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Preface to the Second Edition

All misprints that were known to us have been corrected, and many argu-
ments have been made more transparent by additional comments.

Although it is modeled by an ODE, we discuss now in Section I11.2.1 the
buckling of the Fuler rod in detail, since it is an important historical paradigm
for bifurcation. This discussion requires some comments on one-dimensional
elliptic operators, so-called Sturm—Liouville operators, which play a special
role among elliptic operators in general dimensions.

In Remark II1.2.4 we discuss the appearance of Taylor vortices in the
Couette-Taylor model. From a mathematical point of view it is one of the
best known examples of a symmetry-breaking bifurcation. Nonetheless, there
remain open mathematical problems, some of which are purely technical,
some of which are really deep. We comment also on other pattern formations
of this prominent model.

We include in Remark I11.6.4 a detailed proof of the singular limit process
of the Cahn—Hilliard model when the interfacial energy tends to zero. In
Remark II1.6.5 we explain how this method is used for more complicated
nonconvex variational problems.

Two sections are new: In Section 1.19.1 we prove bifurcation with a two-
dimensional kernel, and in Section I11.2.2 we apply this method to nonlinear
elliptic systems.

Section II1.7.5 is completely revised.

January 2011 Hansjorg Kielhofer






Chapter 0
Introduction

Bifurcation Theory attempts to explain various phenomena that have been
discovered and described in the natural sciences over the centuries. The buck-
ling of the Euler rod, the appearance of Taylor vortices, and the onset of
oscillations in an electric circuit, for instance, all have a common cause: A
specific physical parameter crosses a threshold, and that event forces the sys-
tem to the organization of a new state that differs considerably from that
observed before.

Mathematically speaking, the following occurs: The observed states of a
system correspond to solutions of nonlinear equations that model the physical
system. A state can be observed if it is stable, an intuitive notion that is made
precise for a mathematical solution. One expects that a slight change of a
parameter in a system should not have a big influence, but rather that stable
solutions change continuously in a unique way. That expectation is verified by
the Implicit Function Theorem. Consequently, as long as a continuous branch
of solutions preserves its stability, no dramatic change is observed when the
parameter is varied. However, if that “ground state” loses its stability when
the parameter reaches a critical value, then the state is no longer observed,
and the system itself organizes a new stable state that “bifurcates” from the
ground state.

Bifurcation is a paradigm for nonuniqueness in Nonlinear Analysis.

We sketch that scenario in Figure 1, which is referred to as a “pitchfork
bifurcation.” The solutions bifurcate in pairs that typically describe one state
in two possible representations. Also typically, the bifurcating state has less
symmetry than the ground state (also called a “trivial solution”), in which
case one calls it a “symmetry-breaking bifurcation.” In Figure 1 we show the
solution set of the odd “bifurcation equation” Az — 22 = 0, where 2 € R
represents the state and A € R is the parameter.

In the case in which solutions correspond to critical points of a parameter-
dependent functional, Figure 2 shows how a slight change of the potential
turns a stable equilibrium into an unstable one and creates at the same

H. Kielhofer, Bifurcation Theory: An Introduction with Applications to Partial Differential 3
Equations, Applied Mathematical Sciences 156, DOI 10.1007/978-1-4614-0502-3 1,
© Springer Science+Business Media, LLC 2012



4 CHAPTER 0. INTRODUCTION

time two new stable equilibria. That exchange of stability, however, is not
restricted to variational problems, but is typical of all “generic” bifurcations.

state

stable bifurcating state

stable @e ground state (trivial solution)

parameter
Figure 1
subcritical supercritical potential
Figure 2

Bifurcation Theory provides the mathematical existence of bifurcation
scenarios observed in various systems and experiments. A necessary condition
is obviously the failure of the Implicit Function Theorem.

In this book we present some sufficient conditions for “one-parameter
bifurcation,” which means that the bifurcation parameter is a real scalar. We
do not treat “multiparameter bifurcation theory.”

We distinguish a local theory, which describes the bifurcation diagram in a
neighborhood of the bifurcation point, and a global theory, where the contin-
uation of local solution branches beyond that neighborhood is investigated.
In applications we also prove specific qualitative properties of solutions on
global branches, which, in turn, help to separate global branches, to decide
on their unboundedness, and, in special cases, to establish their smoothness
and asymptotic behavior.



CHAPTER 0. INTRODUCTION 5

As mentioned before, bifurcation is often related to a breaking of symme-
try. We sometimes make use of symmetry in the applications in investigating
the qualitative properties of solutions on global branches. However, we typi-
cally exploit symmetry in an ad hoc manner. For a systematic treatment of
symmetry and bifurcation, we refer to the monographs [18], [58], [59], [164].
Symmetry ideas do not play a dominant role in this book.

We present the results of Chapter I and Chapter II in an abstract way, and
we apply these abstract results to concrete problems for partial differential
equations only in Chapter III. The theory is separated from applications
for the following reasons: It is our opinion that mathematical understanding
can be reached only via abstraction and not by examples or applications.
Moreover, only an abstract result is suitable to be adapted to a new problem.
Therefore, we resisted mixing the general theory with our personal selection
of applications.

The general theory of Chapters I and II is formulated for operators act-
ing in infinite-dimensional spaces. This lays the groundwork for Chapter III,
where detailed applications to concrete partial differential equations are pro-
vided. The abstract versions of the Hopf Bifurcation Theorem in Chapter
I are directly applicable to ODEs, RFDEs, and Hamiltonian or reversible
systems. For stability considerations we employ throughout the principle of
linearized stability, which means, in turn, that stability is determined by the
perturbation of the critical eigenvalue or Floquet exponent.

The motivation to write this book came from many questions of students
and colleagues about bifurcation theorems. Most of the results contained
herein are not new. But many are apparently known only to a few experts,
and a unified presentation was not available. Indeed, while there exist many
good books treating various aspects of bifurcation theory, e.g., [11], [18], [19],
[35], [58], [59], [60], [64], [81], [164], [171], there is precious little analysis
of problems governed by partial differential equations available in textbook
form. This work addresses that gap. We apologize to all who have obtained
similar or better results that are not mentioned here. During the last thirty
years a vast literature on bifurcation theory has been published, and we have
not been able to write a survey. A reason for this limitation is that we feel
competent only in fields where we have worked ourselves.

In many of the above-mentioned books we find the “basic” or “generic”
bifurcations in simple settings illustrating the geometric ideas behind them,
mostly from a dynamical viewpoint; cf.[64]. In view of that excellent heuristic
literature, we think that there is no need to repeat these ideas but that it is
necessary to give the calculations in a most general setting. This might be
hard for beginners, but we hope that it is useful to advanced students.

Apart from the Cahn—Hilliard model (serving as a paradigm), our appli-
cations to partial differential equations are motivated only by, but are not di-
rectly related to, mathematical physics. The formulation of a specific problem
of physics and the verification of all hypotheses are typically quite involved,
and such an expenditure might disguise the essence of Bifurcation Theory.
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For these reasons we believe that a detailed presentation of the cascade of
bifurcations appearing in the Taylor model, for instance, is not appropriate
here; rather, we refer to the literature, [17], for example. On the other hand,
we hope that our choice of mathematical applications offers a broad selection
of techniques illustrating the use of the abstract theory without getting lost
in too many technicalities. Finally, if necessary, the analysis can be completed
by numerical analysis as expounded in [4], [87], and [159].

I am indebted to Rita Moeller for having typed the entire text in IXTEX.
And in particular, I thank my friend Tim Healey for his encouragement and
help in writing this book: Many of the results obtained in a fruitful collabo-
ration with him are presented here.



Chapter 1
Local Theory

1.1 The Implicit Function Theorem

One of the most important analytic tools for the solution of a nonlinear
problem
(I.1.1) F(z,y) =0,

where F' is a mapping F': U x V — Z with open sets U C X,V C Y, and
where X, Y, Z are (real) Banach spaces, is the following Implicit Function
Theorem:

Theorem 1.1.1 Let (I.1.1) have a solution (xo,yo) € U X V such that the
Fréchet derivative of F with respect to x at (xo,yo) is bijective:

F(I07 yO) = 07
(I1.1.2) D, F(zg,y0) : X = Z is bounded (continuous)
with a bounded inverse (Banach’s Theorem,).

Assume also that F' and D, F are continuous:

FeClUxV,2),

D,FeCUxV,L(X,Z)), where L(X,Z)

denotes the Banach space of bounded linear operators
from X into Z endowed with the operator norm.

(L1.3)

Then there exist a neighborhood Uy x Vi in U XV of (x0,y0) and a mapping
f: Vi = U C X such that

fyo) = o,
(1.1.4) F(f(y), ;) = (]Ofor all y € V1.

Furthermore, f is continuous on Vi:
H. Kielhofer, Bifurcation Theory: An Introduction with Applications to Partial Differential 7
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8 CHAPTER 1. LOCAL THEORY
(L.1.5) fec,X).
Finally, every solution of (I.1.1) in Uy x Vi is of the form (f(y),y).

For a proof we refer to [38]. For the prerequisites to this book we recom-
mend also [19], [10], which present sections on analysis in Banach spaces.

Let us consider Y as a space of parameters and X as a space of confi-
gurations (a phase space, for example). Then the Implicit Function Theorem
allows the following interpretation: The configuration described by problem
(I.1.1) persists for perturbed parameters if it exists for some particular pa-
rameter, and it depends smoothly and in a unique way on the parameters.
In other words, this theorem describes what one expects: A small change
of parameters entails a unique small change of configuration (without any
“surprise”). Thus “dramatic” changes in configurations for specific param-
eters can happen only if the assumptions of Theorem I.1.1 are violated, in
particular, if
(I.1.6) D,F(xo,y0) : X — Z is not bijective.

Bifurcation Theory can be briefly described by the investigation of problem
(I.1.1) in a neighborhood of (xg,yo) where (I.1.6) holds.
For later use we need the following addition to Theorem I.1.1:

If the mapping F in (I.1.1) is k-times
continuously differentiable on U x V| i.e.,
F € C*(U x V, Z), then the mapping f

(I.1.7) in (I.1.4) is also k-times continuously
differentiable on Vi; i.e., f € C*(Vi, X), k > 1.
If the mapping F' is analytic, then the
mapping f is also analytic.

For a proof we refer again to [38].

1.2 The Method of Lyapunov—Schmidt

The method of Lyapunov and Schmidt describes the reduction of problem
(I.1.1) (which is high- or infinite-dimensional) to a problem having only as
many dimensions as the defect (I.1.6). To be more precise, we need the fol-
lowing definition:

Definition 1.2.1 A continuous mapping F : U — Z, where U C X is open
and where X, Z are Banach spaces, is a nonlinear Fredholm operator if it is
Fréchet differentiable on U and if DF(x) fulfills the following:

(i) dimN (DF(z)) < oo (N = null space or kernel),
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(i) codimR(DF (z)) < oo (R = range),
(iii) R(DF(x)) is closed in Z.

The integer dAimN (DF(z)) —codimR(DF (z)) is called the Fredholm index
of DF (z).

Remark 1.2.2 As remarked in [86], p.2530, assumption (iii) is redundant. If
DF depends continuously on x and possibly on a parametery, in the sense of
(I.1.3), and if U or U x V is connected in X or also in X XY, respectively,
then it can be shown that the Fredholm index of DF(x) is independent of x;
cf.[86], IV. 5.

We consider now F': U xV — Z, UcCX, V CY, where

F(zo,y0) =0 for some (zg,y0) €U XV,
(I.2.1) FeCUxV,2),
D.F € O(U x V,L(X,Z)) (see (L1.3)).

We assume that for y = yg the mapping F' is a nonlinear Fredholm operator
with respect to z; i.e., F(-,yo) : U — Z satisfies Definition 1.2.1. In particular,
observe that the spaces N and Z; defined below are finite-dimensional.

Thus there exist closed complements in the Banach spaces X and Z such
that

(L.2.2) X = N(DxF(z0,y0)) & Xo,

Z = R(D.F(z0,y0)) © Zo

(see [39], p.553). These decompositions, in turn, define projections

P:X—> N along Xy (N=N(D,F(xo,y0)),

(L.2.3) Q:Z—Zy along R (R=R(D,F(zo,)),

in a natural way. By the Closed Graph Theorem (see [170]) these projections
are continuous.
Then the following Reduction Method of Lyapunov—Schmidt holds:

Theorem 1.2.3 There is a neighborhood Us x Va of (zg,yo) in UxV C X XY
such that the problem

(1.2.4) F(z,y) =0 for (x,y)€ U x Vs

is equivalent to a finite-dimensional problem

®(v,y) =0 for (v,y) € Uy x Vo C N XY, where
(1.2.5) DUy x Vo — Zy is continuous
and ®(vo, yo) = 0, (vo,yo) € Uz x Va.

The function @, called a bifurcation function, is given in (1.2.9) below.
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(If the parameter space Y is finite-dimensional, then (I.2.5) is indeed a

purely finite-dimensional problem.)

Proof. Problem (I1.2.4) is obviously equivalent to the system

QF(Px+ (I — P)x,y) =0,

(1.2.6) (I —Q)F(Px+ (I —P)x,y) =0,

where we set Px =v € N and (I — P)z = w € Xy. Next we define

G : Uy x Wy x Vo — R via

G,w,y) = — Q)F(v+ w,y), where
(1.2.7) vy = Pxo € U C N,

wy = (I*P)zo e Wy C X,

and Us, Wy are neighborhoods such that UQ + Wy CU C X.

We have G (v, wo, yo) = 0, and by our choice of the spaces, D,,G(vg, wo, yo) =
(I-Q)D,F(xg,y0) : Xo — Risbijective. Application of the Implicit Function
Theorem then yields

G(v,w,y) =0 for (v,w,y) € Uy x Wa x V is equivalent to
(L2.8)  w =1(v,y) for some 1) : Uy x Vo — Wy C Xj such that
¥(vo, Yo) = wo.

Insertion of the function 1 into (1.2.6); yields
(1.2.9) P(v,y) = QF (v + (v, y),y) =0.
The Implicit Function Theorem also gives the continuity of . a

Corollary 1.2.4 In the notation of Theorem I.2.3, if F' € CH U %V, Z), we
also obtain ¢ € CH(Uy x Va, Xg), ® € CH(Us x Va, Zy), and

(1.2.10) ¥(vo,50) = wo, Dutb(vo,40) =0 € L(N, Xo),
o D’L)@(U07y0) =0¢ IJ(]\/Y7 Zo)

Proof. The regularity of ¢ and & follows from (I.1.7). Differentiating
(I—-Q)F(v+v(v,y),y) =0 for all (v,y) € Uz x V with respect to v yields

(1'2'11) (I - Q)DIF(U + ¢(va)a y)(IN + Dvd}(%y)) = 07

where Iy denotes the identity in N. Since N is the kernel of D, F(xo,yo), we
obtain at (v, yo),

(1212) (I - 62)1)351“7‘(.1‘07 ’yo)DUl/}(’UO7 yo) =0.

Since D, (vg, yo) maps into Xo, which is complementary to N, we necessarily
have D, (vo, yo) = 0. By virtue of (1.2.9) we then get
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(1.2.13) Dy ®(vo,y0) = QDo F(x0,y0)In = 0.

1.3 The Lyapunov—Schmidt Reduction for Potential
Operators

In applications, the following situation often occurs: G : U — Z is a mapping,
where U is an open subset of a real Banach space X, and X is continuously
embedded into Z. Furthermore, a scalar product can be defined on the real
Banach space Z such that

(1.3.1) (, ):ZxZ— Ris bilinear, symmetric, continuous, and
7 definite; i.e., (z,2) > 0, and (z,2) = 0 if and only if z = 0.

Definition 1.3.1 A continuous mapping G : U — Z, where U C X, X
is continuously embedded into Z, and Z is endowed with a scalar product
(, ) satisfying (1.3.1), is called a potential operator (with respect to that
scalar product) if there exists a continuously differentiable mapping g : U — R
such that

(1.3.2) Dg(x)h = (G(z),h) forall xzeUheX.

The function g is called the potential of G. We use also the notation G = Vg.

Proposition 1.3.2 If G : U — Z is a potential operator and differentiable,
then the deriwative DG(x) € L(X,Z) is symmetric with respect to ( , );
i.e.,
(I 3 3) (DG(J?)hl,hQ) = (thG(l‘)hg) = (DG(Q?)hQ, h1)

e for all x € U, hy,he € X.

Proof. The potential g is twice differentiable, and its second derivative is a
continuous bilinear mapping from X x X into R is given by

(1.3.4) D?g(x)[h1, ha] = (DG (x)hy, ha).

A well-known result is that this bilinear mapping D?g(z) is symmetric; i.e.,
D?g(x)[h1, ha] = D?g(2)[h2, h1] (see [38], [19], [10)). 0

Proposition 1.3.3 Let G : U — Z be continuously differentiable and assume
that the open set U C X 1is star-shaped with respect to the origin 0 € X. If
DG(x) is symmetric with respect to (, ) in the sense of (1.3.3) for all
x € U, then G is a potential operator with respect to ( , ).
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Proof. We define
1

(1.3.5) g(x) :/ (G(tz),z)dt for zel.
0

Then

d 1
—glx+sh)| _,= | [(DG(tx)th,z)+ (G(tzx), h)]dt
(1.3.6) as ) oo /0
= / a(G(tz),th)dt = (G(z),h) for all z € U, h € X.
0

This proves that the Gateaux derivative of g at = in the direction h is lin-
ear and continuous in h for all x € U, and furthermore, that the Gateaux
derivative of g is continuous in x (with respect to the norm in L(X,R) = X',
the dual space). Accordingly, the Gateaux derivative is actually the Fréchet
derivative (see [38], [19], [10]). O

IftG:U — Z, U C X, is a differentiable potential operator (see Defi-
nition I.3.1) and a nonlinear Fredholm operator of index zero in the sense
of Definition 1.2.1, then the kernel of DG(z) and its range have equal fi-
nite dimension and codimension, respectively. By the symmetry as stated in
Proposition 1.3.2, the following assumption is reasonable:

Z = R(DG(x)) ® N(DG(x)),
(I.3.7) where R and N are orthogonal with respect to
the scalar product ( , )on Z.

We recall that N(DG(z)) € X C Z (with continuous embedding) in this
section.

Next we consider FF': U xV —Z, UcCXCZ, V CVY,where (1.2.1)
is satisfied. Furthermore, we assume that F' is a potential operator and a
nonlinear Fredholm operator of index zero with respect to x; ie., F(,y)
satisfies Definitions 1.2.1 and I1.3.1 for all y € V. Finally, we assume the
orthogonal decomposition

(1.3.8) Z = R(D,F(x0,y0)) & N(DyF(x0,y0)),

cf. (1.2.2); i.e., Zy = N. This decomposition defines an orthogonal projection
(1.3.9) Q:7Z— N along R (as in (1.2.3))

that is continuous on Z. By the continuous embedding X C Z, its restriction
(1.3.10) Qlx: X—>NcCcX

is continuous as well, and will be denoted by P. This projection, in turn,
defines the decomposition
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(1.3.11) X=No((RnX),

where RN X is closed in X.
Using these projections, the Lyapunov—Schmidt reduction as stated in
Theorem 1.2.3 has the following additional property:

Theorem 1.3.4 If F is a potential operator with respect to x, then the finite-
dimensional mapping ® obtained by the orthogonal Lyapunov-Schmidt reduc-
tion (cf.(1.2.9)) is also a potential operator with respect to v. (The scalar
product on Z induces a scalar product on N C X C Z, and this same scalar
product is employed in the definition of a potential operator in both cases.)

Proof. We use the same notation as in the proof of Theorem 1.2.3. Let
f(z,y) be the potential for F(z,y); i.e.,

Dy f(z,y)h = (F(z,y),h)

(1.3.12) for all (z,y) e U xV C X xY and for all h € X.

Then we claim that f(v +1(v,y),y) (see (1.2.8)) is a potential for (v, y) =
QF (v+1(v,y),y). For every (v,y) € U3 x Vo C N xY and h € N we get by
differentiation of f with respect to v,

Dy f(v+1(v,y),y)h
=Dy f(v+9(v,9),y)In + Duytp(v,y))h
(I 3 13) = (F(U +¢(Uay)7 )ah+Dv¢ va) )
o = (QF(v+1(v,y),y),h)
+((I = Q)F (v + ¢ (v,9),y), Duty(v,y)h) (by orthogonality)
= (@(U, y)7 h),

where we have employed (I — Q)F (v + ¢ (v,y),y) = 0; cf. (1.2.7), (1.2.8). O

Corollary 1.3.5 D, ®(v,y) = QD.F(v+ ¥(v,y),y)(In + Dyt(v,y)) is a
symmetric operator in L(N, N) with respect to the scalar product ( , ).

Proof. The proof is the same as that for Proposition 1.3.2. a

1.4 An Implicit Function Theorem for One-Dimensional
Kernels: Turning Points

In this section we consider mappings F : U x V — Z with open sets U C
X,V CY, where X and Z are Banach spaces, but where this time ¥ = R.
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Following a long tradition, we change the notation and denote parameters in
R by A\. We assume

F(z0,X0) = 0 for some (zg, \g) €U x V,

(L4.1) dim N(D, F (20, \o)) = 1.

Obviously, the Implicit Function Theorem, Theorem I.1.1, is not directly
applicable. We assume now the hypotheses of the Lyapunov—Schmidt reduc-
tion (Theorem 1.2.3) for F' with the additional assumption that

the Fredholm index of D, F(xq, \g) is zero;

(I.4.2) i.e., by (L4.1), codimR(Dy F(x0, Mo)) = 1.

Since Y = R, we can identify the Fréchet derivative DyF (z, A) with an
element of Z, namely, by

(1.4.3) D\F(z,\)1 = D\F(z,\) € Z, 1€R.

Theorem 1.4.1 Assume that F : U x V — Z is continuously differentiable
onU xV C X xR, i.e.,

(1.4.4) FeCYUxV,Z),
and (1.4.1), (1.4.2), (I1.4.3), and that
(145) D)\F(IQ, Ao) ¢ R(DzF(IQ, Ao))

Then there is a continuously differentiable curve through (xg,\o); that is,
there exists

(1.4.6) {(2(5), A(s))[s € (=6,0), (2(0),A(0)) = (20, o)}

such that
(1.4.7) F(z(s),A(s)) =0 for s € (=4,9),

and all solutions of F(x,\) = 0 in a neighborhood of (xg,\g) belong to the
curve (1.4.6).

Proof. We apply Theorem 1.2.3, and we know that all solutions of F'(z, \) =
0 near (xg, Ao) can be found by solving ®(v, \) near (vg, \g). Using the termi-
nology of the proof of that Theorem, assumption (I.4.4) together with (I.1.7)
for k = 1 gives the continuous differentiability of @ with respect to A, and in
particular,

(148) D;@(vo, /\0) = QD)\F(UO + 1,ZJ(U0, )\0)7 )\0) = QD)\F(I(), )\0) 7£ 07

by assumption (I.4.5). Now, by (I.4.1), (I.4.2) the spaces N and Zj are one-
dimensional, and also Y = R is one-dimensional. Since
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D:Uy x Vo — Zy, UyxVaCNXR,

1.4.9
(14.9) B(v0, A0) = 0, Dad(vo, M) # 0,

the Implicit Function Theorem implies the existence of a continuously differ-
entiable mapping

¢:0s— Vo CR such that @(vg) = Ao,

141 ~
( 0) D(v,p(v)) =0 forall wveU,CN.

(In fact, it may be necessary to shrink the neighborhood U, but for simplicity
we use the same notation.)
Let
(14.11) N(DgF(x0,Mo)) = span[to], %o € X, [[0o]| = 1.
Then v = vy + st € Uy for 5 € (—6,6), and

x(8) = vo + 0o + Y (vo + s, p(vo + sbo)),

(1.4.12) A(s) = p(vg + so),

gives the curve (1.4.6), having all properties claimed in Theorem 1.4.1. ad

Corollary 1.4.2 The tangent vector of the solution curve (1.4.6) at (xo, Ao)
is given by

(1.4.13) (60,0) € X x R;
i.e., (1.4.6) is tangent at (xg, Ao) to the one-dimensional kernel of Dy F (20, Ao).

Proof. Since &(v,p(v)) = 0 for all v € Us, and D,®(vg, Ag) = 0 by
Corollary 1.2.4, we get

(1414) D>\¢(1}07 Ao)DU(p(’Uo) =0 ((p(’Uo) = )\0)

By (1.4.9), Da®(vo, Ao) # 0, and thus D,p(vg) = 0.
Now, by (1.4.12),

d 3 " ~

25 8(8)ls=0 = 9o + Dot (w0, A0)%0 + Db (vo, Ao) Do p(v0) o,
(1.4.15) = 9y by Corollary 1.2.4 and D,¢(vg) = 0,

d A

E)‘(SNSZO = Dyp(vo)to = 0. a

Let us assume more differentiability on F', namely, F € C*(U x V, Z).
Then differentiation of (1.4.7) with respect to s gives, in view of (1.4.15),
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d

T F(a(s), M)

. d
= DwF‘(l‘o7 )\0)33(0) + l),\F‘(l‘o7 )\0))\(0) ( = E)
= D@F‘(l‘o7 )\0)130 = 0,

d2
@F(I(S)7 )‘(5))|s:0

= D3, F (w0, Xo)[00, Bo] + DaF (x0, A0)i(0) + DAF (x0, Ao)A(0) = 0
(observe that A(0) = 0).

(1.4.16)

Application of the projection @ (see (1.2.3)) yields

(1.4.17) QD3 F (0, 2o)[o, 90] + QDAF (0, Ao)A(0) = 0.

Since QD F(xg, Ag) # 0 by virtue of (1.4.5), the additional assumption
(1.4.18) D2, F(x0, X0)[0, 8] & R(DyF (0, Ao))

guarantees (according to (I.4.17), which is an equation in the one-dimensional
space Zp)
(1.4.19) M0)>0 or A0)<0.
This means that schematically, the curve (1.4.6) through (20, Ag) € X x R
has one of the shapes sketched in Figure 1.4.1.

In the literature, this is commonly called a saddle-node bifurcation,
a nomenclature that makes sense only if the vector fields F(-,\) : X — Z
generate a flow, which, in turn, requires X C Z. Since that is not always true
in our general setting, we prefer the terminology turning point or fold.

solution curve

ro +

Ao Y=R
Figure 1.4.1
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In order to replace the nonzero quantities in (I1.4.17) by real numbers, we
introduce the following explicit representation of the projection @ in (I1.2.3).
Recall that the complement Zy of R(D,F(xg, \)) is one-dimensional:

(1.4.20) Zy = span[tg], 05 € Z, |l = 1.

By the Hahn—Banach Theorem (see [170]), there exists a vector
04 € Z' (the dual space) such that

(I.4.21) (05,00) =1 and
(z,05) =0 for all z € R(DzF(x0,\o))-

Here ( , ) denotes the duality between Z and Z’.
Then the projection @ in (1.2.3) is given by

(1.4.22) Qz = (z,0p)05 forall z € Z,
and (14.17), (L4.18) imply

<D32F(x07 )‘0)[603 {}O]a {}6>

(1.4.23) MO = = ooy

and the sign of )\(0) determines the appropriate diagram in Figure 1.4.1. If
A(0) = 0, however, the shape of the curve (1.4.6) is determined by higher
derivatives of A(s) at s = 0.

Remark 1.4.3 There is also an Implicit Function Theorem for higher-
dimensional kernels if the parameter space Y is higher-dimensional, too. To
be more precise, if dim N(D,F(xg,\g)) = n for some (xg, o) € U XV C
X xR"™ and if a complement of R(D,F(xo, o)) is spanned by Dy, F(xo, A\o),
i =1,...,n, then the analogous proof yields an n-dimensional manifold of the
form {(x(s),\(s)))|s € Us C R"} € X x R™ through (x(0), A(0)) = (z0, o)
such that F(x(s), \(s)) = 0 for all s € Us (which is a neighborhood of 0 € R™).
Moreover, the manifold is tangent to N(D,F (x9, o)) x {0} in X x R™.

1.5 Bifurcation with a One-Dimensional Kernel

We assume the existence of a solution curve of F(x,\) = 0 through (z¢, Ao)
and prove the intersection of a second solution curve at (xg,Ag), a situa-
tion that is rightly called bifurcation. A necessary condition for this is again
(I.1.6), which excludes the application of the Implicit Function Theorem near
(.’1?07 )\0)
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As in Section 1.4, we assume again that the parameter space Y is one-
dimensional, i.e., ¥ = R, and we normalize the first curve of solutions to
the so-called trivial solution line {(0, \)|A € R}. This is done as follows: If
F(x(s), A\(s)) = 0, then we set F(x,s) = F(x(s) + x,\(s)), and obviously,

F(0,s) = 0 for all parameters s. Returning to our original notation, this
leads to the following assumptions:

F(0,A\) =0 for all A € R,

dim N (D, F(0, X)) = codimR(D,F(0,\p)) =1,
i.e., F(-, Ao) is a Fredholm operator of index zero
(cf. Definition 1.2.1).

(L5.1)

The assumed regularity of F' is as follows:

FeC*(UxV,2),
(1.5.2) where 0 e U C X, M€V CR,
are open neighborhoods,

where we identify again the derivative D2, F(z,)\) with an element in
L(X,Z); cf.(1.4.3). By assumption (1.5.2) we have D%, = D3 _ (see [38], [10]).
The Crandall—-Rabinowitz Theorem then reads as follows:
Theorem 1.5.1 Assume (1.5.1), (I1.5.2), and that
N(DIF(Ov A0)) = span[ﬁo], {)0 S Xa ||/l70|| = ]-7

(1.5.3)
D2, F(0, M) & R(D.F(0, \o)).

Then there is a nontrivial continuously differentiable curve through (0, \g),

(1'5'4) {(aj(s)v )‘(S))‘S € (_6’ 6)7 (1‘(0), )‘(O)) = (0, )‘0)})
such that
(L5.5) F(z(s),\(s)) =0 for s (—4,0),

and all solutions of F(x,\) in a neighborhood of (0,\g) are on the trivial
solution line or on the nontrivial curve (1.5.4). The intersection (0,\g) s
called a bifurcation point.

Proof. The Lyapunov—Schmidt reduction (Theorem 1.2.3) reduces F'(z, \)
0 near (0, ) equivalently to a one-dimensional problem, the so-called Bi-
furcation Equation; that is,

(15.6) ®(v,\) = 0 near (0,\g) € Uy x Vo C N x R, where
o @ : Uy x Vo = Zo with dim Zo = 1,

and & € C?(Uy x Va, Zy), by assumption (1.5.2) and (I.1.7). By F(0,)) =0

for all A € R (cf. (I.5.1)1) we get, when using the notation of Theorem I1.2.3
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and Corollary 1.2.4,

(1.5.7) $(0,A) =0 for all A € V5, whence
e Dy(0,\) =0 for all X e V.

Inserting (0, \) into the definition (1.2.9) of @ yields

(1.5.8) $(0,A) =0 for all A € V3,

which gives the trivial solution line. By (1.5.8), (v, \) = fol 4 ¢ (tv, \)dt, or
1 ~
(I.5.9) D(v,\) = / D,d(tv, Nvdt  for (v, A) € Uz X Va.
0

Setting v = s0g, s € (—96,0), for v € U, C N, we get nontrivial solutions
(s #0) of (I1.5.6) by solving

1
(1.5.10) &(s,\) = / D, ®(stdg, N\)vodt =0  for nontrivial s € (=4, 9).
0

By assumption (1.5.2), & € C*((—6,0) x Va, Zy), and by Corollary 1.2.4 (see
(1.2.10)2),

(1.5.11) B(0,X0) = 0.
The following computation leads to Dx®(0, Ao):

D(Dy®(v, N)io)
= DA\(QDzF(v+ (v, A), A) (20 + Dytp(v, \)io)
(15.12) = QD;,F(v+v(v,\),\)[oo + Duth(v, ) oo, Dap(v, M)]
+ QD F (v + (v, \), ) D3, ¥ (v, Ao
+ QD2 F(v +1(v,\), \)(00 + Dyth(v, N)io).

Inserting (v, A) = (0, o) into (1.5.12), we find that the first term vanishes
in view of (I.5.7), the second term vanishes by the definition (I.2.3) of the
projection @, and Corollary 1.2.4 together with assumption (I.5.3)s finally
yields

(1.5.13) Dy®(0,\g) = QD2 F (0, X)t0 # 0 € Zo.

The Implicit Function Theorem for (1.5.10) gives a continuously differentiable
function

(15.14) @ (—6,0) — V5 such that p(0) = Ao,
o D(s,0(s)) =0 for all s € (—4,9).
(Again, the interval (—0,0) is shrunk if necessary.)
Then
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(I.5.15) D(s0g, p(s)) = sP(s,0(s)) =0 for se€(—d,4),
v (5 (570, #(5)
x(s) = sty + Y(svg, p(s)),
1.5.16
(1510 Ns) = ¢(5),
is the curve (I1.5.4) having all desired properties. O

Corollary 1.5.2 The tangent vector of the nontrivial solution curve (1.5.4)
at the bifurcation point (0, \g) is given by

(15.17) (t0, M0)) € X x R.
Proof. By (1.5.16),
d

1518) 7 @D zo = To + Dutb(0,20)50 + Drth(0, X0)A(0)
=109 by Corollary I.2.4 and (1.5.7).

Figure 1.5.1 depicts the schematic bifurcation diagram. ad

Under the general assumptions of this section, it is not clear whether the
component )\(O) of the tangent vector (I.5.17) vanishes. Therefore, for now,
we cannot decide on sub-, super-, or transcritical bifurcation. These notions
will be made precise in the next section.

Remark 1.5.3 The generalization of Theorem 1.5.1 to higher-dimensional
kernels is given by Theorem 1.19.2, provided that the parameter space s
higher-dimensional, too. To be more precise, we need as many parameters
as the codimension of the range amounts to.

X

nontrivial solution curve

Ao trivial solution line Y=R

Figure 1.5.1



1.6. BIFURCATION FORMULAS 21

I.6 Bifurcation Formulas (Stationary Case)

In this section we give formulas to compute A(0) = ¢(0) in the tangent
(1.5.17) or A(0) if A(0) = 0. For this purpose we assume that the mapping F
is in C3(U x V, Z). Using &(s, A(s)) = 0 for all s € (—4,6) (recall A(s) = (),
by (1.5.16)), we obtain

(1.6.1) %43(5, A(9))| o = Ds®(0, Ao) + Drd(0, Ag)A(0) = 0.

By (1.5.13), DA®(0, \o) # 0, and thus A(0) is determined by D.®(0, \y). By
definition (I1.5.10) and (1.2.13),

0 )\0 / D 0 )\0 ’Uo,t’Uo]dt
(1.6.2)

- éQDIIF(O’ /\0)[{}07 @0]7

where again we have used the definition (I1.2.3) of the projection @, yielding
QD F(0, o)z = 0 for all x € X. If (I1.6.2) is nonzero, we can easily derive
our first formula. Using the representation (I1.4.22) of the projection @, (1.6.1)
yields

: 1 (D?_F(0, Xo) [0, Do), O
(163) /\(0) _ 7_< zT ( > 0)[1]0700]7UO>

2 (D%, F(0, Xo)do, 0))

If D2 F(0, \o)[00,50] € R(D,F(0,)0)), the number A(0) is nonzero. Since
this represents the component in R of the tangent vector of the curve (I1.5.4),
the bifurcation is called transcritical in this case (see Figure 1.6.1).
However, if D2, F(0,o)[t0,%] € R(D.F(0,)0)), then A(0) = 0, and
the local shape of the curve (I.5.4) is determined by A(0). Differentiating
®(s,\(s)) = 0 twice with respect to s gives
2

(16.4)  ds®
when A(0) = 0.

B(s, \(5))|,_, = DZD(0, Xo) + Dr®(0, ) A(0) = 0

We now compute D2,8(0, \o). By definition (1.5.10), this amounts to compu-
ting D2,,®(0, \o)[0o, Do, 0] Using (1.2.13) we get

vUVvU
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D2, &(v, \g)lbo, Do)
= QD2 F(v+ (v, ), N[00 + Dytp(v, N)oo, 0o + Dyt (v, X)io]
+ QD F (v + (v, \), \) D3, (v, A)[0o, Do,
(16.5) D3, (0, Xo)[00, D0, Vo]
= QD3 F(0, X0)[t0, 00, Do)
+2QD2,F(0, \o)[00, D,(0, Ao) [P0, D]
+ QD3 ,F(0,0)[00, D,%(0, Xo)[20, o]l

where we have used QD F (0, \g)z = 0 for all x € X, and also (1.2.10);. To
compute D2,1(0, \o)[0o, Gp] we use

(1.6.6) (I —Q)F(v+v(v,\),\) =0 forall (v,)\)eUsx Vs
(cf. (1.2.7), (1.2.8)). This gives by differentiation

(I = @)D F (v + (v, A), A)(0 + Duip(v, A)do) = 0,
(1.6.7) (I = Q)D2,F(0, )00, %]

+(I - Q)DzF(Oa AO)D3v¢(O7 )‘0)[{)07 /lA]O] =0.
Taking into account that D, F'(0, o) : Xo - R = (I—Q)Z is an isomorphism
(see (1.2.3)), we get

ng¢(07 )‘0) [’00’ ’IA}O]
(1.6.8) = —(DaF(0,20)) (I = Q)DZ, (0, Xo)[Bo, D]

€ Xy for vy € N.

In order to emphasize that the preimage (1.6.8) is in Xy = (I — P)X, we
insert the projection (I — P), and combining (I.6.5) with (I1.6.8) gives

D3 43(07 )\0)[{}07 1707 {)0]

vUvvU

(1.6.9) = QD3,.F(0,\o)[to, Do, Do]

—3QDZ,F (0, Xo)[bo, (I = P)(D2F (0, 20)) (1= Q) D2, F (0, X))o, Bo]l.
Definition (I1.5.10) of @ implies
- 1
(1.6.10) D2,®(0,\0) = gD3 (0, \o)[do, Do, Do)

vUYvU

Relation (I.6.4), the representation (I.4.22) of the projection @, and (1.6.10)
give our second bifurcation formula for the case A\(0) = 0:
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1611)  3(0) = — L (Do ®(0:X0)[0, o, %], %)

3 (D2, F(0, Ao)do, 0f)

(cf. (1.6.9)).

If A(0) < 0, the bifurcation is subcritical, and if A(0) > 0, it is supercrit-
ical. In both cases the diagram is referred to as a pitchfork bifurcation
(see Figure 1.6.1).

X

™ -
T <

transcritical subcritical supercritical

Figure 1.6.1

1.7 The Principle of Exchange of Stability (Stationary
Case)

Stability is a property of solutions of evolution equations, in particular of
equilibria or stationary solutions. Here we consider formally

dx

(I.7.1) i F(z,\),
where F' is a mapping as considered in Sections 1.4-1.6. Such an evolution
equation, however, makes sense only if X C Z, and as in Section 1.3 we
assume that the Banach space X is continuously embedded in the Banach
space Z.

Let F(xzg,M\o) = 0; i.e., zp € X is an equilibrium of (I.7.1) for the pa-
rameter \g € R. According to the Principle of Linearized Stability we
call

the equilibrium ¢ stable (linearly stable)

(L.7.2) if the spectrum of D, F(xg, Ag) is in the left complex half-plane.

Of course, (1.7.2) implies true nonlinear stability of xy if one has rigorous
dynamics for (I.7.1), e.g., when (I.7.1) represents a system of ordinary differ-
ential equations (X = Z = R™) or a parabolic partial differential equation;
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i.e., F(x,\) is a semilinear elliptic partial differential operator over a bounded
domain; cf. Section III.4.

We cannot go into a detailed discussion about the general validity of this
principle, but we refer to [89] and [91].

The stability criterion (I.7.2) is also viable for (Lagrangian) evolution
equations of the form
17.3 L
( <l ) W - (.’177 )a
where F(x,)\) is a potential operator with respect to z with potential
f(x, \); cf. Definition 1.3.1. Proposition 1.3.2 then gives that the linear map
D, F(xg, o) = D,V f(x0,Ao) is formally self-adjoint, in particular, its spec-
trum is real. Accordingly, (I.7.2) ensures that D, V. f(xo, Ag) is negative def-
inite. Now it is easy to show that the total energy

1 /dz dx
2

a7a> *f(il?, /\0)

is constant along all classical solutions of (I.7.3) at A = A\g. Thus, E defines
a Lyapunov function, and again (I1.7.2) implies nonlinear stability if one has
rigorous dynamics for (1.7.3).

Remark 1.7.1 In view of various approaches to bifurcation theory via a
“Center Manifold Reduction,” we give the following warning: Do not miz
the problem of existence of equilibria with the problem of their stability.

Solutions of F(xz,\) =0 are equilibria of (I.7.1) and of (1.7.3), for exam-
ple, but their dynamics are obviously different. The perturbation of an equi-
librium F(zo, Ao) = 0 depends only on the spectral properties of the number
zero for the linear operator D, F(xo, o). The stability properties of perturbed
equilibria, however, depend on the entire spectrum of D, F (o, Ao).

In this section we study the perturbation of the critical eigenvalue zero
along the perturbed equilibria, and this eigenvalue perturbation determines
the stability of the perturbed equilibria if the rest of the spectrum is in the left
complex half-plane. This condition on the rest of the spectrum, however, is
required neither for the existence of perturbed equilibria nor for their critical
ergenvalue perturbation.

A center manifold for (1.7.1), provided that it exists, depends on the spec-
trum of D,F(xo,\g) on the imaginary azxis. One finds bifurcation theorems
for hyperbolic equilibria of (1.7.1) on perturbed one-dimensional center ma-
nifolds, where accordingly nonzero eigenvalues on the imaginary azis are ex-
cluded. If the existence is not separated from the stability analysis, one might
get the wrong impression that all purely imaginary eigenvalues have an influ-
ence on the bifurcation of equilibria.

Under the assumptions of the previous sections, the Principle of Linearized
Stability does not apply to the equilibrium xy when D, F(xg, Ag) has a one-
dimensional kernel, i.e., if zero is an eigenvalue of D, F(xq, \g). But we can
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apply the principle to solution curves through (xg, A\g) € X X R (apart from
(20, o)) under certain nondegeneracy conditions. In fact, the same calcula-
tions from Section 1.6 leading to the shape of the solution curves help us to
study the perturbation of the so-called critical zero eigenvalue of D, F(xq, Ao)
to an eigenvalue of D, F'(2(s), A(s)), where {(z(s), A(s))|s € (=4, )} is a curve
through (zo, \g) established in Sections 1.4-1.6 .

First we need to be sure that such a perturbation of the zero eigenvalue
exists in a suitable way. Accordingly, we assume that

0 is a simple eigenvalue of D, F(z9, A\o); i.e.,

(1.7.4) if N(D,F(z0,)\o)) = span[ig], then 99 & R(D,F (z0,\o)).

Recall that X C Z. This definition is the generalization of the algebraic sim-
plicity of an eigenvalue of a matrix. Note that a simple eigenvalue means
throughout an algebraically simple eigenvalue in the sense of (1.7.4). In par-
ticular, (I.7.4) implies that we have a decomposition

which induces a decomposition
(1.7.6) X=N&(RnX)
for the continuously embedded space X C Z. Thus the projections are

Q:Z— N along R, and

(1.7.7) P=Q|x:X— N along RNX.

We shall use these projections for the Lyapunov—Schmidt reduction as well
as the representation (1.4.22) for Q:

Qz = (z,0))0g for all z € Z, where
(1.7.8) (Do, 04) =1, (2,0() =0 for all z € R,
and 9 € Z', the dual space.

We now consider a continuously differentiable curve of solutions through
(I07 )‘0):

7.9y L&), A)ls € (=0,0), (2(0), A0)) = (w0, o)} € X xR
o such that F(z(s), A(s)) = 0 for s € (=46, 9).

The assumed regularity of F is that F € C?(U x V,Z), where (z9,\) €
UxV CXxR.

Proposition 1.7.2 There is a continuously differentiable curve of perturbed
eigenvalues {p(s)|s € (—0,9), u(0) = 0} in R such that

(L.7.10) Dy F(2(s), A(s)) (00 +w(s)) = pu(s)(do + w(s)),
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where {w(s)|s € (—6,9),w(0) = 0} C RN X is continuously differentiable.
(The interval (—6,0) is not necessarily the same as in (1.7.9) but possibly
shrunk.) In this sense, u(s) is the perturbation of the critical zero eigenvalue

Of DwF(ajo, )\0)
Proof. Define a mapping

G:UxVx[RBNX)xR—=2Z, z0€UCX, MNeEVCRDy

(1.7.11) Gla, M\ w, 1) = DyF (2, \)(50 + w) — p(do + w).

Then G(zg, Ao, 0,0) =0 and

DU)G('IO7 A07 Oa 0) = DzF(I[), )\0)7

(1712) D#G(I07)‘07070) = 7’[)07

so that assumption (1.7.4) implies that
(1.7.13) D(w7M)G(I0, 20,0,0): (RNX) xR —Z

is an isomorphism. The Implicit Function Theorem then gives continuously
differentiable functions w : Uy x Vi — RN X, p: U x V3 — R such that
2o €Uy CUyC X, oeVh CVaCR, w(xe, o) =0, wu(xg,Ao) =0,
and G(x, A\, w(z, \), p(z,\)) = 0 for all (x,\) € Uy x V. Inserting the curve
(I.7.9) into w and p, we obtain

(L7.14)  pu(s) = p(x(s), A(s)), wis) = w(z(s), A(s)), s € (=6,9),

having all required properties. a

Assuming that the spectrum of D, F(xg,\g) is in the left complex half-
plane apart from the simple eigenvalue zero, the linearized stability of the
curve is then determined by the sign of the perturbed eigenvalue u(s), at
least for small values of s € (—4,0).

Recall that the solution curve (1.7.9) is found by the method of Lyapunov—
Schmidt:

(), A(5)s € (=6,8). (4(0), A(0) = (10, o)} satisies
(1.7.15)  (see (1.2.9),y = \)
D(v(s), A(s)) = O where v(s) = Pz(s) € N.

In order to transform this reduced problem into a problem in R? we set

v=v9+yvg €N, yeR,
(1.7.16) T (y,\) = (P(vo + yo, N), 0p),
WUy x Vo =R, (0,X)€Usx Vs CR2

Setting (v(s) — v, 7)) = y(s), we have a local solution curve of ¥ through
(0, )\0)1
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(L7.17) P(y(s), A(s)) =0,  (y(0), A(0)) = (0, Xo).

For the subsequent analysis we require more differentiability of the solution
curve {(y(s), A\(s))}: We assume that F is in C3(U x V, Z) (cf. Section L.6).

Proposition 1.7.3 Under all assumptions of this section,

d d
(L.7.18) EDyW(y(S), Ao = %M(S)‘SZO,
and if d%u(s)L:O =0, then
d? d?
(1.7.19) @DyW(y(s), A($))| oy = @u(s)’szo.
Proof. By definition (1.7.16),
(1.7.20) Dy¥ (y,\) = (Dy®(vo + yio, \)do, ).
Then ("= %)
d . o
(1.7.21) s (Dy®(vo +y(5)007)‘(5))U05U0>|5:0 .
= (D3, 2(vo, \o)[y(0)20, Bo], 0) + (D33P (vo, Ao)o, 9)A(0).

Differentiating equation (I1.7.10) with respect to s at s = 0 yields

ngF(l‘m )\0)[33(0)7 ’00] + DiAF(QT(L )\0)’00)\(0)
(1.7.22) + D F(z0,\o)w(0) = £(0)y, and by (1.7.8),

fu(0) = (D2, F (20, Xo)[&(0), %], &) + (D3, F (0, Ao )b, 9)A(0).
Using z(s) = Pz(s)+1(v(s), A(s)) = v(s)+¢(v(s), A(s)), we get by Corollary

1.2.4, _
(1.7.23) #(0) = 9(0)d0 + Dap(wo, o) A(0).

On the other hand (see (1.6.5) and again (1.2.10),),

(D2,P(vo, Xo)[(0)00, Do], 1) = (D2, F (w0, Mo)[5(0)d0, Do], 7)),
(1724) <D12}/\¢(1)07 )\0)’00, ’IA}6>
= (D2, F(vo, Xo)[0o, Datb(zo, Xo)], D) + (D25 F(vo, Xo)to, 0p)-

Combining (1.7.21), (1.7.23), (1.7.24) with (1.7.22) gives (1.7.18).

We prove (1.7.19) for the special case in which we are mainly interested:
We assume z(s) = stg + ¥(sg, A(s)), i.e., 2(0) = 0, &(0) = B9, A(0) = 0,
and also F(0,A) = 0 for all A € V' C R. A second differentiation of (1.7.10)
with respect to s (see (1.7.22)) gives
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D3 . F(0, Xo)[0o, Do, o] + 2D2,F(0, Xo)[do, w(0)]

+ D2, F(0,20)[2(0), 00] + D2, F(0, \g)ioA(0)

(1.7.25)
+ D, F(0, \)(0) = ji(0)0o,

where we also assumed that £(0) = 0.

Next we compute #(0) and (0). By our assumptions on z(s) and by A(0) = 0
and from (1.5.7)2, we get

(1.7.26) #(0) = D2,1(0, Xo) [0, Do),

which is given by (1.6.8). Equation (1.7.22); for £(0) = 0 can be solved for
w(0) € RN X = (I — P)X; that is,

(L7.27) w(0) = —(I = P)(DoF(0, %))~ (I = Q) D2, F (0, Xo)[do, o]
#(0), by (1.7.26) and (L6.8).

Returning now to (1.7.25), observe that D, F (0, \o)w(0) € R= (I — Q)Z.
Applying the functional 9, € Z' after inserting (I1.7.26), (1.7.27) into
(1.7.25) gives us (see (1.7.8))
fi(0) = (D3, F°[to, o, Do, 95)

(1.7.28) —3<ngF0 [00, (I — P)(DQCFO)_I(I — Q)ngFO[ﬁo, Vo], 0)
+<D3/\F0{}03 {}(l)>/\(0)7
«0»

where denotes evaluation at (0, \g). On the other hand, one more differ-
entiation of (I.7.21) with respect to s yields (using A\(0) = 0,y(s) = s)

d—QDyW(s, /\(s))|

(1.7.29)  ds 5=0 .

= (D3,,9(0, Xo)[bo, Do, Do), 0h) + (D2, (0, Ao) g, 0))A(0).
Formulas (I1.6.9) (I.5.12), and (I.5.13) (replace v by vg = 0) together with
(I.5.7)2 prove the equality of (I.7.28) and (I1.7.29).

The general case is reduced to a special case as follows: Define a (x,8) =
F(z(s) + x,A(s)) for  in a neighborhood of 0 in X. Then F(0,s) = 0 for
s € (=6,0) and D,F(0,s) = D,F(x(s), A(s)), yielding for s = 0 the same
projections for the method of Lyapunov—Schmidt as before. The function & of
(1.2.9) to solve F'(z,s) = 0 near (z,s) = (0,0) is therefore given by &(v,s) =
&(v(s)4v, A(s)), and the application of formula (I1.7.19) for the trivial solution
line {(0,s)|s € (—6,8)} of F'(z,s) = 0 proves (1.7.19) for the solution curve
{(z(s),A(s))|s € (—0,8)} of F(xz,A) = 0. (More details of this argument can
be found in the proof of Theorem 1.16.6, which generalizes Proposition 1.7.3
considerably; see, in particular, (I.16.35)—(1.16.39).) We remark that formula
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(I.16.36) for m = 2 is valid also under the regularity condition of Proposition
1.7.3. We recommend proving (1.7.19) for the trivial solution line directly and
comparing it with the coefficients p2 and cgo given in (1.16.9) and (I1.16.23),
respectively. a

We now apply Proposition 1.7.3 to determine the linearized stability of
the solution curve {(z(s),A(s))|s € (=6,9)}\{(x0, A\o)}; cf.(1.7.9). As stated
previously, if we assume that the critical zero eigenvalue of D, F(xg, Ao) has
the largest real part of all points of the spectrum of D, F(xq, Ag), then sta-
bility is determined by the sign of the perturbed eigenvalue u(s) as given by
Proposition 1.7.2. We now carry out this program for the cases studied in
Sections 1.4-1.6.

1. Turning Point or Saddle-Node Bifurcation

This is described in Theorem 1.4.1 and Corollary 1.4.2: Under assumption
(1.4.5) there is a unique curve of solutions through (xg, Ag), and its tangent
vector at (2o, Xo) is (#(0), A(0)) = (0o, 0). If in addition, (I.4.18) is satisfied,
then A(0) # 0, so that the curve has one of the shapes sketched in Figure
I.4.1. Formula (1.7.22) gives

(1.7.30) 1(0) = (D2 _F(x0, \o)[0o, Do), 96) # 0 (cf.(1.4.23)).

Together with the bifurcation formula (1.4.23) we obtain

(L7.31) f1(0) = —(DxF (0, o), 3) A(0),

and assumption (I.4.5) is precisely that (DF(zo, o), 04) # 0. Depending
on the signs of (DyF(zo, o), 9}) and (D2, F(zo, \o)[0o, 0], 05), the signs of
(2(0) and A(0) are determined. In any case, in view of u(0) = 0, 1(0) # 0,
the sign of u(s) changes at s = 0, which implies that the stability of the
curve {z(s),\(s))} changes at the turning point (xg, Ag). The possibilities
are sketched in Figure 1.7.1.

stable
-~ unstable / \

Ao

Figure I.7.1

That exchange of stability is also true at degenerate turning points, i.e.,
where A(0) = --- = A#=D(0) = 0 but A*¥)(0) # 0 for some even k > 2 and
where the mapping F' is analytic. For details we refer to Section I11.7.5, where
formula (1.7.31) is generalized to (II1.7.129).
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2. The Transcritical Bifurcation

Here we have two curves intersecting at (zg, A\g) = (0, \g): the trivial solu-
tion line {(0, A\)} and the nontrivial solution curve {(z(s), A(s))}. Although
formula (1.7.22) applies to the trivial solution line as well, we give a new
argument for the eigenvalue perturbation (I.7.10), which we parameterize by
A (near \o):

(1.7.32) D F(0,)(09 +w(A)) = u(X) (0 + w(N)).

Differentiation of (I.7.32) with respect to A yields by u(Ao) = 0,w(Xo) =0,
(1.7.33) D2\ F(0,X0)00 + Dy F (0, Ao)w' (M) = 1/ (Xo) o,

where ' = L. By the choice of 9, (cf. (1.7.8) and in particular, (z,9}) = 0 for
all z € R), (1.7.33) implies

(1.7.34) 1 (Xo) = (D35 F (0, Xo)vo, ).

Here we recognize the nondegeneracy (1.5.3): Given (1.7.8), we now see that
the hypothesis

(1.7.35) D2,F(0,X0)80 & R(D.F (0, X))

of the Crandall-Rabinowitz Theorem, Theorem 1.5.1, is equivalent to the
assumption

(L7.36) i (M) # 0,

which can be stated as follows: The real eigenvalue p(\) of D, F(0,\) crosses
the imaginary axis at (o) = 0 “with nonvanishing speed.” If the spectrum of
D, F(x0,\o) is in the left complex half-plane apart from the simple eigenvalue
#(Ao) = 0, then p/(Ag) > 0 describes a loss of stability of the trivial solution:
(0,A) (as a solution of F(x,\) = 0) is stable for A < A\g and unstable for
A > Ao (locally).

For the bifurcating solution curve {(x(s), A(s))} as described by Theorem
L.5.1, we assume A(0) # 0, which guarantees a transcritical bifurcation (see
Figure 1.6.1). By the bifurcation formula (I1.6.3), this is equivalent to

(1.7.37) (D2 F(z0, \o)[00, Do), 04) # 0,
and we rewrite (1.6.3) as
(1.7.38) (D2, F(0, \o)[do, Do), 86} + 2/ (M) A(0) = 0,

where we have used (1.7.34). On the other hand, (I1.7.22) and (1.7.34) give for
the eigenvalue perturbation [i(s) along the bifurcating curve (we change the
notation in order to distinguish it from p(\))

(1.7.39) (D2, F(0, \o)[io, Do), 9) + 1/ (o)A (0) = 1(0),
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where we have used #(0) = 0p; cf.(1.5.18). Combining (1.7.38) with (1.7.39)
yields the crucial formula that locks the eigenvalue perturbations to the bi-
furcation direction, namely,

(1.7.40) 1 (A0)A(0) = —1(0).

Now assume p'(Ag) > 0, which means a loss of stability of the trivial
solution x = 0 at A = Ag. Then by A(0) = Ao, (0) = 0, A(0) # 0, and
i1(0) # 0 (cf.(1.7.37)),

(I.7.41) sign(A(s) — \g) = signji(s) for s € (=4,0),

which proves the stability of z(s) for A(s) > Ao as well as its instability for
A(s) < Ao- If p/(No) < 0, the stability properties of all solution curves are
reversed, which is sketched in Figure 1.7.2.

stable

stable unstable
o

uﬂstable

Figure 1.7.2

3. The Pitchfork Bifurcation

Again, we have the trivial solution line {(0, \)}, and bifurcation is caused by
(1.7.36), which means a nondegenerate loss or gain of stability of x = 0 at
A = Ao. For the bifurcating solution curve {(z(s), A(s))} we have A(0) = 0,
and we assume that A(0) # 0 (see Figure 1.6.1). By the bifurcation formula
(I.6.11), this is equivalent to

(L7.42) (D3,,®(0, Xo)[0o, D0, Do), ) # 0,

and we rewrite (I1.6.11) as

(1.7.43) (D3,,®(0, \o)[do, Do, Do], ) + 3¢’ (M) A(0) = 0,

where we have used (1.7.34). By (I.7.40) we see that assumption A(0) = 0 is
equivalent to j1(0) = 0, where again /i(s) denotes the eigenvalue perturbation
along the bifurcating curve. Formula (1.7.28) is then valid, which is rewritten,
using (1.6.9), as

(L7.44) (D3, (0, \o)[Bo, D0, 0], 7) + 12/ (Aa) A0) = fi(0).
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Together with (I.7.43), this implies the crucial formula

(1.7.45) 21’ (Mo)A(0) = —/i(0).

Assume £1/(Ag) > 0. Then by M(0) = Ao, A(0) = 0, 2(0) =0, f(0) =0,
and A(0) # 0 (cf. (1.7.42)),

(1.7.46) sign(A(s) — A\g) = —signji(s) for s € (—6,40),

which proves an exchange of stability as sketched in Figure 1.7.3. In that
standard situation, in which the trivial solution z = 0 loses stability at A =
Ao, a supercritical bifurcation is stable, whereas a subcritical bifurcation is
unstable. If 1/(Ag) < 0, the stability properties of all solution curves are
reversed.

x

stable

stable @b

stable

A

Figure 1.7.3

That exchange of stability at transcritical or pitchfork bifurcations holds
true also in degenerate cases when A(0) = --- = A\*=1(0) = 0 but A*)(0) # 0
for some k > 2; cf. (1.16.30) and (I.16.51), generalizing formulas (1.7.40) and
(1.7.45).

Each of the cases 1 through 3 above illustrates what is typically referred
as the Principle of Exchange of Stability. In Figures 1.7.1 through 1.7.3
we fix a typical value of A and consider adjacent solution curves. In each case,
note that the curves have alternating stability properties.

Before stating the principle as a theorem, we assume, in keeping with
cases 1 through 3, that for the eigenvalue perturbation p(s) of any solution
curve of F(z,\) = 0 through (¢, yo) in the sense of (1.7.10),

f1(0) # 0 or
(L.7.47) 4(0) =0 and i(0) £0.

Proposition 1.7.3 then yields

(1.7.48) ?égrnf(;)(,:;gg)li%f(y(s)’ A(s) # 0
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A simple observation from one-dimensional calculus gives the following Prin-
ciple of Exchange of Stability.

Theorem 1.7.4 Assume (1.7.47) for the eigenvalue perturbation p(s) of all
solution curves of F(x,\) = 0 through (xo, Ao). Assume that there are two
solution curves {(x;(s), Xi(s))}, i = 1,2, of F(x, A) =0 through (x0, Xg) that
are adjacent in the following sense: If Px;(s) = vo + yi(s)0o, ¢ = 1,2 (cf.
(1.7.16)), then there are parameters sy and sg such that yi(s1) and y2(sz2) are
consecutive zeros of the function W(-,\) at X = A(s1) = A(s2) on the y-axis.
Then x1(s1) and x2(s2) have opposite stability properties; i.e., pu1(s1)p2(s2) <
0 for the perturbed eigenvalues p;(s) of Dy F(x;(s), \i(x)), i = 1,2, near zero.

Proof. Since a real differentiable function on the real line has derivatives of
opposite sign at consecutive zeros with nonzero derivatives, the claim follows

from (1.7.48). O

We sketch the situation of Theorem 1.7.4 in Figure 1.7.4. From (I1.7.48) it
follows also that the lowest and uppermost curves in the N x R plane have
the same stability properties on both sides of the bifurcation point (vg, \o),
respectively.

Later, in Section 1.16, we generalize Theorem 1.7.4 to degenerate cases in
which (I.7.47) does not hold; cf. Theorem 1.16.8.

N = span[dg]

Figure 1.7.4

Remark 1.7.5 Note that in all cases discussed in this section, zero is a sim-
ple eigenvalue of D, F(xo,Ao) in its algebraic sense, whereas the existence
results in Sections 1.4 and 1.5 are proved if dim N(D,F(xo, o)) = 1. If
X C Z (which is not necessary in Sections I./—1.6), this means that zero is
a simple eigenvalue only in its geometric sense, and the eigenvalue perturba-
tion of the eigenvalue zero can be complicated if its algebraic multiplicity is
larger than one. We discuss this in Sections I11.3, I11.J. A general condition for
bifurcation at (0, \g) in terms of the eigenvalue perturbation in the spirit of
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(1.7.36) is given in Theorem II.4.4. It is not at all obvious how the nondege-
neracy (1.5.3) is related to the eigenvalue perturbation, and we give the result
in Case 1 of Theorem II.4.4. That knowledge, however, is not needed in the
proof of Theorem 1.5.1.

1.8 Hopf Bifurcation

Here as in Section I.5 we assume a trivial solution line {(0, \)|A € R} € X xR
for the parameter-dependent evolution equation

dx

(I.8.1) o = F(x,\);

ie, F(0,\) = 0forall A € R. Recall that a bifurcation of nontrivial stationary
solutions of (I.8.1) (i.e., of F'(z,\) = 0) can be caused by a loss of stability
of the trivial solution at A = \g. To be more precise, that loss of stability is
described by a simple real eigenvalue of D, F(0,)\) leaving the “stable” left
complex half-plane through 0 at the critical value A = A\g “with nonvanishing
speed.” This was proven in the previous section, see (1.7.36), and this scenario
is resumed in Section 1.16, where the loss of stability of the trivial solution is
“slow” or “degenerate.” (Observe, however, Remark 1.7.5.)

In this section we describe the effect of a loss of stability of the trivial
solution of (I.8.1) via a pair of complex conjugate eigenvalues of D, F (0, \)
leaving the left complex half-plane through complex conjugate points on the
imaginary axis at some critical value A = Xg. If 0 is not an eigenvalue of
D, F(0,\g), then by the Implicit Function Theorem, stationary solutions of
(I.8.1) cannot bifurcate from the trivial solution line at (0, Ag). The Hopf Bi-
furcation Theorem, however, states that (time-) periodic solutions of (I.8.1)
bifurcate at (0, \g). This type of bifurcation is explained and proved in this
section, and in Section 1.12 we generalize the Principle of Exchange of Sta-
bility to this setting.

As before,

F:UxV —Z  where

(1.8.2) 0eUCX and )y €V CR are open neighborhoods.

The function F is sufficiently smooth (see our assumptions (1.8.13) below),
and in particular,

F(0,\)=0 and

(1.8.3) D,F(0,\) existsin L(X,Z) forall A e V.
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In order to define the evolution equation (I.8.1), we assume for the real Ba-
nach spaces X and Z that

(1.8.4) X C Z is continuously embedded,

and the derivative of = with respect to t is taken to be an element of Z.

Under assumption (1.8.4), a spectral theory for D, F(0, \) is possible, and
introducing complex eigenvalues of the linear operator D, F (0, \) requires a
natural complexification of the real Banach spaces X and Z: This can be
done by a formal sum X, = X + X (or by a pair X x X), where we define
(a4 iB)(x +iy) = ax — By + i(Bx + ay) for every complex number a + if3.
In particular, a real and imaginary part of any vector in X, is well defined,
and a real linear operator A in L(X,Z) is extended in a natural way to a
complex linear operator A. in L(X,, Z.). If p € C is an eigenvalue of A,
with eigenvector ¢, then 1z € C is also an eigenvalue of A, with eigenvector
©. Here, the bar denotes complex conjugation. In the subsequent analysis
we omit, for simplicity, the subscript ¢, but we keep in mind that our given
operators are real and that we are interested in real solutions of (I.8.1).

In this section we assume

iko(# 0) is a simple eigenvalue of D, F(0, \o)

with eigenvector g € R(ikol — D3z F(0, o)) (cf.(1.7.4)),
+ikol — Dy F(0,Ao) are Fredholm operators

of index zero.

(1.8.5)

As mentioned before, —ikg is a simple eigenvalue of D, F(0, \g) with eigen-
vector @.

We can apply Proposition 1.7.2 in order to guarantee perturbed eigenval-
ues p(A) of D,F(0,\):

D,F(0,\)e(N) = u(A)e(X)  such that

(1.8.6) w(Xo) =iro, ©(Xo) = po-

(Consider the mapping (I1.7.11) with R = R(ikol — DyF(0, X)), %0 = ¥o
at (0, Ao, 0,7r0).) These eigenvalues p(A) are continuously differentiable with
respect to A near \g, and following E. Hopf, we assume that

(1.8.7) Reu'(No) #0, where '= dii\’
and Re denotes “real part.” In this sense the eigenvalue p(\) crosses the
imaginary axis with “nonvanishing speed,” or the exchange of stability of the
trivial solution {(0,\)} is “nondegenerate.” As we will show later, (I.8.7) can
be expressed via (1.8.43) below, and it is therefore similar to the nondegener-
acy (I.5.3), which is equivalent to (I.7.36) in the case of a simple eigenvalue
0.
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Apart from the spectral properties (I.8.5) and (1.8.7), we need more as-
sumptions in order to give the evolution equation (I.8.1) a meaning in the
(possibly) infinite-dimensional Banach space Z. The following condition on
the linearization serves this purpose:

Ao = D, F(0, ) as a mapping in Z, with dense domain
(I.8.8)  of definition D(Ap) = X, generates an analytic (holomorphic)
semigroup e“°, ¢t > 0, on Z that is compact for ¢t > 0.

For a definition of analytic semigroups we refer, for example, to [86], [142],
or [170]. The compactness of e“o? for ¢ > 0 is true if the embedding (1.8.4)
is compact. (Assumption (I.8.8) is used only in the proof of Proposition I1.8.1
below. The Fredholm property of Jy is crucial, and if in applications this
property can be proved under a weaker assumption, condition (I.8.8) can be
weakened accordingly; cf. Remark 1.9.2 and Remark 111.4.2.)

We look for periodic solutions of (I.8.1) of small amplitude for A near \g
where the period is a priori unknown. A simple but crucial step in proving
the Hopf bifurcation theorem is based upon the following observation:

d
(1.8.9) x = x(t) is a 2w-periodic solution of Hd_j = F(x,\) if

and only if Z(t) = x(kt) is a 27 /k-periodic solution of (I.8.1).

In other words, we may rescale “time” = t and focus on 27-periodic solutions
of

(1.8.10) Gla, ki 2) = nfl—f ~F(z,0) = 0.

We can then give problem (1.8.10) a functional-analytic setting, in which
the method of Lyapunov—Schmidt is applicable. Accordingly, we introduce the
following Banach spaces of 27-periodic Holder continuous functions having
values in X or Z:

E=C¢ R X)= {az ‘R — X|z(t+27) =z(t), t € R,
z(t) — x(s
el = el = max o (0)] x +sup 10— 2O)x oo},

s#t |t — S|a
(I.8.11) W =Cg, (R, Z) analogously,

d
Y= CHR,Z)={z:R— Z|z, d—i (exists) € CS.(R, Z),

dx

lzlly = llzliz1a = ll2llza + || 25

Z,a}
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The Holder exponent «a is in the interval (0, 1]. Obviously, YNE = C3 (R, Z)N
Cs.(R, X) is a Banach space with norm [|z]|x,a + || 22| z,a (cf.(1.8.4)).
Next we define G, given in (1.8.10), via

G:U x V — W, where
(I.8.12) 0eUCENY and
(Ko, Ao) € V C R?,with U and V open neighborhoods.

We leave the following statements as an exercise:

GeC*UxV,W)if
(1.8.13) FeC3UxV,2).

(Note that the meaning of z is different in the contexts of D, F and D,G:
x is a vector in X in the first case, while = denotes a function in Y N E =
CyT*(R, Z) N Cg. (R, X) in the second case.)

Returning to (1.8.10), we obviously have G(0, kg, A\g) = 0. Observe that
D,G(0, kg, \o) = no% — D, F(0,)p) and recall that Ay = D, F(0, ). In
order to apply the Lyapunov—Schmidt reduction described in Theorem 1.2.3
to (1.8.10), the following proposition is crucial.

Proposition 1.8.1 Assume (1.8.5), (1.8.8), and the following nonresonance
condition:

(1.8.14) for all n € Z\{1, -1}, inkg is not

an eigenvalue of Ag = D, F(0, \o).

Then the linear operator
d
(1815) JoEKOE—A(JZYﬂE—)W

is continuous and is a Fredholm operator of index zero, with dim N (Jy) = 2.

Proof. It is clear that Jy is continuous when the intersection ¥ N E =
Cof*(R,Z) N CS. (R, X) is given the norm ||z]|x,a + [[ 22 z,o. We compute
the kernel N(Jp):

d
Jox = Hod_jf: — Aoz =0, 2(0) = z(27) &

(1.8.16) 2(t) = eAOt/“Oaj(O), (I - 6A027r/l<50)$(0) N
z(0) e N(I — eA"Q’T/’“’).
(By the regularizing property of e4°* for t > 0, we have N (I —e027/%0) C X)

On the other hand, a Fourier analysis of the real continuous 2m-periodic
function x = x(t) yields for any 2’ € Z/,



38 CHAPTER I. LOCAL THEORY

((t),2) =X enlan, 2)e™, a_, =7, € X,

1 2m

=5 ) z(t)e tdt,  a(t) = et/ 5 0x(0),
‘ 1 A (integration b s)
(1.8.17) han = Ko 00n integration by parts),

ap, =0 for n € Z\{1,—1} (by (1.8.14)),
a1 =cpp, c€C (by (1.8.5)), and
z(0) € {epo +TPylc € C} = N(I — eAo2m/ro),

z € {cpoe™ + P e~ |c € C} = N(Jo).

(Note that e0t/%0 g = pge’t, which follows from Ay = ikopo.)

By assumption (I.8.8), Ay : Z — Z is densely defined, and thus its dual
operator A} : Z' — Z’ exists. The simplicity of the eigenvalue irg (cf.(1.8.5))
implies that the eigenvector ¢f, of A} with eigenvalue ixy can be chosen so
that

{0, 0) =1

(where ( , ) denotes the bilinear pairing of Z and Z’),

R(ikol — Ag) ={z € Z|{z,¢() = 0}, (Closed Range Theorem),
(1.8.18) and the eigenprojection Qo € L(Z, Z) onto

N(irol — Ap) @ N(—ikol — Ap) is given by

Qoz = (z,%p)%0 + (2, %0)%o-

(By (A — ikol)py = —2ikop, we have (@, @) = 0, and

(v0, %) = 0 follows in the same way.)

Note that AgQox = QoApx for all x € X = D(Ap). Hence, R(Qo) as well as
N(Qo) are invariant spaces under Ag. As shown in (1.8.17),

(1.8.19) N(I — efo2m/50) = R(Qo) C Z,

when Qo as given by (I.8.18) is restricted to the real space Z. The invariance
of R(Qo) and of N(Qo) under Ay implies their invariance under e?0?7/#o,
and the compactness of e4027/%0 (cf. (1.8.8)) finally proves that

I —eMo?m/m0 e L(N(Qo), N(Qo)), N(Qo) C Z,

is an isomorphism.

(1.8.20)

(Injectivity in (I.8.20) is clear; surjectivity then follows from the Riesz—
Schauder Theory for compact operators; cf. [170], for example.) Next, we
introduce a projection @ € L(W, W) as follows:
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(@) = iﬁ/ <(6), Uh ) deval®)
(I.8.21) . /2” )T (1)

Where ho(t) = poe™,  Po(t) = woe™ ™.

(Although @ is defined by complex functions, the restriction to the real
space gives a real operator. Recall that the pairing ( , ) is bilinear also in
the complex case.) The result of (I1.8.17) can be restated as

N(Jp) = R(Q), or in other words,

(1.8.22) Q projects onto N (Jy); cf. (1.8.17).

The proof of Proposition 1.8.1 will be complete when we have shown that

R(Jo) = N(Q).
Let f e W = C$.(R, Z). As proved in [86], IX, 1.7, a solution of

d
Joxr = /iod—j — Apz = f is given by

1 t
x(t) = eAUt/’“’o:(O) + —/ eA"(t*S)/'“’f(s)ds
0

Ko

(1.8.23)

for any x(0) € Z. Due to the regularity of x as proved in [86], the function x
isin Y N E if it is 27-periodic. That, in turn, is proved if

1 2m

0
has a solution z(0) € X = D(Ay).

For every f € W, we have

27 27
() e rmsosgs) = [ netse/moghas
(1.8.25) 0 0, |
:/0 (f(s),e’(2”_5)<,06>ds.

(We use that (eAUt{"U)’go’Q = eMot/mogl — eityl since Ajph = ikoph; i
general (e/ot) = eot on D(A)) C Z'; cf. [170], IX, 13.) Since (1.8.25) is true
for p; as well, we have shown (cf. (1.8.18), (1.8.21)) that

2
(1.8.26) feENQ) < / eA0C@m=9)/ko £(5)ds € N(Qo).
0

Thus, by (1.8.20), there is a solution x(0) € N(Qo) C Z of (1.8.24) if and
only if f € N(Q). Finally,
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1 27

(1.8.27) 2(0) = e?o2™/ %oz (0) + —/ eMo@m=s)/ro f(s)ds € N(Qo)
Ko 0

proves that z(0) € D(Ap) = X, since both terms on the right-hand side of
(1.8.27) are in D(Ap) (cf. [86]).
We have proved that

R(Jy) = N(Q), and, in view of (1.8.22),

(1.8.28)
W = C5.(R, Z) = R(Jo) @ N(Jo),

which completes the proof of Proposition 1.8.1. ad
For the problem

G(z,ﬁ,)\)znfl—ffF(z,/\) =0

near (0,kg,A\g) (cf. (1.8.12)),

(1.8.29)

the method of Lyapunov—-Schmidt is now applicable, since all hypotheses are
satisfied. For that reduction as described in Section 1.2 we use the decomposi-
tion (1.8.28) and the projection Q. Since YN E = C37*(R, Z) N Cs.. (R, X) is
continuously embedded into W = C& (R, Z), the projection Q|yng projects
Y N E onto N(Jy) along R(Jp) N (Y N E). We set Q|yng = P. Thus, by
Theorem 1.2.3, (1.8.29) is equivalent to

QG(PI+¢(PI7K’5 A)7’415 A) = 07

(1.8.30) where P: Y N E — N(Jo) along R(Jo) N (Y N E),
and Q : W — N(Jy) along R(Jy).

The efficient analysis of this two-dimensional system (I.8.30); makes use of
another crucial property of (1.8.29), namely, its equivariance. Equivariance
here means that every phase-shifted solution of (I.8.1) is again a solution,
and for 27-periodic solutions of (I1.8.10) or (1.8.29), this is expressed as S'-
equivariance: Let

(Spx)(t) =x(t+6), 6 R(mod27). Then
(1.8.31) G(Spz, K, )\)~ = SoG(x, K, \)
for all z € U C R2.

Since the projection @ commutes with Sy (i.e., @Sy = SpQ) the Lyapunov—
Schmidt reduction preserves the equivariance by the uniqueness of the solu-
tion given via the Implicit Function Theorem:

(1.8.32) W(PSpx, Kk, \) = ¥(SgPx,k,\) = Soto(Px, K, A).

A real function Px € N(Jp) is of the following form:
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(Px)(t) = cpoe® +TPpe™, c € C, and

(1.8.33) . L
(PSpx)(t) = (SePx)(t) = ce“poe™ +ce g e .

By the definition of @ (cf. (1.8.21), for a real function Pz, the bifurcation
equation (1.8.30); is equivalent to the following one-dimensional complex
equation:

2w
(1.8.34) %/ (G(Px + (Px, K, ), Ky, N), ¥4 )dt = 0.
0

Indeed, the second complex equation in order to satisfy QG(./.) = 0 is com-
plex conjugate to (1.8.34). We insert (1.8.33) into (1.8.34) and write it as

43(0, k,A) =0, where

1.8.35 A - - ~
( ) @:UsxVo—C, 0€UyCC (ko,N\o) € Vo CR%L

The S'-equivariance for G' (1.8.31) or for QG (1.8.30) is expressed for (1.8.35)
as follows:

(1.8.36) B, k,\) = ePP(c, K, ), 6 €l0,27).

That property has the following consequences:

b(c, 1, A) = 0 & &(|c|, 5, A) =0,
(1.8.37) A - ] .
D(—c,k,\) = —P(c,k,A); le., @isoddince C.

In particular, #(0,x,\) = 0 for all (k,)\) € 17%, which reflects the trivial
solution. In view of (1.8.37)1, it suffices to solve @ for real ¢; i.e., we consider
henceforth

(1.8.38)  &(r,k,\) =0, re (=60 CR, (kA eVycCR?

which is the Bifurcation Equation for Hopf Bifurcation. In order to
eliminate the trivial solution, we proceed in the same way as in Section 1.5
when we proved Theorem 1.5.1: For r # 0 we set

&(r,k,\) = P(r, k, \)/r, which we rewrite as

1.8.39 ~ 1 N
( ) b(r, Kk, \) = / D, d(tr,k,\)dr =0, r€(=4,9).
0

By the definition of @, (Pz)(t) = r(goe’ + Fye~ ), and using Corollary 1.2.4
we have

1 2
(1840) @(0, K0, )\0) = 2— / <DwG(O, K0, )\0)1/}0, 1/}6>dt = 07
0

™

since 19 € N (Jo). The computations of D,.®(0, ko, Ao) and DyP(0, ko, Ag) fol-
low precisely the lines of the proof of Theorem 1.5.1, in particular, of (1.5.12)
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((I.5.7) holds analogously). Therefore, we give only the result:

- 1 2m
D0, ) = 5= [ (D2GO, k0. da)i, v
0

1 (> d
= 5 <_Q/}0a d}[/)>dt = i7
(1.8.41) 2 Jo dt
1 27

DA@(O7HO7)\O) = <D2AG(O, lio,)\o)d}o,’(ﬁ6>dt

21 Jo
= *<Dg,\F(0a /\0)900,%>-

Decomposing @ into real and imaginary parts, we finally get (without chang-
ing the notation)

@ : (—6,0) x Vo — R? and
(1.8.42) - <O —Re(D2, F(0, Xo)®o go’))
D 0 ®(0, Ko, Ao) = e P0) )
@O0 200 =1 1 DEF(0, o). o)
The last condition to solve &(r, k, \) = 0 for r € (=6, 0) (which is possibly
shrunk) by the Implicit Function Theorem is

(1.8.43) Re(D3\F(0, Xo)o, ¢o) # 0,

and we obtain continuously differentiable functions (k,\) : (—8,8) — Vo C
R2, (k(0), \(0)) = (k0, Ao), such that &(r, k(r), \(r)) = 0 for all r € (—0,4).
Obviously, &(r, 5(r), A(r)) = r®(r, k(r), A(r)) = 0, and the bifurcation equa-
tion (I1.8.38) or (1.8.35) is solved nontrivially.

(Instead of solving the system &(r, s, \) = 0 in one step, we could do it
in two steps: By (1.8.42) and the Implicit Function Theorem, the solution
of the imaginary part defines x as a function of (r,\), and when it is in-
serted into the real part, we obtain the Reduced Bifurcation Equation
®,.(r,\) = 0. By (1.8.42), (1.8.43), and the Implicit Function Theorem, that
scalar equation gives A in terms of r. That reduction eliminates the period,
and the bifurcation is reduced to the (r, A)-plane.)

At the end we identify (1.8.43) with assumption (I1.8.7). Differentiation of
(1.8.6) with respect to A at A = A yields

D2, F(0, X0)po + D F(0, M0)¢" (M) = 1/ (Mo)po + 1(Xo)¢’ (Xo),
(D25F(0,20)90, %) + (#' (M), App)

(1.8.44) = p/'(Xo) + iko (¢ (No), ¥0)-
(D2, F (0, M)po,¢0) = ' (M),

since Aj(, =ik, and ( , ) is bilinear.



1.8. HOPF BIFURCATION 43

We summarize, and we obtain the Hopf Bifurcation Theorem.
Theorem 1.8.2 For the parameter-dependent evolution equation

dz

— =F(x, A

dt ()

in a Banach space Z we make the reqularity assumptions (1.8.2), (1.8.8),
(1.8.4), (1.8.13), on the mapping F. We make the spectral assumptions
(1.8.5), (1.8.6), (1.8.7) on the linearization D, F(0,\) along the trivial so-
lutions:

Dy F(0,\)p(A) = p(A)p(A)with p(Xo) = iro # 0,
w(X) are simple eigenvalues, and we assume the nondegeneracy
Rept'(Ao) 0.

We impose the nonresonance condition (1.8.14):
For all n € Z\{1,—1}, inkg is not an eigenvalue of Ag = D, F (0, \o).

We assume that the operator Ag = D, F (0, o) generates a holomorphic semi-
group according to (1.8.8):

et e L(Z,Z) fort >0, which is compact for t > 0.

Then there exists a continuously differentiable curve {(x(r), A(r))} of (real)
27 /k(r)-periodic solutions of (1.8.1) through (x(0),A(0)) = (0,\) with
27 /k(0)

=27/Kkp in (C;:/i (R, Z2)NC3 (R, X)) xR. Every other periodic solu-
tion of (1.8.1) in a neighborhood of (0, Ag) (in that topology) is obtained from
(x(r), A(r)) by a phase shift Spx(r).

In particular, x(—r) = Sz wmx(r), K(=7) = K(r), and X(—r) = A(r) for all

€ (—0,9).

We give the arguments for the last statements: By the oddness of & (cf.
(1.8.37)), B(—7,k,\) = 0 & B(r, k,\), whence k(—r) = £(r) and A(—r) =
A(r) by the uniqueness of the solutions (r, £(r), A(r)) of & = 0 near (0, Ko, Ao).
By (1.8.33), Sy Pz = —Px, so that by (1.8.32), ¢)(— Pz, k, \) = Spio(Px, K, \).
Therefore, in the space of 2r-periodic functions, z(—r) = Srx(r). After sub-
stituting s (r)t for ¢ (cf.(1.8.9)), we get x(—7) = Sx/uyx(r) for the 27 /k(r)-
periodic solution (see also (I1.8.47) below).

Corollary 1.8.3 The tangent vector of the nontrivial solution curve
(x(r), A(r)) at the bifurcation point (0, o) is given by

(L845)  (2Re(poe’™"),0) € (CL (R, Z) N CgL )y, (R, X)) X R.

27 /Ko

Proof. By A(—r) = A(r) and x(—r) = k(r) we have clearly
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d d

(1.8.46) a)\(’") ‘rzo = 5“(74) ’r:O

=0.

After substituting x(r)t for ¢ (cf. (1.8.9)), the bifurcating 27 /k(r)-periodic
solutions of (I.8.1) are by construction

2(r)(t) = r(poe™ M + e T

(1.8.47) + (o™t + B O k(1) A(r)).

The same arguments as for (I1.5.18) give (1.8.45). O

Remark 1.8.4 If (1.8.1) is an ODE, i.e., if X = Z = R™, then we can choose
E=W=0,RR")={z:R— R”|z is continuous and 2w-periodic} and
Y = CL(R,R") = {z : R = Rz, % € Cor (R,R")} with norms |z|g =
maxer [|z(t)|| and ||z||y = ||zl|g + (| %) The crucial Proposition I1.8.1
holds for these spaces, too. In particular, for the validity of (1.8.23) Holder
continuity is not needed. For an ODE we can therefore save one order of
differentiability in (1.8.13): F € C*(U x V,R") implies G € C*>(U x V,W).

1.9 Bifurcation Formulas for Hopf Bifurcation

Since A(0) = 0 (where *~ = 4 the sign of A(r) = A(—r) is not yet deter-
mined, and in order to sketch the bifurcation diagram in (6’21;/0;(7” (R,Z)N

cs. /K(T)(R X)) x R in lowest order, we give a formula for how to compute

A(0) (and also #(0)). We follow precisely the procedure of Section 1.6, and
we make use of the formulas derived there, in particular, (I.6.9). In order
to have enough differentiability of G as given by (1.8.12), we assume that
F e CYUxV,Z).If (1.8.1) is an ODE, then it suffices that F' € C*(U xV, Z);
cf. Remark 1.8.4. Our starting point is &(r, x(r), A(r)) = 0 for all r € (-4, 6),
whence

2

L3 B(r () M) oo

(L91) = D2 B(0, ko, o) + Db (0, ko, Ao)i(0) + DAdOX(0) = 0,
since #(0) = A(0) = 0 (cf. 1.8.46).

Here “°” means evaluation at (0, K0, Ao). Decomposing & into real and imag-
inary parts as in (I1.8.42), we solve (1.9.1) for (%(0), A(0)) using the inverse

matrix of (1.8.42) and (I.8.44):
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R(O) _ 1 Imp/(/\o) *RG,LL/(A()) RGD?ATQ:SO
(19.2) (A(0)> Reyt'(Ao) < 1 0 ) (IszTng)’
1 (No) = (D2, F(0, M), )

By definitions (1.8.39) of & and (1.8.34) of &,

rrr

~ 1 A
D2,.®(0, ko, o) = §D3 (0, K0, \o), where

(19.3)  P(rmA)
L (G0 + o) + 0 (o + To)s 1 ), 1, A), U,

:%O

In order to apply directly the computations of Section 1.6, we make the
following definitions:

D(v,k, ) = QG+ (v, Kk, N), Ky A),
v ="1(tho +1g), o = b0 + g.

Observe that @ coincides with definition (I.2.9) used in Section I.6. Then, in
view of the definition of @ (cf.(1.8.21)),

(1.9.4)

. 1 27
D(r,k,\) = 2—/ (D(v, K, \),¥)dt  and
™ Jo
R 1 27
l)3 @(0750,)\0) =

rrr

(1.9.5)
<D3 @(07 Ko, )\0)[1307 ’007 ’00], 1/}6>dt

VUV
2m Jo

From (I1.6.9) we can read off

D} Q(Ov Ko, /\0)[{]07 @07 {)O]

vUv

(196) = QngmG(Oa Ko, )‘0)[@07 {)0; 730] - SQDQQ:Q:G(O7 Ro, )\0)[/];

where [./.] =
[B0, (I = P)(DzG(0, Ko, 20)) " (I = Q) D7, G(0, Ko, Ao) [P0, Bo]]-

We compute these terms using the definitions of G (1.8.10), (1.9.4), and (1.9.5).
The first term is simple:

1 2m o
(197) 9 <QDiwxG(07HO7AO)[UOaUO7UO],¢6>dt

2m
= _3<D§:mmF(07 AO)[QPOa ©0; @O]a 906>

For the second term, we compute
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D2, G(0, Ko, Xo)[Do, Do)
= —D3,F(0,0)[po, pole*" —2D3,F(0,Xo) [0, Po)
= D3 F(0, 20)[@o, Pole ™"
= (I - Q)D3,G(0, Ko, Mo)|do, Bo)-

(19.8)

The last equation follows from QD2 G(0, ko, \o)[do, 0] = 0.

Recall that D,G(0, ko, No) = /{0% — Ay = Jy. Then the unique solutions
of Jox = zge™?™ or Jox = 2z for zy € Z can be given explicitly. We consider
Jp as a mapping from (I —P)(ENY) onto (I—Q)W = R(Jp); i.e., we consider
Jo in the complement of its kernel N(Jy) = R(Q); cf. (1.6.8).

Now,

x(t) = (£2ikg — Ag) " t20eT2 solves

_ ., E2it
Joxr = zpe ,

x(t) = (—Ap)t2g solves
Joxr = 2,

(1.9.9)

and both solutions are in (I — P)(ENY"). Here we use again the nonresonance
condition (I.8.14). We insert these preimages J; ' (I—Q)D2,G (0, ko, Xo)[?0, Do)
into (1.9.6), and we get

1 27 ) )
<QD:2E:EG(O7 Ko, )‘0) [@Oen =+ @Oe_lt’

— (2irg — Ao) ' D2, F(0, Mo)[po, pole*”

+ 245 D7, F(0, Mo)lgo, Po]

— (=2iko — Ao) "' D2, F (0, M) [P0, Pole™ *"], ppe ™) dt
= (D2, F(0,X0)[®g, (2iko — Ao) "' D2, F(0, Xo)[0, wol], ©0)

= 2(D3,F(0,20)[w0, Ag D3, F (0, 20) 00, Byl #6)-

This gives finally, using (1.9.3), (1.9.5), and (1.9.6),

27 Jo

(1.9.10)

~ 1 N
Dgrqs(oa R0, )‘0) = gDETTQ(O? Ko, AO)
= - <D§:mmF(0a )‘0)[90(% QDOaGO]’ 906>
- <Da2:a:F(Ov /\0)[¢O7 (21’50 - AO)ilD:%zF((L )‘0)[9007 900]]7 906>

+ 2<D32F(0? AO)[@(N AangzF(Oa AO)[@Oa@O]]? 90/0>

(1.9.11)

Inserting this complex number (1.9.11) into (I1.9.2) provides the Bifurcation
Formulas for the Hopf bifurcation, where we make use also of Corollary
1.8.3:
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Theorem 1.9.1 Let {(x(r), \(r))} be the curve of 27 /k(r)-periodic solutions
of (1.8.1) according to Theorem 1.8.2. Then

d )
()], (8) = 2Re(poe™),
d d
oo = A0, =0,
(1.9.12) ) ,
d Iy (Ao) |, 1y .
— = 20 ReD2 30 — ImD2, 3"
dr2,€(r>‘r:0 RePJ,()\O) S5y mi/.,. ’

d—gx(r)| — L Rep2,4
dr? r=0 " Repu/(No) e
where D2,.8° is given by (1.9.11), and Rey'(Mo) # 0 is the nondegeneracy
condition for p'(No) = (D%, F(0,Xo0)p0,y) (cf (1.8.44)). (We recall that

the pairing { , ) is bilinear also in the complex case.)

If ReD2,8° # 0, we have a sub- or supercritical “pitchfork” bifurcation of
periodic solutions sketched in Figure 1.9.1.

R R
\amplitude of K
Ao R Ao R
Figure 1.9.1

In contrast to Figure I.5.1, we sketch only one branch in Figure I.9.1, which
represents the amplitude max;cg ||2(¢)|| (with norm in X) of the bifurcating
periodic solution. By (1.9.12); that amplitude is of order |r|. Recall that the
curve {(x(r),\(r))} for negative r is obtained from that for positive r by a
phase shift of half the period (and all other periodic solutions are obtained
by phase shifts).

Remark 1.9.2 One might ask why the linearization Ay = D, F (0, ) has to
generate a holomorphic semigroup et that is compact for t > 0 (cf.(1.8.8)).
As a matter of fact, this strong assumption was used only for the proof of
Proposition 1.8.1. (The compactness was used only for (1.8.20).)

The assumption (1.8.8) is obviously satisfied if:

(1.8.1) is an ODE; i.e., X = Z = R™;

(1.8.1) is a parabolic PDE; i.e., if Ay is an elliptic partial differential
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operator over a bounded domain; cf. Section III.4.

There is a large class of evolution equations, however, for which assump-
tion (1.8.8) is not satisfied, namely, the RFDEs (retarded functional differ-
ential equations). We briefly comment on these.

For a function x : R — R™ we define x; : [—h,0] = R™ by x:(0) = x(t+6)
for —h <60 <0, and a parameter-dependent RFDE is of the form

dx

1.9.1 —
(1.9.13) 7

(t) = F(x, ).

Here
F:UxV — Z=R" where

(1.9.14) 0€U C X =C(-h,0,R") and Ao € V C R,
U and V are open and F € C*(U x V, Z).

Let F(0,)\) = 0 (such that there is the trivial solution line {(0,\)} C X xR),
and let A(A\) = Dy F(0,\) as before. Then (1.9.13) is written as

d
(1.9.15) d—f(t) = ANzt + R(xe, A) with a remainder

R(xzt, A) = F(xe, A) — ANy

As expounded in [36], (1.9.15) can be considered as an abstract evolution
equation

du '
(1.9.16) 7 = AV NVu+ B (u, 2) in some

infinite-dimensional phase space X ©*

that is related to X. (We cannot go into the details here.) The linearization
AP = A®9*(N\g), unfortunately, does not satisfy assumptions (1.8.8). It gene-
rates a strongly continuous semigroup that is eventually compact (for t > h)
and that eventually regularizes (i.e., it maps into D(AS*) for t > h). To
summarize, the proof of Proposition 1.8.1 cannot be modified for this situ-
ation. That is the reason why for a proof of the Hopf Bifurcation Theorem
for REDEs the setting (1.9.16) is not useful. For the original formulation
(1.9.13) or (1.9.15), however, we can follow the lines of the proof of Section
L.8.

By a substitution kt for t we normalize the unknown period 27 /k to 2w,
but in contrast to an ODE, the parameter k appears also on the right-hand
side of (1.9.13); that is,

dx N
(1.9.17) ke (t) = F(x, 5, X), where

F(xy, k,A) = F(ze(k), N);

i.e., the mapping F is evaluated at the function xi(k6) = x(t + k0) for —h <
0 < 0. Setting
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Gla,  \)(t) = nfl—f(t) = Pz, kN,

(1.9.18) G:UxV = Cor(R,Z), Z=R",
0eUcCCL(R,Z), (ko,Xo) €V C R,

we obtain

~ d ~ -
D, G(0, ko, Ao) = Koo — A(ko, No) = Jo, where

(A(I*io, Ao)l‘)(t) = l)zF‘(O7 )\0)1‘25(/{0') = Aozt(ﬂo').

(1.9.19)

As shown in [63], Chapter 9, or in [36], Section VI.4, the operator

Jo: C3.(R,Z) = Con(R, Z)

(1.9.20) is a Fredholm operator of index zero.

Therefore, the crucial property for the application of the method of Lyapunov—
Schmidt for G(z,k,\) = 0 near (0, kg, Xo) is satisfied. Observe also that the
equivariance (1.8.31) holds as well for autonomous RFDEsS.

Let iko be a simple eigenvalue of Ay (in the sense that Apx: = ikox(t)
holds for some function x(t) = e*olpy with g9 € C"). According to the
theory expounded in [36], Chapter IV, ikg is a simple zero of the determi-
nant of the characteristic matric A(z, o) € L(C™,C™) of Ay = A(N\o) €
L(X,Z) (see (1.9.21) below), and 0 is a simple eigenvalue of A(irg, Ao); i-e.,
A(ikg, Ao)po = 0 and AT (ikg, M)y = 0 for some po,ply € C", where we
can normalize {@o, () = 1. The pairing ( , ) between Z = C" = Z' is the
bilinear complexification of the Fuclidean scalar product in R™. The nonres-
onance condition means that A(imkog, Ao) is reqular for all m € Z\{1, —1}.

Setting 1o(t) = e'q, then N(Jo) = span[tho, Vo), and for the defini-
tion of the projection Q (cf. (1.8.21)) we take ¥} (t) = e~ pf. Observe that
1/)6(7t),ag(—t) are 2m-periodic solutions of the so-called transposed RFDE;
that is, (50% — AT (Ko, \o))z = 0, and property (1.9.20) is proved by showing
that R(Jo) = N(Q).

The method of Lyapunov—Schmidt provides a one-dimensional complex
equation of the form (1.8.34) or, by equivariance, one complex equation
43(7’, K, A) = 0 for the real variables (r, k, \) near (0, ko, \o); ¢f. (1.8.37). How-

ever, the computations (1.8.41) are different now. We use the representations

ANz = [idC(9, Na(t — 0),

(1.9.21) )
A(z,\) = zE — [ d¢(0,\)e™*"; ¢f.[36], Chapter IV.

Then for & as defined in (1.8.39) we obtain in view of (1.8.41), (I.9.19),
(1.9.21), and (po, () = 1,
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Dx®(0, 0, Ao)

= i(1+ [1dC(8, ho)Be ™0 0, o))

= i(D,A(iko, o)®o, ¥0)>

Da®(0, ko, Ao) = (DxA(iko, Moo, ©h)-

(1.9.22)

Let p(X\) be the simple eigenvalue perturbation of A(X) = D, F(0,\)
through p(Xo) = ikg. Then p(X\) satisfies the characteristic equation det
A(p(N),A) =0 or A(p(N), N)p(N) =0, where o(Xo) = @o. By differentiating
we obtain, in view of (A(ikg, Ao)¢’ (M), @h) = (¢ (Xo), AT ik, Xo)ph) = 0,

(19:23)  (D:A(iro, Ao)wo, po) i (Ao) + (DaA(iko, Ao) o, ¢p) = 0.
Decomposing @ into real and imaginary parts, we get as in (1.8.42),

- ReD.®(0, k0, Ao)  ReD»®(0, ko, \o)
D P = - c
(=0 P(0; 0, 2o) (Ikao@(Oa Ko, Ao)  ImDA\P(0, ko, Xo) )’
and by (1.9.22), (1.9.23),

det D, 0 ®(0, ko, o) = Rep' (Xo)|(D=A(iro, Xo) o, )|
# 0 < Rep/(No) # 0,

(1.9.24)

since (D, A(ikg, No)po, vy) # 0 by the simplicity of the eigenvalue ikg and
the results of [36], Section IV.5. (Note that we normalize {po,py) = 1 but
not (D, A(iko, Xo)wo, 0)-)

The conclusion from (1.9.24) is the same as that from (1.8.42)—(1.8.44),
namely, the Hopf Bifurcation Theorem for RFDEs:

Under formally the same assumptions as for Theorem 1.8.2, summarized
and explained above in this remark, there exists a unique (up to phase shifts)
smooth curve {(x(r), \(r))} of (real) 2w /k(r)-periodic solutions of (1.9.13)
through (x(0), A(0)) = (0, Xo) with 2m/k(0) = 27/ in Cg () (R, Z) x R.
Furthermore, x(—r) = Sz /uryx(r), K(=1) = K(1), AN(=r) = X(r) for all v €
(—=8,6), and Lx(r)|,—o(t) = 2Re(poei*0?).

The Bifurcation Formulas are derived as we did before in this section:

The inversion of the matriz (1.9.24), yields via (1.9.1) the formulas for i(0)
and X(0) (where clearly, we use (1.9.22), (1.9.23)). This yields, for instance,

. Re(D,A(irg, A YReD?2 @° + Im(./)\mD? ¢°
(1925) )\(O) — e< (’Llio, ,0)¢0a900> e‘ rr + Hl/( /2> mu/.,. )
Rep/(Xo)|[(D2A(iko, Xo)wo, #0)]

The crucial quantity is D2,®° given in (1.9.3)-(1.9.6), where now G is re-
placed by G from (1.9.18). This means that in (1.9.7), the vector ¢o has
to be replaced by the function e™°%p. (Recall that F(-,\o) acts on X =
C([~h,0],C").) The same holds true in (1.9.8), and for the inversion of Jo
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from (1.9.19) in (I — Q)W we make use of the following:

Jox = z0e™ & x(t) = wee™™*, where
(1.9.26) A(imrkg, Ao)wo = 29 for wp, zo € C™
& wy = A7 (imko, No)zo  for m € Z\{1,—1}.

(By the nonresonance condition, A(imkg, \o) is reqular for allm € Z\{1,—1}.)
This yields for D,,@° the expression (1.9.11), where now the resolvents
(2iko— Ao) ™! and Agl are replaced by €09 A=1(2ikg, \o) and —A~1(0, \o),
respectively, and where, as before, @q is replaced by e*°%pq. (Recall that
F(-,X0) maps into Z = C".) We leave formula for k(0) as a simple con-
sequence to the reader.

The preceding proof of the Hopf Bifurcation Theorem for RFDEs fol-
lows the proof for infinite-dimensional evolution equations (1.8.1). The al-
ternative suggested in [36] is the following: Reduce the RFDE to a finite-
dimensional center manifold and afterwards apply the Hopf Bifurcation The-
orem for ODEs, whose proof is the same as for infinite-dimensional evolution
equations. The proof in [63], however, is in the spirit of that presented here.

1.10 A Lyapunov Center Theorem

In this section we prove a bifurcation of periodic solutions of an evolution
equation that does not depend on a real parameter. We show the existence
of periodic solutions with small amplitude of a Hamiltonian system

dx

(1.10.1) i F(x)
bifurcating from the stationary solution = 0 (i.e., F(0) = 0). Although
there is no explicit parameter involved in (1.10.1), the notion of a bifurca-
tion is justified: We learned in Section 1.8 that for autonomous systems the
period can be considered as a second hidden parameter, and we show that
the existence of small-amplitude periodic solutions of (I1.10.1) is due to a one-
parameter bifurcation with the period as a parameter. Recall that the Hopf
bifurcation is a two-parameter bifurcation, and the release of one parame-
ter obviously requires more restrictions on (I.10.1), which is its Hamiltonian
structure.

In the following proof it will be nowhere used that the spaces X C Z are
finite-dimensional. But since we know reasonable applications only if X = Z
is finite-dimensional (see Remark 1.10.1 below), we assume that
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F:U— Z=R", where
(1.10.2) 0eU C X =R", and U is an open neighborhood, and
F(0)=0, FeC¥U2Z).

We identify F' with F(-, \¢) and impose the same hypotheses on F' as we did
in Section 1.8 on F(-, Ag). In particular, we assume (1.8.5) and (1.8.14), and
we realize that (1.8.8) is automatically satisfied for Ag = DF(0) € L(R™,R"™).
We will return to the assumption (I.8.5) (cf. (I1.10.10)) when we explain the
Hamiltonian structure of (1.10.1).

The space X = Z = R" is a Hilbert space with a scalar product ( , ).
Let

: i 3 _ Ton.
(1.10.3) H:U—Rbein C3(U,R), UcCX=RY

we call such a mapping Hamiltonian.

This Hamiltonian H defines a potential operator VH in the sense of Defini-
tion 1.3.1 as follows:

(1.10.4) DH(x)h=(VH(x),h) forallz eUhe X =R",

since all linear functionals DH (z) : X — R are represented as in (1.10.4) via
a scalar product. Obviously, VH : U — Z = R" is in C*(U, Z).
Next we choose a particular element J in L(R"™, R"):

(1.10.5) Let J € L(R™, R™) satisfy
o J?=—1I, (Jx,z)=0forallz e X =R".

Then (I1.10.1) is called a Hamiltonian system if

d
(1.10.6) d—f = F(z) = JVH(z).
Typically, when X = Z = R" is endowed with the canonical orthonormal
basis with respect to the Euclidean scalar product, such a mapping J as
required in (1.10.5) exists if n = 2m and J is represented by the matrix

E 0
m-~dimensional identity matrix.

0 —E .
(1.10.7) J = ( ) , where E is the

It is easily verified that for any solution z(t) of (I.10.6), the Hamiltonian
H gives a first conservation law in the following sense:

(I.10.8) H(z(t)) = const.
We define Ay = DF(0) and by (1.10.6),

(1.10.9) Ay = JDVH(0) = JB,.
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When expressed in coordinates, VH (z) is a column called the “gradient of
H at z,” and DVH (x) is the “Hessian matrix of H at z,” which is obvi-
ously symmetric (cf. Proposition 1.3.3). In particular, By is symmetric; i.e.,
(Boa?h.%‘g) = (33‘173033‘2) for all r1,20 € X =R™.

Remark 1.10.1 Infinite-dimensional Hamiltonian systems are typically hy-
perbolic PDEs, and the infinitely many (discrete) negative eigenvalues of By
become infinitely many (discrete) eigenvalues of Ay on the imaginary axis
(c¢f. Remark I11.3.1). In this case, however, Ay does not generate a holomor-
phic semigroup, and assumption (1.8.8) is not satisfied. On the other hand,
from an abstract point of view, one might consider (I1.10.6) as an infinite-
dimensional system, where VH is the gradient of a potential H in the sense
of Section 1.3 and the mapping J € L(Z,Z) satisfies (1.10.5) with the scalar
product (1.3.1). But then the spectral property (1.11.82) is also an obstruc-
tion to the generation of a holomorphic semigroup unless Ag € L(Z,Z) is
bounded. For that situation, however, we do not know an application.

We assume for Ay as given by (I.10.9) the special (but typical) situation
that

iko(# 0) is an eigenvalue of Ay = JBj with eigenvector
(I1.10.10) o € C™ (= complexification of R™) such that Jgg = ipo,
and dim N(ill{o[ — Ao) =1.

Clearly, Z = R" is complexified to Z = Z. = C™. In order to stay with
our notation of Section I.8, the pairing ( , ) between Z = C" and
7' = C" is the bilinear complexification of the real scalar product ( , )
on R™. Therefore, J € L(R™ R"™) is complexified to J € L(C" C") sat-
isfying (Jz,z) = 0 or (Jz1,20) = —(z1,J29) for all z,21,20 € Z = C™
Also, Al = (JBy)" = B|,J’ = —ByJ has the eigenvalue ixy with eigenvector
Dy, since JBopg = BoJpo by assumption Jgg = igg. Thus ¢ = B, and
(po,¢0) = {®o, Py) # 0 for pg # 0. From (1.10.10) it follows that

dim N (%ikgl — Aj) = 1, whence
(I.10.11) N(ikol — Af)) = span[@,].

Finally, by R(ikol — Ag) ={z € Z|{z,5,) = 0} and {0, P,) # 0, assumption
(1.10.10) implies that

ik is a simple eigenvalue of Ay

(1.10.12) in the sense of (1.8.5).

The assumption (1.10.10) is satisfied if By has a double real eigenvalue rg (#
0) with eigenvectors 21 and 23 = Jx;, and —kg is not an eigenvalue of
By. Then (1.10.10) holds with @9 = —z1 + iz2. Note that (pg,po) = 0 =
(Bowo, po) in this case.
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In view of (I.10.12), we can proceed as in Section 1.8 using also its notation.
Here we have in particular

(1.10.13) 906 = Pp; 11[}(/) = EOv
o and we normalize {@g, ;) = 1.

Since (I.8.8) is trivially satisfied, we can use Proposition 1.8.1 for a
Lyapunov—Schmidt reduction of

(1.10.14) G:UxV — Cor(R, Z), and
0eUcCh (R,Z), ko € V C R are neighborhoods.

(Observe that in our finite-dimensional setting we can choose o = 0 in
(I.8.11), and Proposition I1.8.1 holds. This saves us one order of differentiabil-
ity of F'in (1.8.13): G € C*(U x V,Cax (R, Z)), provided that F € C*(U, Z).)

By Theorem 1.2.3, equation (I1.10.14) is equivalent to the one-dimensional
complex equation (cf. (1.8.34))

1 2m
o [ (G(Pa - v(Par). ). gt =
T Jo
or, by definition, to
B(r k) =0 if Pz =r(tho + ) (cf. (1.8.34), (1.8.38)).

(1.10.15)

Proposition 1.10.2 Under the assumptions of this section,
(1.10.16)  Re®(r,x) =0 for allr € (—6,8), k€ Vs CR;

i.e., the bifurcation equation (1.10.15) is in fact a one-dimensional real equa-
tion.

Proof. By the definition of the function ¢ (cf. the proof of Theorem 1.2.3,
in particular (1.2.8)),

(I - Q)G(Px+¢(Px,k),k) =0, or

1.10.17 d
( ) (I-Q) (F;%(Px +¢(Px,k)) — F(Px + (P, n))) =0.
Since Q4 = <L P and ¢ (P, x) € N(P), this implies

(I.10.18) /{%d)(Po:, k)= (I —Q)F(Px + ¢(Pz, r)).

Now,
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3r5) = o [ {2+ ). v

(1.10.19) O pen

7% 0 <F(PI+¢(PI3 H))7¢(/)>dt7

since 2o)(Px, k) € N(P) and Pz = r(¢ + ). The first term in (I.10.19)
equals ixkr, so that for real F(Px + ¢(Px, k)),

27
(1.10.20)  Red(r, k) = f%/ (F(Px 4 (P, K)), Rey ) dt.
0

We show that (I.10.20)_V;mishes identically. By Jpo = iy and ¢ = g, we
have for Pz = r(vg + 1),

d
(1.10.21) EPI = rReJvy.

Using F = JVH,J = —J, and (1.10.21), we obtain for r # 0,

Red(r, k) = — " <VH(Pa: + (P, k) liPm>dt
’ 21 Jo T e dt
1 [ d
(1.10.22) . o p
" s <VH(PJ: + ¢ (Px, K)), ﬁw(Pa:, li)>dt
1

2nrK

_ /0 (Y H(Px 4+ (o, k), (I — Q)JVH(./.))dt

by 2m-periodicity and (1.10.18). Next we use JQ = @QJ and the following
symmetry of the projection Q:
2w 27
(1.10_23) % 0 <Qzl(t), 32(t)>dt = % fo <Zl (t)a QZ2(t)>dt
for all 21,22 € CQW(R, Z)

This gives finally, in view of (I —Q)? =1 — Q,

Red(r, k)

(110.24) — Qﬂlm /0 ﬂ<(1 — Q)VH(Pz + (Px, k), J(I — Q)VH(./.))dt

=0by (z,Jz) =0 for all z € Z.

Since $(0, k) = 0, we have shown that Red(r, k) = 0 for all r € (—4,8) and
for all k(# 0) € Vs. O
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Proposition 1.10.2 clearly implies that Re®(r, k) = Red(r,x)/r = 0 and
nontrivial solutions (r # 0) of (I1.10.15) are given by

(1.10.25) Imd(r, k) = 0.

The computation (I.8.41) gives D, (Im®(0,%)) = 1, and by the Implicit
Function Theorem, (I.10.25) is solved by a continuously differentiable func-
tion x : (—=0,0) — Vo, k(0) = ko, such that Im®(r, k(1)) = 0 for all
r € (=6, 8). Furthermore, by the oddness of & with respect to r (cf. (1.8.37)),
we have k(—r) = k(r), and Corollary 1.8.3 and Theorem 1.9.1 hold as well in
a simplified form. We summarize:

Theorem 1.10.3 For a Hamiltonian system

dx

— = H

i JVH(x)

in X = R™ we assume that H € C3(U,R) in a neighborhood U of 0 and
VH(0) = 0. We make the spectral assumption (I1.10.10), which implies that

iko(#£ 0) is a simple eigenvalue of Ag = JDVH(0)
(DVH = the Hessian of H) with eigenvector ¢ € C"
such that Jog = i¢g.

We impose the nonresonance condition:
For all m € Z\{1,—1}, imkq is not an eigenvalue of Ag.
Then there exists a continuously differentiable curve {x(r)|r € (=9,9)} of

(real) 2w /k(r)-periodic solutions of (1.10.6) through x(0) = 0 and x(0) = ko

in C;F/H(T)(R,X). Furthermore, k(—r) = k(r) and

(110.26)  2(r)(t) = 2rRe(poe™ M) + ¥ (2rRe(poe™ M), k(1))

such that
d 1kot
()], _o(t) = MRe(poe™),
(1.10.27) C;" 2
%H(T)‘rzo =0, W’i(r)’rzo = —ImD7,4°,

where D2, is given by (1.9.11) with F(0,\o) = JVH(0) and D, = D. (For
the last formula we need H € C*(U,R) and by Proposition 1.10.2, the number
D?,.8° is purely imaginary.)

In Section I.11 we generalize Theorem 1.10.3 to the case that ikg is a
simple eigenvalue of Ay without the restriction Jyg = ipq for the eigenvector
©o; cf. Theorem 1.11.4. In that case, Proposition 1.10.2 is not necessarily true
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but is replaced by (I.11.25). The parameter A in Theorem 1.11.4 can be frozen
such that the statement is precisely the same as that of Theorem 1.10.3.

1.11 Constrained Hopf Bifurcation for Hamiltonian,
Reversible, and Conservative Systems

The Hopf Bifurcation Theorem, Theorem 1.8.2, for a parameter-dependent
evolution equation

dx
111 — =F

in a Banach space Z is proved under the following spectral hypotheses on the
Fréchet derivative D, F(0,A) along the trivial solutions F(0,\) = 0:

iko(#£ 0) is a simple eigenvalue of D, F (0, \o),
and for the simple eigenvalue perturbation
DLF(0, \p(N) = i(\p(\) with p(Ao) = iso,
the nondegeneracy Reu’(M\g) # 0 holds.

(L11.2)

The algebraically simple eigenvalue p(\) crosses the imaginary axis in a
nondegenerate way such that by the Principle of Linearized Stability, the tri-
vial solution x = 0 loses stability when the parameter \ crosses the critical
value \g; cf. Section 1.7. For physical reasons one expects that a loss of sta-
bility “creates” new solutions, and by the absence of bifurcating stationary
solutions (zero is not an eigenvalue of D,F(0, \)), those are the periodic
solutions guaranteed by the Hopf Bifurcation Theorem. (In Section 1.12 we
show that the periodic solutions actually gain stability.) This scenario, how-
ever, is not restricted to the situation described in (I.11.2): Any crossing of
eigenvalues of arbitrary multiplicity causes a loss of stability, and the physi-
cal expectation about the creation of new solutions is indeed satisfied under
quite general assumptions; see Remark 1.11.13 below. In this section we do
not consider Hopf Bifurcation in its greatest generality, but we admit two
slight generalizations of (1.11.2):

(1) ik is an algebraically simple eigenvalue of D, F'(0, Ag), but we give up the
nondegeneracy Rep’(Ao) # 0,

(2) iko is a geometrically simple eigenvalue of D, F (0, \g), but its algebraic
multiplicity is arbitrary.

We comment on these generalizations:

(1) In Section I.17 we prove Hopf Bifurcation under the degenerate assumption
Rep/ (M) = --- = Rep™ D (\g) = 0 but Reu™ ()\g) # 0 for some odd m.
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That loss of stability of the trivial solution causes the bifurcation of at
least one and at most m curves of periodic solutions. We prove also a
general Principle of Exchange of Stability for the bunch of periodic orbits
including the line of trivial solutions; cf. Section 1.17.

As we see below in this section, there are systems (I.11.1) with a structural
constraint such that Reu(A) = 0 for all A near Ag; in other words, the
perturbed eigenvalues p(A) in (I.11.2) stay necessarily on the imaginary
axis. A Constrained Hopf Bifurcation Theorem guarantees bifurcation of
periodic solutions in this case, too; see Theorem 1.11.2 below. Since the
spectral properties are the same for all A near Ay, the parameter \ plays
no role, and when A is frozen, Theorem 1.11.2 is a Center Theorem as in
Section I.10 with the period as a hidden parameter.

(2) The generalization from algebraic to geometric simplicity of the eigen-

value iky seems to be quite natural in view of analogous results in sta-
tionary bifurcation theory: In Theorem 1.5.1, if X C Z, the eigenvalue 0
of D,F(0, ) is only geometrically simple, and the assumed nondegener-
acy (I.5.3) is not related to the eigenvalue perturbation, which might be
complicated if the algebraic multiplicity of the eigenvalue zero is large. As
discussed in Case 1 of Theorem I1.4.4, the nondegeneracy (I.5.3) implies
an “odd crossing number”; cf. Definition II.4.1.
If the eigenvalue ikg is only geometrically simple, we give an analogous
nondegeneracy that guarantees bifurcation of periodic solutions. However,
in contrast to the stationary case, only systems (I.11.1) with a structural
constraint are admitted; see Theorem I1.11.2. It turns out that the period
can be frozen, and in this case, Theorem 1.11.2 describes again a one-
parameter bifurcation.

The peculiarity of the Constrained Hopf Bifurcation Theorem proved in
this section consists on the one hand in extensions of the hypotheses of the
(classical) Hopf Bifurcation Theorem, and on the other hand in restrictions to
systems with structural constraints. These constraints are satisfied by Hamil-
tonian, reversible, and conservative systems.

Accordingly, we replace the assumptions (1.11.2) by

dimN (+ikol — D, F(0, X)) = 1,
(I.11.3) +ikol — D, F (0, \o) are Fredholm operators
of index zero.

Note that (I.11.3) replaces only assumption (I.8.5); all other assumptions
on F and the notation of Section 1.8 are kept. (Assumptions (1.8.6), (I1.8.7),
however, make no sense under (I1.11.3).) In a first step we prove the possibility
of a Lyapunov—Schmidt reduction for
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Gz, Ky \) E/{C(li—i—F(x,)\):()

for (Na:,/a)\) eUxV, )
0€U CENY, (ko,\) €V C R

(L11.4)

cf. (I.8.12). Note that the proof of Proposition I.8.1 uses the simplicity (I.8.5)
of the eigenvalue ikg. As before, we set Ag = D, F (0, \g), and the Fredholm
property (I1.11.3) implies

X = N(’Ll-{ol - Ao) SY Xo,

(I.11.5) Z = R(ikol — Ao) ® Zy, cf. (1.2.2),

where dimZy = 1. We choose

N(*?ZH()I — Ao) - XO and
(.11.6) Zo C R(—irol — Ao).

While the possibility of the first choice is obvious, the second choice is justified
as follows. By the Closed Range Theorem,

dim N (+ikol — Ap) =1 and
(1.11.7) R(irol — Ao) = {z € Z|(z, ¢) = 0}
if N(ikol — Apy) = span[ypp].

Let xg € X\R(ikol — Ap), which exists, since X C Z is dense.
Then, by (1.11.7)a, ((—ikol — Ao)zo, ¢() = —2iko{xo, ¢y # 0 and
(—iﬁo[ — Ao)ﬂ?o S R(—ilﬁo[ — Ao)\R(iﬁol — Ao) Let

N(ikol — Ap) = span[ypo],

(1.11.8) Zy = span[p1] , o1 € R(—ikol — Ag).

According to the Hahn—Banach Theorem, there are

oy € X' with (po,¢]) =1 and
(z,¢)) =0 forall z e X,

0o € Z' with {(p1,¢() =1 and
(z,¢p) =0 for all z € R(irgl — Ap).

(1.11.9)

Again by the Closed Range Theorem, span[py] = N (ikol — Af), and by the
choices of Xy and Zj in (1.11.6),

(I 11 10) <¢07 90,1> = Oa since Span[@o] - N(*MOI - AO)a
T (p1, %) = 0, since span[py] = N(—ikgl — Ap).
The relations (1.11.9), (I.11.10) clearly imply

<(P07¢l1> =0, <¢6’¢
I.11.11 i MR
( ) <<P17<P6> = 07 <(P1;90
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so that
Pox = (z, ¥1)po0 + (2, 91)Py
is a projection Py € L(X, X)
(1.11.12) onto N(ikol — Ag) ® N(—ikol — Ap), and

Qo = (2. &h)pr + (5,70, -
is a projection Qo € L(Z,Z) onto Zy ® Zj.

Defining . .
Po(t) = poe,  Pi(t) = phe™™,
11[}1 (t) = Soleita d)(/)(t) = Saloeiita

(Pa)) = 3= [ Gale). i )i

(1.11.13) 1 [

+ (@(8), 9 (£)) o (2),

27 Jo

@mwiéwwm%mmmm

o
1 2

=3 BRCORAOILTRCE

we end up with projections P € L(YNE,YNE) and Q € L(W,W). A similar
proof to that of Proposition 1.8.1 then yields the following result:

Proposition 1.11.1 Assume (1.11.3), (1.8.8), and the nonresonance condi-
tion (1.8.14). Then

d
(11114) JoEKOE—A(JZYﬂE—)W
is a (continuous) Fredholm operator of index zero with dim N(Jp) = 2.
Proof. Asin (I.8.17) we obtain
(L11.15) N(Jo) = R(P); cf. (18.22).

We show that R(Jy) = N(Q). By compactness of eA0?™/%0 ¢ [(Z, Z) the
operator I — e4027/%0 is a Fredholm operator of index zero. As in (1.8.19),

N (I — eAo27/50) = R(P,) = span[yo, Byl
(L11.16) ( ) (Po) [©0, Po)]
N(I — (e027/%0)") = spanef, Bp),

cf. Section 1.8, after (1.8.25), and by the Closed Range Theorem,

R(I — eAo?m/rm0) = {7 € Z|(z,¢4) = (2,8)) = 0}
= N(Qo)-

The proof that R(Jp) = N(Q) is then the same as in (1.8.25)—(1.8.27). O

(1.11.17)
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Proposition 1.11.1 gives a suitable Lyapunov—Schmidt decomposition

Y NE = N(J)® N(P),

(1.11.18) W = R(Jo) @ R(Q),

with projections P : YNE — N(Jy) and Q : W — R(Q) as given in (1.11.13).
Thus, as in Section 1.8, the problem

d
(I.11.19)  G(z,k,\) = /id—gtc — F(z,\) =0€ W near (0, ko, A\o)

in (YNE) xR xR is equivalent to
(I.11.20) QG(Px 4+ ¢(Px,k,\), Kk, A\) = 0.

For a real function (I.8.33) the bifurcation equation (I.11.20), in turn, is
equivalent to the complex equation

1 27
(L11.21) o / (G(Pz + ¢(Px, K, \), K, \),)dt =0,  or
1. 27 Jo

D(c,k,A) =0 if (Px)(t) = cppe' + ¢ e, c € C;

cf. (1.8.35). Since both projections P and () commute with the phase shift
Sy, the equivariance of G with respect to Sy implies

(I1.11.22) (e, k,\) = e?P(c,k,\) for 0 € [0,2n);

see (1.8.31)—(1.8.36). Therefore, the remaining calculations (I1.8.37)—(1.8.41)
hold literally also in the general case of this section, except, however, that

(1.11.23) D ®(0, ko, Ao) = {0, ¢h)
might be zero (B(r, k, \) = B(r, 5, \)/r; see (1.8.39)). As a matter of fact,

(1.11.24) (po.¢h) #0 (= 1wlog) &
1. ikp is a simple eigenvalue of Ag; cf. (1.8.5).

Therefore, in case of an algebraically nonsimple eigenvalue ikg of Ag, the
derivative D, (0, k0, Xo) (cf. (1.8.42)) is singular.

On the other hand, if ikg is an algebraically simple eigenvalue of Ay but
Rep’(Ag) = 0 for the eigenvalue perturbation (1.11.2), then, in view of (1.8.44),
the derivative D(,_w\)é((), Ko, Ao) is singular, too (cf. (1.8.42)).

Therefore, assumptions (I.11.2) are indispensable in treating the Hopf Bi-
furcation in the spirit of Section 1.8. (They are clearly dispensable for the
general Hopf Bifurcation as expounded in Remark 1.11.13 below.) Nonethe-
less, we can follow our path and solve (I.11.21) nontrivially by the Implicit
Function Theorem under additional constraints on F'.
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In Section 1.10 we learn that a Hamiltonian structure reduces the complex
equation (I.11.21) to a real bifurcation equation. This allows us to release one
parameter, and the period is used as a hidden parameter. It turns out that
the special case considered in Section 1.10 allows a fruitful generalization
to systems that play an important role in applications. Before we give the
special classes of systems to which our method applies, we give the general
Constrained Hopf Bifurcation Theorem:

Theorem 1.11.2 For the system (1.11.1) we make the general assumptions
(1.8.2), (1.8.3), (1.8.4), (1.11.3), (1.8.8), (1.8.13), (1.8.14), so that the prob-
lem of finding real periodic solutions with small amplitude and periods near
o /Ko is reduced via (1.11.4) to the complex equation ®(r,k,\) = 0 for
(r, K, A) near (0, kg, No) in R3; cf. (1.11.21).

If ikg is an algebraically simple eigenvalue of Ag = D,F(0,\g), assume
that a constraint on F implies

Imd(r, 5, \) =0 = Red(r,k,\) =0
(I.11.25) for all (r,k, \) near (0, Ko, Ao).

Then without any further assumption there is a continuously differen-
tiable surface {(x(r,\),\)|r € (=6,0),\ € (Mo — 8, 0 + 0)} of nontrivial
(real) 2m/k(r, N)-periodic solutions of (I.11.1) through (z(0,X),\) = (0, )
and k(0, A\g) = Ko in (021;/0;(“)\)(]1% Z2)NC5 ) rn) (R, X)) x R. Furthermore,
Kk(=r,A) = k(r,\), and xz(—r, ) is obtained from x(r,\) by a phase shift of
half the period 7/k(r, \).

If ikg is a geometrically but not necessarily algebraically simple eigenvalue
of Ag, assume that a constraint on F' implies

Imé(r, Kk, A) =0= Reé(r, k,A) =0, or
(1.11.26) Red(r, K, \) = 0 = Im®(r, k, \) = 0
for all (r, k, X) near (0, Ko, Ao).

According to the two cases (1.11.26), assume a nondegeneracy

(1.11.27) Tm( D2, F(0, Ao)po, ) # 0 or
o Re(DZ, F(0, \o)po, ph) # 0.

Then there exists a continuously differentiable surface {(z(r, k), \(r, k))|r €
(=6,0),k € (ko — 0,k0 + 0)} of nontrivial (real) 27 /k-periodic solutions of
(I.11.1) through (z(0,k),A(0,k)) = (0,A(0,k)) and X(0,kg) = Ao in the
space (CHQ (R, Z)N ng/ (R, X)) x R. Furthermore, AN(—r, k) = X(r, k) and
x(—r,A) is obtained from x(r,\) by a phase shift of half the period /K.

Proof. Asin Section 1.8 we set (1, s, \) = D(r, k, \) /7 for r # 0; cf. (1.8.39).
By assumptions (I.11.25), (I.11.26), the real bifurcation equation

(I.11.28) Imd(r,k,\) =0 or Red(r,x,\)=0
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can be solved by the Implicit Function Theorem, since

(1.11.29) D,.(Im®(0, ko, \g)) = 1 in the first case and
o Dr®(0, k0, Ao) = —(D2,F(0, Mo)go, o)

in the second case; cf. (1.8.41). The oddness of & with respect to r implies
the evenness of k and A with respect to r, and it is explained after Theorem
1.8.2 that the transition from r to —r corresponds to a phase shift of half the
period. a

More bifurcation formulas are given when Theorem 1.11.2 is applied to
special classes below. Here we make two remarks on the respective surfaces
of periodic solutions:

In the first case, the parameter A can be frozen in (Ag —d, A\g +9), and the
vertical Hopf Bifurcation describes a Center Theorem for systems (1.11.1)
for each fixed X near \g.

In the second case, the parameter x can be frozen in (kg — 0, ko + 0),
and each point on the “bifurcation curve” {(x,\(0,))} in the (x,\)-plane
gives rise to a bifurcation of 27 /k-periodic solutions of system (I.11.1) with
A= Ar, k).

1.11.1 Hamzaltonian Systems: Lyapunov Center
Theorem and Hamaziltonian Hopf Bifurcation

We return to the Hamiltonian systems introduced in Section 1.10, but this
time the Hamiltonian depends on a real parameter A. For the reason explained
in Remark 1.10.1 we confine ourselves to X = Z = R", and we assume that

H:UxV =R isin CHU x V,R) for
0cUCR™, A€V CR,

F(z,\) = JVzH(z,\) for (z,\) e U xV,
F(0,A\) =0 for all A €V,

(1.11.30)

where the gradient “V,” refers to the variable z € U. (By the remark after
(1.10.14), F € C3(U x V,R") is enough for our analysis.) We define

(L11.31) A(N) = D,F(0,)) = JD,V,H(0,\) = JB(\),

o A(Xo) = Ao = J B,

where B(\), By € L(R"™,R") are the “Hessians” of H(0, ), H(0, \o), respec-

tively, and are symmetric with respect to the chosen scalar product ( , ).
Before proving (1.11.25), (I.11.26); we make an observation on the spec-

trum o(A) of any A = JB of the form (1.11.31):
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pu=a+if€o(d) &

(1.11.32) T=a—if, —pu=—a—if € o(A),

so that all eigenvalues that are not real and not purely imaginary appear as
quadruplets.

For a proof, consider the dual A’ = —BJ, and clearly, p € o(A’). Then

—BJ¢' = pp' and JBJY' = —puJy¢', so that —u is an eigenvalue of A = JB
with eigenvector J¢'. By the reality of A, we clearly have Ay = up and
Ap = .
Remark 1.11.3 Property (1.11.32) has the consequence that an algebraically
simple eigenvalue p(Ag) = ik of A(ANg) is perturbed to a simple eigenvalue
w(X) of A(X) according to (1.8.6) that stays necessarily on the imaginary
azis for all X € (Ao — 8§, \g + 0). Therefore, the transversality Reu'(Ao) # 0
required in (1.8.7) is excluded, which means that a Hopf Bifurcation in the
sense of Section 1.8 (or in a degenerate sense of Section 1.17) cannot occur
to a Hamiltonian system.

The bifurcation function (I.11.20) or in its reduced form (I.11.21) for real
Pz depends on the projections P and @, which, in turn, are defined by the
vectors ¢, @p, ¢1,¢; cf. (I.11.13). Properties (1.11.25), (1.11.26); depend,
therefore, on a suitable choice of these vectors.

Choose ¢y according to (I.11.8). Then

(1.11.33) jl%f@{ = Do T2y = BoPo = ifioJo by
0Po = JBopy = —ikoPy-
Therefore, J@,, is an eigenvector of A, with eigenvalue ixg.
Let ikg be an algebraically simple eigenvalue of Ag.
In this case, we have to normalize (o, @) = 1. By (vo, J@y) = —(By, J¥0)
this product is purely imaginary, and we choose

;- _ . . 1
(1.11.34) w0 =Ty with = —ilpo, Jpy) ! €R,

01 = Yo, ¥1 = ;.

(Recall that ( , ) is the bilinear complexification of ( , ).)
Let ikg not be an algebraiclly simple eigenvalue of Ay.

This means that (o, () = 0, and we can choose ¢ = cJg, with any
c € C\{0}. We take

(1.11.35) oh = iJPy, o1, ¢, as in (1.11.8), (1.11.9).

The infinite-dimensional equation of the Lyapunov—Schmidt decomposi-
tion (cf.(1.2.7), (1.2.8)),

(1.11.36) (I — Q)G(Px + {(Px,k,\), K, \) =0,

yields the identity
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d
Livgn i P PR

By 2m-periodicity,

2m
( )/0 diH(Px + ¢Y(Px,k,N\),\)dt =0
1.11.38

27
_ / <va(Pz + (Pz, 5, M), \), %(Po: + (Pz, &, )\))>dt.
0

Inserting (I.11.37) into (1.11.38) gives by (1.11.31),

2m
/ (Vo H(Px + (P, 5, ), A), QG(Px + (P, k), k5, ) dt
(L11.39) Jo
+/ (Vo H(Px + ¢(Px,k,\),\), JV.H(./.))dt = 0.
0

In view of (z, Jz) = 0 for all z € Z, the second term in (1.11.39) vanishes, and
the first term, involving the bifurcation function QG(Px + ¢ (Px, k, \), Kk, A),
cf. (1.2.9), is of the following form when the projection @ is used explicitly,
of. (L11.13):

27
o [V H(Pr (P, X)), )

0

27
(L11.40) < [ (6Pt v(Pr k) 1N, i

0

1 27 o 27 _,

e AR ARy AR COARTAL

For real Px = r(¢o 4 1) the terms V, H(Px + 1 (Px, k,\),\) and G(Px +
Y(Px, K, \), k,\) are real, so that the second summand in (I.11.40) is the
complex conjugate to the first one. If we define

B 1 2m
(1.11.41) h(r’“7A)=g/o (Vo H(Pz + (P, K, A), A), 1) dt

for Pz = r(g + ), 7 € (—0,9), (k, \) € Vi C R2,

where V5 is a neighborhood of (kg, \o), the identity (I.11.40) implies, in view
of (1.11.21),

Re[h(r, k, \)(r, &, \)] = 0 or
(1.11.42) Reh(r, 5, NRed(r, &, \) = Imh(r, &, \)Imd(r, k, \)
for all 7 € (=4,0), (k,\) € Vo C R2.
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By definition (I.11.41) we have h(0,,A) = 0 and

2m

D00, 00) = 5= [ (Bolwo + Ty,

0
= koB o1, ¢p) by (1.11.34) or (1.11.35) with 8 =1

= koB~! # 0 and real by (¢1,¢f) = 1.

(For (I.11.43); observe that (0, x,\) = 0, D,¥(0, ko, \g) = 0 for v = Pu;
cf. Corollary 1.2.4, and By = D,V ,H (0, \g).) Therefore, Reh(r, x, ) # 0 for
r € (=3,0)\{0} and (k,\) € Vi, which proves (I.11.25), (1.11.26); in view of
(1.11.42).

For the nondegeneracy (1.11.27) we compute

(D2, F(0,M0)%0, ©p)

d
= (JD2VH(0, Mo)o, ) = (T 22 BOo)po, 9) )

1.11.44
( ) - w<J%B(AO)@O, J¢O> by (1.11.34) or (L.11.35)

d
= i5<aB(/\o)<P07 Dy >, which is purely imaginary

by the symmetry of B()) and therefore of -4 B()o).

The first case of Theorem I1.11.2 then implies the Lyapunov Center
Theorem, generalizing Theorem 1.10.3:

Theorem 1.11.4 For a parameter-dependent Hamiltonian system

(I.11.45) (fl—f =JV.H(x,\) inR",

we assume that V,H(0,\) = 0, that ikg(# 0) is an algebraically simple
eigenvalue of Ag = JDV,H(0, o), and that for all m € Z\{1,—1}, imko
is not an eigenvalue of Ag. Then there exists a continuously differentiable
surface {(x(r,X),N)|r € (=0,0),A € (Ao — 9§, Ao + 0)} of nontrivial (real)
27 /k(r, A)-periodic solutions of (1.11.45) through (x(0,)),\) = (0,\) and
k(0, Ao) = Ko in C'Qlﬂ/ﬁ(m\) (R,R™) x R with the properties stated in Theorem
1.11.2.

The surface is fibered into vertically bifurcating curves of 2w /k(r, \)-
periodic solutions for each fixed \ near \g. As stated in Remark 1.11.3, the
simple eigenvalue perturbation u(\) of A(A\) = JD,V,H(0,\) consists of
purely imaginary eigenvalues near irg given by ix(0, ). Therefore, clearly,
dif\n((), Xo) = Imp/(Ng); cf. (I.11.53) below. For the parameter-dependent
Hamiltonian systems it is not necessary to distinguish between g and
A € (Mg — 8, Ao + 0), since the spectral properties of A(\) are identical for all
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A€ (Mg — 9, A0+ 9). Therefore, Lyapunov’s Center Theorem is usually stated
without any parameter.

The second case of Theorem 1.11.2 implies the Hamiltonian Hopf Bi-
furcation:

Theorem 1.11.5 If under the same hypotheses as stated in Theorem I.11.4
the eigenvalue ikg of Ag is geometrically but not necessarily algebraically
simple, and if the nondegeneracy of the Hessian

(L.11.46) <%DIVIH(O, X0)¢0, B0 ) # 0
holds for the eigenvector g of Ag with eigenvalue ikg, then there exists a
continuously differentiable surface {(z(r,k), Mr,k))|r € (=6,0), k € (ko —
3, ko + 0)} of nontrivial (real) 2w /k-periodic solutions of (1.11.45) through
(2(0,K),A0,&)) = (0,0, k)) with A\(0,K0) = Ao in CQIW/N(RR") x R with
the properties stated in Theorem 1.11.2. Note that the algebraic multiplicity
of the eigenvalue irg is arbitrary.

As mentioned after Theorem I1.11.2; for any fixed Kk € (ko — 9, ko + 0)
each point on the bifurcation curve {(xk, A(0,k))} in the (k, A)-plane gives
rise to a curve of 27 /k-periodic solutions of (I.11.45) with A = A(r, ), and
the surface stated in Theorem 1.11.5 is fibered into these curves. The shape
of the bifurcation curve follows from Bifurcation Formulas.

Theorem 1.11.6 For the surface of the Lyapunov Center Theorem, Theorem
1.11.4, the following formulas hold (if the Hamiltonian H is in C*(U x V,R);
of. (1.11.50)):

d

_ ik (0,\)t
JI(T’, /\)‘(r,,\):(o,/\) (t) = 2Re(poe (0.3) )s

d2

= — 2 50
(L11.47) %H(T’ )\)’(T«\):(O,A) =9, Wﬁ(r’ )\)’(T,A):(O,)\O) = —ImD;.. 27,
d _
in(r, /\)| N (on) = (Gx D2V H (0, );0)@0,90&7
xR {0, %o)

where the quantity D2 &° is given by (1.9.11) with o}y as defined in (1.11.34).
Proof. Formula (1.11.47); follows from
(1.11.48) z(r, \)(t) = 2rRe(poe™ V) + b (2rRe(poe™ ™M) k(r, A), A)

by its construction (cf. (I.8.47)), where k(r, \) satisfies the bifurcation equa-
tion

(1.11.49) Im®(r, k(r,A),\) =0 for all r € (=6,0),A € (Ao — &, Ao + 9).
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Since k(—r, ) = k(r, A), we obtain as in (1.9.1),

d2
(L11.50) WIm@(r K(r, \), B
=ImD?2,3° + D, (Im®(0, ko, Xo)) = 2540, 0) =

M rx)=0.20)

which implies (I1.11.47) by (1.11.29),. Differentiating (I.11.49) with respect
to A gives

(1.11.51) £(0, o) + DA (Im@(0, 0, o)) = 0

a4
d\
proving (1.11.47)3 by (1.11.29)2 and (1.11.44) with (1.11.34). O

Remark 1.11.7 As stated in Remark 1.11.3, the simple eigenvalue pertur-
bation u(X) of A(N) = JD,V,H(0,\) with pu(Xo) = ik is purely imaginary.
By (1.8.44) and (I.11.44),

(L11.52) e —25< D,V H(0, Ao)@0,¢0> € iR,

so that formula (1.11.47)s can be restated as

d

d
(1.11.53) _H(T )\)‘(T,)\):(O,)\ ) Imd)\u )’)\:)\o'

dX

Theorem 1.11.8 For the surface of the Hamiltonian Hopf Bifurcation Theo-
rem, Theorem 1.11.5, the following formulas hold (in case H € C*(U x V,R)):

d 1K
ax(n H)’(r,n):(o,n)( ) - QRQ(one t)
d
5/\(7” “)|(r,m):(o,n) =0,
1.11.54 & A(r, 5)| D7, &0
. . G TR _ = —
( ) d£2 (r,x)=(0,K0) <U%\D$VIH(O, AO)@O;‘PQ)
&/\(r, H)|(r,m):(0,no) =0,
d 2(p5, JPo)
FA(T H)’(r r)=(0,k0) = 74d > ° — \’
K ’ ’ <ﬁDZEVIH(Oa A0)41007SOO>

where (ikogl — Ao)py = wo. If iko is an algebraically double eigenvalue of
Ag, then the last second derivative with respect to K is nonzero. The quantity
D2 9 is given in (1.9.11) with o}y as in (1.11.35).

Proof. By its construction,
(1.11.55) Im®(r, &, A(r, k)) = 0 for all 7 € (—4,0), s € (ko — 8, Ko + 0).

Since A(—r, k) = A(r, k), we obtain as in (1.9.1),
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- - d?
(1.11.56) ImD?2,.¢° + ITmD " —

dT’2 )\(0, lio) = 07

which proves (I1.11.54)5 by (1.11.29),, (1.11.44), (1.11.35). R
If irg is not an algebraically simple eigenvalue of Ay, then ImD,®° = 0,
cf. (1.11.23), (1.11.24), which implies (I1.11.54)4. Therefore,

- - d?
(1.11.57) ImD?2, &% + ImDAéoﬁ)\(O, ko) = 0.
K

For the computation of D2, #° we proceed as in Sections 1.6, 1.9. By the def-
inition @(r, k, \) = ®(r, k, \)/r we have D2, #° = D3, #°. Following (1.9.4),
D(v,k,\) = QG (v + (v, Kk, \), Ky A),

v =1 + 1) , %o = o + Py,

we get by definition (1.11.21),

(L11.58)

R 1 27
D(r, Kk, \) = 2—/ (®(v, Ky N), 9 )dt, whence
T
(1.11.59) N
~ 1 ™
D;%km@o = — / <DU,€,{¢(O7 Ko, )\0)@07 1,[)6>dt
2 Jo

By G(z,k,\) = k4x — F(x,\) we have D3, G(z,k,\) = 0, and therefore
(use (I.5.12) replacing A by &),
(11160) D3 @(07 Ko, )\0)’00 = QQD?CKG(O, K0, AO)DZN¢(O7 Ko, )\o)ﬁo.

VRK

Since (v, k, A) solves (I — Q)G(v + ¢¥(v,k,\),k, A) = 0, we obtain as in
(1.6.6)— (L6.8),

D3,1b(0, 0, Ao)®
(LIL6L) ™ )DL G0, 5o M) (I — Q)D2.G(0. k0. Mo)o.

Inserting (I.11.61) into (I.11.60), we get

Dgnné(oa Ko, )\0)’00
(I.11.62) = —2QD2,G°(I — P)(D,G°)~ (I — Q)D2,G ,

where, as usual, “O” denotes evaluation at (0, kg, o). In our particular case
we have D2, _G° = 4 and D,G° = lio% — Ay = Jo.

dt
By assumption, ikg is not an algebraically simple eigenvalue of Ag. This
means that (po, %)) = (Py,%p) = 0, and as in (1.8.18) we have also

(¢0,@0) = (Po, %) = 0, so that the projections (I.11.13) satisfy QP = 0
or R(P) C N(Q). Since i = 1o + 9y € R(P), also 49y € R(P), so that
QD?2,G%g =0 and (I —Q)D2,G % = it)o —i1)y. Choose ) as a generalized
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eigenvector solving (ikol — Ao)ps = po. Then
(L11.63) (I = P)Jy (ivho — ithy) = (I — P)(ipge™ — ippe™"),
and by 4P = P4 and QP = 0 we obtain for (1.11.62),
D3, 95y = 2Q(pie’ — Phe™ ™), whence

D8 = 2l b} = D 8.

TRK

(L11.64)

Formula (I.11.54)5 then follows from (I1.11.57), (1.11.44), (1.11.35), since
(0b, Jpy) is real. 0

If the algebraic multiplicity of the eigenvalue ikg of Ay is larger than two,
2
then (o8, 0h) = (b, J@y) = 0 and “5A(0, k) = 0. The computation of
higher derivatives follows the same lines but is tedious.

We discuss the case in which ik is a geometrically simple and an al-
gebraically double eigenvalue of Ag. By (I.11.54)5, the bifurcation curve
{(r,A(0,k))} through (Ko, Ag) is of the form sketched in Figure I.11.1.

R

Ko T T

Figure 1.11.2
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By formula (I.11.54)3, each point (x, A(0, %)) on that bifurcation curve
gives rise to a standard, when D2 @° # 0, or degenerate pitchfork of 27 /k-
periodic solutions z(r,x) of (I.11.45) with A = A(r,x). The direction of
the pitchfork is given by the sign of Dzréo; cf. Figure 1.9.1. The surface
{(r,k, A(r, k) } in R3, or {(z(r, k), Kk, A(r,k))} in C%W/K(R, R™) x R?, is fibered
by all bifurcating pitchforks. A sketch of these surfaces is given in Figure
L11.2.

A necessary condition for bifurcation of 27 /k-periodic solutions of (I.11.1)
at (0,A) is that A(A\) = D,F(0,\) have the purely imaginary eigenvalue
ik. This means that for A < Ag (or A > )\g) the two values of x on the
bifurcation curve, giving rise to 27 /k-periodic solutions, correspond to two
simple eigenvalues ik of A(X\) for A = A(0,k). For A > Ag (or A < Xg),
however, there is no bifurcation of 27 /k-periodic solutions (for k near kg), so
that the eigenvalues of A()\) are no longer on the imaginary axis. We sketch
the eigenvalue perturbation for the two cases of Figure I.11.1 in Figure 1.11.3,
where the arrows point in the direction of increasing A when A passes through
Ao-

Two pairs of simple purely imaginary eigenvalues of A()\) collide at +ikg
and form a quadruplet of complex eigenvalues when A\ passes through g,
where we take account of (I.11.32). This spectral scenario is referred to as
Hamiltonian Hopf Bifurcation in the literature. Note that we give only
heuristic arguments for the eigenvalue perturbation sketched in Figure I.11.3.
In order to apply Theorem 1.11.5, the eigenvalue perturbation does not have
to be verified. The only hypotheses are the geometric simplicity of the eigen-
values +iko and the nondegeneracy (1.11.46).

. C
K0
71'110

Figure 1.11.3

In the general case of Theorem 1.11.5, however, when the algebraic mul-
tiplicity of ikg is arbitrary, the eigenvalue perturbation of A(\) near +ikg
can be much more complicated. There are two restrictions: Depending on the
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shape of the bifurcation curve {(x, A(0, k))}, at least one pair of eigenvalues
of A(\) stays on the imaginary axis near +irg for A < Ag and/or A > Ao, and
those eigenvalues that leave the imaginary axis do so in quadruplets to the
right and left half-planes; cf. (I1.11.32). We do not know whether the nonde-
generacy (I.11.46) has more implications for the eigenvalue perturbation of
A(N) = D,F(0,\) = Dy V,H(0,\).

1.11.2 Reversible Systems

We consider (I.11.1) under a structural constraint called reversibility. The
mapping F': UxV — Z, where0 € U C X, \g € V C R, is called reversible
if

F(Rx,\) = —RF(xz,\) for allz € U, A €V,
(1.11.65)  and for a reflection R € L(X,X) N L(Z, Z) such that

R?*=1.

For a function z : R — Z we define the time reversal
(1.11.66) (S2)(t) = z(—t).

Then the evolution equation (I.11.1) for a reversible mapping F has the
following property:

For z € C'(R,Z)NC(R, X),
(I.11.67) RS (‘2_5; — F(a, A)) = (%RSQ? — F(RSQ:,M) .

If F is differentiable, we obtain from (I.11.65) by the chain rule
(L11.68) A(\R=—RA(\) for A(\) = D,F(0,)\) € L(X, Z).

For any real A € L(X, Z) satisfying (I.11.68) the point spectrum o,(A) has
the symmetry (I.11.32) in C. For this reason, there is a great similarity be-
tween Hamiltonian and reversible systems. This fact was discovered by many
people in KAM Theory (see [158] for a survey and references) and in Equiv-
ariant Bifurcation Theory (see [57] and the references therein).

Remark 1.11.9 The spectral symmetry (1.11.32) of Ag is an obstruction
to the generation of a holomorphic semigroup if the (point) spectrum is un-
bounded in C. Therefore, reversibility requires X = Z and Ay € L(X, X), and
the compactness of the semigroup might have reasonable applications only if
X = 7 = R"™; ¢f. Remark 1.10.1. Nonetheless, we stay with our infinite-
dimensional setting, and we keep the notation of the general Theorem 1.11.2.
Remark 1.11.8 holds accordingly also for reversible systems: a simple eigen-
value of A(N) = D,F(0,\) cannot cross the imaginary axis, so that a Hopf
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Bifurcation in the sense of Section 1.8 (or even in its degenerate version of
Section 1.17) is not possible for a reversible system.

In order to apply Theorem 1.11.2, we make its general assumptions on the
reversible mapping F'. Before proving (1.11.25), (I.11.26);, we have to take
care of the choice of the vectors ¢g, ¢y, ¥1, ¢} for the projections P and @ in
(I.11.13). Extend the reflection (I.11.65) to the complexified spaces in keeping
R? = I. By (1.11.68), if ¢q is an eigenvector of Ay with eigenvalue irg, then
Ry is an eigenvector of Ay for —ikg. Therefore, by (1.11.3), Rypo = ¢, for
some ¢ € C with |¢| = 1. Replacing g by e %y if ¢ = € then Rpo = 7.
By ALR' = —R' A}, and (R')?> = I for the dual operators, the same arguments
hold for an eigenvector ¢ of A for ikg. We summarize:

(1.11.69) Rypo =By, R'vy =0

For the choices of ¢ and ¢}, note that the ranges R(Fikol — Ag) are
invariant under the involution z — RZ. Therefore, if for some @1 € R(—ikol —
Ap) spanning Zy we have (o1, ¢)) = 1, cf. (1.11.8), (I.11.9), then also Rp; €
R(—irol — Ag) and (R, ¢f) = 1 by (1.11.69). Replacing ¢1 by 3(¢1+ Rp,),
we have a vector ¢y satisfying (1.11.8), (I.11.9), and Ry; = 5,

For the choice of ¢} we have to choose the complement X, satisfying
(111.5) and (L11.6). Let X = N(irol — Ag) & N(—irol — Ag) & X1 with
projection P; : X — X along N(ikol — Ag) & N(—ikol — Ap). Since the
kernels N (tikgl — Ao) are invariant under the involution z — RZ, the space
X = {Pyx+ RP,RT|x € X} is a complement of N(ikgl — Ag) ® N (—ikol —
Ap) in X, too: From & = (I — P\)x + Py and RZ = (I — P\)RT + PR
we conclude that * = R(I — P1)RT + RP; RZ, and the first summand is in
N(ikol — Ag) & N(—ikol — Ag). Choosing Xo = N(—ikol — Ag) & X1, we
have a complement satisfying (I1.11.5), (I.11.6), and Xy is invariant under the
involution z — Rz. If ¢} € X’ is chosen according to (I.11.9), then 1 =
(v, p1) = (B0, P1) = (R0, P1) = (¢, R'P1), and (po, R'P} — 1) = 0. For
x € Xo we have (z,¢}) = 0, and since RT € X, it follows that (RZ, ¢}) = 0.
Therefore, (x, R'g) — ¢}) = 0 for all z € Xy, which implies R'g} — ] = 0.
We summarize:

(I.11.70) Rp1 =9y, R'yy =3}

Inserting the vectors po, ©p, ¢1, ¢} satisfying (1.11.69), (1.11.70) into the
projections P and @ given in (I.11.13), we obtain the equivariance

(L11.71) PRS =RSP and QRS = RSQ

for the time reversion S given in (I.11.66). For the function G defined in
(I.11.4), the property (I.11.67) implies the “skew-equivariance”

G(RSz,k,\) = —RSG(x, Kk, \)

(L11.72) for all (z,k,\) € UxV C (ENY) x R2,
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By the uniqueness of the function ¢ solving (I—Q)G(Pz+1(Px, Kk, \), £, \) =
0 (cf. (1.2.7), (1.2.8)), the equivariances (I1.11.71), (I.11.72) imply

(I1.11.73) Y(RSPx,k,\) = RSY(Px, Kk, \)

for all (P, x, \) near (0, ko, Ao).
A real function Pz = (1o + 1) has the “isotropy”

(I.11.74) RSPz = Pz

by (1.11.66), (I1.11.69). This has the following consequences for the complex
bifurcation function given in (I.11.21):

Red(r, K, \)
1 2m

=5 (G(Pz + ¢(Px, K, \), k, \), Reyy ) dt
™ Jo

27
= 2i/ <G(RS(P$ + QZJ(PI‘, ) )\)’ K, )\)’ Re¢6>dt
(L.11.75) e

1 2w

=gz ; (RSG(Px + ¢(Px, k, \), k, \), Reyy(,)dt
1 2
=g | (SG(Px + (Px, K, \), K, \), SRey)dt

= —Red(r, k, \)
by (I.11.74), (I1.11.72), and R'¢) = SEIO; cf. (I1.11.69). This proves that
(111.76) Red(r,k,\) =0 forall r e (=4,6),(k,\) € Vo C R?,

which clearly implies (I.11.25) and (1.11.26);.
Therefore, the Constrained Hopf Bifurcation Theorem, Theorem

1.11.2, applies to reversible systems (1.11.1):

If ikp is an algebraically simple eigenvalue of Ay = D,F (0, \p), then a
Center Theorem for Reversible Systems holds.

If ixg is not necessarily an algebraically simple eigenvalue of Ay and if the
nondegeneracy

(L11.77) (D2\F (0, X0)p0, ¢o) # 0

is valid, then a Hamiltonian Hopf Bifurcation Theorem for Reversible
Systems in the sense of Theorem 1.11.5 holds. Observe that we choose the
eigenvectors ¢, ¢f, according to (1.11.69), and by

(D2, F(0, Xo)0,¢0) = (RD2,F(0, Xo)o, R'©p)

(L11.78)
= _<Di,\F(Oa )‘O)RSD()’RISO€)> = _<Di,\F(Oa AO)@O’@{)%
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the nondegeneracy (1.11.77) is purely imaginary.

The Bifurcation Formulas are the following:

For the surface of the Center Theorem the formulas (I.11.47) hold ac-
cordingly with the following modifications: By (1.11.76), the quantity D2, &°
given in (1.9.11) is purely imaginary. Formula (1.11.47)3 reads in this case

d
(1.11.79) ﬁ“(r’ Mrn=(020) = Im(DZ,F (0, Xo) 0, £5)

d
=Im—pu(N)|r=x;
md)\p’( )|>\—>\07

cf. Remark I.11.7. (Note the normalization (@q, ¢() = 1.)
For the surface of the Hamiltonian Hopf Bifurcation we have again the
formulas (I.11.54), which are modified as follows:

d2 D2 éo
—)\ r,K)=(U,k = » ’
22 M7 E)| () =(0,m0) (D2, F(0, Xo)0, £0)

e 2{¢0: £0)
—A r,k)=(0,k0) — o, 7
722 Bl rm)=(0,m0) (D2, F(0, Moo, £0)

(1.11.80)

where both quotients are real, since numerator and denominator are purely
imaginary. The vector ¢} is a generalized eigenvector satisfying the equation
(ilio[ — Ao)(p(l) = ©o.

If the eigenvalue ik of Ag is algebraically double, then the last second
derivative with respect to k is nonzero, yielding bifurcation curves as sketched
in Figure 1.11.1. The eigenvalue perturbation u(A) of A(A) near +ikg is
sketched in Figure I1.11.3.

Remark 1.11.10 In case of the Hamiltonian Hopf Bifurcation the eigenvalue
ikg of Ao is not necessarily algebraically simple, which means that possibly
(o, ¥p) = 0. These eigenvectors have to satisfy (o, 1) =1 and (p1, ¢L) =
1; ¢f. (I.11.9). In the Bifurcation Formulas (1.11.54) and (1.11.80), only the
vectors o, oy (o1 @y via (1.11.85)) and the generalized eigenvector o} appear.
Whereas formula (1.11.54)s (or (1.11.80)3) is invariant for any choice of
0,0, formula (1.11.54)s (or (I1.11.80)1) does not have this invariance with
respect to the choice of @g. Note, however, that x = Px + ¢¥(Px,k,\) is
represented in terms of 1o (t) = poe®, so that formula (I1.11.54); also depends
explicitly on the vector ¢o. Therefore, the second derivative of A\ with respect
to r depends on the choice of @q, too; cf. (I.11.54)s. The same holds also for
formulas (1.11.47); and (I1.11.47)2 when (po, vp) = 1.



76 CHAPTER I. LOCAL THEORY

I1.11.3 Nonlinear Osctllations

We apply the results for reversible systems to nonlinear oscillations
(I.11.81) &= fz,z,N\),
where

f:UXV SR (0,00e6UCR*"xR", \geVCR

(1.11.82) and f(0,0,\) =0 for all A € V.

Clearly, f € C3(U x V,R") is enough for the subsequent analysis; cf. the
remarks after (1.10.14). We write (I.11.81) as a first-order system

i =y, d (x
1.11.83 . o —(") = F(z,y,\),
(I.11.83) § = F(z.9, ), dt (y) (@9,%)

and if F is not reversible, then a Hopf Bifurcation (in a nondegenerate or
degenerate sense) is clearly possible for the system (I.11.83); cf. the example
(I.17.56). In particular, one-dimensional oscillations (I1.11.81) with a linear
part & = —x + d(A\)& such that d()\) changes sign at A = Ao give rise to Hopf
Bifurcations: At A = \g the damping d(\) switches to a forcing, which creates
nontrivial oscillations, as for the example (1.17.56), where d(\) = A7. (This
is also true for higher-dimensional nonlinear oscillations; cf. Remark 1.11.13.)
For reversible systems, however, Hopf Bifurcations are excluded; cf. Remark
I.11.3.
The system (I.11.83) is reversible under the following conditions:

—-F

For R = if f( x,Y, ) f(ajayv)‘)’

if f(za —-Y, A) :f(x7yv A)7

(1.11.84)

0

0 F

E 0
for R = 0_FE

where E denotes the n-dimensional identity matrix. In both cases in (1.11.84),
D, f(0,0,A) =0, and for Ag = D(, ,)F (0,0, \g) we obtain

0
D;Ef(07 Oa )\0

A simple calculation shows that

(I.11.85) Ay = ) g) € L(R™ x R",R" x R™).

p is an eigenvalue of D, f(0,0, \) <

(1.11.86) +./i are eigenvalues of Ay,

and the spectral assumption (I.11.3) is satisfied if
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—k2 < 0 is an eigenvalue of D, f(0,0,\) € L(R™,R")

(1.11.87)
and N (k21 + D, f(0,0, o)) = span[zg].

Let ( , ) denote the Euclidean scalar product in R™. Tts complexifica-
tion ( , ) is the bilinear duality between Z = C™ and its dual Z’ = C™.
Then —x3 is also an eigenvalue of the dual (D, f(0,0,\))" with eigenvector
xf, and

—ix 1RoX{
o = <m:°>, <p6=( £,°>
(1.11.88) 00 0

are eigenvectors of Ay, A € L(C™ x C*,C™ x C™)
with eigenvalue ikg, respectively.

For R as in (1.11.84); we have Rpy = By, R'¢f, = §p; for R as in (1.11.84)5 we
replace g, ) by ipo, i), respectively; and we have again Rypg = @, R/ ¢f), =
B); cf. (1.11.69).

Therefore, the Constrained Hopf Bifurcation Theorem, Theorem
1.11.2, applies to nonlinear oscillations (I.11.81) satisfying (I.11.84). For con-
venience we give the two cases in separate Theorems: A Center Theorem
for Nonlinear Oscillations reads as follows:

Theorem 1.11.11 For the nonlinear oscillation
&= f(x,&,\) inR"
assume (1.11.82), f € C*(U x V,R™), and that

f is odd in x or
f is even in .

If

—k2 < 0 is an algebraically simple eigenvalue of Dy (0,0, \o)
and if for all m € Z\{1, -1}, —m?k% is not an eigenvalue,

then there exists a continuously differentiable surface {(x(r,X),\) |r € (=0, 9),
A€ (A — 6, + 9)} of nontrivial (real) 27/k(r, N)-periodic solutions of
(1.11.81) through (x(0,\),\) = (0, A) and (0, \g) = K¢ in C%TI’/K(T,A)(R7RTL)X
R. Furthermore, k(—r,\) = k(r, X), and x(—r, \) is obtained from x(r,\) by
a phase shift of half the period w/k(r, ). The bifurcation formulas are given
in (1.11.47) and (1.11.79), where

<D(2z’y))\F(0a 07 )\0)9007 S06> = —Z<Di>\f(0, 07 )\O)xfh .’176>7
(1.11.89)

1
=1 0) = —.
<S00,S00> <I07I0> 2/{0
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Note that the parameter A can be frozen in (Ao —d, A\g +6), or in other words,
a parameter A is not necessary for the Center Theorem.

The Hamiltonian Hopf Bifurcation for Nonlinear Oscillations:

Theorem 1.11.12 If under the same hypotheses as stated in Theorem 1.11.11
the eigenvalue —k3 of Dy f(0,0,\o) is geometrically but not necessarily alge-
braically simple and if the nondegeneracy

(I1.11.90) (D2, £(0,0, X\o)xo, 2p) # 0

holds, then there exists a continuously differentiable surface {(x(r, k), \(r, k))|
r € (=4,0),k € (ko — d,ko + )} of nontrivial (real) 2m/k-periodic solu-
tions of (1.11.81) through (x(0, k), A(0,&)) = (0, A(0, k) and A(0, ko) = Ao in
C'QQF/R(R, R™) x R. Furthermore, A(—r, k) = A(r, k), and x(—r, k) is obtained
from x(r, k) by a phase shift of half the period 7/k. The bifurcation formu-
las are given in (1.11.54) and (I.11.80), where we use (I.11.89),. For D2 &°
given in (1.9.11) use definition (1.11.83) for F, (1.11.85) for Ay, (1.11.88)

for @o, ¢}, and finally,

1
1 IN sl
(11191) <9003S00> - 21<I071‘0>7
where (k31 4+ D4 £(0,0, \o))xh = 0.

(The translation of (I1.9.11) using only f, Dy f(0,0,Xo), and xo,xz( is left to
the reader.)

As discussed before, if —#2 is an algebraically double eigenvalue of the op-
erator D, f(0,0, Ag), the second derivative of A with respect to  is nonzero,
and the bifurcation curves {(x, A\(0,x))} are sketched in Figure I.11.1. The
eigenvalue perturbations of A(\) shown in Figure 1.11.3 correspond to eigen-
value perturbations of D, f(0,0, \g) sketched in Figure 1.11.4.

Note that Theorem 1.11.12 does not require that —x3 be an algebraically
double eigenvalue of D, f(0,0, Ag).

Figure 1.11.4
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1.11.4 Conservative Systems

There is another class of systems (I.11.1) for which the crucial assumptions
(I.11.25) and (1.11.26) of the Constrained Hopf Bifurcation Theorem can be
verified. Assume that a scalar product ( , ) is defined on the Banach space
Z satisfying (I1.3.1). For a function

H:UxV —Rin C?(U x V,R), where

(111.92) 0eUcCX, eV CR,

the gradient V, H (2, \) with respect to the scalar product ( , ) is defined
as in Definition 1.3.1. Then (I.11.1) is called conservative if

(VzH(z, ), F(z,\) =0

(1.11.93) for all (z,A) € U x V.

Let x = x(t) be any solution of (I.11.1) such that (z,\) € U x V. Then

D H(a(t), ) = Do (a(0), ) 2 1)

dt
— (VL H(x(t), N), F(a(t), N) = 0 o1
H(x(t),\) = const.

(1.11.94)

Therefore, the function H gives a first conservation law or a first integral
for solutions of (I.11.1). As seen in Section I.10, (I.10.8), Hamiltonian systems
are special cases of conservative systems.

The spaces X and Z are complexified as described in Section 1.8, and
(, ) denotes the bilinear pairing of Z and Z’. The real scalar product on Z
is also complexified to a bilinear product on Z x Z, and in order to distinguish
it from ( , ) we keep the notation ( , ) (in contrast to Section 1.10 and
the paragraph about Hamiltonian Systems in this section).

For the Lyapunov—Schmidt reduction of (I.11.4) to (1.11.20) and (I.11.21)
we use the projections (I.11.13); i.e., we choose o, ¢(, ¢1, ¢} according to
(I.11.8), (I.11.9). In order to prove the assumptions (I.11.25) and (I1.11.26),
we follow the lines of the proof for Hamiltonian systems. For the function H
defined in (I.11.92) we obtain (I.11.38), where ( , )isreplacedby ( , ).
In view of assumption (I.11.93), the second term in (I1.11.39) vanishes, and
(I.11.40) holds accordingly: In the first integrals the pairing ( , ) is re-
placed by the scalar product ( , ). Defining h(r,k,A) as (I1.11.41), i.e.,

B 1 27
(1.11.95) h(’"’””:g/o (Vo H(Px + (P, K, A), A), b1 )dt

for Pz = (o + 1), 7 € (—0,0), (K, \) € Vo C R?,

then (1.11.42) holds, and we obtain as in (1.11.43),
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(1.11.96) D,h(0, kg, No) = (BoPy, p1), where
T By =D,V,H(0,)\) € L(X,Z) is the Hessian of H.

If ikp is an algebraically simple eigenvalue of Ay = D, F(0,\g), then
w1 = o and (po,pp) = 1; cf. (I.11.5)—(1.11.9). Since the Hessian By is
symmetric with respect to the scalar product ( , ) (see Proposition 1.3.3),
the derivative (I.11.96) is real, and if it is nonzero, (1.11.42) implies (I.11.25).
Therefore, the first case of the Constrained Hopf Bifurcation Theorem,
Theorem 1.11.2, is applicable to conservative systems if

(1.11.97) (D;vva(O7)\O)¢o7(P1) 7é 0.

It gives a Center Theorem for Conservative Systems, providing vertical

bifurcations of 27/ (r, A)-periodic solutions of (I.11.1) for each A near \g.
If irg is a geometrically but not necessarily an algebraically simple eigen-

value of Ap, then (I1.11.42) and (1.11.96) imply (I.11.26), provided that

Re(Dy V4 H(0,X0)P, p1) # 0 and

(
ImD2F07)\ 7/ 0, or
(L.11.98) (D2,F(0, X0) w0, 0) #
Im(Dy Vo H(0, Ao)Pp, 1) # 0 and
(

Re(D2, F(0, Xo)po, ¢) # 0.

The second case of the Constrained Hopf Bifurcation Theorem then im-
plies a Hamiltonian Hopf Bifurcation Theorem for Conservative Sys-
tems.

The Bifurcation Formulas (1.11.47), (I.11.79) in the first case and (1.11.54),
(I.11.80) in the second case hold accordingly. If ixg is an algebraically double
eigenvalue of Ag = D, F(0,\g), then formula (I.11.80)s proves a bifurcation
curve as sketched in Figure 1.11.1 with the typical eigenvalue perturbation
shown in Figure 1.11.3.

Remark 1.11.13 Hopf Bifurcation for parameter-dependent evolution equa-
tions (I.11.1) takes place in a generalized sense under much more general
spectral assumptions than (1.11.3). We give a result of [102], and we refer to
the literature mentioned below.

Assume that forn; €N, j=1,... )k, ni=1<ny <--- < ny,

+injro are all the eigenvalues of Ag = D, F (0, \o)

(I.11.99) that are integer multiples of ikg.

Let m; denote the algebraic multiplicity of injro. Then the eigenvalue in;kg
of Ay perturbs to an m;-fold family of eigenvalues of Dy F (0, \) = A(X\) near
injko when the parameter A varies near Ao (the so-called injko-group).

Assume that for all X € (Ao — 8, Xo) U (Ao, Ao + ) there is no element of
the injko-group on the imaginary axis. Then define for those A,
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n]>()\) = sum of the algebraic multiplicities
(I.11.100) of all perturbed eigenvalues of A(N\) near
ko with positive real parts,

which is constant for A € (Mg — 0, Ag) and for A € (Ao, Ao + 0), and define

n]>(/\0 — 5) — n]>(/\0 + 8) = )Q(A(A), )\0)7
(I.11.101) the crossing number of the family A(X\)
at A = Ao through injro;

cf. Definition I1.7.1. Assume that

(1.11.102) S5 G (AN, Ag) # 0.

Then (0,X0) is a bifurcation point of a continuum {(z,\)} of nontrivial
(real) 27 [ k-periodic solutions x of (1.11.1) with periods 2w /K emanating from
27 /ko. (The periods are not necessarily minimal as in all cases treated in Sec-
tions 1.8-1.11.)

This result is in the spirit of Theorems 11.3.2, I1.4.4, and I1.7.3. In The-
orem 1.17.3 we assume k = 1,m; = 1,x1(A(N),0) = £1, but in contrast to
Theorem 1.8.2, the crossing of the simple eigenvalue through ikg is degen-
erate; i.e., Rep/(0) = -+ = Rep(™ 1(0) = 0 and Reu"™(0) # 0 for some
odd m. We obtain at least one and at most m bifurcating curves of 2mw/k-
periodic solutions with k near ko. The proof of the general result given in
[102] uses only analytical tools and is very involved. It admits also an inter-
action with stationary bifurcation, which means that 0 can be an eigenvalue
of A(No) = Ao, too: If the crossing number of A(X) through 0 is odd, then ac-
cording to Theorems I1.3.2, 11.4.4, stationary solutions of (1.11.1) bifurcate;
if the crossing number through 0 is even and (I.11.102) holds, then station-
ary or periodic solutions bifurcate from the trivial solution at A = \g. Sitmple
examples show that under the same spectral assumption the latter alternative
actually occurs; see [99].

In [124] Hopf Bifurcation from a nontrivial curve of stationary solutions
is proved. To be precise, the bifurcation point is a turning point of the curve
of stationary solutions. This means that 0 is necessarily an eigenvalue of the
linearization at the turning point.

In [105] a global version of the above general Hopf Bifurcation Theorem is
given. In contrast to Theorems I1.3.3, I1.5.8, the global alternatives are richer:
The continuum of nontrivial periodic solutions emanating at (0, kg, Ag) s
unbounded in (x, \)-space; it meets the trivial solution at (0,k1, A1) where
(K1, M) # (njko, Mo), j=1,...,k, and ik is an eigenvalue of A(\1); it meets
some nontrivial stationary solution; or its “virtual period” is unbounded.

It is worthwhile to mention that the method of proving global Hopf Bifur-
cation is different from the method of proving global stationary bifurcation
(although the sources are the same, and global stationary bifurcation could be
proved in the same way). The idea is to perturb the operator G as defined in
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(I.11.4) on a space of periodic functions so that 0 becomes a reqular value; cf.
Remark 1.13.6. Then the solution set G=1{0} is a two-dimensional manifold
without boundary, and being locally proper (due to its nonlinear Fredholm
property according to Definition 1.2.1), G=1{0} indeed exists globally. With-
out constraint this perturbation of G exists due to the Sard—Smale Theorem.
The main difficulty, however, arises in keeping the S*-equivariance (1.8.31)
of G under perturbations. In this case, G=1{0} consists of so-called snakes
fibered by group orbits, cf.(1.13.51), and it turns out that for S*-equivariant
mappings, Hopf bifurcations and period-doubling bifurcations are “generic”
in the sense that no perturbation can avoid them; see [102], [105], for exam-
ple, and our naive explanation in Remark I1.14.5. Nonetheless, G~1{0} ewists
globally, but the snakes might split at period-doubling bifurcations or end at
Hopf bifurcations in steady states.

We emphasize that the general local and global Hopf Bifurcation Theorems
are not exclusively proved in [102], [105]. In [3], [21], [134], [83], [48], [85],
for example, one finds equivalent results, all of which appeared before [102],
[105]. We quote from [102], [105], since the terminology and the language are
closest to those of this book.

Note finally that Hamiltonian Hopf Bifurcation is not included in the ge-
neral Hopf Bifurcation Theorems cited above, since the crossing number of
the family A(X) at A = Ao through ikg is not defined: At least one eigenvalue
of the ikg-group remains on the imaginary axis for all X near Ao, and those
that leave the imaginary axis do so in pairs to the right and left half-planes;
cf. Figure 1.11.3. Therefore, the Constrained Hopf Bifurcation is a special
track in bifurcation theory.

1.12 The Principle of Exchange of Stability for Hopf
Bifurcation

Let x = x(t) be a p-periodic solution of the evolution equation

dx

(1.12.1) = F(@,)),
where we assume the general setting of Section 1.8. The Principle of Lin-
earized Stability for a periodic solution is usually proved within “Floquet
Theory” if (I.12.1) is an ODE, and it is generalized to semilinear parabolic
PDE:s in [76], for example. It is briefly described as follows.

The (nonlinear) Poincaré map around a p-periodic solution yields by lin-
earization in its fixed point z(0) = x(p) the period map of the linear nonau-
tonomous evolution equation %% — D, F(z(t),\)y = 0, called the “variational
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equation.” In general, any solution of the variational equation is given by
y(t) = U(t)yo, where U(0) = I, and U(p) is, by definition, its linear period
map. Since (formally) y = ‘fl—f is a p-periodic solution of the variational equa-
tion, we have U(p)y(0) = y(p) = y(0), so that 1 is an eigenvalue of U(p). If
all other eigenvalues of U(p) are of modulus less than 1, then the fixed point
x(0) of the Poincaré map is (linearly) stable, which implies the orbital stabil-
ity of the p-periodic solution x = z(t) of the autonomous evolution equation
(I.12.1).

The eigenvalues of the period map U(p) are called the Floquet multipli-
ers of the p-periodic solution, and they are related to the so-called Floquet
exponents as follows.

The eigenvalues p of the variational operator % — D, F(x(t),\) in the
space of p-periodic functions are, by definition, Floquet exponents, and they
give by e P* the Floquet multipliers of the p-periodic solution z = z(t) of
(I.12.1). The eigenvalue p = 0 with eigenfunction y = ‘fl—f gives the multiplier
e® = 1, and the Principle of Linearized Stability is equivalently stated as
follows:

The p-periodic solution z = z(t) of (I.12.1) is (linearly) stable
(I.12.2) if the Floquet exponent p = 0 is simple and if all its Floquet
exponents i # 0 have positive real parts.

We use (I.12.2) as a definition, since we do not know a proof for our
general setting that linear stability indeed implies nonlinear orbital stabil-
ity. We apply the Principle of Linearized Stability to the bifurcating curve
{(z(r), A\(r))} of 27 /k(r)-periodic solutions of (I.12.1) given by the Hopf Bi-
furcation Theorem, Theorem 1.8.2. Again, the substitution t/k(r) for ¢ fixes
the period to 27, and the stability problem amounts to the study of the
eigenvalues p of

(K(r) S — DaF(a(r) (), A1) = b or of
D,G(z(r), k(r), A\(r))y = up, where
G is defined by (1.8.10), (I.8.12) and

D,G(./):C3F*(R, Z)NCs. (R, X) — C5. (R, Z).

(112.3)

We introduce again the notation W = C¢ (R,Z), E = C$ (R, X), and
Y =03 (R, Z).

For r = 0, the operator D,G(0, kg, Ag) = /{0% — Ay = Jp has a geomet-
rically double eigenvalue 0 with eigenvectors g, v, (cf. (1.8.17), (1.8.22)).
Therefore, the Principle of Linearized Stability does not apply for r = 0,
but we show that it applies for r # 0 under the nondegeneracy condition of
Section 1.8 and the smoothness assumption of Section 1.9: F € C*(U x V, Z).

Assume now that apart from the two algebraically simple eigenvalues
+ikg of Ag = D,F(0,)) (cf. (1.8.5)), the entire spectrum of Ag is in the
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stable left complex half-plane (cf. (I1.7.2); our assumptions (I.8.8) imply that
the spectrum of Ag consists only of isolated eigenvalues). Then the same
arguments as in (I.8.17) prove that

(1.12.4) (“0% - A0)¢ =wp, P(0)=1p(2r) <

inkg — i is an eigenvalue of Ag for some n € Z.
This implies by our assumption that

(112.5) Rep > 0 for all Floquet exponents p # 0 of
’ ’ DIG((), Ko, )\0) = Jo.

Therefore, the (linear) stability of the bifurcating curve {(z(r),\(r))} of
27 /k(r)-periodic solutions of (I.12.1) is determined by the sign of the real
part of the perturbed critical eigenvalues p(r) of D,G(x(r), k(r), A(r)) near
1(0) = 0, at least for small r € (—4,d). The difference between this and the
situation of Section 1.7 is that p = 0 is not a simple but a double eigenvalue
of DIG(O, ko, Ao) = Jo.

Here “double” means geometrically and algebraically double, which, in
turn, is defined by a two-dimensional eigenspace with a two-dimensional
eigenprojection. In the case in question, the eigenprojection is given by @
(cf. (1.8.21)), which commutes with Jy (by (1.8.22), (I.8.28)). Recall that
Q|yne = P. An alternative way of characterizing the doubleness of the eigen-
value = 0 of Jy is the fact that both geometric eigenvectors wmﬂo are not,
in the range R(Jy) (cf. also (I.7.4)). In this case, the eigenvalue p = 0 is
also called double but semisimple. As shown in [86], the two-dimensionality
of the eigenspace is preserved under a perturbation: There are two perturbed
eigenvalues p1(r), pa(r) such that p1(0) = p2(0) = 0 (the so-called 0-group;
cf. [86]).

We start with the trivial Floquet exponent pi(r) = 0 of (1.12.3), which
is certainly among the perturbed eigenvalues near ¢ = 0. By construction,
z(r) = r(o+1o)+1(r(o+1g), £(r), A(r)) (cf. (1.8.47), where ¢ is replaced by
t/k(r)). Then La(r) = ir(o — ) + £1(./.), and “La(r)|,—o = 1ho + 1y (cf.
(1.8.45)) in the topology of C37*(R, Z) N Cg. (R, X) implies %%x(rﬂr:o =
i(1o — 1) in the topology of C§ (R, Z), so that

Pi(r) = ;—x(r) for r # 0 and
$1(0) = i(sho — 1) is in C((=94,6), O (R, Z)).

(112.6)

dz

Differentiating k57 — F'(\, ) = 0 with respect to ¢ is a (formal) proof that (é—f
is an eigenfunction of (I.12.3) with trivial Floquet exponent. This proof is cor-
rect in finite dimensions, i.e., for an ODE, but it might cause problems in our
general setting. We have to assume that the periodic solution x(r) possesses
the trivial Floquet exponent p;(r) = 0 with a curve of eigenfunctions
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{1(r)|r € (=0,9)} C ENY that is twice
continuously diffeientiable such that

Pipy(r) =i(vo — tho) and wi(r) = (I — P)ihr(r)
satisfies wy (0) = 0.

(L12.7)

Here P = Q|gny, and @ is defined in (I1.8.21). Assumption (I.12.7) is proved
in Proposition 1.18.3. In the context of parabolic differential equations the
eigenfunction 1 (r) is indeed given by (1.12.6); i.e., it can be shown that the
periodic solution z(r) is regular enough that 11 (r) as given by (1.12.6) is in
ENY;cf. [76], Chapter 8. In any case,

DG (x(r), 5(r), Mr)¢ (r) =
(I.12.8) for r € (=4,96) and pi(r) = O
Next, we are interested in a linearly independent (possibly generalized)
eigenfunction 1 (r) with eigenvalue po(r) such that p2(0) = 0.
For reasons that will be clear in the sequel, we introduce the following
real vectors and projections:

b1 =1i(Yo — Pg), B2 = o + by,
] — , 1, ., —
0 :*%(1/)6*%[10), @2:§(¢0+¢0)7

2m

1
Qjz= % <z,@;>dt@j, i=12  zeW,

Qjlyne = Pj-

Then Q = Q1 + Q2 (cf. (1.8.21)), @1Q2 = Q2Q1 = 0, both @1 and Q2 are
real for real z, and ¢ (0) = 01, Qaw1(r) =0 for all r € (=4, 9).

(1.12.9)

Proposition 1.12.1 There is a unique twice continuously differentiable curve

{p2(r)|r € (=94,9), p2(0) = 0} in R such that

(L12.10)  DoG(a(r), (r), A(r)) (D2 +wa(r)) = pa(r)(Ba+ws(r))+v(r)er (r),

where {wa(r)|r € (=6,0),w2(0) =0} C (I = P)(ENY) and
{v(r)|r € (—0,0),v(0) = O} C R are twice continuously differentiable, too.

Before proving Proposition 1.12.1, we show that ps(r) is the second per-
turbed eigenvalue. If pa(r) = 0 and v(r) = 0, then a(r) = 02 + wa(r) is a
second eigenvector with eigenvalue 0, which is geometrically double in this
case. If po(r) = 0 and v(r) # 0, then a(r) = 02 + wa(r) is a generalized
eigenvector with eigenvalue 0, which is algebraically double in this case. Fi-
nally, if pa(r) # 0, then we set ¥a(r) = 02 + wa(r) + #2(r 1/}1( ), and to(r) is
by (I1.12.8) an eigenvector with eigenvalue ug(r).

Proof. We define a mapping
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H:(I-P)ENY)) xRxRx (=508 — W by
(I.12.11) H(ws, pt,v,71)
= D,G(x(r), k(r), A(r)) (D2 + wa) — u(da + wa) — vib1(r).

Then H(0,0,0,0) = 0 and

(1.12.12) Dy, H(0,0,0,0) = Dy G(0, Ko, Ao) = Jo,
A2, DMH(O;O7O;O) = —ﬁg, DVH(O’O7O’O) — _,l“)l’

so that (1.8.28) implies that
(L12.13) Dy sy H(0,0,0,0): (I — PY(ENY) x R x R — W

is an isomorphism. The statement of Proposition 1.12.1 then follows by the
Implicit Function Theorem.

Under the regularity assumptions of Section 1.9 we know that the curve
((r), k(r), A(r)) as well as pa(r), wa(r), and ¥ (r) is twice continuously dif-
ferentiable with respect to r. a

Since P; (02 + wa(r)) = 0 and ¢1(r) = 01 + wi(r) (cf. (1.12.7)), equation
(I.12.10) implies

(I = Q1) Dy G(x(r), (r), A(r)) (D2 + w2(r))

(1.12.14)
= p2(r) (D2 + wa(r)) + v(r)wi(r).

Since N((I — Q1)DzG(0, ko, o)) = N((I — Q1)Jy) = span[iz], equation
(I.12.14) is similar to equation (I1.7.10) of a simple eigenvalue perturbation:
It differs only in the additive term v(r)w; (r). We show that this term is of
higher order, which does not have any influence on fi2(0) or on ji(0)(" = ).
Therefore, we can apply Proposition 1.7.3 in order to determine fiz(0), which
will give us the sign of pa(r) for r near 0. First, we claim that

dv

dpz av
dr

1.12.1
( 5) dr

(T)|’I‘:O - 07 (T)|’I‘:O =0.

To prove (1.12.15) we make use of the equivariance (1.8.31). By the chain
rule we obtain from (I.8.31),

(I.12.16) D,G(Spx, k,\)Sp = SoD,G(x, K, N),
which shows that (1.12.10) is equivalent to
D,G(Spx(r), k(r), A(r))Se (02 + wa(r))
= po(r)Se(t2 + wa(r)) + v(r)Se1 (r).

We choose § = m. Since Srxz(r) = z(—r), r(-r) = &(r), A-r) = A
(see Theorem 1.8.2 and the arguments given after it) and also Sy (r)
—1(—7), Sp0y = —09, equation (1.12.17) shows the following:

(1.12.17)

0
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If pa(r), v(r) solve (1.12.10) with wa(r),
(I.12.18) then pa(r), v(r) solve (1.12.10) also for —r

with wa(—r) = —=Srwa(r).
By uniqueness, we conclude that

(I.12.19) po(=r) = pa(r), v(—=r)=rv(r),

which proves (I1.12.15). Using also w;(0) = 0, we see that the additive term
v(r)wy (r) in (1.12.14) has the properties

(11220) v(r)un(r)],_y = @), = 5 ()], = 0.

As mentioned before, the third order of v(r)w;(r) in (I.12.14) allows us
to apply Proposition 1.7.3, in particular formula (1.7.19). As a matter of fact,
the second derivative of ua(r) at r = 0 is obtained in Proposition 1.7.3 by
differentiating equation (I.12.14) twice with respect to r at r = 0, and in
view of (I1.12.20), the additive term v(r)w;(r) in (I.12.14) has no influence
on that procedure. Therefore, we can apply formula (I.7.19) when we define
the function ¥ in such a way that it is related to the “simple eigenvalue
perturbation (1.12.14)” (without the additive term v(r)wi(r)) as definition
(1.7.16) is related to (I1.7.10). To that purpose, we define

G(z,r) = (I — Q1)G(x(r) + x, k(r), A(r)),
(1.12.21) G:Uy x (=6,8) = (I —Q)W,

0cU, c(I-P)ENY), (=60 CR.
Obviously, G(0,0) = 0, and through (0,0) € Uy x (=6, 6) there is the solution
curve {(0,7)|r € (=94,6)} of G(x,r) = 0. Equation (I.12.14) is then rewritten

(1.12.22)  D,G(0,7)(Dg 4+ wa(r)) = pua(r) (02 + wa(r)) + v(r)w: (r).

The method of Lyapunov-Schmidt for G(z,7) = 0 near (z,7) = (0,0) is
described as follows. By

D,G(0,0) = (I — Q1)Jy we obtain

(1.12.23) .

N(D,G(0,0)) = R(P,) = span[da].
Since @Q1Jy = JoP1 = 0, we have also
(1.12.24) R(D,G(0,0)) = R(Jy),

which gives us the decomposition
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(I = Q)W = R(Jo) © N((I = Q1)Jo)
(1.12.25) = R(D,G(0,0)) ® N(D,G(0,0))
with projection Q2 onto N (D,G(0,0)) along R(D,G(0,0)).

The reduced equation (cf. (I1.2.9)) is then

P(v,r) = QQG(U + 1[}(1)77"),7") =0,

(1.12.26) .
where v = Pox € N(D,G(0,0)).

The function ¢ is defined by (cf. (1.2.8))

(I = Q2)G(v + (v, 7),7) =0,

(1.12.27)
Y(v,7) € R(D,G(0,0)N(ENY) = (I —P)(ENY).

Inserting definition (I.12.21) into (I.12.27), we obtain by Q1 + Q2 = @ and
Q2Q1 =0,

(I.12.28) (I —Q)G(x(r) +v+v(v,r),k(r),\(r)) =0.

Now v = Pox = yiy for y € R, z(r) = rvg + ¢ (rig, £(r), A(r)), which implies
by uniqueness (cf. (1.8.30)),

(L12.29)  4(v,7) = ((r + )bz, £(r), A(r)) — (1, 5(r), A(r)),
and finally,

D(ya,r)
= Q2G((r + y)02 + P((r + y)da2, £(r), A(r)), £(1), A(r)),

12300 )= ;ﬂ/o (®(yda, ), by)dt

-~ "B+, m(), M), 54 dE
0

= Reé(r +y, k(r), A(1)),

where we use definition (1.8.35) of & and o) = Ret. Since the function ¥ in
(1.12.30) is related to (I.12.22) in the same way as the function ¥ in (1.7.16) is
related to (I1.7.10) (up to terms of order two), formula (I.7.19) of Proposition
1.7.3 for y = y(r) = 0 now reads as follows:

2 . d?
(1.12.31) ReWDTé(r, (), A, = W,ug(r)‘rzo.
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Here obviously Dy®(r + y, k(r), \(r)) = Dy ®(r + y, x(r), \(r)). In Theorem
1.17.4, formula (I.12.31) is considerably generalized. The arguments of its
proof are accordingly reﬁned cf. (1.17.31)—(1.17.49).

For the evaluation of - D +B(r, k(r),A(r)) at r = 0 we make use of the

computations in Sections I 8 and 1.9. By r®(r, k, \) = &(r, 5, \) (cf. (1.8.39))
we obtain

Dr@((), ko, Ao) = 95(0 Ko, Ao)
D3, ®(0, ko, \o) = 3D2,8(0, ko, Xo) (cf. (1.9.3
(112.32) A( 0, Ao) ,D(0, k0, Mo) (cf. (19.3))
D%nq)(oa‘%(}a 0) D (O HOa/\O)
D2,8(0, 0, o) = Dr®(0, 0, \o).

Next we use (0, ko, Ao) = 0 (cf. (1.8.40)), A#(0) = 0, A(0) = 0 (= %, cf.
(1.8.46)), and also (1.8.41), (1.8.44). Thus (1.12.31) gives

(1.12.33) ji2(0) = 3ReD2,®(0, ko, Ao) — Rep (o) A(0).

Using the bifurcation formula (1.9.12); for A(0) we end up with the crucial
formula
d

(1.12.34) ji2(0) = 2Rept’ (Ag)A(0) < = ﬁ) .

We summarize:

Theorem 1.12.2 Let {(x(r),\(r))|r € (=9,9)} be the curve of 2m/k(r)-
periodic solutions of (1.12.1) according to the Hopf Bifurcation Theorem,
Theorem I1.8.2. Let ps(r) be the nontrivial Floquet exponent of x(r) such
that i3(0) = 0. Then [12(0) = 0 (and also A\(0) = 0). The second derivatives
of pe and X are linked together by formula (I.12.34). Here Reu/(\g) # 0 is
the assumed nondegeneracy (1.8.7) for the eigenvalue perturbation j(\) of
D,F(0,)\) near irg, and A(0) # 0, provided that ReD2 ®(0, ko, Ag) # 0 (cf.
(1.9.12)4).

By Theorem 1.12.2 we easily obtain the following Principle of Exchange
of Stability.

Corollary 1.12.3 Assume that apart from the two simple eigenvalues +irg
of Ag = D,F(0, ), the entire spectrum of Ag is in the stable left complex
half-plane and assume that Rep'(Ao) > 0; d.e., the trivial solution {(0,\)} of
(1.12.1) is stable for A < Ao and unstable for X > o (locally, cf. (1.7.2)).
Then

(I.12.35) sign(A(r) — o) = signus(r) for r € (—4,4),

which means that the bifurcating periodic solution {(z(r),A(r))} of (1.12.1)
is stable, provided that the bifurcation is supercritical, and it is unstable if the
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bifurcation is subcritical (cf. (1.12.2), (1.12.5)). If Rep/(Xo) < 0, the stability

properties of the trivial solution are reversed, and in view of
(1.12.36) sign(A(r) — Ng) = —signus(r) for r € (—4,40),
the stability of the bifurcating periodic solution is reversed, too. Thus, we have

the situations sketched in Figure 1.12.1.

amplitude of z(r)

- m\\unstable K \
o \

Figure 1.12.1

Remark 1.12.4 Formula (1.12.534) is valid under the hypotheses of Sections
1.8 and 1.9. In particular, we need only (1.8.5) and the nonresonance condi-
tion (1.8.14). However, without any knowledge of the entire spectrum of Ag,
the stability property of neither the trivial nor the bifurcating periodic solution
can be determined. Formula (1.12.34) describes only the relation between the
critical eigenvalue (1(\) near ikg and the critical Floquet exponent us(r) near
0 depending on the bifurcation direction A\(r) — Xo.

1.13 Continuation of Periodic Solutions and Their
Stability

It is a natural question whether the local curve {(x(r),A(r))} of p(r) =
27 /k(r)-periodic solutions of the evolution equation

dx

(I1.13.1) pri F(z,\),

given by the Hopf Bifurcation Theorem, has a (global) continuation. A first
step to answering that question is an Implicit Function Theorem for periodic
solutions of (1.13.1). We assume that zqg = zo(r) is a po-periodic solution of
(I.13.1) for A = Ag. In order to apply our setting of Section 1.8, we make a
substitution t/kq for t, where pg = 27 /Ko, and then (without changing the
notation for z)
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/i(fl—j—F(a:,)\) =G(x,k,N\) =0

(1.13.2) has a solution (2, kg, Ao) in

(CoF*(R, Z) N C3 (R, X)) x Ry x R

by assumption. A continuation of that solution for A near Ay involves also a
continuation of the period 27/k near 27 /K.

The derivative D,G(xo, ko, Ao) = /{0% — D, F(x0, o) is not a bijection,
since the trivial Floquet exponent po = 0 is an eigenvalue with eigenfunction
%xo € N(D,G(zo, k0, 0)). Since Proposition 1.18.3 is not applicable, in
general, we assume that

d .
70 = o € C3F*(R, Z) N CL.(R, X)

A d
(1.13.3) is an eigenfunction of Jy = Koo — D, F(zg, o)

with eigenvalue ;o = 0 that is the trivial Floquet exponent of zg.

(We do not pursue the regularity of the periodic solution xg, but we remark
only that under reasonable assumptions, a formal differentiation of (1.13.2)
is allowed, which proves (1.13.3); cf. our comments in Section 1.12. For this
reason, we change our notation from that of (1.12.8).)

The natural assumption for an Implicit Function Theorem for periodic
solutions is that

the trivial Floquet exponent ug = 0 of x( is algebraically simple;
(I1.13.4) i.e., N(D,G(z0, ko0, o)) = N(Jo) = span[t] and
Yo ¢ R(D,G(xo, ko, o)) = R(Jp), where vy is given by (1.13.3).

For our subsequent analysis we need the Fredholm property of the op-
erator Jy. Recall that z¢ = x0(t), and therefore the operator D, F(xg, \o)
depends on ¢, which makes this operator different from the operator Jy con-
sidered in Section 1.8, in particular in Proposition 1.8.1. The assumption
(1.8.8) on the operator Ag = D, F(xg, \g) has to be replaced by an assump-

tion on the
2m-periodic family of operators

Ap(t) : X — Z defined by

(1.13.5) !
Ao(t) = H_ODIF(IO(t)7 o).

This assumption reads as follows:

Ap(t) generates a holomorphic semigroup for each fixed

t € [0,T], and this family of semigroups, in turn, generates a
“fundamental solution” Uy(t,7) € L(Z,Z) for 0 <7 <t < T
such that Up(t,t) =1, Uy(t,7)Us(r,s) = Up(t, s), and any

d
solution of d_atc = Ao(t)z is given by z(t) = Uy(t,0)z(0).

(113.6)
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For a construction of Uy(t,7) (which is also called an “evolution operator”)
we refer to [162], [52], [7], for example. It requires some additional regularity
of the family Ag(t) with respect to ¢, which is satisfied for ODEs or parabolic
PDEs under reasonable assumptions on D, F(xz, A). In analogy to (I1.8.8) we
assume also that

(I.13.7) Uo(t,7) € L(Z,Z) is compact for 0 <7 <t < T.

(The time T' > 27 is arbitrary but finite. The compactness of (I.13.7) is given
by a compact embedding X C Z (cf. (1.8.4).)

As mentioned before, we need the Fredholm property of Jo = Ho(% —
Ap(t)) as a mapping
(1.13.8) Jo:ENY — W,

where we again use the notation W = C¢ (R, Z),E = C¢ (R, X), and ¥ =
3" (R, 2).

The mapping (I1.13.8) makes sense only if Ag(-)x € W for all x € E. This
is satisfied by a Holder continuity of the family Ay(¢) in L(X, Z). (Observe an
inconsistency in the notation: Whereas we write z for a function = = x(t), we
note explicitly the time dependence of Ay = Ay(¢) in the differential equation
92 — Ay(t)z or in the operator Jo = ko(4 — Ao(t)). This is in agreement
with a long tradition in differential equations.) For the Fredholm property of
Jo we need the following assumption:

For f € C*([0,T],Z) and ¢ € Z the solution of

d
d—z = Ao(t)z + f and x(0) = ¢ is given by
(1.13.9) t :

o(t) = Uo(t,0)+ [ Uilt, )7 (5)ds
0

and x € C*([e,T], X) for any £ > 0.
For a Holder continuous family Ag(t) (with respect to the topology of
L(X,Z)) that satisfies (I1.13.6), the property (I1.13.9) is proved in [7], Chapter
II. As mentioned before, all conditions on D, F(zq, Ag) can be satisfied for a
reasonably large class of parabolic PDEs.

By the assumption (I.13.9) we show that we can characterize the range of
Jo (cf. (I.13.8)) as follows:

fER(jo) CW@j@I:f@
(I = Uo(2m,0))

(1.13.10) 1 A
=— Uo(27, 8) f(s)ds for some 2(0) = ¢ € Z <
KO 0

/0 7TUO(27T7 s)f(s)ds € R(I — Uy(27,0)).
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Indeed, (I.13.10), implies that the solution given by (I.13.9) satisfies x(0) =
x(27). By the 27-periodicity of Ag(t) as well as of f, and by the uniqueness
of the solution of the initial value problem (I.13.9), the equality z(0) = x(27)
implies the 27-periodicity of x, and the regularity assumption (I1.13.9) finally
gives

dz

(I.13.11) re L, ngO(t)a:—i—fEVV, orz €Y.

Proposition 1.13.1 Under the assumptions (1.13.6), (1.13.7), and (1.13.9)
the operator Jo as given in (1.13.8) is a Fredholm operator of index zero.

Proof. By (1.13.10), z € N(Jo) is equivalent to z:(0) = ¢ € N(I—Uy(2,0)).
The compactness of Uy(2m,0) (cf.(I.13.7)) implies that I — Up(27,0) is a
Fredholm operator of index zero in L(Z,Z) (Riesz—Schauder Theory). By
(I.13.3) dim N (I — Up(27,0)) > 1, and assuming dim (I — Up(27,0)) =n+1,
the Fredholm property implies

N(I —Uy(2m,0)) = span[@o, - . ., Pnl,
(1.13.12) R(I — Up(27,0)) & Zo = Z, and

Zy = span[@g, . .., oh].
By the Hahn-Banach Theorem we find vectors

&0, - -, ¢l € Z' (the dual space) such that
(L13.13) (¢}, ¢%) =6k (=1 for j =k,=0 for j # k), and
(z,¢))=0for k=0,....n < z¢€ R —Uy(2m,0)).
We set R
Q/Jj(t) = Uo(t,O)(ﬁj and
(113.14) o (t) = U)(2m, 1)@y, 4 k=0,...,n, tel0,2n],
where Uj(2m,t) € L(Z',Z") is the dual operator.
Then (again by (1.13.10))

(1.13.15) N(Jo) = spanfijo, . .., U]
and

27
/ (f(t), ¢ ())dt =0 for k=0,...,n <
0

27
L13.16) < /O Uo(2, 1) f(t)dt,¢;> = 0 by definition (I.13.14)

& /%Uo(%,t)f(t)dt € R(I — Uy(27,0)) by (1.13.13)
0

& f e R(Joy) by (1.13.10).
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We show that (I.13.16) implies codimR(Jo) = n + 1. By the choice of @}, in
particular by (1.13.13)3,

(1.13.17) span[@y, . .., ¢, € N(I — Uj(27,0)),

which is the easy part of the Closed Range Theorem (cf. [170]). Therefore,
U1.(0) = Ub(2m,0)@,, = @), = ¥4 (27) and ¢}, ..., ., are n+ 1 linearly inde-

pendent functions in Cg_ ([0, 27], Z") (which we can extend to CS_ (R, Z")).
We leave it as an exercise to prove the existence of
P, ... € C8 (R, Z) such that
(I.13.18) 1 g2
27

(Hint: By (@;‘,77/;2(270) = 0k, the real-valued function (@;,%(t)) is not in
span[{ (47, i)k # j}] € Cs. (R, R). Therefore, there is some f; € Cg (R, R)

such that o= [ £;(1)(%, 04 (t))dt = O and PF(t) = f;(t)p satisfies
(1.13.18).) )
Then the (n 4 1)-dimensional projection @ € L(W, W) defined by

(1.13.19) (Q2)(t % / ' t))dtapi (1)

has the property that

R(Jy) = N(Q) by (1.13.16) and
(L.13.20) W = R(Jo) @ R(Q), whence codimR(.Jy) = n + 1.

This completes the proof of Proposition 1.13.1. ad

As usual, we set Q|pny = P e L(ENY,ENY).

Corollary 1.13.2 Let N(jo) = span[zﬁo7 . Jﬁn] Then
(1.13.21) by & R(Jo) & @5 = 1;(0) ¢ R(I — Up(2r,0)).

If wj ¢ R(Jo) for j = 0,...,m < n, then we can choose 1&3‘ 1@ for
J = 0,...,m in formula (I 13 18) and for the definition (1.15.19) of the
pm]ectwn Q.

Proof. If ¢; € N(Jy), then by (I1.13.10), 4;(t) = Uo(t,0)@;, so that
¢; € N(I —Uy(2m,0)), which means that Uy (2, 0)@; = ¢;. Therefore,
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27 . 27
/ Uo (2, )0 (£)dt = / Uo (2, £)Us (£, 0)b; dt
0 0

13.22 o
(I 3 ) = / U0(27T,0)¢jdt == 27T(,5j ¢ R(I - UO(27T7O)) A
0

¥; ¢ R(Jo) by (1.13.16).

Thus the complement Zy of R(I — Uy(2m,0)) can be spanned as

A~k

(1.13.23) Zy = span[@o, - . ., P, Prag1s- - Pl

or ¢% = ¢; for j = 0,...,m. We choose again ¢ according to (I.13.13),
and we define @/AJ;C by (I.13.14) for k = 0,...,n. Then, for j = 0,...,m and
k=0,...,n,

e RROORADI
1 27

<U0 (ta O)@ja U6(27T7 t)()b;c>dt

(1.13.24) 21” o
=5 ), (Uo(2m, ) Uo (t,0)@;, ) )dt
1 2 ,
=5 ), (@), Pl)dt = i,

which proves that we can choose 1[};‘(1?) = 1p;(t) for j =0,...,m. (The choice
1[);‘(15) = Up(t,0)¢; for m +1 < j < n does not work, since 1[);‘ is not 27r-
periodic, or 1&3‘ ¢ W in this case: We tacitly assume that the number m
such that ¢; = 1[)]-(0) ¢ R(I — Uy(27,0)) for j = 0,...,m < n is maximal
or that dim(N(I — Uy(27,0)) N R(I — Up(27,0))) = n — m. Therefore, the
remaining n — m vectors ¢ for m +1 < j < n spanning the complement
Zy of R(I — Uy(2m,0)) cannot be in N(I — Uy(27,0)), which means that
Uop(2m,0)9; # ¢ for m +1 < j < n. Nonetheless, there exist such functions

1&3‘ € W for m+1 < j < n such that (I.13.18) is satisfied.) O

Now we are ready to prove the Implicit Function Theorem for Peri-
odic Solutions of (I.13.1).

Theorem 1.13.3 Assume that (1.13.1) has a po-periodic solution xo for
A = X with a simple trivial Floquet exponent poy = 0 in the sense of (1.13.4)
(after normalization of the period pg to 27 ). Under the assumptions (1.15.6),
(1.13.7), and (1.15.9), the periodic solution xo has a continuation described
as follows: There are continuously differentiable mappings x(X) and p(\) de-
fined on (Ao — 6, N0 + 0) such that x(No) = xo, p(Ao) = po, and x(N\) is
a p(A)-periodic solution of (I1.13.1). All periodic solutions of (I.13.1) in a
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neighborhood of (xo, Ao) (in the topology defined in the proof) having a period
near po are given by a phase shift of (x(\), \).

Proof. Substituting t/kg for ¢t where py = 2m/kg, we prove the unique
continuation of the solution (zg, Ko, Ao) of G(z,k,\) = k%% — F(z,A) =0 in
(ENY) xRy xR; cf. (1.13.2). We define

(L13.25)  GlmmA) = (G(a:, k), /O T - xo,z;g)dt) ,

where G is given by (1.8.10), (1.8.12), with zy € U, and 1% is given by
(1.13.13), (1.13.14).

By assumption (.13.4), we have N(Jo) = span[tg], th = 4 2o, and
bo ¢ R(jo). Therefore, we can apply Corollary 1.13.2, and the projection

(113.26)  (Q2)(t) L /O W(z(t),%(t))dtzz;o(t) (cf. (1.13.19))

- 27
projects W onto N (Jo) along R(Jo). X
By G(xo,k0, o) = 0, we clearly have G(z0, k0, ) = (0,0), and the
derivative

D(Iy,ﬂ)G(l‘o, K0, )\0) S L((E n Y) x R, W x R)
is given by the matrix

(1.13.27) ) Dy G(x0, k0, X0) =0
D(m,n)G($07f€07)\0) = /27r ~
0

We claim that D(wﬁ)é(zo, Ko, Ao) is bijective. Indeed,

D(wﬁ)é(l’o, Ko, )\0)(93, H) = (0, 0) =
(1.13.28) . . 27 .
Jox + Ktpg = 0 and / (m,14)dt = 0.
0

Since 1y ¢ R(Jy) by assumption (1.13.4), the first equation of (1.13.28),
implies A

(1.13.29) zeN(J), k=0,

and by the second equation of (1.13.28)s,

(1.13.30) = Qx=0.

Thus N(D(z,n)é(ajOa Ko, )‘0)(1‘7 "i)) = {(0’ O)}
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Again by assumption (1.13.4) we have W = R(Jy) & span[ty], and by
= 027r<1/30,1%>dt =1, we see that R(D(z,,{)é(xo, Ko, Ao)) = W x R, or that
D(wﬁ)é(azo, Ko, Ao) is surjective.

To summarize, the assumptions of the Implicit Function Theorem are
satisfied for G at (w0, ko, No). (If F € C?*(U x V,Z), then G, G e Cl(U X
V,W), where U is a neighborhood of {zo(t)[t € [0,27]} C X, A0 € V C
R,z € U C ENY, and (ko, \g) € V C R2.)

Therefore, there exists a continuously differentiable curve {(z()), £(A), A)]

) = (o, ko)

A€ (Ao —0, )\0+6)} in (ENY) x Ry x R such that (z(Ag), k(No)
and
G(z(N), 5(N), A) = (0,0), or, by (113.25),
G(z(A\),x(A),A) =0 and
(1.13.31)

2m
/ (2(X) — mo,h)dt = 0 for all A € (Mg — 6, Ao + 6).
0

Substituting finally x(A)t for ¢ in x(\)(t), we obtain a continuously differ-
entiable curve (z(X), A) of p(\)-periodic solutions of (I1.13.1) through (zq, Ao)
and the continuation of the period p(\) = 27/k(A) satisfies p(Ag) = 27/Kko =
Po-

The last equation in (1.13.31) links the phase of () to that of xy. Due to
the equivariance (1.8.41), any phase shift in x(\) provides another solution
of G(x,k,\) =0. O

In Section 1.4 we pursue a curve of “stationary” solutions of F(x,A) =0
around a turning point (or a fold) by an Implicit Function Theorem with a
one-dimensional kernel. We extend this to periodic solutions of (é—f = F(z,\).
We stay in the setting of (I.13.2); i.e., we fix the period to 27 by introducing
a second parameter k. We do not assume the simplicity of the trivial Floquet
exponent po = 0 in the sense of (I.13.4). Therefore, we have to distinguish
two cases:

(1) do =0 RU),

(2) o € R(jo)-

We begin with case (1);i.e., we are in the situation of the proof of Theorem
1.13.3. We define G as in (1.13.25), and if D, .)G(20, ko, Ao) has a trivial
kernel {(0,0)}, we are precisely back to Theorem I1.13.3. Therefore, we assume
now

(1.13.33) dim N (D, G (2o, ko, M) = L.
By (1.13.27), (1.13.28), this is equivalent to

(1.13.32)

N(jo) = span[zﬁoﬂﬁl], i.e., dim N(jo) =2, and

(1.13.34) ) )
N(D(w,E)G(gjm Ko, )‘0)) - Span[(d)la 0)]
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Furthermore,

(1.13.35) R(D(my,i)é(xo, k0, X0)) = (R(Jo) @ span[ip]) x R

which proves by codimR(.Jy) = 2 (cf. Proposition 1.13.1) that

(1.13.36) codimR(D () G(70, Ko, o)) = 1.

Therefore, D, K)G(xo7 Ko, Ao) is a Fredholm operator of index zero. Choosing
Ut = o accordmg to Corollary .13.2 and ¢ according to (1.13.13), (1.13.14),
we have fo (1ho, })dt = 0 and finally by (1.13.16),

(f7 O) ¢ R(D(I,K)G(Im Ko, )‘0)) A
(1.13.37) -
/ bt £ 0.

Theorem 1.4.1 is then applicable if

DG (w0, Ko, Xo) = (—DrF (20, M), 0) ¢ R(D(4,0)G(20, 50, M)

(1.13.38) 2 A
= (DAF (20, Mo), 7)dt # 0.
0

Next we consider case (2); i.e., ¥ € R(Jo). Now we cannot apply Corollary
1.13.2, and in particular, g # o, OQTr(z/JO, )dt = 0 according to (I.13.16).
Nonetheless, we find a function ¢}, € CS. (R, Z’) such that

1 2m

2

(1.13.39) (Yo, bp)dt = 1.

(The proof is similar to that of (1.13.18): Consider the 27-periodic real-valued
function (¢(t), 2’} for some z’ € Z’ such that (wo() 'Y # 0.) We now
define G as in (1.13.25), but we replace ), by ) satisfying (1.13.39). By
the assumption Yo € R(JO), the corresponding equations (1.13.28) imply
dim N (D 4,)G (20, ko, Ao)) > 1. Again we assume (1.13.33), which is equi-
valent to

N(Jo) = span[¢) , e, dim N Jo) = 1, and
(113.40) (Jo) Ap [1ho] ( OA) '
N(D(w,E)G(Im Ko, )‘0)) = Span[( 1, 1)]a (3 7é 0.
Furthermore, . .
(1.13.41) R(D(x,,{)G(xo, Ko, )\0)) = R(Jo) X R,

which proves, by codimR(.Jy) = 1, that

(1.13.42) codimR (D, .)G(x0, Ko, Ao)) = 1.
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Therefore, D(I’K)G(IQ, Ko, Ao) is a Fredholm operator of index zero, and by
(1.13.16),

(f7 O) ¢ R(D(I,K)G(Im Ko, )‘0)) ~
(1.13.43) _—
[ tndge o

0
Thus Theorem 1.4.1 is applicable, provided that

2
(1.13.44) / (DxF (20, Xo), ¥h)dt # 0.
0

Remark 1.13.4 In both cases (1.13.32), the trivial Floquet exponent pog =
0 is at least algebraically double: In case (1) it is geometrically double by
(1.13.34); in case (2) it is algebraically double, possibly of higher multiplicity
if 1 in (1.13.40) is in R(Jy), too.

We summarize our results as an Implicit Function Theorem for Peri-
odic Solutions with Two-Dimensional Kernels: Turning Points (and
we recall that our conditions are given when the period is normalized to 2m).

Theorem 1.13.5 Assume that (1.13.1) has a po-periodic solution xzq for
A = Ao with a double trivial Floquet exponent puy = 0 in the sense of
(1.13.34) or (I1.13.40). Furthermore, we assume that the 2w-periodic function
DyF(xo, No) satisfies (1.13.38) or (1.13.44). Under the remaining assump-
tions (1.13.6), (1.13.7), and (1.15.9) of this section there are continuously
differentiable curves {(z(s), A\(s))|s € (=9,0)} and {p(s)|s € (—4,0)} through
(2(0),A(0)) = (x0,Ao) and p(0) = po, respectively, such that x(s) is a p(s)-
periodic solution of (1.13.1) for A = A(s), and any periodic solution of (1.13.1)
in a neighborhood of (xo, Ao) having a period near po is obtained by a phase

shift of (z(s), A(s)).

We recall that we prove the existence of a curve of solutions of G(z, k, \) =
K — F(z,\) = 0 through (9, Ko, Ao) in (C37*(R, Z)NCE (R, X)) x Ry xR.
This is achieved by applying Theorem 1.4.1 to G'(ac7 k,A) = 0, where the pair
(x,k) is combined into one variable and A is the only parameter. Corollary
1.4.2 then also gives the tangent vector of the solution curve at (g, ko, \o),

namely, by (1.13.34) or (1.13.40),

dx A dr
E(S)L:O =YL E

d\
E(S) |s:0 = 0

(s)],_, = 0 or 1, respectively,
(1.13.45)

Assuming more differentiability of G (which means more differentiabil-
ity of ', namely, F € C*(U x V,Z), where U C X is a neighborhood of
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{zo(t)} and N\g € V C R), the solution curve {(z(s), k(s), A(s))|s € (=4,9)}
of G(x, K, \) = 0 through (xg, ko, \o) is twice continuously differentiable.

In order to determine A(0) (and also #(0) in the first case; = = 4 we
follow the lines of (1.4.16), and we obtain in case (1) (cf. (1.4.23)),

DR F (o, Ao) W, ), )t
(1.13.46) o " (DAF (0, M), ¥} )dt

500 = 5 [ (D3P0, Xl ) + DyFlaa, ) (0),

where we used 53— [; <¢0, Yyt =1, f (1o, ¥})d
In case (2) we obtaln by fo (tho, ) dt = 0,

(1.13.47) ;\'(0):*f°2w<ngF(Io’/\O)ml’¢l] - 2, )t
o T (DAF (20, Mo), P )t

Observe that the denominators are nonzero by assumptions (I1.13.38) and
(1.13.44), respectively. If the numerators are nonzero, too, then A(0) # 0,
and in this sense the curve {(z(s),\(s))} of p(s)-periodic solutions has a
nondegenerate turning point (or fold) at (2(0),A(0)) = (xg, o). (Here
it makes no sense to call it a “saddle-node bifurcation.”) For a different
expression of the numerator of (1.13.47), see (1.13.59).

A closer look reveals that the turning points are “generically” of two
different types: The turning point in case (1) has an extremal period at
(20, Ko, Ao), since £(0) = 0 and K(0) # 0. At the turning point of case (2),
the period p(s) = 2m/k(s) is a monotonic function, since £(0) = 1.

Remark 1.13.6 We can unify all cases of a continuation described in Theo-
rems 1.13.3 and 1.13.5 in a single point of view. In any case, G(x(s), £(s), A(s))
=0 for s € (=6,0) (where s = X in case of Theorem 1.13.3). Differentiating
this equation with respect to s at s =0 gives

: d :
(1.13.48) DG (2o, Ko, 20)2(0) + —204(0) — DxF (20, 20)A(0) =0, or
Joi(0) + Do/(0) — Dy F (w0, Ao)A(0) = 0.

The total derivative D, .. x)G(w0, Ko, o) as a mapping from (ENY ) xRy xR
into W is given by the matriz

(1.13.49) D(Iy,i’)\)G(l‘o, KO, )\0) = (jo 1&0 — l),\F(aio7 )\0))

having the kernel vectors
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2(0), £(0), A(0))
= (:1:( ), %(0),1) in case of Theorem 1.13.3,
= (¢1,0,0) in case (1) of Theorem 1.13.5,

(1.13.50)
= (¢1,1,0) in case (2) of Theorem 1.18.5, 1y # 0,

and in all cases it has the kernel vector (1/}0, 0,0), Vo = gl

Thus dim N (D4 . x)G(20, ko, Ao)) = 2 in all cases. On the other hand, by the
assumptions on g or on DyF(xo, \o), the total derivative D, . x)G (w0, Ko, Xo)
is surjective in all cases.

In this sense, 0 is a “regular value” of G at its zero (xo, ko, No), and
since the kernel of its total derivative is two-dimensional, the solution set
of G(z,k,A\) = 0 near (xg, ko, \o) s a two-dimensional manifold (=surface)
through (xo, ko, No) described by

(I.13.51) {(z(s)(- +0),k(s),A(s))|s € (—9,6),0 € [0,2n]}.

(For more details we refer to [102], [105].) We obtain a curve by fizing the
phase 6 to 6 = 0. For obvious reasons, the surface (1.13.51) is called a “snake”

in [184).

1.13.1 Exchange of Stability at a Turning Point

At the end of this section we investigate the stability of the curves of periodic
solutions of (1.13.1) given by Theorems 1.13.3 and 1.13.5. Clearly, “stability”
means as usual “linear stability,” which is determined by the Floquet expo-
nents of the p-periodic solution z. To be more precise, only the nontrivial
Floquet exponents play a role, provided that pug = 0 is a simple Floquet
exponent of z in the sense of (I.13.4) (cf. the comments at the beginning of
Section 1.12).

In case of the Implicit Function Theorem for periodic solutions (Theorem
1.13.3), the stability of () is the same as that of 2:(A\g) = xg for A € (Ag — 6,
Ao +9) (if 0 is sufficiently small). Indeed, the simplicity of the trivial Floquet
exponent po(A) = 0 is preserved for A near g if we assume (I1.13.3) not only
for z¢ (i.e., for A = o) but also for z(\) for A near Ag. Then o()) = 42(N)
is the eigenfunction of DG (z(N), K(A), A) with eigenvalue po(A) = 0, and by
the closedness of R(D,G(z()N),k(A),A)) in C$ (R, Z) = W (cf. Proposition
1.13.1), the simplicity of 119(A) = 0 is inherited from the simplicity of pg(Ag) =
0, since R(D,G(x()), k(A),\)) as well as 0()\) depends continuously on A in
the topology of W.

Next we investigate the linear stability near a turning point; i.e., we con-
sider the stability of the curve {(x(s), A(s))|s € (—=6,0)} of p(s)-periodic solu-
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tions of (I.13.1) given by Theorem 1.13.5. Again we focus only on the critical
Floquet exponents emanating from the double Floquet exponent pg = 0. To
do so we have to be sure that pp = 0 is an algebraically double eigenvalue
of jo = D,G(xo, ko, \g) such that the so-called O-group of the perturbed
Floquet exponents is twofold (cf. [86]). Therefore, assumptions (1.13.34) and
(I.13.40) have to be sharpened in the sense that

(1.13.52) 1 ¢ R(Jo)

(cf. also Remark 1.13.4). Assumption (1.13.52) implies by (1.13.34) or (I1.13.40)
that

W xR= R(D(w,,@)é(zo, Ko, /\0)) S5 N(D(wﬁ)é(zo, Ko, /\0)),
(I.13.53)  or 0 is a simple eigenvalue of D(wﬁ)é(azo, Ko, Ao) in the
sense of (1.7.4) with eigenvector (1, 0) or (1, 1), respectively.

Proposition 1.7.2 gives the simple eigenvalue perturbation as follows

(for D )G (2, &, A) see ((1.13.27)):

Pl 0300 (1) <o (% 7).

(w(s), v(s)) € R(D(ax)G (0, K0, 20)) N (ENY) x R).

(1.13.54)

For s = 0 we have w(0) =0, v(0) =0 or 1, and 1(0) = 0.
The first equation of (I.13.54) is

Dy Gla(s), m(s), A($) (W1 + w(s)) = pa(s) (1 +w(s)) = v(s)do(s),

(1.13.55) where 9y(s) = ix(s)

dt
We assume (I.13.3) not only for g = 2(0) but also for z(s) for s € (=46, 9).
Therefore, o (s) is the eigenfunction with eigenvalue pio(s) = 0, which is the
trivial Floquet exponent. Equation (I.13.55) is then the analogue to equation
(I.12.10), and the arguments given after Proposition 1.12.1 prove that g1 (s)
is the nontrivial perturbed Floquet exponent.

If G and therefore (x(s), k(s), A(s)) are smooth enough (which is guaran-
teed under the assumptions on F' in Section 1.9), we can differentiate equation
(I.13.55) with respect to s at s = 0, and using w(0) = 0, 41(0) = 0, as well
as (1.13.45), we obtain

—D2,F (20, M) [1,¥1] + Dy G (w0, ko, o) (0) + %zﬁm(m

(1.13.56) ’ ’ v
= (1 (0)1 — 2(0)1ho — V(O)Ei/)o(o)-
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First we treat case (1) when £(0) = 0, v(0) = 0, and where we can choose
U = 1o, UF =1y in view of Corollary 1.13.2. For the choices of 1)), 1}, for-
mula (1.13.18) is valid. Using also (1.13.16) for D,G (o, ko, Ao)w(0) € R(Jo),
equation (I.13.56) yields

1 2m

f1(0) = “2r s (D2, F (20, No)[th1, 1], ¥4 )dt

1 2m

=%, (DxF (20, \o), 4} )dtA(0) by (1.13.46) ("= 4L).

ds

In case (2), £(0) =1, v(0) =1, and fogw@o, ¢})dt = 0. Furthermore,

d d d d

d -
= — — =_—— = — by (1.13.4

(1.13.58) %7]}0(0)

and the relation Jot +o = koLt — Dy F(x0, o)1+ = 0 (cf. (1.13.40))
implies

27 d - -, 1 2w . 5,
(1.13.59) /0 <Ew17wo>dt= H—O/O (D F (20, Ao)t1, ¥p)dt.

Equation (I1.13.56) finally yields

Hl(o) = QL " <2%J)1 - Din(IO7 )‘0)[112;17 12}1]712)(/)>dt
(1.13.60) 1” 0
=5 [ (DsF(zo,20),90)dtA(0) by (L13.47).
0

Therefore, f11 # 0 at a nondegenerate turning point in case (1) and also in
case (2). Thus the critical (nontrivial) Floquet exponent p1(s) changes sign at
s =0, i.e., at the turning point (2o, Ag). If the remaining Floquet exponents
are in the stable right half-plane of C (cf. (I.12.2)), then the stability of the
p(s)-periodic solution z(s) of (I.13.1) for A = A(s) changes at the turning
point (x(0), A(0)) = (zo, Ao). We summarize:

Theorem 1.13.7 If a nontrivial periodic solution xo of (I1.13.1) for A = Ao
is continued via the Implicit Function Theorem for periodic solutions (The-
orem 1.13.3), then the stability does not change. If it is continued around a
nondegenerate turning point via the two cases described in Theorem 1.13.5,
then its stability changes at the turning point.

The possibilities are sketched in Figure 1.13.1, where each point on the
curves represents a periodic solution of (I.13.1).
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stable
-~ unstable / \

Ao

Figure 1.13.1

Remark 1.13.8 Usually, the continuation of periodic solutions is proved by
the continuation of fixed points of the Poincaré map associated with (I.13.1).
This fine geometric setting, however, requires the definition, existence, and
smoothness of the Poincaré map generated by the nonlinear flow in a neigh-
borhood of a periodic solution xq (for the parameter X\g). Although that causes
no problems for ODFEs, for parabolic PDEs the existence of a nonlinear flow
usually requires more assumptions on the mapping F (cf. (1.8.2)). We men-
tion that typically, the nonlinear remainder of F (i.e., F(x,\) — D, F(0,\)x)
is defined on a domain of a fractional power of Ay = D,F(0,\o) that is an
intermediate (or interpolation) space between X and Z (see [88], [90], [76],
[142], for instance). In other words, (1.13.1) represents a semilinear parabolic
PDE. Then the derivative of the Poincaré map at the py-periodic solution xg
s Ugp(po, 0), which is the period map of the variational equation. The contin-
uation of a fized point of the Poincaré map is then guaranteed if the trivial
Floquet multiplier 1 of Uy(po, 0) is simple. The occurrence of the two types of
turning points is proved in an analogous way.

We restrict our investigations a priori to periodic solutions, or in other
words, we do not need the entire nonlinear flow in a neighborhood of a periodic
solution. Therefore, our assumptions on F' seem to be weaker. On the other
hand, we need the regularity assumptions (1.13.3) on the periodic solution
2o, and (1.18.6) on the periodic family of operators D, F(xg, \g). We do not
know whether these assumptions require the same conditions on F as the
construction of the Poincaré map around the periodic solution xg. In any
case, that construction requires some additional steps, and it certainly uses
the linear fundamental solution (or evolution operator) Uy(t,T) generated by
D, F(x9, o) as well. In order to avoid these additional steps we do not prove
the continuation of periodic solutions in the common way using the Poincaré
map, but we stay in the setting of Fourier analysis.

The same comments refer also to the next section: Typically, the period-
doubling bifurcation is proved by a continuation of a fixed point of the iterated
Poincaré map (which is not a fized point of the Poincaré map itself ). For the
same reasons explained before, we stay in our setting and study (I.13.1) in a
space of periodic functions.
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1.14 Period-Doubling Bifurcation and Exchange of
Stability

We resume the situation of Section 1.13, where we prove the existence of a
smooth curve of periodic solutions of

dx

(I.14.1) i F(x,\)

parameterized by A or having a turning point and therefore parameterized as
{(z(s), A(s))|s € (—4,6)}. The continuation of the period p = p(s) is part of
the problem, and some remarks on that period are in order. Obviously, any
integer multiple of a period is again a period, and so far, we did not require
that the period be the minimal period. (In case of the Hopf Bifurcation,
the emanating path has the minimal period 27 /k(r), where (0) = k¢ is
determined by the imaginary eigenvalue ikg of Ag = D, F(0, \g) (cf. Theorem
1.8.2).) In the situation considered in Section 1.13, however, the following
could happen: A pg-periodic solution zg of (I.14.1) can be continued by the
methods of Section 1.13, but the same solution xy cannot be continued as a
kpo-periodic solution for some integer k£ > 1. Thus it could make a difference
whether we consider some period of xy or the minimal period of xg. We make
this more precise now.

We define k9 by po = 2n/kko for some k € N, and as usual, we
substitute t/kg for t in xy. Without changing the notation for z, the
equation G(z,k,A) = k% — F(x,A) = 0 has a solution (20,0, \o) in

(Co (R, 2) N CS (R, X)) x Ry x R by assumption.

That solution has a unique continuation if the assumptions of Section
I1.13 are satisfied (when 27 is replaced by 27/k). These assumptions are sum-
marized in Remark 1.13.6: The total derivative D, . x)G(z0, ko, Ao) has a
two-dimensional kernel, and it is surjective.

Since x is also 27-periodic, we can consider G(z, k, A) also as a mapping
in the corresponding space of 27-periodic functions having a zero (zg, ko, Ao)
in (C37*(R,Z) N Cs. (R, X)) x Ry x R. The assumptions of Section 1.13
are violated if the total derivative D, . x)G(z0, ko, Ao) (see (1.13.49)) is no
longer surjective in the space of 2m-periodic functions. By the Fredholm
property of Jo (cf. Proposition 1.13.1), this is equivalent to the fact that
D (2,1,0)G (20, Ko, Ao) has a kernel of dimension greater than 2. (It is easy to
show that the total derivative D, . \)G(zo, k0, Ao) as given by (1.13.49) is
a Fredholm operator of index 2, cf. Definition 1.2.1, since Jo is a Fredholm
operator of index 0.)

If Dz.,2)G(w0, K0, Ao) has a kernel of dimension greater than 2 in the
space (C3F*(R,Z) N CS. (R, X)) x Ry x R, we expect a bifurcation from
the curve of 27 /k-periodic solutions of (I.14.1) into the space of 27-periodic
solutions, which means a multiplication of the period by k. A “simple” bi-
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furcation, however, occurs only if the dimension of the kernel is 3, i.e., if its
dimension is increased by 1.

Remark 1.14.1 We give arguments for our assumption (1.14.17) below on a
simple period-doubling bifurcation; i.e., we explain why we restrict the factor
k of a period multiplication to 2. To that end we choose the setting of a Hilbert
space as in [94], [102], [105], where

G :Doyy xRXR — Hop,
Hay, = L*[(0,27), H] with scalar product

( ) )0:%

(1.14.2)D C H (densely, continuously),

2m
/ ( , udt, ( , )= scalar product in H,
0

d
Dy, = {x € H%ld_jf: € Hyy, x € L*[(0,27), D], 2(0) = 33‘(271’)}

i sear product (1= (5 Lo L [T
with scalar produc v =g ot 5o i . )pdt,
( , )p = scalar product in D.

Choosing a complete orthonormal system { fom tmen in H, we expand x € Haoy
into a Fourier series (after a natural complezification) as follows:

Qf(t) = Z Cmnfmeintv Cmn = (x7fmeint)0;
(1.14.3) mel

Cm,—n = Cmn for real x.

(If x € Day, the expansion (1.14.3) holds as well with a stronger convergence
of the Fourier coefficients.) It is crucial in this Hilbert space setting that
the closed subspaces Hyr i, and Doy, of 27 [ k-periodic functions have closed
orthogonal complements. We decompose

)= > Cmnfm€™+ Y Cmnfme™,

meN meN
n=k0,0ET n#£kl

which yields the decompositions
HQW:HQW/]C@H27|-/ICA7 Doy :DQW/k@pQW/k
with projections Qy, Qr such that Qp + Qr = I,
Pk:Qk|D27(7 Pk:leD%-r'

(L14.4)

The total derivative D, .. \yG(xo, Ko, o) given by the matriz (jo o
— DxF(x0,X0)) (cf.(1.13.49)) has the following property: Since xo € Doy s,
the functions 1y = %zo, DyF(xo, o), and Dy F(x0, o) are in Hay i, and
since by definition, Jy = 50% — D, F(x0,\o), the subspace of 27 /k-periodic
functions is invariant:
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(1145) D($,K7A)G(I0, Ko, )\0) : D27r/k XR xR — H27r/k-

Whereas this invariance is true in the Banach space formulation as well, i.e.,
D(4.x,)G(0, K0, A0) : (Cof 3 (R, Z) N Oy (R, X)) x R x R — ng/k(R, Z),
the following invariance of the complement can hardly be stated in that set-
ting. We claim that

Jo : D27r/k — Hon /i, or equivalently,

1.14.6
( ) QrJoPy = 0.

Let Sy sy, be the shift operator (1.8.31). By the 27 /k-periodicity of xq, we see
easily that . .
(L14.7) S sk do = JoSan k-

The action of Sor /i on ﬁgﬂ/k is described by

Sor/pa(t) = 3 2™/ ke, fre™ such that

meN

n#£ke
(L.14.8) e2m/k £ 1 for all n # kl and

I — Sor i is an isomorphism in L(ﬁgﬂ/k,ﬁgﬂ/k).

(Obviously, I — Sar i, is also an isomorphism in L(ﬁgﬂ/k,ﬁgﬂ/k).) We now
prove (I.14.6). By definition of Qy, we have

SQw/kajOPk = QrJoPy, and by (1.14.7),

1.14.9 N A L
( ) Sor/kQrJoPr = QrkJo P Sar -

(The projections commute with any shift operator.) Therefore,
(1.14.10) QrJoPe(I — Saz ) = 0 in L(Dag iy Har 1),

which proves (1.14.6) by (1.14.8). Identifying “®” and “X” in an obvious
way, we see that the matrix of

D (4,0 G (@0, K0, X0) Dot X Do s x R X R = Hopjj X Hon i
1.14.11 .
( ) Yo — (3307)\0)>
0 .

1s therefore given by ( }) 0

This proves, in turn, the following:

(D(2,1,0)G (0, K0, Xo))
N(D(w,n,/\)G(IOa Ko, AO))

=

(1.14.12) <« N(Jo

|D2,,/k ><]R><]R) |ﬁ2w/k).

Returning to the theme of this section, if the first part of that kernel is
two-dimensional, we expect a “simple” period-multiplying bifurcation from
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the curve of 2w /k-periodic solutions of (I.14.1) into the complement of 2m-
periodic functions (that are not 2w /k-periodic), provided that the dimension
of N(J0|D2,/k) is one.

Next we investigate when this one-dimensionality is possible, or when

(1.14.13) N(Jolp,, ) = span(is] for some Yo € Doy .

By (1.14.7),

Uy and S’Qw/kd;g are both in N(j0|lf>z7r/k)’
(I.14.14) and (1.14.13) is true only if
Yo and Sor k2 are linearly dependent over R.

By (1.14.8), this, in turn, is true only if

e?™/k — _1 for alln # kl, 0 € Z,
(1.14.15) which requires that k be even and that
(2, fme™)o # 0 only for n = £(20 + 1).

Therefore, necessarily, ) )
(1.14.16) Son/ktb2 =~z and
o is 47 /k-periodic.

This finishes the proof that in the Hilbert space setting the only sim-
ple period-multiplying bifurcation is the period-doubling bifurcation. For
ODFs the Hilbert space setting and the Holder space setting (which we choose)
are equivalent. For parabolic PDEs, however, the Hilbert space formulation
(1.14.2) restricts the class of nonlinear operators (cf. [89], [94]), which is why
we prefer the Banach space formulation in Sections 1.8-1.1/.

We return to our usual definiton of G(x, k, \) = /iz—f — F(x,\) defined in

(C3F*(R, Z)NCs (R, X)) x Ry x R and having values in Cg. (R, Z). Again,
we use the notation W = C. (R, Z), E = C$. (R, X), and Y = C3*(R, Z).
We give the assumptions for a simple period-doubling bifurcation moti-
vated by Remark 1.14.1.
Since the normalization of the period pg of xg to 27 /k (via pg = 27/kkg
and substitution t/kq for t) is arbitrary, we now choose k = 2, so that the
period of x¢ is normalized to m. We assume that
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G(z0, Ko, Ag) = 0 for some
(20, k0, M) € (CAT*(R, Z) NCE(R, X)) x Ry x R,

N (D(m,n,AA)G(l‘m 597 )\O)’(C}r+“(R,Z)ﬁCg (JR,X))X]RX]R)
(L14.17) = span[(¢,0,0), (Y1, k1, A)] (cf. (1.13.50)),

N (D(mﬁ,})G(xOv K0, Ao) |(cl+“(R 2)NCL. (R, X))XRXR)
= Span[(d}Ov Oa O) (/wla K1, )‘1) (¢2a 0 0)]

and Sythy = —to.

The three possible cases of (11, k1, A1) are summarized in (1.13.50), and the
vector (11, k1, A1) = (£(0),%(0),A(0)) is the tangent vector of the curve of
w-periodic solutions {(z(s), x(s), A\(s))|s € (=9,0)} of G(z,k, \) = 0 through
(20, Ko, Ao) (and an arbitrary phase shift generates a surface with the second
tangent vector (1, 0,0)).

We draw some conclusions from assumption (I.14.17). As mentioned be-
fore, D (4 . 2)G (%0, Ko, Ao) is a Fredholm operator of index two when consid-
ered in the space of - or 27-periodic functions.

Therefore, D(, . )G (20, ko, Ao) is surjective when restricted to the space
(CH*R,Z)NC2(R, X)) x R x R, and codimR(D(; . \)G (20, ko, Ao)) = 1
when 7 is replaced by 27. Thus

R(D(x,n,A)G(l"m Ko, )\0))
2m
~{secn® [ b —o]
0

1.14.1 -
( 8) for some ¢4 € C$ (R, Z’) (cf. (1.13.16)), and in particular,

2m
/ (z,44)dt = 0 for all z € C2(R, Z).
0

The last relation can be restated as follows, where we use the w-periodicity
of z and the shift operator Sy :

(I 14 19) / <Z,%/A1§ =+ Sﬂ‘/l;[;é>dt =0 forall ze C?(R, Z)’
.14, 0
which implies Syt = —b.
Next we choose functions 1%, QZJ{ € C2(R, Z’) such that
1 ("~ 1
= s (Yo, y)dt =1, <¢1,¢1>
(I1.14.20) Whence in view of S ¢2 _1/}2’

2m R R 2m R R
0 0
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(The functions ¢, ¢| exist by the argument following (1.13.39).)

We now prove a simple period-doubling bifurcation from the curve of n-
periodic solutions passing through (zg, ko, Ag). That curve (whose existence
is proved in Section 1.13) is locally parameterized as {(z(s), k(s), A\(s))|s €
(=6,8)} € (CH*R,Z) N CYR, X)) x R x R, where (2(0),(0),A(0)) =
(0, K0, No). We define

G(u,s) = G(x(s) + , k(s) + K, A(s) + \),
where u = (z, k, A) and

27 27
(L1421)  G(u,s) = (é(u,s), / (2, 00, / <x,zﬁ;>dt> ,
0 0
G:Ux(=6,6) > W xR xR,
0eUc(ENY)xRxR.

The Fredholm property of Jo = D,G(xg, ko, Ao) (cf. Proposition 1.13.1) in-
duces the Fredholm property to

DuCA;(O7 0)(z, K, \)

2m 2m
(L.14.22) = <D($’K7)\)G($O7FCO7)\0)($, li,)\),/ (xm%)dt/ (xm%)dt),
0 0
where D, . 3G (20, Ko, Ao) is given by (1.13.49).

To be more precise, D,G (0,0) is a Fredholm operator of index zero.

Obviously, G(0,s) = 0 for s € (=4, ) (which is the “trivial” solution line),
and in view of (I.14.17) and (1.14.20),

N(D,G(0,0)) = span|(t2,0,0)] and

1.14.23 N
(L1423) R(D,G(0,0)) = R(D(s )G, 50, A0)) X B x B.

We can apply Theorem 1.5.1, provided that the nondegeneracy condition
(1.5.3) is satisfied:

(1.14.24) D2,G(0,0)(1)2,0,0) & R(D,G(0,0)).
(If F e C3(U x V,Z), then G € C2(U x (—6,0),W x R x R), where U is a

neighborhood of {xo(t)[t € [0,7]} C X, g € V C R.) In view of (1.14.18) and
(I.14.23), this condition (I.14.24) reads as follows:
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Disé(oa 0) (12}% 07 0)
od - P -
= H(O)a% — D2, F(x0, 0)[#(0), ¥2] — A(0) D2, F (0, Ao )2

=R i 1/}2 oF (20, M) [th1, 2] — M D2, F (w0, \o)a

(L1425) by ((0):4(0)A0) = (G ) (= 5 ) and
Disé(oa 0) (12}% 0, 0) g R(Dué(oa O)) A

27
/< ¢2 D2, F(z0, Xo)[1, o] — M D2\ F (w0, \o) 2, ¥b) dt
20,

Theorem 1.5.1 then yields the following Period-Doubling Bifurcation
Theorem.

Theorem 1.14.2 Assume the general hypotheses of Sections 1.13 and I.14 on
G(z,k,\) = K% —F(z,\), and in particular, assume (1.14.17) and (1.14.25).
Then two continuously differentiable curves of solutions of G(x, k, \) = 0 pass
through (xo, Ko, Ao):

{(z(s),k(s),A(s))|s € (=0,9)} is the curve of mw-periodic solutions through
(2(0),£(0),A(0)) = (20, Kos Xo)

and { (2(s(7))+(7), £(s(7))+5(7), Ms(7))+
27 -periodic solutions through (z(s(0))+z(0),
(l’o, Ko, )‘0)

is the curve of
0))+A(0)) =

w
—~
o
~—
+ M
R
—~
o
N
>
—~
w
A~ .

All 2m-periodic solutions of G(x,k,\) = 0 near (xo, ko, Ao) (in the topology
of (ENY) xR xR) are given by arbitrary phase shifts of solutions on these
two curves.

For a proof we solve by Theorem 1.5.1 the equation G(u, s) = 0 near
(0,0) by a nontrivial curve

{(u(r),s(1))|r € (—6,9), (u(0),s(0)) = (0,0)},
(L1426)  Chere u(r) = (3(r), #(7), A()).

(We place a “~” on (Z(7), &(7), A(7)) in order to distinguish this curve from
the curve (z(s), x(s), A(s)).) We insert {(u(7),s(7))} into G (cf. (1.14.21)),
and by G(u(r),s(t)) = 0 we obtain the curve {(z(s(7)) + (1), x(s(1)) +
K(7), M(s(1)) + A(7))} of 2m-periodic solutions of G(x, &, A) = 0. 0

Next we study the tangent vector of the curve of 27w-periodic solutions at
(20, Ko, Ap)- By Corollary 1.5.2, we obtain

d d

(1.14.27) %U(TNT:O = <Ei’(0),—%(0), %i(@) = (152,0,0).
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We have to evaluate d%s(()) in order to give the tangent vector of the period-
doubling bifurcation curve. .
The nontrivial solution of G(u,s) = 0 is found by Lyapunov—Schmidt

reduction (Theorem 1.2.3). We decompose u = (13, 0,0) + (7 (12, 0,0), s),
and the reduced equation is

(1.14.28) /O (G (2,0,0) + $(r(i,0,0), 5), ), F4)dt = 0

(cf. (1.2.9), (1.4.21), (1.4.22), (1.14.18), and (1.14.23)). By definition (1.14.21),
equation (1.14.28) is equivalent to

U(r,s) =

(1a0) [ (Gals) + i vn,n(s) + v o) + v, )t =,

where ¢(T(1ﬁ27 0, 0)7 S) = (7/}17 ¢27 ¢3)(T(1ﬁ27 0, 0)7 S)
according to the three components of u (cf. (1.14.21)).

Next we make use of the equivariance (1.8.31) of G.

Since D(I7K,>\)G(Io, Ko, Ao)(x, Ky A) = SWD(LK,)\)G(I(), Ko, Ao)(x, K, A), the
range R(D,G(0,0)) is invariant under Sy (cf. (1.14.23)). Since N (D,G(0,0))
is obviously invariant under Sy, too, the Lyapunov—Schmidt complements of
N(D,G(0,0)) and R(D,G(0,0)) can be chosen invariant under Sy as well.
(Choose the complement {z + S;Z|z,Z are in a complement}.) This means
that the Lyapunov—Schmidt projections commute with S;. Replacing z(s) +
Ty + 11 by Sp(z(s) + T + 1) = x(s) — Ty + Sxth1, we see by the
equivariance of G and the uniqueness of the function ¢ = (Y1, 12,13) (cf.
(1.2.8)) that

Sﬂ¢1(7(¢27 Oa 0)7 5) = 1;[}1(77—(1[)25 07 0)7 S)a
1.14. - .
( ! 30) ¢j(7—(¢27050)75) ¢j(77(¢25070)75)7 j = 273

Inserting this into (1.14.29), we obtain by Sx¢y = S_xtbf = —4 (cf.
(1.14.19)),

(1.14.31) (—7,5) = —W(r,s) for s € (=0,8), 7 € (—0,0).

In other words, the bifurcation function ¥ is odd in 7, so that ¥(r,s) = 0
implies ¥(—7,s) = 0. By uniqueness of the nontrivial solution curve this
implies that

(1.14.32) s(—=7)=s(r) and %S(T)lTZO =0.

Therefore, the tangent vector of the period-doubling bifurcation curve
at (xg, ko, Ao) is given by (cf. (1.14.27))
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(1.14.33) %(37(5(7)) +2(7), k(s(7)) + R(7), A(8(7)) + A(T))] =0
= (12,0,0).

Furthermore, by (1.14.30) and (1.14.32),

Se#(r) = Sx(T2 + $1(7(1h2,0,0), s(
= —7¢ + P1(—7 (12, 0,0), 5(—7)) = &(—7),
(7) = tha(7(1)2,0,0), s(r )):

(1.14.34) . F(—r)
A(7) = ¥3(7(1h2,0,0), 5(7)) = AM(—T),

(Sa(x(s(r)) + (7)), & 7 5
(1.14.35) = (z(s(=7)) + 2(—=7), k(s(—=7)) + &(=7), \(8(=7)) + A\(=7))

by Sz (s(7)) = x(s(7)).

Property (1.14.35) is restated as follows: The functions on the curve for
negative 7 are obtained by a phase shift of half the period from those functions
for positive 7. Therefore, we sketch period-doubling bifurcations as in Figure
1.14.1. The second case shows a period-doubling bifurcation at a turning point
of the primary branch.

amplitude of x

period 27

period 7
period period 27

period 7

A
Figure 1.14.1

Needless to say, the substitution x(s)t for ¢ on the primary w-periodic
curve and the substitution (k(s(7)) + &(7))t for ¢ on the bifurcating 27-
periodic curve gives curves

{(x(s),A(9))|s € (=0,0)} of p1(s) = 7/k(s)-periodic

solutions of (I.14.1) through (2o, Ao) and

{(2(s(r)) + (1), A(s(7)) + A(7))|T € (=6,0)} of
(.14.36) p2(1) =27 /(k(s(7)) + &(7))-periodic solutions

of (I.14.1) through (xg, Ao) such that

p2(0) = 27 /Kko = 2p1(0).
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If p1(0) is the minimal period of xg, then 2p;(0) is the minimal period of
the bifurcating curve in the limit: By #(7) = 7 + o(7) and S’pz(T)/gzﬁg =
—y (cf. (1.14.17) and the substitution (k(s(7)) + &(7))t for t), the solution
x(s(7)) + Z(7) has indeed the minimal period p2(7), and p2(0) = 2p;1(0).
Therefore, the nomenclature Period-Doubling Bifurcation is justified.

1.14.1 The Principle of Exchange of Stability for a
Period-Doubling Bifurcation

Next we prove a Principle of Exchange of Stability at a “generic” period-
doubling bifurcation point. Here, genericity means that the primary curve
of m-periodic solutions of G(z,k,A) = 0 is given by the Implicit Function
Theorem for periodic solutions (Theorem 1.13.3); i.e., we exclude a turning
point at (xo, ko, Ag). This means for assumption (1.14.17) that

(’(ﬁl, K1, )\1) = (12}1, K1, 1), which implicitly

.14.
(I.14.37) implies that Dy F(zg, \g) # 0.

In this special case we can prove a period-doubling bifurcation in an abbre-
viated way that is more convenient for our stability analysis. Define instead
of (1.14.21), that

Glu,\) = G(z(\) + 2, K(\) + K, \),

where u = (z, k) and

{(x(N), K(A), M)A € (Mg — &, X0 + 9)} is the curve

of m-periodic solutions given by Theorem 1.13.3,
(1.14.38)

G, \) = (é(u, N, /O 2F(x,zﬁ6>dt> ,

G:Ux (M —06X +06) — W xR,
0eUc(ENY)xR.

Obviously, N (D,G(0, X)) = span[()2, 0)], and all arguments (1.14.22) through
(I.14.25) in their modified versions allow the application of Theorem I.5.1.
(In the nondegeneracy condition (I.14.25) we replace (u,s) = (0,0) by

(u,A\) = (0,X0), A1 = 1, and ~ = d%.) The nontrivial solution curve of
Glu,\) =0,

{(w(r), \(7))|7 € (=0,6), (u(0), \0)) = (0, 20)}
(L14.39)  Chere u(r) = (3(r), #(1)),

gives the period-doubling bifurcation curve by



1.14. PERIOD-DOUBLING BIFURCATION 115
(1.14.40) {(x(\(7)) + Z(7), k(A(T)) + R(7), A(T)) }.

Its tangent vector at the bifurcation point (xg, ko, Ag) is again given by
(I.14.33), and the symmetry with respect to 7 is analogous to (I.14.35). In
particular,

(1.14.41) A

dr

As usual, stability means linear stability, and for the periodic solutions
this is determined by the real parts of the Floquet exponents that are the
eigenvalues of D,G(z, k, A) (see our comments in Section 1.12). For the pri-
mary curve of m-periodic solutions we have to insert (z, k, A) = (z(A), K(A), A),
which corresponds to the trivial solution line (u, A) = (0, ) of G(u, \) = 0.
Accordingly, (x, K, A) = (x(A(T)) + Z(7), K(A(T)) + &(7), A(T)) represents the
bifurcating pitchfork (u, A) = ((Z(7), (7(7)), A(T)) of G(u,\) = 0.

In order to apply the results of Section 1.7, we assume that

(7)lr=0 = 0.

0 is a simple eigenvalue of D,G(0, \o),
i'e'a (11[}27 0) g R(DUG(Oa A0)) A

(1.14.42) 12)2 ¢ R(D(x,n,A)G(Im K0, A0)), Singe
DAF(QT(), )\0) S CT?.‘(R, Z) C R(DuG(O, )\0)) =

/O W<¢27zﬁg>dt 40 (cf. (1.14.18)) (= 1 w.lo.g.).

We focus on the critical Floquet exponent 0, which is an eigenvalue of
Jo = D,G (z0, Ko, A\o) With eigenfunctions ¥ and 1». A perturbation analysis,
however, requires that this Floquet exponent be not only geometrically but
also algebraically double, which means (by assumption) that

(1.14.43) Yo, ¥z & R(Jo), where

Jo = DIG(.'I:O, Ko, )\0) ENY - W.

Whereas by & R(Jy) follows from (I.14.42), the assumption (1.13.4) for The-
orem 1.13.3 means that ¢y & R(Jy) when Jy : Co(R, X) N CLHt*(R, Z) —
C2(R, Z). However, in the Hilbert space setting as expounded in Remark
1.14.1, the subspace of m-periodic functions as well as its complement are
invariant for Jo (cf. (1.14.5), (I.14.6)), which means that 1 ¢ R(Jy) in
(1.14.43) follows from our assumption (I.13.4) on the primary curve of 7-
periodic solutions. Thus it is reasonable to assume (1.14.43) for our Banach
space formulation as well.

We relate the simple eigenvalue perturbations of Dué(u,)\) along the
pitchfork to the perturbations of the nontrivial Floquet exponent along the
period-doubling bifurcation. Equation (I1.7.10) of Proposition 1.7.2 now reads
as follows:
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(1), A(M)(42,0) + ((7), (7))
(1.14.44) ( )((¢2,0)+(w( ) £(7))),
where ju(0) = 0, (1(0), £(0)) = (0,0).

and (@ (7), #(7)) is in the complement of N (D, G(0, Ao)). Under the assump-
tion (I.14.42), this complement can be chosen as R(D,G(0, o)) N((ENY) x
R), which, by (I.14.18), allows us to rewrite (I.14.44) as follows:

D, G(7)(th +@(7)) + &(7)do(T) = p(7) (s + (7)),
/O W@(T),z[;@dt = u(T)R(T) (cf. (1.14.20)),

(1.14.45) /27f (w(7), ¥h)dt = 0, where
0
D,G(1) = D,G(x(A\(7)) + Z(7), k(A(7)) + &(7), A(T)) and

L @A) + (), Gol0) = 0= o,

The function ¢ (7) is the eigenvector of D,G(r) with trivial Floquet expo-
nent po(7) =0, and according to Proposition 1.12.1, the perturbation of the
nontrivial Floquet exponent 1 (7) is given by

Dy G(r) (2 +w(7)) = m(7) (W2 + w(r)) + v(7)do(7),

(1.14.46) /Ow<w(7)ﬂﬁ6>dt=0a /oﬂ<w(7)ﬂﬁé>dt=0

(ct. (1.12.10)),
where p1(0) =0, w(0)=0, v(0)=0.

Thus the perturbations (1.14.45) for u(7) and (1.14.46) for pq(7) are nearly

identical when we set v(7) = —&(7). The difference is only between (1.14.45)
and (1.14.46)2. Nonetheless, we show that = p; up to order 2; i.e., u(0) =

To this end, we use the equivariance (1.8.31) of G. Taking the derivative
of (1.8.31) with respect to u = (z, k), we obtain

(1.14.47)  D(4,)G(So, ki, A)(So, &) = SoD (g ) G(2, K, N) (T, R).
In view of (I1.14.35) this implies, for § = ,

D(I,K)G(iT)(Sﬂjja ‘%) = Sﬂ'D(w,R)G(T)(j:a ‘%)
(I.14.48) for every (z,5) € (ENY) x R.
In particular, ¥o(—7) = Sxio(7), which also follows directly from (I.14.35).
By S_-v¢{ = 1} and S_rh = —1 we obtain
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27 R 27 R
/ (S, )t = / (3, 64)dt and
0 0

2w 2w

for every € W.

(1.14.49)

The observations (1.14.48), (1.14.49), together with the uniqueness of the
eigenvalue perturbations (1.14.45) and (1.14.46), yield the following symme-
tries:

(—7) = ~Syi(r), A(-7) = —A(r), p(—7) = p(r),
T1450) oy r) = —Spw(r), w(=7) = —v(r), pua(—7) = (7).

These properties of the eigenvalues p(7) and py(7) are in natural accord with
the fact that a transition from positive to negative 7 means a phase shift by ,
which does not change the stability. Properties (I.14.50) imply in particular,

dp _ dpuy _
(1.14.51) E(Tﬂr:o =0, ?(TNT:O =0.
We claim that 2 2
H H1
(1'14'52) P(T”T:O = W(T”T:O-

Indeed, taking the derivatives of (I.14.45)5 with respect to 7 at 7 = 0 gives

(1.14.53) /02W<1b(0),z/36>dt/02W<{b(0),1%>dt0 <‘%),

so that up to derivatives (with respect to 7) of order 2 at 7 = 0 the eigenvalue
perturbations (I.14.45) and (1.14.46) are identical. This observation proves
(1.14.52).

We now do the same analysis along the primary curve of m-periodic solu-
tions {(xz(X\), k(A\),\)} that corresponds to the trivial solution line {(0,\)}
of G(u,\) = 0. We obtain the same eigenvalue perturbations (1.14.45)
and (1.14.46) with the only differences that G(7) is replaced by the fam-
ily G(\) = G(z(\), k(\), \), and 1o (7) is replaced by o(N) = 4 2(A) for A
near \g. Accordingly, we denote the corresponding eigenvalues by p(A) and
pi(A), and (o) = pa(Xo) = 0.

However, there is obviously no symmetry, analogous to (1.14.50), of the
functions depending on A. Nonetheless, -4 (1(A)&(A)[x=r, = 1/ (Mo)R(Xo) +
1(Xo)&'(Ao) = 0, since #(Xo) = p(Ao) = 0 ('= %), and we obtain from
(1.14.45)5,

(1.14.54) /0 W(ﬁ;’()\o),zfj(’))dt =0,
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so that up to the first derivative (with respect to A) at A = A¢ the two
eigenvalue perturbations (1.14.45) and (I.14.46) are identical. This proves
that

d d
(1.14.55) o a

Mlr=re = —— N |r=x0-
As shown in Section 1.7, the nondegeneracy condition (1.14.24) or (I1.14.25)
is equivalent to
(1.14.56) B ey £ 0
o 2y Ma=xe
(see (1.7.32)—(1.7.36)). For the pitchfork bifurcation of G((u, \) = 0 at (u, \) =
(0, Xo) given by {(u(7), A(1))} with 92(0) = 0 (cf. (1.14.41)), formula (1.7.45)
gives
(114.57) 24/ (Mo)A(0) = —ji(0), where ' = 4 oma =4
o HAA0AT = AT D) T
The condition for A(0) # 0 (i.e., for a nondegenerate pitchfork) is given by
(I.6.11), and in (1.6.9) the mapping F has to be replaced by G, « by u = (z, k),
and 99 by (12,0). We abstain from a translation of condition (1.6.11) to our
situation, but we simply assume that A(0) # 0.
By (I.14.52) and (I.14.55), relation (I.14.57) gives the crucial formula

(114.58) 2415 (A)A(0) = ~ir (0),

which links the two nontrivial critical Floquet exponents pu1(\) and pq(7)
along the primary and bifurcating curves, respectively, via the bifurcation
direction A(0) (recall that A(0) = 0).

Assume that 1/ (Ag) = pf (Ao) < 0, which means a loss of stability of the -
periodic solutions at A = \g in the space of 27-periodic functions (cf. (1.12.2)).
(Here we tacitly assume that all noncritical nontrivial Floquet exponents are
in the stable right half-plane of C.) Then, by (I1.14.58),

(1.14.59) sign(A(T) — o) = signp (1) for 0 < 7 < 6,

which proves an exchange of stability as sketched in Figure 1.14.2. If 1} (A\o) >
0, the stability properties of all solution curves are reversed.

amplitude of x

2m-periodic
stable

-~ r-periodic

B unst able /

A

stable

Figure 1.14.2
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Theorem 1.14.3 At a Generic Period-Doubling Bifurcation, the Principle of
Exzchange of Stability is valid. Formula (I1.14.58) links the critical nontrivial
Floquet exponents to the bifurcation direction.

Remark 1.14.4 As pointed out in Remark 1.13.8, the period-doubling bi-
furcation is commonly proved by studying the iterated Poincaré map near
a periodic solution of (1.14.1). Fized points of the Poincaré map itself stay
fized points of its iteration (but not vice versa), and in this setting a period-
doubling bifurcation is a pitchfork bifurcation for the iterated Poincaré map
combined with a continuation of fixed points of the Poincaré map itself.

That means for the derivative of the Poincaré map at the critical periodic
solution that 1 and —1 are simple eigenvalues. The existence of the Poincaré
map causes no problems for ODEs of type (I.14.1). However, since it requires
a careful analysis of the complete nonlinear flow, its existence is not so ob-
vious if (I.14.1) represents a parabolic PDE (cf. our comments in Remark
1.13.8). That is why we stay in the setting of a Fourier analysis that restricts
the nonlinear flow to a periodic one.

Remark 1.14.5 In Remark 1.14.1 we give the arguments why we confine
ourselves to a period-doubling bifurcation and why we do not study any other
period-multiplying bifurcation. In a Hilbert space setting we show that it is
the only simple period-multiplying bifurcation in the sense that it is created
by a one-dimensional kernel.

Usuallys one refers to period-doubling bifurcations and Hopf bifurcations
as “generic” bifurcations. What does that mean? We make some comments
on it that are without mathematical Tigor but that explain our point of view.

There are two properties that make a bifurcation generic:

e an unavoidable spectral property of a family of linear operators along the
primary solution branch and
e a robustness of the primary solution branch.

Consider a path of algebraically simple eigenvalues of a one-parameter
family of real linear operators having endpoints in different half-planes of C.
Then that path necessarily crosses the imaginary axis at some ikg # 0 (and
then there is also a complex conjugate path) or at 0. In the first case, the
ergenvalue 0 is avoided, whereas in the second case, the entire path is real,
and the (simple) eigenvalue 0 is unavoidable.

We know that both crossings of the imaginary azis “with nonvanishing
speed” (or in a nondegenerate or transversal way) entail a Hopf bifurcation
or a steady-state bifurcation from the primary solution branch, respectively
(see our comments at the beginning of Sections 1.8, 1.16, 1.17). Are these
bifurcations under those “generic” linear assumptions unavoidable? In the
theory of “imperfections” or “unfoldings” the diagrams of Figure 1.14.3 are
well known: They show that bifurcations are easily avoided by an arbitrarily
small perturbation of the operator even under gemeric spectral assumptions
on its linearization.
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h

Figure 1.14.3

Looking at Figure 1.14.3 reveals that an abolition of bifurcations by small
perturbations breaks up the primary (or trivial) solution line (and also breaks
the symmetry of the diagram). In this sense the primary branch is not ro-
bust. Note that due to the Lyapunov-Schmidt reduction, that scenario indeed
takes place in a plane. In the case of the Hopf bifurcation as well as of the
period-doubling bifurcation, however, the total derivative along the stationary
or mw-periodic solutions is surjective in the space of stationary or w-periodic
functions, respectively. Therefore, the primary solutions form a robust curve
or surface that cannot be broken up by a small perturbation. (That robustness
is also reflected by the oddness of the respective bifurcation function, which
vanishes necessarily at zero for all parameters.) Accordingly the unfolding of
a pitchfork cannot be realized by a bifurcation function. If a primary branch is
robust, then a bifurcation can take place only in a larger space. The bifurcating
branch is of a different type from that of the primary branch.

These naive arguments for the genericity of the two bifurcations help us
to understand the following result: Generically, the global “net” of a contin-
uation of any periodic solution of an evolution equation (I.14.1) consists of
smooth surfaces (“snakes”) having turning points, splitting at period-doubling
bifurcations, ending at Hopf bifurcations in steady states, or being trapped in
loops with unbounded “virtual periods” (see [184], [48], [102], [105]). We refer
also to Remark 1.11.13 about global Hopf Bifurcation.

1.15 The Newton Polygon

Bifurcation with a one-dimensional kernel is discovered via the method of
Lyapunov—Schmidt by studying a one-dimensional bifurcation equation de-
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pending on two variables. If we introduce coordinates by choosing suitable
basis vectors, the bifurcation equation can be written as

&(s,\) =0, where
(I.15.1) ¢:UxV —Rand
(0,X0) €U xV CR xR (cf. Section 1.5).

In Section 1.5, this bifurcation equation is nontrivially solved by the Implicit
Function Theorem, whose validity is guaranteed by the nondegeneracy (or
transversality) condition (I.5.3). In the next section we give up that condition,
and we study “degenerate bifurcation.” The Implicit Function Theorem has
to be replaced by a more general tool, which is called the Newton polygon
method.

Replacing A by A — A\g, we can assume w.l.o.g. that Ay = 0, and we
study (I.15.1) in a neighborhood of (s,\) = (0,0). The main difference in
comparison to the Implicit Function Theorem is that we assume that

& :U x V — R is analytic near (0,0); i.e.,
(1.15.2) P(s,\) = D0 cjks® N, where cj, € R,
and convergence holds in U x V.

We assume that ¢(0,0) = 0 (i.e., copo = 0), and we look for curves of solutions
of &(s,\) = 0 passing through (0, 0).

To this end we mark the powers j of A on the ordinate and the powers k
of s on the abscissa, and we mark a point (k, j) whenever c; # 0.

If cjr, =0 for all j € Ng,k =0,...,k — 1, i.e., if the first nonvanishing
coefficients exist only for k = kg, then we can divide by s, and for the new
equation we find a smallest point (0, jo) on the ordinate.

If ko = 0, then jo Z 1 by Cop — 0.

If kg > 1, we have the solution curve {(0, )}, and if jo = 0, it is the only
solution curve through (0, 0).

Thus we assume in the following that jo > 1. Next, only coefficients c;,
with 0 < j < jg— 1, k > 1, are of interest. If all such coefficients vanish, we
can divide by M°, and {(s,0)} is the only solution curve through (0,0).

Otherwise, we find coefficients cj; # 0 with 0 < j < jo — 1, and we
may assume that cor, # 0 for some smallest k, > 1. If ¢; = 0 for all
0<j<jn<jo—1, k>1, wecan divide by M, and for the new equation
there is some cox, # O for a smallest k, > 1. Note that j, > 0 implies the
existence of the solution curve {(s,0)}.

Now we are in the situation that there are a smallest point (0, jo), jo > 1,
on the ordinate and a smallest point (k,,0), k, > 1, on the abscissa. Then
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the polygon forming the convex hull of all points (k, j) such that

cjr # 0 and jk, + jok < jok, is called the Newton polygon.
(I.15.3) It joins (ky,ju), v =0,...,m, jo > j1 >+ > jn =0,

0=ky < ki <-- <kp, aHdek:()if(k,j) is

below all lines passing through two consecutive points (ky, j, ).

We sketch a Newton Polygon in Figure 1.15.1.

Jo

J1

J2 T

Ja T

Ja 1
J5

k’o ];31 ]{32 kg k’4 k5 k
Figure 1.15.1

In the following, we confine ourselves to s > 0. For s < 0 set —s =5 > 0
and repeat the procedure for the new equation ¢~ (—s,\) = &(s,A) = 0.
Furthermore, we set ¢; 1, = ¢, #0 for v =0,...,n.

Then (I1.15.2) is rewritten as

D(s,\) = > o0_ocust A + R(s, ),

where R contains all remaining terms.

(1.15.4)

Let —1/~ € Q be one of the negative slopes of the Newton polygon. Then
for all, say r + 1, points (ke, je), - - . (ketr, jetr) on the line with slope —1/7,
we have

(I.15.5) Yie + ke = = Yjorr + koyr = 0,
and the ansatz
(1.15.6) A=s"A in (1.15.4)

yields for (s, \) the equation

(L.15.7) s? (Z;:ocf+p:\j”p + Ry (t, 5\)) = 0.
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Here t = s'/72 > 0 when v = 71 /v, with 71/, € N, and R; is analytic

n (t,A) near (0,0). By the substitution (I.15.6), the analyticity of R is

true in (—d1,01) x (—L, L) for every L > 0, provided that ¢6; > 0 is small

enough. Therefore, we need no restriction on X in the subsequent analysis.

Furthermore, by the definition (I.15.3), the exponents vj + k of s in R (cf.

(1.15.4)) are all positive, so that R;(0,\) = 0 for all A where it is defined.
Let Ao be a real zero of the polynomial

(1.15.8) Py(X) =300 _gcu Nt

and let ¢ > 1 denote its multiplicity.

If ¢ = 1 the Implicit Function Theorem for (1.15.7) (after division by s7)
gives a solution R ) }
1159) {(EAD)I0 < £ < 51,70) = Ao}

which is analytic in ¢.

After inserting A(t) = A(s'/7) into (1.15.6) we obtain a solution curve of
D(s,A\) = 0 through (0,0) in the following form:

(1.15.10) {(5,87" (Mo + 302 ars™12))|0 < s < &2}

Remark 1.15.1 If \g = 0, there is a first nonvanishing coefficient in the
expansion (1.15.10) such that X(s) = A\is7 + o(s7) with Ay # 0 and 5 > 7.
Recall that there is no solution curve {(s,0)} if the Newton polygon ends
at (kn,0). An easy proof shows that —1/7 is then necessarily a slope in the
Newton polygon, and M1 is a zero of the corresponding defining polynomial
P5. Thus only nonzero roots o of the polynomial (1.15.8) are of interest,
which give by (1.15.10) the lowest-order term of the solution.

Next let Ao # 0 be a real zero of (I.15.8) of multiplicity ¢ > 1. Then
(1.15.11) Py(N) = (A= X)?P,(\), where P,(Xg) #0
After division by s7, equation (I.15.7) becomes

(A= Xo)? = —Ru(t, A)/Py(A)
(1.15.12) for (¢, \) near (0, \o).

If Ry =0, then {(t,X)|0 < ¢ < &} is the unique solution curve of (I.15. 12)
through (0, Xo). Otherwise, by Ri(0,)) = 0, we have Ry(t,\) = tFo(\ —
)\O)JORl(t \) for some ko > 0,70 > 0, so that R;(0, /\0) £ 0. If jo > 0, we
have again the solutions {(, )\0)}, and if jo > ¢, it is the only solution curve
of (I.15.12) through (0, 5\0). Assuming 0 < jp < ¢, we can divide (1.15.12) by
(A — Xo)%, and we obtain
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(A — )\O)p = t’“’f(}f7 2, ~where  p = q — jo,
(I.15.13) I, /\~) = —Ri(t,\)/Py()), so that
f(0,A0) # 0.

If p > 0 is even, then for nontrivial solutions for ¢ > 0, necessarily

0,%0) >0, and (L15.13) b
(L15.14) {A( ;O))> t;};p(;(t?i))l)/p'ecomes

If p > 0 is odd, then in any case,
(1.15.15) (A — Xo) = tFo/P(f(t, A)V/P.

Since f(t,\) is analytic by its definition (I.15. 13)2 and f(0, Xo) # 0, the
function (f(¢, X))/? is analytic in (¢, \) near (0, Xo). Setting 7 = t'/7, we see
that the right-hand sides of (I.15.14)2 and (I.15.15), respectively, are analytlc
functions of the Varlables (7, ) near (0, Xo).

Finally, since D5 (7% (f(7?, )Y )|(T,/\):(O,f\0) = 0, the Implicit Function
Theorem gives solution curves of (I.15.14)5 and (I.15.15),

(£ A0 <t < 61, A(0) = Ao},
(1.15.16) which are analytic in ¢1/7.

After inserting (¢

t) = A(s'/72) into (I.15.6), we obtain solution curves of
&(s,A\) = 0 through (0,0)

in the following form:
(1.15.17) {(5,8" (Mo + 52, ars™P72))|0 < 5 < 2}, p € N.

The locally convergent series of A(s) in terms of rational powers of s > 0 with
a common denominator are called Puiseux series.

For every real root Ao # 0 of (I.15.18) of odd multiplicity ¢ > 1 we obtain
at least one solution of the form (1.15.17).

Finally, if the number j, found for (I.15.3) is odd, at least one of the
polynomials (I.15.8) for all slopes in the Newton polygon has a nontrivial
real root A of odd multiplicity.

Taking into account that all real solution curves of @(s, A) = 0 through
(0,0) can be found in this way (see [37]), we may also state that at most j
such solution curves (1.15.17) can exist.

So far, we have done this for s > 0. The same arguments hold also for
& (—s,A) = P(s,\) = 01if s < 0; in particular, the number jg is the same for
@ and ¢~ . Thus an odd jo yields at least one solution curve through (0,0)
for positive and negative s. In the next section we apply these observations
to degenerate bifurcation at a simple eigenvalue.

Remark 1.15.2 If the Newton polygon (1.15.3) is established, then it is not
necessary that the remainders R in (1.15.4) or Ry in (1.15.7) be analytic. If
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they vanish to the same order as in the analytic case, we obtain continuously
differentiable solution curves of the form

(1.15.18) {(s;a08" +0(s7))}

that are not necessarily Puiseux series in that general case. However, if in-
finitely many coefficients c;i, of (1.15.2) are used in order to establish solution
curves of the form {(0,A\)} or {(s,0)}, then even in the C* case one has to
be careful. Nonetheless, a complete picture of all local solutions of (1.15.1)
(where A\g = 0) can be obtained by the Newton polygon method in nonanalytic
cases, too (cf. [37]).

1.16 Degenerate Bifurcation at a Simple Eigenvalue and
Stability of Bifurcating Solutions

We resume the situation of Section 1.5, where we prove bifurcation from the
trivial solution line {(0, A\)|\ € R} for

(116.1) F(z,)) =0.

In addition to assumption (I.5.1), we assume a continuous embedding X C Z
and (I1.7.4); i.e., 0 is an algebraically simple eigenvalue of D,F(0, ) for
some A9 € R. Replacing A by A— Ao, we can assume w.l.o.g. that Ay = 0. The
regularity of F' near (x, A) = (0,0), however, is much stronger than assumed
before:

F:UxV—=>Z 0e€UcXcZ 0eV CRisanalytic,

which means that F(z,\) = Y7 _, M Fji(x), where

(1.16.2)
Fjp : X k — Z are k-linear, symmetric, and continuous,

and convergence holds in Z for x € U = {z € U|||z| < d}
and A e V={\eR| |\ <d} for some d > 0.

Since F(0,\) = 0, we assume that Fjo = 0 for all j € Ny. Furthermore, the
linear family D, F(0,\) is given by

DIF(O, A) = Z_(;Ozo/\ijl = Z_(;Ozo/\jAj = A(A),
(1.16.3)

where A; € L(X,Z) forall j e Ny.

The assumption of a simple eigenvalue of D, F(0,0) = Ag is that
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0 is an algebraically simple eigenvalue of Ag;

(1164) ie., dlmN(AO) =1and Z = R(Ao) ©® N(AO)

We recall the meaning of vectors 09 € X and o) € Z’ from (1.7.8):
N(Ao) = span[f)o], <1A)0, 176> = 17
(1.16.5)
R(Ao) ={z € Z|(z,9}) = 0}.
The Lyapunov—Schmidt projections

P:X — N(Ap) along R(4p) N X and
Q:Z — N(Ap) along R(Ap) are then

(1.16.6) given by Qz = (z,9()0¢ for z € Z
and Pz = (x,0))0 for x € X, i.e.,
P=Q|x.

The simple eigenvalue perturbation

Dy F(0,2)(00 + w(A)) = p(N) (B0 + w(X)),
(1.16.7) where {w(A)|X € (=6,0),w(0) =0} C R(Ag) N X
and {u(A)[A € (=6,0), u(0) = 0} C R,

given by Proposition 1.7.2 will be crucial in this section. Since w(A) and
() are obtained by the Implicit Function Theorem, the property (I.1.7)
guarantees that both functions are analytic in A:

w()\) = Z;ile)‘j’ w; € R(Ao) nx,

(1.16.8) ‘
p(N) =227 N,y €R,
and convergence holds for |\ < § < d (w.lo.g.).

In Section 1.7 we showed that under assumption (I.16.4), the nondegen-
eracy (1.5.3) is equivalent to /(0) # 0 (here A\g = 0 and /' = 4&; cf. (1.7.34)~
(I.7.36)). Thus a crossing of p(\) of the imaginary axis at p(0) = 0 “with
nonvanishing speed” causes bifurcation of a unique nontrivial curve of solu-
tions of (1.16.1).

The crossing of p(A) of the imaginary axis implies a loss of stability of
the trivial solution at A = 0, and by the Principle of Exchange of Stability
(cf. Section 1.7), that stability is taken over by the bifurcating solution. What
happens to that plausible physical scenario if the loss of stability of the trivial
solution is “slow” or degenerate? Mathematically, this means that p(0) =
w(0) = --- = plm=1(0) = 0, but u™)(0) # 0 for some odd m. One expects
that there should be some bifurcating solution to take over the stability.
In this section we prove this expectation; i.e., we show that any possibly
degenerate loss of stability gives rise to a bifurcation of nontrivial curves
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of solutions, which, however, are not necessarily unique. A first step is the
computation of the coefficients 41; in the perturbation series (1.16.8).

Proposition 1.16.1 The coefficients of the eigenvalue perturbation (1.16.8)
are recursively given by

w1 = (Aq0g, 0)),

—t—
(1.16.9) S
£=3 L—2—n
Al
+ > (A;j Agmo, 0p) > [vy = [y,
n=0 m=1 jtk=n+1 vi+o v, =£—2—n
J>1,k>0

for £ > 2. The vectors Anmo for n,m > 0 are defined by
Aoty = —AgH(I — Q)Ardo,  Agmio = Ay Ao m—170,

Anofio = — A7 T = Q)A; A 1.0t where A_yof0 = o,
(1.16.10) 0o 0 jﬂ;ﬁl( Q)AjAr_1,000 where A_q 009 = Do

Anmﬁo = _Aal 72 (I - Q)AjAkmﬁO + AalAn,m—lﬁOa
A2
forn,m > 1. Here we agree upon Aal : R(Ap) = R(Ap)NX;de, PApym =0
for all n,m > 0.

Proof. Let the eigenvector expansion be 0y + w(X), where w(\) is given by
(1.16.8). Then, by (I.16.5),

1277 = Z <Ajwk, 176>, where wo = f}o,
Jtk=t
i>1,k>0
Apwe = (I = Q)Aowe = — 3 (I —Q)Ajuwr+ > pjwg,
(1.16.11) A e

We

Ayt > (I -Q)Ajwr— > pjwg | for £>1.
j+ k= ¢

Using this recurrence formula for the vectors wy and the defining formulas
for A, we can prove by induction that

wy = Ago?o,

1.16.12 L. t=241-n R
( ) = Arr000+ X 20 AnmOo 2 vy Hgy
n=0 m=1 Vit tvm=£—1-n
for £ > 2. We omit the lengthy but elementary proof. a

These expressions show that the perturbation series of p(\) in terms of
the operators A; and the vectors 0, 0 is rather complicated. For matrices,
for instance, evaluation of the characteristic equation det(A(X) — p(M\)I) =
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0 (A(\) = D,F(0,)) might be simpler, especially in low dimensions. For
differential operators there might be a simpler method for computing u(\),
too (see our example (I11.2.15)).

Next, we relate the perturbation series () to the bifurcation equation
obtained by the method of Lyapunov—Schmidt. Using the projections (1.16.6),
we see that problem (I.16.1) is equivalent to

QFv+w,\)=0, z=Px+{I—-Plz=v+w,

(1.16.13) (I-Q)F(v+w,\) =0 (cf. (1.2.6)).

The second equation solved by the Implicit Function Theorem yields w =
(v, A), which is analytic in (v, A) near (0,0). We compute its expansion by
(I.16.13)2, which is, in view of (1.16.2) and (I1.16.3),

(1.16.14) Agw + (I — Q) S N A; (v + w) + (I = Q) 3o N Fje(v+w) = 0.

Jj=1

Vo

.

With the ansatz
w = 3750 MGk (v), where

(1.16.15) Gk : N(Ap)* — R(Ap) N X are k-linear,
symmetric, and continuous,

we obtain, by insertion into (I.16.14) and comparing like powers,

G]‘O =0 for all j € Np, Gor = 0,
GH’U = —AO_I(I — Q)Alv,
Griv=—Ay (I — Q) A — Ao—l(l —Q)A;Griv, n > 2.

j+k
> >

(1.16.16)

For later use we give also the recurrence formula for Go,:

Goz(v) = =4y (I — Q) For
n k & (k)

Gon(v) = —Ag (I - )Z_I P> 2 () For -/,

(v), andfor n>2,

(1.16.17) 0 vit-tvm=n—k+m

where [./.] = [Goy, (v), ..., Goy,, (v),v,...,0]

and FO(:) [v,...,v] = Fog(v) is symmetric.
For m = 0 we agree upon vy + -+ + vy, = 0 (ie,, & = n) and that
Goy, (v),...,Goy,, (v) are not present in FO(;:).

We leave the general recurrence formula for G, to the reader; in principle,
it is clear how to construct it, but it is tedious to write it down.

When w = (v, \) is inserted into (I.16.13);, we obtain the bifurcation
equation (cf. (I.5.6)). Setting v = sty € N(Ap) and using the explicit rep-
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resentation (I.16.6) of the projection @, we see that this equation reads as
follows: ‘
(1.16.18) (F(sto + Y 55—oN 5" Gk (80), A), 85) = 0.

Using (1.16.2) and Fjo = 0,G,o = 0 for all j € Ny, we write it as
913(57 A)

= Z<A U07UO>A]S+ Z Z <Aij11A)07lA)6>)\nS
(1.16.19) =1 n=2 R

/\Js =0 with coefficients Hj, € R.

MS

i‘z’
(The mapping @ is not identical to the bifurcation function @(v, A) of Section
I.5. Here @(s, A) is real-valued for real s, since we simply identify v and ¢ with
their coordinates, s = (v, 0}) and (P, 0()), respectively. We call @ in (1.16.19)
the “scalar bifurcation function.”)
In particular,

Hyy = (Fo(g) [00, 0], D)), and for n>2,

n k
k ~
(116.20)  He =3 3 S GHEL L),
k=2m=0vi+-+vm=n—k+m

where [/] = [Goyl (f)o), ey GOym (@0)7 170, ey ’Do],
with the same agreement as for (1.16.17).

Remark 1.16.2 For n = 3, formula (1.16.20) gives in view of (1.16.17),

Hos = (Fy3 [80, 9o, Do), ) +2(Eg [Goz (), To], 74)
(1.16.21) ,
= (Fy3 [Bo, B0, Do), 8) —2(Fa [Ag (I — Q) Fyy [0, Do), 9], )

Here Ay = D,F(0,0) : (I — P)X — (I —Q)Z, cf. Proposition 1.16.1, and
formula (1.16.21) seems to be different from (I1.6.9) for A\g = 0: The structure
of the formula is the same, but instead of a factor 2, formula (1.6.9) has a
factor 3. Since this has led to unnecessary confusion, we reveal the mystery:
Insert

1 1 A
Hos = 3 sss (O 0) va (O 0)[0051}0’1}0]7
(1.16.22) , X
2 3

into (1.16.21), and we regain formula (1.6.9).

Equation (1.16.19) has the solution {(0, A)} for all |A| < d, which recovers
the trivial solution. After dividing (I1.16.19) by s, we obtain
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B(s,\) = S cjoM + X cjpM sk =0 (cf. (1.5.10)), where
=t A
c10 = (A10o, 05),
(1.16.23)

Cno = <Anﬁo,ﬁ6> + Z <Aij1@0,ﬁé> for n > 2,
L
cjk = Hjpy1 for j>0,k>1.

Comparing the recurrence formulas for A, (1.16.10) and for G,; (1.16.16),
we see that
(11624) Gnlﬁo = An,170ﬁ0 for all n Z 2.

Finally, we can use the coefficients ¢y in (I.16.23) for the expansion of the
eigenvalue perturbations u(X); cf. (1.16.9):

U1 = c19, andfor > 2,

—3 {—2—n
fe = ceo + Z > 2 (AjArmio, 05) > flvy - -, -
n=0 m=1 itk=n+i1 Vit AU =t—2-n

j>1,k>0
(1.16.25)
We summarize the result:

Theorem 1.16.3 Let pu(\) = Zj’;l wiN be the perturbation series of the
critical eigenvalue j1 = 0 of A(N) = 3272, NA; = D,F(0,)), which is the
linearization of F(x,\) along the trivial solution {(0,\)}. Let ®(s,\) be the
bifurcation function (s, \) divided by s. Then $(0, \) = Z;i1 cjoN along the
trivial solution. If py = -+ = piyy—1 =0, then p; =cjo forj=1,...,m+1.
Conversely, if cio =+ = cm-1,0 =0, then u; =cjo for j=1,...,m+1. If
all p; are zero, then all cjo are zero and vice versa. In other words, the first
two nonvanishing coefficients ¢ and cpmi1,0 of 43(0, M) are precisely the two
first nonvanishing coefficients pi, and pmi1 of ().

If m is odd, then () changes sign at A9 = 0, which means that the trivial
solution line loses or gains stability (provided that all other eigenvalues in
the spectrum of D, F(0,0) are in the stable left complex half-plane). Now we
prove that any degenerate crossing of p(\) of the imaginary axis at u(0) =0
causes bifurcation. By Theorem 1.16.3, the bifurcation equation to determine
nontrivial solutions is of the form

(s, \) = ZCJO)\JJr Zc KA sk =0
k
for some odd m>1 and Cm0 = Um-

(1.16.26)

We apply the Newton polygon method to solve (1.16.26) locally near (s, \) =
(0,0) (cf. Section 1.15). We have a smallest point (0,m) on the ordinate
(which corresponds to (0, jo) of the previous section). After possibly dividing
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by M= (if j, > 0, a solution curve {(s,0)| |s| < d} exists), we also find a
smallest point (k,,0) on the abscissa. The two points (0, jo) and (k,,0) are
connected by a convex polygon, which is the so-called Newton polygon. As
expounded in the previous section, an odd m yields at least one and at most
m solution curves of the following form:

{(s,87 350 ars®/P12)|0 < s < 5} and
{(5,(=8)7 X0 an(=9)"72| =6 < s < 0}
for some v,5 € Q, p,p € N, ag,ar € R.
(1.16.27)
The numbers v = v1/v2, ¥ = 41 /72 are given by slopes — 1/7,
—1/4 of the Newton polygon for @(s,A), &~ (—s,A) = D(s, A),
respectively. The first coefficients ag # 0, a¢ # 0 are zeros
of the defining polynomials P,, P, respectively.

This proves the following theorem:

Theorem 1.16.4 Let pu(\) = Z;’im wiN be the perturbation series of the
critical eigenvalue D, F(0,\). If m is odd and p,, # 0, then at least one and
at most m nontrivial solution curves

{(x(s),A\(8))]| —d <s<d} of F(xz,\) =0
bifurcate at (x,\) = (0,0). In particular,

(1.16.28) (s) = sto + 1(sdo, A(s)) = sto + o(|s]),
A(s) = s7 Z;O:o apsk/Pr2 for 0 < s <4, and
As) = (=8)7 o3l g aw(—s)P  for =6 <5 <0.

The meaning of the parameters is explained in (1.16.27). The function
is analytic near (0,0). If m > 1 is arbitrary, then at most m nontrivial
solution curves of the form (1.16.28) bifurcate. (We include here possible
vertical bifurcation; i.e., A(s) =0.)

We give some special cases.

Case 1. m = 1.

Here we resume the nondegeneracy u'(0) = p1 = c10 # 0 (cf. (1.7.36)).
If all co in (I.16.26) vanish, then we have vertical bifurcation A(s) = 0.
Otherwise, we find some first cor, # 0, and the Newton polygon is the line
connecting (0,1) and (k;1,0). Here v = kq, and the defining polynomials
(I.15.8) are

~ 610:\ + Cok, for s > 0,
(1.16.29) P,(\) = cloA +cop,  for s <0, if ky is even,
ClO/\ — Cok, for s S 0, if ]{11 is odd.
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For the nontrivial solution curve (I1.16.28) we obtain in all cases

A(s) = —(s"con, /ci0) + of|s|™),
(11630) where Cl0 = M1 = <A11A}0, 176>7 A1 = Di)\F(O, 0) (Cf (1163))7
and cor, = Ho k,+1 s given by (1.16.20).

For k1 = 1 we regain formula (I1.6.3), and for ky = 2 we recover formula
(I.6.11) (see Remark 1.16.2). In general, we have a transcritical bifurcation
whenever k7 is odd and a pitchfork bifurcation whenever k; is even.

Case 2. m > 1,(k1,j1) = (1,0).
This case occurs for any degeneracy of the eigenvalue perturbation p(\) =

S22 N and if cor = Hoz = (Fyy [0, 9], 8) # 0 (cf. (1.16.20), (1.16.23)).
The defining polynomial to be solved is

PW(E\) = Mmé\m + Hys for s > 0,
(1.16.31) P,(X\) = pmA™ — Hps for s <0, and

If m is odd, we obtain without any restriction
(116.32) A(s) = — (81" (Hon /) /™) + o3|/ ™).
If m is even, then

A(s) = £(s¥™(=Hoz/pm) ™) + of|s|*/™) for s >0
if —Hoa/pm > 0, and

A(s) = £((—s)Y™(Hoo/ ptm) /™) + o(|s|"/™) for s < 0
if Hoa/pm > 0.

(1.16.33)

The bifurcation diagrams in the (s, A)-plane are depicted in Figure 1.16.1. The
bifurcating curve and the trivial solution line are no longer “transversal.”

N

\ A

Remark 1.16.5 We recall Remark 1.15.2: For these two special cases, analy-
ticity of F (and thus of @) is certainly not needed. It suffices that @ be of
class Ct, where £ > ki or m, respectively.

Figure 1.16.1
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1.16.1 The Principle of Exchange of Stability for
Degenerate Bifurcation

Next, we consider solutions of (I.16.1) as stationary solutions of

dr

.16.34
(1.16.34) = =

F(a, ),
and we investigate their stability as we did in Section 1.7. As a matter of fact,
only the perturbation of the critical eigenvalue p = 0 of D, F(0,0) is studied
for Dy F(x(s), A(s)), where {(x(s), A(s))} is any curve of solutions of (I1.16.1)
through (z, A\) = (0,0).

For the trivial solution line {(0,A)}, Theorem 1.16.3 relates its stability
to the bifurcation function @(s, \). Obviously,

(1.16.35) B(0,\) = D®(0, \),
and Theorem 1.16.3 can be restated as follows: If 4/(0) = - - - = u(™=1D(0) = 0,
then D\®(0,0) =--- = DT_lé(O, 0) = 0, and vice versa. In this case,
(1.16.36) 4 a0, ) LN

o dxm A== g A A0

Formula (I.16.36) generalizes formulas (1.7.18) and (1.7.19) for the trivial
solution line. We show that the generalization is also valid for all bifurcating
solution curves given by Theorem 1.16.4.

Introducing t = s'/P72 (for s > 0), we see that the curve {(x(s), A(s))} is
analytic in ¢ (cf. (1.16.28)). Writing that curve as {(2(t), A(t))}, we see that
the expansions in ¢ converge not only for 0 < ¢ < & but also for lt] < )
By analyticity of F(i(t), A(t)) in ¢, the equation F(&(t),A(t)) = 0 holds for
|t| < 6. Therefore, {(2(t), A(t))| |t| < 6} represents a solution curve through
(x,\) = (0,0) that is among all curves (1.16.28) given by Theorem 1.16.4.
Later, we confine ourselves again to s > 0. Next we define

F(x,t) = F(i(t) + 2, A1),
(I.16.37) which is analytic in the sense of (I.16.2) in a neighborhood
reU={tecX||z]| <dtandt €V ={t € R| |t| <}

For the trivial solution {(Z(t), A(t))} = {(0,\)} we regain for At) = A and
t = X the original function F. For any solution curve {(&(t), ( ))}, we have
F(0,) = 0 for all [t] < 8, which is the trivial solution line for F'(x,t) = 0. We
obtain also D,£(0,0) = D,F(0,0) = Ag. Accordingly, we have the simple
eigenvalue perturbation

() (80 + (1)) (cf. (L16.7))

D, F(0,4) (g + i (t))
(1.16.38) — D, F(&(t), A(1)).

for D, F(0,t) o F(

=
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Thus p(t) = Z;’il fi;t7 is the perturbation of the critical eigenvalue y = 0 of
D, F(0,0) in which we are interested for the stability analysis of {(&(£), A(£))}.
As before, we can relate the perturbation series fi(t) to the bifurcation func-
tion @ obtained by the method of Lyapunov—Schmidt. Since D, F (0,0) = Ay,
the projections P and @ are the same as before, and an easy computation
shows that for

x =80y +w, weR(A)NX,

B(s,t) = B(3(t) + 5, A(t)) with 5(t) = (2(t), 1))

is the bifurcation function for F'(x,t) = 0 when
(s, A) is the bifurcation function for F(z, \) = 0.

(1.16.39)

We apply Theorem 1.16.3 to the trivial solution {(0,¢)}, which relates /i(t)
to Ds®(0,t) = DB(5(t), \(t)), as follows (cf. (1.16.35), (1.16.36)):

Theorem 1.16.6 Let {(i(t), \(t))| |t| < 0} be any analytic solution curve of
F(z,\) = 0 through (z,\) = (0,0), and let ji(t) = 3272, fijt? be the simple
eigenvalue perturbation of the critical eigenvalue pn = 0 of Dy F(2(t), A(£)).
Let &(s,A) be the bifurcation function obtained by method of Lyapunov-
Schmidt (cf. (1.16.19)) and let 5(t) = (Z(¢), () (¢f. (1.16.5), (1.16.6)). Then
the following holds:

(L16.40)  9F 5y

B D0 MO, = o a0)]

(The last equation holds also for m +1.)

This is the generalization of Proposition 1.7.3 announced in its proof. (For
a different proof see also Remark 1.18.2.) Obviously, we can draw the same
conclusion as (1.7.48): Under the assumptions of Theorem I1.16.6, we obtain

from gt_Z/l(mt:o/ﬁL! = fin # 0,

L16.41) signfi(t) = signD,B(5(t), \(t)) # 0
for t € (—0,9)\{0}.
Then Theorem 1.7.4 holds for our setting as well. Before stating the general
Principle of Exchange of Stability, we describe under what condition we have
[l # O for some m > 1.
We recall that solutions (z(s), A(s)) of F(xz,\) = 0 are obtained by sol-
ving (s, \) = 0 given in (I1.16.26). When the Newton polygon for ®(s, \) is
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established, we write it as
(1.16.42)  &D(s,\) = S 0_,cus™ N + R(s,\)  (cf. (1.15.4)),

where jo = m, kg = 0 (but possibly j, > 0 if there is vertical bifurcation). In
the following, we confine ourselves to s > 0.

Let —1/v be a slope in the Newton polygon with a defining polynomial
P, (cf. (I.15.5)—(1.15.8)). We assume that

(1.16.43) Ao # 0 is a simple zero of P,.

In the nomenclature of Section 1.15, we assume that for Ao we have a multi-
plicity ¢ = 1, and that the solution curve {(x(s), A\(s))} is of the form

x(8) = stg + P(s00, A(8)),
(1.16.44) )
A(s) = s7(Ao + Ypoyarst/72) for 0 < s < 6,

where v = 71 /72 (cf. (I.15.10)). Introducing t = /72, we obtain an analytic
solution curve {(2(t), \(t))}. i
Since @(s, A(s)) =0 for 0 < s < and D(s, \) = sP(s, A), we have

(1.16.45) D ®(5,\(s)) = sD,P(s, A(s)),
and by A(s) = s \(s), we get, in view of (1.15.5)~(1.15.7),

sD,D(s, \(s))

=57 (Zzzoclﬁ-pke-l,-p;\(s)j“p + Ry (t, 5\(8)) ,
where o is defined by (I.15.5),t = 31/“*2;7

and R; is analytic in (¢, A) with R;(0,\) = 0.

(1.16.46)

Switching to the variable ¢, we see that
(1.16.47) D,d(5(t), \(t)) = 72 Z;:OCZ+ka+pX‘ée+p + higher-order terms.

Now, by (1.15.5), (I.15.8), and assumption (I1.16.43),

r NJt+p
> p=oCt+pketpXo

(1.16.48) = UP,Y(S\O) — 'y:\oP,'Y(:\o) = *’Y:\OPZY(:\O) #0 <, = _”> :

Thus we have proved the following theorem:

Theorem 1.16.7 Let a solution curve {(x(s),A(s))} of F(x,A) =0 through
(0,0) be obtained by a simple zero Ao # 0 of a defining polynomial P, for
some slope —1/~ of the Newton polygon for ®(s,\) (cf. Theorem 1.16.4). If
v =1 /y2 and t = /72 then {(2(s),\(s))} = {(&(t), \(t))} is an analytic
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solution curve of F(x,A\) =0 (in t), and for the simple eigenvalue perturba-
tion ju(t) = >-52, fjt? of Dy F((t), A(t)), we obtain the following:

ﬂl — ... :ﬂm,l :OfOTﬁl:71jZ+72kfa
(1.16.49) where vje + ke = -+ = Yjerr + Jorr = 0 (cf (1.15.5)), and
firi, = =Y Ao P ()\0) 75 0.

In particular, fi(t) #0 fort #0, so that (1.16.41) holds.

We apply Theorem 1.16.6 to the special cases studied before.

Case 1. m = 1.

We exclude vertical bifurcation by assuming cox, = Ho k,+1 7 0 for some
minimal k; > 1. Then v = k; and jo = m = 1,ky = 0, so that by (1.16.49),
m = ky. In the first case of (1.16.29) we have t = s; in the two last cases of
(I.16.29) we set t = —s. Therefore, we can unify all cases to i(t) = fi(s), and
formula (1.16.49) gives, for the first nonvanishing coefficient,

(1.16.50) ﬂkl = ]{3100k1.
Since by Theorem 1.16.3, u1 = c¢19 # 0, we obtain, in view of (I.16.30),

dp dF\ 4" i
(1.16.51) k250552 0) = = 5E0) # 0,

which generalizes formulas (1.7.40) and (I.7.45). As shown in Section 1.7,
the relation (I.16.51) proves an exchange of stability for a transcritical
bifurcation (when k; is odd) as well as for a pitchfork bifurcation (when
k1 is even). The situation is sketched in Figure 1.7.2 and Figure 1.7.3.

Case 2. m > 1, (k1,71) = (1,0).

Here v = 1/m, jo = m, ko = 0, so that m = m. In the first case of (1.16.31)
we have t = s/ and in the second case of (1.16.31) we set t = (—s)/™.
For odd m = m we can unify both cases, and we obtain from (I1.16.49), for
a(t) = i(s'/™),
fim = Hog2, or
(116:52) (s) = sHoa + of ).

By (1.16.32), A(t) = —t(Hoa/ftm)"/™ + o(|t]), which proves that

(L16.53) 0 (F0) =G0 2o

For the cases (1.16.33) for even m, we obtain

fim = Hog for fi(t)

= j(s'/™) for s > 0,
fim = —Hog for fi(t) =

(1.16.54) i((— 5)1/m) for s <0.
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The bifurcation diagrams are sketched in Figure 1.16.1. Possible stabilities
are marked in Figure 1.16.2.

stable
——————— unstable

Figure 1.16.2

If m is even, the stability of the trivial solution does not change at A = 0.
In view of (1.16.33), (I1.16.54), the stability of the bifurcating curve does not
change either. In all cases (I1.16.32) and (1.16.33), the stability properties of
the trivial solution line and of the bifurcating curve for some fixed value of
A # 0 are opposite. This Principle of Exchange of Stability is formulated
in the next Theorem.

Theorem 1.16.8 Consider all local solution curves of F(xz,A) = 0 through
(x,\) = (0,0) except a vertical curve {(z(s),0)} but including the trivial
line {(0,\)}. The nontrivial curves are given by Theorem 1.16.4, and for
fized X\ # 0 these curves can be ordered in the (s, A)-plane. Then consecutive
curves have opposite stability properties in a weakened sense: Let 11;(s) be the
perturbed eigenvalues of Dy F(2;(8), \i(8)), i = 1,2, for consecutive curves in
the above sense. Then pi(s)p2(s) < 0, with equality only if DsP(s,Ai(s)) =0
fori=1or2 and for all0 < s <6 or —0 < s < 0. Here & is the bifurcation
function (1.16.19).

Proof. We refer to the proof of Theorem 1.7.4: If D;P(s, \;(s)) #£ 0, then
by (1.16.40), p;(s) #Z 0, and derivatives of §(-, \) at consecutive zeros cannot
be both positive or both negative. The claim then follows from (1.16.41). O

Thus, if the total bifurcation diagram and the stability properties of the
trivial solution line are known, then the stability of each bifurcating curve
can be derived by Theorem I1.16.8. On the other hand, if a single curve is
computed by the Newton polygon method, Theorem 1.16.7 gives its stability
without any knowledge of other solution curves.

We give an example. Note that in view of (1.16.16), (1.16.17),
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if (F k11(00),00) # 0 and Fp,, = 0 for 0 < £ < j,
1<m<k+1,,m)# (4 k+1),

then the lowest-order terms c;; of (1.16.23) for k > 1 are
¢k = Hjrr1 = (Fjry1(00), 0p)-

(1.16.55)

Assume (1.16.55) and that the coefficients ¢,, v = 0,...,n, on the Newton
polygon are ¢y = Cmo = fm, ¢ = (Fj, k,+1(00),00) for v = 1,...,n (cf.
(I.15.3), (1.15.4)). Then the solution curves can be computed directly from
F, and their stability follows from Theorem 1.16.8 or 1.16.7. Let, for instance,

F(Q?, )\) = A()\)a? + )\4F42(.7J) + )\2F24(33) + F07(.7J) + h.o.t.,
(1.16.56)  A(AN) (Do + w(N)) = (ur A"+ h.o.t.)(o + w(N)), where 7 > 0,
<F42(1A)0),1A)6> <0, <FQ4(’IA)0),1A)6> > 0, <F07(1A)0)71A)6> < 0.
(Here h.o.t. means higher-order terms.)

Then the Newton polygon for @(s,A) = 0 (cf. ((I.16.23)) is given by the
points (0,7), (1,4), (3,2), (6,0) with coefficients ¢y > 0,¢1 < 0,c2 > 0,¢3 < 0.
The values v of the three slopes are v = %, v=1,and v = % The defining
polynomials have simple nonzero roots, so that Theorem 1.16.6 is applicable.

The bifurcation diagram is sketched in Figure 1.16.3. A concrete example is
given in Section IT1.2 in (II1.2.20).

S

— stable
,,,,,,,, unstable

Figure 1.16.3
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1.17 Degenerate Hopf Bifurcation and Floquet
Exponents of Bifurcating Periodic Orbits

Here we assume the situation of Section 1.8, where we proved Hopf bifurcation
for the evolution equation

(1.17.1) — = F(x,\)

from the trivial solution line {(0,\)|A € R} at some (0, \g). For simplicity,
we assume now that \g = 0 and that the mapping F' satisfies the hypotheses
of Section 1.8, in particular, (1.8.2)—(1.8.6), (1.8.8), and (I1.8.14) with \g = 0.
Instead of the regularity (I.8.13), we assume now the analyticity (I.16.2) of
F.

Apart from these technical assumptions, the nondegeneracy (I1.8.7) of the
simple eigenvalue perturbation pu(A) (I.8.6) is crucial for the solution of the
bifurcation equation (1.8.34) or (1.8.35) (cf. (1.8.43), (1.8.44)). A crossing of
the imaginary axis of u(A) at A = 0 occurs also if u(0) = ikg and Rep/(0) =
-+ = Rep™ 1(0) = 0 but Reu™ (0) # 0 for some odd m. As proved in the
previous section, a possibly degenerate loss of stability of the trivial solution
line at A = 0 through p(0) = 0 causes bifurcation of stationary solutions of
(I.17.1). Therefore, one expects a bifurcation of periodic solutions of (I.17.1)
if the stability of the trivial solution is lost at A = 0 through p(0) = iko(# 0)
also in a degenerate way. In order to prove this expectation, we have to study
the eigenvalue perturbation (I1.8.6) near A9 = 0. Choosing the vector ¢f, as in
(1.8.18), we write (1.8.6) as

AN (po + 2252195 N) = p(M)(po + 2521 95N) (cf. (1.16.3)),
p(N) =ik + 3272 N, € C,

(1.17.2)
(pj,00) =0 for all j > 1; ie.,

;€ R(ikol — Ap) N X (complexified).
For the subsequent analysis we need the projections

QOl A N(ZHQI — Ao) along R(Zl‘io] — AQ)
(I.17.3)  given by Qo1z = (2, ¢L)wo for z € Z, cf. (1.8.18),
Q01|X = P01 X — N(’Llio[ — Ao) along R(ZI{()I — Ao) NnX.

Then in analogy to Proposition 1.16.1, we have the following result:

Proposition 1.17.1 The coefficients pg for £ > 1 of the eigenvalue pertur-
bation 1.17.2 are recursively given by (1.16.9), where we replace vy by o, and
04 by @p, and where we substitute Ay by Ao — ikol in the definition of the
vectors Apmpo for n,m > 0.

Proof. Writing (1.17.2) as
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Ao = ikol) + X323 N A; ) (o + E324050)
= (Z?‘;1ﬂj/\j)(9@0 + Z;‘iﬁ@j/\j) )

then we are precisely in the same situation as (I1.16.7), (1.16.8) when the
substitutions are made according to Proposition 1.17.1. ad

(1.17.4) <(

The Lyapunov-Schmidt reduction for

(L17.5) Gla, ki 2) = nfl—f C P =0

near (0, Ko, 0) follows Section 1.8 completely. Here we use the same notation,
in particular,

Q: W — N(Jy) along R(Jy),
d
(1.17.6) where Jy = ko— — Ap and Q is given by (1.8.21);

dt
Qlyne =P :YNE — N(Jp) along R(Jo) N (Y NE).

Decomposing z € ENY as ¢ = Pz + (I — P)x = v 4+ w, we see then that
(I.17.5) is equivalent to

QG(v+w,k,\) =0,

(L.17.7) (I -Q)G(v+w,k,\) =0,

and the second equation is solved for w = (v, K, A) by the Implicit Function
Theorem. By the assumed analyticity of F' (which induces analyticity for G),
the function w = (v, k, A) is analytic, too, and we give some coefficients in
its expansion. Inserting

(o]

w= > MN(k—ko)Gju(v), where

L17. 7:6:k=0
(L17.8) Gon: N(Jo)* = R(Jo) N (ENY)

are k-linear, symmetric, and continuous,

into (I.17.7)2, which is

Jow + (K — no)%w —(I = Q)X 72 VA (v +w)
~(1-Q) ivpjk(v +w) =0,

k=2

(117.9)

we obtain, by comparing like powers,
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Gj@o = 0 for all j,f € Ny, Goo1 = 0,
Gio1v = J(;l(l — Q)Aﬂ), Goer =0 for £ > 1,

1 d
Gnlv = 7‘]0 dtJO (I — Q)Alv,

(1.17.10) Ginv = *Jo_laGquJ for £ > 1,
Gnov = Jy I - QA+ Y Jy I — Q)A;Grorv,

Jjt+k=n
J>1,k>1
d
Gnmlv Jo 1dthm 1,1V + Z Jo (I - Q)Aijmlv7
A

for n > 2, m > 1. The recurrence formulas for Ggg,, for n > 2 are

Gooz(v) = Jy (I — Q) Foa(v),
(L17.11) Goon(v) = 5 T - Q)Y > (5 ERL/,

k=2 m=0 v1+-~4vm=n—k+m
where [./.] = [Goop, (v), ..., Goow,, (V), v, ..., v]; cf.(1.16.17).

We insert w = (v, k, A) into (I.17.7)1, and we obtain the bifurcation equa-
tion (cf. (I.8.30)). For real v, this two-dimensional system is equivalent to
the one-dimensional complex equation (1.8.34), which by Q%w = %Pw =
0, QJow = 0 reduces to

1 27 d - )
(= o) 20 =232 N A; (0 + w)

- Z N Fji (v + w), ¢O>dt —0.

k=2

riri2) 27

Clearly, by (1.17.8), the function (I.17.12) is analytic in its variables (v, kK —
Ko, A), but before studying its coefficients we investigate its structure when
we insert v = i)y —&—EEO, ¢ € C. According to (1.8.35), we denote this complex-
valued funtion by Ql%(c, K, A), and due to equivariance of G, it has the properties
(1.8.36) and (1.8.37). In particular, it is odd in ¢ € C. We rediscover this
oddness as follows: Let G(*) [v,...,v] be a k-linear, symmetric, and continuous
mapping in the expansion of G(v + ¥(v, k,\), K, \). When we insert v =
o + E@O, we obtain, for k = 20 + 1,

—/QW [v,...,v], () dt

2041 — —
C|2Z( s )<G(k)[g005'"7@05@07"'5@0]7@6%
£+1 L

(117.13)

and 0 for k = 24 (cf. (1.8.18), (1.8.21)). Therefore, the Bifurcation Equation
for Hopf Bifurcation (I1.17.12) is of the form
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Ble,m\)=c > HjuN(k — ko)|c|?

1.17.14 - 3,6.k=0
(L17.14) — e,k ))  (cf. (1.8.39))

with coeflicients Hjy, € C.

(We know that there is convergence for |c|, |k — ko, |A| < 8.) From (I.17.12)
we deduct for the coefficients of the linear terms (in c¢):

Hopo =0, Hoio =1, Hop =0forl>2,
Higo = —(A1p0,90), Hiww=0 forl>1,

(L17.15)  H,00 = —(Appo,00) — Y, (A;Gro1po, ¢0),

jtk=n
P2k
/
Hymo=— > (A;jGrmivo,¢)),for n>2,m > 1.
itk=n
RS

The operators Gp,1 are given by (1.17.10). In order to relate them to the
operators Ay, of (I1.16.10), we make use of the following observations:

For v = ¢ty + ¢y, c€C,

1 2
o [ (89 - Qre s
27T 0

= C<S(il€0[ — Ao)_l(I - QOI)T(POv 906>7

(L17.16) | o

d
. -1 o /
2 |, <SJO (1 Q)Tv,w0>dt
= ZC<S(Z!€0[ — Ao)il(I — Qol)TQO(), (p6>
for every S,T € L(X,Z) and for Qo given by (1.17.3).

Considering ikol — Ag : (I — Py1)X — (I —Qo1)Z, we see that the preimages
are in (I — Po1)X = R(ikol — Ap) N X. We claim that

1 27
7 (A Grm1v,vg)dt = (A;Grm1$0, ¢0)
0

(L17.17) = —i"(Aj A1 mpo, ¢p) for j = 1k >1,m >0,

where A, are given by (1.16.10) with the
substitutions listed in Proposition 1.17.1.

The proof is by induction, using (I.17.16) and the recurrence formulas
(1.16.10) and (I1.17.10).

Next, we choose ¢ = r € R and decompose d~5(r, Ky A) = é(r,fi, AN)/r=0
into real and imaginary parts:
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ReHﬂ‘v’o)‘] K= o)’ + Z ReH N (K — ko)“r?F = 0,
ImH, 0N (k — ko)t + S ImH;p N (k — ko) 72k = 0.

J,£=0
k=1

Jji=

~
o

(1.17.18)
K — n0+

118

or

S

This is system (1.8.39), and it is solved in Section 1.8 by the Implicit Func-
tion Theorem when ReHp # 0. By (1.8.44), this assumption is equivalent to
Rep/(0) = Repy # 0 (cf. (1.17.2)). Here we allow a degeneracy of the eigen-
value perturbation, and we have to relate this to the bifurcation equations
(117.18).

The second equation (I.17.18) allows us to express k — ko in terms of
(X, 72) (by an application of the Implicit Function Theorem). By analyticity,

k=rko+ Y, dipNr?* =&(r,\), where doo=0,

k=0
(L.17.19) 410 mHig0, 57210 = mHog0,
deo = —ImHypo — > > ImHpmo > dyo---dy,0,

n=2 m=1 vi+trm=£—n
for ¢ > 3 (in view of Hyp = 0).

When we insert k — ko as given by (1.17.19) into (I.17.18);, we obtain the
Reduced Bifurcation Equation

Dre(r, N)
Z Cjk)\jTQk =0 with Cop = 07
7,k=0
(1.17.20) C10 — 1%61{1007 Cop = ReHgoo,

{—1 L—n

coo =ReHpo+ Y. Y. ReHpmo 3 dyyo---dy, 0,
n=2 m=1 Vit tUm=~Cl—n

for ¢ > 3.

Finally, we express (i, as given by (1.16.9) (with the substitutions of Propo-
sition 1.17.1 by the coefficients Hy,o, where we use (1.17.15) and (1.17.17)):

p1 = —Higo, 2 = —Haoo,

{—1 —n
(1'17'21) pe = —Hyoo — Z Z Hpmo Z (72‘[}41/1) T (71'”1/71)’
n=2 m=1 Vit um=L—n
for ¢ > 3.
Assume that Reyu; = -+ = Reppm—1 = 0. Then, in view of (1.17.19) and
(117.21),
(1.17.22) Impy =dgg for £=1,...,m+1,

and by (1.17.20) and (1.17.21),
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(1.17.23) Repuy = —cgo for £=1,...,m+ 1.

We summarize the result:

Theorem 1.17.2 Let u(A\) = iko + Z;il piN be the perturbation series of
the critical eigenvalue irkg of A(X) = Z?io N A; = DyF(0,)\), which is the
linearization of F(x, \), along the trivial solution {(0,\)}. Let Bpo(r, \) be the
Reduced Bifurcation Function (1.17.20). Then ®,..(0,\) = Y77 cjoN along

j=1
the trivial solution. If Repy = --- = Reppm—1 = 0, then Reu; = —cjo for
j=1,...,m+ 1. Conversely, if cio = --- = ¢m—1,0 = 0, then Repu; = —c;o
forj=1,...,m+1. If all Rep; are zero, then all cjo are zero and vice versa.

In other words, the first two nonvanishing coefficients cpo and cpmi1,0 of
@,.(0,\) are precisely the negatives of the two first nonvanishing coefficients
Reptnm and Repmi1 of Rep(N).

If m is odd, then Reu()) changes sign at A\g = 0, which means that the
trivial solution line loses or gains stability (provided that all other eigenvalues
in the spectrum of D, F(0,0) are in the stable left complex half-plane). The
proof that a degenerate crossing of p(\) of the imaginary axis at u(0) = ixg
causes bifurcation of periodic solutions of (I.17.1) is the same as that in
Section 1.16: dsm(r, A) corresponds, in view of Theorem 1.17.2, precisely to
®(s,\) given in (I.16.26) when s is replaced by 72, and the arguments for the
following theorem are the same as for Theorem 1.16.4.

Theorem 1.17.3 Let u(A\) = iko + Z;il piN be the perturbation series of
the critical eigenvalue ikg of Dy F(0,)), and let Reu(A) = Z;‘;m Rep; M
with Rep,, # 0. If m is odd, then at least one and at most m non-
trivial curves {(z(r),\(r))} of real 27 /k(r)-periodic solutions of (I1.17.1)
through (x(0),A(0)) = (0,0) and 27/k(0) = 27/ko in (C;:/i(r)(RZ) N
Cgﬂ'/n(r)(R7X))

X R bifurcate. In particular,

x(r) is given by (1.8.47), where 1) is analytic near (0, ko, 0);
k(r) = &(r, \(r)), where & is analytic near (0,0),

(1.17.24) A(r) =232 qarr® /P2 for 0 <r < §

with exponents explained in (1.16.27) and

ap # 0 a zero of the defining polynomial P, .
Finally, x(—r) = Sz /emz(r), k(=r) = kK(r),
and A(—r) = X(r) (cf. Theorem 1.8.2).

If m > 1 is arbitrary, then at most m nontrivial periodic solution curves of
the form (I1.17.23) bifurcate (we include here possible vertical bifurcation, i.e.,
A(r)=0).
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We have the analogous special cases here as expounded in Section 1.16
when the Newton polygon for Qgre(,r7 A) = 0 consists of a single line con-
necting (0,1) and (2k1,0) or (0,m) and (2,0). Whereas the coefficient of
the defining polynomial at (0,1) or (0,m) is given by Theorem I1.17.2 (it
is —Rep; or —Repy,, respectively), the coefficient at (2k;,0) or (2,0) is
ReHyok, or ReHpo1. The computation of these coefficients is not trivial; it
follows the lines of (1.16.20), where the expressions for Gy, correspond to
(1.16.17). Here Ag is replaced by Jo. For v = r(thg + 1), the computation of
JoH(I — Q)FO(Z) [Goow, (V), - - ., Goow,, (V),v,...,v] is accomplished as in Sec-
tion 1.9, in particular (1.9.9). We give the formula for Hyg, which follows
from (1.9.11) with the observations of Remark 1.16.2:

Hyo1 = —3<F0(§’) [0, 0, Bols ©0)
(1.17.25) —2F2 By, (2iko — Ao) " F2 0o, wol], £h)

2 _ 2 —
HA(FS [0, Ay LES 100, Boll, )

Case 1
For m =1 and any k; > 1 we always have a pitchfork bifurcation by

formula (1.16.30), where s*1 is replaced by r2%1. If k; = 1, we have, in view
of (1.17.23) and (1.17.25),

ReH,
A(r) = P‘ie—:lolr? +0(r"),

(1.17.26)  £(r) = ko + dioA(r) + dorr? + O(r)

ReH,
= Ko + (Imul R 001

— III]H001> T2 + O(T’4)
el
by (1.17.19), (1.17.22), and do1 = —ImHqo1, which follows from (1.17.18)s.
Thus, in the nondegenerate case in which Reu; = Rep/(0) # 0, we regain the
bifurcation formulas (1.9.12). The general case is given by

ReHook, o 2k1+2
1.17.27 ANr) = ———r*"1 + O E
( ) (T) RelLtl r (T ) )

and k(r) is given by (1.17.19); the lowest-order term of k(r) depends on

(I.17.27) and the first nonvanishing coefficient in the expansion (1.17.19); cf.
also (1.17.22).

Case 2
For the case m > 1,k; = 1, we have cg1 = ReHyp1, and in view of
s =12 >0, the cases (1.16.31)—(1.16.33) reduce to
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ReHoo \ /™
A — 2/m 2/m
(1) =2 (ot ) o)
if m is odd, and
(1.17.28) /
ReH 1/m
A(r) = 4p2/m (—I:eu(:l> + 0(7’2/7")

if m is even and ReHop1 /Repi, > 0.

If ReHoo1 /Repin, < 0, then for even m, there is no bifurcation of real periodic
solutions of (I.17.1). Recall that in this case there is no exchange of stability of
the trivial solution line {(0, A)}, since the critical eigenvalue () of D, F(0, \)
does not cross the imaginary axis.

However, if m is odd, the stability of {(0,\)} changes (provided that all
other eigenvalues of Ag = D, F(0,0) are in the stable left complex half-plane
of C; in this case, the stability of the bifurcating periodic solutions of (1.17.1)
is determined by the perturbation of the critical Floquet exponents near 0;
cf. (I1.12.4), (1.12.5)). Since

@,.(0, A) = D, (r®,.(r, A))|r=0 and
(117.29)  rd,o(r,\) = Red(r, 7(r,A),\) (cf. (1.17.14), (1.17.18)
where &(r, \) is given by (1.17.19) (cf. (1.17.20)),

Theorem 1.17.2 can be restated as follows:

If Rep/(0) = -+ = Rep(™ 1 (0) = 0, then DD, Red(0,#(0,0),0) = - --
= DTﬁlDTReQ(O, %(0,0),0) = 0, and vice versa. In this case,

dm - am
(1.17.30) d}\—mReDré(O7 RE(0,N), \)|x=0 = —d)\—mReu(/\)b\:O.
We show now how formula (1.17.30) generalizes to the bifurcating curves of
periodic solutions given by Theorem 1.17.3 and their critical Floquet expo-
nents.

1.17.1 The Principle of Exchange of Stability for
Degenerate Hopf Bifurcation

If we substitute 7 = 2/P72 into (1.17.24), the curve {(z(r), x(r), \(r))| |r| <
d} is a solution curve of G(z,k,A) = 0 (cf. (I.17.5), where we normalized
the period again to 27), which is analytic in 7. We write this curve as
{(&(7), (), A(r))}, and its stability is determined by the critical Floquet
exponent o that is the nontrivial perturbed eigenvalue of
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(117.31) D,G(#(7), (1), A(T)p = i (cf. (1.12.3)).

We adopt the terminology of Section 1.12. The existence of the second crit-
ical Floquet exponent us = fia(7) is given by Proposition 1.12.1, and by its
construction via the Implicit Function Theorem, all functions that are in-
volved depend analytically on 7 for || < 4. For simplicity, we stay with
the curve {(z(r), k(r), A(r))} as long as possible, and we have in mind that
analyticity (or even differentiability) is given only when it is parameterized
by 7 (i.e., r = r(1) = 7272/2). In the sequel we use the following notation:
DG(r) = DuG(a(r), k(r), A(r), 1(r) = o1 +wi (r), and tia(r) = do+ws(r),
where Pw;(r) = 0,7 =1,2. Then, by (I1.12.6), (1.12.9), and (1.12.10),

D, G(r)a(r) = v(r)i(r) + pe(r)e(r), or, by (1.12.8),

Dy G(r)[v(r)(r) + pa(r)a(r)] = pa(r)[v(r)pr (r) + pa(r)e(r)].
(1.17.32)
By the equivariance (I1.8.31) or (I.12.16), equation (I1.17.32)5 is equivalent to

D,G(er)[v(r)Spth1(r) + p2(r)Satha(r)]
(1.17.33) = p2(r)[v(r)Sev1(r) + pa(r)Sewa(r)].

(Cf. (1.8.32), (1.8.33), and recall that x(e’r) = k(r), A(e?r) = A\(r), which
is also seen from (1.17.14).)
By the definitions of 11 (r), ¥2(r) and by (1.12.9), we obtain

v(r)Setpr(r) + pa(r)Sera(r)

= (v(r) cos O + ua(r)sin @)1 + (p2(r) cos @ — v(r) sin 0) vy
+ w(b,r),

so that Pw(@,r) =0 for 6 € [0, 27, |r| < 4.

(1.17.34)

In the sequel we distinguish the cases (v(r), u2(r)) = (0,0) and (v(r), pu2(r)) #
(0,0) for 0 < |r| < 6. In the first case, we choose § = 6(r) = 0, and we have

equation (I1.17.32); with zero right-hand side. In the second case, we choose
the phase 6 = 0(r) by

(1.17.35) v(r)cos@ + pa(r)sinf = 0 for 0 < |r| < 4,

and substituting = r(7) = 7772/2 we see that the phase

™ T

(1.17.36) 0 =0(r) = 0(r) € [_57 z

} is analytic in 7 for |7] < 4.
Since the eigenfunction (1.17.34) with the phase (I1.17.35) has no 1-component,
equation (1.17.33) implies

(I —Q1)D.G(er)(r) = pa(r)b(r), where
(1.17.37) P(r) = (p2(r) cos 0 — v(r) sin 0)vg + w(0, )
isin (I — P )(ENY) for |r| <.
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The real coeflicient ua(r)cos@ — v(r)sinf = [B(r) satisfies the equation
|B(r)] = \/v(r)? + pa(r)? if § = 0(r) is chosen according to (I1.17.35). There-
fore, 3(r) # 0 for 0 < |r| < § in the second case, and ((7) = B(r(7)) (with
r = r(1) = 7P72/2) is analytic and does not vanish for 0 < |7| < 0.

By definition (I.17.34), the remainder w(f(7), (7)) is given by

(1.17.38) w( )7T(T)): (1) Sy wi(r(7)) + f2(7)Sg wa(r (7)),

where (1) = v(r(7)), f2(7) = p2(r(7)).
Since
(1.17.39) Ifgirglilﬂlﬁr)l ? and |p2(r)|/|B(r)] <1
we obtain
(1.17.40) w(0(7),7(7))/B(r) = 0as T — 0

by w1 (0) = w2(0) = 0. X
To summarize, when dividing equation (I.17.37) by the coefficient 5(7) #
0, we obtain an analytic simple eigenvalue perturbation

(I = Q)DoG(ePOr(r)(r) = ia (1) (7),
(1.17.41) D(7) = B + @(7), W(0) =0, fiz(0) =0
with some w(7) € (I — P)(ENY).

Recall that in the case 3(7) = 0 (i.e., when (v(r), pu2(r)) = (0,0)), we obtain
(1.17.41) with 6(7) = 0 by (1.17.32); as well.

Thus for the analytic family A(7) = (I — Q1)D.G(e?(")r(7)), the results
of Section 1.16 are applicable, in particular Theorem 1.16.3. The calculation
of the bifurcation function related to (I1.17.41) is already accomplished in
Section 1.12, (I.12.21)—(1.12.30). We repeat the main steps (where we stay for
simplicity with the dependence on r rather than on 7). We define

G(x,0,r) = (I — Q1)G(x(e*r) + x,k(r), \(r)) and
(L17.42) G(o, 9, r) = 0, which is the trivial solution line.
hen D.G(0,0,7) = (I — Q1)D,.G(e"r) and
(1.17.43) D.G(0.6(0),0) = (I — Q1) Jo (6 = 0(r))
and
N(D,G(0,6(0),0)) = R(P2) = span|iy],
(1.17.44) R(D.G(0,6(0),0)) = R(Jy), and

(I = Q)W = R(D,G(0,0(0),0)) & N(D»G(0,0(0),0))
with projection Q2 onto N along R.

The Lyapunov—Schmidt reduction yields the bifurcation function
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B(v,0,7) = Q2G(v + (v, 0,7),0,7),
and for v = siy the computations (1.12.27)—(1.12.29) give
(1.17.45)  P(s2,0,7)
= Q2G((e"7r + 8)ibo + (e 7 + 5)1b,
FY((r + s)po + (€77 + 8)ihg, (1), A(r)), K(1), A(r)).

Using the definition (1.12.9) of the projection @2, and using the definitions
(1.8.34), (1.8.35) of the bifurcation function @, we see that the definition
(I.16.18) of the bifurcation function for (1.17.42) and (1.17.43) finally gives

1 2m

(1.17.46) U(s,7) =5 : (D(s02,0(7), (7)), 03)dt

= Redg(eié(T)r(T) + 8, 6(1(7)), A(r(7))).

Theorem 1.16.3 then relates the first two nonvanishing coefficients in the
expansion of fis(7) to the first two nonvanishing coefficients of D% (0, 7). In
order to compute D% (0, 7), we make use of the equivariance (1.8.36) of @,
which implies

(1.17.47) B(er + s, k,\) = e9D(r+e s, K, \).

Therefore, differentiation of (I1.17.47) with respect to s at s = 0 and taking
the real part gives

(1.17.48) Dy#(0,7) = ReD,&(r(7), 5(r(7)), A(r(7))).

By definition (I1.17.19) of k = &(r, A) (cf. (1.17.29)) and by &(7) = &(r(7)),
A7) = A(r(7)), we can rewrite (1.17.48) as

D(0,7) = ReD,d(r(r), (1), A(T))
(1.17.49) = ReD,(r(1), R(r(7), (1)), A(7))
= D, (r(1)Pre(r(7), A(7))) for || < 4.

Now application of Theorem 1.16.3 gives the following theorem, which
extends formula (I1.17.30) for the trivial solution line to any bifurcating curve
of periodic solutions.

Theorem 1.17.4 Let {(&(7), &(7), A\(T))} be any analytic solution curve of
G(x,%,\) = 0 through (0,0,0) (cf. (1.17.5)) and let fiz(1) = 3272, a7l
be the nontrivial critical Floquet exponent of D.G(&(7), (1), A(7)). Let

ds(r, K, A) be the complex bifurcation function obtained by the method of
Lyapunov-Schmidt (cf. (1.17.14)) and let

1 2 . Ny .
r(r) = —/0 (Z(1),v5)dt; cf (I1.12.9).

2

Then the following holds:
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(0) = - = A"V (0) =0 ( S 2) s
L ReD,B(r(r), A(r), A= =
(L17.50)  _ dﬁ:n_ll ReD,&(r(r), &(7), \(T))|r=0 = 0,
and in this case,
A ReDb(r(r),£7). A0 = o ia(m)) o,

(The last equation also holds for m +1.)

This generalizes formula (1.12.31) (here 7 = r). (For a different proof see
also Remark 1.18.5.)

o

If ;t—,hug(r)hzo/m! = [is, # 0, the sign of the nontrivial critical Floquet
exponent is given by

signfiz(7) = signRe D, ®(r(7), &(7), \(7)) # 0

(L17.51) .
for 7 € (—4,9)\{0}.

As in Section 1.16, we can give a criterion for when fi; # 0 for some m > 1.
The advantage of that criterion is that it is part of the construction of the
analytic curve {(&(7), (1), A(r))}. The proof is the same as in Section I.16,
(1.16.42)—(1.16.48), when we replace 5@(5 A) by 7®,.(r,\). The peculiarity
here is that @Te(r A) depends only on r? (cf. (1.17.20)). Observe also that
r®re(r, ) = Red(r, &(r,\), \) (cf. (1.17.29)). We give the result:

Theorem 1.17.5 Let a solution curve {(x(r), x(r), \(r))} of G(x,k,A) =0
(cf. (I1.17.5)) be obtained by a simple zero Ao # 0 of a defining polynomial P,
for some slope —1/~ of the Newton, polygon for @,.(r, \) (cf. Theorem I.17. 5’)

If v = m/y2 and T = v/ then {(x(r), x(r),A(r)} = {(&(7),A(r),A(r))}

is an analytic solution curve through (0, kg, 0) (in 7), and for the nontrivial
critical Floquet exponent fio(1) = 372, im0 of DyG(2(7), R(T),A(T)), we
obtain the following:

fi1 == fln_1 =0, for 1 = vy1j¢ + Y2ke and where
(117.52)  yje+ke == Yietr + kepr = 0 (cf. (1.15.5)), and
flin = *QVAOP (o) #0.

In particular, fi2(7) # 0 for 7 # 0, so that (1.17.51) holds.

We apply Theorem 1.17.5 to the special cases (1.17.26), (1.17.27), studied
before.
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Case 1

Let m = 1 and k; = 1. Then (according to (I1.17.20)) v = 1,50 = m =
1, ko = 0, so that 7 = 1. Furthermore, 7 = r?, and from (1.17.52) we obtain,
by Pi(A\) = c10A + ReH190 = —Repn A + ReHyo1,

(1.17.53) p2(r) = 2ReHyo1 72 + O(r?).
In view of (I1.17.26); this gives, with (1.17.2),

d? o dp,  d*\
1.17.54 ——(0) = 2Re—(0)—
( 7 5 ) er (0) R’e d}\ (0) er (0)7

which recovers formula (1.12.34).
For k; > 1 we have v = k; and m = ki. Again 7 = r2, and formulas
(I.17.52) and (1.17.27) give in this case

pa(r) = 2kiReHoor, 7?1 + O(r?h1+2),

(1.17.55) o

dr2k

di 2R\
— 2k Re 2t .
(0) = 2k Re 23 (0) T,

Formula (I1.17.55)5 links the nontrivial Floquet exponent s (r) along the bi-
furcating pitchfork (x(r), x(r), A(r)) to A(r) via the nondegeneracy Rep’(0) #
0 (cf. (1.8.7)).

Finally, we have the analogue to Theorem 1.16.8: There is a general Prin-
ciple of Exchange of Stability for degenerate Hopf bifurcation formulated
in the next theorem.

Theorem 1.17.6 Consider all local periodic solution curves of (1.17.1) through
(x,\) = (0,0) except a vertical curve {(z(r),0)} but including the trivial line
{(0,\)}. The nontrivial curves are given by Theorem I1.17.3, and for fized
X # 0, these are ordered in the (r,\)-plane for positive r. Then consecutive
curves have opposite stability properties in a possibly weakened sense (if the
Floquet exponent ua(r) vanishes along that curve).

Thus the total diagram shows also the stability properties of the curves if
the stability of the trivial solution line is known. On the other hand, Theorem
1.17.5 gives the stability of a curve by its construction.

We give an example:
(1.17.56) P Nd o= -3+ 25 — 3,

which is a “nonlinear oscillation” for the scalar function x = x(¢). Trans-
formed to a first-order system in R?, it takes the form (1.17.1). Here ro = 1
and

(1.17.57) AN = ( 01 ) , so that Reu(\) = ;/\7.

-1 X7
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Thus, in view of Theorem 1.17.2, the Reduced Bifurcation Function satisfies
®,.(0,\) = fé/\7+ h.o.t.. As in (1.16.55), the lowest-order coefficients c;i of

B (1, A) for k > 1 are of the form

k — —
ReHjOk = _(kal)Re<Fj(722kill) [8007 <o P05, P05 s SDO]7 SD()>
(L17.58) e it

if Fpp =0for 0< <4, 1<m<2k+1, (6,m)# (j, 2k +1).

Here pg = \%(;), Yy = %(?), and ( , ) denotes the real bilinear scalar

product on R? extended to C2. }

For our example, the Newton polygon for @,.(r, \) consists of the points
(0,7),(1,3),(2,1), (4,0) with coefficients —%, %, —27 %. The values of the
three slopes are v = %,*y = %, and v = 2. The defining polynomials have
simple nonzero roots, so that Theorem 1.17.5 is applicable. The bifurcation

diagram is sketched in Figure 1.17.1.

, - stable
,,,,,,,, unstable

Figure 1.17.1

Remark 1.17.7 For the planar system (1.17.56) the alternating stability of
consecutive periodic solutions (which are closed curves containing the origin
and each of which is contained in the next one) is not surprising: a simple
geometric intuition “proves” the Principle of Fxchange of Stability, since
there is “apparently” only one possibility for how the trajectories spiral in
the rings between the closed orbits. For higher-dimensional systems (1.17.1),
however, there is obviously not such a geometric intuition for such a principle,
and our assumption of nonresonance (cf. (1.8.14)) does not exclude that the
(parameterized) center manifold for (I1.17.1) is of high dimension (provided
that it exists).

Remark 1.17.8 A degenerate bifurcation as discussed in the last two sec-
tions is not “generic.” A small perturbation of the linearization A(X) reduces
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the problem to a generic bifurcation where the critical eigenvalue crosses the
imaginary axis transversally (“with nonvanishing speed”). For the concrete
example (1.17.56), a perturbed bifurcation diagram of Figure 1.17.1 is sketched
in Figure 1.17.2.

Figure 1.17.2

We observe a generic Hopf bifurcation (cf. Remark 1.14.5) with “imper-
fections” that contain stable branches of periodic solutions, too. It seems to
be natural to consider a solution set as sketched in Figure 1.17.2 as a pertur-
bation of a degenerate bifurcation; cf. also Remark II1.2.2.

1.18 The Principle of Reduced Stability for Stationary
and Periodic Solutions

As in Section 1.7 we consider formally

dx

(I.18.1) pri F(z,\),
where F': U x V — Z with open sets U C X, V C R, and we assume that
the Banach space X is continuously embedded in the Banach space Z. Let
F(x0,X) = 0; ie., zyp € X is an equilibrium of (I.18.1) for the parameter
Ao € R. We normalize w.l.o.g. (zg, \g) to (0,0). According to the Principle of
Linearized Stability (cf. (I.7.2)), the stability of this equilibrium is determined
by the spectrum of D, F(0,0).

In this section we assume a degeneration or bifurcation at (0,0) in the
sense of Sections 1.2, 1.4, 1.5, and 1.8: There is an eigenvalue of D, F(0,0)
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on the imaginary axis that might cause a loss of stability. (If there is no
eigenvalue of D, F'(0,0) on the imaginary axis, the Implicit Function Theorem
provides a unique continuation of the solution F(0,0) = 0 preserving its
stability.) Here we do not prove the existence of new stationary or periodic
solutions of (I.18.1), but we are only interested in their stability, provided
they exist near (0,0). In the first part of this section an eigenvalue 0 might
generate stationary solutions, whereas in the second part a pair of complex
conjugate purely imaginary eigenvalues might create periodic solutions of
(I.18.1) near (0,0).

We generalize the assumption of a one-dimensional kernel of D, F'(0,0) to
the following;:

0 is a semisimple eigenvalue of D, F(0,0)
(I.18.2) of multiplicity n > 1; i.e., dimN (D, F(0,0)) =n
and N(D,F(0,0)) N R(D,F(0,0)) = {0}.

Assuming that F(-,0) is a Fredholm operator of index zero (cf. Definition
1.2.1), this implies the decompositions

X = N(D,F(0,0)) & (R(D.F(0,0) N X),

(L183) 7 R(D,F(0.0) & (N(D,F(0.0)) (cf. (1.2.2)),

which, in turn, define projections

P:X - N, P=Q|x, where

(I.18.4) Q:7Z — N along R.

(Here N = N(D,F(0,0)), R= R(D,F(0,0)); cf. (1.2.3).)
The reduction method of Lyapunov—Schmidt described in Theorem 1.2.3
yields that

all solutions of F(z,\) = 0 near (0,0) € X x R are obtained
by solving @(v, A\) = 0 near (0,0) € N x R.

The bifurcation function @ is derived from F'

as in (I1.2.9) and v = Pz.

(L18.5)

The Principle of Reduced Stability for Stationary Solutions is
now formulated as follows: Are the stability of = as an equilibrium of (I1.18.1)
and the stability of v = Pz as an equilibrium of the reduced system

dv
1.18.6 — =P(v, A
( ) dt (U’ )
for (x,\) near (0,0) the same?

We give an answer to this question by the Principle of Linearized Sta-
bility, cf. (1.7.2), provided that the solutions (x,\) form a smooth curve
{(z(s),A(s))|s € (=6,0)} through (0, 0). For the regularity of F near (0,0) we
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assume analyticity as described in (I.16.2). We also assume that the solution
curve

(L18.7) F(x(s),A\(s)) =0  through (z(0), A(0)) = (0,0)

depends analytically on s € (=4, 9).
Thus the problem amounts to the study of the eigenvalues of the analytic
families of operators

D,F(z(s),\(s)) and

(1.18.8) o Dy ®(v(s), A(s)).

R(s)

To be more precise, as in Section 1.7, we confine ourselves to the eigen-
value perturbation of the critical eigenvalue p = 0 of T'(0) = D,F(0,0) and
of D,®(0,0) = 0 (cf. (1.2.10)2), assuming that the rest of the spectrum of
D, F(0,0) is in the left complex half-plane. In contrast to the investigations of
Sections 1.7 and 1.16, the multiplicity n of the eigenvalue = 0 (cf. (1.18.2))
makes the eigenvalue perturbations more involved. However, the assumed
analyticity of T'(s) € L(X,Z) and of R(s) € L(N,N) allows us to make
use of Newton polygons in studying the characteristic equations for the per-
turbed eigenvalues. In order to simplify the comparison of the characteristic
equations we introduce the following notation:

12(8) =Q nx € ﬁ
(1.18.9) Tin(s) = (1 - Q)R T(s)l € L(N. R),
Toa(s) = (I — Q)T(s)|prx € L(RN X, R).

Then, in view of (1.18.3

_ ( Tua(s) Taa(s)
T(S) B (Tgl(s) TQQ(S)) ’
(I.18.10) where the entries have the properties
Tn(O) = 07 T12(0) = 0, TQ1(O) = 07 and
T52(0) is an isomorphism.

~

, T(s) € L(X, Z) is given by the matrix operator

That last property holds also for Tx2(s) when s is near zero.
The eigenvalue problem for T'(s) leads to the study of

(TH(S) —pli  Tis(s) )
T(s)—pl = ,nweC,
Toi(s)  Taa(s) — plo

where I denotes the embedding X C Z,
I, is the identity in N, and I» = I|pnx.

(1.18.11)

Multiplying (I.18.11) on the left by the isomorphism (for small |s| and |u|)
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(1.18.12) (101 —Tm(S)(ij(QS) - MIQ)_1> € L(Z7),

where I is the identity in R, we obtain the operator

Ti1(s) — ply — Tra(s)(Taa(s) — pul2) ™ Tas(s) 0
(1.18.13) ( (o Ton(s) — ub) :

which is in L(X, Z). Thus the critical eigenvalues p of T'(s) near 0 satisfy the
equation

(11814) det(Tn(s) - p’Il - TlQ(S)(TQQ(S) - [}JIQ)_ITQl(S)) = 0

Observe that the operator in (1.18.14) is in L(N, N), and dim N = n. Finally,
since

(1.18.15) (Taa(s) — pla) ™ = 5% gu" Taa(s) ™71,

equation (1.18.14) is transformed into

h(s,p) = det(Ti(s) — pli — Taa(s) 2720 1" Toa(s) ™"~ Toa (s))
(1.18.16) =det(T11(s) — pli — > oo o W’ Bu(s)) =0,

where B, (s) = Ti2(8)Ta2(s) 7" 1Ty (s) = O(s?).

The function h is analytic for (s, ) near (0,0) in the sense of (I.15.2), with
the difference, however, that s is real and p is complex. The Newton polygon
method expounded in Section 1.15 for the real case gives also all solution
curves of h(s,u) = 0 emanating at (0,0) if p is complex: Simply take all
nonzero complex roots fig of the defining polynomials (1.15.8) and proceed in
the same way as in the real case.

We call h(s, ) = 0 the characteristic equation for the eigenvalue pertur-
bation of the critical eigenvalue p = 0 of T'(0) = D, F(0,0).

Next, we derive the characteristic equation for the eigenvalues of R(s).
From (I1.2.9) we obtain

(L18.17)  Dy®(v, ) = QD F(v + ¥(v, A), \)(I1 + Dytp(v, A)),

and since (I —Q)F (v+1(v, A), A) =0 (cf. (1.2.8)), differentiation with respect
to v yields

(1L18.18) (I — Q)DaF (v + (v, \), \)(I1 + Dyih(v, ) = 0.

For the assumed solution curve {(z(s), A(s))} we have v(s) = Pz(s) and
v(s) + ¥(v(s), A(s)) = x(s), so that (I1.18.18) implies, in view of definitions
(1.18.9),
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(118.19) Dyp(v(s), A(s)) = —Toa(s) ' T21(s) , whence from (1.18.17),
R(S) = Tll(S) — T12(S)T22(S)71T21(5).

The characteristic equation for the eigenvalues of R(s) is therefore given by
(1.18.20) g(s, 1) = det(Th1(s) — puly — Bo(s)) = 0.

We have to compare the solutions of the equations h(s, 1) = 0 and g(s, ) =0
emanating at (0,0). We give our main result:

Theorem 1.18.1 Let R(s) = s* Ry, + O(sk+1) for some ko > 1. If 0 is an
eigenvalue of Rk, € L(N,N) of at most algebraic multiplicity one, then the
series expansions of all critical eigenvalues of T'(s) = D, F(x(s), A(s)) and of
all eigenvalues of R(s) = Dy®(v(s), A(s)) have the same first nonvanishing
terms. For all but possibly one, these first terms are given by

(1.18.21) ppst, p=1,...r, r<n,

where p, € C are the nonvanishing eigenvalues of Ry,. If detR(s) =0, then
w =0 is an eigenvalue for R(s) and T(s). If det R(s) = s’ + O(s*T1), £ >
nkg, the last eigenvalue has the first term

uza

(1.18.22) uos@—(n—l)kg’ where o = TZM;ml g
Here m, denotes the algebraic multiplicity of p,, p=1,...,7 <n—1.

Thus, if Rep, # 0 for p=0,...,7, where p1,..., p, are the nonvanishing
eigenvalues of Ry, and where pg is given by (1.18.22), then the Principle of
Reduced Stability for stationary solutions is true.

Proof. We consider the case in which p = 0 is an eigenvalue of Ry,. The
modification in the other case is obvious. The Newton polygon for

(1.18.23) det(s" Ry, — ulh) = —p(pys® — p)™ - (upsto — p)™r

contains the line connecting (0,n) and ((n — 1)ko, 1), since the coefficients at
these endpoints do not vanish: They are

at (0,n), (=1)";
(I~18-24) at ((n _ l)ko, 1)’ f,LL;nl . ILL?T”M with mqy +---+m, =n — 1.

For the polygon of g(s,u) = det(R(s) — uly) we have to distinguish the
two cases det R(s) = 0 and det R(s) = rys’ + O(s*t1). In the first case,
=0 is an eigenvalue for R(s), too, and the Newton polygons for g(s, ) and
det(s* Ry, — uuly) are identical. In the second case, there is an additional line
connecting ((n — 1)ko, 1) and (¢,0) on the s-axis. Observe that £ > nko, so
that the polygon connecting (0,n), ((n — 1)ko, 1), and (¢,0) is convex. The
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only slopes are —1/kqg and possibly —1/(¢ — (n — 1)kg), and for the slope
—1/ky the defining polynomial is

(118.25)  Pyy(f) = —filjus — )™ -+ (e — )™ (cf. (L15.5).

According to Remark 1.15.1, only the nonzero roots of Py, (ji) are of interest,
and they give the nonzero eigenvalues of R(s) in lowest order by ,upsk", p=
1,...,r; cf. (I.15.17). Thus in the first case, the eigenvalues of R(s) are

(1.18.26) p=0 and p,s" +hot., p=1,...,7

(Since the roots p, of P, (&) have multiplicity m,, they give m, complex
solution curves {(s, u(s))} of g(s,u) = 0. This follows from the procedure
described in Section I.15. Recall that all complex roots of defining polynomials
are of interest now. The m, (complex) eigenvalues of R(s) with the same
lowest-order terms 4,5 are not necessarily identical.)

In the second case, the additional slope —1/(¢ — (n — 1)ko) gives the
defining polynomial

(1.18.27) Prn—tyke (1) = —pq" -+ " i + 1,

since the coefficient at (¢, 0) is ro. This proves that in this case, the eigenvalues
of R(s) are

(1.18.28) st Dk L hot., ,upsk“ +hot., p=1,...,r

where (i is given by (1.18.22).

In order to determine the solutions of h(s,u) = 0, we write it as
h(s,p) = det(R(s)—pli —> oo, W’ B, (s)), and we recall that B, (s) = O(s?);
cf. (I.18.16). The additional term Y >, u”B,(s) cannot influence the New-
ton polygon for det(R(s) — plp): It leads only to terms of order O(s*u/)
with koj + k > nko + 2 and j > 1. The corresponding points (k, j) are all
above or to the right of the line connecting (0,n) and ((n — 1)ko, 1). Since
h(s,0) = g(s,0) = det R(s), the operators R(s) and T'(s) both have the eigen-
value 1 = 0 if and only if det R(s) = 0. If det R(s) = r¢s° + O(s*) for some
¢ > nko, then the Newton polygons for h(s,u) and g(s,u) end at (¢,0) on
the s-axis. O

Remark 1.18.2 Forn = 1 the eigenvalue 0 of D, F(0,0) is algebraically sim-
ple, and Theorem 1.18.1 gives the lowest term of the critical eigenvalue pertur-
bation 11(s) of D, F(x(s), A(s)) by the eigenvalue of R(s) = D,®@(v(s), A(s)) €
L(N,N). Using N(D,F(0,0)) = span[dg] and the projection Q as given by
(1.16.6), we see that the eigenvalue of R(s) is (D, P(v(s), A(s))0o, ) € R. If
Px(s) = v(s) = sy, then in the terminology of Section I.16, we can rewrite
(Dy®(v(s), A(8))00, ) = DsP(s,A(s)). (Here we identify &(-,\) : N - N
with its representation via the basis vector 0y : P(s,A) = (P(sbg, A),0()-)
Let {(x(s),\(s))} be a solution curve of F(x,\) = 0 through (0,0). If
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Px(s) = svg, then Theorem 1.16.4 tells that in general, \(s) does not depend
analytically on s but on t = s'/P72 (for s > 0; for s <0 see the modification
in (1.16.27)).

According to Section 1.16, we write the solution curve as {(&(t), \(£))},

and PZ(t) = tP20y = §(t)0g = s0g. By Theorem 1.16.6, the first two nonva-
nishing coefficients of the analytic simple eigenvalue perturbation i(t) of the
eigenvalue 0 of D, F(&(t), \(t)) and of D.®(3(t), A\(t)) are the same or both
vanish identically.
In view of h(s, ) = g(s, p) —b(s, ), where b(s, p) = > oo, w”(Bu(s)0o, 0)) =
O(s2p1), we obtain h(t, p) = D®(5(t), \(t)) — p(1 + b(t, ), where b(t, ) =
O(t2) in any case. Thus ji(t) solving h(t, i(t)) = 0 and DB(5(t), \(t)) have
indeed the same first two nonvanishing terms. Therefore, Theorem 1.18.1 pro-
vides a new proof of Theorem 1.16.6.

Next, we consider n = 2 and the case that @ = 0 is an eigenvalue for
both R(s) and T(s); i.e., det R(s) = 0. Then the remaining (real) eigenvalue
of R(s) is trR(s), and the real perturbed eigenvalue 1u(s) of Dy F(x(s), A(s))
near 0 is given by p(s) = trR(s) + O(s**2). This means that they have the
same first two nonvanishing terms or both vanish identically. We shall make
use of this observation below in studying the Principle of Reduced Stability
for periodic solutions.

The following counterexample shows that Theorem 1.18.1 cannot be
improved by allowing zero to be an eigenvalue of Ry, of algebraic multiplicity
two. Let

F:R* x R — R* be given by

A2 =X 00 xrt — a3
(I.18.29) Fle) = AR 0 0| | gaf o+ gaf 2w
VTN 0 20t a?
0 0 —-10 0

Here assumption (1.18.2) is satisfied for n = 2. We consider the solution curve

{(2(s),\(s))} = {((5.5,0,0),5)}. Then

353 s 00
—5% —s% —50
T(S) = DfF(z(5)7)\(5)) = —3 0 2 1 )
5
0 0 10

(1.18.30) and the four matrices T;;(s) of (1.18.10

)
are precisely the four 2 x 2 blocks of T'(s).

Moreover , Tpa(s) ™! = (g 101) '

Therefore, By(s) =0, and in view of (1.18.16) and (1.18.20),



160 CHAPTER I. LOCAL THEORY

—3s3 —pu S
g(s,u)det( —85 _85_u)7

—3s% — 0 O
h’(87/1/) = det (( i55 a 555#) — K (552 0) +O(82M2)> .

(1.18.31)

The zeros of g(s, ) = 0 are pu(s) = (—3 £ 1v/5) s>+ h.o.t., whereas the zeros
of h(s, ) = 0 are ji(s) = s* + h.o.t. The difference in the lowest-order terms
is due to the degeneration of R;; namely, by (1.18.19) and By(s) = 0 we have

R(s) = (8 (1)> s+ 0(s%), and zero is an eigenvalue

of Ry of algebraic multiplicity two.

(1.18.32)

In the next section we show that the operator Ry, is known when the
solution curve {(v(s),A(s))} of @(v,\) = 0 is constructed by the Implicit
Function Theorem.

1.18.1 The Principle of Reduced Stability for Periodic
Solutions

Next we consider again (I.18.1) with F'(0,0) = 0, and we assume that the
stability of a curve of equilibria through (0,0) (whose existence we do not
prove) is possibly lost by the assumption that

+iko(#£ 0) are semisimple eigenvalues of D, F(0,0)

of multiplicity n > 1; i.e., dim N (+ixol — D, F(0,0)) =n
(L18.33)  and N(%irol — D, F(0,0)) N R(%irol — D, F(0,0)) = {0}.

Furthermore,

+ikol — D, F(0,0) are Fredholm operators of index zero.

As shown in Section 1.8, assumption (I.18.33) for n = 1 can give rise to
periodic solutions of (I.18.1) with periods near 27/k. As before in the sta-
tionary case, we do not prove the existence of such periodic solutions, but
we are merely interested in their stability. We assume in addition to (I.18.33)
that

Ay = D, F(0,0) € L(X, Z) generates an analytic (holomorphic)

(I.18.34) semigroup e°*, ¢t > 0, on Z that is compact for ¢t > 0.

Clearly, a necessary condition for (I.18.34) is that X be densely embedded
into Z. We introduce again the spaces

(L18.35) E=Cg (R, X), W=C5(R,Z), Y=CuR,2),
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with norms as in (I.8.11). The obvious generalization of the proof of Propo-
sition 1.8.1 gives the following result:

If for all m € Z\{1,—1}, imko is not an eigenvalue
of Ag = D, F(0,0),then the linear operator

(1.18.36)  Jy = RO — Ap: ENY — W is continuous and is a

Fredholm operator of index zero, with dim N(Jy) = 2n.
Furthermore, W = N (Jy) & R(Jy).

This defines the projection @ : W — N (N = N(Jp)) along R (R =
R(Jo)) and also P = Q|gny : ENY — N along RN(ENY'). We remark that
all real spaces have to be complexified in order to make a complex spectral
analysis possible and that the dimension of N(Jy) is 2n as a complex space;
ie., N(Jg) = C>".

As in Section 1.8, property (I.18.36) allows us to apply the method of
Lyapunov—Schmidt in order to obtain all periodic solutions of (I.18.1) of
small amplitude for A near 0 and with period near 27/k. Using the simple
substitution Z(t) = x(xt) this is reduced to solving

d
G(z,k,\) = Hd_j — F(x,\) =0, where
(L.18.37) G:UxV =W and
0€U C ENY, (ko,0) € V CR?%

cf. (I.18.9)—(1.18.13). The method of Lyapunov—Schmidt described in Theo-
rem [.2.3 yields that

all solutions of G(z,,\) = 0 near (0, r¢,0) in (ENY) x R?
(1.18.38) are obtained by solving @ (v, k, A) = 0 near (0, ko, 0)
7 in N x R2. The function & is derived

from G as in (1.2.9) and v = Pz.

The Principle of Reduced Stability for Periodic Solutions is now
the analogue of the principle for stationary solutions, namely, the determi-
nation of the stability of z by the stability of v as a solution of the reduced
system. To that end we make use of the Principle of Linearized Stability of
periodic solutions as explained in Section 1.12, in particular, in (I1.12.2).

As before, we assume the existence of an analytic curve {(z(r), &(r), \(r))]
r € (=6,0)} C (ENY) x R? of solutions of G(x(r), x(r), \(r)) = 0 through
(0, ko, 0). Then the stability of z(r) is determined by the Floquet exponents
that are the eigenvalues of

(1.18.39)
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As before, we confine ourselves to the eigenvalue perturbations of the critical
eigenvalue p = 0 of T'(0) = Jy, assuming that the rest of the Floquet expo-
nents are in the stable right complex half-plane. We relate these eigenvalue
perturbations of T'(r) to the eigenvalues of

R(r) = Dy®(v(r), (r), A(r)) € L(N,N),
(1.18.40) where Px(r) = v(r).

Before we apply Theorem 1.18.1 to this particular situation, we make the fol-
lowing observations: Due to the free phase of any solution of the autonomous
differential equation (I.18.1), the mapping G is S'-equivariant (cf. (1.8.31)).
This means that

(1.18.41) G(Sox, k,\) = SpG(z, k, A) for
o (Sez)(t) =x(t+0), 6¢€ R(mod 2m).

Choosing a basis {®1,...,¢n} in N(ikol — Ap), we see that the complex

conjugates {@y,..., 9, form a basis in N(—irol — Ag) (recall that Ag is a

real operator).

Then as shown in the proof of (1.18.36), the functions — {p1e®, ..., @, e,
Pie ... P, e "} areabasisin N(Jy). Next we identify (-, x,\) : N(Jp) —
N(Jp) with its representation by that basis; i.e., we identify &(-,k,\) :
N(Jo) — N(Jp) with a mapping in C?". (As shown in (I1.8.33)—(1.8.34), a
real function z has a real projection Px = v, and for any real function
v the mapping @(-,k, \) decomposes into n complex components sl%(~,n, A)
together with their complex conjugates; cf. (1.8.35). Thus for real v, the
equation P(v,k, ) = 0 is equivalent to the n-dimensional complex system
43(11, k,A) = 0, which, in turn, is usually transformed into a 2n-dimensional
real system by decomposition into real and imaginary parts.)

The equivariance (1.18.41) of the mapping G is inherited by the reduced
function @ as follows:

O(Myv, K, \) = MyP(v, Kk, \), where

(1.18.42) My = diag(e®,... e, e ... e"¥) e L(C?>", C™).

Differentiation of (I.18.42) with respect to v gives

(1.18.43) Dy®(Mgv, i, \) My = MyDy®(v, i, ),

and for some solution of &(v, k, \) = 0, differentiation of (I1.18.42) with respect
to 6 at 0 = 0 yields

D,®(v,k,A\)Dv = D®(v,k,\) = 0, where

d
D= @Mmzo =i(E,~E) € L(C*,C*).

(1.18.44)
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The conclusion of (1.18.44) is that D,®(v, k, A) has an eigenvalue 0 for every
nontrivial solution v # 0 of (v, kK, A) = 0. In view of the basis in N(.Jy) we
have the eigenfunction Dv = ‘;—;’.

The preceding analysis, in particular the proof of Theorem 1.18.1, shows
that 0 is also an eigenvalue of D, G(z,k, ) if G(x, K, \) = 0. The argument
does not need any analytic dependence on some parameter r, and we repeat
it for convenience.

We set T' = D,G(x, K, ), and we decompose it as in (1.18.9), (1.18.10),
using the projections defined by W = N(Jy) @ R(Jy). Then, as in (I.18.19),

D, ®(v, K, ) = T11 — T12T5,' To1, and following (1.18.11)—(1.18.13), we obtain

I —T12T55" Ty — Ti2T55 To1 0
1.18.45 = T= 22 .
( ) < 0 I T Too
This proves that 0 is an eigenvalue of 1" with eigenfunction v = Dv —

To'ToyDv € ENY. (Here we identify N x R with N ® R = W and

x (RN(ENY))with Ne RN(ENY)=ENY.)

Obviously7 the eigenvalue 0 is the trivial Floquet exponent of D, G(x, K, \)
=KL —D,F(z,N) if G(z,k,\) = k% — F(z,\) = 0. However, it is not clear
that the eigenfunction ¢ = (I T22 Tp1)%% is equal to %, which follows
from the formal proof for the trivial Floquet exponent. What is needed in
Sections 1.12 and 1.17 is Py = % if Px =v. For (I — P)i) = —Tp,'Toy & iy we
have the following estimate:

(1 N P)Ylleay < [T [ Tallllv]l,  where
T2l = (I = @)DaG (@, 5, N) (. r(EAY) < C,s

(LI8A6) Ty | = (1 — QDo Gk N) v,y — 0
as ||[v]] = 0 and (k, \) — (Ko, 0)
(recall that D, G(0, ko,0) = Jp).

Since N = N(Jp) is finite-dimensional, all norms on N are equivalent. In
view of its construction by the method of Lyapunov—Schmidt, cf. (1.18.38),
|lv]] = 0 is equivalent to ||z||gny — 0. We summarize:

Proposition 1.18.3 Assume for the mapping F in (1.18.1) that F(0,0) =0,
that it has the reqularity (1.8.13), and that it satisfies (1.18.33) and (1.18.34).
Let x € ENY be a 2w-periodic solution of n‘fl—f — F(xz,\) = 0 obtained by the
method of Lyapunov-Schmidt; cf. (1.18.38). Then = has the trivial Floquet
exponent p = 0 with an eigenfunction ¢ in ENY such that Py = %Pm
and (I — P)yp = o(||Px|)) in ENY as (z,k,\) — (0,k0,0) in (ENY) x R2.
Finally, by its construction, 1 depends continuously (smoothly) on (x, Kk, \)
in the topology of ENY if D,G depends continuously (smoothly) on (x, K, ).

In the special case of Section 1.12, when G(z(r),x(r),A(r)) = 0 1is a
bifurcation curve through (0, kg, A\g) given by the Hopf Bifurcation Theo-

rem, Theorem 1.8.2, we have Dv = 9% = ir(¢g — b)) = riy (see (1.12.9)),
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and an eigenfunction ¢ = 7(0; — Ty T101), so that (1.12.7) is true with
Y1(r) = 01 + w1 (r), where wy(r) = 7T2721T21{)1. The operators T, = Tj(r)
are defined as in (1.18.9) for T'(r) = D,G(x(r), k(r), A(r)); cf. (1.18.39). If
T(r) is twice continuously differentiable with respect to r € (—d,9), then
wi (r) is twice continuously differentiable, too.

Now we come back to the general case of an analytic solution curve
{(z(r), k(r), A\(r))} through (0, kg, 0) defining the analytic families of opera-
tors T'(r) (1.18.39) and R(r) (1.18.40), provided that F is analytic near (0,0)
in the sense of (1.16.2). By (1.18.44) and Proposition 1.18.3, u = 0 is an eigen-
value for R(r) and T'(r) for all » € (=0, d). This means that det R(r) = 0 and
that Ry, has an eigenvalue 0 if R(r) = r* Ry, + O(rFo*1). Application of
Theorem 1.18.1 gives the following result:

Theorem 1.18.4 Let R(r) = r*o Ry, + O(r*o*1) for some ko > 1. If 0 is an
algebraically simple eigenvalue of Ry, , then the series expanding the critical
nontrivial Floquet exponents of T(r) = DyG(x(r),s(r),\(r)) = r(r)4 —
D, F(z(r),\(r)) near 0 and of all nontrivial eigenvalues of R(r) have the

same first nonvanishing terms. They are given by

(1.18.47) ,uprk"7 2 < p < 2n,
where p, # 0 are the nonvanishing eigenvalues of Ry, .

Thus, if Rep, # 0 for all nonvanishing eigenvalues of Ry, then the Prin-
ciple of Reduced Stability for periodic solutions is true.

Remark 1.18.5 If assumption (1.18.33) is satisfied with n = 1, then ac-
cording to (1.18.36), dim N(Jy) = 2 (which means its dimension over the
complex field C). Since p = 0 is an eigenvalue both for R(r) and T(r),
the observation made in Remark 1.18.2 is true here as well: The remain-
ing nontrivial eigenvalue pa(r) of R(r) and of T'(r) is given in lowest terms
by pa(r) = rRotrRy, + rfotler Ry, 1 + O(r¥o+2). Here ®(v,k,\) = 0 is the
2-dimensional reduced system QG(v + (v, k, \), Kk, A) = 0; ¢f. (1.8.30). We
tacitly assume that x and v = Px are real functions, which means that the
two complex components of ® are complex conjugates; cf. (1.8.34). Its first
component is denoted by é(c,n, A) if v = epoett + ¢ poe; cf. (1.8.35). In
order to compute the four complex components of the matriz D,®, we have
to consider ¢ and ¢ as independent complex variables. By the computations in
Section 1.17, in particular (1.17.7)—(1.17.18), we obtain as the first complex

component of P(v, K, \) for v = cppe’ + ¢ e,

D(c,C, Ky \)

=i(k—ko)e+ Y. HjmN(k— ko)'cFHier; ef. (1.17.18).
5,6,k=0

(1.18.48)

Ifc=7r€R and ifﬁl%(r, K, \) = r®(r, 1, \) = 0, then
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DeB(r, K, \) = Deb(r, K, \)
) ) 1 -
(1.18.49) = 3 kHjuN (k — ko)ir?F = §D’”¢(T’ Ky A).

j,£=0

k=1
Since the second complex component of (v, k, X) is the complex conjugate of
the first component, we obtain

trD,®(v, k, \) = 2ReD B(r, K, \)
~ =ReD,2(r, &, A)
if v="r(poe" +Fpe ")

and if (r,k,\) = 0.

(1.18.50)

Let {(x(r), c(r), A(r))} be a solution curve of G(x, Kk, \) = 0 through (0, kg, 0).
If Px(r) = r(poe™ + pye ), then Theorem 1.17.9 tells that in general,
k(r) and \(r) do not depend amalytically on v but on t = r*/P¥2. Ac-
cording to Section I.17 we write the solution curve as {(&(7), k(1), \(T))}
and Pi(T) = 7072/25 = r(1)0g with 09 = @oe™ + Pye . Thus the first
two nonvanishing coefficients of the montrivial eigenvalue (= Floquet ex-
ponent) fio(7) of DyG(2(7), #(T), \(7)) and of trD,®(Pz (1), i(1), \(1)) =
ReD,®(r(7), (1), \(T)) are the same or both vanish identically. This pro-
vides a new proof of Theorem 1.17.4.

Remark 1.18.6 The results of Proposition 1.18.3 and Theorem 1.18.4 are
extended to the more general case in which (1.18.33) is replaced by the fol-
lowing assumption:

+ikg, imako, . .., Timgkg are semisimple eigenvalues of

D, F(0,0) of multiplicities n; > 1, j =1,..., £, where
(L18.51) .

1=m1 <mg <--- < my are integers and no other

eigenvalue of D,F(0,0) has the form timkg with an integer m.

Then Jy = 50% — Ay, Ao = D,.F(0,0), is a Fredholm operator of index
zero, and dim N (Jy) = 2n, where n = ny + - - - + ng, which is the sum of the
multiplicities of imjko, j =1,...,L. In particular,

N(Jo)=N1®--- & Ny, where N; =
im;t im;t — —imjt - —imjt
Span{@mj,le 7 yeee s Pmyn; € 7 7§0mj71€ ! a"'a@mj,nje ! }7

(1.18.52)
and the equivariance of the reduced function @ is now described by

D (Myv, k, \) = MyP(v, Kk, \), with
(1.18.53)My = diag(Mm, 0, - - ., Mpm,0), where
My,,0=diag(e™i?, ... emif e=imib e=imif) ¢ [(C?",CM).

The arguments for Proposition 1.18.8 and Theorem 1.18.4 hold clearly in this
more general situation as well. A way to construct curves of solutions of
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G(z, Kk, \) through (0, ko,0) by the method of Lyapunov—-Schmidt is given in
[94], [102], for example.

1.19 Bifurcation with High-Dimensional Kernels,
Multiparameter Bifurcation, and Application of the
Principle of Reduced Stability

Analytical tools to solve high-dimensional bifurcation equations (obtained by
the method of Lyapunov—Schmidt) exist, but they are rarely applied, since the
verification of their assumptions is hard in high dimensions. For the existence
of bifurcating solutions, topological tools as expounded in the next chapter
are much more adequate.

High-dimensional kernels often occur if symmetries cause a degeneration.
In this case, a reduction of the problem to fixed-point spaces of symmetry
subgroups is appropriate, since it reduces the dimension of the kernel consi-
derably. The basic notions of these so-called equivariant problems are given
in the monographs [164], [58], [59], [18], and examples with symmetries can
be found in Chapter III.

Nonetheless, we present some analytical methods for treating high-dimen-
sional bifurcation equations since they are constructive compared to the topo-
logical methods. These equations are obtained by the method of Lyapunov—
Schmidt expounded in Section 1.2. We confine ourselves to stationary solu-
tions of (I.18.1); the solution of high-dimensional bifurcation equations for
periodic solutions can be found in [94]. We consider F' : U x V — Z, where
OeUcCX and \g e VCRand

F(0,A)=0forall A\ eV,
(I.19.1) dimN (D, F (0, X)) = codimR(D,F (0, o)) =n > 1;
ie., D,F(0,)\) is a Fredholm operator of index zero.

The assumed regularity of F is
(1.19.2) F e C*(U x V,Z), where k > 1 is large enough.

As a matter of fact, the method itself defines the value of k in (I1.19.2). By
Theorem 1.2.3, the problem

(1.19.3) F(x,A) =0 near (0,\) € X x R is reduced to
.19. &(v,\) =0 mnear (0,\) € N x R,

where as usual, N = N(D,F (0, \g)). The function ¢ maps a neighborhood
of (0, ) into Zy C Z, which is a complement of R = R(D,F(0,\)) and
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dim N = dim Zy = n. By (1.19.1); we have the trivial solution ¢(0,A) = 0
for all A near \g.

Choosing a basis {01,...,0,} in N, a basis {07, ..., 9} } in Zp, and vectors
{01,...,0,} in Z’' such that

(1.19.4) (07 ,f)@ =0k (Kronecker’§ symbol),

(z,0,) =0forall ze R, j,k=1,...,n,
we see that the projection @ in (1.2.3) is given by Qz = >, _, (2, 9},)0; and
the Bifurcation Equation (I.2.9) is written in coordinates as

@(y, )‘) = (@1(y7 )‘)a R aén(ya )‘))7

(1195) ¢k(y7)‘) = <F(Z‘?:1 yjﬁj + ¢(Z‘?:1 yj{)ﬁ)‘)a )‘)7{);@> =0
for k = 15"'7n7y: (y17"'7y’n)7

where 1 is the function to solve (I—Q)F (v+1 (v, A), ) = 0; cf. (1.2.6)—(1.2.9).
We identify the function @ in (1.19.3)s with its representation in coordinates
(I.19.5), and we consider it as a mapping from a neighborhood of (0, A¢) in
R™ x R into R™. We call ¢ in (1.19.5) the “scalar bifurcation function.” In
order to simplify the notation, however, we stay with @(v, \) rather than with
&(y, \) for y = (y1,- .., yn) € R™. Finally, we normalize A\ to 0 and we write
the Bifurcation Equation in the following form:

D(v,\) = ; N @1, (v) + R(v,\) = 0, where

(1.19.6) 5 29 . . . .
D« NV — Zy are k-linear, symmetric, the sum is finite, and

R(v, A) is a continuous remainder of higher order.

By Corollary 1.2.4 we have D,®(0,0) = $y; = 0.

The computation of the mappings @;;, in terms of the original function
F' is complicated in general. We refer to Section 1.16, where we do it for a
one-dimensional kernel N; cf. (I1.16.19). Fortunately we need to know only
special terms; see (1.19.9) and (1.19.26) below. As in Section 1.15, we mark
points (j, k) in a lattice whenever @, (v) # 0, with the difference, however,
that the powers j are on the abscissa and £ is on the ordinate. The Newton
polygon method to solve (v, \) = 0 near (0,0) nontrivially is more restricted
than in the case n = 1, since we cannot divide by v or v* if @, (v) = 0
for all k < ko. On the other hand, we can divide by M if @;(v) = 0 for
all j < jo and if the remainder R(v,)\) contains only terms of order |\|7o. If
jo > 0, then we have solutions {(v,0)}; i.e., vertical bifurcation occurs.

Next, we can assume that there is a first point (0, kg) on the ordinate such
that @oko (U) ?é 0.
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Case 1
Assume that the Bifurcation Equation is of the following form:

(1.19.7) D(v,\) = Do, (v) + AP, (v) + R(v, A) = 0,

where R(v, \) contains only terms of order |A[7||v||* with ko < k for j =0 or
1 and ko < k for j > 2. A sufficient condition for (1.19.7) is

(1.19.8) DEDJF(0,0)(v) =0 forall j >0, 1<k < ko, and v € N,

whence (with [D,F(0,0)]1: (I —Q)Z — (I — P)X)
Bui,(v) = 75 QDEF(0.0)(0),
(1.19.9)  Dyp,(v) = k%!QD’;“DAF(O,O)(v)
—kLO!QDiAF(Q 0)[D,F(0,0)]"H(I-Q)D > F(0,0)(v).

Note that we have to insert only elements v € N into (I1.19.8) and (I1.19.9).
In this case, we make the substitutions

(1.19.10) [v]| = |s|, v=s0 with o] =1,
yielding the equation
(1.19.11) % (o, (D) + APk (0) + R1(, A, 8)) = 0,

with some remainder R;(7,0,0) = 0.
Since we are interested only in nontrivial solutions, we divide by s*, and
we obtain the system

(119.12)  &(3, ), s) = (%’“0(6) *’\ﬁ%’ﬁg@i&(f”’\’ S)> - (8) —0.

Here we can take any norm || || in N, in particular, ||v[|? = Z;Zl y?-; cf.
(1.19.5).

Let ®Pok, (U9) = 0, where ||0g]] = 1. (By the homogeneity of ®gy,, any
nontrivial zero can be normalized to ||#o| = 1.) Then &(%, 0,0) = 0, and if

Diga é(f}o,()?(]) = I 5d0§0 (UO) ¢1k0(vo)
e 209 0
(1.19.13)

is regular in L(N x R, Zp x R),

then the Implicit Function Theorem gives a solution curve &((s), A(s), s
through (9, 0, 0) for s near 0. (We note that D;Por, (00) € L(N, Zo), P1k,(

S

0
0)
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€ Zyp, and the vector vy acts on h € N via the scalar product Z?Zl y?hj if
f)o = Z;L:I y?f)] and h = Z_?:l hjf)j; cf. (1195))
This solution finally defines a nontrivial solution curve

(1.19.14) {(s0(s),A(s))}  through (0,0) of &(v,\) =0.

We remark that due to the homogeneity of @gy,, the derivative D;Pog, (o)
has at most rank n — 1, since 0 is necessarily an eigenvalue with eigenvector
(B

If F and @ are analytic near (0,0), then the solution curve (1.19.14) is
analytic, too, and the method of Lyapunov—Schmidt provides an analytic
(nontrivial) solution curve F(z(s), A(s)) = 0 (cf. (I.19.3)). Thus it is natural
to ask whether the Principle of Reduced Stability is applicable. Accord-
ing to the hypotheses of Section 1.18, we have to require that X C Z and
that 0 be a semisimple eigenvalue of D, F(0,0) of multiplicity n (cf. (I.18.2);
this assumption is stronger than (I.19.1)). Since

(1.19.15) D,®(v(s), \(s)) = s 71D, Bop, (7o) + O(s™),
the assumption of Theorem 1.18.1 is that

Riy—1 = DyPor, (Vo) has an eigenvalue 0

(1.19.16) of at most algebraic multiplicity one.

In view of the homogeneity of Po,, this means that 0 is an eigenvalue of
D, Py, (00) of algebraic multiplicity one with eigenvector 7. In this case, the
Principle of Reduced Stability is valid for the solution curve (1.19.14).

Case 2
Next, we come back to the general situation that @g,(v) Z 0 but that there
are points (j, k) in the Newton diagram for k < kg. As in (1.15.3) the Newton
polygon forms by definition the convex hull of all such points (but we do not
require that the polygon end on the abscissa; as a matter of fact, it can end at
most in some (jo, 1); cf. (1.19.6); horizontal lines do not belong to Newton’s
polygon by definition). The remainder contains only terms of higher order
than given by the points on the Newton polygon.

Let —1/v € Q be one of the slopes of the Newton polygon of &(v, ).
Then, as in Section 1.15, a substitution

(1.19.17) v=\"7 for A>0
leads to

(1.19.18) B(v,\) = \° ( ST B(8) + Ra (5, A)) =0

Jjtky=0o
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with some remainder R;(?,0) = 0. Let 09 # 0 be a root of the n-dimensional
polynomial

P,(0) =3 4o Pix(0) such that
(1.19.19) o

D3P, (0p) is regular in L(N, Zy).

Then the Implicit Function Theorem for (1.19.18) (after division by A7) gives
a solution

(1.19.20) {(0(A\),A)|0 <A< 61} suchthat  9(0) = .

Then

{(A"9(N),N)|[0 <A <61} is a nontrivial
(1.19.21)

solution curve of (v, \) = 0 emanating at (0,0).

Defining &~ (v, —\) = @(v, \), we carry out the same procedure for &~ (v, \) =
0 for A > 0, and we obtain possibly a solution curve of &(v,\) =0for A <0
emanating at (0,0).

If F and @ are analytic near (0,0), then 9(\) is analytic in A, and setting
s=A/"if y = v1 /72 for v; € N, i = 1,2, we see that

(1.19.22) v(s) =s"0(s7) and A(s) = s

provide an analytic solution curve @(v(s),A(s)) = 0 (for s > 0). By the
method of Lyapunov—Schmidt, this yields a solution curve F(z(s), A(s)) =0
(cf. (I.19.3)), and it is natural to ask whether the Principle of Reduced
Stability holds for the curves {(v(s), A(s))} and {(z(s), A(s))}.

Again, we assume that X C Z and that 0 is a semisimple eigenvalue of
D, F(0,0) of multiplicity n (cf. (1.18.2)). In view of (1.19.18), (I.19.19), we
obtain
(1.19.23) D, ®(v(s), \(s)) = s772" 1 D P, () + O(s772 1Ly,

so that Ry, = D3P, (0o) with kg = 0772 —~1 > 0. By assumption (1.19.19),
Ry, is regular, and therefore, the Principle of Reduced Stability is valid for
all bifurcating solution curves constructed by the Newton polygon method
described earlier.

If (I.19.19) cannot be satisfied, there is another method for constructing
a bifurcating solution curve of @(v, A) = 0 in special cases. Assume that one
line in the Newton polygon joins (0, ko), ko > 2, and (1, k1) with 1 < k1 < ko.
In this case, we have to solve

(1.19.24) D(v,\) = Do, (v) + APy, (v) + R(v, A) =0,

where R(v, A) contains all remaining terms of higher order, i.e., R(v, \) con-
tains only terms of order |A[|[v||* with ko + j(k1 — ko) < k for 0 < j <
(k?o — 1)/(1{30 — ]{31) and 1 <k fOI‘j > (k?o — 1)/(1{30 — ]{31)

A sufficient condition for (I1.19.24) is
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DFF(0,0)(v) =0 fork=1,... ko —1,

(1.19.25) DEDy\F(0,0)(v) =0 fork=1,...,k; —1,and allv € N

(where (I1.19.25)5 is redundant for k; = 1), and in this case

P01, (v) = 2 QDEF(0,0)(0),
(1.19.26) f
D1y, (v) = o Dle,\F(0,0)(v).

Here the slope yields v = 1/(ko — k1) and Py (0) = Poi, (V) + P1k, (7). As
mentioned before, if (I1.19.19) does not hold for all roots 9y # 0 of P, () =0,
we proceed as follows: We set

(1.19.27) v = |s|, ©=s0, and A = sFo=k1}
and we obtain from (1.19.24),
(1.19.28) §F0 (Do, (0) + ABry, (D) + Ry (0, X, 5)) =0

such that R (9, A,0) = 0. This leads to the system

(119.20)  &(5, 7, s) = (%ko(f’) +Xﬁ%’ﬁg(i)1+R1(f”;\’5)> - <8> =0,

which we solve in the same way as we do for (1.19.12). The corresponding con-
dition (1.19.13), namely, the existence of a regular zero (G, Ao) of ®(7, X, 0) =
0, differs from the existence of a nontrivial regular zero of P, (0) = 0. If it is
satisfied we obtain a nontrivial solution curve

(119.30)  {(sd(s),s*"®1X(s))} through (0,0) of H(v,\) =0
(observe that 9(0) = 9y # 0). Along that solution curve {(v(s), A(s))},
(119.31) D, d(v(s), A(s)) = s* (D, Bor, (o) + Ao DuP1x, (T0)) + O(s*),

and according to Theorem 1.18.1, the Principle of Reduced Stability is
valid, provided that 0 is an eigenvalue of Ry,—1 = Dy@Pok, (00) + Ao Dy Pk, (Vo)
of algebraic multiplicity at most one.

Remark 1.19.1 We demonstrate the two methods for a Generic Bifurca-
tion Equation for which the Newton polygon consists of the line joining

(0,2) and (1,1):
(1.19.32) B(v,\) = 3 [v,v] + A1y v + R(v, \)

(recall that ®o1 = 0 by Corollary 1.2.4). Our notation indicates that éﬁ((é) 18
bilinear and that P11 is linear. Here the slope is —1 (i.e., v = 1), and the
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method (1.19.17)-(1.19.19) requires the conditions

B2 [0, o] + P11 = 0 for some T # 0,

(1.19.33)
265 [00, -] + 11 is regular in L(N, Zo),

yielding a nontrivial solution curve (by v(0) = 7g)
(1.19.34) {AB(A), N|A € (=1,01)}  of P(v,\) =0.
The method (1.19.27)—(1.19.29) requires the conditions
B33 [0, To) + AoB1170 = 0, ||o]| = 1,
(1.19.35) 20 [0, h] + Mo®11h + pubr17o = 0, (70,h) =0
< h=0,u=0forheN, pek.

(Here (, ) denotes the scalar product in N introduced after (1.19.13).) If
(1.19.35) is satisfied, it yields a nontrivial solution curve (by v(0) = ¥y #
0, A(0) = Xo)

(1.19.36) {(s0(s), sA(s))|s € (=02,02)} of @(v,\) = 0.

Note that the second method for n = 1 recovers Theorem 1.5.1 (whose as-
sumption is simply 11 # 0).

According to (1.19.23) and the statement after it, the Principle of Reduced
Stability is valid for the solution curve (1.19.34). If 2@622) [0, ] + AoP11 is
regular or has an algebraically simple eigenvalue 0, then that principle s
valid for the solution curve (1.19.36), too; cf. (1.19.31). (Observe that Zg = N
under the assumption that 0 is a semisimple eigenvalue of D, F(0,0).)

Finally, we remark that a necessary condition for bifurcation at (0,0) is
the existence of some vy # 0 in N such that éﬁ((é) [00, Do) + No®1179 = 0 for
some 5\0 € R or &1199 = 0.

A last case (formally Ao = 00) is treated as follows: Setting ||v|| =
[sA], v = sA\0, we see that (1.19.32) leads to a system yielding a solution
curve

(L1937)  {(SONO) NN € (<05,85))  of (o, )) =0,
where s(0) =0 and v(0) = g, provided that

1100 =0, [[To] =1,
(1.19.38) p®) 50, o] + B11h = 0, (Fg,h) =0

< h=0, u=0forhe N, ueR.
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However, the curve (1.19.87) could be trivial. A sufficient condition for
s'(0) # 0 ('= £ is that

(1.19.39) D170 & R(P11) C Zo,

where the range of ®11 has codimension one in Zy. In this case, v(A) =
S(AAG(N) = 8 (0)A280+ h.o.t., and Dy@(v(N), \) = 2" (0)X2052 [T0, ]+ O(A3)
allows the application of the Principle of Reduced Stability, provided that
45822) [00, -] has an eigenvalue O of algebraic multiplicity at most one.

Our selection of methods making use of the Implicit Function Theorem
provides curves bifurcating from the trivial solution line. For equivariant
problems whose solution sets consist of connected group orbits, these methods
are not adequate without further reductions; cf. the Equivariant Bifurcation
Theory. For bifurcation problems with a discrete symmetry obtained by a
forced symmetry-breaking, for example, they are directly useful.

1.19.1 Bifurcation with a Two-Dimensional Kernel

For the special case of a two-dimensional kernel we can show the existence
of bifurcating branches under conditions that are easier to verify than the
regularity required by the Implicit Function Theorem. We assume that the
Bifurcation Equation ®(v, A) = 0 is of the following form, cf. (1.19.24) with
k1 =1:

(11940) @(U, )\) = Dop, (U) + AP0+ R(U, )\)7 ko > 2,

where Pop, (v) is ko-linear and symmetric and @110 = QD?, F(0,0)v is linear
in v € N. A sufficient condition for (1.19.40) is given in (I.19.25); (where
(I.19.25)5 is redundant), whence Doy, (v) is of the form (1.19.26);. The re-
mainder R(v, \) contains only terms of order |\’ ||v||* with ko —j(ko—1) < k
forj=0o0r1and 1<k forj>1.

According to (1.19.27) we make the substitutions
(1.19.41) v = 50 with [|o]| = 1, A = sk 1A,
and we obtain from (1.19.40)
(1.19.42) (0, \,5) = 55 (Pop,y (0) + AP110 + R1 (D, A, 5)),

where Ry (7, A,0) = 0. Instead of requiring the regularity of a zero (@i, Ao) of
Bor, (0) + AP110, ||0]| = 1, and applying the Implicit Function Theorem as
for (1.19.29) or (1.19.35), we proceed as follows. Choosing a basis {01,702} in
N, a basis {97, 05} in Zo, and vectors {07, 95} in Z' such that (03, 9;,) = djx,
(z,0;,) =0 for all z € R, j,k = 1,2, we see that the projection @ is given by
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Qz = (z,01)0] + (z,05)05. When v € N and &(v, \) € Z; are represented in
coordinates (with respect to the chosen bases), then @ maps a neighborhood
of (0,0) in R? x R into R?; cf. (1.19.4), (I1.19.5). Furthermore, the Euclidean
scalar product in R? defines via coordinates a scalar product ( , ) and
an equivalent norm || || in N and Zj, respectively. Finally, the geometric
rotation by the angle 7/2 in R? defines the following rotation in Z:

Ry )2z = —2207 + 2105 for
(1.19.43)
z = 210] + 2205
Observe that (2, Rr/22) = 0 for all z € Zp. Our main result is the following:
Theorem 1.19.2 Assume that

@11 = QD%/\F((LO) N — Zo

(I.19.44) is an isomorphism,
and that there exist two vectors v1,02 € N with ||01]| = ||02]] = 1 such that
(1.19.45) (Pok, (01), Ry j2P1101) <0,

(Pok, (V2), Rrj2P1102) > 0.

Then there exists a local continuum C C X X R of nontrivial solutions of
F(xz,\) = 0 through (0,0), and C\{(0,0)} consists of at least two components.

= 0 near (0,0) in N x R. With the substitutions

Proof. We solve (v, \)
1.19.42) for s € (=9, 6). Defining

(I.19.41) we obtain (I.1
(0, \) = Dop, (0) + AP110, then

(1.19.46)

Here we use (1.19.44), i.e., the vectors $1,9 and Ry /2®@110 form a basis in Z
for v # 0.
For every g € N with ||0g]| = 1 and for

< (Pok, (V0), P1170)
1.19.47 o= — .
( ) 0 6117012

we obtain

(1.19.48) F1(B0, 20,0) = (¥ (0, Xo), P1170) =0 and

D5 f1(0, Ao, 0) = [|P1170)||? # 0.
The Implicit Function Theorem gives the existence of a continuous scalar
function
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0 where (7, 0) = g, such that
1.19.49 (7{ 5), W )= A0, 8
( ) 1( A( ) )—O for ||’U*U0|| <(‘517 s € (*51751).
This can be done for all oy € S; = {0 € N|||o|]] = 1} € N. Clearly §; > 0
depends on 7y, but by the compactness of S; we can find a uniform do > 0
such that ~
(1.19.50) f1(0,A(0,5),s) =0 for all 0 € S1, s € (—02,d2).

In order to solve
(1.19.51)  g(5,s) = f2(0,\(0,5),s) =0 for o € S, s € (—03,03),
for some 0 < d3 < J2, we observe that g is continuous and that

(I 19 52) 9(670) = (ngko (17)7 RTr/Qq)llf})v and by (11945)a
T 9(61,0) <0 and 9(6270) > 0.
By (1.19.52); the function g(-,0) is a (kg + 1)-linear mapping from N into
R, i.e., it is a homogeneous polynomial of two variables of order ky + 1. By
(I.19.52)5 and the mean value theorem it has a zero on Sp, but its nondege-
neracy for the application of the Implicit Function Theorem to solve (1.19.51)
is not easy to verify in general. It turns out that its nondegeneracy is not
necessary for the persistence of a zero for s € (—ds,d3).

We denote by [01, U2] the segment on S; with a counterclockwise orienta-
tion. By continuity of g, there is some 0 < 3 < d2 such that

g(01,8) <di <0 and g(02,5) >ds >0

(11953) fOI' aﬂ ENS [_63763]'

If we connect the sides {01} x [—d3, 03] and {02} X [—d3, 3] of the “rectangle”
[01, Do) x [—03, d3] by a continuous curve or any connected set in that rectangle,
then in view of the mean value theorem the function g has a zero on that
curve or in that set. It seems therefore “evident” not only that the set

(1.19.54) S ={(,s) € [B1,B2] X [~03,65]|g(T, s) = 0}

is not empty but also that S contains a continuum C that connects the “bot-
tom” B = [01, 02] X {—03} and the “top” T' = [01, V2] x{d3} and that separates
domains where g is positive and negative, see Figure 1.19.1. To see this, let
C~ denote the component of B in SU B. Assume that C~ N7T = .
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g(v2,5) >0 g(t1,s) <0

Figure 1.19.1

Let W be an open neighborhood of C~ in N x R such that WNT = .
Define K = WN(SUB). Then K is compact, C~ C K, and 9WNC~ = (). By
the so-called Whyburn Lemma [160] there exist compact subsets K1, Ko C K
satisfying
KiNKy = KiUKy =K
(1.19.55) 1 2 =0, 1 2 )

C- C Ky, oOWNS C Ko.
Choose an open neighborhood Wj of K; such that

C-cKycWwicW, WinKs =1,
(1.19.56) WinT =0, and OW; NS = 0.
The connected set L = W7 N ([01,02] X [—d3,03]) (which can be taken to
be a continuous curve, w.l.0.g.) connects two points (01, s1) and (92, s2) with
s1,82 € (—d3,03) and L is contained in the rectangle [v1, U2] X [—d3,d3]. As
mentioned before, in view of (I.19.53) and the mean value theorem, g has a
zero in L, or in other words, LNS # (). But this contradicts LNS =0, which
follows from (1.19.56)s.

Therefore the assumption C~NT = () is false, which proves that S contains
a continuum C that connects the bottom B and the top T. By definition,
CcCS,ie., g(t,s) =0 for all (3,s) € C.

The set

(1.19.57) C={(v,\)|v=s0, \=s"I\,s),(0,s) € C}

is then a continuum of solutions of @(v, A) = 0 that contains (0, 0). Further-
more, C\{(0,0)} consists of nontrivial solutions and is not connected. Since
the Lyapunov—Schmidt reduction preserves connectedness of (local) solutions
sets, Theorem 1.19.2 is proved. ad

Corollary 1.19.3 If kg is odd, then under the hypotheses of Theorem 1.19.2
there exist at least two local continua C C X X R of nontrivial solutions
of F(x,A) = 0 through (0,0) and each C\{(0,0)} consists of at least two
components.
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If ko is even, then assumption (1.19.45) can be reduced to
(Poko (01), Rrj2P1101) # 0 for some 0y € Sy, or equivalently to the assumption
that Pog, (01) and $P1101 are linearly independent in N, and the conclusion of
Theorem 1.19.2 holds.

Proof. Assume that kg is odd. Then the (kg + 1)-linear form

(Poko (0), Rrj2P110) is even, so that assumption (1.19.45) is true also for an-
tipodal vectors —v1, —03. Therefore the proof of Theorem 1.19.2 applies to
the four segments [0y, 03], [U2, —01], [~01, —02], and [—0s, U1] on S, yielding
four continua of the form (1.19.57) arising in each of the four segments. How-
ever, two antipodal segments provide the same continuum by the following
symmetries: By (1.19.41), (1.19.42), (1.19.46)3 we obtain for odd kg

(1.19.58) § (=7, :\, —s) = flgﬁ, :\, s), whence

(We remark that (1.19.58)5 follows from uniqueness, which is part of the
Implicit Function Theorem.) The zeros of g exist in antipodal pairs {(7, s),
(—0,—s)}, which, by (1.19.58)3, yield only one continuum C (1.19.57).
Assume now that kg is even. Then the (ko + 1)-linear form
(Poko (0), Rrj2P117) is odd, so that assumption (1.19.45) is satisfied by an
antipodal pair 97 and 02 = —0;. The two antipodal segements 7, —1] and
[~01,01] on S; provide the same continuum by the following symmetries: By
(1.19.41), (1.19.42). (1.19.46)5 we obtain for even ko,

(1.19.59)

The antipodal pairs {(7, s), (—0, —s)} of zeros of ¢ give by (1.19.59)3 only one
continuum C of the form (I.19.57). O

The following corollary gives an alternative condition that is more conve-
nient for applications; cf. Section 111.2.2.

Corollary 1.19.4 Assume (1.19.44) and that there exists a 71 € S1 C N
such that
(1.19.60) Do, (U1) and  D1101 are linearly independent.

Let w(t) fort € [0,27] be a continuous parameterization of S; C N. If

(1.19.61) /0 " (o, (W(£)), Ry ja®11w(t))dt = 0,

then the statements of Theorem 1.19.2 and of Corollary 1.19.8 hold.
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Proof. It is clear that (1.19.60) and (I1.19.61) imply (1.19.45): By (1.19.60)
the integrand of (I.19.61) does not vanish identically, whence it has to change
sign on 9. ad

Next we show that a modification of Corollary 1.19.4 is applicable to
a potential operator F(-,\) : U — Z, where U C X, X is continuously
embedded into Z, and Z is endowed with a continuous scalar product ( , );
cf. Definition 1.3.1. Then there exists a function f € C*(U x V,R) such that

(1.19.62) D, f(xz,\)h = (F(x,\),h) forall (z,\) €U xV, heX.

The function f(-,\) is the potential of F'(-, \) with respect to the scalar pro-
duct ( , ).If FeCYU xV,Z) then D,F(z,)) is symmetric with respect
to ( , ) forall (z,\) € U x V; cf. Proposition 1.3.2. Therefore we may
assume

7Z = R(D,F(0,0)) ® N(D,F(0,0)), where

R and N are orthogonal with respect to ( , ),
Q:Z — N along R,

P:X — N along RNX,ie, P=Q|x;

(1.19.63)

cf. (1.3.8)—(1.3.11). By Theorem I1.3.4 the bifurcation function ¢(-, ) is also
a potential operator and

@(Uv /\) = f(U + 1/)(1), /\)7 )‘)
is the potential of @(-, \)
(1.19.64) with respect to the scalar product ( , ) on N, i.e.,
Dyp(v,\)h = (P(v,\),h) forallhe N
and for all (v, A) near (0,0) € N x R.

Here v is the function to solve (I — Q)F(v + ¢ (v,\),\) = 0; cf. (1.2.6)—
(1.2.9). By the symmetry of D, F(x,\) and of the projection @) with respect
to( , ), the operator 1, = QD?, F(0,0) : N = N is symmetric, too.

Theorem 1.19.5 Assume that F(-,\) is a potential operator in the sense of
(1.19.62) and that

@11 = QDiAF((lO) N - N

(1.19.65) is positive (or negative) definite.

If there exists a v1 € S1 C N such that

(1.19.66) Dok, (U1)  and  P1101 are linearly independent,

then the statements of Theorem 1.19.2 and of Corollary 1.19.8 hold.

Proof. We use the scalar product ( , ) of Z restricted to N = Z. If the
chosen basis {01, 02} is orthonormal with respect to ( , ), then ( , )is
the same as the scalar product defined before Theorem 1.19.2.
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Let By = {0 € N|(0,9110) = 1 (or —1)} and let w(t) for ¢ € [0,27] be a
smooth parameterization of the ellipse E;. Then, by the symmetry of @11,

L)
dt
(1.19.67) W(t) = at) Ry o ®riw(t) for t € [0,27] and

(w(t), Pr1w(t)) = 2(w(t), P11w(t)) =0 or

for some 27-periodic smooth function a(t) # 0.

Then
| at@u o), Aeapuuo)ar

= /0 2”kiO!(D’g(’dﬁ(o,Oxw(t)%w<t))dt (:%>

(119.68) _ /2” kio'DllfoH(p(O,())[w(t)?,,.,w(t),u';(t)]dt by (1.19.64),
o Kol

2 1 d
/o (ko +1)!dt™" ©(0,0)[w(t), ..., w(t)]
by periodicity of w(t).

Since a(t) # 0 for all ¢ € [0, 27], a(t) has one sign, and therefore the function
(Pok, (w(t)), Ry j2P11w(t)), which does not vanish identically by (I.19.66), has
to change sign on Fj. This provides (1.19.45). O

At the end we remark that under assumption (1.19.25); we have
(1.19.69)  D¥t15(0,0)[v,...,v] = DFT1£(0,0)[v,...,v] for v e N.

Here f is the potential of F' satisfying (1.19.62).

1.19.2 A Multiparameter Bifurcation Theorem with a
High-Dimensional Kernel

A natural ingredient for overcoming the difficulties of a degeneration to a
high-dimensional kernel is the dependence of the mapping F' on more than
one parameter, to be more precise, on as many parameters as the dimension
of the cokernel, which is the dimension of the kernel in our case.

Looking at the proof of the Crandall-Rabinowitz Theorem (Theorem
1.5.1) with a one-dimensional kernel, we see that a generalization is readily
found, and we obtain a Multiparameter Bifurcation Theorem with a High-
Dimensional Kernel.

We consider F': U x V — Z, where 0 € U C X and A\g € V C R", and
we assume (1.19.1). For the subsequent analysis we need only the regularity
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(I.5.2), where now
(1.19.70) D2, F € O(U x V, L(R", L(X, Z)).

Clearly, L(R", L(X, Z)) = L(R"x X, Z) in a natural way, and D2, F(0, \o)z €
L(R"™, Z) is represented by the n vectors Di/\iF(O, X)r € Z, i =1,...,n,
for x € X (cf. (1.4.3)).

The generalization of the assumption (I1.5.3) is the following:

There is a 09 € N(D,F(0,)X0)), ||9o] =1,
(1.19.71)  such that a complement Zy of R(D,F(0, \g)) (cf. (1.2.2))
is spanned by the vectors Di/\iF(O, Ao)lo, i=1,...,n.

Let Zy be a complement of R(D,F(0,)o)) in Z. When the projection @ :
Z — Zy along R(D,F (0, X)) is given by

(1.19.72) Qz =0 (= 00)00, cf (1.19.4),
then assumption (1.19.71) is equivalent to the following:

(119.73)  The matrix ((DZ, F(0,Xo)00,0;))ik=1,....n is regular.

.....

Next, we follow the lines of the proof of Theorem I1.5.1. The Lyapunov—
Schmidt reduction yields the n-dimensional problem @(v, A) = 0 near (0, \g) €
N x R™. Setting v = s0y, we get nontrivial solutions by solving

1
B(s, \) :/ D, ®(stig, \)vodt = 0

(1.19.74) 0
for nontrivial s € (—4,0) (cf. (1.5.9), (1.5.10)).

(We suppress the dependence of @ on the choice of ©.) As in (1.5.11), we
have @(0, \g) = 0, and by (I1.5.13),

D1®(0, \o) = QD2, F(0, \o)i

(1.19.75) is regular in L(R™, Z;) by assumption (1.19.71).

The Implicit Function Theorem for (I1.19.74) gives a continuously differen-
tiable solution curve

(1.19.76)

Clearly, 2(s) = st + (800, A(s)) (cf. (I.5.16)) provides a nontrivial solution
curve F(x(s),\(s)) = 0 through (x(0),A(0)) = (0,)p). We obtain an n-
Parameter Bifurcation Theorem with n-Dimensional Kernel:

Theorem 1.19.6 Under the assumptions (1.5.2), (1.19.1), and (1.19.71), the
equation F(x,\) = 0 possesses a continuously differentiable solution curve
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{(z(s), A(s))]|s € (—0,0)} C X xR™ through (x(0), A(0)) = (0, Ao) and ©(0) =
to; of. (L5.18).

Remark 1.19.7 If assumption (1.19.71) is satisfied for some vy € N, ||0o]| =
1, then it is also satisfied for all © € N in a neighborhood of vy on the
unit sphere in N. Therefore we obtain an “n-dimensional” solution set
{(s0,\(s,0)} for ®(v,\) = 0 that depends in a continuously differentiable
way on (s,0). The vector © € N for which (1.19.71) is valid is tangent to
x(s) = s+ P(s0,A(s,0)) at x(0) = 0; cf. Corollary 1.5.2.

Restricting (I1.19.1) to the assumption that 0 is a semisimple eigenvalue
of DyF (0, Ao) = 0 of multiplicity n (which requires a continuous embedding
X C Z) and assuming also analyticity of F' near (0,)g), we ask whether
the Principle of Reduced Stability is applicable to the analytic solution
curve F(x(s),\(s)) = 0 through (x(0),A(0)) = (0,A9). A quick look at the
proof of Theorem I1.18.1 assures us that the condition on the validity of that
principle given in Theorem 1.18.1 does not depend on whether the parameter
A(s) is a scalar or a vector. We simply have to check the condition on Ry,
where D, ®(v(s), A(s)) = s Ry, + O(s**1). Here v(s) = sip.

We consider the case kg = 1.

Following the computations of Section 1.6 (in particular, (I1.6.1), (1.6.2)),
we find that the tangent A(0) to A(s) at A(0) = Xo is the unique solution of

(1.19.77)  [QD?,F(0, Ao)do]A(0) + %QD?;IF(Q Ao)[Do, Do] = 0.

(Recall that upon our agreement, QD2 F (0, \o)do € L(R™, Zy), and that it
is represented as [QD2, F(0, Xo)0o]A = Y21, QD2, F(0,\o)toAi. Equation
(1.19.77) is uniquely solvable for X(O).by assumption (1.19.71).)

If QD2 F (0, \o)[00, 0] # 0, then A(0) # 0 and

Riv = QD2,F (0, \o)[00,v] + [QD2, F(0, Xo)v]A(0)

(1.19.78) QD2,F(0, \o)[do, Do)

for v € N and Ry190¢ = %
Thus Ry # 0 if A(0) # 0, and if 0 is an eigenvalue of R of algebraic multi-
plicity at most one, then the Principle of Reduced Stability is valid for the
solution (1.19.76).

We can use the computations of Section 1.6 also for the case ky = 2 when
A(0) =0 and R; = 0. In this case, A(0) is the unique solution of

(1.19.79) [QD?2, F(0, X)) \(0) + Lps (0, Xo)[00, Vo, Vo] =0

3 vUvU

(cf. (1.6.4) and (1.6.10)). The formula (I1.6.9) gives D3 (0, \g) in terms of

VUV

the mapping F. If the vector D3, &(0, Xo)[0o, 0o, Tig] is nonzero, then A(0) # 0
and
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1 1 .
Rov = QQDiv@(Q Ao)[Do, Do, v] + §[QD§AF(07 Ao)v]A(0)

(1.19.80)
for v € N and Rytg = —[QDJQQ\F(O, )\0)’00])\(0) 75 0.

If 0 is an eigenvalue of Ry of algebraic multiplicity at most one, then the
Principle of Reduced Stability is valid for the solution (1.19.76).

1.20 Bifurcation from Infinity

The notion of bifurcation from infinity is misleading, since we prove the exis-
tence of a solution curve of F(x,\) = 0 tending to infinity, and the solution
set is actually not bifurcating. We follow the general terminology in calling
it bifurcation from infinity. We consider

F: X xV — Z, where
(I.20.1) X,Z are Banach spaces and
V C R is an open neighborhood of \g.

We assume that F' € C?(X x V, Z), and we decompose

F(z,\) = ANz + R(x, \)

(1.20.2) for (x,\) € X x V with a remainder R € C?(X x V, Z).

We assume also that

A(No) € L(X, Z) is a Fredholm operator
(1.20.3) of index zero (cf. Definition 1.2.1) and
N(A(XNo)) = span[og], i.e., dimN(A(Xo)) = 1.

The mapping A(\) € L(X,Z) is assumed to be a derivative of F(z,\) at
“(00, A)” in the following sense: Let U C X be an open neighborhood of 9.
Then, by assumption,

sR (E,/\) 50 inZ,
S

v .
(L20.4) sDAR (;, /\) 50 in Z, and

D.R (E,/\) ~0 in L(X,Z)
S
as s » 0in R for all (v,\) e U x V.

The Theorem on Bifurcation from Infinity then reads as follows:

Theorem 1.20.1 Assume in addition to (1.20.8) and (I1.20.4) that
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(1.20.5) LA & RAG)  (cf. (15.3)).

Then there is a unique continuous curve
(120.6)  {(u(s), A(5))]s € (=6,), (v(0), A(0)) = (50, 20)} € X x R

such that
(1.20.7) F (@,A(s)) =0 for s € (—0,9)\{0}.

In other words, the solution curve {(x(s), A(s))} = {(U(S) A(s))} satisfies

S

(1.20.8) lz(s)|| = 00, A(s) > Ao as s—0.

Proof. Let 9, € X’ (= the dual space) such that (9, 7)) = 1. We define for
s # 0,
(1.20.9) Fv, )\, s) = (A()\)v +sR (9, )\) (v, ) — 1) ,

s

and in view of (1.20.4), we extend F' continuously to s = 0 for all v # 0 in a
neighborhood U of 0y by

(1.20.10) F(v,),0) = (AN, (v, 0)) — 1).

Thus F: U x V x R — Z x R is continuous. Next, we show that D(v,,\)ﬁ' €
CUxV xR, L(X xR, Z x R)). Indeed, written as a matrix in an obvious
way, we obtain for s # 0,

A(N) + DR (27 )\) %A(A)v +sDy\R (g’ )\)

D(Uy)\)ﬁ‘(’lh )\, 8) =

)

(1.20.11)
which is extended continuously to s = 0 for all (v,\) € U x V by

AN %A(A)v
<'7 {)(l)> 0

By (1.20.3) and the choice of 7, we have

(1.20.12) Dy F(v,0,0) = ; cf. (1.20.4).

(1.20.13) F(99,X0,0) = (0,0) € Z x R.
We show that D(v,,\)ﬁ'(fzo, Mo, 0) is bijective. Let

D(UA)F(@O,)\O,O)(U, A) = (0,0) for some (v,A) € X x R or
(1.20.14) J
A()\Q)U + AaA(Ao)’DO =0 and <U71A)6> =0.
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By assumption (I1.20.5), A = 0 and v € N(A(X\o)), which by (I.20.3) and
(Do, 04) = 1 yields v = 0. On the other hand, the Fredholm property of A(Xo)
implies that assumption (I.20.5) guarantees a solution (v,\) € X x R of

d
A(Xo)v + )\514()\0)?70 =w and (v,9)) = p

for all (w,p) € Z x R.

(1.20.15)

The Implicit Function Theorem provides a continuous curve (I1.20.6) such
that ~
(1.20.16) F(v(s),\(s),s) =0 forall s € (—=4,9).

Definition (1.20.9) then gives

r2017) T (@ A(3)> = A(A(S))ij) +R <£’> )\(8)) —0

for all s € (—4,6)\{0}.

Property (1.20.8) is obvious. O

We remark that the existence of DSF(U, A, s) at s = 0 does not follow from
our assumptions on the remainder R. Therefore, the curve {(v(s), A(s))} is
not necessarily differentiable at s = 0. In particular, the sign of A(0) is not
determined as in Sections 1.4 and 1.6, for example. It is possible that the
curve {(”(SS) ,A(s)) } is oscillating around A(0) = Ag when tending to (oo, Ao)
and A(0) does not exist.

Since assumptions (1.20.4) are unusual, we refer to applications in Section
ITI.7. A more general result on Bifurcation from Infinity using degree theory

is mentioned in Remark II1.7.3.

1.21 Bifurcation with High-Dimensional Kernels for
Potential Operators: Variational Methods

In this section, we prove a new type of bifurcation at (0, \g) for F(z,\) =
F(z) — Ax = 0 with F(0) = 0, namely, that (0, \o) is a cluster point of non-
trivial solutions (x,\) € X xR, x # 0. In other words, there is not necessarily
a curve of nontrivial solutions through (0, \g), and examples show that this
sort of more general bifurcation actually occurs under the hypotheses of this
section, see [14].

The subsequent analysis is motivated by the following well-known facts:
Let S, = 9B,(0) be the boundary of the ball B,.(0) = {x € R"|||z| < r}
and let f : R™ — R be a smooth function. Since S, is compact, there are
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minimizers and maximizers of f : S, — R, and according to Lagrange’s
multiplier rule, for every such extremal z, € S,, there is a A\, € R such that

(121.1) V(@) =Nwr, ol =7

Here we use Definition 1.3.1 of the gradient of f with respect to the scalar
product on R™ (which induces its norm). The right-hand side of (I.21.1) is A,
times the gradient of the constraint 1(z,z) = 2r%. If A\, = (Vf(z,),z,)/r?
converges to some \g as r N\, 0 (provided that Vf(0) = 0), then (0, \g) is
a bifurcation point for F(z,\) = Vf(z) — Ax = 0 in the above sense (and
Ao is necessarily an eigenvalue of the Hessian DV f(0)). However, since the
sphere S, = 0B,.(0) is not compact in an infinite-dimensional Banach space,
this simple argument cannot be used for an infinite-dimensional problem.

We assume the situation of Section 1.3: Let X C Z be real Banach spaces
and let X be continuously embedded into Z. A scalar product ( , ) is
defined on Z such that F': U — Z with 0 € U C X is a potential operator
according to Definition 1.3.1: There is an

f € C?(U,R) such that
(1.21.2) Df(x)h = (F(x),h) forallz e U C X,h e X,
and F € CY(U, Z).

We assume, furthermore, that

£(0) =0,

Ao € R is an isolated eigenvalue of Ay = DF(0),

Ao — Mol € L(X, Z) is a Fredholm operator of index zero, and
Z = R(Ao — MoI) @ N(Ag — o).

(1.21.3)

By Proposition 1.3.2 the operator Ay € L(X, Z) is symmetric with respect
to the scalar product ( , ).

Remark 1.21.1 Let Z be a Hilbert space with scalar product (
(1.21.8)3 4 is satisfied under the following assumptions:

, ). Then

Ay : Z — Z with domain of definition
(I.21.4) D(Ap) = X C Z is closed and
dlIIlN(AO — Aol) < o0.

We give briefly the arguments: By the results of [86], [170] for isolated eigen-
values, the following holds in this case:

7 = E/\o @Z,\O,

1.21.5
( ) X:E)\O@X)\(” X)\():Z)\oﬂXa

where Ey, is the generalized eigenspace of Ao with eigenvalue o, and Zy, is
a closed complement that is invariant for Ag : Ag € L(Xx,, Zx,) and Ao 18 in
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the resolvent set of the restriction of Ay to Zy,. Since Ag € L(E),, E\,) is
symmetric and therefore self-adjoint (see Proposition 1.3.2), we obtain Ey, =
N(Ao — MoI), and being finite-dimensional, Ao is a pole of finite order of the
resolvent of Ag. In this case, Zx, = R((Ag — XoI)™) for some m € N and
N((Ag—=XoD)™) = N(Ag—NoI) for allm € N implies also R((Ag—NoI)™) =
R(Ao — XoI) = Z,. (For details see [86] or [170].)

In this section we prove the following Bifurcation Theorem for Po-
tential Operators:

Theorem 1.21.2 Under the assumptions (1.21.2) and (1.21.3), for every suf-
ficiently small € > 0 there exist at least two solutions (z(g), Me)) € X xR

of
(1.21.6) Fla) = e,

(z(e),2(e)) = €%, Ae) = Ao as e \ 0.

Proof. We start with a Lyapunov—Schmidt reduction. Setting
R =R(Ao — XoI) and N = N(Ap — A\oI), we use the decompositions

X=N&(RnNnX),
(1.21.7) Z RGN,
with projections @Q : Z — N along R and P = Q|x : X — N along RN X.
Both projections are continuous in X and Z, respectively, and orthogonal
with respect to the scalar product ( , ); cf. Section 1.3.

As in Sections 1.2, 1.3 we set Px = v,(I — P)x = w, and according to
Theorem 1.2.3,

F(z) = Xz for (x, A\) near (0, o)
(I.21.8) is equivalent to
QF (v +v(v,A) = Av  for (v, A) near (0, Ag).

We need some estimates for ¢ : Uy x (Ag — 6, Ao + 6) — RN X. To this end
we set F(x) = Aoz + G(z) with DG(0) = 0. Then by its construction, the
function w = (v, A) satisfies

(Ao = AD)dp(v,A) + (I = Q)G (v + ¥(v, A)) =0,

Y(v,A) = = (Ao = AT = Q)G(v + (v, N)),

since Ag — Al € L(RN X, R) is an isomorphism

for A € (Ao — 9, Ao + ), and by differentiation,

D’U/l)[}(/v7 )\)

= —(4o = A)7H (I = QDG (v + (v, \))(In + Dot (v, A)),

(1.21.9)

where Iy denotes the identity in N, and D,i(v,\) € L(N,RN X). By
uniqueness, ¥(0,\) = 0 for A € (A\g— 0, Ao+ 6), and by DG(0) = 0, we obtain
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D,(0,)\) =0 for all A € (A\g — d, Ao + 9), whence

(L2L10) i, M < efjv]l for all [[o]] < 5(2), A € (Ao — 6, Ao + 6).

Differentiation of (1.21.9); with respect to A yields, after some simple calcu-
lation,

D)((ﬁ(?) )\)
ar11y (Ao = ADTH{Y(0, A) = (I - Q)DG(v + (v, ) Davh(v, M)},
o ||D P(v, M| <Ci{ellvll + eCal [ Dato(v, )1},

| Dati(v, A)| < Chelfo]l for all o] < 6(e), A€ (Ao — &, Ao + ).

Clearly, ¢ > 0 is sufficiently small, and C; are constants for ¢ = 1,2,3. The
Bifurcation Equation ®(v,\) = 0 (cf. (I.2.9) and (I.21.8)) in this case is

(I.21.12) QG+ (v, \)) = (A= Xo)v.

All norms in the finite-dimensional space N C X are equivalent. Accord-
ing to our convention, the norm for v € N C X in the estimates of (1.21.10),
(I.21.11) is the norm of X, but in the sequel, we switch to ||v||* = (v,v). In
view of (1.21.12), we define

9(v;2) =X =20 — (G0 + ¥ (v, A)),v)/||v]|%, v #0,

(1.21 13) g(0,A) =\ — /\07 which is continuous near (0, \p),
o Ag(v,A) = 1= (DG(v + (v, A)) Datp(v, A), v)/|[v]|%, v # 0,
D,\g(O, A) = which is continuous by (1.21.11)3 as well.

Clearly, g(0, \o) = 0, and by the Implicit Function Theorem for g : Uy x
(Ao — 0, Ao + &) — R there is a continuous solution A : Uy — (Ao — 6, Ag + )
(where 0 € Uy C N is shrunk, if necessary) such that

(1.21.14) g(v, \(v)) =0 for all v € Uy € N, A(0) = Ao.

Since D,g(v, \) exists and is continuous for v € UQ\{O}~7 we obtain also
that the function A = A(v) is continuously differentiable on Us\{0}. Next, we
define
(1.21.15) x: Uy = RN X by x(v) = ¢(v, A\(v)).

The function y is continuous on Uy, x(0) = 0, and by (1.21.10), Dx(0) = 0.
The following estimates for Dx(v) for v # 0 prove that x € C1(Us, RN X).
For z € N, equation (1.21.9); gives for v # 0,

(Ag — Awv+tz)Dx(v+tz)+ (I —Q)G(v+tz+ x(v+tz)) =0,
and after differentiation with respect to t at ¢t = 0,

(Ao — A(v)I)Dx(v)z — (VA(v), 2)x(v)

+(I — Q)DG(v + x(v))(z + Dx(v)z) = 0.

Equation (I1.21.14) gives, for v # 0,

(1.21.16)
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AMv+tz) — o= (Gv+tz +x(v+t2)),v+t2)/||v+ tz]|?,
and after differentiation with respect to t at ¢t = 0,
(VA(v),2) = (DG(v + x(v)) (2 + Dx(v)z), v)/|[v]*

+H(G( + x(v), 2)/Iv]]* = 2(G(v + x(v)), v) (v, 2) /o] *.

(1.21.17)

Inserting this expression into (1.21.16)3 and using
(1.21.18) (Ao = X)) | p(r,rnx) < Ca for all v € Us,

we obtain the estimate

[Dx(v)z|| < Cs{ [DG(v + x ()| (|2[| + [[Dx(v)z]])
+ IDG(v + x(@)II (2]l + [Dx )zl x @)/ llv]]
+ 3G+ x@DI/IvID U@ /v D=}
(1.21.19)

Concerning the choice of norms in (I1.21.19) we have to be careful: (1.21.18)
is true if R is endowed with the norm of Z and RN X is given the norm of
X. Consequently, the operator norm DG (v + x(v)) is the norm of L(X, Z),
and the norm of G(v + x(v)) is the norm of Z. Finally, the norms of x(v)
and Dx(v)z are the norms of X. In order to obtain (1.21.19), observe that
for y € Z,v € N, by continuity of the scalar product on Z, we can estimate
[(y,v)] < Cslly|l||v|| with both norms in Z. For € X the same argument
leads to |(z,v)| < Cr||z||||v| with norm of z in X. For the elements v,z € N
we can switch to the equivalent norm induced by ( , ).
By DG(0) =0, x(0) =0, and Dx(0) = 0, we have

DG (v + x ()] =0, |G(v+ x(@)/l[o] = 0,

@21200 )il flo] = 0 as v — 0,

so that (1.21.19) implies

[Dx(v)z]|/|]z]] = 0 as v =0,
(I.21.21) for all z € N\{0}, proving that
x € CY(Uz, RN X) with Dy (0) = 0.

Choose d; > 0 such that {v € N|(v,v) < 62} C U, and define

M ={v+ x(v)|veN,(v,v)<§}cCcXCZ
(1.21.22) S. ={y € Z|(y,y) =2} C Z,
M. =MnS.cXcCZ.

Since dimN = n, say, property (1.21.21) implies that M and M, are compact
in X. But both sets clearly have the structure of manifolds. Being the injective

[e]
image of an open set in N with injective derivative I + Dx(v), the set M=
{v + x(v)|(v,v) < 62} is an n-dimensional manifold with tangent space
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[e]

(1.21.23) T, M= (I + Dx(v))N at z=v+ y(v) €M .

The sphere S¢ is a manifold in Z with codimension one and tangent space
T,S:. = {z € Z|(z,y) = 0}. Now

(v + Dx(®)v,z) = (v + Dx(v)v, v + x(1))
= lol2 + (Dx(v)v, x())

1.21.24

L2124 5 )2 = Cel Dx@)] @) lloll = ljo]2 > 0
by (1.21.20), (1.21.21) if 6; > 0 is small enough.

This means that (I + Dx(v))v € T,;]\O4 \T,,Se, that M and S. intersect
transversally (provided that 0 < € < g¢ is small), and that

M, C U C X is a compact (n — 1)-dimensional
(1.21.25) C'-manifold with tangent space

T,M, = ij\(;[ NT,S:. ={z € TI]\O4 [(z,z) = 0}.

Finally, (I1.19.28) shows also that

(1.21.26) T,y M= span|(I + Dy(v))v, ToM.]  if 2 = v+ y(v) € M..

By compactness, the potential f : M, — R (cf. (I.21.2)) has a minimizer
and a maximizer on M.. Let z = z(¢) satisfying (z,z) = €% be one of the at
least two such extremals. Then a simple argument considering curves in M,
through x proves that

(1.21.27) (F(z),z) =0 for all z € T, M.,
o since F(z) = V f(x) with respect to ( , ).
By orthogonality of T, M. to x, cf. (1.21.25)3,
1
(I.21.28) (F(a:) - = (F(x), )z, z> =0 for all z € span[z, T, M¢].
5

Let z = v + x(v), ||v]|? = (v,v) < §2. By definition (1.21.15) and (1.21.9),

(I —Q)F(x) = Ax(v) with A= A(v), whence
(F(x), x(v)) = Allx()[|*, since @x(v) = 0.

By construction of A = A(v) via (1.21.13), (1.21.14),

(F(z),v) = (Aoz + G(x),v)

= ('Ia AOU) + (G(U + 11[}(07 )‘))v 1})

(U Aov) + (A = Xo)lv]?
Aollvll® + (A = o) [[v]l* = Allv]|?,

(1.21.29)

(1.21.30)
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which implies by (1.21.29),

(F(z),2) = (F(z),v + x(v))
(1.21.31) =A(Jv]? + [x()]|2) = Mlz|? = A2,

since v and x(v) are orthogonal with respect to ( , ). (Observe that
we switched to the norm induced by the scalar product ( , ).) Inserting
(I.21.31) into (1.21.28) gives

(I.21.32) (F(z) — Ax,z) =0 for all z € span(z, T, M,].

By (I — Q)(F(x) — Az) =0 (cf. (I.21.9)1) we finally obtain

(1.21.33) (F(x) — Ax,z) =0 for all z € span[z, T, M., R].
We claim that span[xz, T, M., R] = Z. Let y € Z. Then

(1.21.34) y= I+ Dx(v))Qy+ (I —Q)y — Dx(v)Qy.

Since Qy € N, the first summand belongs to T, ]\j[, cf. (1.21.23), and the
second and third summands are in R. Therefore,

(1.21.35) span[T} ]\(;[, R] =

Furthermore, for x = v 4+ x(v) the vector (I + Dx(v))v € spanfv, R] =
span[z, R] so that in view of (1.21.26), T MC span[z, Ty M., R]. By (1.21.35)
this proves that span[z, T, M., R] = Z

Since ( , ) is a scalar product (cf. (I.3.1)), relatlon (I.21.33) im-

plies (1.21.6) with A(e) = A(v(e)) such that v(e) + x(v(e)) = x(e) with
(z(e), z(e)) = €2 By |lv(e)|* = (x(e),v(e)) < el (€)|| we see that v(g) = 0
and A(g) = Ao as € \, 0, cf. (1.21.14). O

Theorem 1.21.2 is false, in general, if the operator F' has no potential. This
is seen by the simple counterexample

__ 3
(1.21.36) F:R? - R? givenby F(x) = F(x1,12) = ( f,?) .

51

Then for every A € R the equation F(z) = Az has only the trivial solution
x = 0, although (1.21.3) is satisfied for Ag = DF(0) =0 and Ay = 0.

Equation (I.21.6); is special in the sense that the parameter A appears
linearly. This is due to the fact that in this approach A plays the role of a
Lagrange multiplier. The linear dependence on x on the right-hand side of
(I.21.6)1, however, can be generalized to a more general constraint; cf. [14].
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The existence of a curve or a connected set of nontrivial solutions through
(0, Ao) is discussed in [14], [9]. In view of the counterexample in [14], one needs
more assumptions on F'.

In Section II.7 we alter the linear dependence on the parameter A; i.e., we
consider general equations F'(z,\) = 0, where F(-,\) is a potential operator
in the sense of Definition 1.3.1 for all A € (Ag — d, A9 — 0).

By Theorem 1.21.2, equation (1.21.6) has at least two solutions (x, A). This
is due to the fact that the potential f : M. — R has at least two “critical
points,” namely, its two extremals, and not more, in general. A (relatively)
critical point of f is, by definition, an « € M, such that (Vf(z),z) = 0 for
all z € T, M,; cf. (1.21.27).

If we assume more symmetry of the problem, however, the number of
critical points is considerably increased. It is known, in particular, that even
functionals on the (n — 1)-dimensional sphere S; C R™ have at least n pairs
(x,—x) of critical points. Introducing the notion of “genus” permits a gen-
eralization to even functions on symmetric manifolds M, = —M,. that are
diffeomorphic to Sy via an odd diffeomorphism; cf. [118], [150] for more de-
tails.

Assume that 0 € U = —U C X and that

f and F in (1.21.2) satisfy
f(=2) = f(z), F(-z) = —F(x).

Then, by uniqueness, the function v in (1.21.8) is odd,

(1.21.37)

(1.21.38) P(—=v, ) = —(v,\),
and for the same reason, the function A solving (1.21.14) is even,

A(=v) = A(v), so that
X(=v) = (=0, A(=v)) = =¥ (v, A(v)) = =x(v).

Therefore, M, as defined in (1.21.22) satisfies M, = —M,, and it is diffeo-
morphic to S; C N via

(1.21.40) h(z) = v/\/€2 = Ix(0)]]? for

2=+ X(v) € Mei i, [o]]2 + [x()]]? = &

(1.21.39)

Consequently, if dim/N = n, the even potential f : M. — R has at least n
pairs (x, —x) of critical points in M, for which (I1.21.27) is valid. This proves
the following corollary:

Corollary 1.21.3 If under the same assumptions as for Theorem 1.21.2 the
mapping F is odd, i.e.,

F(-2)=—-F(z) foralxeU=-UCcCX,
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then for every sufficiently small € > 0 there exist at least n pairs of solutions

(£x(e),A(e)) € X xR of

F(x) = \x,
(z(e),2(e)) = €%, Ae) = Ao as e \0.

The number n is given by

n = dimN(DF(0) — Ao).

1.22 Notes and Remarks to Chapter 1

The method of Lyapunov—Schmidt goes back to the beginning of the last cen-
tury, when both authors used this reduction to study bifurcation for integral
equations.

It was known to most experts of that reduction principle that it preserves
the existence of a potential if the complementary spaces are chosen to be
orthogonal; see Section 4.11 of [19], [101], [146], for example.

The Implicit Function Theorem with a one-dimensional kernel is explicitly
stated in [28], and bifurcation with a one-dimensional kernel is proved in [27].

The Principle of Exchange of Stability in the nondegenerate case was
known in special cases [155] and stated in general in [28].

The Hopf Bifurcation, going back to E. Hopf [79], was generalized to infi-
nite dimensions in [29], whose proof, however, is different from that presented
here.

It was observed in [62], [157], [19] that the Lyapunov Center Theorem can
be proved by a Lyapunov-Schmidt reduction, yielding a “vertical” Hopf Bi-
furcation due to the Hamiltonian structure. A survey on Constrained Hopf Bi-
furcation for Hamiltonian, conservative, and reversible systems can be found
in [165], [57]. An application to nonlinear oscillations is explicitly stated in [94]
(Center Theorem) and in [132] (Hamiltonian Hopf Bifurcation). A different
approach to bifurcation of periodic solutions of reversible systems, including
a global version, is given in [117].

We give some references for the general local and global Hopf Bifurcation
Theorems described in Remark 1.11.13: [3], [21], [134], [83], [48], [85].

The Principle of Exchange of Stability for nondegenerate Hopf Bifurcation
was first proved in [29].

As remarked in the text, the Continuation of Periodic Solutions as well
as Period-Doubling Bifurcation is commonly proved in the literature via a
continuation of fixed points of the Poincaré map and a bifurcation of fixed
points of its first iterate. The setting to consider zeros of a map in a loop
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space (where the perturbed period is a parameter) is taken from [94], [102],
[105]. The exchange of stability of periodic solutions at turning points and at
period-doubling bifurcations then follows as in the stationary case.

The Newton polygon method for the real case is described in [37], [144].

The results on Degenerate Bifurcation of stationary solutions and the ge-
neral Principle of Exchange of Stability are taken from [95]. A different proof
for that principle in a more general setting is given in [167].

Degenerate Hopf Bifurcation together with a general Principle of Ex-
change of Stability was proved in [93], [97]. Examples of degenerate stationary
as well as of periodic bifurcation are found in [96].

The Principle of Reduced Stability is taken from [111].

Bifurcation with a two-dimensional kernel is taken from [119]. Theorem
1.19.5 is essentially due to [9].

That one can overcome the degeneracy of a high-dimensional kernel by as
many parameters as the codimension of the range is well known. We refer to
[129], for example.

Bifurcation for potential operators using Lagrange’s multiplier rule was
first proved for completely continuous (compact) operators in [118], for non-
compact operators in [14], [135]. The proof here is adapted from [150]. The
refinement for odd operators goes back to Lyusternik; see [118], [150]. For
more information about the structure of bifurcating solutions as the param-
eter varies, we refer to [151]. The preservation of bifurcating solutions under
perturbations that have no potential is studied in [113].

We recommend the classical book on “branching” [163] and the actual
books on bifurcation [15], [131], [47] and [65].



Chapter II
Global Theory

I1.1 The Brouwer Degree

Comparable to the importance of the Implicit Function Theorem for the local
analysis is the degree of a mapping for any global analysis. Although the the-
ory was originally invented and defined in topology we present an analytical
theory developed later. For finite-dimensional continuous mappings it is the
Brouwer degree; its extension to infinite dimensions is the Leray—Schauder
degree. Both degrees are special cases of a degree for proper Fredholm op-
erators if the mappings are of class C2. The proofs for this general class are
given in Section I1.5, and they apply in a simplified form to the Brouwer and
the Leray—Schauder degree. Therefore we give in the next two sections only
the results and we refer to the literature; see [34],[6] for instance.

Step 1
We assume that

F:U—-R"is in~Cl(U7R"), where
(I1.1.1) the closure U cU cCR"” and
U,U are open and bounded sets in R".

The vector 0 € R” is assumed to be a regular value for F; i.e.,

(IL1.2) DF(z) € L(R™,R™) is regular (bijective) for all
o x € U with F(z) =0,

which could be possibly the empty set. Since U is compact, the solution set

of F(x) =0 is finite, and the following definition is adequate:

Definition I1.1.1 Assume (II.1.1), (II.1.2), and 0 ¢ F(0U), where OU is
the boundary of U C R™. Then

H. Kielhofer, Bifurcation Theory: An Introduction with Applications to Partial Differential 195
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(I1.1.3) d(F,U,0) = > signdetDF(x),

Fz)=0
where Yy ./. = 0. The integer d(F, U,0) is called the Brouwer degree of F with
respect to U and 0. The local degree around any (isolated) solution xo € U of
F(z) =0, namely,

(I1.1.4) i(F,zo) = signdet DF(x¢) when F(x¢) =0,
is called the index of F at xo. Thus the degree of F with respect to U is the
sum of its indices.

The crucial property of the degree (II.1.3) is that it is continuous with
respect to its entries; i.e., it is locally constant in the following sense:

Let F: U — R" satisfy (I1.1.1), (IL.1.2), and 0 ¢ F(AU). Then there is a
0 > 0 such that

d(F,U,0) = d(F,U,0), provided that

(LL5) |F = Flloo = max||F() - F(a)] <6
e
(with some norm || || on R™). This local constancy is also referred to as

homotopy invariance of the Brouwer degree. A main tool for its proof is
Sard’s Theorem, which also plays an essential role in the next step, when the
degree is extended to continuous mappings.

Step 2
Now we assume that

F:U — R"is in C(U,R"), where
(I1.1.6) U is a bounded and open set in R", and
0¢ F(oU).

By the Stone-Weierstrass Approximation Theorem and by Sard’s Theo-
rem, there is a sequence of mappings (Fy)ren satisfying (I11.1.1), (I1.1.2), and
limk_mo ||F‘]C - F||070 =0.

By (I1.1.5), the sequence (d(F}y,U,0))ken is constant for k > ko, so that
the following definition makes sense:

Definition I1.1.2 Assume (II.1.6) and a sequence of mappings (Fy)ren sa-
tisfying (I11.1.1), (I1.1.2), and approzimating the mapping F uniformly on
U:
(IL1.7) lim ||F}, — Fllo.o = 0.

k— o0

Then the Brouwer degree of F' with respect to U and 0 is defined as

(IL1.8) d(F,U.0) = lim d(Fy, U,0).
— 00

Finally, for every y & F(OU), define
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(I1.1.9) d(F,U,y) = d(F —y,U,0).

Needless to say, due to (II.1.5), definition (IT.1.8) is independent of the

choice of a sequence (Fy), and the degree (I1.1.9) is continuous with re-
spect to F' (using the maximum norm (II.1.5)), with respect to U (us-
ing the distance dist(U,U) = sup, g dist(Z, U) + sup,¢ dist(, U) where
dist(Z,U) = inf,cp ||Z — 2||), and, finally, with respect to y in any component
of R"\F(9U) using any norm || || on R™.

(1)

(4)

We summarize the essential properties of the Brouwer degree:

Let I be the identity on R™. Then for y ¢ 0U,

_J1lifyeU,
(I1.1.10) d(I’U’y)_{Oify¢U

(normalization).
Let Uy ,L]Q be_open and bounded sets in R™ such that U; N Uy = @ and
FeCUiUU2,R") and y ¢ F(0U; UOUz). Then

(11.1.11) d(F,UlLJUQ,y):d(F,Ul,y)+d(F,U2,y)

(additivity).

The degree is homotopy invariant, which means that it is continuous (=
constant) with respect to its entries (F, U, y) in the sense described above.
A special case is the following homotopy invariance with respect to “non-
cylindrical domains”:

Let R"*! = {(1,2)|r € R,z € R"}, U C R""! be open and U, = {z €
R™|(7,z) € U} be uniformly bounded (possibly empty) for 7 in finite in-
tervals of R. Assume for F: U — R” that F € C(U,R") and that for a
continuous curve y : R = R",

(I1.1.12) y(1) # F(r,z) for all (r,z) € OU.
Then
(I1.1.13) d(F(r,-),Ur,y(1)) = const for all 7 € R,

and d(F(r,-),U,,y(7)) = 0if U, = () for some 79 € R.

We sketch the proof: For a < b let U, = U N ((a,b) x R™), which is a
“noncylindrical” domain bounded in R"*!. Solutions of F(7,z) = y(7) for
(1,2) € OU, p exist at most in U, or Up, and the proof of (II.1.13), using a
regular approximation via Sard’s Theorem, is then the same as for cylin-
drical domains (see also Section II.5 below, in particular Figure I1.5.1).
Thus d(F(a,-),Us,y(a)) = d(F(b,-),Up,y(b)), and (I11.1.13) is proved. (If
U, = 0 or U, = 0, this proof shows also that d(F(r,-),Ur,y(7)) = 0 for
T € [a,b].)

The following property is crucial for the solution of nonlinear problems:
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If d(F,U,y) # 0, then there is some

(I1.1.14) x € U such that F(z) = y.

(5) Let Fy, Fy € C(U,R™), U C R", such that Fy(x) = Fy(z) for all x € U.
Then for y € F1(0U) = F»(0U),

(I1.1.15) d(F1,U,y) = d(F2,U,y),

Le., the degree depends only on the values of I’ on the boundary OU.
(6) If {x e U|F(z) =y} CU C U, then

(11.1.16) d(F,U,y) = d(F,U,y)
(excision).

Finally, the notion of the index given in Definition II.1.1 is extended to
every isolated solution zg € U of F(x) = y. It is simply the local degree
around zg € U:

d(F7 Br($0)7y) = Z(F7 .’170)7
(I.1.17)  where B,(zo) = { € R"|||z — z¢|| < r} for small r > 0
such that zg is the only solution of F(z) =y in B, (zo).

(We omit the dependence on y.) Clearly, i(F, o) € Z but not necessarily in
{1,-1}.

A degree having the properties (1)—(6) is uniquely defined [8]. For U C R?
the number d(F,U,0) coincides with the geometric notion of the winding
number of F' along OU.

For a practical computation of the degree or the index, the following mul-
tiplicativity is useful. It follows immediately from the corresponding property
of the determinant in Step 1 and by approximation in Step 2. Let

F;:U; — R"™ be in O(U;,R™), where

U; C R™ is bounded and open, 7 = 1, 2.

Define F' = (F17F2) Zﬁiﬁl X ﬁg — R™ x R™2 by
F(z1,22) = (Fi(21), Fa(w2)).

If y; & F;(0U;), then y = (y1,y2) € F(OU), and
d(F,U,y) = d(F1,U1,y1)d(F2, Uz, y2).

(I1.1.18)
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11.2 The Leray—Schauder Degree

The extension of the Brouwer degree to infinite dimensions gives a powerful
tool for solving infinite-dimensional nonlinear problems. We summarize the
steps taken by Leray and Schauder in 1934 [125] (see also [34], e.g.).

There does not exist a degree for continuous vector fields on an infinite-
dimensional Banach space having all properties of the Brouwer degree. (There
are several topological reasons for this: There are no two components of the
group of regular endomorphisms corresponding to a negative and positive
determinant; there exists a continuous mapping from the closed unit ball
of an infinite-dimensional Banach space into itself having no fixed point,
although that mapping is homotopic to the identity in the sense of Section
II.1, and so on.)

A crucial part of the extension to infinite dimensions is the characteriza-
tion of the class of vector fields for which a degree can be defined. This class
should be large enough for reasonable applications, and the degree should be
as powerful as the Brouwer degree.

Definition I1.2.1 Let f : U — X, where U C X is open and X is a (real)
Banach space. The mapping f is called completely continuous (compact) if
f is continuous and if f maps bounded subsets of U onto relatively compact
sets (whose closure is compact). If

(I1.2.1) F=I+f:U—=X,

where I is the identity on X and f is completely continuous, the mapping F
is called a compact perturbation of the identity.

For compact perturbations of the identity, Leray and Schauder succeeded
in defining a useful degree. A crucial observation is that a completely con-
tinuous mapping f : U — X on bounded domains U is uniformly ap-
proximated by finite-dimensional mappings f. : U — X,,. C X such that
dim X,,, = n. < oo and ||f — f:llo,0 = sup,ey || f(x) — fe(2)]| < €, where
e > 0 is arbitrarily small. (Here | || denotes the norm of the Banach space
X.) We define F. = I+ f.. If 0 ¢ F(9U), then also (for small &€ > 0)
0 ¢ F.(0U,,) for U,. = UNX,,, which follows from the facts that due to the
complete continuity of f, F(OU) is closed and that 0 has a positive distance
to F(0U).

Therefore, if ¢ > 0 is small enough, the Brouwer degree d(F.,U,_,0) for
F. restricted on U,,_ exists. Since this degree does not depend on the choice
of f.: U — X,,_, it is a good definition of a degree for F.

Definition I1.2.2 Let U C X be open and bounded. Then for any compact
perturbation of the identity (I1.2.1) with 0 ¢ F(OU) the Leray—Schauder de-
gree

(11.2.2) d(F,U,0) € Z
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is defined as described above. For y & F(OU) we define

(I1.2.3) d(F,U,y) = d(F — y,U,0).

(1)
(2)
(3)

We summarize the essential properties of that degree.

The normalization (11.1.10) holds as for the Brouwer degree.

The additivity (I1.1.11) holds as for the Brouwer degree.

We state its homotopy invariance as follows (adequate for our applications
in bifurcation theory):

Let U CRx X = {(r,2)|7 € R,z € X} be open and U, = {z € X|(r,z) €
U} be uniformly bounded (possibly empty) for 7 in finite intervals of R.
We assume that

f:U — X is completely continuous;
(I1.2.4) y : R — X is a continuous curve such that
y(1) £ x+ f(r,z) for all (r,2) € IU.

Define f(r,2) = f(r,2) —y(7). Then f : U — X is completely continuous,
and therefore, for every € > 0, there exists a finite-dimensional approxi-
mation fs :Ugp = Xy, on any bounded “noncylindrical” domain U, =
UN((a,b)x X) such that ||f f€||070 = SUD(7.2)eU, , lf(r,z)—fe(m,2)| <e.
We define

(I1.2.5) F(r,x)=x+ f(r,x) for (r,x) e U

and F(r,z) = x + f(r,2), Fo(r,2) = & + f.(r,z). By the closedness of
F(0U) and by (I1.2.4)3, the curve {y(7)|T € [a,b]} has a positive distance
to F((OU)ap), where (OU)qp = OU N ([a,b] x X). Therefore, if € > 0 is
small enough, the only solutions of F.(,z) = 0 for (,z) € Ug, exist at
most in U, for 7 € [a,b] (and not in OU, C (9U),). By definition,

d(F(1,),Ur,y(r)) = d(E(,"), U:,0)
(I1.2.6) d(F.(1,),U- N X,,.,0) = const for 7 € [a, b],

by the homotopy invariance of the Brouwer degree described in Section
IL.1. Therefore, under the assumption (I1.2.4), we conclude for the Leray—
Schauder degree that

(IL.2.7) d(I + f(7,-),Ur,y(7)) = const forallT € R

and d(I + f(7,-),Ur,y(7)) =0 if U, = 0 for some 79 € R.
As for the Brouwer degree, we can easily conclude by approximation and
complete continuity that

if d(F,U,y) # 0, then there is some

(I1.2.8) x € U such that F(z) = y.

Finally, we state that
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(5) the Leray—Schauder degree depends only on the values of F' on the boun-
dary OU, and
(6) the excision (11.1.16) holds as for the Brouwer degree.

As for the Brouwer degree, the local Leray—Schauder degree around an
isolated solution xy € U of F(x) = y is called the index of F at xy (with
respect to y):

d(Fv BT(I0)7y) = Z(F7 I0)7

(I1.2.9) where B,.(z¢) = {z € X| || — x0|| < r} for small r > 0.

(We omit the dependence on y.) By the additivity and the excision property,
the Leray—Schauder degree is the sum of its indices if there are only finitely
many solutions of F'(z) =y in U.

If F(x9) = y for some zyp € U, F is Fréchet differentiable at x¢, and
DF(x¢) € L(X, X) is an isomorphism (is regular), then the index i(F, ) is
computed as follows:

Clearly, DF(xo) = I+ D f(x0) for a compact perturbation of the identity
(I1.2.1). If f is completely continuous, then D f(zg) € L(X, X) is a compact
operator (see [125], [34]). The regularity of DF(xo) = I+ D f(x) implies that
|IDF(x0)z|| > ml 2| for some m > 0, whence 7(F(x)—y)+(1—7)DF (zo)(x—
xg) # 0 for 7 € [0,1] and ||z — || = r for sufficiently small r > 0. Thus the
homotopy invariance implies that

i(FvI ):d(F7BT(£ZJ )a ):d(Ff aBr(I )70)
(L210) B D pa), B(0).0) = ((DF(20),0),

where we make the substitution z — xy = z.

The computation of the index of DF(xo) = I+ Df(xo) = I + K for some
compact K € L(X,X) was already accomplished by Leray and Schauder
[125]. We define a homotopy I + 7K for 7 € [0,1] from the identity I to
I+ K. If for some 7, € (0,1) the operator I 4+ 7, K is not regular, then
ur = —1/m € (—o0,—1) is an eigenvalue of K. By the Riesz—Schauder
Theory, there are only finitely many such eigenvalues in (—oo, —1) all having
a finite algebraic multiplicity. Starting from 1 for the identity I, the index
changes at each 7, = —1/py, by (—1)"* where my, is the algebraic multiplicity
of pg. This gives finally the Leray—Schauder formula

i(I + K,0) = (—1)™*+tme where
(I1.2.11) w1, ..., e are all eigenvalues of K in (—oo, —1),
and my, is the algebraic multiplicity of ug, k=1,... 4.

If there is no eigenvalue of K in (—oo, —1), then ¢( + K,0) = 1.

We give the proof of formula (11.2.11):

Let A(t) = I+ 7K for 7 near 7 such that —1/7 is an eigenvalue of K of
algebraic multiplicity my. Denote by Ej C X the generalized eigenspace of
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dimension my. Then 1—(7/7) is an eigenvalue of A(7) of algebraic multiplic-
ity my, with the same generalized eigenspace Ej, for all 7 near 7. Decompose
X = E; @ X, so that X}, is a complement that is invariant for A(7) for all
7 near 73 (choose X}, invariant for K). Identify Ej & X with Ej x X}, and
x = v + w according to this decomposition with = (v,w). The operator
A(r) € L(X, X) then decomposes as

A7) = (A7) By, A(T)]x, ) = (ALk(T), A2,k (7)),
(Al’k(T)7A2’k(T)) : Ek X Xk — Ek X Xk7
Al,k(T) S L(Ek7Ek),A27k(T) S L(Xk7Xk),

which is an isomorphism for all 7 near 7.

(11.2.12)

Therefore, the index (A2 x(7),0) is defined, and by (I1.2.10), it is given by
(11.2.13) i(AQ,k(T)7O) Zd((I+TK)|Xk,UQ,k7O),

where Uz j, is a neighborhood of 0 in Xj. Clearly, i(A2x(7),0) = const for 7
near 7, by homotopy invariance. The degree (I1.2.13) is defined by a finite-
dimensional approximation of K on Ugy,

(11.2.14) K. :Usp — Xgn, C Xg, dimXp,, < oo,
which is not linear, in general:
(I1.2.15)  d((I 4+ 7K)|x,,U2,%,0) =d(I + 7K, Uz, N Xp p.,0).

Set I+7K, = As (1) and Uz ;N Xk n, = Usa. Then, for a small neighborhood
Ur, of 0in Ej, we obtain from (I1.1.18) (recall that dim Ej = my,)

= d(A(T), U;yk X Uz,gc), ))
= d((Al, (7’ 7A2, (7’ 7U17 X UQ, 7(0,0
W216) _ (4)4(). Aa'(r)). Us 1 x Ui (0,0)
= d(Aljk(T 5 Ul,k; O)d(AQ,&-(T)7 U2757 0)
=4((A1,£(7),0)i(A2 1 (7),0
By (II.1.4),

(I1.2.17) (A1 k(7),0) = signdet(({ + 7K)|g,) = sign(l - L) ,
Tk

which changes by (—1)™* at 7 = 7. Since (A2 x(7),0) = const for 7 near
Tk, this proves (I1.2.11).

The eigenvalues p of K = D f(xp) in (—oo0, —1) give eigenvalues 1 + p in
(—00,0) of I + f(x9) = DF(z0) and vice versa. Formula (I1.2.11) motivates
the definition of an index for a class of admissible Fredholm operators given
in Section II.5.
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11.3 Application of the Degree in Bifurcation Theory

As in Chapter I, we study nonlinear parameter-dependent problems

F(xz,\) =0, where
(I1.3.1) F:U xV — X with open sets
UcX,VCcR.

We assume the “trivial solution” {(0, A\)|]A € V} and that U is a neighborhood
of 0, possibly U = X and w.l.o.g. V = R. Furthermore, we need F' € C(U x
V,X) and that D,F(0,\) exists such that D, F(0,-) € C(V,L(X,X)). If
X = R", then we use the Brouwer degree; if X is an infinite-dimensional
(real) Banach space, then we assume that F(x,\) = « + f(x,\) and that
f:UxV — X is completely continuous. Thus for F'(-, A) the Leray—Schauder
degree is applicable.

A necessary condition for bifurcation from the trivial solution line is
(I.1.6). In our case, the Riesz—Schauder Theory implies that

0 is an isolated eigenvalue of finite algebraic

(IL.3.2) multiplicity m of D, F(0,\) for some Ao € R.

(For a spectral theory, the real space X is complexified as in Section 1.8.)

It is crucial for bifurcation at (0, \g) how the eigenvalue 0 perturbs for
D,F(0,)\) when A varies in a neighborhood of Ag. As shown in [86], Sections
I1.5.1 and II1.6.4, the number m is an invariant in the following sense: The ge-
neralized eigenspace E), of the eigenvalue 0 of D, F(0, \g) having dimension
m is perturbed to an invariant space E) of D, F(0,\) of dimension m, too,
and all perturbed eigenvalues near 0 (the so-called 0-group) are eigenvalues
of the finite-dimensional operator D, F'(0, \) restricted to the m-dimensional
invariant space Fy. The eigenvalues in that 0-group depend continuously on
A

We shall prove that a necessary and sufficient condition for bifurcation is
that the sign of det(D,F(0,\)|g,) change at A = Ag. (The necessity is seen
by the counterexample (II1.7.18) below.) In terms of the eigenvalues in the
0-group, this condition is expressed by the notion of an odd crossing number:

Definition I1.3.1 Define 0<(\) = 1 if there are no negative real eigenval-
ues in the O-group of Dy F(0,\) and o<(\) = (=1)™FFMe 4f g o g
are all negative real eigenvalues in the 0-group having algebraic multiplicities
ma, ..., mkg, respectively. If

D, F(0, ) is reqular for X € (Ag — d, Xo) U (Ao, Ao + 9)

(IL.3.3) and if 0<(X) changes at X = Ao,

then D, F(0,\) has an odd crossing number at X = X.
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By (I1.3.3)1, 0<()) is constant on (Ag — &, Ag) and on (Mg, Ao + §). It can
change only if an odd number of negative real eigenvalues leave the half-axis
(—00,0) through 0. Since nonreal eigenvalues exist only in complex conjugate
pairs of equal multiplicity, an odd crossing number of a family D, F (0, ) in
the sense of Definition I1.3.1 means that an odd number of eigenvalues in
the 0-group (counting multiplicities) leave the left complex half-plane when
A passes through Ag. (It does not mean that the total number of eigenvalues
in the 0-group of D,F(0,)\) in the negative complex half-plane is constant
on (Mg — 0, Ag) and changes only at A = \g. If this is the case, we say that the
local Morse index of D, F(0, ) changes at A = A; cf. Definition I1.7.1 below.)
If X = R"™, then D,F(0,)\) has an odd crossing number at A = )\g if and
only if detD,F'(0,A) # 0 for A € (Ao — 9, Ag) U (Ao, Ao + 9) and det D, F'(0, A)
changes sign at A = \g.

By (I1.3.3)1, the index (D, F (0, A),0) exists locally for A # Ao, and for-
mula (I1.2.11) (or (I1.1.4)) shows that

an odd crossing number of D, F'(0, \)
=T+ D, f(0,N)=T+K(\)at A=)\
means that the index i(D,F (0, A),0) jumps
at A = \g from +1 to —1 or vice versa.

(I1.3.4)

This change of the index is the key for the following Krasnosel’skii
Bifurcation Theorem:

Theorem 11.3.2 If D, F(0,\) has an odd crossing number at X = Ao, then
(0, Ao) is a bifurcation point for F(x,\) =0 in the following sense: (0, \g) is
a cluster point of nontrivial solutions (x,\) € X xR, x #0, of F(xz,\) =0.

Proof. Assume that there is a neighborhood of (0, \g) in X x R containing
only the trivial solutions (0, A). Then there exist an interval [Ag — §, \g + J]
and a ball B, (0) such that there is no solution of F(z,A) = 0 on 0B,(0) for
all A € [A\g — d, Ao + J]. By the homotopy invariance of the Leray—Schauder
degree,

(I1.3.5) d(F(-,A), Br(0),0) = const for A € [A\g — J, Ao + I],

contradicting the assumption that
(I1.3.6) i(D.F(0,)),0) =d(F(-,A), B-(0),0) (cf. (I1.2.10))

changes at A = \g (see (I1.3.4)). O

The classical special case of Theorem I1.3.2 is the following: F(z,\) =
x4+ Af(z), f:U — X, is completely continuous for some neighborhood
U of 0, and 0 is an eigenvalue of I + A\gDf(0) = D, F(0,)\o) of odd al-
gebraic multiplicity for some Ay # 0. (Equivalently, we find in the litera-
ture that —1/Xo is an eigenvalue of Df(0) or that —)¢ is a characteristic
value of D f(0).) By the linear dependence on the parameter )\, the derivative
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D,F(0,A\) =1+ ADf(0) = I+ AK has an odd crossing number at A = Ag
(see the Leray—Schauder formula (I1.2.11)), which implies bifurcation.

A drawback of Theorem I1.3.2 is that it gives no information on the struc-
ture of the set of nontrivial solutions near (0, Ag): Is there really a “branch”
of nontrivial solutions emanating at (0, A¢)? The notion “branch” implies
that the set is connected in X x R. This property and more is proved in the
Global Rabinowitz Bifurcation Theorem:

Theorem I1.3.3 Assume that F' € C(X x R, X), F(z,\) = z + f(z, ),
where f : X x R — X is completely continuous, and D, F(0,-) = I +
D,f(0,) € C(R,L(X,X)). Let S denote the closure of the set of nontriv-
ial solutions of F(x,\) = 0 in X x R. Assume that D,F(0,\) has an odd
crossing number at X = Ao. Then (0,A) € S, and let C be the (connected)
component of S to which (0, o) belongs. Then

(i) C is unbounded, or

(i) C contains some (0, 1), where Ag # A1.

Proof. Assume that the Rabinowitz alternative (i) or (ii) does not hold.
Then C is bounded, and C contains the only trivial solution (0, Ag). By the
complete continuity of f: X x R — X (we tacitly assume in Theorem 11.3.3
that F' is everywhere defined on X x R), the set C is compact: If (z, A) € C,
then z = — f(x, A), so that the projection of C on X is compact. Its projection
on R is compact, too, since it is bounded.

Let N be an open neighborhood of C in X x R and let K = AN S.
Then K is compact and ON NC = (). By a lemma from point-set topology
(the so-called Whyburn Lemma [169]) there exist disjoint compact subsets
A,B C K such that C € A, 9N NS C B, and K = AU B. Let U be an open
neighborhood of A such that UNB = 0. Then U has the properties that
C c U and 8U NS = 0. By possibly removing some trivial solutions from U,
we finally obtain

a bounded open set U C X x R such that
CcU, aUNS =0, and

UN{0, )|\ eR} = {0} x (A\g — 0, X0 + )
for some arbitrarily small 6> 0.

(11.3.7)

By assumption (II.3.3)1, the trivial solution 0 € X of F(z, ) = 0 is isolated
for all A € (Ag— 9, Ag) U (g, Ao +0). Thus there exist radii () > 0 such that

aBT()\) (0) NC =0 and
for all A € (/\0 — 5, Ao) U (/\07)\0 + 5)

Let V = {(I,)\)llﬁ € BT(/\)(O),)\ € ()\0 — 5, Ao) U ()\0, Ao + 5)} If r» depends
continuously on A, then V' C X x R is open. We assume that 7(Ao) = 0
extends r(\) continuously on (Ag —d, Ao+ ). Define W = U\V. If 0 < 6 < 4,
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then the only solution of F(xz,A) = 0 on OW is (0, \g), and the homotopy
invariance (I1.2.7) of the Leray—Schauder degree implies that

d(F (-, A), Wy,0) = const on (—o0, Ag) and
also on (Mg, 0) and

d(F (-, \), Wy,0) =0 for all A # Ao, since
Wy =0 if |A| is large.

(11.3.9)

By construction of the open set U, the only solutions of F(z,A) = 0 on 90U

are (0, Ao — ) and (0, Ao + 5), and therefore by homotopy invariance,
(I1.3.10) d(F(-,\),Ux,0) = const for A € (\g — 8, Ao + 9).
The additivity of the Leray—Schauder degree finally implies that

d(F'(-,A), Uy, 0)
=d(F(-,A),Vx,0) +d(F (-, ) W/\70)
=d(F(-,\), By(» (0
for all A € (Ao — 0,

(IL.3.11) :
Ao
By (11.3.10), the index of the trivial solution is constant for A\ € (Ag — &, Ag) U

(Mo, Ao + 5), contradicting an odd crossing number of D, F(0,\) at A = Ag;
cf. (11.3.4). O

Both alternatives of Theorem I1.3.3 are possible. The simplest example of
(i) is the linear case F'(x,\) = D, F(),0)z. Examples of alternative (ii) are
given in Section II1.6. A refinement of Theorem I1.3.3 is given in Theorem
11.5.9 below.

The main assumption of Theorems I1.3.2 and I1.3.3, namely, the odd cross-
ing number of D, F(0,\) at some A\ = ), is difficult to verify, in general,
when f(z, A) does not depend linearly on A. A possibility for a verification is
expounded in the next section.

I1.4 Odd Crossing Numbers for Fredholm Operators
and Local Bifurcation

Let X and Z be real Banach spaces and assume that X C Z is continuously
embedded. The notion of an odd crossing number defined in Definition I1.3.1
is readily extended to families of linear operators A(\) € L(X, Z) depending
continuously on A € R such that

A(N) 1 Z — Z with domain of definition D(A(X)) = X

(I1.4.1) is closed for each A € (Ao — 6, Ao + 9).
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An equivalent characterization of (II.4.1) is that the norm in X is equiva-
lent to the graph norm ||z||z + ||A(A)z||z. This assumption is reasonable for
applications; cf. Section III.1.

Another suitable assumption is that

A(N) € L(X, Z) is a Fredholm operator of index zero

(I14.2) for each A € (A9 — 0, Ag + 0); cf. Definition I.2.1.

The case considered in Section I1.3 in which A(A\) = I+ D, f(0,\) € L(X, X)
with compact D, f(0, A) is clearly a special case: By the Riesz—Schauder The-
ory, every linear compact perturbation of the identity is a Fredholm operator
of index zero.

In this section we assume that

(I1.4.3) 0 is an isolated eigenvalue of A(\o),

which, by the Fredholm property, is an eigenvalue of finite geometric multi-
plicity: dim N(A(Xg)) < oco. (As usual, for a spectral theory the real spaces X
and Z are complexified as in Section 1.8.) The isolatedness of the eigenvalue
0 gives a stronger result (cf. [86], Section IV.5.4): The generalized eigenspace
E), of the eigenvalue 0 is finite-dimensional, so that the algebraic multipli-
city is finite, too. Furthermore, there is a decomposition into invariant closed
subspaces
(IL.4.4) Z=E\®2Z, E,CXCZ

o X:EAU@X/\O; XAUZZ/\OQX7

such that the spectrum of A(\g) € L(E),, E,) consists only of the eigenvalue
0, and 0 is in the resolvent set of A(N\g) € L(X»,, Z»x,); i-e., A(Xo) is an
isomorphism from X, onto Zy,. The eigenprojection P(\g) onto E), is in
L(X,X) as well as in L(Z, Z). As already mentioned in Section II.3, the ge-
neralized eigenspace E, perturbs to Ey of the same finite dimension, and the
eigenprojection P()A) depends continuously on A in L(X, X) and L(Z, Z) for
A near \g. The eigenvalue 0 of A()\g) perturbs to eigenvalues of A(\) near 0
(the so-called 0-group), which are the eigenvalues of A(\) € L(Ey, Ey) (which
is a finite-dimensional operator). Thus Definition I1.3.1 is literally generalized
to a family of Fredholm operators satisfying (11.4.1)—(I1.4.3):

Definition I1.4.1 Define 0=()\) = 1 if there are no negative real eigenvalues
in the 0-group of A(\) and o=(\) = (—1)™ T Fmk 4f 1 ..., ug are all nega-
tive real eigenvalues in the 0-group having algebraic multiplicities mq, ..., mg,
respectively. If

A(N) € L(X, Z) is regular (is an isomorphism)
(IL.4.5) for A€ (Ao — 8, A0) U (Ao, Ao + 9) and if
o<(\) changes at A = A,

then the family A(X\) has an odd crossing number at A = \g.
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The remarks given after Definition I1.3.1 are literally valid also in this
generalized case: An odd crossing number means that an odd number of
real eigenvalues (counting multiplicities) in the 0-group of A(\) leave the left
complex half-plane when \ passes through Ag.

In this section we show that an odd crossing number of A()) is detected
by the method of Lyapunov-Schmidt and that it implies local bifurcation for
Fredholm operators.

We decompose (cf. (1.2.2))

(114 6) X=N&dXy, N= N(A()\())) C E‘,\07
o Z = R® Zy, R:R(A()\o)),

and dim N = dimZ; < oo. Since P(\g)|y = Iy and P(A) € L(X,X) is
continuous, the projection P()) is injective on N for all A near \g. We show
that P(\g) € L(Z, Z) is also injective on Zy. Decompose z = r+ zg according
to (I1.4.6)2, where r = A(Ag)x. Then P(Ag)z = A(No)P(Mo)z + P(Xo)z0 =
z— (I — P(\y))z, whence z = (I — P(\g))z + A(Xo)P(No)z + P(Ag)zo. Since
(I—P(Xo))z € R, the assumption P(\g)zo = 0 leads to z € R, and by unique-
ness of the decomposition, this implies zy = 0. By the continuous dependence
of P(\) € L(Z,Z) on A, the injectivity is preserved for P())|z,. Furthermore,
the assumption P()\g)zo € R leads to z € R as well, and therefore, zo = 0.
Thus RN P(\g)Zy = {0}, and the decompositions (II.4.6) yield the decom-
positions X = P(Ao)N & X9, Z = R® P(X\o)Zo, which are perturbed to

(IL.4.7) X = P(7)N @ X,

o Z=R®P(1)Zy forT € (Aog—0d,A0+9).

By P(M\g)N = N, the space P(7)N is a continuous perturbation of N. Next,
we construct a continuous transition from the complement Zy to P(\g)Zo
(which is continuously extended to P(7)Zg). We define the homotopy H (t)z =
(1 —t)z + tP(X\o)z, which connects Iz and P(\g) smoothly in L(Z, Z) for
t€[0,1].If z = r+29 = A(Xg)xz+ 20 according to Z = R® Z, then we showed
above that z = (I—P(\o))z+A(Xo)P(No)z+P(Ng)z0. Since (I—P(X\))z € R,
this gives the decomposition z = 7 + Zy according to Z = R @ P(\g)Zy with
Zo = P(X\o)zo. Therefore, z = (1 — t)r +t7 + (1 — t)z0 + t2o = 7 + H(t)z0
with # € R and 29 € Zy. If H(t)zp = 0, then z € R and zp = 0. This proves
that H(t)Zo is a complement of R in Z for all ¢t € [0,1] and H(0)Zy = Z,
H(1) = P(X\o)Zo.

To summarize, the complement P(7)Z in (I1.4.7), is a continuous per-
turbation of Zy (by inserting the homotopy H between Z; and P(\g)Zp)
in the class of complements of R in Z. The decompositions (I1.4.7) define
projections

(114.8) P, : X = P(r)N along X,

Q- :Z — P(1)Zy along R,
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so that P\, = P : X — N along Xy is the Lyapunov-Schmidt projection
according to (I1.4.6)1, and Qx, : Z — P(\g)Zp along R is homotopic to
Q : Z — Zy along R, which is the Lyapunov—Schmidt projection according
to (I1.4.6)2. This homotopy is given by Q¢ : Z — H(t)Z, along R for t € [0, 1].

Next, we decompose the invariant generalized eigenspace E, of A(7). Since
P(T)N C E; and P(1)Zy C E., the decompositions (I11.4.7) yield

E, = P(r)N @ (XoN E,),

(11.4.9) E.=(RNE;)® P(1)Z for T € (Ag — 6, Ao + 9).

Therefore, Py, and Q; g, project according to the decompositions (I1.4.9).
Finally, P; € L(X, X) and Q, € L(Z, Z) depend continuously on 7 near \.

We represent A(M\) : X — Z according to any decomposition (I1.4.7); and
any decomposition Z = R@ P(71)Zy or Z = R® H(7)Z, as a matrix

1a10) A = <(1 p g()gu) (1 p jz()gm)

identifying X = P(1)N @ X with P(7)N x X, (whose elements are written
as columns) and Z = R® P(1)Zy or Z = R® H (t)Zy with the corresponding
Cartesian product (whose elements are written as columns as well). The

projection @) denotes @, or (); depending on the choice of the complement
QZ of R.
For all X near )\,

(I1.4.11) (I —Q)A(N)|x, € L(Xo, R) is an isomorphism,
since this is true for A = X\g. We define (with [(I — Q)A(\)]™" € L(R, X))
—QAMWII — QAN IQZ>

(T —Q)AN)] 0
C(Q,\) : Z=RxQZ — QZ x Xy,

CQ,\) = (

(11.4.12) D(T, Q7 )\)
(@Am{fpw [T = QAN "I - QAN} 0 )

~ 1 ~

(T =QAWN] (I -Q)AMN) Ix,
D(,Q.0) : X = P(1)N x Xo = QZ x Xo.

Then an easy computation yields

C(Q, NA(N) = D(1,Q. \)

11.4.13 R
( ) for all A near \g, 7 near \g, and for all Q.

Since
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(I14.14) C(Q, o) = (A(;;)l I% ) with A(Ao) ™" € L(R, Xo)

Is an isomorphism, the same holds for all A near Ag. This proves by (I1.4.13)
and by the definition (I1.4.12) of D(7, @, \) for any A near )y that

/}(A) € L(X,Z) is an isomorphism < A
QAN Ip(ryy — [T — VAN (T — Q) AN} = B(r,Q,\)
€ L(P(7)N,QZ) is regular for all 7 near \g

and for all Q

(I1.4.15)

Next we consider A(\) € L(Ejy, E)).

By the definitions of Py and @y in (I1.4.8) and by the fact that Py|g,
and Q|g, project according to the decompositions (I1.4.9) (for 7 = ), we
see that

(I1.4.16) C(Qx, N), D(A,Qx, A) € L(Ey, Ey) and

C(Qx, AN = D(\, Qx, \) in L(Ey, Ey).

Definition I1.4.1 of an odd crossing number is equivalent to the following:

det(A()\)|E>\) 7£ 0 for A € (AO — 57 )\0) U (A(), Ao + 5)

(IL417) 4 det(A(N)|g, ) changes sign at A = \q.

Since C(Qx, A)|g, is regular for all A € (A9 —J, A9 +0), the equality (I1.4.16)
implies that A(X) has an odd crossing number at A = )\ if and only if

det(D(X, Qx; A)[g,) # 0 for A € (Ao — 6, 20) U (Ao, Ao +0)

(I1.4.18) and det(D (A, Qx, A)|E,) changes sign at A = Ao.

According to Definition IT1.4.1 (or (I1.4.17);) and (I1.4.15),

B(1,Q,\) € L(P(T)N,QZ) is regular for every

Ae (/\0 - 57 )\0) U (/\07)\0 + 5), for all T € ()\0 - 57 )\0 + 5)7
and for all Q = Q, with 7 € (A\g — 6, \g + )

or for all Q = Q; with ¢ € [0,1].

(IL.4.19)

Fix A € (Ao — 6,A0) U (Ao, Ao + 6). Then B(1,Q,\) € L(P(T)N,QZ) is
homotopic in the class of regular linear mappings to

(La20) B0, @A) = QAN {Iy — [( - QAN (I - QAN)}
B € L(N, Zy), where Q : Z — Zj along R; cf. (IL.4.6).

(Note that [(I — Q)A(N)]~! € L(R, Xo).)

In particular, B(X,Qx,A) € L(P(A)N, P(\)Zp) is homotopic to B(Ag, @, A)
€ L(N,Z), and by definition (I1.4.12) of D(X, Qa, A), a change of sign of
det(D(X, Qx, \)|Ey) implies a change of sign of det B(A,Qx, \) at A = Ao.
Here we endow P(A\)N and P(\)Z, with bases such that B(\, Qx, A) is re-
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presented by a quadratic matrix and det B(\, @x, \) is the determinant of
that matrix. By the homotopy we finally obtain the following theorem:

Theorem I1.4.2 Let A(N\) € L(X, Z) be a family of Fredholm operators sa-
tisfying (I1.4.1), (I1.4.2), and let 0 be an isolated eigenvalue of A(Ng). Choose
a Lyapunov-Schmidt decomposition (I1.4.6) and fix bases in N and Zy such
that we can consider the family B(Xo, Q,\) in L(R™,R™) (see (II.4.20)) for
n = dimN = dimZy. Then

A(N) € L(X, Z) has an odd crossing number

at A= Xy &
(11.4.21) B(Xo, @, \) € L(R™,R™) has an odd crossing number
at A=)y &

detB()\O, Q, )\) 7é 0 for \ € (AO — 5, Ao) U Ao, Ao + 5)
and detB(\g, Q, A) changes sign at A = Xo.

I1.4.1 Local Bifurcation via Odd Crossing Numbers

The structure of the family (11.4.20) is perfect for a Lyapunov—Schmidt re-
duction of a local bifurcation problem. We recall the essential steps.

Let FF: U xV — Z be a mapping such that 0 € U C X and \g €
V C R are open. We assume that F/(0,\) = 0 for all A\ € V and that F is a
nonlinear Fredholm operator with respect to x € U and for all A € V : F €
CUxV,Z)and D,F € C(U x V,L(X, Z)) such that A(\) = D, F(0,)) is
a family of Fredholm operators satisfying (I1.4.1) and (I11.4.2). Let 0 be an
isolated eigenvalue of A(Ag). In order to find nontrivial bifurcating solutions
of F(x,\) = 0 near (0, A\g), a Lyapunov—Schmidt reduction as in Section 1.2
is adequate. To this end we decompose the Banach spaces X and Z as in
(I1.4.6), and according to Theorem 1.2.3, the problem F(x,\) = 0 for (x, \)
locally near (0, A\g) is equivalent to an n-dimensional problem

(I1.4.22) ®(v,\) =0 mnear (0,\) € N x R.

Here@:UXVHZO,WhereOEUCNand)\O Ef/CR,and@E
C(U x V,Zy), Dy® € C(U x V,L(N, Zy)). To be more precise, (v, \) =
QF(v+1(v,\),\), where Q : Z — Zy along R is the projection, v € U C N,
and ¢ : U xV — X solves (I —Q)F(v+1(v, \), \) = 0 for all (\,v) € Ux V;
cf. Section 1.2. Differentiating this equation with respect to v yields

(I14.23) (I —Q)DyF(v+ ¥(v, A),\)(In + Dyih(v,A)) = 0.

Inserting the trivial solution (v,A) = (0, ) into (I1.4.23) gives, in view of
$(0,A) =0,
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Dyp(0,A) = =[(I = Q) D= F(0,\)] (I — Q)Dx (0, A)

€ L(N, Xy),

where (I — Q)D,F(0,)\)|x, € L(Xo, R) is an isomorphism
for X near \g and (I — Q)D,F(0,\)|n € L(N, R).

(I1.4.24)

This gives for &(v,\) = QF (v+1(v, A), \) the expression (recall D, F(0,\) =
AN)

(IL425)  Dyd(0,A) = QAN{Iy — [(I - QYA (I — Q)A(N)}.

(Note that [(I — Q)A(N)]~! € L(R, Xo) and X = (I — P)X.)
Thus D,®(0,\) = B(Ag, @, \) (cf. (11.4.20)) and we can state the following
theorem:

Theorem 11.4.3 Let (v, \) = 0 be an n-dimensional Bifurcation Equation
for the problem F(xz,\) = 0 obtained by the method of Lyapunov-Schmidt
as expounded in Section I.2. Assume the trivial solution F(0,\) = 0 and
therefore (0, \) = 0 for all X near \g. Then

D,F(0,)) € L(X, Z) has an odd crossing number
at A=)y &

(I14.26)  Dy®(0,)\) € L(N, Zo) = L(R™,R") has an odd
crossing number at A = \g &
det D, ®(0, ) changes its (nonzero) sign at X = X.

Note that the decompositions (I1.4.6), and therefore the function @, are
not unique.

An application of a finite-dimensional version of Theorem II.3.3 for
&(v,A) = 0 finally yields a Bifurcation Theorem for Fredholm Opera-
tors:

Theorem 11.4.4 Assume for F(x,\) = 0 that the derivative D, F(0,\) =
A(N) along the trivial solution satisfies (I1.4.1)-(11.4.3). If D, F(0,\) has
an odd crossing number at A = Xg, then (0,X\g) is a bifurcation point for
F(xz,\) = 0 in the following sense: The closure of the set of nontrivial solu-
tions near (0, \o) contains a connected component to which (0,\g) belongs.

Indeed, extend @ to N x R — Zy, apply Theorems 11.4.3 and I1.3.3 to
&(v,A\) = 0, and recall that ¢(v,\) = 0 gives all solutions of F(z,\) = 0
locally near (0, \o). By its construction, connected solution sets of @(v, A) = 0
yield connected solution sets of F'(z, ) = 0; cf. Section I1.2.

In the next section we improve Theorem I1.4.4 by a global version in the
sense of Rabinowitz’s Theorem, Theorem I1.3.3.

We give some special cases of Theorem 11.4.4.
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Case 1

If dimN = 1, ie., if 0 is a geometrically simple eigenvalue of A(\g) =
D,F(0,)\), then #(v,\) = 0 is a one-dimensional Bifurcation Equation.
An odd crossing number of D,®(0, A) means simply that the scalar function
D,®(0,\) changes sign at A = )\ if it is expressed with respect to bases in
N = span[ig] and Zy = span[ij]; cf. (1.4.20)—(1.4.22). Since D,P(0,Ao) =0
(by Corollary 1.2.4), a sufficient condition is D?,&(0, \g) # 0, provided that
the family A(A\) = D,F(0,\) and therefore D,®(0, \) is differentiable with
respect to A. In this case, formula (I1.4.25) gives (recall that @ : Z — Z,
along R)

d
D®(0,20) = Q=x A(No) v € L(N, Zo) and
D2,8(0,\) # 0 <
d

ﬁA()\o)ﬁo = D2, F(0,\0)d0 € R(D,F(0,)o)) if

N(D,F(0,)\)) = span[dp].

Condition (I1.4.27)3 is the same as condition (I.5.3) of Theorem I.5.1. In this
case, the bifurcating solutions consist of a unique smooth curve.

(11.4.27)

The nondegeneracy (11.4.27) or (1.5.3), however, is violated in many simple
cases of an odd crossing number. Consider the example D, F(0,\) = A(\) =
Ao + (A — Ao)I and N(Ag) = span[do]. Then L A(X)do = 0o & R(Ao) if
and only if the eigenvalue 0 is not only geometrically but also algebraically
simple (usually called simple). On the other hand, by its linear dependence
on ), it is directly seen that the family A(A) = Ag + (A — X\g)I has an odd
crossing number at A = g if and only if the eigenvalue 0 has an odd algebraic
multiplicity. (In this case, the differentiated bifurcation function D,®(0, \)
given in (I1.4.25) is of order (A — XAg)™ if m is the algebraic multiplicity of
0.) We admit that the evaluation of (I1.4.25) is not simple, in general, and in
many cases the crossing number of the family A()) is of easier access.

A degenerate change of sign of D, ®(0, \) at A = A\g, however, does not ne-
cessarily give a unique bifurcating curve as shown in Section I1.16 even in the
analytic case. In the nonanalytic case, “Bifurcation with a One-Dimensional
Kernel” can indeed be as general as stated in Theorem 11.4.4.

Remark I1.4.5 It can easily be seen without knowledge of any degree that
a change of sign of D,@(0,\) at A = Ao entails bifurcation from the trivial
solution line {(0,\)} at A = Ag. Namely, in the upper and lower (v, \) half-
plane, the function ® has opposite signs near the line {(0,\)}, and these signs
change at A = \o; cf. Figure 11.4.1.

By continuity and the mean value theorem, the function @ has to have a
continuum of zeros emanating at (0, o), and that continuum exists globally
as described in Theorem I1.3.3 (provided that ® is globally defined). (The
idea for a proof of that “evident” statement can be taken from the proof of
Theorem 1.19.2; see also Figure 1.19.1.)
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In particular, the solution continua of ®(v,\) = 0, separating domains
where @ is positive and negative, exist in the upper and lower (v, \) half-
planes. This simple observation leads to a refinement of Theorem I1.5.3; cf.
Theorem I1.5.9 below.

v
d=0
d >0 P <0

+ + + - - -

- — + + \

D,®(0,\) >0 D,®(0,\) <0

Figure 11.4.1

Case 2

Let dim N = n > 1 be odd. Assume again that A(\) = D,F(0, ) is differen-
tiable with respect to A near A = Xg, so that formula (I1.4.27); holds. Since
D,®(0, X¢) = 0 (by Corollary 1.2.4), we have

D, (0, \) = di)\qu*)(O, Xo)(A — Xo) + R(N) in L(N, Zo)
(11.4.28)

= Q- AD) w(h — Xo) + RO (see (IL4.27),).

Here R()) is a remainder such that limy_,», R(A\)/(A — Ao) = 0 in L(N, Zy).
Assume that
d .
QﬁA(AO) € L(N, Zy) is regular <
D2, F(0,A0)0 & R(DyF(0, \o))
(I1.4.29)  for all ® € N(D,F(0, 2))\{0} <
Z = R(D,F (0, \0)) & D2, F(0, \g)N(D, F(0, Ag)) or

d
Z=R®—A(N)N.
@d/\ (o)

Then, by (I1.4.28),
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det D,®(0,\) = det (Q%A(AO)) (A=20)" +1(N),
0.

(I1.4.30)
so that lim 7(\)/(A — Ag)" =
)\‘))\0

(Here we identify L(N,Zo) with L(R™,R"), so that det(Q-&A()\o)) is de-
fined.) By (IL.4.29), det(Q-% A(Xo)) # 0, and we conclude that

if (I1.4.29) holds and dim N (D, F(0,\)) = n is odd,
then D,®(0, ) has an odd crossing number at A = X.
(I1.4.31) By Theorem I1.4.3, D, F(0,\) has an odd crossing
number at A = A, too, and Theorem I1.4.4
guarantees bifurcation for F'(z,\) =0 at A = Ag.

This bifurcation result is due to [168]. Observe that the number n is the
geometric multiplicity of the eigenvalue 0 of D, F(0, Ag) and that the algebraic
multiplicity m = dim E, can be arbitrarily large.

Remark I1.4.6 An odd crossing number in Definitions 11.3.1 and II.4.1
plays a crucial role in local and global bifurcation theorems; cf. Theorems
11.3.2, 11.3.3, I1.4.4, I1.5.8, and I1.5.9. By the simple counterexamples (11.7.18),
(I1.7.19), it is indispensable for bifurcation, in general. Whereas its defini-
tion is transparent, its verification can be complicated. The computation of
eigenvalues of (infinite-dimensional) linear operators is not a simple task,
and the evaluation of the entire 0-group could be very involved. (Note, how-
ever, that for our applications in Chapter III we give cases in which it is
easy; cf. (II1.2.36), for example.) Theorem I1.4.3 tells that the determination
of an odd crossing number is reduced to a finite-dimensional problem, to be
more precise, to a problem whose dimension is the geometric multiplicity of
the critical eigenvalue 0. In view of its form (I1.4.25), the evaluation of its
determinant could still be a challenge; cf., however, Case 1 of Theorem II.4.4.
There is a large literature in which one attempts to give a different ap-
proach to the crucial property of local and global bifurcation: It is found
under the notion of “odd multiplicity.” The Krasnosel’skii condition on
D,F(0,A\) = I+ ADf(0) is an odd algebraic multiplicity of the eigenvalue
—1/Xo of Df(0), and by the linear dependence on A\, this means an odd cross-
ing number of D, F(0,\) at A = A\g. In case of a nonlinear dependence on
A, however, the common algebraic multiplicity of an eigenvalue has to be re-
placed by some multiplicity in which the family D, F(0,\) apart from X\ = Ao
is involved. Such a definition is rather complicated and not transparent at
all. Another drawback is that it applies only to families D, F(0,\) depending
analytically on X in a neighborhood of A = X\g. If it depends only smoothly, it
applies only if some derivative with respect to A does not vanish at A = A\g. An
advantage is that there are explicit devices for computing odd multiplicities
in which the reduction (11.4.25) is used, too. An odd multiplicity is clearly
equivalent to an odd crossing number. In view of the complexity of odd mul-
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tiplicities, other approaches under fewer reqularity assumptions are found in
the literature.

For details we refer to [154], [82], [183], [123], [43], [42], [146], [50], [84].

We prefer the notion of an odd crossing number, since it is more natural
and, moreover, since it is directly related to a change of Morse index; cf. De-
finition I1.7.1. The Morse index is an important tool in Nonlinear Dynamics,
and an odd crossing number links Bifurcation Theory to that wide field; cf.
also Section II.7.

All approaches to bifurcation via odd multiplicities or odd crossing num-
bers are “linear theories” in the respect that the condition for bifurcation is
imposed only on the linearization along the trivial solution. The nonlinear
remainder is arbitrary in all these theories.

11.5 A Degree for a Class of Proper Fredholm Operators
and Global Bifurcation Theorems

In this section, X and Z are both real Banach spaces such that X C Z is
continuously embedded. We consider mappings F' : U — Z, where U C X is
an open and bounded set. In order to define our admissible class of operators
we need some definitions.

Definition I1.5.1 A class of linear operators A € L(X, Z) is called admis-

sible if the following hold:

(i) A is a Fredholm operator of index zero.

(ii) A : Z — Z with domain of definition D(A) = X is closed.

(iii) The spectrum o(A) in a strip (—oo,c) X (—ie,ic) C C for some ¢ > 0,
€ > 0 consists of finitely many eigenvalues of finite algebraic multiplicity.
Their total number (counting multiplicities) in that strip is stable under
small perturbations in the class of A in L(X,Z).

We remark that property (ii) is a consequence of property (i), so that its
requirement could be omitted.

By the perturbation theory for closed operators as expounded in [86], any
isolated eigenvalue o perturbs to its po-group of equal total finite multipli-
city. Property (iii) simply excludes that a perturbation of A creates a new
eigenvalue as a perturbation of —oo. This phenomenon is certainly excluded
for a class of operators A € L(X,Z) whose spectra are locally uniformly
bounded from below. Definition I1.5.1 is satisfied by classes of elliptic opera-
tors that are locally uniformly sectorial; cf. [52].

Definition I1.5.2 Let U C X be open and bounded.
An operator F : U — Z is called admissible if
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(i) Fe C*(U,Z), U C U, where U is open in X,
(ii) The class {DF(z)|z € U} C L(X,Z) is admissible according to Defini-
tion
11.5.1,
(iii) F is proper; i.e., the inverse image in U of a compact set in Z is compact
i X.

Definition II.5.2 is motivated by nonlinear differential operators whose
Fréchet derivatives are elliptic. For such operators Definition I11.5.2 is verified
in Section IIL.5.

If X = Z, every compact perturbation of the identity (cf. Definition I1.2.1)
is admissible if it is a C?-mapping. Indeed, its derivative is of the form I+ K,
where K € L(X,X) is compact, and Definition II.5.1 is satisfied by the
Riesz—Schauder Theory [170]: There are only finitely many eigenvalues of K
in a strip (—oo, —1 4 ¢) x (—ie,ic) if 0 < ¢ < 1 that are the eigenvalues of
I+ K in (—o0,¢) x (—ig,ie). Since the spectrum of I + K is bounded by
1+ ||K|, the total number of eigenvalues in that strip is stable under small
compact perturbations of K in L(X, X). Finally, property (iii) of Definition
I1.5.2 is satisfied for F = I + f if f is completely continuous: If x,, + f(z,) =
Zn, the convergence of the sequences (z,) and (f(zy)) (w.l.o.g.) implies the
convergence of (x,,), so that F is proper.

Step 1
Assume that y ¢ F(OU) is a regular value for F; i.e.,

DF(x) € L(X, Z) is regular (is an isomorphism)

By (I1.5.1), the set F~!(y) (possibly empty) consists of isolated points {z;},
and by properness it is compact. Therefore, it is a finite set, so that we can
make the following definition:

Definition I1.5.3 Assume that F is admissible and that y ¢ F(OU) is a
reqgular value for F. Then

d(F,Uyy)= >, i(F,x), where
z€F~1(y) g
i(F,a) = 1 if o(DF (x)) N (—00,0) = 0,
(11'5'2) i(F, a:) — (_1)m1+‘~+mz if
o(DF(x)) N (=00,0) = {p1, ..., pe}, and
my 18 the algebraic multiplicity of pug, k=1,...,¢,

and )y = 0.

As in Definition II1.1.1, we call i(F, z) the indez of F' at x (where we omit
the dependence on y). Clearly, d(F,U,y) = d(F —y,U,0).

Definition I1.5.3 is motivated by the Leray—Schauder formula (I1.2.11),
and if X = Z and F is a compact perturbation of the identity (cf. Definition
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I1.2.1) of class C!, then Definition 11.5.3 indeed gives the Leray—Schauder
degree, provided that y ¢ F(OU) is a regular value for F.

Proposition I1.5.4 The set of reqular values y ¢ F(OU) is open, and the
degree (I1.5.2) is locally constant with respect to y. To be more precise, there
is a & > 0 such that for all § € Bs(y) = {y € Z|||§ — y|| < 8}, Definition
11.5.3 applies and

(IL5.3) d(F,U,§) = d(F,U,y).

Proof. By properness, F is a closed map and y ¢ F(9U) has a positive
distance to F(QU). Therefore, Bs(y) N F(OU) = @ if 6 > 0 is small enough.
By (IL.5.1), the map F' is a diffeormorphism from a neighborhood V; of any
z; € F~'(y) in U onto a neighborhood of y. If § > 0 is possibly decreased,
every § € Bs(y) has one preimage Z; in each Vj, and DF(Z;) is regular.
Let V' C U be the union of (finitely many, disjoint) open neighborhoods V;
of z; € F~'(y). Then U\V is closed, F(U\V) is closed, and y ¢ F(U\V)
has a positive distance to F(U\V). Therefore, if § > 0 is small enough,
Bs(y) N F(U\V) = 0, so that F~'(B;s(y)) € V and the sets F~!(y) and
F~1() have the same (finite) cardinality for all § € Bs(y). Consider the ho-
motopy y(7) = y+7(§—y) € Bs(y) for 7 € [0,1]. Then F~({y()|7 € [0,1]})
consists of continuously differentiable curves {Z;(7)|r € [0,1]} connecting
z; € F~1(y) to &; € F~1(g) in each neighborhood V; of z;. Then DF(Z;(7))
is a continuous homotopy from DF(x;) to DF(%;) in the open set of regular
maps in L(X, Z). By admissibility of F' according to Definition I1.5.2, the
total number of eigenvalues of DF(Z;(7)) on (—o0,0) is finite (counting mul-
tiplicities), and eigenvalues of DF(Z;(7)) can leave the real half-axis (—oo, 0)
only by nonreal complex conjugate pairs. Since by Definition I1.5.1 (iii), the
total multiplicity of all perturbed eigenvalues is constant, the numbers of all
eigenvalues of DF(Z;(7)) in (—o0,0) have the same parity for all 7 € [0,1],
and (I1.5.3) follows directly from Definition II.5.3. O

Step 2

If y is not a regular value for F', we find a sequence (yn)neny C Z with y, = y
in Z such that y, ¢ F(0U) and all y,, are regular values for F'. This is the
result of Quinn—Sard—Smale [145]. (Originally, it was required that X be sep-
arable, so that every open covering of U contained a countable subcovering.
This stringent assumption is given up in [145].) Since there is no analogue
of the Stone—Weierstrass Approximation Theorem in infinite dimensions, we
cannot give up the smoothness of F' as in the finite-dimensional case. The C%-
differentiability is needed in Theorem II1.5.6 below, which states the crucial
property of the degree of Definition I1.5.3, namely, that it is locally constant
when its entries are slightly perturbed in their admissible classes. In other
words, the homotopy invariance of that degree is valid. This implies that the
following definition makes sense:
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Definition I1.5.5 Assume that F is admissible and that y ¢ F(OU). Then
for a sequence (yn)nez C Z of regular values for F such that y, — y and
yn & F(OU),

(IL5.4) d(F,U,y) = lim d(F,U,y,).
Clearly, d(F,U,y) = d(F —y,U,0).

We give the arguments why the degree (I1.5.4) is well defined: Let yo and
y1 be regular values for F' in Z\F(0U). We define

F:[0,1]xU — Z by
(I1.5.5) F(T’ x) = F(z) —1y1 — (1 - T)yo

and clearly,

d(F7 U, yO) = d(F — %0, U, O) - d(p(ov ')v U, 0)7
(I1.5.6) ~
d(F,U,y1) = d(F — y1,U,0) = d(F(1,-),U,0).
The map F is of class C?, and its derivative D(T,w)ﬁ' e LRx X,Z) is a
Fredholm operator of index 1. By properness of F', the map F is proper, too.
According to the result of Quinn—Sard-Smale [145], the set of regular values
for F is dense in Z, and by properness, it is also open in Z. (We sketch the
argument: Let y € Z be a regular value for F. If not empty, F ~1(y) consists
of compact continuously differentiable curves in [0, 1] x U. Fix some point on
such a curve. Then a decomposition of R x X into the one-dimensional kernel
of D(T,w)ﬁ' , which is the tangent space to that curve, and some complementary
space Xo C R x X yields a regular operator D(T7I)F~'|X0 € L(Xo,Z). The
Implicit Function Theorem and the properness of F' imply that the curves
in = (y) are isolated, that there are - only ﬁmtely many, that for § € B;(y)
for small § > 0 the derivative D, I)F on F~1(§) € [0,1] x U is surjective,
and that the set F'~1(f) consists only of curves that are perturbations of the
curves in F~1(y); cf. the arguments in the proof of Proposition I1.5.4.)
Since 0 € Z is a regular value for F(0,-) and for F(1,-), according to
Proposition 11.5.4 we find some § near 0 such that (cf. (II.5.6))

d(li’(ov ), U,9) = d(lf((h ), U,0) = d(F,U,yo),
(1157) d(F(17 ')7 U, g) - d(F(]-v ')v U, 0) :~d(F7 U, yl)a

and g is also a regular value for F'

defined in (IL.5.5).

We return to the problem whether the degree (I1.5.4) is well defined. If
y & F(9U), then it has a positive distance to F(OU); i.e., |[F(z)—y| >d >0
for all x € OU. Next, we show that if yg,y; are sufficiently close to y and if
y is in a small neighborhood of 0, then the endpoints of all curves in F’l(gj)
are in the bottom {0} x U or in the top {1} x U of the cylinder [0,1] x U.
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Indeed, let yo,y1 € Ba/s(y), § € Bays(0). Then

1E(r, ) = gl = |1 F(2) = yo +7(yo — y1) — 9
(IL5.8) = [[F(z) —y+y—yo+7(yo—y1) — 3l > 4 >0
for all (r,z) € [0,1] x 9U.

The proof that

(11.5.9) d(F(0,-),U,§) = d(F(1,),U,7),
which implies in view of (IL.5.7) that
(115]‘0) d(F7 U7 yO) = d(Fv Ua y1)7

is the same as that of the more general Theorem II.5.6 below, where the
cylinder [0, 1] x U is replaced by a segment of a noncylindrical domain. This
finally proves that Definition I1.5.5 makes sense and that (I1.5.4) does not
depend on the choice of the sequence of regular values (¥ )nen.

As mentioned before, if X = Z and F' is a compact perturbation of the
identity of class C!, then Definition II.5.3 gives the Leray—Schauder degree,
provided that y ¢ F(OU) is a regular value for F. The homotopy invariance
(I1.5.9) implies that Definition II.5.5 is valid for the Leray—Schauder degree
as well. Thus all proofs in this section apply also for the Leray—Schauder
degree for its admissible class F' = I 4+ f. Note, however, that this approach
requires that F be a C%-mapping, in particular, that smoothness is required
in the proofs of Proposition I1.5.4 and Theorem I1.5.6 below.

Theorem I1.5.6 The degree of Definition I1.5.5 is homotopy invariant in
the following sense: Let U C R x X = {(r,2)|7 € R,z € X} be open and
U, = {z € X|(r,z) € U} be uniformly bounded (possibly empty) for T in
finite intervals of R. We assume that

F e C*U,Z), where U C U is open in R x X,
F:U — Z is proper,
the class {D,F(7,z)|(r,2) e U} C L(X, Z)

11.5.11
( ) 1s admissible according to Definition 11.5.1, and
y:R — Z is a C?-curve such that
y(7) # F(7,x) for all (1,2) € OU.
Then
(I1.5.12) d(F(7,-),Ur,y(1)) = const for all T € R

and d(F(1,),Ur,y(1)) =0 if Ury = 0 for some 19 € R.

Proof. Define F(r, x) = F(r,2) — y(r). Then FeCU,2),F:U—Z
is proper, and D, ;) F(7,2) € L(R x X, Z) is a Fredholm operator of index
1. Fix a bounded segment of the noncylindrical domain U, = U N ((a,b) X
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X). Since F(OU) is closed, by properness the curve {y(7)|7 € [a,b]} has a
positive distance to F'((OU)q), where (OU )45 = OU N ([a, b] x X ). Therefore,
|E(r,2z)|| > d > 0 for all (1,2) € (dU)ay, and by the Quinn-Sard-Smale
Theorem [145] and by the openness of the set of regular values, there exists
an element § € Z, ||§|| < d, and § is a regular value for F' : Uap — Z, for
F(a,") : Uy — Z, and for F(b,-) : Uy — Z; cf. (IL.5.7). By the arguments
given before, this implies that F “Lg) ﬁﬁaﬁb consists of finitely many compact
one-dimensional manifolds (curves) with boundaries in U, or in Up; cf. Figure
I1.5.1. (Closed curves in F~1(§) N Uy, play no role in the sequel. Therefore,
Figure I1.5.1 does not show closed curves that might clearly exist.)

Pick one curve C' in F~'(j) starting in U, or Uy. It ends at a different
point in U, or U,. By the choice of g, the operators

D.F(a,z),D F(b x) € L(X, Z) are regular

(I1.5.13) when (a,z) or (b,z) are endpoints of C.

Therefore, the degrees d(F(a,-),Uq,§) and d(F(b,-), Uy, §) are defined as in
Definition II1.5.3. We show that

(I1.5.14) d(F(a,-),Uq, ) = d(F(b,-), Up, ),

where we assume that U, # 0, Uy, # 0; see Figure IL5.1. If U, # 0,Up = 0,
for instance, then for some b < b we obtain U; # 0, but F(b,-)~1(g) = 0, so
that, according to Definition 11.5.3, d(F' (b ), Uz, 7) = 0. In this situation U
has a dead end, and it does not reach {b} x X; see Figure I1.5.1. Thus all
curves have to return to U,, and the subsequent proof shows that the sum of
all indices of F(a,-) in U, is zero, proving that d(F(a,-), Uy, §) = 0.

X

Figure I1.5.1
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We parameterize the curve C' in F=1(§) by {((\),z(A\))|A € [, B}, so
that 7(«), 7(5) € {a,b} and (7(N),Z(X\)) # (0, )(: ). Since ¥ is a regular

value for F,

g

ylp“

(L515)  N(DpayF(r(N), 2(N) = spanl(+(\), 5V,
which is geometrically the tangent space to C at (7(\),z(\)) € R x X. Thus

D,F(t(\),z(\)) € L(X,Y) is regular

(I1.5.16) S FA)£0  for A€ [o,f).

On all (relatively) open intervals in [a, 5] where 7(A\) # 0, we see that the
index i(F(7()),-),z()\)) is constant by the arguments given in the proof of
Proposition I1.5.4. By the choice of g, we know that 7(\) # 0 for A near «
and A near 5. We investigate the behavior of the index when \ passes the
complementary compact set A C («, 8), where 7(A) = 0. Choose for A € A an
open interval (A — dx, A + d)) whose length will be appropriately determined
below; cf. (I1.5.20). Then finitely many such intervals cover A, and the union
of these intervals consists of one or more (finitely many) intervals in («, 3). We
focus on one such open interval (&, (). By construction, D F( (&), x(&)) and
D$F(7£B)7 ~(6)) are regular, and we determine the indices i(F(7(&), ), (&)
and i(F(7(3), ), 2(5).

Since 7(A) = 0 for A € A, we have ©(\) # 0, and by continuity, this is
true for all A € [, 5]. By the choice of , the operator D, z)F(T()\), z(N)) €
L(R x X, Z) is surjective for all X € [, 8], and therefore D, F(7(\), z(\)) # 0
in Z for all A € A. By continuity, this is again true for all X € [&, 3]. We define

N(\) = span[z(N)], Zo(N) = span[D, F(7(A), z(N\))],
and decompositions

(IL5.17) X =N(\) @& Xo(N), )
Z =R\ @ Zy(\) for A € [&, ], where

The spaces Xo(\) form a continuous family of complements in the sense that
the projections

Py : X — N()\) along Xo(N),
(I15.18) Qr:Z— ZO.()\) along R(A), L

depend continuously on A € [&, 8] in

L(X,X),L(Z,Z), respectively.

Observe that N (D, F(7(\), z(\)) € N(\) with equality only if A € A. (Using
the identity D, F(7(\), z(A\)7(A) + Do F(1(\), z(\)Z(A) = 0 it is an easy
exercise that Zo()\) is complementary to R()) for all A € [a, 5].)

We make a Lyapunov-Schmidt reduction according to Section 1.2 in a
neighborhood of (7(X),z(\)) that satisfies F(7(\),z(\)) — 7 = 0. For this
procedure we use the decompositions (I1.5.17). (This can be done for all
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A € [a, ] for which N(D,F(r()\),z()\)) = {0} or = N()\).) We obtain a
family of functions

By 1 (1(N) = 0x, 7(N) +62) x Ux = Zo(N),
(I1.5.19) where Uy C N()) is a neighborhood of v(\) = Pyz(\)
and @, (1,v) = 0 < F(r,2) = §, v = Pyz.

Thus the zeros of &y form the local curve {(7(X),v(A))|A € (A—dx, A+ 6x)},
v(A) = Pyz(A).

Setting G(z, ) = F(T(\), z(\)+z) — 7, we have G(0,\) = 0, D,G(0,\) =
D,F(1(\),z()\)), and a Lyapunov-Schmidt reduction near (0,\) using the
decompositions (I1.5.17) yields a family of functions

(A= 0x, A+ 6x) x Ux = Zo(N),
Where Ux C N(}) is a neighborhood of 0 and
Dr(v,\) =0 Gz, \) = F(r(\),z(\) + ) — § = 0,
v = P,\l‘.

(11.5.20)

By uniqueness of the reductions we have

(IL5.21) (11 )? AT ()\) P)\I( )+v)and

(0,)\) =D @)\( (/\) P)\z()\)) for A € ()\ — 5)\,)\ + 5)\)
We apply now the results of Section 1.4 to AN) = D,G(0,\).

Let A € A. Then, for A € (A — dx, A+ ),

D, F( ( ),z(\) € L(X, Z) is regular

(I1.5.22) <D @,\( (A), Pxz (A) # 0, and in this case,
i(F(r(N),),z(X) = S(A )SlgHD DA(r(N), Prz(N)).

Here S(\) € {1,—1}, and formulas (I1.4.13), (I1.4.14), (I1.4.25) show that
S(\) depends continuously on Ain (A—8x, A+85), and therefore, it is constant.
(Recall that Q belongs to a continuous family of projections in L(Z, Z).)

If X € [&, B]\4, then we choose d) > 0 such that (A—dx, A+3dx)NA = ) and
(I1.5.22); is valid for all A € (A — 6x, A 4 dy). Choosing Q = Q) in (11.4.13),
we obtain also (I1.5.22)y with a continuous and therefore constant function
S(A) on (A —dx, A+ dr).

Thus S()) is locally constant on the entire interval [@, 3], which means
that S(\) = Sp € {1, —1} for all X € [&, 3], and (I1.5.22) implies that

(11.5.23) if pvé,\(r A), Prz())) # 0 for some X € [@, ], then
o i(F(T(N), ), 2(\) = SosignD, Py (1(\), Prxz())).

By &5 (7(A),v(X)) =0 for all A € (A — dx, A+ dy) (where v(X) = Pxz()); cf.

(I1.5.19)), we obtain, by differentiation with respect to A at A = A,
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(I1.5.24) D ®y(T(\),v(A\)7T(N) + D@ (T(N),v(A)0(N) = 0.

By N(X) = span[z(N)], see (I1.5.17), we have 0(\) = Pxi(\) = #(A\), and by
Zo(A\) = span[D, F(7()\), z(\))], we get in view of the construction of the bi-
furcation function @y in Section 1.2 D, ®y(7(N), z(\)) = QaD, F(1(\), z()\))
= D, F(7(\), z()\)), where we use also the definition (I1.5.18) of Q. In order
to define the sign of D,®x(7(\),v())), we have to identify L(N(\), Zo(\))
with L(R,R) 2 R. This is done by the choice of bases {0(\)} in N(X) and
{D,F(r(\),z(\)} in Zo(\). Thus (11.5.24) gives

sigands,\(TE)\),v()\)) = —sign7(A\) € {-1,0,1}

(IL.5.25) for all A € [a, f].

A combination of (I1.5.23) and (IL.5.25) leads to the following result:

Let (&, 3) be any open interval in the covering
of A ={Xé€ (a,8)|7(\) = 0}. Then for all

A € [@, ] such that 7(\) # 0, in particular for
A=a and A = 3, the index of

F(r(\),-) at x(\) exists and

i(F(T(N), ), z(X\))signT(A) = —Sp.

(I1.5.26)

Since, as stated before, the index i(F'(7(A),-), z((\)) is constant in any in-
terval of [«, 8]\ A, the behavior (I1.5.26) extends to all A € [, ], i.e., to the
entire curve C:

i(F(T(N), ), z(\))sign7(\) = —Sp € {1, -1}

(I1.5.27) for all A € [a, 8] with 7()\) # 0.

Note that the index exists if 7(\) # 0.

A simple but crucial consequence of (I1.5.27) is the following (see also
Figure I1.5.1): Since sign7(«) = —sign7(83) # 0 if the endpoints of C are both
in U, or both in U, and sign7(a) = sign7(3) # 0 if the endpoints of C' are in
U, and in Uy,

the indices of F(r,-) at the endpoints

of a solution curve C' are opposite (equal)
if the endpoints are in the same set

U, or Uy (in different sets U, and Up).

(I1.5.28)

In the regular case, the degree is the sum of the indices, and (I1.5.28)
proves (I1.5.14). This completes the proof that Definition II.5.5 makes sense;
cf. (I1.5.9). Since the regular value § is arbitrarily close to 0, Definition I1.5.5
implies
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d(F(Cb ')7 Ua, y(a)) = d(F(av ')a Ua, 0)

d(F(a,-),Ua, ) = d(F(b,-),Up, )
= d(F(b7 ')7 Uy, 0) = d(F(b7 ')7 Uy, y(b)),

which finally proves (I1.5.12). The last statement of Theorem I1.5.6 follows
from d(F'(a,-), Uy, §) = 0 if Up = 0; cf. the arguments after (11.5.14). O

(I1.5.29)

Remark I1.5.7 Property (11.5.27) is in complete coincidence with the index
along a plane solution curve of a function ® : R x R — R. Let 0 be a reqular
value for @ such that the solutions of ®(1,x) = 0 form smooth curves in R xR.
The index i(P(1,-),x), if it exists, is simply signD,P(7,x) if &(r,z) = 0.
Since 0 is a regular value for @, any curve of zeros of @ separates regions in
the plane R x R where @ is positive and where @ is negative. Therefore, if
7(A) # 0 (for a suitable parameterization {(T(X), x(N))} of such a curve), the
derivative D, ®(1(N),x(N\)) is positive (negative) if @ is negative (positive)
below and positive (negative) above that curve. As visualized in Figure I11.5.2,
the signs of @ below and above a curve of zeros change at every turning point,
i.e., if sign7(\) changes. Observe that for such behavior it is not required that
the points where 7(X) = 0 be isolated.

T

(r,x)  _ d <0

Figure I1.5.2

We summarize the essential properties of the degree defined in Definition
11.5.5:

) The normalization (11.1.10) holds.

) The additivity (I1.1.11) holds.

) The homotopy invariance holds as described in Theorem I1.5.6.

YUy — vy, Y,yn € F(OU), and F(x,) = y, for some z, € U, then
properness implies the existence of some = € U such that F(z) = y. Then
by Definitions I1.5.3 and I1.5.5,
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if d(F,U,y) # 0, then there is some

(I1.5.30) z € U such that F(z) =y.

(5) The homotopy invariance shows that the degree depends only on the values
of F of the boundary OU.
(6) The excision (11.1.16) holds.

Finally, the notion of the index given in Definition II.5.3 is extended to
any isolated solution zgp € U of F(x) = y as in (IL.1.17). Thus the degree
of Definition I1.5.5 is the sum of its indices if there are only finitely many
solutions of F'(z) =y in U.

To summarize, the degree for our class of proper Fredholm operators has
precisely the same properties as the Brouwer degree or the Leray—Schauder
degree for their classes of operators.

I1.5.1 Global Bifurcation via Odd Crossing Numbers

The degree is a good tool in the bifurcation theory for parameter-dependent
problems as described in Section I1.3. We consider

F:U xV — Z with open sets

(11.5.31) 0eUcCX,VCR,

and we assume the “trivial solution” F(0, ) = 0 for all A € V. For our global
bifurcation result below, we simply assume that U = X and V = R; i.e.,
F: X xR — Z is everywhere defined. Furthermore,

FeC*(X xR, 2),

the class {DyF(z,\)|(z,A\) € X xR} C L(X, Z)
(I1.5.32) is admissible according to Definition II.5.1, and

F' is proper on every closed and bounded

subset of X x R according to Definition I1.5.2 (iii).

Thus for an open and bounded set U C X, the degree d(F(-,\),U,y) is
defined by Definition I1.5.5, provided that y & F(0U, \).

A necessary condition for bifurcation from the trivial solution line {(0, )}
at some (0, \g) € X x R is that

(I1.5.33) 0 be an eigenvalue of D F'(0, Ag).

By admissibility of A(A\) = D,F(0, ), conditions (II.4.1), (I1.4.2), and
(I1.4.3) are satisfied, so that the notion of an odd crossing number according
to Definition IT1.4.1 is well defined. By (I1.4.5);, the index i(F(-,\),0) =
i(DyF(0,)),0) exists locally for A # Ao, and by Definition I1.5.3 and by
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property (iii) of admissibility in Definition I1.5.1 (see also the arguments
given in the proof of Proposition I1.5.4),

an odd crossing number of D, F(0,\) at A = Ao

(IL.5.34) means that the index i(F (-, A),0) changes at A = A.

Since all ingredients of Rabinowitz’s Theorem (Theorem II1.3.3) are avail-
able, we obtain the following Global Bifurcation Theorem for Fredholm
Operators (cf. Theorem 11.4.4):

Theorem I1.5.8 Let S denote the closure of the set of nontrivial solutions
of F(z,A) =0 in X X R, where F : X x R — Z satisfies (I1.5.32). Assume
that D, F (0, \) has an odd crossing number at A = Xo. Then (0, \o) € S, and
let C be the (connected) component of S to which (0, \g) belongs. Then

(i) C is unbounded, or

(i) C contains some (0, 1), where A\g # A1.

The proof is the same as that of Theorem I1.3.3. Observe simply that if
(i) and (ii) do not hold, the component C is compact by properness.

For applications, both global Theorems I1.3.3 and I1.5.8 are valuable. To
prove global bifurcation for quasilinear elliptic problems, for instance, both
theorems are applicable as expounded in Section III.5. Theorem II1.5.8 needs
more differentiability of F', but for the application of Theorem II1.3.3 the map-
ping F' has to be put into the form of a compact perturbation of the identity.
Such a transformation usually requires the inversion of linear operators hav-
ing a compact resolvent, and this inversion might cause problems, as it does
for the examples mentioned in Remark II1.5.2. But even if it is possible, the
verification of an odd crossing number might be hard after F' has been trans-
formed into a compact perturbation of the identity. Example (II1.5.6) shows
the problems as explained after it. To summarize, if F' has enough differen-
tiability, a conversion into a compact perturbation of the identity in order to
apply the Leray—Schauder degree is not useful even if possible. Rather, we
recommend that one apply the degree for proper Fredholm operators to F.

I11.5.2 Global Bifurcation with One-Dimensional
Kernel

Next, we give a refinement of Theorem I1.3.3 if dim N(D,F(0,Xo)) = 1. In
Section II.3, the mapping F(-,\) is assumed to be a compact perturbation
of the identity; i.e., X = Z and F(x,\) =z + f(x,\), where f is completely
continuous. Therefore, D, F'(0,A\) = I + D, f(0,\) and D, f(0,\) € L(X, X)
is compact. As mentioned already in Sections II1.4 and II.5, the mappings
considered in Section I1.3 fit completely into the framework of Section II.4,
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and all results for (nonlinear) Fredholm operators presented in Section II.4
are clearly also true for compact perturbations of the identity.

Locally near the bifurcation point (0, Ag), all solutions of F(xz,A) = 0
are given by the solutions of @(v,\) = 0, which is the bifurcation equation
obtained by the method of Lyapunov—Schmidt. We use the decompositions
(I1.4.6), where N = N(D,F(0,))),R = R(D.F(0,)\)), and X = Z. If
dimN = codimR = 1, then ®(v,A) = 0 is a scalar bifurcation equation.
As discussed in Section 11.4, Case 1 of Theorem I1.4.4, and in particular in
Remark I1.4.5, a change of sign of D,®(0,\) at A = A\g (which is equivalent
to an odd crossing number of D, F(0,\) at A = )\g) causes a change of sign
of the function @ in the upper and lower (v, A)-planes near the line {(0,\)};
cf. Figure I1.4.1. By continuity of @, a continuum of zeros emanates at (0, \g)
existing globally in a neighborhood of (0,\g) € N X R where & is defined.
We make this more precise. Let

(I1.5.35) N(D,F(0,)\)) = span[tg], 0o € X, ool =1.
As proved in Section 1.2,

(I1.5.36) F(z,A\) =0for (z,)\) € B.(0) x (A\g — 8§, N0 +0) &
o x = sy + ¥ (stg, A) and P(svg, A) = 0.

If the ball B,.(0) and the interval (Ag—4d, A\g+9) are small enough, all continua

for s > 0 and for s < 0 reach the boundary of B,.(0) x (Ag — d, Ao + 9).

Moreover, since ¥(0,\) = 0 and D, (0, \g) = 0 € L(N, Xy), cf. Corollary

1.2.4, all solutions of F(z,A) =0 in B,(0) x (Ao — J, Ag + 0) satisfy

1
x = s0g + xg, where xg = s/ D, (tstg, \)dttg € Xo
(IL5.37) 0

1
and ||zg] < §|s| (for small |s| such that « € B,.(0)).
Thus all local nontrivial solution continua are in closed cones of X xR defined
as follows:

Let x € X be decomposed as x = sty + ¢, where
s € R and zp € X, cf. (IL.4.6) and (I1.5.35). Then

1
(IL5.38)  Kj =< (z,\)|s >0, ]zo] < 35 IA—Xo| < 5} ,

_ 1
Ky =4 (z,\)]s <0, ||a:0||§—§s,|)\—)\o|§6}.
Clearly, K N K; = {0} x [Ao — &, Ao + ]

The component C in & (= the closure of all nontrivial solutions of
F(z,\) =0in X x R) to which (0, Ag) belongs decomposes locally as
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CN(Br(0) x (Ao — A0 +6)=CF UG,

loc loc? where

(I1.5.39) G

loc

CK;{, C,.CKyand C;i NC;,, ={(0,\)}

loc
Furthermore, C:E, M A(B,(0) x (Ao — &, Ao + 9)) # 0.

Both subcontinua Cngc and C, . of C have global extensions. We let

loc

C* denote the maximal components of Clioc\{((), o)}t

(I1.5.40) respectively, in C\{(0, \o)}.

By definition, C = C* UC~ U {(0, o)}, but CT = C~ is not excluded. The
following result refines Theorem II.3.3.

Theorem I1.5.9 Assume the hypotheses of Theorem I1.3.3 and that

dim N(D,F(0,)X0)) = 1. Then each of C* and C~ either satisfies the alter-
natives (i) and (ii) of Theorem II.3.3 or

(iii) contains a pair of points (x,\), (—x, \), where x # 0.

Proof. At least one of CT and C~ must satisfy the alternatives of Theorem
I1.3.3. Suppose CT does not satisfy any of (i)—(iii). We define

(IL.5.41) C™ = {(z,N)|(-z,\) e C*}.
Then C*NC~ =0, and C =Ct UC~ U{(0,\o)} is compact. Let

U be an open neighborhood of ¢
(I1.5.42) in X x R such that (—z, A) € U whenever
(z,\) € U.

Since C is generated by C* via the involution (z, \) — (—, \), we can assume
for U that

U=U;UU_U(B.(0) x (Ag — 0, A0 + 0)),

UpnU- =0, U_={(z,N|(—z,\) €Us}, and

Ct C Uy U(Br(0) x (Ao — 8,0 +9)),

C~ CU_U(B.(0) X (Mg — 3, \g + ).

(I1.5.43)

We define a new mapping on the closure U as follows:
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F(x,\) if B

(z,A) € K5 N (Br(0) x [Ao — 8, A +4]),
s

—F(2 i) ﬁo+$o,A if

TEnACE )

x = sty + x0, 0 < s < 2|z, and

(z,A) € Br(0) x [Ao = 6,20 + ],

(IL5.44)  E(z, ) ={ —F(=2,)) if
a::sﬁo—i_—ajo, s <0, and
(z,A) € Br(0) X [Ao — 0, A0 + 4],

F(x,\) if
(2, 2) € UL\(Br(0) x (Ao — 8, A0 + ),

—F(—z,\) if
(2,\) € U_\(B,(0) x (A\g — 6, \o + 0)).

The goal of Definition (I1.5.44) is that

F' is continuous on U,
Fisa compact perturbation of the identity, i.e.,
F(z,)\) =z + f(z,\) and

(I1.5.45) f:U — X is completely continuous,
D,F(0,\) = D,F(0,\) has an odd crossing
number at A = )\g, and finally,
F(~, A) is an odd mapping.

Furthermore, F = F on (K; N (B,(0) x [Ao — &, Ao +6])) UT £\ (B,(0) x
(Ao —d, A0 +6)), which contains C* by (I1.5.39) and (I1.5.43). By the oddness
of F(-,\),

C=CtUC U{(0,\)} is the component of

S (which is the closure of the set of nontrivial

solutions of F'(z,\) = 0 in U) to which

(0, Ao) belongs.

(I1.5.46)

Since C is compact, we obtain, as in the proof of Theorem II1.3.3,

a bounded open set U C X x R such that
CcU, aUNS =0, and

11.5.47 " N .
( ) UNn{0,N)|XeR}={0} x (Ao — 9, Ao + )
for some arbitrarily small § > 0.
This leads to a contradiction as in the proof of Theorem II.3.3. a

Since the Global Bifurcation Theorem for Fredholm operators, Theorem
I1.5.8, has the same proof as Theorem I1.3.3, one might expect the refine-
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ment as stated in Theorem I1.5.9 also for nonlinear Fredholm operators. The
obstruction, however, is in the Definition (I11.5.44) of the odd mapping F,
which is only continuous and not of class C2. However, if F : X x R — Z
is admissible as in (I1.5.32) and if F(-,\) is odd, we do not need Definition
(I1.5.44), and we obtain immediately the following:

Corollary I1.5.10 Assume the hypotheses of Theorem I1.3.3 or of Theorem
I1.5.8 and that AimN (D, F(0, Xg)) = 1. If F(-, \) is odd, then the component
C of S to which (0,)\g) belongs decomposes into C = CT UC~ U {(0, o)},
so that C~ = {(z,\)|(=x,\) € CT}. Then each of C* and C~ satisfies the
alternatives of Theorem I1.3.3 or of Theorem I1.5.8.

This does not exclude alternative (iii) of Theorem I1.5.9.

If dimN (D, F (0, Ag)) > 1, then for odd F(-, A), the solution set is “odd” in
the sense that it is invariant under the involution (z, A) — (—z, A). The defini-
tion of CT and C—, however, does not make sense. In particular, a local decom-
position as in (I1.5.39) has no analogue, in general, if dimN (D, F(0, \g)) > 1.

I1.6 A Global Implicit Function Theorem

We consider a continuous mapping F: X xR — Z, where X C Z is continu-
ously embedded, and we assume a solution

(1161) F(aio, )\0) =0.

Apart from the assumptions (I.1.2) and (I.1.3) for the local Implicit Func-
tion Theorem, Theorem I.1.1, we need a setting such that a degree for F'(-, \)
can be defined.

The Leray—Schauder degree is applicable if X = Z, F(z,\) =z + f(x, \),
and f: X xR — X is completely continuous. The degree for Fredholm op-
erators can be used if F € C?(X xR, Z), D, F(z,\) € L(X, Z) is admissible
according to Definition I1.5.1, and F' is proper on every closed and bounded
subset of X x R according to Definition II.5.2(iii).

A Global Implicit Function Theorem then reads as follows:

Theorem I1.6.1 Assume the preceding properties of F' : X x R — Z and
(I1.6.1) such that

D F(z9, o) € L(X, Z) is bijective and

(1I1.6.2) D, F € C(By(x0) X (Ao — p, Ao + p), L(X, Z)) for some r,p > 0.
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Let S denote the set of all solutions of F(x,A) = 0 in X x R and let C

be the (connected) component of S that contains the local solution curve

{((A), M)A € (Ao — d, Ao+ )} through (xo, Ao) = (z(Xo), o) given by Theo-

rem 1.1.1. Then

(i) C = {(xo, o)} UCTUC™,CTNC™ =0, and CT,C™ are each unbounded,
or

(i) C\{(z0, A\o)} is connected.

Proof. Assume that C\{(zo, Ao)} is not connected. Then C = {(xo, Ao)} U
CtuU C7, where Ct N C~ = 0, and let CT denote the component of
{@(A), M)A € (Mo, Ao + )} in S\{(z0, Ao)}-

Assume that C* is bounded. As shown in the proofs of Theorem I1.3.3
and Theorem I1.5.8, the bounded and closed set C* U {(xg,\o)} = C s
compact. As in the proof of Theorem I1.3.3, we can construct a bounded
open set U C X X R such that

(I11.6.3) Ct CUand U NS = {(x0, o)}
Setting as before Uy = {z € X|(z,\) € U}, we can also assume that

g,\o N B, (z0) = 0 and

(I1.6.4) Ux, UB,(z0) = (U)x,,

where r > 0 is so small that © = x( is an isolated solution of F'(z,Ag) = 0
in B,(x0). (Note that in (I1.6.4); U, denotes the closure of the fiber Uy, in
X, whereas (I1.6.4)5 denotes the fiber of the closure U in X x R.) Then the
additivity and the homotopy invariance of the respective degree imply

d(F (-, X0), Br(20),0) + d(F (-, X0), Ux,, 0)
(1L6.5) — d(F(-,7\), Uy, 0) for A > Ao,
=0, since Uy = () for large A > Ag.

On the other hand, if Uy, # 0,

d(F(’ /\0)7 U)\mo)
(11.6.6) = d(F(-,\),Uy,0) for A < Ao,
=0, since Uy = () for large A\ < \g.

This proves
(I1.6.7) d(F (-, Xo0), Br(20),0) = 0.

But D, F(x9, o) € L(X, Z) is bijective, and the local degree (I1.6.7) is the
index i(F (-, Xo), o) € {—1,1}; cf. (I1.2.10), (I1.2.11), or (I1.5.2). This contra-
diction proves that C* is unbounded, and the unboundedness of C~ is proved
in the same way. a

Remark I1.6.2 The proof of Theorem I1.6.1 shows that the assumption
(I1.6.2) can be reduced to (I1.6.2),. Note that the local Implicit Function The-
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orem does not hold without assumption (I1.6.2)y, which means that there is
not necessarily a unique local curve of solutions {(x(\), \)} through (zg, \o).
But the nonzero local degree (I1.6.7) and the homotopy invariance of the de-
gree imply that the solution (xo,Ao) is continued for X € (A\g — 0, Ao + ). Let
C denote the component in S containing (xg, No). Then the same alternative
(i), (i1) holds, and in any case, C\{(xo, No)} # 0.

Remark I1.6.3 The possibility of a global extension of the local solution
curve given by the Implicit Function Theorem is also called Global Contin-
uation. It gives solutions of F(x,\) = 0 for all X € R, provided that (xo, A\o)
is the only solution for A = Ao and that there is an a priori estimate for
solutions x for all X in finite intervals of R. This possibility motivated Leray
and Schauder to extend the Brouwer degree to infinite dimensions in order
to solve nonlinear elliptic partial differential equations; cf. Section IIL.5.

I1.7 Change of Morse Index and Local Bifurcation for
Potential Operators

Zero is called a hyperbolic equilibrium of a linear operator A € L(X,Z), X C
Z, if after a natural complexification of X and Z (cf. Section 1.8), there is no
spectral point of A on the imaginary axis of C. If A has only a point spectrum,
the number of eigenvalues (counting multiplicities) in the right half-plane of
C is called the Morse index of A. For general operators, however, there might
be infinitely many such eigenvalues, even if A is a Fredholm operator. Under
the assumptions of Section II.4, however, a local Morse index is defined as
follows.

Assume for a family of linear operators A(\) € L(X,Z) for A € R the
properties (I1.4.1), (11.4.2), and (11.4.3). Then the generalized eigenspace E),
of the eigenvalue 0 of A()\g) is finite-dimensional, and that eigenspace is
perturbed to an invariant space E) for A()) of the same dimension for A
near Ag. The eigenvalue 0 of A(\g) perturbs to eigenvalues of A(\) near 0
(the so-called 0-group) that are the eigenvalues of A(\) € L(Ey, Ey); cf. [86],
Chapters II and III.

Definition I1.7.1 Assume that zero is a locally hyperbolic equilibrium of
AN) € L(X, Z) for all A € (Ag—3, Xo)U( Ao, Ao+9); i.e., there is no eigenvalue
in the 0-group of A(\) on the imaginary azis. Let n”()\) be the number of
all eigenvalues in the 0-group of A(\) (counting multiplicities) in the positive
complex half-plane. This number is constant for X € (Ao — 6, o) and for
A € (Mo, Ao + 9), and it is called the local Morse index of A(X) at 0. The

number
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(I1.7.1) X(AN), M) =n" (Mo —e) —n" (Ao +¢), 0<e<§,
is the crossing number of the family A(N\) at A = Ao through 0.

Clearly, if x(A(N), Ao) is an odd number, then the family A()\) has an odd
crossing number at A = g according to Definition I1.4.1. Observe, however,
that Definition II1.4.1 does not require a local hyperbolicity of the equilibrium
zero of A(N). A nonzero crossing number (I1.7.1) means that the local Morse
index of A(X) changes at A = A\g. If x(A()\), \o) is nonzero but even, then the
family A(\) does not have an odd crossing number at A = Ay according to
Definition I1.4.1.

As in Section II1.4, we show that a change of the local Morse index is
detected by the method of Lyapunov—Schmidt, provided that the family A(\)
is symmetric in the sense of Section I.3.

For the sake of convenience, we restate the assumptions. On the Banach
space Z a continuous and definite scalar product (1.3.1) is defined. We assume
that

(IL7.2) (A(N)z1,22) = (21, A(N)w2)

forall ;y,20 e X C Z, A€ (Mg — 0, 0 +0).

Let E\ be the perturbed finite-dimensional invariant space for A(X), where
E), is the generalized eigenspace of the eigenvalue 0 of A(XAg). Then E) C
X C Z, so that E) is endowed with a scalar product and (I1.7.2) holds on
Ey. Thus A()\) € L(E\, E)) is symmetric, and therefore

E, possesses a basis of eigenvectors of A(\),

(IL.7.3) and all eigenvalues of A()) are real.

Furthermore, the algebraic multiplicity dimFy =dim£E), of the eigenvalue 0
of A(X\g) coincides with its geometric multiplicity.

Thus N(A(Xo)) = E),, and there are invariant decompositions of X and
Z as follows (cf. (I1.4.4)):

o Z=R&Zy, R=R(A(\)), Zo=N.
By the symmetry (I1.7.2), the spaces N and X, as well as R and Z; are
orthogonal with respect to the scalar product ( , ). We also make use of
the following decompositions, which are continuous perturbations of (11.7.4)
for 7 near \g:

(IL7.5) X=E0X,, X;=(I-P(1))X,

Z=R.®E,, R,=(-P(r)Z

Here P(7) is the eigenprojection of A(7) onto the eigenspace E, C X C
Z, which depends continuously on 7 in L(X, X) and in L(Z, Z) for T near
Ao Since A(7) is symmetric with respect to the scalar product ( , ), the
eigenprojection P(7) is symmetric as well, so that the decompositions (I1.7.5)
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are orthogonal with respect to ( , ). Clearly, (II.7.4) is embedded into
(I1.7.5) for 7 = Ag. The Lyapunov—Schmidt projections defined by (II.7.5)
are Q, = P(r) : Z — E; along R, and P, = Q,|x : X — E; along X, and
P(r)N = P(1)E\, = E;.

We represent A(\) : X — Z according to a decomposition (I1.7.5) as a
. (T = QAW (1= QAN
(IL7.6) AN = ( QAN QAN ) ’

identifying the direct sums in (I1.7.5) with Cartesian products whose elements
are written as columns; cf. (11.4.10).
Defining C(Q-, A) and D(7, @, A) as in (I1.4.12), we obtain, as in (11.4.13),

(I11.7.7) C(Qr, NAN) = D(1,Q, \).
Following (I1.4.15) with [(I — Q,)A(MN)]~! € L(R,, X,) and

(11.7.8) g(g&g:gz)’: Q-AMN{IE, — [(I = Q) AN (I — Q-)AN)}

we see that the symmetry of @, and A(\) with respect to the scalar pro-
duct ( , ) implies the symmetry of B(7,Q.,\) € L(E;, E.). Therefore, all
eigenvalues of B(7,Q., \) are real for all 7 and A near Ag.

By definition (I1.4.12), C(Qx, N)|g, = Ig,, and B(A,Qx, \) = A(N)|g, -
Furthermore, D(7,Q-,\)|g, = B(7,Q-, ), and therefore (I1.7.7) defines a
homotopy in L(E,, E.):

[ A(\) € L(EN, EN) for 7 = ),
(1179) C(QT’ A)A(A”ET o { B()\07 Q/\m)‘)\) E)\L(Na N) for 7 = Xo.

(Recall that N = E),.) Since C(Q,, ) is an isomorphism for all 7 and A
near \g, cf. (IL.4.14), B(1,Q,,\) € L(E., E;) is regular for all A € (A9 — 4,
A0) U (Ao, Ao + 0) and for all 7 € (A9 — 0, Ag + ¢). This, in turn, implies that
for all 7 between A\ and Ao, zero is a hyperbolic equilibrium of B(7, @, \)
(all eigenvalues are real) and that the Morse index of B(7, Q-, \) is constant.
According to Definition I1.7.1, this proves the following theorem:

Theorem I1.7.2 Let A(\) € L(X, Z) be a family of Fredholm operators sa-
tisfying (11.4.1), (I1.4.2), and that is symmetric in the sense of (11.7.2). Let 0
be an isolated eigenvalue of A(Ng) and assume that zero is a locally hyperbolic
equilibrium of A(X) for X € (Ao — d, Ao) U (Ao, Ao +0). Choose the Lyapunov—
Schmidt decomposition (I1.7.4) with projection @ = Qx, : Z — N along R.
Then zero is a hyperbolic equilibrium of B(X\g,@,\) € L(N,N) for all A €
(Ao — 8, A0) U (Xo, Ao + ), and the families A(X\) € L(X, Z) and B(\g,Q,\) €
L(N,N) have the same crossing numbers at A = g through 0:

(11.7.10) X(AN); do) = X(B(Xo, @, ), Ao).
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We apply Theorem I1.7.2 for the proof of a local bifurcation theorem for
a family of potential operators.

I1.7.1 Local Bifurcation for Potential Operators

Let F : U xV — Z be a mapping such that 0 € U C X and \g € V C
R are open. We assume that F(0,A\) = 0 for all A € V and that F is a
nonlinear Fredholm operator with respect to x € U and for all A € V: To
be more precise, F € C(U x V,Z) and D, F € C(U x V,L(X,Z)) such
that A(A\) = D, F(0,\) is a family of Fredholm operators satisfying (II1.4.1),
(I1.4.2). Moreover, we assume that Z is endowed with a scalar product ( , )
satisfying (1.3.1) and that

F(-,)\) is a potential operator from U into Z

(IL.7.11) according to Definition 1.3.1 for all A € V.

A consequence of (I1.7.11) is that A(\) = D, F(0,)\) € L(X, Z) is a family of
symmetric operators satisfying (I1.7.2); cf. Proposition 1.3.2.

We prove next a Bifurcation Theorem for Potential Operators:

Theorem I1.7.3 Let F(-,\) be a family of potential operators satisfying the
hypotheses summarized above in this Section. Let 0 be an isolated eigenvalue
of A(No) = D F(0,Xo). If zero is a locally hyperbolic equilibrium of A(N\) =
D,F(0,)\) for A € (Ag—3, Xo) U (Ao, Ao +0) according to Definition I1.7.1 and
if the crossing number x(A(X), Xo) of the family A(N\) at X = N\g through 0
is nonzero, then (0, \o) is a bifurcation point of F(x,\) = 0 in the following
sense: (0, o) is a cluster point of nontrivial solutions (z,\) € X xR, x # 0,
of F(z,\)=0.

In a few words: Any change of the local Morse index of A(\) = D, F(0,\)
at A = Ao implies bifurcation of F(x,\) =0 at A = Xg.

Proof. In order to find nontrivial solutions of F(x,\) = 0 near (0, o)
a Lyapunov—-Schmidt reduction as in Section 1.2 is adequate. To this end,
we decompose the Banach spaces X and Z as in (I1.7.4), and according to
Theorem 1.2.3, the problem F(z,\) = 0 for (z, A) near (0, \g) is equivalent
to a finite-dimensional problem &(v,A) = 0 near (0, ) in N x R. Clearly,
$(0,A) =0, and as shown in Section I1.4, formula (I1.4.25),

D,®(0,\) = B(Xo, @, A)
= QAMN{Ixy — [ - QAN — Q)A(N)} € L(N,N).

By Corollary 1.2.4, D, (0, \g) =0 € L(N, N), but by Theorem I1.7.2, zero is
a hyperbolic equilibrium of D, ®(0, A) for all A € (Ag—5, Ag)U(Ag, Ag+9), and
the crossing number x (D, P(0, \), Ag) is nonzero. If we consider the dynamical

(I1.7.12)
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system in N,

(11.7.13) o _ P(v,\)
.T. il ACHN

this means, by definition, that

zero is a hyperbolic equilibrium of the dynamical
(I1.7.14) system (I1.7.13) for A € (Ag — d, Ao) U (Ao, Ao + 9)
whose Morse index changes at A = Ag.

Using Conley’s index theory [22], the change of index (I1.7.14) has the follow-
ing consequences for (I1.7.13): {0} C N is an isolated invariant set of (I1.7.13)
for all A € (Mg — &, A0)U (Mo, Ao +6) and let N. C B.(0) C N be a compact
isolating neighborhood of {0} for (I1.7.13) with A = A\g ££,0 < & < J. Then
there is some A € (Ao — &, Ag + ) such that (I1.7.13) has a global solution
whose trajectory is in N; for all ¢ € (—o0, 00) and touches the boundary of
N. at some t. If there were no such \ € (M — &, + €), then N. would
define a continuation from Ag — € to Ag + €, and the Morse indices would be
the same, contradicting (I1.7.14). The union of all such bounded trajectories
forms a nontrivial bounded invariant set in N. C B.(0) for (IL.7.13) with
\e (Mo — &, A0 + ). Since 0 < £ < § is arbitrary, we can state that

(11.7.15) (0, Ag) is a bifurcation point of nontrivial
o bounded invariant sets of (II.7.13).
By Theorem 1.3.4, &(-, ) : U—N,UCN,isa family of potential operators
for all A € (Ao — 0, Ao+ 0): There exists a function ¢ : U X (Ag =9, A\g+06) — R
such that
(11.7.16) Dy,p(v,\)h = (P(v,\), h) for all
o (v,A\) €U x (A\g—0,A0+0) CN xR, heN.
Here the scalar product ( , ) on N is induced by the scalar product on Z.
Let {v(t)[t € (—o0,00)} be a global nontrivial bounded trajectory of (I1.7.13)
with A = A. Then
9 o(o(t),3) = Dup(v(t), Vit
(I1.7.17) E‘P(U( ), A) = Dyip(v( ): Jo(t)
= [|[®(v(t),\)|* > 0 for all t € (—o0, 00),

where ||[v]|2 = (v,v), v € N. In this sense, ¢(-,\) is a Lyapunov func-

tion for (I1.7.13) with A = A whose orbital derivative (I1.7.17) is nonneg-
ative and vanishes only at equilibria of (I1.7.13) with A = A. Furthermore,
{o(v(t), M|t € (=00, 0)} is a bounded monotonic function such that the lim-
its 1imy <00 (v (£), A) exist and lim; 4o 4 o(v(t), A) = 0. The a-(or w-)limit
set of {v(t)} is not empty. Let v be any element of the w-limit set, say. Then
limy o0 @(v(t), A) = ©(vo, A), limy—ee Z(v(t), A) = [|S(vo, A)||? = 0, and vg
is an equilibrium of (I1.7.13) with A = X. This proves the well-known fact that
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the a- and w-limit sets of a bounded trajectory of a dynamical system having
a Lyapunov function ¢, :\) as in (I1.7.17) consist only of equilibria, i.e., of
solutions of ®(v, ) = 0. If the a- and w-limit sets were both {0}, then by the
monotonicity, ¢(v(t),\) = ¢(0,\) or Le(v(t),\) = [|[D(v(t), \)||? = 0, which
means that v(t) = 0 or v is trivial. Thus at least one of the a- or w-limit
sets of a nontrivial bounded trajectory v is nontrivial. Clearly, the nontrivial
equilibrium (vg, A) is in N. x (Ao — &, Ao 4 €). Since 0 < € < § is arbitrary,
every neighborhood of (0, A¢) contains a nontrivial solution of @(v, ) = 0,
which proves the theorem. a

Remark I1.7.4 The proof of Theorem II.7.8 reveals its validity also for
F(-,\), which is not a family of potential operators: For the application of
Theorem I1.7.2 one needs the symmetry of D,F(0,\) = A(N) in the sense
of (IL.7.2). If the dynamical system (I1.7.13) has a Lyapunov function as in
(I1.7.17), then the a- and w-limit sets consist only of equilibria. If these prop-
erties for F' and @ can be verified, a nonzero crossing number of the family
A(N) at X = X through O implies the same conclusion for F(x,\) = 0 as
given in Theorem II.7.3.

The set of nontrivial solutions {(x, \)} of F(z,A) = 0 near (0, ) does
not form a curve or a continuum in general (provided that x(A(X\), \g) is not
odd; cf. Theorem I1.4.4). A counterexample can be found in [14].

The example in [14] is a counterexample to Theorem I1.21.2. We show that
Theorem 1.21.2 is a special case of Theorem I1.7.3:

Assumption (1.21.2) on F implies (I1.7.11) for F(z) — Az with potential
f(x) — 3(z,z). Here A(\) = DF(0) — Al = Ay — A satisfies (IL4.1), (I1.4.2)
for A € (A9 — 9, Ag — 9) according to (1.21.3), and the 0-group of A(X) consists
of {Xo — A} if A is an isolated eigenvalue of Ag. Since Ey, = N(Ag — Aol)
by assumption (I1.21.3), we obtain Ex = N(Ag — AoI) as well, and counting
the multiplicity of the positive eigenvalue A\g — A of Ag — AI for A € (g —
3, Ao), we obtain x(A(X), Ao) =n > 0 if n =dimN (Ao — A\oI). Therefore, the
assumptions for Theorem 1.21.2 allow us also to apply Theorem I1.7.3, and
the example in [14] is a counterexample to Theorem I1.7.3.

We close this section by a remark that odd crossing numbers in general
and nonzero crossing numbers in case of a family of potential operators are
indispensable for bifurcation. This is illustrated by the following simple ex-
ample in R?:

3
(IL7.18)  F(z,\) = A(”“) + ( x23> =0, z= (”“) € R2.
X9 —x7 €Zo

Here F(0,\) = 0, A(A) = DyF(0,\) = A such that x(A(A),0) = —2.
Nonetheless, z = (x1,22) = (0,0) is the only solution of (II.7.18) for all
A € R. Thus even and nonzero crossing numbers do not imply bifurcation in
general unless F'(-, A) has a potential. Finally, a zero crossing number does not
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entail bifurcation even if F'(-, \) has a potential. This is seen by the following
example in R:

(I11.7.19) F(z,\) =Mz +23=0, zcR.

Again, F(0,\) =0, A(\) = D, F(0,\) = A1, x(A()\),0) =0, and z = 0 is
the only solution of (I1.7.19) for all A € R.

Remark I1.7.5 According to Conley’s bifurcation result (I1.7.15) under the
hypotheses (I11.7.14), the point (0, o) = (0,0) is a bifurcation point of non-
trivial bounded invariant sets of the dynamical system & = F(x,\), where F
is given in (I1.7.18).

Indeed, in view of % (2} + 23) = 4(a3i) + 2302) = AN(a + 23), the sets
T, = {(x1,z2) |2} + 25 = r*} are invariant for the system @ = F(z,0) for all
r >0, i.e., the bounded invariant sets T, bifurcate vertically. The sets T, are
closed curves and therefore they represent periodic solutions with periods P,.

By Green’s formula the area of §2, = {(x1,x2)|x] + 25 < rt} is given
by |92, = QITT r1dre — xodr, = 2fOP’" i + x3dt = 2r*P,, whence P, =
|02,|/2r* = |£21]/2r%. The periods of the bifurcating periodic solutions tend to
infinity as the amplitudes tend to zero.

Remark I1.7.6 The local Theorem I1.7.3 is included in Chapter II about a
global theory, since the methods to prove it differ considerably from the an-
alytic methods expounded in Chaper I about a local theory. The Brouwer or
Leray—Schauder degree as well as Conley’s index are topological and global
tools. Furthermore, the condition for bifurcation in terms of a nonzero cross-
ing number fits perfectly into the framework of Chapter II.

I1.8 Notes and Remarks to Chapter 11

Degree theories have been developed for various classes of mappings, not all of
which are mentioned here. A degree for Fredholm operators was suggested by
Smale [160], and after this, using a concept of orientable Fredholm structures,
such a degree was introduced in [41]. In [50], [51] that concept was replaced by
a notion of orientability of Fredholm maps via their Fréchet derivatives, yiel-
ding a degree in the usual way. For a subclass of bounded Fredholm operators
whose Fréchet derivatives have bounded and finite spectra on the negative
real axis, thus having an orientation in a natural way, a degree was defined in
[45], [31], [40], [128]. The extension to unbounded Fredholm operators whose
Fréchet derivatives have again finite spectra on the negative real axis is given
in [46] and independently in [98]. For relatively compact perturbations of li-
near Fredholm mappings the coincidence degree was defined in [136]; cf. also
[54], [137]. A preliminary synopsis of these degree theories is given in [13].
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The application of the degree in Bifurcation Theory goes back to Kras-
nosel’skii [118]. Here the sufficient (and in some sense also necessary) condi-
tion of an odd multiplicity was introduced. For a linear dependence on the
parameter, it is the algebraic multiplicity of an eigenvalue, whereas for a non-
linear dependence on the parameter, the notion of a multiplicity is much more
involved; cf. Remark IT.4.6. We mention [154], [82], [133], [123], [98], [43], [42],
[146], [50], [84]. In most articles, the different notions of multiplicity are com-
pared and proved to be equivalent (up to regularity of the mappings with
respect to the parameter).

In all theories an odd multiplicity means that the index of the linearization
along the trivial solution line changes. We call this an odd crossing number.
Bifurcation then takes place for any nonlinear remainder. In this sense these
are linear theories. For special nonlinearities, however, local and global bi-
furcation can also be proved for even multiplicities, i.e., for even crossing
numbers; see [130].

The bifurcation results for Fredholm operators are taken from [98]. Here
the relation between an odd crossing number and (local and global) bifurca-
tion was established.

The Global Rabinowitz Bifurcation Theorem, including the case of a one-
dimensional kernel, was published in [147]. For the structure of global con-
tinua we refer also to [30], [84], where Theorem I1.5.9 is sharpened.

Bifurcation for Potential Operators has a long history. Usually, the bifur-
cation parameter plays the role of a Lagrange multiplier; cf. Section 1.21 and
the remarks at the end of Section 1.22. This means that it appears linearly
in the equation. A nonlinear dependence on the parameter was first allowed
in [20], and after this, in [100], [146]. The approach here is taken from [100].



Chapter III
Applications

II1.1 The Fredholm Property of Elliptic Operators

The Fredholm property is a leitmotiv, since it was assumed in all sections of
Chapters I and II. Clearly, all finite-dimensional linear operators have that
property, but we have infinite-dimensional applications in mind. A prototype
of a Fredholm operator, playing also a central role in applications, is an
elliptic operator over a bounded domain. We confine ourselves to operators
of second order acting on scalar functions.

Let 2 C R™ be a bounded domain with sufficiently smooth boundary 02
such that the elliptic regularity theory is valid. For u : 2 — R (in C?(£2),
say), the linear operator

Lu = szzl i (2)Ua,a; + Dor g bi(@)uq, + c(z)u

with smooth and bounded coefficients
aij,b;,c: 2 — R is called elliptic if

(I11.1.1) Yo ij()€i&; > d||g|]Pfor all z € 2, £ € R™,

with some uniform constant d > 0 and the
Euclidean norm || || on R™.

Without loss of generality, we can assume that
a;j(z) = aj;(x) fori,j =1,...,n.

In the literature, the nomenclature includes “uniformly elliptic” and “strongly
elliptic,” but we call it simply elliptic. The indices x; denote partial derivatives
with respect to ;.

Closely related to the operator L is its bilinear form B of first order,
obtained by an integration by parts if u is a test function in C§°(£2):

H. Kielhofer, Bifurcation Theory: An Introduction with Applications to Partial Differential 241
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B(u,v) = (Lu,v)o = (u, L*v)g

for all u,v € C§°(£2),

where (, )g is the scalar product in L?(£2).
L* is called the formally adjoint operator.

(I11.1.2)

If L = L*, then L is formally self-adjoint, and in this case,

Lu = ZZj:l(aij (I)ufﬂi)ﬂ?j + C(I)uv
(I11.1.3) with a;;(x) = aji(z) for i, =1,...,n; ie.,
L is of divergence form.

The bilinear form is symmetric, i.e., B(u,v) = B(v,u), if and only if L = L*.

In the sequel we define the operator L on function spaces that include
boundary conditions on the functions u,v such that (II11.1.2) holds (the reg-
ularity and boundary behavior of test functions is too much). For general L,
homogeneous Dirichlet boundary conditions

(I11.1.4) u=0 on Jf2,
and for formally self-adjoint L, so-called natural boundary conditions

Do it @i ()ug, vy = 0 for x € 012,
(IT1.1.5) where v = (v1, ..., vp) is the outward
unit normal vector field on 942,

guarantee B(u,v) = (Lu,v)o = (u,L*v)y for all u,v € C?(f2) satisfy-
ing (I11.1.4) or (II1.1.5). In particular, if L = A, then the natural bound-
ary conditions are homogeneous Neumann boundary conditions. They play
an important role in the calculus of variations, since (local) minimizers of
B(u,u) — 2(f,u)p satisfy the natural boundary conditions if no boundary
conditions on u are required a priori; cf. our remarks after (I111.1.20).

Remark IT1.1.1 Other homogeneous boundary conditions that provide an
elliptic operator with all properties summarized in (I11.1.6) below are possible.
We confine ourselves to Dirichlet and natural boundary conditions, since on
the one hand, they simplify our presentation, and on the other hand, they are
important in applications.

For our functional analysis, the linear operator L is defined in a Banach
space (or Hilbert space) with an appropriate domain of definition. Then L is
unbounded but closed, and when its domain of definition is given the graph
norm (or an equivalent norm), then L is a bounded operator from one Banach
space into another Banach space. In our abstract setting we use both aspects;
cf. (IL.4.1), (I.4.2): Let X and Z be real Banach spaces such that X C Z is
continuously embedded. Then we need the following properties of the linear
operator L:
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L : 7Z — Z with domain of definition
D(L) = X C Z is closed and

(IT1.1.6) L : X — Z is bounded; i.e.,
LeL(X,Z) and
L is a Fredholm operator of index zero.

The first setting is needed for a spectral theory of L, whereas the last
(and more subtle) property is crucial for a Lyapunov—Schmidt reduction, the
universal tool of our abstract chapters. We verify (I11.1.6) for different classes
of spaces X C Z.

This can be done (and it is well known) because an elliptic operator L
has a regularizing property with respect to various scales of smoothness. Due
to this crucial property, it suffices to establish its Fredholm property in a
Hilbert space, which is the most convenient space for linear problems: The
geometry of a Hilbert space is Euclidean, and apart from local compactness,
it is the same as the geometry of R™ or C™. If the domain of definition of a
linear operator is dense, its adjoint is defined and acts in the same space.

In view of these advantages of a Hilbert space, one is tempted to formulate
all applications in a Hilbert space. However, the benefits of a Hilbert space
for linear problems turn eventually into obstructions for nonlinear problems
that cannot be overcome. Nonlinear operators, in general, are defined only
on Banach spaces of continuous functions (with continuous derivatives, etc.),
which from a functional-analytic point of view are “bad,” since they are not
reflexive.

Therefore, when analyzing a nonlinear problem, we recommend the fol-
lowing flexibility: Use the Hilbert space for its linear aspects and switch to
the Banach space to study its nonlinearity.

An elliptic operator (II1.1.1) with homogeneous Dirichlet boundary con-
ditions (II1.1.4) defines an operator

(II1.1.7) L : L*(92) — L*(£2) with domain of definition

o D(L) = H*(2) N H}(92).

We use the following notation for the Sobolev spaces: W*?(£2), WP (£2)
for p € [1,00],k € NU {0}, Wh2(Q) = H*(2), W*(2) = H(2), and
HY(22) = HJ(£2) = L*(£2). The respective norms are denoted by || |5, and
II' lle2 =1 & which are generated by scalar products ( , ). (A good
reference for Sobolev spaces is [1], and in [24], [52], [56], [122], [126] one finds
all we need for elliptic operators.)

By ellipticity, Poincaré’s inequality, and Garding’s inequality the bilinear
form B(u,u) — c||ul|? is negative definite on H}(£2) for some constant ¢ > 0
such that the Lax—Milgram Theorem gives a unique weak solution u € H{ (£2)
of Lu—cu = f for every f € H°({2). The above-mentioned regularity of weak
solutions implies that w € H2(£2) N H}(£2), and therefore,
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L—cl : H¥(Q) N HL(2) — H(2)

(IIL.1.8) is bounded and bijective.

Here D(L) = H?(£2) N H(£2) is given the norm || ||z, which turns it into

a Hilbert space. By Banach’s Theorem, (L — cI)~! : H°(2) — D(L) is

continuous, which implies that the operator L defined in (III.1.7) is closed.
Furthermore,

(L —cI)™' = K. € L(H(£2), H(12))

(IT1.1.9) is compact,

by the compact embedding D(L) C H°({2). Then for f € H°(12),

Lu=f, weD()&
(TI1.1.10) (I + cK)u=K.f, ue H(Q).

The Riesz—Schauder Theory implies that I + cK. is a Fredholm operator of
index zero. The equivalence (I11.1.10) proves directly that

dimN (L) = dimN (I 4+ cK.) = n < o0,
(LIL1.11) feR(L) & K.f € RU + cK.), and
R(L) is closed in HY(£2).

The trivial decomposition f = (I + cK.)f — cK.f shows that H°(2) =
R(I + ¢K.) + R(K.). Then H°(2) = R(I + cK.) ® K.(Zy) for some n-
dimensional space Zy C H°(2) with R(L) N Zy = {0}. On the other hand, if
Zy is any complementary space in the sense that R(L)® Zo = H°(£2) (choose
the orthogonal complement Zy = R(L)*, e.g.), then (III.1.11) implies also
that K.(Zo) N R(I + cK.) = {0}. This proves n < codimR(L) < n, and in
view of (II1.1.11),

L:D(L) = H2(2) N HE(2) — HO(2)

(I1.1.12) is a Fredholm operator of index zero.

Considering L as an operator in H°(2) as in (II1.1.7), it is closed, densely
defined, and in view of (II1.1.12), the Closed Range Theorem in its Hilbert
space version is applicable:

(IM1.1.13) R(L) = {f € H*(Q)|(f,u)o =0 for all u € N(L*)}.

Here L* : H°(£2) — H°(£2) is the adjoint of L with D(L*) C H%(£2). Recall
that the definition of the adjoint includes the definition of D(L*). If the formal
adjoint defined in (II1.1.2) is given the domain of definition H?(§2) N H}(£2),
then the same arguments as for (II1.1.8) imply that L* — ¢l : H?(£2) N
H}(2) — HO(92) is bijective, which proves that
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L* : L*(02) — L?(2) with domain of definition

(LI bore) = H2(02) 0 HL(92) s the adjoint of L.

(See [170] for a definition of L* and its properties.) Interchanging the roles
of L and L* (clearly, L** = L), we obtain the decompositions

H°(2) = N(L) & R(L"),

(I11.1.15) HO(2) = R(L) & N(L*),

which are also orthogonal with respect to ( , ). For applications the fol-
lowing representation of the corresponding orthogonal projections is useful:

Let {01,...,0,} C N(L) be an orthonormal basis.

Then Pu = 3", _; (u, )00 is an orthogonal projection
(IT1.1.16) P: H°(2) — N(L) along R(L*).

Let {07,...,0%} C N(L*) be an orthonormal basis.

Then Qu = >;_, (u, 9} )0} is an orthogonal projection

Q: H°(2) — N(L*) along R(L).

Since N(L) ¢ D(L) = X and X C Z = H°(§2), we obtain Lyapunov—
Schmidt decompositions

X=N(L)® (R(L*)NX),

Z = R(L) & N(L*),

with projections (II1.1.16); note that
PeL(X,X)and Q € L(Z, Z).

(I11.1.17)

If L = L* (formally), then L with homogeneous Dirichlet boundary conditions
is self-adjoint, and (II1.1.15)—(II1.1.17) hold with L = L*.

Remark IT1.1.2 Note that the Lyapunov-Schmidt decomposition is not
unique, and in particular, it is not necessarily orthogonal with respect to the
scalar product (, )o. In case of a semisimple eigenvalue O of L, one might
choose X = N(L)® (R(L)N X), Z = R(L) ® N(L), so that P = Q|x; cf.
(1.18.2)-(1.18.4).

If L = L* (formally), the Dirichlet boundary conditions can be replaced
by the natural boundary conditions (I11.1.5). Accordingly,

L : L*(02) — L*(£2) with domain of definition
(IIL1.18) .
D(L) = H*(2) N {u| 357, _, aij(z)ug, vy = 0 for x € 992},

where the boundary conditions hold in the generalized sense of the trace of
functions in H2(2) on 812. By B(u,v) = (Lu,v)q = (u, Lv)g for all u,v €
D(L), all conclusions drawn for D(L) = H?*(£2) N H}(§2) hold literally also
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for D(L) as defined in (III.1.18), since the regularity of weak solutions is
also true in this case. In particular, a bijectivity as in (II1.1.8) holds, which
implies by the steps (I11.1.9)—(II1.1.12) that

L:D(L) — HY($2), where D(L) as defined
(II1.1.19) in (IT1.1.18) is given the norm || |2,
is a Fredholm operator of index zero.

Since L = L* (formally), we obtain for the same reasons as for (II1.1.14)
that the operator L defined in (I11.1.18) is self-adjoint, and the Closed Range
Theorem gives

H°(£2) = N(L) ® R(L),

yielding Lyapunov—-Schmidt decompositions
X=DL)=NL)® (R(L)NX),

Z =H'N)=R(L)® N(L).

(I11.1.20)

In this case, P = Q|x.

The peculiarity of the natural boundary conditions can be seen from the
following: Consider the associated bilinear form B : H'(2) x H'(02) — R,
which is negative definite if ¢(z) < —¢p < 0 for all € §2; cf. (II1.1.3).
Then the Riesz Representation Theorem gives a weak solution u € H!(£2) of
Lu = f for every f € H°({2), i.e., B(u,v) = (f,v)o for all v € H'(£2). By
elliptic regularity, u € H?(£2) and the Divergence Theorem (in its generalized
form) then give u € D(L) as defined in (II1.1.18). This observation is restated
as follows: If uw € H'(£2) is a solution of the Euler-Lagrange equation for
B(u,u) — 2(f,u)o in its weak form, which is B(u,v) = (f,v)o for all v €
H'(£2), then u satisfies the natural boundary conditions.

We emphasize that L has the Fredholm property also in other spaces.
Assume that a Banach space Z C L?({2) is continuously embedded and that
there is a domain of definition X C Z for L such that

L: X — Z is continuous when
(II1.1.21) X = D(L|z) is given a norm that
turns it into a Banach space.

We assume an elliptic regularity in the following sense:
(II1.1.22) Lu=f forueD(L),feZ=uelX.
(Note that D(L) = H?(2) N Hi(£2).) Then

N(L) = N(L|z) € X, and
(TI1.1.23) R(L)N Z = R(L|y) is closed in Z,

since Z C L*(£2) is continuously embedded and R(L) is closed in L?(£2). The
ellipticity of L* implies (II1.1.22) also for L* (with D(L*) = D(L)), so that
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(I11.1.24) N(L*) C X.
The decomposition (II1.1.15)s implies that for every z € Z,

z=Lu+u*, whereu e D(L),u* € N(L*),
(II1.1.25) Lu=z—-u"€Z = ue€ X, whence
Z =R(L|z) ® N(L*).

Since dimN (L|z) = dimN (L) = dimN (L*),

L:X — Z, X =D(L|y),

(IT1.1.26) is a Fredholm operator of index zero.

Finally, the decomposition (III.1.15); implies, by (III.1.23)q,

(II1.1.27) X =N(L|z)® (R(L*) N X),

so that the projections (I11.1.16) also define Lyapunov—Schmidt projections
P|x : X — N(L|z) along (R(L*)N X),

(T11.1.28) Qlz : Z — N(L*) along R(L|z),
P|X € L(XaX)v QlZ € L(Za Z)

The crucial assumptions (I11.1.21) and (I11.1.22) are true for the following
spaces:
7 =Lr(2), X = Wr(2) n W5 (),

with norms 0,p and 2,p, and

(111.1.29) o I o J 2
Z=C%9), X =C?%%(2) N {u|u=0on 402},
with norms | [jo,o and || ||2,as

where for the Sobolev spaces 2 < p < oo and where for the Holder spaces
0 < a < 1. In all cases, the elliptic operator L : X — Z is a Fredholm
operator of index zero. For applications it is very useful that for all settings
the same projections (II1.1.16) can be used; cf. (II1.1.28).

Replacing the homogeneous Dirichlet boundary conditions by the natural
boundary conditions for L = L*, we see that the elliptic regularity (IT1.1.22)
holds as well when in Z = LP(£2) or Z = C%(§2) the domain of definition
X for L is defined as in (I11.1.18), where H?({2) is replaced by W%P(£2) or
C%2(02), respectively. The decomposition (IT1.1.20) then yields

X = N(Llz) @ (R(L) N X),

(I11.1.30) Z = R(L|z) ® N(L),

where L denotes the operator (111.1.18). Again, N(L|z) = N(L) and R(L|z) =
R(L)N Z, so that Q|x and Q|z are continuous projections according to the
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decompositions (II1.1.30) when @ is the projection defined in (III.1.16). Fi-
nally, P = Q| x.

For one-dimensional domains, i.e., for intervals 2 = (a,b) C R, we can also
choose the spaces Z = Cla, b] and X = C?|[a, b)N{u|u(a) = u(b) = 0} endowed
with the usual maximum norm and the sum of the maximum norms of v and
its first and second derivatives, respectively. In this case ellipticity means
a11(z) > d > 0 for all © € [a,b] and the regularity (I111.1.22) follows from a
continuous embedding H?(a,b) C C'[a, b] and from the classical fundamental
theorem of the calculus of variations due to DuBois—Reymond ([16], [109],
e.g.): A weak derivative of a continuous function that is continuous is in fact
a classical derivative.

Another peculiarity of a one-dimensional linear elliptic differential oper-
ator of second order is the fact that a multiplication by a suitable positive
function p transforms it into a formally self-adjoint form. In this case the
natural boundary conditions for an elliptic operator are u'(a) = v/(b) = 0 in
the classical sense since u € C'[a,b]. The regularity (I11.1.22) holds also in
case of these or mixed boundary conditions, i.e., in case of u(a) = u'(b) =0
or vice versa. Consequently, L is a Fredholm operator of index zero.

The theory for so-called Sturm—Liouville boundary value and eigenvalue
problems yields that the kernel of L is at most one-dimensional and that 0 is a
simple eigenvalue in this case. Therefore Remark I11.1.2 holds. In particular,
Qu = (u, pio)olo, where N(L) = span[tg] and (0o, plo)o = 1. Indeed, f €
R(L|z) = R(L)NZ & pf € R(pLlz) = R(PL)NZ < (pf. b0)o = (f. pito)o =
for 99 € N(pL) = N(L) = N(L|z).

II1.1.1 Elliptic Operators on a Lattice

Recall that the elliptic regularity (II1.1.22) for the spaces (II1.1.29) requires
a smooth boundary 92. For regular domains with corners, however, such as
rectangles, squares, and certain triangles, we argue as follows: For

2 =(0,a) x (0,b) C R? we define
Xp = {u:R? = Rlu(z1,22) = —u(—x1,22) = —u(z1, —22)
(I11.1.31) = u(z1 + 2a,x2) = u(z1, T2 + 2b) for (z1,22) € R?},
Xy = {u:R? = Rlu(z1, 22) = u(—z1, 72) = u(x1, —T2)
= u(x1 + 2a,22) = u(xy, T2 + 20) for (z1,72) € R?}.

Then all functions u € C(R?)N X p satisfy homogeneous Dirichlet bound-
ary conditions v = 0 on 0f2.

All functions u € C1(R?) N Xy satisfy homogeneous Neumann boundary
conditions (Vu,v) =0 on 92

Let L be an elliptic operator (III.1.1) with smooth coefficients defined on
R? such that
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ai1,a2 € Xy, a12,a21 € Xp, c€ Xy,

by € {u: R? = Rlu(z1, 72) = —u(—m1,22) = u(r1, —22)
(II1.1.32) = u(x1 + 2a,22) = u(x1,x9 + 2b) for (z1, 1) € R?},
by € {u: R? = Rlu(x1,x2) = u(—x1,72) = —u(x1, —22)

= u(z1 + 2a,22) = u(x1, T2 + 2b) for (w1, 22) € R?}.

(If L = L* is of divergence form (III.1.3), then (III.1.32); implies automati-
cally the assumptions on b; and bs.)

Define 2_25 = (—2a,2a) x (=2b,2b),2_5¢ = (—2a,0) x (—2b,2b), and
202 = (0,2a) x (—2b,2b). In dealing with weak solutions, the boundary
plays no role. Choose ¢ > 0 such that B(u,u) — c||u||3 is negative definite
over H}(f2_22) and that by the Lax-Milgram Theorem there is a unique
weak solution u € H{(2_22) of Lu — cu = f for every f € L*(£2_22).
Choose f € L?(£2_5)N X p. By symmetry of £2_5 5, the function a(z1,z2) =
u(—z1,x2) is also in H}(£2_2). The assumptions (I11.1.32) imply that @ is
a weak solution of Lu — cu = f = —f, so that by uniqueness, @ = —u. This
oddness of u with respect to a1 implies that «(0, x2) = 0, and by approxima-
tion by smooth functions (using the odd part of approximating sequences),
u € H&(Q,Q’O)QH(%(QQ’Q). Therefore, ’EL(:ZZl, £ZE2) = u(:z:1+2a, £ZJ2) S H&(Q,Q’O),
too, and the assumptions (III.1.32) imply that @ is a weak solution of

Lu—cu = f = f. Since B(u,u) — c|ul|? is also negative definite over
H{(£2_2,), uniqueness of weak solutions in H}(£2_20) implies u = 4. In
view of the oddness of u, we obtain then u(—a,z2) = u(a,z2) = —u(a,x2),

and as before, u(—a,z2) = u(a, ) = 0 implies u € H}(2-10) N Ha(20,1),
where 2_1 ¢ = (—a,0) x (—2b,2b) and 2p1 = (0,a) x (—2b,2b).

Using the same arguments for an inverse reflection and a 2b-shift in the
direction of xa, we have proved that the weak solution u € H}(2_35) of
Lu—cu= ffor f € L?(2_22)NXp isin H}(2_22)NXp, and in particular,
u € HE(02) for 2 =(0,a) x (0,b).

By interior regularity of weak solutions in Hg(2_52) we obtain u €
H?(2) N H}(£2). Since there is a one-to-one correspondence between f €
L?(Q2) and f € L*(2_22) N Xp (by extension via inverse reflections and
periodicities), we have proved (II1.1.8) also for £2 = (0,a) x (0,b).

Consequently, (I11.1.12) holds, and since the corresponding coefficients of
L* satisfy (111.1.32) as well, the statements (IT1.1.14) and (111.1.15) are proved
analogously.

Let Lu = f for u € H?(2) N H}(2) and f € C*(R?*) N Xp. Extending u
via inverse reflections and periodicities to a function in Xp, the properties
(II1.1.32) of the coefficients of L imply Lu = f (almost everywhere) on R?.
By interior regularity, u € C**(R?) N Xp, which proves (II1.1.22) for Z =
C*(R?*)N Xp and X = C*%(R?) N Xp. Consequently,



250 CHAPTER III. APPLICATIONS

L:C?**(R?*)NXp — C*R*)NXp

is a Fredholm operator of index zero,
C?**(R*)NXp=N(L)® (R(L*) N X),
C*R%)NXp = R(L) ® N(L*).

(I11.1.33)

Observe that the formal adjoint in (IT1.1.33) is also considered as an operator
L*: X — Z.

The homogeneous Neumann boundary conditions are the natural boun-
dary conditions for L = A+¢l = L*. For negative ¢ € Xy, the corresponding
bilinear form B(u,u)+c||u|2 (where B(u,u) is the negative Dirichlet integral)
is negative definite over H 1(0_2,2), so that by Riesz’s Theorem there is a
unique weak solution u € H'(2_22) of Au+cu= f for every f € L?(£2_2.2).
Proceeding as before, if f € L*(£2_22)N Xy, thenu € H'(2_55)NXy. (Here
the arguments are easier, since we do not have to take care about boundary
conditions.) By interior regularity of weak solutions in H!({2_55) we obtain
u € H?(£2). We have two choices in proving the homogeneous Neumann boun-
dary conditions for u: As mentioned before, weak solutions of Au + cu = f
in H%($2) satisfy (Vu,v) = 0 on 942 in a generalized sense by the Divergence
Theorem. On the other hand, if uw € H?(2) for 2 € 2 C (£2_55) and
u € Xy, then the symmetries and periodicities of functions in Cl(fZ) NXn
imply (Vu, ) = 0 on 042 in the classical sense, which is extended to functions
in H2(2)N Xy by approximation. In any case, we end up with the statement
that for negative ¢ € Xy,

A+cl: H*(2) N {u|(Vu,v) =0 on 002} — H°(02)

(IIL.1.34) is bounded and bijective; cf. (IT1.1.8).

This, in turn, implies (II1.1.19) and (I11.1.20) for L = A 4+ I for every
(smooth) c € Xn.

Let Lu = f for u € D(L) (defined in (II1.1.34)) and f € C*(R?) N Xy.
As before, replacing inverse reflections by reflections, we obtain by interior
regularity u € C%*(R?) N Xy, proving (I11.1.22) for Z = C%(R?) N Xy and
X = C%%(R?) N Xy. This implies, by (II1.1.20), for any (smooth) ¢ € Xy,
that
L=A+cl:C**R*)NXy — CYRY)N Xy
is a Fredholm operator of index zero,
C**R?)NXy=N(L)® (R(L)N X),

C*(R*)N Xy = R(L)® N(L),

(I11.1.35)

where the decompositions are orthogonal with respect to the scalar product
( ) )0 in L2(“Q)

The previous analysis for the rectangle 2 = (0,a) x (0,b) and for a rect-
angular lattice in R? is easily generalized to higher dimensions.

For a square lattice, i.e., when a = b, we can impose another (inverse)
reflection across a diagonal, yielding
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XL ={u:R* - Rlu € Xp,u(z1,22) = —u(—z2 + a,—x1 +a)},

Xk ={u:R? - Rlu € Xn,u(z1,72) = u(—22 +a,—x1 +a)}.
(I11.1.36)
For u € C(R*)N X}, the nodal set {(x1,z2)|u(z1,22) = 0} contains {(x1,z2)|
21 = ka,xo = ka,x1 + 2 = (2k + 1)a, —x1 + 2 = (2k + 1)a for all k € Z}.
Therefore, homogeneous Dirichlet boundary conditions are satisfied for the
“tile” 2 = {(z1,22)|0 < 21,0 < 9,21 + x2 < a}, which is the triangle
with corners (0,0), (a,0), (0,a). Every other tile obtained by reflections and
translations defining X 7, has clearly the same property. We sketch the lattices
of Xp and X}, in Figure II1.1.1.

Lattice of Xp, Xy Lattice of X},, X}

Figure II1.1.1

In addition to (II1.1.32), we assume that

the coefficients a;; and c have a reflection
(II1.1.37)  symmetry and all b; have an inverse
reflection symmetry across the line {1 + 22 = a}.

Then L and L* have the “equivariance” mapping C?(R?) N X} into C(R?) N
XL. By the previous arguments, L — ¢l : H?(2) N Hi(2) — H°() is
bijective for the square 2 = (0,a) x (0,a). If f € L*(£2) N X}, in view of
the equivariance of L — ¢, the inverse reflection symmetry of f across the
diagonal of 2 is inherited by the unique solution u of Lu — cu = f. As shown
earlier, this implies the Fredholm property and the decompositions (III.1.33)
where Xp is replaced by X7,

The arguments for (I11.1.35) apply also when Xy is replaced by X 5. Every
u € C%%(R?) N X} satisfies homogeneous Neumann boundary conditions on
the boundary of the triangle with corners (0,0), (a,0),(0,a), and of every
other triangular tile of the lattice of X &; cf. Figure IT1.1.1.

Adding to X},, X & another (inverse) reflection across the second diagonal
{x1 = a2} of the square, we obtain the lattice shown in Figure I11.1.2.
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Note that the square lattices in Figure I1I.1.1 and Figure I11.1.2 are not
essentially distinct, since they are transformed into each other by an affine

mapping.

Another class of triangles for which our analysis applies is given by hexa-
gonal lattices shown in Figure III.1.3. The double periodicity of u in both
cases is u(zy + a,x2) = u(x1,x2) = u(x + %awg + %\/ga).

Assume first an inverse reflection across each line of a lattice shown in
Figure I11.1.3, which, together with the two periodicities, defines the “isotropy
group” of the respective lattice. If the coefficients of the elliptic operator L
on R? have the double periodicity and all (inverse) reflection symmetries by
analogy with (IT1.1.32), then L is “equivariant” with respect to the “isotropy
group” of the lattice. (We leave it to the reader to give the precise conditions
on L. A sufficient condition is found in (I11.6.15), (I11.6.16).)

a

Figure II1.1.2

Figure II1.1.3

Let u be the unique weak solution of Lu —cu = f with weak homogeneous
Dirichlet boundary conditions on a hexagon of side length 2a in the lattice.
We sketch the proof that w inherits the isotropy of f, which is the isotropy
of the lattice shown in the left picture of Figure I11.1.3. (For details, see the
proof for the rectangular lattice.) By uniqueness, u has an inverse reflection
symmetry across all diagonals of the hexagon. Therefore, u satisfies weak
homogeneous Dirichlet boundary conditions on the boundaries of each of the
six equilateral triangles of side length 2a. Shift v along each diagonal by an
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amount of a to the middle of the hexagon. The shifted triangles do not match
any other of the six triangles but form triangles with three sides in the interior
and one corner on one side of the hexagon. By the periodicities of f and the
equivariance of L, the shifted u are weak solutions of Lu — cu = f with weak
homogeneous Dirichlet boundary conditions on each shifted triangle. On the
other hand, the original u is also a weak solution of Lu — cu = f on each of
these triangles, but on two sides of the triangles, which are not on a diagonal
of the hexagon, weak homogeneous Dirichlet boundary conditions are not
necessarily satisfied.

Here is a new argument: Let 2; denote one of these triangles. Then the
bilinear form B(u,u) — c||u||? is negative definite on H'(£21), too, if ¢ > 0
is large enough. Therefore, by uniqueness of weak solutions in H*(£2;), the
solutions u and the shifted u coincide, proving u € H}(£2;). A closer look
at the geometry of a hexagon of side length 2a reveals the following: u has
weak homogeneous Dirichlet boundary conditions on the boundaries of all 12
equilateral triangles of side length 2a and therefore also on all 24 equilateral
triangles of side length a; u has double periodicity; and u has also inverse
reflection symmetry across every line shown in the left picture of Figure
II1.1.3, provided that it is in the chosen hexagon of side length 2a.

By interior regularity, u € H2(2)NH}(2) and L—cl : H*(2)NH} (2) —
HO(£2) is bijective for every tile {2 of the left lattice of Figure II11.1.3 that is
an equilateral triangle of side length a. If f has the additional three inverse
reflection symmetries shown in the right picture of Figure I11.1.3, then again
by uniqueness and assumed equivariance of L, these symmetries are inherited
by the solution of Lu — cu = f, too.

If f € C%R?) has the isotropy of one of the lattices shown in Figure
I11.1.3, then every solution u € H?(2) N H}(§2) of Lu = f is extended to R?
having that isotropy, too, and by interior regularity, u € C%<(R?).

Consequently, (IT1.1.33) holds if the isotropy of the function space Xp
defined in (IT1.1.31) is replaced by a “fixed-point space” of any of the isotropy
groups of the lattices shown in Figure IT1.1.1-Figure II1.1.3, provided that
L has the equivariance with respect to that isotropy group. Recall that each
line of the lattices is an inverse reflection line and therefore a nodal line of
every u in their respective “fixed-point spaces.” Thus every u in a fixed-point
space satisfies homogeneous Dirichlet boundary conditions on the boundary
of each tile of the respective lattice.

Finally, if each line of the lattices is a reflection line and therefore a line
where u satisfies homogeneous Neumann conditions, then (II1.1.35) holds if
the isotropy of X defined in (III1.1.31) is replaced by any of the isotropies
of the lattices shown in Figure I1I.1.1-Figure II1.1.3.
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II1.1.2 Spectral Properties of Elliptic Operators

At the end of this section we make some useful remarks on the spectrum of
an elliptic operator L, which is closely connected to its Fredholm property.
As usual, for a spectral theory, the underlying real function spaces are
complexified in a natural way; cf. Section 1.8. For the operator L defined in
(IT1.1.7), property (II1.1.8) means that the number ¢ > 0 is in the resolvent
set p(L) of L and that the resolvent (L —cI)~! = K, is compact; cf. (I11.1.9).
This allows the application of the Theorem on Compact Resolvents in [86]:

The spectrum o(L) of L defined in (III.1.7)
consists of isolated eigenvalues of finite algebraic
multiplicities, and all resolvents are compact.

If ¢ € p(L), then for (L —cl)~! = K.,

1
(IIL.1.38) e p(K.) & m +cep(L),

and the geometric and algebraic multiplicities
of an eigenvalue pg of K, and of

the eigenvalue — + ¢ of L are the same.
Ho

(Observe that 0 € p(K.) and 0 is not an eigenvalue of K..) Defining

L:Z— Zwith D(L|z)=XcC Z

(IIL.1.39) with Z and X as in (I11.1.29),

then the elliptic regularity (I11.1.22) implies that

the geometric and algebraic eigenspaces
of L for an eigenvalue p are in X,
(II1.1.40) so that the spectrum and the geometric and algebraic
multiplicities of an eigenvalue of L
are the same for all settings (II1.1.39).

This means that not only the Lyapunov—Schmidt projections (II1.1.16) but
also necessary spectral information on L (or on a family of elliptic operators)
can be taken from its Hilbert space realization (II1.1.7).

The results (II1.1.38) and (IIL.1.40) hold accordingly for L = L* defined
in (I11.1.18) and for its restriction (IT1.1.39) when Z = LP(2) or Z = C*(2)
and X is defined as in (II1.1.18), where H?(§2) is replaced by W2P({2) or
C%2(02), respectively. It is well known that a (formally) self-adjoint elliptic
operator L has only real eigenvalues.

If 2 = (a,b) C R is a finite interval, then, as mentioned in Section III.1,
a multiplication by a suitable positive function transforms L into a (formal)
self-adjoint form. Therefore one-dimensional elliptic operators with homo-
geneous Dirichlet, Neumann, or mixed boundary conditions have only real
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eigenvalues. A closer analysis of those so-called Sturm-Liouville eigenvalue
problems yields that these eigenvalues are simple, which means that their
geometric and algebraic multiplicities are one; cf. [16], [109], for example.

Finally, the spectral properties (I11.1.38) and (I11.1.40) hold also for equi-
variant L if {2 is a tile in one of the lattices shown in Figures IT1.1.1-TII.1.3.
The alternative setting here is (I11.1.39) with Z = C*(R?) N Xp and X =
C?*(R?)N X p when Xp is the fixed-point space of the isotropy group of one
of the lattices. The subscript D means “inverse reflections” across the lines
of the lattice. For L = A + ¢ we can also choose Z = C*(R?) N Xy and
X = C%%(R?) N Xy, where the subscript N means “reflection” across the
lines of the respective lattice.

Remark I11.1.3 Properties (II1.1.88) and (I1I11.1.40) provide another proof
of the Fredholm property of L in all settings (I11.1.39): If 0 € p(L), then
N(L) = {0} and R(L) = Z, so that the Fredholm property of L is trivial. If
0 € o(L), it is an isolated eigenvalue of finite algebraic multiplicity. By the
results in [86], [170] on isolated eigenvalues, the Banach space Z decomposes
into Z = Ey @ Zy, where Ey is the finite-dimensional generalized eigenspace
of L for the eigenvalue 0. Both spaces Ey and Zy are invariant for L, L €
L(Ey, Ey), and 0 € p(L|z,), so that N(L) C Ey and Zy C R(L). From finite-
dimensional linear algebra we know that Ey = R(L|g,) @ Eo with dim Ey =
dim N(L). Therefore, Z = R(L|g,) ® Eo ® Zy = R(L) ® Ey, proving the
Fredholm property of L.

111.2 Local Bifurcation for Elliptic Problems

Let 2 C R™ be a bounded domain with a boundary 92 such that linear
elliptic operators over {2 have the properties provided in Section I11.1. A fully
nonlinear elliptic problem with homogeneous Dirichlet boundary conditions
is of the form

G(V?u,Vu,u,z,\) =0 in 902, X € R,

(IT1.2.1) D0 e

where we use the following notation:

Vu is the gradient of w with components u,,
V2u is the second gradient or Hessian of u
with components vz, ;2,7 =1,...,n,

u: 2 — Risin C?(02), say, and z € 2.

(I11.2.2)

If G € CFFY R x R® x R x 2 x R, R), then

sym
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F € CH(C?**(2) x R,C*(£2)), where

(IT1.2.3) F(u,\)(z) = G(V2u(z), Vu(), u(z), z, \).

Assuming G(0,0,0,2,\) = 0 for all (z,\) € 2 x R, we have F(0,A) =0
and the trivial solution (0, \) for all A € R. The Fréchet derivative of F with
respect to u along the trivial solution is given by

DuF(0, \)h =
Zijl Gwij (0,0,0,, )\)hwiwj + Z?:l Go, (-/ )z, + Gu(./)h
for h € C?(£2), where the variables of

G:RLXR" xR x 2 xR — R are
denoted by (W, v,u,z,)), W = (w;;), v = (v;).

(IT1.2.4)

If for some A = g the operator D, F'(0, \o) is elliptic in the sense of (IIL.1.1),
then for X = C%%(2) N {ulu= 0 on 902} and Z = C*(12),

FeCFHX xR,Z), and

(IT1.2.5) D, F(0,\g) is a Fredholm operator of index zero;

see (I11.1.26), (I11.1.29). (For the local analysis of this section we need smooth-
ness of F only in a neighborhood of the bifurcation point (0, ). Accord-
ingly, the global smoothness of G can be reduced to G € C*1(W x V x
U x 2 x (X — 6, +6),R), where W x V x U is an open neighborhood of
(0,0,0) € RL " x R™ x R.)

In many applications the operator in (II1.2.1) is of a more special form,

G(VQu, Vu,u,x, )\) =
(II1.2.6)
Zijl aij(V’U,, u, x, A)uzizj + g(Vu, u,x, A)7

called quasilinear, since the highest-order derivatives of u appear linearly.
Euler—Lagrange equations of first-order variational problems are quasilinear,
which explains the importance of this class of problems. Moreover, for an
Euler-Lagrange equation we obtain automatically a;; = aj; in (II1.2.6), and
when linearized about u = 0, an Euler-Lagrange equation is of divergence
form (IT1.1.3) and therefore self-adjoint. Its ellipticity is directly related to
the convexity of the underlying functional, which explains the importance of
ellipticity. For such problems, not only Dirichlet but also natural boundary
conditions are of interest; cf. the example at the end of this section. In Section
III.1 we provide the Fredholm property (II1.2.5) also for this class of problems.

If 2 = (a,b) C R is a (finite) interval, then F'(u, \)(x) =
G(u"(x),u (z),u(x),x,\) defines a map F € C*(C?[a,b] x R, Cla,b]), pro-
vided that G € C*(R x R x R x [a,b],R). Therefore, for one-dimensional
domains we can save one order of differentiability. The Fréchet deriva-
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tive D, F(0,\)h = G(0,0,0,2, \)h" + G,(./)h' + Gu(./.)h is elliptic if
G (0,0,0,2,\) # 0 for all x € [a,b]. As pointed out in Section III.1, it
defines a Fredholm operator of index zero when it is considered as an op-
erator in L(X,Z) for X = C?[a,b] N {ulu(a) = u(b) = 0} and Z = C[a,b].
Instead of Dirichlet boundary conditions we can take Neumann boundary
conditions, i.e., v/(a) = u/(b) = 0, or mixed boundary conditions.

I11.2.1 Bifurcation with a One-Dimensional Kernel

We start with the application of Theorem 1.5.1. We set
D, F(0,\)h =
(IL.2.7) LA = 3775 aij (2, Mgy + 300 bi(w, N, + c(@, Ah,
with coefficients given in (I11.2.4).
Then the hypotheses of Theorem 1.5.1 are the following:
L(Xo) is elliptic,

N(L(Ao)) = span[tg], [ltollo =1,

(I11.2.8) N(L(Xo)*) = span[tg), |Gl = 1,
(Lx(Mo)o,08)0 # 0, where
0
Lyx(Mo)h = 77 L(Nh|r=x, = DiyF (0, Ao)h.

X

Here L(\p)* is the adjoint operator according to (I11.1.2), and || |[o,( , )o
are norm and scalar product in L?({2). Observe that in view of the results
of Section IIL.1, the properties (II11.2.8)2 3 are independent of the setting of
L(X\o) : X — Z, and for the nondegeneracy (1.5.3) we choose the projection
Q of (II1.1.16); cf. also (IT1.1.17).

If (IT1.2.8) is satisfied, there exists a smooth (dependlng on k > 2 in
(II1.2.3)) nontrivial curve of solutions {(u(s), A(s))|s € (—d,8)} of F(u, ) =0
through (u(0),A(0)) = (0,Xp) in X x R, and by (L5. 16) (1.5.17), u(s) =

s0p +o(s) in X.

The Bifurcation Formulas of Section 1.6 determine the bifurcation diagram
for (I11.2.1) near (u,A) = (0, \g). The formula for A(0) (cf. (I.6.3)) reads in
this case as (D2 1(0.70)] 1.58)

: 1(D;,.F (0, A\o)[0o, o], 0g)o
111.2.9 A0) = — = L0 ,
( ) =" (Lx(Ao)o, 95 )o
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where F' is defined in (II1.2.3). The derivatives of F' with respect to u are
expressed by derivatives of G with respect to its variables (w;j,v;,u), cf.
(I11.2.4).

In the so-called semilinear case,

(I11.2.10)  G(V?u, Vu,u,z,A\) = 3.7

i,j=1 aij(z’ A)/U@z‘ﬂ?j + g(vua u,x, )\)a

the formula for D2, F(0, \g) uses only derivatives of g, and in the simplest
case, in which g = g(u,z, \), then D2 F(0, \o)[00, 0] = guu(0, 2, Ao)Z.

If /\(O) # 0, then we have a transcritical bifurcation as sketched in Figure
L.6.1. If A(0) = 0, the computation of A(0) given in (I.6.11) is more involved,
in particular if in (I.6.9) the second derivatives do not vanish. We give its
computation in this case for a particular example; cf. (II1.2.89). Since this
example serves as a paradigm for more phenomena in local and global bifur-
cation theory, we postpone it until the end of this section.

If 0 is a simple eigenvalue of D, F'(0, o) = L(XAo) in the sense of (1.7.4)
then the Principle of Exchange of Stability expounded in Section 1.7 is ap-
plicable.

The buckling of the Euler rod mentioned in the Introduction is an
important historical example. Therefore we discuss it here although it is mo-
deled by an ODE. An incompressible but elastic rod of length ¢ is clamped
at one end and free at the other end. Due to its incompressibility the rod is
not deformed if it is subject to an axial load P. However, if the load exceeds
a crititical value, this “trivial state” becomes unstable and the rod deflects
from the straight state, i.e., it “buckles.” This phenomenon is a paradigm for
bifurcation.

Figure I11.2.1

The function u(z) for x € [0,¢] describes the angle as sketched in Fi-
gure I11.2.1. As developed in [153], it satisfies the following boundary value
problem:

1" : _ :
(11.2.11) u” 4+ Asinu =0 in [0, 7],

u(0) =u'(¢) = 0.
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The real parameter A is proportional to the load P. Setting F'(u,A) = u” +
Asinu for u € X = C?[0,4]N{u|u(0) = ' (¢) = 0}, we obtain F: X xR — Z
with Z = (0, ¢]. We have the trivial solution F'(0,A) = 0 for all A € R, and
D,F(0,\)h = L(A)h = h” 4+ Ah is an elliptic operator, which is a Fredholm
operator of index zero with the mixed boundary conditions (II1.2.11)9; cf.
Section III.1. Moreover, as an operator in L?(0, /) with domain of definition
D(L(N) = H?(0,£) N {ulu(0) = «'(¢) = 0} it is self-adjoint, i.e., L(\) =
L(A\)*. (Since H?(0,¢) C C*[0, /], the boundary conditions can be imposed in
the classical sense.) For the following eigenvalues A, it has a one-dimensional
kernel spanned by 0y:

2
(I11.2.12) Ay, = ((Qk: + 1)%) , k(2) = cpsin /g, k€ NU {0},

where ¢, normalizes to |00 = 1. Since Lx(Ax)h = h and 0} = 0, con-
dition (II1.2.8) is fulfilled for all £ € NU {0}. By Theorem I.5.1 there exist
smooth nontrivial curves of solutions {(ux(s), Ax(s))|s € (=dk,0r)} C X xR
of F(u,\) = 0 through (ux(0),Ax(0)) = (0,Ax) for all k& € NU {0}. Since
D2, F(0,\)[h,h] = 0 for all h € X, formula (II1.2.9) gives A\x(0) = 0 for all
k € NU{0}, and formula (1.6.11) yields

1 (D3 (0, A [0, D, Ok, D)o

uuU

3 (D2, F(0, A\g)ox, Dx)o

Ae(0) =
(IT1.2.13)

1 ¢
:§)\k/ vpde >0 forall k € NU{0}.
0

All bifurcations are supercritical pitchfork bifurcations. The oddness of F'
with respect to u, i.e., F(—u, \) = —F(u, A), implies for the bifurcating curves
the following properties (we omit the index k): With the notation of (I1.2.7),
(1.2.8) we have

(I-Q)F(—v—1(w,\),\)=0 and

By uniqueness guaranteed by the Implicit Function Theorem we see that 1
is odd with respect to v, i.e., ¥(—v,A) = —(v,A). This, in turn, implies
the oddness of the bifurcation function @ with respect to v; cf. (1.2.9). By
definition of @ in (I.5.10) we have ®(stp,\) = s®(s,\), and therefore & is
even with respect to s, i.e., ®(—s, \) = &(s, ). This gives in (1.5.14)

Q?(fs, A(s)) =0 and

(I11.2.15) B(—s,\(—s)) = 0.

Again by uniqueness we see that \ is even in s, i.e., A(—s) = A(s) for all s €
(—0,9) and that u is odd in s, i.e., u(—s) = —u(s); cf. (1.5.16). This provides
another proof of A(0) = 0 and it implies the symmetry of all pitchforks with
respect to the A-axis.
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Since 0 is a simple eigenvalue of D, F'(0, Ag), we can apply the Principle of
Exchange of Stability expounded in Section I.7. By D, F(0, \) 0y, = 0 +\ig, =
O + MOk + (A — Ap) 0k = (A — M) 0 the trivial solution line {(0,A)|A € R)}
is stable for A < Ag: all (simple) eigenvalues A — A of D, F(0, \) are negative
for k € NU {0}. For A > ) the greatest eigenvalue A — \g of D, F(0,]) is
positive and therefore the trivial solution line becomes unstable. In Section
1.7.3 we prove that a loss of stability implies that the supercritical pitchfork
is stable; see also Figure 1.7.3. The local bifurcation scenario is sketched in
Figure I11.2.2.

u

Figure I11.2.2

Each half of the pitchforks has a global extension; see Section III.5, Theo-
rem II1.5.1, and Corollary I1.5.10. A celebrated result of Crandall and Rabi-
nowitz [26] for nonlinear Sturm-Liouville eigenvalue problems is the follow-
ing: Each half of all pitchforks is unbounded in X x R, they are all globally
separated, and they never intersect the trivial solution line a second time.
A key ingredient of their proof, besides the Leray—Schauder degree, is the
demonstration that the number of zeros of a solution in the interval (0, ¢)
is preserved along each nontrivial global branch. That number is inherited
from the function 9 and therefore it is different for each global pitchfork.
We come back to these ideas in Section III.6.

The properties of the elliptic operator (II1.2.7) expounded in Section III.1
allow us also to apply Theorem I1.4.4.

In Case 1, i.e.,, when dim N(L(\g)) = 1, an odd crossing number of the
family L(X) at A = X¢ is equivalent to a change of sign of the one-dimensional
bifurcation function D,®(0, A) given in (I1.4.25) at A = Ag. This generalizes
the nondegeneracy (II1.2.8)4, which is equivalent to D?,&(0, o) # 0; cf.
(I1.4.27). Consider the example (II1.2.17) below, where the coefficients a;;
and b; of L(A) given by (I11.2.4) do not depend on A, and the coefficient ¢
does not depend on x. Then (I11.2.8)4 reduces to

d

(111216) C,()\o)(’f}o7’f)3)0 7é Oa f= a

The condition (0, 7)o # 0, however, requires that 0 be an (algebraically)
simple eigenvalue of L(\g); cf. (1.7.4), (1.16.4). On the other hand, the family
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(I11.2.17)  L(M\)h = szzlaij(z)hmm + >0 1 bi(2)ha, 4+ c(A)h
has an odd crossing number at A = \q if

the eigenvalue 0 of L(Ag) has an
(II1.2.18) odd algebraic multiplicity and if
¢(X) is strictly monotonic near A = X.

This clearly allows ¢/(Ao) = 0. Note that condition (II1.2.18) for local bifur-
cation applies to a fully nonlinear elliptic problem of the form

LN u+ g(V?u,Vu,u,z,\) =0 in £,
(I11.2.19) w=0 on 00
where L(A) is of the form (II1.2.17) and g4,,(0,0,0,2,X) = g,,(./.) =
gu(./.) = 0. The famous result of Krasnosel’skii about “odd algebraic mul-
tiplicities” relies on the Leray—Schauder degree and does not apply to fully
nonlinear problems. (The one-dimensional kernel is clearly not necessary for
the application of Theorem I1.4.4, as we note below in (II1.2.36).)

The price one has to pay if the nondegeneracy (I11.2.8), is given up is that
the bifurcation diagram does not necessarily consist of only one nontrivial
curve; see also Remark 11.4.5. This is explicitly seen by the example (I11.2.20)
below for Degenerate Bifurcation discussed in Section I.16. In this case, 0 is
an algebraically simple eigenvalue of L(X) (cf. (1.16.4)); i.e., (%o,05)o # O.
Nonetheless, (IT1.2.16) is violated by ¢/(Ag) = 0.

Remark II1.2.1 If the lowest-order coefficient of an elliptic operator L as
in (II1.1.1) is nonpositive, c(x) < 0, then the elliptic mazimum principle and
Hopf’s boundary lemma are valid. Consequently, for all settings discussed
in Section IIL.1, L : X — Z is bijective, L=t € L(Z,Z) is compact, and
— L1 is strictly positive in the sense of ordered Banach spaces. This means in
particular that every solution u € X of —Lu = f € Z is nonnegative, provided
that f is nonnegative. The Krein—-Rutman Theorem (cf. [171]) then states
that the eigenvalue g € o(L) of smallest modulus is unique, real, negative,
and algebraically simple. The corresponding eigenfunction 0g is positive (or
negative) in §2.

The statement for the dual operator implies that ug € o(L*) is simple and
the eigenfunction U is positive in {2 as well. Here L* is the adjoint operator
in the sense of (II1.1.2), (III.1.14).

For an arbitrary elliptic operator L we have c(x) < v € R, so that the
operator (—L—+~I)~" is strictly positive in the above sense. Therefore, L —~I
has a simple eigenvalue oy < 0 with positive eigenfunction vy. Then pg+y €
R is a simple eigenvalue of L, or 0 is a simple eigenvalue of L — (po + )1
with a positive eigenfunction vy. Accordingly, 0 is a simple eigenvalue of the
adjoint (L — (uo +v)I)* = L* — (po + )1
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If L is self-adjoint, L = L*, then all eigenvalues in o(L) are real, and
o is the largest negative eigenvalue, called the principal eigenvalue. It was
known long before the Krein—Rutman Theorem, in particular it was known
to Courant, Hilbert, Fischer, and Weyl, that the maximum of the negative
definite Rayleigh quotient B(u,u)/||ul|3 in H}(2)\{0} is attained for some
positive (or negative) b9 € H(£2) and that its value po < 0 is the largest
eigenvalue. Its simplicity follows directly from the positivity of the eigenfunc-
tion ©g: Bvery eigenfunction that is orthogonal to ¥y in L*(£2) changes its
sign. On the other hand, the mazimum o is attained only for some positive
(or negative) function.

The significance of the principal eigenvalue of a parameter-dependent fa-
mily L(X\) is that it is the first eigenvalue that might cross the imaginary axis
through 0 at A = \g, causing instability in the sense discussed in Section 1.7.
The benefits for bifurcation “created by that instability” is that the kernel of
L(X\o) is one-dimensional and that due to the positivity of the eigenfunction
Vo, it is easily seen which terms in bifurcation formulas do mot vanish. Last
but not least, by the simplicity of the eigenvalue 0 of L(\o), the Principle of
Exchange of Stability is valid; cf. Section L7.

As an example of Degenerate Bifurcation expounded in Section 1.16 we
consider the semilinear boundary value problem

Lou+ANu—- 2?4+ 22wt —u"=0 in £,

(I11.2.20) o e

where 0 is an algebraically simple eigenvalue of some elliptic operator Ly with
positive eigenfunction 9. According to Remark II1.2.1, the adjoint L§ has a
simple eigenvalue 0 with positive eigenfunction 9§, too.

In view of the simplicity of the eigenvalue 0, we can use the Lyapunov—
Schmidt decomposition

X = N(Lo) ® (R(Lo) N X),
Z = R(Lo) ® N(Lo),

(I11.2.21)

with eigenprojection Qu = (u, 6§)o0o on N(Lg) along R(Lg) when we norma-
lize (0o,0)o = 1; cf. (1.16.4)—(1.16.6). (Observe that (II1.2.21) is orthogonal
with respect to ( , )o only if 09 = 0 or Ly = L§. In contrast to the ortho-
gonal projections (I111.1.16) valid for (II1.1.17) or (II1.1.27), we need here
only one projection @, since P = Q|x. Note that the Lyapunov—Schmidt
reduction is not unique and that bifurcation formulas depend clearly on the
chosen reduction. Their vanishing or nonvanishing, however, or a change of
sign does not depend on the chosen reduction.)
For L(\) = Lo + ATI we obtain

(I11.2.22) (L(A)do, 53)0 = AT,
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so that the nondegeneracy (I111.2.8)4 for Ay = 0 is violated (in accordance with
(1.7.36), since the simple eigenvalue perturbation is trivially u(A) = A7, so
that 1/ (0) = 0). The degenerate condition (I11.2.18), however, is satisfied, and
the method of Section I1.16 provides the following: Identifying v € N(L(0))
N(Lp) with its coordinate s = (v, 03)o and & € N(Lg) with its coordinate
(P, 08)0 with respect to 0, respectively, we see that the scalar bifurcation
function d(s, \) = &(s, \)/s given in (1.16.23) is of the following form:

d~5(3, A) = croA” + caa At + ca3AZs3 + cpes® + huo.t.,

where ¢z = 1 by u(\) = A7 and Theorem 1.16.3,
(32 Ak SOV (AT Ak

C41 = (UOaUO)Oa C23 = (anvo)m Co6 — (anvo)o-

(I11.2.23)

By positivity of the eigenfunctions 09, 0§ we have czo =1 > 0, cq1 <0, co3 >
0, cos < 0, so that the Newton Polygon Method described in Section 1.15
yields the bifurcation diagram shown in Figure 1.16.3; see also (I.16.55),
(1.16.56).

As mentioned at the end of Remark III.2.1, the Principle of Exchange of
Stability is valid; see Theorem 1.16.8. If Ly = L§ is self-adjoint, then p(\) =
A" is the principal eigenvalue of L(\) = Lo + A7I, and the trivial solution
(u, A) = (0, ) of (II1.2.20) indeed loses stability at Ay = 0. Consequently, the
bifurcating branches have the stability properties that are marked in Figure
1.16.3.

Another example is

Lou+ (M —eg)u—u®=0
u=0

in
on

£,

(I11.2.24) o0

with the same operator Ly as before in (II1.2.20). All solutions of (III.2.24)
near (u, A, ) = (0,0, 0) are obtained by solving &(s, \2 —¢) = s®(s,\2 —¢) =
0, where ®(s,\) is the bifurcation function for (IT1.2.24) when we simply
substitute A2 — e = \. As in (II1.2.23), we obtain

(I11.2.25)

N
N
\
L

(s, N2 —
where coz

)

= AQ — &+ 60252 + h.O.t.,

T T
q v
y

e>0

Figure II1.2.3

N

e<0
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The solution set {(s,\)} of ®(s,A\? — &) = 0 is sketched in Figure I11.2.3
for different values of € near 0.

If Ly = Lg, then 0 is the principal eigenvalue of Lg, so that the solutions
have the stability indicated in Figure III.2.3.

Remark I11.2.2 The “generic” simple bifurcations at X = £/ for e > 0
become a degenerate bifurcation for e =0, and for € < 0 no bifurcation takes
place at all. One might believe that the eigenvalue 0 of Lo + (A2 — &)l for
A =¢e =0 is no longer simple, since two eigenvalues “collide” at 0. This is a
misunderstanding: The eigenvalue \2—¢ of Lo+(\2—¢)I is throughout simple,
and bifurcation takes place at those values of X for which A2 —e = 0. This is
completely different from the Hamiltonian Hopf Bifurcation, cf. Section 1.11,
where for fixzed \ the operator A(X) has indeed two different eigenvalues that
collide for A = X\g. As mentioned in Remark 1.17.7, a degenerate bifurcation
fore = 0 is always perturbed to “generic” bifurcations, but those perturbations
are best understood from the degenerate diagram. We recommend a study of
the bifurcations for Lo+ MX —e)I in (II1.2.24), too. For more examples see

[96].

II11.2.2 Bifurcation with a Two-Dimensional Kernel

In this section we apply the method of Section 1.19.1 to the following example:

Au+f(uA\)=0 in 2 CR",

111.2.26
( ) u=0 on 9,

where u = (ug,us), Au = (Auy, Auy), and A denotes the scalar Laplacian.
We assume that the vector field f is of the following form:

f:R2xR 5 R? isin CF(R? x R,R?), k> 2,
f(u,\) = Au + for, (u) + R(u, \)
for some homogeneous polynomial
(I11.2.27) fo, : R? = R? of order ko > 2, and where
R(u,)\) contains all terms of higher order in (u, A — \g),
i.e., of order |A — Ag|’||u||*, where
k>kyforj=0, k>1forj=1,and k> 1 for j > 1.

(For the value of A\g € R see (II1.2.29).) If the domain 2 C R™ is bounded
and the boundary 042 is sufficiently smooth, we know by Section I11.1 that
A+ X — Z with X = C?*(2) N {ulu=0on N2} and Z = C*(2) is a
Fredholm operator of index zero. Then the same holds for A +\I: X2 — Z2
and
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F(u,))(z) = Au(z) + f(u(z), A)
(I11.2.28) defines a mapping
F:X2xR—7Z?> ofclass C*(X? x R, Z2).

By F(0,\) = 0 we have the trivial solution (0, \) for all A € R. We find a two-
dimensional kernel of D, F(0,\) = A + Al to the first (principal) eigenvalue
)\0 of —A, i.e.,

N(DyF (0, \o)) = span[vy, Va|, where

\Afl = (17070) and \72 = (07@0) and
(II1.2.29) U9 is the positive eigenfunction of

—A: X = Z corresponding to \g

that is normalized to  ||g|lo = 1.

Since A + M\l is (formally) self-adjoint in (L2(£2))? with scalar product
(u,v)g = (u1,v1)o + (u2,v2)p, we obtain the following decomposition and
projections:

Z2 = R(DUF(Oa )‘0)) S N(DUF(O7 )\0))’
(II1.2.30) Q:Z? - N along R, P: X? — N along RN X2,
Qu = (u,V1)oV1 + (u,V2)oV2, P = Q|x>;

cf. (IT1.1.16), (I11.1.30). In view of assumption (III.2.27) we obtain by
(I.19.25), (I1.19.26) a bifurcation function of the form (1.19.40), i.e.,

D(v,\) = Dok, (V) + (A — Xo)P11v + R(v, \), where
(111231) QSOkO (U) = QfOko (U), @111) =ov for

v = (21,22)00 € N, z = (21,22) € R2.

Since assumption (1.19.44) is fulfilled by (II1.2.31); (Zp = N and 0} =

Uk, k = 1,2, in this case), the crucial condition in Theorem 1.19.2 is (1.19.45).

For v = 2y € N we obtain by definition (1.19.43) and with for, = (for,> for, )
(Poko (v), Ry j2P11v)0

= —22/ Sowe (200)bodz + Zl/ [ (200)Bodx
o o

(I11.2.32) .
= (g @+ (@)= [ ol
= for, (2) 'Rw/gz/ tpottdg,
0
where 7 is the Euclidean scalar product in R? and R /2 1s a rotation about

7/2 in R2. Since 99 > 0 in 2, (1.19.45) is satisfied in the following cases:
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If kg is odd, assume the existence of
21,22 € R? with [|z1|| = ||z2| = 1 and
fOko (Zl) . Rw/gzl <0,

(111.2.33) foro (22) - Ry /222 > 0.

If ko is even, assume the existence of
azeR? with ||z|| =1 and
fOko (Z) . RTF/QZ 7é 0.

In both cases Corollary 1.19.3 guarantees the existence of at least two local
continua or one continuum, respectively, of nontrivial solutions of F(u, A) = 0
through (0, \g) in X2 x R.

Choosing the parameterization z(t) = (cost,sint) for ¢t € [0,2n] of S C
R?, Corollary 1.19.4 applies if there exists a z € Sy with for, (2) - Ry 2z # 0

and if fo% for, (z(t)) - Ry /22(t)dt = 0. Simple examples are

ko
for, (2) = (: ?) (2m> with

(o, B,7,6) # (0,0,0,0) for even ko,
(II1.2.34) and the additional condition 8 = v for odd ko;

22 — 22
foo(2) = < 121222> ’

The last example has the peculiarity that the two zeros of g(9,0) =

(Po2(0), Ry j20)o = 25 [, 05dx on S1 C N, ie., for 274235 = 1, are degenerate

such that the Implicit Function Theorem is not applicable to solve (1.19.51).
We remark that the computation (II1.2.32) is also valid for any other

simple eigenvalue A\, of —A with an eigenfunction 9,k > 1. Then (1.19.45)

is satisfied under the assumptions (II1.2.33), provided [, oro T da # 0. This

is always true if kg is odd.

However, when considered over a square {2 C R2? the second eigen-
value A\; of —A subject to homogeneous Dirichlet boundary conditions is no
longer simple but has multiplicity two. Consequently, dim N(D,F(0,;)) =
dim N (A + M\ I) = 4 and the method of Section 1.19.1 is not applicable. (For
the functional analytic setting of (II1.2.26) over a square see Section III.1.1.)
In order to reduce the dimension of the kernel to two, we restrict the map-
ping F(-;\) in (I11.2.28) to fixed-point spaces of certain symmetry groups
of the square. For this purpose we need an equivariance of the vector field
f in (I11.2.27) with respect to these symmetries. Note that A is equivari-
ant under the complete orthogonal group of the plane. One of the benefits of
equivariance is that fixed-point spaces are invariant under the nonlinear map-
ping F(-, A). Furthermore, the dimension four of the kernel N(D,F(0,)\1))
reduces to two in a fixed-point space such that under suitable additional
conditions, Theorem 1.19.2 and Corollary 1.19.3 are applicable, yielding bi-
furcating nontrivial continua also at (0, A1). All details can be found in [119].
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Finally, we study in [119] bifurcation functions of type (II1.2.31); having
the equivariance with respect to the symmetry group of a regular n-gon,
n > 3.

I11.2.3 Bifurcation with High-Dimensional Kernels

The most general local result (in view of counterexamples) for fully nonli-
near elliptic problems is given by the application of Theorem I1.4.4. With
D,F(0,\) = L(\) with L()\) as in (II1.2.7), as previously, the hypotheses of
Theorem I1.4.4 are the following:

L()) is elliptic for A € (A\g — 9, Ao + ),
(I11.2.35) 0 is an eigenvalue of L()\g), and
L()) has an odd crossing number at A = \g.

The last statement means that an odd number of eigenvalues (counting mul-
tiplicities) in the 0-group of L(\) leave the left complex half-plane when
A passes through A¢ (see Definition II.4.1). As proved in Theorem I1.4.3,
assumption (111.2.35) implies that det(D,®(0,\)) changes sign at A = g
for every bifurcation function @(v, \) obtained by the method of Lyapunov—
Schmidt.

The verification of (I11.2.35)3 is not easy, in general, but for the special
case that L(\) is given by (II1.2.17) with a coefficient ¢(\) satisfying (I11.2.18)
it is simple. We summarize this result for convenience briefly as follows:

If 0 is an eigenvalue of odd algebraic multiplicity

of L(Ao) that is of the form (II1.2.17)

with strictly monotonic coefficient ¢(\), then

a continuum of nontrivial solutions of the

fully nonlinear elliptic problem (I11.2.1) bifurcates

at (0,\0) in X x R, where X = C%(£2) N {ulu = 0 on 9£2}.

(I11.2.36)

Note that the hypotheses (II11.2.35) are more general, and the statement of
Theorem II.4.4 is sharper than that of Krasnosel’skii’s Theorem in [118].

Another type of bifurcation theorem is given by (I1.4.31), which is sum-
marized thus:

L()) is elliptic for A € (Mg — 9, A\g + 0),
dimN (L(\p)) is odd,

(Lx(Xo)D,0*)o # 0 for all

b€ N(L(Xo))\{0}, 0" € N(L(Ao)*)\{0}.

(I11.2.37)

We recall that the spectral properties of an elliptic family L(\) are the same
for all settings L(\) : Z — Z with D(L) = X C Z; cf. (111.1.39), (IIL.1.40).
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I111.2.4 Variational Methods I

We give an application of Theorem 1.21.2 to a so-called nonlinear eigenvalue
problem

(111.2.38) Lu = pg(z,u) in 2, p € R,

u =0 on 02,

where L = L* is of divergence form (III.1.3) and elliptic. Assuming c(z) <
0, then the bilinear and symmetric form B(u,v) is negative definite on
H}(£2); cf. (I11.1.8) (use Poincaré’s inequality). This means that ( , )1
and —B( , ) are equivalent scalar products on H{ ({2).

Weak Solutions for Functions g with at Most Critical Growth

For the function g : 2 xR = R, we assume that the partial derivative
gu : 2 x R — R exists, that g, g, € C(£2 x R,R), and that

lg(z,u)| < c1 + e2ful,

(II1.2.39) |gu(z,u)| < c3+ calul"" for all (x,u) € 2 x R,

n+2

1<r< 2f01rn>2,1§1"<oof01rn:27

n—
and no restriction on g for n = 1. Here n is the dimension of the domain {2,

ie, 2 CR™
Defining the primitive

—/ g(x,8)ds for (z,u) € 2 x R and

G(z,u) =
(I11.2.40) 0
flu) = /QG(aj,u(a:))da: for u € H}(£2),

then the following is well known; see [118], for example. The function
[ Hi(2) — R satisfies

feC?*(HL2),R) and

(I11.2.41)
Df(u)h = /Qg(a:,u(a:))h(z)dz for u,h € H}(02).

Setting g(u)(z) = g(x,u(zx)), we see that the function g(u) is in L%(£2) with
g = 2n/(n + 2), by assumption (II1.2.39); and by continuous embedding
HY(02) C LP(R2) for p = 2n(n — 2), where we assume n > 2; the cases n < 2
are left to the reader. Since 1/p + 1/q = 1, Holder’s inequality proves that
Df(u) € L(H}(£2),R), which is the dual space of Hg(§2). Furthermore,
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T A [ 9u( u(a) o (2) o) o

for u, hy, he € H&(Q),

and the same arguments using (I11.2.39)2 prove that D?f(u) : H}(£2) x
H}(22) — R is bilinear and continuous; i.e., D?f(u) € La(HJ(2),R).
The continuity of f,Df, and D?f with respect to u in the norms of
HY(02), L(H}(2),R), L2 (H} (£2),R), respectively, is more subtle and is proved
in [118]. By Riesz’s Representation Theorem, for each u € Hg(£2) there is a
unique

Vi f(u) € H}(£2) such that
(I11.2.43)

Df(u)h = —B(VLf(u),h) for all u,h € H}($2).

According to Definition 1.3.1, the mapping Vi f is the gradient of f with
respect to the scalar product —B( , ), and the subscript L denotes its
dependence on L. In the notation of Theorem 1.21.2 we have X = Z = H}(2).
Staying with the notation of Section III.1, where X and Z have a different
meaning, we set H}(£2) = X1, and we define

FE*VLfZXl *)Xh

F(0)=0if g(x,0) =0 for all x € {2,

(L244) g o o1(x,, X)), by (IT1.2.40) (IT1.2.43), and

B(DF(u)hth):/gu(u)h1h2d$7

where as before, §,(u)(z) = gu(z,u(z)). For Ag = DF(0) we verify hypoth-
esis (1.21.3) of Theorem 1.21.2.

Remark I11.2.3 Let r = r(z) be any function r € C(£2). Then the operator
Ap € L(X4,X1), defined by

(I11.2.45)  B(Agv,h) = (rv,h)o  for allv,h € X1 = H}(£2),

is symmetric (self-adjoint) with respect to the scalar product —B( , ) and
compact: By continuity, the linear operator Ay maps weakly convergent se-
quences in X1 onto weakly convergent sequences in X1, which, by compact
embedding Hg(2) C L*(82), converge strongly in L*(§2). Choosing h = Agv,
we see that the defining equation (II1.2.45) proves that Ay maps weakly con-
vergent sequences in X1 onto strongly convergent sequences in X1, which
means compactness of Ag.

Therefore, by the Riesz—Schauder Theory, the spectrum o(Ag) consists of
real nonzero eigenvalues of finite (algebraic) multiplicities and of 0, which
is the only possible cluster point of o(Ag). If Ag # 0, then its spectral ra-
dius [|Ao|lL(x,x,) (with the operator norm generated by —B( , )) is po-
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sitive. Therefore, there exists an eigenvalue Ao with |\o| = ||Ao|| > 0. Fur-
thermore, it is known that the following completeness of orthonormal sys-
tems of eigenfunctions holds: If Ao, \1,... are all nonzero eigenvalues of Ag
with orthonormal eigenfunctions g, o1, ... (with respect to —B( , ), then
X1 = N(Ao) D span[f)o,f)l, .. ]

A closer look reveals more: Let r(x) > 0 for x in an open subset 24 C (2.
Then dim{v € X1| supp(v) C 24} = 0o (where “supp” denotes the support),
so that the complement of N(Ap) in X1 is infinite-dimensional. Let v #
0, supp(v) C 24, and v =Y a0y, be its Fourier series. Then 0 < (rv,v)y =
B(Agv,v) = — Y. a2 \i.. If there were only finitely many eigenvalues A\, < 0,
then there would exist such a v # 0 with Fourier coefficients ay = 0 for all
e < 0 such that 0 < (rv,v)o = — Y. @i, < 0. This contradiction proves that
there exist infinitely many negative eigenvalues M\ < 0 of Ag with A\ — 0
as k — oo. The same argument yields infinitely many positive eigenvalues
Ae >0 with Ay = 0 as £ — oo if r(x) <0 forx € 2_ C 0.

The eigenvalue problem for Ag, i.e.,

(I11.2.46)  B(Agv, h) = AB(v, h) = (rv, h)o for all h € Hy(£2),
is the weak formulation of the elliptic eigenvalue problem

Lv=purv in 2, p=2"1,
(I11.2.47) V=0 on o0,
with possibly indefinite weight function r € C(2). The preceding results about
the eigenvalues A # 0 of Ag yield the following: If 24 = {x € 2|r(z) > 0} # 0
(or 2_ = {z € Qr(z) <0} #0), then there exist infinitely many negative
eigenvalues p, < 0 with pux — —oo as k — oo (or infinitely many positive
eigenvalues g > 0 with py — 400 as £ — o) of the weak eigenvalue problem
(II11.2.47). Furthermore, there exists a largest negative (or smallest positive)
ergenvalue, and these possibly two “principal” eigenvalues are the mazrimum
(or minimum) of {—B(v,v)/(rv,v)olv € H(£2),(rv,v)o > 0 (or (rv,v)y <
0)} (respectively). These extrema are attained at some positive (or negative)
function v9 € H}(2); cf. Remark II1.2.1.

If r changes sign on (2, the simplicity of a principal eigenvalue g is not
as obvious as in the definite case. Furthermore, all other eigenfunctions of
(I11.2.47) that do not belong to a principal eigenvalue change sign in (2. For
details we refer to [77], [108].

If the boundary of {2 allows an elliptic reqularity theory, then the weak
formulation (1I1.2.46) for v € H(£2) and the strong version (II1.2.47) for
v € D(L) = H*(2) N HY($2) are equivalent. If the weight function r belongs
to C(02), then elliptic reqularity implies that v € C**(2) N {ulu = 0 on
0N} for every eigenfunction v of (II1.2.47); cf. (II1.1.40). Conversely, all
eigenfunctions of Ay with eigenvalues N, = pu;;* are in C**(2) N {ulu = 0
on 002} if the data of the problem are smooth enough.
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We apply the results described in Remark I11.2.3 to the weight r» = §,,(0) €
C(92). If G, (0) # 0 (i.e., if gu(z,0) # 0), then all eigenvalues A\, # 0 of Ay are
candidates for the application of Theorem 1.21.2. (Since Ag € L(X7,X1) is
self-adjoint, we have clearly (1.21.3)4, and Remark 1.21.1 is trivially satisfied.)

Let A\p # 0 be one of the eigenvalues of Ag. Then for every sufficiently
small € > 0 there are at least two solutions (u, \) = (u(g),A(¢)) € Hi(2) xR

of

_ _ _ 2
(I11.2.48) F(u) = \u, B(u,u) = €2,

and A(e) = Ag as € N\ 0.
By definitions (I11.2.43), (I11.2.44), and (I11.2.40), this means that

B(u,h) = u/ g(x,u)hdz, p= 1"
(9]
(I11.2.49) for all h € HY(£2) and pu = p(e) = po = Ay

where pg is an eigenvalue of (I11.2.47)
with r = g,(0).

In other words, (u,u) € H}(£2) x R are nontrivial weak solutions of
(II1.2.38) clustering at (0, uo).

For u € H}(2), assumption (I11.2.39); implies that g(u) € L9(£2) with
q = 2n/(n+ 2). If the data, in particular the boundary 92, allow an elliptic
regularity theory, then (II1.2.49) implies u € W24({2). Since this does not
give more regularity for §(u), that is g(u) € L(£2) with ¢ = 2n/(n + 2),
no further gain of regularity via a so-called “bootstrapping” is possible, in
general. (It is possible, however, if the growth in (IT1.2.39); is “subcritical,”
Le., if r < 2£2))

n—2"

Some comments on this result are in order: Theorem 1.21.2 provides weak
solutions of (II1.2.38) in the sense of (I11.2.48) or (111.2.49) under rather
weak regularity conditions on the data of the problem. The coeflicients of
L of the form (II1.1.3) have to satisfy only a;; € C*(£2),c € C(£2), and for
the nonlinearity it suffices that g, g, € C(£2 x R,R). Then all hypotheses on
F € CYH(£2),Hi(2)) and on Ay = DF(0) € L(H(£2), H}(£2)) to apply
Theorem 1.21.2 are satisfied irrespective of the regularity of the boundary
0f2. We obtain bifurcation of weak solutions at every eigenvalue of the weak
eigenvalue problem (II1.2.38) for every bounded domain 2 with no condition
on its boundary 052.

Apart from the lack of regularity of the weak solutions, the Hilbert space
approach for (IT1.2.38) clearly also has the drawback mentioned in Section
II1.1: The Hilbert space setting might impose obstructions to nonlinear prob-
lems, which in the case in question are the growth conditions (II1.2.39) on the
nonlinearity g. As recommended in Section II1.1, we overcome this drawback
by a Banach space approach.
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Strong Solutions for Arbitrary Functions g

Now the boundary 942 and the coefficients of L are again smooth enough
to ensure the properties of the elliptic operator L as expounded in Section
IIL.1. Let g : 2 xR — R be any function in C?(2 xR, R) such that g(z,0) =0
for all z € £2. Then, for G as defined in (II1.2.40);, the functional f given in
(I11.2.40)5 is defined on Xi , = C*(2) N {ulu = 0 on 92}. Furthermore,
f € C*(X1,4,R), and its derivative DF(u) is given by (I11.2.41)y for u,h €
X1 o By g(u), gu(u) € C*(2) = Z C L*(£2), we can state (IT1.2.41)y and
(II1.2.42) as

Df(u)h = (g(u), h)o for u,h € X1.a,
(I11.2.50)
D2 f(u)[h1, ho] = (§u(u)h1, ha)o for u,hi, hy € X1 4.

By the assumption that ¢(x) < 0, the elliptic operator L from (III.1.3) is
bijective via L : H?(2) N H}(2) — H°(£. Therefore, L is also bijective as
a mapping L : X = C%%(2) N {ulu = 0 on 02} — Z; cf. Section IIL.1, in
particular (II1.1.40). Defining

F(u) = L7'g(u) for u € X; 4, then
(II1.2.51) B(F(u),h) = (g(u),h)o = Df(u)h
for all u, h € X1 4,

so that —f € C?(X1.4,R) is a potential for F' € C'(X1 4, X1,o) with respect
to the scalar product —B( , ) on X, C H}(2) = X;. Furthermore,

(I11.2.52) DFE(u)h = L™ (gu(u)h) for wu,h€ X4,
which implies for Ag = DF(0) the equivalence

(Ag—A)v=0 forve Xiq, A0S
(IT1.2.53) Lv = pg,(0)v forve X, p=A"1

As discussed at the end of Remark I11.2.3, for r = §,(0) € C%(£2), every
eigenfunction v of (II1.2.47) in H?(2) N H(£2) is also in X, so that all
results for (II1.2.47) summarized in Remark II1.2.3 hold for the eigenvalue
problem (III.2.53), as well. Therefore, the eigenvalue problems (I11.2.46) and
(II1.2.53); are equivalent, too.

Let A\p # 0 be one of the eigenvalues of Ay. Then the decomposition
X1 = N(Ao —Ao])@R(Ao—)\()I) for AO € L(Xl, Xl), defined in (111245) for
r = §,(0), implies for X7 , C H}(£2) = X; the decomposition X o, = N(Ag—
)\01) D R(Ao — )\01) for Ag € L(Xl,oqu,a) defined by Ay = L~ 1o gu(O)I
(The same notation Ay for different settings should not be confusing.)

Thus all hypotheses of Theorem 1.21.2 are satisfied for F' € C! (X100 X1,0)
defined in (II1.2.51), and every nontrivial pair solving F(u) = Au yields a
classical solution (u,u) € X x R of (I11.2.38) for u = A1
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The two approaches for problem (II1.2.38) show that weak solutions un-
der weak regularity assumptions are obtained via a Hilbert space setting that
requires growth conditions on g, whereas strong solutions under strong regu-
larity of all data are given by a Banach space approach having the advantage
that it applies for every smooth nonlinearity g, irrespective of any growth at
infinity.

In general, we know only the properties (I11.2.48) of the nontrivial solu-
tions. However, if dim N(L — 110G,,(0)I) = 1, then Theorem 1.5.1 applies: For
the family L(p) = L — 1§, (0)1, the nondegeneracy (111.2.8), is satisfied by

(Lyu(10)0,%0)0 = (9 (0)20, B0)o
(II1.2.54) = \oB(00,70) # 0 for Ao = Malv

so that the bifurcating solution set is a smooth curve {(u(s), u(s))|s € (—6,4)}
in X x R through (0, zto). This is true, in particular, if po is a principal
eigenvalue of Lv = p§,(0)v; cf. (I11.2.47) and the comments after it.

The application of Corollary 1.21.3 gives many more solutions in the
Hilbert space as well as in the Banach space approach:

If g(x,—u) = —g(z,u) for all (z,u) € 2 x R, then at
(II1.2.55) (0, o) at least n pairs of solutions (+u, u) of (I11.2.38)
bifurcate, where n = dim N (L — 0§, (0)I).

II1.2.5 Variational Methods II

There is still a drawback to overcome: The method used to prove Theorem
1.21.2 allows only a linear dependence on the parameter A, which means that
the parameter p in (II1.2.38) appears linearly, too. Application of Theorem
I1.7.3, however, allows an arbitrary dependence on the parameter, which we
denote again by A. Although we could stay with the foregoing setting, we
change it in order to avoid an inversion of L.

Let L(A) = L(A\)* be a family of operators of divergence form (III.1.3)
with coefficients a;; € C(R,C%*(2)),c € C(R,C%(£2)). (This means that
A = aij(-,A), A= c(-,A) are continuous from R into the Banach spaces
CH(02),C%(0), respectively.) The boundary 942 is smooth enough to apply
all properties of elliptic operators summarized in Section III.1. Assuming that

L(\o) is elliptic and that

(TI1.2.56) 0 is an eigenvalue of L(\o),

then the continuous family L(A) : X — Z satisfies (IL.4.1), (I1.4.2), and
(I1.4.3) for X = C%%(2) N {uju = 0 on 92} and Z = C(2). We consider
the semilinear problem
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LNu+g(u,z,\) =0 in £,
(I11.2.57) =0 om 00,
where g € C?*(R x 2 x R,R) satisfies g(0,2,\) = g,(0,2,)) = 0 for all
(x,\) € 2 x R. (The first condition gives the trivial solution (u, ) = (0, )
and the second is imposed without loss of generality by adding g, (0, z, \) to
the coefficients c(x, A) of L(\).) Then

F: XxRﬁlemC'( x R, Z), where

u, \)(z T A),
(II1.2.58) DiF E)(C)(X >(< R )L()X )Z)),g(an(d) )

DuF(0, \)h = L(\)h.

If we endow Z with the scalar product ( , )o, then F'(-, \) is a potential
operator from X into Z according to Definition 1.3.1. We give the potential:

1
flu,\) = 5(L(/\)u,u)o + / G(u(z), z, N)dx
0
(I11.2.59) for (u,A) € X x R, where
G(u,z,\) = / g(s,z,\)ds for (u,z,\) € R x 2 x R.
0

Then Theorem I1.7.3 provides nontrivial solutions of F'(u, \) = 0in X xR,
i.e., of (II1.2.57), which cluster at (0, Ag), if

(II1.2.60)  the crossing number x(L(\), Ag) of L(A) at A = Ay is nonzero.

Since all eigenvalues of L()\) are real, local hyperbolicity is true if 0 is
not an eigenvalue of L(X) for A € (Ao — d,Ag) U (Ao, Ao + 0). By Definition
I1.7.1, a nonzero crossing number means that a nonzero number of eigenvalues
(counting multiplicities) leaves or enters the positive real axis when A\ passes
through Ag. We give a simple sufficient condition that implies (II1.2.60):

L(/\)h = ZZj:l(aij(I)hfbi)ﬂ?j + C(/\)hv

(I11.2.61)
and c(A) is strictly monotonic near A = Ag;

cf. (II1.2.17), (I11.2.18). Note that in contrast to (II11.2.36), the multiplicity
of the eigenvalue 0 of L()\g) is arbitrary in the variational case. Therefore,
for F(u,\) = Au + Ag(u) = 0 with g(0) = 0, ¢’(0) > 0, for example,
every eigenvalue p, > 0 of —A provides a bifurcation point (0, \,,), where
tn = Ang'(0); cf. Section IIL.7.

Since Theorem I1.7.3 generalizes Theorem 1.21.2, our result on (111.2.57)
is our most general for elliptic problems of variational structure.
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II1.2.6 An Example

This example, which is continued in Sections III.5 and III.6, is presented
because it serves as a paradigm for the following techniques:

e By an exploitation of symmetry, only nondegenerate bifurcations with one-
dimensional kernels occur.

e An evaluation of bifurcation formulas reveals sub- and supercritical pitch-
fork bifurcations and determines, in turn, their stability.

e The global extensions of the local bifurcating curves satisfy the second
Rabinowitz alternative. The proof includes the following steps:

e A combination of symmetry and of the elliptic maximum principle applied
to a differentiated equation proves that the maxima and minima of all
solutions on a global branch have a fixed location.

e This qualitative property separates all global branches and helps at the
same time to prove an a priori estimate excluding the first Rabinowitz
alternative.

e In view of the separation of branches, there is only one possibility left to
meet the trivial solution line a second time.

e This establishes the global bifurcation diagram.

We start now to discuss the following model: Minimize or find critical
points of the energy

Fo(u) = /Q CIVulP + W)z, = >0,
(111.2.62) over £2=(0,1) x (0,1)

under the constraint / udr =m.
1)

This functional is commonly called the Cahn—Hilliard energy, describing
the total energy of a binary alloy of mass m in 2 with (¢ > 0) or without
(e = 0) interfacial energy. According to the two components of the alloy, the
free energy potential W: R — R is a so-called two-well potential having two
minima; cf. Figure II1.2.4. We assume that W is sufficiently smooth (C* is
enough).

The Euler-Lagrange equation for (II1.2.62) is
—cAu+ W'(u) = A in 2, A = Lagrange multiplier,

2 g,y =0 on A2,

/ udxr = m,
10

(I11.2.63)
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w

Maxwell line
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mi ma

spinodal region
Figure 111.2.4

where v is the outer normal; i.e., (II1.2.63)2 are the natural boundary condi-
tions for the self-adjoint operator A called homogeneous Neumann boundary
conditions; cf. (IT1.1.5). For € > 0, (I11.2.63) is a semilinear elliptic problem
with a nonlocal term, namely,

(I11.2.64) A= [ W (u)da.
22

In order to incorporate the constraint (II1.2.63)3 into a function space, we
make the substitution

(II1.2.65) u=m+v, where / vdx =0
Q

(recall that [£2] = 1), and we set
(I11.2.66)  F.(v,m) = —cAv+W'(m+v) — / W'(m +v)dz.
2

In the subsequent analysis we fix ¢ > 0, and we use the mass m as
a bifurcation parameter. We have the trivial solutions (v,m) = (0,m) of
F.(v,m) =0 for all m € R (describing a homogeneous mixture), and before
choosing the adequate function spaces, we study its linearization along the
trivial solution. We obtain from (I11.2.66)

—cAv+W"(mv=0 in {2,
(Vu,v) =0 on 90,

/ vdx =0,
10

(I11.2.67)



II1.2. LOCAL BIFURCATION FOR ELLIPTIC PROBLEMS 277
having the following special classes of eigenfunctions:

13(.%‘1&3‘2) = (1 COSNTL] + Q2 COSNTTLy, (1,09 € R,

provided that W (m) = —en?r2,n € N,
(I11.2.68)

Opn (1, T2) = @ cosbmay cosnmxs, a € R,
provided that W (m) = —e(¢? + n?)7?, £,n € N.

The kernels are not necessarily one-dimensional: Whereas this is obvious in
the first case, it is possible also in the second case if 712 = £2 +n? or 2 + 72 =
0?2 + n? for different integers.

Since higher-dimensional kernels are not convenient in bifurcation theory,
we can pursue two tracks: Restrict the problem to a one-dimensional one,
i.e., allow the dependence on only one variable z1, say (in which case the
Euler-Lagrange equation is an ODE), or impose symmetry constraints that
reduce the dimension of the kernels to one. We choose the second possibility,
since the first one is simpler and is treated analogously.

From the first class we pick the eigenfunction

(I11.2.69) On (21, 2) = cosnmxy + cOSNTLa,

which belongs to the following symmetry class:

v:R? = Rlv(z1, 22) = v(—11,72) = v(21, —T2)

2 2
=v(r,z1) =v (21 4+ —, 22 | =v (21,22 4+ — ;
n n

cf. (II1.1.31)3. We change the notation of (IT1.1.31): The subscript n refers to
the period, and we have an additional symmetry with respect to the diagonal
{x1 = x2}. The symmetry lattice is shown in Figure III.1.1 for a = % when
it is shifted by the vector (%,0).

The eigenfunctions of the second class have the symmetry

X, =
(I11.2.70) {

n 14

(II1.2.71) v(xy,x2) =0 (ZIQ, E:m) ,

which is not orthogonal if £ # n. Therefore, the operator A is not equivariant
with respect to the oblique symmetry, so that its fixed-point space is not
invariant; cf. the discussion in Section III.1. For ¢ = n, however, we set

(I11.2.72) Onn (21, T2) = 2 COSnTT COSNTL2,

which belongs to the symmetry class

1 1
(I11.2.73) X, = {v € Xplv(zy,22) =0 (—xg + =, —x + —) } ,
n n
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whose lattice is shown in Figure I11.1.2. As remarked in Section III.1, the
lattices for X, and X,,,, are not essentially distinct, since they are transformed
into each other by an affine mapping. We confine our analysis to the symmetry
class X, and state simply that the modifications to the class X, are simple
enough to be left to the reader. (For details see [106].)

The classes X, are appropriate for homogeneous Neumann boundary con-
ditions on 2 = (0,1) x (0,1) for all n € N. Accordingly, we define

2, (2,a (2 _
(I11.2.74) Xp* =2 RN X, N {v| vz o},

X analogously,
and the mapping defined in (II1.2.66) satisfies
(I11.2.75) F.: X2 xR — X2,

since by the boundary conditions, [, F-(v,m)dz = 0. Clearly, all solutions
(v,m) € X2% x R of F.(v,m) = 0 give via u = v + m solutions of the
Euler-Lagrange equation (I11.2.63) satisfying the constraint (I111.2.63)s.

By the analysis of Section III.1, in particular by (II1.1.35),

Dy F.(0,m) = —eA+W"(m)I : X2 — X2

(I1.2.76) is a Fredholm operator of index zero.

Note that the Fredholm property remains valid in the subspaces of func-
tions with mean value zero in 2. (Constant functions span N(A) and are
complementary to R(A). In this case constant functions vanish.) As seen in
(II1.2.68),

dim N (D, F.(0,m)) = 1, provided that

(II1.2.77) W (m) = —en?r?.

By the assumed shape of W shown in Figure I11.2.4, there are two solutions
mk,m? of the characteristic equation (II1.2.77)3 forn =1,...,N(g) if ¢ > 0
is small enough. These candidates for bifurcation points are in the spinodal
region (mq, ma).

By formal self-adjointness of L = —eA + W"(m)I, we have by (IT1.1.35)
the decomposition

(IIL.2.78) X% = R(L)® N(L),
where the spaces R(L) and N (L) are orthogonal with respect to the scalar
product ( , ) in L?(£2). This yields the Lyapunov—Schmidt projections

Qv = (v,0p)00n, Q: X3 — N(L) along R(L),
(I11.2.79)
P =Qly20 : X2* — N(L) along R(L) N X2

Observe that ||0,]o = 1 for all n € N.
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Again by the assumption on W cf. Figure I11.2.4, the nondegeneracy
(I.5.3) of Theorem 1.5.1 is satisfied:

(ngFE (Oa m){)na IlA}n)O == W"'(m) 7& O

(I11.2.80) o

if W”(m) = —en?n? has two solutions mj,, m?2.
Therefore, there exist nontrivial curves of solutions {(v(s),m(s))|s € (—6,0)}
of F.(v,m) = 0 through (v(0),m(0)) = (0,m?), i = 1,2, and by (1.5.16),
(L5.17),
(I11.2.81) v(s) = sb, +o(s) in X2

If (v,m) € X2 x R is a solution of F.(v,m), then the reversion
- 1 1
(IIL.2.82) (@, 22) = v <_ i a:2>
n n

defines a solution (9,m) € X2% x R, too. Since the reversion of the eigen-
function v, is its negative —1,,, the uniqueness of the bifurcating curve im-
plies that the two components {(v(s), m(s))|s € [0,9)} and {(v(s), m(s))|s €
(—0,0]} are transformed into each other by the reversion (II1.2.82). This
implies, in particular, m(—s) = m(s) and m(0) = 0. We verify this by eval-
uating the Bifurcation Formula of Section I1.6. Sub- or supercriticality of the
pitchfork is then determined by 72(0), provided that it is nonzero.
By definition (I11.2.66),

D2 F.(v,m)[tn, 0] = W (m +v)02 — / W (m + U)@de,
(I11.2.83) @

D3, F=(0,m)[bn, O, 0] = WO (m)3 by / b dr = 0.
Q

Using the projection (II1.2.79), we see that the numerator of formula (1.6.3)

for m(0) (see also (II1.2.9)) is

(ngFE(Ov m)[{)na ﬁn]y {)n)O

(I11.2.84)
= W”’(m)/ 3 dw — W’”(m)||1§n||8/ bpdz = 0.
(9] 2

Therefore, (0) = 0. Formula (1.6.11) for 7(0) is more involved. We evaluate
the numerator (1.6.9) step by step:

(D

VUV

Fo(0,m)[0n, 9, O], D)o = WD (m) / iy dz = =W (m),
(94
(II1.2.85) D2 F.(0,m)[in, bn] = W (m) (82 — 1),

QD2 F.(0,m)[n, 9,] = 0.
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Next we solve

(I11.2.86) Dy Fe(0,m)v = W (m)(i7 — 1)

for v € (I - P)X%a; i'e'a (’U,’Dn)o = 0.

By 92 — 1 = %(cos 2nmwxy + cos2nmas) + 2 cosnway cosnwxs we obtain, in
view of (I11.2.76) and W (m) = —en?r? for the solution of (II1.2.86),

" 1

(II1.2.87) v = W= (m) —(cos 2nmxzy + cos2nmr) + 2 COSNTEL COSNTT | .

en?m? \ 6
Finally,

(ngFE (07 m)[{)na ’U]v {)n)o = W”/(m)/ ’U@Zdl‘

fo)

(IT1.2.88) BWm? A

=13 o2q2  Sinee (v,0n)0 = 0.

For the denominator of (I.6.11) we use (II1.2.80), and we obtain for m = m(0),

(111289) m(O) _ 1 {9 W(4)(m) B 13W///(m) }

3 14 W"(m) den?m?

By the assumed shape of W” we have W) (m) > 0 and
W (my) <0, W”(m?2) > 0. Therefore, for small € > 0,

(I11.2.90) m(0) < 0 at (0,m;), 1m(0) >0 at (0,m3),

yielding the bifurcation diagrams sketched in Figure II1.2.5.

In Sections IIL.5, I11.6 we see how the two local curves shown in Figure
I11.2.5 are extended globally; see Figure I11.6.2.

In Figure I11.2.5 the instability of the solutions (m,v) is marked by a
hatched line. We define the stability of a conditionally critical point of the
energy E.(u) = FE.(m+v) given in (I11.2.62) by its stability as an equilibrium
of the negative gradient flow, i.e., of

d
(I11.2.91) d—: = —F.(v,m); see (I111.2.66).
(The evolution equation (I11.2.91) is not what is called the dynamical Cahn—
Hilliard model. In that model the preservation of mass is ensured by the
application of the Laplacian together with an additional boundary condition.
It does not contain a nonlocal term, but it is a parabolic PDE of fourth
order.)
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In the symmetry class X,,, the value W”(m!) = —en?r? is the principal,

i.e., greatest negative, eigenvalue of €¢A; cf. Remark I11.2.1. In other words,
0 is the principal eigenvalue of —D, F.(0,m¢), i = 1,2. The assumed shape
of the graph of W” shown in Figure II1.2.4 implies that the eigenvalue 0
becomes a negative eigenvalue of D, F.(0,m) for m < mL, m > m?2, and a
positive eigenvalue for m € (m}, m2). This proves the stability properties of
the trivial solutions (0,m), as indicated in Figure II1.2.5.

By the Principle of Exchange of Stability proved in Section 1.7, both
bifurcating pitchforks sketched in Figure II1.2.5 are therefore unstable; cf.
Figure 1.7.3. Presumably the branches regain stability at the next turning

point; cf. Figure 1.7.1 and Figure II1.6.2.

Remark ITI1.2.4 One of the best-known phenomena in applied bifurcation
theory is the appearance of Taylor vortices in the so-called Couette—Taylor
model. Since there exists a vast literature about that model, we do not give all
details. We refer to the monographs [17], [80], and to the survey [115], where
the problem is thoroughly discussed and where many historical and important
references are given.

The gap (2 between two coaxial cylinders of infinite length with radii 0 <
Ry < Ry is filled with a viscous and incompressible fluid; see Figure II11.2.6.

There are no external forces, and a rotation of the interior cylinder causes
a flow due to the adhesion of the fluid to the cylinders. A flow is described
by its velocity u = (u1,us,us) at time t and at a point x = (x1, x2,x3) in the
gap £2.

One introduces dimensionless reference quantities for length, wvelocity,
time, and pressure, which are all directly adapted to the model, and one
defines r; = R;/(Re — Ry1), i = 1,2, and the Reynolds number A\ =
Riw(Re — R1)/v, where w is the angular velocity of the interior cylinder
and where v denotes the kinematic viscosity. Then the dimensionless velocity
u satisfies the Navier—Stokes system
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Figure I11.2.6

a—quu+)\(u~V)u+)\Vp:0 in {2,

ot
divu=0 in £,

(II1.2.92) L[
u(zy,wo,23) = — | 1 for \/x? + 22 =1y,
r

! 0
u(zy, e, 73) =0  for /2?2 + 23 = 1.

Here p denotes the (unknown and dimensionless) pressure, and Au =
(Auy, Aug, Aug), where A is the scalar Laplacian, and the operator u-V =

o) o) o)
U1 +Uzg,; + usg.- acts on each component of u.

There is a stationary solution (ug,po) for all A > 0, the so-called Couette
flow, given by
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€2

ol r3 N

_ 2 _ a2 2

w(z1,72,73) = 5——5 | 5 — x1 |, r=/z7+ 235,
ra—ri \r

0
111.2.93
( : 2 m 2 212
- 1 (r3 —p7)
po(r1,22,73) = | —5 ) —————dp.

_ 3
Ty =T P

T1

That flow does mot depend on the axial variable x3 and it is rotationally
symmetric in the following sense: Let

cosp —sinp 0
(I11.2.94) T, = | sing cose 0], € [0,2m],
0 0 1

denote the rotation in the (x1,x2)-plane about the angle .
Then

(II1.2.95) up(Tyx) = Tyoup(x), po(Tex) =po(x) for all Ty,.

The velocity profile decays monotonically from (I11.2.92)3 at r =1y to zero at
r =rq. It is what one expects. (System (II1.2.92) and its solution (1I1.2.93)
are usually given in cylindrical coordinates.)

FExperiments, however, show that for angular velocities w greater than
some critical value wy, i.e., for Reynolds numbers \ greater than some Ao,
the Couette flow is no longer observed but a new stationary flow appears.
This flow is also rotationally symmetric in the sense of (II1.2.95), but it de-
pends also on the axial direction x3. As a matter of fact, it is periodic in that
direction with a well-defined period. It is called the Taylor vortexr flow. The
trajectory of any single particle is a closed spiral and all spirals form tori
stacked one on top of the other, with opposite orientations.

From a mathematical point of view this organization of a new flow can
be described as a bifurcation. To be more precise, it is a “symmetry-breaking
bifurcation,” since the symmetry (=constancy) in direction xs is broken. Fur-
thermore, an exchange of stability takes place, which means that the Couette
flow loses its stability, whereas the Taylor vortices are stable, at least for
angular velocities w > wq that are near wy.

In order to prove this scenario one makes the ansatz u = ug + v, p =
po + qin (111.2.92), yielding for stationary v,

—AV+A(v-V)ug + (ug - V)v] + A(v-V)v+AVg =0 in 2,
(II1.2.96) divv =0 in £,
v=0 forr=r;,
i =1,2, where r = \/x? + x%. Furthermore one requires a rotational symme-
try, i.e.,
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(I11.2.97)  v(Tyx) = T,v(x), ¢(Tyx) = q(x) for all T, in (IT1.2.94).

The restriction (II1.2.97) is motivated by experiments and mathematically
Justified by the following: The Navier—Stokes system (II1.2.92)1 2 is equivari-
ant with respect to the entire orthogonal group O(3), whence it allows sym-
metric solutions in the sense of (II1.2.95), (I11.2.97).

Obviously system (II1.2.96) has the trivial solution v =0 and ¢ = 0 for
all parameters X\, and it is the goal to detect a bifurcation from the trivial
solution line. However, there is an obstruction to the application of all com-
mon bifurcation theorems, namely the unboundedness of the domain §2. The
linearization of the operator (II1.2.96)1 2 at (v,q,\) = (0,0, \) has the prop-
erties of an elliptic operator including its drawbacks caused by an unbounded
domain: The crucial Fredholm property is no longer granted and the spectrum
is no longer necessarily discrete.

Ezperiments suggest to restrict problem (II1.2.96) to wvector fields (v,q)
that are periodic in the azial direction x3. Then the domain {2 can be restricted
to a section D having the height ps of one period, i.e., the problem is reduced
to a bounded domain.

A crucial question arises at this point: Which period is physically correct?
Recall that the period of the Taylor vortices is not imposed but organized by
itself. We discuss that deep question later and we describe briefly the steps
to prove bifurcation.

The starting point is an orthogonal decomposition of the Hilbert space
L?(D)? into the closure of divergence-free (solenoidal) vector fields Z and the
gradient of scalar functions: L?(D)? = Z ® Z*. Let P : L?(D)? — Z denote
the orthogonal projection along Z*. If P is applied to (II1.2.96);, then the
gradient of the pressure is eliminated, since PVq = 0. On the other hand, if
Pf = 0, then f = Vq for some ¢ € H* (D). We define

(II1.2.98) F(v,A\) = —PAv + AP[(v-V)ug + (uo - V)v] + AP(v - V)v.

The operator F (-, \) is given a domain X C Z, which is a closed subspace
of the Hilbert space H*(D)3. It consists of solenoidal vector fields satisfying
homogeneous Dirichlet boundary conditions on the cylinders. Furthermore,
all vector fields in X have the symmetry (I11.2.97) and they are restrictions
of vector fields on {2 that are periodic in the azial direction x3 with a period
p3, which is the height of the segment D. Then

F:X xR —=Z is continuous,
F(0,\)=0 forall A€eR, and
problem (II1.2.96) is reduced to
F(v,\)=0 for (v,\)eXxR.

(I11.2.99)

It is known that —PA : X — 7Z is bijective and continuous, whence it has a
continuous inverse K : Z — X. Since the linear operator L(ug)v = (v-V)up+
(ug-V)v is continuous from H*(D)? into L*(D)3, and since the embedding
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X C HY(D)? is compact, the operator KPL(ug) : HY(D)?> — HY(D )
compact. For DyF(0,\) = —PA 4+ APL(uyg) the relation DyF(0,\)v = f
feZ, veXisequivalent to (I+ MKPL(ug))v = Kf forv € H (D)".
prooffollowmg (I11.1.10) shows that

DJF(0,)\): X > Z

(II1.2.100) is a Fredholm operator of index zero.

Thus problem (I11.2.99)s allows the application of the (local) bifurcation the-
orems presented in this book. First of all, one has to find some \g > 0 such
that DyF(0, \g) has a nontrivial kernel. This amounts to the solution of the
linear problem

—AV+ MN[(v-V)ug+ (ug- V)V] +XoVg=0 in £
divwv=0 in (2,
v=0 forr=r;i=1,2,

)

(I11.2.101)
v(Tyx) = Tyv(x), ¢(Tyx) =q(x) for all Ty in (II1.2.94),
V(I17I23 xs3 +p3) = V(Ila 'I271:3)7
Q(-T17-T2a x3 +p3) = (Z(-Thl'% x?))'

If (v,q)(x1,22,23) is a (nontrivial) solution of (II.2.96), (II1.2.97), or
(I11.2.101), then for all numbers a € R the function (v,q)(z1, 2,23 + a)
is a solution, too. In order to obtain a one-dimensional kernel one fixes the
“phase” in the axial direction by the following additional restrictions (which
can be satisfied by solutions of (II1.2.96), (II1.2.97), and (II1.2.101) due to
the corresponding equivariance of the systems):

'1)1(.’1717.'1727 )_U1($1;$2;$3)7
(I11.2.102) Va1, T3, ~g) = va (w1, T2, 3),
U3(I17I27 ): 71}3(1”171’271:3)7

q( T, 3?27—3?3) = q(33179€27333)-

An analysis of (II1.2.101) yields a one-dimensional kernel of DyF (0, \g) for
some \g > 0 depending on the chosen period ps. To be more precise, there are
infinitely many such parameters \j, j € NU{0}, but for physical reasons only
the smallest value Ao is of interest. Furthermore, excluding a countable set of
periods ps for which degeneracies could occur, zero is not only a geometrically
simple eigenvalue of DyF(0,)\y), but also “simple” in the following sense:
Define A = —P A, which is self-adjoint and positive definite as an operator
A : Z — Z with domain D(A) =X, and define M = PL(ug) and its formal
adjoint M* as operators M, M* : Z — Z with domains X, respectively. If for
voeX, Wi €Z,

NI+ XA~M) = span[vo],
(I11.2.103) NI+ MM*A~1) = span[w§], then
(Yo, W§)o # 0.
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By (A~'Mv,w)o = (v, M*A~tw)y for all v € X, w € Z, the vector V¢ is
not in the range R(I+ \gA~tM).

The “simplicity” (II1.2.103) implies the nondegeneracy (1.5.8)s of Theo-
rem 1.5.1: Let

Vi =AW, e X. Then

N(DyF(0, X)) = N(A + X\oM) = span[vg],
N((DvF(0,X0))") = N(A + A\oM*) = span[vg],
0 # (Yo, W()o = —Ao (A~ Mvg, W§)o

= —)\Q(M\A’mA_lVAVé)O

= 7AO(D\2,)\F(03 AO)‘}Oa‘}s)(%

(I11.2.104)

whence D2, F(0,\o)Vo & R(DvF(0,)o)).

Thus Theorem 1.5.1 is applicable to F(v,\) = 0 at (0, o), and by some
numerical evidence a supercritical pitchfork bifurcation takes place at (0, \g).
The bifurcating curve {(v(s),A(s))} through (v(0),A(0)) = (0, Xo) yields via
u(s) = ug + v(s) Taylor vortices for Reynolds numbers A(s) > Xo. The two
parts of the pitchfork give vortices having opposite orientations.

As mentioned before, experiments suggest a “Principle of Exchange of
Stability,” which means that the Couette flow is stable for Reynolds numbers
A < Ao, that it is unstable for X > Ao, and that the supercritically bifurcating
vortex flow is stable.

Linearized stability of a stationary solution (v, \) is true if the spectrum of
D F(v, ) is in the right complex half-plane. On the other hand, if DyF(v, \)
has an eigenvalue in the left complex half-plane, then (v, \) is unstable; cf.
[115]. (Note that the time-dependent Navier—Stokes system is of the form
‘é—;’ = —F(v, ). By the definition (I11.2.98) of F, the spectral properties of
DyF (v, \) imply also the stability properties of u = ug + v as a solution of
(I11.2.92).) The Couette flow ug is stable for 0 < X < Ao if the real parts of all
eigenvalues of DyF (0, ) are positive for all 0 < X\ < \g. Assuming that zero
is the only eigenvalue of DyF (0, o) with vanishing real part, the stability of
the Couette flow and of the vortex flow for A > g is determined by the critical
eigenvalue perturbation of DyF(0,)\) and of DyF(v(s),A(s)), respectively.
These perturbations are studied in Section 1.7 under the assumption that zero
is a simple eigenvalue of DyF(0, o) = A+ oM. This means that (Vo,V{)o #
0, where the vectors vo and V§ are defined in (I1I1.2.104). However, to our
knowledge, only the simplicity of the eigenvalue zero of A~*DyF(0, \g) = I+
MATIM, e, (Vo,W5)o = (Vo, AVy)o # 0, has been shown in the literature;
of. (II1.2.103).

Let u(A\) denote the simple eigenvalue perturbation of DyF(0,\) for X near
Ao- Then p(Xo) =0, and by (1.7.34) and (II1.2.104) we obtain 1’ (Ao)(Vo, V§)o
= —(Vo,AV{)o/ Ao # 0. (This does not prove (Vo,V)o # 0, since the eigen-
value perturbation is valid only in case of (Vo,V§)o # 0.)

If sign(Vo, v§)o = sign(vo, Av§)o, then the Couette flow becomes unstable for
A > Ao, and in view of the results of Section 1.7 the supercritically bifurcating
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vortex flow is stable; see Figure 1.7.3. However, this exchange of stability has
not yet been rigorously proved.

Some more remarks have to be made:

Stability in this context means stability under perturbations in the class
of velocity fields having the same symmetries and the same periodicity in the
axial direction xs. This notion of stability is more restrictive than physical
stability under any perturbation.

The crucial open problem, however, is the choice of the axial period ps of
the Taylor vortices. Whereas a fixed period is imposed in the mathematical
analysis, the period is organized by itself in reality. Thus the question of the
physically relevant period cannot be answered by the approach described previ-
ously. However, there is some plausible attempt at a solution: Since the bifur-
cation point (0, \g) depends on the period ps, i.e., Ao = Ao(p3), one assumes
that the period p3c, where Ao = Ao(p3.c) is minimal, is a correct period,
at least at the bifurcation point. Note, however, that the function \o(ps) is
obtained only in the class of vector fields (v,q) having rotational symmetry
and the prescribed period ps; cf. (II1.2.101)45.

A different approach to understanding the pattern formation of the Couette—
Taylor model is an analysis of the Navier—Stokes system (II1.2.92) in the
unbounded domain 2 without a fized periodicity in axial direction x3. A new
pattern appears only if the Couette flow ug loses its stability as a station-
ary solution of (II1.2.92). The critical threshold X = A, where a loss of
stability takes place, is determined by the Principle of Linearized Stability,
which means that for X = A, the linearization at ug has eigenvalues on
the imaginary axis and that the rest of the spectrum is in the stable (positive)
half-plane. A Fourier analysis in the unbounded azial direction x3 determines
the critical unstable modes. Assume that the loss of stability is caused only by
an eigenvalue zero with eigenfunctions defining one single critical mode ke,
or a critical period pey = 27 [ker in the x3-direction. (Obviously Aer < Ao.c,
where Ao,c is the minimal value of A\o(ps) described above. If Aoy = Ao, then
Der = P3,c under the foregoing assumption.) Under more generic assump-
tions one finds for X > Ao (nontrivial) stationary solutions of (1I1.2.92)
near (0, \er), which have azial periods in intervals around p... These inter-
vals shrink to p.. as A tends to \., and they are determined by the unstable
modes for A > A.. These solutions represent Taylor vortex flows, but it seems
to be hard to select a single period in these intervals that is physically relevant.
This is another open stability problem.

The method is briefly described as follows: Since system (I111.2.92) for sta-
tionary fields u is “reversible,” the x3-axis can play the role of a “time axis.”
Using a “center manifold,” system (II1.2.92) for stationary u with X\ near A.,
is reduced to a four-dimensional system of “amplitude equations,” which are
put into “normal form.” This method detects also classes of bounded station-
ary solutions, which are not periodic in the direction x3, but, for instance, are
quasiperiodic or “homoclinic.” For details we refer to [17] and to the litera-
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ture cited here. We mention only the origins [114] and [139], where elliptic
problems in unbounded cylinders are treated in this way. Somehow related to
this method is the use of the “Ginzburg-Landau Equation” as a “Modulation
Equation;” cf. the survey [140].

In experiments, Taylor vortices are observed only in a specific regime of
Reynolds numbers beyond a critical value ... If that parameter, i.e., if the
angular velocity of the interior cylinder, reaches another critical value, a
secondary bifurcation to a so-called wavy vortex flow takes place. That flow is
no longer stationary but time-periodic such that the bifurcation is of the type
of a Hopf bifurcation. However, due to the complexity of the mathematical
model, this bifurcation has not yet been rigorously proved.

This is not the end of the story: One has experimentally found a large
“z00” of different flows, one bifurcating from another at characteristic values
of the Reynolds number, which, in general, depends also on the angular ve-
locity of the exterior cylinder. Opposite directions of rotations of the interior
and exterior cylinders yield interesting flows. In particular, a wavy vortex
flow can bifurcate directly from the Couette flow. The experimental results
are listed in [17], [80], for instance. Many of the flows are mathematically
understood to a certain extent.

There is another prominent model in fluid dynamics, namely the so-called
Bénard model. A viscous fluid in the gap between horizontal planes moves by
convection when the lower plane is heated. Experiments show that the convec-
tion creates flows forming regular patterns: one observes, for instance, strips
(rolls) and hexagons. These and more patterns are mathematically detected
as stationary flows bifurcating from a basic trivial state.

I11.3 Free Nonlinear Vibrations

Another class of nonlinear problems to which many of our local bifurcation
theorems apply is given by the nonlinear wave equation. We discuss the one-
dimensional case in detail and give the extensions to higher dimensions in
Remark III.3.4.

The one-dimensional wave equation for scalar u = wu(t,z) with (¢,x) €
R x R is
(I11.3.1) Ut — Ugy = g(u),

where g : R — R is some smooth function. As usual, we assume ¢(0) = 0, so
that we have the trivial solution u = 0. Its linearization at u = 0,

(I11.3.2) Ut — Uz — ¢'(0)0 =0,
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has nontrivial solutions

v(t,z) = el @Hka) provided that
(ITL1.3.3)
k? —w? —¢'(0) = 0.

These solutions are periodic in ¢ and in z. We try to answer the following
question:

Do any of these doubly periodic solutions persist in a perturbed form for
the nonlinear equation, at least for small amplitudes?

Following P. Rabinowitz [152], we call nontrivial solutions of (II1.3.1) free
vibrations. We treat this as a bifurcation problem.

We assume that the periods in time and space are locked and that they
are perturbations of the periods of the linearized equation: After a rescaling
t—t/\, x — x/A\, we obtain the problem of small-amplitude solutions of

Ut — Uge = A2g(u)  for X near 1

(IT1.3.4) with fixed periods 27 /w in time and 27 /k in space.

The locked periods serve as a hidden bifurcation parameter A for (IIL.3.1).
Actually, we consider the following generalization (after another rescaling,
we can assume w.l.o.g. that the period in space is 27):

Utt — Ugx — C()\)u = g(ta Z,u, )‘)a
(I11.3.5) u(t+ P,x) = u(t, x),
u(t,z + 2m) = u(t, z),

or instead of periodicity in space, we impose homogeneous Dirichlet or Neu-
mann boundary conditions,

(I11.3.6)

The period P in time is a period of the linearized problem (a linear period)
and will be specified later. The function ¢ : R — R is in C*(R, R), the function
g :R* — R is sufficiently smooth and satisfies

g(t,2,0,\) = gu(t,2,0,\) =0,
(I11.3.7) gt + P,x,u, N) = g(t,z,u, A),
g(t,x + 2w, u, \) = g(t,z,u, \),

and in case of homogeneous Neumann boundary conditions (I11.3.6)s,

9x(t,0,u, N) = g, (¢, m,u, A) =0

(IIL.3.8) for all (t,z,u, \) € RY;

cf. also (II1.3.20) below. We define
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(IIL.3.9) Nt z) = glt, 2, ult, 2), \)

and consider
(II1.3.10) Ut — Uz — (M) u — G(u, \) =0

in an appropriate function space that incorporates the periodicities and
boundary conditions.

For the special case (I11.3.4) we assume simply ¢g(0) = 0, ¢’(0) # 0, and
we write it as ug — Uzr — A29'(0)u = A?(g(u) — ¢'(0)u). Then all assumptions
(II1.3.7), (I1L.3.8) are satisfied and c(\) = A?¢/(0) is nontrivial. Note that a
rescaling of solutions of (II1.3.4) yields solutions of (IIL.3.1).

Remark IT1.3.1 When written as a first-order system,

Ut =0,

I11.3.11 N
( 3 ) Ut = Ugy + C()‘)u + g(u7 )‘)’

the nonlinear hyperbolic PDE (II1.3.10) can be considered to be an infinite-
dimensional Hamiltonian system, provided that g does not depend on t.

We give the formal arguments, confining ourselves to the boundary con-
ditions (I11.8.6);. Let X = H?*(0,7) N H3(0,7) and Z = L*(0,7). Then
a solution (u,v) of (III.8.11) defines a trajectory (u,v)(t) in X x X wvia
[(u,0)(@®)](z) = (u(t,x),v(t,x)), solving the parameter-dependent evolution
equation

(I1.3.12) %(:D N (L()\)u jr) i(u, A)) = F(u,v,A)

in Z x Z with L(A\)u = Ugy + c(Nu.
We define a Hamiltonian
H: XxXxR—=>R by

1 T 1
H(u,v,\) = i(L(/\)%U)O Jr/ G(u, N)dx — 5(1},1})0,
(I11.3.13) 0

where (, o is the scalar product in Z = L*(0, ),

G is a primitive such that Gy (x,u, \) = g(z,u, \),
and G(u, \)(z) = G(x,u(x), \).

Then the gradient of H with respect to the scalar product ( , )o on Z x Z
(cf. Definition 1.5.1) is
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L ~
v(u7v)H(u7 v, )‘) - < ()\)U j_vg(u7 )\)

for (u,v,A) € X x X xR, and

>€Z><Z

(I11.3.14) 01
F(u,v,\) = (I O) V) H(u,v,\) or F = JVH,

0—-1 LX) 0 _
D(u,v)F(OaO7)‘0) = <I 0) (0 _I> = J By,

by gu(x,0,\) = 0; ¢f. (II1.5.7)1. Now, L(X\o) : Z — Z with domain of defini-
tion D(L(X\o)) = X has the eigenvalues c(\g) —n?, n € N, so that

(I11.3.15) Ao = Diu) F(0,0, %) = J By has
3. the eigenvalues i, = £+/c(Xo) — n%, n € N.

Therefore, Ay has infinitely many (discrete) eigenvalues on the imaginary
axis, and Ay does not generate a holomorphic semigroup. Apart from that
obstruction, the infinitely many purely imaginary eigenvalues could be “al-
most resonant,” a phenomenon that gives rise to “small-divisor problems”;
cf. Remark II1.3.2 below. Therefore, a Lyapunov Center Theorem like The-
orem I.11.4 cannot be proved for the monlinear wave equation (1I1.3.10)
or (III.3.11). Nonetheless, some of the problems are overcome by methods
of KAM Theory in [25], for example, providing time-periodic solutions of
(I11.5.10) of small amplitude for a frozen parameter X, i.e., in the spirit of a
Lyapunov Center Theorem.

The appropriate function spaces for treating (I111.3.10) with the periodic-
ities (II1.3.5) or boundary conditions (I11.3.6) are the following:

X = {ult,x) = 332 o Tnl o chne™ T F M oy = T,
lull% = 220 - oo Zome— o lekn[* (K2 + n?) < oo},

X ={ult,z) =370, >0 Crnsin kxel Fnt, Ch,—n = Chkn,

(I11.3.16)
|lul|% as above }, or

X ={u(t,z) =30 0 >on o Ckn COS kxetFnt, Chk,—n = Chkn,

|lull3 as above }.

Using Fourier analysis, it is not difficult to prove the alternative definitions
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X = {u € W22((0, P) x (0,27))|u(0,2) = u(P, x),
ut(0, ) = ue(P, ), u(t,0) = u(t, 2m), uy(¢,0) = uy (¢, 2m)}
with equivalent norms ||ul|x, ||u|2,2,

X = {u € W22((0,P) x (0,7))|u(0,z) = u(P,z),
(IT1.3.17) u(0,2) = ug(P, w),u(t,0) = u(t,7) =0}, or

X ={ueW?>?((0, P) x (0,7))|u(0,2) = u(P,z),
ut(0,2) = ug (P, x), uy (t,0) = u,(t,7) = 0},

for all t € (0, P),z € (0,27), or z € (0, 7), respectively.

All spaces X are Hilbert spaces with norm || || x or || |2,2. (Since C?([0, P]x
[0,27]) and C2([0, P] x [0, 7]) are dense in the spaces W22((0, P) x (0,27))
and W22((0, P) x (0, 7)), respectively, the conditions on u on the boundary of
the respective rectangles are extended from C?-functions to W?22-functions
by approximation. One could also say that the boundary condition on the
Lipschitz boundary holds in the sense of the “trace” of W?2-2-functions on the

boundary.)
The wave operator acts as follows:
A = ugp — g = 33 cpn (K2 — Fn?)pp(x)el !
(IT1.3.18) _
for u € X with pg(x) = e, sinkz, or cos k.
We define
(I11.3.19) A: X -5 X with D(A)={ue X|[Aue X} =Y

and A acting as in (I11.3.18).

Since A : X — L?(Q) is continuous and X C L?(Q) for @ = (0, P) x (0,2m)
or @ = (0, P) x (0,7), it follows immediately that A as defined in (II1.3.19)
is a closed operator.

Endowing Y = D(A) with the graph norm (||u||% + || Au||/%)'/?, we obtain
a Hilbert space Y, and A : Y — X is obviously continuous.

Next, we show that the nonlinear mapping ¢ (see (II1.3.9)) can be de-
fined on X x R. Since the rectangle @ is in R?, the Sobolev space w2 2(Q)
is a Banach algebra: Let u € W2%(Q) C C(Q) and D = 2 or D = Z.
By u € C(Q), the element §(u,)\) is in C(Q) C L*(Q) and Dg(u,)\) =
9t (1, A) + Gu(u, \) Du or Dg(u, A) = Go(u, X) + gu(u, ) Du € L*(Q), too, since
Ge(u, N), G (u, N, Gulu, \) € C(Q) and Du € L*(Q). For each second deriva-
tive we obtain D?g(u, \) = gs(u, \) +29¢0 (u, \) Du+ gy, (u, \) D?u or the same
expression with ¢ replaced by x. Since Gyt (u, A), Gru(t, N)y Gaox(t, N)y Gou(u, A),
Gu(u, \) € C(Q), and Du, D*u € L?*(Q), we end up with D?j(u, \) € L*(Q).
This proves g(u,\) € W22(Q), provided that v € W%2(Q). Furthermore,
(u, A) = g(u, \) is a continuous mapping from W?22(Q) x R into W22(Q).
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The space X is also defined via periodicities and boundary conditions; cf.
(II1.3.17). By assumptions (II1.3.7)2 3, the periodicities of u in time and space
are preserved for g(u, A). By (II1.3.7);, the homogeneous Dirichlet boundary
conditions of u imply the same boundary conditions for §(u, A). Finally, for
D,g(u, N) = o (uy A) 4 Gu(u, A) Dyu, assumption (II1.3.8) implies that G(u, A)
satisfies homogeneous Neumann boundary conditions, provided that u sat-
isfies them. This proves that (u, ) — §(u, A) is a continuous mapping from
X x R into X for all three cases (I11.3.17).

(Since spaces of C2-functions satisfying the Dirichlet or Neumann bound-
ary conditions in space are dense in X, all the above proofs can be carried
out for classical derivatives. The extension to weak derivatives follows then
by approximation.)

Finally, Dy,g(u, \)v = gu(u, A\)v for all u,v € X, and by assumption
(I11.3.7)4,

§:X xR— X isin CY(X x R, X),
D,g(0,\) =0 for all A € R, if

g(u, A) is defined by (II1.3.9) and if
g, 9u € C*(R%,R).

The functional-analytic setting of problems (I11.3.5), (IIL.3.6) is the fol-
lowing: Solve

(I11.3.20)

F(u,\) =0 for (u,A\) € Y xR, where
F:Y xR — X is defined by
(I11.3.21) F(u,A) = (A= c(A)Du — g(u, A),
FeCY xR, X),D,FeCY xR, L(Y, X)),
Dy F(0,)\) = A—c(\)I = A(\).

For all three realizations of X, the mapping F(-,A) : ¥ — X defines a
potential operator with respect to the scalar product ( , )o of L?(Q); cf.
Definition 1.3.1. We give the potential:

flu,\) = %((A —e(N)u,u)g — / G(u, \)dt d,
(I11.3.22) where G (t,x,u, \) = g(t, x, u, /\)Qand

G(u, \)(t,x) = G(t, z,u(t,z), ) for (t,z) € Q,
(u,\) €Y xR, Q= (0,P) x (0,27) or Q@ = (0, P) x (0, 7).

The Fredholm property of D, F'(0,A) = A — ¢(M\)I is crucial. In contrast
to families of elliptic operators L(\) studied in Sections III.1, I11.2, the hy-
perbolic family A(A\) = A —¢(M\)I has the Fredholm property only for specific
values of ¢(A). For ¢(\) in a complementary set the properties of A — ¢(\)]
might change dramatically; cf. Remark I11.3.2 below.

In view of (II1.3.18), we define for fixed \g € R,
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4 2
S = {(k,n)|k2 - %rﬂ — (M) =0

CZxZ, NxZ,or (NU{0}) x Z;

(I11.3.23)

cf. (TI11.3.16). Then

N(DyF(0, X)) = {u(t7x) = > Cknwk(z)eiz};”t}

(k,n)esS
and 0 < dim N(D,F(0,)\)) < o0 &
S () is a finite set.

(I11.3.24)

First of all,

4 2
S#0& kg — %ng —¢(Ao) = 0 for some (ko, no)
(II1.3.25) orn
& P = 0 = Py is a linear period.
kg — c(Xo)

Here we exclude the case ng = 0 or k3 — c¢(\g) = 0. If g does not depend on
t, then a special class of solutions of (I111.3.5), (IIL.3.6) is given by stationary
solutions of
Uz — c(N)u = g(z,u, \),
u(x + 27) =u(x) or
u(0) =u(r) =0 or
uz(0) = uy(m) =0,

(I11.3.26)

which are one-dimensional elliptic problems and are treated with methods
described in Section III.2. Parameters Ao where bifurcation for (I1I1.3.26) is
possible are characterized by k2 —c(A\g) = 0 for some ko € NU{0}. Here we as-
sume that the linear period Py in (II1.3.25) is well defined by a nonstationary
element ug € N(D,F(0,)o)); i.e., ng # 0 and k3 — c¢(\g) > 0.

Fixing the period P = Py, we see that the so-called characteristic equation
defining the set S is

(I11.3.27) ngk® — (kg — c(Xo))n® — nge(Ao) = 0.

The (nonempty) solution set S of (II1.3.27) depends on ¢(\g) in a sensitive
way: If ¢(Ag) is irrational, then S = {(£ko,£ng)} or S = {(ko,*£no)}. In
this case, the kernel N(D,F(0,\g)) is 4- or 2-dimensional, respectively, but
the behavior of D, F (0, \g) on its complement is hard to control; cf. Remark
II1.3.2. In particular, we cannot prove the Fredholm property of D, F(0, o)
if ¢(Ao) is irrational.

Therefore, we assume that c(Ao) =2 € Q, ¢ €N, p € Z\{0}.

In this case, the characteristic equation becomes a Diophantine equation

(I11.3.28) noq’k* — (kg — pg)n® = nipg # 0,



I11.3. FREE NONLINEAR VIBRATIONS 295

whose solution set S is characterized as follows:

S # () is a finite set <

(I11.3.29) ¢?k3 — pqg = r? for some r € N.

For a proof we refer to most books on elementary number theory, where one
can find (II1.3.29) in sections about Pell’s equation.
It is of interest that the set

— E 21.2 _ 2
(I11.3.30) A= {q|q ky — pq = r* for some (ko,7) € Ng x N}
is dense in R (Ng = NU {0} or N),

which means that the set of rational values of ¢()\g) such that the kernel
N(D,F(0,X)) = N(A — ¢(Xo)I) is finite-dimensional for some linear period
P, is dense in R.

We call a rational number in A admissible. The linear periods for which a
rational number is admissible are rational multiples of 27r. In this sense they
are locked to the period in space, (II1.3.5)3, or to the boundary conditions
(II1.3.6).

Let ¢(Ag) # 0 be admissible for a period Py and let (k,n) ¢ S. Then

4n?
‘]{12 — P—O2n — C(/\())‘
1
(I11.3.31) = ngqg‘n8q2k2-—(q2k3 — pg)n® —-n3PQ‘
0
22,2 2.2 2
= k* — - ‘ > 5 o
2 ‘noq r’n® — nipq| > o
and for o
fta)= 3 dipr(@)e ™ € X,
(k,m) &S |
ut,z) = S crnpr(z)e’ "™ with
(kn)€S )
4
(II1.3.32) Chn = din/ <k2 — %712 - C(/\O)> is in X,
0

it solves Au — ¢(M\g)u = f, and by

Au = c(Mo)u+ f € X we obtain u € Y = D(A).

This proves that the closed orthogonal complement of N(D,F(0,\)) with
respect to the scalar product ( , )o of L?(Q) is the range of D,F(0, o),
ie.,

(I11.3.33) X = N(DyF(0, X)) ® R(D,F(0, ).

In order to complete the list of all hypotheses of our various bifurcation
theorems we prove that
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(I11.3.34) 0 is an isolated eigenvalue of D, F(0, \o)
- with algebraic multiplicity n = dimN (D, F (0, Ao)).

By (III1.3.31) we obtain for all (k,n) € Zx Z (or Nx Z or (NU{0}) x Z) and

for u € C,

42

K-
-

n? —c(Xo) — u’
(II1.3.35)

. 1 1
> min 4 [u, w2 lul ¢ for 0 < [u| < w2

so that the argument of (II1.3.32) proves that

1
(I11.3.36) {u 10 < || nng} is in the
resolvent set of A — ¢(\g)I = D, F(0, \o).

Corresponding to the isolated eigenvalue 0 of D, F(0,\g) = Ay there exists
a generalized closed eigenspace Ey C X such that Ag € L(FEy, Ey) with
spectrum o(Ap|g,) = {0}. Since the operator Ag = A — ¢(Ao)I is symmetric
with respect to the scalar product ( , )x defining the norm || | x in
(II1.3.16), the spectral radius of the bounded operator, Ag|g, is given by its
norm. This implies Ag|g, = 0 and Ey C N(Ag) C Ey, which proves (I11.3.34)
(see also (III1.3.33)).
We assume that the function

(II1.3.37) ¢(\) s strictly monotonic near A = A.

Then the eigenvalue 0 of Ag = D,F(0,\g) = A — ¢(Ao)I perturbs to the
eigenvalue p(A\) = ¢(Ag) — ¢(A) # 0 of D, F(0,\g) = A— (NI for X # N, so
that according to Definition I1.7.1, zero is a locally hyperbolic equilibrium of
D, F(0, ) for all A € (Mg — 8, Ag) U (Ao, Ao + d), and the crossing number of
the family D, F(0,A\o) at A = Ao through 0 is =+ dim N (D, F (0, Ag)), which

is nonzero. Note, however, that the crossing number is always even.

Remark I11.3.2 By (II1.3.20) the operator F defined in (II1.3.21) also sat-
isfies

. _ 72
asss X xR Z=I%Q),

FeC(X xR,Z), D,F € C(X xR, L(X, Z)).

One might ask why we lift it to F : Y x R — X. The reason is that
D,F(0,)\) € L(X, Z) is not a Fredholm operator even if c(\o) is admissible
for some Py. We show that

Z = N(DuF(0,0)) & R(DuF (0, No)),

(I11.3.39) but R(D,F(0, o)) is not closed.
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Define f € N(D,F(0,)0))* C Z asin (II1.3.52), . If the Fourier series of f is
finite, then the function u defined in (II1.3.32)y is in X, and D, F (0, \o)u =
f € R(D,F(0,))). The set S = {(k,n)[n3¢?k?> — r®>n® = 0} is infinite,
and SN S = 0. Define f € N(D,F(0,X))" C Z by a Fourier series with
infinitely many modes (k,n) € S. The function u defined in (II1.3.32); is
then uw = —c(X\o) " f, u g X if f ¢ X, and in this case f & R(D,F(0,)\)).

If ¢(Mo) is not admissible but rational, we have an infinite-dimensional
kernel N(DyF(0,)Xo)). None of our abstract bifurcation theorems allows an
infinite-dimensional kernel, so that we cannot treat that case. If ¢(N\g) is ir-
rational, we have a 4- or 2-dimensional kernel, and the analysis of (II11.3.52)
yields formal solutions of D, F(0, \o)u = f for all f € N(D,F(0,\))*. Al-
though the denominators in (I11.8.32)s do not vanish, they cannot be con-
trolled as in (II1.3.31). As a matter of fact, depending on a “degree of
irrationality” of ¢(X\o), the absolute values of the divisors (I11.3.32)3 become
arbitrarily small, and Au—c(N)u = [ is a typical “small-divisor problem.” In
KAM Theory, specific values for ¢(Ng) are distinguished for which the divisor
can become arbitrarily small but in a controlled way. A “rapidly convergent”
Fourier series can then overcome the deficiency caused by the divisors. The
set A of (II1.3.30) can be considered as a subset of admissible sets in KAM
Theory.

In order to solve F'(u, \) = 0 defined in (I11.3.21), we apply various of our
abstract bifurcation theorems. Before doing this, we mention that another
“lift” of F provides classical solutions of (II1.3.5), (II1.3.6): Define for X as
in (I11.3.17),

7 o7
= 4,2 _ .
(IT1.3.40) X+ =X 10 {“ € W(Q)|55u(0,2) = mu(P,x), ) 273}
endowed with the Sobolev norm || 4,2

Then the wave operator A of (I11.3.18) defines a closed operator A : Xy — X4
with D(A) = {u € Xy|Au € X4} = Vi, and § of (II1.3.20) satisfies g :
X4 x R — X, with all properties listed in (II1.3.20), where X is replaced by
X4, provided that g, g, € C*(R* R). Consequently, F(u,\) = (A—c(\))u—
g(u, \) defines a mapping F': Yy x R — X, that has the same properties as
F:Y xR — X. By embedding X; C C?(Q), all solutions (u,\) € Y3 x R of
F(u, \) = 0 are classical solutions of (I11.3.5), (II.3.6). For simplicity, we stay
with the setting F': Y x R — X. (Note that this “lifting” to gain regularity
differs from a “bootstrapping” to prove regularity for elliptic problems.)

II1.3.1 Vartational Methods

Our most general results are given by the application of Theorem II1.7.3. Note
that all its hypotheses are satisfied for F': Y x R — X.
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Theorem I11.3.3 If ¢(\g) # 0 is admissible for a linear period Py, and if
(II1.3.37) holds, then (0, ) € Y X R is a cluster point of nontrivial solutions
(u,\) of (II1.3.5), (IIL.3.6).

Together with the observation (II1.3.30), we obtain the following result:

If ¢ : R — R is globally strictly monotonic,

then the cluster points {(0,A\0)} C Y xR
(II1.3.41)  of nontrivial solutions (u, A) of (II1.3.5), (I11.3.6)

for some period P = Py depending on g

form a dense set in {0} x R.

We mention that we cannot apply Theorem I1.4.4 in order to provide con-
nected sets of solutions: Since the cardinality of the solution set S of (I11.3.28)
is 0 (mod 4) or 0 (mod 2), the dimension of N(D,F(0, o)) always yields
even crossing numbers by (II1.3.37). (Note, however, the results (II1.3.46),
(I11.3.47), below.)

For ¢(A) = A and for nonlinearities g that do not depend on A, Theorem
1.21.2 and Corollary 1.21.3 are applicable: If Ay # 0 is admissible for a linear
period Py, then there exist at least two solutions (u(e),A(¢)) € ¥ x R with
|lu(e)|lo =€ and A(e) — Ao as € \, 0. (Here || ||o is the norm in L?(Q).)

If g(t,x,—u) = —g(t, z,u), Corollary 1.21.3 gives at least n pairs
(£u(e), A(e)) € Y x R of solutions with |[u(e)|lo = € and A(e) = Ao as € \, 0,
where n = dim N (D, F (0, A\o)).

If (IT1.3.5) is autonomous, i.e., if g does not depend on ¢, then with each
solution u(t, x), all phase-shifted functions Spu(t,z) = u(t + 6, x) are again
solutions. Let g(z, —u) = —g(x, u). Then speaking of n pairs of solutions does
not make much sense, since a phase shift creates a continuum of infinitely
many solutions. Let us consider the “orbit of u” {£Spu|d € R} to be one
element. How many solutions has (I111.3.5), (II1.3.6) with an odd nonlinearity
9= g(gj7 u)?

The critical points of the potential f (cf. (II1.3.22) for A = Xg) on the
manifold M. (cf. (1.21.22) in the proof of Theorem 1.21.2) are obtained via
a “minimax method” using families of subsets of M. whose “genera” are
bounded from below. (We cannot go into the details here, but we refer to
[118], [150], [110].) The minimax method gives critical values, and different
critical values yield clearly different critical points. If »+1, say, critical values
are equal, then a theorem about multiplicities tells that the genus of the set
of critical points at that level is at least r 4+ 1. The genus of an orbit is 1 or 2,
depending on whether it has two components or one. Using the subadditivity
of the genus, we obtain the following result: Let Ag # 0 be admissible for the
period FPy. Then
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Upp — Ugy — AU = g(amu),
u(t + Po,x) = u(t,x),
with boundary conditions (II1.3.5)3 or (I11.3.6)
and g(:l?, 7”) = —g(aj’7u),
has at least m different solution orbits ({+Spu(e)}, A(e))
with ||u(e)|lo = € and A(e) — Ao as € \, 0,
where 2m = dim N (D, F(0, \g)) = dim N(A — \o1);
of. (IIL.3.18).

(I11.3.42)

I11.3.2 Bifurcation with a One-Dimensional Kernel

The high-dimensionality of the kernels N(D,F(0,\)) can be reduced to
dimension one as follows: Let ¢(Ao) = £ # k? for all k € NU{0} be admissible
in the sense of (II1.3.30); i.e., ¢(Ag) € A. Then it is admissible for all periods
2mnoq/r = Py such that pg = ¢*kZ —r? for (ko,r) € Ny x N. Obviously, there
are only finitely many such pairs (ko,r) € Ny x N. Choose r; maximal among
all solutions of pg = ¢*k% — 2. Then P = 2mq/r; is the minimal period for
which ¢(Ao) = £ is admissible and

S1 = {(k,n)|k2 — 4Pl12n2 —c(Xo) = 0}
= {(£ko, £1)} or {(ko, £1)}.

(I11.3.43)

By definition of P, the characteristic equation in (I11.3.43) is ¢*k? — r?n? =

pq. By assumption on ¢(Xg) = s # k2, a solution (k,0) is excluded. If there

were a solution (k,n) with n > 1, then r = nr; > r1 and pg = ¢?k? — r?

would contradict the maximal choice of 1. This means, in view of (II1.3.24),
that
if P; is the minimal period
(IT1.3.44) for which ¢(\o) = P + k? is admissible, then
q
dim N (D, F(0, X)) =4 or 2.

The kernel is 4-dimensional if ky # 0 and if we impose periodic boundary
conditions (II1.3.5)s. In the cases of the homogeneous Dirichlet or Neumann
boundary conditions (I11.3.6), the kernel is 2-dimensional.

The reduction to one-dimensional kernels is possible if

g(—t,z,u, N) = g(t,x,u, \),

and in case of periodic boundary conditions, additionally
g(t, —z,u, \) = g(t,x,u, \)

for all (t,z,u,\) € R%.

(I11.3.45)
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When the wave equation (II1.3.5); with the boundary conditions (II1.3.6)
is restricted to the function space {u € Y|u(—t,z) = u(t,z)}, then

N(D,F(0, X)) = span[sin kox cos ?D—Tlrt] or
(I11.3.46)
N(D,F(0,)\)) = span[cos kox cos QP—Tt].

In case of the boundary condition (II1.3.5)s, i.e., in case of periodicity in
space, we restrict problem (II1.3.5) to the subspace {u € Y|u(—t,z) =
u(t,z), u(t,—x) = u(t,z)}, and then

(I11.3.47) N(DyF(0, o)) = span]cos ko cos ).

By (I11.3.33), the number 0 is an algebraically simple eigenvalue of the
operator D, F(0,\) = A — ¢(Ao)I, and the nondegeneracy (1.5.3) of The-
orem I.5.1 is satisfied if ¢/(\g) # 0. We obtain a nontrivial solution curve
{(u(s),A(s))|s € (=6,0)} through (u(0), A(0)) = (0, \p) and

u(s)(t, ) = spp, (x) cos 2=t + o(s),
(I11.3.48) ()(t:) o(z)cos )
where ¢, () = cos ko or sin koz.

The Bifurcation Formulas of Section 1.6 are applicable with projection
Qu = (u, o, oo, where 0g(t,x) = apg, () cos %—ft, so that ||0g|lo = 1. Here
( , )oand | |o denote the scalar product and the norm in L?(Q) with
Q =(0,P;) x (0,27) or Q = (0, Py) x (0,7), respectively.

We give an example: Consider

uttfumf)\u:uzwithE:QOr?),

(TI1.3.49) periodicity (I11.3.5)s, or boundary conditions (II1.3.6).

Then the value A\g = 24 is admissible for the linear periods Py = 27 and
Py = 27/5. Since a function with period 27/5 also has period 2, the solutions
of the characteristic equation for Py = 27/5 also yield solutions of the char-
acteristic equation for Py = 2, that is, (£5,£1), (£7, £5) or (5, £1), (7, £5).
These solutions give 8- or 4-dimensional kernels, respectively, and for £ = 2,
Theorem 1.21.2 provides at least two different 2m-periodic orbits ({Spul}, A)
near (0,24). For £ = 3, Corollary 1.21.3 guarantees at least four different
2m-periodic orbits ({£Spu}, A) near (0,24) in case of periodic boundary con-
ditions in space.

When we restrict the period to the minimal period 27/5, then the char-
acteristic equation has only the solutions (£7,+1) or (7,+1). In the spaces
of even functions in time, and also in space in case of periodic boundary
conditions, Theorem I.5.1 provides a curve of solutions {(u(s),A(s))|s €
(—0,9)} of (IT1.3.49), where u(s)(t,z) = scos Tz cos5t + o(s) or u(s)(t,z) =
ssin 7x cos 5t+o(s). Note that in view of the autonomy of equation (II1.3.49),
all phase-shifted functions wu(s)(t46, x) are solutions, too, and in case of peri-
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odic boundary conditions, we can also allow any phase shift in space, namely,
u(s)(t,x + &£). Note that for £ = 3, Corollary 1.21.3 does not give more than
two different 27 /5-periodic orbits.

Finally, the Bifurcation Formulas of Section 1.6 determine the local shape
of the bifurcating curve {(u(s), A(s))|s € (=9, )} of (II1.3.49). By

27 /5
/ cos®5tdt =0, we obtain for £ = 2,

O .
(Dqu(O, Ao)[’LA}(), 170]7 f{o)o = 07 whence )\(0) =0.
For ¢ = 3, we obtain A\(0) = 0 by D? F(0,\) = 0.

(I11.3.50)

Note that (II1.3.50) holds in the cases of periodic, Dirichlet, or Neumann
boundary conditions. Evaluation of formula (I1.6.11) for A(0) is more involved.
We give only the results:

For £ = 2, we obtain A(0) > 0;

351 A
(I11.3.51) for £ = 3, we have A(0) < 0,

so that in all cases, (IT1.3.49) gives rise to pitchfork bifurcations at \g = 24
that are supercritical for ¢ = 2 and subcritical for ¢ = 3; cf. Figure 1.6.1.
Whereas by oddness, the pitchfork is obvious for ¢ = 3, it is surprising for
¢ = 2, since one would expect a transcritical bifurcation. (In case of Dirichlet
boundary conditions, the computation of )\(0) for ¢ = 2 is not easy.)

By (I11.3.34), the algebraic multiplicity of the eigenvalue 0 of D, F(0, \o) is
not larger than its geometric multiplicity, which means that 0 is semisimple.
In case (IT1.3.44), when the assumptions (II1.3.45) allow us to reduce the
bifurcation of P;-periodic solutions of (II1.3.5), (II1.3.6) to a one-dimensional
kernel, the eigenvalue 0 of D, F'(0, \g) is algebraically simple. Therefore, the
analysis of Section 1.16 about Degenerate Bifurcation is applicable. We give
an example:

Upt — Uzz — Ao + (N2 — &)u = u?
(II1.3.52) with periodicity (I11.3.5)s,
or boundary conditions (II.3.6).

Let Ao # k? be admissible, i.e., A\g € A (cf. (I11.3.30)), and let P; be the
minimal period for which A\g is admissible. Then the analysis of P;-periodic
solutions for (II1.3.52) is precisely the same as for (II1.2.24): The solutions
{(u,A\)} of (I11.3.52) near (u,\) = (0,0) are sketched in Figure II1.2.1 for
different values of € near 0. (By Lyapunov—Schmidt reduction, every solution
(u, A) near (0,0) is of the form (II1.3.48), and there is a one-to-one correspon-
dence between solutions (u, A) of (II1.3.52) near (0,0) and solutions (s, A) of
&(s, A) near (0,0), and Figure II1.2.1 shows the solution sets {(s,A)}.)

If 0 is an algebraically simple eigenvalue of D, F'(0, \g), then it perturbs to
an eigenvalue u(s) of D, F(u(s), A(s)) according to the Principle of Fxchange
of Stability stated in Theorem 1.7.4. However, the sign of u(s) has nothing
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to do with the stability of wu(s) considered as a time-periodic solution of
an evolution equation, namely, the nonlinear wave equation (III.3.5);. The
“energy” of (I11.3.5); with boundary conditions (III.3.6), e.g.,

1 ™ U .
(IT1.3.53) 5/ u? +u? — c(Nude — / G(u, \)dz,
0 0

for autonomous G(u, \)(x) = G(z,u(x), ) with Gy (z,u,\) = g(x,u, ), is
constant along any solution of (II1.3.5);, (II1.3.6). This provides nonlinear
stability for stationary solutions wg if ug is a strict local minimizer of the
functional | g .
(I11.3.54) 3 / u? — e(ANude — / G(u, N)dz,

0 0
i.e., if its second derivative (its “Hessian”) is positive definite (cf. the remarks
in Section 1.7 after (1.7.3)). If ug is a nonstationary periodic solution, however,
this stability analysis fails.

Remark IT1.3.4 It is interesting and instructive to extend the analysis of
this section to the two-dimensional analogue of the one-dimensional wave
equation, namely,

(II1.3.55) use — Au — e(Nu = g(t, z,u, A),

where u(t, x) is defined on Rx 2, 2 C R2. The Fourier analysis is completely
analogous if 2 = (0,7) x (0,7), and we end up with a characteristic equation
of the form

(I11.3.56) A3 (kK* + %) — Bon® = Cy,

where Ag, By, and Cy are integers with Ag # 0, By > 0. Classical results from
number theory show that an indefinite quadratic ternary form like (I11.3.56)
has either no solution or infinitely many solutions [12]. This means that
there is no admissible set (II1.3.30) with the property (II1.3.29) in this case.
(For ¢(Mo) € Q, the same obstructions arise as for the one-dimensional wave
equation.) Consequently, we are not able to treat (II1.5.55) over the square
2 =(0,7) x (0, 7).

However, if we replace the square by the unit sphere S*> C R and “A” by
the Laplace—Beltrami operator, the analysis of this section is applicable: Here
the characteristic equation is again a binary form

(IT1.3.57) A2k(k 4+ 1) — Bon® = Cy,

for which an admissible set A with the property (I11.8.29) can be defined.
Moreover, for the nonlinear wave equation (I11.3.55) on the sphere, and when
¢(Xo) is an integer, not only do we find small-amplitude solutions, but we

obtain global and unbounded branches of free vibrations (in the sense
of Theorem II.5.8).



I11.3. FREE NONLINEAR VIBRATIONS 303

There is another new feature of the wave equation on the sphere: By the
rich symmetry of S%, we can distinguish solutions by their precise spatiotem-
poral patterns. In order to discover these patterns systematically, they are
classified via subgroups of 0(2) x 0(3), which leaves [0, Py] x S? invariant
(by periodicity, [0, Py] is identified with S*). In this way we discover local
and global branches of so-called standing waves, which are characterized
by a fized spatial symmetry while oscillating periodically in time. We find
rotating waves, which correspond to rigidly rotating patterns. Finally, we
get discrete rotating waves: Unlike rotating waves, these patterns do not
rotate rigidly but rather reappear in rotated form at regular fractions of the
period. All these results are found in [61], where all types of waves are also
illustrated by their nodal lines. For convenience, we give some examples in
Figure I11.3.1-Figure II1.3.3.

Figure II1.3.1 Standing Waves.

(These methods apply also to nonlinear wave equations on the spheres S™
for n > 3. The eigenvalues of the Laplace—Beltrami operator are given by
k(k+mn—1), so that the characteristic equation is always a binary quadratic
form. An exploitation of symmetry, however, for 0(2) x 0(n) is much more
involved.)
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However, for 2 C R? a square and an equilateral triangle, the nonlinear
plate equation

(II1.3.58) upe + A%u — c(N)u = g(t, z,u, \)

on R X 2 is amenable to our method; see [72], [13]. Here the characteristic
equations are of the form

A3(k? + %)% — Bon? = Cy for the square,
(I11.3.59)
AR(K* + 02 — k0)? — Bon? = Cy for the triangle,

allowing us to define admissible sets A having the property (I11.3.29). Ac-
cordingly, we find free vibrations bifurcating from (0, \g) whenever ¢(\g) € A.
Due to the symmetries of 2, we distinguish solutions by their spatiotemporal
symmetry of any subgroup of 0(2) x D4 and 0(2) x D3. We find standing
waves and discrete rotating waves having the properties described previ-
ously for waves on the sphere. On the triangle we discover a new family of
solutions that we call spatiotemporal reflection waves: A rigid pattern
reappears in reflected form after half the period. In [72], [73] all types of waves
are sketched by their nodal lines.

The analysis for the plate equation on the square as well as on the equila-
teral triangle depends on the fact that the eigenvalues and the eigenfunctions
of the Laplacian with homogeneous Dirichlet boundary conditions are well
known. It is worth mentioning that the embedding of the square into the
square lattice and the embedding of the triangle into the hexagonal lattice
as expounded in Section II1.1 is crucial for that analysis.

Figure II1.3.2  Rotating Wave.



II1.3. FREE NONLINEAR VIBRATIONS

Figure I11.3.3  Discrete Rotating Wave.

Finally, rotating waves having spatial symmetries of the sphere, and dis-
crete rotating waves having spatial symmetries of the square and equilateral
triangle, cannot be solutions of an evolution equation that is of first order in
t. If a periodic solution has some spatial symmetry for some fized time, then
the fized-point space of its isotropy subgroup (of the entire isotropy group of

the domain) is invariant for all times t. Therefore, the spatial pattern cannot
rotate.

305
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111.4 Hopf Bifurcation for Parabolic Problems

A fully nonlinear parabolic problem with homogeneous Dirichlet boundary
conditions is of the form

up = G(V2u, Vu,u,2,\) inRx 2, \eR,

(I11.4.1) v =0 onR xaN,

where u = u(t, x) is a scalar function of time ¢ € R and of space x € 2 C R™.
Problem (II1.4.1) is well posed only if initial values u(0, ) are prescribed, i.e.,
if it is an initial-boundary value problem. For mathematical and physical
reasons, solutions of (II1.4.1) exist only for positive time, in general, but
special classes, such as periodic solutions, are defined for all times ¢ € R.
If G(0,0,0,2,A) = 0 for all (x,\) € 2 x R, we have the trivial solution
u = 0 for all A\ € R, and we provide nontrivial periodic solutions via Hopf
Bifurcation. -
If G € CFHH (R x R™ x R x 2 x R,R) for k > 1, then for
(111.4.2) F(u, \)(z) = G(VZu(z), Vu(z), u(z), 2, \),
cf. (I11.2.3), the Fréchet derivative at (0, \) is given by
D, F(0,\)h =
(I11.4.3) D onjm1 @i (@, Mgy + 300 bij (2, by, + (2, AR
=L(\)h; cf. (II1.2.7).

Assume that for some A\ = Ao the operator L()\g) is elliptic in the sense
of (II.1.1). When considered as an operator L(X\g) : L*(£2) — L*(£2) with
domain of definition D(L(X\o)) = H?(£2) N Hj(£2), it is a Fredholm operator
of index zero having a discrete spectrum of eigenvalues of finite (algebraic)
multiplicity; cf. (II1.1.12), (II1.1.38). (We assume that 2 C R™ is bounded
and that 0f2 has the properties such that the results of Section III.1 are
applicable. Furthermore, for a reasonable spectral analysis the spaces of this
section are complexified, though all operators are real.)

The bilinear pairing of Z = L2(£2) = Z' is explicitly given by

(I11.4.4) (u, v) :/quda:,

and the conditions (I1.8.5)—(1.8.7) for Hopf Bifurcation are satisfied if
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iko(# 0) is a simple eigenvalue of L(\g)
and of its adjoint L(Ao)* according to (III.1.2),
with eigenfunctions g, ¢§ € D(L(Xo)), respectively,

(IIL.4.5) / cowl dz = 1, and
(9]

Re/Q(L,\()\O)cpo)cpS dx # 0; cf. (1.8.44),

where Ly(Xg) is defined in (II1.2.8)5.
By the results of Section III.1, in particular (I11.1.40), these spectral con-
ditions are the same for the operators

L(Xo) : LP(£2) — LP(£2),
(LX) = W2P(2) N W, P(2), 2 < p < o0,

>

(I11.4.6) N
L(X) : C*(R2) — C*(%2),
D(L(X\o)) = C?*(2) N {ulu = 0 on 912}.

In other words, it is sufficient to check the spectral properties (I11.4.5) for
L(\) in its Hilbert space representation in order to know them for all repre-
sentations (I11.4.6).

Setting Lo = L(\g) = Dy, F(0,)\y), we see that the crucial property for
proving Hopf Bifurcation is that

d
Jo=rol —Ly:YNE W
(IIL.4.7) 0= o

is a continuous Fredholm operator of index zero,

provided that the nonresonance condition (I1.8.14) holds. The spaces Y, E, and
W are defined in (1.8.11) for Z = LP({2) or Z = C*(92) and X = D(Lg) =
W2P(2) N Wy P(2) or X = C>*(2) N {u|u = 0 on AN}, respectively.

The Fredholm property (I11.4.7) is proved in Proposition 1.8.1 under
the assumption that Ly generates a compact holomorphic semigroup. We
give now some details about the generation of semigroups of the operators
(I11.4.6).

For some ¢ > 0, the operator Lo — ¢l : H?(Q2) N H(2) — L*(92) is
bijective; cf. (IT11.1.8). This means that ¢ € R is in the resolvent set of Ly :
L?(02) — L*($2), and by (II1.1.40), it is also in the resolvent set of Lg :
LP(2) — LP(2) and of Lo : C%(£2) — C*(£2). This observation implies the
a priori estimates

lull2p < cpllLovllop + llullo.p)

for all u € W2P(02) N WyP(£2),¢, >0, 2 < p < o0,
(I11.4.8)

[ull2,0 < calllLoullo,a + [[u]lo.a)

for all u € C%(2) N {u|u =0 on 9N}, cy > 0.
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By the famous trick of Agmon [2], the elliptic a priori estimates in LP({2)
imply the following estimates of the resolvent of Ly:

For z € ¥ = {z € Cllargz| < § +0,|2| > R}
with some suitable § > 0, R > 0,
(I11.4.9)
[2lllullop < Cpll(Lo = zD)ullo,p
for all u € W2P(2) N Wy P (£2).

When the same trick is applied in C*(£2), one obtains (see [166], [88], [90])

that _

for z € X and u € C**(2) N{u|u = 0 on 2},
(IIL.4.10)

[2lllullo.o + 2"~/ [[ullo.o < Call(Lo — 2D)ullo.a,

where || [|o.0 denotes the maximum norm in C(£2). Counterexamples show
that (II1.4.10) cannot be improved; cf. [166]. In any case, the sector X' is
in the resolvent set of Ly, and the estimates (II1.4.9), (II1.4.10) imply the
existence of the family of operators

1
(III 4 11) 6L0t = 2— GZt(ZI — Lo)_ldz for t > 0,
o ™ Jox

in L(Z,7) for Z = LP(2) and Z = C*(12).
Whereas e°" is a holomorphic semigroup in L”(£2) generated by Lo (see
86], [142], [170], for example), it is not a holomorphic semigroup in C(§2)
in its usual sense. Note that D(Lg) = C**(£2) N {ulu = 0 on 92} is not
dense in C({2). Nonetheless, the family elo! € L(C%(£2),C%(£2)) defined
by (II1.4.11) has similar properties to those of a holomorphic semigroup for
t > 0, but it has a singularity at t = 0:

leXotullo.0 < Mae®t=/?||ul|o.q for t >0,

(111.4.12) ||6L0tu||0,0 < MaedtHUHO,om

with some M, > 0,d € R, and for all u € C*(02);

cf. [166], [88], [90]. In both cases, definition (II1.4.11) implies that elotu €
D(Ly) for t > 0 and u € Z. Since D(Ly) is compactly embedded into Z, the
semigroup e’°? is compact for ¢ > 0.

Therefore, Proposition 1.8.1 is applicable to Lo : Z — Z with Z = LP(£2)
and D(Lg) = W2P(2) N WHP(£2), which means that under the assumptions
(II1.4.5) and (1.8.14), the Fredholm property (I111.4.7) holds.

For Z = C*(f2) and D(Lg) = C>*(22) N {uju = 0 on 812}, however,
the proof of Proposition 1.8.1 fails for the following reason: If f € C’gw(R, Z)
for some 8 > «/2, then the solution of Jou = f given by (1.8.23) is only
in CP=(@/2(R, X) N CHP=(2/2(R, Z), in general (the Holder exponents j3
in time and « in space are not necessarily identical). Nonetheless, we make
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use of semigroups in C®(£2) in proving the regularity of bifurcating periodic
solutions; cf. (I11.4.20)—(111.4.22) below. See also Remark I11.4.2 for a different
treatment of a fully nonlinear parabolic problem.

For an LP-theory we have to confine ourselves to quasilinear parabolic
problems; i.e., the right-hand side of (I11.4.1) is of the form (II1.2.6). Since
W2P(0) c CY(02) for p > n, the quasilinear differential operator

G(V2u,Vu,u,x,\) =

n
ij=1

Qij (VU” U, T, )\)ux,wj + Q(VU, U, T, )\)
(I11.4.13)
defines via (I111.4.2), and by our assumptions on GG, an operator

F e CHL(W2P(02) N Wy P(2)) x R, LP(2)).

(For the local analysis of this section we need smoothness of F' only in a neigh-
borhood of the bifurcation point (0, A\p). Accordingly, the global smoothness
of G can be reduced to a;;,g € C*H(V x U x 2 x (A\g — 6, \o + ), R), where
V x U is an open neighborhood of (0,0) € R™ x R.)

Thus, for k > 2, assumption (I111.4.5) and the nonresonance condition
(1.8.14) imply the applicability of the Hopf Bifurcation Theorem (Theorem
1.8.2) to the evolution equation

du

I11.4.14
( ) i

F(u,A\) in LP(£2) for p > n.

Solutions of (I11.4.14), periodic or not periodic, are, by definition, not
classical solutions of the parabolic problem (I11.4.1). Note that d/dt means
the derivative of the trajectory u(t)(x) = u(t, ) with respect to the norm in
LP(£2). We show now that bifurcating 27 /k-periodic solutions of (II1.4.14) are
indeed classical solutions of the parabolic partial differential equation with
homogeneous Dirichlet boundary conditions.

In the sequel we fix A near A9 and consider a small-amplitude solution

ue Gyt (R, LP(2)) N Cy (R, W2P(2) N WP (2)) of (ITL4.14) for some
B8 €(0,1] and p > n.

By a continuous embedding W2?(£2) N Wy *(2) C (C*(2) N {ulu = 0

on 912}) for 0 < o < 1 — 2, the solution u is in ng/n(Rv Ch(£2)). We insert

u = u(t,z) into the quasﬂlnear operator G of (I11.4.13), and we define

L(t)h = ZZ]‘:1 agj (Vu, u, 2, A\)he, o),
f@t) =g(Vu,u,z,\), t € R,

(I11.4.15)

where we suppress the dependence on A. By the continuous differentiability
of a;; and g, the property u € Cer/n( ,C1(0)) implies

(111.4.16) aij, [ € CQW/K(R, c*(2), i,j=1,...,n.



310

CHAPTER III. APPLICATIONS

The assumed ellipticity of Lo = L(t) for (u,\) = (0, \) entails the uniform
ellipticity of L(t) (uniform with respect to ¢) for small amplitudes of u in
C1(02) and for A near )\g. Therefore, (I11.4.10) holds for each L(t) and

(IT1.4.17)

L(t) : C%*(2) N {uju = 0 on 902} — C*(2)
is bijective for all t € R.

In view of (I11.4.11), the properties (I11.4.16), (II1.4.17) imply that

(I11.4.18)

for each 7 € R there exists a semigroup
el on C(2) with estimates (I11.4.12), and
I(L(t) = L(7)) L™ (s)ullo.a < Clt =717 ullo,a

for all s,t,7 € R, u € C*(£2), with a uniform constant C' > 0.

With the aid of (II1.4.18), the construction of a so-called fundamental solu-

tion is accomplished in [162], [52], provided that the semigroups eL(

)t are

holomorphic without singularity at ¢ = 0. In the singular case (II1.4.12),
however, this construction still provides a fundamental solution, but having
weaker properties. We summarize the results of [90]:

Let Z = C*(R2) and X = D(L(t)) = C*>*(2) N {ulu = 0 on 9N} and
0 < a< f <1with a gap §— « that is sufficiently large (conditions on 5 — «
are found in [90]). Then for T" > 0,

(I11.4.19)

there is a fundamental solution U(t,7) € L(Z, Z),
which is continuous for 0 < 7 < t < T, such that

(t,TVU(r,s) =Ul(t,s) for 0<s <7<t <T,

i

Ut,T)ue X for 0<7<t<Tanduc€Z,
10 7Yl < Crlt = 7)o
VE)T(t o < Calt — 7)1/ fufo.
for0<7<t<T,s€l0,T],and u € Z,

%U(t, )= Lt)U(t,7)in L(Z,Z) for 0< 7 <t <T.

For our purposes, the following Variation of Constants Formula is useful:

(I11.4.20)

For f € C#([0,T], Z) and u(0) € Z
the function obtained by integration in Z,

u(t) = U(t,0)u(0) + /O U(t, s)f(s)ds,
is in C1((0,T),Z)NC((0,T], X), and

du - .
i L(t)u+ f in (0,T].
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(Actually, one can prove u € C?([e, T], X) for some 3 < B — (/2), but this is
not done in [90].) Using (I11.4.20), the regularity of bifurcating 27 /k-periodic
solutions of (I111.4.14) is immediate: By definitions (II1.4.15), every periodic
solution of (I11.4.14) satisfies

u(t) = U(t,0)u(0) —|—/0 Ult,s)f(s)ds in LP(£2)
with u(0) € W22(2) N W, P(2) c C*(1).

(I11.4.21)

Since f € C8([0,T],2) for Z = C*(R), cf. (I11.4.16), the function u €
Cfﬂ/H(R, C12(§2)) satisfies the same integral equation (IT1.4.21) in C(£2),
so that the regularity (I11.4.20) and periodicity of u imply

(RS 021 (R7 Ca(ﬁ)) N CQW/K(R7 027(1(@))5

/K
(111.4.22) u(t,x) =0 for t € R and z € 12, and

du

i F(u, \) holds in C*(£2).

Properties (I11.4.22) imply clearly that « = u(t, x) is a classical 27 /k-periodic
solution of (I11.4.1). As a matter of fact, the notion of a classical solution
requires less than (IT1.4.22). Note that d/dt means the derivative with respect
to the norm in C(§2). We summarize:

Theorem I11.4.1 Consider the evolution equation (II1.4.14), where the right-
hand side given by (II1.4.2) is quasilinear in the sense of (II1.4.13). Assume
the ellipticity of D, F (0, ) = L(\o), the spectral conditions (II1.4.5), and
the nonresonance condition (1.8.14). Then Theorem 1.8.2 on Hopf Bifurca-
tion is applicable to the evolution equation (II1.4.14) in LP(12).

The regularity (I11.4.22) implies that the bifurcating 2w /k-periodic solu-
tions are classical solutions of the parabolic problem (III.4.1).

Finally, we mention that the bifurcating curve {(u(r), A(r))} of 27 /k(r)-
periodic solutions through (0, Ag) with 27/x(0) = 27/ no is continuously dif-
ferentiable (with respect to r) in (Czﬂ/ﬂn (R, LP(£2 ))QCQW/K T)(R W2P(£2)))x
R and therefore, by continuous embedding for p > n, it is also contin-
uously differentiable in (C? (R, Ch(2) N {ulu = 0 on 9N2}) x R for

" 27 /k(r)
0<a<l—72.

Remark I11.4.2 The elegant treatment of Hopf Bifurcation using semi-
groups — an approach that mimics the finite-dimensional case by considering
the parabolic problem (II1.4.1) as an ODE (IIl.4.14) in a Banach space — fails
for fully nonlinear parabolic problems, since the Fredholm property (II1.4.7) is
not true for Z = C*(2) and X = C>*(2)N{ulu = 0 on d2}. The reason for
this failure is that the space W = C’2B7T(JR7 C*(92)) is not adequate: the Hélder
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continuity in space is superimposed by the Holder continuity in time, which is
more than just Holder continuity in the time-space cylinder [0,T] x 2 = Q.

The adequate spaces are given in [53], [121]. Using the notation of [121],
we see that the space H24/2T1(Qr) for some 0 < £ < 1 consists of func-
tions whose time derivatives up to order 1 are uniformly Hélder continuous
in time with exponent £/2 and whose space derivatives up to order 2 are uni-
formly Holder continuous in space with exponent £. These functions are also
uniformly Holder continuous with exponent ¢ in the time—space cylinder with
weighted distance |(z,t) — (z',t')| = (|lz —2'|> + |t — '|)Y/?; ¢f. [53]. Note that
no mized derivatives are involved.

We sketch how to prove Hopf Bifurcation for fully monlinear parabolic
problems using the parabolic reqularity in those Hélder spaces over the time—
space cylinder proved in [53], [121].

We know from Proposition 1.8.1 that for Jy : YN E — W with Y =
C;:B(R’ Lr(2)), E = ng(Ra W27P(Q)QWOLP(Q)): and W = ng(Rv LP(£2)),
the decomposition
(111.4.23) W = R(Jo) ® N(Jo)

holds; cf. (1.8.28). For B = £/2 there is a continuous embedding Hg;f/Q(R X
2) C W, where the subscript 21 denotes 27-periodicity in time. The parabolic
reqularity proved in [53], [121] applies then as follows:

Jou=f forueYNE,feHS R x 1)

74

=u€ H2:2’£/2+1(R x 2) N {ulu(t,z) =0 on R x 92}

(I11.4.24) 5
andnoa—lszou:f in R x 2

holds in the classical sense.

In contrast to the “infinite-dimensional ordinary differential operator” Jy =
Iio% — Lo, the operator Jy = Fc% — Ly is a genuine partial differential oper-
ator. A proof of (II1.4.24) is rather involved. Since N(Jy) = N(Jp) C Xy =
H§:2’€/2+1(R x ) N {ulu(t,z) =0 on R x 02}, analogous arguments as in
(III.1.22)—(II1.1.28) prove that for Z, = Hf;fp(Rxﬁ), the parabolic operator

0
— ko— — Lo: Xe = Z
Jo Kooy 0: Xy ¢

is a (continuous) Fredholm operator of index zero,
(I11.4.25)

and in particular, Z; = R(Jo) ® N(Jo)

with projection Q|z, : Z¢ — N(Jo) along R(Jp),

where Q is defined by (1.8.21) with duality (1I1.4.4).

(In view of (II1.4.23) an adjoint operator is not needed.)
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Let F be a fully nonlinear operator defined by (II.4.2). We rewrite

(I.4.1) by
gu _ F(u,\) in R x £,
(I11.4.26) ot

u=0 on R x 912,

and the usual rescaling in time yields 27 /k-periodic solutions of (II1.4.26),
provided that

Gu, K )\)En@—F(u A)=0
(II1.4.27) o ot ’

for (u,k,\) € Xp x RxR.

If G € CFFYRIA™ x R" x R x 2 x R,R), then G € C*(X; x R xR, Zy).

By D,G(0, k0, X0) = Jo and the Fredholm property (II1.4.25), the proof
for bifurcating nontrivial solutions of G(u,k,\) = 0 near (0, kg, \g) via the
method of Lyapunov-Schmidt follows precisely the lines of Section I.8. In
particular, assumptions (II1.4.5) and the nonresonance condition (1.8.14) are
sufficient to solve the bifurcation equation nontrivially; that bifurcation equa-
tion is of the form (1.8.84), or (1.8.38), since the projection @ has the same
structure as in (1.8.21); cf. (1I1.4.25).

In this way we can prove the existence of a nontrivial curve {(u(r), \(r))|r €
(=0,90)} of 2n/k(r)-periodic solutions of (II1.4.26) through (u(0),\(0)) =
(0, X) with 27/k(0) = 27/kg in (Hy! /3 (R x ) 0 {ulu(t,z) = 0 on
R x 812}) x R.

The Bifurcation Formulas derived in Section 1.9 hold accordingly. The
evaluation of (1.9.11) (with duality (I1.4.4)) is certainly nontrivial, since an
inversion of elliptic operators 2ikg — Lo and Lg is involved. If, however,
D2 F(0,)\) = 0, i.e., if the nonlinear part of F is at least of third order,
then the bifurcation formulas of Theorem 1.9.1 are much simpler.

Finally, the Principle of Exchange of Stability holds for nondegener-
ate as well as for degenerate Hopf Bifurcation for parabolic problems. De-
generate Hopf Bifurcation is expounded in Section 1.17: In this case,
the condition Reu/(Ng) # 0, cf. (II1.4.5)5, is replaced by Reu(™(\g) # 0
for some odd m € N. If in (II1.4.13) the coefficients a;; and the function
g are analytic with respect to their real variables (Vu,u, ), the quasilin-
ear operator F' defined by (II1.4.2) is analytic in the sense of (1.16.2) for
X = W?P(Q) N Wy P(2) and Z = LP(R2). Therefore, all results of Section
1.17 are applicable to the evolution equation (II1.4.14) in L?(f2). The Prin-
ciple of Exchange of Stability then says that consecutive curves of periodic
solutions ordered in the (r, \)-plane have opposite stability properties (in
a possibly weakened sense); cf. Theorem 1.17.6. Stability means, by defini-
tion, linear stability determined by the second nontrivial Floquet exponent.
If that Floquet exponent vanishes, then the Principle of Linearized Stability
fails; cf. Section 1.12. In case of a nondegenerate Hopf Bifurcation, however,
the second Floquet exponent is nonzero along a nondegenerate pitchfork, and
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the Principle of Exchange of Stability applies; cf. Theorem 1.12.2, Corollary
1.12.3, and Figure 1.12.1.

If the parabolic problem (III.4.1) is semilinear (defined in (II1.2.10)), then
as proved in [76], linear stability indeed implies nonlinear orbital stability.

I11.5 Global Bifurcation and Continuation for Elliptic
Problems

Whereas in Section III.2 we study local bifurcations for fully nonlinear ellip-
tic problems, we prove global results only for quasilinear elliptic problems,
namely,

G(V?u, Vu,u,z,\) =
(I11.5.1) szzl aij(Vu, u, 2, N g2, + g(Vu,u,z,\) = 0 in £2,
u =0 on 9f2.

Again {2 C R” is a bounded domain with a boundary 92 such that linear
elliptic operators have the properties provided in Section III.1. As usual, we
assume G(0,0,0,z,A) =0 for all (z,\) € 2 x R, so that we have the trivial
solution (0, A) for all A € R.

The ellipticity of problem (II1.5.1) is defined as follows:

Y ijm1 g (Vi 2, N)&i&5 > d(v, u, Mg

for all x € £2, £ € R", with some positive
and continuous function d : R® x R x R — R.

(I11.5.2)

Then d(v,u,\) > dgr > 0 for all (v,u,\) € R" x R x R such that ||v]|| + |u|+
Al < R.

We define X = C?*(2) N {ulu = 0 on N}, Y = CH*(), and Z =
Co(0).
If a;;, g and their partial derivatives with respect to (v,u,z) € R" x R x (7}
are in C(R™ x R x 2 x R, R), then

Lu, NVh =370 aij(Vu, u, 2, M hy,; satisfies
LeC(Y xR, L(X, Z)),
(I1L.5.3)
and g € C(Y xR, Z), where
Gu, N)(x) = g(Vu(z), u(z), z, \).

In case a;;j,g € C3(R" x R x 2 x R, R), the mapping
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F(u,\) = L(u, \)u + §(u, \) satisfies
FeC*X xR, Z) and
(IIL5.4) Dy F(u, Nh
= szzl aij(Vu,u, &, N gz, + >oiq bi(V2u, Vu, u, 2, A hy,
+ ¢(V2u, Vu,u,z,\)h for (u,\) € X xR, h € X.

Before we apply Theorem I1.5.8 to (IIL.5.1) in its form F(u,\) = 0, i.e.,
before verifying the conditions (I1.5.32) on F, we discuss the notion of an
odd crossing number of D, F(0,A) at A = Ag. An odd crossing number is
equivalent to a change of index i(F(-,A),0) at A = Ao, cf. (IL.5.34), and its
Definition I1.4.1 is here applied to the family

D, F(0,)\) = L(0,\) + D,g(0, \), where
(II1.5.5)  L(0, ) is given in (I11.5.3) and
Dyg(0,\)h =31 1 90,(0,0,2, \)ha, + gu(0,0,2, A)h.

For special families D, F'(0, A), an odd crossing number is easily verified;
cf. (I11.2.8), (II1.2.17), (II1.2.36). It is the crucial condition for local bifurca-
tion (Theorem I1.4.4) as well as for global bifurcation (Theorem I1.5.8).

If F is not of class C?, then Theorem I1.3.3 offers a way to obtain the same
global alternative as given by Theorem I1.5.8, provided that the problem
F(u,\) = 0 is converted into a problem for a compact perturbation of the
identity, that is, u + f(u, \) = 0; cf. Definition II.2.1. If this has been done,
then the crucial assumption is again an odd crossing number of the family
T+ D, f(0,)) at A= Xp.

The conversion of F'(u, A) = 0 to u+ f(u, A) = 0is not unique. Nonetheless,
one expects that the spectral properties of the families D, F(0,\) and I +
D, f(0,\) near A\ = Ao imply simultaneously an odd crossing number as
long as the problems F(u,A) = 0 and u + f(u,\) = 0 are equivalent. That
expectation, however, is not at all obvious, as a simple semilinear example
shows:

Assume that F(u,\) = Lu + g(u, A), where L is some elliptic operator
(independent of (u,\)) that is invertible and where g is given in (II1.5.3)4.
Then the following equivalence is obvious:

F(u,\) = Lu+ g(u,\) =0 for (u,\) € X xR <
(I11.5.6)
u+ f(u,\) =u+ L7g(u,\) =0 for (u,\) € Y x R.

(Below, we prove that f: Y x R — Y is completely continuous.) It is simple
to verify that 0 is an eigenvalue of D, F'(0, o) = L + D,§(0, \o) if and only
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if 0 is an eigenvalue of I + D, f(0,X\0) = I + L=1D,g(0, o), and that the
geometric multiplicities are the same. However, since L= and D, g(0, \o)
(given by (II1.5.5)3) do not commute in general, it is not clear whether the
algebraic multiplicities are equal, too. Consequently, it is open whether the
two families D, F'(0,\) and I + D, f(0,\) have simultaneously odd crossing
numbers at A = Ag. In particular, the computation of the crossing number
of the compact perturbation of the identity might cause problems if it is not
proved that it has the same parity as the crossing number of the original
elliptic family.

Having these difficulties in mind, we prefer to stay first with the original
formulation F'(u, A) = 0 of problem (IIL.5.1); cf. (IIL.5.3), (II1.5.4).

We verify the conditions (I1.5.32) on F.

First of all, F € C?(X xR, Z) if a;;,g € C3(R™ xR x 2 x R, R). Then the
coefficients a;;, b;, and ¢ of D, F(u, \) as given by (I11.5.4) are C?-functions of
their arguments, and by (II1.5.2) the linear operator D, F'(u,\) € L(X, Z) is
elliptic for all (u, \) € X xR. In view of Section III.1, this proves (i) and (ii) of
Definition I1.5.1. In order to verify condition (iii) of that definition we have to
replace F' by —F and accordingly D, F'(u, A) by —D, F(u, \). By the sectorial
property of elliptic operators as stated in (II1.4.9), (II1.4.10), the spectrum
of =Dy F(u, ) is in a sector {z € C| largz| < § —d} U{z € C| |z| < R} for
some 0 > 0, R > 0 depending only on the ellipticity d(v,u, A) > 0 in (I111.5.2),
on the norms ||a;;||o,a; ||billo,a;, [/¢llo,a of the coefficients of (II1.5.4), and on (2.
This proves that a strip (—oo, ¢) X (—ig, ie) C C for some ¢ > 0,e > 0 contains
at most finitely many eigenvalues of finite algebraic multiplicity; cf. (IT1.1.38).
Finally, a small perturbation of —D,, F'(u, \) by a small perturbation of (u, \)
in X x R entails a small perturbation of the eigenvalues of —D, F(u,\) in
a sector such that their total number in that strip is stable under small
perturbations.

The last property to be verified is properness. According to (II1.5.4), we
decompose F(u, A) = L(u, \)u + §(u, \). Let

F(un, A\n) = fn, where f, = fin Z

I11.5.7
( ) and {(un, An)} is bounded in X x R.

Without loss of generality, (\,)nen converges to A in R, and by compact
embedding, (u,)nen converges to w in Y. This, in turn, implies, by (IIL.5.3),

g(uTm)\n) — g(u, )\) in Z and

(ITL.5.8
) (L (tn, An) = L(u, A))tnllo,a < ellunll2,a < eM

for all n > ng(e). By (IIL1.5.7), (111.5.8),
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L(u, Nu, =
(111.5.9) (L(u; A) = (L(tn; An))tn = §(tn; An) + fr
converges to —g(u, \) + f in Z.

Since L(u, ) is elliptic, cf. (II1.5.2), injective, and therefore bijective by its
Fredholm property, the elliptic a priori estimate ||ty ||2,0 < Cr||L(u, N)unllo,as
with some constant Cr > 0 depending on ||ul|1,o + |A] < R, implies that
(un)nen converges to u € X. This proves properness and the admissibility
of F according to (I1.5.32). Therefore, Theorem II.5.8 is applicable to the
problem F'(u,\) = 0.

Next, we convert F(u, \) = 0 into a compact perturbation of the identity
u+ f(u,\) =0 in such a way that the crossing numbers of D, F'(0, A) and of
I+ D,f(0,)\) at some X\ = Ao have the same parity.

Choose a continuous function ¢ : R — R such that

9u(0,0,2,\) +¢(N\) <0

(IT1.5.10) _
for all (z,\) € 2 xR,
and define
(I11.5.11) L(u, N) = L(u, \) 4+ Dy (0, \) + ¢(A)1.

In view of (IIL.5.5), the lowest-order coefficient of the elliptic operator L(u, )
is nonpositive, so that by the maximum (and minimum) principle, L(u, \) €
L(X, Z) is injective. Its Fredholm property (cf. Section III.1) implies that it
is bijective. We claim that

1h]l2,8 < CA'RHI:(U,)\)hHO,B with some Cr > 0,

for all (u,A\) € Y x R such that |[ul|1,o + |\ < R,

and for all h € C?#(2) N {ulu = 0 on 92},
where 0 < f < < 1.

(I11.5.12)

Assume the existence of sequences (un)nen, (An)nen, and (hp)nen with
[unllt,a + [An] < R, ||hnll2,s =1, and

(I11.5.13) L(tin, Ap)hn — 0 in CP(£2) as n — oo.

By 0 < 8 < a <1 and a compact embedding, we can assume w.l.o.g. that
Up — w in C#(2) and A\, — X in R, whence

L(tn, Ap)h — L(u, )k in CP(12)

(IIL.5.14) N
uniformly for h € C2#(2) with [|h||2,5 < 1.

Therefore,
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L(u, N hy
= (L(u, A) = L(tn, An)) o + Lty An) i

(IIL5.15) _
converges to 0 in C#(02),

whence h,, — 0 in C*#(2) as n — o

by the elliptic a priori estimate (IIL.5.12); for the single operator L(u, \).
This contradicts ||y, |2, = 1 and proves (I11.5.12).

We convert F(u,\) =0 for (u,\) € X xR given by (I11.5.4); equivalently
into
u+ flu,A) =
(IIL5.16)  w+ L(u, A) " (§(u, A) — Dug(0, Nu — e(A)u) =0
for (u,\) €Y xR.

The mapping f : ¥ x R — Y is completely continuous: First of all, the
mapping (u, A) — g(u, \) — D,gG(0, \)u — ¢(M)u is continuous and bounded
from Y x R into Z, which, in turn, is continuously embedded into C#(£2) for
0 < 8 < a < 1. The identity (u A — L(a, A~ = L(a, \)“ML(a@, A) —

L(u, N)]L(u, \)~* together with (II1.5.12) and (II1.5.3),, where X is replaced
by C%8(2) N {ulu = 0 on 9N} and Z is replaced by C?(§2), proves that
f is continuous and bounded as a mapping from Y x R into C%7(12). Fi-
nally, bounded sets in C?#(§2) are relatively compact in Y, which proves the
complete continuity of f.

For the application of Theorem I1.3.3 we need also continuous differentia-
bility of f with respect to u along the trivial solution line {(0,A)}. This is
true if in addition to the conditions for (IT1.5.3), g € C(R, C?(V x U x £2)) for
a neighborhood V' x U of (0,0) € R" x R; cf. (I11.5.5) and (I11.5.17) below.
(This nomenclature means that the mapping A ~— g(,-,-,A) is continuous
from R into the Banach space C2(V x U x £2).)

The crucial condition for global bifurcation for the compact perturbation
of the identity u + f(u,A) = 0 is an odd crossing number of the family
I+ D, f(0,)\) at some A = \g. Since §(0,\) = 0, we obtain from (I11.5.16)

I+ Dyf(0,X) =1 —c¢(NL(0,A)~!, where by (I11.5.11),
(IIL5.17) L(0,\) = L(0,\) + Dy(0, \) + c(\)I =
DuF(0,\) + ¢(\)I; cf. (IIL5.5).
If 0 is an eigenvalue of D, F'(0, Ao), then by its definition (IIL5. 10) c¢(Ao) <0

and ¢(Ag) and 1/¢(\) are eigenvalues of L(0, Ag) and L(0, o) ™1, respectively,
of the same algebraic multiplicity; cf. (II1.1.38). Furthermore,
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w(A) is in the 0-group of D, F(0,)\) <
w(A) .
————~—— is in the O-group of I + D, f(0, A
(I115.18) 1) + eV sroup 10, %)
for A € (Ao — d, Ao + J) having the same
algebraic multiplicity in both cases.

In view of u(A) 4+ ¢(A) < 0 for real p(A) and for A € (A\g — d, Ao + §), provided
that § > 0 is small enough, this proves that

the family D, F'(0,\) has an odd crossing number
(IIL5.19)  at A=A &
I+ D, f(0,)) has an odd crossing number at A = A.

Before we summarize our results, we mention that for solution sets {(u, A)}
CY xR of u+ f(u,\) = 0, connectedness and unboundedness in ¥ x R are
equivalent to connectedness and unboundedness in X x R. (For a proof use
a “bootstrapping argument.”) By (II1.5.11), (II1.5.16) the solution sets of
F(u,A) = 0 and u + f(u,\) = 0 coincide. Theorem II.3.3 then yields the
following:

Theorem II1.5.1 Assume that the elliptic family L(0, \)+ D,g(0,\) defined
in (II1.5.5) has an odd crossing number at some X = X\o. If the functions a;;
and g and their partial derivatives with respect to (v,u,x) € R™ x R x {2
are continuous and if g € C(R,C*(V x U x 2)) for a neighborhood V x U of
(0,0) € R™ xR, then there exists a component C in the closure S of nontrivial
solutions of the quasilinear elliptic problem L(u, \)u+ g(u,\) =0 in X x R
emanating at (0, \g) and subject to the alternatives
(i) C is unbounded in X x R, or
(i) C contains some (0, 1), where Ag # A1.

Here X = C%%(02) N {ulu =0 on 082}.

In case of dim N (D, F(0,)9)) =1 =dim N(I 4+ D, f(0,Xo)), the applica-
tion of Theorem I1.5.9 gives the following refinement: C = CTUC~U{(0, \o)}
and each of C* and C~ either satisfies one of the alternatives (i) and (ii) or

(iii) contains a pair (u, A), (—u, A) where u # 0.

Under the assumptions (II1.2.8), the continua C* are locally given by
smooth curves {(u(s), A(s))|s € (0,6)} and {(u(s),A(s))|s € (=6,0)}. Glo-
bally, not much is known about C* in general. In Section II11.6 we provide
an example for the second alternative of Theorem II1.5.1. In Section II1.7 we
prove that C* are globally smooth curves parameterized by the amplitude
of u if C* are positive and negative branches emanating from the principal
eigenvalue. None of these results hold in general, but they require special
assumptions.

Remark II1.5.2 The key for the application of the Leray—Schauder de-
gree instead of the degree of proper Fredholm operators is the equivalence



320 CHAPTER III. APPLICATIONS

(I11.5.19), which, in turn, relies on the inversion of Ii(u, ). However, there
are elliptic problems with nonlinear boundary conditions that cannot be trans-
formed into a compact perturbation of the identity in an obvious way; cf. the
problems in nonlinear elasticity considered in [75] and in fluid mechanics
studied in [23]. In these cases the degree for Fredholm operators developed
in Section I1.5 is applicable, and Theorem I1.5.8 yields the same alternative
as Theorem I1.3.3. (If for physical reasons the mapping F' is not everywhere
defined, there is a third possibility, that C reaches the boundary of the domain
of definition of F.)

I11.5.1 An Example (Continued)

The Euler-Lagrange equation (II1.2.63) for the variational problem (II1.2.62)
gives rise to a bifurcation problem F. (v, m) = 0; cf. (II1.2.66), where the mass
m serves as a bifurcation parameter. The local bifurcation diagram for fixed
small € > 0 is sketched in Figure I11.2.5.

Here we have a one-dimensional kernel of D, F. (0, m?,),i = 1,2, cf.(IIL.2.77),
and the nondegeneracy (II1.2.80) implies an odd crossing number of D, F.(0,m)
at m=m! i=1,2;cf. (I1.4.27).

Due to the nonlocal term, it is simpler to transform F.(v,m) = 0 for
(v,m) € X% x R into a compact perturbation of the identity, namely, v +
fe(v,m) =0 for (v,m) € X x R, where

(I11.5.20) fs(u,m):fAflé <W’(m+v) W’(erv)d:z:).

2

Note that A : X2 — X2 is bijective due to the mean value zero; cf.
(IT1.1.35). The mapping f. : X x R — X< is completely continuous, and by
(II1.2.80) the family I 4 D, f-(0,m) = I — LW"(m)A~! has an odd crossing
number at m = mi, i = 1,2, since D, F.(0,m) = —eA + W”(m)I has an
odd crossing number at m = m?,.

The application of Theorem I1.3.3 then provides the existence of compo-
nents C,, ; € X2* xR in the closure S of nontrivial solutions of v+ f. (v, m) =
0 or of F.(v,m) = 0 emanating at (0,m?), i = 1,2. Since € > 0 is fixed in
that analysis, we suppress the dependence on ¢ in the notation C,, ;.

As remarked after (I11.2.82), the local bifurcating curve {(v(s), m(s))|s €
(—6,8)} through (v(0),m(0)) = (0,m!) decomposes into two components
{(v(s),m(s))]s € [0,6)} and {(v(s), m(s))|s € (=0, 0]}, which are transformed
into each other by the reversion (II1.2.82). These are the local components
defined in (I1.5.39), which are globally extended to Cf{’i and C,, ;; cf. (11.5.40).
Since those global components are transformed into each other by the re-
version (II1.2.82), too, we do not need Theorem II.5.9 in order to state the
following for ¢ = 1, 2:
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Cni= C;;i U C';,i u{(o, m%)}a

and each of CL and C,, ; is subject
(I11.5.21) oo e
to alternative (i) or (ii) of

Theorem III1.5.1.

In Section III.6 we show that C,, ; is bounded for i = 1,2, and that C,, ; each
connect (0,mL), (0,m2). Therefore, C, 1 = Cp 2, and by definition (I1.5.40),
C:{’i =C,,,; fori=1,2. (Note that C;l is connected to C, ; through (0,m3).)

I11.5.2 Global Continuation

Solutions (ug, Ag) of a quasilinear elliptic problem (I11.5.1) are possibly locally
continued by the Implicit Function Theorem (Theorem 1.1.1) and globally
extended via the Global Implicit Function Theorem (Theorem II.6.1). We
give the details.

As usual, X = C?2(2)N{ulu = 0 on 9N}, Y = CH*(N2), and Z =
C(92).

Let (ug, Ao) € X XR be a solution of (II1.5.1), and assuming ¢(0,0,z,0) =
0 for all € £2, we have w.l.o.g. (ug, Ag) = (0,0). Assume that ' : X xR — Z
as given in (II1.5.4); is continuous and has the regularity (I.1.3) of the local
Implicit Function Theorem. If a;;, g, and their partial derivatives with respect
to (v,u,z) € R x R x {2 are globally continuous, then F € C(X x R, Z);
cf. (IIL5.3). If in addition, g(-,-,-,0) € C*(V x U x 2) for a neighborhood
V x U of (0,0) € R® x R, then D,F(0,0) € L(X, Z) exists. If, moreover,
aij,g € C((=4,9), C*(V x U x £2)), then F has the regularity (I.1.3) of the
local Implicit Function Theorem near (ug, Ag) = (0,0). (The latter means
that the mappings A — a;;(-,-,-,A) and A — g¢(-,-,-, \) are continuous from
(—4,6) into the Banach space C?(V x U x £2).) Note, however, that according
to Remark I1.6.2, assumption (II1.6.2) can be reduced to (I1.6.2);. In other
words, the last assumptions on a;; and g are redundant.

Convert F(u,\) = 0 equivalently into the compact perturbation of the
identity u+ f(u,\) defined in (I11.5.16). Then the crucial assumption for the
application of Theorem II.6.1 is the following:

DuF(0,0) € L(X, Z) is bijective <
(I11.5.22)
I+ D,f(0,0) € L(Y,Y) is bijective.

Observe that D, f(0,0) € L(Y,Y) exists if D, F(0,0) € L(X, Z) exists.
In view of the ellipticity (II1.5.2), conditions (II1.5.22) are satisfied if

0 is not an eigenvalue of

111.5.23
( ) D, F(0,0) = L(0,0) + D,§(0,0); cf. (IIL5.5).
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Apply the Leray—Schauder degree to the compact perturbation of the
identity (I11.5.16) and observe that connectedness and unboundedness of so-
lution sets {(u, A)} € X x R of F(u,A) = 0 are equivalent to connectedness
and unboundedness of solution sets {(u,\)} C Y x R of u + f(u,\) = 0. If
F e C*(X xR, Z), cf. (I11.5.4), then apply the degree for Fredholm operators
to F. In any case, we obtain the conclusion of Theorem I1.6.1 for the solution
set of F(u,\) =0 in X x R. Note that C\{(0,0)} # 0 also if the regularity
of the local Implicit Function Theorem does not hold; cf. Remark I1.6.2.

In order to eliminate the second alternative of Theorem I1.6.1, we assume
that
(II1.5.24) L(u,0)u+ g(u,0) =0 implies u = 0.

In this case, the hyperplane X x {0} C X X R contains only the solution
(uo, Ao) = (0,0), so that the set C\{(0,0)} is not connected. Therefore, the
components CT,C~ of solutions of F(u,\) = L(u, \)u+ g(u,\) =0in X xR
are each unbounded. An a priori estimate like

L(u, N+ g(u,\) =0 =
(I11.5.25)
[u]l2. < C(A) for all A € R

implies the existence of solutions (u,\) € C for all A € R. In Section II1.6
we give explicit conditions such that (II1.5.24) holds; cf. Theorem IIIL.6.6.
In Section III.7 we investigate the asymptotic behavior of C for a special
problem: If the nonlinearity has a sublinear growth at infinity, then (II1.5.25)
holds.

Remark IT1.5.3 We consider global bifurcation and global continuation of
classical solutions of (III.5.1) under strong assumptions on the regularity
of the data, i.e., on the mapping G and on the domain 2. For general
bounded domains §2 and less-smooth functions G defining a semilinear el-
liptic problem of type (II1.2.10), the notion of a weak (or generalized) so-
lution is still possible. That definition, however, is apparently not adequate
for a global bifurcation or a global continuation analysis. In [7]] we over-
come this problem by a convenient formulation. As a matter of fact, a weak
solution (u,\) € C(£22) x R solves some problem u + f(u,\) = 0, where
f:0(02) xR = O(R) is completely continuous. This allows us to use all
techniques for local and global analysis expounded in Chapters I and II. The
conditions on the boundary 02 are very general: It suffices that every point
of 012 satisfy an exterior cone condition. Moreover, it is shown in [74] that
a positivity of weak solutions is globally preserved. We return to this in the
next section.
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I11.6 Preservation of Nodal Structure on Global
Branches

The global branches (continua) of quasilinear elliptic problems (IT1.5.1) em-
anating at (0, \g), where the linearized problem has an eigenvalue zero, are
unbounded or meet the trivial solution line at a different(0, \1); cf. Theorem
II1.5.1. In this section we show how to eliminate one alternative in order to
get much more insight into the global solution set of (I11.5.1).

The essential step is the separation of global branches via the nodal pro-
perties of their solutions. This idea was first carried out for nonlinear Sturm-—
Liouville eigenvalue problems; cf. [26]: The number of nodes (zeros) of a
solution in the underlying interval is preserved along each nontrivial branch.
This number serves as a “label” for each branch, so that the branches are
separated and unbounded.

The extension to two or more independent variables seems straightfor-
ward: One has to prove a preservation of nodal patterns. However, it is not
at all clear how this can be done in general. As an illustration, consider the
well-known linear eigenvalue problem characterizing the frequencies and nor-
mal modes of a square membrane. By simple superposition, the number and
arrangement of nodal lines along a solution sheet emanating from a repeated
eigenvalue can vary drastically. Consequently, there seems to be little hope
of attaining results comparable to those of [26] for general quasilinear elliptic
problems. However, when the symmetry of a problem fixes the location of
particular nodal lines, then we can show that a minimal frozen nodal pattern
is indeed globally preserved.

Pick one such nodal domain: The essential step is to prove that positivity
of a solution in that domain is preserved under perturbation. This is usually
shown by an application of the elliptic minimum (maximum) principle and
the Hopf boundary lemma. This, in turn, requires a smooth boundary (or
moderate corners for more refined versions). Since we plan to consider prob-
lems on polygonal domains in a lattice (see Figures I11.1.1-II1.1.3), we present
a maximum principle suitable to our purpose but that does not require any
regularity of the boundary.

II1.6.1 A Maximum Principle

Let 2 C R™ be any bounded domain and let
(I11.6.1) Lu =370 aij(2)Uae; + D bi(2)ug, + c(x)u

be an elliptic operator over {2 in the sense of (II1.1.1). The coefficients satisfy
ai; € CI(Q), bi,c € C(Q)
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Theorem IT11.6.1 Suppose that v € C?(£2) N C(2) N HL(N) satisfies
(I11.6.2) (Lv)(z) <0 forall ze€ (.

Then there exists a number v > 0, depending only on the (mazimum) norms
of a;j € CH(02), bi,c € C(2), and on the ellipticity of L, such that

meas{z € 2)v(r) <0} <~

(IIL.6.3) implies v =0 or v(z) > 0 for all x € £2.

Proof. Let D = {x € Qv(z) < 0} and we assume that D # (). Then
v € H}(D), since v = 0 on 9D (cf. the appendix of [70], for example). By
Poincaré’s inequality (cf. [56]),

|,D| 1/n
oz < (50) 7 I90lzzcoy,

n
where w,, denotes the volume of the unit

ball in R™ and |D| = measD.

(I11.6.4)

Since v < 0 in D, it follows from the hypothesis (II1.6.2) that
(I11.6.5) (Lv,v)2(p) > 0,
and after integration by parts,

/Zz] 1al] )le’l)%dl'</zz 1 ’Uzi’l)-‘rc(.%‘)UQdQ?,

where b; = b; — — 31 8‘2 ij-

(I11.6.6)

Then ellipticity, uniform estimates of the coefficients b; and ¢, and the in-
equality ab < (g/2)a? + (1/2¢)b? deliver

(L6.7)  d|Vol2eip < eer]|Vol2eep) + (C1 +e2) o3
Choosing € = d/2¢; yields
(11168) ||V’U||L2(D) S C||U||L2(D)

with a constant C' > 0 depending only on the coefficients and on the ellipticity
of L. In view of (II1.6.4), we obtain, for |D| >0 and v < 0 on D,

1/n
(I11.6.9) (%) < Cor|D| > w,C " =1.

Hence, if [D| < v, then D = () and v > 0 on (2. But then for ¢~ = min{c, 0} <
0,c” € C(12),
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ZZj:laij (aj)quzvﬂcj + 2?2181’(33)”% +c (z)v
< Lv <0on £ by (1I1.6.2).

(I11.6.10)

By the minimum principle in [56] either v =0 or v(x) > 0 for all z € 2. O

II1.6.2 Global Branches of Positive Solutions on a
Domain or on a Lattice

We consider global branches of quasilinear elliptic problems

G(V?u,Vu,u,x,\) =

> oi =1 @i (Vu,u, 2, g0 + g(Vu, u, 2, A) =0 in £,
u =0 on 012,
(IIL6.11)  written as (cf. (IIL5.3)(IIL5.4))

L(u, N)u+ §(u, \) = F(u,\) =0
for (u,\) € X x R, X = C?>*(2) N {ulu =0 on 012}.

As usual, we consider F' : X x R — Z, where Z = C%(£2). Clearly, if
g(0,0,z,\) = 0 for all z € 2 and A € R, we have the trivial solution line
{(0, A)}. The conditions on local and global bifurcation are given in Sections
II1.2 and III.5. Here we do not prove existence, but we focus on the qua-
litative properties of a global branch emanating at (0, \g). Necessarily, 0 is
an eigenvalue of D, F (0, o) = L(0, o) + Dyg(0, \), and we assume that
N(D,F(0,)\p)) is spanned by some positive function 9. There are two ways
of dealing with this situation: In the first case,

2 C R" is a bounded domain
with a smooth boundary 942, and
0 is the principal eigenvalue

of the elliptic operator D, F(0, Ao).

(I11.6.12)

The existence of a principal eigenvalue is guaranteed either by the Krein—
Rutman Theorem or by variational principles (going back to Courant, Fi-
scher, Hilbert, and Weyl) discussed in Remark IT1.2.1. In any case, a principal
eigenvalue 0 is (algebraically) simple.

The second case is described as follows: Let £ C R? be a rectangular,
square, or hexagonal lattice as shown in Figures II1.1.1-III.1.3. To stay with
the nomenclature of Section III.1, let
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Xp = {u:R?* - R|u has the double periodicity of £
(I11.6.13)  and w has an inverse reflection symmetry
across each line of the lattice L}.

For the lattices shown in Figure III.1.1, the function spaces Xp are given
in (II1.1.31) and (II1.1.36). The double periodicity of the hexagonal lattice
is u(z1 + a,x2) = u(xy, x2) = u(zr + %a, To + %\/ga) for all (z1,22) € R%
The inverse reflection symmetries across the lines shown in Figure II1.1.2 and
Figure I11.1.3 can be written down explicitly, too, but we leave it to the reader.
(The reflections are all of the form (21, z3) — R(z1,22) + (a1, az), where the
reflection R € O(2) and the translation by (a1, az) leave the respective lattice
L invariant.) We assume that the quasilinear elliptic operator (II1.6.11) has
the following “equivariance”:

(I11.6.14) F:(C**(R*)NXp) xR — C*R*) N Xp.
A sufficient condition for this is, for instance, that

G(V% u,Vu,u,z,\) =

V- q(Vu,u, A) + p(Vu,u, ), where

QO RZxRxR—=-R% p:RZxRxR—=R
are smooth functions such that
a(Rv,u,\) = Rq(v,u, \),

q(V, —u, A) = q(V, u, )‘)a
p(Rv,u, A) = p(v,u, A),

p(va —u, )‘) = *p(V, u, )‘)a
for all reflections R € O(2) that

leave the lattice £ invariant,
and for all (v,u,\) € R? x R x R.

(I11.6.15)

In the more general quasilinear case (II1.6.11), sufficient conditions for equi-
variance are readily obtained by differentiations of (II.6.15) via

0q;
ai;(Vv,u, A) = 4 (vyu,N), i,5=1,2,
n
(I11.6.16) 5 aj-
g(v,uN) = 32 SE(v.u N +p(v,u, ).
i=1

We verify the hypotheses (I1.5.32) of Theorem 11.5.8; i.e., we verify Def-
inition I1.5.2 for F' as defined in (I111.6.11) and acting as in (IT11.6.14). If
the coefficients a;; and g of (I11.6.11) are C3-functions, the operator F of
(II1.6.14) is of class C?. The equivariance (I11.6.14) implies that
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DuF(u, )\) : CQ’Q(RQ) NXp — CQ(RQ) NXp,

the representation (II1.5.4) shows that it
(I11.6.17) is elliptic, and the results of Section III.1,

in particular (II1.1.33), prove that

it is a Fredholm operator of index zero.

To verify the spectral condition (iii) of Definition I1.5.1, it suffices to show that
the spectrum of —D,, F'(u, A) is bounded from below in the following sense: Let
2 be atile in the lattice £. If v € C**(R?)NXp, then v € C%*(2)N{uju =0
on 92}, and for an eigenvalue p € C, we can conclude that

—DyF(u,\)v = po (cf. (II1.5.4));
C1
Al Vo320 < cetllVell3ag + (5 + 2+ Ren) [0l22 g,
(IIL6.18) by ellipticity (IT1.5.2) and estimates as in (II1.6.7),
—ClIVl2a 0 < RenlVolZaay,

by Poincaré’s inequality; whence Reu > —C.

The constant C' > 0 depends only on the ellipticity d = d(v,u, A) > 0, on the
coefficients of (II1.5.4), and on the tile 2. By (I11.1.38) (which is valid also
in this case), a strip (—oo,¢) X (—ie,ic) C C contains at most finitely many
eigenvalues of finite algebraic multiplicity, and their total number in that
strip is stable under small perturbations of —D, F(u, \). (The (locally) uni-
form bound Rep > —C' is a weaker statement than the sectorial property of
—D, F(u, \) as stated in (I11.4.9), (II1.4.10). This property was used to prove
admissibility of —D, F'(u,\) in Section II1.5.) The last property, properness,
is verified as in (II1.5.7)—(I11.5.9), since C**(R?*)NXp is compactly embedded
into C1*(R?) (by double periodicity).

To summarize, the equivariant quasilinear elliptic problem F(u, A) = 0 on
the lattice £, where the operator F' as given by (II1.6.11) acts as in (II1.6.14),
allows a global bifurcation analysis as stated in Theorem III.5.1 with X =
C?*(R?) N Xp. The crucial assumption is an odd crossing number of the
family D, F'(0,\) = L(0,\) + D,g(0, \) at some A = A.

The subject matter of this section is the bifurcation of positive solu-
tions. As in (II1.6.12), this requires that the eigenspace of the eigenvalue
0 of D, F(0, A\g) be spanned by some positive function. What does this mean
on a lattice?

We consider D, F(0,)\) : Z — Z with domain X = C*%(R?) N Xp and
Z = C%(R?)N Xp. By the definition of Xp in (II1.6.13),

all lines in the lattice £ are in the

(111.6.19) nodal set of all u € C2*(R2) N Xp.

Now we are ready to describe the second case:
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Let {2 be a fixed tile in the lattice £
and let 0 be an eigenvalue of the

(I11.6.20) equivariant and elliptic operator D, F (0, Ag)
with an eigenfunction 9y € C**(R?)N Xp
that is positive on (2.

By the inverse reflection symmetries defining Xp, the eigenfunction vy is
positive or negative on all tiles of the lattice £, and the lines of the lattice £
are the precise nodal set of the eigenfunction 9.

For the family

(I11.6.21) D, F(0,)) = A+ ¢V,

for instance, the assumption (II1.6.20) is satisfied for all lattices £ shown in
Figures I11.1.1-111.1.3, provided that A = A satisfies a characteristic equation
¢(N\) = po, where up depends explicitly on the lattice £. The precise values
of po and the eigenfunctions 9, are given in [70]. In any case,

(I11.6.22) dimN (D, F(0, \o)) = 1.

The argument for (I11.6.22) is the following: The eigenfunction 99 € C%<(R?)N
X p satisfies
DuF(O, Ao)’{)o =0 in Q,
(I11.6.23) to=0 on 012,
b>0 in £

Since in all cases the elliptic operator D, F'(0, Ag) is formally self-adjoint (cf.
(II1.6.21)), the Rayleigh quotient B(v,v)/|[v||3 over §2 is maximized by a
function &, € HJ(£2) and therefore also by |61 € H{(£2), which is positive in
£2; cf. (II1.1.2) and Remark II1.2.1. The last statement follows from interior
regularity and the minimum principle (I11.6.10). The maximal value of the
quotient is the principal eigenvalue of D, F'(0, Ag) over {2 (in its weak formu-
lation), and if it were not 0, then the positive eigenfunctions 9y and 9; would
be orthogonal in L2({2), a contradiction. Therefore, 99 = @1, and 0 is the
principal eigenvalue of D, F(0, \g) over {2, which is simple. This argument is
valid regardless of the corners of the boundary 9f2.

In view of assumption (II1.6.12) in the first case, (II1.6.22) holds in both
cases, where the eigenfunction 0y spanning N (D, F'(0, Ao)) satisfies (II1.6.23).
The conditions for an odd crossing number at A = Ao in case of (I11.6.22)
are given in Section II1.2; for (I11.6.21) it simply means that Ao solves a

characteristic equation ¢(A) = po and that ¢(\) is strictly monotonic near
A= Ao.

The main result of this section is the following:

Theorem II1.6.2 Assume that 0 is a principal eigenvalue of D, F (0, ) =
L(0,X0) + Dyg(0, o) in the sense of (II1.6.12) or (II1.6.20). Let C be the
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global continuum in the closure S of nontrivial solutions of F(u,\) =0 ema-
nating at (0, \g). Let Cx, C C\({0} xR) denote all components whose closures
contain (0, o). If (u,\) € Cx,, then either u > 0 or u < 0 in {2, where 2 is
a bounded domain in R™ with a smooth boundary 012, or 2 C R? is a tile in
the lattice L. This means that for all (u,\) € Cy,, the lines of the lattice L
constitute the precise nodal set of the function w. All lattices shown in Figures

H1.1.1-1I1.1.3 are admitted; cf. also Figure I11.6.1.

IfCN({0} xR) = {(0, A\g)}, then C = C»,U{(0, \g) }, so that the alternatives
(i) and (ii) of Theorem I11.5.1 hold for at least one component of Cy,. It might
happen, however, that some (0, A1) is in Cy,, where A\; # Ao, and that some
branch emanates at (0, A1) that is in C\({0} x R) but not in Cy,. As we see
in Section II1.6.3 below, the assumptions (I11.6.22), (II1.6.23) are then also
satisfied for A = A1, and the claim of Theorem III1.6.2 holds for Cy, as well. In
this way, we cover all of C\({0} x R), and we do not lose information about
C when studying only Cy,.

Proof of Theorem II1.6.2: Suppose that (u,\) € Cy,. Then h =u € X =
C?%(2) N {ulu = 0 on A2} is a solution of the linear elliptic problem

(I11.6.24) L(u, \)h =0,
where we define
L(u, \)h =
S 1 @i (Vw2 Nhayay + 30103/ Ve, + () )N,

1
(I11.6.25) bi(v,u,x,\) = / o, (tv, tu, z, \)dt,
0

1
é(vyu,x A) = / gu(tv, tu, x, \)dt,
0

for (v,u,z,A) e R” x R x 2 x R.

We establish the claim of Theorem III.6.2 first for local bifurcating solu-
tions. By construction via the method of Lyapunov—Schmidt, all (u, \) € Cy,
in a small neighborhood of (0, \g) are of the form

(I11.6.26) u=sby+o(s) inX ass—0;

cf. Corollary 1.2.4 (and (I1.5.37)). Since 99 > 0 in 2,

(I11.6.27) meas{z € 2|(u/s)(r) <0} - 0ass— 0.

Since u/s € C2*(2)N{ulu = 0 on AN} and L(u, \)(u/s) = 0 in 2, Theorem
IT1.6.1 implies that u/s > 0 in §2 for small |s|. Thus v > 0 for s € (0,6) and

u < 0 for s € (—4,0). (We do not claim that Cy, consists locally of two curves
or that Cy, has only two components.)
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Defining the cones

Kt ={(u,\) € X xRlu >0 in 2},

I11.6.28
( ) K~ ={(u,\) € X xRlu < 0in 2},

then we see that the preceding analysis shows that

Cr, N (Br(0) x (Ag — 8, Ao+ 6 CKTUK~ for B,(0) C X,
(1rr6.29) O (Br(0) x ( ) )
provided that » > 0 and ¢ > 0 are sufficiently small.

In particular, K* N C,, are each nonempty.

We show that K+ N C», are open relative to C)\Q'
Let (u,\) € Kt NCyy, .., u>0in 2, and (4, \) € Cy, close to (u, ) in
X x R. Then

(I11.6.30) meas{z € 2i(z) <0} — 0

as (a,A) = (u, \) in X x R.

Since @ € C**(2)N{u|u = 0 on 02} and L(@i, \)@ = 0 in £2, Theorem ITL.6.1
implies @ > 0 in 2 or (@, A\) € KT NCy,.

We show that K* NCy, are each closed relative to Cy,.

Let (un, A\n) € KT NCy, be such that (u,, An) = (u,A) € Cy, in X x R,
Since wu, > 0 in 2, u > 0 in 2, and L(u,\)u = 0 in §2, the argument of
(I11.6.10) implies v > 0 in 2. Therefore, the limit (u, \) is in K+ NCy,.

Let Cfo denote the components of K* NCy, in Cy,. Then we have shown
that K+ NCy, = Ci or

Cy, C KT, C,, C K, and by (I11.6.29),
(I11.6.31)
Cro =C5 UCs,,

which proves Theorem I11.6.2. O

We remark that Ci might each consist of more than one component. In

contrast to the components C* of (I1.5.40), we have obviously C;‘U ney, =0.
We apply Theorem I1.5.9 to the first case (111.6.11), (I11.6.12), and the
statement after Theorem II1.5.1 implies that

each of C;‘O and C)  satisfies the
alternatives of Theorem II1.5.1; i.e.,
it is unbounded or meets {0} x R at
some (0, A1) where A\g # Aq.

(I11.6.32)

In the second case (111.6.14), (I11.6.20), the operator F'(-, A) in (IT1.6.14) is
odd according to (II1.6.15). Therefore, we can apply Corollary I1.5.10 directly
without converting the problem to a compact perturbation of the identity. In
particular,
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Cy, = {(u, N)|(—u, ) € Cj\'o}, and
(I11.6.33) each of C;ro and Cy  satisfies the alternatives
of Theorem III.5.1.

The nodal set of any solution u of the quasilinear elliptic problem (II1.6.11)
such that (u,\) € C;‘O U C,, is precisely the same as the nodal set of the
eigenfunction 9y, namely the lines of the lattice L.

II1.6.3 Unbounded Branches of Positive Solutions

The positivity (negativity) on {2 along C/\+U (C,,) serves as a useful criterion for

eliminating one alternative in (I11.6.32) or (II1.6.33). Assume that Cy, meets

some (0, A1) where Ay # XAg. Then there exists a sequence (un, \p) € C;‘U such

that u, — 0 in X and A\, — )A; in R. (Recall that X = C%*(2)N {u|lu =0

on 92} or X = C%*(R?)N X p in the first or second case, respectively.) Then
Un, = Un/||Uunll0,o € X solve

(111.6.34) L(tn, An)vn =0, cf. (I1L6.24), (I11.6.25),

whence [|vp[|2.o < C for all n € N,

by elliptic a priori estimates, since the coefficients a;;, INJZ-, ¢ of the operator
L(tn, \y) are uniformly bounded in C1*($2) and C*(12) for all n € N. (Note
that the elliptic a priori estimates are also valid for L(u, \) : C*>*(R*)NXp —
C*(R?)NXp as expounded in Section I1I.1 for elliptic operators on a lattice.)
By a compact embedding we can assume without loss of generality that

vp, — 01 in CH2(02), whence

(I11.6.35) L, Aoy, = *Z?Zli’wnmi — ¢v,, converges to
—Dy§(0,\1)01 in C*(2) as n — oo,

by definitions (IT1.6.11) and (II1.6.25). On the other hand,

(I11.6.36) I(Z(tn, An) = L0, A1))vnllo,a < €lfvnllz.a < eC

for all n > ng(g). By (I11.6.35) and an elliptic a priori estimate, this implies
L(0,\)v,, = —Dyug(0, A1) in C*(£2),

(I11.6.37) vp — 01 in C2%(0), 91 € X, 9100 = 1,

DuF(O, )\1)’01 = L(O, )\1)’01 =+ Dug((), )\1)’01 =0.



332 CHAPTER III. APPLICATIONS

Finally, v, > 0 in {2, since (up,\n) € C;‘U, so that ©; > 0, and by the
argument of (I11.6.10), v, > 0 in 2.

To summarize, 0 is an eigenvalue of D, F'(0, A1) with a positive eigenfunc-
tion 91 . Standard arguments imply dim N (D, F'(0, A\1)) = 1 (cf. our comments
after (I11.6.23)), and 0 is a principal eigenvalue of D, F(0, A1) over the do-
main 2 C R™ with smooth boundary 92, cf. (II1.6.12), or 0 is a principal
eigenvalue of D, F'(0, A1) operating on a lattice £; cf. (I11.6.20), (II1.6.23). In
view of (I11.6.32) or (I11.6.33), this observation implies the following theorem:

Theorem II1.6.3 Assume that O is a principal eigenvalue of
(I11.6.38) D, F(0,\) = L(0,\) + Dyg(0,\), cf. (II1.6.11),

in the sense of (II1.6.12) or (II11.6.20) if and only if X = Xo. Then the global

continua of positive solutions of (II1.6.11), C:\:, and of megative solutions,
Cy,. are each unbounded in C*(2) x R.

We give an application of Theorem II1.6.3. Let £ C R? be a rectangular,
square, or hexagonal lattice, and let the quasilinear operator (I11.6.11) be
equivariant in the sense of (II1.6.14). Let D, F(0,\) = A + ¢(\)I with some
function

(I11.6.39) ¢: R — (0,00) that is strictly monotonic,

c¢(A) > 0as A —» —o0, ¢(A) — 0o as A — oo.

Then the characteristic equations ¢(\) = po > 0, given in [70] for a principal
eigenvalue 0 of D, F(0,\), have a unique solution A = Ao for each lattice L.
There is also another peculiarity: Depending on the characteristic periodic-
ities of the lattice £ (which are given by one number a > 0 for the square
and the hexagonal lattice, and by two numbers a > 0,b > 0 for the rect-
angular lattice), each positive value pg occurs on the right-hand side of the
characteristic equations ¢(A) = pg. This means the following:

For a semilinear problem Au + g(u, \) =0,
where g(—u, A) = —g(u, \) and
¢(A) = g4(0, \) satisfies (I11.6.39),
each point (0, Ag) gives rise to unbounded
(I11.6.40)  branches C/\+U of solutions having the properties
that for (u,A) € C the lines of some
rectangular or hexagonal lattice £ shown in Figure I11.6.1
are the precise nodal set for u. The periodicities of £
are in one-to-one correspondence with Ag.

(Statement (II1.6.40) holds for more general quasilinear problems F'(u, \)
= 0 that are equivariant with respect to the lattices £; cf. (I11.6.15), (II1.6.16).
For (I11.6.40) only D, F(0,\) = A+ ¢(A)I is needed.)
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We show the nodal sets in Figure I11.6.1. There are two more lattices, cf.
Figures I11.1.2, IT1.1.3, but these are affine linear images of those shown in
Figure I11.6.1.

Figure I11.6.1

I11.6.4 Separation of Branches

The nodal properties labeling each branch are a useful criterion for the se-
paration of branches. This has been carried out in [67] for a quasi-linear ellip-
tic problem over a rectangle (0,a) x (0,b) subject to homogeneous Dirichlet
boundary conditions. Assuming the equivariance of a rectangular lattice, we
consider the quasilinear elliptic operator on a rectangular lattice with peri-
odicities 2a and 2b; cf. (II1.1.31)y. By (II1.6.40), for each (m,n) € N x N
there is a bifurcation point (0, \,,,) of an unbounded branch C;\r, and for
(u,\) € C;\' the lines of a rectangular lattice with periodicities 2a/m and
2b/n form the precise nodal set of u. Clearly, u satisfies the homogeneous
Dirichlet boundary conditions on the boundary of the rectangle (0, a) x (0,b),
so that each unbounded branch C)T is a solution branch of the quasilinear
boundary value problem over the rectangle (0,a) x (0,b). Having different
nodal patterns, all infinitely many branches Cj\' are separated. The analo-
gous result holds also for all branches over any triangle in a hexagonal lattice;
cf. [70].

The Cahn-Hilliard energy (II1.2.62) over a square has many bifurca-
ting global branches of critical points. For that analysis we use the setting
F.(v,m) =0, cf. (II1.2.66), or equivalently v + f.(v,m) = 0, cf. (II1.5.20), of
the Euler-Lagrange equation (II11.2.63). The global branches C, ; emanate at
(0,m?), i = 1,2, and so far, not much more than the Rabinowitz alternative
is known about them; cf. (IIL.5.21). If (v,m) € C, ;, then v has the double
periodicity 2/n, which, however, would not exclude a union of C,, ; with Cp, ;.
By a mean value zero, positivity (or negativity) over a tile cannot be used
as a label to separate the branches. Below, we continue the analysis of that
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example, and we introduce a new method for separating the branches C,, ; for
different n. A side effect of that analysis is that the branches are bounded;
i.e., we establish alternative (ii) of Theorem IIT.5.1.

In Section II1.7 we prove that the branches Cj\'o of (II1.6.40) for the rectan-
gular and hexagonal lattices on the left of Figure II1.6.1 are globally smooth
curves parameterized by the amplitude of w, provided that g(u, A) depends
linearly on A, i.e., g(u, A) = Ag(u); cf. Remark I11.7.18. This statement sharp-
ens considerably all global results of this and the previous sections, since in
general, global branches are only continua. For plane symmetric domains
2 with a smooth boundary, Theorem II1.7.9 gives conditions for when the
global continua C’/\i0 of Theorem II1.6.3 are smooth curves parameterized by
the amplitude of .

I11.6.5 An Example (Continued)

We continue the analysis of the Euler-Lagrange equation (II1.2.63) for
the variational problem (II1.2.62). In Section IIL.5 we show that the lo-
cally bifurcating curves sketched in Figure II1.2.5 are globally extended by
Cni = Cy,UC, ; U{(0,m})},i = 1,2, cf. (IIL5.21), and that each of ;'
and C, ; is subject to the Rabinowitz alternative. Since both subcontinua
are transformed into each other by the reversion (II1.2.82), they satisfy the
same alternative, but we do not know yet which one. Note that C, x , are not
characterized by positivity or negativity, respectively. As a matter of fact,
as in seen from their mean value zero, solutions v for (v, ) € Cfﬂ have no
positive or negative sign in the square (2. Note also that the symmetry class
X, given in (I11.2.70) does not separate the branches C=, since X,, contains
the classes X}, for all kK € N.
For the subsequent analysis we adopt the definition of Theorem III.6.2:

nz’

Let Cppi C Cpi\({0} x R) denote all

(IIL.6.41) components whose closures contain (0,m?), i = 1,2.
Then

‘ i . 5 + -
(I11.6.42)  Cypi N (Br(0) x (my, — 6, my, +0)) = Cm, Joc Y Cm;,lOC’

where C:Li”loc = {(v(s),m(s))ls € (0,6)} and C i loe = {(v(s),m(s))|s €
(—0,0)} are the local solution curves of F.(v,m) = () through (v(0),m(0)) =
(0,m?); cf. (I11.2.81). As mentioned previously, since v(s) has no definite sign,
the preceding analysis, using positive or negative cones, is not adequate to

label the local continua Cil loc and their global components in C,,: , denoted

by Cii . Here is the way out:
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The crucial observation is that the partial derivatives of the eigenfunction
by, cf. (I11.2.69), are negative in the square £2, = (0, 1) x (0,2). We make
this more precise now.

If v € CY(R?*) N X,,, where X,, is defined in (II1.2.70), then

0
—wveX}= {w ‘R? = Rlw(zy, 22) = —w(—x1,20) =
63?1
2 2
w(xl, —29) =w (xl + —,a:2> =w (.%‘171'2 + —) },
n n

iv €X2= {w :R? = Rlw(zy, 22) = w(—21,20) =

6332
2 2
—w(xy,—x2) =W (ml + —,a:2> =w (.%‘1,3?2 + —) }
n n

k
wj:()forxj:E,kEZ,

(I11.6.43)

In particular,

(IIL.6.44)
if w; € C(R)N X7, j=1,2.
If (v,m) € X2 x R solves F.(v,m) = 0, then, by interior elliptic regula-

rity and a “bootstrapping argument,” it follows from (I11.2.66) for a smooth
function W that v € C**(R?) and that for j = 1,2,

w; solve

= —
833j
(I11.6.45) —eAw; + W (m + v)w; = 0 on R2,

k
wj:()forxj:E,kEZ.

For (v,m) € C=

mi ,loc

we have by (I11.2.81) for j = 1,2,

(I11.6.46) w;(s) = sai@n +o(s) in CH(R?*) N X7
Ty

From (II1.2.69) it follows that

. 1
i{)n < 0 in the strip S, = {O <wzj < —},
n

833j
62A<0f i=0 82A>0f 1 h
(I11.6.47) 335? Un orz; =4, 333? Un or Tj = -, whence

w;(s) <0in SJ for 0 < s < 4,
(s

wj(s) >01in SJ for =6 < s <0, j=1,2.
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We define for j =1, 2,

K7 = {(v,)\) € X2 x R|aiv <0in 57,
: 7

J,n J
(I11.6.48) 0? 0? 1
——v <0 forx; =0, —v>0forax =7,
8:1:? v or I; 8:1:? v or I;
K;fn analogously.

Then we have shown in (IT1.6.47) that

(I11.6.49) C:,rLgL,zoc C Ko C;liwloc

C Kj, forj=1,2

By the double periodicity of (v, \) € K&

J,m?

9? 1
(II1.6.50) ‘B—I?v >d(v) >0 for z; =0 and z; = -

which implies that Kfn N Cpi are each open relative to C,,: C XZa xR,
We show that Kfn N Cpi are also closed relative to Cppi .

Let (v, mg) € KjfnﬁCm% such that (v, mg) — (v,m) € Cmil in Xﬁ’a x R.

Then w; = %v < 0in 57, and w; solves (II1.6.45); i.e., w; solves a linear
J .

elliptic problem in the strip S}, and satisfies homogeneous Dirichlet boundary
conditions on 9SJ. The argument of (II1.6.10) and the elliptic maximum
principle then imply that w; < 0 in S, since w = 0 is excluded. (Note
that w; is periodic along the strip, so that it suffices to consider the elliptic
equation in a compact segment of the strip.) The Hopf boundary lemma in
[56] finally implies that |8%jwj| >0 on 853, so that (v,m) € K, NCpi .

Let Ci% denote the components of K;,Fn N Cpi in Cpi . Then, for j =
1,2, K, NCpi =Cx

i
my,

. c K;,,C.. C K;{n,
(I11.6.51) " "

Cons, = Ch UC,,

and by (II1.6.49),

(We give here a different argument from that for (II1.6.31), since the strips
SJ are unbounded, but 957 are smooth.) Obviously, C;rl,i NC, . =0, and the
continua are transformed into each other by the reversion (InH.2.82). Note
that Cii C Cii, respectively, but as we shall see below, equality does not
hold.

Property (I11.6.51); means, by the definition (II1.6.48) of the cones KT

J,m?

that the branches Cni%i are labeled by nodal properties of the derivatives. In

view of the periodicity (II1.6.43), the constant sign of %v = wj in SJ is true
J
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for all parallel strips of width %, with changing sign in adjacent strips. This
characteristic nodal pattern implies a separation of branches:

(I11.6.52) Crni N Cmi =0 forn#k, i,je€{1,2}.

The knowledge about the precise nodal pattern of %v = w; on Cpi

has more benefits. First of all, it implies a fixed location of all minima and

maxima:
then

J,m?

If (v,m)€Ch, C K

2k 20
(IIL6.53)  maxv(zy,x2) =v(0,0) = v<— _>,

’
n n

rER2
: (1 1) (2k+1 2£+1>
min v(z1,22) =v| —,— | = v , .
zER? n'n n n
This means also that
11
(I11.6.54) Av(0,0) <0 and Av(—, —) > 0.
n'n

Subtracting the equation Fe(v,m) = 0, cf. (II1.2.66), in = (0,0) and = =
(£, 1) results in the nonlocal term droping out, and by (II1.6.54) we obtain

(I11.6.55) Wim +v(0,0) < W (mﬂ(%%))

for all (v,m) € C}, .

On the other hand, by its mean value zero,

11
TIL6. —- = .
(111.6.56) v<n,n><0<v(0,0)

By the assumed shape of the graph of W’ sketched in Figure I11.2.4, the
inequalities (II1.6.55), (II1.6.56) are compatible only if

1 1
|m| < My and — M, < v(—, —) <v(0,0) < Ms

nn

(I11.6.57)
for constants My, Ms > 0 depending only on W'.

This gives the uniform a priori estimate
[m|+ [vllo.o = [m| + max |v(z)] < My + Mo,
TER?

(I11.6.58)
for all (v,m) € C;; , independent of n € N and ¢ > 0.

Using the equation F.(v,m) = 0, cf. (I11.2.66), a “bootstrapping” delivers
the following sequence of estimates via (interior) elliptic a priori estimates
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(2=1(0,1)x (0,1) C 2=(-1,2) x (~1,2)):

A0l gy < W+ 0)ll oy + 3 /Q W (m 4+ v)|da,
whence [[v]| g2(0) < C1/e,

v]|o.a < Cs/e by embedding H?(£2) C C*(12),
(IT1.6.59) [v]lo, 2/€ by g (£2) (£2)

el|Avflo,o < W' (m + v)llo,a +/ (W (m + v)|dz,
17
whence ||v]|2,o < C3/€?,

where for v € X< the norms over 2 or R? are the same.
To summarize,

Im| + ||v]|2.a < Co/e?  forall (v,m) € C:ﬁl

(I11.6.60)
and for a constant Cp > 0 depending only on W’.

The application of the reversion (II1.2.82) gives the same bound also for

all (v,m) € C_,. This means that (for fixed ¢ > 0) Cii are bounded in
X2 x R. Since Cii = Cii, respectively, if Cii N ({0}) x R) = 0, statement

(IIL.5.21) implies that C, meet the trivial axis {0} x R apart from (0, m},).
By (I11.6.42) and the uniqueness of C" and C_,

mi ,loc i ,loc?

C;i and C_; also
consist of one component.
In order to decide on the target of C;gl, say, we adapt the arguments

(I11.6.34)—(I11.6.37) to (II1.6.45). Let (vg,my) € C", be such that vz — 0 in

X2 and my — m1 #ml in R. Then wyy = 8%1”’6 satisfies

—eAwqy, + W”(mk + vk)wlk =0 on RQ,

(I11.6.61) wyy =0 for =z =0,

7

Sl 3

—wip =0 for x2=0,

81‘2

)

by the symmetries and periodicities of X!; cf.(I11.6.43). (Interior) elliptic a

ns

priori estimates for (II1.6.61); imply, as in (I11.6.34),

wikll2.o/ lwiklloe < C,  or  (wlo.g.),

(I11.6.62) wik/||wikl|o.e — w1 in C%(R?) as k — oo and

lwilo,a = 1.
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Using again (I11.6.61)1, we see that the same “bootstrapping” as in (I11.6.35)—
(II1.6.37) proves that

wik/||wikllo.a — w1 in C**(R?) as k — oo and

—eAw; + W' (m)w; =0 on R2

(I11.6.63)
w; =0 for a3

0,

)

—w; =0 for ao

(9132

SI— 3=

0,

)

since clearly, wy € X!. By (IIL.6.51), wy < 0 in 2, = (O, %) X (07 %) and
therefore wy; < 0 in §2,,, but in view of (II1.6.62), wy # 0. Therefore, w; is
an eigenfunction of the Laplacian over (2,, with mixed boundary conditions
(II1.6.63)3 4 for the eigenvalue W (1m1)/e. On the other hand, aizlﬁ" is an
eigenfunction of the same problem for the eigenvalue —n?7?; cf. (I11.2.69).
Since A with the mixed boundary conditions is symmetric with respect
to the scalar product in L?(£2,,), eigenfunctions for different eigenvalues are
orthogonal with respect to that scalar product. But a%lf)n <0and w; <0

in £2,,, so that orthogonality is excluded. Therefore, W (1m1)/e = —n?m? or
my = m2; cf. (I11.2.77). Since the reversion (IIL.2.82) transforms C, into
C;L}L, the component C;L}L meets (0,m?2) as well. We summarize:

The bounded solution continua Cni11

emanating at (0, m)) meet the trivial

solution line at (0,m?2), where mL,m?

are the two solutions of the characteristic
(I11.6.64)

equation W”(m) = —en?n2. The solution
continua Ci% emanating at (0, m?2)

meet (0,m}) and therefore C£, = C=

2
ma

respectively.

We sketch the global continua Cii in Figure II1.6.2.

The entire analysis for the solution continua Cii of F.(v,m) = 0, where

F. is defined in (II1.2.66), is valid for fixed small & > 0. Therefore, we suppress
the dependence on ¢ in the notation Cii .
Note that our analysis does not imply that Cni%i are globally smooth

curves: The topological argument proving Theorem .51 guarantees only
continua. However, a numerical path-following device suggests curves, and
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these curves have two additional turning points, sketched in Figure I11.6.2.
In [107] we give the arguments for those turning points:

The turning points are closely related to the singular limits of solutions on
Cii as € \ 0. Recall that in the variational problem (III.2.62) the parameter
€ r%presents the interfacial energy. For ¢ = 0 that variational problem is
simple, and minimizers for m in the so-called spinodal region are piecewise
constant. The interface between the two constant concentrations of the binary
alloy form a characteristic pattern, which, however, is not determined by the
model (IT1.2.62) for ¢ = 0. It is believed that patterns that are selected by
singular limits of conditionally critical points of E.(u) as € tends to zero are
physically relevant, in particular, if the critical points are minimizers of E.(u).
In this case, the “Minimal Interface Criterion” of Modica holds, which means
that the patterns with minimal interfaces are selected by singular limits of
minimizers. In [106], [107] we show that this pattern formation is not the
only possible one: We prove that all conditionally critical points of E.(u) on
the global continua Cii converge to minimizers of Ey(u) as e tends to zero,
for fixed m in the spingdal region. (We give the proof of the convergence to
conditionally critical points of Ey(u) in Remark IT1.6.4.) They form patterns
that do not necessarily have minimal interfaces but that are determined by
the symmetries and monotonicities of u = m + v € X,,. If the pattern in
the limit has no minimal interface, then according to the “Minimal Interface
Criterion,” the critical points on Cii are not minimizers of the energy E.(u)
(under the constraint of prescribed ‘mass m). This explains the two turning
points sketched in Figure I11.6.2: The local unstable solution curves shown
in Figure II1.2.5 gain stability beyond the first turning points according to
the “Principle of Exchange of Stability” of Section 1.7 and sketched in Figure
1.7.1. But that stability is lost when the branch turns back again, so that there
is a “middle branch” that is not stable. According to the comments on the
stability in Section I11.2, cf. (IT1.2.91), the unstable critical points u = m + v
are not minimizers of the energy F.(u). Nonetheless, as ¢ tends to zero they
form characteristic patterns of minimizers with nonminimal interfaces shown
in [107]. We recall, however, that we have no proof that the solution branches
Cii are globally curves. Such global smoothness is proved for a special class
of Sroblems in Section IIL.7.
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Remark IT11.6.4 We give a proof that solutions of the Fuler—Lagrange equa-
tion (I11.2.63) on the continua Cni%i converge for a mean value m in the spin-

odal region to a nontrivial conditz’onnally critical point of the enery Ey(u) (see
(I11.2.62)) as € tends to zero. That proof contains some useful arguments.
The proof that the limit is a global minimizer, however, is too special and too
technical to give here.

So far we have suppressed the dependence on € > 0, but apparently
this dependence will be crucial now. Therefore we denote the continua by
Cii - By (II1.2.77) the bifurcation points (0, mb) and (0,m2) tend to (0,m1)
and (0,m2), respectively, as € tends to zero; see Figure III.2.4. Therefore
(I11.6.64) guarantees that for any m € (mq,ms), which is the so-called spin-
odal region, a singular limit analysis makes sense.

We fiz m € (my,m2) and we consider the set {ve m|(ve,m, m) € CF, o Jor
0 < e < eg}, where g9 might depend on m. By the uniform estimate (Hln. 6.58)
there is a sequence (ej)ren with limy_ o0 £ = 0 such that

(I11.6.65) w- lim e, ;m = vom € L*(£2),
k—o00
where “w-lim” denotes the weak limit in L?($2). In particular,

(I11.6.66) 0 :/ Ve, ,mdT H/ vo,mdr =0, as k — oo,
2 fo)
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i.e., the limit function vo ., has also mean value zero. In order to sharpen
the convergence (II1.6.65) we generalize Helly’s theorem in [44] on pointwise
convergence of monotonic sequences to two dimensions.

Let, as before, 2, = (0,2) x (0, %) and let K denote the positive closed
cone K = {(z1,22)|0 < 21,0 < 22} in R?. We define an order in R? by

(I11.6.67) r<ysy—zekK,

and in view of (II1.6.51) (see also (II1.6.48)) we have monotonicity with
respect to that order:

(I11.6.68) 2 <y = Ve () > veym(y) forall zy € 02,.

Let {27|j € N} be a countable dense set in §2,,. By the uniform boundedness
of (Ve m(27))ken, cf. (II1.6.58), a common procedure of elementary analysis
yields a subsequence, again denoted by (ek)ken, such that

(I11.6.69)  lim v, pm(2?) = vo(2?) exists in R for all j € N.

k—o0
By (I11.6.68) we obtain the monotonicity
(I11.6.70) <l = w(x?) > wvo(2?)  for all i,j € N.
We extend vy on 2, as follows:
(I11.6.71) vo(x) = inf{vp(x?)|2? <z}  for any x € 2,.
Then the monotonicity (II1.6.70) is preserved on (2,
(I11.6.72) v <y=vo(x) >vo(y) forall z,y € 2,.

Furthermore |vo(z)| < My for all x € 2,,; cf. (II1.6.57). We say that vy has

a jump at x € 2, if
(I11.6.73) inf{vo(z")|z* <z} > sup{vg(z?)|z < 27},

On each line that is parallel to the x1-axis the order (II1.6.67) coincides with
the usual order on the real line, and it is well known that the monotonic
function vy has at most countably many jumps on such a line. Therefore, by
Fubini’s theorem, the set

J ={z € Q,|vy has a jump at z}

(I11.6.74) has measure zero.

Now let x € 2,\J and 1 > 0 be given. In view of equality in (III.6.73) we
find two points x* and 27 satisfying
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(I11.6.75) ot <z <2l and 0 <uvo(xt) —wvo(ad) < =

o-')3

By (111.6.68), (II1.6.69) we obtain

[epm () — Vg (@)] = Vey m(2) — vepm(®)s 5011
(I11.6.76) = Ve m (") —vo(a") 4+ vo(a") — vo(a?) + vo(2?) — vey m(27)
+g+g:n for k, > ko(n).

(If vy, m(®) = Vepm(T)| = Vepm(®) — Ve m(x) the same arguments hold.)
Therefore (Ve,.m(x))ken is a Cauchy sequence for all x € £2,\J, whence

(I11.6.77) klim Ve m () = To(x)  for allz € 2,\J.
—00

We show that vy defined in (I11.6.71) coincides with Ty on 2,\J: For some
fized x € 2,\J,

Uo(z) — vo(z) = o(T) — Veyy,m(T) + Vey,m(T) — Usk,m(xi)
Fepm (") — vo(z") + vo(a’) — vo(2).

Choose ' < x such that vo(z') — vo(x) < % and choose after this k € N
such that 0o(x) — ve, m(z) < 4 and v, m(z') — vo(a') < % cf. (111.6.77),
(II1.6.69). Since by the monotonicity (I11.6.68), v, m(x) — vsk m(z) <0, we
obtain

(II1.6.79) Vo(x) —wvo(x) <.
For the same fived x € 2,\J,
vo(x) — To(x) = vo(x) — vo(a?) + vo(27) = vey m(2?)

(I11.6.80) ‘
+Ufk;m(x]) - vek,m(m) + vek,m(x) — o ().

Choose x© < 7 such that vo(z) —vo(2?) <
that v0(¢J)fv€k7m(z7) < % and Ve, m(x) —
Ve m (@) — Ve, m(z) <0, we obtain

nd choose after this k € N such

Ia
3
oo (x) < 4. Since by monotonicity,

(I11.6.81) vo(x) — vo(x) <.
Estimates (I11.6.79), (II1.6.81) prove vy = ¥y on 2,\J and by (II1.6.77),

(I11.6.82) Jim ve, g (2) = vo() for allw € 02,\J.
—00

Lebesgue’s dominated convergence theorem then yields, in view of (I11.6.74),
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(I11.6.83)  lim Vep,mpdr = / vopdr  for all p € L*(£2,,),
2, 2n

k—o00

and therefore, by (I1I11.6.65),
(I11.6.84) vo = vo.m € L2(£2,).

Repeating the above arguments for all squares of side length % in 2 =1(0,1)x
(0,1) and using the respective monotonicities of ve, m in these squares we
obtain a limit function vo = vom € L*(2)NX,; cf. (II1.2.70). We summarize:

Let for a sequence (ey)reny with lim g = 0,
k—o0

(Ve m,m) € C;i

e for m in the spinodal region (mi, msa).

Then a subsequence, again denoted by (Ve m)keN,

has a limit vy, in the following sense:

(I11.6.85)
klim Vep.m () = vo,m(x) almost everywhere in 2.
xde el

That limit function v, is in L>(£2), it has
mean value zero, and it has the same symmetries,

periodicities, and monotonicities as Ve, m.

Next we show that ugm = m + vom S a critical point of FEo(u) under the
constraint [, udx = m. Indeed, by Fr, (ve, m,m) =0, cf. (II1.2.66), we obtain
after an integration by parts

/ (—erve, mAp + W (m + ve, m))pdz =0
o)
(I11.6.86) for all test functions ¢ € C°°(R?) satisfying

/ wdx =0 and Neumann boundary conditions on 02.
Q

Passing in (I11.6.86) to the limit yields by Lebesgue’s dominated convergence
theorem

/ W (wo,m)pdz = 0, / ug,mdr = m,
2 o)
for all test functions characterized in (111.6.86).

(I11.6.87)

Therefore W' (ug.m) = A and ugm € L®(£2) is a critical point of Eo(u) under
the constraint [, udz = m.

A trivial critical point is the constant function ug = m, which is not
a minimizer. Thus the whole procedure makes sense only if we show that
Ug,m # m or that vg m, # 0.
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The function a%lvs,m satisfies the boundary value problem (II.6.61),
which can be interpreted as an eigenvalue problem for —A with weight func-

tion over §2,,, namely,

Aw+ Arew =0 in 2,
(I11.6.88) with boundary conditions (II1.6.61)2 3 and
re = —W"(m+ ve ).

As pointed out in Remark II1.2.3, the negative eigenfunction a%lvs,m belongs

to the positive principal eigenvalue A = %, which is characterized as follows:

) 0#£we Wh3(1,),
||Vw||L2(_Qn) (rew,w)r2(0,) >0,
(rew,w) 20,y |w satisfies the Dirichlet
boundary conditions (II1.6.61)s

(II1.6.89)  A. = min

Usually the weight function r. is positive, but that positivity is not necessary.
What is needed is that the set in (II1.6.89) not be empty and that Poincaré’s
inequality hold for the admitted class of functions. That is true for the Dirich-
let boundary conditions on two opposite sides of the square. The minimum is
attained at an eigenfunction having constant sign in §2,,. The Neumann boun-
dary conditions on the two other sides of the square are automatically fulfilled
by a minimizer of (I11.6.89), since they are the natural boundary conditions
for the variational problem (II1.6.89). For more details see [T7].

The convergence in (II1.6.85) implies by Lebesgque’s dominated conver-
gence theorem

hI'Il (rskw, w)L2(Qn) = —(W”(m + ’U(),m)’l,l}7 ’w)L2(Qn)
(IT1.6.90) ~ F=e°
for all we Wh2(£2,).

Assume that —W" (m+wvg m) = ro is positive on a set of positive measure in
£2,,. Then the (weak) eigenvalue problem (II1.6.88) with weight function o has
a positive principal eigenvalue \o with an eigenfunction wy € W2(£2,,) satis-
fying the Dirichlet boundary condition (II1.6.61)y. Furthermore, that eigen-
function wo has a constant sign in 2, and minimizes (111.6.89), where r. is

replaced by ro. We deduct from (I11.6.89) and (II1.6.90)

1 < ||Vw0||%2(9n) < ||Vw0||%2((zn)
(111.6.91) Ek = (Tgkwo,wO)LZ(Qn) - (Towo,’wo)Lz(Qn)

=X+ 1 forall k> k.

+1

The contradiction of (1I1.6.91) proves that W' (m 4 vo.m) > 0 almost every-
where in (2,. Looking at Figure II1.2.}, we see that this is possible only if
vo,m # 0 for m € (my,ma).
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Since W/ (m + vo.m) = W (ugm) = A in £2, the critical point ug y, with
mean value m is piecewise constant, having two values that are not in the spin-
odal region (m1, ma). The monotonicity with respect to the order (II1.6.67)
in §2, restricts the distribution of these two values in 2,,, and by reflections
and periodic extension it suggests a pattern shown in [106].

So far, no minimizing property of uo.m for the functional Eo(u) under
the constraint fQ udx = m has been proved. A subtle analysis [107], however,
reveals that the singular limit wo , fulfills a second Weierstrass—Erdmann
corner condition that is known for minimizers of one-dimensional variational
problems, namely

W (uo,m) — womW' (uom) is continuous, i.e.,
is constant in (2,,.

(I11.6.92)

The condition (II1.6.92) allows for ug, only the values o and B shown in
Figure II1.2.4. Consequently, the singular limit ug ., is a global minimizer of
Eo(u) = [, W(u)dx under the constraint [, udx = m, where the mean value
m is in the spinodal region. (The simple arguments for the last statement can

be found in [109], e.g..)

Remark II11.6.5 The methods related to the Euler—Lagrange equation of the
Cahn—Hilliard energy, expounded in Sections I11.2.5, 111.5.1, and II1.6.5, can
also be applied to other problems. In [120] we investigate radially symmetric
critical points of mnonconvex functionals of the form

(I11.6.93) E(u) = /B o W(Vu) + G(u)dx

over a ball Br(0) in R™. Here W depends only on the FEuclidean norm of
Vu and is a nonconver two-well potential as sketched in Figure I11.2.4. Con-
sequently, the direct methods of the calculus of variations are not applicable
and the Euler—Lagrange equation is not elliptic. Therefore, the existence of
critical points, in particular of minimizers, is not at all obvious, even if the
functional is coercive and bounded from below.

One possibility of overcoming the difficulties is given by a singular pertur-
bation of higher order,

(I11.6.94) E.(u) = /B o 1E(Au)2 +W(Vu) + G(u)dx  fore > 0.

Since (I11.6.94) has a uniformly elliptic Euler—Lagrange equation of fourth
order, the chances of proving the existence of critical points are increased.
Moreover, if critical points of (II1.6.94) converge as € tends to zero, then one
can hope for critical points of (II1.6.93). For the first step, i.e., to prove the
existence of a solution of the Euler—Lagrange equation, we embed (1I1.6.94)
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into a family of functionals

1
(I11.6.95) B. (1) — / L (Aw? £ W(Vu, \) + Gu)de, A €R,
Br(0)

where E. o(u) = E:(u). Assuming VW (0,)\) = 0 (where V denotes the gra-
dient with respect to the first variables) and G'(0) =0, we see that the func-
tional (II1.6.95) has a trivial critical point uw = 0 for all A € R given by the
trivial solution (0, \) of the corresponding Euler—Lagrange equation.

A rough analysis shows that the trivial critical point is not a minimizer
for Eeo(u) = Ec(u). In order to find nontrivial critical points we restrict the
functionals to radially symmetric functions. This is possible if W (-, \) is ra-
dially symmetric, and it is adequate to the problem, since one can show that
under certain additional conditions, a minimizer of E(u) is radially sym-
metric, if it exists. The mathematical benefits of this restriction, however,
are striking: A bifurcation analysis of the one-dimensional Euler—Lagrange
equation of fourth order gives us pairs A, € R, k € NU {0}, where a lo-
cal bifurcation with a one-dimensional kernel takes place. At each (0,£\)
Theorem 1.5.1 is applicable, and the bifurcation formulas of Section 1.6 yield
pitchfork bifurcations. For a global continuation of the local bifurcating curves
we apply Theorem I1.5.9, and we obtain global continua CiAk emanating at
(0, £Xi) and satisfying the alternatives given in that theorem. In general,
however, we cannot decide which of the alternatives is valid. We discuss only
Ci:/\o in more detail. Here Ny > 0 is closely related to the principal eigenvalue
of the negative Laplacian —A over the ball Br(0) satisfying homogeneous
Dirichlet boundary conditions. The corresponding eigenfunction spanning the
one-dimensional kernel is not only positive but also radially symmetric. These
geometric properties are preserved for all functions of the global continuum
C/J\r. In order to prove this as we do in Section II1.6.2 we have to ensure
the validity of a mazimum principle. However, such a mazimum principle
applies only to special elliptic equations of fourth order. The Euler—Lagrange
equation of (I11.6.95) is not admissible in general, unless it is restricted to
radially symmetric functions.

An a priori estimate of C;ro rules out unboundedness, and by its positivity
it is not connected to Cy ~or to any other CiAk for k > 1. The only possibility
left is C;‘O = Cf)\o, in other words, the continuum Cj\'o connects (0,+Xg) and
(0, —Xo). In particular, there is a radially symmetric nontrivial critical point
of (II1.6.95) for any X € (—Xo, Ao). Note that this is true for any fixred € > 0.

Making use of the positivity and further geometric properties such as
monotonicity of the critical points on C;}, we can prove the compactness
of the set of critical points on C:\: for fited X € (—Xo, Xo) as € tends to zero.
In particular, we obtain a singular limit for A\ = 0. This singular limit is
a nonnegative radially symmetric critical point of E(u) = Ep(u) given in

(I11.6.93).
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However, that singular limit could be trivial, and therefore it would not be
of any interest. Another application of all geometric properties of the nontriv-
ial critical points together with a subtle analysis yields finally that the singular
limit is positive in Br(0).

Under additional assumptions we show that this method gives indeed a
minimizer of E(u), which is unique. All details of the proofs can be found in

[120].

II1.6.6 Global Branches of Positive Solutions via
Continuation

We consider (I11.6.11) with G(0,0,0,2,0) = 0 for all z € {2 such that we
have the solution (ug, Ag) = (0,0) € X x R. We prove a global continuation
of that solution by unbounded branches of positive and negative solutions. To
that end we assume that 2 C R” is a bounded domain with a smooth bound-
ary 92 and that the functions a;; and g in (II1.6.11) satisfy the regularity
assumptions of Section III.5. Moreover,

9(0,0,2,A) >0 for A >0,

9(0,0,2,A) <0 for A <0,

and for all x € {2, but

9(0,0,2,A) 0 for some x € 2 if X\ #£ 0.

(I11.6.96)

Apart from assumption (II11.6.96) for all (z,\) € 2 x R we need also the
following global and local properties of the function g:

gu(v,u,2,0) <0 forall (v,u,z) € R" xR x {2,
g(v,u,z,A) >0 for A >0,

g(viu,z,A) <0 for A <O0or
gu(V,u,z,A) <0 or

gu(viu,z, \)u >0 for A >0,
gu(Vyu,z, N)u <0 for A <0,

and for (v,u,z,\) ER" x Rx 2 xR
such that ||v]| + |u| + || < 0.

(I11.6.97)

As in (IT1.6.24), every solution (u,A) € X x R of F(u,\) = 0 yields a
solution h = u of the linear elliptic problem

Lu,\)h=—g in £,

(I11.6.98)
h=20 on 0f2,
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where L(u, ) is defined in (I11.6.25) and g = ¢(0,0,z, ). By (I11.6.96)—
(I11.6.98),
D,F(0,00h=0 for heX<e
(II1.6.99) L(0,0)h=0 in £,
h=0 on 0,
where ¢(0,0,2,0) < 0; cf.(II1.6.25). Therefore, the maximum (minimum)
principle implies that A = 0 and 0 is not an eigenvalue of D, F(0,0). In
view of the ellipticity of D, F(0,0), the point 0 is in the resolvent set of
D,F(0,0), and D,F(0,0) € L(X, Z) is bijective. By the Implicit Function
Theorem, Theorem 1.1.1, the solution (ug, Ag) = (0,0) is locally continued
by a curve {(u(A), \)|]A € (—6,0)} and globally extended by a continuum C
subject to the alternative described in Theorem II1.6.1; see Section II1.5.2,
(I11.5.22)—(I1L.5.24).
We rule out alternative (ii) of Theorem I1.6.1. By (II1.6.97)4,

F(u,00)0=0 for uweX <&
u=0 on 912,

where ¢(Vu,u,z,0) < 0, cf. (I11.6.25), whence u = 0 by the maximum
(minimum) principle. Therefore, C\{(0,0)} is not connected, since for

(I11.6.101) C={(0,0)yuctuc,

the components C™ and C~ are separated by the hyperplane X x {0}. As in
Theorem I1.6.1, let

C™ denote the component of {(x(\), )|\ € (0,4)},
(II1.6.102) C~ denote the component of {(x(\),\)|X € (=4,0)},
each of which is unbounded in X x R.

By (I11.6.100),

(I11.6.103) CtC X x(0,00), C~ C X x (—00,0),

and we claim that v > 0 in 2 for (u,\) € CT and u < 0 in §2 for (u,\) € C™.
We start with the local curve {(u(X), A\)|A € (0,9)}. By (I111.6.96)—(111.6.98)

L(u(N), Mu(N) <0in 2 or
(ITL6.104) L(u(N), Mu(A) =0 in £,
u(A) =0 on 042,

where ¢(Vu(N), u(A), 2, A) < 0 when (I11.6.97)4 is valid for (v, u,z,\) € R™ x
R x 2 x R with ||v]| + |u| + |A| < 6. In case of (II1.6.97)5 we have

A
A
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L(u(N), Nu(X) + S0, bi(Vu(A), u(N), z, N)u(N)z, < 0in £,
(I11.6.105) 1 o) = 0 om 002,
since ¢(Vu(N), u(A)z, A)u(A) > 0. Recall that L(u, A) is defined as in (I11.6.11).
In all cases (II1.6.104), (II1.6.105) the minimum principle implies w(\) > 0 in
£ or u(\) =0, which is excluded for A € (0,6) by (II1.6.96). For A € (—4,0)
the assumptions (111.6.96), (I11.6.97) imply by the maximum principle that
u(A) < 0in §2. Thus

+
(IT1.6.106) (), VIr € (0,0} < K7,
{(u()‘)’ )‘)|)‘ € (_6’ O)} CK™,

where the cones K* are defined in (I11.6.28). Once we get started in the
cones, the further extension of K* NC* # () in C* follows precisely the lines
of (I11.6.28)—(111.6.31). We can show that K* NC* are each open and closed
relative to C*, since by (I11.6.103), we can use (I11.6.96); in (II1.6.98) for
(u,\) € Ct, and (I11.6.96)5 for (u, \) € C~. Note that assumptions (II1.6.97)
are no longer used when (I11.6.106) is known. Thus, by connectedness of C*,
we obtain K* NC* =C* or

(I11.6.107) CtcK* and C CK™.

We summarize:

Theorem I11.6.6 The quasilinear elliptic problem (II1.6.11) satisfying
(I11.6.96), (II1.6.97) possesses an unbounded positive solution continuum
Ct C X x (0,00) and an unbounded negative solution continuum C~ C
X % (—00,0), both of which emanate from the solution (ug, \g) = (0,0).

In the next section we show how positivity (negativity) is used to obtain
more information about qualitative properties of global branches. In par-
ticular, for a special problem (II1.7.1), global positive or negative solution
continua are smooth curves parameterized by the amplitude of u; cf. The-
orems II1.7.9 and III.7.10. Moreover, under suitable growth conditions on
the nonlinearity, their asymptotic behavior can be determined; cf. Theorem
II1.7.17.

Remark I11.6.7 In Remark I11.5.3 we mention the existence of global bran-
ches of weak solutions of a semilinear elliptic problem over a bounded domain
with a nonsmooth boundary. Since these weak solutions are in C(£2), point-
wise positivity (or negativity) in 2 is defined. Since the Mazimum Principle
of Theorem II1.6.1 can be generalized to weak solutions, the existence of global
positive and negative branches of weak solutions can be proved under much
more general assumptions on the data of the problem; cf. [T4].
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I11.7 Smoothness and Uniqueness of Global Positive
Solution Branches

In this section we study the model problem

Au+ Ag(u) =0 in §2,

(ITL.7.1) o e

where (2 is a bounded domain in R™ having a smooth boundary 0f2. The
function g : R — R is smooth (C? is enough), and first we assume g(0) = 0,
so that we have the trivial solution (0, \) for all A € R.
Let ¢’(0) > 0. We know from Section II1.2.4 that every eigenvalue p,, > 0

of —A subject to the homogeneous boundary conditions (I11.7.1)s provides a
bifurcation point (0, A,,) = (0, i, /¢’ (0)) for (II1.7.1). In this section we study
the branch emanating at (0, Ag). To this purpose we define two positive values
of \:

to = Aog'(0) is the principal eigenvalue

of —A on {2 subject to homogeneous

Dirichlet boundary conditions; i.e.,
(I11.7.2) o is the smallest positive and simple eigenvalue

of —A with positive eigenfunction 09, and

p1 = A19'(0) is the second eigenvalue

of —A;jie., 0< Xy < A1.

Then, by the results of Section III.6, in particular of Theorem III.6.3,

there exist an unbounded continuum

C’;‘O of positive solutions and an unbounded
continuum C - of negative solutions

of (ITI.7.1) in X X R emanating at (0, Ap).

(I11.7.3)

Recall that X = C%(2) N {ulu = 0 on 012}.

(The conditions for local and global bifurcation are easy to verify: De-
fine F(u,\) = Au + Ag(u) for (u,\) € X x R. Then D2, F(0,\)h =
Lax(M)h = ¢'(0)h; cf. (I11.2.8), and the simplicity of the principal eigen-
value and the (formal) self-adjointness of L()\g) imply condition (1.5.3) or
(I11.2.8). Moreover, this condition is equivalent to an odd crossing number of
D,F(0,)\) = L(A\) = A+)\g'(0)I; cf. (1.7.36). To be more precise, the greatest
eigenvalue of L(A) is u(A) = (A — Xo)g’(0), and it crosses the imaginary axis
at (M) = 0 with “nonvanishing speed” p/(Ag) = ¢’(0) > 0. This describes
a loss of stability of the trivial solution (0,\): it is stable for A < Ao and
unstable for A > A¢.)

The topological methods, however, for proving the existence of C =
{(0,0)} U C;ro U Cy, do not give more information than (IIL.7.3). In par-
ticular, the following questions have no answer yet:
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e Are Ci smooth curves in X x R?
e What is the asymptotic behavior of Cfo as |lull2,a + |A] = 00?

e Are there other positive (negative) solutions of (II.7.1) that are not on
(€37
0 0

We give some answers using first growth conditions on g. Assume that

0 < g(u)u < g’ (0)u? for u € R,

(IIL.7.4) i.e., g grows at most linearly.

Then, for (u,\) € C,\io7

(IL.7.5) (—Au,u)o = [ Vul[§ = Mg(u), u)o < Ag'(0)]|ull5.

Since the principal eigenvalue A\gg’(0) is the minimal value of the Rayleigh
quotient, i.e.,

[Vullg
ullf

(I11.7.6) Aog’(0) = mi { lu € Hy(£2),u # 0},

cf. Remark III.2.1, we obtain from (IIL.7.5)
(I11.7.7) A> X forall (u,\)€Cy.

For a sublinear growth of g the bifurcation is supercritical.

For a superlinear growth, i.e.,
(I11.7.8) g(uw)u > g (0)u* for weRu#0,
we obtain for (u, A) € Ci,
—Au — Ag'(0)u = A(g(u) — ¢'(0)u) in £,
(I11.7.9) u=0on 92, and
g(u) —g'(0)u Z 0in £2.

Since (II1.7.1) has no nontrivial solution for A = 0 and since C/\i0 are con-

nected, we have A > 0 for all (u,\) € Ci.
Let 9y denote the positive and normalized eigenfunction of —A for the
principal eigenvalue 1o = A\pg’(0). Then
(AO - /\)g'(O)(u, f)o)o == (—Au - /\g'(O)u, @0)0
(I11.7.10)
(u,00)o 2 0 for (u,\) € Cfo, whence

0 < A< o for all (u,\) €C5.
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For a superlinear growth of g the bifurcation is subcritical.

By unboundedness of C/\io, this means that ||u||2,q is unbounded for (u, A) €

Cfo, but it does not imply any specific asymptotic behavior. In order to
sharpen the result of (II1.7.10), we assume that

lim ¢'(u) = ¢'(c0), lim ¢'(u) = ¢'(—00) exist,

U—r 00 U—r—00

A1
(1r7.11)  0<9'(0) <¢'(xo0) < /\—Og’(O), cf. (IIL.7.2),
g"(u) >0 for u > 0,
g"(u) <0 for u < 0.

By ¢(0) = 0, the assumptions (I11.7.11) imply (II1.7.8) and
g(u) ’ ’
(II1.7.12) 0< <9 (u) < ¢'(£o00) for u # 0.

In the following we let (cf. (I11.2.47))

to(p) denote the principal eigenvalue with
positive continuous weight function p
(II1.7.13)  of —A on {2 subject to homogeneous
Dirichlet boundary conditions and
p1(p) the second eigenvalue with weight function p.

According to (IIL1.7.2), po(l) = po. The eigenvalue pg(p) is given as in
(IT1.7.6), where the denominator of the quotient is replaced by (pu,u)o, cf.
Remark 2.3, and by the minimax principle (see [24]), the second eigenvalue
is described as

[V ull
(PUaU)O

I11.7.14 = max min
(L714) ) = max {

0+#u e Hy(02),(pu,v)o = O}.

Both variational characterizations imply the monotonicity of the eigenvalues
with respect to the weight function:

0 < p1(z) < po(x) for all x € 2
= > ,
(IIL.7.15) to(p1) = po(p2) .
po(p1) > po(p2) if p1 # p2,
pi(p1) = pa(p2).

For (u, ) € Cfo,

(I11.7.16)
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so that A = puo(g(u)/u), which is the principal eigenvalue of —A with weight
function g(u)/u. (Note that g(u)/u € C(§2).) By (111.7.12), (II1.7.15),

A= tolg(u)/u) > palg’ (W) > polg' ) = do— 2,
(IL.7.17) ( g)
pag()/u) 2l () 2 (9 (£00)) = M= = o,

where we use (I11.7.11)2. This restricts the interval of values of A to

/
0
(I11.7.18) 0<Xo g;’ii(o)o) <A<Xg forall (u,\)€Cy;

cf. (I11.7.10). For F(u,A\) = Au+ Ag(u) and (u, \) € Cf\[w

DyF(u,\)h=0for he X <
h=0 on 012,

which means that X\ is an eigenvalue with positive weight ¢'(u) of —A. By
(I11.7.17), (I11.7.18),

(I11.7.20) po(g'(w) < A < Ao < pa(g'(u),

so that A is between the first (principal) and the second eigenvalues with
weight ¢'(u) of —A. Therefore,

D,F(u,\) € L(X, Z) is bijective
(IL.7.21) for all (u,\) € Ci .

0
Recall that Z = C*(£2). By the Implicit Function Theorem (Theorem I1.1.1)
every solution (u,A) € C/\i0 of F(u,\) = 0 is locally continued by a smooth
curve parameterized by A. Therefore, by connectedness,

Ci are globally smooth curves

/0)
terized by A € (A%, A JIACESWRY
parameterized by A € (AL, Ao) C < e 7’ 0);

(I11.7.22)

cf. (I11.7.18). Let (Ap)nen be any sequence such that A, \ AL, say, and
[[1(An)]|2,6 — 0o by unboundedness of C;° o (w(N), A)[A € (AL, Xo)} in X x

R. Then (u(Ay))nen is unbounded in C' (ﬁ), too, since its boundedness implies
boundedness in C*%(£2) by the following “bootstrapping”: Boundedness of
(w(An))nen, and therefore of (A, g(u(An)))nen, in C(§2) implies by (I11.7.1)
and an elliptic a priori estimate boundedness of (u(\,))nen in W2P(02) for
every 1 < p < oo. A continuous embedding mto C*(0) for p > n yields
boundedness of (u(\,))nen, and therefore of (A\,g(u(An)))nen, in C(£2),
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and (II1.7.1) together with another elliptic a priori estimate implies finally
boundedness of (u(\,))nen in C%($2).
Passing to a subsequence, assume that |[u(\,)]lcc — 00 as A, N\ AL,
(Here || ||o is the maximum norm in C(£2), also denoted by || [|o.0.) Setting
= u(An)/||u(An)]lco and s, = 1/||u(An)] oo yields that |[v,]lecc = 1, $n — 0,
and v,, solves

Avp + A\pSng (U—n> =0 in {2,
S

v, =0 on 0f2,
vy, >0  in £2.

(I11.7.23)

By (II1.7.11), g(u)/u — ¢’'(o0) as u — oo, whence |g(u) — ¢'(co)u| < eu for
u > M (e). Therefore, for M = M (e) and positive u,

max |g(u(z)) — g'(c0)u(z)]
z€N

< <
(I11.7.24) —K%’QM'/' max |./.| < Cg(M) +¢l|ulloo

< 2elulloo if IIUIloo > Cg( )/

Since ||vn|leo = 1, the estimate (I11.7.24) implies

Un
Isg ( ) (00l < 26
(II1.7.25) for all 0 < 8y, < e/Cy(M) or

Sng s_ — ¢'(00)v, — 0 in C(2) as n — oco.

n

By boundedness of ()\nsng (%ﬂ)) in C(£2), cf. (IT1.7.25), the same boot-
" neN

strapping as described before yields via (II1.7.23) boundedness of (v, )nen in
W2P(§2) for p > n and, by a compact embedding into C®({2), the conver-
gence of a subsequence (v,, )ren to some v € C*(2) with ||[v]|ec = 1 and
v > 01in 2. By (II1.7.25) this implies

vn . p—
(I11.7.26) Any Sni 9 (S ’“) — AL g/ (0c0)v in C(£2)

ng
as k — oo.

Finally, the elliptic a priori estimate for (I11.7.23) in L?({2) gives by (IT1.7.26)
the convergence of (v, Jken to v in W2P(£2), and we obtain by (I11.7.23) in
the limit
Av+ AL g/ (0)v =0 in §2,
(IIL.7.27) v=0 on a0,
v>0 in 2.

Since v € C(£2), elliptic regularity clearly provides v € C?(£2). The elliptic
maximum principle implies v > 0 in {2, since v = 0 is excluded by ||v||c =
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1. Therefore, A1 g'(c0) = po, which is the principal eigenvalue of —A; cf.
(II1.7.2). By po = Aog’(0), we obtain

/ /
(I11.7.28) PR W (U R C W A (U
g'(o0) g'(—00)
by analogous arguments. In view of (II1.7.22), this proves that the global
branches Ci %, are smooth curves that are parameterized by A over the intervals
(Mg’ (0)/¢ (i 00), Ag), respectively.
We claim the asymptotic behavior

(II1.7.29) lim, [[u(A)]] oo = o0
ANAE

If (II1.7.29) is not true, there exists a sequence (A, )nen such that A, N\, AL,
say, and ||u(Ap)]|eo < C for (u(An),\n) € C;‘O. By the “bootstrapping” ex-
pounded before, the boundedness of (u(\,,))nen in C(£2) implies via (I11.7.1)
the boundedness of (u(\,))nen in C%(£2) and, by compact embedding, the
convergence of a subsequence (u(\,,))ren to some u in C*(§2) with u > 0
in 2. By the convergence of (A, g(u(An,)))ken to Ag(u) in C¥(2), an
elliptic a priori estimate for (I11.7.1) in C®(£2) implies the convergence of
(u(Any ))ken to u in C22(02), and (u, \L) solves (I11.7.1). (This property
that boundedness of solutions implies relative compactness is called “proper-
ness” of the mapping Au+ Ag(u); cf. (I11.5.7)—(II1.5.9).) By its construction,
(u,A\%) € E;ﬂ and by Theorem II1.6.2, either v > 0 or v = 0 in (2. In the
second case, (0, \)) would be a bifurcation point for (II.7.1) from the trivial
solution line {(0, \)}, which is excluded, since AT ¢’(0) < X\og’(0) = o, which
is the principal (= smallest) eigenvalue of —A. Therefore, u > 0 in 2 and
(u,AL) € CY, contradicting (II1.7.18) by (II1.7.28). This proves (IIL.7.29).

By the asymptotic behavior (I1.7.29) we can choose a sequence A, “\ AT
such that the analysis (IT1.7.23)—(II1.7.27) is valid. Since the limit satisfying
(II1.7.27) is unique by |[v]cc = 1, we can conclude that the entire sequence
(vn) converges to v in W2P(£2) (for any 1 < p < 00). Accordingly, (II1.7.26)
is true for any sequence v, = u(\,)/[|u(An)|l 0o = u(An)s, where A, N\, AL.

We claim that the convergence (I11.7.26) also takes place in C(§2). For
a proof we give some well-known facts about convergence in Holder spaces.
By the simple estimate

@) =W _ o (@) = FOIN s
(I11.7.30) oyl =2 ( o=y ) 17 llee

for0<a<p<1, z,ye€ 2 x#y,

the following property is immediate:
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Let (fn)nen C C?(£2) be such that
(I11.7.31)  f, — 0 in C(2) and || fullo.s < C as n — oo.

Thenfn%OinCa(ﬁ)f0r0<a<5§1asn—>oo.

If (fu)nen C CH(£2) (not to be confused with the Holder space C#(§2) with
B = 1), then the mean value theorem implies ||f,|lo1 < C, provided that
IVfnllo < C as n — oo. Using this observation we apply (II1.7.31) with
B=1to

fn=5ng (U—n> — ¢'(c0)v for which
S

n

(M7.32)  Gp _ ( ) Vo, — ¢'(00)Vo and

IV falloo < Cor (IV0nlloe + IV0]) < € as n — oo,

Here assumption (II1.7.11); gives the constant Cyy/, and the convergence vy, —
v in W*P(§2) (which implies the convergence v, — v in C*(£2) by embedding
W2P(2) C CH(R2) for p > n) gives the boundedness of ||V, ||oo. This proves
that

(I11.7.33) AnSng <U—”> = AL/ (c0)v  in C*(2),
Sn

and the elliptic a priori estimate for (IIL7.23) in C(£2) implies the conver-
gence v, — v in C%%(02).
We summarize:

Theorem II1.7.1 Let CjE be the unbounded continua of positive (negative)
solutions of (II1.7.1) emanatmg at (0, o), where the function g satisfies
g(0) =0, ¢'(0) > 0, and (II1.7.11). Then C)\ are smooth curves parame-
terized by \ € (AL, )\0) (Mg’ (0)/g' (£00), )\o) respectively. Furthermore,

Hm_ [[u(A)|le = 00 for (u(M),A) € CF
AN

_ul)
lim ————
(I11.7.34) g V)l
where ¥g is the positive (negative)

= 'IA)O m CQ,a(ﬁ);

eigenfunction of —A to the principal

eigenvalue po = Nog'(0) = AL g/ (£00).

Finally, the trivial solution line {(0,\)} is stable for A < Ao and unstable for
A > Ao, whereas Ci are unstable.

The instability of the global curves Ci is not a consequence of the local
Principle of Exchange of Stability expounded in Section 1.7. It is a conse-
quence of (II1.7.20) as follows:
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Let 0y (depending on u) be the normalized positive eigenfunction for the
principal eigenvalue 1o (g’ (v)) with weight function ¢’(u) of —A on {2 subject
to homogeneous Dirichlet boundary conditions. Then the greatest eigenvalue
of Dy, F(u, \) for (u,\) € Ci is
man{ [V + Xg' (. o)lo € (), [o]o = 1)

> —[[Voll§ + Mg’ (w)vo, Bo)o > —[[Violl§ + 1o(g' (w)) (g’ (u)vo, Bo)o = 0.
The positivity of the greatest eigenvalue of D, F(u, A) entails the instability
of w.

We sketch Cj\'o in Figure II1.7.4. The monotonicity with respect to the
amplitude is true for symmetric domains in R?; cf. Theorems I11.7.9, II1.7.17.

Properties (I11.7.34) suggest a Bifurcation from Infinity at A = AL . We
prove “bifurcation” in the sense of Theorem 1.20.1 under more restrictive
assumptions on g at u = oo that give )\fo = Aso- On the other hand, we drop
the assumption g(0) = 0.

II1.7.1 Bifurcation from Infinity

Problem (IT1.7.1) provides an example of Bifurcation from Infinity in the
sense of Theorem 1.20.1 under the assumptions

lim g'(u) = g'(c0) > 0, i.e., g'(c0) = g'(—00),
(IT1.7.35) |u]—o0
lug” (u)] < C for all u € R, with some C; > 0.

Let pp = Axg’(00) be the principal eigenvalue of —A and let @y be a
positive eigenfunction spanning N(A + uol) € X = C*(2) N {ulu = 0 on
02}. Setting

F(u,\) = L(\)u+ AR(u),

(
(111.7.36) L(Nu = Au+ \g'(c0)u,

R(u) = g(u) — g'(c0)u,
we see that the assumptions (1.20.2), (1.20.3) with A(\) = L(\), Ao = Aoos
and (1.20.5) are satisfied. (Recall that 0y ¢ R(A 4 pol) = span(ig]* N Z,
where Z = C*({2) and the orthogonal complement is taken with respect to

the scalar product in L?(£2).) The crucial assumption for Theorem 1.20.1 is
(I.20.4): Let U be a neighborhood of ¢y in X. Then it has to be shown that
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v ! : a( (O
sg (=) —g'(0)v = 0in Z = C¥(12),
S

(IT1.7.37) (9' (g) - g’(oo)) h—0in Z as s — 0,

for all v €e U C X and
uniformly for h € X with ||hlj2, < 1.

By (I11.7.35)1, g(u)/u — ¢'(o0) as |u] — oo, whence |g(u) — ¢'(00)u| < elul
for |u| > M (e). Therefore, for M = M(e),

max|g(u(z)) - g'(c0)u()|

(II1.7.38) < max [|/|+ max [/.|<Cg(M)+ellull

[u(z)|<M [u(z)|>M
< 2efulloc i lulloo > Cy(M)/e.

Using [|v]|ec < ¢1 for all v € U, we see that the estimate (II1.7.38) implies

Hsg (z) - g’(oo)vHoo < 2c¢ie
(I11.7.39) for all |s| < ec1/Cy(M) or

sg (g) —g'(c0)v — 0in C(2) as s — 0.

This argument does not apply to (I11.7.37)a, where we need the following
properties:
v €U C X implies v(z) > 0 for all x € 2,

0 < wv(z) < e if dist(z, 002) < §1(e),
(IT1.7.40) v(x) > d(61) > 0 if dist(z, 02) > 5, > 0,

h € X with ||h]|2,o <1 implies

|h(z)] < e if dist(x, 002) < da(e).

Note that U C X is a neighborhood of 9y that is positive in {2 and for which

Hopf’s boundary lemma is valid on 0f2.
By (II1.7.35)1, |¢'(u) — ¢'(00)| < Cy for all u € R, whence
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< Cge

(( ) Mf&

if dist(z,00) > ) and |s| < d(e), o

(I11.7.41)

(g’ (E) - g’(oo)) h —0in C(2) as s — 0,
s
uniformly for h € X with ||h|2.a < 1.

We use the property (II1.7.31) in order to prove (II1.7.37). Let (sp)neny C R
be such that s,, — 0. Then for

fn =509 (v_n) — ¢’'(c0)v we obtain
Sn
(II1.7.42) Vin= (9/ (i> - g’(oo)) Vv, whence

Sn

IV falloe < Co [ Volloe < Cyrez = C,

where Cy depends only on the uniform bound of |¢'(u)|, cf. (II1.7.35)1, and
¢z is a uniform bound of ||Vv||« for all v € U. The application of (II1.7.31)
with =1 then implies (I11.7.37);. For

Jn = (g’ <i> - g’(oo)) h we obtain
(I11.7.43) Sn

Vi =" (Z) Won+ (o () -9 T

The second term of (II1.7.43)5 is estimated as in (IT1.7.42) when ¢ is a
uniform bound of ||Vh||« for all h € X with ||h]|2,o < 1. For the first term
we use the uniform estimate

|h(z)] < cgv(x) for all x € (2,
(II1.7.44) for all h € X with ||h2,a <1,
and for all v e U C X.

Indeed, the positive eigenfunction 9y with nonzero normal derivatives on 8(2
(Hopf’s boundary lemma) bounds all functions h € X = C*(2) N {u|u =

on 02} with ||Allec + | VA|loo < ||B]l2,o < 1 pointwise in £2 by |h(x)| < é300(x )
for some ¢3 > 0. This estimate persists for all v € U C X with a uniform
constant cg, since U is a neighborhood of ¢y in X. Using (II1.7.44) we obtain

for the first term (I11.7.43)a,
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— () Toainta)

Sn n

o125 (42} 9ot

(I11.7.45) s¢

< 301 || Vv|oo < C by (II1.7.35),,

n

uniformly for v € U C X, ||hlj2,o < 1.

By (II1.7.31) this proves (II1.7.37)2, and all assumptions of Theorem I1.20.1
are verified.

Theorem I11.7.2 Under the assumptions (111.7.35) there is a unique con-
tinuous curve {(v(s), \(s))|s € (=6,8)} in (C**(2) N {uju=0 on d2}) x R
through (v(0), A\(0)) = (¥0, Aso) Such that the functions

u(s) = %S) for s € (—0,8)\{0}

solve (II1.7.1) with A = X(s).

(IT1.7.46)

Here pg = Aoog’(00) is the principal eigenvalue of —A with positive eigen-
function 0.

The property
(II1.7.47) ;gr(l) lu(s)]|2,a = 00, ;gr(l) A(S) = Ao

explains the nomenclature “Bifurcation from Infinity” at A\ = M. Since
09 > 0 in 2 and 09 has nonzero normal derivatives on 92 (Hopf’s boundary
lemma), we have v(s) > 0 in {2 for s € (—6,6) such that

u(s) >0in 2 for s € (0,4),

I11.7.48
( ) u(s) <0in 2 for s € (=4,0).

If the global continua C/\i0 exist (cf. Theorem II1.7.1), one expects that the
ends of Ci near (00, Ao ) are on the curve (I11.7.46) bifurcating from infinity.
We show more:
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Let (un, A\n) € X X R be positive (negative)
solutions of (IT1.7.1) such that ||u,|lcc — o0

and A, — AT (A\3) as n — co. Then

(L749) = 20n) ) n, = AGsa),
Sn
for some s,, € (0,6)((—9,0)) with s,, — 0 and where
{(v(s), A(s))} is the unique curve of Theorem II1.7.2,
and therefore AL, = A\ = Ao.
For a proof we confine ourselves to the case of positive u,. The same
arguments that prove Theorem II1.7.1 yield
Un
l[2n | oo
where v > 0 solves
(IIL.7.50) Av+ AL g (c0)v =0 in £2,
v =0 on 012,

— v in C%%() as n — oo,

whence v = 99 and A\, = \.

Normalizing ||0gllo = 1 (where || ||p and ( , )¢ denote the norm and the
scalar product in L?(£2)), we obtain for s,, = 1/(uy, 0g)o that

Vn = Spuy € X satisfies

v, — Vg in X, Ay = Aso, Sn — 0 as n — o0,

(II1.7.51) F(n, An, $y) = (0,0), where

F(v,\,s) = (L(A)v + AsR (S) s (v, 90)0 — 1) ;

cf. (IT1.7.36). On the other hand, the triplet from Theorem IT1.7.2, (v(s), A(s), s)
€ X xR xR, solves (II1.7.51)3, too, so that uniqueness of the solutions near
(D0, Ao, 0) implies (111.7.49). (In the proof of Theorem I1.20.1 the duality
(v,9}) can be replaced by (v, 0g)o.) Statement (I11.7.49) implies in particular

that
under the assumptions (I11.7.11) and (II1.7.35),

the global curves Ci described in Theorem III.7.1
connect the local curves bifurcating from 0
at A = )¢ and bifurcating from infinity at A = A.

(I11.7.52)

Finally, the asymptotic behaviors (I11.7.33) and (II1.7.47) are equivalent:

(I11.7.53) Jm a3l =00 & lm [Ju(3)]x = oo.



II1.7. SMOOTHNESS AND UNIQUENESS 363

This complete description of the global positive (negative) solution branches
C/\i0 requires rather restrictive assumptions on the nonlinearity g. In the se-
quel we prove smoothness of positive solution branches under quite general

assumptions on g, but the domain {2 is symmetric and partially convex in
R2.

Remark II1.7.3 Bifurcation from Infinity for (II1.7.1) can be proved un-
der weaker assumptions on g than stated in (II1.7.35). To be more precise,
assumption (II1.7.35)y is not necessary, and (II1.7.35); can be weakened to
limy|~oo g(u)/u = K. Following [149], we consider A : X — Z as a con-
tinuous bijection for X = C**(2) N {ulu = 0 on 002}, Z = C*(2), and
also for X = W2P(Q)NWyP(2), Z = LP(82), ¢f. (II1.1.8), (IT1.1.40). Then
(I11.7.1) is equivalent to the fized-point problem

(I11.7.54) u=—-AA""g(u), ue C(2).

Setting A(N) = I + \KA™! and R(u) = A=Y (g(u) — Ku), we see that the
inversion w = u/||ul|?, transforms

ANu+ AR(u) =0, (u,\) € C(2) x R, into
(I1L.7.55) B
ANw + MwlZR(w/[[wl|Z) = 0, (w,A) € C(£2) x R.

Assumption |g(u) — Ku| = o(|u|) at |u| = oo implies for
R(w) = |lw]ZR(w/|lw]%,) that
(I11.7.56)  R(w) = o(||w||ee) at w =0 in C(£2)
and R : C(R2) — C(2) is compact; see (II1.7.38) and [149].

Since A(\) = I + MNKA™Y is a compact perturbation of the identity, cf. De-
finition I1.2.1, the analysis of bifurcation from the trivial solution line for
AN w 4+ AR(w) = 0 allows the application of the Leray-Schauder degree; cf.
Sections I1.2, I1.8. In particular, if ur = MK is an eigenvalue of —A on
2 (subject to homogeneous Dirichlet boundary conditions) of odd multiplic-
ity, then (0, \) is a bifurcation point for A(N)w + AR(w) = 0; ¢f. Theorems
I1.3.2 and 11.8.3. The inversion u = w/||wl||%, then provides bifurcation for
AN u+ AR(u) = 0 at (00, \), which, in turn, proves Bifurcation from In-
finity for (IIL.7.1) at X = \i.. Furthermore, the alternative of the Global Ra-
binowitz Bifurcation Theorem is valid for A(\)w + AR(w) = 0. However, the
translation of that alternative to an alternative for Bifurcation from Infinity
after inversion is somewhat awkward, and it is found in [149]. Note that the
statements of Theorems 1.20.1 and II1.7.2 are much sharper. The bifurcating
continuum obtained by the application of the Leray—Schauder degree does not
necessarily consist of a unique curve as stated in Theorem III.7.2. Since we
need that uniqueness in the sequel, the stronger assumptions (II1.7.35) are
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Justified. Our analysis, however, applies only if oy = Aoog’(00) is the princi-
pal eigenvalue of —A.

II1.7.2 Local Parameterization of Positive Solution
Branches over Symmetric Domains

We consider (II1.7.1) over a domain having the following properties:

2 C R? is bounded with a smooth boundary 92,

{2 is symmetric with respect to the z- and y-axes,
and {2 is partially convex; i.e.,

if (x1,9), (x2,y) € 2 then (tz1 + (1 — t)z2,y) € 12,
if (x,y1), (z,y2) € 2 then (x,ty; + (1 —t)y2) € 12,
for all ¢ € [0,1].

(I11.7.57)

Remark II1.7.4 For the sake of convenience we restrict the presentation to
domains (II1.7.57). There are, however, other cases to which the same or
modified arguments as given in this sequel can be applied: For instance,

2 C R? is a rectangle

(111758) or an equilateml triangle-

Consider Au + Ag(u) = 0 with g(—u) = —g(u) on a rectangular or hexra-
gonal lattice L as described in Section III.6. As summarized in (II1.6.40),
each point (0, Ao) with A\g > 0 gives rise to unbounded branches of solutions
whose nodal set consists precisely of the lines of a particular rectangular or
hexagonal lattice whose periodicities are in one-to-one correspondence with
Ao- On each tile 2 of the lattice, the solution u is positive or negative. Whereas
a rectangle £2 has the symmetries of (II1.7.57), an equilateral triangle {2 has
three symmetry axes. What is needed is for each half of 2 on one side of a
symmetry axis to be an optimal cap in the sense of [55]. Then, according to a
celebrated result of [55], positive solutions on (2 have the symmetries of §2; cf.
Proposition II1.7.5 below. Having this in mind, an extension to smooth and
conver domains having the symmetries of any regular polygon is possible,
too. In Remark II1.7.18 we summarize our results for domains other than

(II1.7.57).
We quote from [55] the following result:

Proposition II1.7.5 Assume that u € C?(2) is a positive solution of
(I11.7.1), where X > 0 and g(0) > 0. Then u has the same symmetries as
2; ie., for (z,y) € 02,

(I11.7.59)

—~

u(—z,y) =u

( T,y
u(aj’ _y) =u

)
r,y),

)

—~
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and moreover,
uy <0 on {(z,y) € 2z > 0},

(II1.7.60) uy <0 on {(z,y) € 2y > 0}.
Finally,
(II1.7.61) u, <0 on 9f2

for the derivative in the direction of the exterior normal unit vector v on 02.

Note that properties (IT1.7.59), (II1.7.60) are valid for every g and A # 0.

The last property (II1.7.61) follows from Hopf’s boundary lemma using
the trick (II1.6.10) and the assumptions A > 0,¢(0) > 0: If g(0) > 0, then
for & near 92, (II1.7.1) implies Au(xz) = —Ag(u(x)) < 0, and the usual
boundary lemma applies. If g(0) = 0, then (II1.7.1) implies Au + Acu = 0,
where ¢ = g(u)/u € C(£2). Since u > 0 in 2, we obtain, as in (II11.6.10),
Au+ Ac”u < 0, and again the usual Hopf lemma applies.

As stated in Remark II1.7.8 below, property (II1.7.61) is not necessarily
true if g(0) < 0.

Another consequence of Proposition II1.7.5 is that for positive solutions
of (IT1.7.1) (for all A # 0 and for all g),

(I11.7.62) [ulloo = max u(z,y) = u(0,0).
(z,y)€NR

Lemma II1.7.6 Let u € C2?(2) be a positive solution of (IIL7.1) where
g(0) > 0. Then the linear problem

Av+ Mg (w)v =0 in {2,

(I11.7.63) v=0 on 0N

has no nontrivial solution v € C%(2) having the symmetries
(IT1.7.64) v(=,y) - UEI’ yg,
and satisfying

(II1.7.65) v(0,0) = 0.
If the homogeneous boundary conditions (II1.7.63)s are replaced by

(II1.7.66) v>0 or wv<0 on 0,

then problems (II1.7.63),, (II1.7.64), (II1.7.65), (II1.7.66) also have no solu-
tion.

Proof. We assume the existence of some nontrival v € C?(£2) having the
properties (I11.7.64), (II1.7.65), solving (II1.7.63);, and satisfying v = 0 or
v > 0orov < 0on df2. By (IIL.7.65), the origin (0,0) is in the nodal set
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N of v. The complement 2\ N decomposes into nodal domains, and by the
maximum principle, v has opposite signs in two adjacent domains. (The sign
of A\g’(u) = ¢ plays no role for this argument; see the trick of (II1.6.10).)
Since (0,0) € N, the symmetry of v implies that there is a nodal domain
Dofvin 2N{x >0} orin 2N{y >0} and v =0 on ID, v > 0 in D.
(In case of (I11.7.66) we have D C §2.) Therefore, depending on its sign, the
number A # 0 is the largest negative or smallest positive eigenvalue of the
weak eigenvalue problem for —A with weight function ¢’(u) over D subject to
homogeneous Dirichlet boundary conditions; cf. Remark II1.2.3, in particular
(I1.2.46), (I11.2.47). Tt is characterized by an extremal property of

IVoll72p)

(111.7.67) (g’(u)u U)L2(D)
such that (¢'(uw)v,v)r2(py > 0 or <O0.

among v € Hy(D)

Since we need a piecewise smoothness of 9D (which is true but which is not
easy to prove), we proceed as follows: Let D C D C 2N {x > 0}, say, where
0D is piecewise smooth. Then the largest negative (or smallest positive)
eigenvalue i of the same weak eigenvalue problem over D is not smaller (or
not larger) than A. This follows by the extremal property of the “principal”
eigenvalue po. If o = A, we replace v by the positive eigenfunction over
D that satisfies (II1.7.63), where (2 is replaced by D. If A < po < 0 or
0 < pp < A, then we shrink D in 2N {x > 0}, preserving its piecewise
smooth boundary, so that the “principal” eigenvalue po becomes \. This is
possible, since by Poincaré’s inequality (I11.6.4),

lpo| > ¢| D]~ for a uniform ¢ > 0

(IT1.7.68) and [D| = measD.

Therefore, replacing D by D if necessary, we can assume that v satisfies
(II1.7.63), where 2 is replaced by D, that v > 0 in D, that D is in 2Nn{z > 0},
say, and that 0D is piecewise smooth.

Using (I11.7.1) for u (which is certainly in C3(£2) by elliptic regularity),
we obtain by differentiation

(I11.7.69) Aug + Mg (u)u, =0 in D,

and Green’s formula then gives, in view of v =0 on 9D,

ov

I11.7.70 —u,
( ) o O

207

where 7 is the exterior normal unit vector on 9D. However,
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0
a_v < 0 on 9D\{ singular points},
n

by Hopf’s boundary lemma using v > 0 as in (II1.6.10),
(IIL7.71) 4, <0 on 0D N {z > 0},

uy =0 on 9D N {x =0},

by Proposition I11.7.5,

contradicting (II1.7.70). O

Our Main Result on Local Parameterization of Positive Solu-
tions reads as follows:

Theorem II1.7.7 Let (ug, \o) € C%*(£2) x R be a solution of (II1.7.1) such
that ug > 0 in 2 and Ao > 0. We assume g(0) > 0 and that the domain
2 satisfies (II1.7.57). According to (II1.7.62), we denote its amplitude by
[luolloo = uo(0,0) = po. Then there are a neighborhood U x V' of (ug, Ag) €
C?*%(2) xR and a curve of class C if g is of class C?,

C = {(ulp), A\(p))Ip € (pPo — 0, p0 +0)}
through (u(po), A(po)) = (uo, Ao),

such that all solutions of (III.7.1) in U x V are on the curve C, u(p) > 0 in
2, and

(I11.7.72)

(ML7.73)  JJu(p)lloo = u(p)(0,0) =p for p€ (po—d,po+9).

In other words, the curve C is parameterized by the amplitude p of u(p).

Proof. The result follows from the Implicit Function Theorem of Section I.1
in a suitable setting. As usual, we set X = C**(£2) N {ulu = 0on 092}, Z =
C(2), and from (II1.1.26), (I11.1.29), we know that

L: X — Z, defined by
(II1.7.74) Lv = Av + Mg’ (ug)v,

is a (bounded) Fredholm operator of index zero.
For the symbols o, 7 € {+, —} we introduce four symmetry classes,
111.7.75) 27 = {u: 2 = Rlu(—z,y) = ou(z,y),u(z, —y) = Tu(z,y)},

and by the symmetry ug € X2t 1) stated in Proposition II1.7.5,
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L: X7 — 7o) with

X = xnxen zon = znxn),
(I11.7.76)
is a Fredholm operator of index zero

for all o, 7 € {+,—}.

For a proof of (II1.7.76) we refer to the arguments given in Section III.1 pro-
ving (I11.1.33): Choose a constant ¢ > 0 such that L — ¢l : X — Z becomes
bijective. Since the operator L — c¢I commutes with every (inverse) reflection
across the z- or y-axis, the unique solution u of Lu — cu = f is necessarily in
X @) if f e 2o Therefore, L — ¢l : X(@7) — Z(@7) is bijective, which
implies (I11.7.76) by the same arguments that (I11.1.8) implies (IT1.1.12).
Next we introduce a mapping
G: XEH xR x (0,00) = Z(HH) xR

)

(IIL.7.77) A\

G(w, A\, t) = (Aw + %g (iw> ; w(0,0) —Po> :

Po

which is of class C! and G(ug, Ao, po) = (0,0). We prove that its derivative
D(w,)\)G(u07 )\O7PO)[U7 )\] = (LU + )\g(UO)7 U(O7 0)))

(I1L.7.78)
D0 G(uo, Ao, po) : XHF) xR = Z(HH) xR,

is bijective.
Case I. The kernel N(L) is nontrivial in X ++),
By Lemma II1.7.6 we know that v(0,0) # 0 for all nontrivial v € N(L).

Therefore,
(II1.7.79) dim N(L) =1,

since otherwise, there would be some nontrivial v € N(L) ¢ X%) with
v(0,0) = 0. We claim that

(I11.7.80) g(uo) € R(L) € ZH1).

The rescaled function uf(z,y) = ug(sz, sy) solves Au + s*Xog(ug) = 0 for
all s > 0. Differentiating this equation with respect to s at s = 1 yields

v1(2,y) = Tuox(,y) + yuos(,y), solving

(111.7.81) ,

Avy + Aog' (uo)vr = —2X0g(uo)-
Furthermore,
(I11.7.82) vy e XFH andwv; <0on 902

by assumption (II1.7.57) on {2 and by (II1.7.61) of Proposition IIL.7.5. Assume
that g(up) € R(L). Then
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Lvg = 2Xg(ug) for some vy € X (1)
L(v+wvg+wv1) =0,

(IIL.7.83) (v tvo +0)
(v+ vy +v1)(0,0) =0, and

v+ vg +v1 <0 on 92 for some v € N(L),

contradicting Lemma IT1.7.6. This proves (I111.7.80).
Since v(0,0) # 0 for nontrivial v € N (L), we derive from (II1.7.76), (II1.7.79),
(IT1.7.80) that Dy, x)G(uo, Ao, po) as given by (II1.7.78) is surjective. To prove
its injectivity, let

Dy, )G (10, Mo, po)[v, A] = (Lv 4 Ag(uo), v(0,0)) = (0,0),

(IIL.7.84)
for some (v,\) € X+ x R,

By (IIL.7.80) we obtain A = 0 and v € N(L). Lemma IIL.7.6 then implies
that v = 0.

Case II. The kernel N(L) is trivial in X %),

In this case, (ITL.7.76) implies that L : X+ — Z(+1) is bijective and
therefore
(I11.7.85) Lvy = g(ug) for some vy € X(HH),

We claim that v2(0,0) # 0. If v2(0,0) = 0, then the function v from (IT1.7.81)
yields
L(vy 4 2Xgvz) =0, v1 + 2Xgvp € D),

(I1L.7.86) (01 + 22002)(0,0) = 0, and
v1 + 2Xgv2 < 0 on 942,
contradicting Lemma II1.7.6. For given (f,u) € Z(H1) x R,
D, )G (10, Mo, po)[v, A] = (f, ) for
(I11.7.87) v=L"1f— vy € X(H1),
A= ((L71)(0,0) — 1) /v2(0,0) € R,

which proves the surjectivity of D, )G (uo, Ao, po). Assume (I11.7.84). If X =
0, then v = 0. If A # 0, using the function v; from (IT1.7.81),

L(Avp — 20gv) = 0, vy — 2 gv € X(HH),
(II1.7.88) (v —2Xpv)(0,0) = 0, and
sign(Avy — 2X\gv) = —signA on 042,

contradicting Lemma IT1.7.6. This proves the bijectivity of D ,, )G (uo, Ao, o)
in all cases.
By the Implicit Function Theorem, there exists a Cl-curve
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{(w(®), N[t € (po — 8, po + 8)} in X+ x R through
(II1.7.89)  (w(po), A(po)) = (uo, Ao) and
G(w(t),A(t),t) = (0,0) for all t € (pg — J,po + J),

and all solutions of G(w, \,;t) = (0,0) in a neighborhood of (ug, Ao, po) are
on that curve. Obviously,

(I11.7.90)
solves (IT1.7.1) for all ¢ € (pg — 8, po + 9).

Since u(pg) = ug > 0 in 2 and ug, < 0 on 92, cf. (II1.7.61), we obtain, for
sufficiently small § > 0,

(IT1.7.91) u(t) >0 in2 forall te€ (po—0d,po+9).

Therefore, (II1.7.62) implies

t
(I11.7.92) lu(®)||co = u(t)(0,0) = p—w(t)((),()) =t
0
by the second equation of G(w, A, t) = (0,0). This proves that the parameter
t is indeed the amplitude p.
Finally, every solution (u, A) of (II1.7.1) in a neighborhood U xV of (ug, Ag)
in X x R is positive, and therefore, by Proposition IIL.7.5, v € X (1) and

(w, A\, 1) = (%u, A p) solves G(w, \, t) = (0,0) for p = u(0,0). Since (w, A, ¢)

is in a neighborhood of (ug, Ao, po) in X ) xR x (0, 00), the solution (w, A, )
is on the curve (I11.7.89), or (u, A) is on the curve C given by (II1.7.90). O

Remark II1.7.8 Note that Theorem II1.7.7 applies to every positive solution
of (II1.7.1); i.e., (ug,Xo) is not necessarily obtained by a bifurcation from
the trivial solutions. Indeed, if g(0) > 0, such a trivial solution line does
not exist. The condition g(0) > 0, however, cannot be dropped in Theorem
IIL.7.7. In [18], Remark 4.2, we give a counterezample for (IIL.7.1) over a
ball 2 = Br(0) C R? with g(0) = —e < 0 having a solution

(ug, o) such that ug >0 in 2 and g > 0,

uoy =0 on 092, ¢f. (IIL.7.61),

but there exists no positive solution for p < po,
(II1.7.93) where pg is the amplitude of g,

and there is only a curve of positive solutions

{(w(N), N)]0 < X < Ao} with amplitudes

p > po that ends in (ug, Ao).
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The continuation of that curve for A > Ao consists of radially symmetric
solutions that are no longer positive. As mentioned in [18], at (ug,Xo) a
symmetry-breaking bifurcation of azxially symmetric solutions (which are non-
positive) takes place, too.

We can clearly apply Theorem II1.7.7 to any positive (negative) solution
(u, A) of (ITI.7.1) on a global continuum C;ro (Cy,) bifurcating from the triv-
ial solution line at (0, Ag); cf. Theorem II1.6.3 or (III.7.3). This yields the
following smoothness:

Theorem IIL.7.9 Assume g(0) =0, ¢’(0) > 0, and that the domain 2 sa-
tisfies (II1.7.57). Then the unbounded continua C:\: of positive and Cy = of
negative solutions of (II1.7.1) emanating at (0, Ao) are each smooth curves
parameterized by the amplitude of u.

For a proof, observe that Ao = po/g¢’(0) > 0 and A > 0 for all (u, A) € Ci.
Finally, if u < 0 solves (IIL.7.1), then @ = —u > 0 solves Au + A\g(4) = 0,
where §(4) = —g(—u). Therefore, Theorem IIL.7.7 applies also to negative
solutions of (IT1.7.1).

We can also apply Theorem II1.7.7 to any positive (negative) solution
(u, A) of (IT1.7.1) on a global continuum C*(C~) emanating from the solution
(0,0) and obtained by the Global Implicit Function Theorem; cf. Theorem
I11.6.6. This yields the following result:

Theorem IIL.7.10 Assume g(0) > 0 and that the domain (2 satisfies the
condition (I11.7.57). Then the unbounded continua C* of positive and C~ of
negative solutions of (II1.7.1) emanating from (0,0) are each smooth curves
parameterized by the amplitude of u.

For a proof, observe that A > 0 for (u,\) € CT and A < 0 for (u,\) € C~.If
(u,\) € C, then & = —u > 0 solves A+ (—\)g(@) = 0, where §(i) = g(—1i)
and —X > 0,3(0) > 0.

We recall that all continua mentioned in Theorems II1.7.9 and II1.7.10 are

in the symmetry class X (H1) x R.

In Theorem III1.7.17 the asymptotic behavior of the continua Ci or C* at
|u|leo = o0 is investigated.

II1.7.3 Global Parameterization of Positive Solution
Branches over Symmetric Domains and
Uniqueness

We consider (II1.7.1) over a domain having the properties (II11.7.57). We prove
an a priori bound for the parameter \ if u is positive.
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Lemma IT1.7.11 Let (u,\) € X x R (X = C%*(2) N {ulu =0 on 902}) be
a positive solution of (II1.7.1) where g satisfies

g(u) >0 for u >0,
(I11.7.94) g(u) >0 for u € (a,00), a >0,
li_>m gu)/u=K > 0.

If ||ulloo = u(0,0) > a +¢, then

(II1.7.95) A€ (0,4)
for some constant A > 0 depending only on 2, g, and € > 0.

Proof. A positive solution of (II1.7.1) with a function g satisfying (II1.7.94)
can exist only for A > 0: Since for A = 0 problem (II1.7.1) has only the trivial
solution u = 0, we assume A < 0. Then Au = —Ag(u) > 0 by (II1.7.94),
so that by the maximum principle, u is constant if it attains a nonnegative
maximum in 2. This contradiction proves A > 0.

We assume that there is a sequence of positive solutions (un,A,) of
(II1.7.1) such that
(II1.7.96) [[tn oo > a+ 57nli_>ngO Ap = 0.

Case I. The amplitudes |[uy, || are unbounded.
Without loss of generality, ||un|lcc — 00 as n — oco. Then the rescaled

functions ~
Un(xvy) = un(I/V Ans y/\/ )‘n)v
Up = Un/||Un]|co With s, = 1/||tn]|eo sOlve
(LIL.7.97) Avy, + Sng (U—n =0in 2, = V.12,
Sn

v, = 0 on 942,
1>, >0in £2,, v,(0,0) =1,

where we use also (II1.7.62). By the assumption (I11.7.94) on g, the arguments
for (I11.7.24), (II1.7.25) prove that

ma;i2 Sng (v_n> — Kv,| - 0asn— oo,
(LIL7.08) ("Y€ "/
whence 0 < s, g (—n> < C on 2, for all n € N.
Sn

For every ball Br(0) there is an np € N such that Bg(0) C §2, for alln > ng.
Following the arguments after (I111.7.25), elliptic a priori estimates imply

(II1.7.99) H'UnHW?az(BR(O)) <(Cgr forall n>ng,
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where C'r depends only on the radius R and on g. By a compact embedding
W?22(Br(0)) C C(Bg(0)), a diagonal process for n — oo and R = N — o0
yields a subsequence (vn, )jcx Of (Vn),, oy and some

v € C(R?) such that

(I11.7.100) _
Up,, — v in C(BRg(0)) for each R > 0.

By (IIL.7.98),

Sn. 9 (vnk> — Kwv in C(Bg(0)), whence

Sny

(I11.7.101)
U, — v in W22(Bg(0)) for each R > 0,

where we use also the elliptic equation (I11.7.97)3; and an elliptic a priori
estimate. Therefore, Av + Kv = 0 in Bg(0) for each R > 0, and by the
embedding W%?(Br(0)) C C*(Bg(0)) we obtain finally

Av+ Kv =0 in R?, v € C%%(R?),

(I11.7.102)

0<wv<1,v0,0)=1,
contradicting a result on bounded superharmonic functions on R? (Liouville’s
Theorem; see [56]).

Case II. The amplitudes |u, || are bounded.

Without loss of generality, lim,,_, [[tn|lcc = p € (a,0). We define v,, and
2, as in (II1.7.97), and we obtain as before (I111.7.99), (II1.7.100). Instead of
(II1.7.101), we get this time

Uny, glpv) . -
(111.7.103) snkg( n) Sl C(Br(0))

for each R > 0, which, in turn, yields

Av + g(pv)/p =0 in R?, v € C**(R?),
(I11.7.104)
0<wv<1,v0,0)=1.

In this case, the assumption (II1.7.94); implies that v is a bounded super-
harmonic function on R?. Therefore, Liouville’s Theorem implies v(z,y) =
v(0,0) = 1 for all (z,y) € R2. This gives g(p) = 0, contradicting (II1.7.94),
for p € (a, 00). O

We continue to consider the model problem (III.7.1) over a domain {2
having the properties (II1.7.57).

Theorem II1.7.12 We assume for g : R — R that g is of class C? and
satisfies
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g(u) >0 foru >0,

g(u) > 0 for u € (a,00), a >0,
(IIL.7.105)
lim g¢'(u) = g'(c0) >0,

|u|—o00

lug”(u)] < C1 for all w € R and some Cy > 0.

Then for each p € (a,00) there is a unique solution (u,\) = (u(p), A(p)) €
(C%(2) N {ulu =0 on 02}) x R of (II1.7.1) having the properties

u(p) > 0in £2, A(p) > 0,

(II1.7.106)
[u(p)lloo = p-
Furthermore,
(I11.7.107) {(u(p), \(p))|p € (a,00)} forms a curve

of class C* in C*(02) x R.

Proof. By Theorem II1.7.2 there is a unique curve {(u(s), A(s))|s € (0,9
and A(s) = Aoo > 0 as s N\ 0; cf. (I11.7.48) and (II1.7.53). Therefore,

p = inf{r € (a,o00)| there is a positive solution (u, A)

(IIL.7.108)
of (II1.7.1) with ||u(p)|lec = p for all p € (r,00)}

exists in [a, 00). We claim that p = a.

Assume p > a. Let (un, \y) € X xR, X = C2%(2) N {u|u = 0 on 082},
be a sequence of positive solutions of (ITL.7.1) with ||up||cc = pn \( D > a+e.
By Lemma II1.7.11, the sequence (A, )nen is bounded in R, and therefore
((Uny An))nen is bounded in X X R; cf. the arguments after (I11.7.22). By
properness of the mapping F : X x R — Z = C%(£2) given by F(u,)\) =
Au + Ag(u), the sequence ((un, A\n))nen is relatively compact in X x R; cf.
(II1.5.7)—(111.5.9).

Choose a subsequence of ((ty, An))nen converging to (i, A) € X x R solv-
ing (II1.7.1). Then @ > 0, [|4|lcc = p > 0, and the maximum principle gives
@ > 0in 2 and also A > 0. Therefore, Theorem II1.7.7 implies the existence
of a curve {(u(p), \(p))lp € (p — d,p+ 6)} through (@, \) with u(p) > 0 in
2 and |Ju(p)|lec = p for p € (p — §,p + §). This contradicts the definition
(II1.7.108) of p, proving p = a.

Next we prove uniqueness. Assume that

B = {p € (a,0)| there are at least two positive

(I11.7.109)
solutions (u, A) of (II1.7.1) with ||ul|ec = p}

is not empty. By (II1.7.49) and Lemma II1.7.11, the set B is bounded in
(a,00). Therefore, b = sup B exists in (a,00). If b € B, then Theorem IIL.7.7

provides a contradiction to the definition of b. If b ¢ B, then by properness
of F(u,\) = Au + Ag(u), there is a unique solution (u, \) of (III.7.1) with
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@>0in 2 and ||i]|s = b. By definition of b, at least two different sequences
(ui ML), i = 1,2, with [Jul]e = [[u2]lec < b converge to (@, A) in X x R,
contradicting again Theorem II1.7.7. Therefore, the set B has to be empty,
which proves the uniqueness.

By the local result of Theorem IIL.7.7, the curve (III.7.107) is clearly
globally of class C! in X x R. a

Proposition IT1.7.13 Assume g(0) > 0 and g(po) = 0 for some pg > 0.
Then:

(i) There is no positive solution (u,\) € X x R of (II1.7.1) with ||u|lec = po

(i) If (un, n) € X X R is a sequence of positive solutions of (II1.7.1) such
that ||unlleo = po, then (sign(g(||wnloo))An — 00 as n — oo.

Proof. Assume the existence of a positive solution with |ul = po. By
Proposition I11.7.5 and (II1.7.62),

w = u — pg satisfies
w(0,0) =0, w < 0in 2\{(0,0)},
(IIL7.110)  Aw + Aew = 0 in 2, where

o) = { SN le) o) €T

2\{(0,0)},
9'(po) for (z,y) = (0,0

)-

Then the function ¢ is continuous on (2, but the properties of w contradict
the maximum principle (by the trick (IT1.6.10), no sign condition on Ac is
necessary for w < 0). This proves (i).

Case (ii) can occur only if g(||un|lec) # 0. Since |t = un(0,0) (cf.
(II1.7.62)), the relations Au, (0,0) = =X, g(un(0,0)) < 0 imply signg(||un] o)
= sign\,, # 0. If the sequence (|\,|)nen were bounded, by properness of the
mapping F : X x R — Z given by F(u,\) = Au + Ag(u), the sequence
((tny An))nen would be relatively compact in X x R; cf. (IIL.5.7)—(111.5.9).
The limit of a subsequence would give a positive solution (11,5\) € X xR
of (I11.7.1) with ||@]|ec = po, contradicting (i). Therefore, no subsequence of
(IAn])nen can be bounded, which proves (ii). O

Next we give our Main Result on Positive Solutions of (II1.7.1) over
symmetric domains {2 satisfying (II1.7.57).

Theorem II1.7.14 We assume for g : R — R that g is of class C? and
satisfies
(I11.7.111) g(u) >0  forue[0,b), b < oo.

Then for each p (0,b) where g(p) > 0 there is a unique solution (u,\) =
(u(p), \(p)) € (C>*(2) N {ulu = 0 on 002}) x R of (II.7.1) having the
properties
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u(p) > 0in 2, A(p) > 0,

[u(p)lloo = p-

Forp € (0,b) where g(p) = 0, no positive solution u of (II1.7.1) with ||ul|s =
P exists.

To each mazimal interval (p1,p2) C (0,b) where g(p) > 0 there corre-
sponds precisely one mazimal curve {(u(p), A(p))|p € (p1,p2)} € X xR of
positive solutions of (II1.7.1) that is of class C*.

If for i € {1,2} the point p; is in (0,b), then g(p;) =0 and \(p) — oo as
p € (p1,p2) and p — p;.

Proof. Let g(p) > 0 for p € (0,b). We consider problem (III.7.1) with a
modified function § : R — R of class C? such that

(II1.7.112)

g(u) = g(u) for u € [0, p],

(IL.7.113)
g satisfies (II1.7.105) for some a € [0, p).

Such a function g certainly exists. Theorem II1.7.12 then guarantees a unique
solution (u(p), A(p)) € X x R of the modified problem having the properties
(II1.7.106). By (I11.7.113), this solution is also a unique solution of the orig-
inal problem satisfying (I11.7.112). (Nonuniqueness would imply nonunique-
ness of the modified problem as well, contradicting Theorem I11.7.12.) By
Theorem IIL.7.7 on local parameterization, each such solution (u(p), A(p)) is
on a curve of class C! parameterized by the amplitude p of u(p). Proposition
I11.7.13 finally excludes positive solutions with amplitudes p where g(p) = 0,
and it gives the asymptotic behavior A\(p) — oo as the parameter p approaches
a zero of the function g. a

Remark I11.7.15 In [78], Remark 6.4, we show by a counterexample that
the assumption (I11.7.111) cannot be dropped in Theorem II1.7.14. We give
an example for (II1.7.1) over a ball 2 = Br(0) C R? with g(0) =0, g(u) >0
for uw > po, but g(u) < 0 for u € (0,pg) having no positive solution with
amplitude ||ulloc = p € (po, 2po). In view of g(0) = 0, Theorem IIL7.7 is
valid.

The assumptions (II1.7.57) on the domain {2 cannot be dropped either.
This is shown in [33] by various counterexamples.

I11.7.4 Asymptotic Behavior at |ul|oo = 0 and
[t]foo = 00

We keep the assumptions of Theorem II1.7.14 for problem (II1.7.1) over a
domain (2 satisfying (II1.7.57). If g(u) > 0 for u € (0,9) or for u € (a,o0),
then (II1.7.1) possesses unique positive solutions (u, \) € (C%*(2)N{ulu =0
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on 0£2}) x R with amplitudes |[ul|oc = p € (0,0) or ||u|]lc = p € (a,o0) and
with some A = A(p) > 0. We investigate the asymptotic behavior of A(p) as
p — 0 and p — oc.

Theorem II1.7.16 Under the assumptions of Theorem III.7.14 and g(u) >
0

for u € (0,9) the following hold:

(i) If g(0) > 0, then A(p) — 0 as p — 0.

(i1) If g(0) = 0, ¢’(0) > 0, then A(p) — o = po/g'(0) as p — 0, where pg is
the principal eigenvalue of —A; ¢f. (111.7.2).

(i) If g(0) = 0, ¢’(0) = 0, then A\(p) — oo as p — 0.

Proof. Let v = lim,_0g(u)/u € [0,00] be the limit in each of the three
cases. Then, for given € > 0 or M > 0,

v—e<g(u)/u<y+eor
(II1.7.114) M < g(u)/u for v = oo,
for all 0 <u < d(e) or 0 < u < §(M).

We define for a positive solution (u,A) € X x R of (II1.7.1) with amplitude
[ulloo =p < d(€) o1 ||ullooc = p < §(M) the function p = g(u)/u, which is con-
tinuous and positive in £2. As in (II1.7.13), we denote by po(p) the principal
eigenvalue with weight function p of —A on (2 subject to homogeneous Dirich-
let boundary conditions. Then pg(p) minimizes the quotient ||Vu||2/(pu,u)o
in Hi(2)\{0}; cf. (IIL.7.6). Therefore, the estimates (I11.7.114) for p imply,
in view of the monotonicity (II1.7.15),

po(p) < po(M) in case (i), where v = oo,

po(y +€) < po(p) < po(y — €) in case (ii),

(IL.7.115)
where v = ¢’(0) > 0,

po(e) < po(p) in case (iii), where v = 0.

On the other hand, if p = const, then clearly, uo(p) = po/p, where pg is the
principal eigenvalue of —A with weight p = 1. Finally, if (u, \) is a positive
solution of (I11.7.1), then clearly, A = po(p); cf. (II1.7.16). Combining these
observations with (I11.7.115) proves Theorem II1.7.16. O

In case (ii), the curve of positive solutions emanating at (0, Ag) bifurcates
from the trivial solution line {(0, A)} (note that g(0) = 0). The maximal curve
provided by Theorem III.7.14 is the unbounded continuum C;} introduced in
(II1.7.3). The curve C;ro is parameterized by the amplitude p = ||ul/, and
it exists as long as g(p) > 0. If g(po) = 0 for some py > 0, then A\(p) — oo
as p 7 po. If g(u) > 0 for all u € (0,00), then the asymptotic behavior at
lu|loo = o0 is partially determined by the following theorem.
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Theorem I11.7.17 Under the assumptions of Theorem III.7.1} for b = oo
and g(u) > 0 for u € (a,00), the following hold:

(i) If limy o0 g(u)/u = K > 0, then A(p) = Ao = po/K as p — oo, where
o is the principal eigenvalue of —A; ¢f. (I11.7.2).

(i) If limy— o0 g(u)/u = 0, then A(p) = 0o as p — oo.

Proof. (i) Let (u(pn), A(pn)) € X xR be a sequence of positive solutions of
(IT1.7.1) such that ||u(pn)||cc = pn — 00 as n — oo. By the proof of Lemma
II1.7.11, Case I, the sequence (A(pn))nen is bounded, and the arguments for
(TI1.7.23)—(I11.7.27), (II1.7.98)—(111.7.102) prove that the only possible clus-
ter point for (A(pn))nen 18 Aoo With Ao K = g, where g is the principal
eigenvalue of —A.
(ii) Assume that a sequence of positive solutions (u(p,), A(pn)) € X x R
satisfies || u(pn)|locc = pn — 00 and 0 < A(p,) < A. Without loss of generality,
we assume that A(p,) — A > 0. Again the arguments for (I111.7.23)—(I11.7.27),
(II1.7.98)—(I11.7.102) prove that (for a subsequence) u(pn,)/||w(Pn,)|lcc = v
in W22(02), Mpn,)9u(pn,))/pn, — 0in C(2) as k — oo, and Av = 0 in
2, v=0o0n 92, ||v||sc = v(0,0) = 1, which is a contradiction. O
The case lim, o g(u)/u = oo is obviously more involved. We refer to
[103], for example, where we discuss the exponential growth of g and prove
that A(p) — 0 as p — oo.

Remark IT1.7.18 In Section II1.6 we prove the existence of global solution
branches of Au+ Ag(u) = 0 with g(—u) = —g(u) that are characterized by a
fized rectangular or hexagonal nodal pattern of their solutions; cf. (I11.6.40).
As mentioned in Remark II1.7.4, these continua can also be considered as
positive solution branches over a tile §2 of the respective lattice L which is a
rectangle or an equilateral triangle. These tiles {2 are admitted for Proposition
1I1.7.5, and accordingly, positive solutions have the symmetries of §2, and
the directional derivatives orthogonal to a symmetry azis are negative; cf.
(I11.7.60). Relation (II1.7.61), however, does not hold at the corners of 2.
Nonetheless, a modified Lemma II1.7.6 holds when (0,0) is replaced by the
center of {2, i.e., the intersection of the symmetry azxes. Therefore, Theorem
II1.7.7 is walid for every solution (u,)\) € (C**(R?) N Xp) x R such that
u >0 in a tile 2 and A > 0. Since the unbounded branches C;ro of (II1.6.40)
emanating at (0, \o) for some Ao > 0 stay in the half-space (C%*(R?*)x Xp) x
(0,00), they are globally smooth curves parameterized by the amplitude of u;
c¢f. Theorem III1.7.9. This sharpens considerably the result of (I11.6.40).

All other results apart from uniqueness in this section about global parame-
terization and the asymptotic behavior are also valid for Au+ Ag(u) = 0 with
g(—u) = —g(u) on a rectangular or hexagonal lattice. The reason for that
exception is that we have not proved the uniqueness of the curve bifurcating
from infinity; cf. Theorem II1.7.2 and (II1.7.49). The uniqueness claimed in
Theorem I11.7.12 relies on the uniqueness near infinity. (We believe that The-
orem II1.7.2 holds also on a lattice, but its proof does not apply to polygonal
domains, since we need a smooth boundary for Hopf’s boundary lemma.)
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For smooth and convex domains having the symmetries of a reqular poly-
gon, all results on local and global parameterization, uniqueness, and asymp-
totic behavior of this section hold. Needless to say, they hold also for an
interval, i.e., if (II1.7.1) is an ODE with two-point boundary conditions.

We sketch some typical cases in Figure II1.7.1-Figure I11.7.3.

In Figure II1.7.1,
g(u) > 0 for u € [0,p1) U (p1,00),g(p1) =0,

ulglgog(u)/u =K.
In Figure II1.7.2,

(1L.7.116) 9(w) >0 for u € (0,p1) U (p1,00),9(p1) = 0,
9(0) = 0.¢/(0) > 0, lim g(u)/u = 0.

In Figure IT1.7.3,
g(u) >0 foru € (07p1) U (p17p2) U (p27oo)7g(p2) = 071 = 1725

g(0) =0, ¢'(0) =0, g(u) ~ e as u — oc.

P = l[ufloo

O SR oo

to/ K A

Figure I11.7.1
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-
S

10/9'(0) 3

Figure II1.7.2

If g(u) > 0 for all u € (0,00), then the asymptotic behavior at the zeros
g(pi) = 0 is eliminated, and the asymptotic behavior at ||ullcc = 0 and at
lu|loo = o0 is connected by a smooth curve. Under the conditions (II1.7.11),
a parameterization by the amplitude p as well as by A is possible, and we
sketch C3 in Figure I11.7.4. The trivial solution line is stable for A < p0/¢'(0)

and unstable for A\ > 110/¢'(0), whereas C;ro is unstable; cf. Theorem III.7.1.

p= llufle

o
C_

Figure II1.7.3
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p=lull

o/ (c0) 10/ 4'(0) A

Figure I11.7.4

II1.7.5 Stability of Positive Solution Branches

We discuss the stability properties of the global curves of positive solutions
given by Theorems I11.7.9 and II1.7.10. These curves are parameterized by the
amplitude p of u. For analytical g : R — R we apply the results of Section I.16,
starting with the local Principle of Exchange of Stability given by formula
(I.16.51). Since the greatest eigenvalue of the linearization along the trivial
solution line is u(A) = (A — X9)g’(0) (see the comments after (II1.7.3)), the
trivial solution is stable for A < g and unstable for A > \y. Excluding vertical
bifurcation, a supercritically bifurcating curve is stable and a subcritically
bifurcating curve is unstable. The local curve given by Theorem III.7.10 is
stable, since all eigenvalues of D, F(u,\) = A+ A\g'(u)l are negative for
(u,\) near (0,0) € X+ x R. Recall that F(u,\) = Au + Ag(u) defines
a mapping F : X(t1) x R Z(HH): of. (IIL7.75), (IIL7.76). Accordingly,
the subsequent stability analysis admits only perturbations in the symmetry
class X(+1). Whereas this weakens the notion of stability, it sharpens that
of instability. For a discussion of the critical eigenvalue perturbations along
global curves we need the following lemma.

Lemma IT1.7.19 Let (u,\) € C;‘U or C* given by Theorem IIL7.9 or
1I1.7.10. Both global curves are parameterized by the amplitude p of u, i.e.,

(u, ) = (u(p), \(p)) for p > 0. Then the following holds ("= d%):



382 CHAPTER III. APPLICATIONS

Ap)#0 = DyF(ulp),\(p)) : X(HH) — Z(+5)
s bijective or 0 is not an eigenvalue

(II1.7.117) of DuF (u(p), A(p)),

Ap)=0 = 0#u(p) € N(DuF(u(p),\(p))
and (DxF(u(p), Mp)), u(p))o # 0.

Proof. Assume in case A(p) # 0 that 0 # v € N(D,F(u(p), \(p))). Differ-
entiating F'(u(p), A(p)) = 0 with respect to p we obtain

(II1.7.118) Dy F (u(p), \(p))iu(p) + DrF(./)A(p) = 0,

and using the symmetry of D, F'(u, \) = A+Ag’(u)I with respect to the scalar
product ( , )o in L?(£2), (I11.7.118) yields after scalar multiplication by v

(IL.7.119) (DAF (u(p), A(p)), v)o = 0,

where we also used A(p) # 0. By the surjectivity of Dy F(u(p), Ap)) -
XEH) xR — ZH1) proved for (I11.7.78), there is a (w,\) € X1 x R
such that D, F(u(p), \(p))w + DyF(./.)\ = v. Scalar multiplication by v,
using Dy F(u(p), Mp))v = 0 and (DyF(u(p), A(p)), v)o = 0, gives [Jo]}3 = 0
or v = 0. This contradiction proves that D, F(u(p), \(p)) is injective and, by
the Fredholm property, that it is bijective.

If A(p) = 0 then (IIL.7.118) proves i(p) € N(DyF(u(p),\(p))). We show
that @(p) # 0. By (II1.7.90) we have

u(t) = Lw(t),  where
(IIL.7.120) P

w(p) = u(p) and w(t)(0,0) =pfor t € (p—3J,p+9).

This implies u(p) = %u(p)+u')(p) and w(p)(0,0) = 0. Therefore 4 (p)(0,0) =
cf. (I11.7.92), and 4(p) # 0. Again by the surjectivity of D, ) F'(u(p), A(p
there is a (w,\) € XH%) x R such that D, F(u(p), \(p))w + DyF(. / ))\
i(p). Using @(p) € N(DyF(u(p), A(p)) and the symmetry of Dy, F (u(p), A(p
we obtain after scalar multiplication by u(p),

17
)
);
(IL.7.121) MDAF (u(p), A(p)), i(p))o = l[alp)[I§ > 0,

which proves the last statement of (IT1.7.117). O
A consequence of (IT1.7.117); is that

the stability property of the curve {(u(p), A
(I1L.7.122) y property urve {(u(p), A(p))}
does not change as long as  A(p) # 0.

In case A(pg) = 0,
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0o = cote(po), mnormalized to ||¥gllo =1 by ¢y >0,

(II1.7.123)
spans N (D, F(u(po), A(po)); cf. (II1.7.79).

For a Lyapunov—Schmidt reduction we decompose

= u /. (++)
(1117124)X o N(DuF( (pO),/\(pO)))@(R(DuF(/ ))ﬂX +,+ )’
ZH) = R(Dy F(u(po), A(po))) ® N(DuF(./.)),

with orthogonal (with respect to ( , )o) projections Qu = (u,0o)oto and
P=Q|xw.+. K

Setting F(u,p) = F(u(po + p) + u, A\(po + p)) we have F(0,p) = 0 for
all p near 0 and D, F(0,0) = Dy F(u(po), \(po)). Let (s,p) be the scalar
bifurcation function for F (u,p) = 0 obtained by the method of Lyapunov—
Schmidt near (u,p) = (0,0) according to the decomposition (II1.7.124) and
let @(s, A) be the scalar bifurcation function for F'(u,A) = 0 near (u,\) =
(u(po), A(po)) according to the same decomposition. (The “scalar bifurcation
function” is derived from the bifurcation function (I.2.9) when v € N and
@ € N are identified with their coordinates s = (v,99)o and (P, 7g)o with
respect to the basis {09} C N, respectively; cf. also (1.19.5). Moreover, since
v = Qu and ¢ = QF, these coordinates coincide with (u,99)o and (F), ?g)o,
respectively.) Then, in view of F'(u(po + p), A(po +p)) = 0, we have @(s(po +
p); A(po + p)) = 0 for all p near 0, where Qu(po + p) = (u(po + p), 0o )oto =
s(po + p)vo. Furthermore,

(IIL7.125)  B(s,p) = B((ulpo + ). 50)o + 5 Alpo +p));  cf. (116.39).
By u(po + p) = u(po) + pi(po)+ h.o.t. we obtain with (II1.7.123)

(u(po + p),%0)o = (w(po), Po)o + p(i(po), Po)o + h.o.t.

(111.7.126) 1
= s(po +p) = s(po) + $(po)p + h.o.t. with 5(pg) = o

Assume now that
(IIL7.127)  A(po) = --- = A* D) =0, \®F (pg) #0 for k> 2.

Differentiating @(0, p) = ®(s(po + p), M(po + p)) = 0 k times with respect to
p at p =0, (I11.7.127) implies

Dy®(s(po), AM(po)) = -+ = DE1®(s(po), A(po)) = 0,
k—2
(17128 5 D00+ D) A+ D)o =+ = s Dm0 =
dk—l

WDsds(S(po + ), Mpo +2))lp=0 = —coDAD(./.) =0 A® (po).
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On the other hand, Theorem 1.16.6 links (IT1.7.128) to the simple eigenvalue
perturbation Dy F(u(p), A\(p))v(p) = u(p)v(p) with 0 # v(p) € XHH) for p
near pg as follows:

1(po) = fi(po) = - -+ = p*=2(pg) = 0,
(IIL7.129)  u®* D(pg) = —coDrd(s(po), A(po))A™ (po)
= —co(DrF (u(po); A(po)), 90)oA ™) (po) # 0,

where we use the last statement of (II1.7.117). Formula (II1.7.129) generalizes
formula (1.7.31). (For k = 2, (I11.7.129) and (1.7.31) differ by the factor ¢
which has the following reason: For (I1.7.31) we choose a parameterization
such that ||#(0)]] = ||0o|| = 1, whereas here [|u(po)|lo = ||%170||0 = % If we
parameterize the solution curve as (a(t), A(t)) = (u(po + cot), A(po + cot)),
then ||%(0)]lo = 1 and there is no longer a factor ¢o in (I11.7.129).)

Formula (I11.7.129) has the following consequences for the global curves
C;ro and CT parameterized by the amplitude p; recall that the number k£ > 2
is defined in (IT1.7.127) and that u(p) is the simple eigenvalue perturbation

Dy F(u(p), \(p))v(p) = pu(p)v(p) for p near po.

If k is odd then (u(po), A(po))
is not a turning point and
signu(p) does not change near p = py.

If k is even then (u(po), A(po))
is a turning point and

signy(p) changes at p = po.

(I11.7.130)

Supercritically bifurcating curves C;‘O and CT are stable for amplitudes p > 0

up to the first point (u(po), A(po)) where A(po) = 0; cf. (II1.7.122). If
(II1.1.127) holds with an odd k, then the stability is preserved for p > pg (and
p near pg). Let (u(po), A(po)) be a first point on C;‘O or CT where (I11.1.127)
holds with an even k. By (I11.7.130) the stability is lost at this turning point.
To be more precise, in this case p(po) = 0 is the greatest eigenvalue, i.e.,
it is the principal eigenvalue of D, F(u(po), A(po)) = A + A(po)g' (u(po))I,
and the eigenfunction 7(pg) is positive in £2. Furthermore, A(*) (po) < 0, since
A(po) is a local maximum at the first turning point. Since p(p) < 0 for p < pg
and p(p) > 0 for p > po (and p near po), p*=Y(py) > 0. Formula (T11.7.129)
then implies that (DxF(u(po), A(po)), @(po))o = [, g9(u(po))i(po)dx > 0.

Beyond the first turning point or on a subcritically bifurcating curve C;\ro

the solution u(p) is unstable. Its instability is preserved as long as A(p) # 0 or
if (IT1.7.127) holds with an odd k. Let (u(po), A(po)) be the next turning point
when the amplitude p is increased. By (II1.7.130) the critical eigenvalue p(p)
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changes sign at p = pg. However, u(po) = 0 is not necessarily the principal
eigenvalue. It could also be the second eigenvalue.

In the first case the principal eigenvalue becomes negative, which means
that u*=V(pg) < 0. In view of A®)(py) > 0 (A(po) is a local minimum),
formula (IT1.7.129) is satisfied only if [, g(u(po))i(po)dz > 0. In this case
the curve regains stability for p > po (and p near py).

In the second case the second eigenvalue becomes positive. By the same
arguments as before, this is possible only if [, g(u(po))u(po)dz < 0. In this
case the curve remains unstable for p > po (and p near py).

In the first case u(pyg) is positive in (2; in the second case the eigenfunction
u(po) has precisely two nodal domains in £2; cf. [24]. Since i(py) € X 1), the
nodal line is a symmetric closed curve in {2 with the origin in its interior. This
is not a priori excluded; note that the function ¢’(u(pp)) does not necessarily
have a constant sign.

To summarize, in contrast to a loss of stability, a gain of stability at a
turning point is not guaranteed. We sketch some possibilities in Figure I11.7.5,

where the first two curves represent C;‘O and the third curve sketches CT; cf.
Theorems II1.7.9 and II1.7.10.

p = llulleo

stable

- = /

not specified

unstable

Figure II1.7.5

We mention that a curve C;ro can have infinitely many turning points as
the amplitude tends to infinity. A specific example is given in [112].

IT1.8 Notes and Remarks to Chapter II1

The Fredholm property of elliptic operators over bounded domains is clearly
well known. Since a single suitable reference for all our purposes is probably
not available in closed form, we include a proof for convenience. The Fredholm
property of elliptic operators on a lattice, however, is not so well established.
A proof for Neumann boundary conditions is given in [49]. In that paper
we prove also how a fixed rectangular nodal structure preserved on global
branches breaks up under a small perturbation.
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Local and global bifurcation for elliptic problems is a subject of countless
papers that have appeared in the last thirty years. We try to give a synopsis
from what we have learned from those and in particular from what we have
learned from our teacher, K. Kirchgéassner, and also from M. Crandall and P.
Rabinowitz during a visit in Madison in 1977/78. The same holds for Hopf
bifurcation for parabolic problems, and we mention our starting point [115].
(For references about Hopf bifurcation see the Notes and Remarks to Chapter
I, Section 1.22.)

The discussion of the stationary Cahn—Hilliard model, serving as a para-
digm in Sections IT1.2, TI1.5, II1.6, is taken from [106], [107].

In contrast to elliptic and parabolic problems, hyperbolic problems are
very rare in bifurcation theory. Most contributions to the one-dimensional
wave equation are devoted to forced nonlinear vibrations. We mention [147],
[148], [138], and the references cited there. By its nature, this is not a bifurca-
tion problem, and its approach uses a broad selection of nonlinear functional
analysis. Free vibrations “in the large” are found in [152] via global methods
of the calculus of variations. Bifurcation of free vibrations in the spirit of a
Lyapunov Center Theorem is proved in [25] by methods of KAM Theory; cf.
Remark II1.3.1. Our approach to free nonlinear vibrations goes exclusively
back to [92], and it was resumed in [110], [101], [72], [73], and [61].

Preservation of nodal structure on global branches was first proved in
[26], whose ideas were extended to higher dimensions in [66], [67], [68], [70].
In [71] we took the challenge to prove it for elliptic systems and in [69] for
fully nonlinear elliptic problems (whose results are not included in this book).

Global positive (and negative) solution branches of elliptic problems have
been investigated by many people. It started with the pioneering paper [147],
which established the Rabinowitz alternative for each of the branches of
positive and negative solutions. Later, more qualitative properties of these
branches, depending on the data of the problem, became an issue; cf. the re-
views [5], [127], and also [143], for example. The question about smoothness
and uniqueness has been answered only for a class of ODEs [156] and for
problems over a ball: Due to the radial symmetry of positive solutions, they
satisfy an ODE; cf. [161], [141], for example. To the best of our knowledge,
smoothness and uniqueness of positive solution branches over more general
but still symmetric domains has been investigated only in [103], [104], [78].
The proof of Lemma III.7.11 is essentially due to [32]. An iteration scheme
that selects stable positive solution branches in a neighborhood of the bifur-
cation point is presented in [116].
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