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Preface

Various reasons concurred in my decision of writing this book. Some years ago
Freeman Dyson, reasoning on the process of learning and teaching quantum the-
ory, came out with the idea that a physics student, after learning the tricks of the
quantum formalism and getting right answers, “begins to worry because he does
not understand what he is doing”. The student, says Dyson,' “has no clear physical
picture in his head and tries to arrive at a physical explanation for each of the
mathematical tricks”. He gets discouraged and after some months of unpleasant
and strenuous time, he suddenly says: “I understand now that there isn’t anything
to be understood”. What happens? Dyson suggests that we learn to think in
quantum-mechanical language and no longer try to explain in terms of
pre-quantum conceptions. As an undergraduate student, facing my first quantum-
mechanics textbook, I had similar feelings. I felt lost within a mathematical
formalism with abstract objects and concepts. Bras, kets, and operators, came sea-
soned with counterintuitive statements that shook my own conceptions of nature.
Some years later, when I was ready to accept that there was nothing to understand,
Thomas A. Brody” organized in Mexico a graduate students’ seminar on the inter-
pretations of the mathematical formalism of quantum mechanics; a seminar to show
that in the quantum theory, besides the facts and excellent agreement with experi-
mental results, one has to recognize the existence of open epistemological problems.
After those years, [ taught quantum physics repeatedly, and I have tried to present the
fundamentals of the theory as a coherent and comprehensive body of phenomena,
using, whenever possible, simple mathematical techniques.

The twentieth century was, to some extent, the century of quantum theory. The
fundamentals of the present day nanoscience and nanotechnology are closely
linked with the electronic and optoelectronic properties of physical systems in the
quantum domain. Some systems like the repulsive square barrier and the square-

U Innovation in Physics, F. J. Dyson, Scientific American, 199, 74 (1958).

2 The Philosophy Behind Physics, T. A. Brody; L. de la Pefia and P. E. Hodgson, editors,
Springer-Verlag, Berlin-New York, 1993.
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well potentials, that were simple academic examples in standard quantum
mechanics courses, become systems of current interest in theoretical, experi-
mental, and applied physics. Studying these systems, fruitful approaches, models,
and techniques evolved. The scattering approach was one of them, and it has been
rather successful for studying transport properties. Since then I have gradually
introduced this powerful method in my lectures to discuss some simple problems.
Energy—eigenvalue equations and eigenfunctions are straightforwardly derived.
The ease with which students learn using this intuitive and algebraic method,
enticed me and enabled me to include other systems like the double-barrier
potentials, double quantum wells, and superlattices.

The general plan of this book is similar to that of most of the textbooks devoted
to a first course of non-relativistic quantum theory. In the first two chapters we will
briefly summarize the physical problems that show the limits of the classical
theories and the new ideas that explained, permanently or temporarily, those
problems. Concepts like energy quantization in the blackbody radiation, wave-
particle duality, and the Bohr postulates, are thoroughly discussed. We end up with
a simple and intuitive derivation of the Schrédinger equation. On the problem of
the interpretation of the wave function, we keep a consistent position, but avoid
excessive discussion of some controversial issues, which are studied in other books
such as Introduction to Quantum Mechanics by L. de la Pefia. In the second part of
this book (Chaps. 3-5), we study the usual examples: free particle; infinite
quantum well; rectangular barrier and the finite quantum well. We study also more
complex systems like the double barrier, the double quantum well, and the finite
Kronig-Penney model. Fully solving these examples, we face additional properties
like the quantum coherence. We introduce the transfer matrix method and let the
students acquaint themselves with systems that are present in industrial opto-
electronic devices. Chapter 6 is devoted to the semiclassical method of Wentzel,
Kramers, and Brillouin (the WKB approximation). This topic is discussed using
also the transfer matrix method. New relations are derived and applied for simple
examples. From Chap. 7 onwards, we present most of the standard content in a
regular quantum book (operators, expected values, angular momentum and spin,
matrix representations, the Pauli equation, etc.), we study the well-known har-
monic oscillator, the Hydrogen atom, and the fine structure that spurred the crisis
of the old quantum theory, between 1920 and 1925. We end up with a summary of
the perturbation theory and a chapter on the distinguishable and indistinguishable
identical particles. We analyze the close relation between wave-function
symmetries, statistics and spin, and discuss properties like the Bose-Einstein
condensation and the Pauli exclusion principle.

Together with the formal presentation of the quantum theory, the main objec-
tive of this book is to present a coherent set of concepts and physical phenomena.
The most emblematic quantum properties like the tunneling effect through
potential barriers and the energy quantization in the confining potentials, appear
and reappear in more complex examples, modified or transformed. These phe-
nomena, together with the quantum version of the particle current density, the
transmission and reflection coefficients, and the splitting of the energy levels that
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give rise to the energy bands structure, are some of the physical phenomena
studied in this text. One of the aims is to show students that quantum theory, more
than a set of axioms and differential equations, is a consistent and intelligible
theory that clarifies the quantum behavior present in an uncountable number of
realizations of the microscopic and macroscopic systems. We pursue the mathe-
matical rigor and conceptual depth together with simple calculations and enhanced
comprehension of the quantum concepts.

The content and depth with which we discuss the fundamental issues of the
quantum theory is appropriate for a semester course or a trimester plus a com-
plementary course. In each chapter we have some solved problems, which in
certain cases complement the discussion of some topics. The second part of this
book can also be used as an introductory course to let electric and electronic
engineers get acquainted with semiconductor heterostructures, and the quantum
properties of these systems.

I thank Emilio Sordo and Luis Norefia for their friendship and for the facilities
that the Universidad Auténoma Metropolitana campus Azcapotzalco provides me;
to my students of different generations, especially to Fernando Zubieta, Michael
Morales, Maria Fernanda Avila, and Victor Ibarra for their support in an important
part of the transcription of my notes into the La-TeX language. I thank my stu-
dents, colleagues, and collaborators Jose Luis Cardoso and Alejandro Kunold. To
Jaime Grabinsky, Juergen Reiter, Arturo Robledo and Herbert Simanjuntak, for
their friendship and the useful comments and corrections. To Claus Ascheron,
Executive Editor of Springer Verlag, for his continued encouragement and interest
in the publication of this book. The friendship and hospitality of Dieter Weiss and
the University of Regensburg, where the last steps of this English version were
taken. The support of CONACyYT Mexico and the Program: Apoyo para Afio
Sabdtico is also acknowledged. I also thank the support and love of my wife
Liuddys.

Meéxico Pedro Pereyra
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Chapter 1
The Origin of Quantum Concepts

At the end of the nineteenth century, just when the classical theories had blossomed
into beautiful and elegant formulations, new challenges troubled the scientific com-
munity. The spectroscopic methods applied to analyze the atomic and the blackbody
radiations, accumulated evidences that could not be explained with the existing theo-
ries. The electromagnetic theory, that reached its summit with the Maxwell equations,
at the time recognized the ether as the medium of wave propagation, even though the
Michelson-Morley experiment denied it. With the discovery of electrons, in 1897,
the interest in understanding the atomic structure grew up steadily to become soon
a true challenge for experimental and theoretical physicists. These and other prob-
lems, underpinned a period of crisis and prolific creativity. Max Planck and Albert
Einstein, are emblematic symbols of two new theories of the modern physics that
grew out of the crisis: the quantum physics and the relativity theory. Both theories
undermined the classical physics and introduced new concepts that not only changed
physics but also pervaded and gave shape to the modern culture, dominated by the
communications industry and the optoelectronic devices.

To understand the formalism of quantum physics this book deals with, it is instruc-
tive to review some major problems that spurred the crisis and the fundamental ideas
and concepts that were used to explain them. In this and the following chapter, we
will briefly discuss some of these problems. The order of the presentation will not
necessarily be in chronological order.

One of the problems that revealed the need of fundamental changes in the classical
theories, and the first whose explanation opened the wide world of the quantum
physics, was the problem of the blackbody radiation. All bodies emit and absorb
radiation, and the intensity and frequency distribution of this radiation depends on
the body and its temperature. Before Max Planck put forward his theory, the low
frequency description of the spectral density was quite satisfactory, but for high
frequencies (see Fig. 1.1), it was completely wrong. Max Planck found the correct
spectral density assuming oscillators in the walls of the blackbody cavities that could
only absorb or emit multiples of discrete amounts of energy.

P. Pereyra, Fundamentals of Quantum Physics, Undergraduate Lecture Notes in Physics, 1
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2 1 The Origin of Quantum Concepts

Fig. 1.1 The experimental

behavior of the blackbody pvT) ¢ ¢

radiation density, as a func- ¢ ¢ T=270K
tion of the frequency v. The .
continuous curve, for low N .

frequencies, represents the
classical theories description

Another problem that required a new approach, was the photoelectric effect,
observed when light struck on a metal and is followed by electrons coming out
of the metal surface. Prior to the explanation given by Albert Einstein to this prob-
lem, it was not clear why the emitted electrons energy depend on the light frequency
v instead of its intensity. Moreover, it was not clear why the electron emission ceased
when the light frequency was lower than some critical value v,, which depended on
the specific metal.

The discovery of the electron by Joseph J. Thompson, in 1897, opened up the
atomic structure problem. This problem, and the explanation of the atomic emission
lines, remained open for some years. It was clear that, if the electron (the negative
electric charge) was part of a neutral atom, one had to admit the existence of positive
charges. The problem was, how and where to put, in a stationary configuration, the
positive and the negative charges together, and how can one then relate the electronic
configuration with the emission lines.

An effect, that appeared some years later, whose explanation was fundamental
to the understanding of the quantum phenomenology, was the Compton effect. In
the Compton effect the light scattered by particles changes its color (i.e. changes its
frequency), and the change is a function of the scattering angle, as shown in Fig. 1.4.
The explanation of this effect corroborated the quantization concepts as well as some
results of the special theory of relativity.

In the following sections we discuss these problems with more detail.

1.1 Blackbody Radiation

All bodies absorb and emit radiation with frequencies that cover the whole spectrum,
with intensity distribution that depends on the body itself and its temperature. The
problem of the intensity and the color of the radiated light was stated by Kirchhoff
in 1859. This problem was also of interest to the electric companies interested in
producing light bulbs with maximum efficiency. At the end of the nineteenth century,
there were precise measurements of the emitted and absorbed radiation, but without
a theoretical explanation. The isolation of the emitting body from other emission
sources was an important requirement. One way to achieve this was, for example, to
consider a closed box with the inner faces as the emitting surfaces. To observe the
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radiation inside the box, one makes a small hole. The radiation that comes out from
the hole is called the blackbody radiation. Some properties and important results
about this radiation were known at the end of the nineteenth century. Among these
properties, it was known that the radiation energy density could be obtained from
the empirical formula

10716 JK

u=UT4, with o0 = 7.56 x - (1.1)

m

Since the energy density can be obtained when the spectral density, p(w, T'), per
unit volume and unit frequency is known, it was clear that one had, first, to derive
the frequency distribution of the radiation field.

By the end of the nineteenth century, it was usual to assume that the existing
physical theories were perfectly competent to explain any experimental result, and
could also be used to account for the observed results and to deduce (starting from
the implicit first principles) the empirical formulas. It was then reasonable to expect
that the radiation density (1.1) and the spectral density p(w, T'), whose behavior was
as shown in Fig. 1.1, could be accounted for after an appropriate analysis. However,
all theoretical attempts to obtain the spectral density p (w, T) failed, even though the
reasoning lines, as will be seen here, were correct. The failures had a different but
subtle cause.

As mentioned before, if the spectral density p (w, T')) would be known, the product

du = p(w, T)dw = py(v, T)dv,

integrated over the whole domain of frequencies, should give the energy density
sought. In other words, given the spectral density p(w, T), the energy density would
be

U= /Oo,o(a), TYdw = /OO ov(v, T)dv = o T*. (1.2)
0 0

Therefore, the aim was to determine p(w, 7). The theoretical attempts led to a
number of basic results and properties. Some of them useful and valid, others not.
Let us now mention three of them: the Wien displacement law, as a general condition
on the function p (w, T), and two results that make evident the nature of the problem
and the solution offered by Max Planck.

(1) Wien’s displacement law, refers to the displacement of the maximum of p,, (v, T')
with the temperature, i.e. the change of color of the emitted radiation as the body
is heated up or cooled down. This phenomenon implies a necessary condition
on the spectral density p, (v, T'). To obtain the empirical law (1.1), the spectral
density should be a function like

v, T) =3 f(/T), (1.3)
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with f(v/T) a function to be determined. It is easy to verify that a spectral
density like this will certainly produce a result that goes as T'%.

(i) An important result, that was shown experimentally, was the independence of
the blackbody radiation from the specific material of the emitting walls. Taking
into account this result, it was clear that one could model the radiating walls as
if they were made up of independent harmonic oscillators. If each oscillator has
a characteristic oscillation frequency v, and the characteristic frequencies have
a distribution function p, (v), one will obtain, using the classical physics laws,
the average oscillator energy (per degree of freedom).

123 3

_ c
E = ?P(w) = 87[7'0”(1))' (L4

(iii) On the other hand, from the classical statistical physics it was known that the
average energy per degree of freedom in thermal equilibrium at temperature T,
is given by

o1
E = kpT. (1.5)

with kg the Boltzmann constant.?
Combining these results, and taking into account that waves polarize in two perpen-
dicular planes, the classical physics analysis led to the spectral density

12

8
o, T) = kpT, (1.6)

3
known as the Rayleigh-Jeans formula. This expression fulfills the Wien law when

87TkB 1

SfWw/T) = = T (1.7)

and predicts a spectral distribution that grows quadratically with the frequency v. As
can be seen in Fig. 1.1, the Rayleigh-Jeans formula plotted as a continuous curve,
describes well the experimental curve only in the low frequency region.> Although
the Rayleigh-Jeans distribution is compatible with the Wien displacement law, it
diverges in the high frequency region. Thus, the integral (1.2) also diverges. This

behavior was known as the “ultraviolet catastrophe”.*

! For derivations of the average energy and some other important expressions, see Lectures on
Physics by Richard P. Feynman, Robert Leighton and Matthew Sands (Addison-Wesley, 1964) and
Introduccion a la mecdnica cudntica by L. de la Pefia (Fondo de Cultura Econémica and UNAM,
Meéxico, 1991).

2 kp = 1.38065810"3/K ™!

3J.W.S. Rayleigh, Philosophical Magazine, series 5,49 (301): 539 (1900); J. H. Jeans, Phil. Trans.
R. Soc. A, 196 274: 397 (1901).

4 Apparently this term was coined by Paul Ehrenfest, some years later.
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In the twilight of the nineteenth century, on December 14th of 1900, Max Planck
presented to the German Society of Physics and published in the Annalen der Physik,’
the first unconventional solution to this problem. To explain the blackbody spectrum,
Planck introduced the formal assumption that the electromagnetic energy could be
absorbed and emitted only in a quantized form. He found that he could account
for the observed spectra, and could prevent the divergence of the energy density, if
the oscillators in the walls of the radiating and absorbing cavity, oscillating with a
frequency v, lose or gain energy in multiples of a characteristic energy E,, called a
quantum of energy.

If the energy that is absorbed or emitted by an oscillator with frequency v, is

E=nE, n=1,2,3,..., (1.8)
a multiple of a characteristic energy E,, the probability of finding the oscillator

in a state of energy E, which in the continuous energy description is given by the
Boltzmann distribution function

efE/kBT
will change to
e—nEU/kBT
p(E,, T) = (1.10)

> e nE/kT

With energy discretization the integrals have to be replaced by sums. This seem-
ingly inconsequential change, was at the end a fundamental one. With a discretized
distribution function the average energy becomes

—nE,/kpT
Zn nE,,e nk,/kp
Zn e—nEv/kpT

E = (1.11)

It is not difficult to see that the sums in the numerator and denominator can easily be
evaluated. Indeed if we remember that

_ 2 _ n
l_x_lerer +---_§)x, (1.12)

for absolute value of x less than 1, and also that

d— , 1 . 1
< N e — 113
dx * X e (1—x)2 (1.13)

n=0 n=0

we can show that the energy average is given by

5 M. Planck, Ann. Phys., 4, 553 (1901).
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Fig. 1.2 The experimental pV.T)
spectral distribution and the T=270K
Planck distribution for dif-
ferent temperatures. The
description is perfect from
low to high frequencies

T=200K

E,

Using e* =~ 1 + x for small x, this expression reduces to k3 T in the high temper-

atures limit. Combining with the average energy of equation (1.4), we have

. T) 81?2 E,
v,T)= .
Py 3 oE/ksT _ |

(1.15)

For this distribution to satisfy the Wien displacement law, the characteristic energy
E,, the minimum energy, absorbed or emitted, must be proportional to the frequency
v. Writing the characteristic energy as

E, = hv, (1.16)
with & the famous Planck constant,® Max Planck found the spectral density

8mv? hv
py(v, T) = C3 el’lV/kBT o 17

(1.17)

that is known as the Planck spectral density. This density describes the experimental
results all the way from the low to the high frequencies (see Fig. 1.2). It is easy to
verify that at high temperatures, for which kg7 >> hv, the Planck spectral density
reduces to the spectral density of Rayleigh and Jeans.

An important test for the Planck spectral density is the calculation of the energy
density of the radiation field. Using Planck’s spectral density, we have

87th [  vidv 8k? © x3dx
U= — = B4 (1.18)
3 Jo e/ksT — 1 T 3p3 o e —1’ ‘

where x = hv/kpT. As the integral on the right-hand side of (1.18) is a finite number
(in fact equal to 7*/15), this energy has not only the correct temperature dependence,
it can be used, based on the empirical energy density of (1.1), to obtain the Planck
constant

6 This is one of the fundamental constants in physics and of the laws of nature.
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Fig. 1.3 The photoelectric effect. When an electromagnetic radiation, with energy hv, strikes a
metal surface, the electrons absorb the whole energy and pay part for releasing the electrons from
the metal (known as the work function W) to become free particles. The remaining energy hv — W,
if some is left, transforms into the electron’s kinetic energy p>/2m

h = 6.6260755 x 1073*Js = 4.1356692 x 10~ PeVs.

It is common to express hv as fiw with i = h/27 = 1.054572 x 1073*Js and
w = 2mv. Note that the units of & are energy x time. It is not difficult to show that the
very small magnitude of / hides the quantum phenomena. Indeed, if the frequencies
of oscillations were, say of the order of 10 Hz, the absorbed or emitted energies
would be, as mentioned earlier, multiples of hv ~ 10732): a very small amount of
energy. We can then ask if changes of this magnitude can be observed or not in the
macroscopic physical systems. To answer this question let us suppose that we have a
classical oscillator, which is a particle of mass m = 1g attached to a spring of constant
k = 10 N/m. If the particle’s oscillations amplitude is, say x, = 1 cm, its energy and
oscillations frequency would be, respectively, of the order of E ~ 5 x 1074J and
v =~ 10 Hz. Furthermore, if the precision measuring the energy is, say AE ~ 107°FE,
the number of quanta of energy contained in AE would be n = AE/ hv, of the order
of 10?%; a very large number! Hence, the contribution of one quantum of energy is
rather negligible. We will see later that the number of quanta will be considerably
less, of the order of one, when the energies and particles are of atomic dimensions
(Figs. 1.3, 1.4).

1.2 The Photoelectric Effect

In 1887, Heinrich Hertz noticed that when a metal surface was illuminated with UV
light, electrons were ejected from the surface - provided the light’s frequency was
above a certain, metal-dependent, threshold v.. The main properties related with
these phenomena are:

(1) the speed of the ejected electrons depends only on the frequency of the incident
light,
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(ii) the number of emitted electrons depends on the intensity of the incident radiation;
(iii) for each metal there is a frequency v., called the critical frequency, below which
no photoelectric phenomenon is observed.

In 1902 Philipp Lenard noticed that “the usual conception that the light energy is
continuously distributed over the space through which it spreads, encounters serious
difficulties when trying to explain the photoelectric phenomenon’.” In 1905 applying
Planck’s idea of quantization of the absorbed and emitted radiation energy, Albert
Einstein was able to explain the photoelectric effect by assuming a “corpuscular”
nature for the quanta of light, i.e. a dual nature where a wave and a particle property
coexist, and are part of the fundamental characteristics of the same object.

If the quantum of radiation, the light corpuscle, has an energy /v, and this energy
is transmitted to an electron in the corpuscle-electron interaction, part of the energy
is used to expel the electron from the metal ® and the remaining is transformed into
its kinetic energy. This means that:

%mevz =hv— W. (1.19)
When the frequency v of the incident radiation is such that hv coincides with W, the
kinetic energy is zero, but when hv < W the electron will not be able to get out of
the metal. Thus #v = W is a particular condition that defines the critical frequency
ve = W/h. Each metal has its own critical frequency. When v > v, each photon,
absorbed in the electron-photon interaction, makes possible the release of one free
electron, the number of free electrons depends then on the number of the photons,
i.e. on the radiation intensity. In this way, all three characteristics of the photoelectric
effect got a rather simple explanation.
Furthermore, according to the special theory of relativity, a massless particle, like
the radiation field corpuscle,9 has the linear momentum

p=—t="" (1.20)

Since the wave velocity c is equal to the product vA, where A is the wave length, we
can write this relation as
= — = hk, 1.21
P=7 (1.21)

where k = 27 /L = w/c is the wavenumber. Since both, p and k, are vector quantities
we must write in general as

7 In A. Einstein, Ann. Phys. 17,132 (1905).

8 This is known as the work function W, and it is related to the electron’s binding energy.

9 In the especial theory of relativity we have the relation E2 = p2c? + (m,c?)? between energy E,
momentum p and the rest energy m,,cz. It is clear that for m, = 0, we are left with E = pc. If m is
the mass of the particle when it is moving and E = mc?, the rest mass m, and the moving particle

mass m are related by m2(1 — vz/cz) = m?}
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Fig. 1.4 The Compton effect. The change of the scattered radiation wave length AL = A — X9
(or change of frequency Aw = w — wp), depends on the scattering angle 6. This effect can be
explained when the radiation-electron interaction is modeled as a collision of particles

p = Ik. (1.22)

This is a very important and recurrent relation in quantum theory, and will be useful
to explain the Compton effect, that we will discuss now, and to derive the Schrodinger
equation later.

1.3 The Compton Effect

In 1923, A. H. Compton noticed that the wavelength of X-rays scattered by electrons
in graphite increases as a function of the scattering angle 6. It turns out that these
phenomena can be understood by making use of the dual particle-wave nature for the
quantum particles involved in this process, together with the basic relations of the
special theory of relativity, that was already well established in those years. Indeed,
when the electron-photon interaction is analyzed as a collision of two particles, the
conservation laws of energy and momentum lead to

hwo + Eg = ho + E, (1.23)

and
hko + po = hk + p. (1.24)

Here Eg = moc?, E = mc? = moc?/\/1 —v2/c2, pp = 0 and p = mv are the
electron energies and momenta, before and after the collision, respectively. Taking
the squares of these equations, written as

m2c* = m(z)c4 + 2m0c2h(wo —w) + hz(a)o — a))2 (1.25)

and
R2(k? 4 kj — 2kko cos ) = m*v?, (1.26)
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and using the relations k = w/c, kg = wg/c and m?*c* = m%c4 + m?v%c?, we can

easily obtain the following equation

m0c2
wwy(l —cosh) = (wp — w), (1.27)
that can be written also as
h .2 9
A—dg=—(1 —cosh) =2x.sin” —. (1.28)
moc 2

In the last equation the Compton wavelength A, = h/mgc was introduced. A defin-
ition that ascribes an undulatory property, the wavelength, to particles with mass. A
quantity that tends to zero as the mass increases. For electrons A, &~ 2.4 x 10™nm.
It is evident from (1.28) that A > ). It shows also that the difference AL = A — Ao
reaches its maximum value when the dispersion is backwards (“backscattering”), i.e.
when 6 = . The relative change of the wavelength A) /A, is of the order of A /A¢.
This ratio allows one to establish whether the Compton effect will be observed or
not. If the incident radiation is a visible light, Ag from 400 to 750 nm, the relative
change will be of the order of 1073 In contrast, if the incident radiation has a wave-
length shorter than those of the visible light, the relative change will be greater, and
the Compton effect might be seen. For instance, for X-ray with A9 &~ 10~2nm the
relative change is of the order of 10~!, which means 10% of the incident wavelength.
This effect can easily be observed and was observed indeed!

1.4 Rutherford’s Atom and Bohr’s Postulates

Searching for the atomic structure, Rutherford studied the dispersion of « particles by
thin films of gold. To explain the high amount of « particles at high dispersion angles,
Rutherford suggested that atoms have a charge +Ne at the center, surrounded by
N electrons which, following the “saturnian” atom hypothesis proposed by Hantaro
Nagaoka, rotate in saturnian rings of radii R. With this model of atoms, Rutherford
deduced the angular distribution of the scattered particles. The results agreed sub-
stantially with those obtained by Geiger in 1910. Although these experiments and
the theory did not reveal the sign of the charge, Rutherford assumed always that the
positive charge was at the center.

According to the classical theory, an electron that rotates in a circular orbit around
a positive charge Ze is subject to a “centrifugal” force and to an attractive Coulomb
force. When the magnitudes of these forces are equal, it is possible to express the

electron energy as
2
1 Ze?
E = —5mo’ (%) , (1.29)
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and the angular frequency by

2 [21EP

w = ——
ez m

(1.30)

Here m and e are the mass and charge of the electron, while E is its energy. If the
absolute electron energy E takes any real value, the frequency o will take also any
real value. But the experimental results showed that the emitted frequencies were
discrete.!0 In 1885, J. J. Balmer found that the wavelengths of the four visible lines
of the Hydrogen spectrum can be obtained from

1 1 1
Sow(-=2). with n=3.4.5.6 (131)
4 n?

and ¥ = 17465cm~!. Shortly after J. R. Rydberg showed that all known series can
be obtained from

2 1 1 .
k="—=R| —=-——). with ny < ny, (1.32)
A n% n%

and R = 109735.83cm ™. This constant is known as Rydberg’s constant. Some time
later, Niels Bohr, using Rutherford’s model and the fundamental ideas introduced
by Planck and Einstein, on the quantization of energy, proposed the following pos-
tulates on the stationary states of atoms and on the emitted and absorbed radiation
frequencies:

1. an atomic system can only exist in a number of discrete states;
I. the absorbed or emitted radiation during a transition between two stationary
states has a frequency v given by hv = E; — E.

With these postulates he showed that it is possible to explain the separation and
regularity of the spectral lines, and the Rydberg formula for the Hydrogen spectrum.
Indeed, if one assumes that the energy is quantized as'!

E, =nhv/2, (1.33)
one can easily obtain the energy
2% me* .
En Z—W, with n = 1,2,3,... (134)

10 At that time it was common to assume that the emitted radiation frequency was related with the
electron’s oscillation frequency.

'U'N. Bohr, Philosophical Magazine, ser. 6 vol. 26, 1 (1913). Notice the factor 1/2.
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Given this energy it is possible to evaluate the difference E,, — E,, (associated with
the transition E,, — Ej,,) and to obtain Rydberg’s formula.

272me* 1 1 .
Enz_Enl = T E—n—% . with n = 1,2,3,... (135)

In the early years of the twentieth century, the electromagnetic theory was considered
one of the most firmly established theories. It was known that accelerated charges
radiate energy (Bremsstrahlung). In Rutherford’s model the orbiting electrons are
accelerated charges, therefore they must lose energy and eventually collapse into
the nucleus. Nonetheless, that did not seem to occur. Given the coincidence with the
Rydberg formula, and the difficulty to explain these basic contradictions, Bohr’s pos-
tulates were accepted, for some years, as factual statements that reflect the behavior
of nature at the microscopic level:

2m%met (11

Bohr’s model accounts for the observed results but does not explain why an
accelerated electron remains in a stable orbit, neither the emission mechanism, nor the
laws that determine the transition probabilities. Nevertheless, these postulates and the
correspondence principle with the classical description in the limit of large quantum
numbers n (also proposed by Bohr), were held for many years, and constituted what
later was called the old quantum theory. Meanwhile, there were many attempts to
explain them on a firmer basis, as well as to give them experimental support or to
question their general validity. In these attempts two fundamental schools became
pre-eminent in the future development of the quantum theory: the school of Arnold
Sommerfeld in Munich and the work of Max Born and collaborators in Gottingen. It
is beyond the purpose of this book to analyze in detail the work of Sommerfeld, Born,
Van Vleck, Heisenberg, Jordan, Pauli, Dirac etc.. We just recall and recognize that
the cumulative work of all of them reached, in the joint work of Born, Heisenberg
and Jordan, a zenithal point with the matrix version of the quantum theory, the matrix
mechanics. A few months later, following a different line of thought, closer to the
particle diffraction experiments and to the wave-particle duality proposed by Louis de
Broglie, Erwin Schrodinger introduced the wave version of the quantum theory, the
quantum wave mechanics. In the following chapter we discuss with more detail this
alternative approach to quantum theory. To conclude this chapter we will summarize
the ideas of Einstein published!? in 1917, with the title “About the quantum theory
of radiation” where, among other results, Einstein deduced the Planck distribution
and the second postulate of Niels Bohr.

12 A. Einstein, Mitteilungen der Physikalischen Gesellschaft Ziirich 18 , 47 (1916) and Phys. Zs.
18, 121 (1917).
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1.5 On Einstein’s Radiation Theory

As an extension of the ideas that were used to explain the photoelectric effect, where
the quantization concept was not restricted to the emission and absorption mechanism
but taken also as a characteristic property of the radiation field, Einstein derived the
Planck distribution and the Bohr postulate, assuming that the emitting and absorbing
molecules in the walls, in thermal equilibrium with the blackbody radiation, are
themselves allowed to exist only in a discrete set of states.

1.5.1 Planck’s Distribution and the Second Postulate of Bohr

Einstein assumed that if a molecule exists only in a discrete set of states with energies
E1, E,, ... the relative frequency of finding the molecule in the state n, in analogy
with the Boltzmann-Gibbs distribution, should be given by

fn = cpe En/kBT (1.37)

where ¢, is a normalization constant. A molecule in the state of energy E,, in
thermal equilibrium with an electromagnetic field characterized by a spectral density
p, absorbs or emits energy and changes to the state of energy E,,, with E,, < E, in
the absorption process and E,, > E, in the emission process. The probabilities for
these processes to occur during a time interval dr are

dw)" = B)'pdt and dW, = B} pdt. (1.38)
Here, the coefficient B) represents the transition probability per unit of time, from
the state with energy E, to the state with energy E,,. These are transitions induced by
the molecule-field interaction. Since the state n occurs with the frequency f, given
in (1.37), the number of transitions per unit time, from 7 to m, can be written as

cpe  En/keT i sy (1.39)
For the excited molecules, Einstein envisaged also the possibility of making transi-
tions to lower states by spontaneous emission, independent of the field. Therefore
the probability that a molecule emits during a time d¢ is

dW = (A" + B" p)dt, (1.40)

with A” the probability of spontaneous emission per unit of time. To preserve the
equilibrium of these processes, one needs the balance condition

e—En/kaB;l’l‘lp — e_Em/ka(Al’:ln + B”:lp) (141)
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It is easy to verify that this condition, with B’ = B}, leads to the spectral density

A ! (1.42)
p=—" . .
B e(Em—E,,)/k;,T 1

From Wien’s displacement law, it follows that

An
Zn = avd and E, — E, = hvg,, (1.43)
m

with o and & constants to be determined, for example, by comparing with the Ryd-
berg and the Rayleigh-Jeans formulas at high temperatures. It is worth noticing that
Einstein deduced, at the same time, Planck’s distribution and the second postulate of
Niels Bohr. We shall now briefly refer to Einstein’s specific heat model.

1.5.2 Einstein’s Specific Heat Model

In an exercise of congruence, Einstein suggested in 1907 that the quantization hypoth-
esis should explain also other physical problems where the classical description was
in contradiction with the experimental observations. One of these was the specific
heat of solids that, according to classical theory, must be constant, but experimentally
tends to zero as the temperature goes to zero. If atoms in a solid are represented by
oscillators, the average energy of one atom, per degree of freedom, will be given by

hv

E=mmr—1 (1.44)
with v = /27 the average frequency of oscillations. If all atoms, in the Einstein
model vibrate with the average frequency v, the internal energy of a solid containing

N atoms, with 3 degrees of freedom each, is given by

3Nhow

U= oholksT _ 1"

(1.45)

When the temperatures are high, the internal energy of the solid takes the form
U =3NkpT, (1.46)

and the specific heat will be

9
cv= (YY) =N (1.47)
aT ),
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Fig. 1.5 The visible electromagnetic spectrum

This expression coincides with the classical results. If temperatures are low, we have

i \ 2 B
Cy = 3Nkg (ﬁ) e T/ kT (1.48)

an expression that tends to zero exponentially when 7 — 0. This function agrees
qualitatively well with the experimental results at low temperatures, a result that was
well known at the beginning of the 20th century. A more quantitative approach and
in actual agreement with Cy that really behaves as 7 was derived by Debye.!?

1.6 Solved Problems

Exercise 1 A quantum of electromagnetic radiation has an energy of 1.77 eV. What
is the associated wavelength? To what color does this radiation correspond? (Fig.
1.5)

Solution We will use Planck’s relation £ = hv = hc/X. The constant /c in this and
other problems is

he = 6.63 1073475 3.0 1082
)

— 19.89 10726 Jm oY _Lm
- 1.610-1°7 10—9m
— 1243 eV nm. (1.49)
With this result we get
he 1243
=2 nm = 702.25 nm. (1.50)
E 177

13 By adopting the idea of Einstein and limiting the frequency  to a maximum frequency wp.



16 1 The Origin of Quantum Concepts

This wavelength corresponds to red light, which includes wavelengths between 640
and 750 nm, approximately.

Exercise 2 A mass of 2kg attached to a spring, whose constant is k = 200 N/m,
is moving harmonically with an amplitude of 10 cm on a smooth surface without
friction. If we assume that its energy can be written as a multiple of the quantum
of energy hw i.e. as E = nhw, determine the number of quanta n. If the energy is
determined with an error AE of one part in a million, i.e. A = £ /1000000, how
many quanta of energy are contained in AE?

Solution We will calculate first the energy of the system. This is a classical system
and its energy at the maximum elongation point (when the kinetic energy is zero) is

1 1. N
E = —kA? = =200 —(0.1)*>[m?] = 11J. (1.51)
2 2 m

The error will be then

1

AE =+ ———
1000000

E = £0.000001 E. (1.52)
To use the energy nhv and get the number n, we need the frequency

1 [k 1 [200
27 Vm 27V 2

10
— Hz = 1.5915 Hz. (1.53)
21

Therefore
E 1]

v 6.63 10-3*7s 1.5915 [Hz]

n= =9.4769 1032, (1.54)

This is a very big number. The number of quanta of energy to which the error AE
corresponds is

AE 0.000001 J 2%
An="=+ = 49.4769 10%°. (1.55)
hv 6.63 10-34Js 1.5915 Hz

Exercise 3 Let us assume that X-rays are produced in a collision of electrons with a
target. If electrons deliver all their energy in this process, what minimum-acceleration
voltage is required to produce X-rays with a wavelength of 0.05nm?

Solution When an electron is accelerated by a potential difference AV, it acquires
a potential energy e AV . If this energy is transformed into the energy /v of a photon
of wavelength A = c¢/v, we have

eAV = hc/A. (1.56)
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Hence
he 1243 eVonm 1.6 10719J
AV = — =
eh 1.6 10-19C0.05nm 1eV
J
= 24860 —. (1.57)
C

Thus the required accelerating potential is AV = 24860V.

1.7 Problems

Find the average energy in equation (1.14).
. Show and discuss Wien’s displacement law.
3. Show that Planck’s spectral density can also be written as

N —

(. T) = w? ho
PR, 1) = "33 JhalksT — 1

(1.58)

4. Consider the equation (1.14) and show that to fulfil the Wien displacement law,
the minimum absorbed or emitted energy E, must be proportional to the fre-
quency v.

5. Show that at high temperatures, the Planck distribution reduces to that of
Rayleigh and Jeans.

6. Plot Planck’s spectral density as a function of the frequency v for three different
temperatures: T = 50K, 200K and 300K. Determine the frequency where the
spectral density reaches its maximum value. Determine in which direction the
maximum of the spectral density moves as the temperature increases.

7. Prove that Planck’s constant can be expressed as

ky (72kp\'"’
hz_B(” B) , (1.59)

c 15a

and obtain its numerical value in Js and eVs.

8. If the escape energy of electrons from a metal surface is 1.0 eV when the metal
is irradiated with green light, what is the work function for that metal?

9. If a potassium photocathode is irradiated with photons of wavelength A = 253.7
nm (corresponding to the resonant line of mercury), the maximum energy of the
emitted electrons is 3.14 eV. If a visible radiation with A = 589 nm (resonance
line of sodium) is used, the maximum energy of emitted electrons is 0.36 eV.

a. Calculate the Planck constant.
b. Calculate the work function for the extraction of electrons in potassium.



10.

11.
12.

13.

14.
15.

1 The Origin of Quantum Concepts

c. What is the maximum radiation wavelength to produce the photoelectric
effect in potassium?

a) An antenna radiates with a frequency of 1 MHz and an output power of 1 kW.
How many photons are emitted per second? b) A first-magnitude star emits a
light flux of ~ 1.6 10719 W/m?2, measured at the earth surface, with an average
wavelength of 556 nm. How many photons per second pass through the pupil of
an eye?

Derive equations (1.27) and (1.28).

A 10MeV photon hits an electron at rest. Determine the maximum loss of photon
energy. Would this loss change if the collision is with a proton at rest?
Determine the relative change in wavelength when the incident radiation in a
Compton experiment is of X-rays (with wavelength 1o ~ 10~cm) on graphite.
Determine the wavelengths of the Balmer series for Hydrogen.

What is the energy difference E,, — E, if the emitted light is: a) yellow b) red
and c) blue?



Chapter 2
Diffraction, Duality and the Schrodinger
Equation

The ad hoc postulates introduced to explain the Hydrogen emission lines, assum-
ing that the atomic system exists only in a set of energy states, were taken with
reticence, and the resistance grew when new experimental results, for atoms in mag-
netic fields, could not be explained based on those postulates. Physicists of the stature
of Sommerfeld, Kramers, Heisenberg and Born were involved in different attempts
to formalize the quantization phenomenon. Throughout the 1910s and still in the
1920s, many problems were approached using the old quantum theory. The rota-
tional and vibrational spectra of molecules were studied and the electron spin was
envisioned. Arnold Sommerfeld, using his semiclassical quantization rules, that will
be considered below, studied the relativistic Hydrogen atom and introduced the fine
structure constant. !

Atthe end of the last chapter, we mentioned the matrix formulation of the quantum
theory by Heisenberg, Born and Jordan. In this theory, closely related to Bohr’s model,
the physical quantities are represented by a collection of Fourier coefficients like

Xy, (1) = 2™ Em=En)t/hy, - (0), 2.1)

with two indices corresponding to the initial and final states. This phenomenological
theory was the first to appear;” another, likewise phenomenological but more intu-
itive, led to the wave mechanics formulation by Erwin Schrodinger. In this book, we
will study and we will solve a number of examples using the Schrodinger equation.
Important precedents for the Schrodinger theory were the particle-wave duality, ex-

I Arnold Sommerfeld introduced the fine-structure constant in 1916, in his relativistic deviations
of the atomic spectral lines in the Bohr model. The first physical interpretation of the fine-structure
constant, o = ez/(47revhc) = 7.29735256981073, is the ratio of the velocity of the electron in the
first circular orbit of the relativistic Bohr atom to the speed of light in vacuum. It appears naturally
in Sommerfeld’s analysis, and determines the size of the splitting or fine-structure of the hydrogenic
spectral lines. The same constant appears in other fields of modern physics.

2 M. Born, W. Heisenberg, and P. Jordan, Zeitschrift fiir Physik, 35, 557(1925] (received November
16, 1925). [English translation in: B. L. van der Waerden, editor, Sources of Quantum Mechanics
(Dover Publications, 1968) ISBN 0-486-61881-1].

P. Pereyra, Fundamentals of Quantum Physics, Undergraduate Lecture Notes in Physics, 19
DOI: 10.1007/978-3-642-29378-8_2, © Springer-Verlag Berlin Heidelberg 2012
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tended for massive particles by Louis de Broglie. We will review now these topics,
the Sommerfeld-Wilson-Ishiwara’s quantization rules, and we will end up with a
simple derivation of the Schrodinger equation based on the wave equation and the
fundamental duality relation A\ = h/p for the particle momentum and the wave-
length.

2.1 Sommerfeld-Wilson-Ishiwara’s Quantization Rule

Arnold Sommerfeld, William Wilson and Jun Ishiwara, independently and almost
simultaneously,® showed that, to study the behavior of quantum systems with periodic
movements, as electrons in the Rutherford model, it is convenient to introduce the
action variables, defined as

Ji =%Pid%’, (2.2)

where p; are the momenta and ¢; the corresponding coordinates, and to postulate
the action quantization in the form

J,’ = I’lih = 27’1’77]1,', (23)

with n; an integer. The integral § dg; means one period of motion. Since the action
has the same units as the Planck constant, it is often called the quantum of action.

2.1.1 The Quantization Rules and the Energies of the Hydrogen
Atom

We will see now how the quantization rule (2.3) applied to the Hydrogen atom
action variable J, leads to the quantized Hydrogen-atom energies.* We start with
the Hydrogen atom Hamiltonian written as

2 2 2
P P 2.4)

H =
2m  2mr? r

Here the variable ¢ is a cyclic variable,’ thus its canonical conjugate, the angular
momentum p,, is a constant of the motion. Indeed

OH

—% =0. (2.5)

15992

3 Einstein also proposed similar rules of quantization.
4 We assume here that the Hydrogen nucleus is at rest.
5 A cyclic or ignorable variable does not appear explicitly in the Hamiltonian.
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Using the canonic Hamilton equation we have also

. OH Py
- —_ 2.6
L pp mr? 26)
This leads us to express the angular momentum p,, as
— mr2y
Do = mr-o. 2.7)
Since the angular momentum p,, is a constant of the motion, we obtain
Jo = 7{ podp = 2mpy, (2.8)
and applying the Sommerfeld-Wilson-Ishiwara’s quantization rule, we have
Py = mrng =nh. (2.9)

This shows that the angular momentum of the Hydrogen-atom electron is quantized.
To obtain the energy, we also need the momentum p,. For circular electron orbits, r
is constant. Thus, we must have

OH  p,
F= S Py (2.10)
dpr m

In a circular motion the radial component of the linear momentum is, of course, zero,
i.e. p, = 0. From the canonical Hamilton equation we have

e
.:——:———, 211
pr o mr3 2 2.11)
and we conclude that
I’fg e?
— — — =0. 2.12
mr3  r? ( )

Substituting this equation, as well as (2.7) and (2.9) for the corresponding variables
in the Hamiltonian function of equation (2.4), we have
212 me*

o b=

(2.13)

This energy coincides with that in (1.34). Sommerfeld and his collaborators, among
whom was Werner Heisenberg, applied these postulates to systems whose orbits are
not necessarily circular, with interesting results related to the spectral lines intensities
and the hyperfine structures.
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2.1.2 The Rotator

A simple system where the quantization rule (2.3) can be used to obtain the quanti-
zation of the angular momentum is the rotator. A mass M attached to the end of a
massless rigid rod of length R. In the space of dimension two, this system is described
by the Lagrangian

_ MR*,

L 5 62, (2.14)

and the momentum py, conjugate to the polar angle 6, is a constant of the motion
given by )
po = MR?0. (2.15)

The quantization of the polar angle 6 action

Jop = f podf = 27 pyg, (2.16)

leads to ]
po = MR*0 = nh. (2.17)

In the Bohr model, this restriction imposed on the circular orbits was enough to
determine the energy levels.

In the space of dimension three, a rigid rotator can be described by two angles:
the inclination relative to a z-axis, 6, and the rotator angle in the x-y plane, . The
Lagrangian of this system is also purely kinetic

MR?>., MR?
L=——0*+

3 sin” 052, (2.18)

and the conjugate momenta are py and p, = M R? sin §¢. Since the variable ¢ is
cyclic, the z-component of the angular momentum, p,, is a constant of the motion.
Thus

Py = myh. (2.19)

The integer m,,, is called the magnetic quantum number, and corresponds to the z
component of the angular momentum that will be studied later. If a charged particle
is at the end of the rotator, its magnetic moment is along the z axis and proportional
to p,. This phenomenon, the quantization of the angular momentum along a z-axis,
was called space quantization.®

6 In the modern quantum mechanics, the angular momentum is quantized in the same way, but
the process of quantization does not pick out a preferred axis. For this reason, the name ‘space
quantization’ fell out of favor, and the same phenomenon is now called the quantization of the
angular momentum.
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2.2 The De Broglie Wave-Particle Duality

In 1923, Louis de Broglie proposed an extension of the wave-particle dualism, in-
troduced by Einstein for the electromagnetic radiation, to particles with mass. In a
brief and “ingenious article”, according to Schrodinger, de Broglie showed that for
a particle with periodic motion, frequency v and rest mass m,, one can define two
frequencies.” The first is the frequency

v = v/ 1 — 32, (2.20)

that an observer at rest measures, with 5 = v/c. This relation is a direct consequence
of the time dilation in the special theory of relativity. The second frequency is a
consequence of the inertia principle of the special theory of relativity (E = mc?)
and of Planck’s postulate, E = hv, that in the particle’s system of reference can be
written as iivg = moc?. For the observer at rest, it will be A = mc?. Therefore

y= 2 2.21)

N
In the same article, de Broglie showed that the relation between these frequencies
v =v(l - 3%, (2.22)
is consistent with the following two solutions: the function
sin(2wvyt), (2.23)
describing the particle’s orbital motion, and the function
sin vt — kx), (2.24)

describing the wave motion of the particle. If we follow the phase § = 2wt —kx, the
propagation velocity of a fixed or constant phase point (determined by df/dt = 0)
gives us the phase velocity v, = dx/dt = w/k, thatcanbe writtenas v, = hw/hk =
¢/ 3. The phases 27wyt and 27yt (l — x/tv,,) must be in harmony and resonate as
the electron moves in its orbit. Indeed, if we take 271t = 27t (l —x/tv p) and use
the phase velocity v, = c¢/[3, we also obtain (2.22). De Broglie also suggested, that
anecessary condition for the stability of the orbiting electrons is that the wavelength
A will fit an integer number of times in the orbit length 27 R, i.e. that

27R = n\. (2.25)

7L.de Broglie, Comptes Rendus, 177, 507 (1923).
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Fig. 2.1 In the de Broglie
quantization condition the
electron orbit length equals
an integer number of the
wavelength \

If T is the period of the orbiting motion, it is easy to show, by simple substitution,
that this stability condition can be written as

2.2
T
mo el _ (2.26)

Ny

Taking into account that m = mq/+/1 — 3% and 3 = v/c, the last equation can
be written in the form
mv? = nhv, (2.27)

that is compatible with the quantization assumption used by N. Bohr for his phenom-
enological model, and with the quantization rule of Sommerfeld-Wilson-Ishiwara.
From the stability condition (2.25) and the last equation, we obtain the important
relation

mv\ = h, (2.28)

that summarizes the de Broglie duality concept, generally expressed in the form

A= (2.29)

This A is known as the de Broglie wavelength, for particles with mass. This result
shows that (2.26) and the quantization conditions are equivalent to assuming the
stability condition of the orbital motion, that fixes the length of the electron orbit as
a multiple of its de Broglie’s wavelength.

In his doctoral thesis, de Broglie expressed his hope that the wave behavior of par-
ticles would be observed experimentally. Indeed, electron-diffraction experiments by
metal surfaces (C. Davisson and LH Germer 1927) and thin films (GP Thomson 1928)
were performed later and showed that electron’s wave properties, with wavelength
A = h/mv, manifest as predicted by de Broglie.
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(a) (b)
q
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Fig. 2.2 The distribution of electrons passing through a single slit is almost rectangular, while
that of electrons passing through a double slit resembles the constructive-destructive interference,
characteristic of waves

2.3 Diffraction Experiments and the Wave-Like Nature
of Particles

In addition to the electron diffraction experiments by Davisson and Germer and
by Thomson, showing that electrons under certain circumstances manifest wave
properties, the diffraction experiments by one and two slits, made also evident this
kind of properties for quantum particles. In fact, if a beam of particles moves towards
a screen (B), and in the way stands another screen with one slit (the screen A), the
electrons distribution in B will be almost rectangular, as shown in Fig. 2.2a). However,
when a second slit exists on the screen A, the distribution of particles in B is as shown
in Fig. 2.2b), which is not the simple addition of two rectangular distributions, as
one could expect for “microscopic” particles like sand grains, but a distribution that
resembles the behavior of waves. This type of distribution contains clear features
of constructive and destructive interference observed when a beam of light passes
through the slits. It is worth noticing that each electron contributes with one point to
the diffraction pattern, therefore the wave interference pattern emerges only when the
number of points is large. This means, on one side, that the undulating characteristics
of the diffraction pattern manifests as a collective behavior. However, electrons may
arrive on the screen at different times.® In that case the common interpretation is that
each quantum particle interferes with itself and, besides this, that the corpuscular
or wave characteristics manifest themselves depending on whether the quantum
particles are subject to a single or two slits diffraction experiment. What this means
is still an open question. In any case, if electrons passing through the double slit are
represented by the superposition of two spherical wave functions emerging from two
slits, we can describe them with

8 Recent experiments claim that similar distributions come out when particles are sent one by one.
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o(r,t) = a1p1 + axé

» e
=a (e’k'rl + ¢y

ikry

) e~ (2.30)
)

ikry

. . e
) e iwt a (elk-l'z ¢
r

where ry = r —d/2, ro = r +d/2, k = kX and the origin in the line of length d
that joins the two slits. The electrons distribution on the screen (at x = L), for the
special case where a; = a; = ¢ = ¢ = 1, will be given by

1 1 cosk(L —r cosk(L —r cosk(ry —r

6, P, =4+ — + — +4 (L=n)  yeoskL=ra) | ,coskin =ra)
]"1 ]"2 rl r rir

This function describes the interference of waves passing through the slits. It has

the highest maximum in the middle and secondary maxima when the condition

dsin(tan~! y/L) = n) is fulfilled. If the wave functions are described only by

spherical waves, i.e., if

eikrlfiwt eikrzfiwt
o, 1) = a1p1 + axdp = ay +a , (2.31)
ri r
and a; = ap = 1, we will have
1 1 cosk(ry —r
l6(r, 1)) = —2+—2+2M. (2.32)
rpoory rir

This function is plotted in Fig.2.3 for two values of 7: for #; corresponding to
x = x; = L/3 and for 1, corresponding to x = 2x; =~ 2L/3. In this figure, the
spherical waves moving away from the slits are also drawn. The geometric place
of the interference points are indicated by blue lines. These lines coincide with the
principal and the secondary wave maxima.

2.4 Schrodinger’s Wave Mechanics

Motivated by the de Broglie theory, the Austrian physicist Erwin Schrédinger, who
was not pleased with the quantization a la Bohr, had in mind that the quantization
phenomenon could rather be related to an eigenvalue problem. In fact, in 1926 he
published a series of papers in the “Annalen der Physik” with title: “Quantisierung
und Eigenwertprobleme” (quantization and eigenvalue problems) where he proposed
and developed the foundations of the Schrédinger wave mechanics. On January 26,
1926, Schrodinger sent the first of these papers’ where he considers a variational
problem and derives, among others, the equation

9E. Schrodinger, Ann. Phys. 79, 361 (1926).
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Fig. 2.3 The blue lines in-
dicate the locus of the inter-
ference of spherical waves
coming from two slits. The
snapshots show the wave func-
tion |¢(r, 1)|? in the equation
(2.32), for times #; and t,
such that x = x; >~ L/3 and
x = 2x; >~ 2L /3. The posi-
tion of the maxima (indicated
by arrows) coincides with the
blue lines

V2 + wdj =0, (2.33)

with ¢ a real function and E the energy. As will be seen below, this equation is
closely related with the wave equation

1%y

Vi — ——— =0, 234
(0 22 (2.34)

and with the Hamilton equation for particles with mass and total energy

»?
E=—+V(). (2.35)
2m

Schrodinger’s equation is, in some ways, a hybrid in which the wavelike and

the corpuscular descriptions merge. To make this fact evident let us now derive

the stationary Schrodinger equation (2.33), starting from the wave equation.
Suppose we have the wave equation (2.34). A solution ¥ (r, ), factored in the

form '
Y(r, 1) = e "p(r), (2.36)

and replaced in the wave equation, leaves us with the differential equation

2 w?
Vi) + () = 0. (2.37)



28 2 Diffraction, Duality and the Schrodinger Equation

On the other side, let us consider the de Broglie relation A = &/ p (that synthesizes
the duality concept that matured during the first quarter of the twentieth century), as
a bridge to make contact with the massive particles dynamics, which together with
some identities introduced before leads to

2 2 2
g (27”) - (2.38)

If we replace this relation and make use of the Hamilton equation (2.35) in (2.37),
we have the celebrated Schrédinger equation

h2
- %Vzwm + V(@)p(r) = Ep(r), (2.39)

known as the stationary Schrodinger equation that was quoted in (2.33). The poten-
tial function V (r) is a characteristic property of the physical system. The difference
between one system and another, resides basically in their potential functions and the
boundary conditions. As in many problems of classical physics, the differential equa-
tion and the boundary conditions define not only the possible solutions (; but also the
characteristic energy values E;. The characteristic values are the parameter values
for which the physical problem admits solutions. This is how the energy discretiza-
tion phenomenon emerges, in a natural way. Solving the Schrédinger equation is,
essentially, equivalent to solving an eigenvalue problem, as Schrodinger envisioned.
In the subsequent chapters, we will discuss this fundamental problem, by solving
specific examples.

In 1927, P.A.M. Dirac showed that quantum wave mechanics provides the same
description as the matrix formalism of Heisenberg, Born and Jordan. They represent
two faces of the same quantum theory. Other significant quantum equations are: the
Pauli equation and the relativistic equations of Dirac and Klein-Gordon. In Chap.
11, we will briefly mention the Pauli equation. The relativistic equations are beyond
the scope of this book.

Since the most general description depends on the spatial and time coordinates,
it is worth showing one way to incorporate time in the Schrodinger formalism. To
obtain the Schrodinger equation (2.39), it was crucial to write the wave equation in its
steady-state form, which was possible once the wave function v (r, t) was factored
as ¢(r)e”'“" and the de Broglie relation p = %k was taken into account. If we derive
(r, t) with respect to time, we have

) —iwt
W iy = —i°

ot

Ep(r). (2.40)

Combining this equation with the stationary Schrodinger equation we obtain the time
dependent equation
? 0
- —v2¢+V(r)¢=ih—¢, (2.41)
2m ot
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known as the complete Schrodinger equation. Its solutions depend on position r
and time ¢. Unlike the classical physics where the physical variables, like position,
velocity, etc., can be straightforwardly obtained when the equations of motion are
solved, in the quantum theory these variables have to be obtained, like pulled out,
from the solution @(r)e’i“’ . We will discuss later, with more detail, the formal
representation of the quantum theory, and the expected values of basic variables
such as position, momentum, energy, etc.. In this formalism the classical dynamical
variables appear generally as operators. If we look at the stationary equation (2.39)
and the complete equation (2.41), and examine the Hamiltonian H=— (h?/2m)V3+
V (r), itis clear that the operator i h0v /Ot represents the energy, and —i iV represents
the linear momentum. We will later find other operators related to other dynamical
variables. In Chap. 7, we will study properties of operators and their relation to
physical observables from a more general perspective.

In the next chapters, we will solve the stationary Schrodinger equation for sim-
ple systems. Our goal is to introduce the quantum phenomenology and to present a
comprehensive theory. We will calculate energy eigenvalues and eigenfunctions and
we will define other very useful variables in the analysis of the quantum transport
properties. We will address, when necessary, some interpretation issues. To avoid
substitutions, simplify the mathematical handling of the differential-equation solu-
tions, and gain some intuition, we will use the transfer matrix approach.

It is pertinent to mention that the rigorous derivation of the Schrodinger equation
has been an important research problem. For the naive derivation presented here, we
have used the wave equation and the empirical relation pA = h. There have been
many attempts to derive the Schrodinger equation from first principles. Standing out
is the stochastic formulation of L. de la Pefia and A. M. Cetto. The discussion of this
topic exceeds the objectives of this text.

2.5 Solved Problems

Exercise 4 In Fig. 2.4 we show the diffraction pattern of a red-light beam scattered
by a double slit system. Determine the light wavelength X if the distance to the screen
is L = 17.5um, B = 7.8 pm and the slits separation is d = 1.7 pm.

Solution The spherical waves coming out from slits 1 and 2 superpose constructively
at point P. For a constructive interference, the difference A R between the path-length
1P and the path-length 2 P, must be equal or an integer multiple of the wave length \.
Close to the slits a small right triangle is formed with hypotenuse d and cathetus AR.
If this triangle, is compared with the right triangle 1P01 (with hypotenuse 1P and
cathetus B), and B is the distance between first-neighbors maxima, the length AR
must be equal to A. Since

B 7.8
a=tan"' — =tan"! —— ~ 24.15°. (2.42)
L 17.4
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Fig. 2.4 Diffraction pattern

of a red-light beam scattered P

by a double slit system
6
4 | B
0

L
we have
A=dsina = 1.7sin24.15° = 0.695um = 695nm. (2.43)

Exercise 5 Suppose that we accelerate electrons and they reach energies of the
order of 100 GeV. Assuming that the relativistic relation E = / p2¢Z 4+ m2¢* holds,
determine the de Broglie wavelength of those electrons.

Solution From E =/ p%c? + m2c* it is easy to obtain the following relation

E2 _ 2)2
P =mev = & (2.44)

c

Replacing the energy and the electron rest mass (m.c2, measured in eV) we have

_/(100109)2 — (510999 106)2eV s 1.60218 10~19J

MmeV = ,
2.99792458 108m leV
_1g7s
= 5.344297107 182, (2.45)
and the de Broglie wavelength will be
_h_6.6261107]sm
T p 5344297107185’
= 1.239846107°A. (2.46)

This negligible wavelength makes these electrons useful to explore systems with
comparable dimensions, for instance the atomic nuclei whose dimensions are of the
order of 10~ m.
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2.6 Problems

1.

&

Prove the expression (2.13) in which

2m2me?

En=—Tigz

(2.47)

. Consider the functions sin (27r1/1t) and sin (27wt (1—-v/v ,,)), and show that the

de Broglie stability condition
2TR =n A\ (2.48)

is equivalent to assuming that
1 2
v =— 1/(1 -3 ) (2.49)
n

Plot both functions and verify this conclusion.
Find the electron orbits radii of the Hydrogen atom.
Find the first, the second and the third energy levels in the Hydrogen atom.

. From the equality of the phases, in the de Broglie analysis, derive the relation

(2.22).
Show that the equation (2.26) can also be obtained from the Sommerfeld-Wilson-
Ishiwara quantization rule

7{ podyp = nh, (2.50)

where p, = mR%w.

. If the de Broglie wavelength of the first energy level electron is equal to the first

circular orbit length, how fast does the electron move in that orbit?

. How fast does one electron move in the second and the third energy levels, and

how fast in the n-th energy level?
Show that (2.33) and (2.39) are essentially the same.



Chapter 3
Properties of the Stationary Schrodinger
Equation

In this chapter we study some general properties of the solutions of the stationary
equation. These properties will be observed in the specific examples that will be
studied throughout this text. Among them, we will mention the relation between the
number of classical-return points and the existence or not of energy quantization.
We will study the free particle problem, where no quantization exists, and the infi-
nite quantum well problem, where the particle energy quantizes. In this chapter we
introduce also the Dirac notation and the particle current density.

3.1 Quantization as an Eigenvalue Problem

If the potential function is independent of time, the complete Schrodinger equation
is separable. This means that we can propose a solution like

Y(r, 1) = ()7 (2). (3.1

Replacing this function in the Schrodinger equation we obtain, on one hand the
equation

aT(t)
i h = ET(1), 3.2
= (1) (3.2)
with solution 7(¢) = e £/ h, and on the other the equation
m_,
— 3V +VI)er) = Ep(). (3.3)

whose solutions will be obtained once the potential function V (r) and the boundary
conditions will be given. In some cases, not always, solving this equation is essentially
equivalent to solving an eigenvalue problem. In those cases one tries to obtain the

P. Pereyra, Fundamentals of Quantum Physics, Undergraduate Lecture Notes in Physics, 33
DOI: 10.1007/978-3-642-29378-8_3, © Springer-Verlag Berlin Heidelberg 2012
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(a) (b)
E E

Es+
EsL

Ez—-
E 4+

EoL

Fig. 3.1 Different types of one-dimensional potential. In (a) the potential is of a double classical
return point and the energy discretizes. In (b) there is one return point for energies below the potential
height, and no return points for energies above the potential height. In this case all values of the
energy are possible. In (¢) the energy discretizes only if £ < E.. Confining potentials discretize
the energy E

eigenvalues {E,} and the eigenfunctions {,} that satisfy the eigenvalue equation

2

- Zﬁ—mvzwn (1) + V(@)pn(r) = Enion(r). (3.4)
When Schrodinger’s equation admits solutions for only a discrete set of energy
values, we say that the energy is quantized. This is not a requirement for a system to
be considered a quantum system. There is an uncountable number of systems which
Schrodinger equation has solutions for any value of the energy. Other properties, like
the tunneling effect and the spin, characterize also the quantum behavior. A few lines
below we will comment on the physical conditions that must be present to quantize
the energy. In any case, whether the energy quantizes or not, the solutions of the
Schrodinger equation are required to satisfy the continuity and finiteness conditions
and they must be single-valued and square integrable functions, so that integrals like

/ ¢ m)pm)d’r, (3.5)

can be evaluated throughout the domain of definition of the physical system.

In the Schrodinger equation, the energy E plays the role of a parameter. It turns
out that the energy quantization depends mainly on the form of the potential function
V(r). In one-dimensional (1D) potentials, like in Fig.3.1, distinct results can be
expected. For example:

1. the potential of Fig. 3.1a with two classical return points, x; and x4, confines the
particle. In cases like this, the energy will quantize, and one can search for the
eigenfunctions ¢, and the corresponding energy eigenvalues E,,.

2. the potential with a single classical return point, or no return point as in Fig. 3.1b,
does not confine the classical particle. It can move away, either in one or both
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directions. In cases like this, there will be no energy quantization, and the
Schrodinger equation admits solutions for all values of E.

3. the potential in Fig. 3.1c, with two return points when £ < E. and only one for
energies £ > E, leads to a mixed problem. For energies below E., the potential
confines the classical particle, and the quantum particle lives in a discrete set of
states corresponding to the eigenfunctions ;. When the energy is greater than
E., there is no confining and no quantization.

3.2 Degenerate Eigenfunctions, Orthogonality and Parity

When the physical system has some symmetry it is possible to find more than one
eigenfunction for the same energy value. In this case the eigenfunctions are called
degenerate eigenfunctions. Otherwise, when only one eigenfunction ¢, exists, for
each eigenvalue E,, we have non-degenerate solutions. We will show now that when
the eigenfunctions are non-degenerate and the potential V is real, the eigenfunctions
are orthogonal.

Suppose that we have a set of non-degenerate eigenfunctions ,, normalized as
follows

/ Pr@en(0)d’r = 1. (3.6)
Consider now the eigenvalue equation:
R _,
(—%V + V) vi = Eipi, 3.7

and its complex conjugate

hZ
(—%V2 + V) ©; = Ejpj, (3.8)

with j # i. If we multiply the first of these equations by <p§ and the second by ¢;,
subtracting from each other and integrating we obtain:

hZ
(E,' — Ej)/(pjgz)id?’r = %/ ((pjvz(pi — Lpivzgoj) d3r. (39)
v v

Since

V- (6590 - 0iet) = (65720 — V) (3.10)
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we can write (3.9) in the form

hZ
3. . 3
(Ei — Ej) / ;D) (0d’r = / V-(sojfw, sozwjf)d r. (3.11)
A\ A%

Using the divergence theorem, the integral on the right side becomes a closed surface
integral. Thus

h2
* R * . . *
(Ei — Ej)/s@j(r)%(r)d r= %]{ (s@,-thz - %Vsoj) -dS. (3.12)
\% N

We know from the divergence theorem that the only restriction on the surface integral
is that the closed surface should contain the volume V. The closed surface can be
zoomed, as much as one would like, keeping the flux cpijgoi — @i Vgpj constant. To
evaluate the integral it is convenient to zoom the surface to infinity, where the func-
tions and their gradients should tend to zero by the finiteness condition. Accordingly,
we have

(Ei — Ej) / o ()i (r)d’r = 0. (3.13)
A\

Since E; # Ej, we can conclude that the non-degenerate solutions are orthogonal,
i.e. that

{pilei) = / o ()i (r)d’r = 0. (3.14)
v

We have introduced here the Dirac notation of “bra-kets” (angle parenthesis) to
denote the integral of the product of @7, represented by the “bra” (np |, with ¢;,
represented by the “ket” |¢;). This is a compact notation, especially useful when
general derivations and obvious integrals are performed and one needs to carry out
only the relevant variables. At the end of this chapter we will show schematically the
most important relations between the standard functions and the bra-ket notation. If
the orthogonal functions are normalized, we obtain

(jlei) = / PO (dr = 65, (3.15)
\'

with ¢;; the Kronecker symbol defined as

1 =
5”—{0 if Q). (3.16)
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The symmetries of the wave functions are compatible with those of the
Hamiltonian function. When the potential function remains invariant under the parity
transformation

Pir,+re—>r,—r, (3.17)

that changes the sign of the coordinate r with respect to the symmetry point r,, the
wave function remains invariant or changes sign. If

P (r, + 1) = po(ry — 1) = po(ry +1'), (3.18)

the wave function has even parity with respect to the symmetry point r,, if instead it
satisfies the relation

Pooo(ty + 1) = 0,(ty — 1) = —y(r, + 1), (3.19)

the wave function has odd parity. To simplify the analysis of parity it is convenient
to choose the origin at the symmetry point. In that case

P:r —> —r, (3.20)
and the wave functions with even parity satisfy the relation
Pe(—1') = @ (1), (3.21)
while those with odd parity satisfy the relation
Po(—T") = =, (r'). (3.22)
When a function (r) does not have a definite parity, it is always possible to write

P(r) = Pe(r) + po(r) (3.23)

with
2e® = 2 (60 +o(1) and oo = 1 (60— 9. (G2
(=5 o0 =3 RES

We will now study two simple but illustrative problems: the free particle and a
particle inside an infinite quantum well. At the end of this chapter we will briefly
comment on the physical interpretation of the Schrodinger equation solutions. As
an example of the importance of having the eigenvalues and the eigenfunctions of a
Schrodinger equation, we will introduce the particle current density. Other quantities,
relevant in the quantum description, are generally evaluated in terms of eigenvalues
and eigenfunctions. For this reason one of the first aims is to obtain eigenvalues and
eigenfunctions.
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3.3 The Free Particle

In the classical description a free particle moves without any interaction along a
straight line. In the quantum description we have a free particle when the potential
function is V (r) = 0. This is in principle the simplest quantum system. Although the
complete absence of interaction is impossible in the real world, the free particle model
is often a good approximation when the local interaction is negligible. If the particle
energy is E and the direction in which it moves is x, the stationary Schrodinger
equation is simply

h* d*o(x)
2m  dx?

= Epx), —00 <x < 00. (3.25)

In this system, without boundaries, the solutions should also fulfill the continuity and
finiteness condition at any point, from x = —oco to x = 00. As is usual for the second
order differential equations with constant coefficients, we propose as a solution the
function

px) =¢e™. (3.26)

If we substitute this function in (3.25) for p(x), we get the quadratic equation
r‘°=——EFE, (3.27)

that gives us the parameter r. It is evident that, for positive energy, the parameter r
must be a purely imaginary number, i.e.

. [2m .
r = +i ﬁE = +ik. (3.28)

The factor k = /2m E /2 is the free particle’s wave number.! Replacing these values
of r in the proposed solution (3.26), we have the general solution

o(x) = ae'™ + be ™ = pT(x) + by~ (x). (3.31)

U If we take into account that E = p?/2m and use the relation p = h/), it is clear that this is
precisely its nature. Indeed

1 2m
2= E. (3.29)

Multiplying by (27r)> we have (remember that i = /1 /27)

2r\> 2
(Tﬂ) _mp 2 (3.30)
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Given this solution, we also have the wave function ¥ (x, t)
Y(x, 1) = ae' FD 4 pe IR H0D — qut(x 1) + by (x, 1), (3.32)

The first term describes a wave propagating in the positive x direction and the second
in the negative x direction.

As will be seen in the next chapters, it is some times convenient to represent the
wave functions as vector functions. With the right- and left-moving components of
the wave function, we can define, for instance, the state vector

_ (e _ (et @)
o(x) = (be—ikx) = (bgo(x))' (3.33)
Since
ikxy ik(xp—x1) 0 ikxy
(ba:_ikXZ) - (e 0 e—ik(xz—)m)) (ba:—ikxl ) (3.34)
d(x2) = M(x2 — x1)o(x1), (3.35)

it is clear that knowing the state vector of a free particle at some point x;, we can
obtain the state vector at any other point x». The diagonal matrix M (x, —x1) provides
the space evolution of the wave function phase.

The coefficients a and b define the relative amplitude of each component. Inas-
much as the coefficients are unknown, we have not yet solved the problem. We must
try to determine the coefficients a and b. In some cases the initial conditions al-
low a first evaluation. For example, if we know that the free particles move only
in one direction, one of the coefficients must vanish. We are then left with just one
coefficient to determine. In that case, it will be determined by the wave function nor-
malization. In most applications one needs normalized free-particle wave functions.
As mentioned before, the wave functions ¢ and ¢~ are normalized if

o]

/ T PT(dx = 1. (3.36)

—00

It turns out that this is not a trivial problem for the free particle wave functions. It is
easy to see that the normalization integral diverges. Indeed

o0
/ eT IR gtk gy — 0! (3.37)
—00



40 3 Properties of the Stationary Schrodinger Equation

This makes the normalization of ¢/** and e~"** a major problem, in contrast with
the ease in solving Schrodinger’s free particle equation. To control this singularity,
different criteria were proposed to normalize the free particle wave function. Among
them we will discuss the Born and the Dirac normalization procedures. We will deal
now with this problem. Before continuing, it is important to notice that in the case
of free particles there is no energy quantization. This means that the problem admits
solutions for all positive values of E. As mentioned before, normalizing a function

Ap(x), defined on the domain (—a, a), means to find the factor A such that

a

A*A/go*(x)gp(x)dx =1. (3.38)

—a

In the Born normalization the domain of integration is restricted to a finite length L,
which afterwards may tend to infinity. This is a highly controversial but widely used
procedure. In this case

L/2
A*A / e R gy = ATAL = 1. (3.39)
—L/2

If A is real and positive, the normalized free-particle wave function a la Born will
be:

pE(x) = %ei’“. (3.40)

Another important normalization and also widely used is the Dirac normalization.
It is based on the Dirac’s delta function §(x — x’). This is a subtle and important
mathematical object. To define the Dirac’s delta function we mention here only the
most relevant features. First of all, the delta function §(x — x’) is zero everywhere
except at x = x’ and has, among others, the following properties:

b
/5(x —xNdx =1, a<x <b; (341
b
/f(x)5(x —xNdx = f(x'). (3.42)

There are several specific representations for the delta function §(x — x’). Let us
now obtain one of them using Fourier transforms. It is well-known that the Fourier
transform of a function f(x) is defined as
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[o/e]
F(k) = L / fx)e " dx (3.43)
2T '
—00
and the inverse Fourier transform as
o
fx) = L / F(k)e™ dk. (3.44)
N2
—0Q

Substituting (3.43) for F (k) in (3.44), we have

o]

’ 7 1 / ik(x'—x)
fxH = fx) | — e dk | dx. (3.45)
2T

—00

Comparing this equation with (3.41), it is clear that a possible representation of the
Dirac’s delta function is (k = p/h)

oo oo

5(x’—x)=i / e"k(X’—“dk:L / P =0/ (3.46)
2 7h
—0o0 —00

In a similar way, with (3.43) and (3.44), we obtain

o
1 G
— / e xR gy = §(k' — k), (3.47)
27
—0oQ0

for the orthogonality condition of the free-particle wave functions with different
wave vectors. This condition can also be written as

o0 o0
AP / e~ K¥gkx e — | A2 / e PP R = omhl APS(p — p).
“00 —00

(3.48)

If we choose the real coefficient A, such that 27hA? = 1, the normalized free particle
function a la Dirac will be

1 . 1 .
<p(x) = ﬁetpx/ﬁ = ﬂeth. (349)
™ ™

The one and three-dimensional free-particle wave functions can be written, respec-
tively, as:
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L ik I ik
wr(x) = ﬂe and  @k(r) = me , (3.50)
i i
or in the form
1 ipx/h 1 ipr/h
wplx) = me and  pp(r) = he , (3.51)
i T

with the wave number (or the momentum) as a parameter. This notation is similar to
that of the eigenfunctions, where the subindex is a quantum number, usually discrete.
In conclusion, for the wave functions of free particles, we have the normalization
condition

o0

{pplop) = / @ ()pp(x)dx = 3(p — p), (3.52)

—00

that should not be confused with the closure condition

o0

{ep Dlpp0)) = / @y (N pp()dp = 6(x —x7), (3.53)

—00

of Hilbert’s space of functions, to which the free particle functions®> belong. The
Dirac normalization is similar to (3.15). The divergency is not removed but put
under control by means of a sui generis function, the Dirac delta function 6(p — p’)
that is zero everywhere and diverges at p = p’. The interesting property of the delta
“functions” is that at the divergency point it increases in such a way that the integral
at the singularity of the “function” is 1, as inferred from Eq. (3.41).

Another very useful normalization is based on the particle current density, that
will be defined later. We will see that one has a unit particle current density when

1 4
Soi(x) = Weilkx. (3.54)

This will be referred to as the unit-flux normalization.

3.3.1 The Physical Meaning of the Free Particle Solutions

One of the most discussed issues in the history of the quantum theory has been
the physical interpretation of the Schrodinger equation solutions. Regardless of the
conceptual problems and paradoxes (that will be considered briefly later), there is

2 The Hilbert space of square integrable functions.
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Fig. 3.2 The probability lp(0)|?
density function to find a free

particle along the x-axis /\/\/\/\/VW\/

X

an agreement that: (1) the most general solution ¢ (r) must be expressed as a linear
combination of linearly independent solutions ¢; (r); (2) the function ¢(r) represents
the probability density amplitude of finding the particle at point r and (3) |p(r)|?
gives the probability density function of finding the particle at point r. In the absence
of a confinement potential, the linearly independent solutions are usually complex.
In the free particle case, the wave functions: Aetkx=w1) ang Ae—ikx+wh) degcribe
particles propagating to the right and to the left, respectively. They represent the
probability amplitude of finding the particle? at point x. The wave nature of these
functions, is evident in the behavior of their real part A cos (kx £ wt) and imaginary
part A sin (kx &+ wt). If the physical conditions are such that the particles can move
in both directions, the most general solution ¢ (x) will be given by the superposition*

o(x) = a Ae'™ + bAe ™, (3.56)
and the probability density function of finding the particle at any point x will be:
o2 = AP (|a|2 + |b|? + 2% ab*eika) . (3.57)

When the right-moving and left-moving wave functions are normalized (with A =
1/+/L for the Born normalization, or A = 1/+/27h for the Dirac normalization), the
probability density function |¢(x)|?, using the orthogonality condition in (3.47), will
be normalized when |a|> + |b|> = 1. If a and b are equal, we havea = b = 1/ﬁ.
In this case, the probability density function | (x)|? will be (see Fig.3.2):

) % cos2kx + cp for Born’s normalization,
)P =1 5

2rh

. o (3.58)
cos 2kx 4+ ¢y for Dirac’s normalization,

with cg = 1/L and ¢y = 1/27wh. When the particles move only to the right or only
to the left, the probability density function to find them at point x is constant and
equal to |Ae! K¥FwD |2 = A2,

3 Or finding the ensemble of particles at the point x, if we consider that the wave function to describe
an ensemble of free particles.

4 It is usual to write the superposition of the right- and left-moving solutions just as
o(x) = a’ e* 4 b ek, (3.55)

It is easy to show that after normalizing the wave function ¢ (x) one ends up with the same results
(see Problem 3.1) as combining orthonormal functions like in (3.56).
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Fig. 3.3 The infinite quantum
well potential V()

3.4 The Infinite Quantum Well

In this example we have again a 1D system (whose generalization to 3D is im-
mediate). In the 1D case the potential is

0 O<x<lL;

o0 x<0and x> L. (3.59)

Vix) = [

In the regions where the potential is infinite (regions I and Il in Fig. 3.3), the solutions
and the probabilities of finding a particle, with finite energy, are zero. Therefore:

er(x) = pm(x) = 0. (3.60)
In region II, where the potential is zero, the Schrédinger equation is

h* d?
A ), 0<x <L 3.61)
2m  dx?

The solution must satisfy the following boundary conditions
e (0) = pn(L) = 0. (3.62)

The differential Eq.(3.61) is the same as for the free particle in (3.25). Thus our
solutions can also be written as

enx) = ae®™ + pe ™ for 0<x <L. (3.63)
The main difference between these solutions and those of the free particle resides in
the boundary conditions (3.62). They make the problem completely different. The

boundary condition ¢y1(0) = 0 implies that

a=—b. (3.64)
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Fig. 3.4 The three lowest
energy levels E; and the V(x)
corresponding eigenfunctions Ps
;i (x) of the infinite quantum E, ['\7(\
well
P,
E, %
@,
0 L X
Replacing this relation in (3.63) we have
prn(x) = Asinkx. (3.65)

At this point we have still to impose the condition (L) = 0. The vanishing of
Asinkx when x = L is possible only if

kL=nm n=1,2,... (3.66)

This is a quantization condition for the wave number &, and also for the energy.
Introducing Eq. (3.28) we have now

. h2k? _ n*h?r?

E = —.
" 2m 2mL?

(3.67)

This is the first example where the quantization of the energy arises naturally
by solving the Schrodinger equation. From our previous discussion on the classical
turning points, we could certainly expect the quantization of the energy. As mentioned
there the energy values for which the equation has solutions are the eigenvalues E,,.
Replacing the wave number k,, it is easy to show that the solution that corresponds
to the eigenvalue E, is the eigenfunction

2 . nmw
wn(x) = \/;sm Tx. (3.68)

In Fig. 3.4 we give the three lowest energy levels and the corresponding wave func-
tions. The number of nodes of the eigenfunctions grows with the quantum number
n. This means that the eigenfunctions of higher energies oscillate more than those of
lower energies. This is a general characteristic that will be found always.

The infinite quantum well eigenfunctions possess well defined parity symme-
tries. The infinite quantum well potential of Fig. 3.4 has reflection symmetry around
x = L/2, thus x, = L/2 is a parity symmetry point. If we change x by x, + x’,
where x’ is measured from the symmetry point, the eigenfunctions ¢, (x) become
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Fig. 3.5 The first energy V(x)
levels and the corresponding

eigenfunctions of an infinite E, ;
quantum well. The origin is at ‘

the center of the well

P
3 2N
0 N_"]
1
L/2 L/2 X
, 2 . /nmw nw . /
eulro +x) = sm(7 + ) with  —L/2 <x' < L/2, (3.69)
that can be written as
(=132 %sin%x’ for n=2,4,...
wn(xo + x) = (3.70)

(—1)%\/%cos%x/ for n=1,3,...

It is easy to verify that the eigenfunctions with n odd, like 1 (x) and ¢3(x) satisfy
the condition

(pn(xo - x/) = Spn(xo +-x/), (371)

characteristic of even parity functions, according to (3.18), while the eigenfunctions
with 7 even like (7 (x) and (p4(x), satisfy the condition

on(xo — )C/) = —on(Xo +X/), (3.72)

characteristic of odd parity functions with respect to the symmetry point, according
to (3.19). One can simplify the analysis of the eigenfunctions parity by moving the
origin of the coordinate system to the symmetry point as in Fig. 3.5 (see Problem 2).
In that case, it is easy to verify that the eigenfunctions like ¢ (x) and 3 (x) are even
under the change of sign of x, and the eigenfunctions like ¢>(x) and ¢4(x) are odd
under the change of sign of x.

What kind of information do the eigenfunctions and the eigenvalues provide?
Does quantum mechanics predict the behavior of a particle or rather that of a col-
lection of equivalent particles? The answers to some of these questions are well
established in some senses, but in others it is a controversial subject. The eigenval-
ues of a physical quantity, for example the energy, are those values that the system
allows for the quantum particle to have. In fact, if one measures the particle’s energy,
the experimental value will match one of the predicted eigenvalues. Therefore, the
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energy eigenvalues constitute the set of possible values for the particle energy. Before
the experiment is performed, one does not know which energy state the particle is
actually in. Hence, it should be described in terms of the most general solution of
the Schrodinger equation, i.e. by the combination

D (x) = c11(x) + c202(x) + c3p3(x) + ... = Zicipi(x). (3.73)

The coefficients ¢; of this superposition give the relative participation ratio, i.e. the
weight with which each eigenstate participates in the total wave function @. In some
problems the coefficients can be inferred by physical considerations, in others from
the experimental observation. In a time-dependent potential, the coefficients can
change with time.

The product @*(x)® (x) represents again the probability density function of find-
ing the particle at point x. If the eigenfunctions ; (x) are normalized, the integral

00 L

(@) = / q§*(x)<15(x)dx:/d>*(x)¢(x)dx, (3.74)
—00 0
(@|P) = Zjjcicjpilej) = Zijcicjbij = % leil?, (3.75)

represents the probability of finding the particle in the quantum well, which must
certainly be equal to 1. Therefore we have

(@) = % |ci]* = 1. (3.76)

This relation makes clear the physical meaning of the coefficients c; in the superposi-
tion (3.73). While |, |* gives the probability density function of finding the particle
at point x, when it is in the state i, |c;|* gives the probability of finding the particle
in the state i, i.e. the relative weight of the state ; in the superposition (3.73).

When we solve the Schrodinger equation for a particle in the infinite quantum
well, we obtain the energy eigenvalues E, and the corresponding eigenfunctions ;.
With these quantities the theory tells us which are the states where the particle could
be found, but it cannot tell us in which state will actually the particle be found. When
the experiment is done, the particle will certainly be found in one of the predicted
states. This process, in which the knowledge of the state of the particle passes from
certain level of ignorance to that where the system is observed in one of the predicted
states, is known as the collapse of the wave function

D (x) = Xicipi(x) — ©j(x). 3.77)

What does this mean? If the measurement collapses the wave function, what was
then the relationship between the superposition of states with the actual state of the
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system? The question is whether the particle, before the experiment, occupied at the
same time the whole set of possible states and then jumped over into one of them
when it was observed, or, on the contrary, the particle was already in the state where it
was observed. Has really the measurement process influenced the resulting outcome?
This kind of limitations in the theoretical prediction and the epistemological problems
that emerge from these questions have been part of the debates on the completeness
issue of the quantum theory. When the quantum theory is assumed complete, its
predicting limitations are transferred into the nature of the quantum system, one
can then suggest that the particle is such that it occupies simultaneously all of the
accessible states, or, as in the one and two slits diffraction problem, the collapsed
outcomes depend on how the system is observed. The correspondence between the
actual system and the theoretical image gave rise to one of the most controversial
articles of quantum theory: a paper published by Einstein, Podolsky and Rosen
(the Einstein-Podolsky-Rosen theorem) that questions whether the quantum theory
provides a complete description or not. Some paradoxes of quantum mechanics, like
Schrodinger’s cat and Wigner’s friend, are related to this question.

On the other hand, one can also argue as follows. Suppose one has a system like
the infinite quantum well with one electron inside. When we solve the Schrédinger
equation, the general solution is written as

@ (x) = Zicipi(x). (3.78)

If this system is replicated N times, with N — oo, and we observe the electrons of
this “ensemble” of systems, we will find that in a fraction f; of them (which will be
approximately equal to |c| |2/ (@|®)), the electron is in the state 1, another fraction
> (which will also be approximately equal to |c 12/ (®@|®)), in the state 2 and so
on. The relative frequency with which a state ; (x) participates in the collection
corresponds to |c; |2. In this case the meaning of the collapse of the wave-function
changes. We do not need the particle occupying the whole set of states at the same
time. But we have to accept that the wave function @ describes not one particle but
an ensemble of particles. In other words, if we say that the function @ of (3.73)
describes an ensemble of quantum wells containing one electron each, there will be
a better agreement between the theory and the reality. This is called the statistical
interpretation. While the Copenhagen school (with Niels Bohr in a prominent place)
argues that the quantum theory describes completely a single system, the statistical
interpretation school (in which A. Einstein stands out) argues that the quantum theory
describes the behavior of an ensemble of quantum systems.

3.5 The Particle Current Density in Quantum Mechanics

As said before, the calculation of the energy eigenvalues and its corresponding eigen-
functions are essential for the quantum description. Without them, it is virtually im-
possible to assess other important physical variables. One of these physical variables
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of interest is the particle current density j that describes the number of particles
crossing a unit area per unit time. We will see now that, to obtain the current density
in the quantum mechanical formalism, it is necessary to know the eigenfunctions.
In classical physics, an important equation where the current density appears is the
continuity equation

dp

V.j=0. .
o TV =0 (3.79)

Here p represents the density of particles. Suppose that the density p is given by the
probability density function

p =" (x, )(x, 1). (3.80)

If we derive this function with respect to time

op _ our L O0Y
£ _ Ry 3.81
ot v ot Y ot ©-81)
and use the complete Schrodinger Eq. (2.42), we have
dp ih 2
— = —— (YV* —* V) . 3.82
o (o) os
Writing the last equation in the form
ap ih
— 4+ V.| — (VVyY* ="V =0, 3.83
2 v - vy 6.8
we have the continuity equation, with the quantum current density given by
. ih N N
= (VVY* — ¥ V). (3.84)

When the wave function is factorized, i.e. when the quantum state is described by

h(r, 1) = pr)e ", (3.85)
the particle current density will simply be given by

. ih
j= . (ch(p* — cp*Vg@) . (3.86)

m
This is an important expression and is frequently used in the quantum transport theory.
It is clear that when the function ¢ (r) is real, the current density j is zero. A system
with real wave functions is the infinite quantum well, therefore, the current density
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in each of the eigenstates is zero, and it is zero at all points of the well. This does not
mean that the particles are static. They move but the flux of particles to the right is
the same as to the left. In the case of free particles, the wave functions are complex.
The combination is real when the amplitudes of the right and left moving waves
are equal. Let us assume that we have a bunch of free particles moving towards
the right, described by the function ot (x) = Aet** and let us leave, for the mo-
ment, the normalization constant undefined. The particle current density in this state
will be
it = 2’—h (<p+(x)i P — )= 90+(x)) %,
m dx dx
= % (so+<x>(—ik) AR — o (x) (k) Ae”“)i,

Rk
i) = —pt). (3.87)
m

If we remember the relation 7k = p, it is evident that the density of free particles
(moving to the right) is similar to the classical expression of particle current density
j = vpwithv = Ek/m. Since p* (x) = |Ae'**|2, the current density of free particles
(towards the right) is given by the expression

|A|2hk

it = (3.88)

The constant |A|? is a scale factor that depends on the normalization chosen for the
wave functions. For the Born and Dirac normalization we have

Al*hk ~ = .
|A| _[hk/Lm, with A =1/VL; (3.89)

T = =
m K/2mm, with A =1/v27h.

As mentioned before, the normalization constant can also be chosen such that

N | A hk
jTx) = = 1. (3.90)
In that case, we have
A =/m/hk. (3.91)
Hence
+ 1 +ikx
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The physical meaning that the normalization constant has in this case is rather clear.
For some calculations knowing the normalization constant is fundamental.

The current density is an important quantity in quantum transport and will be
very useful in the next chapter, where transmission and reflection coefficients will
be obtained.

3.6 Dirac’s Notation and Some Useful Relations

At various points throughout this text, we will use for compactness and simplicity
reasons the bra-ket Dirac notation. This notation is flexible and consistent. We will
show some examples. To visualize the flexible use of the Dirac notation, we will
show on the right hand side, in bra-ket notation, some expressions written at the left
hand side in the standard notation. In some cases we will indicate in a second row,
the same expression, but using an alternative bra-ket notation form. The bras ( f| and
the kets |g) are quantities with vector properties and are often referred to as state
vectors.
For continuous variable functions we have:

standard form bra-ket notation simplified notation
Jx) — {(x1f) |f)
p(r) = (rle) )
©(P) — {plw) )

In the last row the function is in the momentum representation. Generally, one
works in the coordinates representation and the simplified notation is used without
any confusion, however if any confusion possibility exists, the specific notation must
be used. For the wave function of a free particle ¢, (x) and for the eigenfunctions
©n(x), we will use the following notations

standard form bra-ket notation simplified notation
‘Pp(x) — <x|§0p) |90p>
{(xIp)
‘P;(x) — <<Pp|x) <<Pp|
(plx)
©n(x) — (xlon) [on)
(x[n) n)

Hpn(x) = Eppp(x) <=  Hin) = Eqln)
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3.6.1 General Properties of Bras and Kets

1. The bras and kets not always represent vectors. When they represent scalar
functions and an internal product ()|¢) is evaluated, the first factor (the bra (1)|)
is the complex conjugate of the ket |¢/). When they represent vectors, the bra is
the transpose conjugate of the ket . The operation that transposes and conjugates,
is usually denoted with the symbol (}). Therefore, we have

DY = (bl {pl)* = (Wlp)
) =@l (pl)T = (@ly). (3.93)

2. The action of an operator @ on a ket |1)) is another ket, i.e.:

Oly) = |9). (3.94)

3. The product |¢) (| is an operator, the projection operator P. When this operator
acts on a ket, say on the ket |, ), it produces a new ket equal to |¢) multiplied
by the internal product (¢|¢,). In fact:

Plon) = lo)plen) = (olen)lp). (3.95)
4. If |¢) and |yp) are two arbitrary kets and a a complex number, we have
(plap) = a(glp);  (adlp) = a*(dly). (3.96)

5. The linear combination of kets and bras is another ket or bra and the following
properties are fulfilled

(@l(le1) + alea)) = (Bler) + aldlea); (3.97)
((agi| + b(dal) ) = a™ (1) + b(gnlp). (3.98)

6. Given an operator P, we have

(@l PT18) = ((BI1Pl))* = ((8IPlay)". (3.99)

3.6.2 Some Useful Relations
To illustrate the use of the Dirac notation, let us present, in terms of bra-kets, some
derivations that we know in the standard notation.

1. The orthogonality condition

a. One alternative is writing
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/wﬁ/(X)son(X)dx = /(son/lx)(an)dx

= <wn/|/|x><x|dx |on)
< (pw'lpn) = du'n- (3.100)

In this expression we have used the unit operator

/|x)(x|dx =1. (3.101)
b. Another is

/@i/(x)wn(x)dx = /(n’lx)(xln)dx

= (n|n) = 6. (3.102)

2. The closure property

If the unit operator of Eq.(3.101) is multiplied from the right by |x’), we have

/|x)(x|x’)dx = |x'). (3.103)

This means that
(x]x") = 6(x — x). (3.104)
. The development of the function 1)(x) in a basis and the completeness of the

basis

If we have a function ¢ (x) and the basis functions ¢, (x), the development of
1(x) in either notation is

V) = D eapu(x) < 19) = D culxln). (3.105)

n

Let us now use Dirac’s notation to obtain the coefficients ¢, and to deduce the
completeness of the basis.

a. If we multiply the function ¢(x) from the left with ¢ (x) and integrate, we
have
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* /
[ erntds < i) = S evtal [ Letridrin'
n/

= cwinn');
n/

(n|y) = zcn’gn’n; (3.106)

n

which gives us, after summing, the coefficient
cn = (n|). (3.107)

b. When we substitute these coefficients in (3.105) we have

) =D (nly) In) = Zm (nle)). (3.108)

n

The factor that multiplies |v)), in the last term, must be the unity, therefore

> Iyl = 1. (3.109)

This equation expresses the completeness of the basis |n).

3.6.3 Momentum Representation

With the Dirac notation it is easy to visualize a change of representation, for example
from the coordinate to the momentum representation. This change of representations
is done through the Fourier transformation

~(k)—\/L_ 4 X F(x)dx; fx) = J_ / —ikx Foydk.  (3.110)

Taking into account that k = p/h, it is possible to rewrite these relations in the
form

f) = 7= [ &P/ fydx:

f@) == [ e f(p)dp. (3.111)
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Using Dirac’s notation, with (p|¢), for the function ¢(p) defined in the p-space, and
(x]¢), for the function ¢ (x) defined in the x-space, the Fourier transformation can
be written as:

(ple) =/<p|x><x|¢>dx; (xl) =/<x|p><p|¢>dp; (3.112)
with

1 . 1 )
(plx) = ﬁe"”‘/h and  (x|p) = (plx)" = ﬁe—"”/h, (3.113)
T T

the kernels of the corresponding transformations.
Let us see now a simple example. Suppose we have the free particle function

p(x) = (x|p) = e ™ /V2rh (3.114)

and we want to determine its transformed function (p|y). The function ¢ (x) can be
rewritten in the form

o (x) = e P 2rh, (3.115)

Notice that the p’ of this function, not necessarily is equal to p in the “transformation
kernel” (p|x), in the first equation of (3.112). If we substitute, and take into account
the second equality of (3.113), we have

(plg) = J%_L / (plxye P/ — / (PlOXIp)dr.  (3.116)

Rearranging the bras and kets in the last equality, to highlight the unit operator in
the coordinate space, we have

(pl/ Ix){(xldx|p") = (plp") = 6(p — p"). (3.117)
Therefore

@(p) = (ply) =d(p — p). (3.118)

This means that a free particle, in the momentum space, is a definite momentum
pulse, whereas in the coordinate space is an extended function from —oo to +oo.
This will be better understood with the Heisenberg uncertainty relation that will be
seen later. We postpone to Chap. 7 the discussion of eigenvalues and operators in the
momentum space.
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3.7 Solved Problems

Exercise 6 Show that a bounded one-dimensional system, described by the 1D
Schrddinger equation
h? d*p(x)
2m  dx?

+ Vx)ex) = Ep(x), (3.119)

is a non degenerate system.

Solution Suppose that ¢ (x) and , (x) are two independent solutions of a degenerate
system, i.e. solutions with the same eigenvalue. If E1 = E; = E, the following
equations should be satisfied

B2 d?
T om <p12(x) + V)e1(x) = Ep1(x), (3.120)
m dx
and
K2 d?
- 2_@—22()6) T V@0 p2(x) = Epa(x). (3.121)
m dx

Multiplying the first of these equations by (> (x), the second by ¢ (x), and subtract-
ing, we have

d*pi(x) d*py(x)
Pr1) = — 1) — = =0, (3.122)
that can be written in the form
d dpi(x) dps(x)
—p2(0) LRI v1(x) L =0. (3.123)
dx dx dx

This means that at any point x the function in the parenthesis is constant, i.e.

902()5)M — <p1()c)M = constant. (3.124)
dx dx
We will show that the constant must be zero. If we find a point at which the first
member is zero, we will conclude that the constant will be zero everywhere, since it
is a constant.
We know that in a bounded system, the wave functions and their derivatives
evaluated at x = oo must vanish, i.e.

dp(x)

©2(x) T

=0, (3.125)

X=00
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hence
dy1(x) dpa(x)
P2(0) L () EERE (3.126)
dx dx
which is satisfied if
v1(x) = ¢ p2(x). (3.127)

where c is an arbitrary constant. We conclude that ¢ (x) and @2 (x) are essentially
the same function. This proofs that there is no degenerate solutions in 1D bounded
systems.

Exercise 7 Show that the eigenfunctions of a bounded one-dimensional system are
real.

Solution This problem complements the previous one on non-degenerate systems.
The demonstration will use some relations found before. If we substitute ¢ (x) by
<p>f (x) in (3.123), and assume that the potential V (x) is real, we have

dor() _ 4

k
#1(x) dx dx

(3.128)

A relation that is fulfilled if ¢ (x) is real.

Exercise 8 If a (free particle) wave function is written as
o(x) = ae'® + bk, (3.129)

determine the particle current density.

Solution In Sect. 3.5, we defined the current density

. ik d , Ld -
=— p—p* — pF— . 3.130
Jx) m (@dx<p @ dxw)x ( )

Using the function ¢(x) of (3.129), we have
. ih ikx —ikx .y % _—ikx sy gk Tkx
J(x):z—((ae +be )(—lka e +ikb™ e )
m
—(a" e b ) (ika e — ikb e ™) )R, (3.131)
which, after some reductions becomes
. kh ikx —ikx * —ikx * 1kx
J(x)=2—((ae +be )(ae —b"e )
m

_(a*efl'kx +b*eikx) (_ aeikx + be*ikx))i' (3132)
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It is easy to verify that this current can be written in the form

jo = ((| % — b2 — 29t ab*e¥*¥)

—( — lal? + b = 2% ab*e¥*) )%, (3.133)
which reduces to

kh ~
joo) = (Ial — b*)R. (3.134)

This is a very important result that basically says that when the wave function has two
components, describing particles moving to the right and to the left, as in (3.129),
the current density at any point x, is just the difference of the respective currents.

Exercise 9 In the last example, we saw that when the wave function is given by the
combination ¢(x) = ae'k* 4 pe~1k* the current density is proportional to |a |2 — |b|2.
It is evident that for @ = +b the current density vanishes (j(x) = 0). Based on this
example, show that: a) the current is zero when the wave function is real or pure
imaginary and b) the particle current moving to the right j*(x) and the particle
current moving to the left j~ (x) are equal in magnitude but with opposite signs.

Solution When a = b, the wave function ¢(x) becomes

p(x) = a (™ + ™) = 2a coskx, (3.135)
whereas if b = —a, the wave function ((x) becomes
p(x) = a(e™™ — ™) = 2iasinkx. (3.136)

In both cases, j(x) = 0. We will calculate now the current associated to each com-
ponent of the wave function when b = *a. To avoid confusion we will keep the
coefficient b and replace it by £a at the end. The currents associated to the compo-
nents ¢t (x) = a ¢’** and ¢~ (x) = be ¥ are respectively

ih d d _
it = zl—m (w(x)Ew*(x) - <p+*(x)a<p+(x)) X; (3.137)

and
h * —* d _ =
)= (@ (x)—w (x) — (X)ﬁw (x)) X. (3.138)

Replacing ¢ 1*(x) and ¢~ *(x) we have
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ik : . . )
j+(_x) — l_ (aelkx(_ik) a*e—lkx _ a*e—lkx(x)(ik)aelkx) 32,

2m
Pk 5
= —lal°, (3.139)
m
and
o— i —ikx - * ikx * ikx . —ikx )<
j )= > (be (ik)b*e'™ — b™ e (x)(—ik) be )x,
m
hk
— ——|b|2. (3.140)
m

These are the two currents contained in the expression of current density that appears
in (3.134). It is clear that when b = =+a, the currents satisfy the relation j~(x) =
—jT(x), regardless of whether b is equal to +a or —a.

3.8 Problems

1. Show that normalizing the wave function
o(x) = a'e™ + ple ik, (3.141)
one obtains
o(x) = aAe™ + b Ae™IF¥ (3.142)
with |a|?+|b|? = 1 and the constant A = 1/ /L, for the normalization procedure
a la Born, or A = 1/+/2mh, for the normalization procedure a la Dirac.
2. For the infinite quantum well in Fig.3.5, with origin of the x-axis at the center

of the well, obtain the first four eigenfunctions. Discuss the symmetries of the
eigenfunctions and the Schrodinger equation under the parity transformation

-~

P:x+— —x. (3.143)

3. Show that the function

1 ,
0E(xX) = ——— ¢k~ (3.144)

satisfies the condition
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o0

(pe'lpE) = / O ()pE(x)dx = 6(E — E'),

—00

with E = h2k?/2m, the free particle energy.
Show that the wave functions in Eq.(3.68) are certainly the normalized free
particle eigenfunctions of the infinite quantum well, whose width is L.

. Ifthe particle is an electron in an infinite quantum well, determine the eigenvalues

of the first four levels when L = 10nm and also when L = 20nmand L = 5nm.
What is the effect of increasing the width of the well and what of decreasing?
Draw the first four eigenfunctions for the well widths of the previous problem.
Show that the particle current density at any level of the infinite quantum well
is zero.

. Determine the free particle current density if they are described by

eikx e*ikx
_ b .
P = a e b

If we have initially an electron in the fourth energy level of an infinite quantum
well and it makes a transition to the first level, determine the width L of the well
so that the emitted photon has wavelength A ~ 500nm, and what will be the
widths if the photons have wavelengths A ~ 600 nm and A ~ 700 nm? To which
colors do these wavelengths correspond?



Chapter 4
The Tunneling Effect and Transport Properties

In this chapter we will solve the Schrodinger equation for simple one-dimensional
examples. We will show that these systems exhibit important quantum properties
like the energy quantization and the tunneling effect. The one-dimensional examples
that will be considered here are: the step potential; the finite rectangular quantum
well and the rectangular potential barrier. In these systems the potential functions
are piecewise constant, with abrupt discontinuities at two or three points. For many
years this kind of potentials were systems of academic interest and used to model real
systems, where the mathematical procedures required more involved calculations.
In the current nano-structure physics, the rectangular quantum wells and the rectan-
gular potential barriers are not any more systems of purely academic interest. The
actual semiconductor structures, contain barriers and wells (grown with atomic layer
precision), and the potential profiles “felt” by the conduction electrons and valence
band holes in LEDs,! quantum well lasers’> and other optoelectronic devices, of
mesoscopic® or nanoscospic* sizes, are rather similar to those considered here and
the following chapter.

As mentioned before, the quantum wells confine. Hence, the energy of a quantum
particle in a quantum well will quantize. In this case, we will be interested in the
energy eigenvalues and the corresponding eigenfunctions. The step potential and
the potential barrier imply open systems, with only one classical turning point. In
these systems the quantum particles, approaching from the left or from the right,
will get reflected and eventually, depending on the energy, they will get transmitted.
In open systems, we will be more interested in the transport properties and in the
wave functions describing the quantum particles from —oo to +00. We will see that
for particles in a quantum well, with energies larger than the confining potential

! Acronym of light emitting diode.

2 Acronym of light amplification by stimulated emission of radiation.

3 Mesoscopic refers to intermediate size systems, between the macroscopic and the atomic
dimensions. Therefore the systems are described by quantum theory.

4 Systems with dimensions of the order of 10~ m, i.e. of a few atomic diameters.

P. Pereyra, Fundamentals of Quantum Physics, Undergraduate Lecture Notes in Physics, 61
DOI: 10.1007/978-3-642-29378-8_4, © Springer-Verlag Berlin Heidelberg 2012
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Vix)

Fig. 4.1 Parameters of the step potential

depth, it will be also possible to talk of transport properties. In this chapter we
will use, systematically, the transfer matrix method and we will see that, despite
the physical differences among the quantum wells and the potential barriers, the
transition matrices that enclose the continuity conditions, can equally well be used
when we are solving their Schrodinger equations. This is one of the attractive features
of the transfer matrix method.

4.1 The 1D Step Potential

Except for the constant potential, the simplest potential profile that one can imagine
is the step potential shown in Fig.4.1. This is essentially a constant potential with
one discontinuity point, thus, with one classical turning point. If the discontinuity is
at the origin, the potential is described by the function

0, x <0;
Vix) = [ V,, x>0. @.1)

Electrons and holes experience a change of the potential energy like that of
Eq.(4.1) when they move from one (highly doped) semiconductor to another, for
example, when the conduction band electrons reach the interface of a GaAs layer
with an AlAs layer, in the GaAs/AlAs structure. If we have a beam of particles’
with energy E, approaching the potential step from the left, we can expect different
results depending on whether the energy E is smaller or larger than the step potential
height V,,. We will discuss these cases separately.

1. When the particle’s energy is less than V,, the Schrodinger equations in regions
I and II are, respectively,

n? d? ()

o ez~ B, x=0, (4.2)

5 We will systematically assume the independent particle approximation. In this approximation
the interactions among the quantum particles, are neglected. We shall also assume that quantum
solutions, according with the statistical interpretation, describe well the behavior of the beam.
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and

h_zdz e (x)

T =V, — E) or1(x), x > 0. 4.3)

We will begin with Eq.(4.2). As we saw in Chap. 3 the solutions in this case are
the oscillatory functions
ikx

o1(x) = are*™ 4+ bre (4.4)

with k = /2mE /12, while, the solutions of (4.3) are the exponential functions
en(x) = aze?™ + bre™ 1%, (4.5)

with ¢ = +/2m (V, — E) /2. These solutions, ¢1(x) and ¢rr(x), are continuous
functions in their respective domains and they are part of the solution of the

Schrodinger equation for the step potential, which is defined from —oo to co. As
mentioned before, the Schrodinger equation solutions must fulfill the finiteness
and continuity requirements everywhere. Including points where the potential
function is discontinuous, like the point x = 0 of our example. At points like
this, we have to impose the continuity requirement on the wave function and on
its first order derivative.

These continuity requirements are

der(0) _ dn(0)

= 4.
¢1(0) = ¢n(0)  and T e (4.6)
Using the explicit forms of ¢r(x) and ¢(x), we have
ar+by =ax + b, 4.7
ik(ay — by) = q(az — by). (4.8)

We will solve these equations for two coefficients out of four. The linear combi-
nations (4.4) and (4.5) will be forced to match smoothly at x = 0. The remaining
coefficients behave as independent variables. In this problem, the first term of
w1(x) (i.e. the function a 1¢'%%), describes the incident particles. Since the inci-
dent flux can be set at will, it is natural to choose a; as an independent vari-
able. As will be seen in the oncoming examples, the number of coefficients is
reduced by imposing additional conditions, as finiteness of the wave functions
or specific physical conditions like setting the incoming particles only from the
left or only from the right hand side. We will see, in the quantum well prob-
lem, that the energy quantization emerges from the fulfillment of the confining
requirements. In the step potential problem, the finiteness problem is an issue to
take care. Indeed, if we look at (4.5), we have two exponential functions and one
of them diverges when x — oo. To prevent this singularity, we choose ay = 0.
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But we will not make this coefficient zero right now. We will keep it, temporar-
ily. We need first to express all coefficients on the right side of the discontinuity
point in terms of those on the left. In this case, the coefficients a; and b, in terms
of ajand b;. Multiplying (4.7) by ¢ and summing or subtracting with (4.8), we
obtain

1 1
ar = — (g + ik)a; + — (q — ik) by, (4.9)
2q 2q

1 1
by =— (g —ik)a; + — (g +ik)b;. (4.10)
2q 2q

At this point we can introduce the matrix representation and define the transfer
matrix. In this problem, one can not yet perceive any advantage of using this
representation. On the contrary, the student may feel that it distracts the calculation
procedure. The advantages will be recognized later, dealing with slightly more
complex systems. We introduce the matrix representation when we write the
continuity conditions (4.9) and (4.10) in the form

a\_ 1 (q+ikqg—ik) (a
(bz)_Zq(q—ikq+ik b ) (4.11)

In this representation, the coefficients (Zl) and (Zi) are nothing else than the
1

state vectors

ikx X
P1(x) = (bcllze_ikx) and  ¢p(x) = (bazeq )’ (4.12)

ne 1*

evaluated at x = 0 — e = 0~ and at x = 0 + ¢ = 07, respectively. The matrix

1 (q+ikq—ik _
— . o )=M©O1,07), 4.13
zq(q—qu—l-lk) ( ) ( )

connects the physics on the left side of the discontinuity point with the physics on
the right hand side of this point. This matrix captures the continuity requirements
at x = 0. In a compact notation, we write (4.11) also as

¢1(07) = M(0F,07)p1(07). (4.14)

The matrix M (0™, 07) is a specific example of a transfer matrix M (x», x1), that
fulfills in general a relation like
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o) = Mz o) = (47 ) oo, (4.15)

that connects the state vectors ¢(x;) and ¢(x3) at any two points x; and xj.
A matrix like M (0%, 07), defined for two points, infinitesimally close to the
discontinuity point, will be called transition matrix. We will see later that the
same transition matrix will appear each time that the potential energy changes
from Vi to Vo = Vi + V,,. We have this kind of changes in piecewise constant
potential systems like the rectangular quantum well and the potential barrier.

Let us now turn back into the step potential problem and recall that to prevent
divergency at x = oo we have to make the coefficient a; zero. This leaves us with

0 I (g+ikqg—ik\ {a
=— ; . , 4.1
(bz) 2g (q—qu+lk) (b1 (4.16)

where a; is the natural candidate for playing the role of an independent variable.

a ), on the right

If we multiply the matrix times the state vector ¢1(07) = ( b
1

hand side, we find in the first place that

(q +ik)ai + (g — ik)by =0, 4.17)
which gives
ik
b =175 (4.18)
q—ik

This coefficient multiplies the wave function e k% which describes particles
moving to the left of the step, and defines the amplitude of the reflected particles.
Since the factor that multiplies the coefficient a; in (4.18) is a complex number
with magnitude 1, we can state that, for energies E less than V,, all particles
moving towards the step potential get reflected. If that is the case, what do we
have on the right side? To understand fully the physics of the step potential, for
energies E less than V,,, we still need to determine b,. Multiplying the second
row of the transition matrix with the state vector ¢r(0™), we have

1

b
22q

(@—Mm+@+mm) (4.19)

Using here the coefficient b; from (4.18), we obtain

1 + ik
by=—((q—ibay — (g + i) L""ay), (4.20)
2q q — ik

that can also be written as
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2ik 2ik
by = — = _G+iba. 421
2 T e (g +ik)ar (4.21)

What are the implications of these results? If we use b1 in the wave function of
Eq.(4.4), we have

—
ke _ ;] i_;ka]e_’kx (4.22)

o1(x) = are’

Since the amplitude of the complex number (¢ + ik)/(g — ik) is 1, it can be
written as

ik _ o i 9= ran! K (4.23)
q — ik q
the wave function y(x), on the left side of the step potential, becomes
wr(x) = aret® — et emikx (4.24)
This function can also be written as follows
o1(x) = ajel? (e—ieeikx . eiee—ikx) ' (4.25)
If we define a new constant, say a = —2ia ei‘g, the solution in region I takes the
form
w1(x) = —asin(kx — 6). (4.26)

This is a stationary function whose current density is zero (see the illustrative
problem 3.2). This shows that for E < V,, the current density towards the right
is equal to the current density towards the left. In this system the whole flux that
reaches the step potential gets reflected. What will we have then for the wave
function ¢r1(x), defined for x > 0? In this region a» = 0 and b, can be written as

2ik ;
by = — 8 it 4.27)
/qz + k2
If we use the constants defined before, we have
k
e 1%, (4.28)

enx) = a———
/q2 + k2

This is a function whose amplitude decreases exponentially with x, as shown in
Fig.4.2 (note that for x >> 0 the flat line has zero amplitude). The oscillating
function matches perfectly with the decaying exponential function at x = 0.
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Fig. 4.2 The wave function

at the left and right sides of
the discontinuity point, for

energies £ <V,

According to (4.28) the probability | (x)|? of finding the particle at a point x
within the step potential is proportional to e ~29* and is different from zero. A result
like this, for particles with mass, is impossible to meet in the classical physics for
particles with mass. The penetration depth in the step potential is proportional to

1/qg ~ h/, /2m(V0 —E ) and becomes infinite when E = V,,. To conclude this
part, it is important to emphasize that in the step potential problem there is no
energy quantization (the potential has a single return point) and the solutions are
propagating wave functions in region I, and evanescent (exponentially decreasing)
functions in region II. Let us now consider the other case.

2. When E > V,, the differential equations on the left and the right hand sides
of the discontinuity point are similar and both have propagating wave solutions.
For region I we have exactly the same differential equation as before, but since
the differential equation on the right hand side changes, we will have different
coefficients, thus, different physics. The differential equation for x > 0 is now

h_2d2<Pu(x)

5 = (E=Vo)en), for x>0, (4.29)

with (E — V,) > 0. Our solutions are now
e1(x) = a1 4+ bre~ 1T, (4.30)
and

pr(x) = aze’™™ 4 bye~r, (4.31)

with k; = /2mE/h? and k, = ,/2m(E — V,)/h?. With these solutions there is

no divergency risk and it makes no sense to impose a finiteness condition. Itis clear
that, in principle, we can have particles approaching the discontinuity point from
the left or from the right, and their flux amplitudes depend on the coefficients a;
and b;. Without loss of generality, we can assume that particles come towards the
discontinuity point only from the left. If this is the case, it is not physically possible
to have, on the right hand side, particles moving towards the left. Therefore, the
second term in (4.31) must vanish. This means that b, should be zero. Before
making this coefficient zero, we will impose the continuity conditions

¢1(0) = ¢n(0) and ¢1(0) = ¢1(0), (4.32)
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that lead us to

a1 + by
iki(a; — by)

ay + by, (4.33)
iky(ay — by). (4.34)

We write these equations, in the matrix representation, as

a L (ko+kiko—ki\ (a1
= — . 4.35
(bz) 2% (kz—kl k2+k1)(b1) (435)
Here the transition matrix differs slightly from the transition matrix in (4.11). The
wave number ¢, there, is here replaced by ik;. If we now make b, = 0, we have

ar L (ko+kiko—ki\ (a1
= — . 4.36
(0) 2k (kZ—k]k2+kl)(bl) (436)
This leads us, after multiplying the matrix rows with the state vector, to
! (ko — k1) a1 + ! (ko +k1)b1 =0 (4.37)
2% 2 —Ki)ai % 2 +k1)o1 =0, .

that allows us to obtain the coefficient

by = I]: :LI/Z“‘ <a, (4.38)
and, on the other hand, to
02=%( +%)a1+%(l—llz—;)bl, (4.39)
that, using b from (4.38), becomes
1 k1 1 k1\ k2 — ky
a2:§<l+k—2)a1—§(l—k—2) k2+k]al' (4.40)

This equation can be simplified, and takes the form

2kq
ki + ko

ar. 4.41)

In this way, given b; and ap, we can finally write the solutions in regions I
and II as

kl B k2 €7ik]x

, 4.42
ki + k2 (4+42)

e1(x) = a1 4 q
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and as

2k .
pux) = ar +k2e'k”, (4.43)

respectively. These functions describe all particles, the incident, reflected and
transmitted ones. The first term of ¢(x) describes the incoming particles, the
second term describes the fraction of the particles that gets reflected by the step
potential, and the function ¢y(x) describes the fraction of particles that gets
transmitted. Using these functions, one can easily evaluate the incident, reflected
and transmitted currents

hkilay|* .
e = %
. hkilar? (ki —ka\*
= —|— , 4.44
Jrefl m k1+k2 X ( )
. olai> ( 2k Vo
= — X.
Jtrans " ki +h

Notice that the reflected and transmitted currents are proportional to the incident
current 1k |ai|?/m. We can also observe from these results that when the height
of the potential step V,, — 0 (which means k; =~ k») the reflected current tends
to 0, and the transmitted current becomes equal to the incident current. We found
here that, for energies larger than the step potential height, the wave functions at
the left and right hand sides of the discontinuity point are propagating functions.
To understand the meaning of these solutions, it is convenient to introduce the
reflection and the transmission coefficients. One way to define these coefficients
is as follows:

g bl _ (k1 = kz)z wa 7ol ik
jinc| (kl + kz) ljine! (kl + kz)

(4.45)

These coefficients fulfill an important property: the flux conservation principle.
This principle states that, when the flux of particles is conserved, we must have

R+T=1. (4.46)

It is easy to verify that this requirement is fulfilled by the reflection and transmis-
sion coefficients, R and T, defined in (4.45).

The transmission and reflection coefficients are important quantities in the analy-
sis of transport properties through potential regions. These coefficients are closely
related to the reflection and the transmission amplitudes (r and ¢) of scattering the-
ory. To introduce the basic concepts of the scattering theory and to understand the
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Fig. 4.3 The incident and the scattered (reflected and transmitted) waves by a potential function
V(x)

relation between the “scattering” amplitudes and the transfer matrix elements, we
will make, in the next section, a brief digression.

4.2 Scattering Amplitudes and the Transfer Matrix

An alternative description of the transport phenomenon is possible using the physical
quantities and concepts of the scattering theory. In this approach, the physics of
particles moving across a potential region V (x) is visualized as a scattering process
with incoming and outgoing particles (towards and from) the scattering region. The
wave functions describing outgoing particles are related, through a scattering matrix
S, with those describing incoming particles. If we have the scattering process shown
in Fig.4.3, the incoming particles, from the left and right sides, are described by
wi1(x1) and by @;r(x2), and the outgoing particles by ¢, (x1) and ,, (x2). Because
of the interaction potential V (x), part of the incoming particles are transmitted and
part reflected. Using r and ¢ to represent the reflected and transmitted amplitudes,
when particles come from the left, and r" and ', when particles come from the right,
the outgoing functions on the left and right sides can be written as

ol = r @i + 1 pir, (4.47)
©Cor = t i1 + r/@ir- (448)

In a matrix representation we have

Vol (x1) rt sOiz(m)) (sDiz(m))
— =9 , 4.49
<<Por(X2)) (f r’) (%‘r(m) wir(x2) (449)
Here § is the scattering matrix, the vectors ((pil(xl) ) and (%l (x1) ) represent
Pir (x2) Por (x2)

the incoming- and outgoing-particle amplitude, ¢; and ¢,, respectively. When the
norm of the incoming-particles amplitude is preserved, we have
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6101 = 800 = ¢SS, (4.50)

which means that the scattering matrix S is a unitary matrix that fulfils the condition
sts=1, (4.51)

where [/ is the unit matrix. Thus
\* ¢
r? + 1t = 1, PP+ =1 and (-) =——. (452

With the wave functions ;;(x1) and ¢,;(x1) on the left side of the scattering
region, and the wave functions ¢;,(x2) and ¢, (x2) on the right side, we can define
the state vectors

oo =(Zi) we se=(5r3) e

at x1 and xp, respectively, and put them in a relation like this

Por(x2) a B\ [ irx1) wir(x1)
= = M(x2, x , 4.54
(sa,-rm)) (7 5 )\t ) =M gy ) @Y
where M (x;, x1) is the transfer matrix that connects the state vector at x; with the
state vector at xp. The transfer matrix M (x, x1) behaves as a propagator of the
physical information from one point to another.
The scattering matrix S and the transfer matrix, have among them a simple and

well defined relation. Indeed, if we combine (4.49) and (4.54), one can easily obtain
the following relations

(a+ Br —Dpu(x1) = (' = Bt)pir(x2), (4.55)
and
(v +0r)pir(x1) = (1 = 3t")pir (x2). (4.56)
Since ;;(x1) and ;- (x2) are linearly independent functions, we have

a+pr—t=0, r— Bt =0,
v+ 0or =0, 1 -6t =0. (4.57)
We can then solve for the scattering amplitudes

1 1 1 1
t:oz—ﬂgfy, rz—g’y, t':S and r':ﬂg. (4.58)
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or for the transfer matrix elements

1 1 1 1
a:t—r/pr, ﬁ:r/p, V=g and 5:;. (4.59)
In the particular case of incidence from the left side only, the reflected and transmitted
functions can be written as

Orefl = TPine and  Puans = [ PVines (4.60)

and the reflected and transmitted current densities take the form
. _ 2 .. . _ 2 .
Jrefl = |7 Jinc and Jtrans = [t Jinc- (4.61)

For most of the systems of interest, the interactions are invariant under time
reversal. In this case (see appendix A) v = 8* and § = «* and the scattering matrix
is symmetric. Hence, when flux is conserved and the system is time reversal invariant,
the transfer matrix M becomes unimodular (detM = 1), and

1
t=— and r=——. (4.62)

These are important and simple relations. It is then clear that once we have the
transfer matrix, we can immediately evaluate not only the transmission and reflection
amplitudes, but also the rransmission and reflection coefficients. In fact, if we consider
the transmission and reflection coefficient, defined in (4.45) in terms of the incident,
transmitted and reflected current densities, we have

7 = Bl e and R = el e VOF (4.63)
Jinc| lov|? Jinc| |ov|?

Itis important to notice and to keep clear the relation and difference between (trans-
mission and reflection) coefficients and (transmission and reflection) amplitudes.6
This possibility of easy and straightforward calculation of transport properties is one
of the advantages of the transfer matrix representation. We will find other properties.
Let us mention just a couple of them.

A property that makes the transfer matrix extremely useful is the composition rule
of two matrices

M (x3, x1) = Ma(x3, x2) M1 (x2, x1), (4.64)

which is called the multiplicative property of transfer matrices. Using this property
one can build up transfer matrices for almost any potential profile. We will use

6 Tt is worth noticing also that while the transmission and reflection coefficients are real quantities,
the transmission and reflection amplitudes are complex, in general.
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this property in the piecewise constant potential systems, and in evaluating wave
functions.

Some times we need to connect state vectors at two points of a constant potential
region. In this case, the transfer matrix takes a simple form. Suppose that x| and x;
are points of this type, with state vectors

aeikxz aeikxl
(be_ikxz ) and (be_ikxl ) . (465)

Notice that the coefficients a and b are the same because the differential equation is
the same at x; and at x. Thus, we can relate these state vectors as follows:

aeikxz eik(xz—xl) 0 aeikxl
(beikxz) = ( 0 e—ik(xz—xl)) (beikxl ) (4.66)

The matrix that connects state vectors at two points of a constant potential region, is
diagonal and carries on the phase evolution of the exponential functions. When the
solutions in the constant potential region are propagating functions, like in the free
particle case mentioned in Chap. 3, the transfer matrix is

ik(xp—x1)
¢ 0 ) , (4.67)

Mp(x2, x1) = ( 0 e~ ik(—x1)
and, when the solutions are exponential functions, we have

aed*? 9 (x2—x1) 0 aed™
(be‘qu) - ( 0 e—a(Xz—xn) (be_qxl) ‘ (4.68)

Hence
q(x2—x1) 0
Mp(x2, x1) = ( 0 e—q(xz—xl)) ) (4.69)

In the following sections, we will need and use these type of phase-propagating
transfer matrices.

4.3 The Rectangular Potential Barrier

Let us now consider the rectangular potential barrier shown in Fig. 4.4. This potential
energy corresponds to

x<0, x=>b;

07
Vix) = [ V,, 0<x<b. (4.70)
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Fig. 4.4 The rectangular V(x) .
potential barrier, its potential
parameters and the propagat- o v o
ing solutions at the /eft and ae’ ° ase’
right I I 1
b,e-iks berike .
0 b x

As mentioned before, a potential profile like this was used to model repulsive poten-
tials. The rectangular potential barrier is easy to solve and gives rise to important
qualitative results, characteristic of quantum behavior. It will, in particular, make
clear one of the most striking and significant quantum phenomena, the tunneling
effect. The actual potential barriers and wells in metals, semiconductors and insula-
tors appear in an inexhaustible variety of shapes. Even if one assumes the effective
mass approximation within a layer of metal or semiconductor,” we can not avoid for
the conduction band electrons, in layered structures, the strong effect of repulsive and
attractive potentials as they pass from one medium to another. If, for example, on top
of a Ga As substrate one grows a layer of Gaj_y Al As with thickness b and on top of
this a layer of GaAs, the conduction band edge of the GaAs/Al,Ga1—xAs/GaAs
heterostructure will have (in the effective mass approximation) a potential profile
that looks like a rectangular potential barrier. In this type of systems the height V,,
depends essentially on the energy gaps® of the alternating semiconductor layers. In
our example, it depends on the Aluminum concentration x and on the GaAs energy
gap E, (~1.5€V). For a concentration of ~30 %, the barrier height V,, is ~0.23 eV.

We will solve the Schrodinger equation for the rectangular barrier, first, when the
incident particle’s energy E is less than V,, and, then, when it is greater than V,,. We
will study these cases separately. To simplify the discussion of this problem we will
assume, without loss of generality, that the incoming particles approach the potential
barrier only from the left side.

In this problem, and in the oncoming piecewise constant potential problems, the
differential equations are similar to those of the step potential. To avoid repetitions,
we will use results already known, whenever it will be possible.

1. If E < V,, we can immediately write down the Schrodinger equations and the
corresponding solutions in each of the three regions that naturally we have in the
potential domain. In regions I and III, the Schrédinger equation has the form

P d? )

g = Eel). .71

7 Because of the periodic potential and the tunneling phenomenon, electrons and holes in metals
and semiconductors behave as if they will be moving in a constant potential but with a different
mass. The effective mass.

8 The energy gap E ¢ 18 the distance between the upper edge of the valence band and the lower edge
of the conduction band. A gap of forbidden levels opens, generally, in a periodic system.
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This is the same as in (4.2). Thus, the solutions are the wave functions’

er(x) = are’™ +bre ™ for x <0, 4.72)

and

om(x) = aze’™ 4 bye ™, for x > b, (4.73)

with k = \/2mE /hZ%. In region II the Schrodinger equation is

h* d? on(x)

This equation coincides with (4.3), therefore, the solution is
on(x) = aze?™ + bye™?*, for 0 <x <b, (4.75)

with g = /2m(V, — E)/h?. Functions (4.72), (4.73) and (4.75) are formal solu-
tions of the differential equations. We have still the problem of determining the
coefficients a; and b;. They are generally obtained with the help of the fulfill-
ment of continuity and boundary conditions. Once the coefficients are fixed and
the continuity and physical conditions are imposed, the wave functions ¢; (x),
take a specific form and will become the actual solutions of the potential-barrier
Schrodinger equation. Only then, we will be able to describe the physics of the
quantum particles in the presence of the rectangular potential barrier.

Let us now consider the continuity conditions at x = 0 and x = b. From the
continuity requirements at x = 0, we have

a1 + by = ax + b, (4.76)
ik(ay — b1) = q(az — b2). 4.77)

and from the continuity requirements at x = b, we have

2% 4+ bre™ 1" = a3e'*P 4 hye kP, (4.78)
q(age"b - bze_qb) = ik(a3eikb — b3e_ikb). 4.79)

These equations allow us to obtain four coefficients out of six. In an open system
like the potential barrier, the wave functions with coefficients a; and b3 describe
particles approaching the barrier from the left and from the right hand side, respec-
tively. These amplitudes depend on the experimental set up, and can be fixed at
will. For example, if we fix the experimental set up with incident particles coming
only from the right hand side, we have to choose a; = 0. If we fix instead the

9 In this text, we refer to these solutions as wave functions because we have in mind that they come
always multiplied by the time dependent function e ~'“".
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Fig. 4.5 The transfer matrix V(x) ,
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experimental set up with incoming particles only from the left side, we have to
choose b3 = 0. Therefore, a; and b3 play the role of independent parameters
and one searches to express the other coefficients as functions of a; and b3. The
algebraic substitutions that we need to solve this kind of problems grow geomet-
rically with the number of equations and become unmanageable. We will see that
using the transfer matrix, the algebraic manipulation will diminish drastically.

4.3.1 Transfer Matrix of the Rectangular Potential Barrier

As in the step potential problem, the continuity relations (4.77)—(4.79) at x = 0 and
x = b, can be written in the compact forms

az _L q+ikq—ik ar) v far)
(b2>_2q (fl—ikq+ik)(b1)_M1(Ofo) b )i 480

aze*® N 1 (k—iqk+iq aed®\ + - fa
(b3e—ikb)_2k k+lqk_lq bze—qb _Mr(b ab ) bl .

4.81)

and
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In Fig.4.5, we sketch the connections established with the transfer matrices M;
and M, Itis clear that a third matrix M, is lacking. We need to connect, as shown in
Fig.4.6, the state vectorat x = 0+ € = 071 with the state vectoratx = b —e = b,

where € is an infinitesimally small increment. This connection is done by the matrix
M ,. To obtain this matrix, we observe that

ared? _ e’ 0 ap
( bzeq,,) - ( : eqb) (bz), (4582)
thus

b
Mp(b_,0+)=(eq 0 ) (4.83)

0 e
Having this matrix, we are able to establish the relation
om(b™) = Mp(b™,07)p1(07). (4.84)
with
Mp(b*,07) = M, (bt b7)M,(b~,0T)M;(0",07). (4.85)

Notice that M, (b, 07T) is a particular case of the transfer matrix (4.69), mentioned
at the end of the last section. Replacing (4.80), (4.81) and (4.83) in (4.85), we have

_ 1 (k—igk+ig) (e?” 0 g +ik q—ik
My (b™" =— . . . -
b7 00) 4qk(k+lqk—zq 0 e q —ik q+ik
(4.86)
Each matrix in this sequence plays a role in carrying the physical information from

the left side to the right, across the barrier. Multiplying matrices and simplifying we
have, finally, the transfer matrix of the rectangular potential barrier

2_ 2 K2 2
coshgb + i sinh gb —i ok sinh gb
My(b*,07) = g ey
j ok sinh gb coshgb — i sinh gb
q
(4.87)

This is a bona fide transfer matrix that behaves as a propagator of the physical
information across the barrier, from 0~ to b*. Notice that these points are outside
the barrier.
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In the transfer matrix formalism, this is an important result of frequent reference.
For convenience and compactness we denote this matrix as

By

My (b, 0) = ( P az)’ (4.88)
with
k2 _ q2
ap = coshgb + i ———— sinh ¢gb,
2qgk
k2 2
By = —i~ 2 Ginhg. (4.89)
2qk

The structure of the matrix reflects, as mentioned before, the time reversal invari-
ance symmetry of the potential barrier. Using this compact notation, we can write

(4.83) as
aze™ N (o B\ (@
()= (5 2) (1) 20

In the transfer matrix we have all the physical information of the quantum particles
and the potential function. We will use now the transfer matrices obtained in this
section not only to define the wave functions, but also to obtain other results. Using
M}, and the relation of this matrix with the scattering amplitudes rp, and #,, we will
obtain some transport properties like the transmission and reflection coefficients.

One can easily verify that the transition matrix in (4.81) is the inverse of the
transition matrix in (4.80).

In the following we will avoid heavy notation and we will try to use a notation as
light as possible. In fact, if we have to evaluate, say the function f(x), at a & € with
e — 0, we will denote it as f(ai) or justas f(a).

4.3.2 The Wave Functions in the Rectangular Potential Barrier

An important part of our objectives, solving the Schrodinger equation and deriving
the transfer matrices, is to obtain the wave function, defined from —oo to +00. Our
purpose in this section is to determine this wave function using the results obtained
so far, especially the transfer matrix M. If we assume that the incident particles
approach the potential barrier only from the left, we must have b3 = 0, and (4.90)

transforms into
aze’®®\ (B (@
( 0 ) = (5; o b ) 4.91)
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Fig. 4.7 Wave functions along the potential barrier and the tunneling effect. In the figure on the
left, the wave function is plotted for £ = 0.18eV (< V, = 0.23eV) and, on the right the wave
function amplitude is plotted for E = 0.28eV (> V,). The potential widths in the left and right
figures are b = 6 nm and b = 20 nm, respectively. Notice that in the left figure, part of the incoming
flux transmits through the barrier, even though the energy is below the barrier height. This is the
tunneling effect

Multiplying, on the right hand side, we have

By
by =—"La, (4.92)
@
and
*
a3 = (ab — Bbﬁ—l;> are kb = —*alef’kb, (4.93)
) )

where the flux conservation requirement o, — 33, = 1 was used (see problem
4.3). With these coefficients we practically have the wave function. With b; we have
the reflected fraction of the incident wave function, and with c¢3 the transmitted part
of the incident wave function. These coefficients are compatible with the reflection
and transmission amplitudes r = —3*/a* and t = 1/«*, derived in Sect.4.2. If we
substitute by in (4.72), we obtain the wave function on the left side of the barrier as

3
p1(x) = aje’™ — ﬁ—iale"’k", for x <0. (4.94)
a

b

If we replace a3 of (4.93) in the wave function ¢y (x), we have the transmitted
wave function

1 .

pm(x) = —are* P with x> b. (4.95)
o
b

To obtain the wave function in the barrier we use

ae? \ _ (el 0 az
(- e
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together with (4.80). After replacing the coefficients b1, we have

By k By .
on(x) =ay |{1——;)coshgx +i— |1+ — )sinhgx|. (4.97)
o, q aj,

In the left part of Fig. 4.7, we plot the absolute value of the wave functions given
in (4.94), (4.95) and (4.97), when the energy is £ = 0.18 eV. In the right part of
this figure, we plot also the absolute value of the wave function when the energy
is larger than V,, using results that will be obtained below. It is important to notice
that even though the energy is less than the potential height, we have a nonzero

transmitted wave function. This property is related with the tunneling effect and
with the penetration depth in the step potential.

4.3.3 Reflection and Transmission Coelfficients for Rectangular
Potential Barriers

Before obtaining the transmission and reflection coefficients, we recall that b; and
a3 can also be written as

by =ra; and a3z = tale*ikb. (4.98)

Hence, the wave functions ¢y(x) and ¢qp(x), in (4.94) and (4.95), take the form (for
a) = 1)10

o1(x) = e* 4+ e for x <0;
pm(x) =t KD for x > b. (4.99)

Itis clear from these expressions the role played by the reflection and the transmission
amplitudes. Since

T=t* and R=rr", (4.100)

we can immediately write down the transmission and reflection coefficients of the
rectangular potential barrier. We have for the transmission coefficient the following
expression

1 1
T = pwehe s >, (4.101)

coshgb + i 7 sinh qb

while for the reflection coefficient we have

10 This selection of the incident amplitude does not affect the subsequent results.
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2

* k2 2
R= 5 S = (— +4 sinhqb) T. (4.102)
o] 2kq

}2

These results, and, in particular the wave function ¢y (x) in (4.99), exhibit an impor-
tant difference with the classical physics description. While in classical physics the
probability of finding a particle on the other side of the barrier for energies smaller
than the barrier height is null, in the quantum description this kind of particles can
tunnel through the barrier and then appear on the other side of the potential barrier
with a probability given by

2
2 lay| 2
lem()ly—p = ——5 =la1l" T, (4.103)
||
different from zero, proportional to the transmission coefficient 7'. This phenomenon
is the tunneling effect, mentioned before. It is a characteristic property of the quantum
behavior. Starting from the transmission coefficient (4.101), it is possible to show

that, in the limit gb > 1, the leading order term is

M N = (4.104)

The transmission probability tends to 1 when the energy approaches V, and decreases
exponentially to zero when the product V,,b* grows.

In Fig.4.8 we plot the transmission coefficient 7 of Eq.(4.101) as a function of
the energy for V, = 0.23eV and b = 6nm. Notice that for energies below V,, the
transmission probability is small but different from zero.

The transmission coefficient in (4.101) was obtained for energies below the poten-
tial height. In principle this formula is valid only for £ < V,,, however, if the plotting
program used can handle the analytical continuation'! one can extend the domain of
application of this equation for energies larger than V,,.

' In this case, it means using the identities cosh ix = cos x and sinhix = i sin x.
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We will study now the potential barrier for energies larger than V, and will derive
the transmission coefficient for E > V,, and explain the resonant behavior in the
high energies region.

2. If we have E > V,,, the solutions of the Schrodinger equation are:

o1(x) = a1t 4 b~ for x <0; (4.105)
erlx) = are’** 4 pyeikex, for 0<x <b; (4.106)
om(x) = aze’™* + bye ¥ for x> b. (4.107)

Herek; =,/ 25—’5 Eandk; =,/ Zh—’g (E — V,). The only change that we have, compared

with the solutions for E < V,, is in (q(x). As in the step potential problem, this
solution becomes an oscillatory function. All the expressions derived for the case
E < V,, will then have the wave number g replaced by i k;. Taking into account this
change, the transfer matrix of Eq. (4.87) becomes

k2 k2 212
coskab + i LK sinkob —i———2sinkyb
My(b*.07) = i 22k1k2 2k1k22 i
Mk kob cos kab — LTI kob
2k1k2 2klk2

(4.108)

The hyperbolic functions become trigonometric functions. Therefore, the transmis-
sion coefficient, for energies above the barrier, is

1
T = 5- (4.109)
kob + 'k% * k% inkyb
COS 1 sin
2 2kiko 2

This function can also be written in the form

I
T = EEySe . (4.110)
1+ % sin? kyb
412 k3

This result explains the oscillating behavior of the transmission coefficient in Fig. 4.8
for energies above the barrier height. It is clear that whenever the oscillating function
sin kb vanishes, the transmission coefficient 7 reaches its maximum value 1. The
energies for which this phenomenon occurs are the resonant energies, and they are
given by

E; = B21*7%)2mb + V,, with [ integer. (4.111)
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Fig. 4.9 Potential well with 17
finite depth V,, and width a

v

Fig. 4.10 The eigenfunctions V(x)
i in a finite potential well

penetrate the walls and decay

exponentially

/ V
/_x(/ ¢
R —
0 ‘ a=5 x[nm)]

These resonant energies should not be confused with energy eigenvalues. Recall that
in this problem there is no energy quantization.

4.4 The Rectangular Potential Well

Another solvable and widely used system is the finite rectangular potential well.
In Fig.4.9 we have one example of this kind of systems. If we have a quantum
particle in a potential well, we expect a rather different behavior from what we had
in the potential barrier. When the energy is less than V,, we have a confined or
trapped particle whose energy quantizes. The potential function that corresponds to
this system is

Vo, x<0, x=>a;

Vix) = 0, 0<x<a.

4.112)

Potential energies like this, are found for electrons in the conduction (or holes
in the valence) band of a semiconductor heterostructure like!2 Gaj_, Al A;/Ga A,/
Gay_x Al As. The quantum wells have a wide range of applications, in particular in
optoelectronic devices.!? To study this system, it is also convenient to analyze the
case of energy less than V,, and, separately, the case of energy greater than V,.

12 This is true in the effective mass approximation.

13 In a quantum well laser the confined electrons of the conduction band recombine with confined
holes of the valence band, emitting a photon whose energy Av depends on the difference of the
electron and hole energies.
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1. When 0 < E < V,, the solutions of the Schrddinger equation in regions I, IT and
III are, respectively,

p1(x) = aje? + bre™ 1, for x <0,
orn(x) = are’™ + e, for 0<x <a, (4.113)
om(x) = aze?™ +bze ¥,  for a <x.

with ¢ = /2m(V, — E)/h? and k = /2mE /h?. Now, the solutions in regions
I and IIT are exponential functions, and oscillating functions in region II. Since
the wave functions 1(x) and oq(x) diverge when x — —oo and x — 00,
respectively, we have to choose b; = a3 = 0. But we will, temporarily, retain all
the coefficients and once the transfer matrix of the quantum well is obtained we
will make b; = a3 = 0.

4.4.1 Continuity and the Transfer Matrix of the Rectangular
Potential Well

Unlike the infinite quantum well, where the wave functions vanish at the infinite
walls, in the finite quantum well the exponential functions penetrate the finite walls,
as shown in Fig. 4.10.

Imposing the continuity requirement on the wave functions and their first order
derivatives, we have, at x = 0, the following equations

ay + by =ay + by,
q(ay — by) =ik(ar — b2), (4.114)

which, in the matrix representation, can be written as

a I (k—iqk+igq ai o fa
= — . . = M;0",0 . 4.115
<b2> 2k (k+1qk—zq by i v (4115
Notice that the transition matrix that we have here, for the barrier-well interface,
is the same as the transition matrix M, (b™, b™) that we had in the potential barrier.
We will see now that the transition matrix that relates the state vectors at x = a,

is equal to the transition matrix that we had on the left side of the potential barrier.
Indeed, from the continuity conditions at x = a we have

aSeqa + bSefqa — azeika + bzefika,

q(a3eq“ - b3e_q“) = ik(azeik“ — bze_ik“). (4.116)

These equations, in matrix and state vector representation, take the form
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Fig. 4.11 The transfer matri- Vo T
ces that connect the physics on
the left with the physics on the
right of the square quantum — v,
well
I II II1
CNEZO R
M, M,
1 Mp r
aze?®\ _ 1 (q+ikq—ik) [ axe’™
b3e™ 1) " 2 \ q — ik q +ik bye~tka ]
ika
_f are
= Mr(a+7 a ) (bze_lka) ) (4117)

with a transition matrix, for the well-barrier interface, equal to the transition matrix
M; (0%, 07) in the potential barrier. To connect the state vector at x = 0~ with the
state vector at x = a™, we still need to connect the state vector ¢y (0") on the left
end of the quantum well with the state vector ¢yr(a™) on the right. In other words,
we need a transfer matrix M, to carry the phase at the bottom of the quantum well.
It is easy to verify that

azeika . eika 0 a
(bze—ika)—( 0 e—ika)(bz)' (4.118)

B ika 0
My(a ,o+)=(eo ook ) (4.119)

Therefore

With this matrix, we have all the necessary relations to connect the state vector in
region III with the state vector in region I. Indeed, combining (4.115), (4.117) and
(4.118), we obtain

wet® 1 (g+ikq—ik\(e* 0 \(k—iqk+iq)(a
bze 1) " agk \g — ik g +ik)\ 0 e % J\k +iq k —ig)\b1)"
(4.120)

In this case, as for the potential barrier, we have the sequence of transition and transfer
matrices

My(@t,07) = M,(a™,a"YM,(a,0")M;(0",07). 4.121)
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These matrices propagate along the quantum well, one after the other (see Fig.4.11),
carrying the physical information contained in the state vectors. After multiplying
these matrices, and simplifying, we have

2 2 k2-|-2

q . .
ga coska + sin ka - sin ka
B )= , 24k 2qk ) (4.122)
bze™4 k*+q —k by

sin ka coska — sin ka
2qgk 2qk

Therefore the transfer matrix of the rectangular quantum well is

2 2 2 2
—k k
coska + 4 sinka — t4q sin ka
+ 0y — q q
M,(a",07)= k2+q2 . qz—kz ' , (4.123)
sin ka coska — sinka
2qk q
This matrix will be written, in compact notation, as
_ [ @a Ba
My(a,0)= (—ﬂa 5a) . (4.124)

Therefore

(WM): ( e 5“) (‘“). (4.125)
bze™ 14 —Ba da by

The transfer matrix structure is apparently different from that expected for transfer
matrices satisfying the time reversal symmetry. We will see in the second part of this
section, that for energies E > V,, one has to replace the wave vector g by i x, simul-
taneously the time reversal invariance structure, that we have seen for the transfer
matrices in (4.90) and (4.108), reappears. What happens with the time reversal sym-
metry for energies E < V,,? The transfer matrix M, (a™, 07) in (4.123) fulfills also
the time reversal invariance requirement. It is known that this symmetry imposes, on
transfer matrices, a more general condition. We will not deduce that condition here.
It is possible however to show that to fulfill the time reversal symmetry, a transfer
matrix M should satisfy the condition (see the Appendix A)

01\ ,,. (01
M(IO)M _(10). (4.126)

One can easily verify that the matrix M,(a, 0), obtained above, satisfies this condi-
tion.
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Fig.4.12 A graphical method

to determine the eigenvalues 4 cot ka k*-q*
fulfilling the eigenvalues 2 <~ 2qk
equation (4.130) \
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2k

4 |
Fig. 4.13 Eigenvalues for a V(x)
potential well whose depth is V,=0.8
V, =0.8eV a=3nm

4.4.2 Eigenvalues and Wave Functions in Rectangular
Potential Wells

Let us now come back into the main objective solving this problem, the calculation of
eigenvalues and eigenfunctions. As mentioned earlier, the finiteness of our solutions
require that b1 = a3 = 0. If we use these coefficients in (4.125), we have

()= (55.2) (3)
which leads, on one side, to
arag =0, (4.128)
and, on the other, to
bze 1 = —Bay. (4.129)

From the first of these equations, and taking into account that a; can not be zero, we
end up with the very important equation

q2 _ k2
(cos ka + —— sin ka) =0, (4.130)
2qk

that can be written also as
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k2_q2

2qgk

cotka =

(4.131)

This equation is nothing else than the energy eigenvalues equation, that is fulfilled
only by a discrete set of values of E, the energy eigenvalues of the quantum well.
One way to solve this transcendental equation is plotting, separately, cot ka and
(k*> — g%)/2qk, as functions of the energy. In Fig.4.12 we have precisely this plot
for a = 3nm and V, = 0.8eV. Both functions coincide at the eigenvalues E,,.
It is also possible to solve the eigenvalue equation numerically. In Fig.4.13 the
energy levels E;, are shown for the quantum well with ¢ = 3nm and V,, = 0.8¢V.
It is worth noticing that the equation (4.131) provides all the eigenvalues that are
generally obtained in other textbooks from two implicit equations, one associated to
odd functions and the other to even functions. From (4.129), we get

by = —eBhay. (4.132)
This means that the wave functions in the left and right side walls can be written as
p1(x) = aje?*, for x <0, (4.133)

and

k2 2
sinka e 9%~9  for x > a, (4.134)

emx) = a;

respectively. As expected, both functions fall down exponentially as one goes deeper
in the lateral walls. Before we come to the eigenfunction issue, let us see the solution
o in the well. If we return to (4.115) with b; = 0, we obtain the coefficients

k—iq
= 4.135
as TRt ( )
k+i
by = qual, (4.136)

which, replaced in ¢11(x), leave us with the function

on(x) = aj [cos kx + % sin kx] . (4.137)

In this way, the solutions in each of the three regions have been written in terms
of only one coefficient, the coefficient aj, that can be fixed later, after normaliz-
ing the eigenfunctions (see Exercise 10 in the illustrative Problems section). Hav-
ing these functions and the energy eigenvalues {E,}, we are ready to obtain the
eigenfunctions of the quantum well. The eigenfunctions ¢, (x) are obtained when
the wave functions ¢1(x, E), ¢(x, E) and ¢ (x, E), given in (4.133), (4.134) and
(4.137), are evaluated for E = E,. In other words, the eigenfunction that corresponds
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Fig. 4.14 The eigenvalues E; and the corresponding eigenfunctions ¢; of a quantum well. In this
well the depth is V,, = 0.23 eV and the width is @ = 30 nm. These parameters are different from
those in Fig.4.10, where the well depth is greater but the width smaller. It is clear that increasing
the width of the well, the energy levels diminish and increase their density. The parity of the
eigenfunctions is defined with respect to the center of the well: The even functions alternate with
the odd ones

to the energy eigenvalue E,; is

o1(x, E,), for x <0,
oux) = { e, E,), for 0<x<a, (4.138)
em(x, Ey); for x >a.

In Figs.4.10 and 4.14 we plotted some eigenfunctions, together with their corre-
sponding eigenvalues. To visualize the effect of the well width on the quantum levels,
we consider a larger well width a in Fig.4.14 than that in Fig.4.13. It is clear from
these figures that as we increase the well width, the energy levels come down and
the eigenvalues’ density (or level density) increases. There are many other properties
that come out from our results. Among them, we notice that the eigenfunctions are
real, thus the current density is zero everywhere and the parity of the eigenfunctions
. (x) agrees with the parity of the quantum number 1. Even though the particles are
mainly confined in the quantum well, the probability to find them beyond the lateral
walls is different from zero. We will discuss now the quantum well problem when
the energy is larger than the height of the lateral walls.

2. When E > V,, the particle is no longer confined in the well and the solutions are

all propagating functions, i.e.

pr(x) = aje’® 4 pre=™ 2 for x <0,
—ikix

on(x) = are®* 4+ bre , for 0<x<a, (4.139)
om(x) = aze’™™ + bye ™ ¥ for x > a.
Here k1 = \/2}1—’2‘7 and kp = %—’Q(E — V,). In these functions, the wave number

q that we had in (4.114) is replaced by ik, and k by k. If we make these changes
in (4.115) and in (4.117) we have
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ar 1 ki+ky ki —kp ap
= — 4.140
(bz) % (lq — ko ky +k2) (bl)’ (4-140)

and

ikoa 1 _ ikia
ae ) o L (ke kike ki) (Faxet Y g g
bye™ "2 2ky \k2 — k1 ko + k1 bre ¥
Therefore, the relation (4.120), that we had to connect the state vector ¢y (x) (at
x = a™) and the state vector ¢;(x) (at x = 07), becomes now

a3eik2“ . 1 ky + ki ko — ky eikia ki +koky — k2\ (a1
bye ) = ap ks \ko — kika + ki) \ 0 e7™19)\ky — ko ki + k2 ) \b1)°
— My(a™,07) (Zi) . (4.142)

After multiplying and simplifying, the transfer matrix M, (a™, 07) takes the form

2483 2

coskja+1i sinkja i 2 sinkja
Lo 2k1ko 2k1ky
Mu(a™,07)= ,
K- L . kT kS .
— sin cos - sin
ok M T gy, T
(4.143)
where the time reversal symmetry structure reappeared. In a compact notation we
have
aze®®\ (o, B (@
(b3e_”‘2“) = (ﬂ;‘ o b ) (4.144)
with
ki + k3
oy = coskia+1i éklkzz sinkia,
B il k (4.145)
= inkja. .
T ok

We still have several coefficients to determine. We can get some of them if we
impose additional physical conditions. For example, if the particles approach only
from the left, the wave function b3e~*¥2*, describing particles moving towards
the left in region III, must vanish. In this case we have to choose b3 = 0, and
(4.144) gives us the relation

Bra1 4+ azby =0, (4.146)
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which implies that

ﬂ*
by = ——a. (4.147)

aa
This coefficient has the functional form of the reflection amplitude multiplied by
aj. Indeed, the wave function bje~** describes particles moving to the left in
region I. These are particles reflected by the potential well. We will come back

to this issue some lines below. Having b1, we can express the wave function, at
the left hand side of the well, as

sk
o1(x) = aj (elkzx - *Bie—lkZX) . (4.148)

G
From (4.144) and (4.147) we also have

3k
aze™ = aga; — Ba—2a,. (4.149)
aa

Since the transfer matrix M, is unimodular, with determinant oy, ) — 3,65 = 1,
the transmitted wave function, in the right hand side of the well, can be written
as

1 )
o (x) = —ay 20, (4.150)
(0%

a

with 1/c the transmission amplitude. Again, we have a coefficient that is for-
mally similar to that found for the potential barrier. It is important to notice that
even though the explicit function a is different than the explicit function ay,
of the potential barrier, the functional dependence of physical quantities, like the
transmission and reflection amplitudes, on the transfer matrix elements o, [3,
etc., is the same. For example, the transmission amplitude in the potential barrier
is 5 = 1/aj, the transmission amplitude in the quantum well is z, = 1/o.
Moreover, they share the same functional dependence on « as the transmission
amplitude in (4.62).This is another advantage of the transfer matrix formalism.
The physical quantities are formally given by the same functions of «’s and s,
as was found in Sect.4.2.

Using (4.140) together with (4.147), one can finally express ¢y(x) as

a ‘ B
o) = 5[+ ke — i k)] @)

a

The coefficient aj, is a common (scale) factor for ¢1(x), ¢(x) and ¢qr(x). It
can be determined from the normalization condition. This constant has no effect
on physical quantities like transmission and reflection coefficients.
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It is worth noticing that for E > V,, there is no energy quantization and except for
some resonant energies, where the transmission is complete, the incoming parti-
cles always have a probability different from zero to get reflected. This behavior
is better described by the reflection and transmission coefficients, that we will
obtain now. As we know already, the transmission coefficient is given by the
quotient 1/|ag|?, which means

1
T = . (4.152)

22\
cos2kja + ;klkzz sin? kja

and the reflection coefficient by | — 35/} |2. Therefore

2
k2 — k2
( ;k T 2) sin kja
1K2
R= (4.153)

22\ '
cos2kja +| =—-2 ) sin’ka

2ki1ky

The student can easily check that R 4+ 7 = 1. It is evident from these results that
whenever

sin? kja = 0, (4.154)

or
kia = nm, (4.155)
we have a resonant transmission with 7 = 1. Hence the resonant transmission

through the potential well occurs when the de Broglie wavelengths Ap = 27/ k
are such that

a=n—. (4.156)

Since k12 = 2mE /1%, the resonant energies are

h2 n27T2

E, = — .
"To2m a?

(4.157)

These energies should not be confused with energy eigenvalues. If we recall that
E >V, the integers n should satisfy the relation
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n o

In the following chapter we will see other potential profiles with different config-
urations of barriers and wells. Some of the results obtained in this chapter will be
used, and we will be able to attest the advantages of the transfer matrix method
that will greatly facilitate some calculations, which otherwise would become very

cumbersome.

4.5 Solved Problems

Exercise 10 Determine the normalization constant for the eigenfunctions of the
rectangular potential well, when the energy is less than the lateral wall height.

Solution All we need is to fulfill the normalization requirement

o0
/ () 2dx = 1.
—00

For the potential well, the eigenfunction was defined as
or(x, Eu); for x <O,
pux) = 1 enlx, Ey);  for 0<x <a,

em(x, Ey);  for x >a.

Thus, the normalization condition becomes

—00

If we use the explicit functions, we have

0 a o0
/|901(x, Eu)lzder/Isan(x, E,L)|2dx+/|<mn(x, E,)*dx=1.
0 a

(4.159)

(4.160)

(4.161)
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0 a
2
aj /eunxdx +/ (cos kﬂx—i—% sin kux) dx
"
0

— 00
o0
K2 +g2\2
+ /(“—q“) sin k,a e 2000y | =1, (4.162)
2quk,

a

with k,, = \/2mE, /h?* and g, = \/2m(V, — E,))/h?. All the integrals here can be

evaluated analytically, hence the student can easily obtain the normalization con-
stants. Notice that we have one constant for each eigenfunction.

Exercise 11 Show that at any point x of the potential well, and independently of the
energy level E,,, the current density is zero.

Solution For each energy level E,, we have an eigenfunction ¢, (x) defined from
—o00 to co. In the quantum well region the eigenfunction is given by

i (x) = a |:cos kx + % sin kﬂx] , (4.163)
"

with k;, and g, the wave numbers evaluated for E = E,. The current density is
zero because the function (o, (x) = ¢y " (x)) is real at each point x of the well,
regardless of the index .

Exercise 12 Let us consider the asymmetric barrier of Fig. 4.16, with potential height
Vi on the left and V; # V; on the right of the barrier. Show that for energies greater
than V; and V,, the transfer matrix

N_(ab
M(xq, xi) = (7 5), (4.164)
also has the structure
M (x4, x;) = (;‘* ﬁk) (4.165)

Solution For systems like this, and more complex ones, we must use unit-flux wave
functions (see Sect. 3.3). Therefore, the solutions in regions I, I and III are:

eiklx e—iklx
1(x) = a; + by , for x <0,
v Vi Vi
e?* e 1
punx) = ap— + by , for  0<x < b, (4.166)
Vi NG
eik,x e—ik,x

for x> b.

o (x) = as + b3 ,
Vk, Vk,
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Fig. 4.16 An asymmetric potential barrier with different potential parameters at the left and right
sides

with k; = /2m(E — V;)/R2, k, = /2m(E — Vz)/h? and ¢ = /2m(V, — E)/h2.

In the same way as for the symmetric potential barrier, studied before, we can estab-

lish the relation
azelkrb” fa
(b;_ikr,ﬁ) = Map(b™,07) (bi) . (4.167)

In this case (the subindex ab stands for asymmetric barrier)

a 1 [k, —iq k. +iq\[e?® 0 q +ik g —iky\ [kr
Map(bt,07) = oo ; ; o
ab ) 4gk, (kr +iq ky —iq 0 e J\g —ikj g+ ik ki

(4.168)

is the matrix that transfers the state vector from the left to the right of the barrier
(from x; = 0~ to x, = b™). Multiplying the matrices in (4.168) and simplifying,
yields the transfer matrix

My (b™,07) = (aiﬁ” ﬁ‘ib), (4.169)
ab Yab
with

ki + k ik — q* [k
Qb = ( % " cosh gb +l—2qu,q smhqb) k—; (4.170)

kr — ki kiky + g% ky
= hgb — i ———— sinh gb —. 4.171
Bab ( ok, Coshgb —i= = sinhg % ( )
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Notice also that, making k; = k,., we recover the transfer matrix of the symmetric
rectangular potential barrier.
Exercise 13 Assume that the potential is asymmetric, as in the previous problem,
and that the particles approach only from one side. If they come from the left, the
transmission amplitude (from left to right) will be denoted as #,;, and if they approach
from the right, the transmission amplitude (from right to left) will be denoted as #;.
Show that the amplitudes and the corresponding transmission coefficients satisfy the
following relations

=t and T =T, (4.172)

Solution In the previous exercise we had the relation (4.167) where ¢y (b™) appears
as a function of ¢1(07). We can reverse this relationship to have

a1\ Z a0 50 (@ 4.173
b] - Mba( ) ) b3eiik’b+ s ( . )

where My, (07, b™) is the inverse of M, (b, 07), thus, the product of the inverse
matrices in reverse order, i.e.

_ 1 (k—ighk+ig\[{e " 0 \(q+ik q—ik ki
Mpa (0™, by =— . . T " —.
ba(07,67) 4qk; (k[ +iq ki —iq 0 e )\q—ik q+ik, k,

(4.174)
This matrix, after multiplying, takes the form
Mpa (07, 0%) = (O‘Z“ ﬁ”f’), (4.175)
ﬁba Qpa
with
ki +k kik. — g* k
ape = (5 cosh g — X5 =97 Gongn) [, (4.176)
2k; 2qk; ky
ke — ki ik +q7 ki
= hgb +i———sinhgb ) [ —. 4.177
Oba ( o coshgb +1i 20k sinh ¢ , ( )

These matrix elements are similar to those in Egs. (4.170) and (4.171) with k; changed
by k., and vice versa. It is easy to see from these expressions that

Qpg = Ay (4.178)

The transmission amplitudes #,; (left to right) and #;,- (right to left) have a very simple
relation with the matrix elements « of M, and Mp,,, respectively. Indeed
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1
t = — and f, =

—- 4.179)
Xab Qg
If we combine Egs. (4.178) and (4.179), we obtain the expected results
tyy =1, and T, = Tj,. (4.180)

These results are consistent with (4.58), where transmission amplitudes ¢ and ¢’
incidence from left and right were given in general.

4.6 Problems

[

Derive the currents jic, Jref> a0d J ans i Eq. (4.37).

2. Show that the transfer matrix of the potential barrier is given by Eq. (4.74).

3. Show that the current density on the left side of the symmetric potential barrier
is the same as in the right hand side. Show also that

DetM;, =1, (4.181)

where Det stands for the determinant.
4. Obtain the reflected and transmitted wave functions in terms of the reflection
and transmitted amplitudes and show that

1 2
T=tt*=— and R:rr*:ll‘i.
|| lv|?

(4.182)

5. Show that for time reversal invariant potential V (x) defined from x; to x7, the
transfer matrix has the structure

M(xy, x1) = (5‘ B ) (4.183)

a*

Assume that in regions I (at the left of x) and III (at the right of x») the potential
is zero. Show that, when the current densities j(x) and jy(x) are equal, one

has
(10 10 a 3
]
M (O 1)M_(O 1) and DetM(xg,xl)_‘ﬁ*a* =1.

(4.184)

6. Verify that the transfer matrix of the potential barrier, for E > V,,, takes the form
given in (4.87).
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10.
11.

12.

13.

14.

4 The Tunneling Effect and Transport Properties

Show that when the particle energy is E = V,,/2, the transmission coefficient of
the rectangular potential barrier becomes

1

T=— . 4.185
1 + sinh? ¢b ( )

Show that time reversal invariance implies for the quantum-well transfer matrix

a
( 8 ) the fulfillment of

ad+ 8> =1, (4.186)

and verify that this condition is certainly satisfied by the transfer matrix M, in
(4.123).
Assume that the potential well is defined as

0 x <0, x>a;

—V,, 0<x<a. (4.187)

Vix)= {

Prove that using this potential, one obtains the same results of Sect. 4.4, with
g = P and g =  [20OVIIED.

Check that the wave function in the potential barrier is as shown in Eq. (4.97).
Using the solutions in (4.148), (4.151) and (4.150), check that:

@DHatx =0 ¢n0) = ¢1(0) = ar; .

(atx =a ¢nla) = pma) =a kzj;z sin ka.

Show that when the width and height of a potential barrier are such that gb > 1,
the transmission coefficient tends to the exponential function

T - 2V E) (4.188)

Show that the minima of the square-barrier transmission coefficient oscillations,
for energies greater than V,,, is described by the function

1
2
2\* o ki +k3
bk, 2k1ko
Show that the transfer matrix of the asymmetric potential barrier, of exercise 12,

has the form given in (4.169). Obtain also the transfer matrix of an asymmetric
potential well.

(4.189)

Tmin =




Chapter 5
Quantum Coherence and Energy Levels
Splitting

In the previous chapter we solved the Schrodinger equations for the potential barrier
and the quantum well. These important and soluble systems, revealed fundamental
properties present in the actual quantum systems. Some of the results obtained for
these systems will reappear, in this and the coming chapters, and will enhance the
insight into the quantum phenomena and their physical meaning. In this chapter we
will study systems with slightly more complex structure, but still piecewise constant
potentials. We will begin with the double quantum well with infinite walls, and we
will continue with the double potential barrier and the double quantum well with
finite lateral walls. In these systems a new phenomenon will appear: the splitting
of the energy levels. We will conclude this chapter with a brief introduction to the
finite periodic systems theory, applied to the Kronig—Penney model, taken as a finite
sequence of rectangular wells and barriers. We will see that the energy levels splitting
is responsible for the formation of energy bands, an essential property closely related
to the quantum phase coherence, that makes it possible for us to see fundamental
differences in the physical behavior of metals, semiconductors and insulators.

In quantum systems, as in any other physical system described by the wave equa-
tion, the wave functions v (r, ) evolve in space and time. The evolution is coherent
when the amplitudes and phases, at any point (rp, 2), can be obtained once they
are given at some other point (ry, t1). Phase coherence implies processes where
the wave function interference is well defined.! This is not the case in disordered
systems where the random fluctuations tend, generally, to destroy the phase coher-
ence. In these systems, the phase coherence length £, measures the average distance
beyond which the phase coherence becomes negligible.

! Usually the superposition of waves gives rise to constructive and destructive interferences. These
interferences of well defined phases, are responsible of interesting effects like the energy levels
splitting and the band structure in periodic systems.

P. Pereyra, Fundamentals of Quantum Physics, Undergraduate Lecture Notes in Physics, 99
DOI: 10.1007/978-3-642-29378-8_5, © Springer-Verlag Berlin Heidelberg 2012
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Fig. 5.1 A double well
bounded by infinite walls.
If the energy is less than V,,
there are two confinement
regions. The energy levels «—b—
split and are pushed up by the N
repulsive infinite walls

V(x)

0 a a+b 2a+b X

5.1 A Rectangular Double Well Bounded by Hard Walls

Suppose we have the potential shown in Fig. 5.1. This double well potential is defined
by the potential energy function

0, forr O<x<a & a+b<x<2a+b,
Vix) =1 V,, for a<x<a+b, (5.1)
00, for x <O & x>2a-+b.

This can be seen as a potential barrier inside an infinite quantum well. The potential
barrier together with the infinite walls, located at a distance a to the left and to the
right from the barrier, produce the double quantum well system. When the energy is
such that E < V,,, we have two confining regions, but when E > V,, only the infinite
walls confine. Although we can expect energy quantization for energies below and
above the barrier height V,,, we can also expect slight differences between the two
cases (see problem 1). We will solve the double quantum well problem only for
E <V,

5.1.1 Continuity and the Double-Well Transfer Matrix

In this system as in the potential barrier case, the solutions of the Schrodinger equa-
tion, in regions I, II and III, are:

o1(x) = are’™ 4 bye~ k¥,
o (x) = aze? + bre™ 1 (5.2)
om(x) = aze™ + bye ¥,

With k = / %—’Q’E and g =,/ %—’;’ (V, — E). The infinite walls force the functions

w1(x) and eyr(x) to vanish at x = 0 and at x = 2a + b, respectively. This physical
condition will be used below. These functions should also satisfy the continuity
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conditions at x = a and x = a + b. In the potential barrier problem the discontinuity
points were at x = 0 and x = b. If we take into account this difference, it is clear that
the same transfer matrix M, of Eq.(4.88), connects the state vectors ¢pp(a + b™)
and ¢r(a™), i.e:

dma +bt) = (“” ﬂi) p1(a”), (5.3)

%k
By

or, more explicitly, we must have

a3eik(a+b)
(b3€7ik(a+b) )

k2 _ 2 k2 2
coshgb +1i a4 sinh gb —i +4 sinh gb ika
_ 2qk 2qk aye (5.4)
- _k2 4 q2 k2 _ q2 ble—ika . .

sinh gb coshgb —i

sinh gb

We already know that the state vectors at different points of the same constant
potential region, differ only in their phases. Indeed, for the state vectors at the extreme
points, x = 0% and x = a ™, of the left side well, we have

aleika _ eika 0 ai
(bleika) - ( 0 e*ika by . (5'5)

Similarly, for the extreme points of the right side well, x = a+bT and x = 2a+b",
we have ) ] )

aSetk(2a+b) ezku 0 aSelk(a+b)

bre=ikCatt) | T\ pmika )\ ppikatn) |- (5.6)

Using (5.4) and (5.5) in this equation, we end up with the following relation

a3eik(2a+b) eika 0 ap ﬁb eika 0 aj
bye—ik@atd) | =\ o-ika Bt o} 0 e-ika b ) (5.7)

This relation between the vectors ¢y (2a +b ™) and ¢;(0™), at the ends of the double
well, can be written after multiplying matrices as

a36i1‘<(2a+b) B abeiZka 5[7' a (5 8)
b3eflk(2a+b) - ﬂ;k aze—ﬂka A .

The transfer matrix of this equation contains already the continuity conditions at
x = a and x = a + b. We have still to introduce the conditions at x = 0 and
x = 2a + b. At these points the functions ¢1(0) and ¢r1(2a + b) must vanish, i.e.
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¢1(0) =a; + b1 =0, (5.9)
em(2a + b) = aze’F Y 4 premk2ath) — ¢, (5.10)
Therefore
by = —ay, (5.11)
by = —aze'kCath), (5.12)

Here we have two alternatives: we can substitute these coefficients in (5.2), or replace
them in (5.8). In the first case, ¢1(x) and ¢y (x) become

o1(x, E) = ay (e — 7)) = Aysinkx,  for 0 <x <a (5.13)

and

om(x, E) = a3 (eikx _ e—ikxeiZk(Za-i-b))

= Azsink(x — 2a+b)), for a+b<x<2a+b; (514)

where the constants A| = 2ia; and Az = 2iaze’* 290 were defined. These func-
tions do not have yet their final form and are written in terms of two different con-
stants. Written as sinusoidal functions of x they vanish at the infinite walls. In the
illustrative problems section, we will discuss, with more detail, these functions and
the double quantum well eigenfunctions issue.

5.1.2 Energy Eigenvalues in the Double Quantum Well

Let us now consider the second alternative. If we replace the coefficients of (5.11)
and (5.12) in (5.8), we have

a3eik(2a+b) B abeiZka ﬁb ai (5 15)
_a3€ik(2a+b) - ﬁZ azefﬂka —a1 )’ .

which means that ' '
abeZtka _ ﬁb — _ (ﬁ; _ OéZe_Zlka) ; (516)

or equivalently, that _
Im(ape”™ — 3,) = 0. (5.17)

We got here an important equation, the double-well energy eigenvalues equation. This
equation came out in a very simple way, because of the transfer matrix representation.
It would not be so easy to derive using other methods. Taking into account the explicit
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a= 3nm
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Fig.5.2 Splitting and repulsion of the energy levels in the double well potential, bounded by infinite
walls. In the left side the eigenvalues of a single well, with the same well depth V,, and the same width
a, as in the double well, are shown as reference. In the double quantum well, the well’s interference
and the phase coherence are responsible for the energy levels splitting. We use the notation £, ,, for
the energy eigenvalues. The first index labels the levels before they split, and the index v the split
levels. E1 1 and E1 > are the closest energy levels. The infinite walls push the energy levels a little up

functions of ay, and [, the eigenvalues equation takes the form

k2 _ 2 k2 2
coshgb sin2ka + A sinh gb cos2ka = et
2gk 2gk

q q

sinh gb. (5.18)

This analytical expression is also an implicit equation that can be solved numerically.
In Fig. 5.2 we plot the first energy levels. To visualize the double well and the infinite
walls effect on the energy eigenvalues, we show also the eigenvalues of a single
quantum well, with the same potential parameters, depth V, = 0.6eV and well
width @ = 30 A. The most evident feature, of the double well spectrum, is the energy
levels splitting. The splitting is better perceived at the higher energy levels. It can be
seen that the split energy levels lie almost at the same positions as the energy levels in
the single well. The double well energy levels are displaced slightly upwards, because
of the infinite walls repulsion. This is a clear example of energy levels splitting. With
the examples that come next, we will better understand this phenomenon.

When the number of wells and barriers increases, the levels splitting will lead also
to an increasing number of energy levels. Each energy level of the single quantum
well (QW) will become a band in a multiple quantum well (MQW) system. Since
each band contains as many levels as wells has the multiple quantum well system, it is
convenient to label the energy eigenvalues as E,, ,,, with two indices. The first index
denotes the band and the second the intra-band levels. In the double well system we
have p = 1,2,3,... and v = 1, 2. The lowest energy pair in Fig.5.2 corresponds
to E1,1 and E| 2, we then have the pair of energy levels, E2 1 and E3 2, and so on.
Therefore, solving the Schrodinger equation (5.18) for a MQW system, one obtains
a set of energy eigenvalues {E,, ,,}. The energy eigenvalues represent an important
part of the solution, another important part is the calculation of the eigenfunctions
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V(x) A

0 b a+b a+2b X

Fig. 5.3 A double rectangular barrier with its parameters

{¢u,»(x)}. To determine the eigenfunctions one can also use the transfer matrix
method. At the end of this chapter we will discuss this issue with an illustrative
example.

5.2 The Double Rectangular Potential Barrier

The double potential barrier, as the one shown in Fig.5.3, is another of the most
studied systems, with many applications in optoelectronic and electronic transport.
This is an interesting system. It contains not only a confining potential that tends to
trap particles, but also finite-width barriers that particles tunnel to enter and to escape
from the confining region. Solving this system and calculating the basic transport
properties we will find an interesting physical behavior.? As in the single barrier
case, some of the incoming particles, approaching the double barrier from the left
or the right side, will get transmitted. The transmitted and reflected particles will
in general suffer multiple reflections. Important information on this process can be
obtained from the transmission and reflection coefficients.

5.2.1 Continuity and the Double-Barrier Transfer Matrix

We know that the state vectors at points just outside a rectangular potential barrier,
as those in Fig. 5.3, are related by the transfer matrix M}, given in (4.87) for energies
below the barrier height V,,, or in (4.108) for energies above the barrier height V.
Those transfer matrices were written in a compact form as

Mb:(o"’ 5"). (5.19)

* *
By o

2 In the double barrier systems of the electronic devices, the potential function contains also the
bias potential energy Fx.
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()0
By oy ) \b1 )’

(O"’ ﬁi) $(07), (5.20)

By o

This means that

ikb
N asze
o™ = (b3eikb)

and also that

ase'ka+2b) ap Bp aze'k@+P)
Pla+2b") = (bseik(a+2b) = g5 o ) \ bemikta+d) |
— (O‘b 55;) la+b). (5.21)

sk
By o

The specific functions «y, and (3, were given in (4.87) and (4.108). To obtain the
transfer matrix of the whole double barrier system, we need still to connect ¢p(a+b7)
with ¢(b™). Since both vectors are defined at points of the same constant potential
region, they are related by a diagonal transfer matrix, i.e. related as follows

- azeik@th) Jka o azeik
pla+b™) = (b3e—ik(a+b) =\ 0 emika )\ pye—ikt )
eika 0
- ( 0 e_ika)¢(b+). (5.22)
Having this matrix, it is clear that

ase CUO N Loy, By (e 0 (e B (@ (53)
bsg—ik(2b+a) - BZ O‘Z 0 e*iku ﬁ; az bl . .

After multiplying the matrices on the right side of this equation, we obtain the transfer
matrix of the double-barrier potential. One can easily verify that it will have the same
structure as the transfer matrix of a single barrier, i.e., it will be of the form

_(ap Bp
Mp = (57) a’B) ’ (5.24)
with
ap = aze® + By e and  Bp = apfpe™® + o Bpe k.
(5.25)

Having the transfer matrix, we can obtain information on the transport properties.
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05

0 0.1 0.2 0.3 0.4 E@eV)

Fig. 5.4 The transmission coefficient of the double barrier potential (red line) and a single barrier
(black line) when the potential parameters are ¢ = 2nm, b = 10nm and V,, = 0.23eV

5.2.2 Transport Properties in the Double Rectangular
Potential Barrier

We saw before in our brief reference to the scattering theory, and in the examples
studied so far, that the transmission and the reflection amplitudes are related to the
transfer matrix elements of the scattering system. Using these relations, the trans-
mission and reflection amplitudes of the double potential barrier, tp and rp, are

1 B
tp = — and rp=——C. (5.26)
&p &p
Since Tp = |tp|?, the double barrier transmission coefficient is given by
1
1>, (5.27)

Tp = - - =
la|* + 1051* + 210 Re(ageika)

where e stands for the real part. In Fig.5.4 we plot this coefficient as a function
of the incoming energy together with the single barrier transmission coefficient 77.
The double barrier transmission coefficient, unlike the single barrier coefficient 7}
(characterized by a monotonic behavior), presents a resonant behavior and reaches
at the resonant energies the maximum value 1, even though the energy is below V,,.
To explain the origin of this resonant behavior, it is helpful to write the previous
equation in the form

1
D = - .
1+218p1? (lap]? + Ne aZeika)

(5.28)

It is now evident that the transmission coefficient oscillates and becomes equal to 1
when _
lap)? + Re age @ = 0. (5.29)
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V(x) A

<

0 a a+b 2a+b X

Fig. 5.5 The double well with finite lateral walls

The roots of this equation, which we denote as E;‘; with p =1, 2. .., are the resonant
energies. These energies correspond to the confining energies in the quantum well
between the two potential barriers. Unlike the true energy eigenvalues, which are
stable states, the resonant states are meta-stable states. The possibility of tunneling
through the barrier allows the particles to enter and to escape. The resonant transmis-
sion needs not only the tunneling effect, requires also the confining potential with
quasi-bounded or trapping states, that we will call resonant states.

When the incoming particle energy coincides with a resonant energy (i.e. with the
resonant energies E7)), the particle is allowed not only to stay in the resonant state,
it can also use the state to pass through the system as if the potential barriers did
not exist, i.e. with transmission probability equal to 1! Otherwise, the particle will
hardly cross the system. In fact, if we look at Fig.5.4, we can see that for energies
other than the resonant ones the transmission probability is low, much smaller than
the transmission probability through a single barrier: it tends to zero. Notice also
that the resonant behavior occurs also for energies greater than the barriers height,
which in our example is V,, = 0.23eV (see the arrow in the figure), these resonant
states are called resonant states in the continuum. To conclude this section, it is worth
mentioning that in the double barrier problem there is no energy quantization. The
incident particles energy has no restriction and can take any positive value.

5.3 The Finite Double Quantum Well

Let us now study the double quantum well shown in Fig.5.5. This is the simplest
example of the so-called multiple quantum well (MQW) systems. Although the
results, at the end are independent of the choice of origin, it will be convenient in
this case to choose the zero of the energy E as in the simple quantum well problem
studied in Chap. 4, i.e. at the bottom of the potential wells. Once we choose the origin,
we must be careful and consistent with this choice.
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5.3.1 Continuity and the Double-Well Transfer Matrix

In the simple quantum well case, for energies smaller than the barrier height
(E < V,), we had the transfer matrix

2 _ g2 2 2
coska + 4 ok sin ka —3 g sin ka
Ma(@™,07) = 2t % - :
sin ka coska — sin ka
2qk 2qgk
- (_0‘5 ga) (5.30)
a a

to connect the state vectors at points just outside of the well, at the left and right sides.
This matrix, with the corresponding change ¢ — ik» is also valid when the energy
is larger than V,. In any case, whether the energy is less than or greater than V,,, the
transfer matrix M, (a™, 07) is the same as the transfer matrix M, (2a +b*,a+b"),
that connects state vectors at a + b~ and 2a + b . Thus, we have the same matrix in

aze®” _f 2 Ba) (@
() () (@), .

aseq(2a+b+) e Ba a3eq(a+b’)
b5€7q<2a+b+) = (—ﬁa (Sa ) bSefq(‘H’bi) . (532)
Again, if we want to connect ¢y (2a + b™) with ¢1(07), we still need to connect

the state vectors ¢pi(a + b~) and ¢m(a™). Since these vectors are in the same
constant-potential region, we have

aze?(@+h) b 0 azel?
(b3e—q(a+b) =\ 0 e bye—4a ) (5.33)

With this relation, we are ready to connect ¢y (2a + b™) with ¢;(07). Indeed, if we
use (5.33) and (5.31) in (5.32), we have

ase?atD N o, B\ (€1 0 aa Ba) (@1 (5.34)
bse=4CGath) | =\ —4, 4, 0 24 —Ba 0q b1 )’ ’

that, after multiplying in the right hand side, yields

a1\ ap Gy (@
(bse_q(Z“H’) ~\-Bpdp)\b1)’ (535)

as in
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with

ap = ageqb - Bge_qb,
Bp = aufae?’ + Bud,e74Y, (5.36)
op = — (e’ + 52e74P. (5.37)

Notice that the matrix structure is the same as that of M,,.

When the incident particles energy is larger than the height of the potential barriers,
i.e. when E > V,,, we can obtain the double quantum well transfer matrix, exactly
in the same way as for energies below V,,. It is clear that in this case we have to use
the transfer matrix of the finite rectangular quantum well, that was given as

2 k2 k2 _ k2
R 2 . . 2 .
coska + i sin ka i sinka
= (@ Ba) 2kks 2kks,
a = W A k2_k2 k2+k2
aa — Tkzz sinka coska —i 2 2 sinka
(5.38)

Notice that this matrix connects also the state vector at x = a + b~ with the state
vector at x = 2a + bT. We still need a matrix to connect the state vectors at x = a ™t
and x = a + b~ . This matrix comes from

iky(a+b) ikab ikya
a3el 2 e O aze
(b3eik2(a+b) ) = ( 0 e_ikzb) (bge_ikza ) . (5.39)

We can now establish the connection between the state vectors just outside (at the
outer ends of) the double quantum well for energies above the barrier height. This
connection is given as follows

a5eik2(2“+h) _ [ Ga Ba efb g Ba a1 (5.40)
bse~ike@ath) | =\ g 0 e b J\ G5 ai) \br ) '

Notice that the variable ¢, in a4, §,; and in the diagonal matrix of Eq.(5.34), is
replaced here by ik;. After multiplying, the transfer matrix of the double quantum

well becomes 3
ap Pp
Mp = , 5.41
D ( B*D ap, ) ( )

with
ap = agelkzb + |Ba|2 e—lkzb,

Bp = aufB.e™ 4 o B e b, (5.42)

Given the transfer matrices Mp(2a +b*, 07) and the possibility of defining transfer
matrices like M, (x, —o0), from —oo to any point x, one can determine the coef-
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Fig. 5.6 Eigenvalues E,,
of the double quantum well
with finite lateral walls. The

levels E,,,1 and E,, >, with the S
exception of Es 1 and Es 2,
are so close to each other, that
the levels splitting can hardly
be seen

A
Vix)
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ficients a; and b; and evaluate the wave functions inside and outside the double
quantum well.

5.3.2 Eigenvalues and Eigenfunctions in a Double
Quantum Well

From the general properties mentioned before, we expect that the energy in the
double quantum well will quantize only for energies below the barrier height, i.e.
for E < V,. The energy eigenvalues equation appears naturally when new physical
conditions are imposed. In fact, when £ < V, and x — =00, some terms of the
wave functions

o1(x) = are?™ + bje 9" and ey (x) = ase?” + bse 9", (5.43)

diverge. Thus, the finiteness condition requires that b = a5 = 0. If we introduce
these coefficients into (5.34), we have

0
(bse—q(2h+a)) = (_OéﬁDD gg) (68) ) (5.44)

ap =0, (5.45)

which means that

and
bs = —ay Bped?ath). (5.46)

The first of these equations is the energy eigenvalues equation. If we substitute
the explicit functions obtained before for o, and 3,, the eigenvalues equation in the
symmetric double quantum well takes the form:
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K2 — g2 2 k2 2\ 2
coska + 9 Gnka) et — +4q sin ka e 1° = 0. (5.47)
2qk 2qk

In Fig.5.6, we plot some energy eigenvalues E,,,, when the double well parameters
are V, = 0.8eV, a = 3nm and » = 1nm. We have similar results to those of
the double well with infinite walls. Though it is hard to distinguish the split, the
energy levels come also by pairs. These energy eigenvalues are denoted also with
two indices, i.e. as E,, .

Let us now study the eigenfunctions of the double quantum well. We want to
know whether they are localized in one well or extended along the two wells and the
barrier.? To obtain the double well eigenfunctions, we need first to express the state
vectors as explicit functions of x and in terms of only one coefficient, for example
the coefficient aj, which might be later fixed through a normalization requirement. If
we use the relations (5.31), (5.32) and (5.46), the transition matrices defined before
and the coefficients by = as = 0 and bs = —a;Spe??*tP) we can obtain state
vectors, wave functions and eigenfunctions of the double quantum well. The student
can easily verify the following results: in region I, for x < 0, we have

eq

X 0 aq qx
o= = )(5) = ew=aes G4
in region II, which corresponds to the left-side well, with 0 < x < a, we have
ek 0 1 (k—iqk+iq
on(x) = ( 0 e‘”‘x) T (k+iq k—ig ¢1(0),

U
o (x, E) = aj (cos kx + % sin kx): (5.49)

inside the barrier, fora < x < a + b, we have

ed=a) 1 (q+ikq—ik

k

emx, E) = ay |:coska =D 4 sinka (% coshg(x —a) — —sinhg(x — a))i| ;
q

(5.50)

in the right well, with a + b < x < 2a + b, we have

3 Quite frequently one finds, in the scientific literature, approximate double well eigenfunctions.
They are generally built with the eigenfunctions of the single wells and, when the barrier width is
large, as single well eigenfunctions.
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Fig. 5.7 Some eigenfunctions of the double well bounded by finite walls. We plot here the eigen-
functions > 1 and ¢» 7, corresponding to the eigenvalues E5 1 and E », and the eigenfunctions ¢4
and ¢4 2 corresponding to the energy levels E4 1 and E4». The eigenfunctions describe extended
states with well defined parity and they penetrate in the lateral barriers

ik(x—a—b) 0 1 k—igk+i
Prv(x) = (e 0 e—ik(x—a—b)) ( . lq) ouia + b),

2k \k+iqk—iq
v k
orv(x, E) = a |:(04a + Ba)e? cosk(x —a — b) + — (g — Ba) sink(x —a — b)} ;
q
(5.51)
and finally, outside the double well on the right, for x > 2a + b, we have
0 .
ov(x) = (bSe_q(X—Za—b)) with b5 = —a1Bpe?®t?),
[
ov(x, E) = —a) Bpe 1 —2C2a+h), (5.52)

The eigenfunctions ¢, (z) are obtained when these functions are evaluated at the
corresponding energy eigenvalues E,,,. In Fig. 5.7 we plot some of these eigenfunc-
tions. The eigenfunctions of the split pairs, have different symmetries and different
parities. They are extended states along the double well system. This means that a
particle in the double well, can be found, in principle, everywhere. Even in the lateral
barriers, with exponentially decreasing probability.

As noticed earlier, the split is a consequence of the coherent interference. If the
well widths are not equal, one has an asymmetric double well. Also in this case one
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can solve the problem using the transfer matrix method. As the symmetry is lost the
level splitting becomes rather irregular.

5.3.3 Transport Properties in the Double Quantum Well

When the energies are larger than the barrier’s height, i.e. for £ > V,, the wave
functions are everywhere oscillating functions and propagate in both directions. For
these energies, it is possible to talk of reflection and transmission coefficients. If the
incidence is only from the left, we have to take bs = 0. In this case

iky (2a+b)
ase _{ %D Bp ai
( 0 ) = (67; oﬂb) (b) (359

This relation is equivalent to

b

%
——fal =rpday, (5.54)
«
D

k
4 1 A
as = (aD _ 5Dﬁ_i))ale—zk2(2a+b) = —gjemikCath)
“p @p
= tpaj e R22ath), (5.55)

If we replace these coefficients into ¢(x) and v (x), we have

o1(x) = a1e™* 4 ayrp e, (5.56)

and

pv(x) = ay tp e*2lr—Cathl, (5.57)

The wave function ¢1(x), at the left, is the sum of the incident e'*2* and the
reflected rp e~ k2% wave functions. On the other hand, the transmitted wave function
(v (x) is proportional to the transmission amplitude

1
—.’
QpR —lapjg 1

= , (5.58)

k3 + k2 2 K2 —k2\? )
coska +i-2 sin ka | eitk2b + 2 ) sin2ka e—ikeb
2kky 2kkr

Ip =

with k, = /2m(E — V,/h and k = ~/2mE /h. Therefore, when E > V,, the
transmission coefficient through the double well potential is given by
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Fig. 5.8 Transmission coeffi-

cient of the double well when Tp
the energy is greater than the

height of potential barriers

V, = 0.8eV. The parameters

are the same as in Fig.5.6 05
v, 0.12 0.16 E[eV]
1
Tp 5 5 (5.59)
Apr T py
with
K2 +k5 .
app = cos2ka coskob — ———= sin2ka sin kyb, (5.60)
2kky
k2+k%'2k kob K-k 2'kb
= ——=3in - —= in
apjg 2kk2 S a COSKp 2kk2 S 2
+ k2+k§ ’ 2ka sinkyb (5.61)
—_— inkob. .
ks cos 2ka sinkp

The complexity of the function a% Rt azD ; in the denominator of T'p is significantly
higher than for a single well. In Fig.5.8 we plot this transmission coefficient for
Vo, = 0.8eV,a = 3nm and b = 1 nm. The transmission probability increases with
the energy and also has a resonant behavior.

So far we have studied an important set of soluble examples. In each of these
examples we found new results, which altogether, configure a basic picture of the
quantum phenomenology. In Chap. 4 we met the quantum tunneling and the resonant
transmission. In this chapter, we found the quantum coherence phenomenon and
the energy levels splitting. The physical systems which behavior comprises all this
phenomenology, are the periodic systems. Systems such as metals, semiconductors
and other crystalline structures, natural or artificial, are examples of periodic systems.
To get an insight into these systems we will briefly discuss some results related
with the one-dimensional finite periodic structures. We will study the finite Kronig—
Penney model, with particular emphasis on the splitting phenomenon that builds up
the energy bands.
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Fig. 5.9 A finite periodic system with rectangular barriers and wells

5.4 Finite Periodic Systems

Our interest in this section is to present an introductory application of the quantum
formalism to periodic systems. The natural extension of the simple structures studied
before, characterized by the level splitting phenomenon, are the one-dimensional
periodic systems and their energy bands. We have seen that going from the one
barrier system to the double barrier system, or from a single well to the double well,
the complexity of the transfer matrices grows. It is natural to think that the transfer
matrix of a periodic system, will necessarily imply higher levels of complexity and
perhaps more involved expressions. that is however not the case. We will show here
that, using properly the transfer matrix properties and symmetries, it is possible to
obtain compact and universal expressions for the transfer matrix of a finite periodic
system. These results, which are independent of the specific potential profile, can
equally be used to obtain the transfer matrix of a piecewise constant periodic potential,
as in Fig.5.9, or the transfer matrix of a periodic system with an arbitrary potential
profile, like the one shown in Fig.5.10.

Having the transfer matrix of a periodic system, we will be able to derive general
formulas for the transmission and reflection coefficients, in the same way as we did
for the simple examples studied before. We will apply these formulas for the finite
periodic system, with n rectangular barriers and n — 1 rectangular wells, shown in
Fig.5.9, and we will see how the level splitting leads to one of the most significant
quantum properties: the band structure of periodic systems. This system, in the limit
n = o0, is the well known Kronig—Penney model.* The Kronig—Penney model was
one of the first simple models that revealed the existence of the allowed and forbidden
energy bands. Periodicity is one of the most distinctive features of crystal structures.

The periodic potential in Figs.5.9 and 5.10 are quite different but they share a
common property: both are built by the repetition of a unit cell. The unit cells of
these systems are shown in Fig.5.11. If the length of a unit cell is /., the length of
the n cells system is L = nl.. To obtain the physical quantities of a finite periodic
system, with n cells, we need the transfer matrix M, (x,, x;) that connects the state
vectors at the left end x; = xo with those at the right end x, = x, = xo + nl.. It
turns out and will be shown here that, to obtain this transfer matrix, it is necessary
and sufficient to know the unit-cell transfer matrix M. We will show that assuming
the existence of M, without even knowing the specific functions of a, 3, ..., we can

4 Kronig, R. d. L. and Penney, W. G. Proc. Roy. Soc. A 130 499 (1931) .
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Fig. 5.10 A finite periodic system with an arbitrary potential profile

Fig. 5.11 Unit cells of the
periodic systems in Figs.5.9 I
and 5.10

b

«—
1 X2
X1 X2
a/2 a/2 Le

derive general expressions for M, (x,, x;) in terms of a and 3. The calculation of
the unit-cell transfer matrix can be a simple or a complex task. When the potential is
piecewise constant, as in Fig. 5.9, the solution of the Schrddinger equation of the unit
cell is very simple. When the potential profile is as in Fig.5.10, with a unit cell like
the one shown on the right side of Fig.5.11, the calculation of the unit cell transfer
matrix may be a cumbersome problem. Suppose now that

M:(g*oi) (5.62)

is the transfer matrix of a unit cell.’ If we use the multiplicative property of transfer
matrices, we can write the transfer matrix of the sequence of n-cells as

My=MM...M=M". (5.63)

n factors

This product of matrices can be written in different ways, for example we can write
M, as the product of M,,_; with the matrix M, i.e. as

My=MMM.. M=MM,_, (5.64)
—_———

n—1 factors

5 Notice that to simplify the calculations we are also assuming that the unit cell is invariant under
time reversal.
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or, as the product
My=MM.. MM =M, M. (5.65)
—_———

n—1 factors

In terms of the matrix elements, this product looks like

Qn ﬂ” _ [ &n—1 ﬁn—l « ﬂ
( ?i a:) B (6;;1 a;I) (5* a*)- (5.66)

Our purpose is to obtain «,, and 3, provided that o and (3 are known. From (5.66),
we have®
ay = Qp—10 + Bn—lﬁ*v (5.67)

and
Bn = an_18 + fu10”. (5.68)

If we solve for 1, in the last equation, we have
ano1 =037y —a*B7 B (5.69)
It is clear here that defining the function

Pn—1 = ﬁ_lﬁnv g ﬁn = 6pn—1, (570)

(5.69) can be rewritten as
Op—1 = Pn—1 — O‘*pn—2 or oy = pn — a*pn—l- (5.71)

In the last two equations we have «, and 3, in terms of p,, and the matrix elements of
M, i.e. of o and (3. If we know the functions p, we will formally solve the problem,
and the transfer matrix M, will be known. Notice that if we replace (5.70) and
the «,’s of the last equations in (5.67), we end up with the interesting three terms
recurrence relation

Pn — (@ +ay) pp—1 + pn—2 =0. (5.72)

To solve this equation we need to define the initial conditions. Taking into account
that MY = I, M! = M and the relation (5.70), one can conclude that pg = 1 and
p—1 = 0. Since o + o, = 2ag, with ar the real part of «, the recurrence relation
takes the form

Pn —20RPn—1+ pn—2 =0 with pp=1 and, p_;=0. (5.73)

6 In 3D systems or systems with more than one propagating mode, o and 3 are matrices. This kind
of systems are beyond the purpose of this book.
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It turns out that this recurrence relation is exactly the same as the recurrence relation
U, —2xU,_1 +U,_» =0, (5.74)

of the Chebyshev polynomials of the second kind U, (x), with Uy = 1 and U_; = 0.
Thus, the functions p,, that satisfy (5.73) are the Chebyshev polynomials evaluated at
ag.” Itis important to notice that, to determine these polynomials and, consequently,
the transfer matrix of the whole n-cell system, it is enough to know the transfer matrix
of the unit cell. Therefore

Pn—*pa_1 Bpa_i
M, = , 5.75
" ( B*Pn-1 Pn— apn_l) (5.75)

with « and (3 the elements of the unit-cell transfer matrix M.
This is an important result that relieves us of multiplying matrices.® Since the
transmission amplitude 7, is the inverse of «, the transmission coefficient of the

whole system is given in general as

|
T =— (5.76)
" o pe — @ pai

If we use the fact that the transfer matrices are unimodular, with |« |2 =140, |2,
we can also write the transmission coefficient in the form

1

T, =——. (5.77)
CL+ I8P P

These are the general expressions we wanted to derive. These formulas are valid

for any one-dimensional periodic system. Notice that the specific potential profile

comes in through the specific functions « and /3, and the size of the system through

the number of cells n.

5.4.1 Transport Properties in the Kronig—Penney Model

To apply the transport formulas obtained here, we will consider the Kronig—Penney
model of rectangular barriers and wells, with a finite number of cells. The unit cell
of this system, chosen as in Fig.5.11, contains a rectangular barrier and two halves
of a well (one at the left and one at the right). To obtain the unit cell transfer matrix
M (x7, x1), with x» = x| + [, we need the transfer matrices M;, M}, and M, , for the
wells and the barrier. For the barrier we have the transfer matrix

7 One can easily verify that p;(ag) = —2ag, p2(ag) = 404%? — 1, and so on.
8 See P. Pereyra, Phys. Rev. Lett 80 (1998) 2677.
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Y = (O"’ ﬁb) , (5.78)

k *
By o

with oy, and [ given in equation (4.89). The transfer matrices M; and M, connect
points in the same potential region. Since the distance between these points is a/2,
these transfer matrices are of the form

eika/Z 0
( I /2) . (5.79)

Thus, the transfer matrix of the unit cell is obtained from the product

eika/Z 0 ap 517 eika/2 0
M(x2, x1) = MgMpM; = ( 0 e—ika/z) (ﬁ; o 0 e—ika2 )>

(5.80)

which leads us to

ika
M(XLxl):(e a D *) (5.81)

B e aj

Given this matrix, we can evaluate the transmission coefficient of the Kronig—Penney
model using the general formula

1

= , (5.82)

L I8P Pl ()
together with the specific functions

k2 2
By = —i—— 9" sinh gb, (5.83)
2qk
and
2_ 2
ag = coshgbcoska — sinh gb sin ka. (5.84)

2qk

In Fig.5.12 we plot the transmission coefficient for different values of n, when
Vo, = 0.8eV, a = 3nm and b = 1nm. The most significant result in this series,
related with the levels splitting phenomenon, is the appearance of forbidden and
allowed energy regions (more sharply defined for larger values of n). This is an
example of the energy band structure. It emerges as a result of coherent interference
in periodic potentials.
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Fig. 5.12 The transmission T, b

coefficient 7,, of a periodic n=15

potential for different number
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rectangular barrier parameters
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5.5 Solved Problems

Exercise 14 Using the transfer matrix definition, obtain the wave functions of the
double well bounded by infinite walls, and show that they coincide with (5.13) and
(5.14). What are the eigenfunctions of this problem?

Solution To start with, let us recall that the wave functions vanish at the infinite
walls. Based on this fact, we have

©1(0)=a; +b; =0, hence ¢0)= (_a;l) (5.85)

From the transfer matrix definition, we know that we can find a transfer matrix
M (x, 0) such that

+
o (x) ap ﬁp)
=(7_ = M,(x,0)¢(0) = 0), 5.86
$(x) (SO (x)) »(,006(0) (W 5 )00 (5.86)
with ¢(x) the state vector at any point x within the double well. Thus, the wave
function at x will be given by

e(x, E) =9 (x) + ¢~ (x) = (ap — By +7p — 6p)ar. (5.87)

This function is well defined if we know the matrix elements «p,, 3p, 7, and 1) p- Our
purpose is then to obtain these matrix elements. We will show now that knowing
the solutions of the Schrodinger equation, in each region of the double well, we can
obtain the matrix elements o, 3,, 7, and §,, hence the wave function p(x, E).
Once we know the function, it will be easy to obtain the eigenfunctions ¢, ,, (x). Let
us start with the wave function.

When the point x is in the first region (0 < x < a), the transfer matrix M, (x, 0)
connects two points in a constant potential region, thus a,(x) = etk Bp(x) =0,
vp(x) = 0 and &,(x) = e~***, and the wave function is
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p1(x, E) = 2iay sinkx. (5.88)

This function coincides with the function ¢r(x, E) in (5.13). For x in the second
region (a < x < a + b), we have

aet*\ 4 (x—a) 0 L q+ik g—ik elka 0 aj
bye=9% ] = 0 e 150 ) og \ g—ik q + ik 0 e *a)\-a)

(5.89)
After multiplying matrices, we obtain the expression
ae?*\ L 1= (g 4 ik) ekt 10=D) (g — k) e~ika ai
bze—qx - 2q e—q(x—a) (C] _ lk) eika e—q(x—a) (C] + lk) e—ika —a s
(5.90)

which allows us to identify the matrix elements

1 k\ 1 kY i
ap = Eeq(x_a) 1+ la) etka’ ﬁp — 5eq()c—a) (1 _ l;) e—lka’

1 k\ 1 K\ _
v = ze—w—“) (1 - ic—]) eka. 5, = Ee—w—“) (1 + z;) e~k (5.91)

Using these matrix elements we obtain, straightforwardly, the wave function in the
second region as

k
en(x, E) =2ia; (sin kacoshq(x —a) + — coskasinhg(x — a)) . (5.92)
q

Finally, for the wave function in the third region (a + b < x < 2a + b) we need to
use the relation

<p+(x) . eik(xfafb) 0 ap ﬁb eika 0 a
e (x)) 0 e—ik—a=n) |\ gr o 0 e—ika) \p, )"

with oy and (3, the elements of the transfer matrix of the barrier. These matrix
elements were given in (4.89). After multiplying, we can also identify the transfer
matrix elements

ap = eik(xfafb)abeika ﬂp — eik(xfufb)ﬁbefika
Yp = e—ik(x—a—h)ﬁ;eika’ 517 — e—ik(x—a—h)aze—ika’ (594)

which, replaced in (5.87), give the wave function

em(x, E) =2ia;Sm [eik("*“*b) (abeik“ — ﬁbefika)] ) (5.95)
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The notation Im stands for the imaginary part. Therefore, the double quantum well
wave function (with A = 2ia;) is

Asinkx, 0<x <a,
o(x, E) = A (sinkacoshq(x —a) + gcoska sinh g (x —a)) ,a<x<a+b,

ASm I:eik(xf“*b) (ozbeik“ — ﬁbefik“)] , a+b<x<2a+b.
(5.96)

We leave as a problem to show that these functions satisfy the continuity conditions
atx =agandatx =a+b.

We are now ready to obtain the eigenfunctions of the double well. All we have
to do is to evaluate the wave ¢ (x, E) at the corresponding energy eigenvalue. The
eigenfunction that corresponds to the eigenvalue E,, ,, is then

ouw(x) = p(x, E)|g=E,, - (5.97)

Exercise 15 Obtain the eigenvalues E v of the double quantum well bounded by
infinite walls, fora = 30A,b =7.5A and V, = 0.6eV.
Solution One way to find the eigenvalues is to use a program that finds the zeros of
the implicit function in (5.17). Below we copy a program (written for Mathematica)
where the eigenvalues Eq. (5.17) is defined, and the roots of eigenv = 0 are found.
These roots are the eigenvalues E,,, of the double quantum well with infinite walls.
Some of the roots appear more than once. This depends on the numbers given as
seeds to generate the table.

Vo=10.6;

me = 0.5109906 10°;

c=2.99792458 10%%;

h=6.5821220 107'¢;

2m
k = ‘\’e;

h? c?

2m .
q-= \Vo-e

h? c?
k2 - g2 k2 + g2
eigenv = Cosh[gb] Sin[2 k a] + Sinh[gb] Cos[2ka]l + Sinh[g bl ;
2qgk 2qgk
a=30;
b=17.5;
m=18;

Teig = Table [FindRoot [eigenv == 0, {e , 0.01951}1, {1, 1, m}]

{{e} 0.0348863}, {e—0.0348863}, {e—0.0360748}, {e—0.0348863}, 8e—0.138404},
{e—0.138404}, {e—0.138404}, {e—0.138404}, {e—0.144012}, 8e—0.144012},
{e—0.144012}, {e—0.138404}, {e—0.144012}, {e—0.322909}, 8e—0.306246},
{e—0.306246}, {e—0.306246}, {e—0.306246}, {e—0.306246}, 8e—0.322909},
{e—0.322909}, {e—0.322909}, {e—0.322909}, {e—0.322909}, 8e—0.322909},
{e—0.322909}, {e—0.57112}, {e—0.528077}, {e—0.528077}, 8e—0.528077}}
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Thus
E11 = 0.034886, E1, = 0.036074,
E>1 = 0.138404, Ey» =0.144012, (5.98)
E31 = 0.306246, E3p = 0.3229009,
E41 = 0.528077, E4 = 0.571120.

Exercise 16 Plot the eigenfunction ¢, (x) of the double quantum well bounded by
infinite walls when a = 30A, b = 7.5A and V, = 0.6eV.

Solution We have seen in the solved problem 5.5 that, in order to obtain the eigen-
functions ¢, (x), we need, first, to obtain the wave function ¢(x, E) for all values
of x where the physical system is defined. Once we have this function, we evaluate
for E = E,;,,. Below we copy the program \ivhere, after introducing the parameters,
Vo, me and fin eV, and the light velocity in A /s, we define the wave vectors k and ¢,
in units of A=1, and the wave functions w1(x, E), or(x, E) and pmp(x, E). To plot
the eigenfunction we need to evaluate ¢; (x, E) for E = E»;. In the solved problem
5.2, we obtained, among others, the eigenvalue E»; = 0.13840405001245132¢V.
In the second part of the program, copied below, we evaluate the wave functions for

2m,
k= A\ e ;
2

h?c
2mg

q= \’vo_e 7
h? c?

p1 = Sin[k x];

k
91 = Sin[k al Cosh[q (x - a) 1+ — Cos [k al Sinh[q (x -a) ];
q

q
¢1r1 = Sin[k (x-a-b) ] (Cosh [q bl Cos [k al + — Sinh[qg b] Sin [k a]) +
k

k
Coslk (x-a-b) ] (— Sinh [q b] Cos [k a] + Cosh [g b] Sin[ka]];

q
a=30;

b=7.5;

e =0.1384040500124513 ;

Eigenfuncion2l = Plot[{Which[x<a, ¢:, x< (a+b), ¢z, x> a+b, o]},
{x, 0.000001, 2 a+b}, PlotStyle — {Red, Thickness [0.005]},

TicksStyle — Directive [Black, 13], PlotPoints — 4000,
AspectRatio -1/ 3]

1.0
iy V\ A

E 10 0 30 40 60
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Fig. 5.13 The eigenfunctions Vix)
p31(x) and 32 (x) from the
double well with potential a=3nm h=0.750m V. 20.6 eV
parameters ¢ = 3nm, b = v ) o
0.75nm and V, = 0.6eV. 0 = o -
One of the eigenfunctions is /\ \/ AN @11, \
symmetric while the otheris === \====5 = f\— SEES CEEE N-—-
antisymmetric with respect to \ / N / \\‘P3 1,
the center of the double well had = <7 g

0 a a+b 2ath  x

E = E, 1 and plot it for x between x = 0.0 and x = 2a + b. The function is
continuous, symmetric (with respect to the center of the double well) and vanishes
at the infinite walls located at x = 0 and at x = 2a + b = 67.5A.

The student can verify that plotting the function for a slightly different value of the
energy, the evident symmetry of the eigenfunction disappears.

Exercise 17 Plot the eigenfunctions 1 (x) and ¢,2 (x), for the same value of 1, and
verify that taking the center of the double quantum well as the symmetry point, the
eigenfunctions 1 (x) and ¢, (x) possess different parity symmetries.

Solution In Fig.5.13 we plot the eigenfunctions ¢3;(x) and @33 (x), corresponding
to E31 = 0.3062462125992447 and E3, = 0.32290870476454275. To plot these
functions we use basically the same program as in the previous exercise. It is clear
from these graphs that while @31 (x) is even, ¢3»(x) is odd.

Exercise 18 Show that near the resonant energies E;j the transmission coefficient Tp
of the double barrier potential can be approximated by the Breit—Wigner formula

1"2
Tp~ ——, (5.99)
I+ (E- E;;)
with
h
o« —, (5.100)
Ty

and 7, the double-barrier tunneling time.
Solution The transmission coefficient for the double barrier potential was given as

1
14216 (lap)? + Re aZei2ka)’

Tp (5.101)

with the resonance condition

lap|? 4 Re age’? = 0. (5.102)
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If we write the complex function ay, as |ay e’ % and define the phase
0 =204 + ka), (5.103)

the transmission coefficient becomes

1
Tp(E) = , (5.104)
L+26, 1 lap]* (1 + cos )
and the resonant energies E; are such that
9|E=Eﬁ =0,=Q2u— D, with w=12,... (5.105)
Since |ay | and |Fp| vary slowly with E, we will approximate only the trigonometric
function cos #(E) near the resonant points, where cos 9# = —1, by
cos >~ cos @, — sinf,,— (E—E*)—lcosﬁ %2 (E—E”‘)2
- © 2 L 14 )
OE Er K 2 OE E; "
100 ° >
~—14 —— E—E¥)". 5.106

Ej
Replacing this in (5.104) and defining the energy

1
I =

00
18p lowp] 3_E 5

) (5.107)

that has relation with the resonance width, we obtain the approximate formula

1"2

Tp(E) ~ ———————
P r:+(E - ke’

(5.108)

known in nuclear reactions theory as the Breit—-Wigner formula for symmetric
potentials.

Notice that ka is the phase acquired between the barriers, and since |#]e
1/aj;, the phase 0, is equal to .. Thus, the phase 6 in (5.103) can be seen as
the double barrier phase shift. We will see, in Chap. 7, that a possible definition of
the tunneling time across a quantum or electromagnetic system, with transmission-
amplitude phase 6;, is the phase time defined as

i0 _

Tph = h—. (5.109)
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Using this definition, and identifying the double barrier resonant tunneling time 7,

0
with A& ('9_ , we have
E;
r—_1 _nh (5.110)
_'\/1_Th7-u. ’

5.6 Problems

1. Find the eigenvalue equation for the double quantum well bounded by infinite
walls when the energy is greater than V,,. Analyze the main differences with the
energy levels below V.

2. Write the explicit functions of the matrix elements aup and Sp for the double
barrier potential when the energy is below V,, and when the energy is above V.

3. Write the explicit functions of the transfer matrix elements ap and p of the
double well, bounded by finite walls, when E < V,, and when E > V,,.

4. In the finite double well potential, with a = 30A, b = 7.5A and V, = 0.6eV,
obtain:

a. the eigenvalues E3 1, E2 2, E31 and E32;
b. the eigenfunctions ¢2 1, ¢2.2, ¢3.1 and @3 2;
c. plot the eigenfunctions ¢» 1, ¢2.2, ¢3,1 and ¢3 2.

5. The Lorentzian function with amplitude 1/(7y) is defined as

1 Y
F(x;x0,77) = iy s—— L (5.111)
Show that the Breit—Wigner formula (5.108) is a Lorentzian function with ampli-
tude 1. Using this formula and the potential parameters a = 2nm, » = 10nm
and V,, = 0.23, determine the function I" and plot the approximate transmission
coefficient of the double barrier potential near the first resonance.

6. Obtain the condition that should be satisfied of a resonant value of the transmis-
sion coefficient of a double quantum well, bounded by finite walls.

7. Derive the eigenvalue equation for the double quantum well (Egs. (5.43)—(5.47))
with finite walls (when the energy is less than V,,).

8. Obtain the transfer matrix of the asymmetric double barrier when the width of the
second barrier is twice the width of the first one. Plot the transmission coefficient
and compare with the transmission coefficient of the symmetric double barrier.

9. After imposing the physical conditions and assuming that the incidence is from
the right, obtain the wave function for each region of the double well.

10. Use the general expression for the transmission coefficient, written in terms of
the Chebyshev polynomials for n = 2, and show that it agrees with that obtained
for the double barrier in (5.27).
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11. Show that in the forbidden bands the energy is such that

TrM > 2. (5.112)
12. Plot as functions of energy both the function g and the transmission coefficient

T, for a Kronig—Penney system with V, = 0.23eV, a = b = 20nm, and
different values of n.



Chapter 6
The WKB Approximation

Immediately after the birth of the quantum theory, Wentzel, Kramers and Brillouin
introduced in 1926 one of the first methods to obtain approximate solutions to the
Schrodinger equation. A method that might be used when rigorous analytical solu-
tions are not possible. In most of the actual quantum systems we face this problem. It
is known that only for exceptional systems like the harmonic oscillator, the hydrogen
atom and the piecewise constant potentials, it is possible to solve the Schrodinger
equation analytically. It is therefore important to study an approximate method to
solve the Schrodinger equation. In this chapter we present the basic ideas behind the
WKB approximation and we will learn how to deal with this approximation in the
transfer matrix representation. For simplicity reasons, our discussion will be mostly
devoted to one-dimensional systems. Another widely used approximation method,
is the so-called perturbation theory. In Chap. 12 we will discuss basic aspects of this
theory.

6.1 The Semi-Classical Approximation

This method aims to obtain quantum solutions based on the corresponding classical
solutions. More precisely, the purpose is to obtain the quantum action S as a correction
to the classical action S,. In the classical theory it is known that the action S, is the
solution of the Hamilton—Jacobi equation

(VS.)?
2m

+ V@) =E. 6.1)

where V (r) is an arbitrary smooth potential. For example the potential in Fig.6.1. If
we write the solution of the corresponding Schrodinger equation

7:1,2
2
—5 V7o) + V(r)e(r) = Ep(r), (6.2)
2m
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Fig. 6.1 An example of an
arbitrary potential function W(x)

as )
o(r) = SR (6.3)

the quantum action § should satisfy the differential equation

VS)? ik
(2m) - Z’—mvzs L V(@) =E. (6.4)

The semiclassical method applies when
BIV2S| << |(VS)?]. (6.5)

In this case, the quantum action S can be written as the classical action plus some
corrections. To obtain these corrections, the prescription is to write the quantum
action as the power series of i

S=Sc+ihS + (WS +..., (6.6)
with the quantum action S equal to S, in the limit when 7 — 0. Using this action in

¢ and replacing this function into the Schrodinger equation, we get (to second order
in /) the following equation

VSe)? h 1
O3 v 4 il ws, s - v2s)
2m m 2
2
——(2VS$, - VSe + (VS))? — V2§)) = E. (6.7)
m

We have grouped here all terms with the same power of /. If we equate to zero the
coefficients of /i°, i and /2, we end up with the following system of equations

VS,)?
(V82

V=E, 6.8
o (6.8)

1
VS VS, — EVQSC =0, (6.9)
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and | 1
VS, VS, — Ev251 + E(vslﬁ =0, (6.10)

whose solutions give us the classical action and the quantum corrections S7 and S3.
To obtain these quantities, we recall the following relation for the classical action
and the linear momentum

VS. =p orequivalently S, = /p-dr. (6.11)

In one dimensional systems, the classical action will be given by

X

S. = :i:/p(x)dx con p(x)= :I:,/Zm(E — V(x)), (6.12)

and the first-order correction from the differential equation

ds 1dp(x)

P(X)E = 3 dx (6.13)

with solution

St =Iny/px). (6.14)

As a consequence, we have that to first order in £, the action will be given by

X

S = :i:/ p(x)dx +ihln/p(x). (6.15)
Thus, the solution of the one-dimensional Schrodinger equation is
px)=a e(% I pdx_ln‘/ﬁ) + be(_% I pdx_lnﬁ). (6.16)
This function will be written as

1 i rx 1 i X
p(x)=a ﬁeﬁf pedx 4}y ﬁe*ﬁf P dx (6.17)

In the following sections we will consider this type of wave functions.! In regions
where E > V (x), the wave function can be written in the form

! Notice that the factor 1/ /P diverges at the classical turning points. A more detailed analysis can
be found, for example, in Quantum Mechanics by L. Schiff (McGraw-Hill, NY 1949). See also
Sukhatme U and Pagnamenta A Am. J. Phys. 59 944 (1991).
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Fig. 6.2 Return points x; in
an arbitrary potential function V(x)
1 ifx k(x)dx 1 —i fx k(x)dx
o(x) :aﬁe +bﬁe , (6.18)

while for £ < V(x), the momentum % k(x) should be replaced by ihg(x) and the
solution will be written in the form

<P(X):a%efqux—l—b%e_fqu". (6.19)

Although there is some similarity with the functions we had for piecewise constant
potentials, one should not forget that k and g are functions of x. It is clear that for
constant potentials, the integral will become kx or ¢x, and we will have the solutions
that we know already.

6.2 The Scope of the WKB Approximation

In the motivation of the WKB approximation we have seen that the Schrodinger
equation, written in terms of the action S, becomes the classical Hamilton—Jacobi
equation when

BIVZS| << (VS or hV-p| << p* (6.20)

We want to explore now the meaning of this condition. To simplify the analysis,
let us restrict ourselves to one-dimensional systems. In this case, the last condition
becomes

d
hL < 2o, 6.21)
dx

and can be expressed in different ways. For example, as

— h_m d_V << p*(x) or fLmm << p*(x). (6.22)
p(x) dx p(x)
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To fulfill these conditions we require a potential V (x) which is a smooth function
of x. Alternatively, if we approximate V (x) by the first order term of its Taylor
expansion, around a return point x; (with x; any of the return points x1, x» or x3 in
Fig.6.2), we have

dv
Vix) =Vxi)+ — (x —x;)
dx

X=X;

=FE — F(xj)(x — x;). (6.23)
If we now write the momentum p(x) = /2m(E — V(x)) as
p = 2mF(x;)|x — x|, (6.24)

we can express (6.21) in the form

1 hZ 1/3
|x — )Cl'| >> E (mF—(xl)) s with Xi = X1,X2, ... (625)

These relations and those in (6.22), define the scope and the physical conditions
that the physical system should meet to apply the WKB approximation. Notice that,
while (6.22) implies a smooth variation of the potential function, (6.25) tells us that
the semiclassical method provides a good description at points x far enough from
the return points x;. This condition will not prevent us from searching the continuity
conditions in the neighborhood of or at the return points. The fulfillment of the
continuity conditions will allow us to extend the use of the transfer matrix method
to the WKB approximation.

6.2.1 Continuity Conditions and the Connection Formulas
Jor the WKB Approximation

A detailed analysis of the mathematical continuity conditions leading to the so-called
connection formulas at the return points, goes beyond the scope of this book. We
shall just use them. The connection formulas that are known for points like the point
a of Fig. 6.3 are

e fadx = /kd - — 6.26
e cos X s .
«/ﬁ \/]; (a 4) ( )
1 a 1 X T
o pfady ~ /kd — ) 6.27
e sin X ; .
\/ﬁ \/E (a 4) ( )

while for a point like b in Fig. 6.4, the connection formulas are
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Fig. 6.3 Return point a where A
the connection formulas (6.26) Vix)
and (6.27) should be used

Fig. 6.4 Return point b with A
connection formulas (6.28) Vix)
and (6.29)
b x\
2 / 1
T X
—cos(/kdx — —) s ——e Jradx, (6.28)
4
Ny Vi
2 b I
7 sin(/x kdx — %) <« —ﬁefb qdx, (6.29)

These relations should be used in the manner indicated by the double arrows. If we
relax the double arrow and we write the connection formulas in a matrix representa-
tion, we have

1 (e—ffqu) 1 (111’ LTI 1 (el fokar (6.30)
o\ oSl adx 5 ! )= —i [ kdx |’ )
Va\e V2 — 5 Vi \ e

for state vectors in the neighborhood of a point like a, and

1—i

1 i i kdx 11+ 1 elyadx
o — — 2 1= ) . (631
NAVIRTE V2| o L) va\e b
2
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Fig. 6.5 An arbitrary smooth

potential well. In a potential Vix)
like this, the energy eigen-

values are obtained from the
Sommerfeld-Wilson-Ishiwara E

formula

for state vectors in the neighborhood of a point like . The connection matrices

1—i 14i
1

Co=—14i 1—i )= (2), (6.32)
V2 5 5 €21 €2

and
L 4+i 1—1i
l
1 2 ¢k ¢k
Cp=— . =( 1 21)=CT, (6.33)
V2 | L4 Ty €3 “
2

differ slightly from the transition matrices that will be obtained in the next sections.
It is easy to verify that Cj, is not the inverse of C,. Cj is the adjoint of c,?

6.2.2 Energy Quantization in the Potential Well

We know that if we have a potential function as in Fig. 6.5, the energy must quantize.
Let us now see how these energies come out in the semiclassical approximation. In
this system, as in the case of the square well, it is important to guarantee the finiteness
of the Schrodinger solutions as the variable x — Z£o00. The exponential functions in
regions I and III are, certainly, functions with divergency problems in these limits.
Therefore, we are left with

or(x) = A e~ [laWdx  yhen x <a, (6.34)

A/q(x)

and

om(x) = As e~ Jp 1Y when x> . (6.35)

/g (x)

2 The adjoint of a matrix is defined as its transpose conjugate, i.e. CT = (CT)*.
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In this case the connection formulas that we are going to use are: the connection
formula (6.26), which helps us define the function at the right hand side of the point
a, and the connection formula (6.28), that helps us define the function at the left of b.
Using these formulas, we have for the wave function in region II either the stationary
solution in the form

X

cos / k(x)dx —% , (6.36)

a

() = 2
prix) = 6]

or the stationary function in the form

b

cos / k(x)dox —% . (6.37)

X

or(x) = A0

Both expressions should coincide. Hence, they should transform one into the other.
If we notice that the cosine, appearing in (6.36), can be rewritten as

X b b
cos /kdx—z = cos /kdx—/kdx—i—z—z . (6.38)
4 4 2
a a X
and we define the phase
b
T
n= /k(x)dx -3 (6.39)
a
we have
X b
cos /kdx—% = cos n—/kdx+% . (6.40)
a X
Using the identity
cos(nmr —0) =(=1)"cos (@), n=0,1,2,..., (6.41)

it is easy to verify that ¢yr(x) equal to @yr(x), only when the phase 7 fulfills the

relation
b

n= /k(x)dx — % —nz, and A= (—1)"B. (6.42)
a

Taking into account that the momentum p(x) changes sign when the integration is
from b to a, we have
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b a
/k(x)dx = /k(x)dx = n(n + %) (6.43)
a b
Therefore |
7{ p(x)dx = h(n + 5), (6.44)

which is equivalent to the quantization rule of Sommerfeld, Wilson and Ishiwara.

6.3 Transfer Matrices in the WKB Approximation

We are interested in applying the semiclassical method for arbitrary potential wells
and barriers, such that the above mentioned conditions are met. We know already
that the transport properties and the energy eigenvalues of a quantum system can
easily be evaluated when the transfer matrices are known. Our aim is to obtain the
transfer matrices of arbitrary potential wells and barriers, within the WKB method
so that they can then be used in specific applications.

6.3.1 The Transfer Matrix of a Quantum Well

In this problem and in the potential barrier, some integrals will appear repeatedly. To
simplify the notation let us define the following functions

X X2
E1(x) =/k(x)dx, & (x) =/k(x)dx, (6.45)
X1 X
X1 X
01(x) :/q(x)dx, D2 (x) =/q(x)dx. (6.46)
X X2

with

k(x)=/2m(E -V (x))/h and gqx)=,/2m(V(x)—E)/h.  (6.47)

Using these functions, the WKB solutions in regions I, II and III, for the potential
well shown in Fig. 6.6, can be written, respectively, as



138

Fig. 6.6 An arbitrary
potential well

pr(x) =

pn(x) =

on(x) =

om(x) =

6 The WKB Approximation

X X

A Bi
e 4 (), for x < xi, (6.48)
A/ q(x) q(x)
A2 inw B2 i
e + 7™ for x; <x < x2,
VE@) VE@)
li /
/2(2 )e—iszm n f(z )eiéz(X)’ (6.49)
X X
A3 e, B3 e
——e e , for x > xp. (6.50)
Vg (x) q(x)

For region II we have written two representations of the wave function. As in the
piecewise constant potential problems, the functions should satisfy the continuity
conditions at x; and at x. But we can not evaluate at the return points. At these
points p(x) and g (x) become zero and the wave functions diverge. We will evaluate
the functions near x| and near x», and we will adjust their coefficients so that the
functions and their derivatives, on both sides of the return points, become equal. At
x1 we want that

p1(x1—€) = ga(x1 +€) and ¢f(x) —€) = gh(x1 +€). (651
where € = |x — X;|x—x;, such that the condition (6.25) will be satisfied. The first
continuity condition gives rise to

A B Aj B>
+ ~ + , (6.52)
JaoD aen) ke ke
and the second to
A (dq 2) B (dq 2) Ar (dk 2)

—» |7 +2¢ + =5 \-——2¢ >~ == — +i2k

q3/2 \dx vy q3/2 \dx . k32 \d vy
B dk
3—/22 (— i2k2)
k d r=x,
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If we assume that the potential function meets the conditions

<< kz, (6.54)

dk
'ﬁ <<g¢? and ‘E

for the WKB approximation, the continuity condition for the wave function deriva-
tives takes the simpler form

q(x)( 4B ):ik<x,+)( L __ B ) 6.55)
"\Vata)  Jae) N

To simplify the notation we will use g1 = ¢(x;) and k; = k(x1+ ). Therefore,
Egs. (6.52) and (6.55) can be expressed in compact form as follows:

k j ki — 1
()= () G m o
or even better as
(Az) ~ 1 (kl —l:m ki +{41) (Al), 6.57)
B, 2Vkigi \ki +iqi ki —iq1 ) \ By
with the transition matrix
e =5 (i k1)

It is worth noticing the similarity of this transition matrix with the corresponding
transition matrix for the rectangular potential well. In the same way we obtain the

relation
(A3)N 1 (q2+ik2 QZ—ikz)(A%) (659)
B3 24/6]2/(2 q2 — ik2 q2 n ik2 32 ’ ’

with the transition matrix

! a@ + ik qz—ikz)
My = ; o) 6.60
" 2/ qako (612 —iky g2 +iky (6.60)

With the transition matrices just obtained, we have an important part of our main
goal. Notice that My, is the inverse of M;,. To complete the calculation we still need
the relation between the coefficients A/Z, Bé and the coefficients A,, Bs.

As mentioned before, the functions gr(x) and ¢yr(x) in (6.49) are equivalent.
Therefore, the state vectors
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ei jjl k(x)dx 0 A
$2(x) = (0 o kGdx (Bz) ’ (661)

and

_ el {2 k(dx A
¢2()€) = (0 ei f:‘z k(x)dx (Béz) ’ (662)

should also be equal. This allows writing

A’2 B ei f;lz kdx 0 7 A, (6 63)
g) o e )\B) '

The propagating matrix that comes out in this equation connects state vectors at two
points of the well. In this case from x1+ to x, . If we use the notation

Ro)
E(x2, x1) :/k(x)dx, (6.64)

L
1

and combine (6.58), (6.63) and (6.60) we obtain
A3 o 1 g2 +iky g2 —iky\ (€€ 0
B3 ) T 4(qikigaka)' 2 \ @2 — ika g2 +iky J\O e7'®
ki —iq1 ki +iq Ay
(k1 +iq1 ki —iq By )’ (6.65)

At this point we can use the potential defined in (6.23)

V(x) = E— F(x;j)(x — x;), (6.66)
with

F(x)) = F(x{)=F1 =0, (6.67)
and also with

F(x;) = F(xy)=F, <0, (6.68)

to write3

3 One must be especially careful with these equations when at both sides of the return point one
has an abrupt change in the potential function or different effective masses.
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2m
atk = 23 RIR I — xillf - x| = gk, (6.69)

2m
a142 = 23R R lxE = nlla =22l = e (6.70)

It is easy to verify that, after multiplying and using these equivalences, the relation
(6.65) is greatly simplified and takes the form

A3\ _ [cos§ sin& A
(33)_<—Sin§cos.§)(31)’ (6.71)

My (S, xp) = (COSé sin § ) , 6.72)

—siné cosé&

with

the transfer matrix of a quantum well with arbitrary potential profile in the WKB
approximation. This matrix has an extremely compact representation. Using connec-
tion formulas one obtains a matrix with numerical factors 2 and 1/2 in the diagonal
terms that may be questionable (see solved problem 24). The transfer matrix (6.72)
is compatible with the Sommerfeld—Wilson—Ishiwara quantization (see the solved
problem 19). We must not forget, however, that the argument £ of the trigonometric
functions is an integral.

6.3.2 Transfer Matrix and Tunneling Through a Barrier

In this part we will use the definitions

E1(x) =/k(x)dx, & (x) =/k(x)dx, (6.73)
X X2
X X2

71(x) =/q(x)dx, D2(x) =/q(x)dx. (6.74)

with
k(x) =+/2m(E —V(x))/h and q(x) =+/2m((V(x) — E)/h. (6.75)

The calculation of the transfer matrix and the reflection and transmission coefficients
of an arbitrary potential barrier, as the one shown in Fig. 6.7, is an important goal. We
will obtain these reflection and transmission coefficients using the WKB method. In
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Fig. 6.7 An arbitrary
potential barrier

6 The WKB Approximation

Vix)

&

regions I, IT and III we have the following solutions:

pr(x) =

pn(x) =

on(x) =

and

o (x) =

R Xy X
AL i+t B sz
e T == (6.76)
Vk(x) k(x)
b nw g B e, 6.77)
q(x) q(x)
22 g 22 6.78)
q(x) q(x)
A3 inw-it | B3 gz
e o e RO, (6.79)
Vk(x) Vk(x)

From the continuity conditions on x; and x, we have, in matrix representation, the

relationships

)

Since ¢ (x) and ¢yr(x) are equal, we have

e [ adx
0

(

that leads to

ef:Z q(x)dx

)-(

1 (q1 +iki q1 —ikl) (Ale'?ﬂ) (6.80)
2/q1k1 q1 —iky q1 +iky Bie7'z )’ '
I (k—igk+ ifh) 4, 6.8D)
2Jqk \ke +iga ko —igx ) \ B ) '
A, el a0 A
2 ) = o . (6.82)
B2 0 e_fxl q(x)dx B2
ef;lz q(x)dx 0 Ar 6.83)
o e ) ) @
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In this equation we have the propagation matrix through the barrier, from x; to x».
To simplify the notation we define the function

X
;%)) = /q(x)dx. (6.84)

X1

With all results obtained so far, we are able to connect the state vector on the right
with the state vector on the left of the barrier. Substituting we have

Aze”'TY 1 ko —igr ko +iga\ (€’ 0
Bgei% N 4/ qikigaky \k2 +iqa ko —iqa 0 e?

q1 + ik q1 —ik; Alei%
. . x ). 6.85
x (611 — iki g1 +lk1) (Ble_’4 (6.:85)
After multiplying and using the equalities in (6.69), we have:
A3e_i% [ cosh® —isinh? Alei%
(B3eiz ) - (i sinh ¥ cosh ¢ ) (Bleiﬁ : (6.86)

Also in this case the transfer matrix has a simple and compact form. The transfer
matrix for an arbitrary barrier in the WKB approximation is

(6.87)

+ —_ [coshy —isinhd
Mb(x?’xl)_(isinhz? cosh ¥

This matrix differs also in numerical factors with the matrix that is obtained using
the connection formulas (see the solved problem 24). The transfer matrix in (6.87)
has the form

M, = (“” ’3”), (6.88)

* *
By,

characteristic of time reversal invariant systems. The calculation of transmission and
reflection coefficients is one of the important applications of this result. To calculate
these coefficients we have to use again the relations between the transfer matrix
elements and the scattering amplitudes. Given

1
ap = cosh ¥ = E(el’ +e ), (6.89)

and .
By = —isinh ¥ = _%(ef —e?), (6.90)
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we obtain the transmission coefficient

1 4

Ty, = = . (6.91)
|(¥b|2 (619 + e—l?)z
Using the connection formulas, the transmission coefficient ist
4
Ty=—— (6.92)

(2¢” + %6*9)2.

These expressions coincide in the limit 9 large, but they have important differences
for small ¥. While the transmission coefficient obtained here takes values in the
range [0, 1], the transmission coefficient obtained with the connection formulas take
values in the range [0, 0.64]! If & >> 1, in both cases, we have

1 —2 %2 g(x)dx
Tp ~ —= xe ~74 4 .
220

(6.93)
This is a very well known and widely used result. For example, in the explanation
of the nuclear « decay. The transfer matrices obtained in these previous sections are
fundamental in the solution of various problems in the WKB approximation, which
in many cases provide excellent results.

6.4 Solved Problems

Exercise 19 Using the relation (6.71) between the coefficients of ¢y (x;r )and gr(x;")
for a quantum well in the WKB approximation, obtain the quantization rule that has
been found in Sect.6.2.2.

Solution The relation that was obtained in Sect. 6.3.1 between the coefficients of the
wave functions ¢y (x;r ) and ¢1(x; ) in a quantum well, with an arbitrary profile, is

A3\  [cos& siné Aq
(33) - (—siné cos& B ) 6.94)
The finiteness condition of functions in regions I and III, requires that the coefficients
By and A3 vanish. The above equation is then written in the form

0 ) _(cos& sing A1) _ (Aicosé
(B3)_(—sin$cos§>(0 )_<—A1sin§)’ (6.95)

to be satisfied when

4 See for example: E Merzbacher, Quantum Mechanics, (John Wiley & sons, NY 1961).
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cosé =0 and B3z = —iA;siné&. (6.96)

The first of these equations is satisfied if £ = (n + %) 7, ie. if

X
1 1
- / p(x)dx = (n + 5) T, (6.97)

X1

which is compatible with (6.44) and the quantization rule of Sommerfel-Wilson—
Ishiwara.
Exercise 20 Plot the Morse potential

V(x) = A(e™ 2% — 2¢7%%), (6.98)

and using the quantization rule, determine the energy levels for a particle that moves
in this potential.

Solution We leave the student to plot the Morse potential for different values of the
parameters a and A. To obtain the energy eigenvalues in this attractive potential, we
start defining the variable y = ¢~%*. In terms of this variable, the quantization rule

becomes s
2
V2 VE 2Ay — Ay? 1
_ e nt2Ay = Ay dy:(n+§)n. (6.99)
y

ah
¥

with y; and y; the roots of
E, +2Ay — Ay? = 0. (6.100)

Since

VE +2Ay — Ay? Ay —1
/ + 2y Y dy =/ E +2Ay — Ay? + +/Atan™! VALY -
y VE +2Ay — Ay?

—i—x/fln Y ,
E+ Ay +VEJVE +2Ay — Ay?
(6.101)
we have
yz,/E 24y — Ay? E,+A
/ nt28Y T AV VA + By n 22 En A (6.102)
y yi(Ey + Ay2)
Y1

Hence the quantization rule takes in this case the form
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Fig. 6.8 Harmonic potential.
In the return points E, =

2 L2
kx?/2 \ 5 kx /
E}l

A
V(x)

X 0 Xy X

»
A2 VE, +2Ay — Ay? N
_ m n+ y Y dy———m(n /A-l—i?'[ /En)’
ah y ah
Vi
= (n n l)n. (6.103)
2

Thus, for the eigenvalues of the Morse potential we obtain

ha 17\ 2
E, = —A (1 _ m(m + 5)) . (6.104)

It is a good exercise to verify that the same energy eigenvalues are obtained when
the corresponding Schrodinger equation is solved.

Exercise 21 Using the quantization rule, show that the energy levels of a particle, in
the harmonic oscillator V (x) = kx2 /2, are

E, = hw(n + %) (6.105)

Where w is the classical frequency /k/m. [Note: the constant k here should not be
confused with the wave number k(x)].
Solution The quantization rule (6.97) applied to the harmonic oscillator is

%f,/Zm(En - %k}ﬂ) dx = (n + %)n (6.106)
X1

If we factor ~/mk, from the square root, we have (Fig.6.8)
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X

Jmk [ [2E, 1

%/,/ - x2dy = (4 ). (6.107)
X1

Let us recall that, at the return point, 2E, /k = xlz = x%. It is easy to see that the

integral of this equation is of the type [, +/a? — x2dx. This integral is known and
has the following result

a a
/2 2 2 2
Va2 — 2y = | YT a1 L, 1
/ a x“dx |: 5 + > sin P Tk (6.108)
—a —a

If we substitute a” by 2E,,/k and \/k/m by w, we have

7 En + 1 (6.109)
={n+ =)=, :
ho 2

that obviously can be rewritten in the well-known formula for the eigenvalues of the
harmonic oscillator

1
E,=ho (n+§). (6.110)

This formula is obtained also after solving, rigorously, the Schrédinger equation of
the harmonic oscillator.

Exercise 22 Consider the potential well in Fig. 6.6. Using the connection formulas
(6.30) and (6.31), show that the transition matrices, defined by the relations

A\ A A3 A,

are M;; = CuT and My, = CbT, with C, and Cp, defined in Sect.6.2.1.
Solution We will assume that the WKB solutions in regions I, IT and III are as we
write in (6.48), (6.49) and (6.50), i.e.:

Al s, B
= + ——e"™ for , 6.112
o1(x) q(x)e q(x)e X <X ( )
A2 ine B2 g
x) = e + i) 6.113
o (x) A5 A0 ( )
for x; <x <x,
Al . B, .
~ A inw 2 s
X) = e + ——e¢ , 6.114
o (x) o A0 ( )
A B
om(x) = —(3 )eﬁz(x) + \/%e_ﬂz(x) for x> x. (6.115)
q(x q(x
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And the connection formulas at the points x; and x;, are respectively:
1 (e 1 fciien) 1 [ 5®
NG ( ent 2\ ) Jr \e W ) (6.116)
and
1 e—if2(x) 1 o 1 P2 ()
_ ) s ()
vk ( et ) V2 (CT2 ng) N ("’_02()‘))’ (117

with the elements ¢;; defined in (6.32). In (6.116) we have two scalar equations. If
we multiply the first by A1, the second by B; an then add the results, we have

o100 P10 £i100) e—iE1(0)
Al———= + Bi——= <— (c11A1 + 21 B1) ——= + (c1241 + 22 B1) —F——.
A/q(x) A q(x) k(x) Vk(x)
(6.118)

At the left side of this relation we have ¢y(x) and on the right side we must have the
function ¢y (x) to which it connects at x1. This implies the following relations

Ay = c11A1 + 1By,
By = c12A| + cn By, (6.119)

that can be written as
A cii et ) [ Al Ay
<> =M, . 6.120

Comparing the transition matrix M1, defined in this equation, with the matrix C, of
Eq.(6.32), we end up with

1+

. 1 1—1 >
M,lzcaz72 NET (6.121)

)

Proceeding in the same way with the connection formula at x, we obtain

A3 ct e\ ((As A,
7 = M 7 . 6122
(Bs) A (%1 C%z) (82 2 B, ( )

| f(1+i 1—i
M,zzc,,TzE 1—i 1+ ). (6.123)
2 2

Thus
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Notice that My, it is not the inverse of M;; but its adjoint. This is possibly one
of the reasons why the expression obtained for transfer matrices, using the WKB
connection formulas, has a structure that is not completely satisfactory.

Exercise 23 Obtain the transfer matrices M, ()cgL , X, ) and M} (x;r , x| ), for the quan-
tum well and the potential barrier in the WKB approximation, using the connection
formulas at points x; and x;.

Solution To obtain the required transfer matrices, we have almost all we need. We
just got (see exercise 22), the matrices M;; and M,, to connect the coefficients on
either side of the return points. In Sect. 6.3.1, we had

’ if;zkdx
(¢ O - A2 (6.124)
B, 0 e_lf"l * By

Hence, the connection between the state vector (Asz, B3)T and the state vector
(A1, By)T can be written as follows

A3 es 0 Al

where the notation & = f XXIZ k dx has been used. Therefore, the transfer matrix of the
quantum well becomes

et 0
Mw = Mzz (0 e_,'g) Mtl,

1+i 1—i - 1 —i

1 it

=i o1+ )€ 07_5 2 1,

2 — 0 e 1=
2 2

JE

Mw:(Zcosé—sinE). 6.126)

sin & % cosé&

In a similar way, the transfer matrix for the potential barrier reads

¥
e’ 0
Mb = Ml‘l (0 8_19) Ml‘27

. 1 —
—i (e i ﬁ)). (6.127)
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Fig. 6.9 A potential bar-

rier characteristic of tunnel- A¢+
ing diodes at the interface

of strongly doped

semiconductors

Exercise 24 Suppose a system has a potential profile like the one shown in Fig. 6.9,
and electrons are approaching from the left side. To define this potential we can
think of it as the potential in a real np diode, or Esaki diode.’ Thus, let us define, the
potential profile as follows.

Vo = —eVp, for x < —xp,
_ Vl(x)=A¢—a(x+xp)2, for —x, <x =<0,
VOI= 1 v = bx — xn)?, for 0<x<ux, (012
0, for x > x,,

with V}, a bias potential, and A¢, a, b, x,, and x,, device dependent parameters.
Given this potential, and using the WKB approximation, calculate the transmission
and reflection coefficients as functions of the incoming electron energies E, for a
bias V, = —0.5V and fixed potential parameters.
Though in real systems there is a gap of forbidden energies, we will solve here
for all values of E.° The parameters A, a, b, x,, and x,, are defined as follows:

5In tunneling diodes, or Esaki diodes, electrons from the valence band, on the p side, move towards
the n side under small reverse bias.

% In tunnel or Esaki diodes, the impurity concentrations are so large that the Fermi levels 1), and j1,,
move inside the valence and the conduction bands, respectively. On the p side, between the Fermi
level 4, (that corresponds to Vj in the figure) and the conduction band (at A¢), there is a gap and
no electrons can be found there.
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NN,y
AP = py — pp —eVp = E, —kBTlnm — eV,

€2p+ e’nt
a = 3 b == )
2e €0 2€, €0
Ap  pT Ap  nt
x":( b n++p+) xP:( a n++p+)' (129

with E, the energy gap; e the electron charge, kp the Boltzmann constant; T the
temperature; n and p* the donors and acceptors (high) concentration on the left
and right sides, respectively; €, and €, the relative electric permittivities; and N,
and N,, the intrinsic electron and hole concentrations, in the conduction and valence
bands.’

Solution All we need is the transfer matrix to connect state vectors at two points
outside the potential barrier, say, —x, and x,,. For a given value of £, we need first the
transition matrix M; to account for the continuity requirements of the wave functions
at —x,. We then need to propagate the state vector inside the potential barrier, from
—x, to the turning point xg, where V (x) = E. For this purpose we will determine
a transfer matrix M. At this point we use the connection matrix C,, and finally a
transfer matrix M> to reach the point x,,. These matrices are the following:

L (q,+ik q, —ik
My=— (> """ ), 6.130
' 2, (q,,—qu,,+lk) (6.130)
with
Zm* Zm*
k= hZe(E_VO) and qp:\/h—ze(V(—xp)—E), (6.131)

The transfer matrix that propagates the state vector inside the barrier is

70
M) = ("’O eﬂ). (6.132)

Assuming that the return point is xg on the n side, we have here

0 XE
9 = / \/2}’; (V1 (x) — E)dx n / /27'; (Vz(x) - E)dx, (6.133)
“xp 0

which, after integrating, becomes

7 These are well known quantities in the semiconductor physics, and they read N. =

« 3/2 , 32
2amtkpT 2amikpT . .
2 (%) and Ny =2 (”;%B) . with m? and m}, the effective electron and hole masses.
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c . cxp
B = T (bxp) + T,/l —bx;
d b4
+—1x ,/xz—zz—i-zzln —), (6.134)
2(” " X+ /X2 =22

_ P Ag— By, a= ™M etnt (6.135)
K2 TV B2 ey '
12€,€0

As mentioned before, to connect at xg we use the matrix

| f1—i 1+i
Co=—2|14+i 1-i), (6.137)
v 5

defined in (6.32). Finally, the transfer matrix that propagates the physics from xg to

X 18
et 0
M, = (0 e_,'g) ) (6.138)

with

and

with

2m3¥ 772
E— Vz(x))dx —d=-. (6.139)

s—/\/

With these matrices we can obtain the transfer matrix to connect state vectors across
the potential barrier. This matrix is given by the product

My = MaCary My = %2 P2 (6.140)
By

with

(& ho +i(k - g,) sinh 9) (6.141)

ap Voar (( qp) cos i qp) sin

and

PR ((k = qp) cosh +i(k +g,) sinh ) (6.142)

b «/iqp P P :

It is now easy to evaluate the transmission and reflection coefficients:



6.4 Solved Problems 153

(a) (b)
1.0 1 1.04
: N
S 0384 2 0.8
S V, =0.5eV
3 0.6 S 06
=
5 04+ 2 044
g 2
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=, 02 2 024
2 S
~
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Fig. 6.10 The reflection and transmission coefficients by and through the potential barrier of
Fig.6.9. At the transition to the state of propagating modes a nice Fano—Majorana resonance is
observed

Ty and R=1-T. (6.143)

lae |

InFig. 6.10a, b we plot these quantities using parameters that correspond to GaAs (i.e.
E, = 1.51eV, m} = 0.069m,, m} = 0.1 m,), concentrations n* = 6x10~>>m—3
and p* = 1x1072m™3 and bias V, = —0.5V. For specific systems, one has
to choose carefully the parameter values. As the electron energy approaches the
barrier height, where the potential varies slowly and the transition to the propagating
mode starts, we see another characteristic property of the scattering phenomena: The
interference between the exponential and the propagating modes in the continuum,
that manifest through the asymmetric Fano-Majorana resonance at E ~ 2¢V.?

6.5 Problems

1. Show that the transition matrix at a point like x», in Fig. 6.6, is certainly given by
the product of matrices in Eq. (6.65), and show also that it reduces to the matrix
given in (6.72).

2. Show that the transition matrix at the point b of Fig. 6.4 is given by the matrix
My, in (6.60). Show also that M, = (M;,)~!

3. Obtain the transfer matrix of the barrier in Fig. 6.7, assuming that the transition
matrix M;; at point x; is the inverse of M;; at point x.

4. Show that the eigenvalue equation of a double symmetric quantum well, like the
one shown in Fig.6.11, is

tan& = +e”. (6.144)

8 After the discovery and explanation of these kind of resonances by Ettore Majorana and Ugo
Fano, respectively.
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Fig. 6.11 A double

symmetric quantum well V(x)
(black) and the parabolic 1
approximation. The energy
levels of this system split up

5. Plot the function V(x) = —-U,/ cosh? ax for different values of the potential
parameters U, and a. Using the quantization rule, obtain the eigenvalues for a
particle with this potential energy.

6. Plot the function V(x) = U,/ cosh? ax for different values of the potential
parameters U, and a, and using the semiclassical approximation, obtain the
transmission and reflection coefficients for particles coming from the left side
of this potential barrier.

7. Obtain analytically the first two eigenvalues of a quantum well if, for sufficiently
low energies, the potential can be approximated by a parabolic function, as shown
in Fig.6.11.

8. Show from the graphical solution of the eigenvalue equation of problem 4 that:

a. the energies split up;
b. the lowest energies match with those obtained analytically in the approxi-
mation V (x) =~ kx2/2.



Chapter 7
Operators and Dynamical Variables

In the last chapters we studied some solvable one-dimensional systems described
by the stationary Schrodinger equation. In the solutions of these systems we had a
first approach to the quantum phenomena. We found that for systems with confining
potentials the physical variables generally quantize. For some of this kind of sys-
tems, we could determine the momentum and energy eigenvalues as well as their
corresponding eigenfunctions. We found also the tunneling effect, the energy levels
splitting and we were able to evaluate the particle current density and the reflection
and transmission coefficients.

A major aim of the quantum theory is the prediction of values for the relevant
dynamical variables. The possibility or not, of determining such values, depends to
a great extent on the physical conditions and the physical variables themselves. We
will see here that an important property of a physical variable is related with the
commutation relation of its associated operator with other operators like the energy
operator, the Hamiltonian. When we are dealing with transport of particles through
a quantum system, one can fix, through the experimental set up, the energy of the
incoming particles. In that case the quantum theory will be able to predict a number
of energy-dependent quantities like the transmission coefficients, but the theory will
not be able to predict, with the same accuracy, the arrival time of the transmitted
particles. We will see in this chapter that the product of the statistical dispersions
of canonical conjugate variables, like energy and time or momentum and position,
have restricted values in quantum theory.

The theory predicts a set of possible states, but it does not have, generally, the
ability to determine which state the system is actually in. We will see that in cases
like this, there is no other way than to calculate the expected or average values. This
indeterminacy should not be confused with an inaccuracy in the calculation of physi-
cal quantities. We have seen in previous chapters that the eigenvalues, eigenfunctions
and other physical variables, such as reflection and transmission coefficients can be
calculated accurately. The precise evaluation of wave functions allowed us to see, for
example, the energy levels splitting in double quantum wells (where energies can be
evaluated with the desired accuracy) and the way in which the allowed and forbidden

P. Pereyra, Fundamentals of Quantum Physics, Undergraduate Lecture Notes in Physics, 155
DOI: 10.1007/978-3-642-29378-8_7, © Springer-Verlag Berlin Heidelberg 2012
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bands appear in metals, semiconductors and other periodic systems. It is important,
to notice that it is quite normal that in comparing theoretical predictions with the
experimental results, may result in large differences. There are many reasons for
such differences to appear. Usually real systems are affected by other variables, such
as temperature, impurities, etc., which are not taken into account and are naturally
absent in simplified models. This kind of limitations should be explained or corrected
using more realistic approaches.

Since the theory can not generally tell us which of the possible states the particle
is actually in, it was natural to introduce the concept of the expectation value of a
physical variable. We will comment on this issue and we will talk about operators,
the Hermitian operators, their properties and consequences. We will show one of
various derivations of the Heisenberg uncertainty relation and we will make some
comments on the time evolution and equations of motion of dynamical variables and
their expected values. Closely related to this subject is the widely spread and repeated
assertion that concepts like position and trajectory of a particle, as conceived in the
classical physics, become, in the quantum theory, meaningless. We will make a brief
reference to this matter. In this chapter we will also introduce the Heisenberg picture.

7.1 Wave Packets, Group Velocity and Tunneling Time

In Chap.3 we addressed the free particle description where we studied basically
the normalization problem of the linearly independent solutions ¢t (x) = Aek*
and ¢~ (x) = Ae *k*  We know that if we include the temporal component, the
wave functions ¢* (x, 1) = Ap™®(x)e ™! describe particles that move to the right
or to the left. Since the particle is not confined, there is no quantization of energy or
momentum. If the particle’s energy is fixed, the wave number k = /2mE /hZ, the
momentum p = hk and the frequency w = E/h are also fixed. The quest now is,
whether we can determine the position and the speed of the particle at the same time.
Using the previous relations, we can easily show that the speed of the free particle is

(7.1)

but, where is the particle? If we describe the free particle with the wave function
P (x, 1) = ApT(x)e™ ™ practically, we ignore where the particle is. In the previous
chapters we mentioned the probabilistic interpretation of the wave function and we
have seen that the probability of finding a particle at the position x, at time 7, is given
by |t/ (x, 1)|2. For a free particle moving to the right or to the left, this probability is

lh(x, 0)|* = |A]%. (7.2)

Independent of x and time, therefore the same for all points from —oo to co.
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If we describe the particle by the superposition of a right-moving and a left-moving
wave functions like

w(‘x’ t) — ael‘(kX7UJl) + be*i(kxﬁ’wl)’ (7'3)
the probability of finding the particle at the position x, at time ¢, will be
0@, D1 = lal + [bI* + 2% a b* M, (7.4)

which is no longer a constant but an oscillatory function. In the particular case of
a = b, the wave function becomes

P(x, ) = 2acoskxe ", (7.5)

The real part of this function oscillates in space with wave number k and in time with
angular frequency w. The probability of finding the particle at point x, at time ¢, is

[(x, 1)|> = 4]a|* cos? kx, (7.6)

independent of time but periodic as function of x.

Itis well known that with an appropriate superposition of functions, the probability
|1(x, 1)|? can eventually be localized. If we consider the superposition of two waves'
describing free particles moving in the same direction like

Yn(x, 1) = ael®wD 4 g o Kx=wn) (1.7)
such that

k =k, — dk k' = ko + Ok

Wxw, — 0w W ~w,+ dw, (7.8)
with dw = hk,dk/m, the two-component wave function in (7.7) can be written as
o (x, 1) = 2a cos(8k x — dwr)e! kox—wol) (7.9)

This is also a product of two wave functions: one with frequency w, and wave number
k, and the other a wave function with frequency dw, and wave number dk,. These
functions are plotted in Fig.7.1. When 0k, < k,, the wave function cos(d0kx — dwt)
behaves as a modulation amplitude of the internal oscillations described by et koX—wo?)
These waves have different physical meaning and move with different velocities. The
constant-phase condition? applied to (k,x — w,t) gives the phase velocity

! This simple example is frequently used in optical physics to introduce phase and group velocities.
2 The constant-phase condition implies
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Fig. 7.1 The real parts of two k
wave functions, with wave /\/VV\/V\/V\/VWVW\/VW

O e St ane napshots WWWWWWWWWWWWWWY- &
k" = ko + 0k, and snapshots of

their superposition at t; = 0
and at r = 1/v,. During the
time interval At = th — 1
= 1/vy, a constant-phase
point of the internal waves
moves a distance Ax, and the
maximum of the modulation

envelope moves a distance
Axy

dx  w,
=— =2 7.11
YT Tk .10
while applied to (3kx — dwt) gives the group velocity?
dx dw  hk,
YT TSk m 719

This result reiterates the relation p = mv = hk. In Fig.7.1 we plot the real parts
of the wave components together with snapshots of their superposition at 1; = 0
and at 1, = 1/vy = m/hk,. During the period of time At = f, — t1, a point of
constant pase of the internal oscillations moves with the phase velocity a distance
Axp = v, At = 1/2 while the modulation envelope moves a distance Ax, = vy At.
This shows that the modulating function moves with the group velocity v, = hk,/m.
The same thing happens in the superposition of more than two components, with wave
numbers k, & k symmetric with respect to k,, to build a wave packet. The overall wave
envelope will move with the group velocity. The phase velocity w,/k, = hk,/2m of
the internal oscillations is approximately the same as the phase velocities w/k and
w'/k’ of the wave components.
We will consider now a superposition of functions like

(Footnote 2 continued)

d(kx — wt) _

0, 7.10
7 (7.10)

and can be used to obtain the phase and group velocities.
3 In the limit of 6k — 0 we have

_dw

= — 7.12
Vg = Tx (7.12)
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kp+ka

P(x, 1) = / Alk)e! =D gk (7.14)
kp—ka

In this superposition, pairs of wave functions with wave numbers & in the neigh-
borhood of &, and amplitude A (k) each, add to form a wave packet. The shape of
the packet relies strongly on A (k). One of the most frequently used amplitude is the
Gaussian function centered at kj,, with dispersion (or standard deviation) o. In this
case, we have

(&)
1 2902
P(x. 1) = / e k) 1207 i x| (7.15)
V2o
—00

Let us see if a superposition like this can be used to describe a free particle moving
with wave number &, and speed v = hk,/m. To visualize this, it is convenient to
perform the integral in the variable k. Rewriting the exponent as follows

k—k,)? k2t k2
- %H (kx— —) = —ak—r)’4art— L, (7.16)
20}, 2m 20

k
with
m + iho?t imo?(x —ik,/o?
a=——% and k= i : g/ "), (7.17)
2moy; m +ihojt

the integration on the variable k is direct and the packet takes the form

itkpx —wpt)  x2
1 2.2 )
b, )= ——e k%% e 20%, (7.18)
00k
This is also a Gaussian function with
m+iho?t  1+ilks?
o2 = = m k. (7.19)

mak O'k

As expected, the procedure of building up a wave packet, effectively concentrates
the probability |t/ (x, 1)|? of finding the particle around the Gaussian centroid.

Does the wave packet move with the speed of the free particle? This question can
be answered if we follow the space-time evolution of the wave-packet centroid, i.e.
of the wave-packet peak. If the wave-packet peak moves with constant speed, we can
determine the peak speed knowing its position at any two times, #; and #>. In Fig.7.2
we present results for this “experiment” where the wave function was
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[w (b
t=0
. t,=x /v
5 0 5 x

Fig. 7.2 Snapshots of a Gaussian wave packet at | = 0 and at ; = x,,/v, with v = hk,/m. Since
the wave-packet peak moves from x; = —x, to x = 0, the wave-packet velocity v, coincides with
the free particle speed v

i(kp(x +Xo) —wpl)  (x —|—x0)2
1 2.2
P(x, 1) = —e 0}c0% e 207 . (7.20)
OOk

Att = 0 the peak is at x = —x,. We choose t| = O and t, = x,,/v, withv = hk,/m
the speed of the free particle. If the wave-packet peak moves with the speed of the free
particle (i.e. with v, = v), the peak position at £, must be xp = —x, + vt = 0. The
snapshots show that this is precisely what happens. Hence, the Gaussian wave packet
moves with the speed of the free particle. If a Gaussian wave packet describes a free
particle, the peak position will coincide on the average with the particle position, and
the standard deviation will describe the particle-position dispersion Ax. In Fig.7.3
we plot the functions A (k) and |¢(x, )| for the standard deviations indicated in the
figure. It is evident from these plots that o, = Ax >~ 1/Ak = 1/oy. This relation is
consistent with (7.19). We will return to this subject some lines below.

A widely discussed problem in quantum physics, is the time that a particle takes
to pass through a potential region, such as the potential barrier. In classical physics
the procedure to calculate the transit time is well defined. In quantum physics,
the tunneling time has been a controversial topic. In recent years there have been
accurate measurements of transit time of photons and electromagnetic pulses. It has
been also shown that the tunneling or delay time in the quantum theory and in the
electromagnetic theory are correctly described by the so-called phase time.

How is the phase time defined? We have seen in different examples that the
transmitted wave function ¢, (x7) and the incident wave function ¢; (x1) have a very
simple relation. In fact, if the points x| and x» are just at the left and right of a
potential region, say a potential barrier like in Fig. 7.4, there exist a barrier transfer

matrix such that
ateikxz o w ﬁb aieikxl
(b3eikxz ) - (ﬂ; az brefikxl . (7-21)
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A(k)/\ ) NU

A(k) a =2 = 1/(2 Wy(x, 1)l

l

Fig. 7.3 The Gaussian amplitude A (k) in the superposition (7.15), produces a Gaussian function
whose variance o2 is roughly the inverse of the variance U,f in A(k). This is usually referred to as

the uncertainty relation of position and linear momentum Ax >~ 1/Ak

N_N\NN, AN_N\_N_N
VVV\é' VV V \V

0, 0

@;=lg;lei
-

V(x) te,=ltle 9 @,

0,=kx, 0,=kx, = 6,+6,

Fig. 7.4 The transit time through a potential region and its relation with the phases of the incoming
and transmitted wave functions

In terms of the reflection and transmission amplitudes, r; and 73, this relation reads

ase'?” o Yy =ty aje'?
(b3ei92)‘(—rb/tb 1/t bye=i0 ) (7.22)

If the incident particle comes only from the left, b3 = 0 and we have

bre™ k1 = rj gjel* (7.23)
ikx 1 ikx }"; —ikx
ae'™? = —a;e'"™ — —b,e L, (7.24)
I I

Combining these equations and taking into account that 1 — rpr; = #,t;, we obtain
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a;e’* = tpa;e* = |tb|ei9’aieikx1, (7.25)
which is a known result that we have used to obtain the transmission coefficient and
the transmitted wave function. In the last equation we have written the transmission
amplitude in terms of its absolute value |#;| and its phase ;. This allows us to observe

the following important relation between phases
kxy = kxy +6;, 0, =k(xy— x1). (7.26)
If we take the frequency derivative of the transmission phase 6;, we have

00, Ok 1
— = — (2 —x1) = —(x2 — x1). (7.27)
Ow Ow vy

If the elapsed time while the particle moves from x to x2 is (x2 — x1)/vg, the time
we are seeking, known as the phase time, is

98,

T = E (7.28)

This time has been evaluated for photon transmission problems and electromagnetic
pulses through optical media. The calculations describe correctly the experimental
results.* When the transmission is by quantum tunneling, the transit time is known
as the tunneling time.

7.2 Operators and Expectation Values

In contrast to classical mechanics where, given the forces, momenta and initial con-
ditions, it is possible to determine the time evolution of dynamical variables, in the
quantum theory the calculation of physical variables proceeds in a different way.
Even though the potential energy, and some times also the kinetic term,> specify
the classical and quantum system, in the quantum theory we seek primarily for the
solutions ¥ (r, t) of the Schrodinger equation

m_, )
(——V + V(r)) P, t) =ih—y(r, t), (7.29)
2m ot

while in classical physics we look for the equations of motion for the physical vari-
ables. The wave function contains all the available information about the physical
state of the system, and the dynamical operators, acting on the wave functions, suck

4 See for example P. Pereyra and H. Simanjuntak, Phys Rev. E 75, 056604 (2007).

5 For example for systems with central forces, systems in the presence of magnetic fields, systems
with more than one particle, etc.
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information about the physical variables. In the Schrodinger equation we have two
important operators: the Hamiltonian H=—hmv2 /2m+V (r) and i h0/0t. Both rep-
resent the energy. They are equal since H Y(r, 1) isequal to i hd/0t(r, t). Indeed, as
mentioned earlier, when the potential energy is independent of time, and we consider
the function

P, t) = p)T(), (7.30)

we have
( K2 2 ) 0
——V 4+ V(@) ) o) =Ep(); and ih—7(t) = ET(1). (7.31)
2m ot

In these equations the parameter E plays the role of the separation constant, but it is
also the physical quantity that comes out when the Hamiltonian, acts on ¢(r), and
comes out also when the operator i hd/0t acts on 7(¢).

If we now consider the kinetic energy term K = —h*v2 /2m, it is clear that the
operator that represents the linear momentum is

P =—ihV. (7.32)
We will see later other operators such as the angular momentum
L=rxp=—ihV. (7.33)

In short, the physical variables appear in the quantum physics formalism as
operators. The replacement of the physical variables by operators is one of the most
significant and formal characteristics of the quantum theory. We have already worked
out with some operators, in the following we will see what other properties they pos-
sess.

Atdifferent points of this text, especially in the interpretation of the wave function,
some contact was made with statistical concepts. In fact, as will be seen here, some
analogies exist between the quantum and the statistical mechanics. In statistical
physics, we deal with systems containing a large number of particles, and even though
each particle has a definite position and momentum, it is practically impossible to
describe the position and momentum for each of them. An individual description
becomes meaningless. As aconsequence, itis only the statistical description that turns
viable, in terms of collective variables. In this theory, the distribution of positions and
momenta, f(r, p), is essential to calculate average values of the physical variables
of interest. The average value of a physical variable A(r, p) is obtained as

A= / A(r, p) f(r, p)drdp. (7.34)
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In the quantum theory, which in some ways is also a statistical theory, the expectation
values® will be obtained using equivalent methods.

The evaluation of averages is something that happens frequently in our daily life.
We know that whenever a variable v, that can take any of a set of values {v;} is
measured N times, we find at the end that the output v; occurred N times, v,
N, times, and so on. With these results we not only define the relative frequencies
fj = Nj/N, that fulfill the relation ) j fj = 1, but also evaluate the average value

of v, as
VN Vi
v:z’ N2 ’f’, (1.35)
Zij ijj

where the sums extend over the whole set {v;} of possible values.

On the other hand, when we solve the Schrodinger equation (analytically or numer-
ically) and find that a set of eigenstates ¢, and eigenvalues E, are allowed for the
physical system, we have a similar situation. Let us do a simple exercise that will
shed light on the issue of the expectation values. Suppose that the set of eigenvalues
E,, and (normalized) eigenfunctions ¢, satisfy the equation

Hpu(r) = Epipn(r). (7.36)

The most general solution is the superposition

p(r) =D cjp;(r). (7.37)
j

The action of the Hamiltonian on this function produces the following equality

Ho(r) =ZCjEj</7j(l')- (7.38)

J

If we multiply this equation by ¢*(r) and integrate over the whole configuration
space, we have

/cp*(r)ﬁap(r)dr = > ciejEjlpile) = D cfeiE;jbi;. (7.39)
ij ij

The Kronecker delta §;; allows us to sum on one of the two indices. If we sum on
the index i, we get

/go*(r)ﬁcp(r)dr = Z lc;|2E;. (7.40)

J

6 We will use indistinctly the terms expected and expectation value.
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This relation provides the meaning of the integral on the left side. We will add one
more ingredient. In Chap.3 we saw that the coefficients |c; | of the superposition
give the weight of the state ¢ that participates in ¢(r). We have shown also that

Dlal*=1. (7.41)

Using this identity we can rewrite the Eq. (7.40) in the form

>, leiPE;
Ey=2=/"1 7/
(&) Z,- |Ci|2

The quotient at the center of this triple equation is a mean value; in this case the
mean value of the energy. Therefore, the integral on the right defines also the average
value of the energy. It contains the operator H that represents the energy, i.e.

= / ©*(r)Ho(r)dr. (7.42)

(E) = (H) = / *(r) Hp(r)dr. (7.43)

o~

This result can be generalized and we can say that the expected value (A) of the
physical variable A in the state ¢ is obtained as follows

(A) = / V*(r) Ay (r)dr. (7.44)

Here A is the operator that represents the physical variable A. If A, and ¢, fulfill
the eigenvalue equation A¢,=A,n, and Y(r)=>", ¢,y we have in general that

(A) =D leal*Ap. (7.45)

In the next section we will define Hermitian operators. We will introduce some
theorems concerning these operators and we will derive the Heisenberg inequality.
At the end of this chapter, in the illustrative problems section, we will discuss a
little more about the expectation values and the diagonalization method to obtain
numerically eigenvalues and eigenfunctions.

7.3 Hermiticity

Operators F whose expectation values are real, are particularly important. These are
the so-called Hermitian operators. An operator F is Hermitian if, for arbitrary ¢) and
¢, it satisfies the relation
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/ V*Fopdr = / o F**dr. (7.46)

We will show below that a Hermitian operator, in the sense of this definition, has
certainly real eigenvalues. We will also show that the matrix representation of a
Hermitian operator is a self-adjoint matrix, i.e.”

F'=F. (7.47)

1. The eigenvalues of a Hermitian operator are real. Suppose we have a Hermitian
operator F that satisfies the eigenvalue equation

Fion = fugn, (7.48)

with
/ O Pndt = O, (7.49)

and
F*o} = fron. (7.50)

We want to see what follows when F fulfills the relation

/goj‘;,l/?\@ndr:/apnl?*ap;dr. (7.51)

Using the eigenvalue Egs. (7.48) and (7.50), we have

/<pi;fnsondr = / P fm@mdr, (7.52)
that can be written as
TnOnm = fonOnm- (7.53)
Therefore
fn=rr (7.54)

The eigenvalues of an operator that fulfill Eq.(7.46), i.e. the eigenvalues of a
Hermitian operator, are real.

7 The superscript T represents the joint operations of transposition and complex conjugation 7*.
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2. The matrix representation of a Hermitian operator is self-adjoint. Suppose we
have a basis of functions ¢,, which are not eigenfunctions of F. Regardless

of this, if F is a Hermitian operator in the sense of (7.46), it must satisfy the
following relation

/ ¢¥ Fppdr = / oo F* ¢ dr. (7.55)

These integrals depend on the indices m and n and can be treated as matrix
elements. Thus, on the left hand side we have the matrix element

Fop = / ¢F Fdr, (7.56)

and on the right hand side also a matrix element that we can write as follows

/ onF" $pydr = ( / qb::fabmdr)* = (Fam)". (7.57)
If we replace these matrix elements in (7.55), we have
Fnn = (Fam)™, (7.58)
or simply
=(F* = (7.59)

A matrix that is equal to its transpose-conjugate, is a self-adjoint matrix.

7.3.1 Commutation Relations and Fundamental Theorems

The commutation relation of two operators may have important implications. Some
operators commute, others not. To express this property in a compact way, it is useful
to define the commutator of F and G as

[F,G]=FG - GF. (7.60)

This commutator tells us whether the operators F and G commute or not. Clearly,
if the operators commute, their commutator is zero, otherwise it is different from
zero. Let us give here some simple examples of commutators. To determine the
commutator of two operators, it is important to recognize that a commutator is also
an operator.
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1. X; and X; commute. In fact, their commutator is8
[56\,‘,56\]] =XiXj—XjXi = 0 (7.61)

2. pi and p; commute; their commutator is

(pi, Pj1=DiPj — PjDi
_ (22 29
8)6,' ax]' ax]' 8)6,'
=0. (7.62)

3. X; and p; do not commute; their commutator is

[%i, pil = xipi — Pixi

) 0 0
—lh(xla—)q— 1 _Xla_xl-)

=ih. (7.63)

Notice that in evaluating the commutators, the goal is to move the operator to
the right, for example p; in p;x; to the right of x;. The rule is to imagine that
on the right of p;x; we have a function f(x;), thus the operator p;, which is a
derivative operator, acts on the product of functions at its right based on the well
known rules for derivatives, as follows

0 . 0x; . 0
—zhaxlf(x,) = _lhaf(m) - lhxtaf(xl)

i i i

= —ihf(x;) +xipi f(xi) = [—ih+x;pilf(xi). (7.64)

Hence,
ﬁ,-xi =—ih+ )Cl']?i, (7.65)

which makes the result in (7.63) possible.
4. %; and p; commute when i # j; their commutator is

[Xi, pjl =xipj — Pjxi

0 0
=—ih\xig— — 5%
! ()C 8)6]' 8ij)

=0. (7.66)

8 The indices i, J, k can take the values 1, 2 and 3. The variables x; refer to the coordinates x, y
and z, such that: x; = x, xo = y and x3 = z. In the same way, p| = px, p» = py and p3 = p;.
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Theorem 1 If F and G are any two Hermitian operators, their product FG will be
Hermitian only if F and G commute.

Demonstration: Since F and G are Hermitian operators, we have
FF=F G'=0G. (7.67)
The product FG will be Hermitian if
(FG)' = FG. (7.68)
Since
(FG)' = G'F' = GF. (7.69)

The product (f G)T can not be equal to FG, unless the operators commute.

Theorem 2 If the operators F and G are Hermitian and do not commute, their
commutator is of the form

[F,G] =iC, (7.70)
with C Hermitian.
Demonstration: We know that

[F,G]=FG—-GF (7.71)

[F.G]' = (FG-GF)' =G'F' - F'G". (7.72)

|'=GF - FG=-[F.G]. (7.73)

This shows that the commutator is an anti-Hermitian operator. Hence the commutator
[F, G] can be written as the product i C with C a Hermitian operator. In that case

[F.G]" = (iC)" = —iC = —[F.G]. (7.74)
As a consequence, the commutator of two non-commuting Hermitian operators

is an anti-Hermitian operator. An anti-Hermitian operator can always be writ-
ten as a Hermitian operator multiplied by the imaginary number i. Therefore
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[F,G]=iC, (7.75)

with C Hermitian.

7.4 Deviation, Variance and Dispersion of a Physical Variable

Besides the expectation values, we need to introduce other concepts and relations
that are characteristic of the statistical theory. For example, the variance and the
standard deviation (or dispersion) of a physical quantity. We begin by introducing
the deviation operator

—

§5F = F — (F), (7.76)

which is nothing else than the operator F measured from its expected value. It is
clear that

(OF) = (F — (F)) = (F) — (F) = 0. (7.77)

A quantity closely related with §F , is the variance of F, denoted as var F oras AF 2.
The variance of F is defined as

varF = ((F — (F))?) = 0F). (7.78)

This positive-definite quantity, allows us to calculate another relevant statistical vari-
able: the standard deviation. This quantity tells us how far the actual values of the
statistical variable deviate from the mean value. The standard deviation or dispersion
AF is defined as

AF = ~varF. (7.79)

Notice that AF should not be confused with (577 ), which is zero. The standard
deviation of a physical quantity is also an important physical variable, useful to
analyze the dispersion of the physical quantities. Its counterpart in the experimental
physics is the uncertainty or measurement error. Unavoidable variations that should,
necessarily, be taken into account when experimental results are compared with
theoretical predictions. It is important to distinguish the standard deviation from the
expected value (§ F') of the deviation.

We will see now some theorems related to these statistical variables in the context
of quantum theory.
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Theorem 3 When a system is precisely in one of the eigenstates of an operator F,
the variance of F is zero.

Demonstration: Suppose that F on = Fyp,. When the system is in one of the
eigenstates, say in the eigenstate ¢, the expected value of F will be given by

(F) =/¢;f<p,,dx =F,. (7.80)
and F,, is the eigenvalue of F, corresponding to the eigenfunction ¢,. Similarly,
(F?) =/¢;Fﬁ¢ndx = Fn/ga;;fcp,,dx =F2. (7.81)

Substituting these expected values in the variance of F, we have
(AF)? = (F%*)—(F)»=F2?—-F?=0. (7.82)

This proves the theorem.

Theorem 4 [f a system is in an eigenstate of F, the dispersion of this variable or of
any other that commutes with F, is zero.

Demonstration: It has been shown that if the system is in an eigenstate of F, there
is no dispersion for F, i.e.

(AF)? =0. (7.83)
Let G be an operator that commutes with F. One can easily verify that if
Fou = faton, (7.84)
then
GFou= fuGpn. (7.85)

Since we assume that G commutes with F, the last equation can be written in the
form

F(Gon) = f(Gepp). (7.86)

This equation has the appearance of an eigenvalue equation where apn behaves like
the eigenfunction corresponding to the eigenvalue f,,, thus, the function Gy, can be
written as

Gn = ¢ pn. (7.87)
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This is an eigenvalue equation where the constant ¢ is nothing else than the eigenvalue
gn of G, with eigenfunction ¢, as stated in the theorem. Thus

FGyy = GFou = gn fuon, (7.88)

If we apply the previous theorem for G, it is also possible to conclude that the
dispersion of the operator G, that commutes and shares eigenfunctions with F, is
also zero, i.e.

(AG)? = 0. (7.89)

Corollary If a system is in an eigenstate of the Hamiltonian, the energy is a variable
without dispersion, and all variables whose operators commute with H are also
dispersionless variables.

7.5 Heisenberg’s Inequality

The Heisenberg inequality, also known as Heisenberg’s Uncertainty Principle, is a
relation for the dispersions of two physical variables, one the canonical conjugate of
the other, whose Hermitian operators do not commute. Let the operators fand gbe
with this feature, whose commutator is

(.3l =ih. (7.90)

If we define the operators 6 f = f — (f) and 6g = § — (3), it is easy to show that
their commutator satisfies also the relation

[0, 91 = ih. (7.91)
with 72 a Hermitian operator. So far we have seen that the commutator & of canonically
conjugated physical quantities, like X; and p}, is just the Planck constant /. Therefore,
in what follows, we will replace & by .

Itis easy to show that the product of a pair of operators 3? and 52] can be expressed
in the form

_— 1l o~ o~ 1~ o~
of 6g= 5[5f,5g]+5{5f, dg) (7.92)

where {a, b} is an anti-commutator defined as ab + ba. On the other hand, the
variances (0 f 2) and (692) satisfy the Schwartz inequality

0F)89%) = 1(6F Sg) ™. (7.93)



7.5 Heisenberg’s Inequality 173

Therefore

(0F)0g%) = ~ [0 F. dg] + 167 dghI™ (7.94)

Fe.

To obtain the Heisenberg inequality we need to simplify even more the previous
expression. One can show that the anti-commutator of two Hermitian operators is
also Hermitian. Suppose then that {§ f\, og))y = %. Since the expectation values of
Hermitian operators are real, Eq. (7.94) takes the form

—~ o~ 1 ~ 1 ~
(57°1609") = 1R+ RP = lik+ @) (795)
which obviously can be written as
) 1,
(0f)og") = Zh . (7.96)

This uncertainty is a relation of variances. If we extract the square root, we have the
uncertainty relation

AfAg > =, (7.97)

SN~

of standard deviations, or the uncertainty relation of dispersions Af and Ag. This
is popularly known as the Heisenberg’s Uncertainty Principle. This relation shows
that the product of dispersions of two variables, one the canonical conjugate of the
other, can not be less than /2/2. The physical interpretation of this inequality has been
controversial, diverse and a source of exotic ideas. The most widespread interpreta-
tion suggests the impossibility of determining simultaneously and accurately, with
zero dispersion, the values of two canonical conjugate variables, such as position and
momentum, energy and time, etc. Clearly, if the dispersion of one of the variables
is zero, the inequality suggests that the dispersion of its canonical conjugate will
be oo. This is an overstated interpretation. If we accept that the counterpart of the
theoretical dispersion could be the experimental error, the inequality leaves us a large
margin for an accurate determination of the canonical conjugate variables. Indeed, if
the error determining one variable, say the energy is as small as /A/2 ~ 107187, the
uncertainty relation says that the accuracy of determining its canonical conjugate,
in this case time, must be at least of the order of /7/2 ~ 10~!6s. Both quantities
are very, very small. Of course, if the experimental methods were so precise that the
dispersion of one variable tends to zero, its canonical conjugate will, according to
the uncertainty relation, have a dispersion that tends to co. With the accuracy of the
current experimental methods the dispersions product is orders of magnitude greater
than the lower limit //2 ~ 10734 Js.
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7.6 Time Evolution; The Schrodinger and Heisenberg Pictures

7.6.1 The Schrodinger Picture and the Unitary Time Evolution
Operator

Physical systems generally evolve in space and time. The solution of the time
dependent Schrodinger equation

ih%z/)(r, 1) = Hi(r, 1). (7.98)

is afunction of the spatial coordinates and time. When the Hamiltonian is independent
of time, the space and time evolution of the wave function is given by

b(r, 1) = e APy, 0). (7.99)

In this representation the wave function depends on time and the operators are inde-
pendent of time, except of course the time evolution operator e~ "H!/" that is part of
the wave function v (r, t)). This is called the Schrodinger picture. The time evolution
operator is an important quantity of this representation. We will derive this operator
based on the infinitesimal generators of a unitary transformation. If we write the

Schrddinger equation as

. ap(r, 01) —(r, 0) iH
lim S
0r—0 ot h

P(r, 0), (7.100)
the wave function ¢ (r, dt), for d¢ infinitesimal, can be written as
b, o0 = (1 - H2)u(r, 0). (7.101)

Which means that the Hamiltonian H is the generator of the infinitesimal time evo-
lution operator

. i Hot
U61) = (1 - ) (7.102)
Since
i Ho S
ooty O5t%) ~ e 1HO/R, (7.103)

the infinitesimal time evolution operator can be written also as
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U(5t) = e 1HOUN, (7.104)

Based on this operator, we can obtain the time evolution operator U (1) for any time ¢.
If t = limy_, 5 N1, the time evolution operator is then given by

~ ~ s N -
0= Jim U@ = Jim (e7A/MN) " = =R (7.105)
N—o00 N—o00
For a Hermitian Hamiltonian A = H, the time evolution operator has the property
Uity = 10 = T~ r) (7.106)
of any unitary operator. Because of this property, the evolution operator transforms
the wave function keeping its norm constant. This means that the probability density
evaluated with
Y(r,1) = T@)h(r, 0) = e H1/Pyr, 0) (7.107)
is the same as the probability density evaluated with v (r, 0). Indeed
(e, 7 = le™ Py, 0 = v, 0. (7.108)
When the potential function is independent of time, the differential equation is sep-

arable. In that case, and using the notation of Sect.7.2 with 7(0) = 1 and H p(r)
= E(r), the wave function v (r, ¢) can be written as

wir, 1) = e P O)p(r) = e EH Pp(r), (7.109)

a function that we met before, with ¢(r) the solution of the stationary Schrodinger
equation.

If we have a time dependent wave function, the expectation values will also,
in principle, evolve in time. To represent the expectation values in time-dependent
states, we will use when necessary the notation ( );. The expected value of a physical
quantity F, in the state ¥ (r, 1), is given by

(F)i = (b(x, | Flip(x, 1) = /111*(1‘, DEF(r, d’r. (7.110)

When the operator Fis independent of time, the time dependence of the expectation
value comes entirely from the wave function ¥ (r, ¢).
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7.6.2 Heisenberg’s Picture

An alternative and useful picture for time-dependent calculations is the Heisenberg
picture that transfers the time dependence from the wave functions to the operators.
If we consider the expected value in (7.110), and write it as

(F) = (p(r, 0) | AR Fe= /M (e 0) = (F(1))o. (7.111)

We can see this quantity from a different perspective: as the expected value of the
time dependent operator F (¢) in the time independent state (r, 0). This operator,
can also be obtained if we write the expected value in (7.110) as

g A

(F)i = (@, D|F [(x, 0) = (p(r, D|UTTFUT |¢(x, 1), (7.112)
where we have introduced the unit operator UU*. Since
(W, 0= (@, 0T and  T'|y(r, 1) = [3(r,0)), (7.113)
the expected value can also be written as
(F) = (W, 0)|U OFU0)h(x,0)) = (U () FU®))o, (7.114)
which is the expected value of the time dependent operator
Fi)=U" 0FU@). (7.115)

This leads us to the Heisenberg picture. In this representation, the expected value
( )o of a time dependent operator defined as

F() = o H1/hE it/ (7.116)

is evaluated in the state 1(r, 0), that remains fixed. Time dependent operators are
sometimes denoted in a more compact notation as Fi. Before discussing the behavior
of time dependent operators, let us consider the expected value (7.111) to derive a
relation that we will use later. When the potential is time independent and 7(0) = 1,
we can write the following equality (when we write ¢, we understand that we have
(r, t), when we write 1)y, it means 1 (r, 0) and ¢ for ¢ (r) independent of time)

WIF [¥) = (p|F@)]p). (7.117)

On the other hand, the time derivative of I*A“H, gives us
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dF() _ ieiﬁz/hﬁfe—iﬁt/h+eiﬁt/ha_Fe—iﬁt/h_ L it/ fj it /h
dt h ot h )
(7.118)

iH1/ commutes with H, the previous equation can be written also as

Since e

dﬁ(l) iﬁt/haﬁ idn Lo o
—=e —e + - |H, F(1)]. 7.119
dt ot h [ ®] ( )
This equation of motion is an important result. According to this equation, quantities
that have operators not explicitly dependent on time and commute with the Hamil-
tonian H, are constants of motion. Let us see if this is also valid for the expectation
values. If we consider the expected value in (7.110), its time derivative

d

d -~ d &~
2 \Fh = @ OIF[§(r. ) = ——(YIF ), (7.120)

can be written as follows:

d, .. _ 0wl OF ~01Y)
2= o F ) + (4 e V) + (W F o (7.121)
Using the time-dependent Schrodinger equation, we have
d OF i~
E(F)r = (QZ)IEIM + f—iWI [H. F] 4. (7.122)

This is the equation of motion of the expectation value of F. It is clear here that
the expected value (F'); is constant when F does not depend explicitly on time
and commutes with H. But, what happens if we have written the operator in the
Heisenberg picture? To close the frame and avoid confusion we will obtain this
equation of motion in the Heisenberg representation. If we use the expectation value
in (7.111), the time derivative can be written as

d

d ~
E<F>t = (o EFU) [1o), (7.123)

which, with the help of Eq.(7.119), takes the form

d ondF g ' PO
TAF) = ol MM T M) 4 — (ol [H. F @] o), (7.124)
or simply R
d oF i ~
TAF) = W) + ol [H. F ()] o). (7.125)

This equation is exactly like the equation of motion (7.122). Therefore, the equation
of motion of the expected value of a physical quantity F, that does not depend
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explicitly on time, can be written as

d i ~ -~
E<F)z = ﬁ(@I[H, F(®)lle), (7.126)
or just as
d i o~ o~
E<F>t = 7—1([1‘1, Fl);. (7.127)
Notice that we can also write
d - dF(t
WIF) = (012D, (7.128)

dt

Theorem 5 The Ehrenfest theorem. The equations of motion for the expectation
values (r); and (p); are similar to the classical equations of motion of r and p.

Demonstration: We will obtain here the equation of motion for x and p,. The
extension to 3D is straightforward. If we apply the equation of motion (7.126) to x,

we have
d

T = %wuﬁ,xw). (7.129)

In Sect. 7.3 we obtained the conmutators®
[x,-, pj] = ihé,-,,- i,j = 1,2, 3 (7.130)

which we will use to evaluate [ﬁ , x]. Since V (r) commutes with x, the commutator
takes the form

o [ ~2
[H, x] = %(pxx—xpx). (7.131)
If in the last expression, we subtract and add the operator x py x, it becomes

~ 1
[H,x]= '2 (ﬁx[ﬁm x] —[x, ﬁx]ﬁx)
m

h
= -5 (7.132)
m

If we replace this in (7.129), we have the equation of motion
m—(x); = (Px): (7.133)

which corresponds to the classical definition p, = m”gll—f.

9Wewrite)clz)c,...,)C3 =zand p; = px, ..., P3=P;-
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Let us now consider the equation of motion

d i PO
E(Px)t = ;LWI[H,px]Iv/f)- (7.134)

Here we need also to transform the commutator [H Dx]. If we write explicitly the
Hamiltonian and take into account that p> = p2 + ﬁ§ + p? commutes with py, we
have

[H, Pl = V()P — pxV(¥)

1%
= V()px +iha ® _ V (r) Py (7.135)
X
Therefore
d<A>—— ov = (Fy) (7.136)
dtpxt— 3)6[_ x> .

which corresponds to the second law of Newton.

7.7 Position and Momentum in the Momentum Representation

At the end of Chap.3, we briefly recalled the Fourier transformation as a specific
example to change from the coordinates to the momentum representation. In this
section we will see how the momentum and position operators are expressed in the
momentum representation.

Suppose that we have the basis {|x)}, in coordinate representation, and the basis
{|px)} in the momentum representation. To keep a light notation, we will use p
instead of py. Let us see now how the operators X and p look like in the space and
momentum representation. Since an operator is diagonal in its own representation,
we have

(x'|X1x) =x0(x"—x) and  (pIplp) = pd(p’ — p). (7.137)

The first of these equalities can be written as
(Fx) = x6(x" = x) = X/(X’Ip)(plﬂdp- (7.138)

If we recall that f |p){pldp = 1, the last equation can be written in the form
(& IX1x) = x(x|x), (7.139)

thus
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Fx) = x|x). (7.140)

|x) is the eigenfunction of X with eigenvalue x. In the same way

(P'|PIp) = pd(p' — p) = p/<p’|x><XIp)dx. (7.141)
We now use [ |x)(x|dx = 1, and we have

plp) = plp). (7.142)
|p) is the eigenfunction of p with eigenvalue p. To make clear how one operates
with this type of transformations, let us see how one obtains the operator p in the

coordinate representation. Using the matrix element (x’|p|x), and the unit operator,
we easily obtain the identity

(x| plx) =/dp/dp()c/lp’ﬂp/lﬂp)(pl)c)
=/dp/dp(x/lpl)(P/IPIPHPIX). (7.143)

If we take into account that p, in the last equation, is a scalar and can change its
position inside the integral, and we remember that 6(p’ — p) = (p’| p), the previous
equation becomes

('1plx) = [dp'dp(x'|p") pd(p’ — p)(plx). (7.144)
After integration on p’, we have

(x'|plx) =/dp(x/|p)p(pIX)~ (7.145)

In this integral we have the factor p(p|x) that can be written as follows

eipx/h b eipx/ﬁ

0
= = —ih— = —ih— . 7.146
p(plx) P g e 7 PIX) (7.146)

If we substitute this into (7.145), we have

0
1plx) = —ih / dp(x'|p){plx), (7.147)

that, finally, we write in the form

0
(' |plx) = (x']| (—iha—) |x). (7.148)
X



7.7 Position and Momentum in the Momentum Representation 181

This gives us the momentum operator that we know already. Let us see the operator
X in the momentum representation. Here also, we can start with the matrix element

(P'IX1p) =/dx’dx(p’lx’)(x’lﬂx)(x|p)
= [ ax'ax (o) i) el ). (7.149)
that using the identity (x’|x) = d(x” — x), transforms into
(P'IX1p) = /dx’dx(p’|x’)x6(x’ —x)(x|p)
=/dx<p’|x>x<x|p>. (7.150)

Now, it is the factor x (x| p) which we need to write as

e—ipx/h a e—lpx/h
x(x|p) =x— = =ih—(x|p). (7.151)
2rh 8p N Ip
If we substitute this into (7.150), we have
(P'Ix1p) —lh—/dx (p'1x) (x| p), (7.152)
which tells us that the position operator in the momentum representation is
0
X=ih—. (7.153)
dp
Therefore, the position operator T in the three-dimensional space is
T =1ihV), (7.154)

similar to the momentum operator in the coordinates space.

7.8 Solved Problems

Exercise 25 Let the set of functions {1, (r, 1)} be such that 1), (r, t) = e~ “"! ¢, (r),
and let f be a Hermitian operator. Prove that

df .Em_En

(om|—lpn) = 1—— (om| ()] n). (7.155)
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Solution To prove this equality we recall that the time derivative

d ~
E(¢m|f|1//n>a (7.156)
written in the form
d 2 d iwmt 7 —iwpt
E<wm|f|"/}n> = E(wmle mt fe”" ), (7.157)

can be written in the Heisenberg representation as

d =~ dft)
E(¢m|f|¢n> = (@m|7|<ﬁn>- (7.158)
Since R
df(t d ; -~ G
Zf ) _ Ee’(wm_“”)’f = i(wm — wy)e'“n! femient (7.159)
we have the relation we are looking for:
df ) En—E _
(pml = lpn) = i———(om| [ O] 2n). (7.160)

dt h

Exercise 26 Apply the result of the previous exercise to x and p, and show that

. Em - En 2
(omlXlpn) = — (T) {(em|x (@) |pn). (7.161)

Solution If we apply (7.160) to the operator x, we have

m

E,—E,
———(@m[x@)]gn). (7.162)

(‘Prn|)‘f|90n> =i h

while applied to the operator py, it gives

m

En — En ~
———(@m[Px®)|en). (7.163)

(Om|Pylon) =i W

With the last two equations, and with the equation of motion for (x),, we easily
obtain the relation

o Em - En 2
(OmlXlen) = — (T) (Omlx(@)|en). (7.164)

Since E,;, — E,, = hwy,p, the previous equations can be written also in terms of wy,,
as



7.8 Solved Problems 183

(Eml¥1pn) = —wa (Pm X (@) @n)- (7.165)

Exercise 27 How do we evaluate the energy eigenvalues and the corresponding
eigenfunctions when the Schrédinger equation H 1 (r) = E(r) cannot be solved
analytically?

Solution If the eigenvalues and eigenfunctions can not be obtained analytically, one
can proceed as follows. We consider first a complete set of orthonormal functions
{ i}, and use this basis to express the unknown solution v (r) as the superposition

Y(r) =D cigi(r), (7.166)

where the coefficients ¢; do not depend on r. The expectation value for the energy
in the quantum state v(r) can, formally, be written as

(E) =/w*H¢dr= Zc;cj/¢fﬁ¢jdr. (7.167)
ij

Since the functions ¢ ; are not eigenfunctions of H, we can not replace H pibyE;jd;.
The integrals [ @] H ¢ jdr are numbers with values that depend on the functions ¢;
and ¢ ;. Hence we can represent these integrals as the matrix elements

Hij = / ¢rHojdr. (7.168)

These numbers define the matrix representation H of the Hamiltonian H. The
specific matrix H depends on the basis {¢; }, but the eigenvalues that will be obtained
should be independent of the basis {¢; } that we have chosen. The matrix H pos-
sesses, generally, well defined properties and symmetries, related to the presence or
not of basic physical symmetries such as time reversibility, spin rotation, and flux
conservation. If we define the vector V, as

c
&)
Ve=1| . Vi=(cl 5., (7.169)
CN
we can express the expected energy in (7.167) as
(E) = cfcjHij = VIHV.. (7.170)
ij

Depending on the physical system and the symmetries present, the matrix that
diagonalize H might be unitary, orthogonal or symplectic. Let us suppose that a
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unitary matrix U diagonalizes H, i.e.

U'THU =¢. (7.171)
This diagonalization is an important operation, equivalent to deriving the energy
eigenvalues. The elements of ¢ are the eigenvalues and the columns of U the corre-
sponding eigenvectors. To visualize this statement let us observe with some detail

the previous equation. If we multiply it with matrix U we have (using the convention
of sums over repeated indices) that

HU =Ues —> HijUijUijEjj(Sjk. (7.172)
In the last equation, thanks to the Kronecker delta one can perform one of the sums.
It then reduces to

H;;Ujr = Ujjéeg. (7.173)

If we write this equation in the form

H\jUjy HijUj --- HijUjn Uner Upey --- Uinen
Hy;Uji HyjUjp --- HjUjn Uzier Uxpes -+ Uanen

. . . = . . _ (7.174)
Hy;jUj1 HnjUjz --- HyjUjn Unie1 Unoer -+ - UnNeEN

and, if we denote the kth column of U as U, it is easy to see that the last equation
leads precisely to

HU = Uy. (7.175)

This is nothing else than the eigenvalue equation, where Uy is the eigenvector ¢y
corresponding to the eigenvalue £, of H. We can then conclude that the eigenvec-
tors ¢y are the columns of the matrix U that diagonalizes H, and the elements of
the diagonalized matrix are the eigenvalues ¢i. This procedure requires numerical
methods, and is widely used to solve Schrodinger’s equations that, as said before,
are not treatable analytically. In fact, this is what happens more frequently in physics
and research activities.

Exercise 28 What is the expectation value of the energy in a system like the one
considered in the previous exercise?

In the previous exercise, we have seen that in the absence of analytical solutions
one can solve the eigenvalue equation with the help of a complete basis of functions
©n, that is used to construct the matrix representation of the Hamiltonian, which is
then diagonalized. The expected value of the energy was expressed in the form

(E) = Zc;f‘c,-Hij =VIHV,, (7.176)
ij
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If U diagonalizes the matrix H, one can write the expected value as
(Ey=ViuU"HUU' v, =ViUeU"V.,. (7.177)

This equation makes it clear that the matrix U, simultaneously, transforms the vector
V. into

w,=Uv.=| " |. (7.178)
an

In terms of these coefficients and the eigenvalues ¢, the expected value in (7.176)
becomes

(E) =D lal’ex. (7.179)
k

This expression is similar to that in (7.45), for the expected value of the energy.
For time independent Hamiltonians, we can write the time dependent wave function

P(x,t) as

Y1) =D are M (x). (7.180)
k

If we evaluate the expected value of the energy in the time dependent state (x, )
we have

(E) = atare©=0M g | H gy, (7.181)
jk

Since (¢j|ﬁ|¢k) = €0k, we also have

(E) =D | e (7.182)
k

7.9 Problems

1. Use the transmission amplitude of the rectangular barrier

1
t= , (7.183)

2 2
coshgb +i

sinh gb
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to obtain the tunneling time as a function of the electron energy, when the barrier
height and width are V,, = 0.3eV and b = 20 nm, respectively.

. Deduce the wave function in (7.18).
. Use the wave packet of Eq.(7.18) and show that, as time moves on, the wave

packet gets dispersed, i.e. it becomes broaden. Show graphically this phenom-
enon.

. Show that if fand ¢ are two non-commuting Hermitian operators, the anti-

commutator { f, §} = fg + ﬁfﬁ Hermitian.

. Show thatif [ £, g] = ih, also [4 £, dg] = ih.
. Show the identity

[fg, 7] = F (3, hl+1f.a1h. (7.184)
Using this identity and the commutator [X;, p;], show that

[N, h] = il (7.185)

. The virial theorem. Use Eq. (7.121) and show that

%(ﬁ =2T) — <fd—v> (7.186)

where 7 is the operator of the kinetic energy, such that H =T + V. Show that
in the stationary case

UT) = <x—> (7.187)

This relation defines the virial theorem.

. Using the virial theorem show that for stationary states

(T) = (V). (7.188)

. Suppose that at t = 0 we have the Gaussian package

o(x) = (x|g) = Ae™* 12 (7.189)

Obtain:

a. the normalization constant A, and the expectation values (|x|), (x2));
b. show that (|p+|) = 0, (|p3) = h?/2a’;
c. obtain the standard deviations Ax and Ap,. Obtain the product Ax Ap,.

—~ =2
Suppose we have a free particle H = f—m, that at time ¢ = 0 is represented by

the Gaussian packet (x|p) = Ae=*"/24* Show that at time 7
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a. the wave packet is given by

(X)) = (x| / dpe PR ) (plo),

_ (x| / / dpdx'e™ P2 ) (Y (K g): (7.190)

b. replacing the functions (x| p), {p|x’) and the function (x’|), determine the
wave packet at time 7.

11. Show that

d*x (1) 5
<wm|7|wn) = —(Wm — wn) (EmXx @) pn). (7.191)

12. Show that § fog = 1 [37, 6g] + 1 {67 dg}.



Chapter 8
Harmonic Oscillator

8.1 Introduction

The harmonic oscillator is one of the most invoked physical systems in the formu-
lation of simple, but illustrative models of real systems, which otherwise require a
more involved formalism. The harmonic oscillator has been used, for example, to
model atoms in the blackbody walls and atomic vibrations in crystalline systems.

If one has a potential function V (r) as, for example, the potential shown in Fig. 8.1,
and one is interested only in the lowest energy levels, it is possible to approximate
the potential, around the minima, by parabolic functions, as shown in the figure. In
general, when the potential V (r) has a complicated structure, the simplest and widely
used approximation is the so-called harmonic approximation.

It is known from functional analysis that an analytic function V (x) about a point
X0, can be developed as the Taylor power series

1 1
Vi(x) = V(xo) + FV/(XO)(X — xo) + EVN(XO)(X —x0) + ... 8.1)

If V(x) is the potential, with a minimum at xo, the harmonic approximation in the
vicinity of the minimum is:

1
V) = V(xo) + 5V (o) (x - x0)%. (8.2)

Since the physical description remains the same if one adds or subtracts a constant
to V(x), for example the constant V (xgp), the potential function in the harmonic
approximation is written just as

Vix) ~ %V”(xo)xz. (8.3)

P. Pereyra, Fundamentals of Quantum Physics, Undergraduate Lecture Notes in Physics, 189
DOI: 10.1007/978-3-642-29378-8_8, © Springer-Verlag Berlin Heidelberg 2012
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Fig. 8.1 Parabolic approx-
imations in the potential Vi(r)
minima

e

The coefficient V" (x() contains very important physical information. The oscillation
frequency w is related with the curvature of the parabola. From now on we will write
the harmonic potential in the form

V(x) = %mwzxz. (8.4)

8.2 The Linear Harmonic Oscillator

The stationary Schrodinger equation of the harmonic oscillator, that will be solved
in this section, is

p(x) = Ep(x). (8.5)

The harmonic potential is a confining potential and our goal is to obtain the
energy eigenvalues and the corresponding eigenfunctions. Before solving this prob-
lem we will simplify the notation. A convenient and widely used representation is the
dimensionless one. This representation is easily achieved with the change of variable

x = apé, (8.6)

where ¢ is a dimensionless variable. The coefficient g has to be of unit length. With
this change of variable the Schrodinger equation takes the form

ode 1
- W@ + Emwza(%gch = E(p. (8.7)
0

If we divide by the coefficient of the first term, we obtain
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d*o  mPadw? E2ma}
- o= —>"L0. (8.8)
de¢ h h

The first term is, obviously, dimensionless, all of the terms are also dimensionless.
It is customary to choose « such that

mZatw? h
h—gzl, = agzm, (8.9)

With this choice, the Schrodinger equation takes the form

L NP Pl (8.10)

To obtain the solution of this equation we will proceed as follows. We will first
explore the equation and its solutions in the limit [£] tending to co. Knowing the
asymptotic solutions we will, in a second step, propose a solution for (8.10) that will,
finally, lead us to a well known and soluble equation.

When & — =00, itis clear that 2E /hw < &2, thus, we can approximate (8.10) by

— 2 4 200 =0. (8.11)
To obtain (p, we propose the function
Poo(6) = e, (8.12)
and replace it in (8.11). So we have
(2a6)? % 4 2a 6% — 208 = 0. (8.13)

In the asymptotic regions (¢ — =£00), the second term of this equation becomes
negligible. We are then left with

(2a6)2 %€ — ¢2 98 = 0, (8.14)

that is fulfilled when 1

Taking into account the finiteness requirement of ¢(¢) that excludes a = 1/2, we
end up with the asymptotic solution

Poo(€) = Be 1€ (8.16)
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Since the harmonic oscillator solution ¢ must coincide, in the asymptotic region,
with the exponential behavior of ¢, one can start with the trial function

0(©) = e €U, (8.17)

with u(§) a polynomial, to ensure the finiteness of the harmonic oscillator solution
as £ tends to oo. If we define the dimensionless energy

(8.18)

and replace the trial function ©(§) = Yoo (§)u(€) in the differential Eq.(8.10), we
have

d’u 2c Du=0 8.19
Fr fd—§+(€— Ju=0. (8.19)

To solve this equation, it is common to propose the power series
o0
u(@ = a;¢, (8.20)
j=0
that is then substituted in (8.19). This leaves us with

2.4 =Dj&2 =2 a;Qj+1-e¢ =0. (8:21)

j=2 j=0

We use this equation to determine the coefficients a;. The normal procedure is to
redefine the summation index j in order to factor £/. In fact, if we change j by j + 2,
in the first sum, and factor, we have the combination

D lajnG+DG+2) —a;2j+1-9]¢ =0, (8.22)
Jj=0

that is fulfilled only if the coefficients of £/ vanish. This implies the recurrence
relation )
2j+1—¢

aj—— j=0,1,2,..., (8.23)
TENTED)

ajy2 =

that leads to two sets of coefficients a; those with odd indices, expressed in terms of
the coefficient ag, and those with even indices, expressed in terms of a;. Therefore,
the general solution has the form



8.2 The Linear Harmonic Oscillator 193

u(€)=ao(1+ 12_!5524_(1_531(!5—6) ¢
+...+(1_€)'(;1-fg)'!"1—6) §n+2+m)
+a1(§+3;€§3+wgs
() (n/(inz/;r 1—¢) f"urz—i—...) 24

In each set of terms of the right hand side of this equation we write the general
expression of the n +1 and the n'+1 terms. In the first seriesniseven (n = 0, 2,4, .. .)
and in the second one n’ is odd (n’ = 1, 3, 5, ...). If the factors (2n + 1 — ¢) and
(2n’ + 1 — £) do not vanish, the series will have an infinite number of terms and will
diverge as £ — oo. Some lines above, we mentioned the finiteness requirement for
, and also that it should be a polynomial function in order to keep the exponential
behavior of (p, in the asymptotic region. For u (&) to become a polynomial, we need,
first, that either (2n + 1 — €) or (2n’ + 1 — ¢) vanish. If (2n + 1 — ¢) vanishes, the
first series will terminate and become a polynomial, but not the second, in which
case we have to choose a; = 0. If, on the other hand, (2n’ + 1 — ¢) is the factor that
vanishes, the second series terminates and we have to choose ag = 0. Therefore, the
power series in (8.24) become a polynomial when

2E
e=2n+1, which is equivalent to T =2n+1, (8.25)
for n odd or even. Thus, for each n odd or even there is an energy
1 ,
E, = hw n—l—z , with n=0,1,2,3,..., (8.26)

and the polynomials

n
un(§) = D ag;&/s when n=0,24,..., (8.27)
j=0,2,4
and .
un(§) = > a¢/s when n=1.3.5 .., (8.28)
j=13,5

with coefficients ag; = ag,
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V(x) Vix)
2.0 2.0
ho \ E, / 0,
15 st/
ho 1)
1.0 E, 10 :
s £/
ho
\ 05} g, / ? 05

Fig. 8.2 Eigenvalues and eigenfunctions of the harmonic oscillator

. —D(n—4) ... 4—j 2
w0y = ap_2yi? MDY A d= 2]

J!
(8.29)

and a;; = ay,

, (=D —=3)n—=5) ... n+4—Hn+2—))
I
i=3,517,..., (8.30)

aij = a (=2)V~"

respectively. The polynomials u, (&) in (8.27) and (8.28), normalized with a weight
function e’gz, are essentially the Hermite polynomials H, (£). Consequently, the
harmonic oscillator eigenfunctions are (remember that £ = x /a9 = x/mw/h)

on(x) = Cpe ™ /2hpy (\/mw/h x) . (8.31)

The normalization constant can be found and is given by

1 mw\ /4
o=\ 3 (ﬁ) . (8.32)

In Fig.8.2 we show the harmonic potential mw?x?/2, with several eigenvalues E,,
and their eigenfunctions ¢,. As for the infinite potential well, we have an infinite
sequence of energy levels. The ground state corresponds to n = 0, the first excited
state to n = 1 and so on. The eigenfunctions decrease exponentially for large |x]|,
and their parity corresponds with that of the quantum index . One of the interesting
features of the harmonic oscillator, perhaps the most interesting one, is the constant
spacing of its energy levels. The difference between any two neighboring levels is
hw.

The Hermite polynomials, that are part of the eigenfunctions of the harmonic
oscillator, are solutions of the differential equation
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H' — 2¢H! + 2nH, = 0. (8.33)

This equation is easily obtained by combining Egs.(8.19) and (8.25). Two useful
relations that the Hermite polynomials fulfill are:

H,’l(x) =2nH,_1(x); (8.34)
and the three term recurrence relation!
Hy 1 (x) = 2x Hy (x) — 2nHy—1(x). (8.35)

The student can deduce this recurrence relation by combining the differential
Eqgs.(8.33) and (8.34). Let us now introduce a small digression that will be use-
ful for other applications.

8.3 Rising and Lowering Operators

The harmonic oscillator is a system with interesting properties like the already-
mentioned constant spacing of its energy levels. This property makes the harmonic
oscillator especially suitable for various theoretical developments. In particular, it
allows one to define the rising and lowering operators (also known as creation and
annihilation operators). With these operators, it is possible to represent the oscillator
problem in a compact and very elegant mathematical notation and also to introduce an
abstract notation, which becomes useful in applications or extensions of the quantum
theory to other topics, especially to field theory. Though these applications are beyond
the scope of this book, this is a good opportunity to introduce the rising and lowering

operators.
If we consider the differential operators
~ 1 0
b=— —), 8.36
76+ 5) (8.36)
1 0
b= —(6 - 8.37
(-5 (8.37)
one can easily verify that
~ ] o
= —(e2-1- 2
b= 5(¢* -1 852), (8.38)
PO g
bht = 5(5 +1_a_g2)' (8.39)

! Frequently orthogonal polynomials fulfill a three-term recurrence relation.
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Combining properly these operators we can have others. For example, the commu-
tator

[51.5] =050 = -1, (8.40)
and the anticommutator

{E",E} —0'b+b (8.41)

The latter is exactly the dimensionless Hamiltonian in (8.10). This means that the
Schrddinger equation of the harmonic oscillator can be written as

hw

=[50 +50" |0 = B, (8.42)

or, better still, in the form
~ 1
hw (ﬁb + 5) (&) = Ep(§). (8.43)

Moreover, with the help of relations (8.33-8.35), for Hermite polynomials, it is
possible to show that

be 2 H, =2ne ¢ H,_ (8.44)
_1g2 1 _i1p
ble 2 H, = ¢ X Hyyt. (8.45)
Therefore
Z’\(pn = \/ﬁ ¥Pn—1 (8.46)
b on =V + 1 gy (8.47)

In these equations, the operators b' and b behave, certainly, as rising and lowering
operators in the space of the oscillator eigenfunctions. With the previous equations,
it is easy to see that

"b oy =n py, (8.48)
on = +1) . (8.49)

The operator bt b with eigenvalue n is also known as the number operator.
In (8.41), the Hamiltonian of the harmonic oscillator

—~ _ l
H:hw(ﬁbJrE), (8.50)
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contains the number operator. Knowing that b'h Yn = Ny, itis easy to verify that
the eigenvalues of the harmonic oscillator are in fact

E, = hw (n~|—%) (8.51)

8.4 Dipole Transitions and the Spontaneous Emission

The harmonic oscillator eigenfunctions have been used as an auxiliary basis in the
solution of different types of quantum problems. In Chap. 7 we saw that using a basis
of eigenfunctions, one can calculate matrix elements Hy, , = (m/| H |n) and build up
the matrix representation of H. We have seen that once the matrix H is built, one
has to search for a matrix U, such that UTHU = ¢ is diagonal. In that case, the
matrix columns U are the eigenfunctions ¢y of H and the matrix elements €k the
corresponding eigenvalues. If we have a time independent Hamiltonian, and we use
these eigenfunctions, the most general solution can be written either as

Y1) = D are” g (x) = W v, (8.52)
k

with WaT = (ay, az, ...), v a diagonal matrix with elements e—iect/l and ¢ a vector

which components are the eigenfunctions ¢y, or using the harmonic oscillator basis
as

P(x) =D cne 0, () = V] g, (8.53)

with VI = WI'UT, u a diagonal matrix with elements e~ and ¢ = U*¢. Thus,
if we are interested in the expected value of a time independent operator O, in the
quantum state i (x, t), we have to evaluate

(WONW) = D atare' =g ;10]¢r). (8.54)

jk
or, alternatively, the expression

WIOW) = > cheae“n= ! (0,,10) ). (8.55)

m,n

A simple and useful physical quantity is the electric dipole moment ed. If we align
the vector d along the x axis, we have just ex. We will evaluate the matrix elements of
this operator using the harmonic oscillator basis {¢, (x)}. We will then calculate the
spontaneous transition probabilities and the average lifetime of the excited oscillator
states.
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8.4.1 Selection Rules for Electric Dipole Transitions

Let us suppose that we are dealing with some quantum system with Hamiltonian H
and also that the corresponding Schrodinger equation is solved using the harmonic
oscillator basis. We mentioned already that in this case we start writing the unknown
solution as the superposition

YO, 1) =D cntha(x, 1), (8.56)

with ¥, (x, 1) = e iEnt/ hgon (x), the eigenfunctions of a harmonic oscillator. As
explained in chapter 7 and lines above, the coefficients ¢, are fixed once we diago-
nalize the Hamiltonian matrix. We can then evaluate the expected value of ex using
the eigenstates of H or using the basis of the harmonic oscillator eigenfunctions. In
the last case we have

(Wlex|p) =D chene’ ™ (ol x|pn). (8.57)

m,n

The matrix elements on the right hand side of this equation, will be denoted, indis-
tinctly, as
X = (m|x[n) = (©m|x|Pn). (8.58)

To evaluate these matrix elements we use the properties of the Hermite polynomials.
If we write the integrand in the form

_le2
Xm.n :/gpfnxgandx = a%Cm/e 2 Hy € ppdE. (8.59)
and use the recurrence equation

1
§H, =nHy—1 + EHH-Fls (8.60)

we have

m
Xm,n = aoCpy C

m—1

/90:1—1%dx + /tpm+1<pndx] (8.61)

2Cerl

This equation shows that the matrix elements are zero except for n = m — 1 and
n = m + 1. This means that:
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mC,, [n+1
Cp_y 'm— 1,n 2 m n+1
e

X = {m|x|n) = (8.62)
Cny
2 Cm m+1 n n—1-
The only matrix elements x,, , different from zero are those for which
m=n=x1. (8.63)

These are the selection rules of the electric dipole moment in the harmonic oscillator
basis. Since the matrix elements (@, |x|p,) involve two eigenstates. It is clear that
the electric dipole induces transitions between those states of the basis, between |¢;,)
and (y,, |. The actual system may eventually pass from one eigenstate of the system
to another. These are not the transitions we are talking about. The matrix elements
Xmn = (@mlx|pn) imply transitions in the space of the harmonic oscillator basis.
The expected dipole moment (1)|e x|1)) is a superposition of these transitions. Each
transition (@, |x|¢n) is accompanied by a photon emission or a photon absorption
with frequency wy,, = w, — wy,;, = (m — n)w. Notice that due to the selection rule
wmn = Fw. The expected value (@, |x|p,) Will then be written as

n+1 eiwt
\/ _2 m,n+1,

(omlxlen) = (8.64)

n .
—iwt
s m,n—1-

One can easily verify that the matrix that represents the operator X in the harmonic
oscillator basis is self-adjoint with zeros everywhere except in the diagonals that are
first neighbors of the main diagonal.

Taking into account the expected values (@, |x|@,) and the selection rules, one
can finally write the expected value in (8.57) as

1 ;
(Wlex|v) = NG Ze (CZHCH Vn+1e +ci_jcn/n eﬂ““”) , (8.65)
n
which can also be written as
(lex|v) = e Z\/g e [cz,lcne"”] , (8.66)
n

or in the form
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(hle x|p) = e Z\/g [9e [c}_jcnlcoswt — Im [c;_jcqlsinwe].  (8.67)
n

According to this expression, the expected value of ex, and of course of x, oscillates
with the characteristic frequency of the harmonic oscillator, and with an amplitude
that depends also on the coefficients ¢, of the expansion of |¢) in the harmonic
oscillator basis. Recall that these coefficients depend on the Hamiltonian H.

8.4.2 Lifetime of Excited States

In Chap. 1 we used the Einstein absorption and emission model to derive the Planck
distribution. For that purpose, the absorption B)', emission B, and spontaneous
emission A, probabilities were introduced, for transitions between the energy levels
E, and E,,. Rigorous calculations of these coefficients can be done, without much
difficulty, in the quantum field theory. We present here some intermediate results
that may give an idea of the way in which the absorption and emission probabilities
can be calculated. In the relativistic quantum field theory, the interaction of light and
matter is described by the exchange of photons. The photonic fields are described by
using vectors like

|¢)=|n/\],n,\2,...,n)\j,...), (8.68)

where n ), represents the number of photons in the propagating mode” \; = k; and
the electromagnetic field energy with the Hamiltonian

1
H="> hw, (ﬂm + 5) : (8.69)
A

where Zi; and @, are the rising and lowering operators. In this case, we call them
creation and annihilation operators. These operators acting on the states |¢) have the
same effects as the rising and lowering operators on the oscillator eigenfunctions, i.e.

Zl\)\j|¢>=M|n)\l,n,\2,...,n/\j—l,...), (8.70)
’(?)\jkb): ny, +1iny,ny,...onx +1,..0). (8.71)

We recall that when the number operator Zl\j-\a\ ), multiplied by Aw), acts on the state
|n)) with occupation number ), the result is again the state |n)) times the energy
nyhwy.

To describe the electron-field system it is common to consider the Hamiltonian

2 k; refers to the wave vector and ~ to the polarization.
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_ 1 1 _
H:ZEp§+V(r1,r2,. rN)+Zhw,\(/\a)\+2)+H1. (8.72)
J

where H, 7 1s the interaction Hamiltonian, between the charge carriers and the elec-
tromagnetic field, usually expressed in the form

2

-~ e e

H; = Z 520 A + o ZA(rj)z, (8.73)
J J

with A the potential vector that can be written as

A@.1) = ZZeM |— [ﬁ,\e’kr—l-aT ik ] (8.74)

k =1

Here ey, are unit vectors of the polarizations. The transition probability from the
initial state |i) = [v;)|®) to the final state | /') = |1))|¢) corresponds to an emission
process if E¢ < E;. In this case we have to evaluate the expression

2,2
(a) f dr=e
Wfl A m2hV

ny+1 _ik.
> LA [(rlexe™™ T - pjlehi)]* (wsi —wy). (8.75)
A

This can be evaluated within the dipole approximation, when the wave number k =
27 /X of the radiation field is very small® and the exponential exp(ik -r) ~ 1+ik-r
is almost one. After a more or less straightforward calculation that can be found in
specialized texts,* the above expression reduces to

W — 4f = 4w’

i o lerirlenl?, (8.76)

which, in the one-dimensional approximation, withn; =ny + 1, 1is

@ _ 4e%3 n;
fi7 3ped 27

(8.77)

This result tells us that the probability for the spontaneous emission per unit time is
greater at higher energy levels. The inverse of the emission probability is the mean
lifetime 7; in the state [1);), i.€

3 This corresponds to radiation-field wavelengths much larger than the system size.

4 See for example the excellent book by Yehuda B. Band, Light and Matter, John Wiley & Sons,
West Sussex, England, 2006.
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Fig. 8.3 The mean lifetime 5]
of an electron, in the excited

states of the harmonic po- 3
tential, as a function of the

excitation level n
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which, as can be seen in Fig. 8.3, drops very rapidly as the excitation level increases.

8.5 Solved Problems

Exercise 29 To evaluate the eigenvalues E, and plot the eigenfunctions ¢, of the
harmonic oscillator in Fig. 8.2, we consider a particle with mass equal to that of
the electron moving with a frequency w = 10" s~!. Determine the energies in eV
and the classical turning points in A, for the first four energy levels. What is the
energy-levels spacing?

Solution The classical turning points are those where the kinetic energy becomes

zero, therefore

1
E, = 5kxf. (8.79)

If we use the oscillator energy as a function of n, the coordinate x, of the turning

points will be given by
2hw 1

Since k = mw?, the last equation takes the form

2h 1
xr==x/—(n+=). (8.81)
mw 2
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In the following table we have the energy and turning points for the first four values
of n

n E, [eV] xr [A]

0 0.329106 + 3.40249
1 0.987318 + 5.89329
2 1.64553 + 7.60821
3 2.30374 + 9.00215

The student can verify these numbers and prove that they correspond to the ener-
gies and turning points in Fig. 8.2. Beyond the turning points the eigenfunctions fall
exponentially.

The spacing between energy levels is

hw = 0.65821 [eV] (8.82)
Exercise 30 Show that: i) the expectation values (x) and (p, ), in the harmonic oscil-

lator state ¢, vanish; ii) the variances of x and p, satisfy the Heisenberg inequality.
Solution We shall start evaluating the expectation values

(x) = {nlxln) = / () x on (X)dx (8.83)
L L0
(2) = (n[Baln) = —ih / G0 5 on (). (8.84)

To evaluate these integrals we will use some relations like

H, (&) = 2nH,_1(8),

1
an(g) =nH, 1§+ EHn+l(£)7

as well as the orthonormality condition

(n|n) =/90:/(€) ©n(§)dE = Opp. (8.85)

We have seen, in Sect. 8.4, that the only matrix elements (n’|x|n) different from zero
are those with n’ = n £ 1, therefore

(n]x|n) = 0. (8.86)

To obtain the expected value (n|px|n) it is convenient to express the integrand as
follows

0
(nlBxln) = —ihC, / GO e e P HOE (8.87)
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The operator 0/0¢ acting on the exponential function, multiplied by the Hermite
polynomial, leaves us with

(n|pxln) = —ihC, / 0H(©) e €1 (—¢Hy (€) + HL(©)) dE. (8.88)

With the help of the Hermite polynomial relations, and their relation with the eigen-
functions ¢,, we have

(n|pxln) = —ihCn/go;(g) (n@n—l(ﬁ) _ 90n+1(§))d£' (8.89)
Cn—1 2Cp41
This certainly gives us the suggested result
(n|Pxln) 'h(”c”u PRy +1>) 0 (8.90)
n|pxln) = —i nln —1) — nin =0. .
P G 2Cai

To obtain the variances we need to evaluate the expected values of x? and of ﬁxz We
start with

(%) = (2} = o / GE(E) € pu()de. 8.91)

where we have used the relationx = €. Taking into account the recurrence relations
of H, (), this equation transforms into

() = a3Co / e
1 1
x (n(n — DH,-2©) + (n+ 3) Hi©) + ZHM(@) dé. (8.92)

In this integral we can use the orthonormality of the eigenfunctions ¢, (x). It is clear
that only the third term remains, giving us

|
2y _ 2 1
(x?) = o} (n n 2). (8.93)
Therefore, the variance of x is:
1
(A0 = (%) = (1) = a(n + E)' (8.94)

We shall now calculate the expected value of 5 2. In this case we have
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B2 = 012 = [ 60 B2 gad
12 0? 2

—__ 2.2

= / PO 5 e PO (8.95)
Using the Hermite polynomials relations and after a little algebra, it can be shown
that

82 _52/2 _62/2 1 1

a3 ¢ THi§) =e nn = DHy (&) = \n+ 5 ) Ha(§) + 7 Hpi2(8) |-

02 2
(8.96)
If we substitute in the Eq.(8.95), it becomes clear that only the term proportional to
H,, contributes to the integral. We then have

) Ly (8.97)
=—\\n+-), .
Px a% B
and the variance is
(Apx)" =(py) —(px) == \n+5)- (8.98)
ag 2

With these results we have the equation

2
(A0)*(AP)* = 12 (n + —) , (8.99)

that obviously satisfies the Heisenberg inequality

2
(Ax)2(APy)? = %. (8.100)

Equation (8.99) shows that the state of minimum dispersion is the ground state.

Exercise 31 Show that the coefficients ag; and a1 ; in Egs. (8.27) and (8.28) are given
by the relations

o n(n—2)(n—4) ... (n+4—j)(n+2—j)
j!

-2 (n—1)(n=3)(n=5) ... (n+4—j)(n+2—j)

J!

ap; = ap (=2)7/ i=2,4,6,..., (8.101)

ayj = ar(=2)¢

i=3.5.7,...
(8.102)

Write explicitly the polynomials u,(£) for n even and odd, until the fourth term.
Determine the polynomials u( (&), 11 (§),...and u4(&). Compare them with the corre-
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sponding Hermite polynomials and check that H,(£) = f, u,(£), where f;, is only
a numerical factor.
Solution If in the recurrence relation (8.23) we change j + 2 by j and instead of €
we use €,, we have

2j—3—¢y

aj=a; L2 234, (8.103)
N N by

the even-index coefficients are of the form

1—e,)5—¢y) ... 2] —T—¢e,)2j —3—
a0j=ao( en)(5 —en) (2j en) (2] €n) i=2.4.6. .

j!
(8.104)

whereas those with odd-index are

B-enT—-en) ... 2] =T-e)@2j=3—-¢e0) .
a1j=a1 j‘ _]=3,5,7,...
(8.105)
Now recall that the condition to terminate the infinite series is €, = 2n + 1, with n
even or odd. If we replace €, by 2n + 1 for example, in the even-indices relation, we
have

(=2n)(4 —2n) ... (2j =8 —2m)(2j —4—2n)

' j=12,4,6,...
]

(8.106)
Here it is possible to factor —2 in the j/2 factors of the numerator. In this way we
obtain

apj = ag

wojmay (—ayp "D @A pEt2=)

J!
(8.107)

Similarly we get the expression for ay ;.
The polynomial u, (£) for n even, where the first four terms are explicitly written
is then

un(€) = aoo + ané? + aps&* + ape® + . ..

2 22nn—2 22 nn—2)(n—4
R )

(8.108)

The polynomial u,, (&) for n odd, is
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un(€) = ané +ané + a5 +ané’ + ...

2(n — 1 2*(n— D(n -3
=a (5_ (n3! )§3+ - 5?(’1 )55
3 _ _ —
~2(n 1)(n7' 3)(n 5)§7+.._). (8.109)

If we give values to n and set the coefficients ap = a; = 1, we have the functions
up(&),...,us(&) shown below:

up(§) = 1; Hyp(§) = 1;

ui(§) =¢&; Hy(§) = 2¢&;

uz(§) = —(2¢* — 1); Hy() =48 —2;

uz(§) = —(46 — 6¢)/3%; H3(§) =8¢ — 12¢;

ug(§) = (86" —24¢ + 6)/3!; Hy(§) = 16£* — 486> 4 12.

It is clear that u, (¢) and H,,(£) differ only by a numerical factor, and in some cases
also by a global sign.

8.6 Problems

N

. Show that the solution to the Schrodinger equation in the asymptotic region is

given by (8.16).

. Check the expressions in Egs.(8.38) and (8.39) and show that the harmonic

oscillator Hamiltonian can be expressed as

—~ - 1
H=hw (ﬁb+§). (8.110)

. Verity Egs. (8.44-8.47).
. Determine the recurrence relation of the Hermite polynomials.
. Prove that the normalization constant of the harmonic oscillator eigenfunctions

is precisely the one given in (8.32).

. Show that the Schrédinger equation

d*p 5 2FE
- — = —, 8.111
g2 + & ¥ ( )
can be written as
Bb'b+1p=—¢. (8.112)
hw

. Prove that [Z, l,ﬁ] =1.
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The expected value of the energy of an oscillator is

(E) =/go*(x) [iﬁz + 1mw2f2] p()dx = ——(p?) + smw?(T2).
2m 2

2m 2
(8.113)
Using the definition of the variance
varF = ((F — (F))?) = (0F)*) = (AF)?, (8.114)

for the operators p'y x and the Heisenberg inequality (Ap)>(Ax)? > %hz, show
that whenever (X) = 0 and { p) = 0, the minimum energy (E ) is hw/2

. Prove that between the time dependent matrices u and v, defined in (8.52) and

(8.53), we have the following relation
v=U"uU, (8.115)

with U the same matrix that diagonalizes the Hamiltonian H in the basis {¢;,}.
Consider a particle in a harmonic potential. Plot the probability density |, (x)|?
for n =5, 10 and 15 and compare these quantities with the classical probability

density defined as
dx

2
px)dx = Tow) (8.116)
where T is the classical period and v (x) the classical velocity. Discuss the relation
of these results with the correspondence principle.
Figure 8.3 shows an electron half-life time (lifetime) 7, in the excited states of the
harmonic oscillator, as a function of the excitation level n. When the excitation
level is too large, the average lifetime approaches zero, i.e.:

ifn—ne =00 = 7, — 0.
Show that if an electron is in an energy level E,_ (with ny, — 00), then it will

take an infinite time to come, by spontaneous decay, to the ground state. Show
that this time is proportional to the harmonic series, i.e., show that:

SUCHY CUD VIR VIS VS U R (8.117)
T = —F7% - - — e oo ! .
2e2w3 2 3 4 Moo



Chapter 9
Angular Momentum and Central Potentials

9.1 Introduction

Rotation is a fundamental motion in the real world. Thus an important and an
appropriate number of physical variables have been introduced to study this type
of motion, both in the classical and the quantum description. The relevant physical
quantity is the angular momentum. In the quantum description, the angular momen-
tum is defined exactly as in the classical physics, but with the momentum written as
an operator, i.e. as the product

L=Txp=—ihrxV. ©.1)

In this chapter we will study some properties of the operator L. We will derive the
angular-momentum conservation law in the absence of external torques. We will
see also that, when particles move in the presence of central potentials, the product
I?=L-L plays a fundamental role. Finally, having in mind the Hydrogen atom
problem, that we will study in the next chapter, we will solve the angular-momentum
eigenvalue problem.

9.2 Angular Momentum and Their Commutation Relations

The vectors r and V can be expressed in the coordinates system that suits best or
facilitates more the mathematical treatment, usually it is chosen in accord with the
physical system symmetries. In the cartesian coordinates system we have

L=_L,i+L,j+Lk, 9.2)
where
L ih 0 0 L i 0 0 (9.3)
=—i ——z=—); =—ihlz——x— .
* Y 0z Ay Y Ox 0z
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~ . 0 0
L,=—ih (xa - ya—x) . 9.4)

and

In compact notation, the previous expressions are written in the form (with summa-
tions over repeated indices)

- 0
Li=—ihGjexjz - with xi=x, x=y ad x3=z (95

The symbol ¢; i is called the Levi-Civita tensor which is equal to 1if i jk is an even
permutation of 123, —1 if it is an odd permutation and O if any index is repeated.
The most common realization of a rotating motion in the microscopic world is
the motion of bounded electrons around the atomic nuclei. The symmetries of the
potential suggests that the spherical coordinates are appropriate for studying this class
of systems. Before discussing the commutation properties of L and its components,
let us see how these operators look like in the spherical coordinates system. We know

that o 10 )
—u and V—u w2 6
r=ru o an Yo T 50 T sing 06 ©6)

Therefore

L ihru, x (u 0 +u 19 +u I 9
= —ihruy r o ~an b A~
or b 00 “rsin® 8¢

. 1 0 0
=ih (ugm% — u(«)%) . (97)

The angular momentum operator L depends only on the angular variables ¢ and 6.
For this reason, L commutes with any function of r and 0/0r. We will return to this
point below. Given the relations

u, = isinfcos¢ + jsinfsin¢p + kcosd
ug =icosfcos¢+ jcosfsing — ksinf (9.8)
u, = —isin¢ + jcos ¢

one can easily check that the L . component, defined as the scalar product of L with
k (where K is a unit vector along the z axis), takes the simple form

- d
L. —lha—¢ (9.9)

We have seen earlier that the nature of the eigenvalues and the possibility of common
eigenfunctions with other operators depend on the commutation relations. This is a
particularly important issue in central potential problems. We will present now some
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commutation relations among the angular momentum components f,- and also with
the position operators x; and with the linear momentum operators p;.

9.2.1 Commutation Relations Between ii and 55]-

We will explicitly calculate a couple of commutators. It is important to recall that
in order to determine a commutator correctly, one proceeds as if on the right side
of the commutator one has a function, the function on which the commutator would
eventually operate. In our first example, this precaution will not have effect because
the operators that we have there commute, but in the second example it will be
important to take into account this rule. Let us begin with the commutator [ZX, x1,
which we develop as follows:

~ o o~ e~ . 0 0 : 0 0
[Lx,x]zLxx—xsz—zh y——z— ) x+ihx {y— —z—
z y 0z dy
0 0 0 0
=0—ih — —z— | +ih — -z
e (yaz Zay) e (yaz Z@y)
=0. (9.10)
From this relation we conclude that the operators Z,- commute with the operators X;

of the same index. Let us see now a slightly different case: the commutator [Zx, 31,
ie:

[L:.5] =Ly 5L, = —ih 9 DY yyiny (22
xs V| = LxY — YLhx = yaz Dy y y yaz By
0 0 0 0
—ihs—ih o _Jd h g g
thz —1 y(y8Z Zf)y)+l y(yaZ Z@y)
=ihz 9.11)

The operators L; do not commute with the operators X; when the indices i and j are
different. Similarly we obtain:

[L:.Z] = —ihy. (9.12)
In the compact notation used before, these commutation relations are summarized

in the form
[L,',?C\j] = iﬁeijk’x\k. (9.13)
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9.2.2 Commutation Relations Between L; and P

Let us now calculate the commutator of the angular momentum components L;
with the linear momentum components p;. These results will be useful to calculate
more complex commutators. We start with operators having the same subindex; for
example with the commutator

~ ~ ~ B) o\ o B) B) B
L)CsAx ZLXAX_AxLx = —hz —_— —z— | — hz_ .
R (yaz Zay) ox " ax (yaz Zay)
o? 9> ) 92
= _j2 _ 72 R
* (y 9z0x Zﬁyax) - (y 9x0z Z@xay)
=0 (9.14)

The operators Z,- and p; commute when i = j, but when i # j, the commutator is
different from zero. Let us consider for example the commutator

~ - ~ o 09\ 0 o (o 0
L. py]| = LDy — PyLy = 1y =2+ ) — + 1 — [y — 25
[Ls. Py] v — Py (yaz Zay) 5 7 5y (y(9Z zay)

2 ) P2
— 2 A I _
(y 920y Z8y2) Tt (y 9y0z Zayz)

=ihp, (9.15)

Similarly, we have R
[Ly.P:] = —ihDy. (9.16)

In compact notation the commutation relations of angular momentum and linear
momentum components are summarized in the general expression

[Li, p;] = iheijk Pr. 9.17)
The similarity between these commutation relations and those obtained in (9.13) are

remarkable. Similar relations will be derived below for the commutation relations of
angular momentum components.

9.2.3 Commutation Between the L j Components

We will explicitly calculate one of the three possible commutation relations between
the L ; components. Let the commutator



9.2 Angular Momentum and Their Commutation Relations 213
[Lx’ Ly] =LyLy—LyLy

Y A Y A Y
- Yo: "oy ) Cox "oz ¥
)

52 ¢ LR .
— —YX= — X — x
Yeo0x ~ 7 82 T ¢ Byax T P oyer )

1
|
>t
[’}
/N
<
o))
=

In the last two equations, we have explicitly developed the first term szy. The
reader should notice that the goal is to move the differential operators to the right
side. If one does the same with the second term Ly L, we end up with

. B d
L., L,|=-r|y——x—
[ X Y] h (yax xay)
=ihL,. (9.19)

We have also commutators like

-~

[Li,L,] =LiLy —LiL, =0. (9.20)
These commutation relations can be expressed in compact form as
[Li,L;] = iheiji L. (9.21)

Given the commutation relations one can establish some important physical con-
sequences. We have seen that whenever two Hermitian operators commute, they
are dispersionless (and simultaneously well-defined) variables, and in addition they
share the same eigenfunctions. We have seen also that when two variables, say fand
g, do not commute, the product of their average dispersions is greater than or equal
to the expected value of their commutator ﬁ, ie.,

[(h)%. (9.22)

Bl

(A (Ag)* >

If we apply this property to the angular momentum components L;, we have

PN
(AL)*(ALj)? > 7 Lk )2 (9.23)

This means that it is not possible to determine simultaneously, without dispersion,
all three components of L, unless (L) = 0 and AL = 0. These results will be taken
into account some lines below.
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9.2.4 The Operator L2 and Its Commutation with L j

It turns out that an important quantity, besides the angular momentum components
L;, is the operator

o~

L?’=L-L. (9.24)

We will see later that the angular part of the kinetic energy, in central potentials, is
described precisely by this operator. Other interesting features of this operator come
from its commutation relations with the angular momentum components Zi. At the
end of this chapter we will show explicitly the commutation relations

o~ o~

[L2.L,] = [L* L,] = [L*L.] =o0. (9.25)

If we only pay attention to these commutation relations, we can conclude that, for a
well defined angular momentum, each of its components should also be a well defined
quantity, i.e., a physical variable without dispersion. But this contradicts the results
at the end of the last section, which show that the angular momentum components
Z,- do not commute among themselves, hence they can not be, simultaneously, well
defined quantities. We mentioned lines above that at least two components should
have dispersion and satisfy the Heisenberg inequality. The convention is then to
choose Ly, Zy for the angular momentum components with dispersion and leave Zz
as the well-defined quantity. Therefore

h  ~
AL:ALy, > > [(L;)]|. (9.26)
Since ZZ commutes with L2, EZ shares eigenfunctions with L. We come to this
issue now.
9.3 Eigenvalues and Eigenfunctions of L, and L>

If we use the operator L in the spherical coordinates representation and take into
account that

Jug du, 0
a0 — " 20 ~
%—l:; = cos fuy, %—l:;b = —icos¢ — jsin ¢, 9.27)

we can verify, after some algebra, that L2 reduces to
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_ ) ) 1o
L= W — = (sin6— —_— 28
(sine a0 (Sm ae) T 7o a¢2) ’ ©:28)

which coincides with the angular part of the Laplacian V? (see Eq. (9.88)). We will
see that dealing with particles moving in central force, the Schrodinger equation is
separable and, even more, the angular part of the kinetic energy operator coincides
with L2,

At this point, once the commutation relations made clear the relevance of the
angular momentum operators ZZ and L2, we will move to the explicit calculation of
the eigenvalues and eigenfunctions of ZZ and L2.

If we write

L, o(¢) = hm; o(9), (9.29)

and
L2 (0, ¢) = 12 X (0, ¢) (9.30)

our goal is to obtain the eigenvalues 7im and 1>\ and the eigenfunctions ¢(¢) and

¥(0, ¢).

Let us start with the Eq. (9.30). If we propose the factorization

VO, ¢) = OO)P (), 9.31)

we obtain the following two equations (the choice of separation constant m? will be
understood two lines below)

()

o — 1,2
952 m-® (o) (9.32)
1 o0 (. 0 m?

The last equation is known as the associated Legendre differential equation. We will
begin solving the first of these equations. It is easy to verify that the exponential
function ¢? is a solution and, changing m by m, it is also the solution of (9.29).
This means that

D) = p(9) = "< (9.34)
For this solution to be unique, it is necessary that
D () = (¢ + 2m). (9.35)
This condition is satisfied if

M2 — 1, therefore m, =0, £1,42, ... (9.36)
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This shows that the eigenvalues and eigenfunctions of ZZ are m_h and /=% with
m; = 0, £1, £2,... The quantum number m is known as the magnetic quantum
number. This happens because the quantum number m2, arises naturally when charged
particles move in a central field and in the presence of a magnetic field, whose
direction defines the z axis and the magnetic moment orientation.

Let us now return to the Legendre differential equation. If we introduce the change
of variable

& =cosb, (9.37)
and rename the function @ (0) as
P(§) =06(0), (9.38)
Eq. (9.33) transforms into
d 2 dP©]  m? _
%[(1—5 ) A€ ]— 1_§2P(§)+/\P(£)—0- (9.39)

In order to solve this equation, we will start with the particular case m, = 0. In this
case the differential equation is simply

0

_ - 0 —
i T ] +APY(E) = 0. (9.40)

This is the Legendre differential equation. This equation has non-divergent solutions
at ¢ = 1 and remains invariant under the transformation ¢ — —&. Thus, we seek
for well defined parity solutions, i.e. solutions that are even or odd in the variable
&. To obtain these solutions, let us use the Frobenius method based on the series
expansion

o
0 k
PY©) =D agh. (941
k=0
After substitution of this function into the differential equation, and performing the
standard changes in the summation indices, we obtain the recurrence relation

k(k+1) — X

k+ Dk +2)™ 04

ak4+2 =
It is clear from this recurrence relation that the series terminates at k = [ when
A=I1{+1), (9.43)

being / a nonnegative integer. The solutions are then the Legendre polynomials. It is
not difficult to show that the first four Legendre polynomials are
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PY©) =1, PY(©) =¢,
1 1
P& = 5(352 —1), PY© = 5(54‘3 - 3¢). (9.44)

Another representation of the Legendre polynomials is

!

2 ) .
21_1!d_gl(5_1)’ with  1=0,1,2,3,.. (9.45)

Pl =

The integer [ is known as the orbital quantum number of the angular momentum or
simply the orbital quantum number. Given the solutions of the Legendre equation
for m, = 0, it is easy to verify that the functions

m p0
P& =(1- 52)’”/2%, with 0<m<I, (9.46)
satisfy the differential equation
d 2 dle (5) m2 m m _
%[(1—5) dE ]— 1_§2P1 O +Id+DP"(E) =0, (9.47)

which is exactly the associated Legendre equation (9.40) that we wanted to solve.
The solutions P;"(§) of this equation are the associated Legendre polynomials of
order m and degree /.

It is important to notice that solving the eigenvalues for Zz and L2, two quantum
numbers, m, and [, come out naturally, making evident that the rotational motion and
the associated physical variables are quantized. The quantum number / can take any
natural number! 0, 1, 2, 3, .. ., while m; any of the set of integers 0, =1, £2, ..., £[.
Therefore, the possible values for ZZ, as shown in Fig.9.1, are 0, A, £2h, ..., xlh
while those of L2 are / (I+1)h?, with the values of / just mentioned. The corresponding
eigenfunctions are:

W(h, ) = ™ P (cos ), with |m;| <1=0,1,2,3,... (9.48)

If these functions are normalized we have the spherical harmonics

20+ 11—
e, 6 = [T
4 1+ |my|

(—1)"ze ™= P (cos 0), (9.49)

with [m;| <[ = 0,1,2,3,.... The spherical harmonics form a complete set of
orthonormal functions, i.e.

! We will see in the next chapter that the orbital quantum number ! will, actually, be limited by the
quantum number n that defines the energy level.
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Fig. 9.1 The orientations z
of the angular momentum L
are such that the length of
its projection L, along the z
axis is a multiple of x. The
vector L precedes around
the z axis with well defined
projection L

2T

/ / Y (0, $)Y]" (0, ¢) sin 0d0dd = 61,/ Spy (9.50)
0 0

with .
" (0, ¢) = (=D)"Y; "0, ¢). (9.51)

It is common to call these states according to their orbital quantum number. Those
with / = 0, are called s states (for sharp), those with [ = 1, p states (for principal),
with [ = 2, d states (for diffusive), with [ = 3, f states (for fundamental) and, for
I =4,5,.. one has the g, h, i, ... states, in alphabetical order. As can be seen from
Fig.9.2, where we draw the polar surfaces” of the spherical harmonics s, p and d, for
all possible values of m_, the angular distribution of the probability density function
has specific symmetries and varies greatly from one quantum state to another. The
first few spherical harmonics are:

1
g0, ¢) = T
[3
YIO(H, ¢) = gcosﬂ,
3 .
YN0, 6) = 7,/ Eei“fS sinf, (9.52)

Y0, ¢) = ,/%(3 cos? 6 — 1),

2 In the polar graphs the radius in the direction (6, ¢) is proportional to |Ylm" 0, ¢)|.
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l:o l=1

m;=2

mz=1

mz=0

mz=-1

Y/"(0.9)

B =2

Fig. 9.2 Polar graphics of the spherical harmonics Y;" (6, ¢) as functions of ¢ and ¢, for different
values of / and m

15 ..
v, ¢) = ;,/geiw sin 6§ cos 0,

[15 ..
Y20, 0) =F Eeﬂﬂws,inza. (9.53)

It is worth noticing that under a coordinate inversion through the origin, €, ¢ — 7 —
0, ¢+, "™ is multiplied by (—1)™, and P,"*(cos #) by (—1)!*™. Thus ¥,”" (¢, ¢)
is multiplied by (—1)! and has the parity of /. To conclude this section, we recall
that based on the commutation relations we were left with two relevant angular
momentum operators, L? and ZZ. Their eigenvalues and eigenfunctions satisfy the
following equations

L% = hm.e™®,  with m,=0,%1,+2..., £, (9.54)
and
L2 (0, ) = B+ DY (0, ¢), with 1=0,1,2,3,...  (9.55

In the compact Dirac notation, the spherical harmonics are represented by the quan-
tum numbers / and m,, hence one generally uses for these functions the ket

1, mz) =Y, ). (9.56)
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9.4 Matrix Representations of the Angular Momentum

In this section, we will obtain matrix representations for the operators 12, ZZ, L, and
Zy. In previous chapters we saw that the matrix representation of the Hamiltonian
is diagonal when we use the Hamiltonian eigenfunctions basis, the same will occur
with the representations of L?and Zz if we use the spherical harmonics. The problem
is slightly more complicated with the representations of the operators Ly and Zy,
which, as shown before, do not commute with ZZ, and as a consequence their matrix

representations are not diagonal in the spherical harmonics basis.

9.4.1 Matrix Representations of L*and L z

The matrix representations of L?and ZZ, in their eigenfunctions basis, can be written
directly. If we denote the eigenfunctions of L? and Zz as |Im), the matrix elements
are

(ImL\LHIm,) = B+ 1) S . 9.57)

and R
(lm;|Lz|lmz) = hm; O m, - (9.58)

These equations clearly show that the matrix representations of L% and ZZ are diag-
onal and of dimension (2/ + 1) x (2/ + 1). In fact, for a given [, the matrices that

represent them3 are
10...0 I 0 ...0
01...0 0/—1...0
L? =111 +1) , , and L, =h , . (9.59)
00...1 0 0 ...—I

9.4.2 Matrix Representations of L x and iy

If we define rising and lowering operators Z+ and L_, like b' and b for the harmonic
oscillator, we can use L4 and L_ to move throughout the spherical harmonics space.
It is easy to show, and we will do that in this section, that the complex combinations

o~

Li=L.+iL, and L_ =1L, —iL, (9.60)

3 To arrange the matrix elements (L;),,/ ,, in the matrix representation of an operator L;, we follow
the convention to label the columns with the values of m, decreasing from left to right, and the
arrows with those of m’, decreasing from up to down.
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act like rising and lowering operators. We will verify this feature and obtain some
properties that will be used to determine the representations of L,, L, that can be

written as .
(Ly +L_) and L= oA (L —L). (9.61)
i

1

L=

Before obtaining the matrix representations we will derive a couple of important
relations.
9.4.2.1 Some properties of i_,_ and L_

Using the commutators [Z,-, L j] =ihejk Zk, one can easily show that Z+ and L_
satisfy the following relations

[L+.L.] = +hL-, (9.62)
[L+,L_]=2hL,, (9.63)

and, by simple substitution, they fulfill also the following equations

L_Ly=1L*-1%+hL, (9.64)
and R R R R
LiL_=L*-1%?-hL,. (9.65)

We will see now that the operators ZJF and L_, acting on the eigenfunctions |/m ) of
L? and ZZ, behave as rising and lowering operators. From the commutation relation
(9.62) we have R R R

L.Lillm;) — Ly Llim;) = hL|im), (9.66)

which becomes o R
L. Li|lm;)=h(m;+ 1)Ly|lm;). (9.67)

This equation shows that Z+|lmz) is an eigenfunction of Zz with eigenvalue
h(m; 4 1). This tells us that, indeed, the action of L on |lm;) leaves a function
proportional to |/, m; 4 1). i.e. that

Lillm:) =1y o,

[, m; +1). (9.68)

+

ot 1m.s WE have the

Replacing this function for ZJF |lm;) in (9.67) and dividing by [
well known relation

Zzll,mz—i—l) = h(m; + DI, m; 4+ 1). (9.69)



222 9 Angular Momentum and Central Potentials
Similarly, one can show that
L_|lm;) = ln;—l,mz”’ m; — 1). (9.70)

The operators Z+ and L_ are rising and lowering operators in the Hilbert space of the
eigenfunctions of L . Although we know that the factors lm o, andl,, m, should
have units of angular momentum, they are still unknown. We will now determine
these factors. It is worth mentioning that all properties that we are obtaining here
for the angular momentum L and its components Ll, are valid for other angular
momentum operators, like the spin S and the total angular momentum J=S+ L,
that we will find later. The commutation relations and properties we are pointing
out for L can be written also for S and J, with the corresponding change of L by S
orby J.

To determine the factors /" - let us consider the Eq. (9.65) and multiply

m+1,m> 'm—1,m
it to the right by |/m) and to the left by (Im.|; we thus have the matrix elements

(Im |\ LyL_|lm;) = (m |L*|lm;) — (Im | L2|Im.) + (Im KL |lm;),  (9.71)
which transforms into

mg,m;—1"my

b et = P10+ 1) = e, = 1) . ©.72)

On the right side we have a real number, and since Z+ = L*,onecan easily conclude
that
— *k
l;rt Jmy—1 7 (lmz—l,mz) . (9.73)

Thus, we have, on one side that
i P = P20+ 1) = me(mz = 1)), (9.74)
and, on the other

[

mz—l,mz|

=110+ 1) —my(m; — 1)). (9.75)

These relations, with a change of m, by m; + 1 in the first case, can be written as
follows:

|l;z+1’mz| = hJ/I( + 1) — (m, + Dym., (9.76)
1. ) = BVIA+ 1) = (my = Dm. (9.77)
With these results, and choosing the phases et of l+ _, and lm “Lm, in the

. Iy -
Condon-Shortley convention, where ¢/’ = 1, it is easy to Verlfy that
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Ly lim.) = h/( +m. + DI —m2) |l,m. + 1), (9.78)

and

L_lim) =hJA+m)(d —m, +1) I, m, — 1). (9.79)

9.4.2.2 The Matrix Representations of L x and L y
If we multiply (9.78) on the left with the bra (/ m; |, we have the matrix elements

(Lmem, = (Iml|Lyllmz) =L} (Aml|lm; + 1)

=15y Ottt (9.80)

that, using the convention to arrange the matrix elements mentioned before, leads us
to write, for a given value of /, the matrix representation of L as

04, 0 ...0 0
0 0 Ly, ,...0 0
L= : (9.81)
+
0 0 0 ..o,
0 0 0 ...0 0

In the same way, we have the matrix elements

(L)mym, = (M| L_|lmz) =1, (m’|l,m.—1)
=]

i 1.mOmlm —1- (9.82)

In (9.83) we expressed the operators Zx and Zy in terms of the rising and low-
ering operators. The matrix representations L, and L, are obtained from similar
combinations of the matrix representations L and L_. Therefore, given

1 1

Zx = 5 (A+ + Z,) and Zy = Z(L+ — L,), (983)
we find the matrices
1
(Lx)m’z,mz = E(LJr + L*)m’z,mZ
1/ _
=3 (zmﬂvmam;,mﬁl + lm_l,mam;,mz_l) , (9.84)

and
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1
(L, = 57 Lt = Ly,

1
+ -
o (zmﬂ,m(sm,z el — lm_l,mém;,mz_l) . (9.85)
Both matrices have nonzero elements only in the diagonals that are the first neighbors
of the main diagonal. Using these expressions, the reader can verify that the matrix
representations Ly and L, for/ =1, are

p [0 V2 0 A —iv2 0
Lx=§ V2 0 V2| and Ly=5 iv2 0 —iv2]. (9.86)
0 V20 0 iv2 0

9.5 Central Potentials

Among the interactions that particles experience, the central potentials represent an
important and very special class of interaction. If two particles, with position vectors
r; and r; interact through a central force, the potential energy depends only on the
distance r = |rp — rp|. The gravitational and electric interactions are examples of
central potentials. In some systems as the Hydrogen atom, the electron-proton inter-
action is central. A non-central interaction is, for example, the interaction between
a charge and a uniform external field. In Hydrogenic metals the interaction between
the peripheral electron* (the valence electron) with the nucleus and the remaining
(core) electrons, is described, approximately, by an effective potential with spherical
symmetry. In these cases, as in the Hydrogen atom, the Schrodinger equation has the

form
2

Iz
— ﬁvzgo(r) + V() = E o(r). (9.87)

To deal with this family of systems in this approximation, it is desirable to use the
spherical coordinates system where the differential operator V? is

10 d 10 9 1o
V= ——(r2= ———— |sinfd— — - 9.88
r2 or (r Br) + r2sinf 00 (sm 80) + r2 sin? § O¢? ©8%)
The first term of the right hand side describes the kinematics in the radial direction

and the last two terms describe the angular motion. In the previous section, we have
seen that the operator L2, expressed in the spherical coordinates, is

PR 1 9 d 1 92
I’=L-L=-1(——(sino—= — ). .8
(sine 90 (Sm 69>+sin296¢2) ©-89)

4 In general by peripheral electrons, we have in mind electrons in the upper occupied energy level.
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Therefore, the Schrodinger equation for a central potential can be written as

2 T2
( h 18(28)+ L +V®)ﬂn&@=5@“a@' (9.90)

“oamr2or " or 2mr?

Our purpose is to obtain the complete solution (r, 6, ¢) of this problem for specific
potentials V (r). We will make a progress in this chapter discussing the solution of
the angular part. In Sect.9.3, we found already the eigenvalues and eigenfunctions
of 2. We will use them, to define the angular part of the central potential solution.
In the next chapter, devoted to study the hydrogen atom, we will discuss the radial
part of ©(r, 0, ¢).

The role that the angular momentum L plays in a central potential problem is now
clear. The operator L2 in the Hamiltonian, contains all the information of the angular
motion in the central potential problem. Although this term L2 /2mr? originates from
the kinetic energy, it is known as the centrifugal potential.

From a mathematical point of view, the differential equation in (9.90) is separable.
If we propose a solution like

@(r, 0, ¢) = R(r)y(0, ¢) 9.91)

and replace it in (9.90), we obtain the following equations

L0, ¢) = B2A(0, ¢), (9.92)
1d d h2\
(‘ﬂr—z; (d—) T o T V(f)) R =ERC). 09

with A2\ the separation constant. We know already the first equation, it is exactly
the Eq. (9.30) whose eigenvalues are

WA =RI1+1) (9.94)

and whose eigenfunctions are the spherical harmonics

. 2A+11—|m -
PO, 9) =Y, 70, ¢) = Wﬁ(—l)mée m4¢’PI “(cos ). (9.95)
Z

This result confirms that L2 and the Hamiltonian with a central potential share eigen-
functions. Since the angular part is already solved, what remains open is the differ-
ential equation

1d(,d R+ 1) _
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that we will refer to as the radial part of the central-potential Schrodinger equation.
In the next chapter we will discuss this problem with V (r) the Coulomb potential.

9.6 Solved Problems

Exercise 32 Show that the angular momentum L commutes with the central potential
Hamiltonian.

Solution To show that the angular momentum operator L commutes with a central
potential Hamiltonian, we have two alternatives. In the first and easier, we need
just to observe the Hamiltonian in (9.90) and since L commutes with itself and
commutes also with functions of r and 9/0r, it commutes with the Hamiltonian.
Another alternative is through the explicit evaluation of the commutator

~ 1~ -
[L H] = -[L, P+ L. vn]. 9.97)

Since

o~

PP=P-P=D;+D, +P: (9.98)
and
[L.52] = Lpipi — pibiL = Lpipi — piLlpi + Bilpi — BipiL
= [L, 5:]pi + i [L, 1], (9.99)
it is easy to conclude, using the commutation relations obtained before, that

[L,5%] =o. (9.100)

We have still to determine the commutator [f, V(r)]. For this purpose we develop
the commutator as follows

[i, V(r)] = —ihr x [VV(r)] —ihr x V(r)V +ihV(r)r x V. (9.101)
If we use the well known relation F = —VV (r), where F is the external force, we
are left with

[L, V()] = ilir x F = ihM. (9.102)

Here M is the torque. Thus R
[L, H] = ihM. (9.103)

In central potentials F is parallel to r, hence the torque is zero and the angular
momentum L. commutes with the central potential Hamiltonian.



9.6 Solved Problems 227

Exercise 33 Show that R
[L?, L] =0. (9.104)

Solution We write this commutator explicitly as

[L2. L)+ [L3. L]+ [L2 L] =0. (9.105)
Since 2)2( obviously, commutes with Zx, the first commutator is zero. We still need
to show that

[L2. L] +[L2. L] =0. (9.106)

We will evaluate these commutators separately. We start evaluating the commutator
[ig, L x]. If we develop this quantity as

+LyLL,—L,L? (9.107)
L

[L2,L:] = —ik(LyL. + L.Ly). (9.108)

X
] L. (9.109)
Replacing the commutator [sz fx] by i th, we obtain
[Zg’ Zx] = ih(zzzy + 7:yzz), (9.110)

which is exactly the negative of the commutator [/L?, Zx] Therefore, if we substitute
these results in (9.106), we have what we wanted to prove, that

[2, L] =0 (9.111)

Exercise 34 Suppose we have a central potential system with angular momentum L
that does not depend explicitly on time. Show that in this case the angular momentum
is a constant of motion.

Solution Taking into account the general relation (7.119), applied to the angular
momentum, we have


http://dx.doi.org/10.1007/978-3-642-29378-8_7
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dL 9L

—=—+|L, H|. 9.112

dt ot [ | ( )
If the angular momentum does not depend explicitly on time, the first term on the
right hand side is zero. If in addition we use that [L, H | = 0, we end up with

ar 0 (9.113)
e '

Therefore, the angular momentum is a conserved quantity. In central potential sys-
tems, the external torque is zero and the angular momentum L is a constant of motion.

9.7 Problems

1. Suppose a free particle in the state ¢ = ¢/*T with r = x/X| + x2X» + x3%3, and

K = k(X + koXp + k3X3 constant:

a) show that L; = h(r x K) - X;; _
b) determine the angular momentum L

2. If the particle of the previous problem moves in the plane x; —x3 withk = k>Xp,
what is the expected value of ZZ?

3. Explain whether the angular momentum L of a free particle commutes with its
Hamiltonian or not.

4. The orbital quantum number of a particle in a central potential is / = 3. What
are the possible values of m,? What is the probability that (L,) = h?

5. Using the commutation relations for Z,-, show that the operator

LxL=(LyL,—L,Ly)i+(L.Ly — LyL;)j+ (LLy — LyL;)k, (9.114)

can be written as

L xL=iAL. (9.115)
6. Prove that R R
[L+. L] = +hLg, (9.116)
and R R
[Ly. L_]=2hL, (9.117)
7. Prove that R
L_|lm;) = l’;z_l’mz“’ m, — 1). (9.118)

Show also that
—+ *

lmz,mzfl = (l);zfl,mz) : (9.119)
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10.
11.
12.

13.
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and verify that

L im. = B/IA+ 1) — (m; 4+ Dms, (9.120)

and

1| = I+ 1) — (m- — Dm.. (9.121)
Prove explicitly the following commutation relations

[L>.L.] = [L*.L,] = [L* L] =o. (9.122)

. and show also the following relations

dug duy 0

a9 20

Oy on, -~ ~ .

P = cos fu, a—; = —icos ¢ — jsin @. (9.123)

Use the Frobenius series in (9.41) and shows the relations (9.42) and (9.45).
Plot the first spherical harmonics as functions of 6, for ¢ = 7 /4.
Show that for [ = 1, one has certainly the matrix representations

p /0 V2 0 w0 —iv/2 0
L":E V2 0 /2] and LyzE iv2 0 —iv2|. (9.124)
0720 0 iv2 0

Obtain the matrix representations of Ly and Ly for! = 1/2.



Chapter 10
The Hydrogen Atom

10.1 Introduction

Some of the problems that were the center of discussions during the long genesis
of the quantum theory were the atomic structure and the radiated spectral lines, in
particular the emission lines of Hydrogen. A convincing explanation of this problem
had to wait to the advent of the quantum theory. The Bohr postulates were, as will
be seen below, unable to explain convincingly the electronic configuration and the
spectral lines of atoms in the presence of a magnetic field. The application of the
quantum theory to the atomic problem was undoubtedly the litmus test of the new
theory. We will now present an introduction to this problem. It is usual to postpone
the discussion of the atomic Schrodinger equation, even for the simplest atom, the
Hydrogen atom, because it requires solving a three-dimensional problem. In Chap. 9
we advanced a significant part for this task. We saw that, when the potential is
central, the angular part is basically described by the angular momentum L2, whose
eigenfunctions are the spherical harmonics Y;" (6, ¢). We know then the angular part
of the whole solution and we still need to solve the radial equation. In this chapter we
will have a well defined function for the potential V () and we will obtain solutions
for this specific potential.

The Hydrogen atom consists of an electron orbiting around its nucleus, which
contains a proton. Some Hydrogen isotopes contain, besides the proton, one neutron
(the deuterium) or two neutrons (the trittum). The proton is 1840 times heavier than
the electron. For this reason, a good approximation is to assume that the nucleus is
at rest, with the electron orbiting around it." The most important interaction between
the nucleus and the electron is the Coulomb interaction

1 If we do not make this assumption, the Hydrogen kinetic energy will be the sum of the proton and
the electron kinetic energies. At the end of this chapter, in the solved problems section, we show
that the two-particle problem can be reduced to that of two quasi-particles: the center of mass, with
mass m +m,, (m is the mass of electron and m , is the mass of proton), and the relative particle with
mass 1 = mmp/(m+mp). As this mass differs by less than 1% from m, the problem is essentially
equivalent to assuming that the proton is at rest, and the electron orbits around it.

P. Pereyra, Fundamentals of Quantum Physics, Undergraduate Lecture Notes in Physics, 231
DOI: 10.1007/978-3-642-29378-8_10, © Springer-Verlag Berlin Heidelberg 2012
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e? e?
Viry)=—— CGS and V(@)=-—
r

MKS. (10.1)

TET

For simplicity we will use the CGS system of units. We can change to the MKS units
replacing e? by e?/4me,. To extend our results for Hydrogen-like atoms, with one
electron in the valence band, but Z protons in the nucleus, we have to consider the
potential energy

Ze?
V(r)= i (10.2)

which will be approximately the potential energy of the valence band electron.?
When Z is one, the results correspond to Hydrogen atom. The Schrédinger equation
of the valence band electron in a Hydrogen-like atom is then

2 2

e, Ze
- 2—V o(r) — —p(r) = E o(r), (10.3)
m r

that in the system of spherical coordinates takes the form

2 +~ 2
[ =1 0 (28)+ L~ Ze :|g0(r,(9,¢)=E§0(V»97¢)' (10.4)

“amZor " or) T amer T Tr

As mentioned before, the whole angular dependence is comprised in the angular mo-
mentum operator L2, whose eigenfunctions are the spherical harmonics Ylmz(Q, 0),
see Eq.(9.55). If we propose the factorization

o(r. 0, ¢) = R(r)Y," (0, ¢). (10.5)
and substitute it into (10.4), we have

2 2 2
[—;—mrizc% (ﬂ%) Fie+ D 12(;1; D_ ZTQ} R(r) = E R(r), (10.6)
which is similar to the radial Eq.(9.96) that we had at the end of Chap.9. Here we
have a specific function for the central potential and our goal is to solve the eigenvalue
problem. The solutions of this problem will tell us what are the allowed energy values
for the electron in the atom of Hydrogen, and which the peripheral and less bounded
electron of the Hydrogen-like atoms.

2 The Z — 1 electrons of the inner levels have roughly a spherical distribution, their effect on the
valence band electron is then negligible.
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The centrifugal term of the differential Eq.(10.6), is proportional to 2, and de-
creases with » more rapidly than the Coulomb potential, but when r — 0, it gets
larger than the Coulomb potential. To solve the radial differential equation, it is con-
venient to explore the radial solutions in both limits: » — oo and r — 0. Before
doing this, we will introduce some useful simplifications. Taking into account that

R1d/(,d R 1 d?
B Sy S —— (10.7)
2m r2 dr dr 2m r dr?

and using this identity in (10.6), we have the equation

R d*> RAI+1)  Zé*
— 4+ — 2= |FR(r) = ErR(r), 10.8
|: 2m dr? * 2mr? r i| rR(r) rR(r) (10.8)

that makes clear the convenience of introducing, instead of R(r), the function

u(r) =rR(). (10.9)
The differential Eq. (10.8) and its relations with well known special differential equa-
tions will be clear if we write it in terms of dimensionless variables. To transform it
into a dimensionless equation we introduce the change of variable

p = 2ar, (10.10)

and define the parameters (we have seen in Chap. 1, and we will see lines below that
the electron energies in the Hydrogen atom are negative)

2m|E 2mE h?
a2= l’l;|2 |=—% and QOZW. (1011)

It is convenient to check that o and a, have units of inverse length and length,
respectively. The differential equation becomes then of the form

d*u N 1 N Z 1 Il+1) () =0 (1012)
N —_— u = U. .
dp? 4 aa,p P P

Our purpose now is to solve this equation. We will use a procedure similar to
that used in the harmonic oscillator case, we will first explore how the Hydrogen
atom solutions look like, or behave, in the limits p — 0 and p — co. Knowing
the asymptotic solutions we will be able to guess part of u(r), and to determine
the correct solution. Once we obtain u(r), we will have the radial solution R(r). At
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the same time, we will determine the energy eigenvalues for the Hydrogen atom, and
for the Hydrogen-like atoms as well.
The solution near to the origin

When p — 0, the centrifugal potential is much greater than the absolute value of
the Coulomb potential, and this is greater than |E|, i.e.:

RlUl+1) _ Ze?
%>>T>>|E|. (10.13)

In this regime one can approximate the radial equation by

duy(p) 11+ 1)
_ de + p2 uy(p) =0. (10.14)

It is easy to see that if we propose a polynomial solution u,(p) of the form p**!, and
replace it in the approximate differential equation, we will have:

s+ Ds—I(l+1)=0, (10.15)
with solutions | |
=——x(+-)=1-1-1. 10.16
s > I+ 2) ( )
When s = —/ — 1, the solution diverges at the origin, hence we throw it away and
we keep only the solution
uo(p) = p'*. (10.17)

This means that near the origin the solution u(p), for the radial equation, must be
proportional to p/*!, i.e.:
u(p) x pitL. (10.18)

The solution far from the origin
When p— oo, the centrifugal potential is much smaller than the Coulomb poten-
tial, and this much smaller than the energy | E|, i.e.:

Rli+1)  zZe?
———5— < — K |E|. (10.19)
2mr r

In this region, the approximate radial equation will be

d*ue(p) _ 1
=3 Uoo(p). (10.20)

If we propose for the radial solution u~,(p) an exponential function of the form €47,
we will have
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2_1 (10.21)
q° = 1 .
Thus,
1
g =7+ (10.22)

Because of the finiteness condition, which the radial solution must satisfy, we keep
only the function
Uoo(p) = e /2. (10.23)

This means that in the far region
u(p) x e 2. (10.24)

With this information we are almost able to take the last step to obtain the solution
of the radial equation of the Hydrogen atom.
Knowing the behavior of the radial solutions in the near and far regions, we can
propose the function
= ptle 2 10.25
u=p" e ""Q(p). (10.25)

The unknown function Q(p) should be controlled by the asymptotic solutions, there-
fore as p — oo the function Q(p) should increase less rapidly than the exponential
factor e /2. In other words, we require a polynomial behavior for Q(p). Replacing
the proposed function into the differential equation we have

2 —_] =
d Q+(2(1+1)_1)d_Q+MQ=O. (10.26)

dp? P dp P

This equation is similar to the Laguerre differential equation

d?y w1 dy k
— —1)—=4+-y=0. 10.27
dx? + ( X ) dx + xy ( )

which for p = 1,3,5,...and k =0, 1, 2, 3, .. ., is fulfilled by the generalized (or
associated) Laguerre polynomial’ LZ (x). Taking

p=20+1, (10.28)

and

—l—-1=k, k=0,1,2,3,... (10.29)

aa,

3 These polynomials are also called associated Laguerre’s polynomials. In the literature of these
polynomials there are variations in the notation and definition that should be taken into account.
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the solution of (10.26) will be the generalized Laguerre polynomial LZ (p). The last
relation is of great importance in this problem. From this relation comes out the
energy quantization of the Hydrogen atom. It is wonted to define, instead of k, the
number n = k + [ + 1, and call it the principal quantum number, that satisfies the
important order relation

Il <n-—1. (10.30)

In terms of the principal quantum number, the quantization condition (10.29)
takes the form
Z/aa, =n with n=1,2,3,... (10.31)

Replacing « in this equation we have

Z7%e? _ Z%me*
2a,n?  2h2n2’

E, = (10.32)

This defines the energy eigenvalues of the Hydrogen atom, in the CGS units. In the
MKS units, we have

g, — _Zme (10.33)
" T 8eZn2n?’ '
and the radial functions
Ru(p) = Anple 2L (p). (10.34)

with .
g
w_ pP "kt
L, =e T dpke pr. (10.35)

It is important to notice that the electron energies E, in the Hydrogen and Hydrogen-
like atoms depend only on the principal quantum number z. This means that all states
with different quantum numbers / and m,, but with the same n, are degenerate states.
A little later we will see how many electrons can be arranged in each of the energy
levels.

We got in this way one of the physical results in the explanation of the spectral
lines, the electron energy in the Hydrogen atom:

me4

E, = TP (10.36)
Before mentioning the fundamental problems with the electronic configuration, we
will discuss some basic properties of the Laguerre polynomials and of the Hydrogen
atom eigenfunctions.



10.3 Properties of the Hydrogen-Atom Eigenfunctions 237

10.3 Properties of the Hydrogen-Atom Eigenfunctions

With R, (r) we complete the solution to the Schrodinger Eq. (10.4) of the Hydrogen
atom. The constant A, in the radial function of (10.34) is determined from the
?ormalization condition for the eigenfunctions apzlf (r,0, ¢) = Ry (r)YlmZ @, @), 1i.e.
rom

/ i (r, 0, ¢)|*r? sin 0drdfdd = / |Rni (r)|2r2dr / 1Y, (0, §)|* sin 0d0d p.
=1 (10.37)

Since the spherical harmonics are normalized functions, the normalization condition
reduces to

/ | R (P)?r2dr = 1. (10.38)

If we use the representation of the radial function in (10.34) the normalization con-
dition becomes

1 _
|An|2@/p2pye PILZEY (0)Pdp = 1. (10.39)

Here, we have used the relation p = 2ar to write the integrand in terms of the
variable p only. To determine the constant A,, we need to evaluate the integral

1 _
el / PP 2| LAY (p)Pdp. (10.40)

In the appendix B, it is shown that two important relations of the Laguerre poly-
nomials are:

o0
k!
/x"e*XL’;(x)L’;/(x)dx = 5y,y/¥ (10.41)
/ !
and
00 k)'
/xk“e*XL’;(x)Ll’g(x)dx = (k+2v+1) @ Jyr‘ " (10.42)
/ !
If we make k = 2/ 4+ 1 and v = nl — 1, the last equation takes the form
i (n+1)!
_ n-+1)!
/x2’+2e L oL (dx = 20— ——. (10.43)
n—1—1)!
0

This integral is precisely what we have in the normalization condition (10.40). Con-
sequently
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0.8+
0.6
Rnl
0.4+

0.2+

0.0+

0 1 2 3 4
r/a,

Fig. 10.1 The radial eigenfunctions R,; as functions of r (measured in units of a,), for n =1, 2
and 3 and all possible values of I < n

! (n+1)!

APy
A s G == D

= 1. (10.44)

If we recall that Z = «aa,n, the normalization constant of the radial function becomes

(2)3/22 n—1—1)!
A=) S (10.45)
a, n (n+1)!

and the radial part of the Hydrogen atom eigenfunction takes the form

1+3/2 1+1 Y
Ry (r) = z (E 1 ur’e*b/aomzjl_l 2ﬁ)
o n n\{ (n+D! " apn

(10.46)
In Fig. 10.1 we plot Ry;(r) as a function of r/a,. With these results we have well
defined the eigenvalues E, and the eigenfunctions <p:l"f (r, 6, ¢) of the Hydrogen-
like atoms. In a compact Dirac notation the eigenfunctions gonmf (r, 0, @), defined
by the quantum numbers n, [ and m_, are represented by the kets |nlm;). We will
see in the next section that, in order to describe the electronic configuration, the
central potential model for the Hydrogen atom needs to consider the existence of an
important electron’s characteristic: the spin. Moreover, to explain the experimental
observations in the presence of magnetic fields, we will extend the analysis to include
the spin-field interactions.
A physical variable of interest, that can easily be calculated, is the expected value
of the electron radius in a Hydrogen-like atom. At the end of this chapter we will
show that the average radius of the electron orbit, in these atoms, is given by
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ry = Jo (3n2 I+ 1)) . (10.47)
27

This radius increases with n. With this formula, we can evaluate expected radii for
different electronic states. The valence electrons of the Hydrogen-like atoms with
large atomic number Z have also large n’ s. The orbit radii for these electrons depend
on n and / but not on the magnetic quantum number m . The states |n/m ) with the
same n are degenerate. In the Hydrogen atom the electron orbit radius in the ground

state (with the lowest energy) is
3a,

(r) = 5 (10.48)

Of the order of the Bohr radius a,,.

10.3.1 The Electronic Configuration of Hydrogen-Like Atoms

To conclude this topic, it is important to notice that the application of the order
relations
Im;| <l <n-1, (10.49)

to determine the electronic configuration in Hydrogen-like atoms, is essential but not
sufficient to explain the sequence 2, 8, 18, 32, . .. that the experiments indicate for the
number of electrons in the energy levels E1, E», E3, ... According to (10.49), given
an energy level E,,, we can have for the same energy, states with/ =0, 1,2, ...,n—1
and for each value of /, 2/ + 1 possible values for m . This, as shown in Table 10.1,
predicts (see the fifth column) that the number of degenerate states is Z?;OI 2l+1) =
n®. This number differs by a factor of 2 of the correct numbers suggested in the
periodic chart of the elements, shown in the last column of Table 10.1. To explain
this difference it was necessary to recognize, and later to discover, the existence of a
new electron’s physical property: the spin. Electrons, as protons and other quantum
particles, besides their charge and mass possess an intrinsic angular momentum
called spin, which manifest in the presence of other particles with spin and in the
presence of magnetic fields. As will be seen with more detail in the next chapter, the
z component S, of the electron’s spin, S, has only two values: /2 and —h/2. Taking
into account the spin, the number of degenerate states gets then multiplied by a factor
of 2, as indicated in the sixth column of Table 10.1. Indeed, W. E. Pauli,* in 1925,
shortly before the final formulation of the quantum theory, showed that, in order to
explain the periodic chart of elements, the orbiting electrons must be described by
four quantum numbers plus an exclusion principle that forbids the possibility for two
electrons, of the same atom, to have the same quantum numbers.

It is common to represent the orbital electron states cpzlf Xms = |nlmymyg), where
Xms corresponds the spin state, simply as ns, np, nd, nf,... whenl =0,1,2,3, ...

)

4'W. Pauli , Z. Physik 31,765 (1925).
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Table 10.1 States and number of electrons without and with spin forn = 1,2 and 3

n I (=n—1) m; (=—1,...1) |n, 1, m;) electrons electrons
without spin with spin
1 0 0 [1,0,0) 1 2
0 12,0,0)
2 —1 12, 1,—1) 4 8
1 12, 1,0)
1 2,1, 1)
0 0 13,0,0)
-1 13,1,-1)
1 0 13, 1,0)
1 13,1, 1)
3 -2 13,2,-2) 9 18
—1 13,2,—1)
2 0 13,2,0)
1 13,2, 1)
2 13,2,2)

respectively. This notation with a superindex k to indicate the number of electrons in
the state nl, is used to represent the electronic configuration of atoms. For example,
for Oxygen the electronic configuration is 1522s%2d *, for sodium with 11 electrons
the electronic configuration is 1522s%2d ©3s.

10.4 The Hydrogen Atom in a Magnetic Field

At the end of the nineteenth century, continuing the analysis of the emitted light
by atoms, Pieter Zeeman performed a series of studies on the effect of the mag-
netic field and observed the splitting of spectral lines as predicted by Lorentz,
based on classical arguments.> Lorentz showed that in an atom (conceived as an
oscillator) the relation between the frequencies v and v, (with and without field,

respectively), is
eB

2 eB 2 ~
vi=fx—v+4+v, and v=v,E* —. (10.50)
2mm 4tm

The signs = in the first equation refer to clockwise or anti-clockwise motion. This
result implies that the emission lines split into three, with frequencies wa1, wy;—2dw
and wy + 20w, as shown in Fig.10.2. Pieter Zeeman found splittings into three
and more lines. The attempts to explain those observations, 20 years later, fed the
controversy that preceded the correct explanation of that problem that came through
the final formulation of the quantum theory. Some of these phenomena known as

3> Hendrik Antoon Lorentz and Pieter Zeeman shared the Nobel Prize in physics in 1902.
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B=0 B+0

n,

Wy Wy w,-260 Wy +26w

Fig.10.2 The classical Lorentz model predicts that, in the presence of a magnetic field, the emission
line splits into three emission lines

the normal Zeeman effect, could be explained with semi-classical arguments; others
known as the anomalous Zeeman effect required the spin-field interaction.

When the Hydrogen atom or any other charged system is in the presence of a
magnetic field, the charge dynamics is modified by the magnetic component of the
Lorentz force q(E + (1/c)v x B). It is known from the classical description of
particles in a magnetic field B that the linear momentum p transforms into p+gA/c,
ie.

P — p—i—%]A, (10.51)

where A is the vector potential, such that V x A = B. The Hamiltonian for a charged
particle changes in the presence of an electromagnetic field and takes the form (we
assume that the scalar electric potential is zero)
~ 1
H=—@/F+2a) +vw. (10.52)
2m c
Before specializing this discussion to the Hydrogen atom problem, we shall briefly
refer to the general consequences that the presence of a magnetic field has on the
kinetic term of the Schrodinger equation, regardless of the potential function V (r).
To visualize the effect and the physical sense we develop the kinetic energy term as
follows

1 g2 1 _, ¢q iqh q°
_ TA)Y = — T A pTy.A
2m (p + c ) 2mp + mc P 2mc + 2mc?

A2, (10.53)

If we choose the z axis along the field B, we write the magnetic field as B = BZ.
This equation can be simplified, without changing the physical description, using
equivalent representations or gauge transformations for the potential vector A. One
of the possible gauges for the vector potential is®

6 This is known as the symmetric Coulomb gauge.
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1 B
A= Bxr= ()R +a7) = AR+ AT, (10.54)

which satisfies the equations
VxA=B and V-A=0. (10.55)

Therefore
1 DU SN B,
A-p:EB-(rxp):§B~L and A :T(x +y7). (10.56)

Making use of these relations, the Hamiltonian takes the form

A-lt321 2B.1+ i B—z(x2 +y2) + V). (10.57)
2m 2mc 2me? 4

This Hamiltonian has two new terms: the momentum-field interaction, responsible
of the normal Zeeman effect and the magnetic confining harmonic potential, which
can be neglected because in the Hydrogen atom it is relatively small. If we study
the dynamics of charge carriers in fields, one should take into account the harmonic
potential. It is essential to explain important phenomena like the quantum Hall effect.
The Schrodinger equation for the Hydrogen atom in a magnetic field is then

K2 ~
— V() - ﬁB T o) + V() o) = E o(r), (10.58)
or just
K2 ’ e ~
- %V p(r) — %BLZ o)+ V(r) o) = E (). (10.59)

As will be seen in the next section, the new terms in the Hamiltonian will be helpful to
explain the normal Zeeman effect but not the anomalous Zeeman effect. We leave the
discussion on the anomalous Zeeman effect for the next chapter, where we will study
the spin. It is worth noticing that since the angular momentum components L; do not
commute with f, the angular momentum L will not commute with the Hamiltonian.
Therefore, the angular momentum L in the presence of an external magnetic field,
is not a conserved quantity. Now the z component ZZ is the conserved quantity. It
commutes with L2 and also with functions of r.

10.5 The Normal Zeeman Effect

If the orbital magnetic moment 71 , is defined as
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B=0 B+0

|nim,) 1=0 I=1 =2 I=n-1 m,

—_— -2

n —_— —_— —_— -1

= — — — 0

0<l<n é
Im,|<1 N

Fig. 10.3 The magnetic field removes the degeneracy in m,, which is equal to 2/ + 1 for each
allowed value of /. Since the degeneracy in the angular momentum remains, states with different /
but the same m; have the same energy. For example, [n11) and [n21) have the same energy

eh

iL=g~—L=gusL, (10.60)

2mc

where 1 is the Bohr’s magneton 1z = 5.7884 1073 eV/T and gi_ (=1) is the orbital
gyromagnetic ratio, the Schrédinger Eq. (10.59) can be written as

R _, B -7

— 5 Vo) — —— o) + V() o) = E ¢(r), (10.61)

2m h

where one is tempted to interpret the second term as part of the potential energy.
Since the eigenvalue of the operator L, is mh, the Schrodinger equation of the

Hydrogen atom in a magnetic field can be written in the form

h2
— %v%(r) + V() = (E + pgBm;)p(r) (10.62)
which is similar to the Schrédinger equation of the Hydrogen atom in the absence
of a magnetic field with the sum

E + pupBm, (10.63)
playing the role of the energy E of that equation. Consequently

Z%me*

EntppBm: = =75 7

(10.64)
For fixed values of n and [, we have now 2/ + 1 different values for the energy.
Therefore, the effect of the magnetic field in the linear approximation, is to remove

the degeneracy associated with the magnetic quantum number m,. This is the normal

Zeeman effect.
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In summary, the electron energies in the Hydrogen atom (or in the Hydrogen-like
atoms) in the presence of a magnetic field are

Z2met

B ==

— ppBm,, with m,=0,+1,4+2, ... +l. (10.65)

The interaction L - B splits the energies as shown in Fig. 10.3 and explains part of
the experimental observations and the splitting of the emission lines in the presence
of magnetic fields.

10.6 Solved Problems

Exercise 35 Show that the expected value of the election radius in the Hydrogen
atoms is a
ry = ﬁ(yﬂ — I+ D). (10.66)

Solution The expected value of r, in an eigenstate <p:l"f = Ry (r)YlmZ 0, ¢) of a
Hydrogen atom, is given by the relation

(r) = / / / (P15, 0, ) rli (r, 0, p)r? sin 0drdfd . (10.67)
The integral of the angular part is simple and gives a factor 1, we have then to evaluate
the integral

o]

(r) = / PRu(r)Pdr = |A,? / riptle” [Li’_ﬁl_l(m]zdr, (10.68)
0

which is similar to the integral in Eq.(10.39). In this integral we have a different
power of r. If we substitute r by p/2«, we have

1 B 2
) = 1A s / e [L240 ()] dp. (10.69)
To evaluate this integral we use the recurrence relation (B.11) written in the form

xLE) = k+ 20+ DLEG) — w+ DLE, (0) = w + OLE_ (x).  (10.70)
The integral of (x L (x))> multiplied by x*e™, with k=2/+1 and v=n—1—1, is
precisely the integral that we need to evaluate (r). If we square the right hand side
of (10.70), multiply by x¥e~*, integrate and use the orthogonality and normalization
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properties of the Laguerre polynomials that were derived in the Appendix A, we find,
after some algebra, the following expression

/xk+2e_x[Lk( YPdx = u(6u + 6kv + 60 + k> + 3k +2).  (10.71)

This equation with k=2/41 and v =n—I[—1 reduces to the expected result.
Exercise 36 Show that if my is the mass of the nucleus and m, the mass of the
electron in the Hydrogen atom, the approximation of the nucleus being at rest and
the assumption of my > m, are equivalent.

Solution If the nucleus is at rest, the Schrodinger equation of the Hydrogen atom

Py P
(—2 b e+ V(i —re|>)¢(rN, re) = Ed(ry, re), (10.72)
my  2m,
is just
ﬁz
(2 =+ V(Irel)) P(re) = EP(r,), (10.73)
me

with the origin of the coordinate system at the position of the atomic nucleus. If the
nucleus is not at rest, we can write the two-particle Hamiltonian in terms of the center
of mass R and coordinate r defined by

__ImnTy + mere

e—— and r=r, —rpy, (10.74)
to obtain the Schrodinger equation
P> P
(m tat vm) YR, 1) = EY(R, 1), (10.75)

with M = my + m, and u = mym,/M. The first term describes the kinetic energy
of a quasi-particle with mass M and momentum P = R while the second the kinetic
energy of a quasi-particle with mass p and momentum p = r. If we factor the
two-particle wave function as

YR, 1) = V(R)o(r) (10.76)

we end up with the following equations
P2
—UYR)=EyVYR 10.77
o Y R) = EnV(R), ( )

and
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=~
(p— + V(r)) B(r) = ep(r), (10.78)
2p

with e = E — E);. The first of these equations describes the motion of the center
of mass as a free particle with kinetic energy Ej;. One can always choose the zero
of the energy at any value without consequence on the system dynamics. We can
choose the zero at Ej;. In that case, the center of mass is at rest and we are left with
the Schrodinger equation

=2
(p— n V(r)) #(r) = ES(r). (10.79)
2

It is easy now to see that, in the particular case of my > m,, the relative mass
W — m,, hence

ﬁz
(2 ) P(r) = Eo(r), (10.80)
ne

which coincides with the Schrodinger Eq. (10.73) for the nucleus at rest.

10.7 Problems

1. Show that the two-particle Hamiltonian

p] pz
2m T 2my

H= + V(r2 — 1)), (10.81)

written in terms of the center of mass R an relative coordinate r:

mry + mprp

R=—— ——— and r=rp—ri, (10.82)
mi +my
transforms into
. P2 i)\2
H=—+—+V 10.83
T + 0 + V), ( )

with M =my +my and p = mymo /M.

2. What is the difference between the reduced mass x and the mass of the electron
in the Hydrogen atom?

3. Show that

/ ke 2mx k()P = +k) WA 602 4 6k + 61 + K2 + 3k +2). (10.84)

4. Show that
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R 1d(,d R 1 d?
——\\rr—)=—-—r (10.85)
C 2mrldr dr 2mr dr?
and obtain the Eq. (10.8).
5. Consider the change of variable p = 2ar, the definitions
,  2m|E]| 12
o = T and agp = W, (1086)
and deduce the Eq.(10.12).
6. Show that the products ar and aa, are dimensionless.
7. Show that if u(p) = p’“e’/’/ 2Q(p), the radial equation becomes the

Eq.(10.26).

8. Show that the number of degenerate states in the energy level E, is n%, and 21>
when the two spin states are taken into account.

9. Shows in detail that the normalization constant of the radial function R,; is

z322 [mn—1-1)
Ay =— = |— 10.87
"Ta, n2\' m+D! ( )

and show also that for the ground state of the Hydrogen atom is

2

Al = —5.
2"

(10.88)

10. Show that

1 z 1 27 1
)= d ()= —-——-. 10.89
<r > ap,n? an <r2> azn32l+1 ( )

11. When you have an operator F(\) with eigenvalue f,(\) and eigenfunction
1, (A\), the Feynman-Hellman theorem states that

A fu(\ OF (A
fai ) (P (V)] ( )Iwn(/\) (10.90)

If the Hamiltonian of the Hydrogen atom is written as

Pr A+ 1)

HO\
= 2m 2mr?

+ V(r), (10.91)

with eigenvalue
mZz%e*

E)\) = —— ™
) 2R2(k + X+ 1)2

(10.92)

use the Feynman-Hellman theorem to show that
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1 272 1
<—2> == (10.93)
r =] aol’l 2[ + 1

12. To explain the observed lines by P. Zeeman for the Hydrogen atom in the presence
of a magnetic field B, Hendrik Lorentz proposed a theory where the electron
of the Hydrogen atom oscillates with a frequency v, under a harmonic force
Fy = kr with k = 472 ng. Derive the relation

B
2=t 12, (10.94)
2mm

when a magnetic field B is established. Assume that the Lorentz force and the
harmonic force are responsible for the circular motion with electron acceleration
v?/r. Discuss the conditions to obtain

V=V, — (10.95)

4m’

13. If a Hydrogen atom is in a field B = 1 T, mention all the possible transitions
from level n = 2 and the frequencies of the emission lines.



Chapter 11
Spin and the Pauli Equation

11.1 Introduction

The electronic configuration and the explanation of the emission lines of atoms in a
magnetic field, observed by Zeeman, were the major topics of the emerging quantum
physics and of controversy around 1920. Despite the success to explain the Balmer
and Rydberg series and the efforts by physicists of the stature of Arnold Sommerfeld
to formalize the Bohr model, the old semi-classical quantum theory was unable
to explain the emission lines of atoms in magnetic fields as well as other atomic
problems. The resistance of many physicists to accept a theory of ad-hoc postulates
and models kept growing. Among the dissenters was Otto Stern, who had been an
assistant to Einstein in Zurich. Stern had experience in producing beams of atoms.
In 1921 he decided to study the dynamics of atoms in the presence of an external
field. His objective was not to find evidences of the spin, but to visualize the space
quantization, as was named in those days, the magnetic moment quantization, which
is essentially the same as the quantization of angular momentum.

Itis known from the electromagnetic theory that a particle with magnetic moment
1, in the presence of an inhomogeneous magnetic field, feels a force equal to the
gradient of its potential energy —u - B, i.e.

F=V(u-B). (11.1)
If the field is along the Z-axis, and j1 = Bf, the force on the atoms is:

~ OB
FZZMBLza—Z. (112)

Consequently, the paths which the atoms could follow were as many as the possible
values of the quantum number m . In the previous chapter it was shown that m, =

—1,—1+1,...,1—1,1. For this reason one can expect to observe 2/+1 traces. The
arrangement in the Stern—Gerlach experiment, as shown in Fig. 11.1, was such that

P. Pereyra, Fundamentals of Quantum Physics, Undergraduate Lecture Notes in Physics, 249
DOI: 10.1007/978-3-642-29378-8_11, © Springer-Verlag Berlin Heidelberg 2012
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separated traces

Silver
atoms

inhomogeneous field

Fig. 11.1 Inthe Stern—Gerlach experiment the magnetic force of an inhomogeneous magnetic field
deflects the silver atoms moving across. The two traces observed, instead of the predicted three by
the theoretical arguments of those years, led to the discovery of the spin

the direction of B did not change much but its magnitude changed from one point to
another.

After many attempts, they found that only two traces appeared.! This result intro-
duced more confusion but also new arguments to justify them. It was not until 1926,
when Goudsmit and Uhlenbeck? reinterpreted the Stern-Gerlach experiment and
introduced the electron spin as an intrinsic angular momentum, that the experimental
results became clear. The electron’s spin Sisa physical quantity with two compo-
nents along the magnetic field. Like the orbital magnetic momentum, i, = gp. %f,
the intrinsic magnetic momentum gz, is proportional to the intrinsic angular momen-
tum S. In 1921, Compton was the first to suggest the possibility of a half-integer
intrinsic angular momentum for the electron spin. It seems also that in 1925 Kronig
suggested to Pauli the idea of an electron spin. It is known that Pauli postulated, later
in 1925, the existence of a two-value quantum property without classical analog?
and an exclusion principle to forbid the possibility that two electrons, in the same
atom, could have the same quantum numbers.

If the electron possesses, besides its orbital momentum fip, an intrinsic magnetic
momentum defined as

fte = gsigS, (11.3)

one can think of a potential energy

_ 2 Fe (11.4)

' An interesting story of the circumstances with regard to this experiment can be found in B.
Friedrich and D. Herschbach, Physics Today December 2003 pg. 53.

2 S. Goudsmit and G. Uhlenbeck, Nature 117 264 (1926).
3 W.E. Pauli, Z. Physic 31, 765 (1925) and W.E. Pauli Nobel Lecture (1946).
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that should be added to the Hamiltonian of the Schrodinger equation. Therefore, we
have to consider, for atoms in a magnetic field, the equation

—K2 . 2
(%vzm E2B . L+gs —B S+L (x +y2)+V(r))<;$(r $)=Ed(r, s).

h 24
(11.5)
The inclusion of a term in the Schrodinger equation that depends on the intrinsic
angular momentum S adds to the spatial degrees of freedom, the spin degree of
freedom. This fact, explicitly indicated in the wave function ¢(r, s), corresponds to
the product
B(r, 5) = pr)X(s), (11.6)

in which ¢(r) is the usual wave function and x (s) the spin-dependent vector, called
spinor, which depends on the spin. The spinor is in general a linear combination of
two states: x+ and x|, that correspond to the spin projections, parallel and antiparallel
to the field. These eigenfunctions of S are usually represented with vectors (spinors)

1
Xt = (0), X = ((1)) (1L.7)

and satisfy the eigenvalue equations

(1 1\ = (0 0
SZ(O):SZ(O), Sz(l):—SZ(l). (11.8)

If the spin is an angular momentum, it must satisfy commutation relations like those
of the angular momentum L and its components. This means that

[S;, ;1 = ifieijx Sk, (11.9)
and o R _
S, Si1 = i(Sj% — Sik;). (11.10)

We will come back into the Schrodinger equation for particles with spin after a brief
discussion of the spin properties. In the next section, we will use the commutation
relations (11.9) to show that the spin quantum number s, compatible with these
relations, can be an integer or a half-integer number. We will obtain the eigenvalues
of §z and 2, and we will also derive their matrix representations.
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11.2 Spin Eigenvalues and Matrix Representations

11.2.1 Eigenvalues of §Z and S2

In Chap. 9 we obtained the eigenvalues and eigenfunctions of fz and L2 using
their explicit differential operators Here we will derive the eigenvalues and the
eigenfunctions of SZ and 52 based on their commutation relations. To this purpose
we need to introduce the rising and lowering operators S+ and S_, analogous to L+
and L_, defined in Chap. 9. We will obtain some identities that will lead to several
interesting results. Let us then define the operators:

§+=§x+i§y and /ST_::STX—i:STy. (11.11)
It is easy show that L R
[S+.8:] = £hSs, (11.12)
and
[s+, _]_ZhS (11.13)

The operators S_ and §+, like Z+ and L_, are rising and lowering operators,
i.e. operators that, acting on the eigenfunctions of EZ result in eigenfunctions of
the neighbor states, corresponding to quantum numbers increased or decreased by
1. Indeed, suppose we have the eigenvalue equations

szzax and TS’\ZXsz. (11.14)
If we act with the operator §+ on the second of these equations we have
SiS.x =b Sy, (11.15)
using the relation (11.12), we can write the last equation as
S.S.x=0b+h Six. (11.16)
This shows not only that §+ X is an eigenfunction of :S’\Z, but also that §+X is a state
with an eigenvalue of S increased by h,i.e. Sy is a rising operator. If we repeat n
times the action of S, we will have the relation
S, 88 x = +nh) Sy (11.17)

It is clear also that, if xj, is the state with the maximum eigenvalue by;, then

St xm =0. (11.18)
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Similarly, one can show that

S.S.x=0b-h S_x, (11.19)
with R R
S.S"x = (b—nh)S"x. (11.20)

Again, if x,, is the state of minimum eigenvalue b,,, we will have
S_xm = 0. (11.21)

With these results and using the following relations

S_S, =8*-52-nS,. (11.22)
i8S =82 52 4nS,. (11.23)

we will show that the spin can be half-integer and, even more, we will obtain the
eigenvalues of S and S2. Let us consider the operator S_ S+ acting on the state x /.
In that case, we have

§,§+XM = (§2 - 3\12 - h§z)XM
= (a — b3 — hby)xm = 0. (11.24)

Similarly, if we consider the operator §+§_ acting on the state x,,, we have
SeS_xm = (S% = S2 4+ 1 5) xm
= (a — b}, + liby)xm = 0. (11.25)
These equations are satisfied if and only if
a—b2 +hib, =0 and a— b3 —hiby =0. (11.26)

Now let us suppose that bys = by, +nh. Using this and combining the last equations,
we obtain, after some algebra, the following equation

h
dbyhn+1) — (n+ k> =0 = bM_"2 (11.27)

Substituting by, in the second equation of (11.26) we end up with the eigenvalue

a:hzg (1+§), (11.28)
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of §2. It is clear that the number 7 can be even or odd. If it is an even number, say
21, the eigenvalue of S2 will be 121 (I + 1), with 2] + 1 projections along the z-axis.
if n is odd, for example n =1, the eigenvalue of S2is hz% (% + 1), and the number
of projections along the z-axis is 2(1/2) + 1 = 2. This is precisely the number
found in the Stern—Gerlach experiment. This suggests that the quantum number that
corresponds to the intrinsic electron angular momentum S is s = 1/2. In this case

—~ 3

SZxy=hs(s+1) x = th X (11.29)
We can ask what are the eigenvalues of §Z? If n =1, the maximum and minimum
eigenvalues are

h h
by =7 and by =by —nh=—. (11.30)

respectively. Therefore:

- h

Sz XM = XM = XM =Xt (11.31)
and .

Soxm=-3xn = Xm=x (11.32)

From here on, the eigenvalues of @ will be denoted as mz h. Itis clear thatmy = +1/2.
my is the fourth quantum number that was missing to solve properly the electronic
configuration problem. If we represent the electronic states with the kets |nlm,my),
itis clear also that instead of the states |nlm ) we actually have two states: |nlm;1/2)
and |[nlm, —1/2). This explains that the number of degenerate states for each energy
level is twice the predicted number n2, in the absence of spin. It is important to
observe that if B = 0, the spin-field interaction disappears from the Hamiltonian.
This implies that the Hamiltonian in Chap. 10 was correct. Not knowing the existence
of the spin up x4 and the spin down x| states, the counting of the degenerate states
per energy level was wrong. On the other hand, we learn here that, when the hydrogen
and hydrogen-like atoms are in the presence of a magnetic field, one has to include
the spin-field interaction in order to explain the anomalous Zeeman effect.

11.2.2 Spin Representations and the Pauli Matrices

To obtain the matrix representations of the angular momentum in Chap. 9, we have
ﬁrst derived t/tle rising and lowering formulas (9.78) and (9.79). These formulas with
S instead of L are

§+ lsmy) =hy/ (s+ms + 1)(s—my) |s, mg+1), (11.33)
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S_lsmg) =h/(s+my)(s—my + 1) |5, mg—1), (11.34)

and we can use them to obtain all representations of the spin operators. We leave
as an exercise for the student the explicit evaluation of these representations. Here
we will discuss this issue by using a different procedure, based on the commutation
relations and the Hermitian character of the spin operators. We will begin with the
matrix representation of @ in the basis of eigenfunctions x+ and x. In this basis,
we build the matrix representation S, of S;, with the matrix elements (x;|S;|x), i.e.

_ (i) m@bm) 1135
52 ((xuSZm) oalsexn ) (11.35)

If we use the eigenvalues equations and the orthogonality of x4 and x|, we have:

hi{10
Sz=5(0 _1), (11.36)
with 5 5
(10 I
2 _ 7 -
S:=7 (01)_ b (11.37)

From the commutation relations, which are the same as for the matrix representations,
one can deduce other quite useful relations. For example, if we take the relation

.Sy — .S, = ihsS,, (11.38)

and multiply from the left and right by S, we have, after replacing SZ2 by k21, /4, the
identity

hZ

T(SxSZ — S.Sy) = ihS. S, S, (11.39)

that transforms into 5

iz
= 7Sy = 55,5 (11.40)

Here we can multiply again from the right, by S,. Simplifying factors, one has the
anticommutator
SyS, + 8.8, =0. (11.41)

In a similar way we obtain

Ssz+Ssz =0, (1142)
SeSy + SySy =0. (11.43)
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These anticommutators are important relations. Combined with the commutators,
we deduce the following

ZS,‘SJ' :iheiijk. (11.44)

With these relations we are ready to obtain the matrix representations of §x and S’\y.
We propose that
_ [ ax by _ (% by
Sy = (Cx dx) and S, = (Cy dy ) (11.45)

with complex entries, in general. If we replace these matrices in (11.44), we find that

B2 1 N
=07z ) and s,=( O ~ITE ). (11.46)
¢y O icy 0

It is easy to verify that for these matrices to be Hermitian we require that ¢, = h/2.
Therefore, the final forms of S, and S, are

S—h ol ith 52—h21 11.47
x — E 10 w1 x — Z 25 ( - )
and
S _ (o ith 52—521 11.48
y=51i o wi v =7k (11.48)
It is common and convenient to define the vector
= 2S (11.49)
o= S .

01 0—i 10
Ux:(lO)’ Uy:(iO ) and UZ:(O—l)' (11.50)

aﬁ:af,:azz:h:(é?) (11.51)
0i0j = —0j0; = I€jjk O (11.52)
loi, )] = 2i€ijroy. (11.53)

In the next section we will present the Pauli equation. In the derivation of this equation
we will require the following identities
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(c-a)(c-b)=a-b+ioc-axb, (11.54)

(0- (VD) (o-(V+H) = (VHOV +HL +io- (V x1). (11.55)

11.2.3 Pauli’s Equation

In the Hamiltonian of equation (11.5) we introduced the spin-dependent potential
energy, analogous to the interaction of magnetic moment with magnetic field, that
came out with the transformation p — P + qA /¢, prescribed by the classical theory.
As the spin is a purely quantum property, there is no classical analogue. The alter-
native, thus, is to change the Schrédinger equation so that the spin-field interaction
will appear only in the presence of a magnetic field and disappear in its absence. This
kind of extension was done by Pauli in 1927. He showed that replacing the vector
P by the matrix* ¢ - p, the new equation is exactly the same as the old Schrodinger
equation, but, when an external magnetic field is present, two energy terms appear:
the spin-field and the orbital momentum-field interactions, as in (11.5). Let us see
this with some detail.
If we consider a = b = p in (11.54), we have

(- P)o-P)=PP L. (11.56)
This relation tells us that if we change the Hamiltonian

p'p+V(r) by (c-Pp)(o-p)
2m 2m

+ V), (11.57)
and, as a consequence, we change the wave function ¢(r) by ¢(r, s) = p(r)x(s),
the Schrodinger equation becomes

(0-P)o-P)

o(r,s) + V(r)p(r,s) = Eo(r, s). (11.58)
2m

In the absence of a magnetic field, the kinetic term is independent of ¢, according to
(11.56), and this equation coincides with the Schrédinger equation independent of
o. But, when an external magnetic field is present the linear momentum p becomes
P + qA/c, and the previous equation transforms into

(c-(P+qA/0)(c- (P+qA/0))
2m

o(r, s) + V)b, s) = Eo(r,s). (11.59)

4 Simultaneously we must change V(r) by V(r)/;. Usually when we are dealing with matrix
interaction, and we do not write explicitly the unit matrix />, one must understand that it is there.
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If we replace V by —iAVand f for gA/c in the identity (11.55), the kinetic energy
term
(0-P+aqA/0))(o- (P+qA/c))

2m

) (11.60)

becomes

pP+qA/e) - (p+qA h

P+qA/o)-(p+4q /c)]2+_qU.B' (11.61)
2m 2mc

At the end of Chap. 10, dealing with the Hydrogen atom in a magnetic field, we saw

that the kinetic term, in the Coulomb gauge, could be written as

2 p2
p o~ -~ = B
P+qA/c)- P+qA/c) =P + %B T+ Z—zT(X2 +?). (11.62)
Therefore, the Schrodinger equation for particles with spin in the presence of a
magnetic field is now

2

—h q , ~ Iq 9> B> ,

— V4~ B.-L+—0 -B++— % ,8) = Ep(r, 5).

(2m +2mc + 2mc(7 +c2 4 @ +y2)+ ) $(r. s) o(r. )
(11.63)

If we replace g by —e, o for 2S/h and introduce the Bohr magneton 5 we have

h2 2 p2

2 HBo T HB e” B% _
(%V —9L7B~L—QSFB-S+C—2T(JC +y2)+V(r))¢(r, $)=E¢(r, s).
(11.64)

with g1, = 1 and gs = 2 the Landé¢ factors. This is, precisely, the Pauli equation for
spin 1/2 electrons in a magnetic field that was proposed in (11.5). For the Hydrogen
atom V (r) is a central potential and the parabolic potential can be neglected. We
should note that all changes that were made here were restricted to the kinetic term,
without any conditions on the potential term. Consequently, the equations that we
obtained here are valid also to describe charge carriers dynamics through different
types of potentials. In particular, we can use this equation if we study the transport
of charged particles across semiconductor structures or magnetic superlattices. This
kind of systems with additional spin-orbit interactions are part of the actual spintronic
devices.

Since the function ¢(r, s) is vectorial, the Hamiltonian in (11.5) should be a
matrix equation. When the particle spin is 1/2, itis a 2 x 2 matrix equation. We will
understand that, when the unit matrix does not appear explicitly in some Hamiltonian
terms, they are actually multiplied by the corresponding unit matrix. Notice that

Anow.s) =1 (o) ew (5) =Few (o) (5) = e (5).
(1.

This shows that

65)
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Hbg(x,s) = Ho(x, s). (11.66)

In what follows, we write the matrix /5 only when we need it.

11.3 The Spin-Orbit Interaction

The spin-field interaction was used to explain the anomalous Zeeman effect and the
fine structure of the emission lines. In fact, if an orbiting electron, with magnetic
moment [, = gs /i B§/ h, moves with a velocity v in an electric field E, it feels in its
own reference frame a Lorentz-transformed magnetic field B’ given by (assuming

v <K c) E
V X

5 -

B =— (11.67)

c

This suggests that in the presence of electric fields, the external magnetic field B in
the spin-field interaction of the Hamiltonian should be replaced by B+ B’. Therefore,
for electrons in the presence of an electric field, we must include the interaction term

HB 5, B vxE
—gs—B - S= — - -S 11.68
95 95 ( ) ) ( )
In the radial atomic electric field r
E=-E, (11.69)
r

the spin-field interaction becomes

E vxr gsugl0¢
U=-=4,. _ 9skB 0%,
Fle — 2 mhc? r Or

(11.70)

This energy predicts a spacing of the emission lines, the fine structure, that is larger by
afactor of 2 than the observed spacing. This difficulty could not be solved by changing
the Landé factor gg from 2 to 1. The solution came from the relativistic electron theory
of Dirac. A theory that we will not study here but is available in many textbooks.
We will only present briefly the Thomas precession picture. In 1927 Thomas® gave
the following argument to correct the factor 2. When the orbiting electron moves in
an external field E, the time derivative of its intrinsic angular momentum §, in the
electron’s reference frame, is

ds

" :_Mx(%xE) (11.71)

rest

5 L. H. Thomas, Nature, vol. 117, 514 (1926).
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If the electron’s frame moves with an angular velocity wr (Thomas frequency), the
time derivative of S, in the non rotating reference system (the nucleus), is

dsS dsS N
— — + S x wr, (11.72)
dt nr dt rest
with B
= E. 11.73
wr 2meczv X ( )

If we recall that up = eh/2m, and substitute, we have

dS vxE+ 1 vx E
— | = —fe X — e X
dt o ,LLe C2 gsﬂe C2
1—gs vx E
= Jte X —>— = jie X Br. (11.74)
gs c

This means that the potential energy must be

1—gsvxE

5 (11.75)
gs c

U=—,-

This energy, for gs = 2 and for the radial electric field considered before, becomes

v=_L, ¥ (11.76)
=Tt T2 '

which is smaller by a factor of 2 than the energy in (11.70). Using again the relation
le = gsipS/h we have
pe 1 0¢(r)

—S. L= - S-L, 11.77
2y Or ( )

up E
r " hmgc

that is also known as the spin-orbit interaction. The coefficient of this interaction
depends on the external electric field that was assumed radial.

11.4 The Total Angular Momentum

So far we have introduced, related to the atomic electrons, the orbital angular
momentum L and the intrinsic angular momentum S. To describe these electrons
we make use of quantum states defined as the product () xs, which means a direct
product of the angular momentum and spin state spaces. This product implies the

sum of the operators A
J=L+S§, (11.78)



11.4 The Total Angular Momentum 261

and defines the total angular momentum J. This is a particular case. In general, a
system may consist of two or more subsystems with angular momenta 3.7, ... In
that case, one can define also the total angular momentum as

TJ=Ti+h+... (11.79)

In the presence of an external magnetic field and of the spin-orbit interaction,
the angular momentum L is not anymore a constant of motion. The Hamiltonian
does not commute with L, but L commutes with S; and the total angular momentum
J commutes with L and with S. In the absence of external magnetic fields and presence
of spin-orbit interaction, the Hamiltonian commutes with j Hence, the total angular
momentum is a conserved quantity and

Jo=L.+S., J,=L,+85,, J.=L.+5., (11.80)

The operators J. 72 and J mimic the commutation relations of L.L 2and L;. Besides
this, the operators J? JZ, L2 and S 2 commute among them.® This means that for
definite values of / and s the eigenfunctions are represented by functions characterized
by the quantum numbers j, [, s and m . If we represent the eigenfunctions with the
bras |jlsm ), the eigenvalue equations of J 72 and J will be:

T2|jlsm;) = K2 j(j 4 Dljlsm;) (11.81)
.7;|jlsmj) = hm;j|jlsm;) with |m;| < j. (11.82)

But, what values will the quantum numbers j and m; take? Suppose that / and s
are given. There are a total of (2/ 4+ 1)(2s 4+ 1) possible orientations of L and S
represented by the different values of m; and m,. The largest value that j can take is
[ + s and the smallest |/ — s|. The maximum of m ; occurs when m; and m; take also
their maximum values, and the minimum when they take their minimum values, this
means that

I+s>j>|l-s| and mj =—l—s,~l—s+1,..,[+s—1,1+s. (11.83)

One can easily verify that the number of states characterized by the quantum numbers
J» 1, s and m is equal to the number of states characterized by the quantum numbers
[,m; , s and my. Is is always possible to pass from the representation | jlsm ;) to the
representation |/m smg). This is a broad topic in the literature of angular momentum,
that is beyond our purpose here. The interested student can consult the specialized
literature.” From the definition of J it is obvious that

6 There are at least two sets of mutually commuting operators: the operators J2 Jz, L2?and §2
and the operators L2 L $2 and Sq,

7 See, for example, A.R. Edmonds, Angular Momentum in Quantum Mechanics, Princeton Univer-
sity Press, Princeton, N. J. 1974.
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J?=L?+S52+28-L

The eigenvalues of the operator S - L can be obtained easily because

~ o~ 1 7/~ e PR
S~L=—( —LZ—SZ).
2

Indeed,

_pdG DI+ =56+ D)

S -L)|jlsm) 5

11.5 Problems

1. Show that the operators
$, =% +iS, and S =5, -5,
satisfy the commutation relations
[S.5.] = +hS:.
2. Show thatif S, xy = b x, then

S.Six = (b +h) Six.
S.S_x=b-hS_x.

3. Derive the relations

5.5, =32 3215,
5.3 =52 - 52413

|jlsm

ne

(11.84)

(11.85)

(11.86)

(11.87)

(11.88)

(11.89)
(11.90)

(11.91)
(11.92)

Combining these equations with the assumption by; = b, +nh to show that

by =—nh/2.
4. Show the relations

St smg) =l (s+my + 1) (s—my) |s, mg—+1),
S_|smg) =hy/(s+mg)(s—mg + 1) |s, my—1),

(11.93)
(11.94)

and obtain, starting from these expressions, the matrix representations S, and S.
5. Using the eigenvalue equation (11.8), show that the matrix representation of

S, is



11.5 Problems
h(10
=3 (0 —1) '
6. Show that the spin components anticommute, i.e.
§i§j+§j§i =0 for i,j=x,y,z

and furthermore, that
2S,'Sj =ih Giijk~

7. If o = %S, determine the matrix representations of oy, oy and 0.
8. Prove the following identities:

(c-a)(c-b)=a-b+ic-axb,

(0-(V4+D)(o- (V+D) =V +D(V+DL+ic- (VxT).

9. Show the identity
(c-P)o-p)=p P Db,

and verify that in the presence of a magnetic field, one has
2 p2

SRt _ ~ 4B
@ PP — PP+ I8 L+ L2 (24,7
c ct 4
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(11.95)

(11.96)

(11.97)

(11.98)

(11.99)

(11.100)

(11.101)



Chapter 12
Perturbation Theory

In previous chapters we have seen an important set of systems whose Schrédinger’s
equations can be solved analytically. There is, however, an even larger number of
quantum systems whose Schrodinger’s equations can not be solved analytically. Gen-
erally one has to use approximate methods like the WKB approximation, the per-
turbation method, and numerous numerical methods. In this chapter we will study
only the fundamentals of the perturbation theory, and the interaction representation.
The perturbation theory can be used to approach the correct solution, when part of
the Hamiltonian is characterized by a small perturbation parameter 7, such that, ne-
glecting the perturbation part ‘7p = nﬁ , one is left with a soluble problem for the
Hamiltonian H, = H — V),. When this is the case, the first step of the perturbation
method is to solve the problem for H,,. In the following steps the theory tells us how,
starting from the unperturbed eigenfunctions @f,o) and eigenvalues E,(,O), one obtains
corrections of different orders in the perturbation parameter that will leave us, at
the end, with good approximations to the correct solution. We will study, separately,
the perturbation theory for time-independent and for time dependent perturbations.
For the time-independent perturbations, we will distinguish the degenerate from the
non-degenerate case. In the last section of this chapter, we will present some basic
expressions of an alternative method to treat time-dependent and time-independent
perturbation interactions, the interaction representation. The interaction representa-
tion is a formalism that combines the Schrodinger representation, where all the time
dependence is in the wave function

G(r. 1) = ey (r 0), (12.1)

with the Heisenberg representation, where all the time dependence is (see Sect.7.6)
on the operators expressed as:

V() = e H1/he—ifit/h, (12.2)
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In the interaction representation only the perturbation part Vp of the whole potential
V= V(, + Vp, becomes a function of time when it is written in the form

V(1) = e/ tot/hy o =iHot /R (12.3)

with H, the unperturbed Hamiltonian.

12.1 Time-Independent Perturbation Theory

If we have a Hamiltonian like

o~ o~

H=H,+V,=H,+nU, (12.4)
where, as mentioned before, the unperturbed Schrodinger equation for H, is soluble,
one can use the perturbation theory, with different levels of approximation defined
by different orders of the smallness parameter 7.

Suppose now that the perturbation potential is independent of time and the
Schrodinger equation
Hypl? = EP 0P, or Hyln)o = E\”|n)o. (12.5)
is soluble. The procedure to obtain the approximate solutions of

Hen = Enin, (12.6)

depends on whether the states ap,(lo) are degenerate or not. Let us study the non-
degenerate and degenerate cases separately.

12.1.1 Perturbation Theory for Non-Degenerate States

If the eigenfunctions gp,(qo) are non-degenerate, we can propose for the exact solutions,
|n) and E,, a development in powers of the perturbation parameter 7, as follows:

In) = |n)o +nln)1 +n%ln)2 + .. (12.7)
E, = EQ +nE® + 2EP + ... (12.8)

If we replace these expressions in (12.6), we have

(H, +10)(InYo +nln)1 +...) = (EQ +nEL ) (In)o +nln)1 +...). (12.9)
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Equating the coefficients of the same powers of 7, on the left and right sides of this
equation, we have:

H,|n)o = EQ |n)o (12.10)
Hyln)1 + Ulnyo = EX|n)1 + EPn)o (12.11)
Hyln)z + Uln)y = E?n) + EV ()1 + EP|n)o. (12.12)

The first of these equations is the Schrodinger equation of the unperturbed system,
which we have assumed soluble. Thus we have E ,20) and |n)g. Let us assume that |n)g
is normalized. The second equation, allows us to obtain the first order corrections to
the energy and wave function. This equation depends also on E,(lo) and |n)o. Before
using the second equation we write it as:

(Hy, — EM)In)1 = (ED — T)n)o. (12.13)

If we multiply this equation from the left by o(n| and take into account, here and in
the following, that

onlHy = oin| EL),  ofkln)o = 0. olkITln)o = U, (12.14)

n -

the left side vanishes, and from the right side we have that
EM =0, (12.15)

This means that, to first order in the perturbation, the correction to the unperturbed
energy is just the expected value of the perturbation potential evaluated in the unper-
turbed state |n)¢. Thus, to first order in 1, we have

E, = E +nU0). (12.16)
For some problems this degree of approximation could be enough. Let us now ob-
tain the first-order correction 7|n); to the unperturbed solution |n)o. To obtain this

correction we will use the complete set of the unperturbed functions |n)g. We can
express 7)|n)1 as the linear combination

=D s ko = D ol klnhlk)o, (12.17)
k k

which requires the coefficients c,(q}{) = o{k|n)1. Our next task is to obtain these

coefficients. Let us go back to (12.13), and write that equation in the form

(H, — E®)In)1 = (U — U)Ino, (12.18)
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where we have replaced E ,(1]) by U,g?,),. Multiplying this equation, from the left, with
o(k|, we have
0 0
(EL = EQ)o tkln)1 = (U)6en — UL)). (12.19)

This gives us the coefficient

(Usndin = Ug)

olk|n)1 = , for k #n. (12.20)
(7 - £)
Therefore, the expansion (12.17) can be written as
u?
=" = 1k)o, (12.21)
0) (©)
k+n (En E”)
and the wave function to first order in 7 is
O
n
n) = In)o +n Z 0 £0) IK)o. (12.22)
k;én ”

With quite similar procedures one can obtain the higher-order corrections. It can
be shown that for the second order corrections we have

Z | IEO)|2 Z |U(O)|2
E®D =D S = (12.23)
) ) ’
izn (En” —E) iz heonk
(0) (0) 0) 770 )2
U U UpnU 1 U |
@ = 3 kS Ik, LSk, (12,24
e — 3 0 5—In)o.  (12.24)
Ikn I o-)nko-)nl o hzwnk 2 kn h‘zwnk

12.1.2 Perturbation Theory for Degenerate States

Let us suppose now that we are dealing with an unperturbed Hamiltonian H, that has
degenerate eigenstates |n)g. When the number of states corresponding to the same
energy level is, say d, we have a degeneracy degree d. Let us suppose also that the
perturbation potential V), breaks or removes this degeneracy. Even in that case, the
perturbation method changes slightly. Applying the perturbation method one obtains
a secular equation, whose roots, generally real and different, provides corrections to
the unperturbed energy E ,(,).

If the degeneracy degree of E,? is d, the eigenfunctions corresponding to this
unperturbed energy will be denoted as @2 . @22,..., and @2 . In the Dirac notation
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these are represented by |n1)9, [1n2)0,..., and |n4)9. We have two choices to continue
with the general formalism of the perturbation theory of degenerate states. One is
to proceed as if we do not know that the perturbation potential would remove the
degeneracy. Another is to proceed by assuming that the degeneracy will be removed
when 7 # 0. Thus, the non-degenerate wave functions |n)o 4+ 7|n;)1 corresponding
to the energy levels E,(,f) (with i=1,2,...,d), reduce to a combination of d orthogonal
degenerate states, i.e. to |n)g = Z?:l anjlnj)o. We will follow the last alterna-
tive. Our main objective will be to determine the non-degenerate energy levels and
the coefficients a,; for the corresponding linear combination of degenerate states.
Therefore, we can develop the solutions |r) and E,, as follows:

d
iy = > aijlnjdo +nlnidi + i)y + ... i=1,2,...d, (12.25)
j=1
En =EQ® +nE" +n*ED + ... i=1,2,..4d. (12.26)

If we substitute these expressions into
Hinj) = Ep,In;), (12.27)

we have

d
(Ho+nU) | D aijinjlo+nini)yi+ ... | = EL+nEP+...)
j=1
d
zaij|”j>0+ i)+ ...
j=1
(12.28)

Again, equating the coefficients of equal powers of 7 in the left and right sides of
this equation, we have

H,ln)o = E®|n)o, (12.29)

d d
Holni)1 + U Y aijlnj)o = EX i)y + EP D aijln o, (12.30)
j=1 Jj=1

d
Hylni)y + Ulniyy = E” i + EPInid1 + E D aijlnjo.
j=1
(12.31)
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The first equation is the Schrodinger equation of the unperturbed Hamiltonian. The
second yields the first order corrections E,(,ll.), that we are looking for. Let us write
this equation in the form

d
(Ho — EQ)nidy = (U + EP) D ayjlnj)o. (12.32)
j=1

and multiply from the left with ((n;|. Assuming that the unperturbed degenerate
functions |n )¢ are normalized, we obtain the following system of equations:

2 d
> olm|Ulnj)o — EP Dla =0 il=12..4d, (12.33)
j=1 j=1

that can be written as
d
> ay (0(n1|U|nj)0 - E,g}>5,,j) —0 with il=1,2..d (1234
j=1

It is well known that this homogeneous system of linear equations, has non trivial
solutions for the coefficients ay;, if

o(n1|Uln1)o — E,(z}) o(n11Un2)o o om|Ulna)o
—~ o~ 1 —~
o{n2|Uln1)o o{n2|Uln2)o — Er(z,-) ... oln2|U|na)o _0
o(nalUln1)o onalUna)o ... o(nalUlna)o — Els})
(12.35)

This condition gives us the energies E, ,(1} ) Itis clear and easy to verify that the secular
equation corresponding to the energy level E,(l}) is identical to that of E ,(li) Thus all
the determinants lead to the same polynomial of degree d in E ,5}) (or E ,(1;)). It is then
sufficient to solve one of the secular equations. Generally the roots are different, and
give us first order corrections E,(lll), E,ﬁ? ,...and E,(li,) to E,(,O).

To simplify the discussion we will consider d = 2. It is convenient to use the
notation that we used in Eq.(12.14), for the matrix elements UZ(S.) = olm |ﬁ Inj)o,
and, to further simplify the notation, we will remove the superscript (¥ which indi-

cates evaluation of the matrix element with the unperturbed states. From the secular
Eq. (12.35) we have the polynomial

E(D2 — E,(l}) (U1 + Ua2) + Ui1Usp — Ur2Us1 =0, (12.36)

n;

with roots
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1
Elg,l) =3 |:U1,1 + U F \/(Ul,l — U2+ 4U1,2U2,1} . (12.37)

Therefore, to first order of the perturbation parameter 7, the non-degenerate en-
ergies are:

E, =E" + g |:U1,1 + U — \/(Ul,l —Ur2)* + 4U1,2U2,1} (12.38)

and

En,=EY + g |:U1,1 + Uz + \/(Ul,l —Ux2)* + 4U1,2U2,1} : (12.39)

These energies, to first order of the square root development, are:

UipUz
E, =E9 +nlUu - ——= 12.40
n M n| Ut Ur1—Usa ( )
and Uil
Eu:zﬁ”+n[Uu+——Jﬁ—iL]. (12.41)
Ui1—-Uzp

We can now obtain the coefficients a;; of the linear combinations corresponding
to E,EP and E,Sz,) If we plug the energy corrections E,(lll) in the system of Eq. (12.34),

for d = 2, and normalize the linear combination, we get for E,EP (notice that Uy 5 =
Ui,
2,1

Uip
any1 = _anIZ—(l) (12.42)
Ui — Ey
and
2 2
lan1|” =1 — lan2l”, (12.43)
with solutions
1 U 1—-U
lan1|? = S+ L1 : 22 (12.44)
VU1 — Ux2)? +4U,2Us
and
1 U1—-U
lanpl? == |1— L1 722 . (12.45)
2 VU1 — Uz2)? +4U12Us

One finds similar results for E,(llz>
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12.2 Time-Dependent Perturbations

There is a large number of systems whose Hamiltonians depend on time. In those
cases, the energy is, of course, not conserved. If a Hamiltonian of this kind can be
written as the sum of a stationary Hamiltonian ﬁ(, plus a time-dependent perturbation
potential, i.e., if

H=H,+V,0), (12.46)

it makes sense to think of time-dependent corrections to the energies and functions
of the stationary system. The aim of the perturbation theory is to determine the time
evolution of the system based on the solutions of the stationary problem. To simplify
the notation, let U (1) = Vp (t). Suppose that |1,)o (or |n)p), is a solution of the
stationary problem. The solution of

~ o~ 0
(Ho +U@)|9) = ihﬁ, (12.47)
will be written as the linear combination
W) =D an(®)tn)o. (12.48)
k

with |1, )0 = e 1Ent/ h(pn (r) and a, time dependent coefficients. Our purpose is to
determine these coefficients. If we replace the combination (12.44) into (12.47), and
take into account that

o~ Oy
Ayl = in 100, (12.49)
ot
we find the equation
. Jday ~
zh;wm 5, =;anU|wn>o. (12.50)

If we now multiply this equation from the left by o(ix|, and separate the time de-
pendent part |1/, )0, we obtain the system of time-evolution equations

6 .
ihitk = Z ay Uk,n(t)el
n

(0) (0)
(£ —E)um (12.51)

To solve this system of equations we use a perturbation method as follows. Ifat7 = 0
the system is in one of the eigenstates of ﬁo, say in the state |1, )0, it is clear that
at this time a,(0) = 1, and ax(0) = O for k # n. It is plausible to suppose that,
sometime later, the coefficients can be expressed, approximately, as

ait) = a(0) +a” (1) (12.52)
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with aq;(t) < a,(t) =~ 1. In this case, the system of equations takes the form

d (0 (0
i = Ui (e B )11, (12.53)

that can be written as

t

ap(t) = _% / Upn (e dt’ k # n, (12.54)
0

where the frequency wy,=(E ,EO) —E 7(10)) /hwas defined. These coefficients have a very
interesting physical meaning. They represent the possibility of the system, which at
time ¢t = 0 is in the state |1, )o with energy E,(ZO), to be found at time ¢ in the state
|k )o with energy E ,EO). Therefore, the transition probability, from the state |1, )¢ to
the state |y )o, is:
p 2
1 A
wf = 55 | [ Ventre e ar| (12.55)
0

and the probability that the system remains in the state |1, )¢, i.e. the survival prob-
ability, will be:

2
t
1 .
lan @7 = 1= lax(@)]* =1 - = > /Uk,n(r’)elw dr'| . (12.56)

k#n k#n |

If the potential varies slowly with time, the matrix elements Uy , are almost
constant and can be taken out of the integral, assuming of course that ¢ is not too
large. After integration, we have the transition amplitude

Ulibn .
ax(t) = —% (1 - e’wk"’) . k#n (12.57)
k n

and the transition probability per unit time, in this case the transition probability from
the state |1, )¢ to the state | ), will be

Wo, = | OF _ 4ot (U] sin® rat/2) (12.58)
t h? w,%nt

As can be seen in Fig. 12.1, where we plot the function sin?(wgnt /2) /w,%nt, the
highest maximum of this function grows with time while the width becomes narrower.
The region of frequencies wy, with higher contributions is basically in the range
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<~ t/4 «~— t/4
2 sin2(w,t/2)
wknzt
t=1 0 t=4
0.1
2n/t 2n/t
8 4 4 8 Wy -8 -4 4 8 Oy

Fig. 12.1 The behavior of the function sin?(wy,/2) /w,%nt att =1 and t =4. The maximum value
of this function is #/4 and the higher amplitudes region extends from —27 /¢ to 27 /t. The area
below the curve, from —oo to oo, for any value of ¢ is 7/2

|wkn| < 27/ = €/h. In the limit 1 — oo the function tends to (1/2)5(EY” — E”).
We will comment on this limit at the end of this section.

Based on (12.58) we can conclude that the probability to find the system in any
of the states |1k ) is

| 2

-2
Wn _ ZWkn _ Z 4|0(wk |U|¢n>0 S (Wknt/z) (1259)

2 2
k#n k#n h wk”t

This expression can, approximately, be evaluated if we replace the factor function
fWin, 1) = sin®(wint /2)/ w,%nt by a frequency-independent function g(z), defined
in such a way that the integral, in the frequency region (—7 /¢, 7/t), is also /2. That
function is ¢ /4 and the sum, is then restricted to the states (—=h/t, wh/t). If p(E,EO))
is the density of states, the number of states in the energy region (—7h/t, wh/t) is

27h
AN = p(E,f’))%. (12.60)
These considerations can lead to the approximation
2 . 2
4ox [U [vn)o|” sin®(weat /2)  4[o(tr |U19n)o] 0. 27h 1
2 2 2 - i PES)— 7
k+#n Win!
(12.61)

With this approximation, it is easy to see that the transition probability per unit time
is given by

2
_ 277}0<wk |U|'(/Jn>0|

W, o

o E,@)_ (12.62)
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This is known as the Fermi golden rule. This formula has been widely applied for
simple evaluations of quantum transitions, especially in nuclear and high energy
physics.

If, on the other hand, we consider the limit # — oo and substitute the function
sinz(wknt/Z)/w,%nt by (77/2)(5(E,(,0) — E,EO)) in Eq.(12.59), we go to the continuous
limit. Changing the sum by an integral

oo 2
2 U
—00

we obtain

w _ 2xlotn 1U1n)o]”

. : p(E). (12.64)

According to this result, as t — 00, the transition become negligible.

12.3 The Interaction Representation

We will see now a general procedure to solve the equation

Lo
iheg - = HU, (12.65)

when L R
H=H,+ V(). (12.66)

This method is based on the assumption that the time evolution of the wave function

¥(r, 1) is determined by an evolution operator that depends on the time-dependent
potential V (¢). If we define the function

B, 1) = e Bt My (e ), (12.67)

such thatatr =0 _
P(r, 0) = (r, 0), (12.68)

it is clear that (to simplify the notation we show only the time dependence)
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at — ﬁﬁoeil‘lol/h w(t) +eiH0

oP(t) i in 0P
ot

= o Hot I, () + oot /T (—%1%@))

>t

—% (eiﬁ”l/ Y (1)e—iHot/ ﬁ) (). (12.69)

This equation can be written as

ihw = V'()(1), (12.70)
ot
with V' (¢) ~ ~
V'(t) = e Mot/ (1) Hot /R (12.71)

Formally, the solution of Eq.(12.70) is
B(t) = e~V OT G0y = T, 1) (o). (12.72)

We will try to obtain a simpler representation of the unitary operator U (t, t9). If we
take the time derivative of

Ut 10) = e~V OU=10)/h (12.73)
we have the first-order differential equation

au(t, 1
ih (1, 19)

= V(U1 to), (12.74)

which, after integration from 1y to ¢, transforms into

t
1

U1, 1) — Ulto, to) = — / V(U (11, to)dty. (12.75)

fo

From the definition of the operators % (1) and U (1, to), it is easy to see that the
above equation can be written as

t
Ot 10) = 1— %/eiﬁ"”/hV(tl)e_iﬁ"“/hﬁ(tl,to)dtl, (12.76)
0]

which is a time evolution operator where both parts of the Hamiltonian, ﬁo and ?(t)
appear explicitly. This is an integral equation for U (¢, #p) which is solved iteratively.
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At each stage of the iterative process we have, in principle, a better approximation.
In the iterative process we start with U ©)(¢, 19) = 1. This is the zero order solution.
If we use this in (12.76), we obtain the first order solution

t
0D, 10)=1- %/eiﬁvf/ﬁx?(z)e*iﬁo’/ﬁdn. (12.77)
(0]

In the second step of the iterative procedure we introduce this operator in (12.76), to
obtain the second order solution

t
U, 19)=1— %/eiﬁ""/hV(tl)e‘i’?O’l/hdtl

fo
1

- % / ot /BG (1) o= Hor2 /gy, | (12.78)
10
that can be written as

t
U, 19)=1— %/eiﬁ"“/hV(tl)e*iﬁ(’“/hdtl

fo

1
t _ PN R PR
— 5 | dn / dty e P /1y (1)) gt Ho(2=1)/hY7 (1)) g =i Hot2/ R (12 79))
0]
1o

This procedure continues, in principle, to any order. Given this evolution operator,
we can write the wave function 1 (r, t), for example to second order, as

(e, 1) = e*"ﬁof/h(l + 0% 1)+ 02, to)) W(r, 0), (12.80)

with ﬁ(l)(t, to) and o (1, tp) as defined above.

12.4 Solved Problems

Exercise 37. If an atom is in a weak external electric field £, the interaction of the
atomic electrons with this field, can be treated as a perturbation term. Obtain the first
and second order corrections to the electron energy.

Solution We know that, between the field £ and the electric potential ¢, holds the
relation
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E=-V-¢. (12.81)

If we multiply by dr and integrate, with the origin of the coordinates system at the
atomic center, the electron’s potential energy is

V =q¢=e€ - r. (12.82)

The product e£ ~ 1.60218 10~1°€ is, certainly, small in the presence of a weak
electric field £, and the effect on the energy can be treated as a perturbation. Using
the matrix elements o

r = ((k[Fln)o, (12.83)

the atomic electron energy in the presence of an external field, up to second order in
e&, is then given by

(€ r<°>) (5 r<°>)

En=E)+ef -1y +e22
k#n

(12.84)

The first-order correction is known as the Stark effect.

12.5 Problems

1. Prove that the energy and wave function corrections, to second-order of the
perturbation theory for non-degenerate states, are:

|Uk(0) |2 | Uk(O) |2
E® = Z n = Z o (12.85)
0) (0) ’
k#n (E” - Ek ) k+#n heont
and
0)4,(0) 0) 77(0) )2
Uk Uen UnnUp 1 Uy |
)@ = SR S kg — = > ). (12.86)
o h2wnkwni = RPw?, 2 = R2ws,

2. Show that, in the perturbation theory of degenerate states, independent of time,
with degeneracy degree 2, the following identities hold:

1
U121 + (Up1 — E} )

= JWL = U2 4401205 (1287)
(U — E (1))
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|U12)? + (Uy,1 — E(])
Ur1 — EY)

_\/(Ul 1 — U22)?+4U12Us . (12.88)

3. Prove that, in the perturbation theory of degenerate states, independent of time,
with degeneracy degree 2, the coefficients of the normalized linear combination
of degenerate states, for E ,(,?, are:

1 U 1—-U
lanst > = = | 1= S (12.89)
2 VU1 = Ux2)? +4U12Ua

and

s 1 Ui —Up
lanpl? = = [ 1+ : . (12.90)
2 VU1 — Ux2)? +4U12Us

4. Given the first order corrections to the energy of unperturbed degenerate states
and the linear combinations, obtain the energy corrections to second order of 7.

5. Prove that, with the approximations described in Sect. 12.3, the transition prob-
ability in (12.59) reduces to the Fermi golden rule

2wl U [n)o|
n — h

p(E). (12.91)

6. Show that replacing the function sin®(wy,t/2) /w?, 1 by (7/2)8(EN — EL”) in
(12.59) one obtains

 27o(ehn |U|¢n>o|
" h

p(ED). (12.92)



Chapter 13
Identical Particles, Bosons and Fermions

13.1 Introduction

The distiguishability or not of quantum processes under an interchange operator I?, i
of two particles and the interference phenomena of the wave function amplitudes, are
fundamental issues of quantum theory. We will see that, for systems of identical par-
ticles, the invariance of the Hamiltonian under the action of the operator i’\,-j\implies
symmetry conditions on the wave functions that are symmetric under P;; when
it describes integer-spin particles (bosons), and antisymmetric, when it describes
half-integer spin particles (fermions). Related with these symmetries, different and
amazing properties of nature manifest when two or more identical particles with
equal spins are observed. We will comment some consequences related with these
symmetries: consequences and properties that can be explained within the quantum
theory.

13.2 Distinguishable and Indistinguishable Quantum Processes

To visualize the properties that we want to discuss, let us suppose that we have a
scattering process of two quantum particles, a and b which can be distinguished. In
Fig. 13.1 we show two processes, seen from the center of mass system.! In the process
of the left hand figure, the particle a is registered by the counter C; and the particle
b by the counter C,. When the counters C1 and C; distinguish the particle’s identity,
the processes are distinguishable. We will represent the probability amplitude for the
particle a to be scattered an angle 6 as”

! An observer in the center of mass, will see that two particles, approaching or distancing, move
one opposite to the other before and after the scattering, independent of the scattering angle.

2 Generally ¢(0) = ¢(—6) and p(r — 6) = (0 — 7).

P. Pereyra, Fundamentals of Quantum Physics, Undergraduate Lecture Notes in Physics, 281
DOI: 10.1007/978-3-642-29378-8_13, © Springer-Verlag Berlin Heidelberg 2012
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~Na ~N ¢

Lo (oA

Fig. 13.1 Collision of a particle a with a particle b seen from their center of mass. The particle
counters Cy and C register the scattered particles along the 8 y m — 6 directions

®q(0) = (l|a). (13.1)

This is equal to the probability amplitude for b to be scattered along the 6 — 7
direction. Therefore, the probability that the counter C registers the particle a, i.e.,
the probability for the left side process to occur, is

Pa1 = lga(0)1°. (13.2)

If the counter C; registers the particle b, the right hand side process occurred. If the
probability amplitude for the particle a to be scattered along the 6 — 7 direction, i.e.
to be registered by the counter C, is ¢, (6 — ), the probability for the occurrence
of the right hand side process is

Por = lga(m — O)* = |9p(0)* = Pp1. (13.3)

We could be less restrictive and ask ourselves for the probability P that the counter
C registers either the particle a or the particle b, i.e. for the probability that either
the left or the right hand side process occurs. In this case, we have the probability
for occurrence of the left hand side process, plus the probability for the occurrence
of the right hand side process, i.e.

P = Py + Pap = @) + |ga(m — 0)]%. (13.4)

The occurrence of one event does not interfere with the occurrence of the other.
We have a specific realization of the experiment just discussed, when we have, for
example, the scattering of an « particle by a proton or any nuclei, different from «.
The probability of having the particle @ in C1, and the proton in Cs, is

Pa1 = loa(0)°. (13.5)
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N,

S F/

a a a

& Lo

Fig. 13.2 Collision of two particles « seen from their center of mass. The particle counters C| and
C; register the scattered particles along the 6 and 7 — 6 directions

What happens when the particles are equal, say both alphas as in Fig. 13.2? In this
case, the processes at the left and right, are not distinguishable any more. If a particle
« is detected in C1, we do not know whether it comes from the left or from the right.
Any of the two processes could have happened. The probability amplitude to detect
an « in C; has two contributions: the probability amplitude that the alpha particle
was scattered along 6 and the probability amplitude that it was scattered along 6 — 7,
ie.

Va1 = 9o (0) + @a (T — 0); (13.6)
both amplitudes interfere and the probability of detecting a particle « in C;> is now
Pa1 = |9a(0) + gu(n — 0. (13.7)

If in these experiments the scattered particles are identical, for example alphas, or
electrons, etc., but they possess some quantum property like the spin projection that
the counters can distinguish, the previous analysis holds. If the spin projections are
different, the situation is analogous to that of particles @ and b and the processes
will be distinguishable. If their spin projections are equal, the particles are identical
and the processes will be indistinguishable. However, it is important to notice that
talking of scattering processes is not the same as talking of the occupation probability
of a quantum state by identical particles with spin. The spin in this case gives rise
to important physical differences. We will briefly comment those properties in the
following sections.

3 Which is equal to the probability of detecting an alpha particle in C.
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13.3 Bosons and Fermions

To describe a system with N identical particles, we will use functions like

o¢1,86,..,6n) =@, 12, ..., TN) X (51,52, ..., SN)
= ¢1(r1, s1)P2(r2,52), ..., dN (XN, SN)

=¢16)P2(52), ..., N (EN)- (13.8)

Although it is clear that, when the particles are identical we can not label them, we
can suppose (temporarily) that we have in the state 1 the particle 1, in the state 2 the
particle 2,. . . etc. Because the particles are identical, it may happen that the particle
1 is in the state 2, the particle 2 in the state 1, the particle 3 in the state 3,... etc.
This leads us to conclude that the most general representation for a system with
N identical particles is obtained when we sum up all possible permutations of the
coordinates &; of the wave function ¢ (&1, &2, . . ., §n), i.e., the most general function
to describe a system of N identical particles is

D& ... EN) =C D Pe[p1ENGE), ... dn(EN)], (13.9)
P

with P the permutation operator of the coordinates & ;. Cis a normalization constant.
When we have identical particles, and we interchange the position and spin of any
two particles, the system does not change. This symmetry under the interchange of
two particles must be reflected by the invariance of the function ¢ (&1, &, .. ., &n).
If ﬁkl is the operator that interchanges the particles k and /, we have in principle the
transformation

Pud(Er &y bis o &1, EN) = €081, 82y o Bl Er L END;

(13.10)
which returns to the original state when the operator acts twice, thus /2% = 1. Hence
et = +1. (13.11)

Combining (13.10) and (13.11), we conclude that on one side we can have

o182, 8o bl EN) = 01,62, 6 B ), (13.12)

in which case the wave function is symmetric under the interchange of two particles,
and on the other

¢G1. 8, &k n 8 EN) = =08 62, L BN,
(13.13)
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and the function is antisymmetric under the interchange of two particles. It is a
fact that particles with integer spin (like photons, alpha particles, etc.) are described
by symmetric functions; and those with half-integer spin (like electrons, protons,
neutrons, etc.) are described by antisymmetric functions. This sign difference has
enormous consequences on how the nature is built. Particles with integer spin are
called generically bosons and those with half-integer spin, fermions.* We shall see,
a little later, some important consequences as the Pauli’s exclusion principle and
the Bose—Einstein condensation. We know from matrix algebra, what the matrix
determinant and the matrix permanent operations mean.’> Using these operations,
it is not difficult to verify that the sum of terms @ (&y, &, ..., &y) in (13.9) can
be written as the permanent (to describe bosons) or the determinant (to describe
fermions) of

$161) ¢1(&2) ... ¢1EN)
?2(51) 92(52) ... 92(EN)

(13.14)

on (1) on (&) ... PN (EN)

We will briefly analyze some consequences of these symmetries.

13.3.1 Bose-Einstein Condensation and the Pauli Exclusion
Principle

To simplify the analysis, we will consider a system of two particles. Let us start with
two particles with integer spins, i.e. two bosons. We know that the most general wave
function in this case is the superposition

1
V2

This function is symmetric under the interchange operator Pj;. The system could
be one of two photons, within a space region limited by two mirrors, as shown in
Fig. 13.3. Suppose also that these photons are created one after the other. When the
first photon, photon f1, is created, the probability amplitude to find it, in some point
r; between the mirrors, is ¢1(§1) = ¢1(r1) x (s1), and the probability density is

Q1. 8) = (#1(6)92(82) + d1(62)¢2(61)). (13.15)

pif = oDy = lory, s (13.16)

4 W. Pauli, using field theory dealt with this issue.
5 The matrix permanent develops like the matrix determinant, but without changes of sign.
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J—

Fig. 13.3 In a system like the one shown here, photons are created by the recombination of
conduction-band electrons with holes (absences) of the valence band of a quantum well. The excited
electrons in the conduction band occupy the quantum well states according to the Pauli exclusion
principle and the Fermi—Dirac statistics. Photons moving between mirrors fulfill the Bose—Einstein
statistics

We will interpret this, as the probability to create the first photon. When the second
photon is created, the function that describes the two photons is the function @ (1, &)
given in (13.15). If the particles are identical,

$1(61) = ¢2(862). (13.17)

The wave function or probability amplitude for the two photons @ (&1, &) is then
written as

2
V2!
Therefore, the probability of finding the photon f'1 at r; and the photon f?2 at r is

(1, E) = ——¢(E1) = V29 (r1) X2 (s1). (13.18)

par = 2lo1 @) x sDPler ) x (s> = 2pifpi - (13.19)

This result can be interpreted as the product of the probability p s1 = p s to create
the photon f1 (in the empty state) times the probability p > = 2p; s to create the
photon f2, when the photon f1 already exists. This probability, p 2, is twice the
probability p r. If we generalize this argument® for an arbitrary number of photons,
we conclude that the probability density for creating one photon when n — 1 photons

6 A detailed discussion on this issue, can be found in Richard P. Feynman, Robert Leighton and
Matthew Sands, Lectures on Physics (Addison-Wesley, 1964).
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exist already, is

Pnf = NPm-1)f = n!p’ff. (13.20)

This probability is n times larger than the probability of having one more photon
when n — 2 already exist, and so on. This, without doubt, is an interesting result
that is behind the Bose—Einstein condensation phenomenon’ and the superfluidity
phenomenon discovered in 1938 by Kapitsa, Allen and Misener.®

Suppose now that we have two fermionic particles, for example, two electrons in
the bound energy levels of the quantum well in Fig. 13.3. Suppose also, for a moment,
that they were not identical. Due to the symmetry properties of the fermion wave
functions, the two electrons would be described by the antisymmetric function

1
NG

If the particles are identical, the function @ (&;, §;) becomes zero. This means that
it is not possible to have two identical fermions in the same quantum state. This is
precisely the Pauli exclusion principle, a fundamental property of nature; the recipe
to build and distinguish atoms. The exclusion principle allows quantum theory to
explain the electronic configuration and the periodic table. Let us now introduce a
final comment on the normalization constant of the general solution (13.14). If we
have N bosons, with N; particles in the state 1, N, in the state 2, etc., the wave
function @ (&1, &, ..., &En) in (13.9) contains N!/Ni!Nj!. .. different terms. If we
instead have N fermions, the wave function @ (&1, &, ..., £x) in (13.9) will be the
determinant of (13.14) with N! terms. If the wave functions ¢ (£) are normalized,
the normalization constant C in (13.9) will be C = /N !N>!.../N! for bosons and
C = 1/+/N! for fermions.

P61, 6) = (1(6192(82) — d1(E2)¢2(61)). (13.21)

13.3.2 Bose-Einstein and Fermi-Dirac Statistics

One of the variables that one needs quite frequently in applications is the occupation
probability or the average number of particles 7 in quantum states. In a system of
many particles, described by a Hamiltonian H, the stationary quantum states ¢; and
their corresponding energies E; are solutions of

Hej=Ejp;. j=123.... (13.22)

7 Eric Cornell and Carl Wieman, in 1995, have shown that cooling at 0.17 uK, the rubidium gas
undergoes to the Bose—Einstein condensate state.

8 Pyotr Kapitsa, John Allen and Don Misener discovered that He* passes to the superfluid state
when the temperature reaches 2.17 K.



288 13 Identical Particles, Bosons and Fermions

In a system of identical particles, it is fundamental to determine the number of
particles in each of the available quantum states, i.e. the set of occupation numbers

(nj}=@m,na,....nj5,...). (13.23)

With this information it is possible to evaluate a number of physical quantities, for
example, the energy of the whole system

E=> Ejn;. (13.24)
j

The Bose—Einstein and the Fermi—Dirac statistics differ precisely in the occupation
numbers. We will derive the average occupation numbers 7 in both cases. The reader
can find, in the standard statistical theory courses, different derivations of 7. When
the system is in contact with a heat bath, at temperature 7', that works as a reservoir
of particles, characterized by a chemical potential x, one uses for the statistical
evaluation the partition function

ZN — Ze_(E1n1+E2n2+.-.)/kBT; Wlth N — Zn] (1325)
{nj} i

The sum here extends over all sets of occupation numbers {n;}, compatible with
N=> ;jnj- With this function one can obtain the grand partition function (of the
grand canonical ensemble)

g = Z e—NM/kBTZN — Ze(u—El)nl/keT ZE(M_EZ)HZ/kBT. .. (13.26)
N=0 ni ny

To perform the sums we have to take into account all possible values of n, in each
case. In the Bose—Einstein statistics 7; can be any natural number and zero; this
means that for each factor of the last equation we have

1
(u—Ej)n;/kpT __
Ze s 1 e(M—E]-)/kBT’ (13.27)
n=0

but in the Fermi-Dirac statistics, n; can be only 0 or 1. As a consequence

o0
Ze(,kEj)nj/kBT =1 4 eW—ED/ksT (13.28)
n=0

If we assign the sign — to Bose—FEinstein statistics and the sign + to Fermi—Dirac
statistics, we can write the previous results in compact form as
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o
Ze(M—E.i)”j/kBT — [1 T e(M—Ej)/kBT]:Fl’ (13.29)
n=0

thus the grand partition function becomes
g =[[1F W Er/kaT] ™ (13.30)
J

Using this partition function it has been possible to derive, in the statistical theory,
the occupation probability

eM—Ejn;/kpT

Zn , eWm—Ejn;/kgT’
j

o nj) = (13.31)

of the state ¢ ;. Therefore, the average number 71; of particles in the state ¢; is given
by

Zn~ nje(ﬂ—E_/)nj/kBT
_. — . . —_— j
nj= Z”;KJ("}) = Zn e(W—Epn;/ksT
J

nj

- kBTai ZeW—E.f)"f/kBT. (13.32)
1% -
J

If we use the relation (13.29), the average occupation number is given also by
d
nj=kpT -1 7 W EN/kBT ] (13.33)
n

which leads, on one side (for bosons) to

1

"= JEwiksT _ 1

(13.34)

a distribution similar to the Planck distribution, and on the other side (for fermions)
to

_ 1
M G E kT (13:35)

Both distributions reduce, in the classical limit of high temperatures, to the Boltzmann
distribution. Another important limit is the continuum limit, in which the occupied
volume is so large that the single particle states are more and more densely distributed.
For a large fermion system, the number of states AN, with energies between E and
E 4+ AE, can be expressed as
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SE)

1.0 \ “—T=0
0.6

T+0
0.2 k

1 2 3 Ep 5 E

Fig. 13.4 The Fermi distribution for 7 = 0 and for T # 0. When the system temperature is 7 = 0,
all levels below the Fermi energy are occupied with probability 1. Increasing the temperature, the
occupation probability for energy levels above the Fermi energy Ef increases, while for energy
levels below Er diminishes. The occupation probability at the Fermi level is 1/2. At T = 0 the
Fermi energy and the Fermi level coincide. The energy interval in which the distribution falls down
from 1 to O is proportional to the thermal energy kg T

AN = D(E)AE, (13.36)

where D(E) is the density of states. The occupation probability of the energy level
E is given, in this limit, by the Fermi—Dirac distribution

In this expression the chemical potential u was substituted by the “Fermi level”
EF, a concept most used in physics. This distribution function depends also on the
temperature 7. In Fig. 13.4 we plot the function f(E) for T = 0 and for T # 0. It
is easy to verify that when T = 0, the function f(E) = 1 for energies £ < EF,
and f(E) = 0 when E > Ep. It is also clear that when the energy E equals the
Fermi energy”, f(E) = 1/2. This means that, at temperature 7 = 0, all states with
energies less than Er are occupied and those with higher energies are unoccupied.

If the temperature is different from zero, the distribution function shown in
Fig. 13.4 has a continuous variation close to the Fermi level. In an energy interval of
the order of the thermal energy kg7, it changes from an occupation probability that
is almost 1 to an occupation probability that tends to O as the energy E increases. At
the Fermi energy the occupation probability is 1/2. The behavior of the Fermi—Dirac
distribution function, when 7' # 0, shows that the occupation probability for the
energy levels close to EF is less than 1. This behavior of the occupation probability
is a consequence of the thermal excitation of fermions above the Fermi level.

Using the density of states D(E) and the Fermi distribution f (E) one can evaluate
the mean energy and the number of particles

® When T = 0, it is common to call Fermi energy to Fermi level.
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F:/Ef(E)D(E)dE, (13.38)
N =/f(E)D(E)dE. (13.39)

These are important functions of statistical physics, the solid state physics and the
semiconductor physics which, in general, deal with systems of many particles, espe-
cially with many electron systems.

13.4 The Effect of the Statistics on the Energy

Explaining the electronic configuration of atoms was one of the problems where
the spin has been relevant. In Chap. 10, we mentioned the need of using the Pauli
exclusion principle and the electron’s spin. To understand a bit more the effect of the
statistics on the behavior of a system of particles, and, on the system’s energy, we
will consider the Helium atom and the problem of two electrons in a one-dimensional
potential well. In both systems, the Hamiltonian is independent of the spin, and the
wave function for two electrons can be factored in a coordinates-dependent function
and a spin-dependent factor, as follows:

¢n1 Ny (El s %‘2) = @ni,ny (.X'] s -xZ)XmSI S (1340)

Prior to discussing the Schrodinger equation, let us consider the spin-dependent
factor for a two-particle system.

13.4.1 Spin States for Two Spin 12 Particles

We saw before that for a particle with spin s, and spin projection along the
z axis, we need to introduce, besides the operator S\, the operators S2 { and S 2
which satisfy the eigenvalues equations

SZlsimst) = K2s1(s1 + Dlsimgr). (13.41)
Sizlsimg) = hmg |symgy),  with |mg| < sy (13.42)
In a two-particle system with spins s and s> and spin operators §1 and §2, we can
determine the spin S of the whole system using the angular momenta addition rules,

that were sketched in Chap. 11. In this case we have

S=8,+8S; (13.43)


http://dx.doi.org/10.1007/978-3-642-29378-8_10
http://dx.doi.org/10.1007/978-3-642-29378-8_11
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with the corresponding sum for the spin projections
S; =S+ Sp. (13.44)
If we denote the spin state of the two-particle system as
Isisamsims2) = [s1mgs1)|s2ms2), (13.45)
it is clear that
mg = Mg1 + My2. (13.46)
The operators S, 52 and S satisfy the analogous commutatlon relations as those for
L,L%and L Moreover, the operators $2 SZ, S and S commute among them. The
operators $2 and S commute also with the mterchange operator P1 2, and with the
Hamiltonian. This means that, for well defined values of s; and s7, the eigenfunctions
should be represented by functions characterized by the quantum numbers s, mg, 51
and s;, or alternatively by states defined by the quantum numbers s1, my1, s2 and

mys, that make reference to the electrons’ spin projections.'? In the Dirac notation
we have, in one case,

Ysm, = |smgss152), (13.47)

and
Xmgrmgy = |S152Mms1Ms2), (13.48)
in the other. For particles with spin 1/2 it is possible to make the notation even lighter.

We can use, for example, just the signs of the spin projections mgy; = =+ 1/2 and
mgo = = 1/2. In this case we have

Xtz = |s152FE1/241/2) = x4 x=. (13.49)

10 Both representations are possible and one can establish the relation between them. This relation
is a particular case of the transformation

lsmesisa) = D Isisamgimga) (sisamgimsa|smgsisa)
M| +msp=nms

_ 51,82,
= E Cony o my IS182ms1my2).
mg)+mg=n

The coefficients Cf,}s’f?,hiz,ms are known as the Clebsch-Gordan coefficients. The interested reader
can find more details, for example, in A.R. Edmonds Angular Momentum in Quantum Mechanics,
(Princeton University Press, Princeton, N. J. 1974).
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If we represent the eigenfunctions of S2 and Ez with |smgmgsimyo), the eigenvalue

equations of $2 and @ will read

S |smymsimga) = W2s(s + 1)|smgmyimsa), (13.50)
S.|lsmgmgimga) = hmg|smgmgimga),  with |mg| < s. (13.51)

As mentioned before, the largest value that the spin s can take is s; + s» and
the smallest |s; — s2|. This means that in our two particle system, with spins
s1 = so = 1/2, the spin quantum numbers are

s=0,1 and my=—s,—s+1,...,s. (13.52)

When the spins are parallel, the total spin is s = 1, while s = 0 when the spins are
antiparallel. For the state with s = 1, we have three possible spin components along
the z axis: my = —1, 0, 1. For this reason, this spin state is called a triplet. Since
ms = my] + mgo, we can infer that the state i1 is equivalent to the state x4+ with
mg1 =1/2 and myy =1/2. Therefore

Vil = X4+ (13.53)

In the same way

Vi1 = A (13.54)

These states are symmetric under the interchange of particles. The relation of x4 _
and x_4 with the state ¥ o is different. If my = 0, it is clear that m; should be
= 1/2 and that m = —1/2 or, alternatively, my; = —1/2 and mg, =1/2. This means
that the states x4— and x_4 contribute to ¥ o. In this case we say that they interfere.
Since the state must be symmetric, we write it as

1
Y10 = ﬁ 4=+ x=1) - (13.55)

We will see, at the end of this chapter, that an alternative procedure to obtain this state
is leaving the lowering operator S_ to act on the state ¥1,1. Finally, what can we say
on the state (o, that corresponds to spin s = 0? The spin has only one component
along the z axis, the state ¥y must be antisymmetric and orthogonal to the triplet
state with spin s = 1. From this condition, and since the spin projection is also zero,
we have the antisymmetric state

1
Yo.0 = 7 = = X)) » (13.56)

called a singlet state.
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13.4.2 Two Electrons in a Quantum Well

Let us suppose now that we have two electrons in an infinite quantum well. The
Hamiltonian of this system can be written as
=~ = 2 2
Y e e
A=PLy D2y oy —2  —H,+—5 (1357
2m  2m [x2 — x1] |x2 — x1]

with V(x1,x3) = 0, for 0 < x1,xp and for x;,x; < L, and V(x1,x2) = o0
elsewhere. The Schrodinger equation inside the well is then

R 9% K a? e?
_— — x1,x2) = E@p(x1, x2). 13.58
2m o2 2max2 | na — ] @(x1, x2) = E@(x1, x2).  (13.58)
The electron—electron interaction is relatively weak and can be treated as a perturba-
tion to H,. In this case, the Schrodinger equation for the unperturbed Hamiltonian,
reads

2m 9x2  2m 9x2

[ 92 R 92
2

——— - ——} p(x1, x2) = E@(xy, x2). (13.59)

It is easy to verify that this equation is formally equal to that of an electron in a
two-dimensional well. The Eq. (13.59) is separable and the solutions of the separate
equations are the same as for the one-dimensional infinite quantum well. There-
fore, the unperturbed eigenfunctions of the two electrons system, inside an infinite
quantum well, are functions like

(0) .o (mr . (2T .
(x1, x2) = sin (Txl) sin (sz) , with ny,nn=1,2,3,...,

(pnlnz
(13.60)

with eigenvalues given by

R
0 2 2
E,(ll)n2 =573 (”1 +n2). (13.61)

The two-electron system is a fermionic system and we have to include the spin effect.
Thus, the wave function ¢ (£, &) should be written as

¢n|n2smx (61, 5) = wnlnz,s(xlv x2)¢smx- (13.62)

From the first part of this chapter, we know that this function must be anti-symmetric
under the particles-interchange operator. This symmetry is fulfilled if one of the
functions @, ,s O Yy, is symmetric and the other one is anti-symmetric, i.e., we
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must have either the function

Brinasm, 1. E2) = 0y (X1 X)W, (13.63)

or the function

Buinasms (E1,82) = Gy (¥, XDV, (13.64)

This means that the independence of H, from the spin variables is just apparent.
The symmetry properties must, after all, be taken into account. For this reason we
include the quantum number s to label the functions @, 4,5 (x1, x2). As will be seen
lines below, the energies also depend on the spins, even though the Hamiltonian is
spin-independent. In the lowest energy level Ey | = 2h%n?/ 2mL?, only exists the
symmetric function

gﬂ SN —Xp S1N —X .
I1s L ! L 2

since the anti-symmetric function vanishes. Hence, the spinor v, associated to
@115m, (§1. &2) should be the singlet state

1
Wsmx = wOO = E(X-{-— - X—+). (1366)

Therefore, the eigenfunctlon COI‘I‘eSpOndlng to the ﬁI‘St el’lergy le\/el Ell IS
(p %‘ s s —= S1n X1 S1n X — — . :;.();

In the second level the energy is Ejp = Ep; = 5h2x? /2mL2. The function that
depends on the space coordinates can be symmetric or anti-symmetric. We plot in
Fig. 13.5 the functions

¢,s (1, 22) = J5[@1 ()2 (x2) + @2 () (12) . (13.68)
and
fﬂf‘z,s()q, x2) = %[@1 (xD)@2(x2) — @2 (x)@1 (x2)]. (13.69)

We know that the spinor that multiplies the function cpfl ;(x1, x2) should be a singlet,

with s = 0, while the spinor that multiplies to go{‘zy ¢ (x1, x2) can be any of the triplet
state spinors: Y11, Y10 or ¥1—_1. It is easy to verify that the first energy level is a
non-degenerate energy level, while the second is a degenerate energy level, with
degeneracy degree equal to 4.
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?’f_z ("‘nx:)
0
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Fig. 13.5 The first two energy levels of two electrons inside an infinite quantum well. In the first
level, the coordinates-dependent function is symmetric, thus the electrons coexist in this level only if
their spins are antiparallel. In the second energy level, we plot the symmetric and the anti-symmetric
functions, under the interchange of particles

13.4.3 The Helium Atom and the Exchange Energy

Another system with two electrons is the Helium atom. If we neglect the interactions
that depend explicitly on the spins, and assume that the Helium atom nuclei is at rest,
the two-electron Hamiltonian can be written in the form

~2 ~2 2 2 2
g=Pti P (e ), < (13.70)
2m  2m r r r2

where r» = |r;—r»|. This Hamiltonian remains invariant under the interchange oper-
ator P17, but as mentioned before, the two-fermion system should be anti-symmetric.
Thus it imposes symmetry requirements on the solution of the Schrodinger equation

Ho(ry, r2) = E¢(ry, 1r2). (13.71)
If we treat the electron—electron interaction term e? /12 as a perturbation, we are left

with a separable differential equation, and the resulting equations are similar to that
of the Hydrogen atom with eigenfunctions

Gnitym; and Gpytymy, (13.72)

and eigenvalues



13.4 The Effect of the Statistics on the Energy 297

me4 me4

Ep =% and E,, = ——%_.
" 2h%n? " 2h%n3

(13.73)

The angular momentum and spin operators Ei and §i ,withi = 1, 2, do not commute
with the interchange operator Pj;. But the operators

= =~ \2 S \2
L=([Li+L)", §=+8)", (13.74)
and their corresponding projections ZZ and 3‘;, do commute with P). For this reason

we use the quantum numbers ny, na, [, s, m; and my to label the states ¢ (£1, &) of
the Helium atom which, like in the previous example, we write in the form

¢n1nzlsm1ms &1, 86) = Pninylmys (ry, r2)1//smx . (13.75)
From our discussion in the first part of this chapter, we know that the function ¥,

is anti-symmetric if s = 0 and symmetric if s = 1. Therefore, to describe the
two-fermion system we will have either

Brimatom0 €1 E2) = @ o (€1 TV (13.76)

or

bumatimm, E1.E2) = O i @1 TV, (13.77)

with

1
(plflnzlml (r17 r2) = E ((pl’llllmll (rl)gonzlzmlz (r2) + ‘Pnlllm“ (rZ)(/)nzlzmlz (rl))s

(13.78)
and
A 1
§0n1n21m1 (1'1, r2) = % (‘pnlllmll (rl)(pnzlzmlz (r2) — Onilimpy (r2)§0n212m12 (rl))s
(13.79)

respectively. For a given set of values of the quantum numbers ny, ny, [, my, all four
spin states are degenerate. This degeneracy is removed when the interaction term
e? /r12 is taken into account.

To evaluate the first order correction, according to the perturbation theory we can
use the functions ¢y, ,,10m,0(£1, &2) of the unperturbed Hamiltonian. If we calculate
the matrix elements

2

e
<¢n/n/l’s’m/m’ |_|¢nxnzllm1ms> (1380)
1772 1""s 2
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we find that all of them are zero except those in the diagonal. It is easy to verify that
these matrix elements can be written as

2
e
<¢n’ln/zl’s’m;m§|E|¢nsnzllm1mx> = ED + E[, (1381)
where
2 2 e 3. 13
Ep= / Pntin Pl (P - dri (13.82)

is the contribution known as the direct energy, and the energy term

2
e
E; = / Do T Ly (02— P 1myy () Pytympy (FD)AT1d 1,

r2
(13.83)

that is known as the exchange or interchange energy. The signs £ come from
9051:121m1 (ry,rp) and (pfmlmz (r1, ra), respectively. Since the integral Ej is gener-
ally positive, the state with s = 0 has higher energy than those with s = 1. This is an
important statistics effect on the energy levels and on the electronic configuration.

To conclude this point, let us recall the coupling of two angular momentum vectors
at the end of Chap. 11. Equation (11.84) applied to Si and S, reads

$2=57+582+25;-8,. (13.84)

Since the signs of the exchange energy depends on the spin orientations, one can use
the expectation value

(55150381 - Salss15am,) = th(s + 1) —si(s1+ 1) —s2(s2+ 1)
s S/ — E)

2
(13.85)
with s1 = s =1/2 to write the exchange term £E7 as
1 4(§1 §2)
+E :—-(1 —)E 13.86
I SUt —2 1 ( )

which makes explicit the relation between spin orientations and the signs. This repre-
sentation was suggested by P.A.M. Dirac and is known as Dirac’s exchange operator.
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Fig. 13.6 Collision of two electrons with opposite spin projections seen from their center of mass.
The particle counters C; and C; register the scattered particles along the directions § and w — 6

13.5 Solved Problems

Exercise 38 Suppose that we have the scattering of two electrons, whose spin pro-
jections may be known or not. Show that the probability Pe4;1 to scatter them along
the direction 6 = 7 /2, when they are identical (indistinguishable) and the spins are
known, is four times the probability P.441 to scatter them, in the same direction, but
when they are not identical (distinguishable). However, if the spins do not matter, the
probability P, to scatter one indistinguishable electron along 6 = /2 is twice the
probability P.4; to scatter one distinguishable electron, along the same direction.
Solution Consider the processes shown in Fig. 13.6. It is supposed that: (1) the spin
projections along the z axis are different and, (2) the particle counters can recognize
the orientation of the spin projections. In this case, the processes are distinguishable
and the situation is similar to that discussed lines above for particles a and b. If C;
detects one electron with spin |, the probability amplitude and probability that the
process on the right hand side occurred are

Qe (T —0), and Peja1(m —60) = |ge (x — 0)I7, (13.87)

respectively. We are using the letters d and i to indicate the distinguishability and
indistinguishability of the processes. Similarly, if C; detects one electron with spin
1, we know that the process on the left hand side occurred with probability amplitude
and probability

¢et18) and Peyar = lger 017, (13.88)

Even though the processes are distinguishable, we can also ask for the probability
of having one electron in Cy, independently of the spin orientation. In this case, we
can have anyone of the two processes, thus the probability of having one electron in
C1 will be:
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Fig. 13.7 Collision of two electrons seen from their center of mass. In (a) both particles have the
same spin projection my; = 1/2 and in (b) the spin projections are unknown. The particle counters
C and C; register the scattered particles along the directions 6 and & — 6

Pea1 (0) = 19eO)* + |ge(r — ) = Perat + Peya. (13.89)

Lets us see now how these probability amplitudes and the probabilities change when
the particles are identical, i.e., when all the observable quantum numbers are equal.
If we have the processes in Fig. 13.7a, the electron entering into C1 has, in any case,
spin 1 and we can not know whether it comes from the left or from the right. The
processes are now indistinguishable and the probability amplitudes interfere, this
means that the probability amplitude to detect one electron in Cy is

(peT(e)+(ﬂeT(7T —0). (13.90)

A similar situation we have in a two-electron collision when their spin projections
are unknown, as we show in Fig. 13.7b. In this case, the probability amplitude to
detect one electron in C; will be also

Pe(0) + @e(r — 0). (13.91)

In both cases the amplitudes interfere because the particles participating in the scat-
tering processes, up to the level that we know them, are identical. The collision
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processes in the left and in the right of the Fig. 13.7a and b are indistinguishable.
The probability of detecting one electron in C; of Fig. 13.7a is

Peti1(0) = |91 (0) + ger(x — ) (13.92)
= 10et O + [@er (7 = ) +20Re{91 (O)per (m —0)},  (13.93)

while the probability to detect one electron in C; of Fig. 13.7b is

Pi1(0) = |9e(0) + pe(r — 0)|? (13.94)
= |0 (0) % + ge(r — 0)> + 2%efe) (0)ge (T — 6)}. (13.95)

The difference between P,4;1 and Pe;p is that, in the first case, we know that the
electron that enters into Cp has spin 1, while in the second we do not know.

With this results we can compare the probabilities of having one electron with
spin 1, in the direction & = 7/2, in an indistinguishable process like in Fig. 13.7a,
where

Peti1 (1/2) = 1961 (71/2) + @er (0 /2) 1> = 12061 (/2)1%, (13.96)

with the probability of having one electron with spin 7, in the direction 6 = 7/2,
but for a distinguishable process like in the Fig. 13.6, where

Perai(/2) = lgey (/) 1%, (13.97)
The relation between these probabilities is, certainly:
Peyit(7w/2) = 4Peyai(/2). (13.98)

We can equally compare the probability P,;1(;r/2) to register one electron in the
direction & = 7 /2 of a process like the one shown in Fig. 13.7b, with the probability
P.41(m/2) to register one electron in a process like that in Fig. 13.6. It can be verified
that in this case

Pei1(1/2) = 2Peq1 (1/2). (13.99)

These differences show that in the collision of two electrons, the probability to detect
one electron in Cj is higher when the electrons are indistinguishable than when they
are distinguishable.

Exercise 39 Using the relations (11.33) in the form

S Ym, =h/(s+mg)(s—my + 1) Ysm1, (13.100)

and the definition §_ = fS’\x — ifS’\y, show that


http://dx.doi.org/10.1007/978-3-642-29378-8_11
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Yo = L()H + x+7). (13.101)
NG

Solution From 13.102 we have
S_ x4+ = S_d11 =hv2 Yyo. (13.102)
On the other hand, the addition
S=S5,+8,, (13.103)
means also that
Si =81+ Sn, for i=x, v,z (13.104)
The rising and lowering operators can be expressed as

S =8, £iS = (Se1 + Sw2) £i(Sy1 + Sy2). (13.105)

~ h(01 1 h (0 h
SxX+ = 3 (1 O) (0) =3 (1) =X (13.106)

S hi(o1)/(1 h(0 h

Using these relations, it is easy to verify that

We know also that

§—X++ = (§—1 + §—2)X+X+

_h[[f01 01 01 01
=21\10), " 10), 7 \=10), 7\ =10), | 112+
= h(X=x+ + x+-X-)- (13.108)

Therefore

1
Y10 = E(X_+ + x+—). (13.109)

13.6 Problems

1. Show that when two particles are identical, we have
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[*)}

D581, £) = e (r1, 1) x (51, 52) = 0. (13.110)

. Show that

S_110) =hv2[1 = 1). (13.111)

. Deduce the relation (13.20)

Pnf =npm—1)f = n!pi;. (13.112)

. Deduce the bosons and fermions occupation numbers

_ 1

= E T — ] (13.113)
and

_ 1

M S EOT (13.114)
respectively.

. Plot the Fermi—Dirac distribution function for T = 76 K and for T = 300 K.
. Determine the thermal energy kg T for T = 300 K.
. Use the Hydrogen atom functions ¢, (§1) to obtain the solutions |¢,11m;m, )

of the unperturbed Helium atom and evaluate the matrix elements
o2
<¢n’1n/2l’s’m;m;|_|¢nxnzllm1ms>- (13.115)
2

Verify that these matrix elements can be written as

2
e
<¢n’ln/21’x/m;m;|E|¢nsnzllm1mx) =FEp =+ Ef, (13.116)
where
2 2 e? 3. 13
ED = / |§0n111m]1(r1)| |(Pn212m]z(r2)| ad‘ l']d‘ r, (13117)
and

2
3 3
Pnilymp (rZ)(pnzlzmlz (rl)d rld rp.

(13.118)

e
* *
E; :/‘pmllmn(rl)‘pnzlzmzz(m)a

. Show that the exchange operator in (13.86), can be written as
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1y 4818
iK_—§(1+T)K. (13.119)

9. Verify the relations (13.98) and (13.99).



Appendix A
Time Reversal Invariance

Let us briefly discuss the time reversal property. In Chap. 4, we introduced the
scattering and transfer matrices S and M. We have seen also that in a scattering
process as the one shown in Fig. A.1, these matrices satisfy the following relations

Por(x1) ) ( Palx1) ) ( Por(X2) ) ( (1) )
=9 =M , A.l
(et ) =sCot) (ot oulr) ) A
the matrix § relates the incoming waves with the outgoing ones, while the matrix

M connects the state vector at x; with the state vector at x,. If we take the complex
conjugate of the previous relations, we have

<</’§/(x1)> _ S*<<PZ1(X1)) <<P£r(x2)) _M*(QDZ;(M) ) (A2)
@, (x2) @ (x2) @} (x2) @y(x1)

Let us now consider the time inversion operator 7. The action of this operator
changes the sign of time, thus the physical quantities depending linearly on time as
the velocity and the wave number k = p/fi, change sign. Under the time inversion
operation, particles that were moving to the right, move towards the left and vice

versa. A wave function like e**, under T, gets transformed into e~***. This is
equivalent to complex conjugate. Therefore

To(x) = ¢' (). (A3)

If the time inversion operator 7" acts on the system of Fig. A.1, we will have
Tou(n1) = @y(x1) = dux1),  Toy(x2) = @jp(x2) = by (x2), (A4)
Toy(x1) = ¢o(x1) = ¢a(x1),  Teo(x2) = @, (x2) = ¢y (x2)- (A.5)

As one can see in Fig. A.2, the wave functions that were incoming functions
transform into outgoing functions and viceversa. Reversing time in the scattering
system implies reversing time every where. This includes the interactions that
define the scattering and transfer matrices. If the system remains invariant under
time inversion, the matrices S and M should also remain invariant. Therefore, if a
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Fig. A.1 The incident wave V(x)
functions, and the reflected % or
and transmitted wave func-
tions by a dispersion potential - -
V(x
® Poi ?,,
4 A
X1 \_\} X2
Fig. A.Z The incident wave Tp, -9, Vix) Tp, -0,
functions, and the wave
functions that are reflected
and transmitted by the dis- N —
persion potential V(x) Ty, ¢, Tp, —o,

|4 \/
X1 \.\} X2
system is time reversal invariant, we must have

¢ ,(x1)> <¢-,(x1)> <<15 (x2)> (¢'1(X1)>
o =9 i or =M ! . A.6
(i) =5 fi(2) Do) (A6)
with S and M that we had in (A.1). These relations, written in terms of the wave
functions ¢, take the form

(p,-*l(m)) :S(@:l(xl)> <<P,~*r(x2)> :M(<PZI(X1)> AT
(mm> 0 (x2) o (x) o) ) A7)
If we multiply the first of these equations, from the left by S~ I and we observe that

Pir(2) N _ (0 1N (g (x2) o (@ala) _ (0 1Y [ epx)
@, (x2) 1 0)\ ¢;(x) @ (x1) L0\ oyx))’
(A.8)

it becomes clear, after comparing with (A.2), that

S'=5" and ((1) (1)>M((1) (1)>:M*. (A.9)

For the transfer matrix, this means that

GO-GE e

Therefore we conclude that, for systems that are time reversal invariant, the
transfer matrices have the structure
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M:(;* f) (A.11)

Notice that this holds when the wave number k on the right side is the same as on
the left side of the scattering region. If that is not the case, these structures may
change but (A.9) still holds.



Appendix B
Laguerre’s Polynomials

With respect to the Laguerre polynomials, there is in the literature such a great
diversity of definitions and notations that we feel justified to include this appendix,
and deduce some basic relations and properties. The polynomials that Laguerre
studied are the polynomials L,(x) = L?(x) defined by

1 . &

L,(x) = a€ " e, (B.1)

or as the expansion coefficients of the generating function

ftl} —( —t)f:Lv(x)t", (B.2)

Gr(t,x) = exp{t
v=0

and they are solutions of the differential equation

d’y 1 dy v
il 1)1y =0. B.3
dx? + (x > +xy (B:3)

The Laguerre polynomials of lower orders are

Lo(x) =1,

Ly (x) Z%(l —x),

Ly(x) :%(1 —dx+x%),
Ly(x) = —(6 — 18x 4+ 9x* — x?),

La(x) = 3;(24 = 96x + 722" — 162" + x*).

Related to these polynomials we have the generalized (or associated) Laguerre
polynomials Lj_(x) defined by

P. Pereyra, Fundamentals of Quantum Physics, Undergraduate Lecture Notes in Physics, 309
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1 dk . dv+k

k
(=1) ~%¢ (4
(v+k)ldxk™ dxvtk

i) = £

xv—‘—ke—x _ ( ])

L L), (B4)

These polynomials are also the coefficients of a generating function, and one can
easily verify that a particular solution of the differential equation

d*y dy k+1 x v(v—k)
X k+1-20 2 e 2 R )y =0 B.5
xd2+(+ v)d (n+ At )y (B.5)
is
yp = e %x ‘Lk (B.6)

In this way, if v = k/2, the function

Yo = e 22K (B.7)
is a solution of
k+1 x Kk?
"y —————— |y =0 B.8
xy"+y"+(”+ 2 4 4x>y ’ (B.8)
that can be written as
d d k+1 x Kk
—X—Yy ————— |y, =0. B.9
a @t <”+ 2 4 4x>y (B.9)
A very useful representation of L¥(x) is the Rodrigues formula
1 d' - (v+ k)"
LF(x) = S efx F Z_xvthe = B [ | A A B.10
(%) et et e Z( ) (v —r)lrl(r + k)! ( )

r=0
Some generalized Laguerre polynomials are:
Ly(x) =1,
Lx)=1-x Lix)=2—x,
1 1 1
L(x) = 5 (2—4x+ x*), Ly(x) = 5(6— 6x+ x*), L(x) = (12— 8x+ x%).
Like other orthogonal polynomials, the Laguerre polynomials satisfy a three-
term recurrence relation. The relation that the Laguerre polynomials satisfy is
(B.11)

This recurrence relation can also be written as
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nLk()+ (x —k—2n+ DL () +(n+k—1Lf ,(x)=0 n=1,2,...
(B.12)
With the help of these definitions and relations we will obtain two very useful

results for the evaluation of normalization integrals and the calculation of
expectation values for the Hydrogen atom.

Orthogonality of Laguerre’s Polynomials

If we multiply equation (B.9) by y,,, subtract the same equation (with the indices n
and m interchanged), and integrate from 0O to co, we have

/0 (ym d—zxy; — Vn d—zxy:n> dx + (n — m) -/0 ymyndx = 07

N (B.13)
(Y3, = ¥uy) |+ (n = m) /0 Ymyndx = 0.

— —x/2.k/27k k(y) — L v —k d" ntk,—x : :
As y, = e 22K and as LK(x) = 1€ 45X e is a polynomial of degree

n, the first term of the previous equation is zero at x = 0 if k > — 1. Thus
o0
(n—m) / e LAk dx = 0. (B.14)
0
From here we conclude that

n—m

/ e AL dx=0 if n#m.
0

Normalization of Laguerre’s Polynomials

To obtain the normalization constant of the Laguerre polynomials we need the
recurrence relations (B.11) and (B.12). If we consider the relation (B.11)
multiplied by L | (x), subtract (B.12) multiplied by LX(x), multiply the result by
e *x* and integrate from O an oo (using the orthogonality condition), we will
obtain

/OC e i [Lﬁ(x)]zdx _ntk /OO e [LE_ (x)]zdx. (B.16)
0 nJo

One can repeat this relation n — 1 times to obtain
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o0 —1+k 2 o
/ e X [LE (x)fdx _ntkn R k/ e XL (x)]zdx. (B.17)
0 n n—1 2 0

Since L¥(x) = 1+ k — x it is possible to show that

/we_xxk[L’f(x)]zdx: (k+ 1)! (B.18)
0
Therefore
/Ooe**xk[Lﬁ(x)}zdxz (n :;kﬂ for n=273,... (B.19)
0 .

It is possible to explicitly show that this formula is also valid for n = 0 and n = 1.
Thus

(n+k)!

n!

o0
/ e A [Lﬁ(x)}zdx = for n=0,1,2,3,... (B.20)
0
This integral and the orthogonality condition are summarized in the following
equation
V! N _
m/o X e L‘,(X)Lv/ (x)dx = 5‘,",/. (B21)
Finally, if we consider the recurrence relation (B.11), we multiply it by
x*e~*Lk (x) and integrate from 0 to co we get:

(n+k)!
nl

/ Fle L (x)Lr (x)dx = (k+2n+ 1) (B.22)
0
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