/saturator
detuning Δ for various saturator intensities, ν2 = ω, and the decay-constant rela-
tionships (a) Γ = .01γ and (b) Γ = γ. In order of decreasing α1(0), the curves are
for the saturator intensities I2 = 2, 3.3, and 16

The dynamic Stark effect is sometimes interpreted in terms of an ampli-
tude modulation of the dielectric polarization by Rabi flopping. When the
Rabi frequency R0 greatly exceeds the decay constants, the atoms Rabi flop
up and down many times before decaying. Clearly a pump-probe fringe that
oscillates at or near the Rabi frequency can interact with such atoms in a res-
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Fig. 9.6. αcoh it vs probe-saturator beat frequency Δ = ν2 − ν1 for a T1 = T2, 4T2,
and 64T2 (in order of decreasing dip width)

onant fashion. We see the results of these resonances in formulas like (9.24).
The analytic details of the Rabi resonances are hidden by our use of a popu-
lation matrix, which sums over the contributions of many atoms at different
stages in their evolutions.

Pure Radiative Decay and PIER

For pure radiative decay due only to spontaneous emission, T1 equals 1
2T2,

rather than exceeding it due to phase interrupting collisions. For pump in-
tensities sufficiently weak to be described by third-order perturbation theory,
i.e., by P1 expanded to order E1I2, (9.17) reduces to

α1 = α0γD1

[
1 − I2L2 − I2D1D∗

2Γγ
2γ + iΔ
Γ + iΔ

]
. (9.25)

Hence, we see that for pure radiative decay (2γ = Γ ), the pronounced Δ
dependence in the coherent contribution cancels out. On the other hand, the
addition of pressure produces phase-changing collisions that increase γ rela-
tive to Γ , spoiling this cancellation. This is a two-wave, two-level example of
a Pressure-Induced Extra Resonance (PIER), a phenomenon first observed
by Prior et al. (1981). Larger pump fields also introduce pronounced Δ de-
pendencies in the denominator of (9.17).

Nonresonant Pump Wave with Large Intensity

With a bit of algebra (Prob. 9.9), we can reduce (9.17) to a generalization of
(9.24) valid for R2

0 
 γ and Γ that includes pump detuning (δ ≡ ω−ν2 �= 0).
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We find

α1(Δ � ∓R) � ∓iα0γR2
0

4R(γ′2 + δ2)
Δ− δ − iγ
Δ+ δ − iγ

γ + iδ
γδ ± i(R±Δ)

, (9.26)

where the generalized Rabi frequency R =
√

R2
0 + δ2, and the decay rate γδ

is given by

γδ =
1
2
[γ + Γ + (γ − Γ )δ2/R2] . (9.27)

For δ = 0, (9.26) reduces to (9.25). For δ 
 γ the γ + iδ factor [originat-
ing from the D∗

2 term of (9.17)] in (9.26) gives a phase shift of π/2 and the
dispersive-like lineshapes of Re{α1} in (9.25) turn into Lorentzians of oppo-
site sign (one gain, one absorption) and differing heights determined by the
(Δ − δ + iγ)/(Δ + δ + iγ) factor. Here Δ − δ + iγ = 1/D∗

3 comes from the
D∗

3 in (9.17) and Δ + δ + iγ = 1/D1 from the leading D1. The real part of
(9.17) is illustrated in Fig. 9.7. The absorptive Lorentzian occurs for Δ tuned
to the generalized Rabi sideband nearest to the probe resonance defined by
D1 = 1/γ. The displacement of the absorption peak from the unsaturated
position is sometimes called a light shift. The gain Lorentzian at the other
generalized Rabi sideband more closely satisfies the resonance defined by
D∗

3 = 1/γ. This is sometimes called the Raman resonance, since it derives
from a three-photon “Raman” process involving E∗

2E1E∗
2 . Equations (9.24,

9.26) are not valid for small beat frequencies (Δ � 0), for which a dispersive-
like lineshape occurs. This feature is sometimes called a “stimulated Rayleigh
resonance” since it is most nearly like elastic light scattering (little frequency

Fig. 9.7. Probe absorption coefficient α1 of (9.17) versus probe/saturator beat
frequency Δ in the presence of a strong pump wave of intensity I2 = 400, detuned
by ω − ν2 = −5, and with Γ = γ = 1
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shift). The feature is particularly simple when, T1 
 T2, as discussed above
for the detuned long-T1 spectrum in Fig. 9.4. All spectra in this section are
given by (9.17), originally derived in an equivalent form by Mollow(1972).
In particular two spectra are usually called “Mollow spectra”, namely, the
strong field (I2 = 16) spectrum of Fig. 9.5b and the spectrum in Fig. 9.7.

9.3 Inhomogeneously Broadened Media

This section treats saturation spectroscopy of inhomogeneously-broadened
media and in particular of Doppler-broadened gaseous media. It was in study-
ing this last type of spectroscopy that the subject had its origins, in a form
known as Lamb-dip spectroscopy. This technique is based on the Lamb dip
explained in Sect. 7.3.

One might expect a probe absorption spectrum simply to measure the
inhomogeneously-broadened distribution saturated by the saturator wave. As
discussed in Sect. 5.2, this saturation is not uniform as in the homogeneously-
broadened case, in that it occurs only in the vicinity of the saturator-wave
frequency. Specifically, a Bennett hole is burnt by the saturator wave into
the unsaturated distribution. The probe measures a Lorentzian (5.51) with
a FWHM given by the sum of the probe dipole and power-broadened hole
widths 2γ(1 + I2)1/2. The reason for this sum is that the monochromatic
probe samples a Lorentzian spread of frequencies, leading to a convolution of
this Lorentzian with the Bennett-hole Lorentzian. In addition a coherent in-
teraction occurs, which is given by an average over homogeneously-broadened
coherent contributions. Depending on the relative sizes of T1 and T2, this co-
herent contribution can give both coherent dips superimposed on a Bennett
hole and dynamic Stark splittings. For the counterrunning Doppler case cen-
tral to Lamb-dip spectroscopy, the coherent contribution tends to be smeared
out, but is far from negligible.

The nonsaturating probe-absorption coefficient for unidirectional opera-
tion in any inhomogeneously-broadened medium, and for arbitrary directions
as well as in stationary inhomogeneously-broadened media (i.e., not Doppler
broadened) is given simply by integrating (9.17) over the inhomogeneous
broadening distribution W(ω), that is,

α1 = α0

∫ ∞

−∞
dω′W(ω′)

γD1

1 + I2L2

[
1 −

I2F(Δ)γ
2 (D1 + D∗

2)
1 + I2F(Δ)γ

2 (D1 + D∗
3)

]

= αinc + αcoh . (9.28)

Section 5.3 evaluates the real part of the incoherent contribution to this α1

(set F = 0) for the case of a Lorentzian W(ω′). This gives a Lorentzian
hole with a width equal to the sum of the homogeneous and inhomogeneous
widths [see (5.52)]. We generalize this result here to include the effects of the
coherent contribution due to population pulsations.
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We consider the short dipole-lifetime limit (T1 
 T2) first. Since the
response of an inhomogeneously-broadened medium involves systems both
on and off resonance, the average saturation is reduced relative to the
centrally-tuned saturation of a homogeneously-broadened medium. Hence,
we do not expect the coherent dip to be as deep or as power-broadened as
its homogeneously-broadened counterpart. As for (9.26), it is possible to sim-
plify the contributions (9.28) by assuming Γ � γ and choosing level decay
constants appropriate for (9.25). We find

α1 =
α′

0

(1 + I2)1/2

[
1 − 1

2
I2

1 + I2 +Δ2/Γ 2

]
, (9.29)

where α′
0(ν1) = πγα0W(ν1). This consists of a frequency-independent term

and a power broadened Lorentzian of the beat frequency. We see in com-
paring (9.29) with the homogeneous broadening expression (9.26) that here
the power broadening enters with (1+ I2)1/2, whereas for (9.26) it is propor-
tional to 1 + I2. Similarly, the overall saturation factor is a square root for
the inhomogeneous broadening case as found for the single wave case (5.39).

Another limit of interest is that for strong inhomogeneous broadening.
Equation (5.52) gives Re(αinc) in this limit, finding 1 minus a Lorentzian
with width γ + γ′. This width results from using a monochromatic probe
wave that samples a Lorentzian with width γ to measure a hole with width
γ′. This yields a convolution of the two Lorentzians, which is a Lorentzian
with the sum of the widths. The coherent contribution can also be evaluated
by the residue theorem (see Prob. 9.11). Figure 9.8 illustrates the resulting
formulas, revealing a sharp dip on the bottom of a broad spectral hole for
T1 = 25T2, and a deepened dip for T1 = T2.

To convert the probe absorption coefficient (9.28) to the bidirectional
Doppler case, we Doppler shift the probe and saturator frequencies accord-
ing to ν1 → ν1 − Kv and ν2 → ν2 + Kv, respectively, and replace the
inhomogeneous-broadening distribution W(ω′) by W(v) given by (7.34). In
the Doppler limit, the incoherent contribution once again reduces to unity
minus the convolution of a probe Lorentzian with a Bennett-hole Lorentzian
giving (5.52). The coherent contribution is quite different from the unidirec-
tional case and complicated by the fact that δ depends on the integration
variable. For simplicity, we take central tuning of both probe and satura-
tor waves (ν1 = ν2 = ω) and choose the level decay constants to satisfy
(9.25).

We then find (see Prob. 9.12)

αcoh = α′
0|℘E2/�|2

γ′ − γ
γ

γ + 3γ′

(Γ + 2γ′)(γ + 3γ′)(γ + γ′) + |℘E2/�|2(γ + 2γ′)
.

(9.30)
Two features are immediately evident: 1) αcoh is positive for this centrally-

tuned value in contrast to all centrally-tuned cases considered earlier, and
2) as the saturator intensity goes to infinity, this expression approaches
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Fig. 9.8. Real part of normalized probe absorption coefficient (9.28) with Δω � γ.
The incoherent, αinc, and coherent, αcoh, contributions to α1 are given by (5.52,
9.48), respectively. The two curves are for I2 = 2 and for T1 = T2 (broad dip) and
T1 = 25T2 (sharp dip)

3/(2+6γ/Γ ), in contrast to the incoherent contribution (5.51), which bleaches
to zero. The substantial size of the coherent contribution is a little surpris-
ing, since the various population pulsations that generated the effect involve
gratings moving at different rates. One could imagine incorrectly that the
superposition of their scatterings might well interfere destructively to zero.
However, the average phase shift from dipole and population responses is
greater than π/2, yielding the positive contribution. Note that as Γ → 0
(longer level lifetimes), the coherent contribution becomes small, as one would
expect since the population pulsations follow less and less off-resonant behav-
ior. For more discussion of Doppler broadened saturation spectroscopy, see
Khitrova et al. (1988).

Lamb-Dip Spectroscopy

In some sense saturation spectroscopy started with the study of the Lamb
dip (Sect. 7.3) in the laser output. As discussed in Prob. 7.15, the FWHM
of the Lamb dip is given approximately by 2

√
2γ. A limitation of study-

ing the atomic response from the laser output is that one has to deal with
an operating laser. A more generally applicable technique employs an ex-
ternal absorption cell, as shown in Fig. 9.9. This allows conditions such as
pressure to be optimized for the study of the system, independent of laser
operation. Since the reflected wave also saturates the medium, one again gets
increased saturation at line center thereby reducing the absorption. Hence,
the radiation passing through the mirror exhibits an inverse Lamb dip versus
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Fig. 9.9. Diagram of Lambdip spectroscopy technique as done by Brewer et al.
(1969). The medium studied was SF6. Instead of tuning the laser through the line
center, they tuned the line center through the laser frequency by Stark shifts

tuning. By studying the width of this peak, one determines the homogeneous
linewidth. A good match requires substantial numerical analysis. It is not
sufficient to apply a simple formula like

α1 = α0
e−(ω−ν1)

2/(Ku)2

1 + L(ω − ν1)
,

however tempting that might be. Since a general treatment is quite compli-
cated, the probe-saturator method has been used much more widely.

9.4 Three-Level Saturation Spectroscopy

Another level scheme often used in saturation spectroscopy involves three
levels, with the saturator interacting between two of the levels and the probe
between the third level and one of the first two (see Fig. 9.10). The analysis
of these cases and the corresponding physical interpretation is actually easier
than that for the two-level case because no polarization at the third frequency
ν3 is induced. In fact, even when probe and saturator are both arbitrarily
large, the absorption coefficient can be obtained in closed form, i.e., not as a
continued fraction. In this section, we derive the absorption coefficient for a
nonsaturating probe wave specifically for the cascade (Fig. 9.10a) case, and
then show how the corresponding coefficients for the “V” and “Λ” cases can
be obtained from the cascade case.

As a fairly general model, we suppose that each of the three levels may be
excited at rates λj and decay with rate constants γj . To simplify the analysis
a bit, we use an interaction picture in which the appropriate exp(−iνjt)
factor specified by the rotating wave approximation has been removed from
the Schrödinger dipole density matrix elements ρ32 and ρ21 and interaction
energies V32 and V21 Together with the interaction terms of the general form
(3.124), we find the six coupled equations of motion
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Fig. 9.10. Three three-level probe saturator configurations. (a) cascade, (b) “V”,
and (c) “Λ”. With appropriate values for the detunings Δ21 and Δ32, the derivation
of the absorption coefficient in the text applies directly to the cascade and “V” cases,
and the “Λ” case is given by the complex conjugate. The weak probe wave interacts
only with the 2 ↔ 3 transition, and the strong saturator wave interacts only with
the 1 ↔ 2 transition. In keeping with the notation of Sects. 9.1–9.3, we label the
probe as mode 1 and saturator as mode 2

ρ̇33 = λ3 − γ3ρ33 − [i�−1V32ρ23 + c.c.] , (9.31)
ρ̇22 = λ2 − γ2ρ22 + �

−1[iV32ρ23 − iV21ρ12 + c.c.] , (9.32)
ρ̇11 = λ1 − γ1ρ11 − [i�−1V21ρ12 + c.c.] , (9.33)
ρ̇32 = −(γ32 + iΔ32)ρ32 − i�−1V32(ρ22 − ρ33) + i�−1ρ31V12 , (9.34)
ρ̇21 = −(γ21 + iΔ21)ρ21 − i�−1V21(ρ11 − ρ22) − i�−1ρ23ρ31 , (9.35)
ρ̇31 = −(γ31 + iΔ31)ρ31 − i�−1V32ρ21 + i�−1ρ32V21 . (9.36)

For the cascade case, the detunings are given in the rotating wave approxima-
tion as Δ32 = ω32 −ν1 and Δ21 = ω21 −ν2. For the “V” case, Δ32 = ω32 −ν1
and Δ21 = ω21−ν2, and for the “Λ” case, Δ32 = ω32−ν1 and Δ21 = ω21+ν2.
For the cascade and “V ” cases, the probe polarization P1 = 2℘23ρ32, while
for the “Λ” case, P1 = 2℘32ρ23.

These equations of motion can be solved in closed form for arbitrarily large
probe and saturator intensities, but the equations are substantially simpler
for a nonsaturating probe wave. Hence we first solve for the saturator dipole
moment ρ21 in the rate equation approximation and supposing V32 = 0. In
terms of our interaction picture, this means setting ρ̇21 = 0 in (9.35) above
and solving for ρ21. The population difference ρ22−ρ11 is found as in Sect. 5.1.
We obtain

ρ21 = i�−1V21D21N21/(1 + I2L2) , (9.37)

where the complex denominator D21 is given by

Dij = 1/(γij + iΔij) , (9.38)

the unsaturated population difference Nij is
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Nij = λiγ
−1
i − λjγ

−1
j (9.39)

and the saturator dimensionless intensity is

I2 = |℘21E21/�|2T1/+ γ21 . (9.40)

Here we have introduced the 1 ↔ 2 population-difference decay time

T1 =
1
2

[
1
γ2

+
1
γ1

]
. (9.41)

Finally, the saturator Lorentzian is given by

L2 = γ2
21/(γ

2
21 +Δ2

21) . (9.42)

For the probe dipole element ρ32 we also need values for the populations ρ33
and ρ22. Since the probe does not saturate, ρ33 = λ3/γ3. One then show
easily that ρ22 is given by

ρ22 =
λ2

γ2
− I2L2

2γ2T1

N21

1 + I2L2
. (9.43)

We also need the “Raman” two-photon coherence ρ31. Solving (9.36) in
steady-state, we find

ρ31 = −i�−1D31[V32ρ21 − ρ32V21] . (9.44)

Setting ρ̇32 = 0 in (9.34) and substituting ρ31, we have

ρ32 = �
−1D32[iV32(ρ33 − ρ22) + �

−1D31(V32ρ21 − ρ32V21)V12]

=
�
−1V32D32[i(ρ33 − ρ22) + �

−1D31V12ρ21]
1 + |V12/�|2D31D32

.

Substituting the populations ρ22 and ρ33, and using α1 = −i(℘23K1/ε0)ρ32/E1,
we obtain the absorption coefficient

α1 = α0
γ32D32

1 + I2L2

N21I2(2L2/γ2 + γ21D31D21)/4T1 +N32(1 + I2L2)
1 + |V12/�|2D31D32

,

(9.45)
where α0 = K1|℘32|2/�ε0γ21. Note that the “Λ” absorption coefficient is
given by the complex conjugate of (9.45).

To illustrate (9.45), we excite only the lower level, i.e., λ3 = λ2 = 0 and
tune the saturator to resonance (ν2 = ω21). In terms of the saturator “half”
Rabi frequency Ω = |V21/�|, (9.45) reduces to

α1 = α0
γ32N21I2

4γ2T1(1 + I2)
2(γ31 + iΔ31) + γ2

Ω2 −Δ2
32 + iΔ32(γ32 + γ31) + γ31γ32

. (9.46)
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Now consider a sufficiently intense saturator that Ω 
 γ31, γ32. This case
corresponds to the two-level limit of (9.27). For small probe detunings in
both cases, α1 ∝ 1/Ω2, i.e., there is no central peak. For detunings near the
saturator “half” Rabi frequency (Δ32 � ∓Ω), (9.46) reduces to

α1 = α0
γ32N21

4γ2T1

1
(γ32 + γ31)/2 + i(Ω ±Δ32)

. (9.47)

As in the two-level case (9.27), this gives a symmetrical pair of complex
Lorentzians with widths equal to the average of the probe dipole linewidth
and that of the coherent scatterer (population pulsations or ρ31). However,
the two coefficients differ by the factor i. Hence for the three-level case, Re(α1)
is a pair of Lorentzians, whereas for the two-level case, one gets a symmetrical
pair of Lorentzian “derivatives” (see Fig. 9.6c). For the three-level case, the
resonance fluorescence spectrum is essentially the same as the absorption
coefficient (9.47), while the two-level case gives a triple-peaked spectrum
very different from (9.27), see Chap. 16. The basic physical reason behind the
difference between (9.27, 9.47) is that the three-level probe samples a single
saturated level split by the dynamic Stark effect, while the two-level probe
samples the difference between two such levels. A related effect is that the
three-level splitting is half as large as the corresponding two-level splitting,
i.e., the three-level Ω equals only half the Rabi flopping frequency.

One can also calculate the probe absorption in the two-photon, two-level
model of Sect. 5.4. This involves the superposition of many three-level transi-
tions with nonresonant intermediate states. In the simple case for which the
level-shift factors kaa and kbb of (5.84, 5.85) are equal, the probe absorption
coefficient reduces to (9.17), with the replacements ℘En/� → kabE2En/2� and
νn → ν2 + νn.

A particularly beautiful transition occurs as Doppler broadening is intro-
duced to the case for oppositely directed pump and probe waves. For Doppler
widths small compared to the two-photon Rabi frequency kabE2

2/2�, the spec-
tra resemble those of Fig. 9.5. As the Doppler broadening is increased beyond
the Rabi frequency, the coherent wiggles wash out, and in the Doppler limit,
a simple Doppler-free Lorentzian of width 2γ remains [see Capron and Sar-
gent(1986)].

9.5 Dark States and Electromagnetically Induced
Transparency

The preceding section hints at the fact that three-level systems lead to a
wealth of novel effects, as compared to their two-level counterparts. One
particularly intriguing such effect is electromagnetically induced transparency
(EIT): under the action of a strong optical field, a medium of three-level atoms
can become completely transparent to incident light in a narrow frequency
range.
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To see how this works, we consider again the density matrix equations
(9.31)-(9.36), but without the pump terms λi.We also restrict our discussion
to the case where the saturator E2 is very strong and the probe field E1 is
weak, and the system is initially in its ground state |3〉. We then treat the
effect of the probe field to lowest order in perturbation theory, while the effect
of the saturator (sometimes called the drive in the jargon of EIT) is treated
to all orders. All density matrix elements are initially equal to zero, except
for ρ(0)33 = 1.

Substituting these values into (9.31)-(9.36) is easily seen to result, to
lowest order in perturbation in the probe field, in the coupled set of equations

ρ̇32 = −(γ32 + iΔ32)ρ32 + i�−1V32 + i�−1V12ρ31, (9.48)
ρ̇31 = −(γ31 + iΔ31)ρ31 + i�−1V21ρ32, (9.49)

where Δ32 = ω32 + ν1 = ν1 − (ω2 − ω3) and Δ31 = ω31 − (ν2 − ν1) =
(ν1−ν2−(ω1−ω3. In the following we restrict our considerations to the simple
case where the saturator is resonant with the 1-2 transition, ν2 = ω2 − ω1,
we have

Δ31 = Δ32 = Δ = ν1 − (ω2 − ω3), (9.50)

with the steady-state solution

ρ32 = ρ∗23 =
iV32(γ31 + iΔ)

�[(γ32 + iΔ)(γ31 + iΔ) + |V21|2/�2]
. (9.51)

Generalizing (5.8) to the situation at hand with

P23(z) = 2℘23e
−i(k1z−ν1t)ρ23 (9.52)

and with the definition (1.33) of the complex susceptibility χ = χ′ + iχ′′, we
have

χ′ = −N |℘32|2Δ
ε0�D

[
γ31(γ31 + γ32) + (Δ2 − γ31γ32 − |V21|2/�2)

]
, (9.53)

χ′′ =
N |℘32|2
ε0�D

[
Δ2(γ31 + γ32) + γ31(Δ2 − γ31γ32 − |V21|2/�2)

]
, (9.54)

where
D = [Δ2 − (γ31γ32 − |V21|2/�2)2 +Δ2(γ31 + γ32)2] (9.55)

and N is the atom number density. Figure 9.11 shows the real and imaginary
contributions χ′ and χ′′ in dimensionless units as a function of Δ, in units of
γ32, γ31 = 10−4γ32 and V21 = γ32. The most important result illustrated in
this plot is that the absorption of the probe beam vanishes for Δ = 0, that
is, the medium becomes transparent as a result of the transition |1〉1 ↔ |2〉
being strongly driven by the field E2. This quantum interference effect is called
electromagnetically induced transparency (EIT). We will see in Sect.12.7 how
it can be exploited in the generation of “slow light.”
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Fig. 9.11. Real part χ′ (solid line) and imaginary part χ′′ (dashed line) of the
susceptibility χ as a function of the detuning Δ, in units of γ32. In this example
γ31 = 10−4γ32 and V21 = 1. The susceptibilities are in arbitrary units.

One way to understand EIT is in the framework of so-called dark atomic
states, which are atomic states that do not interact with the electromagnetic
field as a consequence of quantum interferences. An easy way to understand
the basic idea beyond dark states is to consider again the “Λ” three-level
system of Fig. 9.10. In the absence of decay mechanisms, and assuming that
the electric fields coupling the levels |1〉 and |2〉 and |2〉 and |3〉 are equal,
V12 = V23 = V this system is described by the Hamiltonian

H = +�ω1|1〉〈1| + �ω2|2〉〈2| + �ω3|1〉〈3| + [V (|1〉 + |3〉) 〈2| + h.c.] . (9.56)

Introducing then instead of |1〉, |2〉, and |3〉 the new basis states

|ψc〉 =
1√
2

[|1〉 + |3〉] ,

|ψnc〉 =
1√
2

[|1〉 − |3〉] ,

|2〉 = |2〉, (9.57)

it is clear that the state |ψnc〉 is not coupled to the electromagnetic field.
An atomic system prepared in that superposition is transparent to that field,
hence the expression “dark state.” The existence of such states is impor-
tant for example in a type of laser cooling called velocity-selective coherent
population trapping (VSCPT cooling.)

The difference between the dark state just mentioned and EIT is that in
that latter case the atom evolves into a dark state under the combined effect
of the strong saturator field E2 and the weak probe field E1, instead of being
prepared initially in that state.
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Problems

9.1 Draw frequency diagrams like that in Fig. 9.2 showing the mode frequency
placement corresponding to the gain and absorptive peaks in Fig. 9.4. Hint:
examine (9.26).

9.2 Derive the population pulsation component d−1 using the expansion

ρab = Nei(K2·r−ν2t) −Σmpmeim[(K1−K2)·r+Δt] .

Note that this gives the polarization components p−1, p0, and p1, which
correspond to p3, p2 and p1 of Sect. 9.1.

9.3 Describe four ways of measuring T2 and T1.

9.4 Sketch the two-level probe absorption coefficient for an intense, centrally
tuned pump and T1 � T2. How can a probe wave experience gain in such an
absorbing medium? Sketch the corresponding case for T1 
 T2.

9.5 Prove (9.18) for the special case of γa = γb and central tuning. What
does this mean physically?

9.6 Show that for large pump intensity and the frequencies ν2 �= ω and ν1 =
ω, the coherent and incoherent contributions to the absorption coefficient α1

of (9.17) nearly cancel one another. Hence, Fig. 9.4 exhibits no special feature
at the probe frequence ν1 = ω.

9.7 Consider a medium of two-level atoms with upper-to-ground-lower-level
decay with T1 
 T2, i.e., Γ � γ. Using the Fourier series technique of Sect.
9.1, solve for the probe absorption coefficient α1 given by (9.21). Hint: the
calculation is similar to that in Sect. 9.1, but is simpler in that the population
matrix equations of motion involve the single decay constant Γ rather than
γa and γb, and Dn = D2 for all n.

9.8 Write a computer program in the language of your choice to eval-
uate the real part of the degenerate pump-probe absorption coefficient
α1 = α0γD2/(1 + I2L2)2. Have the program plot a few values of Re{α1}
as the detuning is varied.

9.9 Derive the approximate probe absorption coefficient given by (9.26). The
method is similar to the derivation of (9.25).

9.10 Consider a field given by (9.1) for two arbitrarily intense waves. Show
that the Fourier components pn and dk satisfy the recurrence relations

dk = δk0 − iT1℘�
−1F(−kΔ)Σn[Enp

∗
n−k − E∗

npn+k] ,
pm = −i(℘/2�)DmΣkEm−kdk ,

and hence that
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dk = δk0 +
1
2
T1F(−kΔ)(℘/�)2ΣnΣi[EnE∗

n−k+iD∗
n−k + E∗

nEn+k−iDn+k]di ,

which can be written as c−1kdk−1+c0kdk+c1kdk+1 = 0, where the coefficients

cjk =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

T1℘
2

2�2

j+2≤2∑

n=1+j≥1

EnE∗
n−j [D∗

n−k −Dn−j+k]

[
1 − δk0

d0

]
1

F(−kΔ)
+
γ

2

2∑

n=1

In[D∗
n−k + Dn+k]

Define the ratio rk = dk/dk−1 to find the continued fraction

rk =
c−1k

c0k + c1krk−1

Show that d−1 of (9.15) is given by r∗1d0 provided E1 is weak.

9.11 Write the coherent part of the inhomogeneously broadened probe ab-
sorption coefficient of (9.28) in the form

αcoh = −1
2
α0γ

2I2F
∫ ∞

−∞
dω′W(ω′)

γ + iδ
γ′2 + δ2

2γ + iΔ
β2 + δ2

γ + iΔ− iδ
γ + iΔ+ iδ

, (9.58)

where β2 = (γ + iΔ)(γ + iΔ + γI2F). This has two poles in the lower half
plane at δ = −iβ and δ = −iγ′. Show using contour integration that in the
inhomogeneously broadened limit, αcoh reduces to

αcoh = −1
2
α′

0(ν2)γI2F
2γ + iΔ
γ′2 − β2

×
[
(γ′ + γ)(γ′ − γ − iΔ)
γ′(γ′ + γ + iΔ)

− (β + γ)(β − γ − iΔ)
β(β + γ + iΔ)

]
. (9.59)

What does this expression reduce to for Δ = 0? Hint: solve (9.48) for Δ = 0
or note that (9.49) can be written in terms of a derivative with respect to β.

9.12 Write the coherent part of the inhomogeneously broadened probe ab-
sorption coefficient of (9.28) for the counterpropagating pump and probe
wave case with Δ = δ = 0 in the form

αcoh = −α0γ
2ΓI2

∫ ∞

−∞
dxW(x)

(γ + 3ix)(γ2 + x2)
(γ + ix)(γ′2 + x2)

× 1
(Γ + 2ix)(γ + 3ix)(γ + ix) + (℘E0/�)2(γ + 2ix)

.

Noting that this has a single pole at x = −iγ′, show that αcoh is given by
(9.30).
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One characteristic of nonlinear processes in quantum optics is the occurrence
of products of interaction energies with complex conjugates of these energies,
e.g., in the third-order product VV∗V. This is built into the concept of the
rotating-wave approximation, whether taken classically or quantum mechan-
ically. Because of the V∗, it is possible to conjugate a wave front. Section 2.4
discusses the conjugation of a plane wave front in a classical χ(3) medium us-
ing four-wave mixing. More generally, imagine a point source emitting spher-
ical waves that pass through a distorting medium. Impinging on an ordinary
mirror, which obeys the rule angle of reflection equals angle of incidence, the
diverging rays continue to diverge upon reflection (Fig. 10.1). However, if all
the exp(iK · r) plane waves comprising the wave front could be complex con-
jugated, i.e., turned into the corresponding exp(−iK · r) waves, the wave front
would be inverted and sent back through the distorting medium to converge
on the original point source. Such a phenomenon has been demonstrated
using nonlinear optics and is of substantial interest in applications in laser
fusion, astronomy, and compensation for bad optics in general. In addition,
it is an extension of the two and three-wave interactions discussed in Chap.
9 on saturation spectroscopy, and offers useful alternative configurations to
study the characteristics of matter.

This chapter continues the discussion of phase conjugation started in
Sect. 2.4, specifically deriving the coupled mode coefficients for two-level

Fig. 10.1. Illustration of how a spherical wave is retroreflected by a phase conju-
gator
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atoms, for which perturbation theory typically fails to converge. The inci-
dent signal and the conjugate it generates are assumed to be weak enough
that they can be treated linearly. One or two pump waves are needed, and
these can be arbitrarily intense. Because the signal and conjugate are linear,
a general wave front with various temporal and spatial frequencies can be
treated by the principle of superposition.

Section 10.1 shows how third-order interactions appear in a quantum
mechanical context. Section 10.2 derives the two-level model of Abrams and
Lind (1978), for which four waves of equal frequencies are mixed. This deriva-
tion requires a knowledge of Sect. 5.1 alone. Using the steady-state results of
Sect. 9.1, the theory is then generalized to treat a pump frequency that differs
from the signal and conjugate frequencies. This theory shows how phase con-
jugation can be used as a spectroscopic technique, for the reflectivity depends
sharply on characteristics of the medium such as decay times.

10.1 Phase Conjugation in Two-Level Media

This section shows how the grating terms discussed in Sect. 2.4 show up in
two-level media interacting with the three-wave field of (2.23). The induced
third-order polarization contains contributions to P1 consisting of various
permutations of the product E1E∗

2E2. In the E1 polarization component, E2

must be accompanied by E∗
2 to cancel out the E2 time and space dependence.

We suppose that the order of the interactions is from the left (earliest) to the
right (latest). Hence for (E2E∗

2 )E1, E1 mixes with a population term (E2E∗
2 )

having no space or time variations. In (E1E∗
2 )E2, E2 scatters off the grating

induced by E1E∗
2 . If the medium can respond to the second harmonic such

as for the two-photon medium of Sect. 5.4, (E1E2)E∗
2 must also be included.

This differs from (E1E∗
2 )E2 in that E∗

2 scatters off a term with the rapid time
and space dependence exp[i(K1 + K2) · r− i(ν1 + ν2)t], yielding a term with
the dependence exp(iK1 · r − iν1t], i.e., that of E1. These processes are dia-
grammed in Fig. 10.2 in terms of a kind of energy level diagram in which the
horizontal axis corresponds to the time of interaction. Other time orderings
occur as well, and they fall into one of these three categories.

Now let’s add a second pump wave that propagates up from the bottom
as shown in Fig. 2.2. We distinguish the two pump waves by subscripting
an up or a down arrow to identify their directions. The pump wave E2↑
also scatters off the grating induced by the interference of E2↓ and E1, but
scatters in the direction exactly opposite to E1’s propagation. In terms of the
third-order products, we have terms like (E2↓E∗

1 )E2↑. Here E2↓E∗
1 represents a

grating that varies little in an optical frequency period. E2↑ scatters off this
grating, cancelling the E2 spatial dependence identically, since K2↑ = −K2↓.
The resulting retroreflected wave is proportional to the conjugate of E1 and
hence is called the conjugate wave, which gives phase conjugation its name.
More specifically, we obtain a term in the nonlinear polarization with the
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dependence
(E2↓E∗

1 )E2↑e−i(K1 · r−ν3t) , (10.1)

where the conjugate wave frequency ν3 is given by

Fig. 10.2. Pseudo energy-level diagram with arrows showing three principal kinds
of third-order interactions. Upward arrows correspond to positive-frequency (e−iνt)
fields, and the time of an interaction increases the further to the right its arrow is
(a) represents (E2E∗

2 )E1 where E2E∗
2 has no spatial or time dependence, (b) repre-

sents (E1E∗
2 )E2, where E1E∗

2 yields a grating varying slowly in time, (c) represents
(E1E2)E∗

2 , where E1E2 yields a grating varying at twice the field frequency

ν3 = ν2 + (ν2 − ν1) ≡ ν2 +Δ . (10.2)

This wave moves in the direction opposite to E1, which has the carrier
exp(iK1 · r−iν1t). If the medium can respond to frequencies like 2ν2, then the
term (E2↓E2↑)E∗

1 is also possible, and contributes to the conjugate wave. For
this, E∗

1 scatters off a two-photon term with no spatial variations and with
the high frequency time dependence exp[i(ν1 + ν2)t]. In addition E2↓ scatters
off gratings induced by E1 with E2↑. The two third-order phase conjugation
processes are diagrammed in Fig. 10.3.

If the signal and pump frequencies differ (ν1 �= ν2), ν3 is still different as
given by (10.2) and illustrated in Fig. 2.1. This has important consequences.
First consider the two-wave case of Fig. 9.1. The interference between E1 and
E2 is a stationary fringe for ν1 = ν2. Since the product E1E∗

2↓ is associated
with the propagation factor exp[i(K1 − K2↓) · r − i(ν1 − ν2)t], it moves in
general with a velocity

v =
ν1 − ν2

|K1 − K2↓|
K1 − K2↓
|K1 − K2↓|

. (10.3)

If ν1 < ν2, this moves downward and to the left as indicated in Fig. 9.1,
thereby Doppler downshifting ν2 to the frequency ν1. In the exponent, we
have ν2 − (ν2 − ν1) → ν1. On the other hand, it Doppler upshifts the pump
wave E2↑ to the frequency ν3, and contributes to the E∗

3 amplitude. Similarly,
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the conjugate grating is proportional to E2↑E∗
1 and Doppler upshifts ν2 to ν3

and contributes to E3.
Two phenomena limit the bandwidth of the reflection spectrum, 1) the

finite response time of the medium [Fu and Sargent (1979)] and 2) the phase
mismatch implied by (10.2) [K1 = ν1/c �= ν3/c, see Pepper and Abrams
(1978)]. For simplicity, we consider the two-wave case first. In general, the
nonlinear response of a medium is characterized by a minimum time T1 for
which it can follow field variations. Significant changes within this time are
averaged out. In particular, as discussed in Sect. 9.2, if the fringe pattern
moves through the medium too rapidly, the medium sees an averaged field,
and no grating is induced. This fact allows one to measure the time T1 of a
medium, and is a basic feature of grating-dip spectroscopy [Sargent (1976)].
More quantitatively, if the beat frequency ν2−ν1 exceeds 1/T1, the nonlinear
grating contribution to the induced polarization falls off. In two-level resonant
media, the time T1 can be quite large; in ruby, for example, it is on the order
of milliseconds. However, in other media, the effective T1 can be extremely
short. In principle, one can even measure femtosecond response times, since
the signal can be tuned far away from the pump.

Similarly, for the four-wave case in Fig. 2.2, a beat frequency large com-
pared to 1/T1 fails to induce a grating, and hence does not create a conjugate
wave. This leads to a narrow-band retroreflector. The conjugate generation
is also limited by the phase mismatch implied by (10.2). In other words, the
induced polarization may have a space-time dependence that cannot propa-
gate at the speed of light in the medium. These concepts are illustrated in
later sections for specific kinds of media.

Still another form of phase conjugation exists with three waves as shown
in Fig. 9.4a. This case is described by the field product (E2E∗

1 )E2. This yields
a conjugate with the frequency (10.2) and the spatial factor 2K2 − K1. As
shown in Fig. 10.4b, this results in a phase mismatch for nonzero θ. This
technique is useful for transmission phase conjugation, as distinguished from
the four-wave retroreflecting method described above.

Fig. 10.3. Pseudo energy-level diagram of (a) “single-photon” and (b) “two-
photon” four-wave phase conjugation processes
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Fig. 10.4. (a) Three-wave phase conjugation: two incident waves generate a con-
jugate wave if the angle θ is small enough. (b) Three-wave phase mismatch

10.2 Two-Level Coupled Mode Coefficients

In this section, we derive the Abrams and Lind (1978) coupled-mode absorp-
tion and coupling coefficients for two-level atoms perturbed by the superpo-
sition of three and four waves of the same frequency, but differing directions.
Sections 10.3, 10.4 deal with the more general case for different (nondegener-
ate) frequencies. For the degenerate case (or at least for frequency differences
small compared to the atomic decay constants), we replace the electric field
amplitude factor E(z) eiKz in (5.1) by an arbitrary function of r, E(r), that
is,

E(r, t) =
1
2
E(r)e−iνt + c.c. . (10.4)

Similarly to the derivation of (5.24), this field induces the e−iνt polarization
component in the two-level model

ρab = −i
(℘/2�)NDE(r)e−iνt

1 + E(r)E∗(r)L/E2
s

, (10.5)

where E2
s = (�/℘)2/T1T2. The signal and conjugate waves are then repre-

sented by a small deviation ε(r) about a possibly large pump field E2(r)U2(r),
that is, E(r) = E2(r)U2(r) + ε(r), where U2(r) gives the pump waves rapidly
varying spatial dependence. To first order in ε and ε∗, the polarization (10.5)
is given by the truncated Taylor series (Prob. 10.7)

ρab(E2U2 + ε, E∗
2U

∗
2 + ε∗) � ρab(E2, E∗

2 ) + ε
∂ρab

∂E

∣∣∣∣
ε2

+ ε∗
∂ρab

∂E∗

∣∣∣∣
E∗
2

. (10.6)
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It is more physically revealing, however, to derive this result by expanding
(10.5) as a 1/(1 + x) series. This gives

ρab (E2U2 + ε, E∗
2U

∗
2 + ε∗) =

i(℘/2�)ND(E2U2 + ε)e−iνt

[1 + I2|U2(r)|2L2]
[
1 + (εE∗

2 U∗
2 +c.c.)L2

E2
s [1+I2|U2(r)|2L2

]

� − i(℘/2�)ND(E2U2 + ε)e−iνt

1 + I2|U2(r)|2L2

[
1 − (εE∗

2U
∗
2 + c.c.)L2

E2
s [1 + I2|U2(r)|2L2]

]
. (10.7)

The ε and ε∗ terms inside the square brackets result from pump scattering
off the gratings induced by fringes between the pump, ε and ε∗. In particular,
suppose ε(r) is the sum of two small fields

ε(r) = E1(r)eiK1 · r + E3(r)eiK3 · r . (10.8)

More general wave fronts are represented by a sum over such amplitudes. We
choose the z axis such that K1 · r = K1z. The polarization component P1(z)
contributes to a Beer’s law (5.3) for E1(z) given by the projection (similar to
(5.55))

P1(z) =
2℘K1

2nπ

∫ 2nπ/K1

0

dζe−i[K1(z+ζ)−νt]ρab(r + ζẑ) , (10.9)

where ρab, is given by (10.6), and n is a sufficiently small integer that E1(z)
varies little in the distance 2nπ/K1. In carrying out the projection (10.9), we
suppose that the angle between K1 and K2 is large enough that the signal
scattering off a standing-wave pump grating averages to 0. Two kinds of
pump waves are of interest, U2(r) = exp(iK2 · r) giving three-wave mixing,
and U2(r) = 2 cos(K2 · r) giving four-wave mixing.

For the three-wave case of Fig. 10.4, we find

P1(z) = − i℘2ND2

�(1 + I2L2)2
[E1 − E∗

3 I2L2e2iΔKz] , (10.10)

where for this three-wave case the phase mismatch 2ΔKz is given by (2K2−
K1 − K3) · r and I2 = |℘E2/�|2T1T2. A similar expression is obtained for
P3(z). Substituting these polarization components into the Beer’s law (5.3),
we find the coupled-mode equations (2.25a, b), where the absorption and
coupling coefficients are

α1 = α0γD2/(1 + I2L2)2 , (10.11)
χ1 = α0γD2I2L2/(1 + I2L2)2 . (10.12)

Here α1 agrees with (5.70, 10.19). Corresponding coefficients for α∗
3 and χ∗3

are given by complex conjugates of (10.11, 10.12).
For the four-wave case of Fig. 2.2, the saturation denominator in (10.5) has

spatial holes. Assuming the signal wave is not parallel to the pump waves, the
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signal polarization contains an average over these holes for a combination of
two reasons. First when the signal wave is nearly perpendicular to the pump
waves, the width of the signal beam generates the average over the holes.
Second, the projection along z in (10.9) typically reduces to an average over
these holes by virtue of the factor cos2(K · ẑζ) ≡ cos2 1

2θ resulting from the
U2(r) functions in (10.7). Evaluating the average as discussed in Sect. 5.3,
we have

P1(z) = i℘2
�
−1ND2

1
2π

∫ 2π

0

dθ
[

E1

(a+ b cos θ)2
− E∗

3 b
1 + cos θ

(a+ b cos θ)2

]
(10.13)

where b = 2I2L2 and a = 1 + b. Simplifying, we have

P1 = −i℘2
�
−1ND2

∂

∂a

1
2π

∫ 2π

0

dθ
[
E1 + E∗

3 (a− b)
a+ b cos θ

− E∗
3 ei(K3−K1)z

]

=
i℘2ND2

�(1 + 2b)3/2
[E1(1 + b) − E∗

3 ei(K3−K1)zb] . (10.14)

With the corresponding formula for P3(z), this yields the coupled-mode equa-
tions (2.25a, b) with the coefficients

α1 = α0γD2
1 + 2I2L2

(1 + 4I2L2)3/2
, (10.15)

χ1 =
2α0γD2I2L2

(1 + 4I2L2)3/2
. (10.16)

The E3 coefficients α3 and χ3 given by the complex conjugates of (10.15,
10.16), respectively. Note that although this four-wave mixing case is gener-
ally better phase matched than the three-wave case, it is only perfectly phase
matched for degenerate tuning (νn = ν2, for all n).

The phase-conjugate reflectivity is given by substituting these coefficients
into (2.35), with results shown in Fig. 10.5. For small pump intensities, the
reflectivity increases as a function of intensity. The medium then begins to
saturate, and ultimately the reflectivity bleaches to zero.

10.3 Modulation Spectroscopy

Some of the most useful configurations of multiwave mixing use waves with
different frequencies. These include phase conjugation by nondegenerate
three- and four-wave mixing and various kinds of three-wave modulation
spectroscopy. The three-wave cases are depicted in Figs. 10.4, 10.6. For mod-
ulation spectroscopy, the saturator wave is weakly modulated, imposing side-
bands at the frequencies ν1 and ν3. These sidebands act as a pair of coupled
probe waves with the amplitudes E1 and E3. The resultant polarization of
the medium includes the effects of the population pulsations induced by the
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Fig. 10.5. Reflectivity R = |r|2 of (2.35) using α1 of (10.15) and χ1 of (10.16)
versus pump intensity I2 for ν2 = ω, and α0L = .7, 2, 4 (in order of higher values)

Fig. 10.6. Modulation spectroscopy configuration. The large intensity beam at fre-
quency ν2 passes through a modulator, producing two sidebands at the frequencies
ν1 = ν2 −Δ and ν3 = ν2 + Δ. The beat frequency signal is studied as a function of
the beat frequency Δ or other parameters of interest

fringe component between each probe wave with the saturator wave. The
total field including the saturator passes through the medium and impinges
on a square-law detector. A special piece of electronics called a spectrum an-
alyzer distills out the signal oscillating at the beat frequency Δ. This kind of
measurement is called homodyne detection, which means that the incoming
light beats with itself on the square-law detector. The beat-frequency signal
is studied as a function of the beat frequency Δ or of other parameters of
interest.

To quantify this method, we take the absolute value squared of the three-
wave amplitude from (10.1) and find the signal intensity IB oscillating at the
beat frequency Δ to be

IB =
1
4
E2[E1(z) + E∗

3 (z)]eiΔ(t−z/c) + c.c. . (10.17)
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Here we neglect pump depletion and, without loss of generality, assume that
the pump amplitude E2 is real. We see that IB is the sum of two terms, each
proportional to the product of E2 and one of the sidemode amplitudes. These
products are substantially larger than a probe-wave intensity. This increase
in the signal intensity is a major advantage of modulation spectroscopy over
the direct detection scheme of Fig. 9.1.

Furthermore the relative phase between the three modes is important. If
at some point in time all three modes are in phase with one another, then
the two population pulsation sources add. This is called the AM case, in
analogy with AM radio techniques. If the phases of the saturator and one
sideband are equal and differ from the phase of the other sideband by π,
the two population pulsations cancel out. This gives a constant envelope in
time and is called FM. Both of these limiting cases have attracted substantial
attention. The AM case has been used by Malcuit et al. (1984) to measure
T1 for cases where T1 
 T2. The FM case has been used by Bjorklund
(1981) and Drewer et al. (1981), who use the fact that the medium may
modify the phase/amplitude relationships of an FM wave, thereby producing
an easily detected AM component. In addition to spectroscopy, the problem
is important in phase conjugation, laser instabilities, and cavity stabilization.

We can extend the two-wave treatment of Sect. 9.1 to treat three- and
four-wave mixing by including an E3 sideband at frequency ν3 in E(r, t)
of (10.1). This contributes an E3 term to the polarization coefficient p3 of
(10.13), namely,

p3 = −i(℘/2�)D3[E3U3d0 + E2U2d1] , (10.18)

where we include the mode functions Un(r) explicitly to allow for phase
mismatch. Equation (10.18), in turn, adds an E∗

3 contribution to d−1, which
becomes

d−1 = −
d0T1F(Δ) ℘2

2�2 [E1U1E∗
2U

∗
2 (D1 + D∗

2) + E2U2E∗
3U

∗
3 (D2 + D∗

3)]
1 + I2F(Δ)γ

2 (D1 + D∗
3)

.

(10.19)
Using the three-frequency population-pulsation component (10.19) in

(10.9) along with P1 = 2℘Np1 and (5.3), we find the propagation equation

dE1

dz
= −α1E1 + χ1E∗

3 e2iΔKz , (10.20)

where the absorption coefficient α1 is given by (9.17) as before and the cou-
pling coefficient χ1 is given by

χ1 =
α0γD1

1 + I2L2

I2F(Δ)γ
2 (D2 + D∗

3)
1 + I2F(Δ)γ

2 (D1 + D∗
3)
. (10.21)

Similarly E3 obeys the equation
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dE∗
3

dz
= −α∗

3E∗
3 + χ∗3E1e−2iΔKz . (10.22)

The coefficients α3 and χ3 are given by α1 and χ1, respectively, by inter-
changing the subscripts 1 and 3 (note that this implies replacing Δ by −Δ).
These equations are the same as the counterpropagating coupled-mode equa-
tions (2.25a, b) except that they describe copropagating waves without phase
mismatch. They are generalizations of our nonlinear Beer’s law (5.3) for cases
involving two coupled waves. The equations appear in many areas of physics
and engineering in addition to the spectroscopic context here.

By finding the eigenvalues for the coupled equations (10.20, 10.22), we
can find the solutions (Prob. 10.8)

E1(z) = e−az[E1(0) coshwz + (−αE1(0) + χ1E∗
3 (0)) sinhwz/w] , (10.23)

E∗
3 (z) = e−az[E∗

3 (0) coshwz + (αE∗
3 (0) + χ∗3E1(0)) sinhwz/w] , (10.24)

where a = (α1 +α∗
3)/2, α = (α1 −α∗

3)/2, and w = [α2 +χ1χ
∗
3]

1/2. These can
be substituted into (10.17) to find the beat-frequency intensity IB for any
initial field values.

We can find a simpler solution for central pump tuning (ν2 = ω), for
which α1 = α∗

3 and χ1 = χ∗3 = αcoh, and therefore α = 0 and w = χ1. In
particular taking E∗

3 (0) to be equal to E1 (AM modulation) reduces (10.23)
to

E1(z) = e−(αinc+2αcoh)zE1(0) . (10.25)

Hence, the centrally-tuned AM case has coherent contributions double the
size of the two-wave case. This is because the population pulsations induced
by the fringe for one sidemode with the pump add to those induced by the
fringe for the other sidemode with the pump. This causes the coherent dips
of Fig. 9.3 to be twice as deep, allowing the possibility of gain. The effective
AM absorption coefficient corresponding to the T1 = T2 curves of Fig. 9.4
are shown in Fig. 10.7. The gain region is deepened substantially compared
to the two-wave case.

In contrast, for the FM case E∗
3 = −E1 (10.23) reduces to

E1(z) = e−αinczE1(0) . (10.26)

For FM the two sets of population pulsations cancel one another out. This
isn’t surprising since as (10.17) illustrates, a square-law detector doesn’t de-
tect an FM modulation, i.e., IB = 0, and two-level atoms can be thought of
as nonlinear detectors that share this property of the square-law detector. In
addition to its spectroscopic value, modulation spectroscopy plays a role in
some kinds of optical instabilities, as discussed in Sect. 11.2.
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Fig. 10.7. The effective AM absorption coefficient in (10.25) with the αcoh of
(9.17). The parameters are the same as for the two-wave case of Fig. 9.5b, that is,
T1 = T2, ν2 = ω, and I2 = 2, 3.3, and 16 (in order of decreasing maximum value)

10.4 Nondegenerate Phase Conjugation
by Four-Wave Mixing

To allow for signal and conjugate frequencies different from the pump fre-
quency, we average the nondegenerate absorption and coupling coefficients
(10.17, 10.21) over the pump spatial holes. The algebra is similar to that for
the degenerate equations (10.15, 10.16) (see Prob. 10.9). We find

α1 =
α0γD1

(1 + 4I2L2)1/2

[
1 − 2I2Fγ(D1 + D∗

2)
1 + 4I2f2 + [(1 + 4I2L2)(1 + 4I2f2)]1/2

]
, (10.27)

χ1 =
α0γD1

(1 + 4I2L2)1/2

2I2Fγ(D2 + D∗
3)

1 + 4I2f2 + [(1 + 4I2L2)(1 + 4I2f2)]1/2
, (10.28)

where f2 = Fγ(D1 + D∗
3)/2. These coefficients reduce to the degenerate

cases (10.15, 10.16) respectively, as they should (take F = 1, equal D’s,
and f2 = L2). Figure 10.8 illustrates the conjugate reflectivity as a function
of signal detuning for various values of the population difference lifetime
T1. As for the coherent dips of Fig. 9.3, the population pulsation (grating)
contribution is reduced as a function of this tuning. The width is characterized
by the grating lifetime, T1. In practice, it is almost as easy to study the
four-wave conjugate wave as the transmitted signal, and hence this offers an
alternative way of determining T1. As we see, the formulas used to analyze
the results are, however, more complicated.

This “grating-washout” effect can be used to produce a narrow-band
retroreflector. Alternatively, note that the induced conjugate polarization has
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Fig. 10.8. Reflectivity R = |r|2 given by (2.35) with α1 of (10.27) and χ1 of (10.28)
versus signal-pump detuning for α0L = 4, I2 = 1, ν2 = ω, and T1 = .5, 1, 4 (in order
of decreasing width)

the frequency ν3, but that its K vector is −K1, which is not equal in mag-
nitude to ν3/c. Hence, a phase mismatch occurs. This mismatch can also be
used to provide a narrow-band retroreflector.

Problems

10.1 Suppose in four-wave mixing that K1 = Kz,K2↓ = K2[cos θz +
sin θy] K2↑ = −K2[cos(θ − ε)z + sin(θ − ε)y]. To first order in ε, find the
direction of the reflected wave and the phase matching coherence length.

10.2 What two mechanisms lead to narrow-band retroreflection in four-wave
mixing?

10.3 Derive the Abrams-Lind degenerate four-wave mixing theory of phase
conjugation for the case of unequal pump intensities.

10.4 For central pump tuning (ν2 = ω), upper to ground lower level decay,
and I2 
 1, find a simple formula for the coupling coefficient χ1 defined by
(10.21). Answer:

χ1(Δ � ±Ω) � ∓i
α0γΓ/4Ω

(γ + Γ )/2 ∓ i(Δ∓Ω)
,

χ1(Δ � 0) � α0(1 + γD1)
2I2

.
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10.5 Using the two-photon single-mode absorption coefficient of (5.102),
derive the probe absorption coefficient α1 and the mode coupling coef-
ficient χ1 for this model by applying the Abrams-Lind method. Assume
E = E2 exp(iK2 · r) + ε where ε is given by (10.8), |E1| and |E3| � |E2|,
and that the fields are copropagating.

10.6 Using the definition En = |En|e−iφn , derive the real coupled amplitude
equations of motion

d|E1|
dz

= −Re{α1}|E1| + Re{χ1eiΨ}|E3|

d|E3|
dz

= −Re{α3}|E3| + Re{χ3eiΨ}|E1| ,

where Ψ = φ1 + φ3. What are the corresponding equations for dφn/dz?

10.7 Derive P1 of (10.10) using the Taylor series expansion (10.6).

10.8 Using Laplace transforms or the substitution E1 = eμz, find the solutions
(10.23, 10.24) to the coupled-mode equations (10.20, 10.22).

10.9 Derive the nondegenerate four-wave mixing coefficients (10.27, 10.28)
by averaging (9.17, 9.21), respectively, over pump spatial holes. Hint: use
partial fractions and the technique in (5.65).
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Sections 7.4, 7.5 consider the bidirectional ring laser, which is described by
two oppositely-running waves of possibly different frequencies. This is a sim-
ple and useful example of multimode phenomena that can produce time vari-
ations in the laser. The present chapter considers a number of time-varying
laser processes such as the relaxation oscillations in the ruby or semiconductor
laser output, the build-up of multimode operation in lasers, the generation of
steady-state pulse trains, and chaotic operation. Some of these time-varying
processes result when one might expect single-mode steady-state operation
such as in a homogeneously-broadened unidirectional ring laser. As such their
multimode character can be thought of as an instability of single-mode op-
eration. Other cases of multimode operation are expected intuitively, since
different cavity modes interact to a considerable extent with different atoms,
such as in a Doppler-broadened gaseous medium. While these can also be
thought of as optical instabilities, we prefer to refer to them in the traditional
way simply as multimode operation. In particular, this kind of operation can
produce a periodic train of short pulses.

The relaxation oscillation phenomenon is treated in Sect. 11.1 and is anal-
ogous in some ways to the car turn-signal blinker. In the old days, such a
blinker consisted of a bimetallic strip with the property that the two metal
pieces expanded different amounts when heated, causing the strip to bend.
By using the strip to switch an electric current that heated it, it disconnected
its heat source when it got hot and reconnected it when it got cold again.
This kind of process is called a limit cycle and occurs in a wide range of
situations including in your heart beat. The laser relaxation oscillation works
in the rate equation limit so that when the population difference is pumped
high enough to compensate for the cavity losses, the field turns on, builds
up rapidly, thereby driving the population difference down and removing its
gain source. The simplest laser relaxation oscillations differ from the blinker
and hopefully your heart in that the oscillations damp out to a steady-state
value. Although a transient phenomenon, laser spiking can be treated nicely
as a single-mode phenomenon.

Section 11.2 discusses the build-up of more than one mode in lasers and
in absorptive optical bistability. It uses the results of Chaps. 9, 10, which pre-
dict when probe waves experience gain in the presence of a saturating wave.
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When a resonant laser sidemode experiences enough gain to exceed its losses,
it builds up. This buildup relies on spontaneous emission to occur and Sect.
19.3 shows how this takes place. Section 11.3 discusses the results of having a
number of such modes in the cavity. The resulting time variations can give a
frequency-modulated output, pulse trains useful for picosecond spectroscopy,
and chaos. Section 11.4 shows how various cavity instabilities can lead to dy-
namical chaos, which occurs in many coupled nonlinear problems and might
be mistaken for noise. In particular it gives the isomorphism derived by Haken
(1975) between the Bloch equations and the Lorenz equations.

11.1 Relaxation Oscillations in Lasers

To lend analytic clothes to the intuitive explanation above of spiking in a
ruby laser, we derive a coupled set of equations of motion for the single-mode
laser intensity and the population difference. We use the upper to ground-
state lower level model of Fig. 4.5 and include a pump term Aρbb pumping
the upper level a from the ground level b. This model is appropriate for
the active transition in the ruby laser. An analysis of semiconductor laser
relaxation oscillations can be made using the model in Sect. 7.6. The deriva-
tion of the field intensity equation differs from that in Sect. 7.2, where the
atoms were adiabatically eliminated, since in the present case the population
difference varies little in the cavity lifetime Q/ν. In fact, we assume that
T2 � Q/ν � T1, which allows us to use the rate equation approximation to
determine the induced polarization in terms of the field amplitude and the
population difference. This in turn yields two equations of motion that couple
the intensity to the population difference. From (5.14,7.8) for central tuning
and with Un(z) = exp[iKn(z)], i.e., a unidirectional ring laser for simplicity,
we obtain the rate-equation polarization

Pn(t) = −i(℘2/γ�)EnD , (11.1)

where D is the population difference ρaa − ρbb of (5.33), N ′ is the sum of the
populations/volume (5.31), and D is the complex Lorentzian (5.25). Evalu-
ating ρab in the rate equation approximation, we find that (5.34) reduces to
(Prob. 11.1)

Ḋ = (Λ− Γ )N ′ − (Λ+ Γ )(1 + In)D = − (1 + In)D −D0

T1
, (11.2)

where Λ is the rate constant for pumping the upper level from the lower level,
T1 = (Λ+Γ )−1 for this case, and D0 is the steady-state population difference
in the absence of electric-dipole interactions

D0 = N ′(Λ− Γ )T1 . (11.3)
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Further substituting (11.1) into the field self-consistency equation (7.5) and
multiplying through by 2(℘/�)2T1T2E

∗
n, we find the dimensionless-intensity

equation of motion

İn =
ν

Q

[
ND
D0

− 1
]
In , (11.4)

where the relative excitation N is given by

N =
α0

ν/2Q
(11.5)

and α0 = ν℘2D0/�ε0γ.
Let us repeat the relaxation oscillation description armed with the coupled

equations of motion (11.2, 11.4). Initially we suppose that the intensity In
is zero because the population difference D is too small to compensate for
the cavity losses ν/Q in (11.4). If the pumping rate Λ is greater than the
population-difference decay rate Γ, (11.2) shows that D builds up linearly
in time. This build-up is slow since it is characterized by the population-
difference lifetime T1 = (Λ + Γ )−1. When D gets sufficiently large that the
gain 2α0L, exceeds the losses ν/Q, the intensity builds up rapidly according
to (11.4). This makes the damping term (Λ+Γ )InL in (11.2) large, forcing the
population difference down and killing the gain. The intensity decays away
in the cavity lifetime Q/ν � T1 , allowing D to build up again, repeating the
cycle.

We can gain an analytic feel for these equations by analyzing the stability
of the steady-state solutions (İ = Ḋ = 0) of (11.2, 11.4) using a linear
stability analysis. Two steady states exist, namely,

I(s) = 0 , D(s) = D0 , (11.6)

and
I(s) = N − 1 , D(s) =

D0

N . (11.7)

The second solution is physical only if it predicts that I(s) > 0. With the
intensity and population difference written as In(t) = I(s) + ε(t) and D(t) =
D(s) + d(t), respectively, (11.2, 11.4) give

d
dt

[
ε(t)
d(t)

]
=

[
2α0D

(s)/D0 − ν/Q 2α0I
(s)/D0

−D(s)/T1 −(1 + I(s))/T1

] [
ε(t)
d(t)

]
. (11.8)

Note that since the electric field amplitude is complex, two equations are
needed in general to analyze the field stability. Here we assume central tuning
of a single mode to allow only an intensity equation to be used. If either
eigenvalue of (11.8) has a positive real part for a given steady-state solution,
that solution is unstable. Problem 11.1 shows that the solution (11.6) has the
eigenvalues

λ = 2α0 − ν/Q , −1/T1 . (11.9)
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For a medium with sufficient gain to lase, the first eigenvalue is positive,
which leads to a buildup of the mode, i.e., the solution (11.6) is unstable.
Problem 11.2 also shows that the solution (11.7) has the eigenvalues

λ = −N/2T1 ± i
√

(N − 1)ν/QT1 − (N/2T1)2 , (11.10)

which have negative real parts for N > 1. Hence, the solution (11.7) is sta-
ble under lasing conditions. Depending on the sign of the argument of the
square root, the solution may or may not show oscillations as it converges
to the steady state. Problem 11.3 shows that oscillations occur if the relative
excitation N satisfies

N > 1 +
1

4T1ν/Q
. (11.11)

In situations where T1 is large compared to the cavity lifetime, such as, e.g.,
in Ruby lasers, this condition is almost always obeyed if the laser oscillates
at all. Note however that it is not obeyed in many other lasers, such as the
He-Ne laser, for which relaxation oscillations do not occur.

During the evolution of the laser intensity between the unstable solution
of (11.6) and the final solution of (11.7), damped relaxation oscillations occur,
as illustrated by the numerical integrations graphed in Fig. 11.1. Note that a
relation crucial to the stability of the solution (11.7) is that the dipole decay
time T2 is short compared to the level and cavity decay times, and hence that
the rate equation approximation can be made. As discussed in Sect. 11.4, if
the decay times are comparable, the rate equation approximation cannot be
made and chaotic operation may ensue.

Fig. 11.1. Intensity In and population difference D/D0 (curve with smaller final
value) versus time as given by the coupled relaxation-oscillation equations (11.2,
11.4) for N = 2, ν/Q = 40 and T1 = 1
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In this model, we take the population-difference lifetime T1 to be long
compared to the cavity and dipole lifetimes. Hence the eigenvalues of (11.10)
are small, causing the laser to converge slowly with low frequency oscillations
to the steady state (11.7). As such the laser operates very near an instability
that would occur if the real part of the eigenvalues could actually go through
zero. This convergence can be prevented by periodically varying some laser
parameter such as the loss or pump. In fact, if the magnitude and frequency
of the variation are comparable to the real and imaginary parts, respectively,
of the eigenvalues in (11.10), the laser may frequency lock to the variation.
Other variations can lead to chaotic behavior. This is an important problem
in the semiconductor laser, which is characterized by a long T1. For further
discussion of these effects, see Erneux et al. (1987) and Boyd et al. (1986)
and references therein.

The long-T1 (Rate Equation Approximation) limit considered here is the
same as that considered in Sect. 9.2. The damped oscillations that occur are
due to the decay of sidemodes that correspond to the same cavity resonance
(wavelength) as the main mode. The sidemode frequencies differ from the
main mode frequency by Im(λ) given by (11.10). With a longer T2 and/or
with inhomogeneous broadening, such sidemodes can grow instead of decay-
ing. This phenomenon is sometimes called mode splitting, and is discussed in
greater detail in the next section.

11.2 Stability of Single-Mode Laser Operation

A basic question in laser physics is, can sidemodes build up in the presence
of a single cw oscillating mode, that is, is single-mode operation stable? Typ-
ically all modes compete for the gain provided by the amplifying systems.
As we have seen in Sect. 7.4 on the bidirectional ring laser, a mode not only
saturates its own gain (self saturation), but it may also saturate the gain of
other modes (cross saturation). Multimode operation occurs relatively easily
in lasers with inhomogeneous broadening and/or standing waves, since dif-
ferent cavity modes interact at least in part with different groups of atoms.
Similarly, multiple transverse modes can often coexist, since they also inter-
act in part with different atoms. To suppress such multiple transverse mode
operation, experimentalists put apertures in the laser cavity, thereby greatly
increasing the higher-transverse-mode losses without appreciably affecting
the fundamental mode. To suppress multiple longitudinal mode operation, a
second etalon can be introduced, requiring an oscillating mode to be simul-
taneously resonant for two cavities.

It is less obvious that a sufficiently intense single mode of a homogeneously
broadened unidirectional ring laser or optical bistability cavity can also lead
to multimode operation. Intuitively one would think that since all modes
interact with precisely the same atoms, only that mode with the highest
net gain would oscillate. Nevertheless, both for the laser and for absorptive
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optical bistability, theory predicts that sidemodes may grow, each with a dis-
tinct wavelength (multiwavelength instability). In addition, laser multimode
operation may occur under conditions such that the induced anomalous dis-
persion allows three frequencies to correspond to the same wavelength. This
single-wavelength instability may become chaotic as discussed in Sect. 11.4.

The origin of these homogeneously-broadened single-mode instabilities is
population pulsations, which are generated by the response of the medium
to the mode beat frequencies or equivalently to the oscillating field fringe
components. These pulsations can scatter energy from the oscillating mode
into the sidemode(s), and may amplify them even in an otherwise absorbing
medium as discussed in Sect. 9.1. We also saw this kind of coherent mode
interaction in a degenerate frequency case in the homogeneously broadened
bidirectional ring laser of Sect. 7.4 and in the Ikeda instability of Sect. 8.3. In
the ring laser, the cross-saturation coefficient θ+− of (7.57) is twice as big as
the self-saturation coefficient β+. For this case the response of the medium
to the stationary field fringe pattern is just as large as the ordinary gain
saturation, and thereby doubles the cross saturation and leads to bistable
single-mode operation. Similarly, the degenerate probe absorption coefficient
given by α1 = α0D2/(1 + I2L2)2 of (10.11) is significantly smaller than the
single-mode absorption coefficient α2 = α0D/(1 + I2L2)2 of (5.27). Hence
coherent modes compete with one another in a more complicated fashion
than by simple gain saturation, since the medium may respond to the mode
interference patterns.

Multimode operation in homogeneously-broadened unidirectional config-
urations is difficult to obtain experimentally. However, with the addition of
some inhomogeneous broadening, the single-wavelength laser case is readily
observed, e.g., in the He-Xe laser [see Casperson (1978) and Abraham (1985)].

In general to determine whether a sidemode can build up in the presence
of a single strong mode, we ask the two questions, “Does the sidemode expe-
rience more gain than losses, and is it resonant?” For the single-wavelength
instability, the nonlinear index contributions are just as critical as the gain
contributions since more than one frequency must be made resonant for the
same wavelength. Sections 9.1, 9.2 allow us to answer these questions by
providing us with the complex probe polarizations Pn to insert into the mul-
timode self-consistency equations (7.5, 7.6). Chapter 9 uses the complex no-
tation En instead of Chap. 7’s En exp(iφn). Switching to the latter, we find
P1 by comparing the coupled mode equation (10.20) with the slowly-varying
Maxwell equation (5.3) using the absorption coefficient α1 of (9.28) and the
coupling coefficient χ1 of (10.21) (integrated over ω′). This gives

P1 =
℘2

�

∫ ∞

−∞
dω′W (ω′)

γD1

1 + I2L2

×
[
E1 −

I2F(Δ)γ
2 [(D1 + D∗

2)E1 + (D2 + D∗
3)E3eiΨ ]

1 + I2F(Δ)γ
2 (D1 + D∗

3)

]
, (11.12)
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where the relative phase angle Ψ is given by

Ψ = (φ2 − φ1) − (φ3 − φ2) . (11.13)

P3 is given by this formula with the interchange 1 ←→ 3, which implies
Δ→ −Δ. Equation (11.12) is valid for unidirectional plane waves, although
by including appropriate spatial mode factors Un(x, y, z, ) it can be general-
ized to treat standing waves and transverse mode interactions as well. Note
that the relative phase angle Ψ must be determined in a self-consistent fash-
ion. For the symmetric tuning implied by ν2 = ω and equal mode losses, Ψ
vanishes and E1 = E3, which is the AM operation described at the end of
Sect. 9.1. For this case, the sidemode fields E1 and E3 grow together if the
sidemode gain −(ν/2ε0)Im{P1} from (11.12) exceeds the loss (ν/Q1)E1. Ex-
amples of the corresponding gain/absorption spectra are given in Fig. 10.7.
For a lasing medium, the gain is given by positive values in Fig. 10.7, while
for an absorbing medium it is given by negative values.

More generally, (7.5, 7.6) with the polarization (11.12) provide a theory
equivalent to a linear stability analysis, provided the mode frequencies in-
clude an imaginary part interpreted as the mode net gain or loss. Hence, the
beat frequency Δ acquires an imaginary part so that it contains the com-
plete linear time response, oscillatory and growth/decay, of the sidemodes.
These equations treat the strong mode to all orders in perturbation theory,
although the incipient modes are treated only to first order. The correspond-
ing quantized sidemode theory given in Sects. 16.4, 17.2 allows one to study
how sidemodes build up from quantum noise. We have already discussed how
when different cavity modes interact at least in part with different groups
of atoms, the mode competition is reduced and more than one mode may
oscillate. For more detailed discussions of such multimode operation, see Sar-
gent et al. (1977). Here we restrict our discussion to two situations: 1) the
mul-tiwavelength instabilities in a homogeneously-broadened unidirectional
ring laser, and 2) single-wavelength instabilities.

By multiwavelength instabilities, we mean that each mode frequency cor-
responds to a different passive cavity mode. Hence, the instability problem
reduces to finding cavity sidemodes with gain that can grow. If the oscillat-
ing mode is centrally tuned, pairs of modes grow together. If the oscillating
mode is detuned, a single mode may grow alone, or an asymmetric pair may
grow. The role of the frequency equations (7.3) in these cases is to determine
the relative phase Ψ between the modes, which can significantly influence the
growth of a mode pair. For example, if Ψ = −π, and E1 = E3 the population
pulsation part of (11.12) (that with the F) cancels out completely. In general
the pair problem reduces to solving the coupled-mode equations.

In addition to the multiwavelength case, operation on a single wavelength
may also be unstable. In this case, population pulsations create a region
of anomalous dispersion that allows three frequencies to correspond to one
wavelength as shown in Fig. 11.2. If these frequencies also experience net gain
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Fig. 11.2. Nonlinear anomalous dispersion η(νn) − 1 ∝ Im{α1} versus intermode
beat frequency. The index of refraction η(νn) also has to obey the relation η(νn) =
c/λνn, where the wavelength λ is fixed by the cavity boundary conditions. The
diagonal line depicts this second η dependence on frequency. The allowed oscillation
frequencies are given by the intersection between the curve and the straight line,
here yielding three frequencies resonant for a single wavelength. Equation (9.17)
with a doubled αcoh contribution (for two sideband operation) was used for Im{α1}
with α0 = −1 (gain), I2 = 16, T1 = 10, T2 = 1, and ν2 = ω. The slope of the
diagonal line depends on ν/Q and the relative excitation

(gain exceeding the cavity losses), they can build up. To have net gain, the
cavity linewidth ν/Q has to be comparable to or broader than the atomic
linewidth. This kind of instability is marginal unless inhomogeneous broad-
ening is added. Such broadening both reduces the mode competition and
increases the anomalous dispersion by contributing a term something like
the derivative of the hole burned into the gain line.

To quantify the single-wavelength instability, consider central tuning of
the oscillating mode (ν2 = ω), for which the sidemode polarizations P1 and
P3 given by (11.12) are complex conjugates of one another. We can use these
polarizations to find the eigenvalues of the instability. By symmetry, we con-
clude that E1 = E3 and that the relative phase angle Ψ = 0 or π. In terms of
the complex amplitude εn, the field self-consistency equations (7.5, 7.6) can
be combined into the single complex equation

dEn

dt
= −[ν/2Qn + i(Ωn − νn)]En − i(ν/2ε0)Pn . (11.14)

In steady state, we find the dispersion relation

κ+ i(Ωn − νn) = −i(ν/2ε0)Pn/En , (11.15)
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where κ ≡ ν/2Qn. Taking n = 1, substituting δ = Ω2 −Ω1,Δ = ν2 − ν1 + ig
(to study the possible growth of instabilities, we include an imaginary part
giving the sidemode net gain or loss in the Δ in P1), and setting Ω2 = ω = ν2,
we find

Δ3− i (κ+ γ + T−1
1 + iδ)Δ2 − [(1 + I2)γT−1

1 + κT−1
1 + iδ(γ + T−1

1 )]Δ
+ 2iI2κγT−1

1 − (1 + I2)γT−1
1 δ = 0 .

Here we have set g = 0, which gives the instability edge of the laser. In
particular setting δ = 0 (single cavity wavelength) and substituting λ = iΔ,
we find the eigenvalue equation

λ3 + (κ+ γ + T−1
1 )λ2 + [(1 + I2)γT−1

1 + κT−1
1 ]λ+ 2I2κγT−1

1 = 0 . (11.16)

Problem 11.4 applies the Hurwitz criterion to this equation to predict that
the steady-state single-mode intensity I2 = N − 1 is unstable if

κ > γ + T−1
1 (bad cavity)

I2 >
(γ + T−1

1 + κ)(γ + κ)
γ(κ− γ − T−1

1 )
. (11.17)

Haken (1975) showed that this instability condition corresponds to chaos in
the Lorenz model.

Our discussion outlines various ways in which a single mode may become
unstable. It does not predict what may happen once one or more sidemodes
become strong enough to saturate the medium. If the mode intensities are
much less than the saturation intensity, a multimode third-order theory can
be used [see Sargent et al. (1977)]. In general the coupled atom-field equa-
tions can be integrated numerically. In the remainder of this chapter, we
consider various cases of multimode operation, first periodic in nature, and
then chaotic.

11.3 Multimode Mode Locking

Section 7.5 introduces the idea of mode locking and considers the frequency
locking of the oppositely directed running waves in a bidirectional ring laser.
Three or more longitudinal modes can also lock: in such cases all mode fre-
quencies are separated by integral multiples of a common adjacent mode
separation (in essence the adjacent mode beat frequencies lock to the same
value), and the relative phases of the modes are fixed. In particular, three-
mode mode locking can be described directly by the analysis of Sect. 7.5.
In this section, we discuss this problem, and make some observations about
multimode mode locking in general.

When three adjacent modes are oscillating, a detector ordinarily registers
two distinct low-frequency beat notes at frequencies ν2−ν1 and ν3−ν2, which
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are approximately equal to the cavity mode separation c/2L. In addition there
is a very low-frequency (even audio) tone resulting from the beat between
these beats, namely, a signal at frequency (ν3 − ν2) − (ν2 − ν1) which is
generated by the nonlinearities in the medium. The last of these is represented
in the theory by the very slowly varying relative phase angle

Ψ = (2ν2 − ν1 − ν3)t− (2φ2 − φ1 − φ3) , (11.18)

which is a generalization of the Ψ of (11.13) to include the possibility that
the mode frequencies may not be evenly spaced. In fact, the ν’s are close
to the passive-cavity frequencies Ωn, which satisfy 2Ω2 − Ω1 −Ω3 = 0. The
Ψ terms arise from the beating between modes in the nonlinear medium to
produce combination tones with frequencies very nearly equal to the mode
frequencies themselves. Such combination tones are a multimode generaliza-
tion of the coupling terms considered in multiwave mixing in Chaps. 9, 10.
For example, the mode at frequency ν2 beats with that at ν3 forming the
population pulsation with frequency ν2 − ν3 which, in turn, interacts with
mode 2 to give the tone ν′1 = 2ν2 − ν3. This is very nearly equal to ν1 and
contributes in third-order to the complex polarization for mode 1. This is
illustrated in Fig. 11.3, which shows four such combination tones. The differ-
ence ν′1 − ν1 is Ψ , and we see that ν′1 acts very much like an injected signal
that tempts mode one to oscillate at the frequency ν′1, that is, to frequency
lock such that ν1 = ν′1 = ν2 − (ν3 − ν2). This condition can be rewritten as
ν2 − ν1 = ν3 − ν2, i.e., the beat notes between adjacent modes are equal.
This is multimode mode locking. It differs from other kinds of mode locking
such as that for the ring laser in Sect. 7.5 in that it is the beat frequencies

ν1 ν2 ν3

E2

E1 E3

Fig. 11.3. Diagram of three-mode operation showing the amplitudes E1, E2, and E3

and oscillation frequencies ν1, ν2, and ν3. The small lines drawn next to the mode
intensities represent combination tone. Their placement here is suggestive only
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between the modes that lock to one another rather than the mode frequencies
themselves.

Taking the time rate of change of (11.18) and using (7.4), we find the
equation of motion

Ψ̇ =
ν

2ε0
Re

{
2P2

E2
− P1

E1
− P3

E3

}
. (11.19)

The polarization P1 of (11.12) gives the lowest-order values of the polarization
for sidemodes subject to an arbitrarily intense pump. For the mode-locking
problem, we need higher-order values. It is beyond the scope of this book
to derive such values [see Sargent et al. (1977) for a thorough derivation
of third-order values]. Suffice it to say that (11.19) yields an equation of the
same form as (7.68) for the ring laser Ψ . For the three-mode case, the a factor
consists of differences between the net mode pulling coefficients generated in
the nonlinear medium, and the b term consists of a superposition of the
combination-tone terms.

As the second mode is tuned toward line center, it sees less and less mode
pulling. Furthermore, the mode pullings for modes one and three become
equal and opposite. Consequently, for nearly central tuning of mode two, the
a in (7.68) becomes smaller in magnitude than b, and mode locking takes
place. In fact, one can perform a simple experiment that illustrates this with
a cheap He-Ne laser that runs in three modes. Upon being turned on, this
laser heats up, changing its length over a period of several hours. This causes
the laser to slowly scan its frequencies. By hooking up the output of a detector
that looks at the laser light to an audio amplifier and speaker, one can hear
the beat frequency between the adjacent-mode beat notes (Ψ̇) as it tunes
down from the upper to the lower limits of one’s hearing, then hear nothing
for a while (mode locked) and then hear the frequency tune in the opposite
direction. A scanning interferometer reveals that the mode amplitudes dance
about during the unlocked intervals, while they become quite steady in the
“dc” intervals.

Taking E1 = E3, we find Ψ0 → 0 or π for b < 0 or b > 0, respectively.
The value Ψ̇ = 0 requires φ2−φ1 = φ3−φ2. Choosing the time origin so that
φ2 − φ1, we have φ1 = φ2 = φ3, that is, at points periodic in time spaced by
the interval 2π/Δ, the field phasors En exp[−i(νnt+ φn)] add constructively.
At other times they tend to cancel one another. This is three-mode pulsing (or
AM operation). The time widths of the pulses are inversely proportional to
the mode spacing (as is the interval between pulses), but the degree to which
there is destructive interference between pulses is limited by the small number
of modes. The second value Ψ = π leads to the phase relation φ1 = φ2 =
π+φ3, which corresponds to smaller variations (even nearly no variations) in
the field intensity (called FM operation in analogy to the corresponding phase
relation in FM radio). Both cases occur in three-mode locking, depending on
the placement of the medium in the cavity. For further discussion of the
three-mode case, see Sargent (1976).
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The multimode case for more than three modes has the same general
physical phenomena as the three mode, namely, population pulsations that
act as modulators in generating sidebands that, in turn, act as injected signals
attempting to lock the laser. The most important special case is that for AM
(pulsed) operation with its potentially very sharp, subpicosecond pulses. One
useful relation is that between the time and frequency domains. Specifically,
the mode domain consists of a product of a Dirac comb (delta functions sep-
arated by the adjacent mode spacing Δ) and an amplitude envelope. Hence,
the time domain is given by a convolution of another Dirac comb, this one
with spacing 2π/Δ, and an envelope equal to the Fourier transform of the
amplitude envelope in the mode domain. This convolution is just a train of
pulses separated in time by 2π/Δ, and having widths roughly (for Gaus-
sian envelopes, exactly) proportional to the inverse of the width in the mode
domain.

The medium may mode lock spontaneously due to the combination tones,
but typically special methods are used to force locking. One way is to include
a saturable absorber within the cavity. Perhaps the easiest way to see how
this works is directly in the time domain. Imagine that the noise in the initial
laser radiation consists of random fluctuations or “minipulses”. A group of
these concentrating sufficient energy within the short relaxation time of the
saturable absorber effectively “opens” the absorber, allowing radiation to pass
unattenuated for a short time. Groups with smaller energy are absorbed. The
most energetic packet builds up at the expense of the others and bounces back
and forth in the cavity, producing a train of pulses. For further discussion of
this and other multimode mode locking techniques, see Smith et al. (1974).

11.4 Single-Mode Laser and the Lorenz Model

So far we have discussed the stability edge of nonlinear optical systems using
the concept of linear side-mode gain. Although instructive in that they teach
us the range of parameters for which the system is unstable, linear stability
analyses do not give any indication of the dynamics of the system once the
side modes build-up significantly.

An unstable nonlinear system can evolve toward another fixed point or
toward a limit cycle (undamped periodic oscillations). Alternatively, it can
exhibit an irregular behavior reminiscent of a system driven by random forces.
This noisy-looking dynamics occurring in a purely deterministic system is
called deterministic chaos. It occurs commonly in nonlinear systems, although
only recently has its detailed study been made possible by powerful modern
computers. Chaos can occur in just about any nonlinear difference equation
such as in the Ikeda instability (Sect. 8.3), and in any coupled system of
at least three autonomous ordinary differential equations, a consequence of
the Poincaré-Bendixon theorem. A detailed discussion of chaos, its various
scenarios, universality aspects, etc. is beyond the scope of this book. A partial



11.4 Single-Mode Laser and the Lorenz Model 275

list of references relevant to quantum optics is given at the end of the book.
Here we briefly discuss the Lorenz model/single-mode laser, which illustrates
one of the powerful aspects of the study of chaos: generic features that are
learned from one field – here hydrodynamics – can readily be adapted to
another – laser physics.

The original purpose of the Lorenz equations was to provide a simple
model of the Bénard instability, which occurs when a fluid is heated from
below and kept at a constant temperature from above. For small temperature
gradients, the fluid remains quiescent, but it starts a macroscopic motion as
the gradient approaches a critical value. The heated parts of the fluid expand,
move up by buoyancy, cool and fall back to the bottom: a regular spatial
pattern appears out of a completely homogeneous state.

The fluid motion is described by the nonlinear, partial differential Navier-
Stokes equations of hydrodynamics. By introducing a spatial Fourier decom-
position of the velocity and temperature fields in the fluid, Lorenz derived a
set of truncated dimensionless equations coupling just one component x of
the velocity field to two components y and z of the temperature field [for
more details, see Haken (1978)]. These equations are

dx
dt

= σy − σx ,
dy
dt

= −xz + rx− y , (11.20)

dz
dt

= −xy − bz .

Here σ is the Prandtl number and r = R/Rc, where R is the Rayleigh number
and Rc the critical Rayleigh number.

Haken (1975) showed that (11.20) are mathematically equivalent to the
equations governing the dynamics of a homogeneously broadened, single-
mode unidirectional ring laser operating at line center. This is best seen
in the U, V, W Bloch vector notation of Sect. 4.3. For central tuning we can
assume U = 0, and the remaining Bloch equations (4.49, 4.50) are

dV
dt

= −V/T2 + (℘E/�)W , (11.21a)

dW
dt

= −(W + 1)/T1 − (℘E/�)V , (11.21b)

coupled to the slowly-varying amplitude equation (7.5)

dE
dt

= − ν

2Q
E − ℘νN ′

2ε0
V , (11.21c)

where we consider upper to ground state transitions. We can prove the equiv-
alence of the single-mode laser and Lorenz equations by rescaling (11.21)
to the fixed-point values Vs, Ws and Es obtained by setting d/dt = 0.
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With the new variables x = αE/Es, y = αV/Vs, z = −(W + 1)/Ws, α =
[−(1 + Ws)/Ws(T2/T1)]1/2 we obtain precisely (11.20), except that now
σ = T2ν/2Q, r = −1/Ws, b = T2/T1 and time is now in units of T2.

The stability of the fixed points of (11.20) can be determined by linear
stability analysis. The origin (0, 0, 0) is a fixed point, and it is the only
one for r < 1. For r > 1 there are two additional fixed points x∗ = y∗ =
±[b(r−1)]1/2, z∗ = r−1, which correspond to the laser threshold. These fixed
points in turn become unstable for σ > b+1 and r > σ(σ+b+3)/(σ−b−1).
For σ = 3 and b = 1, for instance, this criterion is satisfied whenever r > 21.
At this point, the real parts of the complex eigenvalues of the linearized
problem cross the real axis to the right. This is called a Hopf bifurcation.
Note that the instability conditions on σ and r are equivalent to (11.17).

Computer simulations are necessary to go much beyond this stage.
Figure 11.4 plots the time evolution of the scaled polarization y(t) for σ = 3,
b = 1 and various values of the order parameter r. In each case the initial
conditions are given by x(0) = y(0) = z(0) = 1. For r = 15, the origin
(0, 0, 0) is unstable, but the fixed point (

√
42,

√
42, 14) is stable. For r = 21,

y(t) begins as an orderly but growing oscillation, but then breaks into chaos,
see Fig. 11.4b. A similar behavior is found for r = 22. Figure 11.5 shows
plots of x vs. y for the same case as Fig. 11.4b. Although trapped in a finite
region of phase space, the system’s trajectory does not evolve toward a fixed
point or a limit cycle. On the other hand, the laser is a dissipative system and
hence the volume of phase space region it asymptotically covers must have
zero volume. Trajectories such as shown in Fig. 11.5 are thus said to cover a
strange attractor, characterized by a zero volume, and by one or more fractial
dimensions which help distinguish them from points or segments. (One of the
more well-known fractals is the Cantor set.)

These results generate a series of questions of mathematical as well as
physical significance. Ideally one would like to be able to predict the behavior
of trajectories for any set of initial conditions and parameter values. This is
very much an open question in general. The Lorenz equations play a central
role in this task, and have encouraged the development of techniques to study
more and more complicated and higher dimensional models.

Problems

11.1 Show that the rate equation (11.2) for Ḋ follows from the coherent
version (5.34).

11.2 Show that the solution (11.7) to the linear-stability equation (11.8) has
the eigenvalues given by (11.10).

11.3 Show that relaxation oscillations occur near threshold (N � 1) if the
relative excitation N satisfies (11.11). Derive a more general condition for
oscillations to occur.
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Fig. 11.4. Scaled polarization y(t) of (11.20) versus t for (from top to bottom)
r = 15, 21, and 22. Other parameters are x(0) = y(0) = z(0) = 1, σ = 3, b = 1
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Fig. 11.5. x of (11.20) versus y for the same parameters as in 11.4 with r = 21

11.4 Consider the polynomial

f(λ) = c0λn + c1λn−1 + . . .+ cn = 0 ,

where the coefficients cn are real. The Hurwitz criterion states that all zeros of
this polynomial have negative real parts if and only if the following conditions
are fulfilled:

(a)
c1
c0
> 0,

c2
c0
> 0, . . .

cn
c0
> 0 .

(b) The principal subdeterminants Hj of the quadratic scheme

c1 c0 0 0 . . . . . . 0 0
c3 c2 c1 c0 . . . . . . 0 0
c5 c4 c3 c2 . . . . . . 0 0
................................................................
0 0 0 0 cn−1 cn−2

0 0 0 0 0 cn

that is, H1 = c1, H2 = c1c2 − c0c3, . . . , Hn = cnHn−1, are all positive.
Apply this criterion to the eigenvalue equation (11.16) to show the stability
conditions of (11.17).
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11.5 Given the dispersion relation from (11.15), derive the eigenvalue (11.16).

11.6 For a single-mode unidirectional ring laser containing a homogeneously-
broadened medium, discuss the possibility that another mode can build up.
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Chapter 9 on saturation spectroscopy treats the interaction of two- and three-
level systems with simple time-varying fields consisting of the Fourier super-
position of two or three cw modes. The response of the medium depends
heavily on the decay times of the medium and thereby provides ways of
measuring these times. Similarly, Chap. 11 considers time-varying fields in
cavities, typically given by the superposition of modes. In this chapter, we
consider the response of atoms to time varying fields consisting of either short
pulses or step functions that prepare the medium in special ways. In such situ-
ations, we find it convenient to follow the time-varying atomic (or molecular)
response using the coupled Maxwell-Bloch equations developed in Sects. 4.3,
5.1 without a modal decomposition of the field. Since the induced atomic
polarization is initially coherent, the situations we consider are categorized
as “coherent transients”. As the induced polarization decays due to various
line broadening mechanisms, the coherent response is lost. The time taken for
this decay is typically directly related to the dipole (T2) and population (T1)
decay times as well as to the width of the inhomogeneous broadening. Hence
coherent transients provide alternative ways to measure these basic decay
times. While saturation spectroscopy works in the frequency domain, coher-
ent transients work in the time domain. Some media are equally easily studied
in either domain, but often one domain is more convenient than the other.
Most of the coherent transient methods correspond to techniques developed in
studies of nuclear magnetic resonance (NMR), which uses microwave frequen-
cies. In the optical domain Stark switching techniques pioneered by Brewer
and Shoemaker (1972) for gaseous media are the most common. For gases,
the final polarization must be averaged over the Doppler velocity distribution.
As in our discussion of saturation spectroscopy, we usually assume that the
radiated field amplitudes are small compared to the incident fields, which we
can then take to be unaffected by the medium. In particular, this approxima-
tion is valid for “thin samples”. Sections 12.1–12.3 discuss three phenomena
in this category known as optical nutation, free-induction decay, and photon
echo, respectively. Section 12.4 treats optical Ramse fringes, which involve
interactions with spatially separated light beams. These fringes are described
by a formalism very similar to photon echo, although the physics is differ-
ent since homogeneously broadened systems are used. Section 12.5 discusses
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both simple pulse propagation and a coherent interaction called self-induced
transparency, which applies the principle of Rabi flopping to achieve lossless
propagation of light through absorbers of arbitrary length. Finally, Sect. 12.6
shows how EIT can be exploited in the generation of light with extremely
slow group velocity.

12.1 Optical Nutation

Optical nutation is the name given to the transient effect that occurs when a
molecular ensemble is suddenly exposed to intense resonant laser light. The
name was chosen in analogy to the corresponding NMR phenomenon called
“spin nutation”. The molecules undergo alternate absorption and emission
of light as they are driven coherently between the upper and lower levels.
This Rabi flopping is destroyed both by homogeneous and inhomogeneous
broadening, and hence provides a way to measure the associated widths.

In optical nutation and free induction decay we study the total field strik-
ing the detector. It consists of the sum of the incident field E0 and the field
Es emitted by the induced polarization in the sample. This total field after
passing through a sample of length L is given by

E(L, t) =
1
2
[Es(L, t) + E0]ei(KL−νt) + c.c. (12.1)

The intensity measured by a detector is |E(L, t)|2, namely,

|E(L, t)|2 � E2
0 + E0Re[Es(L, t)] , (12.2)

which is a dc signal plus a homodyne term containing the signal response of
(12.1). Here and in the Bloch equations we neglect the small term propor-
tional to |Es|2 take the incident field amplitude E0 to be real without loss of
generality since an overall field phase factor cancels out.

We first find the field emitted by a thin sample of length L containing
two-level systems with no decay (T1 = T2 = 0), but irradiated by an incident
field of arbitrary intensity and tuning. We assume that the sample is thin
enough that the transit time through the sample is negligible compared to
atomic response times, and that the incident field is unaffected by the signal
field radiated by the induced polarization. The signal field is then given by
integrating the propagation equation

dEs(z)
dz

= i(K/2ε)P (5.3)

from 0 to L with the initial signal field amplitude E(0) = 0. Since we assume
that the incident field is not affected by thin samples, the Rabi frequency for
the induced polarization P is constant, yielding the real part of the signal
field envelope
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Re{Es(L, t)} = −(KL/2ε)Im{P} . (12.3)

Here, we have included a time dependence which is slow compared to the
transit time through the sample and yields the coherent transients. In general
we consider media with inhomogeneous broadening, so that the polarization
P is given in terms of the induced dipole density matrix element ρab by
averaging (5.8) over the inhomogeneous broadening distribution W(ω′)

Im(P) = 2℘
∫

dω′W(ω′)Im{ei(νt−Kz)ρab(z, t)}

= −℘N
∫

dω′W(ω′)V , (12.4)

where N is the number of systems per volume and the Bloch vector com-
ponent V is defined in terms of ρab by (4.43). Substituting the appropriate
solution (4.65) for V and using the Doppler inhomogeneous broadening dis-
tribution

W(ω′ − ω) = (Ku
√
π)−1e−(ω−ω′)2/(Ku)2 , (12.5)

we find

Im[P] = −℘N
∫ ∞

−∞
dω′W(ω − ω′)V (ω′ − ν)

� −2℘R0NW (0)W(ω − ν)
∫ ∞

0

dδ
sin

√
δ2 + R2

0t√
δ2 + R2

0

= −℘NR0W (0)W(ω − ν)J0(R0t) , (12.6)

where J0(R0t) is the zeroth-order Bessel function. Here we assume that the
Doppler Gaussian is very broad compared to the width of V, so that it may
be evaluated at the peak of V (ω′ = ν) and factored outside the integral.
The Bessel function gives the “damped” Rabi flopping response of Fig. 12.1.
The decay there is not actually due to damping at all, but rather to the
dynamical interference between Rabi flopping precessions at different rates
(δ2 + R2

0)
1/2. Unlike irreversible damping, this dynamical decay due to the

inhomogeneous broadening can be reversed, as demonstrated by the photon-
echo phenomenon discussed in Sect. 12.3. The “decay” time so measured
gives the Doppler width Ku.

The V component of (4.63, 4.65) can be generalized to include dipole and
population-difference decay times T2 = T1 by multiplying by the damping
factor exp(−t/T2). Combining this generalization, which neglects terms of
order (R0/T2)−1, with (12.3, 12.6), we find the field envelope

Re{Es(L, t)} =
℘NKLW(ω − ν)

2ε
R0e−t/T2W (0)J0(R0t) . (12.7)
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Fig. 12.1. Normalized optical nutation signal versus R0t as given by (12.7)

12.2 Free Induction Decay

To observe this phenomenon, we first allow the response of a sample to a
cw incident field to reach steady state. Such a field pumps up the medium
in analogy with the way a current charges up an inductor. For a medium of
two-level atoms, the steady-state Bloch vector is given by (4.75, 4.74, 4.71).
Following the experimental method of Brewer and Shoemaker (1972), we then
Stark switch the molecules or frequency switch the laser out of resonance so
that further interaction with the field is negligible. Similarly to an inductor
attempting to maintain a current when the driving current is switched off,
the steady-state induced polarization continues to radiate after the incident
field is switched off. This radiation decays away in the dipole lifetime. The
process is called free induction decay after its NMR analog, which consists
of spins in magnetic fields and acts very similarly to the free decay of an
inductor.

While in steady-state equilibrium with the incident field, the inhomo-
geneously broadened atoms are characterized by the detuning δ = ω′ − ν.
After the Stark switching, the atoms evolve freely with the detuning δ′ =
ω′ − ν +Δs = δ+Δs. The corresponding transient solutions for large T1 are
given in (4.68) with γ = 0 and δ replaced by δ′. In particular, to evaluate
Im(P) we need the V component

V (t) = [sin δ′tU(0) + cos δ′tV (0)]e−t/T2 . (12.8)

Substituting this into (12.4) with the steady state values given by (4.75, 4.74)
as the initial values U(0) and V (0), evaluating W(ω′ − ω) at the center of
the U(0) and V (0) values (ω′ = ν), and neglecting terms odd in δ, we find
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Im [P] = −℘NW(ω − ν)
∫ ∞

−∞
dδ[sin δ′tU(0) + cos δ′tV (0)]

� 2℘2
�
−1T2E0NW (0)W(ω − ν)e−t/T2 cosΔst

∫ ∞

0

dδ
δT2 sin δt− cos δt

1 + I + δ2T 2
2

� −π℘2
�
−1T2E0NW (0)W(ω − ν)e−(1+

√
I+1)t/T2 cosΔst[(1 + I)−1 − 1] .

(12.9)

Substituting (12.3, 12.9) into (12.2), we find a total field containing the beat-
frequency component E0Q cosΔst, where

Q(t) =
πNKL℘2E0

4�ε
W (0)W(ω− ν)e−(1+

√
1+t)t/T2 [(1+ I)−1/2 − 1] . (12.10)

The beat-note exponential decay factor exp[−t(1+
√
I + 1)/T2] arises from

two sources, 1) the ordinary dipole decay exp(−t/T2) appearing in (12.8), and
2) the exp[−t

√
I + 1/T2] factor which results from the Doppler dephasing of

the molecules in the power broadened hole excited by the incident field. At
moderate incident intensities (few watts/cm2), the dimensionless intensity
I = R2

0T1T2 can be much greater than 1 causing the dephasing contribution
to dominate and the free induction to decay in about one Rabi flopping
period.

In actual Stark shift experiments the Stark shift is only strong enough
to shift the initial velocity group out of resonance and another group into
resonance. This leads to a free induction decay signal for the initially reso-
nant group superimposed on an optical nutation signal for the subsequently
resonant group. The large I(R2

0 
 (T1T2)−1) case helps to separate the two
phenomena, since the free induction decay takes place within one Rabi flop-
ping cycle, while the optical nutation decays in the time T2.

12.3 Photon Echo

The inhomogeneous-broadening dephasing of the free induction decay is
a dynamical process governed by the two-level Hamiltonian. As such it
is a reversible process, in contrast to the homogeneous broadening decay,
which results from Markoffian interactions with one or more reservoirs (see
Chap. 15). The reversible character of this dynamical dephasing can be ob-
served in experiments such as photon echoes. Specifically, we can apply one
pulse preparing the system someway, let it evolve freely for a time, apply a
second pulse, and then watch the response. If the time between pulses is less
than T2, the polarization will rephase to some extent after additional free
evolution. This rephased polarization emits an “echo” field even in the ab-
sence of applied fields. This echo was named “photon echo” by Abella et al.
(1966), in analogy with the NMR “spin echo” discovered by Hahn (1950).



286 12 Coherent Transients

We first give a simple Bloch vector discussion of this phenomenon for the
most pronounced pulse combination, namely, a sharp π/2 pulse followed a
time τ later by a sharp π pulse. Provided these pulses are sharp compared to
the inhomogeneous broadening dephasing time, and provided this time is, in
turn, short compared to T1 and T2, we see a nice echo at time 2τ . We then
derive a more general solution for two pulses of arbitrary area but still short
compared to the inhomogeneous dephasing time.

Before the first pulse, the Bloch vectors for all molecules regardless of
velocity point down, namely, U(0−) = −e3, where we use t = 0− to indicate
the time just before the first pulse, and 0+ for the time just afterward. A
π/2 pulse sharp compared to the inhomogeneous broadening dephasing time
rotates all Bloch vectors up to e2, i.e., U(0+) = e2. Effectively the bandwidth
of the sharp pulse is assumed to be so broad that all molecules are resonant
and their Bloch vectors rotate about the e1 axis up to e2. We then let the
Bloch vectors precess freely in the rotating frame at their rates ω−ν. Due to
the distribution in ω they spread out in the UV plane (Fig. 12.2a), with more
detuned systems precessing faster than more resonant ones. After a time τ we
then subject the molecules to a sharp π pulse, which rotates all vectors π ra-
dians about the e1 axis (Fig. 12.2b). This simply sets V (τ−) → −V (τ+). The
nearly resonant Bloch vectors haven’t precessed much, so the π pulse gives
them a big shove toward −e2. After another time τ, they precess the same
amounts and end up at −e2. The less resonant vectors have precessed fur-
ther, so the π pulse leaves them relatively far from −e2. After another τ, they
also end up at −e2, since they precess faster. The net effect is that all Bloch
vectors end up at −e2 at time 2τ , regardless of their individual precession

Fig. 12.2. Evolution of the Bloch vectors in an ideal photon echo experiment,
(a) U vectors for molecules with varying resonant frequencies spread out in the
UV plane after an initial π/2 pulse rotates them up from −e3. (b) A sharp π pulse
rotates all vectors π radians about the e1 axis, putting the more slowly precessing
vectors ahead of the more rapid ones
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rates. Thus they add constructively, yielding a macroscopic polarization that
radiates an echo field.

Hahn’s analogy with race horses helps to make this clearer. At time t = 0,
all horses start at the starting gate (like the vectors along e2) running at
different speeds and spreading out around the race track. At the time t = τ ,
someone fires a gun, signaling all horses to about face and run back to the
starting gate. In the second time interval of τ each horse travels the same
distance it did in the first time interval of τ. Hence at the time t = 2τ , all
horses end up back at the starting gate. Crash! The analogy is good, except
that the horses end up together where they started, while the Bloch vectors
end up together on the other side of the UV circle from where they started.

We can derive the echo signal for two pulses of arbitrary areas θ1 and θ2,
provided they are short compared to T1 and T2, as follows. The evolution for
a given Bloch vector is obtained by multiplying the initial value of −e3 by
four matrices, first an optical nutation matrix (4.63) for the time 0 to t1 of
the first square pulse, second a free precession matrix (4.68) for τ = t1 to t2,
third another optical nutation matrix (4.63) for t = t2 to t3 of the second
square pulse, and fourth, another free precession matrix (4.68) for t ≡ t3 to
t4. In the final matrix we only need to calculate the Δ-symmetrical parts
of the U(t) and V (t) components, since they’re all that survive the integral
over the inhomogeneous broadening. If we consider only a single decay rate,
we can solve this problem substantially quicker using the wave function U -
matrix of (3.133). Hence, we leave the Bloch vector solution to Prob. 12.3
and carry out the wave function solution here.

In terms of the two-level evolution matrix of (3.133), we find the wave
function after the two pulses of areas θ1 and θ2 and corresponding free evo-
lutions for times τ1 and τ2 to be

[
Ca(τ1 + τ2)
Cb(τ1 + τ2)

]
=

[
e∗2 0
0 e2

] [
c2 − iδR−1s2 iR0R−1s2
iR∗

0R−1s2 c2 + iδR−1s2

]

×
[
e∗1 0
0 e1

] [
iR01R−1

1 s1
c1 + iδR−1

1 s1

]
(12.11)

where R0i = ℘Ei/� for i = 1 and 2, δ = ω − ν,R2
i = R2

0i + δ2. For the sake
of brevity we have used the notation

ei = exp(iδτi) , si = sin(θi/2) , ci = cos(θi/2) . (12.12)

We have already multiplied the evolution matrix for the first pulse by the
initial ground state column vector. Multiplying the diagonal free evolution
matrices next and then performing the final multiplication, we obtain
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[
Ca(τ1 + τ2)
Cb(τ1 + τ2)

]
=
[
(c2 − iδR−1

2 s2)e∗2 iR02R−1
2 s2e

∗
2

iR∗
02R−1

2 s2e2 (c2 + iδR−1
2 s2)e2

] [
iR01R−1

1 s1e
∗
1

(c1 + iδR−1
1 s1)e1

]

=
[
iR01R−1

1 s1(c2 − iδR−1
2 S2)e∗1e

∗
2 + iR02R−1

2 s(c1 + iδR−1
1 s1)e1e∗2

−R∗
02R01(R1R2)−1s1s2e

∗
1e

∗
2 + (c2 + iδR−1

2 s2)(c1 + iδR−1
1 s1)e1e2

]
.

(12.13)

We now average Ca(τ1 + τ2)C∗
b (τ1 + τ2) over the inhomogeneous broadening

distribution. In this average, only the cross-term proportional to R∗
01R2

02

contains free evolution phase factors that cancel when τ1 = τ2 and give an
appreciable polarization. The δs1 contribution to this term averages to zero
over the even velocity integral, leaving us with the slowly-varying complex
polarization

℘〈Ca (τ1 + τ2)C∗
b (τ1 + τ2)〉

= − i
2
℘R∗

01R2
02〈e2iδ(τ1−τ2)(R1R2

2)
−1 sin θ1 sin2(θ2/2)〉 . (12.14)

The observed photon-echo signal is proportional to the absolute value of this
slowly-varying polarization. The functions R, θ1, and θ2 are all functions of δ,
the variable of integration in the average over the inhomogeneous broadening
distribution. Hence, in general the integral must be performed numerically,
but in the limit when the pulses are short compared to the inhomogeneous
dephasing time, we can ignore these dependencies. Then R → R0, and we see
that the maximum echo occurs for a first pulse of area θ1 = π/2 and a second
pulse of area θ2 = π, the choices we used in our intuitive discussion at the start
of this section. The maximum signal given by (12.14) occurs for equal free
evolution times, τ1 = τ2, since otherwise the exp[2iδ(τ1−τ2)] factor oscillates
rapidly, cancelling out the integral over δ. To include simple effects of decay,
multiply the answer of (12.14) by exp[−γ(τ1+τ2)]. The R∗

01R2
02 factor reveals

that photon echo can be interpreted as a superposition of four-wave mixing
processes in which the Fourier components of the second pulse scatter off the
gratings induced by the interference between the Fourier components of both
pulses. At the echo time these processes add constructively.

12.4 Ramsey Fringes

A coherent interaction very similar in some ways to photon echo is the phe-
nomenon of Ramsey fringes, which are generated by the scheme of Fig. 12.3.
Initially unexcited atoms pass through two uniform parallel beams of light
separated by a gap. We suppose that the areas of the Rabi precession in the
beams are given by θ1 and θ2, as for the pulses in photon echo. We further
suppose that the atoms move between the beams in a time T . The wave func-
tion at the exit of the second beam is then given by the product of three 2×2
matrices which are precisely the same as the first three matrices for photon
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Fig. 12.3. Configuration yielding Ramsey fringes

echo. Hence the wave function is given by (12.11, 12.13) with the factor e2 = 1
and without the subscripts 1 and 2. Unlike photon echoes, Ramsey fringes
experiments typically detect the spontaneous emission from the upper level
rather than the radiation from a coherent dipole. Hence, they effectively mea-
sure the upper-level probability |Ca|2 for a homogeneously broadened system,
rather than an average over an inhomogeneous distribution of dipoles.

Calculating |Ca|2 from (12.13) with e2 = 1, we have

|Ca|2 = |a1|2 + |a2|2 + 2Re{a∗1a2 exp[i(ω − ν)T ]} , (12.15)

where a1 and a2 are given by

a1 = R0R−1s1(c2 − iδR−1
2 s2) , (12.16)

a2 = R0R−1s2(c1 + iδR−1s1) , (12.17)

and si and ci are sines and cosines of the Rabi precession angles as given by
(12.12). The Ramsey fringes technique is used in high-resolution spectroscopy
to reduce the effects of transit time broadening resulting from the finite light-
atom interaction time.

12.5 Pulse Propagation and Area Theorem

Up to this point, we have approximated the slowly-varying Maxwell propa-
gation equation (1.43) by keeping only the time derivative in cavity problems
and only the space derivative in propagation problems. For pulse propaga-
tion in general and self-induced transparency in particular, we must keep
both derivatives. To this end, this section derives the polarization P(z, t) in
(1.43) as a convolution of the field envelope and a susceptibility that includes
the effects of inhomogeneous broadening. We solve the resulting equations
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for the pulse area, finding the McCall and Hahn (1967) area theorem, which
provides the basis for an explanation of self-induced transparency.

The interaction energy Vab the field (1.41) is

Vab = −℘
2
E(z, t)ei(Kz−νt) . (12.18)

Substituting this into the population matrix equations of motion (5.9, 5.34),
we have

ρ̇ab = −(iω + γ)ρab
− i℘

2�
E(z, t)ei(kz−νt)D , (12.19)

dD
dt

= −Γ (D +N ′) + [
iE(z, t)

�
ei(Kz−νt)ρ∗ab + c.c.] , (12.20)

in which we drop the pump (Λ) terms for the present problems. A formal
integral of (12.19) is

ρab(z, ω, t) = − i℘
2�

ei(Kz−νt)

×
∫ t

−∞
dt′E(z, t′)D(z, w, t′)e−(iω−iν+γ)(t−t′) . (12.21)

Substituting this into (12.20), we find the integro-differential equation

dD
dt

= − Γ (D +N ′) − 1
2

(℘
�

)2
∫ t

−∞
dt′D(z, ω, t′)

× [e(iω−iν−γ)(t−t′)E(z, t)E∗(z, t′) + c.c.] . (12.22)

Substituting (12.21) into (5.8), we obtain the complex polarization

P(z, t) = − i℘2

�

∫ t

−∞
dt′E(z, t′)D(z, ω, t′)e−(iω−iν+γ)(t−t′) . (12.23)

Combining this with the slowly-varying Maxwell propagation equation (1.43),
we have

(
∂

∂z
+

1
c

∂

∂t
+ κ

)
E =

α′

N ′

∫ t

−∞
dt′E(z, t′)D(z, ω, t′)e−(iω−iν+γ)(t−t′) ,

(12.24)
where α′ = K℘2N ′/2�ε (note that α′ does not have the dimensions of an
absorption coefficient). The coupled atom-field equations (12.22, 12.24) allow
us to predict the evolution of a pulse as it propagates down a homogeneously
broadened two-level medium.

For propagation in inhomogeneously broadened media, we sum (12.23)
times the distribution W(ω) over ω to find the convolution

P(z, t) = − i℘2N ′

�

∫ t

−∞
dt′E(z, t′)e−γ(t−t′)χ(z, t− t′, t′) , (12.25)
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where the dimensionless complex susceptibility

χ(z, T, t) = N
′−1

∫ ∞

−∞
dωW(ω)e−i(ω−ν)TD(z, ω, t) . (12.26)

Like (2.37), the convolution in (12.25) generalizes the usual susceptibility re-
lation (1.33) to include the effects of the medium’s memory. Equation (12.25)
describes both the irreversible decay in memory due to finite T2(1/γ) as well
as the reversible decay resulting from the interference of population differ-
ences at different ω’s in the integral of (12.26).

Inserting (12.25) into the propagation equation (1.43), we find
(
∂

∂z
+

1
c

∂

∂t
+ κ

)
E = −α′

∫ t

−∞
dt′E(z, t′)e−γ(t−t′)χ(z, t− t′, t′) . (12.27)

The equation of motion for χ is given by differentiating (12.26) with respect
to t. Using (12.25) for Ḋ, we find

∂

∂t
χ(z, T, t) = − Γ [W̃ (T ) + χ(z, T, t)] − 1

2

(℘
�

)2
∫ t

−∞
dt′e−γ(t−t′)

× E(z, t)E∗(z, t′)χ(z, T − t+ t′, t′) + c.c.] , (12.28)

where
W̃ (T ) =

∫ ∞

−∞
dωW(ω)e−i(ω−ν)T (12.29)

is the Fourier transform of the inhomogeneous broadening function W(ω).
The coupled equations (12.27, 12.28) determine the development of a plane-
wave pulse propagating through a two-level medium with the inhomogeneous
broadening distribution W(ω).

Pulse Area Theorem

In particular we are interested to see how the pulse area defined by

θ(z) ≡
∫ ∞

−∞
dt
℘E(z, t)

�
(12.30)

changes along z. In a rate-equation Beer’s law limit, we would expect that
θ(z) obeys the propagation equation

d
dz
θ(z) = −αθ(z) . (12.31)

In contrast, McCall and Hahn (1969) found that under conditions of coherent
propagation, i.e., for light pulses short compared to the atomic decay times
T1 and T2, θ(z) obeys the more general propagation equation
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d
dz
θ(z) = −α sin[θ(z)] (12.32)

known as the area theorem. This theorem is remarkable in several ways, one
which is that it works for an arbitrary amount of inhomogeneous broadening,
and another of which is that it predicts multiple stable solutions for the values
0 = 2qπ, where q = 0, 1, θ . . .. Note that a stable area does not necessarily
imply a stable pulse shape! We discuss conditions under which the pulse
shape itself is stable in Sect. 12.6. In this subsection, we solve (12.27, 12.28)
with γ � Γ � 0 and a real envelope E(z, t) to find the area theorem.

Integrating the propagation equation (12.27) with γ = 0 over t, we find

∂θ

∂z
+ κθ = −α′

∫ ∞

−∞
dt

∫ t

−∞
dt′
℘E(z, t′)

�
χ(z, t− t′, t′) ,

where the integral over the ∂E/∂t vanishes since E vanishes at t = ±∞.
Interchanging the integrals with corresponding changes in the integration
limits we find

∂θ

∂z
+ κθ = −α′

∫ ∞

−∞
dt′
℘E(z, t′)

�

∫ ∞

t′
dt χ(z, t− t′, t′)

= −α′
∫ ∞

−∞
dt′
℘E(z, t′)

�

∫ ∞

0

dT χ(z, T, t′)

= −α
′

2

∫ ∞

−∞
dt
℘E(z, t)

�

∫ ∞

−∞
dT χ(z, T, t) , (12.33)

where the last step follows since the reality of χ implies that χ(z,−T, t) =
χ(z, T, t). Integrating (12.28) over T with γ = Γ = 0, we find

∂

∂t

∫ ∞

−∞
dT χ(z, T, t) = −

(℘
�

)2
∫ t

−∞
dt′E(z, t)E(z, t′)

∫ ∞

−∞
dT χ(z, T, t′) ,

(12.34)
where we have taken E real and used the fact that χ is real so that the c.c.
in (12.28) yields a multiplicative factor of 2. At t = −∞, i.e., before the
pulse arrives, the medium is in its ground state [D(z, ω,−∞) = −N ′], so
that (12.26) gives

∫ ∞

−∞
dT χ(z, T,−∞) = −

∫ ∞

−∞
dT W̃(T ) = −2πW(ν) . (12.35)

Problem 12.4 solves a differential equation that has the same form as (12.34).
Writing the corresponding solution for (12.34) with the initial condition
(12.35) gives

∫ ∞

−∞
dTχ(z, T, t) = 2πW(ν) cos

[∫ t

−∞
dt′
℘E(z, t′)

�

]
.
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Substituting this into the area equation (12.33), we find

∂θ

∂z
+ κθ = −α

∫ ∞

−∞
dt
℘E(z, t)

�
cos

[∫ t

−∞
dt′
℘E(z, t′)

�

]
, (12.36)

where the absorption coefficient α = πW(ν)α′. Finally, changing the variable
of integration t′ to the partial area

ϑ(z, t) =
∫ t

−∞
dt′
℘E(z, t′)

�
, (12.37)

we obtain the area theorem

∂θ

∂z
+ κθ = −α

∫ θ(z)

0

dϑ cosϑ = −α sin[θ(z)] . (12.38)

12.6 Self-Induced Transparency

For no losses (κ = 0), the area theorem shows that under the influence of
coherent propagation through absorbing media, the area of optical pulses
evolves toward 2qπ, where q is an integer (see Prob. 12.5). This very general
result still does not predict the shape of the pulse. This section addresses
this question, and more precisely discusses pulses that propagate through
the absorber without reshaping. This effect, also discovered by McCall and
Hahn (1967), is called self-induced transparency.

Consider the Bloch equations (4.48–4.50) without decay and with an elec-
tric field that varies in space and time

dU/dt = −δV , (12.39)
dV/dt = δU + R0(z, t)W , (12.40)
dW/dt = −R0(z, t)V , (12.41)

where R0 = ℘E(z, t)/� and δ = ω−ν. In the resonant case δ = 0, the solution
to these equations is

V (z, t; 0) = − sin[ϑ(z, t)] , (12.42)
W (z, t; 0) = − cos[ϑ(z, t)] , (12.43)

where we have used the initial condition U(z,−∞)=V (z,−∞)=0,W (z,−∞)
= −1, and ϑ(z, t) is the pulse area of (12.37). We consider propagation
through an inhomogeneous medium and hence need also to find the solution
of the Bloch equations for δ �= 0. We proceed by introducing the factorization
Ansatz

V (z, t; δ) = F (δ)V (z, t; 0) = −F (δ) sin[ϑ(z, t)] . (12.44)
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Physically this means that we assume the detuned atoms have essentially
the same response as the resonant atoms, except perhaps with a reduced
amplitude. Substituting this Ansatz into (12.41) leads to a form that can be
integrated exactly to give

W (z, t; δ) = −F (δ)[cosϑ(z, t) − 1] − 1 . (12.45)

Taking the second derivative of (12.40) and substituting for dU/dt and W,
we find the equation for the pulse partial area

d2ϑ

dt2
=

δ2F (δ)
1 − F (δ)

sinϑ . (12.46)

Note that since ϑ is independent of the detuning δ, the same must hold for
F (δ). Identifying

δ2F (δ)
1 − F (δ)

=
1
τ2
, (12.47)

F (δ) =
1

1 + (δτ)2
, (12.48)

yields, when substituted in (12.46), the pendulum equation

d2ϑ(z, t)
dt2

− 1
τ2

= 0 . (12.49)

In general this equation can be solved in terms of elliptic functions. For the
initial condition E(−∞) = dE(−∞)/dt = 0, however, the solution reduces
to

ϑ(z, t) = 4 tan−1[exp(t− t0)/τ ] , (12.50)

or
E(z, t) =

2�

τ℘
sech[(t− t0)/τ ] , (12.51)

so that τ can be interpreted as the pulse duration. It is easily seen that for
t → ∞ this pulse has the area 2π. This result indicates that despite the
fact that the medium is inhomogeneously broadened, it can still sustain π
pulses, provided their shape is a hyperbolic secant. Even more remarkable
perhaps is the fact that the Bloch equations alone are sufficient to determine
the temporal evolution of the pulse: so far no mention has been made of
Maxwell’s wave equation. Of course, the spatial dependence of the pulse is
still implicit and hidden in t0. What Maxwell’s equations provide is the pulse
velocity. Introducing t0 = z/vp, it can be shown that the 2π-hyperbolic secant
solutions propagate unchanged through the absorber at velocity

vp =
c

1 + αcτ
, (12.52)
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which can be substantially slower than the speed of light. The 2π-sech pulses
are an optical example of solitons, and have a number of fascinating properties
that have been studied in considerable detail over the years [see Lamb (1971)].

Equation (12.52) shows that the pulse velocity is inversely proportional to
its length. Shorter solitons move faster than broader ones. Thus solitons can
“collide” as the faster one passes through the slow one, but at the end of the
collision the shapes of the two solitons remain as they were initially. Although
the area theorem indicates that 4π, 6π . . . pulses are also asymptotic solutions
to coherent propagation through absorbers, such pulses are not stable and
break up into 2, 3, etc. . .2π-sech pulses. This break-up has been studied in
detail for example by Lamb (1971).

12.7 Slow Light

Self-induced transparency can lead to pulse velocities significantly smaller
than c, with vp as small as 102 − 104 m/s observed in experiments. Such
slow velocities result from the absorption of the leading edge of the pulse
in a resonant medium, followed by the amplification of its trailing edge by
stimulated emission. One other method to produce slow light is based on
the propagation of a weak probe field in a medium characterized by a very
narrow resonance. One such situation is encountered in electromagnetically
induced transparency, see Sect. 9.6.

The basic idea is that the group velocity (1.45) ,

vg =
c

(n+ νdn/dν)
(12.53)

can become extremely small when dn/dν > 0 in the vicinity of a narrow
resonance.

From (9.52) and with (1.40) we have, for |V21|2/�2 
 1,

n(ν1 � 1 +
N |℘32|2�Δ

ε0V21|2
, (12.54)

where ν1 is the probe frequency and Δ = ν1 − (ω1 − ω3) as before. It follows
that for 4Nν2|℘32|2 
 �cε0|R2|2 we have

vg � �cε0|R2|2
4Nν2|℘32|2

, (12.55)

where we have introduced the Rabi frequency R2 = ℘21E2/� of the saturator
field.

Using this technique in a Bose-Einstein condensate of Sodium atoms, Hau
et al. (1999) succeeded in slowing down a light beam down to a group velocity
of 17 m/s. The use of a condensate is not necessary, however, and experiments
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can also be performed in hot gases, although in that case Doppler broadening
of the resonance needs to be suppressed, see e.g. Kash et al. (1999).

It is important to remark that a pulse propagating without distortion with
a group velocity much less than c is compressed very significantly compared
to its free-space width. This can be seen easily by considering a gaussian
input pulse of the form

E1(z = 0, t) = E0e
−(t/tp)2 . (12.56)

Distortionless propagation implies

E1(z, t) = E1(t− z/vg) = E0e
−(t−z/vg)2/t2p , (12.57)

a result that should be contrasted to the free space result

E1(z, t) = E1(t− z/c) = E0e
−(t−z/c)2/t2p . (12.58)

This implies a pulse compression by a factor c/vg of about 5 · 106 for vg = 15
m/s.

Problems

12.1 Compare and contrast self-induced transparency and bleaching.

12.2 Name two ways to measure the homogeneous linewidth in the presence
of large inhomogeneous broadening.

12.3 Calculate the photon echo polarization using the Bloch vector formal
ism. Specifically, the result of the first optical nutation from the ground-state
initial condition is given by (4.63) with W (0) = 1, U(0) = V (0) = 0, Ωt
replaced by θ1, and Ω approximated by R0 which for simplicity we take to
be large compared to the magnitudes of the relevant Δ’s. Hence the desired
complex polarization is given by calculating
⎡

⎣
U(τ1 + τ2)
V (τ1 + τ2)
W (τ1 + τ2)

⎤

⎦ =

⎡

⎣
cosΔτ2 − sinΔτ2 0
sinΔτ2 cosΔτ2 0

0 0 1

⎤

⎦

×

⎡

⎣
Δ2Ω−2 cos θ2 + 1 −ΔΩ−1 sin θ2 ΔΩ−1(cos θ2 − 1)
ΔΩ−1 sin θ2 cos θ2 sin θ2

ΔΩ−1(cos θ2 − 1) − sin θ2 Δ2Ω−2 + cos θ2

⎤

⎦

×

⎡

⎣
cosΔτ1 − sinΔτ1 0
sinΔτ1 cosΔτ1 0

0 0 1

⎤

⎦

⎡

⎣
ΔΩ−1(cos θ1 − 1)

sin θ1
Δ2Ω−2 + cos θ1

⎤

⎦

and integrating the resulting U+iV over the inhomogeneous distribution. The
algebra is substantially more complex than that for the two-level evolution
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matrix technique used in the text, in spite of the simplifying assumption that
Ω can be approximated by R0 [(12.11, 12.13) do not make this assumption].
This is one more example of how the wave function can involve less algebra
in cases with no or uniform decay.

12.4 Show that the differential equations

Ċa =
i℘E(t)

2�
Cb , Ċb =

i℘E(t)
2�

Ca ,

have the solution
Ca(t) = A cos(ϑ/2) +B sin(ϑ/2)

with a corresponding expression for Cb(t), where the partial area

ϑ =
℘

�

∫ t

−∞
dt′E(t′) .

12.5 Show that the stable solutions of (12.38) are given by θ = 2qπ, where q

is an integer.
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Up to now, we have treated many problems in light-matter interactions and
have obtained results in excellent agreement with experiments without hav-
ing to quantize the electromagnetic field. Such a semiclassical description is
sufficient to describe most problems in quantum optics. However, there are
a few notable exceptions where a classical description of the field leads to
the wrong answer. These include spontaneous emission, the Lamb shift, reso-
nance fluorescence, the anomalous gyromagnetic moment of the electron, and
“nonclassical” states of light such as squeezed states. The remainder of this
book deals with selected problems in light-matter interaction that require
field quantization. The present chapter treats the quantization of the electro-
magnetic field in free space. Those familiar with this subject might want to
glance at our notation and then proceed directly to Chap. 14.

Section 13.1 quantizes a single-mode electromagnetic field using the re-
sults of Sect. 3.4 for the harmonic oscillator. Section 13.2 generalizes these
results to multimode fields. In Sect. 13.3, we find that an electromagnetic
field in thermal equilibrium is described by a density matrix leading to a
Maxwell-Boltzmann photon statistics. In Sect. 13.4, we review briefly the
properties of the coherent states of the electromagnetic field, finding in par-
ticular their photon statistics. Section 13.5 discusses the coherence properties
of quantum fields in generalization of Sect. 1.4, and Sect. 13.6 discusses the
P (α) and other quasi-distributions which allow to cast certain quantum op-
tics problems into a classical-looking formalism. Finally, Sect. 13.7 gives a
brief introduction to the second quantization of matter-wave fields.

13.1 Single-Mode Field Quantization

To quantize the electromagnetic field, we consider a cavity of volume V, closed
by perfectly reflecting mirrors as diagrammed in Fig. 13.1. For problems in
free space, we take this volume to be infinite at the end of the calculation.
This needs not be the case and tailored electromagnetic environments can be
experimentally realized as discussed in Chap. 18.

A classical monochromatic, single-mode electromagnetic field polarized in
the x̂-direction has the form
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Fig. 13.1. One-dimensional cavity used to quantize the electromagnetic field

E(z, t) = x̂q(t)[2Ω2/ε0V ]1/2 sinKz . (13.1)

Here Ω is the single-mode field oscillation frequency, K is the wave number
Ω/c, and q(t) is a measure of the field amplitude.

The electromagnetic field satisfies Maxwell’s equations in a vacuum,
namely, (1.1–1.4). Substituting (13.1) into (1.3) yields the magnetic field

B(z, t) =
ŷ

c2K
q̇(t)

[
2Ω2

ε0V

]1/2

cosKz . (13.2)

The classical electromagnetic energy density is given by

U =
1
2
[ε0E2 +B2/μ0] , (13.3)

with the corresponding Hamiltonian

H =
1
2

∫

V

dV [ε0E2 +B2/μ0] , (13.4)

where dV is a volume element and E and B are the magnitudes of E and B,
respectively. Inserting (13.1, 13.2) into (13.4), we find

H =
1
2
(Ω2q2 + p2) , (13.5)

which is formally identical with the Hamiltonian for a simple harmonic oscil-
lator with unit mass. We can therefore immediately quantize a single mode
of the electromagnetic field by applying the results of Sect. 3.4 on the quan-
tization of the simple harmonic oscillator. We find that in terms of the an-
nihilation and creation operators a and a†, the single-mode electromagnetic
field Hamiltonian is given by

H = �Ω(a†a+ 1/2) (13.6)

The corresponding eigenstates |n〉 of the field satisfy
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H|n〉 = �Ω(n+ 1/2)|n〉 , n = 0, 1, 2, . . . , (13.7)

where n may be loosely interpreted as the “number of photons” in the state
|n〉. The corresponding state vector is a linear superposition of these energy
eigenstates

|ψ〉 = Σncn|n〉 . (13.8)

More general descriptions of the single-mode field are given in terms of density
operators in the next sections.

Substituting the position operator of (3.138) into (13.1), we find the elec-
tric field operator

E(z, t) = EΩ(a+ a†) sinKz , (13.9)

where the “electric field per photon”

EΩ ≡ [�Ω/ε0V ]1/2 . (13.10)

The Photon

Although the word “photon” is ubiquitous in quantum optics, it is commonly
used in several different ways. One common use interprets (3.153, 3.154) as
creating or annihilating a photon

a|n〉 =
√
n|n− 1〉 , (3.135)

a†|n〉 =
√
n+ 1|n+ 1〉 . (3.136)

According to this interpretation, the photon is a quantum of a single mode
of the electromagnetic field. As such, it fills the volume of quantization. One
might argue that although precise, such a definition of the photon is not
particularly useful from an experimental point of view. In this context, “pho-
ton” is often used to describe a relatively localized (and therefore multimode)
packet of radiation with an average energy of �Ω. In such situations, pho-
tons are always multimode objects since Fourier analysis tells us that the
localization of any wavepacket requires a superposition of modes. This “par-
ticle” interpretation has intuitive appeal, but presents the drawback that each
source emits its own kind of wavepackets and hence such “photons” have a
wide variety of analytic forms or worse, no analytic form at all. Section 14.4
on quantum beats gives an explicit example of a wavepacket with energy �Ω.
The most common use of the word photon is as a unit of electromagnetic
radiation with the energy �Ω. This use is found in chemistry, in some parts
of atomic physics dealing with “multiphoton processes”, and often in semi-
conductor physics and in engineering optics. In these and similar cases, the
field is classical, with absolutely no quantum character. “Photon” is used as
a catchy synonym for “light” as in “photon echo” and photonics. Because the
word photon is used in so many ways, it is a source of much confusion. The
reader always has to figure out what the writer has in mind.

e = mc2 (3.137)
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13.2 Multimode Field Quantization

Section 13.1 describes the quantization of a single-mode of the electromag-
netic field. Many problems of interest, such as spontaneous emission, require
many modes of the field with various frequencies and wave vectors. This sec-
tion generalizes our analysis to treat many modes quantum mechanically.
Modes are characterized by frequency, wave vector, polarization, and trans-
verse variation. We consider linearly polarized plane-wave modes for simplic-
ity.

Generalizing (13.1), we find the multimode electric field

E(z, t) =
∑

s

ε̂sqs(t)[2Ω2
s/ε0V ]1/2 sinKsz , (13.11)

where ε̂s is the polarization of mode s, Ωs = cKs,Ks = sπ/L, s = 1, 2, 3, . . . ,
and L is the length of the cavity in the ẑ direction. The Hamiltonian H of
such a multimode field is the sum of the Hamiltonians Hs of the single modes

H = ΣsHs , (13.12)

where Hs is given in terms of the single mode annihilation and creation
operators as and a†s by (13.6) as

Hs = �Ωs(a†sas + 1/2) . (13.13)

The annihilation and creation operators satisfy the commutation relations

[as, a
†
s′ ] = δs,s′ . (13.14)

The electric field operator of (13.9) generalizes to

E(z, t) =
∑

s

Es(as + a†s) sinKsz , (13.15)

where Es = [�Ωs/ε0V ]1/2 is the electric field per photon.
The eigenstates of the multimode Hamiltonian (13.12) are given by prod-

ucts of the single-mode eigenstates

|n1n2 . . . ns . . .〉 ≡ |{n}〉 , (13.16)

which have eigenvalues given by the eigenvalue equation

H|{n}〉 = �

∑

s

Ωs

(
ns +

1
2

)
|{n}〉 . (13.17)

When acting on |{n}〉, the creation and annihilation operators a†p and ap of
the p-th mode give
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a†p|{n}〉 =
√
np + 1|n1n2 . . . np + 1 . . .〉 , (13.18)

ap|{n}〉 =
√
np|n1n2 . . . np − 1 . . .〉 . (13.19)

The general state vector of a multimode field is a linear superposition of
states such as |{n}〉, namely,

|ψ〉 =
∑

n1

∑

n2

. . .
∑

{ns}
cn1n2...ns...|n1n2 . . . ns . . .〉 ≡

∑

{n}
c{n}|{n}〉 . (13.20)

Note that this is more general than

|ψ〉 = |ψ1〉|ψ2〉 . . . |ψs〉 . . . , (13.21)

where the |ψs〉 are state vectors for individual modes. Equation (13.20) in-
cludes state vectors of the type (13.21) as well as more general states with
correlations between different modes resulting from interactions, for example,
with atoms.

Quantization of Standing Waves versus Traveling Waves

Both standing and traveling waves are routinely used as basis fields for quan-
tum theories of electrodynamics. To appreciate the difference between them,
consider the positive frequency field operator

E+(z, t) = Er[a1eiKz + a2 e−Kz]e−iνt . (13.22)

Here Er is the running-wave electric field per photon and ai and a†i are the
annihilation operators for two oppositely running wave modes, obeying the
boson commutation relations [ai, a

†
j ] = δij . Their action on the state |n1n2〉r

describing the two running waves is

a1|n1n2〉r =
√
n1|n1 − 1n2〉r; a2|n1n2〉r =

√
n2|n1n2 − 1〉r . (13.23)

Alternatively, in terms of the operators ac = (a1 + a2)/
√

2 and a1 = (a1 −
a2)/

√
2, (13.22) is given by

E+(z, t) =
√

2 Er[ac cos(Kz) + ias sin(Kz)]e−iνt , (13.24)

where the operators ac and as also obey boson commutation relations, but
act on standing-wave rather than traveling-wave modes. For example,

as|nsnc〉s =
√
ns|ns − 1nc〉s; ac|nsnc〉 =

√
nc|nsnc − 1〉s . (13.25)

Although the choice of standing or running waves is typically one of math-
ematical convenience, there are cases in which the two are not equivalent.
Standing-wave modes are the natural choice when a field is contained within
a two-mirror cavity. We can then use a single-mode description as in (13.15),
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with the standing-wave electric field per photon related to the running-wave
electric field per photon by Es =

√
2 Er. Conversely, traveling waves are the

natural choice when the field consists of counterpropagating waves in a three-
mirror ring cavity.

Both approaches predict the same single-photon transition rates, such as
those for spontaneous emission and photoionization. However, the situation
is different for the effects of light forces on atomic motion, discussed semiclas-
sically in Chap. 6. For small photon numbers, atoms are diffracted differently
by a true standing wave than by a superposition of two counterpropagating
waves of equal amplitude and opposite direction. We can understand this
result intuitively from the following argument: with running waves, it is pos-
sible in principle to know which running wave exchanges a unit of momentum
with the atom. In contrast, a standing wave is an inseparable quantum unit
with zero average momentum. This unity is imposed by the fixed mirrors
that establish the standing wave and that act as infinite sinks and sources
of momentum. Quantum mechanics forbids one even in principle to deter-
mine, via a field measurement, “which traveling wave” exchanges momen-
tum with the atom, and hence one expects interference phenomena. Indeed
the atomic diffraction patterns reflect this fundamental difference between a
“true” standing wave and a superposition of two running waves [see Shore
et al. (1991)].

13.3 Single-Mode Field in Thermal Equilibrium

Consider again a single-mode electromagnetic field with the Hamiltonian
(13.6) and state vector (13.8), or more generally a density operator ρ. As
such, a quantum mechanical single-mode electromagnetic field is character-
ized by an infinite number of complex numbers cn(t), while in the absence of
classical fluctuations, its classical counterpart is completely determined by a
single complex number, or equivalently by the real coefficient q(t) in (13.1)
and a phase. This fact alone illustrates the wealth of the quantum world as
opposed to its classical counterpart. It is true that some kinds of quantal
fluctuations can be modeled by classical statistics, but not all (see Sect. 13.6
on distributions). In the next two sections, we discuss two of the most im-
portant states of a single mode quantized field, namely, a thermal state and
a coherent state.

A thermal single-mode field is a field from which we only know the average
energy 〈H〉

〈H〉 = tr{ρH} . (13.26)

Our goal here is to determine the density matrix ρ describing this field. We
can find ρ much as in classical physics by using Lagrange multipliers and
maximizing the entropy of the mode subject to constraints like (13.26). The
classical entropy of a system is given by
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S = −kBΣ
P
 lnP
 , (13.27)

where kB is Boltzmann’s constant and P
 is the probability of finding the
system in the state $. In quantum mechanics, the concept of entropy still
holds, but P
 is replaced by the density matrix ρ, and the sum is replaced by
the trace,

S = −kBtr{ρ ln ρ} . (13.28)

The quantum equivalent of the normalization condition Σ
P
 = 1 is

tr{ρ} = 1 . (13.29)

Equations (13.29, 13.26) are the two constraints under which we wish to
maximize the entropy.

We proceed by finding the change δS in entropy corresponding to a small
variation δρ of the density matrix. Without the constraints (13.26, 13.29), we
find from (13.28)

δS � −kBtr
(
∂

∂ρ
(ρ ln ρ)δρ

}
= −kBtr{(1 + ln ρ)δρ} . (13.30)

The constraint (13.29) leads to an extra contribution tr{δρ} = 0, while
(13.26) gives tr{Hδρ} = 0. Inserting these values into (13.30), we find

δS = −kBtr{(1 + ln ρ+ λ+ βH)δρ} . (13.31)

To maximize the entropy, we must have δS = 0 for any δρ, which yields

1 + ln ρ+ λ+ βH = 0 .

i.e.,
ρ = e−(1+λ) exp(−βH) . (13.32)

We still have to determine the two Lagrange multipliers λ and β from the
constraints (13.26, 13.29). Substituting (13.32) into (13.29), we find

e1+λ = tr{exp(−βH)} ≡ Z , (13.33)

where Z is the so-called partition function of the system. Substituting this
into (13.32), we have

ρ =
exp(−βH)

tr{exp(−βH)} =
exp(−βH)

Z
. (13.34)

From classical statistical mechanics, we recognize

β ≡ 1/kBT (13.35)

as the Boltzmann coefficient, which we use as a definition of the temperature
T. So far, our discussion is quite general. The density operator of (13.34)
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describes any system with Hamiltonian H in thermal equilibrium. We use
this fact explicitly in the reservoir theory of Chap. 15.

We now specialize our discussion to the case of the simple harmonic os-
cillator Hamiltonian (13.6). We proceed by redefining the zero of the energy
scale by removing the “zero-point energy” �Ω/2 from H. The density oper-
ator (13.34) becomes then

ρ =
e−β�Ωa†a

tr{e−β�Ωa†a} . (13.36)

In general, we can expand the field density operator in any complete set
of states such as

ρ =
∑

n

∑

m

|n〉〈n|ρ|m〉〈m| =
∑

n

∑

m

ρnm|n〉〈m| . (13.37)

Noting that 〈n|a†a|m〉 = nδnm, we obtain the photon number expansion

ρnm = e−nβ�Ω [Σne−nβ�Ω ]−1δnm = e−nβ�Ω [1 − e−β�Ω ]δnm . (13.38)

Hence we see that the thermal distribution has a diagonal expansion in terms
of the photon number states. This diagonality causes the electric field expec-
tation value to vanish in thermal equilibrium.

From this we can calculate the probability pn(= ρnn) that the field has n
photons, the so-called “photon statistics”. From (13.38), we find

pn = [1 − e−β�Ω ]e−nβ�Ω . (13.39)

This is a Maxwell-Boltzmann distribution illustrated in Fig. 13.2 and justifies
calling a field with such statistical properties a thermal field.

The density matrix (13.36) permits us to compute any observable of in-
terest, such as, e.g., the mean energy in the field. We have

〈H〉 = tr{ρH} =
1
Z

tr{�Ωa†ae−β�Ωa†a}

=
1
Z
Σn�Ωn exp(−�Ωn/kBT ) . (13.40)

Differentiating both sides of the partition function Z with respect to the
temperature gives

dZ
dT

=
1

kBT 2

∑

n

n�Ω exp(−�Ωn/kBT ) . (13.41)

Comparing this result with (13.40), we find

〈H〉 = kBT
2 1
Z

dZ
dT

=
�Ω

exp(�Ω/kBT ) − 1
, (13.42)
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Fig. 13.2. Thermal distribution (solid line) given by the photon statistics formula
(13.39) with β�Ω = 0.05; Poisson distribution (dashed line) of (13.54) for the
coherent state with α∗α = 250

or, reintroducing the “zero-point energy” �Ω/2,

〈H〉 =
�Ω

2
+ �Ω/[exp(�Ω/kBT − 1)] . (13.43)

For T = 0, 〈H〉 = �Ω/2. At absolute zero, the oscillator is in its ground state,
with energy �Ω/2. In contrast, in thermal equilibrium the classical oscillator
energy is 2· 1

2kBT , which vanishes as T → 0. Note that for high temperatures,
�Ω � kBT , we find from (13.42) that 〈H〉 → kBT , that is, the quantum and
classical oscillators have the same mean energy.

In (13.43), it was important to keep the zero-point energy of the oscillator
since we wish to compare the quantum to the classical energy and therefore
need to use the same reference point in both cases. In most of this book,
however, we redefine the energy of the quantum oscillator such that its zero-
point energy is zero, a considerable typographical simplification. The mean
energy calculation also permits us to find the mean number of photons n̄ in
the mode, namely

n̄ = Σnnρnn =
1

eβ�Ω − 1
. (13.44)

13.4 Coherent States

In this section, we discuss a class of states of the simple harmonic oscilla-
tor that play a central role in the quantum theory of radiation discussed in
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Chaps. 14–19. These states are defined as those that minimize the Heisenberg
uncertainty relation ΔpΔq ≥ 1/2|〈[p, q]〉| = �/2, where Δp = (〈p2〉− 〈p〉2)1/2

is the root-mean-square deviation of p and similarly for Δq. One subclass,
the so-called “coherent” states, simultaneously minimizes the spread in both
the position and momentum operators. More generally, we can minimize the
uncertainty product with a smaller uncertainty for one conjugate variable at
the expense of increasing that for the other. Such states are called “squeezed
coherent states” (see Sect. 17.1).

There are several ways to introduce coherent states. Here we choose a
method that emphasizes their nearly classical character. Specifically, we seek
pure states of the harmonic oscillator with mean energy equal to the classical
energy. We proceed by applying Ehrenfest’s theorem, which states that in
the case of free particles, of particles in uniform fields, as well as of particles
in quadratic potentials (harmonic oscillators), the motion of the center of the
quantum wavepacket obeys precisely the laws of classical mechanics

〈ψ|q(t)|ψ〉 = qc(t) ,
(13.45)〈ψ|p(t)|ψ〉 = pc(t) ,

where we use the index c to label the classical variables. Inserting these into
(3.131), we obtain the classical energy

Hc =
p2c
2

+
Ω2q2c

2
=

1
2
[〈ψ|p(t)|ψ〉2 +Ω2〈ψ|q(t)|ψ〉2] . (13.46)

With the substitutions of (3.138, 3.139), Hc becomes

Hc = �Ω〈ψ|a†|ψ〉〈ψ|a|ψ〉 . (13.47)

The corresponding quantum-mechanical oscillator has the energy

〈H〉 = 〈ψ|H|ψ〉 = �Ω〈ψ|a†a|ψ〉 , (13.48)

where we have shifted the zero of energy by the zero-point energy �Ω/2. Our
requirement that the classical energy be equal to the quantum-mechanical
energy for the coherent state |ψ〉 leads therefore to the factorization condition

〈ψ|a†|ψ〉〈ψ|a|ψ〉 = 〈ψ|a†a|ψ〉 . (13.49)

From our discussion of coherence in Sect. 1.4, it is natural to follow Glauber
(1963, 1964) and call states satisfying this condition coherent states. The
right-hand side of (13.49) has the same form as the first-order correlation
G(1)(t; t) [see (1.82)], except that the classical ensemble average is replaced
by a quantum-mechanical average. Furthermore, 〈ψ|a|ψ〉 is the average of
the operator a in the state |ψ〉, and is some complex number E(t), since a is
non-hermitian. Thus (13.49) may be rewritten formally as
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G(1)(t; t) = E∗(t)E(t) , (13.50)

which is formally the same as the coherence condition (1.90) for r1t1 = r2t2.
We can show that the definition of the coherent state (13.49) implies that

coherent states are eigenstates of the annihilation operator

a|α〉 = α|α〉 . (13.51)

It is immediate to see by direct substitution that (13.51) does satisfy
(13.49). To show that (13.49) implies (13.51), we note that (13.49) may be
written as

|〈ψ|a†|ψ〉|2 = 〈ψ|a†a|ψ〉 . (13.52)

The Gram-Schmidt orthogonalization procedure tells us that starting with
|ψ〉, we can construct a complete orthonormal basis set consisting of |ψ〉 and
an infinite complementary set of vectors {|R〉}. Writing this statement in
terms of the identity operator, we have

I = |ψ〉〈ψ| +ΣR|R〉〈R| .

Inserting this operator in between the a† and the a, on the right-hand side
of (13.52), we have

〈ψ|a†a|ψ〉 = 〈ψ|a†|ψ〉〈ψ|a|ψ〉 +ΣR〈ψ|a†|R〉〈R|a|ψ〉
= |〈ψ|a†|ψ〉|2 +ΣR|〈R|a|ψ〉|2 .

Equating this result with the LHS of (13.52), we find

ΣR|〈R|a|ψ〉|2 = 0 .

Because every term in this sum is positive definite, we must have 〈R|a|ψ〉 = 0
for all |R〉, which implies that a|ψ〉 must be orthogonal to any |R〉, i.e.,
proportional to |ψ〉, namely,

a|ψ〉 = λψ|ψ〉 .

This concludes the proof that all states satisfying the factorization property
(13.49) must be eigenstates of the annihilation operator. To agree with the
usual notation, we write these states as |α〉 with eigenvalue α as in (13.51).

To obtain an explicit form for |α〉 in terms of the number states |n〉, we
write

|α〉 =
∑

n

|n〉〈n|α〉 =
∑

n

|n〉〈0|an/
√
n!|α〉 = 〈0|α〉

∑

n

αn√
n!
|n〉 ,

where we have used (3.155) for |n〉. Using the normalization condition 〈α|α〉 =
1, we find that |〈0|α〉|2 = e−|α|2 . Choosing a unit phase factor, we obtain
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|α〉 = e−|α|2/2
∑

n

αn

√
n!
|n〉 . (13.53)

This form immediately give the probability of finding n photons (the photon
statistics) in the coherent state as

pn = |〈n|α〉|2 = e−|α|2 |α|2n

n!
. (13.54)

This is called a Poisson distribution and is illustrated in Fig. 13.2. It is cen-
tered at n � |α|2 with width |α| (see Prob. 13.8).

It is also useful to express the coherent states in terms of the vacuum
state |0〉. Substituting (3.155) for |n〉 into (13.53), we find

|α〉 = e−|α|/2
∑

n

(αa†)n

n!
|0〉 = e−|α|2/2eαa† |0〉

= e−|α|2/2eαa†
e−α∗a|0〉 , (13.55)

where we have used the fact that a|0〉 = 0 to perform the last step. Using the
Baker-Hausdorff relation (Problem 3.19)

eA+B = eAeBe−[A,B]/2 , (13.56)

which holds if A and B are operators that commute with their commutator,
[A, [A,B]] = [B, [A,B]] = 0, we can write (13.55) as

|α〉 = Dα|0〉 . (13.57)

Here
Dα ≡ eαa†−α∗a (13.58)

is the “displacement” operator, and we can call the coherent states |α〉 dis-
placed states of the vacuum.

As next section shows, the coherent states are very useful in describing
the electromagnetic field, although they have the complication of being over-
complete (Problem 13.1)

∫
d(Reα)d(Imα)|α〉〈α| = π (13.59)

and nonorthogonal (Prob. 13.2)

〈α|β〉 = exp
[
−1

2
(|α|2 + |β|2 − 2α∗β)

]
, (13.60)

which does not vanish for α �= β. Squaring (13.60)

|〈α|β〉|2 = exp(−|α− β|2) , (13.61)

which shows that the states becomes increasingly orthogonal if α differs suf-
ficiently from β.
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13.5 Coherence of Quantum Fields

Section 1.4 discusses nth-order coherence classically. An important result
is that first-order coherence and monochromaticity are related simply only
for stationary fields. This section generalizes the treatment of coherence to
quantized fields. This is easy to do; all we need to do is to reinterpret the
averages of Sect. 1.4 as quantum averages.

In particular, in the quantum case (1.82) becomes

G(1)(x1, x2) ≡ tr{ρE−(x1)E+(x2)} , (13.62)

where xn ≡ (rn, tn), E− and E+ are the negative and positive frequency
parts of the electric field operator [see (1.9)]. Using (13.9) and remembering
the free evolution (3.143, 3.144) of the annihilation and creation operators

a(t) = a(0)e−iΩt , (3.125)
a†(t) = a†(0)eiΩt , (3.126)

we find that for a single-mode field

E+(x) = EΩae−iΩt sinKz , (13.63)
E−(x) = (E+(x))† = EΩa

†eiΩt sinKZ . (13.64)

With (13.62), this yields the single-point correlation function

G(1)(x1, x1) = E2
Ω sin2Kz tr{ρa†a} . (13.65)

Here tr{ρa†a} = 〈n〉 is the average number of photons in the field. For the
monochromatic field, the two-point correlation function of (13.62) is given by

G(1)(x1, x2) = E2
Ω sinKz1 sinKz2eiΩ(t1−t2)tr{ρa†a} . (13.66)

This shows that the first-order correlation function is insensitive to the photon
statistics, since (13.66) only depends on the average photon number. We see
the same first-order intensity interference pattern using filtered blackbody
radiation with the photon statistics of (13.38) as we see using coherent light
with the statistics of (13.54). Higher-order correlation functions do allow
us to distinguish between such sources. The quantum-mechanical nth-order
coherence function is given by

G(n)(x1 . . . x1) ∝ tr{ρa†a† . . . a†aa . . . a} . (13.67)

We wish to show how these correlation functions enter into the quantum
theory of photon detection. We suppose that the response of our atomic de-
tector can be described by first-order atom-field interactions, in the spirit
of the Fermi Golden rule. Classically, the functions E+ and E− play equally
important roles, because in the limit �Ω → 0 test charges absorb radiation as
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readily as they emit it. However, for optical frequency transitions in atoms in
thermal equilibrium, the probability that atoms are initially excited is negli-
gibly small [∝ exp(−�Ω/kBT ) � exp(−40) for room temperature]. As such,
the atoms start in their lower state and can only absorb radiation. Mathe-
matically, this means that only the annihilation operator plays a significant
role.

To get a quantitative description of how such an atomic detector works
at optical frequencies, we calculate the transition probability for absorbing a
photon at the position r at time t, i.e., at x = (r, t). This is proportional to

wi→f = |〈f |E+(x)|i〉|2 , (13.68)

where |i〉 is the initial state of the coupled atom-field system before inter-
acting with the field, and |f〉 is its final state. We are only interested in the
photon counting rate and not in the final state. Hence, our counting rate w
is proportional to the sum over all possible final states, that is,

w =
∑

f

|〈f |E+(x)|i〉|2 = 〈i|E−(x)E+(x)|i〉 , (13.69)

where we have used the completeness relation Σf |f〉〈f | = 1. Furthermore, al-
though we do know that the atom starts in the ground state, we typically do
not know the initial state of the field precisely. To allow for the correspond-
ing statistical variations, we average the rate (13.69) over |i〉 using the field
density operator ρ = [|i〉〈i|]av. over i. Inserting this into (13.69), we obtain

w = tr[ρE−(x)E+(x)] . (13.70)

Comparing this to (13.62), we see that the counting rate (13.70) of our ideal
photodetector is in fact just the first-order correlation function.

The fact that the coherent states are eigenstates of the annihilation op-
erator [(13.51)] is very important in quantum optics. Because the quantized
single-mode complex electric field is proportional to the annihilation opera-
tor [(13.63)], the coherent states are eigenstates of this field. In calculations
involving fully quantum mechanical matter-field interactions, this eigenstate
property often reduces operator algebra to algebra of complex functions. This
simplification is however somewhat offset by the fact that the coherent states
are overcomplete [see (13.59)].

Higher-order interference experiments such as that of Hanbury-Brown and
Twiss require the use of higher-order correlation functions like

G(n)(x1 . . . xn, y1 . . . yn)
= tr{ρE−(x1) . . . E−(xn)E+(y1) . . . E+(yn)} . (13.71)

We could have chosen a larger class of correlation functions including unequal
numbers of creation and annihilation operators, but they do not correspond
to quantities measured in photon-counting experiments.
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At this point, we have achieved to develop a very close analogy between
the quantum mechanical and classical theories of coherence. We can use the
results of Sect. 1.4 with a straightforward reinterpretation of the averaging
process, keeping in mind that the electric field is now an operator. In par-
ticular the field is said to exhibit nth-order coherence if all of its mth-order
correlation functions for m ≤ n satisfy

G(m)(x1 . . . xm, y1 . . . ym) = E∗(x1) . . . E∗(xm)E(y1) . . . E(ym) , (13.72)

where E is a complex function.
As a first example, consider a single mode of the electromagnetic field in

an eigenstate |n〉, i.e., ρ = |n〉〈n|. From (13.72), a field possessing second-
order coherence satisfies

G(2)(x1x1, x1x1) = |E(x1)|4 = |G(1)(x1)|2 . (13.73)

However, directly calculating G(1) and G(2) from (13.71), we find

|G(1)(x1)|2 = |EΩ sinKz|4n2 , (13.74)
G(2)(x1x1, x1x1) = |EΩ sinKz|4n(n− 1) . (13.75)

These values do not satisfy (13.73), and hence an n-photon state does not
possess second-order coherence. It is left as an exercise to show that the
thermal field of Sect. 13.3 does not exhibit second-order coherence either.

Section 1.4 briefly mentions the nonclassical phenomenon of antibunch-
ing, which is characterized by a normalized second-order correlation function
[1.97 at τ = 0]

g(2)(0) =
G(2)(0)

|G(1)(0)|2 (13.76)

that becomes smaller than 1. From (13.74) and (13.75) we see that for the
n-photon state,

g(2)(0) = 1 − 1
n
. (13.77)

As such the n-photon state exhibits antibunching, although as n → ∞, the
classical lower limit of unity is attained. In contra st, Prob. 13.3 shows that
the thermal field exhibits bunching, rather than antibunching.

We conclude this section by determining which states of the field are
coherent to all orders. In Sect. 13.4, we showed that the only pure states
|ψ〉 of the field that factorize as in (13.49) are the coherent states |α〉, which
satisfy (13.51), that is, these are the only pure states exhibiting second-order
coherence. As we readily see, they also satisfy the general coherence condition
(13.72), since for all m we have

〈α|a†(x1)a†(x2) . . . a†(xm)a(ym) . . . a(y1)|α〉
= E∗(x1)E∗(x2) . . . E∗(xm)E(ym) . . . E(y1) , (13.78)
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where the field amplitudes

E∗(xi) ≡ α exp(−iΩti) . (13.79)

The generalization to many-mode fields is straightforward.

13.6 Quasi-Probability Distributions

In many problems, it is useful to describe the state of the field in terms of
coherent states, rather than with photon number states. This presents some
surprises and difficulties since as discussed in Sect. 3.4, the coherent states
are not orthogonal and are overcomplete. On the other hand, as we shall
see this overcompleteness allows us to obtain a useful diagonal expansion of
the density operator in terms of complex matrix elements P (α). This rep-
resentation can be interpreted as a quasi-probability distribution function,
whose dynamics can under appropriate conditions be expressed in the form
of a Fokker-Planck equation. One such example is given in Sect. 15.2. A
number of further quasi-probability distribution descriptions of the electro-
magnetic field can be introduced, including the Wigner function W (α) and
the Q-function Q(α). These various representations, which are called quasi-
probability functions, as they are not positive-definite, find applications in
the evaluation of correlation functions of the electromagnetic field.

The P (α) representation is defined in terms of the expansion of the field
density operator ρ in coherent states as

ρ =
∫

d2αP (α)|α〉〈α| . (13.80)

Here, d2α = d Re(α) d Im(α). In terms of P (α), the expectation value of an
operator Â is given by

〈Â〉 = Tr(ρÂ) =
∑

n

〈n|
∫

d2αP (α)|α〉〈α|Â|n〉

=
∫

d2αP (α)
∑

n

〈α|Â|n〉〈n|α〉

=
∫

d2αP (α)〈α|Â|α〉 =
∫

d2αP (α)A(α) , (13.81)

where A(α) = 〈α|Â|α〉. This leads to simple calculations involving only c-
numbers, provided that the operator Â is expressed in normal order, that is,
so that the creation operators stand to the left of the annihilation operators.

In order to compute the P (α) distribution, it is often convenient to intro-
duce the characteristic function

CN (λ) = Tr(ρeλa†
e−λ∗a) , (13.82)
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where the subscript N stands for “normal order” and λ is a complex number.
Similarly, one can also introduce antinormally ordered and symmetrically
ordered characteristic functions

CA(λ) = Tr(ρ e−λ∗aeλa†
) , (13.83)

and
CS(λ) = Tr(ρ eλa†−λ∗a) . (13.84)

From the Baker-Hausdorff relation (13.56), it is easily seen that

CN (λ) = CS(λ)e|λ|
2/2 = CA(λ)e|λ|

2
. (13.85)

From (13.80, 13.83), one has readily that

CN (λ) =
∑

n

〈n|
∫

d2αP (α)|α〉〈α|eλa†
e−λ∗a|n〉

=
∑

n

∫
d2αP (α)〈n|e−λ∗a|α〉〈α|eλa† |n〉

=
∫

d2αP (α) eλα∗−λ∗α . (13.86)

That is, CN (λ) is the Fourier transform of P (α). Similarly, we introduce the
Q-distribution Q(α) and the Wigner distribution W (α) via

CA(λ) =
1
π

∫
d2α〈α|ρ e−λ∗aeλa† |α〉

≡
∫

d2α Q(α)eλα∗−λ∗α , (13.87)

where
Q(α) =

1
π
〈α|ρ|α〉 , (13.88)

and

CS(λ) =
1
π

∫
d2α〈α|ρ eλa†−λ∗a|α〉

≡
∫

d2αW (α)eλα∗−λ∗α . (13.89)

The quasi-probability distributions functions P (α), Q(α) andW (α) are there-
fore defined as the Fourier transforms of the normally ordered, antinormally
ordered and symmetrically ordered characteristic functions as

P (α) =
1
π2

∫
d2λeαλ∗−α∗λCN (λ) ,

Q(α) =
1
π2

∫
d2λeαλ∗−α∗λCA(λ) ,

W (α) =
1
π2

∫
d2λeαλ∗−α∗λCS(λ) , (13.90)
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Problem 13.11 shows how these relations permit us to express the Wigner
distribution and Q-function in terms of the P distribution as

W (α) =
2
π

∫
d2βP (β) exp(−2|β − α|2) (13.91)

and
Q(α) =

1
π

∫
d2βP (β) exp(−|β − α|2) . (13.92)

This shows that both the Q-function and the Wigner distribution are convo-
lutions of Gaussians with the P -function. Note, however, that the Q-function
is convoluted with a Gaussian of width

√
2 times larger than that for the

Wigner function. As a consequence, the Q-function is positive-definite, as
can be seen directly from its definition, (13.88), while P (α) and W (α) are
not. In particular, Prob. 13.4 shows an example where the P -representation
becomes highly singular.

As an illustration of a P (α) distribution, we consider the situation of the
thermal field described by the density operator (13.38). The corresponding
P (α) is best obtained by considering first the Q(α) distribution

Q(α) = (1 − e−x)
∑

n

e−nx〈α|n〉〈n|α〉

= (1 − e−x) exp[−α|2(1 − e−x)] , (13.93)

where x = �Ω/kBT . Inverting (13.44) for the average photon number n̄, we
find 1 − e−x = 1/(n̄+ 1), which gives

Q(α) =
1

n̄+ 1
exp[−|α|2/(n̄+ 1)] . (13.94)

From this result, we can readily obtain P (α) since from a 2-dimensional
Fourier transform of (13.92) we have

F [Q(α)] = F [P (α)]F [exp−|α|2]

and hence

P (β) = F−1 F [Q(α)]
F [exp(−|α|2)] .

This gives, after carrying out the integrals,

P (α) =
1
πn̄

exp[−|α|2/n̄] . (13.95)

It is interesting to note that in the classical limit of large mean photon num-
bers, the expressions for Q(α) and P (α) coincide. This is because in that
limit, distinctions depending on the ordering of operators vanish. This point
is discussed further in Glauber’s Les Houches Lectures (1965), while a more
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detailed discussion of quasi-probability distributions and their use in quan-
tum optics is presented in Walls and Milburn (1994).

The probability for finding n photons is given by the photon statistics
ρnn of (13.38). This exponentially decaying distribution contrasts with the
Poisson distribution characteristic of a coherent state. The difference between
Q(α) and P (α) for the two cases is even more striking, since for thermal
light P (α) is given by a Gaussian distribution, as we have seen, while for
the coherent state |α0〉) it is given by the δ-function δ(α − α0). From this
and (13.91) and (13.92), we immediately find that both the Wigner and the
Q-distributions for a coherent state are Gaussian.

While one might be tempted to interpret P (α) as the probability of finding
the field in the coherent state |α〉, this is not correct in general, because
P (α) – and likewise W (α) – are not positive-definite and hence cannot be
interpreted as probabilities. Sometimes, fields described by a positive P (α)
and/or W (α) are referred to as “classical fields.” This does not mean that
these fields have vanishing quantum mechanical uncertainties. For example,
a coherent state itself is described by a positive definite Dirac delta function,
but has minimum, not vanishing, quantum mechanical uncertainties.

The description of electromagnetic fields in terms of quasi-probability
distribution functions is very convenient in that it often permits to replace the
quantum-mechanical description of the problem by an equivalent description
in terms of c-numbers. For instance, if one is interested in computing anti-
normally ordered correlation functions, one has

〈am(a†)n〉 =
∫

d2α
∑

n

〈n|ρam|α〉〈α|(a†)n|n〉

=
∫

d2ααmα∗nQ(α) . (13.96)

Similarly, for normally ordered correlation functions

〈(a†)man〉 =
∑

n

〈n|
∫

d2αP (α)|α〉〈α|(a†)man|n〉

=
∫

d2αα∗mαnP (α) . (13.97)

In particular, correlation functions can readily be computed from the appro-
priate characteristic function. From the definitions of CA(λ) and CN (λ) we
find readily

∂m+nCA(λ, λ∗)
(∂λ∗)m(∂λ)n

= Tr[ρ e−λ∗a(−a)meλa†
(a†)n]

= (−1)m〈am(a†)n〉 , (13.98)
(λ = λ∗ = 0)

where the last equality holds for λ = λ∗ = 0. Similarly,
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∂m+nCS(λ, λ∗)
(∂λ)m(∂λ∗)n

= Tr[ρeλa†
(a†)me−λ∗aan]

= (−1)m〈(a†)man〉 . (13.99)
(λ, λ∗ = 0)

13.7 Schrödinger Field Quantization

For completeness, we conclude this chapter with a brief introduction to
second-quantization, which allows us to treat many-particle systems in a way
analogous to the description of the electromagnetic field. The introduction of
particle creation and annihilation operators and of a Fock space for particles
allows us to easily account for systems where the total number of particles is
not conserved, and offers a powerful tool to treat manybody effects. In addi-
tion, it permits us to include the quantum statistics of the particles (fermions
or bosons) in a simple way. In the past, manybody effects have not played a
very important role in quantum optics, but the situation has changed drasti-
cally in recent years, due in particular to progress in atomic cooling and the
demonstration of Bose-Einstein condensation in low-density alkali vapors.

It would be well beyond the scope of this section to give a rigorous treat-
ment of second quantization starting from a canonical quantization approach.
Rather, we postulate that the Schrödinger wave function ψ(r) becomes an op-
erator Ψ̂(r) which, for bosonic particles, satisfies the commutation relations

[Ψ̂(r), Ψ̂ †(r′)] = δ(r − r′) ,
[Ψ̂(r), Ψ̂(r′)] = 0 , (13.100)

and for fermionic particles

[Ψ̂(r), Ψ̂ †(r′)]+ = δ(r − r′) ,
[Ψ̂(r), Ψ̂(r′)]+ = 0 . (13.101)

In this last expression, [. . .]+ is an anticommutator, [A,B]+ = AB+BA. As
we shall see Ψ̂(r) may be interpreted as an operator annihilating a particle at
position r, and Ψ̂ †(r) creates a particle at location r. The second-quantized
Hamiltonian corresponding to the single-particle Hamiltonian −�

2∇/2M +
V (r) is

H =
∫

d3rΨ̂(r)
(
− �

2

2M
∇2 + V (r)

)
Ψ̂(r) . (13.102)

From this Hamiltonian, it is easy to find the Heisenberg equation of motion
for the field operator Ψ̂(r). For the case of bosons, we have
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i�
dΨ̂(r, t)

dt
= [Ψ̂(r, t),H]

=
∫

d3r′
[
Ψ̂(r, t), Ψ̂ †(r′, t)

(
− �

2

2M
∇2 + V (r′)

)
Ψ̂(r′, t)

]

=
(
− �

2

2M
∇2 + V (r)

)
Ψ̂(r, t) , (13.103)

where we have used the relation [A,BC] = B[A,C] + [A,B]C and the com-
mutation relations (13.96). It is easily seen that the same result holds for
fermions, despite the different commutation relations. Hence, the Heisen-
berg equation of motion for the Schrödinger field operator Ψ̂(r, t) has the
same form as the Schrödinger equation for the wave function ψ(r, t) in usual
quantum mechanics. We can think of the operator Ψ̂(r, t) as the quantized
form of the “classical” Schrödinger field ψ(r, t), in much the same way as we
have quantized the electromagnetic field, E(r, t) → Ê(r, t). Like the classical
electromagnetic field E(r, t), Ê(r, t) obeys Maxwell’s equations. Likewise, the
quantized Schrödinger field Ψ̂(r, t) obeys the same equation of motion, the
Schrödinger equation, as its “classical” counterpart ψ(r, t).

It is easily shown that the Schrödinger field operator satisfies a conserva-
tion of probability law: Introducing the density

ρ(r, t) = Ψ̂ †(r, t)Ψ̂(r, t)

yields the continuity equation for the quantum field operators

ρ̇(r, t) = ˙̂
Ψ †(r, t)Ψ̂(r, t) + Ψ̂ †(r, t) ˙̂

Ψ(r, t)

=
−i�
2M

[(∇2Ψ̂ †(r, t))Ψ̂(r, t) − Ψ̂ †(r, t)∇2Ψ̂(r, t)]

= −∇ · j , (13.104)

where

j ≡
(
−i�
2M

)
[Ψ̂ †(r, t)∇Ψ̂(r, t) − (∇Ψ̂ †(r, t))Ψ̂(r, t)] .

Very much like we have found it useful to introduce a mode expansion of the
electric field operator Ê(r, t), we can introduce a mode expansion of Ψ̂(r, t).
To proceed, we follow exactly the same approach as for electromagnetic fields,
and expand Ψ̂(r, t) on the orthonormal eigenfunctions ϕn(r) of the time-
independent Schrödinger equation

(
− �

2

2M
∇2 + V (r)

)
ϕn(r) = Enϕn(r)

as
Ψ̂(r, t) =

∑

n

ϕn(r)ĉn(t) , (13.105)
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where the mode label n stands for the complete set of quantum numbers nec-
essary to characterize that mode. The ĉn’s and ĉ†n’s will shortly be interpreted
as annihilation and creation operators for a particle in mode n.

Inserting this expression and its hermitian conjugate into the second-
quantized Hamiltonian (13.102) gives

H =
∑

n

Enĉ
†
nĉn , (13.106)

where we have made use of the orthonormality relation
∫

d3rϕ∗
n(r, t)ϕm(r, t)

= δnm, and have also assumed a discrete energy spectrum for simplicity. With
this orthonormality relation, we can express the operators ĉn from (13.105)
as

ĉn(t) =
∫

d3rϕ∗
n(r)Ψ̂(r, t) . (13.107)

For the bosonic commutation relations (13.100), this gives

[ĉn, ĉ†m] = δnm ,

[ĉn, ĉm] = 0 , (13.108)

which we recognize from the quantization of the electromagnetic field, see
(13.14), while for fermionic particles one finds

[ĉn, ĉ†m]+ = δnm ,

[ĉn, ĉm]+ = 0 . (13.109)

The combination of the second-quantized Hamiltonian (13.106) and the
bosonic commutation relations (13.108) shows that in that case, we have
reduced the problem to that of a set of harmonic oscillators of energies En.
We can therefore directly make use of all the results of Sect. 3.4 and interpret
ĉn as an annihilation operator, and ĉ†n as a creation operator for mode n, with

ĉn|Nn〉 =
√
Nn|Nn − 1〉 ,

ĉ†n|Nn〉 =
√
Nn + 1|Nn + 1〉 ,

ĉ†nĉn|Nn〉 = Nn|Nn〉 , (13.110)

whereby Nn is the number of particles in the mode. The total number of
particles in the system is given by the operator

N̂ =
∑

n

N̂n =
∑

n

ĉ†nĉn =
∫

d3rΨ̂ †(r)Ψ̂(r) , (13.111)

and is clearly a constant of motion for the Hamiltonian (13.106). Likewise,
the populations of all modes of the matter field are also constants of motion,
but this latter property ceases to hold as soon as interactions are permitted,
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e.g., in the presence of a light field. In case the matter-light coupling is via
the electric dipole interaction, the second-quantized interaction Hamiltonian
is linear in the optical field creation and annihilation operators, but bilinear
in matter-field creation and annihilation operators, a direct consequence of
the conservation of the total number of particles N̂ . An example of such an
interaction Hamiltonian is

Va−f = �g(aĉ†nĉm + h.c.) ,

whereby when a photon is absorbed a particle is “annihilated” from state
m and “created” in state n. Two-body collisions between atoms are easily
expressed in terms of field operators as

H =
∫
d3rΨ̂ †(r)

[
− �

2

2M
∇2 + V (r)

]
Ψ̂(r)

+
1
2

∫ ∫
d3rd3r′Ψ̂ †(r)Ψ̂ †(r′)V2(r − r′)Ψ̂(r′)Ψ̂(r). (13.112)

In terms of the mode expansion (13.107), this Hamiltonian corresponds
to interactions of the general quartic form

Vcoll = �ξpqmn(ĉ†pĉ
†
q ĉmĉn + h.c.) .

We finally note that as was the case for the simple harmonic oscillator,
nothing prevents us from putting as may bosons in mode n as one wishes.
This, however, is no longer the case for fermions: This is apparent from the
anticom-mutation relation [ĉn, ĉm]+ = 0 which for m = n yields ĉmĉm =
ĉ†mĉ

†
m = 0. This indicates that the ground state of a given mode is reached at

the latest once a single particle has been removed. It is furthermore impossible
to add more than one particle to a given mode, hinting at the fact that one
can have at most one particle per mode. This property is further evidenced
by the fact that the number operator N̂n and its square N̂2

n are easily shown
to be equal,

N̂2
n = N̂n .

Hence, the population of a given mode must be either zero or one. In addition,
one finds readily that

N̂nĉ
†
n|0〉 = ĉ†n|0〉 ,

where |0〉 is the vacuum state (absence of particle), indicating that ĉ†n|0〉 is
an eigenstate of mode n with value 1. This is nothing but the Pauli Exclusion
Principle, expressed in the formalism of second quantization in terms of an-
ticommutator relations.
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13.8 The Gross-Pitaevskii Equation

Chapter 6 discussed some of the wave properties of atoms as they appear in
atomic diffraction by light fields or in atom interferometers. We mentioned
that much like optics, atom optics can be organized into ray, wave, nonlinear,
and quantum atom optics. Ray atom optics is concerned with those aspects
of atom optics where the wave nature of the atoms doesn’t play a central
role, and the atoms can be treated as point particles. Wave atom optics deals
with topics such as matter-wave diffraction and interferences, the topic of
Chap. 6. Nonlinear atom optics, by contrast, considers the mixing of matter-
wave fields, such as in atomic four-wave mixing, and the photoassociation of
ultracold atoms. Finally, quantum atom optics deals with topics where the
quantum statistics of the matter-wave field are of central interest.

One important distinction between optical and matter-wave fields in that
the latter ones are self-interacting, a result of atomic collisions. As it turns
out, collisions play for ultracold atoms a role analogous to that of a non-
linear medium for light. Attractive two-body interactions are the de Broglie
waves analog of a self-focusing medium in optics, while repulsive interactions
correspond to defocusing.

It is beyond the scope of this text to discuss these effects in any detail.
Still, the formal development of the previous section allows us to derive at
minimal cost the Gross-Pitaevskii equation, which is a cornerstone of much of
the understanding of the dynamics of atomic Bose-Einstein condensates. This
equation provides a theoretical description at a level analogous to the semi-
classical description of light-matter interaction and permits to understand
relatively simply many of the properties of the condensates.

It has been known since the seminal work of Einstein (1924, 1925) that
when a sample of massive bosonic particles is cooled to a point where the
atomic separation becomes comparable to their thermal de Broglie wave-
length, a remarkable process takes place: a macroscopic fraction of the par-
ticles “condenses” into the lowest energy single particle quantum state of
the system, while all other levels remain microscopically populated. A major
breakthrough in the study of Bose-Einstein condensation occurred in 1995
when it became possible to achieve it in weakly-interacting, low density
atomic systems such as Rubidium (Anderson et al. 1995), Sodium (Davis
et al. 1995) and Lithium (Bradley et al. 1995), just to mention three early
systems where BEC was achieved.

One remarkable property of BECs is that they are characterized by co-
herence properties similar to those of laser light, leading to the realization
of “atom lasers.” It is this property that permits the description of many
of their properties in the “semiclassical” formalism of the Gross-Pitaevskii
equation.

We have seen in the previous section that the many-body Hamiltonian
describing a low-density sample of atoms trapped in an external potential
V (r) and subject to two-body collisions through the potential V2(r − r′) is
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H =
∫
d3rΨ̂ †(r)

[
− �

2

2M
∇2 + V (r)

]
Ψ̂(r)

+
1
2

∫
d3rd3r′Ψ̂ †(r)Ψ̂ †(r′)V2(r − r′)Ψ̂(r′)Ψ̂(r) . (13.113)

It turns out that for dilute gases undergoing low energy collisions V2(r − r′)
may be replaced by a local potential

V2(r − r′) = gδ(r − r′)/; , (13.114)

where

g =
4πa�2

M
(13.115)

and a is the so-called s-wave scattering length.
Since ∂〈Ψ̂〉/∂t ∼ −ig〈Ψ̂ †Ψ̂ Ψ̂〉, the complete description of the sample dy-

namics requires one to simultaneously solve the equations of motion for the
full hierarchy of correlation functions of the field operator Ψ̂ . In general, this
is a very tall order indeed. The situation is however considerably simpler in
the case of a Bose-Einstein condensate well below the critical temperature
Tc.

A convenient and expeditious way to proceed is by introducing the so-
called mean-field approximation, which is the atom optics analog of the semi-
classical approximation in optics. Roughly speaking, one assumes that Ψ̂(r)
can be decomposed into the sum of its expectation value, a c-number some-
times called the order parameter or condensate wave function, Φ(r, t), and
small fluctuations about this mean. Specifically, we assume that

Ψ̂(r, t) = Φ(r, t) + Ψ̂ ′(r, t), (13.116)

where
Φ(r, t) = 〈Ψ̂(r, t)〉. (13.117)

Clearly, the operator Ψ̂ ′(r, t), which measures the departure of the state of
the condensate from its mean-field value, must satisfy bosonic commutation
relations

[Ψ̂ ′(r, t), Ψ̂ ′†(r′, t)] = δ(r − r′) . (13.118)

The simplest description of the condensate neglects these fluctuations alto-
gether. This approximation amount to treating the state of the condensate
as a coherent state.

Substituting (13.117) into (13.112) and neglecting the fluctuations, one
immediately obtains the nonlinear Schrödinger equation

i�
∂

∂t
Φ(r, t) =

[
− �

2

2M
∇2 + V (r) + g|Φ(r, t)|2

]
Φ(r, t) , (13.119)

which is known as the Gross-Pitaevskii equation (Gross 1963, Pitaevskii
1961.) It correctly predicts a remarkable number of features of Bose-Einstein
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condensates well below their transition temperature from a normal gas.
In particular, it shows that in condensates two-body collisions provide the
matter-wave analog of a nonlinear medium in conventional optics, so that
interactions between ultracold atoms can lead to the coherent nonlinear mix-
ing of matter waves, much like a nonlinear medium can lead to the mixing
of optical waves. A number of nonlinear atom optical effects have now been
demonstrated, including four-wave mixing, the generation of matter-wave
solitons, self-focusing and defocusing, an analog of three-wave mixing where
two atoms are associated into an ultracold molecule, and more.

An implicit assumption that we made in deriving the Gross-Pitaevskii
equation is that the number of atoms in the condensate condensate is un-
certain. One may question whether this is the correct way to think about a
condensate, given that the total number of atoms in a closed system must be
fixed. (Note that this question is not as important in optics since the photon
number is not, in general, a conserved quantity.) It turns out that for all
practical purposes, a number-conserving treatment and the mean-field, co-
herent state wave-function yield the same results in the thermodynamic limit
N → ∞, although the two descriptions lead to observable differences in the
limit of small condensates.

Problems

13.1 By converting to polar coordinates, prove the coherent state overcom-
pleteness relation (13.59).

13.2 Prove that the coherent states satisfy (13.60), i.e., that they are not
orthogonal.

13.3 Show that the thermal field described by the density operator of (13.34)
exhibits bunching, rather than antibunching.

13.4 Show that P (α) given by

P (α) =
n!

2πr(2n)!
er2

(−∂/∂r)2nδ(r) , (13.120)

where α = reiθ yields the photon number state |n〉〈n|. Hint: transform to
(r, θ) coordinates and use integration by parts.

13.5 Write
∫

d2α|α〉〈α| in terms of |n〉〈m|.
13.6 Calculate the variance of the single-mode electric-field operator in the
vacuum state. Write (aa†)3 in normal order.

13.7 Given an average of one photon, what is the probability of having n pho-
tons for a) a Poisson distribution, and b) a thermal distribution? Calculate
the variance of a Poisson distribution.
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13.8 Compute the photon number fluctuations 〈(a†a)2−〈a†a〉2〉 for a coherent
state |α〉.
13.9 Write the operator a2a†3a in normal order.

13.10 Show for the multimode annihilation/creation operator

d =
∑

s

[αsas + βsa
†
s] ,

that 〈d†d〉 ≥ 0 for any state vector by proving that

〈{ns}|d†d|{ns}〉 =
∑

s

[|αs|2ns + |βs|2(ns + 1)] .

13.11 Express the Wigner and the Q-distribution in terms of P (α).

13.12 Show that the Heisenberg equation of motion (13.103) also holds for
fermions.



14 Interaction Between Atoms
and Quantized Fields

In Chaps. 1–12, we consider the interactions of atoms with optical fields in
the semiclassical approximation, a treatment which gives good agreement
with many experiments. Nevertheless, several significant experiments show
strong disagreements with such semiclassical theories. The present chapter
treats the atom-field interaction fully quantum mechanically, providing a ba-
sic understanding of spontaneous emission and laying the foundations for the
treatment of more advanced problems in quantum optics such as resonance
fluorescence, squeezed states and the laser linewidth that are developed in
the remaining chapters in the book. Basically all we need to do in laying
the foundations for these treatments is to combine the knowledge we have
gained from the semiclassical theory of the atom-field interactions with the
quantized field treatment of Chap. 13.

It would be misleading to say that this marriage is easy. There are some
nasty infinities floating around that one has to argue away. In principle this
is hard to do. Quantum electrodynamics (QED), which handles electron-
photon interactions for arbitrary electron velocities and field frequencies, has
developed techniques such as renormalization to solve these problems. There
are numerous excellent books on the subject, such as, e.g., Itzykson and Zuber
(1980). There are also subtle difficulties associated with gauge invariance
which are of direct relevance to a number of quantum optics applications and
have been the subject of heated debate in the past. Cohen-Tannoudji et al.
(1989) discuss these problems in great detail in the framework on nonrela-
tivistic QED. Our ambition in this book is much more limited. We restrict
our considerations to nonrelativistic velocities and low (optical) frequency
photons. In these limits, we further make plausible assumptions that sidestep
the real problems with QED.

We start with the relatively simple problem of an atom coupled to a sin-
gle quantized mode of the field. This problem is called the Jaynes-Cummings
model, which is perhaps ironic, since after working on the problem, Jaynes
has steadfastly championed atom-field theories that use classical fields. We
introduce the “dressed-atom” picture, which can be very useful in explaining
how elementary phenomena take place. In particular, we gain a simple under-
standing of the “light shift” and set up the understanding of the three peaks
of strong field resonance fluorescence. Section 14.2 discusses the dynamics of



328 14 Interaction Between Atoms and Quantized Fields

the atom-field model for various states of the field. We obtain an elementary
picture of spontaneous and stimulated emission and absorption, and briefly
discuss the “Cummings collapse” and revivals due to the quantum granu-
larity of the field. Section 14.3 derives the spontaneous emission decay rate
both using the Fermi Golden Rule and using the more generally accurate
Weisskopf-Wigner theory. This problem is important in its own right and
provides an excellent example of system-reservoir interactions, discussed in
greater detail in Chap. 15.

14.1 Dressed States

In Chap. 3 we show that the interaction Hamiltonian between an atom and
a classical field is given in the dipole approximation by

V = −er ·E , (14.1)

where E is the electric field and er is the atomic dipole moment operator.
The form of the interaction energy remains the same for quantized fields, but
E becomes the electric field operator discussed in Chap. 13. For the single
mode field (13.13), the interaction Hamiltonian (14.1) becomes

V = �(a+ a†)(gσ+ + g∗σ−) , (14.2)

where σ+ and σ− are the Pauli spin-flip matrices (3.128) and the electric-
dipole matrix element

g =
℘EΩ

2�
sin Kz . (14.3)

With the two-level unperturbed Hamiltonian 1
2�ωσz [see (3.128)] and the

free-field Hamiltonian (13.6) (without the zero point energy), we obtain the
total atom-field Hamiltonian

H =
1
2

�ωσz + �Ωa†a+ �(a+ a†)(gσ+ + g∗σ−) . (14.4)

Without loss of generality for two-level systems at rest, we can choose
the atomic quantization axis such that the matrix element g is real. One
of the basic approximations in the theory of two-level atoms is the rotating
wave approximation. We can understand how this approximation works with
quantized fields by considering the various terms in the interaction energy
(14.2). aσ+ corresponds to the absorption of a photon and the excitation of
the atom from the lower state |b〉 to the upper state |a〉. Conversely, a†σ−
describes the emission of a photon and the de-excitation of the atom. These
combinations correspond to those kept in the rotating wave approximation.
To see how the remaining two pairs, aσ− and a†σ+ are dropped in this
approximation, consider the free evolution (g = 0) of these operators in
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the Heisenberg picture. The annihilation and creation operators have the
time dependence of (3.143, 3.144). Similarly, the spin-flip operators have the
Heisenberg time dependence

σ±(t) = σ±(0)e±iωt . (14.5)

Combining these dependencies we have

a(t)σ−(t) = a(0)σ−(0) e−i(Ω+ω)t , (14.6)
a†(t)σ+(t) = a†(0)σ+(0) ei(Ω+ω)t . (14.7)

Hence, these pairs evolve at optical frequencies. In contrast aσ+ and a†σ−
have the dependencies

a(t)σ+(t) = a(0)σ+(0) e−i(Ω−ω)t , (14.8)
a†(t)σ−(t) = a†(0)σ−(0) ei(Ω−ω)t , (14.9)

which vary slowly near resonance. In the course of a few optical periods
the “antiresonant” combinations (14.6, 14.7) tend to average to zero com-
pared to the combinations (14.8, 14.9). This amounts to the same physics and
mathematics that we used in discussing the rotating-wave approximation in
Sect. 3.2.

Consequently dropping the combinations (14.6, 14.7), we obtain the total
atom-field Hamiltonian

H = H0 + V =
1
2

�ωσz + �Ωa†a+ �g(aσ+ + adj.) . (14.10)

The unperturbed Hamiltonian satisfies the eigenvalue equations

H0|an〉 = �

(
1
2
ω + nΩ

)
|an〉 ,

H0|bn〉 = �

(
−1

2
ω + nΩ

)
|bn〉 . (14.11)

The interaction energy V couples the atom-field states |an〉 and |bn+ 1〉 for
each value of n, but does not couple other states such as |an〉 and |bn − 1〉
(aσ− would, but is dropped in the RWA). Hence, we can consider the atom-
field interaction for each manifold En = {|an〉, |bn + 1〉} independently and
write H as the sum

H =
∑

n

Hn , (14.12)

where Hn acts only on the manifold En and is given in the {|an〉|bn + 1〉}
basis by the matrix
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Hn = �

(
n+

1
2

)
Ω

[
1 0
0 1

]
+

�

2

[
δ 2g

√
n+ 1

2g
√
n+ 1 −δ

]
, (14.13)

where the detuning δ = ω −Ω.
The second matrix in (14.13) has the same form as in the semiclassial

case of (3.122), but with the Rabi frequency R0 replaced by −2g
√
n+ 1 and

an overall minus sign. Hence, we can diagonalize this matrix just as the semi-
classical version is diagonalized in Prob. 3.14. We find the same eigenvalues
(interchanged) and eigenvectors [(3.123, 3.160, 3.161)] with the semiclassical
Rabi frequency R0 replaced by −2g

√
n+ 1. This gives the energy eigenvalues

E2n = �

(
n+

1
2

)
Ω − 1

2
�Rn = �

[
1
2
ω + nΩ − 1

2
(Rn + δ)

]
,

E1n = �

(
n+

1
2

)
Ω +

1
2

�Rn = �

[
−1

2
ω + (n+ 1)Ω +

1
2
(Rn + δ)

]
,(14.14)

where we have introduced the quantized generalized Rabi flopping frequency

Rn =
√
δ2 + 4g2(n+ 1) . (14.15)

The energy eigenvectors are

|2n〉 = cos θn|an〉 − sin θn|bn+ 1〉 ,
|1n〉 = sin θn|an〉 + cos θn|bn+ 1〉 , (14.16)

where

cos θn =
Rn − δ√

(Rn − δ)2 + 4g2(n+ 1)
,

sin θn =
2g

√
n+ 1√

(Rn − δ)2 + 4g2(n+ 1)
. (14.17)

Note in particular that

cos 2θn = − δ

Rn
and sin 2θn =

2g
√
n+ 1
Rn

, (14.18)

which are useful for calculating expectation values in the dressed-state basis.
We can gain some insight into the Hamiltonian (14.13) by plotting its

eigenvalues as a function of the atomic transition frequency ω as shown in
Fig. 14.1. There the dashed lines correspond to the unperturbed eigenvalues
of the atom-field system of (14.11) and the solid lines correspond to the
perturbed eigenvalues of (14.14). We say that the atomic levels are “dressed”
by the radiation field and the levels |an〉 and |bn+1〉 of the composite system
cross for ω = Ω. In contrast the atom-field interaction causes the eigenstates
|1n〉 and |2n〉 of the total Hamiltonian to repel one another. This repulsion
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Fig. 14.1. Dressed atom energy level diagram. The dashed lines are the energy
eigenvalues (14.11) for the atom-field system with no interaction energy. The solid
lines include the atom-field interaction as in (14.14)

phenomenon is called “anticrossing”. Combining (14.14, 14.15), we find the
general level separation E1n−E2n = Rn. The minimum separation occurs for
ω = Ω, and is given by |2�g

√
n+ 1| . The states given by (14.16) are called

dressed states, namely, the eigenstates of the Hamiltonian describing the two-
level atom interacting with a single-mode field. We refer to the eigenstates of
the unperturbed Hamiltonian, i.e., not including the atom-field interaction
as bare states.

At resonance (ω = Ω), the dressed states of (14.16) reduce to

|2n〉 = [|an〉 − |bn+ 1〉]/
√

2 ,

|1n〉 = [|an〉 + |bn+ 1〉]
√

2 , (14.19)

with eigenvalues

E2n = �

(
n+

1
2

)
Ω − �g

√
n+ 1 ,

E1n = �

(
n+

1
2

)
Ω + �g

√
n+ 1 , (14.20)

Thus at resonance, the |an〉 and |bn+1〉 levels have equal contributions of the
upper and lower atomic levels, while for ω � Ω, cos θn � 1, giving |2n〉 mostly
|an〉 character and for ω 
 Ω, sin θn � 1, which gives |2n〉 mostly |bn + 1〉
character. Note that for very large |δ|, the rotating wave approximation used
in (14.10) breaks down and the diagonalization procedure used in (14.14,
14.16) is invalid. This limitation is not important for most of our work, which
is close to resonance.
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The eigenstates given in (14.16) define a rotation matrix

T =
[

cos θn − sin θn
sin θn cos θn

]
(14.21)

that diagonalizes the Hamiltonian of (14.13) by the matrix product THnT
−1.

In general it allows us to transform operators and state vectors between the
bare-atom and dressed-atom bases. In particular it relates the dressed-atom
and bare-atom probability amplitudes by

[
c2n(t)
c1n(t)

]
= T

[
can(t)
cbn+1(t)

]
, (14.22)

where a general Schrödinger state vector is expanded in terms of bare states
as

|ψ〉 =
∑

n

[can(t)|an〉 + cbn+1(t)|bn+ 1〉]

and in terms of dressed states as

|ψ〉 =
∑

n

[c1n(t)|1n〉 + c2n(t)|2n〉] .

We use an interaction picture version of this relation in the next section
to derive Rabi flopping using dressed states. In general, in using dressed
states, substantial effort is saved by using the abbreviations c ≡ cos θn and
s ≡ sin θn. The transformation matrix (14.21) and its inverse are simply

T =
[
c −s
s c

]
T−1 =

[
c s
−s c

]
.

Similarly, the notations s2 ≡ sin 2θn = 2cs and c2 ≡ cos 2θn = c2 − s2 are
also useful.

Entangled States

The dressed states (14.16) of the coupled atom-field system are an important
example of a class of quantum states called entangled states. The entangle-
ment of two (or more) quantum mechanical objects, in the present case a
single mode of the electromagnetic field and a two-level atom, describes sit-
uations where the states of these systems exhibit quantum correlations such
that they must necessarily be described with reference to each other. One
way to describe these peculiar situations is by noting, following Schrödinger,
that the best possible knowledge of a whole system – a pure state – does not
necessarily include the best possible knowledge of all its parts. (This is the
case even though these parts may be entirely separate and hence virtually
capable of being best possibly known.) It is important to realize that this
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lack of knowledge is by no means due to some ignorance on the details of the
interaction between the two systems.

Consider for instance the resonant version (14.19) of the state |1n〉: When
the system is in that state, we don’t know if the atom is in its upper state
|a〉 or in its lower state |b〉. Yet, if the atom is found as the result of a
measurement to be in |a〉, then we know for sure that the field is in the Fock
state |n〉.

One can imagine situations where the two-level atom flies through a single-
mode cavity, during which time it becomes entangled with the field mode in
such a way that the system will be described, say, by the dressed state |1n〉
at the end of the interaction. We discuss such a system, the micromaser, in
Sect. 19.1. In the absence of dissipation and decoherence, processes that we
analyze in some detail in the next chapter, the atom-field system will still be
described by that same state long after the atom has left the cavity. Indeed,
entangled systems can oftentimes be separated by large distances, and can
even become space-like separated in principle.

One might naively expect that under such conditions it will be possible
to communicate information faster than the speed of light, since by making a
measurement on one of the entangled subsystems one instantly learns about
the state of a system arbitrarily distant, Einstein’s famous ”spooky action
at a distance.” This, however, is not the case. Yet, the remarkable quantum
correlations of entangled systems are at the core of fundamental tests of quan-
tum mechanics including Bell’s inequalities, and provide the cornerstone of
quantum information science, in particular quantum cryptography, quantum
teleportation and quantum computing. We address these topics in some more
detail in Chap. 20.

14.2 Jaynes-Cummings Model

The dressed-atom picture developed in Sect. 14.1 provides us with very use-
ful physical insight into the dynamics of a two-level atom interacting with a
quantized field mode. In this section, we use this picture to treat Rabi flop-
ping in a fully quantized way and compare the results to the corresponding
semiclassical treatment of Sect. 3.3. We see a simple example of spontaneous
emission and the phenomenon known as the “Cummings collapse” of Rabi
flopping induced by a coherent state. We also discuss the revivals of the Rabi
flopping that result from the discrete nature of the photon field.

Quantum Rabi Flopping

Since the dressed atom states are the eigenstates of the two-level atom inter-
acting with a single mode of the radiation field, we can use them to obtain
the state vector of the combined system as a function of time. Writing the
Schrödinger equation (3.44) in the integral form
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|ψ(t)〉 = exp(−iHt/�)|ψ(0)〉 , (14.23)

we insert the identity operator expressed in terms of the dressed-atom states
|jn〉 to find

|ψ(t)〉 =
∞∑

n=0

2∑

j=1

exp (−iEjnt/�)|jn〉〈jn|ψ(0)〉 , (14.24)

where Ejn is given by (14.14). We have seen in the preceding section that
the various manifolds En are uncoupled. In matrix form and in an interac-
tion picture rotating at the frequency (n+ 1

2 )Ω, the dressed state amplitude
coefficients inside one such manifold En read

[
C2n(t)
C1n(t)

]
=

[
exp( 1

2 iRnt) 0
0 exp(− 1

2 iRnt)

] [
C2n(0)
C1n(0)

]
, (14.25)

as readily seen from (14.14). We can use this result together with the trans-
formation relation (14.22) and its inverse to derive the quantized field version
of the two-level state vector of (3.124). We find
[
Can(t)
Cbn+1(t)

]
= T−1

[
exp( 1

2 iRnt) 0
0 exp(− 1

2 iRnt)

]
T

[
Can(0)
Cbn+1(0)

]

=

[
cos 1

2Rnt− iδR−1
n sin 1

2Rnt −2ig
√
n+ 1R−1

n sin 1
2Rnt

−2ig
√
n+ 1R−1

n sin 1
2Rnt cos 1

2Rnt+ iδR−1
n sin 1

2Rnt

] [
Can(0)
Cbn+1(0)

]
,

(14.26)

which is the same as (3.124) with R0 replaced by −2g
√
n+ 1. In particular,

for a resonant atom initially in the upper level, we obtain the probabilities

|Can(t)|2 = cos2(g
√
n+ 1 t) , (14.27)

|Cbn+1(t)|2 = sin2(g
√
n+ 1 t) , (14.28)

which show how the atom Rabi flops between the upper and lower levels
within a manifold En.

As in the semiclassical case of Sect. 3.3, we can also obtain these results
directly using the bare-atom state vector

|ψ(t)〉 =
∑

n

|Can(t)|an〉 + Cbn+1(t)|bn+ 1〉] e−i(n+ 1
2 )Ωt , (14.29)

corresponding to the semiclassical wave function of (3.116). Substituting this
into the Schrödinger equation (3.44) and projecting onto the |an〉 and |bn+1〉
states, we find the equations of motion for the atom-field probability ampli-
tudes in the manifold En to be
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Ċan = −1
2
iδCan − ig

√
n+ 1Cbn+1 , (14.30)

Ċbn+1 =
1
2
iδCbn+1 − ig

√
n+ 1Can , (14.31)

These have the same form as the semiclassical equations (3.117, 3.118), re-
spectively, with the semiclassical Rabi frequency R0 ≡ ℘E0/� replaced by
the quantum mechanical value −2g

√
n+ 1. Hence, the solution is the same

[(3.124)] with this substitution, which gives (14.26).
We see that both the dressed-atom and bare-atom approaches lead to

Rabi flopping as they must, and in general anything you can study with
one basis set you can study with the other. The insights gained with one
typically differ from those gained with the other, however, and each method
has its advantages. In the Rabi flopping problem, we see that the dressed-
state solution is very easy to get once the dressed states and eigenvalues have
been found. To find them, we calculate the eigenvalues and eigenvectors of
a 2 × 2 matrix, while the bare-atom state method used in Sect. 4.1 derives
the eigenvalues alone. For this particular problem, the bare-atom approach
requires somewhat less algebra.

An advantage of the bare-atom approach is that it can easily include
the effects of level decay, yielding the solution of (4.10) with R0 replaced
by −2g

√
n+ 1. While the dressed-atom approach simplifies the Hamiltonian

by diagonalization, it undiagonalizes the decay rates, making their inclusion
relatively cumbersome. Hence, the dressed-state approach is usually used ei-
ther when decay can be ignored, or when the Rabi-flopping frequency greatly
exceeds the decay constants.

Single-Mode Spontaneous Emission

One intriguing difference between the semiclassical and fully quantum Rabi
flopping problems is that in the quantum case (14.29), an initially ex-
cited atom Rabi flops in the absence of an applied field, i.e., even for
n = 0 (Ca0(0) = 1). This is because the quantum Rabi-flopping frequency is
−2g

√
n+ 1, while the semiclassical is R0 ≡ ℘E0/�. Equivalently we see from

(14.3) that the quantized field has the amplitude EΩ

√
n+ 1, which reduces

to the electric field per photon, EΩ , for n = 0. The reason for this lies in the
fact that even though the vacuum expectation value for the field amplitude
vanishes

〈E〉 = EΩ〈0|a+ a†|0〉 = 0 (14.32)

that for the intensity does not

〈E2〉 = E2
Ω〈0|(a+ a†)2|0〉 = E2

Ω . (14.33)

Stated another way, there are vacuum fluctuations in the electromagnetic
field. These vacuum fluctuations effectively stimulate an excited atom to
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emit, a process called spontaneous emission. The weak Rabi flopping that
occurs for n = 0 in (14.29) is due to spontaneous emission alone, which
is neglected in the semiclassical approximation. If the atom is initially unex-
cited (Cb0(0) = 1), however, no flopping occurs, since spontaneous absorption
doesn’t conserve energy.

This model of spontaneous emission is unrealistic except for special cavi-
ties discussed in Chap. 18, since it involves only a single mode of the field. As
such it yields vacuum Rabi flopping instead of the well-known exponential
decay. Usually we have a continuous spectrum of vacuum fluctuations that all
attempt to make an excited atom Rabi flop. The resulting lower-level prob-
ability amplitudes interfere with one another, giving the exponential decay.
Section 14.3 derives a very successful theory of this multimode spontaneous
emission.

Collapse and Revival

The quantum Rabi flopping frequency −2g
√
n+ 1 explicitly shows that dif-

ferent photon number states have different quantum Rabi flopping frequen-
cies. In particular, consider an initially excited atom interacting with a field
initially in a coherent state. Combining the coherent state photon number
probability (13.54) with the single-photon state result (14.27), we have the
probability for an excited atom regardless of the field state

pa =
∑

n

pn|Can(t)|2 = e−|α|2
∑

n

|α|2n

n!
cos2[g

√
(n+ 1)t] . (14.34)

For a sufficiently intense field and short enough times t � |α|/g, this sum
can be shown (Prob. 14.3) to reduce to

ρaa � 1
2

+
1
2

cos(2|α|gt)e−g2t2 . (14.35)

Intuitively this result can be understood by noting that the range of dominant
Rabi frequencies in (14.34) is from Ω = g[n̄+Δn]1/2 to g[n̄−Δn]1/2 and the
probability (14.34) dephases in a time tc such that

t−1
c = g[n̄+Δn]1/2 − g[n̄−Δn]1/2 � g ,

which is independent of n̄. Here we have used the property of a Poisson distri-
bution Δn = n̄1/2. Hence, the Rabi oscillations are damped with a Gaussian
envelope independent of the photon number n̄ = |α|2, a result sometimes
called the “Cummings collapse”. This collapse is due to the interference of
Rabi floppings at different frequencies. For still longer times, the system ex-
hibits a series of “revivals” and “collapses” discussed in detail by Eberly et
al. (1980). Because the photon numbers n are discrete in the quantum sum
(14.34), the oscillations rephase in the revival time
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Fig. 14.2. Collapse and revival in the interaction of a quantized single-mode field
initially in a coherent state with |α|2 = 10 with an atom initially in its excited state
|a〉.

tr � 4πα/g = 4πn̄1/2tc ,

as illustrated in Fig. 14.2. This revival property is a much more unambiguous
signature of quantum electrodynamics than the collapse: any spread in field
strengths will dephase Rabi oscillations, but the revivals are entirely due to
the grainy nature of the field, so that the atomic evolution is determined by
the individual field quanta. Eventually, the revivals (which are never com-
plete and get broader and broader) overlap and give a quasi-random time
evolution. The Jaynes-Cummings model thus exhibits interesting nontrivial
quantum features, despite its conceptual simplicity. The remarkable fact is
that these have recently started to be observed experimentally in cavity QED
experiments [see Rempe and Walther (1987)].

It is rather surprising that while the coherent state is the most classical
state allowed by the uncertainty principle, it leads to a result qualitatively
different from the classical Rabi flopping formula of (3.118). In contrast, the
very quantum mechanical number state |n〉 has the nice semiclassical corre-
spondence, see (14.30, 14.31). The number state and the classical field share
the property of a definite intensity, which is needed to avoid the interferences
leading to a collapse. The indeterminacy in the field phase associated with
the number state (but not with the classical field), is not important for Rabi
flopping since the atom and field maintain a precise relative phase in the
absence of decay processes. In contrast, the coherent state field features a
minimum uncertainty phase, but its minimum uncertainty intensity causes
the atom-field relative phase to “diffuse” away.
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14.3 Spontaneous Emission in Free Space

The last section shows that an excited atom interacting with a single-mode
field can make a transition to the ground state even in the absence of cavity
photons. Specifically, in a single-mode cavity the atom Rabi flops at a slow
but nonzero rate purely due to vacuum fluctuations. In free space the atom
interacts with a continuum of modes, which leads to an exponential decay
of the excited state probability. We can get an idea of how this works by
applying the Fermi Golden Rule developed in Sect. 3.2. We consider the
general state vector

|ψ(t)〉 =
∑

n

[Can(t)|an〉e−i(ωa+nΩ)t

+Cbn+1(t)|bn+ 1〉e−i(ωb+(n+1)Ω)t] , (14.36)

where the C’s are interaction picture probability amplitudes. We start with
an initially excited atom and a vacuum field, that is,

Ca0(0) = 1 (14.37)

and all other probability amplitudes vanish. We solve to first-order in pertur-
bation theory for the probability that the atom emits into one mode of the
field and then sum this probability over all possible modes. The time deriva-
tive of this total transition probability gives the transition rate according to
the Fermi Golden Rule. The relevant single-mode equations of motion are

Ċa0 = −ig eiδt Cb1 , (14.38)
Ċb1 = −ig e−iδt Ca0 , (14.39)

Setting Ca0 = 1 in (14.39) and integrating from 0 to t, we find the first-order
contribution to Cb1(t) to be

C
(1)
b1 (t) = g

e−iδt − 1
δ

.

This gives the first-order single-mode transition probability

|C(1)
b1 (t)|2 = g2

sin2 1
2δt

1
4δ

2
. (14.40)

As such we may think of spontaneous emission as emission stimulated by
the continuum of vacuum modes. The total upper to lower state transition
probability is given by summing this probability over all modes of the elec-
tromagnetic field. Neglecting for now the effects of field polarization reduces
this task to a simple sum over the density of modes D(Ω) (derived in the
next section). We write this sum as the integral
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PT =
1
4

∫ ∞

0

dΩt2 g(Ω)2D(Ω)
sin2[(Ω − ω)t/2]

(Ω − ω)2t2/4
. (14.41)

The density of states D(Ω) given by (14.46) varies as Ω2 which is a slowly-
varying, very broad function. Similarly, g2 (Ω) is a slowly-varying function of
Ω. Hence, except for extremely short times, the sin2 x/x2 function in (14.41)
is significant only for values of Ω near ω. Evaluating g2(Ω)D(Ω) at the peak
of the sin2 x/x2 function (at Ω = ω), we factor the product out of the integral
and obtain

PT = Γt ,

where the spontaneous emission decay rate Γ = dPT /dt is given by

Γ = 2πg2(ω)D(ω) . (14.42)

Although important features of spontaneous emission are explained by
this simple derivation, it is missing two crucial pieces: 1) the vacuum modes
belong to three-dimensional space, and hence the dot product in (14.1), which
involves explicitly the field polarization, cannot be ignored; and 2) the Fermi
Golden Rule logic assumes that the initial state probability remains equal
to unity rather than decaying exponentially. Hence, it is valid only for times
short enough that the upper state population is not significantly depleted.
The three-dimensional piece can be incorporated in a straightforward fashion
using the integrals over space that appear as in the Weisskopf-Wigner discus-
sion below. More fundamentally, the Weisskopf-Wigner theory predicts that
the initial state decays exponentially. As such it derives a very important re-
sult in the interaction of radiation with atoms and it shows one way in which
the Fermi Golden Rule can be generalized to treat long time responses. An-
other feature of the Weisskopf-Wigner theory is that it predicts a frequency
shift in addition to a decay.

Free Space Density of States

To give a complete discussion of spontaneous emission, we need to have a
precise formulation of the density of electromagnetic states in free space. Both
for the simple Fermi Golden Rule theory above and for the more complete
Weisskopf-Wigner theory below, this density is used to transform from a
discrete summation over field modes to a continuous one.

Consider the three-dimensional cubic cavity with side length L shown
in Fig. 14.3. Along the x̂ direction, the cavity can sustain running modes
with wave numbers Kx = 2πnx/L, nx = 1, 2, . . .. Taking differentials of this
expression, we find the number of modes between Kx and Kx + dKx to be
dnx = dKxL/2π. Performing the same calculation for the ŷ and ẑ directions,
we find the number of modes in the volume element dKx dKy dKz to be

dn = d3K L3/(2π)3 . (14.43)
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Fig. 14.3. Three dimensional cavity used in deriving the density of states formulas
(14.44, 14.46)

For large L, a summation over K can be written as the integral

1
V

∑

K

f(K) → 1
V

∫
dn f(K) =

1
(2π)3

∫
d3K f(K) ,

where V = L3 is the volume of the cavity. Using spherical coordinates d3K =
dK K sin θ d θKdφ and transforming to frequency Ω using K = cΩ, we find

1
V

∑

K

f(K) → 1
(2π)3

∫ π

dΩ
Ω2

c3

∫ π

0

dθ sin θ
∫ 2π

0

dφ f(K) . (14.44)

In addition, we have to sum over the two polarizations of the transverse
electromagnetic field.

In performing any particular sum over states, we should insert the desired
function f(K) into (14.44) and carry out the three integrals taking into ac-
count the two possible field polarizations. However, if f(K) is independent
of field polarization we multiply by 2 and if f(K) doesn’t depend on θ and
φ, we obtain 4π for the angular integrations. These simplifications give the
correspondence

1
V

∑

K

f(K) →
∫

dΩD(Ω)f(Ω) , (14.45)

where the density of states between Ω and Ω + dΩ is given by

D(Ω) =
Ω2

π2c3
. (14.46)

This simple formula is not directly applicable for electric-dipole interactions,
since −er ·E depends on the angle between the electric field polarization
and the atomic quantization axis. Hence, we use (14.44) in evaluating the
spontaneous emission coefficient. Equations (14.44, 14.46) are derived for free
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Ω

D(Ω)

Fig. 14.4. Modification of the average vacuum density of modes in a parallel plate
cavity.

space. In a cavity with finite dimensions, the density of states is substantially
modified for frequencies close to the cavity cutoff as shown in Fig. 14.4. In this
case, spontaneous emission can be either enhanced or inhibited as compared
to its free space value (see Chap. 18).

Weisskopf-Wigner Theory of Spontaneous Emission

Armed with a proper three-dimensional density of states formalism and the
multimode quantum theory of radiation of Sect. 13.2, we can treat the spon-
taneous emission of an excited state atom into the electromagnetic vacuum.
The initial condition is given by (14.37), where by Ca0 we mean the prob-
ability amplitude that the atom is excited and that all modes of the field
are empty. To the free field Hamiltonian (13.13), we add the two-level atom
energy and the multimode rotating-wave-approximation interaction energy

V = �

∑

s

gsasσ+ + adj. . (14.47)

This gives

H = �

∑

s

Ωsa
†
sas + �ωaσa + �ωbσb + �

∑

s

(gsasσ+ + adj.) . (14.48)

The interaction energy (14.47) can only connect the state |a{0}〉 to the states
|b{1s}〉, which describe an atom in the lower state with one photon in the
sth mode and no photons in any other mode. This reduces the very general
state vector (13.20) to
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|ψ(t)〉 = Ca0(t)e−iωzt|a{0}〉 +
∑

s

Cb{1s}(t)e
−i(ωb+Ωs)t|b{1s}〉 . (14.49)

Substituting (14.48, 14.49) into the Schrödinger equation (3.44) and project-
ing onto the states |a{0}〉 and |b{1s}〉, we find the probability amplitude
equations of motion

Ċa0(t) = −i
∑

s

gse−i(Ωs−ω)tCb{1s}(t) (14.50)

Ċb{1s}(t) = −ig∗sei(Ωs−ω)tCa0(t) . (14.51)

Inserting the formal time integral of (14.51) into (14.50), we find an integro-
differential equation for Ca0 alone:

Ċa0(t) = −
∑

s

|gs|2
∫ t

t0

dt′e−i(Ωs−ω)(t−t′)Ca0(t′) . (14.52)

This equation is nonlocal in time since Ca0(t) is a function of the earlier
value Ca0(t′). In other respects it resembles what we obtained with the Fermi
Golden Rule. To solve it, we use the concept of coarse graining, which is
valid provided Ca0(t′) varies little in the time interval t − t0 over which the
remaining part of the integrand has nonzero value. Section 15.1 shows that
this time interval is related to the correlation time of the vacuum field.

We are interested in the spontaneous decay of an excited atom in free
space; hence, we can convert the sum over states to a three-dimensional in-
tegral using (14.44). This gives

˙Ca0(t) = − V

(2πc)3

∫
dΩΩ2

∫ π

0

dθ sin θ
∫ 2π

0

dφ

×|g(Ω, θ)|2
∫ t

t0

dt′ e−i(Ω−ω)(t−t′)Ca0(t′) . (14.53)

The interaction constant g depends on the dot product in (14.1).
Figure 14.5 shows the coordinate system for one running wave with two pos-
sible polarizations interacting with the atomic dipole. To calculate |g(Ω, θ)|2,
we evaluate

|g(Ω, θ)|2 = �
−2

2∑

σ=1

|〈α|er · eσ|b〉EΩUΩ |2

= |EΩ℘/�|2 sin2 θ| cos2 φ+ sin2 φ|
= |EΩ℘ sin θ/�|2 , (14.54)

which is independent of the azimuthal coordinate φ. For running waves, the
square of the “electric field per photon” is given by
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Fig. 14.5. Diagram of coordinate system for plane running wave with wave vector
K and two transverse polarizations along the directions e1 and e2. The atomic
dipole points in a direction at angle θ with respect to the propagation direction K
and φ with respect to e1

E2
Ω = �Ω/2ε0V , (14.55)

as seen by combining (13.10, 13.24). In substituting (14.54) into (14.53), we
encounter the integral

∫ π

0

dθ sin3 θ =
∫ 1

−1

d(cos θ)(1 − cos2 θ) =
4
3
. (14.56)

Substituting (14.54, 14.55) into (14.53) and using (14.56), we find

Ċa0(t) = − 1
6ε0π2�c3

∫
dΩΩ3|℘|2

∫ t

t0

dt′e−i(Ω−ω)(t−t′)Ca0(t′) . (14.57)

As for the Fermi Golden Rule, we note that Ω3|℘|2 varies little in the fre-
quency interval for which the integral over t′ has appreciable value. In ad-
dition we perform a coarse-grained integration, i.e., we suppose that Ca0(t′)
varies sufficiently slowly that it can be evaluated at t′ = t and factored outside
the integrals. The remaining time integral has the highly peaked value

lim
t→∞

∫ t

t0

dt′ e−i(Ω−ω)(t−t′) = πδ(Ω − ω) − P
[

i
Ω − ω

]
, (14.58)

which allows us to evaluate the product Ω3|℘|2 at the peak value ω. The
principal part P[i/(Ω − ω)] term leads to a frequency shift related to the
Lamb shift. The πδ(Ω − ω) term gives

Ċa0(t) = −Γ
2
Ca0(t) , (14.59)
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where Γ is the Weisskopf-Wigner spontaneous emission decay rate

Γ =
ω3|℘|2

3πε0�c3
=

1
4πε0

4ω3|℘|2
3�c3

. (14.60)

To obtain the cgs expression for Γ , remove the 1/4πε0 factor.
The Weisskopf-Wigner theory predicts an irreversible exponential decay

of the upper state population with no revivals, in contrast to the Jaynes-
Cummings problem of Sect. 14.2. Whereas in the latter a quasi-periodicity
results from the interaction with a single mode and the discrete nature of
the possible photon numbers, in ordinary free-space spontaneous emission,
the atom interacts with a continuum of modes. Although under the action
of each individual mode the atom would have a finite probability to return
to the upper state in a way similar to the Jaynes-Cummings revival, the
probability amplitudes for such events interfere destructively when summed
over the continuum of free space modes. In cavities with volumes comparable
to the interaction wavelength, the density of states differs appreciably from
the result of (14.44, 14.46), as shown in Fig. 14.4. For wavelengths below
the cavity cutoff, the density of states vanishes altogether, while for wave-
lengths somewhat above the cutoff, the density of states may be substantially
larger or smaller than the free space value of (14.46). Accordingly, in such
cavities the spontaneous emission decay rate can differ substantially from the
Weisskopf-Wigner value and be either enhanced or inhibited. This is discussed
in a quantitative way in Chap. 18 on cavity quantum electrodynamics.

14.4 Quantum Beats

We just mentioned an interference phenomenon leading to irreversible expo-
nential spontaneous decay in free space. Interference phenomena are ubiqui-
tous in physics. They occur each time there are two or more possible paths
in the evolution of a system and one does not know which of these it actually
follows. To put it simply, if the question “which way?” cannot be answered,
then interferences are to be expected.

Such a situation can occur in the process of free-space spontaneous emis-
sion, and is known as quantum beats. Suppose we have a three-level system
with levels |a〉, |b〉 and |c〉, with transitions allowed between levels |a〉 − |c〉
and |b〉−|c〉 only. The Hamiltonian describing this system in interaction with
the electromagnetic field is

H = �ωa|a〉〈a| + �ωb|b〉〈b| + �ωc|c〉〈c| +
∑

K

�Ωka
†
KaK

+�

∑

K

[gaKa
†
K|c〉〈a| + gbKa†K|c〉〈b| + h.c.] , (14.61)
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where �gaK and �gbK are the dipole coupling constants between the running-
wave mode of the field of wave vector K and the |a〉 − |c〉 and |b〉 − |c〉
transitions, respectively.

We consider the situation where the system is prepared initially in a
coherent superposition of the two upper states

|ψ(0)〉 = Ca0(0)|a{0}〉 + Cb0(0)|b{0}〉 , (14.62)

and want to observe the fluorescence light emitted by this system with a
broadband detector sensitive to both frequencies ωac ≡ ωa − ωc and ωbc ≡
ωb − ωc. In this experimental arrangement, we have no way of knowing if
the light received at the detector originates from |a〉 → |c〉 or from |b〉 → |c〉
transition, and hence should expect some kind of interference phenomenon.
Indeed, we find that the fluorescence light is modulated at the difference
frequency ωab ≡ ωa − ωb. To see how this happens, we note that at time t,
the state of the system is of the form

|ψ(t)〉 = Ca0(t)e−iωat|a{0}〉 + Cb0(t)e−iωbt|b{0}〉
+

∑

K

CcK(t)e−iωκt|c{1K}〉 , (14.63)

where ωκ = ωc +ΩK.
The equations of motion for the time-dependent coefficients in (14.63)

are readily obtained from the Schrödinger equation. Substituting (14.63) into
(3.44), and projecting onto |a{0}〉, |b{0}〉, |c{1K}〉, we find

dCa0

dt
= −i

∑

K

g∗aKCcKeiδaKt , (14.64a)

dCb0

dt
= −i

∑

K

g∗bKCcKeiδbKt , (14.64b)

dCcK

dt
= −igaKCa0e−iδaKt − igbKCb0e−iδbKt , (14.64c)

where δaK = ωa − ωK and δbK = ωb − ωK . Substituting the formal integral
of (14.64c)

CcK(t) = −igaK
∫ t

0

dt′ Ca0(t′)e−iδaKt′ − igbK
∫ t

0

dt′ Cb0(t′)e−iδbKt′ (14.65)

into (14.64a), we obtain

dCa0

dt
= −

∑

K

|gaK|2
∫ t

0

dt′Ca0(t′)eiδaK(t−t′)

−
∑

K

g∗aKgbK

∫ t

0

dt′ Cb0(t′)eiδaKt−δbKt′ . (14.66)
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We recognize that the first term in this expression is precisely the same as
that obtained in the Weisskopf-Wigner theory of spontaneous emission. The
integral over the continuum of modes leads to an exponential decay. However
(14.66) has a second term, which corresponds to multiple scattering events:
this contribution describes processes in which a quantum is first emitted in
the |b〉 → |c〉 transition, and then reabsorbed in the |c〉 → |a〉 transition. We
ignore such processes in the following. Similar contributions are responsible
for the dipole–dipole interaction between two neighboring atoms, a mathe-
matically closely related problem.

Having realized that this step involves a supplementary assumption, we
perform the Weisskopf-Wigner approximation and obtain

dCa0

dt
= −γa

2
Ca0 (14.67a)

dCb0

dt
= −γb

2
Cb0 . (14.67b)

Integrating (15.67) and substituting the result into (14.65) yields

CcK(t) = Cc0(0)
igaK

1
2γa + iδaK

[e(− 1
2 γa−iδaK)t − 1]

+Cb0(0)
igbK

1
2γb + iδbK

[e(− 1
2 γb−iδbK)t − 1] . (14.68)

According to (13.70), a detector registers a signal proportional to

I = 〈ψ(t)|E−(r)E+(r)|ψ(t)〉 , (14.69)

where r is the position of the detector relative to the emitting atom,

E+(r) = EΩ

∑

κ

aK eiK · r , (14.70)

and EΩ is given by (14.55). With the form (14.63) of the state vector and the
observation that 〈1K|1K′〉 = δKK′ , (14.69) yields readily

I =

∣∣∣∣∣EΩ

∑

K

CcK(t) exp[i(K · r − ωKt)]

∣∣∣∣∣

2

, (14.71)

so that knowing CcK(t) suffices to determine the measured field intensity.
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We thus have to evaluate the sum

S =
∑

K

CcK(t) exp[i(K · r − ωKt)] . (14.72)

As in (14.53), we replace the ΣK by an integral, but here we simplify the
algebra by neglecting the effects of light polarization, e.g., we take gaK =
ga = ℘acEΩ/�. In spherical coordinates exp(iK · r) is given by exp(iKr cos θ),
which has the property

−iKr sin θ exp(iKr cos θ) =
d
d θ

exp(iKr cos θ) .

Combining these observations, we find

S = Ca0(0)
℘acωacEΩV

(2πc)2�r

∫
dΩ

1
1
2γa + iδaK

[e−( 1
2 γa+iωa)t−e−iωκt

][eiKr − eiKr]

+ same with a→ b . (14.73)

Here, the first term originates from the |a〉−|c〉 transition and the second from
the |b〉− |c〉 transition. Remembering that δaK = ωa −ωK = ωa −ωc − cK =
ωac −Ω, we note that the first term in S has a single pole in the lower half-
plane at Ω = ωac − iγa/2. The integral is thus easily performed by contour
integration.

At this point, the astute reader will notice that of the four terms
contributing to each transition, one is zero, one is retarded term going
as exp(. . .)(t − r/c), and two are advanced contributions proportional to
exp(. . .)(t+r/c). Problem 14.4 shows that these last two terms cancel exactly,
so that the system is causal and well-behaved. This observation also applies
to the single-transition spontaneous emission of Sect. 14.3. Performing the
integrals, we find

S(t) = iCa0(0)
℘acωacEΩV

2πc2�r
eiωcte−(γa/2−iωac)(t−r/c) Θ (t− r/c)

+ same with a→ b , (14.74)

where Θ is a Heaviside function, Θ(x) = 1 for x > 0 and Θ(x) = 0 for x < 0.
When substituting this form into (14.71), we observe that the contribu-

tions of the two possible transitions give a temporal interference term. We
obtain interferences, because if we detect a signal in broadband detection we
have no way of knowing whether the light received at the detector comes
form the |a〉 − |c〉 or from the |b〉 − |c〉 transition. This is the phenomenon of
quantum beats. Carrying out the last trivial step gives finally

I(t) = Θ(t− r/c)
[

Ω

4πε0c2r

]2

{|℘acωacCa0(0)|2e−γa(t−r/c)

+℘ac℘cbωacωbce−(γa+γb)(t−r/c)/2Ca0(0)C∗
b0(0)e−iωab(t−r/c)

+ same with a → b} . (14.75)
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If either Ca0(0) or Cb0(0) vanishes, we recover the usual exponential decay
of the spontaneous transition between the other two levels. But if the system
is initially in a coherent superposition of levels |a〉 and |b〉, the fluorescence
signal has a component modulated at the difference frequency ωa − ωb. This
result is at the origin of a spectroscopic technique used to determine the
difference in frequency between two levels. Problem 14.5 shows that if a single
upper level can decay to two lower levels, no quantum beat signal is observed.
Why?

Problems

14.1 Solve the dressed-atom eigenvalue problem obtaining (14.14–14.18).

14.2 Complete the steps in (14.26) for the quantized two-level state vector.

14.3 Show that the sum in (14.34) reduces to (14.36) for a sufficiently intense
field and short enough times (t� |α|/g).
14.4 Show that the two advanced contributions in (14.73) cancel identically,
leading to a causal result.

14.5 Show that if a single upper level can decay to two lower levels, no
quantum beat signal is observed.

14.6 In what ways do approximations of this chapter fail outside of the optical
frequency regime?

14.7 Calculate the expectation value of the dipole moment operator in terms
of dressed-state probability amplitudes. Answer:

〈er〉 = ℘
∑

n

{sin 2θn[|C1n|2 − |C2n|2] + cos 2θn[C1nC
∗
2n + c.c.]} ,

where sin 2θn and cos 2θn are given by (14.18).

14.8 An interaction energy operator for all field modes except for the dressing
mode can be written as

V = �G[|a〉〈b| + |b〉〈a|]

for some constant G. This operator allows the atom to change state without
affecting the dressing mode (some other mode or modes provide or get the
atomic energy). Using (14.16), calculate the matrix elements of V between
all combinations of the dressed states |2n〉, |1n〉, |2n− 1〉, |1n− 1〉.
14.9 Derive the operator form of (14.26) as follows. Split the Hamiltonian of
(14.4) as

H = H1 + H2 ,
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where

H1 = �Ωa†a+
1
2

�Ωσz , (14.76)

H2 =
1
2

�δσz + �(gaσ+ + adj.) . (14.77)

Show that the commutator [H1,H2] vanishes, allowing the time development
matrix U(t, 0) to be factored as

U(t, 0) = exp(−iH1t/�) exp(−iH2t/�) .

Writing H1 in 2× 2 matrix form, show that

U1(t, 0) = e−iΩa†at

[
exp (−iΩt/2) 0

0 exp(iΩt/2)

]
.

A simple 2× 2 form for U2(t, 0) requires proving first that
[

1
2δ ga
ga† − 1

2δ

]2


=
[

(ϕ+ g2)
 0
0 ϕ


]

[
1
2δ ga
ga† − 1

2δ

]2
+1

=
[

1
2δ(ϕ+ g2)
 g(ϕ+ g2)
a
gϕ
a† − 1

2δϕ



]
,

where the operator ϕ = g2a†a + 1
4δ

2. Expanding U2(t, 0) in a Taylor series,
using these relations and resumming the matrix elements, show that

U2(t, 0) =

⎡

⎢⎢⎣
cos(t

√
ϕ+ g2) − iδ

sin(t
√
ϕ+ g2)

2
√
ϕ+ g2

−ig
sin(t

√
ϕ+ g2)√

ϕ+ g2
a

−ig sin(t
√
ϕ)

√
ϕ

a† cos(t
√
ϕ) + iδ

sin(t
√
ϕ)

2
√
ϕ

⎤

⎥⎥⎦ .

(14.78)
The projection onto |an〉 and |bn+ 1〉 gives the time development matrix in
(14.26).

14.10 The phenomenological decay rates − 1
2γaCan and − 1

2γbCbn+1 can be
added to the equations of motion (14.30, 14.31), respectively. Those equa-
tions then have the same form as the semiclassical equations (4.1, 4.2), with
R0 replaced by −2g

√
n+ 1 and hence have the solution (4.10) with this sub-

stitution.
Calculate the corresponding decay rates for the dressed-atom probability

amplitudes C1n(t) and C2n(t). Solve the resulting equations of motion to find
a generalization of (14.25). As in (14.26), use this solution to find Can(t) and
Cbn+1(t) with decay.

14.11 Show that the electric-field-per-photon EΩ for a running wave is given
by (14.55).

14.12 Solve the first-order perturbation result corresponding to (14.40) using
|ψ(t)〉 of (14.29) with the equations of motion (14.30, 14.31). Remember that
C

(0)
a (t) is not constant.
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The Weisskopf-Wigner theory of spontaneous emission of Chap. 14 is an
example of a general class of problems involving the coupling of a small
system to a large system. In that case the small system is the atom and
the large system is the continuum of modes of the electromagnetic field.
When computing the atomic decay rate, we were not interested in the field
itself, but only on its effect on the atomic dynamics. Thus we never explicitly
computed the field dynamics. Our theory leads to an irreversible decay of
the upper state population. At first this should come as a surprise, since
our starting equation (the Schrödinger equation) is reversible. Irreversibility
results from two main approximations: 1) the assumption that the probability
amplitude Ca0(t) varies little during the time interval defined by the inverse
bandwidth of the continuum of modes of the electromagnetic field, and 2)
the replacement of the remaining nonlocal time integration in (14.58) by a
δ-function. These choices comprise the Weisskopf-Wigner approximation.

Similar situations occur repeatedly in physics in general, and in quantum
optics in particular, and always lead to an irreversible decay of the small sys-
tem. In fact, each time one wishes to describe properly irreversible damping
and decoherence in quantum mechanics, one does so by coupling the small
system under study to a large, broad-band system which typically remains
in thermal equilibrium. For this reason, the large system is usually called a
bath, or a reservoir. It is of considerable importance to develop a general
formalism to handle this problem.

Just as there two fundamental ways to treat a general quantum mechan-
ics problem, the Heisenberg and the Schrödinger pictures, there are also two
basic ways to tackle system-reservoir interactions. The first one is based on
the Schrödinger picture and leads to the so-called master equation. We dis-
cuss it in Sect. 15.1 and use it in Sect. 16.4 on resonance fluorescence and
in Sect. 17.2 on the quantum theory of multiwave mixing. In Sect. 15.2, we
show how an expansion of the system density operator in a basis of coher-
ent states permits us to transform the master equation into a Fokker-Planck
equation. The Heisenberg approach is presented in Sect. 15.3 and leads to
the introduction of quantum noise operators giving the description of the
problem a flavor reminiscent of the Langevin approach to stochastic prob-
lems in classical physics. Section 15.4 discusses the method of Monte Carlo
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wave functions, which permits to unravel the master equation into “quan-
tum trajectories” of considerable intuitive appeal and numerical convenience.
Section 15.5 explains the quantum regression theorem and applies it to the
evaluation of two-time correlation functions such as appear in spectrum cal-
culations in resonance fluorescence and in the generation of squeezed states.

The material of this chapter is rather technical, and our experience has
been that a general presentation tends to mask the physics involved in de-
riving the results. We prefer therefore to sacrifice generality and concentrate
on an illustration of the theory for the case of a simple harmonic oscillator
coupled to a bath of harmonic oscillators. This model system is described by
the Hamiltonian

H = Hs + Hr + V , (15.1)

where
Hs = �Ωa†a (15.2)

is the unperturbed Hamiltonian of the small system,

Hr =
∑

j

�ωjb
†
jbj (15.3)

the unperturbed Hamiltonian of the reservoir, consisting of a very large num-
ber of harmonic oscillators, and

V = �

∑

j

(gja†bj + g∗j b
†
ja) (15.4)

is a model for the system-reservoir interaction. The elementary exchange of
energy between system and bath is thus assumed to consists of the simulta-
neous creation of a quantum of excitation of the system with annihilation of
a quantum in the jth mode of the bath, or the reverse process.

Different problems require of course different model Hamiltonians. For
instance, Sect. 15.1 concludes with a corresponding discussion for a resonant
bath of two-level atoms and the remaining chapters in the book deal with
related problems. The general behavior of the system is however not very
sensitive to the explicit form of Hr, provided that it meets some general
requirements, the most important one being that it has a broadband spec-
trum, and hence a very short correlation time. The specific model defined by
(15.1–15.4) is a good model of coupling to the continuum of modes of the
electromagnetic field, of phonons in a crystal, etc., which is one reason why
we consider it here. The other reason is that harmonic oscillators are the
simplest quantum systems, and make our lives particularly easy.

The Hamiltonian (15.1), together with initial conditions, completely de-
fines our problem. We suppose that at the initial time t0 the small system is
described by a density operator ρs(t0), where the subscript s indicates that
this is the system’s density operator. Of course, trs{ρs(t0)} = 1, where trs

means “trace over the system”. In contrast we suppose that the reservoir is
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a very large system with an immense number of degrees of freedom. Usually
(but not always) it is described by a time-independent density operator ρr

in thermal equilibrium at the temperature T . According to (13.34), such a
density operator is given by

ρr(Hr) =
e−βHr

trr{e−βHr} . (15.5)

Note that trrρr(Hr) = 1, where trr means “trace over the reservoir”. Assum-
ing that the system and reservoir are brought into contact at time t = t0,
they initially don’t exhibit any correlations and thus the initial state of the
system is described by the factorized density operator

ρsr(t0) = ρs(t0)ρr(Hr) . (15.6)

In the next sections, we solve the problem defined by the Hamiltonian (15.1)
and the initial density operator (15.6) under the conditions that we are only
interested in the system’s dynamics and that the reservoir has a very broad
band spectrum.

15.1 Master Equation

We analyze the problem first in the Schrödinger picture. We might try to
achieve this goal by solving the system-reservoir Schrödinger equation

ρ̇sr = − i
�
[H, ρsr] (15.7)

for all times. In general this is a hopeless goal. Fortunately, all we are inter-
ested in is the system’s evolution; we do not care what the reservoir is doing.
Thus we need an object that allows us to compute the expectation value of
system operators like O. We know from (4.37) that

〈O(t)〉 = trsr{Oρsr(t)} , (15.8)

where we write trsr to remind ourselves that we must trace over the system
and the reservoir. Since O is a system operator alone, we may rewrite this as

〈O(t)〉 = trs{Otrrρst(t)} ≡ trs{Oρs(t)} . (15.9)

The operator ρs(t), which is the trace over the reservoir of the total density
operator, is called the reduced density operator of the system. All we need to
know to determine the expectation value of system operators is ρs(t) at all
times. The equation of motion for ρs(t) is called a master equation.

Our strategy to derive the master equation is quite simple: we solve the
problem to second order in perturbation theory, trace over the reservoir, take
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into account that it has a very broad bandwidth to perform the Markoff
approximation, and obtain directly an equation for ρs(t) that is valid for
times long compared to the inverse bandwidth τc of the reservoir. While
following this program, we have to be careful not to confuse the fast free
evolution of the system with τc. To make sure that things don’t get mixed
up, we therefore first go into an interaction picture where all free evolutions
are eliminated.

The interaction picture was formally introduced in Sect. 3.1, where we
restricted ourselves to systems described by a state vector. Things are essen-
tially the same when dealing with density operators. Rewriting the Hamilto-
nian (15.1) as

H = H0 + V , (15.10)

where
H0 = Hs + Hr , (15.11)

the density operator Psr(t) in the interaction picture is obtained from the
Schrödinger picture density operator via the unitary transformation

ρsr(t) = e−iH0(t−t0)/�Psr(t)eiH0(t−t0)/� . (15.12)

Compare this with the state vector transformation (3.69). Differentiating this
equation with respect to time and making use of (4.38, 15.12), we obtain the
equation of motion of the density operator in the interaction picture:

∂Psr

∂t
= −1

�
[VI(t− t0), Psr] , (15.13)

where
VI(t− t0) = eiH0(t−t0)/�Ve−iH0(t−t0)/� , (15.14)

is the interaction Hamiltonian in the interaction picture, see (3.72). Using
(15.2–15.4) for the various Hamiltonians we obtain immediately

VI(t) = �

∑

j

gja
† eiΩ(t−t0)bje−iωj(t−t0) + adj. . (15.15)

Here we made use of the free evolution (3.143, 3.144) of the annihilation
and creation operators and remembered that system and reservoir operators
commute at equal times.

We finally introduce the interaction-picture reduced density operator for
the system

ρ(t) ≡ trr{Psr(t)} . (15.16)

This is the operator that typically plays the central role in the master equa-
tion approach. It is related to the Schrödinger picture reduced density oper-
ator ρs(t) by the unitary transformation

ρs(t) = e−iHs(t−t0)/�ρ(t)eiHs(t−t0)/� . (15.17)
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Note that in (15.17), Hs appears rather than H0, as is discussed in Prob.
15.1. Differentiating (15.17) with respect to time, we obtain

∂ρs

∂t
= − i

�
e−iHs(t−t0)/�

[
[Hs, ρ(t)] + i�

∂ρ

∂t

]
eiHs(t−t0)/� , (15.18)

which relates the equations of motion for the reduced density operator in the
Schrödinger and interaction pictures.

Having now all the required formalism at our disposal, we can proceed
with the solution of the problem. In general system-reservoir coupling prob-
lems are not amenable to an exact solution. We use the iterative method
outlined in Sect. 3.2 to solve the problem to second-order in perturbation
theory. Specifically, we integrate (15.13) from t0 to t, taking Psr(t) � Psr(t0)
in the commutator to obtain a first-order solution for Psr(t). We then use
this improved value in the commutator in integrating again to obtain a value
of Psr(t) accurate to second order. We find

Psr(t) = Psr(t0) −
i
�

∫ t

t0

dt′[VI(t′ − t0), Psr(t0)]

− 1
�2

∫ t

t0

dt′
∫ t′

t0

dt′′[VI(t′ − t0), [VI(t′′ − t0), Psr(t0)]] + . . . . (15.19)

Tracing over the reservoir yields the evolution of the reduced density operator
ρ(t) of (15.16). Performing this trace, we can define a coarse-grained equation
of motion for ρ(t) by

ρ̇(t) � ρ(t) − ρ(t− τ)
τ

, (15.20)

where the time interval τ = t − t0 is a time long compared to the reservoir
memory time τc, but short compared to times yielding significant changes
in the system variables. In explicit calculations, it is convenient to shift our
time origin by τ , i.e., to write

ρ̇(t+ τ) � ρ(t+ τ) − ρ(t)
τ

.

Since we assume that ρ(t) does not vary significantly in the time τ , we suppose
that ρ̇(t) itself is given by this expression. We further note that the double
commutator in (15.19) simplifies somewhat since

[V ′, [V ′′, Psr]] = V ′V ′′Psr − V ′PsrV ′′ + adj. .

This is easily shown since (ABC)† = C†B†A† and all of these opera-
tors are self-adjoint (Hermitian). Combining these observations, we find the
coarsegrained system-density-operator equation of motion

ρ̇(t) � − i
�τ

∫ τ

0

dτ ′trr{VI(τ ′)Psr(t)} −
1

�2τ

∫ τ

0

dτ ′
∫ τ ′

0

dτ ′′trr{VI(τ ′)VI(τ ′′)Psr(t)

−VI(τ ′)Psr(t)VI(τ ′′)} + adj. . (15.21)
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Note that the reduced density operator actually has two time depen-
dencies, t and τ . However, we now show that τ is associated only reservoir
operators, and this dependence disappears in case the reservoir is stationary,
with infinitely short memory. To proceed further and show how this works,
we have to use the explicit form of the interaction Hamiltonian VI . We can
simplify the algebra for the VI of (15.15) by writing that equation in the
more compact form

VI(τ) = �a†F (τ) + �aF †(τ) , (15.22)

where the operator
F (τ) = −i

∑

j

gjbjei(Ω−ωj)τ (15.23)

acts only in the reservoir Hilbert space. In the Heisenberg approach of Sect.
15.3, operators such as F (τ) will be identified as noise operators.

When tracing over the reservoir, we encounter terms of the type

trr{a†F (τ)Psr(t)} = a†ρ(t)trr{F (τ)ρr(Hr)} ,

where we have used (15.6) and the fact that at time t0 the interaction picture
and Schrödinger density matrices are identical. The second trace in this equa-
tion is readily identified as the expectation value Fr of the reservoir operator
F (τ). This vanishes provided the reservoir density operator ρr is diagonal as
is the case for (15.5). We also note that we can cyclically permute reservoir
operators under a reservoir trace. Substituting (15.22) into (15.21), we then
find

ρ̇(t) = − 1
�2τ

∫ τ

0

dτ ′
∫ τ ′

0

dτ ′′[a†aρ(t)〈F (τ ′)F †(τ ′′)〉r − aρ(t)a†〈F (τ ′′)F †(τ ′)〉r

+aa†ρ(t)〈F †(τ ′)F (τ ′′)〉r − a†ρ(t)a〈F †(τ ′′)F (τ ′)〉r
+aaρ(t)〈F †(τ ′)F †(τ ′′)〉r − aρ(t)a〈F †(τ ′′)F †(τ ′)〉r
+a†a†ρ(t)〈F (τ ′)F (τ ′′)〉r − a†ρ(t)a†〈F (τ ′′)F (τ ′)〉r] + adj. . (15.24)

Using (15.23), we find that the reservoir average terms have values like

〈F (τ ′)F †(τ ′′)〉r =
∑

i,j

gig
∗
j 〈bib†j〉reiΩ(τ ′−τ ′′)ei(ωjτ ′′−ωiτ

′)

=
∑

i

|gi|2〈bib†i 〉rei(Ω−ωi)(τ
′−τ ′′) , (15.25)

where the reservoir density matrix must be diagonal to obtain the last
equality. This simplification is relaxed when we consider “squeezed reser-
voirs” in Sect. 17.4. Averages like 〈F (τ ′)F †(τ ′′)〉r are readily identified as
first-order correlation functions of the bath (see Sect. 13.5). They depend
only on the time difference T = τ ′ − τ ′′, i.e., the bath is stationary, a
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direct consequence of the thermal equilibrium assumption (15.5). Hence,
〈F (τ ′)F †(τ ′′)〉r = 〈F (τ ′′)F †(τ ′)〉∗r . Equation (15.25) tells us how fast the
bath correlations decay away. In the following, we will perform the Markoff
approximation, which assumes that this correlation time is infinitely short
compared to all times of interest for the system. Using T , we have, for exam-
ple,

∫ τ

0

dτ ′
∫ τ ′

0

dτ ′′〈F (τ ′)F †(τ ′′)〉r

=
∫ τ

0

dτ ′
∑

i

|gi|2〈bib†i 〉r
∫ τ ′

0

dT ei(Ω−ωi)T . (15.26)

This kind of expression appears in the Weisskopf-Wigner theory of spon-
taneous emission of Sect. 14.3. There we replaced the sum over modes by
an integral [(14.44)] and interpreted the integral over the exponential as a
delta-function [(14.58)]. Similarly calling D(ω) the density of modes in the
reservoir, and assuming that the reservoir has sufficient bandwidth to justify
the δ-function approximation of the integral, we find that (15.26) becomes

∫ τ

0

dτ ′
∫ τ ′

0

dτ ′′〈F (τ ′)F †(τ ′′)〉r =
γτ

2
〈b(Ω)b†(Ω)〉r , (15.27)

where as in (14.59) we introduce the decay rate

γ = 2πD(Ω)|g(Ω)|2 . (15.28)

Here we neglect the small shift due to the principal part in (14.58) (this is the
equivalent of the Lamb shift for our simple harmonic oscillator). The factor
|g(ω)|2〈b(ω)b†(ω)〉 is a measure of the strength of the coupling of the simple
harmonic oscillator with the mode of the reservoir of frequency ω.

When extending the upper limit of the T -integration to infinity in (15.26),
we implicitly assume that the reservoir correlation time τc is sufficiently small
that the integrand vanishes already after times such that second-order pertur-
bation theory remains valid. (Remember, we are doing perturbation theory,
and this is valid only for times so short that the population of the different
levels of the system remain practically unchanged!) Thus our approximate
solution (15.27) is valid for times short compared to the decay of the sys-
tem, but long compared to the correlation time of the reservoir. This is the
essence of the Markoff approximation. In Sect. 15.3, we show explicitly using
the Heisenberg picture that this is equivalent to assuming that the correla-
tion functions of the bath are δ-correlated, that is, that the reservoir loses its
memory instantaneously.

According to (13.44), the average of the number operator b†b over a ther-
mal distribution is given by

〈b†(Ω)b(Ω)〉r = n̄ =
1

eβ�Ω − 1
. (15.29)
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Similarly,
〈b(Ω)b†(Ω)〉 = n̄+ 1 . (15.30)

Substituting (15.27, 15.30) into (15.24) along with corresponding expressions
for the terms with 〈F †(τ ′)F (τ ′′)〉r, we find the master equation in the inter-
action picture

ρ̇(t) = −γ
2
(n̄+ 1)[a†aρ(t) − aρ(t)a†]

−γ
2
n̄[ρ(t)aa† − a†ρ(t)a] + adj. . (15.31)

Here we have neglected terms containing averages like 〈F (τ ′)F (τ ′′)〉 and
〈F †(τ ′)F †(τ ′′)〉, an approximation valid if the reservoir is thermal and its
density operator is diagonal in the energy representation, see (15.5). This as-
sumption is relaxed in Sect. 17.4, where the squeezed vacuum is considered.
If the reservoir is at zero temperature, n̄ = 0, and the remaining terms are
due to vacuum fluctuations.

We can use the master equation (15.31) to determine the evolution of the
expectation of system operators. For example, the average photon number
〈a†a〉s = trs[a†aρ(t)] becomes (Prob. 15.3)

d〈a†a〉s
dt

= −γ〈a†a〉s + γn̄ , (15.32)

where we have used the cyclicity property of the trace and the boson com-
mutation relation [a, a†] = 1.

A useful way to interpret the result (15.32) is to re-express it as

d〈a†a〉s
dt

= −γ〈a†a〉s(n̄+ 1) + γn̄(〈a†a〉s + 1) .

The rate of change of the mean number 〈a†a〉s of system photons is seen to
result from the balance between emission from the system into the bath and
from the bath into the system. In both terms, the “+1” is the contribution
from spontaneous emission and has no classical equivalent, i.e., it would van-
ish if the boson creation and annihilation operators commuted. The other
term is (classical) stimulated emission. For a reservoir at zero temperature,
n̄ = 0 and all that is left is spontaneous decay from the system to the reser-
voir.

Equation (15.32) can be solved readily to give

〈a†a〉s(t) = 〈a†a〉s(0)e−γt + n̄[1 − e−γt] . (15.33)

For large times, the average number of photons in the simple harmonic oscil-
lator equilibrates to that of the bath oscillator of same frequency Ω. Similarly,
we find that the expectation value of the complex electric field operator obeys
the interaction-picture equation of motion
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d〈a〉s
dt

= −γ
2
〈a〉s . (15.34)

It is instructive to calculate the equation of motion for the diagonal matrix
elements pn ≡ ρnn in the number-state representation. From (15.31), we find

ṗn = −γ(n̄+ 1)[npn − (n+ 1)pn+1] − γn̄[(n+ 1)pn − npn−1] . (15.35)

Figure 15.1 shows how the four terms in this equation represent flows of num-
ber probability up and down the system simple harmonic oscillator energy
level diagram. Here we see very clearly the absorptive and emissive roles of
the first and second bracketed expressions of (15.31), respectively. A steady
state occurs when a detailed balance takes place between the absorptive and
emissive processes, that is, when

Fig. 15.1. Simple harmonic oscillator energy level diagram showing number prob-
ability flows in (15.35)

γ(n̄+ 1)npn = γn̄npn−1 . (15.36)

Note that steady state implies this detailed balance: (15.36) must be true for
the lowest probability p0 to be constant, which implies it must be true for
p1 to be constant, and so on up the ladder. This gives the thermal number
distribution

pn = [n̄/(n̄+ 1)]pn−1 = [n̄/(n̄+ 1)]np0
= e−n�Ω/kBT [1 − e−�Ω/kBT ] . (15.37)

Other Master Equations

It is straightforward to modify the derivation of the master equation (15.31)
to describe a two-level atom with upper to lower level decay and damped
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by a reservoir of simple harmonic oscillators. In this case, the interaction
Hamiltonian (15.15) is replaced by

VI(τ) = �σ + F (τ) + �σ−F
†(τ) , (15.38)

where F (τ) is still given by (15.23). The derivation of the master equation
follows along exactly the same lines as that for (15.31), with the replacement
of a by σ− and a† by a+. Hence, we find

ρ̇(t) = −Γ
2

(n̄+ 1)[σ+σ−ρ(t) − σ−ρ(t)σ+]

= −Γ
2
n̄[ρ(t)σ−σ+ − σ+ρ(t)σ−] + adj. . (15.39)

which is the same as (4.84) at zero temperature, n̄ = 0.
Another example of a reservoir, sometimes used in laser theory to model

pump mechanisms, consists of a beam of two-level atoms traversing a single-
mode cavity, as shown in Fig. 15.2. Here the system is the cavity mode, a
simple harmonic oscillator. We assume that the atoms are injected inside
the cavity in their upper state |a〉 and lower state |b〉 at rates ra and rb,
respectively, where ra and rb satisfy the thermal-equilibrium Boltzmann dis-
tribution

ra
rb

= e−β�ω , (15.40)

where as usual β = 1/kBT . Thus, the reservoir reduced density operator is
given by

ρatom(t) =
1
Z

[
e−β�ωa 0

0 e−β�ωb

]
=

[
ρaa 0
0 ρbb

]
. (15.41)

We suppose the system field frequency Ω is resonant with the atomic tran-
sition frequency, Ω = ω = ωa − ωb. We proceed by considering first the
interaction between the cavity mode and a single atom, and then multiply

Fig. 15.2. Atomic beam of two-level atoms acts as reservoir for a simple harmonic
oscillator
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the result by the number of atoms present in the cavity at a time. This is
a proper procedure provided that the atoms act incoherently on the field,
i.e., that collective atomic effects can be ignored. This important point is
further discussed in Chap. 19. The interaction-picture interaction energy for
the coupled atom-field system is given by the time-independent expression

V = �gσ−a
† + adjoint = �g

[
0 a
a† 0

]
. (15.42)

We substitute V into the second-order system-reservoir density operator of
(15.21) with the initial factorized value

Psr(t) = ρ(t) ⊗
[
ρaa 0
0 ρbb

]
. (15.43)

The first-order term is

VPsr = �g

[
0 aρbbρ

a†ρaaρ 0

]
. (15.44)

Using (15.42, 15.44), we find the second-order terms

VVPsr −VPsrV = �
2g2

[
ρaaaa

†ρ− aρbbρa
† 0

0 a†aρbbρ− a†ρaaρa

]
. (15.45)

Substituting (15.44, 15.45) into (15.21) and noting that (ρaa†)† = aa†ρ, we
obtain the coarse-grained equation of motion per atom

ρ̇(t) = −1
2
g2τ [(a†aρ− aρa†)ρbb + (ρaa† − a†ρa)ρaa] + adj. , (15.46)

which is very similar to (15.31) for the reservoir of simple harmonic oscillators.
Note however that the time interval τ is the transit time of an atom passing
through the cavity. Multiplying this result by rτ , the number of atoms passing
through the cavity in this transit time, we find the system master equation

ρ̇(t) = −Rb[a†aρ(t) − aρ(t)a†] −Ra[ρ(t)aa† − a†ρ(t)a] + adj. , (15.47)

where the absorption rate constant Rb = rbg2τ2 = τρbbg
2τ2. Similarly, Ra =

rag
2τ2.
The master equation (15.47) for a simple harmonic oscillator damped by

an atomic-beam reservoir has the same form as that of (15.31) for a simple-
harmonic-oscillator reservoir. With (15.47), it is particularly obvious that
the contribution containing a†aρ(t) − aρ(t)a†+ adjoint corresponds to the
absorption of system photons, while the contribution containing ρ(t)aa† −
a†ρ(t)a+ adjoint corresponds to the emission of system photons.
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15.2 Fokker-Planck Equation

The master equation of Sect. 15.1 allows us to readily compute equations
of motion for the expectation values of various system observables. It is,
however, an operator equation that by itself doesn’t provide much physical
intuition into the evolution of the system. We can use the master equation
to derive a more classical equation with complementary insights by using
quasi-probability distributions. If the system is a harmonic oscillator, we can
expand the density operator in a coherent states basis as given by (13.80)

ρ =
∫

d2αP (α)|α〉〈α| . (16.80)

Substituting this into (15.31) gives
∫

d2 α Ṗ (α, t)|α〉〈α| = −γ
2
(n̄+ 1)

∫
d2αP (α, t)[a†a|α〉〈α| − a|α〉〈α|a†]

−γ
2
n̄

∫
d2αP (α, t)[|α〉〈α|aa† − a†|α〉〈α|a] + c.c. . (15.48)

From (13.55), we have the representation of a coherent state

|α〉 = e−|α|2/2eαa† |0〉 , (15.49)

which gives
|α〉〈α| = e−|α|2eαa† |0〉〈0|eα∗a . (15.50)

Hence |α〉〈α|a may be written as

|α〉〈α|a = e−|α|2 ∂

∂α∗ [eαa† |0〉〈0|eα∗a] =
(
∂

∂α∗ + α
)
|α〉〈α| . (15.51)

Similarly,

a†|α〉〈α| =
(
∂

∂α
+ α∗

)
|α〉〈α| . (15.52)

Substituting (15.51, 15.52) into (15.48) and using the definition a|α〉 = α|α〉
of the coherent state, we find

∫
d2 α Ṗ (α, t)|α〉〈α| = −γ

2
(n̄+ 1)

∫
d2αP (α, t)α

∂

∂α
|α〉〈α|

+
γ

2
n̄

∫
d2αP (α, t)

(
α
∂

∂α
+

∂2

∂α∂α∗

)
|α〉〈α| + adj. . (15.53)

We can integrate the RHS by parts and drop the constants of integration
since P (α, t) vanishes for |α| → ∞. Thus, for example,

∫
d2αP (α, t)α

∂

∂α
|α〉〈α| = −

∫
d2α

[
∂

∂α
[αP (α, t)]

]
|α〉〈α| . (15.54)
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Equation (15.53) becomes, after equating the coefficients of |α〉〈α| in the
integrand

Ṗ (α, t) =
γ

2

[
∂

∂α
[αP (α, t)] + c.c.

]
+ γn̄

∂2

∂α∂α∗P (α, t) , (15.55)

which is in the form of a Fokker-Planck equation for the quasi-probability
P (α, t) of finding the harmonic oscillator in the coherent state |α〉 at time t.
For reasons explained shortly, the coefficients of the first derivatives on the
RHS of (15.55) are the elements of the drift matrix and the coefficients of
the second derivatives compose the diffusion matrix. Problem 19.7 solves this
equation at steady-state and finds

P (α) =
1
πn̄

e−|α|2/n̄ , (15.56)

which is a thermal distribution with the average value n̄.
Although it is hard in general to find the time-dependent solution of

P (α, t), (15.55) can readily be used to obtain the rate of change of the ex-
pectation value of observables of interest. For instance, for n̄ = 0

d
dt

〈a〉 =
∫

d2α αṖ (α, t) = −γ
2
〈a〉 , (15.57)

in agreement with (15.34).
It is important to realize that the derivation of a Fokker-Planck equation

via quasi-probability distributions does not always lead to well-behaved re-
sults. We have seen in Chap. 13 that P (α) needs not be positive and does
not lend itself to a simple interpretation as a probability distribution. In sit-
uations where P (α) becomes negative or singular, which are typical if truly
nonclassical effects are important, we often find that the resulting Fokker-
Planck equation has a nonpositive diffusion matrix and hence is not math-
ematically well-behaved. In such situations, one can take advantage of the
over-completeness of the coherent states to introduce generalizations of the
P (α) distribution that eliminate this difficulty, typically at the expense of
doubling the phase-space dimensions. These techniques are discussed in de-
tail by Gardiner (1980).

Returning to the problem of the damped oscillator, we can also find an
approximate Fokker-Planck equation for the diagonal elements of the density
matrix from the photon number probability equation of motion pn of (15.35).
In this heuristic approach we replace the discrete variable n by a continu-
ous variable x, a step through which we immediately lose effects such as the
Jaynes-Cummings revivals of Chap. 14. Nonetheless, this is a useful approxi-
mation in a number of situations where the discrete nature of the field plays
an insignificant role. We proceed by writing (15.35) in the form

ṗn = −γ(n̄+1)[npn−(n+1)pn+1]−γn̄[npn−(n−1)pn−1+pn−pn−1] . (15.58)
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We then write xp in place of npn, and (x± 1)p(x± 1) in place of (n± 1)pn±1

and use a second-order Taylor series with Δx = ±1 to find

(n± 1)pn±1 → xp± ∂

∂x
(xp) +

1
2

(
∂

∂x

)2

(xp) .

Substituting this along with a second-order Taylor series for the lone pn−1

into (15.58), we find

ṗ = γ
∂

∂x
[(x− n̄)p] + γn̄

(
∂

∂x

)2

(xp) . (15.59)

In steady state (ṗ = 0), we can equate the argument of ∂/∂x to zero, where-
upon we find the differential equation p′ = −1/n̄. This has the solution

p(x) = p(0)e−x/n̄ = n̄−1e−x/n̄ , (15.60)

where we set the initial value p(0) = n̄−1 since p(x) has to be normalized.
This answer agrees with value of (15.56) derived using the full coherent state
expansion since |α|2 = n̄. One reason this simple approach agrees with the
more general one is that the thermal distribution is diagonal in the number
state representation.

We can get an intuitive understanding of how a Fokker-Planck equation
works by considering the general one-dimensional form

ṗ(x, t) = − ∂

∂x
(M1p) +

∂2

∂x2
(M2p) , (15.61)

where M1(x) and M2(x) are called the first- and second-order moments of
the distribution p(x), or alternatively the drift and diffusion coefficients of
the Fokker-Planck equation. In the more general multidimensional case, one
speaks of drift and diffusions matrices. As shown in Fig. 15.3, for x values
to the left of the peak of M1p, the slope of M1p is positive which according
to (15.61) causes a decrease of p(x) in that region, while for x values to the
right of the peak of M1p, the slope is negative, causing an increase of p(x).
This results in a movement of the peak toward larger values of x provided
M1 is itself positive. The second derivative at the peak of M2p(x) is negative,
which according to (15.61) causes a decrease in p(x), while on either side of
the peak of M2p, the second derivative is positive causing an increase p(x).
This results in a diffusion of p(x). For these reasons the M1 term is called
the drift term and the M2 term is called the diffusion term.

15.3 Langevin Equations

In order to gain more insight into the system-reservoir interaction, we now
solve the same problem in the Heisenberg picture. We show that the reservoir
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Fig. 15.3. Diagrams showing that the M1p term in (15.61) causes the distribution
p(x) to “drift” along the x axis, while the M2p term causes p(x) to diffuse

operators can then be interpreted similarly to Langevin forces in classical
statistical mechanics. These quantum noise operators are the source of both
fluctuations and irreversible dissipation of energy from the system to the
reservoir.

From the Hamiltonian of (15.1), we readily obtain the equations of motion
for the annihilation operators a(t) and bj(t)

ȧ(t) = −iΩa(t) − i
∑

j

gjbj(t) , (15.62)

ḃj(t) = −iωjbj(t) − ig∗j a(t) . (15.63)

We can integrate (15.63) formally to get

bj(t) = bj(t0) e−iωj(t−t0) − ig∗j

∫ t

t0

dt′a(t′)e−iωj(t−t′)

≡ bfree(t) + bradiated(t) . (15.64)

The first term bfree on the RHS of (15.64) is the homogeneous solution of
(15.63), and describes the free evolution of bj in the absence of interaction
with the system. The second term bradiated gives the modification of this free
evolution due to the coupling with the system, and shows that a(t) is the
source of bj(t). If the small system were, say, a two-level system instead of
a harmonic oscillator, the appropriately modified (15.64) would show that
the atomic polarization is the source of the electromagnetic field. Inserting
(15.64) into (15.62), we find

ȧ(t) = −iΩa(t) − i
∑

j

gjbj(t0)e−iωj(t−t0) −
∑

j

|gj |2
∫ t

t0

dt′a(t′)e−iωj(t−t′) .

(15.65)
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Here, the first summation gives fluctuations and the second gives the radia-
tion reaction.

We now change to an interaction picture in order to separate the rapid
free evolution of a(t) at the frequency Ω from the fast evolution due to the
large bandwidth of the bath. This is done by introducing the slowly varying
operator

A(t) = a(t)eiΩt , with [A(t), A†(t)] = 1 . (15.66)

From (15.65), the evolution of A(t)is given by

Ȧ(t) = −
∑

j

|gj |2
∫ t

t0

dt′A(t′)e−i(ωj−Ω)(t−t′) + F (t) , (15.67)

where F (t) is the noise operator

F (t) = −i
∑

j

gjbj(t0)ei(Ω−ωj)(t−t0) , (15.68)

which is the same as (15.23) aside from a shift in time origin. Note that this
operator varies rapidly in time due to the presence of all the reservoir frequen-
cies. Furthermore, if the reservoir is described by a density operator diagonal
in energy representation, 〈F (t)〉r vanishes. We have already encountered in-
tegrals similar to the first term on the RHS of (15.67) both when studying
the Weisskopf-Wigner theory of spontaneous emission, and in Sect. 15.1. We
handle it in the same fashion here. We replace the sum over modes of the
bath by an integral and make the Markoff approximation by claiming that
A(t) varies little over the inverse reservoir bandwidth. This allows us to ex-
tend the limit of integration to infinity. Using the representation (14.58) of
the delta-function, we obtain

Ȧ(t) = −γ
2
A(t) + F (t) . (15.69)

Except for the presence of the noise operator F (t), this is the same as (15.34)
for the expectation value of 〈a〉s(t) obtained from the master equation. The
nature of these equations is, however, completely different. One of them gives
the evolution of an expectation value of an operator, while the second gives
the evolution of the operator itself. One could not expect an operator to have
an evolution as simple as that given by (15.34). If that were the case, its value
at time t would be

A(t) = A(0)e−γt/2

and for times long compared to γ, we would have

[A(t), A†(t)] → 0 .

This would be a terrible violation of the laws of quantum mechanics, since
commutation relations must be valid at all times! The rapidly fluctuating
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operator F (t) in (15.69) guarantees by construction that the commutation
relations of the system remain valid at all times. With (15.67, 15.69) we have

〈Ȧ〉 = −γ
2
〈A〉 . (15.70)

The noise operator F (t), therefore, plays a role similar to that of Langevin
forces in the theory of Brownian motion. In both cases, a random force of zero
average value leads to dissipation. The only difference here is that this force
has the character of an operator. Because of this analogy, (15.69) is sometimes
called a quantum Langevin equation and the operator F(t) a quantum noise
operator. In principle, one can write down a quantum Langevin equation
for any system operator, but of course each equation has a different noise
operator. For instance, the adjoint of (15.69) is

Ȧ†(t) = −1
2
γA†(t) + F †(t) . (15.71)

The Heisenberg picture has the appealing feature that the equations of
motion look like the corresponding classical equations of motion, but it does
present a few pitfalls. The most important has to do with the ordering of
operators. System operators commute with reservoir operators at equal times,
but not necessarily at different times. This is illustrated in (15.63), which
shows that as time evolves, bj(t) acquires some of the character of a(t). More
importantly, the homogeneous (free field) part of bj(t) alone doesn’t commute
with a(t) even at equal times, although [a(t), bj(t)] = 0. For this reason,
after separating bj(t) into bfree and bradiated we can no longer interchange
the order of system and reservoir operators without taking the chance of
committing serious errors. Therefore, once we chose the order in which to
write system and reservoir operators in the initial Hamiltonian, we must
stick to it! Here we always put all operators with a “†” to the left, which is
called the “normal ordering”. Any other ordering will do, provided that it is
used consistently throughout the calculation. Although final answers do not
depend on the choice of ordering, the physical interpretation of the results is
different in different orderings [see Milonni and Smith (1975)]. For instance,
the normal ordering attributes spontaneous emission to radiation reaction,
since 〈F (t)〉r = 0, while vacuum fluctuations give the Langevin force F (t).
In contrast, Dalibard et al. (1982) advocate the use of symmetrical ordering,
which presents the advantage of making the contributions of the free and
radiated fields to the system evolution separately hermitian. With this choice
of ordering, radiation reaction and vacuum fluctuations give contributions of
equal magnitude to spontaneous emission. These contributions have equal
phase and add for the upper level of a two-level atom, but have opposite
phase and cancel exactly for the lower level.

To illustrate one kind of problem one may get into when not being consis-
tent in the choice of ordering, we now find the quantum Langevin equation
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for the number operator a†a(t) = A†A(t). Its Heisenberg equation of motion
gives readily

d
dt

(A†A) = −i
∑

j

gjA
†bjeiΩt + adjoint , (15.72)

or, by substitution of (15.63) and its adjoint

d
dt

(A†A) = −
∑

j

|gj |2A†(t)
∫ t

t0

dt′A(t′)ei(Ω−ωj)(t−t′)

−i
∑

j

gjA
†(t)bj(t0) ei(Ω−ωj)(t−t0) + adjoint . (15.73)

Note that if we are not careful with ordering, we might have AA† in place of
A†A. After performing the Markoff approximation as before, we obtain the
“Langevin” equation for the number operator

d
dt

(A†A) = −γA†A+ GA†A(t) , (15.74)

with

GA†A(t) = i
∑

j

g∗j b
†
j(t0)A(t)e−i(Ω−ωj)(t−t0) + adjoint . (15.75)

Here, we put “Langevin” in quotation marks, because we like to think that
in such equations the fluctuating force should have zero average. This is not
the case for 〈GA†A〉r. Problem 15.8 shows that its mean value is equal to γn̄.
To obtain a proper Langevin equation, we introduce a new quantum noise
operator

GA†A(t) = GA†A(t) − 〈GA†A(t)〉r = GA†A(t) − γn̄ . (15.76)

This noise operator does have a vanishing reservoir average and (15.74) be-
comes

d
dt

(A†A) = −γA†A+ γn̄+GA†A(t) . (15.77)

This equation gives the same evolution as (15.32) for the mean excitation
number, as it should.

Let us reconsider the correlation function (15.25) of the noise operators
F (t) and F †(t). As for (15.26), we convert the sum over modes to an integral
and then use (15.30) for the reservoir average 〈b(Ω)b†(Ω)〉. This gives

〈F (t′)F †(t′′)〉r =
∫

dωD(ω)|g(ω)|2[n̄(ω) + 1]ei(Ω−ω)(t′−t′′) . (15.78)

Assuming that the coupling factor D(ω)|g(ω)|2n̄(ω) varies little over regions
for which the exponential oscillates slowly, we can evaluate it at Ω and remove
it from the integral. This gives



15.4 Monte-Carlo Wave Functions 369

〈F (t′)F †(t′′)〉r = D(Ω)|g(Ω)|2[n̄(Ω) + 1]
∫

dω ei(Ω−ω)(t′−t′′) . (15.79)

For a broadband reservoir, we can extend the limits of integration to infinity.
Using (15.28) for γ and the integral representation of the δ-function

∫ ∞

−∞
dω ei(Ω−ω)(t′−t′′) = 2πδ(t′ − t′′) , (15.80)

we find
〈F (t′)F †(t′′)〉r = γ(n̄+ 1)δ(t′ − t′′) . (15.81)

Here 1
2γ(n̄+ 1) is the diffusion coefficient for this noise operator correlation

function. Similarly, we can find the correlation function

〈F †(t′)F (t′′)〉r = γn̄δ(t′ − t′′) . (15.82)

In this approximation, the noise operator correlation functions depend on
the operator ordering, but not on the time ordering. Equations (15.81, 15.82)
justify the statement that in the limit of a reservoir of very large bandwidth,
its correlation functions are δ-correlated in time. This is the Markoff ap-
proximation, for which the noise operators are assumed to have no memory.
Integrating both sides of (15.82) over τ = t′ − t′′ yields a simple example of
the flictuation-dissipation theorem

γ = n̄−1

∫ ∞

−∞
dτ 〈F †(τ)F (0)〉r , (15.83)

which relates the rate of dissipation of the system to the correlations of the
fluctuations of the reservoir.

Chapter 16 uses the Hamiltonian (16.4) to find the Bloch-Langevin equa-
tions (16.9) for a two-level system interacting with a classical field and cou-
pled to a reservoir of harmonic oscillators. These equations are very useful
for deriving resonance-fluorescence and squeezing spectra.

15.4 Monte-Carlo Wave Functions

In Sect. 15.1, we have seen that the Schrödinger evolution of a small system
coupled to a reservoir can be described in terms of a master equation of the
general form

ρ̇ = − i
�
[Hs, ρ] + L[ρ] , (15.84)

where the Liouvillian L[ρ] describes the nonhermitian evolution of the sys-
tem due to its coupling to the reservoir, and is responsible for irreversible
dissipation. It can be shown that in order to preserve the trace of the density
operator, Trρ = 1, this term must be of the so-called Lindblad form
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L[ρ] = −1
2

∑

i

(C†
iCiρ+ ρC†

iCi) +
∑

i

CiρC
†
i , (15.85)

where the Ci’s are system operators. That this is the case for the examples
that we have explicitly considered is easily seen by substitution. For instance,
for the master equation (15.31) describing a damped harmonic oscillator we
have

C1 =
√
γ(n̄+ 1)a ,

C2 =
√
γn̄a . (15.86)

The same expressions hold for the damped two-level atom master equation
of (15.39), but with a replaced by σ−.

With the general form (15.85) of L[ρ], the master equation (15.84) may
be re-expressed in the form

ρ̇ = − i
�
(Heffρ− ρH†

eff) + Ljump[ρ] , (15.87)

where we have introduced the nonhermitian effective Hamiltonian

Heff ≡ Hs −
i�
2

∑

i

C†
iCi (15.88)

and the “jump” Liouvillian

Ljump[ρ] ≡
∑

i

CiρC
†
i . (15.89)

For the case of a damped harmonic oscillator, the effective Hamiltonian be-
comes

Heff = �Ωa†a− i�γ
(
n̄+

1
2

)
a†a , (15.90)

while
Ljump[ρ] = γ(2n̄+ 1)aρa† . (15.91)

For a two-level atom with upper to lower level decay we have

Heff =
�ω

2
σz − i�Γ

(
n̄+

1
2

)
σ+σ− (15.92)

and
Ljump[ρ] = Γ (2n̄+ 1)σ−ρσ+ . (15.93)

The evolution of the system density operator can, therefore, be thought
of as resulting from two contributions: a Schrödinger-like part governed by
the effective Hamiltonian Heff , and a “quantum jump” part resulting from
Ljump[ρ].
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We can gain further insight into this interpretation, and justify identifying
Ljump[ρ] with “quantum jumps”, by stepping back and returning to a state
vectors description of the problem instead of density operators. This may
seem like an impossible task, as we have repeatedly emphasized that open
systems require reduced density operators for their description. However,
we also recall that the goal of density operators is to describe mixed states
consisting of a statistical mixture of pure states.

The Monte Carlo wave functions method of solution of the master equa-
tion that we now introduce initially considers the evolution of pure states of
the system, and carries out a statistical average over such systems in the end.
But in contrast to the situation for closed systems, where this is straightfor-
wardly achieved, this approach is not so simple for the open dissipative sys-
tems that we are interested in. Indeed, we shall see that the evolution of a pure
state in this case can’t be described by a Schrödinger evolution. Rather, it is
intrinsically stochastic, and results from the combination of a nonhermitian,
but Schrödinger-like evolution and random “quantum jumps”. A nonhermi-
tian evolution of damped systems was already introduced in Chap. 4, but the
stochastic part was missing. One of the outcomes of the present discussion
will be to understand when this simple approach can be justified.

We proceed by recalling the discussion of Chap. 4, where the density
operator was introduced as a statistical mixture of state vectors,

ρ =
∑

ψ

Pψ|ψ〉〈ψ| , (15.94)

the summation over ψ resulting from a classical average over the various
states that the system can occupy with probability Pψ. Introducing the form
(15.94) into the master equation (15.87) we have

∑

ψ

Pψ

[
|ψ̇〉〈ψ| + |ψ〉〈ψ̇| = − i

�
(Heff |ψ〉〈ψ| − |ψ〉〈ψ|H†

eff)

+
∑

i

Ci|ψ〉〈ψ|C†
i

]
. (15.95)

If we restrict our discussion to a single representative state vector |ψ〉 in
the mixture, we recognize that the first term on the right-hand side of this
equation can be simply interpreted as resulting from the nonhermitian, but
Schrödinger-like evolution of |ψ〉 under the influence of Heff ,

i�|ψ̇〉 = Heff |ψ〉 . (15.96)

Things are more tricky for the second term: this is clearly not a Schrödinger-
like term, but rather, it seems to result from a discontinuous evolution
whereby the state |ψ〉 is projected – or “jumps” – onto one of the possible
states
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|ψ〉 → |ψ〉i = Ci|ψ〉 . (15.97)

This motivates calling Ljump[ρ] a “quantum jump” Liouvillian. (We note in
passing that there are interesting connections between this discussion and
the quantum theory of measurement, but we do not dwell on them in this
book.)

The decomposition of the evolution of the representative state vector |ψ〉
into a Schrödinger-like part and a quantum jumps part suggests an elegant
way to solve master equations by carrying out an ensemble average over the
evolution of a large number of such state vectors. It proceeds by first selecting
an arbitrary state vector |ψ〉 out of the initial ensemble, and evolving it for
a short time δt under the influence of Heff only. For sufficiently small time
intervals, this gives

|ψ̃(t+ δt)〉 =
(

1 − iHeffδt

�

)
|ψ(t)〉 . (15.98)

An obvious consequence of the nonhermitian nature of Heff is that |ψ̃(t+δt)〉
is not normalized. Indeed, the square of its norm is

|ψ̃(t+ δt)|ψ̃(t+ δt)〉 = 〈ψ(t)|
(

1 +
iH†

effδt

�

)(
1 − iHeffδt

�

)
|ψ(t)〉 .

= 1 − δp , (15.99)

where to lowest order in δt

δp =
i
�
δt〈ψ(t)|Heff −H†

eff |ψ(t)〉 = δt
∑

i

〈ψ(t)|C†
iCi|ψ(t)〉 ≡

∑

i

δpi .

(15.100)
Of course, the full master equation evolution does preserve the norm. The lack
of norm preservation that we now encounter simply results from the fact that
we have so far ignored the effects of Ljump[ρ]. The “missing norm” δp must
therefore be countained in the states |ψ〉i resulting from the jumps part of
the evolution. It is consistent with (15.100) to interpret this observation as a
result of the fact that Ljump[ρ] projects the system into the state |ψ〉i = Ci|ψ〉
with probability δpi such that

∑
i δpi = δp.

Hence, the next step of a Monte Carlo simulation consists in deciding
whether a jump occured or not. Numerically, this is achieved by chosing a
uniform random variate 0 ≤ r ≤ 1. If its value is larger than δp, no jump
is said to have occured, and the next integration step proceeds from the
normalized state vector

|ψ(t+ δt)〉 =
|ψ̃(t+ δt)〉
|||ψ̃(t+ δt)〉||

. (15.101)

If, on the other hand, r ≤ δp, a jump is said to have occured. The state vector
|ψ̃(t+ δt)〉 is then projected to the normalized new state



15.4 Monte-Carlo Wave Functions 373

|ψ(t+ δt)〉 =
Ci|ψ(t)〉

||Ci|ψ(t)〉|| =

√
δt

δpi
Ci|ψ(t)〉 (15.102)

with probability δpi/δp, and this state is taken as the initial condition for the
next integration step. The procedure is then repeated for as many iterations
as desired, and yields a possible time evolution of the initial state vector |ψ〉,
sometimes called a single “quantum trajectory”. Clearly, the random nature
of the jumps implies that a different trajectory will be obtained in another
simulation from the same initial state.

In some cases, it is possible to interpret the reservoir to which the small
system is coupled as a “measurement apparatus”, in which case the single
quantum trajectories may be interpreted as “typical” of a single sequence
of measurements on the system. It is not normally possible to say for sure
whether a given numerical realization will be achieved in practice or not,
though. Nonetheless, the single Monte Carlo wave function trajectories can
often provide one with useful intuition about the way a given system behaves
in the laboratory.

We still need to prove that in an ensemble average sense, the predictions
of the Monte Carlo wave function simulations are identical to those of the
corresponding master equation. This is easily done by considering the quan-
tity %(t) =

∑
ψ Pψ〈|ψ(t)〉〈ψ(t)|〉traj which is a double average over (a) a large

number of Monte Carlo wave function trajectories resulting from a given ini-
tial state, and (b) a representative set of initial states necessary to reproduce
the initial density operator (15.94). Consider first the average over trajecto-
ries for a fixed initial state: by construction, the Monte Carlo wave functions
algorithm implies that

%(t+ δt) = (1 − δp) |ψ̃(t+ δt)〉√
1 − δp

〈ψ̃(t+ δt)|√
1 − δp

+δp
∑

i

(
δpi

δp

)√
δt

δpm
Cm|ψ(t)〉

√
δt

δpm
〈ψ(t)|C†

m , (15.103)

where the average over trajectories is accounted for by the probabilities δp
and δpi. With (15.98), one has therefore to lowest order in δt

%(t+ δt) = %(t) +
iδt
�

[%(t),Hs] + δtL[%(t)] . (15.104)

In the case of a mixed initial state, one needs in addition to perform an
average over the distribution Pψ of initial states, as we have seen. But this step
is trivial, since (15.104) is linear in %. Hence, the result of the double averaging
yields for % an evolution equivalent to the master equation (15.84). The two
approaches are therefore equivalent, provided that the initial conditions for
ρ and % are the same.

An important advantage of the Monte Carlo wave functions approach
occurs in situations where the number of states N that need be considered is



374 15 System-Reservoir Interactions

large. Since ρ scales as N2, such problems can easily stretch the capabilities
of even the largest computers. In contrast, the Monte Carlo Simulations deal
with state vectors only, whose dimensions scale as N . Hence, the memory
requirements are significantly reduced, the trade-off being that more CPU
time is normally required in order to achieve good statistical accuracy.

In addition to these practical considerations, the Monte Carlo wave func-
tions method also provides one with additional physical insight into the way
a physical system behaves in a single experiment, and also helps justify some
ad hoc techniques that we have used in the first part of this book.

Consider, for example, the problem of spontaneous decay by a two-level
atom at zero temperature. In that case,

Heff =
1
2
ωσz −

i�Γ
2
σ+σ− (15.105)

and
Ljump[ρ] = Γσ−ρσ+ . (15.106)

When taking the expectation value of the right-hand side of the master equa-
tion (15.84) between 〈a| and |a〉, the contribution of Ljump[ρ] vanishes. Hence,
if all we are interested in is the evolution of the upper state |a〉 it is sufficient
to consider the evolution of the system under the influence of the effective
Hamiltonian Heff . This justifies a posteriori the phenomenological treatment
of atomic decay introduced in Chap. 4.

More generally, if the relaxation mechanisms transfer populations or
atomic coherences toward uninteresting or unobserved levels, their descrip-
tion can normally be given in terms of a Schrödinger-like equation with a
nonhermitian effective Hamiltonian. The evolution of the atomic density op-
erator, restricted to the levels of interest, is of the general form

ρ̇(t) = − i
�
(Heffρ− ρH†

eff) , (15.107)

where
Heff = Hs + Γ̂ (15.108)

and Γ̂ is a nonhermitian relaxation operator, defined by its density matrix
elements

〈n|Γ̂ |m〉 =
�

2i
γnδmn . (15.109)

Both inelastic collisions and spontaneous emission can be described by such
an effective Hamiltonian, and this approach can clearly be generalized to
other systems described by master equations.

15.5 Quantum Regression Theorem and Noise Spectra

Having seen a simple example of system-reservoir interaction, let us gener-
alize the treatment to consider an abstract set of system operators {Aμ}.



15.5 Quantum Regression Theorem and Noise Spectra 375

Examples include {A,A†} of Sect. 15.3, {σ−, σ+, σz} for a two-level system,
and {a1, a†1, a3, a

†
3} for signal and conjugate fields in the quantum theory of

four-wave mixing (see Chap. 17). This section has three major objectives:
It gives a generalization of the fluctuation-dissipation theorem known as the
generalized Einstein relations for the diffusion coefficients; it introduces the
quantum regression theorem, which finds applications in the evaluation of
expectation values of two-time correlation functions; finally, it finds the fluc-
tuation spectrum of operator-product expectation values.

Einstein Relations

The system operators have the Langevin equations of motion

Ȧμ = Dμ(t) + Fμ(t) , (15.110)

where Dμ is the drift term and Fμ is the noise operator, which has the
correlation functions

〈Fμ(t′)Fν(t′′)〉 = 2〈Dμν〉δ(t′ − t′′) . (15.111)

From the identity

Aμ(t) = Aμ(t−Δt) +
∫ t

t−Δt

dt′ Ȧμ(t′) , (15.112)

we obtain the system-operator, noise-operator correlation function

〈Aμ(t)Fν(t)〉 = 〈Aμ(t−Δt)Fν(t)〉

+
∫ t

t−Δt

dt′〈(Dμ(t′) + Fμ(t′))Fν(t)〉 . (15.113)

Because the operator Aμ(t′) at time t′ cannot be affected by a fluctuation
at a later time t, the first term on the RHS of (15.113) is zero. Similarly,the
correlation 〈Dμ(t′)Fν(t)〉 is zero except at the point t′ = t, but the interval
of integration is zero (set of measure zero). All that remains is

〈Aμ(t)Fν(t)〉 =
∫ t

t−Δt

dt′〈Fμ(t′)Fν(t)〉 =
1
2

∫ ∞

−∞
dt′〈Fμ(t′)Fν(t)〉 ,

(15.114)
where in the last step we have assumed the noise to be stationary. Substitut-
ing (15.111) into (15.114) we have

〈Aμ(t)Fν(t)〉 = 〈Dμν〉 . (15.115)

In an analogous manner we find

〈Fμ(t)Aν(t)〉 = 〈Dμν〉 . (15.116)
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We now may use (15.115, 15.116) to determine the equation of motion for
the average 〈AμAμ〉. From (15.110), we have

d
dt

〈AμAν〉 = 〈ȦμAν〉 + 〈AμȦν〉

= 〈DμAν〉 + 〈FμAν〉 + 〈AμDν〉 + 〈AμFν〉 .

Substituting (15.115, 15.116) and rearranging gives

2〈Dμν〉 = −〈AμDν〉 − 〈DμAν〉 +
d
dt

〈AμAν〉 . (15.117)

This equation is called the generalized Einstein relation. It shows that the
diffusion coefficients 〈Dμν〉 are directly related to the drift coefficients Dμ

and Dν and thus comprises a quantum fluctuation-dissipation theorem. This
equation makes it possible to calculate the diffusion coefficients immediately
from the drift coefficients, provided one can independently calculate the equa-
tion of motion for 〈AμAν〉. In particular, we can use the master equation to
calculate these equations as well as the drift terms. Hence, once we know
the master equation, we can find the Langevin equations of motion and the
corresponding diffusion coefficients.

Quantum Regression Theorem

We can also use (15.110) to calculate the expectation values of two-time
correlation functions. Specifically, we multiply (15.110) on the right by Aν(t′),
where t′ < t, and average to find

d
dt

〈Aμ(t)Aν(t′)〉 = 〈Dμ(t)Aν(t′)〉 + 〈Fμ(t)Aν(t′)〉 . (15.118)

Since in the Markoff approximation, the system operator Aν(t′) cannot know
about the future noise source Fμ(t), the average 〈Fμ(t)Aν(t′)〉 vanishes. This
gives the quantum regression theorem

d
dt

〈Aμ(t)Aν(t′)〉 = 〈Dμ(t)Aν(t′)〉 , (15.119)

which simply states that the expectation value of the two-time correlation
function 〈Aμ(t)Aν(t)〉 satisfies the same equation of motion as the single-time
〈Aμ(t)〉 does.

The quantum regression theorem can also be formulated in terms of re-
duced density operators. To see this we consider the evolution of the system-
reservoir density operator ρsr(t) starting at t = 0, when the Schrödinger and
Heisenberg pictures coincide. At this time, we suppose that ρsr(0) factors as

ρsr(0) = ρs(0)ρr(0) , (15.120)
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where the system and reservoir reduced density operators are defined by

ρs(t) = trr{ρsr(t)} and ρr(t) = trs{ρsr(t)} , (15.121)

respectively. Equation (15.120) states that at the initial time t = 0, cor-
relations between the system and reservoir vanish. In terms of ρsr(t), the
expectation value 〈B(t)〉 of the system operator B is given by

〈B(t)〉 = trs{trr{B(0)ρsr(t)}}
= trs{B(0)trr{U(t)ρsr(0)U−1(t)}}
= trs{B(0)ρs(t)} , (15.122)

where the evolution operator U(t) is given by (3.63). The two-time correlation
function 〈A(t)B(t′)〉 is given by

〈A(t)B(t′)〉 = trs{trr{A(t)B(t′)ρsr(0)}}
= trs{trr{U−1(t)A(0)U(t)U−1(t′)B(0)U(t′)ρsr(0)}}
= trs{trr{A(0)U(t− t′)B(0)U(t′)ρsr(0)U−1(t)}}
= trs{A(0)trr{U(t− t′)B(0)ρsr(t′)U−1(t− t′)}} . (15.123)

No approximations have been made up to this point. Comparing (15.122,
15.123), we see that both ρs(t)and the function

Ω(t, t′) = trr{U(t− t′)B(0)ρsr(t′)U−1(t− t′)} (15.124)

appear to evolve in the same way, i.e., with the same U matrix. However,
the initial time for the evolution of ρs(t) is t = 0 when the system-reservoir
correlations vanish, while that for Ω(t, t′) is t′ when such correlations may
exist. Such correlations couple the evolution of Ω(t, t′) to previous system-
reservoir interactions thereby causing Ω(t, t′) to evolve differently than ρs(t).
These correlations are destroyed provided ρsr(t′) factorizes for all times, that
is,

ρsr(t′) = ρs(t′)ρr(0) . (15.125)

This is another way of stating the Markoff approximation, which we make
also in the Langevin formulation of the quantum regression theorem. When
(15.125) is satisfied, two-time expectation values like (15.97) evolve the same
way as the single-time expectation value like (15.122), that is the quantum
regression theorem holds. For more detailed discussion of this approach, see
Swain(1981).

Noise Spectra

In noise problems like resonance fluorescence (Chap. 16) and the generation
of squeezed states of the electromagnetic field (Chap. 17), we consider cases
of (15.110) for which the drift term Dμ is a linear function of the system
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operators. In fact in general, the Langevin approach is most valuable for linear
problems, or for linear variations about some nonlinear operating point. For
such problems, (15.110) becomes

Ȧμ = −
∑

ν

ΛμνAν(t) + Fμ(t) , (15.126)

where the Λμν is a matrix of scalar coefficients. It is convenient to arrange
the operators in the vector form

α =

⎡

⎢⎢⎢⎢⎣

A1

...
Aμ

...

⎤

⎥⎥⎥⎥⎦
αT = [A1 . . . Aμ . . .] . (15.127)

In this notation, we obtain the matrix of products of operators

α × αT = αα , (15.128)

where × denotes the direct product. From (15.126), we find the equation of
motion for α(t) as

d
d

α(t) = −Λα(t) + F(t) , (15.129)

which gives
d
dt

〈α(t)〉 = −Λ〈α(t)〉 . (15.130)

The quantum regression theorem of (15.119) yields

d
dt

〈α(t)α(0)〉 = −Λ〈α(t)α(0)〉 . (15.131)

where we take t′ = 0 and assume that the noise process is stationary. This
has the formal solution

〈α(t)α(0)〉 = e−Λt〈α(0)α(0)〉 , (15.132)

where e−Λt is defined from its power series. Similarly,

〈α(0)α(t)〉 = 〈α(0)α(0)〉e−ΛT t . (15.133)

To obtain the low-frequency spectra of the various mode correlations,
we need to calculate the Fourier transform of the corresponding two-time
correlations, a consequence of the Wiener-Khintchine theorem which is valid
for ergodic, stationary processes. We thus define the spectral matrix

S(δ) =
∫ ∞

−∞
e−iδt〈α(t)α(0)〉dt , (15.134)
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where α(0) means that α is evaluated at a time t = 0 such that all transients
have died away and the system has reached stationarity. Breaking (15.134)
into two time domains 0 → ∞ and −∞ → 0 and using stationary in the
latter, we find

S(δ) =
∫ ∞

0

e−iδt〈α(t)α(0)〉dt+
∫ 0

−∞
e−iδt〈α(0)α(−t)〉dt . (15.135)

Substituting (15.132, 15.133) into (15.134) and changing −t→ t in the second
integral yields

S(δ) =
∫ ∞

0

e−iδte−Λt〈αα〉dt+
∫ ∞

0

eiδt〈αα〉e−ΛT tdt

= (Λ + iδ)−1〈αα〉 + 〈αα〉(ΛT − iδ)−1 , (15.136)

where 〈αα〉 ≡ 〈α(0)α(0)〉 and where ±iδ is multiplied by the identity matrix.
We could determine S(δ) by finding the matrix (αα) from steady-state

solutions of the coupled equations of motion for the operator products and
carrying out the matrix multiplications in (15.136). It is simple to use the
generalized Einstein relation for the linear case. Specifically, (15.117) has the
form

d
dt

〈αα〉 = −Λ〈αα〉 − 〈αα〉ΛT + 2D , (15.137)

where 2D is a matrix of diffusion coefficients. In steady state this becomes

2D = Λ〈αα〉 + 〈αα〉ΛT

= (Λ + iδ)〈αα〉 + 〈αα〉(ΛT − iδ) . (15.138)

Multiplying this equation on the left by (Λ + iδ)−1 and on the right by
(ΛT − iδ)−1 gives

(Λ + iδ)−1 2D(Λ − iδ)−1 = 〈αα〉(ΛT − iδ)−1 + (Λ + iδ)−1〈αα〉 . (15.139)

The right-hand side of (15.139) is precisely the same as the RHS of (15.136),
so

S(δ) = (Λ + iδ)−1 2D(ΛT − iδ)−1 . (15.140)

This general form for the spectral matrix can be used to calculate the spec-
trum of resonance fluorescence or the expectation values needed in the cal-
culation of variances in squeezed states. We use the appropriate Langevin
equations (15.131) directly for resonance fluorescence and for the quantum
theory of multiwave mixing in Chaps. 16, 17.

Problems

15.1 Explain why HS appears in (15.17) rather than H0.
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15.2 Show that ρ(t) = exp(−iHt/�)ρ(0) exp(iHt/�) satisfies the Schrödinger
equation of motion (4.38). Writing the corresponding form for the Heisenberg
operator a(t), show that the following two expressions for 〈a(t)〉are equivalent:

〈a(t)〉 = tr{a(t)ρ(0)} = tr{a(0)ρ(t)} .

Similarly, find Ω(t, t′) in the two-time correlation function

〈a(t)b(t′)〉 = tr{a(t)b(t′)ρ(0)} = tr{a(0)Ω(t, t′)} .

What equation of motion does Ω(t, t′) satisfy?

15.3 Given the master equation

ρ̇(t) = −B[a†aρ(t) − aρ(t)a†] −A[ρ(t)aa† − a†ρ(t)a] + adj . (15.141)

derive d〈a†a〉/dt and interpret your result.

15.4 Write the Fokker-Planck equation for (15.141).

15.5 Using the quantum regression theorem and the Langevin equation
(15.69), find the equation of motion for 〈A(t)A†(0)〉.
15.6 Calculate d〈n2〉/dt given the equation of motion (15.35).

15.7 Show that (15.56) is the steady-state solution of the Fokker-Planck
equation (15.55).

15.8 Show that (GA†A(t)〉 of (15.75) is given by γn̄.

15.9 Find the Langevin equations for the Pauli spin operators. Answer:
(16.9).

15.10 Show that a†|α〉 = (∂/∂α+ 1
2α

∗)|α〉.
15.11 Using the Langevin equation (15.69), show that the commutator
[A(t), A†(t)] remains unity in time (due to the presence of the noise oper-
ators).

15.12 Prove (15.82) for 〈F †(t′)F (t′′)〉r, along the lines outlined for (15.81).

15.13 Given the Langevin equation

Ȧ(t)D(t) + F (t) ,

where the noise operator F (t) has the Markoffian two-time correlation

〈F †(t)F (t′)〉 = 2DA†Aδ(t− t′) ,

show that 〈A†(t)F (t)〉 = DA†A. Hint: this is a special case of the general
theory of Sect. 15.5.
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15.14 Consider a spin-oscillator system described by the state
|ψ〉 = 2−1/2[|a, n〉 + |b, n + 1〉]. Compute the reduced density matrix for the
field alone.

15.15 Given the master equation

dρ
dt

= − i
�
[H, ρ] − Γ

2
[σ+σ−ρ+ ρσ+σ−] + Γσ−ρσ+

for a two-level atom coupled to a bath of harmonic oscillators and σ± are
the usual Pauli spin-flip operators, what is the corresponding Hamiltonian?
Derive the equations of motion for 〈σz〉 and 〈σ+〉.
15.16 Show for a thermal reservoir density operator ρr(Hr) and a reservoir
operator F (τ) that

〈F (τ)〉r = trr{F (τ)ρr(H)} = trr{F (0)ρr(Hr)} = 〈F (0)〉r ,

where the Schrödinger and Heisenberg pictures coincide at t = 0.

15.17 Usually tracing the density operator over a subsystem produces a
mixture. Given the state vector

|ψ(t)〉 = cos(g
√
n+ 1t)|an〉 + sin(g

√
n+ 1t)|bn+ 1〉 ,

when does the trace over the atom yield a pure state?



16 Resonance Fluorescence

Sections 14.3, 15.1 analyze spontaneous emission from an atom interacting
with the vacuum electromagnetic field. The present chapter studies the spon-
taneous emission of an atom irradiated by a continuous, monochromatic field.
This emission is called resonance fluorescence. We compute its spectrum,
which is given in steady state by the Fourier transform of the first-order
correlation function of the field. We also discuss the phenomenon of photon
antibunching, a purely quantum-mechanical effect described by the intensity
correlation function of the emitted light. This chapter is an application of
the general methods of Chap. 15 and illustrates the use of the quantum re-
gression theorem in a central problem of quantum optics. It also establishes
the connection between resonance fluorescence and the semiclassical probe
absorption studies of Chap. 9, and lays the foundations for studying the gen-
eration of squeezed states by resonance fluorescence and four-wave mixing in
Chap. 17.

Section 16.1 presents in general terms the phenomenology of resonance
fluorescence and uses the bare and dressed-atom pictures to motivate the
three-peak structure of fluorescence spectrum. Section 16.2 introduces the
quantum Langevin equations of an atom driven by a continuous monochro-
matic field. Section 16.3 calculates the resonance fluorescence intensity and
spectrum by using the Wiener-Khintchine theorem and applying the quan-
tum regression theorem of the Langevin-Bloch equations. Section 16.4 uses
the techniques of Sect. 15.1 to derive a master equation for a weak sidemode
of the field. Examination of this equation establishes the close connection
between probe absorption of Sect. 9.1 and resonance fluorescence. In partic-
ular, we see that probe stimulated emission and resonance fluorescence are
described by the same function. We also show that the resonance fluores-
cence spectrum is given by one of four coefficients in the side-mode master
equation. A generalization to two sidemodes is used in Sect. 17.2 to study
the generation of squeezed states. Section 16.5 computes the intensity corre-
lation function of the scattered light and photon antibunching. Section 16.6
discusses bichromatic photon correlations for off-resonant excitation. These
temporal correlations correspond to the frequency-domain correlations that
can produce squeezing. As explained in Chap. 17, the squeezing produced in
resonance fluorescence is minimal, because the fluorescence tends to swamp
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the squeezing. However, by using four-wave mixing (see Sects. 17.2, 17.3)
instead of the two-wave mixing of resonance fluorescence, tunings with little
fuores-cence can be used and substantial squeezing can be obtained.

Prerequisites for this chapter are a knowledge of the Heisenberg picture
(Sect. 3.1), Sects. 13.1, 13.2, as well as Chaps. 14, 15. The general techniques
of this chapter are utilized further in Sect. 17.2.

16.1 Phenomenology

One of the simplest quantum optics problems involving more than just vac-
uum fluctuations is that of determining the spectrum of the fluhorescence
light radiated by a single two-level atom strongly driven by a continuous
monochromatic field. This situation is achieved experimentally by scattering
a laser off a collimated atomic beam, as illustrated in Fig. 16.1. The direc-
tion of the atomic beam and laser light is typically inside a Fabry-Perot and
the spectrum is recorded by changing the length of the interferometer. The
details of the preparation of true two-level atoms involve the use of optical
pumping and are given by Hartig et al. (1976).

Fig. 16.1. Diagram showing the interaction between atomic beam and laser leading
to resonance fluorescence

Figure 16.2 shows resonance fluorescence spectra for large saturator in-
tensity and two values of Γ/γ. For weak incident fields, the spectrum exhibits
a single peak much narrower than the natural linewidth γ of the transition.
As the laser power is increased, the spectrum splits into three peaks, consist-
ing of a central peak centered at the laser frequency and two symmetrically
placed sidebands displaced from the central peak by ±R, the generalized
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Fig. 16.2. Theoretical resonance fluorescence spectra corresponding to the exper-
imental scheme of Fig. 16.1. The formula used is A1 + c.c., where A1 is given by
(16.51), for a dimension-less pump intensity I2 = 40 and the decay-rate choices
Γ -2γ (solid line – pure radiative decay) and Γ = 35γ. Note that the Rabi frequen-
cies R0 differ for these curves, but as Prob. 16.8 shows, coherent dips occur for a
sufficiently long T1

Rabi frequency. For a resonant pump wave, the central peak has a FWHM
width 2γ and a height (Γ + γ)/γ (= 3 for pure radiative decay) times that of
the sideband peaks, which each have the FWHM width Γ + γ.

The weak intensity limit is easy to understand. In this case, the atom
is only weakly excited, and only the lowest order in perturbation theory is
relevant, as symbolically illustrated in Fig. 16.3. Initially in the ground state
b, the atom scatters only a single photon. By conservation of energy, the
fluorescence light frequency ν1 must equal the incident light frequency ν2,
and the spectrum is a delta-function

S(ν1) = S0δ(ν1 − ν2) , (16.1)

which is just Rayleigh scattering. In practice, the incident laser always has a
finite linewidth, which explains why the low intensity spectrum in Fig. 16.3
is not strictly a delta-function.

The splitting of the spectrum into a central peak and two sidebands can
be understood intuitively by using the dressed atom picture of Sect. 14.1. We
have seen that in the presence of a single-mode driving field, the eigenstates
of the atom-field system are |1n〉 and |2n〉 of (14.16), which on resonance
are symmetrical and antisymmetric superpositions of |an〉 and |bn + 1〉. At
resonance (ν2 = ω), they have the eigenenergies
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Fig. 16.3. Weak field resonance fluorescence

Fig. 16.4. Energy level diagram revealing three main frequencies in resonance
fluorescence. See Fig. 14.1 for diagram showing variation with ω

E1n = �

(
n+

1
2

)
ω + �g

√
n+ 1 , (16.2)

E2n = �

(
n+

1
2

)
ω − �g

√
n+ 1 . (16.3)

Four such levels are depicted in Fig. 16.4. From (14.20), the energy separation
between |1n〉 and |2n〉 is equal to the Rabi frequency R0 = 2g

√
n+ 1, while

the separation between |1n〉 and |1n−1〉 is the laser frequency ν2. For strong
fields we have n + 1 � n and we can neglect the n-dependence in the Rabi
frequencies. In this limit, we see that transitions at the three frequencies ν2
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and ν2 ±R0 possible (see Prob. 14.8). These correspond to the three peaks
in the strong field limit of Fig. 16.2.

Since there are two possible transitions for ν2 while only one each at
ν2 + R0 and ν2 − R0, one would intuitively expect the integrated intensity
under the central peak to be twice that under a sideband, and this indeed
turns out to be true. However, the simple dressed-atom picture does not
predict the widths of the various peaks, which requires a detailed quantum-
mechanical treatment. This is the object of the next section.

The side peaks can also be understood intuitively in the bare-atom picture
as the result of modulating the upper-level probability at the Rabi frequency.
Whether in AM/FM radio wave transmission or in population pulsations, we
know that modulators put sidebands on the wave they modulate. Resonance
fluorescence is studied quantitatively from this point of view in Sect. 16.4.

16.2 Langevin Equations of Motion

Section 14.3 shows how the continuum of modes of the electromagnetic field in
the vacuum state is responsible for spontaneous emission. Here the situation
is somewhat more complicated, since the atom also interacts with a strong
driving field. We treat this strong field classically and therefore decompose
the Hamiltonian of the coupled atom-field system as

H =
1
2

�ωσz+�[V2σ+ e−iν2t+adj.]+�ΣsΩsa
†
sas+�Σs(gsasσ++adj.) , (16.4)

where we have used (14.48, 3.127), V2 = ℘E2U2/2�, E2 is the complex classical
pump field amplitude, and U2 is the pump mode factor.

Under the assumption that we are dealing with an ergodic and station-
ary process, the Wiener-Khintchine theorem states that the spectrum S(ν1)
is given by the two-time correlation function of the radiated field [Louisell
(1973)]

S(ν1) ∝ lim
T→∞

1
T

∫ T

0

dt
∫ T

0

dt′〈E−(t)E+(t′)〉e−iν1(t−t′) , (16.5)

where E+(t) is the positive frequency component of the electric field, as de-
fined in Sect. 13.4. Using the stationary condition, the correlation
〈E−(t)E+(t′)〉 depends only on the time difference τ = t − t′, so that we
can express (16.5) as
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S(ν1) ∝ lim
T→∞

1
T

∫ T

0

dt

[∫ t

0

dt′ +
∫ T

t

dt′
]
〈E−(t)E+(t′)〉e−iν1(t−t′)

= lim
T→∞

1
T

∫ T

0

dt
[∫ t

0

dτ〈E−(τ)E+(0)〉e−iν1τ

+
∫ T−t

0

dτ〈E−(0)E+(τ)〉eiν1τ

]

or
S(ν1) = β

∫ ∞

0

dτ〈E−(τ)E+(0)〉e−iν1τ + c.c. , (16.6)

where we use the fact that 〈E−(0)E+(τ)〉 = 〈E−(τ)E+(0)〉∗, since 〈AB〉∗ =
〈(BA)†〉 = 〈B†A†. In (16.6), we have extended the upper limit of the τ inte-
grals to ∞ with negligible change provided the field operators are correlated
only over a short time. In practice, the limit T → ∞ is not reached, since the
atoms interact with the laser beam for a finite transit time.

Equation (16.6) is the Fourier transform of 〈E−(τ)E+(0)〉. To see that
it is indeed a spectrum, that is, the absolute value square of the Fourier
transform of the field, we use the ergodic hypothesis to replace the expectation
value by a time average. This gives the Fourier transform of the convolution∫

dt E−(t)E+(t− τ), which equals the desired product of Fourier transforms.
We add a note of caution about using the Wiener-Khintchine theorem for
time-dependent processes, since the resulting time-dependent spectrum can
become negative. In such situations, one should use different definitions of
the spectrum, such as e.g. the “physical spectrum” of Eberly and Wodkiewicz
(1977).

Because the field has an infinite number of degrees of freedom, it might
appear complicated to obtain an expression for E+(t). However, we can take
advantage of the result valid both classically and quantum-mechanically that
the far field emitted by a dipole is proportional to this dipole, a result al-
ready expressed in (1.70) with the observation that ẍ � ω2x for sufficiently
slow decay. Omitting uninteresting constants and ignoring for simplicity the
vectorial character of the field in the operator version of (1.70), we obtain
the relation

E+(r, t) ∝ 1
r
σ−(t− r/c) , (16.7)

a very important result, since it teaches us that the knowledge of the dipole
operator σ− is all that is required to compute the fluorescence spectrum. The
continuum of modes of the electromagnetic field in (16.4) plays the role of a
bath for the two-level atom. Since the explicit dynamics for these modes is
not required, they can be treated as in Sect. 15.3, yielding both decay and
noise operator terms in Heisenberg equations of motion for the spin operators
σz, σ+, and σ−. The decay terms are precisely given by the Weisskopf-Wigner
spontaneous emission rate, and after introducing the slowly varying opera-
tors
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Sz =
1
2
σz , (16.8a)

S+ = σ+ e−iν2t , (16.8b)
S− = σ−eiν2t , (16.8c)

we obtain readily the quantum mechanical Langevin-Bloch equations

Ṡ+ = −(γ − iδ)S+ − 2iV∗
2Sz + F+(t) , (16.9a)

Ṡz = −Γ
(
Sz +

1
2

)
+ iV∗

2S− − iV2S+ + Fz(t) , (16.9b)

Ṡ− = (γ + iδ)S− + 2iV2Sz + F−(t) , (16.9c)

where as usual δ = ω − ν2.
The noise operators Fi(t) appearing in (16.9) can be evaluated at least in

principle, but Sect. 15.5 shows that their explicit form is not needed within
the Markoff approximation and with the quantum regression theorem. This
remarkable result eliminates the need for considerable algebra. All we need
to know about the noise operators is that their mean value vanishes

〈Fi(t)〉 = 0 , (16.10)

and that they are delta-correlated

〈F †
i (t)Fj(t′)〉 = 〈2Dij〉δ(t− t′) , (16.11)

where the diffusion coefficients 〈2Dij〉 give a measure of the strength of the
correlated fluctuations. These strengths determine the decay constants γ and
Γ in (16.9).

The semiclassical Bloch equations are recovered by taking the expectation
value of (16.9). With (16.10) this gives

〈Ṡ+〉 = −(γ − iδ)〈S+〉 − 2iV∗
2 〈Sz〉 , (16.12a)

〈Ṡz〉 = −Γ
(
〈Sz〉 +

1
2

)
+ iV∗

2 〈S−〉 − iV2〈S+〉 , (16.12b)

〈Ṡ−〉 = (γ + iδ)〈S−〉 + 2iV2〈Sz〉 . (16.12c)

Note that these equations of motion are the same as those for the upper-to-
ground-lower-level decay intensity matrix for ρba,D/2, and ρab, respectively,
in Chap. 5. This is to be expected, since the strong field is treated classically.
The steady-state solutions of these equations are

〈S+〉s = −2iV∗
2 〈Sz〉sD∗

2 , (16.13a)

〈Sz〉s = −1
2

1
1 + I2L2

, (16.13b)

〈S−〉s = 2iV2〈Sz〉sD2 , (16.13c)
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where the dimensionless pump intensity I2 is given by

I2 =
4|V2|2
Γγ

, (16.14)

and the complex Lorentzian denominator D2 is given by (5.25) and the
Lorentzian L2 is given by (5.18). The steady-state values for the populations
themselves are also useful

〈Sa〉s =
1
2

+ 〈Sz〉s =
1
2I2L2

1 + I2L2
, (16.15a)

〈Sb〉s =
1
2
− 〈Sz〉s =

1
2

+
1
2

1
1 + I2L2

. (16.15b)

16.3 Scattered Intensity and Spectrum

Chapter 13 shows that the counting rate I (or light intensity) measured on
a photon detector is proportional to the single-time first-order correlation
function of the field

I ∝
∫ T

0

dt〈E−(t)E+(t)〉 = α
∫ T

0

dt〈S+(t)S−(t)〉 = αT 〈Sa〉s , (16.16)

where we have used the field given by (16.7), introduced the proportionality
constant α, neglected the trivial retardation factor, and used the relation

S+(t)S−(t) = |a〉〈b||b〉〈a| = |a〉〈a| ≡ Sa(t) . (16.17)

We compute I by decomposing the spin operators as

S±(t) = 〈S±(t)〉 + δS±(t) , (16.18)

where 〈S±(t)〉 is a solution of the semiclassical equations (16.12) and δS±(t)
the correction due to the effect of the noise operators F (t). Substituting
(16.18) into (16.16) yields

I = α

∫ T

0

dt|〈S+(t)〉|2 + α
∫ T

0

dt〈δS+(t)δS−(t)〉

≡ Icoh + Iinc . (16.19)

The scattered intensity consists of two contributions: the first one, originating
from the mean motion of the dipole driven by the laser field, is sometimes
called the coherently scattered intensity Icoh, while the incoherent contri-
bution Iinc is due to the fluctuations of the dipole motion produced by the
vacuum field. Comparing (16.16, 16.19), we find that the incoherent intensity
is given by
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Iinc = αT (〈Sa〉 − |〈S+〉|2) . (16.20)

Equations (16.19, 16.20) give Icoh and Iinc in terms of average values of atomic
operators. Using the steady-state values of (16.13a, 16.15), we have

Icoh = αT |〈S+〉|2 = αT
1
2I2L2Γ/2γ
(1 + I2L2)2

, (16.21)

Iinc = αT
1
2I2L2

(1 + I2L2)
− Icoh . (16.22)

We note that the coherently scattered intensity goes to zero for strong
driving fields, I2L2 
 1. This might appear surprising, as one would expect
a semiclassical description of the problem to become better, the stronger the
driving field, and hence that Icoh would dominate in this regime. However, the
coherent part is proportional to the squared magnitude of the steady-state
dipole, which bleaches to zero for strong pump fields. In contrast, the inco-
herent part results from spontaneous emission from the upper-level, whose
probability of occupation is approximately 1

2 in strong fields. In the weak
field limit with pure radiative decay, the atom remains essentially always in
the ground state, with almost no spontaneous emission taking place. This
is illustrated in Fig. 16.5, which shows the coherent and incoherent contri-
butions to the scattered light intensity as a function of the detuned pump
intensity I2L2. For large values of γ, Iinc has comparable or larger weak-field
values than Icoh. In fact the two cross over at the intensity I2L2 = Γ/γ − 1,

Fig. 16.5. Total coherent (16.21) and incoherent (16.22) contributions to the scat-
tered light intensity versus detuned pump intensity I2L2 for pure radiative decay
(Γ -2γ) and αT = 1
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e.g., I2L2 = 1 for pure radiative decay and 0 for Γ = γ. For γ > Γ, Iinc

exceeds Icoh for all intensities.

Spectrum

While the scattered intensity can be calculated without ever using the quan-
tum noise operators, the situation is somewhat more complex for the scat-
tered spectrum

S(ν1) ∝
∫ ∞

0

dτ〈E−(τ)E+(0)〉 e−iν1τ + c.c.

= β

∫ ∞

0

dτ〈S+(τ)S− + (0)〉 ei(ν2−ν1)τ + c.c. , (16.23)

where we have used (16.6–16.8) and β is a constant of proportionality. As for
the scattered intensity of (16.19), we can use (16.18) to decompose the light
spectrum into a coherent and incoherent part:

S(ν1) ≡ Scoh(ν1) + Sinc(ν1)

= β|〈S+(t)〉|2
∫ ∞

0

dτ ei(ν2−ν1)τ

+β
∫ ∞

0

dτ〈δS+(τ)δS−(0)〉ei(ν2−ν1)τ + c.c. . (16.24)

In steady state, the coherent part of the spectrum is readily found to be

Scoh(ν1) = 2πβ|〈S+〉s|2δ(ν1 − ν2) =
1
2πβI2L2Γ

γ(1 + I2L2)2
δ(ν1 − ν2) . (16.25)

It consists simply of a delta-function peak centered at the laser frequency ν2,
and is known as the Rayleigh peak. This is precisely the result that would be
expected from a simple energy conservation argument.

To evaluate the incoherent part, we need the two-time correlation function
of the fluctuations δSi(t) of the atomic operators about their semiclassical
mean values. The equations of motion for the fluctuations δSi(t) have the
general form

d
dt
δSi(t) =

∑

j

BijδSj(t) + Fi(t) , (16.26)

where i = (+, z,−) and the matrix b is obtained by substituting (16.18) into
(16.9) as

B =

⎡

⎣
−γ + iδ −2iV∗

2 0
−iV2 −Γ iV∗

2

0 2iV2 −γ − iδ

⎤

⎦ . (16.27)

Equation (16.26) gives for the evolution of the two-time correlation functions
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d
dt

〈δSi(τ)δS−(0)〉 = 〈(dδ Si(τ)/dτ)δS−(0)〉

=
∑

j

Bij〈δSj(τ)δS−(0)〉 + 〈Fi(τ)δS−(0)〉 . (16.28)

Since the noise operator Fi(τ) can not influence δS−(0) for τ > 0, we find

d
dt

〈δSi(τ)δS−(0)〉 =
∑

j

Bij〈δSj(τ)δS−(0)〉 for τ > 0 . (16.29)

This is a special case of the quantum regression theorem of Sect. 15.5. It
shows that when the atom is removed from steady state, its subsequent evo-
lution and damping are governed by precisely the same equations as the
transient behavior of the mean dipole moment. The case for τ < 0 needs not
be considered in detail, since the results are simply related to those for τ > 0
by

〈δSi(τ)δS−(0)〉 = 〈δS+(0)δS†
i (τ)〉∗ , (16.30)

which follows from S+ = S†
− [hence, the c.c. in (16.6)].

One of the three equations of motion (16.29) is for the desired two-time
correlation function 〈δS+(τ)δS−(0)〉. Hence, by solving these equations si-
multaneously, we find 〈δS+(τ)δS−(0)〉, which we can then substitute into
(16.24) to find the inelastic part of the resonance fluorescence spectrum. The
easiest way to obtain these solutions is to note that the spectral quantity we
need in (16.24) is actually the Laplace transform (of imaginary argument) of
〈δS+(τ)δS−(0)〉. Hence, we Laplace transform (16.29), thereby reducing the
coupled differential equations into a set of coupled algebraic equations. This
gives

(sI −B)

⎡

⎣
δS+−(s)
δSz−(s)
δS−−(s)

⎤

⎦ =

⎡

⎣
〈δS+(0)δS−(0)〉
〈δSz(0)δS−(0)〉
〈δS−(0)δS−(0)〉

⎤

⎦ , (16.31)

where I is the identity matrix, the Laplace transform δSij(s) is given by

δSij(s) =
∫ ∞

0

dτ e−sτ 〈δSi(τ)δSj(0)〉 , (16.32)

and the matrix

sI −B =

⎡

⎣
γ − iδ + s 2iV∗

2 0
iV3 Γ + s −iV∗

2

0 −2iV2 γ + iδ + s

⎤

⎦ . (16.33)

The initial conditions on the RHS of (16.31) are given by

〈δSi(0)δSj(0)〉 = 〈Si(0)Sj(0)〉 − 〈Si(0)〉〈Sj(0)〉 , (16.34)

with explicit values given in Prob. 16.1 . Comparing (16.32) with (16.23) we
see that the relevant Laplace transform variable s is −i(ν2−ν1)+ε = −iΔ+ε,
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where ε is an arbitrarily small positive real constant. Hence the incoherent
spectrum Sinc is given by

Sinc = βδS+−(−iΔ) + c.c. . (16.35)

The complex correlation δS+−(s) is, in turn, given according to Cramer’s
rule by the ratio of the determinant of the matrix in (16.33) with the first
column replaced by the RHS of (16.31) to the determinant D of the matrix
itself, which is given by

D = (Γ + s)(γ + s+ iδ)(γ + s− iδ) + 4|V2|2(γ + s) . (16.36)

The solution for δS+−(−iΔ) is given in Prob. 16.1.
Here we calculate the total spectrum of (16.23), directly using the Si(t)

operators instead of the fluctuation operators δSi(t). This solution is mathe-
matically simpler to obtain than (16.35) since only two of the corresponding
initial conditions are nonzero. Furthermore, it provides the spectral coeffi-
cients in the form used in the quantum theory of multiwave mixing in Sects.
16.4, 17.2. In terms of the Laplace transforms

Sij(s) =
∫ ∞

0

dτ e−sτ 〈Si(τ)Sj(0)〉 , (16.37)

the spectrum is given by

S(Δ) = βS+−(−iΔ) + c.c. (16.38)

Using the quantum regression theorem for the Si(t), we obtain

d
dτ

〈Si(τ)S−(0)〉 =
∑

j

Bij〈Sj(τ)S−(0)〉 − Γ

2
〈S−(0)〉δiz , (16.39)

where δiz is a Kronecker delta. The Laplace transform of these equations is

(sI −B) =

⎡

⎣
S+−(s)
Sz−(s)
S−−(s)

⎤

⎦ =

⎡

⎣
〈S+(0)S−(0)〉

〈Sz(0)S−(0)〉 − 1
2Γs

−1〈S−(0)〉
〈S−(0)S−(0)〉

⎤

⎦ . (16.40)

Using (16.13) we find that the initial conditions on the RHS of (16.40) are
given by

〈S+(0)S−(0)〉 = 〈Sa〉 ,

〈Sz(0)S−(0)〉 − 1
2
Γs−1〈S−(0)〉 = −1

2
〈S−〉(1 + Γ/s) , (16.41)

〈S−(0)S−(0)〉 = 0 .

Using Cramer’s rule, we find
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S+−(s) =
〈Sa〉[|(T + s)(γ + iδ + s) + 2|V2|2] + iV∗

2 〈S−〉(1 + Γ/s)(γ + iδ + s)
D

or

S+−(s) =
I2L2[(T + s)(γ+iδ + s) + 2|V2|2]+2|V2|2D2(1+Γ/s)(γ + iδ + s)

2D(1+I2L2)
.

(16.42)
Notice that the Γ/s term diverges for s = 0 (iΔ = 0). In this limit we

obtain

S+−(s→ 0) →
1
2I2L2

γ2Γ (1 + I2L2)2
{L2[Γ (γ + iδ) + 2|V2|2] +

1
2
Γγ(1 + Γ/s)} ,

which gives the spectrum

S(s→ 0) →
1
2βI2L2

γ(1 + I2L2)2

[
L2[2 + I2] + 1 +

1
2
Γ

(
1
s

+ c.c.
)]
. (16.43)

Noting that

1
s

+ c.c. = lim
ε→0

1
−iΔ+ ε

+ c.c. = lim
ε→0

2ε
Δ2 + ε2

= 2πδ(Δ) , (16.44)

where δ(Δ) is a Dirac delta function, we see that the Γ/s term in (16.42)
contains the coherent Rayleigh peak of (16.25).

To find the three-peaked spectrum of Fig. 16.2, we consider (16.42) for
central pump tuning (δ = 0) and for large Rabi flopping, i.e., I2 
 1 or
equivalently, 4|V2|2 
 γΓ . We also eliminate the coherent contribution pro-
portional to Γ/s. We consider a running wave pump, for which 4|V2|2 = R2

0,
where R0 is the pump Rabi flopping frequency |℘E2/�|. First consider the
region around s = −iΔ � 0. Here D reduces to R2

0(γ + s) the numerator of
(16.42) reduces to 1

4 |R0|2 (aside from the δ-function considered above), so
that

S+−(s � 0)|inc �
1

4(γ + s)
. (16.45)

For s � ±iR0, i.e., in the vicinity of the sidepeaks, the numerator of (16.42)
reduces to − 1

4R2
0 and the denominator D reduce approximately to s[R2

0 +
s2 + s(γ + Γ )]. Substituting s = iΔ in the ratio and noting that R2

0 −Δ2 =
(R0 +Δ)(R0 −Δ), we find

S+−(−iΔ � ±R0) � −
1
4 iR2

0

Δ[R2
0 −Δ2 − iΔ(γ − Γ )]

� ∓ i
8[R0 ±Δ∓ 1

2 i(γ + Γ )]
.

Substituting this along with (16.45) into (16.38), we find



396 16 Resonance Fluorescence

S(Δ)|inc �
β

2γ

[
γ2

γ2 +Δ2
+

γ

Γ + γ

1
4 (Γ + γ)2

(R0 ±Δ)2 + 1
4 (Γ + γ)2

]
. (16.46)

The incoherent part of the scattered spectrum consists of three peaks, as
expected from the phenomenological discussion of Sect. 16.1. The central
peak, centered at ν1 = ν2 = ω, has a width γ, while the sidebands centered
about the frequencies ν1 = ω ± R0, have widths 1

2 (Γ + γ). This is because
the population decay constant Γ plays a negligible role for Δ � 0, while
in the vicinity of the Rabi sidebands, it plays a role in the denominator D
equal to the dipole decay rate γ. The population has a lifetime Γ, while
the polarization decays at rate γ, and the mean of these two decay rates is
1
2 (Γ + γ). This explains the 3 : 1 ratio between the heights of the central
peak and sidebands for the case of pure radiative decay, for which Γ = 2γ.
Since the argument of Sect. 16.1 predicts the ratio of central to side-peak
integrated intensity to be 2 : 1, and the intensity is given by the product of
peak × width, we must have

central peak
side peak

= 2
side width

central width
= 2

3γ/4
γ/2

= 3 .

Figure 16.2 illustrates the resonance fluorescence spectrum in the strong field
limit showing good agreement with the experimental results of Hartig et al.
(1976) [see also Grove et al. (1977)].

16.4 Connection with Probe Absorption

The resonance fluorescence spectrum given by (16.24) or equivalently by
(16.46) is closely related to the semiclassical absorption spectrum given by
(9.17). Specifically, both resonance fluorescence and probe stimulated emis-
sion are described by the same spectral function. The major difference is
that in resonance fluorescence, the vacuum modes act like “one-way” probes,
able to stimulate emission, but not absorption. In contrast, the semiclassical
probe absorption coefficient is given by the difference between a stimulated
absorption function and the emission function of resonance fluorescence. To
demonstrate this important relationship and to lay a piece of the founda-
tion for studying the generation of squeezed states in Sect. 17.2, we derive a
master equation governing the evolution of the reduced density operator for
the probe mode. We derive this equation using the second-order perturba-
tion techniques of Sect. 15.1 in conjunction with the resonance-fluorescence
spectral coefficients of Sect. 16.3. As before, the driving field is treated to
all orders, so that S+(τ) and its correlations are determined to lowest order
in V(τ) by the Langevin-Bloch equation (17.9). There is a small approxima-
tion involved in this step, since by removing a mode from the continuum
and treating it explicity as a probe field we change the number of modes in
the reservoir by one. However, removing a single term from the infinite sum
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in Fi is a negligible correction indeed. An important conceptual distinction
between the probe and two-level atom master equations is that the probe
mode is not coupled directly to the reservoir, but rather indirectly via the
two-level atom. The response of the two-level atom to broad-band excitation
has a finite bandwidth, and it passes the vacuum fluctuations as filtered by
the dynamics of the Langevin-Bloch equations to the probe.

As in Sect. 16.3, we work in an interaction picture rotating at the pump
frequency ν2. The probe interaction energy V(τ) is given by

V(τ) = �ga1 eiΔτS+(τ) + adj. , (16.47)

which we add to the total Hamiltonian of (16.4) transformed to the pump-
frame interaction picture. To second-order in perturbation theory in V, the
reduced density matrix for the probe has a form similar to (15.21), except that
the trace is now on both the vacuum modes and the two-level system. Again
the first-order contributions vanish when this partial trace is performed. The
first term in the integrand of the second-order contribution is

trr{V(τ ′)V(τ ′′)Psr} = �
2g2trspin,r{[a1 eiΔτ ′

S+(τ ′) + adj.]

×[a1eiΔτ ′′
S+(τ ′′) + adj.]Psr(t)}

= �
2g2a1a

†
1ρ(t)e

iΔ(τ ′−τ ′′)〈S+(τ ′)S−(τ ′′)〉
+ �

2g2a†1a1ρ(t) e−iΔ(τ ′−τ ′′)〈S−(τ ′)S+(τ ′′)〉 ,

where we drop terms with a1a1 and a†1a
†
1 since they don’t conserve energy,

and we have used the fact that at the initial time t, the system-reservoir
density operator Psr(t) factors, i.e., Psr(t) = ρ(t)ρr(t). Note that the system
consists now of both the two-level atom and the probe, and that the partial
trace is over both reservoir and spins, since we are interested in the dynamics
of the probe only. We consider times after which transients have died away
and the spins are described by a stationary process, so we can write this
expression in terms of the time difference T = τ ′ − τ ′′. Similarly to (15.21)
this gives the integral

− 1
�2τ

∫ τ

0

dτ ′
∫ τ ′

0

dτ ′′〈V(τ ′)V(τ ′′)〉ρ(t)

−g
2

τ

∫ τ

0

dτ ′
∫ τ ′

0

dT [eiΔT 〈S+(T )S−(0)〉a1a†1 + e−iΔT 〈S−(T )S+(0)〉a†1a1]ρ(t)

= −A∗
1a1a

†
1ρ(t) −B1a

†
1a1ρ(t) , (16.48)

where

A∗
1 = g2

∫ ∞

0

dT eiΔT 〈S+(T )S−(0)〉 = g2S+−(s) , (16.49)

S+−(s) is given by (16.37, 16.42), and
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B1 = g2
∫ ∞

0

dT e−iΔT 〈S−(T )S+(0)〉 = g2S−+(s∗) , (16.50)

since to this order of perturbation the spin dynamics are given by the
Langevin-Bloch equations (16.9). Dividing the denominator D of (16.36) into
the numerator of (16.42), substituting the result into (16.49), and taking the
complex conjugate, we find

A1 =
g2D1

1 + I2L2

[
I2L2

2
− I2Fγ

2

1
2I2L2D1 − 1

2D∗
2(1 + Γ/iΔ)

1 + I2F γ
2 (D1 + D∗

3)

]
, (16.51)

where the complex population-pulsation Lorentzian F = Γ/(Γ+iΔ). Problem
16.2 shows that B1 is given by

B1 =
g2D1

1 + I2L2

[
1 +

I2L2

2
− I2Fγ

2
(1 + 1

2I2L2)D1 + 1
2D∗

2(1 − Γ/iΔ)
1 + I2F γ

2 (D1 + D∗
3)

]
.

(16.52)
Equation (16.51) looks similar to the absorption coefficient α1 of (9.17), but
unlike α1, it does not bleach to zero as I2 gets large. Indeed, it is the difference
B1 − A1 that equals α1. As we see shortly, A1 can be interpreted as the
emission part of α1, while B1 is the absorption part. Note that the resonance
fluorescence spectrum for upper-to-ground-lower-level decay is given by A1 +
A∗

1, as seen by direct comparison with (16.46).
The second integral in the second-order contribution to the side-mode

master equation is [compare with (15.21)].

1
�2τ

∫ τ

0

dτ ′
∫ τ ′

0

dτ ′′(V(τ ′)Psr(t)V(τ ′′))

=
g2

τ

∫ τ

0

dτ ′
∫ τ ′

0

dτ ′′[eiΔ(τ ′−τ ′′)〈S+(τ ′)S−(τ ′′)〉a1ρ(t)a†1

+ e−iΔ(τ ′−τ ′′)〈S+−(τ ′)S+(τ ′′)〉a†1ρ(t)a1]

=
g2

τ

∫ τ

0

dτ
∫ τ ′

0

dT [eiΔT 〈S−(0)S+(T )〉a1ρ(t)a†1

+ e−iΔT 〈S+(0)S−(T )〉a†1ρ(t)a1]
= B∗

1a1ρ(t)a
†
1 +A1a

†
1ρ(t)a1 , (16.53)

where we used the fact that reservoir operators can be cyclically rotated
inside the reservoir average, and the expectation values 〈· · · 〉 are on both the
reservoir and the two-level atom.

Combining the second-order contributions of (16.48, 16.53) we find the
side-mode master equation

ρ̇ = −A1(ρa1a
†
1 − a

†
1ρa1) −B1(a

†
1a1ρ− a1ρa

†
1) + adj . (16.54)
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This equation has the same general form as (15.31) for a mode interacting
with a reservoir of simple harmonic oscillators. However, while the coefficients
in (15.31) are real and depend only on the properties of the bath, those in
(16.54) are complex functions of the beat-frequency between the sidemode
and pump frequencies. Furthermore, they account for the fact that the action
of the reservoir on the side-mode is fltered by the two-level atom, hence they
depend on the atomic relaxation times T1 and T2 and on the strength of the
classical driving field.

Equation (16.54) can be used to calculate the equations of motion of
various expectation values. In particular the average electric field amplitude
E1 = EΩ〈a1〉 = EΩtr(a1ρ) has the equation of motion

Ė1 = (A1 −B1)E1 . (16.55)

Comparing this with the Beer’s law (5.3), we see that the side-mode absorp-
tion coefficient is given by

α1 = B1 −A1 , (16.56)

which agrees with (9.17) derived from semiclassical theory. Note that for τ =
0 in the integrand of (16.23), we have the average 〈S+(0)S−(0)〉 = 〈Sa(0)〉.
Hence, the spectrum of (16.23), S+−(s), and A1 all provide measures of the
fluctuations of the upper state and hence involve emission. Similarly, S−+(s∗)
and B1 provide measures of the fluctuations of the lower state and hence
involve absorption. The difference between the two gives the semiclassical
absorption coefficient α1 of (9.27). Alternatively, the same interpretation is
obtained by concentrating on field observables and noting that A1 is the
coefficient of the normally ordered operator a†1a1.

The equation of motion for the average photon number 〈n〉 ≡ tr{a†1a1ρ}
is given by

d
dt

〈n〉 = A1(〈n〉 + 1) −B1〈n〉 + c.c. . (16.57)

Note that here the characteristic 1 of quantized emission shows up associated
with the A1 coefficient. Unlike the intensity Beer’s law of (5.5), (16.57) shows
that the side-mode intensity 〈n〉 can build up (if Re{A1 − B1} > 0) from
resonance fluorescence. This provides the “spark” in sidemode buildup in a
laser. By adding a cavity loss ν/2Q1 to B1, (16.57) can be used to study
the generation and amplification of resonance fluorescence in a cavity [see
Holm et al. (1978)]. From (15.31) we see that such a loss term results from
including coupling to a reservoir of harmonic oscillators at zero temperature
(n̄ = 0).

We see that the vacuum modes act as weak probe fields of the two-level
response in the presence of a strong saturator wave. However, they differ
from classical probe fields in the very essential way that they only cause
emission, that is, spontaneous emission. A classical probe field induces both
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emission and absorption, and hence the semiclassical absorption coefficient
is the difference between the processes. As such it is a “net” absorption
coefficient. Note that the Γ/iΔ term cancels out in the difference B1 −A1; a
classical probe field is insensitive to Rayleigh (coherent) scattering.

By solving the coupled equations (16.40) by substitution instead of by
Cramer’s rule, we can see the role of population pulsations in this quantized
field context. Specifically, the first and third components of (16.40) can be
written in terms of Sz− as

S+− = D∗
1 [〈Sa〉 − 2iV∗

2Sz−] , (16.58)
S−− = 2iV2D3Sz− . (16.59)

Substituting these equations into the Sz− equation, we find

Sz− = −
1
2 (〈S−〉(1 + Γ/s) + iV2D∗

1〈Sa〉)
Γ + s+ 2|V2|2(D3 + D∗

1)
. (16.60)

Evaluating this quantity at s = −iΔ, taking the complex conjugate, using
(16.14), and dividing by Γ + iΔ we find

S∗
z− =

iV∗
2F

2Γ
D1I2L2 −D∗

2(1 + Γ/iΔ)
(1 + I2L2)(1 + 1

2I2F(Δ)γ(D1 + D∗
3))

. (16.60)

Substituting this, in turn, into the complex conjugate of (16.58) we find
A1/g

2. As such we identify S∗
z− as a quantized population-pulsation term.

The subscript − for S− = |b〉〈a| identifies the initial state as being the up-
per state. A similar derivation for Sz+ yields the corresponding population
pulsation for the initial lower state. The difference S∗

z−−Sz+ is proportional
to the semiclassical population pulsation d−1 of (9.16). The Sz± contain the
Rayleigh scattering in their Γ/iΔ terms, while this scattering cancels out in
d−1.

Section 17.2 generalizes the equations of Sects. 16.3, 16.4 to the case of
two sidemodes symmetrically placed about the strong driving field frequency.
In this case, the master equation includes two further quantum multiwave-
mixing coefficients, C1 = g2S−−(s∗) and D1 = −g2[S++(s)]∗. This master
equation leads into a quantuum theory of multiwave mixing, which builds
a connection with the mode coupling of Chap. 10 and permits to study the
generation of squeezed states in resonance fluorescence and in four-wave mix-
ing.

16.5 Photon Antibunching

Further information and insight into the characteristics of resonance fluores-
cence light is obtained by investigating higher-order correlations of the scat-
tered field. Experimentally, this is done using two detectors to measure the
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joint probability of detecting a photoelectron at time t = 0 and a subsequent
one at time t = τ . The measured quantity is the second-order correlation
function of Sect. 13.5

G(2)(τ) = 〈E−(0)E−(τ)E+(τ)E+(0)〉 ∝ 〈S+(0)S+(τ)S−(τ)S−(0)〉 .
(16.61)

Noting that S+(τ)S−(τ) = Sa(τ) = 1
2 + 1

2Sz(τ), we have

G(2)(τ) ∝ 1
2
〈Sa(0)〉 + 〈S+(0)Sz(τ)S−(0)〉 . (16.62)

A derivation analogous to that of (16.29) yields, for τ > 0,

d
dτ

〈S+(0)Si(τ)S−(0)〉 =
∑

j

Bij〈S+(0)Sj(τ)S−(0)〉

−Γ
2
〈S+(0)S−(0)〉δiz , (16.63)

where the matrix elements Bij are given by (16.27), the Γδiz term comes
from the constant term in (16.12b), and we have used

〈S+(0)Fi(τ)S−(0)〉 = 0 for τ > 0 . (16.64)

As for (16.29), the Laplace transform of (16.63) is of the form of (16.31), but
here the only nonzero initial condition is

〈S+(0)Sz(0)S−(0)〉 = −1
2
〈Sa〉 . (16.65)

Inserting (16.65) into (16.62) we find

G(2)(0) = 0 . (16.66)

This result can be interpreted as follows: just after detection of a first photon,
i.e., at τ � 0, the atom is certainly in the ground state. In order to be able to
emit a second photon, the atom must first evolve back to the upper state, a
process that takes an average time on the order of the Rabi frequency. Hence,
it cannot emit two photons in immediate succession. This phenomenon is
called photon antibunching. We showed in Sect. 1.4 that it has no classical
counterpart. The experimental verifiation of photon antibunching is a test of
the validity of quantum electrodynamics.

Using Cramer’s method as for (16.31), we find that the Laplace transform
of 〈S+(0)Sz(τ)S−(0)〉 is given by

S+z−(s) =
〈Sa(0)〉(γ + iδ + s)(γ − iδ + s)

2D
. (16.67)

For a large centrally tuned pump field, we can neglect the elastic contribution
and (16.67) reduces to
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S+z−(s) � − 〈Sa〉(γ + s)
2(s2 + (γ + Γ )s+ R2

0)

� −〈Sa〉
4

[
1

s+ 1
2 (γ + Γ ) + iR0

+
1

s+ 1
2 (γ + Γ ) − iR0

]
.

Taking the inverse Laplace transform, we find

〈S+(0)Sz(τ)S−(0)〉 � −1
2
〈Sa(0)〉e−(γ+Γ )τ/2 cos(R0τ) . (16.68)

Finally, substituting this result into (16.62), we obtain

G(2)(τ) ∝ 1
2
〈Sa(0)〉[1 − e−(γ+Γ )/τ/2 cos(R0τ )] . (16.69)

To observe photon antibunching experimentally, it is crucial to detect the
fluorescence light from a single atom [Kimble et al. (1978)]. Early experiments
with atomic beams required to work at exceedingly low densities, and even
then, the Poissonian fluctuations inherent in the arrival times of the atoms
in the interaction region lead to considerable difficulties. The advent of ion
traps in which a single radiator can be isolated for considerable periods of time
has recently removed this problem. Figure 16.6 illustrates the antibunching
correlation of (16.69), normalized to 1 for t→ ∞.

Fig. 16.6. Resonance fluorescence photon antibunching correlation g(2)(t) from
(16.69) versus time for γ = Γ = 1 and R0 = 1 (solid), 2 (dashed), and 4 (dot-
dashed). Values less than unity indicate nonclassical behavior
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16.6 Off-Resonant Excitation

Although most studies of resonance fluorescence have been performed under
resonant or near-resonant excitation, there is some advantage in considering
strongly nonresonant lasers, ν2 �= ω. In this case, the study of intensity,
spectrum, and intensity correlation functions can be complemented by an
investigation of the temporal correlations between the photons emitted in
the two sidebands. Problem 16.8 shows that these sidebands are centered at
the frequencies ν1, ν3 = ν2 ± R, where R is the generalized Rabi flopping
frequency [δ2 + |R0|2]1/2. For large enough pump detuning |ω − ν2|, it is
possible to detect selectively the light emitted in the two sidebands by placing
spectral filters between atom and detectors, as illustrated in Fig. 16.7. One
can then measure the probability p(ν1, t; ν3, t + τ) of detecting a photon at
frequency ν1 at time t and a photon at frequency ν3 at time t + τ , where τ
can be positive or negative.

Fig. 16.7. Diagram allowing seperate detection of the light in the two sidebands
of resonace fluorescence

Section 3.2 showed that for very large detunings, it is generally sufficient
to treat the system using perturbation theory. To lowest order, the atom-field
interaction can be pictorially represented by the diagram in Fig. 16.8. We have
seen that this is the Rayleigh scattering contribution, which yields a delta-
function spectrum. To obtain the off-resonance fluorescence spectrum, it is
necessary to go one order higher in perturbation theory, with the absorption
of two laser photons and the emission of two photons at frequencies ν1 and ν3.
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Fig. 16.8. Diagram showing lowest order (Rayleigh) scattering

Fig. 16.9. (a) second-order correction to Rayleigh scattering. (b) four-photon pro-
cess with an intermediate resonance. (c) four-photon process with no intermediate
resonance

The relevant diagrams are shown in Fig. 16.9. The first diagram in this figure
is a second-order correction to Rayleigh scattering. The dominant frequencies
in Figs. 16.9b, c can be obtained either via the dressed-atom picture, as in
Sect. 16.1, or by noting that the interaction is resonantly enhanced if one
of the intermediate steps leads precisely to an atomic state. The only way
to achieve this is shown in Fig. 16.9b, and yields ν1 = ν2 − Δ and ν3 =
ν2+Δ. There are two diagrams yielding these frequencies, but the second one
(Fig. 16.9c) is not resonantly enhanced. Diagram 16.9b is thus privileged, and
an event with a photon of frequency ν1 occuring after an emission at ν3 is
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p(ν1, t; ν3, t + τ )

0 τ

Fig. 16.10. The probability for a photon at frequency ν1 to be emitted after a
photon at ν3 is much higher than the opposite

more likely than the opposite. From this argument, one expects p(ν1, t; ν3, t+
τ) to be strongly asymmetric, as illustrated in Fig. 16.10. If the incident laser
frequency ν2 is larger than the atomic transition frequency ω, the scattered
photon of higher frequency tends to be emitted first. The photon of lower
energy is emitted first in other case. This prediction was verified by Aspect
et al. (1980). Note that general perturbation theory is inadequate in the case
of resonant excitation. One can, however, easily convince oneself that such an
ordering of the scattered photons disappears in that case. The role of both
sidebands is now perfectly symmetrical.

The ν1-photon ν3-photon correlation also leads to squeezing, but under
slightly different conditions: δ is still taken to be large, but regions of sig-
nificant resonance fluorescence are avoided, since the fluorescence swamps
the squeezing. As discussed in Sect. 17.3, good squeezing is obtained when
the magnitude of the coupled-mode fluorescence C1 + C3 given by (17.30)
is maximized, while the resonance fluorescence A1 + A∗

1 given by (16.51) is
minimized. Since this squeezing occurs via multiwave mixing, phase matching
can play an important role.

Problems

16.1 Show that the initial conditions in (16.31) are given by
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〈δS+(0)δS−(0)〉 = 〈Sa〉 − |〈S+〉|2 ,
〈δSz(0)δS−(0)〉 = −〈Sa〉〈S−〉 ,
〈δS−(0)δS−(0)〉 = −〈S−〉2 .

Hence show that resonance fluorescence spectrum is given by (16.35) with

DδS+−(−iΔ) = [〈Sa〉 − |〈S+〉|2][(Γ − iΔ)(γ + iδ − iΔ) + 2|V2|2]
+2iV∗

2 〈S−〉〈Sa〉(γ + iδ − iΔ) − 2V∗2
2 〈S−〉2 ,

where the determinant D is given by (16.35).

16.2 Write the matrix equation corresponding to (16.40) that includes the
average S+−(s). Using Cramer’s rule, solve for S−+(s). Answer: B1/g

2 with
s = iΔ, where B1 is given by (16.69)

16.3 Show that the matrix of initial conditions, 〈Si(0)Sj(0)〉, is given by
⎡

⎢⎣
0 − 1

2 〈S+〉 〈Sa〉
1
2 〈S+〉 1

4 − 1
2 〈S−〉

〈Sb〉 1
2 〈S−〉 0

⎤

⎥⎦

16.4 Using the initial-condition matrix of Prob. 16.3, derive the matrix
of diffusion coefficients using (15.112) with A = −B, where B is given by
(16.27).
Answer:

2D++ = iV2〈S+〉( 1
2 − Γ/s) ,

2Dz+ = 1
2 〈S+〉(2 − Γ/s)(Γ + s+ γ − iδ) − iV2(〈Sb〉 − 1

4 ) ,

2D−+ = 2γ〈Sb〉 − iV2[〈S+〉(1 − Γ/s) − 1
2 〈S−〉]

2D+z = − 1
2 〈S+〉(Γ + s+ γ − iδ) − 2iV2[〈Sa〉 − 1

4 ] ,

2Dzz = iV2[〈S+〉( 1
2 − Γ/s) + 〈S−〉( 1

2 + Γ/s)] + 1
2 (Γ + s) ,

2Dz− = 1
2 〈S−〉(Γ + s+ γ + iδ) + 2iV2(〈Sb〉 − 1

4 ) ,

2D−+ = 2γ〈Sa〉 − iV2[〈S−〉(1 + Γ/s) − 1
2 〈S+〉] ,

2D−z = − 1
2 〈S−〉(1 + Γ/s)(Γ + s+ γ + iδ) + iV2(〈Su〉 − 1

4 ) ,

2D−− = iV2〈S−〉( 1
2 + Γ/s) .

16.5 Find the complete spectral matrix Sij for resonance fluorescence by
substituting the diffusion coefficient matrix of Prob. 16.4 into (15.114) with



Problems 407

A = −B where B is given by (16.27). Spectral elements such as S−− and
S++ are important in the quantum theory of multiwave mixing (see Sect.
17.2). (Lots of algebral)

16.6 Show that for δ �= 0 and a generalized Rabi frequency R 
 γ and Γ ,
the resonance fluorescence sidebands are centered at approximately ±R.

16.7 Show for pure radiative decay (Γ = 2γ) but arbitrary values of δ
and R that the resonance fluorescence spectrum is symmetrical. Hint: using
(16.47), show that A∗

3 = A1. For this note that iΔ,F , the denominators, and
the product DiD∗

3 are unchanged by interchanging 1 and 3 and taking the
complex conjugate. Put A∗

3 over a common denominator, simplify, and note
that the lone D∗

3 is cancelled by a 1/D∗
3 provided Γ ′ = 2γ.

16.8 Show for T1 
 T2, i.e., Γ � γ, and a centrally tuned pump wave that
the resonance fluorescence spectrum is given by

A1 +A∗
1 =

g2I2
1 + I2

[
1 −

1
2ΓI

2
2

Γ 2(1 + I2)2 +Δ2
+

π

2(1 + I2)
δ(Δ)

]
.

Unlike the three-peaked spectrum, this short-T2 formula features a power-
broadened dip like the coherent dips in the absorption spectra of Sect. 9.2.

16.9 Using the initial condition in (16.65), show that the Laplace transform
of 〈S+(0)Sz(τ)S−(0)〉 is given by (16.67).

16.10 Given the Langevin equation for the slowly-varying annihilation op-
erator

Ȧ = −[ν/2Q+ i(Ω − ν) − α]A(t) + F (t) ,

use the quantum regression theorem to find the spectrum defined by

S(ω) =
∫ ∞

0

dt e−iωt〈A†(t)A(0)〉 + c.c. .

Here ν/2Q is the laser cavity decay rate, Ω − ν is the detuning of the mode
oscillation frequency ν from the passive cavity resonance Ω, and α is the gain
coefficient. Answer: see Sect. 19.3.
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The Heisenberg uncertainty principle ΔAΔB ≥ 1
2 |〈[A,B]〉| between the stan-

dard deviations of two arbitrary observables, ΔA = 〈(A− (A))2〉1/2 and sim-
ilarly for ΔB, has a built-in degree of freedom: one can squeeze the standard
deviation of one observable provided one “stretches” that for the conjugate
observable. For example, the position and momentum standard deviations
obey the uncertainty relation

ΔxΔp ≥ �/2 , (17.1)

and we can squeeze Δx to an arbitrarily small value at the expense of accord-
ingly increasing the standard deviation Δp. All quantum mechanics requires
is than the product be bounded from below. As discussed in Sect. 13.1, the
electric and magnetic fields form a pair of observables analogous to the posi-
tion and momentum of a simple harmonic oscillator. Accordingly, they obey
a similar uncertainty relation

ΔEΔB ≥ (constant) �/2 . (17.2)

In principle, we can squeeze ΔE at the expense of stretching ΔB, or vice
versa. Such squeezing of the electromagnetic field has recently been the object
of considerable attention in view of potential applications to high precision
measurements. If offers the promise of achieving quantum noise reduction
beyond the “standard shot noise limit” and might find applications in phase-
sensitive detection schemes as required for the detection of gravitational ra-
diation [see Meystre and Scully (1983)].

As an electromagnetic field mode oscillates, energy is transferred between
E and B each quarter period. Hence, to observe the squeezing in ΔE, we
must somehow select its active quadratures from the general electromagnetic
oscillation. In effect we need an optical frequency “chopper” that spins around
opening up to show us a single quadrature. By varying the relative phase of
the chopper and the light, we can look at any quadrature. In practice hetero-
dyne detection provides such a selection process. It effectively multiplies the
signal to be measured by a sine wave whose peaks correspond to openings
in the chopper. By varying the relative phase of the signal and heterodyne
waves, we can examine any quadrature of the signal. Generating the right
single-mode radiation complete with a suitable heterodyne wave seems to
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be very difficult. Instead, we can use four-wave mixing processes described
in Sect. 2.4 and in Chap. 10 to create a pair of waves whose sum exhibits
squeezing. The heterodyne wave is then derived directly from the pump wave.

Section 17.1 describes how squeezing in one quadrature results in stretch-
ing in the orthogonal quadrature for the simple harmonic oscillator. This
treatment is a squeezed-state generalization of the Schrödinger oscillating
wavepacket that forms the basis for coherent states of light. This section
also introduces the squeezing operator and shows how it turns the circu-
lar variance of the coherent state in the complex a plane into an ellipse.
Section 17.2 extends the single-sidemode master equation of Sect. 16.4 to
treat the two-side-mode cases found in three- and four-wave mixing. This
theory quantizes the signal and conjugate waves, while leaving the pump
wave classical. Section 17.3 applies this formalism to calculate the variances
for squeezing via multiwave mixing. It gives some numerical illustrations for
two-level media. Section 17.4 develops the theory of a squeezed “Vacuum”
and shows how an atom placed in such a vacuum has two dipole dephasing
rates, a small one in the squeezed quadrature, and a correspondingly larger
one in the stretched quadrature.

17.1 Squeezing the Coherent State

Section 13.4 shows how a displaced ground state of the simple harmonic os-
cillator of the correct width oscillates back and forth with unchanging width.
However, if we now squeeze this wavepacket, it will spread for a quarter of
a cycle, then return to the squeezed value at the half cycle, and so on as
illustrated in Fig. 17.1. Looking at the mean and standard deviation of the
electric field vector in the complex a plane, the coherent state appears as in
Fig. 17.2a, while a squeezed state appears as in Fig. 17.2b.

Given a field described by the annihilation operator a, we form two her-
mitian conjugate operators giving its two quadratures as

d1 =
1
2
(a eiφ + a†e−iφ) , d2 =

1
2i

(a eiφ − a† e−iφ) , (17.3)

with [d1, d2] = i/2, so thatΔd1Δd2 ≥ 1/4. These two operators correspond to
position and momentum for the case of a mechanical oscillator. The variance
Δd21 is given by

Δd21 = 〈d21〉 − 〈d1〉2 . (17.4)

Consider for a moment a quantum state such that the expectation value of
the electric field is zero, 〈a〉 = 〈a†〉 = 〈di〉 = 0. This reduces Δd21 to

Δd21 =
1
4
[〈a†a〉] + 〈aa†〉 + (〈a2〉e2iφ + c.c.)]

=
1
4

+
1
2
〈a†a〉 +

1
2
R e {〈aa〉e2iφ} . (17.5)
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Fig. 17.1. (a) Wave packet oscillating in a simple harmonic oscillator potential well
with an initially squeezed variance, (b) Path traced out by the oscillating packet
as a function of time

Fig. 17.2. (a) Coherent state amplitude vector α = reiθ and its variance. (b)
Squeezed state amplitude vector α = r′eiθ and variance squeezed by the operator
S(ζ) of (17.9) at an angle φ with respect to the real axis
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For a given set of expectation values, the minimum variance is given by the
φ that yields 〈aa〉 e2iφ + c.c. = −2|〈aa〉|, that is,

Δd21 =
1
4

+
1
2
〈a†a〉 − 1

2
|〈aa〉| . (17.6)

The conjugate variance Δd22 is given by

Δd21 =
1
4

+
1
2
〈a†a〉 +

1
2
|〈aa〉| , (17.7)

which is greater than or equal to (17.6). These equations give the uncertainty
principle

Δd1Δd2 =
1
4

√
[1 + 2〈a†a〉 − 2|〈aa〉|][1 + 2〈a†a〉 + 2|〈aa〉|] ≥ 1

4
. (17.8)

Squeezing occurs for d1 if Δd21 becomes smaller than 1
4 , i.e., squeezed below

the minimum uncertainty product value. This does not violate the uncertainty
principle, since d2 has a correspondingly increased variance.

In the present example, it is the |〈aa〉| term that leads to squeezing. A
way to obtain such squeezing formaly is to “squeeze” the state vector with
the squeeze operator

S(ζ) = eζa†2−ζ∗a2
. (17.9)

This operator converts the circular variance of a coherent state (Fig. 17.2a)
into a rotated ellipse as illustrated in Fig. 17.2b. To show this, we calculate
the standard deviations Δdi in the state, S(ζ)|α〉. To do this, we need the
expectation values of a, a†, a2, and a†2 in this state. These expectation values
involve the operator products S†(ζ)aS(ζ) and S†(ζ)a†S(ζ). We can express
these products in terms of simple powers of a and a† by using the operator
identity of (3.169), where here we take e−B = S and note that S†(ζ) =
S−1(ζ), i.e., S(ζ) is a unitary operator. In working with the operator S, it is
convenient to write ζ in polar coordinates as

ζ =
1
2
re−2iφ . (17.10)

Using the relations (3.167, 3.168), we have that

[B, aeiφ] = [ζ∗a2 − ζa†2, aeiφ] = ζ eiθ[a, a†2] = ra† e−iφ , (17.11)

where we include eiφ since it simplifies the derivation. The adjoint of (17.11)
is

[B, a† eiθ] = raeiφ . (17.12)

Using these commutators repeatedly in (3.169), we obtain the series

S†(ζ)a eiφS(ζ) = aeiφ + ra† e−iθ +
r2

2!
a eiφ +

r3

3!
a† e−iφ + . . .

= a eiφ cos h r + a† e−iφ sin h r , (17.13)
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which has the adjoint

S†(ζ)a†e−iφS(ζ) = a†e−iφ cosh r + ae−iφ sinh r . (17.14)

The corresponding squeezed versions of the Hermitian operators di given by
(17.3) are

S†(ζ)d1S(ζ) =
1
2
d1[cosh r + sinh r] = d1er , (17.15)

S†(ζ)d2S(ζ) = d2e−r . (17.16)

Furthermore,

S†(ζ)d21S(ζ) = S†(ζ)d1S(ζ)S†(ζ)d1S(ζ) = d21e
2r , (17.17)

S†(ζ)d22S(ζ) = d22e
−2r . (17.18)

Hence the unitary transformation in (17.15–17.18) has the effect of squeezing
and stretching the operators d1 and d2.

These equations provide all the pieces to calculate the standard deviations
Δd1 and Δd2 in the squeezed state S(ζ)|α〉. With (17.15, 17.16), we have

〈α|S†(ζ)d1S(ζ)|α〉 = er〈α|d1|α〉 =
1
2
er(αeiφ + α∗e−iφ) , (17.19)

〈α|S†(ζ)d2S(ζ)|α〉 =
1
2
ier(αeiφ − α∗e−iφ) , (17.20)

while (17.17, 17.18) give

〈α|S†(ζ)d21S(ζ)|α〉 =
1
4
e2r〈α|a2e2iφ + a†2e−2iφ + 2a†a+ 1|α〉

=
1
4
(α2e2iφ + α∗2e−2iφ + 2α∗α+ 1) . (17.21)

Combining these results with (17.19, 17.20) gives the standard deviation

Δd1 =
1
2
er . (17.22)

Similarly, we find the standard deviation

Δd2 =
1
2
e−r . (17.23)

Hence, we find that the standard deviation of the field quadrature at the
angle φ with respect to the real and imaginary α axes are stretched, and
that of the field quadrature at the angle φ + 1

2π is squeezed. The angle φ is
determined by the squeezing parameter ζ of (17.9, 17.10). The angle θ that
the phasor α makes with respect to its real and imaginary axes is in general
independent of φ. The state with φ = θ is called a phase squeezed state and
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the state with φ = θ + 1
2π is called an amplitude squeezed state. Equations

(17.22, 17.23) reveal that the general squeezed state S(ζ)|α〉 is a minimum
uncertainty state, or squeezed coherent state, since Δd1Δd2 = 1

4 , independent
of r and φ. More generally, squeezed states exist that yield variances less than
the average minimum uncertainty for one quadrature, but whose uncertainty
product exceeds the minimum uncertainty value of 1

4 . As Probs. 17.2, 17.3
note, both the magnitude and the photon numbers of the squeezed states
increase with squeezing. In particular, the “squeezed vacuum” has a nonzero
photon number.

Note that the squeeze operator S(ζ) involves two-photon processes like
a2. It resembles the evolution operator U(t) = exp(−iHt/�) associated to a
two-photon Hamiltonian of the form

H = �Ωa†a+ i�Λa†2e−2iΩt − i�Λ∗a2e2iΩt , (17.24)

where the coupling strength Λ is proportional to ζ. This suggests that two-
photon interactions might be a good way to generate squeezing. Equation
(17.24) gives the Heisenberg equation of motion

ȧ = −iΩa+ 2Λa†e−2iΩt , (17.25)

i.e., an equation that couples a to a†. A nondegenerate version of such a two-
photon process is four-wave mixing, for which the annihilation operator a1
for one mode is coupled to the creation operator a†3 of the conjugate mode.
This involves processes such as the absorption of two pump photons and
the corresponding emission of a signal/conjugate photon pair. This mecha-
nism led to the first observation of squeezed states of light [by Slusher et al.
(1985)]. Section 17.2 gives the quantum theory of four-wave mixing, which
Sect. 17.3 applies to the generation of squeezed states of light. Section 17.4
discusses a related problem in which the vacuum modes are squeezed, which
can dramatically change the way a two-level dipole dephases.

17.2 Two-Sidemode Master Equation

This section shows how one strong classical wave and one or two weak quan-
tal side waves (see Fig. 2.1) interact in a nonlinear two-level medium. The
derivation allows the waves to propagate in arbitrary directions, and can be
used to treat noise in weak-signal phase conjugation, build-up from quantum
noise of sidemodes in lasers and optical bistability, resonance fluorescence,
Rayleigh scattering, and to treat the effects of stimulated emission and phase
conjugation on resonance fluorescence as might be found in cavity configu-
rations. In particular, it allows us the generate squeezed states of light as
described in the next section.

To find a master equation for two sidemodes symmetrically detuned with
respect to the frequency ν2 of the classical field we extend the single-sidemode
discussion of Sect. 16.4 by using the two-mode interaction energy V(τ)
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V(τ) = �g[a1eiΔτ + a3e−iΔτ ]S+(τ) + adj. , (17.26)

where S+(τ) and its correlations are determined by the Langevin-Bloch equa-
tion (16.9). We derive the coarse-grained time rate of change of the side-mode
density operator ρ(t) by using a derivation that parallels exactly that of
Sect. 16.4. Again, we use an equation similar to (15.21), except that the
trace is over the reservoir and the two-level system. The terms involving a1
and a†1 alone are the same as those in Sect. 16.4. Similarly, the terms involving
a1 and a†3 alone are given by the corresponding a1 terms with 1 replaced by
3. But in addition there are now terms involving the products a1a3 and a†1a

†
3,

which conserve energy and couple the two modes. In particular similarly to
the derivation of (16.48), we find that the integrand of the first second-order
contribution is

〈V (τ ′)V(τ ′′)〉 = g2〈[(a1eiΔτ ′
+ a3e−iΔτ ′

)S+(τ ′) + adj.]

×[(a1eiΔτ ′′
+ a3e−iΔ′′

)S+(τ ′′) + adj.]〉
= �

2g2[a1a
†
1e

iΔ(τ ′−τ ′′)〈S+(τ ′)S−(τ ′′)〉 + a†1a1e
−iΔ(τ ′−τ ′′)〈S−(τ ′)S+(τ ′′)〉

+a1a3eiΔ(τ ′−τ ′′)〈S+(τ ′)S+(τ ′′)〉 + a†1a
†
3e

−iΔ(τ ′−τ ′′)〈S−(τ ′)S−(τ ′′)〉]ρ(t)
+ (same with 1 ←→ 3) ,

where we have used the fact that at the initial time t, the system-reservoir
density operator Psr(t) factors, i.e., Psr(t) = ρ(t)ρr(t), and the expectation
values involve traces over both the reservoir and the spin-1/2 particles. After
transients have died away the spins are described by a stationary process and
we can write this expression in terms of the time difference T = τ ′− τ ′′. This
gives an integral similar to that in (15.21), namely,

− 1
�2τ

∫ τ

0

dτ ′
∫ τ ′

0

dτ ′′〈V(τ ′)V(τ ′′)〉

= −g
2

τ

∫ τ

0

dτ ′
∫ τ ′

0

dT [a1a
†
1e

iΔT 〈S+(T )S−(0)〉 + a†1a1e
−iΔT 〈S−(T )S+(0)〉

+ a1a3eiΔT 〈S+(T )S+(0)〉 + a†1a
†
3e

−iΔT 〈S−(T )S−(0)〉]ρ(t)
+(same with 1 ←→ 3)

= −[A∗
1a1a

†
1 +B1a

†
1a1 − C1a

†
1a

†
3 −D∗

1a1a3]ρ(t)
+ (same with 1 ←→ 3) , (17.27)

where A∗
1 and B1 are given by (16.49, 16.50), respectively, the new mode-

mixing coefficients C1 and D∗
1 are given by

C1 = −g2
∫ ∞

0

dT e−iΔT 〈S−(T )S−(0)〉 = −g2S−−(s∗) , (17.28)

D∗
1 = −g2

∫ ∞

0

dT eiΔT 〈S+(T )S+(0)〉 = −g2S++(s) , (17.29)
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and the Laplace transforms Sij(s) are defined by (16.37). For a two-level
medium, these transforms can be evaluated using the Bloch-Langevin equa-
tion (16.12) with the quantum regression theorem as in Sect. 16.3. Problem
17.4 shows that

C1 = − g2D1

1 + I2L2

I2Fγ

2

1
2I2L2D∗

3 − 1
2D2(1 + Γ/iΔ)

1 + I2F γ
2 (D1 + D∗

3)
, (17.30)

and Prob. 17.5 shows that D1 is given by

D1 = − g2D1

1 + I2L2

I2Fγ

2
(1 + 1

2I2L2)D∗
3 + 1

2D2(1 − Γ/iΔ)
1 + I2F γ

2 (D1 + D∗
3)

. (17.31)

Problem 17.6 shows that the second-order integral in (15.21) is

1
�2τ

∫ τ

0

dτ ′
∫ τ

0

dτ ′′〈V(τ ′)Psr(t)V(τ ′′)〉 = B∗
1a1ρa

†
1 +A1a

†
1ρa1

−C∗
1a1ρa3 −D1a

†
1ρa

†
3 + (same with 1 ←→ 3) . (17.32)

Substituting the second-order contributions of (17.27, 17.32) into the gen-
eralization of (15.21) to the present problem and using the adjoint to write
terms with complex conjugates, we find the dual-sidemode master equation
of Sargent et al. (1985)

ρ̇ = −A1(ρa1a
†
1 − a

†
1ρa1) −B1(a

†
1a1ρ− a1ρa

†
1)

+ D1(ρa
†
3a

†
1 − a

†
1ρa

†
3) + C1(a

†
1a

†
3ρ− a

†
3ρa

†
1)

+ (same with 1 ←→ 3) + adjoint . (17.33)

Equation (17.33) yields the correct semiclassical coupled-mode equations
for the mode amplitudes E1 = EΩ〈α1〉 and E∗

3 = EΩ〈a†3〉, where EΩ is the
electric field “per photon”. Specifically, we find

Ė1 = EΩ〈a1ρ̇〉 = (A1 −B1 − ν/2Q1)E1 + (C1 −D1)E∗
3 , (17.34)

Ė3 = EΩ〈a†3ρ̇〉 = (A∗
3 −B∗

3 − ν/2Q3)E∗
3 + (C∗

3 −D∗
3)E1 , (17.35)

where we include phenomenological cavity loss terms. These equations can
be used for detuned (ν2 �= ω) instability studies or in phase conjugation. In
semiclassical phase conjugation, C1 −D1 is the coupling coefficient χ1, with
the value [from (17.28, 17.31)]

χ1 =
g22T1D1U

∗
1U

∗
3V2

2

1 + I2L2

F(Δ)(D2 + D∗
3)

1 + I2F γ
2 (D1 + D∗

3)
. (17.36)

This agrees with the semiclassical value of (10.21) if we assume perfect phase
matching.
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A somewhat cavalier way to find the Langevin equations corresponding to
the master equation (17.33) is to simply remove the average values brackets
from and add noise operators to (17.34, 17.35). This gives

ȧ1 = (A1 −B1 − ν/2Q1)a1 + (C1 −D1)a
†
3 + F1 , (17.37)

ȧ†3 = (A∗
3 −B∗

3 − ν/2Q3)a
†
3 + (C∗

3 −D∗
3)a1 + F †

3 . (17.38)

More properly, we can obtain this result from the Einstein relations as out-
lined in Chap. 15. Rigorous stochastic equation techniques are discussed by
Gardiner (1980). In the next section these equations are used with the quan-
tum regression theorem to derive the spectrum of squeezing.

Furthermore, (17.33) yields the coupled photon-number rate equations

d
dt

〈n1〉 = (A1 −B1 − ν/2Q1)〈n1〉 + (C1 −D1)〈a†1a
†
3〉 +A1 + c.c. , (17.39)

d
dt

〈a†1a
†
3〉 = (A1 −B1 − ν/Q1)〈a†1a

†
3〉 + (C1 −D1)〈n1〉 + C1 + (1 ←→ 3) ,

(17.40)

in extension of (16.57). The choice ν2 = ω yields A1 = A∗
3, B1 = B∗

3 , etc.
〈a†1a

†
3〉 is the quantum version of Lamb’s combination tone, responsible for

three-mode mode locking [compare with E1 times (9.48) of Sargent et al.
(1977)]. To lowest nonzero order in a3, it results from the four-wave mixing
process a†1a

†
3a

2
2, in which two pump (ν2) photons are annihilated and both a

ν1 and a ν3 photon are created.
As the following section shows, the coupled-mode fluorescence sum C1+C3

is the source term for the generation of squeezed states by quantum multi-
wave mixing. The C1 and D1 coefficients originate from correlations that
the complex dipole develops with itself in the course of time due to multi-
wave mixing phenomena. Specifically, the C1 correlation occurs because of
the absorption of two pump (ν2) photons and the emission of ν1 photon and
a ν3 photon. The D1 correlation occurs because of the absorption of a ν1
photon and a ν3 photon and the emission of two ν2 photons. Similarly to
the semiclassical absorption coefficient, the semiclassical coupling coefficient
is the difference between the absorption and emission of sidemode photons,
while the coupled-mode fluorescence (C1 +C3) results only from the emission
of sidemode photons. C1 + C3 gives a frequency-domain measure of the am-
plitude correlations developed between vacuum modes symmetrically placed
on either side of the pump frequency. Section 16.6 discusses related intensity
correlations in the time domain.

17.3 Two-Mode Squeezing

We consider the generation of squeezed light via four-wave mixing in a cavity.
Figure 17.3 depicts a simplified diagram of the experimental configuration of
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Fig. 17.3. Cavity four-wave mixing experiment used to observe squeezed states

Slusher et al. (1985). The pump laser frequency ν2 is reflected off a mirror to
form a standing wave through which the atomic beam is passed. The vacuum
cavity is servo-locked to the sidemode frequencies ν1 and ν3 and encloses
the interaction region. Quantum noise builds up in the cavity that, due to
the four-wave mixing process, develops correlations between the sidemodes.
Squeezing is observed in a linear combination of the sideband amplitudes a1
and a3. To detect the squeezing, a balanced homodyne detection scheme is
used wherein the sidemode fields exiting the cavity are mixed with a local
oscillator whose phase is at an angle θ with respect to the pump field ν2. This
homodyne detection permits the direct measurement of the variance for any
relative phase shift θ.

The total complex amplitude operator of the squeezed field is given by

d = 2−1/2(a1eiφ + a†3e
−iφ) . (17.41)

From this operator we define two Hermitian operators d1 and d2 as

d1 =
1
2
(d+ d†) and d2 =

1
2i

(d− d†) , (17.42)

with
[d1, d2] = i/2 , (17.43)

where we have made use of the commutation relations [a1, a
†
1] = [a3, a

†
3] =

1. With (17.41, 17.42) and noting that 〈a1〉 = 〈a3〉 = 〈a†1a3〉 = 0 if the
sidebands arise from the vacuum [see (17.15, 17.16)], we find the variance
Δd21 = 〈d21〉 − 〈d1〉2 as
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Δd21 =
1
4

+
1
4
[〈a†1a1〉 + 〈a†3a3〉 + (〈a1a3〉2iφ + c.c.)] . (17.44)

With the commutator (17.43), the Heisenberg uncertainty relation gives
Δd1Δd2 ≥ 1/4 so that squeezing occurs whenever Δd21 drops below 1/4.
The expectation values 〈a†1a1〉 and 〈a†3a3〉 are the average number of photons
in modes 1 and 3, respectively, and consequently are never negative. Thus for
squeezing to occur the quantity in parentheses in (17.44) must be negative.
Maximum squeezing occurs when 〈a1a3〉e2iφ = −|〈a1a3〉|, that is,

Δd21 =
1
4

+
1
4
[〈a†1a1〉 + 〈a†3a3〉 − 2|〈a1a3〉|] . (17.45)

This equation shows that squeezing occurs if 2|〈a1a3| > 〈a†1a1〉+〈a†3a3〉. Phys-
ically, this means that the sideband fields are more correlated with each other
than with themselves, and thus we seek a range of parameters to enhance this
coupling. Equation (17.45) is a nondegenerate version of (17.6).

The operators in the correlation functions of (17.45) are evaluated at a
single time t = 0 long enough for the system to have reached steady state.
Hence, 〈a†1a1〉 is the steady-state mean number of photons in mode 1, etc.
The identity

〈a†i (0)aj(0)〉 =
∫

dω
∫

dτe−iωτ 〈a†i (τ)aj(0)〉 (17.46)

shows that one-time correlation functions can be interpreted as the sum
over frequency of spectral components

∫
exp(−iωτ)〈a†i (τ)aj(0)〉. This sug-

gests that a narrow-band detector might measure peak values larger than the
average values (17.45). In a cavity, the squeezing spectrum is obtained by spec-
tral analysis of Δd21 at the optimum output frequency detuning δ = ν3 − ν2,
i.e., at the detuning that minimizes Δd21. To predict this value, we Fourier
transform the cavity fields to find their fluctuation spectra to get

Δd21(δ) =
1
4

+
1
4
(S12 + S34 − 2|S13|) . (17.47)

If the narrow-band detector is outside the cavity, it is necessary to calcu-
late the corresponding spectral density outside the cavity. This inside-outside
transfer problem has been studied in detail by Collett and Gardiner (1984).
They find that to relate the spectra inside and outside the cavity we must
multiply Sij by the density of states D(Ω2) outside the cavity. Furthermore,
the amount passed is proportional to the square of the coupling constant g
between a field mode inside the cavity and those outside. Hence, we expect
that the spectral densities outside that cavity are given by

Sout(δ) = 2π|g|2D(Ω2)S(δ) . (17.48)

As shown in Sect. 15.1, the damping constant of a simple harmonic oscillator
coupled to a bath of simple harmonic oscillators with density of states D(Ω2)
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is given by 2π|g|2D(Ω2). In the present case, the damping constant is the
cavity linewidth ν/Q, so that

Sout(δ) =
ν

Q
S(δ) . (17.49)

Section 18.5 discusses the input-output formalism of Collett and Gardiner in
more detail. With (17.47) this gives the maximum-squeezing variance

Δd21(δ)|out =
1
4

+
1
4
ν

Q
(S12 + S34 − 2|S13|) , (17.50)

where the sidemode Fourier transforms Sij are the matrix elements of (15.128)
in the basis αT = (a1, a

†
1, a3, a

†
3). These transforms are given by the general

equation (15.134), in which the Langevin matrix

Λ =

⎡

⎢⎢⎣

α1 0 0 −χ1

0 α∗
1 −χ∗1 0

0 −χ∗3 α3 0
−χ3 0 0 α∗

3

⎤

⎥⎥⎦ . (17.51)

and the diffusion matrix

2D =

⎡

⎢⎢⎣

0 A1 +A∗
1 C1 + C3 0

A1 +A∗
1 0 0 C∗

1 + C∗
3

C1 + C3 0 0 A3 +A∗
3

0 C∗
1 + C∗

3 A3 +A∗
3 0

⎤

⎥⎥⎦ . (17.52)

Carrying out the inversions and matrix products in (15.108), Reid and Walls
(1986) and Holm and Sargent (1987) found

DS12 = (α3 − iδ)(α∗
3 + iδ)A1 + |χ1|2A3 + (α∗

3 + iδ)χ∗1(c1 + C3) + c.c. ,
(17.53)

DS13 = (α∗
3 + iδ)χ3(A1 +A∗

1) + (α∗
1 − iδ)χ1(A3 +A∗

3)
+(α∗

1 − iδ)(α∗
3 + iδ)(C1 + C3) + χ1χ3(C1 + C3) , (17.54)

S34 = S12(same with 1 and 3 interchanged) , (17.55)

where D = |(α1+iδ)(α∗
3+iδ)−χ1χ

∗
3|2. Note that these expressions depend on

the specific mixing medium only through the coefficients An, Bn, Cn, and Dn,
which are, in turn, given by Laplace transforms of two-time spin correlation
functions. As such they are quite general and apply, for example, to two-
level atoms, semiconductors, and both of these in a squeezed vacuum (see
Sect. 17.4). Figure 17.4 shows an example of the minimum variances predicted
by (17.50) for two-level media. Substantially larger squeezing can be obtained
with an optical parametric amplifier [see Wu et al. (1986)]. The squeezing
observed in Fig. 17.4 results from 1) choosing the pump-cavity detuning δ
to minimize the denominator D of (17.53–17.55), and 2) detuning the pump
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Fig. 17.4. Squeezed variance Δd2
1 vs Δ/γ for Γ = 2γ, I2 = 40, δ = 2, 12, and C

(cooperativity) = 10

from the atomic resonance sufficiently to cause the coefficients An and Cn to
be nearly imaginary. This causes the resonance fluorescence given by Re{An}
to nearly vanish, while the magnitude of the coupled-mode fluorescence C1 +
C3 remains substantial, causing the latter to be primarily responsible for the
squeezing.

17.4 Squeezed Vacuum

This section develops the master equation for a two-level system in a
“squeezed vacuum” reservoir. As noted by Gardiner (1986), such a reservoir
leads to two dipole decay constants (T2’s), a small T2 for the dipole compo-
nent in the squeezed quadrature and a correspondingly larger T2 for the dipole
component in the stretched quadrature. The derivation of the master equa-
tion proceeds as in Sect. 15.1, except that the aa and a†a† terms in (15.24)
must now be retained: The master equation (15.31) neglects these terms un-
der the assumption that the noise-operator reservoir average 〈F (τ ′)F (τ ′′)〉r
and its complex conjugate vanish. This in turn results from the assumption
that 〈bkbk′〉r and 〈b†kb

†
k′〉r vanish, where bk is the reservoir annihilation op-

erator at the frequency ωk. But if multiwave mixing is used to squeeze the
vacuum, that is, to correlate conjugate pairs bk and b−k, where ωk and ω−k

are placed symmetrically about the system operator frequency Ω, then just
as 〈a1a3〉 is nonzero in Sects. 17.2, 17.3, the average 〈bkb−k〉r may be nonzero
for a range of ωk’s about the system frequency Ω. Accordingly, we set

〈bkbk′〉r = 〈bkb−k〉rδk′ ,−k ,
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and use (15.23) and the logic leading to (15.27) to find
∫ τ

0

dτ ′
∫ τ

0

dτ ′′〈F (τ ′)F (τ ′′)〉r

= −
∫ τ

0

dτ ′
∫ τ

0

dτ ′′
∑

kk′

gkgk′〈bkbk′〉rei(Ω−ωk)τ ′
ei(Ω−ωk′ )τ ′′

= −
∫ τ

0

dτ ′
∑

k

gkg−k〈bkb−k〉r
∫ τ ′

0

dT ei(Ω−ωk)T = −1
2
γm̄τ , (17.56)

where γ is the Weisskopf-Wigner decay constant of (15.28) and m̄ is the
complex squeezing number

m̄ = 〈b2(Ω)〉r
g(Ω)2

|g(Ω)|2 . (17.57)

The g(Ω)2 factor introduces spatial variations typical in multiwave mixing
and causes significant phase mismatch for vacuum modes not parallel to
a running-wave pump mode. In principle a standing-wave pump mode can
squeeze vacuum modes for all directions, since as discussed in Sects. 2.4, 2.2
such four-wave mixing is nearly perfectly phase matched.

The magnitude of the complex squeezing number m̄ is limited by

|m̄|2 ≤ n̄(n̄+ 1) . (17.58)

To see this, we note that for any real r and θ

0 ≤ 〈(reiθb+ b†)†(reiθb+ b†)〉 = r2〈b†b〉 + 〈bb†〉 + r[eiθ〈b2〉 + c.c.]
= r2n̄+ n̄+ 1 + r[eiθm̄+ c.c.] . (17.59)

Similarly to the derivation of (17.6), the minimum of the RHS with respect
to θ is given by eiθm̄ = −|m̄|, which yields

0 ≤ r2n̄+ n̄+ 1 − 2r|m̄| .

The minimum of this RHS with respect to r gives r = |m̄|/n̄, which, in turn,
gives (17.58). This inequality implies that to squeeze the vacuum, we have
to increase n̄, i.e., the energy in the reservoir. The limit of infinite squeezing
requires the deposition of an infinite amount of energy in the bath. From this
point of view, the expression “squeezed vacuum” is certainly somewhat of a
misnomer.

Inserting (17.56) and its complex conjugate into (15.24), we find the
squeezed-reservoir master equation

ρ̇(t) = −γ
2
(n̄+ 1)[a†aρ(t) − aρ(t)a†] − γ

2
n̄[ρ(t)aa† − a†ρ(t)a]

+
γ

2
m̄[ρ(t)a†a† − a†ρ(t)a†] +

γ

2
m̄[a†a†ρ(t) − a†ρ(t)a†] + adj.

(17.60)
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in generalization of (15.31). Note that this single-mode master equation has
the same general form as the dual-sidemode master equation (17.33), ex-
cept that both the C1 and D1 coefficients are replaced by the squeezed bath
parameter 1

2γm̄.

Atomic Damping by a Squeezed Vacuum

As noted for (15.39), the two-level master equation is given by the simple
harmonic oscillator master equation with annihilation operator a replaced by
the spin-flip operator σ− and a† replaced by σ+. Replacing γ by Γ to describe
the upper-to-ground-lower-level model of Chap. 5, we find

ρ̇(t) = −Γ
2

(n̄+ 1)[σ+σ−ρ(t) − σ−ρ(t)σ+] − Γ

2
n̄[ρ(t)σ−σ+ − σ+ρ(t)σ−]

+
Γ

2
m̄[ρ(t)σ+σ+ − σ+ρ(t)σ+] +

Γ

2
m̄[σ+σ+ρ(t) − σ+ρ(t)σ+] + adj. ,

(17.61)

which is valid provided the bandwidth of the squeezed vacuum is large com-
pared to Γ . This equation is set in a frame rotating at the atomic frequency ω.
Since the spin-flip operators have the same time dependence in this picture,
we have σ+σ+ = σ−σ− = 0, σ+σ− = σa, and σ−σ+ = σb. This simplifies
(17.61) to

ρ̇(t) = −Γ
2

(n̄+ 1)[σaρ(t) − σbρaa(t)] − Γ

2
n̄[ρ(t)σb − σaρbb(t)]

−Γm̄σ+ρba(t) + adj. (17.62)

The equation of motion for the dipole matrix element ρab is given by 〈a|ρ̇|b〉,
that is, in the absence of other interactions by

ρ̇ab = −Γ
(
n̄+

1
2

)
ρab − Γm̄ρba . (17.63)

The complex conjugate of this equation is

ρ̇ba = −Γ
(
n̄+

1
2

)
ρba − Γm̄∗ρba . (17.64)

Similarly, the probability equations of motion are given by

ρ̇aa = −ρ̇bb = −Γ (n̄+ 1)ρaa + Γ n̄ρbb ,

which gives
ρ̇aa − ρ̇bb = −Γ (2n̄+ 1)(ρaa − ρbb) − Γ . (17.65)

In the limit of a zero temperature reservoir (n̄ = m̄ = 0, no squeez-
ing), these equations give standard pure radiative decay (γ = 1/T2 = 1

2Γ ).
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However, for a nonzero-temperature squeezed reservoir, the dipole decay con-
stant splits into two constants, one each for the quadratures of minimum and
maximum variance. To see this, we write the corresponding Bloch-vector
components as

U = ρabeiφ + c.c. , (17.66)
V = iρabeiφ + c.c. , (17.67)

where m̄ = |m̄|e−2iφ and the difference component W is given as usual by
ρaa − ρbb. Using (17.63, 17.64), we find

U̇ = −Γ
(
n̄+ |m̄| + 1

2

)
U = −γuU , (17.68)

V̇ = −Γ
(
n̄− |m̄| + 1

2

)
V = −γvV . (17.69)

According to (17.58), the maximum squeezing is given by

|m̄| =
√
n̄(n̄+ 1) � n̄+

1
2
− 1

8n̄
. (17.70)

Hence for sufficiently large n̄, the decay constant γv can be squeezed arbi-
trarily close to zero. This gives a T2 that is arbitrarily large compared to the
corresponding T1, which violates the inequality T2 ≥ 2T1 valid for unsqueezed
reservoirs. While γv is squeezed to a small value, γu and γw both become large.
Figure 17.5 illustrates how pump/probe spectra in a squeezed bath can be
much sharper than in an unsqueezed (normal) vacuum. Note that since the

Fig. 17.5. Pump probe spectra in an unsqueezed vacuum from (9.17) and in a
squeezed vacuum with γ− = .92γ+
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UV phase is chosen here by the phase of the squeezed variance, the full Bloch
equations contain real and imaginary parts of the electric-dipole interaction
energy. In general semiclassical calculations involving such squeezed vacua
are more easily carried out using ρab rather than U and V [see, for example,
An and Sargent (1989)].

Problems

17.1 Calculate the variance of d1 of (17.3) in a) a number state, b) a coherent
state. Calculate the variance of the number operator for c) a number state,
d) a coherent state, e) a thermal state.

17.2 Calculate |〈αS†(ζ)aeiθS(ζ)|α|2 using (17.13). Show that your result ex-
ceeds the unsqueezed value of αα∗.

17.3 Calculate the expectation value of the photon number operator a†a
in the squeezed state S(ζ)|α〉. Note that the photon number increases with
increased squeezing and that the squeezed vacuum has a nonzero photon
number.

17.4 Using Cramer’s rule, solve (16.40) for S−−(s). Answer: −C1/g
2, where

C1 is given by (17.30).

17.5 Solve the matrix equation of Prob. 16.2 for S++(s). Answer: −D∗
1/g

2,
where D1 is given by (17.31).

17.6 Show that the second second-order integral in (15.21) is given by (17.32).
Hint: the derivation is an extension of that for (16.53).

17.7 Show using the generalized Einstein relation (15.117) and the quantum
coupled-mode equations (17.39, 17.40) that the multiwave-mixing diffusion
matrix is given by (17.52).

17.8 Using the master equation (17.60), calculate the equations of motion
for 〈a〉 and 〈a†a〉 in a squeezed vacuum.

17.9 Write the Bloch equations for a squeezed vacuum including the contri
butions for the electric-dipole interaction energy. Hint: add appropriate terms
to (17.63, 17.64), and use (17.66, 17.67).

17.10 Write the Langevin Bloch equations in a squeezed vacuum correspond-
ing to (16.9). Answer: [here γ± = 1

2 (γu ± γv)]

Ṡ+ = −(γ+ − iδ)S+ − γ−S− − 2iV∗
2Sz + F+(t) , (17.71a)

Ṡz = −Γ
(
Sz +

1
2

)
+ iV∗

2S− − iV2S+ + Fz(t) , (17.71b)

Ṡ− = −(γ+ + iδ)S− − γ−S+ + 2iV2Sz + F−(t) . (17.71c)
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17.11 Describe the physics illustrated by the following figure (I2 is varied
from 1 to 30, and Γ = γ = 1, i.e., not pure radiative decay):



18 Cavity Quantum Electrodynamics

In Chap. 14, we interpreted spontaneous emission in terms of the irreversible
emission of a photon into the free space modes of the electromagnetic field,
accompanied by a transition of the atom from an upper to a lower electronic
state. As already hinted at in that chapter, this description of spontaneous
emission is not general, and spontaneous emission is not an intrinsic atomic
property: rather, it can be modified by tailoring the electromagnetic environ-
ment that the atom radiates into. This was first realized by Purcell, who noted
that the spontaneous emission rate can be enhanced for an atom placed inside
a cavity with one of its modes resonant with the transition under considera-
tion. Kleppner later on discussed the opposite case of inhibited spontaneous
emission. It is also recognized that spontaneous emission can be replaced by a
periodic exchange of energy between the atom and the electromagnetic field,
as we have seen in the context of the Jaynes-Cummings model. Indeed, the
Schrödinger equation always leads to reversible dynamics. It is when the elec-
tromagnetic field is treated as a Markovian reservoir with no memory that
irreversibility is achieved in the derivations of Chaps. 14, 15. But qualita-
tively different types of dynamics can be achieved if the electromagnetic field
modes cannot be described in this simple way.

The purpose of this chapter is to discuss these effects in optical resonators.
These studies have now become experimentally possible, and form the core
of a subfield of quantum optics called cavity quantum electrodynamics, or
cavity QED in short. Cavity QED experiments offer the kind of exquisite
control that permits to explore in great details fundamental aspects of light-
matter interaction, but also to realize a number of Gedankenexperiments that
had long be thought to be impossible to realize in the laboratory. They also
offer an almost idea testing grounds for many ideas related to the emerging
field of quantum information science, including in particular quantitative
studies of entanglement and of decoherence. Exploring the Quantum, a book
by Haroche and Raimond (2006) beautifully covers a number of these recent
developments.

In this chapter we restrict our discussion to a few fundamental aspects
od spontaneous emission in resonators, ignoring in particular the very inter-
esting aspects of cavity QED having to do with the modification of radiative
level shifts in cavities. We also ignore collective effects that can take place
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in such situations, but briefly discuss the subtleties associated with the cor-
respondence between the light fields inside and outside the resonator. The
micromaser, which can be thought of as the cavity QED version of the laser,
is discussed in Chap. 19.

18.1 Generalized Master Equation
for the Atom-Cavity System

We assume that a single two-level atom is at rest inside a cavity of dimen-
sions sufficiently small that the axial mode frequency separation c/2L is large
compared to the atomic transition frequency ω. Under these conditions, and
neglecting the effects of transverse modes, the atom effectively interacts with
a single cavity mode of frequency Ω � ω. In the spirit of Chap. 15, we treat
the subsystem consisting of the atom coupled to the single cavity mode as
a small system, described by the Hamiltonian Hs = Ha + Hf + Haf , where
Ha is the atomic Hamiltonian, Hf is the cavity field mode Hamiltonian, and
Haf describes the electric dipole coupling between the atom and the cavity
field mode. We consider a standing-wave quantization scheme, so that the
electric dipole coupling is position-dependent, g(z) = −(℘EΩ/2�) sinKz see
(14.3). In a frame rotating at the cavity mode frequency, we have, therefore,

Hs = �δσz + �g sin(Kz)[aσ+ + a†σ−] , (18.1)

where δ = ω −Ω.
In addition to this Hamiltonian evolution, the small atom-cavity system

is also influenced by two dissipative processes: The first one is associated with
the coupling of the atom to the free-space electromagnetic background, and
the second one to the coupling of the cavity mode to the outside world via
mirror losses and diffraction, see Fig. 18.1. The first process is particularly
important in open cavities, and results in an incoherent decay of the excited
electronic state of the atom a la Weisskopf-Wigner, while mirror losses and
diffraction lead to the irreversible escape of cavity photons.

Due to the additive nature of these two decay mechanisms, the reser-
voir theory of Chap. 15 allows one to treat them straightforwardly: the small
atom-cavity mode system is coupled to two thermal reservoirs that model the
electromagnetic background and the mirror losses as continua of harmonic
oscillators. In the Born-Markov approximation, the coupling of the small
system to these two reservoirs is described by a master equation whose non-
hermitian part is the sum of two terms given by (15.31, 15.39), respectively.
Since the atom interacts only with a subset of the free-space modes deter-
mined by the solid angle over which the atom “sees” that background, the
free-space spontaneous emission rate Γ of (14.60) is now replaced by a new
rate Γ ′. At zero temperature, the master equation governing the dynamics
of the small system is, therefore,
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Fig. 18.1. Fabry-Pérot cavity with a standing-wave mode of frequency Ω. The
rates Γ ′ and κ account for atomic losses into the free space background and cavity
losses due to imperfect mirrors and diffraction, respectively

ρ̇s = − i
�
[Heffρs − ρsH†

eff ] + κaρsa
† + Γ ′σ − ρsσ+ , (18.2)

where
Heff = Hs + Hloss (18.3)

and
Hloss = − i�

2
[Γ ′σ+σ−κa

†a] , (18.4)

and we have used the decomposition of the master equation introduced in
the context of the Monte Carlo wave functions approach of Sect. 15.4.

Spontaneous emission involves the decay of an initially excited atom with
no photon in the cavity mode, so that

ψ(0) = |a, 0〉 . (18.5)

The Hamiltonian part of the small system evolution involves the exchange of
excitation between the atom and the cavity mode, but as we have seen in the
discussion of the Jaynes-Cummings model, the total number of excitations
in the system, one in the present case, remains constant. In contrast, the
coupling to the reservoirs involves an irreversible loss of excitation from the
small system. Consequently, there are only three relevant states involved in its
dynamics, the “one-quantum” states |a, 0〉 and |b, 1〉, and the “zero-quanta”
state |b, 0〉. Since the coupling between these two manifolds irreversibly pop-
ulates the zero-quanta subspace, we can follow an argument similar to that
of Sect. 15.4, and introduce the unnormalized one-quantum state

|ψ(t)〉 = Ca e−iδ/2|a, 0〉 + Cb eiδ/2|b, 1〉 . (18.6)

It is quite obvious from the form of the master equation (18.2) that the
evolution of this state is governed by the effective nonhermitian Schrödinger
equation



430 18 Cavity Quantum Electrodynamics

i�
d|ψ(t)〉

dt
= Heff |ψ(t)〉 . (18.7)

The corresponding equations of motion for the probability amplitudes Ca(t)
and Cb(t) are

dCa(t)
dt

= −(Γ ′/2)Ca(t) − igCb(t) , (18.8)

dCb(t)
dt

= (iδ − κ/2)Cb(t) − igCa(t) . (18.9)

For the closed cavities normally used in microwave experiments, e.g., in the
micromaser of Chap. 19, we have Γ ′ = 0.

At this point, it is useful to distinguish between two qualitatively different
regimes. In the first one the irreversible decay rates κ and Γ ′ dominate over
the dipole interaction between the atom and the cavity mode, whose strength
is given by g. This is traditionally called the weak coupling regime, or bad
cavity regime. In contrast, the strong coupling regime, or good cavity regime,
is characterized by the fact that the coherent interaction between the atom
and the cavity mode dominates over the irreversible decay mechanism(s). In
the closed cavities often used in microwave experiments, Γ ′ = 0, so that the
strong coupling regime corresponds to g 
 κ and the weak coupling regime
to g � κ. In contrast, most optical cavities encompass only a small fraction of
the free-space solid angle 4π, so that Γ ′ � Γ. In this case, the strong coupling
regime corresponds to g 
 Γ, κ and the weak coupling regime to g � Γ, κ.

18.2 Weak Coupling Regime

Formally integrating (18.9) yields readily

Cb(t) = −ig
∫ t

0

dt′ Ca(t′)e(iδ−κ/2)(t−t′) . (18.10)

Equations (18.8, 18.9) show that Ca(t) will be a slow variable provided that
g and Γ ′are small compared to |δ| + |κ|/2. Under these conditions, we can
evaluate Ca at t′ = t and remove it from the integral. The remaining integral
gives, for t
 κ−1,

Cb(t) =
ig

iδ − κ/2Ca(t) , (18.11)

and, after substitution of this expression into (18.8),

dCa(t)
dt

= −
[
(Γ ′/2) +

g2(κ/2 + iδ)
δ2 + κ2/4

]
Ca(t) . (18.12)

Hence, the upper electronic state population Pa(t) undergoes an exponential
decay at the rate Γ0 = Γ ′ + Γc where the cavity contribution to the decay
rate is
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Γc =
(

2g2

κ

)
1

1 + (2δ/κ)2
. (18.13)

The decay rate of the upper level is given by the sum of a “Vacuum field”
component Γ ′ and a cavity component Γc. In the free space limit κ→ ∞ and
Γ ′ → Γ it reduces as it should to the Weisskopf-Wigner result Γ.

Consider for simplicity the case of a closed cavity, Γ ′ = 0, and atoms at
resonance with the cavity field mode, δ = 0. Assume also that the atom is
at an antinode of the field mode, so that sin(Kz) = 1. Expressing the dipole
matrix element g is terms of the free-space decay rate Γ with the help of
(14.60) and introducing the quality factor of the resonator Q ≡ Ω/κ we have

Γmax =
3Q
4π2

(
λ2

V

)
Γ , (18.14)

where λ = 2πc/ω. For sufficiently high quality factors and transition wave-
lengths comparable to the cavity size, this expression predicts a considerable
enhancement of the spontaneous emission rate as compared to its free space
value.

Equation (18.13) also predicts an inhibition of spontaneous emission for
atoms far detuned from the cavity resonance frequency Ω. For instance, for
|δ| = ω we have for Q
 1

Γc � Γmax

(
1

4Q2

)
=

3
16π2Q

(
λ3

V

)
Γ . (18.15)

For large quality factors, it is, therefore, possible to almost completely switch
off spontaneous emission.

It may be useful at this point to make a general comment about the
dependence of the spontaneous emission rate on the cavity density of modes.
The mode structure depends on the boundary conditions imposed by the
cavity, and one may wonder how the atom can initially “know” that it is inside
a cavity rather than in free space. Is there some action at a distance involved,
and if not, what is the mechanism through which the atom learns about its
environment? The single-mode theory presented in this section doesn’t permit
to answer this question, since it doesn’t describe the effects of propagation
of wave packets along the cavity axis. Using a proper multimode theory,
Parker and Stroud (1987) and Cook and Milonni (1987) showed that there is
a simple answer to that question. In a real cavity, the initially excited atom
starts to decay while radiating a wavepacket in the form of a multimode field
that propagates away from it. Eventually, this field encounters the cavity
walls, which reflect it. The reflected field acts back on the atom, carrying
information about the cavity walls as well as about the state of the atom itself
at earlier times. Depending upon the phase of this field relative to that of the
atomic polarization, it will either accelerate or prevent the further atomic
decay. But for times shorter than the transit time between the atom and
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the cavity walls and back, it always decays at its free space rate. (Of course,
for extremely short times the atom doesn’t decay exponentially at all, as we
have seen in Chap. 14. The times we are talking about here are such that the
exponential decay of the upper electronic state is already established.)

Equations (18.14, 18.15) seem to indicate that a transition wavelength
comparable to the cavity size is necessary to obtain a significant enhancement
or inhibition of spontaneous emission. This turns out to be incorrect, however,
and results form an oversimplified description of the cavity modes neglecting
transverse effects. In particular, in the case of a confocal resonator of length
L, and for gaussian modes of waist w0 =

√
Lλ/π the possible wavelengths

are given by L = (q+1/4)λ/2, where q is an integer, and the mode volume is
v = πw2

0L/4 = (q + 1/4)2λ3/16. In this case, the wavelength dependence in
(18.14, 18.15) largely disappears, demonstrating that wavelength-size cavities
are not required in general to observe enhanced and inhibited spontaneous
emission.

18.3 Strong Coupling Regime

When the coupling constant between the atom and the cavity mode is so
strong that a photon emitted into the cavity is likely to be reabsorbed before
it escapes the resonator, a perturbative analysis of the coupling between the
atom and the cavity mode ceases to be justified. The general solution of (18.8,
18.9) for arbitrary Γ ′, κ and g is of the form

Ca(t) = Ca1 eα1t + Ca2 eα2t , (18.16)

where

α1,2 =
1
2

(
Γ ′

2
+
κ

2
− iδ

)
± 1

2

[(
Γ ′

2
+
κ

2
− iδ

)2

− 4g2
]2

(18.17)

and the constants Ca1 and Ca2 are determined from the initial conditions
Ca(0) = 1 and Cb(0) = 0. In the strong coupling regime g 
 Γ ′, κ these
exponents reduce to

α1,2 = −1
2

(
γ′

2
+
κ

2
− iδ

)
± ig . (18.18)

The amplitude of the imaginary part of the exponents (18.18) is much larger
than that of the real part, so that the evolution of the upper state population
will consist of oscillations at the vacuum Rabi frequency which slowly decay
in time. This dependence is illustrated in Fig. 18.2.

In this regime, the spectrum of spontaneous emission ceases to be a simple
Lorentzian, as is the case in the weak coupling regime or in free space. Rather,
a simple Fourier transform shows that this spectrum now consists of a doublet
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Fig. 18.2. Atomic excited state probability. The exponentially decaying curve is
for the weak coupling regime, and the damped oscillations correspond to the strong
coupling regime

of Lorentzian lines of equal widths (Γ ′ +κ)/4, and split by the vacuum Rabi
frequency 2g.

A simple physical interpretation of the spontaneous emission spectrum
can be obtained if one adopts the point of view that the atom-cavity mode
represents a single quantum system, and by analyzing its energy spectrum.
This is of course nothing but the dressed atom approach introduced in
Sect. 14.1. We have seen in that section that the eigenenergies of the dressed
states |1, n〉 and |2, n〉 are given by

E1n = �

(
n+

1
2

)
Ω +

1
2

�Rn ,

E2n = �

(
n+

1
2

)
Ω − 1

2
�Rn , (18.19)

where
Rn =

√
δ2 + 4g2(n+ 1) . (18.20)

Since the dressed states are eigenstates of the Jaynes-Cumming Hamil-
tonian, it follows from the master equation (18.2) that in the dressed states
basis, the only transitions induced by dissipation are between manifolds with
n excitations and manifolds with n− 1 excitations of the dressed atom spec-
trum; there are no transitions within a given manifold, or between man-
ifolds with excitation number differing by more than one. In addition, at
zero temperature there are no upward transitions from an n-quantum to
an (n + 1)-quantum manifold. For n > 1, four transitions are possible
between the n-quantum and (n − 1)-quantum manifold, corresponding to
|1, n〉 → |1, n−1〉, |2, n〉 → |2, n−1〉, |1, n〉 → |2, n−1〉 and |2, n〉 → |1, n−1〉.
These are of course the four transitions that lead to the resonance fluorescence
triplet of Chap. 16, see Fig. 16.4.
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But the situation is different in the case of spontaneous emission, since
the atom-cavity system is now initially in the one-quantum manifold, and
there are now only two allowed transitions, |1, 0〉 → |b, 0〉 and |2, 0〉 → |b, 0〉.
The frequencies of these transitions are −δ/2±R0, consistent with the result
of (18.18).

In is interesting to note that one can perform the spectroscopy of the
atom-cavity mode system, sometimes called the Jaynes-Cummings “mole-
cule”, in precisely the same way that one would proceed for a normal
molecule. For instance, one can apply the techniques of probe wave spec-
troscopy of Chap. 9, whereby the Jaynes-Cummings molecule is coupled to
a weak probe beam, that we take to be classical for simplicity. Under this
condition, the system Hamiltonian becomes

H(t) = Ha + Hf + Haf + V(t) , (18.21)

where
V(t) = −�gp(σ+ e−iνt + h.c.) (18.22)

is a time-dependent perturbation describing the coupling of the atom to the
probe field, and gp is the Rabi frequency associated with the probe. The
matrix elements of V(i) between the zero- and one-quantum manifolds of the
Jaynes-Cummings molecule are

〈b, 0|V(t)|1, 0〉 = −�gpeiνt sin θ0 ,
〈b, 0|V(t)|2, 0〉 = −�gpeiνt cos θ0 , (18.23)

Assuming that the atom-cavity system is prepared in its ground state |b, 0〉,
a situation corresponding to absorption spectroscopy rather than the sponta-
neous emission problem discussed so far, one can readily evaluate the power
P (ν) absorbed by the atom-cavity system. Obviously, P (ν) exhibits two reso-
nance lines at the frequencies corresponding to the energy differences between
|b, 0〉 and the two levels of the one-quantum manifold. The intensity of these
lines is proportional to sin2 θ0 and cos2 θ0, respectively, and their width is
given by the relaxation rates Γ10 and Γ20 the dressed states.

From (14.18), one has readily

tan 2θ0 = −2g
δ
. (18.24)

For δ/g 
 1 one has tan θ0 � θ0 = −g/δ, so that sin θ0 � −g/δ and cosθ0 � 1.
In this case, the dressed states coincide almost exactly to the bare states of
the system, specifically

|1, 0〉 � |b, 1〉 +
g

δ
|a, 0〉 ,

|2, 0〉 � −g
δ
|b, 1〉 + |a, 0〉 , (18.25)
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with corresponding eigenenergies

E10 � ω

2
+

�g2

δ
,

E20 � Ω − ω

2
− �g2

δ
. (18.26)

From these expressions, it follows that the state |1, 0〉 is predominantly atomic
in nature, with an energy close to that of the bare excited atom, while the
state |2, 0〉 is predominantly cavity-like with an energy close to Ω−ω/2. The
decay rate of the state |1, 0〉 is, therefore, roughly Γ10 � Γ ′, while Γ20 � κ.
Hence, in the large detuning regime the absorption spectrum of the Jaynes-
Cummings “molecule” consists of a strong “atomic” line slightly shifted from
its bare position by the coupling to the cavity mode, and a weak “field” line
slightly shifted from Ω. Clearly, the situation is just the reverse for negative
atom-field detunings.

At resonance δ = 0, the atom and cavity mode characters of the Jaynes-
Cummings molecule carry the same weight in their contributions to the fluo-
rescence or absorption doublet. In that case, the doublet is symmetrical, with
width equal to the mean of Γ ′ and κ. These results are summarized in Fig.
18.3, which shows the dependence of the probe absorption spectrum on the
detuning δ.

18.4 Velocity-Dependent Spontaneous Emission

So far, we have considered only the situation where an atom at rest sponta-
neously decays via the emission of a photon. In general, though, atoms are
not at rest, and we need to consider traveling atoms, either in free space or
in a resonator. In addition, we have neglected the fact that when a photon is
emitted the atom undergoes a recoil, a simple consequence of momentum con-
servation. This section discusses these aspects of spontaneous emission both
in free space and in resonators, and shows that specially in resonators, atomic
motion can lead to substantial changes in the way atoms spontaneously emit
light.

In order to properly account for energy and momentum conservation, the
master equation (18.2) must be modified to take into account the center-of-
mass motion of the atom. Our first goal is to derive this master equation,
using general conservation and invariance arguments. We proceed by recalling
that if atomic recoil is neglected, the master equation (18.2) implies that the
effects of spontaneous emission assume the simple form

ρ̇aa = −Γρaa , (18.27)

ρ̇ab = −Γ
2
ρab , (18.28)

ρ̇bb = +Γρaa . (18.29)



436 18 Cavity Quantum Electrodynamics

Fig. 18.3. Dependence of the probe absorption spectrum on the atom-field detun-
ing δ = ω − ω
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When atomic recoil is included, however, the density matrix elements ρij

become operator-valued instead of complex numbers, due to the inclusion
of the center-of-mass degrees of freedom in the fashion already discussed in
Chap. 6. Nonetheless, the depletion of the upper state population ρaa and of
the electronic coherence ρab must still be described by (18.27, 18.29). This
is because the decay of the excited state neither depends on the motional
state of the atom (Galilean invariance), nor can it change the momentum of
the excited atom (momentum conservation). The only modification appears,
therefore, in (18.29) for the electronic ground state population, as atomic
recoil leads to transitions between electronic states of different center-of-mass
momenta.

Indeed, an excited atom with momentum p decays into its ground state
with a shifted momentum p − �k. As we have seen in Chap. 6, such a shift
is conveniently expressed by the momentum shift operator exp(−ik · r̂), with

e−ik·r̂|p〉 = |p − �k〉 , (18.30)

see (6.36). Writing k = kn, where n is a unit vector along the direction of
emission of the spontaneously emitted photon, we have that the increase in
population in the electronic ground state associated with such an event is
given by dΓn exp[−ikn · r̂]ρaa exp[ikn · r̂], where

dΓn = ΓΦ(n)d2n (18.31)

is the differential rate of spontaneous emission in the n-direction, and we have
introduced the probability Φ(n)d2n of emission in an infinitesimal solid angle
d2n along n, normally given by the dipole radiation pattern. Integrating over
all directions yields

ρ̇bb =
∫

dΓn e−ikn·r̂ρaa eikn·r̂ . (18.32)

This result, combined with (18.27, 18.28), finally yields the master equation
describing spontaneous emission by a freely traveling atom as

ρ̇ = − i
�
[Heffρ− ρH†

eff ] + Γ
∫

d2nΦ(n) e−ikn·r̂σ − ρσ + eikn·r̂ , (18.33)

where the nonhermitian Hamiltonian Heff now includes the center-of-mass
kinetic energy,

Heff =
p̂2

2M
+ Ha − i�

Γ

2
σ+σ− . (18.34)

The evolution of the upper electronic state of the atom is given by the effective
Schrödinger equation

i�
d|φe(t)〉

dt
=

[
p̂2

2M
+

�

2
(ω − iΓ )

]
|φe〉 , (18.35)
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whose formal solution is

|φe(t)〉 = exp
[
−i
�

(
p̂2

2M
+

�ω

2

)
t− Γ

2
t

]
|φe(0)〉 , (18.36)

so that the upper state decay is still Γ. As required by the principle of Galilean
invariance, this decay rate is independent of the center-of-mass state of the
atom.

In contrast to the free space situation, the coupling of an atom in a cavity
to the electromagnetic field modes is dependent on its location. In that case,
Galilean invariance is broken, and spontaneous emission can in particular
become position-dependent. To see how this works, we consider again the
situation of an atom coupled to a single cavity mode. In addition, it is also
coupled to the free-space electromagnetic field modes associated with the
fact that we consider an open cavity, and the cavity field mode is coupled to
a reservoir of harmonic oscillators to describe mirror and diffraction losses.
Under these conditions the master equation (18.33) becomes

ρ̇ = − i
�
[Heffρ−ρH†

eff ]+Γ
∫

d2nΦ′(n) e−ikn·r̂σ−ρσ+ eikn·r̂+κaρa† , (18.37)

where we now have, in a frame rotating at the frequency Ω of the cavity field
mode

Heff =
p̂2z
2M

+�δσz +�g cos(Kẑ)(a†σ−+h.c.)−i�
Γ ′

2
σ+σ−−i�

κ

2
a†a . (18.38)

Here, we consider a one-dimensional problem for simplicity, and p̂z and ẑ
describe the center-of-mass motion of the atom, with [ẑ, p̂z] = i�. Considering
an atom entering the resonator with an initial velocity v0, it is convenient to
move to a frame moving at that velocity. This can be achieved by application
of a Galilean boost

Gv0 = e(iv0/�)[p̂zt−ẑM ] . (18.39)

Using the Baker-Hausdorff relation (13.56) and the commutation relation
(3.8), one finds easily that

Gv0 p̂
2
zG

†
v0

= (p̂z −Mv0)2 ,
Gv0 ẑG

†
v0

= ẑ − v0t . (18.40)

As should be the case, we recognize p̂z −Mv0 as the particle momentum in
the frame moving at velocity v0 and ẑ− v0t as the position of the particle in
that frame.

We consider only the strong-coupling regime of cavity QED, and neglect
for simplicity the effects of matter-wave diffraction by ignoring the kinetic
energy term in the atomic Hamiltonian Ha. This is the equivalent of the
Raman-Nath approximation of Chap. 6, and is a well justified approximation
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in the present case provided that Mv0 
 �K. In this case, the major effect
of the atomic motion is to replace the vacuum Rabi frequency g(x) by a
time-dependent coupling constant

g(t) = g sin(Kx0 + ωdt) , (18.41)

where
ωd = Kv0 (18.42)

is nothing but the Doppler shift experienced by the atom as it moves along the
cavity. Of course, this result could have been guessed without going through
the mathematical steps we just outlined, but the present method presents the
advantage of being completely general and would also apply, for instance, if
one wishes to include recoil effects.

Having effectively eliminated the center-of-mass degrees of freedom in
the Raman-Nath approximation, we can as before concentrate on the one-
quantum manifold of the atom-cavity system. In the present case, (18.8, 18.9)
become

dCa(t)
dt

= −(Γ ′/2)Ca(t) − ig sin(ωdt)Cb(t) , (18.43)

dCb(t)
dt

= (iδ − κ/2)Cb(t) − ig sin(ωdt)Ca(t) , (18.44)

where we have taken x0 = 0 for concreteness.
In general, these equations are not amenable to an analytical solution. At

resonance δ = 0 and in absence of losses, however, we find readily

Ca(t) = cos[(g/ωd) cos(ωdt)] ,
Cb(t) = −i sin[(g/ωd) cos(ωdt)] . (18.45)

It is useful to re-express Ca(t) in terms of Bessel functions as

Ca(t) = J0(g/ωd) +
∞∑

q=1

(−1)qJ2q(g/ωd) cos(2qωdt) . (18.46)

This expansion shows that the upper state probability |Ca(t)|2 develops an in-
finite number of sidebands separated by the Doppler shift ωd. These sidebands
are most readily visible for velocities such that ωd is smaller than or compa-
rable to the vacuum Rabi frequency g. For v 
 gc/Ω the contributions of the
Bessel functions of order larger than zero become increasingly negligible, and
the atom remains in its upper state for all times. This is because when this
condition is met the Doppler shift leads to a large effective detuning δeff = ωd

between the atomic transition frequency and the field mode frequency. For
decreasing velocities, the J2 Bessel function first becomes effective, leading
to population oscillations at 2ωd. Higher-order harmonics become important
as v is further increased. In the case Γ ′ = κ,Ca(t) becomes simply
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Ca(t) = e−κ/2 cos[(g/ωd) cos(ωdt)] . (18.47)

It is interesting that we can interpret

A(t) ≡ (g/ωd) cos(ωdt) (18.48)

as the “Vacuum area” associated with the atom-cavity coupling. We recall
that the “pulse area” of coherent optics measures the effective strength of
the atom-field coupling, and that a 2π pulse, for example, leaves an atom in
the electronic state it was it at the beginning of its interaction with the field.
Similarly, the “Vacuum area” is a measure of the effective coherent coupling
between the vacuum mode and the atom as it flies through the resonator.
This vacuum area will reappear in the discussion of the micromaser of the
final chapter, and lead to the appearance of trapping states of the field.

18.5 Input–Output Formalism

In Sect. 18.1 we mentioned that in general, a minimum of two reservoirs need
to be considered when describing the dynamics of atoms inside a cavity. The
first one describes the coupling of the atoms to the electromagnetic back-
ground, and the second one the coupling of the cavity modes to the outside
world via mirror losses and diffraction. In many situations, though, the treat-
ment of the outside field as a thermal reservoir is not quite sufficient. This is
for example the case when an outside field is injected inside the resonator, or
when we wish to make measurements on the outside field to determine the
intracavity dynamics. (We encountered such a example in the discussion of
two-mode squeezing of Sect. 17.3.) In such situations, it is necessary to treat
the outside field explicitly. Collett and Gardiner (1984) have developed an
input-output formalism that permits to do just that.

As in Chap. 15, our starting point is the Hamiltonian (15.1)

H = Hs + Hr + V (18.49)

where Hs describes now the dynamics of intracavity mode and Hr is the
Hamiltonian of the external field modes. They are coupled by the interaction
Hamiltonian

V = �

∫
dνg(ν)

[
b(ν)a† + ab†(ν)

]
, (18.50)

which is the continuum limit form of of (15.4), with

[b(ν), b†(ν′)] = δ(ν − ν′) . (18.51)

We have not specified explicitly the limits of integration over frequencies, but
it is a good approximation to extend them to ±∞ in the following, much like
in the Weisskopf-Wigner theory of spontaneous emission.
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The Heisenberg equations of motion for the operators a(t) and b(ν, t) are

ȧ(t) =
i
�
[Hs, a] − i

∫
dνg(ν)b(ν, t) , (18.52)

ḃ(ν, t) = −iνb(ν, t) − ig∗(ν)a(t) . (18.53)

Formally integrating the second of these equations gives, see also (15.64),

b(t) = b(ν, t0)e−iν(t−t0) − ig�(ν)
∫ t

t0

dt′a(t′)e−iν(t−t′) , (18.54)

where t0 < t. Alternatively, we may also express b(t) as

b(t) = b(ν, t1)e−iν(t−t1) + ig�(ν)
∫ t−1

t

dt′a(t′)e−iν(t−t′) , (18.55)

with t1 > t. Physically these two forms of b(t) correspond to solving the
Heisenberg equations of motion in terms of boundary conditions that de-
scribe“input fields,” for t > t0, and of “output fields,” for t < t1. Inserting
the solution (18.54) into (18.52) gives

ȧ(t) =
i
�
[Hs, a(t)] (18.56)

− i
∫

dνg(ν)b(ν, t0)e−iν(t−t0) −
∫

dν|g(ν)|2
∫ t

t0

dt′a(t′)e−iν(t−t′) .

As in the Weisskopf-Wigner theory of spontaneous emission of Sect. 14.3 and
in Chap. 15 we assume that g(ν) is approximately independent of frequency
over the frequency range interest, and set

|g(ν)|2 = κ/2π . (18.57)

With the relation ∫ ∞

−∞
dνe−iν(t−t′) = δ(t− t′) (18.58)

the third term on the right-hand side of (18.57) can then be interpreted like
in system-reservoir theory as describing the decay of the intracavity field at
rate κ/2.

The second term on the right-hand side is more interesting. In Sect. 15.3
we interpreted it as a noise operator, but in the present context it describes
more generally the effect on the intracavity field of the outside field at some
initial time t0, that is, of the input field

ain(t) ≡ − 1√
2π

− i
∫

dνb(ν, t0)e−iν(t−t0) . (18.59)

The factor of 1/
√

2π in this expression guarantees that the input field satisfies
bosonic commutation relations,
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[ain(t), a†in(t′)] = δ(t− t′) , (18.60)

as can easily be verified with (18.58). We then obtain the evolution of the
intracavity field a(t) as

ȧ(t) =
i
�
[Hs, a(t)] −

κ

2
a(t) +

√
κain(t) , (18.61)

where the term that was interpreted as a noise operator in Chap. 15, see
(15.68), appears now explicitly as the input field. Similarly, we may relate
a(t) to the output field

aout(t) ≡
1√
2π

− i
∫

dνb(ν, t1)e−iν(t−t1) (18.62)

as
ȧ(t) =

i
�
[Hs, a(t)] −

κ

2
a(t) −

√
κaout(t) . (18.63)

Subtracting (18.63) from (18.61) relates the input and output fields to the
intracavity field as

aout(t) + ain(t) =
√
κa(t). (18.64)

It is possible to gain considerable additional insight into the relationship
between intracavity and output fields in case the dynamics of a(t) is linear.
In that case, the corresponding Heisenberg equations of motion can be cast
in the simple form

ȧ(t) = Aa(t) − κ

2
a(t) +

√
κain(t) , (18.65)

where

a =
[
a
a†

]
ain =

[
ain
a†in

]
, (18.66)

and A is a 2×2 matrix.
Taking the Fourier transform of this equation to get

[A + (iν − κ/2)1] a(ν) = −
√
κain(ν) , (18.67)

and combining this result with a similar equation relating a(ν) to aout(ν)
yields then

aout(ν) = − [A + (iν + κ/2)1] [A + (iν − κ/2)1]−1 ain(ν). (18.68)

For the case of a simple harmonic oscillator

Hs = �Ωa†a (18.69)

this gives finally
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a(ν) =
√
κ

κ/2 + i(Ω − ν)ain(ν) , (18.70)

and

aout(ν) =
κ/2 − i(Ω − ν)
κ/2 + i(Ω − ν)ain(ν) , (18.71)

indicating that the transmission function is a Lorentzian of width κ/2, as
expected. Walls and Milburn (11994) discuss the application of the input-
output formalism to a number of quantum optics situations, including the
spectrum of squeezing, the parametric oscillator, and laser fluctuations.

Problems

18.1 Show that the Galilean boost operator Gv ≡ exp[(iv/�)(p̂zt − ẑM)]
transforms

p̂2z → (p̂z −Mv)2 ,
ẑ → ẑ − vt .

18.2 We consider a three-level system with two ground states |g1〉 and |g2〉
of degenerate energies and an excited state |e〉. This system interacts with
two counterpropagating laser beams with selection rules such that one of the
lasers couples only |g1〉 and the other only |g2〉 to |e〉, with an interaction
Hamiltonian

H = �g(|e〉〈g1|e−iKz − |e〉〈ge|eiKz) + h.c. .

Neglecting for now the center-of-mass motion of the atoms as well as spon-
taneous emission, show that one can introduce two new states |ψc〉 =
(1/

√
2)(|g1〉 − |g2〉) and |ψnc〉 = (1/

√
2)(|g1〉 − |g2〉), which are such that

only |ψc〉 is coupled to the excited state |e〉. Generalize to the case where
the center-of-mass motion of the atoms is taken into account, considering the
one-dimensional situation for simplicity.

18.3 Considering the same situation as in the preceding problem, show
that when the kinetic energy of the atoms is taken into account, it couples
the states |ψc〉(p) = (1/

√
2)(|g1, p + �K〉 − |g2, p − �K〉) and |ψnc〉(p) =

(1/
√

2)(|g1, p + �K〉 + |g2, p − �K〉) with a matrix element proportional to
the velocity of the atom.

18.4 If the excited electronic state is now allowed to spontaneously decay,
describe in words a way in which atoms can be trapped in the state |ψnc(p =
0)〉. This is the basis of a very successful method of atomic cooling called
Velocity Selective Coherent Population Trapping, developed by Aspect et al.
(1988).

18.5 Consider a two-level atom of transition frequency ω placed in a loss-
less single mode cavity of frequency Ω and a spatially varying vacuum Rabi
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frequency g(R). Determine the local eigenstates and eigenenergies of that
system. Considering specifically the nonresonant case |δ| 
 g0, where g0 is
the maximum vacuum Rabi frequency, expand the eigenenergies in powers of
g
√
n+ 1/δ to find the energy shifts of the upper and lower atomic levels due

to the presence of n photons in the cavity. (Hint: this is a simple extension
of the dressed atom results of Chapter 14.)

Since the total energy of the atom-cavity system (dressed atom energy +
kinetic energy of the atom), these eigenenergies can be thought of as “po-
tential energies”, so that the cavity field produces a force on the atom. Show
that in the vacuum limit n = 0, this force still exists, but only for the excited
electronic state |e〉. Show that this force is repulsive for δ > 0 and attractive
for δ < 0, attracting the atom toward the cavity center [for g(R) maximum
at center.]

18.6 Generalize the input-output formalism of Sect. 18.5 to the case of a
two-sided cavity with input fields ain(t) on the left-hand side and bin(t) on
the right-hand side, and corresponding mirror loss rates κ1 and κ2. Show that
in that case we have

ȧ(t) =
i
�
[Hs, a(t)] −

1
2
(κ1 + κ2)a(t) +

√
κ1ain(t) +

√
κ2bin(t). (18.72)

Show also that in case Hs = �Ωa†a the relationship between the internal and
external field spectra is

a(ν) =
√
κ1ain(ν) +

√
κ2bin(ν)

(κ1 + κ2)/2 + i(Ω − ν) . (18.73)
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This is the last chapter of this book, and the fourth that applies the quantum
theory of the interaction of radiation with matter developed in Chaps. 13–15.
So far, our treatment of quantized field-matter interactions has concentrated
mostly on situations where the quantized field acts as a noise source: under
these conditions the nonlinear atomic response originates from a classical
driving field, while the effects of the quantized modes are treated linearly. A
notable exception was the Jaynes-Cummings model and cavity QED, where
the Hamiltonian can be diagonalized exactly and hence, the quantized mode
is treated to all orders.

In general, it is an extremely complex task to handle fully quantized
atom-fields problems to all orders. This is because the Heisenberg operator
equations of motion lead to an infinite hierarchy of differential equations for
the moments of the operators, and it is usually not clear how to truncate
such hierarchies. Oftentimes, a useful strategy is to handle the build-up of
fields from noise quantum mechanically until a time when the excitation
becomes macroscopic and one can somehow make a transition to a classical
description. Such strategies have been useful, for example, in the theory of
superfluorescence, the collective emission of radiation from an ensemble of
atoms [see Haroche and Raimond (1985)].

This chapter treats the quantum theory of the laser, a device where the
quantum field can become strong enough to saturate the atomic medium
and linearization procedures are not sufficient. The semiclassical theory of a
laser (Chap. 7) predicts that if a laser mode has zero amplitude, it will con-
tinue to have zero amplitude. Some kind of noise must be added to start the
modes oscillating. Physically, the source of such noise is spontaneous emis-
sion. Spontaneous emission also ultimately prevents the width of the laser
line from vanishing. As compared to the semiclassical theory, the quantum
theory of the laser permits us to predict numerous new properties such as
its photon statistics, its linewidth, and the build-up from spontaneous emis-
sion of one and two modes. We begin in Sect. 19.1 by presenting the theory
of a micro-maser. While resonance fluorescence and squeezing involve lin-
ear quantum mechanical fluctuations, which do not depend on the photon
number explicitly, the micromaser problems can involve nonlinear quantum
effects involving what might be called the granular, i.e., n-dependent, nature
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of the field. Unfortunately only relatively simple cases can be treated analyt-
ically and some of the most interesting effects require substantial numerical
computations.

The single mode laser problem has much in common with the micromaser,
and we show how that theory can be manipulated to describe these more
conventional lasers in Sect. 19.2. The laser involves an interaction of quantized
field modes with atoms and various media as depicted in Fig. 19.1. Hence,
we use an extension of the system-reservoir formalism of Chap. 15 to derive
a master equation for the laser mode density matrix.

Fig. 19.1. Block diagram showing atom and field systems interacting with their
reservoirs

We describe the steady-state laser photon statistics using variations of
the Scully and Lamb (1967) theory. The statistics are similar to those for
the micromaser subject to Poisson injection times, and comparing these two
situations helps shed light on the origin of properties of laser light. The
laser linewidth is derived by applying the quantum regression theorem to the
laser field Langevin equation. It is discussed in Sect. 19.3. It is due almost
completely to phase fluctuations, which unlike the amplitude fluctuations are
not restrained by a steady-state operating point. However, by changing the
saturation, amplitude fluctuations can induce index changes that, in turn,
yield phase shifts that contribute significantly to the linewidth.

The onset of multimode operation discussed semiclassically in Chap. 11
is given by an answer to the question, can more than one mode oscillate?
This leads to sidemode equations of motion, which also describe resonance
fluorescence, that is, the emission spectrum of an atom in the presence of a
strong single-mode field. Section 19.4 outlines a quantized sidemode theory
based on the quantum Langevin method of Sects. 16.4, 17.2, here including
a pump term to obtain gain. The sidemodes are assumed to be sufficiently
weak that they cannot, by themselves, saturate the response of the medium.

To simplify the discussion, we assume in this chapter that the lower laser
state is the ground state of the atom, such as in a ruby laser. This is also the



19.1 The Micromaser 447

level configuration typically used in resonance fluorescence. The correspond-
ing single-mode atom-field levels are depicted in Fig. 19.2. A more general
derivation including the present scheme as well as systems with two excited
states has been given by Sargent et al. (1985). This approach takes place in
the Schrödinger picture, revealing the interplay of atom-field density matrix
elements.

Fig. 19.2. Atom-field level scheme for a quantum theory of the laser. The upper
atomic level decays to a ground-state lower level with decay constant Γ . To obtain
laser action, a pump process is included to pump ground state atoms to the upper
laser level. This model is appropiate for lasers like the ruby laser

19.1 The Micromaser

A number of interesting atom-field interactions can be studied with very
highly excited atoms known as Rydberg atoms. These hydrogen-like atoms
have special properties such as long wavelength and large dipole moments as
discussed by Gallas et al. (1985) that allow the experimental investigation of
such simple quantum mechanical models as the Jaynes-Cummings problem
of Sects. 14.1, 14.2, and the micromaser discussed in this section.

We consider a single-mode resonator into which excited two-level atoms
are injected at a rate low enough that at most one atom at a time is inside
the resonator. There, they interact with the cavity mode, which is taken to
be in the microwave region, hence the name maser. The low density beam is
required to avoid collective atomic radiative effects such as superradiance. In
addition, we assume that the atom-field interaction time τ is much shorter
than the cavity damping time Q/ν, so that the relaxation of the resonator
field mode can be ignored while an atom is inside the cavity. The strategy to
describe the maser is then straightforward [Filipowicz et al. (1986)]: while an
atom flies through the cavity, the coupled field-atom system is described by



448 19 Quantum Theory of a Laser

the Jaynes-Cummings Hamiltonian, and during the intervals between succes-
sive atoms the evolution of the field is governed by the master equation of a
harmonic oscillator damped by a thermal bath, as discussed in Sect. 15.1.

The Jaynes-Cummings Hamiltonian is given by (14.10) with Ω replaced
by ν to match the laser notational convention,

H =
1
2

�ωσz + �νa†a+ �(gσ+a+ σ−a†) . (19.1)

We have seen in Sect. 14.2 that this model is exactly solvable, and the effect
of the time evolution operator U(t) = exp(−iHt/�) on an arbitrary initial
state is known.

At time ti, the ith atom enters the cavity containing the field described by
the reduced density operator ρ(ti). At this time, the density operator ρaf (ti)
of the combined atom-field system is simply the outer product of ρ(ti) and
the initial atomic density operator ρa(ti). After the interaction time τ the
atom exits the resonator, and leaves the field in the state described by the
reduced density operator return map

ρ(ti + τ) = tratom{U(τ)ρaf (ti)U−1(τ)} ≡ F (τ)[ρ(ti)] , (19.2)

where tratom stands for the trace over the atomic variables. This equation
defines the operator F (τ), which we use to simplify the notation.

In the interval between ti + τ and the time ti+1 at which the next atom
is injected, the field evolves at rate ν/Q toward a thermal steady state with
a temperature-dependent mean photon number n̄, its evolution given by the
master equation of a damped harmonic oscillator given by (15.31) with γ
replaced by ν/Q,

ρ̇ ≡ L[ρ] = − ν

2Q
(n̄+ 1)[a†aρ(t) − aρ(t)a†]

− ν

2Q
n̄[ρ(t)aa† − a†ρ(t)a] + adj . (19.3)

Here the evolution operator L is called the Liouvillian operator. At the time
ti+1 the field density matrix is given by

ρ(ti+1) = exp(Ltp)F (τ)ρ(ti) , (19.4)

where tp = ti+1−ti−τ � ti+1−ti is the time interval between atom i leaving
the resonator and atom i + 1 entering it. The problem remains to find how
the L and F operators change the field density operator ρ(ti).

Suppose that the field density matrix is initially diagonal in the energy
representation and that an atom in the upper level is injected inside the
resonator. The reduced density operator of the field then remains diagonal
in time, that is, 〈n|ρ|n′〉 = pnδn,n′ we can restrict our considerations to the
diagonal elements pn. The initial atom-field density operator is
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ρaf (ti) = |a〉〈a| ⊗
∑

n

pn(ti)|n〉〈n| . (19.5)

In the course of time the Hamiltonian couples |an〉 and |bn+1〉. Tracing over
the atomic states, we find the field reduced density operator

ρ(ti + τ) =
∑

n

pn(ti)[|Can(τ)|2|n〉〈n|

+ |Cbn+1(τ)|2|n+ 1〉〈n+ 1|] . (19.6)

Identifying the diagonal element pn, we find

pn(ti + τ) = [1 − Cn+1(τ)]pn(ti) + Cn(τ)pn−1(ti) , (19.7)

where using (14.26), we find

Cn(τ) =
4ng2

(ω − ν)2 + 4ng2
sin2

[
1
2

√
(ω − ν)2 + 4ng2τ

]
. (19.8)

Similarly for atoms injected in the lower level, we have

pn(ti + τ) = [1 − Cn(τ)]pn(ti) + Cn+1(τ)pn+1(ti) . (19.9)

The diagonality of the field is preserved during its decay, so that the master
equation of (19.3) can be restricted to its diagonal elements as for (15.35)

ṗn = − ν

Q
(n̄+ 1)[npn − (n+ 1)pn+1]

− ν

Q
n̄[(n+ 1)pn − npn−1] . (19.10)

Under these conditions, successive iterations of (19.7) or (19.9) eventually
yield a diagonal steady-state field density matrix ρst which is the solution of
this equation with ρ(ti+1) = ρ(ti). Note that this is not a “true” steady-state,
but rather a steady-state of the quantum mechanical return maps (19.7, 19.9).
Physically, it corresponds to a situation where the same field repeats at the
precise instants when successive atoms exit the cavity.

For simplicity, we assume that the atoms enter the cavity according to
a Poisson process with mean spacing 1/R between events, where R is the
atomic flux. We want to average over the random times tp between events.
Since ρ(ti) in (19.4) depends only on earlier time intervals, it is statistically
independent of the current exp(Ltp), and we can factor the average of (19.4)
as

〈ρ(ti+1)〉 = 〈exp(Ltp)〉F (τ)〈ρ(ti)〉

= R

∫ ∞

0

dtp exp[−(R− L)tp]F (τ)〈ρ(ti)〉

=
R

R− LF (τ)〈ρ(ti)〉 . (19.11)
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Here we have averaged the damping operator exp(Ltp) over an exponential
distribution of the intervals between atoms with the average rate of injection
R.

With the injection of a succession of atoms inside the cavity, the stochastic
average of the field density matrix evolves toward a steady state ρ̄ satisfying
the relation

R[1 − F (τ)]ρ̄ = Lρ̄ . (19.12)

The matrix element 〈n|F (τ)ρ̄|n〉 is given by (19.7, 19.9) for atoms injected in
the upper and lower levels, respectively. The damping contribution 〈n|Lρ̄|n〉
is given by (19.10). Substituting these contributions into the nth diagonal
element of (19.12), we find a three-term recursion relation for the occupation
numbers p̄n ≡ 〈n|ρ̄|n〉 similar to (15.35) in steady state. We can express this
relation in the form

Sn = Sn+1 , (19.13)

where

Sn ≡ [nAn + n̄nν/Q]p̄n−1 − [nBn + (n̄+ 1)nν/Q]p̄n . (19.14)

Here the coefficients An and Bn are given by

An =
4Rag

2

(ω − ν)2 + 4ng2
sin2

[
1
2

√
(ω − ν)2 + 4ng2τ

]
, (19.15)

Bn =
4Rbg

2

(ω − ν)2 + 4ng2
sin2

[
1
2

√
(ω − ν)2 + 4ng2τ

]
, (19.16)

and Rα is the rate at which atoms are injected into level α (= a or b). In
steady state S1 must vanish, which with (19.13) implies that Sn = 0 for all
n. Equation (19.14) then gives the ratio of successive occupation numbers

p̄n =
n̄ν/Q+ An

(n̄+ 1)ν/Q+ Bn
p̄n−1 ,

that is,

p̄n = p̄0
n∏

k=1

n̄ν/Q+ Ak

(n̄+ 1)ν/Q+ Bk
. (19.17)

The normalization condition Σnp̄n = 1 determines p̄0. Equation (19.17) is the
central result of this section. The sin x/x character of An and Bn causes the
micromaser to exhibit a number of features that are absent in the conventional
lasers discussed in Sect. 19.2.

Features of the Photon Statistics

Since the intracavity field always remains diagonal, the photon statistics
(19.17) contain all information about the single-time statistical properties
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of the steady-state field reached by the micromaser. Figure 19.3 shows the
normalized average photon number

\ ≡ 〈n〉/Na =
∑

n

np̄n/Na (19.18)

in which Na = RaQ/ν, as a function of the dimensionless pump parameter
Θ

Θ =
1
2

√
Nagτ . (19.19)

We show later on that Θ plays the role of a pump parameter for the micro-
maser.

The two curves correspond to Na = 20 and 200 with Nb = 0, and the
number of thermal photons is n̄ = 0.1. A common feature to all cases is that \
is nearly zero for small Θ, but a finite \ (and 〈n〉) emerges at the threshold
value Θ = 1. For Θ increasing past this point, \ first grows rapidly, but then
decreases to reach a minimum at about Θ � 2π, where the field abruptly
jumps to a higher intensity. This general behavior recurs roughly at integer
multiples of 2π, but becomes less pronounced for increasing Θ. Finally, a
stationary regime with \ nearly independent of Θ is reached. Outside the
time scale of Fig. 19.3 there is additional structure reminiscent of the Jaynes-
Cummings revivals.

The number and in particular the sharpness of the features in the photon
number depend on Na. At the onset of the field around Θ = 1 the func-

Fig. 19.3. Normalized average number of photons \ from (19.18) vs the pump
parameter Θ of (19.19) with Na = 20 and 200, and Nb = 0. The number of thermal
photons is n̄ = 0.1
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tion \ (Θ) essentially does not depend on Na if Na 
 1, but the subsequent
transition becomes sharper for increasing Na. In the limit Na → ∞, this
hints at an interpretation of the first transition in terms of a continuous
phase transition, while the others are similar to first-order phase transitions
[see Guzman et al. (1989)].

It is possible to give a simple interpretation of the first transition (thresh-
old) of the micromaser in terms of a gain/loss argument similar to that in
Chap. 7. In the spirit of a “rate equation” analysis, one would expect the
average number of photons in the cavity mode to be governed by an equation
of the form (κ = ν/Q)

d
dt

〈n〉 = κNa sin2

(
1
2
g
√
〈n+ 1〉τ

)
− κ〈n〉 . (19.20)

The first term in (19.20) is the gain due to the change in atomic inversion as
deduced from the Rabi oscillations formula, where we have used (19.15) and
th “+1” accounts for spontaneous emission into the resonator mode, while the
second term describes cavity losses (here Nb = 0). The possible mean photon
numbers 〈n〉 are approximately given by the stable stationary solutions of
(19.20). For Θ � 1 the only solution for the field is 〈n〉 � Θ2 � 1. The
maser threshold occurs when the linearized (stimulated) gain for 〈n〉 � 0
compensates the cavity losses:

κNa
d

d〈n〉 sin2(g
√
〈n〉τ/2)|〈n〉=0 � κNa(gτ)2/4 = κ , (19.21)

which reduces precisely to the threshold value Θ = 1 obtained from the
exact photon statistics (19.17). This justifies interpreting Θ = 1 as the pump
parameter of the micromaser.

Figure 19.4 shows the normalized standard deviation

σ ≡ (〈n2〉 − 〈n〉2)1/2

〈n〉1/2
(19.22)

of the photon distribution as a function of Θ for Na = 200 and n̄ = 0.1. Above
the threshold Θ = 1, the photon statistics is first strongly super-Poissonian,
with σ � 4. (Poissonian photon statistics would yield σ = 1.) Further super-
Poissonian peaks occur at the position of the subsequent transitions. In the
remaining intervals if Θ, σ is typically of the order of 0.5, a signature of the
sub-Poissonian nature of the field. These predictions have been verified by
Rempe et al. (1990).

Figure 19.5 shows the photon statistics (19.17). For Θ = 3π, clean sub-
Poissonian photon statistics emerge, whereas, for 15π the distribution has
three peaks. Far above threshold, the micromaser does not tend toward the
Poissonnian photon statistics typical of the conventional single-mode, homo-
geneously broadened lasers described in Sect. 19.2.
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Fig. 19.4. Normalized deviation σ of (19.22) vs. Θ

Fig. 19.5. Steady-state photon statistics p̄n for Na = 150, n̄ = 0.1, and values of
the pump parameter Θ varying logarithmically from 0.7 to 18

The temperature dependence of the micromaser steady state illustrates
particularly simply the difference between the effects of quantum and thermal
noise. To see this, note that the zeros of (19.8) imply the existence of number
states |ng〉 that cause successive atoms to experience 2qπ pulses, where q is
an integer, during their interaction time τ . For example, on resonance the
zeros are given by g(nq + l)1/2τ = 2qπ. These trapping states, which prohibit
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the growth of the cavity field past them, result from the coherent nature of
the atom-field interaction. Competing with their action is dissipation, which
leads to an incoherent transfer of population between the cavity mode levels.
According to (19.10), for finite n̄, this dissipation transfers population both
upward (n→ n+1) and downward (n+1 → n). Hence, thermal fluctuations
allow the micromaser to jump past the trapping states and rapidly wash out
their effects. In the limit n̄→ 0 (T → 0), however, (19.10) reduces to

ṗn = − ν
Q

[npn − (n+ 1)pn+1] , (19.23)

so that dissipation only causes downward transitions. In contrast to thermal
fluctuations, vacuum fluctuations alone do not permit the growth of the maser
past the trapping states. In this limit, we can expect remnants of these states
to appear in the steady-state properties of the maser.

Figure 19.6 shows the normalized steady-state mean photon number \ =
〈n〉/Na given by (19.18) for Na = 50 with n̄ = 10−7, as a function of the
micromaser pump parameter Θ = 1

2

√
Nagτ . The “resonances” in the \ (Θ)

curve are easily interpreted in terms of the trapping condition which becomes,
in terms of the parameters Na and Θ,

Na

Θ2
=
nq + 1
q2π2

. (19.24)

For fixed Na, the successive resonances in Fig. 19.6 correspond to values of
Θ such that decreasing Fock states |n〉 become trapping states with q = 1.

We anticipate the results of Sect. 19.2 to emphasize that the photon statis-
tics of the microscopic maser exhibits features alien to ordinary masers and
lasers: The field is typically strongly “nonclassical”, where by classical we
mean a field with a positive-definite P (α) distribution. It has no particular
tendency, even far above threshold, of being Poissonian, and extra phase tran-
sitions take place when the pump parameter is increased. Section 19.2 shows
that these differences originate in the fact that the micromaser possesses
less stochasticity and noise than macroscopic masers and lasers for which
the atom-field interaction is terminated by exponential atomic decays rather
than a transit time. As a result, the coherence of the quantum-mechanical
light-matter interaction is lost or averaged over in conventional lasers, and
the purely quantum-mechanical effects appearing in micromasers are largely
lost.

19.2 Single Mode Laser Master Equation

In the micromaser it was essential to assume that at most one atom at a time
is present inside the resonator. If that condition is not fulfilled, one must in
principle take into explicit account the cooperative dynamics of the atoms.
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Fig. 19.6. Normalized mean photon number \ = 〈n〉/Na as a function of the pump
parameter Θ for n̄ = 10−7

This is because in the high-Q microwave cavities used in these experiments
the radiation wavelength is comparable to the dimensions of the cavity, and
hence all atoms “see” a common electromagnetic field. Hence such systems
are well suited for studying the collective dynamics of atoms interacting with
the electromagnetic field, such as superfluorescence and superradiance [see
Haroche et al. (1985)]. In conventional lasers, these effects are neglected on
the ground that in the optical regime the atoms move more or less randomly
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over distances large compared to the wavelength of the field and the collective
effects are averaged out. Even at reasonably large densities, it is a good
approximation to assume that the atoms respond independently.

To obtain an equation of motion for the photon-number probability for
a field interacting with atoms we can convert the atomic contributions of
(19.7, 19.9) to a coarse-grained time derivative similar to that in (15.20) by
the equation

ṗn =
pn(ti + τ) − pn(ti)

τ
, (19.25)

where τ is the cavity transit time. Adding the electric-dipole contributions of
(19.7, 19.9) and the cavity loss contributions of (19.10), we have the photon-
number equation of motion

ṗn = −(n+ 1)
[
An+1 +

ν

Q
n̄

]
pn + (n+ 1)

[
Bn+1 +

ν

Q
(n̄+ 1)

]
pn+1

+n
[
An +

ν

Q
n̄

]
pn−1 − n

[
Bn +

ν

Q
(n̄+ 1)

]
pn , (19.26)

where the coefficients An and Bn are given by (19.15). Equation (19.26)
has the general form of (15.35) and describes photon number probability
flows similar to those in Fig. 15.1. With the coefficients of (19.15), (19.26)
describes a maser or laser for which the transit time through the cavity is
short compared to the atomic decay times. Since (19.26) is based on a coarse-
grained derivative, it is valid provided the change in pn during the transit
time is sufficiently small and that the atoms act independently, that is, not
collectively. We have seen how to solve this kind of equation in steady state
in Sect. 15.1. As we see in Sect. 19.3, the corresponding steady-state photon
statistics are given by (19.17).

In typical lasers, atoms are excited to their initial states within the cav-
ity and they decay due to spontaneous emission and collision processes. The
decay times are often short compared to the times over which the field mode
amplitudes vary appreciably, so that we may still be able to use a coarse-
grained derivative. The contribution of the atoms is then given by averag-
ing over their lifetimes. For simplicity, we suppose that only one lifetime is
needed, which we call γ−1, and we average the coefficients An and Bn in
(19.15) using the function γ

∫
dτe−γτ . In this average we extend the upper

limit to ∞, since that adds a negligible amount and simplifies the result. This
gives

An =
RaR

2(1 + nR)
, (19.27)

Bn =
RbR

2(1 + nR)
, (19.28)

where the dimensionless rate constant
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R = 4|g/γ|2L(ω − ν) , (19.29)

and the dimensionless Lorentzian

L(ω − ν) =
γ2

γ2 + (ω − ν)2 . (19.30)

Note that (19.27, 19.28) no longer have the zeroes given by the sin2 factors in
(19.15, 19.16). This effect of the “granular” nature of the field is eliminated
by the averaging process.

Before analyzing (17.26), it is instructive to recalculate it by solving the
atom-field dynamics directly using a density matrix. This allows us to read-
ily treat two-level systems with upper-to-ground-lower-level decay and with
a pump from the ground to the excited state (see Fig. 19.2). The results have
the correct form to describe still more complicated relaxation and pumping
schemes. This technique can also be generalized to treat multimode phenom-
ena such as resonance fluorescence, sidemode buildup, and quantum four-
wave mixing. As a fringe benefit, it also shows how the single-mode semiclas-
sical density-matrix equations of motion follow from fully quantal equations.

In the interaction picture at the frequency ν, the total Hamiltonian de-
scribing the laser system of Fig. 19.1 is

H = �(ω − ν)σz + [�gaσ+ + adjoint] + pump/decay terms . (19.31)

We wish to find the equation of motion for the photon-number probability
pn ≡ ρnn, where as before ρ is the reduced density matrix for the field mode.
This is given by the trace over the atoms of the atom-field density matrix

pn ≡ ρnn = ρan,an + ρbn,bn . (19.32)

Hence to find ṗn, we need ρ̇an,an and ρ̇bn,bn. In the interaction picture at
frequency ν with the pump/decay scheme of Fig. 19.2 the atom-field density
matrix elements have the equations of motion

ρ̇an,an = −Γρan,an + Λρbn,bn

− [iVan,bn+1ρbn+1,an + c.c.] , (19.33)
ρ̇bn+1,bn+1 = Γρan+1,an+1 − Λρbn+1,bn+1

+ [iVan,bn+1ρbn+1,an + c.c.] , (19.34)
ρ̇an,bn+1 = −[γ + i(ω − ν)]ρan,bn+1

+ iVan,bn+1(ρan,an − ρbn+1,bn+1) , (19.35)

where γ is the dipole decay constant (≡ 1/T2), and Van,bn+1 = g
√
n+ 1. Note

that while (19.33–19.35) look semiclassical, they describe quantized transi-
tions between quantized atom-field levels. The decay and pump terms result
from tracing the complete density matrix over the corresponding reservoirs.
Hence (19.33–19.35) describe a reduced density matrix. Taking the time rate
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of change of the trace (19.32) and using (19.33, 19.34), we have the equations
of motion for the probability of having n photons

ρ̇ = ρ̇an,an + ρ̇bn,bn

= −iVan,bn+1ρbn+1,an + iVan−1,bnρbn,an−1 + c.c. . (19.36)

This reduces the problem to finding the dipole density-matrix element
ρbn+1,an. The derivation is almost the same as for the semiclassical case in
Sect. 5.1. Although derived for the simple level scheme of Fig. 19.2, (19.36)
is valid for two-level interactions with arbitrary decay and pumping contri-
butions, since these contributions inevitably cancel out in the trace (19.32).
Using the trace in (19.32) to eliminate Λρbn,bn in (19.33) and Γρan+1,an+1 in
(19.34), we find

ρ̇an,an = Λpn − (Γ + Λ)ρan,an − [iVan,bn+1ρbn+1,an + c.c.] , (19.37)
ρ̇bn+1,bn+1 = Λpn+1 − (Γ + Λ)ρbn+1,bn+1

+ [iVan,bn+1ρbn+1,an + c.c.] . (19.38)

As in the semiclassical theory of Chap. 5, we suppose that the atoms
react quickly compared to variations in the field amplitude. Hence, we can
solve (19.35, 19.37, 19.38) in steady state by setting the time rates of change
equal to zero [note that more generally these atom-field equations include the
cavity damping terms that lead to the ν/Q terms in (19.52)]. The steady-state
solution to the dipole (19.35) is

ρan,bn+1 = −iVan,bn+1D(ω − ν)[ρan,an − ρbn+1,bn+1] , (19.39)

where the complex Lorentzian denominator

D(ω − ν) = 1/(γ + i(ω − ν)) . (19.40)

Similarly, subtracting (19.38) from (19.37) and solving in steady-state, we
find the probability difference

ρan,an−ρbn+1,bn+1 = Napn−Nbpn+1−2T1[iVan,bn+1ρbn+1,an+c.c.] , (19.41)

where the unsaturated probabilities of being in the upper and lower levels
are given by

Na = ΛT1, Nb = ΓT1 , (19.42)

the dimensionless rate constant

R = 4|g|2T1T2L(ω − ν) , (19.43)

and the probability-difference decay time

T1 = 1/(Γ + Λ) . (19.44)
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Substituting the complex conjugate of (19.39) into (19.41), we find

ρan,an − ρbn+1,bn+1 =
Napn −Nbpn+1

1 + (n+ 1)R
. (19.45)

Substituting this into (19.39), we obtain the complex electric-dipole term

ρan,bn+1 = iVan,bn+1D(ω − ν)
[
Napn −Nbpn+1

1 + (n+ 1)R

]
. (19.46)

Substituting this, in turn, into (19.36) and including the cavity loss contribu-
tions, we once again find (19.26), this time with An and Bn given by (19.27,
19.28), in which Rα is given by

Rα = Nα/T1 . (19.47)

In fact with appropriate definitions of T1, Na, and Nb, (19.26–19.28), and
(19.47) describe two-level systems with arbitrary relaxation and pumping
schemes. For two excited laser levels, the Nb term comes from excitation to
the lower laser level.

Reduction to Semiclassical Equations of Motion

We can recover the semiclassical density-matrix equations of motion used
in Chap. 5 directly from (19.33–19.35). To this end on the RHS of these
equations, we factor the atom-field density matrix as

[
ρan,am ρan,bm

ρbn,am ρbn,bm

]
= ρnm

[
ρaa ρab

ρba ρbb

]
. (19.48)

Substituting this into (19.33) and tracing over n, we find the semiclassical
equation of motion (5.32)

ρ̇aa = −Γρaa + Λρbb − [iVabρba + c.c.] , (5.32)

where Vab = g〈a〉, which is in an interaction picture rotating at the frequency
ν, and 〈a〉 is the expectation value for the mode annihilation operator. Clas-
sically, it corresponds to 1

2℘E/g. Similarly, we find ρ̇bb = −ρ̇aa and

ρ̇ab = −[γ − i(ω − ν)]ρab + iVab[ρaa − ρbb] , (19.50)

which is an interaction-picture version of (5.9). The steady-state solutions
to these equations are given simply by setting (5.32, 5.50) equal to zero,
instead of using an integrating factor as in (5.9). The results are the same
as for (5.9, 5.32). We see that a fundamental approximation used to obtain
the semiclassical equations of motion is to factorize the atom-field density
matrix. This implies neglecting the correlations that develop between these
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systems over time, and hints at the fact that even more important than
strong fields, the concept of time scales is essential to the validity of the
semiclassical approximation. Indeed, we have seen that the Jaynes-Cummings
model of Chap. 14 never reaches a semiclassical limit, regardless of the field
intensity. This is because no mechanism exists to destroy the correlations
built by the quantum dynamics between the atom and the field mode. In the
laser problem, an important consequence of the factorization Ansatz is that
it eliminates the terms that can lead to a nonzero laser linewidth.

19.3 Laser Photon Statistics and Linewidth

In this section, we solve the laser master equation (19.26) in steady-state
to determine the laser photon statistics, and then use this same equation
to find the equation of motion for the average number of photons, 〈n〉. The
calculations are simplified by noting that (19.26) can be written as

ṗn = −(n+ 1)A′
n+1pn + (n+ 1)B′

n+1pn+1 + nA′
npn−1 − nB′

npn , (19.51)

where

A′
n = An + n̄ν/Q and B′

n = Bn + (n̄+ 1)ν/Q . (19.52)

We solve the set of photon-number probabilities in steady state (ṗn = 0)
using the principle of detailed balance discussed in Sect. 15.1. This states
that for a steady state to occur, the flow of probability from pn to pn−1 has
to equal the flow from pn−1 to pn for all values of n. Specifically, we set

B′
npn = A′

npn−1 , (19.53)

which is the same as setting Sn = 0 in (19.14). Similarly, solving for pn by
iteration, we recover (19.17)

pn = p0
n∏

k=1

n̄ν/Q+ Ak

(n̄+ 1)ν/Q+ Bk
. (19.17)

Here p0 is a normalization factor that can be determined by setting Σnpn = 1.
For optical frequencies, we can usually set the average thermal photon number
n̄ = 0. Further using An and Bn given by (19.27, 19.28) with (19.47), we find

pn = p0
n∏

k=1

Na

Nb + 2T1(R−1 + k)ν/Q
. (19.54)

It is instructive to examine this photon distribution way below, at, and
way above the laser threshold. Way below threshold, Na � Nb + 2T1ν/QR.
Hence, p1 � p0 and in general pn � pn−1. This implies that the photon
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numbers of interest are sufficiently small that the k in the denominator of
(19.54) can be dropped. This gives the approximate distribution

pn = p0xn = (l − x)xn , (19.55)

where x = Na/(Nb + 2T1ν/QR). This is the exponential decay formula of a
thermal distribution and is illustrated by the solid-line curve in Fig. 19.7.

Fig. 19.7. Graph of steady-state solution of (19.54) for exitation below (solid line),
at (dot-dashed line), and above (dashed line) threshold. Nb was taken to be zero

At threshold, Na = Nb + 2T1ν/QR. The k in the denominator of (19.54)
then causes pn < pn−1 for all n. For small n, the multiplicative factors in
(19.54) are nearly unity, so the function of n gradually starts to fall off.
For larger values of n, the +k term begins to dominate leading to a rapid
decay as shown by the dot-dashed line in Fig. 19.7. Way above threshold,
Na 
 Nb + 2T1ν/QR. Hence for small n, pn < pn+1, and the distribution
increases as a function of n. For the n yielding Na = Nb +2(R−1 +n)T1ν/Q,
the distribution tops out and then starts to decrease as shown by the dashed
line in Fig. 19.7.

We can write the distribution (19.54) in terms of a factoral function as

pn =
p0

(n+ C)!

[
Na

2T1(ν/Q)

]n+C

, (19.56)

where C = R−1 +Nb/2T1(ν/Q). Using the identity n = n+ C − C, we find
that the average number 〈n〉 given by (19.56) is
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nss =
∑

n

npn = p0
∑

n

n+ C − C
(n+ C)!

[
Na

2T1(ν/Q)

]n+C

=
Na −Nb

2T1ν/Q
− 1 − p0

R
. (19.57)

Far above threshold, the values of n’s around nss are much larger than C.
Hence in this limit, we can write (19.56) as

pn =
e−〈n〉〈n〉n

n!
, (19.58)

that is, a Poisson distribution. Thus a single-mode laser way above threshold
radiates a state with the photon statistics of a coherent state. However, this
radiation is not a pure state: Due to the finite laser linewidth, the phase dif-
fuses away, yielding a “phase-diffused” coherent state, i.e., one with unknown
phase.

Taking the time rate of change of the average photon number

〈n(t)〉 =
∑

n

npn(t) , (19.59)

we find

d
dt

〈n〉 =
∑

n

nṗn = −
∑

n

[A′
n+1(n

2 + n) − B′
n(n2 − n)

− A′
n+1(n

2 + 2n+ 1) + B′
nn

2]pn

=
∑

n

(A′
n+1 − B′

n)npn +
∑

n

A′
n+1pn

� (A− B − ν/Q)〈n〉 + A + n̄ν/Q , (19.60)

where in the last equality we approximate An+1 and Bn by their semiclassical
values (exact for a coherent state)

A =
RNa

2T1(1 + 〈n〉R)
and B =

RNb

2T1(1 + 〈n〉R)
. (19.61)

This approximation is good if the average number of photons is peaked around
〈n〉, which we have seen to occur for a laser above threshold, or if 〈n〉 � 1,
which is true for a laser below threshold. For very large 〈n〉 the A + n̄ν/Q
factor in (19.60) can be neglected. The steady-state value is then determined
by setting A− B = ν/Q, which gives (19.57).

The classical dimensionless laser intensity is given by

In = 〈n〉R . (19.62)

Hence, (19.60) is just a quantum intensity equation of motion. Unlike the
semiclassical equation of motion (7.20), (19.60) builds up even if 〈n〉 is ini-
tially 0. This is due to the presence of the A + n̄ν/Q term, which is the
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sum of spontaneous emission and nonzero-temperature cavity contributions.
Substituting (19.44, 19.61) through (19.62) into (19.60), we recover the semi-
classical equation (7.20) plus the spontaneous emission coefficient A+ n̄ν/Q.
The saturation factor S(In) found is given by the unidirectional formula
(7.16).

The steady-state solution of (19.60) gives the alternate formula for the
steady state photon number

nss =
Na −Nb

4T1κ
− 1

2R
±

√[
Na −Nb

4T1κ
− 1

2R

]2

+
Na

2T1κ
. (19.63)

Figure 19.8 compares the + value of this formula to the semiclassical value
given by (19.57) with 1− p0 � 1, and to the quantum value given by (19.59)
with pn of (19.54). We see that both quantum values predict a substantial
average photon number at threshold, while the classical value starts up from
zero at threshold. Equation (19.63) overestimates nss, due to the second term
of the radicand, but this term allows the formula to give more accurate values
near threshold. For larger photon numbers, this difference is smaller.

Laser Linewidth

From the Wiener-Khintchine theorem, the laser linewidth is given by the
width of the real part of the complex spectrum

Fig. 19.8. Steady-state photon number nss given by the + value of (19.63) (dashed
curve), the semiclassical value (dot-dashed line) given by (19.57) with 1 − p0 � 1,
and the quantum value (solid line) given by (19.59) with the pn of (19.54)
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S(s) =
∫ ∞

0

dt e−st〈a†(t)a(0)〉 . (19.64)

As for resonance fluorescence in Chap. 16, we find this spectrum by applying
the quantum regression theorem to the Langevin equation for a quantized
field mode interacting with a medium described by a gain operator α(t).
This equation is

ȧ(t) = [α(t) − v]a(t) + f(t) , (19.65)

where a(t) and f(t) are slowly-varying annihilation and noise operators, re-
spectively, the complex cavity-loss coefficient is

v =
ν

2Q
+ i(Ω − ν) , (19.66)

whereΩ is the cavity resonance frequency, and ν is the self-consistent field fre-
quency. Equation (19.65) is essentially the semiclassical equation (7.5) written
as an operator equation, which includes the noise operator, f(t). In general
the complex gain α(t) is an operator that is saturated by the number oper-
ator a†(t)a(t). In other respects, we allow α to be an arbitrary operator, so
that (19.65) applies to lasers in general, including those with two-level and
semiconductor media.

To obtain the traditional laser linewidth most quickly, we consider the case
for which the complex gain α is real. Its value is then completely determined
by solving the photon number equation of motion (19.60) written as

d
dt

〈n〉 = 2〈αr − vr〉〈n〉 + A + n̄
ν

Q
(19.67)

in steady state. This gives the saturated gain

〈αr〉 = vr −
A + n̄ν/Q

2nss
, (19.68)

which is slightly less than the cavity loss, due to the reservoir fluctuations.
Substituting (19.68, 19.65) into (19.64), we find the spectrum

S(s) =
nss

s+ (A + n̄ν/Q)/2nss
, (19.69)

which gives a FWHM laser linewidth of

Δν =
A + n̄ν/Q
nss

. (19.70)

At threshold and with atoms injected only into the upper state, A equals
ν/Q and at optical frequencies n̄ � 0, which gives the value Δν � ν/Qnss

often seen in literature.
More generally, we suppose that the saturated gain α is complex. It is

convenient to write (19.65) as
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ȧ(t) = [αr(t) − vr][1 + iβ(t)]a(t) + f(t) , (19.71)

where αr(t) − vr = Re{α− v} and

β(t) =
αi(t) − vi
αr(t) − vr

. (19.72)

In principle, (19.71) is sufficiently general to determine the laser linewidth
subject only to the approximation that the medium follows the field fuctu-
ations adiabatically.

A general calculation of the laser linewidth is quite lengthy and even
then not entirely satisfying. Indeed, it is not at all a trivial task to find
the operator α(t) in general! Consequently, we restrict our discussion to two
simple semi-heuristic derivations that seem to contain the most important
physical features. First we suppose that we can split the complex gain term
in (19.71) into two parts, one for which α is independent of the fluctuations
(pure phase fluctuations) and the other for which the fluctuation dependence
is given by a first-order Taylor series so that

ȧ(t) = 〈αr(t) − vr〉[1 + i〈β(t)〉]a(t) +
∂α

∂n
δna(t) + f(t) . (19.73)

For small number fluctuations Δn, we approximate β by

β =
〈αi〉 − vi +ΔαiΔn

〈αr〉 − vr +ΔαrΔn
� Δαi

Δαr
, (19.74)

where Δαr and Δαi are the semiclassical real and imaginary changes in α
brought about by a linear change in the saturation. For example, from (5.27),
a homogeneously broadened two-level medium has the value

β = −(ω − ν)/γ . (19.75)

Substituting (19.68) into (19.73) gives

ȧ(t) = − (A + n̄ν/Q)(1 + iβ)
2nss

a(t) +
∂α

∂n
δna(t) + f(t) . (19.76)

Inserting this into (19.64), neglecting the δn term for the moment, and using
the quantum regression theorem, we readily find

S(s) =
nss

s+ (A + n̄ν/Q)(1 + iβ)/2nss
, (19.77)

which gives the laser linewidth of (19.70). In this approximation, the β con-
tribution amounts to a tiny frequency shift.

In reaching (19.77), we explicitly neglected contributions resulting from
fluctuation-induced saturation changes represented by the δn term in (19.76).
This approximation amounts to including fluctuation components that change
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the field phase directly, but neglecting those in the field intensity. Most no-
tably, in semiconductor lasers the intensity fluctuations cause a larger con-
tribution to the laser linewidth by changing the saturation, which in turn
momentarily modifies both the index and the gain. During the time that
such a fluctuation relaxes back to zero, the index change causes the instanta-
neous field phasor to rotate at a slightly different frequency, thereby giving a
random phase shift. This frequency change is analogous to that of the atomic
dipole induced by a van der Waals collision (see Sect. 4.2), which leads to a
broadening of the natural linewidth (decrease in the dipole decay time T2),
except that here the intensity-induced frequency fluctuations enhance the
laser linewidth. Although according to (19.76) intensity fluctuations can lead
directly to a small increase in the linewidth, the coupling of the intensity
fluctuations to the phase via index changes is potentially much larger.

To estimate the laser linewidth including this intensity/phase coupling,
we use an essentially classical argument similar to that of Henry (1982). In
Fig. 19.9, we see how the instantaneous field phasor is shifted by a fluctuation
of length 1, which corresponds to spontaneous emission. In terms of this
figure, the reduction of the linewidth by the 1/nss factor can be understood
by noting that fluctuations of constant average magnitude add to a field
phasor amplitude proportional to

√
nss. Hence the ability of the fluctuations

to rotate the field phasor is inversely proportional to
√
nss. This corresponds

to a linewidth inversely proportional to nss.

Fig. 19.9. Diagram showing how the instantaneous field phasor is changed by
a field fluctuation. Fluctuation components perpendicular to the phasor cause no
change in saturation and hence no index change, while those parallel to the phasor
induce a change in saturation and hence in index
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The linewidth is due to primarily to phase fluctuations, so that we ap-
proximate the annihilation operator as

a(t) = a0 eiφ(t) , (19.78)

where a0 is the steady-state field expectation value. A phase fluctuation Δφi

shifts a(t) by the multiplicative factor exp(i/Δφi). Similarly to the T2 dis-
cussion of Sect. 4.2, an average of a(t) over the Gaussian random phase shift
Δφi is given by

a(t) = a0 exp[iφ(0)]〈exp(iΔφi)〉av = a0 exp[iφ(0)] exp[i〈Δφi〉av−〈(Δφi)2〉av] ,

where av indicates an average over the field fluctuations. If these phase fluctu-
ations occur at the sum of the spontaneous emission and thermal fluctuation
rates, A + n̄ν/Q, this gives

a(t) = a0 exp[iφ(0)] exp{(A + n̄ν/Q)t[i〈Δφi〉av − 〈(Δφi)2〉av]} , (19.79)

The phase shift Δφ caused by the ith fluctuation is given by

Δφi = Δφ′i +Δφ′′i , (19.80)

where Δφ′i is the direct contribution

Δφ′i =
sin θi√
nss

, (19.81)

and Δφ′′i is the contribution resulting from index changes caused by intensity
fluctuations. Applying the law of cosines to the triangle in Fig. 19.9, we find
that the intensity component of the ith fluctuation is given by

Δni = 1 + 2
√
nss cos θi . (19.82)

To relate this change to Δφ′′i , we write (7.9) in terms of the imaginary part
of the complex gain coefficient as

ν + φ̇ = Ω + αi , (19.83)

We suppose that the oscillation frequency ν is pulled an amount given by αi

in the absence of a fluctuation. Then φ̇ is the value due to a change Δαi

φ̇ = Δαi = β(αr − vr) , (19.84)

where we continue to approximate β by the semiclassical value of (19.74).
Comparing (19.84) with the photon-number equation of motion (19.67) (with-
out the quantum source terms and the averages), we find that

dφ
dt

=
β

2nss

dn
dt
.
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Integrating both sides of this equation over time and using (19.82), we find
the saturation-coupled random phase shift

Δφ′′i =
β

2nss
Δni =

β

2nss
(1 + 2

√
nss cos θi) . (19.85)

The first term in this expression gives a value of 〈Δφi〉av that leads to the
tiny frequency shift in (19.77). The total second-order phase shift due to the
ith fluctuation is given by

〈(Δφi)2〉 =
〈(sin θi + β cos θi)2〉

nss
.

Since the angle θi is random, the cross terms average to zero leaving

〈(Δφi)2〉 =
1 + β2

2nss
. (19.86)

Substituting this value into (19.79) and the result into (19.64), we find the
complex spectrum

S(s) =
nss

s+ (A+n̄ν/Q)[1+iβ+β2]
2nss

, (19.87)

which gives a FWHM linewidth of

Δν =
(A + n̄ν/Q)(1 + β2)

2nss
. (19.88)

The 1 + β2 contribution is called the linewidth enhancement factor. While
(19.75) shows that this factor is typically very small for homogeneously broad-
ened two-level media, it can be important for semiconductor lasers, provided
that they operate in a region with significant mode pulling. Note that this
theory uses plane waves; the full story for semiconductor diode lasers should
include transverse field variations and other effects such as injection-current
fluctuations.

19.4 Quantized Sidemode Buildup

To consider the buildup of a sidemode in the presence of a strong classical
laser mode and to determine the resonance fluorescence spectrum, we gen-
eralize the quantized probe absorption discussion of Sect. 16.4 to include a
pump to transform the atoms into a gain medium. The equation of motion
(16.9b) for the population-difference operator is given by

Ṡz = −(Γ + Λ)Sz −
1
2
(Γ − Λ) + iV∗

2S− − iV2S+ + Fz(t) , (19.89)
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hence Γ is replaced bt Γ + Λ in the B matrix of (16.27, 16.33), and Γ is
replaced by Γ−Λ in (16.40, 16.41). This then yields the sidemode coefficients

A1 =
g2D1

1 + I2L2

[
I2L2

2
+Na

− I2
γ

2
F
D1

[
I2L2

2 +Na

]
+ D∗

2(Na −Nb)
[
1 + Λ−Γ

iΔ

]

1 + I2F γ
2 (D1 + D∗

3)

]
, (19.90)

B1 =
g2D1

1 + I2L2

[
I2L2

2
+Nb

− I2
γ

2
F
D1

[
I2L2

2 +Nb

]
−D∗

2(Na −Nb)
[
1 − Λ−Γ

iΔ

]

1 + I2F γ
2 (D1 + D∗

3)

]
, (19.91)

where Dn is given by (9.8), L2 by (9.10), I2 = |℘E2/�|2T1T2 and F(Δ) is
given by

F(Δ) =
1

1 + iT1Δ
. (19.92)

T1 is defined in (19.44), and Na and Nb are given by (19.42). Including the
cavity loss ν/Q1 for mode 1, we generalize (16.54) to the sidemode master
equation

ρ̇ = −A1(ρa1a
†
1 − a

†
1ρa1) − (B1 − ν/2Q)(a†1a1ρ− a1ρa

†
1) + adj. (19.93)

The A1 and B1 coefficients can also be derived in the Schrödinger picture
using the level scheme of Fig. 19.10. While this approach requires more alge-
bra, it reveals how the atom-field quantum levels are mixed by the multimode
interactions (see Prob. 19.12).

We are primarily interested in the build-up of the sidemode 1, which can
be described by the average photon number 〈n1〉 = Σn1n1pn1 . With (19.93)
we readily find the equation of motion

Fig. 19.10. Atom-field, level scheme for two-wave mixing
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d
dt

〈n1〉 = (A1 −B1 − ν/2Q1)〈n1〉 +A1 + c.c. , (19.94)

which resembles the single-mode equation (19.60). A combination of the net
gain (A1 −B1 − ν/2Q1) and resonance fluorescence (A1 + c.c.) spectra tells
us which sidemode frequencies might build up in a laser cavity. As discussed
in Chaps. 11,17, typically two sidemodes collaborate in building up in the
presence of a central mode. We have seen how these more complicated mixing
problems provide ways to generate squeezed states of light.

Problems

19.1 Consider the Jaynes-Cummings model

H =
1
2

�ωσz + �ωa†a+ �g(a†σ− + aσ+) .

Show that a†a + 1
2σz is a constant of motion. Determine the mean field

intensity as a function of time. Assume that the field is initially in a coherent
state |α〉 and the atom in the upper state pa(0) = 1, so that

pa(t) = exp(−|α|2)
∑

n

|α|2n

n!
cos2(g

√
n+ 1t) .

19.2 Show for the atoms injected in the lower level that pn(ti + r) is given
by (19.9).

19.3 Calculate pn of (19.17) for an inhomogeneously broadened medium.
Hint: see Sect. 12.1 on optical nutation.

19.4 Calculate pn of (19.17) for a sufficiently weak interaction that first-order
perturbation theory is valid. Evaluate the product explicity and identify the
kind of distribution you find.

19.5 Show that an average over exponential decay in (19.17) yields the An

and Bn coefficients of (19.27, 19.28).

19.6 Calculate the off-diagonal elements ρnm(ti + τ) corresponding to the
diagonal elements given by (19.7, 19.9). Assume an arbitrary initial field
value ρnm(ti). What happens if ρnm(ti) = 0 for n �= m?

19.7 Expand the An and the Bn coefficients of (19.27, 19.28) to fourth order
in g (second order in R) to find the fourth-order equation of motion for ṗn.
Find the equation of motion for the average photon number 〈n(t)〉.
19.8 Using the fourth-order values of An and Bn found in Prob. 19.7, show
that the steady-state photon statistics is given by
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pn = p0
n∏

k=1

n̄ν/Q+ 1
2RaR(1 − kR)

(n̄+ 1)ν/Q+ 1
2RbR(1 − kR)

. (19.95)

19.9 For a zero temperature cavity reservoir and a vanishing lower-level pump
rate, (19.95) reduces to

pn = p0
n∏

k=1

A− kB
ν/Q

, (19.96)

where A = 1
2RaR and B = RA. Using this distribution, show that

〈n〉 =
A− ν/Q
B

− 1 . (19.97)

Hint: write n in terms of [A−B(n+ 1)]Q/ν.

19.10 Show that the mean-square deviation is given by 〈n2〉−〈n〉2 = ν/QB.
Hint: write n2 in terms of [A − B(n + 1)][A − B(n + 2)](Q/ν)2 and use
(19.97).

19.11 Calculate ρ̇nm by generalizing the analysis of (19.36).

19.12 Write the equations of motion for the density matrix elements for the
level scheme in Fig. 19.10. These matrix elements correspond to the semi-
classical Fourier components of the polarization and population of Sect. 9.1
as follows: ρ51 to the sidemode polarization p1, ρ24 to p∗3, ρ52 and ρ41 to the
pump-mode polarization p2, ρ54 to the population pulsation component na1,
and ρ21 to nb1. A general derivation based on this approach is given by
Sargent et al. (1985).



20 Entanglement, Bell Inequalities and
Quantum Information

When contrasted to classical physics, quantum mechanics presents a number
of counter-intuitive features, many of them encountered in this book. Over
the years, these conceptual questions have lead to countless discussions and
debates aimed either at giving them a satisfying interpretation, or at replacing
quantum mechanics with a more fundamental theory. In the last few decades,
though, many of the paradoxes and Gedankenexperiments discussed in that
context have been brought to experimental tests, and quantum mechanics
has passed every single test with flying colors.

It is now apparent that the radical features of quantum mechanics can be
exploited in applications such as quantum control and the emerging field of
quantum information science. The quantum mechanical concepts of superpo-
sition, where objects can exist in many states simultaneously, and of entangle-
ment, where composite systems can exhibit correlations inexistent in classical
physics take center stage in these developments — we already encountered
such correlations in the discussion of dressed states in Sect. 14.1. This chapter
gives a brief introduction to some of these developments. We first review the
Einstein-Podolsky-Rosen paradox, whose main historical merit was to point
out the fundamental new physics resulting from quantum entanglement, and
introduce the Bell inequalities that first put this discussion an a quantitative
basis. We then discuss two-particle entanglement, and show how a quantum
beam-splitter normally produces a massive entanglement between two modes
of the electromagnetic field. We briefly review two important applications of
quantum entanglement, quantum teleportation and quantum cryptography,
and conclude with some general remarks on quantum computing.

20.1 Einstein-Podolsky-Rosen Paradox and Bell
Inequalities

The most famous attempt at demonstrating that quantum mechanics is an
incomplete theory was an argument put forward by Einstein, Podolsky, and
Rosen, the so-called EPR paradox. We briefly review it here in a slightly
modified form first put forward by Bohm.

Consider a source in which pairs of identical spin-1/2 particles are pro-
duced, say, by the photodissociation of a diatomic molecule prepared in the
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singlet state S = 0. Upon emerging from the source, the two particles fly
toward two space-like separated Stern-Gerlach magnets acting as analyzers
and detectors. Long after the particles are emitted, an observer orients the
first magnet so as to measure the spin component Sa = a · S1 of particle
1 along a. For a spin-1/2 particle, the result of this measurement is ±�/2.
Because the total spin of the system is zero, we know for sure that the spin
of the second particle along that same direction is ∓�/2.

At this point, EPR introduce the concept of reality: “If, without in any
way disturbing a system, we can predict with certainty (i.e. with probability
equal to unity) the value of a physical quantity, then there is an element
of physical reality corresponding to this quantity.” EPR further require that
“every element of the physical reality must have a counterpart in the physical
theory.”

According to this criterion, we can attribute an element of physical real-
ity to the spin component Sa. However, the observer could just as well have
chosen to set the detector 1 in direction a’, thus measuring the spin compo-
nent Sa′ of the first particle. In that way, he would have inferred, without
in any way disturbing particle “2”, its spin component Sa′ . It follows that
there is also an element of physical reality attached to Sa′ . But in quantum
mechanics the Pauli Uncertainty Principle states that one cannot predict pre-
cise values for non-commuting observables. Thus, as stated by Einstein in a
letter to Max Born, “...one must consider the description given by quantum
mechanics as an incomplete and indirect description of reality, destined to be
later replaced by an exhaustive and direct description...”

The EPR argument was refuted by many of the founders of quantum
mechanics, but for many years, it seemed that no experiment was able to
determine which was the correct attitude. The situation has now changed
drastically, due largely to the seminal contributions of J. S. Bell. A fascinating
collection of his contributions to that topic can be found in Bell (2004).

Bell studied an extension of the EPR experiment where the analyzers 1
and 2 are set at different angles a and b, and one measures the joint proba-
bilities for obtaining a given outcome, say +�/2 for the spin components Sa

and Sb of the two particles. Bell showed that by performing correlation ex-
periments of this type, one can indeed distinguish between the predictions of
quantum mechanics and those of a class of theories called “local realistic hid-
den variable theories” of nature. What hides behind this term is what would
be broadly considered to be the fundamental ingredients of any “reasonable”
theory of nature.

To see how this works more concretely, consider an experimental arrange-
ment where a source emitting two correlated particles “1” and “2”. This could
be for instance a diatomic molecule dissociating into two atoms, the emission
of two photons in a three-level cascade, or a number of other possible situa-
tions. Two detectors measure some property of these particles for settings a
and b of the analyzers.
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We denote by p1(a) and p2(b) the probabilities of detecting particle 1, resp.
particle 2, for settings a and b of the analyzers. If we had a complete theory
at hand, these probabilities would depend on all parameters {λ} describing
the emission process in the source. But in the absence of such a theory, we
have no way to know, or measure, or even guess what these parameters might
be. They are hidden, out of our control – hence the “hidden variables” theory.
What we detect in a series of experiments is some average over them,

p1(a) =
∫
dλρ(λ)p1(a, λ), (20.1)

where dλ is an (unknown) measure over the space of hidden variables and
ρ(λ) is some weight function. (For simplicity we write λ instead of {λ}.)
Similarly,

p2(b) =
∫
dλρ(λ)p2(b, λ). (20.2)

Suppose now that we could actually control the hidden parameters {λ} and
know their value precisely. We could then ask the joint probability p12(a, b, λ)
of detecting both particles for detector settings a and b. If the detectors are
space-like separated, and their settings chosen long after the particles have
been emitted from the source, the result at one detector should be unaffected
by the result at the setting of the other. This is the principle of locality:
no influence of any kind can travel faster than the speed of light. This the
counting rates at detectors 1 and 2 must be uncorrelated,

p12(a, b, λ) = p1(a, λ)p2(b, λ). (20.3)

Note however that this does not imply that the joint probability actually
measured is uncorrelated. Integrating over the hidden variables, we have

p12(a, b) =
∫
dλρ(λ)p1(a, λ)p2(b, λ). (20.4)

The weight function ρ(λ), which contains all information about the hidden
variables in the source, leads in general to a non-factorizable joint probability
distribution p12(a, b) – correlations through a common cause.

A simple theorem (Clauser and Horne 1974) states that for any four num-
bers 0 ≤ x, x′, y, y′ ≤ 1 we have

−1 ≤ xy − xy′ + x′y + x′y′ = x′ − y′ ≤ 0 . (20.5)

Noting that probabilities lie between 0 and 1, and choosing two possible
directions a and a′, respectively b and b′′, for the analyzers 1 and 2 we have
therefore

−1 ≤ p1(a, λ)p2(b, λ) − p1(a, λ)p2(b′, λ) + p1(a′, λ)p2(b, λ)
+ p1(a′, λ)p2(b′, λ) − p1(a′, λ)p2(b, λ) ≤ 0 , (20.6)
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or, with (20.4),

−1 ≤ p12(a, b, λ) − p12(a, b′, λ) + p12(a′, b, λ)
+ p12(a′, b′, λ) − p1(a′, λ) − p2(b, λ) ≤ 0 . (20.7)

Integrating this last equation yields then

−
∫
ρ(λ)dλ ≤ p12(a, b) − p12(a, b′) + p12(a′, b)

+ p12(a′, b′) − p1(a′) − p2(b) ≤ 0 . (20.8)

The left-hand side of this double inequality is equal to -1 if
∫
ρ(λ)dλ = 1,

but we actually don’t need it. Keeping the right-hand side only yields

p12(a, b) − p12(a, b′) + p12(a′, b) + p12(a′, b′) − p1(a′) − p2(b) ≤ 0 , (20.9)

which is a form of Bell’s inequalities due to Clauser and Horne (1974).
Another form of Bell’s inequalities, due to Clauser, Horne, and Shimony

(1969), and Holt follows from a similar argument, but holds when there are
only two possible outcomes for the various measurements, call them ↑ and ↓.
We proceed by introducing the correlation function

E(a, b) = p(↑, ↑ |a, b) − p(↑, ↓ |a, b) − p(↓, ↑ |a, b) + p(↓, ↓ |a, b) , (20.10)

where p(↑, ↑ |a, b) is the probability of getting the outcome (↑, ↑) for detector
settings a and b. E(a, b) can be expressed following the same line of reasoning
as before as

E(a, b) =
∫
ρ(λ)p1(↑ |a, λ)p2(↑ |b, λ)dλ−

∫
ρ(λ)p1(↑ |a, λ)p2(↓ |b, λ)dλ

−
∫
ρ(λ)p1(↓ |a, λ)p2(↑ |b, λ)dλ+

∫
ρ(λ)p1(↓ |a, λ)p2(↓ |b, λ)dλ

=
∫
ρ(λ)[p1(↑ |a, λ) − p1(↑ |a, λ)][p2(↑ |b, λ) − p2(↓ |b, λ)]dλ

=
∫
ρ(λ)Ā(a, λ)B̄(b, λ) , (20.11)

where Ā and B̄ stand for the first and second square brackets. It follows that

E(a, b) ± E(a, b′) =
∫
ρ(λ)Ā(a, λ)

[
B̄(b, λ)pmB̄(b′, λ)

]
dλ . (20.12)

Since the pi’s are probabilities, we have that 0 ≤ pi ≤ 1 it follows that

|Ā(a, λ)| ≤ 1 , |B̄(a, λ)| , (20.13)

and
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|E(a, b) ± E(a, b′)| ≤
∫
ρ(λ)|B̄(b, λ) ± B̄(b′, λ)|dλ (20.14)

and likewise

|E(a′, b) ∓ E(a′, b′)| ≤
∫
ρ(λ)|B̄(b, λ)mpB̄(b′, λ)|dλ . (20.15)

Using again (20.13) we have that

|B̄(b, λ) ± B̄(b′, λ)| + |B̄(b, λ) ∓ B̄(b′, λ)| ≤ 2 , (20.16)

giving finally the Clauser-Horne-Shimony-Holt inequality

|E(a, b) ± E(a, b′)| + |E(a′, b) ∓ E(a′, b′)| ≤ 2. (20.17)

Bell’s inequalities have now been tested in a number of situations. Here,
we briefly review one of the most famous such experiments, performed by
Aspect et al. (1981). Instead of spins, as in the Bohm version of the EPR
paradox, the system used here consisted of pairs of photons emitted in a
radiative atomic cascade in Calcium. The 4p2 1S0 level, populated by two-
photon excitation, decays back to the 4s2 1S0 state over the 4s4p1P1 level,
emitting two levels at about λ1 = 551 nm and λ2 = 423 nm. Because of the
change in angular momentum in the transition is J=0 → J=1 → J=0, no net
angular momentum is carried by the pair of photons. For emitted photons
counterpropagating in the ±z direction, the state of polarization of the total
system must therefore be of the form

|ψ〉 =
1√
2
[↑〉1| ↑〉2 + | →〉1| →〉2] , (20.18)

where | ↑〉 represents the polarization of a photon along the x-axis and | →〉
along the y-axis, and the subscript i labels the photon of wavelength λi.

As discussed in more detail in the following section the state of the emitted
photons is fully entangled, a situation known to lead to the violation of Bell’s
inequality in quantum mechanics. The experimental results of Aspect and
coworkers, for angles of 22.5 degrees between the polarizers a and b, b and a′,
and a′ and b′, and an angle of 67.5 degrees between the polarizers a and b′

used to analyze the correlations between the emitted photons, demonstrated
an excellent agreement with quantum mechanics, with |E(a, b) ± E(a, b′)| +
|E(a′, b)∓E(a′, b′)| � 2.7, and a definite violation of Bell’s inequality (20.17),
confirming the incompatibility between quantum mechanics and so-called
local realistic hidden variable theories.

20.2 Bipartite Entanglement

The central tenet of quantum mechanics that leads to the violation of Bell’s
inequalities is the existence of entangled states such as (20.18). These are
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quantum states of multicomponent systems that exhibit correlations stronger
than allowed by classical physics. This section discusses this important class of
states and quantifies it in the simple situation comprises only two subsystems,
the bipartite systems normally used in tests of Bell’s inequalities.

Consider for concreteness a bipartite system consisting of two two-level
atoms “1” and “2”, each of which can be in one of the two states |a〉 or |b〉.
A state of this system is separable if it can be expressed as the product of
the states of the two atoms,

|ψ〉 = |ψ〉1 ⊗ |ψ〉2 , (20.19)

while it is said to be entangled if it cannot be factorized in that way. For
example,

|ψ〉 =
1√
2

(|a〉1|a〉2 + |b〉1|b〉2) (20.20)

is such a state, and so is the state (14.16) of an atom-field system. If we
measure the state of, say, atom “1” when the system is described by state
(20.19), it will be found to be either up or down, but the result of that
measurement will not influence the result of a measurement of the state of
atom “2”. A state of this form is called separable. In contrast, the state
(20.20) cannot be expressed as the product of the state of one atom and the
state of the other. If we measure the state of atom “1” to be |a〉, the other
atom is found with certainty to be in that state also. Conversely, if atom “1”
is in the ground state, so is atom “2”. Thus while the state of each atom will
be measured to be |a〉 or |b〉 at random, their fates are inextricably correlated.
Generally speaking, a state |ψ〉 of a bipartite system is entangled if

|ψ〉 =
∑

i,j

aij |ψi〉|1 ⊗ |ψj〉2 �= |ψ〉1 ⊗ |ψ〉2 . (20.21)

The amount of entanglement of bipartite systems can be quantified in
terms of a quantity called the entropy of entanglement. To see how this works,
we first introduce the so-called Schmidt decomposition of the state |ψ〉

|ψ〉 =
∑

i

λi|ui〉1|vi〉2 , (20.22)

or, in terms of the density operator,

ρ =
∑

i,j

λiλ
�
j |ui〉1〈uj |1 ⊗ |vi〉2〈vj |2 . (20.23)

One can show that it is always possible to find sets of states {|ui〉1} and
{|vi〉2} of the systems “1” and “2” such that the any bipartite system in a
pure state can be expressed in that way.

The proof goes as follows (see e.g. Ekert and Knight 1995): Consider first a
basis set {|ui〉1} of states of system “1” on which its reduced density operator
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ρ1 = tr2ρ = tr2

⎛

⎝
∑

ijkl

cijc
�
kl|ui〉1〈uk|1 ⊗ |wj〉2〈wl|2

⎞

⎠

=
∑

ikj

cijc
�
kj |ui〉1〈uk|1 (20.24)

is diagonal. This implies that
∑

j

cijc
�
kj = δik|λi|2 , (20.25)

and suggests reexpressing ρ as

ρ = (
∑

ijkl

λiλ
�
l |ui〉1〈uj |1 ⊗

cij
λi

|wj〉2〈wk|2
c�lk
λ�

l

=
∑

i,j

λiλ
�
j |ui〉1〈uj |1 ⊗ |vi〉2〈vj |2 , (20.26)

where we have introduced the new set of orthogonal states {|vi〉} of system
“2”

|vi〉2 ≡
∑

j

cij
λi

|wj〉2 , (20.27)

with

〈vk|vi〉2 =
∑

j,m

c�jkcij

λ�
kλi

〈wm|wj〉2 =
|λi|2
λ�

kλi
δki = δki. (20.28)

It follows from (20.12) that

|ψ〉 =
∑

i

λi|ui〉1|vi〉2 , (20.29)

which completes the proof.
If a single term appears in the sum (20.29) the state of the bipartite system

is separable. It is therefore intuitively clear that the more coefficients appear
in that sum, the stronger the entanglement between the two subsystems, and
the more information we lose if we consider one system only. It is therefore
reasonable to link this loss of information to the degree of entanglement. One
way to do that is via the von Neumann entropy of one of the subsystems,

S1 = S2 = −tr(ρ1 log2 ρ1) = −tr(ρ2 log2 ρ2) = −
∑

i

|λi|2 log2 |λi|2 . (20.30)

Note that in the context of quantum information studies, the logarithm func-
tion is usually taken in basis 2, in which case it is called the entropy of entan-
glement Se. If the system is separable, it is characterized by the appearance
of one λi only, and Se = 0.
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Bell States

Bell states are defined as maximally entangled states of two two-state system,
or qubits in the language of quantum information science. Examples of qubits
include two-level atoms, two orthogonal states of polarization of a single
photon, etc. In analogy with information science, the eigenstates of qubits are
usually labelled |0〉 and |1〉, where in the case of two-level atoms we might
have |0〉 ↔ |b〉 and |1〉 ↔ |a〉, and in the case of photons two orthogonal
linear polarizations |0〉 ↔ | ↓〉 and |1〉 ↔ | ↑〉 or two circular polarizations,
|0〉 → | �〉 and |1〉 ↔ | �〉.

In this qubit notation, the Bell states are defined as

|Φ+〉 =
1√
2
(|00〉 + |11〉) , (20.31)

|Φ−〉 =
1√
2
(|00〉 − |11〉) , (20.32)

|Ψ+〉 =
1√
2
(|01〉 + |10〉) , (20.33)

|Ψ−〉 =
1√
2
(|01〉 − |10〉) . (20.34)

Theses states, which are readily seen to be orthonormal, form a useful basis
to describe bipartite systems in a number of situations of interest in quantum
information science, such as quantum teleportation, see Sect. 20.4.

20.3 The Quantum Beam Splitter

A discussion of a relatively elementary topic such as the optical beam splitter
may seem out of place so far into the book, but its understanding is particu-
larly important in the context of quantum information, and it also provides
a simple example of a way to entangle light fields.

A classical beam-splitter couples two input field amplitudes E1(ν) and
E2(ν) to two output fields E3(ν) and E4(ν) via the transfer matrix

[
E3

E4

]
= T

[
E1

E2

]
=

[
t(ν) r(ν)
r(ν) t(ν)

] [
E1

E2

]
, (20.35)

where t(ν) and r(ν) are complex transmission coefficients with

|t(ν)|2 + |r(ν)|2 = 1 ,
t(ν)r�(ν) + t�(ν)r(ν) = 0 , (20.36)

these relationships guaranteeing conservation of energy in the absence of
absorption in the beam splitter. It is always possible to take t(ν) to be real, in
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which case r(ν) is purely imaginary, and hence we may reexpress the transfer
matrix as

T =
[

cos(θ/2) i sin(θ/2)
i sin(θ/2) cos(θ/2)

]
. (20.37)

A quantum beam splitter has to have the same action as a classical beam
splitter in the limit of large photon numbers. In this case, T is interpreted as
coupling two input field modes to two output field modes.

One word of warning may be appropriate at this point; we have seen when
discussing quantum beats in Sect. 14.4 that wavepackets rather than a single-
mode description are required to describe the propagation of light fields. In
the case at hand, the modes incident on, repsectively exiting the beam-splitter
should not be taken literally: rather, what we have in mind is a situation
where two wavepackets propagate and “collide” inside the beam splitter, from
which they then exit as two new wavepackets. To avoid the complications
associated with that multimode problem, we consider situations where the
spectral width of the wavepackets is very narrow, and hence their duration
very long, and assume that they overlap perfectly inside the beam splitter. We
also assume that the frequency dependence of the reflection and transmission
coefficients can be ignored.

With this caveat in mind, the beam splitter can be described by the simple
model Hamiltonian

H = −�g(t)
2

(
a1a

†
2 + a†1a2

)
, (20.38)

where a1 and a2 are the annihilation operators of the two incident modes, with
obey bosonic commutation relations, and g(t), which describes the coupling
of the associated wavepackets with the beam splitter, is turned adiabatically
on and off for a time τ about t = 0, see e.g. Haroche and Raimond (2006).
Except for their free evolution, the operators a and b are constant before and
after the Hamiltonian H is turned on, and we can therefore associate a and
b for t� 0 with the input fields, and

a3 = U†a1U ,

a4 = U†a2U , (20.39)

as the output fields, where

U = e(−i/�)
∫
H(t)dt = ei(a1a†

2+h.c.)θ/2 (20.40)

and
θ =

∫
g(t)dt . (20.41)

Problem 20.2 shows that using the Baker-Hausdorff relation this gives finally
[
a3
a4

]
= U†(θ)

[
a1
a2

]
U(θ) =

[
cos(θ/2) i sin(θ/2)
i sin(θ/2) cos(θ/2)

] [
a1
a2

]
. (20.42)
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With U†(θ) = U(−θ) we also find

U(θ)
[
a†1
a†2

]
U†(θ) =

[
cos(θ/2) i sin(θ/2)
i sin(θ/2) cos(θ/2)

] [
a†1
a†2

]
, (20.43)

a relationship that will prove useful in the following.
It is instructive to analyze the effect of a beam-splitter on a few illustrative

input fields. Consider first the input state

|ψin〉 = |1, 0〉 = a†1|0, 0〉. (20.44)

The corresponding output state is

|ψout〉 = U |ψin〉 = Ua1U†U |0, 0〉. (20.45)

It is easily seen from the definition (20.40) that U |0, 0〉 = 0. With (20.43) we
have then immediately

U |1, 0〉 = cos(θ/2)|1, 0〉 + i sin(θ/2)|0, 1〉 , (20.46)

which demonstrates that the beam splitter generates out of the separable
input |1, 0〉 an entangled state of the two output modes. Note that we could
choose instead to expand that state on a new set of modes obtained by
linear combinations of the modes “3” and “4” with annihilation operators
a−± = (a3 ± ia4)/

√
2., which satisfy again bosonic commutation relations.

Problem 20.3 shows that when expanded on that set of modes, the state
(20.46) is separable. This illustrates the important property that the degree
of entanglement depends upon the basis in which we describe the system.

As a second example, we consider the effect of the beam-splitter on the
state |n, 0〉. We have

U |n, 0〉 = U
(a†)n

√
n!

|0, 0〉 = U(φ)(a†)nU†(φ)U(φ)|0, 0〉

=
1√
n!

[cos(θ/2) + i sin(θ/2)]n|0, 0〉

=
n∑

p=0

(
n
p

)1/2

[cos(θ/2)]n−p[i sin(φ/2)]p|n− p, p〉 , (20.47)

where we have used U(a†)nU† = (Ua†U†)n. This output field is a superpo-
sition of states corresponding to all partitions of the n photons between the
two modes.

Consider finally the input state |ψin〉 = |1, 1〉. The output state is then

U(φ)|1, 1〉 = U(φ)a†1U
†(φ)U (φ)a†2U

†(φ)U(φ)|0, 0〉

=
i sin(θ)√

2
[|2, 0〉 + |0, 2〉] + cos(θ)|1, 1〉 . (20.48)
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The situation is particularly interesting in case of a balanced beam-splitter,
θ = π/2, in which case this state becomes simply

U(π/2)|1, 1〉 =
1√
2
[|2, 0〉 + |0, 2〉] . (20.49)

In that case, both photons are transmitted in the same mode. This is a re-
markable quantum interference effect where the probability amplitudes cor-
responding to the two paths resulting in having one photon in each of the
modes add destructively (Hong et al 1987).

20.4 Quantum Teleportation

The existence of long range EPR correlations in entangled pairs of particles
raises the question of their use for information transfer. It is known that
instantaneous information transfer is definitely impossible. Yet, EPR corre-
lations can nonetheless assist in the teleportation of an intact quantum state
from one place to another by a sender who knows neither the state to be
teleported nor the location of the intended receiver.

The notion of transferring an object from one location to another by tele-
porting it in a way that causes it to disappear at the first location and to
simultaneously reappear at the second location is familiar to Star Trek afi-
cionados. Teleportation of macroscopic or live objects remains science fiction
today, not least because of the massive amount of information that would be
required to be transferred. Still, at a much more modest level it is possible
to exploit EPR correlations to teleport the quantum states of photons and
atoms, for atoms over very short distances and for photons over distances of
several kilometers.

Suppose that Alice (the first of several actors in quantum information
protocols always seems to be called Alice) wants to teleport an unknown
state of a qubit,

|ψ〉 = a|0〉 + b|1〉 (20.50)

to her friend Bob. The way she can do it is by first sharing a maximally
entangled pair of qubits with Bob, say the Bell state |Φ+, see (20.17). For
clarity, we rewrite that state as

|Φ+〉 =
1√
2
(|0〉A|0〉B + |1〉A|1〉B) (20.51)

to indicate which of the qubits in the Bell state “belongs” to whom.
The protocol goes as follows: In the presence of the unknown state to be

teleported, the total state of the system is

|Ψ〉 = |ψ〉 ⊗ |Φ+〉 , (20.52)
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and Problem 20.5 shows that it can reexpressed as

|Ψ〉 =
1√
2
(a|00〉A|0〉B + a|01〉A|1〉B + b|10〉A|1〉B + b|11〉A|1〉B)

=
1
2
[
|Φ+〉A (a|0〉 + b|1〉)B + |Φ−〉A (a|0〉 − b|1〉)B

+ |Ψ+〉A (a|1〉 + b|0〉)B + |Ψ−〉A (a|1〉 − b|0〉)B

]
, (20.53)

where the Bell states now “belong” to Alice, e.g., |Φ+〉A = (|0〉A|0〉A +
|1〉A|1〉A)/

√
2.

If Alice now makes a measurement to determine the Bell state of her
system, its outcome will instantly project Bob’s system to the correspond-
ing state. For instance, if the result of her Bell state measurement is |Φ−〉A,
Bob’s system will be projected to the state |ψ〉f = a|0〉 − b|1〉. All that Alice
still needs to do is to communicate (via a classical channel) the outcome of
her measurement to Bob, and he will be able to perform an appropriate uni-
tary transformation to complete the teleportation of the state, as shown in
Problem 20.5. Note that the quantum teleportation protocol is not instanta-
neous, since it requires the classical communication of the outcome of Alice’s
measurement, which can proceed no faster the speed of light.

20.5 Quantum Cryptography

Another fascinating application of quantum information science is quantum
cryptography. The most straightforward application of quantum cryptogra-
phy is in distribution of secret keys. In general, the sender and receiver of
coded messages (again Alice and Bob) must share a “key” that allows Alice
to encrypt the message and Bob to decrypt it. The only completely secure
method of encryption is a random key that connects the plain text to the
encoded text.

One simple method to establish such a key would be for Alice and Bob
to meet and agree upon it, or for a trusted agent to be sent from one to the
other to distribute the key. The difficulty and inefficiency of such an opera-
tion are obvious, so more efficient but less secure methods are generally used.
Most current key distribution systems derive their security from the use of
convoluted algorithms or intractable problems, a simple example being the
factoring of two large prime numbers. Yet, the security of such methods relies
on the assumption that the eavesdropper does not possess the advanced tech-
niques able to defeat such algorithms, and there is a need for key distribution
techniques that are absolutely secure.

The remarkable advantage of quantum key distribution is that it offers
unconditional security: the eavesdropper is not assumed to be limited by
current technology, but bound only by the laws of quantum mechanics, more
specifically the facts that a quantum measurement always has an unavoidable
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back-action on the state of that system if the two states that we are trying to
distinguish are not orthogonal, and that it is impossible in principle to clone
quantum states. With the proper choice of quantum states it is then possible
to create a situation where an eavesdropper cannot avoid causing changes
that can be detected. Hence the key is guaranteed to be secure as long as no
such signature of eavesdropping is found.

The first quantum key distribution protocol was proposed by Bennett and
Brassard (1984), and is called the BB84 protocol. It relies on the quantum
property that information gain is only possibly at the expense of disturbing
the signal if the two states we are trying to distinguish are not orthogonal
(see no cloning theorem). It is usually explained as a method of securely
communicating a private key from one party to another for use in one-time
pad encryption.

In that scheme, which is easily explained in optical terms, Alice sends Bob
a string of bits coded into the polarization of individual photons. An essential
point is that the successive bits are imprinted into polarization basis states
varied at random from one bit of to the next. For example, in the first basis
p ≡ {↑,→} the bit “1” would be mapped to a vertically polarized photon ↑
and the bit “0” to a horizontally polarized photon →. The second basis, d,
may not be orthogonal to p. It could be for example d ≡ {↗,↖}, with the
coding such that “1” corresponds to a photon ↗ polarized at π/2 and a “0”
to a photon ↖ polarized at 3π/2 from the horizontal.

Assuming that Alice wishes to send the string

(1, 0, 0, 1, 1, 1, 0, 1)

and chooses at random the basis sets

(p, d, d, p, d, p, p, d) ,

then the polarization of the transmitted photons will be

(↑,↖,↖, ↑,↗, ↑, ↓,↗) .

Just like Alice, Bob selects at random the successive basis states of the mea-
suring device. Assume for concreteness that he chooses the sequence

(p, p, d, p, p, p, d, d) .

For those bits where Alice and Bob’s bases are the same, the measured photon
polarization will match exactly that of the emitted photon (assuming noiseless
transmission). In the other cases, though, Bob’s measurement will give one
or the other result at random, and the outcome will be something like

(↑,→,↖, ↑,→, ↑,↗,↗) .

Alice and Bob then communicate over an open line their choices of polar-
izations. Keeping only those elements of the bit sequence where their choice
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coincides, bits number 1, 3, 4, 6 and 8 in our example, results in the generation
of the secret key (1,0,1,1,1).

To determine whether eavesdropping has taken place, Alice and Bob gen-
erate a significantly longer key than actually needed, and exchange the values
of the bits for a subset of the values of the key, again on an open channel.
The point is that an eavesdropper, Eve, trying to intercept the communi-
cation between Alice and Bob, has no way of knowing their choice of basis,
and hence will guess the wrong one half the time. In these cases, Eve will
therefore randomly modify the polarization of the photon before reinjecting
it in the channel, thereby spoiling the perfect correlations otherwise observed
by Alice and Bob in the verification step. They then know for sure that their
communication has been tempered with and reject the key.

One might imagine that Eve can defeat that scheme if she is in possession
of advanced technology that allows her to construct a that enables the cloning
of an ancillary input state |ψi〉 into an auxiliary state initially in some state
|0〉 via a unitary transformation,

U |ψi〉|0〉 = |ψi〉|ψi〉 . (20.54)

If that were possible, Eve would indeed be able to tap the communication
channel unnoticed. But (20.54) implies that when considering two initial
states, i = 1, 2, we must have

〈ψ1|〈0|U†U |ψ2〉|0〉 = 〈ψ1|ψ2〉 = 〈ψ1|ψ2〉2 , (20.55)

so that |ψ1〉 and |ψ2〉 must be either identical, or orthogonal. This is of course
not true in general hence no such U exists. This is the “no cloning theorem”
(Wooters and Zurek 1982). Hence Eve cannot clone perfectly the state of
the photon sent by Alice. Her spying is detectable in principle at the most
fundamental level of quantum mechanics.

20.6 Toward Quantum Computing

The coding of of information in terms of bits led to their experimental re-
alization in systems that evolved over the years from vacuum tubes in the
mid-20th century to the modern semiconductor transistors, resulting in ever
more powerful computers. In a next development, the 21st century may see
the appearance of quantum information processors where bits are replaced by
qubits whose value is no longer restricted to |1〉, |0〉, but may be a quantum
superposition of these. A quantum computer would operate by manipulating
those qubits, i.e. by transporting them from memory to quantum logic gates
and back.

There are a number of important potential advantages to manipulating
information with qubits rather than with bits. For instance, a classical three-
bit register can only store 8 different number, from the binary 000 to the
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binary 111. In contrast, a three-qubit quantum register can be in any quantum
superposition

c0|000〉 + c1|001〉 + c2|010〉 + c3|011〉 + c4|100〉 + c5|101〉 + c6|110〉 + c7|111〉

of these 8 classical states. The flexibility offered by the use of quantum su-
perpositions becomes rapidly enormous, because a system of N qubits exists
in a Hilbert space of 2N dimensions. Hence, instead of describing a single N -
bit number, a quantum computer could be in a coherent superposition of all
2N N -bit numbers, thereby offering enormous potential for parallelism. Any
quantum operation on that system, a “quantum gate,” is a unitary transfor-
mation that can simultaneously operate on all 2N states. In one period of
the computer clock a quantum gate could compute not just on one machine
state, as serial computers do, but on 2N machine states at once!

It is believed that quantum computers would be able to solve certain
classes of problems exponentially faster than their classical counterparts. One
such problem is the factorization of large numbers into their prime factors
(Shor 1994), a problem of much relevance in data encryption.

DiVincenzo (2000) has listed the following requirements for a practical
quantum computer:

– A scalable physical system with well characterized qubits,
– The ability to initialize the state of the qubits to a simple fiducial state,

such as |000...〉,
– Long relevant decoherence times, much longer than the gate operation

time,
– A “universal” set of quantum gates,
– A qubit-specific measurement capability.

He goes on to comment that there is no clear indication at present as
to what the “winning” technology for a quantum computer may be, and at
this point it may be counterproductive even to ask that question. “Even
though we have lived with quantum mechanics for a century, our study of
quantum effects in complex artificial systems like those we have in mind for
quantum computing is in its infancy. No one can see how or whether all the
requirements above can be fulfilled, or whether there are new tradeoffs, not
envisioned in our present theoretical discussions but suggested by further
experiments, that might take our investigations in an entirely new path.”

It is now becoming apparent that “quantum simulators” that teach us
about complicated physics problems such as quantum phase transitions in
condensed matter physics are likely to be built in the near future — based
in particular on quantum-degenerate atomic and molecular systems trapped
in optical lattices — but we are still very far from a “multipurpose” quan-
tum computer. Yet one thing is certain: the promise of quantum information
science will continue to drive the further investigation of the fundamental
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properties of quantum systems, and will stimulate many creative and excit-
ing developments for many years to come... and quantum optics is certain to
play a central role in these developments.Detailed discussions of several as-
pects of quantum information science and quantum computing can be found
e.g. in Bouwmeester et al. (2007), as well as in the freely downloadable lecture
notes of J. Preskill (1998).

Problems

20.1 Show that conservation of energy in a beam-spitter requires that the
amplitude reflection and transmission coefficients r(ν) and t(ν) are related
by

|t(ν)|2 + |r(ν)|2 = 1 ,
t(ν)r�(ν) + t�(ν)r(ν) = 0 . (20.56)

20.2 Use the Baker-Hausdorff relation to prove (20.42).

20.3 Show that the state (20.46) is separable when expanded on the pair of
output modes with annihilation operators a−± = (a3 ± ia4)/

√
2.

20.4 Show that for a coherent state input field |ψin〉 = |α, 0〉 the field at the
exit of a beam splitter is the separable state |ψout〉 = |α cos(θ/2), iα sin(θ/2)〉.
20.5 Prove Eq. (20.53), and evaluate the state at Bob’s location following a
Bell state measurement by Alice that yields the result |Ψ−〉A. Find a unitary
transformation UΨ− that transforms that state into the state |ψ〉 = a|0〉+b|1〉
to be teleported.
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normal ordering, 367
normally ordered characteristic

function, 314
normally ordered correlation function,

317
nth-order coherence, 19
nth-order coherence function, 312
nth-order susceptibility, 48
nuclear magnetic resonance, 281
number operator, 84

observable, 52
off-resonant excitation, 403
operator matrix elements, 54, 58
optical bistability, 141, 189, 209
optical Bloch equations, 1, 157
optical nutation, 281, 282
optical phase conjugation, 43
optical potential, 156, 164
orthonormal, 54
oscillation frequency, 174
oscillators

anharmonic, 35

P (α) distribution, 316
P (α) representation, 314
parametric amplification, 47
partition function, 306
Pauli exclusion principle, 142, 328
Pauli spin matrices, 81
Pendellösung oscillations, 163
pendulum equation, 27, 164, 293
period doubling solutions, 216
period-2 bifurcation, 219
permeability, 5
permeability of free space, 2
permittivity ε, 4
permittivity of free space, 2
perturbation theory, 48
phase conjugation, 46, 223
phase conjugation, 249
phase conjugation in two-level media,

250
phase fluctuations, 466
phase matching, 39
phase mismatch, 46, 254
phase space, 27
phase squeezed state, 413
phase switching, 216

phase velocity, 6, 9

phase-conjugate reflectivity, 255
phase-diffused coherent state, 462
phenomenological damping factor, 100

photoelectric effect, 69
photon, 301
photon antibunching, 383, 400, 401

photon distribution, 460
photon echo, 108, 110, 281, 285, 287,

301
photon momentum, 154, 159

photon number expansion, 305
photon statistics, 306, 450
physical spectrum, 388

Planck blackbody spectrum, 77
Planck formula, 78
Planck radiation law, 67

plasma dispersion function, 125, 183
Poincaré-Bendixon theorem, 274
Poisson distribution, 309, 462

polarization of semiconductor gain
media, 138

polarization of two-level medium, 117
ponderomotive potential, 12
population decay times, 281

population difference, 123
population difference decay time, 124
population matrix, 117, 118, 180

equation of motion, 120
population pulsation, 230, 259, 398
population pulsations, 145, 223, 225

population response function, 230
position operator, 53
“positive” frequency parts, 3

potential energy, 53
power broadening, 98, 112, 117

power-broadened decay constant, 125,
231

power-broadened Lorentzian, 122, 128
Poynting vector, 14
Prandtl number, 276

Pressure-Induced Extra Resonance
(PIER), 236

principle of minimum coupling, 25
principle of superposition, 2
probability difference, 144

probability difference decay time, 107
probe absorption, 396
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probe absorption coefficient, 132, 228,
230

probe absorption spectrum, 435
probe wave, 128, 227
probe wave absorption coefficient, 224
propagation equation, 282
pulse area, 289, 439
pulse area theorem, 291
pulse propagation, 8, 289
pump mechanism, 11
pump parameter, 450
pump wave, 250
pure case, 52, 93

Q-distribution, 314
Q-function, 314
QED, 427
quadratic nonlinearities, 35
quantized sidemode buildup, 468
quantum beats, 344, 347
quantum computing, 333
quantum cryptography, 333, 484
quantum fields coherence, 311
quantum information, 333
quantum jump, 370, 372
quantum Langevin equation, 366
quantum mechanical decay rate, 16
quantum noise, 452
quantum noise operator, 351, 364, 366
quantum Rabi flopping, 333
quantum Rabi-flopping frequency, 335
quantum regression theorem, 374,

376–378, 392
quantum teleportation, 333, 483
quantum theory of a laser, 445
quantum trajectory, 100, 352, 373
quantum wells, 142
quasi-equilibrium model, 138, 194
quasi-monochromatic light, 3
quasi-proability function, 22
quasi-probability distribution, 314
qubit, 480

Rabi flopping, 79
Rabi flopping frequency, 109, 330
Rabi flopping precession, 283
Rabi frequency, 79, 329, 385
Rabi frequency, generalized, 79
Rabi sidebands, 230

radiation pressure, 152, 214
radiation pressure force, 155
radiation reaction, 16, 368
radiation recombination, 142
radiative damping, 14
Raman “shifter”, 225
Raman cooling, 158
Raman resonance, 230, 238
Raman-Nath approximation, 161, 438
Raman-Nath regime, 159
Ramsey fringes, 109, 281, 288
rate equation, 451
rate equation approximation, 117, 120
ray atom optics, 151
Rayleigh length, 201
Rayleigh number, 275
Rayleigh peak, 147, 385, 392, 395, 403
Rayleigh scattering, 147, 385, 404
reactive force, 155, 156
recoil frequency, 154
reduced density operator, 353, 354, 360,

448
reduced mass, 139
reflection spectrum, 252
relative excitation, 178, 196
relativistic factor, 23
relaxation oscillation, 263–265
renormalized bandgap, 198
reservoir, 352
resonance, 11
resonance fluorescence, 299, 327, 377,

383, 445, 463
resonance fluorescence spectrum, 384,

387, 396, 398
resonant absorption coefficient, 12
reversible process, 285
revival, 335, 336, 344, 363, 451
ring cavity, 209
ring laser, 172, 187
rotating-wave approximation, 11, 67, 72
running-wave, 131
Rydberg atom, 446
Rydberg’s constant, 71

Sagnac effect, 168, 187
saturated gain, 177, 464
saturated population difference, 121
saturation, 177
saturation factor, 175, 176
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saturation parameter, 155
saturation photon number, 196
saturation spectroscopy, 128, 223
saturator, 227
saturator wave, 126, 223
scalar potential, 74, 166
scalar product, 52
scattered intensity, 389
Schmidt decomposition, 478
Schrödinger equation, 51, 53, 59
Schrödinger equation in the momentum

representation, 60
Schrödinger field operator, 319
Schrödinger field quantization, 318
Schrödinger picture, 55, 62
Schrödinger-like equation, 374
Schwarz inequality, 19
second-harmonic generation, 36, 50,

223
second-order coherence, 312
second-order correlation function, 20,

21, 400
second-quantized Hamiltonian, 318
self-consistency, 171
self-consistency equations, 172, 173
self-field, 14
self-induced transparency, 292
self-saturation factor, 180
semiclassical absorption coefficient, 399
semiclassical approximation, 335
semiclassical equations of motion, 459
semiconductor diode laser, 139, 171
semiconductor gain media, 145
semiconductor laser, 193, 267
separable state, 478
shift operator, 59
side-mode absorption coefficient, 399
side-mode master equation, 398
sideband, 40
sidemode oscillations, 219
simple harmonic oscillator, 52, 82, 300
single-mode field, 311
single-mode laser, 454
single-mode operation, 174
single-mode spontaneous emission, 335
single-sidemode master equation, 410
single-wavelength instability, 269
sinusoidal interaction energy, 66

Sisyphus cooling, 151, 158

slipping, 192

slow light, 295

slowly-varying amplitude and phase
approximation, 4

slowly-varying envelope approximation,
4

soliton, 294

spatial hole burning, 130, 193

spectral distribution for stimulated
emission, 95

spectral hole burning, 117, 129

spectral matrix, 378

spectrum, 392

spiking, 263

“spin-flip operators, 81

spin echo, 285

spontaneous emission, 10, 77, 299, 338,
427

spontaneous emission by a freely
traveling atom, master equation,
437

spontaneous emission decay rate, 343

spontaneous emission in free space, 338

spontaneous emission rate, 77

squeeze operator, 412, 413

squeezed coherent state, 307, 413

squeezed reservoir, 356

squeezed state, 299, 327, 377, 409, 469

squeezed vacuum, 148, 413, 421, 422

Bloch vector, 148

squeezed vacuum reservoir, 414

squeezed-reservoir master equation, 422

squeezing, 47, 445

squeezing spectrum, 419

squeezing variance, 419

stability analysis, 179

standard shot noise limit, 409

standing wave, 129, 131, 172, 176, 303

Stark shift, 100, 136, 285

state vector, 56

stationary field, 20

statistical mixture, 104

steady-state amplitude, 175

steady-state frequency, 175

steady-state intensity, 179

steady-state photon statistics, 456

Stern-Gerlach effect, 164
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Stern-Gerlach regime, 159, 163

stimulated emission, 76

Stokes shift, 41

strange attractor, 276

strong coupling regime, 430, 432

sum frequency, 37

superfluorescence, 454

superradiance, 454

symmetrical ordering, 368

symmetrically ordered characteristic
functions, 314

system-reservoir interaction, 351

temporal interference, 347

thermal distribution, 461

thermal equilibrium, 304, 353

thermal field distribution, 316

thermal noise, 452

third-order polarization, 42

Thomson scattering, 24

three-frequency population-pulsation,
257

three-level saturation spectroscopy, 241

three-peaked spectrum, 407

three-wave mixing, 37, 210, 249, 254

threshold, 462

threshold operation, 177

time independent perturbation, 65

time-dependent perturbation theory, 64

total chemical potential, 145

transit time broadening, 289

transition probability, 71

translation operator, 59, 159

trapping state, 452

traveling wave, 303

two-body collision, 321

two-level atom, 71

two-level atom approximation, 67, 72

two-mode operation, 187

two-mode squeezing, 417

two-photon absorption parameter, 137

two-photon coefficient, 135

two-photon coherence, 135, 242

two-photon rotating-wave approxima-
tion, 135

two-photon two-level model, 133
two-point correlation function, 311
two-sidemode master equation, 410,

414

ultracold atom, 322
unidirectional absorption coefficient,

132
unidirectional saturation factor, 176
uniform field approximation, 211
unnormalized state vector, 100
unsaturated population difference, 121,

175
unstable resonator, 200

vacuum area, 439
vacuum Rabi frequency, 17, 77, 335,

367, 432, 438
valence band, 139
vector model of density matrix, 106
vector potential, 25, 74, 166
velocity-dependent spontaneous

emission, 435
velocity-selective coherent population

trapping, 151, 158
von Neumann entropy, 115, 479

wave atom optics, 151
wave function, 52, 57
weak coupling regime, 430
Weisskopf-Wigner approximation, 351
Weisskopf-Wigner theory, 338, 340,

345, 357
Wiener-Khintchine theorem, 378, 383,

387, 463
wiggler, 24
Wigner distribution, 314
Wigner function, 314
WKB approximation, 166

Young double-slit experiment, 17

zero-point energy, 305
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