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Preface

In this book we describe the basic principles, problems, and methods of clas-
sical mechanics. Our main attention is devoted to the mathematical side of
the subject. Although the physical background of the models considered here
and the applied aspects of the phenomena studied in this book are explored
to a considerably lesser extent, we have tried to set forth first and foremost
the “working” apparatus of classical mechanics. This apparatus is contained
mainly in Chapters 1, 3, 5, 6, and 8.

Chapter 1 is devoted to the basic mathematical models of classical me-
chanics that are usually used for describing the motion of real mechanical
systems. Special attention is given to the study of motion with constraints
and to the problems of realization of constraints in dynamics.

In Chapter 3 we discuss symmetry groups of mechanical systems and the
corresponding conservation laws. We also expound various aspects of order-
reduction theory for systems with symmetries, which is often used in applica-
tions.

Chapter 4 is devoted to variational principles and methods of classical
mechanics. They allow one, in particular, to obtain non-trivial results on the
existence of periodic trajectories. Special attention is given to the case where
the region of possible motion has a non-empty boundary. Applications of the
variational methods to the theory of stability of motion are indicated.

Chapter 5 contains a brief survey of the various approaches to the problem
of integrability of the equations of motion and some of the most general and
efficient methods of their integration. Diverse examples of integrated prob-
lems are given, which form the “golden reserve” of classical dynamics. The
material of this chapter is used in Chapter 6, which is devoted to one of
the most fruitful parts of mechanics – perturbation theory. The main task of
perturbation theory is studying the problems of mechanics that are close to
problems admitting exact integration. Elements of this theory (in particular,
the well-known and widely used “averaging principle”) arose in celestial me-
chanics in connection with attempts to take into account mutual gravitational
perturbations of the planets of the Solar System. Adjoining Chapters 5 and 6
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is Chapter 7, where the theoretical possibility of integrating the equations of
motion (in a precisely defined sense) is studied. It turns out that integrable
systems are a rare exception and this circumstance increases the importance
of approximate integration methods expounded in Chapter 6. Chapter 2 is
devoted to classical problems of celestial mechanics. It contains a description
of the integrable two-body problem, the classification of final motions in the
three-body problem, an analysis of collisions and regularization questions in
the general problem of n gravitating points, and various limiting variants of
this problem. The problems of celestial mechanics are discussed in Chapter 6
from the viewpoint of perturbation theory. Elements of the theory of oscilla-
tions of mechanical systems are presented in Chapter 8.

The last Chapter 9 is devoted to the tensor invariants of the equations
of dynamics. These are tensor fields in the phase space that are invariant
under the phase flow. They play an essential role both in the theory of exact
integration of the equations of motion and in their qualitative analysis.

The book is significantly expanded by comparison with its previous edi-
tions (VINITI, 1985; Springer-Verlag, 1988, 1993, 1997). We have added
Ch. 4 on variational principles and methods (§ 4.4.5 in it was written by
S. V. Bolotin), Ch. 9 on the tensor invariants of equations of dynamics, § 2.7 of
Ch. 2 on dynamics in spaces of constant curvature, §§ 6.1.10 and 6.4.7 of Ch. 6
on separatrix crossings, § 6.3.5 of Ch. 6 on diffusion without exponentially
small effects (written by D.V. Treshchev), § 6.3.7 of Ch. 6 on KAM theory
for lower-dimensional tori (written by M. B. Sevryuk), § 6.4.3 of Ch. 6 on adi-
abatic phases, § 7.6.3 of Ch. 7 on topological obstructions to integrability in the
multidimensional case, § 7.6.4 of Ch. 7 on the ergodic properties of dynamical
systems with multivalued Hamiltonians, and § 8.5.3 of Ch. 8 on the effect of gy-
roscopic forces on stability. We have substantially expanded § 6.1.7 of Ch. 6 on
the effect of an isolated resonance, § 6.3.2 of Ch. 6 on invariant tori of the per-
turbed Hamiltonian system (with the participation of M. B. Sevryuk), § 6.3.4
of Ch. 6 on diffusion of slow variables (with the participation of S. V. Bolotin
and D. V. Treshchev), § 7.2.1 on splitting of asymptotic surfaces conditions
(with the participation of D. V. Treshchev). There are several other addenda.
In this work we were greatly helped by S. V. Bolotin, M. B. Sevryuk, and
D.V. Treshchev, to whom the authors are deeply grateful.

This English edition was prepared on the basis of the second Russian edi-
tion (Editorial URSS, 2002). The authors are deeply grateful to the translator
E. I. Khukhro for fruitful collaboration.

Our text, of course, does not claim to be complete. Nor is it a textbook on
theoretical mechanics: there are practically no detailed proofs in it. The main
purpose of our work is to acquaint the reader with classical mechanics on the
whole, both in its classical and most modern aspects. The reader can find
the necessary proofs and more detailed information in the books and original
research papers on this subject indicated at the end of this volume.

V. I. Arnold, V.V. Kozlov, A. I. Neishtadt
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1

Basic Principles of Classical Mechanics

For describing the motion of a mechanical system various mathematical mod-
els are used based on different “principles” – laws of motion. In this chapter
we list the basic objects and principles of classical dynamics. The simplest and
most important model of the motion of real bodies is Newtonian mechanics,
which describes the motion of a free system of interacting points in three-
dimensional Euclidean space. In § 1.6 we discuss the suitability of applying
Newtonian mechanics when dealing with complicated models of motion.

1.1 Newtonian Mechanics

1.1.1 Space, Time, Motion

The space where the motion takes place is three-dimensional and Euclidean
with a fixed orientation. We shall denote it by E3. We fix some point o ∈ E3

called the “origin of reference”. Then the position of every point s in E3 is
uniquely determined by its position vector �os = r (whose initial point is o and
end point is s). The set of all position vectors forms the three-dimensional
vector space R

3, which is equipped with the scalar product 〈 , 〉.
Time is one-dimensional; it is denoted by t throughout. The set R = {t}

is called the time axis.
A motion (or path) of the point s is a smooth map ∆→ E3, where ∆ is an

interval of the time axis. We say that the motion is defined on the interval ∆.
If the origin (point o) is fixed, then every motion is uniquely determined by a
smooth vector-function r : ∆→ R

3.
The image of the interval ∆ under the map t �→ r(t) is called the trajectory

or orbit of the point s.
The velocity v of the point s at an instant t ∈ ∆ is by definition the

derivative dr/dt = ṙ(t) ∈ R
3. Clearly the velocity is independent of the choice

of the origin.
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Fig. 1.1.

The acceleration of the point is by definition the vector a = v̇ = r̈ ∈ R
3.

The velocity and acceleration are usually depicted as vectors with initial point
at the point s (see Fig. 1.1).

The set E3 is also called the configuration space of the point s. The pair
(s, v) is called the state of the point, and the set E3 × R

3{v}, the phase (or
state) space.

Now consider a more general case when there are n points s1, . . . , sn mov-
ing in the space E3. The set E3n = E3{s1} × · · · × E3{sn} is called the
configuration space of this “free” system. If it is necessary to exclude colli-
sions of the points, then E3n must be diminished by removing from it the
union of diagonals

∆ =
⋃

i<j

{si = sj}.

Let (r1, . . . , rn) = r ∈ R
3n be the position vectors of the points s1, . . . , sn.

A motion of the free system is given by smooth vector-functions r(t) =
(r1(t), . . . , rn(t)). We define in similar fashion the velocity

v = ṙ = (ṙ1, . . . , ṙn) = (v1, . . . , vn) ∈ R
3n

and the acceleration

a = r̈ = (r̈1, . . . , r̈n) = (a1, . . . , an) ∈ R
3n.

The set E3n × R
3n{v} is called the phase (or state) space, and the pair

(s, v), the state of the system.

1.1.2 Newton–Laplace Principle of Determinacy

This principle (which is an experimental fact) asserts that the state of the
system at any fixed moment of time uniquely determines all of its motion
(both in the future and in the past).

Suppose that we know the state of the system (r0, v0) at an instant t0.
Then, according to the principle of determinacy, we know the motion r(t),
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t ∈ ∆ ⊂ R; r(t0) = r0, ṙ(t0) = ṙ0 = v0. In particular, we can calculate
the acceleration r̈ at the instant t = t0.1 Then r̈(t0) = f(t0, r0, ṙ0), where f
is some function whose existence follows from the Newton–Laplace principle.
Since the time t0 can be chosen arbitrarily, we have the equation

r̈ = f(t, r, ṙ)

for all t.
This differential equation is called the equation of motion or Newton’s

equation. The existence of Newton’s equation (with a smooth vector-function
f : R{t} × R

3n{r} × R
3n{ṙ} → R

3n) is equivalent to the principle of deter-
minacy. This follows from the existence and uniqueness theorem in the the-
ory of differential equations. The function f in Newton’s equations is usually
determined in experiments. The definition of a mechanical system includes
specifying this function.

We now consider examples of Newton’s equations.
a) The equation of a point in free fall in vacuum near the surface of the

Earth (obtained experimentally by Galileo) has the form r̈ = −gez, where
g ≈ 9.8 m/s2 (the acceleration of gravity) and ez is the vertical unit vector.
The trajectory of a falling point is a parabola.

b) Hooke showed that the equation of small oscillations of a body attached
to the end of an elastic spring has the form ẍ = −αx, α > 0. The constant
coefficient α depends on the choice of the body and spring. This mechanical
system is called a harmonic oscillator (see Fig. 1.2).

Fig. 1.2. Harmonic oscillator

It turned out that in experiments, rather than finding the acceleration f on
the right-hand side of Newton’s equations, it is more convenient to determine
the product mf = F, where m is some positive number called the mass of
the point (an instructive discussion of the physical meaning of the notion of
mass can be found in [601, 401, 310]). For example, in Hooke’s experiments
the constant mα = c depends on the properties of the elastic spring, but not
on the choice of the body. This constant is called the coefficient of elasticity.

The pair (s, m) (or (r, m), where r is the position vector of the point s)
is called a material point of mass m. In what follows we shall often denote a
point s and its mass m by one and the same symbol m. If a system of material
1 We assume that all the functions occurring in dynamics are smooth.
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points consists of n points with masses m1, . . . , mn, then Newton’s equations

r̈i = fi(t, r1, . . . , rn, ṙ1, . . . , ṙn), 1 � i � n,

can be rewritten as

mir̈i = Fi(t, r, ṙ), 1 � i � n.

The vector Fi = mifi is called the force acting on the point mi. “The word
force does not occur in the principles of Dynamics, as we have just presented
it. One can, in effect, bypass it.”2 The last equations are also called Newton’s
equations.

c) As established by Newton (in development of earlier ideas of Kepler), if
there are n material points (r1, m1), . . . , (rn, mn) in space, then the ith point
is acted upon by the force Fi =

∑
i�=j Fij , where

Fkl = −γmkml

|rkl|3
rkl, rkl = rl − rk, γ = const > 0.

This is the law of universal gravitation.
d) When a body is moving fast through the air, the resistance force is

proportional to the square of the velocity (Stokes’ law). Hence the equation
of a body falling in the air has the form mz̈ = mg − cż2, c > 0. It turns out
that there always exists the limit lim

t→∞
v(t) equal to

√
mg/c and independent

of the initial state.
When a body moves slowly in a resisting medium, the friction force is a

linear function of the velocity. The idea of approximating the resistance force
by the formula

F = −αv − cv2, α, c = const > 0,

goes back to Huygens; this formula takes into account both limiting cases.
The vertical fall of a heavy body is described by the equation

mz̈ = mg − αż − cż2.

It is easy to show that

lim
t→∞

v(t) =

√
α2 + 4mgc− α

2c
.

For α > 0 this quantity is clearly less than
√
mg/c.

2 Appell ([5], p. 94). In Newton’s time the word “force” (vis in Latin) was used
for various objects, for example, the acceleration of a point. Leibnitz called the
product of the mass of a point and the square of its velocity vis viva (live force).
The modern term “force” corresponds to Newton’s vis motrix (accelerating force).
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Suppose that a material point (r, m) is moving under the action of a
force F. Let

r = xex + yey + zez, F = Xex + Y ey + Zez,

where ex, ey, ez is a fixed orthonormal frame of reference. Then Newton’s
equation mr̈ = F is equivalent to the three scalar equations

mẍ = X, mÿ = Y, mz̈ = Z.

This self-evident trick, which was suggested by Maclaurin for describing the
motion of a point in three-dimensional space, was not evident to the classics.
Before Maclaurin the so-called natural equations of motion were usually used.

Let s be the natural parameter along the trajectory of motion of the point.
The trajectory is given by the correspondence s �→ r(s). The unit vector
τ = r′ (prime denotes differentiation with respect to the natural parameter)
is tangent to the trajectory. The vector

r′′

|r′′| = ν

defines the normal, and the vector β = τ ×ν, the binormal, to the trajectory.
The vectors τ , ν, β are functions of s. Their evolution is described by the
Frenet formulae, which are well-known in geometry:

τ ′ = kν
ν′ = −kτ + κβ
β′ = − κν.

The quantities k and κ depend on the point of the trajectory; they are called
the curvature and the torsion of the trajectory at this point. The motion of
the point r : ∆ → E3 can be represented as the composition t �→ r(s(t)).
Then v = r′ṡ and a = r′′ṡ2 + r′s̈. Since r′ = τ and r′′ = τ ′ = kν (Frenet
formula), we have

a = s̈τ + kṡ2ν.

This formula was essentially known already to Huygens. Multiplying it by m
and setting F = Fττ +Fνν+Fββ we arrive at the natural equations of motion

ms̈ = Fτ , mkṡ2 = Fν , Fβ = 0. (1.1)

Since s is the arc length, ṡ = v is the speed of motion of the point. Then
the first two equations (1.1) are usually written in the form

mv̇ = Fτ ,
mv2

ρ
= Fν , (1.2)

where ρ = k−1 is the radius of curvature of the trajectory.
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We now consider some more examples of application of Newton’s equation.
e) It is known [4] that a charge e placed in an electro-magnetic field is

acted upon by the force

F = e

(

E +
1
c

(v × H)
)

,

where E, H are the strengths of the electric and magnetic fields (they satisfy
the Maxwell system of equations) and c is the speed of light. This force is
called the Lorentz force.

Consider a special case of motion where the electric field is absent. Then
the Lorentz force is orthogonal to the velocity of the charge and therefore
Fτ = 0 in equations (1.2). Consequently, the charge is moving with constant
speed.

Suppose in addition that the magnetic field is homogeneous (H = const),
and at the initial instant the velocity of the charge is orthogonal to the mag-
netic force lines. Then, as can be easily seen, the trajectory of the charge is a
planar curve orthogonal to H. Since

|Fν | =
e|v|H
c

, where H = |H|,

it follows from the second of equations (1.2) that the charge is moving along
a circle of radius

ρ =
mvc

eH
.

This quantity is called the Larmor radius.
More interesting is the problem of motion of a charge in the field of a

magnetic pole, which was considered by Poincaré. If E = 0, then the magnetic
field is stationary and satisfies the Maxwell equations

curl H = 0, div H = 0.

It follows from the first equation that H is locally conservative (H = grad U),
and the second equation shows that the potential is a harmonic function
(∆U = 0, where ∆ is the Laplace operator). Poincaré considered the only
potential depending only on the distance:

U =
k

|r| , k = const.

In this case,

H = − kr
|r|3

and therefore the equation of motion of the charge has the form

µr̈ =
r × ṙ
|r3| , µ =

mc

ek
.
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It is equivalent to the following relation:

µ(r × ṙ) = − r
|r| + a, a = const.

Consequently,
(a, r) = |r|. (1.3)

This is the equation of a cone of revolution whose symmetry axis is parallel
to the vector a. We demonstrate that the charged particle moves along the
geodesics on this cone. Indeed, r and ṙ are tangent to the cone (1.3). Conse-
quently, the acceleration vector is orthogonal to this cone. Since the speed of
motion is constant, by Huygens’ formula the normal to the trajectory coin-
cides with the normal to the cone. Therefore the trajectories are geodesics.

This result of Poincaré explains the phenomenon of cathode rays being
drawn in by a magnetic pole discovered in 1895 by Birkeland [501].

f) We consider in addition the problem of external ballistics: a material
point (r, m) is moving along a curvilinear orbit near the surface of the Earth
experiencing the air resistance. We assume that the resistance force F has
opposite direction to the velocity and its magnitude can be represented in the
form

|F| = mgϕ(v),

where ϕ is a monotonically increasing function such that ϕ(0) = 0 and ϕ(v) →
+∞ as v → +∞.

Fig. 1.3. Ballistic trajectory

Since at every moment of time the vectors of the velocity of the point, its
weight, and the resistance force lie in the same vertical plane, the trajectory
of the point is a planar curve. In the plane of the orbit we introduce Cartesian
coordinates x, y such that the y-axis is directed vertically upwards. Let α be
the angle between the velocity of the point v and the horizon (Fig. 1.3). The
first of equations (1.2) gives the relation

v̇ = −g
[
sin α+ ϕ(v)

]
. (1.4)
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We now make use of the second equation in (1.2). First of all we observe
that ρ = −ds/dα. The sign “−” shows that the angle α decreases as s in-
creases. Taking the projection of the gravitational force onto the normal we
arrive at the second relation

vα̇ = −g cos α. (1.5)

The phase portrait of the closed system of differential equations (1.4)
and (1.5) is depicted in Fig. 1.4. All the phase trajectories approach arbi-
trarily closely the point α = −π/2, v = v0, where v0 is the unique positive
root of the equation ϕ(v) = 1. This point corresponds to the vertical fall of
the body with constant velocity (as in example d).

�

v

–
�

2

�

2
0

Fig. 1.4. The phase portrait of the ballistic problem

We demonstrate that the trajectory has a vertical asymptote when contin-
ued infinitely (as depicted in Fig. 1.3). Indeed, the x-coordinate is determined
by the formula

x(t) =

t∫

t0

v cos α dt.

We need to show that the corresponding improper integral (when t = ∞)
converges. For that we pass to a new integration variable α and use (1.5):

x =
1
g

α0∫

−π/2

v2 dα.

Since the speed is bounded, this integral has a finite value.
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For some laws of resistance, the system of equations (1.4)–(1.5) can be
solved explicitly. One of such laws was found already by Legendre:

ϕ(v) = cvγ , c, γ = const > 0.

The substitution u = v−γ reduces this problem to integrating the single linear
differential equation

du

dα
+ γu tan α+ γc cos −1α = 0.

This equation can be easily solved by the method of variation of parameters.
One can find references to other results devoted to the exact integration

of equations (1.4)–(1.5), for example, in the book [5].
The principle of determinacy holds also in relativistic mechanics. The dif-

ference between classical Newtonian mechanics and relativistic mechanics is
in Galileo’s principle of relativity.

1.1.3 Principle of Relativity

The direct product E3 × R{t} (space–time) has the natural structure of an
affine space. The Galilean group is by definition the group of all affine trans-
formations of E3 × R that preserve time intervals and are isometries of the
space E3 for any fixed t ∈ R. Thus, if g: (s, t) → (s′, t′) is a Galilean trans-
formation, then

1) tα − tβ = t′α − t′β ,
2) if tα = tβ , then |sα − sβ | = |s′α − s′β |.
The Galilean group obviously acts on R

3{r}×R{t}. We give three examples
of Galilean transformations of this space. First, uniform motion with constant
velocity v:

g1(r, t) = (r + vt, t).

Next, translation of the origin in space–time:

g2(r, t) = (r + x, t+ α).

Finally, rotation of the coordinate axes:

g3(r, t) = (G r, t),

where G : R
3 → R

3 is an orthogonal transformation.

Proposition 1.1. Every Galilean transformation g : R
3 × R → R

3 × R can
be uniquely represented as a composition g1g2g3.
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We shall find an explicit form of Galilean transformations, from which
Proposition 1.1 will immediately follow. For that we consider an affine trans-
formation of E4 = E3 × R of the general form:

x = Ax′ + vt′ + a, t = 〈l, x′〉 + kt′ + s.

Here A is a 3×3 matrix; v, a, and l are vectors in three-dimensional Euclidean
space; k and s are real numbers.

First we show that l = 0 and k = 1 for Galilean transformations. Indeed,
using property 1) we obtain the equality

t1 − t2 = 〈l, x′
1 − x′

2〉 + k(t′1 − t′2) = t′1 − t′2 (1.6)

that holds for all pairs of points (x′
1, t

′
1) and (x′

2, t
′
2) in E4. Setting t′1 = t′2 we

obtain that 〈l, x′〉 = 0 for all vectors x′, whence l = 0. But then (1.6) implies
k = 1.

We now show that A is an orthogonal matrix. For that we set t1 = t2
(then t′1 = t′2) and use property 2):

|x1 − x2| =
∣
∣Ax′

1 −Ax′
2

∣
∣ =
∣
∣A(x′

1 − x′
2)
∣
∣ = |x′

1 − x′
2|

for any x′
1 and x′

2. Consequently, the matrix A is orthogonal.
Thus, we have found the general form of Galilean transformations:

x = Ax′ + vt′ + a, t = t′ + s; A ∈ O(3), v, a ∈ R
3, s ∈ R. (1.7)

Since the orthogonal matrices form a three-parameter family, Galilean trans-
formations of the general form involve 10 independent parameters.

We introduce in E3 a “fixed” frame of reference by fixing a point o ∈ E3

and choosing three mutually perpendicular axes. Every element of the Galilean
group transforms this frame into another frame, which moves uniformly and
rectilinearly with respect to the first frame. Such frames are said to be inertial.

In practice a frame of reference attached to the stars is chosen for a “fixed”
frame. But if the motion of the stars themselves is taken into account, then
a more precise definition of a frame is established using statistical averages.
However, a frame of reference attached to the Earth serves as a sufficient
approximation of an inertial frame for many practical problems.

The action of the Galilean group on E3 ×R can be extended to the action
on E3×· · ·×E3×R by the rule: if g : (s, t) → (s′, t′), then g(s1, . . . , sn, t) =
(s′1, . . . , s

′
n, t

′).
The Galileo–Newton principle of relativity asserts that Newton’s equations

are invariant under the Galilean transformation group in an inertial frame of
reference.

This principle (which has empirical origin) imposes a number of condi-
tions on the form of the right-hand side of Newton’s equation written in an
inertial frame of reference. Since among Galilean transformations there are
translations of the time axis, the forces are independent of t:

mir̈i = Fi(r, ṙ), 1 � i � n.
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Forces depending on time can only appear in Newtonian mechanics in
simplified models of motion.

Among Galilean transformations there are translations in three-dimen-
sional space E3. Since E3 is homogeneous, it follows that in inertial frames
forces depend only on the relative coordinates rk − rl. Since Newton’s equa-
tions are invariant under the subgroup of uniform motions g1, it follows that
forces also depend only on the relative velocities of the points:

mir̈i = Fi(rk − rl, ṙk − ṙi), i, k, l = 1, . . . , n. (1.8)

The isotropy of E3 (invariance under the subgroup of rotations g3) implies
the relation

F(G r, G ṙ) = GF(r, ṙ). (1.9)

If a mechanical system consists of a single point, then this point moves
uniformly and rectilinearly with respect to any inertial frame.3 Indeed, in
this case the force F is independent of t, r, ṙ and is invariant under rotations.
Consequently, F ≡ 0.

If a system consists of two points, then the forces F1 and F2 applied to the
points are directed along the straight line connecting the points. Moreover,
according to the principle of equality of action and reaction it is assumed that
F1 = −F2. This experimental principle, which is independent of the relativity
principle, leads to the general notions of forces of interaction and of a closed
mechanical system. A system of n material points (ri, mi), 1 � i � n, acted
upon by forces Fi is said to be closed if

Fi =
∑

i�=j
1�j�n

Fij , Fkl = −Flk.

The vector Fij is called the force with which the jth point acts on the ith
one. An important example of interaction is the universal gravitation.

If a system consists of three material points, then it follows from the rel-
ativity principle that the forces acting on the points lie in the plane of these
points.

Among the laws of motion given as examples in § 1.1.2 only the universal
gravitation is Galilean-invariant. However, if in a system of gravitating points
the mass of one of them is infinitesimally small (say, a speck of dust in the
Solar System), then its influence on the motion of the other points is negligible.
The “restricted” problem thus obtained (which has important applications
in astronomy) no longer satisfies Galileo’s principle of relativity. Many laws
of motion occurring in Newtonian mechanics that are not Galilean-invariant
are obtained from invariant laws of motion by making similar simplifying
assumptions.

3 This is the Galileo–Newton law of inertia. Thus, the law of inertia is a consequence
of the principles of determinacy and relativity.
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1.1.4 Principle of Relativity and Forces of Inertia

According to § 1.1.3 in an inertial frame of reference the law of motion has
the form (1.8) and relation (1.9) holds. We now pass to a non-inertial frame
by the change of variables

t �→ t, x = B(t)z + b(t), (1.10)

where z is the position vector of the material point in the new frame, B(t) ∈
O(3) for all values of t, and b is the position vector of the origin of the non-
inertial frame.

By differentiating relation (1.10) with respect to t we obtain the formulae

ẋ = Ḃz +Bż + ḃ, ẍ = B̈z + 2Ḃż +Bz̈ + b̈. (1.11)

Substituting (1.10) and (1.11) into (1.8) we obtain the equation of motion
in the new frame:

mi

(
B̈zi +2Ḃżi +Bz̈i + b̈

)
= Fi

(
B(zk−zj), Ḃ(zk−zj)+B(żk− żj)

)
. (1.12)

Since B ∈ O(3), according to (1.9) we have

B−1Fi(xk, ẋk) = Fi

(
B−1xk, B

−1ẋk

)
.

Consequently, equations (1.12) can be represented in the form

miz̈i = Fi

(
zk − zj , B

−1Ḃ(zk − zj) + żk − żj

)

−miB
−1B̈zi − 2miB

−1Ḃżi −miB
−1b̈.

(1.13)

Thus, the passage to a non-inertial frame gives rise to the additional forces

Φi = −mi

(
B−1B̈zi +B−1b̈

)
and Ψi = −2miB

−1Ḃżi, (1.14)

which are called the forces of inertia. These expressions can be transformed
to a more clear and traditional form.

First of all we observe that the matrix B−1Ḃ is skew-symmetric. Indeed,
by the definition of orthogonal matrices we have

BTB = E.

Here BT denotes the transpose of B and E is the identity 3 × 3 matrix. By
differentiating this relation with respect to t we obtain

ḂTB +BT Ḃ = 0 or (B−1Ḃ)T +B−1Ḃ = 0,

as required.
We set

B−1Ḃ =




0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0



 . (1.15)
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It is easy to verify that
B−1Ḃz = ω × z,

where the vector ω has components ω1, ω2, ω3. The vector ω is called the
angular velocity of the moving frame. One should bear in mind that the direc-
tion of the vector ω depends essentially on the chosen orientation of Euclidean
space, while the vector ω itself is independent of a (positively oriented) Carte-
sian coordinate system. Such vectors are often called axial vectors.

Thus, formula (1.14) for the force Ψ can be rewritten in the vector form:

Ψi = −2mi(ω × żi).

Here żi is the relative velocity of the point mi (the velocity of motion in the
moving frame). This formula was first obtained by Coriolis; the force Ψ is
called the Coriolis force.

We set ε = ω̇, w = B−1b̈. The vector ε is the angular acceleration of
the moving frame, and w is the acceleration of the origin of the non-inertial
frame as a vector in this moving space. We use the identity

B−1B̈ = (B−1Ḃ)̇ − (B−1)̇Ḃ.

Since B−1 = BT and (B−1Ḃ)T = −B−1Ḃ, we have

−(B−1)̇Ḃ = −(Ḃ)TBB−1Ḃ = B−1ḂB−1Ḃ.

Consequently,
B−1B̈ = (B−1Ḃ)̇ +B−1ḂB−1Ḃ.

Clearly,

(B−1Ḃ)̇z = ε × z and B−1ḂB−1Ḃz = ω × (ω × z).

As a result we obtain the required formula for Φ:

Φi = −m[w + ω × (ω × zi) + ε × zi].

The expression in brackets is the acceleration of the point of the moving frame
with position vector zi (the transfer acceleration). The force Ψ is called the
inertial force of the moving space.

Now suppose that in some (generally speaking, non-inertial) frame we are
given a law of motion of a closed system of n material points:

miz̈i = Gi(z1 . . . , zn, ż1, . . . , żn, t), i = 1, . . . , n. (1.16)

Then the vector-functions Gi must be representable in the form of the right-
hand sides of system (1.13):

Gi(zj , żk, t) = Fi

(
zk − zj , B

−1Ḃ(zk − zj) + żk − żj

)

−miB
−1B̈zi − 2miB

−1Ḃżi −miB
−1b̈.

(1.17)
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It turns out that each summand on the right-hand side can be uniquely ex-
pressed in terms of Gi.

Indeed, by (1.17) we have

Gi(zj , żk, t) − Gi(zj + a, z̈k, t) = miB
−1B̈a (1.18)

for any vector a, and

Gi(zj , żk, t) − Gi(zj , żk + vt) = 2miB
−1Ḃv (1.19)

for any vector v. Since z �→ −z is an orthogonal transformation, by (1.9) we
have

Fi(−zj ,−żk) = −Fi(zj , żk).
Hence,

Gi(zj , żk, t) + Gi(−zj ,−żk, t) = −2miB
−1b̈. (1.20)

Relations (1.18)–(1.20) allow one to determine B−1Ḃ, B−1B̈, and B−1b̈ or,
which is the same, the vectors ω, ε, and w. In particular, the forces Gi

in (1.16) acting on the material points in the non-inertial frame can be uniquely
represented as the sum of the “physical” forces Fi and the forces of inertia Φi

and Ψi.
Thus, if we know the law of motion (1.16) of a system of points in the non-

inertial frame, then we can uniquely determine the vectors ω and w = B−1b̈.
Consequently, the orthogonal matrix B(t) satisfies the equation

Ḃ = BΩ, (1.21)

where Ω(t) is the known skew-symmetric matrix (1.15). For any orthogonal
matrix B0 there exists a unique solution B(t) of equation (1.21) such that
B(0) = B0. Since we know the acceleration vector w, we can find the vector
b̈(t) = B(t)w(t), the acceleration of the origin of the moving frame in the
fixed space. Consequently, the position vector of this point can be found by
simple quadratures:

b(t) =

t∫

0

( η∫

0

b̈(ξ) dξ

)

dη + vt+ a,

where v and a are some constant vectors. Fixing B0, v, and a we obtain
formula (1.10) connecting some inertial frame and the chosen non-inertial
frame. Since the time is not transformed in the transition formula (1.10), by
varying the orthogonal matrix B0 and the vectors v, a we can obtain the
whole family of inertial frames.

These observations lead to an important consequence of the relativity prin-
ciple: the law of motion of any closed system of interacting points in some fixed
moving frame allows one to find all the inertial frames [352].

We emphasize that without the assumption of the validity of the relativity
principle it is impossible to unambiguously distinguish the physical forces of
interaction from the forces of inertia. This range of problems is discussed from
a somewhat different viewpoint in [294].
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1.1.5 Basic Dynamical Quantities. Conservation Laws

The following characteristics of motion are important in dynamics in oriented
Euclidean space with a fixed inertial frame:

p = mv — the momentum of a point,
k = r×p = m(r×v) — the angular momentum (moment of momentum),
M = r × F — the moment of force (torque),
T = mv2/2 — the kinetic energy,
I = mr2 — the moment of inertia with respect to the point o.
If a system consists of several points, then the corresponding dynamical

quantities are additive functions.

Proposition 1.2. Let P =
∑

pi and F =
∑

Fi. Then Ṗ = F.

The point

ξ =
∑

miri∑
mi

is called the centre of mass. It is easy to see that the position of the centre of
mass is independent of the choice of the origin of reference.

Corollary 1.1. The centre of mass of a closed system moves uniformly and
rectilinearly: ξ̈ = 0.4

Proposition 1.3. Let K =
∑

ki =
∑

miri × vi and M =
∑

ri × Fi. Then
K̇ = M.

Corollary 1.2. For a closed system we have K = const.5

A force acting on a material point is said to be central if its line of action
always passes through the origin o ∈ E3.

Corollary 1.3. A motion under the action of a central force occurs in a plane
passing through o.

Proposition 1.4. Let T =
∑

miv
2
i /2. Then Ṫ =

∑
〈Fi, vi〉.

The forces Fi(r1, . . . , rn) are said to be conservative if the 1-form
n∑

i=1

〈Fi(r), dri〉,

called the work of the forces Fi on the displacements dri, is exact, that is, is
the differential of some function V (r1, . . . , rn) defined everywhere on

E3n \∆ = E3n \
⋃

i<j

{ri = rj}.

4 This assertion was noted by Newton.
5 This fact was established independently by Euler, D. Bernoulli, and d’Arcy

(see [477]).
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The function V is called the force function6, and the function U = −V is
called the potential energy (potential) of the system of points.

Corollary 1.4. If the forces are conservative, then the total energy is constant
on every motion: T + U = const.7

The existence of the laws of conservation of momentum, angular momen-
tum, and total energy of a closed system of material points is related to the
invariance of Newton’s equations under the Galilean transformation group.

Proposition 1.5. If the interaction forces depend only on the mutual dis-
tances of the points, that is,

Fij = fij(rij)eij , rij = |ri − rj |, eij =
rj − ri

rij
,

then these forces are conservative.8

In this case the potential energy is equal to
∑

i<j uij , where uij =
∫
fij(rij) drij is the potential energy of interaction of the material points

mi and mj .
For example, in the case of universal gravitation the force function is

V =
∑

i<j

γmimj

rij
.

Proposition 1.6. Let I =
∑

mir
2
i be the moment of inertia of the system

with respect to the origin o ∈ E3. Then Ï = 4T + 2
∑

i〈Fi, ri〉.

If the forces are conservative and the force function is homogeneous of
degree k, then

Ï = 4T + 2
∑

i

〈
∂V

∂ri
, ri

〉

= 4T + 2kV = 4h+ 2(k + 2)V

depends only on the positions of the points and the total energy. In the case
of gravitational attraction, k = −1 and therefore Ï = 4h − 2U . This formula
was obtained by Lagrange.

As an application of the dynamical quantities and conservation laws in-
troduced above we now consider the problem of regions of possible motion of
a closed system whose interaction forces depend only on the distance.

We associate with the centre of mass (barycentre) a new inertial frame and
in what follows consider the barycentre to be at rest:

∑
miri = 0. Clearly,

6 The force function was introduced by Lagrange.
7 In special cases this fact was already known to Huygens, Newton,

J. and D. Bernoulli, and other authors.
8 This fact was established by Lagrange.
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the interaction forces Fij do not change under such a change of the origin of
reference, since they depend only on the differences ri − rj .

The total angular momentum K =
∑

mi(ri × vi) with respect to the
centre of mass does not change. The plane passing through the barycentre
perpendicular to the constant vector K is usually called the Laplacian invari-
ant plane.

Proposition 1.7. We have the inequality

K2 � 2IT. (1.22)

� Indeed,

K2 =
∣
∣
∣
∑

mi(ri × vi)
∣
∣
∣
2

�
(∑

mi|ri||vi|
)2

�
(∑

mir2
i

) (∑
miv2

i

)
= I · 2T.

�
Since T = h−U , we obtain from (1.22) the inequality K2 � 2I(h−U) or

U +K2/(2I) � h. We consider the hypersurface

Γ =
{
r = (r1, . . . , rn) ∈ R

3n :
∑

miri = 0
}

and denote by BK, h the region of possible motion – the set of points of Γ
where the system can be situated with a given energy and given value of the
total angular momentum. We obviously have the inclusions

BK, h ⊂
{
r ∈ Γ : U +K2/(2I) � h

}
⊂ Γ.

The reverse inclusion, generally speaking, does not hold.

Proposition 1.8. In the planar problem, when the motion of points takes
place in the Laplacian plane, we have BK,h =

{
r ∈ Γ : U +K2/(2I) � h

}
.

� Suppose that
∑

miri = 0 and let vi = (K × ri)/I + αri/I. Then∑
mi(ri × vi) = K and T = K2/2I + α2/2I. It is always possible to choose

α so that r ∈ BK, h. �

1.2 Lagrangian Mechanics

1.2.1 Preliminary Remarks

We begin with a simple example. Suppose that a point of mass m moves on
a smooth9 regular surface Σ given by an equation

f(x, y, z) = 0 (1.23)
9 Here smoothness should be interpreted in two meanings: as infinite differentiabil-

ity and as absence of friction.
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under the action of a known force F. The effect of the surface Σ on the
motion of the point can be naturally identified with the action of some force N
orthogonal to Σ. We can describe the motion of the point m by Newton’s
equation

mr̈ = F + N (1.24)

and then regard the point as being free. From this equation, taking into ac-
count the constraint equation (1.23), we can uniquely determine the force N
as a function of state and time. Equation (1.24) can be rewritten in the form

〈mr̈ − F, ξ〉 = 0, (1.25)

where ξ is an arbitrary tangent vector to Σ, and interpreted as Newton’s law
of motion in the tangent plane to the surface Σ.

In mechanics the force N is usually called the pressure or, more generally,
the reaction of the constraint (1.23), and the tangent vectors ξ, the virtual
variations (displacements) or virtual velocities of the constrained point m.

In the general case, when n points (m1, r1), . . . , (mn, rn) are in con-
strained motion, the constraints are defined by a smooth manifold M embed-
ded in the configuration space of the free system R

3n = R
3{r1}×· · ·×R

3{rn}.
The constraints allow only the motions such that (r1(t), . . . , rn(t)) ∈ M for
all t. If known forces F1, . . . ,Fn act on the points, then equation (1.25) can
be naturally generalized to

n∑

i=1

〈mir̈i − Fi, ξi〉 = 0, (1.26)

where (ξ1, . . . , ξn) is an arbitrary tangent vector to M . This equation is
called the “general equation of dynamics” or the d’Alembert–Lagrange prin-
ciple. In the case of a free system of points the vectors ξi are arbitrary and
therefore equation (1.26) is equivalent to Newton’s system of equations. The
d’Alembert–Lagrange principle is the definition of motion of a system with
constraints. We shall show in § 1.6 that this definition is natural.

Let q = (q1, . . . , qk) be local coordinates on M . Then the ri are smooth
functions of q and

ṙi =
k∑

j=1

∂ri

∂qj
q̇j .

The kinetic energy

T (q̇, q) =
1
2

∑
miṙ2

i

is a positive definite quadratic form on M . We also introduce the “generalized
forces” – the covectors Q(q) defined by the equality

n∑

i=1

〈Fi, dri〉 =
k∑

j=1

Qj dqj .
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Theorem 1.1 (Lagrange). The functions q(t) defining the motion of the con-
strained system satisfy the equation

(T ′
q̇ )̇ − T ′

q = Q.

If the forces F1, . . . ,Fn are conservative (in the sense of the definition
in § 1.1), then the form

∑
Qj(q) dqj is the total differential of some smooth

function V (q). Then it is natural to introduce the function L = T + V and
rewrite the equation of motion in the form of Lagrange’s equation

(L′
q̇ )̇ = L′

q.

This immediately implies that the motions of the mechanical system co-
incide with the extremals of the variational problem

δ

t2∫

t1

L dt = 0.

“Oddly enough, in Lagrange’s work this principle is stated only between
the lines; this could be whence the strange fact developed that this relation in
Germany – mainly through the works of Jacobi – and thereby also in France
is universally called Hamilton’s principle, whereas in England nobody under-
stands this expression; there this equality is called rather by a correct but
undescriptive name of the principle of stationary action” (F. Klein, Vorlesun-
gen über die Entwicklung der Mathematik im 19. Jahrhundert. I. Springer,
Berlin, 1926).

1.2.2 Variations and Extremals

A Lagrangian system on a smooth manifold M is defined by a single function
L : TM ×∆ → R, where ∆ is an interval of the time axis R = {t}. A point
q ∈ M is called a configuration (or position) of the system, and a tangent
vector v ∈ TqM , a velocity at configuration q. The pair q, v is also called a state
of the system. In Lagrangian mechanics the manifold M is normally called the
configuration space; the tangent bundle TM , the state space; L the Lagrange
function or the Lagrangian; and dimM , the number of degrees of freedom.

Example 1.1. A natural mechanical system is a triplet (M, T, V ), where M
is a smooth configuration manifold, T is a Riemannian metric on M (the
kinetic energy of the system), V is a smooth function on M (the potential
of the force field). A Riemannian metric is a smooth function on the tangent
bundle that is a positive definite quadratic form on each tangent plane. The
Lagrange function is L = T + V (the function V : M → R is lifted to a
function from TM into R in the obvious way). 
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Let a1 and a2 be two (not necessarily distinct) points in M . A path from a1

to a2 starting at time t1 and finishing at time t2 (t1, t2 ∈ ∆) is by definition
a map of class C∞

ω : [t1, t2] →M

such that ω(t1) = a1 and ω(t2) = a2. The set of all such paths is denoted by
Ω(M ; a1, a2; t1, t2), or simply Ω if this causes no confusion.

One can think of Ω as some “infinite-dimensional manifold”. A vector field
W along a path ω is a function associating with each t ∈ [t1, t2] a tangent
vector

Wt ∈ TMω(t).

This function must be smooth in the following sense: for every smooth function
q �→ f(q) on M the correspondence

t �→ ∂f

∂q
Wt

must define a smooth function. We define the tangent space to Ω at the point
ω as the vector space consisting of the smooth vector fields W along the path
ω such that Wt1 = 0 and Wt2 = 0. We denote the tangent space to Ω at the
point ω by TωΩ.

A variation of the path ω (with fixed ends) is a map α̂ : (−ε, ε) → Ω such
that

1) α̂(0) = ω;
2) the map α : (−ε, ε)×[t1, t2] →M defined by the formula α(u, t) = α̂(u)(t)

is a smooth function of the variables u, t.
Since α̂ ∈ Ω(M ; a1, a2; t1, t2), we have

3) α(u, t1) = a1 and α(u, t2) = a2 for all u ∈ (−ε, ε).
By a variation of the path ω we shall also mean the map α.

The variation α̂ can be regarded as a “smooth” path on Ω. One can nat-
urally define its velocity vector

dα̂

du
(0) ∈ TωΩ

as the vector field Wt ∈ Tω(t)M along ω given by

Wt =
∂α

∂u
(0, t).

Since
∂α

∂u
(0, t) ∈ Tω(t)M

for all t1 � t � t2 and

∂α

∂u
(0, t1) = 0,

∂α

∂u
(0, t2) = 0,

we indeed have Wt ∈ TωΩ.
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Lemma 1.1. For any W ∈ TωΩ there exists a variation α̂(u) such that

dα̂

du
(0) = W.

The vector field Wt is called a variation vector field . Of course, it does not
uniquely determine the variation of motion.

Example 1.2. Let q1, . . . , qn be local coordinates on M and let W1, . . . , Wn

be the components of a tangent field W with respect to the basis ∂
∂q1

, . . . , ∂
∂qn

.
If a path ω(t) is represented by smooth functions q∗1(t), . . . , q∗n(t), then one
can define a variation α(u, t) by the formulae

q1(u, t) = q∗1(t) + uW1(t), . . . , qn(u, t) = q∗n(t) + uWn(t). 


Let F : Ω → R be a numerical function (a functional, in the classical
terminology) on Ω. We shall now define the differential δF : TωΩ → R, which
is called the variation of the functional F .

Let W ∈ TωΩ. By Lemma 1.1 there exists a variation α̂(u) : (−ε, ε) → Ω
such that

α̂(0) = ω,
dα̂

du
(0) = W.

We set by definition

δF (W ) =
dF (α̂(u))

du
(0).

We should verify that the definition of the variation is correct: that δF (W )
is a linear function of W independent of the choice of the variation of the
path α(u). However, we shall not go into this, since these conditions are cer-
tainly satisfied in the cases considered below.

A point ω ∈ Ω is critical (stationary) for F if δF ≡ 0 at this point. For
example, suppose that F takes minimum value on a path ω0 and the derivative

dF (α̂(u))
du

exists. Then, obviously, the path ω0 is critical.

1.2.3 Lagrange’s Equations

Let q : [t1, t2] → M be a smooth path in the set Ω. The velocity v at time t
is equal to the derivative q̇(t). At each moment of time t1 � t � t2 the sets
of numbers L′

q̇i
and (L′

q̇i
)̇ − Lqi

(1 � i � n) are defined, which are called the
momentum of the system and the Lagrangian derivative of the function L and
denoted by p and [L], respectively.

We pass to new local coordinates q̄ by the formula q = q(q̄). Let J =
∂q/∂q̄ be the non-singular Jacobi matrix of this change of variables. In the
new coordinates the Lagrange function is given by the formula L( ˙̄q, q̄, t) =
L(q̇, q, t).
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Lemma 1.2. We have p = (J�)−1p̄ and [L] = (J�)−1[L].

These formulae can be proved by straightforward calculation.
Since p and [L] are transformed according to the covariant law under

changes of local coordinates, we can assume p and [L] to be covectors defined
at the point q(t) ∈M . Consequently, the expressions p ·w and [L] ·w are well
defined for tangent vectors w ∈ Tq(t)M .

Definition 1.1. The action is defined as the functional

F (ω) =
∫

ω

L dt =

t2∫

t1

L(ω̇(t), ω(t), t) dt.

Theorem 1.2 (first variation formula).

δF (W ) = −
t2∫

t1

([L] ·W ) dt. (1.27)

� Let α̂(u) be a variation of the path ω. Then

dF (α̂(u))
du

=

t2∫

t1

(L′
q̇q

′′
ut + L′

qq
′
u) dt.

Integrating by parts the first summand of the integrand we obtain

dF

du
(0) = p ·W

∣
∣t2
t1
−

t2∫

t1

([L] ·W ) dt.

It remains to take into account that Wt1 = 0 and Wt2 = 0. �
Definition 1.2 (Hamilton’s principle). A path ω ∈ Ω is called a motion of the
Lagrangian system (M, L) if ω is a critical point of the action functional.

It follows from (1.27) that the critical paths of the functional F coincide
with the solutions of Lagrange’s equation [L]ω(t) = 0. In particular, the re-
striction of a motion ω(t) to any subinterval of [t1, t2] is again a motion.

In the local coordinates q on M Lagrange’s equation can be written in the
explicit form

A(q̇, q, t)q̈ + Φ(q̇, q, t) = 0,

where A = L′′
q̇q̇.

Lemma 1.3. Let A = L
′′
˙̄q ˙̄q. Then A = (J�)−1AJ −1.

If detA �= 0, then Lagrange’s equation can be resolved with respect to
the accelerations. This implies, in particular, that the state of the system at
a moment of time t0 ∈ ∆ uniquely determines its motion. We emphasize that
by Lemma 1.3 the condition that the matrix A be non-singular is independent
of the choice of local coordinates on M .
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1.2.4 Poincaré’s Equations

Let v1, v2, . . . , vn be tangent vector fields on an n-dimensional manifold M
that are linearly independent at each point. At each point q ∈M the commu-
tators [vi, vj ] can be written as linear combinations of the vectors v1, . . . , vn

as a basis: [vi, vj ] =
∑

ckij(q)vk. If q : ∆ → M is some smooth path and f is
a smooth function on M , then

ḟ = f ′
q · q̇ =

n∑

i=1

vi(f)ωi, (1.28)

where vi(f) is the derivative of f in the direction vi. The variables ω are linear
functions of the velocities. They are called “quasi-velocities”. We represent
the Lagrangian as a function of q and ω : L̂(ω, q) = L(q̇, q). Let q(u, t) be
a variation of the path q(t). We set

∂f(q(u, t))
∂u

=
∑

j

vj(f)wj .

Since the differentiations with respect to q and t commute, we obtain the
equalities

∂ωk

∂u
=
∂wk

∂t
+
∑

i,j

ckijωiwj .

We calculate the variation of the action in terms of the quasi-velocities:

δ

t2∫

t1

L̂(ω, q) dt

=
∑

k

∂L̂

∂ωk
· wk

∣
∣t2
t1

+

t2∫

t1

∑

k

[

− d

dt

∂L̂

∂ωk
+
∑

i,j

cjik
∂L̂

∂ωj
ωi + vk(L̂)

]

· wk dt.

Since the variations wk are independent inside the interval (t1, t2) and van-
ish at its ends, Hamilton’s principle gives us the equations of motion in the
coordinates q, ω:

(
L̂′

ωk

)
˙=
∑

i,j

cjikL̂
′
ωj
ωi + vk(L̂).

These equations were for the first time obtained by Poincaré in 1901. If
the independent vectors ∂/∂qk are taken for the vk, then Poincaré’s equations
turn into ordinary Lagrange’s equations.

Now suppose that M is a Lie group G and v1, . . . , vn are independent
left-invariant fields on G. Then ckij = const. Suppose that the Lagrangian
is invariant under left translations on G. Then vk(L̂) ≡ 0, and therefore L̂
depends only on the quasi-velocities ω, which should be regarded as coordi-
nates in the Lie algebra g of the group G. Under these assumptions Poincaré’s
equations form a closed system of differential equations on g.
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Example 1.3. A rigid body with a fixed point is by definition a set of material
points subjected to the following constraints (in the sense of § 1.2.1):

a) the distances between the points are constant,

b) one of the points of the body coincides with some fixed point o in E3.
Clearly, every position of the rigid body can be uniquely obtained from

some fixed position by a rotation of E3 around the point o. Therefore the
configuration space of this system can be identified with the group SO(3).
A rotational motion of the rigid body is defined by a function B(t), where B
is an orthogonal matrix in SO(3). The velocity of rotation Ḃ(t) is a tangent
vector to the group at the point B(t). It is natural to transfer this vector into
the tangent space of the group at the identity element, that is, into the Lie
algebra so(3). This can be done in two ways: by a left or right translation.
As a result we obtain two skew-symmetric matrices B−1Ḃ and ḂB−1 in the
algebra so(3).

Let R(t) be the position vector of a point of the body in the fixed space.
Then R(t) = B(t)R(0) and therefore

V(t) = Ṙ(t) = Ḃ(t)R(0) = Ḃ(t)B−1(t)R(t).

In three-dimensional oriented Euclidean space every skew-symmetric operator
is the operator of vector (cross) multiplication Ω × (·) by some vector Ω. As
a result we obtain Euler’s formula V = Ω × R. The vector Ω is called the
angular velocity in space (cf. § 1.1.4).

If r is the position vector and v the velocity of the same point in the moving
space attached to the rigid body, then again v = ω × r, where ω = B−1Ω is
the angular velocity vector in the body. The correspondence f : B−1Ḃ → ω
defines an isomorphism of the algebra so(3) (which can be interpreted as the
algebra of left-invariant fields on SO(3)) and the algebra of vectors of three-
dimensional oriented Euclidean space, where the commutator is the ordinary
vector cross product.

Let m be the mass distribution in the rigid body. We define the angular
momentum of the body (in the moving space) as the vector

k =
∫

(r × v) dm =
∫

(r × (ω × r)) dm.

The symmetric linear operator A : ω → k is called the inertia operator,
and its mutually perpendicular characteristic directions li are called the prin-
cipal inertia axes. The eigenvalues of the operator A can be calculated by the
formula

Ai =
∫

r2i dm,

where ri is the distance from the point of the rigid body to the axis li. The
numbers Ai are called the moments of inertia of the body with respect to the
axes li.
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Problem. Find a straight line passing through the centre of a cube such that
the sum of squares of the distances from the vertices to this line is a minimum.

Solution. The quadratic form corresponding to the operator A (for the body
consisting of the 8 vertices of the cube carrying equal masses) is invariant
under the cube’s symmetries. Hence the level surfaces of this form (called
the inertia ellipsoids of the body) are also invariant under the cube’s symme-
tries, including the symmetries of order three defined by rotations around a
diagonal.

But an ellipsoid can have symmetries of order three only if it is an ellipsoid
of revolution around an axis of symmetry. Consequently, the inertia ellipsoid of
the cube has at least 4 axes of rotation (a cube has 4 diagonals) and therefore
is a sphere.

Thus, the sum of the squares of the distances from the vertices of the cube
to the straight line (that is, the moment of inertia with respect to this line) is
independent of the direction of the line (and is always a minimum, whichever
line is chosen). 


The kinetic energy of the rigid body

T =
1
2

∫

V 2 dm =
1
2

∫

v2 dm

is, in view of the formula T = 〈k, ω〉/2 = 〈Aω, ω〉/2, a quadratic form in the
angular velocity.

Let ei be the unit vectors of the principal axes numbered so that

e1 × e2 = e3, e2 × e3 = e1, e3 × e1 = e2.

Let v1, v2, v3 be the left-invariant vector fields on SO(3) that are the inverse
images of the vectors e1, e2, e3 under the isomorphism f : so(3) → R

3{ω}.
Clearly,

[v1, v2] = v3, [v2, v3] = v1, [v3, v1] = v2. (1.29)

Let ω =
∑
ωiei. Then

T =
A1ω

2
1 +A2ω

2
2 +A3ω

2
3

2
. (1.30)

Using (1.29) and (1.30) we write down in explicit form Poincaré’s equations
in the absence of external forces:

A1ω̇1 = (A2 −A3)ω2ω3,

A2ω̇2 = (A3 −A1)ω3ω1,

A3ω̇3 = (A1 −A2)ω1ω2.

These equations, which were for the first time obtained by Euler in 1758, can
be replaced by the single vector equation Aω̇ + ω ×Aω = 0.
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We now consider a more general case where a rigid body is placed in
an axially symmetric force field with force function V . In view of Poincaré’s
equations one must add the summands vi(V ) on the right-hand side of Euler’s
equations. Let γ =

∑
γiei be a unit vector of the symmetry axis of the field.

Clearly, V = V (γ1, γ2, γ3). The condition that the vector γ be constant in the
fixed space is equivalent to the equation

γ̇ = γ × ω, (1.31)

which is called Poisson’s equation. Using the formula

V̇ =
〈
∂V

∂γ
, γ̇

〉

=
〈
∂V

∂γ
, γ × ω

〉

=
〈

ω,
∂V

∂γ
× γ

〉

and (1.28) we obtain the equation of motion of the rigid body

Aω̇ + ω ×Aω = γ × ∂V

∂γ
. (1.32)

The closed system of equations (1.31)–(1.32) is called the Euler–Poisson equa-
tions.

Example 1.4. We consider in addition the problem of the motion of a rigid
body in boundless ideal fluid. The configuration space of the rigid body is
the group of motions L(3) of three-dimensional Euclidean space. Its Lie al-
gebra l(3) is the semidirect sum of the rotation algebra so(3) and the three-
dimensional commutative algebra of translations. Rotation of the rigid body
is described by Kirchhoff’s equations (1870)

k̇ = k × ω + e × u, ė = e × ω,

where ω = H ′
k, u = H ′

e, and H(k, e) = (1/2)〈Ak, k〉+〈Bk, e〉+(1/2)〈Ce, e〉
is the kinetic energy of the system “body + fluid”, where A, C are symmetric
operators. The vectors ω and k are the angular velocity and the angular mo-
mentum, while e and u are the “momentum force” and “momentum moment”
of the body in the fluid. 


One can show that Kirchhoff’s equations are Poincaré’s equations on the
algebra l(3). A detailed discussion of Kirchhoff’s problem can be found in the
books [112, 366].

1.2.5 Motion with Constraints

We say that constraints are imposed on a Lagrangian system (M, L) if, at
each moment of time t ∈ ∆, a submanifold S is distinguished in the phase
space TM defined locally by equations

f1(q, q̇, t) = · · · = fm(q, q̇, t) = 0
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with covectors f ′
1q̇, . . . , f

′
mq̇ linearly independent at each point. The con-

straints allow only those paths ω : ∆ → M for which (ω̇(t), ω(t)) ∈ S for
all t ∈ ∆. Usually linear constraints are considered when the functions fs are
linear in the velocities. Under these conditions the triplet (M, L, S) is called
a Lagrangian system with constraints.

The tangent vectors ξ ∈ TqM satisfying the equations

f ′
1q̇ · ξ = · · · = f ′

mq̇ · ξ = 0

are called virtual velocities of the system (M, L, S) at time t and state (q, q̇) ∈
S. This definition is correct by Lemma 1.2.

Definition 1.3 (d’Alembert–Lagrange principle). An admissible smooth path
q : ∆ → M is called a motion of the Lagrangian system with constraints
(M, L, S) if at every moment of time t ∈ ∆ we have [L]q(t) · ξ = 0 for all
virtual velocities ξ at the state (q(t), q̇(t)).

Using this principle we can write down the closed system of equations of
motion

[L] =
m∑

j=1

µjf
′
jq̇, f1 = · · · = fm = 0, (1.33)

which are called Lagrange’s equations with multipliers. If the matrix
(
f ′

iq̇ (L′′
q̇q̇)

−1f ′
jq̇

)
(1.34)

is non-singular, then the multipliers µj can be represented as functions of the
state of the system and time. In this case equations (1.33) are differential
equations on S (possibly, non-autonomous) and therefore Lagrangian systems
with constraints obey the principle of determinacy.

The d’Alembert–Lagrange principle has several equivalent formulations.
We give two of them which are due to Gauss and Hölder.

Following Gauss we introduce the set of conceivable motions – smooth
paths qµ : ∆ → M allowed by the constraints and having at some fixed time
t0 ∈ ∆ one and the same state (a, v) ∈ S. A path q0 : ∆ → M with the
same state at time t0 is called a released motion if [L]q0(t) = 0 for all t ∈ ∆.
Finally, an actual motion qd : ∆ → M is a map satisfying the d’Alembert–
Lagrange principle and the initial condition qd(t0) = a, q̇d(t0) = v. We stress
that, unlike conceivable or actual motions, released motions in general do not
satisfy the constraint equations.

Let A = L′′
q̇q̇, and let qα(t), qβ(t) be arbitrary smooth paths with the same

state (a, v) at time t0. The quadratic form

Z =
1
2
(
A(q̈α − q̈β) · (q̈α − q̈β)

)∣∣
∣
t0

is called the compulsion (or constraint) according to Gauss. It is easy to verify
that under changes of local coordinates on M the differences of the acceler-
ations q̈α − q̈β at t = t0 are transformed as tangent vectors. Consequently,
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by Lemma 1.3 the compulsion is defined invariantly. The value of compulsion
can be taken for a measure of “deviation” of motions.

Theorem 1.3. The deviation of conceivable motions from the released motion
takes a stationary value on the actual motion.

The proof is based on application of the well-known rule of Lagrange mul-
tipliers.

Usually the matrix A is positive definite (as in natural systems). In this
case one can derive from Theorem 1.3 the following.

Corollary 1.5 (Gauss’ principle [42]). Among conceivable motions the actual
motion is least deviated from the released motion.

Example 1.5. A mathematical pendulum of length l is a heavy material point
moving without friction along a circle of radius l in a vertical plane. Let
ϕ be the angle between the pendulum and the vertical line (Fig. 1.5). For
a fixed state (ϕ, ϕ̇) the ends of acceleration vectors aµ of the conceivable
motions of the pendulum lie on the straight line that is at distance lϕ̇2 from
the point m and is parallel to the velocity. The acceleration of the released
motion obviously coincides with the acceleration of gravity g. The compulsion
Z = m〈aµ − g, aµ − g〉/2 coincides, up to a constant summand, with the
function m(lϕ̈ + g sin ϕ)2/2. The condition that Z be minimum leads to the
equation of oscillations of the mathematical pendulum: lϕ̈+ g sin ϕ = 0.

Fig. 1.5.




In order to state Hölder’s principle we shall need certain new definitions.
Let ω ∈ Ω be a smooth admissible path. In the vector space of variation vector
fields TωΩ we consider the subspace Γ consisting of the fields W̃ such that
the vectors W̃t are virtual velocities for all t. We call a path ω a critical point
(in the sense of Hölder) of the action functional F if the restriction of δF to
the subspace Γ vanishes.
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Theorem 1.4 (Hölder’s principle [42]). An admissible path is a motion of the
Lagrangian system with constraints if and only if it is a critical point (in the
sense of Hölder) of the action functional.

This assertion is a simple corollary of Theorem 1.2 and the d’Alembert–
Lagrange principle.

Hertz classified Lagrangian systems with linear constraints into holonomic
and non-holonomic systems depending on whether the constraints are com-
pletely integrable or not. The definition of integrability has an especially simple
form in the case of homogeneous constraints that do not depend explicitly on
time:

a1(q) · q̇ = · · · = am(q) · q̇ = 0. (1.35)

According to the general definition of constraints the covectors a1, . . . , am are
assumed to be linearly independent at all points of Mn. A constraint (1.35)
is said to be completely integrable if there exists a smooth (n − m)-dimen-
sional foliation onMn whose leaves (smooth (n−m)-dimensional submanifolds
of Mn) are tangent at all their points to the planes defined by (1.35).

We give one of the versions of Frobenius’ criterion for complete integra-
bility of a distribution of tangent planes (1.35): Let ϕs = as · dq be a 1-form
on Mn for each s = 1, . . . , m; the constraint (1.35) is completely integrable if
and only if the 2-forms dϕs, s = 1, . . . , m, vanish on the space of admissible
velocities.

Let q : ∆ → Mn be an admissible path of a system with holonomic con-
straints. Then the values q(t) belong to some leafNn−m for all t ∈ ∆. We intro-
duce the restriction L̂ : TNn−m → R of the Lagrangian L to TNn−m ⊂ TMn.

Proposition 1.9. An admissible path q : ∆ → Mn is a motion of the holo-
nomic system (Mn, L, S) if and only if the path q̂ : ∆→ Nn−m, q̂(t) ≡ q(t),
is a motion of the Lagrangian system (Nn−m, L̂).

Thus, holonomic systems are practically indistinguishable from ordinary
Lagrangian systems without constraints.

Corollary 1.6. The motion of a holonomic system is determined by the re-
striction of the Lagrangian to the manifold S ⊂ TM .

This is not true, of course, in the non-holonomic case.
The most popular examples of motion with non-integrable constraints are

a skate sliding on ice and a ball rolling on a rough surface. In the first case the
velocity of the contact point has zero component in the direction perpendicular
to the plane of the skate, in the second case, the velocity of the contact point is
zero. In conclusion of this section we consider two examples of a “paradoxical”
behaviour of non-holonomic systems.

Example 1.6. Consider a skate on an inclined plane with Cartesian coor-
dinates x, y; we assume the y-axis to be horizontal, and the x-axis directed



30 1 Basic Principles of Classical Mechanics

downwards. Let (x, y) be the coordinates of the contact point of the “bal-
anced” skate with the plane, and ϕ its rotation angle measured from the
x-axis. The equation of the non-integrable constraint is ẋ sin ϕ− ẏ cos ϕ = 0.
Choosing the appropriate units of mass, length, and time we can represent
the Lagrangian in the form L = (ẋ2 + ẏ2 + ϕ̇2)/2 + x. The corresponding
Lagrange’s equations with multipliers can be easily integrated. For example,
if initially the angle is ϕ = 0 and the skate is rotating with angular velocity
ϕ̇(0) = ω, then

x =
sin 2ωt

2ω2
, y =

1
2ω2

(
ωt− 1

2
sin 2ωt

)
, ϕ = ωt.

An interesting feature of this solution is that on average the skate does not
slide off from the inclined plane: 0 � x(t) � 1/2ω2.

Now consider the problem of a homogeneous ball rolling inside a tube
standing vertically. It is natural to expect a spiral descent of the ball along
a trajectory with increasing steepness. However, actually (if the initial veloc-
ity of the centre of the ball is not vertical) the ball will perform harmonic
oscillations between two fixed horizontal planes. 


1.3 Hamiltonian Mechanics

1.3.1 Symplectic Structures and Hamilton’s Equations

Let M2n be a smooth even-dimensional manifold. There are several equivalent
ways of defining a symplectic structure on M . We list the best-known ones.

a) A symplectic structure on M is by definition a closed non-degenerate
2-form ω2. By Darboux’s theorem, in a small neighbourhood of each point
on M the symplectic structure ω2 can be reduced to the “canonical” form

n∑

i=1

dpi ∧ dqi

in suitable local coordinates p1, . . . , pn, q1, . . . , qn. The local coordinates p, q
are usually called symplectic or canonical coordinates.

The form ω2 allows one to construct the natural isomorphism of the tan-
gent TxM and cotangent T ∗

xM spaces: a vector ξ ∈ TxM is associated with a
1-form ω1

ξ ∈ T ∗
xM by the rule ω1

ξ (η) = ω2(η, ξ), η ∈ TxM . Since the 2-form
ω2 is bilinear and non-degenerate, the correspondence ξ �→ ω1

ξ is indeed a
linear isomorphism. Let I : T ∗

xM → TxM denote the inverse map. Suppose
that H is a smooth function on M (possibly depending on time). Since the
differential dH is a covector, I dH is a smooth vector field on M , which is
called a Hamiltonian vector field. The corresponding differential equation
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ẋ = I dH(x) (1.36)

is called Hamilton’s equation.
If F and G are smooth functions on M , then the smooth function

ω2(I dG, I dF ) is well defined, which is called the Poisson bracket of the func-
tions F and G. We denote it by {F, G}. The Poisson bracket has the following
properties:

1) it is bilinear,
2) it is skew-symmetric,
3) {F1F2, G} = F1{F2, G} + F2{F1, G} (the Leibnitz rule),
4) {{H, F}, G} + {{F, G}, H} + {{G, H}, F} ≡ 0 (the Jacobi identity),
5) it is non-degenerate (if a point x ∈ M is not critical for F , then there

exists a smooth function G such that {F, G}(x) �= 0).

In symplectic local coordinates p, q we have

{F, G} =
n∑

i=1

(
G′

pi
F ′

qi
−G′

qi
F ′

pi

)
.

The Poisson bracket {F, G} can be calculated by the formula dF (I dG),
which is the value of the covector dF at the vector I dG. Consequently,
the derivative of the function F along the Hamiltonian vector field IdH is
equal exactly to {F, H}. Thus, Hamilton’s equation (1.36) can be rewrit-
ten in the equivalent form Ḟ = {F, H}. Since the coordinate functions
p1, . . . , pn, q1, . . . , qn form a “complete” set of independent functions, the
equations

ṗi = {pi, H}, q̇i = {qi, H} ⇔ ṗi = −H ′
qi
, q̇i = H ′

pi
(1 � i � n)

are closed. They are called the canonical Hamilton’s equations.
b) According to Dirac the manifold M is equipped with a symplectic struc-

ture if there is a map {,} : C∞(M)×C∞(M) → C∞(M) satisfying conditions
1–5 in part a).

Let F be a smooth function on M . It follows from conditions 1 and 3 that
vF = {F, ·} is a derivation, that is, a tangent vector to M . Every tangent
vector can be represented in this form. Let G be another smooth function,
and let vG = {G, ·} be the corresponding tangent vector. We define a 2-form
ω2 by the formula

ω2(vG, vF ) = {F, G}.
This form is clearly bilinear, skew-symmetric, and non-degenerate. The

latter follows from the condition that the Poisson bracket is non-degenerate.
One can deduce from the Jacobi identity that ω2 is closed. Thus, the definition
of a symplectic structure according to Dirac is equivalent to the definition in
part a).
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c) Finally, according to the “classical” approach a symplectic structure
on M is defined using a symplectic atlas, that is, a collection of charts com-
patible with each other and such that the transition from one chart to another
is a canonical transformation.

Let P , Q and p, q be local coordinates on M . A transformation of local
coordinates p, q �→ P , Q is said to be canonical if

P dQ− p dq = dS(p, q),

where S is some smooth function called a primitive function of the canonical
transformation.

Remark 1.1. Canonical transformations of local symplectic variables should
be distinguished from symplectic maps preserving the symplectic structure.
The latter are defined globally, while the former, only in small neighbour-
hoods of points in M . For example, let M = R

2/Z2 be a two-dimensional
torus, R

2 = {(p, q)}, and ω = dp ∧ dq the oriented area on M . The map
(p, q) �→ (P, Q) defined by the formulae P = p+ a, Q = q+ b (a, b = const) is
clearly symplectic, but P dQ − p dq = a dq is not the differential of a single-
valued function on M if a �= 0.

It follows from the definition of canonical transformations that the form
ω2

p, q = dp ∧ dq is well defined on the whole of M . Indeed,

ω2
p, q = d(p dq) = d(P dQ− dS) = dP ∧ dQ− d dS = ω2

P, Q .

We now give criteria for a transformation p, q �→ P, Q to be canonical.
α) Let

Γ =







∂Q

∂q

∂Q

∂p

∂P

∂q

∂P

∂p







be the Jacobi matrix of the transformation. The transformation is canonical
if and only if Γ�IΓ = I, where

I =

(
0 −E
E 0

)

is the symplectic unity.
β) ∮

γ

P dQ =
∮

γ

p dq

for any closed contour γ contractible to a point.
γ) {F, G}P, Q = {F, G}p, q for any smooth functions F and G.
This implies, in particular, that canonical transformations preserve the

canonical form of Hamilton’s equations. Indeed, ḞP, Q = Ḟp, q = {F, H}p, q =
{F, H}P, Q.
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1.3.2 Generating Functions

Let g : (p, q) �→ (x, y) be a canonical change of variables such that

det
(
∂x(p, q)
∂p

)

�= 0. (1.37)

Then the equation x = x(p, q) can be resolved (at least locally) with respect
to p, and x, q can be regarded as independent variables. Then

p = p(x, q), y = y(p, q) = y(p(x, q), q).

The condition for the transformation g to be canonical

p dq − x dy = dF (p, q)

can be written in the form

p dq + y dx = d(F + xy) = dS(x, q),

whence p = Sq′ and y = Sx′ . It follows from (1.37) that

det
(
∂2S

∂x∂q

)

�= 0. (1.38)

The function S(x, q) is called a generating function of the transformation g.
For example, if g is the identity transformation, then S = xq.

Proposition 1.10. For any function S(x, q) satisfying (1.38) there exists a
canonical change of variables x = x(p, q), y = y(p, q) such that S is a gener-
ating function of it and det

(
∂x/∂p

)
�= 0.

We note that not all canonical changes of variables satisfy (1.37). Here is
a simple example: x = q, y = −p. In such cases the method of generating
functions can be slightly modified. For example, suppose that the Jacobian
det
(
∂y/∂p

)
is non-zero. Such canonical transformations are said to be free.

The function S∗(y, q) = F (p(y, q), q) serves as a generating function: the
formulae

p = S′
∗q, x = −S′

∗y

define a free canonical transformation. Proposition 1.10 is again valid for free
canonical transformations. These remarks can be generalized.

Proposition 1.11. Suppose that g is a canonical transformation given by
2n functions x = x(p, q), y = y(p, q). We can always take for local in-
dependent coordinates one of the 2n sets of functions (xi, yj , q), i ∈ I,
j ∈ {1, 2, . . . , n} \ I, such that

∂(xi, yj)
∂(pi, pj)

�= 0.
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The transformation g can be locally reconstructed from the generating function

S̃(xi, yj , q) =
∑

i∈I

xiyi +
∫

(p dq − x dy)

by using the relations

p =
∂S̃

∂q
, yi =

∂S̃

∂xi
, xj = − ∂S̃

∂yj
.

1.3.3 Symplectic Structure of the Cotangent Bundle

Let Nn be a smooth manifold and let T ∗
q N be the cotangent space to N

at a point q consisting of all the 1-forms on the tangent space TqN . The
union

⋃

q∈N

T ∗
q N = M has the natural structure of a smooth manifold of di-

mension 2n. It is called the cotangent bundle of N and denoted by T ∗N . If
q = (q1, . . . , qn) are local coordinates on N , then every 1-form is defined by its
n components p = (p1, . . . , pn) in the basis dq1, . . . , dqn. The sets of numbers
p1, . . . , pn, q1, . . . , qn form local coordinates on M .

The symplectic structure of the cotangent bundle T ∗N is defined exclu-
sively by the smooth structure of the manifold N . First we define the distin-
guished 1-form ω1 = p · dq, which is the value of the covector p ∈ T ∗

q N on the
tangent vector q̇ ∈ TqN . In the coordinates pi, qi (1 � i � n) this form has
the expression

∑
pi dqi; it is called the action form. The symplectic structure

on M is defined by the 2-form ω2 = dω1, which is closed and non-degenerate.
Using this symplectic structure one can represent Lagrange’s equations de-

fined on TN as Hamilton’s equations on T ∗N . First we consider this question
from the local viewpoint. Let L(q̇, q, t) be a Lagrange function such that

det
(
L′′

q̇q̇

)
�= 0.

We set p = L′
q̇ and regard p as an element of the dual space T ∗

q N . This
equation can be locally resolved with respect to the velocity q̇. We introduce
the function

H(p, q, t) = p · q̇ − L
∣
∣
q̇→p

,

which we call the “local” Hamiltonian. For fixed q and t the function H(p)
is the Legendre transform10 of the function L(q̇). It is easy to verify that
det
(
H ′′

pp

)
�= 0 and q̇ = H ′

p, L(q̇) = q̇ · p − H
∣
∣
p→q̇

. Thus, the Legendre
transformation is involutive.

Theorem 1.5. Let q(t) be a solution of Lagrange’s equation [L]q(t) = 0. Then
the functions q(t) and p(t) = L′

q̇

∣
∣
t

satisfy Hamilton’s equations ṗ = −H ′
q,

q̇ = H ′
p.

10 The “Legendre transform” already appears in Euler’s and Clairaut’s works.
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Using momenta instead of velocities first appears in the works of Lagrange
and Poisson.

In order to pass to Hamilton’s equations globally we assume that a smooth
function L : TN × R → R is convex with respect to the velocities, that is,
the matrix

(
L′′

q̇q̇

)
is positive definite for all q̇, q, and t. We define the “global”

Hamiltonian by the formula

H(p, q, t) = sup
q̇

(p · q̇ − L(q̇, q, t)). (1.39)

If the Lagrangian, as a function of velocity, grows at infinity faster than
a linear function (that is, L(ẋ)/|ẋ| → +∞ as |ẋ| → ∞, where | · | is some
Riemannian metric on N), then the local Hamiltonian is defined for all p
and coincides everywhere with the global one. Consequently, H is a smooth
function on M × R. This function is convex with respect to p, and

L(q̇, q, t) = sup
p

(q̇ · p−H(p, q, t)). (1.40)

Formulae (1.39)–(1.40) imply the convexity inequality p · q̇ � H(p)+L(q̇).
We apply these considerations to natural mechanical systems. Let | · | be

a Riemannian metric on the configuration space N . The Lagrange function is
L = T − U , where T = |q̇|2/2 is the kinetic energy and U(q) is the potential
energy of the system. If |q̇|2 = A(q)q̇ · q̇, then p = Aq̇ and therefore

H(p, q) = T − U
∣
∣
q̇→p

=
1
2
|p|2 + U,

where |p|2 = A−1p · p. The function H coincides with the total energy of the
system. In a more general case the Lagrange function contains linear terms:

L =
1
2
|q̇|2 + 〈v(q), q̇〉 − U(q),

where v is a smooth vector field on N . Then

H =
1
2
|p|2 − p · v(q) +

1
2
|v(q)|2 + U(q).

In the variables q̇, q the Hamiltonian function coincides with the total energy:
H = |q̇|2/2 + U .

1.3.4 The Problem of n Point Vortices

One should not think that Hamilton’s equations appear in mechanics only
as a result of applying the Legendre transformation to Lagrange’s equations.
Let us consider a planar steady flow of an ideal incompressible fluid. Let
v = (a(x, y), b(x, y)) be the velocity field of its particles in Cartesian coordi-
nates x, y. The incompressibility condition div v = 0 implies that the 1-form
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a dy−b dx is the differential of some (in general, multivalued) function Ψ(x, y).
Then the equation of motion of a fluid particle can be represented in the form
of Hamilton’s equation

ẋ = Ψ ′
y, ẏ = −Ψ ′

x (1.41)

with Hamiltonian Ψ . Since on the stream lines, the trajectories of the particles,
the function Ψ is constant, Ψ is called the stream function.

In hydromechanics an important role is played by the flow with the stream
function

Ψ = − Γ

2π
ln r, r =

√
(x− x0)2 + (y − y0)2.

This function corresponds to the velocity field

v =
Γ

2πr

(

−y − y0
r

,
x− x0

r

)

.

In this case the flow is said to generate a vortex of intensity Γ located at the
point (x0, y0). It is easy to see that the intensity of the vortex is equal to the
integral ∮

a dx+ b dy

taken along any circle with centre at the point (x0, y0).
If on the plane we are given n point vortices with intensities Γs and coor-

dinates (xs, ys), then it is natural to consider the stream function

Ψ = − 1
2π

n∑

s=1

Γk ln
√

(x− xs)2 + (y − ys)2 .

The motion of a fluid particle with coordinates x, y is described by equa-
tion (1.41). By Thomson’s theorem (see § 1.3.7) the vortices are “frozen” into
the ideal fluid and their intensities do not change with time. Consequently11,
it is natural to describe the dynamics of the vortices themselves by the system
of differential equations

ẋs =
∂Ψ̃

∂ys
, ẏs = − ∂Ψ̃

∂xs
;

Ψ̃ = − 1
2π

∑

k �=s

Γk ln
√

(xs − xk)2 + (ys − yk)2 .
(1.42)

If we introduce the function

H = − 1
2π

∑

k �=s

ΓsΓk ln
√

(xs − xk)2 + (ys − yk)2,

11 This argument is of heuristic nature.
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then equations (1.42) of the system of point vortices can be written in the
form

Γsẋs = H ′
ys
, Γsẏs = −H ′

xs
(1 � s � n).

These equations are Hamiltonian. The symplectic structure on R
2n with

coordinates xs, ys is defined by the Poisson bracket

{f, g} =
∑

s

1
Γs

(
∂f

∂ys

∂g

∂xs
− ∂f

∂xs

∂g

∂ys

)

.

1.3.5 Action in the Phase Space

Again, let M = T ∗N and let H : M × ∆ → R be a smooth Hamiltonian
function. The “energy-momentum” 1-form p dq −H dt is well defined on the
extended phase space M ×∆. We consider a smooth path ω : [0, 1] →M ×∆
whose trajectory in the extended phase space is represented by equations
p = p(t), q = q(t), t1 � t � t2. The set of all such paths is denoted by Ω̃.
A variation of a path ω (with moving ends) is by definition a map α̂ : (−ε, ε) →
Ω̃ such that

1) α̂(0) = ω;
2) the map α : (−ε, ε) × [0, 1] → M × ∆ given by the formula α(u, s) =

α̂(u)(s), −ε < u < ε, 0 � s � 1, is a smooth function of the variables u, s.

We call the functional F : Ω̃ → R given by the formula

F (ω) =
∫

ω

p dq −H dt (1.43)

the action in the phase space along the path ω. The action is differentiable
and its differential (variation) can be found by the formula

δF =
dF (α̂(u))

du

∣
∣
∣
∣
u=0

= (pq′ −Ht′)
∣
∣t2
t1

+

t2∫

t1

(p′q̇ − q′ṗ−H ′ + t′Ḣ) dt. (1.44)

Here prime denotes the derivative with respect to u at u = 0.
We denote the set of paths in Ω̃ with fixed ends by Ω (as in § 1.2). The

restriction F : Ω → R is also differentiable and its variation is given by for-
mula (1.44) in which the first summand is absent.

Theorem 1.6. A path ω is a critical point of the functional F : Ω → R if and
only if its trajectory is a solution of Hamilton’s equations with Hamiltonian H.

The principle of stationary action in the phase space appears in explicit
form in Poincaré’s works ([41], see also [42]).



38 1 Basic Principles of Classical Mechanics

There is another approach to the Poincaré variational problem. We write
down the action as the integral

F =

t2∫

t1

(pq̇ −H) dt

and regard the integrand as a Lagrange function L : TM → R. The Euler–
Lagrange equations of the variational problem δF = 0 will just be Hamilton’s
equations. Indeed,

(L′
ṗ)̇ = 0 = L′

p = q̇ −H ′
p, (L′

q̇ )̇ = ṗ = L′
q = −H ′

q.

If M is an arbitrary symplectic manifold, then the action (1.43) is defined
only locally (within a single canonical chart on M). Under canonical changes
of local coordinates the action F : Ω → R can change only by a constant. In
this sense the action is defined “correctly”.

1.3.6 Integral Invariant

Let ω be a smooth closed path in the extended phase space. Points on the
trajectory of ω can be regarded as initial conditions for solutions of Hamilton’s
equations. The solutions with initial conditions on the trajectory of ω form a

Fig. 1.6. Tube of trajectories

smooth surface Γ in M ×∆, which is called a tube of trajectories. Let α̂(u),
0 � u � 1, be a smooth family of closed paths whose trajectories in the
extended phase space lie on Γ and are such that α̂(0) = ω.

Theorem 1.7. The values of the integral
∮

α̂(u)

p dq −H dt (1.45)

are independent of u.
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The integral (1.45) is called the Poincaré–Cartan integral invariant [41, 18]
(although in variational calculus, and nowadays also in optimal control, it is
persistently called the Hilbert invariant integral).

� Let s mod 1 be an angle variable parametrizing the closed paths α̂. We
consider the action

F (γ(s)) =
∫

γ(s)

p dq −H dt

along the paths on the surface Γ that are solutions of Hamilton’s equations
and start at points of α̂(0) = ω and terminate at points of α̂(u).

By the first variation formula,

dF (ν(s))
ds

=
(

p
∂q

∂s
−H

∂t

∂s

)∣
∣
∣
∣

u

0

.

Integrating this equality with respect to s we obtain

1∫

0

dF (ν(s))
ds

ds =
∮

α̂(u)

(p dq −H dt) −
∮

α̂(0)

(p dq −H dt) = 0.

�

Corollary 1.7. Let gt be the phase flow of Hamilton’s equation and let γ be
a closed contour in the phase space M . The values of the integral

∮

gtγ

p dq (1.46)

are independent of t.

Corollary 1.8. The map gt : M →M is symplectic for all t.

The integral (1.46) can be given a meaning also in the case when the
symplectic structure ω2 is not exact (that is, the 1-form is not uniquely defined
on the whole of M). Indeed, by Stokes’ formula we have

∮

γ

p dq =
∫∫

σ

dp ∧ dq =
∫∫

σ

ω2,

where σ is a surface in M with boundary γ.

Corollary 1.9. The values of the integral
∫∫

gtσ

ω2

are independent of t.
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Since σ is any surface in M , the differential of the map gt : M →M obvi-
ously preserves the symplectic structure ω2. We consider the exterior powers
of the 2-form ω2:

ω4 = ω2 ∧ ω2, . . . , ω2n = ω2 ∧ ω2 ∧ · · · ∧ ω2.

Since the map dgt : TM → TM preserves the differential forms ω2k, it is
obvious that the integrals ∫

· · ·
∫

gtσ2k

ω2k (1.47)

taken over the “moving” 2k-dimensional surfaces σ2k are independent of t.
The form ω2n written in canonical coordinates p, q is proportional to the

form
dp1 ∧ · · · ∧ dpn ∧ dq1 ∧ · · · ∧ dqn (1.48)

with a constant non-zero coefficient. Therefore for k = n it is natural to call
the integral (1.47) the volume of the domain σ2n. In any canonical coordinates
the phase volume element has the form (1.48) up to a constant factor.

Corollary 1.10. The phase flow preserves volume in the phase space.

This important assertion (“Liouville’s theorem on conservation of phase
volume”) allows one to apply in Hamiltonian mechanics results of ergodic
theory (Poincaré’s recurrence theorem, Birkhoff’s mean value theorem, and
so on). It is useful to bear in mind the following remark: if a Hamiltonian
system has first integrals F1, . . . , Fm (which may include the Hamiltonian
function H), then the restriction of the phase flow gt to a non-singular invari-
ant manifold Mc = {p, q : F1 = c1, . . . , Fm = cm} preserves some measure
with smooth positive density. Namely, one can show that gt

Mc
preserves the

value of the integral ∫

D

dσ

Vm

taken over a “moving” (2n − m)-dimensional domain D on Mc; here dσ is
the volume element of Mc as an embedded manifold in R

2n with coordinates
ps, qs, and Vm is the m-dimensional volume of the parallelepiped with sides
grad F1, . . . , grad Fm. We note that the form dσ/Vm is in fact determined by
the symplectic structure alone, that is, by the form dF1 ∧ · · · ∧ dFm, and is
independent of the choice of the metric in R

2n.

1.3.7 Applications to Dynamics of Ideal Fluid

The Euler equation describing the flow of an ideal fluid in a conservative force
field has the form

a = −1
ρ

grad p+ grad U. (1.49)
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Here a is the acceleration of the particles, ρ the density, p the pressure, and
U the potential of the mass forces. In the case of barotropic flows, p and ρ are
connected by a relation p = p(ρ) and therefore one can introduce the pressure
function

P =
∫

dp

ρ
.

It is clear from (1.49) that each particle of the fluid behaves as a material
point of unit mass placed in the force field with potential U − P . In this case
the Poincaré–Cartan integral invariant has the form

∮

〈v, dr〉 − E dt,

where r is the position vector of a particle, v its velocity, and E = v2/2+P−U
is the Bernoulli function. In the steady flow case, E is constant along the
stream lines.

In particular, if we consider a closed “fluid” contour composed of particles
at one and the same moment of time, then the integral

∮

〈v, dr〉,

called the circulation, will take constant values. This assertion is the well-
known Thomson’s theorem on the conservation of circulation, from which the
basic results of dynamics of ideal fluid can be derived. We mention two of these
results. The first is Lagrange’s theorem on the conservation of the potential
(irrotational) nature of the flow: if curl v ≡ 0 at the initial moment of time,
then this equality holds at all times. The second is Helmholtz’ theorem on the
vortex lines (integral curves of the field curl v) being “frozen-in”: if at some
instant particles of the fluid form a vortex line, then these particles form a
vortex line at all times.

1.4 Vakonomic Mechanics

In § 1.2.5 we considered Lagrangian systems with constraints whose motion
obeys the classical d’Alembert–Lagrange principle (equivalent to Gauss’ and
Hölder’s principles). In this section we describe another mathematical model
of motion of systems with constraints based on a certain natural general-
ization of Hamilton’s principle of stationary action; this model was named
by Kozlov vakonomic mechanics. In the case of completely integrable con-
straints vakonomic mechanics turns out to be identical to ordinary mechanics
of holonomic systems. However, if the constraints are non-integrable, then the
d’Alembert–Lagrange principle and Hamilton’s principle, being applied to the
same Lagrangian system, produce different equations of motion.
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1.4.1 Lagrange’s Problem

Let M be a smooth manifold, and L : TM × R → R a smooth function.
Suppose that fs : TM ×R → R (1 � s � m) is a set of smooth functions with
covectors f ′

1q̇, . . . , f
′
mq̇ linearly independent at each point. Lagrange’s problem

is the variational problem about the stationary value of the action functional

F =

t2∫

t1

L dt

in the class of curves with fixed ends satisfying the equations

f1 = · · · = fm = 0. (1.50)

In contrast to the variations in Hölder’s principle (see § 1.2.5), the vari-
ations of admissible paths in Lagrange’s problem must again satisfy equa-
tions (1.50). But if this requirement is taken literally, then several serious
difficulties may arise.

Example 1.7 (Carathéodory). We define a constraint by the equation

ẋ2 =
√

1 + ẋ2
1, (x1, x2) ∈ R

2. (1.51)

If the values of the coordinates (x1, x2) = x are fixed at time t1, then a
smooth curve t �→ (x1(t), x2(t)) satisfying (1.51) is uniquely determined by
its projection x1(·). Here the difference of the values of the x2-coordinate at
the ends of the curve x(·) coincides with the length of the graph {(t, x1(t))}.
In particular, if x1 is a linear function of time, then an admissible curve x(·)
has the property that its end x(t2) cannot be connected with the point x(t1)
by any other admissible curve. 


This difficulty related to the “rigidity” of constraints can be by-passed by
slightly modifying the definition of variations.

Definition 1.4. A variation of an admissible path ω : [t1, t2] → M is a
smooth family of paths α̂(u) : [t1, t2] →M , u ∈ (−ε, ε), such that

1) α̂(0) = ω,
2) the values α(u, ti) do not depend on u,
3) the paths α(u, t) satisfy (1.50) to within o(u).

Lemma 1.4. A smooth vector field W (t) along the admissible path ω is a
variation vector field if and only if

1) Wt1 = 0 and Wt2 = 0,
2) (as ·W )̇ = bs ·W for all t1 < t < t2, where as = f ′

sq̇

∣
∣
ω

and bs = [fs]
∣
∣
ω
.
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Corollary 1.11. We have
∫ t2

t1
bs ·W dt = 0 for 1 � s � m.

The variation of the action F is defined in the usual way:

δF (W ) =
dF (α̂(u))

du

∣
∣
∣
∣
u=0

, W =
dα̂(u)
du

∣
∣
∣
∣
u=0

.

A criterion for the action to be stationary is given by the following result.

Theorem 1.8. An admissible path ω : [t1, t2] →M is a conditional extremal
of the action if and only if there exist m smooth functions λs : [t1, t2] → R

such that the following equality holds along ω:

[L] =
∑

s

λs[fs] +
∑

s

λ̇sf
′
sq̇. (1.52)

This equation together with the constraint equations (1.50) form a “closed”
system for finding the solutions of Lagrange’s problem. Equation (1.52) can be
obtained by the method of Lagrange multipliers. By introducing the new La-
grangian L = L−

∑
λsfs and regarding λ1, . . . , λm as additional coordinates

we reduce Lagrange’s problem to a variational problem without constraints.
If the constraint equations are ignored in the new problem, then the Euler–
Lagrange equations take the form

(L ′
q̇ )̇ = L ′

q , (L ′
λ̇
)̇ = L ′

λ.

The first equation coincides with (1.52), and the second, with (1.50). A rigor-
ous proof of Theorem 1.8 is based on application of Lemma 1.4 (see [114]).

Remark 1.2. Theorem 1.8 is not valid for the “classical” variant of La-
grange’s problem where the variations α̂(u) satisfy exactly the constraint
equations for all values of u. In this case the equations of extremals are equa-
tions (1.52) with the “amended” Lagrange function L = λ0L −

∑
λsfs,

where λ0 is some constant (which may also be zero) and the multipliers
λ0, λ1, . . . , λm are not simultaneously zero. In Example 1.7 it is the case
that the constant λ0 is equal to zero.

1.4.2 Vakonomic Mechanics

The d’Alembert–Lagrange principle is not the only rational definition of mo-
tion of Lagrangian systems with constraints. We can replace it by Hamilton’s
principle; then the motions of the system with constraints are the conditional
extremals of the Lagrange variational problem (in the sense of the definitions
in § 1.4.1). The equations of motion are then equations (1.50) and (1.52).
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We call the mathematical model of motion of Lagrangian systems with con-
straints based on this extension of Hamilton’s principle vakonomic mechan-
ics12 for short. We defer the discussion of the appropriateness of considering
this model until § 1.6.

Lagrange’s equations (1.52) of vakonomic mechanics differ from the non-
holonomic equations

[L] =
∑

s

µsf
′
sq̇, f1 = · · · = fm = 0 (1.53)

by the summand
∑

s λs[fs]. If this sum is identically equal to zero (by virtue
of the system of (1.50) and (1.52)), then equations (1.52) and (1.53) coincide.
In particular, suppose that the system satisfies a set of integrable constraints
gs(q, t) = 0 (1 � s � m). These equations can be replaced by the equivalent
equations ġs = 0. Since [ġs] ≡ 0, in the case of integrable constraints vako-
nomic mechanics reduces to ordinary holonomic mechanics. We note that, in
contrast to non-holonomic mechanics, the motion of a vakonomic Lagrangian
system is determined by the restriction of the Lagrangian to the submanifold
of TM defined by the constraint equations (1.50).

Lagrange’s equations (1.50), (1.52) can be represented in Hamiltonian
form. For that we introduce the canonical momenta

p = L ′
q̇ = L′

q̇ +
∑

λsf
′
sq̇, (1.54)

where the multipliers λs are indeterminate for the present. We add to these
relations the constraint equations (1.50) and solve system (1.50), (1.54) with
respect to q̇ and λ. The local solubility condition is

det









A f ′
1q̇ . . . f ′

mq̇

(f ′
1q̇)

∗

... 0
(fmq̇)∗









�= 0, (1.55)

where A =
(
L ′′

q̇q̇

)
and the (f ′

sq̇)
∗ are the covectors f ′

sq̇ written as rows. If
the matrix A is non-singular, then inequality (1.55) can be represented in the
form

det
(
f ′

iq̇ A
−1f ′

jq̇

)
�= 0.

In particular, if the constraints are linear in the velocities, then L ′′
q̇q̇ = L′′

q̇q̇

and condition (1.55) turns into inequality (1.34), which guarantees the de-
terministic behaviour of a Lagrangian system with constraints obeying the
d’Alembert–Lagrange principle (see § 1.2).
12 Vakonomic mechanics was developed in [329]. We should mention that equa-

tion (1.52) appears in the works of Hertz, Hölder, Suslov, and others in connection
with the analysis of the applicability of the principle of stationary action (in the
spirit of Lagrange’s problem) in non-holonomic mechanics (see [42]). It turned
out that if the constraints are non-integrable, then the principles of d’Alembert–
Lagrange and Hamilton are not equivalent.
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Thus, if (1.55) holds, then by the implicit function theorem we have q̇ =
q̇(p, q, t) and λ = λ(p, q, t). We introduce by the usual rule the Hamiltonian
function

H(p, q, t) = pq̇(p, q, t) − L(q̇(p, q, t), q, t).

Proposition 1.12. A smooth path q : ∆→M is a motion of the vakonomic
system with Lagrangian L and constraints f1 = · · · = fm = 0 if and only if the
function q(·) together with some “conjugate” function p(·) satisfy Hamilton’s
equations

q̇ = H ′
p, ṗ = −H ′

q. (1.56)

The Hamiltonian function H is degenerate in the momenta: the rank of the
HessianH ′′

pp drops bym. In the natural case (when the Lagrangian is a positive
definite quadratic form in the velocities) the map p �→ q̇ defined by (1.50)
and (1.54) is a singular linear map. Since every finite-dimensional vector space
can be canonically identified with its second dual space, equations (1.56) can
be interpreted as Hamilton’s equations on T ∗M .

Example 1.8. We consider a skate on an inclined plane (see Example 1.6
in § 1.2). The Lagrange function of this system is L = (ẋ2 + ẏ2 + ϕ̇2)/2 + x,
and the constraint equation is (ẋ sin ϕ− ẏ cos ϕ) = 0. The canonical momenta
are defined by the formulae

px = ẋ− λ sin ϕ, py = ẏ + λ cos ϕ, pϕ = ϕ̇;
λ = py cos ϕ− px sin ϕ.

(1.57)

The Hamiltonian function is

H =
1
2

[

(px cos ϕ+ py sin ϕ)2 + p2
ϕ

]

− x. (1.58)

Suppose that initially the angle ϕ and momentum py are equal to zero. Since
py is a first integral of Hamilton’s equations, we have py ≡ 0. Consequently,
in this case the Hamiltonian takes quite a simple form:

H =
1
2
(p2

x cos 2ϕ+ p2
ϕ) − x.

The canonical equations with this Hamiltonian function are probably non-
integrable. But we can draw qualitative conclusions about the sliding of the
vakonomic skate. Since ṗx = −H ′

x = 1, the momentum px is equal to t up
to an additive constant. It follows from Hamilton’s equations ϕ̇ = pϕ, ṗϕ =
p2

x sin ϕ cos ϕ that
ϕ̈ = t2 sin ϕ cos ϕ. (1.59)

We obtain from (1.57) the equations for finding the Cartesian coordinates of
the contact point

ẋ = t cos 2ϕ, ẏ = t sin ϕ cos ϕ.
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It follows from the first equation that the skate is monotonically sliding off
down the inclined plane. One can show (see [329]) that almost all the solutions
of (1.59) tend to one of the points π/2 + kπ (k ∈ Z) as t → ∞. Moreover,
there exist the limits

lim
t→∞

y(t) and lim
t→∞

1
t

t∫

0

ẋ(s) ds > 0.

Consequently, asymptotically the skate goes down along some straight line
with non-zero average velocity and tends to position itself across its average
motion. It is interesting to compare this motion with the motion of the non-
holonomic skate, which under the same initial conditions moves sideways along
a cycloid. 


1.4.3 Principle of Determinacy

We consider the motion of a vakonomic natural system with Lagrangian
L = (Aq̇·q̇)/2+V (q) and with linear constraints fs = as(q)·q̇ = 0 (1 � s � m)
independent of time. The linear map Ψq : T ∗

q M → TqM defined by (1.50)
and (1.54) is singular; its m-dimensional kernel consists of the linear combi-
nations

∑
µsas. Let Γq(q̇) be the m-dimensional plane in T ∗

q M that is the
full inverse image of a point q̇ ∈ TqM under the map Ψq. We fix an initial
state (q0, q̇0) allowed by the constraints and consider the family of solutions
of Hamilton’s equations (1.56) with the initial data q(0) = q0, p(0) ∈ Γq0(q̇0).
If the constraints are completely integrable, then the function q(t, q(0), p(0))
– the motion of the vakonomic system – is independent of the choice of the
initial momentum in the plane Γq0(q̇0). This simple remark admits a converse.

Proposition 1.13. If the motion q(t, q(0), p(0)) is independent of p(0) ∈
Γq0(q̇0) for all admissible states q0, q̇0, then the linear constraints are com-
pletely integrable.

Corollary 1.12. Vakonomic systems with non-integrable constraints do not
obey the principle of determinacy.

Example 1.9. In the problem of a skate sliding on an inclined plane (see
Example 1.8) the initial value of the constant momentum py does not affect
the initial state of the skate if ϕ(0) = 0. But the solutions of Hamilton’s
equations with the Hamiltonian (1.58) depend essentially on py. 


Remark 1.3. The principle of determinacy, though not valid generally, can be
satisfied for particular states. One can show that the following “generalized”
principle of determinacy holds in vakonomic mechanics: the motion of the
system on some time interval uniquely determines all of its past and future
motion.



1.4 Vakonomic Mechanics 47

Let Ψ : T ∗M → TM be the map that coincides on each fibre T ∗
q M with

the linear map Ψq. We say that a function F : T ∗M → R is observable if there
exists a function G : TM → R such that the following diagram is commuta-
tive:

T ∗M
Ψ−→ TM

F ↘ ↙G

R

.

A condition for a function F (p, q) to be observable is its invariance under the
family of translations p �→ p +

∑
µsas. For example, the total energy of the

system is observable, while the Lagrange multipliers λs are not. We note that
the property to be observable is independent of whether the constraints are
integrable or not.

Proposition 1.14. The vector space of observable functions is closed under
the Poisson bracket (induced by the standard symplectic structure dp ∧ dq) if
and only if the constraints are completely integrable.

In conclusion we mention that the problem of “hidden” parameters – non-
observable quantities involved in the description of the dynamics of a system –
has been extensively discussed in quantum mechanics precisely in connection
with the analysis of the principle of determinacy (see [120]).

1.4.4 Hamilton’s Equations in Redundant Coordinates

In the case of completely integrable constraints, equations (1.56) are Hamil-
ton’s equations of a holonomic system written in redundant coordinates. As
an example we consider the motion of a material point (m, r) in Euclidean
space E3 on a smooth regular surface Σ given by an equation f(r) = 0. Sup-
pose that the point is acted upon by a conservative force with potential U(r).
We set (according to (1.54))

p = mṙ + λf ′
r, λ =

〈p, f ′
r〉

〈f ′
r, f

′
r〉
. (1.60)

The motion of the point is described by Hamilton’s equations

ṙ = H ′
p, ṗ = −H ′

r; H =
m

2
〈ṙ, ṙ〉 + U =

1
2m

(p × n)2 + U, (1.61)

where n is the unit normal vector to the surface Σ. Consequently, equa-
tions (1.61) are determined by the surface Σ itself and are independent of the
form of the equation f = 0 defining this surface.

Equations (1.61) have the energy integral H and the “geometric” integral
F = f(r). It is obvious that in the standard symplectic structure dp ∧ dr
the Poisson bracket is zero: {H, F} = 0. Let g(ṙ, r) be a first integral of the
equations of motion

mr̈ = −U ′
r + λf ′

r, f(r) = 0,
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and let G denote the function g represented in the canonical variables. Clearly,
{H, G} = 0, and it is easy to check that the functions G and F are involutive.

If a contour Γ lies on the hypersurface {f = 0} ⊂ R
6 with coordinates

p, r, then the Poincaré relative integral invariant
∮

Γ

〈p, dr〉

is equal, up to the constant factor m, to
∮

γ

〈ṙ, dr〉, (1.62)

where γ is the closed contour in R
6{r, ṙ} that is the image of the contour

Γ under the map (1.60). In hydrodynamics an integral of the form (1.62) is
called the velocity circulation over the contour γ.

1.5 Hamiltonian Formalism with Constraints

1.5.1 Dirac’s Problem

Let (M, Ω2) be a symplectic manifold, H : M → R a smooth function, and
N a submanifold of M . We call the quadruplet (M, Ω2, H, N) a Hamiltonian
system with constraints. The restriction of the symplectic structure Ω2 to N
is denoted by ω2, and the restriction of the function H, by F . The form ω2

is obviously closed, but may turn out to be degenerate (for example, if the
dimension of N is odd).

Definition 1.5. A smooth path x : ∆ → M with x(t) ∈ N for all t ∈ ∆
is called a motion of the Hamiltonian system (M, Ω2, H, N) if ω2(·, ẋ(t)) =
dF (x(t)) for all t ∈ ∆.

Our aim is to describe the set of all motions of a Hamiltonian system with
constraints.13

If N coincides with M , then the system with constraints is an ordinary
Hamiltonian system (see § 1.3) and its motions are the solutions of Hamilton’s
equations on M . There is one more case where Dirac’s problem reduces to
solving Hamilton’s equations: if the form ω2 is non-degenerate, then (N, ω2)
is a symplectic submanifold and the motions of the system (M, Ω2, H, N)
are the solutions of Hamilton’s equation on N with Hamiltonian function F .
Then corresponding to every initial state x0 ∈ N there is a unique motion
of the system with constraints. In the degenerate case there are two more
13 This problem was first considered by Dirac in the 1950s for the purposes of

quantum mechanics (see [21]).
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possibilities: Dirac’s problem can have several different motions with the initial
state x0, or have none at all. As we shall see, these two possibilities can indeed
occur.

Suppose that the form Ω2 is exact on M . Then Ω2 = dΩ1 and ω2 = dω1,
where ω1 is the restriction of the 1-form Ω1 to N . In the general case (when
Ω2 is not exact) these relations hold locally on M .

Lemma 1.5. A smooth path x : [t1, t2] → N is a motion of the system
(M, Ω2, H, N) if and only if x(·) is a critical point of the action functional

t2∫

t1

(ω1(ẋ) − F ) dt

in the space of smooth paths on N with fixed ends.

This assertion reduces Dirac’s problem to the study of the Lagrange varia-
tional problem (see § 1.4.1) with Lagrangian L(ẋ) = Ω1(ẋ)−H and integrable
constraints defined by the manifold N .

We now indicate several explicit formulae that will be used in what fol-
lows. Let x = (p, q) be local symplectic coordinates on M and let N be a
submanifold defined by a system of equations

Φ1(p, q) = · · · = Φm(p, q) = 0 (1.63)

such that the differentials of the functions Φs are linearly independent at
each point of N . The equations of the extremals of Lagrange’s problem with
Lagrangian L = p · q̇ − H(p, q) and constraints (1.63) can be represented in
the form of equations with multipliers [L] =

∑
λsΦ

′
sx, or in the explicit form

q̇ = H ′
p +
∑

λsΦ
′
sp , ṗ = −H ′

q −
∑

λsΦ
′
sq. (1.64)

To these equations one should add (1.63). Since the Lagrange function L is
degenerate in the velocities (it does not depend on ṗ at all), the method of § 1.4
cannot be applied to equations (1.64).

We obtain from (1.63) and (1.64) the “compatibility conditions”

Φ̇i = {Φi, H} +
∑

λs{Φi, Φs} = 0, (1.65)

when Φs = 0 for all s. If the matrix of Poisson brackets
(
{Φi, Φj}

)
is non-

singular, then equations (1.65) uniquely define the λs as functions of p, q. In
this case, m is necessarily even and N is a symplectic submanifold of M . The
symplectic structure on N is defined by the Poisson bracket

{F1, F2}′ = {F1, F2} +
m∑

i, j=1

{Φi, F1}cij{Φj , F2},
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where
(
cij
)

is the inverse matrix of
(
{Φi, Φj}

)
. One can show that the re-

striction of the bracket {F1, F2}′ to N depends only on the restrictions of
the functions F1 and F2 to N . If some of equations (1.65) do not involve the
multipliers λs, then we obtain new constraint equations Ψj = {Φj , H} = 0,
which are usually called secondary constraints. In the most general case the
secondary constraints are algebraic conditions for solubility of equations (1.65)
with respect to the λs. The functions Ψj should be added to the functions Φs;
if these functions form an independent set, then the analysis of the compati-
bility conditions can be repeated once again. In the end, either we shall arrive
at a contradiction (in this case Dirac’s problem has no solutions), or sys-
tem (1.65) becomes consistent for an appropriate choice of the coefficients λ.
In the latter case the multipliers λ may be determined non-uniquely. Then the
initial conditions do not determine a unique solution of system (1.63)–(1.64).

Example 1.10. Suppose that m = 1 and the bracket {H, Φ} is non-zero at
all points of N . Then Dirac’s problem does not have any solutions, since the
compatibility condition (1.65) does not hold. Again suppose that m = 1 and
{H, Φ} ≡ 0 on M . In this case the coefficient λ is an arbitrary smooth function
on N , and therefore a whole family of different motions passes through each
point of N at the same moment of time. Moreover, there are infinitely many
different motions that coincide on an entire interval of the time axis. This
cannot happen in vakonomic mechanics (see § 1.4.3). 


Remark 1.4. For solving Dirac’s problem it is obviously sufficient to know
only the restriction of the Hamiltonian function to the submanifold N .

1.5.2 Duality

If we know the Hamiltonian H and the constraint equations (1.63), then we
can pass to the Lagrange function L by the usual rule: L = q̇ · p−H. We set
H = H +

∑
λsΦs. If

det
(
H ′′

pp

)
�= 0 and det

(
Φ′

ip

(
H ′′

pp

)−1
Φ′

jp

)
�= 0,

then from the equations

q̇ = H ′
p +
∑

λsΦ
′
sp , Φ1 = · · · = Φm = 0

one can find, at least locally, p as a function of q̇, q. As a result the Lagrangian
is a function of the state (q, q̇) degenerate in the velocities. We note that the
transition from H to L in Hamiltonian mechanics with constraints is dual to
the transition from L to H in vakonomic mechanics (see § 1.4).

Conversely, if we have a Lagrangian L(q̇, q) degenerate in the velocities,
then we can introduce the canonical momenta p = L′

q̇ and obtain from
these equations several independent relations of the form (1.63). In quan-
tum mechanics these are usually called primary constraints. Then the Hamil-
tonian H = p · q̇ − L is introduced, which is defined only on the manifold
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N = {Φ1 = · · · = Φm = 0} in view of the degeneracy of the Lagrangian.
As we have already seen, this limitation is inessential. It was a degenerate
Lagrangian that Dirac was starting from when developing the Hamiltonian
formalism with constraints.

The algebraic aspects of Dirac’s theory of constraints were considered
in [85, 86].

1.6 Realization of Constraints

1.6.1 Various Methods of Realization of Constraints

We begin with a simple example. Consider the rectilinear motion of two bodies
of masses M and m connected with each other and with the “wall” by elastic
springs with coefficients of elasticity k and c (as shown in Fig. 1.7). Let x and

Fig. 1.7.

y be the distances from the “wall” to the points M and m. The motion is
described by the simple system of linear equations

Mẍ = −kx− c(x− y), mÿ = −c(y − x).

We fix the parametersM ,m, c, and let k tend to infinity. Let x(t, k), y(t, k)
be the solution of these equations with initial condition x(0, k) = ẋ(0, k) = 0,
and with y(0, k) and ẏ(0, k) independent of k. It is obvious that

lim
k→∞

x(t, k) = 0

and the limiting motion
ŷ(t) = lim

k→∞
y(t, k)

is a harmonic oscillation with frequency ω =
√
c/m. In this case the “infinite

stiffness” of the spring is equivalent to imposing the holonomic constraint
x = 0 on the system.
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The same constraint can be realized in a different way. For that it is
sufficient to let the mass M tend to infinity and assume again that x(0) =
ẋ(0) = 0.

There is another physically evident way of realization of this constraint
based on introducing the forces of viscous friction. Suppose that the body of
mass M is in addition acted upon by the resistance force F = −αẋ, α =
const > 0. This summand should be added in the first equation of motion. If
α → ∞, then again x(t) → 0. Here it is no longer necessary to assume that
x(0) = ẋ(0) = 0. The equality

lim
α→∞

x(t) = 0

will hold for t > 0.
We may consider a more complicated case where M and α are simultane-

ously increasing to infinity, but their ratio α/M tends to a finite value µ > 0.
Passing to this limit we simplify the equations of motion to the equations

ẍ = −µẋ, mÿ = −c(y − x).

These equations again admit solutions (x, y) = (0, y0) such that ÿ0 +ω2y0 = 0
with ω2 = c/m.

Finally, we consider the case where the mass of the second body m is small.
Then in the limit the small mass m does not affect the motion of the body M
(which will perform harmonic oscillations with frequency

√
k/M). If c > 0,

then the mass m will clearly follow the motion of the mass M : y(t) ≡ x(t).
However, if the value of c also tends to zero so that c/m → µ > 0, then

in the limit we shall have a “restricted” two-body problem: the mass M per-
forms harmonic oscillations by the law x0(t) and the mass m performs forced
oscillations in accordance with the equation

ÿ + µy = µx0(t).

These simple observations admit generalizations.

1.6.2 Holonomic Constraints

Let T (q̇, q) be the kinetic energy of a system with n degrees of freedom which
is acted upon by a force with components F1(q̇, q), . . . , Fn(q̇, q) and let Λ be
a smooth n0-dimensional (n0 < n) submanifold. Let q∞(t), 0 � t � t0, be a
motion of the constrained system with configuration space Λ, and let R∞(t)
be the reaction force of the constraint along this motion.

We introduce a function q �→W (q) such that

a) it is non-negative,
b) it vanishes on Λ,
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c) at each point of Λ the second differential of W is positive definite on any
subspace of dimension n1 = n− n0 transversal to the manifold Λ.

For example, if the manifold Λ is given by equations fk(q) = 0 (1 � k � n1)
such that the differentials dfk are linearly independent at the points of Λ, then
for W we can take the function

∑
ckf

2
k (q),

where the ck are positive constants.
Let qN (t) be the motion of the system without constraints satisfying the

differential equation (
∂T

∂q̇

)
˙− ∂T

∂q
= F −N

∂W

∂q
(1.66)

and the initial conditions

qN (0) = q∞(0), q̇N (0) = q̇∞(0).

Theorem 1.9 ([355]). For sufficiently large N the motion qN (t) is defined
for 0 � t � t0 and the equalities

qN (t) = q∞(t) +O
(
N−1

)
, q̇N (t) = q̇∞(t) +O

(
N−1/2

)
(1.67)

hold. For t1, 2 ∈ [0, t0] along the motion qN (t) we have

t2∫

t1

(

n
∂W

∂q
+R∞(t)

)

dt = O
(
N−1/2

)
. (1.68)

By (1.68) we have

lim
t1, t2→τ

lim
N→∞

1
t2 − t1

t2∫

t1

N
∂W

∂q
(qN (t)) dt = −R∞(τ).

In the general case the limits with respect to time t and the parameter N
do not commute, since as a rule there does not exist a limit value for the
elastic force N · ∂W/∂q as N → ∞.

Example 1.11. We consider the motion of a material point of unit mass on
Euclidean plane R

2 = {x, y}. Suppose that Λ is given by the equation y = 0,
and the projections of the force F onto the x- and y-axis are equal to y and 1,
respectively. We set W = y2/2. Then equations (1.66) take the form ẍ = y,
ÿ = 1 −Ny. Since yN (0) = ẏN (0) = 0, we have

yN (t) =
1 − cos (N1/2t)

N
.
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For a fixed t we clearly have

yN (t) = O(N−1), ẏN (t) = O(N−1/2).

But the force
−NW ′ = −NyN = cos (N1/2t) − 1

oscillates rapidly (with frequency N1/2) around its mean value equal to the
reaction force of the constraint y = 0. After averaging over time the oscil-
lation is already O(N−1/2) and therefore tends to zero as N → ∞. The
x-coordinate describes the motion on the manifold Λ. This example shows
that estimates (1.67) and (1.68) are best possible. 


The general theorem on the realization of holonomic constraints by elastic
forces directed towards the configuration manifold of the constrained system
was stated by Courant and was first proved in [521] under the assumption
that the forces F are conservative. Generalizations of Courant’s theorem were
obtained in [104, 300, 578], where passing to the limit was studied in the case
where the initial velocity of the system is transversal to the manifold defined
by the constraint equations. These papers also use essentially the assumption
that the system be conservative.

1.6.3 Anisotropic Friction

We begin with the definition of the forces of viscous friction. We say that
a Lagrangian system with Lagrangian L = (A(q)q̇ · q̇)/2−U(q) is acted upon
by forces of viscous friction if its motion is described by the equation

[L] = −F ′
q̇, (1.69)

where F is a non-negative quadratic form in the velocities, which is called
the dissipation function or Rayleigh’s function. The derivative of the total
energy of the system is equal to −2F by equation (1.69). If the form F is
positive definite (then the friction forces are said to have total dissipation),
then the energy is monotonically decreasing on all the motions distinct from
an equilibrium. We shall consider the friction forces with Rayleigh’s function
FN = −N(a(q) · q̇)2/2, where a is some covector field and N = const > 0.
It is easy to see that the form FN is degenerate, and the total energy of the
system is not decreasing only on those motions q(·) that satisfy the equation

a(q) · q̇ = 0. (1.70)

Of course, such motions that are not equilibria do not always exist. Friction
with dissipation function FN is also called anisotropic friction.

Let q(t, N) be the solution of the equation with an initial condition inde-
pendent of N .
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Theorem 1.10. The limit

lim
N→∞

q(t, N) = q̂(t) (1.71)

exists on each finite time interval 0 < t � t0. The limit function satisfies the
system of non-holonomic equations

[L] = λa, a(q) · q̇ = 0.

In particular, q̂(t) satisfies the linear constraint equation (1.70).
If the initial state (q0, q̇0) is chosen in the set of solutions of the equation

a(q) · q̇ = 0, then the limit (1.71) exists for t = 0 and the convergence is
uniform on every finite time interval. In the general case this convergence is
not uniform on the interval 0 < t � t0.

Theorem 1.10 can be derived from the well-known Tikhonov’s theorem
on singularly perturbed systems (see [144, 304]). The idea of realization of
constraints that are linear in the velocities by the forces of viscous friction
and the first results in this direction are due to Carathéodory [161].

We consider from this viewpoint the problem of non-holonomic mechanics
about the rolling of a homogeneous ball inside a vertically standing tube of
large radius, which was mentioned in § 1.2. We now assume that the ball can
slip, and let v be the non-zero velocity of the contact point. We introduce a
force of viscous friction applied to the contact point and equal to −kv, where
k = const > 0. For sufficiently large values of k the motion of this ball will be
close to the rolling of the non-holonomic ball and therefore, at least during an
initial period of time, one can observe the ball with friction moving upwards
in the tube.

1.6.4 Adjoint Masses

We consider the motion of a natural system with Lagrangian

LN =
1
2
(A(q)q̇ · q̇) +

N

2
(a(q) · q̇)2 − U(q)

depending on a parameter N � 0. Again, here a(q) is a non-zero covector field
defined on the configuration space.

Let q(t, N) be the motion with initial state q0, q̇0 such that a(q0) · q̇0 = 0.

Theorem 1.11 (see [329]). The limit

lim
N→∞

q(t, N) = q̂(t)

exists on each finite time interval 0 � t � t0. The limit function is an ex-
tremal of the Lagrange variational problem about the stationary value of the
functional

t2∫

t1

L0 dt, L0 =
1
2
Aq̇ · q̇ − U,

with linear constraint a · q̇ = 0.
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Consequently, the limit motion q̂(·) is a motion of the vakonomic system
with Lagrange function L0 and constraint a · q̇ = 0.

We now examine this passage to the limit in more detail. For N � 0 we
introduce in the usual way the canonical momenta

p = Aq̇ +N(a · q̇)a.

Solving this equation with respect to the velocities

Aq̇ = p− A−1p · a
A−1a · a a+

1
1 +N(A−1a · a)

A−1p · a
A−1a · a a

we see that as N → ∞ this equation turns into the equality

Aq̇ = p− A−1p · a
A−1a · a a,

which is used in vakonomic mechanics for defining the momenta.
Assuming N > 0 we consider the motions of the holonomic system with

initial data
q(0) = q0, pα(0) = p0 + αa, α ∈ R,

where p0 = Aq̇0 and a(q0)·q̇0 = 0. When α = 0, we obtain the initial conditions
mentioned in Theorem 1.11. For a fixed value of α the initial conditions q(0)
and q̇α(0) = A−1(q0)pα(0) satisfy the equation a · q̇ = 0 to within a quantity
of order 1/N .

The Hamiltonian of the holonomic system with Lagrangian LN is equal
to HN = H0 + O(1/N), where H0 is the vakonomic Hamiltonian function
(see § 1.4). Consequently, for fixed α we have the limit

lim
N→∞

qα(t, N) = q̂α(t), (1.72)

which represents one of the motions of the vakonomic system with Lagrangian
L0 and constraint a · q̇ = 0.

For N → ∞ the initial state q(0), q̇α(0) is independent of α, but in the
case of non-integrable constraints the limit (1.72) depends essentially on the
parameter α (see § 1.4). Thus, when N is large, errors of order 1/N in the ini-
tial conditions can generate finite deviations over times t ∼ 1. This is one of
the qualitative explanations of the non-deterministic behaviour of vakonomic
systems.

Example 1.12. We now show how one can physically realize the motion of
the vakonomic skate on an inclined plane studied in § 1.4. For that we consider
the motion of an elongated weightless elliptic plate with rigidly attached points
of positive mass in a boundless ideal fluid (see Fig. 1.8). Suppose that the
points are acted upon only by the gravitational force. The symmetry of the
problem allows the motions such that the x-axis is horizontal and the y- and
z-axes lie invariably in some vertical plane.
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Fig. 1.8.

Let ω be the projection of the angular velocity of the body onto the x-axis,
and u, v the projections of the velocity of the centre of mass onto the y- and
z-axes. First we consider the motion of an ellipsoid

x2

a2
+
y2

b2
+
z2

c2
= 1

in a homogeneous fluid with density ρ. The kinetic energy of the fluid is equal
to

1
2
(Aω2 +Bu2 + Cv2), (1.73)

where

A =
1
5

(b2 − c2)2(γ0 − β0)
2(b− c2) + (b2 + c2)(β0 − γ0)

4
3
πρabc, B =

β0

2 − β0

4
3
πρabc,

C =
γ0

2 − γ0

4
3
πρabc, D =

√
(a2 + λ)(b2 + λ)(c2 + λ),

β0 = abc

∞∫

0

dλ

(b2 + λ)D
, γ0 = abc

∞∫

0

dλ

(c2 + λ)D
.

These formulae can be found, for example, in Lamb’s book [366].
We let c tend to zero and set b = ε, a = ε−α. Assuming ε to be small we

can obtain from these relations the following asymptotic formulae:

A ∼ 2
15
πρε4−α, B = 0, C ∼ 4

3
πρε2−α.

Thus, if 2 < α < 4, then A→ 0 and C → ∞ as ε→ 0.
The kinetic energy of the system “body+fluid” has the same form (1.73),

but one should add to A the moment of inertia of the body with respect to
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the x-axis, and to B and C, the mass of the body. As a result, as ε → 0,
the quantities A and B will tend to finite limits, and C → ∞. Thus, we find
ourselves under the conditions of the theorem: as ε → 0, the motion of the
elliptic plate with initial velocity v(0) = 0 tends to the motion of the limiting
vakonomic system. 


1.6.5 Adjoint Masses and Anisotropic Friction

We consider a multidimensional natural mechanical system with Lagrangian

LN =
1
2
(A(q)q̇ · q̇) +

αN

2
(a(q) · q̇)2 + V (q).

Suppose that, apart from conservative forces with force function V , the
system is subjected to the forces of anisotropic friction with Rayleigh’s dissi-
pation function

FN =
βN

2
(a(q) · q̇)2.

The equation of motion has the form of Lagrange’s equation

[L] = −F ′
Nq̇ .

Fixing the values of the parameters α > 0, β � 0 we let N tend to infinity.
Let q(t, N) be the solutions of the equation of motion with initial state

independent of N and satisfying the equation a · q̇ = 0.

Theorem 1.12 (see [331]). The limit

lim
N→∞

q(t, N) = q̂(t)

exists on each finite time interval. The limit motion q̂(·) together with a certain
“conjugate” function p̂(·) satisfy the differential equations

ṗ = −∂H
∂q

− µ
A−1p · a
A−1a · a a, q̇ =

∂H

∂p
; µ =

β

α
, (1.74)

where H(p, q) is the Hamiltonian function of the vakonomic system with
Lagrangian L0 and constraint a · q̇ = 0.

It follows from the second equation (1.74) that the limit motion q̂(·) sat-
isfies the equation a · q̇ = 0.

For β = 0 Theorem 1.12 coincides with Theorem 1.11. In another limiting
case where the ratio µ = β/α is large, equations (1.74) become degenerate.
Following the general method of studying such equations, for α = 0 we obtain
from (1.74) the “simplified” equation

λ =
A−1p · a
A−1a · a = 0.
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Differentiating the equations Aq̇ = p− λa with respect to time and using
the condition λ = 0 we obtain

(L′
0q̇ )̇(Aq̇)̇ = ṗ− λ̇a− λȧ = −H ′

q − λ̇a = L′
0q − λ̇a.

This relation together with the constraint equation form a closed system
of non-holonomic equations. Using Tikhonov’s theorem one can show that the
solutions of (1.74) indeed tend to solutions of the non-holonomic equations as
µ→ +∞.

For each fixed value of the parameter µ equations (1.74) can be regarded
as the equations of motions of the mechanical system with Lagrangian func-
tion L0 and constraint a · q̇ = 0. Thus, we have a whole family of intrinsi-
cally consistent mathematical models of motion. Each of them is a synthesis
of traditional non-holonomic mechanics based on the d’Alembert–Lagrange
principle and vakonomic dynamics based on Hamilton’s variational principle.
The question of the choice of a model in each concrete case can be answered
only by experiments. A discussion of these problems can be found in [331].

1.6.6 Small Masses

In conclusion we discuss the validity of Dirac’s generalized Hamiltonian for-
malism. As already mentioned in § 1.5, constraints in the phase space arise,
for example, when the Lagrangian is degenerate in the velocities. In this con-
nection we consider the holonomic system with Lagrangian function

Lε = L0(q̇, q, Q) +
εQ̇2

2
+ εL1(q̇, q, Q, ε); q ∈ R

n, Q ∈ R,

where ε is a small parameter. The function L0 is assumed to be non-degenerate
in q̇.

For ε = 0 we have a degenerate system. The equation P = 0, where P =
L′

0Q̇
, serves as a primary constraint (in the sense of Dirac). The compatibility

condition gives us the secondary constraint

{P, H0} = −H ′
0Q = 0, (1.75)

where H0(p, q, Q) = p · q̇ − L0

∣
∣
q̇→p

.
Suppose that Q = f(p, q) is a solution of equation (1.75). Then the

secondary constraint can be represented in the form of the equation Ψ =
Q− f(p, q) = 0; here {P, Ψ} = −1 �= 0.

Dirac’s Hamiltonian H is the sum H0 +λP +µ(Q− f); the coefficients λ
and µ can be uniquely determined from the compatibility conditions

{P,H } = {P, H0} − µ = 0, {Q− f,H } = −{f, H0} − λ = 0.

Hence, µ = −H ′
0Q, λ = {H0, f}. Hamilton’s equations with constraints obvi-

ously take the form

ṗ = −Ĥ ′
0q, q̇ = Ĥ ′

0p, P = 0, Q = f, (1.76)
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where Ĥ0(p, q) = H0(p, q, Q)
∣
∣
Q=f

. The Hamiltonian function of the full sys-
tem (for ε �= 0) is equal to H0(p, q, Q) + P 2/2ε + εH1(p, q, Q, ε). The corre-
sponding canonical equations are

ṗ = −H ′
0q − εH ′

1q, q̇ = H ′
0p + εH ′

1p,

Ṗ = −H ′
0Q − εH ′

1Q, Q̇ = P/ε.
(1.77)

Proposition 1.15. If H ′′
0QQ

∣
∣
Q=f

�= 0, then equations (1.77) admit a unique
solution in the form of formal power series in ε

p = p0(t) + εp1(t) + · · · , q = q0(t) + εq1(t) + · · · ,
P = εP1(t) + · · · , Q = f(p0(t), q0(t)) + εQ1(t) + · · · ,

(1.78)

where p0(t), q0(t) is a prescribed solution of equations (1.76).

Unfortunately, these series do not always converge. But, as shown in [208],
for an appropriate choice of the initial conditions the series (1.78) are asymp-
totic for the solutions of system (1.77). In the case where the function H0 is
independent of Q, equations (1.77) cease to be singular: one should use the
new variable P/ε instead of the momentum P . Then the solutions of these
equations can be represented in the form of converging power series, and the
initial conditions Q(0) and Q̇(0) can be arbitrary. This is exactly the case in
the “restricted” n-body problem, when the mass of one of the bodies tends to
zero.

Thus, Dirac’s mechanics can be interpreted as mechanics of small masses.
On the contrary, vakonomic mechanics is convenient for describing the dy-
namics of large masses.

The results of this section may be regarded as a justification of our theoreti-
cal constructions relating to dynamics of mechanical systems with constraints.



2

The n-Body Problem

2.1 The Two-Body Problem

2.1.1 Orbits

Suppose that two points (r1, m1) and (r2, m2) interact with each other with
potential energy U(|r1 − r2|), so that the equations of motion have the form

m1r̈1 = − ∂U

∂r1
, m2r̈2 = − ∂U

∂r2
.

Proposition 2.1. The relative position vector r = r1 − r2 in the two-body
problem varies in the same way as for the motion of a point of mass m =
m1m2/(m1 +m2) in the central force field with potential U(|r|).

If
ξ =

m1r1 +m2r2

m1 +m2

is the centre of mass of the points m1 and m2, then obviously

r1 = ξ +
m2

m1 +m2
r, r2 = ξ − m1

m1 +m2
r.

It follows from these formulae that in a barycentric frame of reference the
trajectories of the material points are similar planar curves (with similarity
ratio m2/m1). Thus, the problem reduces to studying the single equation

mr̈ = −∂U
∂r

, r ∈ R
3.

Let x, y be Cartesian coordinates in the plane of the orbit. Then Kz =
m(xẏ− yẋ) = const. In polar coordinates x = r cos ϕ, y = r sin ϕ we clearly
have Kz = mr2ϕ̇. Consequently, r2ϕ̇ = c = const. If c = 0, then ϕ = const
(the point moves along a straight line). We assume that c �= 0. Then ϕ is a
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monotonic function of t, and therefore locally there exists the inverse func-
tion t = t(ϕ). As the point m moves, its position vector sweeps out some
curvilinear sector of area

S(t) =
1
2

ϕ(t)∫

ϕ(0)

r2 dϕ =
1
2

t∫

0

r2ϕ̇ dt =
ct

2
.

Thus, Ṡ = c/2 = const (the “sector” velocity is constant). This fact is usually
referred to as the area integral or Kepler’s second law, and the constant c is
called the area constant.

Proposition 2.2 (Newton). For a fixed value of the area constant c we have

mr̈ = −∂Uc

∂r
, where Uc = U +

mc2

2r2
(r > 0). (2.1)

This equation describes the motion of a point of mass m along the straight
line R = {r} under the action of the conservative force with potential Uc. We
can integrate this equation by quadratures using the energy integral

mṙ2

2
+ Uc = h.

The function Uc is called the effective (or amended, or reduced) potential.
Using the energy and area integrals we can find the equation of orbits

without solving (2.1). Indeed, since ṙ =
√

2(h− Uc)/m and r2ϕ̇ = c, we have

dr

dϕ
=
dr

dt

dt

dϕ
=
r2

c

√
2(h− Uc)

m
.

Integrating this equation we obtain

ϕ =
∫

c dr

r2
√

2(h−Uc)
m

.

In calculations of orbits it is sometimes useful to bear in mind the following
proposition.

Proposition 2.3 (Clairaut). Let ρ = 1/r and let ρ = ρ(ϕ) be the equation of
the orbit. Then

m
d2ρ

dϕ2
= − 1

c2
d

dρ
Uc

(
1
ρ

)

.

For fixed values of h and c the orbit is contained in the region

Bc, h =
{

(r, ϕ) ∈ R
2 : U +

mc2

2r2
� h

}

,



2.1 The Two-Body Problem 63

which is the union of several annuli. Suppose that h is a regular value of
the effective potential Uc and suppose that the region Bc, h is the annulus
0 < r1 � r � r2 <∞. We claim that in this case r(t) is a periodic function of
time, and

min r(t) = r1, max r(t) = r2.

For the proof we set

u =
π

τ

r∫

r1

dx
√

2
m (h− Uc(x))

, τ =

r2∫

r1

dx
√

2
m (h− Uc(x))

.

It is obvious that r(u) is a periodic function of u with period 2π and that
u̇ = π/τ = const. The period of the function r(·) is clearly equal to 2τ .

Fig. 2.1. Orbit in a central field

The angle ϕ changes monotonically (of course, if c �= 0). The points on the
orbit that are least distant from the centre are called pericentres, and the most
distant, apocentres. The orbit is symmetric with respect to the straight lines
passing through the point r = 0 and the pericentres (apocentres). The angle
Φ between the directions to the adjacent apocentres (pericentres) is called the
apsidal angle. The orbit is invariant under the rotation by the angle Φ. If the
apsidal angle

Φ = 2

r2∫

r1

c dr

r2
√

2
m (h− Uc)

is commensurable with π, then the orbit is closed. Otherwise it fills the annulus
Bc, h everywhere densely. If r2 = ∞, then the orbit is unbounded.

The motion of the point along a circle r = r0 is called a relative equilibrium.
It is obvious that such a motion is uniform and the values of r0 coincide with
the critical points of the effective potential Uc. If the function Uc has a local
minimum at a point r = r0, then the corresponding circular motion is orbitally
stable.
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Theorem 2.1 (Bertrand). Suppose that for some c �= 0 there is a stable rel-
ative equilibrium and the potential Uc is analytic for r > 0. If every orbit
sufficiently close to a circular one is closed, then up to an additive constant
U is either γr2 or −γ/r (where γ > 0).

In the first case the system is a harmonic oscillator; the orbits are ellipses
centred at the point r = 0. The second case corresponds to the gravitational
attraction. The problem of the motion of a point in the force field with po-
tential U = −γ/r is usually called Kepler’s problem.

Fig. 2.2. Effective potential of Kepler’s problem

The effective potential of Kepler’s problem is

Uc =
c2

2r2
− γ

r
.

According to Clairaut’s equation in Proposition 2.3,

d2ρ

dϕ2
= −ρ+

γ

c2
.

This linear non-homogeneous equation can be easily solved:

ρ = A cos (ϕ− ϕ0) +
γ

c2
=

1
p
(1 + e cos (ϕ− ϕ0)), (2.2)

where e and ϕ0 are some constants and p = c2/γ > 0. Hence,

r =
p

1 + e cos (ϕ− ϕ0)

and therefore the orbits of Kepler’s problem are conic sections with a focus
at the centre of attraction (Kepler’s first law).
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Another proof of this law (based on the amazing duality between the
orbits of Newtonian gravitation and Hooke’s ellipses in the theory of small
oscillations) is given below.

For fixed c �= 0 there exists a unique relative equilibrium r0 = c2/γ. Its
energy h0 = −γ2/2c2 is minimal. Using the simple formula

v2 = ṙ2 + r2ϕ̇2 = c2
(
ρ2 + ρ′2

)
, ρ′ =

dρ

dϕ
,

we can represent the energy integral in the form

c2

2
(
ρ′2 + ρ2

)
− γρ = h.

Substituting into this formula the orbit’s equation (2.2) we obtain the
expression for the eccentricity e =

√
1 + 2c2h/γ2. Since h � h0 = −γ2/2c2,

the eccentricity takes only real values.
If h = h0, then e = 0 and the orbit is circular. If h0 < h < 0, then

0 < e < 1; in this case the orbit is an ellipse. If h = 0, then e = 1 and the
orbit is a parabola. For h > 0 we have e > 1; in this case the point moves
along one of the branches of a hyperbola.

Fig. 2.3.

Fig. 2.3 depicts the bifurcation set Σ in the plane of the parameters c, h.
The set Σ consists of the curve h = −γ2/2c2 and the two coordinate axes
c = 0 and h = 0. The regions of possible motion Bc, h (shaded areas in the
figure) change the topological type at the points of Σ.

In the case of harmonic oscillator the period of revolution in an orbit is
independent of the initial state. This is not the case in Kepler’s problem. For
elliptic motions “Kepler’s third law” holds: a3/T 2 = γ/4π2 = const, where a
is the major semiaxis of the ellipse and T is the period of revolution. Since

a =
p

1 − e2
=

γ

2|h| ,

the period depends only on the energy constant.
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We shall now regard the Euclidean plane where the motion takes place as
the plane of complex variable z = x+ iy.

Proposition 2.4 (Bohlin). The conformal map w = z2 transforms the tra-
jectories of a Hooke (linear) oscillator (ellipses with centre at zero) into Ke-
plerian ellipses (with a focus at zero).

� Zhukovskij’s function z = ξ + 1/ξ transforms the circles |ξ| = c into
arbitrary ellipses (x = (c+1/c) cos ϕ, y = (c−1/c) sin ϕ) with centre at zero.
But w = (1+1/ξ)2 = ξ2 +1/ξ2 +2 for such an ellipse; hence the map ξ2 �→ w
is also Zhukovskij’s function, but with an additional summand 2. It is easy
to calculate that the distance from the centre to a focus of such an ellipse is
equal to 2 for any c, so that adding 2 shifts the centre to a focus, as required.
(The semiaxes c+ 1/c = a, c− 1/c = b give the square of the distance from
the centre to a focus equal to a2 − b2 = 4.) �

This transformation of oscillatory orbits into Keplerian orbits is a special
case of the following amazing fact.

Theorem 2.2 (Foure). A conformal map w �→ W (z) transforms the orbits
of motion in the field with potential energy U(z) = |dw/dz|2 (for the total
energy constant h) into the orbits of motion in the field with potential energy
V (w) = −|dz/dw|2 (for the total energy constant −1/h).

� The easiest way to prove this theorem is to compare the Lagrangians of the
corresponding Maupertuis variational principles; see Ch. 4. (Incidentally, this
comparison shows that the result remains valid also for the quantum-mecha-
nical Schrödinger equation, where too there are “dual” variational principles.)
According to Maupertuis’ principle for natural systems (see § 4.1) a trajec-
tory on the plane of complex variable z is a stationary curve for the length
functional in the Jacobi metric, that is, in the Riemannian metric with length
element

|ds| =
√

2(h− U(z)) |dz|.
Passing to the plane of variable w we can write down the same length func-
tional as the length in the metric with element

|ds| =
|dw|√
U

√
2(h− U) = |dw|

√

2
(
h

U
− 1
)

=
√
h
√

2(h′ − V (w)) |dw|,

where h′ = −1/h and V (w) = −1/U(z). Up to the constant factor
√
h, we have

obtained the metric for the potential energy V and the kinetic energy |dw|2/2.
Therefore our conformal map transforms the trajectories of motion with po-
tential energy U(z) into the trajectories of motion with potential energy V (w),
as required. �
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Example 2.1. The conformal map w = zα transforms the orbits of motion
in a planar central field with a homogeneous force of degree a into the orbits
of motion in a planar central field with a homogeneous force of the dual
degree b, where (a+3)(b+3) = 4. For example, Hooke’s force (linear oscillator)
corresponds to a = 1, and Newton’s gravitational force corresponds to b = −2,
so that these forces are dual.

The exponent α is a linear function of the degree: α = (a+ 3)/2. But the
theorem can also be applied to w = ez (or w = ln z). 


2.1.2 Anomalies

To solve Kepler’s problem completely it remains to determine the law of mo-
tion along the already known orbits. We choose the coordinate axes x and y
along the major axes of the conic section representing the orbit. The equation
of the orbit can be represented in the following parametric form:

x = a(cos u− e), y = a
√

1 − e2 sin u (0 � e < 1) if h < 0;

x = a(cosh u− e), y = a
√
e2 − 1 sinh u (e > 1) if h > 0;

x = 1
2 (p− u2), y =

√
p u if h = 0.

(2.3)

In astronomy the auxiliary variable u is called the eccentric anomaly, and
the angle ϕ between the direction to the pericentre of the orbit (x-axis) and
the position vector of the point, the true anomaly.

Fig. 2.4.

We have the following formulae:

tan
ϕ

2
=






√
1 + e

1 − e
tan

u

2
if h < 0;

√
e+ 1
e− 1

tanh
u

2
if h > 0;

u
√
p

if h = 0.
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Substituting formulae (2.3) into the area integral xẏ− yẋ = c and integrating
we obtain the following relations between time and the eccentric anomaly:

u− e sin u = n(t− t0), n =
√
γ

p3/2
if h < 0;

u− e sinh u = n(t− t0), n = −
√
γ

p3/2
if h > 0;

u+
u3

3p
= n(t− t0), n =

2
√
γ

p
if h = 0.

Here t0 is the time when the point passes the pericentre. These equations
(at least the first one) are called Kepler’s equations. The linear function ζ =
n(t− t0) is usually called the mean anomaly.

Thus, in the elliptic case of Kepler’s problem we have to solve the tran-
scendental Kepler’s equation

u− e sin u = ζ.

It is clear that for 0 � e < 1 this equation has an analytic solution u(e, ζ),
and the difference u(e, ζ)−ζ is periodic in the mean anomaly ζ with period 2π.
There is a choice of two ways of representing the function u(e, ζ) in a form
convenient for calculations:

1) one can expand the difference u − ζ for fixed values of e in the Fourier
series in ζ with coefficients depending on e;

2) one can try to represent u(e, ζ) as a series in powers of the eccentricity e
with coefficients depending on ζ.

In the first case we have

u = ζ + 2
∞∑

m=1

Jm(me)
m

sinmζ, (2.4)

where

Jm(z) =
1
2π

2π∫

0

cos (mx−z sin x) dx =
∞∑

k=0

(−1)k(z/2)m+2k

k!(m+ k)!
(m = 0, 1, . . . )

is the Bessel function of order m. “These ... functions ... have been used
extensively, precisely in this connection (which is that of Bessel), and more
than half a century prior to Bessel, by Lagrange and others.”1

1 See Wintner [52].
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The proof of formula (2.4) is based on the simple calculation

du

dζ
=

1
1 − e cos u

=
1
2π

2π∫

0

dζ

1 − e cos u
+

∞∑

m=1

cosmζ
π

2π∫

0

cosmζ dζ
1 − e cos u

=
1
2π

2π∫

0

du+
∞∑

m=1

cosmζ
π

2π∫

0

cos [m(u− e sin u)] du

= 1 + 2
∞∑

m=1

Jm(me) cosmζ.

It remains to integrate this formula with respect to ζ.
Under the second approach we have the expansion

u(e, ζ) =
∞∑

m=0

cm(ζ)
em

m!
, (2.5)

where

cm(ζ) =
∂mu(e, ζ)
∂em

∣
∣
∣
∣
e=0

.

Using the well-known Lagrange formula for the local inversion of holo-
morphic functions2 ([603], § 7.32) we obtain the following formulae for the
coefficients of this series:

c0(ζ) = ζ; cm(ζ) =
dm−1

dζm−1
sin mζ, m � 1.

The functions cm(ζ) are trigonometric polynomials in the mean anomaly ζ.
One can obtain the expansion (2.4) by rearranging the terms of the series (2.5).
This is how Lagrange arrived at formula (2.4).

By the implicit function theorem (and in view of the periodicity of the
function u(e, ζ) − ζ) the series (2.5) converges on the entire real axis ζ ∈ R
for small e. A detailed analysis of the expansion (2.4) shows that Lagrange’s
series converges for e � 0.6627434 . . . .3

2.1.3 Collisions and Regularization

Above we were assuming that the area constant c is non-zero. Now suppose
that c = 0. The motion of the point will be rectilinear and we can assume that
2 Obtained by Lagrange precisely in connection with solving Kepler’s equation.
3 “In fact, a principal impetus for Cauchy’s discoveries in complex function the-

ory was his desire to find a satisfactory treatment for Lagrange’s series” (Wint-
ner [52]).
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it takes place along the x-axis. If at some instant the velocity ẋ is directed to
the centre of attraction, then x(t) → 0 and ẋ(t) → ∞ as t approaches some t0.
Thus, the two bodies will collide at time t = t0. It is clear that for c = 0 the
function x(t), t ∈ R, necessarily has a singularity of this kind.

We now show that the eccentric anomaly u is a regularizing variable that
resolves the singularity of the analytic function x(t). If c = 0, then e = 1 in the
elliptic and hyperbolic cases, and p = 0 in the parabolic case. Consequently,
formulae (2.3) take the form

x = a(cos u− 1), x = a(cosh u− 1), x = −u
2

2
. (2.6)

In accordance with these formulae, for h < 0 the collisions take place at
u = 2πk, k ∈ Z; and for h � 0, only at u = 0. In the elliptic case it is also
sufficient to consider the case u = 0.

We assume for simplicity that t0 = 0. It is easy to obtain from Kepler’s
equations (for e = 1) that

t = u3f(u)

in a neighbourhood of the point u = 0, where f is an analytic function in
a neighbourhood of zero such that f(0) �= 0. From (2.6) we obtain a similar
representation

x = u2g(u)

with an analytic function g such that g(0) �= 0. Eliminating the eccentric
anomaly u from these formulae we obtain Puiseux’s expansion

x(t) =
(

3
√
t
)2

∞∑

n=0

cn
(

3
√
t
)n
.

The coefficients cn with odd indices are obviously equal to zero, and c0 �= 0.
Consequently, x(t) is an even function of time, that is, the moving point is
reflected from the centre of attraction after the collision. If x and t are regarded
as complex variables, then t = 0 is an algebraic branching point of the analytic
function x(t). The three sheets of its Riemann surface meet at the collision
point t = 0, and the real values of x(t) for t > 0 and t < 0 lie only on one of the
sheets. Consequently, the function x(t) admits a unique real continuation.4

In conclusion we mention that regularization of the two-body problem in
the general elliptic case (where h < 0) can be achieved by the transformation
of coordinates z = x+ iy �→ w and time t �→ τ given by the formulae

z = w2, t′ =
dt

dτ
= 4|w2| = 4|z|. (2.7)

This transformation takes the motions in Kepler’s problem with constant
energy h < 0 to the motions of the harmonic oscillator w′′ + 8|h|w = 0 on the

4 Regularization of collisions in the two-body problem goes back to Euler.
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energy level
|w′|2

2
= 4γ + 4h|w2| (2.8)

(cf. Proposition 2.4).
The regularizing variable τ depends linearly on the eccentric anomaly u.

Indeed, since

|z| = r = a(1 − e cos u) and nt = u− e sin u,

we have
du

dt
=

n

1 − e cos u
=
na

r
,

whence u = 4naτ .

2.1.4 Geometry of Kepler’s Problem

Moser observed that by using an appropriate change of the time variable one
can transform the phase flow of Kepler’s problem into the geodesic flow on
a surface of constant curvature. We shall follow [488] in the exposition of this
result.

Lemma 2.1. Let x(t) be a solution of a Hamiltonian system with Hamil-
tonian H(x) situated on the level H = 0. We change the time variable t �→ τ
along the trajectories by the formula dτ/dt = G−1(x) �= 0. Then the function
x(τ) = x(t(τ)) is a solution of the Hamiltonian system (in the same symplec-
tic structure) with the Hamiltonian H̃ = HG. If G = 2(H +α), then one can
take H̃ = (H + α)2.

We write down the Hamiltonian of Kepler’s problem in the notation
of § 2.1.3: H = |p|2/2 − γ/|z|, where p = ż. We change the time variable
τ̇ = |z|−1 on the manifold H = h (cf. (2.7)). By Lemma 2.1 this corresponds
to passing to the Hamiltonian function |z|(H − h) = |z|

(
|p|2 − 2h

)
/2 − γ.

We perform another change of the time variable τ �→ ′τ , d(′τ)/dτ =
(
2(|z|(H − h) + γ)

)−1 on the same level H = h. In the end we obtain a
Hamiltonian system with the Hamiltonian function

H̃ = |z|2
(
|p|2 − 2h

)2

4
.

Finally we perform the Legendre transformation regarding p as a coordinate,
and z as the momentum. As a result we obtain a natural system with the
Lagrangian

L =
|p′|2

(2h− |p|2)2 . (2.9)

This function defines a Riemannian metric of constant Gaussian curvature
(positive for h < 0, and negative for h > 0). In the case h < 0 the geodesics of
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the metric (2.9) (defined for all p ∈ R
2) are the images of the great circles of

the sphere under the stereographic projection, and in the case h > 0 (in which
the metric is defined in the disc |p|2 < 2h) the geodesics are the straight lines
of the Lobachevskij plane (in Poincaré’s model).

Remark 2.1 (A. B. Givental’). Let the plane (x, y) be the configuration plane
of Kepler’s problem with Lagrangian L = (ẋ2 + ẏ2)/2 + 1/

√
x2 + y2. In the

space (x, y, z) we consider the right circular cone z2 = (x2 + y2) and the
family of inscribed paraboloids of revolution z = (x2 + y2)/4α + α, where α
is a parameter. By “projection” we shall mean the projection of the space
(x, y, z) onto the plane (x, y) parallel to the z-axis. One can show that

1) the trajectories of Kepler’s problem are the projections of the planar sec-
tions of the cone (in particular, the vertex of the cone is a focus of the
projections of its planar sections),

2) the trajectories with the same value of the total energy are the projections
of the sections of the cone by the planes tangent to one and the same
paraboloid,

3) the trajectories with the same value of the angular momentum are the
projections of the sections of the cone by the planes passing through one
and the same point of the z-axis.

2.2 Collisions and Regularization

2.2.1 Necessary Condition for Stability

We now turn to the general n-body problem dealing with n material points
(m1, r1), . . . , (mn, rn) attracted to each other according to the law of univer-
sal gravitation. The kinetic energy is

T =
1
2

∑
miṙ2

i

and the force function

V =
∑

j<k

mjmk

rjk
, rjk = |rj − rk|,

is always positive. We introduce an inertial frame of reference with origin at
the centre of mass, and let the ri be the position vectors of the points in the
new frame. The equations of the n-body problem have the form of Lagrange’s
equations with the Lagrangian L = T + V .

We say that a motion rs(t) (1 � s � n) is stable if the following two
conditions hold:

a) rij(t) �= 0 for all values of t and all i �= j (there are no collisions);
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b) |rij(t)| � c, where c = const.

Theorem 2.3 (Jacobi). If a motion is stable, then the total energy h = T−V
is negative.

� We apply Lagrange’s formula

Ï = 2V + 4h, (2.10)

where I =
∑

mir
2
i is the polar moment of inertia. If h � 0, then the function

I(t), t ∈ R, is convex and therefore cannot be simultaneously bounded below
and above. To complete the proof it remains to use Lagrange’s identity:

I
∑

mi =
∑

j<k

mjmkr
2
jk +

(∑
miri

)2

.

�
Under the additional assumption that the mutual distances be bounded

below (|rij(t)| � c > 0) it follows from the energy integral and Lagrange’s
formula (2.10) that along a stable motion the mean values

lim
s→∞

1
s

s∫

0

V (t) dt, lim
s→∞

1
s

s∫

0

2T (t) dt

exist and are equal to −2h > 0.
The necessary condition for stability h < 0 is not sufficient if n > 2.

2.2.2 Simultaneous Collisions

If the position vectors ri(t) of all points have one and the same limit r0 as
t → t0, then we say that a simultaneous collision takes place at time t0.
The point r0 clearly must coincide with the centre of mass, that is, r0 = 0.
A simultaneous collision occurs if and only if the polar moment of inertia I(t)
tends to zero as t→ t0.

Theorem 2.4. If I(t) → 0 as t → t0, then the constant vector of angular
momentum is equal to zero:

K =
∑

mi(ri × ṙi) = 0.

For n = 3 this theorem was already known to Weierstrass.

� Since V (t) → +∞ as t → t0, by the equation Ï = 2V + 4h we have
Ï(t) > 0 for the values of time close to t0. Consequently, I(t) is monotonically
decreasing before the collision.

We use the inequality K2 � 2IT (see § 1.1), which is equivalent to the
inequality

Ï � K2

I
+ 2h
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by Lagrange’s formula. We multiply this inequality by the positive number
−2İ and integrate it on the interval (t1, t) for t < t0:

İ2(t1) − İ2(t) � 2K2 ln
I(t1)
I(t)

+ 4h(I(t1) − I(t)).

All the more we have the inequality

2K2 ln
I(t1)
I(t)

� İ2(t1) + 4|h|I(t1).

This implies the existence of a positive lower bound for I(t) on the interval
(t1, t0) if K2 �= 0. �

2.2.3 Binary Collisions

We say that a binary collision happens at time t0 if the distance between two
points, say, m1 and mn, tends to zero as t → t0, while the mutual distances
between the other points are bounded below by some positive quantity for
the values of t close to t0. For such values of t the influence of the points
m2, . . . , mn−1 on the motion of m1 and mn is clearly negligible by comparison
with the interaction of m1 and mn. Therefore it is natural to expect that
at times t close to t0 the behaviour of the vector r1n(t) = r1(t) − rn(t) is
approximately the same as in the problem of collision of two bodies (see § 2.1).
In the two-body problem a locally uniformizing variable was the true anomaly
u(t), which is proportional to the integral of the inverse of the distance between
the points. Therefore in the case of a binary collision it is natural to try to
regularize the solution by the variable

u(t) =

t∫

t0

ds

|r1n(s)| . (2.11)

One can show that this consideration indeed achieves the goal: the func-
tions rk(u) are regular near the point u = 0 (corresponding to the binary
collision) and in addition, t(u) − t0 = u3p(u), where p(·) is a function holo-
morphic near u = 0 and such that p(0) �= 0. Thus, in the case of a binary
collision, just like in the two-body problem, the coordinates of the points
rk are holomorphic functions of the variable 3

√
t− t0 and therefore admit a

unique real analytic continuation for t > t0. One can show that the functions
r2(t), . . . , rn−1(t) are even holomorphic in a neighbourhood of the point t0.

To make the uniformizing variable u(t) suitable for any pair of points and
any instant of a binary collision one should replace (2.11) by the formula

u(t) =

t∫

0

V (s) ds =

t∫

0

∑

j<k

mjmk

|rjk(s)| ds.
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If the polar angular momentum is non-zero, then binary collisions are the
only possible singularities in the three-body problem. As shown by Sundman,
the functions rk(u) (1 � k � 3) are holomorphic in some strip | Im u| < δ
of the complex plane u ∈ C containing the real axis. We now map this strip
conformally onto the unit disc |ω| < 1 by the transformation

ω =
eπu/2δ − 1
eπu/2δ + 1

,

which takes the real axis −∞ < u < +∞ to the segment −1 < ω < 1. As a
result the coordinates of the points rk become holomorphic functions in the
disc |ω| < 1 and can be represented as converging power series in the new
variable ω. These series represent the motion of the three bodies for all values
of time t ∈ (−∞,+∞).5

This result is due to Sundman (1913); he followed the earlier work of
Poincaré and Weierstrass, who obtained expansions of the solutions of the
n-body problem in converging power series in the auxiliary variable ω in the
absence of collisions. As for the possibility of collisions, they are infinitely
rare in the three-body problem. Using the theorem on simultaneous collisions
and the regularization of binary collisions one can show that in the twelve-
dimensional state space of the three-body problem (for a fixed position of
the centre of mass) the collision trajectories lie on certain singular analytic
surfaces of dimension 10. Their measure is, of course, equal to zero. However,
it is not known whether these singular surfaces can fill everywhere densely
entire domains in the state space.

In conclusion we give as an illustration the results of numerical calculations
in the “Pythagorean” variant of the three-body problem where the bodies
with masses 3, 4, 5 are initially at rest in the (x, y)-plane at the points with
coordinates (1, 3), (−2,−1), (1,−1). The centre of mass of this system is at
the origin.

The calculations of the Pythagorean three-body problem were started by
Burrau back in 1913 and were continued in modern times by Szebehely using
computers. In Fig. 2.5–2.7 one can see close encounters of the points, their
binary collisions, and the dispersal of the triple system. Fig. 2.8 shows a
“final” motion: the point of mass m = 5 is moving away along a straight
line from the “double star” formed by the points m = 3 and m = 4, which
periodically collide with each other. It is interesting that no triple collisions
occur, although the angular momentum is equal to zero in this case.

5 The power series in ω are absolutely useless for practical computations because
of their extremely slow rate of convergence.
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Fig. 2.5. Motion of gravitating masses in the Pythagorean three-body problem in
the time interval from t = 0 to t = 10

Fig. 2.6. Form of the orbits in the Pythagorean three-body problem in the time
interval from t = 40 to t = 50
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Fig. 2.7. Evolution of the orbits of the Pythagorean three-body problem in the
time interval from t = 50 to t = 60

Fig. 2.8. Formation of a double star in the Pythagorean three-body problem
(from t = 60 to t = 70)
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2.2.4 Singularities of Solutions of the n-Body Problem

In the case of multiple collisions, when simultaneous collisions of k � 3 points
occur, the singular points of the coordinates rs of gravitating points as func-
tions of time have a much more complicated structure from the analytic view-
point. Generally speaking, these singularities are not algebraic; moreover, the
functions rs(t) (1 � s � n) have no real analytic continuation after the instant
of collision.

This can be seen even in examples of simultaneous collision in the three-
body problem. It turns out that for arbitrary values of the masses m1, m2,
m3 there exist solutions of the form

ri(t) = t2/3
∞∑

m=0

aimt
αm. (2.12)

The positive number α is a non-constant algebraic function of the masses m1,
m2, m3, and the coefficients ai1 are not all equal to zero. At time t = 0 a triple
collision took place. In a typical case where α is irrational, the series (2.12)
has an isolated logarithmic singular point at t = 0. In particular, this solu-
tion, which is real for t > 0, has infinitely many different analytic branches
for t < 0, but all these branches turn out to be complex.

Solution (2.12) was found by Block (1909) and Chazy (1918) using the
following method. For any values of the masses the equations of the three-
body problem admit a “homographic” solution such that the triangle formed
by the bodies always remains similar to itself. This solution is analytically
represented by the formula

ri(t) = ai0t
2/3 (1 � i � 3). (2.13)

Among the characteristic roots of the variational equation for this solution
there is a negative number (−α). According to the well-known results of Lya-
punov and Poincaré the equations of motion have a solution (2.12) that is as-
ymptotic to solution (2.13). We remark that the method of Block and Chazy
had already been applied by Lyapunov (1894) for proving that the solutions
of the equations of rotation of a heavy rigid body with a fixed point are not
single-valued as functions of complex time.

Consider a particular solution rk(t) of the three-body problem. Suppose
that at the initial time t0 we have rjk �= 0 for all j �= k. We trace this solution
for t > t0. There are three possibilities:

(a) there are no collisions for any t > t0; then this motion proceeds without
singularities up to t = +∞;

(b) at some instant t1 > t0 a collision occurs that admits an analytic contin-
uation;

(c) at some instant a collision occurs that does not admit an analytic contin-
uation.
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Suppose that case (b) takes place. Then for t > t1 again one of the variants
(a)–(c) is possible. Continuing this process we can either arrive after finitely
many steps at one of the cases (a), (c), or have infinitely many continuable
collisions occurring at times t1, t2, . . . , tk, . . . . One can show that for n = 3
in the latter case we have

lim
k→∞

tk = +∞.

However, in the n-body problem for n � 4 a fundamentally different type
of singularities is possible. Even in the four-body problem on a straight line
there exist motions such that infinitely many binary collisions occur over a
finite time interval [0, t∗). Moreover, in the end, as t→ t∗ three of the bodies
move away to infinity: one in one direction, and two others in the opposite
direction, as in the Pythagorean three-body problem. But unlike the case of
three bodies, the colliding bodies approach each other arbitrarily closely, which
is what gives the energy for going to infinity over a finite time. The fourth body
oscillates between the bodies going to infinity in opposite directions. When
the oscillating body approaches closely the cluster of two bodies, an almost
triple collision occurs. The existence of such a motion was proved by Mather
using McGehee’s regularization of simultaneous collisions in the three-body
problem (see [419]).

In the spatial five-body problem there are collision-free singularities: over
a finite time the bodies move away to infinity without ever having collisions
[531, 607]. The existence of collision-free singularities was also proved for the
planar 3N -body problem for sufficiently large N ; see [255].

2.3 Particular Solutions

Only a few exact solutions have been found in the n-body problem. For the
case of bodies of different masses practically all of these solutions had already
been known to Euler and Lagrange.

2.3.1 Central Configurations

We say that n material points (mi, ri) form a central configuration in a bary-
centric frame of reference if

∂V

∂ri
= σ

∂I

∂ri
, 1 � i � n, (2.14)

where
V =

∑

k<j

mkmj

rkj

is the potential of gravitational interaction, I =
∑

mir
2
i is the polar moment

of inertia, and σ is a scalar function independent of the index i. It follows
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from Euler’s formula for homogeneous functions that σ = −V/2I. Thus, for-
mula (2.14) can also be written in the form

I
∂V

∂ri
= −1

2
V
∂I

∂ri
.

Consequently, central configurations correspond to the critical points of
the function IV 2. Since this function is homogeneous, the set (mi, ri) is a
central configuration simultaneously with the set (mi, αri) for any α �= 0. We
shall not distinguish between such configurations.

Finding all central configurations for any number of points n is a compli-
cated algebraic problem, which is still unsolved. Leaving aside the trivial case
n = 2, we list the known results in this area.

For n = 3 the only non-collinear central configuration is the equilateral
triangle (Lagrange). For n = 4 the only non-coplanar configuration is the
regular tetrahedron.

If the masses of all bodies are equal, then for n = 4 the only planar central
configurations are those in which the bodies are situated either on one straight
line, or in the vertices of a square, or in the vertices and in the centre of an
equilateral triangle, or in the vertices and on the symmetry axis of an isosceles
triangle [62, 63].

The collinear central configurations are described by the following Moul-
ton’s theorem [52]: corresponding to every numbering of the point masses
there is a unique central configuration in which the points are situated on
one straight line in the given order. Thus, there exist exactly n!/2 different
collinear central configurations. For n = 3 there are exactly three such con-
figurations; they were discovered by Euler.

There is a conjecture that for a given n and given masses the number of
central configurations is finite [166] and, moreover, is bounded by a constant
independent of the masses [52]. These problems are open also for the planar
case [559]. (A planar central configuration is a relative equilibrium configu-
ration of the n-body problem; see § 2.3.3.) For n = 4 in the planar case the
conjecture of [166, 52] was proved in [274]; the case n = 5 remains open.

The concept of a central configuration is useful in the analysis of simul-
taneous collisions: it turns out that the configuration of gravitating points at
the instant of a simultaneous collision is central (in the asymptotic sense). It
follows from (2.14) that if initially the points formed a central configuration
and were at rest, then their configuration clearly does not change up to the
instant of a simultaneous collision.

2.3.2 Homographic Solutions

We say that a solution of the n-body problem is homographic if in a barycen-
tric reference frame the configurations formed by the bodies remain similar
to each other at all times. If in addition the configuration is not rotating,
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then such a solution is said to be homothetic. The solutions mentioned at the
end of the preceding subsection may serve as an example. If the configuration
remains congruent to itself, then the solution is called a relative equilibrium.

It is easy to show that

a) a homographic solution is homothetic if and only if the polar angular
momentum is equal to zero;

b) a homographic solution is a relative equilibrium if and only if it is planar
and its configuration rotates with constant angular velocity.
The proof of the following facts is more difficult:

c) if a homographic solution is non-coplanar, then it is homothetic;
d) if a homographic solution is coplanar, then it is planar.

In particular, every homographic solution is either planar or homothetic.
In the three-body problem all the homographic solutions have the property
that in a barycentric reference frame the three bodies lie in an invariable plane
containing the centre of mass (Lagrange).

Proposition 2.5. If a solution is homographic, then the bodies form a central
configuration at all times.

This proposition provides a method for constructing homographic solu-
tions. We give as an example the well-known Lagrange’s theorem (1772).

Theorem 2.5. For arbitrary values of the masses, the three-body problem ad-
mits an exact solution such that

1) the plane containing these points is invariant in a barycentric reference
frame,

2) the resultant of the two Newtonian gravitational forces applied to each of
the three material points passes through their common centre of mass,

3) the triangle formed by the three bodies is equilateral,
4) the trajectories of the three bodies are conic sections similar to each other

with a focus at the common centre of mass.

In the special case of equal masses the conic sections are congruent and
differ from one another by a rotation through 120◦. This remark can be gen-
eralized: the problem of n points of equal masses has a solution in which each
body is describing a conic section with a focus at the centre of mass, the trajec-
tories are congruent and differ from one another by a rotation through 2π/n.
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2.3.3 Effective Potential and Relative Equilibria

Proposition 2.6. The configurations of relative equilibria with polar angular
momentum K coincide with the critical points of the function

UK = U +
K2

2I
, where U = −V.

The function UK is called the effective (or amended , or reduced) potential.
We used it § 1.1 for describing the regions of possible motion in the planar
n-body problem, and in § 2.1 for finding the trajectories of two bodies.

� Suppose that the configuration of a relative equilibrium is rotating around
the centre of mass with constant angular velocity ω. Then, clearly, K = Iω.
We pass to a reference frame with coordinates u, v rotating with the angu-
lar velocity ω; in this frame the configuration of the relative equilibrium is
stationary. In the new frame the Lagrangian function is

L = T + V =
1
2

∑
mi

(
u̇2

i + v̇2
i

)
+ ω

∑
mi(uiv̇i − u̇ivi) + Vω,

where Vω = V + Iω2/2. The equations of motion are

miüi = 2miωv̇i +
∂Vω

∂ui
, miv̈i = −2miωu̇i +

∂Vω

∂vi
. (2.15)

One can easily derive Proposition 2.6 from these equations using the following
observation: the functions UK and Vω have the same critical points, since
K = Iω at these points. �

2.3.4 Periodic Solutions in the Case of Bodies of Equal Masses

If all the n bodies have the same mass, then one can seek periodic solutions
in which all the bodies move along the same trajectory lagging one behind
another by equal time intervals. The law of motion of the jth body (j =
1, . . . , n) is sought in the form

rj(t) = r
(
t− (j − 1)T/n

)
, (2.16)

where r(·) is a periodic function with period T . Such solutions are called
simple choreographies (this term was suggested by Simó). The function r(·)
can be determined from the condition that a periodic solution is an extremal
of the action functional (see § 1.2.3).

For the three-body problem (n = 3) a solution of the form (2.16) was
first found numerically [431]. Then an analytic proof of its existence was
given [170]. In this solution the three bodies describe one and the same planar
curve having the shape of 8 with equal loops. Over the period T each body
passes twice the self-intersection point of the trajectory, and at these instants
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all the three bodies are situated on one straight line and form a collinear cen-
tral configuration (cf. § 2.3.1; one of the bodies bisects the segment between
the other two bodies). This periodic solution is stable in the linear approxima-
tion. Furthermore, the nonlinear terms in the expansion of the Hamiltonian
of the problem about this periodic solution are such that KAM theory (§ 6.3)
guarantees “stability with respect to the measure of initial data”: a small
neighbourhood of this periodic motion is foliated, up to a remainder of small
relative measure, into the invariant tori, on which the motion is conditionally
periodic [551, 553].

In the case n > 3 solutions of the form (2.16) have so far been found only
numerically; all these solutions proved to be unstable. The existence of such
solutions is at present established analytically for the interaction potential
U = −γ/ra

ij , a � 2 (the Newtonian potential corresponds to a = 1) [551, 552].
The variational approach was also used in the search for periodic solutions

in which the orbits of all bodies are congruent curves permuted by a symmetry.
Such a periodic solution was found in the four-body problem [171]. Over the
period of the motion the bodies form a central configuration four times: twice
they are situated in the vertices of a square, and twice in the vertices of
a tetrahedron.

2.4 Final Motions in the Three-Body Problem

2.4.1 Classification of the Final Motions According to Chazy

Here, dealing with the three-body problem, we shall denote by rk the vector
from the point mass mi to the point mass mj for i �= k, j �= k, i < j.

Theorem 2.6 (Chazy, 1922). Every solution of the three-body problem rk(t)
(k = 1, 2, 3) belongs to one of the following seven classes:

1◦. H (hyperbolic motions): |rk| → ∞, |ṙk| → ck > 0 as t→ +∞;

2◦. HPk (hyperbolic-parabolic): |ri| → ∞, |ṙk| → 0, |ṙi| → ci > 0 (i �= k);

3◦. HEk (hyperbolic-elliptic): |ri| → ∞, |ṙi| → ci > 0 (i �= k), sup
t�t0

|rk| <∞;

4◦. PEk (parabolic-elliptic): |ri| → ∞, |ṙi| → 0 (i �= k), sup
t�t0

|rk| <∞;

5◦. P (parabolic): |ri| → ∞, |ṙi| → 0;

6◦. B (bounded): sup
t�t0

|rk| <∞;

7◦. OS (oscillating): lim
t→+∞

sup
k

|rk| = ∞, lim
t→+∞

sup
k

|rk| <∞.

Examples of motions of the first six types were known to Chazy. The
existence of oscillating motions was proved by Sitnikov in 1959.
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Fig. 2.9.

It is natural to associate with the seven types of final motions listed above
the subsets of the twelve-dimensional phase space of the three-body prob-
lem M12 with a fixed position of the centre of mass: these subsets are com-
posed entirely of the phase trajectories corresponding to the motions of a
given type. The qualitative picture of the partition of M12 into the classes
of final motions is represented by Fig. 2.9. The sets H and HPk are entirely
contained in the domain where the constant of total energy h is positive; P
lies on the hypersurface h = 0; the sets B, PEk, OS, in the domain h < 0; and
motions in the class HEk are possible for any value of h. It is known that H
and HEk are open in M12, HPk consists of analytic manifolds of codimension
1, and P consists of three connected manifolds of codimension 2 (represented
by the three points in Fig. 2.9) and one manifold of codimension 3 (which is
not shown in Fig. 2.9). The topology of the other classes has not been studied
sufficiently.

2.4.2 Symmetry of the Past and Future

By Chazy’s theorem one can introduce seven analogous final classes of mo-
tions when t tends not to +∞, but to −∞. To distinguish the classes in the
cases t → ±∞ we shall use the superscripts (+) and (−): H+, HE−

3 , and
so on. In one of Chazy’s papers (1929) a false assertion was stated that in
the three-body problem the two final types, for t → ∞ and t → −∞, of the
same solution coincide. The misconception of the “symmetry” of the past and
future had been holding ground for a fairly long time, despite the numerical
counterexample constructed by Bekker (1920), which asserted the possibility
of “exchange”: HE−

1 ∩HE+
2 �= ∅. Bekker’s example had been “explained” by

errors in numerical integration. In 1947 Shmidt produced an example of “cap-
ture” in the three-body problem: H− ∩HE+ �= ∅. This example, which was
also constructed by a numerical calculation, was given by Shmidt in support
of his well-known cosmogony hypothesis. A rigorous proof of the possibility
of capture was found by Sitnikov in 1953.
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The current state of the problem of final motions in the three-body prob-
lem is concisely presented in Tables 2.1 and 2.2, which we borrowed from
Alekseev’s paper [3]. Each cell corresponds to one of the logically possible
combinations of the final types in the past and future. The Lebesgue measure
of the corresponding sets in M12 is indicated (where it is known).

Table 2.1.

h > 0
t → +∞

H+ HE+
i

Lagrange, 1772 PARTIAL CAPTURE
(isolated examples); Measure > 0

H− Chazy, 1922 Shmidt (numerical example), 1947;
t Measure > 0 Sitnikov (qualitative methods), 1953

↓ COMPLETE DISPERSAL i = j Measure > 0
−∞ Measure > 0 Birkhoff, 1927

HE−
j i �= j EXCHANGE, Measure > 0

Bekker (numerical examples), 1920;
Alekseev (qualitative methods), 1956

Table 2.2.

h < 0
t → +∞

HE+
i B+ OS+

i = j Measure > 0 COMPLETE
Birkhoff, 1927 CAPTURE

EXCHANGE
i �= j Measure > 0






Measure = 0
Chazy, 1929 and
Merman, 1954;






Measure = 0
Chazy, 1929 and
Merman, 1954;

HE−
j Bekker, 1920 Littlewood, 1952; Alekseev, 1968,

(numerical examples); Alekseev, 1968, �= ∅

t Alekseev, 1956 �= ∅

↓ (qualitative methods)

−∞ PARTIAL Euler, 1772 Littlewood, 1952
DISPERSAL Lagrange, 1772, Measure = 0

B− �= ∅ Poincaré, 1892 Alekseev, 1968,
Measure = 0 (isolated examples); �= ∅

Measure > 0
Arnold, 1963

�= ∅ �= ∅ Sitnikov, 1959,
OS− Measure = 0 Measure = 0 �= ∅

Measure = ?



86 2 The n-Body Problem

2.5 Restricted Three-Body Problem

2.5.1 Equations of Motion. The Jacobi Integral

Suppose that the Sun S and Jupiter J are revolving around the common
centre of mass in circular orbits (see Fig. 2.10). We choose the units of length,
time, and mass so that the magnitude of the angular velocity of the rotation,
the sum of masses of S and J , and the gravitational constant are equal to
one. It is easy to show that then the distance between S and J is also equal
to one.

y

A

S xJ

Fig. 2.10. Restricted three-body problem

Consider the motion of an asteroid A in the plane of the orbits of S and J .
We assume that the mass of the asteroid is much smaller than the masses of
the Sun and Jupiter and neglect the influence of the asteroid on the motion
of the large bodies.

It is convenient to pass to a moving frame of reference rotating with unit
angular velocity around the centre of mass of S and J ; the bodies S and J are
at rest in this frame. In the moving frame we introduce Cartesian coordinates
x, y so that the points S and J are situated invariably on the x-axis and
their centre of mass coincides with the origin. The equations of motion of the
asteroid take the following form (see (2.15)):

ẍ = 2ẏ +
∂V

∂x
, ÿ = −2ẋ+

∂V

∂y
; V =

x2 + y2

2
+

1 − µ

ρ1
+

µ

ρ2
, (2.17)

where µ is Jupiter’s mass and ρ1, ρ2 are the distances from the asteroid A
to S and J . Since the coordinates of S and J are (−µ, 0) and (1 − µ, 0), we
have

ρ2
1 = (x+ µ)2 + y2, ρ2

2 = (x− 1 + µ)2 + y2.

Equations (2.17) have the integral

ẋ2 + ẏ2

2
− V (x, y) = h,
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called the Jacobi integral , which expresses the conservation of energy in the
relative motion of the asteroid.

For a fixed value of h the motion of the asteroid takes place in the domain
{
(x, y) ∈ R

2 : V (x, y) + h � 0
}
,

which is called a Hill region.

2.5.2 Relative Equilibria and Hill Regions

The form of Hill regions depends on the positions of the critical points of
the function V (x, y). Corresponding to each critical point (x0, y0) there is an
“equilibrium” solution x(t) ≡ x0, y(t) ≡ y0, which can naturally be called
a relative equilibrium. We claim that for every value of µ ∈ (0, 1) there are
exactly five such points.

We calculate

V ′
y = yf, f = 1 − 1 − µ

ρ3
1

− µ

ρ3
2

,

V ′
x = xf − µ(1 − µ)

(
1
ρ3
1

− 1
ρ3
2

)

and solve the system of algebraic equations V ′
x = V ′

y = 0. First suppose that
y �= 0. Then f = 0 and therefore, ρ1 = ρ2 = ρ. From the equation f = 0 we
obtain that ρ = 1. Thus, in this case the points S, J , and A are in the vertices
of an equilateral triangle. There are exactly two such relative equilibria, which
are called triangular (or equilateral) libration points. They should be viewed
as a special case of Lagrange’s solutions of the general “unrestricted” three-
body problem (see § 2.3). Lagrange himself regarded these solutions as a “pure
curiosity” and considered them to be useless for astronomy. But in 1907 an as-
teroid was discovered, named Achilles, which moves practically along Jupiter’s
orbit being always ahead of it by 60◦. Near Achilles there are 9 more asteroids
(the “Greeks”), and on the other side there were discovered five asteroids (the
“Trojans”), which also form an equilateral triangle with the Sun and Jupiter.

Now consider the relative equilibria on the x-axis. They are the critical
points of the function

g(x) =
x2

2
+

1 − µ

|x+ µ| +
µ

|x− 1 + µ| .

Since g(x) > 0 and g(x) → +∞ as x → ±∞, x → −µ, or x → 1 − µ,
there exist three local minima of the function g in the intervals (−∞,−µ),
(−µ, 1 − µ), (1 − µ,+∞), into which the points S and J divide the x-axis.
In view of the inequality g′′(x) > 0 these points are the only critical points of
the function g. These collinear libration points were found by Euler.
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One can show that the collinear libration points (we denote them by
L1, L2, L3)6 are of hyperbolic type, and the triangular libration points (L4

and L5) are points of non-degenerate minimum of the function V . Fig. 2.11
depicts the transformation of the Hill regions as the Jacobi constant h changes
from −∞ to +∞, under the assumption that Jupiter’s mass is smaller than
the Sun’s mass (the complement of the Hill region is shaded).

Fig. 2.11.

If h is greater than the negative number

−1
2
(3 − µ+ µ2),

then the Hill region coincides with the entire plane R
2 = {x, y}. For µ = 1/2

the Hill regions are symmetric not only with respect to the x-axis, but also
with respect to the y-axis.

The collinear libration points are always unstable: among the roots of the
characteristic equation of the variational equations there are two real roots
of different signs; two other roots are purely imaginary complex conjugates.7

For the triangular libration points the roots of the characteristic equation are
purely imaginary and are distinct only when

27µ(1 − µ) < 1. (2.18)

Under this condition the triangular relative equilibrium points are stable in
the first approximation. The problem of their Lyapunov stability proved to be
much more difficult; we postpone the discussion of this problem until Ch. 6. In
conclusion we remark that condition (2.18) is known to be certainly satisfied
for the real system Sun–Jupiter.

2.5.3 Hill’s Problem

Let us choose the origin of the rotating frame of reference at the point where
the body of mass µ is situated. Then the coordinates x, y of the third body
6 Here L1 is between the Sun and Jupiter, L2 beyond Jupiter, and L3 beyond the

Sun.
7 Two more purely imaginary complex conjugates are added to these roots in the

spatial restricted three-body problem, where motions of the asteroid across the
plane of the orbits of the Sun and Jupiter are also considered.



2.5 Restricted Three-Body Problem 89

of small mass must be changed to x − (1 − µ), y. Renaming these variables
again by x, y we see that the equations of motion have the same form (2.10),
only the potential should be replaced by the function

V = (1−µ)x+
1
2
(x2+y2)+(1−µ)(1+2x+x2+y2)−1/2+µ(x2+y2)−1/2. (2.19)

We now make another simplification of the problem, which was introduced
by Hill and is taken from astronomy. Let the body of mass 1−µ again denote
the Sun, µ the Earth, and suppose that the third body of negligible mass – the
Moon – moves near the point (0, 0), where the Earth is invariably situated. We
neglect in (2.17) all the terms of order at least two in x, y. This is equivalent to
discarding in (2.19) the terms of order at least three in x, y. With the required
accuracy, V is replaced by the function

V =
µ

2
(x2 + y2) +

3
2
(1 − µ)x2 + µ(x2 + y2)−1/2.

Since the mass of the Earth µ is much smaller than the mass of the Sun 1−µ,
we can neglect the first summand in this formula.

It is convenient to change the units of length and mass by making the
substitutions

x→ αx, y → αy, µ→ βµ, 1 − µ→ β(1 − µ),

where

α =
(

µ

1 − µ

)1/3

, β = (1 − µ)−1.

After this transformation the equations of motion of the Moon take the
form

ẍ− 2ẏ =
∂V

∂x
, ÿ + 2ẋ =

∂V

∂y
; V =

3
2
x2 + (x2 + y2)−1/2. (2.20)

These equations have a first integral – the Jacobi integral

ẋ2 + ẏ2

2
− V (x, y) = h.

It is easy to see that on passing from the restricted three-body problem to
its limiting variant called Hill’s problem the two triangular and one collinear
libration points disappear. Indeed, the system of equations V ′

x = V ′
y = 0 has

only two solutions (x, y) = (±3−1/3, 0). The Hill regions

{V (x, y) + h � 0}

are symmetric with respect to the x- and y-axes for all values of h. If h � 0,
then the Hill region coincides with the entire plane. For h < 0 the boundary
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has asymptotes parallel to the y-axis: x = ±
(
− 2

3h
)1/2. The form of the Hill

regions depends on whether the constant (−h) is greater than, equal to, or
less than the unique critical value of the function V , which is equal to 3

2 31/3.
These three cases are shown in Fig. 2.12 (the Hill regions are shaded). Only
case (a) is of interest for astronomical applications and, moreover, only the
domain around the origin.

Fig. 2.12.

We now consider the questions related to regularization of Hill’s problem.
For that we pass to the new parabolic coordinates by the formulae x = ξ2−η2,
y = 2ξη and change the time variable t �→ τ along the trajectories:

dt

dτ
= 4(ξ2 + η2).

Denoting differentiation with respect to τ by prime we write down the equa-
tions of motion in the new variables:

ξ′′ − 8(ξ2 + η2)η′ = V̂ ′
ξ , η′′ + 8(ξ2 + η2)ξ′ = V̂ ′

η ,

where
V̂ = 4 + 4(ξ2 + η2)h+ 6(ξ2 − η2)(ξ2 + η2).

The energy integral takes the form

ξ′2 + η′2

2
− V̂ (ξ, η, h) = 0.

This regularization of Hill’s problem suggested by Birkhoff allows one to
easily investigate the analytic singularities of solutions corresponding to col-
lisions of the Moon with the Earth. Suppose that a collision occurs at time
t = 0 and let τ(0) = 0. Then obviously,

ξ =
(√

8 sin α
)
τ + · · · , η =

(√
8 cos α

)
τ + · · · ; t =

32
3
τ3 + · · · ,
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where α is an integration constant. Thus, the new time τ is a uniformizing
variable and, as in the case of binary collisions in the general three-body
problem, the solution ξ(t), η(t) admits a unique real analytic continuation
after the collision.

As already mentioned, only the motions that take place near the point
ξ = η = 0 are of interest for astronomy. For large negative values of h it is
convenient to pass to the new variables

ϕ = 2ξ
[
−2h− 3(ξ2 − η2)2

]1/2
, ψ = 2η

[
−2h− 3(ξ2 − η2)2

]1/2
.

After this change of variables the energy integral takes quite a simple form

ξ′2 + η′2 + ϕ2 + ψ2 = 8.

This is the equation of a three-dimensional sphere in the four-dimensional
phase space of the variables ξ′, η′, ϕ, ψ. Since points (ξ, η) and (−ξ,−η) cor-
respond to the same point in the (x, y)-plane, the Moon’s states (ξ′, η′, ϕ, ψ)
and (−ξ′,−η′,−ϕ,−ψ) should be identified. As a result we have obtained
that for large negative h the connected component of the three-dimensional
energy level that we are interested in is diffeomorphic to the three-dimensional
projective space. This remark is of course valid for all h < − 3

2
3
√

3.
In conclusion we discuss periodic solutions of Hill’s problem, which have

important astronomical applications. The question is about the periodic solu-
tions x(t), y(t) close to the Earth (the point x = y = 0) with a small period ϑ
whose orbits are symmetric with respect to the x- and y-axes. More precisely,
the symmetry conditions are defined by the equalities

x(−t) = x(t) = −x
(

t+
ϑ

2

)

, y(−t) = −y(t) = y

(

t+
ϑ

2

)

.

Consequently, these solutions should be sought in the form of the trigono-
metric series

x(t) =
∞∑

n=−∞
an(m) cos (2n+ 1)

t

m
, y(t) =

∞∑

n=−∞
an(m) sin (2n+ 1)

t

m
,

where
m =

ϑ

2π
.

Substituting these series into the equations of motion (2.20) we obtain an
infinite nonlinear system of algebraic equations with respect to infinitely many
unknown coefficients. Hill (1878) showed that this system has a unique solu-
tion, at least for small values of m (see [46, 52]). The value m0 = 0.08084 . . .
for the real Moon lies in this admissible interval. The convergence of Hill’s
series was proved by Lyapunov in 1895.
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One can show that the following asymptotic expansions hold for the coef-
ficients ak(m):

a0 = m2/3

(

1 − 2
3
m+

7
18
m2 − · · ·

)

,

a1

a0
= 3

16m
2 + 1

2m
3 + · · · , a−1

a0
= −19

16
m2 − 5

3
m3 − · · · ,

a2

a0
= 25

256m
4 + · · · , a−2

a0
= 0 ·m4 + · · · , . . . .

This shows that for small values of m the main contribution to Hill’s
periodic solutions is given by the terms

x0(t) = m2/3 cos
t

m
, y0(t) = m2/3 sin

t

m
,

which represent the law of motion of the Moon around the Earth without tak-
ing into account the influence of the Sun. The presence of the coefficient m2/3

is a consequence of Kepler’s third law. For small values of the parameter m,
the Sun, perturbing the system Earth–Moon, does not destroy the periodic
circular motions of the two-body problem, but merely slightly deforms them.

2.6 Ergodic Theorems of Celestial Mechanics

2.6.1 Stability in the Sense of Poisson

Let (M, S, µ) be a complete space with measure; here S is the σ-algebra of
subsets of M , and µ a countably additive measure on S. Let g be a measure-
preserving automorphism of the set M . We call the set

Γp =
⋃

n∈Z

gn(p), g0(p) = p

the trajectory of a point p ∈M , and

Γ+
p =

⋃

n�0

gn(p)

its positive semitrajectory.

Poincaré’s Recurrence Theorem. Suppose that µ(M) <∞. Then for any
measurable set V ∈ S of positive measure there exists a set W ⊂ V such
that µ(W ) = µ(V ) and for every p ∈ W the intersection Γ+

p ∩W consists of
infinitely many points.

Following Poincaré we apply this result to the restricted three-body prob-
lem. In the notation of the preceding section the equations of motion of the
asteroid have the form of Lagrange’s equations with the Lagrangian

L =
1
2
(ẋ2 + ẏ2) + xẏ − yẋ+ V, V =

x2 + y2

2
+

1 − µ

ρ1
+

µ

ρ2
.
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These equations can be represented in the Hamiltonian form with the Hamil-
tonian

H =
1
2
(
X2 + Y 2

)
+ yX − xY −G, G =

µ

ρ1
+

1 − µ

ρ2
,

where X = ẋ − y, Y = ẏ + x are the canonical momenta conjugate to
the coordinates x, y. By Liouville’s theorem the phase flow of this system,
which we denote by {gt}, preserves the ordinary Lebesgue measure in R

4 =
{X, Y, x, y}.

Consider the set of all points of the phase space for which the inequality
c1 < −H < c2 holds, where c1 and c2 are sufficiently large positive constants.
As we saw in § 2.5, under this assumption a point (x, y) belongs to one of
the three connected subregions of the Hill region {V � c1}. We choose one of
the two domains containing the Sun or Jupiter. The corresponding connected
domain in the phase space is clearly invariant under the action of gt. From this
domain we delete the collision trajectories, whose union has zero measure. We
denote the remaining set by M and claim that M has finite measure. Indeed,
the coordinates (x, y) of points in M belong to a bounded subset of the plane
R

2. The admissible momenta X, Y satisfy the inequalities

2(V − c2) < (Y + x)2 + (X − y)2 < 2(V − c1),

which follow from the Jacobi integral. In the plane R
2 with Cartesian coordi-

nates X, Y these inequalities define a circular annulus, whose area is at most
2π(c2 − c1). These remarks imply that µ(M) is finite. Therefore we can ap-
ply Poincaré’s recurrence theorem: for almost every p ∈M the semitrajectory
{gt(p), t � 0} intersects any neighbourhood of the point p for arbitrarily large
values of t. Poincaré called such motions stable in the sense of Poisson.

We give a quantitative version of Poincaré’s recurrence theorem, which
was established in [140, 443] (see also [548]) for the case where M is an n-
dimensional smooth manifold.

Theorem 2.7. Suppose that a positive function ψ(t) is arbitrarily slowly in-
creasing to +∞ as t→ +∞, and ψ(t)/t1/n is monotonically decreasing to zero
as t → +∞. Then for almost every x ∈ M there exists a sequence tν → +∞
such that

ρ(gtνx, x) < t−1/n
ν ψ(tν).

Here ρ is some distance on M . In [443] an example is given of a volume-
preserving translation g on the n-dimensional torus T

n such that

ρ(gtx, x) > Ct−1/n, C = const

for all t ∈ N and x ∈ T
n.
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2.6.2 Probability of Capture

Again let V be a measurable set of positive measure. For n ∈ N we denote by
V n the set of points in V such that gk(p) ∈ V for all 0 � k � n. Obviously,
V n1 ⊃ V n2 if n1 < n2. The set

B =
⋂

n�0

V n

is measurable and µ(B) <∞. If p ∈ B, then of course Γ+
p ∈ V for all n � 0.

Let Bn = gn(B). All the sets Bn are measurable, and again Bn1 ⊃ Bn2 if
n1 < n2. The set

D =
⋂

n�0

Bn ⊂ B

is also measurable. If p ∈ D, then clearly Γp ∈ V .

Proposition 2.7. µ(B \D) = 0.

For this assertion not to be vacuous, one has to show first that µ(B) > 0.
But in concrete problems the proof of this fact may turn out to be a consider-
able difficulty. Proposition 2.7, which goes back to Schwarzschild, is of course
valid also in the case where the time n is continuous.

For example, suppose that the system Sun–Jupiter has “captured” from
the surrounding space the asteroids (the “Greeks” and “Trojans”) into a
neighbourhood of the triangular libration points. Proposition 2.7 immediately
tells us that the probability of this event is zero. Thus, the phenomena of “cap-
ture” in celestial mechanics should be considered only in mathematical models
that take into account dissipation of energy.

The following argument of Littlewood is a more interesting application.
Consider the n-body problem with the centre of mass at rest. The motion of
the points is described by a Hamiltonian system; the Hamiltonian function H
is regular in the domain where the mutual distances are rkl > 0. For arbitrary
c > 1 we consider the open set A(c) of points of the phase space where

c−1 < rkl < c (1 � k < l � n), −c < H < c.

Since A(c) is bounded, we have µ(A(c)) < ∞. Consequently, by Proposi-
tion 2.7 the set B(c) of points remaining in A(c) for t � 0 is larger merely
by a set of measure zero than the set D(c) of points that are in A(c) for all
t ∈ R.

If c1 < c2, then clearly A(c1) ⊂ A(c2), B(c1) ⊂ B(c2), and D(c1) ⊂ D(c2).
Hence the corresponding assertion is also valid for the sets

A =
⋃

c>1
A(c), B =

⋃

c>1
B(c), D =

⋃

c>1
D(c).

For points p ∈ B the mutual distances rkl for all t � 0 remain bounded above
and below by some positive constants depending on p. For points p ∈ D this
property holds for all values of t. Almost all points of D belong to B.



2.7 Dynamics in Spaces of Constant Curvature 95

For example, suppose that a planet system was stable “in the past”. If
it captures a new body, say, a speck of dust arriving from infinity, then the
resulting system of bodies will no longer have the stability property: with
probability one, either a collision will occur or one of the bodies will again
move away to infinity. Moreover, it is not necessarily the speck of dust that
will leave the Solar System; it may be Jupiter or even the Sun that may be
ejected.

2.7 Dynamics in Spaces of Constant Curvature

2.7.1 Generalized Bertrand Problem

The potential of gravitational interaction has two fundamental properties.
On the one hand, this is a harmonic function in three-dimensional Euclid-
ean space (which depends only on the distance and satisfies Laplace’s equa-
tion). On the other hand, only this potential (and the potential of an elastic
spring) generates central force fields for which all the bounded orbits are closed
(Bertrand’s theorem). It turns out that these properties can be extended to
the more general case of three-dimensional spaces of constant curvature (the
three-dimensional sphere S

3 and the Lobachevskij space L
3).

For definiteness we consider the case of a three-dimensional sphere. Sup-
pose that a material particle m of unit mass moves in a force field with poten-
tial V depending only on the distance between this particle and a fixed point
M ∈ S

3. This problem is an analogue of the classical problem of motion in a
central field. Let θ be the length (measured in radians) of the arc of a great
circle connecting the points m and M . Then V is a function depending only
on the angle θ. Laplace’s equation must be replaced by the Laplace–Beltrami
equation:

∆V = sin −2θ
∂

∂θ

(

sin 2θ
∂V

∂θ

)

= 0.

This equation can be easily solved:

V = −γ cos θ
sin θ

+ α; α, γ = const. (2.21)

The additive constant α is inessential. For definiteness we consider the case
γ > 0. The parameter γ plays the role of the gravitational constant. Appar-
ently, the potential (2.21) was for the first time considered by Schrödinger for
the purposes of quantum mechanics [536]. In addition to the attracting cen-
tre M this force field has a repelling centre M ′ at the antipodal point (when
θ = π). If we regard this force field as a stationary velocity field of a fluid
on S

3, then the flux of the fluid across the boundary of any closed domain not
containing the points M or M ′ is equal to zero. These singular points M and
M ′ can be interpreted as a sink and a source.
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In the general case, where V is an arbitrary function of θ, the trajectories
of the point m lie on the two-dimensional spheres S

2 containing the points M
and M ′. This simple fact is an analogue of Corollary 1.3 (in § 1.1), which
relates to motion in Euclidean space.

It is also natural to consider the generalized Bertrand problem: among
all potentials V (θ) determine those in whose field almost all orbits of the
point m on a two-dimensional sphere are closed. This problem (from various
viewpoints and in various generality) was solved in [177, 281, 351, 557]. The
solution of the generalized Bertrand problem (as in the classical case) is given
by the two potentials

V1 = −γ cot θ, V2 =
k

2
tan 2θ; k, γ = const > 0.

The first is an analogue of the Newtonian potential and the second is an
analogue of Hooke’s potential (with k being the “elasticity coefficient”). As
shown in [351], the generalized Bohlin transformation (see § 2.1.3) takes the
trajectories of the particle in the field with potential V1 to the trajectories of
the particle in the field with potential V2.

Since the orbits are closed in these two problems, by Gordon’s theo-
rem [263] the periods T of revolution in the orbits depend only on the energy h.
We now give explicit formulae for the function T (h) obtained in [343].

It is well known that in Euclidean space the period of oscillations of a
weight on an elastic spring is independent of the energy. This is no longer
true for the sphere:

T =
2π√
k + 2h

.

For the potential of Newtonian type the dependence of the period on the
energy is given by the formula

T =
π
√
γ

√
h
γ +

√
h2

γ2 + 1
√

h2

γ2 + 1
. (2.22)

The case of the Lobachevskij space can be considered in similar fashion.

2.7.2 Kepler’s Laws [177, 343]

First law. The orbits of a particle are quadrics on S
3 with a focus at the

attracting centre M .
A quadric is the intersection line of the sphere with a cone of the second

order whose vertex coincides with the centre of the sphere. Spherical quadrics
have many properties typical of conic sections on Euclidean plane (see, for
example, [105]). In particular, one can speak about their foci F1 and F2: any
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ray of light outgoing from F1 on reflection from the quadric necessarily passes
through the point F2 (rays of light are, of course, great circles on S

2).
It was shown in [351] that the orbits of the generalized Hooke problem (the

motion of a point in the field with potential k(tan 2θ)/2) are also quadrics
whose centres coincide with the attracting centre M .

At each instant there is a unique arc of a great circle connecting the cen-
tre M and the material point m (the “position vector” of the point m). Un-
fortunately one cannot claim that the area on S

2 swept out by this arc is
uniformly increasing with time. To improve this situation we introduce an
imaginary point m′ by replacing the spherical coordinates θ, ϕ of the point m
by 2θ, ϕ. Clearly the point m′ is at double the distance from the attracting
centre M .
Second law. The arc of a great circle connecting M and m′ sweeps out equal
areas on the sphere in equal intervals of time.

This law is of course valid for the motion in any central field on a surface
of constant curvature.

Let F1 and F2 be the foci of a quadric. There is a unique great circle of the
sphere S

2 passing through these points. The quadric divides this circle into
two parts; the length of each of these two arcs may be called the major axis
of the quadric. Their sum is of course equal to 2π.
Third law. The period of revolution in an orbit depends only on its major
axis.

The main point of the proof is in verifying the equality

tan a = −γ
h
, (2.23)

where a is the length of the major axis. Then it remains to use the formula
for the period (2.22). Note that relation (2.23) does not depend on which of
the two major axes of the quadric is chosen.

In [343] an analogue of Kepler’s equation was obtained connecting the
position of the body in an orbit and the time of motion. The “eccentric”
and “mean” anomalies were introduced based on appropriate spheroconical
coordinates on S

2 and elliptic functions.

2.7.3 Celestial Mechanics in Spaces of Constant Curvature

Having the formula for the interaction potential of Newtonian type (2.21),
we can define the potential energy of n gravitating points with masses
m1, . . . , mn:

V = −
∑

i<j

γmimj cot θij , (2.24)

where θij is the distance between the points mi and mj on the three-dimen-
sional sphere. Formula (2.24) allows one to write down the equation of motion
of n gravitating points on S

3.
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This problem has many common features with the classical n-body prob-
lem in Euclidean space. However, there are also essential differences. First,
the two-body problem on S

3 proves to be non-integrable: there are not suffi-
ciently many first integrals for its solution and its orbits look quite complicated
(see [137]). Here the main difficulty is related to the fact that the Galileo–
Newton law of inertia does not hold: the centre of mass of gravitating points
no longer moves along an arc of a great circle.

Furthermore, as in the classical case, binary collisions admit regularization.
However, the question whether the generalized Sundman theorem is valid for
the three-body problem in spaces of constant curvature remains open. This
question essentially reduces to the problem of elimination of triple collisions.
Recall that in the ordinary three-body problem the absence of simultaneous
collisions is guaranteed by a non-zero constant value of the angular momentum
of the system of n points with respect to their centre of mass (Theorem 2.3).

Of interest is the problem of finding partial solutions for n gravitating
bodies in spaces of constant curvature (similar to the classical solutions of
Euler and Lagrange). Results in this direction can be found in the book [137].
The restricted three-body problem was studied in this book: relative equilibria
were found and the Hill regions were constructed.

2.7.4 Potential Theory in Spaces of Constant Curvature

As established by Newton, a homogeneous sphere in three-dimensional Euclid-
ean space does not attract interior points, and the exterior points are attracted
as if by a single material point located at the centre of the sphere whose mass is
equal to the mass of the sphere. Newton’s theorem on the sphere immediately
implies that a homogeneous ball attracts points in the exterior in the same
way as if its mass was concentrated at the centre, while the attraction force on
interior points depends linearly on the distance to the centre (by Hooke’s law).

It is also known that the level surfaces of the gravitational potential of
a homogeneous rod is a confocal family of ellipsoids of revolution whose foci
coincide with the ends of the rod. This result was generalized by Ivory.

Consider an infinitesimally thin homogeneous layer between two similar
concentric ellipsoids with common centre and the same directions of the axes,
which is called an elliptic layer. It turns out that the gravitational potential
inside the elliptic layer is constant (Newton’s theorem generalizing the theorem
on the gravitation of a sphere) and the level surfaces of the potential in the
exterior are ellipsoids confocal to the layer (Ivory’s theorem). The proofs can
be found, for example, in [83].

It is easier to think of an elliptic layer as an ellipsoid with, generally
speaking, non-constant homeoid density

dσ

|∇f | ,
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where dσ is the area element of the ellipsoid and ∇f is the gradient of the
quadratic form defining the surface of the ellipsoid. The homeoid density of a
sphere and of a segment is obviously constant.

It turns out that the basic theorems of the theory of Newtonian poten-
tial in E

3 can be carried over (with certain reservations) to the case of a
space of constant curvature [349]. For definiteness we consider the case of a
sphere, which is a space with non-trivial topology. A gravitational potential
of Newtonian type is defined by (2.24).

Consider on S
3 a two-dimensional sphere S

2 with a homogeneous mass
distribution. Let θ be the latitude on S

3 measured from the centre of S
2, so

that S
2 = {θ = θ0}, 0 < θ0 � π/2. One should bear in mind that on S

3

there is another sphere S
2
− = {θ = π − θ0} congruent to S

2, whose points
produce a repulsive action. The three-dimensional sphere S

3 is divided by the
two-dimensional spheres S

2 and S
2
− into three connected domains.

The following analogue of Newton’s theorem holds: the sphere S
2 does not

attract points lying “inside” S
2 and S

2
−, while “exterior” points are attracted

in exactly the same way as if the sphere was replaced by a single point at
the centre of S

2, with mass equal to the mass of the whole sphere. This
immediately implies the theorem on the gravitation of a homogeneous ball
bounded by the sphere θ = θ0 (θ0 < π/2): exterior points (θ0 � θ � π − θ0)
are attracted in the same way as if the mass of the ball was concentrated at
the centre. The potential inside the ball of unit density is given by the formula

πγ(2θ − sin 2θ) cos θ
sin θ

,

which is different from Hooke’s potential (k/2) tan 2θ. Only for small θ we
obtain the potential of elastic interaction

4γπθ2

3
+ o(θ2).

In the case of Euclidean space the problem of the gravitation of a segment
is essentially a planar one: in any plane containing the gravitating segment
the level lines of the potential form a family of ellipses with foci at the ends
of the segment. The situation is similar for a space of constant curvature. In
the case of S

3 the role of a plane is played by a two-dimensional sphere of unit
radius.

Thus, on the two-dimensional sphere

x2 + y2 + z2 = 1 (2.25)

we consider a segment – an arc of a great circle with end points F1 = (α, β, 0)
and F2 = (α,−β, 0). Of course, α2 + β2 = 1. To make the arc uniquely
determined we assume that it contains the point with coordinates (1, 0, 0).
This arc admits the parametrization
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x = sin ϕ, y = cos ϕ, z = 0;
π

2
− ϕ∗ � ϕ � π

2
+ ϕ∗,

where cos ϕ∗ = α, sin ϕ∗ = β.
At a point with coordinates x, y, z the value of the potential (up to a

constant factor) is equal to

V =

π/2+ϕ∗∫

π/2−ϕ∗

cos θ̃

sin θ̃
dϕ,

where cos θ̃ = x sin ϕ+ y cos ϕ. As an analogue of a confocal family of ellipses
we have the family of ovals which is the result of the intersection of the cones

c2x2

c2 − α2
+

c2y2

c2 + β2
+ z2 = 0 (2.26)

and the sphere (2.25); here c is a parameter. As c → 0, the ovals converge to
the original segment. As already mentioned, by analogy with the Euclidean
case these ovals may be called spherical conics with foci at the points F1

and F2.
One can verify that the level lines of the potential V created by an arc of a

great circle on S
2 is a family of spherical conics with foci at the ends of the arc.

These observations admit a generalization. Let A be a symmetric operator
in Euclidean space R

4, and I the identity operator. The operator (A− λI)−1

(the resolvent of A, where λ is a spectral parameter) is also a symmetric
operator, which defines the pencil of quadratic forms

f(x) =
(
(A− λI)−1x, x

)
.

Equating these forms to zero we obtain a family of cones, which intersect the
three-dimensional sphere

g(x) = (x, x) = 1

in two-dimensional surfaces. These surfaces may be called spherical confocal
quadrics.

Example 2.2. Dividing equation (2.26) by c2 we obtain equations of the form
f(x) = 0, where A = diag (−α2, β2, 0), λ = c2. 


On the quadrics one can define the homeoid density

dσ

W2
,

where dσ is the area element of the quadric as a surface in R
4 and W2 is

the Euclidean area of the parallelogram constructed on the gradients of the
functions f and g as vectors.
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Theorem 2.8. Let k be a quadric on S
3 with homeoid mass density, and k−

the antipodal quadric. The potential created by k is constant in the two ball-
shaped domains on S

3 bounded by the quadrics k and k−, and the level surfaces
of this potential in the complementary domain form a family of quadrics con-
focal with k.

This is an analogue of the classical Newton–Ivory theorem.
Ivory’s theorem admits a generalization to quadratic forms of other sig-

natures (with ellipsoids replaced by the corresponding hyperboloids in R
n);

see [76, 593]. The simplest case is a one-sheet hyperboloid in R
3.

The gravitational potentials are replaced by differential forms, whose de-
grees are determined by the signature. For a one-sheet hyperboloid in R

3 the
result is 2-forms that are harmonic outside the hyperboloid and whose kernels
are directed along the parallels of the elliptic coordinate system in the mul-
tiply connected component of the complement of the hyperboloid, and along
the meridians, in the simply connected one. These forms can also be described
as flows of an incompressible fluid along the fields of the kernels of the forms.

The corresponding magnetic fields are given by the Biot–Savart integrals
over currents (generalizing the homeoid density) flowing along the meridians
of the surface in the first case, and along the parallels, in the second (the field
created by the current in the second component is zero).
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Symmetry Groups and Order Reduction

3.1 Symmetries and Linear Integrals

3.1.1 Nöther’s Theorem

Let (M, L) be a Lagrangian system and v a smooth field on M . The field v
gives rise to the one-parameter group g of diffeomorphisms gα : M → M
defined by the differential equation

d

dα
gα(x) = v(gα(x)) (3.1)

and the initial condition g0(x) = x.

Definition 3.1. The Lagrangian system (M, L) admits the group {gα} if the
Lagrangian L is invariant under the maps gα

∗ : TM → TM . The group g can
be naturally called a symmetry group, and the field v a symmetry field.

Let γ : ∆ → M be a motion of the Lagrangian system (M, L). Then the
composition gα ◦ γ : ∆→M is also a motion for every value of α.

In the non-autonomous case the Lagrangian L is a smooth function on the
tangent bundle of the extended configuration space ′M = M × R. We call
a group of diffeomorphisms ′gα : ′M → ′M a symmetry group of the system
(′M, L) if ′gα(x, t) = (y, t) for all (x, t) ∈M×R and the maps ′gα

∗ preserve L.
The group {′gα} gives rise to the smooth field on ′M

′v(x, t) =
d

dα
(′gα(x, t))α=0.

It is obvious that ′v(x, t) = (v(x, t), 0) ∈ T(x, t)(M × R) and v(x, t) can be
interpreted as a field on M smoothly depending on t.

Lemma 3.1. The system (M, L) admits the symmetry group {gα} if and only
if

(p · v)̇ = [L] · v. (3.2)
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� This follows from the identity

d

dα

∣
∣
∣
∣
α=0

L(gα
∗ ẋ) = (L′

ẋ · v)̇ − [L] · v. (3.3)

�
Lemma 3.1 is also valid in the non-autonomous case. Equality (3.2) implies

the following.

Theorem 3.1. If the system (M, L) admits the group {gα}, then I = p · v is
a first integral of the equations of motion.1

Let (M, 〈 , 〉, V ) be a natural mechanical system. The Lagrangian L =
〈ẋ, ẋ〉/2 +V (x) is invariant under the action of the group g if and only if this
property is enjoyed by the Riemannian metric 〈 , 〉 and the potential V . For
natural systems the integral I is clearly equal to 〈v, ẋ〉; it depends linearly on
the velocity.

Example 3.1. If in some coordinates x1, . . . , xn on M the Lagrangian L is
independent of x1, then the system (M, L) admits (locally) the symmetry
group gα : x1 �→ x1 + α, xk �→ xk (k � 2). This group corresponds to the
vector field v = ∂/∂x1. By Theorem 3.1 the quantity I = p · v = p1 = L′

ẋ1
is

conserved. In mechanics, x1 is called a cyclic coordinate, and the integral I a
cyclic integral. In particular, the energy integral is a cyclic integral of a cer-
tain extended Lagrangian system. In order to show this we introduce a new
time variable τ by the formula t = t(τ) and define a function ′L : T ′M → R

(′M = M × R) by the formula

′L(x′, t′, x, t) = L(x′/t′, x, t)t′, (·)′ =
d

dτ
(·).

It follows from Hamilton’s variational principle and the equality

τ2∫

τ1

′L dτ =

t2∫

t1

L dt

that if x : [t1, t2] →M is a motion of the system (M, L), then (x, t) : [τ1, τ2] →
′M is a motion of the extended Lagrangian system (′M, ′L). In the au-
tonomous case, time t is a cyclic coordinate and the cyclic integral

∂′L

∂t′
= L− ∂L

∂ẋ
· ẋ = const

coincides with the energy integral. 

1 In this form this theorem was first stated by E.Nöther in 1918. The connection

between the laws of conservation of momentum and angular momentum and the
groups of translations and rotations was already known to Lagrange and Jacobi.
Theorem 3.1 for natural systems was published by Levy in 1878.



3.1 Symmetries and Linear Integrals 105

Theorem 3.2. If v(x0) �= 0, then in a small neighbourhood of the point x0

there exist local coordinates x1, . . . , xn such that I = p · v = p1.

This assertion is a consequence of the theorem on rectification of a vector
field.

Theorem 3.3. Suppose that I = p · v is a first integral of the equation of
motion [L] = 0. Then the phase flow of equation (3.1) is a symmetry group of
the Lagrangian system (M, L).

Theorems 3.2 and 3.3 imply the following.

Corollary 3.1. Integrals of natural systems that are linear in the velocities
locally are cyclic.

If there are several symmetry fields v1, . . . , vk, then the equation of motion
admits as many first integrals I1 = p·v1, . . . , Ik = p·vk. Assuming that (M, L)
is a natural Lagrangian system we use the Legendre transformations to pass
to Hamilton’s equations on T ∗M . The functions I1, . . . , Ik : T ∗M → R are
independent and in involution (in the standard symplectic structure on T ∗M)
if and only if the fields v1, . . . , vk are independent and commute on M . The
existence of linear integrals imposes restrictions not only on the Riemannian
metric and the potential of the force field, but also on the topology of the
configuration space.

Theorem 3.4. Let M be a connected compact orientable even-dimensional
manifold. If a Hamiltonian natural system on T ∗M has at least (dimM)/2
independent linear integrals in involution, then the Euler–Poincaré character-
istic of M is non-negative: χ(M) � 0.2

Corollary 3.2. Suppose that dimM = 2. If the natural system has a first
integral that is linear in the velocity, then M is diffeomorphic to the sphere or
the torus.

In the non-orientable case one must add the projective plane and the Klein
bottle.

� We now prove Corollary 3.2. If χ(M) < 0, then the symmetry field v
has singular points. Since the phase flow of the equation ẋ = v(x) is a group
of isometries of the two-dimensional Riemannian manifold (M, 〈 , 〉), the sin-
gular points xs are isolated and are of elliptic type. By Poincaré’s formula,
χ(M) =

∑
s ind (xs) > 0, a contradiction. �

We now consider a more general situation where an arbitrary Lie group G
acts (on the left) on M . Let G be the Lie algebra of G and let G ∗ be the dual
vector space of the space of the algebra G . We shall now define a natural map
IG : TM → G ∗ that associates with each point ẋ ∈ TM a linear function on G .
2 This assertion was obtained by Bolotin and Abrarov (see [56]).
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To each vector X ∈ G there corresponds a one-parameter subgroup gX ,
whose action on M generates a tangent field vX . The map X �→ vX is a
homomorphism of the algebra G into the Lie algebra of all vector fields on M .
We set IG(ẋ) = L′

ẋ · vX ; this function is linear in X.

Definition 3.2. The map IG : TM → G ∗ is called the momentum map of the
Lagrangian system (M, L) for the action of the group G (or simply momentum
if this causes no confusion).

Along with the momentum map IG : TM → G ∗ we have the map PG :
T ∗M → G ∗ defined by the formula PG(p) = p · vX . The momentum map IG
is the composition of the map PG and the Legendre transformation.

Example 3.2. Consider n free material points (rk, mk) in three-dimensional
Euclidean space. Let SO(2) be the group of rotations of the space around
the axis given by a unit vector e. The group SO(2) acts on the configuration
space R

3{r1} × · · · × R
3{rn}; the corresponding vector field is

(e × (r1 − ′r1), . . . , e × (rn − ′rn)),

where ′rk is the position vector of the kth point with initial point at some
point of the rotation axis. Since

L =
1
2

∑
mk〈ṙk, ṙk〉 + V (r1, . . . , rn),

the momentum

ISO(2) =
∑

mk 〈ṙk, e × (rk − ′rk)〉 =
〈
e,
∑

mk(rk − ′rk) × ṙk

〉

coincides with the already known angular momentum of the system with re-
spect to the axis.

Now let G = SO(3) be the group of rotations around some point o. The
dual space G ∗ = (so(3))∗ can be canonically identified with the algebra of
vectors of three-dimensional oriented Euclidean space where the commutator
is defined as the ordinary cross product. Then ISO(3) will clearly correspond
to the angular momentum of the system with respect to the point o. 


Definition 3.3. A group G is called a symmetry group of the Lagrangian
system (M, L) if L(g∗ẋ) = L(ẋ) for all ẋ ∈ TM and g ∈ G.

Theorem 3.5. Suppose that the system (M, L) admits G as a symmetry
group. Then the momentum map IG is a first integral (that is, IG takes con-
stant values on the motions of the Lagrangian system (M, L)).

This assertion is a consequence of Theorem 3.1.
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Example 3.3. We already saw in Ch. 1 that the equations of the problem of
n gravitating bodies admit the Galilean transformation group. However, the
Lagrange function

L =
1
2

∑
mk

(
ẋ2

k + ẏ2
k + ż2

k

)
+
∑

i<j

γmimj√
(xi − xj)2 + (yi − yj)2 + (zi − zj)2

is not invariant under the whole Galilean group. This function admits trans-
lations of the time axis and isometries of three-dimensional Euclidean space.
Translations of the time axis correspond to the conservation of the total en-
ergy; translations of Euclidean space, to the conservation of the momentum;
and the group of rotations, to the conservation of the angular momentum. We
consider in addition the group of homotheties

(x, y, z) �→ (αx, αy, αz), α > 0. (3.4)

This group is generated by the vector field

v =
∑

k

xk
∂

∂xk
+ yk

∂

∂yk
+ zk

∂

∂zk
.

For α = 1 we have the identity transformation. The Lagrangian of the n-
body problem does not admit the group of homotheties. However, we can
use identity (3.3) for α = 1. Since T �→ α2T and V �→ α−1V under the
change of variables (3.4), equality (3.3) gives the already known Lagrange’s
identity:

dL

dα

∣
∣
∣
α=1

= (p · v)̇ ⇔ 2T − V =
∑

k

m(xkẋk + ykẏk + zkżk )̇ =
Ï

2
,

where I =
∑

m
(
x2

k + y2
k + z2

k

)
. 


3.1.2 Symmetries in Non-Holonomic Mechanics

Suppose that (M, S, L) is a non-holonomic system acted upon by additional
non-conservative forces F (ẋ, x) : TxM → T ∗

xM . The motions are defined by
the d’Alembert–Lagrange principle: ([L]−F ) ·ξ = 0 for all virtual velocities ξ.

Definition 3.4. The Lie group G is called a symmetry group of the non-
holonomic system (M, S, L) if

1) G preserves L,
2) the vector fields vX , X ∈ G , are fields of virtual velocities.

Definition 3.5. The moment of the force F relative to the group G is the
map ΦG : TM → G ∗ defined by the formula ΦG(ẋ) = F · vX .
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Theorem 3.6. If (M, S, L) admits G as a symmetry group, then (IG)̇ = ΦG.

Corollary 3.3. If F ≡ 0, then under the hypotheses of Theorem 3.6 the mo-
mentum IG is conserved.

One can derive Theorem 3.6 from the d’Alembert–Lagrange principle using
identity (3.3).

We now apply these general considerations to the dynamics of systems
of material points in three-dimensional oriented Euclidean space. We assume
that a force F acts on a point (r, m). We consider the group of translations
along a moving straight line with directional vector e(t) : r �→ r+αe, α ∈ R.

Theorem 3.7 ([353]). Suppose that the following conditions hold:

1) the vectors ξk = e (for 1 � k � n) are virtual velocities,
2) 〈P, ė〉 = 0, where P =

∑
mṙ is the total momentum.

Then 〈P, e〉̇ =
〈∑

F, e
〉
.

Corollary 3.4. Suppose that the vectors ξk = η̇ =
(∑

mr
/∑

m
)
˙ (for

1 � k � n) are virtual velocities at each instant. If the system moves freely
(F ≡ 0), then the velocity of its centre of mass η̇ is constant.

Example 3.4. Consider a balanced skate sliding on the horizontal plane and
a homogeneous disc rolling so that its plane is always vertical. By Corollary 3.4
the velocities of their centres of mass are constant. 


We also consider the group of rotations of Euclidean space around a moving
straight line l with directional unit vector e(t) passing through a point with
position vector r0(t). Let K be the angular momentum of a system of material
points with respect to the fixed origin of reference, and let Kl and Ml be,
respectively, the angular momentum and the moment of forces with respect
to the moving axis l.

Theorem 3.8 ([353]). Suppose that the following conditions hold:

1) when the system rotates as a rigid body around the axis l, the velocity
vectors of the material points are virtual velocities at each instant,

2) 〈P, (r0 × e)̇ 〉 + 〈K, e〉̇ = 0.

Then K̇l = Ml.

In particular, if the axis l does not change its direction in space (e(t) =
const), then condition 2) becomes Chaplygin’s condition (1897):

〈e, ṙ0 × η̇〉 = 0,

where η̇ is the velocity of the centre of mass. In the case where r0 = η
condition 2) can be simplified to 〈K + r0 × P, ė〉 = 0. This condition is
automatically satisfied under the additional assumption that e(t) = const.
For example, a balanced skate rotates around the vertical axis with constant
angular velocity.
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Example 3.5. Consider Chaplygin’s problem of the rolling on the horizontal
plane of a dynamically asymmetric ball whose centre of mass coincides with
its geometric centre. Let o be the contact point of the ball with the plane
and let K0 be the angular momentum of the ball with respect to the point o.
Chaplygin’s problem admits the group SO(3) of rotations around the contact
point. The momentum map ISO(3) is of course equal to K0, and the moment
of forces is zero: ΦG = 0. Consequently, K0 = const by Theorem 3.6. This ob-
servation allows us to form a closed system of differential equations of rolling
of the ball. Let k0 be the angular momentum in the moving space attached to
the rigid body, ω the angular velocity of rotation of the ball, and γ the unit
vertical vector. The fact that the vectors k0 and γ are constant in the fixed
space is equivalent to the equations

k̇0 + ω × k0 = 0, γ̇ + ω × γ = 0. (3.5)

Let A be the inertia tensor of the body with respect to the centre of mass, m
the mass of the ball, and a its radius. Then k0 = Aω+ma2γ×(ω×γ). This re-
lation turns equations (3.5) into a closed system of differential equations with
respect to ω and γ. Equations (3.5) have four independent integrals: F1 =
〈k0, k0〉, F2 = 〈k0, γ〉, F3 = 〈γ, γ〉 = 1, F4 = 〈k0, ω〉. The last integral ex-
presses the constancy of the kinetic energy of the rolling ball. Using these inte-
grals one can integrate equations (3.5) by quadratures (Chaplygin, 1903). 


3.1.3 Symmetries in Vakonomic Mechanics

Let (M, S, L) be a vakonomic system, and G a Lie group acting on M .

Definition 3.6. The group G is called a symmetry group of the vakonomic
system (M, S, L) if

1) the group G takes S ⊂ TM to S,
2) G preserves the restriction of L to S.

Definition 3.7. The momentum map IG of the vakonomic system for the
action of the group G is the map T ∗M → G ∗ defined by the formula p �→ p·vX ,
X ∈ G , where p is the vakonomic momentum.

Example 3.6. Suppose that the system (M, S, L) is natural and the kinetic
energy is given by a Riemannian metric 〈 , 〉. If the constraint S is given by
the equation 〈a(x), ẋ〉 = 0, then

I = 〈v, ẋ〉 + 〈p, a〉(a · v)/〈a, a〉. 


Theorem 3.9. If the vakonomic system (M, S, L) admits G as a symmetry
group, then IG = const.

The function IG is not observable in the general case. However, if the
symmetry fields vX , X ∈ G , are fields of virtual velocities, then IG is equal
to Lẋ · vX and therefore is observable.
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Example 3.7. A skate on the horizontal plane regarded as a vakonomic sys-
tem admits the group of translations, but does not admit the group of ro-
tations around the vertical axis. Consequently, the vakonomic momentum of
the skate is conserved. However, this quantity is not observable. The vako-
nomic momentum map for the action of the group of rotations of the skate
coincides with the ordinary angular momentum, which is not a first integral
of the equations of motion. 


3.1.4 Symmetries in Hamiltonian Mechanics

Let (M, ω2) be a symplectic connected manifold and suppose that a group
g = {gs} acts on M as a group of symplectic diffeomorphisms. The group g
gives rise to the vector field

v =
d

ds

∣
∣
∣
∣
s=0

gs.

This field is locally Hamiltonian: the 1-form ω2(·, v) is closed. Hence, locally
ω2(·, v) = dF . Extension of the function F to the entire manifold M leads, as
a rule, to a multivalued Hamiltonian function.

Example 3.8. Let N be a smooth manifold, and {gs} a group of diffeomor-
phisms of N generated by a vector field u. Since each diffeomorphism of the
manifold N takes 1-forms to 1-forms, the group {gs} acts also on the cotan-
gent bundle M = T ∗N . Recall that M has the standard symplectic structure
ω2 = dp ∧ dq = d(p · dq), where p, q are “canonical” coordinates on M . Since
the group {gs} preserves the 1-form p · dq, it preserves the 2-form ω2 and
therefore is a group of symplectic diffeomorphisms of the manifold M . The
action of {gs} on M is generated by the single-valued Hamiltonian function
F = p · u. 


Theorem 3.10. A group of symplectic diffeomorphisms {gs} with a single-
valued Hamiltonian function F preserves a function H : M → R if and only if
F is a first integral of the Hamiltonian system with Hamiltonian function H.

� The proof is based on the formula

d

ds

∣
∣
∣
∣
s=0

H(gs(x)) = {H, F}(x).
�

We now suppose that a Lie group G has a symplectic action on M such
that to each element X of the Lie algebra G of G there corresponds a one-
parameter subgroup with a single-valued Hamiltonian function FX . These
Hamiltonians are defined up to constant summands.

Definition 3.8. A symplectic action of G on M is called a Poisson action if
the correspondence X �→ FX can be chosen so that
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1) FX depends linearly on X,
2) {FX , FY } = F[X, Y ] for all X, Y ∈ G .

Example 3.9. Let N be a smooth manifold, and G a Lie group acting on N .
We lift the action of G on N to a symplectic action of G on T ∗N as described
in Example 3.8. The action thus constructed is a Poisson action. This follows
from the linearity of the function p · vX and the formula {p · vX , p · vY } =
p · [vX , vY ] = p · v[X,Y ]. 


A Poisson action of the group G on M defines the natural map PG : M →
G ∗ that associates with a point x the linear function FX(x) of the variable
X ∈ G on the algebra G . We call this map the momentum map for the Poisson
action of the group G.

Proposition 3.1. Under the momentum map P the Poisson action of the
connected Lie group G is projected to the coadjoint action of the group G
on G ∗ in the sense that the following diagram is commutative:

M
g−→ M

P



4



4P

G ∗
Ad∗

g−1−→ G ∗

.

Suppose that (N, L) is a Lagrangian system and a Lie group G acts on N .
The Lagrangian L defines the Legendre transformation TN → T ∗N . The
composition of the momentum map PG : T ∗N → G ∗ for the lifted Poisson ac-
tion of G on the symplectic manifold T ∗N and the Legendre transformation
coincides with the momentum map IG : TN → G ∗ of the Lagrangian system
(N, L) for the action of G defined earlier.

If a function H : M → R is invariant under the Poisson action of the
group G, then by Theorem 3.10 the momentum map PG is a first integral of
the system with Hamiltonian function H.

In conclusion we discuss symmetries in Dirac’s generalized Hamiltonian
mechanics. Suppose that (M, ω2, H, N) is a Hamiltonian system with con-
straints, where H : M → R is the Hamiltonian function, and N a submanifold
of M (see § 1.5.1).

Theorem 3.11. Suppose that we are given a Poisson action of a Lie group
G on the symplectic manifold (M, ω2) such that G preserves the function H
and the submanifold N . Then the momentum map PG takes constant value
on the motions of the Hamiltonian system with constraints.

3.2 Reduction of Systems with Symmetries

3.2.1 Order Reduction (Lagrangian Aspect)

If a Lagrangian system (M, L) admits a symmetry group {gα}, then it turns
out that it is possible to diminish the number of the degrees of freedom of the
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system. To the group g there corresponds the first integral Ig, which is always
cyclic locally. First we consider the classical Routh’s method for eliminating
cyclic coordinates; then we discuss the global order reduction.

Suppose that the Lagrangian L(q̇, λ̇, q) does not involve the coordinate λ.
Using the equality L′

λ̇
= c we represent the cyclic velocity λ̇ as a function of q̇,

q, and c. Following Routh we introduce the function

Rc(q̇, q) = L(q̇, λ̇, q) − cλ̇
∣
∣
q̇, q, c

.

Theorem 3.12. A vector-function (q(t), λ(t)) is a motion of the Lagrangian
system (M, L) with the constant value of the cyclic integral Ig = c if and only
if q(t) satisfies Lagrange’s equation [Rc] = 0.

If there are several cyclic coordinates λ1, . . . , λk, then for the Routh func-
tion one should take Rc1,...,ck

= L−
∑

csλ̇s.
A small neighbourhood U of a non-singular point of the symmetry field

v is “regularly” foliated into the orbits of the group g (integral curves of the
field v): the quotient space N = U/g is a smooth manifold with Cartesian
coordinates q. It is natural to call the pair (N, Rc) the (locally) reduced La-
grangian system. For example, the elimination of the polar angle in Kepler’s
problem (see § 2.1.1) is an example of order reduction by Routh’s method.

Cyclic coordinates are not uniquely determined: among the new variables
Q = q, Λ = λ + f(q) the coordinate Λ is also a cyclic coordinate. Let
L̂(Q̇, Λ̇, Q) = L(q̇, λ̇, q). Then, obviously, L̂′

Λ̇
= L′

λ̇
= c. The Routh function

corresponding to the new cyclic coordinate Λ is R̂c(Q̇, Q) = Rc(q̇, q) + cf ′
q · q̇.

In view of the identity [ḟ ] ≡ 0 the summand c(f ′
q · q̇) of course does not affect

the form of the equation [Rc] = 0. But this means that the Routh function is
not uniquely determined for c �= 0. These observations prove to be useful in
the analysis of the global order reduction, which we shall now consider. For
definiteness we shall consider the case of natural Lagrangian systems.

Let (M, N, pr, S, G) be a fibre bundle with total space M , base space N ,
projection pr : M → N (the rank of the differential pr∗ is equal to dimN at
all points of M), fibre S, and structure group G. The group G acts on the
left on the fibre S freely and transitively. This action can be extended to a
left action of G on M ; then all the orbits of G will be diffeomorphic to S. In
the case of a principle bundle, the manifold S is diffeomorphic to the space of
the group G. The base space N can be regarded as the quotient space of the
manifold M by the equivalence relation defined by the action of the group G.
The tangent vectors vX , X ∈ G , to the orbits of the group G are vertical:
pr∗(vX) = 0.

Suppose that G is a symmetry group of a natural mechanical system
(M, 〈 , 〉, V ). We define on the bundle (M, N, pr, S, G) the “canonical” connec-
tion by declaring as horizontal the tangent vectors to M that are orthogonal
in the metric 〈 , 〉 to all the vectors vX , X ∈ G . This connection is compatible
with the structure group G: the distribution of horizontal vectors is mapped
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to itself under the action of G on M . A smooth path γ : [t1, t2] → M is said
to be horizontal if the tangent vectors γ̇(t) are horizontal for all t1 � t � t2.
It is easy to verify that for any smooth path γ̃ : [t1, t2] → N and any point
x1 ∈ M lying over γ̃(t1) (that is, such that pr(x1) = γ(t1)) there exists only
one horizontal path γ : [t1, t2] →M covering γ̃.

We equip the manifold N = M/G with the “quotient metric” 〈̃ , 〉 by first
restricting the original metric on M to the distribution of horizontal vectors
and then pushing it down onto N . Since the potential V : M → R is constant
on the orbits of the groupG, there exists a unique smooth function Ṽ : N → R

such that the following diagram is commutative:

M
pr−→ N

V ↘ ↙Ṽ
R

.

Theorem 3.13. The motions of the natural system (M, 〈 , 〉, V ) with zero
value of the momentum map IG are uniquely projected to the motions of the
reduced system (N, 〈̃ , 〉, Ṽ ).

� Let γ̃ : [t1, t2] → N be a motion of the reduced system, and γ̃α its varia-
tion with fixed ends. Let γα : [t1, t2] → M be a horizontal lifting of the path
γ̃α such that γα(t1) = γ0(t1) for all α. The variation field u of the family of
paths γα is such that u(t1) = 0 and u(t2) is a vertical vector. If L (respec-
tively, L̃) is the Lagrangian of the original (reduced) system, then by the first
variation formula,

δ

t2∫

t1

L̃ dt = δ

t2∫

t1

L dt = 〈γ̇0, u〉
∣
∣t2
t1

= 0.
�

Example 3.10. Consider the motion of a material point m in a central force
field. In this problem we have the bundle

(
R

3 \ {0} , R
+, pr, S2, SO(3));

the projection pr : R
3 \ {0} → R

+ is defined by the formula (x, y, z) �→√
x2 + y2 + z2. The Lagrangian L = m|ṙ|2/2+V (|r|) admits the group SO(3)

of rotations around the point x = y = z = 0. If the angular momentum ISO(3)

is equal to zero, then on R
+ = {s > 0} we obtain a one-dimensional reduced

system with the Lagrangian L̃ = mṡ2/2 + V (s). 


We now consider order reduction when the momentum map IG is non-zero.
We assume the group G to be commutative (Routh’s method can be applied
only in this case). Moreover, we assume that (M, N, pr, G) is a principal bun-
dle; in particular, the group G acts freely on M . Apart from the quotient
metric 〈̃ , 〉 on the base space we shall also need the curvature form of the
canonical connection. We remind the reader of the construction of this form.
First we introduce the connection 1-form ω on M with values in the Lie alge-
bra G . This form is defined as follows: if u ∈ TM , then ω(u) is equal to X ∈ G
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such that vX coincides with the vertical component of the vector u. In the
case of a principle bundle the kernel of the homomorphism of the Lie algebra
G into the algebra of vector fields on M is zero; hence the connection form is
well defined. For example, if dimG = 1, then one can set ω(u) = 〈u, v〉/〈v, v〉,
where v is the symmetry field. The curvature form Ω is a G -valued 2-form
such that Ω(u1, u2) = dω(u⊥1 , u

⊥
2 ), where u⊥ is the horizontal component of

a tangent vector u. Since G is a commutative symmetry group, the form Ω
can be pushed down to N . Let IG = c ∈ G ∗. Since Ω takes values in G , the
value of the momentum map on the curvature form is well defined: Ωc = c ·Ω.
The form Ωc is an R-valued form on the base space N . According to Cartan’s
structural equation Ω = dω + [ω, ω], the forms Ω and Ωc are closed.

Lemma 3.2. Let c ∈ G ∗. Then for every point x ∈ M there exists a unique
vertical tangent vector wc ∈ TxM such that IG(wc) = c.

Indeed, wc is the unique element in the set {w ∈ TxM : IG(w) = c} that
has minimum length in the 〈 , 〉-metric. This assertion is valid for an arbitrary
group G.

Definition 3.9. The effective (or amended, or reduced) force function of the
natural system with the symmetry group G corresponding to a constant value
IG = c of the momentum map is the function Vc : M → R equal to V −
〈wc, wc〉/2.

Lemma 3.3. The function Vc is invariant under Gc, where Gc ⊂ G is the
isotropy subgroup of the coadjoint action of G on G ∗ at the element c ∈ G ∗

(see Proposition 3.1).

Corollary 3.5. If G is commutative, then Vc is constant on the orbits of the
group G.

This assertion allows us to define correctly the effective potential Ũc = −Ṽc

as a function on the base space N .

Theorem 3.14. A function γ : ∆ → M is a motion of the natural system
(M, 〈 , 〉, V ) with a constant value IG = c of the momentum map if and only
if the projection µ = pr ◦ γ : ∆→ N satisfies the differential equation

[Lc]µ = Fc(µ̇), (3.6)

where Lc = 〈̃µ̇, µ̇〉/2 + Ṽc and Fc(v) = Ωc(·, v).
Theorem 3.14 can be derived, for example, from Theorem 3.9.
Equation (3.6) can be regarded as the equation of motion of the nat-

ural system (N, 〈̃ , 〉, Ṽc) under the action of the additional non-conservative
forces Fc. Since Fc(v) · v = Ωc(v, v) = 0, these forces do not perform work on
the real motion. They are called gyroscopic forces.

Since the form Ωc is closed, we have locally Ωc = dωc. Consequently, (3.6)
is Lagrange’s equation [Rc] = 0, where Rc = Lc − ωc. Routh’s function Rc is
defined globally on TN only if the form Ωc is exact.
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Example 3.11. Consider the rotation of a rigid body with a fixed point in
an axially symmetric force field. The kinetic energy and the potential admit
the group SO(2) of rotations around the symmetry axis of the field. In this
problem, M is diffeomorphic to the underlying space of the group SO(3). The
reduction SO(3)/SO(2) was first carried out by Poisson as follows. Let e be
a unit vector of the symmetry axis of the force field regarded as a vector
of the moving space. The action of the subgroup SO(2) on SO(3) by right
translations leaves e invariant. The set of all positions of the vector e in the
moving space forms a two-dimensional sphere S2, called the “Poisson sphere”.
The points of S2 “number” the orbits of the rotation group SO(2). Thus, we
have the fibre bundle SO(3) with structure group SO(2) and base space S2.
The symmetry group SO(2) generates a first integral: the projection of the
angular momentum of the rigid body onto the axis with directional vector e
is conserved. By fixing a constant value of this projection we can simplify the
problem to the study of the reduced system with configuration space S2. Here
Routh’s function is not defined globally, since the curvature form Ω is not
exact: ∫

S2

Ω = 4π �= 0

for all values of the principal moments of inertia. We shall give explicit order-
reduction formulae below. 


The theory of order reduction for Lagrangian systems can be carried over,
with obvious modifications, to non-holonomic mechanics. To carry out the
reduction of a non-holonomic system to the quotient system by a symmetry
group we need the additional assumption that the constraints be invariant un-
der the action of this group. An example is provided by Chaplygin’s problem
of a ball rolling on a horizontal plane (see Example 3.5). This problem ad-
mits the group SO(2) of rotations of the ball around the vertical line passing
through its centre. The group SO(2) preserves the constraints, and the field
generating this group is a virtual velocity field. In fact we have eliminated the
rotation group in Example 3.5 using Poisson’s method.

In conclusion we also mention the “problem of hidden motions” or the
“problem of action at a distance”, which agitated physicists at the end of
19th century. Suppose that a natural mechanical system with n+1 degrees of
freedom moves freely and that its Lagrangian, representing only the kinetic
energy, admits a symmetry group with field v. Reducing the order of the sys-
tem we see that Routh’s function, which is the Lagrangian of the reduced
system with n degrees of freedom, contains the summand (the effective po-
tential) Ũc = 〈wc, wc〉/2 = c2/2〈v, v〉, which is independent of the velocities.
This summand can be interpreted as the potential of certain forces acting on
the reduced system. Helmholtz, Thomson, Hertz insisted that every mechan-
ical quantity that manifests itself as a “potential energy” is caused by hidden
“cyclic” motions. A typical example is the rotation of a symmetric top: since
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the rotation of the top around the symmetry axis cannot be detected, one
can regard the top as non-rotating and explain its strange behaviour by the
action of additional conservative forces.

Since Uc = 〈wc, wc〉/2 > 0, Routh’s method can produce only positive
potentials. However, since a potential is defined up to an additive constant,
this limitation is inessential if the configuration space is compact.

Theorem 3.15. Let (M, 〈 , 〉, V, Ω) be a mechanical system with a closed form
of gyroscopic forces Ω. If M is compact, then there exists a principal bundle
with base space M and structure symmetry group T

k, k � rankH2(M, R),
such that after the reduction according to Routh, for some constant value
JTk = c of the momentum map we have the equalities Vc = V +const, Ωc = Ω.

This assertion was proved by Bolotin (see [124]).
If Ω = 0, then for the fibre bundle in Theorem 3.15 we can take the direct

product M × S1{ϕ mod 2π} with the metric 〈ẋ, ẋ〉 + ϕ̇2/U(x), where 〈 , 〉 is
the Riemannian metric on M . The coordinate ϕ is cyclic; the corresponding
cyclic integral is ϕ̇/U = c. Routh’s function is Rc = 〈ẋ, ẋ〉/2 − c2U/2. For
c =

√
2 we have a natural system on M × S1/S1 �M with potential U .

3.2.2 Order Reduction (Hamiltonian Aspect)

Let F : M → R be a first integral of a Hamiltonian system with Hamilton-
ian H.

Proposition 3.2. If dF (z) �= 0, then in some neighbourhood of the point
z ∈ M there exist symplectic coordinates x1, . . . , xn, y1, . . . , yn such that
F (x, y) = y1 and ω =

∑
dyk ∧ dxk.

This assertion is the Hamiltonian version of the theorem on rectification
of trajectories.

In the coordinates x, y the function H is independent of x1. Consequently,
if we fix a value F = y1 = c, then the system of equations

ẋk = H ′
yk
, ẏk = −H ′

xk
(k � 2)

is a Hamiltonian system with n − 1 degrees of freedom. Thus, one integral
allows us to reduce the dimension of the phase space by two units: one unit
vanishes when the value F = c is fixed, and another vanishes due to the elim-
ination of the cyclic variable x1 along the orbit of the action of the symmetry
group {gα

F }. This remark can be generalized: if a Hamiltonian system has s
independent integrals in involution, then it can be reduced to a system with
n− s degrees of freedom. We remark that an effective use of the first integral
F for order reduction is held up by the problem of finding the orbits of the
group {gα

F }, which is related to integration of the Hamiltonian system with
Hamiltonian F .
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If the algebra of integrals is non-commutative, then the dimension of the
Hamiltonian system can be reduced by at least double the maximum dimen-
sion of a commutative subalgebra. The number of commuting integrals can
sometimes be increased by considering nonlinear functions of the first inte-
grals.

Example 3.12. In the problem of the motion of a point in a central field
in R

3 the algebra of first integrals has a subalgebra isomorphic to the Lie
algebra so(3). All of its commutative subalgebras are one-dimensional. Let
Mi be the projection of the angular momentum of the point onto the ith
axis of a Cartesian orthogonal coordinate system. It is easy to verify that the
functions M1 and M2 =

∑
M2

i are independent and commute. Thus, this
problem reduces to the study of a Hamiltonian system with one degree of
freedom. 


This method of order reduction for Hamiltonian systems is due to Poincaré,
who applied it in various problems of celestial mechanics. This is essentially
the Hamiltonian version of the order reduction according to Routh. If the al-
gebra of integrals is non-commutative, then Poincaré’s method does not make
full use of the known integrals. This shortcoming of Poincaré’s method was
overcome by Cartan, who studied the general case of an infinite-dimensional
Lie algebra of the first integrals (see [18]). More precisely, Cartan considered
a Hamiltonian system (M, ω2, H) with first integrals F1, . . . , Fk such that
{Fi, Fj} = aij(F1, . . . , Fk). The set of integrals F1, . . . , Fk defines the nat-
ural map F : M → R

k. In the general case the functions aij : R
k → R are

nonlinear.

Theorem 3.16 (Lie–Cartan). Suppose that a point c ∈ R
k is not a critical

value of the map F and has a neighbourhood where the rank of the matrix
(
aij

)

is constant. Then in a small neighbourhood U ⊂ R
k of the point c there exist k

independent functions ϕs : U → R such that the functions Φs = ϕs ◦F : N →
R, where N = F−1(U), satisfy the following relations:

{Φ1, Φ2} = · · · = {Φ2q−1, Φ2q} = 1 (3.7)

and all the other brackets are {Φi, Φj} = 0. The number 2q is equal to the
rank of the matrix

(
aij

)
.

A proof can be found in [18]. Using this theorem we can now easily re-
duce the order. Suppose that a point c = (c1, . . . , ck) satisfies the hypothe-
ses of Theorem 3.16. Then, in particular, the level set Mc = {x ∈ M :
Φs(x) = cs, 1 � s � k} is a smooth submanifold of M of dimension 2n − k,
where 2n = dimM . Since the functions Φ2q+1, . . . , Φk commute with all the
functions Φs, 1 � s � k, their Hamiltonian fields are tangent to the mani-
fold Mc. If these Hamiltonian fields are not hampered3 on Mc, then defined
3 A vector field is said to be not hampered if the motion with this field as the

velocity field is defined on the time interval (−∞, ∞).
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on Mc there is the action of the commutative group R
l, l = k− 2q, generated

by the phase flows of Hamilton’s equations with Hamiltonians Φs, s > 2q.
Since the functions Φs are functionally independent, the group R

l acts on Mc

without fixed points. If its orbits are compact (then they are l-dimensional
tori), then the quotient space Mc/R

l = M̃c is a smooth manifold called the
reduced phase space. Since dim M̃c = (2n−k)− l = 2(n−k+ q), the manifold
M̃c is always even-dimensional.

On the reduced phase space there exists a natural symplectic structure ω2,
which can be defined, for example, by a non-degenerate Poisson bracket {̃ , }.
Let A, B : M̃c → R be smooth functions. They can be lifted to smooth func-
tions ′A, ′B defined on the level manifold Mc ⊂ M . Let Ã, B̃ be arbitrary
smooth functions on M whose restrictions to Mc coincide with ′A, ′B. We
finally set {Ã, B} = {Ã, B̃}.

Lemma 3.4. The bracket {̃ , } is well defined (it is independent of the exten-
sions of the smooth functions from the submanifold M̃c to the whole of M)
and is a Poisson bracket on M̃c.

Let ′H be the restriction of the Hamiltonian function H to the integral
level Mc. Since the function ′H is constant on the orbits of the group R

l, there
exists a smooth function H̃ : Mc/R

l → R such that the diagram

Mc
pr−→ M̃c

′H↘ ↙H̃
R

is commutative.

Definition 3.10. The Hamiltonian system (M̃c, ω̃
2, H̃) is called the reduced

Hamiltonian system.

Theorem 3.17. A smooth map γ : ∆ → M with F (γ(t)) = c is a motion of
the Hamiltonian system (Mc, ω

2, H) if and only if the composition pr ◦ γ :
∆→ M̃c is a motion of the reduced Hamiltonian system (M̃c, ω̃

2, H̃).

� This theorem can be established by the following considerations. For-
mulae (3.7) show that the functions Φ1, . . . , Φk form a part of symplec-
tic coordinates in a neighbourhood of the submanifold Mc. More precisely,
in a small neighbourhood of every point of Mc one can introduce sym-
plectic coordinates x1, . . . , xn, y1, . . . , yn so that xi = Φ2i−1, yi = Φ2i if
i � q, and yi = Φi if i > 2q. This assertion is a consequence of the
well-known “completion lemma” of Carathéodory (see [10]). Since the func-
tions Φs are first integrals, in variables x, y the Hamiltonian has the form
H(y, x) = H(yq+1, . . . , yn, xk−q+1, . . . , xn). It remains to fix the values of the
cyclic integrals yq+1, . . . , yk−q and observe that the variables xs, ys (s > k−q)
are local coordinates on M̃c in which the form ω̃2 becomes “canonical”:∑

s>k−q dxs ∧ dys. �
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Remark 3.1. Since the k − q first integrals Φ2, . . . , Φ2q, Φ2q+1, . . . , Φk com-
mute, one can use them for reducing the order of the Hamiltonian system ac-
cording to Poincaré. The dimension of the local phase space of the reduced sys-
tem will be equal to 2n−2(k−q), that is, to the dimension of the manifold M̃c.
Moreover, by Theorem 3.16 the order reductions according to Poincaré and ac-
cording to Cartan give locally the same result, but the reduction by Poincaré’s
method can be carried out globally only under more restrictive conditions.

In degenerate cases the rank of the matrix of Poisson brackets
(
{Fi, Fj}

)

can of course drop. One can carry out the order reduction by Cartan’s scheme
also in this situation if in addition the integrals F1, . . . , Fk are assumed to
generate a finite-dimensional algebra (the functions aij : R

k → R are linear).
Indeed, suppose that we have a Poisson action of the group G on the sym-
plectic manifold (M, ω2). Consider the set Mc = P−1(c), the inverse image
of some point c ∈ G ∗ under the momentum map P : M → G ∗. If c is not
a critical value of the momentum map P , then Mc is a smooth submanifold
of M . Since the action of the group G is Poisson, by Proposition 3.1 the ele-
ments of G take the integral levels Mc one to another. Let Gc be the isotropy
subgroup at a point c ∈ G ∗ consisting of the g ∈ G such that Adg∗c = c. The
group Gc is a Lie group acting on Mc. If the orbits of Gc on Mc are compact,
then the reduced phase space M̃c = Mc/Gc is a smooth manifold. Then we
can define the reduced Hamiltonian system (M̃c, ω̃

2, H̃) by repeating word for
word the construction of order reduction according to Cartan. The connection
between the original and reduced Hamiltonian systems is again described by
Theorem 3.17. The proofs can be found in the works of Souriau [565] and
Marsden and Weinstein [411].

Example 3.13. The motion of a material point of unit mass in a central
field can be described by the Hamiltonian system in R

6 = R
3{x} × R

3{y}
with the standard symplectic structure and Hamiltonian function H(y, x) =
|y|2/2 + U(|x|). We fix the constant angular momentum vector x × y = µ
(µ �= 0). We may assume that µ = ce3, where e3 = (0, 0, 1) and c > 0. The
level set Mc is given by the equations x3 = y3 = 0, x1y2 − x2y1 = c. Clearly
the vector µ is invariant under the group SO(2) of rotations around the axis
with unit vector e3. To carry out the reduction with respect to this group we
introduce in the plane R

2 the polar coordinates r, ϕ and the corresponding
canonical conjugate variables pr, pϕ:

x1 = r cos ϕ, y1 = pr cos ϕ− pϕ

r
sin ϕ,

x2 = r sin ϕ, y2 = pr sin ϕ+
pϕ

r
cos ϕ.

Obviously, in the new variables the set Mc is given by the equations x3 =
y3 = 0, pϕ = c. The reduction with respect to the group SO(2) amounts
to the elimination of the angle variable ϕ. Thus, the reduced phase space
M̃c = Mc/SO(2) is diffeomorphic to R

+{r} × R{pr}; it is equipped with the
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reduced symplectic structure ω̃2 = dpr∧dr. The reduced Hamiltonian has the
form H̃ = (p2

r + c2r−2)/2 + U(r). 


If an element c ∈ G ∗ is generic (the matrix
(
aij

)
has maximum rank4),

then the group Gc is commutative; the order reduction conducted by this
scheme gives the same result as the reduction according to Cartan. If c = 0,
then the rank of the matrix

(
aij

)
drops to zero and the integral manifold M0

has the most “symmetric” structure: the isotropy subgroup G0 coincides with
the entire group G. In this case we have the maximal possible reduction of the
order of the Hamiltonian system by 2k = 2 dimG units (cf. Theorem 3.13).

Let (N, 〈 , 〉, V ) be a natural mechanical system, and G a compact commu-
tative symmetry group (isomorphic to T

k) acting freely on the configuration
space N . We can regard this system as a Hamiltonian system with symmetries
on M = T ∗N and apply our scheme of order reduction. There is a Poisson
action of the group G on T ∗N ; since this action is free, every value c ∈ G ∗ of
the momentum map is regular. Consequently, the smooth integral level man-
ifold Mc is defined (of codimension k = dimG in M), and the reduced phase
space M̃c (whose dimension is smaller by 2k than the dimension of M). On the
other hand, we can define the smooth reduced configuration space Ñ as the
quotient of N by the orbits of the action of G. Moreover, for the same value
c ∈ G ∗ we have the “seminatural” reduced Lagrangian system (Ñ , 〈̃ , 〉, Ṽc, Ωc)
(see § 3.1.2, Theorem 3.13). It is appropriate to define the reduced Lagrangian
L̃ : TÑ → R as the function given by the equality L̃(ẋ) = 〈˜̇x, ẋ〉/2 + Ṽc(x).

Theorem 3.18. For every c ∈ G ∗ there exists a diffeomorphism f : M̃c →
T ∗Ñ such that

1) f∗ω̃2 = Ω +Ωc, where Ω is the standard symplectic structure on T ∗N ,

2) the function f ◦ H̃ : T ∗Ñ → R is the Legendre transform of the reduced
Lagrangian defined by the metric 〈̃ , 〉.

Corollary 3.6. The manifold M̃0 is symplectically diffeomorphic to T ∗N .

If the group G is non-commutative, then the reduced phase space M̃c in
general does not coincide with the cotangent bundle of any smooth manifold.

Suppose that we have a free Poisson action of a commutative group G on
a symplectic manifold (M, ω2). In this case the passage to the reduced mani-
fold (M̃c, ω̃

2) can also be realized as follows. Consider the quotient manifold
N = M/G and the bracket ′{ , } on it which is the original Poisson bracket
{ , } pushed down to N . It is easy to see that the bracket ′{ , } is degenerate.

4 In the case of a Poisson algebra of integrals one should, perhaps, better speak
about the rank of the bilinear form {FX , FY } , X, Y ∈ G .
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If P : M → G ∗ is the momentum map, then there exists a smooth map
P̃ : N → G ∗ such that the diagram

M
pr−→ N

P↘ ↙P̃
G ∗

is commutative. Since G acts freely, a point c ∈ G ∗ is a critical value of the
map P if and only if c is a critical value of P̃ . Assuming that c ∈ G ∗ is a reg-
ular point we consider the smooth manifold Nc = P̃−1(c) and the restriction
of the bracket ′{ , } to Nc.

Proposition 3.3. The restriction of the bracket ′{ , } to Nc defines a sym-
plectic structure ′ω2, and the manifolds (M̃c, ω̃

2) and (Nc,
′ω2) are symplec-

tically diffeomorphic.

This remark can be generalized to the case of a non-commutative group G,
but taking the quotient of M with respect to the whole group G must be
replaced by the reduction with respect to the centre of G.

Example 3.14. In the problem of rotation of a rigid body with a fixed point
we have M = TSO(3) = SO(3) × R

3. If the body rotates in an axially
symmetric force field, then there is the one-parameter symmetry group G =
SO(2). The quotient manifold M/SO(2) is diffeomorphic to S2 × R

3. The
equations of motion on this five-dimensional manifold can be written as the
Euler–Poisson equations

k̇ + ω × k = V ′ × e, ė + ω × e = 0 (|e| = 1),

where k = Aω is the angular momentum and V : S2 → R is the force function
(see § 1.2). The bracket ′{ , } in S2 ×R

3 is defined by the following formulae:

′{ω1, ω2} = −A3ω3

A1A2
, . . . , ′{ω1, e1} = 0,

′{ω1, e2} = − e3
A1

, ′{ω1, e3} =
e2
A1

, . . . , ′{ei, ej} = 0.
(3.8)

The Euler–Poisson equations have the integral 〈k, e〉 = c generated by
the symmetry group SO(2). We fix a constant value of this integral and
consider the four-dimensional integral level Nc = {ω, e : 〈Aω, e〉 = c,
〈e, e〉 = 1}, which is diffeomorphic to the tangent bundle of the Poisson
sphere S2 = {e ∈ R

3 : 〈e, e〉 = 1}. We set ω = ′ω + ce/〈Ae, e〉; the vector
′ω is a horizontal tangent vector in the canonical connection of the principal
bundle (SO(3), S2, SO(2)) generated by the invariant Riemannian metric
〈Aω, ω〉/2. The projection SO(3) → S2 allows us to identify the horizontal
vectors ′ω with the tangent vectors to the Poisson sphere. Let 〈̃ , 〉 be the
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quotient metric on S2 given by 〈′̃a, ′b〉 = 〈′a, A′b〉. The Lagrange function of
the reduced system is obviously equal to

1
2
〈Aω, ω〉 + V (e) =

1
2

〈
′̃ω, ′ω

〉
+ Ṽc(e),

where Ṽc = V − c2/2〈Ae, e〉 is the effective force function. In the variables
′ω, e the standard symplectic structure on T ∗S2 is given by (3.8). For c �= 0
the reduced structure on T ∗S2 can also be defined by (3.8), only summands
proportional to the constant c must be added to the right-hand sides. 


3.2.3 Examples: Free Rotation of a Rigid Body
and the Three-Body Problem

First we consider the Euler problem of the free rotation of a rigid body around
a fixed point (see § 1.2.4). Here M = TSO(3) = SO(3) × R

3, the symmetry
groupG is the rotation group SO(3); the corresponding Poisson algebra of first
integrals is isomorphic to the Lie algebra so(3). We fix a value of the angular
momentum c ∈ G ∗ � R

3 and consider the integral level Mc = P−1
SO(3)(c). It is

easy to show that for any value of c the set Mc is a three-dimensional manifold
diffeomorphic to the space of the group SO(3). The isotropy group Gc is the
one-dimensional group SO(2) of rotations of the rigid body in the stationary
space around the constant vector of angular momentum. The reduced phase
space M̃c = SO(3)/SO(2) is diffeomorphic to the two-dimensional sphere.

This reduction can be realized, for example, as follows. Since the Hamil-
tonian vector field on M admits the group G, this field can be pushed down
to the quotient space M/G � R

3. The differential equation emerging on R
3

is the Euler equation

k̇ + ω × k = 0, ω = A−1k.

This equation can be represented in the Hamiltonian form Ḟ = {F, H}, where
H = 〈k, ω〉/2 is the kinetic energy of the rigid body, and the bracket { , } is
defined by the equalities {k1, k2} = −k3, {k2, k3} = −k1, {k3, k1} = −k2.
However, this bracket is degenerate: the function F = 〈k, k〉 commutes with
all the functions defined on R

3 = {k}. We obtain a non-degenerate Poisson
bracket by restricting the bracket { , } to the level surface F = |c|2, which
is diffeomorphic to the two-dimensional sphere S2. The required Hamiltonian
system arises on the symplectic manifold S2; its Hamiltonian function is the
total energy 〈k, ω〉/2 restricted to S2.

We now describe the classical method of reducing the Euler problem to a
Hamiltonian system with one degree of freedom based on the special canonical
variables. Let oXY Z be a stationary trihedron with origin at the fixed point,
and let oxyz be the moving coordinate system (the principal inertia axes of
the body). A position of the rigid body in the fixed space is determined by the
three Euler angles: ϑ (nutation angle) is the angle between the axes oZ and oz,
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ϕ (proper rotation angle) is the angle between the axis ox and the intersection
line of the planes oxy and oXY (called the line of nodes), ψ (precession angle)
is the angle between the axis oX and the line of nodes. The angles ϑ, ϕ, ψ
form a coordinate system on SO(3) similar to the geographical coordinates
on a sphere, which is singular at the poles (where ϑ = 0, π) and multivalued
on one meridian. Let pϑ, pϕ, pψ be the canonical momenta conjugate to the
coordinates ϑ, ϕ, ψ. If the rigid body rotates in an axially symmetric force
field with symmetry axis oZ, then the Hamiltonian function is independent
of the angle ψ. The order reduction in this case can be interpreted as the
“elimination of the node”, that is, the elimination of the cyclic variable ψ
which defines the position of the line of nodes in the fixed space.

Fig. 3.1. Special canonical variables

We now introduce the “special canonical variables” L, G, H, l, g, h. Let
Σ be the plane passing through the point o and perpendicular to the angular
momentum vector of the body. Then L is the projection of the angular mo-
mentum onto the axis oz, G is the magnitude of the angular momentum, H
is the projection of the angular momentum onto the axis oZ, l is the angle
between the axis ox and the intersection line of Σ and the plane oxy, g is the
angle between the intersection lines of Σ and the planes oxy and oXY , h is the
angle between the axis oX and the intersection line of Σ and the plane oXY .

Proposition 3.4. The transformation (ϑ, ϕ, ψ, pϑ, pϕ, pψ) �→ (l, g, h, L, G, H)
is “homogeneous” canonical:

pϑ dϑ+ pϕ dϕ+ pψ dψ = L dl +G dg +H dh.
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This assertion is due to Andoyer; non-canonical variables similar to the
elements L, G, H, l, g, h were used by Poisson in the analysis of the rotational
motion of celestial bodies [65].

It is easy to obtain from the definition of the special canonical variables
that A1ω1 =

√
G2 − L2 sin l, A2ω2 =

√
G2 − L2 cos l, and A3ω3 = L. Conse-

quently, in the Euler problem the Hamiltonian function reduces to the form

1
2
(
A1ω

2
1 +A2ω

2
2 +A3ω

2
3

)
=

1
2

(
sin 2l

A1
+

cos 2l

A2

)

(G2 − L2) +
L2

2A3
.

For a fixed value of the magnitude of the angular momentum G0, the variables
L, l vary within the annulus |L| � G0, l mod 2π. The level lines of the
Hamiltonian function are shown in Fig. 3.2. The curves L = ±G0 correspond
to the singular points of the Euler equations – the permanent rotations of the
body around the inertia axis oz. It is natural to regard the variables L, l as
geographical symplectic coordinates on the reduced phase space S2.

Fig. 3.2.

We now consider from the viewpoint of order reduction the three-body
problem, which has 9 degrees of freedom (in the spatial case). We shall show
that using the six integrals of momentum and angular momentum one can re-
duce the equations of motion of the three gravitating bodies to a Hamiltonian
system with 4 degrees of freedom. Using also the energy integral we conclude
that the three-body problem reduces to studying a dynamical system on a
certain seven-dimensional manifold. In the case where the three bodies are
permanently situated in a fixed plane, the dimension of this manifold is equal
to five. These results go back to Lagrange and Jacobi.

We pass to a barycentric coordinate system and first use the three-dimen-
sional commutative group of translations. Using this group we reduce the
dimension of Hamilton’s equations of motion from 18 to 12. The resulting re-
duced system, as the original one, has the symmetry group G = SO(3). Fixing
a value of the angular momentum we arrive at the equations of motion on a
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nine-dimensional integral manifold. Taking its quotient by the isotropy sub-
group of rotations around the constant angular momentum vector we obtain
the required Hamiltonian system with eight-dimensional phase space. Now
the question is how this reduction can be carried out explicitly.

First we eliminate the motion of the centre of mass. Let rs be the position
vectors of the point masses ms in a barycentric frame of reference, so that∑
msrs = 0. In order to use this relation for order reduction of the differential

equations of motion

msr̈s = V ′
rs

(1 � s � 3), V =
∑

i<j

mimj

rij
, (3.9)

we introduce the relative position vectors ξ = r2 − r1, η = r3 − ζ, where
ζ = (m1r1 +m2r2)/(m1 +m2) is the centre of mass of the points m1 and m2.
We set µ = m1m2/(m1 +m2) and ν = (m1 +m2)m3/

∑
ms.

Fig. 3.3. Elimination of the centre of mass in the n-body problem

Proposition 3.5. If rs(t) is a motion of the gravitating points, then the func-
tions ξ(t) and η(t) satisfy the equations

µξ̈ = W ′
ξ, νη̈ = W ′

η, W (ξ, η) = V
∣
∣
ξ, η

. (3.10)

These equations have the first integral

µ(ξ × ξ̇) + ν(η × η̇) =
∑

ms(rs × ṙs) = c.

Equations (3.10) describe the motion of the “fictitious” material points
with masses µ, ν. Proposition 3.5 can be easily generalized to the case of any
n > 3. Equations (3.10) with 6 degrees of freedom are of course Hamiltonian.

Elimination of the angular momentum (“elimination of the node”) can be
carried out for equations (3.10). However, it is easier to state the final result
independently in a symmetric form with respect to the masses m1, m2, m3.
Let Σ be the “Laplacian invariant plane”: it contains the barycentre and
is perpendicular to the constant angular momentum c. Let Π be the plane
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passing through the points m1, m2, m3. We denote by ϑi the angle of the
triangle m1m2m3 at the vertex mi, and by ∆ the area of this triangle. We
have the formulae

sin ϑi =
2∆
ρjρk

, cos ϑi =
ρ2

i − ρ2
j − ρ2

k

2ρjρk
, ∆ =

Π
√
ρj + ρk − ρi

4
√∑

ρs

, (3.11)

where i, j, k are allowed to be only the three cyclic permutations of the indices
1, 2, 3, and ρi is the length of the side of the triangle opposite the vertex mi.
Let γ be the angle between the planes Π and Σ; in the planar motion, γ ≡ 0.

Proposition 3.6. For a fixed value c =
∑

ms(rs × ṙs) of the angular mo-
mentum, in barycentric coordinates the equations of the three-body problem
reduce to the following Hamilton’s equations with four degrees of freedom:

Γ̇ = −H ′
γ , γ̇ = H ′

Γ ; Ṗs = −H ′
ρs
, ρ̇s = H ′

Ps
(1 � s � 3); (3.12)

H(Γ, P1, P2, P3, γ, ρ1, ρ2, ρ3) =

=
|c|2 sin γ

4∆

∑ ρ2
s

ms
sin 2

(
Γ

|c| sin γ +
ϑj − ϑk

3

)

+
∑ P 2

j + P 2
k − 2PjPk cos ϑi

2mi
+ |c| cos γ

∑(
Pj

ρk
− Pk

ρj

)
sin ϑi

3mi

+ |c|2 cos 2γ
∑ ρ2

j + ρ2
k − ρ2

i /2
36miρ2

jρ
2
k

−
∑ mjmk

ρi
,

where the quantities ∆, ϑ1, ϑ2, and ϑ3 are expressed by formulae (3.11) as
functions of ρ1, ρ2, ρ3, and

∑
fijk denotes the sum f123 + f231 + f312.

This proposition is due to van Kampen and Wintner [301]. The proof is
based on elementary but cumbersome calculations. The expressions of the
momenta Γ , Ps in terms of the coordinates and velocities of the gravitating
points are very cumbersome and usually are not used.

When the motion is planar, then the first two equations (3.12) reduce to
the equalities Γ = γ = 0 and we obtain a Hamiltonian system with three
degrees of freedom.

If c = 0, then equations (3.12) form a natural Hamiltonian system with
three degrees of freedom (cf. Theorem 3.13).

3.3 Relative Equilibria and Bifurcation
of Integral Manifolds

3.3.1 Relative Equilibria and Effective Potential

We again return to the study of a Hamiltonian system (M, ω2, H) admit-
ting a symmetry group G with a Poisson action on the phase space M . Let
(M̃, ω̃2, H̃) be the reduced Hamiltonian system in the sense of § 3.2.2.
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Definition 3.11. The phase curves of the Hamiltonian system on M with a
constant value PG = c of the momentum map that are taken by the projection
M → M̃c to equilibrium positions of the reduced Hamiltonian system are
called relative equilibria or stationary motions.

Example 3.15. Consider the rotation of a rigid body in an axially symmetric
force field. Let c be a fixed value of the angular momentum of the body with
respect to the symmetry axis of the force field. The equations of motion of
the reduced system can be represented in the form

Aω̇ = Aω × ω − e × V ′, ė = e × ω; 〈Aω, e〉 = c, 〈e, e〉 = 1, (3.13)

where V (e) is the force function. At an equilibrium position of the reduced
system we obviously have e = const and therefore ω = λe. The factor λ
can be uniquely determined from the equation 〈Aω, e〉 = c, which gives λ =
c/〈Ae, e〉. Since e = const, the angular velocity ω is also constant. From the
first equation (3.13) we obtain the following equation for finding the relative
equilibria with the angular momentum c:

c2(Ae × e) + (V ′ × e)〈Ae, e〉2 = 0, 〈e, e〉 = 1.

This result was first noted by Staude in 1894. In a stationary motion (a relative
equilibrium) the rigid body rotates uniformly around the symmetry axis of
the force field with the angular velocity |ω| = |c|/〈Ae, e〉. 


Proposition 3.7. A phase curve x(t) of the Hamiltonian system (M, ω2, H)
with the symmetry group G is a relative equilibrium if and only if x(t) =
gt(x(0)), where {gt} is a one-parameter subgroup of G.

� If x(t) = gt(x0) and {gt} is a subgroup of G, then the projection M → M̃c

takes the solution x(t) to an equilibrium position of the reduced system. Con-
versely, suppose that x(t) = ht(x0) is a relative equilibrium of the Hamil-
tonian system with Hamiltonian H satisfying the initial condition x(0) = x0.
We claim that {ht} is a subgroup of G. Let {gt} be a one-parameter subgroup
of G such that

d

dt

∣
∣
∣
∣
t=0

gt(x0) = ẋ(0)
(

=
d

dt

∣
∣
∣
∣
t=0

ht(x0)
)

. (3.14)

SinceG is a symmetry group, the groups {hs} and {gt} commute and therefore
x(t) = gt(x0) by (3.14). �

In Example 3.15 above, the trajectories of stationary motions are the orbits
of the group SO(2) of rotations of the body around the symmetry axis of the
field.

For natural mechanical systems with symmetries one can state a more
effective criterion for a motion to be stationary. Let (M, 〈 , 〉, V ) be a mechan-
ical system with a symmetry group (in the sense of § 3.2.1): the manifold M
is the space of a principal bundle with base space N and structure group G.
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Proposition 3.8. If the symmetry group G is commutative, then y ∈ N is a
relative equilibrium position (that is, the projection of a relative equilibrium
onto the base N) with momentum constant c ∈ G ∗ if and only if y is a critical
point of the effective potential Ũc : N → R.

This assertion follows from Theorem 3.14 and the definition of a relative
equilibrium. For example, since any smooth function on the sphere has at
least two critical points, Proposition 3.8 implies the following.

Corollary 3.7. The problem of rotation of a rigid body with a fixed point in
any axially symmetric force field has at least two distinct stationary rotations
for every value of the angular momentum.

One can estimate the number of distinct stationary motions in the general
case, for example, using Morse’s inequalities. However, it is usually possible
to obtain more precise information in concrete problems (see §§ 3.3.3–3.3.4).

3.3.2 Integral Manifolds, Regions of Possible Motion,
and Bifurcation Sets

Let (M, ω2, H, G) be a Hamiltonian system with a Poisson symmetry groupG.
Since the Hamiltonian H is a first integral, it is natural to combine this func-
tion with the momentum integrals P : M → G ∗ and consider the smooth
energy–momentum map H × P : M → R× G ∗.

Definition 3.12. We define the bifurcation set Σ of the Hamiltonian system
(M, ω2, H, G) as the set of points in R× G ∗ over whose neighbourhoods the
map H × P is not a locally trivial bundle.

In particular, the set Σ′ of critical values of the energy–momentum map is
contained in Σ. However, in the general case the set Σ is not exhausted by Σ′.
An example is provided by the bifurcation set of Kepler’s problem considered
in § 2.1.

Proposition 3.9. The critical points of the map H × P : M → R × G ∗ on a
regular level of the momentum map coincide with the relative equilibria.

This simple assertion proves to be useful in the study of the structure of
bifurcation sets.

Definition 3.13. For fixed values of the energy h ∈ R and the momentum
map c ∈ G ∗ the set Ih,c = (H × P )−1(h, c) is called the integral manifold of
the Hamiltonian system (M, ω2, H, G).

It is obvious that the integral levels Ih,c may not be smooth manifolds only
for (h, c) ∈ Σ. Since the action of the group G preserves the function H, the
isotropy group Gc acts on the level Ih,c and therefore the quotient manifold
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Ĩh, c = Ih, c/Gc is defined. If c is a regular value of the momentum map,
then Ĩh, c coincides with an energy level of the reduced Hamiltonian system
(M̃c, ω̃

2, H̃). It is therefore natural to call the set Ĩh, c the reduced integral
manifold . For example, in the spatial three-body problem typical manifolds
Ĩh,c are seven-dimensional, and in the planar problem their dimension is five.
Since the map H×P is a bundle over each connected component of R×G ∗\Σ,
the topological type of the integral manifolds Ĩh, c can change only as the point
(h, c) passes through the bifurcation set Σ.

Thus, the study of the original Hamiltonian system with symmetries re-
duces to the study of the map H ×P and the structure of the phase flows on
the reduced integral manifolds Ĩh, c.

We consider in more detail the structure of the energy–momentum map
for a natural mechanical system (M, 〈 , 〉, V ) with a symmetry group G; we
are not assuming the action of G on M to be free. Let Λ be the set of points
x ∈ M such that the isotropy subgroup Gx (consisting of g ∈ G such that
g(x) = x) has positive dimension. The set Λ is closed in M . For example, in
the spatial three-body problem Λ consists of collinear triples of points. In the
planar problem Λ reduces to the single point r1 = r2 = r3 = 0 (as usual we
assume that the barycentre is at the origin of reference).

Let J : ẋ → 〈ẋ, vX〉 be the momentum map. By Lemma 3.2, for every
point x ∈ M \ Λ and every c ∈ G ∗ there exists a unique vector wc(x) such
that J(wc) = c and 〈wc, vX〉 = 0 for all X ∈ G . In § 3.2.1 we defined the
effective potential Uc : M → R to be the function −V + 〈wc, wc〉/2.

Proposition 3.10. The effective potential has the following properties:

1) Uc(x) = min
v ∈ J−1

x (c)
H(v), where H(v) = 〈v, v〉/2 − V (x) is the total energy

of the system;
2) on M \ Λ the set of critical points of the map H : J−1(c) → R coincides

with wc(Γ ), where Γ is the set of critical points of the effective potential
Uc : M \ Λ→ R;

3) Σ′ = {(h, c) : h ∈ Uc(Γ )};
4) π(Ih, c) = U−1

c (−∞, h], where π : TM →M is the projection.

This proposition was stated by Smale; in concrete situations it had been
used even earlier by various authors. Part 2) refines Proposition 3.9.

Definition 3.14. The set π(Ih, c) ⊂M is called the region of possible motion
for the fixed values of the energy h and the momentum map c.

If the group G is commutative, then part 4) of Proposition 3.10 can be
replaced by

4′) π′(Ĩh, c) ⊂ Ũ−1
c (−∞, h], where π′ : TN → N is the projection, N = M/G

is the reduced configuration space, and Ũc : N → R is the effective poten-
tial.



130 3 Symmetry Groups and Order Reduction

If M is compact, then Σ = Σ′ and inclusion in 4′) can be replaced by
equality. In the non-compact case this is no longer true: a counterexample
is provided by the spatial n-body problem. It is interesting to note that in
the planar n-body problem the region of possible motion is described by the
inequality Uc � h (Proposition 1.8 in § 1.1.5).

3.3.3 The Bifurcation Set in the Planar Three-Body Problem

Proposition 3.11. For any given set of masses in the planar three-body prob-
lem,

(1) in the coordinates h, c, the set of critical values Σ′ of the map H × J :
TM → R

2 consists of the four cubic curves given by equations of the form
hc2 = αi < 0 (1 � i � 4),

(2) the bifurcation set Σ consists of Σ′ and the coordinate axes h = 0 and
c = 0.

� If U is the potential energy in the three-body problem, then the effective
potential Uc is clearly equal to U + c2/2I, where I is the moment of inertia
of the points with respect to their barycentre (cf. § 1.1). In a relative equilib-
rium, dU is proportional to dI and therefore the three points form a central
configuration (see § 2.3.1). For a fixed value c �= 0 there are exactly five such
configurations: three collinear and two triangular. In the latter case the tri-
angle is necessarily equilateral and these two triangular configurations differ
only in the order of the gravitating points. Let ω be the constant angular
velocity of rotation of a central configuration. Then, obviously, |c| = I|ω|,
T = Iω2/2, and

h = T + U =
c2

2I
+ U.

Since all the configurations of this type are similar, we can assume that I =
α2I0 and U = α−1U0. The similarity ratio α can be found from the equality
2T = U , which is a consequence of Lagrange’s identity Ï = 2T − U . The
coefficient α is equal to c2/I0U0 and therefore hc2 = αs < 0 in a relative
equilibrium. By part 2) of Proposition 3.10 the bifurcation set Σ includes
the curves defined by the equations hc2 = αs (1 � s � 5). Among the five
numbers α1, . . . , α5 at least two are equal (they correspond to the triangular
solutions of Lagrange). The bifurcation set obviously includes also the straight
lines h = 0, c = 0 (as in Kepler’s problem). As shown by Smale, the set Σ
does not contain any other points (see [47]). �

Smale’s paper [47] contains information about the topological structure of
the integral manifolds in various connected components of the set R

2 \Σ.
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3.3.4 Bifurcation Sets and Integral Manifolds in the Problem
of Rotation of a Heavy Rigid Body with a Fixed Point

Let A1 � A2 � A3 be the principal moments of inertia of a rigid body, and
let x1, x2, x3 be the coordinates of the centre of mass relative to the principal
axes. If ω is the angular velocity of the body, and e the unit vertical vector
(both given in the moving space), then H = 〈Aω, ω〉/2 + ε〈x, e〉 and J =
〈Aω, e〉, where A = diag (A1, A2, A3). Our task is to describe the bifurcation
diagram Σ in the plane R

2 with coordinates h, c and the topological structure
of the reduced integral manifolds Ĩh, c. It is useful to consider first the special
degenerate case where ε = 0 (the Euler problem). The relative equilibria are
the critical points of the effective potential Ũc = c2/2〈Ae, e〉 on the unit sphere
〈e, e〉 = 1. If the body is asymmetric (A1 > A2 > A3), then there are exactly
six such points: (±1, 0, 0), (0,±1, 0), (0, 0,±1). These points correspond
to the uniform rotations of the rigid body around the principal axes. Since
ω = ce/〈Ae, e〉 in a relative equilibrium of the body (see Example 3.15), the
energy h and the angular momentum c are connected by one of the relations
h = c2/2As (1 � s � 3). Since the configuration space of the rigid body –
the group SO(3) – is compact, the bifurcation set Σ is the union of the three
parabolas (Fig. 3.4).

Fig. 3.4. Bifurcation diagram of the Euler problem

In the case of dynamical symmetry the number of parabolas diminishes;
if A1 = A2 = A3 = A, then Σ consists of the single parabola h = c2/2A. Let
Bh, c = {Ũc � h} be the region of possible motion on the Poisson sphere. The
classification of the regions Bh, c and the reduced integral manifolds Ĩh, c in
the Euler problem are given by the following.

Proposition 3.12. Suppose that A1 > A2 > A3. Then

1) if h < c2/2A1, then Bh, c = ∅ and Ĩh, c = ∅;

2) if c2/2A1 < h < c2/2A2, then Bh, c = D2 ∪D2 and Ĩh, c = 2S3;
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3) if c2/2A2 < h < c2/2A3, then Bh, c = D1 × S1 and Ĩh, c = S2 × S1;

4) if c2/2A3 < h, then Bh, c = S2 and Ĩh, c = SO(3).

The description of the topological structure of the reduced integral mani-
folds is based on the following observation: Ĩh, c is diffeomorphic to the fibre
bundle with base space Bh, c and fibre S1 such that the fibre over each point
of the boundary ∂Bh, c is identified with the point.

In the general case, where the centre of mass does not coincide with the
point of suspension, the problem of a complete description of the bifurca-
tion sets and integral manifolds is considerably more difficult. This prob-
lem was studied in detail in the papers of Katok [307], Tatarinov [579], and
Kuz’mina [363].

Fig. 3.5.

As an example we give a series of pictures in [579] which shows the mecha-
nism of the transformation of the bifurcation diagram when the centre of mass
passes from a generic position in the plane x3 = 0 to the axis x1 = x2 = 0.
The numbers in these pictures indicate the “multivalued genus” of the re-
gions of possible motion on the Poisson sphere. We say that a connected
region Bh, c has genus l if Bh, c is diffeomorphic to the sphere S2 from which l
non-intersecting open discs are removed. If a region of possible motion is dis-
connected, then we assign to it the multivalued genus l1, l2, . . . , where the ls
are the genera of its connected components. (Since in the situation under con-
sideration the numbers ls are at most three, no confusion arises.) The topology
of the integral manifolds is uniquely determined by the structure of the regions
of possible motion (their genera). The topological structure of maps defined
by integrals (for example, momentum maps or energy–momentum maps) is
described by the complex whose points are the connected components of the
level manifolds of the integrals. For example, for a Hamiltonian system with
one degree of freedom whose phase space is simply connected (a disc or a
sphere S2) this complex turns out to be a tree (the level lines of a function
with two maxima and one saddle, like the mountain El’brus, form a complex
homeomorphic to the letter Y). For a phase space that is a surface of genus g
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the resulting graph has g independent cycles (the simplest function on a torus
gives rise to a complex homeomorphic to the letter A).

If the number of independent integrals r is greater than 1, then the complex
of connected components is no longer a graph but an r-dimensional “surface”
with singularities.

The topological invariants of the components are “functions” on this com-
plex. The study of the topological structure of integrable problems should be
accompanied by the description of these complexes and “functions” on them.
But this has not been done even for the simplest classical integrable systems,
notwithstanding hundreds of publications (often erroneous) describing their
topological structure.



4

Variational Principles and Methods

One of the fundamental objects of classical mechanics is a Lagrangian system
– a pair (M, L), where M is a smooth manifold (the configuration space of
the mechanical system), and L a smooth function on the tangent bundle TM
(the Lagrange function or Lagrangian). One can also consider a more general
case where L depends explicitly on time t. Motions of the Lagrangian system
are the smooth paths x : [t1, t2] →M that are critical points of the functional
(action according to Hamilton)

F =

t2∫

t1

L dt

in the class of paths with fixed ends (Hamilton’s principle).
In the simplest and most prevalent case of “natural” mechanical sys-

tems the Lagrangian is given by the function 〈ẋ, ẋ〉/2 − U(x), where 〈 , 〉
is a Riemannian metric on M (double the kinetic energy) and U : M → R

is the potential energy of the force field. According to the celebrated Mau-
pertuis principle of least action, the trajectories of motions with total en-
ergy 〈ẋ, ẋ〉/2 + U(x) = h are the geodesics of the Jacobi metric ds =√

2(h− U)〈ẋ, ẋ〉. By the energy integral, motion takes place in the domain
where the function h−U is non-negative. If sup

M
(U) < h, then the description

of motions of the natural system reduces to a problem of Riemannian geome-
try. From the viewpoint of oscillation theory the opposite case is more interest-
ing, where the equality U = h holds at some points on M . The Jacobi metric
degenerates at these points. Of considerable interest are the problems of exis-
tence of closed trajectories with ends on the boundary {x ∈M : h− U = 0}.
The relevant results are expounded in §§ 4.1–4.2.

If the summand ω(ẋ) is added to the Lagrangian L = 〈ẋ, ẋ〉/2 − U(x),
where ω is some 1-form on M , then we obtain the next in complexity class
of mechanical systems. This class is studied in § 4.3. Recall that dω is called
the 2-form of gyroscopic forces (see Ch. 3). Gyroscopic forces appear in the
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passage to a rotating frame of reference, in the Routh reduction of the number
of degrees of freedom of a system with symmetries, and in the description of
motion of charged bodies in a magnetic field. For various reasons the presence
of gyroscopic forces considerably complicates the problem of periodic motions.
Problems of existence of periodic trajectories are considered in § 4.3 also from
the viewpoint of the theory of dynamical systems.

In § 4.4 Hamilton’s principle is used to establish the existence of asymptotic
motions. The results of this section are applied for studying the stability of
periodic or almost periodic oscillation regimes.

We did not set ourselves an aim to give an exhaustive survey of papers
related to applications of variational calculus to classical mechanics on the
whole. We confined ourselves to the Lagrangian aspect of mechanics, leaving
aside the variational principle of the theory of Hamiltonian systems

δ

t2∫

t1

(y · ẋ−H) dt = 0.

In this variational problem of Hamilton, modified by Poincaré, symplec-
tic coordinates x, y (“momentum coordinates”) are regarded as independent
variables. The “action” functional defined on curves in the phase space is un-
bounded below (and above) and therefore the method of gradient descent of
the Morse theory is not effective in the problem of periodic trajectories in this
situation. Here other methods are applied, an idea of which can be given by
the papers [196, 223]. We also mention the “non-traditional” Percival’s princi-
ple [497] justified in Mather’s paper [412] (see also § 6.3.8). This principle is in-
tended for finding the invariant tori of a nearly integrable Hamiltonian system.

4.1 Geometry of Regions of Possible Motion

4.1.1 Principle of Stationary Abbreviated Action

Let M be a connected manifold, and (M, L) a Lagrangian system with La-
grangian L = L2 +L1 +L0, where each Ls is a smooth function on TM that
is homogeneous in the velocities of homogeneity degree s. We assume that the
form L2 is positive definite, so that L2 – the kinetic energy of the system – de-
fines a Riemannian metric on M . The function L0 : M → R can be identified
with the force function V : M → R (so that V = −U).

Lagrange’s equation [L] = 0 has the energy integral H = L2 − L0. For a
fixed value H = h motion can take place only in the domain

Bh = {x ∈M : U � h}

called the region of possible motion. For h > h = sup
M

U the set Bh coincides

with the entire configuration space M . If inf U < h < h, then the boundary
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∂Bh is non-empty. In a typical case, where h is a regular value of the function
H : TM → R, the region Bh is a smooth manifold with smooth boundary
∂Bh = Σh; the dimension of Σh is smaller by one than the dimension of M .

For simplicity, let h = 0 (if h �= 0, then we can replace L by L+h). Suppose
that B \Σ �= ∅ (where B = B0 and Σ = Σ0). In what follows we assume that
B is connected (since we can always confine our considerations to motions in
one of the connected components of the region B).

Definition 4.1. The functional

F ∗ =

t2∫

t1

(
2
√
L0L2 + L1

)
dt = F −

t2∫

t1

(√
L2 −

√
L0

)2
dt

defined on the smooth curves x : [t1, t2] → B is called the abbreviated action
or Maupertuis action.

The integrand in F ∗ is a homogeneous function of the velocity of degree 1.
Consequently, the value of the abbreviated action F ∗ is independent of the
parametrization of the integration path.

Theorem 4.1. A smooth path x : [t1, t2] → B \Σ such that H(ẋ(t)) = 0 for
all t1 � t � t2 is a solution of Lagrange’s equation [L] = 0 if and only if this
path is a critical point of the functional F ∗.1

� Suppose that [L]x(t) = 0 and L2(ẋ(t)) ≡ L0(x(t)). Then

δF ∗ = δF −
t2∫

t1

(√
L2 −

√
L0

)
δ
(√

L2 −
√
L0

)
dt = 0. (4.1)

Conversely, suppose that a smooth path x : [s1, s2] → B\Σ is a stationary
point of the functional F ∗. We set

t =

s∫

s0

√
L2√
L0

dτ.

Then the smooth path x(s(t)) : [t1, t2] → B\Σ obviously satisfies the equation
L2 = L0. If δF ∗ = 0, then formula (4.1) implies that δF = 0. The theorem is
proved. �

1 Historically “Maupertuis’s principle” (Theorem 4.1) preceded the simpler Hamil-
ton’s principle of stationary actions. “The actual content of this “principle” was
not quite clear to Maupertuis. The precise formulation given in the text is due
to Jacobi and to his predecessors, Euler and Lagrange” (Wintner [52], p. 124). In
fact, this principle does not at all require naturality, although it is this special
case that Jacobi was making more precise.
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We define a Riemannian metric ( , ) inside the region B by setting

(ẋ, ẋ) = 4L0(x)L2(ẋ), ẋ ∈ TB.

This metric is called the Jacobi metric. For natural systems, where the form
of gyroscopic forces is L1 ≡ 0, Theorem 4.1 means that in the domain B \Σ
the motions with zero total energy coincide with the geodesics of the Jacobi
metric. In the original notation for the Jacobi metric we have the formula

( , ) = 2(h− U)〈 , 〉.

Thus, the metrics ( , ) and 〈 , 〉 are conformally equivalent inside the region of
possible motion.

If h > h, then the region B coincides with M , and (B, ( , )) is an ordinary
Riemannian manifold. However, if the boundary Σ of the region B is non-
empty, then the Jacobi metric has a singularity: the lengths of the curves
lying on Σ are equal to zero.

Natural systems are “reversible”: together with a solution x(t), the equa-
tions of motion have the solution x(−t). This simple remark and the unique-
ness theorem imply the following.

Proposition 4.1. Suppose that x : (−ε, ε) → B is a motion of a natural
system and x(0) ∈ Σ. Then x(t) = x(−t) for all −ε < t < ε.

Of course, Proposition 4.1 is not valid in the general, non-reversible case.

Example 4.1. Consider the Lagrangian system (R2{x, y}, L) with the La-
grangian L = (ẋ2 + ẏ2)/2 + ω(xẏ − yẋ) + V (x, y). The equations of motion

ẍ = 2ωẏ + V ′
x, ÿ = −2ωẋ+ V ′

y (4.2)

have the same form as the equations of the restricted three-body problem.
Suppose that (0, 0) ∈ Σ and the x-axis is directed along the normal to Σ
inward the region B. Let (x, y) : (−ε, ε) → B be a solution of equations (4.2)
such that x(0) = y(0) = 0. Then ẋ(0) = ẏ(0) = 0. Suppose that the point
x = y = 0 is a regular point of the force function V . Since V ′

y(0) = 0, we have

Fig. 4.1.
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V ′
x(0) > 0 (taking into account the chosen direction of the x-axis). It follows

from (4.2) that ẍ(0) = α > 0, ÿ(0) = 0, and
...
y (0) = −2ωα. Consequently, by

Taylor’s formula we have the expansions

x(t) =
αt2

2
+ o(t2), y(t) = −2ωαt3

3
+ o(t3).

Thus, near the cusp point x = y = 0 both branches of the trajectory have the
form of a semicubic parabola (see Fig. 4.1). This conclusion is of course valid
also for a system of the most general form. 


4.1.2 Geometry of a Neighbourhood of the Boundary

Suppose that the boundary Σ of the region B is compact and does not contain
equilibrium positions of our natural system

(
dV
∣
∣
Σ
�= 0
)
. For q ∈ Σ and t � 0

we denote by x(q, t) the solution of the equations of motion with the initial
conditions

x(q, 0) = q,
∂

∂t

∣
∣
∣
∣
t=0

x = 0. (4.3)

Our task is to study the smooth map x : Σ × [0, ε) → B.2

Since the function V : M → R has no critical points on Σ, we have

∂2

∂t2

∣
∣
∣
∣
t=0

V
(
x(q, t)

)
= −2L∗

2(V
′(q)) < 0, (4.4)

where L∗
2 : T ∗M → R is the dual function of the kinetic energy function

L2 : TM → R (in the sense of the Legendre transformation) and V ′ = ∂V /∂q
is the covector field. Consequently, the map x : Σ × [0, ε) → B maps a small
neighbourhood of Σ×{0} homeomorphically onto some neighbourhood of the
manifold Σ in B, and the inverse map is smooth outside Σ.

Let s(q, t) denote the arc length in the Jacobi metric along the geodesic
t �→ x(q, t):

s(q, t) =

t∫

0

∣
∣
∣
∣
∂x(q, t)
∂t

∣
∣
∣
∣ dt = 2

t∫

0

V
(
x(q, t)

)
dt.

It follows from (4.3) and (4.4) that for t = 0 we have

s = s′t = s′′tt = 0, s′′′ttt > 0.

By the implicit function theorem the equation r3 = s(q, t) can be resolved with
respect to t for sufficiently small values of r; the function t(q, r) is smooth and
at r = 0 we have

t = 0, t′r > 0. (4.5)

2 If the region B is compact, then the map x is defined on Σ × [0, ∞).
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For all q ∈ Σ and small r � 0 the smooth map (q, r) �→ (q, t(q, r)) is
defined. Since at r = 0 its Jacobian is equal to t′r > 0 and Σ is compact,
this map is a diffeomorphism in a sufficiently small neighbourhood of the set
Σ × {0}. For small ε > 0 we can define a map f : Σ × [0, ε] → B by the
formula f(q, s) = x

(
q, t(q, s1/3)

)
; then f maps Σ × [0, ε] homeomorphically

onto some neighbourhood of the manifold Σ in B, and the restriction of f
to Σ × (0, ε) is a diffeomorphism.

For all 0 < s < ε we set Ws = f
(
Σ × [0, s]

)
, Bs = B \ f

(
Σ × [0, s)

)
, and

Σs = f
(
Σ × {s}

)
.

Lemma 4.1. The sets Ws, Bs, and Σs are smooth submanifolds of B, which
are diffeomorphic to Σ × [0, 1], B, and Σ, respectively.

Indeed, the map (q, r) �→ f(q, r3) is smooth, and by (4.3)–(4.5) at r = 0
we have

f = q, f ′
r = 0, V ′′

rr

(
f(q, r3)

)
< 0.

Proposition 4.2. For small values of ε the set Wε has the following proper-
ties:

1) the geodesics of the Jacobi metric starting on Σ intersect the hypersurface
Σs ⊂Wε (0 < s � ε) at right angle;

2) for every point z ∈Wε there exists a unique geodesic γz starting on Σ and
passing through z;

3) the geodesic γz is the shortest piecewise-smooth curve connecting the
point z with the set Σ;

4) there exists δ > 0 such that each geodesic of the Jacobi metric of length
less than δ connecting two points in Wε is entirely contained in Wε.

Conclusions 1) and 4) are analogues of the well-known assertions of Gauss
and Whitehead in Riemannian geometry. The proof can be found in [129].

This proposition implies, in particular, that Σs (s < ε) coincides with the
set of points in B at the distance s from the boundary. A similar geometric
interpretation can be given for the sets Ws and Bs.

4.1.3 Riemannian Geometry of Regions of Possible Motion
with Boundary

For a, b ∈ B let Ωab denote the set of all piecewise-smooth paths γ : [0, 1] → B
with initial point a and endpoint b. We define a function d : B × B → R by
the formula d(a, b) = inf{l(γ) : γ ∈ Ωab}, where l(γ) is the length of a path γ
in the Jacobi metric. The non-negative function d defines a deviation on the
set B, since

1) d(a, a) = 0 for all a ∈ B;
2) d(a, b) = d(b, a) for all a, b ∈ B;
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3) d(a, b) + d(b, c) � d(a, c) for all a, b, c ∈ B.

Recall that a deviation d on the set B is a non-negative function B×B → R

satisfying conditions 1)–3) listed above.
Note that the deviation d is not a distance on B, since d(a, b) = 0 for any

points a, b in the same connected component of the manifold Σ – the boundary
of the region B. However, if a /∈ Σ, then the equality d(a, b) = 0 implies a = b.
Hence d is a distance inside the region B and therefore (B \Σ, 〈 , 〉) is a (non-
complete) Riemannian manifold.

We define the distance from a point c ∈ B to the manifold Σ as the number

∂(c) = inf
x∈Σ

d(c, x).

If the boundary is connected, then ∂(c) = d(c, a) for all a ∈ Σ. The distance is
∂(c) = 0 if and only if c ∈ Σ. Note that the functions d and ∂ are continuous
on B ×B and B, respectively.

Proposition 4.3. Suppose that the set B is compact.

a) If Σ is connected, then d(a, b) � ∂(a) + ∂(b), for all a, b ∈ B.,
b) If d(a, b) < ∂(a)+∂(b), then the points a, b can be connected by a geodesic

of the Jacobi metric of length d(a, b) entirely contained in B \Σ.

This assertion can be easily proved by the standard methods of Rie-
mannian geometry.

Theorem 4.2 ([323]). If B is compact, then every point a ∈ B can be con-
nected with some point of Σ by a geodesic of length ∂(a).

Let x(q, t) ∈ B be the image of a point (q, t) under the smooth map
x : Σ× [0,∞) → B (see § 4.1.2). Since the equations of motion are reversible,
we have the following.

Corollary 4.1.
⋃

t�0

⋃

q∈Σ

x(q, t) = B.

� Proof of Theorem 4.2. Let γ′ : [0, 1/2] → B be a shortest geodesic con-
necting the point γ′(0) = a with the hypersurface Σε. Such a curve exists and
it is orthogonal to Σε at the point γ′(1/2). By Proposition 4.3 there exists a
geodesic γ′′ : [1/2, 1] → B of length ε connecting the point γ′′(1/2) = γ′(1/2)
with the boundary Σ. The curve γ : [0, 1] → B that coincides with γ′ and
γ′′ on the intervals [0, 1/2] and [1/2, 1], respectively, is obviously a smooth
geodesic of length ∂(a) such that γ(0) = a and γ(1) ∈ Σ. �

Theorem 4.2 can be regarded as an analogue of the Hopf–Rinow theorem
in Riemannian geometry (see [423]). Note that in contrast to the Riemannian
case, here not every two points can be connected by a geodesic of the Jacobi
metric, even for compact B.
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Example 4.2. Consider the oscillations with total energy h = 1/2 of the
planar harmonic oscillator described by the equations ẍ = −x, ÿ = −y. In
this problem, B is the unit disc x2+y2 � 1. One can show that the set of points
of the unit disc that the motion can reach from a point (x, y) = (a, 0) with the
initial velocity |v| =

√
1 − a2 is given by the inequality x2+y2/(1−a2) � 1 (see

Fig. 4.2). As a→ 0 (respectively, a→ 1), this “attainability set” converges to
the whole region B (respectively, to the segment y = 0, −1 � x � 1).

Fig. 4.2.



Theorem 4.2 is not valid in the non-reversible case.

Example 4.3. Consider the planar harmonic oscillator under the action of
additional gyroscopic forces:

ẍ = −2ωẏ − x, ÿ = 2ωẋ− y. (4.6)

Such equations describe, in particular, small oscillations of the Foucault pen-
dulum (see [10]). In this problem, B is again the disc x2 + y2 � 1.

Let Bω be the set of points in B that can be reached from the boundary Σ
moving along the trajectories of system (4.6). In the polar coordinates r, ϕ
equations (4.6) take the form

r̈ = r (ϕ̇(ϕ̇− 2ω) − 1) , (r2ϕ̇)˙= (ωr2)˙.

The second equation can be integrated: r2ϕ̇ = ωr2 + c. Since ṙ = ϕ̇ = 0 and
r = 1 at t = 0, we have c = −ω. On substituting ϕ̇ = (1− r−2)ω into the first
equation we obtain the system with one degree of freedom

r̈ = −(1 + ω2)r +
ω2

r3
.

The energy integral

ṙ2

2
+ (1 + ω2)

r2

2
+

ω2

2r2
=

1
2

+ ω2
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implies that the set Bω is given by the inequalities

ω2

1 + ω2
� r2 � 1.

Consequently, for ω �= 0 the domain Bω does not coincide with B; if ω → 0,
then Bω converges to B, and as ω → ∞ the domain Bω degenerates into
the boundary Σ = {x2 + y2 = 1}. The trajectories of system (4.6) starting
on Σ are shown in Fig. 4.3. For almost all values of ω they fill the domain Bω

everywhere densely. Note that if a trajectory of system (4.6) passes through
the origin of reference, then c = 0 and therefore ϕ̇ ≡ ω. In this case the
point performs harmonic oscillations with frequency

√
1 + ω2 > 1 along the

segment of length 2/
√

1 + ω2 < 2 passing through the origin and uniformly
rotating with constant angular velocity ω. The existence of such motions is a
characteristic property of the Foucault pendulum.

Fig. 4.3.



In the general non-reversible case we denote by B+ the closed set of points
in B where the inequality 4L0L2 � L2

1 holds. If the degenerate case is ex-
cluded, where the linear function L1 vanishes at some points on Σ, then
B+ ⊂ B \ Σ. The integrand in the abbreviated action functional F ∗ is pos-
itive definite inside the domain B+. This property holds simultaneously for
the mechanical systems with the Lagrangians L± = L2 ± L1 + L0. Note that
if x(t) is a solution of Lagrange’s equation [L+] = 0, then x(−t) is a solution
of the equation [L−] = 0, and conversely.

It may happen that B+ is empty. In this case we can proceed as follows.
Let L1 = a(x)·ẋ and let x0 ∈ B\Σ. We replace locally the form L1 by L1−L̂1,
where L̂1 = a(x0) · ẋ. Since the form L̂1 is closed, Lagrange’s equation [L] = 0
does not change. For the new Lagrange function the inequality 4L0L2 > L2

1

holds in a small neighbourhood of the point x0, since L1 ≡ 0 for x = x0. This
remark allows us to vary the form and location of the domain B+.

We diminish the domain B+ by removing from it the ε-neighbourhood (for
example, in the Jacobi metric) of its boundary ∂B+ and denote the remaining
set by B+

ε .
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Proposition 4.4. Suppose that B is compact and the set B+
ε is non-empty

for some ε > 0. Then

1) for every point a ∈ B+
ε there exists a solution x : [0, τ ] → B+

ε of Lagrange’s
equation [L] = 0 such that x(0) = a and x(τ) ∈ ∂B+

ε ,
2) for every point a ∈ B+

ε there exists a solution y : [0, τ ] → B+
ε such that

y(0) ∈ ∂B+
ε and y(τ) = a.

� The curves x(t) and y(−t) give the minima of the action functionals F ∗

corresponding to the Lagrangians L+ and L−, respectively, on the set of
piecewise-smooth curves connecting the point a with the boundary of B+

ε .
�

Remark 4.1. In contrast to Theorem 4.2, in Proposition 4.4 one cannot set
the constant ε to be equal to zero (even in the case where B+ ⊂ B \Σ).

Example 4.4. The motion of an asteroid in the restricted three-body problem
is described by equation (4.2), in which we must set ω = 1 and

V =
x2 + y2

2
+

1 − µ

ρ1
+

µ

ρ2
;

ρ1 =
√

(x+ µ)2 + y2, ρ2 =
√

(x− 1 + µ)2 + y2.

In this problem the Sun and Jupiter with masses 1 − µ and µ revolve with
unit angular velocity in circular orbits of radia µ and 1 − µ around their
common centre of mass, while the asteroid, a body of negligibly small mass,
moves in the ecliptic plane experiencing the gravitation of the Sun and
Jupiter (Fig. 4.4); see the details in Ch. 2. The region B (called the Hill region)

Fig. 4.4.

is defined by the inequality V � −h. If L1 has the “standard” form ẋy − yẋ,
then B+ coincides with the set

{1 − µ

ρ1
+

µ

ρ2
� −h

}
,
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which is the region of possible motion in the problem of two fixed centres
(the stationary Sun and Jupiter attract the asteroid according to the law of
universal gravitation). 


4.2 Periodic Trajectories of Natural Mechanical Systems

4.2.1 Rotations and Librations

A solution x : R →M of Lagrange’s equations [L] = 0 is periodic if for some
τ > 0 we have x(t + τ) = x(t) for all t ∈ R. The trajectory of a periodic
solution is always closed. We are interested in the problem of the existence of
closed trajectories for a fixed value of the total energy h. We assume that h is a
regular value (to exclude trivial periodic trajectories – equilibrium positions).

Proposition 4.5. The closed trajectory γ of a periodic solution x : R → B
of a natural system with zero value of total energy either

1) does not intersect the boundary Σ of the region of possible motion B, or
2) has exactly two common points with Σ.

Corresponding to each trajectory of the first type there are two distinct
(up to a shift in t) periodic solutions (revolutions along γ in opposite di-
rections), and to a trajectory of the second type there corresponds a unique
periodic solution (oscillating motion between the endpoints of γ). We call pe-
riodic motions of the first type rotations, and of the second type, librations.
Proposition 4.1 implies that if the trajectory of a solution x : R → B has two
common points with the boundary Σ of the region B, then there are no other
common points and the solution x(·) is a libration.

If Σ = ∅, then the question of the existence of periodic rotations reduces
to the question of the existence of closed geodesics of the Riemannian man-
ifold (M, ( , )). This classical problem of Riemannian geometry is fairly well
studied (at least in the case of compact M). If M is not simply connected,
then, as shown by Hadamard in 1898, every closed curve that is not homotopic
to zero can be deformed into a closed geodesic of minimum length in its free
homotopy class. This remark allows one to estimate from below the number
of distinct closed geodesics on a multiply connected manifold.

The problem of the existence of periodic geodesics in the case of simply
connected M is much more difficult. In 1905 Poincaré established the exis-
tence of such curves on a convex two-dimensional sphere.3 Later this result

3 Poincaré suggested two approaches for solving this problem. The first is based
on the principle of analytic continuation of periodic trajectories (see also [68]).
The second approach is purely variational: the curve of minimum length is sought
among the closed non-self-intersecting curves dividing the sphere into two halves
with equal total curvatures; this curve is the required closed geodesic.
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was extended by Birkhoff to the case of an arbitrary multidimensional Rie-
mann sphere. Lyusternik and Shnirel’man (1929) established the existence
of three non-self-intersecting closed geodesics on a two-dimensional sphere.
(Refinements of the procedure of constructing the length-reducing deforma-
tion in the space of non-self-intersecting contours are contained, for example,
in [98, 266, 576]). Under certain additional restrictions an analogous result
is valid in the multidimensional case: if the Gaussian curvature K of a Rie-
mann sphere Sn (at all points and in all two-dimensional directions) satisfies
the inequalities K0/4 < K � K0 for some K0 > 0, then on Sn there ex-
ist n non-self-intersecting closed geodesics (Klingenberg). The existence of a
closed geodesic on every compact manifold was established by Lyusternik and
Fet (1951). For certain simply connected manifolds it was even possible to
prove the existence of infinitely many distinct closed geodesics (Gromoll and
Meyer).

At present it is not clear whether this result is valid in the general case of a
simply connected manifold. For the classical case of a two-dimensional sphere
the affirmative result was recently obtained by Bangert [99] (see also [282])
using a theorem of Franks. A survey of the current state of these problems
can be found in Klingenberg’s book [315] (although it contains a number of
inaccuracies).

In the case of non-empty Σ the situation with the existence of periodic
trajectories looks different. A good idea of this case is given by the following
example.

Example 4.5. Consider the “polyharmonic” oscillator described by the equa-
tions ẍs + ω2

sxs = 0 (1 � s � n) with rationally independent frequen-
cies ω1, . . . , ωn. The region of possible motion B with total energy h is the
ellipsoid

∑
ω2

sx
2
s � 2h. For every h > 0 the equations of motion have exactly n

periodic oscillations, which are librations whose trajectories coincide with the
principal axes of this ellipsoid. It is worth mentioning the absence of rotations
and the finiteness of the number of periodic trajectories for a fixed value of
the total energy. If the frequencies ω1, . . . , ωn are rationally commensurable,
then the number of librations can be greater. For example, in the case n = 2 if
the ratio of frequencies ω1/ω2 is rational, then through each point of Σ there
passes the trajectory of a librational periodic motion.

For the proof one must use the fact that if the ratio ω1/ω2 is rational,
then all the trajectories are closed, and apply Proposition 4.5. We mention
the special case where ω1 = 1 and ω2 = n ∈ N. The librations of energy h are
given by the formulae x1 = x1

0 cos t, x2 = x2
0 cos nt, where x1

0 =
√

2h sin α,
x2

0 =
√

2h (cos α)/n, and α is an arbitrary constant. Let 2h = n2 + 1; then
for some α the values of x1

0 and x2
0 are equal to 1 and the trajectory of the

corresponding libration in the plane R
2 with coordinates x1, x2 coincides with

a part of the graph of Chebyshev’s polynomial Tn. 
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4.2.2 Librations in Non-Simply-Connected Regions of Possible
Motion

For any group π we denote by r(π) the least possible number of generators of
this group. Let B/Σ be the topological space obtained from B by contracting
its boundary Σ to a point, and let π(B/Σ) be its fundamental group.

Theorem 4.3. Suppose that the region B is compact and there are no equi-
librium positions on Σ. Then the number of distinct librations in the region B
is at least r(π(B/Σ)).

Remark 4.2. This number is at least the first Betti number of the quotient
of the region B modulo Σ.

Corollary 4.2. If Σ consists of n connected components, then the number
of librations in the region B is at least n − 1. Moreover, for each connected
component of the manifold Σ there exists a libration with an endpoint on this
component, and the trajectories of these librations have no self-intersections
(see Fig. 4.5).

Fig. 4.5.

Indeed, in this case the group π(B/Σ) contains a free group on (n − 1) free
generators. Theorem 4.3 was proved in [129]; it is analogous to the well-known
Hadamard’s theorem on minimal closed geodesics of a multiply connected
Riemannian manifold.

We give the idea of the proof of Corollary 4.2. We can assume that B is a
closed submanifold with boundary of some compact Riemannian manifold M
whose metric on B \Wε coincides with the Jacobi metric. Let Σ1

ε , . . . , Σ
n
ε be

the connected components of the hypersurface Σε and let dij (i < j) be the
distances between Σi

ε and Σj
ε . We fix an index i and choose the minimum

among the numbers dis (i �= s). This minimum is attained at a non-self-inter-
secting geodesic γi of length dis entirely contained in B \Wε and orthogonal
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to Σε at its endpoints. Using Proposition 4.2 we can extend the geodesic γi

to a librational periodic solution (cf. the proof of Theorem 4.2). The number
of such distinct “minimal” librations is clearly at least n− 1.

Example 4.6 ([129]). Consider the problem of the existence of librations
for the planar n-link mathematical pendulum (see Fig. 4.6). Let l1, . . . , ln

Fig. 4.6.

be the lengths of the links, which we number from the suspension point,
let P1, . . . , Pn be the weights of the corresponding material points, and
ϑ1, . . . , ϑn the angles between the links and the vertical. The configuration
space M is the n-dimensional torus T

n = {ϑ1, . . . , ϑn mod 2π} and the po-
tential energy has the form

U = −
n∑

i=1

ai cos ϑi, ai = li

n∑

j=1

Pj .

The set of critical points of the function U : T
n → R is in a one-to-one

correspondence with the set of all subsets of the set Λ = {1, 2, . . . , n}; the
index of the critical point corresponding to a subset I ⊂ Λ is equal to the
number of elements in I, and the critical value is equal to

hI =
∑

i∈I

ai −
∑

i/∈I

ai.

Let h be a regular value of the potential energy and suppose that |h| <∑
Λ ai. In this case the region B ⊂ T

n has non-empty boundary Σ. We set
B̂ = Tn \B. Since B/Σ = T

n/B̂, we have π(B/Σ) = π(Tn/B̂). We set
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r = r(π(Tn/B̂)) and r̂ = r(π(B̂)). Let k � n be the number of critical points
of the function U : T

n → R of index n− 1 in the set B. We claim that r = k.
Indeed, the space T

n/B̂ (respectively, B̂) is homotopy equivalent to a cell
complex with k (respectively, n − k) one-dimensional cells. Hence r � k and
r̂ � n− k. Since the groups π(B̂) and π(Tn/B̂) generate the group π(Tn), we
have n � r + r̂ � k + (n− k) = n. Hence r = k. 


Applying Theorem 4.3 we obtain the following assertion: if h �= hI for any
I ⊂ Λ and |h| < ΣΛai, then the number of librations with total energy h is at
least the number of indices i such that a1 + · · ·+ ai−1 + ai+1 + · · ·+ an < h.
Depending on the value of h, the lower estimate of the number of distinct
librations varies from 0 to n. In § 4.2.4 we shall show how to improve this
estimate using symmetry properties.

Theorem 4.3 on shortest librations admits the following refinement due to
Bolotin.

Theorem 4.4. Suppose that B is compact and there are no equilibrium po-
sitions on Σ. Then in the region B there exist at least r(π(B/Σ)) distinct
unstable librations with real characteristic exponents.

The proof of this assertion consists precisely in verifying that all the char-
acteristic exponents of the shortest librational solutions, whose existence is
guaranteed by Theorem 4.3, are real. See the definition of characteristic ex-
ponents in § 7.1.2 (their basic properties are also discussed there).

Example 4.7. Consider the motion of a material point in a central field with
potential U = r+r−1. For h > 2 the region of possible motion B is an annulus
and through every point of the boundary there obviously passes the trajectory
of a librational solution. All these librations are shortest ones; they are degen-
erate, since all their characteristic exponents are equal to zero. The instability
of a libration can be easily derived from the area integral: r2ϕ̇ = const. 


In the general case the characteristic exponents are non-zero and therefore
the shortest librations are (orbitally) unstable even in the linear approxima-
tion. Moreover, since these librations are hyperbolic periodic solutions, there
exist families of trajectories that asymptotically approach the trajectories of
shortest librations either as t→ +∞ or as t→ −∞.

Let A(γ) denote the set of points in the region B through which there pass
trajectories asymptotic to γ. The following example gives an idea about the
shape and location of the set A.

Example 4.8 (Bolotin). Consider the Lagrangian system with configuration
space M = S1{x mod 2π} × R{y} and Lagrangian

L = (ẋ2 + ẏ2)/2 + cos x− y2/2.

For h > 1 the region B is diffeomorphic to the annulus |y| �
√

2(h+ cos x),
and the curve x ≡ π, y =

√
2(h− 1) cos t is a shortest libration of energy h.
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Lagrange’s equations [L] = 0 have two first integrals ẋ2/2− cos x and ẏ2 +y2.
Using these integrals one can easily show that A = {|y| �

√
2(h− 1) }. Note

that A does not coincide with B and the intersection A ∩ Σ consists of the
endpoints of the trajectory of the shortest libration. 


4.2.3 Librations in Simply Connected Domains
and Seifert’s Conjecture

The first general result on librations of natural systems is due to Seifert. He
proved in [537] the existence of a libration in the case where the region B is
diffeomorphic to the n-dimensional disc.

Theorem 4.5 (Bolotin). If the region B is compact and its boundary Σ does
not contain critical points of the potential, then in the region B there exists
at least one libration.

Extending the analogy with Riemannian geometry one can say that the
theorems of Seifert and Bolotin correspond to the results of Birkhoff and
Lyusternik–Fet about closed geodesics on the n-dimensional sphere and an
arbitrary simply connected manifold.

The proof of Theorem 4.5 is based on the following assertion.

Lemma 4.2. There exists l > 0 such that for every ε satisfying 0 < ε � δ
the domain Λε = B \Wε contains a geodesic of the Jacobi metric of length
less than l that has endpoints on Σε and intersects Λδ.

We now derive Theorem 4.5 from this lemma. For every s in the interval
(0, δ) we denote by γs : [as, bs] → Λs the geodesic in Lemma 4.2. We assume
that γs has a natural parametrization and that as < 0 < bs and γs(0) ∈ Λδ.
Since the domain Λδ is compact, there exists a sequence sn → 0 such that

lim
n→∞

γsn
(0) = x ∈ Λδ, lim

n→∞
γsn

(0) = v.

Let γ : (a, b) → B be the unique maximal geodesic of the Jacobi metric
satisfying the conditions γ(0) = x, γ(0) = v. Clearly, γ is the trajectory of
a libration in B whose length does not exceed l.

Lemma 4.2 can be proved by the methods of the Morse theory. We choose
small δ > 0, and let 0 < s < δ. We introduce the space Ω of piecewise-smooth
curves γ : [0, 1] → M such that γ(0), γ(1) ∈ Σε. Let Γ be the subspace
of Ω consisting of the curves that do not intersect the interior of Λδ. On the
manifold M one can find a family of smooth functions Us, 0 < s � ε, such
that Us coincides with the potential U in the domain Λs, Us � Uε on M , and
sup
M

Us < h. For every s ∈ (0, ε] we define on M the metric 〈 , 〉s that is the

Jacobi metric defined by the potential Us and energy h. Finally we define the
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action functional Fs : Ω → R by the formula

Fs(γ) =

1∫

0

〈γ̇, γ̇〉s dt.

The critical points of the functional Fs are precisely the geodesics of the metric
〈 , 〉s that are orthogonal to Σs at their endpoints.

For every a > 0 we set Ωa
s = {γ ∈ Ω : Fs(γ) � a} and Γ a

s = Γ ∩Ωa
s .

Lemma 4.3. If the functional Fs, 0 < s � ε, has no critical points in Ωa
s \Γ a

s ,
then Γ a

s is a deformation retract of the space Ωa
s .

The idea of the proof of this assertion is to shift Ωa
s “downward” to Γ a

s

along the integral curves of the vector field of the gradient of the functional Fs.
The main point is in using the convexity of the domain Wδ: these “curves of
steepest descent” do not go out of the space Γ a

s .
Lemma 4.2 can be derived from Lemma 4.3 and the following topological

fact: since B/Σ is non-contractible, for sufficiently large values of a > 0 the
space Γ a

s is not a deformation retract of Ωa
s . The detailed proof of Theorem 4.5

is contained in [121].

Example 4.9 ([322]). Consider the problem of rotation of a rigid body in
an axially symmetric force field with potential U . For the zero value of the
constant angular momentum this problem reduces to studying a natural sys-
tem on a sphere with two degrees of freedom. Theorems 4.3 and 4.5 and the
results of the Morse theory imply the following assertion: for every regular
value h > min U the reduced system has a periodic solution with energy h.
If h > max U , then by the Lyusternik–Shnirel’man theorem there are at least
three distinct non-self-intersecting periodic trajectories on the Poisson sphere.




Remark 4.3. In [283] the problem of periodic solutions was considered for
the “Lorenz” Lagrangian system with Lagrangian (Sẋ, ẋ)/2 − U(x), where
( , ) is the standard scalar product in R

n and S is a symmetric non-singular
linear operator with a single negative eigenvalue. In R

n we consider the cone
Σ = {y ∈ R

n : (Sy, y) < 0}. If x(·) is a motion with zero total energy
starting in the domain C = {U(x) > 0}, then ẋ ∈ Σ. Since Σ consists of
two connected components, a passage from one component of Σ into another
(change of “direction” of motion) can only happen on the boundary of the
domain C. If the point x reaches ∂C, then Proposition 4.1 holds: the point
will move along the same trajectory in the opposite direction. In [283] the
existence of a libration was proved under the assumption that the domain C
is compact and convex and there are no critical points of U on the boundary
of C. The proof is based on the application of the topological theorems on
fixed points of smooth maps.
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In connection with Theorem 4.5 there arises the natural question of a
lower estimate of the number of distinct librations in the case where the space
B/Σ is simply connected. Example 4.5 shows that a universal estimate cannot
exceed the dimension of the region B. In [537] Seifert stated the conjecture
that there exist n distinct librations if the region B is diffeomorphic to the
n-dimensional disc Dn. We now list the results obtained in this direction.

Suppose that the region of possible motion B is diffeomorphic to Dn, and
let f : (Dn, Sn−1) → (B, Σ) be a continuous surjective map. For every two
points x, y ∈ Sn−1 we define a continuous curve fx,y : [0, 1] → B by the
formula fx,y(t) = f((1 − t)x + ty), 0 � t � 1. We assume the map f to be
sufficiently smooth, so that for every points x, y ∈ Sn−1 the curve fx,y is
piecewise-smooth. The abbreviated action F ∗ is defined on such curves. We
set

S = inf
f

sup
y∈Sn−1

F ∗(fx,y).

Theorem 4.6 (Bolotin). Suppose that 2F ∗(γ) > S for any libration γ in
the region B � Dn. Then in the region B there exist n distinct librations
γ1, . . . , γn such that S/2 < F ∗(γ1) � · · · � F ∗(γn) = S.

Example 4.10. We continue the consideration of the problem in Exam-
ple 4.5. Let ω1 � · · · � ωn > 0 be the frequencies of the polyharmonic
oscillator. As we already saw, this problem always has n distinct librations of
energy h:

γ1 : x1 =

√
2h
ω1

cos ω1t, xi = 0 (i > 1);
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

γn : xi = 0 (i < n), xn =

√
2h
ωn

cos ωnt.

It is easy to calculate that F ∗(γi) = πh/ωi; thus, F ∗(γ1) � · · · � F ∗(γn).
In this problem, S = F ∗(γn) and therefore the hypothesis of Theorem 4.6 is
equivalent to the inequality 2ωn > ω1. 


Theorem 4.7 (Long [399]). If the potential U is a convex function, then
for every value of the total energy h > min U there exist at least n distinct
librations.

Remark 4.4. The related problem of the existence of periodic solutions of
Hamilton’s equations in R

2n with a convex Hamiltonian H was considered
in [223]. It was proved that if

a |z|2 < H(z) < 2a|z|2 (4.7)

for some a > 0, then on each level set H(z) = h, h > 0, the Hamiltonian sys-
tem has at least n distinct closed trajectories. For the polyharmonic oscillator
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with frequencies ω1 � · · · � ωn > 0 inequalities (4.7) yield the same condition
2ωn > ω1, since the change of variables q1 =

√
ωixi, pi = ẋi/

√
ωi reduces the

equations of the oscillator to the Hamiltonian form with the Hamiltonian

H =
1
2

∑
ωi(p2

i + q2i ).

Without using inequalities (4.7) (but assuming the convexity) the existence
of at least n/2 distinct closed trajectories was proved by Long. If the system
is reversible or the Hamiltonian H is an even function of z, then there are
n periodic trajectories. The most advanced result was obtained for n = 2
in [284]: in the region B � D2 there are either exactly two, or infinitely many
closed trajectories.

4.2.4 Periodic Oscillations of a Multi-Link Pendulum [325]

In this subsection we obtain an estimate of the number of distinct periodic
motions (both librations and rotations) of given energy for the multi-link
pendulum considered in Example 4.6. The configuration space of this system
is the n-dimensional torus T

n = {ϑ1, . . . , ϑn mod 2π}, where ϑ1, . . . , ϑn

are the angles between the rods and the vertical. We can assume that the
configuration space is the covering space R

n = {ϑ1, . . . , ϑn} and the Lagrange
function L is a function on TR

n that is 2π-periodic in the ϑi. The equilibrium
positions are points in R

n of the form a = (m1π, . . . , mnπ), where the ms

are integers. It is easy to see that the Lagrangian admits the reflections of R
n

with respect to the equilibrium positions, that is, the maps Λa : ϑ→ −ϑ+2a.

Lemma 4.4. If the trajectory of some motion ϑ(t) passes through an equi-
librium position a (so that ϑ(0) = a), then this curve is invariant under
the reflection Λa (that is, ϑ(−t) = Λaϑ(t) = −ϑ(t) + 2a). In particular,
ϑ̇(−t) = ϑ̇(t).

Lemma 4.5. Let b ∈ R
n be another equilibrium position (a �= b). If the tra-

jectory of a motion ϑ(t) contains the points a and b, then

1) there exists τ > 0 such that ϑ(t+ τ) = ϑ(t) + 2(b− a) for all t ∈ R,
2) ϑ̇(t) �= 0 for all t ∈ R.

Let h− and h+ be, respectively, the lowest and highest values of the po-
tential energy U(ϑ).

Proposition 4.6. Let h be a regular value of the potential in the interval
(h−, h+). Through each critical point of the potential U lying inside the region
B = {U � h} ⊂ T

n there passes at least one librational trajectory. Librations
passing through distinct critical points are distinct.

Corollary 4.3. The number of distinct librations in the region B is at least
the number of equilibrium positions of the pendulum inside B.
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Depending on h, the lower estimate of the number of librations of energy h
varies from 1 to 2n − 1. This estimate strengthens the result mentioned in
Example 4.6. However, the estimate in Example 4.6 is also valid in those
cases where the potential has no symmetry property.

� Proof of Proposition 4.6. Let a′ ∈ B ⊂ T
n be an equilibrium position of

the pendulum. Since h is a regular value, by Theorem 4.2 there exists a motion
γ : [0, τ ] → B such that γ(0) = a′ and γ(τ) ∈ Σ. According to Lemma 4.4 the
smooth curve γ : R → B is the required libration whose trajectory contains a′.
Librations passing through different critical points are distinct, since otherwise
(by Lemma 4.5) the velocity of motion never becomes zero. �

We now consider the case where h > h+. Since Σ = ∅, the periodic
motions can only be rotations. We investigate the question of the existence
of periodic rotations of the n-link pendulum such that the kth link performs
Nk complete revolutions over the period of rotation. We call such motions
rotations of type ]N1, . . . , Nn[.

Proposition 4.7. For every fixed integers N1, . . . , Nn and every h > h+

there exist 2n−1 distinct periodic rotations of type ]N1, . . . , Nn[ with total
energy h whose trajectories on T

n pass through pairs of critical points of the
potential U .

� Obviously, we can assume from the outset that the integers N1, . . . , Nn are
relatively prime. Consider in R

n = {ϑ} a pair of critical points a′ and a′′ of the
potential U whose ϑk-coordinates differ by πNk. These points cover distinct
points b′ and b′′ on T

n. We connect b′ and b′′ by a shortest geodesic of the
Jacobi metric on T

n. To this geodesic there corresponds a motion γ : R → T
n

such that γ(t′) = b′ and γ(t′′) = b′′, t′′ > t′. Let ϑ : R → R
n be a curve

Fig. 4.7.
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covering γ such that ϑ(t′) = a′ and ϑ(t′′) = a′′. By Lemma 4.2 there exists
τ > 0 such that

ϑ(t+ τ) − ϑ(t) = 2(a′′ − a′) = (2πN1, . . . , 2πNn).

Consequently, the motion γ : R → T
n is periodic of type ]N1, . . . , Nn[ with

period τ . Since the integers N1, . . . , Nn are relatively prime, τ is the smallest
period of γ. From this observation and Lemma 4.5 it is easy to deduce that
the trajectory of γ on T

n does not contain equilibrium positions other than b′

and b′′. �
Fig. 4.7 depicts the four pairs of equilibrium positions of a three-link pen-

dulum for different periodic rotations of type ]1, 2, 3[.

In conclusion we show that under certain conditions periodic rotations of
the pendulum exist also for the values h < h+. For that we consider the double
pendulum with equal lengths of the rods l and with masses of the points m1

and m2; the acceleration of gravity is g. The Lagrangian is

L =
1
2

(m1+m2)l2ϑ̇2
1 +

m

2
l2ϑ̇2

2 +m2l
2ϑ̇1ϑ̇2 cos (ϑ1 − ϑ2)

+m1gl cos ϑ1 +m2gl(cos ϑ1 + cos ϑ2).

We consider the case where the value of h is close to h+. Fixing the value
of m1 we let m2 tend to zero. For sufficiently small m2 the distance between
the points a = (0, 0) and b = (0, π) is less than the sum of the distances from
these points to the boundary of Σ. Indeed, d(a, b) does not exceed the length
of the segment {ϑ1 = 0, 0 � ϑ2 � π} ⊂ R

2, which is equal to

√
m2 l

π∫

0

√
h+m1gl +m2gl(1 + cos ϑ2) dϑ2.

This quantity tends to zero as m2 → 0. Since the region B is little different
from the domain {h+m1gl cos ϑ1 � 0}, we have

lim
m2→0

∂(a) =
√
m1 l

2

∮ √
h+m1gl cos ϑ1 dϑ1 > 0.

Consequently, for small m2 we have the inequality d(a, b) < ∂(a) + ∂(b). By
Proposition 4.3 there exists a shortest geodesic of the Jacobi metric contained
inside B and connecting the points a and b. To this geodesic there corresponds
a solution of the equations of motion with total energy h. Since the points a
and b are equilibrium positions, by Lemma 4.5 the solution thus found is a
periodic rotation.
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4.3 Periodic Trajectories of Non-Reversible Systems

4.3.1 Systems with Gyroscopic Forces
and Multivalued Functionals

Up to now we considered the situation where a “seminatural” Lagrangian
L = L2 +L1 +L0 was a single-valued function on the tangent bundle TM . In
particular, the 1-form ω ≡ L1 was defined and single-valued everywhere on M .
Consequently, its exterior differential Ω = dω, the 2-form of gyroscopic forces,
was exact. It is useful to generalize this situation by considering mechanical
systems with a closed (but not necessarily exact) form of gyroscopic forces.

Example 4.11. The motion of a charge on Euclidean plane R
2 with Cartesian

orthonormal coordinates x, y in a magnetic field (directed along the z-axis)
with strength H(x, y) is described by the equations ẍ = −Hẏ, ÿ = Hẋ.
The form of gyroscopic forces Ω is obviously equal to H dx ∧ dy. This form
is of course exact. For example, if H = const, then ω = H(y dx − x dy)/2.
We consider the special case where the magnetic field H(x, y) is 2π-periodic
in x and y. Then for the configuration space one can take the two-dimensional
torus T

2 = {x, y mod 2π} with a planar metric. The form ω is exact only if
the total flux of the magnetic field

H =

2π∫

0

2π∫

0

H dx ∧ dy

is equal to zero. 


Example 4.12. Consider the motion of a charge on the surface of the unit
sphere 〈r, r〉 = 1 in three-dimensional Euclidean space R

3 = {r}. Suppose
that a magnetic field of constant magnitude is directed orthogonally to the
surface of the sphere. The equation of motion can be represented with the
Lagrange multiplier as

r̈ = H(ṙ × r) + λr, 〈r, r〉 = 1; H = const.

Hence, λ = −〈ṙ, ṙ〉. Since the total energy E = 〈ṙ, ṙ〉/2 is conserved, we have
λ(t) = −2E = const. One can show that the trajectories of this equation on
the unit sphere with a fixed value of the energy E are circles of radius ρ, where

ρ2 =
2E/H2

1 + 2E/H2
. (4.8)

In Example 4.11 the “Larmor radius” is ρ =
√

2E/H. The form of gyroscopic
forces is Ω = H dσ, where dσ is the area element on the unit sphere. This
form is not exact, since the total flux of the magnetic field through the sphere
is equal to 4πH �= 0. 
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Example 4.13. The rotation of a rigid body with a fixed point in an axially
symmetric force field is described by the Euler–Poisson system of equations
(in the moving space)

Ṁ = M × ω + e × U ′, ė = e × ω.

Here M = Iω is the angular momentum of the rigid body, ω its angular
velocity, I the inertia tensor, e a unit vector of the symmetry axis of the force
field, and U(e) the potential. It is easy to show that on a fixed level of the
area integral {

(M, e) ∈ R
6 : 〈M, e〉 = c, 〈e, e〉 = 1

}

we obtain a system with gyroscopic forces. The configuration space is the
two-dimensional sphere S2. The form Ωc is not exact for c �= 0, since

∫

S2

Ωc = 4πc. (4.9)

A related example is provided by Kirchhoff’s problem of the motion of a rigid
body in a boundless ideal fluid (see [366]). 


We return to the study of the general case where h > sup U . Consider a
domain Q ⊂M such that the form Ω is exact in Q, so that Ω = dωQ. Suppose
that a curve x : [0, 1] →M is entirely contained in Q. Then on this curve we
can define the value of the abbreviated action

F ∗
Q =

1∫

0

(
|ẋ(t)|h + ωQ(ẋ(t))

)
dt,

where | · |h is the Jacobi metric, which is equal to 2
√

(h+ L0)L2; see § 4.2. We
fix a set of 1-forms ωQ for all the domains Q where the form Ω is exact. If the
curve x(·) lies in the intersection of domains Q1 ∩Q2, then Ω = dωQ1 = dωQ2

and therefore

F ∗
Q1

(
x(·)
)
− F ∗

Q2

(
x(·)
)

=
∫

x(·)

(ωQ1 − ωQ2).

Since the form Ω is closed, by Stokes’ formula the value of this integral does
not change if we vary x(·) as a curve with fixed ends, or as a closed curve.
Consequently, the set of local values F ∗

Q

(
x(·)
)

defines a “multivalued func-
tional” on the space K+ of closed oriented curves and on the space K(x1, x2)
of paths connecting two points x1, x2 ∈ M . One can say that the variation
δF ∗ is a uniquely defined 1-form on the space K+ (or K(x1, x2)), but its
integrals over various paths in K+ (or K), which are variations of the curves,
in general define a multivalued function on K+ (or on K(x1, x2)). Since lo-
cally F ∗ can be regarded as a single-valued functional, it enjoys all the local
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properties of the classical action (in particular, Theorem 4.1 is valid, Morse’s
index theorem holds, and so on).

The multivalued functional F ∗ becomes single-valued on passing to some
infinite-sheeted covering K̂ → K+ (respectively, K̃(x1, x2) → K(x1, x2)).
However, in contrast to the classical Morse theory, the single-valued func-
tional F ∗ may not be bounded below on K̂ (or on K̃). This circumstance
creates additional difficulties in using the gradient descent for the study of
the existence of periodic trajectories, or trajectories with fixed ends.

Multivalued functionals were introduced by S. Novikov, who developed
in [484, 485, 487] the extended Morse theory for the periodic variational
problem. We give two simple examples showing that the Morse theory is
inapplicable to multivalued functionals in the space K(x1, x2). The first of
them complements Example 4.3.

Example 4.14 ([487]). Consider the problem of the motion of a charged
particle on the plane R

2 in a constant magnetic field (see Example 4.11).
Because the Larmor radius is bounded for a fixed value of the energy, one
cannot connect any two points in R

2 by an extremal of the functional F ∗.
The reason is that the functional F ∗ is unbounded below on the space of
curves K(x1, x2). Indeed, let us connect any two points x1, x2 ∈ R

2 by a long
curve γ1 and a short curve γ2. Clearly, F ∗(γ1) ∼ F ∗(γ−1

2 γ1). The action of F ∗

on the closed curve γ−1
2 γ1 is the sum of two quantities: one is proportional

to the length of γ1, and the other to the area bounded by the contour γ−1
2 γ1.

By enlarging γ1 and choosing its orientation we can ensure that F ∗(γ1) tends
to −∞. It may seem that this phenomenon is caused by the fact that R

2 is
not compact. The following example shows that this is not the case. 


Example 4.15 ([487]). Consider the system with gyroscopic forces in Ex-
ample 4.12. For a fixed value of the total energy E and large values of the
strength of the magnetic field H, the Larmor radius is small (see (4.8)), which
fact again leads to the insolubility of the two-point variational problem. In
this example the configuration manifold S2 is compact, but the functional F ∗

is not single-valued. 


Unlike the two-point problem, the periodic problem of variational calculus
always has trivial solutions: the one-point curves x(t) ≡ x0 at which the
functional F ∗ has local minimum (see § 4.1.3).

Novikov stated the following important assertion [487]. Suppose that the
configuration space M is compact, simply connected, and H2(M) �= 0. Then
for every value of the total energy h > max(−L0) the equation of motion has
a periodic solution with the given energy h = L2 − L0.

The idea of the proof is as follows. As already mentioned, the functional
F ∗ always has trivial one-point extremals x(t) ≡ x0. These extremals form
an n-dimensional submanifold N ⊂ K+ diffeomorphic to M . Each of these
extremals is a local minimum of the multivalued functional F ∗. On every sheet
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of the covering f : K̂ → K+ the full inverse image

f−1(N) = N0 ∪N1 ∪ · · ·

gives a manifold of local minima of the multivalued functional F ∗. Since M
is simply connected, there exists a natural homotopy g : M × [0, 1] → K̂
connecting the submanifolds N0 and N1. We restrict the functional F ∗ to
the image of M × [0, 1] and begin “shifting” the map g downward along the
gradient of F ∗; here the ends N0 and N1 remain fixed. Since H2(M) �= 0,
we have π2(M) �= 0 and therefore the space of curves K+ is not simply
connected. The gradient descent gives us the required non-trivial stationary
“saddle” critical point.

However, a rigorous justification of this construction is a difficult prob-
lem. The reader should be aware of certain inaccuracies in [484, 485, 487].
They are related to the fact that the space of oriented closed curves with-
out self-intersections is considered in these papers. But an application of the
gradient descent may give rise to self-intersections in the non-reversible case.
Concerning corrections see the survey [575] and the papers [486, 573, 574].

4.3.2 Applications of the Generalized Poincaré Geometric
Theorem

In some cases the existence of periodic trajectories of mechanical systems with
gyroscopic forces can be established by the generalizations of the well-known
Poincaré geometric theorem on fixed points of symplectic diffeomorphisms.
As an example we consider the motion of a charge on the “Euclidean” two-
dimensional torus T

2 = {x, y mod 2π} under the action of a magnetic field
with strength H : T

2 → R (see Example 4.11). The motion of the charge is
described by the equations

ẍ = −H(x, y)ẏ, ÿ = H(x, y)ẋ.

The total energy (ẋ2 + ẏ2)/2 = h is of course conserved.

Theorem 4.8. If the magnetic field H does not vanish anywhere, then for
every fixed value of the energy h > 0 there are at least four closed trajectories
counting their multiplicities, and at least three geometrically distinct ones.
If H2(x, y) > h for all (x, y) ∈ T

2, then there exist at least four (counting
multiplicities) closed trajectories homotopic to zero.4

� For every h > 0 the energy surface ẋ2 + ẏ2 = 2h is diffeomorphic to the
three-dimensional torus T

3 with the angle coordinates x, y, ϕ = arccot (ẏ/ẋ).
The equations of motion on T

3 have the form

ẋ =
√

2h cos ϕ, ẏ =
√

2h sin ϕ, ϕ̇ = H(x, y).

4 Cf. Theorem 2 in [486].
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Since H �= 0, the angle variable ϕ changes monotonically. Suppose for defi-
niteness that ϕ̇ > 0. We rewrite the equations of motion regarding ϕ as new
“time”:

x′ =

√
2h cos ϕ
H

, y′ =

√
2h sin ϕ
H

, (·)′ =
d(·)
dϕ

.

The symplectic structure H(x, y) dx ∧ dy is preserved by the phase flow of
these equations. Let x �→ x + f(x, y), y �→ y + g(x, y) be a symplectic map
of the torus T

2 = {x, y mod 2π} onto itself that is a map over time ϕ = 2π
(Fig. 4.8).

Fig. 4.8.

One can show that this map preserves the centre of mass of the torus T
2,

that is, ∫∫

T2

fH dx ∧ dy =
∫∫

T2

gH dx ∧ dy = 0.

According to the generalized Poincaré theorem stated by Arnold ([10], Ap-
pendix 9) and completely proved in [196], a map over the period has at least
four fixed points (counting multiplicities) among which there are necessarily
three geometrically distinct ones. To complete the proof it remains to verify
that |f |, |g| < 2π if minH2 > h. For example, let us estimate

|f |2 =

∣
∣
∣
∣
∣

2π∫

0

√
2h cos ϕ dϕ

H(x(ϕ), y(ϕ))

∣
∣
∣
∣
∣

2

� 2h

2π∫

0

cos 2ϕ dϕ

2π∫

0

dϕ

H2
� (4π)2h

minH2
,

whence |f | � 2π
(√

h/min |H|
)
, as required. �

Remark 4.5. Let us complicate the problem by adding conservative forces
with potential U : T

2 → R. Consider the motion of the charge under the
condition that max U < h. Since

ϕ̇ = H +
U ′

yẋ− U ′
xẏ

2(h− U)
,
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the variable ϕ changes monotonically if

|H| >

√
U ′2

x + U ′2
y

√
2(h− U)

. (4.10)

This inequality guarantees the existence of three periodic trajectories with
energy h. If h < max U , then the angle variable ϕ does not change monoton-
ically everywhere; hence in this case nothing definite can be said about the
existence of closed trajectories.

In [346] condition (4.10) for the existence of three closed orbits is derived
in the most general case, where the metric on the torus is arbitrary.

We mention one more route to four cycles on a torus with a magnetic field
suggested by Arnold. For that, fixing the centre of mass of a disc on the torus
and its “magnetic” area ∫∫

H dx ∧ dy

we minimize the length of the boundary. If the resulting function of the centre
of mass as a point on T

2 turns out to be smooth, then its critical points (there
are at least four of them, counting multiplicities) give us closed trajectories
bounding the fixed area. Varying then the area from zero to infinity we ob-
tain closed trajectories of given energy. So far this programme has not been
realized. This approach is attractive because it can possibly be generalized to
surfaces other than the torus. But this would require giving an appropriate
definition of the centre of mass.

We also consider the problem of the motion of a charge on a sphere in a
magnetic field (Example 4.12). In the absence of a magnetic field the point
moves periodically along great circles. Seifert’s theorem [538] implies the ex-
istence of periodic trajectories in the presence of a weak magnetic field.

Questions of the existence of closed orbits on arbitrary closed surfaces
in strong magnetic fields were considered in Ginzburg’s paper [258]. Using
the appropriate generalization of the Poincaré geometric theorem he obtained
the following estimates for the number k of periodic trajectories in a strong
magnetic field in terms of the genus g of the surface:

a) if g = 0, then k � 2;
b) if g � 1, then k � 3 (counting multiplicities, k � 2g + 2).

For the torus (g = 1) assertion b) coincides with the result of [346].

4.4 Asymptotic Solutions. Application to the Theory
of Stability of Motion

In this section we consider motions of mechanical systems that tend to equi-
libria as time tends to infinity. One can reduce to this problem the study
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of motions that are asymptotic to arbitrary given motions (not only asymp-
totic to equilibria). Indeed, let x0(·) be a solution of Lagrange’s equation
[L(ẋ, x, t)]x = 0. We set y = x− x0(t) and L̂(ẏ, y, t) = L(ẏ + ẋ0, y + x0, t).
Obviously, y(t) ≡ 0 is a solution of the equation [L̂]y = 0. If x(t) → x0(t) as
t→ ∞, then y(t) → 0.

4.4.1 Existence of Asymptotic Motions

We consider a non-autonomous Lagrangian system (M, L) with smooth La-
grange function L : TM × R → R. Let 〈 , 〉 be some complete Riemannian
metric on M .

Definition 4.2. The Lagrangian system (M, L) is said to be regular if there
exist positive constants c1, c2, c3, c4 such that

1) c1〈ẋ, ẋ〉 − c2 � L(ẋ, x, t),
2) c3〈v, v〉 � L′′

ẋ,ẋv · v � c4〈v, v〉
for all (ẋ, x, t) ∈ TM × R and v ∈ TM .

If the configuration space is compact, then the definition of regularity is
independent of the choice of the Riemannian metric on M .

Example 4.16. Suppose that the Lagrange function is a periodic (or almost
periodic) function of time and has the form

L =
1
2
〈ẋ, ẋ〉t + 〈v(x, t), ẋ〉t + V (x, t),

where 〈 , 〉t is a Riemannian metric on M depending on time, v is a smooth
vector field, and V : M × R → R is some smooth function. Conditions 1), 2)
are automatically satisfied if the metric 〈 , 〉t is complete for all t and the
functions 〈v, v〉t and V are bounded above. 


Throughout this section we assume that conditions 1), 2) hold. These
conditions guarantee the global existence of the smooth Hamiltonian function
H : T ∗M ×R → R that is dual (in the sense of the Legendre transformation)
to the Lagrange function L. We define a smooth function H0 : M ×R → R as
the restriction of the Hamiltonian H to the set of points in T ∗M × R where
the canonical momenta vanish: y = L′

ẋ = 0.
Suppose that x(t) = a = const is a solution of Lagrange’s equation [L] = 0,

so that a is an equilibrium position. Without loss of generality we can assume
that H0(a, t) = 0.

Definition 4.3. The function H0 : M ×R → R is said to be negative-definite
if for any neighbourhood D of the point a there exists ε > 0 such that
H(x, t) � −ε for all x /∈ D and t ∈ R.
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Theorem 4.9 ([130]). If the function H0 is negative-definite, then for every
x0 ∈M and τ ∈ R there exists a motion x : [τ,+∞) →M such that x(τ) = x0

and x(t) → a as t→ +∞.

To establish the existence of motions asymptotic to the equilibrium a as
t→ −∞ it is sufficient to apply Theorem 4.9 to the Lagrangian system (M, L̂),
where L̂(ẋ, x, t) = L(−ẋ, x,−t). If x(t) is a motion of the Lagrangian system
(M, L), then x(−t) is a motion of the system (M, L̂).

� Proof of Theorem 4.9. We may assume that L vanishes at the equilibrium
position: L(0, a, t) ≡ 0 for all t. The definition of the Legendre transformation
and the regularity condition imply that

H = sup
ẋ

(y · ẋ− L).

Consequently,
L(ẋ, x, t) � −H0(x, t) � 0 = L(0, a, t). (4.11)

Let x0 �= a and τ ∈ R. We introduce the set Ω(x0, τ) of piecewise-conti-
nuously differentiable curves x : [τ,+∞) →M such that x(τ) = x0 and x(t) ≡
a for all sufficiently large t > τ . On the set Ω(x0, τ) the Hamiltonian action
functional is defined:

F (x(·)) =

∞∫

τ

L
(
ẋ(t), x(t), t

)
dt.

Let d be the distance between points of the complete Riemannian space
(M, 〈 , 〉). For any curve x(·) in Ω(x0, τ) and any instants t2 > t1 � τ , by the
Cauchy–Bunyakovskij inequality we have the estimate

d2
(
x(t1), x(t2)

)
�
( t2∫

t1

∣
∣ẋ(t)

∣
∣ dt

)2

� (t2 − t1)

t2∫

t1

∣
∣ẋ(t)

∣
∣2 dt.

The regularity condition 1) implies the inequality

d2
(
x(t1), x(t2)

)
� t2 − t1

c1

(
F (x(·)) + c2(t2 − t1)

)
. (4.12)

For a value T > τ we denote by ΩT the set of curves x(·) ∈ Ω(x0, τ) such
that x(t) ≡ a for t � T . By inequality (4.12) every subset of ΩT on which
the functional F is bounded is uniformly bounded and uniformly continuous.
Consequently, taking into account the inequality F � 0 we obtain by Arzelá’s
theorem that F : ΩT → R attains its infimum at some continuous curve
xT : [τ, T ] →M . The regularity condition implies that xT (·) ∈ ΩT (see [490]).

The function T �→ F (xT ), T > τ , is continuous, non-negative, and
non-increasing. It follows from inequality (4.12) that the family of curves
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{xT (·)}T�τ0 (τ0 > τ) is uniformly bounded and equicontinuous. Since the dis-
tance d is complete, applying again Arzelá’s theorem and the diagonal process
we find a sequence τn → +∞ such that for any T > τ the sequence xτn

(·)
converges to a continuous curve x : [τ,+∞) → M uniformly on [τ, T ]. Since
at the curve xτn

: [τ, T ] →M the functional F has a minimum on the class of
curves with endpoints at x0 and xτn

(T ), the limit curve x : [τ, T ] →M is an
extremal of the functional F on the set of curves with ends at the points x0

and x(T ) = lim
n→∞

xτn
(T ). Consequently, x(·) is a motion, and

T∫

τ

L
(
ẋ(t), x(t), t

)
dt = lim

n→∞

T∫

τ

L
(
ẋτn

(t), xτn
(t), t

)
dt � lim

n→∞
F (xτn

).

Thus,
∞∫

τ

L
(
ẋ(t), x(t), t

)
� inf

{
F
(
x(·)
)
: x(·) ∈ Ω(x0, τ)

}
. (4.13)

Since the function H0 is negative-definite, inequality (4.11) and the con-
vergence of the integral (4.13) imply that x(t) → a as t→ +∞. �
Example 4.17. To the Lagrange function in Example 4.16 there corresponds
the Hamiltonian function

H =
1
2
〈y, y〉∗t − y · v(x, t) +

1
2
〈v, v〉t + U(x, t),

where 〈 , 〉∗t is the quadratic form on T ∗
xM conjugate to the metric 〈 , 〉t

on TxM . If a point x = a is an equilibrium position, then by Theorem 4.9
there exist motions asymptotic to the point a if the inequality

1
2
〈v(x, t), v(x, t)〉t + U(x, t) < U(a, t) (4.14)

holds for all x �= a and t ∈ R.
In the autonomous case the existence of asymptotic motions can also be

established by the following method. If inequality (4.14) holds, then the inte-
grand for the Maupertuis action (that is, 2

√
L0L2 +L1) is positive-definite in

the domain M \{a}. Consequently, the Maupertuis action attains the smallest
value on the set of piecewise-smooth curves on M with ends at the points x0

and a. This value is attained precisely at the trajectory of the required as-
ymptotic motion. 


Theorem 4.10 ([122]). Suppose that H is almost periodic in t, the function
H0 : M × R → R is negative-definite, and M is compact. Then there exists a
motion x : R → M that is doubly asymptotic to the equilibrium a ∈ M (that
is, x(t) → a as t→ ±∞).
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4.4.2 Action Function in a Neighbourhood
of an Unstable Equilibrium Position

We again assume that the function H0 : M × R → R is negative-definite in
a neighbourhood of an equilibrium position x = a. We introduce a function
S : M × R → R by the formula

S(x, τ) = inf
{
F
(
z(·)
)
: z(·) ∈ Ω(x, τ)

}
.

According to Theorem 4.9 we can associate with every point (x, τ) ∈ M × R

an asymptotic motion z : [τ,+∞) →M such that z(τ) = x and lim
t→∞

z(t) = a.

Proposition 4.8. If the Lagrangian L is periodic in t, then

a) lim
t→∞

ż(t) = 0,

b)
∫ ∞

τ

L
(
ż(t), z(t), t

)
dt = S(x, τ).

� Let T be the period of the Lagrange function. Since the integral (4.13) con-
verges, it follows that for large T ′ the Lagrangian becomes arbitrarily small at
some points of the interval [T ′, T ′ + T ]. Inequality (4.11) shows that at these
points the velocity ż is small. Conclusion a) follows from this observation be-
cause the equations of motion are periodic in t. Conclusion b) is a consequence
of a) and inequality (4.13). �
Remark 4.6. Of course, Proposition 4.8 is also valid under more general as-
sumptions about the explicit dependence of the Lagrangian on time.

The action function S is positive-definite and continuous but possibly non-
differentiable.

Theorem 4.11 ([130]). Suppose that the function L is periodic in t and an
equilibrium position a ∈ M is a point of non-degenerate maximum of the
function H0 for every instant. Then there exists a neighbourhood D ⊂M ×R

of the straight line {a} × R such that

a) for every point (x, τ) ∈ D there exists a unique motion z : [τ,+∞) → M
asymptotic to the point a inside D;

b) the function S is smooth on D, has a non-degenerate minimum on the
straight line {a} × R, and satisfies the Hamilton–Jacobi equation S′

t +
H(S′

x, x, t) = 0;
c) if y is the momentum along the motion z(·), then y(t) = S′

x(z(t), t).

� By the stable manifold theorem (see, for example, [481]) the phase tra-
jectories of the Lagrangian system (M, L) that are asymptotic to the point
(y, x) = (0, a) ∈ T ∗M fill a smooth invariant submanifold W ⊂ T ∗M × R,
which is diffeomorphically projected onto some neighbourhood of the straight



166 4 Variational Principles and Methods

line {a} × R. This proves conclusion a). We represent W as the graph of a
smooth map f : D → T ∗M × R. If z : [τ,+∞) → M , z(τ) = x, is a motion
asymptotic to the equilibrium z ≡ a, then ż(t) = H ′

y(f(z, t), z, t). By the the-
orem on smooth dependence of solutions on initial data the function z(t, x, τ),
z(t) = x, is smooth. Hence the action function S(x, τ) also depends smoothly
on (x, τ) ∈ D. Using formula b) of Proposition 4.8 one can easily obtain

dS(x, τ) = y(x, τ) dx−H
(
y(x, τ), x, τ

)
dτ, y = f(x, τ).

From this we obtain the required formulae y = S′
x and S′

τ +H(S′
x, x, τ) = 0.

�
Example 4.18. Consider a natural mechanical system (M, 〈 , 〉, U). Suppose
that a point a ∈ M is a non-degenerate local maximum of the potential
energy U . Theorem 4.11 asserts that the trajectories asymptotic to the point a
intersect the level surfaces of the action function S(x) at right angle (in the
sense of the metric 〈 , 〉); the function S itself satisfies the nonlinear equation

〈S′
x, S

′
x〉∗ = U(x) − U(a).

If the equilibrium is degenerate, then this equation may not have smooth
solutions. Here is a simple example (see [157]):

S′2
x + S′2

y = x4 + εx2y2 + y4, ε > −2. (4.15)

It is easy to show that for ε �= 2 and ε �= 6 equation (4.15) has no infi-
nitely differentiable solutions in a neighbourhood of the point x = y = 0.
Non-smooth solutions may exist. For example, for ε = 7 equation (4.15) has
solution S(x, y) = xy

√
x2 + y2, which is only of class C2. 


In conclusion we remark that the statement of the problem and the first
results on the existence of asymptotic motions of conservative mechanical
systems apparently go back to the papers of Kneser of 1897.

4.4.3 Instability Theorem

If a Lagrangian system (M, L) has motions asymptotic to an equilibrium
a ∈ M , then for the system (M, L̂) where the function L̂ is obtained from L
be reversing time, this equilibrium will obviously be unstable. Thus, according
to Theorem 4.9 the negative-definiteness of the function H0 : M × R → R is
a sufficient condition for instability. This condition can be weakened.

Theorem 4.12 ([130]). If H0 � 0 for all (x, y) ∈ M × R, then for every
ε > 0, x0 ∈M , and τ0 ∈ R there exists τ > τ0 and a motion x : [τ0, τ ] →M
such that x(τ0) = x0, x(τ) = a, and |ẋ(τ)| � ε.
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To prove instability it is sufficient to apply the theorem to the Lagrangian
system (M, L̂). Theorem 4.12 is proved by the method of § 4.4.1.

Example 4.19. For the seminatural system in Example 4.16 a condition for
the instability of an equilibrium is given by (4.14) with non-strict inequality.
In the autonomous case this condition was noted by Hagedorn [272]. 


4.4.4 Multi-Link Pendulum with Oscillating Point of Suspension

We now apply the general assertions established above to the problem of
the motion of a planar n-link pendulum (see Example 4.6) with vertically
oscillating point of suspension. The Lagrange function has the form

L(ϑ̇, ϑ, t) =
1
2

n∑

i, j=1

Mmax(i, j)lilj cos (ϑi − ϑj)ϑ̇iϑ̇j

+ ḟ(t)
n∑

i=1

Mili sin ϑiϑ̇i −
n∑

i=1

Mili cos ϑi,

where Mi =
∑n

j=i mj and f(t) is the height of the suspension point of the
pendulum. Since the configuration space T

n = {ϑ mod 2π} is compact, the
system (Tn, L) is regular if ḟ2(·) is a smooth bounded function of time. Let
a = (π, . . . , π) be the upper equilibrium of the pendulum.

Proposition 4.9. If the inequality

ḟ2 < g min
s

(
msls
Ms

)

(4.16)

holds for all t, then condition (4.14) is satisfied.

This assertion remains valid if the sign < in inequalities (4.16) and (4.14)
is replaced by �.

Corollary 4.4. If n = 1, then the upper equilibrium is unstable if ḟ2(t) � gl
for all t ∈ R.

Remark 4.7. The sufficient condition for stability in linear approximation
obtained for f � l by the averaging method has the form ḟ2 > gl (Bo-
golyubov [15]). If inequality (4.16) holds, then by Theorem 4.9 there exist
motions of the pendulum starting at an arbitrary instant in an arbitrary po-
sition and asymptotic to the upper equilibrium ϑ = a. Moreover, according
to Theorem 4.10, in this case there exist motions of the pendulum that are
doubly asymptotic to the point a ∈ T

n.

Proposition 4.10. If the function f(t) is even and inequality (4.14) holds,
then there exist at least 2n − 1 distinct motions of the pendulum doubly as-
ymptotic to the upper equilibrium.
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� Indeed, apart from the upper one, there exist 2n − 1 more equilib-
ria ai, which are invariant under the reflection ϑ → −ϑ (see § 4.2.4). Let
ϑ : [0,+∞) → T

n, ϑ(0) = ai, be a motion of the pendulum asymptotic
to the point a as t → +∞. Since the map (ϑ̇, ϑ, t) → (ϑ̇,−ϑ,−t) preserves
the Lagrangian, the motion ϑ̂(t) = −ϑ(−t) is asymptotic to a as t → −∞.

Since ˙̂
ϑ(0) = ϑ̇(0), the motion ϑ : R → T

n is the required doubly asymptotic
motion. �

4.4.5 Homoclinic Motions Close to Chains of Homoclinic Motions

For simplicity we consider a Lagrangian system with configuration space M
and Lagrange function L(q, q̇, t) that is periodic in time. Suppose that L
satisfies the natural regularity conditions (which hold, for example, for L =
1
2 |q̇|2 − V (q, t)). Similar results are valid for general Hamiltonian systems.
Suppose that 0 is a hyperbolic equilibrium position that is a maximum point
of the potential energy. Poincaré called motions that are doubly asymptotic to
an equilibrium homoclinic5 to this equilibrium. Below we discuss homoclinic
motions that are close to chains of homoclinic motions separated in time.
Such homoclinic motions are often expressively called “multibumps” in the
literature.

Suppose that L vanishes at the equilibrium position. Then the motions
homoclinic to 0 are critical points of the action functional

I(q) =

∞∫

−∞

L(q(t), q̇(t), t) dt

on a suitable space Ω of curves q : R →M with q(±∞) = 0.
Suppose that Ω has non-trivial topology, so that there exists a non-trivial

critical level I = c corresponding to a minimax or a minimum of I. Then there
exist approximate critical points, that is, a sequence {qn}, qn ∈ Ω (called a
Palais–Smale sequence) such that I ′(qn) → 0 and I(qn) → c as n → ∞ (here
I ′ is the variation of I). In the problem under consideration the Palais–Smale
condition – that the Palais–Smale sequence have a converging subsequence –
usually does not hold. However, it turns out that there exists a subsequence
(which we again denote by {qn}) and motions h1, . . . , hk homoclinic to 0 with
∑k

i=1 I(hi) = c such that

qn −
k∑

i=1

hi(t− sin) → 0 (4.17)

for some instants skn such that |sin − sjn| → ∞ as n → ∞ for i �= j. (We
assume that M is embedded in R

N for some N , so that the sum in (4.17)
5 In contrast to heteroclinic motions, which are asymptotic to different equilibria

as t → −∞ and t → +∞.
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is well defined.) Thus, qn is close to a combination of k homoclinic motions
separated in time.

For a critical level c such that there are no other critical levels cj with∑
cj = c, the sequence qn (possibly shifted in time) converges to a homoclinic

motion h with I(h) = c. Generally speaking, no other homoclinic motions are
obtained even for a rich topology of the space Ω.

However, if a certain condition (∗) holds, which, informally speaking, is
that there be not too many homoclinic motions (say, countably many), then,
as shown by Séré (see [539] and the references therein), a certain variant of
the Palais–Smale condition holds. This implies the existence of at least one
homoclinic motion h on the level I = c (which we call primary), and if this
motion is unique (up to a shift in time), then also the existence of infinitely
many secondary homoclinic motions close to

l∑

j=1

h(t− sj),

where l is arbitrary and the sj that are multiples of the period can be chosen
arbitrarily under the condition that the differences si−sj be sufficiently large
for i �= j. Thus, the (secondary) homoclinic motions are close to chains of
shifts of the primary homoclinic motion separated in time. The value of the
action functional on a secondary homoclinic motion is close to lc.

This theory also considers the general case where there are several mini-
max levels I = ci, and on each of them there are several homoclinic motions
with geometrically distinct trajectories (we call these motions primary). It is
claimed that there exist infinitely many secondary homoclinic motions close
to chains of primary homoclinic motions separated in time [539].

At the intuitive level, condition (∗) means that the system is non-integrable.
Indeed, for integrable systems homoclinic motions form families, so that there
are always continually many such motions. For example, for autonomous sys-
tems (which have the energy integral) the homoclinic motions form the family
obtained from a single motion by shifts in time, so that condition (∗) does
not hold. For autonomous systems there also exist results similar to those
described above, but the assumptions involved become more technically com-
plicated (see, for example, [134] and the references therein).

If the primary homoclinic motions are transversal6, then the existence of
infinitely many homoclinic motions close to chains of primary homoclinic mo-
tions follows from the results of Poincaré and Birkhoff. Thus, Séré’s result
can be regarded as a generalization of this theory to the non-transversal case.
Using the same method one can find chaotic motions close to chains of ho-
moclinic motions [539]. To verify condition (∗) in the case where the system

6 A motion of the system homoclinic to an equilibrium is said to be transversal if
its trajectory in the extended phase space is the line of transversal intersection
of the stable and the unstable manifolds of this equilibrium.
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differs by a small perturbation from a system with known behaviour one can
use the Poincaré–Mel’nikov method (cf. § 7.2).

The theory described above becomes simpler and more powerful in the case
where the primary homoclinic motions are minimum points of the action func-
tional (for example, if M is a multiply connected manifold, a torus, say); see,
for example, [197] and the references therein. Heteroclinic doubly asymptotic
motions close to chains of doubly asymptotic motions were also constructed in
that paper. In the case of a minimum of the action the theory becomes close
to Mather’s results [416] in the multidimensional Aubry–Mather theory (see
also § 6.3.7). Actually, here Mather’s theory is more powerful, since it deals
with motions homoclinic and heteroclinic to Aubry–Mather sets, not just to
hyperbolic equilibria.



5

Integrable Systems and Integration Methods

5.1 Brief Survey of Various Approaches
to Integrability of Hamiltonian Systems

Differential equations, including Hamilton’s equations, are customarily di-
vided into integrable and non-integrable ones. “When, however, one attempts
to formulate a precise definition of integrability, many possibilities appear,
each with a certain intrinsic theoretic interest.”1 In this section we briefly list
various approaches to integrability of Hamiltonian systems, “... not forgetting
the dictum of Poincaré, that a system of differential equations is only more
or less integrable”2.

5.1.1 Quadratures

Integration by quadratures of a system of differential equations in R
n is find-

ing its solutions using finitely many “algebraic” operations (including taking
inverse functions) and “quadratures”, which means calculation of the inte-
grals of known functions. The following assertion relates the integration of a
Hamiltonian system by quadratures to the existence of sufficiently many first
integrals of it.

Theorem 5.1 ([354]). Let R
2n be a symplectic manifold with the standard

symplectic structure. Suppose that a Hamiltonian system with Hamiltonian
H : R

2n × R{t} → R has n first integrals F1, . . . , Fn : R
2n × R{t} → R (that

is, F ′
t + {F, H} = 0) such that {Fi, Fj} =

∑
ckijFk, where ckij = const. If

1) the differentials dxF1, . . . , dxFn are independent on the set
Mf =

{
(x, t) ∈ R

2n × R : Fi(x, t) = fi, 1 � i � n
}
,

2)
∑

ckijfk = 0 for all i, j = 1, . . . , n,

1 G.D. Birkhoff, Dynamical Systems, AMS, 1927.
2 Ibid.



172 5 Integrable Systems and Integration Methods

3) the Lie algebra A of linear combinations
∑

λsFs, λs ∈ R, is soluble,

then the solutions of the Hamiltonian system ẋ = IdH lying on Mf can be
found by quadratures.

Corollary 5.1. If a Hamiltonian system with n degrees of freedom has n in-
dependent integrals in involution (the algebra A is commutative), then the
system can be integrated by quadratures.

This assertion was first proved by Bour for autonomous canonical equa-
tions and then was generalized to the non-autonomous case by Liouville.

Suppose that the functions H and Fi are independent of time. Then H is
also a first integral, say, H = F1. The theorem on integrability by quadratures
is of course valid also in this case; moreover, the condition {F1, Fi} = 0 can
be replaced by the weaker condition {F1, Fi} = ci1iF1, 1 � i � n.

The proof of Theorem 5.1 is based on the following result of Lie.

Theorem 5.2. Suppose that n vector fields X1, . . . , Xn are linearly indepen-
dent at each point of a domain U ⊂ R

n{x}, generate a soluble Lie algebra
with respect to the operation of commutation, and [X1, Xi] = λiX1. Then
the differential equation ẋ = X1(x) can be integrated by quadratures in the
domain U .

� We prove this assertion in the simplest case n = 2. In the general case the
proof is similar (see [167]). The equation ẋ = X1(x), x ∈ U , will be integrated
if we succeed to find a first integral F (x) of it such that dF (x) �= 0 everywhere
in the domain U . Since X1(x) �= 0, x ∈ U , such a function does exist (at least
locally). If X1(F ) = 0, then X2(F ) is again an integral, since X1(X2(F )) =
X2(X1(F )) + λ2X1(F ) = 0. It is obvious that locally X2(F ) = f(F ), where
f(·) is some smooth function of one variable, f �= 0. We set

G(F ) =

F∫

F0

dz

f(z)
.

Since X1(G) = 0 and X2(F ) = dG(X2(F )) = X2(F )/f(F ) = 1, there exists a
solution of the system of equations

X1(F ) = a11
∂F

∂x1
+ a12

∂F

∂x2
= 0, X2(F ) = a21

∂F

∂x1
+ a22

∂F

∂x2
= 1.

Solving this system with respect to F ′
x1

and F ′
x2

we find the function F using
an additional integration. Since X2(F ) = 1, we have dF �= 0. �
� Proof of Theorem 5.1 in the autonomous case. We consider the n Hamil-
tonian fields I dFi. According to conditions 1), 2), these fields are tangent
to the manifold Mf and independent everywhere on Mf . Since {Fi, Fj} =∑

ckijF
k, we have [I dFi, I dFj ] =

∑
ckijI dFk. Consequently, the tangent

fields I dFi generate a soluble algebra, and [I dH, I dFi] = λiI dH (where
λi = c11i = const). Theorem 5.1 now follows from Lie’s Theorem 5.2. �
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Remark 5.1. Theorem 5.2 in turn can be derived from Theorem 5.1. For that
consider the n functions Fi(x, y) = y ·Xi(x) defined in U × R

n. If [Xi, Xj ] =∑
ckijXk, then clearly {Fi, Fj} =

∑
ckijFk. The manifold M0 = {(x, y) : F1 =

· · · = Fn = 0} = {(x, y) : y = 0} is invariant for the Hamiltonian system with
Hamiltonian function F1. Applying the autonomous variant of Theorem 5.1
on M0 and identifying M0 with U we obtain the conclusion of Theorem 5.2.

The non-autonomous theorem can be derived from the autonomous one
using the following method. Hamilton’s equations

ẋ = H ′
y, ẏ = −H ′

x; H = H(x, y, t)

can be represented as the following canonical system in the extended space of
variables x, y, h, t with the Hamiltonian function K(x, y, h, t) = H(x, y, t)−h:

ẋ = K ′
y, ẏ = −K ′

x, ḣ = K ′
t, ṫ = −K ′

h.

If we denote by {,}∗ the Poisson bracket in the extended symplectic space
R

2n{x, y} × R
2{h, t}, then

{Fi(x, y, t), Fj(x, y, t)}∗ = {Fi, Fj} =
∑

ckijFk,

{Fi(x, y, t), K(x, y, h, t)}∗ = {Fi, H − h} =
∂Fi

∂t
+ {Fi, H} = 0.

It remains to observe that the functions F1, . . . , Fn, and K are independent in
the sense that their differentials are independent at each point of the (n+ 1)-
dimensional integral manifold

{F1 = f1, . . . , Fn = fn, K = 0}

in the extended phase space. The last condition is equivalent to condition 1)
of Theorem 5.1.

Example 5.1. Consider the problem of the motion along a straight line of
three points attracting one another with a force inversely proportional to the
cube of the distance between them. Let mi be the masses, xi the coordinates,
and pi = miẋi the momenta of the points. The potential energy of their
interaction is

U =
∑

i<j

aij

(xi − xj)2
, ai,j = const.

The functions F1 =
∑

p2
i /2mi + U , F2 =

∑
pixi, and F3 =

∑
pi are in-

dependent and {F1, F3} = 0, {F2, F3} = F3, {F1, F2} = 2F1. Since the
corresponding algebra A is soluble, the motions lying on the zero levels of
the total energy and the momentum can be found by quadratures. This pos-
sibility can be easily realized directly. If the points have equal masses, and
the coefficients aij (i < j) are all equal, then the equations of motion can be
integrated by quadratures globally (see Example 5.8). Note that in this ex-
ample the potential U can be replaced by an arbitrary homogeneous function
of degree −2. 
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5.1.2 Complete Integrability

Let M be a symplectic manifold and let F1, . . . , Fn be functions on M that
are independent at each point and generate a finite-dimensional subalgebra
of the Lie algebra C∞(M) (so that {Fi, Fj} =

∑
ckijFk, ckij = const). At each

point x ∈ M , where the functions F1, . . . , Fn are independent, the vectors
I dFi generate an n-dimensional vector subspace Π(x) of TxM . The distribu-
tion of the planes Π(x) is involutive (if X(x), Y (x) ∈ Π, then [X, Y ](x) ∈ Π).
Consequently, by Frobenius’ theorem through each point x ∈M there passes
a maximal integral manifold Nx of the distribution Π. These manifolds can be
immersed into M in quite a complicated way; in particular, they may not be
closed. If n = dimM/2, then among the integral manifolds of the distribution
Π there are the closed surfaces Mf =

{
x ∈M : Fi(x) = fi,

∑
ckijfk = 0

}
. If

x ∈Mf , then Nx coincides with one of the connected components of the mani-
fold Mf . In the special case where the functions F1, . . . , Fn commute pairwise,
almost the whole of M is “foliated” by the closed integral manifolds Mf .

Theorem 5.3. Suppose that the smooth functions F1, . . . , Fn : M → R are
pairwise in involution and dimM = 2n. If

1) their differentials are linearly independent at each point of Mf ,
2) the Hamiltonian fields I dFi (1 � i � n) are complete on Mf ,

then

a) each connected component of Mf is diffeomorphic to T
k × R

n−k,
b) on T

k × R
n−k there exist coordinates ϕ1, . . . , ϕk mod 2π, y1, . . . , yn−k

in which Hamilton’s equation ẋ = I dFi on Mf has the form

ϕ̇m = ωmi, ẏs = csi (ω, c = const).

The Hamiltonian system with Hamiltonian function Fi for each i =
1, . . . , n is said to be completely integrable. In the case of compact Mf Theo-
rem 5.3 was first proved in [72].

� We outline the proof of this theorem. Consider the n one-parameter groups{
gti

i

}
, ti ∈ R, which are the phase flows of the n Hamiltonian fields I dFi.

By condition 2), the value gti
i (x), x ∈Mf , is defined for all ti. The groups gi

and gj commute, since the vector fields I dFi and I dFj commute on Mf .
Consequently, the following action of the abelian group R

n = {t1, . . . , tn} is
defined on Mf :

gt(x) = gt1
1 · · · gtn

n (x), t = (t1, . . . , tn).

One can deduce from condition 1) and the connectedness of Mf that the group
R

n acts on Mf freely and transitively. Consequently, Mf is diffeomorphic to
the quotient manifold R

n/Γ , where Γ is the isotropy group of the action of
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R
n (which consists of the points t ∈ R

n such that gtx = x). Since the tangent
fields I dFi are independent at each point of the manifold Mf , Γ is a discrete
subgroup of R

n isomorphic to Z
k (0 � k � n). Thus,

Mf � R
n/Zk = T

k × R
n−k.

The uniformly varying “global” coordinates ϕ mod 2π, y can be linearly ex-
pressed in t1, . . . , tn. All the details of the proof can be found in [10]. �
Remark 5.2. If the algebra of integrals A is non-commutative, then the
closed invariant integral levels Mf are diffeomorphic to the quotient of the
simply connected group of the algebra A by some discrete subgroup. Realiza-
tion of this general remark is held up by the unsolved problem of classification
of Lie groups and algebras.

In the theory and practice of completely integrable Hamiltonian systems
the most interesting case is where the set Mf is compact. Then k = n and
consequently Mf � T

n. The uniform motion on the torus T
n = {ϕ1, . . . , ϕn

mod 2π} according to the law ϕi = ϕ0
i + ωit (1 � i � n) is called con-

ditionally (or quasi-) periodic. The numbers ω1, . . . , ωn are its frequencies.
The torus with frequencies ω1, . . . , ωn is called non-resonant if the equality∑
kiωi = 0 with integer ki implies that ki = 0 for all i. The phase trajec-

tories are everywhere dense on non-resonant tori. This assertion is a simple
consequence of the following general result due to H. Weyl.

Theorem 5.4. Let f : T
n → R be a Riemann-integrable function and let

ω1, . . . , ωn be rationally independent numbers. Then for every point ϕ0 ∈ T
n

the limit

lim
s→∞

1
s

s∫

0

f(ωt+ ϕ0) dt

exists and is equal to

1
(2π)n

∫

Tn

f(ϕ) dϕ1 . . . dϕn.

In particular, suppose that f is the characteristic function of a Jordan-
measurable domain D on T

n. Applying Theorem 5.4 to the function f we
obtain the following assertion: the average share of the time that the phase
trajectory sojourns in the domain D is proportional to the measure of D. This
fact characterizes the property of the uniform distribution of the trajectories
on non-resonant tori. If the torus is resonant, then the phase trajectories fill
tori of smaller dimension.
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5.1.3 Normal Forms

We consider a Hamiltonian system

ż = I dH(z), z = (p, q) ∈ R
2n,

in a neighbourhood of the point z = 0. Suppose that H is a real-analytic func-
tion represented by a converging power series in z starting from the terms of
the second order: H =

∑
k�2 Hk. The point z = 0 is obviously an equilibrium

position.
The eigenvalues of the linearized system z = I dH2 can be of four types:

real pairs (a,−a), a �= 0; purely imaginary pairs (ib,−ib), b �= 0; quadruplets
(±a ± ib), a �= 0, b �= 0; and zero as a multiple eigenvalue (see § 8.2.3). In
the first and third cases the equilibrium z = 0 is of course unstable. We
consider the case where the eigenvalues of the linearized system are purely
imaginary and distinct. One can show that then there exists a linear canonical
transformation of coordinates p, q �→ x, y reducing the quadratic form H2 to

1
2

∑

s

αs

(
x2

s + y2
s

)
.

The eigenvalues are exactly ±iα1, . . . ,±iαn.

Theorem 5.5 (Birkhoff). If α1, . . . , αn are independent over the field of ra-
tionals, then there exists a formal canonical change of variables x, y �→ ξ, η
given by formal power series

x = u(ξ, η) = ξ + · · · , y = v(ξ, η) = η + · · · (5.1)

that transforms H(x, y) into a Hamiltonian K(ρ) which is a formal power
series in the ρs = ξ2s + η2

s .

Here the quadratic form H2 is assumed to be already normalized. If the
series (5.1) converge, then the equations with Hamiltonian function H can
be easily integrated. Indeed, the functions ρ1, . . . , ρn, which are converging
power series in x, y, form a complete set of independent integrals in involution.
The canonical equations

ξ̇s = Ωsηs, η̇s = −Ωsξs, Ωs = 2K ′
ρs
,

imply that ξs(t) and ηs(t) are linear combinations of sinΩst and cosΩst.
Consequently, the original coordinates x and y are conditionally (or quasi-)
periodic functions of time with frequencies Ω1, . . . , Ωn.3 In particular, the
equilibrium z = 0 is stable.

3 A function g : R{t} → R is called a conditionally periodic function with frequen-
cies ω1, . . . , ωn if g(t) = f(ω1t, . . . , ωnt), where f : T

n → R.
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Remark 5.3. The hypothesis of Birkhoff’s theorem still does not guarantee
the Lyapunov stability of the equilibrium of the Hamiltonian system. In the
infinitely differentiable case a counterexample is given in [215]. For the present
there is no counterexample for analytic Hamiltonian systems.

Theorem 5.6 (see [523]). If the system with Hamiltonian H =
∑

k�2 Hk has
n analytic integrals in involution

Gm =
1
2

∑
κms

(
x2

s + y2
s

)
+
∑

k�2

Gmk

and det
(
κms

)
�= 0, then the Birkhoff transformation (5.1) converges.

This result shows why we (following Birkhoff) say that a Hamiltonian
system is integrable if the Birkhoff transformation converges. Postponing the
discussion of convergence until Ch. 7 we mention that as a rule Birkhoff’s
series diverge.

Theorem 5.5 admits a generalization to the case where the numbers α =
(α1, . . . , αn) are rationally dependent. We consider all the integer vectors
j = (j1, . . . , jn) such that 〈j, α〉 =

∑
jsαs = 0. They form a free abelian

group Γ of some rank r. If the numbers αs are independent, then clearly
r = 0.

We perform some formal canonical change of variables x, y �→ ξ, η of the
form (5.1). In the new variable ξ, η the Hamiltonian H(x, y) is represented
by some formal power series K(ξ, η). We pass to the complex variables ζs =
ξs + iηs, ζs = ξs − iηs and expand K in a series in the products

ζkζl =
n∏

s=1

ζks
s ζs

ls .

Definition 5.1. The formal series K(ξ, η) is in normal form if its expansion
contains only the terms ζkζl with (k − l) ∈ Γ .

In particular, if α1, . . . , αn are independent, then a normal form of the
Hamiltonian has only terms of the form

ζkζk =
(
ξ21 + η2

1

)k1 · · ·
(
ξ2n + η2

n

)kn
.

Proposition 5.1. The series K(ξ, η) is in normal form if and only if
D(K) = 0, where

D =
n∑

s=1

αs

(

ξs
∂

∂ηs
− ηs

∂

∂ξs

)

.

The proof is easily derived from the formula

D(ζkζl) = i 〈α, k − l〉 (ζkζl).



178 5 Integrable Systems and Integration Methods

Theorem 5.7. There exists a formal canonical transformation of the form
(5.1) such that the original Hamiltonian H(x, y) is transformed to a normal
form, that is, such that D(K) = 0.

The proof can be found in [36]. For Γ = {0} this theorem coincides with
Birkhoff’s theorem.

We now show that in the case under consideration there exist n− r com-
muting independent formal integrals of the form

G =
1
2

∑
βs

(
ξ2s + η2

s

)
,

where the vector β = (β1, . . . , βn) is orthogonal to all the vectors in the
group Γ . Indeed,

d

dt
G =

∑
βs

(

ξs
∂K

∂ηs
− ηs

∂K

∂ξs

)

= 0,

if β ⊥ Γ . Since rank Γ = r, we can find n − r such linearly independent
vectors β.

Example 5.2. We apply these considerations to the Hamiltonian system with
Hamiltonian function

H =
1
2

(
y2
1 + y2

2 + x2
1 + x2

2 + 2x2
1x2 −

2
3
x3

2

)
,

which was studied in detail by Hénon and Heiles using numerical computa-
tions. In this problem, n = 2 and α1 = α2 = 1. The group Γ is defined by the
equality j1 + j2 = 0, and dim Γ = 1. To obtain an integral independent of H
we can set β1 = β2 = 1. Then G =

(
ξ21 + η2

1 + ξ22 + η2
2

)
/2. If H is transformed

to a normal form by Theorem 5.7, then

K =
1
2
(
ξ21 + η2

1 + ξ22 + η2
2

)
+ · · ·

begins with the same terms as G. One can show by direct calculations (using
the terms of degree � 2) that the functions K and G are indeed independent.
The discussion of the numerical results of Hénon and Heiles in connection
with the construction of the formal integral can be found in the works of
Gustavson [271] and Moser [36]. 


Transformation to a normal form can be carried out not only in a neigh-
bourhood of an equilibrium position, but also, for example, in a neighbourhood
of a periodic trajectory. All what was said above, with necessary alterations, is
also valid in this case. In the next chapter we shall consider various variants of
perturbation theory, in which the Hamiltonian functions are also transformed
to a certain “normal form”. As in the case of the Birkhoff normal forms, the
series in perturbation theory are in general divergent.
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5.2 Completely Integrable Systems

In this section we continue the study of Hamiltonian systems that have a
complete set of independent integrals in involution.

5.2.1 Action–Angle Variables

Theorem 5.8. Suppose that the hypotheses of Theorem 5.3 hold and the in-
tegral manifold Mf is connected and compact. Then

1) a small neighbourhood of the manifold Mf in the symplectic manifold M
is diffeomorphic to the direct product D×T

n, where D is a small domain
in R

n,
2) in D×T

n there exist symplectic coordinates I, ϕ mod 2π (I ∈ D, ϕ ∈ T
n)

such that in these variables the functions F1, . . . , Fn depend only on I, and
the symplectic structure has the form dI ∧ dϕ.

In particular, in the variables I, ϕ mod 2π the Hamiltonian function of
the completely integrable system with invariant tori takes the form H = H(I).
Then

İ = −H ′
ϕ = 0, ϕ̇ = H ′

I = ω(I). (5.2)

Consequently, I(t) = I0 and ω(I) = ω(I0). The variables I “numbering”
the invariant tori in D × T

n are called “action variables” and the uniformly
changing coordinates ϕ are called “angle variables”.

Example 5.3. Consider a Hamiltonian system with one degree of freedom
and with Hamiltonian function H : R

2{p, q} → R. Let h0 be a regular value
of the function H such that its level line H = h0 is bounded. Consequently,
for the values of h close to h0 the levels Mh = {H = h} are diffeomorphic
to one-dimensional tori (circles). On each Mh there obviously exists an an-
gle coordinate ϕ mod 2π uniformly changing with time. In this problem the
conjugate action variable is Π(h)/2π, where Π(h) is the area of the domain
in R

2 bounded by the curve Mh. This is a consequence of the following easily
verifiable formula:

dp ∧ dq =
1
2π

dΠ ∧ dϕ.

By Green’s formula,

I(h) =
1
2π

∫∫

H�h

dp ∧ dq =
1
2π

∮

H=h

p dq.

Therefore the variable I has the dimension of action (according to Hamilton),
which explains the name.

If H = (a2p2 + b2q2)/2, then Mh is an ellipse bounding the area Π(h) =
2πh/ab = 2πh/ω, where ω = ab. Consequently, for the harmonic oscillator
the action variable is the ratio of the energy to the frequency of oscillations.
The angle variable ϕ is of course the phase of the harmonic oscillations. 
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� Proof of Theorem 5.8. In a neighbourhood of the torus Mf � T
n, for

coordinates we can take the functions Ii = Fi and the angles ϕi mod 2π
given by Theorem 5.3. Since the dFi are linearly independent, the functions
Ii, ϕi (1 � i � n) define a diffeomorphism of a neighbourhood of Mf onto the
direct product D×T

n (where D is a domain in R
n = {I}). We introduce the

non-singular matrix of Poisson brackets
(
{Ii, Ij} {Ii, ϕj}
{ϕi, Ij} {ϕi, ϕj}

)

=

(
0 aij

−aji bij

)

.

By Theorem 5.3 the brackets {Ii, ϕj} are constant on Mf ; consequently,
aij = aij(I). We claim that the bij also depend only on I. Indeed, by the
Jacobi identity we have

{
Fm, {ϕi, ϕj}

}
+
{
ϕi, {ϕj , Fm}

}
+
{
ϕj , {Fm, ϕi}

}
= 0.

The brackets {Fm, bij} = αm
ij are independent of ϕ. On the other hand,

αm
ij =

∑

s

∂bij
∂ϕs

{Fm, ϕs} =
∑

s

∂bij
∂ϕs

ams.

From this we find the ∂bij/∂ϕs as function of I only, since det
(
ams

)
�= 0.

Consequently, bij = {ϕi, ϕj} =
∑

fs
ij(I)ϕs + gij(I). Since the dϕi are single-

valued 1-forms near Mf , we have fs
ij ≡ 0.

We perform a change of variables Is = Is(J1, . . . , Jn) so that {Ji, ϕi} =
δij . For that we need to solve the system of equations

aij(I) = {Ii, ϕj} =
∑ ∂Ii

∂Js
δsj =

∂Ii
∂Ji

.

For this system the solubility condition

∂aij

∂Js
=
∂ais

∂Ji
⇔

∑

k

∂aij

∂Ik
aks =

∑

k

∂ais

∂Ik
akj

follows from the Jacobi identity applied to the functions Ii, ϕj , and ϕk.
If the variables ϕi do not commute, then we must pass to new angle coor-

dinates ψi mod 2π by a shift ϕi = ψi+fi(J). The functions fi are determined
by the following system of equations:

bij =
∂fi

∂Jj
− ∂fj

∂Ji
(1 � i, j � n).

The condition for its local solubility is that the 2-form
∑

bijdIi ∧ dIj be
closed. The closedness of this form follows from the closedness of the original
symplectic structure. Thus, the proof of the existence of symplectic action–
angle variables J , ψ mod 2π is complete. �
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Remark 5.4. Let p, q be symplectic coordinates in R
2n and let γ1, . . . , γn

be fundamental cycles on Mf depending continuously on the constants f =
(f1, . . . , fn). Since the form p dq − I dϕ is closed, the difference

∮

γs

p dq −
∮

γs

I dϕ =
∮

γs

p dq − 2πIs

is constant. Consequently,

Is =
1
2π

∮

γs

p dq (1 � s � n), (5.3)

since the action variables themselves are defined up to an additive constant.
Formulae (5.3) are most effective in the analysis of systems with separated
variables (see § 5.3).

A Hamiltonian system with Hamiltonian function H(I) is said to be non-
degenerate (in a domain D × T

n) if the Jacobian

∂ω

∂I
= det

(
∂2H

∂I2

)

is non-zero at each point of the domain D. In this case almost all (in the sense
of Lebesgue measure) invariant tori are non-resonant, while the resonant tori
are everywhere dense in D × T

n.
The system is said to be properly degenerate if

∂ω

∂I
≡ 0.

Degeneracy can be caused by the fact that the number of first integrals
defined on the entire phase space is greater than n (but of course not all
of them are in involution). Thus, for example, in the Euler problem of the
free rotation of a rigid body, which has three degrees of freedom, there exist
four independent first integrals. Their common levels foliate the three-dimen-
sional invariant tori by two-dimensional tori. This situation is described by
a generalization of Theorem 5.8. Let F1, . . . , Fn+k denote independent first
integrals of a Hamiltonian system with Hamiltonian H and let, as before,
Mf =

{
x ∈ M : Fi(x) = fi, 1 � i � n + k

}
. We assume that Mf is con-

nected and compact.

Theorem 5.9 (Nekhoroshev [471]). Suppose that the first n− k of the func-
tions Fi are in involution with all the functions Fi. Then

1) the level sets Mf are diffeomorphic to (n− k)-dimensional tori,
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2) in a neighbourhood of each level set Mf there exist symplectic coordinates
I, p, ϕ mod 2π, q such that

Is = Is(F1, . . . , Fn−k), 1 � s � n− k,

and p, q depend on all the Fi. The symplecticity of the coordinates means
that ω =

∑
dpj ∧ dqj +

∑
dIs ∧ dϕs, j = 1, . . . , k, s = 1, . . . , n− k.

The symplectic coordinates in Theorem 5.9 may be called generalized
action–angle variables.

Fig. 5.1. The Delaunay elements

Example 5.4. Consider Kepler’s problem in three-dimensional space. This
Hamiltonian system with three degrees of freedom has four (3 + 1) integrals:
H (the total energy), M2 (the square of the magnitude of the angular mo-
mentum), My, and Mz (the projections of the angular momentum onto the
y- and z-axes). The functions H and M2 (two of them, 3 − 1) commute with
all the integrals, which fact allows us to apply Theorem 5.9. The generalized
action–angle variables of Kepler’s problem are usually denoted by L, G, Θ,
l, g, and ϑ and are called the Delaunay elements (see Fig. 5.1). If a, e, and
i denote the major semiaxis, eccentricity, and inclination of an elliptic orbit,
then

L =
√
γa, G =

√
γa(1 − e2), Θ = G cos i.

Next, ϑ is the longitude of the ascending node, g + ϑ the longitude of the
perihelion, and l the mean anomaly. In these variables, H = −γ2/2L2, M2 =
G2, and Mz = Θ. The expression of My in terms of the Delaunay elements is
more cumbersome. The details can be found in [20]. In this problem, for the
variables I, ϕ we have the elements L, G, l, g, and for the variables p, q the
elements Θ, ϑ. 
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In conclusion we discuss a question relating to the averaging over time
in integrable Hamiltonian systems. Let f : D × T

n → R be some continuous
function. Consider its behaviour on solutions of the Hamiltonian system (5.2).
We form the average over the torus

λ(I) = (2π)−n

2π∫

0

. . .

2π∫

0

f(I, ϕ) dϕ1 . . . dϕn

and the time average

g(I, ϕ) = lim
s→∞

1
s

s∫

0

f(I, ωt+ ϕ) dt.

By Theorem 5.4 the limit always exists. But if the frequencies ω(I) =(
ω1(I), . . . , ωn(I)

)
are rationally dependent, then the average depends on the

initial phase ϕ. Here we have

(2π)−n

∫

Tn

g(I, ϕ) dϕ = λ(I)

for all I ∈ D. On the non-resonant tori we have g(I, ϕ) = λ(I) for all ϕ ∈ T
n.

Consequently, the time average g(I, ϕ) is in general a discontinuous function
in the domain D × T

n.

Proposition 5.2. If I = I0 is a non-resonant torus, then

lim
I→I0

g(I, ϕ) = λ(I0)

uniformly in ϕ ∈ T
n

Thus, the function g(I, ϕ) resembles the classical example of the Riemann
function, which is continuous at the irrational points, and discontinuous at
the rational points. The proof of Proposition 5.2 is contained in [27].

5.2.2 Non-Commutative Sets of Integrals

Let M be a symplectic manifold of dimension 2n and let F1, . . . , Fk : M → R

be smooth independent functions whose differentials are linearly indepen-
dent almost everywhere on M . Therefore the linear span G of the functions
F1, . . . , Fk over the field R has dimension k. Suppose that G is closed un-
der the Poisson bracket: {Fi, Fj} =

∑
csijFs. Thus G has the structure of a

real finite-dimensional Lie algebra. We define the rank of the algebra G (de-
noted rank G ) as the maximum rank of the matrix

(
aij(F1, . . . , Fk)

)
, where

aij = {Fi, Fj}, over all points of M (cf. § 3.2.2).
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Theorem 5.10. Suppose that the differentials dFi are linearly independent
on a level set Mf = {x ∈ M : Fi(x) = fi, 1 � i � k} and the algebra G
satisfies the condition

2 dim G − rank G = dimM. (5.4)

If Mf is connected and compact, then it is diffeomorphic to the l-dimen-
sional torus T

l, where l = 1
2 (dimM − rank G ). Furthermore, if the functions

F1, . . . , Fk are first integrals of a Hamiltonian system with Hamiltonian H,
then on Mf there exist angle coordinates ϕ1, . . . , ϕl mod 2π such that Hamil-
ton’s equations ẋ = I dH(x) on T

l take the form ϕ̇s = ωs = const.

This assertion related to Theorem 5.9 was obtained by Mishchenko and
Fomenko [424]. It can be derived from the Lie–Cartan theorem (Theorem 3.16
in § 3.2), by which, under the assumptions of Theorem 5.10, there exist k
functions Φ1, . . . , Φk of the first integrals F1, . . . , Fk in a neighbourhood of
the point Fs = fs such that

{Φi, Φr+i} = 1, 1 � i � r, r =
1
2

rank G ,

and all the other brackets are {Φi, Φj} = 0. Consequently, the set Nc =
{x ∈ M : Φm(x) = c, 1 � m � 2r} is a symplectic submanifold of M
and the restrictions of the functions Φ2r+1, . . . , Φk to Nc form a complete
set of commuting integrals. The conclusion of Theorem 5.10 now follows from
Theorem 5.3.

Example 5.5. Consider the problem of the motion of a material point in
a central field. The corresponding Hamiltonian system has four independent
integrals: H, Mx, My, and Mz. The functions Mx, My, Mz generate a Lie
algebra isomorphic to so(3), and the function H commutes with Mx, My, and
Mz. If the constant values of the “area integrals” M are not all equal to zero,
then the rank of the matrix of the Poisson brackets

(
aij

)
is obviously equal

to two. In this case equality (5.4) holds and therefore Theorem 5.10 can be
applied. 


In Example 5.5, as well as in all the known cases described by Theo-
rem 5.10, one can find a complete set of integrals in involution. This observa-
tion is not a coincidence, as shown by the following.

Theorem 5.11. If M is compact, then under the hypotheses of Theorem 5.10
there exist n = dimM/2 independent integrals Φ1, . . . , Φn in involution; these
functions are polynomials in F1, . . . , Fk.

The paper of Mishchenko and Fomenko [425], where this theorem was
proved, also contains the conjecture that the condition of M being compact
can be dropped. This conjecture was proved by Sadehtov in [532]. Note that
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the Lie–Cartan theorem of course implies the complete integrability near the
level set Mf , which is a weaker result in comparison with Theorem 5.11.

These results can be generalized to the case of an infinite-dimensional
algebra of first integrals. Let F1, . . . , Fk be almost everywhere independent
integrals of a Hamiltonian system in a 2n-dimensional phase space M . They
include the Hamiltonian function. Let 2r be the rank of the skew-symmetric
matrix of their Poisson brackets

(
{Fi, Fj}

)
, 1 � i, j � k.

We consider a domain of the phase space where this rank is constant. Note
that the rank takes the maximum value at almost every point of M .

The inequality
k � n+ r

is a well-known fact in symplectic geometry (see, for example, [11]). The as-
sumption

k = n+ r

is called the condition for non-commutative integrability of Hamilton’s equa-
tions. This condition generalizes (5.4) and has a clear meaning: it is impossible
to add other independent functions to the functions F1, . . . , Fk without rais-
ing the rank of the matrix of their Poisson brackets.

In the theory of non-commutative integration one usually considers closed
sets of integrals: their Poisson brackets are functions of F1, . . . , Fk. This as-
sumption is natural from the viewpoint of Poisson’s theorem. It is easy to see
that every set of first integrals can be extended to a closed set by differentia-
tions and algebraic operations (see, for example, [18]).

For closed sets of integrals of the general form Theorem 5.10 was proved
by Strel’tsov (see [236]). In [142] it was proved that a Hamiltonian system
with a closed set of integrals satisfying the condition k = n + r is integrable
by quadratures. The idea is that under the closedness assumption one can
constructively (using algebraic operations) find a complete set of commuting
vector fields on the (2n− 2r)-dimensional integral manifolds.

A survey of the results in the theory of non-commutative integration of
Hamiltonian systems and the connections of this theory with the old results
of Lie, Cartan, and Dirac can be found in the book [236].

5.2.3 Examples of Completely Integrable Systems

a) The Euler–Poisson equations

Aω̇ = Aω × ω + e × r, ė = e × ω

describing the rotation of a heavy rigid body with a fixed point contain six
parameters: three eigenvalues of the inertia operator A1, A2, A3 and three
coordinates of the centre of mass r1, r2, r3 with respect to the principal
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axes. As shown in Ch. 3 (Example 3.14), the Euler–Poisson equations are
Hamiltonian on the four-dimensional integral manifolds

Mc =
{
(ω, e) ∈ R

6 : 〈Aω, e〉 = c, 〈e, e〉 = 1
}
.

There always exists one integral of these equations onMc – the energy integral.
Thus, for complete integrability it is sufficient to have one more independent
integral. We list the known integrable cases.

1) The Euler case (1750): r1 = r2 = r3 = 0. The new integral 〈Aω, Aω〉 is
the square of the magnitude of the angular momentum.

2) The Lagrange case (1788): A1 = A2 and r1 = r2 = 0. The new integral
ω3 is the projection of the angular velocity onto the axis of dynamical
symmetry.

3) The Kovalevskaya case (1889): A1 = A2 = 2A3 and r3 = 0. Choose coor-
dinate axes in the plane perpendicular to the axis of dynamical symmetry
such that r2 = 0. The integral found by Kovalevskaya is

(
ω2

1 − ω2
2 − νe1

)2 + (2ω1ω2 − νe2)2; ν =
r1
A3

.

4) The Goryachev–Chaplygin case (1900): A1 = A2 = 4A3, r3 = 0, and
c = 〈Aω, e〉 = 0. In contrast to cases 1)–3), here we have an integrable
Hamiltonian system only on one integral level M0.

Note that all these integrable cases form manifolds of the same codimension
equal to three in the six-dimensional space of the parameters Ai, rj .

The equations of motion in the first two cases were studied in detail from
various viewpoints in the classical works of Euler, Poinsot, Lagrange, Poisson,
and Jacobi. The Kovalevskaya case is non-trivial in many respects. It was dis-
covered by using the condition that the solutions of the Euler–Poisson equa-
tions be meromorphic in the complex time plane. The Goryachev–Chaplygin
case is much simpler: it can be integrated by separation of variables [27]. For
the proof we write the Hamiltonian function in the special canonical variables
L, G, l, g (see § 3.2.3):

H =
G2 + 3L2

8A3
+ r

(
L

G
sin l cos g + cos l sin g

)

.

Consider the canonical transformation

L = p1 + p2, G = p1 − p2, q1 = l + g, q2 = l − g.

In the new symplectic coordinates p, q we have

H =
p3
1 − p3

2

2A3(p1 − p2)
+ r

(
p1

p1 − p2
sin q1 +

p2

p1 − p2
sin q2

)

.
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Equating this expression to h and multiplying by p1 − p2 we see that the
variables separate:

p3
1

2A3
+ rp1 sin q1 − hp1 =

p3
2

2A3
− rp2 sin q2 − hp2.

We set

p3
1

2A3
+ rp1 sin q1 −Hp1 = Γ,

p3
2

2A3
− rp2 sin q2 −Hp2 = Γ. (5.5)

The function Γ is a first integral of the equations of motion. In the tradi-
tional variables ω, e it has the form

Γ = 2A2
3f, f = ω3

(
ω2

1 + ω2
2

)
− νω1e3

(

ν =
r

A3

)

.

We write down the closed system of equations for the variation of p1, p2:

ṗ1 = −∂H
∂q1

=
rp1

p1 − p2
cos q1, ṗ2 = −∂H

∂q2
=

rp2

p1 − p2
cos q2,

or, using (5.5),

ṗ1 = ±±
√
Φ(p1)

p1 − p2
, ṗ2 = ±±

√
Φ(p2)

p1 − p2
, (5.6)

where Φ(z) = r2z2 −
(
Γ +Hz− z3/2A3

)2 is a polynomial of degree six. Solu-
tions of these equations can be expressed in terms of hyperelliptic functions of
time. The variables p1 and p2 vary in the disjoint intervals [a1, b1] and [a2, b2],
where ai, bi are the adjacent roots of the polynomial Φ(z) between which it
takes positive values. If ai (or bi) is a multiple root, then the solution satisfies
pi(t) → ai (respectively, pi(t) → bi) as t → +∞ or t → −∞. Multiple roots
correspond to the cases where the integrals H and Γ are dependent. Below
we consider only the typical case of simple roots of the polynomial Φ(z).

We introduce the angle variables ϕ1, ϕ2 mod 2π by the formulae

ϕi =
π

τi

pi∫

ai

dz

±
√
Φ(z)

, τi =

bi∫

ai

dz
√
Φ(z)

. (5.7)

In the new variables equations (5.6) take the form

ϕ̇i =
π

2τi(p1(ϕ1) − p2(ϕ2))
(i = 1, 2), (5.8)

where the pi(z) are the real hyperelliptic functions with period 2π defined
by relations (5.7). Since the trajectories of equations (5.8) on T

2 = {ϕ1, ϕ2

mod 2π} are straight lines, the ratio of the frequencies of the corresponding



188 5 Integrable Systems and Integration Methods

conditionally periodic motions is equal to τ1/τ2, which is the ratio of the real
periods of the hyperelliptic integral

z∫

z0

dz
√
Φ(z)

.

This remarkable fact holds also for the equations of Kovalevskaya’s problem
(see [27]).

b) Since equations of the form (5.8) are often encountered in the study of
integrable problems of classical mechanics, we investigate them in more detail.
To this end we consider differential equations on T

n = {x1, . . . , xn mod 2π}
of somewhat more general form:

ẋi =
ωi

f(x)
, 1 � i � n, (5.9)

where ωi = const �= 0 and f is a smooth (or analytic) positive function defined
on T

n. Equations (5.9) admit the invariant measure

meas (D) =
∫

D

f(x) dx1 . . . dxn.

We denote by Λ the measure of the whole torus T
n. We average the right-hand

sides of the differential equation (5.9) using the operator

1
Λ

∫

Tn

(·)f(x) dx1 . . . dxn.

As a result we obtain the equations

ϕ̇i = Ωi =
ωi

λ
= const (1 � i � n), λ =

Λ

(2π)n
. (5.10)

Proposition 5.3. Suppose that the partial differential equation
〈
∂R

∂x
, ω

〉

= f − λ (5.11)

has a smooth (analytic) solution R(x1, . . . , xn) : T
n → R. Then there exists

a smooth (analytic) change of variables x → ϕ reducing system (5.9) to the
form (5.10).

� Such a change of variables is given by the transformation

ϕi = xi +
ωi

λ
R(x1, . . . , xn). �
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Let
f(x) =

Λ

(2π)n
+
∑

k �=0

fke
i〈k, x〉.

If ω1, . . . , ωn are rationally incommensurable, then we can write down the
formal equality

R(x) =
∑

k �=0

fk

i〈k, ω〉e
i〈k, x〉. (5.12)

This series defines a smooth function R(x) if, for example, f(x) is a trigono-
metric polynomial.

Proposition 5.4. If f is a smooth function, then for almost every set of
numbers ω1, . . . , ωn equation (5.11) has a smooth solution.

� Indeed, as k increases, the Fourier coefficients fk are decreasing faster than
any power, and for almost all ω we have the polynomial estimate

|〈k, ω〉| � c

|k|γ , c, γ = const.

Consequently, in this case the series (5.12) is converging absolutely and its
sum is a smooth periodic function. �

If f(x) =
∑

s fs(xs) (as in the case of system (5.8)), then equation (5.11)
separates and therefore always has a solution, independently of the arithmetic
properties of the frequencies ω1, . . . , ωn:

R =
n∑

s=1

Fs(xs) − Isxs

ωs
, Fs(x) =

x∫

0

fs(t) dt, Is =
1
2π
Fs (2π).

In particular, equations (5.8) can always be reduced to the form (5.10), which
must exist by Theorem 5.3.

c) The problem of the motion of a rigid body in an ideal fluid is much more
rich in integrable cases. The equations of motion have the form of Kirchhoff’s
equations (see § 1.2.4):

k̇ = k × ω + e × u, ė = e × ω, (5.13)

where ω = H ′
k, u = H ′

e, and H = 〈Ak, k〉/2 + 〈Bk, e〉 + 〈Ce, e〉/2. Since
the matrices A, C are symmetric, the matrix A can be reduced to the diago-
nal form: A = diag (a1, a2, a3). Thus, Kirchhoff’s problem in the general case
contains 18 parameters. Equations (5.13) always have three independent in-
tegrals: F1 = H, F2 = 〈k, e〉, and F3 = 〈e, e〉. As in the case of a heavy top,
the problem of integrating (5.13) amounts to finding a fourth independent
integral. We describe two integrable cases; they were discovered by Clebsch
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in 1871 and Steklov in 1893. In the Clebsch case it is assumed that B = 0,
C = diag (c1, c2, c3), and

a−1
1 (c2 − c3) + a−1

2 (c3 − c1) + a−1
3 (c1 − c2) = 0.

The additional integral of Kirchhoff’s equations has the form

k2
1 + k2

2 + k2
3 − a1e

2
1 − a2e

2
2 − a3e

2
3.

In the Steklov case, B = diag (b1, b2, b3) and C = diag (c1, c2, c3), where

bi = µ(a1a2a3)a−1
j +ν, c1 = µ2a1(a2−a3)2+ν′, . . . (µ, ν, ν′ = const).

The additional integral is

F4 =
∑

j

(k2
j − 2µ(aj + ν)kjej)+µ2((a2 − a3)2 + ν′′))e21 +cyclic permutations.

The parameters ν, ν′, ν′′ are inessential: they appear in connection with the
presence of the classical integrals F2 and F3.

In the case where the numbers a1, a2, a3 are distinct, the integrals F1,
F2, F3, and F4 are almost everywhere independent. For a1 = a2 �= a3 the
Steklov case becomes the already known Kirchhoff integrable case. Finally, if
a1 = a2 = a3, then we obtain the trivial degenerate case. However, as noted
by Lyapunov, here we must take the function λF4 (λ = const) as the Hamil-
tonian; then F1 is obviously an additional integral. Therefore the integrable
cases of Steklov and Lyapunov are “dual” to one another. A similar trick can
also be applied to the Clebsch integrable case.

In 1902 Chaplygin found the following special integrable case:

2H = a
(
k2
1 + k2

2 + 2k2
3

)
+ b〈k, e〉 + a

(
(d+ c)e21 + (d− c)e22 + de23

)
.

The parameters b and d are inessential: they are not involved in the equations
of motion. Under the assumption F2 = 〈k, e〉 = 0 there is an additional
integral of degree four,

F4 =
(
k2
1 − k2

2 + ce23
)2 + 4k2

1k
2
2,

whose structure resembles Kovalevskaya’s integral.
Quite recently Sokolov found one more integrable case [560]. In his case,

A = diag (1, 2, 2), C = diag (0,−2α2,−2α2), and the matrix B is non-diago-
nal: b13 = b31 = α, while its other elements are equal to zero. The additional
integral is the polynomial of degree four

(k3−αe1)
[
(k3−αe1)

(
k2+4α(k3e1−k1e3)+4α2

(
e21+e

2
2

))
+6α(k1−2αe3)〈k, e〉

]
,

where k2 = 〈k, k〉.
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Since a1 = a2 = a3/2 (as in the Chaplygin case), the Sokolov case can also
be regarded as an analogue of the Kovalevskaya integrable case.

A critical survey of the theory of integrable problems in dynamics of a
rigid body is contained in the book [138].

d) The motion of n point vortices on the plane (see § 1.3.4) is described by a
Hamiltonian system with n degrees of freedom. Hamilton’s equations have four
first integrals: H, Px =

∑
Γsxs, Py =

∑
Γsys, and M =

∑
Γs(x2

s + y2
s)/2,

where Γs is the intensity of the sth vortex. It is easy to calculate their Poisson
brackets: {Px, Py} = −

∑
Γs, {Px, M} = −Py, {Py, M} = Px. Conse-

quently, the problem of n vortices is completely integrable for n � 3. The case
n = 1 is trivial; for n = 2 as independent commuting integrals one can take,
for example, the functions H and M ; and for n = 3, the functions H, M , and
P 2

x +P 2
y . In the problem of four vortices the number of independent integrals

is equal to the number of degrees of freedom, but not all of them commute.
However, one can show that if the sum of the intensities of the vortices is equal
to zero, then the solutions of the equations of motion with zero constants of
the integrals Px and Py can be found by quadratures.

5.3 Some Methods of Integration
of Hamiltonian Systems

A common feature of the various approaches to the problem of integration of
Hamiltonian systems expounded in § 5.1 is the existence of a complete set of
independent commuting integrals. In this section we indicate certain general
methods of finding first integrals – “conservation laws”. The simplest and
most effective method is separation of variables.

5.3.1 Method of Separation of Variables

We consider the system of canonical equations

ṗ = −H ′
q, q̇ = H ′

p, (p, q) ∈ R
2n, (5.14)

with Hamiltonian function H(p, q). If we succeed in finding a canonical trans-
formation g : p, q �→ x, y such that in the new variables x, y the function
H(p, q) = K(x) is independent of y, then the canonical equations (5.14) can
be easily integrated:

p = p(x, y), q = q(x, y); x = x0, y = y0 + ω(x0)t, ω(x) = K ′
x. (5.15)

If det
(
∂p/∂x

)
�= 0, then the canonical transformation g can be defined

locally by a generating function S(x, q):

p = S′
q, y = S′

x.
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Thus, the problem of integrating the canonical equations reduces to finding a
generating function S satisfying, in view of the equality p = S′

q, the nonlinear
partial differential equation

H(S′
q, q) = K(x). (5.16)

This equation with respect to the pair S, K is obtained from the Hamilton–
Jacobi equation V ′

t +H(V ′
q , q) = 0 by the substitution V (q, t) = −Kt+ S(q).

We emphasize that the function K in (5.16) is considered to be undetermined
and one must use additional conditions for determining it uniquely (for exam-
ple, see the application of equation (5.16) in perturbation theory in Ch. 6). It
is customary to set K(x1, . . . , xn) = x1; the trajectories of the system with
this Hamiltonian are straight lines in R

2n with coordinates x, y.
A solution S(q1, . . . , qn, x1, . . . , xn), i, j = 1, . . . , n, of equation (5.16)

with some function K(x1, . . . , xn) satisfying the condition

det
(

∂2S

∂qi∂xj

)

�= 0,

is called a complete integral of this equation.

Theorem 5.12. If a complete integral S(x, q) of equation (5.16) is found,
then the canonical equations ṗ = −H ′

q, q̇ = H ′
p can be integrated by quadra-

tures. In this case the n functions x1(p, q), . . . , xn(p, q) determined from the
equations p = ∂S(x, q)/∂q form a complete set of independent integrals in
involution:

rank
∂(x1, . . . , xn)

∂(p1, . . . , pn, q1, . . . , qn)
= n.

The proof of this theorem of Jacobi follows from Proposition 1.9 in Ch. 1
and formulae (5.15). The method for integrating Hamilton’s equations based
on Theorem 5.12 was proposed by Jacobi in 1837. Jacobi relied on the earlier
work of Hamilton. The Hamilton–Jacobi method goes back to the studies
of Pfaff and Cauchy in the theory of characteristics of partial differential
equations.

Definition 5.2. If equation (5.16) possesses a complete integral of the form
S(x, q) =

∑
k Sk(qk, x1, . . . , xn), then the variables q1, . . . , qn are said to be

separable.

Proposition 5.5. Suppose that in some symplectic coordinates (p, q) =
(p1, . . . , pn, q1, . . . , qn) the Hamiltonian function H(p, q) has one of the fol-
lowing forms:

1) H = fn(fn−1(. . . f2(f1(p1, q1), p2, q2), . . . pn−1, qn−1), pn, qn),
1′) H =

∑
fs(ps, qs)/

∑
gs(ps, qs).

Then the functions
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2) F1 = f1(p1, q1), F2 = f2(f1(p1, q1), p2, q2), . . . , Fn = H,

2′) F0 = H, Fs = fs(ps, qs) −Hg(ps, qs), 1 � s � n,

respectively, form a complete set of integrals in involution of the Hamiltonian
system with Hamiltonian H.

Consider, for example, case 1′. Setting K = x0 we write down equa-
tion (5.16):

∑

k

x0gk

(
∂S

∂qk
, qk

)

− fk

(
∂S

∂qk
, qk

)

= 0.

A complete integral of it can be found as the sum
∑

k

Sk(qk, xo, xk),

where Sk, as a function of qk, satisfies the ordinary differential equation

x0gk

(
dSk

dqk
, qk

)

− fk

(
dSk

dqk
, qk

)

= xk,
∑

k�1

xk = 0.

The variables x0, x1, . . . , xn are first integrals in involution (Theorem 5.12).
In the general case any n of them are independent.

Proposition 5.5 describes the simplest and most common types of separa-
tion of variables. In fact, we already used separation of symplectic coordinates
of type 1′ in solving the Goryachev–Chaplygin problem in § 5.2.3. We remark
that cases 1 and 1′ of Proposition 5.5 can occur in combination with each
other; besides, more complicated types of separation of variables are possible.

Example 5.6 (Stäckel, 1895). Let Φ be the determinant of the matrix(
ϕij(qj)

)
(1 � i, j � n), and Φij the cofactor of an element ϕij . Suppose that

in the symplectic coordinates p1, . . . , pn, q1, . . . , qn the Hamiltonian function
has the form

H(p, q) =
n∑

s=1

Φ1s(q)fs(ps, qs)
Φ(p, q)

; (5.17)

then Hamilton’s equations are integrable. Setting K(x) = x1 we write down
equation (5.16):

∑

m

Φ1m

[∑

k

xkϕkm(qm) − fm

( ∂S

∂qm
, qm

)]

= 0.

A complete integral of it can be found as the sum

S(x, q) =
∑

m

Sm(qm, x1, . . . , xn),
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where Sk, as a function of qk, satisfies the equation

fm

(dSm

dqm
, qm

)
=
∑

k

xkϕkm(qm).

One can show that the n functions

Fk(p, q) =
∑

s

Φksfs

Φ

form a complete involutive set of integrals of the Hamiltonian system with
Hamiltonian (5.17). 


Of course, there is no general rule for finding separable variables. “There-
fore one has to adopt the opposite approach and, after finding a remarkable
substitution, to seek the problems for which this substitution can be success-
fully used.”4 Here we indicate one such “remarkable substitution” related to
elliptic coordinates in R

n.
Let 0 < a1 < a2 < · · · < an be distinct positive numbers. For every

x = (x1, . . . , xn) ∈ R
n the equation f(λ) = 1, where

f(λ) =
∑

s

x2
s

as − λ
, (5.18)

defines n real numbers λ1, . . . , λn that separate a1, . . . , an (see Fig. 5.2):
λ1 < a1 < λ2 < · · · < λn < an. The numbers λ1, . . . , λn serve as curvilinear
coordinates in R

n and are called the Jacobi elliptic coordinates.

1

0 �1

a
1

a
2

a
3

�2 �3

f

�

Fig. 5.2.

4 C. Jacobi, Vorlesungen über Dynamik.
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One can show that

x2
i =

n∏

s=1
(ai − λs)

n∏

s=1
s�=i

(ai − as)
. (5.19)

Using this formula one can easily derive the relation 4
∑

s ẋ
2
s =

∑
s Msλ̇

2
s,

where

Ms =

∏

i�=s

(λi − λs)
∏

i

(ai − λs)
. (5.20)

Note the curious duality of formulae (5.19) and (5.20).
We now pass to the symplectic coordinates λs, µs = Msλ̇s/4. Then the

energy of free motion of a point in R
n takes the form

H =
1
2

∑
ẋ2

s = 2
∑ µ2

s

Ms(λ)
. (5.21)

Here it is not immediately clear how the symplectic variables λ, µ can be
separated. We use the following formula of Jacobi: the sum

n∑

s=1

λm
s∏

i�=s

(λs − λi)

is equal to zero for m < n− 1, and to 1 for m = n− 1. Using this formula we
can represent equality (5.21) in the form

∑

s

∑n−1
m=0 Fmλ

m
s∏

i�=s

(λs − λi)
= 2

∑

s

µ2
s

∏

j

(λs − aj)
∏

i�=s

(λs − λi)
.

Here Fn−1 = H, and F0, F1, . . . , Fn−2 are for the moment arbitrary. Now the
variables λ, µ can be separated: we can set

n−1∑

m=0

Fmλ
m
s = 2µ2

s

n∏

j=1

(λs − aj).

From this system of equations we find F0, F1, . . . , Fn−2 as functions of λ, µ;
they provide a complete set of independent integrals in involution.

At first glance this result may seem trivial: the complete integrability of
the problem of free motion of a point in R

n was obvious from the outset.
However, the formulae of separation of variables obtained above imply quite a
non-obvious result of Jacobi on the integrability of the problem of the motion
of a point on the surface of a multidimensional ellipsoid in the absence of exter-
nal forces (according to Maupertuis’s principle the trajectories of the moving
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point coincide with the geodesics). Indeed, let us fix a value of the variable λ1,
say, λ1 = 0. Then λ2, . . . , λn are curvilinear orthogonal coordinates on the
surface of the (n− 1)-dimensional ellipsoid

∑
x2

s/as = 1. The Hamiltonian of
the problem of the geodesics is given by formula (5.21) in which we must set
λ1 = 0, µ1 = 0. The separation of the variables λ2, µ2, . . . , λn, µn is realized
by the scheme indicated above. Note that in the case of two-dimensional el-
lipsoid, the Hamiltonian has form 1′) in Proposition 5.5. If we fix the value
of one of the variables λ2, . . . , λn, then by the same method we obtain the
complete integrability of the problem of the geodesics on multidimensional
hyperboloids of all possible types. We indicate the geometric meaning of the
integrals: these are the numbers of the quadrics (there are n−1 of them in R

n)
to which the tangent to the geodesic is tangent (the quadrics are the same for
all points of the same geodesic). The results of the qualitative analysis of the
behaviour of the geodesics on the surface of a two-dimensional ellipsoid based
on Jacobi’s formulae can be found in [10]. Jacobi showed that the problem of
free motion on an ellipsoid remains integrable if the point is acted upon by
an elastic force whose action line passes through the centre of the ellipsoid.

As another application of elliptic coordinates we consider the problem of
the planar motion of a material point in the field of attraction of two fixed
centres. This problem was integrated by Euler in 1760. Let x1, x2 be Cartesian
coordinates in the plane of motion, and let (0, c), (0,−c) be the coordinates of
the attracting centres; c > 0. We pass to the elliptic coordinates in the plane
R

2 = {x1, x2} assuming that a2 − a1 = 2c. This means, in particular, that for
a fixed value of λ the equation

x2
1

a1 − λ
+

x2
2

a2 − λ
= 1

defines a conic section whose foci coincide with the fixed centres. In the sym-
plectic coordinates λ, µ the Hamiltonian function of this problem is

H = 2
(a1 − λ1)(a2 − λ1)

λ2 − λ1
µ2

1 + 2
(a1 − λ2)(a2 − λ2)

λ1 − λ2
µ2

2 + U(λ1λ2),

where U is the potential energy of interaction. Let r1, r2 be the distances from
the moving point to the attracting centres. Using formula (5.19) for n = 2 one
can easily obtain that

r21 = (x2 + c)2 + x2
1 =

(√
a2 − λ1 +

√
a2 − λ2

)2
,

r22 = (x2 − c)2 + x2
1 =

(√
a2 − λ1 −

√
a2 − λ2

)2
.

Consequently,

U =
γ1

r1
+
γ2

r2
=
γ1r1 + γ2r2

r1r2
=

(γ1 + γ2)
√
a2 − λ1 − (γ1 − γ2)

√
a2 − λ2

λ1 − λ2
.

As a result the variables λ1, µ1 and λ2, µ2 separate, and by Proposition 5.5
the problem of two fixed centres is integrable. Lagrange showed that the inte-
grability is preserved if the point is acted upon by an additional elastic force
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directed towards the midpoint of the segment connecting the attracting cen-
tres. The qualitative analysis of the problem of two centres can be found in
the book of Charlier [20].

It is interesting that the classical results of Euler and Lagrange remain
valid also in the case of a space of constant curvature. In [351] the generalized
problem of two fixed centres was solved where these centres create potentials
of Newtonian type (2.21) (see Ch. 2). The separation of variables takes place
in the so-called spheroconical coordinates (degenerate Jacobi elliptic coordi-
nates; see [442]). Moreover, this problem remains integrable if the generalized
potential of an elastic spring is added (see § 2.7) whose centre is at the mid-
point of the arc connecting the attracting centres.

In conclusion we mention two important problems, which can be solved
by the method of separation of variables.

1) Kepler’s problem in a homogeneous force field: this means the motion
of a point under the action of a gravitational attraction of a fixed centre
and an additional force of constant magnitude and direction. The separation
of variables is achieved by introducing the “parabolic” coordinates which are
obtained from the elliptic coordinates by passing to the limit as one of the
foci moves away to infinity. This problem was solved by Lagrange in 1766.

2) The problem of the motion of a point on the sphere 〈x, x〉 = 1, x ∈ R
n,

in a force field with quadratic potential U(x) = 〈Ax, x〉. The separation of
variables is carried out in elliptic coordinates. For n = 3 this problem was
first considered by Neumann in 1859. The case of arbitrary n is discussed in
detail in [38].

5.3.2 Method of L–A Pairs

This method is based on representing the differential equation ẋ = f(x),
x = (x1, . . . , xn), in the form of the following matrix equation with respect
to a matrix L:

L̇ = [A, L], (5.22)

where the elements of the square matrices A and L (possibly, complex num-
bers) are functions of x1, . . . , xn and by definition [A, L] = AL− LA. Equa-
tion (5.22) arises naturally in many problems of mechanics and physics.

Example 5.7. The Euler equation Ṁ = M × ω can be represented in the
form (5.22) if we set

L =






0 M1 −M2

−M1 0 M3

M2 −M3 0




 , A =






0 ω1 −ω2

−ω1 0 ω3

ω2 −ω3 0




 ,

where (M1, M2, M3) = M and (ω1, ω2, ω3) = ω. The eigenvalues of the matrix
L are the numbers 0, ±i〈M,M〉; they are constant on the trajectories of the
Euler equation. 
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It turns out that this remark is not accidental.

Proposition 5.6. The eigenvalues of the operator L are first integrals of equa-
tion (5.22).

� We have L(t+ s) = esAL(t)e−sA + o(s) as s→ 0. Hence,

det(L(t+ s) − λE) = det(L(t) − λE) + o(s).

Consequently, det(L(t) − λE) is independent of t. �
In practice it is of course more convenient to deal not with the eigenvalues

λj themselves but with the symmetric polynomials in λj equal to the coeffi-
cients of the characteristic equation det(L − λE) = 0. The question whether
the first integrals found by this method are independent and form a complete
set is the subject of a separate investigation in each concrete case.

Example 5.8 (Toda’s chain). Consider n particles on a straight line with
coordinates x1, . . . , xn satisfying the equations

ẍi = −U ′
xi
, U =

n∑

k=1

exp (xk − xk+1), xn+1 ≡ x1. (5.23)

As shown by Hénon, Flaschka, and Manakov (1974), this system can be rep-
resented by an L–A pair. For example, one can set

L =






b1 a1 . . . 0
a1 b2 . . . 0. . . . . . . . . . . . . . .
0 . . . an−1 bn




 , A =






0 a1 . . . 0
−a1 0 . . . 0. . . . . . . . . . . . . . . . .
0 . . . −an−1 0




 ,

where 2ak = exp {(xk − xk+1)/2} and 2bk = −ẋk. Proposition 5.6 implies
that the eigenvalues of L are integrals of equations (5.23); one can show that
they are independent and commute. Moser [440] used the same method to
establish the integrability of a system of points of equal masses on a straight
line with the potential of binary interaction

∑

k<l

u(xk − xl),

where u(z) is one of the functions z−2, sin −2z, sinh−2z. Pidkuiko and
Stepin [500] generalized this result by establishing the complete integrabil-
ity of the equations of motion of points with potential ℘(z). The potentials
considered by Moser are degenerate cases of the Weierstrass ℘-function. Mo-
tion of several points on a straight line can be regarded as the motion of a
single point in a Weyl chamber of the Lie algebra Ak under the action of a
potential increasing near the walls of this chamber. Analogous problems for
other simple Lie algebras (with potentials of the same kind) are also integrable
(Perelomov, Ol’shanetskij). The problem of free motion of a rigid body in R

n

also proved to be integrable (Manakov). 
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An L–A-representation was found for almost every integrable problem
of classical mechanics. Furthermore, various algebra-geometric constructions
were found clarifying the reasons for the existence of “hidden” conservation
laws. The existence of an L–A-representation helps not only to find first inte-
grals, but also to perform an explicit integration of the equations of motion.
Discussions of various aspects of the modern theory of integration of Hamil-
tonian systems can be found in [38, 57, 216].

5.4 Integrable Non-Holonomic Systems

5.4.1 Differential Equations with Invariant Measure

We consider the differential equation

ẋ = f(x), x ∈ R
n, (5.24)

and let {gt} be its phase flow. Suppose that equation (5.24) has an integral
invariant with some smooth density M(x), which means that

∫

gt(D)

M(x) dx =
∫

D

M(x) dx (5.25)

for any measurable domain D ⊂ R
n and for all t. Recall the well-known

assertion of Liouville on the existence of an integral invariant.

Proposition 5.7. A smooth function M : R
n → R is the density of the in-

variant ∫

M(x) dx

if and only if
div (Mf) = 0. (5.26)

If M(x) > 0 for all x, then formula (5.25) defines a measure in R
n that

is invariant under the action of gt. The existence of an invariant measure
simplifies integration of the differential equation; for example, for n = 2 it is
then integrable by quadratures. Indeed, (5.26) implies the local solubility of
the system of equations with respect to F (x1, x2)

F ′
x1

= Mf1, F ′
x2

= −Mf2.

From this system the function F (x1, x2) can be found by simple quadratures.
It remains to note that F is a first integral of system (5.24). According to
Euler the function M is also called an integrating factor.
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Theorem 5.13. Suppose that the system of equations (5.24) with an invariant
measure (5.25) has n− 2 first integrals F1, . . . , Fn−2. Suppose that the differ-
entials of the functions F1, . . . , Fn−2 are linearly independent on an invariant
set Mc =

{
x ∈ R

n : Fs(x) = cs, 1 � s � n− 2
}
. Then

1) the solutions of equation (5.24) lying on Mc can be found by quadratures.

If Lc is a compact connected component of the level set Mc and f(x) �= 0
on Lc, then

2) Lc is a smooth manifold diffeomorphic to the two-dimensional torus;
3) on Lc there exist angle coordinates x, y mod 2π such that in these vari-

ables equation (5.24) on Lc takes the form

ẋ =
λ

Φ(x, y)
, ẏ =

µ

Φ(x, y)
, (5.27)

where λ, µ = const and Φ is a smooth positive function 2π-periodic in x
and y.

We indicate the main steps of the proof. Since the vector field f is tan-
gent to Mc, differential equation (5.24) can be restricted to Mc. This equation
on Mc will have an invariant measure (see § 1.3.6, also for the explicit formula
for the density of an invariant measure). The integrability by quadratures
on Mc now follows from Euler’s remark. Conclusion 1 of Theorem 5.13 (first
noted by Jacobi) is thus proved. Conclusion 2 is the well-known topologi-
cal fact that every connected compact orientable two-dimensional manifold
admitting a tangent field without singular points is diffeomorphic to the two-
dimensional torus. Conclusion 3 is in fact Kolmogorov’s theorem (1953) on
reduction of differential equations on the torus with a smooth invariant mea-
sure [317].

Example 5.9. Consider Chaplygin’s problem of a balanced but dynamically
asymmetric ball rolling on a rough horizontal plane (§ 3.1.2, Example 3.5).
The motion of the ball is described by the following system of equations in
R

6 = R
3{ω} × R

3{γ}:

k̇ + ω × k = 0, γ̇ + ω × γ = 0; k = Iω +ma2γ × (ω × γ). (5.28)

Here I is the inertia tensor of the ball,m its mass, a its radius. These equations
have an invariant measure with the density

M =
1

√
(ma2)−1 − 〈γ, (I +ma2E)−1γ〉

, E =
(
δij
)
.

Taking into account the existence of the four independent integrals F1 =
〈k, k〉, F2 = 〈k, γ〉, F3 = 〈γ, γ〉 = 1, F4 = 〈k, ω〉 we see that equations (5.28)
can be integrated by quadratures. Note that the system of equations (5.28)
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has no equilibrium positions on regular level sets Mc. Indeed, if γ̇ = 0, then
the vectors ω and γ are dependent. This in turn implies that the differentials
dF2 and dF4 are linearly dependent.

Equations (5.28) can be integrated most easily in the case where the con-
stant of the “area” integral F2 is equal to zero. In the elliptic coordinates u, v
on the Poisson sphere 〈γ, γ〉 = 1 the equations of motion on a level Mc can
be reduced to the form

u̇ =

√
P5(u)

u(u−1 − v−1)Φ(u, v)
, v̇ =

√
P5(v)

v(u−1 − v−1)Φ(u, v)
,

where Φ =
√

(α− u)(α− v). The coefficients of the polynomial P5 of degree 5
and the constant α depend on the parameters of the problem and the constants
of the first integrals (details can be found in [19]). The variables u, v vary in
the two different closed intervals where the polynomial P5 takes non-negative
values. The uniformizing change of variables (5.7) (see § 5.2.3) in which Φ(z)
must be replaced by the function P5(z)/z2 introduces angle coordinates onMc,
in which the equation of motion takes the form (5.27). The ratio λ/µ (the
rotation number of the tangent vector field) is equal to the ratio of the real
periods of the abelian integral

∫
z dz
√
P5(z)

.

In contrast to equations (5.8), in Chaplygin’s problem the variables x, y are
not separable. 


According to Propositions 5.3 and 5.4, for almost every set of numbers
(λ, µ) the differential equation (5.27) can be reduced in some angle coordinates
x′, y′ to the equation

ẋ′ = λ′, ẏ′ = µ′ (λ′, µ′ = const). (5.29)

Proposition 5.8. Suppose that λ and µ are rationally incommensurable, and
let Φ(x, y) =

∑
Φmn exp {i(mx + ny)}. If there exists a smooth change of

angle variables x, y �→ x′, y′ reducing system (5.27) to system (5.29), then

∑

|m|+|n|�=0

∣
∣
∣
∣

Φmn

mλ+ nµ

∣
∣
∣
∣

2

<∞. (5.30)

In the general case (where the Fourier expansion of the function Φ con-
tains all harmonics) the points (λ, µ) ∈ R

2 for which the series (5.30) diverges
are everywhere dense in R

2. A discussion of the questions of reducibility of
equations (5.27) can be found in Kolmogorov’s paper [317].

In conclusion we indicate some qualitative properties of solutions of sys-
tem (5.27) that are independent of the arithmetic nature of the numbers λ, µ.
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We denote the initial values of x, y by x0, y0, respectively. Theorem 5.4 (under
the assumption of incommensurability of λ and µ) implies that

x = x0 +
λ

〈Φ〉 t+X(t, x0, y0), y = y0 +
µ

〈Φ〉 t+ Y (t, x0, y0),

where

〈Φ〉 =
1

(2π)2

2π∫

0

2π∫

0

Φ dx dy, lim
t→∞

X

t
= lim

t→∞

Y

t
= 0.

We define the distance d between points of T
2 = {x, y mod 2π} by the

metric dx2 + dy2.

Theorem 5.14 ([27]). If λ and µ are incommensurable, then

a) for any ε > 0 and T > 0 there exists τ > T such that

|X(τ, x0, y0)| < ε, |Y (τ, x0, y0)| < ε, d{(x(τ), y(τ)), (x0, y0)} < ε

for all (x0, y0) ∈ T
2;

b) if Φ(x0, y0) �= 〈Φ〉, then the function X2(t, x0, y0) + Y 2(t, x0, y0) has infi-
nitely many zeros as t→ ∞;

c) there exist points (x0, y0) ∈ T
2 with Φ(x0, y0) �= 〈Φ〉 such that the inequal-

ities X(t, x0, y0) � 0 (or � 0) and Y (t, x0, y0) � 0 (respectively, � 0)
hold simultaneously for all t.

Conclusion a) implies, in particular, that (for incommensurable λ and µ)
the ergodic phase flow of system (5.27) is not mixing [306, 316]. Note that
if the rotation number λ/µ is abnormally rapidly approximated by rational
numbers, then system (5.27) can be weakly mixing (or, which is the same, can
have continuous spectrum); see [317, 67].

In [79] the possibility of mixing was predicted for system (5.27) with sin-
gular points (at these points the function Φ has singularities). Conditions for
such special flows to be mixing were found in [554].

5.4.2 Some Solved Problems of Non-Holonomic Mechanics

a) We show that the problem of a balanced dynamically asymmetric ball
rolling on a rough plane remains integrable if the particles of the ball are
attracted by this plane proportionally to the distance [332]. Since the centre
of mass of the ball coincides with its geometric centre, the potential can be
calculated by the formula

U(γ) =
ε

2

∫

〈r, γ〉2 dm =
ε

2
〈Jγ, γ〉, (5.31)
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where γ is the unit vertical vector, r the position vector of a particle of the
ball, and J the inertia tensor of the ball relative to its centre. The attraction
forces create the moment of force

∫

r × (ε〈r, γ〉γ) dm = ε

∫

〈r, γ〉(r, γ) dm = U ′
γ × γ = ε(Jγ × γ).

To obtain the moment of forces relative to the contact point we must add the
moment of the resultant force

ε

∫

〈r, γ〉γ dm = ε

〈∫

r dm, γ
〉

γ,

which is equal to zero because the centre of mass coincides with the geometric
centre of the ball. Thus, the equation of rolling of the ball can be represented
in the following form (cf. equations (3.5) in § 3.1.2):

k̇ + ω × k = −ε(Jγ × γ), γ̇ + ω × γ = 0. (5.32)

These equations have four independent integrals:

F1 = 〈k, ω〉 + ε〈Jγ, γ〉, F2 = 〈k, γ〉,

F3 = 〈γ, γ〉 = 1, F4 = 〈k, k〉 − 〈Aγ, γ〉,

where

A = diag (A1, A2, A3), A1 = ε(J2 +ma2)(J3 +ma2), . . . .

Since equations (5.32) have an invariant measure with the density indicated
after equations (5.28), they are integrable by Theorem 5.13.

Note that the problem of the rotation of a rigid body around a fixed point
in an axially symmetric force field with the potential (5.31) is also integrable.
Apart from the three classical integrals F1, F2, F3, this problem has the in-
tegral F4 in which we must put a = 0. The integral F4 was first found by
Tissèrand in 1872 in connection with the study of rotation of celestial bodies.
The fact is that the potential of a rigid body in a central Newtonian force
field coincides with the potential (5.31) to within O(ρ4/R4), where ρ is the
characteristic size of the rigid body and R is the distance from the body to the
attracting centre. As first noted by Steklov (1902), the Euler–Poisson equa-
tions with the potential (5.31) have the same form as Kirchhoff’s equations of
the problem of the motion of a rigid body in an ideal fluid in the Clebsch case
(1871). Moreover, the integral F4 corresponds exactly to the integral found
by Clebsch.

b) As another example consider the problem of a homogeneous disc rolling
without slipping on a rough horizontal plane under the action of the gravita-
tional force. This problem was solved by Appell and Korteweg in 1899. Let
Oxyz be a moving coordinate system, where O is the centre of the disc, the
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axis Oz is orthogonal to the plane of the disc, the axis Ox is always hori-
zontal, and the axis Oy contains the contact point. Let u, v, w and p, q, r be
the projections onto these axes of the velocity of the centre of mass and the
angular velocity of rotation of the disc. If a is the radius of the rolling disc,
then

u = −ar, v = 0, w = ap.

Let m be the mass of the disc and let A and C be the moments of inertia of
the disc relative to the axes Ox and Oz. The following equations of motion
hold (see [5]):

(C +ma2)ṙ = ma2pq, Aq̇ = (Cr −Aq cot ϑ)p,

where ϑ is the angle between the axis Oz and the vertical. Since p = ϑ̇, this
system yields the following linear differential equations, which determine the
integrals of the equations of motion q = q(ϑ) and r = r(ϑ):

(c+ma2)
dr

dϑ
= ma2q, A

dq

dϑ
= Cr −Aq cot ϑ. (5.33)

As noted by Appell and Korteweg, the functions q(ϑ) and r(ϑ) can be ex-
pressed in terms of the Gaussian hypergeometric series. The angle ϑ, as a
function of t, can be found by a simple quadrature from the energy integral

m(u2 + v2 + w2) +A(p2 + q2) + Cr2 = −2mga sin ϑ+ h, (5.34)

where g is the acceleration of gravity and h is an arbitrary constant. Using
these formulae one can show that 0 < ϑ(t) < π for almost all initial states
(with the exception of the points lying on some hypersurface in the phase
space). This result explains the amazing ability of the disc to roll on the plane
without falling. Indeed, let q1(ϑ), r1(ϑ) be a solution of the linear system (5.33)
that is bounded as ϑ→ 0 (or ϑ→ π). If q2(ϑ), r2(ϑ) is another solution, then
by Liouville’s formula we have

q1(ϑ)r2(ϑ) − q2(ϑ)r1(ϑ) = c exp

{ ϑ∫

π/2

cot x dx

}

=
c

sin ϑ
, c = const.

Since the right-hand side of this equality tends to +∞ as ϑ → 0 (or π), any
solution that is bounded as ϑ → 0 (or ϑ → π) is linearly dependent with the
solution q = q1(ϑ), r = r1(ϑ). Thus, almost surely q2 + r2 → ∞ at the ends
of the interval (0, π). Since the right-hand side of the energy integral (5.34)
is bounded, it is obvious that the inequality ε < ϑ(t) < π − ε (where ε > 0)
holds for all values of t.

The Appell–Korteweg method can be used to solve the related problem
of the motion of a circular homogeneous disc with a sharp edge on smooth
horizontal ice. The non-holonomic constraint is that the velocity of the contact
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point of the disc is parallel to its horizontal diameter. In contrast to the
Appell–Korteweg problem, here the first integrals can be expressed in terms of
elementary functions and have a simple mechanical meaning: the projections
of the angular momentum of the disc relative to its centre onto the vertical
and onto the axis Oz are conserved. For almost all initial conditions the disc
never falls onto the ice and the trajectory of its contact point is bounded.
More precisely, the contact point describes some closed curve, which in turn
rotates as a rigid body with constant angular velocity around some point (see
the details in [353]).

The problem of a heavy circular disc sliding on a horizontal plane was
considered in [59]. The centre of mass of the disc is assumed to coincide with
its geometric centre; in the general case its principal central moments of in-
ertia are distinct. It was shown that for almost all initial data the disc never
falls onto the plane. The proof is based on regularization of the equations of
motion, analysis of the invariant manifolds corresponding to falling, and ap-
plication of the Schwarzschild–Littlewood theorem (Proposition 2.7 in Ch. 2).
In the problem of a disc rolling on an absolutely rough plane this method is
applicable only in the case of dynamical symmetry: the equations of rolling
of an asymmetric disc have no invariant measure.

The more general problem of a dynamically symmetric disc rolling without
slipping on an inclined plane was considered in [345]. This problem is non-
integrable, but the equations of motion admit an invariant measure. It was
shown that almost surely the disc rolls without falling.

c) Following Suslov we also consider the problem of the rotation of a rigid
body around a fixed point with the non-integrable constraint 〈a, ω〉 = 0,
where a is a constant vector. Suppose that the body rotates in an axially
symmetric force field with potential U(γ). Applying the method of Lagrange
multipliers (see § 1.2.5) we write down the equations of motion:

Aω̇ + ω ×Aω = γ × U ′
γ + λa, γ̇ + ω × γ = 0. (5.35)

Using the constraint equation 〈a, ω〉 = 0 we can find the Lagrange multiplier
as a function of ω and γ:

λ = −
〈
a, A−1(Aω × ω) +A−1(γ × U ′

γ)
〉

〈a, A−1a〉 .

Equations (5.35) always have the three independent first integrals

F1 =
〈Aω, ω〉

2
+ U(γ), F2 = 〈γ, γ〉, F3 = 〈a, ω〉.

For real motions we have F2 = 1 and F3 = 0. Thus, the problem of integrat-
ing equations (5.35) reduces to finding an invariant measure (the existence
of which is far from being obvious) and a fourth independent integral. We
consider the special case where a is an eigenvector of the operator A. Un-
der this assumption the phase flow of system (5.35) preserves the “standard”
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measure on R
6 = R

3{ω} × R
3{γ}. Suppose that the body rotates in a homo-

geneous force field: U(γ) = 〈b, γ〉. If 〈a, b〉 = 0, then equations (5.35) admit
the fourth integral F4 = 〈Aω, b〉 and therefore can be integrated by quadra-
tures. This case was considered by Kharlamova [313]. We indicate one more
integrable case: if the force function is given by (5.31), then the equations of
rotation admit the Tissèrand integral as a fourth integral (see a)). This range
of questions is discussed in more detail in [332].

In conclusion we remark that comparatively few exactly solved problems
are known in non-holonomic mechanics (practically complete information can
be found in the books [5, 19, 39]). Even in the simplest of these problems, the
behaviour of the system can be quite unexpected. Examples are provided by a
skate on an inclined plane and a homogeneous ball in a vertical cylinder, which
were already mentioned in § 1.2.5. A circumstantial analysis of the range of
questions related to rolling of rigid bodies is contained in the book [409].

The theory of integrable Hamiltonian systems fundamentally uses the fact
(which is very close to Liouville’s theorem) that the foliation of a symplectic
manifold into Lagrangian leaves invariantly defines on each leaf a locally affine
structure (in which the trajectories become straight lines). This circumstance
allows us to hope for the existence of the projective version of the theory of
integrable systems on contact manifolds.

In contact geometry the role of Lagrangian foliation is played by the Legen-
dre foliation (whose leaves are Legendre manifolds, that is, maximal integral
submanifolds of the contact manifold). The contact structure of the ambient
manifold invariantly defines locally projective structures on such leaves. There
is the hope that these structures will allow one to produce the projective ver-
sion of Liouville’s theorem and use it to develop contact theory of integrable
Hamiltonian systems in which Hamiltonian systems will be replaced by the
theory of characteristics of general partial differential equations of the first or-
der, and the commutativity of integrals corresponding to the commutativity
of the translation group of the affine space will be replaced by the condition
of projectivity of the corresponding symmetry algebra. But this theory is at
present completely undeveloped.



6

Perturbation Theory for Integrable Systems

In nature we often encounter systems that differ from integrable ones by small
perturbations. For example, the problem of the motion of the planets around
the Sun can be regarded as a perturbation of the integrable problem of the
motion of non-interacting points around a fixed attracting centre. Methods
developed for studying such problems are united under the general name per-
turbation theory. These methods are usually simple and effective. They often
enable one to describe the perturbed motion almost as completely as the
unperturbed one. Some of these methods were already proposed and used by
Lagrange and Laplace in their studies of the secular perturbations of the plan-
ets. The problems of justification in perturbation theory are quite difficult and
began to be considered relatively recently. Many of them are far from being
completely solved.

In the present chapter we consider the methods of perturbation theory that
are grouped around the averaging principle and the idea of dividing motion
into slow drift and rapid oscillations.

Throughout this chapter we use the following notation: ε is a small para-
meter, and ci, Ci > 0 are constants, that is, quantities independent of ε. We
apply the following convention: an appearance of ci (or Ci) in some relation
is equivalent to the assertion that there exists a constant ci (respectively, Ci)
satisfying this relation.

6.1 Averaging of Perturbations

6.1.1 Averaging Principle

If a small perturbation is imposed upon an integrable conservative system,
then the quantities that were integrals in the unperturbed problem begin
to slowly evolve. Over times of order 1 the evolution is small. Over times
of order 1/ε, where ε is a small parameter characterizing the magnitude of
the perturbation, the evolution may be considerable (of order 1). The main
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principle stated below, which is called the averaging principle, allows one to
write down closed equations for the evolution containing only slowly changing
variables.1

We assume that the common levels of the single-valued integrals of the
unperturbed integrable system are tori carrying conditionally periodic mo-
tions (as in the case of complete integrability) and that the equations of the
unperturbed motion can be written in the form

İ = 0, I ∈ B ⊂ R
n,

ϕ̇ = ω(I), ϕ ∈ T
m.

(6.1)

Here I = (I1, . . . , In) is a set of integrals of the problem, an equation I =
const defines an invariant m-dimensional torus, ϕ = (ϕ1, . . . , ϕm) modd 2π
are coordinates on this torus (phases), ω(I) = (ω1(I), . . . , ωm(I)) are the
frequencies of the unperturbed motion, and B is a domain in R

n where the
variables I are defined.

Example 6.1. If the unperturbed system describes the motion of non-inter-
acting planets along Keplerian ellipses around the Sun attracting them, then
the integrals Ij are the major semiaxes, eccentricities, inclinations, longitudes
of the nodes and pericentres, while the phases ϕj are the mean anomalies of
the planets. 


A small perturbation of the system gives rise to small additional terms
appearing in the equations of motion. In the variables I, ϕ the equations of
the perturbed motion take the form

İ = εf(I, ϕ, ε),
ϕ̇ = ω(I) + εg(I, ϕ, ε).

(6.2)

The functions f and g have period 2π in ϕ, and ε is small. In equations (6.2)
the variables I are called the slow variables, and the phases ϕ are called the
fast variables.

In applications one is usually interested mainly in the behaviour of the
slow variables. The averaging principle consists in replacing the system of
perturbed equations (6.2) by the averaged system

J̇ = εF (J), F (J) = (2π)−m

∮

Tm

f(J, ϕ, 0) dϕ, (6.3)

for the approximate description of the evolution of the slow variables over
times of order 1/ε (here dϕ = dϕ1dϕ2 . . . dϕm).

1 This principle is not a theorem, but a physical proposition, that is, a vaguely
stated and, strictly speaking, false assertion. Such assertions often happen to be
fruitful sources for mathematical theorems.



6.1 Averaging of Perturbations 209

We thus obtain a closed system for describing the slow motion, which is
much simpler than the original one; for example, for a numerical integration
of the new system, the step can be chosen to be 1/ε times larger. Therefore
the averaging principle is extremely productive and is widely used in practice.

Let I(t) be a slow motion in the original system, and J(t) in the averaged
one, J(0) = I(0). According to the averaging principle, I(t) is replaced by J(t).
To justify this recipe (which does not always yield a correct answer) we must
find conditions which ensure that |I(t) − J(t)| → 0 for 0 � t � 1/ε as ε → 0.
If the last relation holds, then it is desirable to have an upper estimate of
|I(t) − J(t)| for 0 � t � 1/ε. Sometimes such estimates can also be estab-
lished for much longer time intervals. These problems are still far from being
completely solved; they are discussed in the next subsections.

Example 6.2. Consider the system of equations

İ = ε(a+ b cos ϕ), ϕ̇ = ω

and the corresponding averaged system

J̇ = εa.

Here

I(t) = I0 + εat+ εb[sin (ωt+ ϕ0) − sin ϕ0]/ω,
J(t) = I0 + εat.

The solutions of the exact system oscillate about the solutions of the averaged
system with an amplitude of order ε and with frequency ω (Fig. 6.1). Averaging
amounts to dropping the purely periodic term on the right-hand side of the
equation. This term has the same order as the remaining term. But it oscillates
and causes only small oscillations of the solution. The remaining term causes
a drift which over time 1/(εa) changes I by 1.

Fig. 6.1.
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The averaging principle is based on the idea that in the general case,
too, the oscillating terms discarded in averaging cause only small oscillations,
which are superimposed on the drift described by the averaged system.

The averaging principle stated above was used by Lagrange and Laplace
in the theory of secular perturbations of the orbits of the planets. After their
works this principle became a standard method in celestial mechanics. Later
this principle was rediscovered by van der Pol, who used it for solving problems
in the theory of nonlinear oscillations. Extensive application of the averaging
principle in oscillation theory was stimulated by the works of Mandel’shtam,
Papaleksi, Krylov, Bogolyubov, and Mitropol’skij. The history of the prin-
ciple is fairly intricate, it is expounded in the introductory sections of the
monograph [426]. At present the averaging principle is used in many variants
(sometimes also under different names) in many areas of applied research.

Now suppose that in the equations of the unperturbed motion the fre-
quencies are identically commensurable, that is, they satisfy one or several
relations of the form (k, ω) ≡ 0, where k = (k1, . . . , km) ∈ Z

m \ {0} and
(k, ω) = k1ω1 + · · ·+kmωm. Then the trajectories of the unperturbed motion
on the torus T

m fill up tori of lower dimension, and the averaging over the
entire torus T

m cannot, generally speaking, correctly describe the motion. An-
other argument is that the expansion of the right-hand sides of the perturbed
system in the Fourier series contains non-oscillating harmonics, which cannot
be discarded for any good reasons. If the frequencies are close to commensu-
rability over a sufficiently long time, then the averaging over the entire torus
may also not be applicable. In these cases, which are said to be resonant,
the following procedure is used, which is called partial averaging. Suppose
that we have one or several resonance relations, that is, equalities of the form
(k, ω) = 0 with irreducible integer vectors of coefficients k. We denote by K
the minimal sublattice of the integer lattice Z

m containing these vectors such
that if some vector of the form dl, d ∈ N, l ∈ Z

m, belongs to K, then l also
belongs to K. Let r denote the rank of K. A harmonic exp (i(k, ϕ)) is said to
be resonant if k ∈ K. The system (6.2) partially averaged taking into account
the given system of resonance relations (or simply resonances) is by definition
the system

J̇ = εFK(J, ϕ),
ϕ̇ = ω(J) + εGK(J, ϕ),

(6.4)

where FK and GK are the sums of resonant harmonics in the Fourier series
of the functions f(I, ϕ, 0) and g(I, ϕ, 0).

To justify the term “partial averaging” we perform the change of phases
ϑ = Rϕ in the equations of the perturbed motion, where R is an integer uni-
modular (with determinant 1) matrix whose first r rows belong to K (such a
matrix exists according to [164]). Let γ = (γ1, . . . , γr) denote the first r com-
ponents of ϑ, and χ = (χ1, . . . , χm−r) the remaining components. Averaging
the resulting system over χ we arrive at equations equivalent to (6.4).
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This argument also shows that to describe the variation of J in (6.4) it
suffices to consider the system of n + r equations for J, γ. The variables J
are slow, and the variables γ are semifast: they evolve slowly near the points
of the phase space where the given resonance relations hold, and fast far from
these points.

Example 6.3. Consider the system of equations

İ1 = −ε sin (ϕ1 − ϕ2), İ2 = ε[cos (ϕ1 − ϕ2) + sin ϕ2],
ϕ̇1 = 1 + I1, ϕ̇2 = 1.

We introduce γ = ϕ1 − ϕ2. The phase portrait of the problem on the plane
I1, γ is shown in Fig. 6.2. The oscillatory domain has width 4

√
ε. The inde-

pendent averaging over ϕ1 and ϕ2 for I1(0) = 0, γ(0) = 0 leads over time 1/ε
to an error of order 1. The partial averaging taking into account the resonance
ω1 − ω2 = 0 produces the system

J̇1 = −ε sin γ, J̇2 = ε cos γ, γ̇ = J1,

which describes the evolution of I on times 1/ε with an accuracy of order ε.

Fig. 6.2.



6.1.2 Procedure for Eliminating Fast Variables.
Non-Resonant Case

The main role in all problems connected with the averaging principle is played
by changes of variables that enable one to eliminate, with the required accu-
racy, the fast phases from the equations of perturbed motion and thus sepa-
rate the slow motion from the fast one. These changes of variables reduce the
original system of equations to the averaged one in the first approximation.
They were constructed by Lindstedt, Bohlin, Delaunay, Newcomb, Poincaré,
von Zeipel, Krylov, and Bogolyubov.2 We now describe the construction of

2 Such changes of variables were considered by Newcomb [476] for Hamiltonian
systems of celestial mechanics, by Lindstedt [388] for not necessarily Hamiltonian
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these changes of variables (in the non-conservative case; the conservative case
is considered in § 6.2).

The required change of variables (I, ϕ) �→ (J, ψ) is sought in the form of
the formal series

I = J + εu1(J, ψ) + ε2u2(J, ψ) + · · · ,
ϕ = ψ + εv1(J, ψ) + ε2v2(J, ψ) + · · · ,

(6.5)

where the functions uj and vj have period 2π in ψ. We try to find the uj and
vj so that the right-hand sides of the equations for the new variables do not
contain the fast phases, that is, the equations have the form

J̇ = εF0(J) + ε2F1(J) + · · · ,
ψ̇ = ω(J) + εG0(J) + ε2G1(J) + · · · .

(6.6)

Suppose that the right-hand sides of the equations of the perturbed mo-
tion (6.2) are analytic in all the variables. Substituting the new variables into
these equations, substituting the expressions (6.6) of J̇ and ψ̇ into the result-
ing relations, and equating the terms of the same order in ε we obtain the
following system of relations:

F0(J) = f(J, ψ, 0) − ∂u1

∂ψ
ω,

G0(J) = g(J, ψ, 0) +
∂ω

∂J
u1 −

∂v1
∂ψ

ω,

Fj(J) = Xj(J, ψ) − ∂uj+1

∂ψ
ω, j � 1,

Gj(J) = Yj(J, ψ) +
∂ω

∂J
uj+1 −

∂vj+1

∂ψ
ω, j � 1.

(6.7)

The functions Xj , Yj are determined by the terms u1, v1, . . . , uj , vj in the
expansion (6.5).

To write down the solution of system (6.7) obtained above we introduce
additional notation. Suppose that the function h(J, ψ) has period 2π in ψ. We
write down its expansion in the Fourier series:

h(J, ψ) = h0(J) +
∑

k �=0

hk(J) exp
(
i(k, ψ)

)
.

We set
〈h〉ψ = h0(J), {h}ψ =

∑′

k �=0

hk

i(k, ω)
exp
(
i(k, ψ)

)
. (6.8)

(but reversible) weakly nonlinear systems, by Poincaré [41] for Hamiltonian sys-
tems of the general form, by Krylov and Bogolyubov [360] for non-Hamiltonian
weakly nonlinear systems, and by Bogolyubov and Zubarev [117] for nonlinear
single-frequency systems.
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The prime over the sum symbol in (6.8) means that the summation is car-
ried out over the k such that the harmonic exp (i(k, ϕ)) is really involved
in the Fourier series of the function h, that is, hk �≡ 0 in the domain under
consideration. Obviously,

(
∂

∂ψ
{h}ψ

)

ω = h− 〈h〉ψ.

The operator {·}ψ is called the integration operator. It is not defined when the
denominators in (6.8) vanish or are very small compared to the numerators.
The difficulties connected with the presence of these small denominators (or
small divisors) are of fundamental importance in perturbation theory. But
we temporarily forget about them and assume that the integration operator
can be applied to all the functions occurring below. Then the solution of
system (6.7) is given by the formulae

F0(J) = 〈f(J, ψ, 0)〉ψ,
u1(J, ψ) = {f(J, ψ, 0)}ψ + u0

1(J),

G0(J) =
〈

g(J, ψ, 0) +
∂ω

∂J
u1(J, ψ)

〉ψ

,

v1(J, ψ) =
{

g(J, ψ, 0) +
∂ω

∂J
u1(J, ψ)

}ψ

+ v0
1(J),

Fj = 〈Xj〉ψ,
uj+1 = {Xj}ψ + u0

j+1, j � 1,

Gj =
〈

Yj +
∂ω

∂J
uj+1

〉ψ

,

vj+1 =
{

Yj +
∂ω

∂J
uj+1

}ψ

+ v0
j+1, j � 1.

(6.9)

Here the u0
j (J) and v0

j (J) are arbitrary functions. One usually chooses u0
j =

v0
j = 0.

If the series for the change of variables (6.5) are truncated at the terms of
order r � 1, then we obtain a change of variables which reduces the equations
of the perturbed motion to the form

J̇ = εFΣ(J, ε) + εr+1α(J, ψ, ε),

ψ̇ = ω(J) + εGΣ(J, ε) + εr+1β(J, ψ, ε).

Thus, as a result the dependence on the phases is deferred to the terms of
order εr+1. If these terms are discarded, then the system of equations for J
splits off. If its solutions are found, then the evolution of the phase ψ can be
found by a quadrature. Returning to the original variables we see that the
evolution of I amounts to a slow drift (described by the equation for J) onto
which small rapid oscillations are superimposed (described by the change of
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variables), exactly as in Example 6.1 and in Fig. 6.1. The evolution of ϕ is
represented as a rotation with slowly changing frequency, onto which oscilla-
tions are also superimposed. In the first approximation this procedure leads
to the averaged system (with additional equations approximately describing
the evolution of the phases).

In the foregoing discussion we have been assuming that in the formulae
for the change of variables the denominators (k, ω(J)) do not vanish in the
domain considered. This assumption holds for single-frequency systems with
non-vanishing frequency, for systems with constant incommensurable frequen-
cies, for systems with finitely many harmonics in the perturbation, and in
certain other cases (see § 6.1.4–6.1.6 below). But for general multi-frequency
systems this condition fails. There are two difficulties here.

First, in the general case the denominators (k, ω(J)), k ∈ Z
m \{0}, vanish

on an everywhere dense set of values of J , so that formulae (6.8), (6.9) do
not even allow one to define the uj , vj . This difficulty is circumvented by the
following modification of the change of variables. The perturbing functions
εf, εg are represented in the form

εf = f (1) + f (2) + · · · , εg = g(1) + g(2) + · · · ,

where the f (m), g(m) are trigonometric polynomials in ϕ whose absolute values
are bounded above by quantities of order εm. The procedure for eliminating
the fast phases is carried out as if the f (m), g(m) were the terms of order εm

in the expansion of the perturbation in ε (without taking into account that
the f (m)/εm and g(m)/εm themselves depend on ε). Then only finitely many
small denominators appear at each step of the procedure. Correspondingly,
the functions uj , vj are undefined only on finitely many resonant surfaces
(k, ω(J)) = 0, whose number depends on ε and the index j. As a result, in
each finite approximation the map (J, ψ) �→ (I, ϕ) is undefined on finitely
many surfaces (whose number depends on ε and the order of the approxima-
tion). Outside some neighbourhood of these surfaces (usually of width of order√
ε) the differences |I−J | and |ϕ−ψ| prove to be sufficiently small (usually also

of order
√
ε) and the map (J, ψ) �→ (I, ϕ) indeed defines a change of variables.

The substitution of the corresponding new variables into the equations allows
one to defer the dependence on the phases to the terms of higher order in ε.

The second difficulty is that the frequencies ω(I) themselves slowly vary in
the course of evolution. Therefore on a time interval of order 1/ε the point may
repeatedly cross the neighbourhoods of the resonant surfaces. Consequently,
even the change of variables of the first approximation is in general undefined
along the entire trajectory on a time interval 1/ε. However, this change of vari-
ables is the main tool of analysis of the motion between the resonances. The
phenomena occurring at crossing resonant surfaces are considered below in
§§ 6.1.7–6.1.8. Roughly speaking, here the situation is as follows: the total mea-
sure of the resonant domains proves to be small; hence for most of the initial
data the motion in these domains cannot strongly affect the evolution, and the
averaging principle enables one to correctly describe most of the trajectories.
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Remark 6.1. There exist different versions of constructing a change of vari-
ables separating the fast and slow motions. In particular, such a change of
variables can be sought not in the form of a series as above, but as a composi-
tion of successive changes of variables. The first change of variables is defined
by the formulae

I = J + εu1(J, ψ), ϕ = ψ + εv1(J, ψ),

where u1, v1 are the first terms of the series (6.5) defined above. The equations
of the perturbed motion for the new variables contain the phases in the terms
of order ε2. Then a similar change of variables is performed, which defers the
dependence on the phases to the terms of order ε3, and so on. This method
produces the same formal change of variables (6.5), but technically it often
proves to be more convenient. For Hamiltonian perturbations the method
of successive changes of variables has the remarkable property of quadratic
convergence: the second change of variables defers the dependence on the
phases to the terms of order ε4, the third to the terms of order ε8, and so on
(see § 6.2.2.C below).

Remark 6.2. Another version of the procedure for separating the motions
is obtained on the basis of the following consideration. A transformation
(I, ϕ) �→ (J, ψ) of the form (6.5) is the shift transformation by “time” ε
for a certain formal system of differential equations

dy

dε
= W (y, ε), W = W1(y) + εW2(y) + · · · , y = (J, ψ).

Conversely, every such system of equations generates a shift transformation of
the form (6.5). Therefore, instead of the functions uj , vj involved in (6.5) we
can seek the functions Wj defining the corresponding system of differential
equations. The resulting procedure has the convenient feature that it pro-
vides fairly simple general formulae for higher approximations. See the details
in [256].

Remark 6.3. A method for separating the motions called continuous aver-
aging was proposed in [48, 587, 588, 589]. This method is used to construct
a flow in the function space of systems of the form (6.2) such that the terms
of equations depending on the fast phases are decreasing along this flow. Sys-
tems on the same trajectory of the flow are obtained from one another by
a near-identity change of variables. The flow in the space of systems is de-
scribed by a system of partial differential equations. Estimates of solutions of
this system enable one to obtain estimates of the accuracy of separation of the
motions. The method of successive changes of variables (see Remark 6.1 above)
is used for constructing, in fact, a difference approximation (with respect to
the variable along the flow) for the solutions of the system of equations of
the continuous averaging. For the present the method of continuous averaging
has been developed in detail for single-frequency systems (m = 1) and for
multi-frequency systems with constant frequencies [48, 515].



216 6 Perturbation Theory for Integrable Systems

6.1.3 Procedure for Eliminating Fast Variables. Resonant Case

Suppose that we are given a sublattice K of integer vectors defining the possi-
ble resonances. We try to find a change of variables (I, ϕ) �→ (J, ψ) so that the
right-hand sides of the equations of the perturbed motion in the new variables
depend on the fast phases only via the combinations (k, ψ), k ∈ K. We seek
the change of variables in the form of series (6.5).

The equations for J , ψ must have the form

J̇ = εF0(J, γ) + ε2F1(J, γ) + · · · ,
ψ̇ = ω(J) + εG0(J, γ) + · · · ,

(6.10)

where γ = (γ1, . . . , γr) are semifast variables (independent combinations of
the phases ψ with coefficients in K) and r is the rank of K. We also introduce
the fast variables χ = (χ1, . . . , χm−r) such that (γ, χ) = Rψ, where R is the
unimodular matrix introduced at the end of § 6.1.1. Substituting the new vari-
ables into the equations of the perturbed motion, expressing J̇ , ψ̇ according
to (6.10), and equating the terms of the same order in ε we obtain a system
of relations of the form (6.7), but the functions Fj , Gj on its right-hand sides
now depend on J and γ. A particular solution3 of this system is given by the
formulae

F0(J, γ) = 〈f(J, ψ, 0)〉χ,
u1(J, ψ) = {f(J, ψ, 0) − F0(J, γ)}ψ + u0

1(J),

G0(J, γ) =
〈

g(J, ψ, 0) +
∂ω

∂J
u1(J, ψ)

〉χ

,

v1(J, ψ) =
{

g(J, ψ, 0) +
∂ω

∂J
u1(J, ψ) −G0(J, γ)

}ψ

+ v0
1(J),

Fj = 〈Xj〉χ,
uj+1 = {Xj − Fj}ψ + u0

j+1(J), j � 1,

Gj =
〈

Yj +
∂ω

∂J
uj+1

〉χ

,

vj+1 =
{

Yj +
∂ω

∂J
uj+1 −Gj

}ψ

+ v0
j+1(J), j � 1.

Here the symbol 〈·〉χ denotes averaging over χ (first ψ must be expressed
in terms of γ, χ), the symbol {·}ψ, as in § 6.1.2, denotes application of the
integration operator (6.8), and the u0

j , v
0
j are arbitrary functions of J . In

these formulae the denominators (k, ω) appear only for k /∈ K.
Truncating the series of the change of variables at the terms of order r we

obtain a system of equations in which the dependence on the fast phases is de-
ferred to the terms of order εr+1. Discarding these terms we obtain a truncated
3 In the general solution the u0

j , v0
j depend on J, γ, and the Fj , Gj change.



6.1 Averaging of Perturbations 217

system, which must be applied for describing the motion in a neighbourhood
of the resonant surfaces (k, ω(J)) = 0, k ∈ K. In the first approximation this
system coincides with system (6.4) partially averaged taking into account the
given resonances (but we must choose u0

1 = 0).

6.1.4 Averaging in Single-Frequency Systems

We consider the system of equations of the perturbed motion (6.2) which has
only one phase. We assume that the frequency ω(I) of variation of this phase
does not vanish: ω(I) > c−1 > 0, c = const. In this case the system is also
called a system with rapidly rotating phase. Such systems are among the main
objects of perturbation theory. Here are some examples:

– a one degree of freedom oscillatory system upon which a small non-con-
servative perturbation is imposed (for example, a pendulum with a small
perturbing torque);

– a one degree of freedom oscillatory system whose parameters evolve slowly
(for example, a pendulum with slowly changing length [600]);

– a system acted upon by a rapidly oscillating perturbation periodic in time;
– motion in the two-body problem in the presence of a small perturbation

(small propulsive force [230], resistance of medium);
– rotation of a rigid body around the centre of mass in the presence of a

small perturbing torque that is independent of the position of the body in
space (propulsive force of jet engines mounted on the body, resistance of
medium [61, 452], see also Example 6.12); here the unperturbed motion is
governed by the Euler–Poinsot equations and has two fast phases, but one
of them, characterizing the body’s precession around the vector of angular
momentum, is not involved in the equations;

– motion of a charged particle in a magnetic field that changes only slightly
over the length of the Larmor radius [117, 482]; in the unperturbed system
the magnetic field is constant and the motion takes place along the Larmor
circle drifting along the force lines of the field, and the role of the fast phase
is played by the angle coordinate of the point on this circle.

Many examples of using averaging for analysis of motion in single-frequency
systems are contained in [600].

In the single-frequency case the justification of the averaging principle is
practically complete. Below we present the results on the accuracy of av-
eraging over time intervals of order 1/ε, on the properties of higher-order
approximations of the procedure for eliminating the fast variables, and on the
connections between the integral manifolds (stationary points, cycles, invari-
ant tori) of the exact and averaged systems.

Remark 6.4. In what follows, we omit the natural conditions of continuabil-
ity of solutions in the statements of the theorems: we assume throughout that
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the solution J(t) of the averaged system for 0 � t � 1/ε does not approach
too closely the boundary of the domain where the system is defined.

Suppose that in the equations of the perturbed motion (6.2) the frequency
ω and the perturbations f , g are smooth functions in their domain of definition
B × S1 × [0, ε0], and their absolute values, together with those of their first
derivatives, are bounded above by a constant C.

Theorem 6.1. The difference between the slow motion I(t) in the exact sys-
tem and J(t) in the averaged system remains small over time 1/ε:

|I(t) − J(t)| < c1ε if I(0) = J(0), 0 � t � 1/ε,

where c1 is a constant depending on the constants c and C.

� The change of variables of the first approximation in § 6.1.2 differs from the
identity by a quantity of order ε. It reduces the exact system to the averaged
one with an addition of a small (of order ε2) perturbation. Over time 1/ε
this perturbation can change the value of the slow variable, compared to its
value in the averaged system, only by a quantity of order ε. Returning to the
original variables we obtain the result of the theorem. �

This theorem was proved by Fatou and, by another method, by Man-
del’shtam and Papaleksi [426]. The proof given above, which is based on the
elimination of the fast phase by a change of variables, is due to Bogolyubov.4

If the perturbed system is analytic, then the procedure of § 6.1.2 enables
one to eliminate the phase from its right-hand sides up to any finite order in ε.
However, the series thus obtained in general diverge, so that the complete
elimination of the phase and separation of the fast and slow motions cannot
be achieved.5 It turns out that the elimination of the phase can be carried out
with exponentially small error. In the general case this error is in principle
unavoidable in any version of perturbation theory. We now state the precise
assertion about the elimination of the phase. Suppose that the right-hand
sides of the perturbed system can be analytically continued to the complex δ-
neighbourhood of the domain of definition of the system and this continuation
remains bounded in absolute value by the constant C. Suppose that |ω| >
c−1 > 0 in this neighbourhood.

Theorem 6.2 ([455]). There is an analytic change of variables

I = J + εu(J, ψ, ε), ϕ = ψ + εv(J, ψ, ε), |u| + |v| < c1, (6.11)
4 More precisely, Bogolyubov used this method to prove a similar theorem for

systems of a more general form (which he called systems in standard form,
see § 6.1.5), of which the single-frequency systems and systems with perturba-
tion that is quasi-periodic in time are special cases [15, 16].

5 With a natural choice of arbitrary functions involved in the series for the change
of variables in § 6.1.2 these series prove to be of Gevrey class 1 in ε, that is, the
nth term is O(εnn!), see [517]; this estimate is best possible.
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reducing the equations of the perturbed motion to the form

J̇ = ε(Φ(J, ε) + α(J, ψ, ε)),

ψ̇ = Ω(J, ε) + εβ(J, ψ, ε),
(6.12)

|α| + |β| < c2 exp
(
−c−1

3 /ε
)
, |Φ− 〈f〉| + |Ω − ω| < c4ε,

where the ci are positive constants depending on c, C, δ, and ε0.6

The exponent in the preceding theorem satisfies the following best-possible
estimate [589]. Consider the motion in the averaged system in the imaginary
direction of time. Equivalently, consider the motion for real t in the system

J̇ = iεF (J), F = 〈f〉ϕ,

where i is the imaginary unit. Suppose that for the initial conditions J0 ∈ B
the solution J(εt) of this system satisfying J(0) = J0 is defined on the
time interval 0 � εt � T (J0), is analytic, and satisfies ω(J(εt)) �= 0
and

∣
∣
∣Re

∫ T (J0)

0
ω
(
J(τ)

)
dτ
∣
∣
∣ < Ψ = const. Then we can take |α| + |β| <

c2 exp (−Ψ/ε) in Theorem 6.2.
The exponential additional term is unavoidable, since when the image of

any curve that is initially close to the circle I = const is evolving under
the action of the perturbed phase flow, its projection onto the space of slow
variables is increasing, generally speaking, not slower than εtc5 exp (−c−1

6 /ε).
However, in the cases where the solutions of the averaged system leave suffi-
ciently quickly the domain in which the problem is considered, this exponen-
tially slow growth does not have enough time to become an obstruction to the
complete separation of the fast and slow motions, as shown by the following
assertion.

Theorem 6.3 (cf. [245]). Suppose that the field of phase velocities of the aver-
aged system can be rectified (that is, it can be transformed into a field of paral-
lel vectors of the same length) by an analytic diffeomorphism of the domain B.
Then there is an analytic change of variables of the form (6.11) reducing the
equations of the perturbed motion to the form (6.12) with α ≡ β ≡ 0.

(If the system is smooth but not analytic, and the field of phase velocities
of the averaged system can be rectified, then the fast and slow motions can
be separated by a smooth change of variables [291]).

Studying the averaged system one can often establish the existence of limit
cycles and invariant tori of the original system and approximately calculate
them.

6 The notation for the constants is chosen so that the estimates are preserved as c,
C, ci increase.
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Theorem 6.4 ([16]). Suppose that the averaged system has a non-degenerate7

equilibrium position. Then the exact system has a limit cycle along which the
slow variables vary within a neighbourhood of this equilibrium position of size
of order ε. If all the eigenvalues of the averaged system linearized about this
equilibrium position have negative real parts, then the cycle is orbitally asymp-
totically stable. If the real part of one of the eigenvalues is positive, then the
cycle is unstable.

� We introduce the phase as a new independent variable (new time). We
consider two maps of R

n into itself: T0, the shift map by (new) time 2π for
the averaged system, and T1, the same map for the exact system transformed
by the change of variables of the first approximation constructed in § 6.1.2.
The maps T0 and T1 displace a point by a quantity of order ε, while these
maps differ from each other by a quantity of order ε2. The map T0 has a non-
degenerate fixed point J∗. By the implicit function theorem, for sufficiently
small ε the map T1 has a fixed point J = J∗ + O(ε), which obviously serves
as the initial condition for the required limit cycle. �
Example 6.4. The van der Pol equation

ẍ = −x+ ε(1 − x2)ẋ

describes oscillations with a small nonlinear “friction” which is negative for
large amplitudes, and positive for small ones. The unperturbed equation ẍ =
−x can be written in the standard form İ = 0, ϕ̇ = −1, where 2I = x2 + ẋ2

and ϕ = arg (x + iẋ). The equation for I in the perturbed motion has the
form

İ = ε(1 − x2)ẋ2 = 2εI(1 − 2I cos 2ϕ) sin 2ϕ.

The averaged equation is

J̇ = ε
(
J − J2

2

)
.

It has a repelling equilibrium J = 0, and an attracting one J = 2. To the
equilibrium J = 0 there corresponds the equilibrium x = 0 of the original
equation. By Theorem 6.4 above, to the equilibrium J = 2 there corresponds
a stable limit cycle of the original equation, which is close to the circle x2+ẋ2 =
4 (see Fig. 6.3). 


Example 6.5 (Stability of the upper position of a pendulum with vibrating sus-
pension point [568, 115, 302]). The equation of motion of a pendulum whose
point of suspension performs vertical sinusoidal oscillations in the presence of
viscous friction has the form

ϑ̈+ νϑ̇+ (g − aω2 sin ωt)l−1 sin ϑ = 0,

7 An equilibrium position is said to be non-degenerate if the system linearized about
it has no zero eigenvalues.
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Fig. 6.3.

where ϑ is the angle of deviation of the pendulum from the vertical, a and ω are
the amplitude and the frequency of the oscillations of the suspension point, l is
the length of the pendulum, g the acceleration of gravity, and ν the damping
coefficient. We show that for a sufficiently high frequency and small amplitude
of the oscillations of the suspension point the upper equilibrium position of
the pendulum is stable (the exposition below follows [158]). We assume that
a = a0ε and ω = ω0/ε, where a0 and ω0 are quantities of order 1, and ε is
small. We write down the equations of motion so that their conservative part
has the canonical Hamiltonian form:

ϑ′ = ε
∂H

∂p
, p′ = −ε∂H

∂q
− εν(p− a0ω0l sin τ sin ϑ),

H =
1
2

(p

l
− a0ω0 sin τ sin ϑ

)2

− gl cos ϑ.

Here τ = t/ε is the new time, prime denotes differentiation with respect to τ ,
and p is the momentum canonically conjugate to the angle ϑ. The system
averaged over τ has the form

ϑ′ = ε
∂H

∂p
, p′ = −ε∂H

∂q
− ενp,

H =
1
2
p2

l2
+ V, V =

1
4
a2
0ω

2
0 sin 2ϑ− gl cos ϑ.

The function V is called the effective potential energy. We set K2 = gl/ω2
0a

2
0.

At the point ϑ = π corresponding to the upper equilibrium position of the
pendulum, the function V has a non-degenerate minimum for K < 1/

√
2,

and a non-degenerate maximum for K > 1/
√

2. By Theorem 6.4, for damping
ν �= 0 and for sufficiently small ε, the upper position of the original pendulum
for these values of K is stable or unstable, respectively.8

8 If ν = 0 and K > 1/
√

2, then the equilibrium is unstable. If ν = 0 and K < 1/
√

2,
then the equilibrium is stable, but the proof of this fact requires new ideas
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The phenomenon of stabilization of the upper position of the pendulum
with vibrating suspension point was discovered by Stephenson [568] (in the
linear setting), Bogolyubov [115], and Kapitsa [302]. Later the possibility of
stabilization by vibration was studied in a series of papers (see the refer-
ences in [426]), among which the best-known is the paper of Chelomei [168]
on enhancing the stability of elastic systems. Other examples of the effect of
vibrations on stability are described in [113, 169]. Stability of the stationary
motions of a spherical pendulum with vibrating suspension point was studied
in [410]. 


If the averaged system has a limit cycle, and the multipliers of the system
linearized about this cycle do not lie on the unit circle (except for one of
them which corresponds to the shift along the cycle and is equal to 1), then
the exact system has a two-dimensional invariant torus, which is stable or
unstable together with the cycle and along which the slow variables evolve
within a neighbourhood of this limit cycle of size of order ε; see [16, 360].
The procedure for eliminating the fast variable enables one to obtain a formal
expansion of such an invariant torus in a series in ε. For that it is sufficient to
substitute the expansion of the limit cycle of system (6.6) describing the slow
motion into the expansion of the change of variables (6.5). The resulting series
are as a rule divergent (see Proposition 6.1 and Example 6.6 below). However,
they have asymptotic nature: by truncating these series at the terms of order
εr we obtain an approximation for the invariant torus to within O(εr+1).

The motion on the two-dimensional invariant torus created from a cy-
cle of the averaged system is characterized by the rotation number introduced
by Poincaré: µ(ε) = lim

t→+∞
ϑ(t)/ϕ(t), where (ϑ, ϕ) modd 2π are coordinates on

the torus [9]. If the rotation number is irrational, then the motion is condition-
ally periodic and each trajectory winds around the torus everywhere densely.
If the rotation number is rational, then there exist cycles on the torus; if
the cycles are non-degenerate, then their number is even (half of them are
stable, and half unstable), and the other trajectories are attracted to them
as t → ±∞. In a generic system the rotation number µ(ε) is a continuous
piecewise-constant function of ε on an open everywhere dense set (similar to
Cantor’s staircase, but the total relative measure of the constancy intervals
on the segment [0, ε0] tends to zero as ε0 → 0). The existence of constancy
intervals is related to the existence of non-degenerate cycles on the torus: for
small changes in ε such cycles do not vanish and therefore the rotation num-
ber does not change. In a generic system, as ε → 0 an infinite sequence of
bifurcations of births and deaths of cycles takes place on the torus. All these
phenomena are not detected by the formal procedure of perturbation theory.

(see § 6.3.6.B). Application of the procedure for eliminating the fast variables
in each approximation leads to a stable equilibrium with purely imaginary eigen-
values.



6.1 Averaging of Perturbations 223

Note that in an analytic system the limit cycle described in Theorem 6.4
that is born out of an equilibrium of the averaged system is analytic and
depends analytically on ε (this can be seen from the proof of Theorem 6.4).
The situation is completely different when a torus is born out of a cycle of
the averaged system.

Proposition 6.1 ([360]). An invariant torus of the perturbed system is as
a rule (in the generic case) not analytic in the parameter ε. For an open every-
where dense set of values of ε the torus has only finitely many (but increasingly
many as ε decreases) derivatives with respect to the phase variables.

Fig. 6.4.

� Suppose that for some ε = ε∗ there exists an asymptotically orbitally stable
invariant torus, the rotation number µ(ε∗) is rational, and the corresponding
cycles on the torus are non-degenerate. For simplicity we consider the case of
three-dimensional phase space. The section of the torus by a plane ϕ = const
is shown in Fig. 6.4 borrowed from [438]. If we linearize the perturbed system
about a cycle and reduce it to a system with constant coefficients (according
to the Floquet–Lyapunov theory), then an unstable cycle turns into a sad-
dle, and a stable cycle into a node. The invariant torus is composed of the
outgoing whiskers of the saddles connected at the nodes. It is clear that this
picture is preserved under a small change in ε. But at a node all the curves
in Fig. 6.4 have as a rule finitely many derivatives, except for four of them,
which we call principal. This follows already from the linear theory: with
respect to the principal axes the phase curves have the form y = |cx|λ1/λ2 ,
where λ1 and λ2 are the eigenvalues of the reduced linearized system, λ1 char-
acterizes the rate of attraction by the torus of trajectories from the ambient
space, and λ2 the rate with which the trajectories on the torus approach each
other. Since the sections of the outgoing whiskers of the saddles may not be
simultaneously principal curves of the nodes, the torus has finite smoothness.
However, this smoothness is very high and is rapidly increasing as ε decreases,
since λ1/λ2 > c−1

1 exp
(
c−1
2 /ε

)
. (This follows from Theorem 6.2: if an expo-

nentially small term is added to the system, then all the trajectories on the
torus become cycles.)
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Furthermore, if for arbitrarily small ε the torus can be non-analytic in the
phase variables, then it is also not analytic in ε. Indeed, as mentioned above,
the procedure for eliminating the fast variable enables us to write down a
formal expansion of the torus in a series in ε. All the coefficients in this
expansion are analytic functions of the phase variables. If the torus is analytic
in ε in a neighbourhood of zero, then this formal expansion must coincide with
the true one (as an asymptotic expansion of an analytic function), converge,
and therefore represent an analytic function of the phase variables. Thus, in
the case under consideration the torus is not analytic in ε. �

The lack of analyticity of the torus in ε can be illustrated by very simple
examples, in which the torus is nevertheless analytic in the phase variables.

Example 6.6 ([116]). Let ρ, ϑ mod 2π be polar coordinates on the plane of
slow variables. In the annulus 1/2 < ρ < 2 consider the equations of perturbed
motion

ρ̇ = −ε[ρ− 1 + P (ϑ, ϕ)], ϑ̇ = ε, ϕ̇ = 1,

where

P =
∑

k

ak exp (i(k1ϑ+ k2ϕ)), ak = exp (−|k|), k2 �= 0.

Averaging over ϕ we obtain

ρ̇ = −ε(ρ− 1), ϑ̇ = ε.

The circle ρ = 1 is a limit cycle of the averaged system. It is easy to find the
invariant torus of the exact system

ρ = 1 − ε
∑

k

ak exp (i(k1ϑ+ k2ϕ))
i(k1ε+ k2) + ε

, k2 �= 0.

In an arbitrarily small complex disc |ε| < ε0 there exists a value of ε for which
one of the denominators in this formula vanishes. Consequently, the invariant
torus is not analytic in ε. 


If the averaged system has a degenerate equilibrium position (a cycle),
then the question of the existence and orbital stability of the corresponding
periodic solution (torus) of the exact system can, as a rule9, be answered
by using the higher approximations of the procedure for eliminating the fast
variables.

If the averaged system has an l-dimensional invariant torus, l � 2, then
the existence of an (l + 1)-dimensional invariant torus of the exact system
close to it with respect to the slow variables was established under certain
conditions in [270].

9 For a non-conservative perturbation.
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One of the applications of averaging in single-frequency systems is the
study of the behaviour of the phase point under repeated application of a
near-identity map. This is a map of the form

I �→ I + εl(I, ε). (6.13)

Every such map with a smooth function l can be represented as the shift map
by time 2π along the solutions of a single-frequency system of the standard
form (6.2), in which time plays the role of the fast phase:

İ = εf(I, t, ε). (6.14)

It is usually sufficient to assume that the right-hand side of (6.14) is a con-
tinuous function of time, although it can also be chosen to be smooth, and if
the function l is analytic, then analytic [214, 361, 362, 514, 592].

If the right-hand side of equation (6.14) is continuous in time t and in-
finitely differentiable in I, then the procedure for eliminating the fast angle
variable of § 6.1.2 enables one, for any prescribed r > 1, to defer the depen-
dence on time to the terms O(εr+1) using a change of variables. Hence the
map (6.13) can be represented in the form

I �→ I + εL(I, ε) + εα(I, ε), α = O(εr), (6.15)

so that the truncated map, without the term εα, is the shift map by time 2π
along the trajectories of the autonomous system

J̇ = εFΣ(J, ε), FΣ(J, ε) =
1
2π
l(J, 0) +O(ε). (6.16)

Now suppose that the function l in (6.13) can be analytically continued
to the complex δ-neighbourhood of the domain of definition of the system
remaining bounded above in absolute value by the constant C.

Theorem 6.5 ([455]). The map (6.13) can be represented in the form (6.15)
with an exponentially small remainder α satisfying |α| < c1 exp

(
−c−1

2 /ε
)

so
that the truncated map is the shift map by time 2π along the trajectories of
the autonomous system (6.16).

This theorem is an immediate consequence of Theorem 6.2 and the obser-
vation [455] that for systems of the form (6.14) Theorem 6.2 is also valid if
the right-hand side is a continuous function of time.

By Theorem 6.5 an analytic near-identity map can be included with an
exponential accuracy into the phase flow of an autonomous system of equa-
tions. The remaining exponentially small error is unavoidable in the general
case (but it can be eliminated in a domain where the vector field l(J, 0) can
be rectified; cf. Theorem 6.3 and [291]).

Near-identity maps of the form (6.13) arise, in particular, in numerical
integration of autonomous systems of ordinary differential equations using
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step-by-step methods (for example, the Euler or Runge–Kutta methods). In
this case the role of the small parameter ε is played by the step of the method.
The map (6.13) describes the behaviour of the phase point when it advances
by one step along the approximate trajectory. Since a map cannot, generally
speaking, be included exactly into the flow of an autonomous system, a nu-
merical method usually does not integrate accurately any autonomous system
of equations on large time intervals. However, there is an autonomous system
of equations which is integrated by such a method with a fairly high accuracy
(in the analytic case, with an accuracy exponential in 1/ε). The right-hand
side of this new system is close to the right-hand side of the original system
(to which the integration method is applied) already with a polynomial ac-
curacy (the degree of the corresponding polynomial is called the order of the
numerical method).

6.1.5 Averaging in Systems with Constant Frequencies

Systems with constant frequencies, that is, with frequencies independent of
the slow variables, arise when we consider a small nonlinear interaction of
linear oscillatory systems10, or the influence of quasi-periodic perturbations
on linear oscillatory systems, or the action of fast external quasi-periodic forces
on a nonlinear non-oscillatory system (for example, the effect of vibrations of
two asynchronous engines on the motion of a ship or a plane).

We consider an analytic system of the standard form (6.2) with constant
frequencies. We assume that the components of the frequency vector ω are
strongly incommensurable:

|(k, ω)| > c−1|k|−ν , c, ν = const > 0, (6.17)

for all integer vectors k �= 0. It is well known [36] that for ν > m − 1 the
set of points ω for which condition (6.17) does not hold for any c has mea-
sure 0. Vectors ω satisfying condition (6.17) for some c and ν are also called
Diophantine vectors.

Theorem 6.6. If the frequencies of the unperturbed motion are constant and
strongly incommensurable, then the difference between the slow motion I(t) in
the exact system and J(t) in the averaged system remains small over time 1/ε:

|I(t) − J(t)| < c1ε if I(0) = J(0), 0 � t � 1/ε.

� The first-approximation change of variables of the procedure of § 6.1.2 is
constructed by the formula

I = J + εu(J, ψ), u =
∑

k �=0

fk exp (i(k, ψ))
i(k, ω)

. (6.18)

10 Indeed, in a linear system the frequency is independent of the amplitude.
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The Fourier coefficients fk of the analytic function f are exponentially
decreasing as the order of the harmonic increases: |fk| < c2 exp (−c−1

3 |k|).
Because of the strong incommensurability of the frequencies, the denominators
in (6.18) are decreasing only like a power. Hence the series in (6.18) converges
and defines a near-identity change of variables. The rest of the proof is exactly
the same as for Theorem 6.1. �
Remark 6.5. It is clear from the proof that the theorem remains valid if the
perturbation has finite but sufficiently high smoothness in the phase; then
the Fourier coefficients of the perturbation are decreasing like a power with a
sufficiently high exponent. It is easy to verify that the existence of ν +m+ 2
derivatives is enough.

Remark 6.6. It is also clear from the proof that the result remains valid
if the condition of strong incommensurability (6.17) is satisfied only for the
vectors k involved in the Fourier expansion of the perturbation f .

If, instead of (6.17), we have the weaker incommensurability condition
(k, ω) �= 0 for k ∈ Z

m \ {0}, then averaging can still be applied for describing
the motion. However, the accuracy may be worse than ε (for example,

√
ε or

1/| ln ε|). Namely, the following assertion holds.

Theorem 6.7 ([16]). For any η > 0 there exists ε0 = ε0(η) such that for
0 < ε < ε0 we have

|I(t) − J(t)| < η if I(0) = J(0), 0 � t � 1
ε
.

(Here we assume that the quantity I(0) is chosen in a given compact set; this
is why ε0 can be chosen to be independent of I(0).)

If a system with constant frequencies is analytic and the frequencies
are strongly incommensurable (that is, (6.17) holds), then, similarly to the
single-frequency case, there is a change of variables deferring the dependence
on the fast phases to exponentially small terms of the equations of order
O
(
exp (−const/εa)

)
, a = ν + 1; see [515, 550].

For systems with constant incommensurable frequencies there are numer-
ous results on the existence of integral manifolds [427]. In particular, suppose
that the frequencies are strongly incommensurable, the averaged system has
an equilibrium or a periodic solution, and in the case of an equilibrium the
real parts of the characteristic exponents of the averaged system linearized
about it are non-zero, or in the case of a periodic solution the multipliers of
the averaged system linearized about it do not lie on the unit circle.11 Then
the exact system has an invariant torus that is close, respectively, to the equi-
librium or the periodic solution with respect to the slow variables (this torus is

11 Except for one of them equal to 1.
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m- or (m+1)-dimensional, respectively) [360, 269, 270].12 Even in an analytic
system this torus is as a rule not analytic either in ε or in the phase variables
(see Proposition 6.1 and Example 6.5), but the procedure for eliminating the
fast variables enables one to construct for it an asymptotic expansion with
respect to ε.

If the averaged system has an l-dimensional invariant torus, l � 2, then
the existence of an (l + m)-dimensional invariant torus of the exact system
close to it with respect to the slow variables was established under certain
conditions in [270].

In the analysis of motion on the torus generated by an equilibrium of the
averaged system one has to distinguish the cases where, in equations (6.2)
of the perturbed motion, g = 0 (that is, the perturbation is quasi-periodic
in time) or g �= 0. If g = 0, then the motion on the torus is conditionally
periodic with frequency vector ω; see [116]. If g �= 0, then the nature of the
motion can be different. For example, for a two-dimensional torus the motion
is characterized by the Poincaré rotation number similarly to the description
in § 6.1.4; see [360]. If the unperturbed frequencies are regarded as parame-
ters of the problem, then in an analytic system for any ε and any vector
ω∗ ∈ R

m with strongly incommensurable components there exist unperturbed
frequencies ω = ω∗ + ε
(ε, ω∗) such that the motion on the torus under con-
sideration is conditionally periodic with frequency vector ω∗; see [116]. Here
∆(ε, ω∗) is an analytic function of ε. The reason is that for a suitable choice
of the amendment ∆ there exists an analytic near-identity change of variables
(I, ϕ) �→ (J, ψ) which is 2π-periodic in the phases and reduces the equation
for the phase to the form ψ̇ = ω∗. This implies the assertion on the motion
on the torus stated above.

Systems with constant frequencies is an important special case of systems
in Bogolyubov’s standard form:

ẋ = εA (t, x, ε), x ∈ R
p,

where the function A is assumed to satisfy the uniform mean condition: the
limit

lim
T→∞

1
T

T∫

0

A(t, x, 0) dt = A0(x)

exists uniformly in x. Indeed, introducing in a system with constant frequen-
cies the deviation ξ = ϕ−ωt from the uniform rotation and setting x = (I, ξ)
we arrive at equations in the standard form. Here the uniform mean condition

12 In [360] this assertion was proved for the case where there are two fast and two
slow variables and the averaged system has a stable equilibrium, and in [270] for
any number of variables for the case of a stable equilibrium or a stable periodic
solution of the averaged system. The assertion for the general case of hyperbolic
equilibrium or periodic solution follows from the results of [269].



6.1 Averaging of Perturbations 229

is satisfied, since A(t, x, ε) is a quasi-periodic function of time t.
Bogolyubov’s averaging principle [15] consists in replacing the original sys-

tem in the standard form by the averaged system

ẏ = εA0(y).

Many of the results on averaging in systems with constant frequencies (in-
cluding Theorem 6.7 and the theorems on the birth of conditionally periodic
motions from equilibria and periodic motions of the averaged system) can be
generalized to systems in the standard form [15].

6.1.6 Averaging in Non-Resonant Domains

We consider a perturbed multi-frequency system (6.2) in which the frequencies
depend on the slow variables: ω = ω(I), I ∈ B. We say that the domain B
is non-resonant in the first approximation of perturbation theory (or simply
non-resonant) if for all I ∈ B the condition of strong incommensurability

|(k, ω(I))| > c−1|k|−ν (6.19)

holds for some constants c, ν and all the integer vectors k �= 0 such that the
harmonic with the phase (k, ϕ) is involved in the Fourier expansion of the
perturbation f on the right-hand side of system (6.2).

If the domain B is non-resonant, then, similarly to Theorem 6.6, averaging
can be applied and guarantees an accuracy of order ε on times of order 1/ε.
If condition (6.19) is replaced by the weaker incommensurability condition
(k, ω(I)) �= 0, then, similarly to Theorem 6.7, averaging can also be applied,
but the accuracy may worsen.

In a multi-frequency generic system there are no non-resonant domains,
since the incommensurability condition (for the vectors k specified above) fails,
generally speaking, on an everywhere dense set of points. However, sometimes
in applications there arise problems in which such domains nevertheless exist.
For example, non-resonant domains exist if the perturbation contains only
finitely many harmonics and the frequencies are independent.

6.1.7 Effect of a Single Resonance

The main peculiarities of multi-frequency systems are related to resonances.
According to the averaging principle, for describing the perturbed motion near
one chosen resonance and far from the other resonances one should partially
average the equations of motion taking into account the chosen resonance.
In many cases this approximation can be justified by using the procedure
of § 6.1.3. In this subsection we consider the resulting partially averaged sys-
tem. It has the usual form of a perturbed system, but the perturbation de-
pends on the phases only via one linear combination of them with integer



230 6 Perturbation Theory for Integrable Systems

coefficients:

İ = εf(I, γ), γ = (k, ϕ),
ϕ̇ = ω(I) + εg(I, γ).

(6.20)

Here only one resonance is possible: (k, ω) = 0. The main effects connected
with the influence of a single resonance appear already in system (6.20), the
study of which is therefore of considerable interest.

Fig. 6.5.

Suppose that a solution of the system obtained from (6.20) by averaging
over γ intersects transversally the resonant surface (Fig. 6.5):

(

k,
∂ω

∂I
〈f〉γ

)

�= 0 for (k, ω) = 0.

The solution of the exact system (6.20) may behave quite differently. For cer-
tain relations between the phases capture into resonance is possible: reaching a
neighbourhood of the resonant surface the point starts moving so as to approx-
imately preserve the commensurability thus arisen (Fig. 6.5); see [260, 429].
The averaging over γ is inapplicable for describing such a motion: over time
1/ε the solutions of the exact and averaged systems deviate by a quantity of
order 1. However, capture into resonance and such a large error of averaging
are possible only for an exceptional set of initial conditions, whose measure
is estimated from above by a quantity of order

√
ε. For the other initial con-

ditions the averaging describes the motion with an accuracy at least of order√
ε| ln ε| (under certain fairly general assumptions).

Furthermore, it turns out that if a capture into resonance does occur,
then the set of captured points tends to spread in the phase space everywhere
densely as ε → 0: a ball of diameter of order ε contains both captured and
non-captured points. If, as it happens in practical problems, the initial condi-
tions are known up to an error greater than ε, then one cannot say definitely
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whether a point will be captured into resonance or not. The problem becomes
probabilistic in nature. One can assert that the probability of capture into
resonance is small and tends to zero like

√
ε as ε→ 0.

Another phenomenon related to the effect of a single resonance is scattering
on resonance [73, 188]. Consider the motion of a phase point crossing the reso-
nant surface without capture. Before crossing the resonant surface, far from it,
the behaviour of the slow variables is described to within O(ε) by some solu-
tion of the averaged system. This follows from the fact that in the variables I, γ
the system becomes a single-frequency one, with non-zero frequency far from
the resonance. On crossing the resonant surface, sufficiently far from it, the be-
haviour of the slow variables is again described to withinO(ε) by some solution
of the averaged system, but now it is another solution, different from the one
before the crossing. The difference between the solutions of the averaged sys-
tem describing the motion before and after the crossing is a quantity of order√
ε for most of the initial conditions. Thus, one can consider that the result of

crossing the resonance without capture is a jump from one solution of the aver-
aged system onto another. This jump is sensitive to a change in the initial con-
ditions: for a shift of the initial values of the slow variables by a quantity δ > ε,
the relative change of the magnitude of the jump is of order 1. Therefore here,
too, the problem becomes probabilistic in nature: we should treat the jump as
random scattering on the resonance and describe its probabilistic properties.

We consider the phenomena described above by an example. First we
observe that in the variables I, γ, to the resonance there corresponds the
vanishing of the frequency, and to crossing the resonance, a change of the
direction of rotation of γ.

Example 6.7. Let the perturbed motion be described by the system of equa-
tions

İ = ε
(
1 + a sin γ − 1

4
I
)
, γ̇ = I, a = const > 0, (6.21)

in the domain |I| < 2. The corresponding averaged equation has the form

J̇ = ε
(
1 − 1

4
J
)
.

Differentiating the equation for γ with respect to time we obtain

γ̈ = ε(1 + a sin γ − 1/4γ̇).

Introducing the slow time θ =
√
εt and denoting the derivative with respect

to θ by prime we arrive at the equation

γ′′ = 1 + a sin γ − 1
4
√
εγ′, (6.22)

which describes the motion of a pendulum with a constant torque and small
friction. The phase portraits of the pendulum without friction for a < 1 and
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a > 1 are depicted in Fig. 6.6. In the case a < 1 the phase portrait of the
problem with small friction is the same as without friction. The pendulum
passes from reverse rotation into direct one. The time τ of the motion from
the straight line γ′ = −1 to the straight line γ′ = +1 along various phase
curves may differ by a quantity of order 1. Returning to the original time
and the original variable I we obtain the following picture. Every point passes
through the resonance I = 0, that is, capture is impossible here. The time
of traversing the

√
ε-neighbourhood of the resonance may differ for various

trajectories by a quantity of order 1/
√
ε. Correspondingly, during the traverse

of this neighbourhood an averaging error of order
√
ε is accumulated, which

causes scattering on the resonance.

Fig. 6.6.

For the case a > 1 the phase portrait of the problem with friction is de-
picted in Fig. 6.7. Along the separatrix a strip of width of order

√
ε is formed

of the phase points for which the pendulum passes from rotation into oscilla-
tions. To a passage into oscillations there corresponds a capture into resonance
in the original variables. In the unshaded area in Fig. 6.7 the pendulum passes
from reverse rotation into direct one. For a trajectory passing at a distance
ξ > ε from a saddle singular point this passage takes a time of order | ln ξ|.
Returning to the original variables we see that a part of order

√
ε of the set

of all phase points turns out to be captured into resonance. We form the
exceptional set of measure of order

√
ε consisting of the points that either

are captured into resonance, or are in the resonance at the initial instant, or

Fig. 6.7.



6.1 Averaging of Perturbations 233

pass closer than ε from the saddles. The points that do not belong to this set
cross the

√
ε-neighbourhood of the resonance in a time t of order from 1/

√
ε

to | ln ε|/√ε. During the crossing an averaging error is accumulated of order
from

√
ε to

√
ε| ln ε|, which is responsible for scattering on the resonance.

�

I

�

� 3/2

Fig. 6.8.

The portrait of the problem in the original variables I, γ on the phase
cylinder is shown in Fig. 6.8. At a distance of order 1 from the resonance the
coils of the separatrix are at distances of order ε from one another. Adjacent
to the separatrix there is the shaded strip of width of order ε3/2 consisting of
captured points. Thus, the points that will finally be captured indeed tend to
fill everywhere densely some domain of the phase space as ε→ 0. 


The main phenomena connected with a single resonance take place in
the c

√
ε-neighbourhood of the resonant surface, c = const. In such a neigh-

bourhood, system (6.20) can be reduced to the “pendulum” form that
resembles equation (6.22). This reduction was used in a number of pa-
pers [188, 309, 420, 429, 433, 444, 448]. We now describe it. We denote a point
on the resonant surface by σ = (σ1, . . . , σn−1). We characterize a point I
in a neighbourhood of the resonant surface by the coordinates ρ, σ, where
ρ = (k, ω(I)) and σ is the projection of I onto the resonant surface. We in-
troduce the slow time θ =

√
εt and the normalized distance to the resonant

surface r = ρ/
√
ε. We denote by prime the differentiation with respect to θ.

We obtain
γ′ = r +

√
εα1(γ, σ,

√
εr),

r′ = P (γ, σ) +
√
εrα2(γ, σ,

√
εr),

σ′ =
√
εα3(γ, σ,

√
εr).

(6.23)
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The functions P , αi have period 2π in γ. If we set ε = 0 in (6.23), then we
obtain a Hamiltonian13 system describing the dynamics of a pendulum in a
conservative field in the presence of a constant torque:

γ′ = r, r′ = P (γ, σ), σ = const, 〈P 〉γ =
(

k,
∂ω

∂I
〈f〉γ

)

�= 0. (6.24)

This system is of course integrable. The motion in a neighbourhood of the res-
onance is described by a small perturbation of this system according to (6.23).

Above we considered the application of averaging for describing the mo-
tion of points passing through a resonance without capture. We now show how
averaging can be used for describing the motion of points captured into reso-
nance. We use the equations of motion in the form (6.23). Suppose that the
corresponding “intermediate” unperturbed system (6.24) (pendulum) satisfies
the following two conditions of generality of position: on its phase portrait the
unstable singular points are non-degenerate for all σ (condition B), and the
separatrices do not connect different singular points (condition B′). Then this
phase portrait is similar either to Fig. 6.6b (but there may be more oscillatory
domains14), or to Fig. 6.6a. We shall not consider the last case now,15 since it
corresponds to the absence of capture. As σ varies, the oscillatory domains do
not vanish, do not appear, and do not merge with each other. We choose one
of these domains and introduce in it the action–angle variables λ, χ of the un-
perturbed pendulum. The variation of the quantities σ, λ, χ in the perturbed
motion is described by an ordinary single-frequency system where the role of
the phase is played by χ, of time by θ, and of the small parameter by

√
ε. Av-

eraging this system over χ we obtain equations, which approximately describe
the variation of σ, λ on times θ of order 1/

√
ε (that is, on times t of order

1/ε).16 The variation of σ characterizes a drift along the resonant surface,
and the variation of λ the amplitude of oscillations about this surface. We
say that initial conditions σ0, λ0 for a solution of the system averaged in the
oscillatory domain are taken on the separatrix if 2πλ0 is equal17 to the area of
the oscillatory domain for σ = σ0. The solutions with such initial conditions
describe the motion from the instant of capture into resonance. The solutions
terminating on the separatrix are defined in similar fashion; they describe the
motion before exiting the resonance.
13 This should come as a surprise! The fact that the system obtained is Hamiltonian

is discovered as a result of calculations and is by no means obvious beforehand.
14 Inside oscillatory domains of the system there may exist unstable singular points.

To simplify the exposition we shall not consider this case.
15 But this case is nevertheless very important, since it is this case that is obtained

after averaging for most of the resonances (see § 6.1.8).
16 These equations can have a non-degenerate equilibrium with λ �= 0, to which by

Theorem 6.4 there corresponds a limit cycle of the original system lying inside a
loop of the separatrix.

17 Recall that 2πλ is the area bounded by a closed trajectory of the unperturbed
pendulum.
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The whole trajectory of a point in the presence of capture into resonance
is approximately described as a curve glued together from several smooth
pieces (Fig. 6.5). The first piece is a trajectory of the system averaged in the
usual fashion outside the resonance before reaching the resonant surface; we
denote the point of reaching the surface by σ∗. The second piece is a curve on
the resonant surface determined by the oscillatory domain of the unperturbed
pendulum into which the capture occurred. This curve is the σ-component of
the solution of the system averaged in the required oscillatory domain with an
initial condition on the separatrix for σ = σ∗. If at some instant this solution
reaches the separatrix (let σ = σ∗∗ be the corresponding point), then there is a
third piece – the solution of the usually averaged system starting at the point
σ∗∗. From the point σ∗ (where the first piece reaches the resonant surface)
several curves can go out corresponding to captures into different oscillatory
domains (Fig. 6.5). One can show that under fairly general assumptions the
gluing of one of these curves to the first (non-resonant) piece describes the
motion to within O(

√
ε| ln ε|) for most of the initial conditions. The exception

is a set whose measure tends to zero faster than any power of ε as ε→ 0. This
set consists of the points passing too close to the saddles of the unperturbed
pendulum.

On the resonant surface, at some points there occurs capture into a given
oscillatory domain, and at some points escape from it. These two types of
points can be recognized as follows. Let E = E(r, γ, σ) be the Hamiltonian
of the pendulum (6.24) normalized so that it vanishes at the saddle singular
point C and on the separatrix l which together form the boundary of the
oscillatory domain under consideration. Then E < 0 in the oscillatory domain.
We set

Θ(σ) = −
∮

l

(∂E

∂γ
α0

1 +
∂E

∂r
rα0

2 +
∂E

∂σ
α0

3

)
dθ,

α0
i = αi(γ, σ, 0), i = 1, 2, 3,

where the integral with respect to time is taken along the solution of the pen-
dulum equation (6.24) whose trajectory is the separatrix. The quantity −√

εΘ
is the change of the energy of the pendulum in the principal approximation
under the influence of the perturbation in (6.23) over one coil of the motion
near the separatrix in the oscillatory domain. If Θ(σ) > 0 at a point σ of the
resonant surface, then near this point there occurs capture into the chosen
oscillatory domain, and if Θ(σ) < 0, then escape from this domain.

There are formulae for the probability of capture into resonance and for
the amplitude of scattering on resonance [462]. In particular, the probability
Q(M0) of the capture of a given initial point M0 = (I0, ϕ0) into a given
oscillatory domain is given by the formula

Q(M0) =
√
εΘ(σ)

2π|〈P 〉γ |

∣
∣
∣
∣
σ=σ∗

,
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where σ∗ is the point where the trajectory of the averaged system passing
through the initial point I0 reaches the resonant surface, and it is assumed
that Θ(σ∗) > 0 (otherwise the probability of capture is equal to 0). Of course,
we must define what is called the probability of capture in the deterministic
system under consideration. Let U δ be the ball of radius δ with centre at the
point M0, and U δ,ε the subset of U δ consisting of the captured points. Then
by definition (cf. [7]),

Q(M0) =
√
ε lim

δ→0
lim
ε→0

meas U δ,ε/
√
ε

meas U δ
,

where meas is the phase volume in the space of I, ϕ. Thus, the probability
of capture is the leading term of the asymptotics for the relative measure of
the captured points in the ball of small radius δ, where 1 � δ � ε.

Multiple passages through a resonance in non-conservative systems have
not in the least been studied. Apparently they can give rise to quite unusual
phenomena. For example, suppose that the system has two slow variables, and
all the points of the phase plane of the averaged system “fall down” onto an
asymptotically stable limit cycle. Suppose that this cycle intersects transver-
sally the resonant surface (here a curve) and capture occurs at the intersection
point; at some distance from the cycle the captured points are ejected from the
resonance. Such an example can be easily constructed. Presumably (this is a
conjecture!) a typical trajectory of such a system spends most of the time near
the limit cycle of the averaged system, but in quasi-random time intervals is
ejected from it to a distance of order 1. The mean length of these time intervals
is of order 1/ε3/2. In similar fashion one can construct an example where the
averaged system has two asymptotically stable limit cycles surrounding the
origin, and along the two branches of the resonant curve points pass from the
larger cycle into the domain inside the smaller one, and conversely (Fig. 6.9);
see [460]. Then in the perturbed system (this is also a conjecture!) one will
observe quasi-random walks between the limit cycles of the averaged system.

Fig. 6.9.
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6.1.8 Averaging in Two-Frequency Systems

Consider a two-frequency perturbed system with frequencies ω1(I), ω2(I):

İ = εf(I, ϕ, ε),
ϕ̇1 = ω1(I) + εg1(I, ϕ, ε),
ϕ̇2 = ω2(I) + εg2(I, ϕ, ε).

(6.25)

We assume that the right-hand sides are analytic functions. We say that the
system satisfies condition A if the frequency ratio ω1/ω2 varies along the
system’s trajectories with non-zero rate:

L (I, ϕ, ε) =
(

ω1
∂ω2

∂I
− ω2

∂ω1

∂I

)

f > c−1
1 > 0.

We say that the system satisfies condition A if the frequency ratio ω1/ω2

varies with non-zero rate along the trajectories of the corresponding averaged
system:

L(I) = 〈L 〉ϕ =
(

ω1
∂ω2

∂I
− ω2

∂ω1

∂I

)

F > c−1
1 > 0, F = 〈f〉ϕ, ε = 0.

Henceforth, ci, Ci are positive constants.

Theorem 6.8 ([73]). If condition A holds, then the difference between the
slow motion I(t) in the perturbed system and J(t) in the averaged system
remains small over time 1/ε: there exists a constant c2 such that

|I(t) − J(t)| < c2
√
ε if I(0) = J(0), 0 � t � 1/ε.

� We define a number N = N(ε) by the following condition: in the pertur-
bation (6.25) the total amplitude of the harmonics of order greater than N is
at most ε2. For an analytic function the amplitude of harmonics is decreasing
exponentially as the order increases. Hence, N < C1| ln ε|. We say that a reso-
nance k1ω1 +k2ω2 = 0 with k1 and k2 coprime integers is essential if its order
|k1| + |k2| is less than or equal to N . On the frequency plane, to resonances
there correspond straight lines with rational slopes passing through the origin
(Fig. 6.10). The straight lines corresponding to essential resonances are rather
sparse: it is easy to calculate that the angle between adjacent lines is at least
C−1

2 | ln ε|−2.
If a resonance is not essential, then it has practically no effect on the

motion over time intervals of order 1/ε. The influence of an essential resonance
manifests itself in a narrow strip around the resonant straight line (Fig. 6.10);
this strip is called a resonant zone. As in Example 6.7, the width of the
resonant zone turns out to be of order

√
ε ak, where ak estimates from above

the amplitudes of the resonant harmonics of the perturbation; the quantity
ak is decreasing exponentially as |k| increases.
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Fig. 6.10.

Condition A shows that the point successively crosses non-resonant and
resonant zones in Fig. 6.10. In a non-resonant zone the change of variables
of § 6.1.2 is defined, which reduces the exact system to the averaged one in
the first approximation. The difference between the solutions of the exact
and averaged systems accumulated in the non-resonant zones because of the
discrepancy remaining under this reduction does not exceed C3

√
ε. In the res-

onant zones the averaging is absolutely inadequate for describing the motion.
But the total width of these zones is of order

√
ε. By condition A, the time

that the solution spends in these zones is of order 1/
√
ε. Over this time the so-

lutions of the exact and averaged systems may diverge only by a quantity not
exceeding C4

√
ε. As a result, the total deviation accumulated in non-resonant

and resonant zones is at most c2
√
ε. �

The hypothesis of Theorem 6.8 can be weakened. We say that system (6.25)
satisfies condition A′ (see [311]) if condition A holds and in addition at each
resonance k1ω1 + k2ω2 = 0 the frequency ratio varies with non-zero rate
along the trajectories of the system partially averaged taking into account
this resonance (see § 6.1.1):

L(I) +
(

ω1
∂ω2

∂I
− ω2

∂ω1

∂I

)

Fk(I, γ) >
1
2
c−1
1 > 0, (6.26)

where γ = k1ϕ1+k2ϕ2 and Fk(I, γ) is the sum of the harmonics of the function
f depending on the phase γ. The quantity |Fk| is decreasing as |k| increases.
Hence there exists a number N0 independent of ε such that for |k| > N0

inequality (6.26) follows from condition A. We say that the resonances with
|k| � N0 are strong and the other resonances are weak. It suffices to verify
inequality (6.26) for the strong resonances.

Theorem 6.9. If condition A′ holds, then the conclusion of Theorem 6.8
holds.

� As in the proof of Theorem 6.8, we must consider separately the motion in
non-resonant and resonant zones. In a non-resonant zone the averaged system
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provides a good description of the motion. Condition A shows that the point
does not get stuck in this zone. As in Theorem 6.8, the total averaging error
accumulated in the non-resonant zones is at most C5

√
ε. In a resonant zone

the change of variables of § 6.1.3 is defined, which reduces the system, in the
first approximation, to the system partially averaged taking into account this
resonance. Therefore condition A′ implies that it is also impossible to get
stuck in a resonant zone. The sojourn time of the point in one such zone is of
order of the width of the zone divided by ε. The remaining estimates are as
in the proof of Theorem 6.8. �

Condition A stated at the beginning of this subsection does not obstruct
capture into resonance. It turns out that under this condition the total effect
of passing through the resonances is the same as the effect of a single resonance
described in § 6.1.7.

Theorem 6.10 ([448]). If the system satisfies condition A and in addition
a certain condition B (which almost always holds), then there exist con-
stants c2, c3 such that for all initial points I0, ϕ0, except for a set of mea-
sure not exceeding c2

√
ε, the difference between the slow motion I(t) in the

exact system and the motion J(t) in the averaged system remains small over
time 1/ε:

|I(t) − J(t)| < c3
√
ε| ln ε| if I(0) = J(0), 0 � t � 1

ε
.

For every κ � c2
√
ε and for all initial points, except for a set of measure not

exceeding κ, we have

|I(t) − J(t)| < c4
√
ε
∣
∣ ln c−1

5 κ
∣
∣ if I(0) = J(0), 0 � t � 1

ε
.

� In the non-resonant zones and in the resonant zones of weak resonances
the analysis is the same as that described above. The averaging error accumu-
lated in these zones does not exceed C6

√
ε. It remains to consider the strong

resonances, which, as we know, are few and far between. Condition B consists
in that for each strong resonance the system partially averaged taking into
account this resonance satisfies condition B of § 6.1.7 (the non-degeneracy
of singular points of the corresponding “pendulum”; see § 6.1.7). In a neigh-
bourhood of a strong resonance we perform the change of variables of § 6.1.3,
which reduces the exact system, in the first approximation, to the correspond-
ing partially averaged system. The resulting system differs from the system
with a single resonance in § 6.1.7 only by a small perturbation. The picture of
passing through the resonance is described in § 6.1.7. For all initial conditions,
except for a set of measure of order

√
ε, the resonant zone is crossed in a time

not exceeding C7| ln ε|/
√
ε. The averaging error accumulated over this time

does not exceed C8
√
ε| ln ε|. Combining the estimates over all zones we obtain

that the total error does not exceed c3
√
ε| ln ε|. For the initial conditions lying
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outside some set of measure κ > C9
√
ε the resonant zone is crossed in a time

not exceeding C10| ln C−1
11 κ|/√ε. Correspondingly, for such initial conditions

the averaging error does not exceed c4
√
ε| ln c−1

5 κ|. �
Example 6.8. Consider oscillations of a particle in a one-dimensional poten-
tial well in the presence of a small periodic perturbation and small friction:

ẍ = −∂U
∂x

+ εaS(t) − εẋ,

where S is a 2π-periodic function of t, and the graph of U(x) and the phase

U

x x

x
.

Fig. 6.11.

portrait of the unperturbed (ε = 0) system are depicted in Fig. 6.11. We as-
sume that the unperturbed system is nonlinear, so that the period of motion
is different for different trajectories. Let h = 1/2 ẋ2 + U(x) be the energy of
the unperturbed motion, and ϕ the phase on the unperturbed trajectories.
The perturbed system is a two-frequency one, ϕ and t are the fast variables,
and h is the slow one. The equation for h has the form

ḣ = ε
[
aẋS(t) − ẋ2

]
.

Averaging over ϕ, t we obtain

ḣ = −ε〈ẋ2〉.

The motion is considered in the domain 1 < h < 2.18 The averaging
leads to the conclusion that h decreases and all the points leave this domain.
For sufficiently small a, condition A holds and the averaging describes the
motion for all initial conditions. Condition A holds for all a. It guarantees
that the averaging is applicable for most of the initial data. But a proportion
of order

√
ε of points can be stuck at the resonances in the domain 1 < h < 2.

A detailed analysis of the motion in this problem for U = x2/2 + µx4/4
(Duffing’s problem) is contained in [433]. 

18 In fact, the results are valid in the entire domain h � 0; see [433].
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Remark 6.7. There have been no studies of the case where condition A fails
for two-frequency systems, that is, where the frequency ratio of the fast mo-
tion varies non-monotonically in the averaged motion. For systems of the
form (6.20) (that is, single-frequency systems in which the frequency can van-
ish) the following best-possible estimate holds in this case: there exist con-
stants c2, c3 such that outside a set of measure κ > c2

√
ε the averaging error

is at most c3
√
ε/
√

κ (under additional conditions of generality of position);
see [97].

Fig. 6.12.

Remark 6.8. For the case where condition A holds but condition B fails (so
that the phase portrait of the “pendulum” corresponding to the resonance
may have the form shown in Fig. 6.12) the following best-possible estimate
holds: there exist constants c2, c3 such that outside a set of measure κ > c2

√
ε

the averaging error is at most c3
√
ε/
√

κ (for analytic systems this estimate
was obtained in [513], for systems of finite smoothness it can be obtained
by combining the results of [97] and [448], and for the case of a single slow
variable this estimate was obtained in [448]).

We give several examples of non-conservative two-frequency systems:

– a pendulum under the action of a non-conservative force periodically de-
pending on time [178];

– two weakly coupled nonlinear oscillators in the presence of weak friction;
– fast rotation of a heavy rigid body in a resisting medium [61, 549];
– motion of a passively gravitating body (an asteroid) in the restricted three-

body problem (see Ch. 2) in the presence of resistance of the medium or
a weak propulsive force [100].

In these problems most of the solutions are described by independent av-
eraging over the phases. However, capture into resonance is also possible for
certain relations between the parameters.
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6.1.9 Averaging in Multi-Frequency Systems

The case where the number of frequencies is greater than two has been stud-
ied much less than the two-frequency case. One of the features of the two-
frequency systems is simple disposition of the resonant surfaces (Fig. 6.10).
For a higher number of frequencies these surfaces are situated quite differ-
ently.

Example 6.9. Consider the unperturbed three-frequency system

ϕ̇1 = I1, ϕ̇2 = I2, ϕ̇3 = 1, İs = 0 (s = 1, 2).

Fig. 6.13.

Here the resonant surfaces are all the straight lines with rational equations
on the plane I1, I2 (Fig. 6.13). A curve on the plane I intersects many of the
resonant straight lines

a) at small angles (since arbitrarily close to any linear element there is a
linear element of a resonant straight line) and

b) near the points of mutual intersection of resonant straight lines, which are
points of multiple resonance.

Therefore, whereas in the two-frequency case the main effect is passing
through a single resonance, for a higher number of frequencies we must nec-
essarily take into account tangency to resonances and the joint influence of
several resonances (two in this example). 


There have been no comprehensive studies taking into account the details
of these phenomena for multi-frequency systems. Nevertheless some estimates
are known that justify the applicability of the averaging method. They were
obtained on the basis of the following general consideration: if the set of points
close to the resonant surfaces has small measure, then for most of the initial
data the phase curve spends little time in this set; hence it is natural to expect
that for most of the initial data averaging correctly describes the motion.
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General results in this direction are due to Anosov [66] and Kasuga [305].
Anosov’s theorem states that for any positive number ρ the measure

meas
{
I0, ϕ0 : max

0�t�1/ε
|I(t) − J(t)| > ρ for I(0) = J(0) = I0

}

of the set of initial data (in a compact set in the phase space) for which
the error of describing the exact motion by the averaged one is greater than ρ
tends to 0 as ε→ 0. This theorem was proved for perturbed systems of a more
general form than the standard form (6.2): the common levels of the integrals
of the unperturbed problem are not assumed to be tori; it is required that for
almost all constant values of these integrals the unperturbed motion on the
common level is ergodic.

For systems of the standard form (6.2) the technique of [305] enables one
to obtain the following estimate of the averaging error.

Theorem 6.11 ([451]). Suppose that one of the following two non-degeneracy
conditions holds: either the rank of the map I �→ ω(I) is equal to the number
of frequencies, or the rank of the map I �→ (ω1(I) : ω2(I) : · · · : ωm(I)) is by
one less than the number of frequencies. Then the mean error (over the initial
conditions) of the averaging method does not exceed a quantity of order

√
ε:

∫

max
0�t�1/ε

|I(t) − J(t)| dI0 dϕ0 < c1
√
ε. (6.27)

Corollary 6.1. Let E(ε, ρ) denote the set of the initial data within a fixed
compact set for which the error is at least ρ. Then

measE(ε, ρ) < c1

√
ε

ρ
. (6.28)

Equivalently: outside a set of measure κ the averaging error satisfies the esti-
mate

|I(t) − J(t)| < c1

√
ε

κ
.

This estimate is best-possible [451].19 However, it is plausible that it
can be improved for the class of generic perturbations (cf. the estimate for
two-frequency systems under conditions A, B, where the error is at most
c2
√
ε| ln κ|).
If m � n+ 2, then Theorem 6.11 is inapplicable, but the estimates (6.27)

and (6.28) hold for almost all members of a typical family of frequencies
with sufficiently large number of parameters λ; see [96]. Instead of the non-
degeneracy of the frequencies required in Theorem 6.11, here the following
inequality is used: |(k, ω)| + |∂(k, ω)/∂I| > c−1|k|−ν for ν > m − 1 and all
k ∈ Z

m \{0}. For almost all values of λ this inequality holds with some c > 0.
For m � n+ 2 there is also a sufficient condition for an individual system to
satisfy the estimates (6.27), (6.28); see [212].
19 In the class of polynomial estimates.
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Theorem 6.12 ([96]). For generic systems with m fast and n slow variables
the mean error (over the initial conditions) of the averaging method is esti-
mated from above by a quantity of order ε1/(k+1) if m �

(
n+k

k

)
− n.

Correspondingly, the right-hand side of the estimate (6.28) takes the form
c1ε

1/(k+1)/ρ. Non-generic systems belong to some hypersurface in the space
of all systems.

If the averaged system has an equilibrium such that at the equilibrium
point the unperturbed frequencies are strongly incommensurable and the
real parts of the eigenvalues of the linearized averaged system are non-zero,
then the exact system has an m-dimensional invariant torus close to this
equilibrium with respect to the slow variables; see [269]. This assertion is a
consequence of the similar assertion for a system with constant frequencies
(cf. § 6.1.5). Indeed, by expanding the right-hand sides of the exact system
about the equilibrium position of the averaged system and performing one
step of the procedure for eliminating the fast phases we can reduce the original
system near the equilibrium position to a system with constant unperturbed
frequencies [269].

If the averaged system has a periodic solution, then, generally speaking,
to it there may not correspond an (m + 1)-dimensional invariant torus of
the exact system (in contrast to the case where the unperturbed frequencies
are constant, cf. § 6.1.5); a relevant example is given in [460]. The reason is
that during the motion along the periodic solution of the averaged system
the unperturbed frequencies change and become resonant at some instants.
Because of captures into resonance (see § 6.1.7) some solutions of the exact
system move away far from the asymptotically stable periodic solution of the
averaged system.

6.1.10 Averaging at Separatrix Crossing

The averaging principle in § 6.1.1 was described under the assumption that
the equations of motion in the unperturbed integrable system can be writ-
ten in the standard form (6.1), and the equations of the perturbed motion in
the form (6.2). However, in many problems the foliation of the phase space
of the unperturbed integrable system into invariant tori has singularities on
some hypersurfaces – the separatrices. In a neighbourhood of a separatrix the
equations of motion cannot be reduced to the form (6.1), (6.2). The separatri-
ces divide the phase space into domains with different regimes of motion (for
example, for a pendulum the separatrix divides the phase portrait into the
domains of rotations in different directions and of oscillations). A small per-
turbation causes evolution, which can result in a phase point of the perturbed
system crossing a separatrix of the unperturbed problem and the regime of
motion changing. This gives rise to a quasi-random behaviour.
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Example 6.10 ([7]). Consider a one-dimensional system with the potential
energy U(q) (Fig. 6.14) and small friction εf(p, q), 0 < ε� 1. It is clear that
as time passes almost every point falls into one of the potential wells, A or B.
But into which of them?

q

U

A B

Fig. 6.14.

The phase portrait of the unperturbed (ε = 0) system is shown in Fig. 6.15.
The separatrices l1 and l2 divide it into the domains G1, G2, G3. On the phase
portrait of the perturbed system (Fig. 6.16) the initial conditions which lead
to falling into different wells alternate. As ε → 0 the deterministic approach
to the problem no longer makes sense, since a small change in the initial
conditions results in falling into the other well, while the initial conditions
are always known only to within a certain accuracy. In [387] this phenomenon
was called scattering on a saddle singular point.

Fig. 6.15.

Fig. 6.16.
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It is reasonable to regard falling into one or another well as a random
event. The probability P1(x) of a point x of the phase plane falling into the
well A is defined as the proportion of the points in a small neighbourhood of
x falling into A as ε→ 0 (cf. § 6.1.7):

P1(x) = lim
δ→0

lim
ε→0

meas U δ,ε
1 (x)

meas U δ(x)
, (6.29)

where U δ(x) is the δ-neighbourhood of the point x and U δ,ε
1 (x) is the set of

points of this neighbourhood falling into A. The probability P2 is defined in
similar fashion.

It turns out that if the initial energy is h > 0, then the probabilities of
falling into A and B exist and can be calculated by the formulae

P1 =
Θ1

Θ1 +Θ2
, P2 = 1 − P1, Θν = −

∮

lν

pf(p, q) dt, ν = 1, 2,

where the integrals are taken along the separatrices lν of the unperturbed
system in the unperturbed motion. The probabilities are independent of the
initial point x and are determined by the values of f(p, q) on the critical
energy level h = 0.

In this problem it is usually interesting to consider the variation of the
energy h with time. Far from the separatrices of the unperturbed system this
variation is approximately described by the averaging: the equations of the
perturbed motion in the action–angle variables of the unperturbed system
must be averaged over the angle; the energy h can be used instead of the
action variable. The equations of the perturbed motion in these variables have
a singularity on the separatrices. How to describe the separatrix crossing?

Fig. 6.17 depicts three solutions of the averaged system. The solution h3(εt)
starts at t = 0 in the domain G3 = {h > 0} with value equal to the energy of

h

h3

h1

�t

h2

�t
*

Fig. 6.17.
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the initial point x and reaches the separatrix (h = 0) at some t = t∗. Glued
to it there are the solutions h1(εt) and h2(εt) in the domains G1 and G2,
respectively, starting at t = t∗ on the separatrix: h1,2(εt∗) = 0. It turns out
that the motion of most of the points falling into the well A (respectively, B)
on times of order 1/ε are approximately described by gluing together the
solutions h3 and h1 (respectively, h3 and h2). The exceptional set consists of
the points passing too close to the saddle C and getting stuck near it for a
long time; the measure of this set tends to zero as ε → 0. One can say that
with probability P1 the motion is described by gluing together h3 and h1, and
with probability P2 by gluing together h3 and h2. 


A similar loss of determinacy happens if friction is replaced by a slow
variation of the potential that causes falling into one or another well (for
example, if the point moves along a curve with two minima (see Fig. 6.14) in
a slowly increasing gravitational field).

A fairly general situation in which such phenomena occur in single-
frequency systems looks as follows [460] (the degree of generality of this sit-
uation is discussed at the end of this subsection, before Example 6.12). We
have the system of equations

ṗ = −∂H
∂q

+ εf1, q̇ =
∂H

∂p
+ εf2, λ̇ = εf3, (6.30)

where 0 < ε � 1, (p, q) ∈ R
2, λ ∈ R

m, H = H(p, q, λ), and fi =
fi(p, q, λ, ε). The functions fi are assumed to be infinitely differentiable. The
unperturbed (ε = 0) system for p, q is a Hamiltonian one; its Hamiltonian
function depends on the parameter λ. For definiteness we assume that the
phase portrait of the unperturbed system for every λ has the same form as
in Example 6.10, Fig. 6.15 (but other portraits can also be considered where
there are non-degenerate saddle singular points connected by separatrices).

The separatrices l1 and l2 divide the unperturbed phase plane into three
domains: G1, G2, G3 (see Fig. 6.15). Under the influence of the perturbation,
points from the domain Gi cross a separatrix and are captured into one of the
domains Gj , j �= i. Capture into one or another domain has to be regarded
as a random event. The definition of the probabilities of these events for an
initial point x = (p, q, λ) is given by relation (6.29).

We assume the Hamiltonian H to be normalized, so that H = 0 at the
saddle point (and therefore on the separatrices). Then H > 0 in G3 and H < 0
in G1,2.

In each of the domains the averaged system has the form

ḣ =
ε

T

∮ [
∂H

∂p
f0
1 +

∂H

∂q
f0
2 +

∂H

∂λ
f0
3

]

dt, λ̇ =
ε

T

∮

f0
3 dt, (6.31)

where T =
∮
dt is the period of the unperturbed motion, f0

i = fi(p, q, λ, 0),
i = 1, 2, 3, and the integrals are taken along the solution of the unperturbed
system on which H(p, q, λ) = h.
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For each of the domains we can extend by continuity the definition of the
averaged system to the separatrix setting ḣ

∣
∣
h=0

= 0 and λ̇
∣
∣
h=0

= f0
3C(λ),

where f0
3C is the value of the function f0

3 at the saddle point C. We can now
regard the phase space of the averaged system as being obtained by gluing
together, over the surface h = 0, the phase spaces of the averaged systems
constructed separately for each of the domains Gi (Fig. 6.18).

Fig. 6.18.

We introduce the quantities

Θν(λ) = −
∮

lν

[
∂H

∂p
f0
1 +

∂H

∂q
f0
2 +

∂H

∂λ
f0
3

]

dt, ν = 1, 2,

Θ3(λ) = Θ1(λ) +Θ2(λ),

(6.32)

where the integrals are taken along the separatrices in the unperturbed mo-
tion. These integrals are improper (since the motion along a separatrix re-
quires infinite time), but, as can be easily verified, they converge for the cho-
sen normalization of the Hamiltonian. Below we assume the quantities Θν to
be positive. The value −εΘν is close to the change of the energy on a segment
of the perturbed trajectory close to the unperturbed separatrix. Therefore the
positivity of Θν guarantees that for most of the initial conditions the point
approaches the separatrix sufficiently fast in the domain G3, and moves away
from the separatrix sufficiently fast in the domains G1 and G2.

We have the following assertions about the motion for 0 � t � 1/ε of the
point with an initial condition (p0, q0, λ0), where (p0, q0) ∈ G3 for λ = λ0.

1◦. Let h3(εt), λ3(εt) denote the solution of the averaged system in the
domain G3 with the initial condition (H(p0, q0, λ0), λ0) (Fig. 6.18). Suppose
that at some εt = τ∗ < 1 this solution reaches the separatrix: h3(τ∗) = 0.
Then for 0 � εt � τ∗ the variation of H, λ along the true motion is described
by the solution h3, λ3 to within O(ε).
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2◦. Let λ∗ be the value of the parameter λ at the instant when the averaged
solution reaches the separatrix: λ∗ = λ3(τ∗). Then the probabilities of capture
of the point x = (p0, q0, λ0) into the domains G1 and G2 are calculated by
the formulae

P1(x) =
Θ1(λ∗)

Θ1(λ∗) +Θ2(λ∗)
, P2(x) = 1 − P1(x). (6.33)

3◦. Let h1(εt), λ1(εt) and h2(εt), λ2(εt) be the solutions of the averaged
system in the domains G1 and G2 with initial conditions “on the separatrix”
glued to h3, λ3: h1,2(τ∗) = 0, λ1,2(τ∗) = λ∗ (see Fig. 6.18). Then for most
of the initial points x captured into the domain Gν the variation of H, λ
along the motion for τ∗ � εt � 1 is described by the solution hν , λν to within
O
(
ε+ ε| ln ε|/

(
1 +
∣
∣ ln |hν(εt)|

∣
∣
))

.

4◦. The measure of the exceptional set of initial points whose motion can-
not be described in this way does not exceed O(εr) for any prescribed r � 1.

Thus, for describing the motion we must use the averaged system up to the
separatrix, calculate the probability of capture into one or another domain on
the separatrix, and again use, starting from the separatrix, the averaged sys-
tem in the domain into which the capture occurred. This scheme of analysis
of the problem was first used in [386, 387] in the study of motion of charged
quasi-particles.

The detailed proofs of assertions 1◦–4◦ are contained in [447] for r = 1,
and in [459] for any r.

Remark 6.9. The approach to introducing the notion of probability in the
deterministic problem that we considered above can be interpreted as follows.
The initial conditions are regarded as random, uniformly distributed in a ball
of radius δ. Then capture into a given domain becomes a random event and
its probability can be calculated. After successive passages to the limit as
ε → 0 and then as δ → 0 the limit value of this probability is called the
probability of capture in the original deterministic problem. There is another
possible approach to introducing the probability [237, 605]. Namely, the initial
conditions are fixed, but the system is subjected to a random perturbation
– white noise with variance εδ (other random perturbations with sufficiently
strong mixing properties can also be considered [237]). In the problem thus
modified, capture into a given domain becomes a random event. The limit
value of the probability of this event as ε → 0 and then as δ → 0 is called
the probability of capture in the original problem. In the cases considered
in [237, 605] this approach also leads to formulae (6.33) for the probability of
capture.

We now explain the origin of the formulae for probability (6.33). In the
domainG3 the phase point describes almost closed curves returning repeatedly
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to the ray Cξ – the bisector of the angle between the separatrices at the
saddle point (Fig. 6.19). Let h′ denote the value of the energy of the point at
the instant when it reaches this ray for the last time; then, obviously, λ ≈ λ∗
(for most of the initial conditions, with the exception of the points that get
stuck near the saddle for a long time). We set Θ∗

ν = Θν(λ∗), ν = 1, 2, 3. The
further motion of the point is determined by the value of h′.

C

� l
2
�

G
2

G
1

Fig. 6.19.

Proposition 6.2. There exists a constant k > 0 such that the following
holds. If kε3/2 < h′ < εΘ∗

2 − kε3/2, then the point is captured into G2. If
εΘ∗

2 + kε3/2 < h′ < εΘ∗
3 − kε3/2, then the point is captured into G1. We

necessarily have h′ < εΘ∗
3 + kε3/2.

� Fig. 6.19 shows a segment of the perturbed trajectory l′2 close to l2 and
resulting in a capture into the domain G2. The change of the energy along
this segment is approximately equal to −εΘ∗

2 . Similarly, the change of the
energy along a segment of the trajectory l′3 close to l3 = l1 ∪ l2 and resulting
in a capture into G1 is approximately equal to −εΘ∗

3 . One can show that
the error of these approximations is of order ε3/2. Consequently, we obtain
the following picture to within small quantities of higher order. The value
h′ belongs to the segment d3 = (0, εΘ∗

3). If the value h′ lies in the segment
d1 = (εΘ∗

2 , εΘ
∗
3) ⊂ d3, then the point is captured into G1; if the value h′ lies

in the segment d2 = d3 \ d1, then the point is captured into G2. �
The flows of phase volume through the segments d1 and d2 are approxi-

mately equal to their lengths (since in a Hamiltonian system the flow of phase
volume through a curve is equal to the difference of the values of the Hamil-
tonian at the ends of the curve). Hence the volumes of the sets of phase points
in a neighbourhood of an initial point x flowing through the segments d1 and
d2 are proportional in the principal approximation to the lengths of these
segments. By the definition of the probability (6.29) we have, as required,

P1 =
length d1

length d3
=

Θ∗
1

Θ∗
1 +Θ∗

2

, P2 = 1 − P1.

The argument given above enables one to calculate the probabilities in all
similar problems (for other types of the phase portrait, other combinations of
the signs of the quantities Θν ; cf. Example 6.11 below).
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The probability of capture depends on the initial point only via the value
of the parameter λ at the instant of reaching the separatrix. It is natural to
call the quantities

Q1(λ) =
Θ1(λ)

Θ1(λ) +Θ2(λ)
, Q2(λ) = 1 −Q1(λ)

the probabilities of capture into G1 and G2, respectively, for reaching the
separatrix with a given value of λ. These quantities can be calculated inde-
pendently of the initial point. Then the probabilities of capture for a given
initial point can be calculated by the formulae Pν(x) = Qν(λ∗), ν = 1, 2.

We now list some problems where the described phenomena arise: the
formation of the resonance 3:2 between the axial and orbital rotation of Mer-
cury [260]; the tidal theory of formation of the binary orbital resonances in the
system of satellites of Saturn [64, 267, 276, 450, 556]; formation of the Kirk-
wood gap for the resonance 3:1 in the asteroid belt [458, 604]; scattering of
quasi-particles – conductivity carriers in metals and semiconductors – on sin-
gular points of an isoenergy surface [387]; propagation of short radiowaves
in the ionosphere waveguide channels [268]; motion of charged particles in
the field of an evolving wave [93, 95]; electron cyclotron resonance heating of
plasma in magnetic traps [467, 564]; motion of charged particles in the tail of
the Earth’s magnetosphere [156]; tumbling of a rigid body with a fixed point
under the influence of small perturbations [452]; evolution in the Lorenz sys-
tem for large Rayleigh numbers [428, 566, 613]; desynchronization of globally
coupled phase oscillators [596]. We consider one example in more detail.

Example 6.11 ([93, 260, 450]). The equation of motion of a pendulum in
the presence of small perturbations – a constant external torque, a dissipative
momentum, a slow variation of the frequency – has the form

q̈ + ω2(λ) sin q = −ε[L+Kq̇], λ̇ = ε; L, K = const.

The phase cylinder of the unperturbed problem is shown in Fig. 6.20. The
separatrices l1 and l2 divide the phase portrait into the domains of direct
rotation G1, reverse rotation G2, and oscillations G3. Suppose that L � 0,
K � 0, ω′ = dω/dλ � 0, and L2 + K2 �= 0. Then under the influence of

Fig. 6.20.
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the perturbation, phase points in the domain of direct rotation approach a
separatrix and either are captured into oscillations or go into reverse rotation.

The motion in each domain up to the separatrices is described by the
averaged equation. This equation reduces to a linear one if the action variable
I of the pendulum is used instead of the energy. In the domain of direct
rotation the averaged equation has the form

İ = −ε(KI + L)

and the behaviour of I is described by the formula

I =
(
I0 +

L

K

)
e−K(λ−λ0) − L

K
if K �= 0;

for K = 0 we have I = I0 − L(λ − λ0). The value λ∗ of the parameter λ
corresponding to the instant of reaching the separatrix is determined from
the condition 2πI0 = 8ω(λ∗) (the right-hand side of this equation is half of
the area of the oscillatory domain). In the case of capture into oscillations the
motion for λ > λ∗ is described by the formula I = (8ω(λ∗)/π)e−K(λ−λ∗). In
the case of going into reverse rotation the motion for λ > λ∗ is described by
the formula

I =
(4ω(λ∗)

π
− L

K

)
e−K(λ−λ∗) +

L

K
if K �= 0;

for K = 0 we have I = 4ω(λ∗)
π + L(λ− λ∗).

The integrals along the separatrices introduced above can be easily calcu-
lated:

Θ1,2 = 8Kω + 8ω′ ± 2πL.

If Θ2 < 0, then the probability of passing from direct rotation into oscillations
is given by the formula P = (Θ1 +Θ2)/Θ1. If Θ2 > 0, then this probability is
equal to 1 (since going into reverse rotation is impossible). Finally we obtain

P =






8(ω′ +Kω)
4(ω′ +Kω) + πL

, L >
4(ω′ +Kω)

π
,

1, L � 4(ω′ +Kω)
π

.

(6.34)

This formula with ω′ = 0 was used in [260] to explain the origin of the
aforementioned resonance in the rotation of Mercury. 


We now give the general statement of the problem of separatrix crossing
in single-frequency20 systems. In this problem the equations of the perturbed
motion have the form

ẋ = v(x, ε), x ∈ D ⊆M l, 0 < ε� 1, v(x, ε) = v0(x) + εv1(x, ε).
20 Some results on using the averaging method for describing the separatrix crossing

in two-frequency systems are contained in [148, 605].
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Here M l is an l-dimensional manifold and D is a domain in M l. We assume
that the unperturbed (ε = 0) system has l−1 smooth21 integralsH1, . . . , Hl−1

which are independent almost everywhere in D (that is, the rank of their
Jacobi matrix is equal to l− 1 almost everywhere in D). We assume that the
domain D contains, together with each point, also the entire common level
line22 of the integrals passing through this point and that the non-singular
common level lines are diffeomorphic to circles. The singular common level
lines pass through the points where the integrals cease to be independent, that
is, the rank of their Jacobi matrix is less than l − 1. We call such a singular
level line, as well as a union of such level lines, a separatrix (similarly to how
for the unperturbed (ε = 0) system (6.30) the term separatrix was used both
for a curve li in Fig. 6.14 for a given λ, and for a surface in the space of p,
q, λ composed of such curves). The influence of the perturbation gives rise to
evolution, in the course of which phase points can cross a separatrix.

We assume that in the domain D

a) the rank of the Jacobi matrix of the map H : D → R
l−1 given by H (x) =

(H1(x), . . . , Hl−1(x)) is almost everywhere equal to l−1, drops to l−2 on
a smooth (l−2)-dimensional surface, and is everywhere greater than l−3,
and

b) at the equilibrium positions of the unperturbed system two eigenvalues
are non-zero (the other eigenvalues are equal to 0 because of the existence
of the integrals).

Then the unperturbed system is a Nambu system [445] (a polyintegrable sys-
tem [80]). This means that in the subdomain ofM l under consideration we can
choose the volume element so that the volume of the parallelepiped spanned
by vectors v0, a1, . . . , al−1 ∈ TxM

l is equal to the standard volume of the
parallelepiped23 spanned by the vectors (dH1(aj), . . . , dHl−1(aj)) ∈ R

l−1,
j = 1, . . . , l − 1 (for any a1, . . . , al−1). The coordinate formulation: the rate
of change of any function F (x) along the trajectories of the unperturbed sys-
tem is

Ḟ ≡ ∂F

∂x
v0 =

1
µ(x)

det
(
∂(F, H1, . . . , Hl−1)

∂x

)

,

where µ(x) is a given non-vanishing function depending on the choice of the
coordinate system. The phase flow of a Nambu system preserves volumes [80].

21 In [468, 469, 594] separatrix crossings were considered in problems where the
integrals have singularities at equilibrium positions of the system.

22 That is, the connected component of the common level set.
23 The general definition in [80] also includes the possibility of choosing the volume

element in the space of values of the integrals, which makes the definition invariant
under transformations in this space. The theory of polyintegrable systems is also
related to the Fermi surfaces in physics of solids and is interesting in its own
right [84, 89, 220, 494].
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The integrals H1, . . . , Hl−1 and the volume element in M l (in the coordi-
nate formulation, the function µ(x)) completely determine the vector field v0.
If among the integrals H1, . . . , Hl−1 there are l − 2 independent ones, whose
values can be taken for new variables λ, then the unperturbed system is Hamil-
tonian on a two-dimensional surface λ = const. If in this Hamiltonian system
one can use a single chart of canonical variables (p, q) in a neighbourhood
of the entire separatrix, then the equations of the perturbed motion take the
form (6.30). One can also consider separatrix crossings directly for perturba-
tions of a Nambu system. The phase space of the averaged system is the set
of common level lines of the integrals of the unperturbed system, which has
the natural structure of a manifold with singularities [136] (singularities cor-
respond to a separatrix). The averaged system approximately describes the
evolution of the slow variables – the values of the integrals of the unperturbed
system. The estimates of the accuracy of the description given above for sys-
tems of the form (6.30) remain valid. The probabilities of falling into different
domains after a separatrix crossing are expressed in terms of the ratios of the
quantities

Θ̃i(λ) = −
∮

li

(

β1(λ)
∂H1

∂x
+ · · · + βl−1(λ)

∂Hl−1

∂x

)

v1(x, 0) dt, (6.35)

where λ parametrizes the surface of singular points (“saddles”) of the unper-
turbed system, the βj are coefficients such that the expression in parentheses
in the integrand vanishes at a singular point, and li = li(λ) is a separatrix.
(Such coefficients βj do exist, since the integrals Hj , j = 1, . . . , l − 1, are
dependent at a singular point; the coefficients βj are defined up to a common
factor.)

Example 6.12 ([452, 465]). The evolution of rotation of a rigid body under
the action of a perturbing torque that is constant with respect to axes attached
to the body (for example, the torque of a gas leak from the orientation system
of an artificial satellite) is described by the Euler dynamical equations (§ 1.2.4)
of the form

A1ω̇1 + (A3 −A2)ω2ω3 = εM1,

A2ω̇2 + (A1 −A3)ω1ω3 = εM2,

A3ω̇3 + (A2 −A1)ω1ω2 = εM3,

(6.36)

where ω1, ω2, ω3 are the projections of the angular velocity of the body onto
the principal central inertia axes, the εMi are the projections of the perturbing
torque onto these axes, and A1, A2, A3 are the principal central moments of
inertia of the body. Suppose that A1 > A2 > A3, M1 � 0, and M3 � 0. The
unperturbed (ε = 0) polyintegrable system is the Euler–Poinsot problem; its
integrals are the kinetic energy of the body E and the square of the magnitude
of the angular momentum G2 :

E =
1
2
(
A1ω

2
1 +A2ω

2
2 +A3ω

2
3

)
, G2 = A2

1ω
2
1 +A2

2ω
2
2 +A2

3ω
2
3 .
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For real motions, 0 � 2A3E � G2 � 2A1E. In the space of angular veloci-
ties the equation G2 = 2A2E defines two intersecting planes filled with the
separatrices of the Euler–Poinsot problem (Fig. 6.21). These planes divide the

Fig. 6.21.

space into four domains V±i, i = 1, 3: the domain V+i (respectively, V−i)
contains the positive (negative) ray of the axis ωi. Under the influence of the
perturbation (ε �= 0) the body, having started the motion with an angular
velocity in one of the domains V−1, V−3, slows down, tumbles (crossing the
separatrix), and then starts rotating with an angular velocity in one of the
domains V+1, V+3. We set

µ =
M1

M3

√
(A1 −A2)A3

(A2 −A3)A1
.

Calculations show that for µ < 1, from the domain V−1 the body is captured
into V+3 with probability 1; from the domain V−3 the body is captured into
V+1 with probability µ, and into V+3 with probability 1 − µ (Fig. 6.22). The
probabilities for µ > 1 are obtained by replacing µ by 1/µ and interchanging
the indices 1 and 3. If at first the angular velocity lies in one of the domains
V+1, V+3 not too close to a separatrix (at a distance from a separatrix of

Fig. 6.22.
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order greater than ε), then the angular velocity remains in the corresponding
domain during the entire motion. 


6.2 Averaging in Hamiltonian Systems

The problem of the influence of small Hamiltonian perturbations on an inte-
grable Hamiltonian system was called by Poincaré the fundamental problem
of dynamics. This problem has many applications; it is for this problem that
the historically first formulations of the averaging principle were stated and
the first results of perturbation theory were obtained. The formal aspect of
the theory is here basically the same as for general non-Hamiltonian per-
turbations. But the nature of evolution under the influence of Hamiltonian
perturbations is quite different. Correspondingly, the methods used for justi-
fying the recipes of perturbation theory are essentially different from those in
the non-Hamiltonian case.

6.2.1 Application of the Averaging Principle

Suppose that the unperturbed Hamiltonian system is completely integrable,
some domain of its phase space is foliated into invariant tori, and the action–
angle variables I, ϕ are introduced in this domain:

I = (I1, . . . , In) ∈ B ⊂ R
n, ϕ = (ϕ1, . . . , ϕn) modd 2π ∈ T

n.

The Hamiltonian H0 of the unperturbed system depends only on the action
variables: H0 = H0(I). The equations of the unperturbed motion have the
usual form:

İ = 0, ϕ̇ =
∂H0

∂I
.

Suppose that the system is subjected to a small Hamiltonian perturbation.
The perturbed motion is described by the system with Hamiltonian

H = H0(I) + εH1(I, ϕ, ε):

İ = −ε∂H1

∂ϕ
, ϕ̇ =

∂H0

∂I
+ ε

∂H1

∂I
.

(6.37)

The perturbing HamiltonianH1(I, ϕ, ε) has period 2π in ϕ. This form of equa-
tions is standard for applying the averaging principle. Unless stated otherwise,
we assume the functions H0, H1 to be analytic.

Remark 6.10. One often encounters problems in which the perturbation de-
pends periodically also on time t. This case reduces to the one considered
above by introducing the new phase ϕn+1 = t and its conjugate variable In+1.
The variation of the extended set of phase variables is described by a system
of equations of the same standard form (6.37) with the Hamiltonian

H ′ = In+1 +H0(I1, . . . , In) + εH1(I1, . . . , In, ϕ1, . . . , ϕn, ϕn+1, ε).
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Suppose that the frequencies ∂H0/∂Ij do not satisfy identical linear re-
lations with integer coefficients. In accordance with the principle of § 6.1.1
for approximate description of the evolution of the variables I we average
equations (6.37) over the phases ϕ.

Theorem 6.13. In a Hamiltonian system with n degrees of freedom and n
frequencies there is no evolution of the slow variables in the sense that the
averaged system has the form J̇ = 0.

� When calculating the integral of ∂H1/∂ϕj over the n-dimensional torus
we can first integrate with respect to the variable ϕj . This single integral is
equal to the increment of the periodic function H1 over the period, that is, to
zero. �
Remark 6.11. To preserve the Hamiltonian form of the equations we slightly
generalize the principle of § 6.1.1: we average also the second equation (6.37)
describing the variation of the angles (phases) ϕ. The resulting averaged sys-
tem has the Hamiltonian

H (J, ε) = H0(J) + εH1(J), H1 = 〈H1(J, ϕ, 0)〉ϕ.
Hence the phases undergo the uniform rotation with frequencies ∂H /∂J .

Example 6.13. Consider the planar restricted circular three-body problem
(§ 2.5). Let ε denote the mass of Jupiter, which we assume to be small in
comparison with the mass of the Sun. This system has two and a half degrees
of freedom (two degrees of freedom plus the explicit periodic dependence on
time). Passing to a uniformly rotating barycentric24 coordinate system one of
whose axes is directed to Jupiter and the other is perpendicular to the first
and lies in the plane of Jupiter’s orbit (Fig. 6.23) we obtain a system with two
degrees of freedom.

Fig. 6.23.

For ε = 0 we obtain the unperturbed two-body problem in the rotating
coordinate system. In its phase space the domain of elliptic motions is fo-
liated into two-dimensional invariant tori. For the action–angle variables we
24 With origin at the centre of mass of the system Sun–Jupiter.



258 6 Perturbation Theory for Integrable Systems

can choose the canonical Delaunay elements L, G, l, g (see Ch. 5): L =
√
a,

G =
√
a(1 − e2), a and e are the major semiaxis and the eccentricity of the

asteroid’s orbit, l is the mean anomaly of the asteroid, g is the longitude of the
pericentre of the orbit measured from the direction to Jupiter (Fig. 6.23). The
Delaunay elements are the canonical variables in the phase space. They can
also be used for describing the perturbed motion. We average the perturbed
equations for the Delaunay elements over the fast phases l and g. By Theo-
rem 6.13 and Remark 6.11, in the averaged system the quantities L, G (and
therefore a, e) are integrals, and the phases l, g rotate uniformly with frequen-
cies differing from the unperturbed frequencies by quantities of order ε. Thus,
the averaging principle gives the following picture of the motion. The asteroid
moves along an ellipse which slowly uniformly rotates around its focus (the
centre of mass of the system Sun–Jupiter). 


Example 6.14. Consider the rotation of a heavy rigid body around a fixed
point. We denote the distance from the suspension point to the centre of
mass of the body by ε and assume it to be a small quantity. For ε = 0
we obtain the Euler–Poinsot problem (Ch. 5). The action–angle variables
I1, I2, Θ, ϕ1, ϕ2, ϑ for this problem are described in [27] (see also § 3.2.3).
Recall that I2 is the length of the angular momentum vector of the body, Θ
its vertical projection, ϑ the rotation angle of the angular momentum vector
around the vertical, and the variables I1, ϕ1, ϕ2 for given I2 determine the
position of the body in a system of axes rigidly attached to the angular mo-
mentum vector and the vertical (Fig. 3.1). In these variables the Hamiltonian
of the perturbed problem has the form

H = H0(I1, I2) + εH1(I1, I2, ϕ1, ϕ2, Θ).

Since Θ is an integral of the problem, we obtain for the Ij , ϕj a system
with two degrees of freedom and two frequencies. Applying the averaging
principle we obtain that the “actions” Ij are integrals, while the phases ϕj

undergo uniform rotation close to the rotation in the Euler–Poinsot problem.
It easily follows from the analysis of the equation ϑ̇ = ε∂H1/∂Θ that in this
approximation the variation of the angle ϑ is close to the uniform rotation
with angular velocity of order ε. Thus, we obtain that in the coordinate system
attached to the angular momentum vector and the vertical, the body moves
“almost according to Euler–Poinsot”, while the angular momentum vector
itself slowly precesses around the vertical. 


One often encounters problems with proper degeneracy (§ 5.2.1), in which
the unperturbed Hamiltonian depends not on all the action variables and,
correspondingly, some of the unperturbed frequencies are identically equal to
zero:

H = H0(I1, . . . , Ir) + εH1(I, ϕ, ε), r < n.

The phases ϕj , j > r, are slow variables. According to the averaging principle,
for approximate description of the evolution we must average the equations of
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the perturbed motion over the fast phases ϕi, i � r. The following assertion
can be proved similarly to the preceding one.

Theorem 6.14. In a Hamiltonian system with n degrees of freedom and r
frequencies, r < n, the variables conjugate to the fast phases are integrals of
the averaged system.

According to this theorem the averaging results in a reduced Hamiltonian
system with n− r degrees of freedom for the slow phases and their conjugate
variables. If the number of fast phases is only by one less than the number
of degrees of freedom (simple degeneracy), then the reduced system has one
degree of freedom. Consequently, in the case of simple degeneracy the aver-
aging principle allows one to approximately integrate the problem (as in the
non-degenerate case).

Example 6.15 (Gauss’ problem). We consider the (non-planar) restricted cir-
cular three-body problem. We assume the mass of Jupiter to be small compared
to the mass of the Sun. In the canonical Delaunay elements L, G, Θ, l, g, ϑ
(Ch. 2) the equations of motion with respect to the rotating reference frame
introduced in the description of Example 6.13 have simple degeneracy – the
angle g (the argument of the latitude of the asteroid’s pericentre) is constant
in the unperturbed motion. The averaging over the fast phases l, ϑ in this
problem is called Gauss’ averaging. By Theorem 6.14 the quantities L, Θ
are integrals of the averaged system. The variation of G, g after averaging is
described by a Hamiltonian system with one degree of freedom whose Hamil-
tonian depends on L, Θ as parameters. The phase portraits of this system
for all L, Θ were constructed in [595] (with the aid of computer, since the
Hamiltonian has a rather complicated form). This problem has been studied
analytically in four limiting cases: for small inclinations, in the Hill case where
Jupiter is much farther from the Sun than the asteroid [383], in the outer Hill
case where the asteroid is much farther from the Sun than Jupiter [623], and in
the case where the orbits of the asteroid and Jupiter are uniformly close [385].

For small inclinations the motion is qualitatively the same as in the planar
problem.25

In the analysis of the Hill case the following new phenomenon was dis-
covered: orbits with large inclinations acquire considerable oscillations of the
eccentricity. In particular, for an orbit that is initially almost circular with in-
clination 90◦, the eccentricity increases to 1, which means that the orbit turns
into a segment and the asteroid collides with the Sun. Perhaps, this explains
why the Solar System is almost planar, and why spherically symmetric plan-
ets have no satellites with large inclinations to the plane of the Solar System.
Uranus has such satellites: this planet rotates “on a side”, its equator is in-
clined to the plane of its orbit at 98◦, and the planes of the satellites’ orbits are

25 If the inclination is small at the initial instant, then in the averaged system it
remains small during the entire motion [449].
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close to the plane of the equator. The fact that the gravitational field of Uranus
is non-central (the compression of Uranus is about 1/17) makes the orbits of
its satellites stable in the approximation by the averaging method [383].

Another new phenomenon discovered in the analysis of the Hill case is the
Lidov–Kozai resonance: the existence of orbits for which the argument of the
latitude of the pericentre (the angle g between the direction from the Sun to
the pericentre of the unperturbed orbit of the asteroid and the line of nodes,
which is the intersection line of the planes of the orbits of the asteroid and
Jupiter) slowly oscillates about the value π/2 or 3π/2 with period equal to
the oscillation period of the eccentricity. (The word “resonance” is used here
for historic reasons; of course, there is not any resonance in this situation,
but there are oscillatory domains on the phase portrait of the variables G, g.)
These motions were discovered by Lidov [382], and Kozai repeated this study
in different variables and gave a graphic representation of the results on the
phase plane [321].

In the outer Hill case the plane of the asteroid’s orbit slowly precesses
around the normal to the plane of Jupiter’s orbit, and the orbit itself slowly
rotates in its plane as a rigid body. For vertical orbits there is no precession.
For orbits with inclination arccos (1/

√
5) there is no rotation in the plane of

the orbit.26 


Example 6.16 (Laplace–Lagrange theorem on the stability of the Solar Sys-
tem). Consider the n-body problem under the assumption that the mass of
one body (the Sun) is much larger than the masses of the other bodies (the
planets). Here, the unperturbed system is by definition the one in which the
planets do not interact with each other, and the Sun is at rest. The unper-
turbed system decomposes into n − 1 Kepler’s problems. We suppose that
the unperturbed orbits of the planets are Keplerian ellipses and introduce for
describing each of them the canonical Poincaré elements27 [20]. As a result
we obtain canonical variables for the perturbed system. In the problem under
consideration there are n−1 fast phases – the mean longitudes of the planets.
Their conjugate variables Λj = √

µjaj , j = 1, . . . , n− 1, are integrals of the
system averaged over the fast phases. Here the aj are the major semiaxes of
the Keplerian elliptic orbits of the planets, and the µj are factors depend-
ing on the masses. Thus, in the averaged system the major semiaxes of the
26 The orbit of a distant satellite of an axially symmetric planet evolves in exactly

the same way (see, for example, [101]).
27 These elements are canonical variables in which the problem is regular for small

eccentricities and inclinations. The Poincaré elements Λ, ξ, p, λ, η, q are connected
with the Delaunay elements L, G, Θ, l, g, ϑ by the relations

Λ = L, ξ =
√

2(L − G) cos (g + ϑ), p =
√

2(G − Θ) cos ϑ,

λ = l + g + ϑ, η = −
√

2(L − G) sin (g + ϑ), q = −
√

2(G − Θ) sin ϑ.

For zero eccentricities and inclinations we have ξ = η = p = q = 0. The variable
λ is the mean longitude of the planet.
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planets’ orbits do not evolve. This important conclusion is called the Laplace
theorem on the absence of secular perturbations of the semiaxes.

Furthermore, it turns out that the averaged system has a stable equilib-
rium position corresponding to the motion of all the planets in one plane in
the same direction in circular orbits. The motion of the planets corresponding
to small oscillations in the averaged system linearized about this equilibrium
position is called the Lagrangian motion. It has a simple geometric interpreta-
tion. Consider the vector directed from the focus to the perihelion of a planet
of length proportional to the planet’s eccentricity (the Laplace vector). Then
the projection of the Laplace vector onto the base plane of the coordinate sys-
tem is a sum of n− 1 uniformly rotating vectors. The set of angular velocities
of these vectors is the same for all the planets. The vector directed along the
intersection line of the plane of the planet’s orbit and the base plane (the line
of nodes) of length proportional to the inclination of the planet is a sum of
n− 2 uniformly rotating vectors.28

If at some instant the eccentricities and inclinations are sufficiently small,
then in the averaged system they also remain small during the entire motion.
In particular, it turns out that collisions of planets and escapes to infinity are
impossible. This assertion is called the Laplace–Lagrange theorem on the sta-
bility of the Solar System. Since this theorem was proved in 1784 the central
mathematical problem of celestial mechanics was to extend this conclusion
on stability from the averaged system to the exact one. In this area many
branches of the theory of dynamical systems originated, including perturba-
tion theory and ergodic theory. Nowadays there have been considerable ad-
vances in solving this problem. It turns out that for sufficiently small masses
of the planets a larger part of the domain of the phase space correspond-
ing to the unperturbed motion in the same direction in Keplerian ellipses of
small eccentricities and inclinations is filled with conditionally periodic mo-
tions close to the Lagrangian ones (see § 6.3). Thus, “stability” takes place for
most of the initial conditions. For initial conditions in the exceptional set, the
evolution of the major semiaxes, if any, happens very slowly: its mean rate is
exponentially decreasing as the perturbation decreases linearly [40] (see § 6.3.4
below). However, it is still unknown whether such an evolution really happens,
and whether it can moreover lead to the destruction of the planetary system.




28 The vanishing of one frequency is related to the existence of the integral of the
angular momentum of the system. It turns out that the sum of all 2n − 3 fre-
quencies of the Lagrangian motion is equal to 0 (Herman, 1997). There are no
obvious natural reasons for the existence of this relation. Therefore Herman called
this relation the “wild resonance”. The existence of this relation follows from the
explicit formulae for the Hamiltonian of the Lagrangian motion (given, for ex-
ample, in [20]). Discussion of the “wild resonance” and its effect on dynamics is
contained in [55, 235].



262 6 Perturbation Theory for Integrable Systems

The questions of the correspondence between the solutions of the exact and
averaged systems in all the examples considered above are of general nature
and can be solved in the framework of KAM theory; see § 6.3.

In the cases where the frequencies of the unperturbed motion are close
to commensurability, for approximate description of the evolution one uses
partial averaging taking into account resonances (§ 6.1.1). For Hamiltonian
systems considered here such averaging obviously amounts to discarding in
the Fourier expansion of the perturbed Hamiltonian all the harmonics whose
phases vary rapidly under such commensurabilities. This procedure also pro-
duces integrals of the averaged system.

Theorem 6.15. A Hamiltonian system partially averaged taking into account
r independent resonances has n − r integrals in involution that are linear
combinations with integer coefficients of the original slow variables Ij.

� We perform the symplectic change of variables (I, ϕ) �→ (p, q) with gener-
ating function W = (p, Rϕ), where R is an integer unimodular matrix whose
first r rows form a basis of the minimal sublattice of Z

n that contains the
vectors of integer coefficients of the resonance relations considered and is such
that if some vector of the form dl, d ∈ N, l ∈ Z

m, belongs to this sublattice,
then the vector l also belongs to it; a matrix R does exist according to [164].
In the new variables, averaging amounts to discarding in the Hamiltonian
the harmonics containing the phases qr+1, . . . , qn. Their conjugate quantities
pr+1, . . . , pn are integrals of the averaged system. �

If there is only one resonance, then the system partially averaged taking
into account this resonance has n − 1 integrals in involution (different from
the energy integral) and, consequently, is integrable.

Example 6.17. Suppose that in the planar restricted circular three-body prob-
lem the period of the unperturbed motion of the asteroid is close to half of
the period of Jupiter’s revolution.

We use the canonical variables L, G, l, g of Example 6.13. The quantity
l + 2g is a slow variable. The generating function W and the new variables
pj , qj introduced in the proof of Theorem 6.15 are given by the formulae

W = p1(l + 2g) + p2(−l − g),
p1 = G− L, q1 = l + 2g,
p2 = G− 2L, q2 = −l − g.

After averaging taking into account the resonance, the quantity p2 becomes
an integral, and for p1, q1 we obtain a Hamiltonian system with one degree of
freedom. Its phase portrait for small p1 and various values of p2 is shown in
Fig. 6.24. In the portrait we have chosen −p1 = −

√
L(

√
1 − e2−1) ≈

√
Le2/2

and q1 as polar coordinates.
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Fig. 6.24. 


In the case of a single resonance the phase portrait of the averaged system
is close to the phase portrait of the problem of the motion of a pendulum in a
conservative field (under fairly general assumptions) [41]. Indeed, in the vari-
ables p, q introduced in the proof of Theorem 6.15, the averaged Hamiltonian
has the form

F = F0(p1, p2, . . . , pn) + εF1(p1, p2, . . . , pn, q1).

Let p∗1 = p∗1(p2, . . . , pn) be a simple resonant value of p1, that is,

∂F0

∂p1

∣
∣
∣
∣
p∗
1

= 0,
∂2F0

∂p2
1

∣
∣
∣
∣
p∗
1

= a �= 0.

In its
√
ε-neighbourhood we introduce the new variable P1 = (p1−p∗1)/

√
ε and,

correspondingly, the new Hamiltonian Φ = F/
√
ε. If the original Hamiltonian

F is regular in a neighbourhood of the resonance, then

Φ =
√
ε

(
1
2
aP 2

1 + V (q1)
)

+O(ε),

V (q1) = F1(p∗1, p2, . . . , pn, q1).
(6.38)

We shall omit the explicit dependence of a, V on the parameters p2, . . . , pn.
If the remainder O(ε) is discarded in (6.38), then we obtain the Hamiltonian
problem of the motion of a pendulum in a conservative field, whose phase
portrait is shown in Fig. 6.25. In the phase portrait there are the domains of

Fig. 6.25.
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oscillatory and rotational motions of the pendulum separated by the separa-
trices. The typical size of the oscillatory domain in the variable p1 and the
typical amplitude of oscillations of p1 are of order

√
ε; the typical period of

oscillations is of order 1/
√
ε. The equilibria in Fig. 6.25 are called stationary

resonance regimes. When the variables q2, . . . , qn are taken into account, to
these equilibria there correspond conditionally periodic motions (if the num-
ber of degrees of freedom is n = 2, then periodic motions).

Remark 6.12. If in the domain of variables under consideration the Hamil-
tonian is not a regular function, then the phase portrait of the averaged sys-
tem can be different from that in Fig. 6.25. This happens in the problem of
Example 6.17 if small values of the eccentricity are considered (cf. Fig. 6.24
and 6.25).

Remark 6.13. The effects connected with resonances occur surprisingly of-
ten in nature. The large perturbations of Saturn by Jupiter (“the great in-
equality”) are connected with the 2 : 5 commensurability of their Keplerian
frequencies. The ratio of Neptune’s and Pluto’s Keplerian frequencies is ap-
proximately 3 : 2 (and therefore, although the projections of their orbits onto
the ecliptic plane intersect, close encounters of these planets do not happen).
The ratio of Uranus’ and Neptune’s Keplerian frequencies is approximately
2 : 1. Three resonance relations are known in the satellite system of Saturn:
the ratio of the frequencies of Mimas and Tethys is (approximately) 2 : 1; of
Enceladus and Dione, also 2 : 1; of Titan and Hyperion, 4 : 3. Furthermore,
these three resonance relations are so accurate that for each of them there
is an oscillating resonant angle variable – a linear combination with integer
coefficients of the mean longitudes of the satellites and the longitudes of the
nodes or pericentres of their orbits. In addition, the ratio of the frequencies
of Mimas and Enceladus, as well as of Tethys and Dione, are approximately
3 : 2, but the accuracy of these relations is worse than that of the preceding
three. In the satellite system of Jupiter the ratios of the orbital frequencies
of Io, Europa, and Ganymede are approximately 4 : 2 : 1, and their mean
longitudes li approximately satisfy the relation l1 − 3l2 + 2l3 = 180◦. The
frequency of the axial rotation of Mercury is 3/2 of its orbital frequency. Ta-
bles of commensurabilities occurring in the Solar System are given in [101]. In
most cases the causes of the origin of these commensurabilities are unknown.
The procedure of partial averaging considered above is successfully used for
describing the motion near a commensurability.
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6.2.2 Procedures for Eliminating Fast Variables

In § 6.1.2 we described the remarkable changes of variables that allow one to
formally eliminate the fast phases from the right-hand sides of the equations
of motion. These changes of variables play a central role in all the questions
related to averaging. In the case of Hamiltonian systems under consideration
these changes of variables can be chosen to be symplectic. Below we describe
the basic procedures for symplectic elimination of the fast phases.

A. Lindstedt’s Method

This is one of the first methods for eliminating the fast phases. Its present
form was given by Poincaré in [41].

Consider a perturbed Hamiltonian system (6.37) with n degrees of free-
dom and n frequencies, and suppose that the frequencies do not satisfy any
identical resonance relations. We try to find a symplectic near-identity change
of variables I, ϕ �→ J, ψ so that the new Hamiltonian H depends only on the
slow variables: H = H (J, ε). We seek a generating function of the change of
variables and the new Hamiltonian in the form of formal series in ε:

I = J + ε
∂S

∂ϕ
, ψ = ϕ+ ε

∂S

∂J
,

S(J, ϕ, ε) = S1(J, ϕ) + εS2(J, ϕ) + · · · ,
H (J, ε) = H0(J) + εH1(J) + · · · .

(6.39)

The functions Si must have period 2π in ϕ. The old and new Hamiltonians
satisfy the relation

H (J, ε) = H0

(

J + ε
∂S

∂ϕ

)

+ εH1

(

J + ε
∂S

∂ϕ
, ϕ, ε

)

.

Equating here the terms of the same order in ε we obtain the system of
equations

H0(J) = H0(J), H1(J) =
∂H0

∂J

∂S1

∂ϕ
+H1(J, ϕ, 0),

Hj(J) =
∂H0

∂J

∂Sj

∂ϕ
+ Fj(J, ϕ), j � 2.

(6.40)

The function Fj is a polynomial in ∂S1/∂ϕ, . . . , ∂Sj−1/∂ϕ. In the notation
〈·〉ϕ, {·}ϕ for the averaging operator and the integration operator introduced
in § 6.1.2, the solution of system (6.40) is given by the formulae

H1 = 〈H1〉ϕ, S1 = −{H1}ϕ + S0
1(J),

Hj = 〈Fj〉ϕ, Sj = −{Fj}ϕ + S0
j (J), j � 2,

(6.41)
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where the S0
j are arbitrary functions of J . One often chooses S0

j ≡ 0.
The expression for the integration operator (see § 6.1.2) involves the de-

nominators
(
k, ω(J)

)
= (k, ∂H0/∂J) with integer vectors k �= 0. Hence the

functions Sj are undefined, generally speaking, on an everywhere dense set of
points J where these denominators vanish or are abnormally small.

Let us forget temporarily about small denominators and suppose that the
first m functions Sj are defined and smooth. We truncate the series for the
function S at the terms of order εm and consider the change of variables with
the “truncated” generating function

Jϕ+ εS1(J, ϕ) + · · · + εmSm(J, ϕ).

For the new variables we obtain a Hamiltonian in which only the terms of
order εm+1 and higher depend on the phases. Discarding these terms we ob-
tain an integrable system of equations, in which J = const and the phase ψ
uniformly rotates with a frequency depending on J . Substituting this solution
into the formulae of the change of variables we obtain an approximate solution
of the original system. Its accuracy and the time interval where it is useful are
increasing as the approximation order m increases. On a time interval (0, T )
this solution guarantees the accuracy O(εm+1T ) for the slow variables, and
O(εm+1T 2) for the fast ones. For m = 1 we arrive at the averaged system.
If the series for the change of variables were converging, then this procedure
would make it possible to integrate the original perturbed system.

In order to give a real meaning to these arguments in the presence of small
denominators we represent the perturbation in the form

εH1(I, ϕ, ε) = H(1)(I, ϕ, ε) +H(2)(I, ϕ, ε) + · · · ,

whereH(j) is a trigonometric polynomial in ϕ whose absolute value is bounded
by a quantity of order εj . We carry out the procedure for eliminating the
phases described above regarding H(j) as a term of order εj in the expansion
of the perturbation in a series in ε (“forgetting” here that the function H(j)/εj

itself depends on ε). Then only finitely many small denominators appear in
each approximation of the procedure and, correspondingly, the functions Sj ,
1 � j � m, will be undefined only on a finite set of surfaces (k, ω(J)) = 0
(their number depends on ε and on the approximation order m). Outside a
small neighbourhood of this collection of surfaces, the “truncated” generat-
ing function introduced above defines a change of variables approximately
integrating the original system of equations. As before, the whole system of
functions Sj , 1 � j < ∞, is undefined, generally speaking, on an everywhere
dense set of values of J .

Lindstedt’s method is very effective, since it gives a simple procedure for
approximate integration of a perturbed Hamiltonian system. This method
played an important role in the development of the theory, since it enabled one
to construct an expansion of the general solution of the perturbed Hamiltonian
system in a formal series containing only terms periodic in time. Poincaré
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called the methods producing such expansions “new”, in contrast to the “old”
methods in which secular terms were appearing of the form tm and tm sin lt,
tm cos lt; see [41]. The discovery of the “new” methods has completely changed
the statement of the problem of stability of perturbed Hamiltonian systems
(including the Solar System). The appearance of secular terms in the “old”
methods, which was actually caused by the expansion technique (similar to
how a secular term appears in the expansion sin (1+ε)t = sin t+εt cos t+· · · ),
was regarded as an indication of instability of the motion.29 Efforts were di-
rected towards proving the absence of such terms in the principal orders of the
expansion for concrete perturbations. For the Solar System, Laplace proved
the absence of secular terms in the first order in the perturbation. Poisson
found that in the second order in the perturbation there are no pure secu-
lar terms (of the form tm), but there are mixed ones (of the form tm sin lt,
tm cos lt). When the “new” methods arrived, it turned out that it is possible
to develop formal theories without secular terms, and the problem is in the
convergence of the resulting expansions.

As noted by Poincaré, the Lindstedt series are divergent in the general
case.

Example 6.18. Consider the following system, in which the frequencies of
the unperturbed motion are constant and incommensurable:

H = ω1I1 + ω2I2 + ε
(
I1 +

∑

k

ak sin (k, ϕ)
)
, k �= 0,

|(ω, k)| > c|k|−ν , c, ν = const > 0, ak = exp (−|k|).

Here we can calculate all the approximations of Lindstedt’s method. If the
Lindstedt series were convergent, then the quantity |I| would undergo only
bounded oscillations along the motion.

On the other hand, the perturbed system can be easily integrated. The
phases rotate uniformly with frequencies ω1 + ε, ω2 and the variation of I is
determined by a quadrature. If the frequency ratio (ω1+ε)/ω2 is rational, then
the quantity |I| increases to infinity along the motion (as is easy to calculate).
Hence the Lindstedt series diverge.30 


As is often the case, divergence is connected with the fact that one con-
structs certain objects that actually do not exist. The situation here is roughly
as follows. If for some J the Lindstedt series converge, then the perturbed
system has an invariant torus J = const on which the phase rotates with the

29 Here it is Lagrange stability. A motion is said to be Lagrange stable if its trajectory
remains forever in a bounded domain of the phase space.

30 If the unperturbed system is non-degenerate (see the definition of non-degene-
racy in § 3.1) and the perturbation is such that in the procedure of Lindstedt’s
method no small denominators appear (all the functions Si in (6.41) have no
singularities), then the Lindstedt series converge [391].



268 6 Perturbation Theory for Integrable Systems

frequency vector

ω̂(J, ε) =
∂H0(J)
∂J

+ ε
∂H1(J)
∂J

+ · · · .

The unperturbed frequencies are incommensurable (this is how the value of J
was chosen). But the frequencies of the perturbed motion become commen-
surable for some ε. Then the invariant torus is foliated into tori of lower
dimension. Such a situation is very degenerate and does not occur in generic
systems. For this reason the Lindstedt series are divergent in the general case.

Remark 6.14. There is a variant of Lindstedt’s method in which one seeks
the invariant tori with the incommensurable frequencies fixed beforehand.
The corresponding series converge [35]. The proof of the convergence of these
series in [35] was based on establishing that they are identical to converging
sequences of changes of variables in KAM theory (see § 6.3). Later direct proofs
of the convergence were given in [184, 185, 224, 227, 241, 242, 243, 253, 254].

B. Von Zeipel’s Method

This method extends the procedure of Lindstedt’s method to the case where
only some of the phases are eliminated from the Hamiltonian. This method al-
lows one to consider systems with proper degeneracy and resonance situations.
Von Zeipel’s method surpasses the possibilities of the methods of Delaunay
and Bohlin developed earlier for this purpose.

Suppose that system (6.37) is again subjected to a symplectic near-identity
change of variables of the form (6.39). We seek a new Hamiltonian in the form
of a formal series H (J, ψ, ε) = H0(J) + εH1(J, ψ) + · · · . The new and old
Hamiltonians are related as follows:

H0(J) + εH1

(
J, ϕ+ ε

∂S

∂J

)
+ · · · = H0

(
J + ε

∂S

∂ϕ

)
+ εH1

(
J + ε

∂S

∂ϕ
, ϕ, ε

)
.

Equating the terms of the same order in ε we again obtain the system of rela-
tions (6.40), but the Hi now depend on the phases, and the Fi are calculated
differently.

Let χ ∈ T
n−r be the set of phases that we wish to eliminate from the

Hamiltonian, and let γ ∈ T
r be the remaining phases. Then one can take

H1 = 〈H1(J, ϕ, 0)〉χ, S1 = −{H1 − H1}ϕ + S0
1(J),

Hj = 〈Fj(J, ϕ)〉χ, Sj = −
{
Fj − Hj

}ϕ + S0
j (J), j � 2,

(6.42)

where the S0
j are arbitrary functions of J ; for example, one can choose S0

j ≡ 0.
If, as above, we truncate the series for S at the terms of order εm, consider

the “truncated” change of variables, and discard the terms of order εm+1 in
the transformed Hamiltonian, then we obtain the Hamiltonian of the mth
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approximation. This Hamiltonian is independent of the phases χ; correspond-
ingly, the resulting approximate system has n − r integrals and reduces to
a system with r degrees of freedom. As in Lindstedt’s method, here small
denominators appear. To ensure that in each approximation there are only
finitely many small denominators we must modify the procedure described
above, similarly to § 6.2.2.A.

Suppose that we are considering a system with proper degeneracy, that
is, the unperturbed Hamiltonian is independent of some of the action vari-
ables. Then among the phases there are slow and fast ones, and the procedure
described above allows one to formally eliminate the fast phases from the
Hamiltonian. The first-approximation system for the new variables coincides
with the system averaged over the fast phases.

Now suppose that the unperturbed frequencies satisfy r independent res-
onance relations. We transform the phases so that under these relations the
first r phases are semifast, and the last n− r ones, fast. Then the procedure
described above allows us to formally eliminate the fast phases from the Hamil-
tonian. The first-approximation system for the new variables coincides with
the system partially averaged taking into account the given resonances. In
practice, here one can work with the original variables, rather than introduce
as variables the resonant combinations of the phases. Then in formulae (6.42)
the averaging over the fast phases is replaced by the following operation: in
the Fourier expansion we discard the harmonics which oscillate in the presence
of the given resonance relations in the unperturbed motion.

The von Zeipel series, as the Lindstedt series, are divergent in the general
case.

Instead of von Zeipel’s method one often uses the modification of it sug-
gested by Hori and Deprit (see, for example, [256]). In this modification a sym-
plectic change of variables eliminating the phases is given not by a generating
function, but by a generator – a function W (J, ψ, ε) = W1 + εW2 + · · · such
that the shift by time ε along the trajectories of the Hamiltonian system with
Hamiltonian W produces the required transformation (I, ϕ) �→ (J, ψ). This is
more convenient, since a generating function depends simultaneously on the
old (ϕ) and new (J) variables, whereas a generator depends only on the new
variables. Therefore, when using a generator, one does not have to solve addi-
tional functional equations in order to express everything in terms of only the
old or only the new variables. There are simple recurrence relations expressing
the coefficients of the expansions in ε of the new variables and the new Hamil-
tonian in terms of the old variables, the old Hamiltonian, and the generator.
The coefficients of the expansion of the generator are consecutively determined
from a system of relations equivalent to (6.42). For example, the first approx-
imation for the generator simply coincides with the first approximation for
the generating function: W1(J, ψ) ≡ S1(J, ψ). There are computer programs
realizing the Hori–Deprit procedure in symbolic form. One of these programs
was used to improve the classical Delaunay theory of the Lunar motion [207].



270 6 Perturbation Theory for Integrable Systems

C. Methods of KAM Theory

In the Kolmogorov–Arnold–Moser (KAM ) theory there were developed con-
verging methods for integrating perturbed Hamiltonian systems. These meth-
ods are based on constructing successive changes of variables that eliminate
the dependence of the Hamiltonian on the fast phases in the increasingly
higher orders in the small parameter. The procedure of successive changes of
variables was proposed by Newcomb. Its present form was given by Poincaré,
who, however, considered Newcomb’s procedure to be equivalent to that of
Lindstedt.

In fact, as was discovered in the works of Kolmogorov [25] and Arnold [6, 7],
the procedure of successive changes of variable has the remarkable property
of quadratic convergence: after m changes of variables the phase-depending
discrepancy in the Hamiltonian is of order ε2

m

(disregarding small denomi-
nators). Such “superconvergence” neutralizes the influence of small denom-
inators and makes the whole procedure convergent on some “non-resonant”
set.

The procedure of successive changes of variables can be realized in different
ways. Below we describe Arnold’s construction, which is close to the original
method of Newcomb.

Consider a perturbed Hamiltonian system with Hamiltonian

H(I, ϕ, ε) = H0(I) + εH1(I, ϕ, ε). (6.43)

We perform a symplectic near-identity change of variables (I, ϕ) �→ (J, ψ)
so that in the new variables the terms of the Hamiltonian of order ε do not
depend on the phases. Such a change of variables was already constructed
in § 6.2.2.A in the consideration of the first approximation for Lindstedt’s
method. It is given by the generating function

Jϕ+ εS(J, ϕ), S = −{H1N (J, ϕ, ε)}ϕ. (6.44)

Here {·}ϕ is the integration operator, H1N (J, ϕ, ε) is the sum of those har-
monics of the Fourier series of the function H1 whose orders do not exceed
an integer N . The integer N is chosen so that the absolute value of the re-
mainder R1N = H1 −H1N of the Fourier series does not exceed ε. The new
Hamiltonian H (J, ψ, ε) has the form

H (J, ψ, ε) = H0(J, ε) + ε2H1(J, ψ, ε),

H0(J, ε) = H0(J) + ε〈H1〉ϕ,

ε2H1(J, ψ, ε) =
[

H0

(

J + ε
∂S

∂ϕ

)

−H0(J) − ε
∂H0

∂J

∂S

∂ϕ

]

+ ε

[

H1

(

J + ε
∂S

∂ϕ
, ϕ, ε

)

−H1(J, ϕ, ε)
]

+ εR1N (J, ϕ, ε) .

(6.45)
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On the right-hand side of the last of these equalities, ϕ must be expressed in
terms of ψ, J by the formulae of the change of variables.

The new Hamiltonian has the same form as the old one, but the phases
are involved only in terms of order ε2. In the resulting system we perform
a similar change of variables. After that the phases remain only in terms of
order ε4 (see (6.45)). After m such changes of variables the dependence on the
phases remains only in terms of order ε2

m

. Recall that in Lindstedt’s method
after the change of variables of the mth approximation the dependence on the
phases remains in terms of the Hamiltonian of order εm+1.

The estimate ε2
m

indicates the formal order in ε of the discrepancy in
the Hamiltonian. Actually the discrepancy can be much larger because of the
influence of small denominators.

Example 6.19. Consider the first change of variables described above in
a domain where the frequencies satisfy the usual incommensurability condition
|(k, ω(J))| � κ|k|−ν , 0 � |k| � N . Clearly,

|I − J | =
∣
∣
∣ε
∂S

∂ϕ

∣
∣
∣ ∼ ε

κ
, |ϕ− ψ| =

∣
∣
∣ε
∂S

∂J

∣
∣
∣ ∼ ε

κ2
,

∣
∣ε2H1

∣
∣ ∼ ε2

κ2
.

The value of κ can vary from a quantity of order 1 to a quantity of order
√
ε

(for κ ∼ √
ε we have

∣
∣ε∂S

∂J

∣
∣ ∼ 1 and the generating function introduced above

may not define a one-to-one correspondence (I, ϕ) ↔ (J, ψ)). For κ ∼ √
ε we

obtain
∣
∣ε2H1

∣
∣ ∼ ε instead of the formal estimate ε2. 


We consider the whole sequence of changes of variables on a non-resonant
set, where the arising small denominators are estimated from below by quan-
tities c

√
ε|k|−ν , where c = const > 0, ν = const > n− 1, and |k| is the order

of the harmonic corresponding to the denominator; the constant c must be
chosen to be sufficiently large. It turns out that on this set the fast increase of
the order of discrepancies in ε suppresses the influence of small denominators,
and the composition of the successive changes of variables converges. This
assertion is central in KAM theory. Its consequences are stated in § 6.3.

The procedure of successive changes of variables ensures superconvergence
also for those degenerate systems where the degeneracy, as one says, is “re-
movable”. This means that the Hamiltonian of the problem has the form

H = H00(I) + εH01(I) + ε2H1(I, ϕ, ε),

where H00 depends only on r < n action variables, and H01 on all the n
variables. For the unperturbed Hamiltonian one chooses H00 + εH01. The un-
perturbed problem has n frequencies, as in the non-degenerate case, but r
of them are of order 1, and n − r of order ε. The perturbation is 1/ε times
smaller than the minimal frequency. The procedure of successive changes of
variables is organized in exactly the same way as in the non-degenerate case.
It turns out that it converges on the corresponding non-resonant set [7]. For
tutorials on KAM theory, see [183, 392, 512].
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Above we were assuming that the perturbation H1 is an analytic func-
tion. If H1 has finite smoothness, then the procedure of successive changes of
variables described above causes “loss of derivatives”: in each approximation
the perturbation has fewer derivatives than in the preceding one. Because of
this the procedure stops after finitely many steps. For finite smoothness of the
perturbation, Moser suggested modifying the procedure using the smoothing
technique going back to Nash [446]. It is well known that a smooth function
can be approximated with any accuracy by an analytic one; if the function
is periodic in some variables, then the approximation can be chosen in the
form of a trigonometric polynomial in these variables. Suppose that in the
expression for the generating function of the change of variables of the first
approximation (6.44), H1N is an analytic function that is a trigonometric
polynomial in the phases and approximates H1 to within ε. Such a change of
variables eliminates the phases from the Hamiltonian to within terms of or-
der ε2. In the next approximations we proceed in similar fashion. Such a pro-
cedure preserves the smoothness of the perturbation. The results of [436, 438]
imply that for a sufficiently smooth perturbation the successive approxima-
tions converge on a non-resonant set.31 After the first results of Moser, the
requirements on the smoothness of the perturbation were gradually lowered
in the works of Moser, Rüssmann, Pöschel, and Herman. In [439, 508] it was
shown that in the non-degenerate case it suffices to require that the per-
turbation is of class Cr, r > 2n (where r is not necessarily an integer, so
that Cr is a Hölder space). For a map of an m-dimensional annulus B × T

m

(where B is a domain in R
m) into itself close to an m-dimensional twist rota-

tion32 it suffices to require that the perturbation is of class Cr, r > 2m + 1;
then the invariant tori of the map fill the annulus to within a remainder of
measure which tends to zero as the perturbation magnitude does. (A map
of an annulus appears as the Poincaré return map for a Hamiltonian of the
form (6.43).) For the case of an annulus map on the plane (m = 1), in the
original paper of Moser [436] the perturbation was required to be smooth of
class C333 (see also [441]). Herman’s result [279] for this case: it suffices to
require C3. For any smoothness Cr, r < 3, for each real α there exists an
arbitrarily small perturbation for which the perturbed map has no smooth
invariant curves that have rotation number α and are non-contractible within
the annulus ([278], p. 79). For any smoothness Cr, r < 2, there exists an ar-
bitrarily small perturbation for which the perturbed map has no invariant
curves that are non-contractible within the annulus ([278], p. 61); first a sim-
ilar assertion was proved for smoothness C1 in [577]. In these results on the

31 The technique of successive approximations with smoothing also gave rise to new
implicit function theorems of the Nash–Moser type [273, 438, 622] in nonlinear
functional analysis.

32 A multidimensional twist rotation is a map of the form (I, ϕ modd 2π) �→
(I, ϕ + h(I) modd 2π), I ∈ B ⊂ R

m, ϕ modd 2π ∈ T
m, det(∂h/∂I) �= 0.
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absence of invariant curves, the perturbation can also be chosen to be smooth
of class C∞ but small in the Cr-topology.

6.3 KAM Theory

KAM theory is the theory of perturbations of conditionally periodic motions
of Hamiltonian and related systems in the large for infinite time intervals.
In particular, it gives a rigorous justification to the fundamental conclusion
about the absence of evolution in such systems which follows from the heuristic
averaging principle and formal integration procedures.

6.3.1 Unperturbed Motion. Non-Degeneracy Conditions

We recall the basic concepts relating to integrable systems. We consider an un-
perturbed integrable Hamiltonian system with Hamiltonian H0(I). Its phase
space is foliated into the invariant tori I = const. The motion on a torus
is conditionally periodic with frequency vector ω(I) = ∂H0/∂I. A torus on
which the frequencies are rationally independent is said to be non-resonant.
A trajectory fills such a torus everywhere densely (as one says, it is a winding
of the torus). The other tori I = const are said to be resonant. They are fo-
liated into invariant tori of lower dimension. The unperturbed system is said
to be non-degenerate if its frequencies are functionally independent:

det
(
∂ω

∂I

)

= det
(
∂2H0

∂I2

)

�= 0.

In a non-degenerate system the non-resonant tori form an everywhere dense
set of full measure. The resonant tori form a set of measure zero, which,
however, is also everywhere dense. Moreover, the sets of invariant tori with any
number of rationally independent frequencies from 1 to n− 1 are everywhere
dense; in particular, the set of tori on which all trajectories are closed is
everywhere dense.

The unperturbed system is said to be isoenergetically non-degenerate if
one of the frequencies does not vanish and the ratios of the other n− 1 fre-
quencies to it are functionally independent on the energy level H0 = const.
The condition of isoenergetic non-degeneracy can be written in the form

det





∂ω

∂I
ω

ω 0



 = det







∂2H0

∂I2

∂H0

∂I

∂H0

∂I
0





 �= 0.

In an isoenergetically non-degenerate system both the set of non-resonant tori
and the set of resonant tori are dense on each energy level; but, as above, the
first set has full measure, whereas the second has measure zero.
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6.3.2 Invariant Tori of the Perturbed System

We now consider a perturbed system with Hamiltonian

H(I, ϕ, ε) = H0(I) + εH1(I, ϕ, ε). (6.46)

The theorem of Kolmogorov [25, 6] (extended by Arnold [6]) stated below
shows what happens to the non-resonant tori under a perturbation.

Theorem 6.16 (Kolmogorov’s theorem). If the unperturbed Hamiltonian sys-
tem is non-degenerate or isoenergetically non-degenerate, then under a suffi-
ciently small Hamiltonian perturbation most of the non-resonant invariant
tori do not disappear but are only slightly deformed, so that in the phase
space of the perturbed system there also exist invariant tori filled everywhere
densely with phase curves winding around them conditionally periodically with
the number of frequencies equal to the number of degrees of freedom. These in-
variant tori form a majority in the sense that the measure of the complement
of their union is small together with the perturbation. In the case of isoener-
getic non-degeneracy the invariant tori form a majority on each energy-level
manifold.

The invariant tori constructed in this theorem are called Kolmogorov tori,
and their union, the Kolmogorov set. The proof of the theorem is based on
the converging procedure for eliminating the fast phases (see § 6.2.2.C).

The part of Theorem 6.16 concerning isoenergetic non-degeneracy is in fact
due to Arnold [6]. The relations between a persistent non-resonant torus of the
unperturbed system and the corresponding invariant torus of the perturbed
system are different in the non-degenerate case and in the isoenergetically
non-degenerate case.

In the non-degenerate case (the unperturbed frequencies are functionally
independent), the frequencies of the unperturbed torus and the perturbed
torus are the same.

On the other hand, in the isoenergetically non-degenerate case (the ratios
of the unperturbed frequencies are functionally independent on each energy
level), the ratios of the frequencies of the unperturbed torus and the perturbed
torus are the same and, moreover, the energies of these tori are the same (that
is, the value of H0 at the unperturbed torus is equal to the value of H at the
perturbed torus).

It is important to emphasize that non-degeneracy implies the persistence
of most of the unperturbed invariant tori I = I0 with given frequency vectors
ω(I0) in the whole phase space. It is possible that for each “action” I0, among
the perturbed tori with the fixed energy value equal to H0(I0), there will be
no torus with the frequency vector ω(I0) and even no torus with a frequency
vector proportional to ω(I0) – however small the perturbation is.
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Example [547]. Assume that the “action” I ranges in a domain G lying in
the first coordinate “2n-ant” in R

n and let

H0(I) =
n∑

i=1

ai ln Ii,

where a1, . . . , an are non-zero constants whose sum is zero. This unperturbed
Hamiltonian is non-degenerate but isoenergetically degenerate everywhere
in G; see [17, 46]. The frequencies of a torus I = I0 are ωi(I0) = ai/I

0
i ,

1 � i � n. Consider the perturbed Hamiltonian H = H0(I) + ε with arbi-
trarily small ε �= 0. The perturbed system is still integrable and possesses the
same invariant tori with the same frequencies. Nevertheless, in the perturbed
energy level H0(I) + ε = H0(I0), there are no invariant tori with frequency
vectors proportional to ω(I0). Indeed, suppose that ω(I1) = c ω(I0) for some
I1 ∈ G and c > 0. This means that I1

i = I0
i /c, 1 � i � n, whence

H0(I1) + ε = H0(I0) − (ln c)
n∑

i=1

ai + ε = H0(I0) + ε �= H0(I0).



On the other hand, isoenergetic non-degeneracy ensures the persistence

of the ratios of given frequencies ω1(I0), . . . , ωn(I0) for most of the unper-
turbed invariant tori I = I0 at the fixed energy value. It is possible that for
each “action” I0, the perturbed system will have no invariant torus with the
frequency vector equal to ω(I0), not merely proportional to ω(I0), even if one
does not confine oneself to the energy level H(I, ϕ, ε) = H0(I0) – however
small the perturbation is.

Example [547]. It is easy to verify that the unperturbed Hamiltonian

H0(I) = I1 +
1
2

n∑

i=2

I2
i

is isoenergetically non-degenerate but degenerate everywhere. The frequency
vector of a torus I = I0 is ω(I0) = (1, I0

2 , . . . , I
0
n). Consider the perturbed

Hamiltonian H0(I) + εI1 with arbitrarily small ε �= 0. Like in the previous
example, the perturbed system is still integrable and possesses the same in-
variant tori I = I0 with the frequency vectors ω′(I0) = (1 + ε, I0

2 , . . . , I
0
n).

Clearly, ω′(I1) �= ω(I0) for any I1, I0. 

By the way, these examples show that the conditions of non-degeneracy

and isoenergetic non-degeneracy are independent.
One can make several additions to the general formulation of Kolmogorov’s

theorem.
1◦. The theorem holds if both the unperturbed Hamiltonian and the per-

turbation are of class Cr, r > 2n [508, 533]. (In the original formulations
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the unperturbed Hamiltonian and the perturbation were assumed to be an-
alytic [6].) In what follows, the unperturbed Hamiltonian is assumed to be
analytic; this simplifies the statements and, besides, many further results have
been obtained under this assumption. The perturbation is also assumed to be
analytic, unless stated otherwise.

2◦. Let the unperturbed system be non-degenerate and suppose that we
are given a number ν satisfying the inequalities n− 1 < ν < 1

2r − 1. Under a
sufficiently small perturbation of class Cr the frequency vectors of the motions
on the Kolmogorov tori belong to the Cantor set

Ξκ =
{
ξ : ξ ∈ Ξ ⊂ R

n, |(k, ξ)| > κ|k|−ν ∀ k ∈ Z
n \ {0}

}
,

where Ξ is the set of the unperturbed frequency vectors ω(I) and κ is a
quantity of order

√
ε; see [509]. Recall that the Lebesgue measure of the com-

plement of Ξκ in Ξ does not exceed a quantity of order κ. An analogous
statement is valid in the isoenergetically non-degenerate case. In the latter
case, the frequency vectors of the motions on the Kolmogorov tori also satisfy
the strong incommensurability condition with constants ν > n−1 and κ ∼ √

ε.

3◦. The measure of the complement of the Kolmogorov set does not ex-
ceed a quantity of order

√
ε. The deformation of a persistent torus, that is,

its deviation from the unperturbed torus with the same frequencies or fre-
quency ratios of the conditionally periodic motion depends on the arithmetic
properties of the frequencies. If the frequency vector in the non-degenerate
case belongs to Ξδ, δ > κ (see 2◦), then the deformation does not exceed a
quantity of order ε/δ � √

ε [369, 454, 509, 570]. An analogous statement holds
in the isoenergetically non-degenerate case.

4◦. The Kolmogorov tori form a smooth family [369, 509, 570]. We formu-
late this assertion in more detail. First we consider the non-degenerate case.
For simplicity we assume that the frequency map I �→ ω(I) is a diffeomor-
phism. Then for perturbations of class Cr, r > 3ν + 2 > 3n− 1, there exists
a diffeomorphism

Ψ : Ξ{ξ} × T
n{ϑ} → R

n{I} × T
n{ϕ}

whose restriction to the Cantor set of standard tori Ξκ ×T
n maps it into the

Kolmogorov set. In the variables ξ, ϑ for ξ ∈ Ξκ the equations of motion take
the form

ξ̇ = 0, ϑ̇ = ξ.

The diffeomorphism Ψ has anisotropic smoothness: the number of its deriv-
atives with respect to the phase ϑ is greater than with respect to the fre-
quency ξ. The smoothness with respect to ϑ is the smoothness of an individual
invariant torus, whereas the smoothness with respect to ξ is the smoothness
proper of the family of tori.

The order of smoothness of the diffeomorphism Ψ can be estimated from
below in terms of the order of smoothness of the perturbation. In particular, if
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the perturbation is analytic, then Ψ is analytic with respect to ϑ (that is, each
torus is analytic) and infinitely differentiable with respect to ξ (that is, the
tori form an infinitely differentiable family). Note that if Ψ were analytic with
respect to all the variables, then the perturbed system would be completely
integrable (whereas a typical system is non-integrable; see Ch. 7).

In fact, if the perturbation is analytic or Gevrey smooth, then the diffeo-
morphism Ψ is Gevrey smooth with respect to ξ (rather than just infinitely
differentiable), see [504, 505, 602] (and a discussion in [546]) for the case of
analytic H1, and [506, 507] for the case of Gevrey smooth H1.

In the case of isoenergetic non-degeneracy the family of tori on each energy
level is similarly smoothly parametrized by the ratios of the frequencies (and
smoothly depends on the energy).

5◦. The perturbed system is completely integrable on the Cantor set [509].
In the non-degenerate case, this means that for a sufficiently smooth perturba-
tion there exist a symplectic change of variables I, ϕ �→ J, ψ with generating
function Jϕ + εS(J, ϕ, ε) and a non-degenerate Hamiltonian H (J, ε) such
that

H0

(

J + ε
∂S

∂ϕ

)

+ εH1

(

J + ε
∂S

∂ϕ
, ϕ, ε

)∣
∣
∣
∣
Bκ,ε×Tn

= H (J, ε)
∣
∣
Bκ,ε

and this equality can be differentiated sufficiently many times. Here Bκ,ε is
the inverse image of the standard Cantor set Ξκ (see 2◦) under the map
J �→ ∂H /∂J . In the isoenergetically non-degenerate case the statement is
analogous. The functions S, H are obtained from the corresponding functions
given by the procedure of § 6.2.2.C by smoothing in the “gaps” between the
Kolmogorov tori.

6◦. There is an interpretation of the conditions of non-degeneracy and
isoenergetic non-degeneracy in terms of Lie algebras of symmetries of the
unperturbed system [118, 119].

7◦. The condition of non-degeneracy (isoenergetic non-degeneracy) in Kol-
mogorov’s theorem can be considerably weakened. Namely, it suffices to re-
quire the so-called non-degeneracy in the sense of Rüssmann: for some N > 0
the linear span of the system of vectors

Dqω(I) =
∂|q|ω(I)

∂Iq1
1 · · · ∂Iqn

n
, q = (q1, . . . , qn) ∈ Z

n
+, |q| = q1 + · · · + qn � N,

coincides with the whole space R
n for each I = (I1, . . . , In). This condi-

tion was introduced and used in the problem of averaging non-Hamiltonian
perturbations by Bakhtin [96], whose paper was preceded by the works of
Sprindzhuk [567] and Pyartli [516] on the theory of Diophantine approxi-
mations on submanifolds of a Euclidean space. The condition is indeed ex-
tremely weak: for any n there exist Rüssmann non-degenerate Hamiltoni-
ans H0(I) such that the image of the frequency map I �→ ω(I) is a one-
dimensional curve in R

n [17, 540, 542, 546]. An analogue of Theorem 6.16 for
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Rüssmann non-degenerate unperturbed Hamiltonians was obtained indepen-
dently by Rüssmann [527, 528] (see also [529]), Herman (unpublished), Cheng
and Sun [174], and Sevryuk [540, 542] (see also the references in [17, 546]).
The proofs in these works are based on different ideas. For analytic Hamil-
tonians H0 (non-analytic Hamiltonians are not considered here anyway) and
connected domain of definition of the variables I, the Rüssmann non-degene-
racy condition is equivalent to the following: the image of the frequency map
I �→ ω(I) is not contained in any hyperplane passing through the origin. The
last condition is necessary for the existence of invariant tori in (any) perturbed
system: if the image of the frequency map of a completely integrable Hamil-
tonian is contained in some hyperplane passing through the origin, then by
an arbitrarily small perturbation one can obtain a Hamiltonian system that
does not have a single invariant torus of the form I = f(ϕ), nor even one on
which the motion is not conditionally periodic [17, 540].

In the case of Rüssmann non-degeneracy it is impossible to determine
a priori the set of frequency vectors of the motion on the invariant tori of the
perturbed system. This set depends on the perturbation. Moreover, the set
of frequency ratios of the perturbed tori can be disjoint from the set of fre-
quency ratios of the unperturbed tori [546]. Therefore in the analogue of Theo-
rem 6.16 for Rüssmann non-degenerate unperturbed Hamiltonians one speaks
not about the persistence of the non-resonant unperturbed invariant tori, but
only about the existence of invariant tori for the perturbed Hamiltonian.

Nevertheless additions 1◦–4◦ to Theorem 6.16 can be carried over mutatis
mutandis to the case of Rüssmann non-degenerate Hamiltonians H0(I) – with
different estimates of the smoothness and of the measure of the complement
of the union of invariant tori. For example, the measure of the complement
of the union of invariant tori of the perturbed system is a quantity of order
not � √

ε, but � ε1/(2N), where N is the number involved in the definition of
Rüssmann non-degeneracy [540]. All the non-degenerate and isoenergetically
non-degenerate Hamiltonians are non-degenerate in the sense of Rüssmann
with N = 1. An analogue of addition 4◦ for Rüssmann non-degenerate Hamil-
tonians is stated in § 6.3.7 below in a more general situation (for the so-called
lower-dimensional tori).

Recently, there were introduced and examined non-degeneracy conditions
that are intermediate between the usual non-degeneracy (isoenergetic non-
degeneracy) and the non-degeneracy in the sense of Rüssmann [190]. For sim-
ilar conditions in the case of lower-dimensional tori, see [380, 390, 547].

There often occurs the case of proper degeneracy where the unperturbed
Hamiltonian is independent of some of the action variables. We say that a
perturbation removes the degeneracy if the perturbed Hamiltonian can be
reduced to the form

H = H00(I) + εH01(I) + ε2H11(I, ϕ, ε), (6.47)
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where H00 depends only on the first r action variables and is either non-
degenerate or isoenergetically non-degenerate with respect to these variables,
while H01 depends, generally speaking, on all the “actions” and is non-
degenerate with respect to the last n − r of them (the Hessian of H01 with
respect to Ir+1, . . . , In is non-zero). We call the system with Hamiltonian
H00 + εH01 the intermediate system.

Theorem 6.17 ([7]). Suppose that the unperturbed system is degenerate, but
the perturbation removes the degeneracy. Then a larger part of the phase space
is filled with invariant tori that are close to the invariant tori I = const of the
intermediate system. The phase curves wind around these tori conditionally
periodically with the number of frequencies equal to the number of degrees of
freedom. Among these frequencies, r correspond to the fast phases, and n− r
to the slow phases. If the unperturbed Hamiltonian is isoenergetically non-
degenerate with respect to those r variables on which it depends, then the
invariant tori just described form a majority on each energy-level manifold of
the perturbed system.

Remark 6.15. In many problems the perturbation depends periodically on
time: H = H0(I)+εH1(I, ϕ, t, ε). This case can be reduced to the autonomous
case by introducing time as a new phase. If det

(
∂2H0/∂I

2
)
�= 0, then the

system thus obtained is isoenergetically non-degenerate and by Theorem 6.16
it has many (n + 1)-dimensional invariant tori. If such a system is properly
degenerate but the perturbation removes the degeneracy, then the invariant
tori are provided by Theorem 6.17.

In [35, 437] Moser developed a theory of perturbations of conditionally
periodic motions of non-Hamiltonian systems. In particular, it was proved
that the invariant tori are preserved in reversible systems. At present the
KAM theory for reversible systems has turned into a theory that enjoys prac-
tically equal rights with the KAM theory for Hamiltonian systems; there ex-
ist analogues of KAM theory for volume preserving and dissipative systems;
see [17, 43, 77, 91, 145, 146, 147, 541, 545, 547] and the references therein.

6.3.3 Systems with Two Degrees of Freedom

A. Absence of Evolution

In systems with two degrees of freedom the existence of a large number of
invariant tori implies the absence of evolution for all (and not just for most)
initial conditions.

Theorem 6.18 ([6]). In an isoenergetically non-degenerate system with two
degrees of freedom, for all initial conditions the action variables remain forever
near their initial values.
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Fig. 6.26.

� In the system under consideration the phase space is four-dimensional,
the energy levels are three-dimensional, and the Kolmogorov tori are two-
dimensional and fill a larger part of each energy level. A two-dimensional
torus divides a three-dimensional energy level (Fig. 6.26 shows the disposi-
tion of tori within an energy level). A phase curve starting in a gap between
two invariant tori of the perturbed system remains forever trapped between
these tori. The corresponding action variables remain forever near their ini-
tial values. Oscillations of the action variables do not exceed a quantity of
order

√
ε, since the measure of the gap and the deviation of a torus from the

unperturbed one (I = const) are estimated by quantities of this order. �
An assertion similar to Theorem 6.18 is valid if the system has one and

a half degrees of freedom, that is, a perturbation depending periodically on
time is imposed on a system with one degree of freedom. The required non-
degeneracy condition is d2H0/dI

2 �= 0.
If a system with two degrees of freedom is non-degenerate, but is not isoen-

ergetically non-degenerate, then the action variables can sometimes evolve
outside the invariant tori.

Example 6.20 ([40]). The system with Hamiltonian H = (I2
1 − I2

2 )/2 +
ε sin (ϕ1 − ϕ2) has the “fast” solution I1 = −εt, I2 = εt, ϕ1 = −εt2/2,
ϕ2 = −εt2/2. The reason is that on the unperturbed energy level there lies
the ray I1 = −I2, along which the frequency ratio remains constant and equal
to 1. It is this ray that is a “superconductivity channel”. 


B. The Case of Proper Degeneracy

Evolution is also absent in the case of proper degeneracy if the perturbation
removes the degeneracy and there are many invariant tori on the energy level.
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For a Hamiltonian of the form (6.47) the corresponding condition of removing
the degeneracy can be written as

dH00

dI1
�= 0,

∂2H01

∂I2
2

�= 0, (6.48)

where I1 and I2 are the two action variables in the problem.

Theorem 6.19 ([7]). If a system with two degrees of freedom in the case
of proper degeneracy satisfies conditions (6.48), then for all initial data the
action variables remain forever near their initial values.

A degenerate system with two degrees of freedom is “more integrable”
than a usual perturbed system in the following sense.

Theorem 6.20 ([454]). Suppose that a degenerate system (6.47) satisfies con-
ditions (6.48) and, in addition, the condition ∂H01/∂I2 �= 0 (which means that
the “slow” frequency does not vanish). Then the measure of the set of tori dis-
appearing under the perturbation is exponentially small (O(exp (−const/ε))
instead of O(

√
ε) in the non-degenerate case) and the deviation of a torus

from I = const is of order ε.

� The cause of this phenomenon is that the “fast” and “slow” frequencies
differ by a factor of 1/ε, and corresponding to a resonance between them there
are harmonics of the perturbation that have high order 1/ε and, accordingly,
small amplitude O(exp (−const/ε)). �
Remark 6.16. Analogous assertions are valid if a system has one and a half
degrees of freedom. In the case of proper degeneracy for one and a half degrees
of freedom the Hamiltonian has the form

H = εH01(I) + ε2H11(I, ϕ, t, ε). (6.49)

The condition of removing the degeneracy is d2H01/dI
2 �= 0. The measure of

the tori that are destroyed is exponentially small if, in addition, dH01/dI �= 0.

Systems with proper degeneracy describe, in particular, the motion in
Hamiltonian systems with two degrees of freedom if one degree of freedom is
fast and the other is slow (see § 6.4), and in Hamiltonian systems with one and
a half degrees of freedom if the dependence of the Hamiltonian on time is fast
periodic. We now consider the latter case in more detail. The Hamiltonian
has the form

H = E(p, q) + E1(p, q, t/ε, ε), (6.50)

where p, q are conjugate canonical variables, the Hamiltonian is 2π-periodic
in t̄ = t/ε, E1 = E10(p, q, t̄ ) + O(ε), and 〈E10〉t̄ = 0. By introducing t̄ as
the new time (we will not write the bar over t in what follows) we obtain
the system with Hamiltonian εH in which the variables p, q are slow and the
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variable t is fast. One step of the procedure for eliminating the fast variables
in § 6.2.2.B reduces the Hamiltonian to the form εE(P, Q) + ε2H1(P, Q, t, ε),
where P , Q are the new canonical variables. By discarding the term of order
ε2 in the Hamiltonian we obtain that the motion is approximately described
by the Hamiltonian system with one degree of freedom and with Hamiltonian
εE(P, Q). For example, suppose that the phase portrait of this system has
the form shown in Fig. 6.27a (in this case it is assumed that P , Q are coordi-
nates on a cylinder). This portrait can be regarded as the section of the phase
space P , Q, t of the averaged system by the plane t = 0. Corresponding to the
equilibria in Fig. 6.27a we have periodic solutions; to the separatrices, surfaces
asymptotic to these solutions as t → ±∞ (they are also called separatrices);
and to the closed curves, two-dimensional invariant tori.

Fig. 6.27.

One can make this picture slightly more precise by performing several steps
of the procedure for eliminating the fast variable (§ 6.2.2) and discarding the
additional terms of higher order of smallness arising in the Hamiltonian. This
again results in a system with one degree of freedom whose phase portrait is
close to the portrait in Fig. 6.27a.

How will the discarded small terms affect the motion? The periodic so-
lutions are preserved (this follows from the implicit function theorem). The
surfaces asymptotic to them are also preserved. But the surfaces that are
asymptotic as t→ +∞ and t→ −∞ to different solutions (or even to one so-
lution) no longer have to coincide with each other (see Fig. 6.27b, which shows
the section of the phase space by the plane t = 0). This is the phenomenon of
splitting of separatrices discovered by Poincaré [41].

The question of the fate of invariant tori is answered by Theorems 6.17
and 6.20. In each of the domains filled by closed trajectories in Fig. 6.27a one
can introduce the action–angle variables I, ϕ of the averaged Hamiltonian H .
In these variables, far from the separatrices the full Hamiltonian takes the
form (6.49), which is standard for a Hamiltonian with a removable proper
degeneracy. Therefore far from the separatrices there are all the tori found
in the averaging except for a proportion O(exp (−c−1/ε)), c = const > 0.
In a vicinity of the separatrices a special analysis is required, which shows
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that there are tori that are exponentially close to the separatrices, so that the
separatrices are locked in an exponentially narrow zone [455].

The magnitude of the splitting of separatrices can be characterized by the
angle α between them at some intersection point far from the saddles, or by
the area A of the domain (lobe) bounded by pieces of the separatrices between
the neighbouring intersection points (Fig. 6.27b), or by the width d of this lobe.
All these quantities are exponentially small (since the system can be reduced
by a symplectic change of variables to an autonomous Hamiltonian system
with an accuracy O(exp (−const/ε)), see § 6.1.4). In the case of a transversal
intersection (α �= 0) we have A ∼ ε2α and d ∼ εα.

The width of the zone between invariant tori in which the separatrices
are locked is estimated from above by a quantity of order d/ε (the width can
be defined, for example, as the distance between the invariant tori along a
vertical line in Fig. 6.27b far from the saddles) [48, 372].

The asymptotics of the exponentially small quantities α, A, d was for the
first time calculated by Lazutkin [371] for the model problem of the splitting
of separatrices of the Chirikov standard map [189]. This is a symplectic map
(P, q mod 2π) �→ (P ′, q′ mod 2π) defined by the formulae

P ′ = P + µ sin q, q′ = q + P ′. (6.51)

After the normalization P = εp, ε =
√
µ the map takes the form

p′ = p+ ε sin q, q′ = q + εp′

and can be regarded as the shift map by time 2πε for the Hamiltonian system
with impacts having the Hamiltonian

H =
1
4π
p2 + cos q

∑

k∈Z

δ

(
t

ε
+ 2πk

)

=
1
2π

(
p2

2
+ cos q

∑

n∈Z

eint/ε

)

, (6.52)

where δ(·) is Dirac’s δ-function. Thus, the Hamiltonian has the form (6.50),
but H in this expression is a generalized function (a distribution). The corre-
sponding averaged system is the pendulum with the Hamiltonian

E =
1
2π

(
p2

2
+ cos q

)

. (6.53)

Lazutkin’s formula for the area Ac of the lobe formed at the splitting of
the separatrices of this pendulum under the influence of the perturbations
in (6.52) is as follows (the area is calculated in the original variables P , q):

Ac =
2|θ1|
π

e−π2/
√

µ(1 +O(µ)), (6.54)

where |θ1| = 1118.8277... is a constant determined from the solution of an
auxiliary problem that does not involve a small parameter (the constant θ1
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was calculated in [373]). In terms of the original map (6.51), Ac is the area of
the lobe formed by the intersections of the invariant curves of the map (6.51)
that are homoclinic to the fixed point (q = 0 mod 2π, P = 0).

The approach of [371] is based on constructing a natural parametrization
of invariant homoclinic curves and studying the complex singularities of this
parametrization. This approach has allowed one to calculate the asymptotics
of the splitting of separatrices for a number of other symplectic near-identity
maps (see, for example, [252]). A complete proof of formula (6.54) was given
in [248]. The term O(µ) in (6.54) admits asymptotic expansion in powers of µ
[251]; several first terms of this expansion were calculated in [251].

For analytic Hamiltonian systems with fast periodic dependence of the
Hamiltonian on time, the asymptotic behaviour of the size of the splitting of
separatrices was first calculated under the (very restrictive) assumption that

|E1| � εp, p > 1,

in the Hamiltonian (6.50) (an assumption used by Poincaré [41], who treated
the case E1 ∼ exp (−const/ε); later the admissible values of p were gradually
lowered; see, for example, [205, 228, 286]). The asymptotics of the splitting
of separatrices for E1 ∼ 1 was first calculated by Treshchev ([585], see also
[587, 588]) using the method of continuous averaging (see § 6.1.2, Remark 6.3)
for the problem of the motion of a pendulum with a rapidly oscillating point of
suspension. A close result was obtained by Gelfreich ([246], see also [247, 249]),
whose arguments were based on the approach of [371]. The Hamiltonian of
the problem of a pendulum with an oscillating point of suspension has the
form (6.50) with

E =
p2

2
− cos q, E1 = eit/εE+(p, q) + e−it/εE−(p, q),

E± = B±
+e

iq +B±
−e

−iq, B
+

+ = B−
− , B

+

− = B−
+

(6.55)

(the bar denotes complex conjugation). The phase portrait of the averaged
system is as in Fig. 6.27a. It was shown in [585, 588] that the area Ap of the
lobe shaded in Fig. 6.27b is given by the formula

Ap = 16πε−1 exp
(

−πε
−1

2

)
[
|B+

−j(4B
+
−B

−
−)| +O(ε ln ε)

]
, (6.56)

where j(·) is an entire real-analytic function, j(0) = 2, and j′(0) = 0.658567....
This function is obtained as the solution of a certain problem that does not
involve a small parameter. The approach of [585, 588] is as follows. First
the method of continuous averaging is used to reduce the Hamiltonian to the
form (6.50) with E = E(p, q, ε), |E1| � exp (−c/ε); in the case of a pendulum,
c = π/2−κ, where κ is any prescribed positive constant. One then applies to
the system obtained the Poincaré–Mel’nikov approach (§ 7.2.1), which enables
one to express the asymptotics of the splitting of separatrices in terms of the
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integral of the perturbation along the unperturbed separatrix in the case of a
sufficiently small perturbation.

Formula (6.56) can also be obtained via the approach of continuous aver-
aging [587].

The area S of the zone between invariant tori in which the separatrices
are locked can be fairly accurately estimated [48]. Under certain additional
symmetry conditions (which hold, in particular, for the standard map (6.51)
and for the pendulum (6.55)) there exists the limit

lim
ε→0

Sλ2ε2

A lnA−1
=

2
k0
,

where λ is the eigenvalue of the Hamiltonian E at the saddle point and k0 =
0.971653.... In the general (non-symmetric) case the ratio Sλ2ε2/(A lnA−1)
has no limit as ε→ 0, but oscillates between two constants.

A detailed survey of the results relating to the exponentially small splitting
of separatrices is contained in [48, 250].

C. Gaps between Kolmogorov Tori

We now describe the structure of the gap between Kolmogorov tori that
appears near a given resonance. For simplicity we consider the case of one
and a half degrees of freedom. Let Ir be a resonant value of the “action”:
k1ω(Ir) + k2 = 0. Let p = (I − Ir)/

√
ε and q = ϕ+ (k2/k1) t; for p = O(1) we

obtain a Hamiltonian system with proper degeneracy and with Hamiltonian
of the form (6.50), but with ε replaced by

√
ε. The phase portrait of the corre-

sponding averaged system is generically similar to the portrait of a pendulum
(see § 6.2.1 and Fig. 6.27a). The section of the phase space of the full system
by the plane t = 0 has the form of Fig. 6.27b. Corresponding to the singular
points in Fig. 6.27b there are the periodic solutions found by Poincaré. The
separatrices of unstable periodic solutions are split. (It was for the separatri-
ces of resonant periodic solutions that the problem of splitting of separatrices
was for the first time considered by Poincaré.) In accordance with what was
said in § 6.3.3.B, a neighbourhood of the resonance of size ∼√

ε is filled with
invariant tori up to the remainder of measure O(exp (−const/

√
ε)).

On receding from the resonance the tori found above turn into usual Kol-
mogorov tori.

Remark 6.17. It is natural to expect that in a generic (analytic) system with
two degrees of freedom and with frequencies that do not vanish simultaneously
the total measure of the “non-torus” set corresponding to all the resonances
is exponentially small. However, this has not been proved.

Remark 6.18. It is natural to expect that in a generic system with three
or more degrees of freedom the measure of the “non-torus” set has order ε.
Indeed, the O(

√
ε)-neighbourhoods of two resonant surfaces intersect in a
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domain of measure ∼ε. In this domain, after the partial averaging taking into
account the resonances under consideration, normalizing the deviations of the
“actions” from the resonant values by the quantity

√
ε, normalizing time, and

discarding the terms of higher order, we obtain a Hamiltonian of the form
1/2(Ap, p) + V (q1, q2), which does not involve a small parameter (see the
definition of the quantity p above). Generally speaking, for this Hamiltonian
there is a set of measure ∼ 1 that does not contain points of invariant tori.
Returning to the original variables we obtain a “non-torus” set of measure ∼ε.

Remark 6.19. In a system with three degrees of freedom, for a simple
proper degeneracy in the case where the perturbation removes the degen-
eracy, the measure of the “non-torus” set is estimated from above by a
quantity of order

√
ε. This estimate seems to be best possible. The reason

is that in the O(
√
ε)-neighbourhood of the resonant surface, after partial

averaging taking into account the resonance, normalizing the deviation of
the “action” from the resonant value by the quantity

√
ε, normalizing time,

and discarding the terms of higher order we obtain a system with Hamil-
tonian of the form αp2/2+V (q, y, x) with respect to the symplectic structure
dp ∧ dq + d(y/µ) ∧ dx, where µ =

√
ε, α = const. In this system, p, q are the

fast variables (the rate of their change is ∼1), while y, x are the slow variables
(the rate of change is ∼µ). Such systems are studied in the theory of adiabatic
invariants (§ 6.4). For any fixed values of the slow variables there is a sepa-
ratrix on the phase portrait of the fast motion. Generically, the projection of
the phase point onto the cylinder of the fast variables repeatedly intersects
this separatrix. As discussed in § 6.4.7.B, numerical experiments provide con-
vincing evidence that in this system the measure of the “non-torus” set is
of order 1. Returning to the original variables we obtain a “non-torus” set
of measure of order

√
ε. The situation just considered arises, in particular,

in the spatial restricted circular three-body problem and in the planar re-
stricted elliptic three-body problem with a small mass of the perturbing body
(Jupiter) [604], and in the problem of rapid rotation of a rigid body in a
potential field [102].

6.3.4 Diffusion of Slow Variables in Multidimensional Systems
and its Exponential Estimate

In the study of the perturbed motion outside the invariant tori one should
distinguish the cases of two and of a higher number of degrees of freedom.

In the case of two degrees of freedom the invariant two-dimensional tori
divide a three-dimensional energy level. This implies that evolution is impos-
sible (§ 6.3.3.A).

However, if the number of degrees of freedom n is greater than two, then
the n-dimensional invariant tori do not divide a (2n− 1)-dimensional energy-
level manifold, but are situated in it similar to points on a plane or lines in a
space. In this case the “gaps” corresponding to different resonances are con-
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nected with each other. Therefore the invariant tori do not prevent a phase
curve originated near a resonance going far away.

Conjecture ([7]). The typical case in a multidimensional problem is topolog-
ical instability: through an arbitrarily small neighbourhood of any point there
passes a phase trajectory along which the slow variables go away from the
initial values by a quantity of order 1.

KAM theory proves metric stability,33 that is, stability for the most of ini-
tial data. Thus, according to the conjecture stated above the typical case in
a multidimensional problem is the combination of metric stability and topo-
logical instability.

There are several examples of evolution of the slow variables in metrically
stable problems. Most of these examples relate to very degenerate situations
where the unperturbed Hamiltonian is not a steep function (see the definition
of steep functions below). An example of evolution in a system with a steep
unperturbed Hamiltonian was constructed in [8]. The average rate of evolution
in this example is exponentially small (O(exp (−c/√ε))).

Example 6.21 ([8]). Consider the system whose Hamiltonian function H =
H0 + εH1 depends on two small parameters ε and µ, where

H0 =
1
2
(
I2
1 + I2

2

)
, H1 = (cos ϕ1 − 1)(1 + µ sin ϕ2 + µ cos t). (6.57)

A characteristic feature of this system is the presence of the one-parameter
family of two-dimensional invariant tori

Tω = {(I, ϕ mod 2π, t mod 2π) : I1 = 0, ϕ1 = 0, I2 = ω} .

For ε > 0 and small µ the tori Tω are hyperbolic. Let Γ s
ω and Γu

ω be the
stable and unstable three-dimensional asymptotic manifolds of the torus Tω,
respectively.

We call a sequence of tori Tω1 , . . . , TωN
a transition chain if for every

j = 1, . . . , N−1 the frequency ωj is irrational (the torus Tωj
is non-resonant)

and the surfaces Γu
ωj

and Γ s
ωj+1

intersect transversally along some doubly
asymptotic solution.34

The following property of a non-resonant hyperbolic torus is intuitively
obvious. Let gr : R

2 × T
3 → R

2 × T
3 be the phase flow of the system, W

a neighbourhood of some point in Γ s
ωj

, and Σ a manifold transversal to Γu
ωj

such that Γu
ωj

∩Σ �= ∅. Then for some r > 0 the sets gr(W ) and Σ intersect.35

33 This word is used here not in the formal sense but as a synonym of the absence
of evolution: sup

−∞<t<∞
|I(t) − I(0)| → 0 as ε → 0.

34 In [8] the definition of a transition chain requires a weaker property.
35 In the theory of hyperbolic systems a similar assertion is called the λ-lemma.
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It follows from this property that the presence of a transition chain implies
the existence of a trajectory going from an arbitrarily small neighbourhood
of the torus Tω1 into an arbitrarily small neighbourhood of the torus TωN

.
Indeed, let W be a neighbourhood of some point of the manifold Γ s

1 . Then
for some r = r1 the open set gr1(W ) intersects Σ = Γ s

2 . Similarly, for some
r = r2 the set gr2+r1(W ) intersects Γ s

3 , and so on.
In [8] it was shown that for any positive A < B for arbitrarily small ε > 0

and µ = µ(ε) there exists a transition chain in which ω1 < A and ωN > B. In
the proof one has to take µ to be exponentially small compared to ε. 


The evolutionary trajectories in Example 6.21 were constructed by Bessi
[109] using variational methods. He obtained the upper estimate µ−1e−c/

√
ε

for the time over which the slow variable gains an increment of order 1. This
estimate coincides with the lower estimate obtained by Nekhoroshev’s method
(see below). The proof is based on the fact that the homoclinic trajectories
of an invariant torus Tω are minimum points of the Hamiltonian action func-
tional. The evolutionary trajectories of the perturbed system are sought as
local minimum points of the action functional on the set of curves close to
a chain of homoclinic trajectories. Apparently, the applicability of Bessi’s
method is restricted to the case where the perturbed system has a smooth
family of invariant tori.

Generalizations of Example 6.21 were recently considered in a large num-
ber of papers; see, for example, [186, 109]. But so far there is no method for
establishing the existence (or non-existence) of evolution of the slow variables
in perturbed analytic systems of sufficiently general form.

The main difficulties arising in construction of transition chains of Exam-
ple 6.21 in the general case are of two kinds. The first difficulty (the so-called
“large gap problem”) is related to the discontinuity of the set of hyperbolic
tori: one must make sure that the consecutive tori in the chain are not too far
from one another and the manifold Γu

j can “reach” Γ s
j+1.

Recently Xia [606] developed a method allowing one to circumvent this
difficulty. The point is that, although the set of hyperbolic tori of the per-
turbed system in the general case is discontinuous (it is a Cantor set), in the
gaps there are invariant sets of more complex structure – Mather’s sets. For
these sets one can prove the existence of homoclinic trajectories [127]. Xia
constructs evolutionary trajectories close to a chain of homoclinic trajectories
of Mather’s sets using a method that is a generalization of the method of the
Peierls barrier developed by Mather in the theory of twist maps. The applica-
bility of Xia’s method is restricted to the case where Mather’s sets belong to a
three-dimensional invariant hyperbolic manifold, on which the usual Aubry–
Mather theory can be applied (cf. § 6.3.8). For other results in this direction,
see [204, 257, 418].

The second difficulty is caused by exponentially small effects: the intersec-
tion angle of the manifolds Γu

j and Γ s
j+1 is of order e−c/

√
ε (in Example 6.21, of

order µe−c/
√

ε). Unfortunately, the methods for studying exponentially small



6.3 KAM Theory 289

effects in multi-frequency systems are still in an embryonic state. Note that
in the system with Hamiltonian (6.57) the first difficulty does not exist, and
the second can be avoided by choosing µ of order e−c/

√
ε.

There is also a difficult problem of obtaining a lower estimate for the rate
of evolution of the slow variables along an already given transition chain.
This problem was considered in [109, 198, 199, 405] for systems similar to
Example 6.21.

Mather has announced a proof of the Conjecture on p. 287 (in the case of
three degrees of freedom) for unperturbed Hamiltonians that are convex with
respect to the action variables [418].

Numerical experiments show that the evolution of the action variables
apparently is not of directional nature, but is a more or less random walk along
resonances around the invariant tori. This process is called “diffusion”36 [620].
The discussion of the questions arising here can be found in [189, 402, 620].

For generic systems diffusion happens exponentially slowly. The corre-
sponding genericity condition is called the steepness condition. An analytic
function is said to be steep if it has no stationary points and its restriction to
any plane of any dimension has only isolated stationary points.37

Theorem 6.21 (Nekhoroshev [40, 474]). If the unperturbed Hamiltonian
H0(I) is a steep function, then there exist a, b, c such that in the per-
turbed Hamiltonian system for a sufficiently small perturbation we have
|I(t) − I(0)| < εb for 0 � t � (1/ε) exp

(
c−1/εa

)
. Here a, b, c are positive

constants depending on the characteristics of the unperturbed Hamiltonian.

� The proof is based on the following considerations. In a domain where
the frequencies of the unperturbed motion do not satisfy any resonance rela-
tions of order up to 1/ε, the procedure for eliminating the phases of § 6.2.2.A
(Lindstedt’s method) allows one to defer the dependence on the phases to
exponentially small terms of the Hamiltonian. Consequently, in this domain
the evolution can be only exponentially slow.

Fast evolution (with rate of order ε) is possible only at a resonance. Near
a resonance the procedures of § 6.2.2.B (von Zeipel’s method) allows one to
defer the dependence on non-resonant combinations of the phases to exponen-
tially small terms. Discarding these terms we obtain a system which has linear
integrals by Theorem 6.15. Fast evolution takes place in the plane defined by
these integrals. The condition of exact resonance consists, as is easy to calcu-
late, in that the gradient of the restriction of H0 to this plane vanishes. Since
H0 is a steep function, an exact resonance occurs at an isolated point. Conse-
quently, the resonance is destroyed in the evolution. Therefore fast evolution
36 Translator’s note: Nowadays the term “Arnold diffusion” became universally ac-

cepted.
37 The notion of steepness was introduced by Nekhoroshev [473]. Here as the defin-

ition we stated a necessary and sufficient condition for steepness [480]. (First the
following sufficient condition for steepness was proved: stationary points should
be complex-isolated [290].)
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goes on only for a short time; this is what yields an exponentially small upper
estimate of the average rate of the evolution. �

If the steepness condition is not satisfied, then, as Example 6.20 shows,
evolution can proceed with rate of order ε and can cause the slow variables
going away to a distance of order 1 over time 1/ε.

The rate of diffusion is different in different parts of the phase space. In
particular, consider the δ-neighbourhood of an n-dimensional invariant torus
carrying conditionally periodic motions with frequency vector ω satisfying the
strong incommensurability condition

|(k, ω)| > c−1
1 |k|−ν , c1, ν = const > 0, k ∈ Z

n \ {0}.

In this neighbourhood the rate of diffusion is superexponentially small [432]:
the time required for the slow variables (appropriately defined) to change by
a quantity of order δ is at least

exp
(

1
εa1

exp
1
δa2

)

,

where a1, a2 are positive constants. Indeed, in the δ-neighbourhood of the
invariant torus the system is close to a system with constant frequencies.
According to [550] there is a canonical near-identity change of variables that
defers the dependence on the fast phases in the Hamiltonian of this system
to exponentially small terms O(ε exp (−1/δd)), d = const > 0 (cf. § 6.1.5).
The resulting system can again be regarded as a system of the form (6.46),
only H0 depends on ε, the domain of definition of the system depends on δ,
and H1 is exponentially small in 1/δ. Repeating the estimates in the proof of
Theorem 6.21 for the resulting system we obtain a superexponential estimate
for the rate of diffusion.38

There is a version of Theorem 6.21 for the case of proper degeneracy where
the Hamiltonian has the form

H = H0(I) + εH1(I, ϕ, p, q),

where (I, p) are the momenta and (ϕ, q) are their conjugate coordinates. If
the unperturbed Hamiltonian H0(I) is a steep function, then the variables I
satisfy the estimates of Theorem 6.21, provided that during the time under
consideration the variables (p, q) remain in a given compact set inside the do-
main of definition of the system [40]. For instance, for the planetary n-body
problem (Example 6.16) the unperturbed Hamiltonian has the form

H0 = −
n−1∑

j=1

kj

L2
j

, (6.58)

38 And repeating the estimates in the proof of Theorem 6.16 for the resulting system
shows that near the invariant torus under consideration the Kolmogorov set is
exponentially condensing [432].
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where the kj are positive constants and the Lj are the Delaunay variables.
(See Ch. 2; recall that Lj is the action variable for the unperturbed Keplerian
motion of the jth planet around the Sun, Lj = βj

√
aj , where aj is the ma-

jor semiaxis of the Keplerian ellipse of the jth planet, and βj = const > 0.)
Therefore we can assert that the major semiaxes of the planets change little
over exponentially long time, provided the changes of the eccentricities and
inclinations during this time do not cause collisions (or near-collisions) of the
planets or transitions (near-transitions) to hyperbolic orbits. (If the initial ec-
centricities and inclinations are small and the planets are moving in the same
direction, then the additional condition on the behaviour of the eccentricities
and inclinations is unnecessary: the existence of the integral of angular mo-
mentum implies that, as long as the changes of the major semiaxes are small,
the eccentricities and inclinations remain small; cf. Example 6.16.) Upper es-
timates for the rate of diffusion in the n-body problem are contained in [478].

An important special case of steep functions is provided by quasi-convex
functions. A function is said to be quasi-convex if it has no stationary points
and the restriction of the quadratic part of its Taylor expansion at any point
to the tangent hyperplane to the level surface of the function is a sign-definite
quadratic form. For example, the Hamiltonian (6.58) is a quasi-convex func-
tion. The level surfaces of a quasi-convex function are convex. For the case
where the unperturbed Hamiltonian is a quasi-convex function the estimates
of Nekhoroshev’s theorem are proved with a = b = 1/2n, where n is the
number of degrees of freedom of the system (and if there is a proper degen-
eracy, then n is the number of the action variables on which the unperturbed
Hamiltonian depends) [398, 511]. This result sharpens the earlier successively
improving estimates [103, 395, 472]. The works [189, 597] contain heuristic
arguments and numerical estimates for the rate of diffusion of the action vari-
ables, according to which the estimate a = 1/2n seems to be optimal. The
examples constructed very recently in [396] show that this estimate is at least
very close to being optimal.

One of the methods for obtaining the estimate a = b = 1/2n in [398] is
based on the following approach suggested in [395]. Near each point of the
phase space there passes a periodic solution of the unperturbed system (the
periodic solutions fill the maximally resonant invariant tori, whose union is
everywhere dense). In a neighbourhood of such a periodic solution the full
system has a single rapidly rotating phase; this phase corresponds to the
motion along the periodic solution. The standard procedure of perturbation
theory for single-frequency systems provides a canonical change of variables
eliminating the dependence of the Hamiltonian on this phase ([455]; cf. The-
orem 6.2). Therefore the action variable conjugate to this phase (we denote
this “action” by Γ ) changes only exponentially slowly. Consequently, during
exponentially long time (∼ exp (c−1/ε1/2n), as calculations show) the value
of this variable is constant with an exponential accuracy. We can now apply
the geometric argument of [472] using the quasi-convexity of the unperturbed
Hamiltonian. The phase point in the space of “actions” must be situated near
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the intersection of a convex level surface H0(I) = const of the unperturbed
Hamiltonian and a plane39 Γ = const. This surface and this plane are almost
tangent; consequently, their intersection has small diameter (O(ε1/2n), as can
be calculated). Therefore the change of the “actions” proves to be bounded
by a quantity of the same order.

For arbitrary steep unperturbed Hamiltonians, important estimates of the
constants a and b in Theorem 6.21 were recently obtained in [479].

It is interesting to note that Theorem 6.21 in the quasi-convex case can be
carried over (with almost the same estimates for a and b) to Gevrey smooth
(not necessarily analytic) Hamiltonians [406, 407, 535].

For an excellent recent survey on the exponential estimates for the diffusion
rate of the action variables in nearly integrable Hamiltonian systems, see [259].

6.3.5 Diffusion without Exponentially Small Effects

In a number of problems the evolution of the slow variables along transi-
tion chains takes place in the absence of exponentially small effects. Such
“diffusion” is easier to study and it is widely discussed; see, for example,
[182, 186, 285, 608]. However, in many cases the complete constructions of
transition chains are not carried out.

We point out the following system, in which the motion along a transition
chain takes place without an explicit small parameter.

Example 6.22 ([417]). Consider a natural Lagrangian system on the torus T
2:

L(q, q̇, t) = T (q, q̇) − V (q, t).

Suppose that the kinetic energy T (a Riemannian metric on the torus) satisfies
the following genericity conditions.

1. It is assumed that a shortest closed geodesic in some homotopy class of
closed curves on the torus is unique and non-degenerate.

Morse proved [434] that such a geodesic s �→ γ(s) always has a homoclinic
geodesic s �→ σ(s), that is, there exist a± such that dist(σ(s), γ(s+ a±)) → 0
as s→ ±∞.

2. The homoclinic trajectory σ is assumed to be transversal, that is, the
stable and unstable manifolds of the geodesic γ intersect at non-zero angle
along the curve in the phase space corresponding to σ.

We can suppose without loss of generality that
∮
V (γ(s), t) ds ≡ 0.

3. The Poincaré–Mel’nikov function

P (t) = lim
T→+∞

( T∫

−T

V (σ(s), t) ds −
T+a+∫

−T+a−

V (γ(s), t) ds
)

39 The equation Γ = const defines a plane, since Γ is a linear combination of the
original “actions” with integer coefficients; cf. Theorem 6.15.
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is assumed to be non-constant.
Under conditions 1–3 Mather [417] proved that there exists a trajectory

q(t) of the Lagrangian system such that |q̇(t)| → ∞.
The proof is based on variational methods. A generalization of this result

to the multidimensional case was obtained in [135, 203].
It is useful to bear in mind that the absence of a small parameter in this

system is merely an illusion. Such a parameter emerges as the ratio of the
potential and kinetic energies V/T under the condition that the total energy
T + V is sufficiently large.

Recently de la Llave and Piftankin independently announced a linear in
time lower estimate for the rate of increase of the energy on the “fastest”
solution of the system. Note that this estimate has the same order as the
obvious upper estimate because

∣
∣
∣
∣
d

dt
(T + V )

∣
∣
∣
∣ =
∣
∣
∣
∣
∂

∂t
V

∣
∣
∣
∣ � const.




Another important class of systems in which diffusion is not exponentially
slow is provided by the so-called a priori unstable systems. The Hamiltonian of
such a system has the form H = H0+εH1+O(ε2), where H0 = H0(I, p, q) and
H1 = H1(I, ϕ, p, q, t). Here it is assumed that I ∈ D0 ⊂ R

n, ϕ ∈ T
n modd 2π,

(p, q) ∈ D ⊂ M2; D0 and D are open domains, M2 is a two-dimensional
smooth manifold (normally, a plane or a cylinder); the dependence of the
Hamiltonian on time t is assumed to be 2π-periodic; I, ϕ and p, q are pairs of
canonically conjugate variables. For ε = 0 the variables I are first integrals.
Thus, for ε = 0 the system reduces to a system with one degree of freedom and,
consequently, is integrable. The class of a priori unstable systems is defined
by the following assumption: for any I = I0 ∈ D0 the system with one degree
of freedom and with Hamiltonian H0(I0, p, q) has a saddle (non-degenerate)
equilibrium position (pc(I0), qc(I0)) whose stable and unstable separatrices
are doubled; the functions pc, qc are smooth. In particular, the system in
Example 6.21 belongs to the class of a priori unstable systems if ε = 1 and µ
is regarded as the only small parameter.

The situation becomes much clearer if we restrict ourselves to a priori
unstable systems with two and a half degrees of freedom (the smallest inter-
esting dimension). In this case there is only one slow variable I whose evolution
should be regarded as a diffusion. A geometric description of the mechanism
of the diffusion is presented in [204]. The genericity of the diffusion is proved
in [591, 176]: in [591] a multidimensional version of the separatrix map is used,
while the methods of [176] are variational. Moreover, in [591] “fast” diffusion
trajectories are constructed: the average velocity of the action evolution is of
order ε/ log |ε| (it is clear that the action I cannot move faster). This result was
obtained under the assumptions that H0 is real-analytic, H0 = F (I0, f(p, q))
(that is, the variables are separated in the unperturbed system), and the fre-
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quency
∂H0

∂I
(I, pc(I), qc(I)) is non-zero at the so-called strong resonances (for

example, it vanishes nowhere).

6.3.6 Variants of the Theorem on Invariant Tori

A. Invariant Tori of Symplectic Maps

We consider a map of a 2n-dimensional “annulus” close to an n-dimensional
rotation:

I ′ = I + εf(I, ϕ, ε), I ∈ B ⊂ R
n,

ϕ′ = ϕ+ h(I) + εg(I, ϕ, ε), ϕmodd 2π ∈ T
n.

(6.59)

Suppose that this map is exact symplectic, that is, it preserves integrals of
the 1-form Idϕ over closed contours. The unperturbed (ε = 0) map is said to
be non-degenerate if det(∂h/∂I) �= 0.

Theorem 6.22 ([87, 214]). Suppose that the unperturbed map is analytic
and non-degenerate. Then for a sufficiently small perturbation of class Cr,
r > 2n + 1, in the annulus B × T

n there are invariant tori close to the tori
I = const, and the measure of the complement of their union is small when
the perturbation is small. The images of a point of a torus under iterations of
the map fill the torus everywhere densely.

If n = 1, then we obtain an area-preserving map of a conventional circu-
lar annulus (Fig. 6.28). The unperturbed (ε = 0) map is a rotation on each
circle I = const. The non-degeneracy condition means that the rotation angle
changes from one circle to another (Fig. 6.28a). A circle whose rotation angle
is 2π-irrational is called non-resonant; the images of any of its points under

Fig. 6.28.
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iterations of the map fill such a circle everywhere densely. A circle whose ro-
tation angle is 2π-rational is called resonant; it consists of periodic points of
the unperturbed map.

The non-resonant circles (satisfying the additional condition that their
rotation angle α is not too well approximable by 2π-rational numbers:

∣
∣
∣
∣α− 2πp

q

∣
∣
∣
∣ > c

√
εq−ν , n+ 1 < ν <

1
2
(r + 1))

do not disappear under the perturbation but are merely slightly deformed.
The resonant circles are destroyed (Fig. 6.28b).

The theorems on invariant tori for Hamiltonian systems and symplectic
maps were first being proved independently (although by virtually identi-
cal methods). These theorems can be derived from one another, since the
Poincaré return map for a Hamiltonian system has the form (6.59) and, con-
versely, every map of the form (6.59) can be obtained as such a Poincaré
return map [214, 362]. The last assertion is valid both in the case of finite
smoothness or C∞ and in the analytic case [214, 362, 514].

B. Invariant Tori in the Theory of Small Oscillations

Other cases where there exist Kolmogorov tori are related to the theory of
small oscillations. In particular, consider a Hamiltonian system with n degrees
of freedom in a neighbourhood of an equilibrium position. Suppose that the
equilibrium is stable in the linear approximation, so that n eigenfrequencies
ω1, . . . , ωn are well defined. Furthermore, assume that these frequencies do
not satisfy resonance relations of order up to and including 4:

k1ω1 + · · · + knωn �= 0 for 0 < |k1| + · · · + |kn| � 4.

Then the Hamiltonian function can be reduced to the Birkhoff normal
form (see § 8.3)

H = H0(τ)+ · · · , H0(τ) =
∑

ωiτi +
1
2

∑
ωijτiτj , τi =

1
2
(
p2

i + q2i
)
.

Here the dots denote terms of order higher than four with respect to the dis-
tance from the equilibrium position. The system is said to be non-degenerate
in a neighbourhood of the equilibrium position if

det
(
∂2H0

∂τ2

)

0

= det(ωij) �= 0.

The system is said to be isoenergetically non-degenerate if

det







∂2H0

∂τ2

∂H0

∂τ

∂H0

∂τ
0







0

= det

(
ωij ωi

ωj 0

)

�= 0.
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If the system is non-degenerate or isoenergetically non-degenerate, then we
say that the Hamiltonian is of general elliptic type.

The system with Hamiltonian H0 is integrable and the motion in it takes
place on the invariant tori τ = const. Consequently, the system with Hamil-
tonian H is nearly integrable in a sufficiently small neighbourhood of the
equilibrium position. This situation is similar to the situation of Kolmogorov’s
theorem.

Theorem 6.23 ([7, 36]). A Hamiltonian of general elliptic type in a neigh-
bourhood of an equilibrium position has invariant tori close to the tori of the
linearized system. These tori form a set whose relative measure in the poly-
disc |τ | < ε tends to 1 as ε→ 0. In an isoenergetically non-degenerate system
such tori occupy a larger part of each energy level passing near the equilibrium
position.

Remark 6.20. The relative measure of the set of invariant tori in the poly-
disc |τ | < ε is at least 1 − O(ε1/4). If the frequencies do not satisfy res-
onance relations of order up to and including l � 4, then this measure is
even at least 1 − O

(
ε(l−3)/4

)
; see [509]. If the frequencies satisfy the strong

incommensurability condition, then (in an analytic system) this measure is
1 −O

(
exp (−c−1/εα)

)
for c, α = const > 0; see [202, 298].

In the case n = 2 the isoenergetic non-degeneracy guarantees the Lyapunov
stability of the equilibrium [7]. For n = 2 the condition of isoenergetic non-
degeneracy amounts to the fact that the quadratic part of the function H0 is
not divisible by the linear part of H0. Even if the quadratic part is divisible
by the linear part, the equilibrium is nevertheless, as a rule, stable. Namely,
suppose that the frequencies ω1 and ω2 do not satisfy resonance relations
of order up to and including l � 4. Then the Hamiltonian function can be
reduced to the normal form

H = H0(τ1, τ2) + · · · , H0 =
∑

1�i+j�[l/2]

Aijτ
i
1τ

j
2 ,

where the dots denote terms of order higher than l with respect to the distance
from the equilibrium position. Consider the function h0(ε) = H0(εω2,−εω1).
If h0(ε) is not identically equal to zero, then the equilibrium is stable [71].

Other cases where analogous assertions on invariant tori and on stabil-
ity hold are related to the theory of small oscillations in a neighbourhood
of an equilibrium position of a system with periodic or conditionally peri-
odic coefficients, in a neighbourhood of a periodic solution of an autonomous
Hamiltonian system, and in a neighbourhood of a fixed point of a symplectic
map. The corresponding statements are given in [10].

C. Quasi-Periodic Invariant Manifolds

Invariant manifolds pertaining to Kolmogorov tori exist in problems of quasi-
periodic Hamiltonian perturbations. (These problems were pointed out by
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Tennison; see also [299] and the references therein.) In this case the Hamil-
tonian has the form

H = H0(p) + εH1(p, Aq, ε), (p, q) ∈ R
2n,

where p, q are conjugate variables, A : R
n → R

m is a linear operator, and
the perturbation H1 has period 2π in ϕ = Aq. It is assumed that m � n
and the rank of A is equal to n (otherwise the order of the system can be
lowered), and the adjoint operator A∗ : R

m → R
n of A does not cast integer

vectors to 0 (otherwise the number of angle variables ϕ can be decreased).
Suppose that the unperturbed Hamiltonian H0 is non-degenerate or isoener-
getically non-degenerate, and the operator A∗ satisfies the following strong
incommensurability condition: |A∗k| > c−1|k|−ν for all k ∈ Z

m \ {0}, where
c, ν = const > 0. Then a larger part of the phase space (in the case of isoen-
ergetic non-degeneracy, even of each energy level) is filled with n-dimensional
invariant manifolds that are quasi-periodic in q and are close to the “planes”
p = const. These manifolds are obtained from the m-dimensional Kolmogorov
tori of the auxiliary system with Hamiltonian

H = H0(A∗I) + εH1(A∗I, ϕ, ε), I ∈ R
m, ϕmodd 2π ∈ T

m,

by the substitution p = A∗I, ϕ = Aq.
The proof of the existence of the tori is based on the procedure for elimi-

nating the fast variables of § 6.2.2.C and goes through as usual, since at each
step of the procedure everything depends on A∗I, rather than on I. The
strong incommensurability condition allows one to estimate the arising small
denominators.

If n = 2 and the Hamiltonian H0 is isoenergetically non-degenerate, then
the invariant manifolds thus constructed divide energy levels and there is no
evolution of the slow variables p.

6.3.7 KAM Theory for Lower-Dimensional Tori

Almost the entire theory of perturbations of conditionally periodic motions of
Hamiltonian systems can be generalized to the case where the unperturbed
system is integrable not in the whole phase space but merely on some sur-
face. This surface is foliated into invariant tori whose dimension is smaller
than the number of degrees of freedom. In perturbation theory of such lower-
dimensional tori a central role is played by the notions of isotropicity and
reducibility, which also make sense for ordinary Kolmogorov tori, but so far
stayed in the background in our exposition.

A. Isotropicity

Let M2n be a smooth even-dimensional manifold on which a closed non-
degenerate 2-form ω2 defines a symplectic structure. A submanifold N ⊂M2n
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is said to be isotropic if the restriction of the form ω2 to N vanishes (and,
in particular, dimN � n). An isotropic submanifold N ⊂ M2n of maximum
possible dimension n is called Lagrangian. For example, the invariant tori
I = const of a completely integrable Hamiltonian system with Hamiltonian
H0(I) are Lagrangian.

Let T be an invariant torus of a Hamiltonian system, on which the motion
is conditionally periodic. It turns out that if the frequencies of the motion
on T are rationally independent and the 2-form ω2 defining the symplectic
structure is exact, that is, ω2 = dω1 (the last condition almost always holds in
the Hamiltonian systems of mechanical origin), then the torus T is isotropic
(Herman’s theorem [280]; see also [17]). In particular, the Kolmogorov tori
are Lagrangian.

B. Reducibility

An invariant torus T of some autonomous (not necessarily Hamiltonian) sys-
tem of ordinary differential equations, on which the motion is conditionally
periodic with frequency vector ω, is said to be reducible if in a neighbourhood
of T there exist coordinates (x, ϕmodd 2π) in which the torus T is given by
the equation x = 0 and the system takes the so-called Floquet form

ẋ = Ax+O(|x|2), ϕ̇ = ω +O(|x|), (6.60)

where the matrix A, called the Floquet matrix, is independent of ϕ. Both the
unperturbed and the perturbed invariant tori in Kolmogorov’s Theorem 6.16
are reducible with zero Floquet matrix.

Now suppose that an autonomous Hamiltonian system with n+m degrees
of freedom has a smooth invariant 2n-dimensional surface Π that is smoothly
foliated into isotropic reducible invariant n-dimensional tori, on which the
motion is conditionally periodic (n � 1). One can show [17] that in a neigh-
bourhood of such a surface (or, at least, in a neighbourhood of any point of
the surface) it is always possible to introduce coordinates (I, ϕmodd 2π, z)
having the following properties.

1◦. I ∈ G (where G is a domain in R
n), ϕ ∈ T

n, and z varies in a
neighbourhood of the origin in R

2m.

2◦. In the coordinates (I, ϕ, z) the symplectic structure has the form

n∑

i=1

dIi ∧ dϕi +
m∑

j=1

dzj ∧ dzj+m.

3◦. In the coordinates (I, ϕ, z) the Hamiltonian of the system has the form

H0(I, ϕ, z) = F (I) +
1
2
(
K(I)z, z

)
+R(I, ϕ, z), (6.61)
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whereK(I) is a symmetric matrix of order 2m depending on I, the parentheses
( , ) as usual denote the scalar product of vectors, and R = O(|z|3).

The Hamiltonian H0 affords the system of equations

İ = O(|z|3), ϕ̇ = ω(I) +O(|z|2), ż = Ω(I)z +O(|z|2),

where ω(I) = ∂F (I)/∂I, Ω(I) = JK(I), and

J =
(

0m−Em

Em 0m

)

is the symplectic unit matrix of order 2m (here 0m and Em are the zero and
identity m×m-matrices, respectively).

The surface Π in whose neighbourhood the coordinates (I, ϕ, z) are de-
fined is given by the equality z = 0, and the invariant n-dimensional tori into
which this surface is foliated are given by the equalities z = 0, I = const. The
motion on the tori z = 0, I = const is conditionally periodic with frequency
vectors ω(I). Furthermore, these tori are isotropic and reducible with Floquet
matrix Ω(I) ⊕ 0n.

We now consider the perturbed system with Hamiltonian

H(I, ϕ, z, ε) = H0(I, ϕ, z) + εH1(I, ϕ, z, ε). (6.62)

The KAM theory for lower-dimensional tori is designed to answer the question
of what happens to the tori z = 0, I = const under such a perturbation.

Theorem 6.24. Suppose that the functions ω(I) and Ω(I) satisfy certain
non-degeneracy and non-resonance conditions given below. Then in the phase
space of the perturbed system there are also isotropic reducible invariant n-
dimensional tori, on which the motion is conditionally periodic with rationally
independent frequencies. These tori are close to the unperturbed tori z = 0,
I = const. The measure of the complement of the union of the images of
the perturbed tori under the projection (I, ϕ, z) �→ (I, ϕ, 0) onto the surface
Π = {z = 0} is small together with the perturbation.

There exist many versions of this theorem differing in the set of conditions
of non-degeneracy and non-resonance that are imposed on the functions ω(I)
and Ω(I). The proof of the theorem depends on these conditions. However,
on the whole, the proof follows the scheme of the proof of the conventional
Kolmogorov Theorem 6.16 (relating to the case m = 0), but is characterized
by considerably more complicated technical details.

Theorem 6.24 holds if both the unperturbed and the perturbed Hamilto-
nians are sufficiently smooth.

As in Kolmogorov’s theorem, the perturbed n-dimensional tori are or-
ganized into a smooth family. Moreover, a smooth family is formed by the
changes of coordinates reducing the perturbed Hamiltonian system to the
Floquet form (6.60) in a neighbourhood of each torus; see [17, 146, 147].
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This means the following. For any sufficiently small ε there exist a subset
Gε ⊂ G ⊂ R

n and smooth functions

ηε : R
n × T

n × R
2m ×G→ R

n,

χε : R
n × T

n × R
2m ×G→ R

n,

ζε : R
n × T

n × R
2m ×G→ R

2m,

δε : G→ R
n,

∆ε : G→ sp (m)

(6.63)

(where sp (m) is the space of Hamiltonian matrices of order 2m, that is,
matrices affording linear Hamiltonian systems with m degrees of freedom)
having the following properties.

1◦. The measure of the complement G \ Gε and the functions (6.63) are
small together with ε.

2◦. For any I∗ ∈ Gε, in the coordinates (I ′, ϕ′, z′) defined by the relations

I = I ′ + I∗ + ηε(I ′, ϕ′, z′, I∗),
ϕ = ϕ′ + χε(I ′, ϕ′, z′, I∗),
z = z′ + ζε(I ′, ϕ′, z′, I∗),

the perturbed Hamiltonian system afforded by the Hamiltonian (6.62) takes
the form (6.60):

İ ′ = O
(
|I ′|2 + |z′|2

)
,

ϕ̇′ = ω(I∗) + δε(I∗) +O(|I ′| + |z′|),
ż′ = [Ω(I∗) +∆ε(I∗)]z′ +O

(
|I ′|2 + |z′|2

)
.

(6.64)

The set z′ = 0, I ′ = 0 is an invariant n-dimensional torus of system (6.64).
The motion on this torus is conditionally periodic with frequency vector
ω(I∗) + δε(I∗). Furthermore, this torus is reducible with Floquet matrix
[Ω(I∗) + ∆ε(I∗)] ⊕ 0n. Thus, the perturbed invariant tori are labelled by
points of the subset Gε.

The smoothness of the functions (6.63) and, correspondingly, the topology
in which the smallness of these functions is defined depend on the smooth-
ness of the Hamiltonian (6.62). If this Hamiltonian is of finite smoothness or
of smoothness class C∞, then so are also the functions (6.63) (and, conse-
quently, the perturbed invariant tori and the family formed by them). If the
Hamiltonian (6.62) is analytic, then the functions (6.63) are analytic in the
phase space variables I ′, ϕ′, z′ (so that each perturbed invariant torus is also
analytic), but merely infinitely differentiable in I∗ (so that the torus family
is merely infinitely differentiable). In fact, the functions (6.63) are Gevrey
smooth in I∗ for analytic Hamiltonians (6.62); see [602]. The situation is very
similar to the situation of Kolmogorov’s Theorem 6.16.
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We now consider the conditions of non-degeneracy and non-resonance
which must be satisfied by the functions ω(I) and Ω(I). We give only
one of the possible sets of conditions, which is a lower-dimensional ana-
logue of the Rüssmann non-degeneracy condition for completely integrable
systems (see § 6.3.2). Before stating these conditions, recall that by |a| =
|a1|+|a2|+ · · · we denote the l1-norm of a vector a. By ‖a‖ =

(
a2
1+a

2
2+· · ·

)1/2

we denote the l2-norm (the Euclidean norm) of a vector a. The conditions of
non-degeneracy and non-resonance of the functions ω(I) and Ω(I) consist in
the following three requirements [146, 17].

Condition (i). The spectrum of the matrix Ω(I) is simple for all I ∈ G
(and, in particular, detΩ(I) �= 0 for all I). We denote the eigenvalues of the
matrix Ω(I) by

±iθj(I), 1 � j � c,

±αj(I) ± iβj(I), 1 � j � s,

±γj(I), 1 � j � m− c− 2s.

Let
λ = λ(I) = (θ1, . . . , θc, β1, . . . , βs)

be the vector of the normal frequencies of the unperturbed torus.
Condition (ii). There exists a positive integer N such that for all I ∈ G

the partial derivatives Dqω(I) ∈ R
n for q ∈ Z

n
+, 0 � |q| � N , span (in the

sense of linear algebra) the entire space R
n.

Condition (iii). For any value of I ∈ G, any vector l ∈ Z
c+s such that

1 � |l| � 2, and any vector k ∈ Z
n such that

1 � ‖k‖ �

N
max
r=0

r! max
‖u‖=1

∣
∣
∣
∣
∣
∣

∑

|q|=r

(Dqλ(I), l)
uq

q!

∣
∣
∣
∣
∣
∣

min
‖e‖=1

N
max
r=0

r! max
‖u‖=1

∣
∣
∣
∣
∣
∣

∑

|q|=r

(Dqω(I), e)
uq

q!

∣
∣
∣
∣
∣
∣

(6.65)

we have the inequality
(ω(I), k) �= (λ(I), l). (6.66)

Here q! = q1! · · · qn!, uq = uq1
1 · · · uqn

n , and the minimum, maxima, and sums
are taken over r ∈ Z+, q ∈ Z

n
+, u ∈ R

n, e ∈ R
n. Condition (ii) is equivalent

to the fact that the denominator in (6.65) is non-zero.
� In the lower-dimensional case the small denominators arising in the proce-
dure for eliminating the fast phases have the form (ω, k)+(λ, l), where ω is the
frequency vector of the motion on the torus, λ is the vector of normal frequen-
cies of the torus (defined by the positive imaginary parts of the eigenvalues
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of the Floquet matrix), k and l are integer vectors, k �= 0, and |l| � 2. Condi-
tions (ii) and (iii) guarantee that for any CN -map (ω̃, λ̃) : G→ R

n×R
c+s that

is sufficiently close to (ω, λ) the measure of the complement of the Cantor set
{
I ∈ G :

∣
∣(ω̃, k) + (λ̃, l)

∣
∣ > κ|k|−ν ∀ k ∈ Z

n \ {0} ∀ l ∈ Z
c+s, |l| � 2

}

tends to zero as κ → 0 for any fixed ν > nN − 1; see [17]. This measure is
actually equal to O(κ1/N ). One can show that the interval (6.65) of values of
‖k‖ for which inequality (6.66) must hold cannot be shortened [17].

Under the above non-degeneracy and non-resonance conditions the mea-
sure of the set G\Gε and therefore the measure of the complement of the union
of the images of the perturbed tori under the projection (I, ϕ, z) �→ (I, ϕ, 0)
onto the surface Π = {z = 0} are O(ε1/(2N)). �

Other sets of non-degeneracy and non-resonance conditions suitable for
Theorem 6.24 can be found, for example, in [141, 185, 187, 225, 242, 253, 381,
390, 510, 528, 609, 610, 611, 612, 617, 618].

Both the unperturbed and perturbed invariant n-dimensional tori in The-
orem 6.24 are said to be hyperbolic if the matrices Ω(I) have no purely imag-
inary eigenvalues (c = 0), and elliptic if, on the contrary, all the eigenvalues
of the matrices Ω(I) are purely imaginary (c = m, s = 0).

A fundamental difference between the lower-dimensional situation and the
situation of Kolmogorov’s Theorem 6.16 is that in the lower-dimensional case,
even if the frequency map I �→ ω(I) is a diffeomorphism, for none of the
vectors ξ in the set ω(G) ⊂ R

n of values of the unperturbed frequencies
can one guarantee that for any sufficiently small perturbation there exists a
perturbed torus with frequency vector ξ. The reason for this is the existence
of cross resonances between the “internal” frequencies ωi and the normal
frequencies λj . The only exception is the case where all the eigenvalues of the
matrices Ω(I) are real (c = s = 0). In this case the frequency vectors of the
motion on the perturbed tori fill the entire Cantor set

Ξκ =
{
ξ ∈ ω(G) : |(ξ, k)| > κ|k|−ν ∀ k ∈ Z

n \ {0}
}

(6.67)

(if det (∂ω/∂I) �= 0), where ν is a fixed number greater than n− 1, and κ is a
quantity of order

√
ε. Furthermore, the perturbed tori depend smoothly on ε.

The set Gε above is Gε = {I ∈ G : ω(I) ∈ Ξκ}, while δε ≡ 0.
The study of lower-dimensional tori was started by Mel’nikov [421, 422]

and Moser [35]. The hyperbolic case was considered in detail in [110, 265, 622].
A systematic study of the considerably more difficult elliptic (more generally,
non-hyperbolic) case was started in [225, 510]. Among later papers we mention
[17, 111, 141, 146, 147, 185, 187, 298, 299, 380, 381, 390, 528, 547, 609, 610,
611, 612, 617, 618].

As Kolmogorov’s theorem, Theorem 6.24 has an analogue relating to the-
ory of small oscillations. Namely, suppose that among the eigenvalues of the
linearization of an autonomous Hamiltonian system with n+m degrees of free-
dom about an equilibrium position there are n � 1 pairs of purely imaginary
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eigenvalues ±iω1, . . . ,±iωn (some of the remaining 2m eigenvalues may also
be purely imaginary). Then under certain non-degeneracy and non-resonance
conditions, in any neighbourhood of the equilibrium position the system has
isotropic reducible invariant n-dimensional tori, which carry conditionally pe-
riodic motion with rationally independent frequencies close to ω1, . . . , ωn;
see [510].

Theorem 6.24 above and its local analogue, which was just briefly stated,
can be regarded as limiting special cases of a certain more general assertion.
Namely, let us return to the system with Hamiltonian (6.61). Suppose that
the tori z = 0, I = const are not hyperbolic, so that the matrices Ω(I)
describing in the linear approximation the motion in a neighbourhood of
the surface Π = {z = 0} have c � 1 pairs of purely imaginary eigenval-
ues ±iθ1(I), . . . ,±iθc(I). From these c pairs we choose arbitrary µ pairs
(1 � µ � c); for definiteness, ±iθ1(I), . . . ,±iθµ(I).

Theorem 6.25 (on “excitation of elliptic normal modes” [17, 298, 543, 544]).
Suppose that the functions ω(I) and Ω(I) satisfy certain non-degeneracy
and non-resonance conditions indicated below. Then in any neighbourhood
of the surface Π = {z = 0} the system with Hamiltonian (6.61) has
isotropic reducible invariant (n + µ)-dimensional tori, on which the mo-
tion is conditionally periodic with rationally independent frequencies close
to ω1(I), . . . , ωn(I), θ1(I), . . . , θµ(I). The same is also true for the perturbed
system with Hamiltonian (6.62) if ε does not exceed a quantity o(ρ2), where ρ
is the radius of the neighbourhood of the surface Π under consideration. The
measure of the complement of the union of the images of these (n+µ)-dimen-
sional tori under a suitable projection onto a suitable 2(n + µ)-dimensional
surface tends to zero as ρ+ ρ−2ε→ 0.

One of the possible sets of non-degeneracy and non-resonance conditions in
Theorem 6.25 (see [17, 544]) consists in the validity of the non-resonance con-
dition (i) in Theorem 6.24, as well as the non-degeneracy and non-resonance
conditions (ii) and (iii) with the maps ω and λ replaced by the maps

I �→ ω̂(I) = (ω1, . . . , ωn, θ1, . . . , θµ)
∣
∣
I

and

I �→ λ̂(I) = (θµ+1, . . . , θc, β1, . . . , βs)
∣
∣
I
,

respectively (here q ∈ Z
n+µ
+ , Dqω̂(I) ∈ R

n+µ, l ∈ Z
c+s−µ, k ∈ Z

n+µ,
u ∈ R

n+µ, e ∈ R
n+µ). Another set is indicated in [298]. A detailed comparison

of these two different sets of non-degeneracy and non-resonance conditions
was carried out in [543]. Excitation of elliptic normal modes was recently
considered also by Herman.

We excluded the cases n = 0 and µ = 0 from the statement of Theo-
rem 6.25. For µ = 0 Theorem 6.25 turns into Theorem 6.24, and for n = 0,
into the local analogue of Theorem 6.24 (in which, however, the appropriate
non-degeneracy and non-resonance conditions are formulated in terms of the
coefficients of the Birkhoff normal form).
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In conclusion we remark that in the hyperbolic situation the requirement
of reducibility of the unperturbed tori can be dropped. Of course, then the
perturbed tori, generally speaking, will not be reducible, too. Suppose that
the unperturbed Hamiltonian has the form

H0(I, ϕ, z) = F (I) +
1
2
(K(I, ϕ)z, z) +R(I, ϕ, z),

where the matrices K(I, ϕ) are symmetric for all I and ϕ and, as before,
R = O(|z|3). This Hamiltonian affords the system of equations

İ = O(|z|2), ϕ̇ = ω(I) +O(|z|2), ż = Ω(I, ϕ)z +O(|z|2),

where ω(I) = ∂F (I)/∂I and Ω(I, ϕ) = JK(I, ϕ). We consider the perturbed
system with Hamiltonian (6.62).

Theorem 6.26 ([622], see also [265]). Suppose that det (∂ω/∂I) �= 0 and the
matrices Ω(I, ϕ) have no purely imaginary eigenvalues. Then in the phase
space of the perturbed system there exist isotropic invariant n-dimensional
tori, on which the motion is conditionally periodic with rationally independent
frequencies. These tori are close to the unperturbed tori z = 0, I = const. The
frequency vectors of the motion on the perturbed tori fill the Cantor set (6.67),
where ν is a fixed number greater than n − 1, and κ is a quantity of or-
der

√
ε. The perturbed tori depend smoothly on ε. The measure of the com-

plement of the union of the images of the perturbed tori under the projection
(I, ϕ, z) �→ (I, ϕ, 0) onto the surface Π = {z = 0} is O(

√
ε). Moreover, each

perturbed torus has attracting and repelling “whiskers” – smooth Lagrangian
invariant (n+m)-dimensional manifolds on which the trajectories tend expo-
nentially to the given torus as t→ +∞ or as t→ −∞, respectively.

Other works where non-reducible hyperbolic lower-dimensional tori are
explored are [194, 195, 287, 380]. In the papers [265, 287] the unperturbed
tori are assumed to be reducible, and only the perturbed tori can be non-
reducible. In the papers [194, 195, 380, 622], the unperturbed tori are allowed
to be non-reducible as well. “Whiskers” of the non-reducible perturbed tori
are constructed only in [265, 622].

In [141], in the elliptic situation, invariant tori of the perturbed system
were constructed that are, generally speaking, not reducible.

Lower-dimensional invariant tori appear, in particular, in perturbed sys-
tems of the form (6.46) near a resonance. Suppose that the unperturbed fre-
quencies satisfy r independent resonance relations fixed beforehand, and let
I∗ be the corresponding resonant value of I. Assume that the variables have
already been transformed as in the proof of Theorem 6.15: ϕ = (γ, χ), γ ∈ T

r,
χ ∈ T

n−r, so that γ̇ = 0 under the resonance relations in the unperturbed
system; in the perturbed motion near the resonance the phases χ are fast and
the phases γ are semifast. The Hamiltonian averaged over the fast phases has
the form

H = H0(I) + εH1(I, γ), H1 = 〈H1〉χε=0. (6.68)
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We can further simplify this Hamiltonian by expanding it in the deviations
I− I∗ and keeping the principal terms. Let I(1) denote the first r components
of I − I∗, and I(2) the remaining n− r components. Keeping the terms linear
in ε, I(2) and quadratic in I(1) we obtain a Hamiltonian of the form

H =
(
ω∗, I

(2)
)

+ E, E =
1
2
(
A∗I

(1), I(1)
)

+ εV (γ). (6.69)

For I(1), γ we have obtained the system with Hamiltonian E having r
degrees of freedom. Suppose that I(1) = 0, γ = γ∗ is an equilibrium position
of this system. In the phase space {(I, γ, χ)} of the Hamiltonian (6.69), to
this equilibrium there corresponds an invariant torus T∗. Suppose that the
following conditions hold: the frequencies ω∗ are strongly incommensurable,
the matrix

(
∂2H0/∂I

2
)
I∗

is non-singular, and the equilibrium (0, γ∗) of the
system with Hamiltonian E is hyperbolic (note that the eigenvalues attached
to this equilibrium are quantities of order

√
ε). Then the system with the full

Hamiltonian (6.46) has an invariant (n − r)-dimensional torus close to the
torus T∗ and carrying the conditionally periodic motions with frequency vec-
tor ω∗; this torus is hyperbolic and its “whiskers” are close to the “whiskers” of
the torus T∗; see [584].40 These “whiskers” play an important role in the mech-
anism of diffusion of the slow variables in nearly integrable systems discovered
in [8] (see also § 6.3.4). Another method for constructing such “whiskered” tori
was proposed in [393]. The question whether in the typical situation to non-
hyperbolic equilibria of the Hamiltonian (6.69) there correspond invariant tori
of the full Hamiltonian (for most of the values of the perturbation parameter)
was solved in the affirmative in [175, 193, 378, 379] (the case r = 1 was con-
sidered earlier in [173]). The break-up of resonant tori into finite collection of
lower-dimensional tori was considered also in [242, 243, 253].

All the results on lower-dimensional tori discussed above can be carried
over to Hamiltonian systems periodically depending on time and to symplectic
diffeomorphisms. Some results can be carried over to Hamiltonian systems
depending on time conditionally periodically.

If in a Hamiltonian system the 2-form ω2 defining the symplectic structure
is not exact, then this system can have invariant tori on which the motion
is conditionally periodic and non-resonant and whose dimension is greater
40 This assertion is close to being a consequence of Theorem 6.26, but that it is

not. Von Zeipel’s method (§ 6.2.2.B) allows one to consider the terms discarded
in averaging as a perturbation, and the function (6.68) as the unperturbed
Hamiltonian. In contrast to the situation of Theorem 6.26, this unperturbed
Hamiltonian itself contains a small parameter ε, and the characteristic exponents
of the invariant torus of this Hamiltonian tend to 0 like

√
ε as ε → 0. For

r = n − 1 the assertion that to non-degenerate (not necessarily hyperbolic)
equilibria of the Hamiltonian (6.69) there correspond periodic solutions of the
original Hamiltonian (6.46) is a classical result of Poincaré [41], which is not
a part of KAM theory. The case r = 1 was considered in detail in the papers
[172, 226, 522], which followed [584].
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than the number of degrees of freedom. Parasyuk and, independently, Herman
developed perturbation theory for such tori (see the corresponding references
in [17]). Both the unperturbed and perturbed tori in the Parasyuk–Herman
theory are coisotropic, that is, the tangent space to the torus at any point
contains its skew-orthogonal complement (in the sense of the form ω2).

The most interesting consequence of the Parasyuk–Herman theory is coun-
terexamples to the so-called quasi-ergodic hypothesis: a generic Hamiltonian
system is quasi-ergodic on typical connected components of the energy lev-
els. Recall that a measure-preserving dynamical system (not necessarily a
Hamiltonian one) is said to be ergodic if each invariant set of this system has
either measure zero or full measure, and quasi-ergodic if this system has an
everywhere dense trajectory.

It follows from Kolmogorov’s Theorem 6.16 that the so-called ergodic hy-
pothesis – that a generic Hamiltonian system is ergodic on typical connected
components of the energy levels41 – is false for any number of degrees of free-
dom n � 2. Indeed, each energy-level manifold M of any sufficiently small per-
turbation of an isoenergetically non-degenerate completely integrable Hamil-
tonian system contains an invariant set K (a union of the Kolmogorov tori)
such that measK > 0 and meas (M \ K) > 0. If the perturbation itself is
integrable, then for K one can take the union of some of the invariant tori on
the level M .

For systems with two degrees of freedom Kolmogorov’s theorem refutes
also the quasi-ergodic hypothesis: the two-dimensional invariant tori divide a
three-dimensional energy level and obstruct an evolution of the action vari-
ables, see § 6.3.3.A. It follows from the Parasyuk–Herman theory that the
quasi-ergodic hypothesis does not hold also for any number of degrees of free-
dom n � 3 (this observation is due to Herman [615]). The mechanism of
“suppression” of evolution is the same: the (2n−2)-dimensional invariant tori
divide a (2n−1)-dimensional energy level and “lock” the trajectories between
them.

Note that in all the counterexamples considered above the systems are not
ergodic (or quasi-ergodic) on any energy level.

The question whether the quasi-ergodic hypothesis is valid for Hamiltonian
systems with n � 3 degrees of freedom under the condition that the symplectic
structure is exact still remains open. The studies of diffusion in such systems
(see § 6.3.4) suggest that the answer to this question is most likely affirmative.

Recently, Huang, Cong, and Li developed the Hamiltonian KAM theory
for invariant tori that are neither isotropic nor coisotropic [288, 289]. Their
results are discussed in detail in [546]. Of course, the symplectic structure in
[288, 289] is not exact.

41 This is one of the variants of the ergodic hypothesis. For a long time the er-
godic hypothesis was considered to be quite plausible, especially in the physical
literature.
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6.3.8 Variational Principle for Invariant Tori. Cantori

An invariant torus of a Hamiltonian system carrying conditionally periodic
motions with a given set of frequencies is an extremal of a certain variational
principle. We now state this principle found by Percival [498, 499].

To formulate the principle, it is convenient to pass from the Hamiltonian
description of motion to the Lagrangian one. LetH(p, q) be the Hamiltonian of
a system with n degrees of freedom. Suppose that the relation r = ∂H(p, q)/∂p
allows one to express p as p = p(r, q). Then the change of the quantities
q, r = q̇ with time is described by Lagrange’s equations with the Lagrangian

L(q, r) = p · r −H(p, q).

Let ω ∈ R
n be the frequency vector of the conditionally periodic motions that

are sought for. For any smooth function f : T
n{ϑ} → R we set

Dωf =
d

dt
f(ωt+ ϑ)

∣
∣
∣
∣
t=0

=
∂f

∂ϑ
ω.

Let Σ be a smooth n-dimensional torus in the phase space q, r given by the
parametric relations q = qΣ(ϑ), r = DωqΣ(ϑ), ϑmodd 2π ∈ T

n. We define
a variation of the torus Σ to be a torus close to Σ and given by relations of
the form

q = qΣ(ϑ) + δq(ϑ), r = DωqΣ(ϑ) +Dωδq(ϑ).

We introduce the functional

Φω(Σ) =
〈
L
(
qΣ(ϑ), DωqΣ(ϑ)

)〉ϑ
,

where the angular brackets denote the averaging over ϑ.

Theorem 6.27 (Variational Principle [498]). A smooth torus Σ is an invari-
ant torus of the system under consideration carrying conditionally periodic
motions with frequency vector ω if and only if this torus is a stationary point
of the functional Φω.

� We write down the first variation of the functional

δΦω =
〈
∂L

∂q
δq +

∂L

∂r
Dωδq

〉ϑ

=
〈(

∂L

∂q
−Dω

∂L

∂r

)

δq

〉ϑ

.

In this calculation we used integration by parts and the 2π-periodicity of the
functions qΣ , δq in ϑ.

If the torus Σ is invariant and filled by the conditionally periodic motions
qΣ(ωt + ϑ), DωqΣ(ωt + ϑ), then by Lagrange’s equations we have δΦω = 0,
that is, this torus is a stationary point of the functional.

Conversely, if δΦω = 0, then Dω∂L/∂r − ∂L/∂q = 0. Then qΣ(ωt + ϑ),
DωqΣ(ωt+ ϑ) is a conditionally periodic solution of the system. �
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The variational principle stated above enables one to seek the invariant
tori as the stationary points of the functional Φω.

According to the famous dictum of Hilbert, “Every problem of the calcu-
lus of variations has a solution, provided that the word “solution” is suitably
understood” [619]. The Kolmogorov tori are extremals of the variational prin-
ciple stated above for nearly integrable systems and for frequency vectors ω
with strongly incommensurable components. What “solution” has the varia-
tional problem posed above for systems far from integrable, or for abnormally
commensurable frequencies? At present there is a detailed answer only in the
case of two degrees of freedom (Mather [412, 413], Aubry [92]). The solution
proved to be a cantorus,42 or an Aubry–Mather set – an invariant set ob-
tained by embedding into the phase space a Cantor subset of the standard
two-dimensional torus.43 The more precise formulations are given below.

For clarity we consider a Hamiltonian system with one and a half (rather
than two) degrees of freedom whose Hamiltonian H(p, q, t) has period 2π in
time t and in the coordinate q. Suppose that the system has two invariant tori
given by the relations p = p0 and p = p1 > p0. We introduce the Poincaré
return map for this system over time 2π:

f : R × S1 → R × S1, f(p, q) = (fp, fq mod 2π).

The map f preserve areas and orientation and leaves invariant the circles
p = p0, p = p1 and the annulus Π between them. This map is obtained
from the map f̃ of the universal covering of the annulus Π – the strip
Π̃ = {p, q : p1 � p � p2, −∞ < q <∞}:

f̃ : Π̃ → Π̃, f̃(p, q) = (fp, fq),

by identifying the values of q that differ by multiples of 2π.
Suppose that ∂fq/∂p > 0 in the annulus Π; in this case the map is called

a twist map. Let ν0, ν1 denote the average displacements of the points of the
boundary straight lines of the strip Π̃ under the iterations of the map f̃ :

νj = lim
N→∞

1
N

(
fq(pj , q) + f2

q (pj , q) + · · · + fN
q (pj , q)

)
, j = 0, 1.

Here fr
q is the rth iteration of the function fq with the fixed first argument

equal to p0 or p1. The limits do exist, are independent of the value of q on
the right-hand side, and differ by multiples of 2π from the Poincaré rotation
numbers for the corresponding boundary circles of the annulus Π. Since the
map is a twist map, we have ν0 < ν1.

Theorem 6.28 ([413]). For any ν ∈ (ν0, ν1) there exists a map h (not nec-
essarily continuous) of the standard circle S1 into the annulus Π,

h = (hp, hq mod 2π) : S1{ϑ} → Π{p, q},
42 The term “cantorus” was suggested by Percival.
43 The construction of these sets was also outlined by Antonov [69].
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such that the rotation of the circle through the angle 2πν induces the given
transformation f of the image of the circle: f(h(ϑ)) = h(ϑ + 2πν), and the
following properties hold:

a) the function hq is non-decreasing,
b) if ϑ is a continuity point of hq, then ϑ+2πν and ϑ−2πν are also continuity

points,
c) the function hp is calculated by the formula hp(ϑ) = g(hq(ϑ), hq(ϑ+2πν)),

where g is a smooth function,
d) if the number ν is irrational, then the function hq is not constant on any

interval.

The required function hq is sought as a minimum point of the functional
that is the discrete analogue of the functional Φω introduced above. See details
in [412, 413].

We consider some consequences of this result. If ν = m/n is rational, then
for any ϑ the point h(ϑ) ∈ Π under n iterations of the map f is mapped to
itself, and on the universal covering of the annulus – the strip p0 < p < p1,
−∞ < q < ∞, – the q-coordinate of the point increases by 2πm. The ex-
istence of such periodic points is one of the well-known consequences of the
Poincaré geometric theorem proved by Birkhoff [14]. In this case the original
Hamiltonian system has a periodic solution with period 2πn that performs m
revolutions with respect to the angle q over the period.

If ν is irrational and the map hq is continuous, then the original Poincaré
return map has an invariant curve homeomorphic to a circle and on this curve
the return map is topologically conjugate to the rotation of the circle through
the angle 2πν. The original Hamiltonian system has a two-dimension invariant
torus wound round by conditionally periodic motions with frequency ratio ν.

Now suppose that ν is irrational, while hq is discontinuous. Then the dis-
continuity points are everywhere dense by part b) of Theorem 6.28. Since hq

is non-decreasing by part a), there are also continuity points, which are also
everywhere dense. We denote by Ξ and Σ the closures of the sets of points
hq(ϑ) mod 2π ∈ S1 and h(ϑ) ∈ Π, respectively, such that ϑ is a continuity
point of hq. Then, by parts b)–d) of the theorem, Ξ is a Cantor set on the
circle, and Σ is an invariant “cantor-circle” (“one-dimensional cantorus”), the
motion on which is characterized by the rotation number ν. To this cantor-
circle there corresponds an invariant cantorus of the original Hamiltonian sys-
tem. There are examples of maps f that have no continuous invariant curves
not homotopic to zero [92]. All the invariant sets of such maps corresponding
to irrational rotation numbers are cantor-circles.

The cantor-circles found above are unstable. Moreover, the set of trajecto-
ries asymptotic to them covers the entire circle under the projection (p, q) �→ q;
see [128].

The discovery of cantor-circles, apparently, explains the following result
of numerical investigation of the maps under consideration: during a large
number of iterations the point can move in a domain seemingly bounded by
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an invariant curve, and then over a relatively small number of iterations the
point can cross this curve and start moving in the domain on the other side
of this curve. The reason is that, although a cantor-circle does not divide the
plane, it may be something like a dense fence which cannot be that easily
crossed by the phase point. Therefore the point must move for a long time
along this fence before it slips through some chink. Numerically this process
was in detail studied in [402].

Later Mather obtained a partial generalization of the Aubry–Mather the-
ory to the multidimensional case. This generalization can be most naturally
stated for symplectic maps that are Poincaré maps of positive definite La-
grangian systems. For simplicity we state some results in the language of
Hamiltonian systems assuming that the configuration space is the torus T

n,
and the phase space is T

n × R
n.

Suppose that the Hamiltonian function H(q, p, t) is periodic in time,
strictly convex with respect to the momentum, that is, Hpp(q, p, t) is pos-
itive definite, and that H(q, p, t)/|p| → ∞ as |p| → ∞. This condition is
similar to the twist condition of an area-preserving two-dimensional map. It
is also assumed that the solutions of Hamilton’s equations can be continued
unboundedly, so that the Poincaré map is defined everywhere.

For the function space, instead of the set of maps of the circle into the
plane, it is convenient to take the setM of invariant Borel probability measures
µ on the extended phase space T

n × R
n × T. By the Krylov–Bogolyubov

theorem, M is non-empty and is a compact metric space. To each invariant
measure µ ∈ M there corresponds the frequency vector ω(µ) =

∫
q̇ dµ ∈ R

n.
The action functional A on M is defined by

A(µ) =
∫

(pq̇ −H) dµ.

Mather proved that the functional A does attain the minimum on the set
of measures with a given frequency vector, and the union of supports of the
minimum measures is a compact invariant set uniquely projected onto the
extended configuration space. These sets are a generalization of the Aubry–
Mather sets.

The simplest example is a KAM-torus for a perturbation of a positive
definite integrable system. In this case the minimum measure is the Lebesgue
measure on the torus, and ω(µ) is the frequency vector for the invariant torus.
The action functional A turns into the Percival functional.

Many results of the theory of twist maps were generalized to the multidimen-
sional case [127, 233, 404, 415, 416]. However, there is no simple description
of the structure of the Mather sets in the multidimensional case.

Fathi [233] used the method of weak solutions of the Hamilton–Jacobi
equation to construct invariant sets generalizing the Mather sets.
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6.3.9 Applications of KAM Theory

In many classical problems of mechanics and physics, KAM theory provided
a rigorous justification to the conclusions that had been obtained earlier by
using the heuristic averaging principle and formal perturbation theory. Here
are the best-known (see [10, 36]) examples:

– Suppose that in the problem of the motion of a heavy rigid body with a
fixed point (Example 6.14) the kinetic energy of the body is sufficiently large
compared to the potential energy (at the initial instant). Then the length
of the angular momentum vector and its inclination to the horizon remain
forever near their initial values (under the assumption that the initial values
of the energy and angular momentum are not close to those for which the
body can rotate around the middle inertia axis). For most of the initial con-
ditions the motion of the body will be forever close to a combination of the
Euler–Poinsot motion and a slow azimuthal precession.

– In the planar restricted circular three-body problem (Example 6.13), if the
mass of Jupiter is sufficiently small, then the length of the major semiaxis and
the eccentricity of the Keplerian ellipse of the asteroid will remain forever close
to their initial values (if at the initial instant this ellipse does not intersect
Jupiter’s orbit). For most of the initial conditions the motion is forever close
to the Keplerian motion in an ellipse which slowly rotates around its focus.

– In the n-body problem (Example 6.16), if the masses of the planets are
sufficiently small, then a larger part of the domain of the phase space cor-
responding to the unperturbed motion in one direction in Keplerian ellipses
with small eccentricities and inclinations is filled with conditionally periodic
motions close to the Lagrangian motions.

– Most of the geodesics on a surface close to a triaxial ellipsoid oscillate be-
tween two closed lines that are close to the curvature lines of the surface, and
these geodesics fill the annulus between these two lines everywhere densely.
This annulus is the projection onto the configuration space (that is, the sur-
face under consideration) of an invariant torus in the phase space which is
filled by a trajectory of the problem.

– There exists a magnetic field most of whose force lines in a neighbour-
hood of a given circle wind round nested toroidal surfaces surrounding this
circle; the remaining force lines are forever trapped between these toroidal
surfaces. Under a small perturbation of the field, most of these “magnetic
surfaces” are not destroyed but merely slightly deformed. (Such a configura-
tion of the field is used for confining plasma within a toroidal chamber.) The
first to point out such a magnetic surface was Tamm in his “Fundamentals of
electricity theory”, 1929 (Russian).

The assertion on the stability of an equilibrium position of a system with
two degrees of freedom in the general elliptic case also has numerous applica-
tions.

Example 6.23 (Stability of triangular libration points). The planar restricted
circular three-body problem in the rotating coordinate system of Exam-
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ple 6.13 has two degrees of freedom. The triangular libration points are
equilibrium positions of this system [408]. These equilibrium positions, as
was already known to Lagrange, are stable in the linear approximation if
µ < µ1 = 1

2

(
1 − 1

9

√
69
)
≈ 0.03852, and unstable otherwise (here µ/(1 − µ)

is the ratio of Jupiter’s mass to the mass of the Sun, and we assume that
µ < 1/2). It turns out [206] that to resonances of order � 4 there correspond
the values

µ = µ2 =
1
2

(
1 − 1

45

√
1833

)
≈ 0.02429,

µ = µ3 =
1
2

(
1 − 1

15

√
213
)
≈ 0.01352.

Furthermore, it turns out [206] that the condition of isoenergetic non-degene-
racy is violated for the only value µ = µc ≈ 0.0109 (first it was proved that
the problem is degenerate only at finitely many points [376], and then the
critical value µc was calculated).

According to the result of § 6.3.3, for 0 < µ < µ1 and µ �= µ2, µ3, µc the
triangular libration points are stable. In [408] it was shown that for µ = µ2

and µ = µ3 instability takes place, and for µ = µc stability. In [563] it was
shown that for µ = µ1 we have stability. 


Stability of stationary rotations of a heavy rigid body around a fixed point
has been studied in similar fashion [319].

We now state some results following from the assertions on the stability of
an equilibrium of a system with one degree of freedom periodically depending
on time, of a periodic motion of a system with two degrees of freedom, and of
a fixed point of a symplectic map of the plane:

– If an equilibrium of a pendulum in a field periodically depending on time
is stable in the linear approximation, and among its multipliers there are no
points of the unit circle with arguments πj/3, πj/4 for j = 0, 1, . . . , 7, then
the equilibrium is stable.

– If a closed geodesic on a generic surface in a three-dimensional space is
stable in the linear approximation, then it is stable.

– If the trajectory of a ball bouncing between two generic concave walls
(or, which is the same, of a ray of light reflecting from mirrors; Fig. 6.29) is
stable in the linear approximation, then it is stable.

Fig. 6.29.
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The lower-dimensional invariant tori (§ 6.3.7) are encountered in a number
of problems.

Example 6.24. Keeping a space station in orbit near the collinear libration
point L1 or L2 of the restricted circular three-body problem (§ 2.5.2) proved
to be important for a number of projects of space exploration (including also
some already realized). In these projects the role of massive attracting cen-
tres is played by the Sun and the Earth (more precisely, the system Earth +
Moon), or the Earth and the Moon. From the collinear libration point there
branches off a family of planar periodic orbits called the Lyapunov family (this
family is provided by Theorem 7.16). From one of the orbits of the Lyapunov
family whose period is equal to the period of small oscillations across the plane
of the orbit there branches off a family of spatial periodic orbits called halo
orbits. The collinear libration point, and the orbits of the nearby Lyapunov
family, and the halo orbits near the point where their family branches off are
unstable. However, the control for keeping the space station in these orbits
does not require a large amount of fuel. For this control it is sufficient to return
the station not to the periodic orbit itself but to an attracting “whisker” of it
(attracting invariant manifold). The influence of the other planets of the Solar
System (whose motion can be considered to be conditionally periodic), of the
eccentricities of the orbits of the Earth and the Moon, and of the light pres-
sure turn the periodic orbit into a conditionally periodic one lying on a lower-
dimensional invariant torus. For the control it is sufficient to bring the station
back onto an attracting “whisker” of the torus. These topics are dealt with in
many papers; see, in particular, [143, 221, 222, 231, 232, 262, 296, 384, 408]
and the references therein. 


Applications of KAM theory to the problem of perpetual conservation of
adiabatic invariants are described in § 6.4.

Less traditional applications relate to the calculation of the short-wave
approximation for the eigenvalues and eigenfunctions of the Schrödinger,
Laplace, and Beltrami–Laplace operators [33, 370]. For definiteness we discuss
the case of the Schrödinger operator. The formulae of short-wave approxima-
tion allow one to use the solutions of the equations of motion of a classical
mechanical system for constructing approximate solutions of the Schrödinger
equation describing the behaviour of the corresponding quantum system. In
particular, if the phase space of the classical system contains an invariant torus
satisfying arithmetic quantization conditions, then the formulae of short-wave
approximation enable one to use this torus for constructing the asymptotics of
the eigenvalue of the Schrödinger operator and of the corresponding almost-
eigenfunction.44 In a nearly integrable system there are many invariant tori,
and they form a smooth family (§ 6.3.2). Correspondingly, generally speaking,
there are many tori satisfying the quantization conditions. This allows one to
approximate most of the spectrum of the corresponding Schrödinger operator.
44 An almost-eigenfunction approximately satisfies the equation for an eigenfunc-

tion, but can be far from the latter.
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6.4 Adiabatic Invariants

In this section we describe the effect of a slow change of the parameters on the
motion in an integrable Hamiltonian system. An adiabatic invariant of such
a system is by definition a function of the phase variables and parameters
which changes little for a considerable change of the parameters. The main
rigorously proved results of the theory relate to single-frequency systems.

6.4.1 Adiabatic Invariance of the Action Variable
in Single-Frequency Systems

We consider a Hamiltonian system with one degree of freedom whose para-
meters change slowly; the Hamiltonian is E = E(p, q, λ), where λ = λ(τ),
τ = εt, 0 < ε � 1 (for example, a pendulum with slowly changing length).
The function λ(τ) is assumed to be sufficiently smooth.

Definition 6.1. A function I(p, q, λ) is called an adiabatic invariant if for
any κ > 0 there exists ε0 = ε0(κ) such that for ε < ε0 the change of
I(p(t), q(t), λ(εt)) for 0 � t � 1/ε does not exceed κ.45

Fig. 6.30.

Suppose that for each fixed λ the Hamiltonian function E(p, q, λ) has
closed phase curves (say, encircling an equilibrium position of the pendulum;
Fig. 6.30) on which the frequency of the motion is non-zero. Then there is a
smooth transformation introducing action–angle variables of the system with
fixed λ:

I = I(p, q, λ), ϕ = ϕ(p, q, λ) mod 2π.

Our nearest goal is to prove the adiabatic invariance of the quantity I. The
following proposition is obvious.
45 Such almost-conserved quantities were first discovered by Boltzmann when he

considered adiabatic processes in thermodynamics. The term “adiabatic invari-
ant” was introduced by Ehrenfest. There have been many different definitions
of adiabatic invariance. The above definition, which has now become generally
accepted, was given by Andronov, Leontovich, Mandel’shtam. See a detailed ex-
position of the history of the question in [95].
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Proposition 6.3. The variation of the variables I, ϕ in the system with a
slowly changing parameter is described by the Hamiltonian H = H0(I, λ) +
εH1(I, ϕ, εt):

İ = −ε∂H1

∂ϕ
, ϕ̇ =

∂H0

∂I
+ ε

∂H1

∂I
, (6.70)

where H0 is the Hamiltonian E expressed in term of I and λ, and H1 has
period 2π in ϕ.

The summand H1 appears because the canonical transformation to the
action–angle variables depends on time, and the factor ε in front ofH1 appears
because the parameter varies slowly, λ = λ(εt).

The form of equations (6.70) is standard for applying the averaging prin-
ciple of § 6.1.1.

Proposition 6.4. The action variable I is an integral of the system averaged
over the phase.

� The right-hand side of the equation for I is the derivative of a periodic
function and therefore has mean value zero. �
Theorem 6.29. If the frequency ω(I, λ) of the system with one degree of free-
dom does not vanish, then the action variable I(p, q, λ) is an adiabatic invari-
ant: ∣

∣I(p(t), q(t), λ(εt)) − I(p(0), q(0), λ(0))
∣
∣ < cε

for 0 � t � 1
ε
, c = const > 0.

� By Theorem 6.1 in § 6.1, the averaging principle describes the solutions of
a single-frequency system with an accuracy of order ε over time 1/ε, and I is
an integral of the averaged system. �
Example 6.25. For a harmonic oscillator the ratio I = h/ω of the energy to
the frequency is an adiabatic invariant. 


Suppose that in a Hamiltonian system with n � 2 degrees of freedom the
Hamiltonian E depends slowly on all the coordinates, except for one of them
(which we denote by q): E = E(p, q, y, εx̂), where q, x̂ are coordinates, and
p, y their conjugate momenta.46

We set x = εx̂. The variation of the variables p, q, y, x is described by
the equations

ṗ = −∂E
∂q

, q̇ =
∂E

∂p
, ẏ = −ε∂E

∂x
, ẋ = ε

∂E

∂y
,

E = E(p, q, y, x).

(6.71)

46 The slow dependence of the Hamiltonian on time reduces to this case by intro-
ducing time as a new coordinate and adding its conjugate momentum.
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This is a Hamiltonian system of equations with respect to the symplectic
structure dp ∧ dq + ε−1dy ∧ dx. In system (6.71) the variables p, q are called
fast, and the variables y, x slow; system (6.71) itself is called a system with
slow and fast variables or a slow–fast system.47 An adiabatic invariant of
such a system is a function of the phase variables whose variation is small
on times 1/ε. The system with one degree of freedom in which x = const,
y = const is called unperturbed or fast. Suppose that the phase portrait of
the unperturbed system contains closed trajectories (Fig. 6.30) on which the
frequency of the motion is non-zero, so that we can introduce action–angle
variables

I = I(p, q, y, x), ϕ = ϕ(p, q, y, x) mod 2π.

We denote by H0(I, y, x) the Hamiltonian E expressed in terms of I, y, x.

Theorem 6.30. The action variable I is an adiabatic invariant of the system
with Hamiltonian E(p, q, y, x). The variation of the variables y, x is described
with an accuracy of order ε on the time interval 1/ε by the system with Hamil-
tonian H0(I, y, x) containing I as a parameter (this approximation is called
adiabatic).

� Let S(I, q, y, x) denote the generating function of the canonical transfor-
mation (p, q) �→ (I, ϕ). Consider the canonical transformation (p, q, y, x) �→
(I, ϕ, Y, X) defined by the generating function ε−1Y x + S(I, q, Y, x). The
conjugate pairs of the old canonical variables are (p, q) and (y, ε−1x), and
of the new canonical variables, (I, ϕ) and (Y, ε−1X). Then y = Y + O(ε),
x = X + O(ε), I = I + O(ε), ϕ = ϕ + O(ε). The variation of the new
variables is described by the Hamiltonian

H = H0(I, Y, X) + εH1(I, ϕ, Y, X, ε).

Averaging over the phase ϕ we obtain a system describing the variation of the
slow variables with an accuracy of order ε on times 1/ε. The action I is an
integral of this system. �
Remark 6.21. If the original system has two degrees of freedom, then The-
orem 6.30 produces a system with one degree of freedom and the averaged
equations can be integrated.

Remark 6.22. The same quantity I is an adiabatic invariant of any system
with the Hamiltonian F = E(p, q, y, x) + εE1(p, q, y, x, ε).

47 In the previous editions of this book we did not introduce the notation x = εx̂.
The notation adopted here is convenient because the variables y and x possess
equal rights.
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Fig. 6.31.

Example 6.26. For the motion in a quadratic potential trough stretched
along the x̂-axis (Fig. 6.31) we have

E =
p2 + y2 + ω2(x)q2

2
, I =

p2 + ω2(x)q2

2ω(x)
,

H0 =
y2

2
+ Iω(x), x = εx̂.

The symplectic structure is Ω2 = dp ∧ dq + ε−1dy ∧ dx.
For example, suppose that the function ω(x) is even and, as |x| increases,

first increases and then decreases (Fig. 6.32a). The phase portrait of the system
with Hamiltonian H0 is shown in Fig. 6.32b. One can see that for not too high
initial longitudinal velocity, the point is trapped in the middle part of the
trough (Fig. 6.32c). The corresponding condition on the velocity (the “trapping
condition”) is usually written in the form

E‖
E⊥

<
ωm − ω0

ω0
, (6.72)

where E‖ = y2/2 and E⊥ = (p2 + ω2q2)/2 are the values of the energy of the
longitudinal and transverse motions of the point in the middle of the trough
(for x = 0), while ω0 and ωm are the minimum and maximum values of the
function ω(x), respectively.

The validity of these conclusions over times 1/ε follows from Theorem 6.30.
They can be extended to infinite times by using KAM theory (see § 6.4.6).

Fig. 6.32.
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Example 6.27. Short-wave excitation propagates along rays. A waveguide
is a potential trough for rays. A slowly irregular refractional waveguide is a
medium whose refraction index varies slowly along some curve (the axis of the
waveguide), and fast in the transversal directions to the axis; on the axis of
the waveguide the refraction index has maximum value. For example, suppose
that the axis of a waveguide is a straight line, and the medium is two-dimen-
sional (Fig. 6.33). Then the propagation of rays is described by the system
with Hamiltonian

E = p2 + y2 − n2(q, x), x = εx̂,

where x̂ is a coordinate along the axis of the waveguide, the q-axis is per-
pendicular to it, the momenta y, p define the direction of a ray, and n2 is
the refraction index [359]. Solutions of this system must be considered on the
energy level E = 0.

q

x

Fig. 6.33.

Near the axis the refraction index can be assumed to be quadratic: n2 =
a2(x) − b2(x) q2. Then in the notation of Theorem 6.30 we have

I =
p2 + b2q2

2b
, H0 = y2 − a2(x) + 2Ib(x).

These relations allow one to describe the behaviour of rays. The ray picture
is shown in Fig. 6.33 (for the case where there is no “trapping” of rays such as
in Example 6.26). This method is used to describe the propagation of light in
optical waveguides, propagation of short radiowaves and of sound in stratified
media [359]. 


Example 6.28. In a constant magnetic field a charged particle moves in a
spiral around a force line of the field. This motion is the composition of ro-
tation around the field line (along a circle, which is called the Larmor circle)
and a drift of this circle (Fig. 6.34).

In the case where the relative change of the field is small over distances of
order of the Larmor radius and the pitch of the spiral (a slowly non-uniform
or, in another normalization, a strong magnetic field), the dynamics of the
particle is described by the adiabatic approximation constructed below (in
plasma physics this approximation is also called the guiding-centre theory).
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Fig. 6.34.

The motion of a particle in a slowly non-uniform magnetic field is described
by the Hamiltonian system with Hamiltonian E = 1

2m (p, p) with respect to
the symplectic structure

Ω2 = dp ∧ dq̂ − Γ̂ 2, where
dp ∧ dq̂ = dp1 ∧ dq̂1 + dp2 ∧ dq̂2 + dp3 ∧ dq̂3,

Γ̂ 2 =
e

c

∑

i<j

Γij(εq̂) dq̂i ∧ dq̂j .

Here q̂ = (q̂1, q̂2, q̂3) and p = (p1, p2, p3) are the Cartesian coordinates and
momenta of the particle, respectively; Γ̂ 2 is a closed differential 2-form, Γ12 =
−B3, Γ13 = B2, Γ23 = −B1; B(εq̂ ) = (B1, B2, B3) is the magnetic field
strength, B �= 0; m, e are the mass and the charge of the particle, c is the
speed of light; (· , ·) is the standard scalar product, and 0 < ε � 1. The
condition div B = 0 ensures that the form Γ̂ 2 is closed. Setting q = εq̂ we
obtain the symplectic structure

Ω2 = ε−1dp ∧ dq − ε−2Γ 2, Γ 2 =
e

c

∑

i<j

Γij(q) dqi ∧ dqj .

By Darboux’s theorem for odd-dimensional spaces ([10], Appendix 4) there
exists (locally) a change of variables q = f(q̃) such that the form Γ 2 becomes
Γ 2 = dq̃1 ∧ dq̃2. For this choice of coordinates the lines {q̃1 = const, q̃2 =
const} are the magnetic field lines. We set p̃ = p ∂f/∂q̃. In the variables (p̃, q̃)
the symplectic structure takes the form (we omit tilde over the new variables)

Ω2 = ε−1dp ∧ dq − ε−2dq1 ∧ dq2.

The Hamiltonian E is a positive definite quadratic form in p with coefficients
depending on q: E = 1

2 (A(q) p, p).
Instead of q1, q2 we introduce new variables Q1, Q2 by the formulae

q1 = Q1 + εp2, q2 = Q2 − εp1.
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This transformation is called a guiding-centre transformation. Setting P =
(p1, p2), Q = (Q1, Q2) we obtain

E =
1
2
(
A(Q, q3) p, p

)
+ εE1(P, Q, p3, q3, ε),

Ω2 = ε−1dp3 ∧ dq3 + dp1 ∧ dp2 + ε−2dQ2 ∧ dQ1.

The form Ω2 has the canonical form (§ 1.3.1), in which the conjugate pairs of
coordinates and momenta now are (p2, p1), (ε−1q3, p3), (ε−1Q1, ε

−1Q2).
The variables (p2, p1) change with rate of order 1 (this is the Larmor

motion), the variables (q3, p3) change with rate of order ε (their variation
describes the drift along a force line of the field), the variables (Q1, Q2) change
with rate of order ε2 (this is the drift across the field lines).

Let P = C(Q, q3)p3 be the minimum point of the quadratic form 1
2 (Ap, p)

with respect to P with the other variables fixed. Then the Hamiltonian can
be represented in the form

E = E0(P, Q, p3, q3) + εE1(P, Q, p3, q3),

E0 =
1
2

(
D(Q, q3)

(
P − C(Q, q3) p3

)
, P − C(Q, q3) p3

)
+

1
2
d(Q, q3) p2

3.

According to Theorem 6.30 and Remark 6.22 after it, the system has an
adiabatic invariant I – the “action” of the linear system for the variables P
with Hamiltonian E0 considered for fixed values of the other variables. The
behaviour of the variables p3, q3 in the adiabatic approximation is described
by the system with the Hamiltonian

E0 = ω(Q, q3) I +
1
2
d(Q, q3) p2

3. (6.73)

Here the conjugate canonical variables are p3 and ε−1q3, while ω =
e

mc
|B| is

the frequency of the Larmor motion. In this approximation the quantities Q
are considered to be constant. If the behaviour of the variables p3, q3 in this
approximation is periodic,48 then the “action” corresponding to this motion is
approximately preserved on times ∼1/ε2 (the so-called second, or longitudinal
adiabatic invariant of motion in a magnetic field), and the behaviour of the
variables Q on such times can be studied by using the corresponding adiabatic
approximation. From (6.73) and the formula for the Larmor frequency we ob-

tain that I =
mc

e

E⊥
|B| , where E⊥ is the energy of the Larmor motion. Thus,

the quantity µ = E⊥/|B| (the magnetic moment49) is an adiabatic invariant.

48 One should bear in mind that the variables (p, q) are provided by Darboux’s
theorem; these variables, generally speaking, are defined locally.

49 The magnetic moment is proportional to the flux of the magnetic field through
the Larmor disc.
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The theory of motion in a slowly non-uniform magnetic field was described
in [482] without using the Hamiltonian formalism; the Hamiltonian theory was
developed in [244, 389]. A multidimensional generalization of the guiding-
centre theory is contained in [132].

We now consider the special case where the magnetic field is directed along
the q3 axis: B1 = B2 = 0. Then B3 = B3(q1, q2), and in formula (6.73) we
have d = 1, ω = ω(Q1, Q2). The quantity p3 is an integral of the motion;
in what follows we assume that p3 = 0. To critical points of the function ω
there correspond periodic trajectories of the Hamiltonian E0 of the adiabatic
approximation – Larmor circles which are not drifting. If a critical point is
non-degenerate, then the original problem has a periodic trajectory close to
the corresponding Larmor circle (according to Theorem 6.4 in § 6.1). Sup-
pose that the magnetic field is periodic in q1, q2, so that the motion can be
regarded as taking place on a torus. A smooth function on a torus has at
least four critical points (counting multiplicities), including at least three geo-
metrically distinct. Thus, the consideration of the adiabatic approximation
predicts the existence in the original problem of at least four periodic trajec-
tories (counting multiplicities), including at least three geometrically distinct.
This prediction proves to be true even without the assumption of the smallness
of the parameter ε; see [82] (and [29, 78, 258]).

We now consider another special case where a slowly non-uniform field
is axially symmetric and its field lines lie in the planes passing through the
symmetry axis (Fig. 6.35). In cylindrical coordinates r, ϑ, z the Hamiltonian
and the coefficients of the symplectic structure are independent of the angle ϑ.

q

r

x

z

Fig. 6.35.

Here the problem reduces to two degrees of freedom and its study in the
adiabatic approximation can be carried out to its conclusion. The Hamiltonian
of the adiabatic approximation has the form

E0 =
y2

2m
+ Iω(x),
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where ε−1x is the arc length of a force line of the field, and y is its con-
jugate momentum. The trapping condition (6.72) shows which particles are
trapped in the potential trough around the field line. This principle of con-
fining charged particles is a basis for constructing traps for plasma, which are
called adiabatic [482] (or traps with magnetic mirrors). The magnetic field of
the Earth is a gigantic natural adiabatic trap (Fig. 6.36).

Fig. 6.36.



Example 6.29 (Geodesic and Gaussian curvatures as adiabatic invariants). Adi-
abatic invariants of motion in a magnetic field lead to remarkable geometric
facts about curves of a given large geodesic curvature B(q) on a surface with
a Riemannian metric of Gaussian curvature K(q). In the first approximation
such a curve is a “Larmor” circle of radius 1/B. But in the next approxima-
tion its centre starts drifting along a level line of the adiabatic invariant B.
If, however, B = 1/ε is a constant, then the Gaussian curvature K proves to
be an adiabatic invariant, so that a curve of geodesic curvature 1/ε is a spiral
coiling in a narrow strip around a level line of the Gaussian curvature. 


Adiabatic invariants also exist in systems with impacts.

Example 6.30. When a small elastic ball moves between two slowly moving
walls (Fig. 6.37), an adiabatic invariant is the product of the speed of the
ball and the distance between the walls. This fact can be established by a
straightforward calculation, or it can be extracted from Theorem 6.29 by
passing to the limit.

Fig. 6.37.
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Example 6.31 ([359]). When rays propagate in a planar slowly irregular50

optical waveguide with mirror walls (Fig. 6.38), an adiabatic invariant is the
product of the distance between the walls and the sine of the angle between
the ray and the wall.

Fig. 6.38.



In Examples 6.30, 6.31 the problem reduces to studying iterations of the
near-identity symplectic map (x, y) �→ (X, Y ) defined by the generating func-
tion xY + εS(x, Y, ε):

X = x+ ε
∂S

∂Y
, y = Y + ε

∂S

∂x
.

Clearly, S(X, Y, 0) = S(x, y, 0)+O(ε2), that is, after one iteration of the map
the value of the function S(x, y, 0) is preserved with an accuracy O(ε2). Hence
the function S(x, y, 0) is an adiabatic invariant: over ∼1/ε iterations of the
map the value of this function along a discrete trajectory of the phase point
is preserved with an accuracy O(ε).

6.4.2 Adiabatic Invariants of Multi-Frequency Hamiltonian
Systems

Definition 6.2. A function of the phase coordinates and parameters is called
an almost adiabatic invariant if for any ρ > 0 the measure of the set of initial
conditions for which the change of this function along the solution is greater
than ρ over time 1/ε tends to zero as ε→ 0.

We consider a Hamiltonian system with n � 2 degrees of freedom whose
Hamiltonian depends on a slowly changing parameter λ. Suppose that for
each fixed λ the system is completely integrable, so that we can introduce
action–angle variables I, ϕ. For this system Propositions 6.3 and 6.4 of § 6.4.1
hold (the proof is exactly the same): the variation of I, ϕ is described by a
system of the form (6.70), and the “actions” I are integrals of the averaged
system. How do the variables I behave in the exact system?

Suppose that det
(
∂2H0/∂I

2
)
�= 0. Then by Theorem 6.11 the changes

of the quantities I remain smaller than ρ > 0 over time 1/ε if we neglect a

50 An optical waveguide is called slowly irregular if its width and direction of the
walls vary slowly along the waveguide.
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set of initial conditions of measure c
√
ε/ρ, c = const > 0, in the phase space

(which is assumed here to be compact). Thus, the action variables I are al-
most adiabatic invariants of the non-degenerate multi-frequency Hamiltonian
system.

If the system has two frequencies, then the estimate of the change of the
variables I can be sharpened by the results of § 6.1.6.51

Examples show that even in a two-frequency system there may exist a set
of initial conditions of measure

√
ε for which an almost adiabatic invariant

changes by a quantity of order 1 over time 1/ε due to capture into reso-
nance [94]. Adiabatic invariance in single-frequency systems is conserved for
a far longer time than 1/ε, and if the parameter λ varies periodically, then
even forever (see § 6.4.6). In multi-frequency systems the picture is completely
different. Examples show that for a set of initial conditions of measure of or-
der 1 an almost adiabatic invariant may change by 1 over time 1/ε3/2 due to
temporary captures into resonance [460, 461]. General results of [213] provide
also examples where such destruction of the adiabatic invariance is caused by
multiple passages through a resonance without capture. The motion near a
resonance and, in particular, the motion of phase points captured into reso-
nance is described by using the Hamiltonian version of the procedure of § 6.1.7;
see [461, 463, 464]. (For example, this procedure was used in [295] in the prob-
lem of the so-called surfatron acceleration of charged particles.)

Above we have been assuming that the system is completely integrable
for each fixed λ. An almost adiabatic invariant also exists in the opposite, far
more prevalent case where the motion is ergodic on almost all energy levels
E(p, q, λ) = const for almost each λ. Suppose that the surface E(p, q, λ) = h is
smooth and bounds a finite phase volume.52 We denote this volume by I(h, λ).
The function I(E(p, q, λ), λ) is an almost adiabatic invariant [305]. An anal-
ogous assertion is valid for slow–fast Hamiltonian systems. The Hamiltonian
of such a system has the form E = E(p, q, y, x) with fast variables p, q and
slow variables y, x (cf. (6.71)). Assume that for almost all frozen values of the
slow variables the dynamics of the fast variables is ergodic on almost all the
energy levels E(p, q, y, x) = const. Suppose that the surface E(p, q, y, x) = h
is smooth and bounds a finite volume.53 We denote this volume by I(h, y, x)
The results of [66] imply that the function I(E(p, q, y, x), y, x) is an almost
adiabatic invariant and that the dynamics of the slow variables for most of
the initial conditions is approximately described by the Hamiltonian system
with the Hamiltonian H0(I, y, x) where H0 is the inverse function of I.

51 The problem of the behaviour of the “actions” for a slow variation of parameters of
a multi-frequency integrable system was first considered by Burgers; he calculated
that the “actions” are adiabatic invariants [159]. Dirac pointed out the difficulties
related to resonances and proved that the “actions” are adiabatic invariants in
a two-frequency system under the condition analogous to condition A in § 6.1.6
(without estimates of the change of the “actions”) [211].

52 For an open domain of values of h, λ.
53 For an open domain of values of h, y, x.
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Adiabatic invariants of linear multi-frequency systems have been studied
in detail [377]. This theory relates to linear Hamiltonian systems whose co-
efficients are periodic in time and in addition depend on a slowly changing
parameter λ = λ(εt). It is assumed that for each fixed λ the system is strongly
stable, that is, it is stable and any sufficiently small change in the coefficients
does not destroy the stability. All the multipliers of a strongly stable system lie
on the unit circle and are distinct from ±1 (see, for example, [10]). Therefore
as λ varies the multipliers move within the upper and lower unit semicircles
without passing from one semicircle into another.54

Definition 6.3. Several multipliers of the unperturbed (λ = const) system
situated consecutively on the unit circle form a cluster if, when λ varies by the
law λ = λ(εt), these multipliers collide with one another, but do not collide
with the other multipliers (Fig. 6.39).

Fig. 6.39.

Theorem 6.31 ([377]). The linear Hamiltonian system under consideration
has at least as many independent adiabatic invariants whose values change
by quantities of order ε on times 1/ε, as there are clusters formed by the
multipliers of the unperturbed system on the upper unit semicircle. These adi-
abatic invariants are quadratic forms in the phase variables with coefficients
depending on time (periodically) and on the parameter λ.

Corollary 6.2. If the multipliers are distinct for all λ, then the number of
independent adiabatic invariants is equal to the number of degrees of freedom.

Corollary 6.3. The linear system under consideration has at least one adia-
batic invariant.

If in the system under consideration the multipliers coincide with one
another only at isolated instants of the slow time εt, then the number of inde-
pendent adiabatic invariants is equal to the number of degrees of freedom. Far
from the instants of collision of multipliers, the adiabatic invariants undergo
oscillations of order ε. In a neighbourhood of a collision instant, the adiabatic
invariants corresponding to the colliding multipliers may change by a quantity
� ε (and for a collision of multipliers with non-zero speed, by a quantity of
order

√
ε).

54 Since the system is real, the positions of the multipliers are symmetric with respect
to the real axis.



326 6 Perturbation Theory for Integrable Systems

6.4.3 Adiabatic Phases

We consider a Hamiltonian system with n � 1 degrees of freedom depending
on an l-dimensional parameter55 slowly changing with time, with Hamiltonian
E = E(p, q, λ), where λ = λ(τ) for τ = εt. Suppose that for each fixed value
of the parameter the system is completely integrable, so that in its phase
space there is a domain foliated into invariant tori, and we can introduce
action–angle variables I, ϕmodd 2π; the change of variables

p = p(I, ϕ, λ), q = q(I, ϕ, λ) (6.74)

is considered to be smooth. The variation of the variables I, ϕ in a sys-
tem with a slowly changing parameter is described by equations of the
form (6.70) with Hamiltonian H = H0(I, λ) + εH1(I, ϕ, τ). Suppose that, as
τ varies from 0 to 1, the value of the parameter λ describes a closed curve Γ
(Fig. 6.40). We consider a solution I(t), ϕ(t) of system (6.70) and calculate
ϕ(1/ε) − ϕ(0). We observe that if an adiabatic approximation is valid for I
(that is, I(t) = I(0) + o(1)), then the quantity ϕ(1/ε) − ϕ(0) is invariant in
the principal approximation with respect to the choice of the initial value of
the phase: a shift of the initial value of the phase by a quantity a(I, λ) does
not cause in the principal approximation a change in the value ϕ(1/ε)−ϕ(0)
(since I ≈ const and λ(1) = λ(0)).

Fig. 6.40.

Proposition 6.5 ([275, 261]). We have

ϕ

(
1
ε

)

− ϕ(0) = χdyn + χgeom + χrem,

χdyn =
1
ε

1∫

0

∂H0

(
I
(

τ
ε

)
, λ(τ)

)

∂I
dτ,

χgeom =

1∫

0

∂H1

(
I(0), τ

)

∂I
dτ, H1 = 〈H1〉ϕ.

(6.75)

55 The values of the parameter belong to some l-dimensional manifold (not neces-
sarily R

l).
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In a single-frequency system (n = 1) we have χrem = O(ε). In a multi-
frequency system (n � 2) under the condition det

(
∂2H0/∂I

2
)
�= 0 we have

|χrem| < ρ outside a set of initial data of measure not exceeding c
√
ε/ρ for

c = const > 0.

� From (6.70) we obtain the identity

ϕ

(
1
ε

)

− ϕ(0) = χdyn + ϑ(t), ϑ(t) = ε

t∫

0

∂H1

(
I(ξ), ϕ(ξ), εξ

)

∂I
dξ.

We add to system (6.70) the equation

ϑ̇ = ε
∂H1(I, ϕ, τ)

∂I
.

We apply to the resulting system the averaging principle (§ 6.1.1) and use
the assertions on the accuracy of averaging (Theorem 6.1 for single-frequency
systems, and Theorem 6.11 for multi-frequency systems). We obtain

ϑ

(
1
ε

)

= χgeom + χrem,

where χrem satisfies the estimates indicated above. �
In formula (6.75) the quantity χdyn is called the dynamic adiabatic phase:

this is the increment of the phase related to the change of the unperturbed fre-
quency. The quantity χgeom is called the geometric adiabatic phase, since it is
determined by the geometry of the unperturbed system – by the map (6.74) –
and does not depend either on the form of the function H0(I, λ) or on the law
of variation of the parameter λ describing the curve Γ (the latter follows from
the fact that H1 is proportional to dλ/dτ). The geometric adiabatic phase in
the general form was introduced by Berry [106, 107] and Hannay [275]. There-
fore this phase is also called the Berry phase or the Hannay angle. Earlier this
phase was introduced and calculated by Radon in the problem of rotation of
the direction of oscillations of an isotropic oscillator when it is slowly trans-
ported along a curved surface (see [314]), by Rytov [530] and Vladimirskij [599]
in the problem of rotation of the polarization of light in an optical waveguide,
by Ishlinskij in the theory of gyroscopes [292, 293], by Pancharatnam [493]
also in the problem of rotation of the polarization of light. Berry introduced
his phase for problems of quantum mechanics as the phase of the exponent by
which the wave function of the system is multiplied if the parameters of the
system, changing slowly, return to their initial values and if at the initial in-
stant the wave function was an eigenfunction for the Schrödinger operator.56

56 If the corresponding eigenvalue is simple for all values of the parameter, then for
a slow variation of the parameter the wave function remains an eigenfunction in
the principal approximation (the quantum adiabatic theorem [139]). Then the
wave functions at the start and at the end of variation of the parameter differ by
a factor e−iψ, where ψ is the Berry phase.
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The geometric phase introduced above can be obtained as a quasi-classical
analogue of this quantum-mechanical phase [107].

Proposition 6.6 (Berry’s formula [106]57). We have

χgeom = − ∂

∂I

∮

Γ

〈pdλq〉 modd 2π, (6.76)

where dλ is the differential with respect to the variables λ, the functions p, q
define the change of variables (6.74), and the angular brackets denote the
averaging over ϕ.

� The change of variables (6.74) can be defined by using the following (mul-
tivalued) generating function W (I, q, λ):

p =
∂W

∂q
, ϕ =

∂W

∂I
, H1 =

∂W

∂λ

dλ

dτ
. (6.77)

Since W =
∫
p(I, q, λ) dq, two values of W at the same point can differ by the

quantity
∮

γ

p dq, where γ is a cycle on the torus I = const. This quantity is

a linear combination with integer coefficients of the components of the vector
2πI (see § 5.2.1). Therefore,

∂

∂I

∮

Γ

dλW = 0 modd 2π. (6.78)

From (6.75), (6.77), (6.78) we obtain

χgeom =
∂

∂I

∮

Γ

〈
∂W (I, q, λ)

∂λ

〉∣
∣
∣
∣
q=q(I,ϕ,λ)

dλ

=
∂

∂I

∮

Γ

〈

dλW − ∂W (I, q, λ)
∂q

∂q

∂λ
dλ

〉

= − ∂

∂I

∮

Γ

〈p dλq〉 modd 2π.
�

Corollary 6.4 ([106]). Suppose that λ ∈ R
l, D is a two-dimensional surface

in R
l spanned over the contour Γ , and the functions p, q in (6.74) are defined

for λ ∈ D. Then from (6.76) by the Stokes’ formula we obtain

χgeom = − ∂

∂I

∫

D

〈dλp ∧ dλq〉 modd 2π. (6.79)

57 In concrete problems this formula was obtained by Rytov and Vladimirskij [530,
599], Ishlinskij [292, 293], and Pancharatnam [493]. The papers [292, 530, 599]
are discussed in [403].
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Example 6.32 (Hannay’s hoop [275]). A bead slides without friction along
a horizontal hoop (Fig. 6.41). The hoop is slowly rotated through the angle
360◦ in the direction of the bead’s motion. Let us find the geometric phase.

q2

q1

x1x2

�

Fig. 6.41.

Let s be the arc length along the hoop measured from some given initial
point in the direction of the bead’s motion, L the length of the hoop, A the
area bounded by the hoop, m the mass of the bead, p = mṡ and E = 1

2mṡ
2

the momentum and the energy of the bead, respectively. In the unperturbed
motion ṡ = const; hence for the action–angle variables we have I = mṡL/(2π)
and ϕ = 2πs/L mod 2π.

In this problem the Hamiltonian is not of the form that was assumed
when formula (6.76) was derived. Therefore first we perform the calculations
directly, without using this formula.

We introduce two coordinate systems: a fixed one Oq1q2 and the one rigidly
attached to the hoop Ox1x2; the second system is obtained from the first
by the rotation through the angle λ = λ(εt), where λ(0) = 0, λ(1) = 2π
(Fig. 6.41). The hoop is given by the equations x1 = f(s), x2 = g(s) in the
system Ox1x2, and by the equations

q1 = f(s) cos λ− g(s) sin λ,
q2 = f(s) sin λ+ g(s) cos λ

(6.80)

in the system Oq1q2; here the functions f , g have period L in s. The energy
of the bead in its motion on the hoop is given by the formula

E =
1
2
m
(
q̇21 + q̇22

)
=

1
2
mṡ2 + ελ′ṡm(fg′ − f ′g) +O(ε2),

where prime denotes the derivative of a function with respect to its argument.
From this we find the Hamiltonian in the action–angle variables:

E = H0(I) + εH1(I, ϕ, τ) +O(ε2),

H0 =
1

2m

(
2πI
L

)2

, H1 = −dλ
dτ

2πI
L

(fg′ − f ′g).
(6.81)
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Then

〈H1〉 =
1
2π

2π∫

0

H1dϕ =
1
L

L∫

0

H1ds

= −dλ
dτ

2πI
L2

L∫

0

(fg′ − f ′g) ds = −2
dλ

dτ

2πIA
L2

.

The Hamiltonian has the form (6.70), and formula (6.75) holds with

χgeom =

1∫

0

∂〈H1〉
∂I

dτ = −
2π∫

0

2 · 2π
L2
A dλ = −8π2A

L2
.

Thus, as a result of a slow rotation of the hoop through 360◦, the phase of the
bead falls behind in the principal approximation by the calculated quantity
χgeom from the value that it would have if the hoop were stationary.

One can also obtain this result using formula (6.76) and the following
trick [275]. We realize the holonomic constraint – the point slides along the
hoop – using a steep potential trough whose bottom coincides with the hoop
(cf. § 1.6.2). For fixed λ we obtain a system with fast and slow variables of
§ 6.4.1; the fast variables describe oscillations across the hoop, and the slow
ones the motion along the hoop. In the adiabatic (with respect to the inverse
ratio of the speeds of these motions δ) approximation, the system is integrable
(see Remark 6.21 to Theorem 6.30), and we can introduce in it action–angle
variables K, I. Here K is the “action” of the fast oscillations across the hoop,
the value K = 0 corresponds to the motion on the hoop in the original system
with constraint, and I is the “action” of this motion introduced above. For
the resulting problem we can use formula (6.76) to calculate the geometric
phase for the slow rotation of the trough through 360◦; the value of this phase
for K = 0 must coincide with the geometric phase of the original problem (of
course, this assertion needs to be justified; in fact the question is about the
possibility of commuting the passages to the limits as ε → 0 and δ → 0). We
shall carry out the calculations without justification.

In the problem of motion in a potential trough there are the coordinates
q1, q2 and their conjugate momenta p1, p2. In the motion at the bottom of
the trough (that is, on the hoop) for λ = const the variation of the coordinates
q1, q2 is given by formulae (6.80), and for the momenta we have pi = mq̇i or

p1 = m(f ′ cos λ− g′ sin λ) ṡ, p2 = m(f ′ sin λ+ g′ cos λ) ṡ. (6.82)

The transition formulae from the action–angle variables to the variables pi,
qi at the bottom of the trough (K = 0) are obtained from these formulae by
expressing s, ṡ in terms of the action–angle variables I, ϕ of the unperturbed
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motion on the hoop introduced above. Then

∮

Γ

〈p dλq〉 =
1
L

L∫

0

mṡ(fg′ − f ′g) ds =
2mṡA
L

=
4πIA
L2

,

χgeom = − ∂

∂I

2π∫

0

4πIA
L2

dλ = −8π2A

L2
,

as claimed. 


The formulae of adiabatic approximation define the so-called adiabatic
connection on the fibre bundle whose base space is the space of parameters,
and the fibres are copies of the phase space of the Hamiltonian system un-
der consideration [261, 430]. To define a connection means to define, for each
curve L in the base space, a rule of identifying the fibres corresponding to
the initial and terminal points of this curve. For the adiabatic connection this
rule is as follows:

I ′ = I, ϕ′ = ϕ+
∫

L

∂H1

(
I, λ(τ)

)

∂I
dτ.

Here (I, ϕ) and (I ′, ϕ′) are the action–angle variables in the two copies of the
phase space. If L = Γ now is a closed curve in the base space passing through
a point λ0, then we obtain a map of the copy of the phase space correspond-
ing to λ0 onto itself. The set of such maps forms a group called the holonomy
group of the connection at the point λ0 (if the base space is connected, then
this group is independent of λ0). The elements of the holonomy group of the
adiabatic connection are the maps

I ′ = I, ϕ′ = ϕ+ χgeom(I, Γ )

(the last summand is the geometric phase, which corresponds to going around
the contour Γ for a given value of the “action” I).

In Riemannian geometry (and therefore also in general relativity theory)
a fundamental role is played by the Levi-Civita connection (the definition of
which is rather difficult), which defines parallel transport of vectors along a
manifold with a Riemannian metric. Radon noted in 1918 that the most phys-
ically natural definition of this (quite non-obvious) transport is provided by
the theory of adiabatic invariants.

Namely, let us place at a point of the manifold some oscillatory system, for
example, let us suspend a Foucault pendulum over this point, or consider in
the tangent space at this point a Hooke elastic system with potential energy
proportional to the square of the distance from the original point.

Under appropriate initial conditions the system will perform an eigen-
oscillation in the direction defined by some (any) vector of the tangent space.
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We now slowly and smoothly transport our oscillatory system along some
path on our manifold. It follows from adiabatic theory that the oscillation
will remain (in the adiabatic approximation) an eigen-oscillation. Its direction
(polarization) will rotate somehow during the motion of the point along the
path. It is this rotation (which proves to be an orthogonal transformation
of the initial tangent space into the terminal one) which is the Levi-Civita
parallel transport (or connection).

It is interesting that Radon’s theory was not understood by geometers
(because they were not familiar with adiabatic invariants) and therefore was
unfairly forgotten.

An interesting example of application of an adiabatic invariant is provided
by the theory of connections on the fibre bundle of eigenvectors of Hermitian
operators depending on parameters. (This problem arises naturally in the
construction of the topological theory of the integer quantum Hall effect.)

Consider the linear ordinary differential equation ż = A(λ)z, z ∈ C
n, with

a slowly and smoothly varying parameter λ(εt) and with a skew-Hermitian
operator A. Let an eigenvector ξ(λ0) of the operator at the initial instant t = 0
be chosen as the initial condition. Then over time t ∼ 1/ε the oscillations
remain (in the adiabatic approximation) almost eigen-oscillations, with an
eigenvalue of the instantaneous matrix A(εt). But this does not yet define an
eigenvector even if it is normalized: the phase remains undefined.

The adiabatic approximation makes the phases co-ordinated at all times.
The corresponding “adiabatic connection” is orthogonal to the circle of eigen-
vectors, that is, for an adiabatic change of the matrix (and therefore of the
circle of eigenvectors) we choose the nearest (in the Hermitian metric of the
space C

n) vector on the new circle of normalized eigenvectors [81].
One of the manifestations of the considered adiabatic connection in quan-

tum mechanics is the Aharonov–Bohm effect [60]: the vector potential of a
magnetic field affects the quantum-mechanical phase of a particle moving in
a domain where the field itself is absent.

6.4.4 Procedure for Eliminating Fast Variables.
Conservation Time of Adiabatic Invariants

For single-frequency Hamiltonian systems with fast and slow variables one can
eliminate the fast variables symplectically and therefore obtain quantities that
are conserved with a greater accuracy. In the variables I, ϕ, Y, X introduced
in § 6.4.158, the Hamiltonian of the problem has the form

H = H0(I, Y, X) + εH1(I, ϕ, Y, X, ε). (6.83)

Theorem 6.32. From a smooth, of class C∞, single-frequency Hamiltonian
of the form (6.83) the fast phase ψ can be eliminated by a formal symplectic
change of variables (I, ϕ, Y, X) �→ (J, ψ, η, ξ).

58 We omit the bar over the variables.



6.4 Adiabatic Invariants 333

� The new Hamiltonian H = H (J, η, ξ, ε) and the generating function
Jϕ+ εS(J, ϕ, η, X, ε) of the change of variables are connected by the relation

H

(

J + ε
∂S

∂ϕ
, ϕ, η + ε2

∂S

∂X
, X, ε

)

= H

(

J, η, X + ε2
∂S

∂η
, ε

)

. (6.84)

We seek H and S in the form of formal series in ε:

H = H0 + εH1 + ε2H2 + · · · , S = S1 + εS2 + · · · . (6.85)

Substituting these series into (6.84) and equating the terms of the same order
in ε we obtain the system of equations

∂H0

∂J

∂S1

∂ϕ
+H1(J, ϕ, η, X, 0) = H1(J, η, X),

∂H0

∂J

∂Si

∂ϕ
+Gi(J, ϕ, η, X) = Hi(J, η, X), i � 2.

The function Gi is determined by the terms S1, H1, . . . , Si−1, Hi−1 in the
expansions (6.85). In the notation 〈·〉ϕ and {·}ϕ for the averaging operator
and the integration operator introduced in § 6.1.2, the solution of this system
is given by the formulae

H1 = 〈H1〉ϕ, S1 = −{H1}ϕ + S0
1 ,

Hi = 〈Gi〉ϕ, Si = −{Gi}ϕ + S0
i , i � 2,

where the S0
i are arbitrary functions of J , η, X. One often chooses S0

i ≡ 0.
�

Corollary 6.5. The “function” J is a formal integral of the problem.

Corollary 6.6. If the series for the change of variables is truncated at the
terms of order εm, then such a shortened change of variables leaves the de-
pendence of the Hamiltonian on the phase only in terms of order εm+1. The
function J defined by this change of variables undergoes only oscillations of
order εm+1 over time 1/ε.

The series (6.85) may be divergent even in an analytic system (see an
example in [455]). The following assertion describes the limiting accuracy that
can be achieved in the phase elimination.

Proposition 6.7 ([455], cf. Theorem 6.2). The Hamiltonian (6.83) of a
single-frequency analytic system with fast and slow variables can be trans-
formed by a symplectic change of variables that differs from the identity
by O(ε) into a sum of two terms the first of which is independent of the phase
and the second is exponentially small (O(exp (−c−1

1 /ε)) for c1 = const > 0).
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Corollary 6.7. In a single-frequency analytic system the action variable I
undergoes only oscillations of order ε over time T = exp (1

2 c
−1
1 /ε). Thus, the

adiabatic invariance is conserved on an exponentially long time interval.59

� The change of variables of Proposition 6.7 transforms I into the quantity
J = I+O(ε), which changes exponentially slowly and, consequently, its change
over time T is exponentially small. �
Remark 6.23. For a one-degree of freedom Hamiltonian system depending
on a slowly changing parameter, the elimination of the fast phase can be
carried out by the scheme described above, with natural simplifications. The
Hamiltonian of the problem has the form H = H0(I, τ)+ εH1(I, ϕ, τ), τ = εt
(cf. (6.70)). The generating function of a change of variables is sought for in
the form Jϕ + εS(J, ϕ, τ, ε). The variation of the new variables is described
by the Hamiltonian system with the Hamiltonian H = H + ε∂S/∂τ .

Remark 6.24. Procedures for eliminating the fast phases can also be used for
systems with impacts, of the type described in Examples 6.30, 6.31; see [264].

6.4.5 Accuracy of Conservation of Adiabatic Invariants

Suppose that in a system with one degree of freedom depending on a parame-
ter λ this parameter varies slowly so that it tends sufficiently fast to definite
limits as εt → ±∞. Then there exist limit values of the adiabatic invari-
ant I(+∞) and I(−∞), and we can consider the increment of the adiabatic
invariant over infinitely long time

∆I = I(+∞) − I(−∞).

Although for finite t the quantity I undergoes oscillations of order ε, the
increment ∆I proves to be much smaller than ε.

If the parameter varies smoothly (λ ∈ C∞), then ∆I = O(ε∞), that is, ∆I
decreases faster than any power of ε as ε→ 0; see [375]. Indeed, the procedure
of § 6.4.4 allows one to introduce, for any m, a quantity J which undergoes
only oscillations O(εm) along the motion and coincides with I in the limit as
t→ ±∞.

If the dependence of λ on εt is analytic, then ∆I = O(exp (−c−1/ε)) for
c = const > 0; see [453, 558]. Indeed, according to Proposition 6.7 one can
introduce a quantity J which undergoes only exponentially small oscillation
along the motion and coincides with I in the limit as t→ ±∞.

For the linear oscillator

ẍ = −ω2(εt)x, ω(±∞) = ω±,

59 Here it is assumed that during this time the system does not leave a given domain
of size of order 1.
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with an analytic frequency ω(εt) > const > 0, the asymptotics of ∆I is
known [219, 234]. The calculation of it is based on the analytic continuation of
the solution to a domain of complex values of time t. Suppose that the function
ω2(τ) can be analytically continued to some complex closed neighbourhood
of the real axis, has in this neighbourhood a simple zero at τ = τ∗ with
Im τ∗ > 0, and has no other zeros with Im τ > 0. Suppose that each level

line
{
τ : Im

τ∫

0

ω(ξ) dξ = B
}

for 0 � B < Im
∫ τ∗
0
ω(ξ) dξ has a connected

component contained in this neighbourhood. Then the change of the “action”
along the solution with a real initial condition I(0) = I0, ϕ(0) = ϕ0 is given
by the formula

∆I = Im
[

−2I0(1 +O(ε)) exp
(

2i
(

ϕ0 +
1
ε

τ∗∫

0

ω(ξ) dξ
))]

.

The problem of calculating the change of the adiabatic invariant of the lin-
ear oscillator is equivalent to the quantum-mechanical problem of calculating,
in the quasi-classical approximation, the coefficient of over-barrier reflection,
which was solved by different methods in [502, 503]; see also [368], § 52.

In [558] a method of analytic continuation for solutions of nonlinear per-
turbed systems was found and used to calculate the exponent in the formula
for ∆I, and for a number of cases, also the factor in front of the exponent.
The exponent in the generic case proved to be equal to −M , where M is
the minimum of the imaginary parts of the increments of the phase in the
adiabatic approximation

ϕ̇ = ω0(I−, εt), ω0 =
∂H0

∂I
, I− = I(−∞)

along the paths on the plane of complex time t from the real axis to the singu-
lar points of the Hamiltonian and to the zeros of the unperturbed frequency
in the upper half-plane (Fig. 6.42).

More precisely, on the plane of the complex slow time τ we consider the
level lines (Fig. 6.42)

Fig. 6.42.
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LI,B =
{

τ : Im

τ∫

0

ω0(I, ξ) dξ = B

}

.

In particular, for B = 0 the line LI−, B is the real axis, and for small B, a line
close to the real axis. The family of the LI−, B can be smoothly continued by
increasing B, until at some B = B∗ the level line will have to pass through
a point where ω0(I−, τ) vanishes or has a singularity. Suppose that for any
B0 ∈ (0, B∗) the Hamiltonian of the system is analytic and bounded by a
given constant for all I sufficiently close to I−, |I− I−| < c−1

1 , for all τ in the
domain DI filled with the curves LI,B , |B| < B0, and for | Im ϕ| < c−1

2 . (Here
the constants c1, c2 depend on B0.) Then ∆I = O(e−B/ε) for any B ∈ (0, B∗).
(The same estimate follows from the result of [589], cf. § 6.1.4.)

� The approach of [558] is as follows.
Suppose that the Hamiltonian is reduced to the form (6.70). One step

of the perturbation procedure of § 6.4.4 allows one to perform a change of
variables I, ϕ �→ J, ψ that is O(ε)-close to the identity map and is such that
in the new variables the Hamiltonian takes the form

H = H0(J, τ) + εH1(J, τ) + ε2H2(J, ψ, τ, ε), H1 = 〈H1〉ϕ. (6.86)

The change of variables (I, ϕ) �→ (J, ψ) tends to the identity map as τ �→ ±∞.
Suppose that for t = t0 = τ0/ε we are given initial data J0, ψ0 (so far all these
quantities are real). Then we can find the solution J(t), ψ(t) with these initial
data and introduce the data at infinity:

I± = I(±∞) = lim
t→±∞

J(t),

ϕ± = lim
t→±∞

(

ψ(t) − 1
ε

εt∫

0

ω01(I±, ξ, ε) dξ
)

,
(6.87)

where ω01 = ω0 + ε∂H1/∂J . We also introduce ∆ϕ = ϕ+ − ϕ−. We have
I± = J0 +O(ε2) and ϕ± = ψ0 − 1

ε

∫ τ0

0
ω01(I±, ξ, ε) dξ+O(ε). We can express

I+ and ϕ+ in terms of I− and ϕ− (this connection is independent of the choice
of τ0). We obtain the scattering problem (I−, ϕ−) �→ (I+, ϕ+):

I+ = I+(I−, ϕ−, ε), ϕ+ = ϕ+(I−, ϕ−, ε),

∆I = ∆I(I−, ϕ−, ε), ∆ϕ = ∆ϕ(I−, ϕ−, ε).
(6.88)

Here,
∆I = O(ε2), ∆ϕ = O(ε). (6.89)

The function H2 in (6.86) can be analytically continued with respect to ψ
to a strip of width of order 1 around the real axis: | Im ψ| < c−1

2 /2. Hence, at
first glance, the functions ∆I, ∆ϕ too must be continuable with respect to ϕ−,



6.4 Adiabatic Invariants 337

generally speaking, only to a strip of width of order 1 around the real axis.
However, it turns out that ∆I, ∆ϕ can be analytically continued to the much
wider strip | Im ϕ−| � B/ε for any B ∈ (0, B∗) and satisfy estimates (6.89)
in this strip, as it will be explained below after Example 6.33. From this, for
the Fourier coefficients of the expansion ∆I =

∑
k(∆I)ke

ikϕ− we obtain

(∆I)k =
1
2π

2π∫

0

∆I(ϕ−) e−ikϕ− dϕ−

=
1
2π

2π∫

0

∆I

(

− is
B

ε
+ ϕ

)

e−|k|B/ε−ikϕ dϕ

= O
(
e−|k|B/ε

)
,

(6.90)

where s = sign k, and similarly for (∆ϕ)k.
Furthermore, the transformation I−, ϕ− �→ I+, ϕ+ is symplectic and can

be given by a generating function:

I− = I+ + ε
∂W (ϕ−, I+, ε)

∂ϕ−
, ϕ+ = ϕ− + ε

∂W (ϕ−, I+, ε)
∂I+

.

Thus, I− = I+ + εu(I+, ϕ−, ε) and 〈u(I+, ϕ−, ε)〉ϕ− = 0. Hence,

I+ = I− − εu(I−, ϕ−, ε) +
1
2
ε2
∂u2(I−, ϕ−, ε)

∂I−
+ · · · .

From this relation, averaging over ϕ− we obtain the well-known relation (see,
for example, [621], Ch. 6, § 1)

〈∆I〉ϕ− =
1
2

∂

∂I−

〈
(∆I)2

〉ϕ− + · · · .

From (6.90) we find that the remainder denoted in the last formula by the
dots is O

(
e−3B/ε

)
. Hence,

(∆I)0 =
∂

∂I−
|(∆I)1|2 +O(e−3B/ε) = O

(
e−2B/ε

)
.

Then
∆I = 2 Re

(
(∆I)1eiϕ−

)
+O

(
e−2B/ε

)
= O

(
e−B/ε

)
. �

In the simplest examples the properties of the functions ∆I, ∆ϕ described
above can be verified by a straightforward calculation.

Example 6.33. Consider the system with Hamiltonian H = ωI + εH1(ϕ, τ),
where

H1 =
(∑

k

ake
ikϕ
)
· 1
1 + τ2

, ak = 2−|k|, τ = εt, ω = const > 0.
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Here ϕ+ = ϕ− = ψ(0), ψ(t) = ϕ− + ωt, and

∆I = −ε
∞∫

−∞

∂H1(ϕ− + ωt, εt)
∂ϕ

dt

= −ε
∞∫

−∞

∑

k �=0

akik
eik(ϕ−+ωt)

1 + (εt)2
dt

= −
∑

k �=0

πikake
−|k|ω/εeikϕ−

(the integrals are calculated by using residues).
The original Hamiltonian is analytic in the strip | Im ϕ| < ln 2. The func-

tion ∆I is analytic in the strip | Im ϕ−| < ln 2 + ω/ε. 


� We now show how an analytic continuation of the functions (6.88) is
constructed. Above we were given data at t = τ0/ε, from which we constructed
the solution J(t), ψ(t), and the data I±, ϕ± at ±∞ by relations (6.87). One
can, on the contrary, fix the data I−, ϕ− at −∞, or I+, ϕ+ at +∞ (all these
quantities are so far real) and use them to find the solution J(t), ψ(t) such
that (6.87) holds. For that we must solve the system of integral equations
(respectively, with sign “−” or “+”)

J(t) = I± − ε2
t∫

±∞

∂H2

(
J(ϑ), ψ(ϑ), εϑ, ε

)

∂ψ
dϑ,

ψ(t) = ϕ± +

t∫

0

ω01(I±, εϑ, ε) dϑ

+

t∫

±∞

(
ω01

(
J(ϑ), εϑ, ε

)
− ω01(I±, εϑ, ε)

+ ε2
∂H2(J(ϑ), ψ(ϑ), εϑ, ε)

∂J

)
dϑ.

(6.91)

The existence and uniqueness of a solution of this system can be established
in the standard way, for example, by using the contracting map principle (if
λ(τ) tends to a constant sufficiently fast as τ → ±∞).

Suppose that the solutions
(
J±(t), ψ±(t)

)
of systems (6.91)± are found.

These solutions must coincide. Hence the equalities J+(t0) = J−(t0) and
ψ+(t0) = ψ−(t0) determine a connection between the data at +∞ and at −∞
in the form (6.88). We set R− = (−∞, C) and R+ = (−C,+∞), where C > 0
is any prescribed constant. For εt ∈ R± the last term in (6.91)± is O(ε), so
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that

ψ(t) = ϕ± +

t∫

0

ω01(I±, εϑ, ε) dϑ+O(ε). (6.92)

Now suppose that the quantity ϕ− is complex, | Im ϕ−| � B0/ε < B∗/ε;
the quantity I− is real as before. We take some I+ = I− + O(ε2) and
ϕ+ = ϕ− + O(ε). In the standard way one can establish the existence, the
uniqueness, and the analyticity in t, I±, and ϕ± of a solution J±(t), ψ±(t) of
system (6.91)± when the complex slow time τ = εt belongs to the domain V ±

– the intersection of a sufficiently narrow c−1
3 ε-neighbourhood of the curve

L ± =
{

τ : Im
1
ε

τ∫

0

ω01(I±, ξ, ε) dξ = − Im ϕ±

}

and the half-plane Re τ ∈ R±. The integrals in (6.91)± are taken along a
curve contained in V ±. It is important that, in view of the estimate (6.92),
the solution cannot reach the boundary of the analyticity domain of the sys-
tem: | Im ψ| < 1

4c
−1
2 . The domains V + and V − must intersect, since for

Re τ ∈ R− ∩ R+ the curve L + is contained in a O(ε2)-neighbourhood of
the curve L −. Taking any τ0 ∈ V − ∩ V + and t0 = τ0/ε, from the equalities
J+(t0) = J−(t0) and ψ+(t0) = ψ−(t0) we find the analytic dependence (6.88),
and the estimates (6.89) hold, as required. �

Studying the singularities of an analytic continuation of the function ∆I
enables one to calculate also the factor in front of the exponent in the asymp-
totics of ∆I.

Example 6.34. Consider a mathematical pendulum in a gravitational field
slowly changing with time. The equation of motion has the form

q̈ +Ω2(τ) sin q = 0, τ̇ = ε.

Suppose that the function Ω(τ) is analytic and tends to definite limits
sufficiently fast as τ → ±∞. For a fixed τ , on the phase portrait of the
pendulum on the plane q, q̇ there are the domains of rotations and oscillations
of the pendulum separated by the separatrices. The area of the oscillatory
domain is S(τ) = 16Ω(τ). Suppose that 0 < m � S(τ) � M for real τ . In the
adiabatic approximation we have I = I− = const along the motion.

Suppose that a motion starts in the rotation (oscillatory) domain, and
2πI− > M/2 (respectively, 2πI− < m). Then during the entire motion the
phase point does not reach the separatrix and remains in the rotation domain
or, respectively, in the oscillatory domain.

In the analysis of a motion starting in the rotation (oscillatory) domain
we denote by τ∗ the complex instant of the slow time at which 1

2S(τ∗) =
2πI− (respectively, S(τ∗) = 2πI−), Im τ∗ > 0. This is the complex instant of
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reaching the separatrix in the adiabatic approximation. Suppose that τ∗ is the
singularity of the Hamiltonian in the action–angle variables that is nearest to
the real axis (the distance to the real axis is measured by the imaginary part
of the increment of the phase in the adiabatic approximation over the time of
motion from 0 to τ∗). The approach of [558] gives the following value for the
change of the adiabatic invariant over the time interval (−∞,∞):

∆I = Re
[(

−8Ω′(τ∗)
πΩ(τ∗)

ν + o(1)
)

exp
(
iν
(
ϕ− +

1
ε

τ∗∫

0

ω0(I−, ξ) dξ
))]

.

Here ν = 1 for motion in the rotation domain, ν = 2 for motion in the oscilla-
tory domain, ω0(I, τ) is the frequency of the unperturbed motion, the initial
value of the phase ϕ is chosen on the straight line q = 0, and prime denotes
differentiation with respect to τ . It is assumed that Ω(τ∗) �= 0 and Ω′(τ∗) �= 0.
For the oscillatory domain the main contribution to the asymptotics of ∆I is
given by the harmonic e2iϕ− (rather than eiϕ− as usual) due to the symmetry
of the problem.

The change of the adiabatic invariant in the case where the phase point
reaches the separatrix at a real instant is considered in § 6.4.7. 


6.4.6 Perpetual Conservation of Adiabatic Invariants

Over infinite time adiabatic invariants can undergo considerable evolution due
to accumulation of small perturbations.

Example 6.35. Consider the linear oscillator (Mathieu’s equation)

ẍ = −ω2(1 + α cos εt)x, α = const < 1.

The equilibrium x = 0 can be unstable for arbitrarily small ε (the phenomenon
of parametric resonance [10]). The adiabatic invariant changes unboundedly.




However, it turns out that for a periodic variation of the parameter, such
non-conservation of the adiabatic invariant is related to the linearity of the
system (more precisely, to the fact that the frequency of oscillations is inde-
pendent of the amplitude). In a nonlinear system, as the amplitude increases,
the frequency changes, and the oscillations do not have enough time to accrue
before the resonance condition is violated.

Definition 6.4. An adiabatic invariant is said to be perpetual if for suffi-
ciently small ε its value deviates little from the initial value for −∞ < t <∞.

Theorem 6.33 ([7]). For a slow periodic variation of the Hamiltonian func-
tion of a nonlinear oscillatory system with one degree of freedom the action
variable I is a perpetual adiabatic invariant. Most of the phase space of the
problem is filled with the invariant tori close to the tori I = const.
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� First of all we state the requisite condition of nonlinearity of the system.
In the action–angle variables the Hamiltonian of the problem has the form

H = H0(I, τ) + εH1(I, ϕ, τ), τ = εt, (6.93)

and is 2π-periodic in ϕ and τ . We denote by ω(I) the mean value over τ of
the “adiabatic” frequency of the variation of the phase ω(I, τ) = ∂H0/∂I. In
the statement of the theorem the system is considered to be nonlinear if this
mean frequency depends on I:

∂ω

∂I
�= 0. (6.94)

The proof of the theorem is based on the results of KAM theory (§ 6.3).
In order to reduce the equations of motion to the standard form of KAM
theory (the “fundamental problem of dynamics”) we have to perform certain
transformations.

As a new time we introduce the phase ϕ, and as new variables, the value h
of the old Hamiltonian (6.93) and the old slow time τ . The variation of these
variables is described by the Hamiltonian system with the Hamiltonian

εI(h, τ, ϕ, ε) = εI0(h, τ) + ε2I1(h, τ, ϕ, ε) (6.95)

(see § 5.1.1). Here the function I is determined from the equationH = h, where
H is given by formula (6.93) (see § 5.1.1). The function I0 is determined from
the equation H = h for ε = 0; thus, I0 is the “action” of the unperturbed
system expressed in terms of the value of the unperturbed Hamiltonian and τ .
The function I has period 2π in ϕ and τ . The phase portrait of the system
with Hamiltonian I0(h, τ) is shown in Fig. 6.43. Let h, τ be the action–angle
variables of this system. In these variables we have

εI = εI0(h) + ε2I1(h, τ , ϕ, ε),

where I0 is the inverse function of 〈H0(I, τ)〉τ .

h

2� 	0

Fig. 6.43.
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We have obtained a system with one and a half degrees of freedom and
proper degeneracy considered in § 6.3.3.B. By condition (6.94) the degener-
acy is removable. According to the results of § 6.3.3.B this system has many
invariant tori close to the tori h = const; the value h perpetually undergoes
oscillations with amplitude O(ε). Therefore in the phase space I, ϕ, τ of the
original system there are many invariant tori close to the tori I = const; the
value of I perpetually undergoes oscillations with amplitude O(ε). �
Remark 6.25. If the parameters of the system depend on time conditionally
periodically, and the set of frequencies εΞ satisfies the usual incommensura-
bility conditions |(k, Ξ)| > c−1|k|−ν , k ∈ Z

m \ {0}, then I is also a perpetual
adiabatic invariant [7].

A perpetual adiabatic invariant also exists (under certain conditions) in a
conservative system with two degrees of freedom whose Hamiltonian depends
slowly on one of the coordinates [7]. According to Theorem 6.30 the motion
in such a problem is approximately described by the Hamiltonian H0(I, y, x).
Suppose that the phase curves of this Hamiltonian for fixed I are closed (as
in Fig. 6.30). Then in the approximation under consideration the motion in
the phase space takes place on the two-dimensional tori defined by the condi-
tions I = const, H0 = const. This motion has two frequencies, and one of the
frequencies is 1/ε times lower than the other. If for a given H0 = const the
frequency ratio changes as I varies, then the results of KAM theory imply the
existence in the exact system of many invariant tori close to the invariant tori
of the approximate system. As always in the case of two degrees of freedom,
this implies stability: the action variable I is perpetually close to its initial
value. See the details in [7]. From this conclusion it follows, in particular, that
the axially symmetric magnetic trap of Example 6.28 holds charged particles
forever.

6.4.7 Adiabatic Invariants in Systems with Separatrix Crossings

A. Separatrix Crossings in Adiabatic Approximation

We again consider a Hamiltonian system with one degree of freedom de-
pending on parameters slowly changing with time; the Hamiltonian is E =
E(p, q, τ), where τ̇ = ε. Suppose that for each fixed value of τ the phase
portrait of the Hamiltonian E has the form shown in Fig. 6.15. Through the
saddle singular point C there pass the separatrices l1 and l2, which divide the
portrait into the domains G1, G2, G3. As the parameter τ varies with time,
the portrait in Fig. 6.15 is deformed, the curves on the portrait – level lines of
the Hamiltonian – are of course no longer phase trajectories of the system. As
a result of variation of the parameter the phase point p(t), q(t) can cross the
separatrix in Fig. 6.15. A separatrix crossing is approximately described by
the procedure of the averaging method of § 6.1.10. In the case considered here
this procedure can be simplified, since the action variable of the unperturbed
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system is an integral of the averaged system, and the integrals Θν along the
separatrices introduced in § 6.1.10 satisfy the formulae60

Θν(τ) = −
∮

lν

∂E

∂τ
dt ≡ dSν

dτ
, ν = 1, 2, (6.96)

where Sν = Sν(τ), ν = 1, 2, is the area of the domain Gν in Fig. 6.15.
We set S3(τ) = S1(τ) +S2(τ) and Θ3(τ) = Θ1(τ) +Θ2(τ). We assume for

definiteness that Θν > 0, ν = 1, 2, 3. Then the phase points from the domain
G3 will pass into G1 or G2. Suppose that for τ = 0 the phase point is in the
domain G3, and at this point the action variable has value I0 > S3(0)/(2π).
Let τ∗ be the instant of crossing the separatrix calculated in the adiabatic
approximation: S3(τ∗) = 2πI0. Then the procedure of § 6.1.10 leads to the
following scheme of description of motion in the adiabatic approximation:

1◦. For 0 � τ � τ∗ the motion occurs in the domain G3 and along the trajec-
tory I = I0.

2◦. At τ = τ∗ the phase point is captured into the domain Gν , ν = 1, 2, with
probability Pν(τ∗), where

Pν(τ) =
Θν(τ)

Θ1(τ) +Θ2(τ)
. (6.97)

3◦. For τ∗ � τ � 1 the phase point captured into the domain Gν , ν = 1, 2,
moves so that 2πI = Sν(τ∗).

Such a scheme of description of motion was first used in [386, 387] in the
problem of motion of charged quasi-particles.

The estimates of the accuracy of description of motion according to this
scheme and the definition of probability of capture are as in § 6.1.10; see [450].
Several examples of using this scheme are contained in [277].

What happens if the Hamiltonian depends periodically on τ? Suppose that
at τ = 0 the motion starts in the domain G3, the value of I0 and the graphs of
the functions Sν on the segment [0, 2π] (the period) are as in Fig. 6.44. In the
adiabatic approximation we obtain that at τ = 2π the motion again occurs
in G3, and the action variable has one of the two possible values I(ν), ν = 1, 2
(Fig. 6.44), where the probability of the value I(ν) is given by formula (6.97)
with τ = τ∗. For the original system this means the following. Consider the
phase points which at τ = 0 fill the annulus Π =

{
I, ϕ : |I − I0| < δ

}
,

ε � δ � 1. Then at τ = 2π for most of these phase points the value of the

60 The last equality in (6.96) is a consequence of the well-known formula [367]:
2π∂I(h, τ)/∂τ = −

∮

E=h

(∂E/∂τ) dt, where I(h, τ) is the value of the action vari-

able on the trajectory with E = h; one must assume that E = 0 on the separa-
trices. This formula, in turn, follows from the fact that the action variable is an
integral of the averaged system.
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action variable is close either to I(1) or to I(2). The ratio of the measure of the
initial conditions leading to a value I ≈ I(ν) to the area of the whole annulus
Π is given in the principal approximation by formula (6.97). At τ = 4π for
most of the phase points the value of the action variable is close to one of
the four values predicted by the adiabatic approximation, at τ = 8π to one
of the eight values, and so on.61 This mechanism results in the destruction
of the adiabatic invariance of the action variable under multiple separatrix
crossings over time of order 1/ε. Another, slower mechanism of destruction is
discussed in § 6.4.7.B below. If no separatrix crossings occur in the adiabatic
approximation62, then the action variable is a perpetual adiabatic invariant
(see § 6.4.6).

61 The theory expounded above does not allow one to calculate the probabilities
of these values. Apparently, in the generic case for multiple separatrix crossings,
captures in different domains can be regarded as independent random events.
Then the probabilities of different values of the action variable are calculated as
the products of the probabilities (6.97).

62 That is, if at the initial instant the point is in G3, then 2πI0 > max
τ

S3(τ) + c−1,
and if the point is in Gν , ν = 1, 2, then 2πI0 < min

τ
Sν(τ) − c−1, c = const > 0.
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In similar fashion one can consider in the adiabatic approximation separa-
trix crossings in slow–fast Hamiltonian systems in which one degree of freedom
corresponds to the fast variables, and the other degrees of freedom to the slow
variables. The Hamiltonian of such a system has the form E = E(p, q, y, x),
where (p, q) ∈ R

2 and (y, ε−1x) ∈ R
2m are pairs of conjugate canonical vari-

ables (see § 6.4.1). For fixed values of the slow variables y, x, for the fast
variables p, q we obtain a Hamiltonian system with one degree of freedom
(a fast system). Suppose that its phase portrait is as in Fig. 6.15 (for all y, x).
The system of the adiabatic approximation (see § 6.4.1) is first constructed
separately for each of the domains Gν in Fig. 6.15 and has the form

ẏ = −ε∂H0

∂x
, ẋ = ε

∂H0

∂y
, H0 = H0(I, y, x), I = const, (6.98)

where I is the action variable of the fast system, and H0 is the Hamiltonian
E expressed in terms of I, y, x. For the integrals Θν along the separatrices
introduced in § 6.1.10 we obtain the formulae

Θν(y, x) = −
∮

lν

{E, hC} dt ≡ {Sν , hC}, ν = 1, 2.

Here Sν = Sν(y, x) is the area of the domain Gν in Fig. 6.15, hC = hC(y, x)
is the value of the Hamiltonian E at the saddle point C, and { , } is the
Poisson bracket in the variables y, x. We set S3 = S1 +S2 and Θ3 = Θ1 +Θ2.
For the domain Gν the condition of reaching the separatrix has the form
2πI = Sν(y, x). We assume for definiteness that Θν > 0, ν = 1, 2, 3. Then
the phase points from the domain G3 will pass into G1 or G2. Suppose that a
phase point starts the motion in the domain G3, and that I = I0 at the initial
instant. Then in the adiabatic approximation the motion up to reaching the
separatrix is described by the solution of system (6.98) for the domain G3

with I = I0. Suppose that this solution reaches the separatrix at εt = τ∗
having y = y∗, x = x∗. Then the phase point can continue the motion in the
domain Gν , ν = 1, 2, with probability Pν(y∗, x∗), where

Pν(y, x) =
Θν(y, x)

Θ1(y, x) +Θ2(y, x)
. (6.99)

The motion of the phase points that get into the domain Gν is described in
the adiabatic approximation by the solution of system (6.98) for the domain
Gν with I = Sν(y∗, x∗)/(2π) and with the initial condition y = y∗, x = x∗ at
εt = τ∗.

If in the adiabatic approximation the dynamics of the slow variables results
in multiple separatrix crossings, then in general the number of values of the
action variable possible in the adiabatic approximation will increase with each
crossing, and the adiabatic invariance will undergo destruction (similarly to
what was described above for the case of a slow periodic dependence of the
Hamiltonian on time).
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B. Deviations from Adiabatic Approximation

Here we discuss the asymptotic formulae obtained in [162, 456, 457, 583]
for the deviations of the true motion from the predictions of the adiabatic
approximation of § 6.4.7.A. These formulae show that during a crossing of a
narrow neighbourhood of a separatrix there arises a small quasi-random jump
of the adiabatic invariant, which is not taken into account by the adiabatic
approximation.

We return to the Hamiltonian system with one degree of freedom and
slowly varying parameters considered in § 6.4.7.A; the phase portrait of the
system with frozen parameters is shown in Fig. 6.15. Suppose that at τ = 0 the
phase point is in the domain G3, and at τ = 1 in the domain Gν , where ν = 1
or ν = 2. Suppose that the adiabatic approximation predicts that a separatrix
crossing occurs at τ = τ∗. In § 6.4.4 we described the construction of the change
of variables I, ϕ �→ J, ψ, which introduces, instead of the action variable I,
the quantity J , which far from the separatrices changes along the trajectory
only by O(ε2) on times of order 1/ε. This quantity is called the improved
adiabatic invariant. For our phase point, let J = J0 at τ = 0, and J = J1 at
τ = 1. We apply the scheme of adiabatic approximation of § 6.4.7.A using J
instead of I. We obtain that in this approximation the value of J at τ = 1
is J ′

1 = Sν(τ ′∗)/(2π), where τ ′∗ is determined from the relation S3(τ ′∗) = 2πJ0.
The quantity ∆J = J1 − J ′

1 characterizes the deviation from the adiabatic
approximation. In the asymptotics of this quantity the terms � ε2, if they
exist, are determined by the motion in a narrow neighbourhood of the separa-
trices (since far from the separatrices the change of J is O(ε2)). The leading
terms – of order ε ln ε and ε – in this asymptotics were calculated in [583] for
the pendulum in a slowly varying gravitational field, and in [162, 456] for the
general case of a Hamiltonian system with one degree of freedom and slowly
varying parameters. The term of order ε ln ε has quite a simple form:

(ε ln ε)
Θ∗

νa∗
2π

(

1 − 2Θ∗
ν

Θ∗
3

)(

ξ − 1
2

)

(6.100)

Here Θ∗
j = Θj(τ∗), j = 1, 2, 3, a∗ = a(τ∗), a(τ) = 1/

√
−D(τ), D is the

determinant of the matrix of second derivatives of the Hamiltonian at the
saddle singular point C (see Fig. 6.15), ξ = −h∗/(εΘ∗

ν), h∗ is the value of the
Hamiltonian at the first instant when the phase point reaches the bisector of
the angle between the separatrices in the domain Gν near the saddle point.
The expression for the terms of order ε is more complicated (see [162, 456]);
we give this expression for the special case of motion in a symmetric potential
well with two minima. In this case, ∆J = J1−J0/2. Because of the symmetry
we have Θ∗

1 = Θ∗
2 = Θ∗

3/2 = Θ∗, the term ∼ε ln ε vanishes, and

∆J = − 1
2π
εa∗Θ∗ ln

(
2 sin (πξ)

)
+O

(
ε3/2
(
| ln ε| + (1 − ξ)−1

))
(6.101)

for c
√
ε � ξ � 1 − c

√
ε, where c = const > 0.
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Example 6.36 ([583]). Consider a pendulum in a gravitational field slowly
varying with time: the Hamiltonian is E = p2/2 − ω2(τ) (cos q + 1). If the
gravitational force decreases, then an oscillating pendulum after some time
starts rotating. The phase portrait of the pendulum (Fig. 6.20) is divided by
the separatrices into the domains of oscillations G3, and rotations G1,2. From
the viewpoint of studying separatrix crossing, the problem is equivalent to
the problem of motion in a symmetric potential well with two minima. The
quantity ∆J is given by formula (6.101) with a = 1/ω and Θ = 8dω/dτ . 


For the case where a separatrix crossing occurs near an instant of bifurca-
tion of the phase portrait of the system with frozen parameter – in Fig. 6.15
the saddle merges with the centre and the separatrix vanishes – the quantity
∆J was calculated in [209, 210].

There are asymptotic formulae expressing the quantity ξ in (6.100), (6.101)
in terms of the initial data J0, ϕ0 [163]. In particular, in the case of a symmetric
potential well with two minima, if the position of the hump separating the
wells does not change with time and the angle ϕ is measured from this position,
then

ξ = − 1
π

(

ϕ0 +
1
ε

τ∗∫

0

ω0(J0, τ) dτ
)

+ o(1) mod 1

for c
√
ε < ξ < 1 − c

√
ε, where ω0 = ∂H0/∂I is the frequency of the motion

in the unperturbed (τ = const) system. The quantity ξ is very sensitive to
a change in the initial data: a change of I0 by a quantity ∼ ε results in a
change of ξ by a quantity ∼ 1. Hence it is appropriate to interpret ξ as a
random quantity, similarly to how getting into one or another domain after
crossing a separatrix is regarded as a random event. For a given initial point
M0 = (I0, ϕ0) the probability of the event {ξ ∈ (a, b)} is given by definition
by the formula (cf. § 6.1.10)

P
{
ξ ∈ (a, b)

}
= lim

δ→0
lim
ε→0

meas U δ,ε
a,b

meas U δ
,

where U δ is the δ-neighbourhood of the point M0, U δ,ε
a,b is the subset of

this neighbourhood composed of the initial conditions for which ξ ∈ (a, b),
and meas is the standard area on R

2. The probability thus defined can be
calculated.

Proposition 6.8. The quantity P
{
ξ ∈ (a, b)

}
is equal to the length of the

interval (a, b) ∩ (0, 1).

Thus, the quantity ξ is uniformly distributed on the interval (0, 1). As-
ymptotic formulae expressing ∆J in terms of ξ now allow us to regard ∆J as
a random quantity with a known (in the principal approximation) distribu-
tion. For example, from (6.101) we obtain that for a symmetric potential well
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with two minima the quantity ∆J/ε has, in the limit as ε → 0, mean 0 and
variance a2

∗Θ
2
∗/48.

The deviations from the adiabatic approximation considered here play an
important role in the case where the Hamiltonian depends periodically on τ
when multiple separatrix crossings occur. Numerical experiments show that
small quasi-random deviations from the adiabatic approximation accumulate
and cause the destruction of the adiabatic invariance of the action variable
for a set of initial conditions of measure ∼1.

Example 6.37. Consider the pendulum in a gravitational field slowly and
periodically changing with time. Here destruction of the adiabatic invariance
is not found in the adiabatic approximation (in contrast to the general case
of § 6.4.7.A): in this approximation, at a passage from oscillations into rotation
the value of the action variable is divided in half, and at the reverse passage
it is doubled. The Poincaré section of the problem is depicted in Fig. 6.45:
the positions of several (eight) phase points at times equal to multiples of
the period of variation of gravitation are shown (the computations were car-
ried out by Sidorenko). The dotted curves in Fig. 6.45 show the boundary of
the domain of separatrix crossings calculated in the adiabatic approximation.
Smooth curves outside the domain of separatrix crossings are invariant curves
of the Poincaré return map. The chaotically scattered points in the domain

Fig. 6.45.
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of separatrix crossings is the trajectory of one phase point under iterations of
the Poincaré map. It is clear from the picture, but so far it is not proved, that
there is a large, of area ∼1, domain of destruction of the adiabatic invariance.
However, it turns out that in this problem, as in all problems with symme-
try of the domains G1 and G2, there are also islands of perpetual adiabatic
invariance, which also have total area of order 1; see [466]. These islands sur-
round the stable fixed points of the Poincaré map corresponding to the stable
periodic motions in which the pendulum passes from oscillations into rotation
and back. There are ∼1/ε such periodic motions; the stability island for each
of them has area ∼ε. Consequently, the total area of the islands is estimated
from below by a quantity independent of ε. For reasons that are not yet under-
stood, this quantity itself is small (in the numerical examples, ∼0.01− 0.02);
therefore the islands can be hardly seen in the picture. (For a long time it was
considered that there are no such islands; in [229] it was shown that the area
of an individual stability island, if it exists, cannot exceed a quantity ∼ ε.)
The variation of the value of I for motions in a stability island is O(ε). In the
domain of separatrix crossings in Fig. 6.45 one can see an object looking like a
segment of a smooth curve. When the vertical scale is enlarged, this segment
turns into a smooth closed curve that is (approximately) the boundary of a
stability island surrounding a fixed point of the Poincaré map.

In problems without symmetry, where the asymptotics of ∆J contains the
term ∼ε ln ε (6.100), in the “thick” of the domain of separatrix crossings there
are no stable periodic motions of period ∼1/ε and, correspondingly, there are
no such stability islands [466].

Suppose that the quasi-random deviations from the adiabatic approxima-
tion in a sequence of separatrix crossings can be regarded as independent or
weakly dependent random quantities (clearly, this assumption can be true only
outside stability islands). Then the cumulative deviation from the adiabatic
approximation over N crossings is a random quantity with variance ∼Nε2 (as
long as the motion takes place in the domain where the deviation from the
adiabatic approximation over one separatrix crossing has variance ∼ε2). Thus,
over N ∼1/ε2 separatrix crossings, that is, over time ∼1/ε3 the adiabatic in-
variance is destroyed – a typical deviation from the adiabatic approximation
becomes a quantity ∼1. Numerical experiments confirm this estimate of the
time of destruction of the adiabatic invariance (see, for example, [149]). 


Similar phenomena happen, of course, also in slow–fast Hamiltonian sys-
tems; there are corresponding asymptotic formulae for the deviations from
the adiabatic approximation [457, 470]. Destruction of the adiabatic invari-
ance in multiple separatrix crossings in such systems explains the emerging
of chaos in the dynamics of charged particles in the tail of the Earth’s mag-
netosphere [156] and plays a key role in Wisdom’s theory of the origin of the
Kirkwood gap at the resonance 3 : 1 in the asteroid belt [458, 604].



7

Non-Integrable Systems

A common feature of various approaches to the problem of integrating Hamil-
tonian systems considered in Chapter 5 is the existence of sufficiently many
independent first integrals – “conservation laws”. Unfortunately, in a typical
situation not only do we fail to find integrals, but they do not exist at all,
since the trajectories of Hamiltonian systems, generally speaking, do not lie
on low-dimensional invariant manifolds. Here, of course, the question is about
the existence of integrals in the entire phase space: there always exists a com-
plete set of independent integrals in a small neighbourhood of a non-singular
point.

The first rigorous results on non-integrability of Hamiltonian systems are
due to Poincaré. The essence of Poincaré’s idea is that complicated behaviour
of solutions (for example, birth of non-degenerate periodic solutions, splitting
of asymptotic surfaces, and so on) is incompatible with complete integrability
of Hamilton’s equations. In this chapter we discuss the main methods for
proving the non-integrability of Hamiltonian systems based on finding various
non-trivial dynamical effects that are uncharacteristic of completely integrable
systems. A more detailed exposition is contained in [28, 30].

7.1 Nearly Integrable Hamiltonian Systems

Here we describe a method for proving the non-existence of additional analytic
integrals, which is largely due to Poincaré and which is based on studying
bifurcations of long-periodic solutions.

Suppose that the direct product M = D × T
n{ϕ mod 2π} (where D

is a domain in R
n = {I}) is equipped with the standard symplectic struc-

ture dI ∧ dϕ, and H : M × (−ε0, ε0) → R is an analytic function such that
H(I, ϕ, 0) = H0(I). For ε = 0 we have a completely integrable Hamiltonian
system with Hamiltonian H0. We consider the full system

İ = −∂H
∂ϕ

, ϕ̇ =
∂H

∂I
; H = H0(I) + εH1(I, ϕ) + · · · (7.1)
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for small values of the parameter ε. Numerous examples were given in Chap-
ter 6. In this section we study the problem of the existence of the first integrals
of equations (7.1) that are independent of the function H and analytic (or,
more generally, formally analytic1) in the parameter ε. Recall that the exis-
tence of a complete commutative set of such integrals is related to possibility of
construction, and to convergence, of different variants of perturbation theory
for Hamiltonian systems (see § 6.2.2).

7.1.1 The Poincaré Method

First we give some definitions. Let

H1 =
∑

m∈Zn

hm(I) exp i〈m, ϕ〉.

The Poincaré set is the set of values of I ∈ D for which there exist n − 1
linearly independent vectors k1, . . . , kn−1 ∈ Z

n such that

1) 〈ks, ω(I)〉 = 0, 1 � s � n− 1, where ω = H ′
0, and

2) hks
(I) �= 0.

Let A (V ) be the class of functions analytic in a domain V ⊂ R
u. We

call a set Λ ⊂ V a key set (or a uniqueness set) for the class A (V ) if any
analytic function vanishing on Λ vanishes identically everywhere in V . Thus,
if two analytic functions coincide on Λ, then they coincide on the whole V . For
example, a set of points of an interval ∆ ⊂ R is a key set for the class A (∆)
if and only if it has a limit point inside ∆. The sufficiency of this condition
is obvious, and the necessity follows from the Weierstrass product theorem.
Note that if Λ is a uniqueness set for the class of functions C∞(V ), then Λ is
dense in V .

Functions f1, . . . , fm (m � n) in the class A (V ) are said to be dependent
(independent) at a point x0 ∈ V if their differentials are linearly dependent
(respectively, independent) at this point. An equivalent definition of depen-
dence: the rank of the Jacobi matrix

∂(f1, . . . , fm)
∂(x1, . . . , xn)

at the point x0 is less than m (where x1, . . . , xn are coordinates in R
n). If

the functions f1, . . . , fm are dependent at every point x ∈ V , then they are
said to be dependent (in the domain V ). Conversely, if they are independent
at least at one point, then they are independent at almost every point of a
connected domain V . We call such functions independent. If the functions are
dependent at every point of a key set Λ ⊂ V , then they are dependent.
1 A formal series in ε is called formally analytic if its coefficients are analytic func-

tions of the phase variables.



7.1 Nearly Integrable Hamiltonian Systems 353

In exactly the same way the properties of dependence and independence
are defined for analytic functions on a connected analytic manifold M . It is
worth mentioning that if some functions in the class A (M) are dependent in
some open domain V ⊂M , then they are dependent at every point of M .

Theorem 7.1. Suppose that the unperturbed system is non-degenerate:

det
(
∂2H0

∂I2

)

�= 0

in the domain D. Let I0 ∈ D be a non-critical point of the function H0, and
suppose that in any neighbourhood U of I0 the Poincaré set is a key set for the
class A (U). Then Hamilton’s equations (7.1) do not have a formal integral F
independent of the function H that can be represented as a formal power series∑

s�0

Fs(I, ϕ)εs with coefficients analytic in the domain D × T
n (cf. [41, 27]).

We consider a formal series
∑

fsε
s to be equal to zero if fs = 0 for

all s. A formal series F is a formal integral of the canonical equations with
Hamiltonian H if the formal series {H, F} is equal to zero. Two formal series
are considered to be dependent if all the minors of the second order of their
Jacobi matrix vanish identically as formal series in powers of ε.

For the proof of Theorem 7.1 we shall need the following lemma.

Lemma 7.1. Suppose that functions Fs : D × T
n → R are continuously dif-

ferentiable, and the series
∑

Fs(I, ϕ)εs is a formal integral of equations (7.1)
with non-degenerate function H0. Then

1) F0(I, ϕ) is independent of ϕ, and
2) the functions H0 and F0 are dependent at the points of the Poincaré set.

� The condition {H, F} = 0 is equivalent to the sequence of equations

{H0, F0} = 0, {H0, F1} + {H1, F0} = 0, . . . . (7.2)

It follows from the first equation that F0 is an integral of the unperturbed
equations with Hamiltonian function H0. Let I = I∗ be a non-resonant torus.
Then F0(I∗, ϕ) is independent of ϕ, since any trajectory fills a non-resonant
torus everywhere densely. To complete the proof of conclusion 1) it remains
to take into account that the function F0 is continuous and the set of non-
resonant tori of a non-degenerate integrable system is everywhere dense.

From the second equation (7.2) we obtain the following sequence of
equalities for the Fourier coefficients hm and fm of the functions H1 and
F1 =

∑
fm(I) exp i〈m, ϕ〉:
〈

m,
∂H0

∂I

〉

fm(I) =
〈

m,
∂F0

∂I

〉

hm(I), m ∈ Z
n.

The condition for solubility of these equations with respect to fm at a point of
the Poincaré set is the dependence of the vectors ∂H0/∂I and ∂F0/∂I. �
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� Proof of Theorem 7.1. Since at the point I0 ∈ D there is a non-zero
derivative among ∂H0/∂I1, . . . , ∂H0/∂In, in a small neighbourhood U of this
point we can take H0, I2, . . . , In for local coordinates (if H ′

0I1
�= 0).

According to Lemma 7.1 the functions H0 and F0 are dependent on the
Poincaré set. Since the minors of the Jacobi matrix

∂(H0, F0)
∂(I1, . . . , In)

are analytic in U and the Poincaré set is a key set, the functions H0 and F0

are dependent in the entire domain U . Consequently, in a neighbourhood of
the value H0(I0) we have the equality F0 = F0(H0) in the new coordinates.

We set F − F0(H) = εΦ. Then Φ is a formal integral of the canonical
equations (7.1). Let

Φ =
∑

s�0

Φsε
s.

Then by Lemma 7.1 the function Φ0 is independent of the angle variables ϕ,
while Φ0 and H0 are dependent in the domain U . Consequently, Φ0 = Φ0(H0),
and again Φ0−Φ0(H) = εΨ . But then F = F0(H)+εΦ0(H)+ε2Ψ . Repeating
this operation the required number of times we obtain that the expansion of
every minor of the second order of the Jacobi matrix

∂(H, F )
∂(I, ϕ)

in a series in powers of ε starts with terms of arbitrarily high order. Hence
the functions H and F are dependent. �
Theorem 7.2. Suppose that the function H0 is non-degenerate in the do-
main D, and the Poincaré set is everywhere dense in D. Then equations (7.1)
do not have a formal integral

∑
Fsε

s that is independent of H and has infi-
nitely differentiable coefficients Fs : D × T

n → R.

This assertion can be easily proved by the same method as Theorem 7.1.

Remark 7.1. For n = 2 Kolmogorov’s theorem on the conservation of con-
ditionally periodic motions implies the existence of a first integral that is an-
alytic in ε and has continuous coefficients that are not everywhere constant.
On the contrary, in the multidimensional case, apparently, even a continuous
integral is impossible for a system of the general form (see [8]).

7.1.2 Birth of Isolated Periodic Solutions as an Obstruction to
Integrability

We recall some facts in the theory of periodic solutions of differential equa-
tions. The eigenvalues λ of the monodromy operator of a T -periodic solu-
tion are called the multipliers, and the numbers α defined by the equality
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λ = exp (αT ), the characteristic exponents. The multipliers λ can be complex
numbers; hence the characteristic numbers α are not uniquely determined. In
the autonomous case one of the multipliers λ is always equal to 1 (a corre-
sponding eigenvector is tangent to the trajectory of the periodic solution).

Proposition 7.1 (Poincaré–Lyapunov). In the case of a Hamiltonian system
with n degrees of freedom the characteristic polynomial p(λ) of the monodromy
operator is reciprocal: p(λ−1) = λ−2np(λ).

For the proof, see, for example, [10].

Theorem 7.3 (Poincaré [41]). Suppose that a Hamiltonian system with
Hamiltonian H has p integrals F1 = H, F2, . . . , Fp whose differentials are
linearly independent at each point of the trajectory of a periodic solution.
Then p + 1 characteristic exponents of this solution are equal to zero. If the
integrals Fs commute, then at least 2p of the exponents are equal to zero.

Corollary 7.1. A periodic solution of an autonomous Hamiltonian system
always has two zero characteristic exponents.

One exponent is zero because the Hamiltonian system is autonomous, and
another is zero due to the existence of the integral H (which has no critical
points on the trajectories of periodic solutions). If the other characteristic
exponents are non-zero, then the periodic solution is said to be non-degenerate.
Non-degenerate solutions are isolated in the sense that on the corresponding
(2n− 1)-dimensional level of the energy integral H, in a small neighbourhood
of the periodic trajectory there are no other periodic solutions with period
close to T . In the case of two degrees of freedom, a non-degenerate solution
with real exponents is usually called hyperbolic, and with purely imaginary
exponents, elliptic. A hyperbolic periodic solution is unstable, while an elliptic
is orbitally stable in the first approximation.

Corollary 7.2. If a Hamiltonian system has a complete set of integrals in
involution whose differentials are linearly independent at each point of the
trajectory of a periodic solution, then the spectrum of the monodromy opera-
tor of this solution consists of the single point λ = 1.

Poincaré’s theorem gives us a method for proving non-integrability: if the
trajectories of non-degenerate periodic solutions fill the phase space every-
where densely, or at least form a key set, then the Hamiltonian system has
no additional analytic integrals. Apparently, in generic Hamiltonian systems
the periodic trajectories are indeed everywhere dense (Poincaré [41], § 36).
This fact has not yet been proved. In connection with Poincaré’s conjec-
ture we point out the following result relating to the geodesic flows on Rie-
mannian manifolds of negative curvature: all the periodic solutions are of hy-
perbolic type and the set of their trajectories fills the phase space everywhere
densely [4].
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For nearly integrable Hamiltonian systems one can prove the existence of
a large number of non-degenerate periodic solutions and derive the results
of § 7.1.1 from this fact. For simplicity we confine ourselves to the case of two
degrees of freedom.

Suppose that for I = I0 the frequencies ω1 and ω2 of the unperturbed
integrable problem are commensurable, and ω1 �= 0. Then the perturbing
function H1

(
I0, ω1t, ω2t+λ

)
is periodic in t with some period T . We consider

its mean value

H1(I0, λ) = lim
s→∞

1
s

s∫

0

H1

(
I0, ω1t, ω2t+ λ

)
dt =

1
T

T∫

0

H1 dt. (7.3)

Theorem 7.4 (Poincaré). Suppose that the following conditions hold:

1) det
(
∂2H0

∂I2

)

�= 0 at the point I = I0,

2) for some λ = λ∗ the derivative vanishes,
∂H̄1

∂λ
= 0, but

∂2H̄1

∂λ2
�= 0.

Then for small ε �= 0 there exists a periodic solution of the perturbed
Hamiltonian system (7.1) whose period is equal to T ; this solution depends
analytically on the parameter ε and for ε = 0 coincides with the periodic
solution

I = I0, ϕ1 = ω1t, ϕ2 = ω2t+ λ∗

of the unperturbed system. The two characteristic exponents ±α of this solu-
tion can be expanded in a convergent series in powers of

√
ε:

α = α1

√
ε+ α2ε+ α3ε

√
ε+ · · · ,

and
ω2

1α
2
1 =

∂2H1

∂λ2
(λ∗)

(

ω2
1

∂2H0

∂I2
2

− 2ω1ω2
∂2H0

∂I1∂I2
+ ω2

2

∂2H0

∂I2
1

)

. (7.4)

The proof can be found in the books [41, 27].
The function H1(I0, λ) is periodic in λ with period 2π. Therefore there

exist at least two values of λ for which ∂H1/∂λ = 0. In the general case these
critical points are non-degenerate. There are exactly as many local minima
(where ∂2H1/∂λ

2 > 0) as local maxima (where ∂2H1/∂λ
2 < 0). In a typical

situation, at I = I0 the following quadratic form is non-zero:

ω2
1

∂2H0

∂I2
2

− 2ω1ω2
∂2H0

∂I1∂I2
+ ω2

2

∂2H0

∂I2
1

�= 0. (7.5)

By the way, this condition means geometrically that the curve H0(I) = h
has no inflection point at I = I0. Thus, the equation dH1 = 0 has as many
roots for which α2

1 > 0, as for which α2
1 < 0. This is equivalent to that for small

values of ε �= 0 the perturbed system has exactly as many periodic solutions
of elliptic type, as of hyperbolic type. In this situation they usually say that
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pairs of isolated periodic solutions are born when the unperturbed invariant
torus I = I0 disintegrates. According to the results of KAM theory the trajec-
tories of typical elliptic periodic solutions are “surrounded” by invariant tori.
A hyperbolic periodic solution has two invariant surfaces (separatrices) filled
with solutions asymptotically approaching the periodic trajectory as t→ ±∞.
Different asymptotic surfaces can intersect forming a rather tangled network
(see Fig. 6.28). The behaviour of asymptotic surfaces will be discussed in detail
in the next section.

An essential basis for proving non-integrability of perturbed equations
is Lemma 7.1: if F = F0(I, ϕ) + εF1(I, ϕ) + · · · is a first integral of the
canonical equations (7.1), then F0 is independent of ϕ, and the functions H0

and F0 are dependent at the points of the Poincaré set. The first part of the
lemma follows from the non-degeneracy of the unperturbed problem. Using
Theorem 7.3 we now prove that the functions H0 and F0 are dependent on the
set of unperturbed tori I = I0 satisfying inequality (7.5) and the conditions
of Theorem 7.4.

� Indeed, the periodic solutions Γ (ε) that are born from the family of pe-
riodic solutions on the resonant torus I0 satisfying the conditions of Theo-
rem 7.4 are non-degenerate. Therefore (Theorem 7.4) the functions H and F
are dependent at every point of the trajectory Γ (ε). We let ε tend to zero.
The periodic solution Γ (ε) will become one of the periodic solutions Γ (0) of
the unperturbed problem lying on the torus I = I0, while the functions H
and F will become equal to H0 and F0. By continuity they will be dependent
at every point of the trajectory Γ (0). Consequently,

rank
∂(H0, F0)
∂(I, ϕ)

� 1

at the points (I, ϕ) ∈ Γ (0). In particular, at these points

det
(
∂(H0, F0)
∂(I1, I2)

)

= 0.

To complete the proof it remains to observe that the functions H0 and F0 are
independent of ϕ. �

For small fixed values of the parameter ε �= 0, Theorem 7.4 guarantees the
existence of a large (but finite) number of different isolated periodic solutions.
Therefore from this theorem one cannot derive the non-integrability of the
perturbed system for fixed values of ε �= 0. However, in the case of two degrees
of freedom, which is what we are now considering, the following assertion
holds: if the unperturbed system is non-degenerate, then for fixed small values
of ε �= 0 the perturbed Hamiltonian system has infinitely many different
periodic solutions. Unfortunately, they may not be isolated. The existence of
infinitely many periodic solutions can be derived from Kolmogorov’s theorem
on conservation of conditionally periodic motions (§ 6.3.2) and the Poincaré–
Birkhoff geometric theorem (see [10]).
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7.1.3 Applications of Poincaré’s Method

a) We turn to the restricted three-body problem, which was considered in § 2.5.
First suppose that Jupiter’s mass µ is equal to zero. Then in the “fixed”
space the asteroid will rotate in Keplerian orbits around the Sun of unit
mass. Suppose that the orbits are ellipses. Then it is convenient to pass from
rectilinear coordinates to the Delaunay canonical elements L, G, l, g (see
Example 5.4 in § 5.2.1). In the new coordinates the equations of motion of
the asteroid are canonical with the Hamiltonian function F0 = −1/(2L2).
If µ �= 0, then the full Hamiltonian F can be expanded in a series in the
increasing powers of µ: F = F0 + µF1 + · · · . Since in the moving coordinate
system attached to the Sun and Jupiter the Keplerian orbits rotate with unit
angular velocity, the Hamiltonian function F depends on L, G, l, and g − t.
We set x1 = L, x2 = G, y1 = l, y2 = g − t, and H = F −G. The function H
now depends only on the xi, yi and is 2π-periodic in the angle variables y1, y2.
As a result, we represented the equations of motion of the asteroid in the form
of the following Hamiltonian system:

ẋi =
∂H

∂yi
, ẏi = −∂H

∂xi
;

H = H0 + µH1 + · · · , H0 = − 1
2x2

1

− x2.

(7.6)

The expansion of the perturbing function in the multiple trigonometric se-
ries in the angles y1 and y2 was studied already by Leverrier (see, for exam-
ple, [20]). It has the following form:

H1 =
∞∑

u=−∞

∞∑

v=−∞
hu,v cos [uy1 − v(y1 + y2)].

The coefficients hu,v depending on x1 and x2 are in general non-zero.
The Poincaré set of this problem consists of the straight lines parallel to

the x2-axis given by u/x3
1 − v = 0, hu,v �= 0. They fill everywhere densely

the half-plane x1 > 0. However, Theorem 7.1 on the absence of new analytic
integrals cannot be applied directly because the unperturbed problem is de-
generate: det

(
∂2H0/∂x

2
)
≡ 0. This difficulty is overcome by using the fact

that the canonical equations with the Hamiltonians H and expH have the
same trajectories (but not the same solutions). Consequently, these equations
are simultaneously integrable or not. It remains to observe that

expH = expH0 + µ(expH0)H1 + · · · and det
(
∂2 expH0

∂x2

)

�= 0.

Thus, we have obtained that the equations of the restricted three-body prob-
lem in the form (7.6) do not have an integral Φ =

∑
Φsµ

s that is independent
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of the function H, is formally analytic in the parameter µ, and whose coef-
ficients are smooth functions on the set D × T

2{y mod 2π}, where D is an
arbitrary fixed domain in the half-plane x1 > 0.

b) “Let us proceed to another problem; that of the motion of a heavy
body about a fixed point. . . . We can therefore ask if, in this problem, the
considerations presented in this chapter oppose the existence of a uniform
integral other than those of the vis viva and of area.” (Poincaré, [41], § 86).

To the symmetry group of rotations of the body around the vertical
straight line there corresponds the linear integral 〈k, γ〉: the projection of
the angular momentum onto the vertical is constant. By fixing this constant
we reduce the number of degrees of freedom to two. On the four-dimensional
integral levels Mc = {〈k, γ〉 = c, 〈γ, γ〉 = 1} we obtain a Hamiltonian system
with two degrees of freedom. Its Hamiltonian function – the total energy of
the body with a fixed value of the projection 〈k, γ〉 – is equal to H0 + εH1,
where H0 is the kinetic energy (the Hamiltonian function of the integrable
Euler problem of the free motion of the body) and H1 is the potential en-
ergy of the body in a homogeneous gravitational field (ε is the product of
the body’s weight and the distance from the centre of mass to the suspension
point). We assume the parameter ε to be small (cf. § 6.2.1, Example 6.14).
This is equivalent to studying rapid rotations of the body in a moderate
force field. In the unperturbed integrable Euler problem we can introduce the
action–angle variables I, ϕ. The transition formulae from the special canonical
variables L, G, l, g to the action–angle variables I, ϕ can be found, for exam-
ple, in [27]. In the new variables we have H = H0(I) + εH1(I, ϕ). The action
variables I1, I2 can vary in the domain ∆ = {|I1| � I2}. The Hamiltonian
H0(I1, I2) is a homogeneous function of degree 2, which is analytic in each
of the four connected subdomains of ∆ into which the domain ∆ is divided
by the three straight lines π1, π2, and I1 = 0. The straight lines π1 and π2

are given by the equation 2H0/I
2
2 = A−1

2 . They are symmetric with respect
to the vertical axis and tend to the straight line I1 = 0 as A2 → A1, and to
the pair of straight lines |I1| = I2 as A2 → A3 (recall that A1, A2, A3 are the
principal inertia moments of the body and A1 � A2 � A3). The level lines of
the function H0 are depicted in Fig. 7.1.

Fig. 7.1.
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The expansion of the perturbing function H1 in the multiple Fourier series
in the angle variables ϕ1 and ϕ2 is in fact contained in one of Jacobi’s papers:

∑

m∈Z

hm,1e
i(mϕ1+ϕ2) +

∑

m∈Z

hm,−1e
i(mϕ1−ϕ2) +

∑

m∈Z

hm,0e
imϕ1 .

When the principal inertia moments satisfy the inequality A1 > A2 > A3,
the Poincaré set consists of infinitely many straight lines passing through the
point I = 0 and accumulating at the pair of straight lines π1 and π2. One can
show that the function H0 is non-degenerate in the domain ∆. If the func-
tion H were analytic in I in the entire domain ∆, then it would be possible to
apply the results of § 7.1.1: the points I0 lying on the straight lines π1 and π2

would satisfy the conditions of Theorem 7.1. The difficulty connected with an-
alytic singularities of the Hamiltonian function in the action–angle variables
can be overcome by considering the problem of an additional integral that
is analytic on the entire integral level Mc. Using Poincaré’s method one can
prove the following.

Theorem 7.5 ([27]). If a heavy rigid body is dynamically asymmetric, then
the equations of rotation do not have a formal integral

∑
Fsε

s that is inde-
pendent of the function H0 + εH1 and whose coefficients are analytic on the
level Mc.

This assertion gives a negative answer to the question stated by Poincaré
in [41], § 86.

7.2 Splitting of Asymptotic Surfaces

Non-degenerate unstable periodic solutions have asymptotic manifolds filled
with trajectories approaching periodic trajectories either as t → +∞ or as
t→ −∞. In integrable Hamiltonian systems these surfaces, as a rule, coincide
pairwise. In non-integrable cases the situation is different: the asymptotic
surfaces may intersect without coinciding and form in the intersection a rather
tangled network (see Fig. 6.28). In this section we describe Poincaré’s method
for proving non-integrability based on analysis of asymptotic surfaces of nearly
integrable Hamiltonian systems.

7.2.1 Splitting Conditions. The Poincaré Integral

Let V be a smooth n-dimensional configuration space of a Hamiltonian system,
T ∗V its phase space, and H : T ∗V × R{t} → R the Hamiltonian function.
In the extended phase space M = T ∗V × R

2 (where R
2 is the plane with

coordinates E, t) the equations of motion are again Hamiltonian:

ẋ =
∂K

∂y
, ẏ = −∂K

∂x
, Ė =

∂K

∂t
, ṫ = −∂K

∂E
, (7.7)
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where K = H(y, x, t) −E, x ∈ V , y ∈ T ∗
xV .

A smooth surface Λn+1 ⊂M is said to be Lagrangian if
∮

γ

(y dx− E dt) = 0

for any closed contractible curve γ, where E = H(y, x, t) on the surface Λn+1.
Lagrangian surfaces remain Lagrangian under the action of the phase flow
of system (7.7). In the autonomous case Lagrangian surfaces Λn ⊂ T ∗V are
defined by the condition ∮

γ

y dx = 0.

If a Lagrangian surface Λn+1 is uniquely projected by the natural pro-
jection (y, x, t) �→ (x, t) onto D × R{t}, D ⊂ V , and at each of its points is
transversal to the fibre of the projection, then it can be represented as a graph

y =
∂S(x, t)
∂x

, H(y, x, t) = −∂S(x, t)
∂t

,

where S : D × R → R is some smooth function. In the autonomous case Λn

is given by the graph

y =
∂S

∂x
, x ∈ D.

The function S(x, t) satisfies the Hamilton–Jacobi equation:

∂S

∂t
+H

(
∂S

∂x
, x, t

)

= 0.

In this section we deal with Lagrangian surfaces composed of asymptotic
trajectories. It is natural to call such surfaces asymptotic surfaces.

Suppose that the Hamiltonian function is 2π-periodic in t and depends on
some parameter ε: H = H(y, x, t, ε). Suppose that for ε = 0 the function
H(y, x, t, 0) = H0(y, x) is independent of time and satisfies the following
conditions:

1) There exist two critical points y−, x− and y+, x+ of the function H0 at
which the eigenvalues of the linearized Hamiltonian system

ẏ = −∂H0

∂x
, ẋ =

∂H0

∂y

are real and non-zero. In particular, the 2π-periodic solutions x±(t) = x±,
y±(t) = y± are hyperbolic.

2) If Λ+ (or Λ−) is the stable (respectively, unstable) asymptotic manifold
in T ∗V passing through the point x+, y+ (respectively, x−, y−), then Λ+ =
Λ−. Hence, in particular, H0(y+, x+) = H0(y−, x−).
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3) There exists a domain D ⊂ V containing the points x± such that in
T ∗D ⊂ T ∗V the equation of the surface Λ+ = Λ− can be represented in the
form y = ∂S0/∂x, where S0 is some analytic function in the domain D. It is
useful to consider the differential equation

ẋ =
∂H0

∂y

∣
∣
∣
∣
y(x)

, y =
∂S0

∂x
. (7.8)

In a small neighbourhood of the point x± the solutions of this equation tend
to the point x± as t→ ±∞.

4) In the domain D, equation (7.8) has a doubly asymptotic solution:
x0(t) → x± as t→ ±∞ (Fig. 7.2).

Fig. 7.2.

The Hamiltonian system with Hamiltonian functionH0 should be regarded
as unperturbed. In applications this system is usually completely integrable.
Let D+ (D−) be a subdomain of the domain D containing the point x+

(respectively, x−) and not containing x− (respectively, x+). For small values
of ε the asymptotic surfaces Λ+ and Λ− do not disappear but become the
“perturbed” surfaces Λ+

ε and Λ−
ε . More precisely, in the domain D± × R{t}

the equation of the asymptotic surface can be represented in the form

y =
∂S±

∂x
,

where S±(x, t, ε) is 2π-periodic in t and is defined and analytic for x ∈ D± and
for small values of ε (Poincaré, [41]). The function S± satisfies the Hamilton–
Jacobi equation

∂S±

∂t
+H

(
∂S±

∂x
, x, t, ε

)

= 0. (7.9)

According to our assumption, the surfaces Λ+
0 and Λ−

0 coincide for ε = 0.
Poincaré observed [41] that in general for small values of the parameter ε �= 0
the surfaces Λ+

0 and Λ−
0 , regarded as sets of points in T ∗(D+ ∩D−) × R, no

longer coincide. This phenomenon is called splitting of asymptotic surfaces.
Clearly, Λ+

ε coincides with Λ−
ε if and only if equation (7.9) has a solution

S(x, t, ε) that is analytic in x in the entire domain D.
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Theorem 7.6 (Poincaré). If H1(y+, x+, t) = H1(y−, x−, t) and

+∞∫

−∞

{H0, H1}
(
y
(
x0(t)

)
, x0(t), t

)
dt �= 0, (7.10)

then for small values of the parameter ε �= 0 the perturbed asymptotic surfaces
Λ+

ε and Λ−
ε do not coincide.

� Suppose that equation (7.9) has an analytic solution S(x, t, ε) which, for
small values of ε, can be represented in the form of a convergent power series

S = S0(x, t) + εS1(x, t) + · · · .

The function S0 must satisfy the equation

∂S0

∂t
+H0

(
∂S0

∂x
, x

)

= 0.

Hence, S0 = −ht +W (x), where h = H0(y±, x±) and W is a solution of the
equation

H0

(
∂W

∂x
, x

)

= h.

It is clear that W coincides with the function S0(x).
Let H = H0(y, x) + εH1(y, x, t) + · · · . Then from (7.9) we obtain the

quasi-linear differential equation for S1

∂S1

∂t
+
∂H0

∂x

∣
∣
∣
∣
y(x)

∂S1

∂x
+H1

(
y(x), x, t

)
= 0. (7.11)

Since equation (7.8) is autonomous, together with the solution x0(t) it has
the family of solutions x0(t+ α), α ∈ R. It follows from (7.11) that on these
solutions we have

S1

(
x0(t+ α), t

)

= S1

(
x0(α), 0

)
−

t∫

0

H1

(
y
(
x0(t+ α)

)
, x0(t+ α), t

)
dt.

(7.12)

We can assume without loss of generality that H1(y±, x±, t) = 0 for all t.
If this is not the case, then the perturbing function should be replaced by
the function H1 − H1(y±, x±, t). This does not affect the Poisson bracket
{H0, H1}.

Since the Taylor expansion of the function H1 about the points x±, y±
begins with linear terms in x − x±, y − y±, and the functions x0(t) − x±,
y(x0(t)) − y± tend to zero exponentially fast as t→ ±∞, the integral

J(α) =

+∞∫

−∞

H1

(
y0(t+ α), x0(t+ α), t

)
dt (7.13)
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converges. Equation (7.12) also implies that the value of S1(x, t) at the points
x± is independent of t. According to (7.12), the integral J(α) is equal to
S1(x+) − S1(x−) and therefore is independent of α. To complete the proof it
remains to calculate the derivative

dJ

dα

∣
∣
∣
∣
α=0

=

+∞∫

−∞

∑(
∂H1

∂xs
ẋs +

∂H1

∂ys
ẏs

)

dt =

+∞∫

−∞

{H0, H1} dt = 0.

�
Another proof of Poincaré’s theorem can be found in [8].
Theorem 7.6 is also valid without hypothesis 3). In this case hypothesis 4)

is replaced with the assumption that the unperturbed system has a doubly
asymptotic solution t �→ (x0(t), y0(t)), t ∈ R, with (x0(t), y0(t)) → (x±, y±)
as t → ±∞. In (7.10) one should replace y(x0(t)) with y0(t). In this form,
Theorem 7.6 is also valid for the case where the points (x+, y+) and (x−, y−)
coincide.

Non-Hamiltonian perturbations were considered in [420]. In this case, the
splitting of asymptotic surfaces in the first approximation in ε is determined
by an integral that is similar to (7.10), where the integrand is equal to the
derivative of H0 along the perturbing vector field. Now such integrals are
usually called the Poincaré–Mel’nikov integrals.

In the autonomous case, the condition for splitting of asymptotic surfaces
situated on some fixed energy level can be represented in the form

+∞∫

−∞

{F0, H1} dt �= 0, (7.14)

where F0 is an integral of the unperturbed system. If dF0 = 0 at the points
of unstable periodic trajectories, then the integral (7.14) converges automat-
ically.

The function J(α) (see (7.13)) is usually referred to as the Poincaré inte-
gral. In the case of one and a half degrees of freedom, the separatrix splitting
in the first approximation in ε is completely determined by J(α); see [590].

This statement can be explained as follows. Suppose that n = 1, while
x+ = x− and y+ = y−. Let ΛT be a compact piece of the unperturbed
separatrix

ΛT =
{
(x, y) ∈ T ∗D : y = ∂S0/∂x, x = x0(t), |t| � T

}
.

Then for any T > 0 there exists a neighborhood U of ΛT and symplectic
coordinates (time-energy coordinates) τ, h on U such that the section of the
perturbed separatrices Λs,u

ε by the plane {t = 0} is as follows:

Λs,u
ε |t=0 = {(τ, h) : h = hs,u

ε (τ)},
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where

i) hu
ε (τ) = O(ε2),

ii) hs
ε(τ) = εdJ(τ)/dτ +O(ε2).

Moreover, let g2π
ε : T ∗V → T ∗V be the shift map by time 2π starting at

the instant t = 0 for the perturbed system (the Poincaré map). The following
statement holds.

iii) For any two points z0, z1 ∈ U such that z1 = g2π
ε (z0) let (τ0, h0) and

(τ1, h1) be their time-energy coordinates. Then

τ1 = τ0 + 2π +O(ε), h1 = h0 +O(ε).

The existence of such coordinates has several corollaries.
A. If J is not identically constant, then the separatrices split and this

splitting is of the first order in ε.
B. Let τ∗ be a non-degenerate critical point of J . Then the perturbed sep-

aratrices intersect transversally at a point z∗(ε) with time-energy coordinates
(τ∗+O(ε), O(ε2), t = 0). Such a point z∗(ε) is called a transversal homoclinic
point. It generates a doubly asymptotic solution in the perturbed system.

C. Consider a lobe domain L (τ∗, ε) bounded by two segments of sepa-
ratrices on the section {t = 0} (see Fig. 7.3). Let the “corner points” of the
lobe L (τ∗, ε) correspond to the non-degenerate critical points τ∗ and τ ′∗ of J .
Then the symplectic area of L (τ∗, ε) is equal to

AL (τ∗, ε) = ε(J(τ ′∗) − J(τ∗)) +O(ε2).

Fig. 7.3. Perturbed separatrices in the time-energy coordinates
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7.2.2 Splitting of Asymptotic Surfaces as an Obstruction
to Integrability

We consider a Hamiltonian system with Hamiltonian

H(z, t, ε) = H0(z) + εH1(z, t) +O(ε2)

under the assumptions of § 7.2.1. In particular, the unperturbed system has
two hyperbolic equilibria z± connected by a doubly asymptotic solution t �→
z0(t), t ∈ R.

Theorem 7.7 (Bolotin, [125]). Suppose that the following conditions hold:

1)
+∞∫

−∞
{H0, {H0, H1}}(z0(t), t) dt �= 0,

2) for small ε the perturbed system has a doubly asymptotic solution t �→ zε(t)
close to t �→ z0(t).

Then for small fixed values of ε �= 0 Hamilton’s equations ż = I dH do not
have a complete set of independent integrals in involution in any neighbour-
hood of the closure of the trajectory zε(t).

Remark 7.2. Condition 1) can be replaced by the following condition: for
some m � 2,

+∞∫

−∞

{H0, . . . {H0
︸ ︷︷ ︸

m

, H1} . . . }
(
z0(t), t

)
dt �= 0.

If condition 1) holds, then the asymptotic surfaces certainly do not coin-
cide. Of course, condition 2) does not always hold. We now give a sufficient
condition for the existence of a family of doubly asymptotic trajectories.

Let H0 = F1, . . . , Fn be commuting integrals of the unperturbed problem
which are independent on Λ+

0 = Λ−
0 . If

+∞∫

−∞

{Fi, H1}(z0(t), t) dt = 0, and

det





+∞∫

−∞

{Fi, {Fj , H1}}(z0(t), t) dt



 �= 0,

then there exists a family of asymptotic solutions t �→ zε(t) analytic in ε. This
assertion can be easily derived from the implicit function theorem.

If we are studying the problem of the existence of independent involutive
integrals Fi(z, t, ε), 1 � i � n, that are analytic (or formally analytic) in the
parameter ε, then condition 2) can be dropped. In particular, if condition 1)
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holds, then the series of perturbation theory are divergent in a neighbourhood
of the split asymptotic surfaces.

Using the method of Birkhoff normal forms one can find, in a neighbour-
hood of the unstable periodic solutions z± +O(ε), a formal canonical change
of variables z �→ u which is 2π-periodic in t and reduces the Hamiltonian
function H(z, t, ε) to a function H±(u, ε) independent of t. Because the char-
acteristic exponents are commensurable, this Birkhoff transformation may be
divergent. But in the case of one degree of freedom (n = 1) the formal series
of the change of variables z �→ u always converge and depend analytically on
the parameter ε (see [435]).

Theorem 7.8. Suppose that the Birkhoff transformation converges and de-
pends analytically on ε. If condition 1) of Theorem 7.7 is satisfied, then for
small ε �= 0 Hamilton’s equations do not have a complete set of independent
analytic integrals in involution.

In particular, for n = 1 condition 1) is a sufficient condition for non-
integrability (Ziglin [625]).

� Proof of Theorem 7.8. We define functions R± on the surfaces Λ±
0 by the

formulae

R+(z) = −
+∞∫

0

{H0, {H0, H1}} (z(t), t) dt,

R−(z) =

0∫

−∞

{H0, {H0, H1}} (z(t), t) dt,

where t �→ z(t) is the asymptotic motion of the unperturbed system with the
initial condition z(0) = z.

Lemma 7.2. The functions R± are determined by the function H0, the family
of surfaces Λ±

ε , and the symplectic structure.

� Indeed, according to the results of § 7.2.1 the functions

S+(z) = −ε
+∞∫

0

(H1

(
z(t), t

)
−H1(z+, t)) dt,

S−(z) = ε

0∫

−∞

(H1(z(t), t) −H1(z−, t)) dt

are generating functions of the Lagrangian surfaces Λ±
ε to within O(ε2). But

εR± = {H0, {H0, S
±}}. �
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The compositions of the Birkhoff transformation with powers of the map
over the period allow one to continue the functions H± from neighbourhoods
of the critical points u±(ε) to some neighbourhoods W± of the asymptotic
surfaces Λ±

ε . Since a possible splitting of the surfaces Λ+
ε and Λ−

ε is of order ε,
for small ε the neighbourhoods W+ and W− intersect.

Lemma 7.3. We have {H+, H−} �≡ 0 for ε �= 0.

� We set
H±(u, ε) = H±(u) + εH±

1 (u) +O(ε2).

Since H±
0 (u) = H0(u), we have

{H+, H−} = ε{H0, H
−
1 −H+

1 } +O(ε2).

Because Λ−
0 is an invariant asymptotic manifold of the Hamiltonian system

u̇ = IdH0, by Lemma 7.2 we have

{H0, H
−
1 }(u) =

0∫

−∞

{H0, {H0, H
−
1 }} (u0(t)) dt = R−(u), u ∈ Λ−

0 .

Similarly,

{H0, H
+
1 }(u) =

+∞∫

0

{H0, {H0, H
+
1 }} (u0(t)) dt = R+(u), u ∈ Λ+

0 .

Consequently,

{H+, H−} = ε

+∞∫

−∞

{H0, {H0, H1}}(z0(t), t) dt+O(ε2).

By condition 1), for small ε �= 0 the Poisson bracket satisfies the conclusion:
{H+, H−} �≡ 0. �
Completion of the proof of Theorem 7.8. In the new variables u, the inte-
grals F1, . . . , Fn are independent of t. Suppose that for ε �= 0 the integrals
F1, . . . , Fn are independent at some point of W+ ∩W−. Since {H±, Fi} ≡ 0,
the vector IdH± is a linear combination of the vectors IdFi. Because
{Fi, Fj} = 0, we clearly have {H+, H−} = 0 at this point. To complete
the proof it remains to observe that the analytic function {H+, H−} does not
vanish on an everywhere dense set. �
Theorem 7.9. Let n = 1. If

1)
+∞∫

−∞
{H0, H1}(z0(t), t) dt �= 0, and
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2) for small ε the perturbed system has a doubly asymptotic solution t �→ zε(t)
close to t �→ z0(t),

then for small values of ε �= 0 the Hamiltonian system ż = IdH does not have
an additional analytic integral.

� Consider the flow map g over the period from the section t = t0 onto itself.
For small ε this map has two hyperbolic fixed points z1 and z2 with invari-
ant separatrices W±

1 and W±
2 . According to the hypotheses of the theorem,

for ε �= 0 the separatrices W+
1 and W−

2 intersect and do not coincide. Let
V be a small neighbourhood of the point z1, and ∆ a small segment of the
separatrix W−

2 intersecting W+
1 . For sufficiently large n the segment gn(∆)

is entirely contained in the domain V and again intersects W+
1 . According to

the Grobman–Hartman theorem [481], in the domain V the map g is topolog-
ically conjugate to a linear hyperbolic rotation. Consequently, as n→ ∞, the
segments gn(∆) will be “stretched” along the separatrix W−

1 approaching it
arbitrarily closely. It is obvious that the union

∞⋃

n=1

gn(∆) (7.15)

is a key set for the class of functions analytic in the section t = t0.

Fig. 7.4.

Now suppose that Hamilton’s equation has an analytic integral f(z, t).
The function f(z, t0) is invariant under the map g and is constant on the
separatrix W−

2 (since the sequence of points gn(z), z ∈W−
2 , converges to the

point z2 as n→ −∞). Consequently, the analytic function f(z, t0) is constant
on the set (7.15) and therefore is constant for any t0. �
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Remark 7.3. Poincaré divided doubly asymptotic solutions into two types:
homoclinic (when z+ = z−) and heteroclinic (when z+ �= z−). If n = 1, then
for small ε the perturbed problem always has homoclinic solutions (of course,
if they existed for ε = 0).

7.2.3 Some Applications

a) First we consider the simplest problem of the oscillations of a pendulum
with a vibrating point of suspension (see § 6.1.4, Example 6.6). The Hamil-
tonian function H is equal to H0 + εH1, where

H0 =
y2

2
− ω2 cos x, H1 = −ω2f(t) cos x,

and f is a 2π-periodic function of time. When ε = 0, the upper position of
the pendulum is an unstable equilibrium. The unperturbed problem has two
families of homoclinic solutions:

cos x0 =
2e±ω(t−t0)

e±2ω(t−t0) + 1
, x0 → ±π as t→ ±∞. (7.16)

Since {H0, H1} = −ω2f(t)ẋ sin x, the integral (7.10) is, up to a constant
factor, equal to

+∞∫

−∞

ḟ(t) cos x0 dt.

Let f(t) =
∑

fne
int. Then the integral (7.10) can be represented as the series

∑

n∈Z

2in fnJne
int0 , Jn =

+∞∫

−∞

e±ωteint

e±2ωt + 1
dt.

The integrals Jn can be easily calculated by using residues:

Jn =
−ie−nπ/2ω

2ω(1 + e±nπ/ω)
�= 0.

Consequently, if f(t) �= const (that is, fn �= 0 for some n �= 0), then the
integral (7.10) is distinct from zero on at least one doubly asymptotic solution
in the family (7.16). Thus, if f(t) �= const, then according to the results
of § 7.2.2, for sufficiently small (but fixed) values of the parameter ε �= 0 the
problem does not have an analytic first integral F (y, x, t) that is 2π-periodic
in x and t. One can show that the equations of oscillations of the pendulum
can be completely integrable only for finitely many values of the parameter ε
in the interval [−a, a], where a = 1/max |f(t)| (see [28]).
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Remark 7.4. The paper [28] contains an example of a Hamiltonian system
with analytic Hamiltonian depending analytically on the parameter, for which
there are two everywhere dense sets of values of the parameter on one of which
the system is completely integrable, and on the other non-integrable. Thus,
the integrable cases are not always isolated.

b) In the problem of the rapid rotation of a heavy asymmetric rigid
body, the Hamiltonian function is H = H0 + εH1, where H0 = 〈AM,M〉/2,
H1 = 〈x, e〉; A = diag (a1, a2, a3), x = (x1, x2, x3). The numbers a1, a2, a3

are the reciprocals of the principal moments of inertia of the body, and
x1, x2, x3 are the coordinates of the centre of mass with respect to the principal
inertia axes. For ε = 0 we have the integrable Euler case. In this unperturbed
problem, on every regular three-dimensional level

Mh,c = {M, e : H0 = h, 〈M, e〉 = c, 〈e, e〉 = 1}

there exist two unstable periodic solutions: if a1 < a2 < a3, then these solu-
tions are given by

M1 = M3 = 0, M2 = M0
2 = ±

√
2h
a2

;

e2 = e02 = ± c

M0
2

, e1 = α cos
(
a2M

0
2

)
t, e3 = α sin

(
a2M

0
2

)
t;

α2 = 1 −
(

c

M0
2

)2

(7.17)

The inequality 〈M, e〉2 � 〈M,M〉 · 〈e, e〉 and the independence of the first
integrals on Mh,c imply that α2 > 0. The stable and unstable asymptotic sur-
faces of the periodic solutions (7.17) can be represented as the intersections
of the manifold Mh,c with the hyperplanes M1

√
a2 − a1 ±M3

√
a3 − a2 = 0.

In the Euler problem the asymptotic surfaces are “doubled”: they are com-
pletely filled with doubly asymptotic trajectories which approach the peri-
odic trajectories (7.17) unboundedly as t → ±∞. Splitting of these surfaces
was studied in the papers of Kozlov (1976) and Ziglin (1980). It turned out
that the asymptotic surfaces always split under a perturbation, except for the
“Hess–Appel’rot case”:

x2 = 0, x1

√
a3 − a2 ± x3

√
a2 − a1 = 0. (7.18)

In this case, one pair of separatrices splits, and the other does not.
The reason for non-splitting is that when condition (7.18) holds, the per-

turbed problem for all values of ε has the “particular” integral

F = M1

√
a2 − a1 ±M3

√
a3 − a2

(since Ḟ = 0 if F = 0). One can show that for small values of ε the closed
invariant surfaces Mh,c∩{F = 0} form precisely a pair of doubled separatrices
(see [27]).
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In the problem of the rapid rotation of a heavy asymmetric top, the split
separatrices, apparently, do not always intersect. However, here Theorem 7.8
is applicable, which can be used to establish the absence of an additional
analytic integral of the perturbed problem for small but fixed values of the
parameter ε �= 0 (Ziglin, 1980).

The behaviour of solutions of the perturbed problem was studied numer-
ically by Galgani, Giorgilli, and Strelcyn [239]. Fig. 7.5 shows the results of
calculations for different values of the perturbing parameter ε. One can clearly
see that the picture of invariant curves of the unperturbed problem starts to
disintegrate precisely in a neighbourhood of the separatrices.

Fig. 7.5.

c) We now consider Kirchhoff’s equations





Ṁ = M × ω + e × u, ė = e × ω; ω = H ′
M, u = H ′

e,

H =
1
2
〈AM,M〉 + 〈BM, e〉 +

1
2
〈Ce, e〉,

(7.19)

describing the rotation of a rigid body in an ideal fluid.
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We consider the case where the matrix A is diagonal, A = diag (a1, a2, a3),
and the matrices B and C are symmetric.

Theorem 7.10. Suppose that the numbers a1, a2, a3 are pairwise distinct. If
Kirchhoff’s equations have an additional integral that is independent of the
functions F1 = H, F2 = 〈M, e〉, F3 = 〈e, e〉 and is analytic in R

6{M, e},
then the matrix B is diagonal, B = diag (b1, b2, b3), and

a−1
1 (b2 − b3) + a−1

2 (b3 − b1) + a−1
3 (b1 − b2) = 0. (7.20)

If B = 0, then an independent analytic integral exists only in the case where
C = diag (c1, c2, c3) and

a−1
1 (c2 − c3) + a−1

2 (c3 − c1) + a−1
3 (c1 − c2) = 0. (7.21)

The matrix B in the Steklov integrable case is determined precisely by
condition (7.20). Condition (7.21) gives the Clebsch integrable case. It is in-
teresting that conditions (7.20) and (7.21) have the same form. In the Sokolov
integrable case we have a1 = a2 and the symmetric matrix B is not diagonal.

Corollary 7.3. In the general case Kirchhoff’s equations are non-integrable.

The proof of Theorem 7.10, which was established by Kozlov and Oni-
shchenko [356], is also based on the phenomenon of separatrix splitting: a
small parameter ε is introduced into equations (7.19) by replacing e by eε; for
ε = 0 we have again the integrable Euler problem, whose doubled separatrices
split under perturbations if conditions (7.20)–(7.21) do not hold. The details
can be found in [28, 30].

d) Using the method of splitting of asymptotic surfaces one can estab-
lish the non-integrability of the problem of motion of four point vortices
(Ziglin [624]). More precisely, consider this problem in the restricted setting:
a vortex of zero intensity (that is, simply a particle of the ideal fluid) is mov-
ing in the “field” of three vortices of equal intensities. It turns out that the
equation of motion of the zero vortex can be represented in the Hamiltonian
form with Hamiltonian that is periodic in time; these equations have hyper-
bolic periodic motions with intersecting separatrices. Therefore the restricted
problem of four vortices is not completely integrable, although it has four
independent non-commuting integrals (as in the unrestricted setting).

The non-integrable (chaotic) behaviour of the system of four point vor-
tices of equal intensities was first indicated in [483] with the aid of numerical
calculations. In more detail this problem was studied in [70].

7.3 Quasi-Random Oscillations

Most of the methods for proving non-integrability are based on the fact that
a sufficiently intricate topological behaviour of the phase curves obstructs the
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existence of first integrals. One of the cases where such topological intricacy
(and therefore, non-integrability) can be established explicitly is the theory
of quasi-random oscillations, which is considered here in the simplest model
situation.

Following Alekseev we consider a non-autonomous system with one degree
of freedom whose motion is described by the equation

ẍ = −Q(x, t), x ∈ R. (7.22)

We assume that the following conditions hold:
a) Q is a smooth function 2π-periodic in t.
b) Q(−x, t) = −Q(x, t); in particular, Q(0, t) = 0 and, consequently, the

point x = 0 is an equilibrium position.
c) Q > 0 for x > 0, and

∞∫

0

2π∫

0

Q(x, t) dx ∧ dt <∞.

If the system is autonomous, then the last condition means that the po-
tential energy is bounded as |x| → ∞.

d) Q′
x � 0 for x � x∗ > 0. This means that the graph of the potential

energy U(x, t) (defined by the equality U ′
x = −Q for |x| > x∗) is convex.

The following two conditions are of technical nature:

e) |Q′
t| � Ψ(x),

∞∫

0

Ψ(x) dx <∞.

f) Ψ(x)/Q2(x, t) = O(1) for x � x0.

Fig. 7.6.
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An important example is the variant of the restricted three-body problem
in which two points of equal masses describe elliptic orbits in the plane x, y
symmetric with respect to the z-axis, and the third point of zero mass always
remains on the z-axis (see Fig. 7.6). The motion of the third point is described
by the differential equation

z̈ = − z

[z2 + r2(t)]3/2
, (7.23)

where

r(t) =
1

1 + e cos ϕ(t)
, ϕ̇ = (1 + e cos ϕ)2, ϕ(0) = 0;

here e is the eccentricity of the elliptic orbit of massive bodies. In this example
all conditions a)–f) are obviously satisfied.

7.3.1 Poincaré Return Map

Definition 7.1. A solution x(t) of equation (7.22) is said to be hyperbolic
in the future if there exists ẋ(+∞) = lim

t→+∞
ẋ(t) > 0; parabolic in the future

if ẋ(+∞) = 0, and oscillating in the future if the function x(t) has infinitely
many zeros as t→ +∞.

These three forms of motion in the past (as t→ −∞) are defined in similar
fashion (see § 2.4.1).

In the above-mentioned example of the restricted three-body problem, the
hyperbolic (parabolic) in the future motions are called according to Chazy
hyperbolic-elliptic (parabolic-elliptic) motions. The oscillating in the future
motions had not yet been defined as final motions.

Proposition 7.2. Each solution of equation (7.22) is of one of these three
types (both as t→ +∞ and as t→ −∞).

An easy proof is based on using properties a)–c) of the function Q.
Let x(t) be the solution of equation (7.22) with the initial data x(τ) = 0,

ẋ(τ) = v > 0. There are two possible cases here. In the first case the function x
monotonically increases as t → +∞; this solution is either hyperbolic or
parabolic. In the second case, x reaches its maximum X+(v, τ) and then
decreases to the value x = 0. We introduce the function

h+(v, τ) =






ẋ2(+∞)
2

+
∞∫

0

Q0(x) dx in the first case,

X+
∫

0

Q0(x) dx in the second case,
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where

Q0 =
1
2π

2π∫

0

Q(x, t) dt.

The function h−(v, τ) (when t → −∞) is defined in similar fashion. In the
stationary case, h+(v) ≡ h−(v). In the further analysis an important role is
played by the constant

J =

∞∫

0

Q0(x) dx,

which exists according to condition c). If Q is independent of time, then J
is the total energy of the parabolic motion. One can show that the h± are
differentiable functions.

On the plane Σ with polar coordinates v, τ mod 2π we consider the two
curves Π± = {h± = J}. These closed differentiable curves bound on Σ some
domains R± containing the point v = 0.

Proposition 7.3. If the point (v, τ) lies outside (on) Π±, then the function
x(t) is monotonic and the motion is hyperbolic (respectively, parabolic) as
t → ±∞. If the point (v, τ) lies inside R+ (R−), then x(t) has at least one
zero for t > τ (respectively, for t < τ).

� The inequality h+ � J is equivalent to the condition X±(v, τ) = ∞, which
in turn implies the equality h+ − J = ẋ2(+∞)/2. If ẋ(+∞) > 0 (or = 0),
then the motion is hyperbolic (respectively, parabolic). �

According to Proposition 7.3, for points (v, τ) in R+ the natural map
S : (v, τ) �→ (v′, τ ′) is defined, where τ ′ is the zero of the function x(t) nearest
to τ , and v′ is the velocity of the point at the instant τ ′ (by the symmetry
x → −x we can assume that v′ > 0; see Fig. 7.7). Clearly, SR+ = R− and
h+ ◦ S = h−.

Lemma 7.4. The map S : R+ → R− preserves area on Σ.

Fig. 7.7.
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� Equation (7.22) is of course Hamiltonian with the Hamiltonian function

H(y, x, t) =
y2

2
+ U(x, t),

where y = ẋ. Let Γ be a closed contour in the domain R+ and let Γ ′ = S(Γ ).
By the integral invariant theorem we have

∮

Γ

ydx−Hdt =
∮

Γ ′

ydx−Hdt ⇔
∮

Γ

v2 dτ =
∮

Γ ′

v2 dτ.

�
From this assertion one can derive, in particular, the following.

Proposition 7.4. Almost all solutions oscillating in the past are oscillating
in the future, and vice versa.

� Let Am be the set of points (v, τ) ∈ Σ such that the solution x(t) has
infinitely many zeros for t � τ , and exactly m zeros for t < τ . It is clear that
S(Am) = Am+1, meas (Am) = meas (Am+1) (Lemma 7.4), and Ak ∩ Al =
∅ for k �= l. We are interested in the measure of the set A =

⋃

m�0

Am. If

measAm �= 0, then measA = ∞. But the measure of A is finite, since this set
is entirely contained in the disc of radius

2



π

∞∫

0

Ψ(x) dx





1/2

.

Indeed, multiplying equation (7.24) by ẋ and integrating from τ to t we obtain

v2

2
− ẋ2

2
= −

τ∫

t

ẋQ dt =

x(t)∫

0

Q(x, t) dt.

It remains to use the inequality Q < 2πΨ(x) for x > 0, which follows from
condition e). �

Since the domains R+ and R− have non-empty intersection and their
measures are equal, the boundaries Π+ and Π− intersect in at least two
points. We assume in what follows that Π+ and Π− intersect transversally.
For example, in the case of equation (7.23) for zero value of the eccentricity we
have Π+ = Π− = {v =

√
2}. By the symmetry of the problem with respect

to the junction instant τ = 0, in the general case the curves Π+ and Π− have
common points on the ray τ = 0. One can show that, at least for small values
of e > 0, the curves Π+ and Π− intersect at these points transversally.

In a neighbourhood of an intersection point of Π+ and Π−, the functions
ξ = h+−J and η = h−−J can be chosen as local coordinates on Σ. Consider
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Fig. 7.8.

a small square B = {|ξ| � ε, |η| � ε}. One can show that for small values
of ε the set S(B ∩ R+) is a “spiral” winding round the curve Π−, and the
set S−1(B ∩ R−) is a similar spiral winding round Π+ (see Fig. 7.8). This is
a consequence of the hyperbolicity of the map S (S−1) in a neighbourhood of
the point ξ = η = 0: the map S is a compressing map along the η-axis, and
stretching along the ξ-axis (see the details in [2]). The set S(B∩R+)∩B∩R+

consists already of infinitely many connected components. Each of them is
transformed by the map S into a narrow spiral contained inside the spiral
S(B ∩ R+). Iterating the map S both in the positive and in the negative
direction we obtain more and more narrow strips in the square B transversally
intersecting each other. In the limit we obtain a Cantor (perfect and nowhere
dense) set Λ ⊂ B that is invariant under all integer powers of the map S.
Here, the orbit of any point (v, τ) ∈ Λ (that is, the set Sn(v, τ), n ∈ Z) has a
very intricate form, characteristic of a random walk on the set Λ. The proof
of these assertions can be found in the papers of Alekseev [2]. We illustrate
what was said above by a certain model example.

7.3.2 Symbolic Dynamics

We consider the unit square B = {(x, y) ∈ R
2 : 0 � x, y � 1} and define a

map of the square B into itself by the formulae

if 0 � x � 1
3
, then x �→ 3x, y �→ y

3
,

if
2
3

� x � 1, then x �→ 3x− 2, y �→ y

3
+

2
3
.

(7.24)

The map S is undefined in the strip 1/3 < x < 2/3, 0 � y � 1. The geometric
meaning of the transformation S : B → B is clear from Fig. 7.9.
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Fig. 7.9.

Let us determine the structure of the sets SnB ⊂ B for n > 1. To obtain
SB we must remove from the square B the horizontal strip [0, 1]× (1/3, 2/3).
Removing from the remaining two strips the more narrow strips [0, 1] ×
[1/9, 2/9] and [0, 1]×[7/9, 8/9] we obtain the set S2B, and so on (see Fig. 7.10).
Continuing this process to infinity we arrive at the set [0, 1]×K[0,1] ⊂ B (where
K[0,1] is the Cantor set on the segment [0, 1]), on which all the negative powers
of S are defined. Arguing in exactly the same way we obtain that all the pos-
itive powers of the map S are defined on the set K[0,1] × [0, 1] . Consequently,
all the integer powers of S are defined on the direct product of Cantor sets
Λ = K[0,1] ×K[0,1].

Fig. 7.10.

So what is the structure of the map S : Λ → Λ? In order to answer this
question we introduce the space Ω of sequences ω = {ωn} of zeros and ones
where n runs over all integer values. We equipΩ with a topology T by defining
convergence as follows: a sequence ω(k) ∈ Ω converges to ω ∈ Ω if ω(k)

n → ωn

for every n.

Lemma 7.5. The space (Ω,T ) is homeomorphic to Λ.

� Indeed, we can associate with a sequence ωn the two numbers

x =
2
∑

s�0 ωs

3s+1
, y =

2
∑

s�0 ω−s

3s
, (7.25)

which obviously belong to K[0,1]. It is easy to realize that this correspondence
is a homeomorphism. �

Let T be the map of Ω onto itself that takes ω = {ωn} to ω′ = {ωn+1}
(the shift of all indices by one).
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Theorem 7.11. There exists a homeomorphism f : Λ → Ω such that the
diagram

Λ
S−→ Λ

f

4


4 f

Ω
T−→ Ω .

is commutative.

The proof is based on a simple comparison of formulae (7.24) and (7.25).
Thus, with each trajectory {Sn(a)}, a ∈ B, n ∈ Z, entirely contained in

the square B we have associated a sequence of symbols ω = {ωn} so that to
the action of the map S there corresponds the shift of all symbols by one to
the left. This method of coding trajectories , which goes back to the papers of
Birkhoff, Morse, Hedlund, is a basis of “symbolic dynamics”. One can learn
about it in more detail in the works [2, 481].

Theorem 7.11 has a number of important consequences.

Proposition 7.5. The map S : Λ→ Λ has the following properties:

1) any two periodic trajectories can be connected by a doubly asymptotic tra-
jectory,

2) the periodic points are dense in Λ,
3) there exist trajectories that fill Λ everywhere densely.

� Indeed, to a periodic trajectory there corresponds a point (a) =
(. . . a, a, a, . . . ) ∈ Ω, where a is a finite block of zeros and ones. Suppose
that points (a), (b) ∈ Ω correspond to two periodic trajectories. Then the
sequence (. . . , a, a, b, b, . . . ) obviously corresponds to the required doubly as-
ymptotic trajectory. Furthermore, with any element ω ∈ Ω we can associate
the sequence ω(n) = (an) ∈ Ω, where an = {ω−n, . . . , ωn}. Clearly, ω(n) → ω.
Finally, consider a point ω∗ ∈ Ω such that the sequence {ω∗

n}, starting from
some position, contains all finite blocks of zeros and ones written consecutively
one after another. It is easy to see that the closure of the orbit

⋃

n∈Z

Tnω∗ co-

incides with Ω. �

7.3.3 Absence of Analytic Integrals

Theorem 7.12. Under the assumptions of § 7.3.1 differential equation (7.24)
does not have a first integral that is analytic in ẋ, x, t and 2π-periodic in t.

� If such an integral exists, then the map S : R+ → R− in § 7.3.1 has a non-
constant analytic invariant function f(v, τ). One can show that the restriction
of S to the invariant Cantor set Λ has the properties listed in Proposition 7.5
(see [2]). In particular, by continuity we have f = const on the set Λ. It
follows from the method of construction of the perfect set Λ that for every
point (v0, τ0) ∈ Ω there exist two sequences of points in Λ converging to
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(v0, τ0) along two independent directions. Hence the derivatives of all orders
with respect to v and τ at the point (v0, τ0) are equal to zero. To complete
the proof it remains to use the analyticity of f . �

In conclusion we make several remarks.

1. Since Λ is nowhere dense, it is impossible to deduce from this argument
that there are no smooth first integrals.

2. Symbolic dynamics for the restricted (and even unrestricted) three-body
problem in § 7.3.1 was developed in the papers of Alekseev [2]. Using symbolic
dynamics Alekseev has obtained all the logically possible combinations of
types of final motion according to Chazy’s classification.

3. In a neighbourhood of homoclinic periodic trajectories with transver-
sal asymptotic surfaces, an assertion analogous to Theorem 7.11 holds, which
goes back to Birkhoff (1935). A rigorous proof of this assertion is due to Smale
(1965) and Shil’nikov (1967) (see [481]). Note that the proof of the absence of
analytic integrals (Theorem 7.12) is independent of the transversality prop-
erty. However, the presence of non-transversal asymptotic surfaces can have
a strong effect on the qualitative behaviour of the trajectories (see [481]).

4. One can show that the periodic trajectories contained in Λ are hyper-
bolic and, consequently, non-degenerate. On the other hand, they are dense
in Λ, and Λ is a key set in B. Hence the absence of analytic integrals can be
established by Poincaré’s method (see § 7.1.2).

7.4 Non-Integrability in a Neighbourhood
of an Equilibrium Position (Siegel’s Method)

Yet another method for proving non-integrability is based on lower estimates
for the coefficients of the power series for formal integrals. Here divergence is
caused by abnormally small denominators, that is, ultimately, by the influence
of the resonances close to the equilibrium position under consideration.

We consider a canonical system of differential equations

ẋk =
∂H

∂yk
, ẏk = − ∂H

∂xk
(1 � k � n) (7.26)

and suppose that H is an analytic function in a neighbourhood of the point
x = y = 0 such that H(0) = 0 and dH(0) = 0. Let H =

∑

s�2

Hs, where Hs is

a homogeneous polynomial of degree s in x and y.
Let λ1, . . . , λ2n be the eigenvalues of the linearized canonical system with

Hamiltonian H2. We can assume that λn+k = −λk for 1 � k � n. We consider
the case where the numbers λ1, . . . , λn are purely imaginary and independent
over the field of rational numbers.
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In this section we study the complete integrability of equations (7.26) in
a neighbourhood of the equilibrium position x = y = 0 and the convergence
of the Birkhoff normalizing transformation.

We consider the set H of all the power series

H =
∑

hksx
kys, k = (k1, . . . , kn), s = (s1, . . . , sn),

converging in some neighbourhood of the point x = y = 0. We introduce in
H the following topology T : a neighbourhood of a power series H∗ with
coefficients h∗ks is defined to be the set of power series with coefficients hks

satisfying the inequalities |hks−h∗ks| < εks, where εks is a sequence of positive
numbers. Choosing arbitrary sequences of positive numbers εks we get various
neighbourhoods of the point H∗ ∈ H .

Theorem 7.13. In any neighbourhood of any point H∗ ∈ H there exists
a Hamiltonian H such that the corresponding canonical system (7.26) does
not have an integral that is independent of the function H and is analytic in
a neighbourhood of the equilibrium position x = y = 0.

Thus, non-integrable systems are everywhere dense in H . In particular,
the Hamiltonian systems for which the Birkhoff transformation diverges are
everywhere dense. The idea of the proof of the theorem is as follows. Let

F =
∑

fksx
kys (7.27)

be a formal integral of equations (7.26) independent of the function H. The
existence of F follows from Birkhoff’s theorem (§ 5.1.3). One can show that
in any neighbourhood of a point H∗ ∈ H there exists a Hamiltonian H to
which there corresponds a formal series (7.27) such that infinitely many of
its coefficients satisfy the estimate |fks| � mm2

, where m = |k| + |s|. This is
achieved by the choice of the eigenvalues λ1, . . . , λn that are sufficiently fast
approximated by rational numbers. On the other hand, if equations (7.26)
have an analytic integral independent of H, then the estimate |fks| < cmm,
c = const, holds. All the details of the proof can be found in [44].

As for divergence of the Birkhoff transformation we have the following
stronger result.

Theorem 7.14 ([45]). The Hamiltonian functions H for which the Birkhoff
transformation converges form in H a subset of the first Baire category2 in
the topology T .

More precisely, Siegel proved the existence of a denumerable set of ana-
lytically independent power series Φ1, Φ2, . . . in infinitely many variables hks

which converge absolutely for |hks| < ε (for all k, s) and are such that if a
2 That is, it can be represented in the form of a countable union of nowhere dense

sets.



7.4 Non-Integrability in a Neighbourhood of an Equilibrium Position 383

point H ∈ H can be reduced to a normal form by a convergent Birkhoff
transformation, then almost all the Φs vanish at this point (except for, possi-
bly, finitely many of them). Since the functions Φs are analytic, their zeros are
nowhere dense in H . Consequently, the set of points in H satisfying at least
one equation Φs = 0 is of the first Baire category. If we attempt to investigate
the convergence of the Birkhoff transformation in some concrete Hamiltonian
system, then we have to verify infinitely many conditions. No finite method
is known for this purpose, although all the coefficients of the series Φs can be
calculated explicitly. The proof of the theorem is based on a careful analy-
sis of isolated long-periodic solutions in a neighbourhood of the equilibrium
position. Thus, ideologically the proof also goes back to the earlier studies of
Poincaré (see § 7.1.2).

Remark 7.5. Let us introduce in the set H the new topology T ′ in which a
neighbourhood of the series with coefficients h∗ks consists of all the converging
power series with coefficients hks satisfying the inequalities |hks −h∗ks| < ε for
|k| + |s| � N , for some ε > 0 and N � 3. One can show that with respect to
the topology T ′ the set of Hamiltonians with converging Birkhoff transfor-
mations is everywhere dense in H . Indeed, if we discard the terms of order
higher than N in the formal power series defining the Birkhoff transformation
and then touch up the coefficients of the leading terms of the series of this
Hamiltonian, then we obtain a converging canonical transformation reducing
the Hamiltonian thus modified to a normal form. Note that the topology T ′

is of course much weaker than the topology T .

Using Siegel’s method one can prove that the non-integrable systems are
everywhere dense in certain subspaces of the space H . As an example we
consider the equation

ẍ = −∂U
∂x

, x ∈ R
n, (7.28)

which describes the motion of a material point in a force field with poten-
tial U(x). This equation can of course be written in the Hamiltonian form:

ẋ = H ′
y, ẏ = −H ′

x; H =
y2

2
+ U(x).

Let U(0) = 0 and dU(0) = 0. Then the point x = 0 is an equilibrium position.
We set U =

∑

s�2

Us, and let U2 =
∑

ω2
k x

2
k/2. We assume that the frequencies

of small oscillations ω1, . . . , ωn are rationally independent.
We introduce the space U of power series

∑

|k|�2

ukx
k

converging in some neighbourhood of the point x = 0. We equip U with the
topology T defined above for the space H .
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Theorem 7.15. The points for which equations (7.28) have no integral F (ẋ, x)
that is analytic in a neighbourhood of the point ẋ = x = 0 and is independent
of the energy integral E = ẋ2/2 + U(x) are everywhere dense in the space U
with the topology T .

Apparently, the points U ∈ U for which the Birkhoff transformation con-
verges form in U a subset of the first Baire category. The proof of Theo-
rem 7.15 is contained in [28].

In connection with the analysis of normal forms it is useful to bear in
mind the following important circumstance: a divergent Birkhoff transfor-
mation may converge on some analytic invariant manifold Λ containing the
equilibrium position. The dynamical system on Λ thus arising is integrable.
A classical example of such a situation is provided by the following.

Theorem 7.16 (Lyapunov). If the ratio λs/λ1 is not an integer for all
s > 1, then there exists an invertible analytic canonical transformation
(x, y) �→ (ξ, η) which reduces the Hamiltonian H(x, y) to the form

Φ(ρ) +O(|ζ|2),

where Φ is a function of the single variable ρ = ξ21 + η2
1, and ζ = (ξ2, . . . , ξn,

η2, . . . , ηn).

Thus, on the invariant manifold Λ = {ζ = 0} the Hamiltonian sys-
tem (7.28) reduces to the system with one degree of freedom given by

ξ̇1 = 2Φ′
ρη1, η̇1 = −2Φ′

ρξ1.

Consequently, ρ = const and ξ1 + iη1 = c exp (−2iΦ′
ρ)t. The phase plane R

2

with coordinates ξ1, η1 is foliated into the invariant concentric circles ξ21 +η2
1 =

ρ, on which the motion is uniform with frequency Φ′
ρ depending on ρ such that

Φ′
ρ(0) = λ1/2.

A similar assertion is also valid in the case where among the eigenvalues
λs there is a real pair λ1, −λ1. In this case, ρ = ξ1η1 (see the details in [46]).

Remark 7.6. As shown by Siegel, the condition λs/λ1 �∈ Z for s > 1 in
Lyapunov’s theorem cannot be dropped. Generalizations of this theorem to
the case where this condition is not satisfied can be found in the papers of
Roels [518, 519].

All that was said above, with necessary alterations, can be extended, for
example, to the case of normal forms of Hamiltonian systems in a neighbour-
hood of periodic trajectories. A thorough analysis of convergence of normal-
izing transformations (and not only of Hamilton’s equations) can be found in
Bryuno’s book [153].
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7.5 Branching of Solutions and Absence
of Single-Valued Integrals

In most of the integrated problems of Hamiltonian mechanics the known first
integrals admit continuation to holomorphic or meromorphic functions in the
complex domain of variation of the canonical variables. In this section we show
that branching of solutions of Hamiltonian systems in the plane of complex
time in the general case is an obstruction to the existence of new single-valued
first integrals.

7.5.1 Branching of Solutions as Obstruction to Integrability

Let DC,δ = {I ∈ C
n : Re I ∈ D ⊂ R

n, |ImI| < δ}, let T
n
C

= C
n/2πZ

n

be the complex torus (over R this is T
n × R

n) with complex-angle coordi-
nates ϕ1, . . . , ϕn mod 2π, and let E be some neighbourhood of zero in C.
Let H : DC,δ × T

n
C
× E → C be a holomorphic function which takes real

values for real values of I, ϕ, ε and is such that H(I, ϕ, 0) = H(I).
The direct product DC,δ × T

n
C

is equipped with the simplest symplec-
tic structure, in which Hamilton’s equations with Hamiltonian H have the
canonical form

dI

dt
= −∂H

∂ϕ
,

dϕ

dt
=
∂H

∂I
; H = H0 + εH1 + · · · . (7.29)

All the solutions of the system with the Hamiltonian function H0 are single-
valued on the plane of complex time t ∈ C:

I = I0, ϕ = ϕ0 + ω
(
I0
)
t.

For ε �= 0 the solutions of the “perturbed” equations (7.29), generally speak-
ing, are no longer single-valued. Let γ be some closed contour on the plane of
complex time. According to the well-known Poincaré theorem the solutions
of equations (7.29) can be expanded in the power series

I = I0 + εI1(t) + · · · , ϕ = ϕ0 + ωt+ εϕ1(t) + · · · ,
I1(0) = · · · = ϕ1(0) = · · · = 0,

(7.30)

converging for sufficiently small values of the parameter ε if t ∈ γ.
We say that an analytic vector-function f(t), t ∈ C, is not single-valued

along the contour γ if it undergoes a jump ∆f = ξ �= 0 after going around the
contour γ. For example, if the function I1(t, I0, ϕ0) is not single-valued along
γ, then for small values of the parameter ε the perturbed solution (7.30) is
also non-single-valued along the contour γ. The jump ∆I1 is obviously equal
to

ξ =
∫

γ

Φ(t) dt, where Φ(t) = − ∂H1

∂ϕ

∣
∣
∣
∣
I0, ϕ0+ω(I0)t

.
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If for fixed values of I the function H1 is holomorphic in T
n
C
, then, of course,

ξ = 0. However, in practically important cases this function has singularities
(say, poles). Therefore we assume the function to be holomorphic only in the
domain DC,δ × Ω × E, where Ω is a connected domain in T

n
C

containing the
real torus T

n
R

and the closed contour Γ which is the image of the contour γ
under the map ϕ = ϕ0 + ω(I0)t, t ∈ γ.

We fix the initial data I0, ϕ0 and continuously deform the contour γ so that
the contour Γ is not crossed by any singular point of the function H. Then,
by Cauchy’s theorem, after going around the deformed contour the function
I1(t) will again change by the same quantity ξ �= 0. On the other hand, since
the solutions (7.30) are continuous with respect to the initial data, the func-
tion I1(t, I0, ϕ0) is not single-valued along the contour γ for all nearby values
of I0, ϕ0.

Theorem 7.17 ([324, 27]). Suppose that the following conditions hold:

1) det
(
∂2H0

∂I2

)

�≡ 0 in DC,δ,

2) for some initial data I0, ϕ0 the function I1 is not single-valued along a
closed contour γ ⊂ C{t}.
Then equations (7.29) do not have a complete set of independent formal3

integrals

Fs =
∞∑

i=0

F s
i (Iϕ)εi (1 � s � n)

whose coefficients are single-valued holomorphic functions in the direct product
V ×Ω ⊂ DC,δ × T

n
C
, where V is a neighbourhood of the point I0 in DC,δ.

� We indicate the main points of the proof of the theorem. As always, first
we show that the functions F s

0 (I, ϕ) are independent of ϕ. Let (I, ϕ) ∈ D×T
n
R

and let F s
0 = Φs

0 + iΨs
0 . Then Φs

0, Ψ
s
0 are first integrals of the non-degenerate

unperturbed system. By Lemma 7.1 they are independent of ϕ ∈ T
n
R
. For

ϕ ∈ Ω the constancy of the functions F s
0 follows from the connectedness of

the domain Ω and from the uniqueness of an analytic continuation.
Then we prove that the functions F 1

0 (I), . . . , F 1
n(I) are dependent in the

domain V ⊂ DC,δ. Indeed, since Fs(I, ϕ, ε) is an integral of the canonical
system (7.29), this function is constant on the solutions (7.30). Consequently,
its values at time t ∈ γ and after going around the contour γ coincide:

F s
0

(
I0 + εI1(τ)+ · · ·

)
+ εF s

1 (I0 + εI1(τ)+ · · · , ϕ0 +ωτ + εϕ1(τ)+ · · · )+ · · ·
≡ F s

0

(
I0+ ε(I1(τ)+ ξ(I0))+ · · ·

)
+ εF s

1

(
I0+ · · · , ϕ0+ωτ + · · ·

)
+ · · · .

3 We again consider a formal series F =
∑

Fiε
i to be an integral of the canonical

equations (7.29) if formally {H, F} ≡ 0. It is easy to see that in this case the
composition of the power series (7.30) and

∑
Fiε

i is a power series with constant
coefficients.



7.5 Branching of Solutions and Absence of Single-Valued Integrals 387

Expanding this identity in power series in ε and equating the coefficients of
the first power of ε we obtain

〈
∂F s

0

∂I
, ξ

〉

= 0, 1 � s � n.

Since the jump ξ is non-zero in a neighbourhood of the point I0, the Jacobian
identically vanishes, that is,

∂(F 1
0 , . . . , F

n
0 )

∂(I1, . . . , In)
≡ 0,

in a whole domain V containing the point I0.
On the other hand, applying Poincaré’s method in § 7.1 we can prove the

existence of independent integrals

Φs(I, ϕ, ε) =
∑

i�0

Φs
i (I, ϕ)εi

with coefficients holomorphic in the domain W × Ω (where W is a small
subdomain of V ) such that the functions Φ1

0, . . . , Φ
n
0 are independent. �

Example 7.1. We again consider the problem of the rapid rotation of a heavy
asymmetric rigid body around a fixed point. The Hamiltonian function H in
this problem is H0(I)+ εH1(I, ϕ), I ∈ ∆ ⊂ R

2{I}, ϕ ∈ T
2 (see § 7.1.3). The

perturbing function H1 can be represented in the form of a sum

h1(I, ϕ1)eiϕ2 + h2(I, ϕ1)e−iϕ2 + h3(I, ϕ1),

such that for fixed values of I ∈ ∆ the functions hs(I, z) (1 � s � 3) are elliptic
(doubly periodic meromorphic functions of z ∈ C). Hence the Hamiltonian H
can be continued to a single-valued meromorphic function on T

2
C
.

Let ϕ0 = 0, and suppose that I0 belongs to the Poincaré set of the per-
turbed problem. On the complex plane t ∈ C we consider the closed contour
γ – the boundary of the rectangle ABCD (see Fig. 7.11). Here T and iT ′

A B

CD

	 	 +T

i �T

Fig. 7.11.
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are, respectively, the real and purely imaginary periods of the elliptic func-
tions hs(I0, ω1z), where ω1 = ∂H0/∂I1. The number τ is chosen so that these
meromorphic functions have no poles on γ. One can show that the function
I1
2 (t, I0, 0) is not single-valued along the contour γ; see [324]. Consequently,

the solutions of the perturbed problem branch in the plane of complex time,
and this is an obstruction to the existence of a new single-valued integral.

Using the branching of solutions one can establish the non-existence of
single-valued analytic integrals for small but fixed values of the parameter
ε �= 0 (see [626]). 


7.5.2 Monodromy Groups of Hamiltonian Systems
with Single-Valued Integrals

The existence of non-single-valued solutions can be established not only by
using expansions in series in powers of the small parameter. For this purpose
Lyapunov in 1894 proposed another method based on the analysis of varia-
tional equations for known single-valued solutions [400]. We already applied
Lyapunov’s method in the study of analytic singularities of multiple collisions
in the many-body problem (see § 2.2.4). In this subsection we first consider
linear Hamiltonian equations with holomorphic coefficients.

Let H = 〈z, A(t)z〉/2 be a quadratic form in z ∈ C
2n, where A(t) is a

given 2n × 2n matrix whose elements are holomorphic functions defined on
some Riemann surface X. For example, if the elements of the matrix A(t)
are meromorphic functions on C, then X is the complex plane punctured
at a certain number of points (poles). The linear Hamilton equations with
Hamiltonian function H have the form

ż = I dH = IA(t)z. (7.31)

For a given initial condition z(t0) = z0, there always exists locally a
uniquely determined holomorphic solution. This solution can be continued
along any curve in X, but in general this continuation is no longer a single-
valued function on X. The branching of solutions of the linear system (7.31)
is described by its monodromy group G: to each element σ of the funda-
mental group π1(X) there corresponds a 2n × 2n matrix Tσ such that after
going around a closed path in the homotopy class σ the value of the function
z(t) becomes equal to Tσz(t). If τ is another element of the group π1(X), then
Tτσ = TτTσ. Thus the correspondence σ �→ Tσ defines a group homomorphism
π1(X) → G.

We are interested in the problem of the existence of holomorphic integrals
F : C

2n×X → C for equation (7.31). Since any integral F (z, t) is constant on
solutions of equations (7.31), for each t0 ∈ X the function F (z, t0) is invariant
under the action of the monodromy group G. This property imposes severe
restrictions on the form of first integrals: if the group G is sufficiently “rich”,
then the only invariant functions (integrals) are constants.
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Since system (7.31) is Hamiltonian, the transformations in the monodromy
group are symplectic. The problem of the integrals of groups of symplectic
transformations was studied by Ziglin in [627]. We briefly expound his results.

By Proposition 7.1 the eigenvalues λ1, . . . , λ2n of a symplectic transfor-
mation g : C

2n → C
2n fall into pairs λ1 = λ−1

n+1, . . . , λn = λ−1
2n . We say that

a transformation g ∈ G is non-resonant if an equality λm1
1 · · · λmn

n = 1 with
m1, . . . , mn integers implies that ms = 0 for all s. For n = 1 this condition
means that λ is not a root of 1. Let T be a matrix of a non-resonant sym-
plectic map g. Since none of the eigenvalues of the matrix T is equal to 1, the
equation Tz = z has only the trivial solution z = 0.

It is convenient to pass to a symplectic basis for the non-resonant map g:
if z = (x, y), x = (x1, . . . , xn), y = (y1, . . . , yn) are the coordinates in this
basis, then g : (x, y) �→ (λx, λ−1y). In this basis the symplectic structure ω
has the form

∑
dyk∧ dxk. It is clear that the map g preserves ω. A symplectic

basis exists if the symplectic transformation g has no multiple eigenvalues (this
assertion is proved, for example, in the book [46]).

Let F (z) =
∑

s�1

Fs(z) be an integral of the map g. Then all the homoge-

neous forms Fs are integrals too. Let Fs(x, y) =
∑

k+l=s

fklx
kyl. Then, clearly,

∑
fklx

kyl =
∑

λk−lfklx
kyl.

If g is non-resonant, then s is even and fkl = 0 for k �= l.

Theorem 7.18 ([627]). Let g ∈ G be a non-resonant transformation. If
the Hamiltonian system under consideration has n independent holomorphic
integrals F : C

2n × X → C, then any transformation g′ ∈ G has the same
fixed point as g and takes eigendirections of g to eigendirections. If any k � 2
of the eigenvalues of the transformation g′ do not form on the complex plane
a regular polygon with centre at zero, then g′ commutes with g.

The last condition holds automatically if g′ is also non-resonant.
We now prove Theorem 7.18 for the simple but important for applications

case where n = 1. Suppose that the eigenvalues of the map g are not roots of
unity, and let (x, y) = z be a symplectic basis for g. The eigendirections of the
map g are the two straight lines x = 0 and y = 0. It was shown above that
any homogeneous integral of g has the form c(xy)s, s ∈ N . Let g′ be another
map in the group G. Since the function (xy)s is invariant under the action
of g′, the set xy = 0 is invariant under the map g′. Since g′ is a non-singular
linear map, the point x = y = 0 is fixed, and the map g′ either preserves the
eigendirections of the map g, or transposes them. In the first case g′ clearly
commutes with g, and in the second case g′ has the form

x �→ αy, y �→ βx.
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Since the map g′ is symplectic, its matrix

S =
(

0 α
β 0

)

satisfies the condition

S∗IS = I, I =
(

0 −1
1 0

)

,

whence αβ = −1. But in this case the eigenvalues of the matrix S are equal
to ±i. The points ±i form precisely the exceptional regular polygon that is
mentioned in the hypothesis of the theorem. Hence the result.

We now consider the case where the elements of the matrix A(t) are single-
valued doubly periodic meromorphic functions of time t ∈ C having only
one pole inside the parallelogram of periods. We can assume that A(t) is a
meromorphic function on the complex torus X obtained from the complex
plane C as the quotient by the period lattice. We consider two symplectic
maps g and g′ over the periods of the matrix A(t). More precisely, g and
g′ are transformations in the monodromy group which correspond to basis
non-homologous closed paths on X. Suppose that their eigenvalues satisfy the
conditions of Theorem 7.18. Then for equation (7.31) to have n independent
analytic integrals it is necessary that g and g′ commute. Consequently, to going
around the singular point (to the element gg′g−1g′−1 ∈ G) there corresponds
the identity map of the space C

2n.
Suppose that a nonlinear Hamiltonian system

ż = I dH, z ∈ C
2n, (7.32)

has a particular solution z0(t) that is single-valued on its Riemann surface X.
We set u = z − z0(t). Then equation (7.32) can be rewritten in the form

u̇ = IH ′′
zz

(
z0(t)

)
u+ · · · . (7.33)

The linear non-autonomous equation

u̇ = IH ′′(t)u

is the variational equation along the solution z0(t). This equation is of course
Hamiltonian with the Hamiltonian function

1
2
〈
u, H ′′(t)u

〉
.

To the integral H(z) of the autonomous system (7.32) there corresponds the
linear integral 〈

H ′(z0(t)), u
〉

of the variational equations. It can be used, for example, for reducing by one
the number of degrees of freedom of system (7.33).
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Suppose that the nonlinear equation (7.32) has several independent holo-
morphic integrals Fs(z) (1 � s � m). Then equation (7.33) also has first
integrals – the homogeneous forms of the expansions of the functions Fs in
series in powers of u: 〈

F ′
s(z0(t)), u

〉
+ · · · .

These forms are holomorphic functions of u and t in the direct product
C

2n ×X. We have the following.

Lemma 7.6 ([627]). If equation (7.32) has m independent integrals, then the
variational equation (7.33) has m independent integrals that are polynomials
in u.

Thus, for a Hamiltonian system to be completely integrable in the complex
domain it is necessary that the linear canonical system be integrable.

Following Lyapunov, Ziglin applied these results to the problem of rotation
of a heavy rigid body around a fixed point. It turned out that an additional
holomorphic (and even meromorphic) integral exists only in the three clas-
sical cases of Euler, Lagrange, and Kovalevskaya (which is due to what she
discovered her case, by following Weierstrass’ suggestion to study the absence
of branching). If we fix the zero value for the area constant, then we must also
add the Goryachev–Chaplygin case.

Using this method one can prove the non-integrability of the Hénon–Heiles
Hamiltonian system (Example 5.2, § 5.1.3) not only in the complex, but also in
the real domain. A similar result is valid for the homogeneous two-component
model of the Yang–Mills equations described by the Hamiltonian system with
Hamiltonian

H =
1
2
(
p2
1 + p2

2

)
+ q21q

2
2 .

The more difficult question of the existence of an additional real analytic
integral for an arbitrary mass distribution in a rigid body so far remains
open.

Remark 7.7. Since recently there is a renewed interest in integration of differ-
ential equations of mechanics in terms of ϑ-functions (the so-called “algebraic
integrability”). Finding necessary conditions for algebraic integrability follows
the method of Kovalevskaya which she applied in 1888 in dynamics of a rigid
body. One can learn about the current state of these problems in [57, 58, 216].

7.6 Topological and Geometrical Obstructions
to Complete Integrability of Natural Systems

According to the results of variational calculus, any one-dimensional closed
cycle on the configuration manifold can be realized as the trajectory of a pe-
riodic solution of a sufficiently high fixed energy. On the other hand, almost
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all the periodic solutions of a completely integrable system with n degrees
of freedom are situated on n-dimensional tori forming smooth families. Thus,
a sufficiently complicated topological structure of the configuration manifold
of a natural system is an obstruction to its complete integrability. This idea
can be successfully realized in the case of two degrees of freedom.

7.6.1 Topology of Configuration Spaces of Integrable Systems

Let M be a connected compact orientable analytic surface which is the con-
figuration space of a natural mechanical system with two degrees of freedom.
The topological structure of such a surface is well known: this is a sphere with
a certain number κ of handles. The number κ is a topological invariant called
the genus of the surface.

The state space – the tangent bundle TM – has the natural structure of a
four-dimensional analytic manifold. We assume that the Lagrangian L = T+V
is a real analytic function on TM . The total energy H = T − V is of course
constant on the trajectories of the equation of motion [L] = 0.

Theorem 7.19. If the genus of M is greater than 1 (that is, M is not homeo-
morphic to the sphere S2 or the torus T

2), then the equation of motion does
not have a first integral that is analytic on TM and independent of the energy
integral.

There are numerous well-known examples of integrable systems with con-
figuration space S2 or T

2. Theorem 7.19 is not valid in the infinitely differen-
tiable case: for any smooth surface M there exists a “natural” Lagrangian L
such that Lagrange’s equation [L] = 0 on TM has a smooth integral indepen-
dent (more precisely, not everywhere dependent) of the function H (see [28]).

Theorem 7.19 is a consequence of a stronger assertion which establishes the
non-integrability of the equation of motion for fixed sufficiently high values
of the total energy. The precise formulation is as follows. For all h > h∗ =
max

M
(−V ) the level set Mh = {H = h} of the total energy is a three-dimen-

sional invariant analytic manifold, on which there naturally arises an analytic
differential equation. We call this equation the reduced equation. The following
theorem holds.

Theorem 7.20 ([28]). If the genus of M is greater than 1, then for all h > h∗

the reduced equation on Mh does not have a first integral that is analytic on
the entire level set Mh.

Remark 7.8. Theorems 7.19 and 7.20 are also valid in the non-orientable
case if in addition the projective plane RP 2 and the Klein bottle K are ex-
cluded. Indeed, the standard regular double covering N →M , where N is an
orientable surface, induces a natural system on N , which has an additional
integral if the system on M has a new integral. It remain to observe that the
genus of the surface N is greater than 1 if M is not homeomorphic to RP 2

or K.
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Let k be the Gaussian curvature of the Maupertuis Riemannian metric
(ds)2 = 2(h+ V )T (dt)2 on M . According to the Gauss–Bonnet formula we
have ∫

M

k dσ = 2πχ(M),

where χ(M) is the Euler characteristic of the compact surface M . If the genus
of M is greater than 1, then χ(M) < 0 and, consequently, the Gaussian
curvature is negative on average. If the curvature is negative everywhere,
then the dynamical system on Mh is an Anosov system and, in particular, it
is ergodic on Mh (see [4]). These conclusions are also valid in the multidimen-
sional case (only one must require that the curvature be negative in all two-
dimensional directions). Here the differential equation on Mh does not have
even a continuous integral, since almost every trajectory is everywhere dense
in Mh. Of course, a curvature that is negative on the average is by far not
always negative everywhere.

We indicate the main points in the proof of Theorem 7.20. According to
the principle of least action, the trajectories on M with total energy h are
geodesics of the Maupertuis Riemannian metric ds. We fix a point x ∈M and
consider the tangent vectors v ∈ TxM satisfying the equality H(v, x) = h.
Let f : Mh → R be a first integral. We say that a vector v is critical if
the value of f at the point (v, x) is critical. First we show that there are
infinitely many different critical velocities. If this is not the case, then the circle
Sx = {v ∈ TxM : H(v, x) = h} is partitioned into finitely many intervals
∆i such that all v ∈ ∆i are non-critical. By Theorem 5.3 to each vector
v ∈ ∆i there corresponds a unique torus T

2
v which carries the motion z(t)

with the initial data z(0) = x, ż(0) = v. The union Di =
⋃

v∈∆i

T
2
v is obviously

diffeomorphic to ∆i × T
2. Let π : TM → M be the natural projection; we

set Xi = π(Di). We claim that the homology groups H1(Xi) ⊂ H1(M) cover
“almost the entire” groupH1(M), excepting, possibly, elements inH1(M) that
belong to some finite set of one-dimensional subgroups. This can be deduced
from Gajdukov’s theorem [238]: for any non-trivial class of freely homotopic
paths on M there exists a geodesic semitrajectory γ(t) outgoing from the
point x and asymptotically approaching some closed geodesic in this homotopy
class. If the velocity γ̇(0) is not critical, then γ(t) is closed. The exceptional
one-dimensional subgroups inH1(M) mentioned above are generated precisely
by the closed geodesics onto which the asymptotic semitrajectories distinct
from them “wind themselves round”. Since the continuous map Di → Xi

induces a homomorphism of the homology groups H1(Di) → H1(Xi), and
H1(Di) � Z

2, the group H1(M) is covered by finitely many groups of rank at
most two. It is well known that if κ is the genus of M , then H1(M) � Z

2κ .
Since κ > 1, we arrive at a contradiction.

Thus, there are infinitely many different critical velocities. Since every an-
alytic function on a compact analytic manifold has only finitely many critical
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values, the integral f(v, x) is constant on the circles Sx. Consequently, f is a
function on M . Since M is connected and compact, any two of its points can
be connected by a shortest geodesic; hence, f ≡ const.

Remark 7.9. For the case of free motion (where V ≡ 0) Kolokol’tsov found
another proof of Theorem 7.19 based on introducing a complex-analytic struc-
ture in M [318]. Ideologically this proof goes back to Birkhoff ([14], Ch. II).

On the other hand, as shown by Katok [308], the topological entropy of a
geodesic flow on a closed surface of genus g > 1 is always positive. Since for an
analytic system with an additional analytic integral the topological entropy
is equal to zero (Paternain [495]), we obtain one more path to the proof of
Theorems 7.19 and 7.20.

7.6.2 Geometrical Obstructions to Integrability

Let N be a closed submanifold with boundary on an analytic surface (the
surface is no longer assumed to be compact). We denote by Nh the set of
all points on Mh which are taken by the map π : TM → M to points in N .
We say that N is geodesically convex if a shortest geodesic of the Maupertuis
metric on M connecting close points of the boundary ∂N is entirely contained
in N .

Theorem 7.21. If on an analytic surface M there exists a compact geodesi-
cally convex subdomain N with negative Euler characteristic, then the reduced
system on Mh does not have an analytic first integral. Moreover, an analytic
integral does not exist even in a neighbourhood of the set Nh.

The proof of Theorem 7.21 follows the scheme of arguments indicated
in § 7.6.1. An insignificant difference is that instead of the homology group
H1(M) one uses free homotopy classes of closed paths on M .

Theorem 7.21 was successfully applied by Bolotin for proving the non-
integrability of the problem of the motion of a point in the gravitational field
of n fixed centres for n > 2 (see [123]). Recall that to the values n = 1 and
n = 2 there correspond the integrable cases of Kepler and Euler.

Theorem 7.21 has a number of interesting consequences concerning condi-
tions for integrability of geodesic flows on the sphere and on the torus.

Corollary 7.4. Suppose that on a two-dimensional analytic torus there is a
closed geodesic homotopic to zero. Then the geodesic flow generated by the
metric on this torus does not have non-constant analytic integrals.

Of course, by far not every metric on a two-dimensional torus has closed
geodesics homotopic to zero. However, in a number of cases their existence
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�

Fig. 7.12.

can be established using simple considerations of variational nature (see
Fig. 7.12).

Now let M be homeomorphic to the two-dimensional sphere S2. By the
Lyusternik–Shnirel’man theorem, on S2 there always exist three closed non-
self-intersecting geodesics γ1, γ2, γ3. It turns out that integrability of the
corresponding flow depends on their mutual disposition.

Corollary 7.5. Suppose that the geodesics γ1, γ2, γ3 do not intersect, and
each of them can be deformed into a point without crossing the other two
geodesics. Then the geodesic flow on S2 does not admit a non-trivial analytic
integral.

� Indeed, in this case the γi divide S2 into several geodesically convex do-
mains, one of which has negative Euler characteristic (Fig. 7.13). �

�


��

��

Fig. 7.13.

In [133] the variational methods were used to find geometric criteria for
non-integrability of somewhat different type for analytic systems whose con-
figuration space is a two-dimensional torus or a cylinder. These criteria were
used to prove the non-integrability of the problem of oscillations of a double
pendulum in a certain domain of variation of the parameters.
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7.6.3 Multidimensional Case

A generalization of Theorem 7.19 to multidimensional reversible systems was
obtained by Tajmanov [571, 572].

Theorem 7.22. Suppose that the configuration space of a natural system with
n degrees of freedom is a connected analytic manifold Mn, and the Hamiltonian
function H = T − V is an analytic function in the phase space. If this sys-
tem has n independent analytic integrals, then the Betti numbers satisfy the
inequalities

bk(Mn) �
(
n

k

)

. (7.34)

If in addition b1(Mn) = n, then in (7.34) inequalities become equalities.

For k = 1 inequality (7.34) yields

b1 � n; (7.35)

this inequality was mentioned in the first edition of this book as a conjecture.
For a two-dimensional oriented surface we have b1 = 2g, where g is the genus
of the surface. In this case, (7.35) coincides with the inequality g � 1, and
therefore Theorem 7.19 is a special case of Theorem 7.22.

In [571], topological obstructions to integrability were also found in terms
of the fundamental group of the manifold Mn: there must be no commutative
subgroups of finite index in this group.

These results relate to topological obstructions to complete integrability of
systems with a “strongly multiply connected” configuration space. Obstruc-
tions to complete integrability of geodesic flows on simply connected mani-
folds were found by Paternain [495, 496]. Based on the well-known results of
Dinaburg, Yomdin, and Gromov on the positivity of the topological entropy of
geodesic flows on manifolds with exponential growth, as λ→ ∞, of the number
of geodesics of length � λ connecting pairs of generic points on M , Paternain
showed that the configuration manifold Mn of a completely integrable flow
is of rationally elliptic type. In particular, its Euler–Poincaré characteristic is
non-negative. The main observation in the paper [495] itself is that the topo-
logical entropy of a completely integrable system with an analytic set of first
integrals is equal to zero.

Certain geometrical obstructions to complete integrability of multidimen-
sional reversible systems were found in [134].

7.6.4 Ergodic Properties of Dynamical Systems
with Multivalued Hamiltonians

Apart from ordinary Hamiltonian systems, one can study “systems with mul-
tivalued Hamiltonians” in which, instead of a Hamiltonian function H on a
symplectic manifold, a closed but not exact differential 1-form α is considered
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(which plays the role of dH). A locally “Hamiltonian” vector field is defined
by the form in the same way as it is defined by the form dH in an ordinary
Hamiltonian system. But now there is no genuine first integral, because the
“function” H is defined only locally and only up to a constant summand, and
as it is continued along a closed path it acquired a finite (constant) increment
(which, fortunately, does not affect the Hamiltonian vector field).

In the case of a two-dimensional multiply connected phase space (that is,
for the surface of a torus, of a pretzel, or for a surface of a higher genus g,
that is, a sphere with g handles), the question is about the “phase curves”
defined by the equation “ivα = 0 at each tangent vector v to the curve” (this
condition is an analogue of the law of conservation of energy).

In order to understand the ergodic properties of such systems we consider
the simplest case of a 1-form on a pretzel (a surface of genus 2) with two
hyperbolic (saddle) singular points. A simplified model of this system can
be described as follows. Consider an ordinary two-dimensional torus with a
segment AB on it and two constant (invariant under the torus shifts) vector
fields v+ and v− transversal to this segment. The phase space of the model is
the two-sided surface of the torus with the cut along the segment AB, with the
two sides of the torus glued together along this segment so as this is usually
done for a two-sheet Riemann surface with branching of the second order at
points A and B. On one side of the torus (on the “upper sheet”) the motion
is along the field v+, and on the other side, along v−. When a moving point
reaches the segment of the cut, it passes to the other sheet and continues the
motion there with different velocity.

In this model the phase flow preserves areas. We study this model using
the method of “Poincaré section” (for the secant we can take, for example,
the segment AB extended to a closed curve by a segment connecting B with
A along one of the sides of the original torus). We consider successively the
returns of the phase point to the secant.

Analysing the Poincaré map of the first return of a point of the secant circle
ABA to itself we see that this map can be modelled by the following simple
model. We divide an interval ∆ of a straight line into consecutive intervals
∆1, ∆2, . . . , ∆n. We permute these intervals preserving their lengths in some
other order, ∆i1 , ∆i2 , . . . , ∆in

. We obtain a measure-preserving map of the
interval∆ onto itself, which is called interval exchange (for n = 2 this is merely
a rotation of the circle obtained from ∆ by identification of the endpoints).

A slight complication of the interval exchange admits in addition turning
over (changing the orientations) of some of the intervals. The question of the
ergodic properties of all such interval exchanges was stated in 1963 in [7] as a
model for studying slow mixing in Hamiltonian systems.

The studies of such systems that followed formed a whole theory, in which
computer experiments gave rise to striking conjectures, and the technique of
Teichmüller’s theory of moduli spaces of algebraic curves, to no less striking
theorems (although much still remains unknown).
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To explain what these amazing results are about, it is convenient to return
to the original problem about a multivalued Hamiltonian and consider the
“trajectories” α = 0 for the closed 1-form α on the phase surface of genus g.
The one-dimensional cohomology group of such a surface is R

2g and it is
generated by 2g basis closed 1-forms α1, . . . , α2g.

Integrating these forms along the phase curve α = 0 we lift the curve
to the (homology) space R

2g, which is equipped with the integer homology
lattice Z

2g and the (symplectic integer-valued) form “intersection index”. Nat-
urally, when we integrate along a long segment of the phase curve, we obtain
a long segment in R

2g, whose length is approximately proportional to the
“time” t of the motion along the phase curve and whose direction is asymp-
totically determined by the “rotation numbers”, that is, by the cohomology
class of the form α. In this sense, the phase curve is approximated by some
straight line in R

2g.
However, it turns out that the asymptotics of the deviation from this

straight line can be described as follows. In R
2g there is a hyperplane R

2g−1

from which the phase curve is asymptotically less distant than from other
hyperplanes (at a distance of order tγ1 as t → ∞). Next, in R

2g−1 there is a
hyperplane R

2g−2 the distance to which varies in wider limits, but less than
for other planes of codimension 2. This deviation is of order tγ2 as t → ∞,
and γ2 > γ1. And so on: we thus obtain a flag of planes of all dimensions from
R

2g−1 to a Lagrangian plane R
g and a set of exponents γ1 < γ2 < · · · < γg of

the deviation asymptotics.
Similar asymptotics can also be defined directly for interval exchange, but

we do not do this here.
An unexpected discovery of Zorich, who carried out computer experiments

with these multivalued Hamiltonian systems and with their models by interval
exchange, is that the asymptotics indicated above not only exist (for almost
all initial points), but are even stable: they are almost always independent
either of the initial point, or the choice of the “Hamiltonian” α in a given
homology class. In the case of interval exchange, analogous stable asymptotics
prove to be independent of the lengths of the intervals of the partition (for
almost all partitions in the sense of Lebesgue measure): these asymptotics are
universal functions of the permutation i1, . . . , in of the intervals (and in the
case of changing orientation, of which of the intervals are turned over). These
experimental discoveries provide one of the rare examples where computer
experiments resulted in genuine mathematical results.

These amazing experimentally discovered universal ergodic properties were
later proved by Zorich and Kontsevich, who also succeeded in obtaining certain
number-theoretic information about the exponents γ1, . . . , γg, on the rational-
ity and algebraicity of their combinations, though unfortunately incomplete.

All these achievements are described in detail in the book [89] (especially,
pp. IX–XII and 135–178). Incidentally, this book contains descriptions of many
other applications of ergodic methods to the asymptotic theory of dynamical
systems and their first integrals, of topological and geometrical almost periodic
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and conditionally periodic structures and their averaged statistics, in the study
of which, however, much also remains to be done. Here is a typical example
(“stochastic web” of Zaslavskij). On Euclidean plane of vectors r consider five
wave vectors Vk whose endpoints form a regular pentagon. Compose the sum
of the five corresponding waves, H =

∑
cos (r, Vk). The question is, are there

arbitrarily large level lines of the function H(r) separating zero from infinity?
Apart from the absence of first integrals, the chaotic nature of motion of

complicated systems implies other properties, which may also be naturally
called non-integrability. In this category there are, for example, the absence
of invariant submanifolds (say, of dimension 2) or invariant ideals in the func-
tion algebra, the absence of invariant foliations (say, into two-dimensional sur-
faces), the absence of invariant differential forms (say, closed 1-forms, that is,
“multivalued” integrals), the infinite-dimensionality of the linear spans of the
unions of the vector spaces shifted by the phase flow (say, spaces of functions,
forms, tensor fields, and so on). One can conjecture that many such strong
“non-integrabilities” are typical (even, for example, for a typical Hamiltonian
system with two degrees of freedom near an elliptic equilibrium position). The
first steps in this direction are discussed in Chapter 9.
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Theory of Small Oscillations

The study of the oscillations of a system in a neighbourhood of an equilibrium
position or a periodic motion usually begins with linearization. The linearized
system can be integrated. After this is done, the main properties of the oscil-
lations in the original system can often be determined by using the theory of
Poincaré–Birkhoff normal forms. This theory is an analogue of perturbation
theory (§ 6.2). The linearized system plays the role of the unperturbed system
with respect to the original one. In this chapter we describe the basic elements
of this approach.

The central problem of theory of small oscillations is the study of stability
of an equilibrium or a periodic motion. There is extensive literature devoted
to stability theory (see the surveys [11, 12, 24]). We consider briefly only some
results of this theory, which enable one to make conclusions on stability based
on studying normal forms. We also describe results related to the problem of
finding converses of Lagrange’s theorem on the stability of an equilibrium in
a conservative field.

8.1 Linearization

We consider a natural Lagrangian system

d

dt

(
∂L

∂q̇

)

− ∂L

∂q
= 0, L = T − U(q), T =

1
2
(A(q)q̇, q̇). (8.1)

The equilibrium positions of system (8.1) are critical points of the potential
energy U . In order to linearize system (8.1) about the equilibrium position
q = 0 it is sufficient to replace the kinetic energy T by its value T2 at q = 0,
and the potential energy U by its quadratic part U2 in a neighbourhood of
zero.
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Example 8.1. For a one-dimensional system,

L = a(q)q̇2/2 − U(q), L2 = T2 − U2 =
1
2
(aq̇2 − bq2),

a = a(0), b =
∂2U

∂q2

∣
∣
∣
∣
q=0

,

and the linearized equation of motion is aq̈ + bq = 0. 


We now consider a Hamiltonian system. Its equilibrium positions are crit-
ical points of the Hamiltonian. In order to linearize a Hamiltonian system
near an equilibrium position it is sufficient to replace the Hamiltonian by its
quadratic part in a neighbourhood of this equilibrium position.

The linearization of a Hamiltonian system near a periodic trajectory is
considered in § 8.3.2.

8.2 Normal Forms of Linear Oscillations

8.2.1 Normal Form of a Linear Natural Lagrangian System

We consider a dynamical system with a quadratic Lagrange function L2 =
T2 − U2, T2 � 0. Its oscillations take a particularly simple form in special
coordinates, which are called principal or normal.

Theorem 8.1. A quadratic Lagrange function can be reduced by a linear
change of coordinates Q = Cq to a diagonal form

L2 =
1
2
(Q̇2

1 + · · · + Q̇2
n) − 1

2
(λ1Q

2
1 + · · · + λnQ

2
n), (8.2)

and the equations of motion, correspondingly, to the form

Q̈i = −λiQi, i = 1, . . . , n. (8.3)

The eigenvalues λi are the roots of the characteristic equation

det(B − λA) = 0,

where T2 =
1
2
(Aq̇, q̇) and U2 =

1
2
(Bq, q).

� The pair of quadratic forms T2 and U2, one of which (T2) is positive
definite, can be reduced to principal axes by a simultaneous linear change of
variables. The new coordinates can be chosen so that the form T2 is reduced
to the sum of squares. �
Corollary 8.1. A system performing linear oscillations is a direct product of
n linear one-dimensional systems.
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For each one-dimensional system (8.3) there are three possible cases:

1) λi = ω2; the solution is Q = c1 cos ωt+ c2 sin ωt (oscillations);
2) λi = 0; the solution is Q = c1 + c2t (neutral equilibrium);
3) λi = −k2 < 0; the solution is Q = c1 cosh kt+ c2 sinh kt (instability).

Corollary 8.2. Suppose that one of the eigenvalues is positive: λ = ω2 > 0.
Then the system can perform a periodic oscillation of the form

q(t) = (c1 cos ωt+ c2 sin ωt)ξ,

where ξ is an eigenvector corresponding to λ: Bξ = λAξ.

This periodic motion is called a characteristic oscillation (or a principal
oscillation, or a normal mode), and the number ω a characteristic (or princi-
pal, or normal) frequency.

These results are also valid when there are multiple eigenvalues: in contrast
to a general system of differential equations (and even a general Hamiltonian
system), in a natural Lagrangian system no resonant terms of the form t sin ωt,
etc., can appear even in the case of multiple eigenvalues (only for λ = 0 Jordan
blocks of order 2 appear).

8.2.2 Rayleigh–Fisher–Courant Theorems on the Behaviour
of Characteristic Frequencies when Rigidity Increases
or Constraints are Imposed

Of two linear Lagrangian systems with equal kinetic energies, the more rigid
(or stiff ) is by definition the one that has higher potential energy.

Theorem 8.2. As the rigidity of a system performing small oscillations in-
creases, all the characteristic frequencies increase.

A natural Lagrangian system with n − 1 degrees of freedom is said to be
obtained from a system with n degrees of freedom performing small oscillations
by imposition of a linear constraint if its kinetic and potential energies are
the restrictions of the kinetic and potential energies of the original system to
an (n− 1)-dimensional subspace.

Theorem 8.3. The characteristic frequencies ω′
i, i = 1, . . . , n− 1 of the sys-

tem with constraint separate the characteristic frequencies ωi of the original
system (Fig. 8.1).

Fig. 8.1.
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8.2.3 Normal Forms of Quadratic Hamiltonians

We consider a Hamiltonian system with a quadratic Hamiltonian function

ż = I
∂H

∂z
, z ∈ R

2n, H =
1
2
(Ωz, z), I =

(
0 −En

En 0

)

.

The roots of the characteristic equation

det(IΩ − λE2n) = 0

are called the eigenvalues of the Hamiltonian.

Theorem 8.4. The eigenvalues of the Hamiltonian are situated on the plane
of complex variable λ symmetrically with respect to the coordinate cross
(Fig. 8.2): if λ is an eigenvalue, then λ̄, −λ, −λ̄ are also eigenvalues. The
eigenvalues λ, λ̄, −λ, −λ̄ have equal multiplicities and the corresponding Jor-
dan structures are the same.

Fig. 8.2.

� The matrices IΩ and (−IΩ)T are similar: IΩ = I−1(−IΩ)T I (because
I2 = −1). �

Corollary 8.3. In a Hamiltonian system stability is always neutral: if an equi-
librium is stable, then the real parts of all the eigenvalues are equal to zero.

Corollary 8.4. If there is a purely imaginary simple eigenvalue, then it re-
mains on the imaginary axis under a small perturbation of the Hamiltonian.
Similarly, a real simple eigenvalue remains real under a small perturbation.

Corollary 8.5. If λ = 0 is an eigenvalue, then it necessarily has even multi-
plicity.
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According to Theorem 8.4, eigenvalues can be of four types: real pairs
(a,−a), purely imaginary pairs (ib,−ib), quadruplets (±a ± ib), and zero
eigenvalues.

For Hamiltonian systems the following assertion replaces the theorem on
reduction of the matrix of a linear differential equation to the Jordan form.

Theorem 8.5 (Williamson [50]). There exists a real symplectic linear change
of variables reducing the Hamiltonian to a sum of partial Hamiltonians
(functions of disjoint subsets of conjugate variables), and the matrix of the
system, correspondingly, to a block-diagonal form. Each partial Hamiltonian
corresponds either to a real pair, or to an imaginary pair, or to a quadruplet of
eigenvalues, or to a zero eigenvalue. The partial Hamiltonians are determined,
up to a sign, by the Jordan blocks of the operator IΩ.

The list of partial Hamiltonians is given in [10, 240].
All the eigenvalues of a generic Hamiltonian are simple. To a simple real

pair (a,−a) there corresponds the partial Hamiltonian H = −ap1q1; to a
simple purely imaginary pair (ib,−ib), the Hamiltonian H = ±b

(
p2
1 + q21

)
/2

(the Hamiltonians with the upper and lower sign cannot be transformed into
one another); to a quadruplet (±a ± ib), the Hamiltonian H = −a(p1q1 +
p2q2) + b(p1q2 − p2q1). For an imaginary pair one often uses symplectic polar
coordinates ρ, ϕ : p =

√
2ρ cos ϕ, q =

√
2ρ sin ϕ. Then the Hamiltonian is

H = ±bρ, where ρ = (p2 + q2)/2.

Corollary 8.6. Let λ = iω be a simple purely imaginary eigenvalue. Then
the system can perform a periodic oscillation of the form

z = Re (ξ exp (iω(t+ t0))),

where ξ is a corresponding eigenvector: (IΩ − iωE2n) ξ = 0. This motion is
called a characteristic oscillation, and ω a characteristic frequency.

Corollary 8.7. If the eigenvalues are all distinct and purely imaginary, then
the Hamiltonian can be reduced to the normal form

H =
1
2
ω1

(
p2
1 + q21

)
+ · · · + 1

2
ωn

(
p2

n + q2n
)

(8.4)

or, in symplectic polar coordinates, H = ω1ρ1 + · · · + ωnρn. The motion is a
sum of characteristic oscillations.

Remark 8.1. If the Hamiltonian has the form (8.4), then the equilibrium is
stable regardless of whether the Hamiltonian is positive definite or not (for
a natural Lagrangian linear system an equilibrium is stable only if the total
energy is positive definite).

It is often necessary to consider not an individual Hamiltonian but a family
depending on parameters. In such a family, for some values of the parame-
ters there can appear singularities: multiple eigenvalues and, correspondingly,
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Jordan blocks of order greater than 1 in the matrix of the system; moreover,
these singularities can even be unremovable by a small change of the fam-
ily of Hamiltonians. For every finite l, the unremovable singularities arising
in l-parameter families of Hamiltonians are indicated in [240]. Also calcu-
lated therein are the versal deformations of these singularities, that is, normal
forms to which any family of quadratic Hamiltonians smoothly depending on
parameters can be reduced in a neighbourhood of singular values of the para-
meters by means of symplectic linear changes of variables smoothly depending
on the parameters. In particular, in a one-parameter family of Hamiltonians,
generally speaking, only the following three singularities occur: a real pair of
multiplicity two, (±a)2, with two Jordan blocks of order 2; an imaginary pair
of multiplicity two, (±ib)2, also with two Jordan blocks of order 2; and a zero
eigenvalue of multiplicity two, (0)2, with one Jordan block of order 2. The
versal deformations of these singularities are:

(±a)2 : H = −(a+ δ2)(p1q1 + p2q2) + p1q2 + δ1p2q1,

(±ib)2 : H = ±p
2
1 + p2

2

2
+ (b+ δ2) (p2q1 − p1q2) +

δ1
(
q21 + q22

)

2
,

(0)2 : H = ±p
2
1

2
+
δ1q

2
1

2
.

(8.5)

Here δ1, δ2 are the parameters of the deformations.

8.3 Normal Forms of Hamiltonian Systems
near an Equilibrium Position

8.3.1 Reduction to Normal Form

Let the origin of coordinates be an equilibrium position of an analytic Hamil-
tonian system with n degrees of freedom. Suppose that the eigenvalues of the
quadratic part of the Hamiltonian in a neighbourhood of the equilibrium po-
sition are all distinct and purely imaginary. In accordance with what was said
in § 8.1 and § 8.2.2, we represent the Hamiltonian in the form

H =
1
2
ω1

(
p2
1 + q21

)
+ · · · + 1

2
ωn

(
p2

n + q2n
)

+H3 +H4 + · · · , (8.6)

where Hm is a form of degree m in the phase variables p, q. (Some of the
frequencies ωi can be negative.)

Definition 8.1. The characteristic frequencies ω1, . . . , ωn satisfy a resonance
relation of order l > 0 if there exist integers ki such that k1ω1+· · ·+knωn = 0
and |k1| + · · · + |kn| = l. For example, ω1 = ω2 is a relation of order 2.

Definition 8.2. A Birkhoff normal form of degree L for the Hamiltonian is
a polynomial of degree L in symplectic phase variables P, Q that is actually
a polynomial of degree [L/2] in the variables ρi =

(
P 2

i +Q2
i

)
/2.
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Example 8.2. For a system with two degrees of freedom,

H = ω1ρ1 + ω2ρ2 +
1
2
(
ω11ρ

2
1 + 2ω12ρ1ρ2 + ω22ρ

2
2

)
(8.7)

is a Birkhoff normal form of degree 4. The terms quadratic in ρ describe the
dependence of the frequencies of the oscillations on the amplitudes. 


Theorem 8.6 (Birkhoff [14]). Suppose that the characteristic frequencies ωi

do not satisfy any resonance relation of order L or less. Then in a neigh-
bourhood of the equilibrium position 0 there exists a symplectic change of
variables (p, q) �→ (P, Q) fixing the equilibrium position 0 and such that in
the new variables the Hamiltonian function is reduced to a Birkhoff normal
form HL(ρ) of degree L up to terms of degree higher than L:

H(p, q) = HL(ρ) +R, R = O(|P | + |Q|)L+1. (8.8)

Discarding the non-normalized terms R in (8.8) we obtain an integrable
system whose action–angle variables are the symplectic polar coordinates
ρi, ϕi defined by

Pi =
√

2ρi cos ϕi, Qi =
√

2ρi sin ϕi, (8.9)

and whose trajectories wind round the tori ρ = const with frequencies
∂HL/∂ρ. Most of similar tori, which are invariant under the phase flow, in
the general case exist also in the original system; this follows from the results
of KAM theory (§ 6.3.6.B).

Birkhoff’s normalization amounts to Lindstedt’s procedure for eliminating
the fast phases (§ 6.2.2) if we normalize the deviations from the equilibrium
position by a small quantity ε (putting p = εp̂, q = εq̂, Ĥ = H/ε2) and pass
to the symplectic polar coordinates.

The normalization procedure is described below for a more general case
(see the proof of Theorem 8.7). The generating function of the normalizing
transformation is constructed in the form of a polynomial of degree L in the
phase variables. A change in the terms of degree l in the original Hamiltonian
does not change the terms of degree lower than l in the normal form (and of
degree lower than l − 1 in the normalizing transformation).

In the absence of resonances, a Hamiltonian is in normal form if and only
if the Poisson bracket of the Hamiltonian and its quadratic part is identically
zero (see Proposition 5.1).

Considering the normalization as L→ ∞ we arrive at the notion of formal
normal form, which was discussed in § 5.1.3.

The definition of a normal form must be modified for the case where the
characteristic frequencies satisfy some resonance relations. The same modifica-
tion is also appropriate for nearly resonant frequencies. Let K be a sublattice
of the integer lattice Z

n defining the possible resonances (cf. § 6.1.1).
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Definition 8.3. A resonant normal form of degree L for the Hamiltonian for
resonances in K is a polynomial of degree L in symplectic variables Pi, Qi

which in the polar coordinates (8.9) depends on the phases ϕi only via their
combinations (k, ϕ) for k ∈ K.

Theorem 8.7 ([179, 271]). Suppose that the characteristic frequencies do not
satisfy any resonance relations of degree L or less, except, possibly, for rela-
tions (k, ω) = 0 with k ∈ K. Then in a neighbourhood of the zero equilibrium
position there exists a symplectic change of variables (p, q) �→ (P, Q) fixing
the zero equilibrium position and such that in the new variables the Hamil-
tonian function reduces to a resonant normal form of degree L for resonances
in K up to terms of degree higher than L.

� In the system with Hamiltonian (8.6) we perform the change of variables
with a generating function Pq+S(P, q), S = S3 + · · ·+SL. The new Hamil-
tonian has the form

H =
1
2
ω1

(
P 2

1 +Q2
1

)
+ · · · + 1

2
ωn

(
P 2

n +Q2
n

)
+ H3 + H4 + · · · ,

where Sl and Hl are forms of degree l in P, q and in P, Q, respectively. The
old and new Hamiltonians are connected by the relation

H

(

P +
∂S

∂q
, q

)

= H

(

P, q +
∂S

∂P

)

.

Equating here the forms of the same order in P , q we obtain

n∑

j=1

ωj

(

Pj
∂Sl

∂qj
− qj

∂Sl

∂Pj

)

= Hl − Fl, l = 3, . . . , L.

The form Fl is uniquely determined if we know the Sν ,Hν for ν � l − 1. In
the symplectic polar coordinates ρ, ϕ the last equation takes the form

ω
∂Sl

∂ϕ
= Hl − Fl.

We choose

Sl =
∑

i
fk(ρ)
(k, ω)

exp (i(k, ϕ)), k /∈ K,

where the fk are the coefficients of the Fourier series of Fl. Then Hl is in
the required normal form. Thus we can successively determine all the Sl,Hl.
Returning to Cartesian coordinates we obtain the result. �

Suppose that the Hamiltonian is in a resonant normal form. If the rank
of the sublattice K ⊂ Z

n defining the possible resonances is equal to r, then
the system has n − r independent integrals in involution which are linear
combinations with integer coefficients of the quantities ρi = (P 2

i + Q2
i )/2
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(cf. Theorem 6.15 in Ch. 6). In particular, if r = 1, then the system in the
normal form is integrable.

Resonance normalization amounts to von Zeipel’s procedure for eliminat-
ing the fast non-resonant phases (§ 6.2.2) if we normalize the deviations from
the equilibrium position by a small quantity ε and pass to the symplectic
polar coordinates.

In the presence of resonances, a Hamiltonian is in resonant normal form if
and only if the Poisson bracket of the Hamiltonian and its quadratic part is
identically zero (see Proposition 5.1).

If the matrix of the linearized system is not diagonalizable, then the
quadratic part of the Hamiltonian cannot be reduced to the form (8.4). How-
ever, the nonlinear terms can be reduced to the form indicated in Theorem 8.7;
see [151].

8.3.2 Phase Portraits of Systems with Two Degrees of Freedom
in a Neighbourhood of an Equilibrium Position
at a Resonance

Any system with two degrees of freedom whose Hamiltonian is in resonant
normal form is integrable. One can reduce such a system to a system with one
degree of freedom depending on the constant value of the first integral as a
parameter, and then draw the phase portraits. If the coefficients of the lower
terms of the normal form are generic, then for the given resonance there are
only finitely many types of phase portraits, and these types are determined by
the lower terms of the normal form. The phase portraits are qualitatively dif-
ferent only for finitely many resonances. Description of the portraits provides
exhaustive information about the motion near the resonance for systems in
a normal form in the generic case. Correspondingly, we obtain considerable
information on the motion for systems in which the lower terms of the Hamil-
tonian can be reduced to this normal form. Below we give the list of phase
portraits and their bifurcations. For lack of space we confine ourselves to the
case where the frequencies ω1 and ω2 have different signs, since this case is
more interesting from the viewpoint of stability theory (if ω1ω2 > 0, then
an energy level H = h � 1 is a sphere, and the equilibrium is stable). The
information requisite for constructing these portraits is contained in a series
of papers of Alfriend, Henrard, van der Burgh, Duistermaat, Markeev, Roels,
Sanders, Schmidt, et al. The complete information is presented in [217]. The
portraits for resonances of order higher than 4 can be found in [534].

Let k1, k2 be coprime positive coefficients of a resonance relation. There
exist coprime integers l1, l2 such that k1l2 − k2l1 = 1. In a neighbourhood of
the equilibrium position we pass to the canonical polar coordinates ρ, ϕ given
by (8.9) and then perform the change of variables

(ρ1, ρ2, ϕ1, ϕ2) �→ (G, I, ψ, χ)
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with the generating function

S = (k1ϕ1 + k2ϕ2)G+ (l1ϕ1 + l2ϕ2) I,

so that
ψ = k1ϕ1 + k2ϕ2, G = l2ρ1 − l1ρ2,

χ = l1ϕ1 + l2ϕ2, I = −k2ρ1 + k1ρ2.

Since by the assumption the Hamiltonian is in a normal form, it is inde-
pendent of χ; correspondingly, I is an integral of the problem. We perform the
isoenergetic reduction on an energy level H = h (see [10]); as the new time we
introduce the phase χ. We obtain the reduced system with one degree of free-
dom whose Hamiltonian depends on the parameter h. It is the phase portrait
of this system that must be analysed. In the generic case the portrait depends
essentially on one more parameter – the resonance detuning δ = k1ω1 + k2ω2.

A neighbourhood of the origin on the plane h, δ is partitioned into the
domains corresponding to different types of the phase portrait. These par-
titions for different resonances are shown in Fig. 8.3a–8.8a, and the bifurca-
tions of the phase portrait for going around the origin clockwise are shown
in Fig. 8.3b–8.8b, respectively. The numbering of the portraits corresponds to
the numbering of the domains on the plane of parameters. The unnumbered
portraits correspond to the curves separating the domains; they are given only
in Fig. 8.3–8.5.

The normal forms for which the bifurcations are given have the form

Hk1,k2 = ω1ρ1 + ω2ρ2 + F (ρ1, ρ2) +Bρ
k1/2
1 ρ

k2/2
2 cos (k1ϕ1 + k2ϕ2 + ψ0).

Here F is a polynomial in ρ1, ρ2 beginning with the quadratic form F2(ρ1, ρ2)
(in the Hamiltonian H2,1 the term F must be omitted), and B, ψ0 are con-
stants. The required genericity conditions are B �= 0, A = F2(k1, k2) �= 0, and,
for the Hamiltonian H3,1, |A| �= 3

√
3|B|. The pictures correspond to the case

ω1 > 0, A > 0, B > 0 (this does not cause a loss of generality). The pictures
are given for the following resonant vectors (k1, k2): (2,1) in Fig. 8.3; (3,1) in
Fig. 8.4 if A < 3

√
3B, and in Fig. 8.5 if A > 3

√
3B; (4,1) in Fig. 8.6; (3,2) in

Fig. 8.7; and (4,3) in Fig. 8.8. For the resonant vectors (n, 1), n � 5, the bifur-
cations are the same as for (4,1); for (n, 2), n � 5, the same as for (3,2) but
the domain (5) is skipped in Fig. 8.7; for (n, 3), n � 5, the same as for (4,3);
and for (n, m), n � 5, m � 4, the same as for (4,3) but the domain (2) is
skipped in Fig. 8.8. (Of course, the number of singular points of each type
must be changed taking into account the symmetry of the Hamiltonian). The
axis δ = 0 is not a bifurcation line. The positions of the bifurcation lines with
respect to this axis may be different from those shown in the pictures.

We make several further remarks on the presentation of the information.
To ensure that the phase portraits have no singularities, we depicted them
for h > 0 in the polar coordinates

√
ρ2, ψ/k2, and for h < 0 in the polar

coordinates
√
ρ1, ψ/k1. For h = 0 the phase portrait in Fig. 8.3–8.5 is depicted
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Fig. 8.3.

Fig. 8.4.

in both sets of coordinates. For h > 0 (h < 0) the portrait may be thought
of as the section of a three-dimensional energy-level manifold by the plane
ϕ1 = 0 (respectively, ϕ2 = 0). To the equilibrium positions on the phase
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Fig. 8.5.

Fig. 8.6.

portrait there correspond periodic solutions1 of the original system with two
degrees of freedom, and to the closed curves there correspond two-dimensional
invariant tori. Here to equilibrium positions obtained from one another by a
rotation by angle 2π/k2 in the domain h > 0, or 2π/k1 in the domain h < 0,
there corresponds one and the same periodic solution piercing the surface of
the section k2 times (respectively, k1 times). Exactly the same is true for the
two-dimensional tori.

To complete the analysis of resonances in systems with two degrees of free-
dom it remains to consider the resonances that are essential already in the

1 For h = 0 to the equilibrium position at the centre of the portrait there corre-
sponds an equilibrium of the original system.
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Fig. 8.7.

Fig. 8.8.

quadratic terms of the Hamiltonian: the case of multiple eigenvalues and the
case of a zero eigenvalue.

For multiple eigenvalues, in the typical case the matrix of a linear Hamil-
tonian system has two Jordan blocks of order 2 (see § 8.2.3). If there are nearly
multiple eigenvalues, then the quadratic part of the Hamiltonian can be re-
duced to the form (±ib)2 in (8.5). According to [561], in this case the terms of
the Hamiltonian of order up to and including 4 can be reduced to the following
form, which is also called a normal form:

H =
a(p2

1 + p2
2)

2
+ω(p2q1 − p1q2)+

δ(q21 + q22)
2

+

+
(
q21 + q22

) [
D
(
q21 + q22

)
+B (p2q1 − p1q2) +C

(
p2
1 + p2

2

)]
,

a= ±1.

(8.10)
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The formal normal form is a series in q21 + q22 , p2
1 + p2

2, and p2q1 − p1q2.
Following [320, 563] we pass to the polar coordinates r, χ on the plane q1, q2
and introduce the corresponding momenta P, I defined by

q1 = r cos χ, p1 = P cos χ− I sin
χ

r
,

q2 = r sin χ, p2 = P sin χ+ I cos
χ

r
.

(8.11)

In the new variables the Hamiltonian (8.10) takes the form

H =
1
2
a

(

P 2 +
I2

r2

)

+ ωI + r2
(
δ

2
+Dr2 +BI + C

(

P 2 +
I2

r2

))

. (8.12)

Since the Hamiltonian is independent of the angle χ, the momentum I is
an integral, and for P , r we obtain a system with one degree of freedom
depending on the two parameters I and δ. Since we consider a neighbourhood
of the equilibrium position p = q = 0, we can neglect the term Cr2(P 2+I2/r2)
in (8.12): this term is much smaller than the term in the first bracket in (8.12).
The bifurcation diagram of the resulting system is given in Fig. 8.9 for the case
a = 1 and D > 0, and in Fig. 8.10 for the case a = 1 and D < 0. It is assumed
that I � 0, which does not cause any loss of generality.

Fig. 8.9.

The left- and right-most phase portraits in Fig. 8.9, 8.10 correspond to
I = 0. To ensure that they have no singularities we have to assume that r
takes values of both signs. The curves on the portraits which are symmetric
with respect to the axis r = 0 correspond to the same invariant surfaces in
the phase space of the system with two degrees of freedom.
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Fig. 8.10.

Finally, we consider the case of a zero eigenvalue (a degenerate equilib-
rium). This case appears already in systems with one degree of freedom; it
is such a system that we shall consider.2 We assume that in the linearized
system to the zero eigenvalue there corresponds a Jordan block of order 2
(see § 8.2.3). If the equilibrium is nearly degenerate, then it cannot be shifted
to the origin by a change of variables that is smooth in the parameters of the
problem. Hence the linear part remains in the Hamiltonian. The terms of the
Hamiltonian of order up to and including 3 can be reduced to the form

H = δq +
ap2

2
+ bq3, a = ±1. (8.13)

Suppose that a = 1 and b > 0. The bifurcation of the phase portrait
in the transition from negative δ to positive is shown in Fig. 8.11. The two
equilibrium positions merge and disappear.

Fig. 8.11.

The diagrams given here exhaust all the resonance-related bifurcations
that occur in one-parameter families of generic Hamiltonians with two degrees
of freedom and can be calculated from the normal form.
2 For two degrees of freedom, the order can be reduced to one by using the integral

corresponding to the non-zero characteristic frequency.
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These diagrams are also useful for a higher number of degrees of freedom.
Indeed, suppose that in a system with n degrees of freedom there is a single
resonance relation approximately satisfied by two frequencies. Then its normal
form has n − 2 integrals ρi = const and is reducible to a system with two
degrees of freedom. As a result we obtain one of the normal forms considered
above, whose coefficients depend on the parameters ρi � 1.

The study of multiple resonances in systems with many degrees of freedom
is presently in its early stage. In [53] the case with frequency ratio 1 : 2 : 1 was
studied, its periodic solutions and additional integrals appearing for special
values of the parameters were found. In [54] it was shown that for the resonance
1 : 2 : 2 the normal form of order 3 has an additional symmetry, and the
corresponding system is completely integrable. In [218] it was shown that for
the resonance 1 : 1 : 2 the normal form of order 3 generates a non-integrable
system.3

8.3.3 Stability of Equilibria of Hamiltonian Systems
with Two Degrees of Freedom at Resonances

Studying the normal form provides considerable information about the motion
of the original system for which the lower terms of the Hamiltonian can be
reduced to this form. For example, if the normal form has a non-degenerate
periodic solution, then the original system has a periodic solution close to that
one. This follows from the implicit function theorem. Most of the invariant
tori that exist for the normal form also exist, in the general case, for the
original system. This follows from the results of KAM theory (one must use
Theorem 6.17 in § 6.3). As always in systems with two degrees of freedom, the
existence of invariant tori allows us to draw conclusions on stability.

If the characteristic frequencies of a system with two degrees of freedom do
not satisfy resonance relations of order up to and including 4, then the equilib-
rium is stable (under the additional condition of isoenergetic non-degeneracy);
this result was already discussed in § 6.3.6.B. For the remaining finitely many
resonant cases the following result holds.

Theorem 8.8 ([191, 320, 408, 561, 562, 563]). If the characteristic frequencies
satisfy a resonance relation of order � 4, and the conditions of generality of
position of § 8.3.2 hold, then the equilibrium of the original system is stable
or unstable simultaneously with the equilibrium of the normal form.

The stability can be proved by using KAM theory, and the instability,
by comparing the rate of moving away from the equilibrium position for the
original system and the normal form, or by constructing a Chetaev function.

3 In these papers it is assumed that to the multiple characteristic frequency there
correspond, in the matrix of the linearized system, four Jordan blocks of order 1,
rather than two blocks of order 2, that is, there is additional degeneracy: to obtain
this case in a generic system four parameters are required.
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In the notation of § 8.3.2 we have the following results.

Corollary 8.8 ([408]). For the resonance (2, 1) the equilibrium is unstable if
B �= 0 (Fig. 8.3).

Corollary 8.9 ([408]). For the resonance (3, 1) the equilibrium is stable if
|A| > 3

√
3 |B| > 0 (Fig. 8.5), and unstable if 0 < |A| < 3

√
3 |B| (Fig. 8.4).

Corollary 8.10 ([320, 561, 563]). If the linearized system has a multiple non-
zero frequency with a pair of Jordan blocks of order 2, then the equilibrium
of the full system is stable if aD > 0 (Fig. 8.9), and unstable if aD < 0
(Fig. 8.10).

Corollary 8.11 ([191, 562]). If the linearized system has a zero characteristic
frequency with a Jordan block of order 2, then the equilibrium of the full system
is unstable if b �= 0 (Fig. 8.11).

When some of the conditions of generality of position stated above are
violated, the problem of stability was analysed in [191, 408, 561, 562].

The separatrices on the phase portraits of the normal form, generally
speaking, split on passing to the exact system, as described in § 6.3.3.B.

8.4 Normal Forms of Hamiltonian Systems
near Closed Trajectories

8.4.1 Reduction to Equilibrium of a System
with Periodic Coefficients

Suppose that a Hamiltonian system with n + 1 degrees of freedom has a
closed trajectory which is not an equilibrium position. Such trajectories are
not isolated but, as a rule, form families. We now reduce the problem of the
oscillations in a neighbourhood of this family to a convenient form.

Proposition 8.1 (see, for example, [154]). In a neighbourhood of a closed
trajectory there exist new symplectic coordinates ϕ mod 2π, J , and z ∈ R

2n

such that J = 0 and z = 0 on the trajectory under consideration, and going
around this trajectory changes ϕ by 2π; on the trajectory itself, ϕ̇ = const.
In the new coordinates the Hamiltonian function takes the form H = f(J) +
H (z, ϕ, J), where f ′

J �= 0 and the expansion of H in z, J begins with terms
of the second order of smallness.
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We now perform the isoenergetic reduction (see [10]) choosing, on an en-
ergy level H = h, the phase ϕ for the new time (which we now denote by t).
The Hamiltonian of the problem takes the form F = F (z, t, h). For h = 0 the
origin is an equilibrium position of the system. Suppose that this equilibrium
is non-degenerate (all the multipliers are distinct from 1; the degenerate case
is considered in § 8.4.3). Then for small h the system also has a non-degenerate
equilibrium. By a change of variables smooth in the parameter one can shift
this equilibrium to the origin. The Hamiltonian takes the form

F =
1
2
(Ξ(t, h)z, z) +G(z, t, h), (8.14)

where the expansion ofG in z begins with terms of the third order of smallness;
the Hamiltonian has period 2π in t.

We now consider the linearized system.

Theorem 8.9 (see, for example, [614]). A linear Hamiltonian system that
is 2π-periodic in time can be reduced to an autonomous form by a linear
symplectic change of variables. If the system has no negative real multipliers,
then the reducing change of variables can be chosen to be 2π-periodic in time,
and if the system has negative real multipliers, then 4π-periodic. If the system
depends smoothly on a parameter, then the change of variables can also be
chosen to be smooth in this parameter.

Suppose that all the multipliers of the linearized system lie on the unit cir-
cle and are all distinct. Then, by the theorem stated above and by § 8.2.2, the
Hamiltonian (8.14) can be reduced by a linear 2π-periodic change of variables
to the form

Φ =
1
2
ω1

(
p2
1 + q21

)
+ · · · + 1

2
ωn

(
p2

n + q2n
)

+ Ψ(p, q, t, h), (8.15)

where the expansion of Ψ in the phase variables begins with terms of the third
order of smallness, and Ψ has period 2π in time t.

8.4.2 Reduction of a System with Periodic Coefficients
to Normal Form

Definition 8.4. The characteristic frequencies ω1, . . . , ωn satisfy a reso-
nance relation of order l > 0 for 2π-periodic systems if there exist integers
k0, k1, . . . , kn such that k1ω1 + · · ·+ knωn + k0 = 0 and |k1|+ · · ·+ |kn| = l.

Theorem 8.10 (Birkhoff [14]). Suppose that the characteristic frequencies ωi

of the 2π-periodic system (8.15) do not satisfy any resonance relation of order
L or less. Then there is a symplectic change of variables that is 2π-periodic
in time and reduces the Hamiltonian function to the same Birkhoff normal
form of degree L as if the system were autonomous, with the only difference
that the remainder terms of degree L + 1 and higher depend 2π-periodically
on time.
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The normalization procedure is similar to the one described in § 8.3.1. If
the system depends smoothly on a parameter, then the normalizing transfor-
mation can also be chosen to be smooth in the parameter.

For resonant cases one uses resonant normal forms. Let K be a sublattice
of the integer lattice Z

n+1 defining the possible resonances (cf. § 6.1.1).

Definition 8.5. A non-autonomous resonant normal form of degree L for a
Hamiltonian for resonances in K is a polynomial of degree L in symplectic
variables Pi, Qi which in the polar coordinates (8.9) depends on the phases
ϕi and time t only via their combinations k1ϕ1 + · · · + knϕn + k0t with
(k1, . . . , kn, k0) ∈ K.

Theorem 8.11. Suppose that the characteristic frequencies do not satisfy
any resonance relations of order L or less, except, possibly, for relations
k1ω1 + · · · + knωn + k0 = 0 with (k1, . . . , kn, k0) ∈ K. Then there exists
a symplectic 2π-periodic change of variables reducing the Hamiltonian to a
non-autonomous resonant normal form of degree L for resonances in K up to
terms of degree higher than L.

If the rank of the sublattice K is equal to r, then a system in a normal
form for resonances in K has n− r independent integrals in involution which
are linear combinations of the quantities ρi =

(
P 2

i +Q2
i

)
/2 with integer coef-

ficients. In particular, if there is only one resonance relation, then the system
is integrable.

8.4.3 Phase Portraits of Systems with Two Degrees of Freedom
near a Closed Trajectory at a Resonance

In a system with two degrees of freedom the oscillations about a closed tra-
jectory are described by a time-periodic system with one degree of freedom
depending on a parameter (§ 8.4.1). A system having a resonant normal form
for such a problem reduces to a system with one degree of freedom; its phase
portraits can be drawn. If the coefficients of the lower terms of the normal
form are generic, then there exists only finitely many types of phase portraits
for this resonance, and these types are determined by the lower terms of the
normal form. The phase portraits differ qualitatively only for finitely many
resonances. The list of them and the description of the bifurcations that the
portraits undergo when the parameters of the system pass through an exact
resonance are contained in [150, 152] and are reproduced below.

The normal forms Hk,k0 for resonances (k, k0) in the variables ρ, ψ =
ϕ+ k0t/k + ψ0 have the form

H3,k0 = δρ+Bρ3/2 cos 3ψ,

Hk,k0 = δρ+ ρ2A(ρ) +Bρk/2 cos kψ, k � 4.
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Here ρ and ψ are conjugate phase variables, δ = ω + k0/k is the resonance
detuning, A is a polynomial in ρ, and B, ψ0 are constants. The required
genericity conditions are B �= 0, A(0) �= 0 for k � 4, |A(0)| �= |B| for k = 4.
All the coefficients depend also on a parameter h. We assume that dδ/dh �= 0,
so that we can use δ instead of h. Under these conditions a small change in B
and in the coefficients of A does not cause bifurcations; hence we can ignore
the dependence of A and B on the parameter. We assume that B > 0 and
A(0) > 0; this does not cause any loss of generality.

The metamorphosis of the phase portrait as δ increases passing through
zero is shown for k = 3 in Fig. 8.12a; for k = 4 in Fig. 8.12b if A(0) < B,
and in Fig. 8.12c if A(0) > B; and for k = 5 in Fig. 8.12d.

Fig. 8.12.

For k � 6 the metamorphosis is the same as for k = 5, only there are
2k singular points around the origin, rather than 10. For k � 5 these sin-
gular points are at a distance of order

√
δ from the origin. The “oscillation

islands” surrounding stable points have width of order δ(k−2)/4. Consequently,
for k � 5 these islands occupy only a small proportion of the neighbourhood of
the origin under consideration, and the other phase curves are close to circles.

There are two more resonant cases which are already related to the
quadratic terms of the Hamiltonian. These are the cases where the multi-
pliers of a closed trajectory are equal to −1 or 1.
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If the multipliers are close to −1 (resonance (2, k0)), then in the typical
case the lower terms of the Hamiltonian can be reduced by a 4π-periodic
change of variables to the normal form

H = δq2 +
ap2

2
+Dq4, a = ±1.

The metamorphosis is shown in Fig. 8.13a for a = 1 and D > 0, and in
Fig. 8.13b for a = 1 and D < 0.

Fig. 8.13.

If the multipliers are close to 1 (resonance (1, k0)), then the lower terms
of the Hamiltonian can be reduced to the normal form

H = δq2 +
ap2

2
+ bq3, a = ±1.

The metamorphosis is shown in Fig. 8.14 (under the assumption that a = 1
and b > 0).

Fig. 8.14.
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The phase portraits constructed here allow one to determine many prop-
erties of the original system when its lower terms can be reduced to the corre-
sponding normal form. For example, to non-degenerate equilibrium positions
on the portraits there correspond periodic trajectories of the full system go-
ing over the original periodic trajectory k times. For a resonance of order 3
there is only one such trajectory, it is unstable and merges with the original
one at the instant of the exact resonance (δ = 0). For a resonance of order
k � 5 there are two such trajectories, one is stable, the other is unstable; they
branch off from the original trajectory at passing through the resonance along
the δ-axis in one definite direction. For a resonance of order 4, depending on
the values of the parameters, the picture is either the same as for order 3, or as
for order k � 5. At passing through a resonance of order 2 (the multipliers are
equal to −1) the original trajectory loses or acquires stability, and a periodic
trajectory branches off which goes twice over it. Finally, for a resonance of or-
der 1 (the multipliers are equal to 1) the original trajectory vanishes merging
with another trajectory with the same period (or, if we move in the opposite
direction along the parameter, two periodic trajectories are born).

To most of the closed curves on the phase portraits there correspond two-
dimensional invariant tori of the full system carrying conditionally periodic
motions (according to KAM theory).

Under the genericity conditions stated above, the stability or instability
of the original closed trajectory can be determined by using the normal form
(cf. Theorem 8.8). For k = 3 we have instability if B �= 0; for k = 4, stability
if |A(0)| > |B| > 0, and instability if 0 < |A(0)| < |B|; for k � 5, stability
if A(0)B �= 0. For the multipliers equal to −1 we have stability if aD > 0,
and instability if aD < 0. For the multipliers equal to 1 we have instability
if ab �= 0.

When we pass from the normal form to the exact system, the separatrices
that are present on the phase portraits, generally speaking, split similarly to
what was described in § 6.3.3.B.

8.5 Stability of Equilibria in Conservative Fields

8.5.1 Lagrange–Dirichlet Theorem

Theorem 8.12 (Lagrange–Dirichlet). If the potential has a strict local min-
imum at an equilibrium position, then the corresponding equilibrium state is
stable.

� For a Lyapunov function we can take the total mechanical energy. �
The hypothesis of the Lagrange–Dirichlet theorem is not a necessary con-

dition for stability.
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Example 8.3 (Painlevé–Wintner). Consider the infinitely differentiable po-
tential U(q) = (cos q−1) exp (−q−2), where q �= 0; U(0) = 0. The equilibrium
position q = 0 is stable, although the point q = 0 is of course not a local
minimum of the function U (Fig. 8.15).

U

q

Fig. 8.15.



In 1892 Lyapunov posed the problem of proving the converse of Lagrange’s
theorem for the case in which the coefficients of the quadratic form T =∑

aij(q)q̇iq̇j and the potential U are analytic functions in a neighbourhood of
the equilibrium position. A detailed survey of papers on Lyapunov’s problem
up to 1983 is contained in [24].

Theorem 8.13. Suppose that the equilibrium position q = 0 is not a local
minimum of an analytic potential U . Then the equilibrium state (q̇, q) = (0, 0)
is unstable.

This result was established by Palamodov in [491]. Earlier he proved the
converse of the Lagrange–Dirichlet theorem for systems with two degrees of
freedom.

The proof of Theorem 8.13 is based on the following assertion going back
to Chetaev [180]. We assume that the matrix of kinetic energy

(
aij(q)

)
at the

point q = 0 is the identity matrix. This can be achieved by a suitable linear
change of coordinates.

Lemma 8.1 ([180, 24]). Suppose that in some neighbourhood Q of the point
q = 0 there exists a vector field v such that

1) v ∈ C1(Q) and v(0) = 0,
2) 〈v′ξ, ξ〉 � 〈ξ, ξ〉 for all ξ ∈ R

n and q ∈ Q,
3) 〈v, U ′〉 = PU , where P is positive and continuous in Q ∩ {U(q) < 0}.

Then any motion q(·) of the mechanical system with negative energy leaves
the domain Q in finite time.



424 8 Theory of Small Oscillations

Remark 8.2. Let q(·) be a motion with zero total energy. If the equilibrium
position q = 0 is isolated, then (under the assumptions of Lemma 8.1) the
point q(t) either leaves some domain |q| � ε0 in finite time, or tends to zero
as t→ ∞.

The main difficulty in the proof of Palamodov’s theorem is precisely in the
construction of the required field v. This construction is based on the technique
of resolution of singularities, which is often used in algebraic geometry.

Example 8.4. Suppose that U is a quasi-homogeneous function with quasi-
homogeneity exponents α1, . . . , αn ∈ N:

U(λα1x1, . . . , λ
αnxn) = λαU(x1, . . . , xn), α ∈ N.

Then for the field v one can take the field Aq, where A = diag (α1, . . . , αn).
Indeed, 〈v, U ′〉 = αU by the Euler formula. 


Remark 8.3. Of special interest is the case where the potential energy has a
non-strict minimum. Laloy and Pfeiffer [365] proved that such critical points
of an analytic potential of a system with two degrees of freedom are unstable
equilibrium positions. This problem is so far unsolved in the multidimensional
case.

The problem of converses to the Lagrange–Dirichlet theorem is interesting
not only in the analytic but also in the smooth case, where the absence of a
minimum of the potential energy is determined by its Maclaurin series. Let

U = U2 + Uk + Uk+1 + · · · (8.16)

be the formal Maclaurin series of the potential U , where Us is a homogeneous
form of degree s in q1, . . . , qn. In a typical situation, of course, k = 3.

If the first form U2 does not have a minimum at the equilibrium position
q = 0, then this equilibrium is unstable. In this case one of the eigenvalues is
positive, and therefore the instability follows from the well-known theorem of
Lyapunov.

Therefore we consider the case where U2 � 0. We introduce the plane

Π = {q : U2(q) = 0}.

If dimΠ = 0, then the form U2 is positive definite and therefore the equilib-
rium q = 0 is stable by Theorem 8.12. We assume that dimΠ � 1. Let Wk

be the restriction of the form Uk in the expansion (8.16) to the plane Π. We
have the following.

Theorem 8.14 ([333]). If the form Wk does not have a minimum at the
point q = 0, then this equilibrium is unstable.
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The proof of Theorem 8.14 is based on the following idea: if the equations
of motion have a solution q(t) that asymptotically tends to the point q = 0 as
t→ +∞, then the equilibrium state (q, q̇) = (0, 0) is unstable. Indeed, in view
of the reversibility property, the equations of motion have also the solution
t �→ q(−t), which asymptotically goes out of the equilibrium position.

Under the hypotheses of Theorem 8.14 an asymptotic solution can be
represented as a series in negative powers of time:

∞∑

s=1

xs(ln t)
tsµ

, µ =
2

k − 2
, (8.17)

where xs ∈ R
n, and each component of the vector-function xs(·) is a polyno-

mial with constant coefficients.
Suppose that U2 = 0 and the Maclaurin series (8.16) converges. Then (as

established in [328, 357]) the series (8.17) converges for t � t0. Furthermore,
in the case of odd k the coefficients xs are altogether independent of time.

If U2 �≡ 0, then the series (8.17) are, as a rule, divergent even in the analytic
case.

Example 8.5. Consider the system of equations

ẍ =
∂U

∂x
, ÿ = ẋ2 − ∂U

∂y
; U = −4x3 +

y2

2
. (8.18)

The presence of the summand ẋ2 models the case where the kinetic energy is
non-Euclidean. Equations (8.18) have the formal solution

x =
1

2t2
, y =

1
t6

∞∑

n=0

a2n

t2n
, a2n =

(−1)n(2n+ 5)!
120

. (8.19)

The radius of convergence of the power series for y is zero.
However, equations (8.18) have the following exact asymptotic solutions

corresponding to the formal series (8.19):

x =
1

2t2
, y(t) = − sin t

∞∫

t

cos s
s6

ds+ cos t

∞∫

t

sin s
s6

ds

By performing successive integration by parts, from the last formula we ob-
tain the divergent series (8.19). This series is an asymptotic expansion of the
function y(t) as t→ +∞. 


According to Kuznetsov’s theorem [364], with each series (8.17) formally
satisfying the equations of motion one can associate a genuine solution for
which this series is an asymptotic expansion as t→ +∞:

q(t) −
N∑

s=1

xs

tsµ
= o

(
1
tNµ

)
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Note that the paper [364] appeared precisely in connection with the discussion
of the range of questions related to Theorem 8.14. Problems of constructing
asymptotic solutions of strongly nonlinear systems of differential equations
are considered in detail in the book [350].

We point out two important consequences of Theorem 8.14.
a) As we already noted, the question of stability of non-degenerate equi-

libria (at which det
(
∂2U/∂q2

)
�= 0) is decided by the Lagrange–Dirichlet

theorem. By Theorem 8.14, degenerate equilibria are unstable in a typical
situation. Indeed, in the general case the expansion (8.16) involves terms of
degree 3, and therefore W3 �≡ 0. It remains to observe that a non-zero form
of degree 3 cannot have a minimum.

b) Equilibria of a mechanical system in a conservative force field with
a harmonic potential (satisfying the Laplace equation ∆U = 0) are unsta-
ble. A special case is “Earnshaw’s theorem”: an equilibrium of a system of
electric charges in a stationary electric field is always unstable. Before the pa-
pers [328, 357] Earnshaw’s theorem had been proved only for the case where
the eigenvalues of the first approximation are non-zero.

Indeed, harmonic functions are analytic. We expand the potential in the
convergent Maclaurin series:

U = Uk + Uk+1 + · · · , k � 2.

Suppose that Uk �≡ 0 (otherwise U = 0 and then all points q will obviously be
unstable equilibrium positions). Clearly, Uk is also a harmonic function. By
the mean value theorem, Uk does not have a minimum at zero, whence the
instability follows (Theorem 8.14).

8.5.2 Influence of Dissipative Forces

Suppose that a mechanical system is in addition acted upon by non-conser-
vative forces F (q, q̇); the motion is described by Lagrange’s equation

d

dt

(
∂L

∂q̇

)

− ∂L

∂q
= F, L = T − U. (8.20)

Definition 8.6. We call the force F a force of viscous friction with total dis-
sipation if F (q, 0) = 0 and (T + U)· = F q̇ < 0 for q̇ �= 0.

Even after addition of forces of viscous friction, the equilibrium positions
will again coincide with the critical points of the potential U . The equilibrium
states that were stable by Lagrange’s theorem remain stable with dissipation
of energy taken into account. Moreover, if the potential is an analytic func-
tion, then these equilibrium states become asymptotically stable. This is the
Kelvin–Chetaev theorem [181].
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Theorem 8.15 (see [327]). Suppose that the point q = 0 is not a local min-
imum of the function U , and U(0) = 0. The equilibrium state (q, q̇) = (0, 0)
of system (8.20) is unstable if one of the following conditions holds:

a) the function U is analytic in a neighbourhood of the point q = 0;
b) the function U is smooth and has no critical points in the domain

Σε = {q : U(q) < 0, |q| < ε} for some ε > 0.

In the analytic case condition b) holds automatically.

� Consider a motion q(·) with negative total energy and therefore with
q(0) ∈ Σε. We claim that the point q(t) leaves Σε in a finite time. Indeed, on
such a motion we have q̇(t) �≡ 0. Consequently, the total energy E = T + U
monotonically decreases. If q(t) ∈ Σε for all t > 0, and E(t) tends to a fi-
nite limit as t → +∞, then q̇(t) → 0. But for small values of the speed the
friction forces are small compared to the conservative forces, which impart a
sufficiently high velocity to the system. �

8.5.3 Influence of Gyroscopic Forces

Suppose that, apart from dissipative forces, the mechanical system is also
acted upon by additional gyroscopic forces

F = Ω(q̇, ·),

where Ω is a closed 2-form (the form of gyroscopic forces; see § 3.2). Since
gyroscopic forces do not perform any work, the equilibrium states that were
stable by the Lagrange–Dirichlet theorem remain stable after addition of gyro-
scopic forces. Moreover, if the dissipation is total and the potential U satisfies
the hypotheses of Theorem 8.15, then equilibrium states cannot be stabilized
by adding gyroscopic forces.

Suppose that q = 0 is a non-degenerate equilibrium. Poincaré called the
Morse index of the potential U at this point the degree of instability of the
equilibrium q = 0.

Theorem 8.16 (Kelvin–Chetaev [181]). If the degree of instability is odd,
then this equilibrium cannot be stabilized by adding dissipative and gyroscopic
forces.

The proof is based on verifying the fact that if the degree of instability is
odd, then among the eigenvalues there necessarily exists a positive one.

However, if the degree of instability is even, then such an equilibrium in the
absence of dissipative forces can be stabilized by suitable gyroscopic forces.
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Example 8.6. It is well known that the motion of a charge in an electric E
and magnetic H fields is described by the equation

mv̇ = e
(
E +

1
c
[v,H]

)
, (8.21)

where v = ẋ is the velocity of the charge (x ∈ R
3) and c is the speed of

light. We consider a stationary electromagnetic field (when E and H do not
explicitly depend on time). The field E is conservative: E = − grad ϕ. The
magnetic component of the Lorentz force is a gyroscopic force: its presence
does not affect the conservation of the total energy

W =
mv2

2
+ ϕ.

If H = 0, then all the equilibria (stationary points of the potential ϕ) are
unstable by Earnshaw’s theorem.

We now give a simple example showing that it is possible to stabilize
unstable equilibria by a stationary magnetic field [347]. Suppose that the
electric field E is created by two equal charges Q situated on the x3-axis at
a distance R from the origin O. Then the point O is an unstable equilibrium
position. The potential of the electric field is equal to ϕ+ + ϕ−, where

ϕ± = eQ
[
x2

1 + x2
2 + (R± x3)2

]−1/2

The expansion of the total energy W in the Maclaurin series has the form

W =
m
(
v2
1 + v2

2 + v2
3

)

2
−
eQ
(
x2

1 + x2
2 − 2x2

3

)

R3
+ · · · .

If eQ > 0 (which we assume in what follows), then the degree of instability
(the Morse index of the function W at the critical point x = v = 0) is equal
to two. However, if the charges e and Q have opposite signs, then the degree
of instability is odd (equal to one) and a gyroscopic stabilization is impossible
by the Kelvin–Chetaev theorem.

We introduce the magnetic field H = (0, 0, κ), κ = const, which of course
satisfies Maxwell’s equations. Since the kinetic energy and the electromagnetic
field are invariant under rotations around the x3-axis, equations (8.21) admit
the Nöther integral

Φ = m(v1x2 − v2x1) +
eκ

2c
(
x2

1 + x2
2

)
.

We seek a Lyapunov function in the form of a combination of integralsW+λΦ,
where λ = const. Choosing λ so that this integral takes minimum value we
obtain the following sufficient condition for the Lyapunov stability:

H2 >
8Qmc2

eR3
.
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Theorem 8.16 can be extended to systems of the most general form. Let
v be a smooth vector field on R

n = {x}. This field generates the dynamical
system

ẋ = v(x), x ∈ R
n. (8.22)

Suppose that x = 0 is an equilibrium position: v(0) = 0. Then in a neighbour-
hood of this point system (8.22) has the form

ẋ = Ax+ o(|x|),

where A is the Jacobi matrix of the field v at the point x = 0. We define the
degree of instability deg (x = 0) of the equilibrium x = 0 to be the number of
eigenvalues of the matrix A with positive real part (counting multiplicities).
This definition generalizes Poincaré’s definition of degree of instability for
classical mechanical systems. In particular, if the degree of instability is odd,
then the characteristic equation det(A− λE) = 0 has a positive root. We say
that the equilibrium x = 0 is non-degenerate if detA �= 0.

Suppose that there exists a smooth function F : R
n → R such that

Ḟ =
∂F

∂x
v � 0.

We say that such a system is dissipative. The function F kind of plays the
role of the total energy. It is easy to verify that the non-degenerate critical
points of the function F correspond to the equilibria of system (8.22).

Theorem 8.17 ([341]). Suppose that x = 0 is a non-degenerate equilibrium
which is a non-degenerate critical point of the function F . Then

deg (x = 0) = ind0 F mod 2.

In this equality on the right is the Morse index of the function F at the
critical point x = 0.

Corollary 8.12. Suppose that F is a Morse function. Then its critical points
of odd index are unstable equilibria.

This assertion includes the Kelvin–Chetaev theorem (Theorem 8.16). In-
deed, let W = T + U be the energy integral of a reversible system. Its index
at an equilibrium position is obviously odd. This index does not change after
addition of gyroscopic forces. Since Ẇ � 0 after addition of dissipative forces,
the instability of the equilibrium follows from Corollary 8.12 of Theorem 8.17.
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Tensor Invariants of Equations of Dynamics

A tensor invariant is a tensor field in the phase space that is invariant under
the action of the phase flow. The most frequently occurring invariants are
first integrals, symmetry fields, invariant differential forms. Closely related to
them there are objects of more general nature: frozen-in direction fields and
integral invariants. Tensor invariants play an essential role both in the theory
of exact integration of equations of dynamics and in their qualitative analysis.

9.1 Tensor Invariants

9.1.1 Frozen-in Direction Fields

Let M be a smooth manifold, v a vector field on M generating the dynamical
system

ẋ = v(x), x ∈M, (9.1)

and let {gt} be its phase flow.
Let a(x) �= 0 be another smooth vector field on M . Passing through each

point x ∈ M there is a unique integral curve of the field a (at each of its
points x this curve is tangent to the vector a(x)). We say that this family of
integral curves is frozen into the flow of system (9.1) if it is mapped into itself
under all transformations gt.

A criterion for the integral curves of the field a to be frozen-in is that the
equality

[a, v] = λa (9.2)

holds, where [ , ] is the commutator of vector fields and λ is some smooth
function on M .

� To prove (9.2) we use the theorem on rectification of the integral curves of
the field a: in some local coordinates x1, . . . , xn the components of the field a
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have the form 1, 0, . . . , 0. Condition (9.2) is equivalent to the equalities

∂v1
∂x1

= λ,
∂v2
∂x1

= · · · =
∂vn

∂x1
= 0, (9.3)

where the vi are the components of the field v. Since in these coordinates the
integral lines of the field a are given by the equations xk = const, k � 2,
and the components vk, k � 2, are independent of x1, this family of lines is
mapped into itself under the transformations gt (see Fig. 9.1).

Fig. 9.1.

Conversely, if relations (9.3) are violated, then some of the components
v2, . . . , vn of the field v take different values for different values of the coor-
dinate x1, and therefore the phase flow {gt} will distort the coordinate lines
xk = const, k � 2. �

Condition (9.2) for n = 3 was first obtained by Poincaré as a generalization
of Helmholtz’s theorem on the property of the vortex lines (the integral curves
of the field of the curl of the velocity) being frozen into the flow of an ideal
barotropic fluid in a conservative force field. In the non-autonomous case, the
integral curves of the field a(x, t) are considered for fixed values of time t, and
condition (9.2) is replaced by the more general condition

∂a

∂t
+ [a, v] = λa.

The form of relation (9.2) clearly does not change when the field a is re-
placed by µa, where µ is any smooth function of x. Consequently, this relation
is independent of the lengths of the vectors a(x). Thus, equality (9.2) can be
regarded as a condition for the direction field being (invariant) frozen into the
phase flow of the field v.

If λ = 0, then the field a is a symmetry field for system (9.1). Note that, in
contrast to the problem of symmetry fields, finding frozen-in direction fields
is a nonlinear problem: apart from the field a in (9.2) the factor λ is also an
unknown quantity.
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9.1.2 Integral Invariants

We denote the Lie derivative along the vector field v by Lv. By the homotopy
formula we have

Lv = div + ivd,

where iv is the inner product of the field v and the differential form: ivω =
ω(v, ·).

Let ϕ be a k-form, γ a k-chain, and {gt
v} the phase flow of system (9.1).

We have the following simple formula:

d

dt

∣
∣
∣
∣
t=0

∫

gt(γ)

ϕ =
∫

γ

Lvϕ.

Thus, if
Lvϕ = 0, (9.4)

then the integral

I[γ] =
∫

γ

ϕ (9.5)

is an absolute integral invariant for system (9.1):

I
[
gt(γ)

]
= I[γ] ∀ t ∈ R. (9.6)

If
Lvϕ = dψ, (9.7)

where ψ is some (k − 1)-form, then equality (9.6) is valid for any k-cycle γ:
∂γ = 0. In this case the integral (9.5) is called a relative integral invariant.

The division of integral invariants into absolute and relative ones, which
was suggested by Poincaré, does not provide for all interesting cases. For
example, it may happen that

Lvϕ = ψ, dψ = 0, (9.8)

and the k-form ψ is not exact. In this case equality (9.4) holds for any k-
dimensional cycle homologous to zero. We say that such an integral invariant
is conditional.

We give a simple example of a linear integral invariant which is conditional
but not relative. In (9.1), let

M2 = T × R = {q mod 2π, p},
ẋ = v(x) : q̇ = 0, ṗ = 1; ϕ = p dq.

Then
Lvϕ = ivdϕ = dq.
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The form ψ = dq is closed but not exact. Hence,

İ
[
gt(γ)

]
= 2π

for any closed contour γ “encircling” the cylinder M (for example, for γ =
{0 � q < 2π, p = 0}).

Suppose that a k-form ϕ generates a conditional or relative integral in-
variant. Then to the (k+ 1)-form dϕ there obviously corresponds an absolute
invariant. Indeed,

Lvdϕ = dLvϕ = dψ = 0.

This remark is in fact due to Poincaré ([41], § 238).
Cartan attaches a somewhat different meaning to the notion of integral

invariant. According to Cartan, absolute integral invariants are generated by
differential forms α such that

ivα = ivdα = 0. (9.9)

Cartan called such forms integral forms in his book [18]. In view of the ho-
motopy formula, equality (9.9) immediately implies the equality Lvα = 0.

Relative integral invariants are generated (according to Cartan) by forms α
such that

ivdα = 0. (9.10)

Equality (9.10) yields

Lvα = divα+ ivdα = dβ,

where β = ivα. Thus, we obtain a special case of the relative integral invariant
according to Poincaré.

Cartan’s approach to the theory of integral invariants seems to be more
narrow in comparison with Poincaré’s approach. However, as Cartan wrote
in the introduction to his book, “But it turns out that the notion of integral
form is not essentially different from the notion of integral invariant. It is the
comparison of these two notions that is the basis of the present work”.

The main idea of Cartan is based on extending the phase space M by
adding time t as a new independent variable. In the extended (n+ 1)-dimen-
sional space M̃ = M × R, equation (9.1) is replaced by the system

ẋ = v(x), ṫ = 1. (9.11)

Proposition 9.1. Suppose that a k-form ϕ generates an absolute invariant
of system (9.1) according to Poincaré. Then system (9.11) admits the absolute
invariant according to Cartan generated by the k-form

α = ϕ+ (−1)k(ivϕ) ∧ dt.



9.1 Tensor Invariants 435

The proof amounts to verifying two equalities: iṽα = 0 and Lṽα = 0, where
ṽ is the vector field on the extended space defined by equations (9.11). Propo-
sition 9.1 is in fact due to Cartan ([18], § 30); only, rather than the explicit
formula for α, Cartan gives a rule for deriving it: instead of the differentials
dxi, one must substitute the differences dxi − vidt into the expression for the
form ϕ.

As noted by Cartan ([18], § 32), Proposition 9.1 is not valid for relative
invariants in the general case. We supplement Cartan’s observation by the
following assertion.

Proposition 9.2. Suppose that a k-form ϕ generates a conditional inte-
gral invariant according to Poincaré of system (9.1): ivdϕ = dψ. Then
system (9.11) admits a conditional invariant k-form according to Cartan:
iṽdα = 0, where

α = ϕ+ (−1)k−1ψ ∧ dt. (9.12)

Cartan himself actually used formula (9.12) in certain concrete situations.
However, in the general case he suggested acting differently ([18], § 32): if
system (9.1) admits a conditional invariant, then it also admits an absolute
invariant; after this reduction one can already use Proposition 9.1.

Let σ1 be a closed k-dimensional surface in M̃ . By constructing an integral
curve of the vector field ṽ through each point of σ1 we obtain a (k+1)-dimen-
sional tube of trajectories Γ . Let σ2 be another k-dimensional surface lying
on Γ and homologous to σ1 (that is, the cycle σ1 − σ2 is the boundary of
some piece of Γ ; see Fig. 9.2). In view of condition (9.10), the (k+1)-form dα
vanishes on Γ . Consequently, by Stokes’ theorem we have

∫

σ1

α =
∫

σ2

α. (9.13)

Now let σ1 and σ2 be the sections of the tube Γ by the hypersurfaces t = t1
and t = t2. Then in equality (9.13) the form α can be replaced by ϕ, and we
pass to a Poincaré invariant of the original system (9.1).

Fig. 9.2.
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9.1.3 Poincaré–Cartan Integral Invariant

Now let M2n = T ∗Nn be the phase space of a Hamiltonian system with
configuration space Nn = {x}. We introduce the canonical momenta y ∈ T ∗

xN
and the 1-form

ϕ = y dx =
n∑

1

yk dxk.

As noted by Poincaré ([41], § 255), Hamilton’s equations

ẋk =
∂H

∂yk
, ẏk = − ∂H

∂xk
; 1 � k � n, (9.14)

admit the linear relative invariant
∫

γ

∑
yk dxk, ∂γ = 0 (9.15)

(Corollary 1.7 in § 1.3.6).
It is interesting to note that the invariant (9.15) is independent of the

Hamiltonian H in equations (9.14). Therefore the invariant (9.15) is some-
times called a universal integral invariant. Lee [374] proved that every linear
universal invariant of Hamilton’s equations may differ from the Poincaré in-
variant (9.15) only by a constant factor. However, this result is of formal
nature. Its proof is based on the analysis of invariance of the integral of one
and the same 1-form ϕ under the phase flows of Hamiltonian systems with
different concrete Hamiltonians.

It is worth emphasizing that Lee’s theorem was proved for the case where
M = R

2n. If the first Betti number of the phase space M is non-zero, then
this theorem is no longer valid. One can add a closed but not exact 1-form to
the form ϕ. Then the value of the integral (9.15) on cycles non-homologous to
zero changes by some non-zero additive constants. In the general case Lee’s
theorem holds only for conditional integral invariants.

Let v be the Hamiltonian vector field defined by the differential equa-
tions (9.14). It is easy to see that system (9.14) can be represented in the
equivalent form

ivdϕ = −dH.
According to Proposition 9.2 the extended Hamiltonian system admits the
relative integral invariant ∫

(ϕ−H)dt. (9.16)

The invariant (9.16) is called the Poincaré–Cartan integral invariant, and the
integrand

∑
ydx−Hdt is called the energy–momentum form. Another proof

of the invariance of (9.16) was given in § 1.3.6.
As noted by Cartan ([18], § 11), the existence of the integral invari-

ant (9.16) uniquely specifies the Hamiltonian system (9.14).
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Poincaré posed the problem of the existence of other integral invariants
of equations of dynamics, in particular, in the three-body problem. In [41],
§ 257 he wrote: “It may be asked whether there are other algebraic integral
invariants in addition to those which we have just formed. Either the method of
Bruns, or the method which I employed in Chaps. 4 and 5, may be employed.”

Poincaré understood that this problem is closely connected with conditions
for integrability of Hamilton’s equations. It is not an accident that he mentions
Chapter 5, where he proved the theorem on the non-existence of single-valued
analytic integrals under a typical perturbation of the Hamiltonian function.
We now show that, indeed, in a neighbourhood of an invariant torus, a com-
pletely integrable system admits several different relative integral invariants.
In the action–angle variables the equations have the form

J̇1 = · · · = J̇n = 0, ϕ̇1 = ω1, . . . , ϕ̇n = ωn, (9.17)

where the ωk are functions of J . Consider the non-degenerate case where

∂(ω1, . . . , ωn)
∂(J1, . . . , Jn)

�= 0.

It turns out that equations (9.17) can be represented in different non-equiva-
lent Hamiltonian forms [340]. We set

ϕ =
n∑

1

∂K

∂ωk
dϕk,

and the Hamiltonian function H is equal to

n∑

1

ωk
∂K

∂ωk
−K.

Here K is a non-degenerate function of the frequencies ω1, . . . , ωn:

det
(

∂2K

∂ωi ∂ωj

)

�= 0.

Different Hamiltonians of representations of equations (9.17) are “numbered”
by the functionsK(ω). Therefore, by Poincaré’s theorem, system (9.17) admits
the integral invariants

∮

ϕ =
∮ n∑

1

∂K

∂ωk
dϕk.

Poincaré himself tried to connect the existence of new integral invariants
with the properties of the multipliers of periodic solutions of Hamilton’s equa-
tions. He showed ([41], § 259) that if there are p distinct integral invariants
(when the 1-forms ϕ are independent), and the coefficients of the forms ϕ
are linear in the canonical variables (as, for example, in (9.15)), then p of the
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multipliers are equal to one. Unfortunately, for the general case the analysis
of the problem carried out by Poincaré did not yield definitive results. In this
connection Poincaré wrote: “It is probable that the three-body problem per-
mits no other algebraic invariant relationships except those which are already
known. I am still not able to prove this.” ([41], § 258).

For some simplified variants of the three-body problem Poincaré’s conjec-
ture was proved in [344] (see § 9.4).

9.2 Invariant Volume Forms

9.2.1 Liouville’s Equation

In § 1.3 we proved the important Liouville theorem on the conservation of the
phase volume of Hamiltonian systems (Corollary1.10 in § 1.3.6).

More generally, system (9.1) on Mn admits the integral invariant
∫

D

ρ(x) dnx (9.18)

if and only if

div ρv =
n∑

i=1

∂ρvi

∂xi
= 0. (9.19)

This equation is called Liouville’s equation, and the function ρ is called the
density of the integral invariant. For Hamiltonian systems, ρ ≡ 1. If ρ > 0,
then the integral (9.18) is often called an invariant measure: its value can be
taken for a measure of a domain D. Thus,

meas (gtD) = measD,

where gt is a transformation in the phase flow of system (9.1).
For equations (9.17), Liouville’s equation takes the form

∑
ωk

∂ρ

∂ϕk
= 0.

Under the assumption of non-degeneracy, this equation has solutions depend-
ing only on the action variables: ρ = ρ(J1, . . . , Jn). It turns out that every
such invariant measure is a Liouville measure [340]: it can be obtained by
taking the nth power of the differential of the 1-form ϕ =

∑
∂K/∂ωk dϕk

in § 9.1.3. If we take the frequencies ω for the action variables J , then the
measure with density ρ(J) is Liouville if and only if

det
(

∂2K

∂Ji ∂Jj

)

= ρ(J).

This is the classical Monge–Ampère equation, which is well known to be locally
soluble with respect to the function K if the function ρ is positive.
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Remark 9.1. Strictly speaking, a measure and the integral of a volume form
are not the same thing. For instance, the flow of the vector field ∂/∂ϕ on the
Möbius strip

S1 × R mod (ϕ, y �→ ϕ+ 2π,−y)
preserves the ordinary measure, but does not admit invariant 2-forms (dy∧dϕ
is not a form on the Möbius strip because it is not orientable). A measure is
defined by a volume form only on an oriented manifold.

9.2.2 Condition for the Existence of an Invariant Measure

According to the Krylov–Bogolyubov theorem, any dynamical system on a
compact manifold has at least one invariant measure (see [475], and a modern
exposition in [555]). However, in the general case these measures are singular
and are not in any way connected with the smooth structure of the phase
space: they can be concentrated on finitely many trajectories (for example,
on asymptotically stable equilibrium positions).

We indicate some general conditions for the existence of an invariant mea-
sure with smooth density for system (9.1). Since the density ρ is positive,
Liouville’s equation (9.19) can be rewritten in the form

ḟ = − div v, where f = ln ρ. (9.20)

Clearly, f is a smooth function on M .
By the theorem on rectification of trajectories, in a small neighbourhood

of a non-singular point system (9.1) can be reduced to the form

ż1 = 1, ż2 = · · · = żn = 0. (9.21)

Consequently, system (9.1) locally admits a whole family of invariant mea-
sures: their densities are arbitrary functions of z2, . . . , zn. Thus, it makes
sense to consider the problem of an integral invariant either in a neighbour-
hood of equilibrium positions, or in sufficiently large domains of the phase
space, where the trajectory has the recurrence property (for example, in the
entire manifold Mn).

Theorem 9.1 ([334]). Let t �→ x(t) be a solution of system (9.1) with com-
pact closure of its trajectory. If system (9.1) admits an invariant measure with
smooth density, then there exists

lim
s→∞

1
s

s∫

0

(div v)x(t) dt = 0. (9.22)

� The proof of this assertion is simple. Let x(t) ∈ D, where D is a compact
subdomain of M . By (9.20) we have

lim
s→∞

1
s

s∫

0

(div v) dt = lim
s→∞

f
(
x(0)

)
− f
(
x(s)

)

s
= 0,
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since the continuous function f is bounded above and below on the set D.
�

We point out several corollaries of Theorem 9.1.

Corollary 9.1. Suppose that x = 0 is an equilibrium position of a nonlinear
system

ẋ = Λx+ · · · . (9.23)

If tr Λ �= 0, then in a neighbourhood of the point x = 0 this system does not
have an integral invariant with smooth positive density.

� Indeed, in this case (div v)x=0 = tr Λ. It remains to use formula (9.22) for
the solution x(t) ≡ 0. �

It is interesting to note that the condition tr Λ = 0 means that the phase
flow of the linear system ẋ = Λx preserves the standard volume form in R

n.
Thus, if a linear system with constant coefficients has at least one invariant
measure, then this system necessarily admits the standard invariant measure
(with unit density). Applications of Corollary 9.1 for certain problems of non-
holonomic dynamics are contained in [334].

Now suppose that system (9.1) on Mn, n = m + k, has a k-dimensional
invariant torus T

k filled with the trajectories of conditionally periodic motions.
In a small neighbourhood of this torus one can introduce coordinates

x1, . . . , xk mod 2π, y1, . . . , ym

in which equations (9.1) take the form

ẋ = ω + f(x, y), ẏ = Ωy + g(x, y). (9.24)

Here ω = (ω1, . . . , ωk) is a non-resonant set of frequencies of conditionally
periodic motions on T

k, f(x, 0) = 0, and g(x, y) = O
(
|y|2
)
. The invariant

torus is obviously given by the equation y = 0. The elements of the square
matrix Ω of order m are 2π-periodic functions of x1, . . . , xn.

Corollary 9.2. If system (9.24) admits an invariant measure with smooth
density, then

2π∫

0

. . .

2π∫

0

(trΩ) dx1 . . . dxn = 0. (9.25)

� Indeed, by Weyl’s theorem on uniform distribution we have

lim
s→∞

1
s

s∫

0

(div v) dt =
1

(2π)k

∫

Tk

(trΩ) dkx

for the solutions x = ωt+ x0, y = 0. It remains to use Theorem 9.1. �
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For k = 0 the matrix Ω has constant elements, and we arrive at Corol-
lary 9.1: the sum of the eigenvalues of the matrix Λ is equal to zero. By the
Floquet–Lyapunov theorem, for k = 1 there is a linear change of coordinates y
that is 2π-periodic in x and reduces the matrix Ω to a constant matrix. The
eigenvalues of the matrix exp (2πΩ/ω) are called the multipliers of the peri-
odic trajectory T

1 (k = 1). Corollary 9.2 gives us a necessary condition for the
existence of an invariant measure in a neighbourhood of a periodic trajectory
on an oriented manifold: the product of its multipliers is equal to one. If M is
non-orientable, then this assertion also remains valid if we go twice over the
periodic trajectory: the multipliers must be defined as the eigenvalues of the
linearization of the Poincaré return map over the doubled period.

If the matrix Ω can be reduced to a constant matrix, then such an invariant
torus is said to be reducible. A discussion of the problem of reducibility of tori
for k > 1 can be found in [297, 586]. For reducible tori, condition (9.25)
becomes the simple equality trΩ = 0.

Corollary 9.1 admits a certain refinement. Let us calculate the divergence
of the right-hand side of system (9.23) and expand it in the Maclaurin series:

− div v = tr Λ+ (a, x) + · · · ,

where a is some constant vector in R
n.

Proposition 9.3 ([334]). Let X = ΛT and Y =
(
X, a

)
. If rankX < rank Y ,

then system (9.23) does not have an invariant measure in a neighbourhood of
the point x = 0.

If the matrix Λ is non-singular, then the ranks of the matrices X and Y
are equal automatically.

In applications there occur systems with homogeneous right-hand sides:
v(λx) = λkv(x) with some integer k � 1. For such systems a criterion for
the existence of an invariant measure with smooth density is given by the
following proposition.

Proposition 9.4 ([335]). A system of differential equations with homoge-
neous right-hand sides has an invariant measure if and only if its phase flow
preserves the standard measure. In this case the density of an invariant mea-
sure is a first integral of this system.

We point out an interesting application of this assertion to the Euler–
Poincaré equations on Lie algebras, which describe the geodesic lines on Lie
groups with a left-invariant metric (or, which is the same, the free motion of a
mechanical system whose kinetic energy is invariant under the left translations
on the Lie group – the configuration space of the system). As is well known
(see § 1.2.4), the Euler–Poincaré equations, have the following form:

ṁi =
∑

clikmlωk, ms =
∑

Ispωp.
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Here the clik are the structure constants of the Lie algebra g, ω (the velocity
of the system) is a vector in g, m (the angular momentum) is a vector in the
dual space g∗, and I =

(
Isp

)
is the inertia tensor of the system. Let g be the

Lie algebra of a group G – the configuration space of the system.

Theorem 9.2 ([335]). The Euler–Poincaré equations have an invariant mea-
sure with smooth density if and only if the group G is unimodular.

Recall that a group G is unimodular if there exists a Haar measure that
is invariant under the left and right translations of the group G. An analytic
criterion for being unimodular has the following form:

∑
ckik = 0 for each i,

where the c are the structure constants of the Lie algebra of the group G.
In [598] conditions were found for the existence of an invariant measure in a

more general case where left-invariant non-holonomic constraints are imposed
on the system. Invariant measures of systems with right-invariant constraints
were studied in [165].

9.2.3 Application of the Method of Small Parameter

The problem of invariant measures of the perturbed equations (9.17) was
considered in [334] (even in a more general situation where the numbers of
slow and fast variables do not coincide). We confine ourselves to considering
the simplest of non-trivial cases where there is one slow variable z and two
fast angle variables x and y. Then the equations have the form

ẋ = u0 + εu1 + · · · , ẏ = v0 + εv1 + · · · , ż = εw1 + · · · , (9.26)

where ε is a small parameter, and u0 and v0 depend only on z. The right-hand
sides of these equations are series in ε whose coefficients are analytic functions
in x, y, z that are 2π-periodic in x and y. We can assume that the coefficients
are defined and analytic in the direct product ∆×T

2, where ∆ is an interval
in R = {z}, and T

2 = {x, y mod 2π}.
We seek a solution of equation (9.20) in the form of a series in powers of ε

f = f0 + εf1 + · · · (9.27)

with coefficients analytic in ∆ × T
2. Equating the coefficients of the same

powers of ε in equation (9.20) we obtain the following sequence of equations:

∂f0
∂x

u0 +
∂f0
∂y

v0 = 0,

∂f0
∂x

u1 +
∂f0
∂y

v1 +
∂f0
∂z

w1 +
∂f1
∂x

u0 +
∂f1
∂y

v0 = −
(
∂u1

∂x
+
∂v1
∂y

+
∂w1

∂z

)

,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(9.28)
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For ε = 0 system (9.26) is completely integrable: the phase space ∆×T
2 is

foliated into the invariant tori z = const with conditionally periodic motions.
We say that the unperturbed system is non-degenerate if the frequency ratio
u0/v0 is a non-constant function of z; in other words, if u′0v0 − u0v

′
0 �≡ 0 at

least at one point of the interval ∆.
For non-degenerate systems, the first equation (9.28) implies that f0 is a

function only of the variable z. Let bar denote the averaging over the vari-
ables x, y:

F =
1

4π2

2π∫

0

2π∫

0

F (x, y, z) dx dy.

Applying the averaging operation to the second equation of system (9.28) we
obtain

df0
dz

w1 = −dw1

dz
.

This relation leads to the averaging principle established in [334]: the function
f0 is the density of an integral invariant of the averaged system

ż = εw1. (9.29)

Passing from the full system (9.26) to the averaged one (9.29) is a standard
methods of perturbation theory. We point out one of the consequences of
the averaging principle: if the function w1 has an isolated zero, then the full
system (9.26) does not admit an invariant measure with density ρ = exp f ,
where f is defined in the form of a series (9.27).

We set

w1 =
∑

Wmn(z) exp [i(mx+ ny)]

∂u1

∂x
+
∂v1
∂y

+
∂w1

∂z
= −

∑
Gmn(z) exp [i(mx+ ny)]

f1 =
∑

Fmn(z) exp [i(mx+ ny)].

Equating the coefficients of the same harmonics in the second equation (9.28)
we arrive at the sequence of equalities

f ′
0Wmn + i(mu0 + nv0) Fmn = Gmn. (9.30)

Suppose that for z = z0 a non-trivial resonance relation mu0 + nv0 = 0
is satisfied with some integers m, n. If Wmn(z0) = 0 and Gmn(z0) �= 0, then
equation (9.30) is contradictory and the original system (9.26) does not admit
a measure with single-valued density that is analytic in the parameter ε.

Suppose that Wmn(z0) �= 0. Note that for z = z0 we obviously have the
relations

f ′
0Wkm, kn = Gkm, kn, k ∈ Z.
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If
Wm, nGkm, kn �= Wkm, knGm, n

for at least one integer k, then system (9.26) also does not have invariant
measures with single-valued analytic densities.

This method was applied in [334] for studying conditions for the existence
of invariant measures of equations of non-holonomic mechanics. More pre-
cisely, consider the mechanical system with configuration space in the form of
the three-dimensional torus T

3 = {ϕ1, ϕ2, ϕ3 mod 2π}, with the Lagrangian
L =

(
ϕ̇2

1 + ϕ̇2
2 + ϕ̇2

3

)
/2 (there are no external forces), and with the constraint

ϕ̇3 = ε(a1ϕ̇1 + a2ϕ̇2), (9.31)

where ε is a small parameter. For ε = 0 the constraint (9.31) is integrable,
and we have an ordinary holonomic system, which has an invariant measure
(by the classical Liouville theorem). In the general case (where ε �= 0) the con-
straint (9.31) is of course non-integrable. Tatarinov suggested calling systems
with constraints of the form (9.31) weakly non-holonomic.

To within terms o(ε), the equations of motion have the form

ϕ̇1 = J1, ϕ̇2 = J2, ϕ̇1 = ε(a1J1 + a2J2), J̇1 = J̇2 = 0.

The slow variables are the frequencies J1 and J2, as well as the angle coordi-
nate ϕ3. Here the unperturbed system proves to be degenerate; but one can
apply to it the above method for finding the density of an invariant measure
in the form of a series in powers of ε.

The results of analysis of this problem can be stated in the following
geometric form. The set of all systems with the Lagrangian L and with the
constraint (9.31) has the natural structure of an infinite-dimensional vector
space (isomorphic to the space of pairs of functions a1 and a2 on a three-dimen-
sional torus); we denote this subspace by K. All systems having an invariant
measure (in the first approximation with respect to ε) form a vector subspace
K

′ ⊂ K. In exactly the same way, systems with integrable constraint (9.31)
form a vector subspace K

′′. Indeed, the condition for the integrability of the
relation (9.31) in the first approximation with respect to ε has the form

∂a1

∂ϕ2
=
∂a2

∂ϕ1
.

This condition is linear in a1 and a2. By Liouville’s theorem, K
′′ ⊂ K

′. It
turns out that

dim K/K′ = ∞, and dim K
′/K′′ = ∞.

The first relation shows that the existence of an invariant measure with smooth
density is a rare exception among non-holonomic systems. The second rela-
tion indicates the existence of a massive set of non-holonomic systems with
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invariant measure that cannot be reduced to holonomic systems. Among them
there are, in particular, the Chaplygin systems (where the functions a1 and a2

are independent of ϕ3), which, in the first approximation with respect to ε,
satisfy all the conditions for applicability of the method of reducing factor,
which guarantees the existence of an integral invariant (see [165]). It would
be interesting to find out whether these conclusions are valid for small fixed
values of ε �= 0 (rather than only in the first approximation with respect to
the parameter ε).

9.3 Tensor Invariants and the Problem
of Small Denominators

9.3.1 Absence of New Linear Integral Invariants
and Frozen-in Direction Fields

Poincaré’s idea about a connection between the problem of linear integral
invariants and the problem of small denominators ([41], § 257) was realized
in [342]. Therein the system of equations (9.26) with a small parameter ε was
considered, which frequently occurs in the theory of nonlinear oscillations.

In [342] there was considered the problem of conditions for the existence
of a relative integral invariant ∮

ϕε (9.32)

of system (9.26) such that the coefficients of the 1-form ϕε are single-valued
analytic functions on ∆×T

2 depending analytically on ε. Of course, we should
exclude the trivial case where

dϕε = 0; (9.33)

under this condition the integral (9.32) is identically equal to zero by Stokes’
theorem.

We expand the function w1 in the double Fourier series:

w1 =
∑

Wmn(z) exp [i(mx+ ny)].

We introduce the set P ⊂ ∆ consisting of the points z such that

1) mu0(z) + nv0(z) = 0 for some integers m, n that are not simultaneously
equal to zero, and

2) Wmn(z) �= 0.

Such sets were first considered by Poincaré in connection with the problem
of integrability of Hamilton’s equations (§ 7.1).

The paper [348] contains the solution, for equations (9.26), of the problem
of conditions for the existence of frozen-in direction fields in the form of series
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in powers of ε: a = a0 + εa1 + · · · , where the as are analytic vector-functions
on ∆×T

2. We say that a direction field a is trivial if a = µv; in this case the
phase trajectories of system (9.1) are frozen-in. We assume that the condition
of non-triviality of the direction field is satisfied for ε = 0: a0 �= µv0. In ac-
cordance with what was said in § 9.1.1 we also assume that a0 �= 0; otherwise
some of the integral curves of the field a0 cease to be regular and degenerate
into points.

Theorem 9.3 ([342, 348]). Suppose that

(A) the set P has a limit point z∗ inside ∆, and
(B) u′0v0 − u0v

′
0|z∗ �= 0.

Then system (9.26) does not have a non-trivial frozen-in field of directions
analytic in ε. If in addition

(C) W00(z) �≡ 0,

then system (9.26) does not have a non-trivial integral invariant of the
form (9.32).

Condition (B) means that the unperturbed system (where ε = 0) is non-
degenerate: the frequency ratio u0/v0 is non-constant. Furthermore, it follows
from (B) that for z = z∗ and ε = 0 the right-hand sides of (9.26) do not
vanish. Conditions (A)+(B) guarantee that there are no non-constant analytic
integrals or non-trivial symmetry fields analytic in ε (cf. § 7.1).

9.3.2 Application to Hamiltonian Systems

We can attempt to apply Theorem 9.3 to Hamiltonian systems that are nearly
completely integrable. Here the question can be about systems with two de-
grees of freedom whose order is reduced by one by using the energy integral.
Applying Whittaker’s method we can transform the reduced system to the
form of a non-autonomous Hamiltonian system with time-periodic Hamil-
tonian.

Thus, we consider the Hamilton equation

ẋ = 1, ẏ =
∂H

∂z
, ż = −∂H

∂y
,

Hε = H0(z) + εH1(x, y, z) + · · · .
(9.34)

Here y mod 2π, z are canonical action–angle variables of the unperturbed
system, and the function H is assumed to be 2π-periodic in the “time” x = t.

For system (9.34) we have

u0 = 1, v0 =
∂H0

∂z
, w1 = −∂H1

∂y
. (9.35)
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Consequently, condition (B) is equivalent to the non-degeneracy of the unper-
turbed Hamiltonian:

d2H0

dz2
�= 0. (9.36)

The set P obviously coincides with the set
{

z ∈ ∆ :
dH0

dz
= − n

m
, Hmn �= 0

}

, (9.37)

where the Hmn are the Fourier coefficients of the perturbing function H1. In a
typical situation, P fills ∆ everywhere densely. Consequently, by Theorem 9.3
equations (9.34) do not admit non-trivial frozen-in direction fields (in par-
ticular, non-trivial symmetry fields). Furthermore, it follows from (9.35) that
condition (C) is never satisfied for Hamiltonian systems (W00 ≡ 0). However,
this is hardly surprising: equations (9.34) have the Poincaré–Cartan integral
invariant ∮

z dy −Hε dx. (9.38)

This invariant is obviously non-trivial (the degeneracy condition (9.33) does
not hold).

We now indicate sufficient conditions for the non-existence of a second
integral invariant. For that we shall need the following.

Lemma 9.1 ([344]). Suppose that conditions (A) and (B) of Theorem 9.3
are satisfied. Then there exists a function

λε = λ0(z) + ελ1(z) + · · ·

such that
dϕε = iv(λεΩ), (9.39)

where vc is the vector field of system (9.26) and Ω = dx ∧ dy ∧ dz.

We now show how the conclusion of Theorem 9.3 can be derived from this
lemma. We integrate the 2-forms on both sides of (9.39) over a two-dimen-
sional torus z = const. By Stokes’ theorem the integral of the form dϕ is equal
to zero, while the integral on the right-hand side is equal to

λεW00 + o(ε).

Applying condition (C) we obtain that λε = 0. Hence equality (9.39) will
coincide with the degeneracy condition (9.33).

Lemma 9.2. If (9.39) holds, then the 3-form λΩ generates an absolute inte-
gral invariant of system (9.26).

� Indeed,

0 = ddϕ = div(λΩ) = div(λΩ) + ivd(λΩ) = Lv(λΩ). �
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Lemma 9.3. Suppose that system (9.26) has another absolute invariant gen-
erated by a 3-form λ′Ω such that λ′ �= 0. Then the ratio λ/λ′ is an integral of
equations (9.26).

This simple fact (albeit in different terminology) was pointed out by Jacobi
in his “Lectures on dynamics” (1866).

It is well known that the phase flow of Hamilton’s equations (9.34) pre-
serves the “standard” volume 3-form Ω. Moreover, the “energy–momentum”
1-form in (9.38) satisfies equality (9.39) with λε = 1.

Theorem 9.4 ([344]). Suppose that condition (9.36) holds and the set (9.37)
has a limit point inside the interval ∆. Then any conditional integral invari-
ant of the Hamiltonian system (9.34) differs from the Poincaré–Cartan in-
variant (9.38) by a constant factor cε.

� Suppose that system (9.34) has an integral invariant of the form (9.32).
Since conditions (A) and (B) of Theorem 9.3 are satisfied, equality (9.39)
holds. We now take into account that LvΩ = 0. Then, by Lemmas 9.2 and 9.3
the factor λε in (9.39) is an integral of system (9.34). However, λε = cε = const
under the hypotheses of Theorem 9.4 (cf. § 7.1). Thus,

dϕε = cε d(zdy −Hεdx).

Hence the values of the integrals (9.32) and (9.38) on cycles homologous to
zero differ by the factor cε, as required. �
Remark 9.2. Suppose that

1) u′0v0 − u0v
′
0 �= 0,

2) P is everywhere dense in ∆,
3) system (9.26) admits a non-trivial invariant of the form (9.32).

One can show that then any other conditional integral invariant of sys-
tem (9.26) differs from (9.32) by a constant factor that depends analytically
on ε.

Theorem 9.4 can be applied to the planar restricted circular three-body
problem. Here the role of the small parameter ε is played by the ratio of
Jupiter’s mass to the mass of the Sun. The dynamics of the third body of a
negligible mass (asteroid) in the rotating frame (where the Sun and Jupiter
are stationary) is described by the following Hamilton equations (see § 7.1.3):

q̇k =
∂H

∂pk
, ṗk = −∂H

∂qk
; k = 1, 2,

H = H0 + εH1 + · · · , H0 = − 1
2p2

1

− p2.

(9.40)
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The expansion of the perturbing function in the double Fourier series has the
form

H1 =
∞∑

u=−∞

∞∑

v=−∞
huv cos

[
uq1 − v(q1 + q2)

]
.

The coefficients huv depending on p1, p2 are in general non-zero. Taking the
angle variable q2 for a new “time” and applying Whittaker’s procedure for
reducing the order we arrive at Hamilton’s equations of the form (9.34) with

H0(z) = − 1
2z2

.

Therefore condition (9.36) is satisfied automatically. One can show that the
set P is everywhere dense on the half-axis z > 0. Thus, the reduced Hamilton
equations of the restricted three-body problem do not have new relative in-
tegral invariants that are analytic in the parameter ε and independent of the
Poincaré–Cartan invariant.

9.3.3 Application to Stationary Flows of a Viscous Fluid

Theorem 9.3 was applied in [342] for finding a reason for the absence of linear
conditional integral invariants for flows of a viscous incompressible fluid. As
is well known, in the non-viscous case the circulation of fluid over a moving
contour is conserved. This is the celebrated Helmholtz–Thomson theorem. Fur-
thermore, there is a frozen-in direction field, namely, the field of curl, which
is not collinear with the flow’s velocity in the typical situation.

The flow of a homogeneous fluid (the density ρ is constant) in a conserv-
ative force field is described by the Navier–Stokes equation

dv
dt

= − grad
(
p

ρ
+ V

)

+ ν∆v. (9.41)

Here v is the field of velocities, p is pressure, V is the potential energy of the
field of forces, ν is the viscousity coefficient. For simplicity we shall write p
instead of p/ρ+V . By the assumption of homogeneity, the continuity equation
amounts to the incompressibility condition

div v = 0. (9.42)

We shall consider stationary flows where the field of velocities v and the
function p do not explicitly depend on time. In this case the field v generates
the divergence-free dynamical system

ẋ = v(x), (9.43)

whose phase flow preserves the standard volume in R
3 = {x}.
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Let u, v, w be the components of the vector field v. It is easy to understand
that equations (9.41)–(9.42) admit the following particular solutions:

u0 = αz + ξ, v0 = βz + η, w0 = 0, p = p0,

α, β, ξ, η, p0 = const.
(9.44)

A solution of the form (9.44) corresponds to a translational planar-parallel
flow.

We seek stationary solutions of the system of equations (9.41)–(9.42) in
the form of power series

u = u0 + εu1 + · · · , v = v0 + εv1 + · · · , w = εw1 + · · · ,
p = p0 + εp1 + · · · .

(9.45)

Here ε is a small parameter, and the coefficients are analytic functions of
x, y, z that are 2π-periodic in x, y. Substituting the series (9.45) into (9.41)–
(9.42) and equating the coefficients of ε we obtain the linear system

u0
∂u1

∂x
+ v0

∂u1

∂y
+ w1α+

∂p1

∂x
= ν∆u1,

u0
∂v1
∂x

+ v0
∂v1
∂y

+ w1β +
∂p1

∂y
= ν∆v1,

u0
∂w1

∂x
+ v0

∂w1

∂y
+
∂p1

∂z
= ν∆w1,

∂u1

∂x
+
∂v1
∂y

+
∂w1

∂z
= 0.

(9.46)

We now solve this system by the Fourier method. Denoting the Fourier
coefficients of the functions u1, v1, w1, p1 by Umn, Vmn, Wmn, Pmn, respec-
tively, we obtain the linear equations

i[m(αz+ξ)+n(βz+η)]Umn +αWmn+ imPmn =ν[−(m2 +n2)Umn+U ′′
mn],

i[m(αz+ξ)+n(βz+η)]Vmn +βWmn+ inPmn =ν[−(m2 +n2)Vmn+V ′′
mn],

i[m(αz+ξ)+n(βz+η)]Wmn +P ′
mn =ν

[
−(m2 +n2)Wmn+W ′′

mn

]
,

i(mUmn+nVmn)+W ′
mn =0.

(9.47)

If ν �= 0, then equations (9.47) form a system of ordinary differential equa-
tions, which is of the second order with respect to Umn, Vmn, and of the first
order with respect to Wmn, Pmn. Consequently, to uniquely determine these
coefficients we must set their values and the values of the derivatives U ′

mn,
V ′

mn at some point z = z0.
The Fourier coefficients of the functions uk, vk, wk, and pk (k � 2) can

be found by induction. The question of convergence of the series (9.45) is a
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non-trivial problem, which, however, has an affirmative solution for the so-
called crawling flows (or Stokes flows) where the derivatives v̇ are neglected
in equations (9.41); see [342].

Taking into account the expansions (9.45) we see that system (9.43) is
precisely of the form (9.26); hence we can attempt to apply Theorem 9.3
to (9.43). First of all we verify condition (B). It is clear that

mu0 + nv0 = (mα+ nβ) z +mξ + nη ≡ 0

only if simultaneously

mα+ nβ = 0, mξ + nη = 0.

Since m2 + n2 �= 0, we have αη − βξ = 0. Therefore, if

αη − βξ �= 0,

then the unperturbed system is non-degenerate.
Now let us discuss condition (A). It is clear that mu0 + nv0 = 0 at the

point

zmn = −mξ + nη

mα+ nβ
. (9.48)

Of course, we can exclude from our consideration the pairs of integers m, n
satisfying the condition mα + nβ = 0. Recall that the set P consists of the
points zmn at which Wmn �= 0. If ν �= 0, then the coefficients Wmn at these
points can be chosen arbitrarily. Therefore, in the general case the set P is
everywhere dense on the axis R = {z}. More precisely, this condition can be
violated only on a subspace of infinite codimension in the space of all vector
fields (9.45). By Theorem 9.3, a typical stationary flow of the form (9.45) does
not admit non-trivial integrals, frozen-in direction fields, or integral invariants.

From this viewpoint it is interesting to consider the case of an ideal fluid,
where ν = 0. Here system (9.47) becomes degenerate: the first and second
differential equations become algebraic. At the points zmn these equations
take the form

αWmn + im Pmn = 0, βWmn + in Pmn = 0.

Consequently, if αn − βm �= 0, then Wmn(zmn) = 0 and therefore zmn /∈ P.
Since α2 + β2 �= 0, we see that in the case αn− βm = 0 all the points (9.48)
coincide. Thus, the set P consists of at most one point, and, consequently,
condition (A) is not satisfied for an ideal fluid.

9.4 Systems on Three-Dimensional Manifolds

We again return to system (9.1) and assume that M is a three-dimensional
manifold, while v is a smooth tangent vector field without singular points.
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Moreover, suppose that system (9.1) admits an invariant volume form Ω:

LvΩ = 0.

The volume form defines a canonical orientation of M . If M is compact, then
we can assume that ∫

M

Ω > 0.

In particular, the form Ω defines a smooth invariant measure of system (9.1).
The most important example of systems of this type is provided by Hamil-

tonian systems with two degrees of freedom. Here M3 is a connected compo-
nent of a non-singular level surface of the Hamiltonian function, v is the
restriction of the Hamiltonian field to M , and the volume form is defined by
the invariant Liouville 4-form.

Lemma 9.4 (Cartan [18], § 91). Under the above assumptions, the 2-form

Φ = ivΩ (9.49)

is closed and generates an absolute integral invariant of system (9.1).

� Indeed,

dΦ = divΩ = LvΩ − ivdΩ = 0, LvΦ = LvivΩ = ivLvΩ = 0. �
Since the form (9.49) is closed, locally

Φ = dϕ.

Since ivΦ = 0, we have

Lvϕ = iv dϕ+ divϕ = d(ivϕ).

Consequently, to the 1-form ϕ there corresponds a “local” relative integral
invariant.

If the cohomology class of the 2-form Φ is equal to zero, then the 1-form ϕ
is well defined globally. In particular, this is the case automatically if

H2(M, R) = 0. (9.50)

These arguments are in fact contained in [18], § 91, although therein the
case M = R

3 is considered.
Throughout what follows we assume that the manifold M3 satisfies the

partition of unity theorem. In particular, this includes compact manifolds.

Lemma 9.5. Let Ψ be a smooth 2-form on M . There exists a vector field
x �→ u(x) such that

Ψ = iuΩ. (9.51)
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� Indeed, let
{
λα(x)

}
be a partition of unity subordinate to some open cover-

ing of M . It is assumed that in the domains λα there exist global coordinates.
It is easy to verify that in the domain supp λα the algebraic equation (9.49)
for the 2-form λaΨ has a unique smooth solution uα such that

supp uα ⊂ supp λα.

It remains to set
u(x) =

∑

α

uα(x).
�

Remark 9.3. In the analytic case, the field u is of course analytic.

Theorem 9.5. Suppose that system (9.1) has a conditional integral invariant
∮

ϕ.

Let
dϕ = iuΩ. (9.52)

Then the vector field u is a symmetry field: [u, v] = 0.

� By the definition of a conditional invariant we have

Lvϕ = ψ, dψ = 0.

Consequently,

0 = dLvϕ = Lv dϕ = LviuΩ = (Lviu − iuLv)Ω = i[v,u]Ω.

Since the volume form is non-degenerate, the fields u and v commute, as
required. �
Remark 9.4. Theorem 9.5 remains valid if the form dϕ in (9.52) is replaced
with any closed 2-form.

Theorem 9.5 has important applications to Hamiltonian mechanics. As an
example we consider a geodesic flow on a closed two-dimensional surface Σ.
The flow is determined by a Riemannian metric. The equations of geodesics
on Σ are described by Hamilton’s equations, and the Hamiltonian H is the
Riemannian metric represented in canonical coordinates on T ∗Σ. It is well
known that for positive values of the total energy h, the Hamiltonian systems
on the three-dimensional energy surfaces

{x ∈ T ∗Σ : H(x) = h} (9.53)

are isomorphic. One usually sets h = 1; the corresponding dynamical system
is called the geodesic flow on Σ. The geodesic flow clearly has the Poincaré–
Cartan relative integral invariant.
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Theorem 9.6 ([344, 338]). Let Σ be an analytic surface of genus > 1 with
an analytic Riemannian metric. Any analytic symmetry field of the geodesic
flow on Σ is proportional to the Hamiltonian field on (9.53), and any condi-
tional invariant defined by an analytic 1-form on (9.53) is proportional to the
Poincaré–Cartan invariant.

� The absence of non-trivial symmetry fields of geodesic flows on surfaces
of genus > 1 was established in [338]. Another proof based on variational
methods is contained in [126]. We now show how to derive from this the
absence of non-trivial linear integral invariants.

Let Ω be an invariant analytic volume 3-form on (9.53). If the geodesic flow
has a conditional integral invariant defined by an analytic 1-form ϕ, then (by
Theorem 9.5) there exists an analytic symmetry field u. However, a geodesic
flow on an analytic surface of genus > 1 does not have non-trivial symmetries:

u = c v, c = const.

But then according to (9.52) we have

dϕ = c ivΩ.

Consequently, the conditional integral invariant under consideration differs
from the Poincaré–Cartan invariant by the constant factor c. �

In conclusion of this subsection we indicate yet another application of the
results obtained above to one of the restricted variants of the three-body prob-
lem. Suppose that two massive bodies of equal masses are revolving around
their common centre of mass in elliptic orbits with non-zero eccentricity, while
the third body of negligible mass all the time moves along a straight line or-
thogonal to the plane of the massive bodies. This problem was suggested by
Kolmogorov for verification of possibility of combinations of the final motions
of three bodies according to Chazy’s classification (see § 7.3).

The dynamics of the speck of dust is described by a non-autonomous
Hamiltonian system of the form (9.35) with a periodic Hamiltonian. The ex-
tended phase space is the direct product

T × R
2 = {x mod 2π, y, z}.

Of course, this system has the Poincaré–Cartan invariant (9.38).
Kolmogorov’s problem is non-integrable: it does not admit non-constant

analytic integrals. The reason is the quasi-random character of the behaviour
of its trajectories. In particular, there are infinitely many non-degenerate long-
periodic trajectories. As shown in [336], this implies the absence of non-trivial
analytic symmetry fields: u = c v, c = const. Applying Theorem 9.5 we ob-
tain that the equations of this problem do not admit new conditional integral
invariants. One can prove in similar fashion that there are no new analytic
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invariants on fixed energy manifolds with large negative energy in the pla-
nar circular restricted three-body problem. The requisite preparatory results
on the structure of the set of long-periodic non-degenerate trajectories were
established in [394] by the methods of symbolic dynamics.

These results prove Poincaré’s conjecture on the absence of new integral
invariants for several variants of the restricted three-body problem.

9.5 Integral Invariants of the Second Order
and Multivalued Integrals

Using the same methods one can study the question about conditional invari-
ants of the second order ∫

D

Φ, (9.54)

where D is a two-dimensional cycle in M3 and Φ is a 2-form. The conditions
for the invariance of the integral (9.54) have the form

LvΦ = Ψ, dΨ = 0. (9.55)

For relative invariants, the 2-form Ψ is exact, and for absolute invariants,
Ψ = 0.

Since the invariant volume 3-form Ω is non-degenerate, we have

dΦ = fΩ, f : M3 → R. (9.56)

Proposition 9.5. The function f is an integral of system (9.1) on M3.

� Indeed, applying (9.53) and (9.54) we obtain

0 = dΨ − dLvΦ = LvdΦ = Lv(fΩ) = (Lvf)Ω + fLvΩ = ḟΩ.

Consequently, ḟ = 0, as required. �
By Lemma 9.4 system (9.1) has the absolute invariant ivΩ, so that the

question can be about the existence of yet another integral invariant.
For what follows it is useful to introduce the notion of multivalued integral

of system (9.1). This is a closed 1-form ϑ such that

ivϑ = 0. (9.57)

Locally, ϑ = dg and
ġ = ivdg = 0

according to (9.57). Thus, locally the function g is an ordinary integral of
system (9.1). If

H1(M, R) = 0, (9.58)
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then the function g is defined globally, and the multivalued integral becomes
an ordinary integral of system (9.1). Since dimM = 3, conditions (9.50)
and (9.58) are equivalent by the Poincaré duality theorem.

Throughout what follows, the objects (M, v, Ω, Φ) under consideration are
assumed to be analytic.

Theorem 9.7 ([131]). Suppose that M3 is compact and system (9.1) admits
a conditional integral invariant (9.54) such that

Φ �= civΩ, c = const. (9.59)

Then system (9.1) has a non-trivial multivalued integral ϑ �= 0.

� According to Proposition 9.5 the function f in equality (9.56) is an integral
of system (9.1). If f �= const, then Theorem 9.7 is proved. Suppose that
f = α = const. Integrating both parts of the equality

dΦ = αΩ (9.60)

over the compact manifold M and applying Stokes’ theorem we obtain

α

∫

M

Ω = 0.

Since the 3-form Ω is a volume form, we have α = 0. Consequently, by (9.59)
the form Φ is closed.

We set (according to Lemma 9.5)

Φ = iuΩ.

Since the 2-form Φ is closed, by Theorem 9.5 the field u commutes with the
field v. There are two possible cases:

1) the vectors u(x) and v(x) are linearly dependent at every point x ∈M ,
2) these vectors are almost everywhere independent.
Since v �= 0, in the first case

u(x) = λ(x) v(x), λ : M → R.

Since u is a symmetry field, λ is an integral of system (9.1). If λ �= const,
then the theorem is proved. The case λ = const is impossible in view of
condition (9.59).

In the second case, it is easy to verify that the differential 1-form

iviuΩ = ϕ

is closed. It is obvious that ϕ is a multivalued integral. �
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Corollary 9.3. Under the assumptions of Theorem 9.7, equation (9.1) can
be explicitly integrated by using finitely many algebraic operations, differenti-
ations, and quadratures.

Additional differentiations are needed for finding a multivalued integral.

Remark 9.5. Theorem 9.7 is also valid in the case where there is a linear
integral invariant ∮

ϕ.

It is only required that the 2-form Φ = dϕ satisfy condition (9.59).

Since the differential equations of the various variants of the three-body
problem considered above do not admit non-trivial symmetry fields or multi-
valued integrals, any conditional integral invariant of these equations of the
form (9.54) may differ only by a constant factor from the invariant

∫

D

dz ∧ dy − dH ∧ dx.

Since dimM = 3, it makes sense to consider only absolute integral invari-
ants of the third order. The corresponding 3-form has the form fΩ and by
Lemma 9.3 the function f is an integral of equations (9.1). For the equations
of dynamics considered above, f = const.

Integral invariants of dynamical systems on three-dimensional manifolds
with positive entropy were described in [582].

The problem of conditions for the existence of integral invariants of Hamil-
tonian systems with many degrees of freedom requires additional considera-
tion.

9.6 Tensor Invariants of Quasi-Homogeneous Systems

9.6.1 Kovalevskaya–Lyapunov Method

It turns out that the existence of tensor invariants is closely related to the
branching properties of solutions of differential equations in the plane of com-
plex time. The case of first integrals was considered in § 7.5.

We consider these questions from a more general viewpoint by means of
the example of the systems of differential equations

żi = vi(z1, . . . , zn), 1 � i � n, (9.61)

that are invariant under the similarity transformations

t �→ t

α
, z1 �→ αg1z1, . . . , zn �→ αgnzn
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with positive integers gj . The criterion for the invariance of equations (9.61)
is the validity of the relations

vi(αg1z1, . . . , α
gnzn) = αgi+1vi(z1, . . . , zn).

Such systems are usually called quasi-homogeneous systems, and the num-
bers g1, . . . , gn the quasi-homogeneity exponents. Quasi-homogeneous systems
often occur in applications. An example is provided by the Euler–Poincaré
equations on Lie algebras with quadratic right-hand sides: here one can take
g1 = · · · = gn = 1. Somewhat more complicated examples are the Euler–
Poisson equations describing the rotation of a heavy rigid body around a
fixed point, as well as the equations of the problem of n gravitating bodies.

It turns out that for quasi-homogeneous systems the problem of conditions
for single-valuedness of solutions in the plane of complex time can practically
be completely solved. Here we reproduce the analysis of equations (9.61) car-
ried out by Yoshida [616] according to Kovalevskaya’s method. We remind
the reader of the celebrated result of Kovalevskaya: the general solution of
the Euler–Poisson differential equations can be represented by meromorphic
functions of time t only in those cases where there is an additional first inte-
gral. It is in this way that she arrived at discovering the new integrable case,
which now bears her name.

First we observe that system (9.61) admits the particular meromorphic
solutions

z1 =
c1
tg1

, . . . , zn =
cn
tgn

,

where the constants c1, . . . , cn satisfy the algebraic system of equations

vi(c1, . . . , cn) = −gici, 1 � i � n.

As a rule, these equations have non-zero complex roots.
We seek the general solution of equations (9.61) in the form

zi = (ci + xi)−gi . (9.62)

One can show that the functions t �→ x(t) satisfy the following system of
differential equations:

tẋi =
n∑

j=1

Kijxj +
∞∑

|m|=2

K(i)
m1,...,mn

xm1 . . . xmn
n ,

Kij =
∂vi

∂zj
(c) + giδij , K(i)

m1...mn
=

∂m1+···+mnvi

∂m1z1 . . . ∂mnzn
(c),

(9.63)

where δij is the Kronecker delta. The matrix K =
(
Kij

)
is called the

Kovalevskaya matrix, and its eigenvalues ρ1, . . . , ρn the Kovalevskaya expo-
nents.

Proposition 9.6. If c �= 0, then ρ = −1 is a Kovalevskaya exponent.
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Indeed, the non-zero vector v(c) is an eigenvector of the matrix K with
eigenvalue −1. For definiteness, we set ρ1 = −1.

Theorem 9.8 (Lyapunov). If all the solutions of system (9.61) are single-
valued functions of complex time, then

1) the Kovalevskaya exponents are integers,
2) the Kovalevskaya matrix can be reduced to the diagonal form

diag (ρ1, . . . , ρn).

� The proof is based on analysing the variational equations

tẋ = Kx,

which are Fuchs equations. These equations have the particular solutions

tρiξi, ξi ∈ C
n, (9.64)

where the ξi are eigenvectors of the matrix K corresponding to the eigen-
values ρi. If the ρi are not integers, then the solutions (9.64) (and therefore
the functions (9.62)) branch when going around the point t = 0. It turns out
that the branching property remains valid also for the solutions of the full
system (9.63). �

Kovalevskaya solved the problem of conditions for the general solution
of system (9.61) to be meromorphic. A necessary condition is that the Lau-
rent series of the solutions of (9.61) contain n − 1 arbitrary constants. One
more parameter appears when t is replaced by t+ β, β = const (because the
system is autonomous). A necessary condition for the solutions (9.62) to be
meromorphic is that ρ2, . . . , ρn be non-negative integers.

9.6.2 Conditions for the Existence of Tensor Invariants

A function z �→ f(z) is said to be quasi-homogeneous of degree m if

f(αg1z1, . . . , α
gnzn) = αmf(z1, . . . , zn).

Any analytic function f can be expanded in a series in quasi-homogeneous
forms:

f(z) =
∑

m�0

fm(z), deg fm = m.

It is clear that the quasi-homogeneous forms of the expansion of an integral
of system (9.61) are themselves first integrals.

Theorem 9.9 ([616]). Let f be a quasi-homogeneous integral of degree m of
system (9.61), and suppose that df(c) �= 0. Then ρ = m is a Kovalevskaya
exponent.
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This result establishes a remarkable connection between the property of
the general solution being meromorphic and the existence of non-constant
integrals.

Now suppose that system (9.61) admits an absolute integral invariant gen-
erated by a k-form

ω =
∑

i1<···<ik

ωi1...ik
(z) dzi1 ∧ · · · ∧ dzik

.

This form can also be expanded in a series in quasi-homogeneous forms. The
form ω is said to be quasi-homogeneous of degree m if

ωi1...ik
(αg1z1, . . . , α

gnzn) = αjωi1...ik
(z), j = m− gi1 − · · · − gik

. (9.65)

Theorem 9.10 ([339]). Suppose that a quasi-homogeneous k-form ω of de-
gree m generates an absolute invariant of system (9.61), and ω �= 0 at the
point z = c. Then for some indices i1, . . . , ik the Kovalevskaya exponents
satisfy the relation

ρi1 + · · · + ρik
= m. (9.66)

Theorem 9.10 is a far-reaching generalization of Theorem 9.9. Indeed, if f
is a quasi-homogeneous integral of degreem of system (9.61), then ω = df is an
invariant quasi-homogeneous form of degree m. If z = c is not a critical point
of the function f , then ω �= 0 at this point. Since ω is a 1-form, relation (9.66)
gives us that ρi = m for some i.

In particular, if ω is a quasi-homogeneous volume form of degree m, then
Theorem 9.10 gives the following relation for the Kovalevskaya exponents:

ρ1 + · · · + ρn = m. (9.67)

For example, the Euler–Poincaré equations on an n-dimensional unimodular
Lie algebra admit the standard invariant measure generated by the volume
n-form dz1∧· · ·∧ dzn. According to (9.65), this form is quasi-homogeneous of
degree n (j = 0) with quasi-homogeneity exponents g1 = · · · = gn = 1. Con-
sequently, it follows from (9.67) that in this case the sum of all Kovalevskaya
exponents is equal to n.

Example 9.1. Consider the Euler top described by the differential equations
in R

3

Iω̇ = Iω × ω. (9.68)

Here ω is the vector of angular velocity, and I is the inertia tensor. Equa-
tions (9.68) are the Euler–Poincaré equations on the algebra so(3). For equa-
tions (9.68) there are non-trivial solutions of the algebraic system

(Ic) × c = −Ic, c �= 0.

In addition, these equations admit the two quadratic integrals

(Iω, ω), (Iω, Iω),
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whose differentials are linearly independent at the point ω = c if the inertia
tensor I is not spherical. Consequently, ρ = 2 is a Kovalevskaya exponent of
multiplicity two by Theorem 9.9. Thus, the Kovalevskaya exponents are the
numbers −1, 2, 2, the sum of which is equal to dim so(3) = 3. 


In [339] a more general problem was actually considered, that of the ex-
istence of tensor invariants of equations (9.59), that is, tensor fields of the
form

T
i1...ip

j1...jq
(z)

that are invariant under the action of the phase flow of system (9.61). For
example, to (1, 0)-tensors there correspond symmetry fields. In [339] it was
proved that the existence of tensor invariants implies resonance relations for
the Kovalevskaya exponents, which generalize equalities (9.66):

ρi1 + · · · + ρip
− ρj1 − · · · − ρjq

+m = 0.

In particular, if there is a non-trivial symmetry field of quasi-homogeneity
degree m, then ρ = −m is a Kovalevskaya exponents. Since the field v itself
is a symmetry field of quasi-homogeneity degree m = 1, we arrive at the
conclusion of Proposition 9.6.

9.7 General Vortex Theory

9.7.1 Lamb’s Equation

Examples usually used to illustrate the theory of integral invariants are Hamil-
tonian systems, dynamics of ideal fluid, and geometrical optics (see for exam-
ple, [18]). It turns out that these three seemingly different theories are under-
lied by one general mathematical construction, in which integral invariants
play a central role.

It is well known that the equations of motion of an ideal fluid (equa-
tions (9.41) for ν = 0) can be represented in the form

∂v
∂t

+ (curl v) × v = −∂f
∂x

, (9.69)

where f = v2/2 + P + V and P is the pressure function (for homogeneous
fluid, P = p/ρ). Equation (9.69) is called Lamb’s equation.

We now consider propagation of light in a non-homogeneous isotropic
medium with refraction index n(x), x ∈ R

3: the light particles move along
rays with speed equal to 1/n. In construction of optical images an essential
role is played not by particular rays, but rather by systems of rays – families
of light rays singly filling space: a unique ray passes through each point x, and
the direction of the ray smoothly depends on the point x. Thus, a system of
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rays is in a one-to-one correspondence with the field of velocities v(x) of light
particles. One can show that this field satisfies the equation

(curl n2v) × v = 0. (9.70)

For a homogeneous medium, where n = const, equation (9.70) coincides
with the equation of a stationary flow of fluid, where the field of velocities
is collinear with its curl. An example is provided by the well-known ABC-
flow of Arnold–Beltrami–Childress: the components of the velocity field have
the form

A sin x3 + C cos x2, B sin x1 +A cos x3, C sin x2 +B cos x1.

Here, curl v = v. Since the field is 2π-periodic in the coordinates x1, x2, x3,
it can be considered on a three-dimensional torus. For almost all values
of A, B, C, on the torus there are domains with chaotic behaviour of tra-
jectories.

It is easy to find condition under which a system of rays is orthogonal to
some family of surfaces in R

3:
〈
v, curl n2v

〉
= 0.

Comparing this with (9.70) we obtain that then curl n2v = 0. Consequently,

n2v =
∂ϕ

∂x
, ϕ : R

3 → R.

Such systems of rays are called Hamiltonian systems. A classical result is
Malus’ theorem: if a system of rays is orthogonal to some regular surface,
then this system is Hamiltonian and remains to be such after any number of
reflections and refractions. Malus’ theorem can be easily proved by applying
the linear integral invariant ∮

n2〈v, dx〉.

Systems of rays for which curl n2v �= 0 are called Kummer systems. They
are less studied in comparison with Hamiltonian systems of rays.

We now consider the canonical Hamilton equations (9.14) with Hamil-
tonian H(x, y, t) which may explicitly depend on time. Suppose that these
equations have an n-dimensional invariant manifold given by equations

y = u(x, t), (9.71)

where u is a smooth covector field on the configuration manifold Nn.
We introduce a vector field of velocities v on N by setting

v(x, t) = ẋ =
∂H

∂y

∣
∣
∣
∣
y=u

,
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and the function h(x, t) = H
(
x, u(x, t), t

)
. It turns out that the fields u, v

and the function h are connected by the relation

∂u

∂t
+ (curl u) v = −∂h

∂x
, (9.72)

where

curl u =
(
∂ui

∂xj
− ∂uj

∂xi

)

is a skew-symmetric n×n-matrix (the curl of the covector field u). For n = 3
the value (curl u) v coincides with the ordinary vector product (curl u) × v.

The form of equation (9.72) coincides with that of (9.69); we also call (9.72)
Lamb’s equation. The similarity of the forms of equations (9.69), (9.70), and
(9.72) gives an opportunity to develop an analogy between hydrodynamics,
geometrical optics, and Hamiltonian mechanics. The existence of the invariant
relations (9.71) allows us to reduce Hamilton’s equations (9.14) in the 2n-
dimensional phase space to the system of differential equations

ẋ = v(x, t) (9.73)

on the n-dimensional configuration space. System (9.73) possesses many of
the properties characteristic of flows of an ideal fluid [330].

9.7.2 Multidimensional Hydrodynamics

We set ω =
∑

uidxi and Ω = dω. Then system (9.73) can be rewritten in the
following equivalent form:

∂ω

∂t
+ ivΩ = −dh.

System (9.71) admits the relative integral invariant
∮

ω.

This is an analogue of Thomson’s theorem on the conservation of circulation.
We call a field u conservative if curl u = 0; locally, u = ∂ϕ/∂x. Lagrange’s

theorem holds: if a field u is conservative at t = 0, then it is conservative
at all t. This is a simple consequence of Thomson’s theorem. Substituting
u = ∂ϕ/∂x into equation (9.72) we obtain

∂ϕ

∂t
+H

(

x,
∂ϕ

∂x
, t

)

= f, (9.74)

where f is some function of t. In hydrodynamics, relation (9.74) is called
the Lagrange–Cauchy integral, and in Hamiltonian mechanics it is called the
Hamilton–Jacobi equation. After gauging the potential

ϕ �→ ϕ−
∫

f(t) dt,
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the function f on the right-hand side of (9.74) can be made to be equal to
zero.

In hydrodynamics, non-zero vectors w satisfying the equality (curl u) w = 0
(or iwΩ = 0) are called vortex vectors. The distribution of vortex vectors is
integrable: through each point x ∈ N there passes a unique maximal integral
manifold of this distribution, which is tangent to all the vortex vectors at each
of its points. It is natural to call such manifolds vortex manifolds. In Cartan’s
terminology, these are characteristic manifolds of the 2-form Ω. We emphasize
that vortex manifolds are defined for a fixed value of t.

The following analogue of the Helmholtz–Thomson theorem holds: the
phase flow of system (9.73) takes vortex manifolds to vortex manifolds. In
the stationary case (where the fields u, v and the function h do not explicitly
depend on t) the function h is constant on the flow lines (the integral curves of
the field v) and on vortex manifolds. This is a generalization of the celebrated
Bernoulli theorem.

The differential 1-form ω locally can be reduced to the form

ω = dS + x1dx2 + · · · + x2k−1 dx2k, (9.75)

where S is some smooth function of x and t, and 2k is the rank of the 2-form
Ω = dω. We write down in an explicit form the components of the covector
field u:

u1 =
∂S

∂x1
, u2 =

∂S

∂x2
+ x1, . . . , u2k+1 =

∂S

∂x2k+1
, . . . , un =

∂S

∂xn
,

and Lamb’s equation (9.72):

ẋ1 = − ∂

∂x2

(
∂S

∂t
+ h

)

, ẋ2 =
∂

∂x1

(
∂S

∂t
+ h

)

,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ẋ2k−1 = − ∂

∂x2k

(
∂S

∂t
+ h

)

, ẋ2k =
∂

∂x2k−1

(
∂S

∂t
+ h

)

,

(9.76)

∂

∂x2k+1

(
∂S

∂t
+ h

)

= · · · =
∂

∂xn

(
∂S

∂t
+ h

)

= 0. (9.77)

It follows from (9.77) that ∂S/∂t+ h is a function only of the coordinates
x1, . . . , x2k and time t. These relations generalize the Hamilton–Jacobi equa-
tion and coincide with it for k = 0, when the field u is conservative. Then the
function S plays the role of the action according to Hamilton.

Thus, (9.76) is a closed system of canonical Hamilton’s equations with the
Hamiltonian ∂S/∂t+ h.

According to (9.75), in these variables we have

Ω = dx1 ∧ dx2 + · · · + dx2k−1 ∧ dx2k,
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and therefore the vortex manifolds (the characteristic (n − 2k)-dimensional
surfaces) are given by the equations

x1 = α1, . . . , x2k = α2k, α = const.

Since the derivatives ẋ1, . . . , ẋ2k depend only on x1, . . . , x2k, t, this immedi-
ately implies the Helmholtz–Thomson theorem saying that the vortex mani-
folds are frozen into the flow of system (9.73).

In hydrodynamics the variables x1, . . . , x2k and the function S are called
Clebsch potentials. Back in 1857 Clebsch represented the 1-form of velocity
circulation v1dx1+v2dx2+v3dx3 in the form (9.75). For n = 3 equations (9.76)
and (9.77) were obtained by Clebsch and Stewart (see, for example, [366]).

9.7.3 Invariant Volume Forms for Lamb’s Equations

In hydrodynamics, equation (9.69) is supplemented by the continuity equation

∂ρ

∂t
+ div (ρv) = 0, (9.78)

which is equivalent to the existence of the integral invariant
∫

ρ d3x

of the mass of moving volume. The question arises: does system (9.73) admit
similar invariants in the general case?

In this problem an essential role is played by the notion of class of a
differential form, which was introduced by Cartan. Recall that the class of a
differential form α at a point x ∈ M is by definition the codimension of the
vector subspace of vectors ξ ∈ TxM such that

iξα = iξ dα = 0.

We shall consider forms of constant class, when the class of a form is indepen-
dent of the point x. Note that the class of a closed 2-form is always an even
integer.

Proposition 9.7. Let n = 2s be even and suppose that the class of the 2-form
Ω = dω is equal to n. Then system (9.73) admits the integral invariant

∫

τ, τ = Ωs. (9.79)

By the way, this assertion contains as a special case Liouville’s theorem
on the conservation of phase volume in Hamiltonian systems.

Now suppose that n = 2s+ 1 is odd and the class of the 1-form ω is equal
to n. Then the n-form τ = ω∧Ωs is a volume form on M ; but this form is not
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invariant in the general case. Indeed, one can obtain the following expression
for the derivative of τ with respect to time:

τ̇ = dg ∧Ωs,

where g = ivω − h is the Lagrangian of the problem considered. Since the
form Ω is closed, we have

dg ∧Ωs = d(gΩs).

Hence for a compact M we have

d

dt

∫

M

τ =
∫

M

dg ∧Ωs =
∫

M

d(gΩs) = 0.

Thus, the τ -volume of the whole of M is conserved. However, this remark is
non-trivial only for non-autonomous systems.

We now consider the important special case where equations (9.72) are
Lamb’s equations for a stationary n-dimensional invariant surface of a Hamil-
tonian system with Hamiltonian that is quadratic in the momenta (this case
corresponds to free motion).

Proposition 9.8 ([337]). In the case under consideration, where the form ω
has odd class n = 2s + 1, system (9.73) admits the integral invariant (9.79),
where τ = ω ∧Ωs.

If the class of the forms ω and Ω is not maximal, then it is altogether
impossible to use them for producing a volume form. Thus, the question of
the existence of invariant measures of equations (9.73) is a non-trivial problem.

The most general approach is to seek a complete solution u(x, t, c), c =
(c1, . . . , cn), of Lamb’s equations that satisfies the non-degeneracy condition

ρ =
∂(u1, . . . , un)
∂(c1, . . . , cn)

�= 0. (9.80)

For conservative solutions u = ∂ϕ/∂x a complete solution of Lamb’s equation
becomes a complete integral ϕ(t, x, c) of the Hamilton–Jacobi equation (9.74).
In this case condition (9.80) takes the well-known form

det
(

∂2ϕ

∂xi∂cj

)

�= 0.

Proposition 9.9. For fixed values of c the function (9.80) satisfies the conti-
nuity equation (9.78), where div =

∑
∂/∂xi.

Thus, system (9.73) admits the integral invariant
∫

ρ dnx.
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Proposition 9.9 is derived from Liouville’s theorem on the conservation of
phase volume of Hamiltonian systems.

In conclusion we consider the question of the existence of an invariant
measure of equations (9.73) in the problem of geodesic lines of left-invariant
metrics on Lie groups. Let G be a Lie group, g its Lie algebra, and let T be
a left-invariant metric on G – the kinetic energy of a mechanical system with
configuration space G. If ω = (ω1, . . . , ωn) ∈ g is the velocity of the system,
then

T =
1
2

∑
Iijωiωj . (9.81)

In view of the assumption that T is left-invariant, Iij = const. The symmetric
positive-definite matrix I =

(
Iij
)

is the inertia tensor of the system. The theo-
rem on variation of the momentum gives rise to the Euler–Poincaré equations
on the algebra g, which should be supplemented by the n (= dimG) kinematic
relations

ẋi =
∑

j

vj
iωj , (9.82)

where x1, . . . , xn are local coordinates on the group G and the

vj =
(
vj
1, . . . , v

j
n

)

are left-invariant fields on G satisfying the commutation relations

[vi, vj ] =
∑

k

ckijvk.

Let w1, . . . , wn be right-invariant fields on the group G. Their phase flows
are families of left translations. Since the Lagrangian T is left-invariant, the
equations of motion on TG admit the n independent Nötherian integrals

∂T

∂ẋ
· wi = ci, 1 � i � n. (9.83)

In view of (9.81) and (9.82) the left-hand sides of these equations are linear
in ω. From (9.83) the velocities ω can be represented as single-valued func-
tions on the group G (for fixed values of c1, . . . , cn). As a result we obtain
autonomous equations on the group G of the form (9.73):

ẋi =
∑

vj
i (x) ωj(x, c). (9.84)

Theorem 9.11 ([358]). If the group G is unimodular (that is, the structure
constants of its Lie algebra satisfy

∑
ckik = 0 for all 1 � i � n), then for all

values of c the phase flow of system (9.84) preserves the Haar measure on G.

Recall that on each group there is a unique (up to a constant factor)
measure that is invariant under all left (right) translations. In the case of an
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unimodular group this measure (called a Haar measure) is bi-invariant. In
particular, all compact groups are unimodular.

Theorem 9.11 is proved by using Proposition 9.9. This theorem is a con-
sequence of a more general result: the phase flow of system (9.84) preserves a
right-invariant measure on G.

A systematic exposition of the questions considered here can be found in
the book [31]. Topological methods in dynamics of viscous fluid (including
multidimensional one) are expounded in the book [13].
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theory of dynamical systems.
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470 Comments on the Bibliography

KAM theory was initiated by Kolmogorov’s work [25]. The papers [6, 7] con-
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canoniques de la mécanique classique. C. R. Acad. Sci., Paris 261, 3719–3722
(1965)

75. Arnol’d, V. I.: The stability problem and ergodic properties for classical dy-
namical systems. In: Tr. Mezdunarod. Kongr. Mat., Moskva 1966. Mir, Moscow
(1968), 387–392. Engl. transl.: Am. Math. Soc., Transl., II. Ser. 70 (1968), 5–11

76. Arnol’d, V. I.: Magnetic analogues of theorems of Newton and Ivory. Usp. Mat.
Nauk 38, No. 5, 145–146 (1983) (Russian)

77. Arnol’d, V. I.: Reversible systems. In: Sagdeev, R. Z. (ed.) Nonlinear and Tur-
bulent Processes in Physics. Proc. Conf. (Kiev, USSR, 1983). Vol. 3. Harwood
Academic, Chur, NY (1984), 1161–1174

78. Arnol’d, V. I.: On some problems in symplectic topology. In: Topology and
Geometry, Rohlin Semin. 1984–1986, Lect. Notes Math. 1346. Springer-Verlag,
Berlin (1988), 1–5

79. Arnol’d, V. I.: Topological and ergodic properties of closed 1-forms with in-
commensurable periods. Funkts. Anal. Prilozh. 25, No. 2, 1–12 (1991). Engl.
transl.: Funct. Anal. Appl. 25, No. 2, 81–90 (1991)

80. Arnol’d, V. I.: Polyintegrable flows. Algebra Anal. 4, No. 6, 54–62 (1992). Engl.
transl.: St. Petersbg. Math. J. 4, No. 6, 1103–1110 (1993)

81. Arnol’d, V. I.: Remarks on eigenvalues and eigenvectors of Hermitian matrices,
Berry phase, adiabatic connections and quantum Hall effect. Sel. Math., New
Ser. 1, No. 1, 1–19 (1995)

82. Arnol’d, V. I.: Remarks concerning the Morse theory of a divergence-free vector
field, the averaging method, and the motion of a charged particle in a magnetic
field. Tr. Mat. Inst. Steklova 216, 9–19 (1997). Engl. transl.: Proc. Steklov Inst.
Math. 216, 3–13 (1997)



Bibliography 477

83. Arnol’d, V. I.: Lectures on Partial Differential Equations. Biblioteka Studenta-
Matematika 2. FAZIS, Moscow (1997), 175 pp. Engl. transl.: Universitext.
Springer-Verlag, Berlin (2004), 157 pp.

84. Arnol’d, V. I.: On some problems of pseudo-periodic topology. Mat. Prosve-
shcheniye, Ser. 3, 1997, No. 1, 10–23 (1997) (Russian)

85. Arnol’d, V. I.: First steps of local symplectic algebra. In: Differential Topology,
Infinite-Dimensional Lie Algebras, and Applications. Amer. Math. Soc. Transl.
II. Ser. 194, American Mathematical Society, Providence, R. I. (1999), 1–8

86. Arnol’d, V. I.: First steps of local contact algebra. Can. J. Math. 51, No. 6,
1123–1134 (1999)

87. Arnol’d, V. I., Avez, A.: Problèmes Ergodiques de la Mécanique Clas-
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297. Jorba, À., Simó, C.: On the reducibility of linear differential equations with
quasiperiodic coefficients. J. Differ. Equations 98, No. 1, 111–124 (1992)
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379. Li, Y., Yi, Y.: On Poincaré–Treshchev tori in Hamiltonian systems. In: Du-
mortier, F. (ed.) et al. EQUADIFF 2003. Proc. Conf. (Hasselt/Diepenbeek,
Netherlands, 2003). World Scientific, Hackensack, N. J. (2005), 136–151

380. Li, Y., Yi, Y.: Persistence of hyperbolic tori in Hamiltonian systems. J. Differ.
Equations 208, No. 2, 344–387 (2005)

381. Li, Y., Yi, Y.: Persistence of lower dimensional tori of general types in Hamil-
tonian systems. Trans. Am. Math. Soc. 357, No. 4, 1565–1600 (2005)

382. Lidov, M. L.: Evolution of orbits of artificial satellites of planets under the ac-
tion of gravitational perturbations of external bodies. Iskusstv. Sputniki Zemli
8, 5–45 (1961). Engl. transl.: AIAA J. 1, 1985–2002 (1963)

383. Lidov, M. L.: On approximate analysis of evolution of orbits of artificial satel-
lites. In: Problems of Motion of Artificial Celestial Bodies. Akad. Nauk SSSR,
Moscow (1963), 119–134 (Russian)

384. Lidov, M. L., Vashkov’yak, M. A., Markeev A.P.: Semi-analytic method of cal-
culating the motion of cosmic apparatus in a neighbourhood of a collinear
libration point. Kosmich. Issled. 14, No. 6, 909–921 (1976) (Russian)

385. Lidov, M. L., Ziglin, S. L.: The analysis of restricted circular twice-averaged
three body problem in the case of close orbits. Celest. Mech. 9, 151–173 (1974)

386. Lifshits, I.M., Slutskin, A.A., Nabutovskij, V.M.: Motion of charged quasi-
particles in a varying inhomogeneous electromagnetic field. Zh. Ehksper. Teor.
Fiz. 41, 939–948 (1961). Engl. transl.: Sov. Phys., JETP 14, 669–675 (1962)

387. Lifshits, I.M., Slutskin, A.A., Nabutovskij, V.M.: On the phenomenon of scat-
tering of charged quasi-particles at singular points in a p-space. Dokl. Akad.
Nauk SSSR 137, No. 3, 553–556 (1961) (Russian)

388. Lindstedt, A.: Beitrag zur Integration der Differentialgleichungen der Stö-
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511. Pöschel, J.: Nekhoroshev estimates for quasi-convex Hamiltonian systems.
Math. Z. 213, No. 2, 187–216 (1993)
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524. Rüssmann, H.: Kleine Nenner. I. Über invariante Kurven differenzierbarer Ab-
bildungen eines Kreisringes. Nachr. Akad. Wiss. Göttingen Math.-Phys. Kl. II
1970, 67–105 (1970)

525. Rüssmann, H.: Kleine Nenner. II: Bemerkungen zur Newtonschen Methode.
Nachr. Akad. Wiss. Göttingen, II. Math.-Phys. Kl. 1972, 1–10 (1972)

526. Rüssmann, H.: On optimal estimates for the solutions of linear partial differ-
ential equations of first order with constant coefficients on the torus. In: Dyn.
Syst., Theor. Appl., Battelle Seattle 1974 Renc., Lect. Notes Phys. 38 (1975),
598–624

527. Rüssmann, H.: Non-degeneracy in the perturbation theory of integrable dy-
namical systems. In: Dodson, M.M. (ed.) et al. Number Theory and Dynam-
ical Systems, Lond. Math. Soc. Lect. Note Ser. 134, Cambridge Univ. Press,
Cambridge (1989), 5–18

528. Rüssmann, H.: Invariant Tori in the Perturbation Theory of Weakly Non-
Degenerate Integrable Hamiltonian Systems. Preprint-Reihe des Fachbereichs
Mathematik der Johannes Gutenberg. Universität Mainz 1998, No. 14 (1998),
89 pp.; Rüssmann, H.: Invariant tori in non-degenerate nearly integrable Hamil-
tonian systems. Regul. Chaotic Dyn. 6, No. 2, 119–204 (2001)

529. Rüssmann, H.: Addendum to “Invariant tori in non-degenerate nearly inte-
grable Hamiltonian systems”, RCD 6(2) 2001. Regul. Chaotic Dyn. 10, No. 1,
21–31 (2005)

530. Rytov, S.M.: Sur la transition de l’optique ondulatoire à l’optique géométrique.
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