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Praise for The Calculus
of Consent and Constitutional Design

“The Calculus of Consent is one of the founding documents of the Public Choice
school, and one of the most important books in political science in the last
century. So it takes an ambitious book to promise to extend, and in some cases
correct, the Buchanan and Tullock work. But Dougherty and Edward deliver on
that promise. Make no mistake: this is much more than a reevaluation and update
of the classic work. Dougherty and Edward bring these classic debates back to
life, using the most recent literature and techniques. This book will be on dozens
of graduate reading lists within a year of being published.” - Michael Munger,
Professor of Political Science and Professor of Economics, Duke University and
Past President, Public Choice Society

“Dougherty and Edwards have written an excellent book. Its title echoes the
classic work by Buchanan and Tullock. The authors re-examine, formalize and
provide new insights into some of the main issues addressed in that classic and
examine alternative properties of various electoral mechanisms. This book will be
of significant interest to both political scientists and practitioners.” - Annick
Laruelle and Federico Valenciano, University of the Basque Country and
Ikerbasque, authors of Voting and Collective Decision (2008)
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Preface

By titling our book The Calculus of Consent and Constitutional Design we have
undoubtedly attracted fans of Buchanan and Tullock’s work, The Calculus of Con-
sent: Logical Foundations of Constitutional Democracy, as well as those who might
accuse us of coming from some conservative school before reading our work.

We are neither proponents nor opponents of Buchanan and Tullock’s classic
book. Instead, we are objective researchers interested in several of the same themes.
We titled our book after theirs because their book inspired our research on related
subjects. This includes questions such as, how do societies form constitutions in
normatively appealing ways, and what is the best k-majority rule for legislative
decision making when decision costs are large enough to be an important part of
the decision? We also examine the properties of various electoral mechanisms that
Buchanan and Tullock did not address in The Calculus of Consent.

In cases where some of their assumptions were vague, we have sometimes made
assumptions that we found to be reasonable, rather than scouring their works to find
the correct meaning. In other cases, we have adopted assumptions of our own. In this
sense, we may be accurately accused of deviating from the original book. We can
also be accused of deviating because we examine only some of their original themes.
The Calculus of Consent covered a lot of ground. Formalizing and extending the
arguments we missed is worthy of further investigation.

We hope that those who admire The Calculus of Consent will find our book to be
a careful formalization and extension of some of the foundational parts of Buchanan
and Tullock’s earlier work. We often arrive at different conclusions, not because we
did not like Buchanan and Tullock’s original conclusions, but because they were
the logical consequences of the models we examined or because we found evidence
that drove us in a different direction. Anyone who is serious about a topic will want
to expand its teachings and carefully investigate its mechanisms rather than simply
reiterate the conclusion that was originally written.

For those who somehow view The Calculus of Consent with a tainted eye, we
hope they find our book devoid of such taint. In addition to extending a book that
had a big impact on political science and to a lesser extent economics, we raise
questions about how constitutions are formed and how they ought be formed in a
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way that should be useful to any student of constitutional design. Perhaps others
will follow our footsteps and try to formalize other classic works.

We are indebted to several people. In particular, Jac Heckelman helped us select
voting rules and criteria for our chapter on elections and to find some key studies in
that literature. Jie Mi helped clarify some concepts pertaining to conditional proba-
bilities used in our probabilistic arguments. The data on delegate votes from the U.S.
Constitutional Convention were gathered with the support of the National Science
Foundation, Grant No. SES-0752098, Keith Dougherty and Jac Heckelman inves-
tigators. Any opinions, findings, and conclusions or recommendations expressed in
this material are those of the author(s) and do not necessarily reflect the views of the
National Science Foundation or the others we have acknowledged.

Keith L. Dougherty Athens, Georgia
Julian Edward Miami, Florida
January, 2011
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Chapter 1
Introduction

A wave of economic and political liberalization is sweeping the world. Many coun-
tries in Latin America and Eastern Europe have made transitions from semi-closed
to open societies and from authoritarian governments to liberal democracies. In sev-
eral of these cases, the transition has been accompanied by a new constitution that
purports to increase the fairness and efficiency of the regime. Some who adopt these
new constitutions are interested in manipulating policies for their narrow interests.
Others are interested in writing constitutions that reflect the concerns of the popu-
lace and provide greater legitimacy for their government.

From a purely American perspective, studying the properties of a good constitu-
tional design may seem more like an arcane examination of an outdated historical
event than a serious study of contemporary politics. The U.S. Constitution is over
200 years old and it has been rarely amended. Yet the U.S. Constitution is the ex-
ception, not the rule. Between 1787 and 2008, the average U.S. state has lived under
three different constitutions, and its constitution(s) have been amended more than
144 times. Louisiana has been governed by eleven constitutions and its constitu-
tions have been amended 154 times (Council of State Governments, 2009). Interna-
tionally, “we have moved from a situation where almost no country had a written
constitution to one where almost every country has one” (Lutz, 2006). The inter-
national transformation is partly due to the break up of the Soviet Union and the
birth of new democracies Latin America and Eastern Europe. But it is also due to a
widespread desire to improve governmental institutions. In fact, between 1974 and
1988 more than half of the countries in the world entirely rewrote their constitution
(Voigt, 1997).

With the desire to continually create new constitutions, the natural question is
how should a society write such a beast? What institutions will legitimize the state
and promote desirable outcomes? By “institutions” we mean the rules and processes
that control government functions. These include, but are not limited to, unicamer-
alism versus bicameralism, the extent to which executive and legislative functions
are separate, and the powers of the judiciary. They also include more fundamental
questions about the voting rules used in various phases of government. Majority rule
is only one example.

K.L. Dougherty and J. Edward, The Calculus of Consent and Constitutional Design, 1
Studies in Public Choice 20, DOI 10.1007/978-0-387-98171-0 1,
© Springer Science+Business Media, LLC 2011



2 1 Introduction

There are at least three contexts that need voting rules. First, voting rules are
usually adopted to make decisions about the constitution itself. In other words, to
make decision about how to decide. Second, voting rules are used by legislative
bodies to make day-to-day decisions on policy. Third, voting rules are used to elect
politicians.

This book investigates these three phases of constitutional decision making crit-
ically and analytically. It follows the seminal work of Buchanan and Tullock’s The
Calculus of Consent in trying to unravel how contractarian arguments in political
philosophy can help us implement constitutions.

When it was first released in 1962, The Calculus of Consent was considered a
breakthrough in political science. At the time, theories of politics focused largely on
the history of ideas (Friedrich, 1963). Riker (1962, p. 408) wrote, “political theory
as a field of academic concentration has been in a confused and unproductive state
for at least the last generation.” Buchanan and Tullock’s application of economic
methods to subjects that were traditionally in the realm of political science helped
break the deadlock and allowed political scientists to create their own models of
politics. Riker argued that The Calculus of Consent was one of a few works that
re-oriented political theory and helped to make political science more productive
(Riker, 1962, p. 409).

Since then, The Calculus of Consent has been translated into five languages and
is widely cited to this day by scholars studying preference revelation mechanisms,
voting rules, legislative procedure, and public choice. Among the major contribu-
tions of the book is a connection between constitutional decision making and social
contract theory — a philosophical tradition that aims to give institutions legitimacy.

Social contract theorists, such as Hobbes ([1651] 1962), Locke ([1690] 1988),
and Rousseau ([1762] 1997) used the notion of unanimous consent to justify gov-
ernment and to codify moral norms. Although these scholars arrived at very different
conclusions among themselves, they all emphasized that legitimate state authority
must be derived from the consent of the governed. Each used a hypothetical state
of nature to examine human behavior in the absence of government. In this state,
the only constraints on individual actions are conscience decisions and human inter-
actions. Social contract theorists use this vantage to attempt to explain, in different
ways, why it is in an individual’s interest to voluntarily surrender part or all of
their sovereignty to a government that maintains social order. For example, Hobbes
([1651] 1962) describes a state of nature where individuals fight in a war of all
against all. From this state, it is in an individual’s interest to surrender his or her
rights to all things, most notably the right to self-protection. Locke ([1690] 1988)
describes a state of nature where property rights pre-exist. Individuals surrender
less of their liberty in his argument because some major issues have already been
resolved. Beyond the protection of property, government has a more limited role.

Buchanan and Tullock add to this tradition by moving away from the hypothetical
development of a social contract to the actual adoption of constitutions. They ask
which voting rules would rational people chose to adopt if property rights were
already settled. They conclude that in the ideal case the optimal voting rule would be
unanimity rule because it is the only voting rule that guarantees economic efficiency
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in the sense of Pareto superiority and Pareto optimality (an outcome where it is
not possible to make anyone better off without making someone else worse off).
If someone was made worse off by the constitution, gainers would be forced to
compensated by the losers under unanimity rule. They would not be forced to make
such compensations under majority rule.

This argument is particularly germane to the types of decisions made at the con-
stitutional stage because society has no way to agree on how to agree at this stage.
Hence, requiring everyone to agree seems natural. For the legislative stage of deci-
sion making the cumulative time and effort required to make decisions may suggest
that other voting rules, such as majority rule, should be preferred. Buchanan and
Tullock do not treat elections as a distinct category, as we do here. Instead, they
briefly mention how the voting rules used by legislatures can be used in elections.
Buchanan echoed these themes throughout his subsequent works and won the 1986
Nobel Prize in Economics partly for this research.

Even though The Calculus of Consent may be accurately classified as an exten-
sion of modern social contract theory, the book had a greater impact on other fields.
As Rowley (2004, v.2, p. ix) writes, The Calculus of Consent “played a significant
role in carving out two new disciplines from economics and political science —
public choice (the analysis of politics as it is) and constitutional political economy
(the analysis of politics as it should be).” Public choice applies economic methods to
problems that are normally dealt with by political scientists, such as questions about
voting, interest group formation, and rent seeking. Constitutional political economy
investigates the creation of constitutions as well as the implications of some insti-
tutions that might be adopted. Our work makes a greater contribution to the latter
tradition.

Although Buchanan and Tullock’s work is used as a guidepost for our own study
(also see Hardin 1988, 1999), we do not advocate nor disavow their position. We
merely attempt to analyze three phases of constitutional decision making and to
formalize some of their earlier claims. Since their claims were largely descriptive,
as were most books written fifty years ago, we occasionally stray from their original
ideas. These departures are not the result of insincerity. As is the case with any
descriptive work, their assumptions are sometimes unclear, which forces us to fill in
the gaps as best as we can. At other times their assumptions are clear, but we stray
from their ideas because we think we have a better starting point and want to see the
implications of slightly different assumptions.

When modeling the functioning of an assembly, there are two different elements
that should be considered: (i) the human interplay that is expressed in the choice of
proposal, bargaining, the decision to attend, etc., and (ii) the mathematical properties
of the winning coalition. In this work, we emphasize the mathematical properties of
the winning coalition, and do not assume bargaining or vote trading in our models.
Both play important roles in The Calculus of Consent. However, we do not assume
bargaining explicitly because we do not want to incorporate any black box processes
into our theories. Instead, we allow for bargaining through the process of proposing
and voting itself. Such processes are more applicable to large societies attempting



4 1 Introduction

to reach agreements than sit-down meetings where individuals are assumed to talk
toward a mutually advantageous solution.

Our models for constitutional decision making allow for bargaining through the
process of proposing, voting, and re-proposing to satisfy voters. Our models for
legislative decision making presume that individuals are more likely to propose suc-
cessful proposals as the number of rounds increases. Both could be driven by bar-
gaining, but bargaining is not a necessary condition for either phenomena. In this
way, we believe our models are more general and perhaps more realistic for ques-
tions of constitutional design. Readers are encouraged to read both The Calculus of
Consent and our work to see how closely the two books are related to each other.!

We begin by summarizing the arguments developed by Buchanan and Tullock
and how they relate to social contract theory. We then carefully define several con-
cepts and relate them to Pareto optimality and Pareto improvements, two concepts
widely used in the study of economic efficiency. This provides a backdrop for an-
alyzing the three phases of constitutional decision making: (1) the constitutional
phase, where rules for constitutional decision making must be justified; (2) the
legislative phase, which governs day-to-day decision making; and (3) the electoral
phase, where the optimal voting rule for large electorates and potentially more than
two alternatives are determined. These phases differ by context and sources of legit-
imacy.

1.1 Three Stages of Decision Making

Buchanan and Tullock divide democratic decision making into two stages: consti-
tutional decision making and legislative decision making. We add a third stage —
elections — because they are central to democracy and differ from the other two in
kind.

Buchanan and Tullock view constitutional decisions as social contracts that bind
all individuals. The most fundamental choice in a social contract is to determine
which voting rules, and other institutions, will be used to make decisions in later
phases of government. The decision is akin to deciding how to decide itself. Ac-
cording to Buchanan and Tullock, the most basic principle for such a decision is
unanimity rule. Unanimity rule has a eminent place in constitutional decision mak-
ing because it assures that rational individuals will come to mutually advantageous
agreements as they would in an economic contract. Individuals will consent to a
social contract only if they agree to its terms. Buchanan and Tullock argue in favor
of unanimity rule because it requires all individuals to favor collectivization before
society is allowed to collectivize. Individual are allowed to reject collectivization if

! We do not include vote trading simply because much of the foundational work, without vote
trading, needed further development. Nevertheless, our work can be useful for those who want to
study vote trading in future works. For instance, the mathematics on the difficulty of achieving
a coalition of a given size can shed light on the depth of concessions needed to pass a piece of
legislation with vote trading. We encourage scholars to work on such extensions.



1.1 Three Stages of Decision Making 5

it makes them worse off. Less-inclusive voting rules, such as majority rule, allow
some individuals to create constitutions that coerce others against their will.

Legislative decisions are quite different. Because there can be incredible ineffi-
ciencies associated with the time and effort needed to negotiate unanimously agreed
upon policies, individuals can agree at the constitutional stage to require a less-
inclusive voting rule at the legislative stage. In this way, it is completely consistent
for a society to require unanimity for constitutional decisions while requiring less-
inclusive rules, such as majority rule, for legislative decisions. Because there are
hundreds of policy decisions and only a few constitutional decisions, Buchanan and
Tullock argue that rational individuals might recognize the expediency of making
daily decisions using a less-inclusive voting rule, such as majority rule. Citizens
cannot be forced to accept the use of such rules without their consent.

Electoral decisions, which were only briefly mentioned in the Calculus of Con-
sent, are typically decisions about electing public officials. Because the electorate
is usually quite large, vote trading among citizens is quite difficult.> Furthermore,
elections can be unique because there is no status quo alternative unless an incum-
bent runs for re-election. In these cases, constitutional designers typically want to
treat all candidates equally rather than favor a status quo candidate. This observa-
tion alone moves them away from the type of voting rules advocated for legislatures
because the status quo plays an important role in those types of rules. Finally, since
the costs of organizing a vote are usually high, citizens are unlikely to want to vote
on a pair of alternatives, wait for the outcome, then return to the polls to vote on
other pairs, several times. Sequencing votes through such an agenda is extremely
rare in elections. Instead, elections are typically conducted with all the alternatives
(candidates) considered at once. Any voting rule that wants to consider alternatives
pairwise would typically have to gather that information in one or two votes. In
legislatures, repetitive voting on different versions of the same bill is more widely
accepted because legislatures are professionals expected to iron out the nuances of
legislation. These three considerations imply that a different set of voting rules may
be more appropriate for the electoral phase than those Buchanan and Tullock had in
mind for the constitutional and legislative phases.

Central to the method of the current book are easy-to-understand computer-based
simulations and powerful analytical tools used for studying the relationships be-
tween voting rules and democratic outcomes. This makes the book appealing to
scholars in comparative politics who are interested in the role of institutions in the
transition to democracy, democratic theorists interested in putting political philos-
ophy into practice, and computer scientists and constitutional political economists
attempting to see the application of a computer model to social science for the first
time. It also provides a careful reconsideration of a classic work.

We start, in Chapter 2, by reviewing the arguments made by Buchanan and Tul-
lock in their classic work The Calculus of Consent. Buchanan and Tullock (1962)
and Mueller (1996, 2001) argued that government decision making should be di-
vided into two phases: a constitutional phase and a parliamentary phase. These

2 Nevertheless, Buchanan and Tullock (1962) make an interesting argument about different candi-
dates representing implicit bundles of vote trades. See their pages 135-36.
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phases correspond to the constitutional and legislative phases described in our book.
A cornerstone of the earlier arguments is that the institutions passed at the consti-
tutional phase should make some individuals better off without making other indi-
viduals worse off. Decisions made at the parliamentary phase have to balance such
concerns with the desire to reduce the time and effort needed to make multiple de-
cisions quickly.

In Chapter 3, we carefully define several concepts employed by Buchanan and
Tullock and show why the relationships between unanimity rule and various Pareto
principles may not be as closely linked as Buchanan and Tullock seem to suggest.
This provides a backdrop for analyzing the three phases of decision making and il-
lustrates how minor differences in definitions can lead to major differences in appli-
cations — particularly for medium- and large-sized populations. This has important
implications for the use of Pareto concepts, particularly at the electoral phase of de-
cision making. It also sets the stage for showing that other voting rules may be more
capable of attaining Pareto optimal results than unanimity rule.

Chapter 4 examines voting in the constitutional phase where decision making
costs are allegedly inconsequential. We use computer simulations and deductive
techniques to analyze the claim that unanimity rule is better at producing Pareto
superior and Pareto optimal results than other voting rules. We do this for settings
where proposals are (1) random, (2) sincere, or (3) strategic. We find three interest-
ing results, all related to Pareto optimality.

First, if individuals propose randomly, then majority rule is almost always more
likely to select a Pareto optimal outcome than unanimity rule. Second, if individuals
propose sincerely, then majority rule is at least as likely to select a Pareto optimal
outcome as unanimity rule. Third, if individuals propose and vote strategically, then
unanimity rule will always yield a Pareto optimal outcome. Other k-majority rules
often yield a Pareto optimal outcome, and will always yield an outcome that is very
nearly Pareto optimal. A k-majority rule is a majority rule, supermajority rule, or
unanimity rule that requires a certain threshold of affirmative votes for a proposal to
pass.’

In contrast, with rare exceptions for random proposals, unanimity rule is at least
as likely as majority rule to select outcomes that are both Pareto superior and Pareto
optimal. These findings suggest that unanimity rule is more capable of creating
Pareto efficient constitutions only if efficiency requires everyone to be at least as
well off as they are under the status quo. We support these findings with laboratory
experiments and illustrate them with data from the adoption of the U.S. Constitution.

Chapter 5 examines voting in a legislative setting. In particular, we analyze the
optimal k-majority rule in terms of both decision costs and external costs (defined
later). In legislative settings, Buchanan and Tullock (1962) and Mueller (1996)
claim that a k-majority rule near half the voting body would be preferred because
this rule minimizes the sum of these two costs.

We examine external costs and decision costs over a sequence of votes. The in-
troduction of multiple alternatives affects external costs and decision making costs

3 For example, the U.S. House of Representatives requires 218 of its 435 members to sign a suc-
cessful discharge petition. In this case, k = 218. More precise definitions are offered in Chapter 3.
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in two ways. First, multiple alternatives forces us to re-examine the shape of the
external cost function and to compare it to the two alternative case (Dougherty and
Edward, 2004, p. 171). Second, with multiple alternatives, our analysis of decision
making costs becomes more sophisticated and allows us to make conjectures about
the conditions under which specific k-majority rules minimize total costs. We find
that the optimal k-majority is largely determined by the weight that decision makers
put on these two functions, the latent propensity to pass proposals, and the quickness
with which favorable proposals can be found. Majority rule is only optimal under
stylized conditions unless there is a jump discontinuity in the decision cost function
as conjectured by Mueller (2003).

In Chapter 6, we compare the properties of four voting rules, three of which are
widely used in elections. Because electoral decisions require voting among an ex-
tremely large number of individuals and there is no reason to adopt voting rules that
favor the status quo, k-majority rules are rarely, if ever, employed. Instead, plurality
rule, majority rule with a runoff, and instant runoff voting are examined because
they are widely used to elect officials in single-member districts. We also include
the Borda count because it has received recent attention in the social choice litera-
ture. With so many voters almost all candidates are Pareto optimal and the Pareto
criterion is of little use in analyzing mass elections. Instead, we evaluate these rules
using six normative criteria separately: (i) the Condorcet winner criterion, (ii) the
Condorcet loser criterion, (iii) the majority criterion, (iv) consistency, (v) reversal
symmetry, and (vi) independence of eliminated alternatives. We conduct our analy-
sis using computer simulations of single-dimensional voting in single-member dis-
tricts. This allows us to determine the probability that each voting rule adheres to
a criterion in a context that is widely assumed in the literature. We find the Borda
count outperforms the other three voting rules in terms of the independence of elim-
inated alternatives, and it performs at least as well as the other voting rules on the
Condorcet loser criterion, consistency, and reversal symmetry. Majority rule with a
runoff always adheres to the majority criterion (while Borda count does not) and it
avoids Condorcet losers. It also performs almost perfectly in terms of consistency
and reversal symmetry. Which of the two voting rules perform better on the Con-
dorcet winner criterion depends on the conditions. Hence, the best voting rule may
depend on what each society values most.

The book concludes with a few comments about the significance of our research
for social contract theory and the creation of constitutions more broadly.

By examining impartial standards and showing which sets of institutions are most
likely to fulfill these standards, academics can recommend fairer institutions in a
wide variety of settings. Such results help us recommend the most desirable voting
rules for countries writing new constitutions (such as Afghanistan and Iraq), for pol-
icy makers creating institutions for local municipalities, and for legislatures recon-
sidering their own voting rules (such as the U.S. Senate reconsidering the filibuster).
They can also help us guide smaller voting bodies such as a board of directors or a
university senate that wants to establish its own, fairer, and more efficient rules for
decision making.



Chapter 2
Original Theories and Current Studies

When the first author was a graduate student, some of his professors would ar-
gue about the five most influential works in formal political theory. Their lists in-
cluded classics that affected a wide audience, not just works that were technically
advanced. Kenneth Arrow’s Social Choice and Individual Values, Mancur Olson’s
Logic of Collective Action, and Anthony Downs’ An Economic Theory of Democ-
racy frequently made the list. Others were discussed, but Buchanan and Tullock’s
The Calculus of Consent always seemed to be in the top five.

When it was first published, The Calculus of Consent contained a number of
fresh ideas. Buchanan and Tullock argued that no voting rule is flawless because
there is always a tradeoff between decision costs and external costs. Decision costs
are the time and effort needed to make a decision. External costs are the losses an
individual expects to endure as the result of the coercive actions of others. Majority
rule imposes moderate amounts of decision costs and external costs. Unanimity rule
imposes no external costs but considerable decision costs. Whether one of these
voting rules, or perhaps a supermajority rule, should be adopted depends on the
context.

This chapter reviews the arguments made by Buchanan and Tullock in their clas-
sic work, The Calculus of Consent. We first detail Buchanan and Tullock’s argument
for determining the optimal k-majority rule in a legislature. We examine legislative
decision making first, before constitutional decision making, because it facilitates
our descriptions of constitutional decision making in the next section. The constitu-
tional stage contains potentially high external costs relative to decision costs, mak-
ing it arguable different from legislative decision making. In this setting, unanimity
rule is considered an ideal type. In the next section, we briefly describe Buchanan
and Tullock’s thoughts on some additional themes, such as vote trading and repre-
sentative democracy. We then end the chapter with a very brief discussion of how
their book influenced later works.

K.L. Dougherty and J. Edward, The Calculus of Consent and Constitutional Design, 9
Studies in Public Choice 20, DOI 10.1007/978-0-387-98171-0_2,
© Springer Science+Business Media, LLC 2011
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2.1 Legislative Decision Making

Central to Buchanan and Tullock’s study of legislative decision making is the exam-
ination of various k-majority rules. Loosely, under k-majority rule a proposal needs
k “yea” votes to pass; otherwise the proposal is rejected. These can range from the
affirmative vote of one individual to the affirmative vote of all N individuals in the
population. Buchanan and Tullock analyze the optimal k-majority rule using two
types of costs: external costs and decision making costs. The optimal k-majority
rule is the one that minimizes the sum of these two costs.

External costs are the expected costs an individual endures as the result of the
actions of others (Buchanan and Tullock, 1962, p. 64). Buchanan and Tullock argue
that these costs are a decreasing function of the number of individuals required to
agree to group decisions. This is because members of the decisive coalition will con-
sider their own marginal costs and can easily make decisions contrary to the interests
of people outside their coalition. At one extreme, external costs will be greatest if a
single individual can authorize action for the group. On the other extreme, external
costs will be lowest, typically zero, if everyone in the group is required to agree.
The latter occurs because individuals will not allow others to impose external costs
on them if each has the power to reject decisions that can hurt them (Buchanan and
Tullock, 1962, p. 64).!

To illustrate the idea, Buchanan and Tullock (1962, pp. 66-7) consider a munic-
ipality issuing property taxes to pay for street repairs. If one individual is allowed
to decide which streets are repaired, and that individual maximizes his/her personal
net benefits, he/she would spend the money on the roads on which he/she travels
and neglect the roads used by others. Of course, the individual who is dictating road
repairs would not experience external costs. However, the individuals governed by
the decision who are not in the decisive coalition would be likely to incur positive
external costs. At the other extreme, if everyone in the municipality had to give their
approval for street repairs, each individual would approve of the road repair only if
it gave them positive net benefits. Without knowing whether an individual will be
a member of the decisive coalition, an individual can expect large external costs if
one individual is allowed to dictate repairs and zero external costs if all individuals
must agree on repairs.

In describing external costs, Buchanan and Tullock clearly have the expected
incurred by an individual in mind. Presumably no one knows a priori whether they
will be a member of the decisive coalition or someone outside the decisive coalition.
Instead, they have to make a decision about the most appropriate k-majority rule as
if they could be in either position. For this reason, expected external costs should
decrease as the number of individuals required to make a decision increases. Actual
external costs may or may not decrease for each individual.

In contrast, decision making costs are the costs resulting from the time and effort
needed to reach an agreement. Buchanan and Tullock argue that such costs are an

! See Heckelman and Dougherty (2010a) for a crude test of whether larger k-majority rules have
negative effects on various tax increases.
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increasing function of the number of individuals needed to make a decision. Very
little time and effort is needed for one individual to make a decision because that
person does not have to negotiate an agreement with anyone else. More time is
required as the number required to assent increases, partly because members of
the decisive coalition will have fewer members outside their coalition to turn to if
someone in their coalition opposes their proposal.

In the street repair example, requiring the approval of only one individual to
make decisions may lead to quick decisions about street repairs. Requiring a few
more individuals in the decisive coalition will require a little more time and effort
to craft plans. If everyone must approve, a considerable amount of time and effort
is required to make sure that everyone is satisfied with the plan and to thwart any
jockeying for larger shares.

Expected Costs

0 20 40 60 80 100

K-Majority Rule

— external costs
— decision costs
— — total costs

Fig. 2.1 Traditional External Costs and Decision Costs

Buchanan and Tullock (1962, pp. 65-71) represent such costs in a figure similar
to the one depicted in Figure 2.1. The expected costs of a particular decision are
represented along the vertical axis and the number of individuals required to make
a decision are represented along the horizontal axis. The thin line, which decreases
from left to right, depicts external costs. The thick line, which increases from left to
right, depicts decision costs. At the left extreme, the rule of anyone making decisions
for the group produces potentially large external costs but minimal decision costs.
No delays should be expected under that voting rule. On the right extreme, unanim-
ity rule minimizes external costs but imposes extremely high decision making costs.
Buchanan and Tullock suggest that the optimal decision making rule minimizes the
sum of these two functions (depicted by the dashed line). This occurs at k = 49



12 2 Original Theories and Current Studies

in this particular figure. Here the sum of the expected costs from having a decision
imposed on oneself and the expected costs of making decisions is minimized. If leg-
islatures have to chose a voting rule from the set of k-majority rules, k = 49 would
be optimal.

In making such claims, Buchanan and Tullock do not prescribe an ideal set of
institutions for every society. Instead, they recommend that each country, town, or
local club adopt their own set of institutions based on how individuals within their
society value these two costs. In this sense The Calculus of Consent (1962) creates
an interplay between positive observations about how rational individuals choose
and normative recommendations about how they ought to choose. On the one hand,
rational individuals make choices about which institutions to adopt. These choices
are positive. On the other hand, Buchanan and Tullock’s recommendations about
how constitutional decisions ought to be made is very normative. Because different
societies, and different individuals within societies, value different properties, it is
logically consistent for different societies to chose different sets of institutions and
for all of them to be fair. Furthermore, a society may find decision costs negligible
for the constitutional phase and use unanimity rule to make a decision about the
optimal k-majority for legislation, then adopt some less inclusive k-majority rule,
such as majority rule, for the legislative decisions. As Buchanan and Tullock write,
“there is no necessary inconsistency implied in the adoption of, say, simple majority
rule for the making of certain everyday decisions for the group with respect to those
activities that have been explicitly collectivized, and the insistence on unanimity
of consensus on changes in the fundamental organizational rules” (Buchanan and
Tullock, 1962, p. 251).

However, some properties may guide individuals in their choice of the optimal
k-majority rule. Everything else equal, decision costs should be greater when there
are a variety of opinions and information is scarce than when opinions are ho-
mogenous and the information is readily available. Similarly, larger communities
may have greater difficulty making decisions than smaller ones, which means they
have larger decision costs. Furthermore, communities that have well-written bills of
rights might expect lower external costs than communities without such protections
(Mueller, 2003, p. 76).

Buchanan and Tullock’s analysis suggests that if both external costs and decision
costs are relevant to the decision, then the optimal k-majority rule will be between 1
and N. Majority rule is just one of the many candidates. There is no a priori reason
why majority rule would be the k-majority rule that minimizes total costs.

Others have adjusted Buchanan and Tullock’s argument in a way that makes
majority rule much more likely to be optimal. For example, Mueller (2003, pp. 76-
8) claims that there might be a “kink” in the decision cost function at N/2.> The
reason is that for any k < n/2, it is possible for both policy A and policy ~ A to
pass. For example suppose k is set to 35 out of 100 voters. A proposal to increase
school expenditures might first receive a winning majority of say 40 voters. After the
measure passes, a counterproposal to cut school expenditures by the same margin

2 By “kink” Mueller meant a jump discontinuity.
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could also pass. This is because any k-majority rule with k& < 50 allows a winning
coalition to be found on both sides of the issue. An assembly that adopts such a rule
can be deadlocked in an endless series of offsetting proposals. Such proposals would
increase decision making costs dramatically. Since the argument applies to any k£ <
50, but not for £ > 50, decision costs will jump upwards at k = 50, as depicted in
Figure 2.2. The function remains continuous elsewhere. Such a jump discontinuity
typically places the minimum at majority rule. Although the exact k-majority that
minimizes total costs still depends on the shape of the decision cost curve and the
relative value of external costs and decision costs by individual members, Mueller’s
argument provides an explanation for why majority rule is so common in practice
(Mueller, 2003, pp. 76-8).

Expected Costs

0 20 40 60 80 100

K-Majority Rule

— external costs
— decision costs
= = total costs

Fig. 2.2 Mueller’s Big Jump Discontinuity

Others have expanded on Buchanan and Tullock’s original ideas. In a separate
work, Mueller (2003, p. 103) argues that vote cycling might make decision costs
U-shaped with a minimum around 64% of the population.’ Combined with the pre-
vious argument against k-majority rules less than majority rule, this might make the
optimal k-majority around 64% of the voters. Spindler (1990) argues that legislative
decisions should also include rent-seeking costs. With rent-seeking costs included,
total costs might be minimized closer to unanimity rule or to the rule of one than
to majority rule. Guttman (1998) claims that the optimal k-majority rule should be

3 Caplin and Nalebuff (1988) show that 64% is the minimum size of the k-majority coalition that
guarantees no vote cycling.
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based on the Kaldor-Hicks criterion and concludes that majority rule is most suit-
able for that standard. Rae (1969) in contrast, defines the optimal k-majority rule as
the one that minimizes the probability of society choosing against an individual. An-
alyzing two alternative cases in a probabilistic setting, Rae concludes that majority
rule is most capable of making such choices.* Finally, Brennan and Hamlin (2000)
replace the external cost function with an agency loss function and apply a similar
analysis to the optimal proportion of representatives in a representative democracy.
In all of these cases, except perhaps the work of Rae, external costs and decision
costs are not fully formalized. Instead, the argument is written as an analytical nar-
rative. One of goal of this book is to develop more careful formalizations of these
concepts.

2.2 Constitutional Decision Making

For Buchanan and Tullock constitutional decisions are quite different from legisla-
tive decisions because constitutional decisions establish the rules of the game and
dictate the legislative process well into the future. In constitutional settings, individ-
uals are less certain about their future circumstances and interests. This uncertainty
makes them think more objectively and behave as if they were the average person
in a constitutional setting (Buchanan and Tullock, 1962, pp. 77-80).

The argument is somewhat reminiscent of Kant’s categorical imperative, which
suggests that individuals ought to make choices that apply to all similarly situated
individuals. This does not suggest that individuals will always agree about which
institutions are best. It only explains why Buchanan and Tullock believe constitu-
tional decisions are more impartial than policy decisions. This impartiality causes
decision makers to become more homogenous, which in turn reduces decision costs.

Moreover, when rational individuals consider the importance of constitutional
decisions and note that one constitutional decision can govern thousands of policy
decisions, they may be willing to ignore decision costs and evaluate constitutional
decisions solely on the basis of external costs. Buchanan and Tullock believe that
without decision costs, unanimity rule is clearly the best voting rule. They write,
“this single decision-making rule acquires a unique position in our whole analy-
sis which suggests that if costs of decision-making could be reduced to negligible
proportions, the rational individual should always support the requirement of unan-
imous consent” (1962, p. 88).

Buchanan and Tullock recognize that decision making costs are likely to be pos-
itive at the constitutional stage of decision making (pp. 94-5). They simply argue
that making decisions about the rules of the game implies potentially large external
costs — so large that the relative importance of decision costs is negligible.

4 Rae assumes voters are equally likely to support or oppose a proposal and that everyone votes.
If different assumptions are made, then his model does not necessarily predict that majority rule is
optimal.
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Requiring any threshold less than unanimity would leave the rational individual
uncertain about whether they would be a member of the decisive coalition or the
non-decisive coalition. It would make it possible for them to be made worse off
by the creation of a collective with coercive powers. In contrast, unanimity rule
includes everyone in the bargain and guarantees Pareto improvements. That is, it
guarantees change that make at least one person better off and no one else worse
off. A point where no additional improvements like this can be made is considered
Pareto optimal.’

Pareto optimality is the most widely accepted measure of efficiency in welfare
economics. By connecting consensual decision making to unanimity rule and una-
nimity rule to the concept of a Pareto improvement, Buchanan and Tullock are
able to connect classic political philosophy to modern conceptions of efficiency.
Buchanan and Tullock write, “[t]he welfare-political-economist approach indicates
that a specific choice is Pareto optimal only if all parties reach agreement. ... [A]ll
less-than-unanimity decision-making rules can be expected to lead to nonoptimal
decisions by the Pareto criterion” (1962, pp. 94-95).° In this sense unanimity rule
becomes the “ideal” voting rule and deviations from unanimity rule are seen as nec-
essary expedients (p. 96).

Some of the most important constitutional decisions are whether the legislature
will be unicameral or bicameral (Buchanan and Tullock, 1962, pp. 233-48), the
proportion of the population that will act as representatives (Buchanan and Tullock,
1962, pp. 205-8), and the method of election — either as a function of individual
votes or some randomization device (Buchanan and Tullock, 1962, pp. 217-20). It
also includes the choice of the k-majority rule used in the legislature. That choice is
a re-occurring theme throughout The Calculus of Consent.

Because each legislative decision will create its own decision costs, individuals
will choose the best k-majority rule for the legislative phase by considering both
external costs and decision making costs at the constitutional phase.

As various institutions are proposed and discussed at the constitutional phase, in-
dividuals make decisions about whether they want to opt into the collectivization or
opt out. In addition to arguing that requiring k-majority rules less than unanimity al-
low some individuals to coerce others, Buchanan and Tullock argue that k-majority
rules with k < N may cause too many resources to be allocated to the public sector.
This does not mean that the collectivization will be over-extended into unnatural is-
sue areas, though the collective could overextend; it means that too many resources
will be applied to the activities that the community collectivizes (Buchanan and
Tullock, 1962, p. 205).

Buchanan and Tullock argue that orthodox arguments against unanimity rule as
infeasible are based on choices between two mutually exclusive alternatives — such
as a single status quo and a single proposal. They envision constitutional decision
making that allows for bargaining over a whole array of alternatives (Buchanan and
Tullock, 1962, pp. 253—-4). To illustrate the point, they consider an example with

5 Such concepts are defined more carefully in the next chapter.
6 Also see Buchanan and Tullock (1962, pp- 94, 110)
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three people deciding whether to collectivize fishing (Buchanan and Tullock, 1962,
pp- 254-5). If the choice is to collectivize or not, one individual could be easily
opposed to collectivizing fishing, perhaps because he does not like fish — in which
case unanimity is very unlikely. However, if the decision also includes collectivizing
the gathering of coconuts, then the three individuals may be able to logroll and find
a collective agreement that make all three of them better off.

Of course, this logic extends to other activities as well. If they cannot find any
agreement across all the possible activities that can be collectivized, collectiviz-
ing would not be in everyone’s mutual interest and imposing a coercive collective
agreement on all three would be wrong. “When trades can take place, the analogy
with economic or market exchange is appropriate” (Buchanan and Tullock, 1962, p.
255). Vote trading and bargaining help social contracts become more like economic
contracts.

2.3 Representative Democracy

Buchanan and Tullock illustrate just how broad this idea can be applied when they
examine representative democracy in Chapter 15. This chapter is the closest their
work comes to analyzing elections as a separate phase of decision making. In it, they
identify four basic constitutional choice variables that individuals must judge simul-
taneously: (1) the voting rule used for choosing representatives (i.e., a k-majority
rule applied to elections in various districts), (2) the basis of representation in the
assembly (i.e., the proper mix of functional and random elements), (3) the degree
of representation (i.e., the fraction of the population that will act as representatives),
and (4) the k-majority rule used in an assembly to make decisions. Having already
discussed the costs associated with the fourth variable, Buchanan and Tullock apply
the same analysis to the other variables.

Consider the third variable. At one extreme, only one representative makes deci-
sions on behalf of the voters. At the other extreme (direct democracy), the number
of representatives equal the number of eligible voters. When constitutions enumer-
ate the minimum number of representatives allowed in a population, they codify a
choice about the degree of representation. That is, the proportion of the population
that will be elected as representatives. Buchanan and Tullock argue that choosing
the optimal number of representatives is similar to choosing the optimal k-majority
rule — except in this case, the independent variable is the ratio of number of rep-
resentative to the number of individuals in the population. Decision costs increase
with larger proportions because the time it takes to make decisions increases as a
greater proportion of individuals act as representatives. At the same time external
costs should decrease as the proportion of the population acting as representatives
increases.

The second variable, the basis of representation, determines the composition of
representatives. At the one extreme, representatives will be elected as a function
of individual votes. At the other extreme, all representatives may be drawn by say
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random lots as in ancient Athens. In the latter cases, political officials may still be
considered representative, though in a different sense. Most democracies chose to
keep random elements at a minimum, but that does not mean that the second variable
is not a constitutional choice (Buchanan and Tullock, 1962, p. 218-9).

Buchanan and Tullock bring these four constitutional elements together and ar-
gue that at the constitutional stage, individuals attempt to minimize the sum of
the combined costs in equilibrium. If others successfully propose to increase the
k-majority rule used in elections, then decision costs will increase, external costs
will decrease, and citizens may want to decrease the k-majority thresholds in vari-
ables two through four. If others propose a shift from a functional basis of repre-
sentation to a more random one, expected decision costs will probably increase and
expected external costs decrease. Individuals may then want to decrease the thresh-
olds in variables one, three, and four to compensate (Buchanan and Tullock, 1962,
p- 227-9). This suggests that the simple analytical model used to analyze voting
thresholds in an assembly may be more general. It also demonstrates the complex-
ity of decision making that Buchanan and Tullock hope individuals can handle.

2.4 Vote Trading and Other Themes

The proceeding sections represent the parts of Buchanan and Tullock’s book that
are most closely related to our current study. But Buchanan and Tullock touched on
several other themes. Vote trading, in particular, is traditionally considered one of
the central themes in Buchanan and Tullock’s work. Buchanan and Tullock analyze
a few numerical examples of vote trading under majority rule and draw several
conclusions. First, they conclude that there are more advantages to vote trading if
individuals receive different benefits from a collective good than if they all receive
the same benefit. If they all receive different benefits, members of a minority with
intense interests on issue A will have stronger incentive to vote trade with members
of a minority with intense interests on issue B than if all members benefit equally.

Second, Buchanan and Tullock argue that under majority rule vote trading can
make winning outcomes more efficient. To illustrate the point, they first introduce
a simple three-person game without side-payments and show that the solution set
depends on which individuals are in the winning coalition. They then compare this
result to one with “full” side-payments to show that there can be dramatic improve-
ments in efficiency. They argue that with full side-payments the winning coalition
allocates resources to the individuals who benefit the most (whether they are mem-
bers of the winning coalition or not) and redistribute payments from those who
receive the resources to members of the winning coalition in a way that maximizes
the return to the winning coalition. Such side-payments may be in dollars or dis-
criminatory taxes on those who receive the good.

For example, Buchanan and Tullock ask use to consider a township with 100
farmers trying to decide which roads to repair (Buchanan and Tullock, 1962, p.
135-9). The first third of the farmers benefit $10 for every dollar spent on the repair
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of their roads (call these the first coalition), the second third benefit $5 for every
dollar spent on the repair of their roads (the second coalition), and the last third
benefit $1 for every dollar spent on their roads (the third coalition). To keep the
example simple, assume that the marginal productivity of road repair is constant
and the township receives a $33 grant to pay for road repairs. If a winning coalition
forms between all members of the third coalition and eighteen members of the sec-
ond coalition, the winning coalition will not allocate road repair to their own roads.
Instead, they will allocate road repair to the most productive allocation — the mem-
bers of the first coalition — and require the first coalition to transfer just less than
$10 per member to the winning coalition. Buchanan and Tullock conclude that such
side-payments assure that funds will be invested in the most productive manner (to
those who value them most) and that gains are shared more symmetrically in terms
of benefits than if there were no side-payments. They claim this is true even if the
actual allocation of road repairs is nonsymmetric (Buchanan and Tullock, 1962, pp.
154-5).7

Although they do not offer formal examples of vote trading, Buchanan and Tul-
lock argue that vote trading produces an outcome between the two extremes of no
side-payments and full side payments (Buchanan and Tullock, 1962, p. 155). For
them, vote trading is simply an indirect means of making side-payments (Buchanan
and Tullock, 1962, p. 156).

Buchanan and Tullock also analyze bicameralism and claim that bicameralism
may be an effective means of reducing expected external costs without incurring too
many decision making costs (1962, p. 236). Such institutions add to the breath of
their analysis but also add to the complexity of decisions expected from individuals
at the constitutional stage.

2.5 Conclusion

The The Calculus of Consent was one of the first economic studies of constitu-
tional formation. Its recurring themes of decision costs, external costs, and Pareto
efficiency were simple, and they had an effect on future studies. Since it was writ-
ten, social scientists have asked questions about what causes a nation to seek a new
constitution (Greif and Laitin, 2004), how constitutions are made (Lijphart, 1999;
McGuire, 2003), and what factors allow for corruption in constitutional decision
making (Shleifer and Treisman, 2001; Laffont, 2000). They have also re-examined
the efficiency of governmental institutions throughout history (North and Weingast,
1989) and studied conditions that allow democracies to succeed (Przeworski, 2005;
Lijphart, 1999; Lipset, 1963). These studies have been combined with more tra-
ditional themes in public choice about the effects of logrolling (Riker and Brams,
1973), bicameralism (Riker, 1992; Diermeier and Myerson, 1999), agenda setting

7 For a criticism of the generality of these claims see Riker and Brams (1973).
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(Koford, 1982), and legislative size (Crain and Tollison, 1977; Dougherty and Ed-
ward, 2009).

Because The Calculus of Consent had such broad effects on a wide range of re-
search questions, we have found it useful to to revisit some of its central themes.
Many of them may now seem commonplace, but only because Buchanan and Tul-
lock made them so. Before we examine these themes carefully, we must first define
terms and examine the relationship between unanimity rule and several Pareto con-
cepts. This shows that simple ideas such as the apparently close relationship between
unanimity rule and Pareto improvements may not be as close as they seem.



Chapter 3
Clarifying Concepts

3.1 Definitions

Unanimity rule and the Pareto criterion appear so alike that several authors have
treated them as almost interchangeable. Arrow (1951) described the Pareto principle
as a unanimity principle. Fishburn (1973) refers to the Pareto criterion as strong
unanimity. And Buchanan (1967, 285) described unanimity rule as the “political
counterpart” of the Pareto criterion.

There are two goals of this chapter. One is to to carefully distinguish different
types of unanimity rule from various Pareto concepts. This requires some technical
precision that is not necessary for understanding the entire book. Another goal is to
discuss the Pareto principles that might be used to judge institutions, including the
potential limitation of applying the Pareto criterion to the evaluation of institutions
in large populations.

To begin, let N be the number of individuals in a group, committee, or voting
population and M be the smallest majority of those individuals; so that M = (N +
1)/2 for N odd and M = (N+2)/2 for N even. Each individual will have preferences
over a set of alternatives {w,x,y,z,q}. We will reserve the term ¢ for the alternative
that is also the status quo (i.e., the existing policy, candidate, or state of affairs). For
every pair of alternatives {x,y}, each individual has one of three preferences: x >=; y
if and only if he/she strictly prefers x to y; y >; x if and only if he/she strictly prefers
y to x; and x ~; y if and only if he/she is indifferent between the two alternatives.

A list of individual preferences can be summarized in a voter profile. For exam-
ple, in the three-person voter profile (x =1 y, y > x, x ~3 y) individual 1 prefers x
to y; individual 2 prefers y to x; and individual 3 is indifferent between the two al-
ternatives. Individual preferences can also be summarized in a spatial map, as done
in the next chapter.

K.L. Dougherty and J. Edward, The Calculus of Consent and Constitutional Design, 21
Studies in Public Choice 20, DOI 10.1007/978-0-387-98171-0_3,
© Springer Science+Business Media, LLC 2011
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Two classes of k-majority rule have been used in practice (Dougherty and Ed-
ward, 2004).1 They differ in their treatment of those who “do not vote” and those
who vote “abstain.”

Definition 3.1. Absolute k-majority rule: alternative x defeats the status quo, ¢, by
absolute k-majority rule if and only if #yeas > k, where 1 < k < N; otherwise ¢ is
chosen.

Three common procedures from the absolute class are (1) absolute majority rule
(where k = M), (2) absolute supermajority rule (where M < k < N), and (3) abso-
lute unanimity rule (where k = N). Examples from this category include: the U.S.
Supreme court requiring the assent of four of its nine justices to grant a writ of cer-
tiorari (k < M); the majority needed to pass proposals in the Russian Duma (k = M);
and the ratification of amendments under the Articles of Confederation (which re-
quired unanimous consent of all thirteen states). All of these cases determine the
winner based on a predetermined threshold of affirmative votes. As a result, they
treat responses from those who “do not vote” and those who vote “abstain” the
same way as they treat votes against the proposal.

Definition 3.2. Simple k-majority rule: alternative x defeats the status quo, ¢, by

simple k-majority rule if and only if % > k/N; otherwise ¢ is chosen.

Three common rules from the simple class are simple majority rule in which a
proposal passes if the yeas exceed the nays (k/N = .5), simple supermajority rule
(where .5 < k/N < 1), and simple unanimity rule in which a proposal passes if
someone votes in favor of it and no one votes opposed (k/N = 1). Examples from
this class include the simple majority required to pass statutes in most legislatures,
such as the U.S. House of Representatives; the two thirds of U.S. Senate needed to
convict a U.S. President of impeachment; and the simple unanimity required among
permanent members of the U.N. Security Council for nonprocedural decisions.?

The absolute and simple class of k-majority rule differ in their treatment of ab-
stentions. Absolute k-majority rule tallies affirmative votes and implicitly treats “do
not votes” and “votes to abstain” the same as votes against the proposal. Simple k-
majority rule compares the ratio of affirmative votes to negative votes and implicitly
ignores “do not votes” and “votes to abstain” in the tally. For any fixed k, if “do
not votes” and “votes to abstain” exist, then the simple class is more likely to pass
a proposal than the absolute class. When everyone votes and “votes to abstain” are
not allowed, the two procedures select equivalently. It is not entirely clear which
k-majority rule Buchanan and Tullock attempted to study.

Technical distinctions, such as these, can help us understand subtleties in the
relationship between unanimity rule and various Pareto concepts.

! The terms “absolute” k-majority rule and “simple” k-majority rule are direct extensions of Riker
(1982, pp. 44-5). Sen (1979a, pp. 71, 181) makes a similar distinction but uses different nomen-
clature.

2 See Laruelle and Valenciano (2010) for additional variants of k-majority rule that have been used
in practice.
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Definition 3.3. Pareto criterion: For any two alternatives x and y, x is Pareto pre-
ferred to y if and only if it makes at least one individual better off than y and no
individual worse off than y (Sen, 1979a, p. 21).

Definition 3.4. Weak Pareto criterion: For any two alternatives x and y, x is weakly
Pareto preferred to y if and only if everyone strictly prefers x to y (Arrow, 1951;
Sen, 1979b).

Definition 3.5. BT Criterion: Proposal x is BT preferred to status quo ¢ if and only
if it is Pareto preferred to ¢; otherwise g is BT preferred to x (Buchanan and Tullock,
1962; Head, 1974; Rogowski, 1974; Tsebelis, 1990).

It is important to note that Buchanan and Tullock (1962), Head (1974), and Ro-
gowski (1974) refer to Definition 3.5 as the Pareto criterion.? Tsebelis (1990, p. 104)
refers to Definition 3.5 as the “efficiency” criterion. However, Definition 3.5 clearly
differs from Definition 3.3, and needs to be treated separately. We refer to it as the
BT criterion in honor of Buchanan and Tullock.*

Definition 3.6. Pareto optimality: Alternative x is Pareto optimal if there does not
exist an alternative y that is Pareto preferred to x (Sen, 1979a).

For any two alternatives x and y, x is “Pareto preferred” (or Pareto superior) to
y if it adheres to Definition 3.3; x is “Pareto dispreferred” (or Pareto inferior) to y
if y is Pareto preferred to x; and the two alternatives are ‘“Pareto indeterminate” if
neither x is Pareto preferred to y nor y is Pareto preferred to x. Throughout the book
we will use the notation PP(y) to refer to any alternative that is Pareto preferred to
¥; PD(y) to refer to any alternative that is Pareto dispreferred to y, and PO to refer to
any alternative that is Pareto optimal. Note that Pareto optimality is not conditioned
upon any particular alternative. Points that are not Pareto optimal are called Pareto
sub-optimal.

Finally, we define neutrality to help us understand the relationship between sev-
eral concepts.

Definition 3.7. Neutrality: If x defeats (ties) y for one preference profile and all
individuals have the same ordinal rankings for z and w as they have for x and y (i.e.
X =y —z=;w,and so on), then z defeats (ties) w (Mueller, 2003, p. 134).

Neutrality suggests that voting rules, and other institutions, should not favor one of
the alternatives irrespective of individual preferences for that alternative. Whatever
criterion permits us to say that x is socially as good as y should also be sufficient for
declaring that y is socially as good as x if everyone reverses their preferences.

3 Sen (1979a, p- 25), Berggren (1996, pp. 339-40), and Buchanan (1962) interpret Buchanan and
Tullock’s criterion as we do. Buchanan and Tullock claim that a desirable change can be made
“only if all persons agree” (Buchanan and Tullock, 1962, pp. 92-3). That is, only if everyone is
made better off.

4 See Dougherty and Edward (2004, 2010a) for applications of the BT criterion.
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3.2 Pareto Preference

Although the differences between the Pareto criterion (Definition 3.3) and the BT
criterion (Definition 3.5) may appear subtle, the two criteria can evaluate sets of in-
dividual preferences quite differently. This is because the Pareto criterion maintains
neutrality with respect to the status quo while the BT criterion favors the status quo.
For example, in the three-person voter profile (x >1 ¢, x >3 g, g >3 x), neither alter-
native is Pareto preferred to the other. The Pareto criterion makes an indeterminate
judgement (i.e., does not recommend one alternative over the other), while the BT
criterion recommends the status quo. If Pareto indeterminate cases are likely, then
the two criteria will often judge outcomes differently.

1+ _ Utility Possibility
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Fig. 3.1 Pareto Preference vs. Pareto Indeterminance

The difference can be illustrated with the help of Figure 3.1. This figure depicts
the set of possible utility levels for two individuals, normalized to (0, 1). The utility
possibility frontier (top right edge of the figure) plots the maximum attainable utility
given the resources and technology available at the time.

Consider point x. Points to the top-right of x, inclusive of points on the vertical
and horizontal lines through .5, are Pareto preferred to x because they make at least
one individual better off and no one worse off. These points are indicated by the
shaded area marked PP(x). Points to the bottom left of x, inclusive of points on the
dotted line, are Pareto dispreferred to x because x is Pareto preferred to each point
in this area. These points are indicated by the shaded area marked PD(x). Points
in the unshaded regions under the utility possibility frontier (i.e., those top-left and
bottom-right of x) are Pareto indeterminate with respect to x.
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Now suppose x is the status quo. Both the Pareto criterion (Definition 3.3) and
the BT criterion (Definition 3.5) judge alternatives top-right of x as something pre-
ferred to x. However, the criteria make different judgements about the alternatives
in the unshaded areas. If x is the status quo and y is the proposal, then alternative x
is not Pareto preferred to y, nor is y Pareto preferred to x. In this sense, the two alter-
natives are Pareto indeterminate because the Pareto criterion (Definition 3.3) makes
no judgment about the pair. The BT criterion, in contrast, suggests that x should be
preferred to y because if neither alternative is Pareto preferred to the other, then the
status quo, x, should be judged preferable according to the BT criterion. Sen (1979a)
refers to such a criterion as a Pareto extension rule because it makes a judgement in
cases where the Pareto criterion does not.

Clearly, the Pareto criterion is neutral and the BT criterion is non-neutral. If y
were the status quo, the Pareto criterion would make the same indeterminate judge-
ment. However, the BT criterion would now prefer y because in the absence of
Pareto preferred alternatives, the BT criterion always favors the status quo. Hence,
the status quo plays an important role in the BT criterion.

3.3 Pareto Optimality

Figure 3.1 also demonstrates the concept of Pareto optimality. Any point on the
utility possibility frontier is considered Pareto optimal because an individual’s util-
ity cannot be improved without reducing the utility of the other individual. This
includes any point on the arc. Points inside the frontier are considered Pareto sub-
optimal because for each of these points there exists at least one point that makes at
least one individual better off without making the other individual worse off.

Now since there is a concept of Pareto optimality, one might think there should
be a concept of “BT optimality.” However, it seems impossible to define BT opti-
mality because the BT criterion requires the status quo to be one of the two points
of comparison.’

Nevertheless, there are refinements to Pareto optimality that may capture much
of the same sentiment. For example, if scholars want to guarantee that an outcome
is both Pareto optimal and a Pareto improvement from the status quo, then they
should be interested in the intersection of the set of alternatives Pareto preferred to
the status quo and the alternatives that are Pareto optimal. If x is the status quo in

3 Suppose a point x was defined as “BT optimal” if there did not exist an alternative y that is BT
preferred to x. Now consider a point x’ that is fixed on the utility possibility frontier. There are four
conditions of ¢ that affect the status of x’. First, if ¢ = x/, then ¥’ would be the only BT optimal
alternative. Second, if ¢ # x’ but ¢ is on the utility possibility frontier, then x' would not be BT
optimal; ¢ would. Third, if ¢ # x’ and ¢ is interior to the utility possibility frontier (i.e. Pareto
suboptimal), then we cannot determine whether x’ is BT optimal. No alternatives are BT preferred
to ', but x’ is not the status quo, so no BT judgement can be made between x” and alternatives that
are not Pareto preferred to x’, with the exception of g. Fourth, if ¢ does not exist, as in an open seat
election, then BT comparisons cannot be made and again the concept of BT optimality would be
poorly defined.
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Figure 3.1, then the set of alternatives that are PP(x)&PO are the set of points on
the utility possibility frontier between the two hash marks. Such points make at least
one of the two individuals better off without hurting the other and they exhaust the
possibility of additional Pareto improvements.

Both Pareto optimality and Pareto optimality combined with Pareto superiority
to the status quo have been used to evaluate policies and institutions in the litera-
ture. For example, the common pool resource and public goods literatures typically
focus on Pareto optimal outcomes that are also Pareto improvements from the ini-
tial status quo (Ostrom, 1990; Cornes and Sandler, 1996; Mueller, 2003, pp. 67-72;
Weimer and Vining, 2005, p. 56). In these cases, it is important for policy makers
to know whether voluntary contribution is an improvement from the initial contri-
bution of no one contributing as well as to determine if Pareto improvements have
been exhausted.

For example, Lindahl ([1919] 1967) had this concept in mind when he wrote his
theory on just taxation. Lindahl argued that if individuals voted on the financing
of public goods using unanimity rule then they would select a quantity of the pub-
lic good and a distribution of the costs that was both Pareto optimal and a Pareto
improvement from the status quo of not having the public good.® In this case, the
combination of Pareto superiority and Pareto optimality make sense because there
is a reasonable status quo from which Pareto superiority can be judged — the status
quo of no public good provided.”

Other scholars have evaluated institutions using Pareto optimality without re-
stricting their attention to outcomes that are also Pareto superior to the status quo.
This is common in the social choice and legislative decision making literatures (Ar-
row, 1951; Sen, 1979a; Nurmi, 1987; Aldrich, 1995; Colomer, 2001; Tsebelis, 2002;
Mueller, 2003, pp. 138—43; Austen-Smith and Banks 2005). In these cases, the sta-
tus quo does not have a special position because scholars want to make decisions
neutrally (i.e., based solely on welfare) or because the status quo is just one of many
alternatives, such as the policy of the previous regime, that should not have undue
influence on the judgement of the outcome. Of course, in endorsing Pareto optimal-
ity such scholars may or may not value every Pareto optimal outcome equally. They
may simply want to avoid outcomes that are not Pareto efficient as a first cut.

For example, Aldrich (1995) studies whether majority rule coalitions, universal
coalitions, or pluralistic coalitions are Pareto optimal. He does not consider whether
they are Pareto improvements from the status quo because the status quo is arbitrary.
Aldrich applies a divide the dollar game to his study of party formation in the U.S.
legislature. In this game, there are three, two-person coalitions (or parties) that could
exist. From a formal theoretic perspective, the first two-person coalition to form
is entirely arbitrary. Hence, evaluating “fair” institutions as Pareto improvements
from a two-person coalition that happened to exist in the previous period might
be arbitrary as well. Perhaps this is why Aldrich judges institutions using Pareto
optimality without the additional restriction of Pareto superiority to the status quo.

6 Lindahl’s suggestion had problems, such as not being compatible with an accurate revelation of
preferences.

7 See (Grafstein, 1990) for an interesting discussion of unanimity rule and the status quo.
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Buchanan and Tullock seem to favor institutional changes that are Pareto im-
provements to the status quo. However, Buchanan also make statements such as
“[i]t is evident that [unanimous consent] is the political counterpart of the Pareto
criterion for optimality” (Buchanan, 1967, p. 285).8 We examine both criteria for
completeness. Although we will discuss these criteria in Chapter 4 and the conclu-
sion, we leave it for the reader to decide which criterion is more appropriate for
constitutional and legislative decision making.

3.4 Unanimity Rule and the Pareto Principles

Even though some authors use terms like unanimity rule and the Pareto criterion
synonymously (Buchanan, 1967; Fishburn, 1973; Weimer and Vining, 2005, p. 160;
Dietrich and List, 2007), it now should be clear that neither class of unanimity rule
(absolute or simple) is equivalent to the Pareto criterion (Definition 3.3). There are
several reasons.

First, both unanimity rules select alternatives based on actions (such as the deci-
sion to vote and which alternative to vote for). The Pareto criterion evaluates alter-
natives based on the preferences of both voters and nonvoters. For example, if there
are three individuals, all three prefer x to ¢, and all three do not vote (perhaps due to
the rationality of voting), then both unanimity rules will select the status quo while
the Pareto criterion will favor the proposal.

Second, both unanimity rules differ from the Pareto criterion in terms of neutral-
ity. For example, suppose all individuals vote and they vote sincerely. That is, they
vote for their true preferences on every pairwise comparison of alternatives. Then
in the three person voter profile (x =1 g, x =2 ¢, ¢ >3 x) both unanimity rules se-
lect the status quo while the Pareto criterion remains indeterminate between the two
alternatives.

Third, absolute unanimity rule differs from the Pareto criterion in its treatment of
indifference. In the voter profile (x > g,x >3 ¢,x ~3 q), if all three voters turnout
and vote sincerely (voter three calls out “abstain”), then absolute unanimity rule
selects the status quo even though the proposal is Pareto preferred.

Furthermore, neither class of unanimity rule is equivalent to the weak Pareto
criterion (Definition 3.4). Again there are three reasons. First, as in the previous
case, both unanimity rules select based on the action of voters. The weak Pareto
criterion recommends alternatives based on preferences. Second, even if all indi-
viduals vote and they vote sincerely, both unanimity rules violate neutrality, while
the weak Pareto criterion is neutral with respect to the two alternatives. Third, in
contrast to the previous case, both absolute unanimity rule and simple unanimity

8 Buchanan and Tullock (1962, p. 172) describe a “social state” as Pareto optimal similar to our
Definition 3.6. However, on the bottom of the same page they classify changes as Pareto optimal if
they make Pareto improvements. They then write “a change from A to G is Pareto-optimal in itself,
although it represents a shift from one nonoptimal position to another” (p. 174). Such statements
seem to mix the concepts of Pareto optimality and Pareto improvements.
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rule differ from the weak Pareto criterion in their treatment of indifference. In the
profile (x > ¢, x =2 ¢, x ~3 q), for example, if all individuals turn out and vote sin-
cerely, absolute unanimity rule selects the status quo, simple unanimity rule selects
the proposal, and the weak Pareto criterion makes an indeterminate judgement.

If we define the two unanimity rules neutrally, in an attempt to make them more
like Definitions 3.3 and 3.4, then neither voting rule will be decisive. A second stage,
such as flipping a coin, will be needed to determine the outcome whenever there is
no consensus. Defining unanimity rule neutrally is further discouraged by the fact
that no examples of such a rule appear in practice.

If we define the Pareto criterion non-neutrally, in an attempt to make it more
like simple unanimity rule, then we get the BT criterion (Definition 3.5). If every-
one votes and votes sincerely, then the BT criterion and simple unanimity rule are
equivalent in pair-wise votes. However, absolute unanimity rule and the BT criterion
are not equivalent because they differ in their treatment of indifference. In the case
of (x =1 g, x =2 g, x ~3 q), for example, absolute unanimity rule selects the status
quo while the BT criterion recommends the proposal.

Finally, it should be fairly obvious that neither version of unanimity rule is equiv-
alent to Pareto optimality because the definition of Pareto optimality deals with the
nonexistence of a set of Pareto preferred alternatives, while unanimity rule makes
choices between two alternatives.”

3.5 Pareto Indeterminance

Our next task is to show why these subtle differences are important for medium-
and large-sized populations. To do this, assume that preferences are randomly drawn
from the domain of all possible preferences and that each of the pairwise rankings
between any x and y (x >; ¢, x ~; g, and g >; x) occur in the domain with proba-
bilities py, po, and p_1, respectively.!” These probabilities reflect uncertainty about
preferences, which institutional framers would have if they select voting rules before
actors or alternatives are fully known.

For future chapters it will be useful to note that the homogeneity of a popula-
tion can affect these probabilities. In a homogenous population, proposals will tend
to be either uniformly liked or uniformly disliked. If a proposer tends to propose

9 Furthermore, if the universe of alternatives contained only two elements, with at least one in-
dividual favoring the status quo and at least one other individual favoring the proposal, then both
the status quo and the proposal would be Pareto optimal. Both unanimity rules, in contrast, would
chose the status quo.

10 For simplicity, we assume that each individual has the same preference probabilities and that
these probabilities are independent. One way to meet these two assumptions is to randomly draw
an assembly from a meta-population. For example, a Board of Education randomly drawn from
a conservative county may prefer school vouchers to the status quo of publicly funded education
with probabilities p; = .60, pp = .10, and p_; = .30, while a Board of Education drawn from a
liberal county may prefer the two alternatives with probabilities p; = .30, pg = .10, and p_; = .60.
Stochastic preferences might also assure independence.
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something in line with their individual or group interests, then p; will be large and
p—1 will be small. In a heterogenous population, a proposer might find it difficult
to formulate successful proposals. In other words, p; will be small and p_; will be
large.

Proposition 1 If py,p_; > O, then Pr(Pareto indeterminacy) — 1, as N — oo,

Proof. The probability of Pareto indeterminacy is:
1= (p1+p0)" = (p-1+po)" +pp (X))

Since py, p—1 > Oitfollows that (p; + po) < 1, (p—1+po) < 1, and pg < 1; therefore
(p1+po)N =0, (p—1+po)¥ — 0,and p) —0asN — . O

Although Proposition 1 is stated for infinite populations, for all intents and pur-
poses the formula for the probability of Pareto indeterminacy (cases where neither x
is Pareto preferred to g nor ¢ is Pareto preferred to x) converges to 1 in much smaller
populations (see Table 3.1). For example, if p; = p_; = 1/2, then the probability
of Pareto indeterminacy approximates 1 at N = 8. If p; = .95, pg = .02, p_; = .03,
then the probability of Pareto indeterminacy approximates 1 at N = 138. Even if ev-
eryone is extremely likely prefer the motion, Definition 3.3 is expected to make no
judgement in populations the size of the U.S. House of Representatives, a town, or
a small city (areas where the Pareto criterion is supposed to help make judgements
about constitutional designs).

Table 3.1 Sizes of N where the probability of Pareto indeterminacy ~ 1

Preference Probabilities

D1, Do, P—1 Converges at
0.50,0.00,0.50 N=38
0.70,0.05,0.25 N=16
0.90,0.05,0.05 N=90
0.95,0.02,0.03 N =138
0.03,0.02,0.95 N =138

Note: A probability is considered approximately 1 if the unrounded probability differs from 1 by
1072 or less.

Of course, a similar proposition for unanimity rule (simple and absolute) exists.
As N approaches infinity, the probability that unanimity rule will select the status
quo approaches 1. This implies that in populations the size of the U.S. House of
Representatives, a town, or a small city, unanimity rule will almost certainly se-
lect the status quo. The Pareto criterion will almost certainly make no judgement.
Hence, unanimity rule and the Pareto criterion will rarely select the same outcome
in subjects of interest to political scientists and social choice theorists. The subtle
differences in the definitions imply large differences in practice and give us greater
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reason to caution against using unanimity rule and the Pareto criterion as synony-

l’IlOl,lS.11

3.5.1 Implications

The implications of Proposition 1 should be obvious. If preferences are indepen-
dent, then the Pareto criterion by itself is unlikely to create a complete ordering in
judgements of constitutional design, legislative decision making, and popular elec-
tions. It will rarely judge between Pareto sub-optimal points, Pareto optimal points,
or any two points in these settings. The same is true for the weak Pareto criterion
(Definition 3.4).

One response to this indeterminacy is to create a Pareto extension rule that makes
the Pareto criterion more complete. For example, Pareto indeterminate cases could
be judged in favor of the status quo. This is the implicit approach of the BT cri-
terion (Definition 3.5). The problem with this approach is that the new criterion
is dominated by the extension rule, not by Pareto criterion itself. Hence, the idea
that a constitution, institution, or public good should be adopted only if it produces
a Pareto improvement (Buchanan, 1962; Mueller, 2003; Cornes and Sandler, 1996)
turns on the justification for the extension rule, not on the welfare patterns that make
up the Pareto criterion. For example, scholars who want to preserve the status quo in
cases of Pareto indeterminacy to protect individual rights are almost always making
a rights-based judgement. They are rarely making judgements implied by the Pareto
criterion.

Finally, Proposition 1 can also be interpreted as stating that in large populations
with two alternatives, both alternatives are very likely to be Pareto optimal, because
Pareto indeterminacy implies that neither alternative is Pareto preferred to the other.
In cases with A alternatives, where A is any fixed positive integer, it is easy to extend
Proposition 1 and prove the same conclusions. In other words, for sufficiently large
populations faced with a finite number of alternatives, all alternatives are very likely
to be Pareto optimal.

Of course, if preferences are probabilistically dependent, the probability of
Pareto indeterminacy may not increase as rapidly as Table 3.1 suggests. However,
the claim that Pareto indeterminacy is likely in large populations may still apply.
For example, in the spatial voting models introduced in the next chapter, individ-
ual preferences over a set of alternatives are probabilistically dependent. However,
the probability of randomly selecting a Pareto optimal outcome among randomly se-

! The same point can be seen in the familiar utilities possibility frontier. Suppose the outer edge
of Figure 3.1 were flat between (1,0) and (1, 1) and vertical between (0,1) and (1,1), so that the
area underneath the utilities possibility curve formed a square. In this case, roughly 1/2 the area
would be Pareto indeterminate with respect to (0.5,0.5) — the areas top-left and bottom-right of
(0.5,0.5). If we added a third person on a third dimension, roughly 6/8 of the areas would be
Pareto indeterminate with respect to (0.5,0.5,0.5). The illustration extends to N individuals in N
dimension, with the probability of Pareto indeterminacy matching that produced by equation (3.1)
for pP1L=p-1= 0.5.



3.6 Conclusion 31

lected ideal points still increases as N increases. If ideal points are drawn from a uni-
form distribution on the unit square, if alternatives are drawn from the same distri-
bution, and if individuals prefer alternatives closer to alternatives farther away, then
for N = 99 an alternative is Pareto optimal roughly 88% of the time. For N = 200
an alternative is Pareto optimal roughly 93% of the time. This again suggests that
the Pareto criterion may have limited applications in large legislatures and elections.
Common types of probabilistic dependence may not save us from the result.

3.6 Conclusion

Although simple unanimity rule is equivalent to the BT criterion if everyone votes
sincerely, it is not equivalent to more commonly used Pareto principles such as the
Pareto criterion (Definition 3.3) or weak Pareto criterion (Definition 3.4). It is also
not equivalent to the BT criterion if individuals vote strategically. Hence, using una-
nimity rule as a proxy for a Pareto concept can only be justified in limited situations.

The Pareto criterion is a reasonable method for judging a network of small N in-
teractions, such as bilateral trade in a market economy. It can also be compelling for
large N interactions as a sufficient condition. That is, if there is a Pareto preferred
alternative, society ought to chose it (Arrow, 1951). It is less compelling, however,
as a necessary condition, particularly since the Pareto criterion is unlikely to make
judgements in medium- and large-sized populations. Pareto indeterminacy, a posi-
tive property, simply makes the Pareto criterion too incapable of making normative
judgements — particularly if side payments are not allowed. In such cases, making
the Pareto criterion necessary implies creating a society which almost always makes
no judgements. Nevertheless, we will use this criterion as a sufficient condition in
Chapters 4 and 5. In the next chapter, we will evaluate k-majority rules in terms of
Pareto optimality and the intersection of Pareto optimality and Pareto supremacy to
the status quo.



Chapter 4
Constitutional Decision Making

4.1 Introduction

K-majority rules, such as majority rule, supermajority rules, and unanimity rule,
have been used in legislative settings. The British House of Commons and the U.S.
House of Representatives use simple majority rule for ordinary decisions; the U.S.
Senate requires approval of 3/5ths of its members to pass “filibuster-proof”™ legis-
lation; and the Council of the European Union requires unanimity rule for votes in
some issue areas.

At the constitutional stage, framers must decide, among other things, which vot-
ing rule is the most appropriate for the legislature. How they might make that choice
is particularly perplexing because constitutional framers would be in some type of
infinite regress if they voted on the most appropriate voting rule for choosing voting
rules. To avoid this problem, the most appropriate voting rule at the constitutional
phase is usually based on first principles.

Traditionally, social contract theorists have used the notion of unanimous con-
sent to justify government (Hobbes, [1651] 1962; Locke, [1690] 1988; Rousseau,
[1762] 1997). They have claimed that political authority and moral obligation to
that authority stems from individual agreement. Without each individual’s consent,
social contracts might violate the pre-constitutional interests of various individu-
als. Hence, unanimity might be considered a fair voting rule for helping a nation
bootstrap its institutions. More recently, scholars have extended contractarian ide-
als to the creation of actual constitutions (Buchanan and Tullock, 1962; Mueller,
1996; Hardin, 1999; Brennan and Hamlin, 2000). Most of these scholars agree that
the best procedure for creating new constitutions is unanimity rule because with-
out transaction costs, unanimity rule only produces Pareto improvements from the
pre-constitutional status quo and Pareto optimal results.'

This chapter analyzes which k-majority rule is most desirable for constitutional
decision making. In other words, which rule should be used to make decisions about

! One clear exception is Hardin (1999), who justifies constitutions based on contractarian notions
but does not advocate unanimity rule.

K.L. Dougherty and J. Edward, The Calculus of Consent and Constitutional Design, 33
Studies in Public Choice 20, DOI 10.1007/978-0-387-98171-0_4,
© Springer Science+Business Media, LLC 2011
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the most appropriate voting rule, and other aspects of the institutional design as-
suming decision making costs, and other transaction costs, are negligible. The re-
lationships developed in this chapter also apply to the choice of the most optimal
k-majority rule in a legislature — particularly for cases without decision costs. Nev-
ertheless, we will reserve the next chapter, on legislative decision making, for a
discussion of optimal k-majority rules with decision costs.

More specifically, this chapter examines which k-majority rule(s) is best suited
for attaining Pareto preferred and Pareto optimal outcomes, both separately and
combined, in a spatial voting model with random proposals, sincere proposals, or
strategic proposals. We employ spatial voting models because the traditional spatial
voting literature widely supports the notion that unanimity rule is the best voting
rule for producing Pareto optimal outcomes that are Pareto preferred to the sta-
tus quo and/or Pareto optimal. Spatial voting models are perhaps the most widely
used formal model in political science and have been used in economics and other
disciplines. Hence, they should be accessible to a wide audience. We examine ran-
dom and sincere proposals because we want to understand the raw properties of the
voting rules themselves, not the properties that are unique to certain behavioral as-
sumptions. Such an investigation is analogous to the studies of Becker (1962) and
Gode and Sunder (1993) who ask whether a free market can produce Pareto opti-
mal results if individuals lack certain levels of intelligence. To complete our study,
we also analyze strategic behavior — the most common assumption about human
behavior in the study of politics and economics.

We report three striking results related to Pareto optimality, which are largely
extensions of Dougherty and Edward (2005, 2010b). First, if proposal generation is
random and voting is sincere, then majority rule is usually more likely to select a
Pareto optimal outcome than unanimity rule. This is true for various distributions of
ideal points and alternatives, as well as single and multidimensional issue spaces.
Second, if individuals propose and vote sincerely, then majority rule selects Pareto
optimal outcomes at least as well as unanimity rule. Third, if individuals propose and
vote strategically, then unanimity rule will always yield a Pareto optimal outcome.
Other k-majority rules will often yield a Pareto optimal outcome, and will always
yield an outcome that is very close to Pareto optimal.

We also compare the various k-majority rules in their likelihood of delivering an
outcome which is Pareto preferred to the initial status quo, and in their likelihood
of delivering an outcome that is both Pareto preferred to the initial status quo and
Pareto optimal. We find that unanimity rule is at least as likely to select Pareto
preferred outcomes as other k-majority rules. And with some exceptions for random
proposing, unanimity rule is at least as likely as majority rule to select a Pareto
optimal outcome that is also Pareto preferred to the initial status quo.

Hence, if good constitutional decision making should strive for outcomes that
are both Pareto optimal and Pareto superior to the pre-constitutional status quo,
then unanimity rule is the best voting rule for producing Pareto optimal results. Our
results formalize and corroborate this widely held conjecture. If Pareto superiority
to the initial status quo is not required, then Pareto optimal voting may not require
consensus. Instead, majority rule may be more capable of producing Pareto efficient
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constitutional designs, public goods, and policy decisions than unanimity rule. Such
first principles should be of interest to those who relate unanimity rule to Pareto prin-
ciples in the study of political parties (Aldrich, 1995), legislative institutions (Niou
and Ordeshook, 1985; Colomer, 2001), separation of powers games (Hammond and
Miller, 1987; Miller and Hammond, 1990; Tsebelis, 2002), and public goods (Lin-
dahl, [1919] 1967; Cornes and Sandler, 1996), and most importantly constitutional
design.

4.1.1 Notation

To focus the study, consider N individuals each with an ideal point /; in an n-
dimensional space that is bounded and closed on a hyper-square. Each individual has
single peaked and symmetric utility, which implies they prefer alternatives closer to
their ideal point more than alternatives farther away. Further assume no transac-
tions costs (such as decision making costs),2 no vote trading, and, unless we specify
otherwise, indifferent voters will abstain.

Although several of the results described in this chapter apply to any number of
dimensions, we focus on one or two dimensions in our examples. Two or more di-
mensions of alternatives tend to produce qualitatively different results than a single
dimension of alternatives (McKelvey, 1976; Schofield, 1978). In a single dimen-
sion, the median voter is well defined, intransitivity cannot occur if preferences are
single peaked, and alternatives closer to the median defeat alternatives farther away
(Hinich and Munger, 1997). Furthermore, the majority rule and unanimity rule cores
are Pareto optimal in a single dimension. Alternative x is an element of the unanim-
ity rule core (resp. majority rule core) if there does not exist another alternative y
that a unanimity (resp. majority) of individuals prefer to x. In other words, tradi-
tionally viewed, all k-majority rules should produce some Pareto optimal result in
equilibrium. This is not the case for multidimensional spaces. In two, or more, di-
mensions a median is no longer defined, intransitivities are common under majority
rule, and the majority rule core is typically empty. This makes it more difficult to see
why majority rule would produce Pareto optimal results in two or more dimensions.
Hence, we will focus on the more difficult, two-dimensional case in many of our
examples.

Voting proceeds in our analysis using a forward agenda. In other words, the initial
status quo ¢ is paired against a proposal x; in round 1. The winning alternative in
round 1 is then paired against a new proposal x; in round 2, x,- in round r, and so on,
for a total of R rounds. For r > 1, g, indicates the status quo in round r, i.e., the win-
ning proposal from round (r — 1). In what follows, we will refer to both the proposal
and the corresponding point in space as x, (similarly for ¢,). Forward agendas are

2 It is easy to confuse behavior from nonrational proposals and no transaction costs (our first
setting) with behavior from rational proposals, complete information, and no transaction costs
(Dougherty and Edward, 2010b). The latter would always produce a Pareto preferred proposal
under unanimity rule if the status quo was suboptimal. A priori the former may not.
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consistent with Tullock’s (1998, pp. 70-4) and Mueller’s (2003) description of how
unanimity rule should produce Pareto optimal results. A fixed number of rounds
helps assure that everything else is held equal except the voting rule we manipulate.
It would also result from rules that limit the number of amendments, enact time
limitations, or create backward agendas.? All of which are common in deliberative
assemblies.

Although constitutional political economists and social contract theorists typi-
cally think in terms of absolute unanimity rule which passes proposals if and only
if #{yeas} = N, this chapter will focus on the simple k-majority rule for three rea-
sons. First, simple k-majority rules are more common in practice. Second, simple
k-majority rules are weaker than absolute k-majority rules. Hence, the results pre-
sented here apply to both classes. Third, indifference occurs with a probability of
roughly zero in spatial voting models. If everyone votes and there are no “votes
to abstain,” then the alternative chosen under any absolute k-majority rule and the
equivalent simple k-majority rule will often be the same. We will refer to simple
majority rule and simple unanimity rule as majority rule and unanimity rule (resp.)
for the remainder of this chapter.

Furthermore, we will use the notation PP(q;) to refer to any alternative that is
Pareto preferred (i.e., Pareto superior) to ¢; and PP(q;)&PO to refer to any outcome
that is both Pareto preferred to the initial status quo ¢; and Pareto optimal. The sets
of alternatives that meet both properties are easy to define in a spatial model.

4.2 Pareto Principles in a Spatial Context

To make the arguments in this chapter easier to follow, we will use the U.S. Consti-
tutional Convention as a running example. At the convention delegates voted in state
blocs, with the majority of a delegation determining the vote for a delegate’s state.
A simple majority of the states determined whether a motion carried. We make no
attempt to recover the location of delegates at the Constitutional Convention, largely
because we want to avoid the complication of bloc voting but also because it is dif-
ficult to infer the position of all delegates. Instead we treat states as unitary actors
and consider the effect of various k-majority rules on these twelve unitary actors as
an illustrative example.*

Since we are not trying to carefully resolve arguments about the proper loca-
tion of states, we estimated both a single-dimensional mapping of state ideal points
and and a two-dimensional mapping of state ideal points from using a 35 x 528
roll call matrix and w-nominate software (http://voteview.com/w-nominate.htm).
W-nominate assumes delegates have symmetric utility functions consisting of prob-
abilistic utility component that is a function of the distance between the delegate
and a roll call outcome (proposal or status quo), and a stochastic idiosyncratic com-

3 In a backward agenda individuals propose alternatives xi, ..., x, and the voting proceeds x, against
Xy_1, winner against x,_», etc., with the last remaining proposal matched against the status quo, g; .

4 There were thirteen states in the confederation, but Rhode Island never sent a delegation.
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Fig. 4.1 A Single Dimensional Estimate of State Positions at the U.S. Constitutional Convention

ponent which is modeled as random draw from a logit distribution. W-nominate
estimates legislator ideal points and roll call outcomes that maximize the joint prob-
ability of the votes. For other estimates of state locations at the Constitutional Con-
vention, see Jillson (1988), Dougherty and Heckelman (2006), and Pope and Treier
(2009). For estimates of delegate locations see Heckelman and Dougherty (2010b).

Twelve of the rows in our matrix are for the states that attended the Constitu-
tional Convention. An additional thirteen rows are for the thirteen states that voted
in Congress when the Articles of Confederation were formed (June 7, 1776 — De-
cember 31, 1777). The remaining nine rows are for all the delegates who voted in
both assemblies during these periods. The columns include 64 motions from the
creation of the Articles of Confederation (31 of which were not directly related to
the clauses of the Articles) and 464 motions from the Constitutional Convention.’
In both cases a motion was included only if at least one state was recorded as a yea
and at least one other state was recorded as a nay. Although delegate information is
discarded, we include delegates who voted during both periods in the roll call ma-
trix to provide some overlap in the data and to allow each state to have two separate
locations. This allows us to make make conjectures about the location of the status
quo prior to the Constitutional Convention later in this chapter.

A single-dimensional estimate of state ideal points at the Constitutional Conven-
tion appears in Figure 4.1. State labels appear underneath the dimension, along with
a hypothetical initial status quo ¢;. Since delegates from New Hampshire and New
York never attended at the same time, Connecticut is most accurately characterized
as the median voter. However, to keep the exposition simple, we presume that all
twelve states attended simultaneously.

Figure 4.1 illustrates several of the concepts defined in the previous chapter. The
alternatives Pareto dispreferred to the initial status quo ¢, PD(q), are all the alter-
natives to the left of ¢; as well as alternatives sufficiently to the right (not shown).®
The alternatives Pareto preferred to ¢; range from ¢; to Maryland, the closest state,
and the same distance to the right of Maryland. This interval is marked by right di-
agonal shading and PP(q;). In a spatial voting model with Euclidean preferences,
the set of Pareto optimal points is the convex hull of the ideal points, including al-

5 Data for state votes from August 8, 1777 to December 31, 1777 came from Lord (1984). Data
for state votes from the Constitutional Convention came from Farrand (1966). The remaining state
votes and delegate votes were inferred as part of a grant, funded by the National Science Founda-
tion, SES-0752098, Keith Dougherty and Jac Heckelman principle investigators.

6 These alternatives are at least as great as SC + |SC — ¢.
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ternatives on the edges of the hull. In our single-dimensional model, this is the set of
alternatives from the actor furthest left, Maryland, to the actor furthest right, South
Carolina.

The set of Pareto optimal alternatives are indicated by left diagonal shading. As
commonly done in the literature (Ordeshook, 1986; Austen-Smith and Banks, 2005;
Duggan, 2006), we will refer to this set as the Pareto set throughout this book. For
any set of ideal points, the Pareto set remains fixed, but the set of Pareto preferred
alternatives and the set of Pareto dispreferred alternatives vary by the location of
the alternative it is compared against (in our case, the status quo). If g, were in the
Pareto set, then the set of alternatives Pareto preferred to ¢, would be empty.

Two-dimensional estimates of the states at the U.S. Constitutional Convention are
displayed in Figure 4.2. Here, the first dimension is largely correlated with various
powers of the national government, while the second dimension shows some divide
between Northern and Southern states. The figure also displays the familiar small
state coalition on the top-middle of the figure and the large state coalition toward
the middle-right of the figure.’

Again, the figure can help us clarify several of the concepts defined in the previ-
ous chapter. For the status quo depicted in Figure 4.2, the set of Pareto dispreferred
points are all the points in the dark shaded area on the bottom left-hand side of
the figure (inclusive). Pareto preferred points are indicated by the lens-shaped area
with right diagonal shading (inclusive). The boundary of both are determined by
indifference curves of the actors at the extremes, Delaware and South Carolina. All
alternatives outside one of these two sets are Pareto indeterminate to g;. These al-
ternatives are neither Pareto preferred to g1, nor Pareto dispreferred to g; — a large
area in the figure. The set of Pareto optimal alternatives, the Pareto set, is depicted
in the top-right of the figure with left diagonal shading. In this case, the set of alter-
natives Pareto preferred to g; covers a large portion of the Pareto set, but there are
elements of the PP(q) set that are not Pareto optimal.

4.2.1 The Spatial Voting Literature

The claim that unanimity rule is the best voting rule for producing Pareto preferred
and Pareto optimal outcomes is reinforced by the spatial voting literature.

To illustrate the claim that unanimity rule is particularly adept at producing
Pareto preferred outcomes consider an example from Figure 4.1. In this case, if all
individuals vote sincerely, the only alternatives that can pass under unanimity rule
are those closer to the left pivot (Maryland) than they are to the initial status quo,

7 The large state coalition consisted of Georgia, Massachusetts, North Carolina, Pennsylvania,
South Carolina, and Virginia. Georgia and North Carolina are traditionally considered part of the
the large state coalition because they anticipated population growth in their western districts and
voted with that group (Jillson, 1978). Delegates from New Hampshire arrived at the convention
after most of the debate on apportionment was complete. This may explain why New Hampshire
is oddly positioned closer to the large state coalition.
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Fig. 4.2 Two-Dimensional Estimates of State Positions at the U.S. Constitutional Convention

q1. This is equivalent to the set of alternatives Pareto preferred to ¢;. If, in contrast,
the decision was made under majority rule, then a majority of states might pass an
alternative that made other states worse off, as in the move from g; to VA in Figure
4.1. This move would produce a Pareto indeterminate outcome.

In the two-dimensional case (Figure 4.2), the only alternatives that can pass un-
der unanimity rule are the alternatives in the right-shaded area, which is the set of
alternatives Pareto preferred to g;. If the decision was made under majority rule,
then a majority of states might pass an alternative such as the point at South Car-
olina’s ideal point. The change would make other states, Delaware, Maryland, and
New Jersey, worse off. Again, ¢; and SC are Pareto indeterminate.

Now consider the relationship between unanimity rule and Pareto optimality. Un-
der unanimity rule, all points in the Pareto set are in the unanimity rule core, and all
points in the unanimity rule core must be in the Pareto set, regardless of the dimen-
sions of the policy space (Ordeshook, 1986; Colomer, 2001). Since no proposal can
beat a Pareto optimal ¢, in a single round of voting, no proposal can beat the same
gr in a series of voting. In this sense, there is a one-to-one relationship between the
unanimity rule core (i.e., points in equilibrium under unanimity rule) and the Pareto
set. Hence, it is easy to see why some scholars might have treated unanimity rule
and Pareto optimality almost interchangeably.
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Now compare the Pareto optimality predictions to similar predictions for major-
ity rule. Research has demonstrated that unless the distribution of ideal points satis-
fies radial symmetry (Plott, 1967), the majority rule core will be empty (McKelvey,
1976; Schofield, 1978).8 In other words, for every alternative there will always be
another alternative that a majority prefer to it. This has led several scholars to believe
that voting under majority rule may produce just about any outcome in multidimen-
sional space (Riker, 1980). The result has been widely dubbed the “chaos” theorem.
In addition to helping us understand claims made about constitutional choice, the
results presented in this chapter should help the reader think more carefully about
the “chaos” result.

4.3 Pareto Preference

To determine which k-majority rule is most likely to select Pareto preferred alterna-
tives after R rounds of voting, we consider random, sincere, and strategic proposals
separately. This helps us determine whether the results require certain behavioral
assumptions, such as rationality, or whether they result from the raw properties of
the voting rules themselves.

4.3.1 Random Proposals

We start our investigation assuming that proposals are random and voting is sincere.’

Although we chose to investigate random proposals to study the raw properties of
the voting rules themselves, Penn (2009) and Compte and Jehiel (2004) suggest
that models with random proposals are fairly realistic for cases where a multiplicity
of exogenous actors create proposals. Groseclose and Milyo (2010) further suggest
that sincere voting may be common in some deliberative bodies.

To determine which voting rule is most likely to select a Pareto preferred alter-
native, we first consider a simple comparison of majority rule and unanimity rule
using the ideal points in Figure 4.2.!9 Programs for this illustration, and all the sim-
ulations presented in the book, are written by the authors in C. In this example, the
ideal points are re-scaled to the unit square and the initial status quo, g is fixed at
(0.335,0.337) for both voting rules. We draw a proposal for both voting rules from
the unit square and track the outcome of the 1,000 proposals, each of which rep-
resents a different institutional design, under the two voting rules. Each point may

8 If the policy space is single dimensional and ideal points are single peaked and symmetric, then
the alternative at the same position as the median voter is in the majority rule core.

9 An actor votes sincerely if he/she votes for the alternative he/she prefers most among the alterna-
tives available at each stage of the game, without consideration of its effects on the final outcome
of the game.

10 Similar results occur for a single dimension of alternatives.
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Fig. 4.3 Comparing Majority Rule and Unanimity Rule in Terms of the Pareto Criterion

have potentially different g, for r > 1. Nevertheless, the two voting rules start from
the same ¢ and face the same x, each round.

As Figure 4.3 illustrates, majority rule passes a wide swath of alternatives after
five rounds, but tends to concentrate outcomes near the “center’” of the Pareto set
after 1,000 rounds. Unanimity rule only passes alternatives that are Pareto preferred
to g1, but it often gets stuck at the initial status quo for several rounds, which makes
its selection of Pareto preferred alternatives somewhat slow. After 1,000 rounds, all
of the outcomes under unanimity rule are in the set of alternatives PP(q). A little
more than 95% of the cases are in the PP(g;) set under majority rule. Interestingly,
majority rule never selects an outcome Pareto dispreferred to ¢;. Moreover, for all of
the rounds reported, unanimity rule outperforms majority rule in terms of the Pareto
criterion.

This relationship can be generalized in a proposition, which also applies to sin-
cere proposals.

Proposition 2 Given sincere voting, random (or sincere) proposing, R > 1, and n-
dimensional space. Unanimity rule is at least as likely to select a PP(q) outcome
as other k-majority rules, where k < N.

Proof. See Dougherty and Edward (2010b) for proof of a similar proposition.

The intuition behind this proposition is simple. Unanimity rule will always select
a PP(q) alternative if an alternative that can pass is proposed because the PP(g)
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set is identical to the win set'! under unanimity rule on ¢;.'? Since the win set of ¢
is at least as large for any k < N as it is for k = N, k-majority rules with k < N may
pass proposals that are not PP(g;). Figure 4.3 illustrates several of these cases for
majority rule.

4.3.2 Strategic Proposals

Dougherty and Edward (2010b) prove a similar proposition for rational proposers,
which we extend to k-majority rules in n dimensions without proof.

Proposition 3 Given that a proposer is one of the voters, the proposer proposes
strategically, individuals vote strategically, R > 1, and information is complete.
Unanimity rule is at least as likely to select a PP(q)) outcome as any k-majority
rule, with k < N.

To understand the proof, assume ¢ is Pareto sub-optimal and consider the behav-
ior of a rational proposer in the final round. On the one hand, voting could proceed
under unanimity rule. In this case, if gg was Pareto optimal, then gg must be Pareto
preferred to g because only Pareto preferred alternatives can pass under unanim-
ity rule. Since gg is Pareto optimal no additional changes can be approved. If gg
was Pareto suboptimal, then the proposer would propose the alternative in the win
set of g; that is closest to his or her ideal point. This alternative would be Pareto
preferred to gg, and hence pass. Being Pareto preferred to gg implies it would also
be PP(q). On the other hand, it is easy to construct examples where groups under
other k-majority rules would select outcomes that were not Pareto superior to g
under the same circumstances.

Propositions 2 and 3 suggest that unanimity rule is better at producing outcomes
that are Pareto preferred to the initial status quo than other k-majority rules. As we
shall see, this is not the case for Pareto optimality.

4.4 Pareto Optimality

We now turn to a study of the relationship between various k-majority rules and
Pareto optimality. We develop this section at greater length largely because the re-
sults are more surprising.

' The win set is the set of alternatives that can beat the status quo g, in round r given the voting
procedure and sincere voters.

12 There are only two ways that unanimity rule can fail to attain a PP(¢;) outcome at the end of
a game: (1) if g is Pareto optimal (i.e., a Pareto preferred outcome does not exist), and (2) if a
Pareto preferred alternative is never proposed.
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Fig. 4.4 Comparing Majority Rule and Unanimity Rule in Terms of Pareto Optimality

4.4.1 Random Proposals

As in the previous section, we start our investigation assuming that proposals are
random and voting is sincere. To illustrate what we might expect in this case, con-
sider another comparison of majority rule and unanimity rule (Figure 4.4). The com-
parison in this figure differs from the comparison in Figure 4.3 by considering alter-
natives (i.e., institutional designs) that start in different locations.

In this case, we draw 1,000 initial status quos from a uniform distribution on the
unit square, rather than focusing on a single status quo as in Section 4.3.1. The initial
status quos are the same from both majority rule and unanimity rule (see Figure 4.4).
We then draw a proposal for each round from a uniform distribution and track the
movement of the 1,000 alternatives under the two voting rules. As the frames in
Figure 4.4 illustrate, the alternatives selected under majority rule typically approach
the Pareto set fairly quickly. Roughly 80% of the majority rule cases are in the Pareto
set after twenty rounds.'? Unanimity rule takes a longer time to move from its initial
point, or any subsequent point, into the Pareto set. After twenty rounds only 38%
of the unanimity rule cases are in the Pareto set. As R increases, majority rule’s
ability to select Pareto optimal results increases as well. For R = 1,000, majority

13 Simulations for N = 5 on the conditional probability of selecting a Pareto sub-optimal alternative
in round r, given that g, is Pareto optimal suggests that majority rule is increasingly unlikely to
move from a Pareto optimal status quo to a Pareto suboptimal outcome as R increases. Similar
simulations confirm that majority rule is more likely to move toward Pareto optimal alternatives as
R increases.
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rule selects a Pareto optimal alternative roughly 99% of the time. Unanimity rule
selects a Pareto optimal alternative roughly 67% of the time.'*

To understand why this happens, note that there are two phenomena that affect
the outcome — a retentive force and an attractive force. The retentive force, is the
ability to stay at a particular point. Unanimity rule is much more capable of retaining
Pareto optimal outcomes than majority rule, as demonstrated in Figure 4.5, frame
A. This frame depicts two alternatives (¢ and p), a dotted line connecting ¢ and p,
and a thin line, which is the cut line between ¢ and p. For Euclidean preferences
(assumed here), a cut line is the right bisector of the line segment between g and
p- Cut lines demarcate the space between individuals who prefer the proposal and
individuals who prefer the status quo. In frame A, the actors select proposal p in a
sincere vote under majority rule (which is Pareto sub-optimal), while they select the
status quo ¢ in a sincere vote under unanimity rule (which is Pareto optimal). This
suggests that unanimity rule may be better at retaining Pareto optimal points than
majority rule.

In contrast, the attractive force is the ability to move toward a point. In Figure
4.5, frame B, the choice is between a Pareto sub-optimal status quo ¢ and a Pareto
optimal proposal p. If actors vote sincerely, they would chose the Pareto optimal
proposal under majority rule and the Pareto suboptimal status quo under unanim-
ity rule. Neither alternative would be Pareto preferred to the other, yet in this case
majority rule has produced a Pareto optimal outcome and unanimity rule has not.

Dougherty and Edward (2005, 2010b) show that when these forces are combined,
majority rule’s advantage in terms of the attractive force generally outweighs its
disadvantage in terms of the retentive force. In other words, majority rule is much
more likely to bring institutional designs into the Pareto set. Because the majority

14 All of the differences reported in Figure 4.4 are significant at the .01 level.
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of ideal points are typically on the same side of the cut line as the Pareto set, groups
using majority rule leave the Pareto set less often than one might expect.

We generalize Dougherty and Edward’s (2010b) results for random proposals
using a number of simulations. For each of the simulations listed below, we study
two distributions of the initial status quos, separately: a uniform distribution and a
bivariate normal distribution with the mean of dimension j set equal to the median
of the ideal points in dimension j.!3> We also study various N from 5 to 99 and R
from 1 to 1,000. The simulations are:

1. auniform distribution of ideal points;

2. ideal points drawn from the population of two-dimensional dw-nominate scores
for all U.S. Senators 1789-2008 (this distribution is bivariate in the first dimen-
sion and normal in the second dimension, similar to the distribution of Chile’s
Chamber of Deputies 1998-2000 and the unicameral Congress of Peru 1999—
2000).16

3. ideal points drawn from the population of two-dimensional w-nominates scores
for the European Parliament 1994-2004 (this distribution is multipeaked in both
dimensions similar to the National Assembly of the French Fourth Republic
1946-1958 and the Canadian House of Commons 1994-1997);

4. ideal points drawn from the population of two-dimensional w-nominates scores
for the Russian Duma 1996-1999 (this distribution is asymmetric in the first
dimension similar to the Nicaraguan National Assembly 2000);

5. simulations with uniformly distributed ideal points but “thick™ indifference in-
difference curves (Ordeshook 1986).!7

The last case allows for indifference and slightly improves the ability of unanimity
rule to select Pareto optimal outcomes with respect to majority rule. For all of the
N and R examined in these simulations, majority rule is in most cases at least as
likely to select a Pareto optimal outcome as unanimity rule.'® These differences are
statistically significant at the .05 level.

For those who wonder whether we have allowed some kind of hidden decision
making costs by limiting unanimity rule to the same number of rounds as majority

15 Proposals are drawn from a uniform distribution in each case.
16 Different patterns may exist in Chile and Peru for different years.

17 n this simulation individual i votes for p if and only if |I; — p| < |I; — q| — .025, and i votes for
g if and only if |I; — p| > |I; — g| + .025. Absolute unanimity rule (which requires everyone to vote
for the proposal in order for it to pass) performs no better than simple unanimity rule (used here)
because absolute unanimity rule implicitly treats “votes to abstain” (indifference in our model) as
votes for the status quo. See Dougherty and Edward (2004) for definitions.

18 There are exceptions. In cases where the distribution of ideal points is extremely skewed, such
as 39 ideal points fixed at equal increments between (.01, .75) and (.99, .75) and two ideal points
fixed at (.01, .10), and (.99, .10), they find that unanimity rule is slightly more likely to select a
Pareto optimal alternative than majority rule if initial status quos and proposals are drawn from a
uniform distribution. However, if the first two ideal points are placed at (.01, .75) and (.99, .75), 37
ideal points are placed on a line segment between (.01, y) and (.99, y) exclusive with y < .73, and
the final two ideal points are fixed at (.01, .10), and (.99, .10), then majority rule again outperforms
unanimity rule.
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rule, thereby preventing unanimity rule from having enough time to attain a Pareto
optimal outcome, they should note that it takes a large number of rounds for una-
nimity rule to “catch up” to the rate of Pareto optimal selections under majority
rule. For example, if the initial status quo, proposals, and ideal points are all drawn
from a uniform distribution, unanimity rule is less likely to produce Pareto optimal
results after 1,000 rounds than majority rule is in five rounds. In other words, the
differences are not easily rectified by allowing the voting rules to stop at different
points.

4.4.2 Sincere Proposals

Although random proposals facilitate a comparison of the raw properties of majority
rule and unanimity rule, it may be more useful to study systems with sincere pro-
posals. Individuals may propose sincerely if they solely want to signal constituents
(Denzau et al, 1985), procedural rules encourage sincere behavior (Groseclose and
Milyo, 2010), or some type of psychological mechanism leads them to propose sin-
cerely such as simple heuristics (Tversky and Kahneman, 1974).

Dougherty and Edward (2010b) present a proposition for sincere proposals which
requires the following assumptions:

1. each voter acts as proposer at least once, with one proposer per round;

2. each proposer proposes his/her ideal point; and

3. in each round, voters vote for the alternative closest to their ideal point (i.e., they
vote sincerely).

Proposition 4 Given assumptions 1-3, assume k < K. Then a K-majority rule is at
least as likely to select the Pareto optimal alternative in R rounds as a K-majority
rule.

The proof of Proposition 4 is simple. Since only ideal points are proposed, all
proposals must be Pareto optimal. Hence the only cases that distinguish the perfor-
mance of various k-majority rules are the cases where ¢ is Pareto suboptimal. These
cases favor k-majority rules with smaller thresholds because for any given g, the win
set of the larger k-majority rule is a subset of the win set of the smaller k-majority
rule. Hence, Wi (q1) NH C Wi(q1) NH, where Wj(g; ) is the k-majority rule win set
and H is the convex hull. This logic applies to any number of dimensions.

4.4.3 Strategic Proposals

In seminal works, McKelvey (1976) and Schofield (1978) show that if voting is sin-
cere, information is complete, and the distribution of ideal points does not adhere
to radial symmetry, then for any pair (¢, z) in multidimensional space there exists



4.4 Pareto Optimality 47

a finite forward agenda that starts at ¢; and results in z. Given the general absence
of equilibria, an agenda setter could make majority rule “wander anywhere” (McK-
elvey, 1976, p. 480)."°

Although some have interpreted these results to mean that just about any outcome
is possible under majority rule (Riker, 1980), Dougherty and Edward (2010b) show
the following result for strategic actors.

Assume (a) a voter is designated proposer in the last round (a variety of proposers
and proposal processes can be used in earlier rounds), (b) proposals are strategic in
the last round, (c) individuals vote strategically (or sincerely), (d) R > 1 rounds of
voting, and (e) complete information.

Proposition 5 Fix k > 0 and denote by qr the status quo in round R. Let W (qg) be
the win set of qr under k-majority rule. Suppose there exists a point z € W(qg) of
minimal distance to the proposer. Then given assumptions a—e, k-majority rule will
select a Pareto optimal outcome in subgame perfect equilibrium (SPE).*°

The intuition behind Proposition 5 is that in the final round of voting, a rational
proposer will either want to propose the alternative that he/she most prefers that is
also in the win set of gg, or he will prefer gg and, without loss of generality, pro-
pose gg. Dougherty and Edward use a geometric proof to show that the alternative
proposed must be Pareto optimal. Since this argument applies to any status quo in
the final round of voting, behavior in earlier rounds is irrelevant to the proof.

The proposition also applies to cases where different k-majority rules are allowed
a different number of finite rounds. This is significant because again it helps to
address any concern that there are hidden decision making costs in the assumption
that all k-majority rules stop after the same number of rounds. If unanimity rule is
allowed considerably more rounds than majority rule, both rules will select a Pareto
optimal outcome in sub-game perfect equilibrium as long as the number of rounds
are finite.

A critical assumption in proposition 5 is that there exists a point in the win set
that minimizes the distance from the proposer to the win set. This assumption, which
Dougherty and Edward (2010b) refer to as the “attainable minimum assumption,”
makes an optimal location for the proposal well defined.?! There are a number of
cases where k-majority rules, k < NV, satisfy the attainable minimum assumption. For
example, this assumption is satisfied if the proposer’s ideal point is within the win
set, gg is the point on the boundary of the win set that is closest to the proposer, or

19 In their theorems, neither McKelvey nor Schofield model the proposal process nor treat the
proposer as someone with specific interests in the outcome of the vote.

20 See Duggan (2006) for proof of a similar proposition.

21 This problem is closely related to the open set problem that plagues formal theoretic works,
but is often ignored (Krehbiel, 1998; Stewart, 2001). To understand the problem consider a single
dimensional spatial voting model with Euclidean preferences and majority rule voting. If ¢ = 0.3,
the median voter’s ideal point is at 0.5, and the proposer’s ideal point is at 0.8, then the proposer
would like to propose an alternative closest to his/her ideal point that is in the win set of g. Most
authors claim this is 0.7. However, since the win set is (0.3,0.7), i.e. open, it does not include 0.7
and an optimal proposal does not exist.
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indifferent individuals vote yes in the final round. Groupthink may lead to the latter
behavior in the final round (Janis, 1972). Dougherty and Edward (2010b) provide
more examples. More importantly, unanimity rule will always satisfy the attainable
minimum assumption.

Corollary 1 Given assumptions a—e, unanimity rule will always select a Pareto
optimal outcome in subgame perfect equilibrium (SPE).

If the the attainable minimum assumption does not hold, then the points on the
boundary of the win set which are closest to the proposer are not technically in the
win set. In this case, for k < N there will be no equilibrium outcome for and game
theory will not make a prediction.

Dougherty and Edward (2010b) argue that if we relax the strict requirements of
the game-theoretic framework, then a real world proposer attempting to be ratio-
nal would propose a point in the win set that is extremely close to the point on the
boundary of the win set that is closest to the proposer. The point on the boundary
is Pareto optimal, so the proposal will pass and be “very close,” almost impercep-
tibly close, to Pareto optimal. Technically, however, this outcome would not be an
equilibrium.

We conclude that among rational actors, unanimity rule is only slightly more
adept at selecting Pareto optimal outcomes than other k-majority rules. Furthermore,
the outcome under majority rule will be Pareto optimal or very nearly Pareto opti-
mal. This result is not an artifact of a structurally induced equilibrium (Shepsle,
1979). It follows simply from rational proposing in a fixed number of rounds.

4.5 Pareto Preferred and Pareto Optimal

Section 4.3 makes it clear that unanimity rule is more effective at producing PP(q;)
results and Section 4.4 makes it clear that majority rule is more effective at pro-
ducing Pareto optimal results. Interestingly, when both conditions have to be met,
unanimity rule is at least as likely as other k-majority rules to select a PP(gq;)&PO
outcome.

4.5.1 Random Proposals

For random proposing and sincere voting, Dougherty and Edward (2010b) use a
simulation similar those described in Section 4.4.1 to show that unanimity rule is
typically more likely to select a PP(q;)&PO alternative than majority rule for R > 1.
For R = 1, unanimity rule and majority rule perform equally because both rules
face the same ¢ and x;. Any x; that is Pareto preferred to ¢; will pass under both
unanimity rule and majority rule. This is an interesting side note for up or down
votes, such as the vote to accept or reject a constitution, but it is a special case.
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For R > 1, the probability that each voting rule selects a PP(g;)&PO outcome
typically decreases as N increases.?”> Furthermore, unanimity rule typically outper-
forms majority rule by larger margins as R increases because it increasingly exhausts
proposals that are Pareto preferred to g,, while majority rule may end up selecting
outcomes that are not PP(q;)&PO.

However, there are some important exceptions, one of which is illustrated in
Figure 4.3. For the simulation displayed in this figure, majority rule selects a
PP(q1)&PO alternative with probability 0.270, 0.616, and 0.946 for R = 5, 20,
1,000, respectively. Unanimity rule selects a PP(gq;)&PO alternative with probabil-
ity 0.252, 0.476, and 0.693 for R = 5, 20, 1,000, respectively.

The reason for the exception appears to be the following. For R > 1, a necessary
condition for majority rule to outperform unanimity rule in terms of PP(q;)&PO is
for a PP(q;)& ~PO alternative to be proposed before a PP(q;)&PO alternative. In
this case, unanimity rule may move to a PP(g;)& ~PO(q;) position x, which has
a smaller set of alternatives Pareto preferred to it than the set of alternatives Pareto
preferred to ¢;. The initial movement makes a subsequent Pareto improvement less
likely and reduces the chances of unanimity rule selecting a PP (g )&PO outcome.
Meanwhile, majority rule may move into the PP(q;)&PO set quickly because it is
not restricted to accepting alternatives that PP(x}.).

It should be noted, however, that the simulation presented in Figure 4.3 is for a
status quo that is particularly far from the Pareto set. In Figure 4.4, where there are
many status quos at a variety of distances from the Pareto set, unanimity rule is more
likely to select a PP(g;)&PO alternative than majority rule for each R presented.
Moreover, for all the simulations reported in Section 4.4.1, unanimity rule is at least
as likely to select a PP(g;)&PO outcome as majority rule. Cases where majority
rule outperforms unanimity rule are rare.

4.5.2 Sincere Proposals

Recall that in Section 4.4.2, we assume sincere proposing and show that majority
rule is more likely to select Pareto optimal outcomes than unanimity. However, if
we focus instead on outcomes that are PO&PP(q), then the conclusion is very
different.

Proposition 6 Given assumptions 1-3 (in Section 4.4.2) and R > 1, unanimity rule
is at least as likely to select a PP(q1)&PO alternative as majority rule.

Proof. See Dougherty and Edward (2010b).

22 There are two reasons why. First, as N increases the Pareto set takes up a larger proportion of the
space, making the probability of a drawing a Pareto optimal g; increase. Because PP(q) requires
a Pareto suboptimal ¢, the probability of a Pareto preferred proposal decreases as well. Second, as
the Pareto set takes up a larger proportion of the space, the average distance between a suboptimal
¢1 and the Pareto set tends to zero. This makes the PP(g;) set decrease in size as well.
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The intuition behind this proposition is that if g; is Pareto optimal or the set
of points Pareto preferred to g; does not contain any ideal points, then majority
rule and unanimity rule are equally likely to select a PP(g;)&PO outcome. If g is
Pareto sub-optimal and the set of points Pareto preferred to ¢ contains at least one
ideal point, then unanimity rule has a positive probability of selecting a x, that is
PP(q1)&PO. The latter is because the status quo remains at ¢; until an ideal point
that is PP(q;)&PO is proposed and passes. It is fairly easy to generate examples
which show that majority rule can have have a zero probability of selecting such a
point after the first round.

This proposition extends to a comparison between unanimity rule and other
k-majority rules. It also applies to cases where each voter has at least one oppor-
tunity to propose, instead of being randomly selected. Hence, if behavior is sin-
cere, unanimity rule should be better at producing PP(g;)&PO results than other
k-majority rules.

4.5.3 Strategic Proposals

If behavior is strategic, then unanimity is again more capable than majority rule of
producing an outcome that is PP(q;)&PO.

Proposition 7 Given assumptions a—e (from Section 4.4.3), unanimity rule will se-
lect a Pareto optimal outcome that is also Pareto preferred to q, in SPE; majority
rule may not.

The proof of the first part of the proposition is a simple extension of the proof
of Proposition 5. The proof of the second part can be shown using the example
presented in Figure 4.2. Suppose there is one round of voting, g is at the location
designated in the figure, and NJ is proposing. It is rational for NJ to propose its ideal
point which defeats g; by majority rule but not by unanimity rule. Although NJ’s
ideal point is Pareto optimal, it is not Pareto preferred to g;.

Obviously, this logic applies to a comparison between unanimity rule and other
k-majority rule as well. If constitutional framers want to assure Pareto optimal out-
comes that are also Pareto preferred to the initial status quo, then they have good
reason to adopt unanimity rule as their voting procedure.

4.6 Experimental Evidence

To test these theoretical results, it would be nice to have data from actual constitu-
tional conventions. However, three major impediments prohibit such a study. First,
very few constitutional conventions, or other constitutional processes, have required
unanimity rule. This does not imply anything about Buchanan and Tullock’s argu-
ment because their argument is largely normative. However, it does limit the ability
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to make comparisons between unanimity rule and other k-majority rules using natu-
rally occurring data. Second, if such data were available, almost all of the variation
would be between countries, states, or clubs, etc. Anything correlated with differ-
ences between the countries, states, or clubs could result from a spurious relation-
ship. Third, although techniques for estimating ideal points have been available for
over a decade (Poole and Rosenthal, 1984; Clinton et al, 2004), scholars are only just
now developing techniques to simultaneously estimate the location of ideal points
and alternatives (Peress, 2009; Clinton and Meirowitz, 2004). Even those new tech-
niques cannot determine the location of alternatives if a vote is unanimous.

Fortunately, there are other methods of testing the these claims. Dougherty et al
(2010) use laboratory experiments. One advantage of laboratory experiments is that
they provide a controlled environment where the effect of voting rules, and other
treatments, can be isolated. Laboratory experiments also provide an opportunity for
researchers to test theories that apply to topics with little or no naturally occurring
data, such as voting using unanimity rule.

Dougherty et al (2010) designed their experiment using a paper and paper-and-
pencil, no communication format similar to the formats of Fiorina and Plott (1978),
McKelvey and Ordeshook (1984), and Bianco et al (2008). They assign subjects
to 32 groups of seven subjects each. Each group is assigned a voting rule (ei-
ther majority rule or unanimity rule) and an information condition (either com-
plete or incomplete). Subjects assigned to a complete information group are given a
two-dimensional graph that contains the ideal points of the other subjects as well as
their own ideal points and the location of the initial status quo. Subjects assigned to
an incomplete information group are given a similar graph without the location of
the ideal points of the other subjects. A set of seven ideal points are randomly drawn
for each group from a uniform distribution on a 100 x 100 square, in matched sets.
That is, each set of four groups (majority rule, complete; majority rule, incomplete;
unanimity rule, complete; unanimity rule, incomplete) are assigned the same set of
ideal points so that ideal points matched across treatment conditions.?? Ideal points
are re-drawn in such a way that the initial status quo, (10,10), was always Pareto
sub-optimal >+

After the initial practice rounds, subjects are told the initial status quo and asked
to propose any (x,y) pair between 0 and 100 inclusive, in increments of 0.01. A sub-
ject could propose in future rounds, but only after everyone in the group was given
the opportunity to propose first, if they desired. As proposing and voting proceeded,
the experimenter records the subject’s identification number, their proposal, and the
status quo on a chalkboard in the front of the room for all subjects to see. Subject
are told the experiment would last exactly ten rounds. After the tenth round, subjects
are paid based on the distance between the final outcome and their ideal point, with
a maximum of $15 for an outcome on their ideal point and a minimum of $1 for an
outcome sufficiently far away.

23 As a result, there were only eight sets of ideal points.

24 None of the sets of ideal points met the condition of radially symmetry needed to make the
majority rule core nonempty (Hinich and Munger, 1997).
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The results strongly support the arguments presented in this chapter. The few
cases where our theoretical results differ from the experimental results all favor
majority rule.

At the end of the game, unanimity rule groups were more likely than majority
rule groups to select outcomes Pareto preferred to the initial status quo g;. Seven
of the sixteen unanimity rule groups selected Pareto preferred outcomes,” while
five of the sixteen majority rule groups selected Pareto preferred outcomes. The
difference, however, is not statistically significant.

Furthermore, majority rule groups entered the Pareto set more quickly than una-
nimity rule groups and did a surprisingly good job of staying in the Pareto set. After
the first round, majority rule groups were ten times more likely to be in the Pareto
set than unanimity rule groups, and they were more than twice as likely to be in
the Pareto set in the final round. These differences are statistically significant at the
.01 level. More importantly, all of the majority rule groups ended in the Pareto set.
Only half of the unanimity rule groups ended there. The reason appears to be that
proposers in unanimity rule groups found it difficult to identify proposals that would
pass. Among the sixteen unanimity rule groups, six remained at the initial status quo
(which was sub-optimal) while two groups moved to a different sub-optimal point
and remained at that point for the remainder of the game. Majority rule groups typ-
ically entered the Pareto set quickly, and stayed in the Pareto set until the end of the
game. Only one of the majority rule groups left the Pareto set during any round of
play, only to return to the Pareto set before the game had ended. Surprisingly, the
information condition had very little effect on the final results.

Perhaps the most surprising result is that the majority rule and unanimity rule
groups were equally likely to select an outcome that was both Pareto preferred to the
initial status quo and Pareto optimal. Even though the result is consistent with our
theoretical results for sincere proposals, which suggest that unanimity rule is only
at least as likely to select a PP(q1)&PO outcome as majority rule, it contradicts
the results for random and strategic proposals which suggest that unanimity rule
should strictly outperform majority rule (or at least typically, in the case of random
proposals). It is natural to think that unanimity rule should be particularly adept at
selecting such points because it only allows a proposal to pass if no one objects.
However, the experimental results of Dougherty et al (2010) provide some reason
to question this intuition.

25 Five of the unanimity rule groups remained at the initial status quo throughout the game, two
moved to a Pareto preferred outcome that was not Pareto optimal, three ended in the Pareto set but
not in the set of alternatives Pareto preferred to the initial status quo, and one moved to a outcome
that was neither Pareto preferred to the initial status quo nor Pareto optimal. The behavior of the
last four groups occurred because at least one subject in each of those groups voted against their
preferences, perhaps in a failed attempt to get a more preferred outcome at the end of the game.
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4.7 Implications

A fundamental theme of contractarianism is that individuals who are legitimate par-
ties to a social contract must consent to the social contract, either actually or hy-
pothetically. If unanimous agreement is the goal of contractarianism, then it goes
without saying that unanimity rule is the best voting rule for assuring unanimity.
However, if the goal of contractarians is Pareto efficiency, as argued by many con-
stitutional political economists, and Pareto efficiency is not limited to Pareto im-
provements with respect to the initial status quo, then it is not clear that unanimity
rule is the most appropriate voting rule for attaining Pareto efficient results. As we
have shown, majority rule is at least as likely to select Pareto optimal outcomes as
unanimity rule if proposals are random, sincere, or in some cases strategic.

In contrast, if desirable outcomes should be both Pareto efficient and Pareto pre-
ferred to the initial status quo, then unanimity rule typically outperforms majority
rule for random, sincere, and strategic proposals. All this suggests that the widely ac-
cepted relationship between unanimity rule and Pareto optimality needs to be treated
more carefully. Although we leave it to the reader to decide which criterion should
be used to judge the most appropriate voting rule for constitutional decision making,
we end this chapter with some observations that may help them develop their own
opinions.

First, Pareto optimality and Pareto optimality that is Pareto superior to the status
quo have one thing in common: Pareto optimality. There are several reasons to value
Pareto optimality. One is that failing to produce a set of Pareto optimal institutions
means that there is another set of institutions that everyone prefers to it. Besides the
obvious normative concerns against Pareto sub-optimal outcomes, such outcomes
can invite attempts at additional reform, delegitimize the government, and make it
unstable.

Second, Pareto optimality requires that we accept the notion of Pareto preference,
but it does not require that we focus exclusively on Pareto preference with respect to
the status quo. Whether one wants to add the additional requirement that desirable
change should be Pareto preferred to the status quo may hinge on the proper role of
the status quo in welfare judgements.

On the one hand, Buchanan and Tullock make a strong case for wanting to pro-
tect individual rights and for recognizing that collective decision making can in-
fringe upon those rights unless individuals are restricted to choices that are Pareto
improvements. Without that restriction, collective decisions may advantage some
individuals to the detriment of others. Resources can be redistributed and a classic
tyranny of the majority (or tyranny of the supermajority) can arise. This argument
seems particularly compelling in small societies where an initial constitution is be-
ing formed.

On the other hand, limiting choices to Pareto improvements from the initial status
quo can protect unjust situations that might exist under the status quo (Nozick, 1974,
pp- 150-3). For example, if some actors own slaves and emancipating slaves is a
core part of a proposed constitution, then requiring all constitutional decisions to be
Pareto improvements from the status quo may ultimately result in the preservation
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Fig. 4.6 State Positions in the Formation of the Articles of Confederation and the Constitution

of slavery. Such considerations may be particularly important for societies that have
a constitution (either written or nonwritten) and want to adopt a new one.

The United States example may shed additional light on the debate. Figure 4.6
displays the now familiar set of ideal points estimated for the Constitutional Con-
vention. It also displays locations estimated for the states during the formation of
the Articles of Confederation. The latter was the constitution of the United States
prior to the Constitution. According to this figure, states largely changed positions
between the two bodies making it likely that the institutional design heading into
the convention was Pareto sub-optimal.

Since the Articles of Confederation were formed in Congress voting under a ma-
jority of state blocs, the institutions formed in Congress might be in the Pareto set
on the left for the Articles of Confederation. Our results for majority rule support
such a conjecture. Exactly where the institutional design of the Articles of Confed-
eration, the institutional status quo for the convention, might have been in that set is
entirely unknown.

Suppose the institutional design of the Articles of Confederation, was located
at the center of the yolk?® that existed during the period when the Articles were
drafted. This is the point marked “A” in the figure (the same location as the status
quo in Figure 4.3).

Because the status quo is far from the Pareto set for the Constitutional Con-
vention, a few rounds of majority rule voting at the Constitutional Convention could
easily redistribute utility and produce an outcome at, say, B. Such an outcome would

%6 In two dimensions, the yolk is the smallest circle that intersects all “median” lines. A median
line demarcates the space such that the exact same number of voters on are opposite sides of the
median line (McKelvey, 1986; Feld et al, 1988).
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be Pareto optimal but not Pareto preferred to the status quo. Moving to such a lo-
cation might represent a bit of tyranny of the majority because Georgia and South
Carolina prefer A and would be made worse off moving from A to B.?’ Requiring
Pareto improvements from the status quo avoids this type of tyranny of the majority.

Contrast this with another, more extreme case. If the status quo was at the
1776 — —1777 position for Rhode Island, marked on the right-hand side of the fig-
ure, then the set of alternatives PP(RI)&PO would be considerably smaller than
the set of alternatives PP(A)&PO. Some scholars and constitutional framers might
believe that limiting constitutional choices to Pareto improvements from RI might
give Rhode Island undue influence over a convention that it never attended. It would
certainly prohibit the convention from attaining outcomes near the center of the
convention’s Pareto set. As Alexander Hamilton wrote:

If a pertinacious minority can controul the opinion of a majority respecting the best mode
of conducting it; the majority in order that something may be done, must conform to the
views of the minority; and thus the sense of the smaller number will over-rule that of the
greater (Bailyn, 1993, Federalist 22, v. 1, p. 511).

In other words, failing to require Pareto improvements to the status quo can lead
to tyranny of the majority. But demanding Pareto improvments from the status quo
may lead to what Hamilton might describe as a tyranny of the minority.

As it turns out, the actual process used to create the U.S. Constitution was more
majoritarian than consensual, though there were moments of consensus in the pro-
cess. With half of the states in attendance, various clauses in the Constitution passed
by a simple majority of attending states. Even the final line of the Constitution,
“Done in Convention by the Unanimous Consent of the States present the Seven-
teenth Day of September ...” was passed under majority rule (Farrand 1966, 2:
643-7). Furthermore, Elbridge Gerry, George Mason, and Edmund Randolph re-
fused to sign the Constitution and several other delegates, most notably John Lans-
ing and Robert Yates, opposed the Constitution but left before they could formally
vote against it. This left the only remaining delegate from New York, Alexander
Hamilton, to sign the Constitution on the behalf of his state when the majority of
his delegation was opposed.

Ultimately all the states ratified the Constitution, but even that might not be seen
as a evidence of a Pareto improvement from the Articles of Confederation to the
Constitution. Riker et al (1996) claims that conventioneers in Rhode Island and
New York preferred (1) the Articles of Confederation to (2) the Constitution with
Rhode Island and New York included to (3) the Constitution with New York and
Rhode Island excluded. If this were the case, then the movement from the Articles of
Confederation with all states included (1) to the Constitution with all states included
(2) cannot be considered a Pareto improvement regardless of the preferences of the
other eleven states. The only reason Rhode Island and New York would have signed,
the argument goes, was because nine of the states ratified the Constitution, leaving
Rhode Island and New York to choose between inclusion in the new constitution

27 Of course, Figure 4.3 loosely illustrates that in this particular case, majority rule is more likely
to produce an outcome in the PP(A)&PO set than near B.
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(2) or not (3). In other words, a super-majority of states removed the option of
maintaining the confederation in its full form, and that is what led to a unanimity
among states in ratification. Considering the interests of individuals within states
only exacerbates the claim that the Constitution was not created by unanimity rule.

If Pareto improvements are somehow necessary for a “fair” change in institu-
tional structure, then we have to live with the notion that the formation of the U.S.
Constitution and its institutional structure was probably “unfair.”” However, if the
only requirement is Pareto optimality, with or without Pareto improvement, then the
fact that the Constitution was created using more majoritarian procedures may give
us reason to withhold such judgement. The procedure used by the Americans may
have produced a Pareto optimal result even if it did not produce something Pareto
preferred to the status quo.



Chapter 5
Legislative Decision Making

5.1 Introduction

How many individuals must agree before a collective decision is imposed on a com-
munity? Buchanan and Tullock (1962) raised that question roughly fifty years ago
and answered that it depends on how a community weighs decision costs and exter-
nal costs. At the constitutional stage decision costs are less consequential. Hence,
voting rules that produce Pareto superior and Pareto optimal outcomes (or just
Pareto optimal outcomes) should be promoted. The only voting rule that could guar-
antee such results, and minimize external costs, is unanimity rule. At the legislative
stage, the optimal k-majority rule may depend on both external costs and decision
costs. With decision costs considered, the sum of decision costs and external costs
might be minimized closer to majority rule.

This chapter analyzes the optimal k-majority rule in a context where both external
costs and decision costs matter. Since decision costs are almost always important for
judging voting procedures in legislatures, we title this chapter “Legislative Decision
Making.” However, the results presented here should apply to constitutional decision
making, or any type of decision making, where the optimal k-majority rule depends
on both external costs and decision costs.

As mentioned in Chapter 2, other scholars have considered other types of costs
that may be added to the external cost or decision cost functions (Mueller, 1996;
Spindler, 1990; Brennan and Hamlin, 2000). These studies have not been fully for-
malized nor have they carefully examined the effects of functional form on their
arguments. Dougherty and Edward (2004) have tried to formalize Buchanan and
Tullock’s argument in the two-alternative case, but they could not adequately ana-
lyze decision costs because decision costs do not vary with £ when only the status
quo and a single proposal are feasible. Furthermore, the latter work does not extend
its analysis to series of votes that are common in legislative settings.

Rather than trying to include new sources of external costs and decision costs, we
attempt to assess the claims made by Buchanan and Tullock by creating a framework
that can accommodate a series of votes. To conduct our analysis, we formulate a no-
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tion of external costs that is analogous to the external costs described by Buchanan
and Tullock and by Mueller (2003). We define a BT-loser as an individual who votes
for a BT-preferred alternative when society chooses against him/her. We then for-
malize decision costs in a single round as a constant which makes decision costs
in a series largely a function of the probability of passage. This produces several
interesting results.

First, if a society values one cost more than the other, then the mere weight it
puts on decision costs relative to external costs can make k = 1 or k = N optimal.
However, even if a society puts no weight on decision costs, it is not always the
case that k = N will be uniquely optimal. Because expected external costs largely
depends on the probability of passing proposals and the probability of passing pro-
posals is logistic-type function of k, there is an almost certain probability of passage
for k near 0 and an almost certain probability of failure for k near N (see Figure 5.1).
As a result, expected external costs can take a logistic-type shape like this as well.
Without decision costs, the flat spots on the right side of the external cost function
can make the optimal k-majority rule a range of k-majority rules near k = N rather
than a singleton.

Second, if external costs and decision costs are equally a concern, then the ho-
mogeniety of the society, as depicted by the preference probabilities introduced in
chapter three, can affect the optima. Everything else equal, if a society is extremely
homogenous with respect to the decisions it has to make, then more inclusive voting
rules might be appropriate. If society is particularly heterogenous with respect to
those decisions, then a less-inclusive voting rule may be appropriate.

Third, the ability to create increasingly desirable proposals between rounds can
affect the optimal k-majority rule. If the political dynamics are such that the proba-
bility of passing a proposal quickly increases between rounds, then large k-majority
rules may be preferred. If proposals are not increasingly likely to pass in subsequent
rounds (or their chances improve only slowly), then moderately smaller k-majorities
may be optimal.

Such an analysis can be compared to Mueller’s (2003, pp. 76-8) argument that
total costs will be minimized at majority rule because of a “kink” in the decision
cost function. The difference between our results and those claimed by Buchanan
and Tullock, and Mueller, ultimately stems from the fact that for any fixed popula-
tion, the probability of passage does not decline linearly as k increases. Instead, it
decreases in a logistic-type manner, as shown in Figure 5.1. The difference in shape
has important implications for the external cost function, the decision cost function,
and many of the more intuitive arguments made by Buchanan and Tullock.

5.2 Related Literature

Several authors have tried to determine the optimal k-majority rule. At the legislative
stage, Buchanan and Tullock argue that the optimal k-majority rule should minimize
the sum of external costs and decision costs. Since external costs decrease mono-
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tonically as a function of k and decision costs increase monotonically as a function
of k, they claim the sum is typically minimized in the neighborhood of majority
rule. However, there in nothing unique about majority rule within their analysis. In
order for majority rule to be the optimum for a wide class of decisions, they thought
that there must exist a kink (i.e., a jump discontinuity) in one of the cost functions
at k/N = N /2. Mueller (2003, p. 77, n.7) take up this issue and writes “If consti-
tutional conventions choose parliamentary voting rules by weighting the external
and decision-making costs of each rule, as Buchanan and Tullock first posited, then
there is no way to explain the ubiquitous use of the simply majority rule without the
existence of a discontinuity in one of the two curves at k/N = N/2” [emphasis in
original].

As noted in Chapter 2, Mueller suggests that the possibility of contradictory de-
cisions for k/N < N /2 can cause a jump discontinuity in the decision cost function
at N /2. Hence, decision costs decline by a large jump discontinuity just before ma-
jority rule, as shown in Figure 2.2. Combined with a gradually increasing external
cost function, such as the one claimed by Buchanan and Tullock, the big jump dis-
continuity would make majority rule the optimal k-majority rule for a variety of
assemblies.

Although a discontinuity such as this suggests that total costs are minimized at
majority rule, such a discontinuity may not be necessary for understanding the ubiq-
uitousness of majority rule. This is important because there is no reason to assume
that all voting thresholds, less than N /2, must produce contradictory outcomes. As
long as the rules are well defined there may not be a problem. For example, the U.S.
Supreme Court requires only four of its nine judges to issues a writ of certiorari.
Once the writ is issued, it is not the case that members opposed to the writ can recall
it, even if five members are opposed. The rule allows the status quo of no writ to be
replaced with a writ, but it does not allow a writ to be recanted by another coalition
of equal or larger size once it has been issued. Put differently, there are cases where
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small k-majority rules avoid self contradictions. In those cases, Mueller’s jump dis-
continuity does not apply.

More importantly, a big jump discontinuity may not be necessary for guarantee-
ing that total costs are minimized at or near majority rule. As we will argue later in
this chapter, the logistic-type shape of the external cost function implies a sharp drop
in the external cost function. Although the exact location of this drop depends on the
preference probabilities, many institutional framers may believe that favoring and
opposing a proposal is equally likely. In these cases, the external cost function will
typically drop in the neighborhood of majority rule. A variety of upward-sloping
decision cost functions would then bring constitutional framers to the conclusion
that total costs are minimized at or near majority rule.

5.3 One Vote, Two Alternatives

Most of the assumptions used in this chapter are laid out in Chapter 3. Here we also
assume that individuals with a strict preference vote sincerely (i.e., for their most
preferred alternative in each pair), and indifferent individuals either “vote abstain”
or “not vote,” without loss of generality.

Buchanan and Tullock (1962, p. 45) described external costs as “the costs that
an individual expects to endure as a result of the actions of others over which he
has no control.” To formalize this idea in a two alternative setting with a proposal
and a status quo Dougherty and Edward (2004, p. 171) define the concept of a BT-
loser. A BT-loser is an individual who votes against society when society chooses
a BT-inferior alternative. That is, an individual who votes for proposal x when x is
BT-preferred to the status quo g and society chooses ¢; or an individual who votes
for ¢ when g is BT-preferred to x and society chooses x.! A BT loser either suffers
a loss because society fails to pass a Pareto preferred proposal that he/she wants or
because society passes a proposal that makes some individuals, BT losers, worse
off.2 We can think of the former as a case where a government, or other institution,
prevents the adoption of a proposal to which no one would object. That creates
a certain amount of external cost due to inaction. We can think of the latter as a
case where the actions of a government, or other collective, has adopted a proposal
that makes at least some individuals worse than they would be if the action was
never taken. Dougherty and Edward (2004) define two types of external costs based
on BT losers. “Expected BT-loss” is the expected number of BT losers per person
whether or not the proposal passes and “expected BT-loss from a passed measure”
is the expected number of BT-losers per person from a passed measure. Buchanan

! Recall that proposal x is BT preferred to status quo g if and only if it is Pareto preferred to ¢;
otherwise ¢ is BT preferred to x (see Definition 3.5).

2 In describing external costs, Buchanan and Tullock clearly have in mind the number of individu-
als who will suffer a cost imposed by others. They do not focus on the intensity of preferences nor
try to aggregate intensities across individuals (see their pages 64 and 77-80).
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and Tullock seem to presuppose that a proposal passes eventually. In much of our
analysis, we do not make this assumption.

Dougherty and Edward (2004) derive the following formulas for these two types
of external costs. Expected BT-loss under absolute k-majority rule:

w-LY Y (N> (N‘S) (P (p1) (po)* = -r{g (N ) (P (p0)" .

s=k 1=1 \¥S !
(5.1)
The factor 1/N in front of the sum ensures that we are measuring costs per person.
Expected BT-loss under simple k-majority rule:

ey x X (N erere-oow-ieo

i=0 s=[k—(ik/N)]+1 \ !

Let pass, be the probability that the proposal passes under absolute k-majority rule
in the two-alternative case. Expected BT-loss from a passed measure under absolute
k-majority rule is then:

TR ) ) ) (1) (o)t
N N (IZ) (P1)*(po+p—1)N=s
It can also be shown that the probability the proposal passes under simple k-majority

et pass, = Ni"l Ni‘j (N> (Ns_ i) (po) (p1)’ (p- ).

i=0 s=[k—(ik/N)] \"

(ecalpass,) =

And the Expected BT-loss from a passed measure under simple k-majority rule is’
(ecs|pass,) = ecy/pass, (5.2)

Unless po =0 or p; =0, (ecq|pass,) # ecq/pass,, because of the presence of the
second term in equation (5.1). The second term captures BT loss from failure to pass
a Pareto preferred proposal. An equivalent term does not exist for simple k-majority
rules because simple k-majority rules always pass Pareto preferred proposals.

Figure 5.2 graphs the expected BT-loss from a passed measure for various pref-
erence probabilities and N = 100. Figure 5.2a presents a case with no indifferent
voters and individuals equally likely to favor and disfavor the proposal. As the frame
indicates, external costs behave as Buchanan and Tullock described for k/N > p; —
that is, external costs slowly decline as k increases. For k less than p; external costs
are largely flat, contrary to their descriptions. The expected BT-loss from a passed
measure has a similar shape for other preference probabilities. However, as Figures
5.2b and 5.2c indicate, the location of the noticeable decline depends upon the val-
ues of py and p_;.If p; > 1/2, the decline begins at larger values of k. If p; < 1/2,
the decline begins at k < 50. This affects the extent to which expected BT-loss from

3 Dougherty and Edward (2004) provide a different, but equivalent, formalization.
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Fig. 5.2 Expected BT-Loss from a Passed Measure, N = 100

a passed measure behaves as Buchanan and Tullock might suggest. In Figure 5.2c,
the slow decline starts early and most of the figure reflects a gradual decrease as
they might claim. However, in Figure 5.2b, the slow decline starts late and external
costs are essentially constant for most k, contrary to their claims. Furthermore, the
maximum value of the function equals p_;. The reason is that for low k, where the
proposal is almost certain to be pass, the expected number of voters saying nay will
be p_1N, and thus expected external costs should be p_;N/N.

Recall that without indifferent voters (or voters who abstain) simple k-majority
rule and absolute k-majority rule behave equivalently. Hence, frames a—c depict the
expected BT-loss from a passed measure for both simple and absolute k-majority
rules. Allowing the possibility of indifferent voters does not change the general
shape of the function. It merely separates the simple and absolute cases. In general
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simple k-majority rule almost always declines to the right of absolute k-majority
rule as faintly shown in Figure 5.2d for for 40 < k < 70.
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Fig. 5.3 Expected BT-Loss, N = 100

Dougherty and Edward (2004) show that these shapes change fairly substantially
if it is not presupposed that the proposal passes. Figure 5.3 graphs the expected
BT-loss for the same preference probabilities as shown in Figure 5.2. The only dif-
ference is that we do not presuppose that the proposal passes. This gives the external
cost function more of a logistic-type shape. For large populations, such as N = 100,
almost all of the decrease in expected BT-loss takes place in a narrow interval cen-
tered around k/N = p;. If p; is small (as in Figure 5.3c), then the drop starts at
smaller values of k. If p; is large (as in Figure 5.3b), then the drop starts at large
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values of k. As in the previous figure, the height of the expected loss function is
fully determined by p_;.

Keep in mind that the probability of failing to pass a Pareto preferred proposal is a
rare occurrence and it cannot occur if pg = 0. Hence, the marked difference in shapes
between Figure 5.3 and Figure 5.2 is not typically due to the new type of BT loser.
Instead it results from the conditional expectation of presupposing that the measure
passes. For simple k-majority rules this is operationalized by the inclusion of the
probability of passage in the denominator of equation (5.2). With the denominator,
we get shapes like Figure 5.2a. Without the denominator, we get shapes like Figure
5.3a. Dividing by the probability of passage is fully responsible for the more gradual
decline in the earlier figure.

With indifferent voters absolute and simple k-majority rules do not select equiv-
alently. Instead, simple k-majority rule dips to the right of absolute k-majority rule,
as depicted in Figure 5.3d. This is because for any k, simple k-majority rule is more
likely to pass a proposal than absolute k-majority rule, with noticeable differences
for values of k/N near pj.

At this point it would be interesting to include some formalization of decision
costs. Decision costs are the “time and effort ...required to secure agreement”
(Buchanan and Tullock, 1962, p. 68). Buchanan and Tullock argue that decision
costs increase with k because larger k-majority rules make it more difficult to for-
mulate successful proposals. This is not the case in a two-alternative framework,
with a proposal and a status quo. A single proposal prohibits any restructuring of a
measure to make it more palatable. Hence, the time and effort required to consider a
single proposal would be the same for all k. Decision costs would be constant. In or-
der to allow decision costs to vary with &, we have to consider multiple alternatives
in a series.

5.4 A Series of Votes, Multiple Alternatives

We now extend the analysis to include multiple alternatives in a series of votes.
For this part of the analysis assume that an assembly meets to pass a resolution
on some issue and that voters are uncertain about the preferences of other voters.
A first proposal is made, and if the proposal were put to vote, individuals would
vote for or against the proposal with probabilities p; 1 and p_; ;| respectively. Here
DP—1,1 indicates the probability of opposing the proposal in round 1. For r > 1, py ,
(resp. p_1,,) is the probability that an individual favors (resp. opposes) the proposal
in round r given that the proposals in the previous rounds have been defeated. For
simplicity, we assume that there are no indifferent voters. In other words, po , = 0.
Hence, the distinction between simple and absolute is no longer important and the
only BT loss comes from a passed proposal. We also assume:

(i) in each round, the probabilities py ., p—1 , are the same for all individuals; and

(i1) in each round, a voter’s preference is independent of the preferences of the
other voters.
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Round: 1 2 3 R
passes passes passes passes
fails fails fails fails

Fig. 5.4 A Finite Series of Votes

After the motions is proposed, it is discussed then put forward for a vote. If the
motion passes, the process ends. If the motion is defeated, then a new proposal is
made with new values for py 11 and p_i ,11. To model the notion of continuously
improving proposals, we assume that the information gathered in the discussions
of the previous proposal and the subsequent vote are enough to make the the new
motion more likely to pass than the motion in the previous round (i.e., p1 > p1,,—1).
The procedure is then repeated. In each round a proposal is discussed, followed
by either passage of the proposal or a new proposal. In a finite series, successive
proposals are made until a proposal passes or the final round R is reached.

The process follows a “successive” voting procedure (Rasch, 2000). That is, the
initial status quo ¢ is paired against a proposal xj in round 1. If x; passes, voting
ends. If xy fails, g is paired against x, in round 2, and so on, for a total of R rounds
(see Figure 5.4). In a successive procedure, voting continues until a proposal passes
or the final round R is reached where the proposal can either pass or fail. The suc-
cessive procedure is widely used by national legislatures in Europe, including the
national legislature in France, Germany, Spain, Greece, and Norway, to name a few
(Rasch, 2000). A different procedure, often referred to as an amendment procedure
(or elimination procedure) is used in the United States, Canada, and Great Britain.*
The successive procedure need not be limited to legislative decision making. It may
also apply to constitutional decision making in small communities and to other types
of decisions.

5.4.1 Decision Costs

To formalize decision costs in this setting, we assume that each round of pro-
posal/discussion imposes the same decision making costs on the assembly, ¢ > 0.
We also assume that p increases in each round by an increment, that increment is
either o or a/r, where o > 0 is some constant. Since p; + p_; = 1, this means p_;
will decrease by the same increment. Assuming « creates a constant increase in the
probability of favoring a proposal between rounds. Assuming o /r implies that as

# The procedure described in Chapter 4 should be considered a third type. Agendas move backward
in the amendment procedure and forward in Chapter 4.
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r increases the probability of finding a favorable proposal increases at a decreasing
5
rate.

5.4.2 External Costs

To formalize our notion of external costs, let E[C,] denote the expected BT loss
from round r, and F, denote the event “the proposal is defeated in round r.” By the
properties of conditional expectation, we have for r > 1

E[C,) = E[C/|FiN...0NF1]P[FiN...NF_{]
= E[Cr|F1 ﬂ...ﬁFrfl]P[Fl]P[FﬂF]} .. .P[Fr,1 |F1 ﬂ...ﬁFrfz].

Under the assumptions described in Section 5.4,

_kil N K N—s
P[F] _S;J (s)(m,l) (p-11)""",

and for 1 < j <R,

and

N
EICIFN...0F_1] =Y (N-s)- (N> (P1) (p—1,)V .

Finally, we define external costs in a series as

3> We have chosen to formalize decision costs as constant across rounds and let the differences
between various k depend on the probability of passage. There are certain advantages to such a
formalization. First, it is simple. Second, it captures Buchanan and Tullock’s notion that decision
costs are smaller in more homogenous populations (Buchanan and Tullock, 1962, pp. 115-6),
where pj 1 should be greater, than in more heterogeneous populations. Third, the formalization is
consistent with Buchanan and Tullock’s claim that decision costs among k members of a group
size N will generally be smaller than unanimity among a group of size k (Buchanan and Tullock,
1962, pp. 106-8). For example, in a series of votes decision costs should be smaller for a voting
threshold of 51 members out of a group of 100 than for a voting threshold of 51 members out of 51.
This is because there are more combinations of a coalition of 51 members out of 100 than there are
combinations of 51 members out of 51 (Buchanan and Tullock, 1962, pp. 106-8). Fourth, because
of the associative property of addition and multiplication, ¢ also provides a relative weight between
decision costs and external costs in the total cost function. However, there are disadvantages to
such a formalization. First, the exact value of ¢ might not be easy to determine. Everything else
equal, larger values of ¢ may cause total costs to be minimized at smaller values of k. Second,
our formalization of decision costs does not model bargaining and other game-theoretic processes
explicitly. It only “assumes” that there is a process that increases the probability of passage each
round.
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R
EC=Y E[C)].

r=1

In the last equation R could be infinite, which implies that a proposal is never ac-
cepted.

5.5 Results

Figure 5.5 presents decision costs (thick lines), external costs (thin lines), and total
costs (dashed lines) for the initial preference probabilities p1 1 = p_11 = 0.5 and
¢ = .01. Each frame varies by the increment used to increase p; 1 and decrease p_1
between rounds. In frames a and b, p; ; is increased by a constant. We continue the
series until py , = 1.0. For o = 0.1, this implies that the series will last at most six
rounds. For & = 0.001, the series lasts at most 501 rounds. Hence, a proposal will
pass at the end of both sequences.

If a proposal will always pass, why aren’t the external costs the same for every
k-majority rule? The answer is that smaller k-majority rules will be more likely to
pass the proposal early, when p; , is smaller, p_ , is larger, and the external exter-
nal costs associated with p_; , are high. Larger k-majority rules are more cautious.
They are unlikely to pass a proposal until p; , > k/N. In those cases, p; , is larger,
D—1, is smaller, and external costs associated with p_; , are small as well. The dif-
ferences are not in whether the proposal passes by the end of the series. In these two
series they certainly will. The differences are whether a k-majority rule will allow
a proposal to pass in an early round or will cause the assembly to wait until later
rounds when proposals will appeal to a large portion of the population.

Consider frame a. In this case, the probability of favoring the proposal increases
quite rapidly between rounds. External costs in this frame look surprisingly similar
to the expected BT loss from a passed measure for the two-alternative case (Figure
5.2a). However, unlike the one-shot case, all k > 92 produce roughly zero external
costs. In addition, decision costs start near .01, for all k < 45, because proposals
are easily passed for such k. After that point decision costs increase linearly for
45 <k < 100. The increase is slow because p1 , increases rapidly to 1 as r increases.
This rapid increase means that for larger k, p; , quickly exceeds k /N, which prevents
larger k-majority rules from incurring much decision costs. Because external costs
are much larger than decision costs for almost every k, the sum of the two functions
is minimized at k = 99 and 100. Such a result supports the notion that unanimity
rule or a near unanimity rule are ideal (Wicksell, [1896] 1967).

Frame b differs from frame a by the rate at which the probability of favoring
the proposal increases between rounds and the total number of rounds before p; ,
converges to 1. In this case, external costs look fairly similar to those frame a. The
major difference between the two frames is the decision costs. Decision costs start
at the same location as in frame a, but make a sharp increase shortly after .5. This
steep incline is due to the fact that p; , increases very slowly to 1. The slow increase
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Fig. 5.5 Decision Costs, External Costs, and Total Costs in a Series of Votes, ¢ = .01

Note: p11 =p-11=0.5.

implies that for £ > 50 there will be many rounds where p;, < k/N. These are
cases where the proposal is very unlikely to pass. Combined with external costs
such decision costs creates a unique minimum in the total cost function at k = 52.
This results supports the notion that majority rule or a near majority rule should be
chosen.

Frames ¢ and d depict results for increasing p; , at a marginally decreasing rate.
In these cases, p1 , reaches 1.0 only for extremely large R. Hence, we stop the series
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after R = 100 rounds.® The meaningful difference between the result displayed in
frames ¢ and d is the rate at which the probability of favoring proposals increases,
particularly in earlier rounds.
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Fig. 5.6 The Probability of Passing a Proposal in 100 Rounds or Less

Note: p11 = p_1,1 =0.5.

Frame ¢ shows the results for a slowly increasing o. Again, external costs slowly
decline after k = 45 similar to the previous frames. Even though pi 100 < 1, the
probability of passing a proposal in 100 rounds or less is roughly 1 for almost all
values of k (see Figure 5.6a) — hence the almost linear decline in external costs.
At the same time, decision costs increase more abruptly than in frame a but less
abruptly than in frame b, because p; , increases slower in frame c than in frame a
and more quickly than in frame b. Combined, the total cost function is minimized at
k =74. In this case, a supermajority rule, such as 3 /4ths rule might be recommended
for the community.

Finally, frame d displays a case that is identical to the one depicted in frame ¢
except the rate that p; , increases much slower. After r = 100, the cumulative proba-
bility of passing a proposal is much smaller for larger values of k as shown in Figure
5.6b. The difference in the cumulative probability of passage produces two notice-
able effects. First, the external cost function looks much more like a logistic-type
function, as in the two alternative case without a presupposition that the proposal
passes (Figure 5.3a). The reason for this is that a proposal is not likely to pass for
k > p1.1N. In Figure 5.6a, a proposal is likely to pass under such k and external
costs decline more gradually as a result. Second, the decision cost function in frame
d increases sharply, as in frame b or c, but it takes on a more logistic-type shape.

® For o = 0.1/r, p1, converges to 1 at r = 226. For oo = 0.001/r, p; , converges to 1 at r >
100,000.
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Despite these differences the total cost functions in frames b and d are fairly similar.
In this case, the optimum is k = 53, similar location to frame b.
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Fig. 5.7 Decision Costs, External Costs, and Total Costs in a Series of Votes, ¢ = .15

Note: py = p_1 =0.5.

Of course, different values for decision costs per round, ¢, will effect total costs.
Figure 5.7 presents results for ¢ = .15. Otherwise, the parameters are identical to
those depicted in Figure 5.5a. Note that in this case, total costs are more or less
constant for all k£ < 52, making a wide range of less-inclusive k-majority rules op-
timal. There are two reasons. First, for large k, decision costs dominate external
costs in this case, and second, for k > 45, decision costs have a moderately steep
slope compared to Figure 5.5a. In general, larger ¢ will imply that the optimum is a
less-inclusive voting rules as one might otherwise expect.

Altering the initial preference probabilities, p; 1 and p_j 1, also has an effect
similar to the two-alternative case. If p1; = 0.7 and p_;; = 0.3 (not shown), ex-
ternal costs have an initial value of .3 and decline slowly for values of & such that
k > 70 (similar to Figure 5.2b). If decision costs increase abruptly, as they do for
o = .001 and o = .001/r, then the steep increase will begin at values of k near
k= p11(N) =70. In these cases, supermajority rules near 75 might be optimal. If
decision costs increase slowly as a function of k, as they do for o = .1, then the
optimal k-majority rule will be a small range near unanimity.

In contrast, if p;; = 0.3 and p_; 1 = 0.7, external costs will start at .7 and de-
cline slowly for values of k such that k£ > 30 (similar to Figure 5.2c). For sharply
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increasing decision costs, such as those from o = .001 and & = .001/r, the optimal
k-majority rule would be in the vicinity of k = 35. Hence, one implication is that if
a society is extremely homogenous from the beginning, it might want to consider
a more inclusive k-majority rule. If a society is particularly heterogenous, it might
consider a less inclusive k-majority rule.

5.6 Conclusion

Any formalization of decision costs and external costs should include the likelihood
of passing proposals. After all, the probability of passing a proposal affects the time
and effort needed to reach an agreement and the ability to impose costs on other in-
dividuals. In our model, the probability of passage is is not linear across k. Instead,
it is a logistic-type function as depicted in Figure 5.1. For any given (p1 ,, p—1,)
there are k where the proposal will almost certainly pass and and other k where it
will almost never pass. As a consequence, there are often horizontal regions in deci-
sion costs and external costs functions near the extremes. These horizontal regions
provide some of our most interesting, but perhaps most unintuitive, results. For ex-
ample, unanimity rule may guarantee zero external costs, but that does not mean it
should be treated as uniquely minimizing external costs. For all practical purposes,
other k-majority rules near unanimity may be equally adept at minimizing exter-
nal costs in some circumstances. Hence, if we cared solely about external costs we
might get a range of optimal voting rules. In this sense, unanimity rule might be
an ideal voting rule for the constitutional phase of decision making. However, even
without decision costs, it would not be a unique ideal.

In the same vein, k = 1 may not be uniquely qualified for minimizing decision
costs. A range of k-majority rules may produce roughly the same decision costs as
k=1.

In a series of votes, the optimal k-majority rule depends on several factors, one
of which is the probability of passage, just described. Another is the ability to create
increasingly desirable proposals between rounds. Suppose an institutional framer as-
sumes that favoring and opposing proposals is equally likely. Under such conditions,
larger k-majority rules, such as unanimity rule, should be considered if individuals
can reformulate proposals in a way that substantially increases the probability of fa-
voring measures between rounds. If the probability of favoring proposals increases
quickly, larger k-majority rules will inhibit proposals that hurt minorities without
amassing large decision costs. However, if proposals can only be reformulated in
a way that slowly increases the probability of favoring a proposal between rounds,
then institutional framers might have reason to favor k-majorities near p; | (N). The
slow increase in the probability of favoring a proposal would imply significantly
larger decision costs for k > (.5)N. If favorable proposals evolve moderately, be-
tween the two extremes, then institutional framers may want to adopt supermajority
rules, such as 3 /4ths rule.
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Another factor that affects the optimal k-majority rule is the decision costs per
round, c. This variable serves at least two purposes in our formulation: it helps to
put decision costs and external costs on a common scale and it provides a relative
weighting between the two terms in the total cost function. As should be obvious,
for each set of parameters, there will always be a sufficiently large value of ¢ that
will make k = 1 optimal (perhaps among other k-majority rules in the neighborhood
of k = 1) and a sufficiently small value of ¢ that will make k = N optimal (perhaps
among other k-majority rules in the neighborhood of k = N).

Furthermore, the optimal k-majority rule seems to depend on the homogeneity
of the society, as depicted by the initial preference probabilities (p1.1, p—1,1). If a
society is extremely homogenous from the beginning so that, say, p; | = .7, then it
might want to consider a more inclusive k-majority rule. If a society is particularly
heterogenous, especially with respect to the decisions that have to be made, then
it might want to consider a less inclusive k-majority rule (similar to our results for
p1.1 =.3). External costs will be greater in the latter case, but these costs will decline
quickly and they will be offset by increasing decision costs that can mount up as
individuals disagree.

Contrast this result with a claim made by Buchanan and Tullock (1962, p. 115).

The implication of this hypothesis suggests that the more homogenous community should
adopt more inclusive rules for the making of collective decisions. However, the homogene-
ity characteristic affects external costs as well as decision-making costs. Thus, the commu-
nity of homogenous persons is more likely to accept less restrictive rules even though it can
“afford” more restrictive ones. By contrast, the community that includes sharp differences
among individual citizens and groups cannot afford the decision-making costs involved in
near unanimity rules for collective choice, but the very real fears of destruction of life and
property from collective action will prompt the individual to refuse anything other than such
rules.

Buchanan and Tullock seem to talk themselves out of a conclusion similar to
ours. They suggest that more inclusive rules, like unanimity rule, might be more
appropriate for both homogenous and heterogenous societies. Our results suggest
that their initial intuition may have been more accurate. Everything else equal, larger
k-majority rules will be optimal in homogenous societies and smaller k-majority
rules will be optimal in heterogenous societies.

Finally, this analysis may provide a loose explanation for the ubiquitous use
of majority rule in legislative settings. If an institutional framer is uncertain about
whether individuals will typically get along and favor each other’s proposals or con-
flict with their colleagues and oppose each other’s proposals, he/she may assume
that favoring and opposing proposals is equally likely, in which case, the optimal
k-majority rule might be near majority rule, particularly if he/she believes a series
of votes might be long and protracted. This seems to be the case in many legisla-
tive settings where policies on defense, transportation, and public welfare seem to
be stepping stones in a continuous progression of decision making. With a sharply
increasing decision cost function, total costs may be minimized at or near majority
rule. This provides a partial justification for the wide use of majority rule without
requiring a big jump discontinuity in the decision cost function.



Chapter 6
Electoral Decision Making

6.1 Introduction

Everyone remembers the 2000 U.S. presidential election between George W. Bush
and Al Gore. Bush won more Electoral College votes than Gore, and with it the
presidency. Nevertheless, Gore won more popular votes than Bush. Many argued
that Gore should have been elected the president because he won the plurality of
the popular vote. Making such an argument implies that one voting rule (plurality
rule) is more desirable than another voting rule (the Electoral College) and opens up
a discussion about the desirable properties of voting rules and which voting rule is
best. Although one voting rule may be particularly adept at fulfilling one criterion,
other voting rules may be particularly adept at fulfilling other criteria. Since no
voting rule satisfies a small subset of reasonable criteria (Arrow, 1951), the natural
question is which rules are most likely to satisfy common norms?

To answer that question, constitutional framers may have to consider a new set of
criteria that differ from those applied to legislatures. Legislative decisions and elec-
toral decisions are rarely conducted the same way due to the nature of the decision.
Legislative decisions are usually made by a small to medium body of professionals
who repeatedly deliberate and vote on a single issue. Electoral decisions are usu-
ally made by the citizens at large who cannot be expected to meet and vote on the
same issue too often. Moreover, legislative decisions are usually made by compar-
ing alternatives pairwise under some k-majority rule. This allows legislatures (and
executives) to compare different versions of a bill in head-to-head competitions.
Maintaining the status quo is always an option. Electoral decisions often require
voters to choose among three or more alternatives simultaneously without special
consideration for the status quo. This means the voting rule has to remain neutral
with respect to the candidates. In contrast, all the k-majority rules examined in the
previous chapter favor the status quo in at least one case and violate neutrality. !

! Simple majority rule violates neutrality by selecting the status quo if #yeas = #nays (see Defini-
tion 3.2). In May’s (1952) theorem, majority rule does not violate neutrality because May assumes
majority rule ties if #yeas = #nays. Our version is more commonly used in practice (Rasch, 1995).
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If a k-majority rule, such as majority rule, is applied to an election, the voting rule
needs to be modified to determine which candidate will win the election if a majority
is not attained. Voting rules used in legislatures do not require such modifications.
If all legislators voice a strict preferences and the status quo is specified, one of the
two alternatives will win a k-majority in any pairwise comparison.

In this chapter, we examine voting rules used to elect representatives in single-
member districts, that is, voting rules that select one person to represent that district,
which is common in Great Britain and some of its former colonies such as India and
the United States. In the vernacular, we examine a narrow class of collective choice
rules. Specifically, we examine voting rules that produce a single best element (or
winner). Although we envision the study as one where a single candidate is elected
to public office, the analysis might be of interest to scholars who want to select a
Pareto optimal policy out of a list of Pareto optimal policies. We do not attempt to
analyze rankings of social preferences, which would be useful for studies of propor-
tional representation, though at least one of the voting rules we examine produces
a social preference order. The properties of multi-member districts are worthy of
further investigation.

To narrow our study, we examine four voting rules: (1) plurality rule, (2) majority
rule with a runoff, (3) instant runoff voting, and (4) Borda count. The first three are
the most commonly used voting rules in national elections with single-member dis-
tricts. The fourth has received considerable attention in the social choice literature.
We compare these voting rules in terms of the probability that they adhere to six
criteria (analyzed separately): the (1) Condorcet winner criterion, (2) the Condorcet
loser criterion, (3) the majority criterion, (4) consistency, (5) reversal symmetry, and
(6) independence of eliminated alternatives. All of these criteria have been used by
previous scholars (Mueller, 2003).

To compare the performance of our voting rules with respect to each other, we
simulate electoral voting using a single-dimensional spatial voting model. This al-
lows us to determine the probability that each voting rule adheres to a criterion in
a context that has been widely accepted in the literature. We find that the Borda
count performs at least as well as the other three voting rules on all of the criteria,
except the majority criterion and in some cases of the Condorcet winner criterion.
However, if we drop the assumption that both the voters and the candidates are
drawn from a normal distribution, then the Borda count can perform the worst on
the Condorcet winner criterion. The latter is particularly interesting, because earlier
research suggests that Borda count is more likely to select a Condorcet winner than
common voting rules for specific preference distributions. We also find that plurality
rule, majority rule with a runoff, and instant runoff voting outperform Borda count
in terms of the majority criterion. And among those three procedures, majority rule
with a runoff performs at least as well as the other two on the remaining criteria.
Plurality rule tends to underperform on all of the criteria despite the fact that it is
the most widely used voting rule in single-member districts (Farrell, 2001).
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6.2 Probabilistic Comparisons

There are several ways to approach the problem of determining which voting rule
is “best.” First, we might define a set of axiomatic properties and determine which
voting rules adhere to those properties. For example, May (1952) suggested that a
desirable voting rule should adhere to four criteria. He required that a voting rule be
decisive (i.e., it must pick a winner), adhere to anonymity (i.e., treat each voter iden-
tically), maintain neutrality (i.e., treat each alternative equally), and adhere to posi-
tive responsiveness (i.e., if society prefers x at least as much as y and one individual
changes his vote from y to x or from y to indifference while all other votes remain
unchanged, then society should society should strictly prefer x to y). May showed
that in two alternative choices with all eligible citizens voting, a majority rule that
ties if #yeas = #nays is the only voting rule that satisfies these four conditions.?
Furthermore, these four conditions imply his type of majority rule. Of course, the
theorem does not apply to elections with three or more candidates because majority
rule may not be decisive in those cases.

More importantly, most axiomatic theorems show that without making interper-
sonal comparisons of utility, no voting rule can adhere to a small set of axioms
(Roberts, 1980; Fishburn, 1987). This is the nature of Arrow’s (1951) well-known
impossibility theorem. Arrow showed that no social welfare function can adhere to
four conditions without producing a dictatorship. These conditions were an unre-
stricted domain (i.e., all possible individual preference rankings must be permitted),
independence of irrelevant alternatives (i.e., for any pair of alternatives x and y, the
changes in individual preferences for other alternatives such as w and z should have
no impact on the social ranking of x and y), transitivity, and the weak Pareto crite-
rion (Definition 3.4). This includes voting rules previously used and voting rules not
yet created.

Perhaps one limitation of the standard, axiomatic approach is that it leads to
all-or-nothing conclusions. Either a voting rule adheres to a set of criteria over an
unrestricted domain or it does not. In May’s theorem only one voting rule adheres
to the criterion. In Arrow’s theorem, none do.

Since no voting system satisfies all the objectives that an institutional designer
may have in mind, it may be useful to relax the condition of an unrestricted domain
and ask which systems are more likely to satisfy a desirable set of objectives in a
common domain. In other words, we might ask ourselves whether these paradoxes
are the result of a few concocted examples or whether they constitute likely prob-
lems. To do this, we would determine the probability that each voting rule adheres
to a criterion or set of criteria rather than requiring that it always does or never does.
This approach has received slightly less attention in the social choice literature,?
even though it can be a powerful tool for comparing voting rules that violate a cri-

2 May’s majority rule is similar to simple majority rule, except everyone votes and if #yeas = #nays
the tie is resolved with a flip of a coin. See Laruelle and Valenciano (2010) and Freixas and Zwicker
(2009) for extensions of May’s theorem to cases with quorum requirements and nonvoters.

3 Studies of the probability of satisfying various voting criteria include Merrill (1984), Lepelley
(1993), Lepelley et al (2000), Gehrlein (2002b), and Dougherty and Edward (2010a)
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terion, or set of criteria, for one or more sets of preference orders. The approach
also helps to determine whether a voting rule that violates a criterion violates it so
rarely that it should be treated as similar to a voting rule that never does. Keep in
mind that examining the probability of adhering to a criterion differs from the study
of probabilistic voting rules (Intriligator, 1973; Coughlin, 1992). Those studies in-
vestigate voting rules that chose candidates probabilistically. In our case, all voting
rules chose deterministically. We simply ask how likely a voting rule will adhere to
a particular criterion, and we do this for each criterion separately.

6.2.1 Voting Rules

At the national level, more people are represented by an elected official presiding
over a single-member district than under any other voting system in the world (Far-
rell, 2001). A single-member district is one where a predetermined constituency,
such as those residing within a geographic area, elect a single person to represent
them in political office. The three most prevalent voting rules for electing such offi-
cials at the national level are plurality rule, majority rule with a runoff, and instant
runoff voting. Using the term “voters” to refer to citizens who turn out and vote,
these rules are defined as follows.

Definition 6.1. Plurality rule: The candidate who is ranked first by the largest num-
ber of voters wins the election.

Plurality rule (also known as “first past the post”) is used in national elections
in Canada, India, Iran, Mexico, South Korea, Thailand, the United Kingdom, the
United States, and Yemen to name a few. More people in the world elect members
to a national public office under plurality than under any other system — thanks in
large part to India’s large population (Farrell, 2001).

Definition 6.2. Majority rule with a runoff (MRR): If one candidate receives more
than half of the first place votes cast, he/she wins the election. Otherwise, a second
election is held between the two candidates receiving the most first place votes. The
candidate receiving the most votes on the second ballot wins the election.

MRR has French origins. It is used for legislative elections in France, for pres-
idential elections in Austria, Bulgaria, Chile, France, Madagascar, Portugal, Rus-
sia, and Ukraine, to name a few. It is also used in U.S. local elections in Georgia,
Louisiana, and parts of Florida.

Definition 6.3. Instant runoff voting (IRV): Each voter ranks the candidates in order
of his/her preference. If one candidate receives more than half of the first place
votes cast, he/she wins. Otherwise, the candidate(s) with the fewest first place votes
is eliminated and voter ballots for that candidate(s) are redistributed to the next
highest candidate in each voter’s preference order. The process is repeated until one
candidate obtains a majority of first place votes among the remaining candidates.
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IRV is used to elect members of the Australian House of Representatives, the
national parliament of Papua New Guinea, some mayors in New Zealand, the pres-
ident of Ireland, and in Burlington, VT, San Fransisco, CA, and Santa Fe, NM. It is
also used to select the President of the American Political Science Association. IRV
is a type of single transferable vote scheme applied to single-member districts.

The next voting rule has been rarely used in national elections, but it has received
considerable attention in the social choice literature because it captures information
about each individual’s complete ranking of the candidates (Van Newenhizen, 1992;
Heckelman, 2003; Saari, 2008). Let m be the number of candidates in an election.

Definition 6.4. Borda count: Each voter ranks the candidates in order of his/her
preference. An election official gives each candidate a score between 1 and m based
on the voter’s ranking of the m candidates. Specifically the candidate ranked first re-
ceives m points, the candidate ranked second receives m — 1 points, ..., the candidate
ranked last receives 1 point. The candidate who receives the greatest sum of these
points wins the election.

The Borda count is used in Slovenia to elect the member of its National Assembly
who represents ethnic Italians and the member who represents ethnic Hungarians.
It is also used to nominate presidential candidates in Kiribati (Reilly, 2002), to de-
termine the Most Valuable Player in Major League Baseball, and to nominate the
Heisman Trophy winner. A variation of the rule is used to elect members of Parlia-
ment in Nauru (Reilly, 2002).

6.2.2 Voting Criteria

We could easily add to the list of voting rules, but even among these four it is not
clear which is best. There are several criteria for deciding which voting rule should
be preferred. We introduce six that have been widely used to study collective choice
rules (Riker, 1982; Mueller, 2003).

Definition 6.5. Condorcet winner criterion: The Condorcet winner, if one exists, is
the candidate that beats every other candidate in pairwise comparison using simple
majority rule. A voting rule satisfies the Condorcet winner criterion if it chooses the
Condorcet winner when one exists.

The Condorcet winner criterion, otherwise known as the Condorcet criterion,
is named after the eighteenth century mathematician and philosopher Marquis de
Condorcet. Condorcet believed that if any candidate could beat all others in pair-
wise competition, it ought to be deemed the winner. Keep in mind that each of our
four voting rules select equivalent to simple majority rule in two-alternative races.
However, the Condorcet winner criterion is really more about picking the winner of
every pairwise comparisons than it is about promulgating simple majority rule. Ob-
viously, all four of our voting rules select the Condorcet winner when there are only
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two candidates because all will be reduced to majority rule in the two-alternative
case. Less obvious is that all four can fail to select a Condorcet winner when more
than two candidates exist.

Definition 6.6. Condorcet loser criterion: The Condorcet loser, if one exists, is the
candidate that loses to every other candidate in pairwise comparison using simple
majority rule. A voting rule satisfies the Condorcet loser criterion if it does not pick
the Condorcet loser when one exists.

A Condorcet loser is a candidate that could never win if paired head-to-head
against another candidate. Hence, picking a Condorcet loser is an artificial by-
product of considering all the candidates at once and should be avoided. Nurmi
(1987) shows that Borda count, MRR, and IRV always avoid a Condorcet loser.* In
contrast, plurality rule can select Condorcet losers, but that does not mean it often
will. Hence, the comparison can still be useful.

Definition 6.7. Majority criterion: A majority winner, if one exists, is the candidate
that receives the support of more than half of the voters when all candidates are
considered at once. A voting rule satisfies the majority criterion if it chooses the
majority winner.

Obviously, earning more than half of the vote may be rare. However, if a candi-
date manages to do so, those who espouse majoritarianism are likely to want to see
that candidate selected. Such a candidate receives more first place votes than the rest
of the field combined. Plurality rule, MRR, and IRV will always satisfy the majority
criterion. The Borda count may not.

Definition 6.8. Consistency: If two disjoint subsets of voters V and V' both choose
candidate x under voting rule f, then the union of V and V' should also chose x
under the same voting rule f.

Young (1974) sees this criterion as a kind of weak Pareto condition applied to
subsets of voters. If both subsets of voters agree on a particular candidate, then the
full set of voters should select the same candidate. This creates coherence between
subsets and unions, which helps avoid certain types of manipulation (Riker, 1982,
p- 100). Among the most widely used voting systems, only plurality rule and the
Borda count are always consistent (Nurmi, 1987, pp. 100—4). MRR and IRV may
select inconsistently.

Definition 6.9. Reversal symmetry: if candidate A is the unique winner of an elec-
tion and then the preferences of each voter are inverted, so their least preferred al-
ternative becomes most preferred, their second least preferred alternative becomes
second preferred, etc., then candidate A must not be elected. Electing A violates
reversal symmetry (Saari, 1995; Saari and Barney, 2003).

4 Nurmi (1987, p. 54) refers to IRV as the Hare system. Saari (2003, p. 544) shows that the Borda
count, MRR, and IRV will avoid such losers when voters are strategic.
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To illustrate this criterion, imagine what would happen if the NCAA coaches poll
asked coaches to rank football teams in the natural order of most preferred at the top
of a list to least preferred at the bottom. Unknown to coaches, the computer program
used to tally the rankings had a glitch and considered the rankings in reverse order
with the team in the lowest position ranked first, the team in the second lowest
position ranked second, etc. The coaches might be angered about the glitch, but they
probably would be stunned if they discovered that a voting rule ranked the same
team #1 using both preference orders. Such a voting rule would violate reversal
symmetry. Although the Borda count can never violate reversal symmetry, it may
be surprising to note that plurality rule, MRR, and IRV can.’

Definition 6.10. Independence of eliminated alternatives (IEA): A candidate that
wins an election with m candidates must not lose the election if another candidate is
no longer available.

Consider, for example, a three-way race between candidates a, b, and x. If a
wins the election among {a,b,x}, thereby defeating b, candidate » should not win
the election if x can no longer participate. This criterion differs from Arrow’s in-
dependence of irrelevant alternatives and it is a slightly narrower version of Sen’s
property-c (1979, 17),° The former requires that the social ranking between any two
alternatives should be independent of individual rankings between one or more al-
ternatives that are not part of the pair (Arrow, 1951). It does not refer to the addition
or elimination of alternatives. All four of our voting rules can violate IEA.

Now that we have introduced our six criteria, the reader might ask “what hap-
pened to Pareto?” As noted in Chapter 3, the probability of randomly drawing a
Pareto preferred alternative decreases as the number of voters increases. This im-
plies that all alternatives become Pareto optimal in sufficiently large populations.
Hence, examining a voting rule’s adherence to Pareto optimality or the Pareto cri-
terion in a mass election may not be very useful. In mass elections, with tens of
thousands or even millions of voters, the probability that at least one candidates is
Pareto suboptimal is extremely small. Furthermore, well reasoned candidates will
not want to put themselves in Pareto sub-optimal positions because there would al-
ways exist another position that all voters would prefer them to take. Since Pareto
sub-optimality is a necessary condition for a Pareto improvement, the Pareto crite-
rion is likely to play a small roll in helping institutional designers evaluate the voting
rules used in mass elections.

To drive the point home, consider a single-dimensional spatial voting model
which we will employ in this chapter. As noted in Chapter 4, the set of Pareto
optimal alternatives in a single-dimensional model ranges from the voter furthest
on the left to the voter furthest on the right. At least one candidate must be outside
this range in order for a Pareto improvement to exist. Across all of the simulations

5 Saari (1999) shows that, in three candidate elections, Borda count is the only positional method
which adheres to reversal symmetry. Plurality rule is the only other positional method studied here.
© Sen’s property alpha applies to choice sets with one or more elements. IEA, as used here, is
limited to cases where the choice set contains a single element.
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described in this chapter, the most frequent case of randomly drawing a Pareto sub-
optimal outcome was for a population of 10,000 random voters and ten random
candidates, both drawn from a normal distribution with a mean of 0.5 and standard
deviation of 0.2. In that case, a Pareto sub-optimal outcome was drawn only 1,955
times out of 1 million trials (less than two-tenths of a percent). Furthermore, none
of the voting rules choose the Pareto sub-optimal candidate across any of our sim-
ulations. Since a single-dimensional framework makes almost all candidates Pareto
optimal and all the voting rules we examine never select a Pareto sub-optimal can-
didate when one exists, the Pareto criterion is of little use for the studying mass
elections.

Other criteria, such as transitivity, are omitted because intransitivity is not pos-
sible with single-peaked preferences in a single dimension of alternatives. Readers
who like the spirit of transitivity might be particularly interested in the results of the
Condorcet winner criterion. A Condorcet winner beats all other candidates pairwise
and provides electoral stability similar to transitivity.

6.3 Simulations

Although deducing the probability that a voting rule selects a criterion would be
more appealing than simulating it, there are two reasons why we simulate probabil-
ities here. First, deducing probabilities can be mathematically difficult, particularly
for four voting rules, six criteria, and three assumptions about electoral conditions.
Analytical works on the probability of an intransitive social ranking have required
decades to develop (Niemi and Weisberg, 1968; Gehrlein, 2002a; Gehrlein and Le-
pelley, 2010) and even these results require certain assumptions about preference
orders. Comparable results for the criteria and conditions examined here cannot be
expected overnight. Second, simulations provide fairly good approximations of de-
ductive probabilities and can be modified to reflect conditions that one might expect
in actual elections. With recent improvements in computing, more realistic condi-
tions can be studied like large populations of voters and more complex distributions.
Both can be accomplished while still requiring a large number of trials.

Studies that have used simulations in a spatial voting framework include Merrill
(1984) and Chamberlin and Cohen (1978). Both are limited to an examination of
the Condorcet winner criterion and a utilitarian criterion for a slightly different set
of voting rules. Other scholars have examined the probability of selecting a Con-
dorcet winner deductively (Van Newenhizen, 1992; Gehrlein, 2002a; Gehrlein and
Lepelley, 2010), but not within the context of a single-dimensional model. Nurmi
and Uusi-Heikkila (1986) simulate the probability that plurality rule and approval
voting produce weak Pareto improvements and Condorcet losers. They assume an
impartial culture condition, an unipolar culture condition, and a bipolar culture con-
dition. Each assumption affects the distribution of preferences in the domain. They
find that plurality rule is more likely to select a Condorcet loser in a bipolar culture
than in an impartial culture, but never compare these results to those for MRR, IRV,
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and the Borda count. Lepelley (1993) derives the exact probability that plurality rule
selects the Condorcet loser under an impartial anonymous culture condition, but his
proof is limited to three candidates.” Because they believe the impartial culture con-
dition and other uniform distributions rarely exist, Nurmi (1992) and Regenwetter
et al (2006) criticize the use of the impartial culture condition as an assumption
about underlying preferences.

A single-dimensional model, like the one used here, might avoid the latter prob-
lem because it has been widely accepted as a good model for elections in the social
choice literature. However, a single-dimensional model restricts the set of permiss-
able preferences and affects the probability of selecting a Condorcet winner and
Condorcet loser. Whether these results, or the ones derived from assumptions like
the impartial culture condition, are more convincing ultimately depends on the plau-
sibility of the preference structure. Since we also examine the majority criterion,
consistency, reversal symmetry, and independence of eliminated alternatives, our
results seem to extend beyond the literature.®

Although our primary tool here will be the simulations, we also prove an analytic
result pertaining to the Condorcet winner criterion (see Proposition 8). To the best
of our knowledge, this result is new.

6.3.1 Assumptions

Assume that there are N voters with ideal points /; in a single-dimensional policy
space ranging from O to 1, inclusive. Each individual has single-peaked and symmet-
ric utility. These assumptions imply that individuals prefer candidates closer to their
ideal points to candidates farther away. We consider voter i indifferent between two
(or more) candidates if and only if the two (or more) candidates are equally distant
from /;. Although this setting limits the set of admissible preferences and eliminates
the possibility of voting cycles, there has been a long tradition of modeling elec-
tions using a single-dimensional model (Black, 1948; Downs, 1957; Enelow and
Hinich, 1990). Recent empirical studies further suggest that politics may be single-
dimensional (Poole and Rosenthal, 1997; McCarty et al, 2005).

We further assume that individuals vote sincerely (i.e., for the candidate closest to
them). Although strategic voting may be more realistic, there are several reasons that
we assume actors behave sincerely. First, this assumption allows us to use a simple

7 To be precise, the impartial anonymous culture condition assumes that each possible combination
of strict linear preference orders are equally likely. The impartial culture condition assumes that
each permutation of the strict linear preference orders are equally likely. See Gehrlein and Lepelley
(2010) for a more careful discussion of these distinctions.

8 There is also growing research on the frequency of violating voting criteria in actual elections
(Felsenthal et al, 1993; Regenwetter et al, 2006). The clear advantage of such studies is that they
can derive probabilities that occur in natural settings. The disadvantage is that only a limited num-
ber of preference orders can be observed in any given study and there are problems of measuring
preferences. Albeit more abstract, a simulation offers hundreds of thousands of cases for compari-
son without measurement error.
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model that may give a good first approximation to an actual election. Second, sincere
voting may be common in elections. The existence of large third parties in countries
such as United Kingdom and Canada may be evidence of this. Third, strategic voting
is difficult in mass elections. Large numbers of voters typically have to coordinate
their behavior for strategic voting to have the desired effect. For example, in the 2000
U.S. Presidential election, voters who favored Ralph Nader first, Al Gore second,
and George W. Bush third had a difficult time coordinating a strategic vote for Gore,
partly because they wanted to demonstrate some support for their favorite candidate.
Fourth, if candidates are allowed to determine their positions strategically, then for a
fixed distribution of voters there may be a set of pure strategy equlibria with only m
possible positions for the candidates (Palfrey, 1984; Cox, 1987). Even if there were
a slightly larger set of possible locations, the lack of variation in candidate positions
would prevent the simulations from generating meaningful results.

Each trial in the simulation proceeds by randomly drawing ideal points for
10,000 voters from a pre-specified distribution on the [0,1] interval. The simula-
tion then draws m candidates ranging from three to ten from another pre-specified
distribution. The distribution of candidates may or may not differ from the distribu-
tion of voters. In either case, candidates and votes are always limited to the interval
[0,1].° Distances between the voters and candidates are then determined to create
individual preference orders. Distances are not used to measure intensities.

Because indifference causes a number of computational difficulties for the sim-
ulation and it should occur with a probability near zero in our spatial model, we
remove all indifference from our study. Two types of indifference could occur. The
first results if two candidates are drawn at the same location. In those cases our sim-
ulation redraws one of the candidates until he/she was at a new location, distinct
from all other candidates. The second type of indifference occurs when a voter is
an equal distance away from two candidates in different positions (i.e., the voter is
halfway between them). In those cases, we resolve the voter’s indifference with the
flip of a coin. This was operationalized in the simulation by moving the indifferent
voter 10717 units to the right or to left with each direction being equally proba-
ble. Despite our diligence, these adjustments to our program proved unnecessary.
There was never a case of either type of indifference in any of our simulations. Each
simulation lasted for 1 million trials.

After individual preferences are determined they are put into an array that mimics
a preference list. Each column in the array represents one of the possible preference
orders that can occur in that particular trial. The first row of the array contains the
number of occurrences of the preference order. The second row through the last row
contains an ordering of candidate names with the most preferred candidate listed in
the second row and least preferred candidate listed in the last row. Using a prefer-
ence list such as this makes the application of some of the criteria, such as reversal
symmetry and IEA, easier and reduces the number of passes through the N x m
distances. The latter is computationally expensive.

% In cases where voters or candidates are drawn from outside [0, 1], their location was redrawn until
it was within [0, 1].
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The program first records whether the voting rule produces a tie and whether
the Condorcet winner, Condorcet loser, majority criterion, or the reversal symmetry
criterion!? failed to recommend a particular candidate in each trial.!! Such trials
are discarded, and the remaining trials are deemed “‘eligible.” Among the eligible
trials, the program then records the candidate selected by each voting rule and each
criterion separately. If there is a match, we count a success for the voting rule on the
criterion in that particular trial.!? For these four criteria, we report the frequencies
of adhering to a given criterion given that the criterion selected a candidate and
the voting rule did not tie, i.e., the number of successes divided by the number of
eligible trials. In a large number of trials, this frequency should approximate the true
probability in the model.

For the consistency criterion the program randomly chooses 100 two-subset par-
titions of voters. The two subsets formed by each partition may or may not be of
equal size. For each partition, the program determines the winner in the two subsets
formed by the partition as well as the winner in the full set of voters. We call a
partition “eligible” if both subsets make the same selection and neither the full pop-
ulation nor the two subsets produces a tie. Among eligible partitions, a “success”
occurs if the subsets choose the same candidate as the full population. We then re-
port the frequency of successes among all eligible partitions. Note that this figure
will only be an approximation for the likelihood of consistency, since the consis-
tency principle considers all possible partitions. Numerical evidence suggests that
our approximation may be quite accurate. For instance, simulations with only one
randomly drawn partition per trial produced very similar data.'3

Finally, to determine whether a voting rule adheres to the IEA criterion, we
record the winners among m candidates for each voting rule, then remove one of
the losing candidates and record winners among the remaining m — 1 candidates.
We then record the number of “eligible samples,” i.e. the number of instances where
the original election does not tie, and there is no tie after a losing candidate is elim-
inated from the list. Thus, the total number of eligible samples would be bounded

10 Reversal symmetry always recommends a candidate if the voting rule does not tie (either origi-
nally or in the inverted set of preferences).

' Ties include cases where more than one candidate is selected or the voting rule does not produce
a clear winner. For example, if the three candidates with the most first place votes receive the same
number of votes and all other candidates receive no first place votes, plurality, MRR, and IRV will
not produce a clear winner (i.e., each produces a tie). Procedures for resolving ties undoubtedly
exist, but they vary by region and are not included in the common statements of the voting rules.
Rather than adopt one of these regional procedures, we exclude ties to study the properties of
the voting rules as they are stated in the formal theory literature. Flipping a coin would alter the
probabilities reported without making it clear to the reader by how much.

12 For the Condorcet loser criterion, successes are counted if the voting rule does not select the
Condorcet loser. For reversal symmetry, successes are counted if the voting rule does not select the
same candidate after the preference order is reversed.

13 For our simulation with 100 partitions we also considered reporting frequencies summed over
trials alone, where a trial would count as a success only if it was consistent for all eligible cases in
that trial (i.e., for all cases among the 100 partitions where the voting rule did not tie and the two
subsets selected equivalently). This produced almost identical probabilities as the ones reported in
Table 6.1.
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above by the number of trials (1 million) times (m — 1). If candidate x won the orig-
inal election and won the election among the remaining m — 1 candidates, then we

count the trial as a success. We repeat this process for each losing candidate in a
trial and report the frequency of successes among all eligible samples.'*

6.4 Results

6.4.1 Condorcet Winner

- N(0.5, 0.1)

Fig. 6.1 Normal Distribution

Note: In our first simulation voters are normally distributed with a mean of 0.5 and a standard
deviation of 0.2. Candidates are normally distributed with a mean of 0.5 and a standard deviation
of 0.1.

Simulated results for the Condorcet winner criterion are presented in Table 6.1.
The columns correspond to the number of candidates, and the rows correspond to
the four voting rules. There are three different sets of distributions. The first, pre-
sented on top, draws voters from a normal distribution with mean 0.5 and standard
deviation of 0.2. Normal distributions are commonly attributed to countries such
as the United States and the United Kingdom. In the same simulation, candidates
are drawn from a narrower distribution with mean of 0.5 and standard deviation of
0.1. This reflects the observation that candidates often tend toward the middle of a

14 We also considered reporting frequencies summed over trials alone, where a trial counts as a
success only if it adheres to IEA for all eligible samples in that trial. This produced much smaller
probabilities. Nevertheless, in terms of performance on the IEA criterion, the rank order of the
voting rules remained the same in almost every case.
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distribution in order to win an election. These distributions are displayed in Figure
6.1. The second, presented in the middle of the table, draws candidates and from the
same distribution — a normal distribution with mean of 0.5 and a standard deviation
of 0.2. The third, presented in the bottom of the table, draws voters from a bimodal
distribution with modes at 0.25 and 0.75 and a standard deviation of 0.20 for each
mode.!’ Candidates are drawn from a similar bimodal distribution. However, they
have a smaller standard deviation of 0.10 for each mode. Such a distribution might
reflect partisan voting in districts with two parties.

Table 6.1 The probability of selecting a Condorcet winner (10,000 voters)

Number of Candidates
Voting rule 3 5 7 10
Distribution: voters ~ N(0.5, 0.2), candidates ~ N(0.5, 0.1)
Plurality 0.516 0.144 0.041 0.007
Majority with runoff 0.574 0.208 0.082 0.024
IRV 0.574 0.221 0.127 0.097
Borda count 0.853 0.791 0.745 0.712
Distribution: voters ~ N(0.5, 0.2), candidates ~ N (0.5, 0.2)
Plurality 0.703 0.430 0.305 0.213
Majority with runoff 0.852 0.666 0.539 0.412
IRV 0.852 0.588 0.437 0.315
Borda count 0.874 0.820 0.779 0.739
Distribution: voters bimodal wide, candidates bimodal narrow
Plurality 0.547 0.350 0.307 0.317
Majority with runoff 0.845 0.760 0.716 0.705
IRV 0.845 0.670 0.593 0.521
Borda count 0.772  0.707 0.668 0.694

Note: In the third distribution voters are drawn from one of two normal distributions with equal
probability, N(0.25,0.20) and N(0.75,0.20); candidates are also drawn from one of two normal
distributions with equal probability, N(0.25,0.10) and N(0.75,0.10). Trials = 1 million.

The numbers reported depict the conditional probability that a voting rule adheres
to the criterion given that the criterion made a clear recommendation and the voting
rule did not tie. Across 1 million trials, the number of “ties” range from 37 for the
Borda count with three candidates to 2,763 for majority rule with a runoff with ten
candidates — both of which were from the distributions reported at the bottom of
the table. This represents a very small fraction of the total number of trials (slightly
more than one-tenth of one percent). Hence, our decision to exclude ties has little
effect on the results. Furthermore, the number of Condorcet winners range from

15 This distribution is created by randomly drawing voters from one of two normal distributions,
each occurring with equal probability. The first has a mean of 0.25 and standard deviation of 0.20.
The second has a mean of 0.75 and standard deviation of 0.20.
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999,037 for ten candidates to 999,739 for three candidates, both from the middle
of the table. This large number of Condorcet winners (more than 99.9%) facilitates
a comparison of voting rules on this criterion. With the exception of the results for
the majority criterion (described later), the the standard errors for all criteria, voting
rules, and candidates were no greater than 5.0 x 10~*. Hence, for all cases where the
reported difference between any two probabilities is greater than .001, the difference
is statistically significant at the .01 level. This applies to both the results reported
Table 6.1 and to the results presented later in this chapter.'®

These figures clearly suggest that plurality rule is the least likely to select the
Condorcet winners among the cases presented here. Among the three other voting
rules, Borda count is clearly the best for the unimodal distributions centered at .5,
whereas MRR performs better for the bimodal distribution on the bottom of the
table. Note that all distributions presented in the table are symmetric about .5. We
also considered a case where the distributions for both voters and candidates were
nonsymmetric, and found that Borda count performed the worst among the four
voting rules in this setting, while MRR performed the best.!”

Our results for the unimodal distributions are fairly consistent with the results
reported by Merrill (1984) and Nurmi (1992) for random and impartial culture con-
ditions. Although our results from the bimodal distribution may appear to contra-
dict the results of Van Newenhizen (1992), who proves that Borda count is the most
likely voting rule to select a Condorcet winner for a uniform distribution of voter
profiles, the differences between our result and hers undoubtedly stems from differ-
ences in the distribution of preferences. Hence, the robustness of Van Newenhizen’s
result to other “uniform-like” probability distributions is worthy of further investi-
gation.

Our numerical results are given some rigorous support by the following proposi-
tion.

Proposition 8 Assume three candidates are randomly and independently chosen
Jfrom a continuous probability distribution on [0,1], and assume the voters are ran-
domly and independently chosen from a probability distribution on [0,1]. Then the
probability that the Condorcet winner wins at least half of the first place votes is at
least 1/2.

Proof. Assume N is odd, so that a median voter is unique. The proof for N even can
be shown similarly. Let V be the location of the median voter. Suppose A is both
the name and the location of the Condorcet winner, and B and C are the names and
locations of the other two candidates. Also assume for the moment that A > V. The
proof for A <V is similar, and A =V occurs with probability zero. Note that A is a
Condorcet winner if and only if A is closer to V than both B and C.

Claim: The probability that B, C are either both greater than or both less than A,
given that A is the Condorcet winner, is at least 1/2.

16 Some of the figures reported in Tables 6.4 and 6.6 differ by only .001, but were also significant
at the .01 level.

17 In this simulation voters were randomly drawn with equal probability from one of two normal
distributions: N(.10,.05) and N(.50,.05) and candidates were drawn from N(.2,.1)
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Proof of claim: The fact that A is the Condorcet winner (acw) implies that B,C
must be restricted to either [0,2V — A) or (A, 1]. Suppose the probability that a can-
didate is chosen in [0,2V —A) (resp. (A, 1]) given that acw, is o (resp. ). Then by
independence in the selection of B and C, which remains in effect for the conditional
probabilities here, the following formulae hold:

Pr((B<A)N(C < A)lacw) = o,

Pr((B>A)N(C > A)lacw) = a3,
Pr(B <A < Clacw) = Pr(C < B < Alacw) = ot 0.

Note that the four probabilities listed above must add up to one, so the claim now
follows from the following inequality:

i+ 03 > 2000,

which follows immediately from (o — ) > 0.

We now claim that in all cases where either B,C < A or B,C > A, A will always
win more than half of the first place votes. To prove the claim, suppose on one hand
that B,C > A. Since A >V, all voters on the interval [0,A] will vote for A. Because
this interval contains V, A will certainly win more than half of the first place votes in
this case. On the other hand, suppose B,C < A. Because A is the Condorcet winner
and V < A, it follows that all the voters on the interval [V, 1] will vote for A. Because
this interval contains V, A will again win more than half of the first place votes. O

Corollary 2 Assume the hypotheses of Proposition 8. Then Condorcet winners will
be selected by plurality, MRR, and IRV with probability at least 1/2.

Two key facts in the proof of Proposition 8 are (i) when the Condorcet winner
either has all opponents to her left or all opponents to her right, then she will always
win at least half the voters, and (ii) this positioning will take place at least half of
the time. For m > 3, the first fact remains true, but the second does not. With more
candidates, it is increasing likely that the Condorcet winner will have opponents
both on her left and on her right. This explains why the probability of selecting a
Condorcet winner decreases as m — 1 increases for the first three voting rules in
Table 6.1.

Furthermore, Proposition 8 proves that a Condorcet winner is certain to receive
more than half of the first place votes if her opponents are both to her left or both
to her right. In contrast we can show that the winner of the Borda count is most
likely to be the Condorcet winner when one opponent is on her left and the other is
on her right. Borda count can do poorly in cases where the Condorcet winner is on
one side of the median, and her two opponents are on the other side.!® The reasons

18 A weak analogue of Proposition 8 can be proven for the Borda count with m = 3. If the prob-
ability distributions for both the candidates and the voters are symmetric about .5, and if V = .5,
then with probability .5 the Condorcet winner will lie between the other two candidates, and in
these cases the Borda count will select the Condorcet winner. The assumption about the proba-
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for this are somewhat technical, but can be summarized as follows. The candidate
that lies between the other two candidates, which we label x, will pick up only first
and second place votes, whereas the Condorcet winner in this case will pick up
some third place votes. If there is a large segment of the population that ranks x
first (and thus awards three points per voter to x) and the Condorcet winner last
(and thus awards only one point per voter to the Condorcet winner), then the gains
x makes in this segment of the population will overcome the advantages enjoyed by
the Condorcet winner. A careful analysis shows that this is often the case for the
bimodal distribution in Table 6.1, which partly explains why the Borda count does
relatively poorly in this setting.

It is also interesting to note that our voting rules are more likely to select Con-
dorcet winners when candidates and voters are drawn from the same normal distri-
bution (middle case) than when candidates are drawn from a narrower distribution
(top case). This might suggest that electoral incentives that drive candidates to the
center of a distribution may actually reduce the probability of selecting Condorcet
winners.

6.4.2 Condorcet Loser

Results for the Condorcet loser criterion are reported in Table 6.2. In this case, the
number of Condorcet losers range from 999,174 cases for ten candidates in the dis-
tribution depicted on the bottom of Table 6.2, to 999,811 cases for three candidates
in the distribution depicted in the middle of Table 6.2. Again, the large number of
Condorcet losers (more than 99.9% of the trials) helps facilitate a comparison be-
tween the voting rules on this criterion. Figures reported are the probabilities that a
voting rule avoids a Condorcet loser given that one exists and the voting rule did not
tie.

Because it has been shown that MRR, IRV, and the Borda count always avoid
a Condorcet loser (Nurmi, 1987), the most interesting results is that plurality rule
is likely to avoid the Condorcet loser as well. This illustrates the value of compar-
ing the probability that a voting rule will adhere to a criterion, when it is known
that other voting rules always will. Even though plurality rule can select Condorcet
losers, it infrequently does.

Nevertheless, the differences we report for plurality and the other three voting
rules are statistically significant. If someone finds the Condorcet loser criterion par-
ticularly troubling, then they may have reason to avoid plurality rule. If they favor
plurality rule for other reasons and find the Condorcet loser criterion only a moder-
ate concern, then they might conclude that plurality rule does not perform a whole
lot differently than the other three voting rules.

bility distributions, though restrictive, will be satisfied by the distributions displayed in Table 6.1.
With 10,000 voters and a reasonably large population density in a neighborhood of .5, the me-
dian voter will be very close to .5, and thus the Condorcet winner will lie between the other two
candidates (and hence win the Borda count) with a probability very close to .5.
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Table 6.2 The probability of selecting a Condorcet loser (10,000 voters)

Number of Candidates

Voting rule 3 5 7 10
Distribution: voters ~ N(0.5, 0.2), candidates ~ N(0.5, 0.1)
Plurality 0.874 0.887 0.890 0.893
Majority with runoff 1.000 1.000 1.000 1.000

IRV 1.000 1.000 1.000 1.000

Borda count 1.000 1.000 1.000 1.000
Distribution: voters ~ N(0.5, 0.2), candidates ~ N(0.5, 0.2)
Plurality 0.934 0.965 0.975 0.983
Majority with runoff 1.000 1.000 1.000 1.000

IRV 1.000 1.000 1.000 1.000

Borda count 1.000 1.000 1.000 1.000
Distribution: voters bimodal wide, candidates bimodal narrow
Plurality 0.800 0.921 0.958 0.972
Majority with runoff 1.000 1.000 1.000 1.000

IRV 1.000 1.000 1.000 1.000

Borda count 1.000 1.000 1.000 1.000

Note: In the third distribution voters are drawn from one of two normal distributions with equal
probability, N(0.25,0.20) and N(0.75,0.20); candidates are also drawn from one of two normal
distributions with equal probability, N(0.25,0.10) and N(0.75,0.10). Trials = 1 million.

In comparison to previous works, plurality rule selects a Condorcet loser at a
slightly lower rate than the probabilities derived by Lepelley (1993) and simulated
by Nurmi and Uusi-Heikkila (1986). Lepelley calculated the probability that plural-
ity rule selects a Condorcet loser in three-candidate elections assuming the impartial
anonymous culture condition. Nurmi and Uusi-Heikkild simulated these probabil-
ities for three to five candidates, in an impartial anonymous culture condition, an
unipolar culture condition, and a bipolar culture condition with 40 voters or less.
Our results offer some robustness to these studies while suggesting that a single-
dimensional model may dampen the performance of plurality rule slightly. It also
extends the results to elections with more candidates and larger populations of vot-
ers.

6.4.3 Majority Criterion

Table 6.3 presents the results for the majority criterion. Unlike the previous two
criteria, the number of times a candidate receives support from the majority of the
population when all candidates are considered simultaneously is much smaller, par-
ticularly for cases with a large numbers of candidates. For m = 3 there are roughly a
half-million cases where a majority of voters prefer one candidate as their first place
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Table 6.3 The probability of adhering to the majority criterion (10,000 voters)

Number of Candidates

Voting rule 3 5 7 10
Distribution: voters ~ N(0.5, 0.2), candidates ~ N(0.5, 0.1)
Plurality 1.000 1.000 1.000 1.000
Majority with runoff 1.000 1.000 1.000 1.000

IRV 1.000 1.000 1.000 1.000

Borda count 0.706 0.413 0.285 0.183
Distribution: voters ~ N(0.5, 0.2), candidates ~ N(0.5, 0.2)
Plurality 1.000 1.000 1.000 1.000
Majority with runoff 1.000 1.000 1.000 1.000

IRV 1.000 1.000 1.000 1.000

Borda count 0.782 0.510 0.353 0.205
Distribution: voters bimodal wide, candidates bimodal narrow
Plurality 1.000 1.000 1.000 1.000

Majority with runoff 1.000 1.000 1.000 1.000

IRV 1.000 1.000 1.000 1.000

Borda count 0.544 0.462 0.390 0.294

Note: In the third distribution voters are drawn from one of two normal distributions with equal
probability, N(0.25,0.20) and N(0.75,0.20); candidates are also drawn from one of two normal
distributions with equal probability, N(0.25,0.10) and N(0.75,0.10). Trials = 1 million.

choice across all three sets of distributions, roughly half the number of trials. For
m = 10 there were roughly 3,900 cases, less than one percent of the trials. Never-
theless, for the majority criterion standard errors are 7.3 x 1073 or less in all of the
cases reported. This implies that the difference in proportions between the Borda
count and the other three voting rules is significant at the .01 level for all the figures
reported.

Of course, plurality rule, MRR, and IRV will always select a majority winner
when one exists. It is also well-known that the Borda count may not. The interesting
finding from these results is how poorly the Borda count performs compared to
the other three voting rules, particularly for a large number of candidates. If there
are ten candidates and individuals are drawn from the distributions depicted on the
top part of Table 6.3, then the Borda count will miss a majority winner more than
four out every five times one occurs. It might also be noted that Borda count tends
to underperform the other three voting rules more on the majority criterion than
it overperforms the other three voting rules on either the Condorcet winner or the
Condorcet loser criterion.
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6.4.4 Consistency

Table 6.4 The probability of maintaining consistency (10,000 voters)

Number of Candidates
Voting rule 3 5 7 10
Distribution: voters ~ N(0.5, 0.2), candidates ~ N(0.5, 0.1)
Plurality 1.000 1.000 1.000 1.000
Majority with runoff 1.000 1.000 1.000 1.000
IRV 1.000 1.000 0.998 0.994
Borda count 1.000 1.000 1.000 1.000
Distribution: voters ~ N(0.5, 0.2), candidates ~ N(0.5, 0.2)
Plurality 1.000 1.000 1.000 1.000
Majority with runoff 1.000 1.000 1.000 1.000
IRV 1.000 0.999 0.998 0.993
Borda count 1.000 1.000 1.000 1.000
Distribution: voters bimodal wide, candidates bimodal narrow
Plurality 1.000 1.000 1.000 1.000
Majority with runoff 1.000 1.000 1.000 0.999
IRV 1.000 0.999 0.998 0.991
Borda count 1.000 1.000 1.000 1.000

Note: The frequency of cases adhering to consistency are summed over 1 million trials and 100
partitions. In the third distribution voters are drawn from one of two normal distributions with
equal probability, N(0.25,0.20) and N(0.75,0.20); candidates are also drawn from one of two
normal distributions with equal probability, N(0.25,0.10) and N(0.75,0.10).

Results for the consistency criterion are reported in Table 6.4. Recall that con-
sistency requires that if two subsets of the voting population select the same unique
candidate x, then the union of the two subsets should also select x. The number of
cases where the two subsets pick the same candidate and there are no ties varies by
distribution, the number of candidates, and the voting rule. The percentage of the
100 million possible comparisons exceeded 70%, with the smallest percentage from
IRV in the bimodal distribution with 10 candidates. The large number of compara-
ble cases is largely due to the fact that randomly partitioning 10,000 voters into two
sets will often produce very similar distributions.

It can be shown that plurality rule and the Borda count will always be consis-
tent, whereas MRR and IRV may not. What is interesting about these results is that
each of the voting rules maintain consistency with large probabilities. MRR almost
always selects consistently. IRV selects consistently at least 99% of the time. With
all of our voting rules performing so well on this criterion, one might be tempted to
conclude that we should not worry about consistency. Unfortunately, these figures
are likely to overstate the true rates of consistency because only 100 partitions are
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considered for any given set of individual preference orders.!® If all possible par-
titions were considered, there might be more cases of inconsistency. Nevertheless,
the probabilities are high and the differences in performance between MRR, IRV,
and the two voting rules that can never violate consistency appear trivial.

6.4.5 Reversal Symmetry

Table 6.5 The probability of adhering to reversal symmetry (10,000 voters)

Number of Candidates
Voting rule 3 5 7 10
Distribution: voters ~ N(0.5, 0.2), candidates ~ N(0.5, 0.1)
Plurality 0.874 0.887 0.890 0.893
Majority with runoff 1.000 1.000 1.000 1.000
IRV 1.000 1.000 1.000 1.000
Borda count 1.000 1.000 1.000 1.000
Distribution: voters ~ N(0.5, 0.2), candidates ~ N (0.5, 0.2)
Plurality 0.934 0.965 0.975 0.983
Majority with runoff 1.000 1.000 1.000 0.991
IRV 1.000 1.000 1.000 1.000
Borda count 1.000 1.000 1.000 1.000
Distribution: voters bimodal wide, candidates bimodal narrow
Plurality 0.800 0.921 0.958 0.972
Majority with runoff 1.000 1.000 1.000 1.000
IRV 1.000 1.000 1.000 1.000
Borda count 1.000 1.000 1.000 1.000

Note: In the third distribution voters are drawn from one of two normal distributions with equal
probability, N(0.25,0.20) and N(0.75,0.20); candidates are also drawn from one of two normal
distributions with equal probability, N(0.25,0.10) and N(0.75,0.10). Trials = 1 million.

Results for the reversal symmetry criterion are displayed in Table 6.5. Because
reverse symmetry always recommends a candidate whenever there is not a tie, rever-
sal symmetry recommended a winner in at least 99.9% of the trials reported. This is
a large number of cases for comparison.

Perhaps the most striking result is that plurality rule, MRR, and IRV are all ca-
pable of violating reversal symmetry. Yet in our simulation, IRV violated reversal
symmetry at most 70 out of 1 million trials — in the simulation with three can-
didates and a bimodal distribution. MRR never violated reversal symmetry. Most

19 We restrict ourselves to 100 two-subset partitions because of limitations in computational hours.
All possible two-subset partitions of 10,000 voters would be astronomically large.
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readers should find the differences between IRV, on the one hand, and MRR and the
Borda count, on the other, so negligible that the voting rules should be treated as
performing equally on this criterion. In contrast, plurality rule was clearly the weak-
est performer. But even the differences between it and the perfect performance of
the Borda count may seem negligible in some contexts — particularly for elections
with a large number of candidates.

6.4.6 Independence of Eliminated Alternatives (IEA)

Table 6.6 The probability of adhering to IEA (10,000 voters)

Number of Candidates
Voting rule 3 5 7 10
Distribution: voters ~ N(0.5, 0.2), candidates ~ N(0.5, 0.1)
Plurality 0411 0.533 0.612 0.682
Majority with runoff 0.634 0.721 0.764 0.798
IRV 0.634 0.557 0.517 0.489
Borda count 0.807 0.849 0.872 0.877
Distribution: voters ~ N(0.5, 0.2), candidates ~ N(0.5, 0.2)
Plurality 0.527 0.569 0.613 0.664
Majority with runoff 0.639 0.679 0.706 0.729
IRV 0.639 0.638 0.620 0.584
Borda count 0.782 0.886 0.897 0.895
Distribution: voters bimodal wide, candidates bimodal narrow
Plurality 0411 0.533 0.612 0.682
Majority with runoff 0.634 0.721 0.764 0.798
IRV 0.634 0.557 0.517 0.489
Borda count 0.807 0.849 0.872 0.877

Note: In the third distribution voters are drawn from one of two normal distributions with equal
probability, N(0.25,0.20) and N(0.75,0.20); candidates are also drawn from one of two normal
distributions with equal probability, N(0.25,0.10) and N(0.75,0.10). Trials = 1 million.

Finally, Table 6.6 reports results for the IEA criterion. Because a voting rule
meets the conditions for an IEA comparison as long as it does not tie, IEA recom-
mends a winner in more than 99% of the (m — 1) x 1 million cases.

We found that all four of our criteria can, and did, violate IEA. However, the
Borda count outperforms the other three voting rules for all of the simulations re-
ported in Table 6.6. The worst performer depends upon the conditions. For elections
with five or fewer candidates, IRV outperforms plurality rule. For elections with
seven to ten candidates, plurality rule outperforms IRV. Furthermore, for three can-
didates MRR and IRV perform identically, as one should expect. But as the number
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of candidates increases, IRV’s ability to select the same candidate when a loser is
eliminated decreases while MRR’s independence from eliminated candidates in-
creases. This suggest MRR may be the better of the two voting rules in terms of the
IEA criterion. We conclude that in terms of IEA, the Borda count is best followed
by MRR. The third best depends on the number of candidates in the election.

6.5 Conclusion

So which voting rule is best? One way of interpreting the various “impossibility”
results is to suggest that there is no ideal voting rule for every configuration of pref-
erences. Instead, some types of voting rules work well for some types of choices,
while others work well for other types of choices. In this vein, our answer to the
question of “which voting rule is best” depends upon the properties valued by a
community. If a community wants to chose among the four voting rules analyzed in
this chapter, perhaps because three of them have been widely used in single-member
districts, and they value the IEA criterion, then it might have reason to prefer Borda
count. The Borda count is not widely used in national elections, but our results sug-
gest that it clearly outperforms the other voting rules on this criterion and performs
well on the Condorcet loser criterion, consistency, and reversal symmetry. It also
outperforms the other voting rules in terms of Condorcet winners if the distribution
is unimodal and symmetric.

However, if the same community values the majority criterion, then they might
have reason to avoid the Borda count and use MRR instead. MRR performs well
on the majority criterion, while avoiding Condorcet losers, maintaining consistency,
and adhering to reversal symmetry. Its almost perfect performance on the latter two
criteria is a notable finding. Also notable is the ability of MRR to outperform Borda
count on the Condorcet winner criterion for bimodal distributions.

Ironically, the one voting rule that seems to be the worst is plurality rule, yet
plurality rule is the most widely used voting rule in a single member district. Hence,
institutional framers in the United States, Great Britain, India, and other countries
may have the most to gain from reflecting on these results.

Saari (2008, p. 214) argues that “those negative social choice results that are con-
sistently being discovered ... should be treated only as first steps toward identifying
reasonable starting points for more extensive research investigations.” He continues:
“In order for a field to prosper and expand, it must offer something of value, a sense
of guidance for others.” In addition to helping social choice expand by providing
quantified comparisons between voting rules that violate a criterion over an unre-
stricted domain, our results also help social choice expand where one voting rule
has been proven to adhere to a criterion while others have been shown to violate it.

In particular, our results the Condorcet loser, reversal symmetry, and consistency
criteria give several examples where one voting rule always adheres to a criterion,
and another voting rule almost always adheres. Arguably the difference is negli-
gible, so an institutional framer may have reason to treat the two voting rules as
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performing equally well on that criterion.?? This illustrates the usefulness of com-
paring probabilities when an axiomatic result may already be known, and shows
how social choice can progress despite its many impossibility results.

It is also interesting to note that practically all of comparisons are among can-
didates within the Pareto optimal set. This is because randomly drawing a large
number of voters in a finite space implies that candidates almost always will be
Pareto optimal. The problem is only exacerbated if candidates move toward the cen-
ter of the spectrum. Hence, any theorists who believe that only Paretian judgements
are compelling while all other judgements are “arbitrary,” must be stripped of all
the tools they use for judgement. They can make no judgements between the vot-
ing rules used in elections, despite the fact that different voting rules often chose
differently. Although we find the Pareto criterion enormously compelling, it is the
positive property of failing to differentiate candidates in large voting populations
that forces us to move beyond Pareto.

20 It is possible, however, that the “exceptional cases” from the simulations might arise often in
real life. Whether this is the case is worthy of further study.



Chapter 7
Conclusion

Roughly a half-century has passed since The Calculus of Consent was first pub-
lished. Yet the questions raised by Buchanan and Tullock’s pioneering book seem
to be more relevant today than they were in 1962. The spread of democracy, ad-
vances in technology, and population growth have increased the demand for new
constitutions. Since The Calculus of Consent was written, more than half of the 160
countries in the world have thrown out their old constitution and adopted an entirely
new one. Some have done so more than once (Goldwin and Kaufman, 1988, p. vii).

Many provincial and local governments have re-constituted their governments
and a countless number of home owner associations, governing boards, and local
clubs have adopted new covenants, charters, and written agreements. Some national
constitutions were written for new countries, but a surprising number were written
for enduring nations, such as Spain, Portugal, Turkey, and Greece (Goldwin and
Kaufman, 1988). Hence, understanding the development of good constitutional de-
sign and the effects of constitutions on political outcomes seems as important today
as it was in 1787 when the framers of the U.S. Constitution replaced the nation’s first
constitution, the Articles of Confederation, with the world’s longest-lasting consti-
tution.

With so many new constitutions being created, it would not be a surprise if those
writing a covenant, charter, or constitution would look toward experts for some ad-
vice. The lessons taught in The Calculus of Consent include the notion that voting
rules matter and that one should not assume majority rule is always best. The vot-
ing rule that a community ought to adopt depends on the context. Constitutional
decisions, legislative decisions, and, in our case, electoral decisions often require
different methods. The former should be guided by first principles, while the lat-
ter two can be chosen by members of the community. Additionally, constitutional
decisions and legislative decisions are often made using k-majority rules. This is
partly because decision makers in these phases want the opportunity to raise new
alternatives as they occur, they want to determine whether a new idea has sufficient
support in comparison to the previous idea, and they usually have more time to
consider alternatives in a series than the electorate.

K.L. Dougherty and J. Edward, The Calculus of Consent and Constitutional Design, 97
Studies in Public Choice 20, DOI 10.1007/978-0-387-98171-0_7,
© Springer Science+Business Media, LLC 2011
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In contrast, electoral decisions require expediency, a narrower set of alternatives,
and often a vote over a full list candidates all at once. These factors typically lead
to different types of voting rules. Furthermore, constitutional decisions often dif-
fer from legislative decisions by the importance of decision costs. Constitutional
framers may find decision costs negligible, not because they do not exist, but be-
cause the external costs produced by the institutions they create are so important.
In contrast, legislators who make daily decisions may find decision costs a serious
concern.

Buchanan and Tullock’s book was successful partly because it suggested that
one size does not fit all. The most appropriate voting rule not only depends on the
phase of decision making (constitutional, legislative, or electoral), it also depends on
the values of each individual in a society and the conditions under which a society
exists. A constitution that is good for one society in one setting may be inappropriate
for another. Instead, Buchanan and Tullock argue that good constitutional design
stems from process. In particular, they advocate a process that helps each society
determine the best set of institutions for itself.

7.1 New Themes

We agree with all these lessons. We also agree that sound democracy should not start
with majority rule by assumption. If majority rule is to be the centerpiece of democ-
racy, then the desirable properties of majority rule have to be shown. Buchanan and
Tullock argued that unanimity rule has certain properties, most notably the preven-
tion of coercive acts against one’s will, that make it ideal. In this sense, they replaced
majority rule as the centerpiece of democracy with unanimity rule. Deviations from
unanimity rule are deemed desirable, but only in cases where decision costs are suf-
ficiently large. In contrast, we show that majority rule also has some basic properties
that constitutional framers may want to consider.

In Chapter 4, titled “Constitutional Decision Making,” we confirm Buchanan and
Tullock’s intuition that unanimity rule is particularly adept at selecting outcomes
that are both Pareto optimal and Pareto preferred to the initial status quo. If actors
vote and propose strategically (or sincerely), then unanimity rule is at least as likely
to select outcomes that are Pareto optimal and Pareto preferred to the status quo as
other k-majority rules. If proposals are random, then, with rare exceptions, unanim-
ity rule is typically more likely than majority rule to select outcomes that are Pareto
preferred to the initial status quo and Pareto optimal. Since Pareto optimality is a
natural extension for anyone interested in the Pareto criterion, these results seems
particularly germane for those who have been fully persuaded by Buchanan and
Tullock’s theory.

Nevertheless, Buchanan and Tullock did make statements that loosely connect
unanimity rule to Pareto optimality without reference to Pareto improvements from
the initial status quo (Buchanan and Tullock, 1962, pp. 94, 171-180; Buchanan,
1967; Tullock, 1998, pp. 106, 122—-123). This prompted us to also consider the re-
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lationship between various k-majority rules and Pareto optimality without requiring
the additional condition related to the initial status quo. That relationship is much
more surprising because it seems to produce very different results from the tradi-
tional spatial voting literature. The spatial voting literature suggests that the Pareto
set and the unanimity rule core are equivalent. In other words, all Pareto optimal
outcomes are in equilibrium under unanimity rule and all unanimity rule equilibria
are Pareto optimal. This reinforces a close connection between unanimity rule and
Pareto optimality. At the same time, the multidimensional spatial voting literature
shows that majority rule typically has no equilibrium (i.e., the majority rule core
is empty). Some have interpreted this to mean that majority rule can produce just
about anything, including Pareto sub-optimal outcomes (Riker, 1980).

By modeling the proposal process and allowing alternatives to start outside the
core, we arrive at very different conclusions than traditionally asserted in the spatial
voting literature. First, if proposals are generated randomly, then majority rule is
almost always more likely to select a Pareto optimal outcome than unanimity rule.
Second, if individuals propose sincerely, then any k-majority rule, with k < N is
at least as likely to select a Pareto optimal outcome as unanimity rule (k = N).
Third, if individuals propose strategically and an “attainable minimum” exists in
the final round, then the subgame perfect equilibrium under any k-majority rule is
Pareto optimal. If an “attainable minimum” does not exist for k < N, then unanimity
rule will select a Pareto optimal outcome in subgame perfect equilibrium, and other
k-majority rules should produce outcomes that are in the Pareto set or extremely
close to the Pareto set. In other words, if Pareto optimality is the goal, then majority
rule might regain its central position in democratic theory.!

With regard to legislative decisions, Buchanan and Tullock argued that decision
costs decrease and external costs increase gradually as k increases. In their several
publications where they drew these functions, they always seemed to depict two
quadratic functions, with gentle slopes. Scholars who have extended their works
have started with similar shapes. We argue that these simple notions can be mis-
leading. In our model, both the decision cost function and the external cost function
depend on the probability of passage, which is almost constant for k near O and k
near N, and which has almost all the decrease in the probability of passage tak-
ing place over a short interval. This produces very different shapes for the external
costs and decision cost functions and very different implications for the optimal
k-majority rule. The logistic-type shape of the probability of passage can produce
flat regions in the external cost function for the smallest and largest k. Hence, even
if we only use external costs to evaluate the optimal k-majority rule, there is of-
ten a range of k-majority rules, near unanimity rule, that are optimal. This again
questions whether unanimity rule should be given the role as some type of unique
democratic ideal. In such cases, unanimity rule would be one of many optimal rules,
not a singleton.”

! Our results on Pareto optimality should also be useful for studying legislative decisions.

2 For large values of p; | the flat spot near N may be very small. If pi1,1 is completely unknown, a
constitutional framer may still want to favor unanimity rule.
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If decision costs are germane to the decision, then a variety of other factors affect
the optimal k-majority rule. First, it is possible in some settings that decision costs
dwarf external costs. In this case, a less inclusive voting role (or even a nonvot-
ing arrangement such as “dictator” or “director’’) might be preferred. Constitutional
provisions for decision making in times of war may reflect such a concern. If exter-
nal costs and decision costs are equally important, that is neither one is negligible
compared to the other, then other factors will affect the optimal k-majority rule.

For example, the homogeneity of the society, as depicted by the initial preference
probabilities pq,1 and p_j 1 can affect the optima. Everything else equal, societies
should consider setting their k-majority rule to the number near k = p; 1 N. If a soci-
ety is extremely homogenous, then p; ; will be large and more inclusive k-majority
rules might be appropriate. If society is particularly heterogenous, then p;; will be
small and a less inclusive k-majority rule may be appropriate.

With decision costs included, the optimal k-majority rule also depends upon the
ability to create increasingly desirable proposals between rounds. If the political dy-
namics are such that the probability of passing a proposal quickly increases with
each round, then large k-majority rules may be preferred. Such rules inhibit pro-
posals that hurt minorities in early rounds without amassing large decision costs
— due to the rapid improvement of proposals between rounds. However, if propos-
als do not become more likely to pass in subsequent rounds (or they improve only
slowly), then institutional framers might have reason to favor smaller k-majorities
near k = pj 1N again.

With regard to elections, Buchanan and Tullock briefly argue that k-majority
rules might be used to elect public officials. We point out that k-majority rules are
rarely used in elections because many elections do not have a status quo candidate.
Even if they did, institutional framers would typically want electoral rules that re-
mained neutral among the candidates and was decisive. This implies a different set
of voting rules for elections.

We analyze three voting rules that are widely used to elect representatives in
single-member districts and a fourth, the Borda count, which has received recent
attention in the social choice literature. Again, we find that the best voting rule
depends upon the properties valued by a community. If a community wants to chose
among the four voting rules analyzed in this chapter and they value the IEA criterion,
then the community might have strong reasons to prefer the Borda count. The Borda
count outperforms the other three voting rules on the IEA criterion and performs at
least as well on the Condorcet loser criterion, consistency, and reversal symmetry.
The Borda Count is the best rule for choosing a Condorcet winner in some cases,
but the worst in other cases.

If a community values the majority criterion and wants a voting rule that almost
always avoids Condorcet losers, maintains consistency, and adheres to reversal sym-
metry, then it might have reason to use MRR instead. MRR performs perfectly, or
almost perfectly on the latter three criteria despite the fact that it can violate con-
sistency and reversal symmetry. It also performs the best on the Condorcet winner
criterion in those cases where the Borda count performs the worst. Plurality rule
has the advantage of being simpler and cheaper to administer than the other three
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voting rules. However, in comparison to the other voting rules, it does not perform
particularly well on any of the six criteria. Thus, even though majority rule has some
properties that make it desirable in constitutional and legislative settings, the closely
related concept of plurality rule may not be desirable for elections. Other modifica-
tions, such as combining majority rule with a runoff would probably be considered
improvements.

7.2 Pareto Principles as Tools for Judgement

We have placed the Pareto criterion in the center of our analysis because the prin-
ciple is central to Buchanan and Tullock’s analysis and we wanted to formalize and
extend parts of their earlier work. As a result, Pareto principles play a crucial role
in our Chapters 3, 4, and 5. Accepting these principles has profound effects on the
alleged merits of the voting rules analyzed. In Chapter 3 we made a careful distinc-
tion between various types of Pareto principles and argued against judging Pareto
indeterminant cases in favor of the status quo. In Chapter 4, we analyzed the abil-
ity of various k-majority rules to select Pareto optimal outcomes and outcomes that
are both Pareto preferred to the initial status quo and Pareto optimal. The use of
Pareto criterion in Chapter 5 was much more subtle. We argued that external costs
could be measured in terms of expected BT loss. In other words, an external cost
would occur only if someone was made worse off by changing from the status quo
to another state of the world. These were the types of external costs Buchanan and
Tullock described in their book.

Nevertheless, we might get very different results if we were to step away from
this tradition and think of external costs neutrally with potential loss from both forc-
ing individuals to change to another policy and from preventing individuals from
changing to another policy. In other words, one could argue that we should con-
sider a status quo that makes a number of individuals worse off in comparison to a
proposal as something that contains external costs.

For example, an assembly may be asked to eliminate $1 billion of pork barrel
spending being currently spent on a bridge to nowhere. Maintaining the status quo
on such a project would cause large external costs for taxpayers who would have to
pay for the pork, but who would not find provision of the bridge a good use of their
money. If the goal is to make the pork barrel spending go away, then arguably the
external costs from the bridge are more likely to remain as k increases — in which
case, the expected external cost function might increase as k increases, rather than
decrease as traditionally argued.

If we include both expected losses from undesirable proposals (the traditional
notion) and expected losses from undesirable status quos (the idea introduced now),
then we might get very different results than those reported in Chapter 5. The new
criterion might be based on something similar to the expected social gain criterion,
which we have described as an ordinal version of utilitarianism in another work
(Dougherty and Edward, 2010a).
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Furthermore, there is a subtle aspect of political philosophy lurking behind our
debate between Pareto optimality on the one hand and Pareto optimality and Pareto
superiority to the initial status quo on the other. Both criteria contain Pareto optimal-
ity, which suggests that a Pareto suboptimal alternative should be avoided. Hence,
the choice between these two criteria centers on whether a Pareto improvement from
the initial status quo should also be demanded. If everyone votes according to their
preferences, then this criterion is very similar to requiring unanimous consent for
change. Many modern political philosophers argued that such a principle is neces-
sary for the adoptions of a social contract. For example, Hobbes argues that “[t]he
right of all sovereigns is derived originally from the consent of everyone of those
that are to be governed” ([1651] 1962, Ch. 42, p. 416). In Locke’s words “Men being
... by nature all free, equal, and independent, no one can be put out of this estate and
subjected to the political power of another without his own consent” ([1690] 1988,
Section 95, p. 330). Both notions of consent seem to support the idea that desirable
outcomes should be judged as Pareto improvements from the status quo. In the ab-
sence of explicit or implicit consent, changes cannot be considered improvements.

However, other philosophers and legal scholars have argued that free and desir-
able choice depends on the conditions under which a decision is made. If individuals
make a choice under duress, then their choice cannot be considered free. McGann
(2006) argues that the same logic applies to social contract theorists (also see Rae,
1975). For Locke, resources are bountiful in the state of nature. Individuals eat what
they want and mix their labor with property to call it their own. Locke suggests that
individuals will consent to a minimal government that protects property rights under
these conditions. For Hobbes, resources are scarce in the state of nature, so scarce
that man is in a war of all against all. Under these conditions, individuals are willing
to surrender their right to all things and impose an absolute sovereign to protect them
from each other. In both of these cases, individuals give their unanimous consent to
very different types of governments. McGann (2006) argues that the social contract
that individuals are willing to accept depends upon the state of nature (the status
quo) from which individuals are forced to make their judgement. Individuals might
unanimously agree to surrender their rights to an absolute sovereign rather than fight
it out in the state of nature, not because they would freely chose a sovereign with
absolute authority, but because Hobbes has imagined a state of nature so awful that
individuals would chose absolute monarchy over this abysmal state. In this sense
individuals are not making a free choice, any more than an individual is making a
free choice under duress. They are offering their consent conditioned upon the alter-
native imposed if they did not make this choice. If the status quo is abhorrent, they
may make very different choices than if the status quo is reasonable.

The argument speaks to the claim that all normatively desirable actions must be
compared against the status quo. If there is a reasonable status quo and the only
harm comes from coercive collective action, then demanding a Pareto improvement
may be desirable. This may be the case in a small community deciding whether to
incorporate for the first time. However, if the status quo is unjust, so might be the
requirement that all constitutional changes must be Pareto improvements from the
status quo. This may be a particular important for constitutions that are created to
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replace the imbalances of a previous regime, as in the transition from autocracy to
democracy. For example, the current constitution of Poland was adopted in 1997.
Many of its clauses attempt to rectify the wrongs of the communists. In response to
communist-era collective farming, Article 23 establishes family farms as the basis
of the agricultural economy; Article 39 prohibits forced medical experimentation;
and Article 59 acknowledges the right to form trade unions. It is very unlikely that
these provisions made those running collective farms, forcing people into medical
experiments, or directing resources through the economy better off.

Does this mean that these provisions cannot be considered improvements over
the previous state of affairs? Demanding that Pareto improvements are necessary
for change suggests that either the losers have to be compensated, so that a Pareto
improvement is made, or the status quo has to be maintained. But even advocates
of Pareto improvements are unlikely to favor compensating some Polish version of
Josef Mengele who loses in the transition from a communist regime that allows
him to conduct human experiments to a democratic regime that will not tolerate
such behavior — in which case, they might question the universal applicability of
demanding Pareto improvements from the status quo.

Pareto optimality alone, without the additional requirement of Pareto superior-
ity to the initial status quo, does not suffer the same fate. Pareto optimality is not
conditioned upon any particular status quo — real or hypothetical. It is a compari-
son between all feasible states of the world, and it remains neutral with respect to
all alternatives. Hence, the Pareto set remains the same whether the status quo is
reasonable or perfectly disgusting.

Those who advocate judging outcomes in terms of Pareto optimality need not
value all Pareto optimal outcomes equally. Just as some advocate Pareto improve-
ments from the status quo, others may want to include other restrictions on the
Pareto set, such as demanding political outcomes that maximize the sum of individ-
ual utility or produce some equitable distribution. Our simulations loosely suggest
that majority rule may be more capable of producing such outcomes than unanimity
rule because it tends to produce outcomes in the center of the Pareto set. This is true
even if the majority rule core is empty. Nevertheless, additional research is required
before we can accurately draw such conclusions.

Few, if any, countries have adopted a constitution using unanimity rule.’. If schol-
ars believe that constitutions should be both Pareto improvements from the status
quo and Pareto optimal, then they may believe that history is full of missed oppor-
tunities. The use of less-inclusive voting rules for constitutional decision making
may have allowed redistribution and produced outcomes that are not Pareto im-
provements. Now that history has created a long path of changes that may or may
not be Pareto improvements, the world may have drifted to different outcomes that
would have been avoided if unanimity rule was applied throughout time. On the
one hand, any application of unanimity rule at this juncture might restrict societies

3 To the best of our knowledge only a few countries have used it for day-to-day decision making.
Some of these include the Polish Diet in the sixteenth to eighteenth centuries (Colomer, 2001), the
Council of the European Union for some issue areas, the U.N. Security Council for nonprocedural
decisions among its permanent members, and the U.S. Senate for unanimous consent agreements.
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to less-desirable outcomes than if they consistently applied unanimity throughout
history. On the other hand, if scholars are solely concerned about Pareto optimality,
then they might be satisfied with the less-inclusive rules that have been widely used.
These constitutions might actually be Pareto optimal.

In recognizing these limitations, we do not want to advocate one criterion over
another. We simply want to advance the debate about which principles are best for
constitutional design and to develop the side of the debate that has received less
attention. Our role is that of analysts who want to show the implications of various
assumptions and how these relationships might help us understand constitutional
design. The most appropriate properties are left to the reader.

7.3 Broader Implications

When everything is said and done, we are faced with two questions that are at the
very core of constitutional design: (1) Do constitutions really matter? (2) Can indi-
viduals really make themselves better off by agreeing to a specific set of rules?

In answering these questions, we have to do more than put our finger on some em-
pirical evidence that suggests the answer is yes. We also have to determine whether
these outcomes are normatively desirable. Despite David Hume’s contention that
positive statements, about what is, and normative statements, about what ought to
be, are separate, one side can inform the other. Empirical conditions, such as indi-
vidual valuations of different costs, can affect which k-majority rule a society ought
to choose. If a society chooses institutions that are normatively desirable, then it may
gain greater stability and increased public welfare. Hence, what may be normatively
sound can be empirically sound as well.

The study of constitutional design has come a long way since The Calculus of
Consent. Over the last two decades, the positive branch, which focuses on what is,
has made remarkable progress thanks to the availability of data. This has made it
possible to evaluate various empirical claims about parliamentary versus presiden-
tial systems, bicameralism versus unicameralism, and the implications of different
voting rules.

One of the major findings is that successful institutional design is endogenous
(Voigt, 2011). Put differently, effective constitutions depend on individuals and the
context in which they live. And the context in which they live affects the consti-
tutional design that they chose. Perhaps such empirical findings stem from endo-
geneity on the normative side. Institutions affect what is normatively desirable and
normative values affect what institutions are adopted. Each society has to determine
its own priorities, its own values, and create institutions that meet its needs. Copy-
ing a successful set of institutions from another country, like the United States, may
make the task of constitutional design considerably easier, but it may not help a
society address its own needs or create a constitution that individuals will obey.

With strong external involvement in the creation of constitutions in Iraq and
Afghanistan, this lesson seems pertinent. Under different circumstances these coun-
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tries may have adopted very different constitutions. Such constitutions may have
seemed less desirable to the western eye, but they also may have avoided some of
the recent constitutional crises within these countries and provided greater stability
for the Middle East. Hence, allowing a society to create its own constitution based
on its own values seems important. Hopefully, our small contribution can renew the
debate and guide academics to help countries reach their goals.
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