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Preface

Condorcet’s Paradox has been formally studied by an amazing number of people
in many different contexts for more than two centuries. Peter Fishburn introduced
the basic notion of the Paradox to me in 1971 during a course in Social Choice
Theory at Pennsylvania State University. My immediate response to seeing the
simple example that he presented was that this phenomenon certainly could not be
very likely to ever be observed in reality. Peter quickly suggested that I should
work on developing some representations for the probability that the Paradox
might occur, and very soon thereafter that pursuit began. It is only after 35 years
of effort, with a lot of help from Peter, that I now feel that a good answer can be
given to the challenge that was presented in that classroom in 1971. Many people
have suggested to me over the years that a book like this should be completed,
since the source material is spread over such a wide variety of disciplines of aca-
demic journals and books that it is very difficult for people to know what has been
done, and has not been done, in this area of determining representations for the
probability that Condorcet’s Paradox would ever be observed in reality.

The advent of efficient computer search engines that cover large groups of aca-
demic journals made the idea of pursuing this project seem much more tractable,
but it was only after starting the search that I realized just how difficult this project
was going to be, since the number of papers that make a reference to Condorcet’s
Paradox is truly enormous. As a result, the original scope of this study was sig-
nificantly reduced to simply focus on the consideration of the existence of the
Paradox, and factors that affect the probability that it might be observed in real
situations. The availability of the on-line Social Choice Bibliography that Jerry
Kelly developed and maintains at Syracuse University has also been extremely
helpful in locating sources. A significant effort has been made to find all of the
available relevant sources on this specific topic, but some of them undoubtedly
have been missed. Apologies are extended in advance to those whose relevant
work might have been inadvertently overlooked.

The primary motivation that has led to the continuation of my own work in this
area of research over such a long period of time has come from opportunities to
present the results of this work at various meetings, seminars and workshops,
where very valuable feedback and encouragement have often been obtained.
Many different universities and organizations have generously supported this ef-
fort, and I am very grateful to all of them. In particular, Dominique Lepelley (cur-
rently at University of La Reunion), Vincent Merlin and Maurice Salles have been
very generous in sponsoring my visits to University of Caen on more occasions
over the years than I can possibly recall.
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On a personal note, I am also very grateful to several people who have rou-
tinely given positive reinforcement and encouragement to keep me working on
this project over the several years during which it has evolved, despite my fre-
quent, disconcerting, and sometimes overwhelming belief that it would never ac-
tually be completed during my lifetime. Most notable on this list are Barbara E.
Eller, Burton A. Abrams, John F. Preble and Arthur A. Sloane.

It was with great amusement that I accidentally stumbled over a quote from
Condorcet regarding the problem that has kept me almost fully occupied for many
years [Condorcet (1793a, pg. 7)]:

“But after considering the facts, the average values or the results, we still need to deter-
mine their probability.”

William V. Gehrlein
University of Delaware

Newark, Delaware
May 2006
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1 Elections and Voting Paradoxes

1.1 Introduction

The problem of considering how a group of individual decision-makers should go
about selecting some overall best alternative from a set of available alternatives
has been studied in various forms for many years. Our study of this problem be-
gins with a historical overview of the development of early thinking about how
this exercise in decision-making should be performed. The ultimate interest of
this chapter is to consider some unusual occurrences that can be observed in these
decision-making situations and to develop an outline of early work that led to the
analysis of this problem with mathematical techniques.

Any group decision-making situation can be viewed in the context of an elec-
tion in which the available alternatives correspond to the candidates that are being
considered for selection, and where the alternative that is selected as the overall
best alternative corresponds to the winning candidate in the election. The individ-
ual decision-makers within the group are acting as voters in this scenario. In a
famous early paper dealing with election procedures, Jean Charles de Borda
(1784, pg. 128) clearly makes this point in the concluding statements of a written
commentary that summarized a presentation that he made to the French Academy
of Science on June 16, 1770:

“In conclusion, I must stress that everything we have said here about elections also ap-
plies to any debate conducted by any company or body of men; these debates are really no
more than a type of election between the different options put forward and are therefore
subject to the same rules.”

Throughout the current study, we examine the process of how groups of indi-
vidual decision-makers might go about selecting an alternative in the context of
election procedures, to try to determine which types of election procedures tend to
make the most sense for use in different types of situations.

We typically restrict attention to elections in which all of the voters in a deci-
sion-making group have the same input to the voting process. That is, no sub-
group of individual decision-makers within the total group has more influence on
the outcome of the voting process than does any other subgroup with the same
number of voters, once individual voter’s preferences on candidates have been
formed. This does not preclude the possibility that some individuals might be
more persuasive than others in arguing for their particular viewpoint during de-
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bate, while individual voters are evaluating the candidates. However, once the in-
dividual voters have determined their particular preferences on the candidates,
each voter will have the same influence on the outcome.

If all voters have the same most preferred candidate in a given election, then
the determination of the winner is a very simple task. The preferred candidate is
selected as the winner, and all voters will get their most preferred outcome. The
difficulty arises in the much more likely scenario that there is some disagreement
among the voters as to which candidate is best. Once this situation arises, all of
the individual voters cannot get what they most prefer as an outcome, so the de-
termination of which candidate best represents the overall most preferred candi-
date of the group becomes an issue.

In the case of only two candidates, a group of decision-makers will almost cer-
tainly arrive at the conclusion of applying the notion of majority rule, so that the
candidate that is more preferred by the greater number of voters will be selected as
the winner. With equal voter influence in the process, a sense of fairness suggests
that the group should select that candidate, in order to provide the better outcome
for the most voters. Rousseau (1762) presents a detailed analysis of the issue of
the fairness of majority rule voting.

Young (1988) summarizes the thoughts of Rousseau (1762) regarding majority
rule voting as follows. Rousseau’s opinion was that the “general will” of the ma-
jority should serve as the legitimate norm for making group decisions. And, any
particular individual who is voting in an election can be viewed as trying to decide
which candidate is most in conformance with the “general will” of the electorate.
If any individuals vote for a candidate that ultimately is not elected, then these in-
dividuals are viewed as being incorrect in their view of which candidate is most in
conformance of the “general will”. The use of majority rule therefore reflects the
view of what most voters perceive as conforming to the “general will” of the elec-
torate. This belief in the fairness of majority rule is not held universally, with ar-
guments against it typically attacking it for ignoring the intensity of preferences of
voters.

Don Joseph Isadore Morales of Spain wrote a paper after reading about the
work in Borda (1784), and submitted a paper to the French Academy of Science.
The content of this paper is discussed in Daunou (1803). One of Morales’ argu-
ments was that strength of preference must be considered in voting procedures. In
particular, situations could exist in which there is a minority group of voters who
have a very strong preference that an issue should be adopted, while the majority
of voters are marginally opposed to having it adopted. If the sizes of the two vot-
ing groups were nearly equal, Morales’ arguments would suggest that the strong
preference of the minority should outweigh the majority opinion in such a case. In
order to account for this, voting procedures would have to ask individual voters to
report some measure of their degree of preference for candidates, as opposed to
asking for simple approve or disapprove responses.

Daunou (1803, pg. 244) makes his opinion of Morales’ arguments about con-
sidering intensity of preferences in voting very clear:
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“A strong will is already too powerful on its own. While society might owe some
outstanding benefits to strong-willed men, it also owes them a greater number of infamous
disasters and above all an infinite number of smaller problems. .... The first condition in
any debate should therefore be that all votes have equal value, whatever their consistency,
scope and strength,”

A much earlier quote that is directly related to this argument is attributed to
Pliny the Younger of ancient Rome. Gaertner (2005, pg. 235) reproduces the
quote:

“...votes go by number, not by weight; nor can it be otherwise in a public assembly,
where nothing is so unequal as the equality that prevails in them.”

The debate about giving consideration to the strength of voters’ preferences
has not been resolved since the early work that has been cited. More recently,
Vickery (1960) discusses the difficulties that would be involved in giving different
weights to individual voters, based on their strength of preference. It is argued
that voters have significant problems simply in correctly determining any actual
differences that exist between candidates, without even considering the additional
complexity that would result if individual voters also attempted to evaluate their
strength of preference. On the other hand, Tullock (1959) and Ward (1961) argue
that the use of majority voting in an election can select the wrong outcome if in-
tensity of preference is not considered. The main argument in Tullock (1959) is
that a minority of voters with strong preferences, facing a majority of voters with
less intense preferences, can only get what it desires by resorting to vote trading,
which can lead to irrational outcomes. The notion of vote trading and the possible
irrational outcomes that can result from using it will be developed in detail later.
Downs (1961) presents arguments that are in opposition to the results in Tullock
(1959), suggesting that the assumptions that are used in that study are not realistic.

The notion of using majority rule in two candidate elections is justified on a
mathematical basis in the work of Rae and Taylor. Rae (1969) considers the situa-
tion in which a group of voters will be faced with a series of votes on policy pro-
posals, and each proposal will be passed or defeated. Voters will have preferences
to either support or oppose each of the proposals as they are presented. Rae’s
analysis determines the size of the majority that should be required to determine if
each issue is passed or defeated. It is assumed that the sequence of votes on pro-
posals is unknown, so that it is not known in advance how many voters will sup-
port or oppose forthcoming issues. It is also assumed that voters form their pref-
erences independently of all other voters.

Since nothing is known in advance about the issues that are to be presented, it
is assumed that each voter has a probability of 0.5 of supporting or opposing any
upcoming issue. There are two possible situations that might exist that any given
voter would want to avoid. In particular, the voter might oppose an issue that
passes, or the voter might support an issue that is rejected. Let P denote the joint
probability that either of these events happens to a given voter. Rae (1969) proves
that simple majority rule will uniquely minimize P, given the set of assumptions
above. Taylor (1969) extends this result to show that simple majority rule
uniquely minimizes P for any value of p, where p is the probability that any given
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voter supports an issue, with 1- p being the probability that the voter opposes an
issue. The value of p is assumed to be the same for all voters. Straffin (1977) ex-
tends the work of Rae and Taylor to show that majority rule uniquely maximizes
the average probability that voters are in agreement with the chosen election out-
come for odd n. Fishburn and Gehrlein (1977a) consider the effectiveness of sim-
ple majority and other election procedures in two-candidate elections when voters
are uncertain of their preferences, and simple majority rule is found to have some
attractive properties in such voting situations.

Following the notions behind most of the work in this area, we ignore intensity
of preference in the remainder of this study and treat all voters equally. In doing
so, we are in agreement with ideas that are proposed by Condorcet (1788a, pg.
155) in his discussion about the necessity of making election procedures as simple
as possible:

“We must therefore establish a form of decision-making in which voters need only ever
pronounce on simple propositions, expressing their opinions only with a yes or a no.”

1.2 The Case of More than Two Candidates

The problem of selecting the winner of an election becomes significantly more
complicated when more than two candidates are being considered, since the con-
cept of majority rule can take on different interpretations in this situation. Much
of this work finds its origins in the early studies of Jean Charles de Borda and of
Marie Jean Antoine Nicolas Caritat, the Marquis de Condorcet, whose work has
already been mentioned. These 18" century French contemporaries were pioneers
in the development of formal mathematical studies of election methods, and both
found that counterintuitive things could happen when different interpretations of
majority rule are considered for elections with more than two candidates. We re-
fer to these unusual occurrences in voting events as voting paradoxes.

Other people obviously considered issues that are related to the process of
conducting elections before Borda and Condorcet did so. McLean (1990) dis-
cusses observations of Ramon Lull from the14™ century and of Nicolas Cusanus
from the 15" century that are related to problems of collective decision-making.
Similarly, Lagerspetz (1986) and Gaertner (2005) present observations of the
writer Pufendorf from the 17" century. All of the notions that are considered in
these studies are clearly relevant to issues that are related to conducting elections.
However, Borda and Condorcet were the first to formally address these issues
from a mathematical perspective, and we begin by developing some of the notions
that they brought forward. During this development, we also give a brief outline
of the history of the very interesting interaction that took place between these two
important figures.

To give formal definitions to the different interpretations of majority rule, we
must start by defining the preferences of individual voters. Suppose that we have
a set of three candidates, 4, B, C}, and that 4> B denotes that a voter prefers
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Candidate A to Candidate B. A voter’s preferences on pairs of candidates from the
set of candidates are complete preferences if there is a preference on each of the
possible pairs. That is, we must have 4 = Bor B~ A for all pairs of candidates
like A and B. When an individual voter’s preferences are complete, there is no in-
difference between any two candidates. We initially assume that all voters have
complete preferences on the candidates, and the effect of individual voter indiffer-
ence between candidates will be considered later. We also assume that each indi-
vidual voter has transitive preferences.

Transitivity is a common requirement in defining rational behavior in the con-
text of the preferences of individual voters. Transitivity requires that if a given
voter has 4 > B and B > C , then that voter must also have 4 > C . This prevents
situations in which a given voter might respond in a cyclic fashion, such
asA>B,B>C and C> 4. The usual argument for transitivity of preference
for individual voters falls back on some form of the concept of being able to use
such a voter as a ‘money pump’ if such cyclic preferences exist. Suppose that A
would be the overall winner of an election in this specific example of cyclic voter
preferences. The voter could be given the option to make some small payment to
have C become the winner instead of A. The voter would agree since C > 4.
Next, we ask the voter to make a small payment to have B become the winner in-
stead of C. The voter would agree since B > C . The voter is then asked to make
a small payment to have A become the winner instead of B. The voter would
agree since 4> B. As a result of these transactions, the voter would then have
made a series of payments, only to return back to the original situation, with A be-
ing the winner, to strongly suggest that the voter is not acting rationally.

The notion of using transitivity as one of the standards for rationality for indi-
vidual voter preferences is nearly universally accepted. However, some studies
have considered various models to explain why it might be reasonable to expect
intransitivity in individual preferences. Gehrlein (1990a, 1994) presents surveys
of much of this work on intransitive individual preferences.

Individual preferences that are complete and transitive are defined as linear
preference rankings. There are six possible linear preference rankings that each
voter might have for three-candidate elections, as shown in Fig. 1.1.

A A B C B C
B C A A C B
C B C B A A
m ny ns Ny ns e

Fig. 1.1 The six possible linear preference rankings on three candidates

Here, n; denotes the number of voters that have the associated linear preference
ranking on the three candidates. That is, n; voters all have individual preferences

with 4> B> C. Of course, we also have A4 > C for these voters, with the as-
sumption of transitivity. If we let n define the total number of voters, then

n= Z?:I n; . Any particular combination of #;'s that sum to n will be referred to
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as a voting situation, n. Voting situations just report the »; values that are associ-

ated with each possible individual preference ranking for a given election, without
specifying the preferences of any individual voter.

Condorcet (1785a) uses the exact same approach in his work. He lists a total
of eight possible complete preference structures that individuals might have on
three candidates. Six of these structures are the linear preference rankings on can-
didates that are listed in Fig. 1.1, and two of them represent the cases of cyclic, or
intransitive, individual preferences on the candidates. Condorcet notes that these
two cyclic preference structures are a “contradiction of terms”, to lead to the con-
clusion that “there really are only six possible options”. Condorcet (1788a, pg.
156) later makes his view of the irrationality of individual intransitivity of prefer-
ence very obvious by stating:

“Clearly, if anyone’s vote was self-contradictory (intransitive), it would have to be dis-
counted, and we should therefore establish a form of voting which makes such absurdities
impossible.”

We are now able to formally consider two different ways of extending the no-
tion of majority rule to the case of more than two candidates. The most obvious of
these extensions is widely known as plurality rule. Just as with two candidates,
each voter casts a vote for his or her most preferred candidate with plurality rule,
and the winner is the candidate who receives the greatest number of votes. Let
APB denote the event that A beats B by plurality voting. Assuming that all of the
voters will cast votes in agreement with their true preferences, A will be the win-
ner in a plurality rule election if both APB [n; +n, >n3+ns] and APC

[n; +ny >ny +ng]. Itis assumed that voters will always vote in accordance with

their true preferences throughout this study.

Borda (1784) considers a second extension of majority rule to three-candidate
elections, by looking at the basic majority rule relation as applied to pairs of can-
didates. Let AMB denote the event that A is the majority rule winner over B when
only A and B are considered. By ignoring the relative position of C in the possible
preference ranking for any of the individual voter’s rankings in Fig. 1.1, we see
that AMB if ny +ny +ng4 >n3 +ns+ng, AMC if n; +ny +n3 >ng +ns +ng,
and BMC if ny +n3 +n5 >ny +ny +ng. If AMB, then A beats B by Pairwise Ma-

jority Rule (PMR). Both Borda (1784) and Condorcet (1785b) refer to A as hav-
ing “plurality support” if both AMB and AMC. To avoid confusion with the stan-
dard definition of plurality rule given above, we refer to A as the winner by PMR,
or as the Pairwise Majority Rule Winner (PMRW), for the three-candidate case
when both AMB and AMC. The PMRW is commonly referred to as the Condor-
cet Winner in the literature. If we have AMC and BMC, then C is the Pairwise
Majority Rule Loser (PMRL) for the three-candidate case. These definitions are
extended in the obvious fashion when more than three candidates are considered.
Condorcet (1784) comments at length on Borda’s earlier work, and the discus-
sion in the paper makes it very clear that Borda (1784) was indeed using unusual
terminology while developing his arguments when he makes references to two dif-
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ferent forms of “plurality rule”, rather than referring to two different forms of
“majority rule”.

1.3 Borda’s Paradox

Borda (1784) makes a very interesting observation regarding a possible outcome
of election procedures after developing the notion of using PMR. His original ex-
ample of the phenomenon uses the voting situation in Fig. 1.2 for 21 voters with
linear preferences on three candidates.

aw e
SO

B
C
A

> Ne)

1’[1:1 n2:7 n5:7 1’[6:6.

Fig. 1.2 An example voting situation displaying Borda’s Paradox from Borda (1784)

The concern that is expressed by Borda in this example is related to the out-
come of the election when plurality rule is used to select the winner, versus the
outcome when PMR is used. In using plurality rule with the voting situation in
Fig. 1.2, APB (8-7), APC (8-6) and BPC (7-6) to give a linear ranking by plurality
rule, with APBPC. A very different result is observed using PMR. Here, BMA
(13-8), CMA (13-8) and CMB (13-8) to give a linear PMR ranking, with CMBMA.
With this particular voting situation, plurality rule and PMR reverse the rankings
on the three candidates. We refer to this phenomenon as an occurrence of a Strict
Borda Paradox.

Borda was particularly distressed by the fact that the PMRL would be chosen
as the winner by plurality rule, leading to his suggestion that plurality rule should
never be used. Borda (1784) also suggests that C, the PMRW, “is really the fa-
vourite”. However, the main concern expressed in Borda’s work was the possi-
bility of the negative outcome that the PMRL could be selected as the winner by
plurality rule. We define a Strong Borda Paradox as a situation in which plurality
rule elects the PMRL, without necessarily having a complete reversal in plurality
rule and PMR rankings.

Borda blames the possible existence of a Strong Borda Paradox on the failure
of plurality rule to allow voters to report their complete preference rankings on all
of the possible candidates. An explanation of the phenomenon is given in terms of
the particular example that he posed in Fig. 1.2:

“On reflection, we see that candidate A gains the advantage only because candidates B
and C have more or less equally split the 13 votes against him. We might compare them to
two athletes who, having exhausted themselves competing against one another, are beaten
by a third who is weaker than either.”
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1.3.1 Actual Occurrences of Various Forms of Borda’s Paradox

It is always of interest to know if occurrences of such hypothetical examples like
the ones identified by Borda have ever been observed in an actual election, and a
number of studies have been conducted to try to find examples in which various
forms of Borda’s Paradox might have occurred.

Weber (1978a) presents a widely cited example of a Strong Borda Paradox in
the 1970 U.S. Senate election in New York State. The three candidates were
James Buckley who was endorsed by the Conservative Party, Charles Goodell
who was endorsed by both the Liberal Party and the Republican Party, and Rich-
ard Ottinger who was endorsed by the Democrat Party. Public opinion polls indi-
cated that the majority of voters were liberal, and that their preferences were split
between Goodell and Ottinger. The political conservatives strongly supported
Buckley.

There is little doubt that either Goodell or Ottinger would have beaten Buckley
by PMR, given the plurality rule percentage votes for the three candidates: Buck-
ley (38.8%), Goodell (24.3%) and Ottinger (36.9%). Buckley would have been
the PMRL in this election, but he was elected, based on plurality rule. Riker
(1982) presents a similar analysis of this same election and concludes that Ottinger
would have been the PMRW.

Riker (1982) performs an analysis of the 1912 U.S. Presidential election, with
the three primary candidates being Roosevelt (R), Taft (T) and Wilson (W). Riker
reconstructs the probable preference rankings of 93 percent of the voters, with es-
timates of the percentage of voters that held each of these preference rankings, as
shown in Fig. 1.3:

w R T
R T R
T w w

42% 27%  24%

Fig. 1.3 Voting situation for the 1912 U.S. Presidential election. Reprinted from Riker
(1982) by permission of Waveland Press, Inc. All rights reserved.

Roosevelt would have been the PMRW and Wilson would have been the
PMRL, regardless of the preferences of the seven percent of “Other voters” whose
preferences could not be determined. However, Wilson was the plurality winner,
with 42 percent of the votes, resulting in an example of a Strong Borda Paradox.

Van Newenhizen (1992) gives an example suggesting the possible existence of
a Strong Borda Paradox, as observed in the 1988 national elections for Prime Min-
ister of Canada. A critical issue in that election regarded the candidates’ stands on
the proposition of establishing a free trade agreement between Canada and the
United States. Polls showed that approximately 60 percent of Canadian voters
were opposed to the establishment of such an agreement, but their votes were di-
vided between two anti-free trade candidates, while the single pro-free trade can-
didate won the election by plurality rule. Assuming that no other issues of the
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candidates’ platforms dominated the issue of their stand on the free trade agree-
ment, this would seem to constitute an example of a Strong Borda Paradox.

Colman and Poutney (1978) examine survey results of voters’ preferences in
261 different three-candidate contests in British General Elections. Complete
voter preference rankings are reconstructed from survey results. Two forms of
Borda's Paradox are considered in the study. Their ‘strong form’ is identical to the
definition of a Strong Borda Paradox above. Their ‘weak form’ occurs when
AMC, BMC, and either CPB or CPA. We define this as an occurrence of a Weak
Borda Paradox. No occurrences of a Strong Borda Paradox were observed, but
14 of the 261 elections exhibited the occurrence of a Weak Borda Paradox.

Forsythe, et al. (1993) conduct an experimental study in which each subject
voter in a pool of subjects was given a specified hypothetical preference ranking
on fictitious candidates, and elections were then held by plurality rule. The pref-
erence rankings that were distributed to subject voters were contrived to force an
outcome of a Strong Borda Paradox if voters actually voted according to their
given hypothetical preferences. When voters gained information about other vot-
ers' preferences through repeated elections, or through the presentation of pre-
election poll results, a Strong Borda Paradox occurred infrequently in actual vot-
ing by the subjects. Upon observing that the PMRL would win the election, the
voters often chose to vote for their second ranked candidate to prevent that out-
come. It is therefore concluded that the presence of pre-election polls is likely to
significantly reduce the likelihood of actually observing a Strong Borda Paradox
in practice, despite the fact that the outcome would result if sincere voting would
actually be used.

Bezembinder (1996) considers the possibility that a Strict Borda Paradox,
which is called the “Plurality Majority Converse” in that study, might occur with
the assumption of a restricting condition on voters’ preferences. Statistical analy-
sis of actual voting results is used to consider the possibility that a Strict Borda
Paradox might have occurred during voting in the era of the Weimar Germany.
The general conclusion is that the election results that were analyzed show a large
number of disagreements between plurality rankings and PMR rankings, but they
fall short of displaying a Strict Borda Paradox, as it has been defined above. All
of these findings lead to the conclusion that Borda’s Paradox can exist in its vari-
ous forms, although it might not be a regularly observed phenomenon.

1.3.2 Borda’s Solution to the Possibility of Borda’s Paradox

Borda (1784) proposed two election procedures to deal with the possibility that
various forms of Borda’s Paradox might occur. The first procedure simply calls
for using PMR on all pairs of candidates to directly determine the PMRW. With
the admission that such a process would be extremely time-consuming, Borda
makes a second suggestion. The procedure that he calls “election by order of
merit” has come to be known as Borda Rule. It states that each voter should first
rank all of the candidates, and then each voter’s most preferred candidate in an m
candidate election should receive a+(m—1)b points, the second most preferred
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candidate should receive a + (m - 2)b points, ..., and the least preferred candidate
should receive a +(m —m)b points. The winner is determined by summing the

points that are received by each candidate from all of the voters, and declaring the
candidate with the most points as the winner. Borda suggests using the particular
weighting scheme with @ = b = 1, so that the points awarded to a candidate by a
given voter reduces to the rank that the candidate has in that voter’s preference
ranking on the candidates. Here, a rank of one refers to a voter’s least preferred
candidate and a rank of m refers to the voter’s most preferred candidate.

For a general voting situation as described in Fig. 1.1 with n voters and three
candidates, the points scored for A, B and C with Borda Rule with a = b = 1 would
respectively be Score(A), Score(B) and Score(C ) with:

Score(A) = 3(n1 +n2)+2(n3 +n4)+l(n5 +n6) (1.1)
Score(B) = 3(n3 +ns )+ 2(n1 + ”6)"" 1(n2 + n4)
Score(C) = 3(114 +ng )+ 2(n2 +ns )+ l(nl + n3) .

For the particular example given from Borda (1784) in Fig. 1.2, we obtain

Score(C)= 47, Score(B) = 42, and Score(4) = 37. If we let ABB denote the

event that A beats B by Borda Rule, we get a linear ranking on the candidates, with
CBBBA. This ranking of candidates in the reverse order of the ranking by plural-
ity rule, and it is in perfect agreement with the ranking that was obtained by PMR.
McLean (1990) notes that Nicolas Cusanus suggested a voting rule exactly like
Borda Rule, without any mathematical justification for using it, some 400 years
before Borda’s work.

Some authors have suggested that Borda (1784) was making a claim that
Borda Rule would always select the PMRW [see Merlin, et al. (2002), for exam-
ple]l. However, this assertion is not specifically made in Borda (1784). As
pointed out in Nurmi (1999, pg. 13):

“Since this is the only example discussed in Borda’s paper, we are left somewhat uncer-
tain about whether Borda at the time of presenting his paper believed that his method would
always elect a Condorcet winner (PMRW).”

As stressed before, Borda was primarily concerned with the notion that the PMRL
should not be selected as the winner.

Condorcet (1785c¢) develops the general notion of weighted scoring rules, and
Borda Rule is a special case of these types of rules. Weighted scoring rules give
some number of points to candidates according to their relative position within in-
dividual voter’s preference rankings. For three candidates, a general weighted
scoring rule assigns three points to a candidate for each most preferred ranking in
a voter’s preferences, A points for each second place ranking, and one point for
each least preferred ranking. Borda Rule with a = b = 1 is a weighted scoring rule
with 4 =2. We restrict 1 < 4 <3since it would not make sense to award more
points to the middle ranked candidate in a voter’s preference ranking than to the
most preferred candidate in the ranking, or to award fewer points to the middle
ranked candidate than to the least preferred candidate.
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Daunou (1803) presents a simple proof that Borda Rule cannot rank the
PMRW in last place in an m-candidate election. Consider the special case of

Borda Rule with a = b = 1, so that each voter assigns a total of m{m+1)

points to

candidates in an m-candidate election. The total number of points assigned to can-

1 . .
nm(m+1) , and the average total number of points received

n(m+1)
2

didates by all voters is

by a candidate from all voters is therefore . It is then argued that if some

candidate is the PMRW, that candidate will have the minimum Borda Score for a

voting situation in which it is most preferred by @ voters and least preferred by

(n-1)

—5— voters for odd n. The PMRW will then have a total Borda Score equal to

Score(PMRW):m(n;1]+[n2_1\}: n(m+1)2+(m—1) (12)

The score of the PMRW is therefore greater than the average score for all candi-
dates, so some other candidate must have a below average score, and thus the
PMRW cannot have the minimum score. A similar argument holds when 7 is
even.

Smith (1973) and Gérdenfors (1973) reproduce this same result with a similar
proof, and Smith (1973) shows that for sufficiently large n, voting situations exist
such that every weighted scoring rule can rank the PMRW last, except for Borda
Rule. Fishburn and Gehrlein (1976a) produce similar proofs and note from sym-
metry arguments that for sufficiently large n, Borda Rule is the only weighted
scoring rule that cannot select the PMRL as the unique winner. As a result of this
finding, Borda Rule is the only weighted scoring rule that can meet Borda’s crite-
rion of not electing the PMRL as the winner.

Gehrlein (1976) develops a linear programming formulation to show that the
PMRL cannot defeat the PMRW for any weighted scoring rule in three-candidate
8 a< ’2—"2 for even

. 2n—4 2 .
elections when "~ . <AL —"1 for odd n>5, and with
n— n—

n > 8. These ranges for A include Borda Rule for all n. Saari (1992) conducts a
more general analysis of weighted scoring rules that use a process of sequential
elimination of candidates to obtain a winner to conclude that by using weighted
scoring rules, other than Borda Rule, it is possible to give an advantage to the
PMRL in winning an election, at the expense of the PMRW.

Borda (1784) also raises the issue of using linearly decreasing points to obtain
any given values of a and b in his election by order of merit. In particular, if some
voter reports a linear preference ranking with 4 > B > C, the use of the linearly
decreasing 3:2:1 point scale that is suggested by Borda results in the same differ-
ence in point values being assigned as we move from any candidate in the voter’s
preference ranking to the candidate ranked immediately below it. This constant
difference in points being given to consecutively ranked candidates inherently as-
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sumes that B is not considered as being closer to A in the given voter’s true prefer-
ence spectrum than it is to C. Similarly, we are inherently assuming that B is not
considered to be closer to C than it is to A.

This all leads us back to the issue on intensity of preference, when we were
considering the use of majority rule in two-candidate elections. If candidates are
not actually equally spaced along the preference spectrum of some voter, then one
might argue that the use of linearly decreasing weights does not accurately reflect
that voter’s true preferences in the election outcome. Borda (1784, pg. 124)
clearly does not support the notion of making any attempt to account for the inten-
sity of any particular voter’s preferences by using a nonlinear system of assigning
points to candidates in voters’ preference rankings, when he states:

“Furthermore, because of the supposed equality between the voters, each rank must be
assumed to have the same value and to represent the same degree of merit as the same rank
assigned to another candidate, or even by another voter.”

Laplace (1795) addresses the notion of using linearly decreasing weights with
Borda Rule, and justifies the use of such weights from a purely mathematical per-
spective in general m-candidate elections, with the set of candidates being denoted

as €™ =[Cy,C,,..., C } Laplace’s arguments are explained here in greater de-

tail than in the original work, since the techniques that he used are directly related
to later developments. Consider a model in which each voter represents his or her
preference ranking on candidates by assigning points to candidates, with a greater
assignment of points to a candidate indicating a greater preference for that candi-
date. Voters assign as many points to candidates as they wish in order to represent
their relative strengths of preference for candidates. Voters then obtain their linear
preference rankings on candidates according to the associated ordering of points
that they have assigned to the candidates.

Let t; denote the number of points that the i " yoter assigns to the j ™ candi-
date, and let z define the maximum number of points that a voter might assign to

any candidate. Then, each t; can have any real value on the closed interval
[0, z] , and it is independent of the other tj» values. We can assume, without a loss

of generality in this argument, that the i " yoter has a linear preference ranking on
candidates that is given by C} >~ C, > C3 > ... C,,. It then follows that we must

have a condition on the tj»’s for that voter such that tli >t§ >t§ >...>t,"n‘
Laplace (1795) proceeds to find the expected value of any given tj- when all fea-

sible combinations of tj- ’s with tf > té > té >..> tfn are equally likely to be ob-

served.
We begin by considering the “total sum” of the number of combinations of

t} ’s that meet this condition. Given the assumption that all possible combinations



1.3 Borda’s Paradox 13

of t§~ ’s are equally likely to be observed for any voter, we find this “total sum” as
V(t}). with
iv_ G G o i i i _ 2 4
vy = [ [ [ .. | dityd, .d;dtydy =
1§=015=015=0  1,,=0 ’

As a second step, we find the “total weighted sum” for a given j " value of

tj- , over the same range of t; sas V' (f;) » with
ti tl' ti m+1 : (14)
. i 2 2 tmt o iioi 2 (m—j+1)
124 (t])_ J‘ I j I tjdtmdtm—l"'dt3dt2dt1 —W.

T_d _d_ i _
4 —0t2—013—0 tm=0

The expected value of t; with an equally likely distribution over all possible

combinations of t} ’s is then given by the ratio E(ti-) =v" (t§< )/ V(tj-) , with

i —j 5
L w0

The result in Eq. 1.5 leads directly to the conclusion that the use of linearly de-
creasing weights in a scoring rule, like those suggested by Borda with
a=b= ﬁ , is consistent with using weights that match the expected strengths of
preference on candidates for a given voter. This conclusion is, of course, depend-
ent on the model that is developed to describe how individual voters form their
preferences on candidates.

Daunou (1803, pages 262-263) does not agree with the analysis that is pre-
sented in Laplace (1795) and summarizes his general objections with the follow-
ing statement:

“But why substitute this average term for the precise will of the voters? In order to de-
fend Borda’s method, we start with the maxim that when the voters are able to express all
the nuances in their opinions on the relative merit of the candidates, calculating these nu-
ances reveals the general will, and yet we immediately deprive the voters of this possibility
by setting up an average scale and fixing invariable numbers.”

Black (1958) argues against the notion of using any scoring rules like those
suggested by Borda and Laplace. Black asserts that the concept of rating prefer-
ences in scales like 3:1 or 4:1 is plausible for relative evaluations of things like
goods in markets. However, Black asserts that the human mind does not operate
in the same fashion when performing a relative comparison of candidates in elec-
tions. Biswas (1994) addresses the issue of ignoring intensity of preference with
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Borda Rule, and considers the resulting number of voters who are adversely af-
fected by the outcome of voting if Borda Rule is used.
Laplace (1795, pg. 286) ends his discussion of Borda Rule by stating

“This election method would undoubtedly be the best, if considerations other than merit
did not often influence the choices of even the most honest voters.”

That is, Borda Rule has a problem with being susceptible to the possibility of stra-
tegic manipulation by voters. Daunou (1803) gives an example of a voting situa-
tion that explains this phenomenon, with 36 voters and m candidates that are de-

noted by C” =[C,,C,.,...,C,, } There are 22 voters who have C; ranked as most
preferred, with C, ranked as second most preferred, and with the remaining
m—2 candidates ranked in any order after that. The remaining 14 voters have
C, ranked as most preferred, with C; ranked as least preferred, and with the re-

maining m —2 candidates being ranked in any order between them. Using Borda
Rule with a = b =1 we have
Score(Cy)=22m +14

Score(C, ) = 22(m —1)+14m
Score(Cz )— Score(C1 ) =14m-36.
Then, the margin by which C, B Cyincreases as m increases, for all m >3, de-
spite the fact that C;M C, (22-14) for all m. This example verifies the fact that

Borda Rule does not necessarily reproduce the rankings that are obtained by PMR.
Moreover, it shows the effect that strategic voting could have if the supporters of
C, were to misrepresent their true preference rankings by falsely reporting that its

(1.6)

major competitor, Cy, is ranked as least preferred in their preferences. The prob-

lem of strategic voting with Borda Rule was addressed by a number of critics after
it was implemented in elections that were held in the French Academy. Steffan-
son (1991) presents a historical analysis of the actual recorded election results in
the French Academy from 1796 through 1803 while Borda Rule was being used to
elect new members to the Academy. McLean (1995, pgs, 28-29) notes Borda’s
response to criticisms of his voting rule being vulnerable to manipulation as: “My
election method is only for honest men.”

The criticism that Borda Rule is vulnerable to strategic manipulation is some-
what exacerbated by the results of Gibbard (1973) and Satterthwaite (1975) that
show that effectively all voting rules are subject to strategic manipulation. Smith
(1999) considers the degree to which various common election procedures can be
manipulated through strategic misrepresentation of preferences. The results natu-
rally depend upon how the potential for manipulation is measured. Borda Rule is
found to have the least potential for manipulation according to one of these meas-
ures. In particular, Borda Rule is least susceptible when voters are assumed to
randomly select another preference ranking when they misrepresent their prefer-
ences.
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1.3.3 A Characterization of Borda Rule

Young (1974) examines Borda Rule to consider properties that make it unique
among voting rules. In this analysis, voters’ preferences are not defined in terms
of a voting situation, but in the context of a voter preference profile. A voter pref-
erence profile associates a specific linear preference ranking on candidates with
each particular voter, giving a list of n preference rankings on candidates. The
preferences of each specific voter are therefore identifiable in a voter preference
profile, while this is not the case in a voting situation. Young analyzes general so-
cial choice functions that select a subset of winning candidates from a set of all
possible candidates.

Let O, denote a voter preference profile on a set, C" = [C1,Cy, ..., C, } of m

candidates, where each of n individual voters has linear preferences on the candi-
dates. A social choice function, f, is an election procedure that selects a subset of

winning candidates, f|Q,, |, given the voters' preferences in the voter preference
profile, Q,; . Obviously, f (Q,’,ﬁ )g cm.

A social choice function is anonymous if the winning candidates in f' ( ,’},) can

be determined simply from a knowledge of the voting situation that follows from
the voter preference profile. That is, the specific preference rankings that are held
by any particular individual voters do not need to be known in order to determine

the winning candidates in f (Q;; ), only the number of voters with each preference
ranking must be known.
Suppose that the identities of the candidates in C” are interchanged according

to some permutation, o-(C " ) There will be a corresponding change in candidate
identities in any associated Q,, , to obtain the modified profile O'(Qz,). A social

choice function is neutral toward candidates if f (o-( - )): o-( f (Q,',’l )) That is, the
subset of winners from the modified profile must be identical to the subset of win-
ners from the original profile, accounting for the interchange of names that is
specified by O'(C mﬁ )

Assume that we have profiles 07 and Q! on the candidates in C™ for two
distinct sets of voters, with n’ and n"” members in the respective sets. We also
suppose that there is at least one common candidate in the winning subsets from
the two profiles, such that f (Q,',';)ﬂ f (Q;’;);t ¢ . The combined profile O/ + Q"

is obtained by merging the preference rankings of the voters in the two profiles to
obtain a single voter preference profile. A social choice function is consistent if
the winning subset from the combined profile is identical to the subset of candi-
dates that are common to both of the winning subsets of the individual profiles,

with £loz + 0 )= rloz ) rloz).
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Let Q,ln represent the preferences for a profile containing only one voter. A

social choice function is faithful if the winning candidate, f° (Q,]n ), is the most pre-

ferred candidate for the individual voter. A social choice function has the cancel-
lation property if any given voter's pairwise preference C; > C; will be offset, or

cancelled-out, by any other voter's pairwise preference with C; > C;. It follows

that a social choice function with the cancellation property must declare a tie be-
tween candidates C; and C; if the number of voters having pairwise preferences

with C; > C; is the same as the number of voters with C; - C;.

Young (1974) proves that Borda Rule is the only social choice function that is
neutral, consistent, faithful, and has the cancellation property. Since each of these
properties sounds quite desirable, this finding is a strong endorsement for the use
of Borda Rule. Gérdenfors (1973) develops another characterization, and Nitzan
and Rubinstein (1981) develop a characterization of Borda Rule for situations in
which individual voters do not necessarily have transitive preferences.

Much work has been done on characterizations of Borda Rule and other related
voting procedures. Work on characterizations is not the focus of the current study,
and the intent here is simply to point out that there are positive characteristics of
Borda Rule that make it unique among all voting rules. Saari (1996) and Brams
and Fishburn (2002) list many other positive characteristics of Borda Rule.

1.4 Condorcet’s Paradox

Condorcet wrote a series of papers that extended some of the ideas in Borda
(1784), and criticized others. As the series of articles progressed, Condorcet’s
tone became more antagonistic toward Borda’s work. Condorcet routinely
stressed the criterion that the winner of any election should be the PMRW, which
has led to the common use of the term Condorcet Criterion to refer to this notion.
And, this is why the PMRW is commonly referred to as the Condorcet Winner.
Condorcet searched tirelessly to find a simple voting procedure that would elect
the PMRW. As mentioned before, Borda was the first to suggest that the PMRW
should win an election, but Borda was much more concerned about the undesir-
able possibility of electing the PMRL.

Condorcet (1785b) begins his analysis with an example voting situation on 60
voters with linear preference rankings on three candidates, as shown in Fig. 1.4:

A C B C
C A C B
B B A A

1’12:23 1’1422 }’l5:19 116:16.

Fig. 1.4 A voting situation with a Strict Borda Paradox from Condorcet (1785b)
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With plurality rule voting, A gets 23 votes, B gets 19 votes, and C gets 18
votes, so the rank by plurality rule is the linear order APBPC. Condorcet then goes
on to note that on the basis of PMR: CMA (37-23), CMB (41-19) and BMA (35-
25). The result of PMR voting is then a linear rank, with CMBMA. Thus, the
ranking by plurality is the reverse of the ranking by PMR, exactly as in the result
given by Borda (1784). Like Borda, Condorcet states that this situation results
from ignoring additional information that could be obtained by requiring voters to
report preference rankings on candidates “in order of merit”. No mention is made
of Borda’s earlier work in Condorcet (1785b).

Condorcet (1785b) then continues with a famous example of a voting situation
with 60 voters on three candidates, as shown in Fig. 1.5:

B
C
A
2 n4:l7 I’l5:10 n6=8.

o> 0

C
B
A

Qs w

Fig. 1.5 A voting situation showing a PMR cycle from Condorcet (1785b)

Here, Condorcet notes that we have a “contradictory system” that represents
what has come to be widely known as Condorcet’s Paradox. In particular, we
find that PMR comparison leads to: AMB (33-27), BMC (42-18), and CMA (35-
25). There is a cycle in the PMR relation on the three candidates, so that no can-
didate emerges as being superior to each of the remaining candidates. Given Con-
dorcet’s strong arguments that the PMRW should always be selected as the win-
ner, we are left with a difficult question in this case. In particular, “Which
candidate should be selected as the winner?”

We noted before that Condorcet was quite adamant in his argument that a lack
of transitivity of preference for individual voters was so contradictory, that a sys-
tem must be used to eliminate “such absurdities”. However, after eliminating in-
transitivity from the preferences of individual voters, we find that collective
choice of voters from PMR still might produce intransitive results, suggesting an
irrational response in the collective choice of rational voters.

It was stressed before that Borda, Daunou and Laplace were not at all in favor
of using anything other than linearly decreasing weights in a weighted scoring rule
to account for intensity of voters’ preferences. However, Saari (1995a) makes an
argument that is based on intensity of preference to justify using Borda Rule, in-
stead of following Condorcet’s suggestion and directly using a PMR based ap-
proach to find a winner. The argument is that any criterion like the one proposed
by Condorcet can result in a lack of “inner consistency” in the form of the PMR
cycles that were just observed, since this criterion ignores some dimensions of
preference. Specifically, suppose that a given voter has the linear preference rank-
ing on the three candidates 4 = B = C. Condorcet only accounts for the fact that
A > C in a PMR comparison between A and C, thereby ignoring the “intensity”
of preference between A and C, since B appears between them in the ranking.
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PMR cycles therefore arise because certain information in the preference ranking
is being ignored, following previous notions that were given in Borda (1784).

Transitivity of collective choice is often held as a standard of rational behavior
for group decisions. The lack of transitivity is typically discussed with a very
negative connotation. It is referred to: as reflecting “some uncertainty of opinion”
by Condorcet (1785b), as lacking “inner harmony” by Riker (1961), as “discor-
dant” by Fishburn (1973a), as “anarchic” by MacKay and Wong (1979), as “de-
mocratically unpalatable” by Riker (1982) and as “chaotic” by Coggins and Perali
(1998). The existence of PMR cycles is said: to “lead to inconsistencies” by Sen
(1970, pg. 38), to lead to political “incoherence” by Riker and Ordeshook (1973,
pg. 84), to lead to “arbitrary” political decisions by Oppenheimer (1975), to lead
to a lack of “viability” by Abrams (1976), to lead to “instability” by both Koehler
(1975a) and Marhuenda and Ortufio-Ortin (1998), to lead to “pathology” by
Brams (1976, pg. 29), and to result in a lack of “stability” by Fishburn and
Gehrlein (1980a).

Miller (1983) takes exception to the notion that the existence of PMR cycles is
necessarily a bad phenomenon. A number of historical quotes are given to suggest
that conditions leading to PMR cycles are likely to result from the electorate hav-
ing opinions that are “crosscut” in many different ways. This situation results in
the electorate routinely forming different factions on many different issues over
time, to obtain desired outcomes. The end result of this routine change in factions
is argued to lead to political stability and viability, without having long-term total
domination of minorities.

Rae (1980) criticizes some work of Riker (1980), regarding the suggestion that
PMR cycles reflect “incoherence” within group decision-making. Rae uses a
number of quotes, particularly from Dahl (1956), to argue that transitivity of PMR
is not a reasonable restriction on group preferences, and concludes with the state-
ment:

“An understanding of majority rule, of democracy, of liberalism which does without
utilitarianism, and which does more than assert that rights are right, must travel a more
mysterious space, must walk up odder stairs, and must employ a more intricate altimeter
than transitive consistency.”

In his famous work in the area of social choice theory, Arrow (1963) argues
that the idea of requiring transitivity of group preference from voting procedures,
including PMR, is indeed a very important aspect of describing rational behavior
in collective choice. However, he acknowledges the work of other researchers in
the area [Arrow (1963), pg.118)] who suggest “that a social decision process
might well sacrifice transitivity if necessary to satisfy other conditions.” Fishburn
(1970) presents a number of interesting arguments, with examples, to lead to the
conclusion that it is not really reasonable to expect social choice rules, including
PMR, to be transitive. Bar-Hillel and Margalit (1988) also perform an analysis of
the logic of the assumption of group transitivity to reach a similar conclusion.

Condorcet (1785¢) continues with his analysis of intransitive PMR voting
situations, to show that there might be a PMRW with more than three candidates,
while there is a cycle in the PMR relationship on the remaining candidates. Thus,
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a distinction is made between the possibility that there is a PMRW and the possi-
bility that the PMR is completely transitive over all candidates. With only three
candidates, the existence of a PMRW ensures that the PMR ranking over all can-
didates is transitive. Condorcet notes that the possible existence of this situation
on more than three candidates is of no consequence to the superiority of the
PMRW, as long as only one candidate is being elected.

McGarvey (1953) generalizes Condorcet’s observation by developing a proce-
dure for constructing voting situations with an arbitrary number of voters with lin-
ear preference rankings, to prove that it is possible to have any possible combina-
tion of PMR outcomes on pairs for a finite number of candidates. Stearns (1959)
obtains McGarvey’s result with a procedure for constructing voting situations that
requires significantly fewer voters to produce the desired result, and Deb (1976)
generalizes McGarvey’s result to cover a larger class of voting rules than just
PMR.

Condorcet (1785d) does acknowledge the earlier work of Borda (1784), and
refers to Borda as “a famous mathematician”. Condorcet writes that he had heard
of Borda’s earlier results, but did not know that anything had been written on the
topic. This statement seems a bit confusing, since Condorcet (1784, pg. 121) pro-
vided written comments on Borda’s work, stating:

“M. de Borda’s observations on the drawbacks of the election method used almost eve-
rywhere are very important and totally original.”

McLean (1995) suggests that Borda probably played little or no role in the
process of having his 1770 paper published. In fact, it was Condorcet who chose
to add Borda’s 1770 paper to the Proceedings of the French Academy of Science
in 1781, which was not actually published until 1784. This could leave a reader
with the impression that Borda’s work was done much later than when it actually
was presented before the French Academy.

McLean (1990) and Gylmour, et al. (1998) note that a voting rule that is very
similar to using a procedure to find the PMRW was discussed by Ramon Lull,
without any mathematical development, over 500 years before Condorcet’s work
appeared. The possibility that a PMR cycle might exist has a history of rediscov-
ery by a number of other researchers after Condorcet, including C. L. Dodgson
[Lewis Carrol] (1885a), Huntingdon (1938) and in a series of articles by Black
(1948a, 1948b, 1948c, 1948d, 1949a, 1949b, 1949¢c). Thorough reviews of the
history of Condorcet’s paradox can be found in Granger (1956), Black (1958) and
Riker (1961).

1.4.1 A Characterization of PMR

May (1952) examines characteristics of PMR on a pair of candidates to consider
properties that make it unique among voting rules. Let Q5 denote a voter prefer-

ence profile for n voters on a pair of candidates, C = [C),Cy } Each individual
voter in the preference profile has some preference, or indifference, on the candi-
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dates in the pair. A social choice function, f, selects a subset of winning candi-

dates, f|07), given the voters’ preferences in the profile, Q5 , with
f(Qf )g C?. A social choice function is decisive if f(Qf ) is never empty, so
that falways selects some winner, even if this results in a tie with (Qé’ ): c’.
Assume that we have a profile Q5 for the two candidates in C 2 and that
C,ef (Qg ) That is, either f selects C; € C 2 as the single winner based on the
preferences in Q5 , or there are tied winners with f (Qﬁ’ ): C? . Now suppose that
some voter changes his or her preferences on the candidates within Q5 to obtain a

modified profile QAﬁ’ . Furthermore, that voter changes preference in a manner to

show increased support for C; . As a result, this voter could not have had C; as the

more preferred candidate in Q7 . Increased support can result from changing
from C; being the voter’s less preferred candidate to having indifference between
the two candidates, or from any change that results in C; becoming the voter’s
more preferred candidate. A social choice function is positively responsive if it
must then be true that f (Qf ): C;. With increased support, C; will remain as the

single winner if it was the single winner with the original profile, and it will be-
come the single winner if it was tied as the winner with the original profile.

Using the same definitions of anonymous and neutral social choice functions
from Young (1974) that were developed in the characterization of Borda Rule ear-
lier in our discussion, May (1952) proves that Simple Majority Rule is the only
social choice function that is always decisive, anonymous, neutral and positively
responsive. Since each of these properties sounds quite reasonable on its own, this
finding is a strong endorsement for the use of Simple Majority Rule. This charac-
terization for a pair of candidates can be extended to PMR for general m-candidate
elections since the general case corresponds to a series of simple majority rule de-
cisions on pairs of candidates. There have been many different characterizations of
PMR since the one proposed by May (1952), with a recent one being given in
Goksel and Sanver (2002).

Young (1974) notes that PMR exhibits all of the properties in the characteriza-
tion of Borda Rule when attention is restricted to profiles that have a PMRW.
However, the fact that PMR does not necessarily have a PMRW, so that we could

have f(Q,'Z, ): ¢ for some Q) , eliminates PMR from consideration as a true social

choice function, as defined in Young's analysis of Borda Rule.

Factors that are related to the determination of the likelihood that Condorcet’s
Paradox might occur in practice are the primary focus of this study. Any study of
this type would therefore be of little significance if Condorcet’s Paradox has never
been observed in a real situation. Numerous studies have been conducted to find
empirical examples of Condorcet’s Paradox, and a thorough survey of that work is
the topic of the next chapter.



1.5. Condorcet’s Other Paradox 21

1.5. Condorcet’s Other Paradox

Condorcet continued with other papers that considered voting rules like the one
that Borda suggested. This is done with an example voting situation, as shown in
Fig. 1.6, with 81 voters on three candidates in Condorcet (1785¢):

A A B C B C

B C A A C B

C B C B A A
}11:30 n2:l }’l3:29 }14:10 n5210n6:1.

Fig. 1.6 A voting situation showing Condorcet’s Other Paradox from Condorcet (1785¢)

The use of PMR with this voting situation results in the outcome: AMB (41-40)
and AMC (60-21), so that we have A as the PMRW.
Using Borda Rule with a=b = 1, we have

Score(4)=3*31+2%39 + 1¥11 =182 (1.7)
Score(B)=3*39 + 2*31 + 1*11=190.

Here, we have BBA when A is the PMRW, to show again that Borda Rule does not
always elect the PMRW.

Condorcet (1785c) then goes farther with the example voting situation in Fig.
1.6 to show a phenomenon that Fishburn (1974a) refers to as Condorcet’s Other
Paradox. This argument involves analyzing this voting situation with a general
weighted scoring rule with weights 3, 4 and 1, as described in earlier discussion.
Condorcet computes Score(A) and Scare(B) for this general weighted scoring

rule:

Score(A)=3*31+ A*39 +1¥11 (1.8)
Score(B)=3*39 + A*31 +1#11.

In order for the PMRW, A, to be elected by this weighted scoring rule, we must
have:
Score(A) > Score(B)

104 +394 >128 +314
81 >24
A>3,
This contradicts our definition of a weighted scoring rule, and it follows that no
weighted scoring rule, including Borda Rule, can elect the PMRW in this exam-
ple, which is Condorcet’s Other Paradox. Fishburn (1974a) generalizes Condor-
cet’s Other Paradox for all m >3, to show that there is some voting situation with
a PMRW in an m-candidate election, such that every weighted scoring rule will
have at least m —2 candidates with a greater score than the PMRW.

(1.9)
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Condorcet (1788b) considers Borda’s work again and becomes more aggres-
sive in his attack on Borda Rule. He gives the example voting situation that is
shown in Fig. 1.7 for 30 voters on three candidates:

A B C B C
C A A C B
B C B A A

1’11:9 1’12:3 l’l3=4 l’l4=4 }15:6 }’l6:4.

aw >

Fig. 1.7 An example voting situation in which Borda Rule does not elect the PMRW and
Plurality Rule does from Condorcet (1788b)

In this particular example, AMB (16-14) and AMC (16-14), so A is the PMRW.
With election by plurality: A receives twelve votes, B receives ten votes, and C re-
ceives eight votes. We therefore find that plurality rule elects the PMRW. When
we use Borda Rule the scores for candidates are:

Score(A)=3*12 + 2*8 + 1¥10 = 62 (1.10)
Score(B)=3*10 + 2*13 + 1¥7 = 63
Score(C) = 3*8 + 2%9 + 1¥13 = 55.

For this example, we have BBA, so Borda Rule fails to elect the PMRW, while
plurality rule, that Borda discredited, does so. Condorcet (1788b, pg.145) writes:

“This new method (Borda Rule) is not only no better than the conventional one (plural-
ity), it is actually worse. At least with the conventional method, it is just a possibility that
the result was wrong and that we are going against the true will of the plurality. With the
new method we can be sure that it was wrong and that we are having to act in accordance
with totally erroneous results.”

At later times, Condorcet became very antagonistic toward Borda, referring to
him as “having abandoned mathematics for petty applied science” [Baker (1975),
pg. 42] and as having written papers “that nobody has ever spoken of ... or ever
will” [McLean (1991), pg. 15]. Young (1995) refers to these comments as show-
ing “a certain amount of personal venom.” Baker (1975, pg. 42) also reports a
dispute that arose as a result of an attempt by D’ Alembert to obtain financial pay-
ment for Condorcet when Condorcet was appointed as assistant secretary of the
French Academy of Science. On the other hand, Black (1958, pg. 179) claims that
Borda and Condorcet remained close friends throughout their lives.

Condorcet was later accused of treason, and he was to be tried as an enemy of
the state after it became known that he had anonymously written a pamphlet to
urge citizens to reject a constitution that was being proposed during the Reign of
Terror. McLean (1995) notes a report that Borda risked his own life in making a
plea for clemency on behalf of Condorcet while Condorcet was in hiding during
this time. Condorcet made an attempt to escape after being in hiding for some
time, but he was ultimately caught in a very unusual episode. He was imprisoned
and was found dead in his cell two days later. Thorough biographies of Condorcet
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can be found in Schapiro (1934), Morley (1965), Baker (1975), Badinter and
Badinter (1988), Rosenfield (1989), and McLean and Hewitt (1994).

Given the long history of the debate over which voting rule makes the most
sense to use, it is quite fascinating that the debate still continues. Felsenthal and
Machover (1992) argue strongly for the use of Condorcet’s suggestion of finding
the PMRW. Saari (1995b) argues strongly for the direct use of Borda Rule in all
elections. Black (1958) suggests that a hybrid model should be used to elect the
PMRW when there is one, and to use Borda Rule when a PMRW does not exist.

Saari (1995b) goes well beyond simply supporting the use of Borda Rule in all
situations, and goes on to attack the basic concept of using any form of PMR to
find the winner in an election. To describe the basis of Saari’s argument, we de-
fine two different voter preference profiles in a three-candidate election. Voter
Profile 1 is shown in Fig. 1.8, and it consists of three rational voters with linear
preference rankings:

Voterl: A-B,B-C,A-C
Voter2: B>~C,C>A,B> A
Voter3: C>A,A-~B,C>B.

Fig. 1.8 Example Voter Profile 1 from Saari (1995b)

By using PMR with the linear preference rankings in Voter Profile 1, we have an
example of Condorcet’s Paradox, with AMB (2-1), BMC (2-1) and CMA (2-1).

Voter Profile 2 in Fig. 1.9 shows an example in which there are three irrational
voters with complete, but intransitive, preferences:

Voter1: A>=B,B-C,C> A4
Voter2: A-=B,B-C,C> A4
Voter3: B>A4,A-~C,C>B.

Fig. 1.9 Example Voter Profile 2 from Saari (1995b)

Using PMR on Voter Profile 2, we obtain the results AMB (2-1), BMC (2-1) and
CMA (2-1), which is identical to the results from Voter Profile 1.

Saari (1995b, pg. 48) uses the outcome of obtaining identical results from
these two voter preference profiles to claim that PMR procedure has

«

. an inability to distinguish between transitive and intransitive preferences: conse-
quently the pairwise vote (PMR) loses the critical assumption of transitive voters!”

He notes that Condorcet was very careful to impose transitivity on individual vot-
ers, but then suggested a system of voting that “surreptitiously drops it” as a con-
dition of aggregated behavior for the electorate. However, Saari (1995b, pg. 46)
acknowledges that the notion of seeking the PMRW as the winner in an election
does have “nearly universal acceptance”. Risse (2005) presents arguments that are
very strongly in opposition to the analysis that Saari presents in his criticisms of
the notion of considering procedures that are associated with finding the PMRW.
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1.6 The Paradox of Multiple Elections

Other types of voting paradoxes can be observed if we consider a sequence of in-
dependent majority rule elections, in which a final accept-reject vote is made in
each stage, without regard to the outcomes of any other elections. For example we
might consider a set of independent proposals that are being voted on by a com-
mittee, and each individual proposal would be passed or defeated by majority rule
by the committee. The Paradox of Multiple Elections can exist in such situations,
and it shows inconsistencies that can be observed in voter behavior.

Brams, et al. (1998) consider an example in which a committee is considering
three possible proposals that are denoted as [ 4, B,C } . Each proposal will be con-

sidered in turn, with the passage or rejection of each proposal being independently
determined on the basis of majority rule. Voters will vote yes (¥) or no (N) on
each of the individual proposals, given their preferences on the outcome. A given
voter’s preferences on the proposals can then be stated in terms of some combina-
tion of Y-N votes over the three proposals. Consider the example of such a situa-
tion in Fig. 1.10:

Proposal A Proposal B Proposal C Number
Preference Preference Preference of Voters

Y Y Y 3

Y Y N 1

Y N Y 1

N Y Y 0

Y N N 1

N Y N 3

N N Y 3

N N N 1

Fig. 1.10 An example voting situation for the Paradox of Multiple Elections from Brams, et
al. (1998)

In this example, there are three voters with preference YYY on proposals A, B,
and C respectively, one voter with preference YYN, and so on. The outcomes of
the three different majority rule votes in the series of elections are given by: NMY
(7-6) for A, YMN (7-6) for B, and YMN (7-6) for C. Thus, majority rule produces
the outcome NYY, so that A is rejected, while B and C are both accepted. How-
ever, the outcome NYY does not represent the preferences of a single voter, which
is an example of the Paradox of Multiple Elections.

Brams, et al. (1998) go on to show that the conditions that lead to the existence
of the Paradox of Multiple Elections are a generalization of the conditions that
lead to the existence of Condorcet’s Paradox. Scarsini (1998) develops a more
general form of the Paradox of Multiple Elections.
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1.7 The Vote Trading Paradox

The Vote Trading Paradox can take place in situations like those that are de-
scribed for the Paradox of Multiple Elections, where a series of independent ma-
jority rule elections are taken for separate issues. In this case, each of the voters
receives some payoff or loss that is associated with each issue that is being con-
sidered. The voters’ payoffs or losses depend upon whether the issues are passed
or defeated by majority rule, and once a vote has been taken on an issue the out-
come is final for that issue. These payoffs or losses could reflect the benefit or
loss for the constituency that a voter represents. The issues are independent, so
that each is passed or defeated without regard to the outcome of any other issues.
Fig. 1.11 lists the payoffs and losses for an example in which three voters are
considering six issues, [4,B, C,D,E,F}, following an example from Riker and

Brams (1973). Voter 1 will receive a payoff of one if Issue A is passed by major-
ity rule, and a loss of two will be incurred if Issue A is defeated by majority rule.

Voter 1 Voter 2 Voter 3
Issue Pass Defeat Pass  Defeat Pass Defeat
A 1 -2 1 -1 -2 2
B 1 -2 -2 2 1 -1
C 1 -1 -2 2 1 -2
D -2 2 1 -1 1 -2
E -2 2 1 -2 1 -1
F 1 -1 1 -2 -2 2

Fig. 1.11 Voter payoffs for vote trading example from Riker and Brams (1973)

Rational voters will decide to vote Yes (Y) or No (V) on each issue in an effort
to maximize their own resulting overall benefit from having that issue pass or fail
by majority rule. Voter 1 would therefore vote Y on Issue A, since the associated
payoff of one when that issue passes is greater than a loss of two for this voter
when Issue A is defeated. Fig. 1.12 shows the votes that the voters would cast on
all issues with such sincere voting.

Voter 1 Voter 2 Voter3  Election Voter 1 Voter 2 Voter 3
Issue Vote Vote  Vote Outcome  Payoff Payoff Payoff

A Y Y N Pass 1 1 -2
B Y N Y Pass 1 -2 1
C Y N Y Pass 1 -2 1
D N Y Y Pass -2 1 1
E N Y Y Pass -2 1 1
F Y Y N Pass 1 1 -2

Total Payoff 0 0 0

Fig. 1.12 Total voter payoff with sincere voting for vote trading example from Riker and
Brams (1973)
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All issues will pass as a result of sincere voting, and each voter would have a total
payoff of zero from the election outcomes on the three issues.

Vote trading, or logrolling, is a process by which some subset of the voters can
act together to misrepresent their true preferences in the series of issues that are
being considered. As a result of vote trading, the subset of voters who participate
in misrepresenting their preferences can increase their final payoff over that which
would be obtained from voting according to their true preferences. The increased
payoff for participating voters comes at the expense of voters who were not par-
ticipating in the vote trading.

For example, given advance knowledge of what the outcomes in this particular
example would be with sincere voting, Voter 2 and Voter 3 can consider a trade of
votes on Issues A and B. Both can obtain a higher total payoff from the outcome
of voting on these two issues by misrepresenting some of their preferences. If the
vote of Voter 2 is changed to N for Issue A, that issue would then be defeated by
majority rule. The payoff to Voter 2 will decrease from a gain of one to a loss of
one as a result, but the payoff to Voter 3 will increase from a loss of two to a gain
of two. In return, the vote for Voter 3 will be changed to N on Issue B, so that it
will also be defeated. Voter 3 will have a reduction in payoff from a gain of one
to a loss of one, but Voter 2 will have an increase in payoff from a loss of two to a
gain of two. Both Voters 2 and 3 will then have a net increase of two in the com-
bined payoffs for Issues A and B as a result of this vote trade.

In the same fashion, Voters 1 and 2 can do a vote trade on issues C and D, with
the vote of Voter 1 being changed to N on Issue C and the vote of Voter 2 being
changed to N on Issue D. Both Voters 1 and 2 will obtain a net increase in payoff
of two as a result of the trade. Voters 1 and 3 can also do a vote trade on Issues £
and F, with the vote of Voter 1 being changed to N on Issue F and the vote of
Voter 3 being changed to N on Issue E. Both Voters 1 and 3 will then have a net
increase in payoff of two as a result of this trade. A summary of the votes that are
cast, the election outcome for each issue and total payoff for each voter after these
three vote trades are completed is shown in Fig. 1.13.

Voter 1 Voter2 Voter3 Election Voter1 Voter 2 Voter 3
Issue Vote Vote Vote Outcome  Payoff Payoff Payoff

A Y N N Defeated -2 -1 2
B Y N N Defeated -2 2 -1
C N N Y Defeated -1 2 2
D N N Y Defeated 2 -1 -2
E N Y N Defeated 2 -2 -1
F N Y N Defeated -1 -2 2

Total Payoff -2 -2 -2

Fig. 1.13 Total voter payoff after vote trading in example from Riker and Brams (1973)

The net result of the three vote trades in this example is that all six issues are
defeated and the total payoff to each voter is reduced from zero in the sincere vot-
ing case to a loss of two with the three vote trade transactions. While each voter
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who is directly involved in a given vote trade has a net increase in total payoff of
two for that particular trade, the voter who is not involved in that trade has a net
loss in payoff of six because of the trade. This causes a net overall loss of two for
all voters over the three vote trades, since each voter is involved in two vote
trades, to gain four, and is not involved in one vote trade, to lose six.

In each of these trades, voters have sequentially chosen to form coalitions in
order to improve their respective payoffs during that trade. However, the overall
net effect is that each voter has a lower payoff in the end than they would have ob-
tained from sincere voting in the original situation. It is clear that the existence of
vote trading can lead to irrational outcomes. McKelvey and Ordeshook (1980)
perform extensive experimental analysis to show that the vote-trading phenome-
non, as suggested by Riker and Brams (1973), can indeed be induced in an ex-
perimental setting with inexperienced players.

Koehler (1975a) shows that the conditions that are required to create a vote-
trading outcome like the one in the example above are logically equivalent to the
conditions that lead to cycles with PMR, and Bernholz (1973,1974) makes similar
observations. Sullivan (1976) discusses conditions that might exist in committee
structures that make it likely to lead to vote trading. Koford (1982) considers a
model of vote trading when individuals must make trades on groups of votes
through a party leader who is attempting to develop an overall balance in vote out-
comes. Enelow (1986) develops an explanation of how vote trading can exist in a
stable environment. This situation exists for risk-averse voters who are using ran-
dom variable forecasts of decisions on future issues, in which issues can be
brought back for re-voting. These results support similar conclusions in Tullock
(1981).  Stratmann (1996) considers the possibility of cycles in vote trading by
using Markov chain analysis, to conclude that there is little evidence to support the
notion that cycling, or unstable coalitions, exists for decisions on the distribution
of federal grants to districts in the U.S. House of Representatives.

1.8 The No Show Paradox

Brams and Fishburn (1983a) present an example of a voting paradox in which
some subset of voters chooses not to participate in an election, and then prefers the
resulting winner to the winner that would have been selected if the subset had ac-
tually participated in the election. This phenomenon is referred to as the No Show
Paradox. We consider an example in which the winner of an election is deter-
mined by Negative Plurality Elimination in a three-candidate election. This is a
two-stage election procedure. In the first stage, voters cast votes for their two
most preferred candidates. The candidate that receives the fewest number of votes
is then eliminated, and the ultimate winner is selected in the second stage by using
majority rule on the remaining two candidates. The voting rule that is used in the
first stage is referred to as Negative Plurality Rule since it is equivalent to having
each voter cast a negative vote against one candidate, with the candidate who re-
ceives the most negative votes being eliminated.
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Consider a voting situation with 21 voters and three candidates [4,B,C }, as
shown in Fig. 1.14.

RS
SRS

B C B C
A A C B
C B A A

=3 ny=5 n3=5 ng=2 ns=3 ng=3.

Fig. 1.14 An example voting situation from Brams and Fishburn (1983a)

In the first stage of voting with negative plurality, Candidates A, B, and C re-
ceive 15, 14 and 13 votes respectively. Candidate C is eliminated in the first stage
and then BMA by a vote of eleven to ten in the second stage, to select B as the
overall winner. Voters with the linear preference ranking 4 > B > C would not
get their most preferred candidate, since B is the winner. Suppose that two of
these particular voters had not participated in this election for some reason. The
resulting voting situation is shown in Fig. 1.15.

oS>

A B C B
C A A C
B C B A

A
141 1 I’l2:5 ns 5 n4=2 715:3 716:3.

Fig. 1.15 The modified example voting situation from Brams and Fishburn (1983a)

In the first stage of voting with negative plurality on this modified voting situa-
tion with 19 voters, A, B, and C receive 13, 12 and 13 votes respectively. Candi-
date B is eliminated in the first stage and then AMC by a vote of eleven to eight in
the second stage. Since the winner in this modified voting situation is A, the two
voters with linear preferences 4 > B > C who did not participate will now have
their most preferred candidate chosen as the winner. These two voters have there-
fore obtained a more preferred outcome by not participating in the election.

Negative plurality elimination does not necessarily elect the PMRW. How-
ever, Moulin (1988) proved that any election procedure that does meet the condi-
tion that it must select the PMRW, when one exists on four or more candidates,
must be subject to the possibility that the No Show Paradox can be observed.
Pérez (2001) considers two variations of this paradox.

1.9 Other Voting Paradoxes

Many other voting paradoxes have been discovered, and general surveys of work
on voting paradoxes are given in Brams (1976), Niemi and Riker (1976), Petit and
Térouanne (1987), and Nurmi (1998). Fishburn (1974a) presents a survey of dif-
ferent voting paradoxes, and gives Monte-Carlo computer simulation estimates of
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the likelihood that each paradox might occur. The general conclusion is that the
most extreme forms of voting paradoxes are probably very rare in practice.

Deb and Kelsey (1987) examine Ostrogorski’s Paradox to show that the con-
ditions that are necessary for it to exist are similar to, but not identical to, the con-
ditions that are necessary for Condorcet's Paradox to exist, and they conclude that
Ostrogorski’s Paradox therefore deserves study as a separate phenomenon. So,
voting paradoxes do exist with conditions that are not identical to those that lead
to Condorcet’s Paradox.

1.10 Conclusion

The possible existence of various voting paradoxes has been the focus of numer-
ous investigations. This research has largely been dominated by studies that are
associated with Condorcet’s Paradox. There is widespread, but not universal, ac-
ceptance of the notion that the PMRW is the best candidate for selection in an
election process, when such a candidate exists. When Condorcet’s Paradox oc-
curs, there is no PMRW in three-candidate elections, and there is a need to find
some other voting mechanism to determine a winner in such cases.

There is a resulting interest in determining estimates of the likelihood that a
PMRW exists in various situations. This observation is intensified by the fact that
we have seen that the conditions that are necessary for Condorcet’s Paradox to ex-
ist are the same as the conditions that are required for the existence a number of
other paradoxes, like the Paradox of Multiple Elections and the Vote Trading
Paradox. In some cases there are links between the conditions that are necessary
for other paradoxes to exist and the conditions for Condorcet’s Paradox, as with
the No Show Paradox. Researchers even feel obligated to show that the condi-
tions that are necessary for other paradoxes, like Ostrogorski’s Paradox, to exist
are not the same as the conditions that are required for Condorcet’s Paradox to ex-
ist.



2 Condorcet’s Paradox

2.1 Introduction

One conclusion of the last chapter is that the conditions on voters’ preferences that
lead to the possible existence of Condorcet’s Paradox are equivalent to the condi-
tions that either directly lead to, or are associated with, a number of other voting
paradoxes. It is clearly of interest to have some idea as to whether, or not, Con-
dorcet’s Paradox has ever been observed in real voting situations. The practical
implications of having this paradox occur are twofold. First of all, one has to deal
with the issue of determining who the winner of an election should be if there is
no PMRW. No matter which candidate we might select in such a case, it can al-
ways be argued that a majority of voters would prefer to have some other candi-
date selected as the winner.

The second issue relates to the possibility that election outcomes might be ma-
nipulated by agenda control. Suppose that we have three options, 4, B,C } , before

a committee that is going to choose only one of the options. The committee will
determine the winner by using sequential elimination by majority rule. That is,
two issues will be compared by majority rule in the first round, and the loser will
then be dropped from further consideration. The winner in the first round will
then be carried to the next round for a majority rule vote against the remaining
third candidate. The sequential elimination procedure is defined in the obvious
way for elections on more than three candidates. When voters’ preferences are
such that an occurrence of Condorcet’s Paradox exists, we would have a PMR cy-
cle like AMB, BMC and CMA. Any chairperson of the committee who knew the
preferences of the voters in advance could then set an agenda for the sequence of
voting to get any outcome that he or she wanted.

If the chairperson wanted C to win, the first round would have A versus B, with
A as the first-round winner. The second round would then have A versus C, with
C as the ultimate winner. If the chairperson wanted B to win, the first round
would have C versus A, with C as the first-round winner. The second round
would then have C versus B, with B as the ultimate winner. If the chairperson
wanted A to win, the first round would have B versus C, with B as the first-round
winner The second round would then have B versus A, with A as the ultimate win-
ner. This logic can easily be extended to cycles on more than three candidates,
and an agenda setting committee chairperson could manipulate the outcome of an
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election whenever voters’ preferences result in an occurrence of Condorcet’s
Paradox. Davis (1974) discusses “democratic” procedures that can be used to
determine the order in which voting should be performed when it is known that
the possibility of a PMR cycle exists, and Tullock (1975) points out some
difficulties in the proposal presented in Davis (1975).

Theoretical studies have been performed to model processes by which rational
voters might choose to misrepresent their preferences in voting on options, once
the agenda for voting has been set in such situations. Rubinstein (1980) addresses
this issue by considering farsighted voters who know what the majority rule out-
comes might be in future stages of voting, once an agenda has been established.
Suppose that a farsighted voter has the linear preference ranking 4 > B> C on
three options, and the agenda has been set to start with an initial vote between A
and B, with the first-round winner moving to the next stage to have a majority rule
vote against C to determine the winner The farsighted voter would want to vote
for A over B in the first-round vote, given the assumed true preferences. However,
suppose that this farsighted voter also knows that if the outcome AMB results in
the first round, to send A to the second stage, that a majority of voters prefer C to
A. The resulting outcome of CMA in the second stage would then make the far-
sighted voter’s least preferred candidate, C, the ultimate winner of the election.
The farsighted voter would be better off to misrepresent his or her true preferences
in the assumed preference ranking 4~ B> C and vote for B in the first round
election between A and B, to possibly lead to BMA, with the hope that the result
BMC would have B as the ultimate winner from the second stage PMR vote.

This farsighted voter might then at least get the middle-ranked preference as a
winner with this strategy, since it is known that the most preferred candidate can
not win, from the knowledge of the fact that voters’ preferences are such that
CMA. In this example, the election of B would result in a “stable outcome” for the
farsighted voter. Since this analysis is done on triples of candidates, a farsighted
voter is only assumed to have some knowledge of what the outcome of the very
next, or second-round, election in the sequential elimination process on a triple of
candidates would be. Rubinstein (1980) extends this notion from individual far-
sighted voters to majority coalitions of farsighted voters, and proves that a “stabil-
ity set” will never be empty when voters have linear preference rankings on all is-
sues. LeBreton and Salles (1990) and Chakravorti (1999) consider farsighted
voters who have a knowledge of future majority rule votes on pairs that extends
beyond the very next stage with sequential elimination by majority rule.

As a result of all of this discussion, we find that there are two types of misrep-
resentation that might take place in the presence of PMR cycles. First, misrepre-
sentation might be used by a chairperson in the determination of the sequence in
which issues are introduced for possible elimination when the agenda is being set.
Once the agenda has been established, voters might then misrepresent their prefer-
ences at some stage of majority rule voting in order to obtain a more desirable
outcome than they would get from sincere voting. Black (1958) conjectured that
the issue that is entered latest in such a series of sequential elimination votes is
most likely to me the ultimate winner of an election. Niemi and Rasch (1987) pre-
sent an example to show that any given voter’s overall utility is maximized by
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having issues introduced for sequential elimination in the reverse order of that
voter’s preference ranking on the issues.

It is usually difficult to determine if Condorcet’s Paradox actually exists for
any situation based only on the reported voting results from most elections, since
voters do not normally report their complete preference ranking on candidates, or
give their preferences on all pairs of candidates. Marz, et al. (1973) extend and
correct results that were reported in Murkami (1968) to consider the number of
PMR elections that would have to be held to determine if PMR cycles exist in a
specific voting situation. In this work, only the pass-fail outcome is known for
each PMR election that is held, and the actual vote count is not revealed from the
PMR elections.

Fishburn (1980) considers the restrictions under which it is possible to deter-
mine whether, or not, the PMRW has been selected as the winner of an election,
based only on the reported vote outcomes from the election. The severity of the
restrictions that are required leads Brams and Fishburn (1983b, page 95) to con-
clude that

“Because of the varieties of strategies that are allowed and the paucity of detail about
how people voted, the likelihood of concluding that the winner is a (PMRW) ...., is often
small if not zero.”

Thus, other factors about voting behavior must typically be assumed in any at-
tempt to reconstruct the preferences of voters from the reported ballot outcome in
an election, in order to determine which candidate is the PMRW. Many studies
have used various methods to induce the complete preferences of voters from re-
ported votes in actual elections to reconstruct either voting situations or voter
preference profiles. William Riker performed several classic studies of this type,
and his primary focus was on situations in which there is evidence that PMR cy-
cles were intentionally created by different methods in order to alter the outcome
of elections.

2.2 Riker’s Empirical Studies

Riker (1982) reconstructs the preferences of 172 members of the U.S. House of
Representatives on a vote that took place in 1846 regarding the Wilmot Proviso.
The basic vote regarded an appropriation of $2,000,000 to facilitate the negotia-
tion of a territorial settlement with Mexico at the end of the Mexican War. The
Wilmot Proviso was an attachment to the appropriation, and it have would prohib-
ited slavery in the land that was acquired from Mexico in the settlement. There
were eight political groups within the House of Representatives that were voting
on three possible options. The possible options and the reported voting situation
results are given in Fig. 2.1.

It is impossible to determine how the Border Democrats and Border Whigs
split their votes between the two possible rankings for their respective parties. As
a result, we initially ignore the eleven members of these two groups and consider



34 Condorcet’s Paradox

the results of the comparisons on pairs of alternatives for the remaining 161 repre-
sentatives.

A = Approve the appropriation without the Proviso
B = Approve the appropriation with the Proviso
C = Take no action on either the appropriation or the Proviso

Number

Political Group of Voters Preference
Ranking
Northern Administration Democrats 7 ABC
Northern Free Soil Democrats 51 BAC
Border Democrats 8 ABC or ACB
Southern Democrats 46 ACB
Northern Pro-War Whigs 2 CAB
Northern Anti-War Whigs 39 CBA
Border Whigs 3 BAC or BCA
Southern and Border Whigs 16 ACB

Fig. 2.1 Voting situation results for Wilmot Proviso example. Reprinted from Riker (1982)
by permission of Waveland Press, Inc. All rights reserved.

Under pairwise comparison with the remaining representatives in Fig. 2.1, we
find that AMC (120-41), CMB (103-58) and BMA (90-71). There is clearly a
PMR cycle in the pairwise preferences of the 161 representatives. The margins of
defeat in the pairwise votes show that the eleven members of the Border Democ-
rats and Border Whigs could not have modified the outcome of this PMR cycle,
no matter how they might have voted. Brams, et al. (1998) present a similar
analysis of this result from Riker (1982).

Having established that Condorcet’s Paradox can occur, other studies have
considered the issue of the manipulation of election outcomes in these situations.
Riker (1958) gives a detailed description of the procedure by which amendments
can be proposed for addition to various bills before the U.S. House of Representa-
tives, and the sequential elimination procedure by majority rule that is used to de-
termine the winning outcome. A detailed examination is then made of the Com-
mittee of the Whole vote on the Agricultural Appropriation Act of 1953. The
original bill provided a $250,000,000 appropriation to the Soil Conservation Ser-
vice. Four different amendments were put forth by members of the House to mod-
ify the appropriation amount to: $142,410,000 (Javits Amendment), $100,000,000
(O’Toole Amendment), $200,000,000 (Andersen Amendment), and $225,000,000
(Whitten Amendment). The nature of the process that is used to vote on amend-
ments makes it impossible to precisely obtain the preference rankings of the voters
on the amendments. However, Riker (1958) argues very convincingly to show
that some of the budget amendment amounts were involved in a PMR cycle. That
cycle very likely contained the winning option, which was the original bill.

Riker (1958) then goes on to argue that the Whitten Amendment was inten-
tionally introduced in order to create that cycle. Representative Whitten was man-
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aging the original bill through the House, and there was some uncertainty that it
would obtain majority support. By introducing the Whitten Amendment, a PMR
cycle was created, and Whitten was thereby able to take advantage of the sequen-
tial elimination election process on amendments to be assured that the original bill
passed. Riker (1958) estimated that the House of Representatives and the Senate
may have voting results that appear to have PMR cycles in more than ten percent
of cases when two or more amendments are considered with an original bill.
However, some of these cycles are contrived as a result of strategic manipulation,
as in the case discussed above.

Riker (1965) considers another example from the U.S. House of Representa-
tives in which an amendment appears to have been added to a bill to intentionally
create a PMR cycle to affect the outcome of voting. The particular vote that is
considered in the study was a bill in 1956 for appropriations for federal grants-in-
aid to build schools. The Powell Amendment was proposed to limit aid to school
districts that were segregated, giving three alternatives: The initial bill (A), The
initial bill with the Powell Amendment (B), and the Status quo (C). The reported
results of the voting were: BMA (229-197) in the first round, and then CMB (227-
199) in the second round to result in C as the winner. Given the outcome and the
established voting procedures, the initial bill was defeated, and no vote was taken
for A versus C. However, in the following year the same proposal was considered,
and the Powell Amendment was not brought forward. The result of the vote was
AMC (217-209), indicating a PMR cycle with AMC, CMB, and BMA. Riker sug-
gests that there is some evidence that a subset of the voters misrepresented their
true preferences in order to intentionally create this PMR cycle, to lead to the de-
feat the initial bill that was presented.

Jenkins and Munger (2003) discuss “killer amendments” like the Powell
Amendment. They identify the conditions that are necessary for such an amend-
ment to successfully defeat a bill, and they provide some other examples in which
killer amendments have been successfully used. Their conclusion is that the pro-
cedure has only rarely been successful in the U.S. Congress, and that it has typi-
cally only been successful when the amendment involves race based issues, like
the Powell amendment and the Wilmot Proviso.

Riker (1965) provides another example, to suggest that there are situations in
which voters might misrepresent their preferences in voting on amendments so as
to create a PMR cycle and obtain the desired outcome as a result of the voting
procedure that is used to vote on amendments. The particular example that is con-
sidered is somewhat unusual since it regards voting to ratify the Seventeenth
Amendment to the Constitution in the U.S. Senate in 1911. The problem is com-
plicated by the fact that a 2/3 majority is required to pass an amendment to the
constitution.

Riker (1982) analyzes the results of the U.S. Presidential election of 1860,
when the four candidates were Bell, Breckenridge, Douglas and Lincoln. It is
concluded that there were 15 feasible preference orders on the four candidates,
and estimates of the proportions of voting blocs that held the various preference
rankings on candidates are reconstructed. The results suggest that Breckenridge
was the PMRL, while a PMR cycle existed on the remaining three candidates.



36  Condorcet’s Paradox

Given the preferences that were reconstructed, Lincoln was found to be the ulti-
mate winner only because plurality rule was used as the election procedure, with
Lincoln receiving only about 40 percent of the vote. Riker suggests that the PMR
cycle in this example specifically arose as a result of the intentional introduction
of the slavery issue into the election campaign.

Regarding his historical examples, Riker suggests that the existence of PMR
cycles were typically created by the introduction of amendments, by the introduc-
tion of campaign issues, or by the misrepresentation of voters’ preferences to ma-
nipulate the outcome. He is quoted [Riker, 1982, pg. 128]

“So, I conclude that, because of agreement on an issue dimension intransitivities only
occasionally render decisions by majoritarian methods meaningless, at least for somewhat
homogeneous groups and at least when the subjects for decision are not politically impor-
tant. When, on the other hand, subjects are politically important enough to justify the en-
ergy and expense of contriving cycles, Arrow’s result (the presence of PMR cycles) is of
great practical significance. It suggests that, on the most important subjects, cycles may
render social outcomes meaningless.”

Levmore (1990) generally agrees with Riker by suggesting that a link exists
between the activity level of political interest groups and the level of stability in an
election. That is, interest groups are most active in situations in which PMR cy-
cles, or some other voting anomalies, are most likely to exist. The activity of the
interest groups can then focus on agenda control, or on bargaining in the formation
of winning coalitions with other groups, when the effort is most likely to have an
impact on the election outcome.

Rasch (1987) examines the sequential elimination voting procedures that are
used in the Norwegian Parliament and considers potential abuse of the process by
manipulators. The conclusion is that manipulators of the system are more likely to
be successful by misrepresenting preferences while establishing the order of vot-
ing for sequential elimination, rather than by misrepresenting preferences during
the actual voting on issues during the election.

Chamberlin (1986) reaches a very similar conclusion as Riker did after evalu-
ating several voting rules in the context of how election results might be examined
in order to determine if voters had used strategic misrepresentation of preferences
to alter the outcome of an election. The conclusion of the study is that the possi-
bility that strategic misrepresentation has altered the outcome of an election is
likely to be observed from the existence of PMR cycles in the reported preferences
of voters. This connection between PMR cycles and strategic misrepresentation of
preferences is based on Chamberlin’s belief that PMR cycles in sincere prefer-
ences of voters should be very unlikely to be observed under normal conditions.

Tullock (2000) agrees with Chamberlin (1986) in suggesting that Riker’s stud-
ies never really dealt with any actual voting situations that contained PMR cycles
that are based on the true preferences of voters, and goes even father in comment-
ing on the general value of such studies [Tullock (2000, pg. 13)]:

“Altogether, throughout my life, I have tended to feel that the proof that cycles are pre-
sent, usually connected with the name of Arrow, is mathematically interesting but has noth-
ing to do with the way government actually operates.”
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Tullock’s main argument seems to be that governments have set up various
mechanisms in order to be assured that any potential PMR cycle would be re-
solved in some manner before it could ever reach an assembly for final voting.
This could be accomplished through negotiating amendments that might be added
to a bill to make it more appealing to some potential voters. Tullock’s claim
might therefore be valid for final voting situations in systems like those he de-
scribes. However, this simply moves the focus of attention away from finding
PMR cycles in final voting situations. The focus would then be on the difficulties
of resolving actual PMR cycles that do exist in voters’ actual preferences before
they get to the stage of final voting.

The ability of politicians to create PMR cycles to the degree that Riker sug-
gests is disputed. Critical comments regarding Riker’s empirical examples of
PMR cycles that have been made by a number of people who share an interest in
this area of study are given in Maske and Durden (2003).

Kadane (1972) presents an analysis of another aspect of considering the addi-
tion of amendments to bills. In particular, the process of “division of the ques-
tion” is considered, when a coalition of committee members puts together a pack-
age of amendments that will pass by majority rule, when each individual
amendment would have failed on its own. This condition is strongly related to the
notion of vote trading.

2.3 Other Empirical Studies

Many other empirical studies have been conducted to find possible situations in
which Condorcet’s Paradox might have occurred. Flood (1955) presents an early
result from a simple experiment in which 21 subjects initially gave their individual
preference rankings on 16 different objects. The subjects were then divided into
subgroups according to their reported preference rankings, in order to observe be-
havior in the subgroups while they were trying to select a most favored object that
might be won from a reduced set of the original 16 objects. The subgroups were
intentionally formed so that there were PMR cycles on the subgroup members’
preferences for the specific reduced set of objects that each subgroup was consid-
ering. The complete initial preference rankings of the 21 subjects on all 16 objects
are given in the paper (Table 2, page 4). The interested reader can verify that
there is a PMRW (Item 12) for the set of all subjects, and that there is a PMR cy-
cle (on Items 7, 10 and 15), so that PMR is not completely transitive for the set of
all subjects.

Flood (1958) discusses a situation that was placed before the West Virginia
Legislature in 1939, when elected representatives were attempting to use PMR to
select a distribution of state aid for schools among 55 counties within the state. A
preliminary study had been conducted to evaluate the possible distribution alterna-
tives. The study evaluated the overall impact that various possible funding alterna-
tives would have on the school system, in order to reduce the number of feasible
options that had to be considered by the members of the Legislature. An attempt



38  Condorcet’s Paradox

to select a winning alternative from the final list of alternatives was conducted by
using PMR. It became apparent that the representatives were typically selecting
the winner from a pair, based solely on a determination of which alternative in the
pair would return the greater amount of aid to their respective counties. An at-
tempt was made to find the alternative that would be selected under this apparent
voting scenario and no PMRW was found to exist.

A simplified example is given in Fig. 2.2 to illustrate the type of decision-
making process that was being used in this particular case, with three counties vot-
ing on four allocation alternatives D4,B,C,D} to the counties:

Allocation
County A B C D
1 4 1 2 0
2 0 0 1 2
3 0 3 1 2

Fig. 2.2 An example voter preference profile from Flood (1958)

In this example, each allocation has the same total distribution of four units to
the three counties. If each county prefers the alternative from any pair of alterna-
tives that returns the greater distribution to itself, then majority rule voting would
have DMC (2-1), CMB (2-1), and BMD (2-1). In particular, we would have DMC
since both Counties 2 and 3 would be better off, with two units, under D than with
C, with one unit. County 1 would prefer C, with two units, to D, with no payoff.
This type of decision-making is identical to the model that led to vote trading cy-
cles in the previous chapter.

Niemi (1970) examines the results from 22 university elections in which indi-
viduals were being elected to committees. Voters were not required to rank all
candidates in these elections. In the analysis, all unranked candidates on a voter’s
ballot were assumed to be indifferent to each other, but all were ranked below the
least preferred candidate that the voter actually did rank. Given the allowance of a
response of indifference between candidates, the possibility of ties exists with
PMR for odd n.

Elections were held for situations with three to 36 candidates, with the number
of voters ranging from 81 to 463. There were 18 elections on six or fewer candi-
dates, and four of these elections contained some form of Condorcet’s Paradox.
One of the elections contained a strict PMR cycle, while the remaining three had
PMR cycles that included tied PMR votes to form a tie-cycle. In each of these
four elections, there was no strict PMRW. That is, no candidate could strictly de-
feat all other candidates on the basis of PMR, given that a PMR tie is not a win.
Results indicate that the probability of observing PMR cycles tends to increase as
the number of candidates increases.

Blydenburgh (1971) considers tax bills that were voted on in the U.S. House of
Representatives when roll call voting was imposed. Tax bills were selected since
they were voted on under closed voting rules, so that the attachment of additional
amendments by representatives was not allowed. As a result, only a limited num-
ber of amendments were being considered in each case. Sequential elimination by
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majority rule was used for the predetermined sequence of votes on amendments.
With roll call voting, the vote that is cast by each representative is recorded at
each stage of the procedure, so it is possible to reconstruct most of the preference
rankings for the individual representatives.

The Revenue Act of 1932 was considered first, for which three alternative
forms of taxes were being considered to raise additional revenue, when only one
of the options would to be implemented. Fig. 2.3 shows the three tax options and
the voting situation results for the six different voter groups that were identified.

§ = Sales Tax
I = Income Tax
E = Excise Tax

Group 1 Group2 Group3 Group4 Group5 Group 6

I E S S S S~E~I
E S I E (ED)
S I E I

n = 162 38 16 69 71 30

Fig. 2.3 Voting situation for Revenue Act of 1932 from Blydenburgh (1971)

The notation E~I for Group 6 in Fig. 2.3 indicates that a voter in that group is
indifferent between implementing E and /, while the notation (E,I) for Group 5 in-
dicates that the preference on the pair could not be determined for members in that
group, based on the way that they voted in the sequential election. If we ignore
the representatives in Group 6, since they are completely indifferent between the
alternatives, a total of 184 votes are required for a candidate to win by majority
rule. The rankings produce the result EMS (200-156) and SMI (194-162). A
PMR cycle exists if we have IME, but the known preference relations for repre-
sentatives only give a vote of 178-107. Blydenburgh goes on to produce strong
evidence from other sources to induce the relative preferences on / and E for some
of the representatives in Group 5, to obtain the required number of votes for [ to
obtain support from a majority of all voters. It therefore appears to be very likely
that there would have been a PMR cycle in this situation if a PMR vote between 1
and E had been held.

Blydenburgh (1971) performs a similar analysis on the Revenue Act of 1938.
This vote was on three alternatives: the Act in its original form, the Act with the
deletion of a corporate tax, and the Act with the addition of an excise tax on pork.
Based on the voting results, there did not appear to be a PMR cycle in this particu-
lar example.

Fishburn (1973b, pgs. 89-90) presents an example with 175 voters who gave
complete preference rankings on five different options for naming a church con-
gregation that was being formed from two separate congregations. Results show
that the PMR relationships from the preference rankings were completely transi-
tive.
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Bjurulf and Niemi (1978) examine the results of voting in the Swedish Parlia-
ment on a number of issues. One particular issue centered on the construction of a
hospital in Stockholm in 1931. Three options were considered: Build the hospital
as planned (A), build the first stage of the hospital according to plan with sharp
cuts in expenditures for additional sections (B), and do not build the hospital (C).
The order of presentation of the votes had B versus C first, with CMB (46-41).
Option C was then carried forward to the second stage versus A, with AMC (54-
16). There was no vote on A versus B, but the preferences of the voters were re-
constructed to indicate that B would have defeated A under a PMR vote. The re-
sults then produce a PMR cycle: BMA, AMC and CMB. The study also presents
other examples in which it appears that some members of the parliament strategi-
cally misrepresented their preferences in order to create a “strategic cycle” in
PMR voting, following the notions of the Riker studies.

Dyer and Miles (1976) perform an analysis of rankings of 36 trajectory options
by ten different specialty teams that were working on the Mariner Jupiter/Saturn
Project for the U.S. National Aeronautics and Space Agency. The trajectory op-
tions were being evaluated under different criteria by the different specialty teams,
and the teams responded with indifference on some pairs of options. The analysis
in the study gives a PMR relationship on each pair by considering only groups that
reported some preference on a pair. This follows from the observation that they
report that Option 29 beats Option 31, when the rankings give a pairwise compari-
son of five to three with two indifferent groups on the pair. The study notes that
there is a transitive PMR ranking among a set of the ten trajectory options that
were found to be highest ranked by other analysis.

There is indeed a PMRW when all 36 options are considered. However, a fur-
ther analysis that was not considered in the study (Table 2, page 229) indicates
that PMR cycles do exist for some of the trajectory options. For example, a cycle
can be found to exist with Option 10 beating Option 4 (7-3), Option 4 beating Op-
tion 25 (5-4) with one indifferent group on the pair, and Option 25 beating Option
10 (7-3). It is very interesting to note that Options 10 and 25 were both included
in the set of the 10 top ranked trajectories with transitive PMR comparisons, while
Option 4 was not.

Dobra and Tullock (1981) examine preference rankings from a committee vote
to select a department chair at a university. Six committee members provided
thermometer ratings on 37 candidates on each of six different attributes. In using
thermometer scores, voters give a score to rate each candidate, using a scale of
numbers like one through ten, where one is the worst possible rating and ten is the
best possible rating. If a particular voter gives a higher thermometer score to Can-
didate A than to Candidate B, it follows that the voter has a preference 4 > B.
Since individuals could give multiple candidates the same thermometer score on
any attribute, ties in individual rankings were permitted. After accounting for ab-
stentions and effective abstentions, candidate rankings could be determined for
four committee members on two candidate attributes, scholarly competence and
an overall evaluation. PMR led to a PMRW for scholarly competence. On the at-
tribute of an overall ranking there was a candidate, A, who could beat or tie all
other candidates. Candidate A tied with B, C and D. However, it is noted that
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there was a PMR tie-cycle since there was a fifth candidate, E, such that AME,
EMB, and B tied with A under PMR.

Toda, et al. (1982) use thermometer scores from survey results of 5,281 sub-
jects in Japan. The survey was designed to measure the relative degree of impor-
tance that subjects placed on six different health related issues. The PMR rela-
tionships that were reconstructed from the thermometer scores were found to be
completely transitive.

Dobra (1983) summarizes the results of 32 different elections in which prefer-
ence rankings on candidates were obtained from voters. The number of voters
ranged from four to 27 and the number of candidates ranged from three to 37. A
strict PMR cycle was found in one of the elections, and PMR tie-cycles were
found in three of the elections. In further analysis of the specific elections that
were considered, Dobra (1983) suggests that these results might tend to overstate
the actual likelihood that a PMR cycle would actually be observed. General con-
clusions from the results suggest that PMR cycles are most likely to occur when
the number of candidates is large, relative to the number of voters.

Chamberlin, et al. (1984) examine voters’ rankings of candidates in five differ-
ent annual elections for the position of president of professional societies. In each
case there were five candidates being considered. The number of voters ranged
from 11,560 to 15,499. Voters were asked to rank all of the candidates in each
case, but they did not always do so. Complete rankings were reconstructed in this
situation in two different ways. In the impartial scenario, the subset of voters who
ranked only k = 1,2,3,4 candidates were partitioned equally into groups of voters
with all possible complete rankings that had the first k candidates ranked the same.
In the proportional scenario, these voters were partitioned proportionally to com-
plete rankings. The proportion of each ranking in the partition was consistent with
the proportions of voters who reported preferences on all candidates, with identi-
cal rankings on the first k candidates. No PMR cycles were found in any of the
ten different situations that were considered.

Dietz and Goodman (1987) perform an analysis of the 1983 mayoral election
in Lima, Peru. Preliminary survey results were used as a basis for partially recon-
structing the proportions of the population that had various pairwise preferences
on pairs of candidates from the four leading candidates. Different sets of assump-
tions were used to complete the analysis for the pairwise preference proportions.
There was no significant evidence to support the notion that any PMR cycles ex-
isted on the four candidates. However, evidence was reported to suggest that the
candidate that was elected by plurality rule was not the PMRW, so that some form
of Borda’s Paradox might have been observed.

Hill (1988) discusses elections by the Royal Statistical Society that were con-
ducted to select one council member to serve as a member for the President
Nominating Committee. Reported results show that a clear PMRW and PMRL
typically exist, with cycles and ties most likely to be observed among middle
ranked candidates. Based on observations from 17 different elections, there was a
tie for first place one time, and a “semi-paradox”, or PMR tie-cycle, for winner
once. No example of a strict paradox that did not involve ties in PMR compari-
sons was observed.
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Rosen and Sexton (1993) discuss a proposed trading of water rights from the
Imperial Irrigation District (IID) to the Metropolitan Water District (MWD) in
California. The four alternative policy options that were available to members of
the IID are shown in Fig. 2.4.

Pl = Do not participate

P2= Participate in the trade, with all trade revenue being invested in
IID system conservation to maintain the requirements for water
within IID.

P3= Apportion the IID water rights to members in proportion to the

assessed valuation of their property, and then allow members to
sell their individual allotments back to a Board of Directors for
transfer to MWD

P4 = A mix of P2 and P3.

Fig. 2.4 Four policy options from example in Rosen and Sexton (1993)

Survey results from 31 major interests in IID indicate that P2 was the PMRW and
that P3 was the PMRL, so that there were no PMR cycles.

Radcliff (1994) examines U.S. Presidential elections. Voters’ preference rank-
ings were reconstructed from thermometer scores and other information that was
based on reported voting intentions for elections in 1972, 1976, 1980 and 1984.
Complete and transitive PMR rankings were found in each of the four years. In
1972 the ranking was Nixon M Humphrey M McGovern. In 1976 the ranking was
Carter M Ford M Reagan. In 1980 the ranking was Reagan M Carter M Anderson.
In 1984 the ranking was Reagan M Hart M Mondale.

Abramson, et al. (1995) examine presidential elections in the United States for
three recent cases in which significant third-party candidates were present on the
ballot. The three cases that were considered include: Wallace in 1968 against
Nixon and Humphrey, Anderson in 1980 against Carter and Reagan, and Perot in
1992 against Clinton and Bush. Thermometer score ratings on the candidates
were examined to reconstruct the preferences of confirmed voters to indicate that a
PMRW existed in all three cases, and that the PMRW did in fact win in the final
election. Each third-party candidate was found to be the PMRL in the respective
elections. Brams and Merrill (1994) use thermometer scores to obtain the same
result for the 1992 election. Kiewiet (1979) also uses thermometer scores to
evaluate the 1968 election between Humphrey, Nixon and Wallace to conclude
that Nixon was the PMRW.

Gaubatz (1995) analyzes the results of a number of different public opinion
polls that were taken for American citizens with regard to various aspects of the
use of military force to reverse the Iraqi invasion of Kuwait in 1990. There were
four different options that were available for consideration, and the population was
partitioned into six possible subgroups, with the preference rankings on the four
options being determined for each subgroup. Public opinion poll results were
used to obtain estimates of the percentage of the population that fell into each pos-
sible subgroup. The results are summarized in Fig. 2.5
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W - Withdrawal or do nothing

S - The imposition of multilateral sanctions

U - The use of unilateral military intervention
M - The use of multilateral military intervention

Subgroup Percentage Ranking
Unilateral hard-liners 18% UMSW
Soft Unilateralists 7% WSUM
Internationalist multilateralists 26% MSUW
Accommodationist multilateralists 19% SWMU
Forceful isolationists 13% WUMS
Restrained isolationists 17% WSUM

Fig. 2.5 Voting situation for example from Gaubatz (1995)

Given the estimated population proportion values in each of the subgroup types in
Fig. 2.5, along with the associated preference rankings on options for each sub-
group, it is concluded that there is no PMRW in the set of four options that were
available. PMR cycles were found for WMMMUMW and SMMMUMS.

Browne and Hamm (1996) perform an extensive analysis of a series of votes
that led to the passage of the 1951 Electoral Reform Act in Fourth Republic
France. The options under consideration were to maintain the existing voting sys-
tem that was based on proportional representation, to adopt a one-ballot majority
list system, and to adopt a two-ballot majority system. The 621 voters in the as-
sembly were partitioned into 17 categories based on the recorded history of their
votes on earlier issues. A very thorough analysis is then conducted to conclude
that a PMR cycle existed in the preferences of the assembly members, which ex-
plains the extreme difficulty that was observed in obtaining the final outcome.
Moreover, it is concluded that this PMR cycle actually existed in the true prefer-
ences of the assembly members, and that it did not result from strategic voting to
manipulate the outcome.

Lagerspetz (1997) analyzes a complex procedure that was used until 1994 in
Finland in which a College of Electors elected the President. The preference rank-
ings of voting blocs of the major political parties in ten different elections were
partially reconstructed from information that was gained at each step in the multi-
ple stage election procedure. Various other sources of information were also used
to further reconstruct the preference rankings of the voting blocs. Of the ten cases
that were available for analysis, there were two clear cases, and one possible case,
of a PMR cycle.

Beck (1997) examines the results from elections regarding changes to the
business curriculum at a university. Twenty faculty members ranked options that
were being considered in three different elections. Rankings of four different op-
tions that were related to community service requirements for graduation resulted
in a transitive ranking by PMR. Rankings on eight different options that were re-
lated to additions to core courses resulted in a situation with no PMRW. Rankings



44 Condorcet’s Paradox

on six options that were related to other degree requirements resulted in transitive
rankings by PMR.

Flanagan (1997) investigates a series of votes before the Canadian Parliament
in 1988, regarding a set of possible bills that were related to abortion rights issues.
The bills were presented for consideration in a series of pairwise elimination
votes. Three distinct blocs of voters are found: “pro-life”, “pro-choice” and “com-
promise”. Any combination of two of the blocs would have been able to form a
majority of voters. The preference rankings on the bills that were being presented
were reconstructed for each of the blocs to show that a PMR cycle existed. The
sequence of the presentation of the options ultimately led to the retention of the
status quo situation, and this selection resulted solely from the order of presenta-
tion that was used in the sequential elimination process.

Morse (1997) presents an analysis of the political situation that led to the
American action to annex the Republic of Texas. The Republic of Texas became
independent from Mexico in 1836, and shortly thereafter residents of the Republic
petitioned the United States to grant it statehood. Formal action was not taken on
the issue until 1844. There were two major issues that were related to the annexa-
tion. First, there was a consideration as to whether the annexation would entail a
complete annexation of the territory, or a more moderate expansion of the terri-
tory. Given the historical background of the time, a second major issue was
whether Texas would be admitted to the Union as a slave state or as a free state.
The two major political parties consisted of Democrats, who favored significant
territorial expansion, and Whigs, who favored more a moderate approach to terri-
torial expansion. Senators from northern states favored admission of free states,
while senators from southern states favored admission of slave states.

The composition of the U. S. Senate in 1844 showed a nearly identical split be-
tween: Southern-Democrats, Southern-Whigs, Northern-Democrats and Northern-
Whigs. It is argued that this balance led to a situation in which no PMRW existed
among the options that were available. President John Tyler initially presented the
issue of the Annexation of Texas to the Senate as a foreign policy issue. It is ar-
gued that Tyler intentionally did this in order to gain authority that is granted to
the President by the Constitution on such issues. Tyler was then allowed to set the
agenda for voting in order to obtain the outcome that he sought. That is, a com-
plete annexation of the Republic of Texas, with a decision on the slavery issue that
was very sympathetic to Southern interests. This outcome led immediately to a
war with Mexico and to an unsettled situation regarding the slavery issue in Texas
that was not resolved until 1846, as a result of the Wilmot Proviso that was dis-
cussed previously in the Riker studies.

Taylor (1997) considers the 1980 election between candidates for the position
of U.S. Senator representing the state of New York. The three candidates were
Alphonse D’Amato (D) who was a conservative candidate, Elizabeth Holtzman
(H) who was a liberal candidate, and Jacob Javits (J) who was a moderate liberal
candidate. Results that were obtained from exit polls during the election were
used to reconstruct the percentages of voters with various preference rankings on
the three candidates. The results are summarized in Fig. 2.6.



2.3 Other Empirical Studies 45

H D D H J J

J J H D H D
D H J J D H
29%  23%  22% 15% 7% 4%

Fig. 2.6 Voting situation from example in Taylor (1997)

The results in Fig. 2.6 indicate that HMD (51%-49%), HMJ (66%-34%) and
DMJ (60%-40%). Thus, Holtzman is the PMRW, so that Condorcet’s Paradox
did not occur. However, the winner by plurality rule was D’ Amato, with 45% of
the first place votes, compared to the 44% obtained by Holtzman, to indicate that
some form of Borda’s Paradox might have occurred.

Hsieh, et al. (1997) perform an analysis that is based on telephone surveys of
voter preferences that were taken before the 1994 elections for mayor of Taipei
City. The pre-election telephone survey asked questions that allowed for a partial
reconstruction of the ranked preferences of the 450 respondents for the three can-
didates in the election. The primary observation of interest to our study is that
their results indicated that PMR was transitive for the three candidates.

Taplin (1997) evaluated the preference rankings of twelve homeowners on
four different species of grass for lawns. The rankings resulted in completely
transitive outcomes by PMR.

Regenwetter and Grofman (1998) examine the ballots from elections in seven
different professional societies. A procedure was implemented to reconstruct the
complete preference rankings for voters from the ballot results that were reported.
Results indicate that PMR was completely transitive in six of the cases, while the
determination as to whether a PMR cycle existed in the seventh case was not con-
clusive.

Truchon (1998) considers rankings that were reconstructed from judges’ scor-
ing during the evaluation ice skaters in 24 different competitions in Olympic
Games, following to the rules of the International Skating Union. PMR cycles
were found in the rankings of 15 of the 24 competitions, with cycles involving as
many as nine skaters. The cycles typically contained skaters that were ranked near
the middle of the competitors. However, one of the cycles contained a skater who
was ultimately ranked third in the competition. There was always a PMRW from
the rankings, with a tie in one case.

Van Deemen and Vergunst (1998) use results from surveys of approximately
1500 respondents to questions asked in the Dutch Parliamentary Election Study of
1982, 1986, 1989 and 1994, to consider the probability that a PMRW existed for
competing parties in the four elections. In that survey, questions were asked in
the form of thermometer ratings regarding the probability that the respondent
would cast a vote for each of the competing parties in the respective elections. A
preference ranking on the parties was reconstructed for each voter, based on these
responses. Results showed that respondents’ preference rankings gave completely
transitive PMR comparisons in each of the four elections: 1982 (13 parties), 1986
(12 parties), 1989 (9 parties) and 1994 (9 parties).
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Stensholt (1999a) presents an example of a voting situation that was under
consideration by the Norwegian National Assembly (Stortinget) in 1992. Voting
was being held to determine the location of a proposed major airport. After the
elimination of a number of competing locations, three major options [F,H ,G}

remained. There were 165 voting members with preference rankings on the op-
tions that are reconstructed in the voting situation in Fig. 2.7.

F H H G G
H F G H F
G G F F H
m= 42 2 37 1 63

Fig. 2.7 Voting situation from example in Stensholt (1999a)

If PMR comparisons are made, we find FMH (105-60), HMG (101-64) and GMF
(101-64), to produce a PMR cycle.

Kurrild-Klitgaard (2001) reports survey results of pairwise preference com-
parisons of three possible candidates, P,H,U }, for the post of Prime Minister of

Denmark. The proportions of voters with given pairwise preferences are reported
as the percent of voters on a pair for which a preference was expressed, with vot-
ers who gave no response being excluded. It was found that H defeated U
(50.6%-49.4%), U defeated P (51.1%-48.9%) and P defeated H (52.8%-47.2%), to
produce a PMR cycle.

Regenwetter, et al. (2002a) examine survey results from eight different three-
candidate elections in three different countries. Results show that no PMR cycles
were found in any of the survey results. However, it was discovered that the use
of samples of survey respondents could frequently misrepresent the true pairwise
preference ranking of the entire population of survey respondents, unless the size
of the sample was relatively large.

Regenwetter, et al. (2002b) look at thermometer scores from preference sur-
veys in four different three-candidate U.S. Presidential elections and modify the
procedure of determining subject preferences from these scores. Here, higher
thermometer scores represent higher approval ratings from subjects on a 0-100
scale. Previous studies have considered subject’s responses and have assumed that
Candidate A, with thermometer score TS(A), is preferred to Candidate B in a sub-
ject’s preference ranking if 7. S(A) >TS(B). The study makes an interesting modi-
fication to this type of analysis to account for the fact that subjects are not perfect
discriminators in assigning scores to candidates, and therefore determine a sub-
ject’s preference for Candidate A over Candidate B only when TS(4)-7S(B)> &
for a specified positive & . Increasing ¢ reflects a decreased belief in a subject’s
ability to accurately assign precise scores to candidates.

Results of the 1968 and 1992 election results show transitive PMR rankings

Nixon M Humphrey M Wallace and Clinton M Bush M Perot respectively for all
& . The results from these two elections show a robust definition of the PMR
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rankings from the survey results. However, the same outcome is not observed in
the remaining two elections. The 1980 election results have transitive PMR re-
sults in all cases, but the rankings are Carter M Reagan M Anderson for
0 <& <30 and Reagan M Carter M Anderson for & >30. Similarly, the 1996 re-
sults have Dole M Clinton M Perot for 50 < & <84 and Clinton M Dole M Perot
for all other £ . No PMR cycles were found in any case, but the PMR rankings can
obviously change with different models.

Wilson (2003) gives voting results from the International Olympic Committee
with regard to the selection of the location for the 2010 Winter Olympics. The se-
lection was conducted by using a two-stage plurality elimination procedure. The
candidate that would have been the plurality winner in the first stage was not the
PMRW, but the PMRW was ultimately selected in the second stage. The pro-
posed locations were Pyeongchang (South Korea), Salzburg (Austria) and Van-
couver (Canada). In the first round of voting by plurality rule, the vote outcome
was South Korea (51), Canada (40), and Austria (16) so that South Korea would
have been a clear winner by simple plurality voting. The second round of the
elimination procedure used a majority rule election between South Korea and
Canada that resulted in the selection of Canada as the winner by a 56-53 margin
over South Korea. This pairwise vote outcome, coupled with the margin of votes
in the first stage plurality election, indicate that Canada was the PMRW. A
PMRW did exist, but the use of simple plurality rule would not have selected it,
indicating that some form of Borda’s Paradox would have occurred if simple plu-
rality rule had been used.

Gehrlein (2004a) considers situations in which evaluators were ranking grant
proposals that had been submitted by faculty members in the same college at a
university. The eight highest ranked proposals were to be awarded research grants
of $6,000 each. In one year, a group of five evaluators each ranked 12 proposals
and the PMR rankings that resulted were completely transitive. In the second
year, a different group of five evaluators each ranked 18 proposals. There were
both a PMRW and a PMRL in the second year. However, there were numerous
PMR cycles on proposals that were positioned near the center of the PMR rank-
ings in the second year.

Tideman (1992) performs an extensive study that examines the results of 84
different elections that were overseen by the Electoral Reform Society of Great
Britain and Ireland, along with the results of three additional elections. Voters
were requested to rank all of the candidates in all cases, but they did not always do
so. Candidates that were not reported in a voter’s ranking were all listed as being
indifferent to each other, and they were all ranked at the bottom of the voter’s
preferences. The number of candidates ranged from three to 29 and the number of
voters ranged from nine to 3,500. There was complete transitivity, allowing for
ties, by PMR voting for 61 of the 87 elections.

Tideman makes a number of very interesting general observations for the 26
elections that were considered for which PMR was not completely transitive. All
of these observations are completely consistent with the results of all of the em-
pirical studies that have been mentioned above:
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e Elections with a few candidates almost always have transitive PMR orderings.

e Pairs of candidates that are ranked by a small number of voters are more likely
to be involved in a PMR cycle than pairs that are ranked by many voters.

e The size of majorities on pairs that are involved in PMR cycles tends to be
small, even after accounting for the fact that these typically involve a small
number of voters.

e Candidates involved in PMR cycles tend to be located near the center of the
overall PMR ranking. So, candidates that are most preferred, of most disliked,
by the electorate are not likely to be involved in PMR cycles.

e PMR cycles typically contain pairs that are ranked relatively close together in
the overall PMR ranking.

2.4 Monte-Carlo Simulation Studies

Other empirically based studies have proceeded to analyze actual voting data for
observations of the existence of Condorcet’s Paradox in a different fashion. These
studies proceed in a two-step process. In the first step, a voting situation that
shows the number of voters with each possible preference ranking on candidates is
reconstructed from actual election data, using some method like the ones de-
scribed in the survey of empirical studies in the preceding section. The relative
proportion of voters with each of the possible preference rankings is then com-
puted to represent the probability that a randomly selected voter from a population
of voters will have the associated preference ranking on candidates. In the second
step, Monte-Carlo simulation is used to obtain a voter preference profile by se-
quentially generating random voter preference rankings on candidates for each
voter. Each voter’s preference ranking on candidates is generated randomly and
independently according to the probabilities for voter preference rankings on can-
didates that were obtained in the first step. After obtaining a number of different
voter preference profiles in this fashion, the probability of observing Condorcet’s
Paradox is then estimated by the proportion of the randomly generated voter pref-
erence profiles that exhibit the paradox.

Bowen (1972) does an analysis of this type on roll call votes from the U. S.
Senate in the years 1958, 1960, 1962, 1965 and 1966. The determination of the
count of senators who had given preference rankings in the first stage for each
case followed the same procedure as described above in the work of Blydenburgh
(1971). As in the Blydenburgh study, it is not always possible to reconstruct the
complete preference rankings for each preference structure type. When there were
unknown pairwise comparisons on alternatives, as in Group 5 of the Blydenburgh
study, Bowen (1972) splits voters for the preference equally among the complete
preference rankings that could be obtained from the preference structure being
considered, in general agreement with the notion of the “impartial scenario” in
Chamberlin, et al. (1984). For example, Bowen split the 71 voters in Group 5 of
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the Blydenburgh study into 35.5 voters with the ranking S > E > I and 35.5 vot-
ers with S>17>E .

The Monte-Carlo simulation step of the Bowen (1972) study used the accumu-
lation of all extended ranking results from the first stage, to compute probabilities
that randomly selected senators would have an associated complete preference
ranking on the alternatives. Random profiles were generated to determine the pro-
portion of randomly generated profiles that did not have a PMRW. A hypothesis
test was used to determine that thirteen roll call votes in the set of votes being con-
sidered had a significant probability that no PMRW existed. Most notably, the
Food and Agriculture Act of 1962, with nine amendments, exhibited Condorcet’s
paradox with probability 0.965, the Wheat Act of 1960, with three amendments,
exhibited the paradox with probability 0.940, the Economic Opportunity Amend-
ments of 1965, with sixteen amendments, exhibited the paradox with probability
0.630, and the Housing Act of 1960, with three amendments, exhibited the para-
dox with probability 0.460.

Weisberg and Niemi (1972) perform an analysis of roll call votes following the
same format as Bowen (1972), but Weisberg and Niemi (1972) use a more sophis-
ticated process for evaluating the probabilities that randomly selected voters
would have various preference rankings. Bowen (1972) did an equal splitting of
voters over possible preference rankings for preferences on pairs that were not ob-
served from voting, but Weisberg and Niemi (1972) use a model that reconstructs
preference rankings for some of the voters, and then does an equal split over pos-
sible preference orders for remaining voters. Results give a decreased estimate for
the probability that a PMRW does not exist, with the probability that there is no
PMRW dropping to 0.198 for the Wheat Act of 1960, as compared to the Bowen
(1972) estimate of this probability as 0.940.

Jamison (1975) performs an empirical study to try to determine estimates for
the probability that a PMRW exists and for the probability that PMR is completely
transitive. There were two groups of subjects in the study, a set of 67 graduate
students and a set of 42 undergraduate students. Each subject in both groups was
required to rank their preferences, without ties, on: nine potential presidential can-
didates, 12 types of soup, and 11 European cities that could be toured. The prob-
abilities for given subject rankings on candidates were obtained directly from the
reported rankings.

Simulation analysis was then performed in the second stage on the six different
combinations that were sampled. The analysis was performed in the same way in
each of the six cases. For each number of subjects n = 3(2)15, preference rank-
ings were sequentially selected at random, without replacement, from the prefer-
ences reported by respondents in the particular case being considered to obtain a
voter preference profile for n individuals. Then, for each number of alternatives m
= 3,4,5,6, a randomly selected set of alternatives was obtained for the particular
case. Each of the n individual preference rankings on the m alternatives was then
reduced, by removing all alternatives that were not included in the selected set of
alternatives. A determination was then made as to whether or not a PMRW ex-
isted, and whether or not the PMR relationship was transitive. The process was
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repeated 4,500 times to obtain the proportion of times that there was a PMRW and
the proportion of times that PMR was transitive.

Over all of the cases that were considered, a PMRW existed with a probability
ranging between 0.80 and 0.85, while the probability that the PMR relation was
transitive ranged between 0.60 and 0.80. Results consistently showed that both
probabilities were minimized when there were five voters. For all cases and all
numbers of alternatives, both probabilities tended to increase monotonically as the
number of voters increased or decreased from five. These observations are consis-
tent with the conclusions from Tideman (1992).

Chamberlin and Featherston (1986) develop a more sophisticated Monte-Carlo
simulation model that generates voter preference profiles in a fashion that is more
consistent with observed election outcomes. The model randomly generates voter
preference profiles in a manner that is similar to the simulation studies described
above. However, the probabilities that voters have given preference rankings on
candidates are assumed to be random variables themselves, following a Dirichlet
probability distribution. The associated parameters of the Dirichlet distribution
are determined on the basis of observed voter preference rankings from a given
election outcome.

Once the parameters of the Dirichlet distribution have been established for a
particular voting situation, it is possible to randomly generate the proportions that
are then to be used as a basis for generating a random voter preference profile. A
different randomly generated set of proportions is used for the generation of each
random voter profile. It would be anticipated that the particular voter preference
profiles that are obtained by this process would tend to have the same general type
of preference structure as the observed preferences from the election results that
were used to obtain the Dirichlet parameters.

The data from the five different elections for president of a professional soci-
ety, as considered in Chamberlin, et al. (1984), were used as a trial. It is assumed
that the same basic type of voter preference profile structure was consistent over
all elections, and the data from the five elections were used to compute the pa-
rameters of the Dirichlet distribution that would randomly generate proportions of
voters with given preference rankings in voter preference profiles. Tests show
that the procedure randomly generated profiles that were very similar in nature to
the observed election profiles. A sample of 1,000 randomly generated voter pref-
erence profiles following this specific scenario found that there were no PMR cy-
cles in any of the profiles. This observation is completely consistent with the fact
that no PMR cycles were found in any of the original election outcomes in Cham-
berlin, et al. (1984).

The line of research that is suggested by these Monte-Carlo simulation studies
gives a very different slant to the notion of estimating the likelihood that Condor-
cet’s Paradox might occur. There is typically extreme difficulty involved in trying
to reconstruct the preference rankings of voters from the limited information that
is given in most elections. By appealing to simulation analysis of the type sug-
gested here, we open the door to the notion of evaluating the impact of varying the
propensity of voter preference profiles have different types of characteristics. Itis
a very interesting idea to rate the characteristics of voter preference profiles on the
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basis of their probability of causing Condorcet’s Paradox to be observed, and that
topic will be addressed in detail in later chapters. Our next step is to turn attention
to the historical sequence of the research that leads up to that topic.

2.5 Conditions that Prohibit Condorcet’s Paradox

It is clearly of interest to ask if there are some natural underlying conditions that
are related to the process by which voters form their preferences on candidates
that would make it impossible for any PMR cycles to occur. Black (1958) found
this to be the case when voters’ preferences are restricted to have the property of
single-peaked preferences. To describe this property, we define a measure of

preference or utility, U i(C j) , that a given i voter associates with candidate C i

in an m-candidate election with C™ :[CI,CZ,...,Cm}. Increased measures of
U i(C j) indicate that a voter has an increased preference, or utility, for the given
candidate, so the given voter’s individual preference ranking on candidates will
have C; > C; if, and only if, Ui(Cj)> Ui(Ck).

Consider a simple example voter preference profile with three voters, where
each individual voter has a linear preference ranking on six candidates, as shown
in Fig. 2.8 with:

Voter 1: Cg = C3 = Cs5>=C) = Cy = Cy
Voter 2: Cy = C5 = Cq = Cy = C5 = Cy
Voter 3: C2>-C4>'C3>'C6>'C5>-C].

Fig. 2.8 An example preference profile with three voters and six candidates

We can determine if the three voter’s preference rankings in the example in
Fig. 2.8 meet the definition of single-peaked preferences by trying to find U i(C j)

values that are consistent with the preference rankings of the individual voters,
while simultaneously meeting an additional restriction. This additional restriction
can be established by drawing a graph like the one that is shown in Fig. 2.9.

Values of U i(C j) are displayed on the vertical axis of the graph in Fig. 2.9,
and the horizontal axis of the graph represents the sequence of C;'s that corre-
sponds to some linear overall reference ranking. Let C;OC; denote the fact that
C; is ranked as preferred to C; in this overall reference ranking. The specific

overall reference ranking that is used in Fig. 2.9 is C,0C40C;0C¢0C;50C;. Fig.

2.9 shows a plot of possible U i(C /) values for each voter, as associated with spe-
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cific candidates in the sequence of C;'s in the overall reference ranking, such that
the given U i(C j) values for a given i would reproduce the linear preference rank-

ing of the associated i voter in Fig. 2.8. The results that are displayed in Fig.
2.9 have U'(Cg)>UY(C3)>U(C5)>U(C))>U'(Cy) >U(Cy), to correspond
with the linear preference ranking Cq > C3 >~ C5 = C = Cy = C, for Voter 1. We
do not claim that the U’ (C j) values in the graph represent the true utility values

that voters have for candidates. The only claim is that they are possible utility
values that would result in the voters’ preference rankings on candidates.

i —e— Voter 1
U (C] ) —a— Voter 2

—a&— Voter 3

c, C G G G

Fig. 2.9 A graph of single-peaked preference curves for three voters

Any of the possible 720 linear rankings on the six candidates could have been
used as an overall reference ranking. However, the specific overall reference
ranking used for Fig. 2.9 is of particular interest, since it results in plots of the

possible U ! (C j) values that have single-peaked preference curves for each voter.

Using the definition in Black (1958, pg. 7), a “single-peaked (preference) curve is
one which changes its direction at most once, from up to down.”

Single-peaked preferences curves would tend to suggest a situation in which
all voters would tend to agree that some underlying characteristics of candidates
would allow for the sequencing of the candidates in some natural order from left
to right, according to their rankings in the overall reference order. Each voter
would then have some particular most preferred candidate in the sequence, with
decreasing preferences on candidates as they are ranked farther away, to the left or
to the right, from their most preferred candidate within the sequence of candidates
in the overall reference order. Black (1958, pgs. 8-9) suggests that this scenario
might be plausible in many situations.

“While in practice a (committee) member’s preference curve may be of any shape what-
soever, there is reason to expect that, in some important practical problems the (preference)
valuations actually carried out will tend to take the form of isolated points on single-peaked
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curves. This would be particularly likely to happen if the committee were considering dif-
ferent possible sizes of a numerical quantity and choosing one size in preference to the oth-
ers. It might, for example, be reaching a decision with regard to the price of a product to be
marketed by a firm, or to the output for a future period, or the wage rate of labor, or the
height of a particular tax, or the legal age of leaving school, and so on.”

Buchanan (1970) and Browning (1972) also consider natural conditions that are
likely to lead to the existence of single-peaked preferences. Gaertner (2005) notes
that arguments that are based on the notions that lead to the definition of single-
peaked preferences are found as far back as Pufendorf in the 17" century.

Black (1958) then goes on to develop arguments that can be used to show that
PMR will be transitive for odd n if any overall reference order and possible

U i(C j) values that are consistent with voters’ preference rankings can be found to

result in single-peaked preference curves for all voters. That is, all voters’ prefer-
ence curves must be single-peaked relative to the same overall reference order.
Arrow (1963) approaches the concept of single-peaked preferences by consid-
ering only the ordinal relationships between candidates in rankings, without using
Black’s U i(C j) values. We begin by defining a relationship of having a candi-

date being located between two other candidates in the linear overall reference
ranking. For any triple of candidates, _C,»,C/-,Ck}‘, let B(C;,C;,Cy)denote that

C; is ranked between candidates C; and Cj in the overall reference ranking, so

that either C;0C;0C;. or C;0C;0C;.
Voters’ preference rankings are single-peaked if there exists a complete and

transitive overall reference ranking, such that for each triple of candi-
dates, .C;,C /-,Ck}, if a voter has an individual preference C;*C;and

B(C;,C;,Cy) in the overall reference ranking, then the voter must have C; > C;

as an individual preference. Arrow (1963) goes on to prove that if voters’ prefer-
ence rankings on candidates meet this definition of single-peaked preferences,
then PMR will be transitive for odd n.

It is easily verified that these two definitions of single-peaked preferences are
equivalent. In addition, we find that the definition provided by Arrow (1963)
leads to a simple way of determining if voters’ preferences are single-peaked. If
we take any triple of candidates,LCi,Cj,Ck}, suppose that B(C;,C;,C;)in the
overall reference ranking, and let C* denote the candidate that a given voter
ranks as most preferred from the set of all candidates. If C* is C; or if
C*0C; in the overall ranking, then the given voter will have preferences on the

triple with C; - C; > €}, with Cj being ranked last in the triple. If C* is Cy or
if C;, OC* in the overall ranking, then the given voter will have preferences on the
triple withCy > C; > C;, with C, being ranked last in the triple. If

B(C;,C*,Cy) in the overall ranking, the given voter could have preference rank-
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ings that include any of any of C;>C; >C;, C;>C;>C;, C;>=Cp>C; or
C; = C; > Cy, so that either C; or Cy is ranked last in the triple. However, it is
impossible to ever have either C; - C;>-C; or ;> C,-C; , withC; being
ranked last in the triple, if B(C;,C;,C;) and the given voter’s preferences are

single-peaked.

This leads to the following alternative definition that voters’ preferences are
single-peaked if for every triple of candidates, at least one candidate is never
ranked last among the three by any voter. Arrow’s definition lacks the intuitive
appeal of Black’s definition of single-peaked preferences, but it is an equivalent
definition, and it will be very useful in later discussion. This is particularly true
when attention is restricted to three-candidate elections. Numerous studies have
been conducted to establish similar restrictions on voters’ preferences that require
PMR to be transitive.

Vickery (1960) discusses another condition on voter preference profiles that
will guarantee the existence of a transitive PMR relationship for odd n. This con-
dition exists when voters have single-troughed preferences. Like the condition of
single-peaked preferences, this condition assumes that all voters agree on some
common overall reference ranking of candidates along some dimension from left
to right. Each voter would then have some particular least preferred candidate in
the sequence, with increasing preferences on candidates as they are ranked farther
away, to the left or right, from their least preferred candidate within the sequence
of candidates in the overall reference order. Vickery (1960) points out that the
condition of single-troughed preferences is equivalent to the assumption of single-
peaked preferences, when all of the voter preference rankings are inverted. It
then follows directly from Arrow’s arguments that preferences are single-troughed
if some candidate in every triple of candidates is never the most preferred candi-
date among the three for any voter.

Ward (1965) develops another restriction on profiles that will assure transitiv-
ity of PMR for odd n. Following earlier discussion, This condition requires that
some candidate in every triple of candidates is never the middle-ranked candidate
among the three candidates for any voter. Ward then combines all three condi-
tions that we have discussed to develop an overall condition on voter profiles that
assures the existence of a PMRW with odd n.

Ward’s Condition is developed here, since it is relevant to later discussion.
This condition holds on all possible triples from the m candidates, and is described
in terms of "Condorcet triples" or in terms of a Latin Square. A Latin Square ex-
ists on a triple of candidates A, B and C if there are voter preference rankings
within the profile that contain 4> B> C for some voters, C > 4> B for some
voters and B > C > A4 for some voters. It is clear why this is called a Condorcet
triple, since a situation in which equal numbers of voters have each of these rank-
ings on the three candidates, forming a perfect Latin Square, would result in the
PMR cycle with AMB, BMC, and CMA. However, the numbers of voters with
each ranking need not be equal for a Latin Square to exist. Ward's Condition re-
quires that there are no Latin Squares on any triples of candidates in a profile.
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This condition is clearly much less restrictive than any of the three previous condi-
tions that have been defined. Ward's Condition only requires that some candidate
either not be ranked first, or not be ranked second, or not be ranked third among
voters’ preferences on any triple. Each candidate in a triple could be ranked in
third place by some voter in a voter preference profile, to violate Arrow's Condi-
tion. But, Ward's Condition could still be met for that profile as long as one of the
three candidates was either not ranked first of the three candidates by any voter, or
was not ranked second of the three candidates by any voter.

A number of papers have been written on the topic of determining the maxi-
mum number of different linear preference rankings, of the m! possible rankings,
on candidates that could be included in a profile and still meet Ward's Condition.
Most of this work is based on Craven's Conjecture [Kelly (1991)], which is re-
lated to bounds on this number, and most of this work is summarized in Fishburn
(1997). Sen (1966) extends the notion of Ward’s Condition to situations in which
each voter’s preferences do not have to be complete, so that some voter indiffer-
ence between candidates is permitted. In particular, Sen’s condition of Value-
restricted Preferences allows voters to have weak ordered preferences. An indi-
vidual voter has weak ordered preferences if transitivity holds, and if the set of
candidates can be partitioned into k equivalence classes :F],Ez,...,Ek} such that

the voter is indifferent between all candidates within the same equivalence class,
and if C, € E;and C), € E; with i # jthen the voter must have a preference on

the pair with either C, > C, or C, > C,. In addition, if C, € E; and C), €E;
with C, > C,, for any i# j, then C,>C, for all C;€E; and all C,, €E;.

Inada (1964) proves that PMR must be transitive when individual voters have di-
chotomous preferences, which corresponds to the case of weak ordered prefer-
ences with k = 2.

Niemi (1983) describes a semi-single-peaked condition that is much less re-
strictive than the single-peaked condition. The semi-single-peaked condition will
not guarantee that PMR is transitive, but it is sufficient to guarantee that a PMRW
exists. The definition of the semi-single-peaked condition follows from the logic
of our earlier discussion of the definition of the single-peaked condition. Suppose
that all voters agree on a common overall linear reference ranking on the candi-
dates, C,0C,0C;0...0C,,_,0C,,_,0C,, , on some dimension. A profile is semi-

single-peaked if there is some C; such that a majority of voters have

Ui(C€_1)<Ui(C[) for each (¢<; and a majority of voters have

Ui(C€)> Ui(Cg + 1) for each / > j. It is not necessary for the majority of voters

in both cases to be composed of the same subset of voters. A profile can be semi-
single-peaked, while very few individual voters have preferences that are perfectly
single-peaked. Demange (1982) presents a condition in which candidates have
preferences that are single-peaked on a tree, which is also sufficient to guarantee
the existence of a PMRW, but not guarantee complete transitivity of PMR.
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Summaries of studies of other conditions that require transitivity of PMR can
be found in Chapters 10 and 10* in Sen (1970), in Chapter 9 in Fishburn (1973b),
in Arrow and Raynaud (1986), and Chapter 5 in Gaertner (2001). DeDonder
(2000) summarizes work regarding conditions that guarantee the existence of a
PMRW when PMR is treated as a series of voting games, and discusses the eco-
nomic implications of each of these conditions. Saari and Valognes (1999) con-
sider the impact that single-peaked preferences and single-troughed preferences
have on the existence of voting paradoxes in general. They conclude that while
each prohibits the existence of Condorcet’s Paradox, they still do allow for the ex-
istence a number of other voting paradoxes.

Fishburn (1974b) and Tullock (1967) use very different approaches to consider
the extension of the notion of single-peaked preferences to more than one dimen-
sion, or criterion, for ranking candidates. Both studies generally conclude that the
probability that there is no PMRW will be exceedingly small when the number of
voters is much greater than the number of candidates in the case of two dimen-
sions.

2.6 Variations of Condorcet’s Paradox

The impact that variations of Condorcet’s Paradox has on group decision-making
has been developed in the context of a number of different types of decision-
making scenarios. Brennan (2001) presents a view of Condorcet's Paradox from a
perspective of group decision versus group coherence. To explain this situation,
we consider a legal example in which three judges are evaluating a case in which a
plaintiff has brought suit against a defendant for breach of contract. The three
judges have individually weighed the evidence to conclude:

Judge X: A legal contract was formed between the two parties, and a breach of
contract did occur on the part of the defendant.

Judge Y: If a legal contract had been formed between the two parties, then a
breach of the contract would have occurred. However, a legal contract had not
been formed.

Judge Z: A legal contract was formed between the two parties, but no breach of
contract occurred.

In order to find the defendant guilty, a judge must conclude that a legal con-
tract had been agreed to by both parties and that the defendant did not meet the
specifications of that contract. Both Judges Y and Z will vote on the side of the
defendant in this example, since neither finds that both necessary conditions oc-
curred. So there is a clear majority decision to find the defendant not guilty. But,
the question of the coherence of that decision might well be attacked, since a ma-
jority of Judges (X and Z) agrees that a legal contract had been formed, and a ma-
jority of Judges (X and Y) agrees that a breach had occurred. Thus, a majority of
judges would have voted on the side of the plaintiff in terms of each of the neces-
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sary conditions. As a result, observers might find that the final decision of the
judges was incoherent.

Stearns (1995) addresses a similar issue related to the context of a courtroom
scenario in which a panel of judges decides the outcomes of cases by majority
rule. An example is presented to show how the outcome of a decision might
change, based upon the sequence in which different aspects of a hypothetical case
are addressed, based on actual rulings that were made on cases related to the spe-
cific aspects. Realizing that the distinct possibility that PMR cycles exist, the
study describes how specific decision rules have been established to determine
how the U. S. Supreme Court and lower federal courts must consider cases. These
rules, as established, prevent the possibility of observing court decisions with
PMR cycles within and across case decisions. Easterbrook (1982) and Block
(1998) present a background into studies in which the existence of PMR cycles
might have had an impact on legal decisions, and on the increased level of aware-
ness that is being given to the possible problems that their existence might pose in
making legal and political decisions.

List and Petit (2004) describe a generalization of the decision-making scenario
in a courtroom as described in Brennan (2001) in the context of the “Doctrinal
Paradox” of logical decision-making, and then draw parallels between the Doc-
trinal Paradox and Condorcet’s Paradox. List (2003) compares the relative likeli-
hoods of the occurrence of the Doctrinal Paradox and Condorcet’s Paradox.

May (1954) considers the relationship between collective group intransitivity
and individual preference intransitivity. The candidates in the group voting model
correspond to different alternatives that a subject is comparing on the basis of in-
dividual preference in May’s Model of individual preference. The preference
ranking that a given voter has on candidates then corresponds to the subject’s
preference ranking of alternatives according to some attribute of comparison.
Then each voter preference ranking on candidates in a voter preference profile
would correspond to the subject’s ranking of alternatives by a different attribute of
comparison. In May’s Model, the subject will prefer alternative X to alternative ¥
if X is rated as better than Y on a majority of attributes of comparison. This is
equivalent to XMY in the group voting model. A PMR cycle in the group voting
model then corresponds to a subject having an intransitive preference cycle on al-
ternatives in May’s Model. This analogy is also developed by Packard (1975) and
Gehrlein (1990b), and it will be studied in detail as the subject of Chapter 7.

Lagerspetz (2004) develops a Meta-Paradox by considering a set of rankings
of three different voting procedures. Three different rankings of these voting pro-
cedures are generated, based on the effectiveness of the voting rules at performing
effectively on three different criteria. One criterion that was used for a ranking
was the Condorcet efficiency, or the propensity of the voting rules to select the
PMRW when one exists, of the voting procedures. The Meta Paradox results
when a PMR cycle exists with PMR comparisons of the three voting procedures
over the three different rankings. So, the cycle exists not on candidates, but on the
voting procedures that can be used to select the winner in an election.

Finally, we note an analysis of Condorcet’s Paradox that was developed by
Fischel (1972) in an examination of one of Aesop’s fables, “The Miller, His Son
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and Their Ass”. The study reconstructs the preferences of various different ob-
servers to social situations that occur in the development of the fable, to determine
that the use of PMR voting by the observers to determine the most socially pre-
ferred situation would lead to a PMR cycle.

2.7 Conclusion

Numerous empirical studies have been conducted to determine if Condorcet’s
Paradox is ever observed in actual elections. After surveying these studies, we
must conclude that the evidence does not suggest that the phenomenon is wide-
spread in voting situations. However, there clearly are cases in which the evi-
dence shows that Condorcet’s Paradox has occurred in actual elections. The most
typical observations of the phenomenon occur when there are a large number of
candidates in an election, but there are cases in which it has been observed in
three-candidate elections. Following notions that are suggested in some theoreti-
cal studies, examples have also been found to show that various means occasion-
ally have intentionally been used to create PMR cycles in election settings to gain
a political advantage. It is clearly of interest to determine what the characteristics
of voting situations are that make the possible existence of Condorcet’s Paradox
most likely to occur.
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3.1 Introduction

The results of the previous chapter support the fact that we can indeed find in-
stances of Condorcet’s Paradox in real situations, but that they are not necessarily
pervasive. The next step of our study is suggested by Condorcet (1793a, pg. 7)
himself:

“But after considering the facts, the average values or the results, we still need to deter-
mine their probability.”

Condorcet did a number of studies that applied probability analysis to aspects
of election procedures, and he discovered a number of very important concepts
while doing so. However, the arguments behind his explanations of these ideas
can be extremely difficult to unravel. A quote from Todhunter (1931, pg. 352)
suffices to give an idea of the extreme difficulty that can be involved with follow-
ing Condorcet’s logic in developing probability models:

“We must state at once that Condorcet’s work is excessively difficult; but the difficulty
does not lie in the mathematical investigations, but in the expressions that are employed to
introduce these investigations and to state their results: it is in many cases almost impossi-
ble to discover what Condorcet means to say. The obscurity and self contradiction are
without parallel. ... We believe that the work has been very little studied, for we have not
observed any recognition of the repulsive peculiarities by which it is so undesirably distin-
guished.”

Todhunter (1931) then recreates many of the results that Condorcet worked on
by using a much more transparent style. The first of Condorcet’s probability stud-
ies resulted in an observation that has become known as Condorcet’s Jury Theo-
rem. The written presentation of this result in Condorcet (1785a) is not an excep-
tion to Todhunter’s description. The proof of the Jury Theorem is developed here
in some detail, significantly elaborating on the proof of the Jury Theorem that was
presented in Black (1958).

Consider a situation in which a group of # jurors, or voters, is deliberating the
truth of a statement, and the combined opinion of the jury will be used to reach a
verdict, or election outcome. In the context of an election, we let Candidate 4 rep-
resent a juror’s belief that the statement under deliberation is true, and B represent
a juror’s belief that the statement is false. If an individual juror’s preference
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is A > B, that juror would vote that the statement is true, and if B > A that juror
would vote that the statement is false. No juror will know with certainty if the
statement under deliberation is true or false. There is some probability, p, with
which each juror will reach the correct decision, and each juror will be wrong with
probability 1— p . The value of p is assumed to be the same for each voter, and
we are assuming that all voters will reach a decision regarding the statement under
deliberation without abstaining from the election.

Suppose that % jurors believe that the statement under deliberation is true and
vote for A, while n—h jurors believe that the statement is false and vote for B.
Let P(h| A) denote the conditional probability that we have an outcome in which
h of the jurors vote for 4, given that the statement under deliberation is true. If
each voter’s decision is formed independently of other voters, binomial probabili-
ties apply with / voters being correct and n — £ voters being incorrect, and

3.1

Ph| 4)=— 1-p)"™".

n! )
n—ny?

If the statement under deliberation is false, then / jurors are incorrect and n—h
are correct with conditional probability

! . (3.2)
P(h|B):ﬁp "a-pyt.

Let P(A) denote the probability that the statement under deliberation is true. We
assume that it is equally likely that A is true or that B is true, so
P(A)=P(B)=1/2. The probability, P(h), that i of the n jurors vote for A is then

given by
P(h)=P(h| A)P(A)+ P(h| B)P(B) = (3.3)
n'

Sy =" )

Bayes’ Rule can then be used to find the conditional probability, P(A4|k), that
the statement under consideration is true, given that / jurors voted for 4 as
P(h| A)P(A) pa—p) " 34
IZON =y p A )
If we assume that /> /2, this can be reduced to
p2h—n 1 3.5)

P(A|h) = = ,
p2h—n +(1_p)2h—n 1+ X

P(A| h) =

where
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j2h—n (3.6)

We note here that the exponent term 242 —n in Eq. 3.6 expresses the difference
between the number of jurors voting for 4, there are / of them, and the number
voting for B, there are n —h of them. Clearly, P(A | h) increases as X decreases,

and this will happen for any fixed n and #, as p increases. This will also happen
for any fixed n, as & increases up to n, as longas 1—-p< p,or p>1/2.

It is therefore possible to increase the probability that a jury of » members
makes the correct decision either by increasing the probability that individual ju-
rors are correct in their perceptions, or by increasing the value of /4 that is required
to ultimately determine a final decision. Increasing the value of % is the same as
increasing the difference between the number of voters selecting 4 and B that is
requires before a final decision is reached. These results constitute the basis of
Condorcet’s Jury Theorem.

Grofman and Feld (1988) elaborate on the relationship between the analysis
that Condorcet presents here and Rousseau’s notion of using majority rule voting
to determine the “general will” of the electorate, as discussed in Chapter 1. The
basic logic of both writers is found to be consistent. Numerous papers have been
written about various other aspects of Condorcet’s Jury Theorem and related top-
ics. The interested reader is directed to Nagel (1981), Gehrlein (1981a), Grofman,
et al. (1983), Ladha (1993), Berg (1993,1996). Karotkin (1993) does an analysis
of work related to Condorcet's Jury Theorem when decisions are being made by
committees from the set of voters.

3.2 The Problem with Three Candidates

Condorcet (1785a) extends the same type of analysis that is used in the proof of
the Jury Theorem, to consider the probabilities that each candidate is the true
PMRW in the overall preference of society, given PMR voting situations in a
three-candidate election. The extension of this analysis to three-candidate elec-
tions led Condorcet into a dilemma. The study assumes that voters are using PMR
with three candidates, 4, B,C } Let ASB denote that 4 is preferred to B accord-

ing to the true preference of society. Following the logic of the Jury Theorem,
when individual voters make their pairwise comparison between A and B, there is
a probability, p, that each voter will respond correctly with an individual prefer-
ence of A > Bthat is in agreement with the social preference ASB, rather than re-
sponding incorrectly with B> 4.

Condorcet’s analysis of this problem is nearly unintelligible, with written
comments that do not match numerical examples. Young (1988) recreates the
logic that Condorcet (1785a) seemed to be using, and we present an extended ver-
sion of the analysis that is given in Young (1988). Similar efforts to reconstruct
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the logic of Condorcet (1785a) are given in Monjardet (1976) and Michaud
(1985).
Young considers an example with 60 voters with candidates [M,B, C} as

shown in Fig. 3.1, where the results of an election are given in terms of the num-
ber of voters with a reported preference on pairs of candidates.

A>B 23 B>A 37
A>-C 29 C>A 31
B>~C 29 C>B 3l

Fig. 3.1 Pairwise preference example for 60 voters from Young (1988)

As mentioned above, we do not have the complete preference rankings for the
voters in Fig. 3.1, and each voter has a probability, p, of having voted in agree-
ment with the true social preference on each pair of candidates. Candidate C
would be the PMRW based on the simple vote outcomes in this example, since it
beats each of A and B by a vote of 31-29. However, this observed set of voter re-
sponses might be leading to the wrong conclusion with regard to the true social
preference if too many voters have given an incorrect response. The numerical
example that is used by Young (1988) in Fig. 3.1 is different than the one pre-
sented in Condorcet (1785a), but all of Condorcet’s discussion about the example
that he used is still valid for the current example. McLean (1995) explains the
confusion over this issue.

We wish to compute the joint conditional probability, P(C | Vote) , that C is the

true PMRW, with both CSA and CSB, given the voting situations for the 60 voters
that is listed above. To begin, we compute a preliminary probability P(C —A)

that C beats A by the vote of 31-29, as observed in the results. If CSA, then some
combination of 31 of the 60 voters have voted correctly, and the 29 remaining
voters have voted incorrectly. Assuming that we have independent voters with an
identical probability p of voting correctly, the likelihood of a 31-29 vote for C
over A would be given by the binomial probability

60! (1= pp°. 3.7

If ASC, then some combination of 31 of the 60 voters voted incorrectly and the
remaining 29 voted correctly, with the binomial probability
60!

P(C-4| Asc):mp”(l—p)“.

(3.8)

If we assume that the probability of the events ASC and CSA are equally likely,
with probabilities P(ASC) = P(CSA) = 1/2 for each outcome, we obtain

P(C - A) = P(C — A| ASC)P(ASC)+ P(C — A| CSA)P(CSA) . 3.9)
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60! p3l(l—p)29 +pz ( )31"| (3.10)

P(C-4)=
(€-4) 31129! 2 2 J‘

Bayes’ Rule can be used to obtain the conditional probability, P(CSA \ Vote) s
that CSA, given the pairwise majority votes from the 60 voters with
P(C— 4|CSA4)P(CSA) (3.11)
P(C—4) '

P(CSA|Vote)=
Using arguments from above and algebraic reduction, we obtain
31 29 A2
p>(1-p) (3-12)
31 29 29 31 °
p>(1=p)” + p? (- p)

The same arguments can be used to develop a representation for P(CSB | Vote)

P(CSA|Vote) =

as:
1 29 .
2 1-p) 613
31 29 29 1°
plU=pf?+ p¥(1-py
With the assumption that the events CSA and CSB are statistically independent,
P(C | Vote) = P(CSA | Vote)P(CSB | Vote) (3.14)

. { p31(l _ p)29 T
p31(1_p)29+p29(1_p)31

P(CSB|Vote) =

Similarly,
14(1_ )2 3.15
B\Vote P P (3.15)
1}J14 —p)l4ﬂl—p)2+p2}
14 2
P(A|Vote) = 1-p)"(- p)

(- p)* 4 p" - pP+ p?)
Young (1988) contains a minor typographical error in the representation of
P(4|Vote)in Eq. 3.15.

We consider these probability representations with p=1/2+¢ for ¢>0.
When ¢ is arbitrarily small, the probability representations can be reduced for this
case, and we can ignore all terms containing powers of & with i>1. After re-
duction,
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3.16
P(C|Vote) = 1+8s ( )
P(B | Vote) = 2%

1-32¢

P(A|Vote) = 7

When ¢ is arbitrarily small, these results are valid, and the maximum prob-
ability that a candidate is the true PMRW occurs for Candidate B. This result
would have been quite disconcerting for Condorcet, since C is the PMRW accord-
ing to the reported votes. The fact that B has the maximum probability of being
the true PMRW with this analysis follows from the fact that it wins in more PMR
comparisons, with 66 total votes over A and C, than does either A, with 52 votes,
or C, with 62 votes.

Condorcet (1785b, pg. 76) addresses the issue of what should be done in this
example in which computed probabilities disagree with observed election out-
comes, by appealing to “simple reason” when he writes:

“Candidate A clearly does not have the preference, because there is a plurality (majority)
of votes against him whether he is compared to B or to C, and this is always the case in
such situations. The choice is therefore between B and C. As the proposition ‘B is better
than C’ has only minority support, we must conclude that C has plurality (majority) sup-
port.”

So, Condorcet now argues that we should rely on “simple reason” with the actual
vote count, rather than relying on the computed probabilities, to resolve this di-
lemma.

Young (1988) generalizes this result to state for any number of voters and can-
didates, if p is sufficiently close to 1/2, then the candidate that receives the most
pairwise votes from all voters is most likely to be the candidate that is the true ma-
jority rule winner in the societal preference. It follows easily from arguments in
Chapter 1 that this candidate would always win by Borda Rule with a = b = 1, if
the voters had reported complete preference rankings on the candidates. This
outcome is, of course, dependent upon independence between voters’ preferences
and the assumption that each voter has a probability of 1/2 of responding with an
individual preference that is in agreement with the societal preference on any pair
of candidates.

Condorcet (1785c) was clearly thinking along the same line of reasoning that
is presented by Young (1988), since he makes specific reference to situations in
which voters are making decisions in which they have individual probabilities of
preferences on pairwise comparisons that are only slightly greater than 1/2. Given
the resulting support of Borda Rule that results from Young’s analysis above, it is
quite possible that Condorcet made the same observation, leading to his appeal to
use “simple reason” instead of relying on the computed probabilities.

Condorcet (1785d) develops a third analysis that is related to the probability
that a PMRW might exist for the general case of m candidates. This study also
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considers situations in which there is some probability that voters will be making a
correct decision. The particular situation that has received the most attention from
this work is when the PMR vote on any pair of candidates has an equal likelihood
of having either candidate win. To be more specific, this assumption suggests that
there is an equal likelihood that any pair of candidates, 4 and B, will have BMA or
AMB by PMR, regardless of the PMR voting results on any other pairs of candi-
dates.

We follow Condorcet’s rather indirect logic, and suppose that there are m can-
didates, and that 4 is the PMRW. Any outcomes of voting are allowed on the so-
cial relations on the pairs of candidates among the remaining m —1 candidates.

There are W PMR comparisons on the remaining candidates, and there are

two possible outcomes on each comparison. The total number of social relations
in which any one of the m candidates is the PMRW over the remaining candidates
is then given by

(m-1)(m-2) (3.17)
m2 2
Each of these social relations is assumed to be equally likely to be observed.
The total number of possible social outcomes by PMR on all m candidates is
m(m-1)

givenby 2 2 , and each of these is assumed to be equally likely to be observed.
Given all of the above, the probability that there is a PMRW is given by the ratio

(m-1)(m-2) (3.18)
2 _m
m(m—l) - -1
2 2 2"

m2

This relationship is stated incorrectly in the original paper by Condorcet (1785d),
and Sommerlad and McLean (1989) therefore state it incorrectly in their transla-
tion. Riker (1961) develops a representation for this probability that is identical to
the one given in Eq. 3.18.

May (1971) develops an identical representation to Eq. 3.18 for the probability
that a PMRW exists, while considering societies in which voters have random re-
sponses on pairwise comparisons, and there are absolutely no requirements for any
consistency on their individual preferences for candidates. Clearly, May’s assump-
tions are in sharp contrast to the notions in the earlier comments from Condorcet
(1788a) regarding the necessary requirement for transitivity of individual prefer-
ence. However, we find that both studies result in the development the same rep-
resentation for the probability that a PMRW exists.

If we further require that the social relation has completely transitive PMR re-
lations, then similar arguments to those used above can be used to show that this
probability is given as
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m! (3.19)
m(m—l) :

2 2

An identical representation for this probability was developed by Klahr (1966).

Both of these probabilities become quite small as m gets at all large, as seen in
the computed values in Table. 3.1, which led Condorcet to argue in several articles
that some type of elimination procedure must be implemented to remove candi-
dates that are not serious contenders from consideration. If we were to believe
that these probabilities represent a realistic situation, we would then expect to be
observing PMR cycles on a regular basis, which is not the case.

Table 3.1 Computed probabilities with equally likely social outcomes from Condorcet’s
representations

Candidates A PMRW PMR is

m Exists Transitive
3 7500 7500
4 .5000 3750
5 3125 1172
6 1875 .0220
7 .1094 .0024

The underlying notion of considering an equal likelihood of social outcomes
on all pairs of candidates under PMR ignores the assumption that voters will have
some type of coherent preferences, as indicated by the interpretation in May
(1971). Consider an example in an m candidate election, and suppose that m is
large and that Candidate A has sequentially defeated the first m —2 of the
m —1 candidates that it must defeat by PMR to become the PMRW. This would
suggest that A tends to be a highly preferred candidate in the preference rankings
of the voters. It is not plausible to then assume that A has only a 50-50 chance of
defeating the one remaining candidate by PMR, as assumed in Condorcet’s model.

Neither of Condorcet’s last two probability studies is based on assumptions
that rely on the notion that there is some underlying coherence in the preferences
of voters. An increased level of coherence among all of the individual voter’s
pairwise preferences would seem likely to reduce the likelihood of PMR cycles.
This leads to the conclusion that the probabilities in Table 3.1 grossly underesti-
mate both the probability that a PMRW exists and the probability that PMR is
transitive.

3.3 Probabilities with Balanced Preferences

Tangian (2000) does an analysis of conditions on voters’ preferences that tend to
maximize the likelihood that PMR cycles might occur. The arguments follow
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from using utility measures of voter preferences, as developed in Chapter 2, where

U i(C j) measures the degree of preference, or utility, that a given i voter asso-

ciates with each C i in an m-candidate election with candidates in the set

c” :[Cl,Cz,...,Cm}. The i voter’s individual preference ranking on candi-
dates will have C; > Cy if, and only if uile j)> U'(cy).

These U’ (C j) values represent Cardinal Utilities, since they express voter’s

preferences as precisely measurable values of utilities for candidates, as associated
with points along a number line within the closed interval [0,2]. The relative dif-
ferences between utilities for candidates can then be used to precisely represent
the relative degrees of preference between them. The aggregated social util-
ity, SU (C j), for any candidate C; within a society of n individuals is simply ob-

tained in such situations as the sum of the individual utilities, with

sule,)- £utc) o2

The socially preferred candidate, or election winner, is that candidate that has
the maximum value of SU (C j). Tangian asserts that the exact precision of cardi-

nal utility representations gives them a “solvability” that prevents them from suf-
fering from problems like Condorcet’s Paradox while determining the winning
candidate.

Ordinal Utility only expresses a voter’s preferences according to relative rank-
ings of candidates, without an association of degree of preference. They are most
appropriate in the context of voting situations, where only the relative rankings of
preferences are reported. Tangian considers utility-based representations for vot-
ers’ ordinal preferences, with the assumption that individual voter’s preferences
are independent. The main conclusion of the study is that the probability that Con-
dorcet’s Paradox occurs will typically vanish for large electorates. The probability

of observing Condorcet’s Paradox vanishes, except when the individual U i(C j) ’s

have some underlying probability distributions that describe the likelihood that
they are observed that exhibit the condition of balanced preferences. This condi-
tion of balanced preferences exists when the probability distributions over

U i(C j) ’s are such that the “average voter” is indifferent between candidates on an

expected value basis, and is equally likely to vote for or against any particular
candidate in pairwise votes.

Tangian (2000) obtains this outcome by considering the probability that the
election winner that is obtained by summing individual cardinal utilities is the
same as the winner that is obtained by PMR voting. It is shown that this probabil-
ity goes to unity as the number of voters becomes infinite, unless the condition of
balanced preferences exists. Since we know that the probability of observing
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Condorcet’s Paradox will vanish when using a cardinal utility representation in
this case, the probability of observing Condorcet’s Paradox must therefore also
vanish unless the condition of balanced preferences exists. The notion that cardi-
nal utilities have a “solvability” that is not present in ordinal utilities was sug-
gested earlier by Waldner (1973).

A somewhat different approach to this problem is taken by Gehrlein (1983,
1997, 2002a), Stensholt (1999b), and Grofman, et al. (2003). In these studies,
models are developed to generate random voting situations, and every possible
voting situation could be observed with some probability. For any pair of candi-
dates, A and B, some proportion of the voters in each voting situation will have the
preference 4 > B . This proportion is not required to be equal to 1/2 in every vot-
ing situation to have balanced preferences. However, if this proportion is calcu-
lated for every possible voting situation, and each proportion is weighted by the
respective probability that its associated voting situation is observed, then that
weighted sum, or expected value of this proportion, must be equal to 1/2. This
condition must hold for every pair of candidates to have balanced preferences. All
of these studies find that an expected balance in voter preferences on pairs of can-
didates tends to maximize the probability that Condorcet’s Paradox occurs.

The assumption of balanced preferences is also consistent with the notion of
the principle of insufficient reason, given that nothing is known a priori about
voters’ preferences on pairs of candidates in any particular voting situation. We
shall see later that it is possible to enter a bias into models for obtaining voting
situations that will increase the likelihood of observing Condorcet’s Paradox,
compared to models with balanced preferences. However, entering such a bias is
equivalent to assuming that we know something about the way in which voter
preferences are being formed. This is the reverse of the situation that was dis-
cussed in Chapter 2, where it was shown that restricting voters to having single-
peaked preferences leads to the required existence of transitive PMR. By restrict-
ing voter’s preferences in other ways, it is also possible to greatly increase the
probability that Condorcet’s Paradox is observed. No such bias, or restriction, is
implicit to the basic notion of balanced preferences.

A number of different models that exhibit the condition of balanced prefer-
ences have been developed for generating random voting situations, or voter pref-
erence profiles. Each of the models generates voting situations, or voter prefer-
ence profiles, with linear voter preference rankings on candidates. We develop
each of these models for three-candidate elections with n voters, using the termi-
nology from Chapter 1. Voting situations are defined following the discussion
that led to of Fig. 1.1, which is repeated here for convenience as Fig. 3.2.

aw o>
= O
a>%
=0
OIS
>0

Fig. 3.2 Voting situations with linear preference rankings on three-candidates
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3.4 Expected Balance for Voting Situations

3.4.1 A Fixed Number of Voters

Kuga and Nagatani (1974) and Gehrlein and Fishburn (1976a) developed the no-
tion of Impartial Anonymous Culture (IAC). With IAC, it is assumed that all pos-
sible voting situations for a specified number of voters, n, are equally likely to be
observed. This process is “anonymous” in the sense that we only know the values
on the »; terms for a voting situation, and have no knowledge of the preferences
of any particular voter. IAC produces a balance in the expected preferences on
pairs of candidates over all possible voting situations. This balance with IAC fol-
lows from partitioning the set of all possible voting situations into pairs. To form
a pair of voting situations in the partition, we match each voting situation to the
voting situation that interchanges rankings according to: n; <> ng, n, <> n5, and
N3 <> Ny .

This transformation matches every voting situation with its dual voting situa-
tion, in which the linear preference ordering of candidates is reversed for every
voter. Thus, for any two candidates, A and B, the number of voters with 4 > B in
one of the voting situations will have the same number of voters with B> 4 in
the matching voting situation. Since both voting situations are equally likely to be
observed under IAC, there is an expected balance between the number of voters
with 4> B and with B > A within the pair of voting situations. This observa-
tion extends to all of the pairs of voting situations in the partition, since all voting
situations are equally likely to be observed with IAC. In the event thatn; = ng,

ny, =ns, and n3 =ny, the interchange of rankings matches the voting situation

with itself. In this case, the difference in the number of rankings with 4 > B and
with B > A4 is not cancelled out over a pair of equally likely voting situations, but
within this particular voting situation itself.

We begin by developing a simple closed-form representation for the probabil-

ity, PngRW(m, n,IAC), that a Strict PMRW exists for m candidates under IAC with

m = 3, following the derivation in Gehrlein and Fishburn (1976a). The general
restrictions on the »; terms in a voting situation to have A as the strict PMRW for

the case of odd n can be restated from Chapter 1 as:

ny+ns +ng <L = AMB 3.21)

-1
ng +ns + ng SnT = AMC.
The restrictions on the individual »; terms that result in the conditions in Eq.
3.21 are given by:
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n-1 (3.22)

0<ny, <n—ng—ns—ng—ny

Ny =n—ng—N5g—Nyg —N3 —Ny.

Computing probabilities with IAC is accomplished by using a simple process
of counting the number of voting situations that meet these given conditions, since
all voting situations are equally likely. In doing this, the notions that Condorcet
(1785d) applied to counting the number of possible social outcomes to obtain the
probability representation in Eq. 3.18 are applied instead to counting voting situa-
tions. The number of voting situations that meet the restrictions on the #;’s in Eq.

322 to have A as the PMRW for odd n values can be computed as
N B IAC) , with

n—-1 n-1 n-1 n-1 (3.23)
T T, e e NS — g s
) 2 2 2 2 n—ng—ns—ny—ny
NpygwBnIdC)= 5 7% > > S,
ng=0 ns=0 ny=0 ny=0 n,=0
for odd n.

Gehrlein and Fishburn (1976a) algebraically reduce this representation for
N ;AA,;RW(ln,IAC) by sequentially using known relations for sums of powers of

integers [Selby (1965)]. This is a cumbersome, but simple, process. For example,
Nn—Ng—Ns—HNy—N
the first step of the process is to evaluate the summation ’ i v 1, which
n,=0

is equivalent to the determining the number of distinct integer values that n, can
have within the range 0<#n, <n—ng—ns —ny —ny. This general value is given
quite simply as n—ng—ns—ny —n3+1. Eq. 3.23 can then be reduced to:

Nty (3n14C) = (324
n-1 n-1 n n-1_ n-1_
= 3 My e Ns e s
> > Z[(n—n6—n5—n4+l)—n31
ng=0 ns=0  ny=0 ny=0

The reduction of Eq. 3.24 for the n3 summation has two components. The first

n-1
— N6~ ns
of these two components is given by Z(n —ng —Ns —ng + 1) which is equiva-

ny=0
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n-1
——ng—n

2 5
lent to(n—ng —ns—ny +1) 3 1. Following the discussion for the reduction
n3=0
of the n, summation, this first component of the n3; summation reduces to

-1
(n —ng—Ns —ng + 1{"7 —ng —ns + 1) . The second component of the n;3 sum-

p—n
L. 2 5 S . . .
mationis >,  n3, which is the sum of the integer values for all integers in the

ny=0
- k k(k+1 -
range 0<n3y < "Tl—n6 —ns. In general, > n3= (k1) , so after substitution
ny=0
Eq. 3.24 reduces to:
4} _ 3.25
Nyt (3.1, IAC) = (3.25)
n—1 n-1 n—1 n+l
FEOs Ll Ca
ng=0 ns=0 ny=0 1 L_l_n —n L‘H_n -n
S\ e s | 5 6 s

The process continues in the same fashion to sequentially reduce Eq. 3.25 for
the n4, ng and ng summations, using known representations for sums of higher

order powers of integers to obtain:

2 3 4 5 (3.26)
(4} 45 99n 39n 43n Sn n
N 3nJAC)=—+ —+ —— + —— 4+ 4+ —— .
Paawy ) 128 128 64 192 128 384

This can be further reduced to

3 (3.27)
(3.n.14C) = (Y + 37 (2 +5) oo,

4
NPA/}IRW 384

The total number of possible voting situations, K (3,n,1AC), for three candi-
dates with n voters is given by
n N—ng N—Ng—ns N—Ng—Ns—N4 n—ng—ns—n,—n, (3.28)

KB nIAC)= ¥ 3

ng=0n;=0 n,=0 ny=0 n,=0
It follows from Feller (1957) that

151 ) (3.29)

K(3,n,14C)==L
(3.n.14C) 120
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Using the definition of IAC and its symmetry with respect to candidates, it fol-
lows that Nt (3.1, 14C) = NBL (3.n,14C) =NSh . (3.n,IAC) | s0 we

then find Ppypyy (3,1,14C) =3 NEAAjRW(an,JA C)/K(3,n,14C), to lead to

15(n +3) (3.30)

P JAC)=— 20, ,
P (3.n.14C) 16(n+2)n+4)’ or odd

McNutt (1993) and Chen (2002) discuss minor variations of the methods that were
used to develop this representation for P1§MR W(3,n,IA C) .

When 7 is even, a representation for P;?MRW(ln,IA C) is obtained from

ST e e e O30
Py (3 1AC) = 1670 1s=0 ma=0  n3=0 ny=0
K(3,n,14C)
Lepelley (1989) uses this to obtain
15n(n+2)(n+4) (3.32)

PgMRW(3:”;IA C)= , for even n.

16(}1 + 1)(n + 3)(11 + 5)

Fishburn, et al. (1979a,b) introduce a different notion that is related to the
probability that a PMRW exists. In particular, they consider the probability
PEZ)‘%W(m,n,IAC ) that a given set, D(}, of candidates is included in the set of

PMRW’s, for n voters with m candidates under IAC. Here, each pair of candi-
dates in D(} is tied by PMR, and each candidate in DX} beats or ties all candi-

dates that are not included in [X} by PMR.

Let Pﬁﬁ,,RW(m,n,IAC ) denote the value of P}%%W(m, nIAC ) when the cardi-

nality of a specified D(} is equal to i. When n is odd, there can be no ties with
PMR, and it follows from Eq. 3.30 that
Py B IAC)  S(n+3) (3.33)

#1
P, 3,n,14C) = = , for odd n.
Py ) 3 16(n +2)n+4)

We continue this logic and develop a representation for Pﬁ}wRW(E%,n,IAC) as

the probability that A beats or ties all other candidates by PMR when 7 is even.
Following earlier notation, the number of voting situations that meet this condition

is denoted by N'£1r. . (13, 14C) with
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nonon n (3.34)
—ng——Ng—Ns ——Ng—Ns
:4} 2 2 n=ng=ns=n, =N,
Npygiw(3.n14C)= 3 7% © % > > 1, for even n.
ng=0 ng=0 n,=0 ny=0 n,=0

Gehrlein (2002a) uses algebraic reduction techniques like those described previ-
ously to obtain

2 2 (3.35)
NIDJAA/}IRW@,n,]AC) = (n - 2) (’;;j) (n * 6) , for even n.

Following earlier arguments related to IAC, we then find Pﬁj{,[RW(ln,IA C) as the
ratio Nt (3.mIAC)/K (3,1,14C), with

5(n+2)n+4)n+6) (3.36)

P IAC)= f .
pMRW(3,n, C) 16(n+1)(n+3)(n+5)’ or even n

Kelly (1974) introduced the notion of a Weak PMRW. A given profile has a
weak PMRW if some candidate beats or ties all other candidates under PMR. Let

P%,[Rw(m,n,IAC) denote the probability that a weak PMRW exists for n voters
with m candidates under IAC. If n is odd, there can be no ties by majority rule, so

PP rw BmIAC) =3 PiL iy (3.n,IAC) = Py (3,1,14C) , for odd .~ 3-37)

Our next step is to develop a representation for P;KIRW(S,n,IAC) , for even n.
To do this we use a relationship that follows from our definitions

Pl e (3.n,IAC) = (3.38)
P B IAC)+ Pl (3 IAC)+ Pl (3.1, 14C)
P G IAC) s Bl (BmIAC) P (B 14C)
+ PO 3 14C)
Due to the symmetry of IAC with respect to candidates
Pl 3 14C) = (3.39)

3Pp s 3. IAC) = 3PE pw (3.n,IAC) + Phiypyy (3,1m,14C).
Gebhrlein (2002a) uses algebraic reduction techniques to obtain:

1500+ 2)n? +8n+8) for even n (3.40)
16(n+1)\n+3)n+5)" '

Pl (3.nIAC) =
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This representation has been verified by computer enumeration, and it is not in

agreement with a representation for Pg]/\,[RW(ln,IAC) with even n in Berg and

Bjurulf (1983).

Given all of the representations above, the following results follow directly
from taking derivatives:

Theorem 3.1 (IAC).
Theorem 3.2 (IAC).
Theorem 3.3 (IAC).

Theorem 3.4 (IAC).
Theorem 3.5 (IAC).

Poyriv 3.mIAC) > Poypyy (3.1 +2,14C) , for all odd n > 1.
Py 3nIAC) < Poyypyy (3,n+2,14C), for all even n > 2.
Pavriv (3.m,IAC) =3 Phb iy (3.m,IAC) = Pyypiy (3,n,IAC),

foralloddn > 1.

Phrrw 3.nIAC)> Phh iy (3,n+2,14C), for all even n > 2.

P;I//‘,,RW(ln,[AC) > P}EVMRW(&n + 2,IAC) , for all even n > 2.

Table 3.2 shows computed values of Ppygyy(3.1,14C), Phirw (3.n,IAC), and

PIZK,[RW(&n,IAC) for various values of n. The results show very different behav-

iors for odd and even n. With odd n, each of the probabilities approaches its limit-
ing values quickly for relatively small values of n. For even n, we find a much
slower rate of convergence to the limiting probabilities as n increases, with a

rather small probability for PgMRW(&n,IAC ) when 7 is small.

Table 3.2 Probabilities with Impartial Anonymous Culture Condition (IAC)

P}y 3 14C) P2 (3,n,IAC) P, (3,n14C)

n
3 .9643
4 5714
5 .9524
6 .6494
7 .9470
8 .6993
9 .9441
10 .7343
11 .9423
20 .8199
21 9391
40 .8735
41 .9380
100 .9105
101 .9376
o 9375

3214
4762
3175
4329
3157
4079
3147
3916
3141
3553
3130
3348
3127
3217
3125
3125

.9643
1.0000
.9524
9957
9470
.9907
9441
.9860
9423
9702
9391
9569
.9380
.9462
.9376
.9375
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3.4.2 A Variable Number of Voters

Another model has been developed that is similar to the notion of IAC, in which
each possible voting situation is considered to be equally likely to be observed.
However, the Maximal Culture Condition (MC) does not require that the number
of voters in voting situations is fixed. MC was first used in a Monte-Carlo simula-
tion study in Fishburn and Gehrlein (1976b), and it was first called MC in
Fishburn and Gehrlein (1977b). MC fixes some positive integer, L, and the asso-
ciated n; for each linear preference ranking is equally likely to have any integer

value in the closed interval [O,L]. With the assumption of MC on three candi-

dates, there are a total of (L + 1)6 possible voting situations that are equally likely
to be observed. The expected total number of voters in a voting situation, £ (n) s
with MC is given by E(n)=6(L/2)=3L . The same matching of voting situations

that was used in the IAC case can be used here to show that there is an expected
balance of preference on all pairs of candidates for voting situations with MC.
Gehrlein and Lepelley (1997) follow the development of the representation for

N%/}[RW(ln,IAC) in Eq. 3.27 to obtain a representation for NL,J;;I}QW(&L,MC).

Here, A is required to be a strict PMRW when the total number of voters in a vot-
ing situation is even with MC. To start, the restrictions on the »;’s that result in

Candidate A being the strict PMRW with MC are given by:
0< ny <L

0<ny <L
0<m<L
0
Maxing —n3—ny+1;<ny <L

(3.41)

ny—nyg—n; +1
L
0<ng <Minyn +ny+n3—ny—1
n+ny+ng—ny—1
L
0<ng <Minyn; +ny +n3 —ngy —ns —1
ny +ny +ny —nz —ng—1

Here, Min{ Z} and Max{ i} respectively denote the minimum and maximum

of arguments a and b. The Min and Max functions in the summation limits sig-
nificantly complicate the problem of obtaining a closed-form representation for

NEAM*I}QW(&L,MC). This is dealt with by partitioning the set of all voting situa-
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tions that meet the restrictions in Eq. 3.41 into 13 subspaces, such that none of the
restrictions for inclusion in these subspaces contain any Min or Max arguments.
We develop the initial stages of the partitioning process that lead to a represen-

tation for N Pﬁ;l}eW@’L’MC)’ since the same basic procedure is also used to obtain
a number of results that follow. To begin, it is observed that the number of voting
situations in N%AM*I}QW(B»,L,MC) with n4 > n3 is identical to the number of voting
situations with n3 > n4 . This follows from the simple fact that Candidate A is the
PMRW if it is included among the voting situations in N%AA;}}QW(&L,MC) with
both ny +ns +ng <n +ny +n3 for AMB and n3 +ns +ng < ny +ny +ny for AMC.
The interchange of n; and n4 simply changes a voting situation in which AMB
and AMC to a voting situation in which AMC and AMB, along with the converse.
We begin by developing a relationship for the number, Ngj(v';;é ;"3)(3,L,MC ) , of

voting situations that are included in N ;)AA;I}QW(?),L,MC ) with ny4 > n3. The situa-
tion with n4 = n3 will be considered as a separate issue later. The restrictions on
n;’s in Eq. 3.41 for a voting situation to be included in NEAJI}QW@,L,MC) are re-
duced when we add the restriction n4 > n3 to the conditions:
O<m< -l (3.42)
m+1l <ny <L
O<nm <L

0
Max{ }SnzﬁL
l’l4—l’l3—l’ll+1

L
0<ns < Min
n+ny +}’l3—}’l4—1

L
0 < ng < Min .
n1+n2+n3—n4—n5—1

To begin the process of further partitioning the voting situations that meet the
conditions in Eq. 3.42, we start by removing the Min argument on the upper bound
forng. This is done by creating two disjoint subspaces. Subspace I contains vot-
ing situations in which L < nj +ny +n3 —ng —ns —1, and Subspace II contains vot-
ing situations in which L > ny+ny +ny3—ngy—ns —1.

The n; +n, +n3 —ny —ns—1 term in the Max argument for the upper bound on
ng can then be removed from the bounds on Subspace I if we add the restriction
that ns <nj +ny, +n3—ny—1-L, to create the upper range limit on n5 with
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L (3.43)
0 < ng < Min{™ +np +13 =14 =1
n+ny+ny—ng—1-L

It is easily shown that n; +n, +n3 —ny —1—L is the minimum of the three Min ar-
guments in Eq. 3.43 whenn, > n;, so the upper range limit of ng reduces to
n+ny+ny—ng—1-L.

To maintain consistency between the upper and lower range limits on s, it is
now necessary to require n; +n, +n3—ng—1-L >0, which in turn requires that
ng—n —nm3+1+L<n,. Itis easily shown that ny—n —n3+1+L >0, so the
Max argument in the lower range limit of n, becomes ny —n —n3+1+L. For
consistency between the lower bound limit and the upper range limits on 7, , we
now require n4 —ny —n3+1+L < L, which in turn requires n; > ny —n3 +1. After
completing the remaining consistency requirements for n4 and n3, with the re-
striction ny4 > ny, the limits on #;’s in Subspace I are ultimately given by:

O<m<l-d (3.44)
ny+1 < ng <L
ng—n3+1 <m <L
ng—ny—m+1+L<n, <L
0<ns<m+ny+ny—ny—1-L
0<ng<L.

The only remaining possible conflict in the bounds on the #n;’s in Subspace 1
in Eq. 3.44 is for the bounds on n;, for the specific case in which both n3 =0 and
ng =L. This conflict is dealt with by further partitioning Subspace I into
Subspace#1 which has n3 =0 and Subspace#2 which hasl<n; <L-1, as
shown in Eq. 3.45.

Subspace #1 Subspace #2 (3.45)
ny =0 1<ny<L-1
1<ng <L-1 nmy+1<ny <L
ng+1<m <L ng—ny+1<m <L
L+1l+ng—n <np <L L+1l+ng4—n—n3<ny <L

O0<ns<m+ny—ng—1-L O0<ns<m+ny+n3—ny—1-L
OSn6SL 0Sl’l6SL

The same general procedure is used to partition Subspace II. However, the
process becomes more cumbersome to work with, and it requires seven subspaces,
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denoted as Subspace #3 through Subspace #9, to partition it to remove all Max and
Min arguments from bounds on the #;’s, as shown in Eqgs. 3.46 through 3.49

Subspace #3 Subspace #4 (3.46)
ny =0 1<ny<L-1
1<ny <L-1 ny+1<ny <L
ng+1<n <L ng—n3+1<n <L
L+1l+ng—n <ny, <L L+1l+ng—n—-n3<ny<L
n+ny—ng—L<ng<L n+ny+ny—ng—L<ng<L

OSn6Sn1+n27n4fn5fl OSn6Sn1+n2+n3fn4fn5fl

Subspace #5 Subspace #6 (3.47)
ny =0 1<ny<L-1
1<ny<L-1 ny+1<ny <L
ng+1<n <ny 0<n;  <nyg—n;
ng—nm+1<ny, <L ng—n3—np+1<n, <L
0<ns<n +ny—ng—1 0<ns<n +ny+ny—ny—1

0Sn6Sn1+n2—n4—n5—l 0£n63n1+n2+n3—n4—n5—1

Subspace #7 Subspace #8 (3.48)
ny=0 ny=0
ng=1L 1<ny <L-1
1<m<L ng+1<m <L
L-m+1<n, <L 0<ny, <L-m+ny
0<ns<n+ny—L-1 0<nsg<n+ny—ngy—1
0<ng<m+ny—ns—L-1 0<ng<nm+ny—ny—ns—1
Subspace #9 (3.49)
1<ny<L-1

ny+1<ny <L
ng—my+1<m <L
0<ny <L4+ny—n —ny
0<ns<m+ny+ny—ny—1
0<ng<n+ny+n3—ng—ns—1
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The number of voting situations in each of the nine subspaces in this partition
can then be computed by using algebraic relations for sums of powers of integers,

as described in the development of the representation for N%AA}RW(&n,]AC) in
Eq. 3.26. After doing this for each of the subspaces and accumulating the results:

NSO (3 1 ) < L1092 +3751% + 41513 + 4512 ~164L—60)  (3-50)
PMRW ~ \Ohs 720 :

A similar procedure is used to account for the number of voting situations,
N3~ (3 [ MC) . in N (3.LMC) with ny =ny . After all partitioning is
done to remove Max and Min arguments from the lower and upper bounds on the

restrictions on #;’s to obtain Ngj(‘;;é;"ﬁ(lL,MC ), we require four subspaces, de-

noted Subspace #10 through Subspace #13, as shown in Egs. 3.51 and 3.52.

Subspace #10 Subspace #11 (3.51)
0<ns<L-1 0<ns<L-1
0<ng<L-1-ng 0<ng<L-1-ns
ns+ng+1<m <L 0<n <ns+ng
0<m <L nsg+ng—m+1<ny <L
Subspace #12 Subspace #13 (3.52)
ns =L 0<ng<L-1
0<ng<L-1 L-ns<ng<L
ng+1<m <L ns+ng+1-L<n <L

L+1+n6—n1Sn2SL n5+n6—n1+1Sn2SL

Gehrlein and Lepelley (1997) contains a minor typographical error for the
bounds for Subspace #13. After developing representations for each of these four
subspaces and accumulating the results

S(ny= LB +101% +12L +5 (3.53)
N s (3.LMC) = ( S )

It was noted above that there are the same number of voting situations in
* . . .
N,D,AMI}QWG,L,MC) that have n4 > n3 as there are with n3 > ny . Using all of this,

along with the fact that there are L +1 different values that each of n3 and ny
can have when n3 = n, , we obtain a representation for N %M*I}QW(S,L,MC) for each

L>3 as:

4

N (BLMC) = 2N (3L MC)+ (L + )NV (3 Lmc). 35D
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After substitution and algebraic reduction,

. L 4 : 6 (3.55)
N%AMI}QWG,L,MC):EHO” Lo 2390 37L0 109
30045 24 T2 24 360

Due to the symmetry of MC with respect to candidates

3N gk 3.LMC) (3.56)
(L + 1)6

Phyw (3.LMC) =

which reduces to

109L* + 44617 + 749L% + 616 L + 240 (3.57)

Py (3.L.MC) = L( 200 1f ) for L>3.

Following the logic of previous development of representations for IAC prob-
abilities, it is possible to obtain representations for the probabilities

Phrriw B.LMC)and PPypw (3.L.MC) for the case of MC. Gehrlein (2002a) ob-
tains these representations for L >3 as:

" 1092° + 644L* +15411% +18941% +1212L +360  (3-38)
Phyrw (3,1, MC) = 5
360(L +1)

1092 + 5781* + 11571 + 116812 + 588L +120 (3.59)
120(L +1Y

Poyrw (3.L.MC)=

Since the number of voters is not fixed with MC, the odd-even effects that were
observed with IAC do not occur with MC. The following results are obtained di-
rectly by taking derivatives of the representations in Eqgs. 3.57 through 3.59:

Theorem 3.1 (MC). Py (3.L,MC) < PSypi (3,L +1,MC), for all L > 3.
Theorem 3.2 (MC). Ph i (3.LMC)> Pi} iy (3.L+1,MC), for all L > 3.
Theorem 3.3 (MC). Pl ri (3.L,MC)> PPy (3L +1,MC), for all L > 3.

Table 3.3 lists computed values of PjagMRW(&L,MC), Pﬁ}\,[RW(B,L,MC) and

P%,,RW(B»,L,MC) for various values of L. The computed probability values ap-

proach their limiting values slowly as L increases, to suggest that the convergence
to the limiting probability values is quite slow as E(n) increases.

PgMRW(B»,L,MC) is also found to be relatively small for small value of E(n).
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Table 3.3 Probabilities with Maximum Culture Condition (MC)

L Bf\/IRW (3’L’MC) })ljfvllkw (S’L’MC) P[’VAVMRW (3’L’MC)
37251 3833 9517
4 7588 3650 9461
5 7819 3535 9417
6 7988 3456 9382
7 8117 3398 9354
8 8218 3354 9330
9 8301 3319 9310
10 .8368 3291 9293
118426 3268 9278
20 8700 3162 9203
40 8885 3096 9147
50 8923 3082 9135
o .9083 3028 9083

As we have observed, the calculations that are required to develop representa-
tions with IAC and MC can be very cumbersome to perform, despite the fact that
the logic behind the computational process is quite simple. It will be seen later
that these procedures can be dramatically simplified. However, an understanding
of the logic that is employed by these simplified techniques requires an under-
standing of the algebraic techniques that we have just developed.

3.5 Expected Balance for Individual Preferences

Another view of balanced preferences considers an expected balance of prefer-
ences between pairs of candidates within the preference rankings of each individ-
ual voter within a population. In this situation, we let p denote a six-dimensional
vector for the three-candidate case, where p; denotes the probability that a voter
who is selected at random from the population of voters will have the correspond-
ing linear preference ranking on candidates that is shown in Fig. 3.3, That is, a
randomly selected voter will have the linear preference ranking 4 > B > C with
probability p; . We also assume that each voter’s preferences are independent of

the other voters’ preferences.

A A B C B C
B C A A C B
¢c B C B A A

b1 P2 P3 P4 P5 DPs

Fig. 3.3 The probability that a randomly selected voter will have a given linear preference
ranking
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The existence of any given voter preference profile can be considered to be the
result of a random selection of » individual voter’s preferences. Following classic
analysis from probability modeling, we start with an urn that contains some total
number of balls, with each ball being one of six different colors. Each color cor-
responds to one of the six possible linear preference rankings on three candidates.
The proportions of the total number of balls of each color in the urn are equal to
their associated probabilities that are specified in p. Then, n balls are sequentially
drawn at random from the urn, with replacement. The color of the ball that is

th

drawn during the i step of the sequential drawing is used to assign the associ-

ated linear preference ranking to the i ™ yoter before the ball is placed back in the

urn. Following previous discussion, this procedure is used to obtain voter prefer-
ence profiles in which the preferences of each individual voter are identifiable, so
that the voter’s preferences are not anonymous.

The random selection of balls is being done with replacement during the ex-
periment, so that the probability of observing any given preference ranking for an
individual voter does not change from draw to draw. A multinomial probability
model is appropriate for developing representations for observing any particular
given event under such an experiment. The voting situation that results from any
given voter preference profile with these identifiable voters can be obtained sim-
ply by determining the number of voters that have each of the six possible linear
preference rankings. The probability that any such voting situation is observed

n.
6 1
from the identifiable voters is then given by n! H% . We can then directly ob-
i=1 "
tain a representation for the probability, PE]?/[}RW(ln, p), that 4 is the strict
PMRW for odd # for any given p from the discussion that led to Eq. 3.23, with

(4 3.60
PPM}RW(?”n’p): (3.60)
ntntl om-l o omcl
2 2 2 T2 O nmngmnsmngmny 6 plli
S r s z I,
ng=0 ns=0 ny=0 n3=0 n,=0 i=1 M-

where n; = n—ng —ns —ny —n3 —n, . Similar logic can then be used to find repre-
sentations for the probability that each of B and C is the PMRW. The probability,
PgMRW(S,n,p), that a PMRW exists for a given p with n voters for three-candidate

elections would then be obtained as the sum of these three representations.
Gehrlein and Fishburn (1976b) develop a much simpler form of the resulting

probability representation for P[SMRW (3,n,p) that only requires a three-summation
function as:
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Poyrw (3.n.p)= (3.61)
e N | R D A Y R e
)y > > % (p2 +p4)n11 plmng13 (p3 +p5)m4 ny

m;=0 my=0 m3=0 mylmylmslmy! -

(p1+p3)™ 5" P3" (P4 + Pé)
Here, my =n—m;—m, —ms. The logic that leads to this representation is quite
straightforward, and it will be extended in later analysis. Gillett (1976, 1978) in-
dependently developed the same representation for PgMRW(3,n,p).

In previous discussion related to IAC, we observed an expected balance of
preference on all pairs of candidates by matching voting situations. We now con-
sider special cases of p in the representation for PgMRW(?),n,p) that result in an
expected balance of individual preference on all pairs of candidates for a randomly
selected voter. Let A(A,B) denote the difference between the sum of the p; val-
ues for linear preference rankings with 4 > B in Fig. 3.3 and the sum of the p;
values for linear preference rankings with B > 4. The same definition applies to
all pairs of candidates in the same fashion, so that

A(4,B)= py+py+pa—p3—ps—pe (3.62)
A(4,C)= pi+py+ p3—Ps—ps—ps
A(B,C)=pi+ p3+ps—pr—ps—ps-

Since voter’s preferences are independent of the preferences of other voters, it
follows from these definitions that a randomly selected voter will be more likely
to have a preference ranking with 4 > B than B> A4 if A(A,B) > 0. A total bal-
ance in preference on all pairs of candidates will exist for voters when A(A,B) =
A(A,C ) = A(B,C ) = 0. Gehrlein (1978) proves that this complete balance exists
only when each possible linear preference ranking has the same probability of be-
ing observed as it reversed, or dual preference ranking. That is, when p; = pg,
P> = ps and p3 = py, which is defined as the Dual Culture Condition (DC) in

Gehrlein (1978).

3.5.1 Dual Culture Condition

Sen (1970) considers an example that is very much in the spirit of an extreme case
of DC. That example considers a two-class society in which the classes have radi-
cally different interests. For this “class war” condition we would expect to have
voter profiles containing only two different rankings on alternatives. One class
would have some preference ranking and the other class would have dual prefer-
ence ranking. It is noted that PMR would always be transitive for an odd number
of voters in this particular situation with two possible rankings. DC would further
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assume that the two classes contain the same number of members in Sen’s exam-
ple.

Balasko and Crés (1998) perform an evaluation of the probability that PMR
cycles exist when voter profiles are restricted to populations that are of a general
form of a “class war” type model. They define “bipartite populations” in which
voters have overall preferences that partition them into two groups. Voters within
one group have preferences that cluster about a “north pole” and the other group
has preferences that cluster about a “south pole”. With PMR, the group of voters
that is associated with the “heaviest pole” will then dominate all decisions. It is
shown that the probability that a PMR cycle exists in such situations becomes
quite small.

Gehrlein (1978) gives a closed form representation for the limiting probability,
PIBSMRW(Z%,OO,DC ) , that a strict PMRW exists for three alternatives in the limiting
case of voters, as n — o, for any p meeting DC. The representation is developed
by using a procedure that is a direct application of the Central Limit Theorem.
The background of this procedure is described in detail here, since it is also used
to develop a number of other results that follow.

Consider the experiment in which a random voter preference profile is being
obtained by sequentially drawing balls at random from an urn to represent indi-
vidual voter’s preference rankings in the profile. We start by considering the
probability that A will be the PMRW in such a random voter preference profile.

We define two discrete variables X f; and X, IC that describe two joint events that
can result as each ball is drawn in the experiment. The probabilities that are asso-

ciated with the discrete outcomes for the two events for the i ball that is drawn
are given by:

Xf; _ +lip+pat+ps (3.63)
—1:p3+ps+pg

i +l:py+py+

ch= Pt P2+ pP3
—1:py+ ps + pe-

Based on the definitions of these variables, X4 =+1 if 4> B in the i

voter’s preference ranking, and Xé; ——1 if B> 4 for the i voter. Then,

n .
AMB for the n voters in the random voter preference profile if > X3 >0. Simi-
i=1
n . J—
larly, AMC for the n voters if Y X¢ >0. Let Xp denote the average value
i=1
. — n .
of X, with Xp ={ ZX,’B}/n . Then, A will be the strict PMRW with the joint
i=1

probability that Xp >0 and Xc >0. This can be restated in the form that A will
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be the PMRW in a randomly drawn profile with the joint probability that

}B\/; >0 and}c\/; >0.
As the number of voters gets very large, withn — oo, the Central Limit Theo-

rem applies [Wilks (1962)] and the limiting joint distribution of }B\/; and
}c\/; has a bivariate normal distribution. The probability that }B\/; and

}c\/; take on any specific value, including zero, in this bivariate normal distri-
bution is zero, so the probability that A is the PMRW in a randomly drawn prefer-

ence profile can be restated as the joint probability that X B\/; >0 and
Xc+/n=0. The Central Limit Theorem also states that the correlation between
X B\/; and }c\/; in this bivariate normal distribution is identical to the corre-
lation between the original variables X é and X, ’C .
In order to obtain the correlation between X fg and X, lC , we start by obtaining
representations for the expected values, £ (X ,’3) and £ (X é)of these variables:
Ex) )= +1p1+1py ~1p3 +1p4 ~1ps—1p (3.64)
EWXE)=+1p1 4102 +1p3 104~ 15 1.
Since DC requires that p; = pg, p) = ps and p3 = p4, it follows from Eq. 3.64
that E(X};): E(XE): 0. The variance terms, Var(Xé) and Var(Xé), are then
obtained by definition from

Var(xg)z E[(Xg - E(Xg )ﬂ = E{(X};)z} = (3.65)
(F1P pr+ (1P o+ (17 py + (+1F py + (1P ps + (<1) pg =1
Var(Xé): E[(X@ - E(Xé )ﬂ = E[(chﬂ =

1 o+ (1 Py + (F 1P Py + (=1 py+ (-1 ps + (<1 pg = 1.
The covariance, Cov(X };,X lc), between X }; and X, lc is obtained directly by
definition from
COV(X,"B,XQ): E[(X,’_L; - E(X;; )XX@ - E(Xé ))}: ExX Xt }: (3.66)
(+ 1 Dpr + (10 Dy + (1 Dps +(+ 1= D)pg + (1= 1ps + (1 Dpe.
The symmetry of DC, with p; = pgs, pp = ps and p3 = p4, requires that
Py + pa + p3 =1/2, and after algebraic reduction of Eq. 3.66 we obtain

Cov|x, XL )= 1-4p; (3.67)
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The coefficient of correlation, Cor(X E,Xé), between X f; and X IC is ob-
tained directly by definition from

Cov(Xé,Xé) i (3.68)
Tl yal)

The probability that A is the PMRW in a randomly drawn voter preference profile
is therefore given as the joint probability that }B\/; >0 and }c\/; >0,in a
bivariate normal distribution with a coefficient of correlation that is equal to
1-4p;5.

We make an additional observation regarding this probability. It was shown
that £ (X g)z E (X é;)z 0 as a result of Eq. 3.64, and it therefore follows directly
that E(x}n )= E(x?-\n)= 0. So, the probability that A is the PMRW in a ran-
domly drawn preference profile under DC as n — oo is the same as the joint prob-
ability that }B\/; > E(}B\/;) and }c\/; > E(}c\/;), in a bivariate normal
distribution with a coefficient of correlation equal to 1—4p5. The probability that

cOr(Xg,Xg):

both variables in a bivariate normal distribution are greater than, or equal to, their
respective expected values is defined as a bivariate normal positive orthant prob-
ability [Johnson and Kotz (1972)].

Sheppard’s 1898 Theorem of Median Dichotomy [Johnson and Kotz (1972),
pg. 92] shows that the bivariate normal positive orthant probability for a distribu-

. . _ . .1 1 o -
tion with a coefficient of correlation equal to p is 7t 2—Sm 1(,0). A representa-
T

tion for the limiting probability that A is the PMRW in a randomly drawn prefer-
ence profile under DC as n — o then follows directly from Sheppard’s Theorem.

Exactly the same process can be used to develop representations for the probabil-
ity that B is the PMRW and that C is the PMRW. After accumulating all of the re-
sults, we find

3 1 (3.69)

3
Phygw (3,00,DC) =2+ — % Si”_l(l - 41’])-

7Z'j:1
Table 3.4 lists computed values of PgMRW(3,OO,DC) for each value of
Py, Ppand p3= 0.00(.025).50 from Gehrlein (1999a). Columns of entries have

been truncated in this table to account for the fact that P}BSMRW(_’),OO,DC ) is invari-
ant under permutations of p;, p, and p; . There is a significant probability that a

Condorcet winner exists for many entries in Table 3.4. The results in Table 3.4
also lead to the following observations from Gehrlein (1999a) that will be useful
in discussion later.
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Table 3.4 The Limiting Probability that there is a PMRW for Large Electorates with the
Dual Culture Condition (DC)

P>
p, 0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200 0.225 0.250

0.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.025 1.000 0.959 0.952 0.949 0.947 0.946 0.945 0.945 0.944 0.944 0.944
0.050 1.000 0.952 0.943 0.938 0.935 0.932 0.931 0.930 0.930 0.929 0.930
0.075 1.000 0.949 0.938 0.931 0.927 0.925 0.923 0.922 0.921 0.921 0.922
0.100 1.000 0.947 0.935 0.927 0.923 0.920 0.918 0.917 0.917 0.917 0.918
0.125 1.000 0.946 0.932 0.925 0.920 0.917 0.915 0.914 0914 0.915 0.917
0.150 1.000 0.945 0.931 0.923 0.918 0.915 0.913 0.912 0.913 0.915 0.918
0.175 1.000 0.945 0.930 0.922 0.917 0.914 0.912 0912 0914 0917 0.922
0.200 1.000 0.944 0.930 0.921 0.917 0.914 0.913 0.914 0.917 0.921 0.930
0.225 1.000 0.944 0.929 0.921 0.917 0.915 0.915 0.917 0.921 0.929 0.944
0.250 1.000 0.944 0.930 0.922 0.918 0.917 0.918 0.922 0.930 0.944 1.000
0.275 1.000 0.944 0.930 0.923 0.920 0.920 0.923 0.930 0.944 1.000
0.300 1.000 0.945 0.931 0.925 0.923 0.925 0.931 0.945 1.000

0.325 1.000 0.945 0.932 0.927 0.927 0.932 0.945 1.000

0.350 1.000 0.946 0.935 0.931 0.935 0.946 1.000

0.375 1.000 0.947 0.938 0.938 0.947 1.000

0.400 1.000 0.949 0.943 0.949 1.000

0.425 1.000 0.952 0.952 1.000

0.450 1.000 0.959 1.000

0.475 1.000 1.000

0.500 1.000

Lemma 3.1 PgMRW(loo,DC) =1 if p;, p,or p; is equal to zero.
Proof: P}ESMRW(_’),OO,DC ) is invariant under permutations of p; , p, and p3, so we
assume arbitrarily that p; = 0. Substitute p; =0and p, = 1/2— p; in the rep-

resentation for PgMRW(loo,DC) in Eq. 3.69, and the result follows directly from
basic trigonometric identities. QED

Gehrlein (1978) also proves that PgMRW(&oo,DC) is minimized for DC for the
special case in which pj= 1/6 forallj=1,2,3,4,5,6, and entries in Table 4.3 ver-

ify that result.
This special case in which p ;= 1/6 for all j=1,2,3,4,5,6 has been widely re-

ferred to as the Impartial Culture Condition (IC) and it has received a great deal of
attention in the literature on voting models.

Lemma 3.2 Ppy gy (3,00,DC) is minimized by IC.
Proof: It can assumed without loss of generality that p; > p, 2 p;. We are inter-

ested in considering the effect of increasing p; , while decreasing p3 , with p, re-
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maining fixed. Using the fact that p; + p; + p3 =1/2 with DC, Py (3,90,DC)
can be written as

Py (3,00,DC) = (3.70)
% " %&m_l(l —4py)+ Sin~'(1=4py )+ Sin”' (4py +4p; - 1)}

By taking the derivative with respect to p; , we obtain

V2o (L=2p)) = 2p (1-2p))+ 2ps(1-4p; - 2p5) G3.71)
W2p =2p)\2p (1=2p)) + 2P, (1= 4p; —2p5)

This derivative is positive as long as

2pr(1-4p;—2py)<0. (3.72)
Using the fact that p; + p, + p3 =1/2 again, this requires that
2p2(2p1+2py +2p3—4p—2py) <0 (3.73)
2p2(2p3 =2p1) <0
p3<pi-

Since p; < p; in our basic assumption, it follows that P1§MRW(3,OO,DC ) will
always be reduced in value if the maximum value of p;, p, and p;, which is p;
in this case, is decreased while increasing the minimum value of p; , p, and ps,
which is pj in this case, with the remaining value of p;, p, and p; being kept
fixed. This reduction will continue until the term that starts out with the maxi-
mum value is made equal to the term that starts out with the minimum value,
while the remaining term stays fixed.

By sequentially applying this operation to the p;, p, and p; terms,
PgMRW(loo,DC) will be reduced in each step as we converge toward the situa-
tion in which p;, p, and pj stabilize at IC. QED

Weisberg and Niemi (1973) produce many of these limiting value results with
the assumption of DC, after starting with a different set of assumptions.

3.5.2 Impartial Culture Condition

The basic notion behind IC was presented in Chapter 1 in a very different form,
while discussing the work in Laplace (1795). General m -candidate elections,

with candidates C™ :[CI,CZ,...,C,,,} were considered. A model was developed
in which voters represent their individual preference rankings on candidates by as-
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signing points to candidates. Let t§~ denote the number of points that the i voter

assigns to the j th candidate, with a greater assignment of points to a candidate in-

dicating a greater preference for that candidate. Then, each tj- has some real value

on the closed interval [O,z] and it is independent of all other t; values. Each

voter then has a linear preference ranking on candidates, according to the ordering
of points that have been assigned to the candidates. Given Laplace’s assumption

that all possible combinations of t§ ’s are equally likely to be observed, it immedi-

ately follows that all possible orderings on the t} ’s are equally likely to be ob-

served. Consequently, all possible linear preference orders on candidates must be
equally likely to be observed, which is completely consistent with the underlying
notion behind IC.

Weber (1978a, 1978b, 1978c) develops a model like the one considered by

Laplace (1795), in which the t; values represent the utilities that voters have for

candidates in a random society. Otherwise, the nature of the models is identical.
Maassen and Bezembinder (2000) also develop the same basic model to compute
probabilities that a PMRW exists with the assumption of IC.

Klahr (1966) presents two different versions of the IC assumption that produce
identical results. The first version is consistent with discussion to this point, with
all voters having their own specific linear preference ranking on candidates. Then
voters are selected at random from the population to obtain a voter preference pro-
file, with IC representing the case in which all linear rankings are equally likely to
represent the true preferences of the randomly selected voter. The second version
describes a situation in which every voter is completely indifferent between all
candidates. When voters are randomly selected from the population, their com-
plete indifference between all candidates will lead them to randomly select any
one of the possible linear rankings on the candidates with equal likelihood, when
they are asked for their linear preference ranking.

A representation for P;SMRW(&n,IC ) follows directly from the representation

for P;fMRW (3,n,p) in Eq. 3.61, as stated in Gehrlein and Fishburn (1976a):
n-1 n-1 n—1 (3.74)

T, S TS n—=s,—s,
s 2 2 2 228
Ppygwy (3.m.1C) ==

6" 5,=0 5,=0 s,=0 Sl!sz!s3!(n—s1—s2—s3)!

Many earlier attempts were made to develop a simple representation for
PgMRW(ln,IC), including Campbell and Tullock (1966), Garman and Kamien

(1968), Niemi and Weisberg (1968) and DeMeyer and Plott (1970). However,
each of these representations is significantly more complicated than the form
given in Eq. 3.74.
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A study that takes a very different approach to this problem is due to Hansen
and Prince (1973). Each study mentioned before attempted to obtain a representa-

tion for PEMRW@,n,]C) by finding summation functions that would enumerate all
profiles with a PMRW. Hansen and Prince (1973) developed a representation for
the probability, PgMRC (3,1,IC), that a PMR cycle exists for three candidates under

the assumption of IC. Their summation functions implicitly enumerate all profiles
on three candidates that have a PMR cycle, with

N _ 3.75
Phyrc(3:m1C)= 3.75)
n_3 n_3 m n_3 m m "= m m m n_3 m m m m ( )
T T, M T Ty My My M3 —— MM My —M3 — My
2 2 2 2 2F\my,m~ ,my,my,m
171 11314 M5
S r Ty > s T s
m =0 m,=0 m3=0 my=0 ms=0 6
where
F(ml,mz,m3,m4,m5)= (376)
n!

( D IR !
my +my +my +1)\my +m3 +mg +1)! T—ml—m4—m5 X
m4!m5!(n—_3—m1—m2—m3—m4—m5)!
2

Guilbaud (1952) was the first to develop a representation for the limiting prob-
ability Ppyey(3,0,1C) as

(3.77)
PI§MRW(3,oo,IC)=3+iSin*‘ 1,
4 2r 3

which could be obtained from the representation for Pf’gMRW (3,oo,DC ) in Eq. 3.69.
Niemi and Weisberg (1968) and Garman and Kamien (1968) reproduce Guil-
baud’s result by using the normal approximation to the binomial probabilities in
Eq. 3.60. Guilbaud’s result is stated without any discussion, and it was presuma-
bly developed with the same approach. Krishnamoorthy and Raghavachari (2005)
reproduce the representation in Eq. 3.77 by using an approach that is based on the
Central Limit Theorem, as discussed in the arguments leading to Eq. 3.69, and
they refer to this approach as using a “statistical perspective.”

Representations for PgMRW(loo,IC) have been developed by different tech-

niques and in different forms. Berg and Bjurulf (1983) and Gehrlein (2004b) use
similar techniques to those discussed above to find

E 3 (1 (3.78)
PPMRW(3,00,1C)=—COS_ E .

T
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Stensholt (1996) uses an analysis that is based on circle pictograms to find

p 1 (23 (3.79)
P, 3,0IC)=1-—=Cos | — |.
PMRW( ) by (27)
All of these different representations must obviously lead to the same numerical
value, with PgMRW(B,w,IC) ~.91226. Kalai (2002) uses arguments that are based

on Fourier-theoretic analysis to obtain bounds on the probability that election out-
comes on pairs of candidates will cycle, while considering the set of all election
procedures that are neutral toward candidates, rather than just considering PMR.

Kelly (1974,1986) and Buckley and Westen (1979) consider the general be-
havior of various aspects of the probability that a PMRW exists under IC. Some
of the results from these observations were proved, while a number of conjectures
remained regarding this general behavior. Fishburn, et al. (1979a,b) later proved
some of the conjectures for the special case of three candidates, and a summary of
known results is given by:

Theorem 3.1 (IC). Py (3.11C) > Ppyypy (3.n+2,IC), forall oddn > 1.
Theorem 3.2 (IC). Py (3.1,1C) < Ppyryy (3,n+2,IC), forall evenn > 2.
Theorem 3.3 (IC). Poyri (3.0.IC) = 3 P 3.n.IC) = PPypw (3.1.IC),
forallodd n > 1.
Theorem 3.4 (IC). Phlpw (3.n,1C) > Py (3.n+2,IC), forall even n > 2.

Theorem 3.5 (IC). P;I]/\,IRW(ln,IC) > P;I]/\,IRW(S,nwLZ,IC) , for all even n greater

than some integer N.

Table 3.5 lists computed values for each of P}§MRW(3,n,IC), P}f}v,RW(B,n,IC)
and P;%IRW(S,n,IC) for various values of n. Values of Pj)gMRW(in,IC) for odd n
were computed directly from Eq. 3.74, and values of PgMRW(&n,[C) for even n
were computed with a simple modification of Eq. 3.74. Values of Pﬁ}\,[RW(Bv,n,IC )
and P;I]/\,IRW (3,1,IC) were computed in the same fashion as that used in the devel-

opment of Pjiry (3,1,14C) and PPy py(3,1,14C) in Egs. 3.36 and 3.40, follow-
ing Gehrlein (2002a) with multinomial probabilities for IC replacing the simple
counting techniques of IAC.

The computed values in Table 3.5 are close to the Monte-Carlo simulation es-
timates of these probabilities that are given in Buckley and Westen (1979). As
with the IAC results, we observe different behavior for these probabilities, de-
pending upon whether n is odd or even valued. These probabilities converge to
their limiting values quite quickly for odd n, while the rate of convergence is

much slower for even n, with rather small values of P}§MRW(3,n,IC ) for small
even values of n.
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Table 3.5 Probabilities with Impartial Culture Condition (IC)

n Plfmew (3””’[(:) P}:I/IRW (S'n’IC) }DIZIRW (3’ n']C)
3 9444 3148 9444
4 4444 5231 1.0000
5 9306 3102 9306
6 .5087 4821 9961
7 .9250 .3083 9250
8§ .5519 4574 .9920
9 .9220 3073 9220
10 .5834 4406 9882
11 .9202 3067 9202
20 .6686 .3991 9750
21 9163 3054 9163
40 7346 .3702 9616
41 9143 .3048 9143
0 9123 .3041 9123

3.6 Uniform Culture Condition

Buckley (1975) develops the notion of conditional probabilities for observing vot-
ing events. For example, the representation for PISQMRW(&n,p) in Eq. 3.61 is con-

ditional in the sense that it computes the probability that a PMRW exists, given
the specified probability vector p. Buckley suggests that it might be more appro-
priate to consider the unconditional probability that a PMRW is observed. To do
this, we would define the set of all possible p vectors as Q , with a probability
density function F (p) denoting the probability that each possible p in Q is ob-

served.

Gehrlein (1981b) uses this same basic notion to develop a representation for the
expected probability that a PMRW exists. This approach takes a different per-
spective on an expected balance between all pairs of candidates within a voter’s’
preferences on pairs of candidates by using the Uniform Culture Condition (UC).

In particular, all p vectors with 2[.6:1 p; =1 are assumed to be equally likely to
represent the preferences of a population of voters. This condition sounds very
similar to the assumption of equally likely combinations of t} ’s in Laplace’s

analysis that was shown to be equivalent to IC. However, Laplace’s arguments
lead to an expected balance for each individual voter’s preferences. With UC, the
expected balance will be seen to refer to the overall preferences for all voters in a
voting situation, making it more closely linked to IAC, than to IC.

As in the case of IAC, QO can be partitioned into pairs of vectors according to
the matching: p; <> pg, p <> p5, p3 <> ps. If both vectors in the matching

pair are equally likely to be observed, then the expected probability that 4 > B in
a voter’s preference ranking is the same as the expected probability that B > A4 .
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The expected probability that there is a strict PMRW under UC is then denoted by
E[PEMRW(s, n,UC)}.

The first step in developing a representation for E _P;?MRW(ln,UC )} is done in
the same fashion that was used in Laplace’s development of the representation in
Eq. 1.5. The “total sum” that corresponds to V' (t;) in Eq. 1.31s f (p) in the cur-

rent situation, with

) 1 1-psl-ps—psl-ps—ps—Ps1-ps—Ps—Ps—P3 (3.80)
f)=1 [ [ [dpadp3dpadpsdp .
Pe=0ps=0 py=0 p3=0 p2=0

and Gehrlein (1982a) shows that f(p)=1/120.

To obtain a representation for the “total weighted sum” f * ( p) that corresponds
to V*(t;) in Eq. 1.4, we first substitute 1—p, — p3 — py — ps — pe for p; in the
representation for PE]?/I}RW(ln,p) in Eq. 3.60, and then find f *(p) from

" L 1-pg 1-p—p5 1-p6=p5—p4 1-p6—p5—p4—p3 (3.81)
f (P)= I I PEX}RW(3,11,p)dp2dp3dp4dp5dp6.
p6=0p5=0 ps=0 p3=0 p2=0
Gehrlein (1981b) sequentially reduces the integral in Eq. 3.81, and uses the sym-
metry of UC with respect to candidates to show that

EPpyg (3.n, UC)}: 317 (p) f(p)= Poyw (3.1 IAC). (3.82)

In a later study, Gehrlein (1984) shows that this result can easily be general-
ized, so that we have

EPf iy (3.n,UC)|= Py (3,1,14C) (3.83)
EPY i B, UC)}= Plyrw 31IAC).
Thus, the same relationships that hold for IAC and IC regarding the probability
that a PMRW exists as n changes for three-candidate elections are valid on an ex-
pected value basis with UC.
Tovey (1997) performs some analysis that is related to the probability of ob-
serving other election outcomes based on the notions of IAC, without using that
term. Tovey’s general conclusion about the idea of using IAC as a basis of analy-

sis for such studies fits the expected value nature of the findings in Egs. 3.81, 3.82
and 3.83 very closely [Tovey (1997), page 271]:

“Any result about a particular distribution is open to the doubt about its significance or
applicability. ... (IAC) can get around this difficulty by establishing a result about ‘most’
distributions. ... following a very natural model.”
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3.7 Other IC-IAC Connections

Berg (1985a) uses Polya-Eggenberger (P-E) models [Johnson and Kotz (1977)] to
evaluate the probability that a PMRW exists. These models are best described in
the context of constructing random voter preference profiles by drawing colored
balls from an urn, following earlier discussion. The experiment starts with balls of
six different colors being placed in the urn. For each possible individual prefer-
ence ranking, there are 4; balls of the particular color that corresponds to the i th
possible individual preference ranking. A ball is drawn at random and the corre-
sponding individual preference ranking is assigned to the first voter. The ball is
then replaced, along with « additional balls of the same color. A second ball is
then drawn, the corresponding ranking is assigned to the second voter, and the ball
is replaced along with ¢« additional balls of the same color. The process is re-
peated n times to obtain an individual preference ranking for each of the n voters.
When o >0, the color of the ball that is drawn for the first voter will have an in-
creased likelihood of representing the color of the ball that is drawn for the second
voter, and so on. These are contagion models that create an increasing degree of
dependence among the voters’ preferences as « increases. However, there is no
dependence among voters’ preferences for the particular case with ¢ = 0.

With P-E models, the probability, P(n,a), of observing a given voter prefer-
ence profile, with associated voting situation n, in a three-candidate election is
given by

a6 Ai[n,»,a] (3.84)

P(n,a) = —ﬁA s 1:[1 —

Here, A = Zi6=1 4; and A% s the generalized ascending factorial with
AR = A4+ a)(A+2a)..(A+(k-Da). (3.85)

By definition, AX%1= A, fork=0andk= 1.
We give particular attention to the P-E probability P! (n,a)which has A; =1 for

all i =1,2,3,4,5,6. When we consider the special cases of ¢ =0and o =1, we
obtain

Pl (n,O): n! L (386)
nl!n2!n3!n4!n5!n6! 6"

1 120
P (n,l): (n+1)n+ 2)(n + 3)(;1 + 4)(n +5)

Thus, we find that P-E probability model with = 0 is equivalent to an inde-
pendent voter model with a multinomial probability for profiles, with equally
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likely preference rankings. That is, when o = 0 we have the equivalent of IC.

The combined results of Eq. 3.29 and the representation for P! (n,l) in Eq. 3.86

lead to the conclusion that each possible voting situation is equally likely to be ob-
served, given n, for a P-E model with ¢ = 1. That is, when o = 1 we have the
equivalent of IAC, and the direct implication follows that IAC represents a situa-
tion in which there is some dependence among voters’ preferences. Berg (1985a)
and Stensholt (1999b) give various other interpretations of the IAC assumption,
particularly with regard to the small degree of dependence between voters’ prefer-
ences that it implies. Kara (2005) makes a similar observation regarding the im-
plied dependence of voters’ preferences with IAC by showing that IAC tends to
give greater probability to voting situations that are closer to unanimity than IC
does.

Berg and Bjurulf (1983) do a study of the probability that a PMRW exists with
IAC and they make a number of observations. An analogy is drawn with the sub-
ject of statistical mechanics in physics, which considers the behavior of collections
of particles. In particular, physicists do computations in statistical mechanics, and
the approach that is used to perform these computations depends upon whether or
not it is possible to distinguish one particle from another. When particles are in-
distinguishable, the use of Bose-Einstein statistics is applicable. When particles
are distinguishable, the use of Maxwell-Bolzmann statistics is applicable. In the
study of probabilities the assumption of IC is equivalent to the use of Maxwell-
Bolzmann statistics, and the assumption of IAC is equivalent to using Bose-
Einstein statistics. As a result, the term Impartial ‘Anonymous’ Culture, as coined
by Gehrlein and Fishburn (1976a), is very appropriate, since ‘anonymous’ voters
are equivalent to the concept of dealing with ‘indistinguishable’ particles in statis-
tical mechanics. The connection between the use of IAC and IC for computing
probabilities of voting events and their link to the notions of statistical mechanics
is also discussed in Meyer and Brown (1998) and Feix and Rouet (1999).

Berg and Bjurulf (1983) show results to suggest that any differences between
IC and TAC should become small for m = 4, and insignificant for m>5. This
result can be explained on an intuitive basis be considering the experiment of gen-
erating voter preference profiles for m candidates with a P-E procedure which has
4; =1forall 1<i<m!. The probability that the second ball that is drawn in this
I+a
ma
In the limit that m — oo, this probability approaches one, so the dependence
among voters’ preferences vanishes for all small & , since no selection bias has
been introduced for the m!-1 colors that were not drawn for the first voter’s prefer-
ence ranking. That is, each of these m!-1 colors has a probability

case will have a color that is different than the first ball that was drawn is1—

(1 - ;:f;)/ (m!—l) for selection in the second draw. For any given large m, these

P-E models will therefore generate a given voter preference profile with approxi-
mately the same probability for all small values of ¢ . The question remains open
as to how fast the rate of convergence between IC and IAC is as m increases.
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Tovey (1997) develops a simple procedure that is useful to generate random
voting situations under IAC as n — . For m candidates, there are m! possible
linear preference rankings on the candidates, and the procedure starts by generat-
ing m! - 1 random numbers from a uniform distribution over the closed interval

[0,1] and ranking them in increasing value. Let O; denote the value of the i

number in the ranking, and let ¢, denote the proportion of voters with the jth
preference ranking in a random voting situation. Then, ¢; =0y, ¢,y = 1-0,,_;
and forall 0< j<m!, q; :Oj—Oj_l.

Feix and Rouet (1999) use Tovey’s procedure to obtain Monte-Carlo simula-
tion estimates for PgMRW(m,oo,IAC) for each m = 3(1)8, as shown in Table 3.6.

Monte-Carlo simulation estimates of PgMRW(m,oo,IC) are also included in Table

3.6 for each m = 3(1)8. A comparison of these probabilities strongly supports the
conjecture from Berg and Bjurulf (1983) that IC and IAC probabilities converge
quite quickly as m increases..

Table 3.6 Simulation estimates of P, (m,oo,]AC) and P,fmw(m,oo,]C) from Feix and
Rouet (1999)

PS(m,o0,IAC)  PS(m,o0,IC)

m
3 9376 9123
4 8384 .8244
5 .7523 7484
6 .6857 .6848
7 .6309 .6306
8 583 .586

The simulation results in Table 3.6 compare very closely to results from a similar
simulation study by Lepelley, et al. (2000) and to exact computations that are al-
ready known for the IC case for m > 3 [Gehrlein and Fishburn (1979a)], and for
the IAC case with four candidates [Gehrlein (2001)].

Gehrlein (2004a) develops representations for the probability that a specified
candidate in given a triple of candidates is the PMRW for that triple, using the
rankings on the triple that are embedded within the linear preference rankings of a

voter preference profile on m candidates. Let Q}SMRW(m,n,IC) denote this prob-

ability with IC. Define the set of candidates as C™ =I’1,C2,...,Cm}, and con-
sider the probability that the specific candidate C; is the PMRW for a given triple

C ,CiCy } Let Z™ define the set of all possible linear preference rankings that

individual voters might have on the candidates, where #Z™ =m! and > is the
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i’ linear ranking in Z™ . We partition Z™ into four subsets, according to indi-
vidual preferences on pairs from .Cy,C;,Cy } within each ranking:

" = [>—;»": C;»C and Cy > Cl} (3.87)
25 = - ¢ and - Gy
VA [>;”:Ck = C| and C >Cj}
zy = :>—?n: C»C; and Cy >~ Ck}.
Obviously, #Z{" = #Z}' =m!/3 and #Z5' = #Z3' = m!/6.
The set of all possible voter preference profiles, R, , consists of every possible

assignment of the linear preference rankings in Z™ to n identifiable voters. Let
§; denote the total number of linear preference rankings in a given voter prefer-

ence profile that are included in Z;" . We begin by determining the total number
of different voter preference profiles that exist in Rj’ that are consistent with a

specified combination of values of s;,s,,s3,54, Wwhere sy =n—s;—s, —s3. There

n L S

are ( ) combinations of s; of the n identifiable voters whose preferences agree
S
1

with linear rankings in Z{" , and each of these identifiable voters can have any of
. . . n—s . .
the m!/3 linear preference rankings in Z{" . Then, there are ( . lj combinations
°2

of s, of the remaining »n—s; identifiable voters whose preferences agree with lin-
ear rankings in Z3' , and each of these identifiable voters can have any of the m!/6

linear preference rankings in Z5'. The process continues in the same fashion for

s3 and s4 to arrive at the total number of voter preference profiles with a speci-
fied combination of values of s;,s,,53,54 being equal to K‘PSLI%W(m,n,]C ), with

K iy (m.n. 1C) = (3.88)

n\ m\(n-s [m! 2(n—s1 -5\ m! S3(m!jn_sl 75278
SN 3 s N6 53 6 3 '
With the assumption of IC, each of these voter preference profiles has a prob-

ability equal to (L'T of being observed, and Cj is the PMRW for a given triple
m:

C ,Cjs Ck} as long as the values of the s;’s are restricted according to:
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-1
0<s; <
15 (3.89)
-1
0SS2 SnT—S]
n-1
0§S3 ST—SI.

All of this leads to a representation for the probability, Q;%%W(m,n,lc ), that
C; is the PMRW for a given triple LCI, C, Ck} with IC being given as

Oy 1) 6

CEROIN OO Cans

Here X, is a triple summation function with indexes that are consistent with

Eq. 3.89. After algebraic reduction is performed on Eq. 3.90, along with the result
in Eq. 3.74, we find

C N 3.91
0.5k (m,n,1C) = Py (3., IC)/ 3. (39
As a result, Q;LA}[%W(m,n,IC ) is not a function of m with IC, but the same result is
not found to be true with IAC.

The derivations to obtain a representation for QE,S}[%W(m, n,IA C) are largely

based on a result from Feller (1957). Suppose that v voters are to be assigned into
w different categories, with v; voters in each category so that 3V | v; =v. The to-

tal number of such possible voting situations is given by H (v, w), with
v+w-—1 (3.92)
H (v, w) = .
w—1

The use of this identity with w = 6 and v = n led to the result in Eq. 3.29.
Following the logic that led to Eq. 3.88 with anonymous, or unidentifiable, vot-
ers, the total number of voting situations with specified combination of values of

51,82,83,84 1S given by KPEA},%W(m,n,IAC) , with
K5 (mn,14C) = (3.93)
S1+#Zl -1 S2+#Zz -1 S3+#Z3 -1\ n =81 — 95 —S3+#Z4 -1
#7, -1 #7, -1 #2751 #Z, -1 ]
There are a total of H (n,m!) equally likely voting situations with IAC, and af-
ter performing some algebraic manipulation, it follows that
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oS (mon,14C) = (3.94)
(n+m!_l)!sl - (%1!71)“1! $2=0 (%!71)!s2! $3-0 (%1!71)33! (m?!*l)!(”*srszfn)!

Table 3.7 lists computed value of Opyrw (3.1.1C), Opymw (3:n,14C),
OSvrw (4,1, I14C) and QP ypy (5.1, 14C) for each n = 3(8)51.

Table 3.7 Computed values of Q;MRW(S,n,IC) and Qf,;wm,(m,n,IAC) from Gehrlein
(2004a) and Stensholt (1999b).

n QIEMRW (3’ n, IC) QgMRW (3’ n, IA C) Q.EMRW (4’ n, [A C) QPSMRW (5’ n, 14 C)

3 3148 3214 3169 3153
11 .3067 3141 .3084 3070
19 .3056 3131 3073 3059
27 3051 3128 .3069 3054
35 .3049 3127 .3068 3052
43 3047 3126 .3067 3050
51 .3046 3126 .3066 .3050
oo 3041 3125 .3064 .3046

Table 3.7 also contains values of the limiting values for Q}SMRWG,OO,]C) and
Q;SMRW@,OO,[AC) as n — oo that follow directly from Eq. 3.77 and Eq. 3.32 re-

spectively. The estimates for Q}SMRW(4,00,[AC) and QgMRW(S,oo,IAC) were
obtained by Monte-Carlo simulation in Stensholt (1999b). All of these results
give additional credence to the claim by Berg and Bjurulf (1983) that IC and IAC
probabilities converge rapidly to very similar values for m greater than four.
These results, coupled with previous discussion, support the conjecture in Sten-

sholt (1999b) that in the limit 7, —> 00, Oy (20,90,14C) = Q2yspiy (3,0, 1C).

3.8 The Impact of Unbalanced Preferences

The introduction to this chapter suggested that conditions that produce balanced
voter preferences generally tend to maximize the probability PMR cycles exist. It
was also noted that the introduction of bias to individual voter’s preferences could
lead to situations with a greater probability of having PMR cycles.

The result of unbalanced preferences when n — o can be described in terms

of the A(4,B) terms that are defined in Eq. 3.62. The representation for
Payrw (3,0,DC) in Eq. 3.69 results if A(4,B) = A(4,C) = A(B,C). The law of
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large numbers requires that a randomly generated voter preference profile with
n— oo must have AMB if A(A,B) > 0 for any pair of candidates like A and B.

As a result, A will be the PMRW with probability approaching one if A(4,B) >0
and A(4,C) > 0, B will be the PMRW with probability approaching one if
A(4,B) < 0 and A(B,C) > 0, and C will be the PMRW with probability ap-
proaching one if A(A,C) < 0 and A(B,C) < 0. There will be a PMR cycle
AMBMCMA with probability approaching one if A(A,B) > 0, A(B, C) > 0 and
A(4,C) < 0, and the reverse PMR cycle with AMCMBMA will exist with prob-
ability one if A(4,C) >0, A(B,C) <0 and A(4,B) < 0. Gehrlein (1983) gives
representations for PEMRW(&oo,p) when one or two of the A(A,B) =0. The ob-

servation that P1§MRW(3,°°’P) goes to a value of either zero or one with probability
approaching one for three candidates when A(A,B) # 0 for any pair of candidates

has been pointed out by Todhunter (1931), Gleser (1969), May (1971), Weisberg
and Niemi (1972) and Gehrlein (1983). Tideman (1985) proves that the probabil-

ity that 0 < PgMRW(S,oo,p) <1 is of measure zero with the assumption of UC.
Analysis has also been done to try to determine the p vectors that will minimize

P;EMRW (mnp) for small n. Gillett (1979) performs an analysis of the behavior of
PgMRW(ln,p) for some special cases of p, and Gillett (1980a) uses Monte-Carlo
simulation analysis to arrive at a conjecture that P,‘)SMRW(&n,p) is minimized by

the vector p; with p; =ps=ps=1/3 or byp; with p, = p3 =pg=1/3.
Buckley (1975) proved this conjecture to be true with n = 3, where
PEMRW(3,3,p}‘) = PﬁMRW(3,3,p;) = 7/9, while Py (33.1C)=17/18 . Krish-
namoorthy and Raghavachari (2005) prove the conjecture to be true for general n.
The linear individual preference rankings in Fig. 3.3 show that p; and p; will
only include individual preference rankings in a profile if they are consistent with
one of the rankings in a triple of rankings that form a Latin Square, as described in

Chapter 2. So, p; only admits voter preference rankings that work to reinforce

the PMR cycle with AMBMCMA and p; only admits voter preference rankings

that work to reinforce the reverse PMR cycle with AMCMBMA.

The existence of these two cyclic components is critical to the possible exis-
tence of PMR cycles. Saposnik (1975) finds the conditions on “cyclic balance”
that will require transitivity of PMR voting. Cyclic balance measures the differ-
ence between these “clockwise cycles” and “counterclockwise cycles” in the pref-
erence rankings in subsets of voters. Sen (1966,1970) uses the terms ‘“forward
circle” and “backward circle” to define them, while Riker (1980) uses the terms
“forward cycle” and “backward cycle”.
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Zwicker (1991) examines the possibility of the existence of PMR cycles by us-
ing linear algebra to decompose the aggregation of voters’ preferences into com-
ponents. The notion of “spin” is developed to measure the strength of these cyclic
components in a voter preference profile. The procedure used is analogous to us-
ing homology theory to decompose current flow in electrical circuits into compo-
nents. Necessary and sufficient conditions are developed to determine the “spin”
values on profiles that will require PMR to be transitive.

We saw in Chapter 2 that Ward’s Condition, which requires that a voter prefer-
ence profile does not contain any Latin Squares, necessarily results in the exis-
tence of a PMRW, but a voter preference profile that does contain Latin Squares
can still have a PMRW. The impact of these two cyclic components on the crea-
tion of a PMR cycle in a voter preference profile can cancel each other out. How-
ever, an increase in the relative strength of either one of these cyclic components
in voter preference profiles increases the likelihood that the associated PMR cycle
exists.

Berg (1985a) shows how this phenomenon can occur by using a P-E urn model.
In particular, the study starts the experiment of generating random voter prefer-
ence profiles by setting A| = A, =As= 7 and A, =A;=A¢=1. As 7 becomes
large, the three preference rankings forming one of the Latin Squares will become
dominant in the preferences of the population. Berg assumes that n — oo with
a =1 to develop a representation for the limiting Dirichlet probability that a PMR
cycle exists. Computed values show that the probability that a PMR cycle exists
increases rapidly as 7 increases.

Saari and Valognes (1998) develop a conditional probability representation for
the likelihood that a PMRW exists when voters are restricted to have preferences
on three candidates that tend to reinforce one of the Latin Squares. The study as-
sumes that all voting situations with n, =n3 =ng =0 are equally likely to be ob-

served. The probability that a PMRW exists in this case is shown to be given
by[3(n+3)}/4(n+2)} for odd n. This modification significantly reduces the

probability that a PMRW exists from the IAC case that does not create a bias in
favor of one of the Latin Squares in voters’ preferences.

3.9 Other Representations

Other representations have been developed that are related to various aspects of
the likelihood that a PMRW exists in three-candidate elections. Gehrlein and
Fishburn (1976a) develop IAC representations for the expected proportion of

times, R}MRW(m,n,]AC ), that the PMRW is ranked in the i position of indi-

vidual voter’s linear preference rankings in preference profiles, given that a
PMRW exists. Here, a rank of one refers to a voter’s most preferred candidate.
Representations are obtained for the case of m = 3 with odd »:
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8n% +33n+19 3.95)
R} 3,n,IAC)= ——F— G.
PMRW( . ) 15n(n+3)
R2 I _(n—1)4n+13)
PMRW(&n’ C) 15n(n + 3)
n?+n-2

3 —
RPMRw(3,n,IAC)— 5,1(,1 N 3) .

In the limit as 7 —> 0, Rhyppy (3.90,14C)=8/15, Riypw (3,00,I4C)=4/15,

and R;;MRW(3,00,IAC): 1/5 to indicate that the PMRW is expected to be the
most preferred candidate for a majority of voters with large electorates, given that
a PMRW does exist. A candidate that is ranked as most preferred by a majority of
voters must be a strict PMRW. Richelson (1978), Lepelley (1992) and others
have considered various aspects of this special case of a PMRW, and have given
the name Strong PMRW to such a candidate.

Lepelley and Gehrlein (1999) develop representations for the probability that a
strong PMRW exists under the assumption of IC, IAC and MC for m = 3. Let
P18 (3,1, IC), Ppa&(3,n,IAC) and Ppioi%(3,L,MC) denote these respec-

tive probabilities. The representation for Pg}{f&"ﬁ%(&n,ld does not reduce to a

simple form, but it can be used to obtain the computed values for each n = 3(6)51,
along with n = 99 and the limiting probability as n — o, in Table 3.8.

The representations for ng&%”pﬁ (3,n,1AC ) from Lepelley and Gehrlein (1999)

are given by:

3.96
Plf]{;%"ug, (3,n,14C) = %)m , for odd n, (3.96)
3n(n+6)3n+9)
PStrong 3,n,I4C) = i '
a3 14C) 16(n+ )n+3)nss) o

The representation for odd n in Eq. 3.96 was used to obtain the computed val-
ues of Ppro"€(3,n,14C) for each n = 3(6)51 in Table 3.8. The limiting value

asn —> oo , 00, = , for both the odd and even n representa-
f oo (3,00,14C)=9/16 , for both the odd and p

tions in Eq. 3.96, are in agreement with limiting results that are presented in Berg
and Lepelley (1992).
PStrong

The representation for PMRW(B,L,MC) is given by Lepelley and Gehrlein
(1999) as

Lor* +1841% + 42112 + 4341 +192) (3.97)

PStrong 3,L,MC)=
PMRW( ) 120(L+1)5
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The representation for Ppys(3,L,MC) in Eq. 3.97 was used to obtain the
computed values for each L = 1(2)17, along with L = 33 and the limiting probabil-
ity as L — o, in Table 3.8. These values of L were selected to make the value of
E (n) for MC as close as possible to the corresponding n values for IC and IAC in
each row of Table 3.8.

Table 3.8 Computed values of P (3,n,IC), Pir(3,n,I4C) and Pgies(3,n,MC) from
Lepelley and Gehrlein (1999).

no L pime(3,n,0C) Pyt (3,n,IAC) Py (3,n,MC)

PMRW

31 7718 8571 3281
9 3 4345 7133 3076
15 5 2647 .6641 .2894
21 7 1672 .6391 2788
27 9 1078 .6240 2720
33 11 .0704 .6139 2672
39 13 .0465 .6066 2638
45 15 .0309 .6011 2611
51 17 .0207 .5969 2591
99 33 .0009 .5808 2510
© o© 0 .5625 2417

The results in Table. 3.8 show that ijfvr[%nﬁ‘;(ln,lC), ngﬂnﬁ‘;(ln,lAC) and

Poon8 (3,1, MC) approach very different limits as n—> o , or as E(n)— o for

MC.

Gillett (1976, 1978) develops representations for the probability that a PMRW
exists for generalized p with m = 3,4. Recursion relations are also developed to
obtain the representations for given m and »n as a function of m and n for smaller
values of n. The recursion relations for the case of m = 3 are given with the same

definition that was used for the representation of P}%I}RW(S,n, p) in Eq. 3.60, and

where P};;\%W (3,n, p) is the probability that A is the strict PMRW for even n:
For odd n: (3.98)
A [
PPM}RW(3’n’p): PMI;W(:;’n ~Lp)+
E_ 27 n—1
i 2251 (”_1)!(175 +Pg )Sl (l’] ‘*'Pz) P [(pl +py+p3 )p3s2 p4T_S1 +
-1 -1 =
51=0 5,=0 51!52!(%’51 )!(%752 )! l(pl-#pz +p4)p3 2 lpy%2

3

n—1

n-1 n=1_ n-l_
L ¥ (=Dps+pef1 p3 2 S1pg s St(pyrpy 17!
| n—l1

5,=0 5 '(T_Sl )!("Tfl—sl )!Sl !
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For even n: (3.99)

P}EJ;\%W(Z%”:P): P[ﬁ}]ew(i" - 1,17)*
n-3 n=3 el

> ZZ_SI (=1)(ps 6 ) (py +) 2 2 (Pa+ps+ps )P3S21P4
= e
51=0 5,=0 51!52!(—”21751)!(—";1 -5y )! (p3+p5+p6 )pST -5 p4S2

n-1

n—1 _s
2 Cl+

n-1 n-1
_ 2 (n-ps+pg N1 py2 1oy 3 “1(py+py 17!
(173 +pytpstpg )SIZZO B !(”;‘—sl ),(ﬂ,sl ),(S] +1)! .

2 N2

Similar representations can be obtained for PEE/I}RW(&n, p), ng;]%w(ln, p),

PPf/I}RW(&n, p) and PJ,%Z;W(ln, p) by appropriately interchanging the subscripts

on the p; ’s, and the results can be accumulated to obtain the recursion relationship

for PISgMRW(3,n, p) as a function of PjngRW(&n -1, p). Gillett (1978) also devel-

ops a recursion relationship for the case of m = 4, but the results are very cumber-
some and they are not reported here. The recursion relationships in Egs. 3.98 and
3.99 will be used in later discussion.

3.10 Conclusion

We have observed very similar behavior for the probability that a PMRW exists
under the different methods of considering balanced preferences in three-
candidate elections: IAC, MC, IC, DC and UC. The situation developed by Con-
dorcet, which has a balance in social outcomes, suggests that there should be
widespread occurrences of PMR cycles, if that assumption is valid. However, this
assumption ignores a certain amount of coherence among voter preferences. We
have typically found the greatest likelihood for PMR cycles to exist with a small
number of voters. For very large electorates we expect to have a PMRW with
probability approaching 15/16 = 9375 with IAC and UC, and approaching
109/120 = .9083 for MC. The results of Guilbaud (1952) show that a PMRW ex-
ists with probability approaching .9123 for large electorates with IC.

Some studies suggest that these different assumptions give extraordinarily
small estimates of the probability that a PMRW exists [Stensholt (1999b), for ex-
ample]. This is not a surprising observation, since none of the studies referenced
above have ever suggested that IAC, IC, DC or UC reflect reality in any particular
situation. As was suggested in the introduction, they have considered instead the
likelihood that a PMRW exists under various interpretations of balanced prefer-
ences. If indeed balanced preferences are most likely to produce a PMR cycle,
then each of these cases represent situations in which the probability that a PMRW
exists would tend to be at a minimum. These situations were somewhat contrived
to make PMR cycles as likely as is possible, without building in a direct bias to
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force the existence of PMR cycles, and we still expect to have a PMRW in over 90
percent of cases for large electorates with three candidates. That probability
would certainly be significantly greater for typical situations that are not contrived
to make majority rule cycles more likely to occur.

Gehrlein and Lepelley (2004) give justification for using assumptions like IC,
MC and TAC to develop probability representations, despite the fact that they are
generally believed to represent situations that exaggerate the probability that para-
doxical events will occur:

e They are very useful when large amounts of empirical data are not available,
which is typically the case with elections.

e They can show that some paradoxical events are very unlikely to be observed.
If we use conditions to maximize the likelihood of observing paradoxes and
find that the probability is small with such calculations, the paradox is
assuredly very unlikely to be observed in reality.

e They can show the relative impact that paradoxical events can have on different
types of voting situations. For example, different voting rules can be compared
on the basis of their relative likelihood of electing the PMRW.

e By using probability models to obtain closed form representations, it is easy to
observe the impact of varying different parameters of voting situations or voter
preference profiles, which is somewhat more difficult to do with simulation
studies.

e The representations that are obtained are directly reproducible and verifiable
with mathematical analysis, which is not as simple to do with simulation
analysis.

e [t can be useful to find out if the relative probabilities of paradoxical outcomes
on various voting mechanisms behave in a consistent fashion over a number of
different assumptions about the likelihood that voting situations or voter
preference profiles are observed.

With regard to the third item in this list, Fishburn and Gehrlein (1982) note that
comparisons of differences in the likelihoods that various election outcomes might
be observed could be exaggerated with balanced preference models, but there is
little reason to expect that the relative likelihoods of the election outcomes would
be changed with more general assumptions.
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4.1 Introduction

The last chapter provided an exhaustive coverage of work that has been done to
obtain representations for the probability that Condorcet’s Paradox is observed in
one of its forms in three-candidate elections. Most of the work that has been done
in the area of obtaining these probability representations has dealt with the case of
three-candidate elections, and it will soon be very clear that this type of analysis
becomes much more complicated when it is extended to the case of more than
three candidates. However, extending this analysis to more than three candidates
is important, since it is almost universally believed that the probability that a
PMRW exists will decrease rapidly as the number of candidates is increased for a
fixed n. For example, see the conjecture due to Black [Black (1958), page 51)].
We begin by considering the case of four-candidate elections.

4.2 Representations for Four-Candidate Elections

4.2.1 A PMRW Exists with Four Candidates

All of the assumptions that are related to the formation of random voter preference
profiles that were used in the previous chapter are continued in this extension to
the case of four-candidate elections. Individual voters are assumed to have linear

preference rankings on the four candidates C 4 {CI,CZ,C3,C4}, and voters are

assumed to have individual preferences that are independent of the preferences of
other voters. The first complicating factor is that there are 24 possible linear pref-
erence rankings in a four-candidate election, as listed in Fig. 4.1. A random voter
preference profile is obtained by sequentially drawing voters from a population
and observing their preferences. The sampling from the population is done with
replacement, and the probability that a voter with a specified preference ranking is
selected on any draw is denoted by the 24-dimension vector r, with components as
specified in Fig. 4.1.
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Ci=Cy=Cy3=Cqinp Cy=C3=C1=Cyiry Cy3=Cy=C=Cyiny7
Ci=Cy=Cy=Cy:rp Cy=C3=Cy=Ciing C3=Cy=Cy=Cying
Ci=C3-Cy=Cyiry Cp=Cy=Ci=C3:1p C4=C1>=Cy>=C5:n9
Ci=C3=C4=Chiry Cy=Cy=C3>=Ci:ip Cy=Ci=C3-Cyimyy
Ci=Cy=Cy=Cyirs C3=C1=Cy=Cq:nz Cy=Cy=Ci=C3:1p
Ci=Cy=C3=Chrirg C3=Ci=Cy=Cyrifyg Cy=Cy=C3=Ciiry
Co=Ci=C3=Cqiry C3=Cy=Ci=Cqins Cy=C3=Ci=Cyimp3
Cy=C=Cy=C3irg C3=Cy=Cy=Ciing C4=C3=Cy>=Ciry

Fig. 4.1 Possible linear preference rankings for individual voters with four candidates

We begin the development of a representation for PgMRW(4,n,r) by obtaining

a representation for the probability P;%I}QW@, n,r) that C; will be the PMRW in

a randomly generated voter preference profile, as described above. The first step
is to consider the conditions that will have C; as the PMRW for the triple of can-

didates {CI,CZ,C3}. Using the same notation that led to Eq. 3.87, Z # denotes
the set of all possible linear preference rankings with four candidates, and let >?
for i=1,2,3,....24 denote the possible linear preference rankings in Z 4 We
then partition Z 4 into four subsets as follows:

Zf‘:{ﬁ‘:Cz > Cyand Cy >Cl} @.1)

Zé‘ = {»?:CZ - Cy > C3}

Zg‘ = {>?:C3 =Cy >C2}

Z4= {>j.‘: C > Cyand C) > c3}.
Let s; denote the total number of rankings in a given voter preference profile that

are contained in Z;}, and C; will be the PMRW for the triple {C;,C,,C;} for odd
n for any combination of sy, 55, 53, 54 With:

n—-1

0<s;<— 4.2)

[\S]

0

IN
IN

$2 =S

0

IN
IN

S3 !

n-1

2

n—1

2
Sqp=n—81—8—83.

We now consider the addition of the restriction that C;MC, to the conditions

in Eq. 4.2. Define two additional subsets of Z 4 as
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73 = {%‘1 Cy - Cl} (4.3)
Zd = {>;‘; C - C4},
and let s; ; = #{Zi4 mZ;‘ } The inequalities in Eq. 4.2 require that C; is the
PMRW for the triple of candidates {CI,CZ,C3}, and the addition of four more ine-
qualities in Eq. 4.4 will require that C;MC, also:
0<s5<s (4.4)
0<sy5<s;
53

0< S3,5 < Min n—1

———S815—S8
7 TS5 7525

S4
0< S4’5 < Min n—1
5 TS5 7525 7535
The probability p;, j denotes the probability that a randomly selected voter will

have a preference ranking from Fig. 4.1 that is included in {Z;‘ N Z?}. It follows
from the definitions in Egs. 4.1 and 4.3, along with Fig. 4.1, that

Pis =N THhy t1e thgt+7rn+1y (4.5)
Pis =7y t 15 Drs =1ty
Pr =177 t13 P35 =Nh7 T3
P3e =Nz tTy Pas =Tg T 1y

Using the relationship s; ¢ =s; —s; 5 with previous discussion, a representation
for Plif,}]}eW@,n,r) is given by
o Sig (4.6)
c Pij
P1I{>A/1'1}3W(4’””’)=2122n! I1 —-
i=1,2,3,4 i j-
Jj=5,6

Here, X is a triple summation function with summation indexes that are con-

sistent with Eq. 4.2 and X, is a four summation function with summation indexes
that are consistent with Eq. 4.4. Representations for P;if,}]}eW@, n,r) can be ob-

tained in a similar fashion for each i = 2, 3, 4 and PEMRW(4,n,r) is obtained as
the accumulation
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‘. @.7)
P;)SMRW (4, n, r) = Z Plifx}l}aW(‘L n,r) .

i=

—

Gehrlein (1982a) develops a closed-form representation for the limiting prob-
ability, PEMRW(4,00, DC), as n — oo for any r meeting the condition of DC, by
extending the analysis that led to the development of the representation for
PgMRWG, o,DC ) in Eq. 3.69 to the four-candidate case, with
4.8)

Py (4,00,DC) = 5*’2 lem_l(fz)
1

where:
N=2n+r bt 4rs+rg—r —K+r =0 3 +iis) 4.9
=20+ +rs+ry+rs+rg—r —rg—1y+ 111 +713 - 1is)
f3—2( +”2+V3+V4+”5+"6+r7+”8—"9—r11—”13—r15)
fa=20rg+rg+r 4+ ry+ 1y~ —ry 1y =15+ 113~ 1)
fs=20rg+r5+r +rg+r+ R =R = =13+ 15 —H3 +15)
fo=20rg+rg+r +r+ry+ny+n+rm—r—rs—n3—1ns)
fr=2n+rs+r+n +n3tnstn—r—rg—rg+r, 1)
fé=2(r2+V5+r8+V11+"13+”15—”1—”3—”4+V6 r7+"9)
fo=20r +rs+rgtnyrs+ns—n g —rg—r—1)
fro=20n+r+ry 419413+ s+ —ry—rs —rg + 15 —7i1)
f11=2(71+V3+V7+”9+Vl3+r15—r2+”4—V5—76—V8+V11)
Sz = (”1+”3+V7+’9+V13+V15— 2—V4+f5+V6—F8—V11)-
A representation for PjagMR W(4,n,1C ) could be obtained for the special case of

IC directly from Eqgs. 4.6 and 4.7, but a result due to May (1971) makes this an
unnecessary exercise. May gave a very nice result without providing a proof, stat-
ing that the proof of the result was very complicated. Fishburn (1973c) provides a
simple proof of May’s Theorem. The basis of that proof is explained in detail here
to facilitate future discussion.

Theorem 4.1. Py (4,1,1C) = 2Ppy sy (3,n,1C)—1, for all odd n.

Proof. Let E; denote the event that C;MC; fori=2, 3, 4, and let P(El-) denote
the probability that E; occurs with IC. The probability, P, that C; is not the
PMRW is, by definition, the same as P(E, UE;UE,). As described in Hogg
and Craig (1965),

P=P(E,UEsUEy)=P(Ey)+ P(E3)+ P(E4)- (4.10)
P(Ey N E3)~ P(Ey N Eq )~ P(E3 N Ey)+ P(Ey N E3 N Ey).
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It follows by definition that P=1—PiSH (4,n,1C) and that P(Ey N\ E3 N Ey) is
equivalent to the probability that C; is the PMRL for odd n. Since every voter
preference profile has the same probability of being drawn as its dual preference
profile with IC, it therefore follows that P(E, () E3 N\ Ey) =Py (4,n,1C) and
that P( :)=1/2. Eq. 4.10 can then be algebraically reduced and rewritten as

IiMI}iW(4 n,IC)= { (Ey NE3)+ P(Ey N Ey )+ P(E3 N Ey)}— (4.11)

-M»—

By definition, P(Ei NE j) is identical to the probability that C; is the PMRL on
the triple of candidates in {CI,CI-,C j} within a voter preference profile on four

candidates with the IC assumption. Following previous discussion about the
probability that any profile is observed being equal to the probability that its dual
profile is observed with the IC assumption, PTE,- ﬂEj) is identical to the prob-

ability, Q}{S}IEQW@,n,IC ), that C; is the PMRW on the triple in a voter preference
profile on four candidates. Based on Eq. 3.91, we have Q},ﬁ}[%W(m,n,IC)
=P}§MRW(3,n,IC)/3 , so that Qg,‘[;eW(m,n,]C) is not a function of m. By substi-
tuting this result into Eq. 4.11 and using the fact that the symmetry of IC requires
the equality of Plig,}]}eW@,n,IC) for all four candidates, we obtain the representa-

tion in May’s Theorem. QED
Computed values of P;?MRW(4,n,IC) are listed in Table 4.1 for each n =

3(2)19. The limiting value as n — oo for PEMRW(4,OO,IC) in Table 4.1 is ob-
tained by applying May’s Theorem to Guilbaud’s representation for
Py (3,0,1C) in Eq. 3.77.

Table 4.1 Computed values of Py, (4,7,1C) and PS5, (4,n,I4C)

n PwRu (4 n IC) PMRW (4 n IAC)
3 .8889 9015
5 8611 .8730
7 .8500 .8609
9 .8440 .8545
11 .8404 .8506
13 .8379 .8481
15 .8360 .8463
17 .8347 .8450
19 .8336 .8440

0 .8245 .8384
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Gebhrlein and Fishburn (1976a) incorrectly use May’s Theorem to obtain a rep-
resentation for PEMRW(4,n, 14 C), and full responsibility for that error lies with the
current author. The proof of May’s Theorem above used the result that
OIS (m.n,IC) = Py (3.n,1C)/3 from Eq. 3.91, and Gehrlein and Fishburn

(1976a) applied this same result to IAC. Given the results that were observed
from Eq. 3.94 and Table 3.7 with the assumption of IAC, May’s Theorem clearly
can not be applied to the case of TAC, due to the small amount of dependence be-
tween individual voter’s preferences that is implied by IAC. Berg and Bjurulf
(1983) were the first to point out this error.

Gehrlein (1990c) develops a representation for PgMRW(4,n,]AC) by trans-
forming the representation for PEMRW(4,n,IC) in Eq. 4.6 to the case with IAC.
This transformation process mimics the logic that transformed the representation
for Qj{;ﬁjﬁ}eW(m,n,IC) in Eq. 3.90 to the representation for Qi,ﬁ,‘[%W(m,n,lAC) in
Eq. 3.94, leading to

Py (4,n,IAC) = (4.12)
n!23!
Se00 stz 1 L i+ s s+ iksae +J
3600(n +23)! ias, 4( i +1) j=2,3’g'5, 6+J)
j=5,6

Computed values of PI§MRW(4,n,IAC) from Eq. 4.12 are listed in Table 4.1 for

each n = 3(2)19. The computed values of P1§MRW(4,n,IAC) in Table 4.1 pre-

cisely match results that were obtained by computer enumeration techniques in
Giraud, et al. (1988).
A variation of May’s Theorem is used in Gehrlein (2001) to obtain a simpler

closed form representation for PgMRW(4,n,IA C). This is accomplished by restat-

ing Eq. 4.10, which uses probabilities that events occur in voter preference pro-
files with IC, to account instead for the number of voting situations in which the
same events occur with IAC. Let N (El) denote the number of voting situations in

which E; occurs with the assumption of IAC, with
N(E; UE3 UE)= N(Ey)+ N(E3 )+ N(Ey)- N(Ey N E3)- N(E, NE,)  (4.13)
—~N(E3 N E4)+ N(Ey NEs N Ey).
The total number of possible voting situations for four-candidates is obtained
from H(v,w) in Eq. 3.92 with v = n and w = 41 =24. Let NISiL (4,n,14C) de-

note the total number of voting situations in which C; is the PMRW, and our



4.2 Representations for Four-Candidate Elections 113

definitions lead to the identity N(E, UE;UE,) = H(n,24)— Nifj}liw@,n, 14C).
N (E2 NE;N E4) is equal to the total number of voting situations in which Cj is

the PMRL. There is a 1-1 mapping between each voting situation and its equally
likely dual voting situation with IAC, so it follows that N(E, NE3NEy) =

N}{)MEQW@ n,IAC). It also follows that N(E;) = H(n,24)/2 for each i = 2, 3, 4

and that N(El- ﬂE_]) Q}M;ew@,n,lAC) from Eq. 3.94. As aresult of all of this,
Eq. 4.13 can be algebraically reduced to

¢ 1 4.14

NI @0, 140) = [ Q}{,M;QW(4,n,IAC)—EH(n,24)}. .14

The summation indexes in the definition of Qig/'ﬁ}eW@,n,]AC ) in Eq. 3.94 do
not involve Max or Min arguments, so a closed form algebraic representation can

be obtained for NI{S}[;{ W(4,n,1AC). Due to the symmetry of IAC with respect to

candidates, we obtain a representation for PgMRW(4,n,IAC ) from

i 4.15
Py (4,1,14C) = AN [ty (4.1, 14C) 4.15)
bRAS) H(n’24)
After algebraic reduction,
Py (4,1,14C)= (4.16)

{47200 +12)2 - 5895835)n +12)% + 440508156 (n + 12)% ~ 12323060530 {(n +12)
+355165514572)(n +12)? —15042878194635}- (n +12)

32768 hl (n+2i)
=1
The precise limiting probability value PPMR w(4,0,I4C) = ﬂ =.8384 that is ob-
tained from Eq. 4.16 is only slightly different than hmltlng approx1mat10n result
for that probability that is reported in Berg and Bjurulf (1983).

4.2.2 PMR is Transitive with Four Candidates

Representations for the probability that PMR is transitive become very complex.
Gehrlein (1988, 1989) obtains some representations for these probabilities for
small m and n by using by using symmetry arguments with IC. The development

of these representations follows the general notions that were used to partition Z 4
into the four subgroups in Eq. 4.1 that led to the restrictions on the cardinalities of
these subgroups that require C; to be the PMRW in Eq. 4.2. For four candidates,
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4 s partitioned into 18 subgroups, and ¢; denotes the probability that a ran-

domly selected voter will have a preference ranking in the i subgroup, for
1<i<18. The identity of the rankings, as defined Fig. 4.1, that are included in
each subgroup can be determined from the definitions of the g; probabilities:
q1=n7tNRg 3t 2= 43=N2 447N (4.17)
95=10 9d6=74 9q7=70 4d8=Ti5 499 =13
q10="70 911=721 912=711 9137719 914 =76
Q5= Q16=73 Q17715 QIg=Nn AR,

For any given voter preference profile, let k; denote the cardinality of the i th
subgroup from the definitions in Eq. 4.17, and the outcomes Ci\MC;, C\MC,,
CyMC5 and C,MC, occur when:

CIMCy: Jy +ky + kg + kg + hes + kg + kg + kg + kg < (n—1)/2
CIMCy : ky +hy +hey + kg + ks + kg +kyy +kyp + k3 <(n—1)/2
CoMCy: ky + ey + kg + kg + kg +ky + kyg + kys + kyg < (n—1)/2
CoMCy: ky+ky + kg +hyg +hyy +kyz + kg +hys + kg <(n—=1)/2.

The restrictions on the individual %; ’s that lead to the simultaneous occurrence
of the outcomes C\MC5, C\MC,, C;MC5 and C,MC, are given by:

0<k <(n-1)/2

(4.18)

(4.19)

12—k —ky - k()—ks—k9—k10—k14—k15}

(n— )
0<k15<Mm{k(14),(n 1)/2—ky —ky —kg — kg —ko — kg —kya )
(n—1)
(n=1)/2~ky —ky — kg — kg — ko — k1o —kyg —kys — ki } -

Here, we define
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J o (4.20)
k(j)=n- Sk and {(j)="7'~ Tk
i=1 i
The probability, Q(4,n,IC) , that all four outcomes occur simultaneously when 7

is odd under IC, is equivalent to the probability that we have a transitive overall
PMR outcome that is given by one of the four linear rankings: C;MC,MC3MCy,

CIMCZMC4MC3 N C2MC1MC3MC4 or CzMClMC4MC3 . It then follows that

nl 18 1 (4.21)
6k thisyqn—ki—his EIE ’

O(4,n,1C) = z{

where >3 is a 17-summation function with summation indexes that are consistent
with Eq. 4.19 and where kg = k(l 8) . Since there are 24 possible transitive PMR
rankings with four candidates and Q(4,n,1C ) accounts for four of them, the sym-
metry of IC with respect to candidates allows us to obtain a representation for the
probability, P}§MRT (4,n, IC) , that PMR is strictly transitive in this situation by us-

ing the relationship PgMRT(4, n,IC ): 6Q(4,n,]C ), so that

n! 18 1 (4.22)

S _ 11—
Piyrr(4,n,1C)= 623{6k1+ fogg i 11 il

Gehrlein (1989) contains several typographical errors in the development of
this representation. The representation for PgMRT(4,n,[C) in Eq. 4.22 was used
to compute the associated probabilities in Table 4.2 for each n = 3(2)19.

Table 4.2 Computed values of P,

PMRT

(4,n,1C) and PS,,,(4,n,14C)

n PI"?\/IRT (47 n, IC) PI"?\/IRT (4’ n, 1A C)
3 8299 8492
5 7898 8081
77741 7909
9 7660 7820
117609 7767
13 7575 7732
157550 7707
17 7531 7689
19 7517 7675

oo 7395 ?
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Gebhrlein (1990c) uses the logic that led to Eq. 4.12 to develop a representation
for PgMRT(4, n, IAC) by transforming the representation for P1§MRT (4,n,IC) in
Eq. 4.22 to the case with IAC, leading to

n!23! (4.23)

3
Phyrr(4.n,14C) = mz{l:[l{(kl +i)kyg + 1)}} :

The representation for PgMRT(4,n,IAC) in Eq. 4.23 is used to compute the asso-
ciated probabilities in Table 4.2 for each n = 3(2)19.

4.2.3 Probabilities for Four Candidates with Large Electorates

A representation for the limiting probability PgMRT(4,oo,1C ) as n— oo is ob-
tained by Gehrlein and Fishburn (1978a). The derivation of this representation as-
sumes that a random voter preference profile is obtained by sequentially selecting
each individual voter’s preference ranking from the list of possible linear rankings
on four candidates in Fig. 4.1. With the assumption of IC, each of the possible lin-
ear rankings is equally likely to be selected for each voter.

We start by defining four discrete variables that are based on the linear prefer-

ence ranking that is randomly selected for the i " Voter :

. +1:0f G > Gy for the i"voter

+1:if C) = Cy for thei”'voter (4.24)
/ -

i
—1:if C3 > C; for the i"voter —1:if C4 > C; for the i"voter

+1:if C, > C5 for the i*voter . +1:if C, = Cy for the i"voter

1 1
=
—1:if C3 >~ C, for the i"voter —1:if C4 > C, for the i"voter

Following the discussion that led to the representation for PEMRWG,OO,DC) in
Eq. 3.69, the joint outcome C\MC;, C;MCy, CoMC5 and C,MC, occurs in a
voter preference profile when Yn/; >0, }2\/; >0, }3\/; >0 and
X4ln >0 respectively. The symmetry of the assumption of IC with respect to
candidates leads to the observation that E(}] \/;): E(Xj-): 0 forj=1,2,3,4.
The Central Limit Theorem requires that the joint probability that C;MCj,
CMC,, CoMC5 and C;MCy as n — oo is equivalent to the four-variate normal
positive orthant probability, (I)4(RI), that }j\/; > E(}j \/;) for all j=1,2,3,4.

With the assumption of IC, the correlation matrix, Rl, for this joint limiting dis-
tribution follows from the variable definitions that are given in Eq. 4.24 and same
logic that led to the development of Eq. 3.68, with
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1110 4.25)
3 3
1
S L
41
3
- - =1

Following previous discussion, we know that PgMRT(4,w,1C):6d)4(RI )

Simple representations for such orthant probabilities were found previously for the
cases of two and three variables by applying Sheppard’s Theorem of Median Di-
chotomy. However, the situation becomes much more complicated in the case of

four or more variables. The particular form of R! in Eq. 4.25 fits a special case
of a class correlation matrices for which a representation for four-variate normal
positive orthant probabilities is known [David and Mallows (1961)] and

_ 4.26
PﬁMRT(4,oo,JC):§+%Uj3 Cos 1(‘7/(1—272))dy. (420
o V172

Gehrlein and Fishburn (1978) obtain a value of PgMRT(4,oo,IC) by using

quadrature with the representation in Eq. 4.26, as shown in Table 4.2 . The re-
ported result is generally in agreement with a Monte-Carlo simulation estimate

for P,§MRT(4,00, IC) in Williamson and Sargent (1967). Gehrlein (1988) performs
Monte-Carlo simulation analysis to obtain estimates of PgMRT(S,OO,IC ) ~.529

and P,S?MRT(G,OO,IC)z.MO. No representation for P,S?MRT(4,00,IAC) has been
obtained to give an estimate of its value.

4.3 More than Four Candidates

4.3.1 Complete Breakdown by PMR

Let o define a permutation, with terms {O'(Cl ),G(Cz ),...,G(Cm )}, on the candi-

dates inC™ = {Cl,Cz,...,Cm} in a general m-candidate election. A PMR m-cycle
exists in a given voter preference profile if there is some o on the candidates in

C™ such that G(CI)MO'(CZ)M...MO'(C,")MG(CI). Marchant (2001) considers

the probability that various decision rules completely breakdown with tied rela-
tionships, so that no winner can be determined. For PMR, this complete break-
down coincides with the probability that a profile is observed with an m-cycle.
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A limited number of representations have been obtained for the limiting prob-
ability, PgMRC(m,OO, IC), that an m-cycle will be observed for n — o voters with
IC. The idea of approaching this problem with the graph theory concept of Hamil-
tonian cycles was first considered by Taylor (1968), and Bell (1981) approached
this problem in the same way to show that in the limit that both n» —c and
m —» oo, PgMRc(oo, oo,[C)—)l. McKelvey (1976) reaches the same conclusion
with a different technique, and McKelvey (1979) finds the same result for a more
general assumption than IC. Very little is known about the rate of convergence of
PgMRC(m,oo,IC) to its limiting value as m increases.

Results from Guilbaud (1952) in Eq. 3.77 for m = 3 directly lead to

3 4.27)

1 1
Pivire(3,00,1C) = 1= Py (3,00, 1C) = — ———Sin”!| = |~ .08774 .
4 2r 3
Gehrlein (2004) develops a representation for P,‘)SMRC(4,00,1C), and that deri-
vation starts with the observations in Theorem 4.2.

Theorem 4.2. If m = 4, any voter preference profile can have only one m-cycle at
a time.
Proof. Suppose, without loss of generality, that CyMC, , C,MC;, C;MC, and

C4MC in an existing 4-cycle in a given voter preference profile . Further, sup-
pose that C;MC; is the first link in a second 4-cycle. The second link of this sec-
ond 4-cycle cannot be C;MC,, because the second 4-cycle must then be com-
pleted by C4,MC, and C,MC;, which is a contradiction of C;MC, in the first 4-
cycle. The second link of this second 4-cycle cannot be C;MC, , since C,MC; in
the first 4-cycle. Thus, we must have C3MC; as the first link in a second 4-cycle.

Following the same argument as before, it is easily shown that this is not possible.
QED

The development of a representation for P1§MRC (4, o0, IC), follows the logic that

has been used to obtain limiting representations as n — o with IC and DC. We
start by defining four discrete variables on the preference rankings that are ran-
domly assigned to individual voters to form a voter preference profile:

(4.28)

+1:if C; = C, for the i voter +1:if C, > C5 for the i voter

i i

2
—-1:if C, > C; for the i"voter —1:if C3 = C, for the iMvoter

; +1:if C3 = Cy for the iMvoter

+1:if C4 = C; for the i" voter
6 =

i

—1:if C4 = C5 for the i"voter —1:if C; = Cy4 for the i voter.
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For any given voter preference profile with Y j\/; >0 forallj=1,2, 3,4, an
m-cycle exists with C;MCoMCsMC4MC . Using the assumption of IC with the
preference rankings in Fig. 4.1, it is easily shown that E (?, \/; ): 0 forallj=1,
2, 3, 4. By appealing to the Central Limit Theorem as n — o and earlier argu-
ments, the joint probability that Y j\/; >0 forallj=1,2, 3, 4is equivalent to the

four-variate normal positive orthant probability CD4(R2), and Gehrlein (2004)
shows that

Lo (4.29)
3 3
1
R2=- 1 50
_ - 1 L
3
- - -

There are six possible m-cycles with m = 4. The combination of Theorem 4.2
and the symmetry of IC with respect to candidates leads to the identity

PgMRC(4, o, IC ): 6<1)4(R2). Given the special form of R?, results from David

and Mallows (1961) can be used to obtain a representation for @ 4(R2 ) with

1

Sin_l(—fj
3 .
Ppyre(4,0,1C) = Z 3 Sinl[%]+i | Sinl( Sin(y) jd}/

8 ; 7[2 0 COS(2}/)

(4.30)

The representation for P,§MRC (4,oo,IC) can be evaluated by quadrature to ob-
tain the value shown in Table 4.3. This result is generally in agreement with a
Monte-Carlo simulation estimate for P1§MRC(4,00,IC) in Bell (1978).

Table 4.3 Computed values of Py, (m,OO,IC) and Monte-Carlo simulation estimates (*)
from Bell (1978)

P}"TMR(' (m > (X), IC)

m

3 .08774
4 .09042
5 .099*
10 .201*
20 451%
40 .668*
80 .801*

o 1.00000
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The same type of analysis that was just used to obtain the representation for
PI§MRC(4,00, IC) is not easy to apply to the case of m =5 candidates, since there

can be two, or more, m-cycles at the same time in these cases. With m = 5 we
could have a first m-cycle in a voter preference profile withC;MC,, Co,MC;,

CMCy, C4MCs and CsMC;. A second m-cycle could then exist with C;MCj5,
C3sMCs, CsMC,, Co;MCyand C4MC; . There are no contradictory relationships
between these two m-cycles, and McGarvey's Theorem [McGarvey (1953)] re-

quires that a voter preference profile can be constructed to obtain such an out-
come, with a sufficiently large number of voters. Table 4.2 lists estimates of

PgMRC(m,oo,IC) for each m = 5,10,20,40,80, that were obtained by Monte-Carlo
simulation in Bell (1978). These results strongly suggest that there is a very slow
rate of convergence of PEMRC (m, o0, IC) to its limiting value as m increases.

Tovey (1997) considered a variation of this problem with the assumption of
IAC, while considering the probability that a given number of different PMR cy-
cles exist in randomly generated voting situations. It is shown that the expected
number of PMR cycles that are observed in any given randomly generated voting
situation goes to infinity as m — .

Saari (2004) presents an extensive discussion of a procedure that produces
“symmetric” preference patterns in profiles that lead to the existence of PMR m-
cycles. The profiles are produced with a “stuttering process” using a “ranking
wheel” to produce a profile that represents a “perfect square”. The procedure is a
direct extension of Ward (1965) since it can easily be seen to be generating Latin
Square patterns on m-candidates.

4.3.2 General PMR Relationships for More than Four Candidates

Numerous early studies were performed to obtain estimates of PgMR w(m,n,IC)

and PgMRT(m,n,IC ) for larger m. Due to the complexity of the problem, most of

these studies were performed by using Monte-Carlo simulation techniques, such
as in Pomeranz and Weil (1970), Campbell and Tullock (1965) and other studies
that have already been mentioned. The focus on IC was likely driven by the fact
that this assumption was used in the original analytical work of Guilbaud (1952)
and by some rather stunning results that are obtained if IC is assumed when m is
large.

Garman and Kamien (1968) use computer enumeration techniques to obtain

limited results for values of PgMRW(m,n, IC) , and then use a discussion of limit-
ing distributions to arrive at the conjecture that PgMRW(m,n,IC)% 0 as m— oo
for all n. Blin (1973) later uses an application of Stirling’s Approximation to

prove part of this conjecture to be true, by showing that PgMRW(m,n,IC)—> 0 as
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m —> oo for large n. This observation then leads to the obvious conclusion that

PEMRT(m,n,IC)ﬁ 0 as m — o for large n. May (1971) proves that the conjec-

ture that was posed by Garman and Kamien is true for all #» > 3, but noted that the
convergence to the limiting probability as m — o is extremely slow for small ».
All of this suggests that the probability that a PMRW exists, or that PMR is transi-
tive, could become quite small in elections with a large number of candidates.
However, conditions like IC have already been shown to tend to exaggerate the
probability that Condorcet’s Paradox might occur. Tovey (1997) proves that

PgMRT (m,n,lAC)—> 0 as m — oo with n — oo . This result is not surprising fol-

lowing the work of Blin (1973) and the fact IC and IAC converge to the same re-
sults as m — o .

Williamson and Sargent (1967) show how strongly these rather threatening re-
sults are linked to the assumption of IC by examining the outcome of considering
situations that are slightly different than IC. In particular, one possible linear

preference ranking for an m-candidate election is given a probability ite of be-

ing drawn to represent the preferences of a randomly selected voter, and all other

rankings are given a probability % - of being selected. Let the Perturbed

m!-1
Culture Condition (PC) denote this model of assigning preference rankings to
candidates. As n — o under PC, arguments are made to show that not only does

PEMRW(m,OO, PC)—> 1, but that P,;YMRT(m,OO,PC)—H also. Previous discussion

has considered the significant impact that the assumption of unbalanced prefer-
ences, as we have with PC, can have on the probability that various voting situa-
tions are observed.

Kelly (1974) proves some general results concerning how PgMRW(m,n,IC)
and PEMRT(m,n,IC ) change as m and n change. The most progress was made re-

garding the behavior of PgMRT(m, n, IC):

Theorem 4.3. PEMRT(m,n,IC) > PgMRT(m +1,n,IC) forn>3 and m>2.
Theorem 4.4. PgMRT(m,n,IC) > P[;YMRT(m,n +1,1C) foroddnand m=>3.
Theorem 4.5. PEMRT(m,n + l,IC) > PEMRT(m,n,IC) forevennand m=>3.
Theorem 4.6. PgMRT(m,n,IC) > P;fMRT(m,n + 2,1C) forallmand m=>3.

Kelly (1974) also extended the notion of transitivity of PMR to consider the

case of even n, so that PMR ties might exist. Let P[%RT(m,n,IC) denote the
probability that the PMR relationship is a weak order when 7 is even. Then

Theorem 4.7. P}%,?RT(m,n,lC) > P}%,?RT(m+1,n,IC) forn>3 and m>2.
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Theorem 4.8. P%)RT(m,n,IC) > P%)RT(m,n + l,IC) foroddnand m=>3.
Theorem 4.9. PIgVA,?RT(m,n + l,IC) > P}%,?RT(m,n,IC) forevennand m=>3.
Theorem 4.10. P,%ORT(m,n,IC) > P,%ORT(m,n + Z,IC) forallnand m=>3.
Mimiague (1973) presents a Monte-Carlo simulation based study that examines
the probability that various PMR weak order structures result under IC.

Buckley and Westen (1979) prove some results that are related to the probabil-
ity that a strict PMRW exists:

Theorem 4.11. Py pyy (m,n,IC)> Ppyypyy (myn+1,IC) for odd nand m >3

Theorem 4.12. PgMRW(m,n + 1,1C)> PgMRW(m,n,IC) forevennand m=>3.

The recursion relations for P}BQMRW(&n, p) from Gillett (1978) in Egs. 3.98 and

3.99 indicate that Theorems 4.11 and 4.12 are true for all p when m = 3, and other
unreported results from Gillett further indicate that the same observation is valid
when m = 4.

Kelly (1974) proves some results that are related to the probability that a weak
PMRW exists:

Theorem 4.13. P}ZI,/V,RW(m,n +1,IC)> P,%RW(m,n,[C) foroddnand m>3.

Theorem 4.14. P}%,IRW(m,n,IC)> P}%RW(m,n + l,IC) forevennand m=>3.

Kelly (1974) then leaves two conjectures that were originally suggested by
Black (1948a,1958), and they remain to be proved.

Conjecture 4.1. PPWMRW(m,n,IC)> P;VMRW(m+1,n,IC) for m>2 and n =3 or
nxs5.
. w w —
Conjecture 4.2. PPMRW(m,n,IC)> PPMRW(m,n + 2,IC) for m>3 andn=1or
nx3.
Fishburn, et al. (1979a, b) prove Conjecture 4.1 to be true for the case special with
n = 3. It was also proved that Conjecture 4.2 is true for all odd n with m = 3
[Theorem 3.1 (IC)], and for large even n with m = 3 [Theorem 3.5 (IC)].

Buckley and Westen (1979) give three additional conjectures that remain un-
proved.

Conjecture 4.3. Ppypyy (m,n, IC)> PSypyy (m+1,n,1C) for m>2, n>3.
Conjecture 4.4. Py (m,n,1C)> Poypwy (m,n+2,1C) for m>3,0ddn >3.

Conjecture 4.5. PgMRW(m,n + 2,IC) > PEMRW(m,n, IC) for m>3,even n2>3.

Krishnamoorthy and Raghavachari (2005) present a proof that Conjecture 4.3 is
true for the limiting case as n — o .
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Buckley and Westen (1979) also develop another definition regarding the exis-
tence of a PMRW. Candidate C; € C™ is a Semi-Strict PMRW if C; defeats or

ties all other candidates in C™ by PMR and C;MC; for someC; € C™. Let

P;EAS,,R W (m, n,]C) denote the probability that a Semi-Strict PMRW exists for n
voters and m candidates with the assumption of IC. It is then conjectured that:
Conjecture 4.6. PgAS,[RW(m,n + 1,[C)> Pg]ﬁ,RW(m,n,lC) foroddnand m>3.
Conjecture 4.7. PgA%RW(m,n,IC)> Pg;f,,RW(m,n +1,IC) foreven nand m>3.
Conjecture 4.8. PISQA%RW(m,n,IC)> Pﬁgf,,RW(m + l,n,lC) for m>2 and n>3.

Conjecture 4.9. Py (m,n,1C)> Payypyy (m,n+2,1C) for m>3 and n>3.

Fishburn (1976a) considers a variation of IC, which is denoted here as Bal-
anced Impartial Culture (BIC). BIC is appropriate for the special case that m = n,
and it is has a conditional assumption that each candidate is most preferred in the
linear preference ranking of one of the voters. The conjecture is

Conjecture 4.10. PSypy (m,n,1C)> Paypy (m,n, BIC) for all m = n.

Fishburn, et al. (1979a, b) develop some relationships that are related to Con-
jectures 4.3, 4.4 and 4.5, and to some interrelationships between them.

Theorem 4.15. If Py (5.1,1C)> Ppyry (6,1,1C), then Ppypyy (4,n,1C)>
Py (5.n,1C) forodd n>3.

Theorem  4.16.  Phypy (3.7.1C)> Poyryy (6,2,IC)  if and  only if
Py (8,1,1C)> PSyypiy (5,n,1C) forodd n>3.

Theorem  4.17. It Py (6.n,1C)> Py (6,n+2,1C)  then
Phyrw (5.1,1C)> Pyspyy (5,n+2,1C) for odd n>1.
Theorem  4.18. It Plyrw (6,n,1C)> Py (6,1 +2,IC)  then

Py (5:1,1C)> Py (6,1, IC) forodd n>3 .

Additional relationships that are related to Conjectures 4.3, 4.4 and 4.5 come
from Gehrlein (1981c¢)

Theorem 4.19. Py (3,1,1C) > PSypy (4,1,1C) for all odd n>1.

Theorem 4.20. Ppy sy (4,1,1C)> PSypyy (3,n,IC) forallodd n>1.

Theorem 4.21.  If Py (5,1,1C)<.780625, then Py (5,1,1C)>
Py (6,1,1C) forodd n>1.
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Theorem  4.22. It Poyry(5.n1C)<.799  then  Ppygy (3.1,1C)>
Py (7,n,1C) forodd n>1.

Theorem 4.23. If Py py (7,n,1C)<.75 then Phyyy (4,1,1C)> Poyypyy (5,n,1C)
forodd n>1.

Theorem 4.24. If Phypyy (6,1,1C)> Ppyypyy (6,n+2,1C) for all odd n>1 then
Py (3.1, 1C)> Py (7,1n,IC) for all odd n>1.

2(mm— 1)

Gehrlein and Fishburn (1976) develop a recursion relationship concerning

Theorem 4.25. iy (m,0,1C)> Py (m—1,00,1C) forall m>1.

PgMRW(m, n, IC) for even m, generalizing the notions of May’s Theorem in Theo-
rem 4.1.

Theorem 4.26. For odd n and all even m > 4, there exist numbers a)}” such that
Py (m,n,1C) = of' + X &f" Py 1., IC)
F

where F={i: 3Si£mandiis0dd}.

Proof. The proof is a generalization for the earlier proof of Theorem 4.1. P is the
probability that candidate C; € C™ is not the PMRW in an m-candidate election,
so that when » is odd, P is equivalent to

P=1-PSik (m.nIC). 3D

Boole’s Equation can be used in situations like the current case [Johnson and
Kotz (1972), pg. 52] to generalize the results from Eq. 4.10 to obtain

m m— —_ . 4‘32
P:P[UE,-J: zll(ml, 1](—1)”1p,if41,§w(i+1,n,1c). (432
=2 i=

By equating the representations for P in Eqgs. 4.31 and 4.32 for even m and re-
ducing, we obtain

-2(m-1 : 4.33
PgMRW(ma”JC):%"'%mZ (ml. J(—l)’P,ifb}eW(Hl,n,IC). 39
i1

It is important to note that Boole’s Equation can not be used to obtain the repre-
sentation in Eq. 4.33 if m is odd.

By starting with a representation for PEMRW(m, n,IC) for a desired m, as

shown in Eq. 4.33, and sequentially replacing the P}{,f,},}QW(Hl,n,]C) terms for

which i + 1 is even and less than m, from largest to smallest, and expression for
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P;fMRW(m,n,IC) as a linear combination of P;fMRW(j,n,IC) for odd j < m can
be obtained for all odd n. QED

Table 4.4 lists all of the computed values for the a)’/" terms in Theorem 4.26
for each m = 4(2)18.

Table 4.4 Computed values of @' in Theorem 4.26 from Gehrlein and Fishburn (1976)

n o o of  of o  of o o} of
4 -1 2

6 3 -5 3

8 -17 28 -14 4

10 155 -255 126 -30 5

12 -2073 3410 -1683 396 -55 6

14 38227 -62881 31031 -7293 1001 -91 7

16 -929569 1529080 -754572 177320 -24310 2184 -140 8
18 28820619  -47408019 23394924 -5497596 753610 -67626 4284 -204 9

4.3.3 Enumerated Values of Py (m,n,IC)

Sevcik (1969) develops a computer enumeration procedure to count the number of
possible voter preference profiles that have a PMRW with the assumption of IC to

obtain exact values for PgMRW(m,n,IC) with odd n < 7 and odd m < 7, as shown

in Table 4.5. These results were extended later by Maassen and Bezembinder
(2002) for each m = 8, 9 and 10 for each n = 3, 4, 5 and 6. Computed values of

the exact PgMRW(m,n,IC) forms in Table 4.5 are given in Table 4.6 for odd m to
verify results in Garman and Kamien (1968) and other sources. Sevcik (1969)

contains a minor typographical error for the resultant value of Pj)gMRW (5,5,1C).

Table 4.5 Exact values of P, (m,n,IC) from Sevcik (1969) and Maassen and Bezem-

binder (2002)
m
n3 4 5 6 7 8 9 10
08 2 359 33569 536 13913 67079
18 9 25 450 44100 735 19845 99225
4 197 1107 1043 15359 91745 5499323 705967
49 56 w00 4500 77175 526848 35562240 5080320
67 31 32019 269513 608721061 767419 1574336347 37525387727
577 36 3000 360000 864360000 1152480 2489356800 62233920000
989 1037 472549 1078499 13057391131 1837328467 9553049400803  23921196935141
O Toas 2592 1440000 3888000 54454680000 8712748800  50812751001600  141146530560000

10789 4957 15253909  2285362442560247  46771945468099
11664 5832 19440000 3134566563824375  68612896800000
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Results for even m are not included in Table 4.6 since they are directly obtain-
able from Theorem 4.26. Gehrlein and Fishburn (1976) use the exact results from

Sevcik (1969) to prove that a linear recursion relation for PEMRW(m,n,IC), like
the one in Theorem 4.26, does not exist for odd m.

Table 4.6 Computed values of P,fmw(m,n,]C). Five digit entries are exact and three digit

entries are approximations

m
n 3 5 7 9 11 13

3 .94444 84000 .76120 .70108 .65356 .61484
5 .93056 .80047 .70424 .63243 .57682 .53235
7
9

92498 78467 .68168 .60551 .54703 .50063

92202 77628 .66976 .59135 .53144 .48409
11 .92019 .77108 .66238 .584 523 474
13 91893 .76753 .65736 .578 516  .467
15 91802 .76496 .65372 574 511 462
17 91733 76300 .65095 .571  .508  .458
19 91678 .76146 .64879 .568 505  .455
21 91635 76022 .64704 566  .503 453
23 91599 .75920 .64560 .564 501 451
25 91568 .75835 .64440 .563 499 449
27 91543 75763 .645 .562 498 448
29 91521 75700 .644 .561 497 447
31 91501 .75646 .644 560 .496 446
33 91484 75598 .643  .559 495 445
35 91470 75556 .643 558 494 444
37 91456 75519 .642 557 493 443
39 91444 75485 .642 557 493 442
41 91434 75455 .641 556 492 442
43 91424 75427 641 556 492 441
45 91415 75402 .640 555 491 441
47 91407 75379 .640 555 491 440
49 91399 .75358 .639 555 490 440
o 91226 74869 .63082 .54547 .48129 43131

4.3.4 PMRW Probability Representations with Small m

LetM I{E,ﬁ/‘[;eW(m,n,IC ) denote the number of distinct voter preference profiles for

which Cj is a strict PMRW in an m-candidate election for odd n. It follows di-

rectly from the development of Eq. 3.90 that M i,ﬁ},;e W (3, n, IC) is given by

n n-1_ (4.34)
2

n—-1 n-1 B s

T T, VI 1 n—s,—S

2 2 2N=S2 753
MG GnIC)=n $ 3 .
5120 5320 5120 Silspls3l(n—s; =55 —s53)!
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Table 4.6 (cont.)

n 15 17 19 21 23 25
3 .58249 .55495 53111 .51021 .49168.47511
5 49583 46521 43908 .41647 .39667.37915
7 46280 43128 .40455 .38154 .36150.34385
9 44564 413 386 363 343 326
11 435 403 375 352 332 315
13 428 395 368 345 325 .307
15 423 390 363 340 320 .302
17 419 386 359 336 316 .298
19 416 383 356 .333 313 .295
21 413 380 353 330 .310 .293
23 411 378 351 328 308 .291
25 409 377 349 326 306 .289
27 408 375 348 325 305 .288
29 407 374 347 324 304 286
31 406 373 346 323 303 285
33 405 372 345 322 302 .284
35 404 371 344 321 301 .284
37 403 370 343 320 300 .283
39 402 370 342 319 299 282
41 402 369 342 319 299 282
43 401 369 341 318 298 .281
45 401 368 341 318 298 .281
47 400 368 340 317 297 .280
49 400 367 340 317 297 280
oo 39127 .35844 .33100 .30771 .28768.27025

The neutrality of IC toward candidates, coupled with the fact that each voter pref-

erence profile in an m-candidate election has the probability m!™" of being ob-
served with the assumption of IC leads to

Py (mandC)=mM Stk (., 1C) mt" (4.35)

Gehrlein and Fishburn (1979a) develop a recursive procedure to compute val-
ues of M}%%W(m,n,IC) from Mig}gzw(m—l,n,IC). The analysis starts with

values of M ijﬁjll}eW(S,n,IC ) that are obtained from Eq. 4.34 and then uses the re-

cursive procedure to obtain M g}[%W(m,n,IC) values by sequentially increasing
m. The M ;,(']I}I%W(m,n,IC) values are obtained for each m, and the computed val-

ues of PIE?MRW(m,n,IC) then follow directly from the representation in Eq. 4.35.

Gehrlein and Fishburn (1979a) contains a number of typographical errors.
Gehrlein (1999b) corrects many of the typographical errors and then uses the same
recursion procedure to significantly extend the list of known computed values of

Poyw (m,n 1C).
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The recursive procedure to obtain M ;,CA},%W(m,n, IC) values starts with the rep-

resentation in Eq. 4.34, which followed from Eq. 3.90. We start the description of
this procedure by making some observations about the development of Eq. 3.90.

M E’MEQW(?’ n,IC ) is obtained by calculating of the number of voter preference
profiles on three candidates such that s; voters have C; ranked as least preferred.
Similarly, s, +s3 voters have C; ranked second, and n—s) —s, —s3 voters have
C, ranked as most preferred. Let f3 (k13 , kg’ , k33 ) denote the number of voter pref-

erence profiles that are enumerated in the computation of M ,{ﬁ},}?W(?:,n,IC) that

have k-3 voters with (3 —i) candidates preferred to candidate C; in their prefer-

ence rankings, for i = 1, 2, 3. Obviously, 23 k =n and kl (n-1)/2. As
usual, only the case of odd # is considered, to avoid complications with PMR ties.
Then, M i,ﬁ/'[%W@,n,IC) is obtained by determining the number of unique as-
signments of voter preference profiles that have C; remaining as the PMRW
when a fourth candidate, C, , is added to obtain linear voter preference rankings
on all four candidates, as an extension of the voter preference profiles on the ini-

tial three candidates. For any combination of k,-3 ’s for three-candidates, let si4

denote the number of voters included in ki3 for whom we rank C, ahead of Cj in

. 3 L .
the extended rankings. There are [Zj combinations of such assignments. For

any given voter of the 51‘4 in this particular assignment, C,; can be placed in

(4 - i) different positions above Cj in that voter’s linear preference ranking.

Similarly, any given voter among the remaining the kl»3 —s;‘ voters in this par-
ticular assignment could have C4 placed in i different positions below Cj in that
voter’s preference ranking. Given that C; is the PMRW for all of the three-
candidate voter preference profiles that are being considered, C; will remain the
PMRW for all of the extended four-candidate voter preference profiles whenever
213:1 si4 <(n- 1)/2 . Using all of the above, we find

M (4.n,1C)= (4.36)

n-1 4 n=l 44

n—1 Minqy 2 _'Yl} Min{ y 1%
e
3

2 ok} 3.3 3 K KB I i3 e i3 gt
S VS IR N IR 1 1 B G L
K s s3 =0 S3

$2
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While performing the process of computing M jfiﬁqW@,n,lC), it is possible to
accumulate values for fj (kf‘,k;',k?,kj ), which has terms that are defined in the
same fashion as for f3 (kl3 ,k23,k33 )). That is, ki4 is the total number of individual
voter preference rankings in a voter preference profile on four candidates for
which (4 —i) of the four candidates are ranked above Cj, and f} (kf‘,k; ,k;1 ,kf;1 ) is
the total accumulated number of extended voter preference profiles on four candi-
dates, with the associated ki4 ’s, that have C; as the PMRW. In determining the

contribution to fj (k14 ,kg ,k? ,kf;1 ) from a specific combination of ki3 ’s in the devel-
opment of M j,ﬁ}liaw@,n,lC), we find that s14 voters will have three candidates

preferred to C; in the extended preference rankings on the four candidates, k13 -

514 +s§ will have two candidates preferred to C, k; - sg' + s? will have one

candidate preferred to C, and k33 - sg‘ will have no candidates preferred to C; .

Once the values for f, (k14 ,kg,kf ,kf;1 ) have been obtained, we go about extend-
ing the preference ranking assignments by adding a fifth candidate,Cs, to the
preference ranking assignments on four candidates. Then, for any particular set of

ki4 ’s which have C; as the PMRW, we extend the preference rankings of sl-5 of

the voters from the number of kl~4 by ranking Cs ahead of C;. Following earlier

4
discussion there are ! Comblnatlons Of such assignments and there are (5—1
s 5 s

Si

different positions for placing C5 above C; in each individual voter’s preference

ranking. For voters who are counted among kl~4 fsl~5 , there are i positions in which

to place Cs below C; in each voter’s preference ranking. Following earlier dis-

cussion, C; will remain the PMRW as long as Z s < (n 1)/ 2,and

MLM;(’W(S nIC)= (4.37)
_ s -
Min] 2 1
(14,4 4 K s )k 3 ks —s3
n-1 f4(k1,k2,k3,k4)2 Lo > 2T,
% n-kl4 n—kf‘—k; -0 Sl 5320 s2
1 -1
k=0ki=0 k§=0 Mm{"zsfs;} Mm{”zqf-vz vg}
K 4 ki 4
ol {ki- }255 3ki =83 ol [k‘é JM -5
53=0 53 53=0 S3 ]

where k§ =n—ki' — k¥ — k3.
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Similar representations for M ;)CA},%W(m,n, IC) with larger m become very cum-

bersome, but they can easily be developed in the same fashion. This was done for
odd m up to seven in Gehrlein (1999b), and Table 4.6 lists the resulting computed

probabilities for P}BSMRW(m,n,IC) from Eq. 4.35 for all n = 3(2)49 with m =3, 5

and for all n = 3(2)25 for m = 7. Computed values of PgMRW(m,n,IC) are not re-

ported for even m, since recursion relations are known to exist for these cases
from Theorem 4.26.

4.3.5 PMRW Probability Representations with Small n

Other studies have developed procedures to obtain computed values of
PgMRW(m,n,IC) for the special case of small n. May (1971) presents some re-
sults along these lines, and begins by developing a representation for
Py (m3,1C) as

Ppyrw (m3,1C)= (4.38)

m=Am-A=im=1=i= (g 1)V (m —1—i)(m =1~ j)!(m —1-k)!

Y% - .

i=0 j=0 k=0 [m!P(m—1-i-j—k)!
This representation contains a typographical error in the statement of Eq. (2) in the
text in May (1971), but it is stated correctly in the development of footnote (3) of
the same paper.

Gehrlein and Fishburn (1979a) develop a representation for PgMRW(m,S,IC )

that is simpler than the one shown in Eq. 4.38. This is done by using arguments
that count the possible number of voter preference profiles for which C; is the

PMRW, following the arguments in the preceding case for small m. Since there
are only three voters, it is not possible for a PMRW to be beaten by any other can-
didate in the preference ranking of more than one voter. Assume that candi-

date C; is the PMRW, and let m,3 denote the number of candidates that are ranked
ahead of C; in the preference ranking of voter 7 in a given voter preference profile
when there are three voters. Obviously, there are no candidates that are common

. . m—1 . .
among those counted in the different m;’ ’s. There are [m3 j unique combina-
1

tions of m13 candidates that are ranked above C; in the first voter’s preference
ranking, and there are m13 !(m—l—mf’ )! different complete preference rankings

that the first voter might have that are consistent with a specific value of m13 . The
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3

my

3
-1- . N .
second voter has (m " ] unique combinations of mg candidates that have no

overlap with candidates among the m13 candidates that are ranked above C; in the
first voter’s preference ranking. As above, there are m%'(m —l—mg)! different
preference rankings that the second voter might have that are consistent with a
specific value of m% .

The third voter must have a preference ranking such that C; is ranked above all
of the candidates that are included in m13 and m% The proportion of preference
rankings, of the m! possible complete preference rankings on all candidates, that

the third voter might have to keep C; as the PMRW is given by 1/ (m13 + m% + l).
This proportion is simply obtained by noting, for any given m13 and mg , that there
are a total of (m13 + m% + 1)! permutations on the candidates included in a reduced
set of those candidates counted in m13 and mg , along with C;. Of these

(m13 +m§ +1)! permutations, (m13 +m%)! have C; ranked in the first position
among the reduced set of candidates, regardless of the relative position of candi-

dates in the reduced set within the third voter’s complete preference ranking on all
candidates. It follows that

Wby o
mZ_l m_lz_”’IS (m - 1j{m —l—mf] m?!mg!(m flfmf)!(m flfm%)!m!

3 3 3 3
ml3:0 mg:() my my (ml +my + 1)

Using Egs. 4.35 and 4.39 with algebraic reduction, we obtain the representation

-1 m—l—m3 1= 3 ! 1= 3 ! (440)
PgMRW(m,Z’),[C): mz > ! (m ’:ll ) (’;1 - mj )3 ]
m13=0 m%:O m!(m—l—ml —mz)!( i +m2+1

Tables 4.6 and 4.7 list computed values of PgMRW(m,Z%,IC) from Eq. 4.40 for
various values of odd m with 3<m <449. As noted in the observation in May
(1971) that was mentioned earlier, the convergence of PgMRW(m,&IC) to its lim-
iting value of zero as m — o is very slow as m increases.

The development of representations for P;BgMRW(m,n,IC ) becomes somewhat

more complicated for n greater than three. When n = 5, we partition the voters
into two sets, the first three and the last two. Consider the situation in which we
wish to compute the probability that candidate C; is the PMRW for the five-voter

case. Let ai3 denote the number of candidates that are ranked as preferred to C; in
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exactly i of the preference rankings of the first three voters, with 0 <i <2. Since

C; is the PMRW, we must have ag + a13 + a% =m—1, and no candidate can be

counted in more than one of the ai3 terms.

Table 4.7 Computed values of Py, (7,7, IC) from Gehrlein (1999b)

n

m 3 5 0
27 46017 .36352 25494

29 44660 .34947 24138
31 43421 33675 .22927
33 42283 32517 21840
35 41233 31457 20857
37 40260 .30482 .19964
39 .39355 .29583 .19149
41 38150 .28749 .18402
43 37720 .27974 17715
45 36977 27251 .17080
47 36278 26574 .16492
49 35618 .25940 .15945
99 25933
149 .21450
199 .18720
249 .16833
299 .15426
349 .14325
399 .13433
449 12690

As a first step, we compute the proportion, Z > (ag,af ,a%), of five voter prefer-
ence profiles that will have C; as the PMRW, given a specific combination of a,-3
terms from the preferences of the first three voters. Once the a,-3 terms are fixed
from the first three voters, the conditions that keep C; as the PMRW result from
placing restrictions on the preference rankings of the last two voters. Candidates
counted in ag can be ranked anywhere in the preferences of the last two voters
and C; will remain as the PMRW, so we focus our attention on the feasible

placement of the reduced set of candidates included in the remaining m —l—a(3,

candidates, relative to the position of Cj in the preference rankings of the last two

voters. There are (m—ag )! possible preference rankings on this reduced set of
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candidates for voter number four. If C; is the PMRW, then all candidates among
those counted in ag must be ranked below C; in the preference ranking for voter

four. Assume that exactly 7 candidates from a13 are ranked ahead of C; in the

3
preferences of voter four, with a13 —n being ranked below C;. There are [“1 J
n

combinations of ways of selecting the candidates that are counted in7 .
A total of 7 candidates from the reduced set are ranked above C; for voter

four, with a total of m—1- aS —n from the reduced set being ranked below C; .

Then there are n!(m -1 —aa —77)! possible rankings on the reduced set of candi-
dates for voter four that allow C; as the PMRW. The preference ranking for voter

five must then have candidate C; ranked above all candidates counted in either
a% or 77. Following earlier discussion from the development of the representation
for M }SMRW(mﬁ,IC ) , the proportion of the m! possible preference rankings on all

candidates for voter five that meet this criterion is given by 1/ (77 + a% + 1). Given
this discussion, we find the representation

a (3l —1—a2 ) (4.41)
ZS(aS,a?,ag)Z ZI a1 n.(m iQ 77)’ 13 ,
n=0\ 7 (m—ao)! n+a; +1

which can be reduce with the identity m—1— ag = a13 + ag to

3 s (4.42)
5( 33 3): 3 “1!(“1 +"2_77)!
Z \ag.ai,a3 IEO (a13 ,ﬂ)!(af +a§ +1)!(77+a§ +1).

This representation is valid, without regard to the relative placement of candidates
in the reduced set within the complete preference rankings on all m candidates of
the last two voters.

Attention now returns to the preference rankings of the first three voters. Let
b; denote the number of candidates that are ranked as being preferred to candidate

C; only in the preference ranking of Voter i among the first three voters. Simi-
larly, b; ; denotes the number of candidates that are ranked as being preferred to
C; only in the preference rankings of both Voter i and Voter j among the first
three voters. It then follows directly from previous definitions that
a13 =b +b +bs, a% =bp+b3+by3 and a(3) =m—1—al3 —a%. The total
number of candidates that are ranked as being preferred to C; in the preference
ranking for Voter 1 is given by m =by + by + by 3. There are m! possible pref-
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erence rankings for Voter 1, and mll(m -1- ml)! of them that meet this criterion.
Similar arguments hold for Voter 2 and for Voter 3. A representation for
M EMRW(m,S,IC) is then obtained by using a summation function to enumerate
all feasible combinations of b; ’s and 4; ;’s. In this enumeration we calculate the

number of combinations of ways that the m —1 candidates can be partitioned into
the b;’s and &; ;’s, then compute the proportion of all possible profiles for the

first three voters that are feasible with the given b, ’s and b; ;’s, and then account

for the proportion, Z S(ag,af ,ag), of profiles for the last two voters that will have
C; as the PMRW given the b, ’s and b, ;’s. After using Eq. 4.35 with algebraic
reduction, the resulting representation is given by

Py (m5,1C) = (4.43)

I mil(m =1-m;)! % ba!(ba +bes = 1)
4 2 — ! '
bl!b2!b3!b1,2!b1,3!b2,3!m*!m! 7]:0 (b- ﬂ)‘(b. + b-- + 1)(77 + boo + 1)

where 2, is a six-summation function with has summation limits given by

b < m-1 (4.44)

0 3 < M*I*blsz
0 Sblzﬁm—l—bl—bz—b3
Sb13§m 1 bl—b2 b3 b12

with
my =by+b 5 +by3 (4.45)
my =by + b1,z + b2,3
my =by+b3+by3
m*=m—1=b —by—by—bj 5 —b3-by3
by =b; + by + by
bee =b1p +b13+ by 3.
Using similar logical arguments, a representation for PEMRW(m],IC) is ob-
tained in Gehrlein and Fishburn (1979a) as

H?:l [m,-!(m -1 —m,-)!] (4.46)

m*¥mP [y by!

PgMRW(m’7’IC) = z5 Z7(m *’b.’bnvbooo)
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HereXs is a 14-summation function that has sequential indexes b;,b,,bs,by,
bl,Z . b1’3 5 b1’4 N b253 . b2’4 N b3’4 N b1’2’3 N bl,2,4 N b153’4 . b2’3’4 where the limits on these

summation indexes keep

0 < b] +b2 + b3 + b4 + b]’z +..+ b1’3’4 +b2’3’4 <m-1. (447)

In addition,

my=by+by+b3+ba+boz+boa+bza (4.48)
My =by +byp +by3+bya+bip3+bipa+br34
my=by+b3+by3+byg+bp3+b34+by34
my=by+bg+bys+byg+bog+bza+br3g
m*=m—1=by—by—by—by—bjy—..=b34-by34
by =by +by +b3 +by
beo =by 5 +b13+D1 4 +by3+byg+b3y
bees =b123+b10a+tbi34+b234

[Ty byx!=bylbylbslby by 5..by 3 410y 3 4!

and
Z7 (% ba,bus,bese )= (4.49)
ba1bea 15 +by = B5)(Bs +bas =5 +buss )!
X
by ba=fs buy buy=ts B5'B6\(be — Bs — Bo Va5 ag ! (bes — a5 —atg)!
Bs=0 fo=0as=0 ag=0 (be = B5 = Bs +6)!(B6 +bas +base —at6)!

(b +bee +beee 1) (De +Dee +Daee — B3 +1)!(be +bees + a5 +a6 — B5 — fig +1)

Tables 4.6 and 4.7 list computed values of P}‘?MRW(m,S,IC ) for each m = 3(2)49,

and Table 4.6 lists computed values of P,§MR W (m,7,1C) for each m = 3(2)25 from
Gebhrlein (1999b).
A representation for PEMRW(mB,]A C) is developed in Gehrlein (1998), and the

logic behind the development of that representation relies upon arguments for
counting the number of voting situations for which a specified candidate, C;, is

the PMRW when n = 3. The first possibility, Case 1, occurs when all three voters
have identical preference rankings on the m candidates with C; ranked as the

most preferred candidate. There are m! different linear preference rankings with
m candidates, and (m—l)! of them have C; ranked as most preferred. Case 2

deals with the situation in which two voters have identical preference rankings on
the m candidates with C; ranked as most preferred, while the third voter has any

other preference ranking. The number of voting situations of this nature is given
by (m —1)!(m!-1).
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Case 3’ fori= 0, 1, 2, 3 considers the voting situations in which Cj is the

PMRW, when all three voters have different preference rankings, with i voters
having C; ranked first. It follows directly that the number of voting situations in

Case 3° is given by ((m;l)!j. Similarly, the number of voting situations in Case

32 is given by ((mz_l)!)[m!—(m -1)1].

In the discussion of Cases 3° and 3' s 1 denotes the number of candidates that
are ranked ahead of C) in the preference ranking of Voter j. Begin with an

evaluation of Case 3' , and assume arbitrarily that C; is ranked first in the prefer-
ence ranking of Voter 1, so that 7; =0 . This assumption can be made without any
loss of generality since voters are anonymous with JAC. We can also assume
without any loss of generality that 73 >r,. Given that there are (m—l)! linear

preference rankings with 7 =0, the number of voting situations in Case 3l s

given by
{’LIT (4.50)
2 m—1-r -1 +
m-1)'y 3 (m j(r2 F3Jr2!(m—l—rz)!r3!(m—1—r3)!/51 ,
n=l n=r n+n )
where S'=2if ry=n

5'=1 otherwise.
The notation [x]7 denotes the largest integer that is less than or equal to x. The

5! term prevents double counting for the case with », =73, since interchanging

the preferences of Voters 2 and 3 will not create a new voting situation.
To avoid the double counting of voting situations from permutations of prefer-

ence assignments to voters in Case 30 , we assume arbitrarily that 5 >r, 27,
with 7 21. It follows directly from the logic of previous arguments that the
number of voting situations for this particular case is given by

‘ [ri!(m—l—ri)!]/ﬁz,

i=1

m=1 " m-lon [0 (4.51)
[321]{ ;Z}mlzﬁ’z[ m—1 ][r1+r2+r3J[r2+rgj

rn=1 rn=n ry=ry ntrntn n n

where 5%=2 if H=r or n=r,with n #n3

5%=6 if n=n 5% =1 otherwise.
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The total number of voting situations for all of these cases can be accumulated
to give the number of voting situations, N}{)ﬁ},;ew(m,Z%,lAC), for which candidate

C; is the PMRW with n = 3 voters for m candidates. After accumulation and al-
gebraic reduction

By n3.14) o 1)!{(? =Ll {(3m —2)m —1)2}+ (4.52)
m=1 [ m=1-n ] 3
[Tl} [ 2 } m=1-n-r, ,H(m_l_ri)!
(M—l)! > > 5 -1 /52’

=0 r2:5(r1) 3=ry (m_l_rl_VZ_r3)!

where on)=n if n >0
o(n)=1 if n =0.
The 5(r1) term in Eq. 4.52 is defined to allow for the aggregation of the results

from Eqgs. 4.50 and 4.51.
Eq. 3.92 can be used to show that there are A (3, m!): m!(m!+1)(m!+2)/ 6 possi-

ble voting situations for n = 3 with m candidates. By the symmetry of IAC with

respect to candidates, a representation for PPSMRW(m,3,]A C) can then be obtained
from the relationship

Py (m3.AC) = mN IStk (m,n, 1AC)/ H (3, m). (4.53)

After substituting the representation for Ng}IEQW(m,lIAC) from Eq. 4.52 into

Eq. 4.53 and performing algebraic reduction, we obtain

“1)i1 4.54
Pl (m,3,1Ac):m«3m-z)(m—1)!+2}+ (.54
m-11" [ m-1-r; | 3
i I I TR B

Yoy =L /82
(m'+1)(m'+2) rn=0 r2:§(r1) r3=r, (m -1- n—nrn-— }’3)!

Table 4.8 contains computed values of PgMRW(m,S,IAC) for each m = 3(1)11
from Eq. 4.54. The associated values of PEMRW(m,?a,]C ) from Eq. 4.40 are also
included in Table 4.8 for the purposes of comparison. We observe that computed

values of PgMRW(mS,IA C) and PgMRW(m,S,IC) converge to the same values very
quickly as m increases, to verify earlier observations. Table 4.8 also lists values of
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PgMRW(m,S,IAC) for each m = 3,4,5 that were obtained by computer enumeration
in Gehrlein (1998).

Table 4.8 Calculated values of P, (mnIAC) and PS,,(mnIC) for n = 3,5 from
Gehrlein (1998)

m P[i\lRW (m’3’1AC) P;MRW (m’3’1C) P[fMRW (m'S’IA C) P;MRW (m’S’IC)
3 o4 96429 93056 95238

4 88889 90154 86111 87302
584000 84392 80047 80380

6 79778 79862

776120 76134

8 72925 72927

9 70108 70109

1067603 67603

1165357 65357

4.3.6 Limiting Probabilities with More than Four Candidates

The primary limiting probability representation that has been obtained for cases
with more than four candidates considers the probability P;?MRW(m,oo,IC) that a

strict PMRW exists for m candidates as n — oo with IC. Niemi and Weisberg
(1968) generalize Guilbaud’s result for m equal to three from Eq. 3.77. Their re-
sults for the general case of m candidates follow directly from previous discussion.

The logic that led to Eq. 3.69 can be used to obtain Guilbaud’s result for the
special case of IC for three candidates. In particular, Eq. 3.69 can be reduced to

P;?MRW(loo,]C): 3<I)2(p), where <I)2(p) is a bivariate normal positive orthant
probability with correlation p =1/3 between the two variables. The logic that led
to Eq. 3.91 allows us to easily generalize Guilbaud’s result to

RgMRW(m;QJC):n«bm_ARm‘1@/3», (4.55)

Here, R™™! (p) is a correlation matrix for a joint multinormal distribution on
m—1 variables for which all correlation terms between variables are equal, with
p=1/3.

Gehrlein and Fishburn (1978a) consider the case of m = 5 and use a representa-
ﬁonfbr(D4(R4(1/3»iToanosnyakov(1971)u>0buﬁn

! (4.56)

5 15 (1) 15 3Sin [y /(1+2y)]
Poyvr (5,00,1C) = = +—Sin™!| = |+ — dy .
v (3,20.1C) 16+47z n £3}+2ﬂ2({ - 4
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Evaluation by quadrature in Eq. 4.56 leads to P[fMRW(S,oo,[C) ~.74869 . The re-
sults of Theorem 4.26 can then used to extend these results a representation for
P;?MRW(6,00,IC )z .68476. Niemi and Weisberg (1968) use calculated values of

<Dm_1(R'”_I (1/3)) from Ruben (1954) to obtain values of Py (m,00,IC) for

each m = 3(2)49, and these values are listed in Tables 4.6 and 4.7.
Gehrlein and Fishburn (1979a) use a result from Bacon (1963) to develop an

approximation for PgMRW(m,OO,IC) as

. 4.57)
2 —1)1ek
PgMRW(m,oo,]C)z ;n_l 1+ Z (m )k—l s
2 k=1 (i —1- 2k) 1K1 TT (1 - 4i0)
i=0
where ©=Sin"'(1/3)/x.

4.4 Other Related Results

Gehrlein and Fishburn (1979a) developed an approximation to minimize the
maximum absolute percentage deviation of the approximation from known values

of PEMRW(m,n,IC) that were available at that time, including the limiting
PgMRW(m,oo,IC) values from Niemi and Weisberg (1968). Somewhat later,

Gehrlein (1999b) extended the list of known PgMRW(m,n,IC) values and re-

evaluated that approximation, using all of the known values that are listed in Ta-
bles 4.6 and 4.7. The resulting approximation is given by

wl) o (458)
8246 1)1 s6 2
oy m+15622

034 | 18(.64) 3 +

m+9.71

Py (m,n,IC) = m1

n—1-88 2
The approximation in Eq. 4.58 was found to have an absolute percent error of

0.45% or less over the range of all of the computed values of PgMRW(m,n,IC ) that

are listed in Tables 4.6 and 4.7 with m <49. All three decimal place entries in
Table 4.6 were computed with this approximation. A number of simpler func-
tional forms were tested, but none could match the accuracy of the approximation
that is shown in Eq. 4.58.
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4.4.1 Spatial Models

Many studies have been performed to evaluate the probability that a PMRW ex-
ists, and to consider factors that affect the likelihood that a PMRW exists by using
spatial models. Chamberlin and Cohen (1978) present an excellent study that is
based on such a model. Each candidate is evaluated by voters on the basis of k
different characteristics or issues that are of interest, and the position of any can-
didate with regard to any given characteristic is determined by some continuous
measure of that characteristic. Each dimension in k-space then represents a char-
acteristic, and any given point in that space represents a specific position on all of
the k characteristics. Candidates are then positioned at the point in the k-space to
represent their stand across all of the characteristics. Voters are then positioned at
their ideal point in the space to represent their particular position on the character-
istics. The ranked preferences on candidates for a given voter are then based on
the relative Euclidean distance between that voter’s ideal point and the position
points of the various candidates in the k-space. This process follows the argu-
ments in Chapter 3 by translating cardinal utilities to ordinal candidate rankings.

By manipulating the relative positions of candidates in the k-space to consider
various situations, and then randomly generating position points for each of the
voters in a Monte-Carlo simulation, Chamberlin and Cohen (1978) obtain random
voter preference profiles that are used to estimate the probability that a PMRW ex-
ists in various situations. The basic conclusions of the study suggest that there are
significant differences in estimates of the probability that a PMRW exists as the
candidates’ positions are placed in different configurations. When candidates tend
to be clustered near each other, the smallest probabilities that a PMRW exists are
observed. This situation would tend to result in the random generation of voters’
preference rankings on candidates that are most consistent with IC.

As the positions of candidates are intentionally fixed to create significant dis-
persion among their relative positions, more candidates are located in fringe posi-
tions. This would suggest situations in which the fringe candidates would typi-
cally only be ranked near the top or near the bottom of voters’ preference
rankings, depending on the general part of the space in which the voters’ ideal
points were randomly positioned. This type of situation would tend to be very
different than IC, and would be more in accord with the notions of Sen’s class war
model. It is found that as the dispersion among candidates’ positions increases,
there are significant increases in the probability that a PMRW exists.

Some researchers are skeptical of the results that are based on these spatial
models. Skog (1994) presents the primary criticism of such studies, by stating that
the requirements that such a model places on the degree of precision that is re-
quired of voters to evaluate position points of their own preferences and of candi-
dates’ positions is unrealistic. This criticism is particularly asserted for compari-
sons that must be made between candidates that are relatively close together in the
criteria space. The process by which individuals might go about making pairwise
comparisons between candidates in such situations is the topic of the final chapter
of the current study.
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Dutter (1982) does an empirical study of election results from Northern Ireland.
The main purpose of the study is to determine if voters perform comparisons of
candidates based on spatial models or based on “lexicographic models” that are
very much like ordinal ranking comparison models. The results indicate patterns
of voting behavior that are consistent with both models in different elections. Dut-
ter warns that if one proceeds with the assumption that voters have preferences
that are exclusively based on spatial models, when the population actually has
lexicographic preferences or a mix of both, the wrong conclusions could be drawn.
The same warning would obviously apply equally for the reverse situation.

Spatial models clearly serve a very useful function, and many interesting stud-
ies use them as a basis for analysis. These models are not discussed at length in
the current study for two reasons. First, these models are primarily only useful for
Monte-Carlo simulation based analysis. And, studies based on spatial models and
their analysis of topics related to the likelihood that a PMRW exists could be the
basis of a complete book on its own. See Merrill (1988) for example, which does
an excellent job of summarizing and integrating a number of Monte-Carlo simula-
tion studies that are based on spatial model analysis of election outcomes. As a
result, we primarily focus our attention in the current study on the development of
probability representations for the likelihood that a PMRW exists that are based on
ordinal rankings.

4.4.2 Supermajority Rules

Supermajority rules have been applied in a number of different situations when
the resulting decisions of an election are viewed as being of extreme importance.
Consider an election between Candidates A and B with n voters where N (A - B)

denotes the number of voters who prefer A to B in a voter preference profile.
Candidate A will only be viewed as superior to B under a supermajority relation

MTif N (A - B)/ n>71 where7 >1/2. Simple majority rule corresponds to the

case where7 =1/2. The general underlying notion has been that z should in-
crease as the importance of the decision increases.

Colomer and McLean (1998) examined the history of voting procedures that
were used to elect popes in the past. A 2/3 supermajority rule for voting cardinals
was enacted by Pope Alexander III in 1179. The intent of imposing this rule was
to require that a large coalition of voting cardinals had to be formed in order to
achieve the election of a mutually agreeable candidate. The elected pope would
then likely arise as a result of compromise among the supporters of other candi-
dates, which would tend to lead to a stable situation after the election was com-
plete. Any minority coalition that supported a losing candidate would be faced
with the prospect of having to persuade a majority of the winning coalition cardi-
nals to change their votes in favor of the losing coalition’s candidate. Faced with
such a formidable task, it would seem that any losing coalition would give up op-
position to the final outcome. The enforcement of this 2/3 majority rule did result
in a much more stable situation after elections, but problems accompanied its use.
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The process of requiring a coalition of 2/3 of voting cardinals to reach a mutu-
ally agreeable decision could drag on for long periods of time. Elections in 1216,
1241, 1243, 1261 and 1265 took several months to reach a decision. An election
that started in 1268 lasted for more than two years without a decision. Colomer
and McLean (1998) report a number of interesting anecdotes related to drastic
measures that were employed to speed up the decision processes in these cases.

Lines (1986) and Coggins and Perali (1998) discuss a prolonged process by
which elections were held to elect the Doge, or Duke, of Venice. The position
was a lifetime appointment, and once a doge died, the government came to a
standstill until the next doge was elected. A series of nominations for electors,
with lotteries and supermajority voting being used at different stages, ultimately
led to the selection of a voting body of 41 members. The election of a doge finally
resulted when the final committee of 41 members voted approve, uncertain or dis-
approve on each candidate, and at least 25 electors voted approve for a candidate,
for a 61 percent supermajority approval rating. The system was used in Venice
for about 500 years. While the process of electing a doge led to significant peri-
ods of time in which the government was at a standstill, it is credited with explain-
ing the stable political climate in the area during the period in which it was used.

Nitzan and Procaccia (1986) consider voting rules as they are related to notions
of corporate governance. Of particular interest is a reliance on supermajority rules
at shareholder meetings, where shareholders typically have one vote for each share
of stock that they own. The English Companies Act is cited as requiring the use
of simple majority rule for voting at any general meting of shareholders when “or-
dinary resolutions” are being considered. However, “special resolutions” and “ex-
traordinary resolutions” that can require a significant change in corporate opera-
tions require a 75 percent supermajority for passage. The California Corporation
Code does not distinguish between “ordinary resolutions” and “extraordinary reso-
lutions” and only requires simple majority voting in all cases. However, the ma-
jority reference is to a majority of shareholders of all outstanding stock, whether
present at the shareholders meeting or not, which typically imposes a supermajor-
ity requirement on the shareholders who are present at any meeting.

Gebhrlein and Kher (2004) consider the application of supermajority rules by the
Academy of Motion Pictures Arts and Sciences in making decisions that are re-
lated to some awards that it gives out. In this particular case, a nominee is se-
lected for an award by a committee and a supermajority vote from all Academy
members is then required for the award to be given. In this way, the award has a
higher prestige associated with it, and there is no disruption to the Academy if a
supermajority of members does not vote in favor of granting the award to the
nominee, since the award is simply not given out during the year when such an
outcome occurs.

Wickstrom (1986) presents a survey of work that is related to the notion that
the required size for the margin of victory by supermajority should increase as the
relative importance of the associated decision increases. The conclusion of the
study is that this notion is only valid if two assumptions are simultaneously met.
In particular, voters must be risk averse, and the so-called important issues must
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have greater variance, or more uncertainty, associated with them, relative to their
net benefit to the voters.

It is interesting to note that a Pairwise Supermajority cycle (PM'R cycle), can

still exist when PM'R is used instead of PMR. Weber (1993) gives a simple
proof of a result from Greenberg (1979) that determines the necessary conditions

fora PM'R cycle to exist. For n>2 and m >2,a PM'R cycle can exist if and
only if

m-1 (4.59)

Coughlin (1981, 1986) considers supermajority rules in the context of “J -
relative majorities”. We only have N (A - B)+ N (B >~ A)S n in this case since

some voters might not have strict preferences on the pair. Then A beats B by a
O -relative majority if N (A - B) > 0N (B - A). It is shown that voting outcomes

with ¢ -relative majority voting will be transitive, with the possibility of ties, if
and only if
}— (4.60)

ol

Here, [x]— denotes the largest integer that is less than or equal to x and [x]+ de-
notes the smallest integer that is greater than or equal to x.
Caplin and Nalebuff (1988) also examine ranges of 7 that prevent the exis-

tence of PM'R cycles. Linear preference rankings on candidates are assumed to
exist for voters, and the preference rankings result from a spatial model. An as-
sumption is made regarding a convexity condition on the distribution of the den-
sity of voter’s most preferred points in the attribute space. This convexity condi-
tion precludes the existence of societies with some types of preference structures,
such as with polarized preferences. The conditions that are assumed in the study

lead to the conclusion that PM'R cycles are precluded with a majority rate
( " jn (4.61)
r=1-|—| .

. . . . 1

As n increases, 7 increases monotonically to a limiting value of 7 =1-—, so that
e

a value of 7 that is approximately equal to 64 percent would then always effec-

tively preclude the possibility of a PM'R cycle, given the conditions specified in
the study.
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A number of papers have also considered the probability that a PMR cycle
will be observed. Buckley and Westen (1974) conjectured that the probability that
a PM'R cycle will be observed decreases as 7 increases. Monte-Carlo simula-
tion results under IC support this conjecture and also indicate that the probability

of observing a PM'R cycle approaches zero very quickly for large electorates
with m at all large for 7 only marginally greater than 1/2.

Balasko and Cres (1997) evaluate the probability that PMR is transitive for m-
candidate elections. The study defines the probability of observing voting situa-
tions in terms of volumes of an m!-dimensional simplex, which we have already
seen to be equivalent to considering the limiting case of IAC as n — o . A repre-

sentation is obtained for the upper limit of the probability that there is a PM'R
cycle as Y(m,7) , with

. jm! (4.62)

1—
Y(m,7)=m!
(m,7) (.4714

which becomes remarkably small. For example, with 7 =.54 and m =7, the rela-
tive volume of the subspace containing voter preference profiles with PM'R cy-

cles is less than 1072 In general, PM'R cycles are shown to be rare events for
m at all large with 7>.53. Black (1969) considered the case of unanimity rule,

with 7 =1, and found that the probability that any such PM'R cycle exists is so

small that it can be disregarded, in agreement with the observation in Eq. 4.62.
Grofman (1972) analyzes a variation of this problem by considering the exis-

tence of a set of candidates, C( j,i), who would receive at least j votes in PMR

contests against each of at least m —1—i of the other m—1 candidates with odd n
voters. Obviously, if #C("T“,O):l then the candidate in C( j,i) is the strict

PMRW, and if #C (?,0): 0 then there is no strict PMRW. Grofman takes the

reverse option of requiring a supermajority PM'R and considers the submajority

PMR with ;< g that is necessary to ensure that #C(j,0)> 0. It is proved for

linear voter preference rankings on candidates that

nm(m—1)/2—m(j—1)
m(m—2)

Theorem 4.27. If "

>n , then #C(,0)>0 for j <

N |
L

4.4.3 Condorcet Committees

All analysis to this point has been focused on elections that are trying to select a
single winner. When the problem changes so that a group of voters is trying to
elect a committee, a number of new paradoxes that are related to this particular
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problem can be observed. For example, see Staring (1986) and Mitchell and
Trumbull (1992). Arguments over the way in which the notions behind PMR
should be extended to the case of electing members of a committee have a long
history. Dodgson (1884, 1885a, 1885b) was involved in a dispute with the “Soci-
ety for Proportional Representation” regarding this very issue.

Dodgson gives an example in which a group is trying to elect a committee of
three members from five candidates. In this example, the candidates are Cham-
berlain (A), Gladstone (B), Goschen (C), Hartington (D), and Northcote (E). The
voting outcome from an election gives the voter preference ranking on candidates
that are shown in Fig. 4.2.

B D B A C E
D B A B B -
C C D D D -
A A C C A -
E E E E E -

3030 2980 2020 1100 790 2079
Fig. 4.2 Example voting situation from Dodgson (1885a)

Dodgson notes that Candidates A, B, C and D are liberal candidates, and that £
is a conservative candidate. The fact that the 2079 conservative electors only rank
their candidate would suggest that they are indifferent, or equally unhappy, with
the possibility of any of the other candidates.

Dodgson argues that A, B and D should be elected to the committee “as a mat-
ter of justice”, by comparing pairs of candidates for entry. The logic is that the
pair B and D are obvious selections, since 6010 of the 11999 voters rank B and D
first. Next, Dodgson argues for the inclusion of A as the third member of the
committee, since “over and above these” 6010 voters, we have 3120 voters who
place the pair A and B as their two most preferred candidates. Dodgson goes on to
show that the system that was proposed by the Society for Proportional Represen-
tation would have elected B, C and D. Dodgson states that the election of Go-
schen (C) “would bring in the wrong man”.

The Society for Proportional Representation responds that the election of Go-
schen (C) by their procedure in Dodgson’s example is, in fact, the proper choice
over Chamberlain (A). Their argument against Dodgson is that there are 9920
“liberal electors” in this example for whom a preference comparison between A
and C are known. Of these 9920 electors, 6800 prefer C to A, with only 3120 pre-
ferring A to C. Thus, Goschen (C) should be the winner, based on a direct PMR
comparison between candidates A and C. Thus, the argument of the Society for
Proportional Representation is based on the notion proposed in the definition of a
Condorcet committee based on individual comparisons of candidates who are in
the committee versus not in the committee. Dodgson responds to the criticism of
the Society with an example to show that it is possible to continue their logic and
have PMR cycles in entry and removal of candidates from the elected set.
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The first definition of a Condorcet Committee that we consider follows from
the basic idea of the argument that was presented by the Society for Proportional
Representation regarding the entry of the third candidate to the committee is given

in Gehrlein (1985). Let " =™ denote a possible subset of candidates to be

elected to a committee. Then, C " is a Condorcet committee if CMC i for all

C e " and all C j € c™\C" . Previous discussion makes it clear that a Con-
dorcet committee does not necessarily exist according to this definition for a

specified #C " with a given n and m. However, since PMR is transitive when
voters have single-peaked preferences or dichotomous preferences, a Condorcet
committee will always exist according to this definition whenever either of these
restrictions is assumed to hold.

Felsenthal and Machover (1992) develop the same definition for a Condorcet
committee as in Gehrlein (1985), and they suggest that this definition is valid
when the goal is to select the PMRW as a single winner, but that it might not be
effective when the goal is to select a committee that reflects a “microcosm of soci-
ety”. Hill (1988) previously made a similar observation. Numerous studies have
been conducted to develop methods to choose committees that would tend to more
accurately reflect the mix of preferences of the population that the committee will
represent. For example, see Good and Tideman (1976), Chamberlin and Courant
(1983) and Benoit and Kornhauser (1994).

Fishburn (1981a,b) develops a second definition of a Condorcet committee that
is based on the notion of PMR. In these studies, attention is moved from directly
considering the relative position of individual candidates in voters’ preference
rankings. Instead, a determination is made of what the preference rankings of vot-
ers would be on the combinations of candidates in all possible committees with a
specified number of members, given the voters’ preference rankings on individual
candidates. A Condorcet committee is then determined on the basis of elections
that would be performed by having PMR comparisons between possible pairs of
committees with the same number of members in each committee, with the Con-
dorcet committee being defined as the possible committee of a given size that is
preferred by PMR to all other committees of the same size.

Fishburn (1981a) makes some interesting observations when considering this
definition of a Condorcet committee when individual voters have dichotomous

preferences on candidates. For any given voter, [ (>) denotes the subset of can-
didates among the more preferred candidates and L(>-) denotes the subset of less
preferred candidates in the voter’s dichotomous preference order. Some mecha-
nism is required to determine how each voter would then rank committees of a
specified size, k, given their preferences on the candidates. Fishburn defines this
mechanism as Condition P. Let C* and C? denote two possible committees of

k candidates. Then, Condition P is defined on a given voter’s pairwise preference
on committees such that
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¥ ¥ e #HeX NHE#C N HE). (4.63)

That is, a voter will prefer committee C X to ¥ if C* contains more candidates

in the voter’s more preferred set of candidates than committee c? does.

Unlike the results obtained by Inada (1964) for the election of a single candi-
date, Fishburn (1981a) gives an example on four candidates {A,B,C,D} in which
voters with dichotomous preferences have PMR cycles on committees when Con-
dition P determines individual voter’s preferences on the committees. This PMR
cycle refers to a majority of voters who actually have a preference on a given pair
of committees, since Condition P allows for voter indifference between two com-
mittees. Voters who are indifferent between pairs of committees are assumed to
abstain from voting in that particular PMR comparison. In this example, the indi-
vidual voters’ dichotomous preferences on candidates are shown in Fig 4.3.

Voter Number
Type H (>—) L(>—) of Voters
1 AB CD 3
2 c ABD 2
3 D ABC 2

Fig. 4.3 Example voter preference profile with dichotomous preferences from Fishburn
(1981a)

We see, for example, that committee {A,B} has a three voters to two majority
over committee {A,C}. This results under Condition P with the three voters of
Type 1 preferring {A,B} to {A,C} and the two voters of Type 2 preferring {A,C}
to {A,B}. Voters of Type 3 are indifferent between {A,B} and {A,C} and do not
vote for this particular PMR comparison of committees. Using the same logic, we
find that {A,C} has a three to two majority over {C,D}, with voters of Type 2 not
voting. Then, the cycle is complete with {C,D} having a four to three majority
over {A,B}.

Fishburn (1981b) shows that imposing the condition of single-peaked prefer-
ences on voter’s preferences on individual candidates is insufficient to ensure the
existence of a majority committee, for k > 1. The study considers the additional
restrictions that are required on individual voter’s preferences on candidates to en-
sure the existence on a Condorcet committee. A Condorcet committee must exist
when voters have single-peaked preferences on candidates; with the additional re-
striction that each voter must also have the same most preferred candidate in his or
her preference ranking. Thus, the conditions that require the existence of a
PMRW in single-candidate elections fail to be sufficient to require the existence of
a Condorcet committee of more than one member, given Fishburn’s definition of a
Condorcet committee.

Several studies have been conducted to consider various aspects of these two
definitions of a Condorcet committee. For example, see Kaymak and Sanver
(2003) and Ratliff (2003). A general conclusion seems to be that the definition of
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a Condorcet committee from Fishburn (1981a,b) is more appropriate in situations
in which committee members are expected to reflect a “microcosm” of the society
that it is supposed to represent. The definition from Gehrlein (1985) is more ap-
propriate if the elected committee represents a list of candidates that are to be
passed along for further deliberation that will lead to the selection of the final
winning candidate from that set. Barbera and Coelho (2004) compare the two
definitions of a Condorcet committee and they formulate “Random Chooser
Game” in which agents act strategically and cooperatively. Using this game as a
basis, it is shown that when any procedure that meets some basic restrictions is
used to select candidates to a committee, a set of candidates in a committee can
be a strong Nash equilibrium outcome only if the meets the definition of a Con-
dorcet committee from Gehrlein (1985).

A limited amount of work has been done to develop representations for the
probability that a Condorcet committee exists, with either definition of the term.

Gehrlein (1985) does present results for the probability, ch(k)(m,n,lC), that a

Condorcet committee with k members exists for n voters with m candidates under
the assumption of IC. The results refer to the definition of a Condorcet committee
as defined above in reference to that study.

Since every voter preference profile has the same probability of being observed
as its dual voter preference profile

Poc()msmIC)= Py m.n, IC). (4.64)

For the special case that k=1,
S S S .
Pcc(l)(m’”JC): Pcc(m-1)(’"a”JC): Ppyigyy (m,n, IC). (4.65)
The discussion that led to the development of Eq. 4.22 for odd » leads to

ch(z)(“’”’lc): Ppyr(4.n,1C). (4.66)

To develop more general relationships for ch(k)(m,n,IC), we follow the de-
velopment of Eq. 4.24 and define k(m - k) discrete variables of the form X ;e for

the i individual voter’s preferences that will be used to obtain the joint probabil-
ity, Qgc(k)(m,n,]C), that C/MC/ foreach 1< j<k and k+1</<m in a ran-

dom voter preference profile, with

+1:if C; >~ C, for the i voter (4.67)

X
gt : -th
-1:if Cy > C; for the i voter.
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A representation for Qgc(k)(m,n,IC) can be obtained as the joint probability
that Xj-’g >0 foreach 1< <k and k+1</¢<m. With the assumption of IC, it
is easily shown that E ( j / ): 0. Previous arguments that were based on the Cen-

tral Limit Theorem have shown that the limiting distribution Qgc(k)(m,m, IC) as
n— is equivalent to the multivariate-normal positive orthant probability,
(I)k(m_k)(R(m,k)), with k(m—k) variables that }j,(\/; > E(Y,/\/;) for each
1<j<k and k+1<¢<m. The correlation matrix for this multivariate normal
distribution, R(m,k), can be generalized from the form of R! , which has m = 4
and k = 2, in Eq. 4.25. The correlation term between the pair of variables X, é,b

and X, é,d is equal to 1/3 if either a = c or b = d. Otherwise, the correlation be-

tween the pair of variables is zero.

There are (’ZJ different combinations of candidates that could form a Condor-
cet committee of k candidates, and the symmetry of IC with respect to candidates

leads to

(4.68)
Péciy(m,0,1C) = (’ZJQgC(k)(m:OO’]C) = [,Z](Dk(mk)(R(m’ k).

Precise analytical representations for PCSC(k)(m,oo,IC) become intractable
form > 5, so Gehrlein (1985) obtains Monte-Carlo simulation estimates for values

of (Dk(m_k)(R(m,k)), and then obtains associated estimates of ch(k)(m,oo,lC).

The simulation estimates for @ k(m_k)(R(m,k)) are obtained by using a process

from Naylor, et al. (1966) to generate 15,000 random observations from a
k(m —k) variable normal distribution with correlation matrix R(m,k). Each ob-

servation was checked to determine if each of the k(m—k) values were positive,

which would place that random observation in the positive orthant of the distribu-
tion. Then the estimate of @, k)(R(m,k)) is obtained as the proportion of the

15,000 observations that fell into the positive orthant. Table 4.9 lists the estimates
for ch(k)(m,oo, IC) for each k<m-1 with m=3,4,5,6,7 from Gehrlein
(1985). The results in Table 4.8 suggest that ch(k)(m,oo,IC ) decreases as k in-

creases for the range 1<k <m/2.
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Table 4.9 Monte-Carlo simulation estimates for P ,{)(m,oo, ]C) from Gehrlein (1985)

m

kK 3 4 5 6 7

1 916 .837 .716 .692 .641
2 .938 .736 .575 483 410
3 - .824 598 .437 .350
4 - - 750 479 312
5 - - - 656 .450
6 - - - - 628

4.4.4 Linear Extension Majority Cycles

Fishburn (1974c, 1976b, 1986) develops the notion of a Linear Extension Majority
Cycle (LEM Cycle). To describe the phenomenon, we start by defining a partial
order, S, in the context of the pairwise preferences of a society, where C;SC ; de-

notes that the society prefers C; to C;. Obviously, no candidate can be preferred

to itself. Suppose that not all of the societal preference relationships are known

for all of the pairs of candidates in the Cartesian product C™ xC™ in an m-
candidate election. The relationship between C; and C; is unknown, denoted by

GUC, if neither C;SC; nor C;SC;. The event CUC; does not necessarily
mean that society is indifferent between C; and C T but means that the societal

preference is not known for that pair. Then, S is a partial order if it is transitive,
but is not necessarily a weak order. That is, it might be known that C;SC i while

GUCy and CUC; for some other candidate Cy , so that the U relationship on

pairs of candidates is not transitive, as it would be if § were a weak order.

A linear extension L of S is a linear order with § < L, and A(S) is the set of
all possible linear extensions of a given S. For any two candidates C;,C; € c",
L(Ci,Cj) is defined as the subset of A(S) such that if L'e L(Cl-,Cj) then
G;L'C;, and it follows from these definitions that L(Ci,Cj)U L(Cj,C,»): A(S)
and L(Cl», C j)ﬂ L(C 75 Ci): ¢, since all such L' are linear orders. The LEM rela-

tion, M", on C™is obtained by following the same logic as PMR, with C;M e j

if #L(C;,C;)>#LI(C;.C;). Fishburn (1974c, 1976b, 1986) gives examples to

show that LEM cycles can exist, such that C;M c M M *CkM *Cl- for large

numbers of candidates. Gehrlein and Fishburn (1990a) show that LEM cycles can
exist for all m >9. Ewacha, et al. (1990) and Gehrlein and Fishburn (1990b) con-
sider the existence of LEM cycles on specializations of partial orders and condi-
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tions on partial orders that prohibit the existence of LEM cycles. Gehrlein (1991a)
does a Monte-Carlo simulation analysis to support the hypothesis that the prob-
ability that a randomly generated partial order will lead to a LEM cycle increases
rapidly as m increases.

4.4.5 Geometric Models

The notion of using arguments that have some form of a geometric basis to ana-
lyze elections in terms of the probabilities that various events occur has a long his-
tory. Black (1958) makes numerous references to results that are based on geo-
metric proofs, in discussing the use of PMR in voting with complementary
elections. Tullock (1967) uses geometric arguments with spatial modeling on two
dimensions to consider the possibility that a PMRW exists with a large electorate.

Saari (1995b) presents a summary of much of his extensive work that is based
on geometric approaches to problems that are related to voting events. That study,
along with numerous related articles, provides many valuable insights regarding
paradoxical voting events. Most of this work is related to the consideration of the
general behavior of weighted scoring rules, with particular emphasis on the supe-
riority of Borda Rule. Saari and Tataru (1999) extend these geometric arguments
to develop probability representations for various voting events in the limiting
case as n — oo . Other related studies followed in Merlin and Tataru (1997) and in
Merlin, et al. (2000, 2002). These studies are based on finding probabilities as
volumes of various multi-dimensional spaces, starting with first principles in
sources such as Coxeter (1935) and Schlifli (1950). These studies have produced
some very nice results, in using what has come to be referred to as the geometric
approach to the problem.

The approach that has been used to obtain limiting probabilities for voting
events as n — oo in the current study is generally referred to as using the tradi-
tional approach. As we have seen, the traditional approach is based on defining a
set of variables, and applying the Central Limit Theorem to define probability rep-
resentations as multivariate normal orthant probabilities with specified correlation
matrices. Known forms of representations for these orthant probabilities from
numerous other well established studies are then used to obtain final representa-
tions. Two studies that are frequently used as a basis in the traditional approach to
obtain limiting probability representations are due to Plackett (1954) and Slepian
(1962), and both of these studies are based on first principles from Coxeter (1935)
and Schlifli (1950). As a result, the traditional approach typically obtains simpler
probability representations, since it is based on using well established studies that
are geared toward obtaining simple representations, rather than starting from first
principles to obtain representations in every case.

The use of the geometric approach to obtain probability representations for vot-
ing events has also led to the development of incorrect results in a few instances,
since it is quite easy to fall into the trap of applying it to situations in which it is
not applicable. In particular, the geometric approach is typically only applicable
in situations in which probability distributions for observing voting situations have
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a spherical symmetry, as in the limiting case with IC. The approach will not al-
ways work in other cases, such as the limiting case with IAC. For example, see
the work of Van Newenhizen (1992) as compared to Cervone, et al. (2005), or
Saari and Valognes (1999) as compared to Bezembinder (1996).

The use of the geometric approach to consider the relative probabilities that
various election events are observed as parameters change has produced some re-
markable results. However, the traditional approach is typically more applicable
to the process of obtaining simple probability representations for election out-
comes in most cases.

4.5 Conclusion

There has been a significant interest over the years in developing representations
both for the probability that a PMRW exists and for the probability that PMR is
transitive. This interest is largely driven by the belief that the probability that a
PMRW exists will go to zero as the number of candidates becomes large under the

condition of IC. Given all of this effort, it is still conjecture that PgMRW(m,n,IC )

decreases as m increases with a given n, and decreases as n increases for odd n
with a given m. However, representations have been successfully obtained for

PgMRW(m,n,IC) for small m, for small n, and for the limiting case as n —o0 . It
has also been shown that P[fMRW(m,n, IC)—> 0 as m — oo for all n. Tables 4.6
and 4.7 list all of the known values for P;?MRW(m,n,IC ) for odd n, and these val-

ues all reinforce the notion that PEMRW(m, n,lC) decreases as m increases with a

given n, and decreases as n increases for odd n with a given m.
Substantial evidence has been presented to verify the fact that values of

PgMRW(m,n,IC) and PgMRW(m,n,IAC) converge to the same values very

quickly as m increases. As a result of the known values of PgMRW(m,n,IC ) in

Tables 4.6 and 4.7, we can conclude that the probability that a PMRW exists for
large electorates, as n — o, is such that Condorcet’s Paradox is a real threat to
elections with a relatively large number of candidates if either IC or IAC is a valid
assumption. We have already stressed that IC and IAC should be expected to pro-
duce exaggerated probability estimates that Condorcet’s Paradox will be observed.
However, the degree to which these assumptions exaggerate that probability is not
known.

The next step of our analysis of this problem proceeds to consider the impact
that the presence of various societal factors and the requirement of an additional
degree of coherence of preference among members of the electorate will have on
the probability that a PMRW exists.
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5.1 Introduction

The previous chapter showed that the probability of observing PMR cycles could
be a real threat to election processes with more than a few candidates, if condi-
tions like IC and IAC reflect the true model that generates voter preference pro-
files or voting situations from a population of voters. The survey of empirical
findings in Chapter 2 indicates that PMR cycles have indeed been observed in ac-
tual voting situations, but that they are not a common phenomenon. Typical ex-
planations for this observation have hinged on the idea that assumptions like IC
and IAC give too much weight to possible voting outcomes that are very unlikely
to ever be observed if the population of voters has some coherent underlying
structure to the process by which the preferences of individual voters are formed.
We have already seen, for example, that the imposition of the condition of single-
peaked preferences over the preferences of all voters in a population would be suf-
ficient to result in a situation in which a PMRW must exist for any subset of actual
voters taken from that population.

The general idea that there should be a connection between group coherence
and the probability that a PMRW exists was alluded to by Tullock in some early
studies. Campbell and Tullock (1965) use Monte-Carlo simulation analysis to ob-

tain estimates of P;SMRW(m,n,IC) . The authors concluded that the existence of

PMR cycles is clearly an important phenomenon when voters have independent
preferences, as IC implies. Tullock (1967) later uses geometric arguments with
spatial modeling on two dimensions to consider the possibility that PMR cycles
are observed with a large electorate, and Tullock speculated that this situation
should tend to maximize the probability that PMR cycles might exist. It is noted
that the model that is used in the study creates a degree of interdependence be-
tween voter’s preferences, and it is shown that there would be a very small prob-
ability of observing PMR cycles as a result.

Many studies have been conducted to evaluate the impact that various measures
of the consistency of preference, or group coherence, of a population will have on
the probability that a PMRW exists. This work has generally considered the con-
sistency of preference of a population in the context of social homogeneity. In
general, the preferences of a society would be totally homogeneous if every mem-
ber of that society has the same preference ranking on candidates. The opposite
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extreme is a situation that reflects the notion of IC, in which the population has
preferences that are completely dispersed over all possible preference rankings on
candidates.

Berg’s application of P-E models to the probability that a PMRW exists was
discussed in Chapter 3, where it was shown that IC corresponds to the P-E model
with & =0 and IAC corresponds to the P-E model with & =1. The observation

that PgMRW(S,n,IAC) > P1§MRW(37 n,IC) has been attributed to the fact that IAC
imposes a small degree of dependence among voters’ preference rankings while
IC does not do so. Berg (1985) generalizes this result to argue that an increase in
the o parameter of P-E models that generate random voting outcomes corre-
sponds to an increase in the probability that voting situations with greater degrees
of social homogeneity will be observed. It is possible to enumerate all voting
situations with a strict PMRW on three candidates, for a given n, and calculate the
probability that each is observed with a P-E model for a specified parameter « .

The sum of these probabilities, PEMRW(&n,PE (a)), corresponds to the expected
probability that a strict PMRW exists for the given value of « . Gehrlein (1995)

computes values of P;SMR W(3,n,PE(a)) for various odd n over a range of o val-
ues, to show that this expected probability does indeed increase as « increases, as

shown in Table 5.1.

Table 5.1 Computed values of Py, (3,7, PE(a)) from Gehrlein (1995)

PMRW

n
a 3 5 7 9 11 25
0 9444 .9306 9250 9220 9202 9157
1 9643 9524 9470 9441 .9423 9387
2 9750 .9665 9626 9604 .9590 9561
3
4

9815 9753 9724 9708 9698 9675

9857 9811 9789 9776 9769  .9750
5 9886 9850 9833 9824 9817  .9803
10 9952 9838 9931 9927 9925  .9919
15 9974 9966 9963  .9961 9959 9956
20 9983 9979 9977 9975 9975 9973
25 9988 9985 9984 9983 9983  .9981

This general problem has also been addressed in a very interesting way with
models from statistical mechanics. The general connection between voting prob-
abilities and this topic from physics was previously addressed in Chapter 3. In
particular, Galam (1997) uses the notion of a random field Ising model to consider
factors that cause individuals in a group to have preferences on a pair of candi-
dates that are “polarized” in the physical sense. When preferences are polarized in
this context, they are consistently oriented, reflecting homogeneous preferences on
the pair. This definition of polarization is the opposite of what is typically implied
by the use of the term as related to the preferences of societies. As expected with
this model, interactions between voters and small amounts of external social pres-
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sure are found to result in significant polarization, or agreement, for voters’ pref-
erences on the pair of candidates.

Raffaelli and Marsili (2004) extend this work to develop a representation for
the probability that PMR is completely transitive. They describe a random field
Ising model on m(m —1)/ 2 components. Each component takes a value of £1 to

correspond with the ordering of preference that a specified voter has on a given
pair of candidates, with there being m(m - 1)/ 2 paired comparisons for each voter.

The possible outcomes on components are then constrained to force each voter’s
preferences to be consistent with some linear preference ranking. A representation
is then obtained for the likelihood that the PMR relations for the voters are com-
pletely transitive with this model.

The notion of interaction between voters’ preferences is then introduced in the
sense that voters are described as having an increased tendency towards confor-
mity among all voters. When there is no interaction, the system is identical to IC.
Results are obtained as n — o, and the numerical equivalent of Guilbaud’s num-
ber from Eq. 3.77 is obtained for the special case of m = 3, and the probability
that PMR is completely transitive deceases rapidly as m increases, as expected.
When interaction is introduced between components, there are some levels of in-
teraction such that the probability that PMR is transitive increases rapidly toward
one as m increases. This leads to the counterintuitive result that at higher levels of
interaction, increasing m will increase the probability that the PMR relationship is
transitive.

Attention is now turned to the consideration of measures of social homogeneity
that are more directly related to the parameters of voter preference profiles and
voting situations.

5.2 Population Specific Measures of Homogeneity

Population specific measures of social homogeneity are related to parameters of
the population that is used to generate random voter preference profiles or voting
situations. For three candidates, DA,B,C}, these measures are based on the p;'s

from the probability vector p that describes the likelihood that a randomly selected
voter will have the i possible linear preference ranking on the candidates. The

possible preference rankings on the three candidates and their associated prob-
abilities are shown in Fig. 5.1, which is repeated for convenience from Fig. 3.3.

A A B C B C
B cC A A C B
C B C B A A
b P2 P3 P4 P5 DPs

Fig. 5.1 The probability that a randomly selected voter will have a given linear preference
ranking
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Population specific measures of homogeneity of this type are partitioned into
two categories. Non-Comparison Population Measures (NPM) do not account for
the relative positions of pairs of candidates in the preference rankings of the vot-
ers, while Comparison Population Measures (CPM) do so.

5.2.1 Non-Comparison Population Measures

NCM’s are based on the concept that social homogeneity can be gauged by using
some measure of the degree of dispersion among the p;’s in a given p vector. IC
has the minimum amount of dispersion among the p;’s, and it represents one of

the forms of balanced preferences, with the minimum amount of social homogene-
ity. The maximum amount of social homogeneity occurs when all voters have the
same linear preference ranking, and this gives the maximum degree of dispersion
among the p;’s. Two studies give credence to applying this general concept.
Jamison and Luce (1972) consider the case with n voters on m alternatives,
where p denotes a probability vector over the m! possible linear preference rank-
ings on candidates, with a large population. A voter preference profile is obtained
when n voters from the population are sequentially assigned preference rankings
according to the probabilities in p. It is assumed that the specific p for the popula-
tion is not known. However, F (p) denotes the probability density function over
the set, Q2 , of possible p vectors, following the same idea that was suggested by
Buckley (1975) in the discussion of unconditional probabilities in Chapter 3.
Jamison and Luce (1972) assume that F (p) has the form of a Dirichlet distribu-

tion with parameters v;,v5,...,V,; . The v; parameters are directly linked to p by

the fact that E(p,-):vl- /@, where o = Z;’gl v;. When p; =v;/w@, Jamison and

Luce (1972) note that PgMRr(m,n,F (p)) approaches P[fMRT(m,n, p) as o be-

comes large. For the IC-like situation in which v; = v; for all i and j, the only

remaining parameter iS @, so Pj;gMRT(m,n,F (p)) can then be specified com-

pletely in this situation as PgMRT(m, n, a))

Jamison and Luce argue that @ serves as a measure of social homogeneity,
with increasing @ reflecting decreasing homogeneity. This follows from the fact
that as @ increases, p become more IC-like, since p; =v;/@. For the special
case of m = 3 and n = 3, it is shown that

170° + 540 + 36 5.1

Piyrr(33,0)=——— .
18(w” +3w+2)

By taking the derivative of this representation with respect to @, it is easily
shown that there is a positive relationship between social homogeneity and the
probability that a PMRW exists for this IC-like situation with m =3 and n = 3. It



5.2 Population Specific Measures of Homogeneity 157

should also be noted that as @ — o in Eq. 5.1, the precise value from the repre-

sentation in Eq. 5.1 approaches PgMRT(3,3,1C):17/18 from Sevcik (1969) in
Table 4.5.

Berg (1985b) considers the impact that biasing the tendency of some candidate
to have a plurality majority has on the probability that a PMRW exists in three-
candidate elections with a P-E model. The number of balls that are in the urn to
begin the experiment to obtain random voter preference profiles with sequential
draws have previously been defined with all 4; =1 for each of the six rankings
with three candidates with IAC. To bias the population to have preferences that
favor of a specified candidate, Berg (1985b) changes the experiment so that the
two rankings that have some specified candidate being ranked as most preferred
will start out with £ +1 balls instead of one ball.

As f increases from zero, the two rankings with the selected candidate being

listed as most preferred will have a greater likelihood for selection. The concept
of IAC is maintained in this experiment since each selected ball is replaced after
each draw, along with one additional ball of the same color. It is then shown that
the probability that a PMRW exists under this experimental scenario as n — o is
given by

BB +2) (5.2)
N

The particular case in which # = 0 is equivalent to the limiting probability

Phyrw (3,90,14C)=15/16 as n —> oo, from Eq. 3.30. The probability in the rep-
resentation in Eq. 5.2 increases dramatically as £ increases, so that the smallest
probability that a PMRW exists in this case occurs with IAC, which is the least
homogenous scenario that is considered under this experiment.

We clearly expect some general relationship between measures of dispersion
among the p;’s and the probability that a PMRW exists. A number of studies
have been conducted to evaluate simple measures of this dispersion that act as a
gauge of social homogeneity to determine if they display this general relationship
to a significant degree. Abrams (1976) considers the homogeneity measure that is
given by

6 (5.3)
1 2
NPM'(p) = 2pi-
i=
This measure is identical to the large population approximation for the “fractional-
ization index” in Rae (1968). It is maximized when p; =1 for some i, and it is

minimized with the assumption of IC. Increased values of NPM ](p) reflect in-

creased homogeneity for a population. With a large value of NPM 1(p) for a

population, we would expect an increased propensity to observe random voter
preference profiles from such a population that have voters’ preferences that are
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clustered around one, or a few, of the possible linear rankings on candidates. As
NPM 1( p) increases, PgMRW(m,n, Pp) should therefore be expected to increase.
Abrams (1976) gives example p vectors for which there are inconsistencies in

the expected positive relationship between NPM ! ( p) and PgMRW(m,n, p). That
is, there are p and p* with NPMl(p) > NPMl(p *) and with PgMRW(m,n,p)<
PEMRW(m,n, y/ *) The specific example that Abrams refers to has p* equivalent

to IC with m = 3 and n = 17. Here, Py (3.17,1C) = 91733 with NPM'(IC) =
.167. Then, p has p; =0 and p; =1/5 for each i = 2,3,4,5,6. For this p, we

have Ppyry (3,17, p) = 90907 with NPM'(p) = .200. Thus, while we might
expect there to be a general positive relationship between NPM l(p) and

PEMRW(m,n, p), specific counterexamples exist to show that the relationship is

not perfect. Paris (1975) indirectly makes a similar observation.
Fishburn and Gehrlein (1980) prove several results that are related

to NPM 1(p). First, NPM 1(p) is minimized by IC over the space of p vectors in
DC, and PEMRW(m,n, p) increases as NPM 1(p) increases for p vectors in DC
when NPM 1(p) is changed by keeping one of p;, p, or p; fixed while chang-
ing the other two. The example that Abrams (1976) presented to show a violation
of the expected relationship between NPM l(p) and PgMRW(m,n, p) is general-
ized to show that similar examples can be observed for all odd n. Further analysis

suggests that the general expected positive relationship between NPM 1(p) and
PgMRW(m,n,p) tends to deteriorate as the number of voters gets very large.

Gehrlein (1980) considers the value of NPM 1(p) that must be observed in a spe-
cific voting situation for the given observation to be categorized as having a statis-
tically significant level of homogeneity.

Gehrlein (1981d) presents results from a Monte-Carlo simulation analysis to
evaluate eight different NPM measures, denoted by NPM i(p) fori=1,2,3,...8
with:

6 54
NPM*(p) = X1} oH
i=1

NeM(p) = 3t 62
i=1
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NPM*(p) = Maximum!p;} (5.6)
NPM(p) = Minimum_p;)} (5.7)
NPMO(p)= NPM*(p)- NPM(p) (5.8)
o) - fin 59

(5.10)

6
NPMS(p) = Hlp,»—é|.
i=

Results of the study indicate that any relationship between these NPM’s and the
probability that a PMRW exists is very weak, as measured either by the correla-
tion between the two, or by the proportion of sequential randomly generated p

vectors that have the their respective PgMRW(m,n, p) values increasing, or de-

creasing, as expected by their corresponding measured values of NPM i(p). Any

relationship that did exist diminished rapidly as the number of voters increased
beyond a relatively small number. May (1971) presents some preliminary analysis
with IC to suggest that this observation might have been expected for a very large
number of voters.

5.2.2 Comparison Population Measures

CPM’s are homogeneity measures that are based on p, as are NPM’s, but they ac-
count for the relative differences between pairs of candidates in the preference
rankings of the voters. We begin by measuring the differences between candi-
dates in rankings according to p, using the A(A,B) definitions that were developed
in conjunction with Eq. 3.62:
A(4,B)= py + py + Py = P3 — s~ P (5.11)
A(4,C)= 1+ py+ p3 = P = Ps = Pe
A(B.C)= p1+p3+ps—pr—Ps—Pe-
Gehrlein (1987) did a Monte-Carlo simulation analysis to compare four CPM’s

to the NPM’s. To avoid confusion, it must be noted that the CPM’s were referred
to as “profile specific measures” in that study. The four CPM measures, denoted

by CPMi(p) are:

cPM'(p) = Max[JA(4,B)A(4, C}|A(B, A)A(B,C}|A(C, 4)A(C, B)} (5.12)
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cPM?(p)= Min JA(4, B)A(4,C)|A(B, 4)A(B,C)|A(C, 4)A(C. B)} G-13)

CPM>(p)=CPM" (p)~CPM*(p) (5.14)

cPM (py =L (ps +pg—p1—ps 2 +(pr + pa—p3—ps P + (5.15)
2 (P1+P3*P4*p6)2

Here, CPM 4(p) is directly associated with Kendall’s Coefficient of Concor-
dance that Fishburn (1973) suggests as a measure of social homogeneity in a
slightly different context that will be addressed later in the current study.

The results of this Monte-Carlo simulation study clearly show a stronger
relationship between these CPM’s and the probability that a PMRW exists than
that which was observed in the same situation with NPM’s. The measure

CPM 4( p) showed some superiority over all other homogeneity measures, except

for CPMl(p). That is, the superiority of CPM4(p) over CPMl(p) is not as
significant. ~An interesting observation is that the percentage of sequential

observations of p for which PgMRW(ln, p) changes in accordance with the

change in CPM 4(p) tends to increase as n increases, for the range of n

considered. This percentage typically ranges above 75 percent of the observed
sequential observations of p vectors.

5.3 Situation Specific Measures of Homogeneity

Situation Specific Measures of Homogeneity (SSM) do not measure homogeneity
based on p vectors, as the population-based measures do. SSM’s are based on the
n;’s of particular n vectors for a given voting situation, or on the n vectors that

result from accumulating individual preferences in a voter preference profile.
Situation specific measures would use the observed proportions, #n;/n, as a sub-

stitute for the p; terms in the population-specific measures. For any particular vot-
ing situation, we know with certainty whether a PMRW exists or not. One would
therefore expect to have the strongest correlation between social homogeneity and
the existence of a PMRW in these situation-specific studies. Any particular popu-
lation-based measure of social homogeneity is fixed by p. But, any given voter
situation with n voters could be obtained from an experiment to create voter pref-
erence profiles from the population, with some probability for a given p. As a re-
sult, the same population specific measure of social homogeneity would be associ-
ated with many different possible voting situations.
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Studies have been conducted to consider the general relationship between
SSM'’s and the probability that a PMRW exists. Lhuilier (1793) presents results in
an early study that lead to such an observation. The study starts by proving that a
voting procedure that was developed in Condorcet (1789) does not always select
the PMRW, as Condorcet had claimed. The study continues to compute the prob-
ability of observing some election results, using a different perspective than the
one that was used in Condorcet (1785d) in the analysis that led to Eq. 3.18. In
particular, Lhuilier discusses the probability that election outcomes are observed
with an IC-like assumption that individual voters have a conditional equally likely
probability to have given linear preference rankings on three candidates, rather
than using Condorcet’s notion of having an equal probability of a social outcome
with PMR for any particular pair of candidates.

Lhuilier discusses these conditional probabilities for possible individual voter’s
linear preference rankings on candidates, where these probabilities are conditioned
on the fact that the most preferred candidate in each voter’s preference ranking is
known from the results of a plurality election. Lhuilier performs a probability
analysis to examine the combinations of ways in which voters might have the re-
maining candidates positioned in their preference rankings, given their observed
most preferred candidate. The nature of this analysis is based on combinatorial
computations that make it clear that Lhuilier is assuming that voters are identifi-
able. This particular set of assumptions closely reflects the notions of IC, as ap-
plied in the context of the possible conditional preference rankings on candidates.

Fishburn (1982) considers the same basic type of problem that was presented in
Lhuilier (1793), in which voter preference profiles, with their associated voting
situations, are generated with the assumption of IC for three alternatives EA,B,C}.
Let N, denote the number of preference rankings in a voting situation for which
A is ranked as most preferred. A given combination of N;’s is referred to as a
plurality situation. There can be many different voting situations with the same
plurality situation, and the minimizing voting situation for a specific plurality
situation is that voting situation with the minimum associated probability that a
PMRW exists with IC. As the N;’s in a plurality situation become more similar,
the voters would generally tend to have preferences that are less homogeneous,
which should tend to minimize the probability that a PMRW exists.

Fishburn shows that the relationship between the probability that a PMRW ex-
ists for minimizing voting situations and the similarity of the N;’s is not strict.

However, the overall PMRW probability minimizing voting situation does occur
for odd n when we have the least homogeneous case, with

IN4=Np|<1,|N =N¢|<1, |[Np—Ne|<1. (5.16)

Skog (1993) reaches the same general conclusion by employing a very different
approach to the problem, using a variation of IC. It is shown that the probability
that a PMR cycle exists is greatest for voting situations that are similar to the
minimizing voting situation, with differences in N;’s that are relatively small.
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However, the probability that a PMR cycle exists is found to become insignificant
only for differences between the N,’s that are quite different than the balanced

case in the overall PMRW probability minimizing voting situation. Any general
relationship between the probability that a PMRW exists and the N;’s in a voting
situation will therefore be relatively weak

Skog (1993) goes on in an effort to find such a general relationship by going
beyond the consideration of the information that is given in plurality situations.
Let N pc denote the number of voters with the linear preference ranking
A > B> C in a voting situation. It is first proved that a voting situation can only
have a PMR cycle if every component of one of the possible PMR cycles com-

pletely dominates the respective components of the reverse cycle. That is, if the
PMR cycle exists with AMBMCMA , then it must be true that

N 4pc > Ncpa (5.17)

Npca >N ycp
Ncup > Npyc-

A model is then developed in which it is assumed that the relative proportions
between the N;’s can be used to determine the relative number of voter prefer-
ence rankings that have specific rankings on pairs of candidates. For example, the
proportion of voter preference rankings that include 4 > B is assumed to be the
same as the proportion N,/ (N 4+N B)- This model assumes that a strict consis-
tency exists in the voters’ relative rankings on candidates at all levels of prefer-
ence, according to first place rankings. The differences in the two models pre-
sented in this study are consistent with the differences between the “impartial” and
“proportional” scenarios in Chamberlin, et al. (1984) in Chapter 2.

Skog’s model can then be used to consider the requirements for a PMR cycle in
Eq. 5.17. The first equation results in

NABC >NCBA (518)

N, _Np > N¢ _Np
NB + NC NB + NA
N,4(N4+Ng)>Ne(Ne+Ng).

It follows directly that N4> N . The other two equations will result in

Ng>N,4 and Ne>Np. These results are clearly inconsistent, so this model

with the strict proportion breakdown of voters’ preferences on pairs of candidates,
according to N;’s, prohibits the existence of PMR cycles.

Monte-Carlo simulation analysis was subsequently used to consider the impact
that the degree of structure of voter preferences has on the probability that a PMR
cycle exists. Individual voter preference rankings on three candidates were gener-
ated randomly from a mixture of two models to obtain random voter preference
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profiles. The mixture used a weight, £, with 0 < g <1, to obtain the probability
that a randomly selected voter would have a particular preference ranking on three
candidates. The associated probabilities from the model described above were
weighted by ¢, while a uniformly random component was weighted by (1—8).
Results suggest that the probability that a PMR cycle is observed is greatly re-
duced for ¢ as small as 0.5. This indicates that even a relatively low level of
structure in voters’ preferences will significantly reduce the probability that a
PMR cycle is observed.

Kuga and Nagatani (1974) consider the impact that some societal factors have
on the probability that a PMRW exists by considering a measure of the degree to
which voters’ preferences tended to be different in voting situations, as measured
by voter antagonism. Two voters are antagonistic on a pair of candidates if the
order on these two candidates is reversed in their respective preference rankings.
When m =3, nj +n, +ny voters rank 4 over B, while n3 +ns5 + ng rank B over 4,

for a total of (n) +ny +ny Jng +ns+ng) antagonistic voter preferences on that

pair of candidates. The total number of antagonistic pairs in a given voting situa-
tion, n, is given by AP(n) with

AP(n): (l’ll +ny +n4)(n3 +ns +i’l6)+ (l’ll +ny +n3)(n4 +ns + n6)+ (519)
(I’ll +n3 +n5)(n2 +hy +n6).
The total number of possible antagonistic pairs for n voters over three possible

pairs with m = 3 is given by S(Z) , and the intensity of antagonism in a society is
measured as the ratio AP(n)/{Bv(Z)} . The measure SSM 1(n) of voter antago-

nism is then obtained by normalizing this ratio, and:

2
SSM ! (n) = __44Pn) , for odd . (5-20)
3(n—1)(n+1)
SSMl(n) = 4AP§n) , for even n.
3n

SSM l(n) is minimized at zero, when all voters have the same preference ranking,

with n; =n for some i and n; =0 for all j#i. SSM l(n) is maximized at one
when the n;’s are equal for even n, and when the »; ’s are nearly equally balanced

for odd n, making a difference of one for each set of two voters with antagonistic
preferences on the pairs of candidates.

Kuga and Nagatani (1974) prove that there must be a PMRW on three candi-
dates when the degree of antagonism is relatively small, with
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) (5.21)
SSM ' (n) < , for odd n

3(n2-1

Ssm'! (n) < % , foreven n.

Kuga and Nagatani (1974) also consider the limiting case as n — o with IAC
to show that there is a negative correlation between the degree of voter antago-
nism and the probability that a PMRW exists. The correlation is negative in this
case since increasing homogeneity corresponds to decreasing antagonism. In par-

ticular, the study shows that P1§MRW(3,n,IAC) increases when the voting situa-

tions that were enumerated were restricted to have SSM l(n) values less than or

equal to some decreasing specified value. If the preference rankings on candidates
are viewed as being representative of different political parties, Berg (1985a)
points out that there is a direct link between the notion of voter antagonism and
the measure of “fractionalization” that was developed by Rae (1968).

Fishburn (1973a) approaches the problem of social homogeneity by using
Kendall’s Coefficient of Concordance to measure the degree to which voters’
preferences tend to be in agreement. In the context of three candidate elections,
Kendall’s Coefficient is measured on a specific voting situation, n, and it is de-

noted by SSM 2 (n), with
SSM 2 (n)= (ns +ng —my —my ) +(ny +ng —ny = ns)* +(ny +ny —ng —ng)* . (5.22)
22

Kendall’s Coefficient is a standard method for considering correlation between
ordinal rankings. Fishburn performs a computer simulation analysis with IC to
generate voter preference profiles for various m and odd n. For each profile,

SSM 2(n) was calculated and it was determined if a PMRW existed in the profile.
The voter preference profiles were then partitioned into 20 different segments over
the range of possible SSM 2(n) values. It was found that the proportion of pro-
files that had a PMRW within each segment tended to increase as the value of
SSM? (n) for the segment increased.

Studies considering SSM’s typically consider all of the profiles that correspond
to a particular value of the measure of homogeneity, and then measure the propor-
tion of them which have a PMRW, and Fishburn (1973) is an example of a study
of this type. That simulation study showed that the percentage of profiles that
have a PMRW increased to nearly 100 percent as the associated values of Kend-
all’s Coefficient of Concordance increased to large values. It is easy to conclude
in general that the most positive relationship between measures of social homoge-

neity and the probability that a PMRW exists will be observed while considering
situation-specific measures of homogeneity.
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5.4 The Effectiveness of Measures of Social Homogeneity

Attention is now turned to the development of representations for the conditional
probability that a PMRW exists, given that voting situations have specified values
of some situation-specific measures of social homogeneity. These representations
are based on an extension of IAC. Let X denote some measure of social homoge-
neity, and the Conditional Impartial Anonymous Culture Condition (]AC X (k)) is

used to develop probability representations for events with the assumption that
only voting situations for which measure X has a specified value of k can be ob-
served, and that all such voting situations are equall( likely. The Cumulative

Conditional Impartial Anonymous Culture Condition \CIAC y (k+ » is used to de-

velop probability representations for events with the assumption that only voting
situations for which measure X has a specified value of k, or more, can be ob-
served, and that all such voting situations are equally likely. Similarly,

CIACx \k™ | is used to develop probability representations for events with the as-

sumption that only voting situations for which measure X has a specified value of
k, or less, can be observed, and that all such voting situations are equally likely.
Berg and Bjurulf (1983) consider the situation-specific measure of social ho-

mogeneity SSM 3(11) that corresponds to the population-specific measure

NPM>(p) in Eq. 5.7, with
SSM>(n) = Minlh, . (5.23)

Let k denote a specified value of SSM 3(n) for any given voting situation. We

must have 0 <k <n/6, and voters’ preferences obviously become less homoge-
neous as k increases. Gehrlein (2004c) considers the effect that specifying a value

of SSM 3(n) has on the expected values of several measures of social homogene-
ity that were discussed above, including the situation-specific measure, SSM 4(n)

that corresponds to the population-specific measure NPM 1( p) in Eq. 5.3, with

SSM*(n) = in,? . 629

i=1
Let ¢ denote that SSM 3(n) is being used as a basis for measuring social ho-
mogeneity, and the number of voting situations, K (3,n,C1AC¢, (k+», that are re-
stricted to have &, or more, voters associated with each preference ranking is
n—Skn—4k—ng n=3k—ng—ns n—2k—ng—ns—ny n—k—ng—ns—ng—n3 (5.25)

K(3,n,C1AC(/,(k+)): P T > >l

ng=k ns=k ng=k ny=k ny,=k
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After algebraic reduction, we find

5 (5.26)
[T(n+i-6k)

K(3,n,C1AC¢(k+))=i=1 o

It follows directly from definitions that the conditional expected value,
ELSSM i(n)\CIAC(/,(k+ )}, for any SSM'(n), is obtained from the general

representation

EBSM )ICIAC, (k )} (5.27)

n—5kn—4k—ng n=3k—ng—ns n—2k—ng—ns—ng n—k—ng—ns—ny—ny SSMi n
>x D > (n) !
ng=k ns=k ny=k ny=k ny =k KB,n,CIAC,\k

Gebhrlein (2004c¢) shows that:

EL$sM(n)| CLAC (k+)} 6[ nln—1)+ 2kn - 6k(k - 1) (5.28)
7 n(n - 1) ’
EB;SM n)|CIAC (k+)} (n— 6k )n+6— 6k) ’ (5.29)
Tn?
E.SSM*(n)| CIAC (k+)} 2n* +5n —10kn - 30k + 30k2 (5.30)
7n2

The representation for E[S‘SM 1(n)| CIAC(/,(kJr )} in Eq. 5.28 is in disagreement

with results reported in Berg (1985a), for the limiting case as n — o0 with £=0.
The representation in Eq. 5.28 contains a typographical error in Gehrlein (2004c).
By taking derivatives with respect to &, we find that each of the expected values

behaves as anticipated. In particular, the derivative of E [S‘SM 1(n)| CIAC, (k+)} is
positive for 0 <k <n/6. This makes sense because increasing £ will increase the

level of voter antagonism that SSM 1(n) measures. However, this corresponds to

decreased homogeneity. The derivatives of both EES'SM 2(n)\ ClAC, (k+ )} and

ESSM 4(n)| ClAC, (kJr )} are negative over the range 0 <k <n/6, since increas-
ing k will decrease the level of homogeneity. As a result, we find that increasing

values of SSM 3(n) do indeed correspond to the notion of systematically decreas-

ing all measures of social homogeneity that are being considered.
Gehrlein and Berg (1992) use computer enumeration techniques to obtain some
conditional expected values for representations that are of the same nature as
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E [S‘SM 2 (n)| Cl14 Cy (0+ )} in which a PMRW exists for voting situations, while us-

ing a general P-E model instead of CIAC, (k+). The addition of the restriction

that a PMRW exists is found to cause only a marginal change in computed values
when compared to the situation in which all possible voting situations could be

observed, to suggest that the general positive relationship between SSM 2(n) and

the probability that a PMRW exists might not be highly significant.
A very surprising result is observed when we consider the effect that increasing

k has on the probability that a PMRW exists with the assumption of CIAC,, (k+)
for a three-candidate election. A representation for the associated probability,
P;fMR W(3,n | CIAC,, (k+», follows directly from the discussion that led to the rep-
resentation in Eq. 3.31 for even n, with

P B crac, k)= (5.31)

n-2 n-2 n-2 n-2
2 2k ng—k g —Ns ) 16N p—ng—ns—ny —ny—k 3

> X ) z > omcac
ng=k ns=k ng=k ny=k n, =k K 3,n,CIAC(/, k
After algebraic reduction, for even n > 6,

_15(n—6k)n+2—6k)n +4—6k) (5.32)
16(n+1—6k)n+3—6k)fn+5-6k)"

CIAC,, (k+ ))

s
PPMRW<3”7

By taking the derivative of this function with respect to k, we find that
PgMRW(S,n | CIAC,, (k+ )) decreases as k increases for 0 <k <n/6. This result is

in agreement with expectations since an increase in &, which decreases expected
social homogeneity, leads to a decrease in the probability that a PMRW exists.
Gehrlein (2004c) proceeds in the same fashion to find a representation for

Py B | CIAC, (k) for 0dd > 6., with:

15(n +3 - 6k)* 639
PgMRW(3’n | CIAC‘/’(k+)): 16(n+2(—6k)(n +Zt—6k).

This representation is in agreement with a similar result in Berg and Bjurulf
(1983) for the special case of k = 1. The representations in Eqs 5.32 and 5.33 are
also identical to the results in Egs. 3.32 and 3.30 respectively when &k = 0.

Surprisingly, we find that P1§MRW (3,}1 | CIAC,, (k*» increases as k increases
over the range 0<k<n/6 for odd n. Table 5.2 lists computed values of
PgMRW(S,n \ CIAC¢,(k+ )) for each n =48, 49 for all 0<k <n/6 from Egs. 5.32
and 5.33.
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Table 5.2 Computed values for PJ, (3,48] CIAC, (k")) and PS,, (3,49] CIAC, (k")) from
Gehrlein (2004c)

ko P BA481CIUC, (k7)) P, (349 Crac, (k7))
0 8834 9378

1 8763 9379

2 8671 9381

3 8546 9383

4 8368 9387

5 8091 9394

6 7602 9412

7 6494 9470

8 .0000 1.0000

The overall expected general relationship between social homogeneity and the
probability that a PMRW exists is very weak. It is so weak that a complete rever-
sal of expected results is obtained simply by switching from an even number of
voters to an odd number of voters.

Based on what we have seen so far, there seems to be little reason to pursue the
notion of trying to find a strong general relationship between simple measures of
social homogeneity and the probability that a PMRW exists. This observation is

certainly true for the measure SSM 3(n), and it would seem to be true for other

simple measures of homogeneity, despite the fact that they are situation-specific
measures.

5.5 Requiring More Coherence in Voters’ Preferences

Voters can obviously have preferences on candidates that lead to PMR cycles, but
we have observed that there is typically much more stability in most political set-
tings than would be expected when considering computed probabilities with IC
and IAC. This phenomenon has typically been explained in general by supposing
the presence of some group coherence or social homogeneity in the voters’ prefer-
ences. We have seen that different measures of social homogeneity have differing
degrees of ability to show a general relationship with the probability that a PMRW
exists, and simple measures of homogeneity perform very poorly at displaying a
general relationship between social homogeneity and the probability that a PMRW
exists.

List (2002) suggests that this observation should be expected since there are
different levels of group coherence of preference. That is, voters might have sub-
stantive level agreement, to the extent that their preferences, or views, tend to have
some degree of consistency. However, voters might go beyond that and have
some degree of meta-level agreement, to the extent that they can agree on a com-
mon dimension on which issues can be conceptualized. The voters might be
largely in agreement as to what this common dimension is, while being in great



5.5 Requiring More Coherence in Voters’ Preferences 169

disagreement as to what the optimal position on the dimension is. Positioning is-
sues along such a dimension is perfectly consistent with the notion of single-
peaked preferences. List (2002) argues that agreement at the meta-level is more
likely to reduce occurrences of paradoxical results like PMR cycles than is agree-
ment on a substantive level.

Dryzek and List (2003) discuss the same notion. Two or more individuals can
agree on a substantive level to the extent that their preferences are the same.
However, two individuals might disagree on any common ranking of alternatives
to reflect their own preferences, but still agree on some ranking of alternatives on
a common dimension. This second scenario is agreement on a meta-level. As de-
scribed, agreement on a meta-level might imply single-peakedness. Issue com-
plexity might rule out any common agreement on a single dimension, but multiple
relevant issue dimensions coupled with individual voter’s preference rankings on
candidates on the issue dimensions might lead to some “intra-dimensional single-
peakedness”. They also discuss the impact that deliberation and discussion might
have on “preference structuration” to increase the likelihood that the resultant vot-
ers’ preferences will be more like single-peaked preferences.

Grofman and Uhlaner (1985) propose a similar concept regarding the existence
of “meta-preferences” that result when voters have preferences for characteristics
of broadly defined processes that might be involved in determining their prefer-
ences on candidates, rather than simply having preferences for candidates. They
suggest that the additional structure that results with the notion of such meta-
preferences leads to more of an overall understanding of the entire decision proc-
ess, and therefore to more overall stability.

The notion of associating meta-level preferences to voters’ preference rankings
on candidates would certainly give rise to stability, with transitive PMR, if meta-
level agreement is assumed to reflect the existence of single-peaked preferences.
However, it seems extremely unlikely that all voters in a population would ever
have preferences on candidates that would meet the strict definition of single-
peakedness. It was noted in earlier discussion that Skog(1993) found that signifi-
cant stability could be found with PMR if a relatively small proportion of a popu-
lation had preferences that were structured according to the definition of the model
used in the study.

Niemi (1969) developed this same general notion much earlier, to consider the
relationship between degrees of single-peaked preferences and the existence of a
PMRW. In particular, the study considers the maximum proportion, x/n, of n vot-
ers in any voter preference profile who have preference rankings that are single-
peaked along some dimension. Computer procedures were used to enumerate all
possible voter preference profiles on n voters. The enumeration results were used
to compute the conditional probability that PMR is transitive, given x/n. As ex-
pected, it was found that the conditional probability that PMR is transitive in-
creases as x/n increases. Computational results surprisingly suggest that if x/n is
held constant, then the probability that PMR rankings are transitive will increase
as n increases. The conclusion of the study is that PMR cycles are most likely to
be observed in situations where voters’ preferences are unstructured, or when
small numbers of voters are making decisions on alternatives with many attributes
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of comparison. Buckley and Westen (1974) give examples to show that this gen-
eral relationship is not exact. That is, one profile with a given x/n might have a
PMRW, while another profile with a greater value of x/n might not have a PMRW.

Niemi (1970) applied this notion of degree of single-peaked preferences to
some empirical results. The study considers seven different three-candidate elec-
tion data sets to find the maximum proportion of voters’ preferences that were
single-peaked on some dimension. One of the three-candidate elections resulted
in a PMR cycle. In agreement with expectations, that particular election had the
voter preference profile with the least maximum proportion of voters with prefer-
ences that were single-peaked on some dimension. Niemi and Wright (1987) ex-
amined survey thermometer scores for candidates in the 1980 U. S. Presidential
election. Results indicate that a relatively high proportion of voters’ preferences
were consistent with single-peaked preferences on all subsets of three and four
candidates, and that the orderings of candidates that was required to obtain this re-
sult did not generally occur in agreement with left to right political affiliation of
the candidates. That is, voters seemed to have strong opinions about candidates
that were unrelated to the candidates’ relative positions in the political spectrum.

Radcliff (1993) does an empirical study to determine the propensity of voters to
have single-peaked preferences. The study obtains weak ordered preference rank-
ings on U. S. Presidential candidates for respondents to surveys in American Na-
tional Election Studies from 1972 to 1984. The respondents did not make actual
pairwise comparisons between candidates, but the respondents’ thermometer rat-
ings on candidates were used to reconstruct all paired comparisons on candidates.
It was assumed that any difference in reported thermometer scores resulted in a
distinct preference in pairwise comparison between candidates. The percentage of
respondents with preferences that were single-peaked across a reference ranking
of candidates was approximately 83 percent for three-candidate elections, with
that percentage decreasing to approximately 68 percent in four and five-candidate
elections.

Van Deemen and Vergunst (1998) extended their empirical work that was dis-
cussed in Chapter 2, in which no PMR cycles were found in results of national
elections to find a similar result as Niemi (1970). The analysis used a reference
ordering for candidates that was based on the liberal-conservative nature of the po-
litical parties that were involved in the election. Their analysis suggests that the
observed transitivity of PMR comparisons in the study did not seem to be a result
of single-peaked preferences in respondents’ preference rankings relative to the
assumed linear reference ordering. This observation is not surprising, given the
observations from Niemi and Wright (1987) above.

Adams (1997) performs a Monte-Carlo simulation study of the probability that
a PMRW exists using a spatial model format with k criteria, to provide additional

support to the ideas from Niemi (1969). The utility, U; (A) that the i voter has
for a given candidate, A, has two components:

k (5.34)
Ui(A):—b Zl(xl] —AJ)Z +,UiA .
]:
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The first term represents the Euclidean distance between the ideal point of the

it voter, as represented by the X;j ’s, and the stated position of Candidate A, as

represented by the A;’s. This term has a negative coefficient, since greater

Euclidean distance between a voter’s ideal preference point and a candidate’s po-
sition suggests less satisfaction. The b value represents the policy salience coeffi-
cient for the voter, and it is assumed to be the same for all voters. Increased val-
ues of b indicate increased concern regarding policy issues for the voter. The
second term, g4 ,is a uniformly random variable.

When we have 5 =0 in this model, uniformly random utilities are given to
candidates for each voter. This leads to a situation that is identical to IC. When b
is very large, voters are driven completely by policy issues, and the random com-
ponent becomes insignificant. In the special case that k =1 with large b, candi-
dates’ positions are represented by some numerical value along a number line, so
that voters’ preferences will be single-peaked with this model. We can then con-
clude that voters' preferences will consistently tend to be more like single-peaked
preferences as b increases. Simulation results indicate that the probability that a
PMRW exists does indeed increase as b increases. Thus, a more structured pref-
erence format for voters does increase the probability that a PMRW will exist. A
second interesting observation is that small values of b will effectively eliminate
the possibility of a PMR cycle as n becomes large.

Any approach that effectively shows a strong expected positive relationship be-
tween social homogeneity and the probability that a PMRW exists will obviously
have to rely heavily on some additional underlying consistency in the structure of
voters’ preferences, like Niemi’s degree of single-peaked preferences. That issue
will be directly addressed in detail in Chapter 6.

It is worth noting that Feld and Grofman (1988) present an opposing argument
to the general ideas that have been presented above, in which we have assumed
that if voters show some consistency of preference according to some measure of
homogeneity, then the overall preference of the group of voters will also reflect a
consistency of preference. They suggest that it is possible to have situations in
which individual voters might have preferences that are consistent with some ho-
mogeneity measure like single-peaked preferences, while an overall voter prefer-
ence profile does not really reflect consistent preferences. Moreover, they argue
that individual voters might have preferences that appear to be mutually inconsis-
tent, while the overall preference structure of the voter preference profile actually
does display consistency. For now, we turn our attention to other societal factors
that are related to the likelihood that a PMRW exists.

5.6 Voter Abstention

Numerous studies have been conducted to consider the simple issue of why so
many people extend the effort to vote in elections when there is such a small prob-
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ability that their vote might alter the outcome of an election. Empirical studies
have evaluated the impact that many different factors have on voter turnout.

Settle and Abrams (1976) perform an empirical study to consider a number of
factors which tend to make people choose to vote, rather than abstain. These fac-
tors include: the anticipated closeness of the election, the income level of voters,
the existence of third part candidates, media usage for advertising, the level of
campaign spending, per capita level of federal spending, and the impact of
women’s suffrage. Results indicate that closeness in an election increases voter
turnout, as does increased levels of federal spending as a reflection of total payoff
to be expected.

Many studies have focused on the attitude that voters have toward the candi-
dates in an election, particularly with regard to the perceived closeness of an elec-
tion and voter turnout, and very mixed results are observed. Brody and Page
(1973) consider abstention rates in terms of the general attitude of voters toward
the candidates. Crain, et al. (1987) consider the effect of close races on abstention
rates. In this study, ballots were considered in which voters did not have to vote
for all candidates in all races on a ballot sheet. Analysis was then performed on
the impact of closeness of the elections for the races in which votes were cast, ver-
sus the races in which no vote was cast. Results indicate that once voters are at a
polling place, they are more likely to vote in close races than in races with an ex-
pected wide margin of victory.

Kirchgédssner and Schimmelpfenny (1992) analyze elections in the United
Kingdom and Germany to find that a positive relationship between perceived
closeness of an election and voting rate is observed only at the level of individual
election districts. The result is observed in local elections that are run in conjunc-
tion with national elections, even when the likely winner at the national level is
evident. Kirchgéssner and Zu Himmerman (1997) found a positive relationship
when stable political environments exist. However, the relationship was found to
be negative for elections held during times of political instability. Grofman, et al.
(1998) look at a large number of elections, and a strong relationship was found for
elections for U. S. Senate in years in which there was no presidential election.
Similar results were observed in elections for state representatives to the House of
Representative in years when there was no election for state governor or for mem-
bers of the U. S. Senate in the same state.

Silver (1973) conducted a study of survey information that was taken from vot-
ers, and it considered many different independent variables. It was concluded that
the perceived closeness of an election was not a significant factor in voter
participation. The individual voter's interests in politics in general, and in the
campaign in particular, were found to be highly significant factors in their par-
ticipation. Matsusaka (1993) reaches a similar conclusion in an empirical study of
885 ballots in California over the interval 1912-1990. The results show no
consistent relationship between the perceived closeness of votes on ballot
propositions and voter turnout. It is suggested that the conclusions from earlier
studies that found a positive relationship between voter turnout and the perceived
closeness between candidates result from an increased mobilization of party
members by party organizers to get voters to the polls in close races.
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Many other factors have also been examined to find relationships to explain
voter turnout. Cebula (1983) argues from empirical evidence that the existence of
the U. S. Electoral College has acted to reduce voter turnout, even during non-
Presidential election years. Carter (1984) considers the impact that early an-
nouncement of projections of the winners of an election have on voter turnout.
Capron and Kruseman (1988) consider the impact that political rivalry among
candidates has on voter turnout. Empirical results indicate that the participation
rate in an election can be negatively affected by having either too few or too many
candidates in an election. Glazer (1987) argues that voters go through the effort to
vote for particular candidates for entertainment and to project an image. Wright
(1989) examines the phenomenon of reduced voter turnout for runoff elections.
Heckelman (1994) conducted an empirical study suggesting that the use of secret
ballots reduces voter turnout, since there is a reduced incentive for candidates to
offer payoffs for votes. This results from the lack of candidate control in this
situation, since the candidate is not able to observe the true behavior of the voters
who are given bribes in such situations. Knack (1994) does an empirical study on
voter turnout, as related to: weather conditions, homeownership status, regularity
of church attendance, education, age, and other factors. The results are not consis-
tently clear in that study.

Several studies have developed economic models to explain why people vote.
Riker and Ordeshook (1968) develop such a model for two candidate elections.
This model is basically driven by an attempt to determine the expected payoff
from voting, and voters are assumed to vote if that expected payoff exceeds the
expected payoff from abstaining. The relevant factors in this expected cost model
include: the number of eligible voters in the population, the reward that the voter
receives from the act of voting, the marginal reward that the voter receives if the
more preferred candidate wins, the probability that the voter will be pivotal, and
the cost of the act of voting. A voter will be pivotal if his or her vote causes their
preferred candidate to win. Hinich (1981) also develops an economic model that
is based on a voter’s expected payoffs from voting for either of two candidates,
but this model does not include a factor for the probability that the voter will be
pivotal. Niemi (1976) presents a discussion of reasons why people might choose
not to vote in an election in the context of differences in costs for voting and for
not voting.

Darvish and Rosenberg (1988) test some aspects of this general model of Riker
and Ordeshook (1968) by considering the impact of population size on voter turn-
out in elections. The size of the population of voters would also have a direct im-
pact on the likelihood that the voter would be pivotal. Empirical results from elec-
tion data indicate that population size is negatively correlated with local election
turnout, but that the result is insignificant for national elections. These results
support the economic model for local elections that are help separately from na-
tional elections, but the results did not hold for local elections that were held in
conjunction with national elections.

Jaarsma, et al. (1986) perform an empirical test of the same model, and focused
on the aspect of the size of the payoff from having a preferred candidate win. This
is done by considering the abstention rates in Dutch elections for private sector
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workers, for local bureaucrats with government jobs in a local sector where they
would vote, and for commuting bureaucrats with government jobs in a sector in
which they do not vote. Local bureaucrats have the highest voter turnout rate for
any of the groups in local elections. The difference in voting rates between local
bureaucrats and commuting bureaucrats disappears in national elections. The re-
sults suggest that a higher turnout rate should be anticipated as the expected pay-
off from the election outcome increases.

Greene and Nikolaev (1999) perform a similar empirical study on voting data
from the United States over the period 1972-1997, showing a positive relationship
between voter turnout and income, and that public sector employees have a higher
rate of turnout than private sector employees. This study was based on results that
were obtained from surveys of individual voters, rather than considering relation-
ships over aggregated totals from groups of similar voters. The results from indi-
vidual voters were not found to be as strong as the results from many earlier stud-
ies in which aggregated results were used.

Variations of the model proposed by Riker and Ordeshook (1968) are proposed
in several studies. Ferejohn and Fiorina (1974) evaluate the decision of individu-
als to vote or to abstain from voting from a utility-based decision-theoretic ap-
proach, extending notions from Downs (1957). Tideman (1985b) considers the
act of voting in terms of the amount of remorse or elation that is felt by a voter as
a result of the outcome of an election, in conjunction with whether or not the voter
has an impact on the outcome of the election.

Game theoretic approaches are also taken to explain why people vote. Palfrey
and Rosenthal (1983) use a game theoretic approach to model voter participation
in terms of the voters’ perceptions that they might affect the outcome of an elec-
tion. Owen and Grofman (1984) develop a model of voter participation and find
that a rational equilibrium condition exists if each voter adopts a small probability
of actually voting. In this situation, the turnout will be sufficiently small to make it
worth the time to vote, in terms of having an impact on the election, for those who
actually do vote. The normal rate of turnout for elections suggests that voters
must actually be enticed to vote for some reason other than an expectation that
they will influence the outcome of an election.

Each of these economic and game theoretic models assumes that individual
voters decide whether or not to vote based on an evaluation of how to act in order
to maximize their own utility for voting. Harsanyi (1980) surveys earlier research
that leads to a description of two types of decision-makers. Act-utilitarian decision
makers make decisions solely to maximize social utility on the basis of the par-
ticulars of a specific problem that is facing society at any given time. Rule-
utilitarian decision-makers make decisions after making a rational commitment to
act as an agent would be expected to behave to maximize social welfare on an on-
going basis. It is argued that an act-utilitarian decision-maker, like those de-
scribed in individual utility maximizing models, would very likely never choose to
participate in an election, since their vote has an insignificant likelihood of affect-
ing the outcome. However, rule-utilitarian decision-makers would be much more
likely to participate in elections.

The recurring reference to the probability that a voter will be pivotal, or have an
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impact on the election outcome by voting, in the individual utility maximizing
models has led to a number of studies to consider that probability. The main focus
of studies in this particular area has been on the development of representations
for the probability that a majority rule election on two candidates will result in a
tied vote.

Beck (1975) develops a representation for the limiting probability as n — oo
that a tie exists in an election on two candidates D4,B} when the probability that a

randomly selected voter has the preference A4 > B is p, and voters’ preferences are
assumed to be independent. The value of n must be even for a tie to exist. The
representation is derived by applying Stirling’s Approximation to the appropriate
binomial probability representation. The resulting limiting probability representa-
tion is given as

» [ (5.35)
— 2 —
{4 p(l p)} prt
Computational evidence shows that this probability approaches zero quite quickly
for large n, except for p near 1/2 Penrose (1946) gives the same representation for
the special case of IC with p = 1/2.

Good and Mayer (1975) and Chamberlain and Rothschild (1981) extend the no-
tions from Beck (1975) by using Bayesian analysis with probability distributions
defining the likelihood that p values are observed. Chamberlain and Rothschild
(1981) consider a special case in which p has a uniform distribution over the inter-
val [0,1] , and the expected probability that a tie exists for even n is then given by

AT | (5.36)
(b0 ap-

OE }’l+l.

The concept of expected probabilities with UC in Chapter 3 applies here, to re-
quire this result to be equivalent to obtaining the obvious representation for this
probability with IAC, and Berg (1990) finds this to be true with a different Bayes-
ian approach to the problem. Fischer (1999) provides an extensive analysis of the
differences between the work by Beck (1975) and the Bayesian approaches.

Blais and Young (1999) did an experimental study on a group of subjects, ex-
posing them to a film about the rationality of voting and the paradox of why so
many people vote. It was found that exposure to this film significantly reduced
the percentage of subjects who actually voted in a subsequent election, as com-
pared to those who did not view the film. Framing the act of voting in terms of ra-
tional choice seemed to induce subjects to reconsider why they should feel obliged
to vote. There are clearly many reasons to explain why potential voters choose to
abstain from voting in elections, and simple observations show that many potential
voters do indeed choose to abstain from voting. We focus our attention on the im-
pact that voter abstention can have on the determination of a PMRW.

Gehrlein and Fishburn (1976c) consider the basic situation of an election with
two candidates jA,B}. The set of n voters is partitioned into four categories,



176~ The Impact of Societal Factors

where l)iX denotes the number of voters who prefer X e D4,B} of the two candi-
dates, and vote in a PMR election on the two candidates if i = 1, or abstain if i = 0.

By definition, 061 +UIA +u(')9 +UIB =n, and we denote the probability that any

particular combination of these terms is observed as P(ué‘l,u{l,uég ,U]B ) Candi-

date B is defined as the strict Global Pairwise Majority Rule Winner (GPMRW) if
it is the strict PMRW for both the population of potential voters and the set of ac-
tual voters. The PMRW for the set of actual voters only requires a PMR majority
that is based on the number of actual voters, not on the number of potential voters.

When Q(P) denotes some probability distribution over P(U(f,ulA,Uég ,ulB ) for all

possible combinations of U[X'S for a specified n, P(??,%/IRW(m,n,Q(P)) denotes

the probability that B is the strict GPMRW for m-candidate elections. It follows
directly for odd n that

n=1 n-1 4 (5.37)
[B 2 2 oo
PGP;\/IRW(z”%Q(P)): DI > P(Ué,u{l,ug,ulg)
UIA =0 064 =0 UIB :ulA+l
nlncl 5 s g
A e S ( A 4 B B)
PGP;\/[RW(z”’“Q(P)): BZ 2 > Plog .o 00,00 ).

vy =0 uég:O uf:uf+l

Let P;gj‘}/[RW(Z,n,Q(P)) denote the probability that B is the strict PMRW for
the population of potential voters while A and B tie among the set of actual voters

in a two-candidate election, with UIA = UlB ,and

n—1 n-1 o (5.38)
T, Y
B 2 2 ( A A B A)
PTPI%/IRW(Z’n’Q(P)): AZ Plog 01", 07,0
v =0 ué“:O
A A4 B B B
PTP]%/[RW(Z’H’Q(P)): BZ > P(uo 01,00 ,Uf )

0 vf=0

Ui

If a strict winner of a tied outcome for actual voters is determined by random
selection with equal likelihood for either candidate being selected, the probabil-

ity, B gPMRW(Z,n,Q(P)), that a strict GPMRW exists is given by
Popurm (2.1.9(P)) = (5.39)

Pt 2 ) Py o P ) 4 L Bty (2.0, 0P+ Py (2.0
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Gehrlein and Fishburn (1976c) develop representations for the probability
PgPMRW(Ln,Q(P)) with various assumptions about Q(P). The assumption of
Impartial Anonymous Culture with Abstentions (IACA) is defined as the situation
in which P(L)64 ,u{‘,ug ,L)IB) is identical for all combinations of U[X ’s for a speci-
fied n. Based on counting arguments like those used to develop the representation

for PgMRW(3,n,IAC) in Eq. 3.30, it is found that the representation for

PGSPMRW(Ln, 1A CA) from Eq. 5.39 for odd  is not a function of n, with

Py (2,n,14CA)=3/4. (5.40)

The case with identifiable voters is also considered, where p 4 is the probabil-
ity that a randomly selected potential voter prefers A to B, with pg=1-p,. Let
A4 denote the probability that a potential voter who prefers A to B will actually

vote. If voters’ preferences are conjoint independent, potential voters independ-
ently form their preferences on the pair A and B, and the values of 1, and A are

independent of the values of p, and pp . In the case of conjoint independence,

A A B B
P(UO ,U1 .00 ,U1 ): (541)

o Al Capa =)o s

Gehrlein and Fishburn (1976¢) consider the case in which A =4, =1z and
prove that ngMR W(2,n,Q(P)) increases as A increases for all p, when conjoint
independence is assumed, with PgPMRW(Z,n,Q(P)) = 1/2 when A= 0 and

Pppriw (2.n.Q(P)) =1 when A=1.
The conjoint independent condition of Impartial Culture with Abstention
(ICA(A)) assumes that p,= pp =1/2and A=14 =Ap, and several observa-

tions are made regarding PGSPMRW(Z,n,ICA(/l)). Theorems 5.1 and 5.2 are
proved in Gehrlein and Fishburn (1976c), with

Theorem 5.1. Papyry (2.2, ICA(2))+ PEppsrm (2,n,1CA(1 - /1))}/2 =3/4 forall
Aef0]] andall odd n>1.

1
Theorem 5.2. [Papyri (2,1, 1CA(2))f(2)dA = 3/4 for any probability density
0
function f(2) over 4 €[0,1] for which f(2)= f(1-2).

An additional representation is also obtained for the limiting distribution of
PC‘;SPMRW(Z,n,ICA(/I)) as n — oo, with
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o (2.00,1CA(2)) = Cos (-7 ) 7. (5.42)

The conditional limiting probability, CPgPMRW(m,oo,ICA(/i)), that there is a

GPMRW for m candidates, given that a PMRW exists in the population of poten-
tial voters is obtained from

CPSpyirw (m,o0, 1CA(2)) = PSpygpy (m,o0, ICA(2))/ Py (myo0,1C).  G43)

Table 5.3 lists computed values of CPGSPMRW(Z,OO,ICA(Z)) for each
2=0.1(.1)1.00 from Eqs. 5.42 and 5.43, with the fact that Pjypp (2,00, 1C) —>1.

Table 5.3 Computed values of CPS,,., (2,00, ICA(2)) and CPS,,,,, (3,00, 1CA(A))

A CPSyey(2,0,1CA(2) CPS

GPMRW

(3,00,1C4(2))

.00 5000 e
.10 .6024 4236
20 .6476 4806
30 .6845 .5290
40 7180 5742
.50 7500 6186
.60 7820 .6640
70 8155 7126
.80 .8524 1675
90 .8976 .8365
1.00 1.0000 1.0000

The results of Table 5.3 indicate that there is a significant likelihood that some
candidate other then the PMRW for potential voters will be elected when the ab-
stention rate it at all large with the assumption of ICA(A) when the potential
electorate is large. Computed values in the original study indicate that these
limiting values are approached quite rapidly as n increases, approximately for
n>49. Gehrlein and Fishburn (1976¢) also consider a specialized model in

which A, and Ap are dependent on the magnitude of p, and pp.

Gehrlein and Fishburn (1978a) extend the notion of ICA( A) to elections with
three candidates [ 14, B,C } to obtain a representation for the limiting probability
PGSPMRW(3,00, ICA(A)) as n— 0. Following previous arguments that have de-
veloped similar limiting probability representations, we start by defining four dis-

crete variables to describe the preferences of a given i voter:
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Xli =+1:if 4> B for thei" potential voter [Pl +py+ p4] (5.44)
—1:if B> A4 for the i potential voter [p3 +ps+ p6]
Xé =+1:if A= C for the " potential voter [Pl +py+ p3]
—1:if C > 4 for the i’ potential voter [p4 +ps+ p6]
Xé =+1:if A= B for the " potential voter, and the vote is cast [Z(pl +p2+py )]
0:if the i potential voter abstains [1 - /1]
—1:if B> A for the " potential voter, and the vote is cast [xl(p3 + ps5 + pg )]
XZ =+1:if A> C for the i potential voter, and the vote is cast [Z(pl +pr+p3 )]
0:if the i potential voter abstains [1 -ﬂ]

—1:if C> A for the i potential voter, and the vote is cast [ﬂ(p4 +ps5+ pe )}

The expressions in brackets in Eq. 5.44 denote the probability that the associ-
ated values of each variable are observed, following the definition of p;’s from

Fig. 5.1. The symmetry of ICA(A) with respect to candidates leads to
£(¥;)=E(x)=0 forj= 1,2, 3.4, and A will be the GRMRW with the joint
probability that X ;i > E(X j\n) for j = 12.3.4. As n—> o the Central Limit
Theorem requires that this joint distribution is multivariate normal with correlation

matrix R® with

1 13 Ji i3 (5.45)
e EE iz i

N S VX

- - - |

Following the logic of arguments that were used previously to develop repre-
sentations for limiting probabilities with IC, along with the fact that there are three
possible candidates that could be the GPMRW

P (B0, 1CA(2)) = 304 (R ) (5.46)

The positive multivariate normal orthant probability CD4(R3) is a special case
of a representation that is given in Cheng (1969), which Gehrlein and Fishburn
(1978a) use with Eq. 5.46 to obtain a representation for PGSPMRW(S,OO, ICA(/l)),
when 0< A <1, with
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(5.47)
P (o0, ICA(A)) = =+ i{sml(%j + sin (V2 )+ Sin{@}}

16 4r

N {S@} Vst (2 {S[@H

T

The situation with 4 =0 is problematic in this representation when m > 2, since
there is more than one interpretation of the existence of a strict PMRW when all
voters abstain.

Computed values of CPgPMRWG,oo,]CA(/I)) are listed in Table 5.3 for each
value of 2 = .1(.1)1.0 from Eqs. 5.43 and 5.47. As 1 — 1, Py (3,00, 1CA(1))

= P}BSMRW(3,OO, IC), N CPGSPMRW(3, o, [CA(l)):l . These computed values show
that there is a significant likelihood that a GPMRW does not exist, given that a
PMRW does exist on the population of all potential voters, when the rate of ab-
stention is at all large with the assumption of ICA( A1).

Gehrlein and Fishburn (1979b) consider the probability that a Local Pairwise
Majority Rule Winner (LPMRW) exists. Candidate B is a LPMRW if it is the
PMRW for the set of actual voters, when either A or C is the PMRW among the
population of all potential voters. The determination of the PMRW for the set of
actual voters only requires a PMR majority that is based on the number of actual
voters, not on the number of potential voters. To develop a representation for this

probability, we define four discrete variables to describe the preferences of a given

i’h voter:

Yli =+1:if A= B for thei™ potential voter [Pl +py+ p4] (5.48)
~1:if B> 4 for thei”" potential voter [p3 + p5 + PG]
Yzi = +1:if A= C for thei” potential voter [Pl +py+ p3]
—1:if C = 4 for the " potential voter [p4 + p5 + P6]
Y; =+1:if B> A for thei™ potential voter, and the vote is cast [ﬂ(p3 +ps5+ Pe )]
0:if the i potential voter abstains [1 - A]
~1:if A= B for thei™ potential voter, and the vote is cast [xl(pl +pr+pg )]
Yi =+1:if B> C for the " potential voter, and the vote is cast [/1(p1 +p3 +ps )]
0:if the i potential voter abstains [1 - A]
~1:if C > B for thei™ potential voter, and the vote is cast [l(pz + p4 + pPe )]

The symmetry of ICA( A ) with respect to candidates leads to E(; j): E(Y}): 0
forj=1,2,3,4, and A will be the PMRW for the set of all potential voters while

B is the PMRW for the set of actual voters with the joint probability that



5.6 Voter Abstention 181

?jﬁzE(?j\/;) forj=1,2,3,4. As n— o the Central Limit Theorem re-
quires that this joint distribution is multivariate normal with correlation matrix
R* with

1 13 -2 -3 (5.49)
|- 1 a3 Va3
S 1 1/3

- - - 1

Following the logic of arguments that were used previously to develop repre-
sentations for limiting probabilities with IC, along with the fact that there are six
possible combinations of candidates that could create the existence of a LPMRW,

the limiting probability, Prpyz(3,00,1CA(4)) that a LPMRW exists with the as-
sumption of ICA( A ) is given by

Py (.00, 1CA(2)) = 60 4 (R? ). (5.50)

The form of the correlation matrix R? does not lead to a simple representation
for @4 (R") , so Gehrlein and Fishburn (1979b) obtain values for @® 4(;14) by us-

ing quadrature with a representation from Gehrlein (1979). These computed val-
ues are then used with Eq. 5.50 and the logic of Eq. 5.43 to obtain computed val-

ues for the conditional probability, CPpypy(3,00,ICA(2)), that a LPMRW
exists, given that a PMRW exists for the set of all potential voters. The computed
values of CPLSPMRW(3,OO,ICA(/1)) for each A =.1(.1)1.0 are given in Table 5.4

Table 5.4 Computed values of CP,,,,, (3,00, ICA(2)) and CP,,., (3,00, ICA(2))

A CPlyy(3,:0,ICA(R))  CPypypy (3.0,1CA(2))

.10 .4906 .1999
20 4359 .1596
.30 .3901 1295
40 3480 .1046
.50 3073 .0829
.60 2663 .0636
702236 .0459
.80 .1767 .0296
90 1202 .0143
1.00 .0000 .0000

A Reverse Pairwise Majority Rule Winner (RPMRW) exists when some candi-
date is the both the PMRL for the population of all potential voters and the
PMRW for the set of actual voters. The determination of the PMRW for the set of
actual voters only requires a PMR majority that is based on the number of actual



182 The Impact of Societal Factors

voters, not on the number of potential voters. The derivation of a representation
for the limiting probability, PgPMRW(lOO, ICA(A)) , that a RPMRW exists can be
obtained as a simple extension of the development that led to the representation
for PgPMRW(?),oo,ICA(l)) in Eq. 5.47. The modification that must be made is the

reversal of signs in the definitions of variables X 1’ and X é in Eq. 5.44. The re-
sult that is obtained is given by

(5.51)
Pipyrw (3,00, 1CA(2)) = % + %{Sin_l(%j —Sin”! (ﬁ )— Sin‘l(g}

T

o] et fun (]
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Computed values for the conditional probability, CPgPMRW(ioo,ICA(/l)), that

a RPMRW exists, given that a PMRL exists for the population of potential voters
with the assumption of ICA( 1) are obtained by following the logic of Eq. 5.43,

and the corresponding values are listed in Table 5.4 for each 1 =.1(.1)I.0.
The calculated values in Table 5.4 show that CPI‘QSPMRW@,OO,ICA(A)) is sig-
nificantly smaller than corresponding values for CPLSPMRW(3,00, ICA(A)). How-

ever, CPEPMRWB,OO,ICA(/%)) is still quite significant for low rates of voter par-

ticipation. These observations are completely consistent with some empirical
observations that are related to such outcomes.

In particular, Regenwetter, et al. (2002) examine survey results from eight dif-
ferent three-candidate elections in three different countries. Results show that no
PMR cycles were found in any of the survey results. However, it was discovered
that using samples of survey respondents could frequently misrepresent the true
PMR ranking of the entire population of survey respondents, unless the size of the
sample was relatively large. In this situation the entire population of the data set
would reflect the preferences of all potential voters, and the sample set would rep-
resent the preferences of the set of actual voters. In some cases the true PMR
rankings of the population would only have a high probability of being repre-
sented by the sample if the sample size was in the hundreds or thousands, to re-
flect a relatively low abstention rate. A key factor for sample convergence to the
population PMR ranking was shown to be linked to the minimum marginal PMR
comparison on a pair in the population preferences.

Tsetlin and Regenwetter (2003) consider the sample size requirements that are
associated with various confidence levels that the PMRW in a sample is the same
as the PMRW in a population. As in the previous study, the size of the sample re-
flects the abstention rate. Relatively small sample sizes are shown to be sufficient
to have a high confidence that the sample PMRW is the same as the population
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PMRW for samples from populations that do not have a strict balance in pairwise
preferences on candidates like that suggested by ICA(A). As in our previous
findings, the conclusions that are reached with the probability representations that
have been obtained are strongly linked to the balanced preference basis of the as-
sumption of ICA(A).

5.7 Degrees of Voter Indifference between Candidates

The work of Inada (1964) was mentioned in Chapter 2, in considering conditions
that require that a PMRW must exist. In particular, Inada shows that PMR must
be transitive for an odd number of voters with dichotomous preferences. As in our
previous discussion about single-peaked preferences, we should expect there to be
a positive general relationship between the proportion of voters who have di-
chotomous preferences and the probability that a PMRW exists.

Radcliff (1993) does an empirical study to determine the propensity of voters to
have dichotomous preferences. The study obtains individual voter’s weak ordered
preference rankings on U. S. Presidential candidates from reported thermometer
scores in surveys from American National Election Studies from 1972 to 1984.
Results suggest that approximately 30 percent of respondents had dichotomous
preferences in three-candidate elections, with that percentage decreasing dramati-
cally as the number of candidates increased to four or five candidates.

Gehrlein and Valognes (2001) develop a probability representation to consider
the impact that voter indifference between candidates can have on the probability
that a PMRW exists in three-candidate elections. There is a direct link between
indifference and dichotomous preferences in three-candidate elections. Let
A~ B denote the situation of voter indifference between candidates A and B. If
individual indifference is allowed, while individual transitivity of preference is
still required, individual voter’s preferences must be weak orders. There are 13
possible weak ordered preference rankings on three candidates that might repre-
sent the preferences of a given voter:

A A B C B C
B C A A C B
cC B C B A A

bt P2 P3 P4 P5 De

A~B A~C B~C A B C
C B A B~C A~C A-~B
P17 Pg P9 Pro P11 P2

A~B, A~C,B~C
P13

Fig. 5.2 Possible weak ordered preference types for individual voters with three candidates
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Here, p;3 denotes the probability that a randomly selected voter has preferences

that are represented by complete indifference among the candidates.
Let k; denote the probability that a randomly selected voter is in the class of

voters with linear preference rankings. Similarly, &k, denotes the probability that

voters have weak ordered preferences that do not reflect complete indifference be-
tween candidates, which must be dichotomous preferences with three candidates.
Then, k3 denotes the probability that voters have complete indifference on candi-

dates, with &k + k, + k3 = 1. Let the vector k = (kl,kz,k3) define the probabili-

ties that voter’s preferences fall into the associated preference classes.
The Impartial Weak Order Culture Condition (IWOC (k)) assumes that all

preference structures within a class of voter preference types are equally likely to
be observed for a specified k with independent voters. With the voter preferences
as defined in Fig. 5.2, INOC (k) requires that p; =k /6 fori =1, 2, 3, 4, 5, 6;

that Pj =ky/6 for j=7,8,9, 10, 11, 12; and that p;3=k3. Gehrlein and

Valognes (2001) apply the same basic techniques that have been presented earlier
to IWOC (k) in order to develop a representation for the limiting probability,

PEMRW(&OO,IWOC(k)), that a PMRW exists as n — o, and

3 3 . - 5.52
Pha (30.070C(H) =2 + = sin” 3. 452

where

k] + k2 (5 5 3)
=
3k1 + 2k2
The determination of the PMRW in this case only requires a PMR majority on
pairs of candidates that is based on the number of voters who have a preference on
that pair of candidates, not on the total number of voters. The result in Eq. 5.52 is

a direct extension of work in Fishburn and Gehrlein (1980b), where the identical
result was obtained for the special case with k3 =0. Obviously, kj +ky >0

since no PMRW can exists if all voters have complete indifference between all
candidates. Table 5.5 lists computed values of PgMRW(loo,] WOC(k)) for
p3 =1/3, and for each value of p; =.350(.025).500.

Two results are obtained by Gehrlein and Valognes (2001) by simply taking de-
rivatives of the representation in Eq. 5.52:

Theorem 5.3 For any fixed k; >0, P1§MRW(3»°°J WOC(k)) increases as k, in
creases. For k& =0, PgMRW(3,oo,IWOC(k))=1 with any k, >0.

Theorem 5.4 For any fixed &, >0, PEMRW(ZS,OO, 1 WOC(k)) decreases as k; in
creases.
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Table 5.5 Computed values of PS., (3,00, IWOC(k)), P5, (4,0, IWOC(K)) and
Py (5,00, IWOC(K))

P Py (3,50, IWOC(K)) Py (4,00, IWOC(K)) Py (5,0, IWOC(k))

1/3 9123 .8245 71487
350 .9207 .8415 1726
375 9335 .8671 .8089
400 .9465 .8930 .8459
425 9596 9192 .8834
450 9729 9457 9215
475 9863 9727 .9604
.500 1.0000 1.0000 1.0000

Theorem 5.3 generalizes the result of Inada (1964) for the case of three candi-
date elections by showing that when the preferences of a population of voters
shifts, so that fewer individual voters will have linear preferences and more will
have dichotomous preferences, then there is an increased likelihood that a PMRW
will exist. And, when all voters who hold any preferences at all have dichotomous
preferences a PMRW must exist. Theorem 5.4 shows that the same result is true
when individual voter’s preferences shift from having linear rankings to having
complete indifference between candidates. For the special case with &k, =0, Eq.

5.52 reduces to the result of Guilbaud (1952) for P;?MRW(S,OO,]C) in Eq. 3.77 for
all ky>0.

For the case of more than three candidates, the relationship between voter indif-
ference and dichotomous preferences is not as direct, since voters can have transi-
tive preferences with some indifference, without having dichotomous preferences
in such cases. A number of studies have been conducted to establish a general
link between voter indifference between candidates and the probability that a
PMRW exists for more than three candidates. Voter’s preferences are assumed to
be weak ordered preferences in these studies, so that transitivity of preference is
still a necessary condition. Bjurulf (1972) performs a Monte-Carlo simulation
analysis to reach the conclusion that an increased propensity for voters to have
weak ordered preferences leads to an expected increase in the probability that a
PMRW exists.

Analysis in Fishburn and Gehrlein (1980b) can easily be extended to obtain

representations for the limiting probabilities PEMRW(4,00, I WOC(k)) and
PIBSMR W(S,oo,l wocC (k)), since IWOC (k) is a simple extension of the assumption

of “Permutation Invariance” that was used as a basis in that study. We develop
the representation for P}§MRW(4,°°,1 wocC (k)) to show how the procedure works.
Let K denote the set of all possible weak orders on a set of four candidates
c*=1(,,C,,C5,Cy}, and let K; denote the subset of K with m+1—i indiffer-
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ence classes. It follows from simple counting arguments that #K;=4!=24,

#K, = 6(:) =36, #K;3 = 2(:)+(;) =14, and #K, =1. For example, the cal-

culation of #K, results from the fact that there are (;j different pairs of candi-

dates that could be placed in the single indifference class in a weak order in this
particular class of weak orders. Then, the weak order could be any of the six pos-
sible linear rankings on the two remaining candidates and the pair in the single in-
difference class. Following earlier discussion, IWOC (k) assigns a probability £;

to the likelihood that a randomly selected voter will have preferences that match a
weak order in K;. And, each weak order in a specified K; is equally likely to be

observed with probability equal to k; /#K; .
The development of a closed-form representation for the limiting probability
PgMRW(4,oo,IWOC(k)) follows earlier arguments. We start by defining three
discrete variables X } on the preferences of the i voter in a randomly generated
voter preference profile, for j =1, 2, 3, with
X} =1 forthe 12 weak orders in K; with C; > C; 4 (5.54)
for the 15 weak orders in K, with C) > C;
for the 4 weak orders in K3 with C; > C; 4
X% =0 for none of the weak orders in K|
for the 6 weak orders in K, with C; ~C; 4
for the 4 weak orders in K3 with C) ~ C; 4

1
for the 1 weak order in K, with C; ~C; 4

X' =-1 for the 12 weak orders in K; with C;, > C
for the 15 weak orders in K, with C;,1 >~ C;
for the 4 weak orders in K5 with C; . = Cj.

Given the definitions in Eq. 5.54, Candidate C; will be the strict PMRW for a
specified random voter preference profile if X j>0 forall j =1, 2, 3. By the
symmetry of TWOC (k) with respect to candidates, E(} j):E(X j-):o, so the
probability that C; will be the strict PMRW is the same as the positive orthant
probability that X ;v > E(X jy/n) for all j = 1,2, 3. As n—> oo this joint distri-
bution of the }j\/; variables is trivariate normal.

The correlations between the X j\/; variables in the joint distribution are the

same as the correlations between the original X ; variables, as a result of the Cen-
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tral Limit Theorem. Since E (X ;): 0, the variance of X } is simply obtained as

2
E(X} j for each j= 1,2, 3. The symmetry of INOC (k) leads to

2 5.55
E(X} ):24ﬁ+30k—2+ i) (5:53)

=k1 +§k2 +ik3 s
24 36 14 6 7

for each j =1, 2, 3. A representation of the covariance term between the vari-
ables Xj- and X}; is equivalent to E(X}X}) since E(Xj-): E(X}): 0. More-
over, the definitions in Eq. 5.54 lead to
X'X} =+1 wheneither C; > C;,; and C; > Cyyy or Cj=Cand  (556)
Crn =G
X’,X} = 0 wheneither C; ~C;,; or G ~Cyyy
X'X} =-1 wheneither Cyy; = Cj>Cjyyor Ciypy=Cp=Cpyy.
It then follows directly that
X}Xé =1 for the 16 weak orders in K; (5.57)
for the 18 weak orders in K,
for the 4 weak orders in K3
X ;X 2 =0 for none of the weak orders in K
for the 12 weak orders in K,
for the 10 weak orders in K3
for the 1 weak order in K,
X;Xé =-1 for the 8 weak orders in K;

for the 6 weak orders in K,
for none of the weak orders in K3 .

After algebraic reduction,

o 5.58
E(X}X%):%kl-i-%kz +%k3. ( )

The correlation term between all pairs of variables X j and X } , P4, can then

2
be obtained for k; +k, +k3 >0, so that E(X } ] >0, with
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CEWIXE) 14k 14k +1265 (559

Pa = E(Xj-zj 42k, +35ky +24k;

The symmetry of IWOC (k) with respect to candidates then leads to the repre-
sentation

S 3 .
PS, oy (40, OC(H) = 403 (R (). (5.60)

Following earlier arguments, R’ (p4) is a correlation matrix on three variables
in which all correlations are equal to p4 , and the representation in Eq. 5.60 can be
reduced by using the trivariate extension of Sheppard’s Theorem of Median Di-
chotomy to obtain

PgMRW({oo,IWOC(k)):%+isl~n—l(p4)’ (5.61)
Vs

for ky+ky+hk3>0.
Following the same procedure with m = 5, it is possible to develop a representa-
tion for Poypp (5,00, IWOC(k)), with

PgMRW(S’OO’ woc(k))= 5®4(R4(p5 )), (5.62)
where
s = 50k + 50k, + 48ks + 40k, (5.63)
5

* 150k; +135ky +114k; +80k,

for kj +ky +k3+k4 >0.

The representations in Eqs. 5.59 and 5.63 indicate that p, and o5 are mini-
mized at 1/3, with &k >0and ky+k3=0 for m=4, or ky+ky+ky4 =0 for
m =5 They are maximized at 1/2, when k3 >0 and k +k, =0 for m=4, or
when k4 >0 and k;+ky+k3 =0 for m=5 to require all voters who are not
completely indifferent between candidates to have dichotomous preferences.

Table 5.5 lists computed vales for each of PEMRW(4,00, I WOC(k)) and

PgMRW(S,oo,IWOC(k)) for p, and ps equal to 1/3 and for each p, and ps
equal to .350(.025).500. The values for Ppypp (4,00, IWOC(k)) are obtained with

Eq. 5.61. The values of PgMRW(S,oo,] WOC(k)) are obtained from tabular values
from Gehrlein and Saniga (1975) where the representation that led to Eq. 4.56 was

used to obtain extensive listings of values of @4 (R4 (p5 ))
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Lepelley and Martin (2001) consider a special case of IWOC (k), denoted as

IWOCH*, that is very similar to the notion of IC. For three-candidate elections,
IWOC* assumes that each of the thirteen possible weak ordered preference struc-
tures in Fig. 5.2 is equally likely to represent the individual preferences of a ran-
domly selected voter. Thus, IWOC* is equivalent to the special case of IWOC (k)

with k) =k, =6/13 and k3 =1/13 with m = 3. When m = 4, IWOC* is the spe-
cial case of IWOC (k) with k; = 24/75, ky =36/75, ky=14/75 and k4 =1/75.
Representations are obtained for the limiting probability as n—>o for

Py (3,00, IWOC*) and Py (4,00, INOC*), with

(5.64)
PgMRW(SaOO:IWOC*)=i—iCOS_l 2 =.9465.
2 2z 5

12 (5.65)

Py (4,00, INOC*) =2 —iCos_1 (EJ =.8792.
T

The representations for PgMRW(S,oo,IWOC *) and P}‘)SMRW(4,OO,1WOC *) in
Egs. 5.64 and 5.65 are respectively equivalent to the representation in Egs. 5.52
and 5.61 for this special case. Van Deemen (1999) presents some limited com-
puted values of Phypi (3.3, IWOC*) and Phypc(3.3,IWOC*) that are obtained
by enumeration.

Jones, et al. (1995) do a Monte-Carlo Simulation study to obtain estimates of

P;?MRW(m,n,]WOC *) Results lead to the conjecture that PgMRW(m,n,IWOC *)

is minimized, for a given m, when n = m. In addition, PEMRW(m,n,I wocC *) is
conjectured to decrease monotonically, for a given m, as n increases for n <m,
while it increases monotonically as n increases for n>m .

Lepelley and Martin (2001) also consider the probability that a PMRW exists
under the assumption of the Impartial Anonymous Weak Ordered Culture Condi-
tion (IAWOC). Following the notion of IAC, the use of IAWOC assumes that
each possible voting situation with a specified number of voters is equally likely
to be observed, given that individual voters have weak ordered preferences on

candidates, as listed in Fig. 5.2. Representations for both PEMRW(S,n,IA WOC)
and PgMRC (3,n,IA wocC ) are obtained for all odd n, for which n + 1 is a multiple
of four, with

Phyrw (3,1, IAWOC) = (5.66)

3(37n6 +1968n° +41191n* +429864n° +2341099n° +6337896n + 6814665)
512(n+12)n+10)n +8)n+6)n+4)n+2)
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Phyre (3., IAWOC) = (5.67)

6 5 4 3
(n+13)(n+17)(n+21 n° +66n 2+1603’n +17292n° +
75967n" +63426n —156915

4096(n+12)n+11)n +10)n+8)n +7)n+6)n+4)n+3)n+2)

The probability representations in Eqs. 5.66 and 5.67 are based on having AMB
for candidates A and B if 4> B for (n + 1)/ 2 or more voters. The PMR relation-

ship on any pair of candidates must therefore hold on the basis of a majority of all
voters in these two representations, not just for a majority of voters who have a
preference on the pair.

Cres (2001) is an extension of earlier work that related to the possible existence
of supermajority cycles. The primary result in the study is that the use of

PM'R with rate 7 >1- 7 is necessary and sufficient to prohibit the existence of

PM'R cycles of any length, where % is the maximum number of allowable
equivalence sets in any voter’s weak ordered preference rankings on candidates.
Increased levels of indifference, as reflected by smaller values of 7 , therefore re-

duces the value of 7 that is required to prevent the existence of PM'R cycles.

5.8 The Impact of Intransitive Voter Preferences

It was stressed in Chapter 1 that individual voters who displayed intransitive pref-
erences were viewed as acting irrationally. Rose (1957) presents an interesting
early study that evaluates the presence of intransitive responses in paired compari-
son responses of individual subjects in repeated experiments. Three types of in-
transitive responses were observed. Intransitivity due to random error occurs
when a subject is indifferent between all alternatives in some subset and intransi-
tive responses result because the subject makes random preference selections on
pairs from that indifference subset when forced to give a preference response. In-
transitivity due to carelessness occurs when a subject makes clerical errors in re-
porting pairwise preferences, or simply does not give adequate thought to deter-
mining true pairwise preferences before responding. True intransitivity refers to
actual cyclic preferences that a subject would consistently report after giving ade-
quate thought to determining the true preferences on alternatives. Most reported
intransitivities in this empirical study are explained as being due to either random
error or carelessness. It is concluded that the evidence shows that examples of
true intransitivity appear are a very rare phenomenon, if they exist at all.

Van Acker (1990) surveys much of the work that is related to finding various
types of intransitivities in individual preferences, referring to the three types of in-
transitivities above, as representing “inconsistent behavior”, “mistakes” and
“genotypic intransitivity”. Van Acker also surveys much of the work that at-
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tempts to explain the occasional presence of various forms of individual intransi-
tivity of preference in empirical studies. This particular topic will be addressed in
detail in Chapter 7.

Fishburn and Gehrlein (1980b) develop a representation for the probability that
a PMRW exists when voters can have intransitive preferences. Begin by defining
a partition of all possible individual preference structures on three candidates
EA,B,C} into six subsets, denoted as R; for 1 =1, 2, ..., 6. The various types of

individual voter preference structures are displayed in Fig. 5.3.

Preference Prototype

Subset Structure #R;
R A~B,A-C,B>C 6
Ry A>B,A-C,B>C 6
Ry A~B,A~C,B~C 6
Ry A>B,A~C,B>C 6
Rs A>B,C>AB>C 2
R¢ A~B,A~C,B~C 1

Fig. 5.3 Six types on individual preference structures on thee candidates

Preference subset R; corresponds to all dichotomous preferences, while subset
R, corresponds to all linear preference rankings and Rg corresponds to the situa-
tion of complete indifference between rankings. Preference subset Rs contains
individual voter’s preferences that are intransitive. Voter preference structures in
subsets Ry and Ry are quasi-transitive. Let C;>'C; denote that a voter either
prefers C; to C; or is indifferent between the two candidates. A voter’s prefer-
ence ranking on candidates is quasi-transitive if C; ~'C; and C;-'C; require
that C; >'C} , while maintaining transitivity on pairwise preference comparisons.
The analysis in Fishburn and Gehrlein (1980b) did not consider the possibility of
complete indifference between candidates, but the results are easily extended to
include Ry as a possibility.

Let r denote a six-dimensional vector such that r; is the probability that a ran-
domly selected voter has a preference structure in R;. The assumption of Permu-
tation Invariance ( Pl (r)) assumes that all preferences within any R; are equally

likely to be observed, with probability equal to 7; /#R;. Fishburn and Gehrlein

(1980b) develop a representation for the limiting probability, P;?MRW(3,00,PI (r)),
that a PMRW exists as n — oo, that can be applied to this case, when 75 <1, to
lead to
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(5.68)

where

py'e n+r—r—3r (5.69)
3 21 +3ry + 15+ 24 + 385

The minimum correlation coefficient value for Eq. 5.69 has p;'=-1 when
rs >0 with n+n +73+7, =0, and the maximum value is p3'=1/2 when 1 >0

with 7 +73+14+75 =0. Simple analysis will show that P}BSMRW(3,00,PI (r)) de-
creases if 75 increases, while any other 7; decreases accordingly.

Table 5.6 lists calculated values of PjngRW(3,oo,PI(r)) for each value of
p3'=-1.0(25)30 from Eq. 5.68. The identical form of Eqs. 5.52 and 5.68 allows

the determination of PEMRW(&OO,PI (r)) for p3'>1/3 from values that are asso-

ciated with Pfyzyy (3,00, IWOC(k)) in Table 5.5.

Table 5.6 Computed values of P, (3, oo, PI (r))

p P}f\/IR w (3’ w’ P1 (r ))

-1.00 .0000
=75 3451
-.50 .5000
=25 .6294
.00 7500
25 .8706
.30 .8955

Roff (1977) considers the impact that irrational voters have on the probability
that a PMRW exists in three-candidate elections. The basis of the study is a varia-
tion of IC, and is connected to the notion of Permutation Invariance. Let r denote
the proportion of voters with rational preferences that are complete and transitive.
Each of these six possible linear rankings has a probability of selection for a
voter's preference equal to 7/6. There are two possible cycles on three alternatives,
and each cycle represents the preferences of a voter with probability (1 —r)/2‘

This is equivalent to the notion of Permutation Invariance with all cases of voter
indifference being disallowed, and the probability that a PMRW exists is calcu-
lated for small n.

Jain (1986) considers necessary and sufficient conditions for PM‘R to be
quasi-transitive when voters’ preferences on candidates are quasi-transitive. The

conditions that are necessary and sufficient to require transitivity of PM'R are
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found to be linked to the degree of Latin Square agreement in voter preference
profiles.

5.9 The Impact of Uncertainty

Shepsle (1970,1972) considers PMR cycles in the context of positions or plat-
forms that candidates might take in an election. Voters will form preference rank-
ings on candidates based on the positions that the candidates adopt. For three pos-
sible positions }},PZ,P_o,}, we consider three equally sized blocs of voters with

preference rankings on the positions as shown in Fig. 5.4

Bloc 1 Bloc 2 Bloc 3

R Py 2
Py 2 A
P R P,

Fig. 5.4 An example voting situation of bloc preferences on three possible candidate posi-
tions

Thus, a candidate can not choose any position to adopt from m,Pz,P?,} such

that the electorate would select that candidate as a PMRW, given the voter blocs’
preferences on these possible platforms. However, a candidate might introduce
“uncertainty” into the process by not taking a precise stand on the issues. As a re-
sult, the selection of the candidate would amount to selecting a “lottery” on the
positions. It is shown that such a “lottery position” might be the PMRW in com-
parison to the three specific positions. Necessary and sufficient conditions are
given so that a lottery position must exist as a PMRW in such situations. Dacey
(1979) addresses the notion of how such a “lottery” might be created through the
use of ambiguous candidate statements about their true positions on issues.

Holler (1980,1982) addresses this same problem of PMR cycles in the context
of candidates selecting positions or platforms, given the known preference rank-
ings of voters over the positions. The preference rankings that the candidates
themselves have for adopting the possible positions are brought in as an additional
issue. The candidates are then concerned not only with adopting a position to
maximize the likelihood that they will be a PMRW with the voters, but also with
the utility that they themselves have for adopting, and supposedly implementing,
that particular position. Analysis suggests that the addition of this additional in-
formation to the candidate's problem of selecting a position, or taking the same
position as another candidate should tend to lead to a stable, or non-cyclical, selec-
tion process. Petry (1982) surveys earlier work, based on spatial voting models,
regarding candidates who select positions to either maximize the number of votes
that they receive or to maximize their utility from adopting positions.
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Shepsle (1970,1972) is an extension of the work of Zeckhauser (1969), who
showed that the reverse situation could exist. That is, there can be a PMRW on
pure candidate positions, and the introduction of a lottery on possible candidate
positions could create an unstable situation in which there is no equilibrium posi-
tion for candidates to select. Fishburn (1972), McKelvey and Richelson (1974)
and Flood (1980) develop similar observations as those in Zeckhauser’s analysis.

5.10 Conclusion

A number of societal factors have been found to have an impact on the probability
that a PMRW exists. The factor that has been most thoroughly examined in this
context is the degree of coherence or consistency of voters’ preferences, as meas-
ured according to some definition of social homogeneity. Numerous studies have
sought to find general relationships between these measures of social homogeneity
and the probability that a PMRW exists. Some theoretical studies have success-
fully shown that such relationships can exist on an expected value basis, without
measuring the overall strength of the relationships. Strong evidence has also been
provided to indicate that simple measures of social homogeneity are very ineffec-
tive at showing such a relationship at all. In particular, the connection between
some of these measures of social homogeneity and the probability that a PMRW
exists is found to be reversed, based on whether the number of voters is restricted
to be odd or even. If such a general relationship is to be found with a significant
degree of strength, the measure of homogeneity has to be based on an understand-
ing of the mechanism by which voters preferences are formed. The proximity of
the voters’ preferences to single-peaked preferences is an example of such a
measure of social homogeneity.

Other significant societal factors that have an impact on the probability that a
PMRW exists include: the propensity of voters to abstain from the election, the
degree of voter indifference between candidates, the propensity of voters to have
intransitive preferences, and the presence of uncertainty regarding the exact posi-
tion that candidates represent on issues.
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6.1 Introduction

The possibility that a PMRW does not exist, to result in an occurrence of Condor-
cet’s Paradox, has been seen to be a potentially significant threat to the stability of
election processes, if the conditions of assumptions like IC and IAC are valid in a
given situation. Moreover, we have found that when simple measures of social
homogeneity are used to evaluate the level of coherence of voters’ preferences, it
is difficult to observe a strong general relationship between homogeneity and the
probability that a PMRW exists. When voters’ preferences are formed by a proc-
ess that imposes some internal structural consistency or coherence to voter prefer-
ence profiles or voting situations, much stronger relationships can be found be-
tween measures of homogeneity and the probability that a PMRW exists. One
such assumption is met if voters’ preferences are consistent with the condition of
single-peaked preferences, which assures the existence of transitive PMR relation-
ships for odd n. However, this is generally a very restrictive assumption, which
led Niemi (1969) to propose a measure of proximity to single-peaked preferences
to gauge social homogeneity. The goal of this chapter is to develop representa-
tions to evaluate the impact that several similar types of internal structural coher-
ence or consistency will have on the probability that a PMRW exists.

6.2 Methods for Obtaining Representations

Methods that can be used to obtain simple closed-form representations for the
probability that election outcomes are observed with the assumption of IAC or
MC were developed in Chapter 3. With these assumptions, the representations
were obtained by using counting arguments to determine the number of voting
situations that result in a given outcome.

Figure 6.1 shows the six possible linear preference rankings that voters might
have on three candidates,DA,B,C}, following the development of Figure 3.2.

Consistent with previous discussion n; denotes the number of voters with the as-

sociated linear preference ranking, and n = 21'6:1”1' .
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A A B C B C
B cC A A C B
C B cC B A A
ny ny n3 ny ns ng

Fig. 6.1 Voting situations with individual linear preference rankings for three-candidate
elections

A representation was developed for P;?MRW(_’:,n,IA C) with odd n in Chapter 3
by starting with a definition of the conditions on #;’s that require Candidate A to
be the PMRW in a voting situation. Following the logic that led to Eq 3.21, this
event is observed for any voting situation in which

ny +ns +ng S%: AMB 6.1)

nyg +ns+ng S%ﬁl = AMC.
The specific restrictions on the individual »;’s that are necessary to lead to the
outcome in Eq. 6.1 are developed in the discussion that led to Eq. 3.22, with

0<ng Sn; 6.2)
n—1
OSl’lS ST—}’%
n—1
0<ny < —ns
n-1
0§n3 Si—I’IG—I’lS

0<ny<n—ng—ns—ny—ny

m=n—ng—ns—Hnyg —Nn3 —Np.

A representation for the total number of voting situations, N%/}[RW(Z%,n,IAC),

for which A is the strict PMRW, with the restrictions on #;’s that are defined in
Eq. 6.2, is developed in Eq 3.23 with

n—-1 n-1 n—1 n—1 (63)
T Ty ey e T T TS s —ny—n
DA} 2 2 2 2 6 N5~y —N3
Npyrw Bn14C)= ¥ 7% > > 31 ,
ng=0 ns=0 ny=0 n3=0 n,=0
for odd n.

The symmetry of IAC with respect to candidates leads to the identity

SN (3.m,14C) ©4)
K(3,n,IAC)

PRy (3.n14C) =



6.2 Methods for Obtaining Representations 197

Here, K (3,n,]AC) is the total number of possible voting situations with three
candidates, following the notion of IAC with fixed n, and

(n +i)
K(3,n,14C) ==L
120

(6.5)

T

A simple closed-form representation for N %34/‘,}”? W(3,n,IAC ) was obtained by alge-

braic methods in Chapter 3 by using known relations for sums of powers of inte-
gers to sequentially make simplifying reductions to the representation in Eq. 6.3.
This sequential reduction process was found to be cumbersome, but it follows a
very simple and direct logic.

Simple closed form equations for representations of the type shown in Eq. 6.3,
are currently very easy to obtain with standard software packages, as long as the
necessary conditions for an event to occur result in bounds on the upper and lower
summation indexes are like those specified above in Eq 6.3. That is, where each
upper and lower summation bound is expressed as a simple linear function of n
and of n;’s that are defined earlier in the sequence of summation indexes.

We define this as the simple linear form restriction, which also requires that
each of the coefficients in the linear equations that bound the summation indexes
are rational numbers that can be expressed as ratios of integer numbers. Huang
and Chua (2000) note that a generalization can be made when a representation is
being developed for the count of the number of voting situations that meet condi-
tions that have a simple linear form restriction. In particular, the general form of
the identities for sums of powers of integers requires that the resulting representa-
tion for the count of voting situations must be expressible as a polynomial in 7.
With five summation signs in the function, the degree of the polynomial must be
five or less. Moreover, the constants in the polynomial must also be rational num-
bers. Huang and Chua (2000) then suggest that this could lead to an easier way to
obtain representations for IAC probabilities than using the cumbersome process of
sequential algebraic reduction. These arguments can easily be extended to repre-
sentations with MC, by replacing n with L in the discussion above.

6.2.1 EUPIA

Gehrlein (2002b) develops a computer algorithm, EUPIA (Effectively Unlimited
Precision Integer Arithmetic), to efficiently implement the basic notions from
Huang and Chua to obtain closed form probability representations for election
outcomes with IAC and MC. To describe how this procedure works, let £ A(n)

denote the number of voting situations for which Candidate A meets the conditions
of voting Event F with n voters. Based on the preceding discussion:
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Axiom 6.1 If the restrictions on #;’s that are necessary for Event F to be ob-

served in a voting situation for a three-candidate election meet the simple linear
form restriction, then

5 .
EA(n): Yn', (6.6)
i=0
for some integer sequence n =y + pj, with j=0,1,2,... .

Here, each 7; coefficient is a rational number that is expressible as the ratio of
two integers. The term p is the periodicity of the representation, and y is the
starting point of the integer sequence for which the given representation is valid.
As observed in Chapter 3, the representation for N ;4A/},RW(3,n,IAC) in Eq. 3.26
has p =2 and w = 3, since it is only valid for odd » >3, and the representation
for K(3,n,[AC)in Eq. 6.5has p=1and y =1, since it is valid for all positive in-

tegers.

The periodicity of the series of n values for which a given representation is
valid is driven by restrictions that are needed to keep all summation limits at inte-
ger values. For example, suppose that a summation limit contains the term 2** for

y

integer constants x and y. To keep this ratio integer valued, it can only hold for a
series of n values with periodicity y. The specific values of n that are used in a se-
quence with a specified periodicity must also be such that the ratios are integer
valued, so that (n + x) must be an integer multiple of y. This has a direct impact
on the starting point, i , which can be used for the series.

Suppose that we arbitrarily fix y and p, and use computer enumeration tech-
niques to evaluate the exact integer values for the number of voting situations,
NVSA(W+ pj), for which Candidate A meets the conditions of Event F' with
v + pj voters, for each j = 0(1)S. We then use the computed values of

NVS4 (1// + pj) to establish six simultaneous equations of the form
EMy + pj) = NvS™(y + pj). ©.7)

The 7; terms in the E A(y/ + pj) functions from Eq. 6.6 are identical in all six of

these equations for each given i , and they can then be found by using precise al-
gebraic methods to solve these six simultaneous equations with six unknowns.

For example, suppose that we wish to determine the coefficients of E A(n) for
the event that A is the PMRW for odd n, so that ¥ =3 and p = 2. As a first step,

computer enumeration is used to obtain the values NVS A(3) =18, NVSs4 (5) =80,
NVSA(7)=250, NVS4(9)=630, NVS4(11)=1372 and NVS*(13)=2688.
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Using these computed values with Eqs. 6.6 and 6.7, we then set up six simulta-
neous equations with six unknowns }0,11,12,13,14,15,} that correspond to the

six rational coefficients in E A(n) :

T +73+793% + 1330 + 143 +753° =18 (6.8)
7y +715+7252 +2'353 +r454 +1555 =80

to+ 11T+ 127° + 137 + 1747 +157° =250

70 +rl9+2'292 +T393 +r494 +1595 =630

7o+ 711+ 15112 + 73113 + 74114 +7511° =1372

7o + 7113+ 75132 +7313% +7413% + 7513° = 2688.

Algebraic reduction is then used in Eq. 6.8 to solve for the six unknown variables,
to find:

45 99 39 (6.9)
Tg=—" T|="o Tp=—-

128 128 64
I A B o
37992 YT 128 0 384

The resulting representation for EA (n) from Eq. 6.9 is therefore identical to the

representation for NEAA}[RW(3,n,]AC) in Eq. 3.26. The procedure is obviously
very simple to implement when y and p are known in advance.

When y and p are not known in advance EUPIA performs an additional search
in order to determine them. Suppose that we arbitrarily fix y at a relatively large
number, and start the process with p =1. Computer enumeration is then used to

evaluate the exact integer values of, NVS 4 (1// + pj ) such that A meets the condi-
tions of Event F for each j = 0(1)7. The first six computed values of
NVS A(l// + pj), with j = 0(1)5, are then used to establish the six simultaneous
equations of the form in Eq. 6.7, and the resulting functional form of £ A(n) is ob-

tained. A functional form must always exist to fit the six equations with six un-
knowns. However, if the true periodicity for the representation does not actually

have p =1, the functional form that has just been obtained for £ 4 (n) will not ac-
curately give values of E A(n) forn>y+5p.

EUPIA therefore determines if the £ (n) function that has just been obtained
by the procedure will correctly determine the computer enumeration values

of NVS A((// + pj) for each j = 6, 7. If the numerical values from the computer
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enumeration and the derived £ A(n) are identical for each j = 6, 7, it is concluded

that the correct £ (n) representation and p have been found, for the given y . If
these results do not match, then the correct periodicity is not being used to obtain
the E A(n) representation. In this case, EUPIA iterates through this process and
sequentially increases p, while keeping  fixed, until the computer enumeration

results and the derived E“ (n) that has been obtained for the iteration are identical

with j = 6, 7. The minimum value of y for which the representation E A(n) is

correct can easily be determined by finding the smallest value of n for which the
obtained representation matches computer enumeration results; given that the de-
termined periodicity is maintained as the number of voters is reduced from the y

that was arbitrarily set to use the EUPIA procedure.
The necessary conditions that are given in Eq. 6 .2 to identify voting situations

that are included in N P’j‘/}[RW(&n,IAC ) clearly result in summation limits in Eq. 6.3

that meet the definition of the simple linear form restriction. However, if we con-
sider the restrictions in Eq. 3.41 that identify voting situations that are included in

*
N ;4M}}3W(3,n,MC) , a much more complicated situation results, due to the presence

of Max and Min arguments on sets of linear functions in the summation bounds.
This complication was dealt with in Chapter 3 by partitioning the set of all voting

. . . . * . .
situations that are included in N EAM]}QW(3JH9MC ) into thirteen subspaces, such that

each of these subspaces has summation bounds that meet the simple linear form
restriction. As a result, each of the thirteen subspaces has a representation for the
number of voting situations that it contains that is of the form of Eq. 6.6. It fol-

lows directly that the ultimate representation for NEAA;%W(S,n,MC) that is ob-

tained by accumulating the associated representations for the thirteen subspaces
must also have a form like that shown in Eq. 6.6. There must be some periodicity
for the accumulated representation that is consistent with the periodicities of all of
the individual subspace representations.

Following this logic, it is easy to generalize the earlier definition the simple lin-
ear form restriction to include situations in which each upper and lower summa-
tion bound is expressed as the Max or Min of some set of simple linear functions
of n and of n;’s that are previously defined in the series of summation indexes.

As with the original definition, the coefficients in the simple linear functions must
be rational numbers. As discussed above, these arguments can easily be extended
to representations with either IAC or MC

A number of probability representations for voting outcomes are obtained with
the use of the EUPIA procedure in Gehrlein (2002b, 2003, 2006a). Representa-
tions are obtained in these studies with the assumptions of IAC, MC, and the con-
dition in which all single-peaked voting situations are assumed to be equally likely
to be observed.
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6.2.2 EUPIA2

Gehrlein (2004c, 2006b) develops an extension of EUPIA that obtains representa-
tions for the conditional probability that voting outcomes are observed, given that
voting situations are constrained to have some specified value of a measurable pa-

rameter. The representation for P}‘)SMRW(&n | CIAC,, (k+ )) in Eq. 5.33 is an exam-

ple of such a result. The measurable parameter of that is of primary interest at this
point of our analysis is the proximity of voting situations to the condition of per-
fectly single-peaked preferences.

As discussed in Chapter 5, Niemi (1969) considers an extension of the strict
definition of single-peaked preferences. In particular, the maximum proportion of
n voters in any voting situation who have preference rankings that are single-
peaked along some common dimension is used as a rough measure for proximity
of the voting situation to being perfectly single peaked. It was also noted in Chap-
ter 2 that Arrow (1963) proves that a voting situation on three candidates repre-
sents perfectly single-peaked preferences if some candidate is never ranked as
least preferred by any voter. Gehrlein (2004c) adopts a hybrid of these ideas by
using the number, b, that measures the minimum number of times that some can-
didate is bottom ranked, or least preferred, in the preferences of n voters to serve
as a simple measure of the proximity of a voting situation to being perfectly sin-
gle-peaked in three-candidate elections, where

b= Mll’lD’ll +n3,ny +ny,n5 + né}. (6.10)

If b is equal to zero for a voting situation with three candidates, it represents
perfectly single-peaked preferences, and when b is maximized at n/3, a voting
situation reflects very disperse preferences of voters over candidates to reflect a
situation that is very far removed from perfect single-peakedness. Another per-
spective on this issue is that a voting situation with a small parameter b reflects a
situation in which there is some candidate that very few voters think is the worst
of the three candidates. In that sense, this candidate can be viewed as a positively
unifying candidate that voters would not generally think of as reflecting the worst
outcome if that candidate were to be elected.

Following the definitions of Chapter 5, let I4C, (k) denote an extension of

IAC that is conditional on the statement that attention is restricted only to voting
situations with a specified value of b = k. In particular, all such voting situations
are assumed to be equally likely to be observed. The conditional probability that a
strict PMRW exists for n voters with three candidates, given the assumption of

IAC,, (k), is denoted by PgMRW(3,n | IACh(k)). Following the logic that led to
Eq. 6.4,

3N %RW(S,n,IACb (k) (6.11)
K(3,n,14C (k)

Phvrw (3.n | 1AC (k) =
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Here, N;,AA/;RW(ln,IACb (k)) and K(3,n,14C,(k)) are defined in the obvious

fashion, following the development of Eq. 6.4.
Gebhrlein (2006b) develops EUPIAZ2 to obtain representations for functions like

N ;,AA/}[RW(?a, n, IACy, (k)) and K (3, n, IACy, (k)) Under the assumption of IAC,

EUPIA obtains a representation for the number of voting situations, £ A(n) , such
that the »;’s meet the necessary conditions for Candidate A to meet the require-
ments of Event F. With the assumption of IAC,, (k) , EUPIA2 obtains a represen-

tation for the number of voting situations, £ A(n,k) , such that the #;’s both meet

the necessary conditions for Candidate A to meet the requirements of Event F" and
meet the necessary conditions to match a specified integer value k for some de-
fined parameter of the voting situation, like b.

The extended linear form restriction requires that each upper and lower sum-

mation bound on the representation to obtain F 4 (n,k) is expressed as the Max or

Min of some set of simple linear functions of n, a specified k for some defined pa-
rameter and 7;’s that are previously defined in the series of summation indexes.

As with the definition of a simple linear form restriction, the coefficients in the
simple linear functions must be rational numbers. Given the nature of identities
for sums of powers of integers, it obvious that:

Axiom 6.2 If the restrictions on »;’s in a three-candidate voting situation that are

necessary for Event F to be observed and also meet the necessary conditions to
match a specified integer value k for some defined parameter meet the extended
linear form restriction, then

5 5-i - 6.12
EA(n,k)z > Zl Tijnlk-’ (6.12)
i=0 j=0

for some integer sequence n =y + pv, with v =0, 1, 2,...

As in Axiom 6.1, the Tjj coefficients are rational numbers, and these arguments

can easily be extended to representations with MC by replacing n with L in the
definition of the extended linear form restriction.
It follows easily from results in Gehrlein (2004c¢) that:

Axiom 6.3 If that the necessary conditions to obtain £ A(n) for some Event F'in a
three-candidate election meet the simple linear form restriction, then
E4 (n,k) must result in a functional form as specified in Eq. 6.12, if k is a speci-
fied value for parameter b.

Proof. This result is easily proved by noting that £ A(n,k) can be obtained as the
sum of three individual functions in this case. Each function is obtained by start-
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ing with the restrictions on the #;’s that require Candidate A to meet the condi-

tions of Event F, and an additional set of restrictions is added in each case. Fol-
lowing the definition of b in Eq. 6.10, the first function adds restrictions such that
m+n3 =k, ny+ng4 2k and ns +ng 2 k. The second function adds restrictions

such that ny +n3 2k +1, ny +n4 =k and n5 +ng 2 k. The third function adds
restrictions such that n; +n3 2k+1, ny +ng 2k+1 and ns+ng =k . Assum-

ing that the necessary conditions that define E A(n) meet the simple linear form

restriction, the addition of the restrictions for each of these three functions will
obviously meet the extended linear form restriction for each function. Based on
Axiom 6.2, each of the three individual functions must then have the general form
of Eq. 6.12, and so must their sum. QED

The first step in developing a representation for PPSMRW(3’” | IAC), (k)) with

EUPIA2 is to obtain a representation for the number of voting situations,
K (3,n,IACb (k)), with n voters that have a specified value, k, for parameter b, as

defined in Eq. 6.10. The representation for K (3,n,IAC ) in Eq. 3.28 is clearly

consistent with the simple linear form restriction, so Axiom 6.3 requires that the
representation for K(3,n,/4Cy(k)) must have the general form of Eq. 6.12.

The EUPIA2 process starts by fixing k at a specified numerical value and us-

ing computer enumeration procedures to obtain values of NVS A(l// +pj| k) for

each value of j=0(1)7. In this case, NVSA(l// + pj | k) is a count of the number
of voting situations with w + pj voters for which parameter b is equal to the

specified value of k. In addition, k is treated as a constant in Eq. 6.12, so that the
general form can be reduced to a linear function with a single variable, n, as in

Eq. 6.6, for that specified k, with the k’ term being absorbed into the 7;; term in

Eq. 6.12.
EUPIA is then used directly to find the conditional representation
for K(3,n,14Cy (k)), denoted as K(3,n,I4C, (k)| k), when the k value has been

specified at the fixed value, and

5 . 6.13
KB3,mI4C, (k)| k)= SCkn' 13
i=0
for some integer sequence n =y + pj, with j=0, 1, 2,...

The process is repeated for each integer k value with 0 <k <n/3, and the C, ,k
terms that are obtained for these K (3,n,IACb (k)| k) representations will typically
be different for each given k. For the process to work effectively, we need to start
the search process in EUPIA2 with a relatively large value of . Table 6.1 sum-

marizes the C,-k values that were obtained for 0<i <3 for each 0 <k <11 when
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EUPIA2 was run while arbitrarily setting w =35 in all cases. The results give

Cik =0, forall i >4, and the periodicity for all cases is found to have p = 1. Fur-

thermore, additional EUPIA2 runs were performed to verify that the relevant en-
tries in Table 6.1 remain valid for all integer values of > 1.

A representation for K(3,n,I4C,(k)| k) can then be obtained very easily for
any specified k in the range 0 <k < (n - 2)/ 3 by using the known form of the rep-

resentation in Eq. 6.13 along with the C, [»k entries in Table 6.1.

Table 6.1 Computed C; values with the specified k for ¥ =35andp =1

kK ocooc ot
0 0 52 3 12
112 22 3 1
2 171 <1652 0 32
3720 -188 6 2
4 2010 -6952 -15 512
5 4500 -570 27 3
6 8757 -1729/2 -42 /2
7 15456 -1240 -60 4
8 25380 -3411/2 -81 972
9 39420 -2270 -105 5
10 58575 -5885/2 -132 11/2
11 83952 -3732 -162 6

The general form of the representations that are given in Eqs. 6.6 and 6.12,
along with the specific representation for K (3,n,1ACb (k) | k) that is given in Eq.
6.13, lead directly to the conclusion that each C,-k coefficient must be obtainable
from a function of k, with

s 6.14
Ch="3 o,k 19
j=0

for some rational 0;; coefficients for a specified i.
Following the earlier logic of EUPIA with a specified i , the known values of

C,-k that are given in Table 6.1 can be used for k =0, 1, 2,..., 5-i to establish a set

of 6-i simultaneous equations, following the format of Eq. 6.14, with 6 —i un-
knowns. The solution of the 6 —i simultaneous equations will give the 6 —i val-

ues of the 0;; coefficients in the general representation for C,-k . When the par-

ticular case with i =0 is considered, six variables }00,601,602,603,804,605,}

are defined. Using the associated entries from Table 6.1, the six simultaneous
equations are given by:
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B0 + 0010+ 9gp 02 +9g30° + 84 0% + 850> =0 (6.15)
B0 + 011+ 00a1% +831° +0gg1* + 051> =12

B0 + 0012+ 80p 2% +0032° +9gs2* +09s2° =171

B0 + 0013+ 00232 + 033> +0943% +0053° =720

D0 + 0014+ 0op 4% +0034° + a4t +0054° =2010

B0 + 0015+ 00252 + 0035 + 045" + 855> = 4500.

Algebraic techniques are then used to solve the six simultaneous equations in
Eq. 6.15 for the six unknown variables, with:

-15 3 (6.16)
0go =0 Ogj=—— Op =—
00 01 5 02 )
27 9
a = — a = — 5 = 0.
0377 04 =75 05
Given these results,
_ 2 _ (6.17)
Cho 154, 352,275 9y 3k(k+1)(3k + 6k 5)_
2 2 2 2 2
Similar analysis leads to:
6.18
ct :—%(k+1)(3k2+24k—5) (6.18)
A 3 A (k +1)
C2 Z—E(k‘f‘l)(k—Z) C3 = >

It is easily verified that these functional forms generate the values that appear in
the associated columns of Table 6.1 for any specified k.
After substitution into Eq. 6.13 and algebraic reduction, we obtain

K(3,1n,14Cy)(k)) = wan +1)n+5)-3k(2+k)},

for n>1 and k <(n—-2)/3.
This result is exactly the same as the representation for K(3,n,]ACb (k)) in

(6.19)

Gehrlein (2004c) that was obtained by using algebraic reduction of functions in-
volving sums of powers of integers.
For the special case that k=n/3 when n is a multiple of three, it is easily

shown that
3 (6.20)
K(3,n,IACb(%D - (" ; 3} .
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The proportion of all possible IAC voting situations that are single-peaked for n
voters with three candidates is obtained from Eqgs. 6.19 and 3.29 as
6.21
K(3,n,14C,(0)) _ 60n fornz1, (6.21)
K(B3,n,14C)  (n+2)\n+3)n+4)

When n = 91, this proportion is given by 0.0066, to provide firm evidence that the
assumption of single-peaked preferences is extremely restrictive, to the point that
this assumption excludes more than 99 percent of all possible voting situations
with n =91.

A representation for N P’ﬁRW@,n,]ACb (k)) is obtained in the same general
fashion that was used to obtain the representation for K (3, n, IAC,, (k)) in Eq.
6.19. The conditions on #; ’s that result in Candidate A being the strict PMRW for
odd n in Eq. 3.22 clearly meet the simple linear form restriction. Axiom 6.3 there-
fore requires that the representation for N }D,AA;RW(?a,n,[ACb (k)) must have the

form of Eq. 6.12.

Following the development of Table 6.1 that led to representations for
K (3,n,IACb (k)| k) with specified values of k, we use EUPIA to find coefficients
Dl»k for specified k that give representations for N fﬁ,}[RW(B»,n,IACb(kN k). The

computations were performed with 7 =91, and attempts were made to obtain

Dl-k coefficients for all k with 0 <k <30, where

S ki (6.22)
N it (3o, 1AC, (k)  £) = _ZOD,-"n’.
i=

The results are summarized in Table 6.2 for all 0 <k <22 and the periodicity
was found to be p = 2 for all k entries. Before we proceed with further analysis, it
is necessary to consider why Table 6.2 terminates at k = 22.

EUPIAZ2 consistently obtains representations for N EAAjRW(ln,IA Cp (k)| k) with
p=2and y =91, for all 0 <k <22in Table 6.2. However, no such representa-
tion was found with k = 23. The reason for this is that representations to obtain
N EAA,;RW@,n,IACb (k)) have one functional form for k < ? and a second func-

tional form for &k > nTH .

EUPIA?2 began this process by using computer enumeration techniques to count
the number of voting situations, NVS ngRW(n | k) , for which Candidate A is the
PMRW with a specified value of k for parameter b, for a series of n values with n
= y + jp for j =0(1)7. The first term in the series is n =y =91 . With k = 23,

k> "TH so the second functional form should be used to obtain the observed value
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of NVS ngRW(91 | 23). The third enumerated value that is listed in the series is

n=y+2p=95. With k =23, k< WT_s so the first functional form should be

used to obtain the observed value of NVS fJ’MRW(95 | 23) .

Table 6.2 Computed D/ values with the specified & for ¥ =91 and p =2

k Df Df D} D¥
0 0 516 1 1/6
1 5 -25/3 1 /3
2 6 -63/2 0 12
3290 -218/3 -2 2/3
4 810 -815/6 -5 516
5 1815 225 9 1

6 3535 2065/6  -14  7/6
7 6244 -1492/3 20 43
8 10260  -1377/2 27 32
9 15945 -2765/3 3553

10 23705 -7205/6 -44 11/6
11 33990 -1530 -54 2

12 47294 -11479/6  -65 13/6
13 64155 -7063/3 =77 7/3
14 85155 -5715/2 -90 52
15 110920  -10280/3  -104  &/3
16 142120  -24395/6  -119  17/6
17 179469  -4779 -135 3

18 223725  -33421/6  -152  19/6
19 275690  -19330/3  -170  10/3
20 336210  -148052  -189 712
21 406175  -25355/3  -209  11/3
22 486519  -57569/6  -230  23/6

This conflict explains why a single functional form is not obtained as a repre-
sentation for NID,AA/}[RW@,n,IACb (23)\ 23) when y =91 1is used to start the series of

n values to get the values in Table 6.2. The exact break point of this type in such
series can be precisely determined as a function of n by running EUPIA2 with a
number of y values, to look for consistency in terms of the value of v where the

first functional form stops working for each . We find that the first functional
form for NE“A}RWG,n,]ACb (k)) holds over the range of k values with
0<k< [(n ~1)/ 4]_ , where [z]_ denotes the greatest integer value that is less than
or equal to z.

A representation for N}ﬁRWG,n,IACb (k)) is obtained for this range of k val-

ues in the same fashion that was used to developed the representation for
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K(3,n,IACb (k)) in Eq. 6.19. Using the data from Table 6.2, with the necessary
functional form like that in Eq. 6.14, we obtain

Dt :—k(k6+1)(1 1k2+21k—17) Df :—(k+1)(4k2+26k—5)

)

(6.23)

6
k+1)\k—-2 k+
FLESI (S R

Using the identity that is given in Eq. 6.11 with the representation for

N;‘ijW(an,lACb (k)| k) that follows from Egs. 6.22 and 6.23, substitution and
algebraic reduction lead to

Py (3o | TAC, (k)= (6.24)

fk(17f21k711k2)+(5726k74k2}1+3(27k)n2 +n’
(n =3k )(n +1)n+5)-3k(2 + k)]

for odd n with 0 <k <[(n—1)/4] .

This representation for PjagMRW (3,n,IAC b (k)) in Eq. 6.24 is equivalent to the one
that was obtained by algebraic methods in Gehrlein (2004c).

Table 6.3 Computed Ek* values with the specified k" for v =9landp=4

% E}k* Ek* sz* F}k* Ff*
-231/512 -59/128 17/768 5/128 11/1536
5385/512 -751/128 -343/768 -7/128 11/1536
60345/512 -2883/128 -415/768 -19/128  11/1536

261417/512 -7607/128 -199/768 -31/128 11/1536
760665/512 -16075/128  305/768 -43/128 11/1536
1765449/512  -29439/128 1097/768  -55/128 11/1536
3538425/512  -48851/128  2177/768  -67/128 11/1536
6397545/512  -75463/128  3545/768  -79/128 11/1536

EN e NNV, BN U I S I ) =

The determination of a representation for PEMRW(?a,n,IAC o (k)) with k> nTH

requires some manipulation of EUPIA2. We obtained computer enumeration val-
ues for NVSﬁMRW(n \ k) in the last phase for each n =y + pj with j = 0(1)7 for
each k = 0(1)22 to obtain the entries in Table 6.2. To obtain the associated repre-

sentation for NI‘)AA/}[RW(?a,n,]ACb (k)) over the range of k values with "TH <ks< %,

. . 1
we start with computer enumeration values for NVS ﬁMRW[n | % +k *) for each
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n=y + pj with j =0(1)7, for each k *= 0(1)7, with w =91. Table 6.3 summa-

rizes the resulting F}k* values such that

[4 +1 +1 4 k* i (6.25)
NPZV;RW@,n,lAC,,(”T Tk *) 2k *j = S
=
The entries in Table 6.3 all have p = 4.
A representation for N]H;}V}IMV(Z%,rz,]flcb(%rl +k *D is then obtained for this

. 1 . .
range of k values with % <k< g in the same fashion that was used to developed

the representation for the range of k values 0 < k < [(n - 1)/ 4]_ in Eq. 6.24. Using
the data from Table 6.3, with the necessary functional form like that in Eq. 6.14,
we obtain

3

6.26
Fy = 53(4k*+1)(192k*3 1144k ¥ +100k*—77) (6:26)

R :_—1(59+356k*+144k *2 1192k *3)
128

= L(17—504k*+144k *2)
768
pl 571267 gL
128 1536

By substituting & — "TH for k* in the representations for Fik*in Eq. 6.26, and in

Eq. 6.25, a representation for N EAA/}[RW(?a,n,IA Cy (k)) can be obtained for the range

of k values with % <k <", with

N EAA;Rw(anACb (k)= 6.27)

(= 3536 - 2k — 68 )+ (114 1882 o+ 31— 24 )02 + 3
12 '

Additional runs with p =4 verify that this representation is valid for all
n="7,11,15,19,....
By repeating this procedure with y =93, this representation is found to be

valid for all odd n>7 with [(n+1)/4]" <k <[(n—1)/3]", where [z]" denotes the

smallest integer value that is greater than or equal to z.
Using the identity in Eq. 6.11 with algebraic reduction leads to
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Ppyrw (3,11 14C, (k)= (6.28)
3(3—2k —6k3)+ (1 1 +18k2)y, +3(1 —2k)n2 ol
2k +1)(n+1)n+5)-3k(2+ k)]

+ p—
forodd n > 7 . with [”T*‘} sks["T_]} .

The case of k =n/3 when n is an odd multiple of three must be handled as a spe-

cial case, to obtain Ppygyy (3,n,14Cy(n/3))=3/4 .

Similar analysis for even n results in the following representations for even
nx8:

Ppyg (3.1 14C, (k) (6.29)
2k(6+31k +1 1k2)— 4(2+ 13k + 2k2}7 +3(3 - 2k)n* +2n°
2(n—=3k)|(n +1)n +5)-3k(2 + k)| ’

for Oskg[ﬂ}_
4

~ 2(2—3k+18k2 —9k3)+ 2(1—12k+9k2}.+(5—6k)n2 +n
- 20k +1)(n+1)n+5)-3k(2+k)] ’

for [ﬁT <k< ["—_1]_
4 3
2

= Lz’ for k =_.

4(}1 + 3) 3

T . s s

able 6.4 lists values of Py (3,91] 14C,(k)) and Ppyppy (3.92( IAC, (k)) that
were obtained from Eqgs. 6.24, 6.28 and 6.29 for each 0 < k& <30. One very impor-

tant observation from Table 6.4 is that PgMRW(B»,n | I4C),(k)) increases as k in-

Forevenn > 8.

creases for both odd and even n. The use of proximity to perfectly single peaked
preferences as a situation-specific measure of social homogeneity adds enough in-
ternal consistency or coherence to the voters’ preferences to avoid the very disap-

pointing results that were observed Chapter 5 when SSM 3(n) was used to meas-

ure social homogeneity.
The computed valued in Table 6.4 also indicate that the presence of a strong
positively unifying candidate significantly increases the probability that a PMRW

exists. For example, PEMRW(3,91 \ IACb(k))>.99 for all values of k<7 and
PjagMRW(3,9l \ IACb(k))<.80 for all £>25. As we have observed in earlier

analyses, the rate of convergence of PgMRW(3,n | IAC, (k)) to its limiting value of
3/4 is much faster for odd » than it is for even n.
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Table 6.4 Computed values of PS,, (3.91/I4C,(k)), P3my(3.92]74C,(k)) and
PP‘?MRW (3791 ‘ IAC( (k))

k P};?;MRW (3591 | [Ach (k)) PP‘?;MRW (3’92 ‘ IACh (k)) PIfMRW (3’91 | IACL (k))
0  1.0000 .9837 1.0000
1 .9997 9828 9920
2 .9991 9817 9894
3 .9982 .9803 9841
4 9971 .9786 9810
5 .9957 9766 9762
6 .9939 9743 9729
7 9919 9715 9683
8  .9894 9684 9648
9 .9866 .9649 9602
10 .9833 .9608 9565
11 .9795 .9562 9520
12 9751 .9509 9481
13 .9700 .9450 9435
14 9641 .9382 9394
15 9574 9304 9347
16 .9496 9215 9304
17 .9404 9112 9255
18 .9297 .8993 9211
19 9170 .8853 9160
20 .9017 .8686 9115
21 .8832 .8485 9063
22 .8601 .8239 9016
23 8325 1947 .8965
24 8088 7693 .8921
25 .7900 7490 .8875
26 7754 7331 .8839
27 .7645 7211 .8803
28 7569 7125 8779
29 7523 7069 .8758

30 .7503 .7040 8751
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6.3 Proximity to Single-Troughed Preferences

It was noted in Chapter 2 that Vickery (1960) observed that PMR must be transi-
tive for odd n if voters’ preferences are restricted to be single-troughed. For three-
candidate elections, this condition is equivalent to requiring that some candidate is
never top-ranked, or most preferred, by any voter. Such a candidate can be
thought of as being a negatively unifying candidate, in the sense that the voters’
are unified in their general opposition to having such a candidate selected as the
winner of an election.

Following the logic of the discussion of proximity to perfectly single-peaked
preferences in the immediately preceding section, we measure the proximity of a
voting situation to perfectly single-troughed preferences by ¢, where

t= Min[nl +ny,n3 + N5,y + Ng } (6.30)

Vickery (1960) points out that the condition of single-troughed preferences is
equivalent to the assumption of single-peaked preferences, when all of the voter
preference rankings are inverted. As a result, we expect to find a very similar im-
pact of proximity to perfectly single-troughed preferences on the likelihood that a
PMRW exists when compared to that which was observed with proximity to per-
fectly single-peaked preferences. Intuition turns out to be correct in this case.

Lemma 6.1. K(3,1,14C,,(k))= K (3,n,14C, (k)) for all n.

Proof: Consider any voting situation n such that b has any given value k. For any
such voting situation there is a unique voting situation, n' that is obtained from n
by taking the dual of the preferences of voters, with:

ny > Ng, Ny <> N5, N3 <> Ny. (631)

If b = k in n, the nature of the mapping in Eq. 6.31 requires that t = kin n'. Since
this constitutes a 1-1 mapping between all possible voting situations with n voters,

the result follows directly. QED

Lemma 6.2. Ny (3,1.14Cy (k) = NiL o (3,m.14C, (k) for odd n>3.

Proof. Consider any voting situation n such that b has any given value k, and sup-
pose that a strict PMRW exists for this voting situation. Each such voting situa-
tion can be mapped to its unique dual voting situation, n' according to Eq. 6.31.
Based on Lemma 6.1, = k in n'. Given that all preferences are reversed in ob-
taining n' from n, the PMRW in n must be the PMRL in »n'. When 7 is odd, the
existence of a PMRL (PMRW) requires that a PMRW (PMRL) must also exist for
three candidates. The same statement is not necessarily true when »n is even. The
mapping in Eq. 6.31 is 1-1, so that when »n is odd, there must be the same number
of voting situations with a strict PMRW and associated PMRL when b = k as there
are with a strict PMRL and associated PMRW when ¢ = k. The symmetry of con-
ditions I4AC,, (k) and 14C, (k) with respect to candidates leads directly to the stat-

ed result. QED
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Lemma 6.3. Poypyy (3.1 | 14C, (k)) = Poyry (3| 14C, (k)) for odd n>3.
Proof. Following the development of Eq. 6.11,

3N Eﬁw(ln,mq (k) (6.32)
K(3,n,14C, (k)

Py (3n | 14C, (k) =

The result follows directly from Eq. 6.32 with Lemmas 6.1 and 6.2. QED

Thus, the impact of having voters’ preferences reflect some degree of proximity
to perfectly single-troughed preferences is identical to the impact of having the
same degree of proximity to perfectly single-peaked preferences. At least this is
true with regard to the relationship of these two measures of social homogeneity to
the probability that a PMRW exists.

6.4 The Impact of Polarizing Candidates

It was mentioned in Chapter 2 that Ward (1965) developed another restriction on
voting situations that will assure transitivity of PMR for odd n. In particular,
Ward noted that PMR must be transitive if some candidate in every triple of can-
didates is never the middle-ranked candidate among the three candidates for any
voter. Let ¢ define the minimum number of voters who rank some candidate at the
center of their preference ranking in a three-candidate election, with

¢ = Minlhy + ng,ny +ng,n, +n5}. (6.33)

If ¢ is equal to zero, every voter ranks some candidate as being either most pre-
ferred or least preferred in a three-candidate election. This candidate can therefore
be viewed as a polarizing candidate that tends to split voters among the electorate
into antagonistic groups, rather than unify them.. Following previous discussion
about measures b and ¢, ¢ can be viewed as a measure of the proximity of voting
situations to perfectly polarized preferences. One observation follows quite easily.

Lemma 6.4. K(3,1,14Cy(k))= K (3,n,14C,(k)) for all n.

Proof. Consider any voting situation n such that b has any given value k. For any
such voting situation there is a unique voting situation, n' that is mapped to each
n by reversing the ranking of the two less preferred candidates in the preferences
of voters, with:

Ny <> Ny, N3 <> N5, Ny <> Ng. (6.34)

If b = k in n, the nature of the mapping in Eq. 6.34 requires that c = kin n'. Since
this constitutes a 1-1 mapping between all possible voting situations with n voters,
the result follows directly. QED

The result of Lemma 6.2 does not apply to the comparison of b and ¢ with the
mapping in Eq. 6.34, and Py (3.1 | IACy (k) % Py (3.1 | 1AC..(K)) .
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In order to develop a representation for PgMRW(in | IAC, (k)) , the next step is

to obtain a representation for N EA}[RW(?a,n,IA C. (k)) . Given the definition of ¢ in

Eq. 6.33, the logic of Axiom 6.3 can clearly be applied in this case and the result-
ing development of Eq. 6.22 leads to

3 : (6.35)
N G IAC, (k) k)= £GEn'.
i=0
Gehrlein (2006b) uses EUPIA2 to obtain the Gl»k coefficients with ¥ =91. The

results are summarized in Table 6.5 for all 0<% <23, and the periodicity was
found to be p =4 for all k entries.

Table 6.5 Computed G/ values with specified k values with w =91 and p = 4

kK G ¢ & G
0 0 5/6 1 1/6
1 25/4 -22/3 3/4 1/3
212772 -5172 -2 172
3 260 -167/3 -3 2/3
4 139972 -599/6  -13/2  5/6
5  6213/4 -159 -45/4 1

6 2978 -1417/6  -17 7/6
7 5234 -994/3  -24  4/3
8 8525 -897/2 32 372
9

52825/4  -1760/3 -165/4 5/3
10 3904572 -4505/6 -103/2 11/6
11 27930 -939 63 2

12 7741772 -6943/6 -151/2 13/6
13 209685/4 -4207/3 -357/4 7/3
14 69377 -3363/2 -104 572
15 90252 -5972/3  -120  8/3
16 115378 -14027/6 -137 17/6
17 582201/4 -2718  -621/4 3

18 362235/2 -18841/6 -349/2 19/6
19 223000  -10795/3 -195 10/3
20 543115/2 -8205/2 -433/2 7/2
21 1311365/4 -13937/3 -957/4 11/3
22 392216 -31433/6 -263  23/6
23 465870  -5874  -288 4

The fact that Table 6.5 terminates at k = 23 while y =91 results from the fact
that there are different functional forms for N L;%}IRW(in,IA C. (k)) , depending

upon the value of k. Following the development of N %A}RW(?’a”alACb (k)| k) , the

first functional form for N%/}IRW(in,IACC (k)) is valid for 0<k < "TH and the
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n+5

second is valid for <k <=. The results in Table 6.5 can therefore be used to

n
3
determine the functional form of N ;,AA}RW(&n,]A C,(k)) for 0<k < ”TH .

This representation is not directly obtainable from the data that is given in Ta-
ble 6.5, since this series presents a new problem in the process of generating rep-
resentations with EUPIA2. In particular, there are two different representations

for N}DDAA/}[RW(ln,[ACC(k)) in the range 0<k < nTH, depending upon whether k

has an odd or even value
We consider the case of odd values of & first, to obtain
3 . 6.36
N G IAC, (k)| k) = 'ZOGOZ-kn’,for n=71115.. (6:30)
i=

with odd & and 0 <k s"T“.

Using the data from Table 6.5 for odd k
Gok = 9—16(k + 1)(139k3 +333%% ~ 169k — 3) (6.37)
GOf = ;—i(k + 1)(7k2 +95k — 14)
(k+1)

GOé‘:I—s(k+l)(3k—5) GO¥ = —

Following the development of earlier representations,

Py (3.1 14C, (k) = (6.38)

(139k3 +333k% — 169k — 3)— 4(7k2 +95k — 14)n —18(3k —5)n* +160°
16(n =3k |(n +1)n +5) - 3k(2 + k)]

forn=7,11,15andoddkwithosks”T“.

5

The same procedure is then used for the sequence of even values of k to obtain
Ppyrw (3,m | 14C, (k) = (6.39)
(139k3 +472k% + 146k - 244)& - 4(7/(3 +102k> + 84k — 20)».
- 6(9k2 — 6k - 16)72 +16(k +1)n’
16(k +1)n = 3k)[(n + 1)n + 5)- 3k(2 + k)]

forn=7,11,15and even k with0< & SnTH,
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Similar analysis can be performed with = 93 to find that the representations

in Eqs. 6.38 and 6.39 are valid over the range 0 <k S% for all odd n>3.

These results can be combined to obtain

PRy (3,n | 1AC, (k)= (6.40)
(139k3 +472k* +146k — 244}( 74(7k3 +102k* +84k — 20)»7
—6(9k2 6k —16}12 +16(k +1)n° +357, [(6k2 +24k — 1)+ 4(k - 2)n —2n*

16(k +1)n =3k (n+1)n+5)-3k(2+ k)|

for all odd 7 > 3, with 0< k < ”T‘l

Here 57 =1 if x is an integer multiple of y. Otherwise, Jy =0. The representa-

tion in Eq. 6.40 is used to compute the PgMRW(3,91 | IAC,(k)) entries that are
shown in Table 6.4 for 0 <k <22.
The values in Table 6.4 show some very interesting results, with

Py (3911 14C, (k) > Ppyyry (391 14C. (k) for 0<k<19 and with

Py (3911 14C, (k) > Payp (391| IAC, (k)) for 20< k <22. This suggests

that proximity to perfectly single-peaked preferences has more of an impact on the

probability that a PMRW exists than does proximity to perfectly polarized prefer-

ences for small values of k. However, as k increases the reverse situation exists.

In order to investigate this phenomenon further, the representation for
n+l

P}BSMRW (3, n|I4C, (k)) must be obtained for & > -

The development of the representation for PgMRW(3,91 | IAC, (k)) over the

+1 . .
range ”T <k< % follows previous analysis, and

Ppygw (3n] 14C, (k)= (6.41)
3(—39k4 +72k° +38k* —76k+1)+ 4(57k3 - 54k* —80k+19)n
—2(75k2 +6k—47}.2 +4(8k+5)> —n* +35,§+1[(6k2 +24k—1)+ 4k —2)n—2n*
16(k +1)n—3k)|(n+1)n +5)-3r(2+ k)] ’

. n+l + n-1]"
for all odd n > 3 with e <k< 5

The case with k = n/3 when n is an odd multiple of three is a special case, with

Tn? +82n+27 (6.42)

Pyriw 3n | IAC,.(n/3)) =
urw (3.1 1AC, (n/3)) S+ 37
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Computed values of PEMRW(3,91 | IAC, (k)) from Eq. 6.41 are shown in Table
6.4 for each 23 <k <30. The pattern continues with PEMRW(3,91 | IACC(k))>
Phyrw (3.91] 14C, (k)) for all k in this range. Moreover, Py (391|14C,(k))

and PgMRW(3,91|IACb(k)) do not seem to be approaching the same limiting

value as k — n/3. In order to examine these observations further, we consider
these representations in the limiting case n — .

6.5 Limiting Distributions for Large Electorates

The representations for P}‘)SMRW(S,n | IAC,(k)) in Egs. 6.24 and 6.28, and for
P1§MRW (3, n|IAC, (k)) in Eq. 6.40 and 6.41 can easily be modified to account for
the limiting case as n — o . To do this, k is replaced with a;n , so that k is ex-

pressed as a proportion, ¢ , of n, rather than as an integer value. Then, the limit-

ing representation as n — o is determined. The resulting representations for the
limiting distributions are:

e} —4a} —3a; +1 (6.43)

(1-3a, 1 -3a)

18R+ 18ak—bay L g

2a,(1-3a7 ) '

1390} — 28a} — S4ay +16
16(1 -3, N1 - 307 )

_ 39a} —63af + 29 —
C 16a,(1-307)

Phyrw (3,00] 4C, (e )) = for0 <oy <1/4,

Ppyri (3,00 | TAC, (e ) = for0 <oy <1/4,

! forl/4<ea; <1/3.

Table 6.6 lists computed values of limiting probabilities as n — c for both
Phyriw (3,00 IACy (@ )) and Physpyy (3,001 14C, (e ) from Eq. 6.43 for each
value of ¢;=.01(.02).33. Table 6.6 also includes the limiting value of
P;fMRW(3,oo | IAC,(1/3))=.75 that follows from previous discussion and from
Eq. 6.29. The value of the limiting probability Py (3,00 | IAC.(1/3))=7/8 is
obtained from Eq. 6.42. The same representation is obtained for the limiting
probability PﬁgMRW(3,w | IAC,, (ak )) regardless of whether the starting represen-

tation for PgMRW (3,n | IAC,, (k)) is for odd or even n.
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Table 6.6 Computed values of the limiting probabilities P, (3,50 | I4C, (e, )) and
P (3,0 IAC, (@, ))

& Py (3.0 [ 1AC, (@) Py (3.0 14C (e, ))
0 1.0000 1.0000
.01 .9999 9963
.03 9991 9888
.05 .9973 9814
.07 .9946 9740
,09 .9907 9665
119854 9589
13 9784 9511
.15 .9693 9431
17 9574 9348
.19 9416 9263
21 .9203 9174
.23 .8905 9083
25 .8462 .8990
.27 .8009 .8903
29 7720 .8828
31 .7559 8775
33 7501 8751
1/3 7500 8750

By comparing relevant values in Table 6.6, in which #n — o, to corresponding
values in Table 6.2, in which n = 91, it is evident that the rate of convergence to
the limiting distribution values is very rapid for odd n. The relevant root of the

equation PgMRW(Z»,oo | IAC, (e *)) = PgMRWG,oo | IAC, (o *)) is found at
ot = (18 —+/102 )/ 37 = .2135. As aresult, the previously observed pattern holds
up, with PﬁgMRW(3,00|IACb(C{k)) < P]BSMRW(3,OO|IACC(C{k)) for all [297% <0,’k*

and PgMRW(loo | IACC(ak )) > PgMRW(3,00|IACb (ak )) for all o >a; *.
Moreover, the limiting values of these functions as & — n/3 are not the same.

It was noted in Chapter 5 that Radcliff (1993) does an empirical study to de-
termine the propensity of voters to have single-peaked preferences. The percent-
age of respondents with preferences that were single-peaked across a reference
ranking of candidates was found to be approximately 83 percent for three-
candidate elections. This corresponds to a measure of ; ~.17 according to pa-
rameter b. Table 6.6 entries suggest that a PMRW should exist with probability of

approximately .96 for large electorates in this case. As a result, it is not surprising
that Radcliff found that a PMRW existed in each study that was considered.
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6.6 Cumulative Probabilities that a PMRW Exists

Representations for the cumulative probabilities PgMRW(ln | CIAC,, (k_ »,

PEMRW(s,n | CIAC, (k‘)) and P,§MRW(3,n | CIAC, (k‘)) follow earlier definitions.
That is, all voting situations with a specified parameter value k* with the range

0<k*<k are assumed to be equally likely to be observed. For example, it fol-
lows Eq. 6.11 and definitions:

K- (6.44)
) 32 (z)v;,ijW (3.n,IAC, (k *))
PPMRW(3’n ‘ C]ACb(k_))z —

k
> K(3,n,14Cp (k *))
k*=0

Gebhrlein (2006c¢) performs the algebraic manipulations to obtain these repre-
sentations. With parameters b and ¢ for odd n:
ngRW(s,n | CIAC, (k‘)): PgMRW(z,n |cI4C, (k‘)) (6.45)
_ 2041+ 69k + 22k e + 5{5 - 18k — 2k p + 103 - k)n” +5n3}
73+ 117k +36k° Je+5(10—33k 3 o+ 203 = k) +10n° |
for 0<k<(n—1)/4.
1951968k — 720k2 + 3840k> + 4320k * +1728%°
+(1 6611680k — 6000k? —5760k> —2880k4),+ 10(165+200k+ 216k% + 192k3),2
+30(9—8k—24k2)43 +5(15+32k)n* ~ 117
16(k + 1)k +2)[- 73+ 117k + 36K e+ 510 33k — 32 Jo + 203 — k) +10n°
for(n+l)/4§k < (n—l)/S‘
15(n+3)
16(n+2)n+4)

, fork=n/3.

This representation is quite unwieldy to serve as the basis of any useful analy-
sis, so attention will be focused on the limiting probability as # — oo . As in pre-

vious analysis, this is done by first substituting a;n for k in Eq. 6.45, and then
letting n — o0
S - s -
Py Booo | C1AC oy )= Py Booo | craC ) (6.46)
10-20a, — 200> + 440
10— 20ay, —15a;” +36a;”

for0<a; <1/4.

_ —11+160a; — 7200, +1920;° 2880, * +1728a°
1607(10-20a;, ~ 15,2 +36a;° )
forl/4<ea; <1/3.
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Here, CIAC, (ak_) assumes that all voting situations with 0<e¢;*< ¢, are
equally likely to be observed.
For parameter ¢ with odd n:
Pivirw (3,n |CI4C, (k’)) (6.47)
(kﬂ{léS — 783k +1743k> +1597k> +278k* + 10(71 - 233k —143k> —7k3}1
+30(31+3k —6k2}12 +80(k +2)n3
<1502 11+ 30k + 6k 72(372k)n72n2}
8(k + 1)k +2)[- 73+ 117k + 36k o+ 510336 = 36> pr+ 20G - k> +102° |
for 0<k <(n—1)/4.
435952k + 480k +2200k> — 90k * — 468k>
+ (1349—2520k—4160k2 +840k> +1140k4}, + 10(177+ 120k —162k> —100k3)12
+ 10(39+ 72k +32k2}13 = 5(3+ 4kt + 1 —3082 11430k + 6k — 23— 2k)n 72n2}

16(k + 1)k + 2)[- 73+ 117k + 36k e+ 510 - 33k — 342 Jo + 203 - k) +10n° |
for (n+1)/4<k<(n—-1)/3.

15(n +3)?

— 2 for k=n/3.
16t 2)nsa)y "

As defined previously, 57 = 1if x is an integer multiple of y. Otherwise, 5y =0.
The associated limiting representations for parameter ¢ are given by:

PEMRW(3,oo,| CIAC, (a,;)) (6.48)
4090, —35a;” +139;°
40— 80at;, — 60at; > +144a;>
1-20a, +320a;2 —1000a;° + 1140, * — 468,
) 160, 2(10 - 200 ~ 15,2 + 364,
forl/4< e, <1/3.

for0< oy <1/4,

These limiting representations are much more tractable, and they also represent
the potentially most interesting case of large electorates. Following earlier discus-
sion, these limitinf representations result in specific values such that

o0

Pf’gMRW(?”OO | CIAC,, »= PI§MRW(3:°° | CIAC, (07))= PI§MRW(37°O | CIAC, (07))=1
and such that PgMRW(3,oo | CIAC), (1/3‘)) = PEMRW(3,OO | CIAC, (1/3‘)) =
PgMRW(loo | CIAC, (1/37)) = 15/16. This follows from the fact that CI4C,, (07)
is the same as the limiting case as n — o when voters must have preferences that

are perfectly single-peaked, and CIAC,, (1/ 37) is equivalent to the limiting case of
IACas n—> .
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6.7 Proportions of Profiles with Specified Parameters

Previous analyses of computed values for the probabilities PgMRW (3,n | IAC,, (k)) ,

PgMRW(B,n | IACl(k)) and PgMRW(3,n | IACC(k)) have produced some very in-

teresting observations. In particular, voting situations with small values of k, to
reflect close proximity to perfect single-peakedness, perfect single-troughedness
or perfect polarization, have a high probability that a PMRW exists. This observa-
tion can however be misleading. We find that these probabilities remain quite
large for relatively large range of k values. But, this does not account for the pro-
portions of all possible voting situations that this range of k values represents.
That is, P;?MRW(Z%,n | IAC), (k)) can be quite large for a relatively wide range of k
values, but the results are meaningless if this range of k only accounts for a very
small proportion of all possible voting situations. It was seen earlier in this chap-
ter that the proportion of all possible voting situations for which k is equal to zero
in Eq. 6.21 is very small, which would tend to make results that focus only on pro-
files that are perfectly single-peaked to be of very limited interest.

To address this issue, it is necessary to develop representations for the propor-
tion of all possible voting situations that have a specified parameter £ * in some
given range 0 < k* <k . The logic behind the development of Eq. 6.21 leads to a

representation for this proportion, Pyg (3,n | CIAC,, (k_ )), when the specified pa-
rameter that is being measured is b.

§ K(3,1n,14Cy(k *)) (6:49)
Pys (3,n | CIAC, (k’)): k=0 XOATAD)
Gehrlein (2006c) performs the algebraic reduction of Eq. 6.49 to obtain
Pyl | crac, k) (6.50)

_ 2
3(k+1)(k+2 ( 73+ 117k + 36k )’(+
5(10733k73k2)~r +20B3 - k)n? +10n°

(n+1)(n+2)(n+3)(n+4)(n+5)
for 0 <k <(n—1)/3.
=1fork =n/3.

E}

Based on Lemmas 6.1 and 6.4, PVS(3,n|C1ACh (kf)) = PVS(3,n|CIACt(k7))
= Pyg (3,n | CIAC,. (k_ »

Attention will be focused on the limiting distribution, Fyg (3,00 | CIAC, (ak_»,
as n — o, and following earlier analyses,
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PV5(3,00 | CIACb(CCk_)): Pys(3,00 | C]ACt (ak_))

PVS 3,00 ‘ CIACC ak_
3ak2(10—20ak ~150,2 +36a;°> ), for0 < a; <1/3.

The representation in Eq. 6.51 can be used to find values of ﬁlf such that

PVS[n,oo | C[ACb(ﬂlf_D = p for each proportion p = 0.00(.05)1.00, and the re-

sults are listed in Table 6.7. Based on previous discussion, g7 = 7 = B¢ for

all p. The results in Table 6.7 indicate for example that 65 percent of all possible
voting situations are included in the range of ¢ parameter values with

0<aj <.1924 for parameter b, ¢, or c.

Table 6.7 Computed values of g/ ,pB".,pB", p",

0.00(.05)1.00
p BI=pr=p" B i
.00 .0000 .0000 .0000
.05 .0428 .0308 .0256
.10 .0619 .0449 .0375
15 .0772 0564 .0473
.20 .0908 0667 .0562
25 .1033 .0763 .0646
30 .1150 .0854 .0727
35 1264 .0943 .0806
40 1374 .1031 .0885
45 .1483 1118 .0965
.50 1591 1206 .1046
.55 1700 1296 .1130
.60 .1811 1388 .1217
.65 1924 .1484 1308
70 .2042 1585 .1407
75 2166 1695 .1514
.80 .2298 1815 .1634
.85 .2445 1951 1774
90 2614 2117 .1946
95 2829 2344 2191
1.00 .3333 3333 .3333

The results of Table 6.7 can be used in conjunction with the limiting represen-
tations from Eq. 6.45 to compute the limiting conditional cumulative probability

for each proportion p
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P;SMRW(n,oo | CIAC,, (ﬂf _n that a PMRW exists for the p percent of all voting

situations that are closest to being perfectly single-peaked. In the same fashion, it

is also possible to obtain similar values for PgMRW(n,oo \ C]ACt[ﬂtp _D and

for P}BSMRW [n,oo | CIAC. ( BY B D . Computed results from the associated represen-

tations for all three of these probabilities are summarized in Table 6.8 for each
proportion p = 0.00(.05)1.00.

Table 6.8 Computed Values of Py, (n,oo|C1ACX( 0 )), for X =b,t, ¢, u, ¢ for each
proportion p = 0.00(.05)1.00

p b, t c u A

.00 1.0000 1.0000 1.0000 1.0000
.05 9991 9895 .9995 .9976
100 9980 9850  .9989  .9963
A5 9969 9814 9983 9951
20 9956 9782 9975  .9940
25 9943 9753 9967 .9928
300 9929 9726 9958  .9916
35 9913 9701 .9948  .9903
40 9896 9676 9936  .9890
A5 9877 9652 9924 9876
50 9857 9628 9910  .9860
S5 9834 9605 .9894  .9843
.60 9809 9582 .9876  .9825
65 9781 9558 9856  .9804
709749 9535 9832 9781
5 9712 9510 9804 9753
.80 9669 9486 9770 9721
85 9616 9460 9728  .9680
90 9548 9433 9671 .9628
95 9466 9405 9583  .9550
1.00 .9375 .9375 9375 .9375

The values in Table 6.8 show some very interesting results. For example, the
50 percent of all possible voting situations that are closest to being perfectly sin-
gle-peaked have a PMRW with probability of .9857 for large electorates. And, the
35 percent of all possible voting situations that are closest to being perfectly sin-
gle-peaked have a PMRW with probability of .9913 for large electorates. Clearly,
any significant degree of internal consistency of voters’ preferences that ap-
proaches perfectly single-peaked preferences leads to a very high probability that
a PMRW exists. The impact of having voters’ preferences that suggest the pres-
ence of a candidate approaching a perfectly polarizing candidate in voting situa-
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tions is also quite strong, but it is not as significant as the presence of the same de-
gree of proximity to perfect single-peakedness or single-troughedness in large
electorates, assuming equivalence of these factors as measured by ¢ , since

PgMRW[n,oﬂCIACb(ﬂ,f_D > P;)SMRW[n,oo|CIACC(,Bf_D for 0< p<l1.

6.8 The Impact of an Overall Unifying Candidate

Parameters b and ¢ have been shown to have a significant impact on the probabil-
ity that a PMRW exists. While b measures the proximity of a voting situation to
perfect single-peakedness, it has also been described as reflecting the existence of
a positively unifying candidate. Similarly,  measures proximity of a voting situa-
tion to perfect single-troughedness, but it has also been described as reflecting the
existence of a negatively unifying candidate.

Both of these parameters can be combined if the presence of an overall unifying
candidate is considered. By ignoring the distinction between positively unifying
and negatively unifying, parameter, u, measures the presence of an overall unify-
ing candidate in a voting situation by

u = Minlb,t}. (6.52)
Gehrlein (2006c) develops representations with parameter u for odd n:

Py crac, (k) (6.53)
_ 6(k+1)(1c+2)B(15+56k+111k2 +13k%)-5 2+27k—7k2}n+10(3—4k)nz +1on3}
N (n+l)(n+2)(n+3)(n+4)(n+5)

for0<k<(n-1)/4.

{IS(k 1134+ 42k + 6342 + 2767 ) 335 + 250k + 360k +144k3)1}
3(n-2k
+(25+24k )5+ 6k )n® —3(5+ 6k)n> +n*
(n+1)(n+2)(n+3)(n+4)(n+5)
for (n+1)/4<k<(n—-1)/3,
=1 fork=n/3.

The same logic that was used in previous discussion is then used to obtain the

limiting representation for Pyg\3,00 | CIAC,\ct;, )| as n — oo, with

Prs (3,00 |CIAC, (a,;)) (6.54)
:6ak2(10—40ak +35a;2 +26a;° Jfor 0<ay <1/4.
=3(1- 20 \1-18cx;, +144a;> —432at;> +486ak4)
for 1/4<a; <1/3.
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Values of B for each proportion p = 0.00(.05)1.00, are obtained from ma-

nipulation of Eq. 6.54, and the results are listed in Table 6.7. While 65 percent of
all possible voting situations are included in the range of 0<¢; <.1924 for pa-

rameter b, 65 percent of all possible voting situations are included in a much
smaller range for parameter u, with0 < ¢r;, <.1484 . This results from the exis-

tence of voting situations with a large b, but a small ¢, or the converse situation.
Representations for the cumulative probability P1§MRW (3,n | CIAC, (k_ )) for
odd n are:

Pl b1 crac, ) (6.55)
30+ 121k + 26142 + 38k — 10{1 + 15k — 342 J1 + 10(3— 4k )n? + 1043
3015+ 56k + 1112 +13k° )~ 32+ 27k = 7k 1 + 103 — 4k )n> +10n°
for 0<k <(n—1)/4.
27(25 + 64k + 480k +1280k> +1440k* + 576k5)
+ 9(101 — 960k —3840k” — 5760k — 2880k * }, + 90(29 +128k + 288k +1924° },2
- 10(85 +576k + 576k }13 +15(37 + 64k )n* - 59n°

1800k + 113 + 42k + 63k2 + 2746 )~ 335 + 250k + 36042 + 14467
16(n - 2u
+(25+24k)5+ 6k )n® —3(5+ 6k ) +n*
for(n+1)/4<k<(n-1)/3.
15(n +3)

SRLE | Ut ) M Sy SEYEY
16(n+ 2 a) K="

The limiting probability representations for PEMRW (3,00 | CIAC, (ak_ » are:

S - .
_ 10400y +30a;” + 385 for 0 < ay <1/4
10— 40a; +35a;° +26a;°

 —594960a; — 57600, +17280a;” — 259200, +15552a;
16(1 - 20 1 - 18 + 144> - 432> + 4860,
forl/4<e; <1/3.

The representation in Eq. 6.56 is used with values of S/ from Table 6.7 to
compute numerical values of PgMRW(n,oo | CIAC, [ﬂf _D for each p =

0.00(.05)1.00, and these values are shown in Table 6.8. The use of the joint
measure of voter preference unification, u, has a significantly greater impact on
the probability that a PMRW exists than the use of the individual measures b and
t. The results from Table 6.8 show that the 50 percent of voting situations that are
most closely related to perfect overall voter unification have a probability .9910 of
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having a PMRW, and that the 65 percent of voting situations that are most closely
related to perfect voter unification have a probability .9856 of having a PMRW. It
is remarkable that any voting situation that is remotely close to representing per-
fectly unified preferences, as measure by u, will have a very high probability of
yielding a PMRW with large electorates.

6.9 The Impact of Ward’s Condition

It was noted in Chapter 2 that Ward (1965) defines another condition on voting
situations that requires the existence of a PMRW for three candidates. This condi-
tion requires that voters’ preferences do not contain any Latin Squares, which is
equivalent to the requirement that there is some candidate that is never ranked
first, is never ranked last, or is never ranked in the middle by any voter. Parameter
¢ measures the proximity of a voting situation to meeting Ward’s Condition, with

¢ = Minlb,t,c}. (6.57)

If ¢ is equal to zero for a voting situation, then that voting situation does not
contain any Latin Squares, and it perfectly meets Ward’s Condition. Parameter /¢
is therefore used as a measure of the proximity of a voting situation to perfectly
meeting Ward’s Condition. Gehrlein (2006c) obtains a representation for

Pyl cAC, (k7)) with

PVs(S,n‘CIAC(r(ki)) (658)
- 9(k+1)(k+2ﬂ3k(17+27k+36k2)+15(2+3k+9k2},—60kn2 +10n3}
N (n+1)(n+2)(n+3)(n+4)(n+5) ’
for 0<k<(n—1)/3.
=1 fork=n/3.

A representation for the limiting distribution Fjg (3,00 | CIAC,, (ak_» as n—o0
is then given by

PVS (3,00 | C]AC[ (ak_ ))Z (659)
9ak2(10 —60cy, +135a;% - 108ak3), for0<a; <1/3.

Eq. 6.59 is used to obtain the values of ﬂ[p for each proportion p =
0.00(.05)1.00, and the results are listed in Table 6.7. It was noted above the 65
percent of all possible voting situations are included in the range 0 < «; <.1484

for parameter u. Here, 65 percent of all possible voting situations are contained in
the smaller range 0 < o}, <.1308 for parameter £ .
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A representation for PgMRW(ln | CIAC, (k_ )) for odd n is obtained following
the logic of previous discussion, with
Piyrw (3, n|CIAC, (k’ )) (6.60)
n {7 135 - 2547k - 4293k* - 6687k> - 2538k + 10(153 +273k + 7592 + 327/(3)"
- 10(3 +295k + 146k > yz +240(2 + k)
+ 155,3@(1 +2k + 2k2)— 6(1+2k)n + 2n2}
24k + 1)k + 2)= 3k(17 + 27k + 36k 15(2 + 34 + 9k2 1 — 60kn> + 101 |
for 0Sk£(n—l)/4A
27(25 +96k + 440k + 840k + 810k +324k° )+ 9(69 — 880k — 2520k — 3240k> — l620k4}v
13083 + 252k + 486k + 3244 },2 - 10(41 +324k + 324> )13 +15(23+36k)n* —310°
+ 30555(1 +2k + 2k2)— 6(L + 2k)n + 2n2}
a8(0 + 1)k + 2) - 3617+ 27k + 36k 2+ 15(2 + 3% + 92 1 — 60kn> + 100 |
for(n+1)/4<k <(n-1)/3.
__15(n+3)
16(n + 2)(n +4)

, fork=n/3.

The limiting distribution PEMRW(s,oo | CIAC, (ak‘)) is given by

PﬁMRW(3,oo | CIAC, (ak*)) (6.61)

120 -730a, +1635a;% —1269;°
1210 600y +1350;% 1082, )
 —31+5400;, —32400;% +9720a;” —14580e; " + 8748,
- 480,210 - 60, +1352,,> ~108;° )
for 1/4< ¢ <1/3.

,for0< gy <1/4.

>

Eq. 6.61 is used with entries from Table 6.7 to compute numerical values of

PIE?MRW(n,oo | CIAC[(,B{’_B for each p = 0.00(.05)1.00, and these resulting val-

ues are given in Table 6.8.
Some interesting observations can be made about the values of

PgMRW(n,oMCIACg(,Bf_J] in Table 6.8. It was noted previously that

PgMRW(n,oo \ C]ACb(,HIf_B > PgMRW(n,oo \ cmc{ﬂf‘j] forall 0< p<l1.

The impact that a polarizing candidate has on the probability that a PMRW exists
is not as strong as the impact having a positively-unifying candidate or a nega-

tively-unifying candidate. As a result, despite the fact that £ < S7 for all p, we
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find PEMRW(n,ooCMQ[/};_D < PgMRW(n,ooCIACu(,Hf_D for all

0<p<l.

6.10 Ehrhart Polynomials

All of the representations that have been obtained in the current study could not
conceivably have been developed without the EUPIA and EUPIA2 procedures.
These procedures work because of the known polynomial form that representa-
tions must have for counting the number of voting situations with specified char-
acteristics for three-candidate elections, from Axioms 6.1, 6.2, 6.3. It has recently
been pointed out that these procedures are based on much more general principles
that have been developed under the topic of Ehrhart Polynomials. For example,
see Ehrhart (1967a, 1967b), where the general problem is developed in the context
of counting the number lattice points in a polyhedron.

Lepelley, et al. (2006) develop an algorithm that is based on the notions of
Ehrhart Polynomials to produce representations of the type that have been ob-
tained in the current study. Preliminary results indicate that their procedure is
very efficient, to open the door to many possible investigations into the probability
that voting events can occur. Mbih, et al. (2006) formally develop many of the
links between the type of work that has been done in the current study and the no-
tions of Ehrhart Polynomials.

6.11 Conclusion

When voters’ preferences in a three-candidate voting situation reflect any signifi-
cant degree of proximity to perfect single-peakedness, perfect single-
troughedness, or perfect polarization, the probability that a PMRW exists is quite
high. When voters’ preferences are at all close to reflecting a situation in which a
unifying candidate exists, the probability that a PMRW exists is very high. It is
very important to note that the associated underlying models that lead to single-
peaked, single-troughed, or polarized preferences do not actually have to be the
basis of the mechanism by which the voters’ preference rankings on candidates are
actually formed. It is only required that the preferences in a given voting situation
could have been obtained by one of these models. As a result, Condorcet’s Para-
dox should rarely be observed in any real elections on a small number of candi-
dates with large electorates, as long as voters’ preferences reflect any significant
degree of group coherence or consistency.
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7.1 Introduction

The requirement that individual voters must have transitive preferences on candi-
dates has been assumed as a basis of rational individual behavior from the start of
this study. However, it was mentioned that models exist to explain situations in
which individuals might have intransitive preferences, and that is the topic of the
current chapter.

Consider a subject who is making pairwise preference comparisons on elements
from a set of three alternatives 4, B, C}. The pairwise comparisons of alterna-

tives are made on the basis of some common set of attributes. The subject has
some perceived ranking on alternatives for each of the particular attributes. These
rankings will quite likely be different for different attributes. For example, the
subject might perceive A as being superior to both B and C on the basis of one at-
tribute, while being inferior to both B and C on the basis of some other attribute.
The subject then makes a pairwise comparison between alternatives on the basis of
these perceived attribute rankings on the alternatives. Using the notation from
Chapter 1, 4> B denotes the outcome that the subject responds with an overall
pairwise preference for A over B, after considering the relative attribute rankings
of these two alternatives.

Suppose that there are n different common attributes of comparison that are
used to make comparisons between the three alternatives. It follows that there are
six possible complete rankings on the alternatives that a subject might have for
any particular attribute, as noted in Fig. 7.1.

A A B C B C
B C A A C B
¢c B C B A A
n ny n3 ny ns ng
Fig. 7.1 Possible rankings on attribute values for three alternatives
The alternative rankings in Fig. 7.1 are ordered so that the top ranked item is

perceived as being the best alternative according to any particular attribute, and »;

denotes the number of times that the i ranking represents the subject’s perceived
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ranking on alternatives for attributes in a given attribute ranking situation, and n
denotes a specified combination of #;’s with 21'6:1”1‘ =n.

This scenario is completely analogous to earlier developments with regard to
the formation of voter preference profiles and voting situations. The three alterna-
tives in this case correspond to the three candidates in earlier discussion, and the n
attribute rankings on alternatives correspond to the n voter preference rankings on
candidates.

7.2 Algebraic and Probabilistic Choosers

Luce and Suppes (1965) note two different general types of models to describe
how a subject might go about selecting his or her more-preferred alternative from
a pair of available alternatives that are under consideration. An algebraic chooser
approaches this process by performing a precise evaluation of all of the informa-
tion that is contained in the rankings of alternatives by the attributes, to reach an
absolute and precise determination of the more preferred alternative. A probabil-
istic chooser is less precise in the process of performing preference comparisons.
As a result, a probabilistic chooser will only have some associated probability of
selecting the same more-preferred alternative that an algebraic chooser would se-
lect in an identical situation.

DeSoete, et al. (1989) present a survey of different models that have been de-
veloped to explain the basis of preference comparisons that are made by probabil-
istic choosers. By resorting to the use of probabilistic models, it is inherently as-
sumed that a subject is unwilling to take the time and effort to precisely evaluate
the perceived alternative rankings on each of the attributes to definitively deter-
mine the more preferred alternative from a pair. A typical example would involve
decisions involving the selection of a low impact item when there are many avail-
able alternatives to pick from with many different attributes of comparison. There
are many types of situations in which it might be expected that subjects will act as
probabilistic choosers, rather than act as a “utility maximizing, omniscient, inde-
fatigable consumer” [Swait and Adamowicz (2001), pg 135]. A probabilistic
chooser is not expected necessarily to select the same more preferred alternative
from a pair as an algebraic chooser picks, but it is expected that there should be a
positive general relationship between a probabilistic chooser’s ultimate selection
of a more preferred alternative from a pair and the choice that would be made if
the subject would undergo a thorough consideration of the decision, given the per-
ceived attribute rankings on alternatives.

A number of empirical studies have been performed to find that subjects will
often resort to the use of simple decision-making heuristic processes when they
are making preference choices, rather than act as precise algebraic choosers. Sub-
jects are typically found to resort to the use of such simple heuristic decision proc-
esses when the decision task becomes more difficult and complicated. See for ex-
ample: Mazzotta and Opaluch (1995), Stone and Kadous (1997) and Bettman, et
al. (1998).
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7.3 May’s Model

Several studies have identified one particular simplifying heuristic that is used in
making pairwise preference comparisons. This specific heuristic operates by mak-
ing preference comparisons between alternatives with the use of a PMR-like rela-
tionship on pairs of alternatives. That is, the subject would respond that 4 > B if
the alternative rankings on attributes are such that n; +n, +ny >n3 +ns+ng, SO

that A is viewed as being superior to B on more attributes than B is viewed as be-
ing superior to A.

Bettman (1979) summarizes a number of empirical studies that have given sup-
port to the notion that this model accurately reflects the process by which some
subjects make pairwise preference comparisons in various situations. Wright and
Barbour (1977) refer to this model as the “attribute dominance model” and it was
found that approximately 20 percent of the subjects in their experiment were using
it to make pairwise preference comparisons. They also note that this model should
be more widely recognized in studies of behavioral decision making. Russo and
Dosher (1983) refer to this model as the “multiple confirming dimensions heuris-
tic” and found that approximately 50 percent of the subjects in their study were us-
ing it to make pairwise preference comparisons. They also noted that the propen-
sity of subjects to use this model increases as the number of attributes of
comparison increases. Arrow and Raynaud (1986) refer to this model as the “out-
ranking problem”. The term May’s Model is used in the current study, since this
model was first proposed in May (1954).

A subject who makes choices according to May’s Model is acting as an alge-
braic chooser, since the n attribute rankings in a given situation will be precisely
evaluated by the subject to determine the results of a particular pairwise prefer-
ence comparison. The model sounds plausible from its definition, and empirical
studies indicate that it is often used by subjects to make pairwise comparisons.
The major problem that develops is that May’s Model can lead to intransitive
preferences for individuals. Given the analogy between individual preference
comparisons and voting procedures that was outlined above, along with the basic
definition of May’s Model, it is easily seen that the existence of intransitive pref-
erences for individuals in this case is directly linked to the existence of Condor-
cet’s Paradox in the context of voting.

May (1954) conducts an experiment in which 62 undergraduate students per-
form all pairwise comparisons on three hypothetical marriage partners. Each hy-
pothetical marriage partner was evaluated on the basis of three specified character-
istics, and the given rankings of the three possible choices on the three
characteristics formed a perfect Latin Square. Some subjects had individual in-
transitivity in their reported pairwise preference responses that was consistent with
using May’s Model to make pairwise preference comparisons.

Lansdowne (1996) considers an example of the same type of problem as ap-
plied to the evaluation of five possible light helicopter systems by the U. S. De-
partment of Defense. Each system was initially given a numerical score for each
of seven different criteria. An ordinal ranking of systems was then obtained for
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each criterion, according to the relative numerical values that each system had for
the criteria measurements. May’s Model did not result in any intransitivity in this
case. Obviously, May’s Model will not always result in an intransitive result.

As in the previous analysis of Condorcet’s Paradox, the focus here turns to con-
sidering the probability that May’s Model will result in transitive preference re-
sponses from a subject who is performing pairwise preference comparisons on
three alternatives. By the definition of May’s Model, Alternative A will be the
strictly most preferred alternative, or Strict Maximal Alternative (SMA), for a sub-
ject with a specified attribute ranking situation n when:

n3+n5+n6£"771:A>B (1.1

-1
ng +ns + ng SnT = 4>C.

The logic behind Eq. 7.1 directly follows the notions behind Eq. 3.21, except that
each of the conditions on the #;’s in Eq. 7.1 lead to a pairwise preference out-

comes for the subject, rather than lead to a PMR preference on a pair of candidates
for a group of voters. If a SMA exists on three candidates with May’s Model, then
the subject’s pairwise preferences must be transitive.

Social homogeneity was seen to have an impact on the probability that Condor-
cet’s Paradox is observed. In the context of individual preferences, this corre-
sponds to consideration of the possibility that a correlation exists between the rela-
tive rankings of alternatives in attribute rankings. The existence of a “halo effect”
occurs if a subject tends to perceive some alternative as rating very well on most
attributes. Increasing the likelihood that such an alternative exists would seem to
tend to increase the likelihood that a SMA exists with May’s Model.

Representations for the probability that a SMA exists with May’s Model are
obtained in the context of determining if a SMA exists when a profile of n differ-
ent criteria rankings on the alternatives is randomly generated in an urn experi-
ment, following the discussion in Section 3.7. In order to determine the impact of
increasing the degree of dependence among the criteria rankings, the urn experi-
ments are conducted with a P-E model with parameter « , and the experiments
start with all 4; =1 fori=1, 2, 3, 4,5, 6. The symmetry of P-E models with re-

spect to candidates makes it equally likely that A, B or C is the SMA in a ran-
domly generated profile of criteria rankings. Given all of these arguments, along
with the logic that led to Eq. 3.60, a representation for the probability,

Poya (3,n,PE(a)), that a SMA exists with May’s Model for n attributes of com-

parison under the assumption of a P-E model with parameter « is given by

Py 3.n, PE(x)) = 7.2
L S S S
2 2 2 2 n—neg—ns=ny4—ny 1
3y % > > > Pl(n,a).

ng=0 ns=0 ny=0 ny=0 ny=0



7.3 May’s Model 233

Here, the definition of Pl(n,a) follows from Eqs. 3.84 and 3.86, and #; is ob-
tained from n; =n—ny —n3 —ny —ns —ng .

Table 7.1 lists computed values of P,/ (3,n,PE (a)) for each value of n=3, 5,
9, 15, 25, 45 with each « =0, 1, 2, 3, 4, 5, 10, 15, 20, 25. The computed values in
Table 7.1 show two distinct trends. The probability of that a SMA exists with
May’s Model decreases as the number of attributes of comparison increases. And,
the probability increases as « increases, to indicate that an increase in the degree
of dependence among attribute rankings will increase the probability that a SMA

will exist with May’s Model. The probability that a SMA exists exceeds .91 in all
cases with three alternatives.

Table 7.1 Computed values of P, (3,n, PE (a))

Number of Attributes (n)

a 3 5 9 15 25 45

0 .9444 9306 .9220 .9180 .9157 9142
1 .9643 .9524 9441 9404 .9387 .9379
2 .9750 .9665 .9604 9575 9561 .9554
3
4
5

9815 9753 .9708 .9686 .9675 .9668
9857 9811 .9776 9760 .9750 .9745
9886 .9850 .9824 .9810 .9803 .9798
10 .9952 .9938 .9927 .9922 .9919 .9917
15 .9974 9966 .9961 .9958 .9956 .9955
20 .9983 9979 .9975 .9974 9973 .9972
25 .9988 .9985 .9983 .9982 .9981 .9981

It is interesting to note the impact that increasing the number of attributes of
comparison has on the probability that a SMA exists for an algebraic chooser us-
ing May’s Model. An analogous situation was found in the context of voting
situations where Tullock and Campbell (1970) use Monte-Carlo simulation with a
spatial model for voter preferences to estimate the probability that there are intran-
sitives in PMR voting. Attention is restricted to small numbers of voters and a
small number of candidates, since it is speculated that this situation is most likely
to give rise to the existence of PMR cycles. Of particular interest is the effect that
varying the number of dimensions in the preference space has on the propensity of
PMR to exist. With random placement of both the ideal voter preference positions
and the positions of candidates in the feasible space, the addition of dimensions to
the space does tend to increase the probability that PMR cycles exist. However, in
changing from two to three dimensions, and from three to five dimensions, the in-
crease in the probability is not particularly significant.
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7.4 Probabilistic Chooser Models

Gehrlein (1990b, 1990d, 2006d) considers variations of May’s Model in which in-
dividual subjects are probabilistic choosers. Using May’s Model as a basis for
modeling a probabilistic chooser, a subject should logically be expected to become
more likely to respond A4 > B as A is ranked above B in an increasing number of
attribute rankings. However, since the subject is not a precise algebraic chooser,
there will typically always be some probability that the subject responds B >~ 4.
A pairwise preference model (PPM) defines the probabilities that a subject will
respond with 4>~ B or B > A4 for an attribute ranking situation on alternatives in
a givenn.

Let ij% (n) denote the probability that a subject will respond with 4 > B

for a given attribute ranking situation, as specified by n. It is assumed throughout
that PPM’s do not permit a subject response of indifference in pairwise compari-
son, So P/ffg/[ (n)+P§f§1/[ (n):l for any n. Given that 4> B for an algebraic

chooser with May’s Model for a specified n , PPM models with greater values of

P/ff 1’;4 (n) then represent probabilistic choosers with greater discriminatory power

in making pairwise preference comparisons.

Gebhrlein (1990b) describes a particular PPM called Model L for a probabilistic
chooser who will respond A4 > B for an attribute ranking situation with a given n
with a probability P/f> B(n) that is obtained as the proportion of rankings in which

A is ranked ahead of B, with
n+n,+n L niy +ns +n (7.3)

P/f>B(")

The term Model L is used in this case since Pﬁﬁ B (n)increases linearly as more at-

tribute rankings have A ranked ahead of B. This model is consistent with some
standards that are required of all PPM’s.

First, Model L is unbiased towards candidates in any pairwise preference com-
parison, since there is an equal probability of alternative selection when there is a
tie between candidates in their relative position in attribute rankings. That is,

Pffg] (n): ngﬁ/[ (n)z 1/2 when n +mny+ng= n3+ns+ng. Decisiveness is

also required in all PPM’s, so that the subject must respond 4 > B if A is ranked

ahead of B in every attribute ranking, so that Pffg/[ (n): 1 and P;f f}{l (n): 0 if

ny+ny+ng=n.

Even if the algebraic form of May’s Model does have a SMA, Model L does
not necessarily have one. Model L might also produce a different SMA than the
one that is obtained by May’s Model. It is of interest to develop representations
for the probability that Model L and other PPM’s will result in the same SMA as
the algebraic form of May’s Model, so that the probabilistic chooser will effec-
tively be behaving as an algebraic chooser with May’s Model. The number of at-
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tributes is assumed to be odd throughout, to avoid complications with ties with
May’s Model.

7.5 Algebraic and Probabilistic Chooser Coincidence
L PPM o . .
et Poyry (3,n,PE(a)) denote the conditional probability that a given PPM and

May’s Model will both have the same SMA for n attributes of comparison with
three alternatives, when attribute ranking situations are being randomly generated
by to a P-E model with parameter « , given that May’s Model has a SMA. The

starting point for developing a general representation for Pfﬁf (3,n,PE (a)) ,isa

representation for the joint probability, JPfAﬁw (3,n,PE (a)), that a given PPM and
May’s Model both have the same SMA for n attributes for a given « . Then

_ PG (3., PE(@) (7.4)
Py, (3.1, PE(a))

The symmetry of P-E Models with respect to alternatives requires that

JPS};ZW (3,n,PE(a)) can be obtained as three times the probability that A is the

SMA both with May’s Models and with Model L. Sequential pairwise preference
responses from subjects are assumed to be obtained independently, and it follows
from definitions that

Pvid' (3.n. PE(a))

JPE,,(3,n, PE(a)) = (7.5)
n—-1 n-1 n—1 n—1
2 2 Ty TS Ty T S mengmns—nys (o e —n N neng—ne—n
3¢y Py iy s [ 3775 6)( 45 6)P1(n,a).
ng=0 ns=0 ny=0 n3=0 ny=0 n n

The summation indexes in Eq. 7.5 require that A is the SMA with May’s
Model, since they enumerate all possible alternative ranking outcomes with

-1 -1 .
N4 +ns5+ng < nT and n3+ns+ng< nT . The product terms that are being

summed over give the probabilities Pﬁﬁ_ B(n) and PAL>C(n) with Model L for
each n that is defined by the summation indexes.
Computed values of PSLMA (3,n,PE (a)) that result from Eq. 7.4, after obtaining

values with the representation for in Eq. 7.5 are listed in Table 7.2 for each n = 3,
5,9, 15, 25,45 foreach =0, 1, 2, 3, 4, 5, 10, 15, 20, 25. The values that are

listed in Table 7.2 indicate that PSLMA (3,n,PE (a)) increases as « increases, and

that PSLMA (S,n,PE (a)) decreases as n increases. Values of PSLMA (3,n,PE(a)) are
less than .50 when n = 45 for both « equal to zero and one.
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Table 7.2 Computed values of Py, (3, n, PE (a))

Number of Attributes (n)
a 3 5 9 15 25 45
0 .5882 .4945 4218 .3781 .3463 .3200
1 .6420 .5690 .5179 .4910 4741 .4626
2 .6838 .6224 5811 .5601 .5474 .5387
3
4

7170 .6635 .6282 .6106 .6001 .5930

7440 .6963 .6653 .6500 .6409 .6348
5 .7663 7233 .6955 .6819 .6738 .6684
10 .8374 .8082 .7896 .7806 .7752 .7717
15 .8753 .8531 .8391 .8323 .8283 .8257
20 .8989 .8810 .8697 .8642 .8610 .8589
25 9150 .9000 .8905 .8860 .8833 .8815

The remarkably small conditional probabilities that May’s Model and Model L
select the same SMA, given that a SMA exists with May’s Model, for larger val-
ues of n for small o raises interest in a determination of limiting values of these
probabilities as n — oo . Following previous discussion, the case with « equal to
zero is IC-like in the context of the current problem, with complete independence
between attribute rankings on alternatives. Similarly, the case with « equal to
one is the same as IAC-like, suggesting the presence of a small degree of depend-
ence between attribute rankings on alternatives.

To develop a limiting representation for PSLMA (3,oo,PE (O)) we begin by consid-
ering the limiting probability, PE;[& (3,oo,PE(0)), that A is the SMA with May’s
Model for three alternatives, following the development of the representation for

P}‘)SMRW (3, o, DC ) in Eq. 3.69. The process is replicated here in the context of the

current problem to facilitate an extension of this analysis in later discussion.
A random profile of n attribute rankings on alternatives is obtained by sequen-

tially drawing balls from an urn in a P-E experiment. When the i " ball is drawn
during the experiment, the color of the selected ball determines which of the six

possible complete rankings from Fig. 7.1 represents the i

attribute ranking.
Here, p; denotes the probability that the jth colored ball is drawn. With «

equal to zero, these p; probabilities do not change from draw to draw. Two dis-

crete variables X 1’ and X é describe two joint events that can result as each ball is
drawn in the experiment, with:

i +1:p+py+

Xi = Prt P2t P4 (7.6)
—l:p3+ps+pe

i +l:ipi+po+p3

—1: py+ ps+ pe.
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The definitions of these variables are such that, X 1’ =+1 if the subject per-

th attribute, and X f =—1 if the

subject perceives B as being superior to A on that attribute. Then, according to

ceives A as being superior to B in the basis of the i

n .
May’s Model the subject will respond with 4> B if Y X{ > 0. Similarly, the

i=1

n . J—
subject will respond 4> C if Y X5 >0. Let X1 denote the average value
i=1

N —_ n .

of X{, with X1=[2X1’}/n. Then, A will be the SMA with May’s Model with
i=1

the joint probability that X1 >0 and X2 > 0. This can be stated in the alternative

form that A will be the SMA with May’s Model in a randomly drawn profile of at-

tribute rankings on alternatives with the joint probability that X1n >0
and X > \/; > (. The argument that is used here is the same as the one that is used
to develop Eq. 3.69, with Xli = Xé; and Xé = Xé .

The Central Limit Theorem applies as the number of voters gets large,
withn — oo and the limiting joint distribution of X1v/n and X2+4/n will have a

bivariate normal distribution. The probability that each of }1\/; and }2\/;

take on any particular value, including zero, in a bivariate normal distribution is
zero, so the probability that A is the SMA with May’s Model can be restated as the

joint probability that }1\/; >0 and }2\/; >0. The Central Limit Theorem
also states that the correlation between X1+/n and X2+/n in this bivariate nor-
mal distribution is identical to the correlation, Cor(X f X 5 ), between the original
variables X 1’ and X é .

Given the assumption above that the P-E urn experiment starts with all 4; =1
fori=1,2,3,4,56, p;=1/6fori=1,2,3,4,5, 6, and these probabilities are
constant on each draw since & = 0. Following the development of Eq. 3.64,

E(X{): E(Xg): 0. (7.7)
The logic of the development of Eq. 3.68 leads to

COr(X{,Xg')z 1/3. (7.8)
The limiting probability P;;[}A (3,oo,PE(0)) is therefore given as the joint prob-

ability that X1v% >0 and X2+/n >0, in a bivariate normal distribution with a
coefficient of correlation that is equal to 1/3. Since E (X 1’ ): E (X é): 0, it follows
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that E(Xf \/;): E(Xé \/;): 0,so PS:A{;[}A (3,00, PE(0)) is the same as the joint prob-

ability that }1\/; > E(}h/;) and }2\/; > E(}z \/;), in a bivariate normal dis-
tribution with a coefficient of correlation equal to 1/3. Using the notation of
Chapter 4, this limiting joint probability is the bivariate normal positive orthant
probability ®,(1/3).

Sheppard’s 1898 Theorem of Median Dichotomy applie@ to bivariate normal

positive orthant probabilities, and P, SDjéfi (3 o0 PE(O)) 7 L —Sz - % . The sym-
metry of PE models with respect to candidates leads to ‘Sﬁl (3 0 PE(O))
SA/[}A (3 oo, PE (0)) SEAC/[L (3 oo, PE (0)), and it directly follows that
33 .1 (7.9)
Py, (3,00, PE(0)) = TR 1(5}

The representation for P, (3, oo, PE (0)) in Eq. 7.9 is identical to the representa-
tion for Guilbaud’s result in Eq. 3.77.

A representation for the limiting probability JPSLMA (3,00,PE(0)) is obtained by
using the same notions from expected value theory that led to the representation

for JPSLMA (3,n,PE (a)) in Eq. 7.5. To start, consider the limiting joint probability,
JPULA}(S,OO,PE (O)) , that A is the SMA with May’s Model and with Model L.

(7.10)

2

JPé}(f;,oo,PE(O)) _ E2|:(”1 Tt "4n)(”1 trnytns )} .

The expectation, E 2 ,in Eq. 7.10 is taken over the two dimensions of the positive
orthant of the bivariate normal distribution. Let, Z j= X j\/; ,forj=1,2 and

then define JP:L4}(3,oo, PE(O)) in terms of Z; and Z,. Using the fact that

n+3Y0 x| n+ Y. X4
ny+ny +ny :%and ny +ny +ng =%, JP—Z}(_%,OO,PE(O))

can be rewritten as

O | baee| a1

—@,(1/3)+ LEz[Zl +2Z, |+ 4LE2[2122].
n

4n
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Johnson and Kotz (1972) give general representations of the form of
E 2[21 + Zz]and E 2[2 122] for expectation over the positive orthant of bivariate
normal probability distributions with correlation equal to p as functions of p .
For the special case with p = 1/3,

12 12 (7.12)
AT AR TR N e

E?[2,2,]= i{p(g + Sin_l(p)J + ﬁ} = é{f + Sin_l[%) + 2\/5}.

2

In the limit as n — oo, after substituting the appropriate terms from Eq. 7.12
into Eq. 7.11, we find

(7.13)

JPY (3,0, PE(0)) = %‘DZGJ = o Py (3.0, PE(0).

Using the symmetry of P-E models with respect to Alternatives A, B and C,
along with Eq. 7.4,

3JPL (3,00, PE(0)) (7.14)
Py, PE(0) = A7 7
Pgy14(3,00, PE(0))

A Model L chooser is quite likely either to select some SMA, or to have pair-
wise preferences on alternatives that cycle, when May’s Model selects a different
SMA. It is also noted that the rate of convergence of this probability to the limit-

ing value as n — o is very slow, since PSLMA (3,45,PE(0)) =.3200 in Table 4.2.

The given representation for Pl(n,a) for the special case in which « is equal

to one in Eq. 3.86 allows for a direct algebraic reduction of Eq. 7.5 for this special
case. Gehrlein (1990b) performs the necessary algebraic reduction to obtain a rep-

resentation for PSLMA (3, n, PE (1)) with odd n, and

 47n* +354n° +787n% + 4500+ 42 (7.15)
1057 (n+3)

PS4 (3., PE(1))

The limiting value of PSLMA (3,n,PE(1)) as n— oo is given by PSLMA (3,oo,PE(l)) =
47/105 = .4476, which is a very significant improvement over the limiting result
from Eq. 7.14, which has PSLMA (3,oo,PE (0)) =.2500. The introduction of some

small degree of dependence among attribute rankings by using « equal to one
clearly increases the propensity of Model L choosers to behave like algebraic
choosers with May’s Model, when compared to the case with a equal to zero,
with complete independence between attribute rankings.
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7.6 Weak Maximal Alternatives

The representation for PSLMA (S,n,PE (oc)) that follows from Eq. 7.4 is a strict con-

ditional probability since it requires the same SMA with both May’s Model and
Model L. However, there could be a SMA with May’s Model, while there is a
pairwise preference cycle with Model L. If a subject is unable to make a direct de-
termination of a SMA, due to the presence of a pairwise preference cycle with any
PPM, it is assumed that the subject selects a maximal alternative at random, with
an equal likelihood of selecting any of the alternatives. A Weak Maximal Alterna-
tive (WMA) is an alternative that a subject either directly selects as a SMA, or in-
directly selects as a result of a random determination when a pairwise preference

cycle exists. Let Pp{;}%j (3,n,PE (a)) denote the conditional probability that a sub-

ject selects a WMA that is the same as the SMA with May’s Model, given that
May’s Model has a SMA.

In order to develop a representation for the probability PV{/)A}/)I% (3,n,PE (a)) from

PSﬁ%‘/I (3,n,PE(a)), we start with a representation for the joint probability,
T—ZI?M (3,n,PE(a)) that a subject has a pairwise preference cycle with a PPM

when A is the SMA with May’s Model. There are two possible cycles that must
be accounted for when A is the SMA with May’s Model. For Model L:

L
156, PE(a))= (7.16)

n=1 n-1  n-1 n-1 Ny g | s s Y g s e

—— ————Ng ———Ng—Ns ———Ng— s

2 2 2 2 n=ng=ns=ny=ns n n n I

> X > > P (n,a)
n=0 ns=0  m=0 13=0 1,20 [n3 +ns +ng )(nz g +ng )(nl +ny +n3]

n n n

The summation indexes in Eq. 7.16 require that A is the SMA for an algebraic
chooser with May’s Model, and the two triple product terms that are being
summed account for the two possible pairwise preference cycles on the three al-
ternatives for a probabilistic chooser who is using Model L. The first product is

PAL> B(n) PBL>C(n) Pé> A (n) for a given n that is based on the summation indexes,

and the second product is P1§> y (n) PCL> B(”) Pj>c(n) .

PPPM

A general representation for By 4 (3,n,PE(a)) is obtained by appealing to

both the symmetry of P-E models with respect to alternatives and the use of a ran-
dom selection procedure to determine the most preferred alternative in the pres-
ence of cycles in pairwise preferences, with

P (6o, PE(a))+ 3T (5,0, PE(a)} (7.17)

Poyia (3, PE())

BEM (3,0, PE(a)) =
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Computed values of PML/MA(3,n,PE(a)) from Eq. 7.17 that use calculations
from the representation for It j}(3,n,PE (a)) in Eq. 7.16 are listed in Table 7.3 for
eachn=23,5,9, 15, 25, 45 for each « =0, 1, 2, 3, 4, 5, 10, 15, 20, 25. The results
in Table 7.3 indicate both that PWL/MA (3,n,PE(a)) increases as « increases, and

that PWQMA (3,n,PE (a)) decreases as n increases.

Table 7.3 Computed values of B, (3, n, PE (a))

Number of Attributes (1)
a 3 5 9 15 25 45
0 .6405 .5589 .4944 .4550 .4258 .4012
1 .6872 .6240 .5796 .5560 .5412 .5311
2 7236 .6706 .6349 .6169 .6058 .5984
3
4

7526 .7064 .6761 .6611 .6520 .6459

7762 7351 7085 .6954 .6877 .6825
5 7957 7586 .7348 .7232 7163 .7118
10 .8578 .8327 .8168 .8092 .8047 .8017
15 .8910 .8719 .8599 .8542 .8508 .8486
20 9116 .8962 .8866 .8820 .8793 .8775
25 .9257 9128 .9047 .9009 .8986 .8971

By definition, Byt (3,n, PE(a))> PGYY (3,1, PE()) for all PPM, but with the
assumption that @ is equal to zero, By (3,45,PE(0)) = .4012, which is still a
relatively small probability. It is therefore of interest to develop a representation
for the limiting value as n — o of P,,%M U (3,oo,PE (O))

The development a representation for PWL/MA (3,00,PE (0)) starts with the limiting
joint limiting probability JPAL BC (n,oo,PE (O)) that both May’s Model and Model L
will have the transitive preference ranking 4>~ B> C . Variables X 1’ and X, é
were defined in Eq. 7.6 to maintain 4 > B and 4> C respectively with May’s
Model. We now define a third variable X é to require B > C with May’s Model.

X5 =+ pi+ps+ps (7.18)

-1t py+ pa+ps-

Following earlier discussion, this definition leads to B> C in Model L when
Z3>0,withZy = Xh/; . The probability that May’s Model will have the tran-
sitive ranking 4 = B > C 1is obtained as the joint distribution that Z; 20, Z, =20
and Z3>0. This joint distribution is trivariate normal, with correlation matrix
p*, which is given by



242 Individual Intransitivity

(7.19)

—_— | =
W | —

1 1

3 3

—_ =

A representation for JP/fBC (n,oo,PE (())) is then obtained as an expected value

over the three dimensions covering the positive orthant of the trivariate normal
distribution for Z,,Z,,7Z5:

JP 5 (n,00, PE(0)) = 53[[%+ 231; ](% N 232; J[ % . 233; H (7.20)

which reduces to

JPSpc(n,0, PE(0)) = (721
1
O3(p*)+n 2EZ) + 2y + 23 )+ 0 E3202, + 2025 + 2, 23]+ |-
3
n 2E°(2,2,75]

0 | —

Here, <D3(p *) is the trivariate orthant probability that Z; >0, Z, >0 and
Z3>0. A representation for (I)3(p *) is obtained, from the trivariate extension of
Sheppard’s (1898) Theorem of Median Dichotomy.

1 1 .71( *) ,71( *) ,,1( *)} 1 1 .. 1) (7.22)
DO3(p* :—+—&'ln + Sin + Sin =—+—38in"| - |.

3(p ) 8 4rx P12 P13 23 8 4 3

Eq. 7.21 can be algebraically reduced by using representations for the expected
value terms E3(Z,-), ES(Z,ZJ») and E3(ZlZzZ3) from Kamat (1956). Each of

. . * . .
these terms is a function of the p; entries from p*. The representation for

E? (ZlZzZ3) includes the determinant of p* matrix. Each of these representa-

tions reduces to a simple finite value, as in the analysis of E 2 (Zi) and E 2(2122)
above. In the limitas n — oo,

1 1 1 1 (7.23)

1 -
JPfpc(n,00, PE(0)) = g{g + o Sin l(iﬂ =3 P (3,00, PE(0)).

There are eight possible Model L pairwise preference rankings on the alterna-
tives that could result when the transitive ranking 4> B> C is obtained from
May’s Model. These are the six possible transitive rankings and the two pairwise
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preference cycles that can be obtained on three alternatives. A representation for
each of these rankings is obtained from one of the eight combinations of

Tesledlen] ™

A direct consequence of Eq. 7.24 and the arguments that lead to develop the

representation for JP;BC (n,oo,PE (O)) in Eq. 7.23 is that each of these eight possi-
ble pairwise preference rankings is equally likely to be observed. The result that A
is the SMA with May’s Model occurs because one of the two transitive preference
rankings 4> B> C or A> C > Boccurs, and there are two Model L pairwise
preference cycles for each of these two underlying transitive rankings. The sym-
metry of P-E models with respect to alternatives then leads to

1 7.25
THLA}(3,oo,PE(O)) = 4JPkp (3,00, PE(0)) = 15 Psa (3,00, PE(0)). (7.25)
A representation for PWeMA (3, oo, PE (O)) follows from Eq 7.17 as
(7.26)

JPE4 (3,00, PE(0)) + 3%TLf4}(3,oo,PE(O))} 1
Pgyr4(3,00, PE(0)) 3

P (3.0, PE(0)) =

A probabilistic chooser with Model L is therefore equivalent to a subject who
makes random preference selections on three candidates as n — o with « equal
to zero, when pairwise preference cycles are broken at random. Since

BF1,4(3.45,PE(0)) = 4012, the convergence of Fy,(3,n, PE(0)) to its limiting
value as n — oo is very slow.
Gehrlein (2006d) develops representation for TDﬁ}(3,n,PE(1)) by using alge-

braic reduction on Eq. 7.16 to obtain

3(n—1){597° + 34702 + 4930 - 35) (7.27)

6. PE()) = 896n>(n +2)n + 4)

After substitution into Eq. 7.17 and algebraic reduction, a representation for
PWL/MA (3,n,PE (l)) with odd n is given by

! ’ 2 (7.28)
B,y (o, PE() = (4350 +31200% + 4420° +3072n+ 371) |
840n*(n +3)

As n— o with & equal to one, By (3,00, PE(1))=435/840 = 5179, so that
By (3,00, PE(r))> 5179 for all & >0, while Bby4(3,00,PE(0))=.333. There
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is a very significant increase in the probability PWL/MA (3,n,PE(a)) in changing
a from zero to one, which implies that some degree of dependence has been im-
posed on attribute rankings. However, a probabilistic chooser who behaves like a
Model L chooser still does not display particularly good performance at selecting
the SMA with May’s Model with either case as n — o, and the SMA selection is
effectively random when « is equal zero as n — oo . This poor performance could
result from two different sources. The first possibility is that Model L choosers
are simply too weak in their ability to discriminate their true preferences on pairs
of alternatives to avoid making random selections. The second possibility is that
all probabilistic choosers might be reduced to making random pairwise preference
in the presence of independence of attribute rankings as n — o .

7.7 Attribute Independence - Discriminatory Power

Several PPM models that reflect probabilistic choosers with different levels of
discriminatory power than a Model L chooser are developed in Gehrlein (1990b).
One set of these PPM’s for probabilistic choosers shows greater discriminatory
power in making pairwise comparisons than Model L choosers display, in terms of
the probability that the subject tends to select the more preferred alternative in
pairwise comparisons that is more in agreement with the pairwise choice that
would be selected by an algebraic chooser with May’s Model.

Let R(4,B) denote the proportion of the n attribute rankings in which the sub-

ject perceives A as being superior to B. Given the linear ranking definitions from

Figure 7.1, R(A,B): and R(B,A): . The PPM’s for prob-

nl +n2+n4 n3+n5 +n6
I/ n

abilistic choosers who have greater discriminatory power than Model L choosers
are based on these R(A,B) measures and an integer parameter, x, with x>1,

that reflects the level of discriminatory power of a probabilistic chooser. We de-
note these PPM models as BTL(K‘) choosers, since they are better discriminators

than Model L choosers.  For any pair of alternatives A and B, we define
szé(’( )(n) according to whether 4> B or B > A by May’s Model. If 4> B
with May’s Model, it must be true that R(4,B) > R(B, ) and the definitions of

P i—Té(K)(”) and P, gfﬁ(’()(li) are given by

PEL) () =1 - 2% R(B, A) (7.29)
PETLR) () = 251 R(B, A)F

All BTL(K) choosers are decisive, since Pffé(’()(n)ﬁ when R(B,A):O, and
they are unbiased since Pfgé(’()(n): ngﬁ(’()(n): 1/2 when R(B,A):l/Z. By
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definition, PE™-0(n)= Pk p(n). For all x>1, PETES)(n)> PE 1(n) when

A > B for an algebraic chooser according to May’s Model, and Pfjé(’()(n) in-

creases as k increases. Since R(B,A)< 1/2 if A > B according to May’s Model,
it is easily shown that BTL(K) choosers match the behavior of a precise algebraic
chooser with May’s Model as x — .

Fig. 7.2 shows graphed values of the Pffg(’()(n) pairwise comparison prob-
abilities for x =1, 2, 3, 4 with n = 25 attributes of comparison. The values of

Pfgé('()(n) are a function of R(B,A) in the definitions in Eq. 7.29. However,

Fig. 7.2 shows Pfgg(’()(n) as a function of “attribute dominance”, rather than
R(B,A). Attribute dominance measures the number of attribute rankings for
which a subject perceives A as being ranked as superior to B, or nR(A,B), given

that 4 > B according to May’s Model. The plots in Fig. 7.2 give strong evidence
to indicate that BT L(K) choosers tend to have significantly increasing discrimina-

tory power as & increases.

(<))

£

g 100

<

g _ 0.90 ——  BTL(@)
E% —a— BTL(3)
g = 0.80 ——  BTL(2)
00 —_— L
)

é = 0.70 | % WTL(2)
£ —— WTL(Q3)
Sz

> 060 —— WTL®4)
E

3

§ 050 ! : : :

o

12 14 16 18 20 22 24 26
Attribute Dominance [nR(A,B)]

Fig. 7.2 Calculated values of P?*)(n) and P!"**)(n) with n =25

A-B A-B

The same basic concepts that led to the development of PPM models for
BTL(K') choosers, lead to the notion of WTL(K) choosers, who are worse than

Model L choosers at making pairwise preference comparisons that are in agree-
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ment with an algebraic chooser who is using May’s Model. These WTL(K’)

choosers therefore have a weaker ability to discriminate their true pairwise prefer-
ences than Model L choosers have. The PPM probabilities are defined as above
for the pair A and B, with 4 > B by May’s Model as

P,ZVfé(’()(n) = %[1 +[R(4,B)- R(B, A)]K] (7.30)

PYTL) () = %[1 ~[R(4,B)-R(B, 4) "].

The definitions in Eq. 7.30 lead to the observations that PKTé(l)(n) =

Pj>3(n), and for all x>1 PIKTZL;(K)(n)<Pj>B(n) when 4> B according to

May’s Model. In addition, PKTg(K)(n) decreases as & increases. Probabilistic

choosers who behave like W7 L(K) choosers become equivalent to totally random

pairwise preference choosers, with PKTé(w)(n) = 1/2 as xk — o, except for the

special case with R(4,B)=1.

Fig. 7.2 shows plots of computed values of PKTg(K)(n) pairwise preference

comparison probabilities for each x =1, 2, 3, 4 with n = 25 attributes of compari-
son. The numerical evidence in Fig. 7.2 clearly indicates that WTL(K‘) choosers

have significantly weaker discriminatory power as x increases.
Following the logic of the general discussion that led to Eq. 7.5, a general rep-

resentation for JPSﬁfﬁ/I (3, n, PE (a)) is obtained as
JPEPM (3,0, PE(a)) = (7.31)
n—1 n—1 n—1 n—1
2 2 My Ty S S g sy L o
38y Tx T x X Py (P ()P (n.a).
ng=0 ns=0 ny=0 n3=0 ny=0

Computed values of P;Aﬂ/[ (3,n,PE (a)) can be obtained by using Eq. 7.31 in

conjunction with Eq. 7.4. Tables 7.4, 7.5 and 7.6 list the associated values of
PSBAZ(K )(S,n,PE(a)) for the respective values of k=2, 3 and 4. These tables
have entries for each n = 3, 5, 9, 15, 25, 45 with each value of « =0, 1, 2, 3, 4, 5,
10, 15, 20, 25. Tables 4.7, 4.8 and 4.9 list similar computed values of
PS’/KLL(K)(in,PE(a)). An analysis of the computed probabilities in Tables 7.4

through 7.9 show that Psﬁﬁ/[ (3,n,PE(a)) values increase significantly for all

given n and a as probabilistic choosers have PPM’s that tend to reflect increased
levels of discriminatory power.
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Table 7.4 Computed values of

PBTL(Z)

SMA

(3,1, PE(2))

Number of Attributes (n)

a 3 5 9 15 25 45

0 7124 .6248 .5389 .4774 .4275 3827
1 .7503 .6938 .6485 .6220 .6043 .5915
27797 7377 7077 6915 6813 .6742
3 .8029 .7696 .7474 7361 .7292 .7245
4 8218 .7941 .7767 .7682 7631 .7597
5 .8374 .8137 .7994 .7927 .7888 .7862
10 .8869 .8732 .8659 .8629 .8612 .8602
15 .9134 .9037 .8989 .8970 .8961 .8955
20 9298 .9224 9188 9175 9168 .9164
25 9410 .9349 .9321 .9311 .9306 .9303

Table 7.5 Computed values of PSfLL(})(ln,PE (a))

Number of Attributes (1)

a 3 5 9 15 25 45

0 .8025 .7113 .6220 .5540 .4948 .4380
1 .8287 .7708 .7275 .7026 .6860 .6740
2 .8489 .8066 .7788 .7647 .7561 .7501
3 .8649 .8317 .8115 .8021 .7965 .7929
4 8779 .8506 .8349 .8279 .8240 .8215
5 .8886 .8655 .8527 .8473 .8443 .8425
10 .9225 .9096 .9032 .9007 .8995 .8989
15 .9407 .9317 .9275 .9260 .9253 .9249
20 9519 .9451 .9420 .9409 .9405 .9402
25 9596 .9541 .9516 .9508 .9505 .9503

Table 7.6 Computed values of Ps’fﬂ(")(l n, PE (a))

Number of Attributes (1)

a 3 5 9 15 25 45

0 .8657 .7727 .6836 .6140 .5505 .4863
1 .8836 .8224 .7799 .7566 .7413 .7303
2 .8974 8514 .8239 .8109 .8033 .7981
3 .9083 .8714 .8511 .8424 8376 .8345
4 9171 .8862 .8702 .8637 .8603 .8582
5 .9244 8979 .8846 .8794 .8769 .8754
10 .9474 9318 .9247 9223 9212 .9206
15 .9597 9487 .9438 9423 9416 .9413
20 9674 .9588 .9551 .9540 .9535 .9533
25 .9726 .9656 .9626 .9617 .9613 .9612




248  Individual Intransitivity

Table 7.7 Computed values of P,™“)(3,n, PE(a))

Number of Attributes (n)

a 3 5 9 15 25 45

0 4771 .3796 .3190 .2904 .2739 .2631
1 .5446 4578 .4024 .3757 .3600 .3496
2 5973 5188 4682 .4435 4288 .4191
3 .6394 5679 .5213 .4984 .4848 .4758
4 6736 .6080 .5650 .5438 .5311 .5227
5 7020 .6414 .6015 .5818 .5700 .5622
10 .7924 7490 .7199 .7054 .6967 .6909
15 .8408 .8070 .7843 .7729 .7660 .7614
20 .8710 .8433 .8247 .8153 .8096 .8058
25 8915 .8681 .8523 .8443 .8395 .8363

Table 7.8 Computed values of Py, (3)(3, n, PE (a ))

Number of Attributes (n)

a 3 5 9 15 25 45

0  .4430 .3384 .2861 .2667 .2577 .2532
1 5146 4139 3557 .3301 .3161 .3072
2 .5706 .4763 4185 .3916 .3763 .3665
3 .6154 5277 4721 4455 4301 .4201
4 .6519 .5704 5175 4919 .4768 .4669
5  .6821 .6062 .5562 .5316 .5171 .5075
10 .7785 7229 .6847 .6655 .6539 .6461
15 .8301 .7865 .7561 .7406 .7312 .7249
20 .8623 .8265 .8013 .7883 .7804 .7752
25 .8842 .8538 .8324 .8213 .8145 .8100

Table 7.9 Computed values of P, TL(4)(3, n, PE! (a))

SMA

Number of Attributes ()

a 3 5 9 15 25 45

0 4319 3189 .2719 .2580 .2529 .2509
1 .5048 .3920 .3316 .3071 .2945 .2869
2 .5620 .4548 .3912 .3630 .3474 .3376
3 .6076 .5072 4442 4149 3982 .3875
4 .6448 5511 .4902 .4610 .4440 .4330
5 .6756 .5881 .5298 .5013 .4845 .4736
10 .7740 .7094 .6636 .6403 .6261 .6167
15 .8267 .7758 .7390 .7199 .7082 .7003
20 .8594 8177 .7870 .7709 .7610 .7543
25 .8818 .8464 .8202 .8063 .7977 .7920
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Table 7.10 summarizes the computed values of PS (3 45,PE ( )) for a
equal to zero and one with all PPM’s that have been considered so far.

Table 7.10 Summary of P (3,45, PE(r)) and P (3,00, PE(a)) values for o = 0,1

Py’ (3.0, PE(O) P (3.n, PE(1))
PPM n=45 n=o n=45 n=ow

BTL(4) 4863 2500  .7303 7154
BTL(3) 4380 2500  .6740 6576
BTL(2) .3827 2500 5915 5743
Model L .3200 2500 4626 4476
WTL(2) 2631 2500 .3496 3368

WTL(3) 2532 2500  .3072 2969
WTL(4) 2509 2500  .2869 2784

The results in Table 7.10 show that a probabilistic chooser has
Sﬁﬂ/[ (3 45, PE(O)) increase from .2509 for a WTL(4) chooser to .4683 for a
BTL(4) chooser, with @ equal to zero. The increase in the associated probability

values is even more dramatic with & equal to one, with an increase from .2869
for a WTL(4) chooser to .7303 for a BTL(4) chooser.  The value of

Pg\ﬁ( )(3,45,PE(0)): 4683 also suggests the possibility that a significant im-

provement in discriminatory power beyond that of a Model L chooser might pre-
vent a probabilistic chooser from becoming equivalent to a random chooser as
n— 0.

The same procedure that was used above to obtain a representation for the lim-

iting probability PSLMA (S,OO,PE (0)), can be used to find some results for BTL(Z)
and W1l L(Z) probabilistic choosers. By using identities of the form

R(B,A)= 5~ [R(4,B)- R(B,4)]=} - X1, (7.32)

it can be shown that

(1.33)
JPDZXL( 3,00, PE(0)) = EzHi jl ill ][; + % - i—iﬂ ,

and that
(7.34)
JTL(2) _pl(l, 2tz
P (3,00, PE(0)) EH2+2” St ||



250  Individual Intransitivity

These expected values are being taken over both dimensions of the positive

orthant of a bivariate normal distribution for variables }1\/; and }2\/; . Ka-

mat (1956) develops representations of these expected values, and by using alge-
braic reduction after the substitution of the resulting representations into Egs. 7.33

and 7.34, it is found that JPETUR(G,00 PE(0)) = JPZ}TL(Z)@,OO, PE(0) =

%d)z(%) = %PSMA(?),OO,PE(O)) in the limit as n —oo. It then follows that

PETLR)(3 o0, PE(0))= PYTH2)(3,00, PE(0)) = Py4(3.00, PE(0)), so that probabil-

istic choosers with PPM’s of the type we are considering will all turn out to be
equivalent to random choosers as n — o when « is equal to zero, with its associ-
ated assumption that attribute rankings on alternatives are completely independent.

The rate of convergence to this limiting probability is quite different for the

PPM’s. The values in Table 7.10 show that PSVKZ(3)(3,45,PE(O)) = .2532 and

P%M)(BAS,PE(O)) = .2509 for 45 attributes, so that both are very near their
limiting value. However, the probabilistic choosers with the greatest discrimina-
tory power have very different convergence results, with Pgﬁgj(4)(3,45,PE (0)) =

4863 which is nearly double the limiting value for n = 45.

All of this creates an interest in the impact that the small amount of dependence
between attribute rankings that is suggested with « equal to one might have on
these coincidence probabilities. Gehrlein (2006d) uses the same process that was

employed to develop the representation for PSLMA (3,n,PE (1)) in Eq. 7.15 to obtain
closed form representations for both Pfﬁﬁ(’( )(B,n,PE (1)) and PIx (r )(3,n,PE (1))
for each x =2, 3 and 4 with odd n. The resulting representations are given by:

PELO)3,n, PE(1) = (7.35)

8684n° +64323n° +126089n* +31794n> +2594n> +9003n — 567
15120n* (n+3)

PETLO) 3., PE(1)) = (736)

18229518 + 13087531 +24019581° +752994n° + 670175n*
—801903n° + 6533721 — 7601641 + 27720
2772001 (n +3)
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P (3., PE(1)) = (1.37)

386677570 +270276751° + 48264234n° +1964026817
+15165796n° —14924448n° + 29326876n* —32470368n°
—113499671n2 + 1049000731 — 810810

5405400n° (n + 3)?

PITEC)3,n, PE(1)) = (7.38)

5093n° +391861° +100511n* +926521> +19667n> 146221567
15120n* (n+3)

PYTEC)(3,n, PE(1)) = (7:39)

16457718 +1236753n" +34090721° + 4492818%° +2499013n*
—2217903n° — 253386212 +1764492n + 55440
554400n° (n +3)

POTE) (3., PE(1) = (7.40)

752448n'° + 54820801° +15569784n% + 263529361
+238613031° —182741945° — 48939439n* + 220804441°
+834347091° — 666714661 — 405405

27027001 (n + 3)?

The limiting values, as n — o, for the probabilities that are given in the repre-
sentations that are shown in Egs. 7.35 through 7.40 are summarized in Table 7.10,

and two distinct observations stand out. First, the limiting Pf,ﬁ/[ (3,oo,PE (1)) val-
ues are significantly greater than the limiting probabilities of the associated
PS}I)IZQ/[ (3,oo,PE(O)) for probabilistic choosers with any PPM model that has
greater discriminatory power than a Model L chooser. The limiting probability

values as n — oo are approached much faster with Pfﬂfﬁ/l (3,n,PE (1)) than with
PEEM (3,1, PE(0)). The listed values of PG4 (3,45, PE(1)) are very near their

limiting probability values of P;ﬁﬁ/f (3,oo,PE(1)) for each of the PPM’s that are
considered in Table 7.10.
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The development of representations for the probability that the WMA with
BTL(K') and WTL(K) choosers coincides with the SMA for an algebraic chooser

with May’s Model becomes substantially more complicated than in the earlier
situation of the Model L case. In order to obtain a representation for the probabil-
ity that there is a pairwise preference cycle with Model L, a representation for

T:L‘l}(&n,PE (a)) was developed in Eq. 7.16 with summation indexes that enumer-
ate all possible attribute ranking situations for which both 4> B and 4 > C with
May’s Model. The primary source of the additional difficulty with the cases of
BTL(x) and WTL(x) probabilistic choosers results from the fact that the basic
definitions of both of the Pfgé(’()(n) and PZ;%(K)(n) pairwise comparison prob-
abilities are based on whether 4~ B or B>~ A4 for an algebraic chooser with
May’s Model.
. BTL(x) L

In order to develop a representation for TDA} (3,n,PE (a)), it is necessary to

consider summation indexes that enumerate all of the possible attribute ranking

outcomes in which 4> B, 4> C and B> C in May’s Model. The additional
restriction that B > C requires that the summation indexes result in the outcome
that ny +ny +ng < "T_l . We compute the probability that either of the two possi-
ble pairwise preference cycles on alternatives exist when the transitive ranking
A > B> C results from May’s Model. It then follows from symmetry arguments
of P-E models with respect to alternatives that Tﬂi?(’() (3,n,PE(a)) is obtained as

twice this probability, since both of the possible pairwise preference cycles exist
with the same likelihood when the transitive ranking 4> C > B results from
May’s Model. As a result

Tﬁ{“’”(s, n, PE(@))= (7.41)

—1 n-1 -1 -1 -1
= n—ﬂl(, Lfnﬁfns annéfns ’177%7714 PBTL(K) (n)PBTL(K) (M)PBTL(K)(II)+

2 2 2 A-B B-C A4-C 1
9% P (na).
ok R R 5 e |
A general representation for the probability pr,;Agﬁ(K)(ln,PE(a)) then follows

directly from the definition that is given in Eq. 7.17, and computed values of
PVI;A%(K )(3,n,PE(a)) are listed in Tables 7.11, 7.12 and 7.13 for respective values

of Kk =2,3 and 4. These tables have entries for each value of n =3, 5,9, 15, 25,
45 with each «a =0, 1, 2, 3, 4, 5, 10, 15, 20, 25. Tables 7.14, 7.15 and 7.16 list

computed values of PVI,/,VAZ(’()(ln,PE ()) respectively for each & =2, 3 and 4.

These computed values show a marked increase in PV{,DAI;% (3,n,PE (a)) for all n
and ¢ as probabilistic choosers have PPM’s with increased levels of discrimina-

tory power. Table 7.17 summarizes PV{,)A{% (3,45,PE (a)) values for each o =0, 1.
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Table 7.11. Computed values of

PBTJ_(z)

wMA

(3,1, PE(a))

Number of Attributes (n)

a 3 5 9 15 25 45

0 7509 .6734 .5982 .5441 .4998 .4593
1 7842 7337 .6939 .6708 .6554 .6444
2 .8097 7722 .7456 .7315 7227 .7165
3 .8300 .8000 .7803 .7705 .7645 .7604
4 .8463 .8214 .8059 .7984 .7940 .7911
5 .8598 .8385 .8257 .8198 .8164 .8142
10 .9026 .8902 .8836 .8809 .8795 .8786
15 .9254 9167 .9123 9106 .9098 .9093
20 .9396 .9328 .9296 .9284 .9278 .9275
25. .9492 .9437 .9412 .9402 .9398 .9396

Table 7.12 Computed values of Pﬂjm(l n, PE (a))
Number of Attributes (1)

a 3 5 9 15 25 45

0 .8297 .7489 .6707 .6114 .5595 .5091
1 .8529 .8010 .7625 .7408 .7263 .7159
2 .8705 .8324 .8075 .7951 .7875 .7823
3 .8844 .8543 .8361 .8277 .8229 .8197
4 8955 8708 .8566 .8503 .8469 .8447
5 .9048 .8837 .8721 .8672 .8646 .8630
10 .9339 .9220 .9161 .9139 9128 .9122
15 .9494 9411 .9372 9358 .9352 .9349
20 9590 .9527 .9498 .9488 9484 .9481
25 9656 .9605 .9581 .9574 .9570 .9569

Table 7.13 Computed values of nyﬁz(“)(i n, PE (a))
Number of Attributes (n)

a 3 5 9 15 25 45

0  .8846 .8025 .7242 .6636 .6083 .5520
1 .9005 .8461 .8081 .7876 .7742 .7646
2 9125 .8715 .8467 .8352 .8284 .8239
3 .9219 .8890 .8706 .8627 .8585 .8558
4 .9295 9019 .8873 .8814 .8784 .8766
5 .9357 .9120 .8998 .8952 .8929 .8915
10 .9554 9414 9348 9326 .9316 .9311
15 .9659 .9560 .9514 .9500 .9493 .9490
20 9724 9647 .9612 .9601 9597 .9595
25 9768 .9705 .9677 .9668 .9665 .9663
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Table 7.14 Computed values of

PWTL(Z)

WMA (3’ n, PE(O!))

Number of Attributes ()

a 3 5 9 15 25 45
0 5396 .4546 3996 .3727 .3568 .3463
1 5976 5233 4751 4513 4372 4278
2 6436 5767 5332 5117 .4990 .4904
36804 .6196 5799 .5602 5485 .5407
4 7105 .6547 6182 .6001 .5893 .5821
5 7355 .6840 .6502 .6334 .6234 .6167
10 8155 7785 7539 7417 7344 7295
15 .8584 .8296 .8104 .8008 .7950 .7912
20 8851 .8616 .8458 .8379 .8332 .8300
25 9034 .8835 .8701 .8634 .8594 .8567

Table 7.15 Computed values of Pjr-(3,n, PE(a))

Number of Attributes (n)

a 3 5 9 15 25 45

0 .5080 .4167 .3684 .3498 .3410 .3365
1 .5694 4831 .4321 .4092 .3963 .3882
2 .6182 .5377 4879 .4645 4510 .4423
3 .6575 .5827 .5351 .5123 .4989 .4902
4 .6896 .6200 .5750 .5531 .5402 .5317
5 7163 .6515 .6089 .5881 .5757 .5675
10 .8019 .7542 .7218 .7055 .6958 .6893
15 .8480 .8105 .7846 .7715 .7636 .7583
20 .8767 .8458 .8244 .8135 .8069 .8025
25 .8963 .8701 .8518 .8425 .8368 .8330

Table 7.16 Computed values of PW%(“)(S, n, PE (a))

Number of Attributes (n)

a 3 5 9 15 25 45

0 4977 3985 .3548 .3413 .3363 .3343
1 .5601 .4630 .4098 .3877 .3760 .3690
2 .6099 5178 4629 4382 .4244 4157
3 .6500 .5636 .5096 .4844 .4699 .4605
4 .6828 .6020 .5499 .5250 .5105 .5010
5 7100 .6345 .5847 .5605 .5462 .5368
10 7975 7414 7024 .6826 .6707 .6628
15 .8445 .8003 .7689 .7527 .7428 .7362
20 .8739 .8374 .8112 .7976 .7893 .7837
25 .8939 .8629 .8405 .8288 .8216 .8168
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Table 7.17 Summary of P/ (3,45, PE(a)) and P/ (3,00, PE(a)) values for a = 0,1

wMA

Pyt (3m PE(0)) B (3,m PE(1))

wMA

PPM n=45 n=0  p=45 n =00
BTL(4) 5520 3333 .7646 7517
BTL(3) 5091 3333 7159 7018
BTL(2) 4593 3333 .6444 6295
Model L 4012 3333 5311 5179
WTL(2) 3463 3333 4278 4162
WTL(3) 3365 3333 3882 3786
WTL(4) 3343 3333 3690 3610

The results in Table 7.17 indicate that PV{/JA},D[% (3,oo,PE (O)) values converge to the

limiting result as n — oo at different rates for different PPM’s. This result is very

similar to the behavior that was observed with Pfﬂfj‘/[ (3,oo,PE (0)) computations.

Gehrlein (2006d) obtains representations for both PI,{,?A%(K )(B,n,PE (1)) and
PITLR)(3 5 PE1)) for & =2, 3 and 4 with odd 1.
BEILR)(3,n, PE(1)) = (7.42)
28553n° +203049n° +381812n" +92238n° +15821n” +1641n + 2646

45360n* (n+3)*

BTL(3 7.43
REIEC)5,n, PE(1) = (7.43)
3537118 +245886n" + 440418n° +130770n° +114444n*

—151326n° +49142n% — 72690n + 14385
50400n% (n +3)

R 6o, PE(L) = @44
121904281'° +83025981n° +1458999151% + 54785664n"
+45386818n° — 64664190n° +27910240n* — 41232264n°
—101245286n> + 818613697 + 15540525

162162001 (n + 3
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AT (3,m, PE(1))= (7.45)

943971° +684901° +157597n* +114564n> +175451° — 6078n +1323
22680n* (n+3)?

BITEC) (3., PE(1)) = (7.46)

381618 + 2713517 +660521° + 68166n° + 28549n*
— 235057 —20078n% +8268n + 2877
100802°(n +3)

BTG, PE() - 747
5853435n'0 + 406224901° +1011909391% +134427096n"
+93363604n° — 79134984n° —104690384n* + 29494704n°
+182686921n% —159895146n + 15540525

162162001 (n + 3

Limiting probability values as n — o for these representations are summarized

in Table 7.17. Following the general observations from Psﬂj(’()(:%,oo,PE(l)) and

PL%(K ) (3,00, PE (l)) computations, there is an extreme improvement in the limit-

ing probabilities with « equal to one compared to & equal to zero for any prob-
abilistic chooser that has greater discriminatory power than a Model L chooser.
The limiting probability values are approached much faster with « equal to one
than with o equal to zero for all of the PPM’s that are considered.

7.8 The Impact of Single-Peakedness

The imposition of the assumption of single-peaked preferences has been seen to be
sufficient to force PMR relationships to be transitive for odd numbers of voters.
Gehrlein (1993) adapts this notion to the current problem. The application of the
structural consistency of single-peakedness is applied instead to the attribute rank-
ings on alternatives in this case. The idea of single-peakedness does not have the
same intuitive appeal in the context of attribute ranking situations, as it does in the
context of voter preference rankings. But, the assumption does suggest that there
will be more internal consistency in attribute ranking situations when the condi-
tion of single-peakedness is applied to the individual preference scenario.
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Consistent with earlier notation, Pf,ﬂ/[ (3,n,1ACb (0)) denotes the probability

that a PPM probabilistic chooser will have the same SMA as an algebraic chooser
with May’s Model when all single-peaked attribute ranking situations are equally
likely to me observed. Using the definition of Mays Model and previous argu-
ments, it is easily shown that Poya (3,n,IACb(O)): 1, since May’s Model must
have transitive preferences if single-peakedness is required.

Gehrlein (1993) develops representations for Pﬁﬁ/[ (3,n,1ACb (O)) with three
types of PPM’s for odd n:

94n* + 5111 +1091% + 2015 + 45 (7.48)
Pk (3,n,14C,(0)) =
i1 (.. 14C, 0) o

PETE)(3,,14,(0)) = (7.49)

12161° +6274n° + 684n* +1661n° — 457n° +1017n - 315
1680(n + 5)n°

PITER) (3,0, 14, (0)) = (7.50)

7821n° + 4524n° +1559n* + 24661 — 16221 + 5581 —315
1680(n + 5)n° '

Eqgs. 7.48. 7.49 and 7.50 are used respectively to obtain computed values of
Pl (.n,14C,(0)), PETHR) (3,1, 14, (0)) and PLTE?) (3,1, 14, (0)) for each
n = 1(2)15 and for their associated limiting values as n — co. The resulting val-
ues are listed Table 7.18, to clearly show that the imposition of the condition of

single-peakedness does indeed increase the probability that PPM choosers are in
agreement with an algebraic chooser with May’s Model.

Table 7.18 Computed values of Pi7' (3,n,14C,(0))

SMA

n P, (3.0,4G,(0) PIIPG.n.14C,(0)  PiPB.n.14C,(0))
1 1.0000 1.0000 1.0000
36667 7685 5741
56320 7473 5272
76192 7399 5007
9 6123 7361 5003
116080 7338 4944
136051 7323 4903
15 6029 7312 4872

o 5875 7238 4655




258  Individual Intransitivity

7.9 Strict Maximal-Minimal Reversal

Results have indicated that there can be a significant probability that a probabilis-
tic chooser might select a SMA that is not the same as the SMA that an algebraic
chooser with May’s Model would pick. This leads to the consideration of the
conditional probability that a probabilistic chooser might have responses that are
in drastic disagreement with a chooser using May’s Model, with the SMA from
May’s Model being selected as the strictly minimal, or least preferred, alternative
(SLA) by the probabilistic chooser, given that May’s Model has a SMA.

Gehrlein (1990d) develops representations, denoted as PSIZZM (3,n,PE(l)), for

this conditional probability for some PPM’s for odd n, assuming a P-E model with
a equal to one as the basis for generating random attribute ranking situations:

3(n 1)+ 2)an? +9n-7) (7.51)
1057 (n +3)

Pk (3,1, PE(1)) =

BTL(2
PER)3 1, PE()) = (7.52)
9801° +21157° —12071* — 53584 — 4966n> +9003n — 567
15120n* (n+3)

PYTO3,n, PE(1) = (7.53)

2717n® +10674n° —4033n* —213961° +27227n% —14622n - 567
151200 (n+3)*

Gehrlein (1994) contains a typographical error in restating a representation that is
associated with Eq. 7.53.

Table 7.19 summarizes computed values of PS}EZM (3,n,PE(1)) from Egs. 7.51,
7.52 and 7.53 for each n = 1(2)15 and their associated limiting values as n — .

Table 7.19 Computed values of Py’ (3, n, PE (l))

n pL(3,nPEQ) PEO3,0,PE(1) PY(3,n,PE(1))

SLA SLA

1 .0000 .0000 .0000
3 .0494 .0219 .0878
5 .0690 .0338 1178
7 .0793 .0402 1331
9 .0858 .0444 1424
11 .0902 .0473 .1486
13 .0934 .0495 1530
15 .0959 0512 1564

o 1143 .0648 1797
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The results in Table 7.19 give strong evidence to support the idea that probabil-
istic choosers have a relatively high chance of giving pairwise preference re-
sponses that are in drastic disagreement with an algebraic chooser using May’s
Model. This is particularly true for W7 L(K) choosers. Gehrlein (1990d) extends

this analysis by developing representations for PS}ZIZM (3,n,1ACb (0)) to determine
the impact that the increased coherence of imposing the condition single-
peakedness on attribute ranking situations will have on these probabilities. The
representations are given as :

- 2 - (7.54)
Pk ,(3,n,14C,(0)) = (= 1) + 3)(9n +18n 15)
il /) 160n° (1 +5)
PsﬁL(z)(&nJACb (0))= (7.55)
(n—1)n+ 3)(40n4 +1250° —97n% —269n + 105)
16801° (n + 5)
PSVZL(Z)(in,lACb (0))= (7.56)
(n = 1)+ 3)(173n4 +272n° — 2300 +256n + 105)
1680n° (1 +5) '

Table 7.20 summarizes computed values of szﬁM (3,n,IACb(0)) from Egs.

7.54,7.55 and 7.56 for each n = 1(2)15, along with their associated limiting values
as n—> .

Table 7.20 Computed values of P2 (3,n,I4C,(0))

o Py IAC(0) PiGm14C,(0) P G,n,14C,(0))

1 .0000 .0000 .0000
3 .0417 .0185 .0741
5 .0480 .0225 .0840
7 .0503 .0234 .0884
9 .0515 .0237 .0910
11 .0523 .0238 .0928
13 .0528 .0239 .0941
15 .0532 .0239 0951
o .0563 .0238 .1030

The additional internal consistency that the imposition of single-peakedness pro-
duces in attribute ranking situations does significantly reduce the probability that a
probabilistic chooser will select a SLA that a chooser with May’s Model will se-
lect as a SMA. However, a relatively high risk still exists that a probabilistic
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chooser will have pairwise preferences that are in drastic disagreement with an al-
gebraic chooser using May’s Model.

7.10 Other Related Representations

A representation for the probability that a Model L chooser has transitive prefer-
ences on three alternatives with odd n, regardless of the outcomes of preferences
by an algebraic chooser with May’s model, is considered in Gehrlein (1990b).

This probability is denoted by P, (3,7, PE(1)) when a P-E model with & equal
to one is applied to generating random attribute ranking situations, and

P]%”an (3,1’1,PE(])): 111’:.4_3 . (7.57)
n

Gehrlein (1994) develops the notion of a different type algebraic chooser model
in which the subject is only able to accurately determine the highest rated alterna-
tive on each of the attributes. A Model P chooser will respond with 4> B in a
pairwise preference comparison if A is rated as the highest ranked alternative on
more attributes of comparison than B is. A Model P chooser therefore acts as an
algebraic chooser. In the context of earlier discussion that was related to three-
candidate elections, a Model P chooser is operating in the same fashion as when
elections are based on plurality rule.

Results from Gehrlein (1982b) can be modified to obtain a representation for

the conditional probability, PfMA (3,n,PE (1)) , that the SMA for a Model P chooser

and a chooser with May’s Model are the same, given that a SMA exists with
May’s Model, with

1197* +1110%° + 398012 + 7050n + 5021 (7.58)
P&, (3,n,PE(1)) = ,
Sua 1) 135(n +1)n+3)

forn=1,7,13,19,...

Computed values of PfMA (3,n,PE(1)) from Eq. 7.58 are listed in Table 7. 21 for
each n = 1(6)25 and for the limiting probability as n — 0.

Other results from Gehrlein (2003) can be extended to obtain a representation
for PSPMA (3,n,IACb (0)) to determine the impact that the imposition of the as-

sumption of single-peakedness on attribute ranking situations has on the probabil-
ity that the SMA’s by Model P choosers and choosers by May’s Model coincide.

3102 +28n+13 (7.59)
36n(n+1)
forn=1,7,13,19,...

P4 (3.m,14C, (0)) =
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Table 7.21 Computed values of

PP

SMA

(3,1, PE(1))

and P}, (3, n,14C, (0))

n PG, PE(W) Py, (B.n.14C,(0))
I 1.0000 1.0000
7 8480 8571
13 8534 8571
19 8591 8579
25 8630 8585
o 8815 8611

Computed values of PSPMA (3,n,]ACb (O)) from Eq. 7.59 are listed in Table 7.21 for
each n = 1(6)25 and for the limiting probability as n — o« . The very surprising
result from the values in Table 7.21 is that the imposition of the assumption of
single-peakedness does almost nothing to improve the likelihood that the same
SMA results for Model P choosers and choosers who use May’s Model.

Results from Gehrlein and Fishburn (1978b) can be extended to obtain a repre-

sentation for PSPMA (3,00, PE(O)), with

;4—4‘;{5'1'111[\/§j+Sinl[\/Z]+;Sinl[;J}+ (7.60)
2
[Sinl(\ED - ;(sm*IGJT + 2Li2[f,cos—1 GJ]
Bl R et A
e Pgy4(3.0. PE(0)) ’
SMA >
where, f =2-+/3 and
Liz(a,H): _l‘j{log(l—ZvCos(&)+ vz)}d‘/. (7.61)
2 0 \%

Li, (a) is the dilogarithmic function and Li, (a,H) is the real part of the diloga-

rithmic function with a complex argument. Lewin (1958) describes the diloga-
rithmic function in detail and describes methods for calculating values of Liy(a)

with an infinite series. The Li, (a,H) terms are evaluated by quadrature. After
performing all of the necessary calculations, we find PfMA (3,00,PE (0)) = .7572.

By comparing this finding to the limiting value of PfMA (3,oo,PE(1)) from Ta-
ble 7.21, it can be seen that changing the basic assumption for generating attribute
ranking situations from a P-E model with « equal to zero to a P-E model with
a equal to one does have a significant impact on the probability that a Model P
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chooser and a chooser with May’s Model will have the same SMA, despite the
earlier observation that imposing the single-peakedness condition has no signifi-
cant impact on this probability.

Following the logic of earlier discussion, attention is now turned to the consid-
eration of evidence to support the idea that a Model P chooser might have a rela-
tively high chance of giving pairwise preference responses that are in drastic dis-
agreement with an algebraic chooser using May’s Model. Analysis that is
performed in Gehrlein (2002b) can be extended to develop a representation for the
probability that a Model P chooser selects an alternative as being the SLA, when
that same alternative is the SMA for a May’s Model chooser. When alternative
ranking situations are generated on the basis of a P-E model with « equal to one

2(n - Dn® +n+39) (7.62)
135(n +1)n +3)
forn=1,7,13,19,...

P, (3.n,PE(1) =

If the condition of single-peakedness is imposed on attribute ranking situations,
work in Lepelley (1986) can be extended for P-E model with o equal to one, to
obtain the representation

-1y (7.63)
P 4(3,,14C, (0)) = %’

forn=1,7,13,19,...

Table 7.22 lists computed values of P& 4(3,n,PE(1)) and P 4(3,n,14Cy(0))

from Eqs. 7.62 and 7.63 respectively for each n = 1(6)25, along with the limiting
probability as n — o .

Table 7.22 Computed values of PZ,(3,n, PE(1)) and PZ,(3,n,I4C,(0))

n Py, G PEQ) Py, G.n,14C,(0))

1 .0000 .0000
7 .0160 0179
13 .0193 .0220
19 .0215 .0237
25 .0229 .0246
oo .0296 .0278

While the probabilities in Table 7.22 remain relatively small, the imposition of the
condition of single-peakedness has almost no impact on changing these probabili-
ties. This result is not surprising at this point, since the imposition of single-
peakedness had almost no impact on the probability that Model P choosers and
choosers with May’s Model have the same SMA.
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7.11 Conclusion

Three factors have been found to be of importance in determining the probability
that a probabilistic chooser will select the same SMA or WMA as an algebraic
chooser who is using May’s Model. An increase in the number of attributes of
comparison decreases the probability that a probabilistic chooser matches the re-
sponses of an algebraic chooser in all cases. This result would be expected intui-
tively, since having a subject react to pairwise preferences with a large number of
attributes of comparison would typically confound the subject with information
overload. An increase in the discriminatory power of a probabilistic chooser leads
to an increase in the probability of matching the results of an algebraic chooser, as
one would expect.

The third factor concerns the impact of the degree of dependence among attrib-
ute rankings for alternatives. When there is complete independence between the
subject’s perceived attribute rankings, all probabilistic chooser models that were
considered were found to become equivalent to random choosers as the number of
attributes increased to its limiting value, with n — oo . However, the rate of con-
vergence to this limiting value is extremely slow for probabilistic choosers who
have discriminatory power that is better than that of a Model L chooser. More-
over, scenarios that reflect only a relatively low level of dependence between at-
tribute rankings, can lead to dramatic increases in the probability that a probabilis-
tic chooser will match the results of an algebraic chooser, even for n — o .

Model P choosers are found to display unusual behavior. As expected, increas-
ing the dependence among attribute rankings increases the probability that Model
P choosers will be in agreement with choosers using May’s Model. However, the
imposition of the assumption of single peakedness on attribute ranking situations
is found to have almost no impact on this relationship.
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