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Exact closed-form expressions have been derived for the stresses and the electric
fields induced in piezoelectric multilayers deposited on a substrate with lattice mis-
fit and thermal expansion coefficient mismatch. The derived formulations can model
any number of layers using recursive relations that minimize the computation time.
A proper rotation matrix has been utilized to generalize the expressions so that they
can be used for various growth orientations with each layer having hexagonal crys-
tal symmetry. As an example, the influence of lattice misfit and thermal expansion
coefficient mismatch on the state of electroelastic fields in different layers of GaN
multi quantum wells has been examined. A comparison with the finite element analy-
sis results showed very close agreement. The analytical expressions developed herein
will be useful in designing optoelectronic devices as well as in predicting defect
density in multi quantum wells. © 2017 Author(s). All article content, except where
otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). [http://dx.doi.org/10.1063/1.4991836]

I. INTRODUCTION

Piezoelectric multilayers are widely used in high performance sensors, actuators and electronic
devices. LEDs and other optoelectronic devices are fabricated mostly by nitride-based materials
that have hexagonal crystal symmetry. The multi quantum wells in these devices can be fabri-
cated in different growth orientations such as c-plane, a-plane, m-plane, and semi-polar planes.
Each layer of these devices can have different lattice parameters and thermal expansion coefficients
that give rise to misfit and thermal strains. Furthermore, the piezoelectric properties of these lay-
ers lead to electric field generation in each layer. Since the strains and electric fields in the layers
can influence the optoelectronic device performance, the quantification of their magnitudes is of
importance. They can also be important in predicting the formations of defects and their densities.
Therefore, it would be very useful to have analytical expressions that can readily provide the stress
and electric field distributions in each layer, given the lattice and thermal expansion coefficients
mismatches. The analytical prediction tool developed herein can be very useful in optoelectronic
device design particularly when piezoelectrically generated electric field needs to be taken into
account.

There are many works available in the literature on modeling of elastic multilayers deposited
on a thick substrate. Most of them are based on the beam bending theory first developed by Stoney
in 1909.1 There are many modifications of the original model to accommodate for variety of appli-
cations. Townsend and Barnett developed the elastic relationships in layered composite media and
devised the approximation formula for the case of thin films on a thick substrate.2 The multilayer
models available in the literature are shown to be computationally cumbersome as they require solv-
ing simultaneous equations in obtaining the solution. This feature increases the computation time
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with the number of layers modeled. It will be even more difficult if anisotropic layers are considered
giving rise to anisotropic strain and stress fields. In this regard, Freund developed a two parameter
model for the stress distribution by defining a reference plane, a reference strain and a reference
curvature for compositionally graded thin films.3,4 Some multilayer models were developed based
on the Freund’s model defining the reference plane arbitrarily.5,6 These models require solving the
simultaneous equations which can turn out to be complicated even for two parameter models. There
are some other works available in the literature on multilayer thin films deposited on a substrate
which are subjected to non-uniform misfit strains and non-uniform temperatures derived by mod-
ifying the original Stoney formula to evaluate stresses and curvature in each layer.7,8 Hsueh et al.
provided analytical formulations for thermal stresses in joining two layers with multi and graded
interlayers.9 Recently, Gao et al. developed an elastic multilayer model in evaluating the thermal
stress distribution in a multilayer coating by defining the reference plane at the neutral axis when
the multilayer system is subjected to bending only.10 This model avoids solving simultaneous equa-
tions as it calculates the total curvature and the inplane reference strains in place of calculating these
parameters for individual layer. This can greatly reduce the computation time and complications in the
calculations.

There are number of works available on modeling piezoelectric multilayers applicable to sensors
and actuators.11–20 Nehjad et al. modeled intrinsic strain in the layered piezoelectric structure and
evaluated residual stresses in each layer of the piezoelectric microelectromechanical systems.21 There
are also many works available on evaluating the stress fields in multilayered nitride-based devices
considering them as purely elastic media.22,23 There were attempts made to calculate the electric fields
and optical transitions in InGaN/GaN quantum wells by developing a piezoelectric multilayer theory
that holds the total electric displacement in the multilayer to be constant while the total electric field
is made to vanish.24 However, there is very little work are available in the literature on the analytical
models applicable to piezoelectric multilayers especially for modeling optoelectronic multi quantum
wells. To the best of authors’ knowledge, there is no analytical model available providing the closed-
form expressions that can handle piezoelectricity in each layer having various crystal orientations of
hexagonal class.

To this end, a closed-form solution for the electroelastic fields has been derived that predicts the
curvatures and the normal strains in the piezoelectric multilayer. As an example, specific results for
inplane stresses and electric fields have been calculated for a GaN-based multi quantum well device
with 12 thin film layers deposited in various growth orientations, namely c-, a- and m-planes, on a
thick sapphire substrate. These results are validated by modeling the multi quantum well layers using
the commercial finite element analysis code ABAQUS 6.14. The influence of thermal expansion
coefficient and lattice mismatches on the electroelastic fields are examined along with the effects of
piezoelectricity in different growth orientations.

II. ANALYSIS AND RESULTS

This work is the generalization of the elastic multilayer formulation given by Gao et al.,10 hence,
the same general methodologies have been followed. In particular, this work includes transversely
isotropic material properties belonging to a hexagonal crystal class exhibiting piezoelectricity and
spontaneous polarization. This work also introduces the rotation matrix so that one can obtain the
closed-form expressions for various growth orientations. In addition to the thermal strain, our for-
mulation also includes strains arising from lattice misfit between the film layers. This model also
accounts for different inplane strains and curvatures along the mutually orthogonal directions arising
from anisotropic material properties. These additional considerations in the analytical model makes
the solution somewhat more complicated, however, the main approach here is simple in that the
lattice misfit and thermal mismatch in each layer give rise to extensional or compressive strains that
collectively induces bending in the multilayer. The intrinsic piezoelectricity and spontaneous polar-
ization along [0001] crystal direction in different layers give rise to electric fields. It is assumed that
only normal strains are induced in the multilayer, which give rise to only normal stresses. There-
fore, the shear stresses and strains are considered to be zero everywhere. We solve the problem
by dividing it into three components, namely, the reference inplane normal strains arising from
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the extension/compression of the multilayer (εN
xx, εN

yy), the reference curvature components due to

bending (Kx, Ky), and the strains due to layer-wise lattice misfit (εmi

ij ), and strains due to thermal

mismatch (εT i

ij ). The sum of εmi

ij and εT i

ij is being treated as the total mismatch strain, εM i

ij . The
inplane normal strains due to lattice misfit between the consecutive layers are considered to be con-
stant for each layer. We solve these problems separately using the linear piezoelectric constitutive
relations and then invoke superposition principle to evaluate the layer-wise stresses and electric
fields.

A. Piezoelectric multilayer formulation

A piezoelectric multilayer is schematically shown in Fig. 1, where n layers of the piezoelectric
films with individual thickness, ti (i = 1, 2,.., n), are bonded sequentially to a substrate with thickness
t0. The first layer of the piezoelectric multilayer is in direct contact with the substrate. The coordinate
system is defined such that the substrate bottom surface is located at z = 0, the free surface of the
multilayer is located at z = hn+1, and the interface between layers i and i+1 is located at z = hi+1. The
relation between hi and ti can be expressed as10

hi =

i−1∑
j=0

tj (i= 1 to n + 1). (1)

The multilayer is deposited on a substrate with different lattice parameters and different coeffi-
cients of thermal expansion. During the fabrication process, these layers are deposited at an elevated
temperature and subsequently cooled down. Hence, the lattice mismatch and the coefficients of
thermal expansion mismatch between the consecutive film layers collectively induce the overall

FIG. 1. Schematic representation of n layers multilayer and growth orientations.
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extensional or compressive strain as well as the bending of the whole multilayer. Each layers are
piezoelectric, therefore, the strains can produce electric fields in each layer.

The total strain in the multilayer system consists of the reference inplane strains (εN
xx, εN

yy) and
the bending strains (εB

xx, εB
yy) such that

εTot
xx = ε

N
xx + εB

xx and εTot
yy = ε

N
yy + εB

yy, (2)

where εB
xx = Kx(z−Πx) and εB

yy = Ky(z−Πy) with z = Πx, z = Πy defining the location of the reference
plane on which the bending strain is zero. The x- and y-components of both the strains and the
curvatures are considered to be different due to material anisotropy. The electric field components
due to the reference normal and bending strains can be expressed as

EToti

k =EN i

k + EBi

k , (3)

where k denotes the coordinates x, y and z. As discussed above, the inplane and the out-of-plane
shear components of both the strains and stresses are zero for the considered piezoelectric multilayer
(εzx = εzy = εxy = σzx = σzy = σxy = 0). This assumption leads to the vanishing of electric fields and
electric displacements along the x- and y-axes (ETot

x = ETot
y = DTot

x = DTot
y = 0) when the constitutive

relations shown in Appendix A are used.
The constitutive relations for hexagonal crystals (Appendix A) are given such that the c-axis

[0001] of the crystal is aligned with the z-direction (Fig. 1), while the crystal directions [112̄0] and
[11̄00] are aligned with the x- and y-axes, respectively. We would like to consider two sets of rotations,
namely about [112̄0] direction where [11̄00] and [0001] rotate by an angle φ, while the rotation about
[11̄00] rotates the other two crystal directions by an angle θ. The combined rotation matrix can be
expressed as

[U]=



cos θ 0 − sin θ
sin θ sin φ cos φ cos θ sin φ
sin θ cos φ − sin φ cos θ cos φ


.

The solution has been derived for the electroelastic fields in the piezoelectric multilayer for three
popular growth orientations, namely, c-plane (φ = θ = 0), a-plane (φ = π/2, θ = 0) and m-plane
(φ = 0, θ = π/2). Here, the crystal directions are rotated in accordance with the growth direction,
while x-, y- and z-axes are fixed to the global geometry of the multilayer, i.e., the x- and y-axes
are always the inplane directions while the z-axis is the growth direction. Therefore, for the c-plane
growth, the z-axis is aligned with [0001] direction while x- and y-axes are associated with [112̄0]
and [11̄00] directions, respectively. These assignments change for the a- and m-plane growth, where
the crystal growth direction [112̄0] is aligned with the z-axis for the a-plane growth, and the crystal
direction [11̄00] is aligned with the z-axis for the m-plane growth.

The stresses and the electric displacements in the ith layer of the multilayer with [0001] crystal
axis as the growth direction can be expressed using the constitutive relations provided in Appendix A.
After discarding the shear stresses which are assumed to be zero in this work along with the inplane
electric displacement components turn out to be zero based on the assumptions made and properly
utilizing the rotation matrix above, the state of normal stresses and electric displacement along [0001]
crystal direction for a generalized orientation can be expressed as




σi
xx

σi
yy

σi
zz

Di
[0001]




=



Ai
11 Ai

12 Ai
13 −ei

1

Ai
21 Ai

22 Ai
23 −ei

2

Ai
31 Ai

32 Ai
33 −ei

3

ei
1 ei

2 ei
3 ε i

33






εN
xx + εB

xx − ε
mi

xx − ε
T i

xx

εN
yy + εB

yy − ε
mi

yy − ε
T i

yy

εN i

zz + εBi

zz − ε
mi

zz − ε
T i

zz

EN i

[0001] + EBi

[0001] − EM i

[0001]




+




0
0
0

Pi
sp




, (4)

where i = 0 stands for the substrate while i = 1, . . . ., n stands for different layers of the piezoelectric
multilayer film. The Aij and ei are rotated anisotropic elastic and piezoelectric material constants,
respectively, which can be expressed as

[A]= [U]



c11 c12 c13

c12 c11 c13

c13 c13 c33


[U]T




e1

e2

e3



= [U]




e31

e31

e33




,
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while ε33 is the materials’s dielectric constant. Here, εmi

xx and εmi

yy are the inplane strains arising from

the lattice mismatch between the consecutive layers, where as εN i

zz , εBi

zz , εmi

zz are, respectively, the
out-of-plane normal reference strain, bending strain, and the strain due to lattice misfit. The thermal
strains, εT i

ij , can be expressed as




εT
xx
εT

yy

εT
zz



= [U]



αa 0 0
0 αa 0
0 0 αc


[U]T
∆T ,

where αa is the thermal expansion coefficient along [112̄0] and [11̄00] directions and αc is the thermal
expansion coefficients along [0001] direction. EM i

[0001] is the electric field component due to lattice

and thermal mismatches and Pi
sp is the spontaneous polarization along [0001] direction.

The out-of-plane normal stress, σzz, and electric displacement, D[0001], are considered to be
matched at each interface, i.e., σi

zz = σi+1
zz and Di

[0001] = Di+1
[0001]. At the free surfaces and edges,

the traction free and charge free boundary conditions are applied, i.e., σ(i=0)
zz = D(i=0)

[0001] = 0. These

conditions are utilized to evaluate the out-of-plane normal strain, εi
zz, and the electric field, Ei

[0001] in
each layer.

B. Normal stresses in multilayer
1. Inplane stresses due to reference and mismatch strains

The inplane reference strain components, εN
xx and εN

yy, and the mismatch strains arising from lattice
mismatch, εm

xx and εm
yy, and the thermal mismatch, εT

ij , respectively, are constant in each layer, i.e.,
does not vary through the thickness. The interlayer continuity conditions and the boundary condition
at the bottom surface of the substrate give rise to σi=0

zz = σi=1
zz and Di=0

[0001] = Di=1
[0001]. Therefore, it

turns out that σ
i

zz = D
i

[0001] = 0, where i = 0, 1, 2, . . . .n. These conditions were used to evaluate the

out-of-plane normal strain components, εN i

zz and εmi

zz , and the electric fields, EN i

[0001] and EM i

[0001]. The

inplane stresses arising from the reference inplane strains, εN
xx and εN

yy can be expressed as

σN i

xx =Qi
1ε

N
xx + Qi

2ε
N
yy

σN i

yy =Qi
3ε

N
xx + Qi

4ε
N
yy, (5)

and the inplane stresses due to lattice and thermal mismatch can be expressed as

σM i

xx =Qi
1(εmi

xx + εT i

xx) + Qi
2(εmi

yy + εT i

yy) −
ei

1Pi
sp

Ai
3

σM i

yy =Qi
3(εxxmi + εT i

xx) + Qi
4(εmi

yy + εT i

yy) −
ei

2Pi
sp

Ai
3

, (6)

where

Qi
1 =Ai

11 −
Ai

13Ai
1

Ai
3

−
ei

1

ei
3

*
,
Ai

31 −
Ai

33Ai
1

Ai
3

+
-

Qi
2 =Ai

12 −
Ai

13Ai
2

Ai
3

−
ei

2

ei
3

*
,
Ai

32 −
Ai

33Ai
2

Ai
3

+
-

Qi
3 =Ai

21 −
Ai

23Ai
1

Ai
3

−
ei

2

ei
3

*
,
Ai

31 −
Ai

33Ai
1

Ai
3

+
-

Qi
4 =Ai

22 −
Ai

23Ai
2

Ai
3

−
ei

2

ei
3

*
,
Ai

32 −
Ai

33Ai
2

Ai
3

+
-

and
A1 = (e3e1 + A31ε33) A2 = (e3e2 + A32ε33) A3 =

(
e2

3 + A33ε33

)
.
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2. Inplane stresses due to bending

The bending strains, εB
xx = Kx(z − Πx) and εB

yy = Ky(z − Πx), are functions of z, hence, linearly
vary through the thickness. As discussed above, the out-of-plane normal stress, σzz, and electric
displacement, D[0001], are continuous at the interfaces, i.e., σBi

zz = σBi+1

zz and DBi

[0001] = DBi+1

[0001]. At the
same time, they are zero at the bottom surface and at the free edges of the multilayer. These conditions
have been used to calculate the out-of-plane normal strain, εBi

zz , and the electric field, EBi

[0001], in the
substrate and in the film layers.

After the substitution of the out-of-plane normal strain, εB0

zz , and the electric field, EB0

[0001], the
inplane bending stresses in the substrate can be expressed as

σB0

xx =A0
11Kxz − Q0

1KxΠx + A0
12Kyz − Q0

2KyΠy

σB0

yy =A0
21Kxz − Q0

3KxΠx + A0
22Kyz − Q0

4KyΠy. (7)

The inplane bending stresses in the (i + 1)th layer of the multilayer can be expressed by substituting the
out-of-plane normal strain, εBi+1

zz , and the electric field along [0001], EBi+1

[0001], into first two equations
of Eq. (4)

σBi+1

xx =Qi+1
5 Kx (z − Πx) + Qi+1

6 Ky

(
z − Πy

)
+ Qi+1

7

σBi+1

yy =Qi+1
8 Kx (z − Πx) + Qi+1

9 Ky

(
z − Πy

)
+ Qi+1

10 , (8)

where

Qi+1
5 =Ai+1

11 +
Ai+1

13 Bi+1
2

Bi+1
1

−
ei+1

1

ei+1
3




(
Ai

31 − Ai+1
31

)
− Ai+1

33

Bi+1
2

Bi+1
1




Qi+1
6 =Ai+1

12 +
Ai+1

13 Bi+1
3

Bi+1
1

−
ei+1

1

ei+1
3




(
Ai

32 − Ai+1
32

)
− Ai+1

33

Bi+1
3

Bi+1
1




Qi+1
7 =Bi

5 −
Ai+1

33 Bi+1
4

Bi+1
1

Qi+1
8 =Ai+1

21 +
Ai+1

23 Bi+1
2

Bi+1
1

−
ei+1

2

ei+1
3




(
Ai

31 − Ai+1
31

)
− Ai+1

33

Bi+1
2

Bi+1
1




Qi+1
9 =Ai+1

22 +
Ai+1

23 Bi+1
3

Bi+1
1

−
ei+1

2

ei+1
3




(
Ai

32 − Ai+1
32

)
− Ai+1

33

Bi+1
3

Bi+1
1




Qi+1
10 =Bi

5 −
Ai+1

33 Bi+1
4

Bi+1
1

Bi+1
1 = e(i+1)2

3 − ε i+1
33 Ai+1

33

Bi+1
2 = ei+1

3 (ei
1 − ei+1

1 ) − ε i+1
33 (Ai

31 − Ai+1
31 ) Bi+1

3 = ei+1
3 (ei

2 − ei+1
2 ) − ε i+1

33 (Ai
32 − Ai+1

32 )

Bi+1
4 = (ei

3ei+1
3 − ε i+1

33 Ai
33)εBi

zz + ε i+1
33 (ei+1

3 − ei
3)EBi

[0001]

Bi
5 =Ai

33ε
Bi

zz − ei
3EBi

[0001].

C. Position of neutral axes

The position of the neutral axes (z = Πx, z = Πy) can be calculated by equating the total inplane

bending force components in the multilayer to be zero (
∑n

i=0 FBi

x =
∑n

i=0 FBi

x = 0). This results in

Πx =

[
R1

R2
−

R4 (R7 − R1R6/R2)
R2 (R8 − R4R6/R2)

]
+

Kx

Ky

[
R3

R2
−

R4 (R9 − R3R6/R2)
R2 (R8 − R4R6/R2)

]

1
Kx

[
R5

R2
−

R4 (R10 − R5R6/R2)
R2 (R8 − R4R6/R2)

]

Πy =

[
(R9 − R3R6/R2)
(R8 − R4R6/R2)

+
Kx

Ky

(R7 − R1R6/R2)
(R8 − R4R6/R2)

+
1

Kx

R10 − (R5R6/R2)
(R8 − R4R6/R2)

]
, (9)
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where

R1 =A0
11

t2
0

2
+

n−1∑
i=0

Qi+1
5

*
,

h2
i+2

2
−

h2
i+1

2
+
-

R2 =Q0
1t0 +

n−1∑
i=0

Qi+1
5 ti+1

R3 =A0
12

t2
0

2
+

n−1∑
i=0

Qi+1
6

*
,

h2
i+2

2
−

h2
i+1

2
+
-

R4 =Q0
2t0 +

n−1∑
i=0

Qi+1
6 ti+1

R5 =

n−1∑
i=0

Qi+1
7 ti+1 R6 =Q0

3t0 +
n−1∑
i=0

Qi+1
8 ti+1

R7 =A0
21

t2
0

2
+

n−1∑
i=0

Qi+1
8

*
,

h2
i+2

2
−

h2
i+1

2
+
-

R8 =Q0
4t0 +

n−1∑
i=0

Qi+1
9 ti+1

R9 =A0
22

t2
0

2
+

n−1∑
i=0

Qi+1
9

*
,

h2
i+2

2
−

h2
i+1

2
+
-

R10 =

n−1∑
i=0

Qi+1
10 ti+1.

D. Reference strains in multilayer

The sum of total forces and moments can be equated to zero to satisfy the equilibrium con-
ditions of the multilayer. As we have considered in the previous case, the sum of total bending
force in the multilayer is zero,

∑n
i=0 FBi

x =
∑n

i=0 FBi

y = 0, which give rise to
∑n

i=0

(
FN i

x − FM i

x

)
= 0 and∑n

i=0

(
FN i

y − FM i

y

)
= 0. We can evaluate the reference strains by using these conditions in terms of

the strains arising from lattice and the thermal mismatch

εN
xx =

n∑
i=0

*.
,

σM i

xx ti
Qi

1ti

[
1 −

(
Qi

2Qi
3ti/Qi

1ti
)]

ti
[
Qi

4 −
(
Qi

2Qi
3ti/Qi

1ti
)]

ti

+/
-
−

n∑
i=0

*.
,

σM i

yy tiQi
2ti

Qi
1ti

+/
-

εN
yy =

n∑
i=0

*.
,

[
σM i

yy − σ
M i

xx

(
Qi

3ti/Qi
1ti

)]
ti

[
Qi

4 −
(
Qi

2Qi
3ti/Qi

1ti
)]

ti

+/
-

. (10)

E. Reference curvatures and layer-wise electroelastic fields

The reference curvatures due to bending in the multilayer can be calculated by considering the
moment equilibrium of the piezoelectric multilayer so that

∑n
i=0 MToti

x =
∑n

i=0

(
MN i

x + MBi

x −MM i

x

)
= 0

and
∑n

i=0 MToti

y =
∑n

i=0

(
MN i

y + MBi

y −MM i

y

)
= 0. These equations give the total curvature components as

Kx =

[
1
S1

+
S2S3

S1 (S4 − S2S3/S1)

] n∑
i=0

[
MM i

x −MN i

x

]
−

S2

(S4 − S2S3/S1)

n∑
i=0

[
MM i

y −MN i

y

]

Ky =
1

(S4 − S3S2/S1)

n∑
i=0

[(
MM i

y −MN i

y

)
−

S3

S1

(
MM i

x −MN i

x

)]
, (11)

where

S1 = *
,

A0
11t3

0

3
− ΠxQ0

1

t2
0

2
+
-

+
n−1∑
i=0

Qi+1
5



*
,

h3
i+2

3
−

h3
i+1

3
+
-
− Πx

*
,

h2
i+2

2
−

h2
i+1

2
+
-




S2 = *
,
A0

12

t3
0

3
− ΠyQ0

2

t2
0

2
+
-

+
n−1∑
i=0

Qi+1
6



*
,

h3
i+2

3
−

h3
i+1

3
+
-
− Πy

*
,

h2
i+2

2
−

h2
i+1

2
+
-




S3 = *
,
A0

21

t3
0

3
− ΠxQ0

3

t2
0

2
+
-

+
n−1∑
i=0

Qi+1
8



*
,

h3
i+2

3
−

h3
i+1

3
+
-
− Πx

*
,

h2
i+2

2
−

h2
i+1

2
+
-




S4 = *
,
A0

22

t3
0

3
− ΠyQ0

4

t2
0

2
+
-

+
n−1∑
i=0

Qi+1
9



*
,

h3
i+2

3
−

h3
i+1

3
+
-
− Πy

*
,

h2
i+2

2
−

h2
i+1

2
+
-




.
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The total inplane normal stresses and the electric fields in each layer can be evaluated from the
reference normal and bending strains, and the strains arising from the lattice and thermal mismatches.
Superposing these components using Eqs. (5)–(8) yields,

σToti

xx =σ
N i

xx + σBi

xx − σ
M i

xx

σToti

yy =σ
N i

yy + σBi

yy − σ
M i

yy

EToti

[0001] =EN i

[0001] + EBi

[0001] − EM i

[0001]. (12)

F. C-plane elastic multilayer

The c-plane in hexagonal crystals such as gallium nitride is the isotropic plane. Since this is the
most popular growth orientation, it is worthwhile to deduce the results for the isotropic multilayer
from the above general results. This can be done by substituting θ = φ = 0 in the rotation matrix. In
this case, the orthogonal components of the inplane normal strain due to lattice misfit are the same,
i.e., εm

xx = εm
yy = εm. Likewise, the curvatures due to bending in the multilayer become Kx = Ky = K, the

positions of the neutral axes become Πx = Πy = Π, and the reference strains in the multilayer become
εN

xx = εN
yy = εN . After introducing these simplifications, we can deduce the result for the isotropic

elastic multilayer by letting the piezoelectric terms to vanish and converting the elastic constants to
isotropic Young’s Modulus, E, and Poisson’s ratio, ν, as C11 = E/(1 − 2ν) = C33 and C12 = C13

= Eν/[(1 + ν)(1 − 2ν)].
The position of the neutral axis for the elastic isotropic multilayer deduced from Eq. (9) can be

expressed as

Π =
1
2

n∑
i=0

E ′i ti (hi+1 + hi)

E ′i ti
, (13)

where E ′ =E/(1 − ν) is called biaxial Modulus. This can further be simplified by considering the
substrate to be very thick in comparison to the film layers (ts � ti), thus, the position of the neutral
axis can be expressed as

Π =
t0
2


1 + 2

n∑
i=1

E ′i ti
E ′0t0


. (14)

With these assumptions, the reference strains given in Eq. (10) become

εN =

n∑
i=0

E ′i ti
(
εmi

+ αi
a∆T

)
E ′i ti

, (15)

which can be expressed as follows for the multilayer with very thick substrate

εN =


(εm0

+ α0
a∆T ) +

n∑
i=1

E ′i ti
{
εmi
− (α0

a − α
i
a)∆T

}

E ′0t0


. (16)

Similarly, the curvature for the elastic multilayer can be obtained by simplifying Eq. (11)

K =
n∑

i=0

E ′i
(
εmi

+ αi
a∆T − εN

) *
,

h2
i+1

2
−

h2
i

2
+
-

E ′i


*
,

h3
i+1

3
−

h3
i

3
+
-
− Π *

,

h2
i+1

2
−

h2
i

2
+
-




. (17)

This can further be simplified for the case of thick substrate

K = 3
n∑

i=0

E ′i ti
{
εmi
− (α0

a − α
i
a)∆T

}

E ′0t2
0

. (18)

These results provided in Eqs. (13), (15) and (17) are identical to the ones given by Gao et al.10 in
the absence of lattice misfit strain, εm.
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III. GALLIUM NITRIDE MULTI QUANTUM WELL DEVICE

To illustrate the applicability of the present analytical model, the specific results for a gallium
nitride-based multi quantum well device consisting of 12 film layers deposited on a sapphire substrate
for c-, a- and m-growth orientations have been considered. A schematic representation of the quantum
well layers in a LED device with it’s thickness and material constituents are shown in Fig. 2. The
material properties of Sapphire (Al2O3), gallium nitride (GaN), indium nitride (InN) and aluminum
nitride (AlN) are provided in Appendix B. The Vegard’s law was used to calculate the material
properties of alloyed layers.24 The deposition temperature was considered to be 10000C. The inplane
strains due to lattice misfit between the consecutive film layers are also provided in Appendix B.
The misfit strains between the substrate and the buffer layer are very high, which can induce a large
number of defects such as misfit dislocation in actual devices. Although the strains of this magnitude
are outside the validity of linear piezoelectricity, we nevertheless used them to evaluate the stresses
and the electric fields in each quantum well layer. To be formal, one would have to invoke a theory
of misfit dislocation density predictions to properly relieve the excessive strains that are built up in
the strained layers.

In order to confirm the results of our analytical model, GaN-based piezoelectric multilayer
was modeled using the commercial finite element analysis code ABAQUS 6.14. The FEM results
for various growth orientations have been obtained by utilizing the 3-D piezoelectric elements and
appropriately changing the material properties.

The inplane stress distributions evaluated analytically and by the finite element analysis in each
layer of the multi quantum well for c-plane growth orientation have been plotted in Fig. 3. The results
were obtained for both piezoelectric and elastic multilayers. An excellent agreement between the
results evaluated using the closed-form expressions and the FEM analysis was observed. It is observed
that the presence of piezoelectricity increases the stress marginally. Even though the bending stresses
vary linearly with z in each layer, the inplane components are shown to be constant throughout the
thickness indicating that the misfit normal strains dominate in each layer. It has also been found that
the contribution of lattice misfit on the total reference strain components are almost twice that of
the thermal mismatch, albeit with opposite sign for all growth orientations. Layer-wise stresses are
discontinuous at the interfaces as the mismatch strains and the material properties of each layers are
different (Table I, Appendix B).

Figure 4 and 5 show inplane stress distributions in the elastic and piezoelectric multi quantum
well for a- and m-plane growth orientations, respectively. In these cases also, both the analytical
and FEM results were obtained. It is interesting to note that for the m-plane growth, the bending
along [112̄0] crystal direction occurs in the opposite direction from the other orientation. This

FIG. 2. Schematic representation of different layers in LED device.
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FIG. 3. Inplane stresses in elastic and piezoelectric c-plane multi quantum well (MQW).

is because of the very high extensional lattice misfit strain in this particular orientation which is
opposite to other growth orientations considered in this work. In the a-plane growth, the stress
component, σxx, along [11̄00] crystal direction increases due to piezoelectricity in the multi quan-
tum well layers. The inplane stress component, σyy, along [0001] crystal direction increases due
to piezoelectricity in InGaN layers while it decreases in GaN layers for the a-plane growth
(Fig. 4). In the m-plane growth, both σxx and σyy along [0001] and [112̄0] crystal directions, respec-
tively, increase in the GaN layers while they decrease in the InGaN layers (Fig. 5). Although,
the effects of piezoelectricity on strains are very small in all growth orientations, nevertheless,

FIG. 4. Inplane stresses in elastic and piezoelectric a-plane multi quantum well (MQW).
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FIG. 5. Inplane stresses in elastic and piezoelectric m-plane multi quantum well (MQW).

accurate predictions of piezoelectrically generated electric fields are important in correctly pre-
dicting the optoelectronic performance of the device. The electric field along the growth direction
combined with the spontaneous polarization can cause weaker recombination probability25 which
contributes to the band bending that reduces the quantum efficiency and lowers the performance
of the device.26–28 Therefore, it is important to consider the effects of piezoelectricity in the
analysis.

The distribution of electric field along [0001] direction obtained both analytically and by finite
element analysis has been shown in Fig. 6 for all three growth orientations. It is observed that the
magnitude of the electric field in the c- and a-plane growth orientation is very high (1.4 GV/m) in

FIG. 6. Distribution of electric field along [0001] crystal direction in various growth orientations.
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comparison to the the electric fields in the m-plane growth. However, the high electric field induced in
the buffer layer gets reduced by an order magnitude in the multi quantum well region (e.g., 746 MV/m
in In0.2Ga0.8N layers and 160 MV/m in GaN layers). As expected, the electric field in the c-plane is
along the growth direction while in other two planes it is perpendicular to the growth directions.

IV. CONCLUSION

We derived the closed-form expressions for the electroelastic fields in piezoelectric hexagonal
multilayers with lattice and thermal mismatch between the reference substrate and the deposited
film layers. The solution can model any number of layers. The closed-form expressions derived
herein is capable of evaluating the electroelastic fields in each layer having various growth orien-
tations. The results for the purely elastic isotropic multilayer were deduced by letting the elastic
constants to be isotropic and the piezoelectric terms to vanish. These results agree with those given
by Gao et al. for elastic multilayers10 which can further be simplified to match the text book
results based on the Stoney formula. To validate the analytical results, multi quantum well layers
with c-, a- and m-growth orientations were also modeled by the commercial finite element anal-
ysis code ABAQUS 6.14. An excellent agreement between the analytical and FEM results was
observed for both inplane stresses and electric fields. The effects of piezoelectricity on inplane
stresses and electric fields in a piezoelectric multi quantum well device have also been discussed.
The high lattice mismatch turns out to be the major contributor for inplane reference and bending
strains in the piezoelectric multilayer. The closed-form expressions derived herein can be a useful
tool in quickly predicting the state of electroelastic fields in piezoelectric multilayers consisting
of hexagonal crystals. These results will also be helpful in predicting the optoelectronic perfor-
mance of multi quantum wells with correctly predicted strains and piezoelectrically induced electric
fields.

SUPPLEMENTARY MATERIAL

See supplementary material for Matlab figure files for stresses and electric field variations with
multilayer thickness have been provided as supplementary material.
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APPENDIX A

Constitutive relations for piezoelectric materials with z-direction as c-axis exhibiting transversely
isotropic behavior (hexagonal symmetry) can be written in the form29




σxx

σyy

σzz

σzy

σzx

σxy




=



c11 c12 c13 0 0 0
c12 c11 c13 0 0 0
c13 c13 c33 0 0 0
0 0 0 c44 0 0
0 0 0 0 c44 0
0 0 0 0 0 1

2 (c11 − c12)






εxx

εyy

εzz

2εzy

2εzx

2εxy




−



0 0 e31

0 0 e31

0 0 e33

0 e15 0
e15 0 0
0 0 0






Ex

Ey

Ez







Dx

Dy

Dz



=



0 0 0 0 e15 0
0 0 0 e15 0 0
e31 e31 e33 0 0 0






εxx

εyy

εzz

2εzy

2εzx

2εxy




−



ε11 0 0
0 ε11 0
0 0 ε33






Ex

Ey

Ez




+



0
0

Psp




. (A1)

ftp://ftp.aip.org/epaps/aip_advances/E-AAIDBI-7-071706
ftp://ftp.aip.org/epaps/aip_advances/E-AAIDBI-7-071706
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APPENDIX B

The misfit strains30 in different layers can be expressed in Table I as

TABLE I. Misfit strains due to lattice mismatch between the substrate and different film layers for various growth orientations.

c-plane growth a-plane growth m-plane growth

Substrate and εm
xx = -0.133 εm

xx = -0.16 εm
xx = -0.022

GaN layers εm
yy = -0.133 εm

yy = -0.03 εm
yy = 0.162

GaN and εm
xx = 0.022 εm

xx = 0.022 εm
xx = 0.022

In0.2Ga0.8N layers εm
yy = 0.022 εm

yy = 0.022 εm
yy = 0.022

In0.2Ga0.8N and εm
xx = -0.022 εm

xx = -0.022 εm
xx = -0.022

GaN layers εm
yyy = -0.022 εm

yy = -0.022 εmy = -0.022
In0.2Ga0.8N and εm

xx = -0.02428 εm
xx = -0.02428 εm

xx = -0.02428
Al0.07Ga0.93N layers εm

yy = -0.02428 εm
yy = -0.02428 εm

yy = -0.02428
Al0.07Ga0.93N and εm

xx = 0.0016 εm
xx = 0.0016 εm

xx = 0.0016
GaN layers εm

yy = 0.0016 εm
yy = 0.0016 εm

xx = 0.0016
GaN and εm

xx = -0.0055 εm
xx = -0.0055 εm

xx = -0.0055
In0.05Ga0.95N layer εm

yy = -0.0055 εm
yy = -0.0055 εm

yy = -0.0055
In0.05Ga0.95N and εm

xx = 0.0055 εm
xx = 0.0055 εm

xx = 0.0055
GaN layer εm

yy = 0.0055 εm
yy = 0.0055 εm

yy = 0.0055

The material properties of the substrate (Al2O3),31 gallium nitride (GaN),32,33 Aluminum nitride
(AlN)33 and Indium nitride (InN)34 are listed in Table II as

TABLE II. Material properties.

Elastic constants Piezoelectric constants Dielectric constants Coefficient of Thermal expansion
Material (GPa) (C/m2) × 10−12 (C/Vm) (10�6) /0C

c11 = 497.6 αa = 5.22
Sapphire c12 = 162.6 e31 = 0 ε33 = 11.54 αc = 7.77
(Al2O3) c13 = 115.5 e33 = 0

c33 = 503.3 Spontaneous polarization,
c44 = 147.4 Psp = 0 C/m2

c11 = 367 αa = 4.15
Gallium c12 = 135 e31 = -0.49 ε33 = 92.925 αc = 5.27
Nitride c13 = 103 e33 = 0.73
(GaN) c33 = 405 Spontaneous polarization,

c44 = 95 Psp = �0.029 C/m2

c11 = 223 αa = 2.7
Indium c12 = 115 e31 = -0.49 ε33 = 99.93 αc = 3.4
Nitride c13 = 92 e33 = 0.73
(InN) c33 = 224 Spontaneous polarization,

c44 = 48 Psp = �0.032 C/m2

c11 = 396 αa = 4.2
Aluminum c12 = 137 e31 = -0.58 ε33 = 94.67 αc = 5.3
Nitride c13 = 108 e33 = 1.55
( AlN) c33 = 373 Spontaneous polarization,

c44 = 116 Psp = �0.081 C/m2
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