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MTSE : Editorial for Volume I

Recent years have witnessed an extraordinarily rapid advance in the direction of infor-
mation technology within both the scientific and engineering disciplines. In addition, the
current profound technological advances of data acquisition devices and transmission sys-
tems contribute enormously to the continuing exponential growth of data information that
requires much better data processing tools. To meet such urgent demands, innovative math-
ematical theory, methods, and algorithms must be developed, with emphasis on such ap-
plication areas as complex data organization, contaminated noise removal, corrupted data
repair, lost data recovery, reduction of data volume, data dimensionality reduction, data

compression, data understanding and visualization, as well as data security and encryption.

The revolution of the data information explosion as mentioned above demands early math-
ematical training and emphasis on data manipulation at the college level and beyond. This
new Atlantis/Springer book series, “Mathematics Textbooks for Science and Engineering
(MTSE)” is founded to meet the needs of such mathematics textbooks that can be used for
both classroom teaching and self-study. For the benefit of students and readers from the
interdisciplinary areas of mathematics, computer science, physical and biological sciences,
and various engineering specialities, contributing authors are requested to keep in mind that
the writings for the MTSE book series should be elementary and relatively easy to read,
with sufficient examples and exercises. We welcome submission of such book manuscripts

from all who agree with us on this point of view.

This first volume is intended to be an elementary textbook for “Mathematics of Approx-
imation”, with emphasis on constructive methods and derivation of error formulas. This
book is elementary, self-contained, and friendly towards teacher and reader. It is a suitable
textbook for teaching in a variety of courses both at the undergraduate and beginning grad-
uate levels. The author, Professor Johan de Villiers, is congratulated for contributing this

very nice textbook.
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Foreword

Mathematics of approximation plays a key role in bridging the gap between abstract math-
ematical theory and numerical implementation. With the recent exponential increase of
available data that are easily accessible and relevant to our daily lives, understanding of
such data often requires sophisticated mathematical manipulation by taking advantage of
the continuing rapid technological advancement of computational capability. However,
without assurance of accuracy in mathematical manipulation, results from simply number
crunching by the powerful computer might be meaningless. In addition, for those data
governed by certain physical phenomena or biological models, approximate solutions of
the associated complex systems in terms of commonly used basis functions must guarantee

accurate representation within a given tolerance.

This book by a leading expert in the field is intended to meet the need of such mathe-
matical contents for classroom teaching, particularly for the undergraduate college level.
Approximation and interpolation by algebraic and trigonometric polynomials for global
representation, and spline functions for local analysis, are discussed from first principles
with examples and full sets of carefully prepared exercises for each chapter. Convergence
results are derived to assure meaningful mathematical manipulation, and error estimates are
developed for data representation, with a guarantee of accuracy within a given tolerance.
On the other hand, in contrast with the vast literature on Approximation Theory and Com-
putational Mathematics, Professor De Villiers has taken great care to avoid using powerful
advanced mathematics from Real Analysis and Functional Analysis, in that only elemen-
tary theory and methods from Linear Algebra and basic Advanced Calculus are applied in
the derivations and discussions throughout the entire presentation. As a result, the writing

is elementary and self-contained.

Furthermore, by including all necessary computational details, the writing of the book is

friendly for classroom teaching as well as for self-reading. For adoption as a textbook, a
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variety of courses are mentioned with teaching guides outlined in the Preface. The author
has taught from the preliminary notes that constitute the contents of this most welcomed
textbook from a span of some twenty-five years to undergraduate students.

Charles K. Chui

Menlo Park, California



Preface

The approximation of functions by algebraic polynomials, trigonometric polynomials, and
splines, is not only an important topic of mathematical studies, but also provides powerful
mathematical tools to such application areas as data representation, signal processing, non-
parametric time-series analysis, computer-aided geometric design, numerical analysis, and
solutions of differential equations. This book is an introduction to the mathematical analy-
sis of such approximation, with a strong emphasis on explicit approximation formulations,
corresponding error bounds and convergence results, as well as applications in quadrature.
A mathematically rigorous approach is adopted throughout, and, apart from an assumed
prerequisite knowledge of advanced calculus and linear algebra, the presentation of the
material is self-contained.

The book is suitable for use as textbook for courses at both upper undergraduate and grad-
uate level. Each of the ten chapters is concluded by a set of exercises, with a total of
altogether 220 exercises, some of which are routine, whereas others are concerned with
further development of the material.

The book evolved from lecture notes compiled by the author during approximately 25 years
of teaching courses in Computational Mathematics and Approximation Theory at Depart-
ment of Mathematical Science, Stellenbosch University. Several standard textbooks were
consulted and used, some more extensively than others, during the preparation of the lecture
notes and the resulting book, and include the following, as listed alphabetically according

to author:

e N.I. Achieser, Theory of Approximation (translated by C.J. Hyman), Frederick Ungar
Publishing Co., New York, 1956.

e H. Brass, Quadraturverfahren, Vandenhoek & Rupert, Gottingen, 1977.

e E.W. Cheney, Introduction to Approximation Theory, McGraw-Hill, New York, 1966.

xi
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Ronald A. DeVore and George G. Lorentz, Constructive Approximation, Springer,
Berlin, 1993.

Walter Gautschi, Numerical Analysis: An Introduction, Birkhduser, Boston, 1997.
Eugene Isaacson and Herbert Bishop Keller, Analysis of Numerical Methods, John
Wiley & Sons, Inc., New York, 1966.

Gunther Niirnberger, Approximation by Spline Functions, Springer, Berlin, 1989.
M.1.D. Powell, Approximation Theory and Methods, Cambridge University Press,
Cambridge, 1981.

T.J. Rivlin, An Introduction to the Approximation of Functions, Blaisdell Publishing
Co., Waltham, Mass, 1969.

L.L. Schumaker, Spline Functions: Basic Theory, John Wiley & Sons, Inc., New York,
1981.

It should be pointed out that, whereas in some of the above-listed books concepts from

Functional Analysis, like metric spaces, normed linear spaces and inner product spaces, as

well as operators on those spaces, are assumed as prerequisite knowledge, the approach

followed in this book is to develop any such concepts from first principles.

The contents of the respective chapters of the book can be summarized as follows.

e Chapter 1: Polynomial Interpolation Formulas

The specific approximation method of polynomial interpolation is introduced, for
which an existence and uniqueness theorem is then established by means of a Vander-
monde matrix. Next, both the Lagrange and Newton interpolation formulas, as based
on, respectively, the Lagrange fundamental polynomials and divided differences, are
derived. Finally, an existence and uniqueness result, as well as a recursive computa-
tional method, are developed for Hermite interpolation, where also function derivatives
are interpolated.

Chapter 2: Error Analysis for Polynomial Interpolation

A formulation in terms of a divided difference is established for the polynomial inter-
polation error, and a corresponding error bound is derived. Chebyshev polynomials
are introduced, and shown to possess real zeros which yield interpolation points which
minimize the error bound for polynomial interpolation.

Chapter 3: Polynomial Uniform Convergence

The concept of uniform convergence of a sequence of polynomial approximations to a
given continuous function on a bounded interval is defined, and shown to apply in se-

lected polynomial interpolation examples. It is then proved rigorously that, in contrast,
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divergence to infinity occurs in the Runge example. Next, the Bernstein polynomials
are introduced and their properties analyzed, by means of which it is then proved that
the sequence of Bernstein polynomial approximations to any given continuous func-
tion on a bounded interval uniformly converges to that function, and thereby immedi-
ately yielding also the Weierstrass theorem, according to which a continuous function
on a bounded interval can be uniformly approximated with arbitrary “closeness” by a
polynomial. It is furthermore shown that a Bernstein polynomial approximation has
remarkable shape-preservation properties, and, in addition, a convergence rate result
is established for the case where the approximated function is continuously differen-
tiable.

e Chapter 4: Best Approximation
In the general setting of normed linear spaces, it is proved that, if the approximation
set is a finite-dimensional subspace, then the existence of a best approximation is guar-
anteed. In addition, a uniqueness result for best approximation is established for those
cases where the norm is generated by an inner product. The examples of best uni-
form polynomial approximation and best weighted L?> polynomial approximation are
highlighted as applications of the theoretical results.

e Chapter 5: Approximation Operators
The notion of an approximation operator from a normed linear space to an approx-
imation set is introduced, and examples from previous chapters are provided. The
properties of linearity, exactness and boundedness with respect to approximation oper-
ators are discussed and analyzed, with particular attention devoted to operator norms,
or Lebesgue constants. In addition, the Lebesgue inequality for bounding an approx-
imation error with respect to the best approximation error is derived. Applications of
the theory to particularly the polynomial interpolation operator are provided.

e Chapter 6: Best Uniform Polynomial Approximation
It is proved that the equi-oscillation property of a polynomial approximation error is
a necessary and sufficient condition for best uniform polynomial approximation, by
means of which the uniqueness of a best uniform polynomial approximation is then
established. The resulting best uniform polynomial approximation operator is shown in
particular to satisfy a convergence rate which increases with the number of continuous
derivatives of the approximated function, and by means of which, together with the
Lebesgue inequality from Chapter 5, an interpolation error bound is obtained, from

which it is then immediately seen that uniform convergence is obtained for the Runge
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example of Chapter 3 if the uniformly distributed interpolation points are replaced by
the Chebyshev points of Chapter 2. Finally, examples are provided of cases where
explicit calculation of the best uniform polynomial approximation can be performed
in a straightforward manner.

Chapter 7: Orthogonality

In the general setting of inner product spaces, it is proved that best approximation with
respect to the norm generated by an inner product is achieved if and only if the ap-
proximation error is orthogonal to the approximation subspace, and properties of the
corresponding best approximation operator are established. For those cases where the
approximation subspace is finite-dimensional, a construction procedure for the best
approximation, as based on the inversion of the corresponding Gram matrix, is de-
rived, and it is moreover shown that the availability of an orthogonal basis yields an
explicitly formulated best approximation. The Gram-Schmidt procedure for the con-
struction of an orthogonal basis from any given basis is then derived by means of best
approximation principles. For polynomials, an efficient three-term recursion formula
for orthogonal polynomials with respect to any weighted inner product is obtained, and
specialized to the important cases of Legendre polynomials and Chebyshev polynomi-
als.

Chapter 8: Interpolatory Quadrature

After defining an interpolatory quadrature rule for the numerical approximation of a
weighted integral as the (weighted) integral of a polynomial interpolant of the inte-
grand, and introducing the concept of the polynomial exactness degree of a quadrature
rule, it is shown that non-negative quadrature weights guarantee quadrature conver-
gence for continuous integrands, with convergence rate increasing with the number of
continuous derivatives of the integrand. Next, by choosing the underlying interpola-
tion points as the zeros of a certain orthogonal polynomial, it is shown that optimal
polynomial exactness is achieved, and thereby yielding the Gauss quadrature rules,
for which the weights are then proved to be positive. The related Clenshaw-Curtis
quadrature rule, as based on interpolation points obtained from extremal properties
of Chebyshev polynomials, is shown to possess positive weights with explicit formu-
lations. The rest of the chapter is devoted to Newton-Cotes quadrature, as based on
uniformly distributed interpolation points. By employing results on polynomial inter-
polation from Chapters 1 and 2, explicit formulations in terms of Laplace coefficients

of Newton-Cotes weights and error expressions are derived. In addition, compos-
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ite Newton-Cotes quadrature rules, including the trapezoidal, midpoint and Simpson
rules as special cases, are explicitly constructed and subjected to error and convergence
analysis.
e Chapter 9: Approximation of Periodic Functions
The trigonometric polynomials are introduced and analyzed, with the view to using
them to approximate any given continuous periodic (with period = 27) function. Next,
as a Weierstrass-type theorem, it is proved that any continuous periodic function can
be approximated with arbitrary “closeness” in the maximum norm by a trigonometric
polynomial. The Fourier series operator is defined as the best L? approximation oper-
ator into the finite-dimensional space of trigonometric polynomials of a given degree,
and explicitly calculated in terms of Fourier coefficients expressed as integrals. For
those instances where these integrals are to be numerically approximated, the Euler-
Maclaurin formula is derived, and shown to imply the remarkable efficiency of the
trapezoidal rule when applied to the integral of a smooth periodic function over its
full period, as in the Fourier coefficient case, and thereby yielding the discrete Fourier
series operator. In the limit, the Fourier series operator yields the (infinite) Fourier
series of a continuous periodic function, and for which L? convergence is immediately
deduced. In order to investigate the uniform convergence of Fourier series, upper and
lower bounds for the Lebesgue constant (with respect to the maximum norm) of the
Fourier series operator are first derived, thereby showing that this Lebesgue constant
grows to infinity at a logarithmic rate. After furthermore establishing two Jackson the-
orems on best approximation convergence rates, the Lebesgue inequality of Chapter 5
is then applied to prove the Dini-Lipschitz theorem, according to which Lipschitz con-
tinuity of a periodic function is a sufficient condition for the uniform convergence of
its Fourier series, that is, the Fourier series converges pointwise to the function itself.
e Chapter 10: Spline Approximation

Splines are introduced as piecewise polynomials of a given degree, and with break-
points, or knots, at a finite number of specified points, together with the maximal
smoothness requirement providing a proper extension of the corresponding polyno-
mial space. Preliminary properties of splines are established, and it is shown that
truncated powers provide a basis for spline spaces. Next, the compactly supported,
and hence more efficient, B-spline basis is constructed and analyzed, with particu-
lar attention devoted to the case where the knots are placed at the integers, yielding

the cardinal B-splines. The Schoenberg-Whitney theorem, which is an existence and
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uniqueness result for (non-local) spline interpolation, is then proved. In order to ob-
tain a local spline approximation method, an explicit construction method is developed
for spline quasi-interpolation, which combines the approximation properties of linear-
ity, optimal polynomial exactness, and locality. In order to achieve, in addition, the
property of interpolation, it is shown that such a local spline interpolation operator
can be constructed explicitly by choosing the interpolation points as a specified subset
of the spline knots. The Schoenberg operator is introduced, and shown to be a local
spline approximation operator, which, for any fixed spline degree, and for the maxi-
mum spacing between spline knots tending to zero, possesses the uniform convergence
property with respect to any continuous function on a bounded interval, and thereby
establishing a Weierstrass-type theorem for splines. Similarly, sufficient conditions on
the spline knot placement for the uniform convergence of the above-mentioned local
spline interpolation operator are derived, as well as a corresponding convergence rate
result by means of the Peano kernel theorem. Finally, the interpolatory quadrature rule
obtained from the uniformly distributed knots case of this local spline interpolation
operator is analyzed, and shown to yield a class of trapezoidal rules with endpoints
corrections, which are precisely the classical Gregory rules of even order, after which
results from Chapter 8 are employed to explicitly evaluate, in terms of Laplace coeffi-
cients, the weights and error expressions for these Gregory rules, and with particular

attention devoted to the special case of the Lacroix rule.
Examples of courses that could be taught from this book are as follows:

e A one-semester mathematics course of “Mathematics of Approximation” can be taught
from Chapters 1-8. If the course is oriented towards numerical methods and numerical
analysis, then Chapters 9-10 can be adopted to replace Chapters 6-7.

e A one-year course of ‘“Mathematics of Approximation” can be taught with first
semester based on Chapters 1-7, and second semester on Chapters 8-10.

e A one-semester course ‘“Polynomial and Spline Approximation” can be taught from
Chapters 1-7 and Chapter 10 up to Section 10.6.

e A one-semester course of “Polynomial Approximation and Quadrature” can be taught
from Chapters 1-8.

e A one-semester course of “Polynomial Approximation and Fourier series” can be

taught from Chapters 1-7 and Chapter 9.



Preface xvii

Material that could be regarded as optional in the courses listed above are Sections 6.5,
8.3 and 10.7; Section 9.3 from Theorem 9.3.3 onwards; as well as the proof of (3.1.8) in
Example 3.1.3 of Section 3.1.

The author wishes to express his sincere gratitude to:

e Lauretta Adams, who expertly LATEX-ed the entire manuscript, and whose friendly
and kind attitude throughout is much appreciated;

e Maryke van der Walt, who displayed excellent skills in proofreading the whole text
and preparing the index, and whose many meaningful suggestions enhanced the pre-
sentation of the material;

e Charles Chui, whose academic inspiration and generous editorial leadership con-
tributed substantially to this book project;

e Carl Rohwer, for productive research collaboration yielding the local spline interpola-
tion operator of Section 10.5 onwards;

e Nick Trefethen, whose plenary lecture in March 2011 at the SANUM conference in
Stellenbosch was the inspiration for the inclusion of Sections 6.5 and 8.3;

e Mike Neamtu, Dirk Laurie, Sizwe Mabizela, André Weideman, David Kubayi and Ben
Herbst, for many stimulating discussions which contributed to improving the author’s
insight into the book’s material;

e Department of Mathematical Sciences, Stellenbosch University, and in particular its
Head, Ingrid Rewitzky, for providing the author with a friendly and conducive envi-
ronment for the writing of this book;

e The students in the author’s courses in Computational Mathematics and Approxima-
tion Theory since 1986 at Stellenbosch University, for their enthusiastic participation,
and whose consistent feedback contributed significantly to the gradual improvement
of the lecture notes on which this book is based;

e Keith Jones of Atlantis Press, for his encouragement and patience;

e My wife, Louwina, who sacrificed much as a result of the many hours I spent on the
preparation of the manuscript, and without whose unconditional love and devotion this
book would not have been possible.

Johan de Villiers
Stellenbosch, South Africa
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Chapter 1

Polynomial Interpolation Formulas

When an (algebraic) polynomial P is used to approximate a certain function f, the polyno-
mial P is said to interpolate the function f on a given finite sample set of distinct points in
the domain of f, if P is obtained to satisfy the condition that P agrees with f on the sample
set. The objective of this chapter is to establish a fundamental existence and uniqueness
result for polynomial interpolation as well as to derive explicit formulations of the interpo-

lation polynomial P.

1.1 Existence based on the Vandermonde matrix

For any non-negative integer k, we write 7 for the set of algebraic polynomials of degree

< k, and with real coefficients. Then 7 is a finite-dimensional linear space with dimension
dim(m) =k+1, (1.1.1)

and where the standard basis of 7 is given by {1,x,...,x*}.

Let f denote a real-valued function with domain Dy C R, with R denoting the set of real

numbers, and, for any given non-negative integer n, suppose

A= {x0,. .- %0} (1.1.2)
is a sequence of n+ 1 distinct points in Dy. We investigate the existence and construction
of a polynomial P satisfying the interpolatory conditions

P(xj)=f(x;), j=0,...,n, (1.1.3)
in which case we say that the polynomial P interpolates the function f at the interpolation

points A,. Based on (1.1.1), together with the fact that there are precisely n+ 1 interpola-

tion conditions in (1.1.3), we consider the polynomial construction

P(x) :== Xn:cjxf, (1.1.4)
j=0
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with {co,...,c,} denoting a real coefficient sequence, that is, P € m,. By substituting

(1.1.4) into (1.1.3), we deduce that there exists a polynomial P € , satisfying the interpo-

lation conditions (1.1.3) if and only if there exists a (column vector) solution
c=[co,c1y...,cn)T e R (1.1.5)

of the (n+1) x (n+ 1) linear system

Ve =1, (1.1.6)
where
1 xo x% x5
o=t s = | DT s (1.17)
1 ox, x2 - X

asocalled (n+1) x (n+ 1) Vandermonde matrix, and where the column vector f € R"+! is
defined by

£:=[f(x0),...,f(xa)]". (1.1.8)
Here, as throughout the book, we adopt, for any m € N, the notation R to denote the
m-dimensional Euclidean space, according to which R! = R.
In order to investigate the invertibility of the Vandermonde matrix V,, in (1.1.7), we proceed

to prove the following determinant formula, where, as in the rest of this book, we use the

T
convention H aj:=1lift<o.
j=o

Theorem 1.1.1. For a non-negative integer n, and any sequence {xo,...,x,} of n+ 1 (not
necessarily distinct) points in R, the Vandermonde matrix V,, in (1.1.7) has determinant
n—1 n
det(Vo) = [T TT (e —x))- (1.1.9)
J=0k=j+1
Proof. After first noting from (1.1.7) that (1.1.9) trivially holds for n = 0, we suppose next

that n > 1, and consider the sequence of functions defined, for x € R, by

Dy(x) :=1; (1.1.10)
1 x x% X
1 x x% X
Dy(x):=|: : : , r=1,...,n. (1.1.11)
Uoxor g X1
1 X x? x"




Polynomial Interpolation Formulas 3

Letr € {1,...,n} be fixed. Observe from (1.1.11) that
D/(x;)=0, j=0,....r—1. (1.1.12)

Moreover, from the co-factor expansion with respect to the last row of the determinant in
(1.1.11), we deduce that

D, (x) =D,_1(x,_1)X + E(x), (1.1.13)

where E € 7,1, after having used also (1.1.10) for the case r = 1.
Next, we use (1.1.12), together with the fact that, from (1.1.13), the polynomial D, (x) has

degree < r, to deduce that

r—1
) =K [[x—x)),
=0
for some constant K-, and thus
D, (x) = Kx"+ F(x), (1.1.14)
where F € m,_;. It follows from (1.1.13) and (1.1.14) that K, = D,_;(x,—;) and E = F,
yielding the formula
r—1
D(x) = Dy (xr—1) [ J(x —xj). (1.1.15)
7=0

Now use (1.1.7) and (1.1.11), before repeatedly applying (1.1.15), and eventually (1.1.10),
to deduce that

n—1

det(V) = Dy(xn) = Dyt (xn1) [ [ (on —x))

=0
n—2 n—1
= Dn72(xn72)H(xn71 _xj H —X]
j=0 Jj=0
1 n—1
= [Do(xo)(x1 —x0)] | [T G2 =x) | -+ | [T (xn—x;)
j=0 Jj=0
n—1 k n—1n—1
= HH Xyl — X)) = HH(Xk+1—X/)
k=0j=0 j=0k=j
which is equivalent to the desired formula (1.1.9). |

According to a standard result in linear algebra, a (square) matrix is invertible if and only
if its determinant is non-zero. Now observe from (1.1.9) in Theorem 1.1.1 that det(V,,) # 0

if and only if the points {xy,...,x,} are distinct. Since also the interpolation conditions
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(1.1.3) are satisfied by a polynomial P of the form (1.1.4) if and only if there exists a solu-
tion ¢ € R"*! of the (n+ 1) x (n+ 1) linear system (1.1.6), we therefore have the following

fundamental existence and uniqueness result with respect to polynomial interpolation.

Theorem 1.1.2. For any non-negative integer n, let {xo,...,x,} denote any sequence of
n+ 1 distinct points in R. Then the Vandermonde matrix V, in (1.1.7) is invertible, and the

polynomial

P(x) = Pl(x) := )n:(vnflf)jxf, (1.1.16)

j=0
with the column vector f € R"*! defined by (1.1.8), is the unique polynomial in 7, satisfying

the interpolation conditions (1.1.3).

Observe from the uniqueness statement in Theorem 1.1.2 that P,f is the polynomial of least

degree such that P = P,{ satisfies the interpolation conditions (1.1.3).
Example 1.1.1. According to Theorem 1.1.2, there exists a unique polynomial P = P} €
satisfying the interpolatory conditions
P(—-1)=1; P0O)=-1; P(2)=3; P(3)=2. (1.1.17)
Since we have here n = 3, and
{x0,x1,x%2,x3} ={—1,0,2,3}, (1.1.18)

the corresponding Vandermonde matrix in (1.1.7) is given by

I —11 -1
V3 = b ooo , (1.1.19)
1 2 4 8
1 3 927
the inverse matrix of which is calculated to be given by
0 12 0 O
v;l:l 6z 62 (1.1.20)
121 5 —8 4 —1
-1 2 -2 1
Also, (1.1.8) is given here by
f=[1,-1,3,2]",
and thus
/A &= ]12[—1276,23,—7]T,
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so that, by using the formula (1.1.16), we obtain

1
Pl(x) (—12+6x+23x" = 7x°) . (1.1.21)

12
n

Although Theorem 1.1.2 is a useful existence and uniqueness result, the resulting poly-
nomial interpolation formula (1.1.16) involves the computation of the inverse of the Van-
dermonde matrix V,,. We proceed in Section 1.2 to deduce a more efficient interpolation
formula than (1.1.16), by expressing P! in terms of a basis for 7, that is better suited to

polynomial interpolation than the standard basis {1,x,...,x"}.

1.2 The Lagrange interpolation formula

As in Section 1.1, for any non-negative integer n, let {xo, . .., x, } denote a sequence of n+ 1

distinct points in R. The polynomials

n

Loo(x) :=1; Ly j(x):= T =0, (fnz1), 1.2.1)
Jk=0Y] T Xk
are called the Lagrange fundamental polynomials with respect to the sequence {xo, ..., X},

and satisfy the following properties, in which we adopt the Kronecker delta notation

17 .] :0;
o= 1.2.2
! {o,jeZ\{O}, (122

with Z denoting the set of integers.

Theorem 1.2.1. The Lagrange fundamental polynomials, as given by (1.2.1), satisfy:
(@)

Ln,j(xg) :(SJ',Z, j,é:O,...,n; (1.2.3)
(b) the sequence {L,;: j=0,...,n} is a basis for T,.
Proof. (a) The interpolatory property (1.2.3) is an immediate consequence of (1.2.1).
(b) Since (1.1.1) gives dim(m,) = n+ 1, and since the sequence {L, ;: j=0,...,n} con-
tains precisely n+ 1 functions, with, from (1.2.1), L, ; € 7, for j=0,...,n, it will suffice to

prove, according to a standard result in linear algebra, that {L, j: j=0,...,n} is alinearly

independent set. Suppose therefore that {cy, ..., c, } are real coefficients such that

Y cjLj(x) =0, xeR. (1.2.4)
J=0
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For any ¢ € {0, ...,n}, it follows from (1.2.4), (1.2.3) and (1.2.2) that
OchL,,,x/ ZCS _p=cy,
j=0
thatis, c; =0,j=0,...,n, which proves the desired linear independence. |

The following alternative to the polynomial interpolation formula (1.1.16) then holds.

Theorem 1.2.2 (Lagrange interpolation formula). The interpolation polynomial P! of The-

orem 1.1.2 satisfies the formulation

n

Py(x) = Y (o)L j (), (12.5)
Jj=0
where the Lagrange fundamental polynomials {L, ; : j=0,...n} are defined by (1.2.1).

Proof. Since P,{ € m,, it follows from Theorem 1.2.1(b) that there exists a (unique) real

coefficient sequence {ay, ..., 0, } such that
n
Pi(x)=Y oL, (x), xeR. (1.2.6)
i=0

For any ¢ € {0,...,n}, we may now choose x = xy in (1.2.6), and apply (1.1.3), as well as
(1.2.3) in Theorem 1.2.1(a), to obtain

(X/)— ,1)65 Zaj "fo)_zajj/—a[a

which, together with (1.2.6), proves the formula (1 .2.5). |

We proceed to prove the following polynomial identity.

Theorem 1.2.3. The Lagrange fundamental polynomials {L, j: j=0,...,n}, as defined
by (1.2.1), satisfy the identity
n
Y P(xj)L.j(x) =P(x), xeR, Pem, (1.2.7)
j=0

with, in particular,
n
Y Lujx)=1, xeR. (12.8)
Proof. Let P € m,. According to Theorem 1.2.2, the polynomial
n
Pi(x) =Y P(xj)Ln;(x) (12.9)
j=0

then satisfies the interpolatory conditions

Pl(x;) =P(x;), j=0,...,n.
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Since also P trivially interpolates itself at the points {xo,...,x,}, and since P and P! both
belong to m,, we deduce from the uniqueness statement in Theorem 1.1.2 that P = P,{,
which, together with (1.2.9), yields the desired identity (1.2.7).
The identity (1.2.8) follows immediately by choosing in (1.2.7) the polynomial

P(x)=1, x€eR,

which belongs to 7, for each non-negative integer n. |

Example 1.2.1. Consider the interpolation conditions (1.1.17) of Example 1.1.1. Then, by

using (1.2.1) and (1.1.18), we calculate the Lagrange fundamental polynomials

Lo = <—§x:o(>)2f 17—2;5?: 13)— 3) - 112)“3 + 152)“2 - ;x;
S T
= DD oo
B0~ 56 o2 Tt et e

from which we verify that the identity (1.2.8) is indeed satisfied. By using the Lagrange
interpolation formula (1.2.5), together with (1.1.17), we obtain

1 5 1 1 2 1
Plx) =1 (— 12x3—|— 12xz— 2x> +(-1) <6x3— 3x2—|—6x+1)
1 1 1 1 1 1
+3 (76x3+3x2+2x) +2(12x37 12x27 6x)

= |, (-7 + 23 +6x—12), (1.2.10)

which agrees with (1.1.21) in Example 1.1.1. |
In the notation of Theorems 1.1.2 and 1.2.2, suppose one more interpolation point x,,; | is
added such that {xo,...,X,;,x,+1} is a sequence of n + 2 distinct points in R. Then, if the
Lagrange interpolation formula (1.2.5) is used to calculate the corresponding interpolation
polynomial P,f +1» the updated Lagrange fundamental polynomials {L,;: j=0,...,n+
1} need to be calculated from scratch, without recourse to {L, ;: j=0,...,n}. We proceed,
in Section 1.3, to establish yet another basis for m,, which will allow the computation of

P,f 41 from P,f by the addition of a single term.
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1.3 Divided differences and the Newton interpolation formula

Let the interpolation polynomial P,{ be as in Theorem 1.1.2. Then the Lagrange interpola-

tion formula (1.2.5), together with (1.2.1), yields
P(x) = Bo; Pl(x) =Bux"+0(x), neN, (1.3.1)

with N := {1,2,...}, where Q € m,_1, and with the leading coefficient of the polynomial
P! given by

Bo == f(x0); B = Z n ) , neN. (1.3.2)
i=0 H (xj—xx)
j#k=0
Adopting the notation

Sx05- -5 Xn] = B, (1.3.3)

we see from (1.3.2) that, forn =0andn =1,
flxo] = f(x0); flxo,xi] = fo1) = flx) (1.3.4)

X1 — X0

We call fxo,...,x,] the n'"-order divided difference of f with respect to the (distinct) point
sequence A, 1= {xg,..., X}

Now introduce an additional interpolation point x4 1, such that
A,H_] = AHU{X,H_]} (135)

is a sequence of n + 2 distinct points in R. The following recursive result for polynomial

interpolation then holds.

Theorem 1.3.1. The interpolatory polynomial P,{H € T,+1, as uniquely defined by the in-

terpolatory conditions

Pl(x) = f(x), x€ Dy, (1.3.6)

with N, 11 as in (1.3.5), satisfies

n

Prii(x) = Py(x) + fx0, - xu1] [T (e = x)), (13.7)
J=0

with P! denoting the interpolation polynomial of Theorem 1.1.2.
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Proof. Let

n

P(x):= P,f(x)—}—f[xo,...,xnﬂ}H(x—xj), (1.3.8)
=0

according to which, since also P,{ € m,,
P(x) = (f[x(),...,xnﬂ])xnﬂ—Hg(x)7 (1.3.9)
where P € 7,. Next, we use (1.3.1) and (1.3.3) to obtain

Py () = (flx0,. s )" 4 O(x), (1.3.10)

where é € m,. It follows from (1.3.9) and (1.3.10) that the difference polynomial Q :=
P— P,f 1 satisfies Q € m,. Moreover, from (1.3.8) and (1.3.6), together with the fact that
Pl(x) = f(x), x € A, we have, for j =0,...,n,
0(x)) = P(xj) = Piii(x}) = Py(xj) = Pryy () = £ (x;) = £(x}) = 0.
Hence Q is a polynomial in 7, with n+ 1 distinct zeros at the points {x, . ..,x, }. It follows
that Q must be the zero polynomial, and thus P = P,{ 1> which, together with (1.3.8), proves
(1.3.7). [ |
Motivated by the recursive formulation (1.3.7) in Theorem 1.3.1, we now define, for any
distinct point sequence {x;: j=0,1,...} in R, the polynomial sequence
j—1
Qo(x):=1; Qj(x):=[](r—x), Jj=12,..., (1.3.11)
k=0
which satisfies the following properties:

Theorem 1.3.2. The polynomial sequence {Q;: j=0,1,...}, as defined by (1.3.11), sat-
isfies:
(a)

Qjemi, j=0,1,..; (1.3.12)
(b) for any non-negative integer n, the sequence {Q;: j=0,...,n} is a basis for T,.
Proof (a) The property (1.3.12) is an immediate consequence of the definition (1.3.11).
(b) Since the case n = 0 is trivial, we suppose next n € N. As in the proof of Theo-

rem 1.2.1(b), it will suffice to prove that {Q;: j=0,...,n} is a linearly independent set.

To this end, we let the real sequence {co,...,c,} be such that

iCij(x) —0, xeR. (13.13)
j=0
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By setting x = x¢ in (1.3.13), and using (1.3.11), we obtain c¢g = 0, which, together with
(1.3.13), implies

Zn:chj(x):Q xeR. (1.3.14)
j=1

According to (1.3.11), we may now divide the identity (1.3.14) by x — xp, and set x = x|
in the resulting identity, to obtain ¢; = 0. Repeated further applications of this procedure
yield ¢; = -+ = ¢, = 0, and thereby completing our linear independence proof. |
It follows from Theorem 1.3.2(b) that there exists a unique real coefficient sequence

{Bo,---,Bu} such that the interpolation polynomial P! of Theorem 1.1.2 is given by
n
Pi(x) =Y BjQ;(x). (1.3.15)
j=0
By applying the formula (1.3.7) of Theorem 1.3.1 recursively, we obtain the coefficient
sequence
ﬁj:f[xo,...,xj}, j:(),...,l’l, (1316)
which is consistent with (1.3.1)—(1.3.4). The following interpolation formula is now an

immediate consequence of (1.3.15) and (1.3.16).

Theorem 1.3.3 (Newton interpolation formula). The interpolation polynomial P! of Theo-

rem 1.1.2 satisfies the formulation
n
Pi(x) =Y fxo,-- %10, (%), (13.17)
j=0

with the divided differences {f[xo,...,x;]: j=0,...,n} defined by (1.3.3), (1.3.2), and
with the polynomial sequence {Q;: j=0,...,n} given as in (1.3.11).

Observe from (1.3.4) that the second order divided difference is given by

Jler] = flxo]

X1 — X0

flxo,x1] = (1.3.18)

We proceed to prove that the divided difference property of the right hand side of (1.3.18)
extends to higher order divided differences. To this end, for integers m and n, with n > 0,

let

Do = {Xmy - s Xmsn (1.3.19)

denote a sequence of n+ 1 distinct points in R. Then Theorem 1.1.2 implies the existence

of a (unique) polynomial P,{m in 7, such that the interpolation conditions

Pr{uz(x) = f(x)a X € Am,rm (1.3.20)
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are satisfied, where the function f is such that A, , C D¢. The n-th order divided difference
SXm, -+« s Xmyn] of f with respect to the point sequence A, , is then defined by means of

the leading coefficient property

Plfun (x) = (fTom, -+ - s Xmn) )X + O(x),

where Q € m,_1. Observe that the case m = 0 corresponds precisely with (1.3.1)—(1.3.4).

Our following result extends (1.3.18) recursively.

Theorem 1.3.4. For integers j and k, with k > 0, let {x},...,xj 141} denote a sequence of

k+ 2 distinct points in R. Then

f[xj7~'- 7xj+k+l} _ f[ijrla"' 7xj+k+1] 7f['xj7“'7-xj+k} ) (1321)
Xjtk+1 = Xj
Proof. Define the polynomial

0x) := (=X Pl 1 i () + (a1 =) 4 (%) (13.22)

Xjthk41 —Xj ’
with P; 41,j+k+1 and P; j+k denoting the interpolation polynomials in 7 as uniquely de-
termined by means of (1.3.20), (1.3.19). It follows from (1.3.22) that Q € |, with,

moreover,
Oxe) = f(xe), L=j,.oj+k+1, (1.3.23)

and thus, from Theorem 1.1.2, we have Q = Pj’. which, together with (1.3.22), yields

kD

(0 =X PL et (0) F (it — )P (%)
Pl =" R AL (13.24)
JHkH1 — X
The desired result (1.3.21) is then obtained by equating the leading coefficients of the two
sides of equation (1.3.24), and using the definition of a divided difference. |

We see from (1.3.21) that, for example,

f[xo’xl 7x2] _ f[xhxxzz] :)]:(Exo,xl}’

which does indeed extend the divided difference pattern of (1.3.18).

The recursive computation of divided differences by means of (1.3.21) is considerably
more efficient than using instead the explicit formulation (1.3.3), (1.3.2). The resulting
iterative scheme for calculating the interpolation polynomial P! by means of the Newton

interpolation formula (1.3.17), together with (1.3.21), is illustrated in Figure 1.3.1.
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xo  f(xo0)

flxo,x1]
X fx)

flx1,x0]
X f(x)
Xn—1 f(xn—l)

f[xn—hxn}
Xn f(xn)

Mathematics of Approximation

Sxo,x1,x]

f[x()7 e ,x,,,l}
f[xo, e

7xn]

f[xlw"vxn—l}

Figure 1.3.1 Divided differences by means of the recursive formulation (1.3.21)

Example 1.3.1. Consider, as was also done in Example 1.2.1, the interpolation conditions

(1.1.17) of Example 1.1.1. As in Figure 1.3.1, we calculate the relevant divided differences
in (1.3.17) by means of (1.3.21), as follows:

xj f(xj) orderl order2 order3
—1 1
-2
0 -1 3
2 *172
2 3 -1
-1
3 2
The above table of values are obtained by the calculations
f(0)—f(=1) —1-1
1(2) - £(0) 3D
so2) =777 ==
_f3)-£(2) _2=-3
2.3 =770 =7 =1
£10,2] = f[-1,0] 2—-(-2) _4
~1,0,2] = =
f[ 707] 27(71) 3 3’
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7f[2:3]_f[072} _ —1-2 _ _1-

f[07273] - 30 - 3 - I
_fl0.23]—f-1,02] _ —1-%3 7
f[~1,0,2,3] = 3 (1) =, =4

The Newton interpolation formula (1.3.17), together with (1.3.11), then yields the interpo-
lation polynomial
4

Pi(x) = I+ (=)= (D) + (= (1) = 0) — 172()6*(*1))(36*0)(?6*2)

7
12x()c—|— (x—2)

4
I—2(x+1)+ 3x(x+ 1)—

1
12(—12—1—6x—|—23x2—7963),

which agrees with (1.1.21) and (1.2.10) in, respectively, Examples 1.1.1 and 1.1.2. |

We proceed to state the following identity, the proof of which, as based on Theorems 1.3.3

and 1.1.2, is analogous to the proof of Theorem 1.2.3.

Theorem 1.3.5. The polynomials {Q;: j=0,1,...}, as given by (1.3.11), satisfy, for any

non-negative integer n, the identity

iP[x,...,xj]Qj(x)zP(x), xeR, Pem, (1.3.25)
j=0

with the divided differences {P[xo,...,x;|: j=0,...,n} obtained from (1.3.2), (1.3.3).

Divided differences satisfy the following symmetry condition, which is an immediate con-
sequence of the definition (1.3.2), (1.3.3), and which, along with Theorem 1.3.5, we shall

rely on in Section 1.4.

Theorem 1.3.6. For any positive integer n and (distinct) point sequence {xo,...,x,} in R,
the divided difference f|xo,...,x,], as defined by (1.3.2), (1.3.3), is a symmetric function of

its arguments, that is, for any permutation { jo,..., ja} of the index set {0,...,n}, we have
Fjose X ] = flxos - ] (1.3.26)

Observe in particular that, throughout Sections 1.1, 1.2 and 1.3, the (distinct) interpola-
tion points {xo,...,x,} have not been required to satisfy any ordering condition like, for

example, xo < x] < -+ < Xp.
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1.4 Hermite interpolation

As in the preceding sections, for any non-negative integer n, let A, := {xo,...,x,} de-
note a sequence of n + 1 distinct points in R. We proceed to investigate the existence and
construction of a polynomial P satisfying the interpolatory conditions

PO(x)) =B x)), k=0,....rj; j=0,....n, (1.4.1)
with {rg,...,r,} denoting a given sequence of n + 1 non-negative integers, and where f
is a real-valued function such that A, C Dy, and f has all the derivatives implied by the
right hand side of (1.4.1). The conditions (1.4.1) are called Hermite polynomial interpo-
lation conditions, and a polynomial P satisfying (1.4.1) is called a Hermite interpolation
polynomial of f with respect to the points A\, and the sequence r = {rg,...,7,}.

Observe that the precise number of Hermite interpolation conditions in (1.4.1) is given by
n

Y ()=t 1)+ Y

Jj=0 j=0
Based on (1.1.1), we therefore consider the polynomial construction
\4
P(x) := Z cjx’, (1.4.2)
j=0
where
n
vi=n+) rj, (1.4.3)
=0
and with {co,...,cy} denoting a real coefficient sequence, that is, P € m,. For any k €
{1,...,v}, we now differentiate (1.4.2) k times to obtain the formula
\4
PO ()= Y K ()xi  er, j=0,....n. (1.4.4)

By substituting (1.4.4) into (1.4.1), we deduce that there exists a polynomial P € 7, sat-
isfying the Hermite interpolation conditions (1.4.1) if and only if there exists a (column

vector) solution
c=|[co,ct,...,cy]T €RVFL (1.4.5)
of the (v+1) x (v+ 1) linear system
Wyre =1, (1.4.6)
where the successive rows of the (square) matrix W, , are defined by setting, in (1.4.4),

k=0,...,rjfor j=0,1,...,n, and where the column vector f € RV*! is defined by

£1=[f(x0), f/(x0),- - o £ (x0), F(x1), o, 1) ()] (1.4.7)

The following result then holds.

Theorem 1.4.1. The (v+ 1) X (v+ 1) matrix W, r in (1.4.6) is invertible.
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Proof. Lete = {cy,...,cy}T € RV*! be such that
Wy rc = 0. (1.4.8)

We proceed to prove that ¢ = 0, the zero sequence, from which, according to a standard
result in linear algebra, it will then follow that W, ;- is indeed an invertible matrix.

To this end, we first use (1.4.4), (1.4.6), (1.4.7) and (1.4.8) to deduce that the polynomial
P € 7y, defined by

4 .
= chxl (1.4.9)
i=0
satisfies
P<k>(x])207 k:07 7r]7 ]:07 7”7
and thus

(x—xj)F = Kx"1 4 P(x), (1.4.10)

U

for some constant K, where Pe 7y, and with v defined by (1.4.3). It follows from (1.4.9)
and (1.4.10) that K = 0, which, together with the first equation in (1.4.10), shows that P is

‘L:f

the zero polynomial, and thus, from (1.4.9), co =c¢; = --- = ¢y, = 0, as required. |
As an immediate consequence of Theorem 1.4.1, together with (1.4.1)—(1.4.7), we have the

following existence and uniqueness result for Hermite polynomial interpolation.

Theorem 1.4.2. For any non-negative integer n, let {x,...,x, } denote a sequence of n+ 1
distinct points in R, and let v = {ry,...,r,} be a given sequence of non-negative integers.
Then there exists a unique Hermite interpolation polynomial P = P,{Tr in Ty, with v defined
by (1.4.3), such that the conditions (1.4.1) are satisfied.

Note from Theorems 1.1.2 and 1.4.2 that
P!

n0 —
We proceed to establish an explicit construction method for the Hermite interpolation poly-

nomial P,ir of Theorem 1.4.2. To this end, we first observe from (1.3.18) that, for a function

f that is differentiable in the smallest interval containing xy and x;, we have

1
Slxo0,x1] = /0 F(t(x1 — xo) +x0)dt. (1.4.11)

In general, for sufficiently differentiable functions f, divided differences of order m > 2
can be expressed as follows in terms of an iterated integral. We shall denote by £ the n

derivative of a function f, with the convention also that f' ©) .= f-
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Theorem 1.4.3. For any integer n € N, let {x,...,x,} denote a sequence of n+ 1 dis-

tinct points in R, and suppose the real-valued function f has n continuous derivatives

in the smallest interval containing the points {xg,...,x,}. Then the divided difference
Slxo,...,xn), as obtained from (1.3.2), (1.3.3), satisfies the iterated integral formulation
Flxoseeoox /t0 ) (1 (60— 1) -+ 111 — x0) 4 x0)dlt .y, (1.4.12)
where
to:=1. (1.4.13)

Remark. For any integer n € N, observe that the number
Yo 1= tn(Xn — Xn—1) + -+ 11 (x1 — X0) +xo
satisfies
Yo = (1= 11)x0+ (01 —02)x1 + -+ (o1 — ) X1 + X,
and thus, with the notation
0y :=min{xg,...,x,} ; PBp:=max{xo,...,Xn},

we have, for0 <1, <t,-1,...,0 <t <1,0 <11 <19 =1, the inequalities

Ou[(1=11)+ (11 =12) -+ (a1 —tn) +1a] SV < Bul(1=11) + (1 —02) -+ (11 — 1) 1]

which yields a, < ¥, < B,. Hence the argument (= 7,) of the integrand f (") in (1.4.12)1s
indeed in the smallest interval containing the points {xo,...,x,}, and thereby guaranteeing
the existence of the iterated integral in (1.4.12).

Proof of Theorem 1.4.3. Our proof is by induction on the integer n. After noting from
(1.4.11) that (1.4.12), (1.4.13) are satisfied for n = 1, we suppose next that (1.4.12), (1.4.13)
hold for any fixed integer n € N. But then, by using also (1.3.21) in Theorem 1.3.4, as well

as Theorem 1.3.6, we obtain, by integrating with respect to #,4 1,

1o In
/0 f"Jr (tnp1 (X1 —xn) + -+ 11(x1 — X0) +x0)dlys1dty ... d1

(0] Tn— 1
|:/ (tn(xn+1_xn—l)+tn—l(xn—l_xn—2)+"'
xn+l

“+1 (x1 7)60) +x0)dl‘n,1 ...dn

1o In— 1
/ (tn(x,, —Xp—1) 4+ (x1 —x0) +x0)dty—1 ...dn
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f[x07 e 7xn717xn+1] - f[x07 e 7xn717xn}

Xn4+1—Xn

f[x()?"'axnflvxnﬁ»l] 7f[xn7x07--- 7xn71}

Xn4+1—Xn
= f[xn7x07~-~7xn717xn+l} :f[XO,X],.. -7xn7xn+l]7

and thus (1.4.12), (1.4.13) are satisfied with n replaced by n+ 1, which completes our
inductive proof. |
The definition (1.3.2), (1.3.3) of the divided difference f[xo,...,x,] holds for any distinct
point sequence {xo,...,x,}. Based on (1.4.12), (1.4.13) in Theorem 1.4.3, we now define,
for any non-negative integer v and (not necessarily distinct) point sequence {&y,..., &y}

in R, the v\ order divided difference of a function f, with v continuous derivatives in the

smallest interval containing the points {&o,...,&y}, by
f1&o] == £ (&)
o Iyl
flos---, 6] = /"'/fW)([v(&v &)+ (& = &)+ Eo)dry .. dry, if v > 1,
0 0
where
to:=1.

(1.4.14)
Observe from Theorem 1.4.3 that the definition (1.4.14) yields (1.3.2), (1.3.3) if
{&o,...,&v} is a distinct point sequence in R.
As an immediate consequence of the definition (1.4.14), we have the following continuity

result.

Theorem 1.4.4. For any non-negative integer v, let {&, ...,&,} denote a (not necessarily
distinct) point sequence in R, and suppose the real-valued function [ has v continuous
derivatives in the smallest interval containing the points {&y,...,Ey}. Then the divided

difference f[&,...,Ey), as defined by (1.4.14), is a continuous function on RV*1.

Henceforth in this section we shall assume that the sequence {xo, .. .,x,} of Theorem 1.4.2

is strictly increasing, that is,

xXo < xp < --- < Xpe (1.4.15)
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In the notation of Theorem 1.4.2, according to which the integer v is defined by (1.4.3), we
now define the sequence {&,...,&y} of v+ 1 points in R by

& ==&, = x0;
ér()+1 == §r0+r1+1 =Xl
(1.4.16)
Svory = =& = Xn,
and, for k € N, we denote by {&yx.,...,Eyx} any sequence of v + 1 distinct points in R,
such that
50,k<€1,k<"' <&vi, (1.4.17)
with, moreover,
lim& =&, j=0,...,v. 1.4.18
ki)n;éj,k é/v J 3 B ( )

Following (1.3.11), the polynomial sequences {éj :j=0,...,v}and {éj.,k 1j=0,...,v}
are then defined accordingly by

- - J-1
Qo(x):=1; Qi(x):=[[x=8&), j=1,...,v, (1.4.19)
=0
and
- - )
QO,k(x) = 1’ Qj,k('x) = H(}C— al,k)a J: 1,...7\/7 (1420)
(=0
fork=1,2,....

Since, according to (1.4.17), {&x, ..., &y k) is, for any fixed k € N, a sequence of v+ 1
distinct points in R, and since the Hermite interpolation polynomial P,{J of Theorem 1.4.2

satisfies P,{‘r € 1y, we may apply (1.3.25) in Theorem 1.3.5 to obtain the identity

V o~
Pro(x) =Y Pll6ok-,Ex]Qju(x), xER, (1.421)
j=0

fork=1,2,....
By applying Theorem 1.4.4, we may now deduce from (1.4.18) that

]}Ln:oP,{,r[ﬁo’k, &kl =Pl &, i=0,..,v, (1.4.22)
whereas (1.4.20), (1.4.18) and (1.4.19) imply

]}ijléj,k(x):é,(x), j=0,...,v, (1.4.23)
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and for any x € R. Since, moreover, the left hand side of (1.4.21) is independent of k, we
may now combine (1.4.21), (1.4.22) and (1.4.23) to obtain the identity

Z d[o,-- E)]0,(x), xER. (1.4.24)

The recursive computation of the divided differences in the right hand side of (1.4.24) will

be based on the following polynomial extension of Theorem 1.3.4.

Theorem 1.4.5. Let P be any polynomial, and, for integers j and k, with k > 0, let
{&j,... . &jkt1} be a sequence of k+ 1 points in R such that

&< &1 < <Gkt (1.4.25)
Then the divided difference P(;, ..., & x4 1], as obtained from (1.4.12), (1.4.13), satisfies
PlEjits- s i) = P, &l

§j+k+1 - gj ’

if §=8n="=E&u1=8.

if & #&Ejrrrns

P&, Ejirt] = (1.4.26)

P("“)(é)
(k+1)!°
Proof. Suppose first §; # & 4+1. For £ € N, analogously to (1.4.17), (1.4.18), let {&,, :
r=j,...,j+k+ 1} denote a sequence of k + 2 distinct points in R such that
Civ <&jrie < <Ejririe, (1.4.27)
with, moreover,
flimirﬂg:&, r=j,....,j+k+1. (1.4.28)
/—yo0
Based on (1.4.27) and (1.4.28), we may now apply (1.3.21) in Theorem 1.3.4, as well as
Theorem 1.4.4, to deduce that, for £ € N,

PlSjs Gjant] = P 7%:{1:1] : g.[éj, ooyl

<Py Ekat] = P&jas s Ejrarr el

N ‘P[§j+l,€:~-~75j+k+l,d =Pl Ejd PlEjan- o Sjrrt] = PLEj - 6]

§j+k+1.é - éj,l §j+k+1 - éj

5 0+40=0, (oo,

and thereby proving the first line of (1.4.26).
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Next, if §; = & 41, and thus, from (1.4.25), §; = &1 = -+~ = ;441 =: &, it follows
from (1.4.12), (1.4.13) that

1 10 1 T
PlEj,. &jant] = PET )(5)/ / o | didiy .. dn
0 Jo 0
(k41) To k-1
=P (é)/ / tedty ... dt
JO JO

P(k+1) 1o -2
_ 2(5)/ / (te_1)dti_s ... dn
0 0

o 0 e (k+1)
- ;!(é)/o (¥ =" +k! © /Ol(tl)kdtl = P(k++ 1()5!),

which gives the second line of (1.4.26).
It follows from (1.4.26) in Theorem 1.4.5 that the divided differences {P! .[&,...,&;]: j=
0,...,v} in the right hand side of (1.4.24) are determined uniquely by the values

{(PL)®(x)): k=0,...,rj; j=0,....n}.

Since also the Hermite interpolation conditions (1.4.1) are satisfied, we deduce from

(1.4.24), together with Theorem 1.4.5, the following Hermite interpolation formula.

Theorem 1.4.6. The Hermite interpolation polynomial P,{‘r of Theorem 1.4.2 satisfies the

formulation
i)=Y fléo. &0 (), (1.4.29)
Jj=0

with the polynomial sequence {é] 2 j=0,...,v} given by (1.4.19) in terms of the se-

quence {&,..., &y} defined in (1.4.16), and with the divided differences {f[&,....&;] :

j=0,...,v} definedfor0< j< j+k+1<Vby
FlEstse s Ejwrt] = f1E)s - 8]

IS, Evin— )

(k+1)
f(k:_ 1()51)’ if & =S8k =:8.

, if fj # §j+k+1;

(1.4.30)

Example 1.4.1. According to Theorem 1.4.2, there exists a unique polynomial P = PZI,r €

75, where r = {rg,r1,r} := {1,0,2}, such that the Hermite interpolation conditions

P(0)=2; P(0)=-2; P(2)=3; PB)=-1; P(3)=1; P'(3)=2
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are satisfied. Observe that here n =2, v =5, {xo,x,x2} = {0,2,3} and, from (1.4.16),
{&0,61,&2,83,&4,85 ={0,0,2,3,3,3}. The divided differences in the formula (1.4.29) are

then computed by means of (1.4.30), as follows:

Ei f(&) orderl order2 order3 order4 order5

0 2
-2
0 2 3
2 1
2 3 -2 %
=
3 -1 5 -
1 —4
30 —1 1
1
30—l

The above table of values are obtained by the calculations
F10,0] = f(0) = -2
f2)—f0) _3-2_1

f[072] = 2.0 = ) :2’
_fB)-r2 _-1-3_
el = 3-2 3-2 4
1331 =703)=1
1
02700, (2 s,
710,02 = 2-0 2 &
1
fR3-02 T4, 3
£10,2,3] = 3-0 3 =75
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7f[373]_f[273]71_(_4)7 .
f[27373} - 3_9 - 1 =5
_ ey 2
£13,3,3] =77 ==
3 5
f[0707273] - 30 3 12°
5 (=)
f[0727373] - 30 - 3 - 6’
f[2737373] - 32 - 1 - 4’
13 ( 11)
f[070727373] - 3_0 - 3 _36’
4 13
_f[2737373}_f[0727373}_7 B 6 _ 37
f[072737373] - 3_0 - 3 - 18’
37 37
_f[072737373]_f[0707273’3]_718736_ 37
£10,0,2,3,3,3] = o = 18

The Hermite interpolation polynomial le_’r is then given, according to (1.4.29) and (1.4.30),
by

PL(x) = 2-2(r—0) 4 (=0 — | (x~0(x~2)
37 37
+36(x—0)2(x—2)(x—3)— 36(x—0)2(x—2)(x—3)2

1

72 — 72x 4+ 999x% — 995%° 4 333x* — 37x°).
36

1.5 Exercises

Exercise 1.1 For the Vandermonde matrix V3 corresponding to the point sequence
) .
Xji=17], j:07172737

calculate the inverse matrix V;l, and then apply the interpolation formula (1.1.16) in The-

orem 1.1.2 to obtain the polynomial P of least degree such that the interpolation conditions
P('xj):\/xja j:07172737

are satisfied.
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Exercise 1.2 Verify the polynomial P calculated in Exercise 1.1 by means of (a) the La-
grange interpolation formula; (b) the Newton interpolation formula. In (a), it should also
be verified that the corresponding Lagrange fundamental polynomials {L3 ;: j =0,...,3}
satisfy the identity (1.2.8) in Theorem 1.2.3.

Exercise 1.3 Let {PJI : j=0,...,4} denote the sequence of interpolation polynomials, with
PJI €m;,j=0,...,4, such that

Pj((xk):f(xk)v k=0,....75; j=0,...,4
with
{XO,...,X4} = {0,...,4},

and where

flxo) =15 flx)=~1 flx)=0 flx3)=3; fla)=-2.

Calculate the sequence {P]’ :j=0,...,4} by means of (a) the Lagrange interpolation for-
mula; (b) the Newton interpolation formula, and compare the efficiency of the two methods.

Exercise 1.4 For the function

) =¢',
calculate the divided difference f[0,1,1,1] (a) directly by means of an iterated integral as
in (1.4.14); (b) recursively as in Example 1.4.1.

Exercise 1.5 For the function

use the recursive method, as applied in Example 1.4.1, to find the polynomial P of least

degree such that P satisfies the Hermite interpolation conditions

P()=f(1): P(1)=f(1): P'(1)=r"(1):

Exercise 1.6 As a continuation of Exercise 1.5, write down the corresponding vector r and
matrix W> ., as appearing in equation (1.4.6).

Exercise 1.7 As a further continuation of Exercise 1.5, write down the corresponding point
sequences {xg,x1,x2} and {&,...,&s}, as appearing in (1.4.16), and give an explicit for-
mulation of a sequence {&;x :k=0,1,...;j=0,...,5} satisfying (1.4.17) and (1.4.18).
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Exercise 1.8 Show that the set
Si={1,x,x(x—1),x(x— 1% x(x—1)> x(x = 1)*(x—2)}

is a basis for the polynomial space 7s.
Exercise 1.9 As a continuation of Exercise 1.8, formulate and solve, by means of the re-

cursive method as in Example 1.4.1, the Hermite interpolation problem for the function

1
o=

and in which S is the appropriate basis for 7s.

Exercise 1.10 Verify Theorem 1.3.6 for the case n = 3; {xo,x1,x2,x3} = {0,1,2,3};
{jOajlijaj3} - {270a37 1}3 and

flxo)=3; flx1)=-2 fln)=1 flx)=-1,

by calculating both sides of equation (1.3.26) by means of the recursive formulation
(1.3.21) in Theorem 1.3.4.



Chapter 2

Error Analysis For Polynomial Interpolation

As a continuation of Chapter 1, the notion of divided difference is applied to deduce the
uniform error bound for polynomial interpolation for any given finite sample point set.
In addition, an optimal sample point set, on which the minimum uniform error bound is

achieved among all sample point sets with the same cardinality, is derived.

2.1 General error estimate

Let [a,b] denote a bounded interval in R, and suppose f € Cla,b|, with C[a,b] denoting
the linear space of continuous functions f : [a,b] — R. For any non-negative integer n, let

Ay :={xp,...,x,} be a sequence of n+ 1 distinct points such that
A C [a,b], 2.1.1)

and, as in Theorem 1.1.2, denote by P,{ the unique polynomial in 7, satisfying the interpo-

lation conditions

Pi(x) = f(x), x€ A, 2.1.2)
The corresponding polynomial interpolation error function is then defined by
E,:=f—F. (2.1.3)
Hence E! € C[a, b], with
El(x)=0, x€A,. (2.1.4)

The function E! has the following explicit formulation in terms of a divided difference.

Theorem 2.1.1. The error function E,,’, as defined by (2.1.3), satisfies, for any non-negative
integer n,

; 0 , X € Np;
El(x) = (2.1.5)
f[X7X0,. .. ,Xn]Qn+1(X) , X € [aab} \ Anv

25
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with Qn41 € ,+1 defined as in (1.3.11), that is,

n

Oni1(x) = [J(x—x)). (2.1.6)

j=0
Proof. The first line of (2.1.5) has already been noted in (2.1.4).

Let x € [a,b]\ A, be fixed, and denote by P the unique interpolation polynomial in 7,
such that

P(t)=f(t), tel,U{x}. (2.1.7)
It follows from (2.1.1) and (1.3.7) in Theorem 1.3.1 that

P(t) =Py (t) + fx0, - X, X] Qi1 (1), (2.1.8)

with the polynomial Q;11+1 defined as in (2.1.6). By setting # =x in (2.1.8), and using (2.1.7),

we obtain

F() = PLx) + X0, X0, %] Q1 (). (2.1.9)

The second line of (2.1.5) is now a consequence of (2.1.8), (2.1.3), as well as the symmetry
result of Theorem 1.3.6. |
In order to obtain a useful estimate for the error function E., we first prove the following

property of divided differences.

Theorem 2.1.2. For any non-negative integer n, let A\, := {xo,...,xn} denote a sequence
of n+ 1 distinct points in R, and suppose f has n continuous derivatives in the smallest
interval containing the points {xo,...,x,}. Then the divided difference f|xo,...,xn|, as
defined by (1.3.2), (1.3.3), satisfies

S1x05- - Xn] = (2.1.10)

&)

!

for some point & in the smallest interval containing the points {xq,. .., X, }.

Proof. By applying (1.4.12), (1.4.13) in Theorem 1.4.3, and recalling the remark follow-
ing the statement of Theorem 1.4.3, we deduce by means of the mean value theorem for
integrals, together with (2.1.1), that there is a point & in the smallest interval containing the

points {xo,...,x,} such that

FX0s- - 0] = f(">(§)/0t°---/ot"7'dr,,dr,l,l...dtl

"o "ty
— f(fl)(g;)/ / tydt,_1...dn
0 0
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FARI(S

- _n!

bl

analogously to the final argument in the proof of Theorem 1.4.5. |

We now combine Theorems 2.1.1 and 2.1.2, and use the fact that (2.1.6) implies
Opi1(x) =0, x€AN,, (2.1.11)

to immediately deduce the following result, in which, as throughout the book, we adopt,
for any non-negative integer m, the notation C"[a, b] to denote the linear space of functions
f: [a,b] = R such that f*) € Cla,b],k=0,...,m, according to which C°[a,b] = Cla,b).

Theorem 2.1.3. For a non-negative integer n, suppose f € C"*! [a,b]. Then, for any x €
[a,b), there is a point & € (a,b) such that the error function E! in (2.1.3) satisfies
Fe(E)
(n+1)!
with the polynomial Q, 41 € T, given by (2.1.6).

Ej(x) = Qi1 (%), 2.1.12)

Next, for any function g € C[a,b], we introduce the notation

l|g]|e := max |g(x)], (2.1.13)

a<x<b

in terms of which the following interpolation error estimate holds.

Theorem 2.1.4. The interpolation error function E} in Theorem 2.1.3 satisfies the estimate

17D

(n+1)!
Proof. Let x € [a,b] be fixed. It follows from (2.1.12) in Theorem 2.1.3, together with
(2.1.13), that

E}] | < Q1 ]eo- (2.1.14)

I 1|
BRI <y 10 e
from which the desired estimate (2.1.14) then immediately follows. [ |

Example 2.1.1. Consider the case f(x) = cosx, and [a,b] = [0, 7].

(a) Forn=2,let

T T
7472
Then, by using either of the interpolation formulas (1.2.5) or (1.3.17), we obtain

AQZ{XO,X17X2} = {0 } (2.1.15)

Pi(x) = :2(1—\/2)x2+ 725(2\/2—3)x+1.
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Moreover, the error estimate (2.1.14) yields

(=) )]

1
max_|cosx— P3(x)| < [max sinx|} max
0

0<x< % 3! Jo<a<® 0<x< ¥
1 3 3
_ LB _ VB e, (2.1.16)
6 288 1728

(b) For n =9, let Ag = {x,...,x9} denote any sequence of 10 distinct points in [0, 7].
Then the corresponding interpolation polynomial P} can be calculated by means of

either (1.2.5) or (1.3.17), and the error estimate (2.1.14) gives

9
_p! < — X
orgféz |cosx 9(x)| 10! Lg{agxg |cosx|} Orgcagxg j:0|x Xj]
1 T\ 10
< ~2.52%x107°. 2.1.17
10! (2) ( )

Observe that the upper bound on ||E! ||, as given by the right hand side of (2.1.14), depends
on f,nand A, := {xo,...,x,}, with the dependence on A, entirely restricted to the factor
[|Qnt1]lw- Moreover, ||Q,+1]| is independent of f. We shall proceed in Section 2.2 to

investigate the existence of a sequence A, which minimizes ||Q;+1]|e-

2.2 The Chebyshev interpolation points

The Chebyshev polynomials {7;: j=0,1,...} are defined recursively by
T(x) =1 5 Ti(x) :=x ;

(2.2.1)
Tii(x) = 2aTj(x) = Tj—1(x), j=1,2,....
By using (2.2.1), we obtain
D(x) = 22 —1 ; Ti(x) = 43 =3x ; Ty(x) = 8x* =8 +1;
(2.2.2)

Ts(x) = 16x° —20x° +5x ; Ty(x) = 32x0 —48x* + 182> — 1.
The following properties are satisfied by the Chebyshev polynomials.

Theorem 2.2.1. For j € N, the Chebyshev polynomial Tj, as defined in (2.2.1), satisfies:
(a) Tj is a polynomial of degree j such that the leading coefficient in
J
Ti(x) = Y cjp (2.2.3)
k=0

is given by
cjj=2"" (2.2.4)
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(b)
Tj(x) = cos(jarccosx), xe€[—1,1]; (2.2.5)
(c)
Ti(x)| <1, xel[-1,1]; (2.2.6)
(d)
T,-(cos(j;kn)):(—l)f*k, k=0,....J; (2.2.7)
(e)
T,(cos(zj_l,_zkn)): . k=0,....j—1; (2.2.8)
2j
(H
j-1 o
Tj(x):ZFIH{xfcos(zj 1_ anﬂ, x€R. (2.2.9)
k=0 2j

Proof. (a) The properties (2.2.3) and (2.2.4) follow inductively from the definition (2.2.1).
(b) Let the function sequence {g;: j=0,1,...} be defined by

gj(x) := cos(jarccosx), xe[-1,1], j=0,1,..., (2.2.10)
and introduce the one-to-one mapping between the intervals [0, ] and [—1, 1] as given by
x=cosf, 0¢el0,nx], (2.2.11)
or equivalently,
0 = arccosx, x¢€[—1,1], (2.2.12)
in terms of which (2.2.10) may be written as
gj(x) =cos(j0), 6€[0,m, ,j=0,1,.... (2.2.13)
The trigonometric identity
cos[(j+1)60] +cos[(j—1)0] =2(cosO)cos(j6),
together with (2.2.13) and (2.2.11), yields the identity
gir1(0)+gimi1(x) =2xg;(x), xe[-1,1], j=1,2,...,
and thus, by using also (2.2.13) for j =0 and j = 1, as well as (2.2.11), we obtain
go(x) =1 gilx) = x

xe[-1,1]. (2.2.14)
ngrl(x) = Zng(x)igjfl(x)v j:]727"'7
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It follows from (2.2.1) and (2.2.14) that g;(x) = Tj(x),x € [-1,1], j =0,1,..., which,
together with (2.2.10), proves the formula (2.2.5).

(c) The property (2.2.6) is an immediate consequence of (2.2.5).

(d) For j e Nand k=0,...,j, we have, from (2.2.5),

T; (cos (j;kﬂ:)) = Ccos <jarccos (cos (j;kﬂ>>>
= cos((j—k)m) = (—1)77*,

which proves (2.2.7).
(e) Similarly, for j e Nand k =0,...,j— 1, we deduce from (2.2.5) that

(con (757 5) ) = o s (s (755 ) )
T; | cos . T = cos | jarccos | cos . T
2j 2j
= Ccos i —k ! t|=0
= J 2 =4,

(f) The explicit formulation (2.2.9) is an immediate consequence of (2.2.3), (2.2.4) and
(2.2.8). [ |
Observe from Theorem 2.2.1(f) that, for j € N, the Chebyshev polynomial 7; of degree j

and thereby proving (2.2.8).

has precisely j distinct zeros in (—1, 1), with, more precisely,

Ti(tjx) =0, k=0,....j—1, (2.2.15)
where
2j—1-2k
tj,k::cos(J , n), k=0,....j—1, (2.2.16)
and thus
*l<lj,()<[j,1<"'<tj7j,1<l. (2.2.17)

Moreover, according to Theorem 2.2.1(d), the Chebyshev polynomial 7} attains, for j € N,

its maximum (= 1) and minimum (= —1) on [—1, 1] alternately, in the sense that
Ti(&) = (—1)7% k=0,....], (2.2.18)
where
J—k .
ik =cos o), k=0,...,]j, (2.2.19)
' J
and thus

_1:€j70<§j,1<"'<§/}j:1~ (2.2.20)
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k
For any non-negative integer k, if P(x Z c jx/ with leading coefficient ¢, = 1, we say
j=1
that P is a monic polynomial. The set of all monic polynomials in 7; will be denoted by the

symbol 7;. Observe from Theorem 2.2.1(a) that the normalized Chebyshev polynomials
Tp:=2"1, j=1,2,..., (2.2.21)
are monic polynomials, that is,
Tjem, jeN. (22.22)
We shall rely on the following minimization property of ]N’]

Theorem 2.2.2. For any j € N,

P(x)| = Ti(x)| =21 2223
glggg;ll (x)] = rlrg;ll ()] ; ( )

where i is the normalized Chebyshev polynomial defined by (2.2.21).

Proof. Let j € N. First, observe that (2.2.21), (2.2.6) and (2.2.7) imply the second equation
in(2.2.23).
We use a proof by contradiction to prove the first equation in (2.2.23). Suppose therefore

that there exists a polynomial Q € 7; such that

max |0(x)| <217, (2.2.24)

according to which Q # 7}, and define the polynomial
R:=(-1)/(Tj-0), (2.2.25)

for which it then follows that R is not the zero polynomial. Since f’j and Q are both monic

polynomials in 7; , it follows from (2.2.25) that
Rem_. (2.2.26)
Now observe from (2.2.21) and (2.2.18) that
Ti(Eix) = (—1)7 2" k=o0,...,], (2.2.27)

where the sequence {&; 1 k=0,..., j} is given by (2.2.19), and satisfies (2.2.20).
By using (2.2.25), (2.2.27) and (2.2.24), we deduce that

R(&j0) =27 = (=1)/Q(&0) > 0
R(&j1) = —2"7 = (=1)/Q(&;1) <0
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and it follows from the intermediate value theorem that there is a point 1, € (&;,0,&;.1)
such that R(1n;) = 0. Similarly it can be shown by means of (2.2.25), (2.2.27) and (2.2.24)

that R(§; ) alternates in sign for k = 1,...,j, and that there consequently exist points
M € (&jx—1,&jx), k=2,...,J, such that R(nx) =0, k =2,...,j. Hence R has j dis-
tinct real zeros at {1;,...,M;}. Since also (2.2.26) holds, it follows that R must be the zero

polynomial, which is a contradiction, and thereby concluding our proof of the first equation
in (2.2.23). |

We proceed to show how Theorem 2.2.2 can be used to minimize the factor

1Qu1]]o = max Q41 () (2.2.28)

a<x<b
in (2.1.14) with respect to the choice of the interpolation point sequence A, := {xg,..., X, }.
To this end, we introduce the one-to-one mapping between the intervals [—1,1] and [a, b]

as given by
1 1
x= 2(b—a)l+ 2(a+b), te-1,1], (2.2.29)

or equivalently,

2
b—a

Based on (2.2.15), (2.2.16) and (2.2.17), forn € N and j = n+ 1, we now define the Cheby-

shev interpolation points

t {x— ;(a—i—b)} , X€EJa,b]. (2.2.30)

1 mb1-2j \ 1 ,
C
= (b~ ~0,... 2231
=y oaeos (MU H ) o j=0m 23D
which then satisfy
a<x$y<xl) < <x, <b. (2.2.32)

Observe from (2.2.31) that the Chebyshev interpolation points are concentrated more
densely towards the endpoints of the interval [a,b]. The following minimization property

can now be proved by means of Theorem 2.2.2.

Theorem 2.2.3. The factor ||Qu+1|lw in the polynomial interpolation error estimate

(2.1.14) of Theorem 2.1.4 is minimized by
b— n+1
—on ( “) , (2.2.33)

H)(x—xij) 5

Jj=

min = max
X0y Xn E[a,b] ||Qn+1 Hoo a<x<b

with {xij : j=0,...,n} denoting the Chebyshev interpolation points, as defined in
(2.2.31).
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Proof. First, we use the one-to-one mapping (2.2.29), (2.2.30) between the intervals [a, b]
and [—1, 1] to deduce that

n

min max —Xj
X0so X €[a,b] a<x<h JI})(X Xj)
" b_a 2 1
xo,..igjrel[ayb] flné}él 111) 2 { b—a (x/ 2(a+ ))H
bh—ua n+1 n
_ . r—1)l. 2.2.34
( 2 > ettty 8 | LT o

For the sequence {#,41,j: j=0,...,n} as defined by means of (2.2.16), it follows from
Theorem 2.2.2, together with (2.2.21) and (2.2.9), that

n

H(t_tﬂ+1,j)

n

[T¢—-1)

Jj=0

27" = max
—1<<1

> min max
10,tn€[—1,1] —1<t<1

T, t’:
w1 (?) max,

> min max |P(r)]=27",
Perty —l<i<1

and thus
n n
i t—t;)| = f—t..q )| =2""
oo min max ([Te=e) = max [T =) =27
which, together with (2.2.34), and (2.1.6), yields the desired result (2.2.33). |

By combining Theorems 2.1.4 and 2.2.3, we immediately derive the following optimal

polynomial interpolation error estimate.

Theorem 2.2.4. In Theorem 2.1.3, for any positive integer n, let the interpolation points be
chosen as the Chebyshev interpolation points, that is,

C

Xj =X, s j=0,....n, (2.2.35)

as defined by (2.2.31). Then the error estimate
1 b—a n+1
I < gy (T3) 1P (2230

is satisfied.

Example 2.2.1. As in Example 2.1.1, we consider the case f(x) = cosx, and [a,b] = [0, 7],
in which case, for any n € N, the Chebyshev interpolation points are given, according to
(2.2.31), by
c T
nj = 4

2n4+1-2j .
1 =0,... 2237
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and the corresponding error estimate (2.2.36) is

It 1 T\ ntl
Ogagxg |cosx—Pn(x)| < (nt1)! (4) . (2.2.38)

(a) Forn =2, it follows from (2.2.37) that

2-V3 @1 24+V3
{XSO’xg,laxg,Z} = { 8 T, 4’ 8 7'5},

and (2.2.38) gives the estimate

1 /m\3
~A| <, () ~002,
Orgcagxﬂcosx ) (x)] M

which improves on the error estimate (2.1.16) in Example 2.1.1(a).

(b) Forn =9, the formula (2.2.37) yields the Chebyshev interpolation points

T 19-2j .
xgcﬁj:4{c0s( 20 Jn>+1], j=0,...,9,

and (2.2.38) gives the estimate

1 10
max_|cosx — Py(x)| < 9101 (”) ~4.81x 107"

0<x< ¥ 4
which is a considerable improvement on the error estimate (2.1.17) in Exam-
ple 2.1.1(b).
|

2.3 Exercises

Exercise 2.1 For the function

0= 0

find a point & € [é, 1], as guaranteed by Theorem 2.1.2, for which it holds that
flo3:11= 31" (8).
Exercise 2.2 Let
f(x)=In(x+2), xe€l0,2],
and, for n € {1,2}, denote by P! the interpolation polynomial in 7, such that
Pi(x)=f(x), x€Lly
where

A1 ::{;ag 5 AZ::{;alvg}’
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For n = 1 and n = 2, calculate the polynomial P!, as well as the interpolation error estimate
(2.1.14) in Theorem 2.1.4, with [a,b] = [0,2]. Also, for n = 1 and n = 2, investigate the
sharpness of these estimates by calculating the exact value of ||EZ||..

Exercise 2.3 As a continuation of Exercise 2.2, let n be any positive integer, and suppose
Dy = {x0,...,x,} C[0,2]

is an arbitrary point sequence in [0,2]. Apply the interpolation error estimate (2.1.14) in

Theorem 2.1.4 to show that
1

N *
. (%)
with P! denoting the interpolation polynomial in 7, with respect to the interpolation point

[
— <
(max [In(x+2) —F,(x)| <

sequence A\,,.
Exercise 2.4 Calculate the Chebyshev polynomials 77 and Tg, thereby extending the for-
mulas in (2.2.2).

Exercise 2.5 Calculate, for n = 1 and n = 2, the sequences AS defined by
JARES {x5707...,x5~n , neN,

with {xio, . ,xin} denoting the Chebyshev interpolation points, as given in (2.2.31), for
the inter§a1 [0,2].

Exercise 2.6 As a continuation of Exercise 2.5, repeat Exercises 2.2 and 2.3 with A\, re-
placed by AC, and with the interpolation error estimate (2.1.14) replaced by (2.2.36) in
Theorem 2.2.4. In particular, obtain the analogue of the estimate () in Exercise 2.3.
Exercise 2.7 As a continuation of Exercise 2.6, find, according to the error estimate ob-

tained there, the smallest possible value of n for which it holds that

_pl
gmax [In(x+2) = F,x)[ < | o

Exercise 2.8 Apply Theorem 2.2.2 to obtain the minimum value

min  max_|x’ 4+ ax’ +bx+c|,
ab,ceR —1<x<1

as well as the corresponding optimal values of the coefficients a,b and c.

Exercise 2.9 Prove that, for any fixed j € N, the sum of the coefficients of the Chebyshev
polynomial 7 is equal to one.

[Hint: Use Theorem 2.2.1(b).]

Exercise 2.10 Prove that the Chebyshev polynomials {7p,T7,...} satisfy the condition

/11 y 1x27}(x)Tk(x)dx —0, ifj#k

[Hint: Apply the transformation (2.2.11), (2.2.12).]



Chapter 3

Polynomial Uniform Convergence

For a sequence of polynomials that approximate a function f € Cla,b], an important is-
sue for investigation is if the corresponding sequence of approximation errors converges
uniformly to zero on [a, ). In this chapter, we first show that such convergence is not guar-
anteed in the case that the polynomials are constructed to interpolate f € Cla,b] on some
sequence of equally-spaced sample point sets with cardinalities increasing to infinity. We
then proceed to give an explicit construction of polynomials that approximate any given
function f € Cla, b], for which the sequence of approximation errors does indeed converge

uniformly to zero, as the degrees of the polynomials tend to infinity.

3.1 General definition and examples

Let f € Cla,b)]. If a function sequence {f, : n=1,2,...} C Cla,b] is such that
I1f = fulleo := max [f(x) = fu(x)| =0, n— oo, (3.1.1)
a<x<b

we say that the sequence {f, } converges uniformly on [a,b] to f.

We proceed to provide two examples from polynomial interpolation.

Example 3.1.1. AsinExamples2.1.1and 2.2.1, let f(x) = cosx, and [a,b] = [0, 7], and de-
note by P,{ the interpolation polynomial with respect to the Chebyshev interpolation points
(2.2.37). Then, since

1 7T\ nt1 0
— — o0
2(n+ 1)1 (4) b

the corresponding polynomial interpolation error estimate (2.2.38) yields

max !cosx—P,{(x)| —0, n— oo,
0<x<

that is, the sequence {P! : n=1,2,...} converges uniformly on [0, 5] to f. [ |

37
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Example 3.1.2. Let f(x) = Inx, and [a,b] = [}, 3]. Then, for n = 1,2, ..., the Chebyshev

interpolation points are given, according to (2.2.31), by
2n+1-2j 3
c _ -
xn,j—cos( man 7r> +2, j=0,....n,
and the corresponding interpolation polynomial sequence {P!: n=1,2,...} can be com-
puted by means of, for example, the Newton interpolation formula (1.3.17). Moreover, we

may apply (2.2.36) in Theorem 2.2.4 to obtain the error estimate

1 d n+1
_pl
nlfffs |lnx Pn(x)| < (4 1)1 ]rilfzs (dx) (Inx)/|, (3.1.2)
forn=1,2,.... But
d n+1 ) n
(dx> (lnx):(_l)lx"“’
and thus
d n+1 1 !
max ( ) (Inx)| =n! max_ = 1” . =nl2"t
J<a<d [ \dX J<a<y X ()
which, together with (3.1.2), gives
max |lnx—P,{(x)|< 2 . (3.1.3)
Since
2
—0, n— oo,
n+1

we deduce from (3.1.3) that

max |1nfo,{(x)| —0, n— oo,
B

that is, the interpolation polynomial sequence {P!: n =1,2,...} converges uniformly on
(3.3t f. [

The uniform convergence result

IIf — Pl]|w = maxb|f(x)fP,{(x)|%0, n— oo, (3.1.4)

a<x<
is not obtained for all choices of f € Cla,b|, A, := {x0,...,%,} and [a,b], as illustrated by

the following example.

Example 3.1.3. (Runge example) For [a,b] = [-5,5], let

foy= !

= 3.15
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and choose, forn = 1,2,. .., the interpolation points

Xj=Xpj 1= —5+]2j, j=0,...,n, (3.1.6)
that is, {x,;: j=0,...,n} are the uniformly distributed partition points of the interval
[—5,5], with

=5 =Xp0 <Xp1 <00 < Xpu = 3. (3.1.7)
We proceed to prove the divergence result
_rsnga}és‘Ei(x)] = _rsnga}és 1+1x —Pl(x)| = o0, n— oo, (3.1.8)

To this end, we let {X, : n € N} denote the midpoints of the intervals {[x, ,_1,X,,] : n € N},
that is,

~ 1 5
Xn ::2(xn?n,1+xn’,,):57n, neN, 3.1.9)

from (3.1.6). We shall show that
|En(Xn)| = o0, n— oo, (3.1.10)

which will then imply the desired divergence result (3.1.8).
To prove (3.1.10), we first apply the second line of (2.1.5) in Theorem 2.1.1, together with
the definition (2.1.6), to obtain

n

ENXn) = [ Xn 0, Xnn) [ [Gn —xnj), neN. (3.1.11)
j=0

Our next step is to explicitly calculate the divided difference in (3.1.11). To this end, for

any integer m € N, let {r, ...t} denote a point sequence in R satisfying
to <t < <ty (3.1.12)
as well as symmetry with respect to the origin, in the sense that
ty—j=—tj, j=0,...,m. (3.1.13)
Observe from (3.1.13) that then
tmj2 =0, if miseven. (3.1.14)

Also, let x € R\ {t0,...,tm}.
For the case m =1 in (3.1.12), (3.1.13), according to which #; = —ty, we now apply the
recursive formulation (1.3.21) in Theorem 1.3.4, together with the definition (3.1.5), to

obtain, for x € R\ {#9,7 },

[ 11 .
2 2 2 2 _
1 1417 LG 4G I 1 X =1

7t 7t = = )
f[x 0 1] H—x Hh—1t fho—x o +x ([0—x)(1+l§)(1+x2)
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and thus

J(x)
1+13
Next, for the case m =2 in (3.1.12),(3.1.13), for which, by using also (3.1.14), we have
{to,t1,12} = {19,0, 10}, it follows from (1.3.21) and (3.1.5) that

flxto,n] =— (3.1.15)

1 1 1

1— _
1 1+ 1+ 142 fox— 1
Jto,11] = flxt,0] = o_ = . (3.1.16
Flton] = flo, 0] 0—x| 0—x fo—X (1+3)(1+x2) ¢ )
whereas
1 1J1t2 -1 1= Hl—zz 1 —1o —Ip
10,11,12] = flt0,0,12] = 2 - 0 = ;
flto,t1,1] = flt0,0,12] bto| -0 ~ 0_1 2t0{1+t§ 1+z§}
that is,
1
to,t1,t| = — . 3.1.17
flto,11,12] 147 ( )
It follows from (1.3.21), (3.1.16) and (3.1.17), as well as t, = —t, that
1 fox— 1 1 X(X+t0)
71 7t 7t = - - = )
Soto,in, 12 n—x| 141} (1+t§)(1+x2)} x+1 {(1+t§)(1+x2)
and thus
xf(x)
to,t1,] = . 3.1.18
flxt0,t1,12] 14 ( )
Now observe from (3.1.15) and (3.1.18) that the statement
_1\(mt1)/2 fx) oo .
(—1) (m_1)/2 , if m is odd,;
[T (+¢)
=0
Theto,. o tm] = ! (3.1.19)
(—1)m/2)=1 X () , if m is even,
(m/2)-1
[T 1+
Jj=0

is true form =1 and m = 2.
Proceeding inductively, suppose that (3.1.19) holds for a fixed m € N, with {to,...,t}
denoting any sequence in R such that (3.1.12) and (3.1.13) are satisfied. Let {ro,...,fmt2}

denote any sequence in R satisfying

fo <tp < - <tpyyds (3.1.20)

tmi2—j=—tj, j=0,....m+2, (3.1.21)
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and define the function

g(X) ::f[xatla"’7tm+1]7 XER\{IO7“'7tm+2}' (3.1.22)
By applying the recursive formulation (1.3.21) in Theorem 1.3.4, as well as the symmetry
result (1.3.26) of Theorem 1.3.6, it follows from (3.1.22) that, for any x € R\ {r9,...,tms2},

1 1, — g fy) —
e[t tmea] = {g( mi2) —8(to)  8(t0) g(X)}
Imy2 —X Im+2 — 10 Ip—x
— 1 |:f[tla-~-:tm+2]_f[t07-~~7[m+1]
tny2 — X Im+2 — 1o
_f[t17"' 7tm+17t0] _f[-x7tla"~7tm+1]
fo—x
_ f[t07"~7tl71+2] _f['xvtla"' »tm+17t0}
Imy2 —X
10y s tmy2| — J1X, 00, .-+ 1
= f[ " ] f[ m+1} :f[XJOw-- 7tm+2]7
Imy2 —X
that is,
g[x7[0»tm+2] :f[x7t07"'7tm+2}7 XGR\{t07"'7[m+2}' (3123)
With the definition
Ti=tip1, j=0,...,m, (3.1.24)
it follows from (3.1.20), (3.1.21) that
T < T << Ty (3.1.25)
Tn—j = Im+2—(j+1) = —Lj+1 = —7Tj, j=0,....,m. (3.1.26)

Hence we may apply the inductive hypothesis (3.1.19) to deduce from (3.1.22) that

_1)mt1)/2 f(x)
(=1 (m=1)/2

[T (+7)

, if m is odd;

, if m is even,

and thus, from (3.1.24),

(—1)mt1)/2 (m-s—l)iCZ(X) , if m is odd;
1 a+5)
g(x) = = (3.1.27)
(—1)m/2)-1 m/zxf(x) ,  if miseven.
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Suppose m is odd. It then follows from the first line of (3.1.27), together with (1.3.3),
(1.3.2), that
(_ 1 )(m+1)/2

g[x7t07tm+2} = (m+1>/2 f[xat()7tm+2]' (3128)
1 a+)
=1
With the definition
%0 =1p; %1 =lmy2, (3.1.29)

we observe from (3.1.20), (3.1.21) that
%}) < ;L:l; ;El = —;E().

Hence we may apply (3.1.15) and (3.1.29) to obtain

flxt0,tmia] = flx, 0,11 = — 1f_i(_x7% - lfj-xt)(%7

which can now be substituted into (3.1.28) to obtain
(7 1 ) (m+3)/2
(m+1)/2

1 a+5)

j=0
It follows from (3.1.30) and (3.1.23) that the first line of (3.1.19) also holds with m replaced
by m+ 2, and thereby completing our inductive proof of the first line of (3.1.19).

glx,t0,tma2] = (3.1.30)

Next, suppose m is even. Analogously to the derivation (3.1.28), we deduce from the
second line of (3.1.27) that
(_ 1)('11/2)71

glx,t0,tm2] = /2 hlx,to, 2], (3.1.31)
[T+
j=I
where
X
h(x):=xf(x) = . (3.1.32)
from (3.1.5). By applying (1.3.21), (3.1.32), and #,,,,.» = —t9, as follows from (3.1.21), we
obtain
| <*t02)7 o o, X
1+t 1+t 1+, I4x
h(x,to,tmya] = hlx,t0, —t0] = 0 o0
[x 0 m+2] [x 0 0] —lp—Xx —210 fh—x
1 1 tox> — (1+13)x + 19

Cxttg (142 (x—10)(1+13)(1+x2)
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o 1
x+1o [1+2

fox— 1
(148)(1+x2)
X
(142 (1+22)
which can now be substituted into (3.1.31) to obtain
(— 1)(<m+2)/2>71
m/2

[T+

j=0
It follows from (3.1.33) and (3.1.23) that the second line of (3.1.19) also holds with m re-
placed by m + 2, and thereby completing our inductive proof of the second line of (3.1.19).

gx,10,tm12] = [xf(x)]. (3.1.33)

Observing from (3.1.6) that, for any n € N, it holds that

10(n—j 10/
sun_j = —5 4 100" ’):7(75+ J):fx,,_j, j=0.....n, (3.1.34)
n n
and recalling also (3.1.7), it follows that the sequence
{to,...,t,,}:{xn‘o,...,xn,n} (3.1.35)

satisfies the conditions (3.1.12),(3.1.13), with m = n. Also, the definition (3.1.9), together
with (3.1.6), shows that X, € R\ {x,0,...,%n,}. Hence we may apply (3.1.19) with m = n,
and with the sequence {r,...,t,} given by (3.1.35), to obtain the formulas

F(3n)
(n—1)/2
= £E) (3.1.36)
(n/Z)—nl " , if nis even.

Jj=0

(—1)0+1)/2 , if n is odd;

f[fnaxn.Oa s 7xn,n] =

(—1)/2)-1

Next, to evaluate the product in (3.1.11), suppose first z is odd, and denote by v the non-
negative integer such that n = 2v + 1. It then follows from (3.1.34), with n = 2v + 1, that

n 2v+1
Fn—xnj) = [ Gavir —x2vi1)
j=0 j=0
\4 2v+1
=[G+ —xvairy) [ Gover —xavary)
=0 J=vE

\4

v
= [1Gvi1 —x2v 1) [ [Faver —x2vi12vi1-)
=0

j=0
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\% \%
= [[Gavi1 —x2vs1,) Gavir +x2v41,) = H Xy i1 — X3y i1,);

Jj=0
and thus, since v=(n—1)/2,
n (n—1)/2
[1G—x)= ] & —xi)). ifnisodd. (3.1.37)
j=0 i=

If nis even, and v denotes the positive integer such that n =2v, we apply (3.1.34), together
with the fact that

Xnn/2 = X2v,y = 07 (3.1.38)
as follows from (3.1.34), to obtain
n 2v
H(-xn 7xn.,j) = H(XZV 7x2v,j)
j=0 =0
v—I 2v
= H (x2v - x2v,j) X2y H (x2v _x2v,j)
J=0 Jj=v+1
v—1 v—l
=Xy H Xov — X2y j (Xav —x2v,2vfj)
j=0 j=0
v—1
= X2y H (x2v - x2v,j) (XZV + x2v,j)
j=0
v—1 5 v
= X2y H (3 — sz J H x2v x2v J
=0 =0
and thus, since v =n/2,
n 1 n/2
H(fnfxw) = _ H(x2fx2 ), if nis even. (3.1.39)
j=0 Xn 520

By substituting (3.1.36), (3.1.37) and (3.1.39) into (3.1.11), and by using also the fact that
(3.1.38) implies

n/2

/2)-1
H (1+x ) =[](1+x5,), if nis even,
P =0

we obtain the interpolation error expression

1232 2

(—1)mD/2f(%,) H - , if n is odd;
El(fn) _ j=0 n.j

n n/2 32 2

) [T

n
2
=0 1+x,;

(3.1.40)

, if niseven.
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With the standard notation | x| for the largest integer < x, it follows from (3.1.40) that

n/2] |x —X2
|Ep (% |—|fxn|H a2, neN. (3.1.41)

Since (3.1.9) gives X, € [0,5),n € N, whereas (3.1.5) yields f(x) > 26,x€ [—5,5], it follows
that

1

TEAE

which, together with (3.1.41), yields

oy s | BB
\En(xn)|>26 H} L ;' neN. (3.1.42)

By noting from (3.1.9) and (3.1.6) that, for any n € N,

5\? 1\’
(5— ) —25_25[(1— ) —1]<0,j=0
2 _ 2 n n
e 5\2 10\
5-7) —(5- 0 i=1,2,...,|n/2
(5-2) - (s-"7) >0 =12, 1n/2),

j2
we deduce that, with the convention that H aj:=1if j, < ji,
J=i

ln/2] X, 7x 25 n—1 [n/2] 552*)62 )
1 ST ( " ) 17 27 nen (3.1.43)
=0 I—Q—xn’j 26 n el X

By using (3.1.43) in (3.1.42), we obtain the lower bound
25

|EL ()| > a,, neN, (3.1.44)
(26)*
where
o1 2R 2
= I eN, (3.1.45)
n j=1 1 +xnj
We proceed to prove that
Qy —> 0, N —» oo, (3.1.46)

which, together with (3.1.45) and (3.1.44), will then yield the desired divergence result
(3.1.10).
To this end, we note from (3.1.45) that

a,=eP, neN, (3.1.47)
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J1
where, with the convention that Z aj:=0if j; < jo,

J=Jo
[n/2] [n/2] [n/2]
Bn:=In(2n—1)—2Inn+ Z In(X, +x4,7) + Z In(X, — xn,j) — Z In(1 erij)7 neN.
- ! ! (3.1.48)
We shall show that
By — oo, n—oo, (3.1.49)

which, together with (3.1.47), will then prove the desired divergence result (3.1.46).
To prove (3.1.49), we fix n € N, and first note from (3.1.9) and (3.1.6) that

[n/2] [n/2]
Z lnxn—i—x,,J )+ Z In(x; n—Xn,j)

[n/2] n/2]
=2(In5)|n/2] —2(Inn)[n/2] + Y In(2j—1)+ Y In(2n—1-2j)
j=1 j=1
n/2] [n/2]
> (In5)(n—1) —nlnn+ Z n(2j+1)+ Y In(2n—1-2j). (3.1.50)
j=1 j=1

Let the piecewise constant functions u, and v, be defined by
up(x) :=In(2j+1), x€ [j,j+1), j=1,...,[n/2] =1 (if n = 4); (3.1.51)
va(x) :=In(2n—1-2j), x€[j,j+1), j=1,...,|n/2] (if n > 2). (3.1.52)
It then follows from (3.1.51), (3.1.52) that

up(x) =In(2x—1), x € [1,|n/2]] (ifn>4); (3.1.53)

va(x) = In(2n—1-2x),x € [1,|n/2] +1] (ifn>2). (3.1.54)

By using (3.1.51) and (3.1.53), together with the fact that [n/2] > (n—1)/2, as well as
integration by parts, we deduce that, for n > 4,

[n/2]-1 [n/2]
Y n(@2j+1)= / up (x)dx
1

j=1
[n/2]
> / In(2x — 1)dx
1

(n=1)/2
2/ In(2x — 1)dx
1
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L e (2x— 1
_2./1 n(2—1) , (2x—1dx

| -0/
=, {(2x1)ln(2x1)1 72{ 5 71]
:;(n—Z)ln(n—Z)—;n—l—; (3.1.55)

and similarly, from (3.1.52) and (3.1.54), forn > 2,

[n/2] [n/2]+1
Y In(@2n—1-2j)= / Vi (x)dx
1

=1
[n/2]+1
> / In(2n— 1 —2x)dx
1
(n+1)/2
> / In(2n—1—2x)dx
n+1
= 2/ 2n—1—2x) (2n—1—2x)dx
X (n+1)/2 o
- [(2n—1—2x)1n(2n—1—2x)] +2[”2 —1]
1
1 1 1 1
= —z(n—Z)ln(n—2)+2(2n—3)ln(2n—3)— NauPs (3.1.56)
It follows from (3.1.50), (3.1.55) and (3.1.56) that, for n > 4, we have

|n/2] [n/2]
Z In(X, +x,,j) + Z In(X, — xn;)

> (In5)(n—1) —nlnn+ (n— ;) In(2n—3)—n+2

52n—-3 3
:n[ln (2n )fl}len(2n73)fln5+2. (3.1.57)
n
Next, to bound the third sum in (3.1.48), we define, for n > 2, the piecewise constant

function w, by
i 2
wp(x) :=1In (l—|—25 ( - 1) > , x€lj,j+1), j=1,....(n/2]. (3.1.58)
n
It follows from (3.1.58) that

wn(x) < In (1 425 <2nx - 1)2> . xe[l,[n/2]+1] (ifn>2). (3.1.59)
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By using (3.1.6), (3.1.58) and (3.1.59), together with the fact that |n/2] < n/2, as well as
integration by parts, we deduce that, for n > 2,

[n/2]

- Z ln(l—l—xn]

Fafen()

[n/2]+1

= —/ wp(x)dx
J1

[n/2]+1 2
2—/ ln<1+25(2x—1) >dx

1 n

(n+3)/2 2
>_/ 1n<1+25<2x—1>>dx

1 n

/n
- 10/1 In(1+£%)d¢

15/n

10

L)
(sl )

) s {omn () (o2}
o [rim (2 ) () emun(e(0-2))
() ()

It now follows from (3.1.48), (3.1.57) and (3.1.60) that, for n > 4,
2n—3)

n

_iln <1 425 (1 B 2)2> e arctan (%) +arctan(5(1 — 5))]
n

5

- [gln(lﬂf

By >In(2n—1)—2Inn + {n {IHS(

o

—1} - ;ln(2n—3)—ln5+2}
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22 2\?2
—3ln 1+ 5 +In|{1+25(1— +1
2 n? n

= apn + by, (3.1.61)

5 (27 3) arctan(ls) -+ arctan (5 (l — 2))
n - n n
2 5
¢ (1-2)
n

1 In(2
nn 3In( n+3); (3.1.62)
n 2

2
b, :=1In 2—] —3ln l-l—225 +In| 1+25 1—2 —In5+3. (3.1.63)
n 2 n? n

Since applications of L’Hospital’s rule yield

where

a, :=1In

im ™ = gim ¥ Z0; gim MY o 23
X—oo X X—yo0 X—o0 X X—po0 1
according to which
1 In(2n —
lim =0 jim 273 g,
n—e n n—oo n
we deduce from (3.1.62) that
. 10 arctan 5
Y= ’}grolcan =In /26 - 5 ® 0.399, (3.1.64)
and thus
v>0, (3.1.65)
whereas (3.1.63) gives
52
6:=1limb,=3+In_ ~5.342, (3.1.66)
n—yoo 5
so that also
6>0. (3.1.67)

It follows from (3.1.64) - (3.1.67) that there exists a positive integer N such that

Ty <]

=7
=%

—2<bn—6<27
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and thus

a, > ;/ > 0,
s n>N. (3.1.68)

b,,>2>0,

By applying (3.1.68) in (3.1.61), we deduce that
Bu> (v/2n+(8/2), n>N,
and thus, for any given positive number M, if we define the positive number N by
N :=max{N, [2(M — (§/2))/71},
with [x| denoting the smallest integer > x, we have
Bn>M, n>N,

according to which (3.1.49) holds, and thereby completing our proof of the desired diver-
gence result (3.1.10).

If, however, we replace the uniformly distributed interpolation points (3.1.6) by the Cheby-
shev interpolation points, that is, from (2.2.31),

X ::xf,j:5cos(2n2—;ir_22]7v>,j:O7...,n7 (3.1.69)
thereby concentrating the interpolation points more densely towards —5 and 5, the uniform
convergence result (3.1.4) is indeed satisfied, as will follow from Theorem 6.5.3 in Section
6.5 of Chapter 6. ]

The results of Example 3.1.3 lead to the following interesting question: For any prescribed

sequence
Npi={Xn0,- -y Xnn}, n=12,.., (3.1.70)

of (distinct) interpolation point sequences satisfying (2.1.1), like, for example, the Cheby-
shev interpolation points (2.2.31), is it possibly true that the uniform convergence result
(3.1.4) is obtained for each f € C[a,b]? The answer is negative, due to a known result, the
proof of which is beyond the scope of this book, and according to which, for any prescribed

sequence {A\, : n=1,2,...}, there exists a function f € C[a,b] such that
Lf = Pilleo =+ 00, 11— 0. (3.1.71)

Hence, to investigate whether the uniform convergence result (3.1.4) holds for given f €

Cla,b], A\, and [a, b], error estimates like (2.2.36) in Theorem 2.2.4 need to be applied.
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In the rest of this chapter, we proceed to establish, for any given f € Cla,b], a sequence

{P,: n=1,2,...} of approximating polynomials such that

[|f = Pl := max |f(x) — Py(x)| =0, n—oo. (3.1.72)

a<x<b
Observe from (3.1.72) that any given function f € C[a,b] can therefore be approximated
with arbitrary (uniform) “closeness” by a polynomial, and thereby providing justification

to the attention given to specifically polynomial approximation.

3.2 The Bernstein polynomials

For any non-negative integer j, and k € Z, we adopt the standard binomial coefficient

notation
J! .
i ; L k=0,...,/;
(é) = kI(j—k)! (3.2.1)
0 sk Z1{0,...,j},
and with the convention that 0! := 1.

Let n denote any non-negative integer, and suppose [a,b] is a bounded interval in R. The

—a\! [b—x\""
Bn’j(x);:(’;) <Z—Z> (Z_i) . j=0,....n, (3.2.2)

are called the Bernstein polynomials of degree n with respect to the interval [a, b].

polynomials

We shall rely on the one-to-one mapping between the intervals [a,b] and [0, 1] given by
x—a

t= , a<x<b, (3.2.3)
b—a

or equivalently,
x=((b-a)t+a, 0<r<]1. (3.2.4)
By using (3.2.3), (3.2.4), we observe from (3.2.2) that

By j(x) = (';)t"(l—t)"*f, j=0,....n,

o= X—a
= bfa.

We proceed to prove the following properties of the Bernstein polynomials.

where (3.2.5)

Theorem 3.2.1. For any non-negative integer n, and bounded interval [a,b] C R, the cor-

responding Bernstein polynomials, as defined by (3.2.2), satisfy:
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(a)
By j(a) = 9;, ,
j=0,...,n (3.2.6)
B"}( ) - 8” Js
(b)
By, j(x) >0, x¢€(a,b); (3.2.7)
(©
iB,,ﬁj(x) =1, xeR; (3.2.8)
Jj=0

(d) the polynomial sequence {B,, j: j=0,...,n} is a basis for m,.

Proof. (a), (b) These properties are immediate consequences of the definition (3.2.2).

(c) For any x € R, an application of (3.2.5) yields

n

Jian,,-(x) =) (?)nu —t == =1 =1,

j=0
which proves (3.2.8).
(d) As in the proofs of Theorem 1.2.1(b) and Theorem 1.3.2(b), it will suffice to prove
that {B,j: j=0,...,n} is a linearly independent set. After noting that such linear inde-
pendence is trivial if n = 0, we suppose next that n > 1, and let the coefficient sequence

{co,c1,...,¢cn} C R be such that
n
Z cjBnj(x) =0, x€R,
j=0

or equivalently, from (3.2.5),

n

Y ¢ <",>ﬂ'(1 —1)" /=0, teR. (3.2.9)
=0 \J

By setting successively r =0 and t = 1 in (3.2.9), we obtain ¢y = ¢, = 0, which then proves
the desired linear independence result forn = 1. If n > 2, we may set co = ¢, = 01in (3.2.9)

to obtain

t(1—1) i ()f“ —1)"" =0, reR, (3.2.10)
and thus

i ()t” —1)" =0, reR. (3.2.11)

Ifn=2,(3.2.11) immedlately gives ¢; = 0, and thus ¢p = ¢ = ¢ = 0,which shows that

linear independence is also obtained for n = 2. If n > 3, we may successively set = 0 and
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t=11in(3.2.11) to obtain ¢y = ¢,—1 = 0. By applying the same argument as in (3.2.10) and
(3.2.11), sufficiently many times, we eventually prove that co = --- = ¢, = 0, and thereby
establishing the desired linear independence result. |
It follows from Theorem 3.2.1(d) that, for any polynomial P € m,, there exists a unique

coefficient sequence {b, j: j=0,...,n} C R such that
n
P(x) =Y bu B j(x). (3.2.12)
Jj=0

The expression (3.2.12) is called the Bernstein representation in 7, with respect to the in-
terval [a, b] of the polynomial P, and has practical applications in e.g. interactive geometric
design.

We proceed in Section 3.3 to construct a polynomial approximation in 7, of a given func-
tion f € Cla,b] by means of an appropriate choice of the coefficient sequence {b, ;: j =
0,...,n}in (3.2.12).

3.3 Bernstein polynomial approximation

For a given function f € C[a,b] and any integer n € N, we define the Bernstein polynomial

approximation P2 in 7, of f with respect to the interval [a,b] by
n

Y £ j)Bu,j (),
i=0

J
(b—a .
Xpji=a-+j i , Jj=0,...,n.

X
i
=
=
[

where

(3.3.1)

Observe that the point sequence {x, ;: j =0,...,n} in (3.3.1) partitions the interval [a,b]
bh—
into n subintervals of equal length <: a) , and with
n
a=Xp0<Xp1 <--<Xpnp=>b. (3.3.2)

The following properties of Bernstein polynomial approximations can now be proved by

means of Theorem 3.2.1.

Theorem 3.3.1. Let f € Cla,b] and n € N, and denote by P? the Bernstein polynomial
approximation in T, of f with respect to [a,b], as defined in (3.3.1). Then:

(a) The polynomial P? interpolates f at a and b, that is,

P(a)=f(a) ; Pr(b)=f(b). (3.3.3)
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(b) Sign-preservation on [a,b] is satisfied, in the sense that, if

f(x) 20, x¢€la,b], (3.3.4)
then
P2(x) >0, x¢&la,b). (3.3.5)
(c) Linear polynomials are reproduced, that is, if
fem, (3.3.6)
then
PE—7. (3.3.7)
Proof. (a) By using (3.3.1) and Theorem 3.2.1(a), we obtain
n
a) =Y f(x;)8; = fxn0) = f(a),
j=0
and
n
= Z X, j)0n—j = f(xnn) = f(D).
j=0
(b) If (3.3.4) is satisfied, it follows from (3.3.1) and (3.2.7) that (3.3.5) holds
(c) Let f € my, that is,
f(x) =co+crx, (3.3.8)

for some real coefficients cg and c;. It follows from (3.3.1), (3.3.8), Theorem 3.2.1(c) and
(3.2.5) that, for any x € R

0= ks ve ks [ars (7, ) Bt

n

—co+cr|at(b-a)) ! (”_)ﬂ'(l t)”j}, (3.3.9)
=1\
where
xX—a
= . 3.3.10
b ( )
Now use (3.2.1), and the index transformation k = j — 1, to deduce that

£ g

== 1)!(,1_1.)!;}(1 e

ni“l (l’l—l tk+l(1

_ \n—(k+1)
Lkl (n— (k+1))! 2
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n—1
(n=1! 4 —1-k
=t (1 —1)"
k;)k!(n—l—k)! ( )

:tnil (n; 1)/‘(1 —py ik
k=0
=tft+(1—0)) ' =r(1" ) =1. (3.3.11)
It follows from (3.3.9), (3.3.11), (3.3.10) and (3.3.8) that
PB(x) =co+ci [a—}—(b—a)z:ij =co+cix=f(x),

which completes the proof. n
Our next result shows that, although quadratic polynomials are not reproduced by Bernstein
polynomial approximation, the uniform convergence result
||f — P8||o := max |f(x) —PE(x)| =0, n— oo (3.3.12)
a<x<b

is indeed achieved for any f € 7.
Theorem 3.3.2. (a) Let the function f in the definition (3.3.1) be given by
fx) =x*, x€la,bl. (3.3.13)

Then, for any n € N, the corresponding Bernstein polynomial approximation P in 1, of f

is given by
PY(x) =x"+ (xia)n(b*x% (3.3.14)
with, moreover,
1 —pol = ¢ ;na)z- (33.15)

(b) The uniform convergence result (3.3.12) is satisfied for any f € m,.

Proof. (a) First, we observe from (3.3.1), (3.3.13), Theorem 3.2.1(c), as well as (3.2.5) and
(3.3.11), that, for any x € R,

P =3 [ars (V)] B

=0
—azn x a—anjn (1 —1)") —aznjzn (1 =)/
= )+ 200 >j20n(,->f’<1 T+ >Jzonz(j)ﬂ<1 i
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= a®+2a(b—a) (Z:Z)Hb*a)z "IIJ; (rjz)tj(l,t)n—j

n
=2ax—a*+ (b —a) Z (”)ﬂ =, (3.3.16)
j=1 J
where ¢ is given by (3.3.10). For n > 2, we now use (3.2.1), as well as the index transfor-
Ji
mations k = j— 1 and £ = k — 1, to obtain, with the convention Z o; = 0if j; < jo,
J=Jo

& n K- (k+1)!

n—1 1\
— k (n 1) tk(] 7t)n717k

=nkl(n—1-k)!

n—1

t (n=1)! 1k

(1 —1)"

+nk “ kl(n—1-k)! (1=1)

1 (n—1)! k 1k
= 1—0)"

n A kD)1 —gnt 1Y
+tnzl n-l T

n = k

ot F (n—1)!

_ L1 \n—1—(l+1)
nezoﬂ!(n—l—(Z—i—l))!t (1-1)

+;[t+(1_t)]"*l

n—1)2n=2 n—2)!
_ ( nl)t éz%)g!(’(/lzz)'g)!t[(l 7t)n—2—l+ ;(1n—l)

_ (n— 1)t2”i:2 (n;Z)tg(l ety !

n =0 n
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_ (n 7nl)l‘2 (ln—Z) + .

-t 1(1—1
T (3.3.17)
n n n

Observe that (3.3.17) also holds for n = 1. It follows from (3.3.16), (3.3.17) and (3.3.10)

that
P(x) = 2ax—a*+ (b—a)? [(z:z>2+; <Z:Z> (Z:z)}

1
=2ax—a*+ (¥ —2ax+d*) + (x—a)(b—x),
n

which gives the formula (3.3.14).
We deduce from (3.3.14) and (3.3.13) that

2 [szr (xfa)(bfx)} ‘

||f*PfHoo:argjéb

by
a<x<b n
-! [;(a—}—b)—a} [b—;(ﬁb)} = (b;n“)z,

which proves (3.3.15).
(b) Let f € m,, that is,

f(x)=co+cix+ X

for some real coefficients cp,c; and ¢, so that (3.3.1), Theorem 3.3.1(c), together with
(3.3.14), yield, for any x € R,

g fnsalons ()] o () s

;{cwc, [aﬂ'(b;aﬂ }Bn,j(x)Jrczjib {a+j(b;a)an,j(x)
(X—a)(b—x)>

n

— (C(] + clx) +c <x2 +

= e,
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and thus
a+b)—ab—}(a+b)] _ |eal(b—a)’

n 4n '
which implies the uniform convergence result (3.3.12). [ |
Observe that (3.3.14) in Theorem 3.3.2(a) is in accordance with Theorem 3.3.1(a) and (b).
Also, observe from (3.3.14) that, if f is given by (3.3.13), then Pf e m foreachn=1,2,....
According to (3.2.8), (3.2.5), (3.3.11) and (3.3.17), the three identities

i (n.)tf(l -1 =1 (3.3.18)

1f = Brllo = le2]

j=0\J

"j n . .

Y (.)t’(lft)"_f:t; (3.3.19)
=N

A : t(1—1)
Y 2<‘>t1(1—t)"ﬁ=t2+ , (3.3.20)
j:l" J n

are satisfied for all r € R and n € N. We proceed to show how these identities can be
used to prove the following theorem, which extends the uniform convergence result of
Theorem 3.3.2(b) from 7, to all of C[a, b].

Theorem 3.3.3. Let f € Cla,b]. Then the corresponding Bernstein polynomial approxima-
tion sequence {P5 :n=1,2,...}, as defined in (3.3.1), satisfies the uniform convergence
result (3.3.12).

Proof. Let € > 0. We shall prove that there exists an integer N = N(€) € N such that

|f — PP||w := max |f(x)—PE(x)| <€, n>N, (3.3.21)

a<x<h
which is equivalent to (3.3.12).
Let x € [a,b], and for any n € N, denote by {x,;: j=0,...,n} the uniform partition
points of [a,b], as given in the second line of (3.3.1). Since f is continuous on the closed
and bounded interval [a,b], we know from a standard result in calculus that f is uniformly
continuous on [a, b], according to which there exists a positive number § = §(¢€), which is

independent of x, and such that

)= flng)l < 50 Jed, (33.22)
where

J:={je{0,....n}: |x—x, ;| <5} (3.3.23)
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With the definition
Ji={j€{0,....,n}: |x—x, | >}, (3.3.24)
it follows that
JUJ={0,....n}; JNJ=0. (3.3.25)

By using (3.3.1), Theorem 3.2.1(c), (3.3.25), as well as Theorem 3.2.1(b), we obtain

) — PP = | 3 LFGx) — o) By (1)

j=0

Z |f(x) = f (Xn,j)|Bn,j(x)

_Z‘f £ ()| B (x +Z|f F(xnj)|Bn,j(x). (3.3.26)

jeJ ]EJ
Now apply (3.3.22) and Theorem 3.2.1(b) to deduce that

Z\f Ff(xn,j)|Bn,j(x) < ZB,,j(x 2ZB,U

jes jEJ
from Theorem 3.2.1(c), and thus

€

Y1) = f G ) |Baj(x) < .- (3.3.27)

jeJ

Next, with the notation

M = 3.3.28
max |f(x)], (3.3.28)

and observing from (3.3.24) that

(6 — )2 .

52"" >1, jeJ, (3.3.29)

we obtain

Y ) = F ) B () < X @)+ 1f (o ) B ()

jel jel

<2M Y B, j(x)
jel

2
X— X5 i
<amy, “ 5 g,
jel

My
<5 Z X — X, j)Bn,j(x), (3.3.30)
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after recalling also Theorem 3.2.1(b).
By applying (3.2.5) and the definition in (3.3.1) of the point sequence {x, ;: j=0,...,n},
as well as the identities (3.3.18), (3.3.19) and (3.3.20), we deduce that

Ji:x Xnj)2Bo i (x i[{a—&-b a)y)— {a+j(b;a>}rB,,J(x)

j=0

= (b—a)? _tZZtﬁ)i(Z)ﬂ(l t)""+jnZOI];( ),/(1,,) ’}
= (b—a)* tz—Zz(t)+<z2+t(1n_t)ﬂ
o)) e

It follows from (3.3.30) and (3.3.31) that

Z|f xn] |BnJ()<25A;I (x_a)n(b_X)

]EJ

oMY (a+b)—dlb—L(a+b)] Mb—a)?
<7 2 = 3.3.32
6%n 26%n ( )

Let the positive integer N = N(¢&) be defined by
M(b—a)?

N:= 3.3.33
Mos (3333)

where we adopt the standard notation [y] for the smallest integer > y. Observe from
(3.3.33) that N is independent of x. It follows from (3.3.33) that the inequality n > N

implies
M(b—a)?
> )
" €62
or equivalently,
M(b—a)* €
<,
282%n 2
which, together with (3.3.32), implies that
£
Z|f(x f(xnj)|Bn,j(x) < 0 >N (3.3.34)

jGJ
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Finally, we combine (3.3.26), (3.3.27) and (3.3.34) to deduce that
|f(x) —Pf(x)| <& n>N,

from which, since N = N(¢) is independent of x, the desired result (3.3.21) then follows.
[ |

The following result can now easily be deduced from Theorem 3.3.3.

Theorem 3.3.4 (Weierstrass). Let f € Cla,b]. Then, for each € > 0, there exists a polyno-
mial P such that

1 =PIl = max |f(x) ~ P(x)| < e (3.335)

Proof. Let € > 0. According to (3.3.21) in the proof of Theorem 3.3.3, the polynomial
P:=P5, (3.3.36)

where N = N(€) € N is defined by (3.3.33), satisfies the inequality (3.3.35). |

3.4 Shape-preservation

In this section we show that, in Theorem 3.3.3, if f has a continuous k-th derivative f *) on
[a, D], then Bernstein polynomial approximation is shape-preserving in the sense that the
sequence {(P?)®) . n=1,2,...} is uniformly convergent to f*) on [a, b]. We shall rely on
the following explicit formulation for divided differences in the special case of uniformly

spaced points.
Theorem 3.4.1. Let {x;: j € Z} denote a uniformly spaced point sequence in R, that is,
xj+17xj:h, jEZ7 (3.4.1)

Jor a constant h > 0. Then, for any integers WL and v, with v — L > 1, the divided difference

flxu, -, xv] has the explicit formulation
e v
ool = (e & (T e G4

Proof. Our proof is by induction on the integer v — . If v — u = 1, the right hand side of
(3.4.2) is given by

flxy) _f(xu) _ flxy) —f(xu)

h Xy —xy

from (3.4.1), and it follows from (1.3.21) in Theorem 1.3.4 that (3.4.2) holds.
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Suppose next that (3.4.2) is satisfied for any integers (t and v such that v—pu > 1. By
applying the inductive hypothesis (3.4.2), together with (3.4.1), as well as (1.3.21) in The-

orem 1.3.4, we obtain

v_.i+l<—1>j(v_‘-l+l>f )

J

B [(5)+ (e

("W £ (48

J=1 J

_V”(_l)](v;,u) JACTES)) Vi“ ( ]“)f(x#+j+1)

J=0 j=0

I
ag!
\

I
{yg!
[=)
P
L
=
<

= (=) Fv =)W fleu, o oxv] = s xva]
= (=1 H* v =) L Geyr —x) fxus - xva]
= (=) v—) Y H{(v+ 1= whflxg,... xv]}

= (1) (v =+ DR e, x],
which shows that (3.4.2) holds if the index difference v — tt is advanced to v — u + 1, and
thereby completing our inductive proof. |
For a function f € Cla,b] with a continuous k-th order derivative f*) on [a,b], it follows

from Theorem 3.3.3 that the polynomial sequence

Zf (Xn,j)Bnj(x), n=1,2,...,

where (3.4.3)
(b—a .
xn,j::a—&—]( >, j=0,...,n,
n
satisfies the uniform convergence result
170 = PPl = max |70 (x) = PP(0)| 50, 0o (3.4.4)
<x<h

We proceed to show how (3.4.4) can be used to prove the following shape-preserving prop-
erty of Bernstein polynomial approximation.
In our proof below, we shall rely, for sufficiently differentiable functions u and v, on the

Leibniz formula

® 3 (*), 50,0
(w)¥ =Y Py (3.4.5)
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(see Exercise 3.8), and the fact that the one-to-one transformation (3.2.3), (3.2.4) implies

k
u®(x) = (b_la)k <5[) u(a+ (b—ar). (3.4.6)

Also, we shall use the differentiation formula

d etj—é' )it 3.4.7)
dt AV ’ (3.4.

for any non-negative integers j and ¢, with the binomial coefficient (;) defined as in (3.2.1).

Theorem 3.4.2. In Theorem 3.3.3, suppose that, moreover, f € C™[a,b] for an integer
m € N. Then

|1£% — (PPYW)|., := max | ¥ (x)— (PF)K (x)‘ —0, n-—»oo, (3.4.8)
a<x<b

foranyke{1,....m}.

Proof. Letk € {1,...,m}, and observe that, forn =1,2,..., we have

1£9 = (B Ol Y = Bl + 1BFF = (B2) P, (3.4.9)

with the polynomial sequence {P,? keon= 1,2,...} defined as in (3.4.3). It follows from
(3.4.9) and (3.4.4) that it will suffice to prove that

P24 — (PEYW]|w = 0, n— oo, (3.4.10)
We shall in fact prove that
|PE* — (PE )Wl =0, n— oo, (B4.11)

which is equivalent to (3.4.10). Hence, for each € > 0, we shall prove the existence of a

positive integer N = N(¢€) such that
|PP*— (PE )Wl <€, n>N. (3.4.12)

To this end, we fix x € R, and use (3.3.1), (3.2.5) and (3.4.6) to obtain

200w = T () (4) -] aan

Now use (3.4.5) and (3.4.7) to deduce that, for any j € {0,...,n+k},

(jf)k [tj(l _t)nHH} - i (]Z) (k=0) (kif)ﬂ;kw(—l)@! <"+’£—J) (1= )it

=0
(3.4.14)
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By substituting (3.4.14) into (3.4.13) and interchanging the summation order (see Exercise

3.9), we get, by recalling also the definition (3.2.1),

g A n+k
R LCEI ACLTI (319 o] oy

j=k—t J

J ntk—J\ ke, yntk—jt
X(k—€>< p >t (1—1)

B 1 k k n+k—0 (I’l+k)' j!
_(b—a)kz(_l)«e)X FOmti) k=) (j—k+0)!

=0 Jj=k—{
(n+k_])’ j— n+tk—j—
> (nJrkijiE)!tj k+l(1_t) +k—j—L
B 1 k , K\ k-t (l’l-‘rk)!
= p—ap &V (e) j:ZHf(x"W) =kt Ol (n+k—j—0)!

% tj—k+é'(1 71‘)”+k_j_k

ntk) & kY & n! :
:(li_tl)lzn!;(_1)5(£)Zf(xn+kj+k z)j(n i) (1 =)

=0 j=0
(n+k)! £ ) (k
= (b—aptnt X | BV ) nersnis) | Bui), (3.4.15)

j7 =
from (3.2.5).
Since the second line of (3.3.1) gives

b—a .
Xntk,j+1 — Xntk,j = nk j=0,....n+k—1,

we may now apply the formula (3.4.2) in Theorem 3.4.1 to deduce that

Xk:(l)é(]z)f (Xntjrh—t) Xk: ( )f(xn+k,j+k4)

(=0 (=0

k
— 0 R0 () oo

=0

b—a\*
=k! (n+k> f[x,,Jrk’j,...,ka,Hk]. (3416)
Next, we apply Theorem 2.1.2 to deduce the existence of a point

Enj € Xnth jsXnth j+k] (3.4.17)
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such that

(k) (g .
Flonsiseestni o =7 ,E,é"”). (3:4.18)

By combining (3.4.3), (3.4.15), (3.4.16) and (3.4.18), we obtain

PR~ (P80 = X [0 O (&) 800,

Jj=0

and thus, by using also Theorem 3.2.1(b),

B4~ (P20 < 1 )= 07

ng(n+k)kf(k)(§n,j) Byj(x).  (3.4.19)

xnj

Let £ > 0 be given. Since f € C"[a,b] and k € {1,...,m}, we know that f*) € C[a,b], and
hence f ®) s uniformly continuous on [a,b], thereby implying the existence of a positive

number 6 = (&) < b — a, which is independent of n and j, such that
06 = 1O i)l < (34.20)
forall nand j € {0,...,n} satisfying
o — Enj] < 6. (3.4.21)

Now observe from the second line of (3.3.1), together with (3.4.17), that, for n € N and

j=0,....n,
(b—a
s o (*, )] [+ ()]
j k
o-a (1), f<0-a, 5,
whereas
b
“g> [ori (7)) - o0 (017
j k k
:_(b_a)<l_lj1>"+k ( )n+k’
and thus
k
nj = &njl < (b—a) s (3.4.22)
With the definition
N=N(e) = [k(b_g_ﬂ : (3.4.23)

it follows that (3.4.21), and therefore also (3.4.20), are satisfied for n > N and j=0,...,n.
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Next, we observe that
(n+k)! B (n+k)(n+k—=1)...(n+k—(k—1))
nl(n+kk (n+k)k

1 k—1
=1(1- 1= — 1 — o0
( n+k> ( n+k) o ’

according to which there is a positive integer N* = N*(¢g) such that

(n+k)! € .
-1 N 3.4.24
n!(n+k)* <2Mk7 LR ( )
where
My = . 3.4.25
= max 1O )] ( )

Hence, if we define
N :=max{N,N*},

it follows from (3.4.20), (3.4.25), and (3.4.24) that, forn > N and j =0,...,n,
(n+k)!

ORI
k
<[ - £ | o 1| )
) €
< N + 2MkMk =e. (3.4.26)

By inserting (3.4.26) into (3.4.19), and using Theorem 3.2.1(c), we obtain

B x) - PRV <& n>N,
which then immediately implies the desired result (3.4.12). |
Observe that, if in (3.4.15) we set k = 1 and replace n by n — 1, we obtain

n n—1

(B2 = ), — o X [Foni) = )] Buo (), (3.4.27)

=
after having noted also that (3.4.15) holds for any f € C[a,b] and n € N. It follows from
(3.4.27) and (3.3.2), together with (3.2.7) in Theorem 3.2.1(b), that, if f is strictly increas-
ing on [a,b], then (PB)'(x) > 0,x € [a,b], whereas, if f is strictly decreasing on [a, b], then

(PB)(x) < 0,x € [a,b]. Hence we have the following strict monotonicity-preserving result.

Theorem 3.4.3. For n € N, the Bernstein polynomial approximation P? in 1, to any f €
Cla,b), as defined by (3.3.1), satisfies the following:

(a) If f is strictly increasing on [a,b), then PB is strictly increasing on [a, b).

(b) If f is strictly decreasing on [a,b), then P? is strictly decreasing on [a, b).
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3.5 Convergence rate

We proceed to investigate, for a function f in Theorem 3.3.3 that is also continuously
differentiable on [a, b], the rate of convergence at which || f — P5||.. tends to zero for n — oo

Specifically we shall establish an explicit bound of the form
1f = Bl <g@)[1f Il m=1,2,..., 3.5.1)

where g(n) — 0, n — .
Let the function H : R — R be defined by
1, x>0
H(x) := (3.5.2)
0, x<O0.
Observe that, for f € C'[a,b] and [a, B] C [a,b], the definition (3.5.2) yields, for any x €
[a,b],
ﬁ / i /
| He=0s@d= [ =10~ f(@).

o

and thus

£ = f(a) + /a P He—0)f (). (3.53)

The following convergence rate result is satisfied by Bernstein polynomial approximation.
Theorem 3.5.1. In Theorem 3.3.3, suppose that, moreover, f € C! [a,D). Then
b—a
1f =Bl <7 A Nler m=1,2,00 (3.5.4)

Proof. Let x € [a,b], and for any fixed n € N, denote by k the (unique) integer in {0,...,n—
1} such that

X e [xn,kvxn,k+1)7 (355)

where {x, j: j=0,...,n} is the uniform partition of [a,b] as given in the second line of
(3.3.1). By choosing [ot, B] = [, k% k+1] in (3.5.3), we obtain

Fx) = f(n) + "y (x—1)f'(t)dt, (3.5.6)

Xn.k
where the function H is defined by (3.5.2). It then follows from (3.3.1) and (3.5.6), together
with Theorem 3.2.1(c), that

n

PE(x) = fxnx) Y Buj(x) + i [

j=0 j=0
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= Fong) + /'x"‘k“ {Z H(xn,j—t)Bn,j(x)} £y,

< Xnk j:()

which, together with (3.5.6), yields

Xn,k

R AR [H(x—t 3 (s =) )} £ (0,

and thus, by using also (3.5.2), Theorem 3.2.1(b) and (c), (3.5.5), and the second line of
(3.3.1), we deduce that

709~ REI < 70 [

17 {/

k
= f'lloo{ |:ZB"1 ()] (

j=0

1—
j:k

By (x)

/xnk+1 dt}
X — Xnk Li ] Xn,k+1x)}
j=k

Z Bn“’j(x):| (xn,k+l _xn,k)}

j=k+1

xn7k+l xmk) +

sf’llm{[ZBm

a t b—a
1 e | Y Buj(x) | = F ey
j=0 n
which is independent of k, and therefore implies the desired result (3.5.4). |

3.6 Exercises

Exercise 3.1 For any sequence {A\,, : n € N}, with
An = {an,Ow-'axn,n}C [0,71'], n€N7

let {P! : n € N} denote the polynomial sequence in 7, such that, for each n € N, the poly-

nomial P! interpolates the function
f(x) =sinx, x€][0,nr],

at the points A,,. Use the interpolation error estimate (2.1.14) in Theorem 2.1.4 to prove

the uniform convergence result

max [sinx —Pl(x)| =0, n—oo.
0<x<m
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Exercise 3.2 By arguing as in the derivation of (3.3.17), prove, for any n € N, the identity
]i"l i; (’;)tj(l —)" =14 3nn;2t(1 —1) (t+ 3n£2) , tER,

and thereby extending the identities (3.3.18) - (3.3.20).

[Hint: Apply the identity j2 = (j —1)(j —2)+3(j—1)+1, jeN]

Exercise 3.3 As a continuation of Exercise 3.2, prove that, analogously to (3.3.13) in The-

orem 3.3.2(a), and for any bounded interval [a,b] C R, the Bernstein polynomial approxi-

mation Pf in 7, of the function

f(x)=x% x€la,bl, (%)

Py 4 (@B K3_z>x+a+b}7

n

is given by

and then use this formula to verify that

P { T, if n € {1,2};
n3, ifn > 3.
Exercise 3.4 As a continuation of Exercise 3.3, prove that, analogously to (3.3.15) in The-
orem 3.3.2(a),
(b—a)®

—PBll. <
1f =Bl An

Ky,

where
b—a

K, = max{
n

b_
3a+ “', ‘317—
n

Exercise 3.5 For the function f given by (x) in Exercise 3.3, and by using the results of
Exercises 3.3 and 3.4, verify the results of (a) Theorem 3.3.1(a); (b) Theorem 3.3.1(b), with
a = 0; (c) Theorem 3.3.3; (d) Theorem 3.4.3(a), with a = 0; (e) Theorem 3.5.1.

[Hint: In (e), consider separately the three cases 0 <a < b; a <0< b; a<b <0.]

Exercise 3.6 According to Theorem 3.2. l(d) there exists, for integers k > 0 and n > k, a

(unique) coefficient sequence {B, 4 ;: j = .,n} such that

t 7Zﬁnk7]<)ﬂl—t) I, teR.

By applying the identities (3.3.18) - (3.3.20), as well as the identity derived in Exercise
3.2, calculate the coefficient sequences {3, x JiJ= ..,n} fork=0,1,2, and 3, and any
n=>k.

Exercise 3.7 Apply the results of Exercise 3.6 to obtain, in the form (3.2.12), the Bernstein

representation in 7, with respect to the interval [a, b] of the polynomial P if:
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(@) P(x)=2x—3; n=>5; [a,b] =[-1,2]; (b) P(x) =x>+x+1; n=2; [a,b] = [0,3];
(©) P(x) =x(x—1)(x—2); n=4; [a,b] =[0,2].

Exercise 3.8 Prove the Leibniz formula (3.4.5) by means of a proof by induction, together

with the product rule for differentiation.

Exercise 3.9 For n € N, and any sequence {a; : j,k =0,...,n}, verify the interchange of

summation order result

noJ n o n
Y Y ai=3 Y ajk
j=0k=0 k=0 j=k
as applied to establish (3.4.15) in the proof of Theorem 3.4.2.

Exercise 3.10 For the function
f(x) =tanx, x€l0,%],

find the smallest value of the integer n for which, according to the convergence rate result

(3.5.4) in Theorem 3.5.1, the Bernstein polynomial approximation P2 in 7, of f satisfies

1
tanx — PB(x)| <
Ogixg |tanx — P, (x)] 10’

and explicitly write down the formula for the polynomial P for this specific value of n.



Chapter 4

Best Approximation

This chapter is concerned with the study of best polynomial approximation. For example,

for any non-negative integer n and any function f € C[a,b], the problem to be considered

is the existence of some polynomial P* € m,, such that ||f — P*||« < ||f — P||, for all

polynomials P € m,. We shall study this problem in the more general setting of normed

linear spaces.

4.1 Existence in normed linear spaces

For a linear (vector) space X, let ||-|| : X — R denote a function such that the following

conditions are satisfied:

@
£l =0, feX;
(i1)
[|f||=0 ifandonlyif f=0;
(iii)
IAF= A7l AR, fex:

(@iv)
I1f+&ll <IIfIl+]lgll, f.g€X (triangle inequality).
We then call (X, || -||) a normed linear space, with corresponding norm || - ||.

For any f, g € X, we see from (4.1.4) that

A= 11(f = &) +ell < [1f =gl + [lgll;

71

@.1.1)

4.1.2)

(4.1.3)

(4.1.4)
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and
llgll = l(g = £)+ fIl < llg = fUI+ A = 11f = gl + I£1],
by using (4.1.3) with A = —1, and thus
—Ilf =gl <A = llell < [1f —ell,
or equivalently,

AT =gl < 11f = gll- (4.1.5)

Example 4.1.1. For n € N, the Euclidean n-dimensional space X = R", together with the

associated Euclidean norm (or length)

n
[|x||E == \/Z(xj)z, X = (x1,...,x%,) €R", (4.1.6)
j=1
constitute the Euclidean normed linear space (R", || - ||z). [ |

Example 4.1.2. For a bounded interval [a,b], the linear space X = Cl[a,b], together with

the maximum norm (or sup norm, or L norm, or Chebyshev norm)

o= , Cla,b], 4.1.7
fllei= max |7, f € Clab @17
as introduced in (2.1.13), constitute the normed linear space (Cla,b], || - ||~) (see Exercise
4.1). |

For a given normed linear space (X, || -||), suppose f € X, and let A C X denote an approx-

imation set. If there exists an element f* € A such that

Wf=rii<ilf—sll, ge€A, (4.1.8)

we say that f* is a best approximation from A to f. Our following result establishes a

sufficient condition on the approximation set A for the existence of f*.

Theorem 4.1.1. For a normed linear space (X,||-||), let f € X, and suppose A C X is an
approximation set such that A is a finite-dimensional subspace of X. Then there exists a

best approximation f* from A to f.

Proof. Define d :== dim(A), and let {f,...,fs} C A denote a basis for A. Our first step is
to prove that, for the function w : RY — R defined by

d
wx) =Y xfil|, x=(x1,....x) €RY, (4.1.9)
j=1
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there exists a positive constant m such that
w(x) > m|x||[g, xe€RI. (4.1.10)

To this end, we first use consecutively (4.1.9), (4.1.5), (4.1.4), (4.1.3) and (4.1.6) to obtain,
for any x = (x1,...,xg) andy = (y1,...,yq) in RY,

d d
) vl = || Lot - | L AL
j=1 j=1
d d
<X @i=y)fi|| <X =yl lIfll
j=1 j=1
d
=Y /-2
Jj=1
d
< | LA Ix=ylle,
j=1
and thus
limw(y) = w(x), x€R? (4.1.12)
y—X
that is, w is a continuous function on R¢. Hence, since also
Si={x=(x1,...,x5) €RY: ||x|[g = 1} (4.1.13)

is a closed and bounded (or compact) subset of R4, a standard result from calculus guar-
antees that the function w attains its minimum value on S, that is, there exists a point
Y =(,...,y)) € Ssuch that

m:=w(y") <w(y), yeS. (4.1.14)

Note from (4.1.14), (4.1.9) and (4.1.1) that m > 0. If m = 0, then (4.1.14), (4.1.9) and
(4.1.2) imply

d
Y vifi=o,
J=1
and thus, since {fi,...,fy} is a basis for A, and therefore a linearly independent set, we
must have y; = --- = y; = 0, which contradicts the fact that, since y* = (y,...,y5) € S,
d
(4.1.13) and (4.1.6) give Z (yj)2 = 1. Hence m > 0.
j=1
Letx € R?\ {0}, and define
X

[Ix]le”
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according to which ||y||z = 1, so that, from (4.1.13),y € S, and thus, by virtue of (4.1.14),

w< X )>m. (4.1.15)
|Ix[[£
Now observe that (4.1.9) and (4.1.3) yield
X 1
w = w(x). (4.1.16)
(HXIIE) |Ix[&

It follows from (4.1.15) and (4.1.16) that the inequality in (4.1.10) is satisfied for x €
R4\ {0}. Since (4.1.9) gives w(0) = 0, we see that (4.1.10) holds with both sides equal to
zero if x = 0, and thereby completing our proof of (4.1.10).

Next, we define the function v: RY — R by

v(x) = . X=(x1,...,xg) €RY, (4.1.17)

d
=Y xifi
=1

for which, by applying the inequality (4.1.5), as well as (4.1.3) with A = —1, we deduce
that, for any x = (x1,...,x;) € R and y = (y1,...,y4) € R,

v(x) —v(y)| =

_ < (4.1.18)

d d d
f- le,ifj ’f— Zlyjfj Zl(xf —yi)fi
j= j= J=

It then follows as in the steps leading from (4.1.11) to (4.1.12) that v is a continuous func-
tion on R¢. A standard result from calculus then guarantees that the function v attains its

minimum value on the closed and bounded (or compact) subset
2
T:= {X:(xl,...,xd)eRd: [Ix]|e < ||f||} (4.1.19)
m

of RY, that is, there exists a point x* = (x},...,x%) € T such that

v(x*) <v(x), xeT. (4.1.20)
Let Ag C A be defined by
d
AO:—{gGA:g—ijfj;x—(xl,...,xd)eT}, (4.1.21)
j=1

with the subset 7' of R? given by (4.1.19), and define
d
= Zx;ff’ (4.1.22)
j=1

for which, since x* = (x},...,x5) € T, it follows from (4.1.21) that f* € Ay.
Now let g € Ap, according to which, from (4.1.21),

d
g=Y xifj, (4.1.23)
j=1
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for some x = (x1,...,x4) € T. By using (4.1.23), (4.1.17), (4.1.20) and (4.1.22), we obtain
1 =gl =v(x) 2 v(x*) = [If = "I,
according to which we have now shown that
f=fr<If—sgll, g€Ao. (4.1.24)

We proceed to prove that also

= <llf —e¢ll,  geA\Ao, (4.1.25)

which, together with (4.1.24), then shows that (4.1.8) is satisfied by f*, and would therefore
complete our proof.

To prove (4.1.25), we let g € A\ Ao, so that, from (4.1.21) and (4.1.19), g is given by
(4.1.23) for some x = (x1,...,xg) € RY satisfying

2[I1]
h

|[x[e > (4.1.26)

It follows from (4.1.23), (4.1.9), (4.1.10) and (4.1.26) that
gl = w(x) = mlx||e > 2]|£1],

and thus, by using also (4.1.3) and (4.1.5),

f —ell = llg=fII= I lgll = A1 T= gl = LA > 1A (4.1.27)

Now observe from (4.1.21) and (4.1.19) that the zero element 0 of the subspace A C X
satisfies 0 € Ag, and it follows that we may choose g = 0 in (4.1.24) to deduce that

A1 = 11f =011 > Ilf = £ (4.128)

By combining (4.1.27) and (4.1.28), we obtain the desired result (4.1.25). |

Since the polynomial space 7,, with the polynomial domains restricted to [a, b], is a finite-
dimensional subspace of Cla,b], the following existence result is an immediate conse-

quence of Theorem 4.1.1.

Theorem 4.1.2. Let f € Cla,b]. Then, for each non-negative integer n, there exists a best

approximation P* from m, to f with respect to the maximum norm on [a,b), that is,

Nf =Pl <||f = Pllwy P Em,. (4.1.29)
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Before proceeding to investigate the issue of uniqueness in best approximation, as will be

done in Section 4.2, we first prove, in the setting of Theorem 4.1.1, a property of the set
A% :={f"€A: f"isabest approximation from A to f}. (4.1.30)
A non-empty subset Y of a linear space X is called a convex set if the condition
{Af+(1—=A)g: L €[0,1]} CY, f,g€y, (4.1.31)
is satisfied. Observe that a convex subset ¥ of X has either precisely one element, or

infinitely many elements.

Theorem 4.1.3. For a normed linear space (X,||-||), let f € X, and suppose A C X is an
approximation set such that A is a subspace of X, and such that the set A;Z, as defined by
(4.1.30), is non-empty. Then A} is a convex set.

Proof. Suppose f*,g* € A%, define
d*:=minf{[|f —gl|: g€ A} =/ =S =lf =&l (4.1.32)
and let A € [0, 1]. It follows from (4.1.4), (4.1.3) and (4.1.32) that
=+ A=) = A=)+ A=) (F =gl
<A =ON+INA=2)(f =)l
=AMIf =N+ A= f =g l[=Ad"+ (1 = A)d" =d",
that is,
f =+ -2l <a (4.1.33)
Since A is a subspace of X, we have A f* + (1 — 1)g* € A, and thus, from the definition in
(4.1.32) of d*,
|lf=[Af+(1=2)g"|| =d". (4.1.34)
It follows from (4.1.33), (4.1.34) and (4.1.32) that
If =[Af"+ (1 =2)g7][| =d" = min{[|f —gl[ - g €A},
and thus, from (4.1.30), A f* + (1 — 1)g" € A}, which proves that A} is a convex set. W

We deduce that, in the setting of Theorem 4.1.3, there either exists a unique best approx-
imation f* from A to f, or there exist infinitely many best approximations f* from A to
f.

In the next section, we identify a class of normed linear spaces (X,||-||) for which f* is

indeed unique.
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4.2 Uniqueness in inner product spaces

For a linear (vector) space X, let (-,-) : X x X — R denote a function such that the following

conditions are satisfied:

(D
(f.f) 20, feX; 4.2.1)

(D)
(f,f) =0 ifandonlyif f=0; (422)

(iii)
(f+gh) =(fih)+{gh), [fgheX; (4.2.3)

(iv)
(Af.g)=A(f,g), AER, f,geX; 4.2.4)

(v)
(f.8)={s.f), f.geX. (4.2.5)

We then call (X, (-,-)) an inner product space, with corresponding inner product (-, ).
Observe that the choice A = 0 in (4.2.4), together with (4.2.5), yields

<f70>:<078>:0a feeX. (4.2.6)

Example 4.2.1. For n € N, the Euclidean n-dimensional space X = R", together with the

associated Euclidean inner product (or dot product, or scalar product)
n
XY)e:=x-y=) xjyj, X=(x1,....%,) €R", y=(1,....yn) €R",  (42.7)

j=1
constitute the Euclidean inner product space (R, (-,-)g). [ |

Example 4.2.2. Let w denote a real-valued function that is integrable on a bounded interval

[a, D], and such that the conditions
(a)
b
/ w(x)dx > 0; (4.2.8)
(b)
w(x) >0, x€(a,b); (4.2.9)

are satisfied,
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in which case w is called a weight function on [a,b]. For any such weight function w on

[a,b], the linear space X = Cla, ], together with the weighted inner product

b
(F.8)2 = [ WS (R)dx,  f.g € Clasbl, (4210
a
constitute the inner product space (Cla,b], (-,-)2,) (see Exercise 4.8). In the special case

where the weight function w is given by

wx)=1, x€la,b], (4.2.11)

we write .
(foghri= [ Fg(xdx (42.12)
for the corresponding inner product. ’ |

The following fundamental inequality is satisfied in inner product spaces.

Theorem 4.2.1 (Cauchy-Schwarz inequality). Let (X,({:,-)) be any inner product space.
Then

(£ S VNV (8.8), figeX. (4.2.13)

Proof. 1f either f =0 or g =0, it follows from (4.2.6) that (4.2.13) is satisfied as an equality
with both sides equal to zero.
Suppose next f,g € X, with f # 0 and g # 0, and let A € R. Then (4.2.1), (4.2.3), (4.2.4)
and (4.2.5) yield

0< (f+Ag f+2Ag)=(f.f)+2A(f,8) +A*(g.8),
that is,

(8,8)A+2(f,8)A+(f,f) >0, AE€R, (4.2.14)
where, since g # 0, (4.2.2) and (4.2.1) imply (g,g) > 0. It follows from (4.2.14) that the
corresponding discriminant is non-positive, that is,

2(f,8)]* =g, &)(f./) <O,
and thus
[(f.8)1 < (f.1)(8:8):
which, together with (4.2.1), yields the desired inequality (4.2.13). |
The Cauchy-Schwarz inequality (4.2.13) is instrumental in proving the following result,

according to which every inner product space generates a normed linear space.

Theorem 4.2.2. Suppose (X, (-,-)) is an inner product space. Then (X,||-||), where
1A= VAf ) fEX, (4.2.15)

is a normed linear space.
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Proof. First, note from (4.2.15) that (4.2.1) and (4.2.2) imply, respectively, (4.1.1) and
(4.1.2), whereas (4.2.4) and (4.2.5) yield

1AS1l = VAfAf) = \//12<f,f> = [ALIA11;
forany A € R and f € X, and thereby proving (4.1.3). It therefore remains to verify that the
triangle inequality (4.1.4) is satisfied by the definition (4.2.15). To this end, we let f,g € X,
and use (4.2.15), (4.2.3) and (4.2.5), as well as the Cauchy-Schwarz inequality (4.2.13), to

obtain

1f+8lP=(f+&f+e)
= (/1) +2(f.8) +(s,8)
= IFIP+2(f,8) + Il
< AP+ 2178+ el
<|AP 42V 1)V (8 8) + el

=11+ 211711 el + lel® = I+ 118l
from which (4.1.4) then immediately follows. |
Observe that if, in Theorem 4.2.2, we choose (X, (-,-)) = (R",(-,-)g), then the definition
(4.2.15), together with (4.1.6) and (4.2.7), shows that the normed linear space thus gener-
ated is the Euclidean n-dimensional space (R",||-||g) of Example 4.1.1.
Next, following Example 4.2.2, we choose (X, (-,-)) = (Cla,b], (-,-)2,) in Theorem 4.2.2,
to obtain the normed linear space (Cla,b], || - ||2.w), Where, from (4.2.15) and (4.2.10), the

weighted L? norm is given by

1120 1= \/ / "wlPdx, feCla], (4.2.16)
for some weight function w on [a, b] satisfying the conditions (4.2.8) and (4.2.9). For the
special case where the weight function w is given by (4.2.11), we obtain the normed linear
space (C[a,b],||||2), where, from (4.2.15) and (4.2.12), the L? norm is given by

b
Il = \/ [ rerax, s eclabl @217
a
Analogously to Theorem 4.1.2, the existence result of Theorem 4.1.1 now immediately

implies the following.

Theorem 4.2.3. Let f € Cla,b]. Then, for each non-negative integer n, there exists a poly-
nomial P* such that

f = P*llow <||f = Pllay, PEM (4.2.18)
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We proceed to prove a uniqueness result for best approximation in inner product spaces.
We shall rely on the fact that, in the setting of Theorem 4.2.2, it follows from (4.2.15),
(4.2.3), (4.2.4) and (4.2.5), that, for f,g € X,

If+ellP+ 11 f—glP=(f+8f+e) +(f—gf—8)
=[{f, 1) +2(f,8) + (g9 + [(f./) —2(f.8) +(2.8)]
=2[I£1”* +2llgll* (4.2.19)
Our uniqueness result is then as follows.

Theorem 4.2.4. For a normed linear space (X,||-||) as in Theorem 4.2.2, let f € X, and
suppose A C X is an approximation set such that A is a subspace of X, and such that there

exists a best approximation f* from A to f. Then f* is the only best approximation from A

to f.
Proof. Suppose g* € A is such that
f =&l =lf = fl| = min{[[f —g||: g €A} =:d". (4.2.20)

Since A is a subspace of X, we know that ; ff+ ; g* € A, so that we may apply Theo-
rem 4.1.3 to deduce that the convex combination ; f + ;g* is a best approximation from
A to f, that is, from (4.2.20),

1f =G + 280 =d". 4.2.21)
By using (4.1.3), (4.2.19), (4.2.20) and (4.2.21), we obtain
I =g*1> = llg" = rI
=[[(f =)= (f=&)IP
=2/f =P 2 =& 1P =1 =)+ (=g
=2(d* ) +2(d" ) —4|f - (A + 38
=2(d*)? +2(d*)* —4(d*)* =0,

which, together with (4.1.2), yields g* = f*, and thereby completing our proof. ]

By combining Theorems 4.1.1 and 4.2.4, we immediately deduce the following result.

Theorem 4.2.5. In Theorem 4.1.1, suppose (X, || -||) is a normed linear space of the type
described in Theorem 4.2.2. Then [~ is the only best approximation from A to f.
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An application of Theorem 4.2.5 now immediately yields the following improved formula-
tion of Theorem 4.2.3.

Theorem 4.2.6. Let f € Cla,b]. Then, for any non-negative integer n, there exists precisely

one polynomial ﬁ,f € m, such that

1f = Pillow < I1f = Pllow: P €y (4.2.22)

The polynomial 1’5; of Theorem 4.2.6 is called the best weighted L? (or weighted least-
squares) approximation on [a,b] from 7, to f. For the special case where the weight func-
tion w is given by (4.2.11), we have

If =Bill2 <IIf =Pl. PEm, (4.2.23)
in which case we call }N’,f the best L? (or least-squares) approximation on [a, ] from 7, to
I
Observe from Theorem 4.2.6 that the best weighted L approximation f’j on [a,b] from 7,

to f satisfies the condition

f = P:llow < ||f = Pll2w, for Pem, with P#P. (4.2.24)

4.3 Exercises

Exercise 4.1 Verify, as stated in Example 4.1.2, that (Cla,b],|| - ||), with || - || defined
by (4.1.7), is a normed linear space, by showing that || - || = || - ||~ satisfies the properties
(4.1.1)-(4.1.4).

Exercise 4.2 For any normed linear space (X, ||-||), let f € X be fixed, and define, for r > 0,

the sets

B(f,r) =A{geX: [If—gll<r}k
B(f.r) ={geX: [|f—gll<r}
IB(f,r) :={geX: |lf-gll=r}.

(a) Show, as used in the proof of Theorem 4.1.1, with (X, ||-||) = (R, || -||£) as in Exam-
ple 4.1.1, that B(f,r) and dB(f,r) are closed and bounded (or compact) subsets of X.
[Recall that A is a bounded subset of X if

llgll <M, geA,
for some constant M, whereas A is a closed subset of X if the limit (in X) of any
convergent sequence {g, : n=0,1,...} C A belongs to A, that is,

[g§—8nl| >0, n—oeo=gecAl
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(b) Show that B(f,r) and B(f,r) are both convex sets, whereas dB(f,r) is not a convex

set.
Exercise 4.3 Prove that (R?, |- [|), (R?,]|-|]1), and (R?,|| - ||.), where
(1] = /2242,
Xl = x|+ Iyl x=(x,y) €R?,
|[x[|eo := max{]x], |y[},
are normed linear spaces, by showing that each of ||- || = |- ||g, ||-|| = || |]1, and || - || =

[| - ||, satisfies the properties (4.1.1) - (4.1.4).
Exercise 4.4 As a continuation of Exercise 4.3, lety € R? be given by y = (1,+/3). For any

r > 0, make a sketch of the set B(y, r), as defined in the general setting of Exercise 4.2, for
each of the three normed linear spaces (R, || - ||£), (R?,||-|[1), and (R2, || - |[«).
Exercise 4.5 As a continuation of Exercise 4.4, find, for each of the three normed linear
spaces (R%,[|-||g), (R?, || - [[1), and (R?, ]| -[|), the set A} of best approximations from A
toy if

() A:={(x,0):x e R}; b)A:={A(1,1): A € R},
as well as the corresponding minimum values. Explain the consistency of the results thus
obtained with Theorems 4.1.1,4.1.3 and 4.2.4.
Exercise 4.6 For n = 0 and n = 1, and by arguing in a heuristic manner, find polynomials

{P;, 1 k=0,1,2} C m, satisfying the best approximation condition

[max |k — P(x)] < 012)?21 W —Px)|, Pem, k=0,1,2,

and the existence of which is guaranteed by Theorem 4.1.2.

Exercise 4.7 Suppose (X, ||]|) is a normed linear space, and let f € X. For any two subsets
Ap and Ay of X satisfying Ag C A C X, suppose f* € Ay and f** € Ap are such that f*
is a best approximation from A; to f, whereas f** is a best approximation from Ag to f*.
Investigate whether it is true or false that f** is then necessarily a best approximation from
Ap to f.

[Hint: Consider first the special case provided by Exercise 4.6.]

Exercise 4.8 Verify, as stated in Example 4.2.2, that (C[a, b], (-,-)2.), With (-, -)2,,, defined
as in (4.2.10) in terms of a weight function w satisfying (4.2.8), (4.2.9), is an inner product
space, by showing that (-,-) = (-, )2, satisfies the properties (4.2.1) - (4.2.5).

Exercise 4.9 For any inner product space (X, (-,-)), and f,g € X, with f £ 0 and g # 0,
prove that the Cauchy-Schwarz inequality (4.2.13) in Theorem 4.2.1 holds with equality,
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that is,

(£ =V{£.1) Vg,
if and only if

fe{lg: A eR\{0}}.
[Hint: For the proof in the “only if”” direction, let 2 € X be defined by
Vig:8) f=V/{f.f) 8, if (f.8) > 0:
h:=
V{g.8) f+ /(. 1) & if (f.8) <O,
and use the fact that, according to (4.2.2), (h,h) = 0 implies & = 0.]

Exercise 4.10 By applying a minimization method based on differentiation, find, for k € N,

the polynomial P, € 7y satisfying the best approximation condition

/ L)k — P ()2 < / L)t — POy, P
o wk X 0 ) 0>

and the existence and uniqueness of which are guaranteed by Theorems 4.2.3 and 4.2.6, for
each of the following weight functions:

@ wx)=1,xel0,1]; (b) w(x) =x, x € [0,1]; ©) w(x) = (0,1].

7.x€
\/'(



Chapter 5

Approximation Operators

In the previous chapters, we have studied the existence and formulations of certain poly-
nomials P € 7, for the approximation of a given function f € Cla,b]. In other words, we
may formulate such results in terms of some projection & from Cla,b] to 7, C Cla,b], in
that for each f € Cla,b], Zf = P € m,. In this chapter, we proceed to consider a more
general point of view by introducing the concept of approximation operators & defined on

anormed linear space and study various properties of &2 and the norm of the error function

f=2f.
5.1 Linearity and exactness

For a given linear space X, any approximation procedure which assigns to each f € X a
unique approximation g belonging to some fixed approximation set A C X, can be associ-

ated with the corresponding approximation operator .27 : X — A defined by
df=gr feX. (5.1.1)
We have the following examples from previous chapters.

Example 5.1.1. For any non-negative integer n, and a sequence {x,...,x,} of n+ 1 dis-
tinct points in a given bounded interval [a, b], the Lagrange polynomial interpolation oper-
ator 2! : Cla,b] — m, is defined by

PLf =P, feClab], (5.12)

with P! denoting the interpolation polynomial of Theorem 1.1.2, and where, from Theo-

rem 1.2.2, we have the explicit formulation

n

(2LF)(x) =Y fxj)Lnj(x) (5.1.3)

j=0

85
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in terms of the Lagrange fundamental polynomials {L,;: j=0,...,n}, as defined in
(1.2.1).
|

Example 5.1.2. For any non-negative integer n and bounded interval [a,b], the Bernstein

polynomial interpolation operator 22 : Cla,b] — 7, is defined by
PBf.=pPB feCla,bl, (5.1.4)

with PZ denoting the Bernstein polynomial approximation in 7, on [a,b] of f, as given in
(3.3.1), that is,

n

(2R = ), f(n,j)Bnj(x),

j=0
where (5.1.5)

(b—a .
Xpji=a+j " , J=0,...,n,

and where the Bernstein polynomial sequence {B, j: j =0,...,n} is defined by (3.2.2).
|

Example 5.1.3. For any non-negative integer n, bounded interval [a,b], and weight func-
tion w on [a, b] satisfying the conditions (4.2.8) and (4.2.9), the best weighted L? approxi-

mation operator 35:’: : Cla,b] — m, is defined by
Pif =P, feClab, (5.1.6)

with the polynomial 13;!k as in Theorem 4.2.6, so that, from (4.2.24),

||f_<@:fH2,w < ||f_P||2,W7 for Pem, with P# gZ;f (5.1.7)
[ ]
For a normed linear space (X,]||-]|), let A C X denote a fixed approximation set. If an

approximation operator .27 : X — A satisfies the condition
A Af+ug) =MA[f)+u(g), AueR, fgekX, (5.1.8)
we say that o7 is linear. By choosing A = 1 = 0 in (5.1.8), we deduce that
0=0, if.o/is linear. (5.1.9)

It is immediately evident from (5.1.3) and (5.1.5) that the approximation operators e@ﬁ and
8 are both linear. We shall in fact prove in Chapter 7 that the best approximation operator

@‘ of Example 5.1.3 is also linear.
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If an approximation operator <7 : X — A satisfies the condition
df=f feM, (5.1.10)

for some subset M C A, we say that o/ is exact on M. Note that optimal exactness is
achieved in the case M = A.

Observe from (5.1.3), together with the identity (1.2.7) in Theorem 1.2.3, that the approx-
imation operator gZ}ﬁ is exact on 7,, whereas, according to (5.1.5) and Theorem 3.3.1(c)
and Theorem 3.3.2(a), the approximation operator ﬁzf is exact on 7y, but not exact on 7,
forn > 2.

To investigate the property of exactness with respect to the best approximation operator

@:’{ of Example 5.1.3, let f € m,, so that

If = flloaw =0 < |[f = Pllow, P E M,
and thus
Pif=f fem. (5.1.11)
In summary, we have therefore now proved the following result.
Theorem 5.1.1. For any non-negative integer n and bounded interval [a,b), the approxi-

mation operators f@ﬁ, @f and ,@/j , as defined by, respectively, (5.1.2), (5.1.4) and (5.1.6),
satisfy the following properties:

(a) 32% and ,@f are linear;
(b) 2! and ,’?7; are exact on Ty;

(c) P8 is exact on m, if and only if n = 1.

5.2 Boundedness and Lebesgue constants

For a normed linear space (X, || -||), if a non-empty subset Y C X satisfies the condition
gl <K, gev,

for some constant K, we say that Y is a bounded set. We proceed to introduce the notion
of boundedness for approximation operators on X. For an approximation set A C X, let
&/ : X — A be an approximation operator. If

{IlﬂffH

: X; 0 5.2.1
i e #} 621
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is a bounded set, we say that 7 is bounded with respect to the norm || - ||, with correspond-
ing operator norm
o

||d||::sup{||||f{|‘| c feX; f;EO}. (5.2.2)
For any bounded operator <7, the operator norm ||.¢/|| in (5.2.2) will be referred to as the
Lebesgue constant of .7 with respect to the norm || - ||. If the set (5.2.1) is unbounded, we
say that o7 is unbounded with respect to the norm || - ||

As an immediate consequence of the definition (5.2.2), we observe that, for any bounded

approximation operator <7 : X — A, we have
L L < If]l, - feX. (523)
If, moreover, 7 is linear, it follows from (5.1.8) and (5.2.3) that, for any f,fe X,
| f =< fll = 11/ (f = DI < 1] 1 = F- (5.2:4)

Suppose we wish to approximate a given element f € X by </ f € A, and suppose that,
perhaps due to measuring errors, or computer rounding errors, we are instead actually
computing </ f, where f € X and [lf — f|| is “small” in some sense. If &7 is linear and
bounded, it follows from (5.2.4) that, for f # f, the quotient ||.«7 f — < f||/||f — f|| is
bounded above by the Lebesgue constant ||<7||. Since we would ideally like ||« f — < f]|

to have at most the same order of “smallness” as || f — f

|, it follows that a relatively small
value of ||.<7 || reflects favourably on an approximation operator <7 .
The following result on the size of approximation operator norms should however be kept

in mind.

Theorem 5.2.1. For a normed linear space (X,||-||) and an approximation set A C X,
suppose the approximation operator &/ : X — A is bounded, and exact on M C A, in the
sense of (5.1.10), with M # {0}. Then the corresponding Lebesgue constant ||.<7 || satisfies
the inequality

||| > 1. (5.2.5)

Proof. Since (5.1.10) gives

o
H||fﬂ|| =1, for feM, with f#0,
it follows from the definition (5.2.2) that the inequality (5.2.5) is satisfied. |

The Lebesgue constant with respect to the maximum norm on [a,b] of the Bernstein ap-

proximation operator 228 can now be computed as follows.
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Theorem 5.2.2. For any non-negative integer n and bounded interval [a,b], the Bernstein
approximation operator @,’f : Cla,b] — m,, as given by (5.1.5), is bounded with respect to

the maximum norm on [a,b], and has corresponding Lebesgue constant
|| 28| = 1. (5.2.6)

Proof. Let f € Cla,b], with f # 0, and choose x € [a,b]. It follows from (5.1.5), together
with Theorem 3.2.1(b) and (c), that

|(=@B Z|fxn/ | By 71 ||f||w237/ ) = 11f1le;
and thus
2L flloe <1 f] o,
so that
P2 f]e
<. (5.2.7)
I1£]]e

Hence, by using (5.2.7) and the definition (5.2.2), we conclude that the approximation
operator ﬂf is bounded with respect to the maximum norm on [a, b], with corresponding

Lebesgue constant satisfying
1231l < 1. (5.2.8)

Next, we apply Theorem 5.1.1(c) and Theorem 5.2.1 to deduce that H@,’f ||« = 1, which,
together with (5.2.8), implies the desired result (5.2.6). |
Note from (5.2.6) that, subject to the constraint implied by exactness on 7;, the Lebesgue
constant || 228 ||.. is optimally small.

In order to compute the Lebesgue constant of the Lagrange polynomial interpolation op-
erator 22! with respect to the maximum norm on [a,b], we first establish the following

simplified operator norm formulations for linear approximation operators.

Theorem 5.2.3. For a normed linear space (X,||-||) and an approximation set A C X, sup-
pose o/ © X — A is a linear approximation operator. Then the following three statements

are equivalent:

()  is bounded;
(ii) the set {||Zf||: f € X;||f|| < 1} is bounded;
| = 1} is bounded.
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Moreover, if any one of the statements (i), (ii) or (iii) holds, then the Lebesgue constant

|| || satisfies the formulations

||| = sup{||Zf]| : feX; |Ifll <1} (5.2.9)
||| = sup{[[Zf[|: feX;|[f]l=1} (5.2.10)
Proof. First, observe that
| f]]

rex, [Ifll<1, f#0 imply |[l&f]|<
and /0=0,

AL (5.2.11)

from (5.1.9), since o7 is linear, whereas the linearity of .27 also gives

. g f
rex. g0 amply < jjergl,
(5.2.12)
where g:= and thus |[g]| = 1.

A1
We shall show that (i) = (ii) = (iii) = (i), which will then imply the equivalence of the
three statements (i), (ii) and (iii). Suppose therefore that (i) holds, that is, the set (5.2.1) is
bounded. But then (5.2.11) shows that (ii) holds, and thus (i) = (ii). Next, since

{11l feXs |IFll =1} Al I FeXs I <1}, (5:2.13)

we deduce that (ii) = (iii). If (iii) holds, we deduce from (5.2.12) that the set (5.2.1) is
bounded, that is, (i) holds, so that (iii) = (i), and thereby completing our proof of the
equivalence of (i), (ii) and (iii).

Suppose that any one of the statements (i),(ii) or (iii) holds. It follows from the equivalence
of (i), (i1) and (iii) that the definitions

o
k::sup{” f”thX,f#O}; = swp{llf| - feX, IFll <1}

1]
m:=sup{|lZ/f||: feX: |Ifll =1}

yield, k,£,m € R.

We shall show that k = ¢ = m, which, together with (5.2.2), will then imply the formulas
(5.2.9) and (5.2.10).

To this end, we first note from (5.2.11) that ¢ < k, whereas (5.2.12) shows that k < m. Since
(5.2.13) implies m < /, it follows that £ < k < m < ¢, and thus k = ¢ = m, as required. W
The formula (5.2.10) in Theorem 5.2.3 enables us to obtain the following boundedness
result, and explicit formulation of the Lebesgue constant, with respect to the maximum

norm on [a, b] of the Lagrange polynomial interpolation operator 2!,
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Theorem 5.2.4. For any non-negative integer n, and a sequence {xo,...,x,} of n+1
distinct points in a given bounded interval [a,b], the Lagrange interpolation operator
P! Cla,b] — m,, as defined by (5.1.2), is bounded with respect to the maximum norm

on |a,b), and has corresponding Lebesgue constant

n

| PY|wo = max ¥ |Ly;(x)], (5.2.14)

a<x<b i=0

with the Lagrange fundamental polynomials {L, j: j =0,...,n} defined as in (1.2.1).

Proof. Let f € Cla,b], with f # 0, and choose x € [a, b]. It follows from (5.1.3) that

n

(ZaNO < Y DI () <1 F 1l 1o 1 (0] < 110 max B [Lnj ()],
=0 SYSP =0

J J=0
and thus
n
1
221 < 171l s, 32l 5.
so that
|2 f oo <
: < L, i(x)]. 5.2.15
1l aggghj;ol n,j (%) (5.2.15)

According to (5.2.15), the set {|| 2L f||-/||f|| : f € Cla,b]; f # 0} is bounded, that is, the
approximation operator ! is bounded with respect to the maximum norm on [a,b], with,

from the definition (5.2.2), corresponding Lebesgue constant satisfying

n
1
o < (x)]. 2.
1Z]] a?fgb;)'%(")‘ (5.2.16)
‘We shall show that also
n
! > Lo 2.1
12 /argfgbjg()l ni ()]s (5:2.17)

which, together with (5.2.16), will then complete our proof of the formula (5.2.14).
To prove the inequality (5.2.17), we choose a fixed x € [a,b], and let f denote any (for

example piecewise linear) function in Cla, b] satisfying || f||.. = 1, and

1, if L, (x) >0;
flxj) = (5.2.18)
*l, ifL,,_’j(x) < 0,

according to which the choice of f depends on the chosen value of x.
By applying (5.2.18) and (5.1.3), and using the facts that ||f]|. = 1 and 27! is bounded, we

obtain
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n

Z(,)f (xj) L, (1)

Jj=

= max |(9£f) (t)|

a<it<b

= 12311l

<sup{||Zpfllw: [ €Cla,b]; || fllee =1} = || 2], (5.2.19)

from the formula (5.2.10) in Theorem 5.2.3, after having recalled also from Theo-
rem 5.1.1(a) that the approximation operator Z2! is linear. Since the right hand side of
(5.2.19) is independent of x, it follows that the required inequality (5.2.17) is indeed satis-
fied. |

Example 5.2.1. In Example 5.1.1,letn =1, [a,b] = [0, 1], and {x¢,x; } = {0, 1}, so that, for
any f € C[0, 1], the graph of the interpolation polynomial 91’ [ is the straight line joining
the points (0, £(0)) and (1, f(1)). Moreover, the definition (1.2.1) yields the Lagrange

fundamental polynomials
Llﬁ()(x) =1 — X, Ll,l(x) =X. (5.2.20)
The formula (5.2.14), together with (5.2.20), gives the Lebesgue constant
Pl = 1- =1 5221
121l = max [(1—x) +x] =1, ( )

which, in view of Theorem 5.1.1(b) and Theorem 5.2.1, and subject to the constraint im-

plied by exactness on 7, is an optimally small Lebesgue constant. |

Let us also consider the question of whether the approximation operator @f of Exam-
ple 5.2.1 is also bounded with respect to the L? norm on [0,1], as defined in (4.2.17). To
this end, we define the polynomial sequence {¢;: j=0,1,...} by

ej(x):=x/, j=0,1,.... (5.2.22)

Then, since for each j =0, 1,..., itholds that 2]e; € m;, with (?]e;)(0) = ¢;(0) =0, and
(Plej)(1) =ej(1) = 1, we deduce that

Plej=e1, j=0,1,..., (5.2.23)

and thus, from (4.2.17) and (5.2.22),

! 1
Pleill, = llerl]r = /xzdx: , j=0,1,.... 5.2.24
1Z1ejll2= [lea]2 \/0 . (5.2.24)
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Since, moreover, (4.2.17) and (5.2.22) yield

1 X 1
= Hdx = i =0,1,... 5.2.25
Hej||2 \//(; X X \/2]"‘1’ J )Ly ) ( )
we may deduce from (5.2.24) and (5.2.25) that
Ple; 2j4+1
I 16/”2:\/1Jr oo, j—oo, (5.2.26)
[lejll2 3
We see from (5.2.26) that the set
91
{” lf”z:feC[O,l};f;éO}
[1£1]2

is unbounded, and it follows that the approximation operator 3”{ is unbounded with respect

to the L? norm on [0, 1].

5.3 The approximation error

For a normed linear space (X, || -||) and an approximation set A C X, let &7 : X — A denote

an approximation operator. For any f € X, the quantity

\lf — < fl| (5.3.1)

is then called the corresponding approximation error with respect to the norm || - ||. It is
evident that .o f will be considered to be a “good approximation” from A to f with respect
to the norm || - || if the corresponding approximation error (5.3.1) is appropriately “small”.
The approximation error (5.3.1) evidently depends on the choice of the norm ||-||. Our
following result establishes a fundamental inequality between the two norms we have thus

far established for the linear space Cla, b].

Theorem 5.3.1. For a bounded interval [a,b] and a weight function w on [a,b) satisfying
the conditons (4.2.8) and (4.2.9), let the norms || - ||e and || - ||2,,v be as defined in, respec-
tively, (4.1.7) and (4.2.16). Then

b
1w < \/ [ weds il s € Clasl (5:32)
Proof. Let f € Cla,b]. By using (4.2.16), (4.2.8) and (4.2.9), we obtain

b b
(Ul = [ wELF )P < (1f11)* [ wix)ds,

Ja a

which then implies (5.3.2). [ |
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As an immediate consequence of (5.3.2) in Theorem 5.3.1, we observe that, for any approx-
imation operator <7 : Cla,b] — A, with A C C[a, b] denoting an arbitrary approximation set,

the corresponding approximation error satisfies

b
IIf = fllaw < \// w(x)dx ||f — A fllw, [f€Cla,b], (5.3.3)
a
and thus, for the special case where the weight function w is given by (4.2.11),
If = flla<Vb—a ||f =[] (5.3.4)

The inequality (5.3.4) may, for example, be applied to deduce from Theorem 3.3.3, together
with (5.1.5), that, for any f € C[a,b],

1f=Ziflla<Vb—a ||[f = PP flla—=0, n— oo, (5.3.5)
that is, by using also (4.2.17),

\/./ab[f(x) —(ZBf)(x)]Pdx =0, n— oo, (5.3.6)

b
In general, we deduce from (5.3.3) that, provided the value of \/ / w(x)dx is not “large”

a
in some sense, then the approximation error || — &/ f||2,, has at least the same order of
“smallness” as the approximation error || f — & f]| .
The converse does not hold, in the sense that there does not exist a positive constant K such
that

||f||°"<K||f||2,W7 fec[avb]v
as is evident by considering the polynomial sequence {e;: j=0,1,...} defined by (5.2.22),

for which we calculate as in (5.2.25) that, for [a,b] = [0, 1],

€| 1
legll _  itloe e

el (2j+1)-2
For a certain class of approximation operators, the size of the corresponding approximation

error can be bounded in terms of the best approximation error, as follows.

Theorem 5.3.2 (Lebesgue inequality). For a normed linear space (X, ||-

), let A C X de-
note an approximation set such that A is a subspace of X, and such that there exists a best
approximation from A to each f € X. Furthermore, suppose that </ : X — A is an approx-
imation operator which is linear and bounded, and such that <7 is exact on A. Then the

corresponding approximation error satisfies
If = /A1l < 1+l min]|f =gll. <X, (5.37)

with ||.</|| denoting the corresponding Lebesgue constant, as defined by (5.2.2).
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Proof. Let f € X, and suppose f* is a best approximation from A to f, that is
|lf = f*|l = min||f = g]|. (53.8)
g€EA
Observe that, since f* € A, and since <7 is exact on A, we have
o= fr. (5.3.9)

By using the triangle inequality (4.1.4), as well as (5.3.9) and the linearity of .27, and finally
the inequality (5.2.3), we deduce that

f = fll <IIf =2+ NAf =2 fll = If = fll+ 112 (7 =
<=+ 1L = Al

=L+ DIIf =1,
which, together with (5.3.8), then yields (5.3.7). |

Since the approximation operator <7 in Theorem 5.3.2 is exact on a subspace A of X, with
A # {0}, we deduce from (5.2.5) in Theorem 5.2.1 that the constant (1 + ||.<7||) appearing
in the Lebesgue inequality (5.3.7) satisfies

1+ ||| > 2. (5.3.10)

By combining Theorem 5.3.2, Theorem 4.1.2, Theorem 5.1.1(a) and (b), and Theo-
rem 5.2.4, we deduce the following upper bound for the approximation error in polynomial

interpolation.

Theorem 5.3.3. For any non-negative integer n, and a sequence {xo,...,x,} of n+ 1 dis-
tinct points in a bounded interval [a,b), the approximation error corresponding to the La-
grange polynomial interpolation operator ﬂé : Cla,b] — 7y, as defined by (5.1.2), satisfies
the Lebesgue inequality

n

1f = Zuflle < <1+ max Y Lnﬁj(x)|) min ||f —Pl|w, f € Cla,b], (5.3.11)

aéxébj 0

where the Lagrange polynomials {L, ; : j =0,...,n} are given by (1.2.1).

Example 5.3.1. The approximation error corresponding to the Lagrange polynomial inter-
polation operator 911 : C[0,1] — m; of Example 5.2.1 satisfies, from (5.2.21) and (5.3.11),
the Lebesgue inequality

1f = Z1fll-- < 2min ||f = Pll.., f € C[0,1]. (5.3.12)
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It follows from (5.3.12) that, in the || - || norm, and for any f € CJ0, 1], the approximation
error || f — 3”{ f|e is at most twice the (minimum) approximation error corresponding to a

best approximation in the || - || norm from 7; to f. [ ]

Example 5.3.2. In Theorem 5.3.3, let n = 2, {xo,x1,x2} ={—1,1,2}, and [a,b] = [—1,2].
Then (1.2.1) gives

Lro(x) = (—()IC:BEX—IE)Z) (P =3x+2)= ¥~ x+ ;
_ = (=1))(x=2) _ _ 1
Lz,l(x)f(l_(_l))(l_z)f— (F—x=2)=— 2+ x+l
(= (=1))&—-1) _1 1, 1
L2t =5 (L)e-1) = D

and thus

2 Lyo(x)+Loy(x) —Lop(x) = u(x), xe[—1,1];

Y L2 ()] = (5.3.13)

j=0 —Lz"()(x) —|—L271(x) +L2,2(x) = v(x), X e [1,2],
where

5 ) 1
u(x):=—_x +3; v(x):=—_x —|—x+3. (5.3.14)

But (5.3.14) implies

Jmax u(x) = max{u(—1),u(0), u(1)} = max{1,3,1} =

max v(x) = max{v(1),v(3) v(2)} = max{1, 13,1} = 1.

and thus, from (5.2.14) and (5.3.13), the corresponding Lagrange interpolation operator
P4 C[—1,2] — m, has Lebesgue constant given by

513 5
= L - _— 3.1
124 rlga>;22|z, ol=max{ 3 0 =3 (53.15)

By using (5.3.15), it follows from (5.3.11) in Theorem 5.3.3 that the corresponding approx-

imation error satisfies the Lebesgue inequality
8 .
1f = 221l < 5 min ||f = Pl|, £ €C[-1,2]. (5.3.16)
Pem
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5.4 Exercises

Exercise 5.1 For a bounded interval [a,b] C R, and any non-negative integer n, let
{x0,...,%,} be a sequence of n+ 1 distinct points in [a,b], and denote by r = {rg,...,r,} a
sequence of non-negative integers. Also, let the integers v and k be defined by, respectively,
(1.4.3) and

k:=max{rp,...,rn}.
Prove that the Hermite interpolation operator 32’5_, :Ck [a,b] — Ty, as defined by

Pyuf =Fop fECHab],
with P!, denoting the Hermite interpolation polynomial of Theorem 1.4.2, is linear.

[Hint: Use Theorem 1.4.1 to derive a Hermite interpolation formula analogous to (1.1.16)
in Theorem 1.1.2.]

Exercise 5.2 As a continuation of Exercise 5.1, prove that the Hermite interpolation oper-
ator ,@ir is exact on .

Exercise 5.3 Calculate, for n = 1 and n = 2, the Lebesgue constant ||2?!||.. of the La-
grange interpolation operator 2! defined by (5.1.2), with [a, b] = [0,2], and where P! is the
interpolation polynomial of Exercise 2.2.

Exercise 5.4 As a continuation of Exercise 5.3, for n = 1 and n = 2, write down the cor-
responding Lebesgue inequality, and then use this inequality, together with the exact value
of ||E|

-, as obtained in Exercise 2.2, to obtain a lower bound on the minimum value

Igréi?g orgféz [In(x+2) — P(x)].

Exercise 5.5 Repeat Exercises 5.3 and 5.4, with the interpolation sequences 2\, of Exercise
2.2 replaced, as in Exercise 2.6, by the Chebyshev interpolation points AS, as calculated
in Exercise 2.5.
Exercise 5.6 Calculate the Lebesgue constant || 224||.. with respect to the interval [0,4] and
the interpolation points {1,2,4}.
Exercise 5.7 Prove the existence of an interpolation operator

Z:C[0,2] = A:= span{l,x,x°}
with the defining property

ZH)=r3G), =012, feclo2]
[Hint: Argue analogously to the reasoning which led from (1.1.3) to (1.1.8), and show that
the resulting determinant is non-zero, after which a definition analogous to (5.1.2) may be

used. ]
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Exercise 5.8 As a continuation of Exercise 5.7, obtain a sequence { Py, P, P} C A satisfy-

ing, analogously to (1.2.3) in Theorem 1.2.1(a), the condition
Pj(k):(sjfka j7k2071727

and express .Z f, for any f € CJ0,2], and analogously to the Lagrange polynomial inter-
polation formula (1.2.5) in Theorem 1.2.2, in terms of the sequence { Py, P, P>}. Then use
this formula to show that the interpolation operator . is linear, and exact on A.

Exercise 5.9 As a continuation of Exercise 5.8, argue as in the proof of Theorem 5.2.4 to
prove that, with || - || denoting the maximum norm on [0, 2], the Lebesgue constant ||.Z ||

of the interpolation operator .% is given explicitly by
2
Ll = Pi(x)|,
111- = o, 32 17/0)

and then use this formula to calculate the value of ||.Z||w.

Exercise 5.10 As a continuation of Exercise 5.9, write down the Lebesgue inequality for
the interpolation operator ., after first having explained why, for any f € CJ[0,2], there
exists a best approximation with respect to the maximum norm on [0,2] from A to f. Now

use the interpolation formula derived in Exercise 5.8 to calculate, for the function
fx)=x*, xel0,2],

its corresponding interpolant .2’ f € A, and then calculate the exact value of the correspond-
ing error || f — Z f||-. By combining this result with the Lebesgue inequality for .Z, derive

a lower bound on the minimum value

min_ max o’ +x* 4 Bx+ 7],
o,fB,7€R 0<x<2

and give the corresponding optimal values of ¢, B and .

[Hint: Observe that

. 3 2 . 2 3
min max | = min ma — (. .
a,ﬁ,lyeR 0<x£(2| S +BX+Y| a,ﬁ,%/eR 0<x§2 |x ( o +ﬁx+ Y)‘ I



Chapter 6

Best Uniform Polynomial Approximation

This chapter is a continuation of Chapter 4, in that the best uniform polynomial approx-
imation P* € m, of f € Cla,b], with existence of P* guaranteed by Theorem 4.1.2, will
be characterized in terms of the alternation properties of the error function f — P*. As an
application, the uniqueness of P* € 7, as the only best uniform polynomial approximant of
f €Cla,b] is assured.

6.1 A necessary condition
According to Theorem 4.1.2, there exists, for f € Cla,b| and any non-negative integer n, a
polynomial P* € m, such that

f =P lleo <[If = Pllesy P E Ty (6.1.1)
The following necessary condition is satisfied by the error function f — P*.

Theorem 6.1.1. For f € Cla,b] and any non-negative integer n, let P* denote a polynomial
such that the best approximation property (6.1.1) holds. Then there exist points &, E € [a,b),
with & # E, such that

(&) = P*E)| = £(E) = P*E)| = [|f — P*[|es (6.1.2)
and
FE)—P*(&) = —[f(&) - P*(&)]. (6.1.3)

Proof. If f € m,, then P* = f, and the theorem holds for arbitrary points !;,E € [a,b], with
E £ E , and where both left hand and right hand sides of (6.1.2) and (6.1.3) are equal to

Zero.

99
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Suppose next f & 7, so that ||f — P*|| > 0, and suppose that there do not exist points
af,if € [a,b], with £ E, such that (6.1.2) and (6.1.3) are satisfied. We shall prove the
existence of a polynomial Q € 7, such that

0 <|If = Qlle <[If = P, (6.1.4)

which contradicts (6.1.1), and would therefore complete our proof.

Introducing the notation

mi= min [f() =P Mim max [f(0) = P'(0): di=[lf Ples (6.1
we see that, since f # P*, we have either —m < M or —m > M, since —m = M implies the
existence of points 5,5 € [a,b], with & # 2,7, such that (6.1.2) and (6.1.3) are satisfied.
(a) Suppose first —m < M. Then M > 0, for if not, that is, M < 0, then —m < M < 0, and
thus m > 0 > M, so that m > M, which contradicts the definitions of m and M in (6.1.5). It

then follows from the definitions in (6.1.5) that d* = M, and thus
m+d* m+M
ci= =

’ ) > 0. (6.1.6)

With the definition
0(x) := P*(x) +c, (6.1.7)
according to which Q € m,, we have
)= 0(x) = [f(x) = P*(x)] —c,
and it follows from (6.1.5) and (6.1.6) that, for any x € [a, b],
m—c< f(x)—Q(x)<M—c=d"—c. (6.1.8)

Since also (6.1.6) gives 2¢ = m+d*, and thus m — ¢ = —(d* — ¢), it follows from (6.1.8)
that

—(d" =) <flx)—Q(x) <d" —c,
that is,
lf(x) = Q)| <d" —c,
from which, together with (6.1.6) and (6.1.5), we deduce that
0<[f =Qlle=d"—c<d =||f = FP"[|,

and thereby yielding the desired result (6.1.4).
(b) Suppose next —m > M. But then, since (6.1.1), together with the fact that

{-P: Pem}=m,,



Best Uniform Polynomial Approximation 101

yields

1(=) = (=Pl = |If = P[|ec = min [ — P|l..

=min||— f+ P||e = min |[(=F) = P||we
ggzll f+Pl ;}gg\l( f) =Pl
and since

min [(—f(x)) = (=P"(x))] = max [f(x) = P*(x)];

a<x<b a<x<b

max [(—/(x)) ~ (=P"(x))] = min [/(x) P ()]

a<x<b
we may appeal to the proof in (a) to deduce the existence of a polynomial O € T, such that
0 <[[(=f) = Qllee < [I(=F) = (=P)||=,
according to which Q := —é is a polynomial in 7, satisfying (6.1.4), as required. |

The necessary condition in Theorem 6.1.1 enables us to obtain the constant polynomial P*
satisfying (6.1.1) for n = 0, as follows.
Theorem 6.1.2. Let f € Cla,b]. Then the constant polynomial
1
P*(x) =Py (x) := i 6.1.9
(9= A30) = | ma 700+ min 709 (6.19)
is the only polynomial in Ty such that the best approximation condition (6.1.1) is satisfied

for n =0, with, moreover,

11— B = ; {max £(x)— min f(x)} (6.1.10)

a<x<b a<x<b

Proof. According to Theorem 4.1.2, there exists a constant polynomial P* that satisfies the
condition (6.1.1) for n = 0. Suppose P* is not given by (6.1.9). Then there do not exist
points &, & € [a,b], with & # &, such that (6.1.2) and (6.1.3) hold. It follows from Theo-
rem 6.1.1 that P* does not satisfy the condition (6.1.1) for n = 0, which is a contradiction.
Hence P* = Fj, as given by (6.1.9), is the only constant polynomial satisfying (6.1.1) for

n = 0. The maximum error value (6.1.10) is then an immediate consequence of (6.1.9). W
Example 6.1.1. In Theorem 6.1.2, if we choose [a,b] = [0, 1], and, for any k € N,
fx)=x xelo,1], (6.1.11)

then the constant polynomial £y is given by

PS‘(X):;- (6.1.12)
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6.2 The equi-oscillation property

Observe from Theorem 6.1.1 that the error function f — P* in polynomial best approxi-
mation attains each of the two extreme values ||f — P*|| and —||f — P*||~ at least once
on [a,b]. We proceed to show that, if P* € m, is such that f — P* equi-oscillates at least
n+ 2 times between ||f — P*||. and —||f — P*||«, then P* satisfies the best approximation
condition (6.1.1).

Theorem 6.2.1. For f € Cla,b] and any non-negative integer n, suppose the polynomial
P* € m, is such that there exists a sequence {&y,... &1} of n+ 2 distinct points in [a,b]

satisfying the conditions

a<b <& < <& < by (6.2.1)
1F(&) =P &) =If = Pleos  j=0,.ccon+15 (6.2.2)
f&) =P (&) =—[f(&m1)—P (&), j=0,....n. (6.2.3)

Then P* satisfies the best approximation condition (6.1.1).

Proof. Suppose that f € m,, and thus f — P* € m,. If f — P* is not the zero polynomial,
then ||f — P*|| > 0, and it follows from (6.2.1), (6.2.2) and (6.2.3), together with the
intermediate value theorem, that f — P* has at least one zero in each of the n+ 1 distinct
intervals (&o,&1),..., (&, Enr1). Hence f — P* is a polynomial in 7, with at least n+ 1
distinct real zeros, and thus f — P* is the zero polynomial, which is a contradiction. Hence
P* = f, and it follows that P* satisfies the condition (6.1.1).

Suppose next f & m,, according to which P* # f, and thus ||f — P*|| > 0. Using a proof
by contradiction, we next suppose that P* does not satisfy the condition (6.1.1), that is,

there exists a polynomial Q € 7, such that
0 <If = Qllee <[If = P"leo; (6.2.4)
according to which it then also holds that P* # Q. With the definition
R:=P" -0, (6.2.5)

it follows that R € m,, and R is not the zero polynomial.
Now observe from (6.2.2) that either f(&y) — P*(&) = ||f — P*||w, or f(&) — P*(&) =
—||f — P*||e. If the first alternative holds, it follows from the assumption (6.2.4) that

f(80) = (&) <IIf = P*[l = f(E0) = P*(S0),
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and thus

R(&o) = P* (&) — 0(&) < 0. (6.2.6)
Next, we use (6.2.3) and (6.2.4) to deduce that

f(&1) = 0(&) > —[If = Plle = f(G1) = P*(&1),

so that

R(&1) =P (&) — Q&) > 0. (6.2.7)
It follows from (6.2.6), (6.2.7), together with the intermediate value theorem, that the poly-
nomial R has a zero Mg € (&o,&;).
Repeated further applications of the same procedure yield the existence of zeros 7); €
(&j,&j+1), J=0,...,n, of the polynomial R. Hence R is a polynomial in 7, with at least
n—+ 1 real zeros, and thus R is the zero polynomial, which is a contradiction. The case
F (&) —P*(&) = —||f — P*||- similarly yields the same contradiction (see Exercise 6.2).
Hence there does not exist a polynomial Q € m, such that (6.2.4) holds, from which we
then deduce that P* does indeed satisfy the best approximation condition (6.1.1). |
Observe that the result (2.2.23) of Theorem 2.2.2 can immediately be deduced from Theo-
rem 6.2.1, as follows. For any j € N, we have

min max |P(x)|=  min max
Peﬁj —1<x<1 €0seCj—1ER  —1<x<1

ool
x + chxk
k=0

= min max
€0y Cj—1 eR —1<x<1

ool
x! — chxk
k=0

~ mi J_ px)| = T, ’:2171
pmin_max |+ = P()| = _max, |T(9] =27,
as deduced from (2.2.21), (2.2.22), together with Theorem 2.2.1(a), (c), (d), and an appli-
cation of Theorem 6.2.1 with [a,b] = [—1,1], f(x) =x/ and n = j— 1.

According to Theorem 6.2.1, the equi-oscillation property (6.2.1), (6.2.2), (6.2.3) is a suffi-
cient condition on a polynomial P* € 7, to satisfy the best approximation condition (6.1.1).
We proceed to prove that the same equi-oscillation property is also a necessary condition,

as follows.

Theorem 6.2.2. For f € Cla,b] and any non-negative integer n, let P* be a best approx-
imation from T, to f with respect to the maximum norm on [a,b] as in Theorem 4.1.2.
Then there exists a sequence {&,..., &1} of n+ 2 distinct points in |a,b] such that the
conditions (6.2.1), (6.2.2), (6.2.3) are satisfied.
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Proof. If f € m,, then P* = f, and it follows that (6.2.2) and (6.2.3) are satisfied, with both
left hand and right hand sides equal to zero, for any choice of a sequence {&y,...,&, 41} in
[a,b] satisfying (6.2.1).

Next, for f & m,, we denote by k the largest positive integer for which there exists a point

sequence {&, ..., &} in [a,b] such that the conditions

a< <& < <& <h 6.2.8)
fE) =P ENI=If =Pl j=0,....K (6.2.9)
(&) =P (&) = —[f(§jr1) =P (§jr1)], j=0,...ik—1, (6.2.10)

hold. Observe in particular from Theorem 6.1.1 that k > 1. Note also that if such a largest

integer k does not exist, our result immediately follows. We shall prove that the assumption
1<k<n (6.2.11)

yields the existence of a polynomial Q € m, such that
0 <|If = Qllee <|If = P||es, (6.2.12)

which contradicts the best approximation property (6.1.1) of P*, and from which it will
then follow that k > n+ 1, and thereby completing our proof.
Suppose therefore that the integer k satisfies the inequalities (6.2.11). With the notation

E* ;:f—P*; d* ::HE*||°°7 (6213)

it follows from f & m, that d* > 0. Since E* € Cla,b], we know that E* is uniformly

continuous on [a, b], and thus there exists a positive constant § such that

d*
x,y € la,b], with [x—y| < d = |E*(x) —E*(y)| < 5 (6.2.14)
Let 1 be any positive integer such that
b—
TR (6.2.15)
13}
and define
b—
tj::a+j( u“), =0, 4, (6.2.16)
according to which
tj+1—tj=b;a<6, =0, 1. (6.2.17)

Observe from (6.2.14) and (6.2.17) that

X,y € [tj,tip1] = |E*(x) —E*(y)| < j=0,...,u—1. (6.2.18)
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Next, we define the interval sets
M= {[tj,tj41]: j=0,...,u—1} (6.2.19)
M* :={[tj,tj+1] € M : there exists a point ? € [t;,7;41] such that E*(t) = d*}; (6.2.20)

M~ :={[tj,tj+1] € M : there exists a point T € [¢;,#;41] such that E*(7) = —d"}. (6.2.21)

It then follows from (6.2.18), (6.2.20) and (6.2.21) that

*

IeMt = E*(x)> _ >0, xel,
2 v (6.2.22)
IeM‘:>E*(x)<—2<0, xel,
and thus
MTNM™ =0. (6.2.23)
Also, we deduce from (6.2.22), together with E* € C[a, b], that
IeMt, TeM = INI=0. (6.2.24)
Consider now the interval sequence
{h,.... Iy} =M UM, (6.2.25)

where, for each j € {1,...,N — 1}, the interval /;, is situated, along [a,b], to the right of
the interval /;. Suppose I} € M. It then follows from the definition of the integer &, along
with the definitions (6.2.19), (6.2.20) and (6.2.21), that the interval sequence {/j,...,Iy}

may be partitioned into the £+ 1 subsequences
{Il,...71jo} CM+;

{Ij0+17"'71j1} cCM—; (6.2.26)

{1 L} € MO
with jy = N, and where
. + , if kis even;
I if ks odd.
By using also (6.2.24), we deduce that

Ij, N1, 1 =0, (=0,....,k—1,
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and hence there exists a point sequence {x;: ¢ =0,...,k— 1} such that, for each ¢ €

{0,...,k—1},
xp>x,x€l;, 5 xp<x,x€lj1. (6.2.27)

For the polynomial
k=1

P(x) =[] (e —x), (6.2.28)

(=0
it then follows from the assumption (6.2.11) that P € m; C m,. Moreover, we deduce from
(6.2.28), (6.2.27) and (6.2.26), together with the assumption I; € M, that

IeM™ = Px)>0, xel;

(6.2.29)
IeM = Px)<0, xé€l,
and thus also
P(x)#0, xel;, j=1,....N. (6.2.30)
Next, with the interval set M given as in (6.2.19), we define the interval set
N
S=Mm\J1,. (6.2.31)
Jj=1
Then § is the union of a finite number of (closed) intervals, so that we may define
d := max |E*(x)|. (6.2.32)

xeSs

It then follows from (6.2.32), (6.2.31), (6.2.25), (6.2.19), (6.2.20), (6.2.21) and (6.2.13) that
d<d, according to which we may define the constant A to be any real number satisfying
min{d* — d, ‘12 +

0<A<
|[P]]s

(6.2.33)
Let
Q:=P"+ AP, (6.2.34)

so that P*,P € m, implies Q € m,. We proceed to show that Q satisfies the condition
(6.2.12), which will then complete our proof for the case I; € M.

To this end, we first observe from (6.2.34), (6.2.13), (6.2.32) and (6.2.33) that, for any
x €S,

d* —d

176 = QW) = |E*(0) = APW| < IE" ()| + APG)| <d+' ) -

||P||eo = d,
and thus

If(x) —0(x)| <d*, xeS8. (6.2.35)
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Next, since (6.2.33) yields

d*/2 d*
1Plleo ="

[IP1]es 2

it follows from (6.2.25), (6.2.20), (6.2.21) and (6.2.22) that, with the definition

[AP(x)| < X € [a,b],

N
7=, (6.2.36)
j=1
we have
d*
[E* ()] >, > AP@)], xel. (6.2.37)

Next, we note from (6.2.22), (6.2.29), (6.2.36) and (6.2.25), together with A > 0, that E*(x)
and A P(x) have the same sign for x € J, according to which, by using also (6.2.33), (6.2.13)
and (6.2.37), we obtain, for any x € J,

() = Q)| = |E* () = AP(x)| = |E* ()| — [AP(x)| < d" = A[P()].  (6:238)

Finally, since the definition (6.2.36) implies that J is a closed subset of [a,b], we use
(6.2.30) and (6.2.36) to obtain

min |P(x)| > 0. (6.2.39)
xeJ
Since also A > 0, we deduce from (6.2.38) and (6.2.39) that
If(x)—0x)|<d*, xel. (6.2.40)

Since (6.2.31), (6.2.19), (6.2.16) and (6.2.36) imply that SUJ = [a,b], it follows from
(6.2.35) and (6.2.40) that

lf(x) = QW) <d”, x€la,bl, (6.2.41)

which, together with (6.2.13), yields the desired result (6.2.12).
The proof for the case I} € M~ is similar (see Exercise 6.3). |
Together, Theorems 6.2.1 and 6.2.2 imply the following full characterisation of polynomial

best approximation with respect to the maximum norm on [a, b].

Theorem 6.2.3. For f € Cla,b| and any non-negative integer n, a polynomial P* € m,
satisfies the best approximation condition (6.1.1) if and only if there exists a sequence
{&o, ..., &1} of n+2distinct points in [a,b] such that the equi-oscillation property (6.2.1),
(6.2.2), (6.2.3) is satisfied.
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6.3 Uniqueness

The necessary condition in Theorem 6.2.2 enables us to establish, analogously to Theo-
rem 4.2.6 for the case of best weighted L? polynomial approximation, the following im-

proved formulation, which includes uniqueness, of Theorem 4.1.2.
Theorem 6.3.1. Let [ € Cla,b]. Then, for each non-negative integer n, there exists pre-
cisely one polynomial P, € T, such that

f = Pillee <IIf = Pllsy P E Ty (6.3.1)
Proof. According to Theorem 4.1.2, there exists a polynomial P* € 7, such that the best

approximation property (6.1.1) is satisfied.

To prove the uniqueness in 7, of P*, suppose Q" € m, is such that

[f = Q| = [/ = P[0 = min [|f = Pl|oc = d". (6.3.2)
e,

By applying Theorem 4.1.3, we deduce from (6.3.2) that
If = (3P + 30|« = d*, (6.3.3)
and thus, from Theorem 6.2.2, there exists a sequence {&p, . .., &,+1 } of n+2 distinct points

in [a,b] such that

a<§ <& < <G sh (6.3.4)
FE) =[P () +3Q° Gl =d", j=0,...n+1: (6.3.5)

FEN—LPE)+ 30 (&) == {f(&jm1) — [P (Ej+1) + 207 (&+1)] }. j=0,....n.

(6.3.6
Consider first the case where (6.3.5) gives
f(&0) = [P (&) + 307 (&0)] = %, (6.3.7)
or equivalently,
2[F(8o) = P*(E0)] + 5 1f (%) — Q" (o) = ™. (6.3.8)
It follows from (6.3.2) and (6.3.8) that
d*>1 Pt =d" ! * >d* a_&
5 2, (&) =P (Co)=d"—  [f(&) Q" (Go)] 2d"—, =,

and thus
d*

= (G0 P (&) =d" — ) [(E0) — 0" (80)],
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from which it then follows that

d* = f(&) — P (&) = f(&) — 0" (%),
and thereby yielding
P (&) = 0" (&) (6.3.9)
Next, we use (6.3.7) and (6.3.6) to obtain

FE) =[P (&) +30%(61)] = —d",

or equivalently,

SFE) =P N+ 3 1£(6) -0 (&1)] = —d". (6.3.10)
It follows from (6.3.2) and (6.3.10) that
e - = - irey —er@n < —arr d ==
2 T2 2 2 2
and thus
a1

0 = ) P @] =~ — [ - 2" (&)

from which it follows that

—d" = (&) =P (&) = f(&1) — Q" (&),

which gives

P*(&)=0"(&). (6.3.11)

Repeated applications of the procedure which led to (6.3.9) and (6.3.11) eventually yield

P*(&)=0"(&), j=0,...,n+1. 6.3.12)

For the case where (6.3.5) gives

F(&) — [P (&) + 50" (&0)] = —d", (6.3.13)

it is similarly shown that (6.3.12) is also satisfied (see Exercise 6.4).

Hence, if we define the polynomial R* := P* — Q*, so that R* € m,, it follows from (6.3.12)
and (6.3.4) that R* has at least n 4 2 distinct real zeros, and thus R* is the zero polynomial,
that is, Q* = P*, and thereby completing our proof. |
The polynomial P; of Theorem 6.3.1 is called the best uniform (or Chebyshev, or minimax)

approximation on [a, b] from 7, to f.
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6.4 The approximation operator

Based on Theorem 6.3.1, we may now define, for any bounded interval [a,b] and non-
negative integer n, the best uniform polynomial approximation operator &, : Cla,b] — m,
by

Prf=P;, feCla,b)]. (6.4.1)
The following example shows that &7 is not linear.
Example 6.4.1. Let [a,b] = [—1,1], and

f=x ;5 g=x
so that, from (6.4.1), together with the formula (6.1.9) in Theorem 6.1.2, the approximation
operator & : C[—1,1] — m satisfies

(Z5)) = |

,  (Fig) =0,

whereas, since also
2 : 2 12 1 1
=2 = (= _hy=_
_max (C4x) =25 min (7 4x) = (=) +(=3) =~
we have
1 1 7
oz = 2— = _.
=5 (2-4) =4
Hence
B B 1 1,7 B
Pof+Pog=,+0=, # g =P(f+8),
according to which the best approximation operator & is not linear. |

The approximation operator .7 possesses the following properties.

Theorem 6.4.1. For any bounded interval [a,b] and non-negative integer n, the best uni-

Jorm polynomial approximation &) : Cla,b] — T, as defined by (6.4.1), satisfies:

(a) P} is exact on m,.

(b) The uniform convergence property
If = Zpflle =0, n—oo,  feClab], (6.4.2)

holds.
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(c) If feC*k [a,D] for an integer k € N, the convergence rate result
= Zifle< -0 " O =k 643)
holds, with, in particular,
I1f = 2 flle < b;a||f’||w, n=1.2,..., feCla,b. (6.4.4)
Proof. (a) If f € m,, then, since
f = flle =O0<If = Plle, P €y,

it follows from (6.4.1) and (6.1.1) that &) f = f.
(b) From (6.4.1) and (6.1.1), we deduce that

f = Ziflle <|lf = P2flle, n=12,..., feCla,b], (6.4.5)

with 28 : Cla,b] — m, denoting the Bernstein polynomial approximation operator, as de-
fined by (5.1.5). The uniform convergence result (6.4.2) is then an immediate consequence
of (6.4.5) and Theorem 3.3.3.

©If fe C! [a,b], it follows from (6.1.1), (6.4.1), (6.4.5) and (5.1.4), together with the
inequality (3.5.4) in Theorem 3.5.1, that

. « b—a
min [|f = Plle = |If = Ziflle <= Clf ]l n=1,2,00, (6.4.6)
(S n

which shows that (6.4.3) holds for k = 1, and is indeed precisely (6.4.4).

Proceeding inductively, suppose next that (6.4.3) is satisfied for a fixed integer k € N, and

let f € C*1[a,b]. Then f’ € C¥[a,b], and it follows from the inductive hypothesis (6.4.3),

with n replaced by n — 1, that

(n—1—k)
—_ 1)

!
(i 1) £ ) n=k+1,k+2,.... (647

W' = Zi ()l < (b—a)*
Now define
Ox):= | (Z5_1(f)(t)dr, (6.4.8)

according to which, since ZF | (f') € m,_1, we have Q € m,, and thus, by using also (6.1.1)
and (6.4.1),

o o B I B I o
1f = 3 fll = min||f = Pll.. = min [|f = (P+ Q)| = min||(f — Q) = Pll.. (6.4.9)
By applying (6.4.9), (6.4.6), (6.4.8) and (6.4.7), we deduce that, forn =k+1,k+2,...,

b— / / b— / * /
=2l <7 = Qlle=" I = 2 ()l
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<bfa (b—a)k(n flvc)

-1 !
(k-+1)

(bfa)k-H (n_ (k+ 1))! ||f(k+l)||m’

n!
that is, (6.4.3) is satisfied with k replaced by k + 1, and thereby completing our inductive
proof of (6.4.3). [ |
As an application of the uniform convergence result (6.4.2) in Theorem 6.4.1(b), and by
using also Theorem 5.3.1, we prove next the following weighted L> convergence property

of the best approximation operator @:’{

Theorem 6.4.2. For any bounded interval [a,b] and weight function w on |a,b)] such that
(4.2.8) and (4.2.9) hold, let {%‘ :n=0,1,...} denote the corresponding sequence of best
weighted L* approximation operators, as defined by (5.1.6). Then

f = P fllaw =0, n—soeo, feCla,bl, (6.4.10)

with the norm || - ||2,,» defined by (4.2.16).

Proof. Let f € Cla,b]. Then, from the defining property (4.2.23) of the polynomial @J;: f=

P7, we have, for any non-negative integer n,

1 = P fllaw <IIf = Zif |2, (6.4.11)

with & : Cla,b] — m, denoting the best uniform approximation operator defined by
(6.4.1), whereas also, from the inequality (5.3.2) in Theorem 5.3.1,

b
f = Zufllaw < \// w(x)dx ||f = P, flleo- (6.4.12)

It follows from (6.4.11) and (6.4.12), together with the uniform convergence result (6.4.2)
in Theorem 6.4.1(b), that

— b
f@ﬁhmé¢AW®WHféﬁﬂh%Qn%%

from which (6.4.10) then immediately follows. |
Let f € Cla,b], and observe from (6.4.1) and Theorem 6.2.3 that, according to the equi-
oscillation condition (6.2.1), (6.2.2), (6.2.3), there exists, for any non-negative integer n,
a sequence of n+ 1 distinct points {x,0,... %, } in [a,b], with x, j € (&1 7,8 j41), J =
0,...,n+ 1, where we have replaced &; by &, ; in (6.2.1), (6.2.2) and (6.2.3), such that

(Znf)(xnj) = fxn)), Jj=0,....n. (6.4.13)
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Hence, if we denote by ! : Cla,b] — m, the Lagrange polynomial interpolation opera-
tor with respect to the interpolation points {x,., ..., .}, it follows from (5.1.2) and the

uniqueness statement in Theorem 1.1.2 that
Pof =2 f, n=0,1,.... (6.4.14)

Hence we may apply the uniform convergence result (6.4.2) in Theorem 6.4.1(b), together
with (6.4.14), to deduce that

If = Ziflle =0, n—eo. (6.4.15)
We may therefore conclude that, for any f € Cla, b], there exists a sequence
ANy i=A{xn0,-- - Xnn} Ca,b], n=0,1,..., (6.4.16)

of (distinct) interpolation point sequences such that the uniform convergence condition
(6.4.15) is satisfied. On the other hand, as mentioned before in Section 3.1 of Chapter 3,
for any given sequence {4, : n=0,1,...} of (distinct) interpolation point sequences as in

(6.4.16), there exists a function f € C|a,b] such that the divergence result (3.1.71) holds.

6.5 An application in polynomial interpolation

In this section, we show how the convergence rate result (6.4.3) of Theorem 6.4.1(c), to-
gether with the Lebesgue inequality (5.3.11) in Theorem 5.3.3, may be applied to prove
uniform convergence for polynomial interpolation with respect to the Chebyshev interpo-
lation points (2.2.31), for a class of functions f which includes the Runge example (3.1.5)
in Example 3.1.3. We shall rely on the following properties of the first derivative of a

Chebyshev polynomial.

Theorem 6.5.1. For an integer j € N, let the Chebyshev polynomial T; be defined as in
(2.2.1), and denote by {tj; : k=0,...,j— 1} the zeros, as described in (2.2.15), (2.2.16)
and (2.2.17), of T;. Then:

(a)
T/(t;0) = (—1)7 7+ K . k=0, j—1; (6.5.1)
J\N sin (2 ]721j72k ﬂ)

(b)

TH(-1) = ()
(6.5.2)
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(©)

_ _ _ 2
max (7700 = [T/(=1)| = [T/(1) | = /. 6.53)

Proof. (a) By differentiating the formula (2.2.5), we obtain

i) = Jomlareeos x) gy 6.5.4
i) = TSUee (1.1 (654

Now observe that (2.2.16) yields

sin(jarccost; ) = sin ((2j— 1 —2k) ;T) = (=1 k=0,...,j-1, (6.5.5)

as well as

2j—1-2k
\/1—(rj,k)2:sin<] .y n), k=0,...,j—1. (6.5.6)
' J

The formula (6.5.1) is a consequence of (6.5.4), (6.5.5) and (6.5.6).
(b) In terms of the one-to-one mapping (2.2.11), (2.2.12) between the intervals [0, 7] and

[—1,1], the equation (6.5.4) has the equivalent formulation

/oy Jsin(j@)
Ti) =" 9 » 0€(0m) (6.5.7)
Now observe that
sin(io)] . [sin(jo) 1]
=Jjl me | = 6.5.8
9~>0+|: sin 6 :| ]95‘{)1 |: JQ 51r919 Js ( )

and similarly, since
sin(j(m—0)) = sin(jm)cos(jO) — cos(jm)sin(jO)
= (0)cos(jB) — (~1)/sin(j6) = (~1)/*'sin(j6),

we have

p [0 - oot [ b | s s

P

It follows from (6.5.7), (6.5.8) and (6.5.9), together with (2.2.11), (2.2.12), that (6.5.2) is
satisfied.

(¢) Since, for any integer m € N, and 6 € (0, ), we have

. | . .
s1n((rfz+ )0) _ sm.(m(-)) cos +cos(mb)| < sm.(me) I
sin 0 sin O sin 0
it follows inductively (see Exercise 6.13) that
in(m6
sin(m0) l <m, 6€(0,1), meN. (6.5.10)
sin 0
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We deduce from (6.5.7) and (6.5.10), together with (2.2.11), (2.2.12), that

T/(x)| < /% xe(=1,1). (6.5.11)
The result (6.5.3) is an immediate consequence of (6.5.11) and (6.5.2). |
By using Theorem 6.5.1, we proceed to establish the following bound on the Lebesgue con-

stant of the Lagrange polynomial interpolation operator for the case when the Chebyshev

interpolation points are used.

Theorem 6.5.2. For a bounded interval [a,b] and any integer n € N, let 2% : Cla,b] — m,
denote the Lagrange polynomial interpolation operator defined by (5.1.2), and where the

interpolation points are chosen as the Chebyshev interpolation points, that is,

xj=xS., j=0,...,n, (6.5.12)

n,j»
as defined by (2.2.31). Then the corresponding Lebesgue constant satisfies the bound
|| 2| < 2(n+1)2 (6.5.13)

Proof. By using the formula (5.2.14) of Theorem 5.2.4, as well as (1.2.1), (6.5.12), and
the one-to-one mapping (2.2.29), (2.2.30) between the intervals [—1, 1] and [a, b], together
with the definitions (2.2.31) and (2.2.16), we deduce that

n n x—x¢
P! = max mk
H n|| a<x<bj O];!I:[O C xs:z,k
n n
= max ZF Z [ r1n<at§lF, } (6.5.14)
j=0 Jj=0
where
n r—1,
Foj(t) = mbk (6.5.15)
k=0 Int1j T g1k
and with the sequence {#,14: k=0,...,n} defined as in (2.2.16).
Let j € {0,...,n} be fixed. It follows from (6.5.15) that
Fn,j(tn+l.k) = 5j—k7 k=0,...,n. (6.5.16)
Next, by noting from (2.2.9) in Theorem 2.2.1(f), together with (2.2.16), that
T (2) =2" H t—tag1 k) (6.5.17)
and thus
n
Tii () =2" TT (e —tas1), (6.5.18)

J#=0
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we deduce from (6.5.15), together with the formula (6.5.1) in Theorem 6.5.1(a), that, for

t € [=L1\{tus1,5},
sin (2";1::22'7 77:)
n+1

Tos1(2)
T —1Ipt1,)

1 Tn-&-l(t)
Ty () t—tatj

Tn+l(t)
t—1Int1,j

Fj(t) =

1
S n+1

Now observe that, fort € [—1, 1]\ {t11,j}
d [ Tys1(t) } _ (t = tn1 )T (1) = T (1)

dit [t—tyy1,) (t—tat1,))? 7
and thus
d | T4 (t T (2
w1 (1) =0 if and only if w1 (7) =T, ().
dt |t —tyhp1 I —lnt1,j
Next, we use (2.2.7), (2.2.16) and (2.2.17) to obtain
T (=1) | _ 1
1=ty | =1 —tyt1]
1 1
< =
| =1=tusrol  T4tasi0
B 1
1+cos (30 7)
_ 1 —cos(3757)
sin? (3,13 7)
2 2
S w2 (il T w2
sin (3,1,7)  sin (2(n+1))
and similarly,
‘ Tn+l(1) 1 — 1 < 2
L=ty = L—ty1n 1+tagip h Sinz(z(nil))

By applying (6.5.16), (6.5.19), (6.5.20), (6.5.21) and (6.5.22), we deduce that

2

1
max F, ;(r) <max{ 1 max |7, ()], )
(n+1)sin (2(’1’11))

i<l "n4+1 1<t
Now observe from (6.5.3) in Theorem 6.5.1(c) that

i1 G T =1

(6.5.19)

(6.5.20)

(6.5.21)

(6.5.22)

(6.5.23)

(6.5.24)
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Next, we note that the definition
G(x) :=sinx—
yields
G'(x) = cosx — 727: ;. G"(x) = —sinx,
and thus
G(0)=G(5)=0; G(0)=1-2>0;
G"(x) <0, x€(0,7],
according to which we may deduce that
G(x) >0, xec0,7],
that is,
sinx > 27:, xe[0,7].

Hence we may apply (6.5.25) to obtain

sin’ (Z(nij- 1)> > {727:2(117:— 1)]2 - (n—:l)z’

and thus
2

(n+1)sin? (2(’1’11))
It follows from (6.5.23), (6.5.24) and (6.5.26) that

<2(n+1).

(1) <
_max Fj(t) <2(n+1),

which, together with (6.5.14), yields the desired upper bound in (6.5.13).
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(6.5.25)

(6.5.26)

Finally, we combine the results of Theorem 6.5.2 and Theorem 6.4.1(c) to deduce the

following result by means of the Lebesgue inequality (5.3.11) in Theorem 5.3.3.

Theorem 6.5.3. Suppose f € C [a,D] for an integer k € N, and denote by e@,{ the Lagrange

polynomial interpolation operator of Theorem 6.5.2. Then:
(a)

If = Zifllee < (b—a)
(b) ifk =3, then

J1+2(n+1)3(n—k)
n!

If = Zaflle =0, n— oo,
with, in particular,

11/2
= Pl < (b—ap Y

n—2

N oo, n=3,4,....

D ptk
1|, n=kk+1,...; (6.5.27)

(6.5.28)

(6.5.29)
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Proof. (a) According to Theorem 5.3.3, the Lebesgue inequality (5.3.7) in Theorem 5.3.2
may be applied to the Lagrange polynomial interpolation operator @,ﬁ, as defined by
(5.1.2), and thus, by using also (6.5.13) in Theorem 6.5.2, as well as (6.4.3) in Theo-
rem 6.4.1(c), we obtain (6.5.27).

(b) If f € C¥[a,b] for an integer k > 3, then f € C3[a,b], and it follows from (6.5.27) that
S 1+2(n+1)2

nn—1)

The upper bound in (6.5.29) then follows by applying the inequality

1
IIf = PLf|l < (b—a) [ oo, n=3,4,.... (6.5.30)
n—2

1+2n+1)2< Ya(n—1), n=34,..., (6.5.31)

(see Exercise 6.14) in (6.5.30). Finally observe that (6.5.29) implies the uniform conver-
gence result (6.5.28).

|
Observe that the Runge example (3.1.5) in Example 3.1.3 satisfies f € C*[—5,5] for each
integer k > 3, so that (6.5.28) in Theorem 6.5.3(b) verifies our statement in Example 3.1.3
that

o)

12 b —0, n— oo

max
—5<x<5

if the Chebyshev interpolation points (3.1.69) are chosen.

6.6 Explicit computation for specific cases

Finally in this chapter, we provide examples of functions f € C|a,b] for which the corre-
sponding best uniform approximation &, f = P,/ can be computed explicitly.

First, for any non-negative integer n, let f € m,, that is,

n+1 .
flx)= Z cjx’! (6.6.1)
j=0
for some coefficient sequence {co,...,c,+1}. It follows from (6.6.1) that the error function
E*(x) == f(x) = B (x), (6.6.2)

with P} denoting the best uniform approximation on [a,b] from 7, to f, satisfies
E*(x) = cp1 X"+ 0% (x), (6.6.3)

for some polynomial Q* € m,.
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Now observe from Theorem 2.2.1(a), (c) and (d), together with the one-to-one mapping
(2.2.29), (2.2.30) between the intervals [—1, 1] and [a, b], that the polynomial

P(x) = cnsi (b;“)nﬂ Zln Tyt (biax— Zfz) (6.6.4)
satisfies
P(x) = cpp 1 X 4+ 0% (), (6.6.5)
for some polynomial é* € m,, and
ntl
pelle=lend (*53) 666
as well as, for the points
&= (bza)nH cos <n:_:_IJTE> — anrb7 j=0,....,n+1, (6.6.7)
a=& <& <---<&1=b, (6.6.8)
the conditions
IPENI=IPll=, j=0,....n+1, (6.6.9)
and
P(&j)=—P(js1), j=0,....n. (6.6.10)

By applying the characterisation result of Theorem 6.2.3, as well as the uniqueness result

of Theorem 6.3.1, we now deduce from (6.6.2) - (6.6.10) that we must have
E*(x) = f(x) — P;(x) = P(x), (6.6.11)

with the polynomial P defined by (6.6.4), from which we can solve for P (x) to obtain the
following results from (6.6.4) and (6.6.6).

Theorem 6.6.1. For a non-negative integer n, let f € m, 1, with leading coefficient ¢, in
the formulation (6.6.1). Then, for any bounded interval [a,b), the best uniform approxima-
tion on [a,b] from T, to f is given by the formula
b—a\""" 1 2 a+b
(25 f)(x) = Pi(x) = f(x) — cnt1 < 5 ) znT”“ <b—ax_b—a>7 (6.6.12)
with T,.+1 denoting the Chebyshev polynomial of degree n+ 1, as defined in (2.2.1). More-

over,

\ b—a\""" 1
1= 2inle=lonal ("37) 50 66.13)
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Observe from (6.6.12) and (6.6.13) that the case ¢, = 0 of Theorem 6.6.1, in which case

f € m,, is consistent with Theorem 6.4.1(a).

Example 6.6.1. For the case [a,b] = [0, 1], f(x) = x> and n = 1, it follows from (6.6.12)
and (2.2.2) that

(ZiH)0) =2 =13 1p@x— 1) —1]=x— |, (6.6.14)
with, moreover, from (6.6.13),
If=2iflle=1(1)"3 =1 (6.6.15)
Recall now, from (5.3.12), in Example 5.3.1, the Lebesgue inequality
1f = Piflls <20f = Zifllw, £ECIO,1], (6.6.16)

with @{ : C[0,1] — m; denoting the (linear) Lagrange polynomial interpolation operator
with respect to the interpolation points {xo,x; } = {0,1}.
For f(x) = x?, it follows that (2] f)(x) = x, and thus
ol _ 2 |11
If ﬁlf\\m—orgfgl\x x\—‘(z) 2‘ 4 (6.6.17)

It follows from (6.6.15) and (6.6.17) that the Lebesgue inequality (6.6.16) is satisfied as an
equation for the case f(x) = x2. Hence the inequality (6.6.16) is sharp, in the sense that the

constant 2 in the right hand side of (6.6.16) can not be replaced by a smaller constant.

Example 6.6.2. Let [a,b] = [0,2],

3
flx) = 1’ (6.6.18)
and n = 1, and set
(21 f)(x) =Pf(x) = —ax+ (6.6.19)

for some positive coefficients a and . Based on the characterisation result of Theo-
rem 6.2.3, and since (6.6.18) and (6.6.19) give

d 3

WO R == "o

according to which

d

o . L
dx(f(x)—Pl(x))—Oforx>01fand0nly1fx—\/a 1,

we choose

3
& =0; 51:\/ —1; & =2, (6.6.20)
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and, with the notation
h:=If =21 f|l-, (6.6.21)

proceed to solve for ¢, B and i from the system
f(8o) = Pi(Go) = h
f&)—Pf(&1)=—h ¢, (6.6.22)
f(&)—P (&) =h

which, from (6.6.18) and (6.6.19), is equivalent to the non-linear system

3-B = h
2V3a—a—B=—h . (6.6.23)
14+20—- = h

It follows from the first and third equations in (6.6.23) that & = 1, which, when substituted
into the second equation of (6.6.23), yields

2V3—-1-B=—h. (6.6.24)

It then follows from the first equation of (6.6.23), together with (6.6.24), that § = 1 + V3
and h =2 — /3. Hence

(21 )(x) =P (x) = —x+ (1+V3),
with, moreover, from (6.6.21),
If = 25 flle =2-V3,

since we can now verify that the sequence {&, &1, &} = {0,4/3 — 1,2} and the polynomial
2] f then does indeed satisfy the required equi-oscillation property (6.2.1), (6.2.2), (6.2.3).
|

Next, we consider a case where f is a continuous piecewise linear function, as follows:
Example 6.6.3. Let [a,b] = [—1,2],

fx) =1« (6.6.25)
and n = 2, and set

(251)(x) = P5(x) = ox® + Bx+ 7, (6.6.26)



122 Mathematics of Approximation

for some coefficients ¢, § and y such that @ > 0,8 < 1 and y > 0. Based on the character-
isation result of Theorem 6.2.3, and since (6.6.25) and (6.6.26) give, for x > 0,
d 1-—
dx [f(x) — Py (x)] =0if and only if x = 2aﬁ ,
we choose
&=-1; &=0; gfl_ﬁ- & =2 (6.6.27)
0 — ’ 1=Y 2 = 20{ ’ 3= <« M
and, with the notation
h:=|f =23 fll-, (6.6.28)
proceed to solve for o, B,y and & from the system

f(&) = P5(8o) = h
F(&) =P3(&1) = —h

, (6.6.29)
(&) =P(&)= h
J(&3)—P3(83) = —h
which, from (6.6.25) and (6.6.26), is equivalent to the non-linear system
l-a+p—7vy = h
(6.6.30)
=B _ o (1=BY _BU-B)_ _
2a 2a 2a
2—40-2B—7vy =—h

It follows from the second and fourth equations of (6.6.30) that 8 = 1 — 2¢, and thus also
(1-B)/(2a) = 1, which, together with the second and third equations of (6.6.30), gives
o = 2h, and thus B = 1 —4h. By substituting these values of o and 3, together with
Y = h, into the first equation of (6.6.30), we obtain h = 31, from which it then follows that
o= é,ﬁ =0and y= }1. Hence, from (6.6.26),

(Z5N)x) = 322+,
with, moreover, from (6.6.28),
1f = P5fllee = 4
since we can now verify that the sequence {&p,&1,&,&} ={—1,0,1,2} and the polyno-
mial &7 f then does indeed satisfy the required equi-oscillation property (6.2.1), (6.2.2),

(6.2.3).
[
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Example 6.6.4. Let [a,b] = [—7, 7] and f(x) = sin(4x). Since then ||f]| = 1, with f(x)
attaining the values 1 and —1 with alternating sign at precisely 8 successive, and strictly
increasing, points in (—, ), we deduce from Theorem 6.2.3 that &2 f is the zero polyno-
mial if and only if n € {0,...,6}. |

Example 6.6.5. Let [a,b] = [—1,2], f(x) = 2x> —x and n = 2. An application of the for-
mula (6.6.12) in Theorem 6.6.1, together with (2.2.2), then yields

(Z50)() =P () =27 3~ 2(3)°} [4<2x3_1>33<2x3_1)}

1
= 16(48x2+ 14x —23),

with, moreover, from (6.6.13),

I =25fl-=2(3) i =% -
In general, it is not possible, for an arbitrary choice of f € C[a,b], to explicitly compute
the best uniform polynomial approximation &2 f on [a,b] from 7, to f, as in the examples
provided in this section. In such cases iterative methods like the exchange algorithm, or
Remez algorithm, the presentation of which is outside the scope of this book, can be applied

to approximate &7y f arbitrarily well within a finite number of iterations.

6.7 Exercises

Exercise 6.1 Investigate whether it is true or false that the polynomial
9

P*(x):=(e—1)x+ 10

satisfies the best approximation condition

max |¢" —P*(x)| < max |¢* —P(x)|, Pem.
0<x<1 0<x<1

[Hint: Consider first the applicability of Theorem 6.1.1.]

Exercise 6.2 In the proof of Theorem 6.2.1, show that the case

f(G0) =P (80) = =IIf = P"[l»
also yields the contradiction that R is the zero polynomial.
Exercise 6.3 In the proof of Theorem 6.2.2, show that the case I} € M~ also yields the
inequality (6.2.41).
Exercise 6.4 In the proof of Theorem 6.3.1, show that the case (6.3.13) also yields the
result (6.3.12).
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Exercise 6.5 Suppose f € C[—a,a], where a > 0, and, for any non-negative integer n,
denote by P; the best uniform polynomial approximation on [—a,a] from 7, to f. Prove

that:

(a) If f is an even function, then P, is an even polynomial;

(b) If f is an odd function, then P is an odd polynomial.

[Hint: Apply the uniqueness result of Theorem 6.3.1.]

Exercise 6.6 For the function
f(x)=In(x+2), x€l0,2],
calculate the linear polynomial &} f, with &7} : C[0,2] — m; denoting the best uniform

linear polynomial approximation operator on the interval [0,2]. Compute also the corre-
sponding minimum value [|f — 2] f]|., and verify that
* 4
If = Z1fllee < [Eq]]ees
with ||E! || evaluated as in both Exercise 2.2 and Exercise 2.6.
Exercise 6.7 Calculate the following minimum values, as well as the corresponding optimal
linear polynomials P} € 7;:
—Px)[; b P
(a) min max |¢* — P(x)| (b) min max, |[Vx—P(x)].
Also, verify that the result for (a) is consistent with the conclusion in Exercise 6.1.

Exercise 6.8 Find the minimum value

min  max |x° 4 ax+ B,
o, feR 0<x<1

as well as the corresponding optimal values of o and f3.
Exercise 6.9 Find the best uniform polynomial approximation P; on [—1,2] from 74 to the

function

f) =2x+1)(2x—1)(x-2), xe[-1,2],
as well as the corresponding minimum value.
[Hint: Consider first the applicability of Theorem 6.6.1.]
Exercise 6.10 Apply Example 6.6.1 to verify the polynomial Py, in Exercise 4.6.
Exercise 6.11 Find the best uniform polynomial approximation P5 on [—2,2] from 7, to
the function

f(x) = |x+ 1|7 X € [_2:2]7

as well as the corresponding minimum value || f — Py||e, With || - || denoting the maximum

norm on [—2,2].
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Exercise 6.12 Let 7; denote the Chebyshev polynomial of degree j € N. Prove that the best
uniform polynomial approximation P,f, j from m, to 7; with respect to the interval [—1,1]

satisfies
P, ;is the zero polynomial < n € {0,...,j—1}.

Exercise 6.13 Provide the details of the inductive proof of the inequality (6.5.10).
Exercise 6.14 Prove the inequality (6.5.31).

Exercise 6.15 For n € N, denote by 2! the Lagrange polynomial interpolation operator
with respect to the Chebyshev interpolation points {x$,... ,xf",,} for the interval [0, 10], as
obtained from (2.2.31), and let ’

f(x) =In(x+2), x€]0,10].

(a) Apply Theorem 6.5.2 to deduce the uniform convergence result
If = Piflle =0, n—soo, (+)
with || - || denoting the maximum norm on [0, 10].
(b) Verity that the interpolation error estimate (2.2.36) in Theorem 2.2.4 does not yield the

uniform convergence result () in (a).



Chapter 7

Orthogonality

For f € C[a,b] and any non-negative integer n, the best weighted L? polynomial approxi-

mation % f= P*, as considered in Theorem 4.2.6 and (5.1.6), satisfies the condition

Hf_‘@;f”ng Hf_PHZ,Wv Pemy,

or equivalently,

¢ / — (T2 ) 2dx<¢ / (OLf(x) — P@)Pdx, Pem,

where w denotes any weight function on [a, b] that satisfies the conditions (4.2.8), (4.2.9). In
this chapter, we derive a full characterisation of ﬁ; in terms of the orthogonality property in
the general inner product setting, and study the special case of best weighted L? polynomial

approximation % f= ﬁ,:‘ .

7.1 The fundamental characterising condition

Let (X,(-,-)) denote any inner product space. If f,g € X satisfy the condition (f,g) = 0,
we say that f and g are orthogonal with respect to the inner product (-,-), and we write
f L g. Observe from (4.2.6) that the zero element 0 of X is orthogonal to each f € X.

For f € X and a subset Y of X, if it holds that

(f.g) =0, gev,

we say that f is orthogonal to Y, and write f 1 Y.
Consider the Euclidean inner product space (R, (-,-)) and its corresponding normed lin-
ear space (R",|| - ||g), as defined in, respectively, Examples 4.1.1 and 4.2.1. Let A denote

the one-dimensional subspace of R? consisting of all the points on a straight line through

127
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the origin 0 = (0,0). Then, for any x € R?\ A, we may apply Theorem 4.1.1 and Theo-

rem 4.2.5 to deduce the existence of a unique point x* € A such that
Ix=x*[e <|Ix—ylle, yeA. (7.1.1)

It is geometrically evident that x* is uniquely characterised by the orthogonality condition
x —x* 1 A, that is, from (4.2.7),

(x—x")-y=0, yecA. (7.1.2)

Our following result shows that the characterisation property (7.1.2) of best approximation

in (R?,||-||z) generalizes to all inner product spaces.

Theorem 7.1.1. For an inner product space (X,{-,-)), let f € X, and suppose A C X is an
approximation set such that A is a subspace of X. Then f* € A is a best approximation
Sfrom A to f with respect to the norm || - || defined by (4.2.15), if and only if f — f* L A, that

is,
(f—r"8) =0, geA. (7.1.3)

Proof. Suppose f* € A satisfies the orthogonality condition (7.1.3), and let g € A. By using
(4.2.15), (4.2.3) and (4.2.5), we obtain

W =glP=(f - )+ -9l
=|f=fP+20 = =)+ -l (7.1.4)

Since A is a subspace of X, it follows that f* — g € A, according to which (7.1.3) yields

(f=ff —g=0. (7.1.5)
By substituting (7.1.5) into (7.1.4), we obtain
1f=glP=If = FIP+ I =gl (7.1.6)

We deduce from (7.1.6) and (4.1.2) that f* satisfies the condition

and thus f* is the (unique, in accordance also with Theorem 4.2.4) best approximation
from A to f with respect to the norm || - || defined by (4.2.15).

Conversely, suppose f* € A satisfies the best approximation condition

Wf=r<Ilf—gll, ge€A. (7.1.8)
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If f € A, then f* = f, and thus, from (4.2.6),

<f_f*7g>:<07g>:07 geAa

which shows that (7.1.3) holds for this case.
Suppose next f € A, so that f* # f, and thus, from (4.1.1) and (4.1.2), || f — f*|| > 0. Using
a proof by contradiction, we proceed to prove that if the condition (7.1.3) is not satisfied

then there exists an element g* € A such that

0<Ilf =gl <Ilf = £l (7.1.9)

which contradicts (7.1.8), and would thereby conclude our proof.

Suppose therefore that (7.1.3) does not hold, that is, there exists an element # € A such that

0:=(f—f"h)#0, (7.1.10)
and let the function #: R — R be defined by

u(Ad):==||f = (f* +AR)|]>, AeR. (7.1.11)

By using (7.1.11), (4.2.15), (4.2.3), (4.2.4) and (4.2.5), we deduce that
u(A) =((f =f") = A, (f = f7) = Ah)
= (1f = 1P =240 = f* h) + 22 |hl [ = (|| PA% = 284+ |If — 1|1,
(7.1.12)

from (7.1.10). Since also (7.1.10) and (4.2.6) imply /4 # 0, so that (4.1.2) yields ||A||> > 0,

we deduce from (7.1.12) that u is a quadratic polynomial in A, with minimum value

5 ) , &
u —\lf=FIr- . (7.1.13)
(||h||2 == g
Now define
o
o= 1.14
&= (7.1.14)

according to which, since A is a subspace of X, we have g* € A. Moreover, it follows from
(7.1.14),(7.1.11) and (7.1.13) that
§2
0<lf —&l= \/|f—f*||2— e <1
which yields (7.1.9), as required. |
We next deduce the following Pythagoras rule for inner product spaces from Theorem 7.1.1

and its proof.
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Theorem 7.1.2. For a normed linear space (X,||-||) as in Theorem 4.2.2, let f € X, and
suppose A C X is an approximation set such that A is a subspace of X, and such that there
exists a best approximation f* from A to f with respect to the norm || - || defined by (4.2.15).
Then

f =gl =I1f =P+ —gl?, geA, (7.1.15)

with, in particular,
AP = [1f = £ 1P+ 111 (7.1.16)

Proof. Let f* € A be such that the best approximation condition (7.1.8) is satisfied. It
follows from Theorem 7.1.1 that f* satisfies the orthogonality condition (7.1.3). Hence we
may follow the steps in the first part of the proof of Theorem 7.1.1 to deduce (7.1.6), which
is precisely (7.1.15).

Since A is a subspace of X, we know that the zero element 0 belongs to A, so that we may
set g =0in (7.1.15) to obtain (7.1.16). |
We proceed to show how the results of Theorem 7.1.1 and Theorem 7.1.2 may be applied to
prove the following properties of the best approximation operator with respect to the norm

generated by an inner product space as in Theorem 4.2.2.

Theorem 7.1.3. For a normed linear space (X, || -||) as in Theorem 4.2.2, let A C X be an
approximation set such that A is a subspace of X, and such that, for each f € X, there exists
a (unique, according to Theorem 4.2.4) best approximation f* from A to f with respect to
the norm || - || defined by (4.2.15). Then the corresponding best approximation operator
/" . X — A defined by

A f=f" feX, (7.1.17)

satisfies the following:
(a) &* is linear;
(b) &7* is exact on A;

(¢) &7* is bounded, with corresponding operator norm
[l = 1. (7.1.18)
Proof. (a) Forany f,f € X and A, 1 € R, define

hi=Af+uf o b= A )+ (), (7.1.19)
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so that, since A is a subspace of X, and &* : X — A, we have h* € A. It then follows from
(7.1.19), (4.2.3) and (4.2.4), together with Theorem 7.1.1, that, for any g € A,

(h=h",g) = (A(f — " f)+1(f— " [),g)
=AMf—"f.8)+ulf— " f,8) =0+0=0,
and thus, again from Theorem 7.1.1,
h = .a/*h,

that is, from (7.1.19),

M f)+ (" f) = " (Af + p1f),

according to which .&7* satisfies the characterising property (5.1.8) of linearity for approx-
imation operators.

(b) If f € A, then (4.2.1) and (4.2.2) yield

If=fll=0<|lf—2ll, g€A,
and it follows that
g f=Ff, fEA, (7.1.20)

that is, .7 * is exact on A.
(c) Let f € X, with f # 0. By applying (7.1.17) and (7.1.16), we obtain

L fll = \/Hsz, f === fII* < If1l,
and thus
ler sl _ |
[ —
according to which {||.7* f||/||f|| : f€X, f # 0} is abounded set, that is, &/ * is bounded.
Moreover, the operator norm definition (5.2.2), together with (7.1.21), yields

(7.1.21)

||« < 1. (7.1.22)
By applying also (7.1.20) and Theorem 5.2.1, we deduce that

L > 1,
which, together with (7.1.22), then gives the desired result (7.1.18). |
Note from (7.1.18) and Theorem 5.2.1 that, subject to the constraint of exactness on a non-

trivial subset of X, the best approximation operator «/* of Theorem 7.1.3 possesses the

favourable property of having the optimally small operator norm value of one.
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The choices (X, ||-||) = (Cla,b], || - ||2.») and A = , in Theorem 7.1.3 yield .o/ = %, as
defined by (5.1.6), from which we immediately deduce the following result, the first part

of which extends Theorem 5.1.1(a).

Theorem 7.1.4. For any bounded interval |a,b] and non-negative integer n, the best

weighted L* approximation operator % : Cla,b] — m,, as defined by (5.1.6), satisfies:

(a) ,ﬁ,’[ is linear;

(b) éﬂz’{ is bounded, with corresponding Lebesgue constant
25 2 = 1. (7.1.23)

The following formulations of the approximation error in the context of Theorem 7.1.2 are

useful in applications.

Theorem 7.1.5. In Theorem 7.1.2, the corresponding approximaton error satisfies

Wf = £l =V f =), (7.1.24)

and

Hf*f*\l:\/Ilf\lzfllf*H? (7.1.25)

Proof. Let f € X. It follows from (4.2.15), (4.2.3), (4.2.4) and (4.2.5) that

1 =FIP === = =)= = 1)
=L f=F) = =10 (7.1.26)
Since f* € A, it follows from Theorem 7.1.1 that
(=150
which, together with (7.1.26), then implies (7.1.24). Finally, we note that (7.1.25) is an

0,

immediate consequence of (7.1.16) in Theorem 7.1.2. |

7.2 The Gram matrix

Let (X,|| -||) denote a normed linear space as in Theorem 4.2.2, that is, with norm || - ||
generated by an inner product as in (4.2.15), and suppose A C X is an approximation set
such that A is a finite-dimensional subspace of X, with dim(A) = d € N. As was done in
Theorem 4.2.5, it follows from Theorem 4.1.1 and Theorem 4.2.4 that we may define, as

in Theorem 7.1.3, the corresponding best approximation operator «7* : X — A by means
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of (7.1.17). We proceed to demonstrate how an application of the characterisation result

of Theorem 7.1.1 yields, for any f € X, a matrix-inversion method for the construction of
o f.
We shall rely on the following result.
Theorem 7.2.1. For an inner product space (X, (-,-)), suppose A is a finite-dimensional
subspace of X, with dim(A) =d € N. Let f € X, and suppose {f1,...,f4} is a basis for A.
Then f L A, that is,
(f.8)=0, ge€A, (7.2.1)

if and only if

(f.fi)=0, j=1,....d. (7.2.2)

Proof. Suppose (7.2.1) holds. Since f; € A,j = 1,...,d, it then follows that (7.2.2) is
satisfied.

Conversely, suppose (7.2.2) holds, and let g € A. Since {fj,...,fs} is a basis for A4, it
follows that

d
g=Y cifi (7.2.3)
j=1

for some coefficient sequence {c,...,cs} C R. By applying (7.2.3), (4.2.3), (4.2.4) and
(7.2.2), we obtain

d
Z f f] =
that is, (7.2.1) is satisfied. [ |
For any basis {f1,...,fs} of A, as in Theorem 7.2.1, there exists a unique coefficient se-
quence {c7,...,c;} C R such that
d
Af =Y cife (7.2.4)
k=1

Moreover, Theorem 7.1.1 shows that f — o7*f L A, which, according to (7.2.4), together

with Theorem 7.2.1, is equivalent to
d
<f_z(’sz7f]>:07 jzlv"'7d7
k=1
or equivalently, from (4.2.3), (4.2.4) and (4.2.5),

Z fisfiver = (ffi), Jj=1,....d. (7.2.5)
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Hence ¢* := (c},...,c}) is the unique solution in RY of the linear system
Ge* =f, (7.2.6)

where G is the d x d matrix

(fi, 1) (fiof2) - (s fa)

G:= <f27f1> <f27f2> <f27fd> 5 (727)

(fa, 1) fafo) -+ (fas fa)

and with f € R? denoting the (column) vector

£=[(f, /1), (f S (7.2.8)

The matrix G in (7.2.7) is called the Gram matrix corresponding to the sequence
{f1,---,fa}- Note from (7.2.7) and (4.2.5) that G is a symmetrix matrix.

Since the d x d linear system (7.2.6) is uniquely solved by ¢* = (c7,...,c}), a standard
result from linear algebra implies that the Gram matrix G in (7.2.7) is invertible, which,

together with (7.2.4), then yields the following formulation of the best approximation o7 f.

Theorem 7.2.2. For a normed linear space (X,||-||) as in Theorem 4.2.2, let A C X be an
approximation set such that A is a finite-dimensional subspace of X, with dim(A) =d € N.
Also, denote by {f1,..., f4} any basis for A, and let the best approximation operator </* :
X — A, with respect to the norm defined by (4.2.15), be given by (7.1.17) in Theorem 7.1.3.
Then the Gram matrix G , as given by (7.2.7), is invertible, and

d
Ff=Y (G 'D)f;, fEX, (7.2.9)
j=1
where the (column) vector f € R? is defined by (7.2.8).

An advantage of best approximation from a finite-dimensional subspace A of X with respect
to a norm generated by an inner product as in (4.2.15), is that the system (7.2.6) to be
solved is a linear one, whereas the use of specifically the maximum norm was shown in

Examples 6.6.2 and 6.6.3 to depend on solving non-linear systems.

Example 7.2.1. Consider the case where, in Theorem 7.2.2, we choose X = C[0,1], || -|| =
|2 as in (4.2.17), A = my, {f1,fo} = {1,x} and f(x) = x>. Observe that here o7* =
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f?z* : Cla,b] — my, as defined in (5.1.6). By using (4.2.12) and (4.2.5), we obtain the inner

products
U= [ = [ ax=1;
1 1
fiofa= [ (D@dx= [ xdx=1:
(fas fi)2 = (fi,a)2 =

(o= [ W= [ =13,

which can be substituted into (7.2.7) to give the Gram matrix

1
G= (7.2.10)
11
23
Also, from (4.2.12),
1 1
i fid / dx_/xzdx:;;
01 01
o= [0 wdr = [ Pax =}
0 0
which, together with (7.2.8), yield
1
3
f= (7.2.11)
1
4
From (7.2.10) we now calculate the inverse matrix
4 -6
Gl= . (7.2.12)
-6 12
It follows from (7.2.12) and (7.2.11) that
4-6| |1 -1
G lf= =] . (7.2.13)
1
-6 12 4 1
Finally, we use (7.2.13) in the formula (7.2.9) to obtain
(Pif)(x) ==L +x. (7.2.14)

To compute the corresponding best approximation error, it is convenient to use the formula
(7.1.24), together with (4.2.12), according to which

f—@Wm:¢UJ—@ﬁh=¢ffh%%w%ﬂw
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!
4 3,12 R 1
_\//0 (i _x+6x)dx:\/5_4+18:6\/5'

(7.2.15)
(]

It is interesting to compare the two best approximation polynomials & f and @J;‘ f from
Examples 6.6.1 and 7.2.1, as given, according to (6.6.14) and (7.2.14), by

(Zif)x) =x=1 5 (Pif)x)=x—1. (7.2.16)

According to the formula (7.2.9) in Theorem 7.2.2, the calculation of the best approxima-
tion «7* f involves the computation of the inverse G~ of the Gram matrix G, as given in
(7.2.7). We proceed in the next section to show that it is always possible to choose a basis
{fi,--.,fs} for A such that G is a diagonal matrix, in which case the calculation of the

inverse matrix G~! is trivial.

7.3 Orthogonal bases

For an inner product space (X, (-,-)), let A C X denote a finite-dimensional subspace of X,
with dim(A) = d € N. If, for d > 2, a basis {f1,..., fs} of A satisfies the condition
fi L fr, Jk=1,....d, j #k,
that is, (7.3.1)
(fi, fi) =0, j,k=1,....d, j #k,
we say that {f1,...,fs} is an orthogonal basis for A, in which case it follows that the

corresponding Gram matrix G in (7.2.7) is a diagonal matrix, with inverse

- 1 —_
O --- 0
A2
1
0 - 0
2112
Gl= ; (7.3.2)
1
0 0
L [ fal]?

in terms of the norm || - || defined by (4.2.15). If d = 1, any non-zero element f; € A yields
the orthogonal basis {f;} of the one-dimensional subspace A of X, and G listhe I x1
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matrix given by [||f1||7%]. Hence, for the case where, in Theorem 7.2.2, {fi,...,fs} is an
orthogonal basis for A, the following explicit formulation for o7~ f is a direct consequence
of (7.2.9), (7.3.2) and (7.2.8).

Theorem 7.3.1. In Theorem 7.2.2, suppose that {f1,..., fs} is an orthogonal basis for A.
Then

A f = Z H’;ﬂg fi, feX. (7.3.3)
J

We proceed to show that, for any finite-dimensional subspace A of an inner product space
(X, (-,-)), there exists an orthogonal basis for A. We shall rely on the following preliminary

result.

Theorem 7.3.2. For an inner product space (X, {-,-)), suppose { fi,...,fa} CX, withd >
2, is a sequence such that the orthogonality condition (7.3.1) is satisfied, and f; # 0, j =
d. Then {f1,...,fs} is a linearly independent set.

Proof. Let the coefficient sequence {cy,...,c,} be such that
d
Y cifi=o. (7.3.4)
=1

For any integer k € {1,...,d}, it follows from (7.3.4), (4.2.6), (4.2.3), (4.2.4) and (7.3.1)
that

d d
= <chfjafk> =Y cilfifi) = alf fo),
=1 =1

and thus, since also f; # 0, so that (4.2.2) implies (f%, fi) # 0, we have ¢, = 0. Hence
c;j=0,j=1,...,d, which completes our proof. |
For any inner product space (X, (-,-)), let A C X denote a finite-dimensional subspace of
X, with dim(A) = d > 2, and suppose {g1,...,84} is any basis for A. We proceed to

show how the results of Theorems 7.3.1 and 7.3.2 can be applied to explicitly construct

from {gy,...,84}, by means of a recursive method called the Gram-Schmidt procedure, an
orthogonal basis {f1,..., f4} for A.
Since {g1,...,84} is a basis for A, we know that {g,...,g,} is a linearly independent set,

and thus {gy,...,g;} is a linearly independent set for any j € {1,...,d}. Hence, if we
define

Aj:=span{gi,...,&;}, Jj=1,....d, (7.3.5)
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it follows that
dim(A;)=j, j=1,....d, (7.3.6)

and, foreach j=1,...,d, {gi,...,g;} is a basis for A ;. Moreover, the definition (7.3.5)
implies the nesting property

AjCAjpr, j=1,...,d—1, (7.3.7)

as well as
Ay =span{gy,...,gq} =A. (7.3.8)

Moreover,
gi¢Aj-1, J=2,....d, (7.3.9)

since if not, that is g; € Aj_; for some integer j € {2,...,d}, then, according to (7.3.5), g;

is a linear combination of the sequence {g1,...,g;—1}, which contradicts the linear inde-
pendence of the sequence {g1,...,8;}-
Now define

fii=2g1, (7.3.10)

which, together with (7.3.5) and (7.3.6), implies that {f;} is an orthogonal basis for the
one-dimensional space Aj. By applying the formula (7.3.3) in Theorem 7.3.1, we deduce
that the (unique) best approximation f;" from A; to g», with respect to the norm || - || in
(4.2.15), is given by

* <g27f]>
fl ||f1||2 fl ( )

with, moreover, from Theorem 7.1.1,
(2= /1 8) =0, geA,
and thus
(e2= 11, /1) =0. (7.3.12)
Let
h=g—f (7.3.13)
according to which (7.3.12) gives

(f2, f1) =0. (7.3.14)
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Observe that f> # 0, since if not, then (7.3.13) yields g» = f{" € Ay, which contradicts
(7.3.9). Also, fi # 0, as follows from (7.3.10), together with the fact that g; # 0, since
{g1,-..,8a4} is a basis for A. Hence, since the orthogonality condition (7.3.14) is satisfied,
with, moreover, f; # 0 and f; # 0, we may apply Theorem 7.3.2 to deduce that {f1, f>} isa
linearly independent set. Since, moreover, { f1, >} C A, as follows from (7.3.10), (7.3.13),
(7.3.11) and (7.3.5), and since also dim(A;) = 2, from (7.3.6), a standard result from linear
algebra implies that { f1, f>} is a basis for A;. Hence the definitions (7.3.10) and (7.3.13)
have yielded an orthogonal basis { f1, f2} for A, and thus

Ay = span{fi, fa}. (7.3.15)

Also,
freAr\ Ay, (7.3.16)
since the assumption f> € A} = span{f;} contradicts the linear independence of the set

{f1,/2}. Moreover, the orthogonality condition
£ LA, (7.3.17)

is satisfied, by virtue of (7.3.14), together with the fact that A| = span{f }.

If d > 3, we continue similarly, by first deducing from the fact that { f1, f2 } is an orthogonal
basis for A, together with (7.3.3) in Theorem 7.3.1, that the best approximation f; from
Aj to g3, with respect to the norm || - || defined by (4.2.15), is given by

(g3./1) (83,/2)

B A e 7319
with, moreover, from Theorem 7.1.1,
(63— 11.8) =0, g€A,
according to which the definition
f=g—f, (7.3.19)
together with (7.3.15), yields
(f3:/1)=0 5 (5, /2) =0. (7.3.20)

Also, f3 # 0, for if not, then (7.3.19) yields g3 = f; € Ao, from (7.3.18) and (7.3.15), which
contradicts (7.3.9). Hence, from (7.3.20) and (7.3.14), we have

<fjafk>:07 jvk:13273; j#k7 (7321)
with also f; # 0,j = 1,2,3, so that we may appeal to Theorem 7.3.2 to deduce that

{f1,f2,/3} is a linearly independent set. Moreover, since f3 € As, as follows from
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(7.3.19), (7.3.5), (7.3.18) and (7.3.15), together with A, C A3, as given in (7.3.7), with
also {f1,/2} C Ay C As, from (7.3.15), and dim(A3) = 3, from (7.3.6), it follows that
{f1,/2,/3} is a basis for A;. Hence the definitions (7.3.19), (7.3.13) and (7.3.10) have
yielded an orthogonal basis {f1, f2, f3 } for Az, and thus

Az = span{fi, f2, f3}- (7.3.22)
Also,
f3 €A3\ Ay, (7.3.23)

since the assumption f3 € Ay = span{f1, f2}, as in (7.3.15), contradicts the linear indepen-
dence of the set {f1, f2, f3}. Also (7.3.20), together with (7.3.14) and (7.3.15), implies the

orthogonality condition
f3 LAy (7.3.24)

Repeated applications ford > 4, d > 5, ..., of the above procedure establish the following
result, as based on (7.3.5)—(7.3.24).

Theorem 7.3.3. (Gram-Schmidt procedure) For any inner product space (X,{-,-)), let A

denote a finite-dimensional subspace of X, with dim(A) = d > 2. Suppose, moreover, that

{81,---,8a4} is a basis for A, and let
Aj:= span{gi,...,g;}, Jj=1,....d. (7.3.25)
Then the sequence {f1,..., f4} defined recursively by

fi =g

-1 (7.3.26)
fj = g172<ﬁ}-"‘f“k2>fka j:27"'7d7
k=1 1l/k

with || - || denoting the norm defined by (4.2.15), satisfies the following:
(a)
Ala lf J: 15
fi€ (7.3.27)
A\Aj_1, if j=2,....d.
(b)
filAiy, j=2,....d. (7.3.28)
(c) For j=1,...,d, the sequence {fi,...,fj} is an orthogonal basis for A;.
(d) The sequence {fi,...,fs} is an orthogonal basis for A.
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Hence the Gram-Schmidt procedure (7.3.26) uses any basis {gi,...,g4} of a finite-

dimensional subspace A of an inner product space (X, (-,-)) to recursively construct an

orthogonal basis {f1,..., fy} of A, and thereby proving the existence of an orthogonal ba-

sis for any such finite-dimensional subspace A of X.

Example 7.3.1. In Theorem 7.3.3, choose X = C[0,1],||- || = || - ||2, as given in (4.2.17),
A=, sothatd = 3, and {g,g2,83} = {1,x,x*}. By applying the first line in the Gram-

Schmidt procedure (7.3.26), we obtain

f] ()C) =1.

Next, we apply (4.2.12) and (4.2.17) to calculate
1

(2.2 = [ W= [Laar=1,

0
and

(illay = [ (1Pax= [ ax=1,

and thus, from the second line of (7.3.26),

By using again (4.2.12) and (4.2.17), we obtain

1 1
(gafi)a= [ (@)(0dx= [ Pdx=1;
1 1
(g3,f2>2:/0 (xz)(xfé)dx:/o (= 2% dx =y — g = 1

1 ) 1
(Wl = [ =3 dx= [ (2 - )=}~ J+ 4= b,
and thus, from (7.3.26),
1/3 1/12
o) =2 =P ()= )5 (= 3) =2 = J = (x—}) =2 —x .
It follows from Theorem 7.3.3 that

{fi.f2} ={1,x=}}

is an orthogonal basis for 7;, whereas

{fi.fo. iy ={lx= 3.2 —x+ ¢}

(7.3.29)

(7.3.30)

is an orthogonal basis for 7, with respect to the L norm || - ||, on the interval [0, 1].
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Hence we may use the orthogonal basis (7.3.29) to calculate, for f(x) = x?, the best ap-
proximation éil* f of Example 7.2.1 by means of the formula (7.3.3) of Theorem 7.3.1 .
Since (4.2.12) and (7.3.29) yield the inner products

1 1
o= [ D 0dx= [ Pae= s

1 1
opa= [ () (= )dr= [ (P =) dx= |-} =1,
we may apply (7.3.3) and (7.3.29) to obtain
(ZINE) = "T M+ (= 3) = 1+ (= 3) =2
which agrees with (7.2.14) in Example 7.2.1. |

Next we prove, analogously to Theorem 7.1.5, a formulation of the approximation error

||f — <7*f]] in terms of an orthogonal basis.

Theorem 7.3.4. In Theorem 7.3.1, the corresponding approximation error satisfies

d A2
lr—ersil == £ [ 2] rex (.33
=1

Proof. Let f € X. By applying (4.2.15), the formula (7.3.3) in Theorem 7.3.1, as well as
(4.2.3) and (4.2.4), and finally (7.3.1), we obtain

. LA f5) (f, fr) LAF ) NS (fofe)
o 2: J . J
Ll <§||f, 1oL s = Lie | & e

LAf. 1) {<f J7)
=) i | <f-,f->}

= Lisie Lige

d

Z { ﬁfﬁ } (7.3.32)

=1 J
The formula (7.3.31) is then an immediate consequence of (7.1.25) in Theorem 7.1.5, as
well as (7.1.17) in Theorem 7.1.3, together with (7.3.32). |

Example 7.3.2. As in Examples 7.2.1 and 7.3.1, let f(x) = x°. Then, by using (4.2.17), we
obtain

(12 = [ W= [ av=3,
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whereas, from the calculations in Example 7.3.1,

{(.ﬁﬂ)z]z _ [1/3}2 1.

| f1l]2 ! o
(f, fa)2 27 { 1/12 }27 1
Al | Lyveel 12

and it follows from (7.3.31) that

1F =Pt =5 =5y = e
which agrees with (7.2.15) in Example 7.2.1. |
Finally in this section, we prove that the orthogonal basis { f1,..., fz} in Theorem 7.3.3, as

constructed from the basis {g1,...,g,s} by means of the Gram-Schmidt procedure (7.3.26),

is unique up to a multiplicative constant, as follows.

Theorem 7.3.5. In Theorem 7.3.3, suppose the sequence {hi,...,hy} is an orthogonal
basis for A, and such that

(@)
Al7 lszl,
hje (7.3.33)
AN\Aj 1, df j=2,....d;
(b)
hj LA;—, j=2,....d. (7.3.34)
Then
hj=cif;, j=1,....d, (7.3.35)

for some coefficients {ci,...,cq} CR, withc; #0, j=1,...,d.
Proof. For any fixed j € {1,...,d}, it follows from (7.3.33) and Theorem 7.3.3(c) that

J
hi=Y cjxfe (7.3.36)
k=1

for some coefficient sequence {c;: k=1,...,j} CR. If j = 1, it follows from (7.3.36)
that /1y = ¢y 1 /1. Since {hy,...,hy} is a basis for A, we have h; # 0, so that also ¢1; # 0,
and thereby proving (7.3.35), for j = 1, with ¢1 := ¢y ;.
Suppose next j € {2,...,d}, and let ¢ € {1,...,j—1} . Since {fi,...,fs} is an orthogo-
nal basis for A, and therefore satisfies (7.3.1), we may now deduce from (7.3.34), Theo-
rem 7.3.3(¢c), (7.3.36), (4.2.3), (4.2.4), and (4.2.15) that

J J
0= (hj,fr) = <Z Cj,kfk7f€> =Y il fo) = ciolfo fo) = cifllfel?. (7.3.37)
k=1 k=1
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Since {f1,...,fs} is a basis for A, we know that f; # 0, and thus, from (4.2.2), || f¢||> # 0,
which, together with (7.3.37), yields ¢; ¢ = 0. Hence we have shown that

k=0, k=1,...,j—1,

which we may now insert into (7.3.36) to obtain /; = cj ;jfj. Since {hi,...,hs} is a basis
for A, we have h; # 0, and thus also c; ; # 0, so that the definition c; := ¢;; yields the
desired result (7.3.35), and thereby completing our proof. |
We proceed in Section 7.4 to specialize the results of this section to the case X = Cla, D],

(-,-y = (-,-)2.w and A = m,, for any positive integer n.

7.4 Orthogonal polynomials

By applying Theorem 7.3.3, Theorem 7.3.5 and Theorem 7.3.1 for the case X = Cla,b],
[|-]] =] |l2w as in (4.2.16), A = m,, with n € {0,1,...}, so that d := dim(A) =n+ 1,
and {g1,...,84} = {g1,--,gnr1} = {1,x,...,x"} if n > 1, we immediately deduce the

following result.

Theorem 7.4.1. For a given bounded interval [a,b], and any weight function w on [a,b]
satisfying the conditions (4.2.8) and (4.2.9), let the polynomial sequence {Pf‘ cj=0,1,...}

be defined recursively by means of the Gram-Schmidt procedure

Pol(x) =1
b ..
e / W' PE(x)dx | (7.4.1)
le(x) ::x/—Z . Pr(x), j=1,2,....
S0 [wioipd oas
a

Then:
(a) For j=0,1,...,P is a monic polynomial, with, more precisely,

J

Prem, j=0,1,.. (14.2)

(b) {PJl 1 j=0,1,...} is an orthogonal sequence, with respect to the inner product (-,-) ,,
as in (4.2.10), that is,

b
/ w(xX)P(x)P-(x)dx =0, for j.ke{0,1,...}, with j #k. (7.4.3)
(©)

P lmiy, j=12,... (7.4.4)
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(d) For any non-negative integer n, the sequence {PJL : j=0,...,n} is an orthogonal basis
with respect to the inner product {-,-)2.,,, as given by (4.2.10), for the polynomial space
T, and {PJL 2 j=0,...,n} is, moreover, the only orthogonal basis for m, with respect
to the inner product (-,-)a.,, such that (7.4.2) and (7.4.4) hold.

(e) For any non-negative integer n, the best weighted L* polynomial approximation oper-
ator f@/‘,’{ : Cla,b] — m,, as defined by (5.1.6), satisfies the explicit formulation

| [

7=y 1", P}, (74.5)

S| [ wwlpt ePas

The sequence {P]L : j=0,1,...} of Theorem 7.4.1 will be called the orthogonal polyno-
mials with respect to the weight function w on the interval [a, b].
Although the Gram-Schmidt formula (7.4.1) provides an explicit construction method for
the orthogonal polynomials {PjL : j=0,1,...}, it has the disadvantage of increasing in
length with the degree j of Pf‘. We proceed to show that the sequence {P]J- 2 j=0,1,...}
satisfies a three-term recursion formula, which, for j > 3, then yields a more efficient
construction method than the Gram-Schmidt procedure (7.4.1).
To this end, we define the polynomials
Qj(x) :=xPi-(x), j=0,1,..., (7.4.6)
with {P]L : j=0,1,...} denoting the orthogonal polynomials of Theorem 7.4.1, as obtained
by means of the Gram-Schmidt procedure (7.4.1). It then follows from (7.4.6) and (7.4.2)
that, for each j € {0,1,...},0 j is @ monic polynomial, with, more precisely,
Qjemi, j=0,1,.... (7.4.7)
According to Theorem 7.4.1(d), the sequence {PkJ- : k=0,...,j} is, for each non-negative
integer j, a basis for 7;, so that we may deduce from (7.4.7) that
Jj+1
Q=Y cixPs, j=0,1,..., (7.4.8)
k=0
for some (unique for each j) coefficient sequence {c Gkik=01,... j+ 1} C R. Moreover,
it follows from (7.4.7) and (7.4.2) that, in (7.4.8), we have ¢; ;1 = 1, and thus
J
Q=Y ciuP+Py, j=0.1,... (7.4.9)

k=0
For any fixed j € {0,1,...},let £ € {0,..., j}. It follows from (7.4.9) and Theorem 7.4.1(b),

together with (4.2.3), (4.2.4) and (4.2.15), that

J
(Qj, P ) = <Z cjwP- +P,ﬁ17Pf>
k=0 2w

s
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J
= ch=k<Pl<L7PéL>2,w+<Pj+17P€ )2
k=0

2
= ¢ {PE P20 = s (11PF o)
and thus
oy (Qj P )2
(1P 2w
We may now use (7.4.9), (7.4.10), (7.4.6), (4.2.10) and (4.2.16) to obtain, for j =0,
b
[ wosirs (oPax
Pi(x)=|x—"¢, X Py (x), (7.4.11)
| el (Pax

(=0,...,]. (7.4.10)

whereas, for j =1,

b [ rb
/ w(x)x[Pi-(x))dx / w(x)xP- (x)Py- (x)dx
PZL(X): b Pll(x)f “ b P()L(x)a
/ w(x x)]2dx / w(x) [P (x)]dx
- (7.4.12)
and, for j > 2,
b b
| / w(x)x[PjL (x)]%dx | / w(x)xle (x)Pj{ L (x)dx |
Pj+1(x)* xX—= ah Pj (x)— 7 b ijl(x)
| w@ip} P | w@ipk P

b
j—2 / w(x)fo‘ (x) P (x)dx
a
o Z b
S [ w)ip (Pax
a
Now observe from (7.4.6), (7.4.7) and (4.2.10), together with (7.4.4) in Theorem 7.4.1,
that, for j > 2 and k € {0,1,...,j—2},

| / hw(x)mvjl (P (x)dx = / bw(x)Pji ()Qk(X)dx = (PF 0oy =0, (T.4.14)

since Qy € M1 C ;1. Hence we may substitute (7.4.14) into (7.4.13) to obtain, for j > 2,
b b
/ w(x)x[le (x))?dx / w(x)xPjL (x)Pj{ 1(x)dx
Ja 1 a
b 172 b = b 1 2
| weolp oPdx | weolptyoPdx

PH(x). (7.4.13)

Next, with the definition

Qj(x) 1= Pi-(x) —xP} (), j=12,..., (7.4.16)
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we deduce from (7.4.2) in Theorem 7.4.1(a), that
Qiemiy, j=12... (7.4.17)

It follows from (7.4.17), and (7.4.4) in Theorem 7.4.1(c), together with (4.2.10) and
(7.4.16), that, for any j € {1,2,...},

0= (B0 = | bw(x)Pf (OIP; () 2P}y ()

b
= / x)]2dx — / w(x)xP;‘ (x)ij;l(x)dx,
and thus
b b
/ w()xPL(1)PL | (x)dx = / w(x) [P ()] dx. (7.4.18)
By substituting (7.4.18) into (7.4.15), we obtain, for j > 2, the formula
b b
[ wealp @Pax [ wiolp o
leﬂ(x): x="e L le(x)f % | . Pjﬁl(x).
| welpf (oPdx | welpfyoPdx
(7.4.19)

According to (7.4.11), (7.4.12) and (7.4.19), together with the first line of (7.4.1), we have

therefore established the following three-term recursion formulation.

Theorem 7.4.2. The orthogonal polynomials {PJJ‘ 2 j=0,1,...} of Theorem 7.4.1 satisfy
the recursion formulation
By (x) =1
P{"(x) = (x— a0) Py (x); (7.4.20)
P]{_FI( ) (X aJ)P ( ) B]PL ( ) j:1727"'7
where

/ab w(x)x[le (x)]2dx
[ wie o

o =" . j=0,1,..; (7.4.21)

b
[ w@ip} oPax
B;:= . j=12,.... (7.4.22)

b
| wlolpf P
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In the next section, we analyze the special case of Theorem 7.4.2 where the weight function
won [a,b] is given by (4.2.11).

Analogously to Theorem 6.6.1, we proceed to obtain an explicit formulation of the best
weighted L? polynomial approximation on [a,b] from T, to any f € m,.;. To this end, for
any non-negative integer n, we let

n+1

) =Y cx, (7.4.23)
Jj=0

for some coefficient sequence {co,...,c,.1}. For any bounded interval [a,b], let 27 :
Cla,b] — 7, denote the corresponding best weighted L? polynomial approximation opera-
tor. It then follows from (7.4.23) that

F@) = (20 f)(x) = car1" ™+ O(x), (7.4.24)

for some polynomial é € m,. But, from the characterisation result of Theorem 7.1.1, we

must have
(f—Prf, Plrw=0, PeT, (7.4.25)

Hence, by recalling also (7.4.2) in Theorem 7.4.1(a), as well as (7.4.4) in Theorem 7.4.1(c),
it follows from (7.4.24) that we must have

f=Pif =cur1Biiy, (7.4.26)
with 27|
therefore solve for @;’[ f from the equation (7.4.26) to obtain the following result.

denoting the orthogonal polynomial of degree n+ 1 as in Theorem 7.4.1. We can

Theorem 7.4.3. For any non-negative integer n, let f € T, 1, with leading coefficient ¢,
in the formulation (7.4.23). Then, for any bounded interval [a,b] and weight function
w on [a,b] satisfying the conditions (4.2.8) and (4.2.9), the best weighted L? polynomial

approximation on [a,b] from m, to f is given by the formula
Puf =f—cur1Paia, (7.4.27)

with Pﬁ | denoting the orthogonal polynomial of degree n+ 1 in Theorem 7.4.1, and with

n

corresponding approximation error

W = Py Fllaw = lewst| 1P |- (7.4.28)
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7.5 The Legendre polynomials

For the case where, in Theorem 7.4.1, we choose [a,b] = [—1, 1] and the weight function
wx) =1, xel[-1,1], (7.5.1)

the resulting orthogonal polynomials are called the Legendre polynomials, and will be de-
noted by {L]L : j=0,1,...}, for which we therefore have, from (7.4.3) in Theorem 7.4.1(b),

/11 Li (x)Li (x)dx=0, for jk=0,1,..., with j#k. (7.5.2)
Also,the three-term recursion formulation (7.4.20) of Theorem 7.4.2 yields
Ly (x) = 1;
Li(x) = (x— o)Ly (x); (7.5.3)

Lip(x) = (x—0y)Lj (x) = BiLij_y(x), j=1,2,...,
where, from (7.4.21) and (7.4.22),

[ llx[L]# (r)2dx

/ L4 ()] 2dx
-1

[ it wpa

Bj:= ;
[ ltf P

| j=12.... (7.5.5)
1
We proceed to explicitly compute the coefficient sequences {a;: j=0,1,...} and {B; :
j=1,2,...} in (7.5.4) and (7.5.5), and thereby yielding an explicit formulation for the
corresponding recursion relations in (7.5.3).

Our first step is to prove inductively that

L

y is an even polynomial,

j=0,1,.... (7.5.6)
L%-j 1 is an odd polynomial,

To this end, we first note from the first line of (7.5.3) that

1 1
/ x[Lé(x)]zdx:/ xdx =0,
-1 -1
which, together with (7.5.4), implies o = 0, and thus, by using also the second line of
(7.5.3), we have

Ly (x) =x, (7.5.7)
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according to which, by recalling also from the first line of (7.5.3) that Lé- (x) =1, we have
now shown that (7.5.6) holds for j = 0. Suppose next that (7.5.6) is satisfied for a fixed
non-negative integer j. Our inductive proof of (7.5.6) will be complete if we can show that
then
L%-j _» is an even polynomial
(7.5.8)
in/- 3 is an odd polynomial
To prove (7.5.8), we note that 2j+2 > 2, so that we may apply the third line of (7.5.3) to
obtain
1 _ 1 1
Lyjio(x) = (x— 0j1)Lajy1 (x) — Bajr1Ly;(x)- (7.5.9)
From the inductive hypothesis that Lj-j 41 is an odd polynomial, it follows that x[Lzlj ()

is an odd polynomial, and thus

1
/ A[LA (0] 2dx =0,
-1
which, together with (7.5.4), gives a1 = 0, and it follows from (7.5.9) that
Lyjyo(x) = xLajy (x) — Bajy 1Ly (x). (7.5.10)
Hence, from (7.5.10) and the inductive assumption (7.5.6), we deduce that the first line of
(7.5.8) is satisfied.
Next, we apply the third line of (7.5.3) to obtain
Lyj5(x) = (x— j12)Laj 0 (x) — Bajsalaji (x). (7.5.11)

Since, as already shown, inj 4o is an even polynomial, we see that x[inj +2(x)]2 is an odd

polynomial, and thus

1 2
/ x [Lé'jﬂ(x)} dx=0,
-1

which, together with (7.5.4), yields o> = 0, and it follows from (7.5.11) that

Lyjy3(x) = xLaj0(x) = Bojialaji (). (7.5.12)
Since, as already shown, Lzl]» 4o 1s an even polynomial, whereas Lé‘i 1 1s an odd polynomial
from the inductive assumption (7.5.6), it follows from (7.5.12) that inj 3 is an odd poly-
nomial. Hence the second line of (7.5.8) also holds, so that we have now completed our

inductive proof of the statement (7.5.6).

It follows from (7.5.6) that x[Lf (x)]? is an odd polynomial for each j =0, 1,..., and thus

1
/71x[L}(x)]2dx:O, j=0,1,...,
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which we can now use in (7.5.4) to obtain
o;=0, j=0,1,.... (7.5.13)
By inserting (7.5.13) into the third line of (7.5.3), we obtain
Ly (x) =xLj(x) = BjLj ,(x), j=12,... (7.5.14)

In order to find an explicit formulation for the sequence {;: j=1,2,...} in (7.5.14), we

first use integration by parts to obtain, for any j € {0,1,...},
SR NE IRENE oL Ly
(/71 ()] ax= {{Lj o) x}l—(/IZLj () (L) (x)xdx

—2 [Lj*(l)er/_ll AL (x)(LF) (x)dx, (1.5.15)
after having used also the fact that, according to (7.5.6), [LjL (x)]? is an even polynomial,
and thus [Lj-(fl)]2 = [Ljr(l)]z. Now observe that, for any j € {0,1,...}, the polynomial

Pj(x) :=x(L7)'(x) — jL (x) (7.5.16)
satisfies, from (7.4.2) in Theorem 7.4.1(a), f’] € 7;_1, and thus, from (7.4.4) in Theo-

rem 7.4.1(c), together with (4.2.12) and (7.5.16),

" 1
0= (L) Pa= [ L) [x(L5) () = L ()]

= [ @y @as—j [ P
— [ @) W [ L )P

and hence

[ i@y @ac= [ @pd
lxjxjxx—jiljx X,

which can now be substituted into (7.5.15) to obtain

[ 1 wpax =21t 0P 24 [ 1 o
i Il T) i »

from which it then follows that
2 i

-1
L+ (x)]?dx = L), j=0,1,.... 7.5.17
J L @Pds=, 7 PR j=o0., (15.17)
Observe from (7.5.5) and (7.5.17) that
2j—-1, o .
= ; =1,2,... 7.5.1
ﬁ] 21+1(%)7 J Pt ) ( 5 8)
where
L1
E 7 (1) 1,2 (7.5.19)

= ) .]: 9Ly
Ly (1)
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after having also noted from (7.5.17) that
1L P
Lj(l);éO, j=0,1,.... (7.5.20)

In order to find an explicit formula for y; in (7.5.19), we first set x = 1 in (7.5.14), and use
(7.5.18) to obtain, for j =1,2,...,
2j—1
Ly (1) =Ly(1)— 2j+1 (1) L (1),
which we now divide by Lj*(l) to deduce, by using also the definition (7.5.19), the formula

2j—1
Iy =12, (7.5.21)

=1

with also
n=1, (7.5.22)

from (7.5.19), together with the first line of (7.5.3), and (7.5.7).
We proceed to prove inductively from (7.5.21) and (7.5.22) that
J
2j—1’
After first noting from (7.5.22) that (7.5.23) holds for j = 1, we suppose next that (7.5.23)

is true for a fixed integer j € N. But then (7.5.21) yields
2j—1 j J j+1
Yipr=1-—_. . =1-_" =.. .,
2j+1\2j—1 2j+1  2j+1
which shows that (7.5.23) also holds with j replaced by j+ 1, and thereby completing our
inductive proof of (7.5.23).
By substituting (7.5.23) into (7.5.18), we obtain

v = j=12,.... (7.5.23)

2
J .
Bi= .. : ., J=12,.... (7.5.24)
2=+
According to the first line of (7.5.3), together with (7.5.7), (7.5.14) and (7.5.24), we have
now established the following explicit three-term recursion formulation for Legendre poly-

nomials.

Theorem 7.5.1. The Legendre polynomials {L]L 1 j=0,1,...}, which are precisely the
orthogonal polynomials {PJl :j=0,1,...} of Theorem 1.4.1 for the case |a,b] = [—1,1]
and weight function w on [—1,1] given by (7.5.1), satisfy the recursion formulation
Lw=1: Li@=x
2 (7.5.25)

L_,i,(x):xL;(x)—(21,_1;(2”1)@,1@), i=1,2,....
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By using (7.5.25), we calculate the Legendre polynomials

Lyx)=x*—1 Li(x)=x— gx; Li(x)=x*— gxz—i— 335;
i (7.5.26)
Lix)=x"— P+ x5 LEx)=x0—Pxt+ 22— 3.
By considering the one-to-one mapping (2.2.29), (2.2.30) between the intervals [—1, 1] and

[a, D], we now define the polynomials

b—a\’ 2 a+b
Pj(x) := Lt - i=0,1,... 7.5.27
j(‘x) ( 2 ) j (b*a‘x bfa)7 J ’ 4y ’ ( )
for which it then follows, since Lj*efrj, j=0,1,..., that
Piem, j=0,1,.... (7.5.28)

Moreover, for j,k € {0,1,...}, with j # k, (4.2.12), (2.2.29), (2.2.30) and (7.5.27) yield

b b—a Jrk+1
(PiPy)s = / Pj(x)Pk(x)dx:< 5 ) / Ly (1)L (t)dt =0, (7.5.29)

a —1
from (7.5.2). It follows from (7.5.29) and Theorem 7.3.2 that, for each j =
0,1,...,{Py,...,P;} is a linearly independent set, and therefore an orthogonal basis for

7;. Hence, if for any j € N we let P € 7;_, there exists a (unique) coefficient sequence
j-1

{co,...,cj—1} C R such that P = Z ci Py, and thus, from (4.2.3), (4.2.4), (4.2.5) and
k=1

(7.5.29),

ji—1

J
(Pj,P)2 =Y c(Pj,P)2 =0,
=

according to which
PiLlmiq, j=12,.... (7.5.30)
It then follows from (7.5.28), (7.5.29) and (7.5.30) that we may apply the uniqueness state-
ment in Theorem 7.4.1, together with the definition (7.5.27), to deduce the following result.
Theorem 7.5.2. In Theorem 7.4.1, let the weight function w on [a,b] be given by (4.2.11),
that is,
w(x)=1, xE€ [a,b]. (7.5.31)

Then the corresponding orthogonal polynomials {P]L :j=0,1,...} are given by

b—a\’ 2 a+b
PL(y) = L+ - i=0,1,... 5.32
o= (") (i) i, a5

with {LJl :j=0,1,...} denoting the Legendre polynomials as in Theorem 7.5.1.
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According to the formula (7.4.5) in Theorem 7.4.1(e), for the case when the weight func-
tion w on [a,b] is given by (7.5.31), the corresponding best L? polynomial approximation

operator 3’7;‘ : Cla,b] — m, is given by
=Y |7 PL, fecClab), (15.33)

with {PlL : j=0,1,...} denoting the orthogonal polynomials in Theorem 7.5.2.
Now observe from (2.2.29), (2.2.30), (7.5.32) and (7.5.17) that, for j =0,1,...,

/ah[Pji(x)]zde (bza>2j+]/ll[Lj(r)dt}2dt= (bza)zm zjil [Lj(l)r.

(7.5.34)
By using (7.5.19) and (7.5.23), as well as L (x) = 1, we obtain, for any j € N,
L Joo1 JooJ-1 1 s
! = . = ! >
=, am=," T e i)
_ J ]7] LL(I)
2j—12j-3 1°
12/)(2j—2)...(2) 20?2/
_M2)@RI=2)..(2) _ (J'):z” (7.5.35)
(2))! @At (%)
By inserting (7.5.35) into (7.5.34), we obtain the explicit formula
b (b_a)2j+1 1
P (x)]?dx = i =0,1,.... 7.5.36
/a{] (x)]*dx 2t (2j)2’ j=0,1, ( )
J

It follows from (7.5.33), (7.5.36), and (4.2.17), that we have now established the following

result.

Theorem 7.5.3. For a bounded interval [a,b] and any non-negative integer n, the best L?

polynomial approximation operator .,?7* :Cla,b] — m,, as defined uniquely by the condition

¢/ (T ) () < \// O2dx, Pem, (15.37)

satisfies the explicit formulation
nol2j+1 27\ gt N
Pif= 2 o a)zm(]) / PP ()dx

with {P]L L j= O, 1,...} denoting the orthogonal polynomials of Theorem 1.5.2. Moreover,

b b— 2j+1
1P = \//a [Pf(x)}zdx_\/( 2;21 o j=0,1,.... (7.5.39)
J

P, feClab], (7.5.38)
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The formula (7.5.38) holds for arbitrary f € C[a,b]. Recall from Theorem 7.4.3 the simple
formulation of @‘ f for the case when f € 7, . In the following example, we apply the
explicit formulation (7.5.32) of Theorem 7.5.2 to solve the following best approximation

problem in the settting of Theorem 7.4.3.

Example 7.5.1. As in Example 6.6.5, let [a,b] = [—1,2], f(x) = 2x*> —x and n = 2. Then,

for the weight function
wx)=1, xe[-1,2],

it follows from (7.4.27) in Theorem 7.4.3, together with (7.5.32) and (7.5.26), that

B2 () (1) 13D

1 11
12,2 _
=3x +5x 10’
with, from (7.4.28) and (7.5.39),
_ 7
1= Z3flh =27 f=2%. o

By combining Theorem 5.1.1(b), according to which the best approximation operator eﬁ,f
in Theorem 7.5.3 is exact on 7, with the formula (7.5.38) in Theorem 7.5.3, we immedi-

ately deduce the following polynomial identity.

Theorem 7.5.4. For a bounded interval [a,b] and any non-negative integer n,
nolo2jl 2\ gt

Z Tt ( J ) P(x)P} (x)dx
=0 J a

b LZ 2/+1
with {PJJ- : j=0,1,...} denoting the orthogonal polynomials of Theorem 7.5.2.

P, Pem, (7.5.40)

For any polynomial P € m,, the finite sum in the right hand side of (7.5.40) is called the

Legendre expansion with respect to the interval [a,b] in 7, of P.

7.6 Chebyshev polynomials and orthogonality

In this section, we let [a,b] = [—1,1], and consider the weight function w on [—1,1] as
given by
1

Jia XE (—1,1), (7.6.1)

w(x) =
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for which, since

/178 by in(1-8) —arcsin(~1 +&) (-7 ) ==
X = arcsin — — arcsin( — — | — =T,
—1+e /1 —x2 2 2

fore - 0", §—0T,

and thus

1 1
dx=rm,
./71 \/1—x2

we see that w is integrable on [—1,1], and with w also satisfying the required conditions
(4.2.8) and (4.2.9) to qualify as a weight function on [—1,1].

Let {T;: j=0,1,...} denote the Chebyshev polynomials, as defined by (2.2.1). By using
the one-to-one mapping (2.2.11), (2.2.12) between the intervals [0, 7] and [—1, 1], it follows
from (4.2.10) and (7.6.1), together with the formula (2.2.5) in Theorem 2.2.1(b), that, for
J.ke{0,1,...}, with j £k,

(T}, Ti)ow = /;11 Ji 1x27}(x)Tk(x)dx

T
= / Tj(cos 0)Ti(cos 6)dO
0

:/ﬂcos(je)cos(ke)de - ;/ﬂ lcos((j+K)0) + cos((j — k)8))] d6
0 0

1 [sin((j+k)9) N sin((j—k)0)1"

) j+k -k,
= ;[0—0] =0. (7.6.2)
Hence, if we define
Poi=Ty ; Pj=2"7T;, j=1.2,..., (7.6.3)
we may deduce from (7.6.2) that
(Pj,P)2,y =0, for jk=0,1,..., with j#k (7.6.4)

It follows from (7.6.4) and Theorem 7.3.2 that, for each j = 0,1,..., the polynomial se-
quence {ﬁo, . ,}A’;} is a linearly independent set, and therefore an orthogonal basis for

7j. Hence, if for any j € N we let P € 7;_, then there exists a (unique) coefficient se-
Jj—1

quence {co,...,cj—1} C R such that P = Z cx Py, and thus, from (4.2.3), (4.2.4), (4.2.5)
=0
and (7.6.4),

j—1

- J - ~
(Pj,P)2y =Y ci(Pj,P)2w =0,
i=0
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from which we deduce that
Pilmiy, j=1.2,... (7.6.5)
Also, observe from (7.6.3), together with Theorem 2.2.1(a), that
Pierj, j=0,1,.... (7.6.6)

It follows from (7.6.6), (7.6.4) and (7.6.5), together with (7.6.3), that we may apply the

uniqueness statement in Theorem 7.4.1 to deduce the following analogue of Theorem 7.5.2.

Theorem 7.6.1. In Theorem 7.4.1, let [a,b] = [—1,1], and let the weight function w on
[—1,1] be defined by (7.6.1). Then the corresponding orthogonal polynomials {P]J- cj=
0,1,...} are given by

Py =Ty; Pf=2"7T;, j=12,., (7.6.7)
with {T; : j=0,1,...} denoting the Chebyshev polynomials as defined in (2.2.1).

According to the formula (7.4.5) in Theorem 7.4.1(e), for the case [a,b] = [—1, 1], and with
the weight function w on [—1, 1] defined by (7.6.1), we may apply (7.6.7) in Theorem 7.6.1
to deduce that the corresponding best weighted L? polynomial approximation operator is

given by

L) srenas
Z=x T, feCl-L1,  (768)
=0

[y ol

with {7} : j=0,1,...} denoting the Chebyshev polynomials as defined in (2.2.1).
By using (2.2.11), (2.2.12), as well as the formula (2.2.5) in Theorem 2.2.1(b), we obtain,
forany f € C[—1,1],

1 T
/ ! f(x)T,(x)dx:/f(cose)cos(je)de, i=o1,.., (7.6.9)
11 =2 0
and
o] 1 5 " TT 5.
(/71 s a1 dx:./o cos?(j6)d. (7.6.10)
But
; T, if j=0;
2, .
/ cos”(j0)dO = T «in(n: (7.6.11)
0 /1 Slg(zje)d():;[,if =12
0

According to (7.6.7)—(7.6.10), together with (2.2.1), we have now established the following

analogue of Theorem 7.5.3.



158 Mathematics of Approximation

Theorem 7.6.2. For any non-negative integer n, the best weighted L* polynomial approxi-

mation operator % : C[—1,1] = m,, as defined uniquely by the condition

/ ol ) — () < / bl ) Py, Per
11 —x2 " SV lviee ’ "
(7.6.12)

satisfies the explicit formulation
— 1 /7 9 T
Prf = / flcos0)do+ "~ Y [/ f(cos 6)cos(j9)d9} T, feC[-1,1], (7.6.13)
T Jo m & Lo
with {Tj: j=1,2,...} denoting the Chebyshev polynomials defined in (2.2.1).

By combining Theorem 5.1.1(b), according to which the best approximation operator eﬁ;{
in Theorem 7.6.2 is exact on 7,, with the formula (7.6.13) in Theorem 7.6.2, we immedi-

ately deduce the following analogue of Theorem 7.5.4.
Theorem 7.6.3. For any non-negative integer n,
1 /7 2 & ™
P= / P(cos0)dO + Z {/ P(cos0)cos(j0)dO|T;, P e m, (7.6.14)
T .Jo T j=1 0
with {T;: j=0,1,...} denoting the Chebyshev polynomials defined in (2.2.1).

For any polynomial P € m,, the right hand side of (7.6.13) is called the Chebyshev expan-
sion in 7, of P.
We proceed to show, as will also be relied on in Section 8.3, that the integrals in the right
hand side of the Chebyshev expansion (7.6.14) in Theorem 7.6.3 can be expressed as fi-
nite sums involving Chebyshev polynomial evaluations at the points where the Chebyshev
polynomial 7;, attains its extreme values.
We shall rely on the following result, in which we adopt, for n € N, the notation
n n—1
Y laj:= a0+ Y aj+an (7.6.15)
J=0 J=1
Theorem 7.6.4. For any positive integer n, let the point sequence {&, j: j=0,...,n} be
as in (2.2.19), (2.2.20), that is,
Ers ::cos(”jn), (=0,....n, (7.6.16)

according to which

—1=&o<Ei<-<En=1 (7.6.17)
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Then
n
Y Ti(E ) Ti(Eng) =0, for j,k=0,....n, with j # k; (7.6.18)
(=0
n ) n, for j=0,o0rj=n,
Y [Ti6nn)] = (7.6.19)
=0 ;n, for j=1,...,n—1 (ifn>=2),

where {Tj: j=0,1,...} are the Chebyshev polynomials as in (2.2.1), and with the symbol
Y/ defined by (7.6.15).

Proof. Let j,k € {0,...,n}, with j > k. It follows from (7.6.16), (7.6.17), the formula
(2.2.5) in Theorem 2.2.1(b), as well as the definition (7.6.15), that

2 Ti(E00)Ti(Eny) = Z COS< n_ﬁ)n)cosc(nn_g)ﬂ)

Note that (7.6.20) also holds for the case j < k.
Now observe that, if m = 2un for some u € Z, then

1,1 . )
oF (mf > 2t =1 ifn=1,
Z cos )=
(=0 n é—l—(n—l)—l—;:n,ifn)Z,
and thus

oy m{ .
Z cos ( n) =n, if m=2un, forsome u € 7Z. (7.6.21)
=0 n
Next, if m # 2un for u € Z, with the standard notation Re(a +if8) = o, where i = v/—1,

for the real part of a complex number a + i3, we apply De Moivre’s theorem, together with

the geometric series summation formula

= L= (a+iB) : ;
ég{)(a—l—zﬁ) = (atip)’ f a+if#1,

to deduce that

B (27)- B (7))
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n—1 14
=Re Z [cos (m”) + isin (mﬂ)}
=0 n n

B e_l—(cos(”;”)Jrisin(”il”))"
=R 1= (cos("}f)—l—isin(”;”)) ]

e [ 11— (cos(mm) + isin(mm))
— [(1=cos (7)) —isin(%7)
_Re -(1 (=™ ((1 —cos(”}‘q”)) +isin(”:f))
i (1 —cos (7)) +sin® ()
o (17(71)m) (1,(:05(”;75)) _ 1 m
B 2(1—cos (™)) _2(1_(_1) )
that is,
ol ml 1
Zcos( i ﬂt) = 2(l —(=1)™), if m#2un for ucZ. (7.6.22)
=0
By using (7.6.22), together with the definition (7.6.15) of the symbol ¥/, we obtain
L, ml _\ 1 ol ml_\ Lo
(;) cos( . 71:) =,+ E)cos( ; 717> 1 +2( 1)

— =M1+ =0,

and thus

n

Y/ cos <mé7r> =0, if m # 2un for u € Z. (7.6.23)
=0 n

If j £k then 1 < j+k<2n—1and 1 < j—k < n,so that we may use (7.6.20) and (7.6.23)
to deduce that

n

Y Ti(60)Tk(6ne) = 5 [0+0] =0,
=0

which proves (7.6.18).
Next, if j = k, with either j = 0 or j = n, then (7.6.21) and (7.6.20) yield

n

Z/ [Tj(ém(])]z = i[”“"n] =n,

(=0
which proves the first line of (7.6.19).
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Finally, if j =k, with 1 < j <n—1 (for n > 2), it follows from (7.6.23) that

i' cos ((j—;k)éﬂ) = i/ cos (2i€7r) =0. (7.6.24)

(=0 (=0
Hence, by using (7.6.24) and (7.6.21) in (7.6.20), we obtain

i/ [Tj(én,é)}z = ;[O—f—n} —
=0

which proves the second line of (7.6.19). [ |
Suppose now P € m,, for a non-negative integer n. Since, according to Theorem 7.6.1 and

Theorem 7.4.1(d), the Chebyshev polynomial sequence {7 : j=0,...,n} is a basis for m,

we know that there exists a unique coefficient sequence {co,...,c,} C R such that
n
P=Y ¢T;. (7.6.25)
j=0

Letk € {0,...,n}. It then follows from (7.6.25) that, with {§, ,: £ =0,...,n} denoting the
point sequence (7.6.16) in Theorem 7.6.4, we have

n n

Z (&nl)Tk ‘Sné Z/

(=0 (=0

:i i/Tjgank‘Sné)
j=0 (=0

n

Z 51111)

Tk gn Z)

_Ckz [Ti( fnz} )

by virtue of (7.6.18) in Theorem 7.6.4, and thus

n

Z ' P(€n~13)77<(§11,k)

=0
Ck = n I

Y [Ti(& o))

(=0
since (7.6.19) assures that the denominator is non-zero, and which can now be substituted

into (7.6.25) to yield the formula

n

| L P&
Z T;. (7.6.26)
=0 Z [T én 4
It follows from (7.6.26), (7.6.19), (7.6.16), the formula (2.2.5) in Theorem 2.2.1(b), to-
gether with the definition (7.6.15) of the symbol ¥/, that we have now established the fol-

lowing alternative formulation of the Chebyshev expansion (7.6.14) in Theorem 7.6.3.
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Theorem 7.6.5. For any non-negative integer n,
2 ¢ “ L il
P= Z’ [Z’P(cos( ﬂ))cos (j n)}TJ Pcm,, (7.6.27)
n 4 — n n
j=0 | /=0
with{T;: j=0,1,...} denoting the Chebyshev polynomials in (2.2.1), and with the symbol
Y/ defined by (7.6.15).

7.7 Exercises

Exercise 7.1 By applying Theorem 7.2.2, find the polynomial
f*eA:= span{1,x’}

for which it holds that

2 2
d%=¢/hk—ﬂuww*<¢/hn—anﬁm gEA, g# [,
J1 J1

and then use the error expression (7.1.24) in Theorem 7.1.5 to evaluate d*.
Exercise 7.2 For the constant polynomials {Pj; « - k € N} of Exercise 4.10, apply Theorem

7.2.2 to prove the explicit formulation
1
P (%) = i 1= / tw()dt, x€R, keN,
’ Jo

and then verify that this formula yields, for each k € N, the same constant polynomials as
those obtained in (a), (b) and (c) of Exercise 4.10.
Exercise 7.3 As a continuation of Exercise 7.2, apply the error expression (7.1.25) in The-

orem 7.1.5 to obtain, for any k € N, an explicit formulation of the error

¢KW®W—%NWM

and then use this formula to evaluate the corresponding approximation error for each of the
cases (a), (b) and (c) of Exercise 4.10.

Exercise 7.4 For any inner product space (X, (-,-)), prove that a set {fi,...,fs} C X is
linearly independent if and only if the corresponding Gram matrix G, as given by (7.2.7),
is invertible.

[Hint: Observe that the proof in the “only if” direction may be obtained directly from
Theorem 7.2.2.]

Exercise 7.5 Prove that {1,¢*,e} is a linearly independent set, to deduce that the linear

space

A= span{l,e*,e '}
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satisfies dim(A) = 3, and {1,¢*,e "} is a basis of A.
[Hint: As in a standard result from linear algebra based on the Wronskian determinant for
the set {1,e*,e"}, differentiate the identity

o+ B +ve =0, xeR,
with {a, B, Y} C R denoting a coefficient sequence, twice, and show that the determinant
of the 3 x 3 coefficient matrix obtained by setting x = 0 in the resulting system of three
identities, is not equal to zero.]
Exercise 7.6 As a continuation of Exercise 7.5, use the Gram-Schmidt procedure of Theo-
rem 7.3.3, together with the basis {1,¢*,e "} of A, to obtain an orthogonal basis for A with

respect to the inner product space (C[—1,1],(-,-)), where

1
(.g)i= [ (1=A)fWel)dx. f.gecl-11]
Exercise 7.7 As a continuation of Exercise 7.6, apply Theorem 7.3.1 to find the function

f* € A satisfying the best approximation condition

ai= \//_'1(1x2>[xf*<x>]2dx< \//_'luﬁ)[xg(x)]zdx, ged g4 L

and then use Theorem 7.3.4 to evaluate the minimum value d*.
Exercise 7.8 For an inner product space (X, {-,-)), suppose A is a finite-dimensional sub-
space of X, with dim(A) =d € N, and let { fi, ..., f;} denote an orthogonal basis for A. By
applying Theorem 7.3.4, show that, for any f € X, the infinite series
i {<f i) ] ’ 7
PRI
with the norm || || given by (4.2.15), is convergent, and, moreover, prove the Bessel in-
equality
¥ [ <. rex
=Rl
Exercise 7.9 Apply the three-term recursion formulation of Theorem 7.4.2 to obtain the se-
quence {le :j=0,1,2,3} of (monic) orthogonal polynomials, with le S 7Nrj,j =0,1,2,3,
such that

1
/_lxzpji(x)P,}(x)dx:o, jk=0,...,3; j#k

Exercise 7.10 As a continuation of Exercise 7.9, apply Theorems 7.4.1 and 7.3.4 to calcu-

late the minimum value
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as well as the corresponding optimal polynomial P = Iz* € .

Exercise 7.11 By using the recursion formulation in Theorem 7.5.1, extend the formulas in
(7.5.26) by computing the Legendre polynomials L%- and Lé‘.

Exercise 7.12 For the function

f(x)=In(x+2), x€]0,2],

by applying (7.5.38) in Theorem 7.5.3, calculate the linear polynomial Lﬁf f, with Lﬁl* :
C[0,2] — m; denoting the best L? polynomial approximation operator on the interval [0,2].

Compute also the corresponding minimum value

i \/ / @) — (T ) ),

and verify that, with &7} f denoting the linear polynomial of Exercise 6.6, the inequalities

\// @) = (ZN@Pdx I = P{flle <[I1f = Pl

are satisfied, where || - ||.. denotes the maximum norm on [0, 2].

Exercise 7.13 Find the minimum value

I
}r)rél??l \//0 [¢" — P(x))%dx,

as well as the corresponding optimal linear polynomial 1~’1*
Exercise 7.14 By applying Theorem 7.4.3, find the best L?> polynomial approximation ﬁg‘
on [0,2] from 7 to the polynomial function

fx)=x1-2%, xel0,2],

as well as the corresponding minimum value

\/ [ i)~ B

Exercise 7.15 Prove the following analogue of Theorem 2.2.2 : For n € N, and any weight

function w on [a, ], it holds that

min \// 2dx = \// PJ‘ 2dx
Pem,

with P;- denoting the orthogonal polynomial of Theorem 7.4.1.
[Hint: Apply Theorem 7.4.3.]

Exercise 7.16 By using Exercise 7.15, find the minimum values
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2 1 1
(@ min \/ [ P@Pde @ min ¢ [y PP
as well as the corresponding optimal polynomials.
[Hint: Use also Theorems 7.5.1,7.5.2 and 7.6.1, as well as (7.6.10), (7.6.11).]
Exercise 7.17 Prove that the Legendre polynomials {Lj- :j=0,1,...} satisfy the Rodrigues
formula
; J
L) = (21;)! (i) @17, j=0,1,....
[Hint: Show that the polynomial sequence
; J
Pi(x) = (21;)! (i) (1), j=0,1,...,
satisfies Pj € Tj, j =0,1,. .., with also, by using integration by parts, P; L ;_1,j=1,2,...,
before applying the uniqueness result implied by Theorem 7.4.1(d).]
Exercise 7.18 Verify that the Legendre polynomial formulation in Exercise 7.17 yields, for
j=0,...,4, the formulas in the first lines of (7.5.25) and (7.5.26).

Exercise 7.19 Find the minimum value

1 1 2
- 2
b 1 d
agilcl‘n \//1 \/1 2 [|x\ Fax” + X+C] X,

as well as the corresponding optimal values of a,b and c.
[Hint: Apply Theorem 7.6.2.]
Exercise 7.20 Find (a) the Legendre expansion with respect to the interval [—1,1] in 7g;

(b) the Chebyshev expansion in 7, of the polynomial
P(x)=x,

by applying, respectively, Theorems 7.5.4 and 7.6.3. Verify the result of (b) by an applica-
tion of Theorem 7.6.5.



Chapter 8

Interpolatory Quadrature

It is well-known that if the anti-derivative F of a given function f € Cl[a, b] is available, then
the definite integral of f on [a,b] can be evaluated by applying the fundamental theorem of

calculus, namely:

b
/ F(0)dx = F(b) — F(a).
Ja
Unfortunately, with the exception of only a handful of functions f, it is not feasible to

find their anti-derivatives F. Examples of functions that do not have simple expressions of

anti-derivatives include
2 sinx 1

f@=e" f="""3 fO=. ; fx=V1+2

X Inx
b
For this reason, only numerical methods can be used to approximate / f(x)dx within

a
certain desirable error tolerance. In this chapter, we investigate the method of interpolatory
quadrature, by considering definite integrals of the polynomial interpolant of f € Cla,b],

as numerical approximation of the definite integral of f.

8.1 General formulation, exactness and convergence

For a bounded interval [a,b] and a weight function w on [a,b] satisfying the conditions
(4.2.8) and (4.2.9), we define the functional .# : C[a,b] — R as the weighted integral

b
IIf] = / w(®)f(x)dx, f € Cla,b]. @.1.1)
Next, for any non-negative integer n, we denote by
Dp = %00, Xnn} (8.1.2)

a sequence of n+ 1 distinct points in [a,b] such that

a gxn,O <xn,1 < <xn,n < bv (813)

167
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in terms of which we introduce the numerical approximation method
Il = I1Z,f), feClab], (8.1.4)

where 2! : C [a,b] — m, is the Lagrange polynomial interpolation operator with respect to
the interpolation points A, as defined in (5.1.2). Hence, with the functional 2, : C[a,b] —
R defined by

2ulf]:= I 211, f€Clabl, (8.1.5)
the numerical approximation method (8.1.4) has the equivalent formulation
Ifl= 2ulf], f€Cla,b]. (8.1.6)

The functional 2, defined by (8.1.5) is called an interpolatory quadrature rule (or formula).
Observe from (8.1.5) and (8.1.1), together with (5.1.2) and the Lagrange interpolation for-
mula (1.2.5) in Theorem 1.2.2, that, for any f € C[a,b],

%m—Lﬁwﬂﬁﬁmmmuﬂm—ﬁﬂmﬂMﬁwmwmﬂ7

and thus

Qn[f] = Z Wn,jf(xn,j)7 (8.1.7)
=0
where
b
waji= [ WL (0dx j=0.m, (3.18)

with {L, j: j=0,...,n} denoting, as given in (1.2.1), the Lagrange fundamental polyno-
mials with respect to the sequence A\,. The real numbers {w,,..., Wy}, as defined by
(8.1.8), are called the weights of the interpolatory quadrature rule 2,,.

Observe from (8.1.1) and (8.1.7) that the functionals .# and 2, are both linear, that is,

IAf+ugl=AIfl+uSgl, ApeR, fgeClabl; (8.1.9)
DA f+ugl=A2[fl+n2nlg], AuER, fgeClab] (8.1.10)
By using the definition (8.1.8), together with the identity (1.2.8) in Theorem 1.2.3, we
deduce that
n n b b n b
Z Wnj= Z [/ w(x)Ln,j(x)} dx :/ w(x) Z Ly j(x)| dx :/ w(x)dx. (8.1.11)
j:0 j:0 a a j:0 a

Suppose, in an application of the quadrature rule 2, as in (8.1.5), as a result of measuring

errors, or computer rounding errors, we are instead actually computing .2, [f], where

|f (enj) = flxnj)l < & j=0,....n, (8.1.12)
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for a given tolerance € > 0, and thus, from (8.1.10) and (8.1.7),

|2l f]— 2ulf]| = | 2ulf — f]| = i)wn.,j[ﬂxn.j) — f ()]

2: Wil 1f (i) — flon )] < € §:|vw1]| (8.1.13)

Since, ideally, we would like the absolute difference |.2,[f] — 2,[f]| to be “small”, we see

from (8.1.13) that it reflects favourably on an interpolatory quadrature rule 2, if the points
n

A\, are chosen in such a way that the quantity Z |wy,j| is minimized. Now observe from
j=0
(8.1.11) and (4.2.8) that

n n b
Y g = Y o = / wx)dx > 0,
=0 =0 a

that is,

n

b
thﬂ>/wvﬂn (8.1.14)

=0

for any choice of A\, as in (8.1.2) and (8.1.3). Moreover,

Wy =0, j=0 n$Z|w,1,J|—ZW,,,j—/ w(x)dx, (8.1.15)

b
which, together with (8.1.14), and the fact that / w(x)dx is independent of A, implies
that, if the points A\, are chosen in such a way that the weight sequence is non-negative,

that is,

Wnj 20, j=0,....n, (8.1.16)

n
then the quantity Z |wy,j| in the right hand side of the inequality (8.1.13) is indeed mini-
j=0
mized.

Next, we note from (8.1.5), together with the exactness on 7, of the approximation operator
32’,5 , as given in Theorem 5.1.1(b), that

D,|P)=FP], Pem,. (8.1.17)

The degree of exactness of an interpolatory quadrature rule .2, is now defined as the largest

non-negative integer m for which it holds that
2,|P] = 7P|, PEm,. (8.1.18)

As an immediate consequence of the fact that (8.1.17) is satisfied, we then have the follow-

ing minimum degree of exactness in interpolatory quadrature.
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Theorem 8.1.1. For any non-negative integer n, the degree of exactness m of an interpola-

tory quadrature rule 2, as in (8.1.5) satisfies the inequality

mz=n. (8.1.19)

We proceed to apply Theorem 6.4.1 and Theorem 8.1.1 in order to show that the non-
negative weight condition (8.1.16) guarantees interpolatory quadrature rule convergence

on Cla, b], as follows.

Theorem 8.1.2. Suppose the sequence {L,: n=0,1,...}, as in (8.1.2), (8.1.3), is cho-
sen in such a way that the corresponding sequence {2, : n=0,1,...} of interpolatory
quadrature rules, as defined by (8.1.5), and as given in terms of weights in (8.1.7), (8.1.8),
satisfies the non-negative weight condition (8.1.16) forn =0,1,.... Then:

(a) Convergence on Cla,b] holds, that is,
\I1f] = 2ulf]] =0, n—o, feClabl, (8.1.20)

with 7 [f] denoting the weighted integral in (8.1.1).

(b) Iffect [a, D] for an integer k € N, the convergence rate result

. (my — k)
!

|
NN oo, n=kok+1,...,
() |1F1

1= 2uipl <2 [ wia] (6-a)

(8.1.21)
holds, where, forn =0,1,..., the non-negative integer m, denotes the degree of exact-
ness of 2,, so that, according to Theorem 8.1.1,

my=>n, n=0,1,..., (8.1.22)

and with, in particular,
b _
|f[f]72n[f]|<2{/ w(x)dx} bma||f/H°<.7 n:1,2,...,f€C1[a7b]. (8.1.23)
a n

Proof. (a) Let f € Cla,b], and, for n = 0,1,..., and with m,, denoting the degree of ex-
actness of 2,, let &, : Cla,b] — my, denote the sequence of best uniform polynomial

approximation operators, as obtained by replacing n by m,, in the definition (6.4.1). Then
P | € Ty, n=0,1,...,
and thus, since 2, has degree of exactness m,,

I

iy,

f1= 2,2, fl, n=0,1,.... (8.1.24)
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By using, consecutively, (8.1.24), (8.1.9), (8.1.10), (8.1.1), (8.1.7), the non-negativity
(4.2.9) on (a,b) of the weight function w, (8.1.16) and (8.1.11), we deduce that, for
n=0,1,...,

[T f1 = 2ulfll = (I = I[P, 1) + (Lul P, f1 = 2ul 1)
SIS = TP, A1+ 2al P, 11— 2alA]|

=21 = P, SN +12al P, f = 1]

+

[ W) — (5@l

(P ) 3n) = 0]

J

b n
< [ W)~ (i Nl E (25, ) ons) = o)
a j=

Jj=

b n
<IIf = Z5, A1l [ [ i Y wnﬁj]
Ja =0

b
:2[ / w(x)dx}Hf — 2} flle (8.1.25)
a
Now observe from (8.1.22) that
Ty C T, n=0,1,..., (8.1.26)
and thus
=P flle= min ||f — Pl < min||f = Plle = ||f — P f]]o 1.
1/ = P, fllee = poin [|f = Pllee < min [[f = Plleo = |If = Z5flle (8.1.27)

forn=0,1,.... It follows from (8.1.25) and (8.1.27) that

b
- 2,01 <2 [/ w(x)dx} f = Pifllos n=0,1,... (8.128)

The convergence result (8.1.20) is now an immediate consequence of (8.1.28), together
with the uniform convergence result (6.4.2) in Theorem 6.4.1(b).

(b) Suppose f € CX[a,b] for an integer k € N, and let n € {k,k+1,...}. But then (8.1.22)
implies m, € {k,k+1,...}, so that we may apply the convergence rate result (6.4.3) in
Theorem 6.4.1(c) to deduce that

7= 23 flle < -0} D)

which, together with (8.1.25), then yields (8.1.21). Finally observe that (8.1.23) is obtained
by setting k = 1 in (8.1.21). |



172 Mathematics of Approximation

Observe from (8.1.22) that, in the right hand side of the convergence rate result (8.1.21) in
Theorem 8.1.2(b), forany k € N,and n =k, k+1,...,

(my, —k)! 1
(my)! (mp)(my—1) ... (my —k+1)
1 (n—k)!
< = 1.

San—1)...(n—k+1) n! (8.1.29)

which, together with (8.1.21), yields the inequality

b — )

LﬁU}—Qdﬁ|<2{/\Wﬂd%(b—@kmnf)HfWHmrﬂ:hk+lwn. (8.1.30)

We proceed in the next section to construct an interpolatory quadrature rule sequence {2, :
n=0,1,...} satisfying the conditions of Theorem 8.1.2, and with, moreover, corresponding
degrees of exactness m,,n =0, 1,..., which significantly exceed the lower bound (8.1.22)
in Theorem 8.1.2(b).

8.2 Gauss quadrature

According to (8.1.17), and as stated in Theorem 8.1.1, the degree of exactness m of an
interpolatory quadrature formula 2, satisfies the inequality m > n for any choice of the
sequence A, in (8.1.2), (8.1.3). Noting from (8.1.2) that the sequence /\, has precisely
n—+ 1 (distinct) points, we proceed to show that there exists an optimal choice of A\, for

which the corresponding interpolatory quadrature formula 2, has degree of exactness
m=n+(n+1)=2n+1. (8.2.1)

We shall rely on the following result on the zeros of the orthogonal polynomials studied in
Chapter 7.

Theorem 8.2.1. For j € N, the orthogonal polynomial Pf in Theorem 7.4.1 has precisely

J distinct real zeros in (a,b), each of which corresponds to a sign change of Pji.

Proof. Let the non-negative integer r denote the number of distinct real zeros in (a,b)
of Pji, such that each such zero corresponds to a sign change of Pji. Our proof will be

complete if we can show that
r=j. (8.2.2)
Using a proof by contradiction, suppose

r<j—1, (8.2.3)
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and, if > 1, suppose that the sign changes in (a,b) of P;- occur at the points {xj,...,x},
where

a<x;<--<x,<b. (8.2.4)

For the polynomial

1, if r=0;

o) :={ (8.2.5)
H(xk —x),ifr>1,
k=1

it follows from the assumption (8.2.3) that Q € 7, C 7;_1, so that Q € 7;_1, and thus, from
(7.4.4) in Theorem 7.4.1(c),

b
/ w(x)P} (x) O (x)dx = 0. (8.2.6)
a
Next, we observe from (8.2.5), together with the definitions of the non-negative integer r
and the sequence {xi,...,x,} if r > 1, that the product Pf‘ (x)Q(x) is of one sign on the set
(a,b), if r=0;

(a7b) \ {xl7"'7-xr}7 if r > 17
and thus, by recalling also the properties (4.2.8) and (4.2.9) of the weight function w, we
deduce that

[ wrt et £o.

which contradicts (8.2.6). Hence (8.2.3) is not true, that is, r > j. But, according to (7.4.2)
in Theorem 7.4.1(a), the polynomial PjL can have at most j distinct zeros in (a,b), and thus
r < j, which, together with r > j, then yields the desired result (8.2.2). [ |

Our next result now specifies the choice of A\, which yields the degree of exactness (8.2.1).

Theorem 8.2.2. For any non-negative integer n, let the sequence /\, in (8.1.2) be chosen,
as guaranteed by Theorem 8.2.1, as the n+ 1 distinct zeros in (a,b), ordered as in (8.1.3),
of the orthogonal polynomial Pnﬁl in Theorem 7.4.1, with weight function w on [a,b] as
in (8.1.1). Then the corresponding interpolatory quadrature rule 2,, =: ,@,?, as given by

(8.1.5), has degree of exactness

m=2n+1. (8.2.7)
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Proof. Our first step is to show that m > 2n + 1, for which, according to Theorem 8.1.1, it
will suffice to prove that, if P € .11, with deg(P) > n+ 1, then
7P| =251P]. (8.2.8)
Suppose therefore that P is a polynomial, with
n+1<deg(P) <2n+1. (8.2.9)
Since (7.4.2) in Theorem 7.4.1(a) gives
deg (Pnﬁl) —ntl, (8.2.10)

we may now deduce from the polynomial division theorem that there exist polynomials Q

and R, with deg(R) < deg(Pn{rl) =n+ 1, or R is the zero polynomial, that is,
Rem, (8.2.11)
such that
P=QP; ., +R. (8.2.12)

Observe from (8.2.12) that the assumption that Q is the zero polynomial yields P = R,
which is not possible, by virtue of the first inequality in (8.2.9), together with (8.2.11).
Hence Q is not the zero polynomial, according to which we may deduce from the second
inequality in (8.2.9), together with (8.2.12), (8.2.10) and (8.2.11), that

2n+1 > deg(P) = deg(QP; +R)
= deg(QF,: ) = deg(Q) +deg(P,,) = deg(Q) +n+1,
and thus
deg(Q) <n,

that is,

gem,. (8.2.13)
Next, we apply (8.2.12), (8.1.9) and (8.1.1) to obtain

b

I[Pl = 7QP ]+ IR = / w(x)P (x)Q(x)dx + F[R]. (8.2.14)

a

But, from (4.2.10) and (8.2.13), together with (7.4.4) in Theorem 7.4.1(c),

b
| WP ()100dx = (P Q)2 =0,
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which, together with (8.2.14), yields

JP] = 7[R]. (8.2.15)
By using (8.2.12), (8.1.10) and (8.1.7), we furthermore deduce that
201P] = 2710P; ]+ 20[R] = an/Q (Xn, )Py 1 () + 2 [R]. (8.2.16)
=0
Since {x,,0,-..,%n} are the zeros of the polynomial P,", ;, it follows that
Z Wi jQ(Xn, )Pty 1 (%) =0,
j=0
which, together with (8.2.16), gives
2C1P] = 2C(R]. (8.2.17)
Finally, observe from (8.2.11) and (8.1.17) that
2CR) = .7|R)]. (8.2.18)

The desired result (8.2.8) then follows from (8.2.15), (8.2.17) and (8.2.18).
We have therefore now shown that the exactness condition (8.1.18) holds for m =2n+1,
and thus m > 2n+ 1. Hence, to establish the fact that the degree of exactness result (8.2.7)
is satisfied, it remains to find a polynomial P of degree 2n + 2 such that

28[P) # 7|P). (8.2.19)
To this end, we let

P - (Pn+l) 5
according to which (7.4.2) in Theorem 7.4.1(a) then implies that deg(ﬁ) =2n-+2. Also,

from (8.1.7), and the fact that {x, ¢,...,x,,} are the zeros of P, |, we have

P
201P) Z Wi [Py (x5, )]? = 0. (8.2.20)
Moreover, (8.1.1) and (4.2.9) yield e
AP = [ W [Bh (P> 0,
which, together with (8.2.20), then imi)lies the desired result (8.2.19). |
The interpolatory quadrature rule 29 in Theorem 8.2.2 is known as the Gauss quadrature
rule of degree n for the weight function w on the interval [a, b].
We proceed to show that Gauss quadrature rules satisfy the condition (8.1.16) of non-

negative weights, as required in Theorem 8.1.2.

Theorem 8.2.3. For any non-negative integer n, let Q,,G denote the Gauss quadrature rule
in Theorem 8.2.2. Then the corresponding weights {wy 0, ...,Wpn}, as in (8.1.7), (8.1.8),
satisfy the positivity condition

W"lﬁj >07 ‘]:0,771 (8221)
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Proof. For any k € {0,...,n}, define the polynomial
P(x) = Ly (0)), (8.2.22)
where L, ; denotes the Lagrange fundamental polynomial with respect to the sequence

{*1,0,---,%nn} in Theorem 8.2.2, as defined, according to (1.2.1), by

n

x—x,,ﬁ(g
L,,_k(x) = e —x .
kA0=0 n.k n,l

Since deg (L, x) = n, it follows from (8.2.22) that deg(P) = 2n, and thus
P € my,. (8.2.23)
Also, from (1.2.3) in Theorem 1.2.1(a), together with (8.2.22), we obtain
P(xpj)=08-—j, j=0,...,n. (8.2.24)
From the degree of exactness m = 2n + 1 of the Gauss quadrature rule 29, as given in
(8.2.7) of Theorem 8.2.2, and since 7y, C Mp,+1, we deduce from (8.2.23) that
20P] = 7P| (8.2.25)
It then follows from (4.2.9), (8.1.1), (8.2.22), (8.2.25), (8.1. 7) and (8.2.24) that

b
0</ w(x)[L, ,,k(x)]zdx—anJ (%n,j) anj5k =Wk

Jj=0
and thereby completing our proof of (8.2.21). |

Observe from Theorems 8.2.2 and 8.2.3 that the Gauss quadrature formula 29 satisfies the
conditions of Theorem 8.1.2, with
m,=2n+1, n=0,1,..., (8.2.26)

and thus we immediately have the following result as a special case of Theorem 8.1.2.

Theorem 8.2.4. Let {QnG : n=0,1,...} denote the sequence of Gauss quadrature rules of
Theorem 8.2.2. Then:

(a) Convergence on Cla,b] holds, that is,
|1 —27[f]| =0, n—ee, feCla,bl, (8.2.27)

with I [f] denoting the weighted integral in (8.1.1).
(b) If f € C*[a,b] for an integer k € N, the convergence rate result

111 28100 <2 [ wiagax| -0 Ct LY

o n=kk+1,...,
sy P

(8.2.28)

holds, with, in particular,

b
151280 <2 [ wiwla| ) IF e =120, 7 €Clat]. 229
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A remarkable implication of the convergence result (8.2.27) in Theorem 8.2.4(a) is the
following. Let the sequence {A,: n=0,1,...} be chosen as in Theorems 8.2.2 and 8.2.4.

As mentioned immediately after Example 3.1.3, there exists a function f € C[a, b] such that
If = Pafllee = 00 1= oo, (8.2.30)

with {22/ : n=0,1,...} denoting the sequence of Lagrange interpolation operators, as
defined in (5.1.2), with respect to the interpolation point sequence {A, : n=0,1,...}.
Nevertheless, according to (8.2.27) in Theorem 8.2.4(a), the corresponding quadrature for-

mula sequence converges for this function f, that is, by using also (8.1.5),
121 = 212l =7 = 27l = 0. n—ee. (8.231)
The specific Gauss quadrature formula 29 obtained by choosing the weight function w on

[a,b] as given by (7.5.31), is known as the Gauss-Legendre quadrature rule Q0L that is,

n

2L .= 90 ifwx)=1, x€la,b]. (8.2.32)

Example 8.2.1. Consider the problem of designing the Gauss-Legendre quadrature rule
Q9L for the integral

2
1= [ fea (82.33)
where f € CJ0,2]. It follows from Theorem 8.2.2, together with (8.1.7), that
2PH[f] = wiof (x10) +wi1f(x11), (8.2.34)

where {xi o, 1 } are the zeros in (0,2) of the orthogonal polynomial Py of Theorem 7.5.2,
as guaranteed by Theorem 8.2.1, and where, from (8.1.8), (8.2.32) and (1.2.1), the weights

{w1,0,w1,1} are given by the formulas

2
_/ AL (8.2.35)
X10—X11
2
w“f/ x40 (8.2.36)
xll_xl()

By using the formula (7.5.32) in Theorem 7.5.2, together with (7.5.26), we obtain the

orthogonal polynomial
Prx)=Ly(x—1)=(x—1)*—} =x—2x+12,
the zeros of which are given by
xo=1- ji xa=1+ 5, (8.2.37)

both of which are indeed in the interval (0,2), as guaranteed by Theorem 8.2.1.
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Next, we substitute (8.2.37) into (8.2.35) and (8.2.36) to obtain

e 1yy2
W10:/ 1+\/g) dr — _\/3 [( (1:\/3))

2
x = =1; (8.2.38)
1 + \/%) 2 } 0

_ 1 ) 1 1 y\272
3[(x—(1 )
f/ dx = é { , V3 =1 (8.2.39)
1+ ¢3) 0
By inserting (8.2.37), (8.2.38) and (8.2.39) into (8.2.34), we obtain the Gauss-Legendre

quadrature rule

Q?L[f]=f<1—\}3>+f<1+\}3>. (8.2.40)

According to (8.2.7) in Theorem 8.2.2, the quadrature rule QIGL has degree of exactness
m = 3, that is,

20Lp /P dx, Pem, (8.2.41)

an illustration of which is provided by the choice P(x) = x>, in which case

2 2
/ P(x)dx:/ Ydx=4,
0 0
whereas (8.2.40) gives

sin-(- )+ )
! V3 V3
1
(1—¢3+1— ) ( 1+V3+1+ ) =4,
3V3
which verifies (8.2.41) for this case.
Next, for the choice f(x) = e*, we obtain
2 2
/ f(x)dx = / dx = e> — 1 ~ 6.389056, (8.2.42)
0 0
whereas (8.2.40) yields

1—

1 1
9f] =e' v 'V % 6.368108, (8.2.43)

and thus the corresponding quadrature error is given by

2
/ f(x)dx — 20L f]‘ ~2.095x 1072, (8.2.44)
0

which illustrates the accuracy of the quadrature rule 20~ for this choice of f. |
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8.3 The Clenshaw-Curtis quadrature rule

The Gauss-Legendre quadrature rule (8.2.32) for the numerical approximation of the inte-

gral .Z[f] in (8.1.1), for the weight function w as given by (7.5.31), that is,

o= | " fwdx, feClab)

is an interpolatory quadrature rule such that the corresponding weights satisfy the non-
negativity condition (8.1.16), and for which the convergence results of Theorem 8.1.2
therefore hold. As a further example of this kind, we present in this section, for the nu-
merical approximation of the integral .#[f], the Clenshaw-Curtis quadrature rule QSC, as

defined for any positive integer n by
b
2E1f) = 72U = [ (Zif)wdx, £ eClab, (83.1)
a

where 2! : C [a,b] — m, is the Lagrange polynomial interpolation operator with respect to

the interpolation points

xj=xG = (b—a)éj+5(a+b), j=0,...n, (8.3.2)
where, as in (7.6.16),
&, j = cos (n;jn:>, j=0,...,n, (8.3.3)
and thus
a=x5<xf < <xS =0 (8.3.4)

Recall from (2.2.18), (2.2.19), (2.2.20) that {&, ;: j=0,...,n} are the points in [—1,1]
where the Chebyshev polynomial 7, alternatively attains its extreme values 1 and —1. It
follows from (8.3.1) and (8.3.2), together with (8.1.7) and (8.1.8), that

281 =Y waif(55),  f€Cla,b], (8.3.5)
Jj=0
where
b
Wh,j :z/a Ly j(x)dx, j=0,...,n, (8.3.6)

with {L, ;j: j=0,...,n} denoting the Lagrange fundamental polynomials in 7,, as ob-
tained by setting x; = xfg, j=0,...,n,in (1.2.1), so that, according to (1.2.3) in Theo-

rem 1.2.1,

Ly j(x$$) =8k, j.k=0,....n. (8.3.7)
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We proceed to find explicit formulations of the Clenshaw-Curtis weights {w, ;: j =
.,n} in (8.3.5), (8.3.6). To this end, we first observe from (8.3.6), together with the
one-to-one mapping (2.2.29), (2.2.30) between the intervals [—1, 1] and [a, b], that
1 L.
waj = (b-a) [ Lujodr j=0...n, (83.8)
~1
where
L j(t):=Ly;( (b—a)+L(a+b)), j=0,...n, (8.3.9)
and thus, by using also (8.3.7) and (8.3.2),
Ly j(&p) =8k jik=0,....n. (8.3.10)

Since L, ; € m,, j =0,...,n, it follows from (8.3.9) that Z,Lj €m, j=0,...,n, so that we
may apply the Chebyshev expansion (7.6.27) in Theorem 7.6.5, together with (8.3.3) and
(8.3.10), to deduce that, for j =0,...,n,

- 23, [ n . / Y
Ln,j—nkgz) zgf) Ly, (cos(f/t))cos(nﬂ)}Tk
:22, Z,ij<C05<n_£ﬂ>>cos(k(n_€)ﬂ) 5
M=o [0 n n
P JURP LR k(n—12)
— nkg;)/ ZB' Ly, j(&n.e)cos ( . 7'[):| T
28, [¢ k(n—0)
= nk;), égb’ 5j7(4cos( " 7'[):| Tr. (8.3.11)

By recalling the definition (7.6.15) of the symbol X', as well as the fact that the first line of
(2.2.1) gives Ty(x) := 1, we deduce from (8.3.11) that

n
Ln()_n Y ' ( 1)’<Tk_ 1+22 Wi+ (- )”T,,]; (8.3.12)
k=0
~ 2 & k(n—j 1 n_l k(n— i .
Ly ;= Z'cos( (n J)J'C>Tk: l—l—ZZcos( (n ])n)TH—(—l)"fT,,],
: I’lk:0 n n =1 n
j=1,....,n—1 (ifn>2); (8.3.13)
n—1
Lyy= Z Ty = 1+2ZTk+Tn : (8.3.14)
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Next, we use the formula (2.2.5) in Theorem 2.2.1(b), together with the one-to-one map-
ping (2.2.11), (2.2.12) between the intervals [0, ] and [—1, 1], to obtain by means of inte-
gration by parts, for any integer k > 2,

1 b2
/ Ti(t)dt :/ cos(k6)sin 6d0
-1 0

= [cos(k@)(—cos G)K—k/onsin(ke)cos 0do

(11— k{ [sin(k6)sin 6 : - k/oncos(ke) sin ede}

1
=1+ (71)"+k2/ Ty (t)dt,
—1
and thus

1 1 -1 k
/71Tk(t)dt: Tikz)’ k=2.3,.... (8.3.15)

Also, observe from the first line of (2.2.1) that

1 -1 -1 -1
/ To(t)dt = / dt =2; / Ty (t)dt = / tdt =0,
J-1 J-1 J-1 1

which, together with (8.3.15), yields
1 ,, if kis even,
/ Ti(t)dt={ 1—k k=0,1,.... (8.3.16)
- 0, if k is odd,

It follows from (8.3.12), (8.3.13), (8.3.14) and (8.3.16) that

1 1 ; 1
/AL,LO(I)dt:n 1-2 ; 4k2—1+2(_1) LTH(:)dz ; (8.3.17)

1
e 2 Ry 2jk \ 1 !
Lot =" |1-2 —1 [ Ty
/71 J(t)ar . ; e cos( . n)+2( ) /71 (t)dt

=1
j=l..on—1 (ifn=2);  (83.18)
ol 1 L%("*UJ 1 1 1
Ly pn(t)dt = 1-2 T,(t)dt | . 8.3.19
./71 wa(t) n ; -1 2 ./71 () ( )

Now observe that, for any positive integer [,
i 1 z“: 1 1
S akr—1 0 254 [2k—1 2k+1

=2[0m) s e (ol
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1 1— 1 M
T2 2u+1] 2u+1’

that is,
H 1 u
= , HEN, (8.3.20)
];418—1 2u+1
according to which
1
-2 _2
L3 (=) 2(n—2) = bn ,ifniseven, n > 4;
y L J(n=2)+1 2n-1 8321)
&= A —1 yn=1) 1a-1 .
. = ,if nis odd, n > 3.
(n—1)+1 2

By combining (8.3.8) and (8.3.16)—(8.3.21), we obtain the following explicit formulation
for the weights of the Clenshaw-Curtis quadrature rule, where we adopt once again the
convention i o =0, if j;<jo.

J=Jo
Theorem 8.3.1. For any positive integer n, the Clenshaw-Curtis quadrature rule ,@SC, as
given by (8.3.5), (8.3.6), (8.3.2), (8.3.3), has weights {w, j: j=0,...,n} given explicitly

by

(a) ifnis even,

b—a
Wn0 = Wnn = 2(1’12— 1)7 (8.3.22)
) (n=2) . .
b—a 2 1 2 jk (—1)/
= 1-2
Wmi= k; 4k271008< n ”)+17n2 ’
j=1,...,n—=1(if n = 2); (8.3.23)
(b) ifnis odd,
b—a
Wn0 = Wnn = 2 5 (8.3.24)
1
(n—1) .
b—a 2 1 2 jk
Waj= l—2kg1 4k2_1cos(n7r> ,

j=1,....,n—1 (ifn>=3). (83.25)

We proceed to show that the weights {w, ;: j=0,...,n} in Theorem 8.3.1 are positive.
First, observe from (8.3.22) and (8.3.24) that

Wno >0, we,>0, forn=12,.... (8.3.26)
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Next, if n is even, with n > 4, we use (8.3.21) to deduce from (8.3.23) that, for j =1,...,n—
L,

](11—2)
—a 2 1 1
Wi 2 172,; 4a2—1 n2-1
b—a n—2 1 b—a
= 1-— — = 0 8.3.27
n [ n—1 nz—l] n2_1”" ( )
whereas
b—a 1 2(b—a)
= 1 = . 3.2
w1 > { +3} 3 >0 (8.3.28)
Similarly, if n is odd, with n > 3, we use (8.3.21) to deduce from (8.3.25) that
b—a 21 1 b—a n—1 b—a
P> 1-2 = 1— = . 3.2
Wajz k; e . { . } o >0 (8329

By combining (8.3.26)—(8.3.29), it follows that we have proved the following result.
Theorem 8.3.2. For any positive integer n, the weights {w,;j: j=0,...,n} of the
Clenshaw-Curtis quadrature rule QSC, as given in Theorem 8.3.1, are positive, that is,
wpj >0, j=0,...,n. (8.3.30)
Our next step is to find, for any n € N, the degree of exactness m,, of the Clenshaw-Curtis

quadrature rule. Since QEC is, according to (8.3.1), an interpolatory quadrature rule, we

deduce from Theorem 8.1.1 that
my,=>n, n=12.... (8.3.31)
Hence we proceed to investigate the validity of the statement
/bP(x)dx — 9P|, Pem. (8.332)
a

To this end, for any positive integer n, let P € 7,1, with deg(P) = n+ 1. By using the
one-to-one mapping (2.2.29), (2.2.30) between the intervals [—1,1] and [a,b], we deduce
that

b — L
/ Px)dx =" 2“ P(t)dr, (8.3.33)
a —1

where
P(t):=P(L(b—a)+i(a+Db)), (8.3.34)

or equivalently,

~( 2 a+b
P(x)=P (b—ax_ b—a> . (8.3.35)
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Since P € 7,1, it follows from (8.3.34) that Pe .41, sO that we may deduce from Theo-
rem 7.6.3 that
. ntl

=Y o, (8.3.36)
where the coefficient sequence {c;: j=0,...,n+ 1} can be obtained from the Chebyshev
expansion (7.6.14). Note from (8.3.35) and (8.3.36), together with Theorem 2.2.1(a), that,
since deg(P) = n+ 1, we have ¢, # 0. It follows from (8.3.33) and (8.3.36), together
with (2.2.29), (2.2.30), that

b b b—a 1
/ P(x)dx — / O+ / Tpor (1), (8.337)
a a —1
where
Zc x=2tE (8.3.38)
J b a b—a)’ o
or equivalently,
Zc, Ti(t)=Q(3(b—a)+ L(a+b)). (8.3.39)

Next, we use (8.3.5), (8. 3 2) (8.3.34), (8.3.36) and (8.3.39) to obtain

2P an] Lb—a)u it ba+b)

=Y waiP(6n))
=0
=Y wi;Q(5(b—a)éuj+ y(a+b))+cnpr Y, waiTur1(En )
j=0 j=0
= 25°10] + cui1 Y Wi Tyt (Enj)- (8.3.40)
=0

Since (8.3.38) and Theorem 2.2.1(a) imply Q € m,, we may now apply (8.1.17) to obtain

/bQ(x)dx: 2] (8.3.41)

It follows from (8.3.37), (8.3.40) and (8.3.41), together with ¢, # 0,that (8.3.32) holds if
and only if

a 1 =
/17",,+1(t)dt =Y wa;Th1(6nj);
J— j=0

or equivalently, from (8.3.3) and the formula (2.2.5) in Theorem 2.2.1(b),

/ T (2)dt = Zn:WnJCOS <(n+ lzq(n_j)n) . (8.3.42)
Jj=0
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Note from the formulas (8.3.22)—(8.3.25) in Theorem 8.3.1 that the Clenshaw-Curtis

weights {w,, j: j =0,...,n} satisfy the symmetry condition
Win—j=Wnj, J=0,...,n. (8.3.43)

It then follows from (8.3.43) that the condition (8.3.42) has the equivalent formulation
b— 1 “ 1)j
9 a 1 T (2)dt = Z Wp, j COS <(n—; )i n) . (8.3.44)
_ =

Suppose first n is even, that is, n = 2V for a positive integer v. By using (8.3.43), we obtain

2v :
2v+1
Z Way,j COS < ( 2—; )J 7[)

J=0

v—1 :
2v+1 1
= ) W2y, jCOs ( ( 2+ )i n) +way v CcOS ( (V + 2) n)
=) v

2v .
2v+1
+ Z Way 2v—jCOS < ( )i 717>

Jj=v+1 2v
v—1 . .
B ‘ (2v+1)j Q2v+1)2v—j)
= jgbwzw |:COS ( v 71') +cos ( v ﬂ)}
v—1 . .
=Y wa, [cos ((ZV;‘: Dj n) —cos ((ZV;‘_/I)] n)] =0. (8.3.45)
j=0

Also, since n+ 1 is odd, it follows from (8.3.16) that

1
/ Tht1 (t)dt =0,
_1

which, together with (8.3.45), shows that (8.3.44), and therefore also (8.3.32), do indeed

hold. Hence the exactness condition (8.3.32) is satisfied if n is even, and thus
m, >n-+1, ifniseven. (8.3.46)

Suppose next n is odd, and thus n+ 1 is even, so that we may apply the formulas (8.3.24)
and (8.3.25) in Theorem 8.3.1, as well as (7.6.22) and (8.3.21), to obtain, for n > 3,

n 1 o
Y wajcos ((’H— )Jn)
j=0 "

1
b—a = 2Dy 2jk (n+1)j
= 2 l+an:] 1-2 k;l 4k2_1cos< 7[) cos( " 7[)

n
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_ba 1+anos<( nt 1) )

n? = n
N 5%” 1 "il 2jk (n+1)j_
n P 4k271 '_1COS n Ccos n
= =
n—1 .
1+n{Zcos((n+1)]7r)—1}
=0 "
-1) n—1
2k+n+1)
—n Z 4k21{2c0( n)l}
- Z) ):‘ (2k — n—l) A
n 42— 1 cos

1 n—1 n—1
1—|—n(0—1)—n{4(;(n_1))2_1(n)— on }—n{O— o }:|

b—a
= _n(n—2)’ (8.3.47)

whereas, if n = 1, it follows from (8.3.24) that

b—a

b—a
l’l

1
Z wi jcos(2jm) =b—a,
j=0

from which we then deduce that the formula (8.3.47) is valid for any odd integer n > 1.
Since n+ 1 is even, with n+ 1 > 2, it follows from (8.3.16) that

b—a b—a 2 b—a
w1 (t)d =-— . 8.3.48
2 o Tvr(8)dt = 2 [lf(nJrl)z} n(n+2) ( )
It follows from (8.3.47) and (8.3.48) that
a (! u (n+1)j 4(b—a)
1 17},+1(t)dt—]gbwn7jcos( n F) = a2 —ay (8.3.49)

according to which (8.3.44), and therefore also (8.3.32), are not satisfied if n is odd, which,
together with (8.3.31), implies that

m,=n, if n isodd. (8.3.50)

Hence it remains to establish the value of m, if n is even. Suppose therefore that n is

even, and let P € m, ., with deg(P) = n+ 2. Analogously to the argument which led from
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(8.3.32) to (8.3.44), and by also using the fact that m,, satisfies the inequality (8.3.46), we

deduce that the exactness condition

b
/ P(x)dx = 25€ [P (8.3.51)
a
holds if and only if
_ gl n 2 ;
b “/ Toio(t)dt = Y wy jcos (n+2)j 2 | (8.3.52)
2 Ja i n
First, since n+ 2 is even, we deduce from (8.3.16) that
b—a [! b—a 2 b—a
T, dr = = — . 8.3.53
2 L (i =", [1—(n+2)2} (n+1)(n+3) (8.3.53)

Next, we apply the formulas (8.3.22) and (8.3.23) in Theorem 8.3.1, as well as (7.6.22) and
(8.3.21), together with the fact that n 42 is even, whereas n+ 1 and n+ 3 are odd, to obtain,
forn >4,

n 2 o
B (1702
=0 "

1("*2) n—1 .
12 1 (2k+n+2)j
o Z 4k2—1{zcos( n ™)1
k=1 Jj=0
y(n—2) —1 .
12 1 n ((Zk—n—Z)J )
cos T|—1
n Z 4k21{;)
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n+3
=—(b— . 8.3.54
( a)n(n+1)(n—3) ( )
It follows from (8.3.53) and (8.3.54) that, for n > 4,
b—a (! u (n+2)j 9(b—a)
5 L T,l+2(t)dt—j§w,,,,cos( m) = n(o—9)’ (8.3.55)

whereas, if n = 2, it follows from (8.3.53), (8.3.22) and (8.3.23) that

b;a ./;11 T4(t)dtgw2=jcos(21”) =-b-a) {115 " {; ' ; (l " ;) }]

_ 16(b—a)
=— (8.3.56)

It follows from (8.3.55) and (8.3.56) that (8.3.52), and therefore also (8.3.51), are not sat-
isfied if n is even, from which, together with (8.3.46), we deduce that

m,=n+1, if n iseven. (8.3.57)
Hence, according to (8.3.50) and (8.3.57), together with (8.3.37), (8.3.40), (8.3.41) and

(8.3.49) if n is odd, and, analogously, (8.3.55) and (8.3.56) if n is even, we have now
established the following.

Theorem 8.3.3. For any positive integer n, the degree of exactness my, of the Clenshaw-

Curtis quadrature rule QSC in Theorem 8.3.1 satisfies

n+1, ifniseven;
my, = (8.3.58)
n, ifnisodd.

Also,

(a) ifnis odd, and P € 7,1, with
n+1

P(x) = Z c jxj ,
j=0

then
b
CC _ .
/a PWdr— 2Pl = un(b=a) o (8.3.59)
(b) ifnis even, and P € T,5, with
n+2 )
P(x) = Z cjx’,
j=0
then
1
b - 127 if n=2;
/ P(x)dx — 2P| = cpia(b—a) A (8.3.60)
a if n>4.
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Observe from Theorems 8.3.2 and 8.3.3 that the Clenshaw-Curtis quadrature rule 2¢¢
satisfies the conditions of Theorem 8.1.2, with degree of exactness m, given by (8.3.58) in

Theorem 8.3.3, according to which
m=2|n/2|+1, n=1,2,..., (8.3.61)
and thus we immediately have the following result as a special case of Theorem 8.1.2.

Theorem 8.3.4. Let { 2°C: n=1,2,...} denote the sequence of Clenshaw-Curtis quadra-

ture rules of Theorem 8.3.1. Then:

(a) Convergence on Cla,b] holds, that is,

/bf(x)dx—gfc[f]’ —0, n—o, feCla,b]. (8.3.62)

(b) If f € C*[a,b] for an integer k € N, the convergence rate result

/bf(x)dx—ﬁcc[f} (2|_n/2J+1_k)

!
lnj2) w1y MOl n=lokt 1,y

(8.3.63)

< Z(b _ a)k+1

holds, with, in particular,

/bf(x)dx—gcc[f] ¢ 2b—a)? [ leos n=1,2,..., fECa,b], (8.3.64)
p n \2\_”/2J+1 0y gLy ey ] ) R
that is,
b 2(b—a)?
/ f(x)dx—o@zcnc[f]‘é (2n+a1) [/ ||oes n=1,2,..., f €C'[a,b]; (8.3.65)
b )2
/ f(x)dxﬁgfl[f]’ < 2(2};_“1) [ |, n=1,2,..., f €Ca,b]. (8.3.66)

Example 8.3.1. To obtain the Clenshaw-Curtis quadrature rule o@ﬁcc for the numerical ap-
2
proximation of the integral / f(x)dx, f € C[0,2], we first set [a,b] = [0,2] and n = 6 in
0

the formulas (8.3.22) and (8.3.23) of Theorem 8.3.1, to obtain

W60 = W6._6 = 315§

We1 = ; 1—2](22 4k21_1cos (k;> +315} = ég,
Weo = ; -1 Zlil4k21 1 €08 (2/;71') - 315 = ;g,
e = ; 1_2; 4k21_ | cos(k) + 315 = ;f:
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and thus, by using also the symmetry condition (8.3.43),

16 R
35° Wes = Wol = oo

Next, we use (8.3.2) and (8.3.3) to obtain

CC CC CC CC CC CC .CC V31 3 V3
{X6.0:X6 1,621 %631 %6 4:X6.5%6.6 _{031 L1+ 2.

Wed = W62 =

272772
Hence, according to (8.3.5), we have the formulation

1 16 3\ 16 (1) 164 16 (3
2 = 35 1O+ 5 f (1_\2 )+35f(2>+315f(1)+35f<2)

16 V3 1
+63f <1+ 5 )+35f(2). (8.3.67)

For the case f(x) = ¢*, we calculate by means of (8.3.67), together with (8.2.42), that the

corresponding quadrature error is given by

/Ozf(x)dx,@gc[f]‘ ~5.597 x 1078, [

8.4 Newton-Cotes quadrature

In this section, we consider the numerical approximation of the integral

b
I1f] ::/af(x)dx, feclab), (8.4.1)

by means of the Newton-Cotes quadrature rule 2NC, which, for any non-negative integer

n, is defined by
2= A7 = [[(PiWax, e Clad] (5.42)

where 2! : Cla,b] — , is the Lagrange interpolation operator, as defined by (5.1.2), with

respect to the equispaced interpolation points

X0,0 := 4a;
b (8.4.3)
o ::a+j< n“), j=0,...nifn>1.
Note that, if n > 1, the points {x, j: j=0,...,n} in the second line of (8.4.3) are equis-
paced, with
b—a .
Xn bl = Xnj = j=0,...,n—1, (8.4.4)

and such that

a=Xp0<Xp1 <--<Xpnp=>h. (8.4.5)



Interpolatory Quadrature 191

According to (8.4.2), QHNC is an interpolatory quadrature rule, as given by (8.1.7), that is,

erl\’C [ﬂ = Z Wn,jf(xn,j), (8.4.6)
=0
where
b
woji= [ Laj0dr, j=0.m, 347)
a

with the Lagrange fundamental polynomials {L, j: j=0,...,n} givenasin (1.2.1).
We proceed to obtain explicit formulations for the Newton-Cotes weights {w, ; : j =
0,...,n} in (8.4.6) and (8.4.7). To this end, we first observe from (8.4.7) and (1.2.1) that

b
Wo,0 = / dx=b—a, (8.4.8)
Ja
which, together with (8.4.6) and the first line of (8.4.3), yields the quadrature formula
26f] = (b—a)f(a). (8.4.9)

Suppose next that n € N, and let the integer j € {0,...,n} be fixed. By using (8.4.7),

(1.2.1), and the one-to-one mapping between the intervals [0, 7] and [a, b] given by

t=n"" % a<x<b, (8.4.10)
b—a
or equivalently,
b—
x:a—l-( “)z, 0<1<n, (8.4.11)
n
we deduce that
b—a ("~
Wnj= /O Ly,j(t)dt, (8.4.12)
where
= b—a
Ly j(t) :=Ln;(a+ ). (8.4.13)
; , "

Observe from (8.4.13), together with (1.2.3) in Theorem 1.2.1, as well as (8.4.11), that
Ly (k) =8y, k=0,..n (8.4.14)
Now apply Theorem 1.1.2 to deduce that there exists a (unique) polynomial g; € 7, such
that the interpolation conditions
-1, k=0,...,j;
gj(k) = (8.4.15)
0, k=j+1,....,n+1,

are satisfied, and in terms of which we define

hj(t) = g;(t+1) —g;(t). (8.4.16)
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Since g; € 7,1, we deduce from (8.4.16) that h; € 7.
Observe from (8.4.16) and (8.4.15) that

—1—=(=1)=0, if k=0,...,j—1 (ifj>1);
hj(k) = 0—(=1)=1, if k=,
0-0=0, if k=j+1,....,n, (ifj<n—1),
that is,
hj(k) =06j—x, k=0,...,n. (8.4.17)

Since L, ; € m,, we see from (8.4.13) that Zn,j € m,. But also h; € m,, so that (8.4.14)
and (8.4.17), together with the uniqueness statement in Theorem 1.1.2 with respect to the
interpolation points {0,...,n}, imply that

hj=L,;. (8.4.18)
By combining (8.4.12), (8.4.18) and (8.4.16), we deduce that
b—a "
way = [l 1) =g 0l (84.19)

Now observe that

[lest41) = g0l [ lgitn+1-0) - g0

== [/Ongj(t)dt—/olgj(t)dr} + Vongj(tJrl)dr—/O]g,-(nH—r)dz]

_ 7/1ngj(t)dt+ MHIgj(t)dtf/nwlgj(t)dt}

== ["gjar+ [ g =0,

and thus

[leste 1) g0lar = [ gyt 11— o,
0 0

which, together with (8.4.19), yields

b—a [
W j = n“/o lg;(n+1—1)— g;(0)]dr. (8.4.20)

Since g; € T, 1, we may apply the identity (1.3.25) in Theorem 1.3.5, together with the
definition (1.3.11), and the first definition in (1.3.2), to deduce that
ntl k=1 n+l

k—1
gi()=gj0)+ Y gil0,... . [Je-0=-1+Y gj[o,...,k]p(t—e), (8.4.21)
k=1 k=1 =0

=0
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since the first line of (8.4.15) gives g;(0) = —1, and similarly, with the definition
gj(t) == gj(n+1-1), (8.4.22)

according to which g; € m,, | implies g; € 7,1, we have

n+l1 k—1
gi()=g;(0)+ Y glo,....k ] -0,
k=1 =0
and thus, from (8.4.22),
ntl k—1
giln+1—1)=gjn+1)+Y g0,... k][]t —2)
k=1 =0
n+l k—1
k=1 =0

since the second line of (8.4.15) yields g;(n+ 1) =0.

Next, we prove that

1
il mk=1], meZ, k=12, (8.4.24)

where £ is defined by (8.4.16), and similarly,

gjlm,....m+k|=

1~
him,....m+k—1], meZ, k=12,..., (8.4.25)

gilm,....m+k|= P

where

hj(r) ==g;(t+1)—g;t). (8.4.26)
In order to prove (8.4.24) inductively, we first note from (1.3.4) and (8.4.16) that (8.4.24)
is satisfied for k = 1. Moreover, if (8.4.24) holds for a fixed k € N, we may apply the re-
cursion formula (1.3.21) in Theorem 1.3.4, together with the inductive hypothesis (8.4.24),
to deduce that, for any m € Z,

h 1,... k] —h[m, ... k—1

h[m,7m+k}: [m+ ) 7m+ ]k [m’ 7m+ ]
1

:k{kgj[m+1,...,m+k+1]—kgj[m,...,m+k]}

k1) gilm+1,...om+k+1]—gjm,....m+Kk
k+1
=(k+1)gjm,....m+k+1],

according to which (8.4.24) also holds with k replaced by k+ 1, and thereby completing
our inductive proof of (8.4.24). Similarly, it follows inductively from (8.4.26) that (8.4.25)
holds (see Exercise 8.11).
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Hence we may now use the case m = 0 of (8.4.24) and (8.4.25) in, respectively, (8.4.21)
and (8.4.23), to obtain

git)=—1+) M | § ((E (8.4.27)
=1 =0
n+l 7. _q1k—1
giln+1—1)= Zh][O,...,k 1]l—I(t—f). (8.4.28)
=1 k =0

By noting from (8.4.22) and (8.4.15) that
0, k=0,....,n—j;
gjlk) = (8.4.29)
-1, k=n—j+1,...,n+1,

we may now deduce from (8.4.26) that

0-0= 0,if k=0,....n—j—1(fj<n—1),

hj(k) = —1-0=—1,if k=n—j;
—1—=(=1)= 0,if k=n—j+1,...,n(ifj > 1),

that is,

hj(k) = —8,_jx, k=0,....n. (8.4.30)

Next, for k = 1,...,n, we apply the formula (3.4.2) in Theorem 3.4.1, with, respectively,
f=h;j andf:ﬁj, andwith p =0, v=k—1, {xy,...,.xy} ={0,...,k—1},and h =1, to

obtain
(-1 k—1 k=1 (k=1
hl0,....k—1] = (k)l)!mzo(l) ( " )hj(m)7

. (71)/{*1 k—1 k—1\~
i0,....k—1] = —1)" .
hj[07 7k ] (k—l)' m;o( ) m h](m)7
It then follows from (8.4.27) and the first line of (8.4.31), together with (8.4.17), and keep-

ing in mind also the second line of (3.2.1), that

k=1,...n. (8.4.31)

n+l (_l)kfl k—1

B k-1
R VAR VCVC] W L% ) (O
k=1 : (=0

m=0

ntl o k=1 /g 1N\ k=1
:—1+(_1)fki( 2 ("j1>H(;_4), (8.4.32)

=1 (=0
and similarly, from (8.4.28), and the second line of (8.4.31), together with (8.4.30), we
obtain

nl [ pyk=1 k=1 _ k-1
ICRSEIED VAR ICHVil GO (G %) § ()
k=1 :

m=0 (=0
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n+1 k 1

_ n ]+IZ

< ) —0). (8.4.33)
Let the polynomial sequence { ( k) k=0,1,.. } be defined by
k=

1 0;
(t) =90kt (8.4.34)
k G [L0=0, k=12,

=0
Observe that if we set t =m € {0,1,...} in (8.4.34), then, for k = 0,...,m,

m\ m(m—1)...(m—k+1)  m!
k) k! Ck(m—k)
which is consistent with the binomial coefficient definition in (3.2.1). It follows from

(8.4.32), (8.4.33) and (8.4.34) that

()
gi(nt1—1)= "JHZ ( i)@

By substituting (8.4.35) into (8.4.20), we obtam

W, j = b;a [l (l)j{i(l)kl(k;l> /01 <ltc)dt
+ (1)n§(1)k 1(z:i)/ <;>dzH. (8.4.36)

The real numbers {A : 0,1,...} defined by
e
Api= (4)’“1/ (k) dt, k=0,1,..., (8.4.37)
0

t
with the polynomial sequence { < k) k=0,1,.. } given in (8.4.34), are known as the

)

(8.4.35)

Laplace coefficients.
According to (8.4.8), (8.4.36) and (8.4.37), we have therefore now established the following

formulation of the Newton-Cotes weights.

Theorem 8.4.1. For any non-negative integer n, the Newton-Cotes quadrature rule Q;VC,

as given by (8.4.6), (8.4.7), (8.4.3), has weights {wy_j: j=0,...,n} given by
woo0=b—a;
b—a & k k
— 1= (=1 Y A —1)" i—0,...n(ifn>1),
Wnj= [ ( )k;,) k+1{(j)+( )<n—j>}]’J soon (iffn>1)

(8.4.38)
with the Laplace coefficients {A1,...,An+1} defined as in (8.4.37).
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We proceed to derive a recursive formulation for the Laplace coefficients {A;: k=0,1,...}

in (8.4.37), for which we shall require the following polynomial identity.

Theorem 8.4.2. For any non-negative integer k,

- (N[ s+t
;o(é) (k—€> :< k ) st ER, (8.4.39)

with the polynomials { (2) :0=0,... ,k} defined as in (8.4.34).

Proof. Our first step is to prove that (8.4.39) is satisfied for all non-negative integer values

k
D)= () wr-
= , u,v=0,1,.... (8.4.40)

To this end, for any non-negative integers i and v, by keeping in mind also the second line

of s and 7, that is,

of (3.2.1), we obtain, for any x € R,

SEO)]-E0 )

D) D = e e = Y (wv)xk,

k=0 k
TR0

from which (8.4.40) then immediately follows.

and thus

*=0, xeR,

Hence, if we define the bivariate polynomial

k t s+t
F(s,t) = <S> < ) - ( ) 5,1 €R, (8.4.41)
L) ee) =k
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it follows from (8.4.40) that
F(u,v)=0, u,v=0,1,.... (8.4.42)

Now observe from (8.4.41) and (8.4.34) that
k Kk o
F(s,t) =YY ais't', (8.4.43)
i=0j=0
for some coefficient sequence {a;; : i, j =0,...,k}. It follows from (8.4.43) and (8.4.42)
that

k k
Y m'Y ayn’ =0, mn=0,... k (8.4.44)
=0 j=0
Let the (k+ 1) x (k+ 1) matrix V be defined by
(1 xo x(z) x’é i
I x x% x’f

Vi , (8.4.45)

L1 x; xl% x]li
where
Xy =M, u=0,...k (8.4.46)

By comparing (8.4.45) and (1.1.7), we see that V is a Vandermonde matrix, and thus,
since (8.4.46) shows that {x;, : 4 = 0,...k} is a sequence of k+ I distinct points in R,
we may apply Theorem 1.1.1 to deduce that V is an invertible matrix. Moreover, with the
(k4 1) x (k+ 1) matrix A defined by

A= [aij]i<i j<ns (8.4.47)

we deduce from (8.4.45), (8.4.46) and (8.4.47) that (8.4.44) is equivalent to the matrix

equation
vavT =0, (8.4.48)

the zero matrix. Since V is invertible, we know from a standard result in linear algebra that

VT is invertible, so that we may deduce from (8.4.48) that
o=vIo)wvhHt=vIiwvavhywhHl = v Im)AvT(vT) ) = 1a1 = A,

and thus A = 0, the zero matrix, and it follows from (8.4.47) that a;; =0, i,j =0,...,n,
which, together with (8.4.43), implies that

F(s,t)=0, s,eR. (8.4.49)
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The desired result (8.4.39) is then an immediate consequence of (8.4.41) and (8.4.49). W
The computation of the Laplace coefficients is facilitated by the following recursive formu-

lation, the proof of which is based on the polynomial identity (8.4.39) in Theorem 8.4.2.

Theorem 8.4.3. The Laplace coefficients { Ay : k =0,1,...}, as defined by (8.4.37), satisfy

the recursive formulation

Ao = —1;
k-1 (8.4.50)
A
Ay = C k=12,
k-1

Proof. First, observe from (8.4.37) and the first line of (8.4.34) that

1
A():—/ dt:—l,
0

which proves the first line of (8.4.50).
Next, by using (8.4.39) in Theorem 8.4.2, as well as (8.4.34), we obtain, for any k € N,
t€Randh € R\ {0},

)OI EO)- ()

and thus

LT R G R 1] v R RS

It follows from (8.4.51) and (8.4.37) that, for k € N,
ld t k (_1)571 1 t k—1 (_l)kflfﬂ 1 t
dt = dt = dt
La@e=x™0 [ )20 ()

(8.4.52)

Moreover, the fundamental theorem of calculus gives

1 1-0=1, if k=1
FE0-0)-0-
o dr \k k k 0-0=0, if k=2,3,...,
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by virtue of (8.4.34).
By combining (8.4.52) and (8.4.53), we deduce that
et Zk: 1, if k=0;
k“ 0, if k=1,2,...,
and thus
k-1
Ay
DR A : =0, k=1,2,...
( ) + Z k+ 1—¢ ) [t} ’
which is equivalent to the second line of (8.4.50). |
By applying the recursive formulation (8.4.50), we obtain (see Exercise 8.12) the Laplace
coefficients
1. _19. _ 3.
" 2;63 " 12, " 243:953 " 7280’83 " 162;50433 (8.4.54)
A6 = 0a30° A7 = 241005 A8 = 3883005 A9 = 16368000 A10 = 45001800-

By using the formula (8.4.38), together with the Laplace coefficient values in (8.4.54), we
obtain (see Exercise 8.12) the Newton-Cotes weights as given in Table 8.4.1.
Table 8.4.1 The Newton-Cotes weights w,, ; = [(b—a)/n]0, j, j=0,...,n,forn=0,...,8.

n {on,;}

{1}
11
1
22)
) 1’4’1
3'3°3
3 379’973
8888
14 64 8 64 14
457457157457 45

5 95 125 125 125 125 95
2887 96 " 14471447 96 * 288

6 {41 54 27 68 27 54 41}
14073571407 357 140" 357 140
7 {5257 25039 343 20923 20923 343 25039 5257}
17280° 17280 640’ 17280° 17280 640° 17280 17280
g { 3956 23552 3712 41984 3632 41984 3712 23552 3956 }
141757 14175° 141757 141757 28357 14175° 141757 14175 14175
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Observe from the formula in the second line of (8.4.38) in Theorem 8.4.1 that the Newton-

Cotes weights satisfy, for j =0,...,n,

et e () )
g ) ()] e

that is, the symmetry condition

Wpn—j=Wnj, Jj=0,...,n, (8.4.55)
is satisfied, as illustrated for n =0,...,8 in Table 8.4.1.
Example 8.4.1. To obtain the Newton-Cotes quadrature rules Q’lv C Q’z\' c Qév € and Qﬁ’ c

for the numerical approximation of the integral (8.4.1), we apply (8.4.6) and (8.4.3), to-
gether with (8.4.38) in Theorem 8.4.1, to deduce from Table 8.4.1 that, for any f € C[a,b],

2 =" It + £0)); (8.4.56

A =" | fla) +ar (“;b ) +f(b)} : (8.457)

2 =" @3 (7 ) e () | (5.4.59
VC[f] = bg_oa -7f(a)+32f(3a:b) +12f<“;b) +32f(“z3b) -|—7f(b)] .

(8.4.59)

|

8.5 Error analysis for Newton-Cotes quadrature

In the general setting of Section 8.1, for any non-negative integer n, let the functional
&, : Cla,b] — R be defined by

&lfl=If1=2lf], [feClab], (8.5.1)
with the functionals .# and 2, defined as in (8.1.1) and (8.1.5). For any f € C[a,b] and

non-negative integer n, we call &,[f] the corresponding quadrature error. Observe from
(8.5.1),(8.1.9) and (8.1.10) that &, is a linear functional, that is,

S f+ugl = A& +u&lel, ApeR, fgeClab,  (852)
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forn=0,1,....
The principal aim of this section is to investigate the Newton-Cotes quadrature error
b

Y= [ fwdx—2X7), e Cla, (8.5.3)

a
with 2NC as given in (8.4.6), (8.4.7), (8.4.3).
Our first step in this direction is to prove the following general result for linear functionals
on Cla,b)].

Theorem 8.5.1. Suppose £ : Cla,b] — R is a linear functional such that, for some non-

negative integer k, it holds that either:
(a)
fecab], with fP(x)>0,x€ a,b]= ZL[f] >0 (8.5.4)

or

(b)
feCa,b), with fO(x)>0,xela,b=Z[f] <0. (8.5.5)

Then, for f € C [a,b], and any monic polynomial P € T, there exists a number & €
[a, D] such that

®
211=""® gpp. 85.6)

Proof. Suppose first that . satisfies the condition (8.5.4). Let f € C*[a,b], P € 7, and, for
any € > 0, with the definitions

— min O M= (k)
m: arén;g}jf (x); : argfébf (x), (8.5.7)
define the polynomials
1 1
8=, (m—e)P; h:= i (M+¢€)P. (8.5.8)
Since P € 7 implies
PR (x)=k!, xeR, (8.5.9)

it follows from (8.5.8), (8.5.7), and € > 0, that
§O@ =m—e < fO0)—e < fO),

WO (x) =M+e > fOx)+e> fH(x),
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and thus
(F=o)W) >0,
(h=f)B(x) >0,

Hence, from (8.5.10) and (8.5.4), together with the linearity of ., we have
L) =Ll = Z[f -8 > 0;

a<x<b. (8.5.10)

L =Z[f1 = Zh-f]>0,

and thus
ZLg) < Z[f] < ZLIh]. (8.5.11)
By using again the linearity of ., we deduce from (8.5.8) and (8.5.11) that
mk_!g.z[P] < ZIf] < (M]: &) g1p) (8.5.12)

Now observe from (8.5.9) that
PY(x) >0, x€la,b],

according to which (8.5.4) gives .Z[P] > 0, so that we may divide the inequalities (8.5.12)
by kl!.Z [P] to deduce that

K.Z[f]
—& M+Ee. 8.5.13
m—g< Z1P) <M+ ( )
Since € is an arbitrary positive number, it follows from (8.5.13), together with (8.5.7), that
. KZ[f]
K () =m < <M= (k)
a?xlgbf (x)=m< 2P S M alggbf (). (8.5.14)

Hence, since also f ®ec [a,D], we may apply the intermediate value theorem, to deduce
from (8.5.14) that there exists a number & € [a,b] such that

kj% I ), (8.5.15)
which is equivalent to (8.5.6).
If .Z satisfies the condition (8.5.5), we may apply the argument which led from (8.5.7) to
(8.5.14) with £ replaced by —.%, to obtain, by using also the linearity of .Z,

LY KLU _REDU a6,

Z[P] —Z[P] (=2)IP]
as in (8.5.15), and thereby completing our proof. |
Before proceeding to prove that the Newton-Cotes error functional &V in (8.5.3) belongs
to the class of linear functionals .Z of Theorem 8.5.1, it is first necessary to establish the

following property of divided differences. Here, and in the rest of the chapter, we shall rely
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on the mean value theorem for integrals which states that, if f,g € Cla,b], and g(x) does

not change sign on [a, b], then there exists a point & € (a,b) such that

b b
| f@gwdx= 1) [ sx, (85.16)
a a
and similarly for iterated integrals.
Theorem 8.5.2. Suppose f € C**2[a,b] for a non-negative integer k, and let {xo,...,x;}

denote a sequence of k+ 1 distinct points in [a,b]. Then, for any x € [a,b), there is a point
& € [a,b] such that

d FE2E)
= 8.5.17
dx (f[x7x07 7ka (k+2)' ) ( )
with the divided difference f[x,xo, ... ,x;] defined as in (1.4.14).
Proof. Our first step is to prove that, for g € C'[a,b], and any x, & and B such that
a<tix—a)+p<b, te(0,0a),
we have
d o o
b [/ g(t(x—a) +B)dt} - / 1 (t(x— o) + B)dt, x+#a. (8.5.18)
x 1 Jo 0

To prove (8.5.18), we suppose x # o, and use the fundamental theorem of calculus to obtain

jx {/Oag(t(x—a)-i—ﬁ)dt} = jx /Oa(x_a)g(erﬁ)ds

xX—o

a(x—o)
_ ag(a(x—a)ﬂs)i/o g(s+B)ds

x—a (x—oa)?

agla(x—a)+B) /0 g(t(x—a)+B)d

I

X—0O X—O
(8.5.19)
whereas integration by parts yields
/atg’(t(x—a)—l-ﬁ)dt:[ G +ﬁ } / sl —a +ﬁ)
0 - t=0
. [ sty + prar

x—a xX—o
and it follows from (8.5.19) and (8.5.20) that (8.5.18) holds for x # «.
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By first noting that Theorem 1.3.6 is also valid for the more general definition (1.4.14)
of divided differences, we now apply Theorem 1.3.6, the definition (1.4.14), (8.5.18), the
remark following the statement of Theorem 1.4.3, as well as the mean value theorem for
iterated integrals, as given similarly to (8.5.16), to deduce that, for x € [a,b] \ {x}, there
exists a point & € [a, ] such that, with 7y := 1,

d

dx(f[x,xo,...,xk]) = jx(f[xo,...,xk,x})

d 1o 1 [k
= I {/0 /0 /0 f(k“)(tk“(x_xk)+fk(xk—xk,1)+.,,

“+1h ()C] —)C()) +X())dl‘k+1dtk .. .dt1:|

:/0’0 : /otk . {/ FED (g (= 20) + (g —x31) + -

+h (x1 —xo) +x0)dtk+l dty...dt

1o Te—1 [k
—/ / / fe 1 F O (g (o — ) (g —x-p) + -+

+n (x1 —xo) +x0)dtk+1d[k ...dh

1 T— 1,
f(k+2)(é)/0..‘/k l/ktk+1dtk+1dtk...dt1
0 0 0
(k+2) 1 T
_f (é)/o-u/kll‘]%dlk...dt]
2 0 0

:f(kH)(é)/totkHdt _ ) tk+ldt I ARI(9)
(k+1)! T k) Jo (k+2)!"°
which proves (8.5.17) for x € [a,b] \ {x;}.

If x = x;, we use the fact that

Tl x0s X1, %] = flx0, - o s Xps Xk—1,%],
and argue as above, with x € [a,b] \ {x¢—1}, to deduce that (8.5.17) is also satisfied for
X = X, and thereby completing our proof. |
By using Theorem 8.5.2, we can now prove that the Newton-Cotes error functional &N¢

is a linear functional as in Theorem 8.5.1. Note that the case n = 0 is not included in
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Theorem 8.5.3 below, but will be covered later in Theorem 8.6.4, in the context of the

rectangle rule QfE, withn =1.

Theorem 8.5.3. For any positive integer n, the Newton-Cotes quadrature error functional
&N €, as defined by (8.5.3), satisfies the following:

(a) ifnis even, then

f€C"™a,b), with f")(x) >0, x € [a,b] = EN[f] <0; (8.5.21)
(b) ifnis odd, then

feCa,b], with £V (x) > 0, x € [a,b] = £°[f] <0. (8.5.22)

Proof. First, we apply (8.5.3), (8.4.2) and (2.1.3), together with the formulation (2.1.5),
(2.1.6) of Theorem 2.1.1, to deduce that, forn =0,1,...,

n

b
@Nc[ﬂ:/ S X0, Xnn] [ [(x = x0j)dx,  f €Cla,b], (8.5.23)
a j:0

where the divided difference f[x,x,,...,%, ] is defined by (1.4.14), and with the sequence
{xn,j: j=0,...,n} given by (8.4.3).
(a) Suppose n is even, with n > 2, and let f € C"*z[a,b], with

F2(x) >0, x¢€la,b). (8.5.24)

By applying integration by parts, we deduce from (8.5.23) that

x=b b d
EVU) = [l nalGu0)] - / o 0, G0, (8.5.25)
— Ja

where we define

x n

G(x) ::/ [1(c—x.)do, n=0,1,.... (8.5.26)

a ]:O
Now use the one-to-one mapping (8.4.10), (8.4.11) between the intervals [0, 7] and [a, b],
together with (8.4.3), to deduce that, with the definition

n+2
Galt) = (bfa) Gy (a+ (b;“)z), (8.5.27)

G(t) = | /0 t fl(r— jdr. (8.5.28)

we have

It follows from (8.5.28) that

Go(n) = /'2 ﬁ(r—j)dr—i—/n ﬁ(r—j)dr. (8.5.29)
70 =0 75 =0
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But, by using the fact that n 4 1 is odd, we note that

J; Te=saz= [*TTln—9) - s

=1 [* Tls= (n= s
r
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--/ [T~ (0= s = -/ It~ ds,

which, together with (8.5.29), and (8.5.28), yields

G,(0)=0; Gu(n)=0, (8.5.30)
so that, from (8.5.27),
Gu(a)=0; Gu(b)=0 (8.5.31)
Hence we may use (8.5.31) to deduce from (8.5.25) that
ENCIf = - ab [Z (FX, X005 - - s Xnn]) Gn(X)dx. (8.5.32)
Our next step is to show that
Gn(x) 20, x€la,bl, (8.5.33)
or equivalently, from (8.5.27),
G,(t) =0, 1e[0,n].
Since n is even, we shall use an inductive proof to show that
Gy (1) =0, te[0,2v], v=12,.... (8.5.34)
First, note from (8.5.28) that
Ga(t) = /Ot t(t—1)(t—2)dt =}t -2)% (8.5.35)

(see Exercise 8.16), according to which (8.5.34) holds for v = 1. Suppose next that (8.5.34)

is satisfied for a fixed positive integer v. It follows from (8.5.28), together with integration

by parts, as well as (8.5.30), that

. t 2v
Govni(0)= [ G=2v=D]](e—j)ar

Jj=0

= {(T—ZV— 1)62v(7)};_ /(: ézv(f)‘”
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=({t—-2v— 1 sz / sz (8.5.36)
and similarly,
Gayia(t) = [(T—2V 2)Gay11(t / Gayyi(T
- '
— (1 =2V =2)Cay 1 (1) — /0 Govr (T)d. (8.537)

It follows from (8.5.36) and the inductive hypothesis (8.5.34) that

Gavy1(1) <0, 1€0,2v], (8.5.38)
and hence, from (8.5.37) and (8.5.38),

Gavi2(t) 20, t€]0,2v]. (8.5.39)
Next, we use (8.5.28) to obtain, for any 7 € [0,V + 1],

é2v+2(2‘/ +2- t) - 62v+2(t)

2v42—t 2v+2
:/t [1(z=jdz

=0
v+l 2v+2 2v2—1 2v42

:/ I1(=— de+/ [1(z=jdz
! Jj=0 Jj=0

v+l 2v+2 v+1 2v+2
:/ H(r—j)d‘H—/ [11ev+2—s) - jlds
t t j=0

Jj=0

v+l 2v42 v4+1 2v+2
:/ I (c— jde+(~ 2V+3/ H[sf (2v+2— j)ds
t

j=0

v+1 2v+2 v+l 2v+2
=[ Mejar | ~ j)ds =0,
t

Jj=
and thus, from (8.5.39) and 2v 42 > 2,

Gavi2(t) = Gay12(2v4+2—1) >0, 1€[2v,2v+2],

which, together with (8.5.39), shows that (8.5.34) holds with v replaced by v + 1, and
thereby completing our inductive proof of (8.5.34).

Since (8.5.34), and therefore also (8.5.33) hold, we may apply the mean value theorem
(8.5.16) for integrals to deduce from (8.5.32) that there exists a point X € [a, b] such that

d

NC _
@'@n [f] - dx

b
(f[x7xn,07 s axn,n]):| . /a Gn(-x)d-x~ (8.5.40)
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But then, from f € C""2[a,b] and X € [a,b], we may apply Theorem 8.5.2 with k = n to
deduce that there exists a point & € [a, b] such that

d f(n+2) (é)

n,0s--sAnn = B 8.5.41
o) || =TS (8541

which can now be substituted into (8.5.40) to yield

(n+2) (é) b
gver =t / G (x)dx. 8.5.42
n [f} (n+2), p l’l(x) X ( )
By observing from (8.5.33) and (8.5.26) that
b

/ G, (x)dx > 0, (8.5.43)

we may now deduce from (8.5.42), (8.5.24) and (8.5.43) that é",fvc [f] < 0, which completes
our proof of (8.5.21).
(b) Suppose 7 is odd, and f € C"![a, b], with

() >0, xelab)

It follows from (8.5.23), since also n > 1, that

b n—1
ENCf) = / (6= ) P X001 2] [ (6 — )l (8.5.44)
a j:0

Now observe from the recursion formula (1.3.21) in Theorem 1.3.4 that

(X _xn,n)f[xvxn,Oa s 7xn,n] = f[xvxn,(% s 7xn,n71] - f[xn.Oy s 7xn,n]7 (8.5.45)

for x € [a,b] \ {X4.0,---,%un}. But, since f € C""'[a,b], we deduce from Theorem 1.4.4
that both sides of (8.5.45) are continuous for x € [a, b], and it follows that (8.5.45) holds for
each x € [a,D)].

Hence we may substitute (8.5.45) into (8.5.44) to obtain

n—1

b
éanNC[f] = / (s Xn,05 -+ s Xnn—1] = flXn,05 -+ s Xnn]) H(X*xn,j)dxv
a j=0

to which we may now apply integration by parts to obtain

x=b
ENCUA = [(Tetnse e mnt] = Fln0s - ¥na ) Gut (0]
b d
—/a I (fl %005 s Xnn—1]) Ga—1(x)dx, (8.5.46)

where G, is defined as in (8.5.26), with n replaced by n — 1.
If n =1, it follows from (8.4.3) that

‘f[xvxn,Ow .. 7xn,n71] _f[xn,07~ .. aan,n”x:b = f[baa} _f[aab] = 07
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from Theorem 1.3.6, whereas (8.5.26) gives Gy(a) = 0, and it follows from (8.5.46) that
(8.5.32) holds with n replaced by n — 1, if n = 1. Moreover, (8.5.26) and (8.4.3) yield
X (x— a)z

Golx) = / (6 —a)do =

> bl,
/. 5 0, xé€la,b]

and thus also / ’ Go(x)dx > 0.
Since n—11is at;l even positive integer for n > 3, we may now argue as in (8.5.27)—(8.5.43)
for n > 3, where Theorem 8.5.2 is applied with k = n — 1, and, similarly, argue as in
(8.5.40)—(8.5.43) for n = 1, to deduce that &NC|[f] < 0, which then proves (8.5.22).

|
It follows from Theorem 8.5.3 that the Newton-Cotes quadrature error functional &C be-
longs to the class of linear functionals .Z in Theorem 8.5.1, based on which we can now

prove the following result.

Theorem 8.5.4. For any positive integer n, the Newton-Cotes quadrature error functional
&ENC, as defined by (8.5.3), satisfies

b— n+3
— ( a> (2An13 — Ay fUFD(E), f € C™2a,b), if nis even;
&I = AT
b—a
2("7) Aar @) feCta b ifnis odd,
n
(8.5.47)
for some & € [a,b], and where the Laplace coefficients {Ay : k=0,1,...} are defined by

(8.4.37).

Proof. According to (8.5.21) and (8.5.22) in Theorem 8.5.3, the linear functional % = gr{vc
satisfies the condition (8.5.5) of Theorem 8.5.1, withk=n+2if niseven,and k =n+1if

n is odd. Hence, with the polynomial P, defined for any non-negative integer n by

n+1
H(x Xn,j), if nis even;

Py(x):=1¢ />0 (8.5.48)
Hx x,,J ), if n is odd,

with the points {x, ;j: j=0,...,n} asin (8.4.3), and where
b—a
Xpni1:=a+ (n+1) < ; ) , (8.5.49)
according to which
T,12, if nis even;

P, e (8.5.50)
Toui1, if nis odd,
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we may apply (8.5.6) in Theorem 8.5.1 to obtain, forn =0, 1,...,

(n+2)
f z(é)gNC[ B, f € C"*?[a,b], if nis even;
a1 = f(ﬁﬁ)()é) (8.5.51)
s 11 En IR £ €€t i s odd,
for some & € [a,b]. By observing from (8.4.6) and (8.5.48) that, forn =0, 1,...,
QNC Z Wn, ] xn ] Z Wn,j(o) -
j=0
we deduce from (8.5.3) that
&NC(p, / Pax)dx, n=0,1,.. (8.5.52)

Now use the one-to-one mapping (8.4.10), (8.4.11) between the intervals [0, 7] and [a, b],
together with (8.5.48), (8.4.3) and (8.5.49), to deduce that, forn =0,1,...,

n+3 . n+l
. < ) / Htf )dt, if n if even;
/ P, (x)dx = n+2
“ ( ) / Htf )dt, if n is odd,

and thus, by recalling the definition (8.4.34),

o n+3 n
b <b a) (n+2)!/ ( tz)dt, if n is even;
/Pn(x)dx: b” in 0 Ant (8.5.53)
‘ < *a) (n+1)!/ ( ! )dt,ifnisodd.
n o \n+1

It follows from the definition (8.4.34) that, forr € R and k € N,
t n t _t(t—l)...(t—k+1)+t(l—1)...(t—k)
k k+1) k! (k+1)!

_ tt—1)...(t—k+1) (k1) + (t— K]

(k4 1)!
D =1) (1) = (kF1)+1)
N (k+1)!
= (1’;11) (8.5.54)

which is consistent with the standard combinatorial identity obtained by setting t = m €
{0,1,...} in (8.5.54). Hence we may use (8.5.54) in (8.5.53) to deduce that, forn =0, 1,.. .,

n+3
J— n 1
b (b a) (n—|—2)!/ {<t+3) —( t3>]dz7 if n iseven;
/ P”(x)dx: " n+2 70 nr n
’ boa (n+1)'/n Y0 Y, i nisodd
n “Jo [\n+2 n+2 ’ ’
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from which, as in the argument which led from (8.4.19) to (8.4.20), we deduce that
b—a\"" ! 1—¢ t
“ (n—|—2)!/ " - dr, if n iseven;
n 0 n+3 n+3
b—a\""? 1 1—1 t
“ (n+1)!/ n - dr, if n is odd.
n 0 n+2 n+2

(8.5.55)

Suppose now that n is an even non-negative integer. It then follows from (8.4.34) and
(8.5.54), and the fact that n + 3 is odd, that, forr € R,

(n+17t> _(n+1=0)(n—1)...(=1—1)
n+3 ) (n+3)!

:(_1)n+3(t+l)t~-((t+l)—(n—|—3)+1)
(n+3)!

. ()
FIE - (oo Bl (o L o] s

Now observe from the definition (8.4.37) of the Laplace coefficients {A; : k=0,1,...}

that
2/1 ! dz+/l " )= 2(=1)"2 A3+ (1) Ay
o \n+3 0o \n+2 ;

= 2An13 — Ao, (8.5.57)

/ab P (x)dx =

since n+ 2 is even and n + 1 is odd. The result in the first line of (8.5.47) is now obtained
from the first line of (8.5.51), (8.5.52), and the first line of (8.5.55), together with (8.5.56)
and (8.5.57).

Suppose next that n is an odd positive integer. It then follows from (8.4.34), and the fact
that n + 2 is odd, that, fort € R,

(n—i—l—t) _(n+1=1)(n—1)...(—1)
n+2 ) (n+2)!

B ant@—=1). . (t—=n+2)+1) t
= (=1 (n+2)! __<n+2>’

and thus, by using also (8.4.37),

L1 (=2 ()= —2erine

= —2A,4, (8.5.58)
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since n+ 1 is even. The result in the second line of (8.5.47) is now obtained by using the
second line of (8.5.51), (8.5.52), and the second line of (8.5.55), together with (8.5.58),
which then completes our proof. |
We may now apply Theorems 8.5.3 and 8.5.4 to establish the following result.
Theorem 8.5.5. For any non-negative integer n,
(a) the Laplace coefficients A, 12 and A,43, as appearing in (8.5.47) of Theorem 8.5.4,
satisfy
20413 — Npy2 > 05
(8.5.59)
Apyo > 0;

(b) the degree of exactness my, of the Newton-Cotes quadrature rule QQ’ Cin(8.4.6), (8.4.7),
(8.4.3) is given by
n+1, if n is even;
m, = (8.5.60)
n, if nis odd.
Proof. With the definition
X2 if n iseven;
On(x) := (8.5.61)

XHif nois odd,

we see that
O ()= (n+2)!>0, xeR, ifniseven; (8.5.62)
O (x) = (n+1)1>0, xeR, ifnisodd. (8.5.63)

It follows from (8.5.47) in Theorem 8.5.4, together with (8.5.62) and (8.5.63), that

b—a n+3
— ( (n+2)! (2An+3 — Apg2), if n iseven;
_ n

ENC[0n] = (8.5.64)

b—a n+2
—2( ) (n+1)! Apsa, if n isodd.
n

Also, (8.5.21) and (8.5.22) in Theorem 8.5.3, together with the strict inequalities in (8.5.62)
and (8.5.63), imply

ENCI0,] <0, n=0,1,.... (8.5.65)

The inequalities in (8.5.59) are now immediate consequences of (8.5.64) and (8.5.65).
Next, we observe from (8.5.64) and (8.5.59) that

ENCIQ, #0, n=0,1,.... (8.5.66)
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Also, the definition (8.5.61) shows that

T2, if n iseven;
On € (8.5.67)
Tyt1, if n isodd.

It follows from (8.5.66) and (8.5.67) that the degree of exactness m,, of 2NC satisfies

n+1, if n iseven;
my, < (8.5.68)
n, if n is odd.

Suppose now that n is even, and let P € 7, . But then pi+2)

that we may deduce from (8.5.3) and the first line of (8.5.47) that

is the zero polynomial, so

[ Peoydx— 2P = 6P =0,
Ja
that is,
b

/a P(x)dx= 2NC|P], Pem,,
and thus m,, > n—+ 1, which, together with the first line of (8.5.68), implies the first line of
(8.5.60).
Finally, if n is odd, we deduce from (8.4.2) and Theorem 8.1.1 that m,, > n, which, together
with the second line of (8.5.68), yields the second line of (8.5.60), and thereby completing
our proof. |
As our final result of this section, we state, as an immediate consequence of (8.5.47) in

Theorem 8.5.4, as well as (8.5.59) in Theorem 8.5.5(a), the following quadrature error

bounds for Newton-Cotes quadrature.

Theorem 8.5.6. For any non-negative integer n, the Newton-Cotes quadrature rule Qﬁ’c,
as given in (8.4.6), (8.4.7), (8.4.3), satisfies the error bounds

b—ua n+3
( ) (203 — Ans)LF .

n
b f €C"™2[a,b], if nis even;
/ NC

f(x)dx— 2, [f]‘ < (8.5.69)

b—a n+2
2("0) Al
feC™a,b|, ifnisodd,
with {Ax: k=0,1,...} denoting the Laplace coefficients as defined in (8.4.37).

Example 8.5.1. For the Newton-Cotes quadrature rules 2VC, n=1,...,4, as formulated in

(8.4.56)—(8.4.59) of Example 8.4.1, we apply the result (8.5.69) in Theorem 8.5.6, together

with (8.4.54), to obtain the corresponding quadrature error bounds:
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b
[ -2 < Le-a e, reClabl 6570
b 1 (b—a
[ a2t < oo (3) 10 rectan: @7
b 3 (b—a
[ a2 < 2 (P3) 1l recta @57
b 8 (b—a
/af(x)dxffzgvc[f] <945( ) f e, f€Ca,bl. (8.5.73)
|

8.6 Composite Newton-Cotes quadrature

According to Table 8.4.1, the Newton-Cotes quadrature rule sequence {32,’:’ C:n=0,1,...}
does not satisfy the non-negative weight condition (8.1.16), since negative weights occur

for n > 8. Hence the convergence result
b
/ F)dx—2Y[f] =0, n—eo, feClabl, (8.6.1)

is not guaranteed by Theorem 8.1.2. It can in fact be shown, by means of a method beyond
the scope of this book, that, for the integrand f chosen as the Runge example (3.1.5) in
Example 3.1.3, it holds that

‘/5 fx)dx—2NC[f]] = o0, n—oo. (8.6.2)
-5

In order to counteract such divergence phenomena in the Newton-Cotes setting, we present
in this section, for any fixed non-negative integer v, the composite Newton-Cotes quadra-
ture rules {QC’ C: n=v,2v,...} for the numerical approximation of the integral / f(x)dx,
according to which, for each n = v,2v, ..., the Newton-Cotes quadrature rule 2C is ap-
plied n/v times on successive sub-intervals of [a,b], as formulated more precisely in the
following.

Let v and n denote positive integers satisfying the condition
n
€N, 8.6.3
v (8.6.3)

and let the point sequence {x, ;: j =0,...,n} be defined by (8.4.3), according to which
also (8.4.4) and (8.4.5) are then satisfied. Then, for any f € C[a,b], we deduce from (8.4.3)
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and (8.6.3) that

Xn,(j+1)v ,‘?71 Xn.v —
/ F(x)dx = / U ) dx = / 7 <x+jv <b “)) dx,
Jj Xn, jv j=0 Xn,0 n

that is,
b vl ey
/ fx)dx=Y / © fi(x)dx, (8.6.4)
a S Ja
where
fj(x)::f<x+jv(b;a>>, j=0,..,0—1. (8.6.5)

Based on (8.6.4) and (8.6.5), we now consider the numerical approximation

/ ’ f(x)dx~ 2)5[f], f€Cla,b], (8.6.6)

where the composite Newton-Cotes quadrature rule Q ., 1s defined by

n —1
2V f] = ZQNC[M f€Cla,bl, (8.6.7)
Jj=0

with the functions {f;: j=0,..., " — 1} C C[a,b] defined by (8.6.5), and with 2)/C denot-
ing the Newton-Cotes quadrature rule, as given in (8.4.2), with respect to the interpolation
points {x, 0, ...,Xuv}. Note from (8.6.7) and (8.6.5) that

2 = 2)C. (8.6.8)
Observe from (8.6.7), (8.6.5), (8.4.2) and (8.4.3) that, if n € {2v,3v,...}, then
b
21 = [ Flawdx, feClabl, (8.6.9)

where, for each f € Cla,b],F} , is the continuous piecewise polynomial function on [a, b],
with polynomial pieces in 7y, and breakpoints at {x, jy : j = 1,...,(}, — 1)V}, such that

F’ , interpolates f at the points {x, j: j=0,...,n}, thatis,

Fl,(tnj) = f(xa), Jj=0,....n, f€Cla,b]. (8.6.10)

For any positive integers v and n satisfying (8.6.3), it follows from (8.4.6), (8.6.5) and
(8.4.3), that, for any j € {0,..., 1 — 1},

2NC(f)] = Zkaf<xnk+jv (b;a)) = iwv,kf<a+(k+jV) (b;a))

k=0 k=0

(j+1)v
Y wvae v f () (8.6.11)

k=jv
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b _
where, from (8.4.38) in Theorem 8.4.1, with b — a replaced by x, v — X, 0 =V ( a)’
n

from (8.4.4), and with n replaced by v, we have

Wv,k:b;a {1_(_1)](;)/\“1{<i)+(_l)v<vfk>}}’ k=0,....v. (8.6.12)

with {A1,...,Ay;1} denoting the Laplace coefficients in (8.4.37). By using also the fact
that

Wy,y =Wy 0, (8.6.13)

as follows from the symmetry property (8.4.55), we obtain the following formulation of
composite Newton-Cotes quadrature as an immediate consequence of (8.6.7), (8.6.11),
(8.6.12) and (8.6.13).

Theorem 8.6.1. For any positive integers v and n satisfying the condition (8.6.3), the com-
posite Newton-Cotes quadrature rule ,@I\Y‘;:, as defined by (8.6.7), (8.6.5), satisfies the for-

mulation

27111 Z wi o f k), f €Cla,b], (8.6.14)

where the weights {WLVI]( : k=0,...,n} are given by

wyo, for j=0,0r j=71
W, =477 Y (8.6.15)
’ 2wy, for j=1,. 1L (ifn>2v);

w "1 (ifv=2),  (8.6.16)

LV]/v-&-k wyr, k=1,....,v—1, for j=0,...,}
with {wyy : k=0,...,v} given as in (8.6.12) in terms of the Laplace coefficients

{A1,...,Avq1} in (8.4.37), and where the points {x,x: k=0,...,n} are given by (8.4.3).

For the choices v =1,...,4 in Theorem 8.6.1, the corresponding composite Newton-Cotes
rules are known as, respectively,

the trapezoidal rule

o@ £1n7 n

1,2,...; (8.6.17)
the Simpson rule

2 =2, n=24,.; (8.6.18)
the 3/8 rule

2% = ANC n=36,...; (8.6.19)
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and the Boole rule
9B0.— 9NC  p—=438, ... (8.6.20)
By using (8.6.12)—(8.6.20), and Table 8.4.1, with the notation

fn1j ::f(x"7j)7 .]:07 -1, (8621)

forn=1,2,..., where the points {x, ;j: j =0,...,n} are given as in (8.4.3), we obtain, for

any f € Cla, b], the following explicit formulations in composite Newton-Cotes quadrature:
DT =" lfuo b 2 + 2ot 2+l n=12,0
(8.6.22)
21f] = b;na o +4fu1+ 22+ 4 a3 +2fna+ - +2fino

+4fan1t fan), n=24,...; (8.623)

3(b—a
Q;zz/g[f} = ( 8 ) [fn,O + 3fn,1 + 3fn,2 + 2fn,3 + 3fn,4 + 3fn,5 + 2fn,6 + -
+2fnﬁn—3 + 3fn7n—2 + 3fn,n—] +fn,n] , n=3,6,...;
(8.6.24)
BO 2(b—4)
"@n [ﬂ = 45n [7fn,0 + 32fn,] + 12fn,2 + 32fn.,3 + 14’fn,4 + 32fn,5 + 12fn.6 + 32fn,7

1A gt A 14 a4 32 pn 3+ 12 2+ 32fon 1+ Tfun], n=4,8,....
(8.6.25)

2

Example 8.6.1. For the numerical approximation of the integral / f(x)dx, fe€C0,2],it
0

follows from (8.6.21)—(8.6.25), together with (8.4.3), that

2= | [F(0)+27(5) +2f(3) +2f(3) +2F(3) +2£(3) +2/(1) +2£(¢)

12
+21(3)+2fG)+2f ) +2f () + ()]

Q&ﬂ=gU@+M®+M@+M®+w@+M®+%m+M@
+2f(3)+4(3) +2/ () +47 () + 1))
U= | 0437 +37C) 427 +37C3) +37(2) +2£(1) +3(])
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F3(3)+2fG)+3fG) +3f() +£(2)]:

1

BO[ i _
207 1= 135

[7£(0)+32f(5) +12f(3) +327(5) + 14£(3) +32f(3) + 12f(1)

+32F(D)+14£(3) +32f(3) + 12f(3) + 32 () +7£(2)]

which yields, for the case f(x) = ¢*, the quadrature errors

2
‘ / Fx)dx— DTR[f]| ~ 1.478 x 1072
0
2
‘/ Fx)dx— 258 f]| =~2.730 x 1073,
0

2 3/8 _5
/f(x)dx—,@,lz [f]] ~6.122x 1077,
0
2

/0 f(x)dx — 289(f]| ~2.856 x 107"

We proceed to analyze the composite Newton-Cotes quadrature error

85171= [ fon— 25171, 1 € Clad], (5.626)

First, observe from (8.6.26), (8.6.4) and (8.6.7) that, for any positive integers v and n such
that (8.6.3) holds, we have

371 "Xn,v
ENf) = Z{ fj<x>dx—3§C[fj]}, feclad, (8627
=0

Jj= Xn,0
with the functions {f; : j=0,...,n} C Cla,b] defined by (8.6.5), and where the points
{xn,j: j=0,...,n} are given by (8.4.3). It follows from (8.6.27) and (8.6.5), together with
(8.5.47) in Theorem 8.5.4, with b — a replaced by l‘: (b —a), and with n replaced by v, that
there exist points {§;: j=0,...,7 — 1} in [a,b] such that

b—a v+3 vl
— < . > {ZAV+3 _Av+2} Z f<v+2>(§j)7
Jj=0

NC f €CV*2[a,b], if v is even;
Sy lf] = (8.6.28)

b—a\"" !
72< > Avia Y, FYTI(E),
j=0

n

f e’ a,b], if v is odd,
with the Laplace coefficients {A;: j=0,1,...} defined as in (8.4.37).



Interpolatory Quadrature 219

Since, for g € Cla, b|, a non-negative integer m, a point sequence {&,...,&,} C [a,b], and

a sequence {0, ..., 0} C R, with o¢; >0, j=0,...,m, we have

m m mn
min g(x) Y 0 < Y ajg(&) < max g(x) Y o,
=0 =0 j=0

a<x<b assh
and thus
m
Z o8 (51‘)
. =0
aggbg(x) < m S aIél;ngbg(x)a

Y o
j=0

according to which the intermediate value theorem yields

m

Y (8

L =g(8),
Y o
j=0

for some & € [a, b], that is,
Y ag(é) =8 Y o, (8.6.29)
j=0 =i

we can now deduce from (8.6.28) and (8.6.29), with g = f("“), m= 3 —1,and a; =1,
Jj=0,...,m, that, for any f € C[a,b], there exists a point & € [a, ] such that

_ (b . “) e 2Avs—Avaa} [ V()]

f €CY*2[a,b], if v is even;

ZUE S
L (Pa N (v1)
2( n) Aviz [ £ )]
feC"a,b], if v is odd,
that is,
b—a vi2 ZAV+3—AV+2
(v+2)
0 I e O}
f €C"*2[a,b], if v is even;
ENIf1=—(b—a) (8.6.30)

b—a\ """ [2A,4n
(v+1)

(") ] ee.
feCta,b], if v is odd.

Since, according to (8.6.26) and (8.6.14), @@é\’f is a linear functional, and since é”év,f satisfies
(8.6.30), an analogous argument to the one which led from (8.5.61) to (8.5.69) now yields

the following results.
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Theorem 8.6.2. For any positive integers v and n satisfying the condition (8.6.3), the com-
posite Newton-Cotes quadrature rule Q{,\’g, as defined by (8.6.7), (8.6.5), has degree of

exactness my given by

v+ 1, if v iseven,
my = (8.6.31)
v, if v isodd,

and with corresponding quadrature error satisfying

b—a\""? [2Av43 — Aviz (v4+2)
n v ||f ||°°7

feC2[a,b], if v is even;
<(b—a) (8.6.32)

bh— v+1 2A,
0 I e [

fecvta,b, if v is odd,

|| o 261

with {Aj: j=0,1,...} denoting the Laplace coefficients defined in (8.4.37).

Observe from (8.4.4) that the factor (b —a)/n appearing in the right hand sides of (8.6.32)
represents the spacing between the points {x, ;: j=0,...,n} in (8.4.3), and which halves
for each doubling of n.

For the composite Newton-Cotes quadrature rules in (8.6.22)—(8.6.25), we use (8.6.17)—
(8.6.20), together with (8.6.31) and (8.6.32) in Theorem 8.6.2, and (8.4.54), to deduce that:

(a) the trapezoidal rule ,@Z R has degree of exactness m = 1, and

2
a@”[ﬂ‘ 12" (b;”) [f" ||, f €C*a,b],n=1,2,...; (8.6.33)

(b) the Simpson rule .,@,Sll has degree of exactness m = 3, and

b b—a (b—a\*
[ s 2] < (U)Wl s e bl =20

180
(8.6.34)
(c) the 3/8 rule 3,3,/ % has degree of exactness m = 3, and
3/3 b—a (b—a 4
f )dx— m’ < g0 ( . ) 1f O], £ € CHlasb], n=3,6,...;
(8.6.35)

(d) the Boole rule Q,Ifo has degree of exactness m = 5, and

f X)dx— ngm’ 1Y (” “) 1O, £ € COla,b], n=4.8,.

(8.6.36)
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We proceed to prove the following convergence result for composite Newton-Cotes quadra-

ture.

Theorem 8.6.3. The sequence { 2)C

ture rules, as defined in (8.6.7), (8.6.5), satisfies the convergence result

vovid=12,.. .} of composite Newton-Cotes quadra-

b
/ F(x)dx— ,@yfv[f]‘ 50, joes, feClabl. (8.6.37)

Proof. Let f € Cla,b] and choose € > 0. Our proof of (8.6.37) will be complete if we can

establish the existence of a positive integer J = J(&) such that

/f )dx — vava[f}' g, j>J. (8.6.38)

To this end, we fix j € N, and, for the equispaced sequence {xjyx:k=0,..., v} defined
according to (8.4.3) by

b—a

—a+k
Tivk = At (JV

), k=0,...,jv, (8.6.39)

welet {Ljyx:k=0,...,v} C my denote the corresponding Lagrange fundamental polyno-
mials, as given in (1.2.1) by

\4
X —Xjvi

Ljys(x) = k=0,...,v. (8.6.40)

KEimo Xivik — Xjvi.
By using (8.6.7), (8.6.5), (8.6.3), (8.6.39), (8.4.2), (8.6.40), as well as (5.1.2) and the La-
grange interpolation formula (1.2.5) in Theorem 1.2.2, together with the identity (1.2.8) in

Theorem 1.2.3, we obtain

b NC 2y ey =l NC
[ rwdx= 25,0 =%, [ pax- Y 2¥ll
a (=0 (=0

Xjv.tv

{ x+€( ))dx/ Zf(a+<€+ )< ;“))Ljv,k(x)dx}
L) Ao s

and thus

[ st0as- 25,11

L B o) o o8) (5

i= Xjv,v 4
<YMy
0 a
(8.6.41)

{=0" k=0
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Now observe from (8.6.39) that, for x € [a,xjyv],k € {0,...,v}, and i € {0,..., v} \ {k},
we have

X—Xjv,i < Xjyy—a _ (b—a)/j _

S (b-a)/jv (b-a)/jv 7

which, together with (8.6.40), yields the bound

Xjvk —Xjv,i

ILivi(x)| <V x€laxjvy], k=0,...,v. (8.6.42)

Hence we may apply the bound (8.6.42) in (8.6.41) to deduce that

[ st 245,11

(e (7)) o e () (75°)

i1 Xjvy VY
<V? /"

dx.

(8.6.43)

Since f € Cla, b], we know from a standard result in calculus that f is uniformly continuous

on [a,b], that is, there exists a positive number 6 = d(¢€) such that

X,y € [a,bl;|x—y[ <6 = [f(x) = f(y)| < vz(erf)(bfa).

Now observe from (8.6.39) that, for any x € [a,x;yv], k€ {0,...,v}and £ € {0,...,j— 1},

(8.6.44)

we have

7)< e )] e () 5 <0 C5)

and thus

o] ) 55 e

k=0,...,v;£=0,....j—1. (8.6.45)

Hence, if we define the positive integer J/ = J(€) by
J:=[(b—a)/5], (8.6.46)

according to which
b—
0<” “<s, (8.6.47)

it follows from (8.6.45), (8.6.47) and (8.6.44) that, for any j > J, it holds that

f(x“<b;a)) ‘f(‘”(“ﬁ) <b;a>>’< v+ 1oy

XElaxy]ik=0,...,v; £=0,....j—1.  (8.6.48)
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By applying the bound (8.6.48) in (8.6.43), and using (8.6.39), we deduce that, for j > J,

b 2 = b-a
NC _
| rwar-25,10) <, © Z2‘6/ =° az{ . }e,

(=0

and thereby showing that the desired result (8.6.38) holds, with the positive integer J = J(€)
given by (8.6.46). |
Finally in this section, we consider two composite quadrature rules based on the interpola-

b
tion by means of piecewise constants of the integrand f € C|a, b] in the integral / f(x)dx.

In particular, with the points {x, j: j=0,...,n} given as in (8.4.3), we define tﬁearectangle

rule
ORE[f] .= /bH,{(x)dx, feClab], n=1.2,..., (8.6.49)
where ’
HY(x) = f(xn)), X € [njsxnji1)s j=0,cc,n—1, (8.6.50)

according to which we have the formulation
RE(f fon,) fe€Clab], n=12,..., (8.6.51)

thereby extending the Newton-Cotes quadrature rule Qf)v €, as given by (8.4.9), to the com-

posite setting, and, secondly, the midpoint rule

b
M f] ::/ Hl(x)dx, feCla,b], n=1.2,..., (8.6.52)
a
where
~ Xp,j+Xn i .
Hi(x) ::f( J 2”"]+l), X € [x,hj,x,,’jﬂ), j=0,....n—1, (8.6.53)
which yields the formulation
.
M f] = Zf(x”’+2x”f+‘>, fecClabl, n=12,.... (8.6.54)

We proceed to establish the following results with respect to the rectangle and midpoint

quadrature rules.

Theorem 8.6.4. For any integer n > 2, the rectangle rule ,Q , as defined by (8.6.49),
(8.6.50), has degree of exactness m = 0, whereas the midpoint rule Q , as defined by
(8.6.52), (8.6.53), has degree of exactness m = 1. Moreover, the corresponding quadrature

errors satisfy the bounds

b b
/a Fx)dx — 2FE[f]| <

a<b;a)”f/”°°’ fecllabl, n=12,.; (8655

2
‘/f Ydx — QM’[f]‘ b= “(bn ) [f" ||, f€C*a,b], n=1,2,.... (8.6.56)
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Proof. For an integer n € N and any f € C! [a,b], it follows from (8.6.49) and (8.6.50),
together with the mean value theorem (8.5.16) for integrals, that, with the points {x, j: j =
.,n} asin (8.4.3), so that (8.4.4) holds, we have

b n n—1 Xn,j
/ F(x)dx — DRE[f Z / " rwax—Y / " o)
va = j=0"%n,j

Z / 10~ £l

n,j

n_l px i X

Y / { f’(t)dt] dx
j=0"%n,j Xn,j
n-1 Xn,j+1 Xn,j+1

-y / { / dx} 7(0)de
J=07Amj !

Xn,j

n=l rx, iy
=Y [ g -0 0

Jj=0"Xn,j

e T 3l ["zlf ) }

(8.6.57)

for some points {&;: j=0,...,n} C [a,b]. But, as noted before in (8.6.29), an application

of the intermediate value theorem yields the existence of a point & € [a, b] such that

n—1
Y F(&) =nf"(), (8.6.58)
j=0
which, together with (8.6.57), yields
b RE b—a(b—a\ , 1
/ S(x)dx—2;5[f] = ) ( i )f(é), fecCabl,n=1,2,.... (8.6.59)

From (8.6.59) we see that the rectangle rule 2XE has degree of exactness m = 0, and
(8.6.59) also immediately implies the upper bound in (8.6.55).

In order to analyze the midpoint rule 2¥, we let f € C? [a,b], and first note that for any
X, € [a,b], we may use integration by parts to obtain

/x(xft)f"(t)dt: [0 +/f

o

—(x—o)f'(e) +[f(x) = f()],
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and thus

fx) = fla)+ f(o)(x—a)+ /x(xf ) f"(t)dt. (8.6.60)
It follows from (8.6.52), (8.6.53), as well as (8.6.60), toc‘)gether with the mean value theorem
(8.5.16) for integrals, that, for n € N, and with the points {x, ;: j=0,...,n} asin (8.4.3),

so that also (8.4.4) holds, we have (see also Exercise 8.21)

/abf(x) — M) Z/x nmf(x)dx—nz /xan (xn,+2x,, ’+l)dx

n,j j n,j

n=1 Xn,j+1 . .
=L / : [f(x)ff(x”"’ *2"”’1“)]dx
J=0 %0,
<x,, X+ ) <x— Xn,j t Xn,j+1 >
2
/ )f”(t)dt} dx
X'1]+X"1+1
n—l Xn,j+1 X
= / g [ / (x—1) f”(t)dt} dx
=07 %n,j 3 (X, 1)

2

Xn,j+1 x
s =009
% (Xn,j+xn,j+l ) % (Xn~j+xnvj+l )
ni:l /,é(xll-j‘+x’l-j+l) |:/t
=0 X Jxn

n,j

(t —x)dx} f(t)dt

o

X, j41 Xn, 1 Y

v / / (e —1)dx]| f"(1)dt
% (x;z,j+xn,j+l ) t

1=l 3 (om0 41)
) { / (1= 2 (1)
Jj=0 | /*n.j

Xn,j+1

+f (501 =07 ) |

. 2(Xzz,j+xn,j+l

1 n=l 3 Con X 1)
=, L {f”(ﬁj)/ , (=) dr

+f"(gj)/1‘x}”.+l ' )(Xn.j+1l)2dt}
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=;i2;{f”(5j); () s @ (%) }

1

b— 3 n—1
= 18 ( ) {Zf” &)+ Zf” &) } (8.6.61)
for some points {&;: j = -1}, {éj j=0,...,n—1} C [a,b]. But, by applying
again (8.6.29), we deduce the existence of points 576 € [a,b] such that

Z FE)+ Z F1E) =nf"(E) +nf"(E5) =n(f"(E) + 1Y)

J= J=

=2nf"(&), (8.6.62)

for some & € [a, b], after another application of (8.6.29). Hence we may substitute (8.6.62)
into (8.6.61) to obtain

2
/f Ydx — DM [f] = 24“ <b;“) (&), FeECabl, n=12,.... (8.6.63)

It follows from (8.6.63) that the midpoint rule 2,11” T has order of exactness m = 1, whereas
(8.6.63) also immediately implies the upper bound in (8.6.56). |
According to (8.6.51) and (8.6.54), 2RE[f] and 2M! [f] are both Riemann sums for
f € Cla,b] with respect to the partition points {x, ;: j =0,...,n} of [a,b], as defined by
(8.4.3), and therefore satisfying also (8.4.4) and (8.4.5), so that we may state, by virtue of a
standard result in calculus for the convergence of a Riemann sum, the following analogue
of Theorem 8.6.3.

Theorem 8.6.5. In Theorem 8.6.4,

b
f(x)dx — 2RE [f]‘ —0, n—oo, f€Ca,bl; (8.6.64)

bf(x)dx— ,@,’}”[f]‘ —0, n—oo, f€Cla,b). (8.6.65)

It is interesting to observe that, although the trapezoidal rule .Q,{ R as given in (8.6.17),
is obtained by integrating a (continuous) piecewise linear interpolant of the integrand f,
whereas the midpoint rule 2¥/, as defined by (8.6.52), (8.6.53), is obtained by integrating
a (discontinuous) piecewise constant interpolant of f, the quadrature rules 27% and 2M!
have, according to Theorems 8.6.2 and 8.6.4, the same degree of exactness m = 1. More-
over, note that the constant 112 in the upper bound (8.6.33) for 2I% is twice as large as the

constant 214 appearing in the analogous upper bound in (8.6.56) of Theorem 8.6.4 for 2M!.
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2
Example 8.6.2. For the numerical approximation of the integral / f(x)dx, f €Cl0,2], it
0
follows from (8.6.51), (8.6.54) and (8.4.3) that

n—1
21 = ZZf( ) n=12,..; (8.6.66)

2M[f] = Zf(zj“) n=1,2,.... (8.6.67)

For the case f(x) = €, an application of (8.6.66) and (8.6.67) yields the corresponding

quadrature errors

‘/Zf(x)dxa@g‘f{f]’ ~7.654 %1071
JO

‘/Ozf(x)dx—s@éw[f]’ ~1.661 x 1072

8.7 Exercises

Exercise 8.1 Design the Gauss-Legendre quadrature rule QZGL for the numerical approxi-

mation of the integral

A= [ s
where f € C[—1,1], and verify that the weights {w» o, w2 1,w2,} thus obtained satisfy the
property (8.1.11), with w(x) = 1, x € [—1, 1], as well as the positivity condition (8.2.21) in
Theorem 8.2.3. Also, verify that, as given in (8.2.7) of Theorem 8.2.2, QZGL has degree of

exactness m = 5, that is,
s91f)= [ s 211 =0, fem,
by explicitly calculating &°L([f] for, respectively,
(a) f(x) Z o (b) flx) =

where, in (a), {q, ..., 05} denotes an arbltrary coefficient sequence in R.

Exercise 8.2 As a continuation of Exercise 8.1, for both of the respective integrands
(@) f(x) =In(x+2); (b) f(x) =20,

and after applying integration by parts to obtain

1
/ In(x+2)dx =313 — 2 ~ 1.296,
—1
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verify that the corresponding quadrature errors @“’ZGL [f] satisfy the upper bound in (8.2.28)
of Theorem 8.2.4(b), with 29 = 2¢L, and for each k = 1,2.
Exercise 8.3 Obtain real numbirs A, B, o and 3 such that the condition

| Vards=ar(@)+BfB). fem, )
is satisfied.
[Hint: Apply Theorem 8.2.2.]
Exercise 8.4 As a continuation of Exercise 8.3, for any f € C! [0,4], apply (8.2.29) in

Theorem 8.2.4(b) to obtain an upper bound on the quadrature error

[ vartas - st + Br(g]

and investigate the sharpness of this upper bound for the integrand f(x) = X,

Exercise 8.5 Repeat Exercise 8.3, with the condition (x) replaced by each of the following:

1
(a)/ﬂ|x\f(x)dx:Af((x)+Bf(ﬁ)7 fem:
(b)/lef(x)dx:Af(a)JrBf(ﬁL fem;

1
© /_1 \/11_x2f(x)dx:Af(O‘)+Bf(l3)7 fems.

Exercise 8.6 As a continuation of Exercise 8.5, repeat Exercise 8.4, with f € C'[0,4] re-
placed by, respectively, (a) f € C'[~1,1]; (b) f € C'[0,1]; (c) f € C'[-1,1].

Exercise 8.7 By explicitly integrating the Chebyshev polynomials in (2.2.2), verify the
formula in the first line of (8.3.16) for k = 0,2,4,6.

Exercise 8.8 Apply Theorem 8.3.1 to construct the Clenshaw-Curtis quadrature rule ch

for the numerical approximation of the integral

5
slf)i= [ swdx. reci=s.s),

and verify that the weights {wy 0, ..., w44} thus obtained satisfy the property (8.1.11), with
w(x) =1, x € [-5,5], as well as the positivity condition (8.3.30) in Theorem 8.3.2.
Exercise 8.9 As a continuation of Exercise 8.8, verify that, as given in the first line of

(8.3.58) in Theorem 8.3.3, o@fc has degree of exactness m = 5, that is,

5
U = [ fwdx- 2l =0, fems,

by explicitly calculating &€ |[f] for, respectively, f chosen as in (a) and (b) of Exercise 8.1.
Exercise 8.10 As a continuation of Exercise 8.9, for each of the integrands
1
(a) f(x) = L4y (that is, the Runge example (3.1.5)); (b) f(x) =0,
X
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verify that the quadrature error é"fc [f] satisfies the upper bound (8.3.63) of Theorem
8.3.4(b), with [a,b] = [-5,5],n =4, and foreachk = 1,... 4.
Exercise 8.11 Prove inductively from (8.4.26) that (8.4.25) holds.
Exercise 8.12 Verify, by means of the recursive formulation (8.4.50) in Theorem 8.4.3, the
Laplace coefficient values in (8.4.54), as well as, by applying the formulation (8.4.38) in
Theorem 8.4.1, the Newton-Cotes weights in Table 8.4.1.
Exercise 8.13 Extend the quadrature formulas (8.4.56)—(8.4.59) by obtaining explicit for-
mulations for the Newton-Cotes quadrature rules 25¢ and 2N¢.
Exercise 8.14 As a continuation of Exercise 8.13, extend the quadrature error estimates
(8.5.70)—(8.5.73) by obtaining analogous quadrature error bounds with respect to ,.022’ € and
anc.
Exercise 8.15 For the function

fx)=x* xel0,1],
find a point & € [0, 1], the existence of which is guaranteed by Theorem 8.5.2, such that, as
in (8.5.17) withk =0and xo = 1,

U]

] /!
o = 1)

1 2

X:2

Exercise 8.16 Verify the integral 62(t) in (8.5.35).
Exercise 8.17 Verify the result (8.5.21) of Theorem 8.5.3(a) for the case n =2, [a,b] = [0,2]

and

1
0= (1
[Hint: Apply the formula (8.4.57).]
Exercise 8.18 As a continuation of Exercise 8.17, find a point & € [0,2], the existence of
which is guaranteed by Theorem 8.5.4, such that the first line of (8.5.47) is satisfied, with
[a,b],n, and f given as in Exercise 8.17.
[Hint: Use (8.4.54).]
Exercise 8.19 Obtain the explicit formulations of the composite Newton-Cotes quadrature
rules QQ{ S and 316\/, S, thereby extending the quadrature formulas (8.6.22)—(8.6.25).
Exercise 8.20 As a continuation of Exercise 8.19, obtain quadrature error estimates with
respect to Qg\’f and ,@gff, thereby extending the error estimates (8.6.33) - (8.6.36).
Exercise 8.21 For a bivariate function f that is continuous on a square [a, ] X [et, B] in

R?2, verify the interchange of integration order result

/aﬁ {/Xﬁf(x,t)dt} dxz/aﬁ {/o:f(x’t)dx} dt,
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as used to establish (8.6.61) in the proof of Theorem 8.6.4.
Exercise 8.22 For any positive integer v, let { 22" fv . j=1,2,...} denote the correspond-
ing sequence of composite Newton-Cotes quadrature rules for the numerical approximation

of the integral

b
/ F()dx, feCla,b).
a
Apply the quadrature error estimate (8.6.32) in Theorem 8.6.2 to show that, for a fixed
integer v € N, and any given integrand f € C* [a, b], with
v+2,if viseven;
by =
v+1,if vis odd,
it holds that

NC
@@v JV

b
= | [ fdr= 25,10 <K;. jeN.

where the upper bounds {K : j € N} satisfy the decay condition
1 .
Kj+l: (]+})(5ij7 jeN. (*)
Exercise 8.23 As a continuation of Exercise 8.22, by computing the quadrature error
ENC [f], with [a,b] = [0,4] and

v,jv
1
f(X) = (] +X)2’
and for j = 1,...,4; v =1,...,4, investigate numerically whether, analogously to (x) in
Exercise 8.22, the decay rate
NC NC
Aonlf] =, 500

is achieved for this choice of f.
Exercise 8.24 By using the quadrature error estimates (8.6.55) and (8.6.56) in Theorem
8.6.4, and after arguing as in Exercises 8.22 and 8.23, investigate numerically, for the same

choices of [a,b] and f as in Exercise 8.23, whether the quadrature errors

RE 4 RE MI 4 M1
R i= [ f@dx— DRl )= [ fdx- 2,
0 0
satisfy the decay rates
& )] = 3 1EE AL 1E = 41E M Al

forn=1,...,4.
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Exercise 8.25 For the function

2

fx)y=e*, xe€]0,1],

calculate a numerical approximation 2| f] of the integral

1= [ oo

such that

1

1A= 21 < g

by means of

(a) Gauss-Legendre quadrature;
(b) Clenshaw-Curtis quadrature;
(c) the trapezoidal rule;

(d) the Simpson rule;

(e) the midpoint rule.

231



Chapter 9

Approximation of Periodic Functions

In the study of approximation of functions in Chapters 1 to 8, the emphasis is on (algebraic)
polynomial approximation on the bounded interval [a,b]. Since algebraic polynomials are
not periodic functions, they are not suitable basis functions for representing and approx-
imating periodic functions on the entire real line R. On the other hand, many natural
phenomena can only be represented by periodic functions. It is therefore essential to study
approximation of periodic continuous functions f : R — R, by the linear span of some ele-
mentary periodic functions. This chapter is devoted to the study of this topic by considering

basis functions that are formulated in terms of the sine and cosine functions.

9.1 Trigonometric polynomials

Let f € C(R), with C(R) denoting the linear space of continuous functions f : R — R, and
suppose that, moreover, fis periodic, with period K, that is, K is a positive number such
that

fx+K)=f(x), xeR. 9.1.1)
For the function f € C(R) defined by
o =7 (X €R (9.1.2)
x):=f 2nx , X , 1.
it then follows from (9.1.2) and (9.1.1) that, for any x € R,
2w = F( v ) =7 (v K) =7 (5,
fx+2m)=f 2n_x n))=f an =f 2n_x ,
and thus, from (9.1.2),

f(x+2m) = f(x), xeR, 9.1.3)

233



234 Mathematics of Approximation

that is, f is periodic on R, with period 2. Hence we shall, without loss of generality,

restrict our attention in this chapter to the approximation of functions f € Cyz, where
Con :={f€CR): f(x+2m)=f(x), xeR}, (9.1.4)

since any periodic function fin C(R) with period K # 27 can be transformed by means of
(9.1.2) into a function f € Cy .
For use as approximation set for a given function f € Cy;, we define, for any n € N, the

linear space
T, := span{1,cosx,...,cos(nx),sinx,...,sin(nx)}, 9.1.5)
for which it is then immediately evident that
T, CCoyr, neN. (9.1.6)

In order to determine the dimension of 7,, we first observe that (Caz, (-,-)2) is an inner

product space with respect to the inner product

(ani= [ F0sldx, f.g€Can ©.1.7)

after having noted in particular that, if f € Cyy is such that

0= (1.1 = [ [P,

ya
then f € C(R) implies f(x) = 0, x € [—7, 7], and thus, from (9.1.3), f(x) = 0,x € R, as
required in the condition (4.2.2).
For any inner product space (X, (-,-)), we say that a subset ¥ of X is an orthogonal set in
(X, (-,-)) if the condition

(f.8) =0, fgeY, f#g,

is satisfied.

The following result then holds.

Theorem 9.1.1. For any n € N, the set {1,cosx,...,cos(nx),sinx,...,sin(nx)} is an or-

thogonal set in the inner product space (Caz,(-,)2), with (-,-), given as in (9.1.7).
Proof. For j,k €{0,1,...,n}, with j # k, we have

/ﬂ cos(jx) cos(kx)dx = ; /j;[cos((j—i—k)x) +cos((j —k)x)]dx

-7

1 [sin((j+k)X) L sin((=k0)]" o, 9.1.8)

T2 j+k J—k

-
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and
/ " sin(jx) sin (kor)dx — ; / " cos((j — K)x) — cos((j + k)x)] dx
_ 1 [sin((j—k)x)  sin((j+k)x) o
_2{ - p _ﬂ_07 9.1.9)
whereas, for j € {0,...,n} and k € {1,...,n},
/7t cos(jx) sin(kx)dx =0, 9.1.10)

since the integrand in (9.1.10) is an odd function on R. It follows from (9.1.8), (9.1.9) and
(9.1.10), together with the definition (9.1.7), that {1,cosx,...,cos(nx),sinx,...,sin(nx)} is

an orthogonal set in (Caz, (+,)2). [ |
We may now apply Theorem 9.1.1 to deduce from Theorem 7.3.2 that {1,cosx, ..., cos(nx),
sinx,...,sin(nx)} is a linearly independent set, so that we have now established the follow-
ing.

Theorem 9.1.2. For any n € N, let the linear space T, be defined by (9.1.5). Then:
(a)

dim(t,) =2n+1; 9.1.11)
(b)

the set {1,cosx, ..., cos(nx),sinx,...,sin(nx)} is an orthogonal basis for t,.

Hence, each Q € 7, has a unique representation of the form

1 n n . .
O(x) = 2a0+Zajcos(jx)+ bjsin(jx), (9.1.12)
j=1 J=1
for some coefficient sequence {ay,...,an,b1,...,b,} C R, where the reason for the appear-

ance in (9.1.12) of the factor ; before the coefficient ap will become apparent in Section
9.3.

We proceed to prove the following fundamental properties of the linear space 7,.
Theorem 9.1.3. For n € N, let the linear space v, be defined by (9.1.5). Then:

(a) For any non-negative integers j and k satisfying j+k < n € N, the function Q defined
by
Q(x) := (cosx)/ (sinx)¥, 9.1.13)
satisfies

Ocr,. (9.1.14)
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(b) For any positive integers m and n, if
Q€T 5 Q€ (9.1.15)

then

00 € Tyin. (9.1.16)

(c) Foranyn €N, if Q € 1,, and Q has more than 2n distinct zeros in the interval (— T, ),

then Q is the zero function.

Proof. (a) We use a proof by induction on the integer n. After noting first from (9.1.5) that
(9.1.13) trivially implies (9.1.14) if n = 1, we suppose next that (9.1.13) implies (9.1.14)
for a fixed integer n € N. For non-negative integers j and k satisfying j+k <n+ 1, we

shall show that the function Q given by (9.1.13) then satisfies

0€ Ty, 9.1.17)

which will complete our inductive proof.

To this end, we apply the inductive hypothesis, and the representation formula (9.1.12),
to deduce that, for some coefficient sequence {ao,...,an,b1,...,by} C R, it holds that, if
k>1,sothat j+ (k—1) <n,

Ox) = [(cosx)j(sinx)k_]} sinx

= lao + i aycos(fx) + zn: by sin(fx)} sinx
2 =1 =1
= ;ao sinx+ ;g;aé [sin((£+ 1)x) —sin((£ — 1)x)]
—&—; ib[ [cos((¢ —1)x) —cos((¢+ 1)x)], (9.1.18)
=1

whereas, if k=0and j > 1,sothat j — 1 <n,

Q(x) = (cosx)’ ' cosx
Xn:bg sin(¢x) | cosx

1 n
= | _ap+ Y ascos(x)+
2 0 (; l ( ) P

= ;ao cosx + ; i ag[cos((€+ 1)x) +cos((£ — 1)x)]
(=1

+ ; i by[sin((£+ 1)x) +sin((£ — 1)x)], (9.1.19)
=1
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and, if j = k =0, then (9.1.13) yields

Ox)=1, xeR. (9.1.20)
It then follows from (9.1.18), (9.1.19) and (9.1.20), together with the definition (9.1.5), that
the desired result (9.1.17) does indeed hold.
(b) Suppose the functions Q and é are such that (9.1.15) is satisfied for two given positive
integers m and n. The result (9.1.16) is then obtained by formulating Q and é by means of
(9.1.12), and using the identities

cos(jx) cos(kx) = ; [cos((j+k)x) +cos((j —k)x)], j € {0,...,m}, k€ {0,...,n};
cos(jx)sin(kx) = é[sin((jJrk)x) —sin((j—k)x)], j€{0,....,m}, ke {1,...,n};

sin( jix) sin(kx) = } [cos((j —k)x) —cos((j+k)x)], j € {1,...,m}, ke {1,...,n},
as well as the definition (9.1.5).
(c) For an integer n € N, let O € 7, be such that Q has more than 2 distinct zeros in the
interval (—m, 7].
With the complex number notation i = v/—1, we now deduce from the representation for-

1
mula (9.1.12), together with De Moivre’s theorem, and | = —i, that, for any x € R,
i

1 1 ¢
O() = a0+, ) aj[{cos(jx) +isin(jx)} +{cos(—jx) +isin(—jx)}]
=1
n
Z [{cos(jx) +isin(jx)} — {cos(— jx) +isin(—jx)}]
= 1a0+ ! Xn:a- [(cosx+isinx)’ + (cosx + isinx) /]
27 24
1 & 4 4
- Zi];bj [(cosx + isinx)/ — (cosx+ isinx) /]
1 I ¢ . N I o
= a0+, Zl(aj —ibj)(cosx+isinx)’ + 5 Zi(a]+zb j)(cosx+isinx) 7,
Jj= Jj=
and thus
n
0(x)= Y aj(cosx+isinx)/, xeR, 9.1.21)
j=—n
where
yaj+ibj), j=-n,..,—1;
o= lao, ji=0; 9.1.22)

%(ajfibj), j:l,...,n
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Observe from (9.1.21) that, for any x € R,

1 2n ,
= a7 . . j
et (cosx+isinx)” ng j—n(COS X +isinx)
1 2n ‘
Z aj*"l (COS)C+I‘Sin)C)J,‘ (9123)

~ cos(nx) +isin(nx) )
after another application of De Moivre’s theorem.
With the definition

2n
P(z):=Y a3/, z€C, (9.1.24)
j=0

with {¢tj : j= —n,....,n} given as in (9.1.22), it follows that P is a polynomial with
coefficients in C, with C denoting the set of complex numbers, and such that deg(P) < 2n.

Since also
z=cosx+isinx = |z| = Veos2x+sin2x = 1,
we deduce from (9.1.23) and (9.1.24), together with the fact that Q has more than 2n distinct

zeros on the interval (—7, 7], that the polynomial P has more than 27 distinct zeros on the

unit circle |z| = 1 of the complex plane C, that is,
Lk
P(z)=P()[]z—z), z€C, (9.1.25)
j=1

with k > 2n+ 1, where {z; : j=1,...,k} are k distinct points in C such that |z;| =1,/ =
1,...,k, and where Pisa polynomial with coefficients in C. Since, moreover, deg(P) < 2n,
we deduce from (9.1.25) and k > 2n+ 1 that ﬁ, and therefore also P, must be the zero
polynomial. It then follows from (9.1.24) that ¢«; = 0, j = —n,...,n, according to which
we deduce from (9.1.21) that Q is the zero function, which completes our proof. |
Based on the structural similarities between the linear spaces 7, and 7, as is evident from
Theorem 9.1.3, we call any function Q € 1,, as given by the representation (9.1.12), and
with either a, # 0, or b, # 0, a trigonometric polynomial of degree .

Recalling also the inclusion (9.1.6), we proceed in the rest of this chapter to analyze the

trigonometric polynomial space 7, as an approximation set for a given function f € Cyy.

9.2 A Weierstrass result for periodic functions

First in this section, we introduce the normed linear space (Caz, || - ||«) With respect to the

maximum norm

Il :=_max _|f(x)], f € Car, 9.2.1

—T<XKT
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after having noted in particular that if f € Cyz is such that || f|| = 0, then (9.2.1) yields
f(x) =0,x € [-x, x], and thus, from (9.1.3), f(x) = 0,x € R, as required in the condition
(4.1.2).

We proceed to prove the following analogue for trigonometric polynomials of the Weier-

strass theorem, as given in Theorem 3.3.4.

Theorem 9.2.1. Let f € Cor. Then, for each € > 0, there exists a trigonometric polynomial
Q such that

1f = Qll:= _max_|f(x) - Q)| <e. (9.2.2)
Proof. First, observe that
f=h+p, (9.2.3)
where
filx) = )+ f(—x)], xeR; 9.2.4)
@)= 5f0) —f(=x)], xeR. 9.2.5)

Note from (9.2.4), (9.2.5) and (9.1.3) that, for any x € R,
M)+ F(=2)] = filx);
Hlx+27m) = J[f(x+27) — f(—x+27)] = 4 [f(x) — F(—2)] = f2(x),

from which we deduce that

filx+2m) = J[f(x+2m) + f(—x+27m)] =
|

fH€Cr 5 fre€Co. (9.2.6)
Also, (9.2.4) and (9.2.5) yield, for any x € R,
fi(=x) = J[f(=0) + f(x)] = fi(x);
fa(=x) = 3 [f(=x) = f(0)] = —fa(x),
according to which
f1 is an even function on R;
9.2.7)

f> is an odd function on R.

Let € > 0. We shall prove that there exist trigonometric polynomials QO and Q, such that

Ifi-aill < 5
(9.2.8)

3¢
2= Qallee < 7,
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which, together with (9.2.3), and the triangle inequality (4.1.4), will then imply that the

trigonometric polynomial Q := Q; + Q> satisfies

1f = Qlle = [I(/i = Q1) + (f2= @2l

e 3¢
<= Oille+ 2= ol < +

=¢
4 4 ’

which immediately yields the desired inequality (9.2.2).
To establish the existence of a trigonometric polynomial Q such that the first line of (9.2.8)

holds, we first define
g1(t) := fi(arccost), te[—1,1], 9.2.9)

according to which, since fj is continuous on R, we have g; € C[—1,1]. Hence we may
apply the Weierstrass theorem in Theorem 3.3.4 to deduce the existence of an algebraic

polynomial P; such that
-0 <, rel-L1]
and thus
lg1(cosx) — Py (cosx)| < Z xe0,7]. (9.2.10)
Now observe from (9.2.9) that
gi(cosx) = fi(x), x€]0,x. (9.2.11)
Also, it follows from Theorem 9.1.3(a) that, since P; is an algebraic polynomial, the defi-
nition
Qi (x) :=Pi(cosx), x€R, 9.2.12)

implies that Q; is a trigonometric polynomial. Hence we have established the existence of
a trigonometric polynomial Q; such that, from (9.2.10), (9.2.11) and (9.2.12),

Al - @@l <.

According to the first line of (9.2.7), as well as (9.2.12), f; and Q) are both even functions

x€[0,7). (9.2.13)

on R, and therefore the difference f; — Q; is an even function on R, so that we may deduce
from (9.2.13) that

Al - i) < |,

from which, together with the definition (9.2.1), the desired inequality in the first line of

x€[-m,7],

(9.2.8) then immediately follows.
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It therefore remains to prove the existence of a trigonometric polynomial Q, such that the
second line of (9.2.8) is satisfied. To this end, we first note from (9.2.5) that

£200) = S [£(0) ~ £0)] =0, ©2.14)
and

falm) = ) [7(m) ~ F(-m)] =0, ©2.15)
by virtue of (9.1.3). It follows from (9.2.14) and (9.2.15), together with the continuity on
R of f>, that there exist points xo € (0, 5] and x; € [5,7), such that xg is the largest number

in the interval (0, 7] for which it holds that

£
W<, xex), 9:2.16)
whereas x, is the smallest number in the interval [7, ) for which it holds that
S
[ax)] < 4 ¥ [x1,7]. 9.2.17)
Now define the function f3 : R — R by
f%(XO) , x€[0,x);
sinxp
X
A@=1 2% e o) (9.2.18)
sinx
L) e,
sinx;

and
f3(=x), x € [-7,0);
fi(x) = frlx+2m), x€(—o0,—7); (9:2.19)
fa(x—2m), x€(m,o0),
from which it follows that f3 € Cyz, and f3 is an even function on R. Hence, as in the proof

of the first line of (9.2.8), we may deduce that there exists a trigonometric polynomial Q3

such that
Hﬁf&m<z, (9.2.20)
and where Q3 is an even function on R. Now observe that the definition
02(x) := Q3(x)sinx, x€R, 9.2.21)

implies, according to Theorem 9.1.3(a) and (9.1.12), that Q5 is a trigonometric polynomial.
We proceed to prove that Q; satisfies the second line of (9.2.8), which will then complete

our proof.



242 Mathematics of Approximation
First, by using (9.2.18), (9.2.21) and (9.2.20), and keeping in mind also the inclusion
[x0,x1] C [0, 7], we deduce that

, X € (x0,x1).
9.2.22)
Now observe from (9.2.21), (9.2.16), (9.2.17) and (9.2.20) that, for any x € [0,x0] U [x], 7],

|f2(x) = Q2(x)] = [ fa(x) — f3(x) sinx +sinx{ f3(x) — Q3(x) }|
< A0+ [ f3(x)]sinx + (sinx) | f3(x) — O3 (x)|

(3) ~ a(9)] = (sin) |5 (6) — 05(0) < /sx) — Qs()] < § <

€ , e ¢ .
<, FlAWIsinat = 4] f0)]sinx,

4
that is,
1 (x) — 02(x)| < z F 1A () sinx,  x € [0,x0) U rr, 7). (9.2.23)
Moreover, from (9.2.18), (9.2.16) and (9.2.17), we have
[f3 () sinx — ('ﬁﬁ’jﬁo)') sinx < |fso0)| < 5, xe (0.3 9.224)
|f3(x)| sinx = <|J;2h(1):])|> sinx < [fa(x))] < Z, x € [xy, 7. (9.2.25)

Hence we may now use (9.2.24) and (9.2.25) in (9.2.23) to obtain

00 -0l < 5+ 5=

By combining (9.2.22) and (9.2.26), we deduce that

x €[0,x0] U [x1, 7]. (9.2.26)

3
0= <7, xeo.a]. ©.2.27)

Since Qs is an even function on R, it follows from (9.2.21) that Q, is an odd function on R,
so that, by using also the second line of (9.2.7), the difference f> — Q» is an odd function
on R, which, together with (9.2.27), implies

3e
)~ QW] <. xel-mal 9.2.28)
The desired inequality in the second line of (9.2.8) is now an immediate consequence of
(9.2.28) and the definition (9.2.1). |

According to Theorem 9.2.1, any given function f € Cp; can be approximated with arbi-

trary uniform “closeness” by a trigonometric polynomial Q as in (9.1.12).
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9.3 The Fourier series operator

According to Theorem 4.2.2, the inner product (-,-),, as defined by (9.1.7), generates the

inner product space (Cay, || - ||2), with corresponding norm

/4
st i= [ pPa, recu 031
-7
By recalling (9.1.5), (9.1.6) and Theorem 9.1.2, we deduce from Theorem 4.1.1 and Theo-
rem 4.2.4 that, for any given f € Csy, and for each n € N, there exists precisely one best L?
approximation Q} from 1, to f, with respect to the norm || - || defined in (9.3.1), that is,
If=Qulla <Ilf = Qll2, for Q€m, with Q#0]. 9.32)

Hence we may define, for n € N, the best L? trigonometric polynomial approximation

operator ., : Cor — T, by

T f=0, . [€Cu, (9.3.3)
so that, from (9.3.2), it holds for any f € Cy that
= flla<|[f=0Qlla, for Qe with Q# 7 f. (9.3.4)

The approximation operator .7," is called the Fourier series operator. The following prop-

erties of .7,* are now immediate consequences of Theorem 7.1.3.

Theorem 9.3.1. For any n € N, the Fourier series operator 7, : Cox — Ty, as defined by
(9.3.3), satisfies the following properties:
(a) 7" is linear;

(b) F, is exact on T, that is,

T,0=0, Q€ (9.3.5)

(c) F; is bounded with respect to the || - || norm in (9.3.1), with corresponding operator
norm

17l =1. 9.3.6)

Also, according to Theorem 9.1.2(b), the set {1,cosx,...,cos(nx),sinx,...,sin(nx)} is an
orthogonal basis for 7, with respect to the inner product (-,-), in (9.1.7), so that we may
apply the formula (7.3.3) in Theorem 7.3.1 to obtain a formulation of the Fourier series
operator .7,*. Indeed, since

T V1 1 2 /
/ lcos(jx)2dx = / +°°25( M e,
R

x . i=1,2,... (9.3.7)
T T ] — 2 J < )

/ [sin(jx)]*dx :/ cos(2jx) dx=m,

- -7 2
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whereas

T
12dx =2, (9.3.8)

-7
the following formulation follows immediately from (7.3.3) in Theorem 7.3.1, together

with (9.3.7) and (9.3.8).

Theorem 9.3.2. For any n € N, the Fourier series operator 7, : Cox — Ty, as defined by
(9.3.3), satisfies the formulation

(7)) = Sais+ Y. acos(jx) +
j=1

n
bisin(jx), f € Car, (9.3.9)
j=1

where

)
I

1 T
i / f(x)cos(jx)dx, j=0,...,n,
nJ)-n

1 feCg. (9.3.10)
b= 7[/ F)sin(jx)dx, j=1,...,n,
X —T

Observe that the inclusion of the factor ; before ag in the general representation formula
(9.1.12) has now been justified, since the first line of (9.3.10) holds for each j =0,1,....
For those cases where a quadrature rule is required for the computation of the integrals
in (9.3.10) of Theorem 9.3.2, we proceed to establish the fact that specifically the trape-
zoidal rule is remarkably accurate when applied to numerically approximate the integral
of a smooth periodic function over its full period. To this end, we first prove the Euler-
Maclaurin formula, which gives a relationship between the quadrature error for the trape-
zoidal rule and the endpoint derivatives of the integrand.

In our proof below, we shall rely on Taylor’s theorem with explicit integral form of the
remainder, according to which, for any bounded interval [a,b] and non-negative integer k,

it holds for any c¢ € [a, b] that

ko)) 1

g=Y % _f”) (= + / (x— 1) g® D (1)dr, x € [a,b], g € C*[a,b]. (9.3.11)
= J I'Je

For an inductive proof of (9.3.11), we recall first from (3.5.3), (3.5.2) and (8.6.49) that

(9.3.11) holds for k =0 and k = 1, whereas, if (9.3.11) holds for a fixed integer k € N,

then integration by parts, together with the inductive hypothesis (9.3.11), yields, for any

g € C**2[a,b] and x € [a,b],

(k_:l)!'/Cx(x—t)kﬂg(kﬂ)(t)dt: {(x?;:ié;(;;rl)(t) i +]:! '/;(x_[)kg(kﬂ)(,)d[
_ g% () . K gli)(c) ]
= _ (k—|—l)!<x*c)k Ty g(x)fjgo i (xc):|,
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which shows that (9.3.11) holds with k replaced by k + 1.
The trapezoidal rule quadrature error has the following representation, in which the con-
vention i o := 0, if j; < jo, is adopted once again.

Jj=o
Theorem 9.3.3 (Euler-Maclaurin formula). For an arbitrary bounded interval |a,b), and
any positive integer n, the quadrature error corresponding to the trapezoidal rule 2TR, as

given by (8.6.22), (8.6.21), (8.4.3), satisfies, form =0,1,..., the formula

[ e 27417 :—j'il o [ e - ) (7 ‘“>2j

2j)! n
B [(b(;Z)_/Fnz]jgn+2 /aszm ((bx_—a;/n> £ ()4
fec?™ a,b], (9.3.12)
where the real numbers {B,;: j=1,2,...} are defined recursively by
By = 2j1+l j— ; :_Zi (2];]: 1)34 =12, (9.3.13)
and where Ky, € C(R) is a periodic function on R, with period 1, that is,
Ko(t+1) = Kyp(t), teR, (9.3.14)
with
Koty = ) T g L R
t€10,1], (9.3.15)
where the real numbers {I'»;: j=0,1,...,} are defined recursively by
T = 1;
(_l)kq . (9.3.16)
Iy = k;l (2 + 1)’r2,,2k, j=12,....

Proof. For any non-negative integer m, let £ € {0....,m}, and suppose f € C?"*2[a,b], so
that 20 € C?"~2(+2[q, b]. Also, for any positive integer n, define

b—
xj::a+j( “), i=0,....n, 9.3.17)
n
according to which

Xjpl —Xj= , j=0,...,n—1. (9.3.18)
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Let j € {0,...,n— 1} be fixed. By applying Taylor’s theorem (9.3.11) with k =2m—2{+1,
g = f29, and, respectively, ¢ = xj and ¢ = x;1, and using (9.3.18), we obtain

[ = [T 100 + £ e

1[40 R0 () g 2m- 20+ 1 p(UHK) (1) i
=5 [ Z k'( ’)/ (x —xj)dx+ Z k'( 7 )/ (x—xj51) dx
k=0 : xj k=0 ’ i

1 X1 X w2t soms2)
+2(2m—2€+1)![(/xj {./xj(x 1) S (t)dt ¢ dx

J

2201 [(p_ g) JnlkH]
_ ; Z [(b (k—:/l)]‘ + [f(2£+k)(xj)+(_1)kf(24+k)(xj+l)]

k=0
1 Xjt1 Xjt1 \2m—20+1 (2m+2)
+2(2m72€+1)! le {/t (x—1) dx ¢ f (t)dt
Jr/xj+1 {/l(t7x)2m_2£+ldx}f<2m+2)(t)dt]
Xj xj

N {mzj [(b—a)/n]?H! [f(26’+2’<>(x,)+f(2€+2k)(xi+1)}

2\ (2k+1)!

m—{+1 [(b—a)/n]Zk
D SRR

[f(2€+2k—1)(xj) *fm“k_l)(xjﬂ)} }
1 Xjt1 - . .
+ 2(2m72£+2)|/1 [(ijr] — 1)U ()2 2@+2} 7O (1) dr
'y

b—ar (20) (3 b—ar (e (20+2k)
=, {f (xj)+f (xjH)} +) oy, [f () +/ (xj+1)}
k=1

1 Xj+1 1
_ (20+42k)
(Hz)/xj f (x)dx}+z(2m—2e+2)!

. 2m—20+2
Xj+1 B B b—a
% / |:(xj+1 _x)2m 2f+2+ (x_xj)Zm 2042 ( >
X

i n

f(2m+2) (x)dx,

(9.3.19)
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where

[(b—a)/n]?*
= k=0,...,m. 9.3.20
(053 (2k+ 1)' ) ) ,m ( )
By using (9.3.17), (9.3.18), (9.3.19), (8.6.17), (8.6.7), (8.6.5) and (8.4.56), and introducing

the notation

2= /bf@‘)(x)dx—Q,{R[f<2‘*>], (=0,...,m, (9.3.21)
we deduce that ’
ey —Q—mi"[ Oorerion = 8o +hoy, £=0,....,m, (9.3.22)
where -
o tzfazk(; —R) [N () - fOEEN )| £ =0, (9.3.23)

) - [ 2m—20+42 2m—2042
M= o 2z+2 g‘/ (ejr =) (e )

b g\ 2m—2t+2
o ( . ) f(2m+2) ()C)d)@

£=0,...,m. (9.3.24)
Now observe that the linear system (9.3.22) is equivalent to the matrix-vector equation
Ae=g-+h, (9.3.25)
where A is the (m + 1) x (m+ 1) upper triangular matrix
1 O Oy -+ Oy
01 e B
A= G 2| (9.3.26)
000 - 1

and with e,g,h € R”*! denoting the column vectors

e:= [60762, A 7€2m]T; g .= [go,g27 e ,gzm]T; h:= [ho,hz, A 7hzm]T. (9.3.27)
Since (9.3.26) implies det(A) = 1 # 0, it follows that A is an invertible matrix. By using
the fact that the inverse matrix A~! satisfies A~'A = I, the identity matrix, we may now use

(9.3.26) to deduce that the first row [Bo, B2, - ., Bom] of A~ satisfies the conditions

k—1

B+ Y Ook—2ePor =&, k=0,....m, (9.3.28)
(=0
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with {8 : k=0,...,m} denoting the Kronecker delta sequence as in (1.2.2), and thus

Bo =1;

k=1 (9.3.29)
Box = =) o 2B, k=1,...,m.

=0

We claim that the sequence {fo, ..., Bam } given by (9.3.29) satisfies the formulation

b—a 2k
ﬁzkz(—l)kr2k< . ) . k=0,....m, (9.3.30)

where the real numbers {I'p,I,,...,['2, } are obtained recursively from (9.3.16). To prove
(9.3.30), we first note from the first lines of (9.3.29) and (9.3.16) that (9.3.30) holds for
k =0, whereas (9.3.29), (9.3.20) and (9.3.16) give

B2 = —ufo = —é (ba)2;

n
1 1
Ih= T, =
2 6 0 6:
from which it follows that (9.3.30) is also satisfied for k = 1. Suppose next that (9.3.30)
holds for a fixed integer k € {0,...,m — 1}. But then, from the second line of (9.3.29),

together with (9.3.20), and the second line of (9.3.16), we obtain

o [ Yo (2 )
o <b ; a>2k+2§ [(Zk (—_zlﬁ)i 3)zr24

b—a\ X (1! b\ 22
=(—1 k+1 r 3 —(—1 k+11—~
(=1) ( n ) (; [(2€+1)! 2%t2 2[] (=) T2 . 7

according to which (9.3.30) holds with & replaced by k + 1, and thereby completing our
inductive proof of (9.3.30).

Since [Bo, B2, - - -, Pam] is the first row of the inverse matrix A~ and since (9.3.25) implies
e=A'(g+h), (9.3.31)
we may now apply (9.3.21), (9.3.27) and (9.3.31) to obtain

m

b m
/ fx)dx— 28 [fl=e0 =Y Bugau+ Y. Baxhox- (9.3.32)
¢ k=0 k

=0
After noting from (9.3.23) that g5, = 0, we next apply (9.3.23), (9.3.30) and (9.3.20) to
deduce that

m m—1 m—1
Y Baugak =Y Bu Y, jaka(—5 —j+k) [fmﬂ)(b) - f(2j+1)(a)}
fr k=0 j=k
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|:f(2j+1)(b) _f(2j+1)(a)}

m—1 j
=Y |Y o oia(—5 —j+k)Bx
=0 |i=0

m

—1| Jj —a)/n]2—2%k+2 —a 2k

Jj=0 k=0

< [fA(b) — f2IT(a))]

— % o e -l (U0 ©333)

where

1y (D= D)

By = (—1)/71(2))! 2
5= k; (2k+1)!

Observe from (9.3.34) and (9.3.16) that, for j =1,....m

J=3 1 e (CDF (=)
2j+2]+(—1)’ 1(21)!];l 2kt 1)1 2

F2j72k7 ]: 1,...,m. (9334)

Byj = IPYETS

_ i o i' D (k- l)j
2]+1 = (2k+1)!

k (7])/,71

I
(204 1)! 2j—2k—20

. 1 le*, k—1 1
B T
= TR Z (20+1)! ; (k1) T

i1 — 71 j—(—1
J72 I (=1)/
= 24+ (=12 Z [(2],7%)!32],24

2j+1
.o j—1 . j—1 .
Jj— 1 2j+1 1 2j+1
= - ) Byjor = - Z . Byl
2j+1 2j+1/=\20+1 2j+1 2j—20+1
from which it then follows that the sequence {By,Ba,...,Ba,} satisfies the recursion for-

mulation (9.3.13). Finally, we use (9.3.24), (9.3.30), (9.3.17) and (9.3.18) to obtain

m n—1 Xjpp I sz

hyy, =
k)::oﬂz" 2* Z/ = 2(2m—2k+2)!

J=07%

)Zm 2k+-2

)2»172k+2 + (X X

(xj+l —X
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L\ 2m—2k+2
_ (bna) :| f(2m+2)(x)dx

m+2n—=1 rxi —
_ _[(b—a)/n]Z +2 Z/J Py, (( X—a —j) f(2m+2>(x)dx7 (9.3.35)

(2m+2)' j=0 bfa)/n
where
-l & 2m+2
Py (t) == ( ; Z k(2m —2k)! (2k+2)rzm_2k[(1 1262 4 2R ),

(9.3.36)
Let K3, € C(R) be defined by (9.3.15) and (9.3.14), according to which K5, is a periodic
function on R, with period 1, and thus also, by noting that the right hand sides of (9.3.15)

and (9.3.36) are equivalent, we have
Po(t —j) = Kom(t), t€[j,j+1], j=0,....,n—1,
so that, by using also (9.3.17) and (9.3.18),

xX—a N\ xX—a . o -
m((b*a)/"ij)7K2m((bfa)/n>’ x€xjxjp], j=0,....,n—1. (93.37)

Hence we may substitute (9.3.37) into (9.3.35) to deduce that

m _ 2m+2 b _
Y Boho = — (b~ a)/n] / Kom <(bx_ N )f(2m+2)(x)dx- (9.3.38)
k=0 a

(2m+2)! a)/n
The Euler-Maclaurin formula (9.3.12) is now an immediate consequence of (9.3.32),
(9.3.33) and (9.3.38). |
The well-known Bernoulli numbers {B; : j =0,1,...} are defined recursively by
1 i+
By:=1;, Bj:=—. B, j=12,..., 9.3.39
0 = kZO( i ) oo (9:3.39)
by means of which we calculate that
1
By =—_. (9.3.40)
2
Also, it is known (see Exercise 9.5) that
Byji1=0, j=1,2,.... (9.341)

By using (9.3.39), (9.3.40) and (9.3.41), we obtain, for j =1,2,...,
1 =24+
sz = — .. Z ( )Bk
2j+1 & k

2j—1 2
j+1 1
+Z( )"}_2]41

_2j+1

1 2+t
—z—kzl< ok )sz ;
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which agrees with (9.3.13). Hence the real numbers {By,B,...,Bay,} in Theorem 9.3.3
are precisely the Bernoulli numbers with even indices.

In order to be able to apply the mean value theorem (8.5.16) for integrals to the integral in
the right hand side of the Euler-Maclaurin formula (9.3.12), we proceed to first prove the
following properties of the polynomial P, in (9.3.36), which agrees with K3, on [0, 1], as
in (9.3.15).

Theorem 9.3.4. In Theorem 9.3.3, the polynomials {P, : m = 0,1,...}, as defined by
(9.3.36), and the real numbers {Bo,, : m=1,2,...}, as given by (9.3.13), satisfy the follow-
ing:

(a)
(=1)"Py,(t) >0, t€(0,1), m=0,1,...; (9.3.42)

(b)
/()lem(t)dIZBgm+2, m=0,1,...; (9.3.43)

(©
(=1)"Byp >0, m=1,2,.... (9.3.44)

Proof. (a) Since (9.3.16) yields

Ih=1;, I,= é, (9.3.45)
we calculate from (9.3.36) that
Py(t)=1(1—1); Py(t) = —*(1—1)%, (9.3.46)
and thus also
Py(t)=1-=2t; Pi(t)=2t(1—1)(2t—1). (9.3.47)

Observe from (9.3.46) that (9.3.42) is satisfied form =0 and m = 1.
Let m € N, and note from (9.3.36) that

_1ym—1 m )
Pu=""1" Y iem-2))

(2m+2
J=0

Dome2j(2j+2)[—(1 — )2 442!
D Can a2 21 )

(9.3.48)

according to which
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We proceed to prove inductively that

>0,1€(0,});
(—1)"P,, () (9.3.50)
<0,1€(3,1),

which, together with the fact that (9.3.36) yields
Pu(0) = Pyy(1) =0, (9.3.51)

will then imply the desired result (9.3.42).

Since, according to the second equation in (9.3.47), the inequalities (9.3.50) are satisfied
for m = 1, suppose next that (9.3.50) holds for a fixed integer m € N. From the fact that
(9.3.36) gives

1mm+l ) . 2m+4 ' ‘
Prnialt) = ) Y (=0/@mA2=2)1 ) Tamea 2 (1= 1) 72 41272 — 1],
2 5 2j+2

we deduce that

_1\m m+1 m
P2/21+2() ( 21) j: —1)/ ((221-5_'-_;)) Domia—2j(2j+2)(2j+1)(2))
) [ — ) 2
m m+1 m ' '

:( 21) j+1( ]) (2(2;4) F2m+2 2](2])[ ( t)2171+t2171]

_ (71)m71 mn 2m-+2

=", (@m+4)(m+3) ;0 J(2m—2j)! <2j+2)

X Dopj(2j+2)[=(1 = 1)1 412771
= (2m+4)(2m+3)Ph,(1),

by virtue of (9.3.48), and thus, from the inductive hypothesis (9.3.50),

>0,1€(0,5);
(=1)"P542(1) (9.3.52)
<0,t€(5,1).

Since also
Poi2(0) = Pryia(3) = Phyyn(1) =0,
from the fact that (9.3.49) is satisfied for each m € N, whereas Py, ., = (P,,,,,)" satis-

fies (9.3.52), it follows that (9.3.50) is satisfied with m replaced by m + 1, and thereby

completing our inductive proof of (9.3.50).
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(b) For any non-negative integer m, we deduce from (9.3.36) and (9.3.34) that

1 —1)" N 2m 4 2) I (—1) Tos;
/OPZm(t)dt:( ) ( m+ ) ( ) 2m—2j

1
, 1 =) 12 412712 _q)ar
RS Mg (R )

(—1)"(2m+2)!

_ (=1)/(2j+1)
2

< (2j+3) Y

=

J

m (1) 3)
=(=1)"(2m+2)! ; (2j+1)! Tomi2-2j = Bomya,
J
which proves (9.3.43).
(c) The inequality (9.3.44) is an immediate consequence of (9.3.43) and (9.3.42). |

By using Theorem 9.3.4, we can now prove the following consequence of Theorem 9.3.3.

Theorem 9.3.5. In Theorem 9.3.3, the Euler-Maclaurin formula (9.3.12) has the alterna-
tive formulation

/bf(x)dxf 2MRf] = - i (BZJ
a j=

)
ol (P )

n

_ (b=a)Bomi2 (omi2) b—a\*""? 2mi2
I Y A (2 , [ eCT a,b],

(9.3.53)

for some point & € |a, D).
Proof. According to (9.3.15), (9.3.14) and (9.3.36), the function K>,, satisfies the property
Kom(t — j) = Kow(t) = Pan(t), t€][0,1], j=0,...,n—1. (9.3.54)

Also, from (9.3.14) and (9.3.15), together with (9.3.42) in Theorem 9.3.4(a), the function
K>,, does not change sign on the interval [0, 7], so that we may appy the mean value theorem
(8.5.16) for integrals, as well as (9.3.54) and (9.3.43), to deduce that there exists a point
& € [a,b] such that

/ab Kom ((bx__a;l/n) £ (x)dx = f(2m+2)(g)/ab Ko ((bx—_a‘)l/n> dx

=1 [ Koy

=)

b—a"lT i+l
n

sz(t)dt}

j=0 L/J
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o) b—ua n—1 1
RGN W
=0

— f(2m+2)(§)b;a:§ [/01 Pz,n(t)dt}

= (b—a)Bayiaf "I (E). (9.3.55)
The desired result (9.3.53) then follows immediately by substituting (9.3.55) into the Euler-
Maclaurin formula (9.3.12). |

Calculating by means of (9.3.13), we obtain the values
1 1 1 1 5

By= ; By——_: Bg= : Bg=—_: Bio= .. 9.3.56
*Te T 300 a2 TP 300 U066 (9:3.56)
By setting m = 0 in (9.3.53), and using the value B, = é, we obtain

b b—a (b—a\>

| 1w -2rfin=-" ( ) )f”(é), f€Cab), (9:3.57)

a

which, since Az = 214 from (8.4.54), is consistent with the case v = 1 in the second line of
(8.6.30), together with (8.6.26) and (8.6.17).

As an immediate consequence of Theorem 9.3.5, we have the following result.

Theorem 9.3.6. For a bounded interval [a,b] and any positive integer m, suppose f €

C*"*2[a,b], with, moreover,
FE @) = @Dy, j=1,....m. (9.3.58)

Then, for any positive integer n, the quadrature error corresponding to the trapezoidal rule
Q,{R, as given by (8.6.22), (8.6.21), (8.4.3), satisfies
b (b—a)|Bg 2‘ b—a 2m+2
dx— 2IR[f]| < " @m+2)]),, 9.3.59
[ r@ar—2prip) <0 TR (T e e, 0359
with the real number By, given as in (9.3.13).

Returning to the setting of periodic continuous functions in Coy, as given in (9.1.4), we

now define, for any non-negative integer k, the function space
=G NCHR), (9.3.60)

with C¥(R) denoting the linear space of functions f : R — R such that f) € C(R), ¢ =
0,....k, and thus C°(R) = C(R), according to which then also C9, = Cyz. Observe from
(9.3.60) that, if f € Clﬁn for a positive integer k, then, for any x € R,

27+ h) — 2 h) — ,
Pl 2m = iy {2 = FO2R) o S =IO _ iy
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and thus, from repeated use of this argument, we deduce that, for any k € N,
fI42m) =), xeR, j=1,....k, feCk, 9.3.61)
or equivalently,
feds,=fYeCy, j=0,... k (9.3.62)
In particular, by setting x =0 in (9.3.61), we deduce that, for any k € N,
fUer) =r900), j=1,....k, feck,. (9.3.63)

Next, for f € Cyr, we use (9.1.3) to deduce that, for any a € R,
T+o -0 T+
/ Flx)dx = / Fdx+ [ fx)dx
J—n+a —n+o 0

T+o

—/ fltamdst [© flodx
7I+Ot

27 T+o 2
7 dx+/ Rdx= [ fods

T+a
that is
T+o 2
/ F(x)dx = / F0dx, a€R, fECn. (9.3.64)
—Tta JO
In particular, by setting o = 0 in (9.3.64), we obtain
T 2T
/ F()dx = /0 F0dx, f € Con. (9.3.65)
-7

It follows from (9.3.65) that the formulas (9.3.10) in Theorem 9.3.2 can equivalently be

formulated as
1 2

a; = f(x)cos(jx)dx, j=0,...,n,

T f€Cou (9.3.66)
bj = f(x)sin(jx)dx, j=1,...,n,

T Jo

For any positive integer N, we now apply the trapezoidal rule 21X, as obtained from
(8.6.22), (8.6.21), (8.4.3), to the integrals in the right hand side of (9.3.66) to obtain the

numerical approximations

. 2N1 ij )
a; =~ = Zf( )cos(Nn>,]:0,...,n,
. 2 Nt [ 2kj .
bj%bNm/ = Zf( ) (Nﬂ>7]:1""7na

after having used also the fact that (9.1.3) implies f(0) = f(2x). The resulting approxima-

fECo, (9.3.67)

tion operator f, N : Cox — Ty, as defined by

(Fonf)(@) = |

n n —
25N,0 + Y ayjcos(jx)+ Y by jsin(jx), f € Caz, (9.3.68)

J=1 j=1
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is called the discrete Fourier series operator.
The remarkable accuracy of the trapezoidal rule numerical approximation in (9.3.67),
for sufficiently differentiable functions f € Cyz, can now be derived by means of Theo-

rem 9.3.6, as follows.

Theorem 9.3.7. For any non-negative integer m, let f € C%;;’”, and, for n € N, let the
Fourier series approximation ., f be defined by (9.3.9), (9.3.10). Then, for any N € N,

the trapezoidal rule quadrature error in the numerical approximation (9.3.67) satisfies

2m+2
~ 27| By 2 .
‘a*—aN;‘ g T|Bom+o| (27 2|\, =0,
7 "/ (2m+2)! J
2m+2 (9.3.69)
b*»—E ‘ < 2”‘32m+2| 2n H 2m+2 H ]_1 n
J N.j| = (2m+2)‘ N (2] s lly
where
1 N
uj(x) == _f(x)cos(jx), j=0,...,n;
7{ (9.3.70)

vi) = f@)sinGix), j=1,.m,

and with By, 12 denoting the real number given as in (9.3.13).

Proof. Since f € sz+2 it follows from (9.3.70) that u; € C2m+2, =0,...,n, and v; €

C2’"+2, =1,...,n, according to which, from (9.3.63), we have

2%—1 2%-1) .
uE >(27r) 5 (0) k=1,...,m; j=0,...,m; ©371)
v§2k71)(2n) 2%=1) (0)7 k=1,...om;j=1,...,n.

Now recall from (9.3.67) that

W
Vi

an,j = QK/R[MJ'], j=0,...,n
~ (9.3.72)
bN,j = QICR[VJ'], j: 1,...,)1,
with QICR denoting the trapezoidal rule as given by (8.6.22), (8.6.21), (8.4.3).
It follows from (9.3.71) and (9.3.72) that we may apply (9.3.59) in Theorem 9.3.6 to deduce
that the desired upper bounds in (9.3.69) are satisfied. |
Observe that if, for some positive integer M, we choose N = 2M and n = M in (9.3.67),
then
am,j =Aj+Bj
j=0,....M, (9.3.73)
amm-j =A;j—Bj,
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where

k=0 i=0,....M, 9.3.74
Mol ok (2k+1) I ©3.74)
B;:= f 7 | cos ,
) M M
and similarly,
bowm,j =C;+Dj,
j=1,....M, (9.3.75)
boyi m i= —C;+Dj,
where
1 M1 . [ 2kj
Zf( )Sm<M7r)7 =1 M (9.3.76)
Zf 2k+1 (kD)) I >
M )
Hence, if N is even and n = , the separate computation of the sums A; and B; in (9.3.74)

yields, according to (9.3.73), both ay,jand q, y,N whereas similarly, the separate compu-
tation of the sums C; and D; in (9.3.76) yields, accordlng to (9.3.75), both bN,J- and bNyzngj

The computational efficiency thus gained is significant; indeed, (9.3.73) - (9.3.76) form the
basis of the widely used Fast Fourier Transform (FFT), a detailed presentation of which is

beyond the scope of this book.

9.4 Fourier series

Our principal aim in the rest of this chapter is to study the convergence properties of the
Fourier series operator .7,". Our first step in this direction is to show, analogously to the
weighted L2 case in Theorem 6.4.2, how the Weierstrass result of Theorem 9.2.1 can be

used to prove the following convergence result.

Theorem 9.4.1. The sequence {7," : n=1,2,...} of Fourier series operators, as defined
by (9.3.3), satisfies the convergence result

If=Z flla—=0, n—oo, f&Ca, 9.4.1)
with the norm || - || given by (9.3.1).
Proof. Suppose f € Cyr, and let € > 0. Our proof of (9.4.1) will be complete if we can
show that there exists a positive integer N = N(€) such that

Ilf=Z flla<e, n>N. (9.4.2)
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To this end, we first apply Theorem 9.2.1 to deduce that there exist a positive integer N =

N(e) and a trigonometric polynomial Q € Ty such that

1f = Qlle < (9-4.3)

\/2
with the maximum norm || - || defined as in (9.2.1). Now observe, analogously to (5.3.4),
that (9.3.1) and (9.2.1) imply

Ir-0le=/ [ 1w - oWPax < vaz s -0l 044
It follows from (9.3.4), (9.4.4) and (9.4.3) that

7= Zislk < -l < var ( ;)=
V2r
that is,
Ilf = I fll2 <e. 9.4.5)
Next, we note from (9.1.5) that the nesting property
Ty C Tpy1, n=12, ..., (9.4.6)
holds. Together, (9.3.4) and (9.4.6) imply

Wf =T flla<Ilf = Iy fll2, n>N. 9-4.7)

The desired result (9.4.2) is then an immediate consequence of (9.4.7) and (9.4.5). |
Observe from (9.3.9) in Theorem 9.3.2, together with (9.3.1), that the convergence result
(9.4.1) can be formulated as

n—yeo
J=

2
lim / a0+ Za cos(jx +Zb sin ]x)H dx=0, f € Con, (9:4.8)

with the coefficient sequences {a} : j =0,...,n} and {b}: j=1,...,n} given by (9.3.10).

For any given f € Cyy, the infinite series

1 o oo
L@+ Y ajeos(jx)+ Y bysin(jx), x€R, (9.4.9)
J=1 j=1

where

1 T
ai: / f(x)cos(jx)dx, j=0,1,...;

’1‘ pe (9.4.10)
b = / F)sin(jr)dy, j=1,2,...,

TJ)-n

is known as the Fourier series of f, and the coefficients {aj: j=0,1,...} and {b}: j=
2,...} in (9.4.10) are called the Fourier coefficients of f. The result (9.4.8) shows that
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the Fourier series (9.4.9) of each f € Cy; converges to f with respect to the || - ||, norm, as
given by (9.3.1).

We proceed to show how the results of Theorem 7.3.4 and Theorem 9.3.1 can be applied to
yield the following useful identity satisfied by the Fourier coefficients of a function f € Caz.

Theorem 9.4.2. (Parseval identity) For any f € Coy, let the Fourier coefficients {a;f :
0,1,...} and {bj: j=1,2,...} of f be given as in (9.4.10). Then

2+ il [(a5)? + (05)] = ,lt jt[f(x)]zdx. ©4.11)
=

Proof. By applying Theorem 9.1.2(b), and (7.3.31) in Theorem 7.3.4, together with (9.3.7),
(9.3.8), and using the definitions (9.1.7) and (9.3.1), we deduce that, for any n € N,

217r [/n f(x) x} + Z { { / coS(Jx)dx} + {/jrf (x) Sin(jx)dxr}

— [ treorax=(if - 7 111*. ©.4.12)

Now observe from (9.4.10) that

/4
/_nf(x)cos(jx)dx =naj, j=0,....n;

2

T (9.4.13)
/ f(x)sin(jx)dx = 7mb3, j=1,....n
-7
Substitution of (9.4.13) into (9.4.12) yields
L | 1 2
0P+ Y [@P+ @] = [ [rPar= (1f = Z Al n=12....
j=1 .

(9.4.14)
The Parseval identity (9.4.11) now follows by an application in (9.4.14) of the convergence
result (9.4.1) of Theorem 9.4.1. |

o

A standard result in the theory of infinite series states that, if Z o is a convergent series,
j=0
then we must have o; — 0, j — . Hence we have the following immediate consequence

of Theorem 9.4.2.
Theorem 9.4.3. For any f € Cay, the Fourier coefficients {a}: j=0,1,...} and {b}: j=
1,2,...} of f, as given in (9.4.10), satisfy

a0, jores; b5 =0, oo, (9.4.15)

The Parseval identity (9.4.11) in Theorem 9.4.2 is useful in the calculation of the sum of

certain infinite series, as illustrated by the following example.
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Example 9.4.1. Let f € Cy;; be the “sawtooth” function defined on [— 7, 7] by
fx):=x], xel-m, 7] (9.4.16)
Then the first line of (9.4.10) gives, for j € N,

1" 2"
a;= ”/771 |x| cos(jx)dx = 75/0 xcos(jx)dx

([ e

2 K 2 )
== an [—cos(]x)}o = 0 [(—1)/ = 1], (9.4.17)
and, for j =0,
. 17 2 [m
ap= / |x|dx = / xdx =, (9.4.18)
T )1 T Jo
whereas the second line of (9.4.10) yields, for j =1,2,...,
1 T
b = / x| sin(jx)dx = 0, (9.4.19)
TJ)-n
since the integrand is an odd function on R. Moreover,
1 = N 2 [T, 272
dx = / dx = . 9.4.20
o rra= 7 [Cede= 9.4.20)

Observe from (9.4.17) and (9.4.19) that the limits (9.4.15) in Theorem 9.4.3 are satisfied.
By substituting (9.4.17) - (9.4.20) into the Parseval identity (9.4.11), we obtain
4 &= -1 2n?
LAl P 2w
2 = J 3

that is,
16 1 2m?

which is equivalent to

Also, according to (9.4.9), (9.4.17), (9.4.18) and (9.4.19), the Fourier series of f is given

by
T 43
2_71'2

=

(2j—1) cos((2j—1)x), xeR, (9.4.21)

for which (9.4.1) in Theorem 9.4.1 yields the convergence result

2
lim \{/ﬂ {|x| - {’; i ):1 (2j1 1y cos((24 - 1)x)}] dx=0. (9.4.22)
f
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We have therefore established that the Fourier series (9.4.9) of any f € Cy; converges to f
in the sense of (9.4.8). An interesting question is whether the Fourier series of any f € Coz
converges pointwise to f on R, that is,
1 * = * . = * v .
flx)= L0+ Zlaj cos(jx) + Zlbj'- sin(jx), xeR. (9.4.23)
Jj= Jj=
The answer is negative, since, as will be explained after the proof of Theorem 9.5.3, there

exists a function f € Cyz such that
I1f =T fllee —> 00, 11— o0, 9.4.24)

with {7 : n=1,2,...} denoting the Fourier series operators as defined by (9.3.3), and
where || - || is defined by (9.2.1), which implies that the pointwise convergence result
(9.4.23) does not hold for this particular function f.

Hence we proceed, in the rest of this chapter, to identify a subspace M of Cy; for which the

uniform convergence result
1f = Z flle =0, n—oeo, feM, (9.4.25)

is satisfied, and from which, together with (9.3.9), (9.3.10) and (9.2.1), it will then follow
that the Fourier series (9.4.9) of each f € M is indeed pointwise convergent to f on R.
According to (9.1.6) and Theorem 9.1.2(a), it holds for any n € N that 7, is a finite-
dimensional subspace of Cpz, so that we may apply Theorem 4.1.1 to deduce that there
exists a best approximation from 7, to each f € Cp; with respect to the maximum norm
[||]e in (9.2.1), and with respect to which we introduce the best approximation error func-
tional & : Coz — R defined by

& lfl = ggp [lf = Qlleo, f € Con, (9.4.26)
forn=1,2,....

The following result then holds.

Theorem 9.4.4. The best approximation error functionals {8, :n=1,2,...}, as defined
in (9.4.26), satisfy

E 1 =0, n—eo, feCo (9.4.27)

Proof. Suppose f € Caz, and let € > 0. According to Theorem 9.2.1, there exists a positive
integer N = N(€) and a trigonometric polynomial Q € 1y such that ||f — Ql|- < €, and
thus, since (9.4.26) implies &y [f] < ||f — O], we deduce that

&ilf] < e. (9.4.28)
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Moreover, since the nesting property (9.4.6) is satisfied, we have, from (9.4.26), and anal-

ogously to (9.4.7),

which, together with (9.4.28), yields
&'fl<e, n>N. (9.4.29)

The desired result (9.4.27) is equivalent to (9.4.29). |
We shall show that if, in (9.4.26), the function f € Cy; is such that the convergence of
the sequence {&[f]: n=1,2,...} to zero, as given in (9.4.27) of Theorem 9.4.4, occurs
at a sufficiently rapid rate, then the uniform convergence result (9.4.25) is obtained, after
which we shall then identify a subspace M of Cy; such that, for any f € M, this required
convergence rate is indeed achieved.

To this purpose, we proceed in the next section to investigate the boundedness of the Fourier

series operator .7, with respect to the maximum norm || - ||e.

9.5 The Lebesgue constant in the maximum norm

Recalling from Theorem 9.3.1(c) that, for n € N, the Fourier series operator .7, is bounded

with respect to the || - ||, norm, with corresponding Lebesgue constant ||.7,*||» = 1, we

proceed here to show that .7, is also bounded with respect to the maximum norm || - [|c,

and we investigate the corresponding Lebesgue constant ||.7,||- as a function of n.

First, we prove the following integral representation formula for .7,*.

Theorem 9.5.1. For any f € Cyz, and n € N, the Fourier series operator 7, : Cox — Ty,
as defined by (9.3.3), satisfies the formulation

1 T
(FNW=_ | Ki®)fx+0)do. xeR ©.5.1)
-7
where the function K}, is defined by
1 n
K;(0):= _+Y cos(jB), 6¢€l[-mn], 9.5.2)
2 =
and where also
sin((n+ é)@)

K:(0)={ 2sin(le) OO0 9.5.3)

n+y, 6 =0.
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Proof. Let x € R be fixed. By substituting the formulas (9.3.10) into (9.3.9), we obtain

. 1 /" 1 & T . )
T =y [ 50+ | [ s0)costiordo st

- 2w )z
] n T
+y [/ f(@)sin(je)de} sin(jx)
e P
1 T
o [ /41'
1 "TT
o T /—n
Now observe that the function

g(0) = ; + Y cos(j(6—x)), O€R, (9.5.5)
j=1

; + il{cos(je)cos(jx) +sin(j9)sin(jx)}} f(6)do
=

; + Xn: cos(j(0 —x))} f(6)de. 9.5.4)
=1

satisfies g(042m) =g(0),0 € R, and thus g € Cay, so that we may apply (9.3.64), (9.3.65)
to deduce that

T T+x T
/ 2(0)d6 = / 2(0)d6 = / 2(6 4 x)dx. 9.5.6)
ST J—mtx J-n
It follows from (9.5.4), (9.5.5) and (9.5.6) that the formulation (9.5.1), (9.5.2) is satisfied.
After noting from (9.5.2) that the second line of (9.5.3) is satisfied, we observe next, for
any 8 € [—m,0) U (0, 7], that
n

sin(;e) Zn:lcos(je) = Z [cos(je)sin(;e)]
=

J=1

— 1Y [sin((j+ 1)8) —sin((j— 1)6)]

=1

3 {[sin(30) —sin(;0)] + [sin(36) —sin(3 )]

4+t [sin((n—i— ;)9) —Sin((n_ ;)6)}}

= é [sin((n—&— é)@) —sin(é@)] ,

and thus
1 & sin((n+1)0)
+ ) cos(jO) = 2770 9 e[-m,0)uU(0,m]. 9.5.7
5 ,;1 (9= s gn(10) [~7.0)U(0,7] ©.5.7)
The first line of (9.5.3) follows immediately from (9.5.2) and (9.5.7). |

The formulas in Theorem 9.5.1 enable us to prove the boundedness with respect to the

maximum norm || - || of the Fourier series operator .7, as follows.
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Theorem 9.5.2. For n € N, the Fourier series operator 7, as defined by (9.3.3), is

bounded with respect to the maximum norm || - ||, as given by (9.2.1), with corresponding

Lebesgue constant || 7,||« bounded above by

7 ]« < 1+In(2n+1). 9.5.8)

Proof. Let n € N be fixed. From (9.5.1) in Theorem 9.5.1, and by using also the fact that,
according to (9.5.2), K} is an even function on [—7, 7], we obtain, for any f € Cy, and

x € [-m, 7,

Fnwi< ) [T IK©) st

| LN 2 (.
<| 3 oo~ | ["Iki@)ao)] 7]
- T Jo
and thus
* 2 7 *
1711l < | 2 [ & 0)ido] 171
0
from which it then follows that
17, 1-

1=
It follows from (9.5.9) that {||.Zf||/I|f|| : f € Cax;f # 0} is a bounded set, and thus

the approximation operator .7, is indeed bounded with respect to the maximum norm

2 T
gn/ K:(6)|d6, for fe Cap, with f#0. (9.5.9)
0

| ]| With, according to the definition (5.2.2), corresponding Lebesgue constant ||.7,* ||
satisfying the upper bound
* 2 T *
17 o < n/o IK:(6)]d6. (9.5.10)
The desired result (9.5.8) will therefore follow if we can prove the inequality

/”\K;(e)ue < ’;[1 (24 1)]. ©.5.11)
0

To prove (9.5.11), we let u denote an arbitrary number such that 0 < y < 7, and note from
(9.5.2) that

K (0)] = ;+jn§cos(j9) <;+n, 6 < [0,ul. (9.5.12)
Next, we observe that the inequality (6.5.25) is equivalent to
sin(}6) > Z, 6 <[0,x], (9.5.13)
which, together with the first line of (9.5.3), yields
Ko< ' < eepn (9.5.14)

~2lsin(lg)] T 267
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It follows from (9.5.12) and (9.5.14) that
T u T
/OyK;(e)yd(a:/O \K;(e)\de+/ K7 (6)|do

u
LA T
< a9 / a9
/0 (2 +”) T 20
1 T
= (2+n>u+2[ln7r—ln/.1]. (9.5.15)
Recalling that y is an arbitrary number in the interval (0,7), we may now choose U =

Zn’i | in (9:5.15) to obtain

[ 1K (6)]a0 <
0

T
=, [1+1In(2n+1)],

2n+1( T

2 2n+1)+72r[ln7r—{lnn:—ln(2n+1)}]

and thereby yielding (9.5.11). |
Note that the upper bound in (9.5.8) satisfies

I+In(2n+1) — o, n—>oo. (9.5.16)
We proceed to show that it in fact holds that
| Z leo > 00, = oo, (9.5.17)

as follows from our next result.

Theorem 9.5.3. The Lebesgue constant ||.7,"||« in Theorem 9.5.2 satisfies

T
[| 7| = 2/ |K;:(0)]d6 > 421n(n+1), neN. (9.5.18)
T Jo T

Proof. Our first step is to show that
* 2 ("
19 oo > ﬂ/o K, (6)|d6, (9.5.19)

which, together with (9.5.10), will then yield the formula in (9.5.18) for ||.7,"|| .
To this end, we fix n € N, and observe from (9.5.3) in Theorem 9.5.1 that, with the definition

2k
T k=0, .n
6 =< 2n+1 (9.5.20)
n, k=n+1,
we have (see Exercise 9.18)
K, (6) > 0,6 € [6),6); 9.5.21)

(—1*K*(8) > 0,0 € (61, 6c11), k=1,....n—1(if n>2); (9.5.22)
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(—=1)"K;(8) > 0,6 € (6y,6,11], (9.5.23)
with, moreover,
K;(6,)=0, k=1,...,n. (9.5.24)

For any j € N, define the points
T
Wik = 60— . Jk=1,....m

@n+1)(j+2) 9.5.25)

yk=1,....n,
2n+1)(j+2)
with {6y,...,6,} as in (9.5.20), and according to which, for each j € N, we have (see

Vi = 6+

Exercise 9.19) the ordering

0=0 <Y1 <0 <Y1 <Yjr <O <Pjr < <Yj, <0, <Y, <Oy =T
(9.5.26)
Also, for j € N, let g; € Co be the even function on R, as defined on [0, ] by
1, x € [60,¥1);
gi(x) =3 (=D x€ Wi, Wiks1), k=1,...,n—1; (9.5.27)
(=1)", x € [Y, O],

and

o) 1= (—1)k 21 1;(”2) (-6, T WUl k=1,....n,  (9.5.28)

according to which, together with (9.5.21) - (9.5.26), we have (see Exercise 9.19)
K;(0)gj(0)>0, 60,7, jeN, (9.5.29)

as well as

llgjllo=1,  jEN. (9.5.30)

Next, by using (9.5.26) and (9.5.29), as well as (9.5.27), we deduce that, for any j € N,
V1 V
| Ki0)ss00d0 = [ |K;(0)s5(0)] a0

Vil
—/’ K (0 \d9+2 K (6)|d6
l,/jk

+/ K (6 |d9+z |1<* (6)[d6. 9.5.31)
Yk

Since (9.5.2) implies

K;(0)| < L+n, 6¢€[-mnl (9.5.32)
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we may now apply (9.5.32), (9.5.30) and (9.5.25) to obtain, for any j € N,

Lo (Vi Iy~ nm
Y [ I (0)g(0)1d0 < (n+ ) (Wx— v = T
k=17 Vjk J+
and thus
L Yk
lim Z/ K (6)g;(0)|d6 = 0. (9.5.33)
I =17 ik

By using the implication of the fundamental theorem of calculus that, for any f € C[0, 7],
the integrals / f(t)dt and / f(t)dr are both continuous for x € [0, 7], and since (9.5.25)
yields, for any k € {1,...,n}, the limits
lim g =6 lim g, = 6, (9.5.34)
Jree Joee T

we further deduce that

Jlgrolc|:/ K (6) |d9+z G \d6+/ K )|d9]

ij

= lim
J—

vir o n—1 V) k41 Vik . T
[ i@ias+ L { [* i@ao - [ iiea0}+ [ Ki@)las
<170 k=1 \J0 J0 Vin

_/O'ellK;‘(e)ldM:Zi{/ek IK;(6)1d6 — / K (6 Ide} /I 0)[d6

LS T
_ Z/ IK(6)|d6 :/ K (6)|d6, (9.5.35)
k=0 O 0
by virtue of (9.5.20).
By combining (9.5.31), (9.5.35) and (9.5.33), we obtain the limit

Jim [/O”K;(e)g,-(e)de} . /0” 1K (0)]d6. (9.5.36)

Jjreo

Now let x € [0, 7] be fixed, and define, for j =1,2,...,

fi(0):=g;j(6—x), 6€R, (9.5.37)
with g; denoting the function in Caz, as defined by (9.5.27), (9.5.28), and the condition

that g; is even on R. It follows from (9.5.37) that f; € Coz, j € N, with, moreover, from
(9.5.30),

| fille=1, jeN. (9.5.38)
Hence we may apply the formula (9.5.1) in Theorem 9.5.1, together with (9.5.37), to obtain,
forany j € N,
1 T * 2 T *
W= [ Koer0a0 = [ Ki©)gi0)a0 = ["Ki(@)g0020.

(9.5.39)
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since (9.5.2) implies that K); is an even function on R, whereas g; is by definition an even
function on R.

According to Theorem 9.3.1(a) and Theorem 9.5.2, the Fourier series operator .7," is linear,

and bounded with respect to the maximum norm || - ||. Hence we may apply the formula
(5.2.10) in Theorem 5.2.3, together with (9.5.38), and (9.5.39), to obtain, for any j € N,
Z lee = sup{|| 7" flle : f € Coms ||f]leo = 1}
2117 il = max (T 001> (T = & [ K: (08000
and thus, by using also (9.5.36),
170> 2 [" K00~ 2 [TIK:(@)la6, -,
which immediately yields the desired inequality (9.5.19), and thereby completing the proof
of the formula in (9.5.18) for the Lebesgue constant ||.7," || .
Next, to prove the inequality in (9.5.18), we first use (9.5.19), (9.5.20) and (9.5.3) to obtain
2 6 2 " ! 1 |sin((n+,)6
e[S / K (0)[d6 = /’+ [sin((n-+2)0)] (9.5.40)
7 Jo ZSm 0)

Now observe that the function
u(6):=60—sin6
satisfies
u(0) = 0; W(0)=1-cosO >0, O€cR,
and thus
u(6) >0, 6ekR,
from which we then obtain the inequality
sin(}0) < 16, 6>0. (9.5.41)
Hence, from (9.5.41) and (9.5.20),
"il/"m |sin((n+ é)@)\de > "*1/9_;41 |sin((n+,)0)|

" d0
j=0 Bj 25111(26) j=0 9j 0

n—1 1

041 |
> / |sin((n+,)0)|d6
=0 841 /6

n—1 -1 j o r0;
= (=1) /j+1sin((n+£)9)d6
=0 9i+1 Jg
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— 1)V = (=1 j+1
w1 (D=0
21171 1 2 1
—Cy =Ty (9.5.42)
e O o N s WY
Finally, we prove the inequality
n
1
Y . >In(n+1), neN, (9.5.43)
=1t

which, together with (9.5.40) and (9.5.42), will then complete our proof of the inequality
in (9.5.18).

To this end, we define, for any n € N, the piecewise constant function

1
. xelj,j+), j=1,...,n;

h(x) := ]1 (9.5.44)

,x=n+1,
n+1
for which it then follows that
1
<hlx), xell,n+1]. (9.5.45)

X

By using (9.5.45) and (9.5.44), we deduce that
n+1 1 n+1 noq
1n(n+l):/1 xdxé/1 h(x)dx:j;j,
and thereby proving the desired inequality (9.5.43). |
Since (9.5.17) holds, as follows immediately from (9.5.18) in Theorem 9.5.3, we may apply
the Banach-Steinhaus theorem, that is, the principle of uniform boundedness, which is a
standard result in functional analysis, and the proof of which is beyond the scope of this

book, to deduce the existence of a function f € C,; such that
[T flleo —> 00, n— o0,
and thus, from (4.1.3) and (4.1.5),
W = Z flle = 1T F = flleo = [ 115 Flleo = flleo] = 1T Flloo = [ fllew = o0, 10— o0,

and thereby justifying the statement in Section 9.4 that there exists a function f € Ca; such
that the divergence result (9.4.24) holds.

Finally in this section, we prove the following explicit formulation of the Lebesgue constant
2 |-
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Theorem 9.5.4. For any n € N, the Lebesgue constant ||.7,"|| in Theorem 9.5.2 is given
explicitly by the formula

1 241 k
*[loo = . 5.4
171 on +1+”k21 (Zan) (9.5.46)

Proof. Let the points {6y,...,0,+1} be defined as in (9.5.20). It then follows from the
formulation of the Lebesgue constant ||.7,*||- in (9.5.18) of Theorem 9.5.3, together with

the properties (9.5.21) - (9.5.24) of the function K);, as well as (9.5.2) in Theorem 9.5.1,
that

* 2 ¢ ejH *
[EARE W AN AU
T 2076

S NS
71']:0 P

J

1 n
) +kzlcos(ke)} de

2 1 |
= T Z(—I)J |:2(9j+1 — 6/) + Z k {Sin(k9j+1) —sm(k@,)}
j=0 k=1
1 n 2 n 1 n
= Y (-1)/(0—-6)+_Y D Y (=1)/ [sin(k6;41) —sin(k6;)] . (9.5.47)
T %o T2k =0

T
(=1)7(8j41—6;) = )} (—=1)'(0j11 —6;) +(-1)"
jz:‘b J ;) J J 2n+1
ol 5 . T
D DA et S
=0 n n
T n—1 .
= —1)/+(=1)" 9.5.48
et | B2 HED 95.48)
Now observe that
n-1 . 2—1=1, if n isodd;
Y21+ (1) =
j=0 0+1=1, if n iseven,
and thus, from (9.5.48),
n . ﬂ
Y (=1)/(6,11-6)) (9.5.49)

=0 T on4 1
Next, note from (9.5.20) that, for any k € {1,...,n},

Z [sin(k6)1) —sin(k6;)] = [sin(k6;) — O] — [sin(k6>) — sin(k6) )]
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+ [sin(k63) —sin(k6>)] + - - - + (—1)"[sin(km) — sin(k6,)]

n ) n ) 2](]
= —1)/~
ZJE:]( 1)/~ sin(k6;) z (2n+1 )
(9.5.50)

But, for any k € {1,...,n},

(o) (0

- i(fl)f*‘ sin (zf,lzl )COS <2nk+1n)

B ; 51y [Sin ((221;;11)%) +sin <(221;l—+11)kn>}

([t )i )] o () (o)
o (1) [sin(kﬂ) +sin <(22nn:rll)kn>] }

*lsin k T
T2 n+1")°

and thus
1 2kj 1 k
= _t k=1,...,n. 5.51
; sm<2n+17t> 2an<2n+17t>, RN 0 (9.5.51)
The formula (9.5.46) is an immediate consequence of (9.5.47), (9.5.49), (9.5.50) and
(9.5.51). [ |

Calculating by means of (9.5.46), we obtain the values of ||.7||. for n = 1,...,10, as
given in Table 9.5.1.
It can in fact be shown that, for any n € N, if &/ : Coz — 7, is a linear approximation

operator satisfying the exactness condition
Gf=Ff [€t

and ¢/ is bounded with respect to the maximum norm || - ||e, then
1 || = 1|7 ||eo-

It follows from Theorem 9.3.1(a) and (b), as well as Theorem 9.5.2, that we may apply the

Lebesgue inequality in Theorem 5.3.2 to immediately deduce the following upper bound
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Table 9.5.1 The Lebesgue constant ||.7,"||. forn=1,...,10.

no | 7 e no |7 e
1 1.436 6 2.029
2 1.642 7 2.087
3 1.778 8 2.138
4 1.880 9 2.183
5 1.961 10 | 2223

on the approximation error with respect to the maximum norm || - || for the Fourier series

operator.
Theorem 9.5.5. For any n € N, the uniform approximation error for the Fourier series
operator T, : Cox — Ty, as defined by (9.3.3), satisfies the Lebesgue inequality

f = T flle < 2+In2n+ D]E[f],  f € Con, (9.5.52)

with &, : Cax — R denoting the best approximation error functional, as defined by (9.4.26).

After recalling also (9.4.27) in Theorem 9.4.4, as well as (9.5.17), together with the
Lebesgue inequality (5.3.7) in Theorem 5.3.2 for the approximation operator .7,*, we
deduce from (9.5.52) in Theorem 9.5.5 the following sufficient condition on a function

[ € Cyp for the uniform convergence result (9.4.25) to be satisfied.

Theorem 9.5.6. In Theorem 9.5.5, suppose [ € Cay satisfies the condition
In(2n+ 1)]&[f] =0, n— oo (9.5.53)
Then the uniform convergence result
If =) flle = 0, n— oo, (9.5.54)
holds.
In the next section, we establish a subspace M of Cy; for which any f € M satisfies the con-

dition (9.5.53), and therefore also, according to Theorem 9.5.6, the uniform convergence
result (9.4.25).
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9.6 Sufficient condition for uniform convergence

In this section, in order to establish a subspace M of C,; such that the sufficient condition
(9.5.53) in Theorem 9.5.6 holds for each f € M, we investigate the convergence rate with
respect to the result (9.4.27) in Theorem 9.4.4, for specific classes of functions f.

We shall rely on the following trigonometric polynomial interpolation result.

Theorem 9.6.1. For the function

f(x) =x, (9.6.1)
and any n € N, there exists precisely one trigonometric polynomial
O, € span{sinx,sin(2x),...,sin(nx)} 9.6.2)
satisfying the interpolation conditions
0, (njfl) :f<n’f1>, j=1,...n, 9.6.3)
with, moreover,
T " 7[2
10 = 0uldx= [T ouwiar = ©6.4)
Proof. With the notation
= n’fl, i=1,...n, (9.6.5)

the existence and uniqueness statement of the theorem will follow if we can show that the

matrix

sinx, ; sin(2x,.1) - - sin(nx,,;)

sinx, » sin(2x,2) - - sin(nx,2)
Ay = (9.6.6)

_sinx,,yn Sin(2xp,) -+ sin(nx,”,)_
is invertible, or equivalently, from a standard result in linear algebra, if we can show that
the homogeneous linear system A,¢ = 0 has only the trivial solution ¢ = 0 € R".

To this end, suppose ¢ = (c,...,¢,)” € R" is such that A,¢ = 0. It follows from (9.6.6)
that the trigonometric polynomial

O(x) =

k

¢ sin(kx) 9.6.7)
1

n

then satisfies

Q(x,;)=0, j=1,..n. (9.6.8)
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According to (9.6.7), Q is an odd function on R, and thus (9.6.8) implies
O(—x,;)=0, j=1,...,n. (9.6.9)
By noting from (9.6.5) that
{15 Xunt €0,7); {—xp1s..., —Xnn} C (—7,0),

we deduce from (9.6.8) and (9.6.9), together with Q(0) = 0, as follows from (9.6.7), that Q
has at least 2n + 1 distinct zeros in (— 7, 7). Moreover, (9.6.7) and (9.1.5) imply that Q € T,,.
Hence we may apply Theorem 9.1.3(c) to deduce that Q must be the zero function, and thus,
from (9.6.7), ¢ = (cy,...,cn) = 0 € R”, from which it then follows that the matrix A, in
(9.6.6) is indeed invertible, thereby yielding the existence of precisely one trigonometric
polynomial Q, as in (9.6.2), and satisfying the interpolation condition (9.6.3) with respect
to the function f given by (9.6.1).

For the error function
E,(x) :=x— On(x), (9.6.10)
it follows from (9.6.1), (9.6.3) and (9.6.5) that

Ey(xnj)=0, j=1,....n 9.6.11)
We claim that {x, j: j=1,...,n} are the only zeros of E, in (0, 7r), and are all simple zeros
of E,,, in the sense that

E;(xnj) #0, j=1,...,n, (9.6.12)
according to which E, has sign changes at all of its zeros {x,;:j=1,...,n} in (0,7).

To prove this statement, suppose there exists a point X € (0,7) \ {Xn1,...,Xnn} such that
E,(X) = 0. Since also, from (9.6.10) and (9.6.2), E,(0) = 0, it follows that E, has at
least n + 2 distinct zeros in [0, 7). An application of Rolle’s theorem then shows that the

derivative E], has at least n+ 1 distinct zeros in (0, 7). But (9.6.10) gives
E,(x) =1-0,(x), 9.6.13)

which, together with (9.6.2), shows that E,’, is an even function on R, and thus E,Q also
has at least n+ 1 distinct zeros in (—,0), so that E), has at least 2n+ 2 distinct zeros
in (—7, 7). Moreover, from (9.6.13), (9.6.2) and (9.1.5), we have E, € 7,. Hence we
may apply Theorem 9.1.3(c) to deduce that E), is the zero function, that is, from (9.6.13),
0, (x) = 1,x € R, which, together with (9.6.3), (9.6.1), yields 0, (x) = x,x € R, and thus, by
using also (9.6.2), we obtain the contradiction 0 = Q, () = 7. It follows that {x,, 1,...,Xu,}

are the only zeros of E,, in (0, 7).
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To prove (9.6.12), suppose E/, (xnk) = 0 for some integer k € {1,...,n}. From (9.6.11) and
E,(0) =0, an application of Rolle’s theorem shows that £/ has at least n distinct zeros in
(0,7), all of which are different from x, ;. Hence E;, has at least n+ 1 distinct zeros in
(0,7), which has already been shown above to lead to a contradiction, and thereby proving
(9.6.12).

By virtue of the fact that {x, ; : j =0,...,n} are the only zeros of E, in (0,7), and are all
simple zeros, it follows from (9.6.10) and (9.6.5) that

(j+1)m

/\x Ou(x |dx—i/nl:’“ () |dx

(j+1)m

n
n+l1
_ Z / (1) [x— Qu()]dx
J=0" n+1
n ; (/++ll) n ) (.i++ll)7r
_ Z / xdx— ):(—1)1/_” 0.(¥)dx|.  (9.6.14)
= n+1 j=0 nj+]
We claim that
n ; (/+1)7r
Z Q,(x)dx =0, (9.6.15)
Jj=0 n+l
which, according to (9.6.2), would follow if we can show that
. e
- Z Y / sin(k)dx =0, k=1,....n. (9.6.16)
Jj=0 n+1
To prove (9.6.16), let the piecewise constant function o, : R — R be defined by
(_l)jyxe |:j7l"(l+])7f)7 ]:077’1,
Gn(x) i= el (9.6.17)
(_1)n7 X =
Oy (x) == —0u(—x), x€(—m,0); (9.6.18)
Oy (x) := 0y (x+27), x€ (—oo,—7]; 9.6.19)
0y(x) :=0,(x—2m), x€ (7, 00). (9.6.20)
It follows from (9.6.17)—(9.6.20) that
On(x+27m)=0,(x), x€R; 9.6.21)

Gy <x+ n-t 1) — G,(x), xe [—n,n}\{—nil,n”fl } (9.6.22)
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Since, as in the argument leading to (9.3.64) and (9.3.65), we can show that, for any o € R,

we have

T+o ~TT
/ g(x)dx = / g(x)dx, (9.6.23)

—n+a -7
for any piecewise constant function g satisfying g(x+27) = g(x),x € R, it now follows
from (9.6.16), (9.6.17), (9.6.21), (9.6.22) and (9.6.23) that, for any k € {1,...,n},

(j+1)m

/L n+l
Z i x) sin (kx)dx
j=0 i

- / " 6 (x) sin (kx)dx
0

1 T
= / 0,,(x) sin(kx)dx
2/)-n
1 ‘ﬂinn
= / ! O'n(x+ T >sin(k(x+ T ))dx
2 -, n+1 n+1
1 /7 b . T
= 2/7716” (x+n+1>sm (k(x+n+1>>dx
1 /7 k
__ZLﬂql(x)sin<kx+nfl)dx

. cos( km ) /_ ch(x)sin(kx)dx— ;Sin< kr > /_ zan(x)COS(kX)dx

2 n+1 n+1

km 1 km
=— I, — _ |si
C°S<n+1) k7o [gm <n+l)} (0),
and thus
km
1 I, =0
{ +COS("+1)] o

km
1 0, k=1,...
+Cos<n+l)?é 9’ ) ’n7

the result (9.6.16), and therefore also (9.6.15), then follow.
By substituting (9.6.15) into (9.6.14), we obtain

(+)m

i / n+l1 dx

n+l1

from which, since

/|x On(x)|dx =

n+1

Z j+1 2]
Jj=

n

Z Y(2j+1)

(9.6.24)

n+1
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We claim that

i(fl)j(2j+l):(fl)”(n+l)7 neN, (9.6.25)
=0

which, together with (9.6.24), will yield the desired result (9.6.4).
To prove (9.6.25), we note first that, if n = 1, (9.6.25) holds with both sides equal to —2.

To advance the inductive hypothesis from 7 to n+ 1, we use (9.6.25) to obtain

n+l1

Y (—1)/@2j+1)=(=1)"(n+1)+(=1)""(2n+3)
j=0

= ()" (=n—1+2n43)= (1) ((n+ 1)+ 1),
which shows that (9.6.25) holds with n replaced by n+ 1, and thereby completing our proof.
|
The result (9.6.4) of Theorem 9.6.1 is instrumental in the proof of the following “Jackson’s
first theorem”, which specifies a convergence rate with respect to the result (9.4.27) in

Theorem 9.4.4 for the error functional &, corresponding to the Fourier series operator .7,

and for functions f € Cy; that are continuously differentiable on R.

Theorem 9.6.2 (Jackson I). For any positive integer n, the error functional &, : Cor — R,
as defined by (9.4.26), satisfies

* T / 1

Proof. Let f € Cgﬂ. By using also (9.3.64), (9.3.65), as well as (9.1.3), we deduce by means
of integration by parts that, for any x € R,

/ 0 (0 +x+1)d6 = [Gf(e—l—x—Hr) / 7(6+x+m)d6
"+ (x+1T)
=l /@)= 0o

T

=2nf() - [ f(0)as,

J—T
and thus
1 /= 1 [*
flx)= / f(6)de + / 0f' (6+x+m)d0, xcR. (9.6.27)
21 - 2n -7
It follows from (9.4.26), (9.2.1) and (9.6.27) that

;ﬂ/ 07(6+x+m)d6 — { - / H

/ 07(0+x+m)d6—0)|,

&F min max
n [f] Qet, —T<XLT

— min max
Qet, —T<x<T

(9.6.28)

2r
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by virtue of the fact that, according to (9.1.5), the function Q(x) = 1,x € R, belongs to the
set T,.

Our next step is to show that, for any given g € Co, and Q € 1, the function

wix) = /ﬂ 0(0)2(6 +x)d0, xcR, 9.6.29)

-7

satisfies
VET,. (9.6.30)

To this end, we first use the fact that, for g € Co; and Q € 1,, it holds from (9.1.6) that, for
each fixed x € R, the product function Q(- — x)g belongs to Caz, so that we use (9.3.64),
(9.3.65) to deduce from (9.6.29) that
"T+X
ul(x):/ 0(6—x)g(0)do = / 0(6—x)g(0)dd, xeR. (9.6.31)

—T+x

Since Q € 1, it follows from the representation formula (9.1.12) that there exist coefficient

sequences {a;: j=0,...,n} and {b;: j=1,...,n} such that, for ,x € R,

0(6—x) = ;ao—i— Zajcos(j(e —x))+ Zn:bjsin(j(e —x))

J=1

Il
(V]

8

+ .
M= 1

l[ajcos(]G)—i—b ;sin(j0)] cos(jix)

~.
Il

_I_

™=

[ajsin(j6) — b;cos(j6)]sin(jx),

Il
-

J
which, together with (9.6.31), yields, for any x € R,

yix :[ ao/ a( de%Z{/ [a;cos(j6) + b;sin(j6)]g (G)de}cos(jx)

+ Z {/ [ajsin(j0)— bjcos(je)]g(e)de} sin(jx).  (9.6.32)
It follows from (9.6.32) and (9.1.5) that y € 1, as required.
Since f € Czln, it follows from (9.3.62) that the function
h(x) := f'(x+7) (9.6.33)

satisfies h € Co;. Moreover, note from (9.6.2) and (9.1.5) that the trigonometric polynomial
Q,, in Theorem 9.6.1 satisfies O, € 7,. Hence we may choose g = zlnh and Q = Q, in
(9.6.29) to deduce from (9.6.30), (9.6.33), as well as (9.6.4) in Theorem 9.6.1, that

min max
Q€1 —T<x<T

2;:/ 07 (0+x+m)d6— Q)
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| 1 /"
< / . /
< max | Lﬂef(9+x+n)d6 ”r 7EQn(9)f(9+x+7r)d9
1

= max

2T —n<a<n | )1

/” (6 — 0u(0)]f' (0 +x+ n)de‘
1l 7
< on [ﬂ|9—Qn(9)|d9

Al 7 _ o
=V [Ce-ouerae=, "

since the integrand is an even function on R, by virtue of the fact that, from (9.6.2), Q is

11/ l]es (9.6.34)

an odd function on R. The desired result (9.6.26) is now an immediate consequence of
(9.6.28) and (9.6.34). |
A function f : R — R is called a Lipschitz-continuous function on R if there exists a non-

negative constant Ky such that

f) = fWI < Kplx=yl, xyeR. (9.6.35)

The constant Ky in (9.6.35) is called a Lipschitz constant for f on R. The class of all
functions f that are periodic on R in the sense of (9.1.3), and Lipschitz-continuous on R,
will be denoted by C;‘,irp . It follows from (9.6.35) that C;‘,irp is a linear space. In fact, C;‘,irp is

situated between the two linear spaces Co; and Czln, as follows.

Theorem 9.6.3. The linear space C;“}TP of Lipschitz-continuous functions on R, as charac-
terised by the conditions (9.1.3) and (9.6.35), satisfies

Chr CCYP C Cop. (9.6.36)

Proof. The second inclusion in (9.6.36) is an immediate consequence of (9.1.3), together
with the fact that (9.6.35) yields

lim|f() ~ f()| =0, xcR, feCyl.

To prove the first inclusion in (9.6.36), suppose f € Czlﬂ, and let x,y € R. But then the mean

value theorem implies the existence of a point & in the interval joining x and y such that
FE) = fO) =F(E)x—y),
and thus
[fG) = fO = £ e =y < [1f el =31, (9.6.37)

after having used also the fact that f/ € Cyz, from (9.3.62). It follows from (9.6.37) that f
is Lipschitz-continuous on R as in (9.6.35), with Lipschitz constant Ky = || f’||-. Since f
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also satisfies (9.1.3), we conclude that f € C;,irp,

(9.6.36). |

and thereby proving the first inclusion in

Example 9.6.1. In order to obtain a function f € CZL;IP \Czln, let f € Cy be chosen as the
“sawtooth” function, as defined on [—, 7] in (9.4.16) of Example 9.4.1, for which we
immediately observe that f ¢ C3 .

Now let x,y € R. It follows from (9.4.16), together with the facts that f € Cyz, and f is

an even function on R, that there exist points X,y € [0, 7], with |¥ —¥] < |x — y|, such that

f(x) = f(x); f(y) = f(y) and thus
If) =F W) = 1f&) = fO) =[x =3 < Ix =y,

according to which f satisfies the Lipschitz condition (9.6.35), with Lipschitz constant
K7 = 1. We have therefore shown that it indeed holds that f € Cy'*\ C}_. [
By using Theorem 9.6.2, we proceed to prove “Jackson’s second theorem” for Lipschitz-

continuous periodic functions, as follows.

Theorem 9.6.4 (Jackson II). For any positive integer n, the error functional &, : Cog — R,
as defined by (9.4.26), satisfies

x T Lip
< . .
gn [f]\ 2(n+1)Kf7 feczn-v (9.6.38)

with Ky denoting a Lipschitz constant of f, as in (9.6.35).

Proof. Let f € C;irp. Our method of proof consists of approximating f with arbitrary
uniform “closeness” by a function fe CZ]”, followed by an application of Theorem 9.6.2
to f

Let 6 be an arbitrary positive number, and define the function

1t

)
=05 |5 f(0)do, xeR. (9.6.39)

f):
Since (9.6.39) implies

7o) = 215 on+6f(e)d9/()x_5f(9)de], XER,

and since f is continuous on R by virtue of the second inclusion in (9.6.36) of Theo-
rem 9.6.3, we may apply the fundamental theorem of calculus to deduce that fe C'(R),
with

fx) = 215 [f(x+8)— f(x—8)], xeR. (9.6.40)
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Moreover, since f satisfies the periodicity condition (9.1.3), we may use (9.3.64), (9.3.65)
to deduce from (9.6.39) that

flx+2m)=f(x), x€R,
and thus f € C} .
Hence we may apply (9.6.26) in Theorem 9.6.2 to obtain the inequality
gmgzmﬁwwmw 9.6.41)
The fact that f is Lipschitz-continuous on R implies the existence of a constant Ky such
that the Lipschitz condition (9.6.35) holds, which, together with (9.6.40), yields
Pl < kit 8)— (v 8)| =Ky, xeR,

and thus
1] < K- (9.6.42)
It follows from (9.6.41) and (9.6.42) that
~ T
ENfl < K. 9.6.43

Next, we use (9.6.39) and (9.6.35) to obtain, for any x € R,

~ 1 x+68
0=l = 55 | [ 1700~ r(@)1a0]
1 x+8 Kf x+6
< — < _
<,s |, s <t [ "—oido
_kp P _Kp 1
_25,Qmﬂh‘5[;we_2&&
and thus
~ 1
[1f = flle < , Ky S. (9.6.44)
Let QO* € 1, be defined as in (9.4.26) with f replaced by f that is,
1f = Q"] = &7 1F]. (9.6.45)

It follows from (9.4.26), the triangle inequality (4.1.4), together with (9.6.44), (9.6.45) and
(9.6.43), that

&1 <If = Qe

~ ~ ~ - 1 T
— _ _N* - g o - _* - < K 6 K ’
(=1 +(f = Qe < I = flleo+[If = Q7 2Kt oy 1)K
and thus
* T 1
& - 2n + 1)Kf < 2Kf3, foreach 6 >0,
from which the desired inequality (9.6.38) then immediately follows. |

By combining Theorem 9.5.6 and Theorem 9.6.4, we can now prove the following uniform

convergence result for Fourier series.
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Theorem 9.6.5 (Dini-Lipschitz). The sequence {7, : n=1,2,...} of Fourier series oper-

ators, as defined by (9.3.3), satisfies the uniform convergence result

1f = Z flle =0, n—oo, feCF (9.6.46)

2n

according to which the Fourier series of any f € C;irp converges pointwise to f on R, that
is,
1 - - .

ag+ Y ajcos(jx)+ Y bisin(jx) = f(x), x€R, fe cyr, (9.6.47)

2 j=1 j=1

with {aj: j=0,1,...} and {b} : j=1,2,...} denoting the Fourier coefficients of f, as
given in (9.4.10).

Proof. Let f € Cy®. It follows from (9.6.38) in Theorem 9.6.4 that

Ky In(2n+1)
2 n+1
with Ky denoting the Lipschitz constant of f on R, as in (9.6.35). Now observe that an

[In(2n+ 1)]&5[f] < n=102,..., (9.6.48)

application of L'Hospital’s rule yields the limit

2
In(2x+ 1 2

fim D e | 2 —0,

x—eo x4 1 x—eo | ] x—eo | 2x 41

lim In(2n+1)
n—e  p+1
It follows from (9.6.48) and (9.6.49) that

and thus also

=0. (9.6.49)

In(2n+ ))& [f] =0, n— oo,

which, together with (9.5.54) in Theorem 9.5.6, yields the uniform convergence result
(9.6.46). The pointwise convergence result (9.6.47) is then an immediate consequence of
(9.6.46), (9.3.9), (9.3.10), together with the definition (9.2.1) of the maximum norm || - ||co.

|
Similar to the Parseval identity (9.4.11) in Theorem 9.4.2, the pointwise convergence result
(9.6.47) in Theorem 9.6.5 is also useful for obtaining the sum of certain convergent infinite

series, as illustrated in the following example.

Example 9.6.2. Let f denote the “sawtooth” function, as in Examples 9.4.1 and 9.6.1.
According to Example 9.6.1, we have that f € Clz“jrp, and thus, according to (9.6.47) in

Theorem 9.6.5, the Fourier series (9.4.21) of f converges pointwise to f on R, that is,

i 2}_1 ,008((2j—1)x) = f(x), x€R, (9.6.50)
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or, in particular, from (9.4.16),
T 43

1
2_7:2 (2j—1)2

j=1
For example, we may set x = 0 in (9 6.51) to obtain

Z

TS ]_1

cos((2j—1)x) =1x|, xé€[-mx]. 9.6.51)

that is,

i 1 T
= (2j—1)2 8"

9.7 Exercises

Exercise 9.1 In Theorem 9.3.3, by applying the recursive formulation (9.3.16), compute
the numbers {I;: j=1,...,4}.

Exercise 9.2 Verify the Euler-Maclaurin formula for the case f(x) = x°, [a,b] = [0,1],n =
m = 2, by explicitly calculating both sides of equation (9.3.12) in Theorem 9.3.3.

[Hint: Use (8.6.22), (8.6.21), (8.4.3), (9.3.56) and (9.3.15), as well as Exercise 9.1.]
Exercise 9.3 Verify the validity of Theorem 9.3.4 (b) for the case m = 2 by explicitly
calculating the integral in the left hand side of equation (9.3.43).

Exercise 9.4 Compute the Bernoulli numbers Bj; and B4 by means of (9.3.13) and
(9.3.56), and verify that the condition (9.3.44) in Theorem 9.3.4(c) is satisfied for m = 6
andm=7.

Exercise 9.5 By applying the recursive formulation (9.3.39), prove that the odd-indexed
Bernoulli numbers {B, ;1 : j = 1,2,...} are all zero, as in (9.3.41).

Exercise 9.6 Let f € C>" 2 [a,b] for some non-negative integer m, and suppose f satisfies
the condition (9.3.58) of Theorem 9.3.6. Show that the upper bounds {C, : n € N} in the

trapezoidal rule error estimate

65| =

[ st0as- 217 <.

as obtained from (9.3.59), satisfy the decay condition

1 2m+2
C2n:(2) Ci, neN. (%)

Exercise 9.7 Show that the function

1

= R
f) 2 +sinx’ xek
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satisfies the condition (9.3.58) of Theorem 9.3.6, with [a,b] = [—7, 7], and for each m € N.
[Hint: Apply (9.3.62).]

Exercise 9.8 As a continuation of Exercise 9.7, and analogously to Exercises 8.23 and 8.24,
by computing the quadrature error & ®[f] forn = 1,...,4, investigate numerically whether,

analogously to () in Exercise 9.6, the decay rate

1\ 22
s~ () lam

is achieved for this choice of f, and where the non-negative number m may be chosen

arbitrarily.

[Hint: Show first that

o 2
/ Cdr= " ~3.62759873,
2+ sinx V3

by setting x = 2arctan?.]
Exercise 9.9 For any positive integers n and m, the Euler-Maclaurin quadrature rule 2£M

for the numerical approximation of the integral

b
| s, reciab)
is defined by

20111 = 21 3 2 o) - 1)
j=1 (2))!
with Q,{R denoting the trapezoidal rule given by (8.6.22), (8.6.21), (8.4.3), and where {B; :

Jj=1,2,...} are the even-indexed Bernoulli numbers as defined recursively in (9.3.13).

Y
b “) . feCmlab,

n

Prove that the quadrature rule Qf% has degree of exactness equal to 2m + 1, and satisfies

the quadrature error estimate

Bm b—a 2m+2 .
/f(x Ydx — QEM[] < (b—a) (|2nj++§|)'< " ) [Faaasdl™s

f e a,b]. (%)

[Hint: Apply Theorem 9.3.5.]
Exercise 9.10 As a continuation of Exercise 9.9, and as an extension of Exercise 8.25,
calculate the value of 25[f], with [a,b] = [0, 1], and

f(x) :ef"z, x €[0,1],

and where m is the smallest value for which it holds, according to the quadrature error

estimate (*#) in Exercise 9.9, that

‘/J‘cﬁ 28M7| <
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Exercise 9.11 For the function
1

FO) =y
+ sinx
apply the method described in (9.3.73) - (9.3.76) to obtain the trigonometric polyno-

xeR,

mial % 4f € 1y, with 9;7 4 denoting the discrete Fourier series operator given in (9.3.68),
(9.3.67).

Exerice 9.12 As a continuation of Exercise 9.11, consider the trigonometric polynomial
I f € m, with 75" denoting the Fourier series operator given in (9.3.9), (9.3.10), and
calculate the upper bounds in the Fourier coefficient error estimates (9.3.69).

Exercise 9.13 As a continuation of Exercise 9.12, apply the bounds obtained there to obtain

an upper bound on the quantity

175f = Poaf o= max [(F51)(6) = (Z2af))].
Exercise 9.14 In each of the following two cases, apply the formulations in (9.4.10) to
calculate the Fourier coefficients {a} : j=0,1,...} and {b} : j = 1,2,...} for the function
f € Caz, as given on the interval (—, 7] by:
(@) fx)=x* x€(-m,x);
) f(x) = 1— ;2 (x— ’;)2 xe0,7);

f) = =f(=x), x € (0,m).

Exercise 9.15 As a continuation of Exercise 9.14, verify for each of the cases (a) and (b)

that the Fourier coefficients {a}: j=0,1,...} and {b}: j = 1,2,...} satisfy the property

(9.4.15) in Theorem 9.4.3.

Exercise 9.16 As a further continuation of Exercise 9.14, write down the Fourier series of

the functions f in (a) and (b).

Exercise 9.17 As yet another continuation of Exercise 9.14, apply the Parseval identity

(9.4.11) in Theorem 9.4.2 to each of the functions f in (a) and (b) of Exercise 9.14 to

obtain, respectively, the sum of the infinite series
(a)l+214+314+;4+~-; (b)l+316+516+716+'-~.

Exercise 9.18 In the proof of Theorem 9.5.3, provide the details in the derivations of

(9.5.21)- (9.5.24).

Exercise 9.19 In the proof of Theorem 9.5.3, provide the details in the derivations of

(9.5.26), (9.5.29), (9.5.30).

Exercise 9.20 According to (9.5.8) in Theorem 9.5.2 and (9.5.18) in Theorem 9.5.3, it

holds that

4 *
ﬂzln(n+1) <[|Z}]|e < 1+1In(2n+1), n € N.
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Verify these inequalities for n = 1,...,10, by using the computed values of ||.7,"||- in
Table 9.5.1.

Exercise 9.21 For the case n = 2 of Theorem 9.6.1, use the matrix formulation (9.6.6)
in the proof to obtain the inverse matrix A5, and write down an explicit formula for the
trigonometric polynomial O, of the theorem.

Exercise 9.22 As a continuation of Exercise 9.21, show by means of explicit integration
that (9.6.4) holds for n = 2, that is,

T 2
/0 = Oa(w)ldx =" .

Exercise 9.23 For the function f as in Exercise 9.11, show that

171l i= max 17 = .
and then apply this result, together with Jackson’s first theorem, as formulated in (9.6.26)
of Theorem 9.6.2, as well as the Lebesgue inequality (9.5.52) in Theorem 9.5.5, to establish
the error estimate
2+In(2n+1)

T
— T fll. <
-l g |2

], neN. (%)

Exercise 9.24 As a continuation of Exercise 9.23, find the smallest value of n for which we

are guaranteed, according to the error estimate () of Exercise 9.23, that
1
— T o< ..
1= 7 flle <

Exercise 9.25 Prove that the function f € Cyy, as defined on (—7, ] by

xsin!,  xe€(0,7];
fx) =10, x=0;
f(fx)a X € (771.70)7
satisfies
f€C\ Y.
[Hint: To prove that f & CZL;CP, show that the definition
1
x0:=0 ; x,:= ,neN,
n
yields
Pl fls)

X0 — Xn
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Exercise 9.26 For each of the two functions f € Cy, of (a) and (b) in Exercise 9.14, show
that

CL]p \ C27r7

and give the corresponding Lipschitz constants K.

[Hint: Apply the method used in Example 9.6.1.]

Exercise 9.27 As a continuation of Exercise 9.26, and analogously to Exercises 9.23 and
9.24, apply Jackson’s second theorem, as formulated in (9.6.38) of Theorem 9.6.4, together
with the Lebesgue inequality (9.5.52) in Theorem 9.5.5, to find the smallest value of n for

which we are guaranteed that

1
1f = T Sl <

for each of the functions f in (a) and (b) of Exercise 9.14.
Exercise 9.28 By applying the Dini-Lipschitz theorem, as formulated by (9.6.46) in Theo-

rem 9.6.5, and using Exercise 9.26, , prove the 1dent1tles

(a) x> = +Za cos(jx +Zb sin(jx), xe¢€[-m,7);
7r2 1
(b)l_ﬂz(x_z) 5 0"‘2“ cos(jx +Zb sin(jx), xe€[0,7],

Jj=
with {a}:j=0,1,...} and {0} : j=1,2,...} denotmg the Fourler coefficients calculated

in Exercise 9.14 for the functions f in, respectively, (a) and (b) of Exercise 9.14.
Exercise 9.29 Apply the identity in Exercise 9.28(a) to obtain the sum of each of the fol-

lowing two infinite series:

. 11 1 1 1 1
11+ +32+42+ (i) 1 - 32 42+~~-
Exercise 9.30 Apply the 1dent1ty in Exercise 9.28(b) to obtaln the sum of the infinite series
11 1
1— .+ e

3753 73



Chapter 10

Spline Approximation

The main focus in the previous chapters has been approximation of functions by alge-
braic (or trigonometric) polynomials, while achieving arbitrarily desirable approximation
accuracy by increasing the polynomial degrees, at the expense of increasing computational
complexity and undesirable features, such as increase in oscillation of the polynomial ap-
proximant. To avoid the increase of polynomial degrees, this chapter is devoted to the study
of approximation by piecewise polynomials with fixed degrees, while achieving arbitrarily
desirable approximation accuracy by allowing the decrease in spacing of the break-points
of the polynomial pieces. To meet the need of smooth piecewise polynomial approximants
for the representation of functions f € C[a,b], certain smoothing conditions are imposed
on the adjacent polynomial pieces. The resulting basis functions are called B-splines and

the breakpoints of the polynomial pieces that constitute the B-splines are called knots.

10.1 Spline spaces

For integers m > 0 and r > 1, and any sequence {7,...,7,} C R satisfying
<< <7, (10.1.1)
the spline space 0,,(7y,...,T,) is defined as the linear space of all piecewise polynomials S

such that, for some polynomial sequence
{Po,...,P} C T, (10.1.2)
the function S : R — R is given by
Py(x) , x € (—o0,71);
S(x):=19 Pj(x) ,x€[15,7541), j=1,...,r—1; (10.1.3)

P.(x) , x € [Ty,00),

289



290 Mathematics of Approximation

and with S satisfying the continuity condition

SeCc" Y (R), if meN. (10.1.4)

The points {1,...,7.} are called the knots of the spline space 6,,,(71,..., ), and a piece-
wise polynomial S € 6,,(11,...,T,) is called a spline. Observe that the inclusion

Ton C O (T1y-, Tr) (10.1.5)

is satisfied, since, if P € m,,, we may choose, in (10.1.2),
Pi=P j=0,...,7 (10.1.6)

according to which (10.1.3) yields S = P, so that (10.1.4) is also satisfied, and thus P €
O (Tyee oy Tr).

To motivate the choice (10.1.4) for the continuity degree of splines in 6,,(1i,..., ), sup-
pose G, (71, ...,7,) is the linear space of piecewise polynomials as in (10.1.2), (10.1.3), but

with the continuity condition (10.1.4) replaced by
S e C"(R). (10.1.7)

Let S € O(71,...,7). For any fixed j € {1,...,r}, it then follows from (10.1.3) and
(10.1.7) that

p¥

) =P (), k=0....m, (10.1.8)

according to which the polynomial
P;:=P;—Pj_| € T, (10.1.9)
satisfies

PY(1)=0, k=0,...,m. (10.1.10)

Now recall the Taylor expansion polynomial identity
m - p(k) (¢)
P(x) = Z i

k=0

(x—c)%, xeR, Pem, (10.1.11)

for any ¢ € R, as follows immediately from (9.3.11). By applying the identity (10.1.11),
with the choice ¢ = 7}, to the polynomial f’J in (10.1.9), and using (10.1.10), we deduce that
13j is the zero polynomial, and it follows from (10.1.9) that (10.1.6) is satisfied for some
polynomial P € m,,, that is, S € m,. Hence we have shown that 6,,(7y,...,7) C Ty, and

since also, analogously to (10.1.5), we have 7,, C 6,,(71, ..., T,), it follows that

On(Ths.n ey ) = Ty (10.1.12)



Spline Approximation 291

By recalling also the continuity requirement (10.1.7) for &,,(7y,...,T.), it follows from
(10.1.12) that (10.1.4) is the optimal continuity condition for which the corresponding lin-
ear space of piecewise polynomials S as in (10.1.3), (10.1.2) have the potential to provide
an extension of 7, in the sense that (10.1.5) is a proper inclusion.
For any non-negative integer m, we define the truncated power

X", x>0

X = (10.1.13)
0 ,x<0,

where 0V := 1. It follows from (10.1.13) (see Exercise 10.1) that

()rec™'(R), meN. (10.1.14)
For any spline space 6,,(71,..., ), we note from (10.1.13) that
0, x < T,
(x—1)" = j=1,...n, (10.1.15)

(=)™, x> 7,
from which, together with (10.1.14), we deduce that
(=)t eom(n,....n), j=1,...,r (10.1.16)
Also, (10.1.15) shows that
(=)t émy, j=1,....1 (10.1.17)

and it follows that 7, is indeed a proper subspace of 6,,,(7y,..., 7).

The result (10.1.16) enables us to extend the standard basis {1,x,...,x"} of 7, to obtain a

basis for the spline space 6,,(7y,...,T-), as follows.
Theorem 10.1.1. The spline space 6,,(71,...,7,) is finite-dimensional, with dimension
dim o, (71,...,7) =m+1+r, (10.1.18)
and the set
X={lx,... X" x—m)x-—n). .., x—1)"} (10.1.19)
is a basis for o, (T1,...,Ty).

Proof. Since, according to (10.1.5) and (10.1.16), the set X in (10.1.19) satisfies X C
0, (7T1,...,T), with X containing precisely m + 1 + r elements, our result will be proved if

we can show that

O (T1,...,T) =span X, (10.1.20)
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and
X is a linearly independent set. (10.1.21)

For S € span X, it follows from (10.1.19), (10.1.5) and (10.1.16) that S € o,(11,...,T/),
and thus

span X C G, (71, ..., Tr). (10.1.22)

Next, suppose S € 6,,,(71,. .., T), and denote by { P, ..., P} the polynomial sequence in 7,
for which (10.1.3) is satisfied. Let j € {1,...,r} be fixed. Since S satisfies the continuity
condition (10.1.4), it follows from (10.1.3) that

PP (r) =P (), k=0,....m—1, (10.1.23)
and thus the polynomial
Pi:=P;—P;_ | € Ty (10.1.24)
satisfies
PY(1)=0, k=0,....m—1. (10.1.25)

Moreover, since fN’J € m,;,, we may apply the Taylor expansion polynomial identity (10.1.11),
with ¢ = 7;, together with (10.1.25), to obtain

Pj(x) :dj(x—rj)ﬂ, x € R, (10.1.26)
where
ﬁ(m)(f_)
dj:= (10.1.27)
m!

Note from (10.1.24) and (10.1.26) that
Pj(x):Pj,l(x)—l—dj(x—Tj)':f, xeR, j=1,....r. (10.1.28)

We claim that (10.1.28) implies the formula

S(x):Po(x)+Zr:dj(xfrj)$, xeR. (10.1.29)
j=1

To prove (10.1.29), we first note from the first lines of (10.1.3) and (10.1.15) that (10.1.29)
holds for x € (—oo,71). Next, for x € [11,12), it follows from the second line of (10.1.3),
together with (10.1.28), and the second line of (10.1.15), that

S(x) = Pi(x) = Py(x) +di (x—71)", (10.1.30)
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which, according to (10.1.15), agrees with (10.1.29). Similarly, for x € [1,, 73), we get

2
S(x) = Po(x) = Pi(x) +do(x = 0)" = Po(x) + ) dj(x — ;)"
j=1
from (10.1.30), and again yielding (10.1.29). By repeating this argument for the succes-

sive intervals [T3,T4),...,[Tr—1,7T), [Tr, o), the formula (10.1.29) is proved. Since, more-

over, Py € m,, = span{1,x,...,x"}, it follows from (10.1.29) and (10.1.19) that S € span X.

Hence we have shown that ,,(71,...,7) C span X, which, together with (10.1.22), then

proves (10.1.20).

To prove (10.1.21), suppose the coefficient sequence {co,...,cm,d1,...,d-} C R satisfies
icjfoerj(x—rj)ﬁ:o, x€R. (10.1.31)

j=0 j=1
It follows from (10.1.31) and the first line of (10.1.15) that

m
chxJ =0, x€ (—o0,1),
=0

r

and thus
cj=0, j=0,...,m, (10.1.32)
which, together with (10.1.31), gives
Xr:dj(x—rj)’jﬁzo, xeR. (10.1.33)
By using (10.1.15), we deducle;i)m (10.1.33) that
di(x—1)"=0, x€[t,n),

and thus d; = 0, which, together with (10.1.33), implies

-
Y dj(x—1)" =0, xeR. (10.1.34)
j=2

By repeating the same argument for the successive intervals [, 73),. .., [T—1, T/), [Tr,0),

we obtaind, = --- =d, = 0, and thus

dy = =d, =0 (10.1.35)

According to (10.1.32) and (10.1.35), we have now proved the desired linear independence
result (10.1.21). n
In Section 10.2 we shall construct a spline sequence that provides a more efficient basis for
O (71,...,7) than the set X in (10.1.19).

We shall rely on two further properties of spline spaces, as formulated in the following two

theorems.

Theorem 10.1.2. Suppose S € 6,,(11,...,T.), where m > 2. Then the derivatives of S satisfy
sW e 6 il(tr,....5), k=1,...,m—1. (10.1.36)
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Proof. Letk € {1,...,m— 1} be fixed. Since (10.1.4) is satisfied, we deduce that
s® e cm 1K (R). (10.1.37)
Also, with {Py,...,P,} C m,, denoting the polynomial sequence satisfying (10.1.3), it fol-
lows from (10.1.3) and (10.1.37) that
PP @), x e (—eo,m);

SO =S PV ) xelt,gm1), j=1li.r—1 (10.1.38)

PO (x) , x € [1,00).
Moreover, (10.1.2) implies

PP, Py € 1y (10.1.39)
The desired result (10.1.36) is now an immediate consequence of (10.1.39), (10.1.38) and
(10.1.37). |
Our next result shows that, if knots are removed from a spline space 6,,(11,...,7), then
the new spline space thus obtained is a subspace of 6,,(7y,...,T).

Theorem 10.1.3. For any integers r and p such that r > 2 and 1 < p < r— 1, suppose the

integer set { ji,..., jp } satisfies
N1<jp<--<jp (10.1.40)
and
(tyeevdpy C {1,001} (10.1.41)
Then
Gm(rjl,...,rjp) Con(Ti,. ., 7). (10.1.42)

Proof. Let S € 6,u(7j,, ..., 'rjp). Asin (10.1.2), (10.1.3), it then holds, for some polynomial
sequence {Py, ..., P} C Ty, that
Py(x), x € (=o0,73,);
S() = Pi(x), x€[1),,75,,), L=1,....p—1; (10.1.43)
Pp(x), x € [t,,0).
It then follows from (10.1.40), (10.1.41) and (10.1.43) that the polynomial sequence
{Py,...,P} C my, defined by
E)a .]:077.11713

PJ: ﬁlaj:jfw"aj@rl_l, f:l,...,p—l; (10.1.44)

§P7 .j:jpy"'vra
satisfies (10.1.3), from which we then deduce that S € 6,,(7y,..., 7,), and thereby complet-

ing our proof of the inclusion (10.1.42). |



Spline Approximation

10.2 B-splines

If a function f : R — R satisfies

f() =0, xeR\[a,B],

for some bounded interval [, B], we say that f is a finitely supported function.

For any spline space o,,(7y, ..., ), we define the subspace

no(T1,...,7) :={S € ou(t,...,7) : S is finitely supported}.

The following result then holds.

295

(10.2.1)

(10.2.2)

Theorem 10.2.1. The spline subspace Gy, o(T1,...,T), as defined by (10.2.2), satisfies:

@ IfSe€opo(t,..., 1) then

@
S(x)=0, xeR\[1,7);
(i1)
Sespan{(-—7)",....(-— 7)
(b) The subspace Gy (T, ...,7) is non-trivial, that is
Omo(Ti,...,7) # {0},
if and only if
r>m+2.
(¢c) For r = m+2, it holds that
S € Omo(Tl,-.., Tnt2)
if and only if
m+2 1
SO=c) | (=),
EUUTT (= 1)
JF#k=1

with ¢ denoting an arbitrary real constant.

m
+

1.

xeR,

(10.2.3)

(10.2.4)

(10.2.5)

(10.2.6)

(10.2.7)

(10.2.8)
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Proof. (a)Let S € G 0(T1,. ... 7).

(i) According to the definition (10.2.2), the polynomials Py and P, in the formulation
(10.1.3) must both be the zero polynomial, which proves (10.2.3).

(i) Since 6,0(71,...,T-) is a subspace of 6,,(71,...,7), it follows from Theorem 10.1.1
that S = P+ S, where P € 7, and Se span {(-—7)%,...,(-—7,)} }, and thus, from (10.2.3)
and the first line of (10.1.15),

0=S(x) =P(x), x€ (—o0,1),

according to which P is the zero polynomial, and therefore S = S, which proves (10.2.4).
(b) Let S € 6,0(71,. .., 7). It follows from (10.2.4) that

Z (x—1)%, x€R, (10.2.9)
i

for some coefficient sequence {d,...,d,} C R. Hence, from (10.2.9), together with
(10.2.3), as well as the second line of (10.1.15), we obtain

Zdj(x_rj)m:07 XE[‘L},DO),

or equivalently,

-

di(x—1))" =0, xeR. (10.2.10)

j=1

Since, for any x € R, we have

Lat—or=Lak ({)e 0 -2 (f) L_ﬁl:?dj}x'"-k,

it follows that (10.2.10) is equivalent to

Y ©idj=0, k=0,....m. (10.2.11)
j=1
Hence we have shown that S € 6,,0(71,...,7,) if and only if S is given by the formulation
(10.2.9), where {d, . ..,d,} is areal coefficient sequence satisfying the homogeneous linear

system (10.2.11).

Now observe that (10.2.11) has the matrix-vector formulation

Ad=0, (10.2.12)
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where A is the (m+ 1) X r matrix

1 1 1
N e T
A= |1 T 2, (10.2.13)
]
and d € R" is the (column) vector
d:=[d,...,d]". (10.2.14)
Suppose first » < m+ 1. Then A contains the square r x r submatrix
[ o 1]
T T
A= ”512 ‘522 ‘crz
,L.lr—l ,L.zr—l 7!

(where A=Aifr=m+ 1), with transpose

2 r—1
Lttf- 1

2 —1
1n Ty r

AT =

1t 127!

which is a Vandermonde matrix as in (1.1.7), so that, since (10.1.1) holds, we may apply
Theorem 1.1.2 to deduce that A7 is invertible, and hence A is invertible. Since A is a matrix
with number of rows at least equal to its number of columns, and A contains an invertible
submatrix, we deduce that a vector d € R” satisfying (10.2.11) must be the zero vector, and
thus, from (10.2.9), if S € G,,0(T1,...,T), with r <m+ 1, then S is the zero function, and
thereby completing our proof of the statement that (10.2.5) implies (10.2.6).

Conversely, if the inequality (10.2.6) is satisfied, then the homogeneous linear system
(10.2.11) has more unknowns than equations, and it follows from a standard result in linear
algebra that there exists a non-trivial solution {dy,...,d,} € R” of (10.2.10), which, to-
gether with (10.2.9), then yields a spline S € 6,,0(71,. . ., T-) Which is not the zero function,
and thereby completing our proof of the fact that (10.2.6) implies (10.2.5).
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(c) To prove the equivalence of (10.2.7) and (10.2.8), we consider the case r = m+ 2 of the

matrix A in (10.2.13), to obtain its transpose

2 m
1 n T T
1 n»n 4
T
AT — (10.2.15)
2 m
-1 T2 Tpao T2

which contains as submatrix the invertible (m+ 1) x (m+ 1) Vandermonde matrix

R 72 "
1 n»n o
Af = (10.2.16)
L1 Tl Ty Tl
Since the matrix A7 in (10.2.15) has m + 1 columns, its rank satisfies
rank(AT) <m+1. (10.2.17)

Moreover, since A* is invertible, we know from standard linear algebra theory that
dim(row space of A*) =m+1,
and thus, since the rows of A* are precisely the first m + 1 rows of AT we have
rank(A”) := dim(row space ofA”) > m 41,

which, together with (10.2.17), yields rank(A”) = m + 1, and thus, since also rank(AT) =
rank(A), we deduce that

rank(A) =m+ 1. (10.2.18)
By applying the dimension theorem for matrices, we deduce from (10.2.18) that
dim(nullspace ofA) = (number of columns ofA) — rank(A)
=m+2)—(m+1)=1, (10.2.19)

according to which, together with the case r = m+ 2 of (10.2.12), (10.2.11) and (10.2.9),
we deduce that (10.2.7) is satisfied by a spline S if and only if

m+2

Sx)=c) dj(x—1))%, xeR, (10.2.20)
=1
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with ¢ denoting an arbitrary real constant, and where {d|,...,d,,+2} is any non-trivial so-

lution of the (m + 1) x (m + 2) homogeneous linear system
m+2
Y tidj=0, k=0,....m. (10.2.21)
j=1
To obtain an explicit non-trivial solution of (10.2.21), we first use the polynomial iden-
tity (1.2.7) in Theorem 1.2.3, together with the definition (1.2.1) of Lagrange fundamental

polynomials, to deduce that

m+2
X—1T
lm+2 ' 1}11( é) '
()"t y 7 s =x xeR, k=0,....m+1, (10.2.22)
=1
! [T (m—7)
J#L=1
according to which
1
m-1 ni2 k| m+2 +1 .Xk
(—1) ;rj 1 (w1 Py =2 xe€R, k=0,....m+1,
Jj= el
J#El=1
(10.2.23)
for some polynomial P € 7,,. It follows from (10.2.23) that
1
2 k m+2 m+1 D
;rj I (v Y =Px), xeR, k=0,..,m, (10.2.24)
=
J#=1
for some polynomial P € m,,, from which we deduce that
m+2 ' o !
™| 7 =0, k=0,...,m. 10.2.25
£91 1l e (10229
J#l=1
According to (10.2.25), a non-trivial solution of (10.2.21) is given by
1
dj:= id , Jj=1,...,m+2,
I (-1
J#=1
which, together with (10.2.20), then completes our proof of the statement that (10.2.7) and
(10.2.8) are equivalent. |
For a spline space 6,,(71,...,7.) and a bounded interval [a, b] satisfying the condition
(71, %] C (a,b), (10.2.26)
we write 6,,([a,b]; 11,..., 1) for the linear space of splines in o,,(7y,...,,) with domains

restricted to [a,b]. Since (10.2.26) is satisfied, we see from (10.1.3) that Theorem 10.1.1
also holds with o,,(11,...,7,) replaced by 6,,([a,b]; 71, ..., T:), that is:

dim 6, ([a,b); 71, ..., %) =m+ 147, (10.2.27)
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and

the set X in (10.1.19) is a basis for 6,,([a,b]; 71, ..., T/). (10.2.28)
Moreover, (10.1.4) implies that

Sec™ a,b] for S€ouabl;t,...,5), meN. (10.2.29)
We proceed to show how Theorem 10.2.1 can be used to construct a basis for
om([a,b];T1,...,7,) that is more efficient than the one in (10.2.28). To this end, for in-
tegers 1 and v satisfying

u<—m; vzr+m+l, (10.2.30)
we let {7y, ..., Ty} be any extension of the knot sequence {7i,...,7,}, such that
< <T=a<7 < - <G<b=T, < <7y, (10.2.31)

where we have kept also in mind the conditions (10.1.1) and (10.2.26). The functions

Jj+m+1 1
Ninj () = (Tamir =) X | oy (=),
ST (m-w)
ftl—
J=vem—1, (10.2.32)

as based on the choice ¢ = (—1)" (T} 4,u+1 — ;) in (10.2.8) of Theorem 10.2.1, are then
called the B-splines of degree m with respect to the knot sequence {7y,..., 7y}, and for

which we proceed to prove the following result.

Theorem 10.2.2. The B-splines {Nyj : j = M,...,v —m— 1}, as defined by (10.2.32) in
terms of an extended knot sequence {Ty, ..., T} as in (10.2.31), (10.2.30), and with [a,b]
denoting any bounded interval, satisfy:

(a)

Nm,j E Gm7()(Tj, .. .7Tj+m+]),
with j=u,....v—m—1; (10.2.33)

Nin,j(x) =0, x € R\ [}, Tims1),

(b)

{Nmj: j=HM,...,v—m—1} C Opo(Ty,...,T); (10.2.34)
(c)

Nij| g € On([@:bl0 T, = —myrs (10.2.35)
(d) the set

J » = —m7...,r} (10.2.36)

is a basis for 6, (a,b]; 71, ..., T)).
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Proof. (a) The result (10.2.33) follows from (10.2.32), together with the equivalence of
(10.2.7) and (10.2.8) in Theorem 10.2.1(c), as well as (10.2.3) in Theorem 10.2.1(a)(i).
(b) The inclusion (10.2.34) is a direct consequence of the first line of (10.2.33), together
with (10.2.31) and Theorem 10.1.3.
(c) For any j € {—m,...,r}, it follows from (10.2.33) and (10.2.31) that the restriction to
[a,b] of the B-spline N, ; satisfies (10.2.35).
(d) Since (10.2.35) and (10.2.27) hold, and since the set (10.2.36) contains precisely m +
1 + r elements, it follows from a standard result in linear algebra that it will suffice to prove
that the set (10.2.36) is linearly independent on [a, b]. Suppose therefore that the sequence
{¢_m,...,c} C R satisfies the condition

i CjiNm,j(x) =0, xE€[a,b]. (10.2.37)

j=—m

Our proof will be complete if we can show that
cp=--=c,=0. (10.2.38)
To this end, we define the function

S(x) = i CjiNpmj(x), x€R, (10.2.39)

j=—m

for which it follows from (10.2.34), with 4 = —m and v = r+m+ 1, that
S € 0mo(Tom,. s Trimil)- (10.2.40)

Morever, by applying the second line of (10.2.33), as well as (10.2.37), we deduce from
(10.2.39), together with the fact that (10.2.31) gives a = T, that

S(x)=0, xeR\[T_mT)- (10.2.41)

Since (10.2.40) holds, it follows from (10.2.4) in Theorem 10.2.1(a)(ii) that

r+m-+1
Sx)="Y djx—1)", x€eR, (10.2.42)
j=m
for some coefficient sequence {d_p,...,d;+m+1} C R. Now observe from (10.2.41),

(10.2.42) and (10.1.15) that

0
OZS(X): Z dj(x—‘L'j)m, X e [‘L'(),‘L'])7

j=—m

and thus

0
Z dj(X*Tj)mZO, xeR,

j=—m
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which, together with (10.2.42) and (10.1.15), yields

r+m+1
SwW= Y dlx=1)t =0, xeln,). (102.43)
j=1

It follows from (10.2.43), and (10.1.15), by choosing successively

xXe [lerz)a ceey [Tr+mafr+m+l)’ [Tr+m+17°°)v that
dy = =dy iy =0, (10.2.44)

which can now be substituted into (10.2.42) to yield

0
S(x) = Z dj(x—1;)7, xeR. (10.2.45)

j=—m

By also noting from (10.1.13) and (10.1.14) that, analogously to (10.1.16), it holds that
(—t)t €eon(tm,...,0), Jj=-m,...,0,
we deduce from (10.2.45) and (10.2.41) that
S € 0uo(t—m, ... 7). (10.2.46)

Since the space Gy, 0(T—m,...,To) has precisely m+ 1 knots, it follows from (10.2.46),
together with the fact that (10.2.5) implies (10.2.6) in Theorem 10.2.1(b), that S is the zero
function on R, and thus, from (10.2.39),

i CjiNm,j(x) =0, X € [T m, Trp1)- (10.2.47)

j=—m

Suppose (10.2.38) is not satisfied, and denote by A the smallest integer in the set
{=m,...,r} for which it holds that ¢, # 0, according to which, by using also (10.2.47),
together with the definition (10.2.32), (10.2.31), as well as (10.1.15), we have, for any

X € (TlaUH»l)’

(x=m)"
0=calNma(¥) = a(Tapmer =), 0| #0,
IT (m—m)
(=341

from (10.2.31), and thereby yielding a contradiction. Hence (10.2.38) is satisfied, and our

proof is complete. |

Example 10.2.1. By setting m = 0 and m = 1 in (10.2.32), and using (10.1.15), we obtain
(see Exercise 10.6) the B-spline formulations
1, X e [Tj,Tj+1),

No,j(x) = J=M,...,v—1; (10.2.48)
0, X e R\ [Tj7Tj+1),
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and
X—1T;
7x€ T7T 1 7
- (7). Tj+1)
Titg—X .
quj(x) = it2 , X € [Tj+],fj+2), J= “7"'7‘/_27 (10249)
Tj+2 = Tj+1
0 , X ER\[7},7j12),

from which we also note in particular that
Nij(ti1) =6, Jj=4,...,v—2. (10.2.50)

Observe that the B-spline formulation (10.2.32) is in terms of the truncated powers in the
basis (10.1.19) of the spline space G,,,(Ty,...,Tv). Our statement that the B-spline basis
(10.2.36) is more efficient than the basis (10.1.19) for 6,,([a,b]; 71, ..., T+), is based on the
fact, to be established below, that B-splines can be computed recursively with respect to the
spline degree m.

Our first step in this direction is the following result, which gives a formulation for B-
splines in terms of the divided difference of a truncated power, and which is an immediate
consequence of (10.2.32), (1.3.3) and (1.3.2).

Theorem 10.2.3. Forany je{l,...,v—m—1}, the B-spline Ny, j, as defined by (10.2.32),
(10.2.31), satisfies the formulation

Nonj () = (= 1) (Tjimpr — ) { (e = )2 Ty Tjpmar ]}, XER,  (10.2.51)

that is, for any fixed x € R, Ny, j(x) is given by (—1)" " (Tj1ms1 — 7)) times the divided
difference (in terms of the t variable), with respect to the points {Tj,...,Tjsmt1}, of the
function (x—1),r € R.

The recursion formula for B-splines in Theorem 10.2.5 below will be derived from
(10.2.51) in Theorem 10.2.3, together with the following formula for the divided differ-

ence of the product of two functions.

Theorem 10.2.4. For any non-negative integer n, the divided difference of the product of
two functions f and g with respect to any sequence of n+ 1 distinct points {xg,...,x,} CR

is given by the formula

on

(fg)x0s---xal =} flxo,...,x5]g[xj,- ., Xn). (10.2.52)

j=0
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Proof. First, observe from the first equation in (1.3.4) that (10.2.52) is satisfied for n =
0. Proceeding inductively, we suppose next that (10.2.52) holds for a fixed non-negative
integer n. Now let {xo,...,x,+1} denote any sequence of n+ 2 distinct points in R. Our
inductive proof will be complete if we can show that then

n+1
(f8)[x0s- s Xn1] = foo,.., gl s (102.53)

To prove (10.2.53), we first apply the recursion formula (1.3.21) in Theorem 1.3.4 to obtain
(fg)[xla xn+]]_(fg)[x0a---7xn]

(fg)[x y. xn+1] Xnt1 — X0

Next, we deduce from the inductive hypothesis (10.2.52), together with (1.3.21), that

(10.2.54)

(fg)[xla"' 7xﬂ+l} - (fg)[x0>~'~7x"]
n+1 n

= fo17 X 'x]7 anrl]*Zf[x0>'"7-xj]g[xj7"':xn]

=0

n
= Zf[xl, X 1) 81Xty X1 — Zf[xm...,xj]g[xj7...,x,,]
=0

I
™= 1

{f[xh,..,xjﬂ} —f[xo,...7xj]}g[xj+1,...7xn+1]
0

~.
Il

n

+ Y flxo,-oxjl {glxjets s xnen] = 8lxj, - xa] }

j=0
n
= Z(xj+1 _x())f[x()?" '7xj+1]g[xj+17"'7xn+l}
j=0
n
+ Z(xthl —Xj)f[X(),. .. 7xj}g[xj7 ceesXntl
j=0
n+1
= Z(xj—xo)f[x(),...,xj]g[xj,...,xnﬂ}
j=0
n+1
+ Z(xn+1 _xj)f[x07"' 7xj]g[xj7"'7xn+1]
j=0
n+1
(xn+1 — X0 fo07 ) ]g[xja xn+1]7
Jj=
which, together with (10.2.54), yields the desired result (10.2.53). |

By using Theorems 10.2.3 and 10.2.4, as well as the fact that

=x(¥"), xeR, meN, (10.2.55)
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as is immediately evident from the definition (10.1.13), we can now establish the following

recursion formula satisfied by B-splines.

Theorem 10.2.5. For m € N, the B-spline sequence {Ny,j: j=p,....,v—m—1}, as
defined by (10.2.32), (10.2.31), satisfies, for any x € R, the recursion formulation given by

X—T; T; 1 —X
N (%) = L N+ T N e (),
Tjtm — Tj Titm+1 — Tj+1
j=U,...,v—m—1, (10.2.56)
together with (10.2.48).

Proof. Let j € {u,...,v—m—1} and x € R be fixed. It follows from (10.2.51) in Theo-
rem 10.2.3, as well as (10.2.55), and (10.2.52) in Theorem 10.2.4, that

N () = (=1 (et — ) (= )= ) [Ty Gomen]

Jjt+m+1
= ()" (w1 — 7)Y {( Mg, }{ Dl ITk»~--77j+m+l]}-

k=
(10.2.57)
Now observe from (1.3.4) that
(=gl =x—15 (10.2.58)
(=T, Tjw1] = (= T) = =) _ —1, (10.2.59)
T+l =T
whereas, since (x — -) € m;, we deduce from (2.1.10) in Theorem 2.1.2 that
(x=)[tj,...,m] =0, if k>j+2. (10.2.60)

By substituting (10.2.58), (10.2.59) and (10.2.60) into (10.2.57), and using the recursion

formula (1.3.21) in Theorem 1.3.4, we obtain

Nmyj(x) = (_1)m+1(7j+m+1 — Tj) [(x - ‘Cj){(x— -)'171 [‘L’j, R Tj+m+l}}

N |
x— "M, T — (=", T
_ (_1)m+1(7j+m+1 _ Tj) (x_ Tj)( )+ [ j+1s ) j+m4r1] ( )+ [ ] ) j+m]
Tjtm+1 = Tj

e CEl A (7 TR T Tj+m+1]}
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= (=" =) { =) [t Tt ] = = )2 [T ] }

)" (Tt =) = VI s ) |
= ([ = [ T

H(Tjmt1 *x){(x* ')Tl[fﬁl,~-~7T_,'+1+m]}]

X—T;

Tjtm+1 —X
= Npo1i(0)+ 7 N1 i1 (%),
Tiym—Tj 1j(%) Tigmel — Tjsl L1 (%)
from (10.2.51) in Theorem 10.2.3, and thereby completing the proof of (10.2.56). |

The formula (10.2.56), together with (10.2.55) and (10.2.48), can be used for the recur-
sive evaluation of the B-spline value N, j(x), for any x € (T}, Tjsm+1), as illustrated in

Fig.10.2.1.

Noj(x)  Nij(x) N, j(x) w0 Nie,j(%) Nonj (%)
Noj1(x)  Nijr(x)  Nojur(x) oo Npopjir(x)
No,j+2(x)
Ny jrm—2(x)
Nt jrm—1(x)
No,j+m(x)

Fig. 10.2.1  B-spline evaluation based on the recursion formula (10.2.56), together with (10.2.48).

Note from (10.2.48) and (10.2.55) that, for any given x € (7}, Tj;m+1), and with k denoting
the (unique) integer in {j, ..., j+m} such that x € [, ;1 ), the first column in Fig 10.2.1

satisfies
Noy(x) =0y, £=j,...,J+m. (10.2.61)
Example 10.2.2. For m = 3 and {1,...,u} = {0,1,2,4,5}, we have N3y €

030(70,...,74), and the B-spline value N3 (3) can be computed recursively by means of

(10.2.56) and (10.2.61), to obtain Table 10.2.1.
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Table 10.2.1 Recursive computation of N3 o(3) in Example 10.2.2.

J Noj(3)  Nij(3)  MNp;(3)  N3;(3)
0 0 0 : 2

1 0 ) 2

2 1 )

3 0

The values in Table 10.2.1 are obtained by the following calculations by means of (10.2.56),
and by using the second line of (10.2.33) in Theorem 10.2.2 whenever applicable:

Nio(3) =0;
Ma® = 7 N @)+ DT N =3[0+ 0=
N]’2(3)_33:7;22 B)+ * T Nos) = 24, 0=
Nao(3) = 3‘2 (3)+T3_T31N11(3)—z:g(OHij G) :é’
Na(3) = _ZNHGV¥ ; M@)_i:i<;)+§:z(;):3+3:3’
O RO P IOES ] (3 EOH () B
|

The following two further properties of B-splines, both of which will be required later in
this chapter, can now be proved by means of the recursion formula (10.2.56) in Theo-
rem 10.2.5.

Theorem 10.2.6. For any non-negative integer m, the B-spline sequence {Ny,; : j =
—m,...,r}, as obtained from the formulation (10.2.32), (10.2.31), satisfies:

(a) Forany j € {—m,...,r}, it holds that
Ninj(x) >0, x € (Tj, TGirmi1); (10.2.62)
(b)

i Nuj(x)=1, x€la,b]. (10.2.63)

J=—m
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Proof. (a) Let m denote any non-negative integer. Now observe from (10.2.48), with yu =

—mand Vv =r+m+ 1, that
Noj(x) >0, x € [7),Tj41), Jj=-—m,...,r+m, (10.2.64)

which proves (10.2.62) for m = 0.

We proceed to prove inductively that

Nk,j(x) >0, x¢€ (Tj77j+k+l): j=-—m,....,r+m—k, (10.2.65)
in which we may then set kK = m to deduce the desired result (10.2.62).
After first observing from (10.2.64) that (10.2.65) is satisfied for m = 0, we suppose next
that (10.2.65) holds for a fixed non-negative integer k. It follows from the recursion formula
(10.2.56) in Theorem 10.2.5 that

X—7T; Titk+2 — X
Nk+17j(x) = J Ny, -(x)+ e

5J
Tjitk+1—Tj Tjtk+2 = T+l

J=—m,..rtm—k—1. (10.2.66)

Nij+1(x), x € (T, Tjar2),

After also noting from the second line of (10.2.33) in Theorem 10.2.2(a) that

Nk.,j(x) =0,x¢ [7j+k+177j+k+2)7 )
j=—m,....;r+m—k—1,

Nk,j+1(x) =0,x€ (ijf.i+l)7

we deduce from (10.2.66) and (10.2.65) that
Nig1,j(x) >0, x€(T),Tjsrs2), Jj=—m,...,r+m—k—1,

which then completes our inductive proof of (10.2.65).

(b) Our proof is once again by induction on m. First, observe from (10.2.48) that (10.2.63)
is satisfied for m = 0. Next, suppose that (10.2.63) holds for a fixed non-negative integer
m, and consider a knot sequence as in (10.2.31), with gy = —m—1 and v =r+m+ 2.
It follows from (10.2.56), together with the second line of (10.2.33), and the inductive
hypothesis (10.2.63), that, for any x € [a,b] = [T0, Tr+1],

r " X—T; 4 Tjtmi2 —X
Z Nm+17j(x) = Z ) Nm-j(x) + Z NmA,jJrl(x)
j=—m—1 j=—m—1 Gtmt1 = T j=—m—1 Fitm+2 = Tjt1
! X—T; T —x
= X LN+ Y T N()
j=—m—1 Tjtm+1 —Tj e Timrl — T
- X—=1Tj S Tipml — X

= Z / [Vm,j ()C) +

o S Nmj(®)
j=—m Tm+1 =T jm—m Tjtm+1 = Tj



Spline Approximation 309

o(x—1j) (75
_ Z ( ]) ( JjHm+1 = Nm Jlx Z de
. T; —T;
Jj=—m jH+m+1 J j=—m
which completes our inductive proof of (10.2.63). |
Finally in this section, we consider the important special case where the knots {7y,..., 7y}

in (10.2.31), with [a,b] = [0, 7+ 1], are chosen as the integers, that is,
Ti=j, J=M,...,V, (10.2.67)

for any integers u and v satisfying (10.2.30), and for which we proceed to prove the fol-

lowing result.

Theorem 10.2.7. Forany j € {l,...,v—m— 1}, where L and v are any integers satisfying
(10.2.30), let N, j denote the B-spline defined by (10.2.32), (10.2.31), where [a,b] = [0,r+
1], and with integer knot sequence as in (10.2.67). Then

N j(x) = Nu(x = j), x€R, (10.2.68)
with
1 m+-1 . m+1 ",
Nn(x) :=Npo(x) = Y (=DF(7 )&=k, xeR, (10.2.69)
m: =0

and where the spline Ny, satisfies:

(a)
N € 01 0(0,...,m+1),
with ' (10.2.70)
Nu(x) =0, xeR\[0,m+1);
(b)
Npu(x) >0, xe(0,m+1); (10.2.71)
(©)
Y Nulx—j)=1, x€la,b]; (10.2.72)
Jj=—m
(d) the recursive formulation
1, xe[0,1);
No(x) =
0, x e R\ [0,1); (10.2.73)
m+1—x

X
Nm(x):mNm,l(x)+ " Np—1(x—1), xeéR, m=1,2,...;
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(e) for m € N, the symmetry condition
Nu(m+1—x) = Nu(x), xeR,

or equivalently, (10.2.74)
N m+17x =Ny m+1+x , x€R;
2 2
(®
Z( 1) ( )(k Do k=1,...,m. (10.2.75)

Proof. Let j € {U,...,v—m—1} be fixed. By using (10.2.51) in Theorem 10.2.3, together
with (10.2.67), as well as (3.4.2) in Theorem 3.4.1, we obtain, for any x € R,

Nowj () = (=1 ot ) { o= )20, m+ 1 }

_1\m+1 m+1
:(—1)m+1(m+1 {( :)_1 | Z( 1) < )(x—(j—&—k))ﬂ}

1 mil(—l)k(m: 1) (=) —Hk)7,

m! =
which proves (10.2.68), (10.2.69).

The properties (10.2.70), (10.2.71) and (10.2.72) of N,, are immediate consequences of
the definition N, := N, 0 in (10.2.69), together with, respectively, (10.2.33) in The-
orem 10.2.2(a), (10.2.62) in Theorem 10.2.6(a), and (10.2.63) in Theorem 10.2.6(b),
whereas the recursive formulation (10.2.73) follows likewise from (10.2.48), as well as
(10.2.56) in Theorem 10.2.5, together with the case j = 1 of (10.2.68).

To prove the symmetry condition (10.2.74) for m € N, we fix x € [0,m+ 1), and let £ denote

the (unique) integer in the integer set {0,...,m} for which x € [¢,£+ 1). It then follows
from the formula in (10.2.69), together with (10.1.15), that
1 ¢ p(m+1
Np(x) = o ;(—1) ( N (x—k)™, (10.2.76)
and similarly, since m+ 1 —x € (m —£,m — £+ 1], and using also the fact that N,,(0) = 0 if
m € N, as can be seen from (10.2.69) and (10.1.15), we have

m—{ m
Np(m+1-x) = n;/;)(—l)"( 2—1)(m+1—x—k)m
1! (M1 .
:m!k;)(—l)k+ ( . )[x—(m—i—l—k)]
1 m+1 m41 ”
- m!k_;rl(_l)k+l<m+1—k)(x_k)
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= (e

M =1
which, together with (10.2.76), yields
m+1 m41
W) =Nt 1 =0 = Y 04" )i (102.77)

Now observe from the second line of (10.2.70), together with (10.2.69), as well as
(10.1.15), that

et m 1 "
0=t = T 0"} )i e
and thus also
1 m+1 1
D MESL (m+ )( —k)"=0, xeR. (10.2.78)
m: =0

The symmetry result in the first line of (10.2.74) now follows from (10.2.77) and (10.2.78)
for x € [0,m + 1), whereas it follows from the second line in (10.2.70), together with
Ny (0) =0, forx € R\ [0,m+1).

Finally, observe that (10.2.75) is an immediate consequence of the formula in (10.2.69),
together with (10.1.15). |
The spline N,, defined by (10.2.69) in Theorem 10.2.7 is called the cardinal B-spline of

degree m.

Example 10.2.3. By setting m = 1,m = 2 and m = 3 in the formula (10.2.69), and using

(10.1.15), we obtain (see Exercise 10.10) the explicit cardinal B-spline formulations

X, x€[0,1);
Ni(x) =4 2—x, x€[l,2); (10.2.79)
0, xeR\[0,2);
2 o, 1);
—x2+3x—§, €[1,2);
N (x) = (10.2.80)
2x f3x+2, €[2,3);
0, x€R\[0,3);
éxs, xe[0,1);
=3 27 =20+ 3, x€[1,2);
N3(x) = ¢ S =42 +10x— %, x€[2,3); (10.2.81)
— i3+ —8x+ ¥, x € [3,4);
0, x€R\[0,4).
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Observe that (10.2.79) corresponds precisely with the integer knot case (10.2.67) of
(10.2.49) in Example 10.2.1.

Also, by using either the formula (10.2.75), or directly the explicit formulations (10.2.80),
(10.2.81), we calculate the values

1 1
M=, © M@)=; (10.2.82)

1 2 1
N()=_: M2)=2: MB)=_. (10.2.83)

10.3 Spline interpolation

For a bounded interval [a,b], let the function f : [a,b] — R be given, and, for a positive

integer n, let {xy,...,x,} denote a sequence of n+ 1 distinct points in [a, b], with
a<xg<--<x,<b. (10.3.1)

In this section, we investigate the existence of a spline S € 6,,([a,b];71,...,T,) which in-

terpolates f at the points {xo,...,x,}, that is,
S(xj)=f(xj), j=0,....n. (10.3.2)

By observing that (10.3.2) consists of precisely n 4 1 interpolation conditions, and recall-
ing from (10.2.27) that the spline space 6,,([a,b];7i,..., ;) has dimension m+ 1+ r, we

impose the condition
m+1+r=n+1. (10.3.3)

Based on (10.3.3), as well as (10.2.31), (10.2.30), for integers n and m satisfyingn > m > 0,

and an extended knot sequence {7y, ..., Ty} satisfying
< <T=a<T< - <Tp<b=T 1 < - < Ty, (10.3.4)
where
u<—m; vzn+l, (10.3.5)

we shall therefore seek to obtain a spline
S € on(la,bli T, Tam) (10.3.6)

satisfying the interpolation conditions (10.3.2).
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By applying Theorem 10.2.2(d), we deduce that there exists a spline § satisfying (10.3.6)
and (10.3.2) if and only if

S(x) := "i" CjNpm j(x), x€[a,b], (10.3.7)

Jj=—m
where {c_p,...,cn—m} C R satisfies the linear system

n—m

Y eiNmjlu) =f0u), k=0,....n, (10.3.8)

j=—m

or equivalently, in matrix-vector formulation, where the (column) vector ¢ =
T

(C—mz s 7Cn—m)

€ R is a solution of the equation
Am.nc - fm (1039)
with Ay, denoting the (n+ 1) x (n+ 1) matrix

Nm,—m(XO) Nm,ferl (XO) Nm,n—m(XO)

Nmﬁ—m(xl) Nm.ferl (xl) Nm,n—m(xl)
Am,n = . . . ) (10310)

Nm,—m(xn) Nm,ferl (xn) Nm,n—m(xn)
and where f, € R"*! is the (column) vector
£, = (f(x0),. .., fxa)T. (10.3.11)

Hence we proceed to establish, in terms of the sequences {xo, ..., x,} and {T_pm, ..., Tpi1}s
a necessary and sufficient condition for the invertibility of the matrix A, ;.

To this end, for m € N, and integers k and A such that
A—x>2m+1;, u<k<A<v; (10.3.12)
let S denote any finitely supported spline, with
S € 0uo(Tk,.--,T1), (10.3.13)

according to which, by applying (10.2.3) in Theorem 10.2.1, together with the fact that,

from (10.1.4), S is continuous at T, we also have
S(x) =0, xeR\ (1, 7). (10.3.14)

We shall say that S has a sign change in (7, 7; ) if either:
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(i) S changes sign at a point ¢ € (T, Ty ), in the sense that

S(t)=0;
(10.3.15)
S(r—¢€)S(t + €) < 0 for sufficiently small € > 0,
or
(ii) S changes sign with respect to an interval [}, 7] C (Tx, T3 ), in the sense that
S(x) =0, xe [Tj,Tk];
(10.3.16)
S(tj—€)S(7 +¢€) < 0 for sufficiently small € > 0.

For m > 2, we observe, if S(&;) = S(&) =0, where 7, < & < & < 13, that we may apply
Rolle’s theorem to deduce that S’ has at least one sign change, of either one of the types
(10.3.15) or (10.3.16) above, in the interval (&;,&;).

In our investigation of the invertibility of the matrix A,, , in (10.3.10), we shall require the

following result on the zeros of a finitely supported spline.

Theorem 10.3.1. For m € N, let S denote a finitely supported spline as in (10.3.13),
(10.3.12), and suppose that, moreover, S has a finite number of zeros in (i, ;). Then

the non-negative integer p defined by
p := number of distinct zeros of S in (7, Ty ), (10.3.17)
satisfies the inequality

p+m+1<A—«k. (10.3.18)

Proof. Observe that, by applying (10.1.36) in Theorem 10.1.2, as well as (10.3.14), we

have

S® e o, 1ot sm), k=0,...,m—1, (10.3.19)
and thus

sW () =85W () =0, k=0,....m—1. (10.3.20)

Let m = 1, for which we see from (10.3.19) that S(17;) = S(7)) = 0. Also, since (10.3.13)
holds, we note from (10.1.2), (10.1.3) and (10.1.4) that S is a continuous linear piecewise
polynomial with breakpoints at {7, ..., T, }, and thus S can have no zeros in (T, Tict1]
and [1)_;,T3), and at most one zero in each of the A — Kk — 2 successive intervals
[Tkt1, Tes2)s -5 [Ta_2,Ta_1]- Hence p < A — K — 2, which proves the inequality (10.3.18)

form = 1.
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Suppose next m > 2, for which (10.1.4) gives S € C'(R). Since (10.3.19) implies S(7) =
S(ty) =0, it follows from the definition (10.3.17) that S has p + 2 distinct zeros in [Ti, T3 |,

so that an application of Rolle’s theorem yields
number of sign changes of 8’ in (¢, 73) = p+1, ifm>2. (10.3.21)

If m = 2, it follows from (10.3.19) that S’ € 61,0(’5,(,...7TA), with also, from (10.3.20),
S'(t) = 8'(7,) = 0. Now observe that

Se 01,0(%x, ..., 7)) = number of sign changes of Sin (T, 7)) <A —Kk—2, (10.3.22)

since any linear spline S € 61,0(Tk, ..., Ty ) satisfies S(t¢) = S(13) =0, so that S can have no
sign changes in either of the intervals (i, Ti+1] Or [T)_1, 7Ty ), whereas S can have at most
one sign change in each of the A — k — 2 successive intervals (Tyt1, Tk12], - (Ta_2, Ta_1)-
By applying (10.3.22), with S=25', as well as (10.3.21), we obtain p+1<A—x—2,which
is equivalent to the inequality (10.3.18) for m = 2.

Next, let m > 3, for which (10.1.4) gives S’ € CI(R). Since (10.3.21) then holds, as well
as, from (10.3.20), §'(7) = S'(7),) = 0, it follows that S’ has at least p + 3 distinct zeros in

(Tx, Ty ), so that an application of Rolle’s theorem yields
number of sign changes of §” in (T, 7)) > p +2, if m > 3. (10.3.23)

Moreover, (10.3.19) gives S” € 0y ¢(T, . .., T3, ), with, from (10.3.20), S (1) = S8" (1)) =0,
according to which we may apply (10.3.22), with s=5", together with (10.3.23), to obtain
p+2 < A—Kk—2, which is equivalent to the inequality (10.3.18) for m = 3.

For m > 4, we continue in this fashion, for each m showing that §m=1) ¢ (‘SLO(’EK7 )
possesses at least p 4+ m — 1 sign changes in (7, 7 ), and employing (10.3.22), with S =
$m=1) to deduce that p +m — 1 < A — k — 2, which is equivalent to the desired inequality
(10.3.18). |
By using Theorem 10.3.1, we can now prove the following necessary and sufficient condi-

tion for spline interpolation.

Theorem 10.3.2 (Schoenberg-Whitney). For any bounded interval [a,b], and integers n
and m satisfying n >m > 0, let {xo, . ..,xn} denote a sequence of n+ 1 distinct points as in
(10.3.1), and let {ty,..., Ty} be a knot sequence as in (10.3.4), (10.3.5). Then the matrix
Amn in (10.3.10) is invertible if and only if

Nowjom(x;) #£0, j=0,....n, (10.3.24)
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with the B-splines {Nm7,m, ey Nipn—m } defined as in (10.2.32), in which case there exists
precisely one spline St in the space 6,,([a,b];T1,...,Tu_m) satisfying the interpolation
conditions (10.3.2), where Sf,w is given by the formula

Ston@) =Y (A, 080N j(x), x€a,b], (10.3.25)

j==m

with £, € R"t! defined by (10.3.11).

Proof. First, we show that if (10.3.24) is not satisfied, then the matrix A,, , is not invertible,
which will then prove that (10.3.24) is a necessary condition for the invertibility of A, ;.
Suppose therefore that (10.3.24) does not hold, and denote by ¢ the smallest integer in the
set {0,...,n} such that

Nopo—m(x¢) =0. (10.3.26)

By applying the second line of (10.2.33) in Theorem 10.2.2(a), we deduce from (10.3.26)
that either:

(1) x¢ < Ty_p,, in which case (10.3.1) and (10.3.4) imply ¢ > m+ 1, and the last n+ 1 — ¢
columns of A,, , in (10.3.10) each contains at most n — £ non-zero entries, all of which occur
in the last n — ¢ positions, according to which these columns form a linearly dependent set
in R"t! and thus the columns of A, , are linearly dependent; or

(ii) x¢ > T4 1, in which case (10.3.1) and (10.3.4) imply / <n—m — 1, and the last n+ 1 — ¢
rows of A, , in (10.3.10) each contains at most n — ¢ non-zero entries, all of which occur
in the last n — ¢ positions, according to which these rows form a linearly dependent set in
R+ and thus the rows of A, are linearly dependent.

Hence, either columns or rows of the matrix A, , are linearly dependent, so that we may
deduce from a standard result in linear algebra that A,, , is not invertible.

Conversely, suppose that the condition (10.3.24) is satisfied, and assume that the matrix
Aum,n s not invertible. We shall now proceed to derive a contradiction, which will then
prove that (10.3.24) is a sufficient condition for the invertibility of A,, .

Since A, , is not invertible, there exists a non-trivial solution ¢ = (comy--- 7c,,_m)T of the

homogeneous linear system
Am.nc =0. (10327)

It then follows from (10.3.27) and (10.3.10) that the spline S defined by

Sx) =Y ¢jNum;(x), x€R, (10.3.28)

j==m
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satisfies

S(xx)=0, k=0,...,n. (10.3.29)
Note from (10.3.28), together with (10.2.34) in Theorem 10.2.2(b), that
S € Cno(Toms--osTur1): (10.3.30)

Also, since ¢ = (c_p, ... ,c,,_m)T is not the zero vector, we deduce from (10.3.28), to-
gether with the second line of (10.2.33) in Theorem 10.2.2(a), as well as (10.2.62) in The-
orem 10.2.6(a), that S is not the zero function. Hence, by keeping in mind also (10.1.2),
(10.1.3), and recalling Theorem 10.2.1(b), we deduce from (10.3.29) that there exist inte-
gers k and A, with
A—xk>m+1l;, —-m<k<A<n+l1, (10.3.31)
such that the spline S defined by
§(x)7 B S [Tval);
S(x) := (10.3.32)
0, xeR\[1g,11),
is not identically zero on any of the successive intervals [Ty, Tic1 ), - - -, [Ta—1, T, ), according
to which S has at most a finite number of zeros in (7, T) ). Observe from (10.3.32) and
(10.3.28) that

S € 0uo(Ti,.--,T1)- (10.3.33)

Now observe from (10.3.24), together with the second line of (10.2.33) in Theo-
rem 10.2.2(a), that

X € (T, Tjgme1), Jj=K,...,A—m—1, (10.3.34)
and thus, from (10.3.4),
{Xies oo sXp 1} C (T, 7). (10.3.35)
Also, note from (10.3.32) and (10.3.29) that
S(xj)=0, j=x,....,A—m—1. (10.3.36)

If m = 0, we deduce from (10.3.36), (10.3.34) and (10.3.33) that S is identically zero on at
least one of the intervals [Tic, Tyct-1), - - -, [Ta_1, T2 ), Which is a contradiction.

Suppose next m € N. But then we may apply Theorem 10.3.1 to deduce that, with the
non-negative number p defined as in (10.3.17), the inequality (10.3.18) is satisfied, that is,

p<A—x—m—1. (10.3.37)
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But, according to (10.3.36) and (10.3.35), as well as (10.3.1),
pz2A-m—1)—k+1=1A—x—m,
which contradicts (10.3.37), and thereby completing our proof. |

According to Theorem 10.3.2, we may define the spline interpolation operator 5’,,1,,,1 :

Cla,b] — om([a,b];T1,. .., Tom) DY
S pnf = Spns [ €Clabl, (10.3.38)
with the spline Sﬁw defined by (10.3.25), and for which the following properties can now

be proved.

Theorem 10.3.3. The spline interpolation operator .7}, , : Cla,b] — ou([a,b]; 71, ...,
Tu—m), as defined by (10.3.38), with Sfm as in Theorem 10.3.2, satisfies the following:
(a) 5’”’17" is linear;

(b) y,fw is exact on oy ([a,b]; 71, ..., Ty_m), that is,
Il =F feon(ablit,..., Tam). (10.3.39)

Proof. (a) For f,g € Cla,b] , and A,u € R, it follows from (10.3.38) and (10.3.25) that,
with the definition

gn = (g(x0),...,80))",

n—m

y,fm(),er ug) = Z (A;,ln(z'fn +I~Lgn))ij7j
=m
n—m 1 n—m 1
= A’ Z (A;l-,ﬂf”)ijvj + l’l' Z (A;L’ngn)jlvmj
j=—m Jj=—m
= A I )+ (T, 8);
and thus .}, is linear.
(b) Let S € 6,([a,D]; 71, ..., Tu—m). Then S trivially satisfies the interpolation conditions

(10.3.2) for the choice f = S, and thus, by using also the uniqueness statement in Theo-
rem 10.3.2, as well as the definition (10.3.38), we deduce that the exactness result (10.3.39)
does indeed hold. |

Example 10.3.1. For any function f € CJ0, 5], consider the problem of obtaining a spline

S € 02([0,5];1,2,3,4) (10.3.40)
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satisfying the interpolation conditions
S(xj) = f(xj), Jj=0,....6, (10.3.41)
where
{x0,---sx6} ={0,3,3.3,2.9,5}. (10.3.42)
With n = 6 and m = 2, and with the extended knot sequence {7_5,7_1,...,77} given by
Ti=j, j=-2,...,7, (10.3.43)
so that (10.3.4) is satisfied, with
la,6)=[0,5], and {p.v}={-2.7},

it can now be verified by means of (10.3.42), together with (10.2.68) and (10.2.71) in
Theorem 10.2.7, that the condition (10.3.24) of Theorem 10.3.2 is satisfied. It follows
from Theorem 10.3.2, together with (10.3.38) and (10.3.25), that there exists precisely one
spline .73 s f = 5 ¢ in 62([0,5];1,2,3,4) such that

(26 xj) =f(x}), j=0,....6, (10.3.44)
and where, by using also (10.2.68) in Theorem 10.2.7,
4
(7AW =Y (Ar4fs) Max—j). xe[0.3], (103.45)
j==2 :
with N, denoting the quadratic cardinal B-spline in (10.2.80), where A, ¢ is the invertible
7 x 7 matrix in (10.3.10), and fs € R7 the vector in (10.3.11).

To compute the matrix A, ¢, we first use the formulas in (10.2.80) to obtain the values
M) =g M) =1 MG =4 (10.3.46)

By using (10.3.46), as well as the values (10.2.82) obtained in Example 10.2.3, it now
follows from (10.3.10) and (10.3.42), together with (10.2.68), that

> 3000 00
1340000
0 4 2 4 000

Ag=1{0 0 ¢ 3 ¢ 0 0 |, (10.3.47)
000 ¢ 3 40
0000 ¢ 3 4
(0000 0 ) ) |
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the inverse of which is given by
5741 1970 338 2 10 2 1

2378 1189 1189 41 1189 1189 2378
_ 985 1970 338 2 10 2 1
2378 1189 1189 41 1189 1189 2378
169 338 1690 10 50 10 5
2378 1189 1189 41 1189 1189 2378
—1 _ 1 2 10 58 10 2 1
A2~6 - T8 41 41 41 41 41 T8 : (10.3.48)
5 10 50 10 1690 338 169
2378 1189 1189 41 1189 1189 2378
1 2 10 58 338 1970 985
2378 1189 1189 1189 1189 1189 2378
1 2 10 _ 58 338 1970 5741
L 2378 1189 1189 1189 1189 1189 2378
Since, moreover, (10.3.11) and (10.3.42) give
_ 1 3 5 7 9 T
fo = (£(0),£(3). f(2),1(3), £(5), £(5): £(5))", (10.3.49)

it follows from (10.3.45), (10.3.48) and (10.3.49) that the spline interpolant 5”{ of 1s given
explicitly, for x € [0,5], by the formula

(F6)0) = [33750) — 150 f (D) + fifG) = H/G)
+ 1190/ (3) = 1550 S (3) + 2375 S (5)] Na(x+2)

+ [0+ 1 (3) = (e S (3) + 5 £(3)
— D)+ 1 Q) = i f(5)] Mo+ 1)

+ 5 0) = FHFQ) + 159 r3) - 19£G)
+1180/(3) = 1180/ () + 2355 F(5)] Na(x)

+ [ fO) + A7) = B+ 33£0)
— W+ HC) = HfG)] Na(x—1)

+ 038/ (0) = 1R f () + 11%,C3) = 11£G)
+ 1580 (3) = (isof G) + 25 f(5)] Ma(x ~2)
+ [ 0rs f(O) + 1 o0 F(3) = 1180 S (3) + 1180 (3)
— a0 fG)+ 10 f(3) = A f(5)] Na(x—3)
+ [aars F(0) = 1o F () + 1180/ (3) = 1180 (3)

+ o (D) = 1 f(3) + 3 F(5)] Na(x —4). (10.3.50)
[ |
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According to (10.3.38) and (10.3.25), the computation of (.7} ,f)(x) depends on the inver-
sion of the matrix A, , in (10.3.10), which, as follows from the second line of (10.2.33) in
Theorem 10.2.2(a), and as illustrated by (10.3.47) in Example 10.3.1, is a banded matrix.
Moreover, the inverse matrix A;l’ln is, in general, and as illustrated by (10.3.48) in Exam-
ple 10.3.1, not banded, but a full matrix, with the result that Y,,Im is not a local approxima-
tion operator, in the sense that, for any x € [a,b], the value of (.#}} ,f)(x) depends on all,
or most, of the function values { f(xo),...,f(xn)}, as illustrated by the formula (10.3.50) in
Example 10.3.1. In Section 10.4, we shall construct a class of local spline approximation
operators with explicit formulations.

Finally in this section, we show how Theorem 10.3.1 and its proof may be used to prove

the following result, according to which B-splines are “bell-shaped”.

Theorem 10.3.4. For any integerm >2 and j € {[1,...,v —m— 1}, let N, j denote the B-
spline as defined in (10.2.32), (10.2.31). Then, fork =1,...,m— 1, the k-th derivative N,(nli)j

has precisely k distinct zeros in the interval (Tj, Tjzm+1), each of which is a sign change of
the type (10.3.15).

Proof. In Theorem 10.3.1, let S = N, j, kK = j and A = j+m++1, so that, from (10.2.62)
in Theorem 10.2.6, we have p = 0. It follows as in the final paragraph in the proof of
Theorem 10.3.1 that

m—1=0+ (m— 1) < number of sign changes of N,(,Z'j_l) in (T, Tjyms1)

<(m+1)—2=m—1,

and thus N,(ZTU
also, from (10.2.33) in Theorem 10.2.2(a), NIET;I) vanishes identically on (—eo,7;] U
[Tjtm+1,°0), and since, moreover, from (10.1.36) in Theorem 10.1.2, we have N e

m,j
. 7i
Glﬁo(fj,...,fjﬂ,ﬁl), that is, N( )

has precisely m — 1 sign changes in the interval (7, Tj1u+1). Since

m—1) . . . . . .
m,j s a continuous linear piecewise polynomial on

[T, Tj+m+1]), with breakpoints at {Tj,1,...,Tj+m}, we deduce that the m — 1 sign changes

in (7, Tjyme1) of N,%_l) are the only zeros of Nr(nrs-_l)

type (10.3.15), with, moreover, these zeros occurring in the m — 1 successive intervals

in (7j,Tj1m+1), and are all of the

(Tj+1,Tj+2), -+ (Tjm—1, Tj+m). Hence we have now established the theorem for k =m— 1.
Next, observe from the proof of Theorem 10.3.1 that

number of sign changes of N,%_Z) in (7, Tjpmy1) =0+ (m—2)=m—2.  (10.3.51)

Furthermore, observe that N,f:"j_2> is not identically zero on any of the intervals [}, Tj;1],

- s [Tj+1, Tjsms1], for if it did vanish identically on such an interval, then (lejfz))’ =
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N,S:TU would also be identically zero on that interval, and thereby contradicting the fact
that N1

n,;  hasafinite number (= m — 1) of zeros in (7}, Tj1m+1). Hence the sign changes
of N,

(m=2)
m,j

in (7}, Tjzm+1) are all of the type (10.3.15).
Suppose now that

number of distinet zeros of N> > in (T, T 1) = m— 1. (10.3.52)
Since also, from (10.3.20) in the proof of Theorem 10.3.1,

Ny 2 (1) =N, (5man) =0,
so that N,Ezlj_2) has at least m+ 1 distinct zeros in [T}, Tjym1], it follows that (Nr(’Z’j_z))’ =
N,(,ijl) has at least m sign changes in (7}, Tj4u+1), which contradicts the fact that an'zfl)
has precisely m — 1 sign changes in (7}, Tj+m+1). Hence (10.3.52) is not true, that is,

number of distinet zeros of N\ > in (T, Tjms1) < m—2. (10.3.53)
It follows from (10.3.51) and (10.3.53) that N,%fz) has precisely m — 2 distinct zeros in
(Tj,Tj+m+1), all of which are sign changes. Hence we have established the theorem for
k=m—2.
By proceeding inductively as above, the cases k =m —3,..., 1, are proved successively.

|

10.4 Local quasi-interpolation

In this section, we shall establish an explicitly formulated spline approximation operator
7 :Cla,b] = oy(la,b];11,...,7T,) such that .7 is exact on T, that is,

() (x) =f(x), x€la,b], fE€mp, (10.4.1)
in which case . is called a quasi-interpolation operator, and, moreover, such that . is
a local approximation operator, in the sense that, for any x € [a,b], the value (. f)(x) is
independent of the values {f(x) : x € [a,b] \ [@, B]}, for some subinterval [, 8] of [a,b],
the size of which depends only on the spline degree m.

We shall rely on the following identity for B-splines, in which we employ, as before, the
convention IJ_II aj:=L,if j; < jo.
J=Jo
Theorem 10.4.1. (Marsden identity) For any non-negative integer m, and an extended knot
sequence {T_p,..., Trami1} as in (10.2.31), (10.2.30), the B-splines {Nyy —m,...,Nur}, as
defined in (10.2.32), satisfy the identity
r
(t—x)" = Z g j(t)Nm j(x), x€la,b], tER, (10.4.2)

J=—m
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where the polynomial sequence {gy j: j = —m,...,r} C Ty is defined by

m

gm (@) =[] =701), j=-m,....r (10.4.3)
k=1

Proof. Let t € R be fixed. Since the inclusion (10.1.5) holds, and (¢ — -)™ € m,,, we deduce
from Theorem 10.2.2(d) that there exists a (unique) coefficient sequence {g, ;(r) : j =
—m,...,r} C R such that the identity (10.4.2) is satisfied.

Next, to prove (10.4.2), (10.4.3), we first note from (10.2.63) in Theorem 10.2.6 that, if
m = 0, then (10.4.2) holds, with

go,j(t):=1, j=0,...,n,

that is, (10.4.2), (10.4.3) are satisfied for m = 0.
Proceeding inductively, we suppose next that (10.4.2), (10.4.3) hold for a fixed non-
negative integer m, and, for an extended knot sequence {T_,,—1,..., Tr4m+2 } asin (10.2.31),
(10.2.30), denote by {Ny+1—m—1,---,Nut1,} the B-splines as obtained from (10.2.32).
With {g,41,(t) : j=—m—1,...,r} C R denoting the coefficient sequence obtained from
(10.4.3), we use the recursive formulation (10.2.56) in Theorem 10.2.5, as well as (10.2.31)
and the second line of (10.2.33) in Theorem 10.2.2(a), together with (10.4.3), and eventu-
ally (10.4.2), to obtain, for any x € [a,b],

r

Y emi1j(O)Nnr1 (%)

j=—m—1

- X—=Tj - Tjtm+2 =X
g 1,'l‘|: ]N;x—k g 1,'l‘|: ’ :|N_'1x
Z " J( ) Tj+m+1 _Tj m_]( ) Z " j( ) Tj+m+2_rj+1 It ( )

Jj=—m—1 J=—m—1
r X—T; r+1 T 1 —x

= Y gm+1,j(t)|: ! ]Nm,j(x)+ Y gm+1,j—l(t)|: e ]Nm,j(x)

j=—m—1 Tjtmt1 = Tj j=—m Tjtm+1 = 7Tj

r —Ti)g, (1) + (75 " _ - (t

_ Z (= Tj)8m+1,7 () + (Tjame1 — X)8mt1,j-1( )Nm,j(x)

j=—m Tjtmt+1 — Tj
_ i ((x—1;)(— Tj+m+1) + (Tj+m+1 —x)(t— ﬂ;i)]gmyj(t)N (%)
= m,j

j=—m Tjitm+1 — Tj

Xr" (t _x)(:;/'.+m+l ::-jl)gm-,j(t)Nm’j (x) = (t —x) i o (1) N ()
Jj=—m JmA1 T j=—m

= (1=x)(t —x)" = (1 —x)"*",

that is, (10.4.2), (10.4.3) also hold with m replaced by m + 1, and thereby completing our
inductive proof of the formula (10.4.2). [ |
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For m € N, and any integer £ € {1,...,m}, we may now differentiate the identity (10.4.2) ¢

times with respect to ¢ to obtain

m—1{)!
m!

Y & ()N (),

j=m

(-t = cclabl, (eR

or equivalently,
(_ oy -0
(t—x) = ) &mj (ONmj(x), x€lab], 1R,
fj=—m

in which we may now set r = 0 to obtain the following result.
Theorem 10.4.2. The B-splines {Ny _m, . ..,Npr} in Theorem 10.4.1 satisfy the identity

] r
= (—1)5 ¢ g(mfz) (0)Nom,j (x),

o x€lab), £=0,...,m, (10.4.4)

R —

with the polynomial sequence {g.j: j = —m,...,r} C W, defined as in (10.4.3).

We shall also require the following explicit formulation in terms of Lagrange fundamental

polynomials of the inverse of a Vandermonde matrix.

Theorem 10.4.3. For any non-negative integer n, the inverse of the Vandermonde matrix

Vy in Theorem 1.1.2 is given by

[ L00(0)  Ly1(0) Lya(0)
L,0(0) L, (0) L, ,(0)
L",(0) L’ (0) L (0)
-1 _ n,0 n, 1 n,n
v, l= 51 51 5 , (10.4.5)
L) L0 L0(0)
L n! n! n! h

with {Ly,...,Ly} C T, denoting the Lagrange fundamental polynomials, as defined in

(1.2.1).

Proof. First, observe from the interpolation formulas given in (1.1.16) of Theorem 1.1.2,
and in (1.2.5) of Theorem 1.2.2, that

n

j=0

¥ =

Z (Vnilf)J

P]

n

n

j=0

(X) = Z f(x.f)Ln,j(x)7 RS R,

(10.4.6)

where f € R"*! is defined by (1.1.8). Since P! € m,, we may now apply the Taylor ex-

pansion polynomial identity (10.1.11), with P = P! and ¢ = 0, to deduce from the second
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equation in (10.4.6) that
n
n n (J) n ¥
JF )L, (0) | 1 ' -
Y ) = ¥ | OO |y LY L0 () [, xeR,
=0 =0 it =0 L k=0
(10.4.7)
which, together with (10.4.6), yields
_ 1 &G .
V'), = i Y L0 f (), j=0.....n. (10.4.8)
" k=0
According to (1.1.8), we have
n
(Vn_lf)j: Z(Vn_l)jkf(xk)7 j:07"'7n7
k=0
which, together with (10.4.8), yields
n
_ I .
YV - j‘L,(Z,Z(O) fl) =0, j=0,....n. (10.4.9)
k=0 :
Since the function f is arbitrary, we may now, for any fixed ¢ € {0,...,n}, choose f such
that

f(xk)zsf—kv k=0,...,n,

with the Kronecker delta sequence {§; : j € Z} as in (1.2.2), to deduce from (10.4.9) that

J
vV, Dje= L’S’f.!(o)7 J=0,...,n,
which is equivalent to the desired result (10.4.5). |
In order to obtain an approximation operator .¥ : Cla,b] — oy ([a,b];T1,...,T,) satisfy-
ing the polynomial exactness condition (10.4.1), we let {T_p, ..., Tr+m+1} denote a knot

sequence as in (10.2.31), (10.2.30), for integers m > 0 and r > 1 satisfying
m<r+1, (10.4.10)

and define, for any coefficient sequence {(xjyk ck=j,...,j+m;j=—m,...,r}, the spline

approximation operator . by

r i+m
()= Y []Zaj,kf(rk)}zvm,j(x), x€la,b], feCla,b] (10.4.11)

J=—m | k=j
where the values of f at the knots are extended from {7y,...,T+1} to {T_pm,..., Trtm} bY
means of the polynomial extrapolation method

flw)=¢ _ (10.4.12)
(DL (), k=r+2,....r+m (ifm>2),
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with 2! f and 3331 f denoting, as in (5.1.2), the polynomials in m,, interpolating f at,
respectively, the point sequences { Ty, ..., T} and {Tr41-m,--., Tr+1}, that is,
PLEE Ry 5 PLEE T,
with (2L ) (%) = f(w), k=0,....m; (10.4.13)
(PLA () = f(w), k=r+l—m,. .. r+l
Note from (10.4.11) and (10.4.12), together with Theorem 5.1.1(a), that .% is a linear

approximation operator.

By interchanging the order of summation in the defining formula (10.4.11), we obtain the

formulation
r+m
(N =Y f(@)Uni(x), x€lab], feClab], (10.4.14)
k=—m
where
min{k,r}
Upi(x) := Y & kN j(x), x € [a,b], k=—m,....,r+m, (10.4.15)

Jj=max{k—m,—m}
according to which, together with (10.2.34) in Theorem 10.2.2(b), we have
{Um,k k=—m,... ,r+m} C Gm([a,b};l'[ sy Tr), (10.4.16)
with also, from (10.4.15), together with the second line of (10.2.33) in Theorem 10.2.2(a),
[Thsm1,0], k=-m,...om (if r >2m+1),
Upi(x) =0, x€ 9 [a, 5] U[Timri1,b), k=m+1,....r—m—1(if r = 2m+2);
[a, Te—m], k=r—m,...,r+m.
(10.4.17)
Observe from (10.4.14) and (10.4.17), together with (10.4.12), (10.4.13), that .# is a local
approximation operator, in the sense that, for any fixed x € [a,b], the value of (.7 f)(x)
is independent of the values {f(x) : x € [a,b] \ [Tk, T3]}, for integers x and A satisfying
A—xk<2m+1.
We proceed to show that there exists a unique sequence {0y : k= j,...,j+m;j =
—m,...,r} C R such that the operator . in (10.4.11), (10.4.12) satisfies the polynomial
exactness condition (10.4.1), from which it will then follow that . is an optimally local
quasi-interpolation operator.

To this end, we first observe that the polynomial exactness condition (10.4.1) has the equiv-

alent formulation

(Zf)x) = fu(x), x€la,b], £=0,...,m, (10.4.18)
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where
fix):=x', xela,b], £=0,....m. (10.4.19)

It follows from (10.4.11), (10.4.12), (10.4.13), together with Theorem 5.1.1(b), that

r +m
(Fhw=Y [’Z o krk] (x), x€lab], £=0,...,m. (10.4.20)

j=—m

By applying (10.4.4) in Theorem 10.4.2, we deduce from (10.4.20) and (10.4.19) that the

condition (10.4.18) is equivalent to

A & £ m—{
) {Z ot — (—1)" |g£n,j )(0)

J=—m | k=j

N j(x) =0, x € [a,b], £=0,...,m, (10.4.21)

with {gm,; : j = —m,...,r} C m, denoting the polynomial sequence defined by (10.4.3).
By using Theorem 10.2.2(d), it furthermore follows that (10.4.21) holds if and only if the

sequence {Qjx : k= j,...,j+m;j=—m,...,r} satisfies the linear system
N 0 o)
Y nax=(=1" g (0), £=0,...om,  j=—m,...r, (10.4.22)

or equivalently, in matrix-vector notation,

14 ,
By o= (—1)Zm‘gm7.,-, j=—m,...,m, (10.4.23)

where the (m+ 1) x (m+ 1) matrix sequence {B j : j = —m,...,r} is given by

Tj Tl Tikm

By = 12 rjzﬂ T12+m , J=-—m,...T, (10.4.24)
Tj T;’}H Tn}‘rm_
and with {aj: j=—m,...,r} and {g j: j = —m,...,r} denoting the (column) vector

sequences in R”*! defined by
(Xj = ((Xj‘j, - ,(Xj_j+m)T,
-1
gnj = (8511 (0). 8y (0); 1810, 8m i (0))7,
We have therefore established that the approximation operator .& in (10.4.11), (10.4.12)

j=—m,...r (10.4.25)

satisfies the polynomial exactness condition (10.4.1) if and only if the coefficient sequence

{Otjvk tk=j,...,j+m;j=—m,...,r} satisfies the linear system (10.4.23), (10.4.24),
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(10.4.25). To solve the equation (10.4.23), we fix j € {—m,...,r}, and observe that the
transpose of the matrix By, ; in (10.4.24) is given by

. 2 m
Ly 5 7
1 7 2, - T
T . J+1 +1 +1
Bl = | ; , (10.4.26)
. 2 m
L Tim T Titm

which, since also (10.2.31) is satisfied, is a Vandermonde matrix as in Theorem 1.1.2.
It follows from Theorem 1.1.2 that ng» is an invertible matrix, with, from (10.4.5) in

Theorem 10.4.3, inverse given by

[ L, (0) Lm,jJrl (0) T Lm,j+m(0)
L, j0) L, ;1 (0) - L, 54,(0)
Ly, ;(0) Ly ;.,(0) Ly, jm(0)
Bu)™ =1 5 Ty : (10.4.27)
(m)
L m! m! m! i

where {Ly, j,...,Ln,j+m} C My are the Lagrange fundamental polynomials defined, accord-
ing to (1.2.1), by
j+m _r
Lox@) =[] 5%, k=jyorjtm (10.4.28)
' kti=; e T
Since the Vandermonde matrix BZ,; j is invertible, a standard result in linear algebra guaran-

tees that the matrix B,, ; is invertible, with inverse given, according to (10.4.27), by

B, = (B = (B )™
0 e RO O
(m)
_ | Lmj+1(0) L, ;.,(0) L;:"j;!l(()) LJ,;‘I o . (10.4.29)
i + (0) LE;"L.,"(O)
| Linjtm(0) Ly, j1(0) Jzz Jm! .

and where the unique solution o ; = ¢, ; of the equation (10.4.23) is therefore given by
14
¢

Um,j = (=1)" |

B, gn. (10.4.30)
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Hence, according to (10.4.30), (10.4.29) and (10.3.25), and by recalling also (10.4.14)-
(10.4.17), we have established the following result.

Theorem 10.4.4. For integers m > 0 and r > 1 satisfying m < r+ 1, and a knot sequence
{T—ms s Trpms1 b as in (10.2.31), (10.2.30), let the spline approximation operator Yin :
Cla,b] = om([a,b];1,...,7T) be defined by

r j+m
(L2 =Y fzamﬁjka(rk)}zvm,j(x), x€[a,b], feCla,b], (10.4.31)

J=—m [ k=]
where the values of f at the knots are extended from {To,...,Tr+1} t0 {T_my- .., Trim} Dy
means of the polynomial extrapolation method (10.4.12), (10.4.13), and where the coeffi-
cient sequence { Oy, jx k= j,...,j+m;j=—m,...,r} CRis given by
1 m 040 —/ . . .

O jic =, ;)(71) LY ()Y 0), k= j,....jtm j=—m,. . .r  (10432)
with the polynomial sequences {Lyj:k=j,....j+m;j=—m,....,r} C Ty and{gm;j: j=
—m,...,r} C m, defined as in, respectively, (10.4.28) and (10.4.3), and with the B-splines
{NmJ cj=-—m,...,r} given as in (10.2.32). Then 5’in is linear, and 5”,% is an optimally
local quasi-interpolation operator satisfying the polynomial exactness condition (10.4.1).
Moreover, me; satisfies the formulation

r+m

(Z2HE) =Y FE)Uni(x), x€lab], feClab], (10.4.33)

k=—m
where the splines {Uy  : k = —m,...,r+m} are given by

min{k,r}
Up (%) := Y O, j 4N, j(x), x € [a,b], k=—m,....r+m, (10.4.34)

Jj=max{k—m,—m}

and satisfy the properties (10.4.16) and (10.4.17).

Our next step is to obtain an explicit formulation in terms of the knot sequence
{T-m,--+ Tuirs1} for the expression in the right hand side of (10.4.32), for the purpose
of which we first introduce the following notation.

For any integer sequence {/1,...,¢,}, we define, for k € N, with k < n,
per{/i,....¢,} := the set of all permutations {ji,...,jr} of {¢1,....0,};  (10.4.35)
comg{¢y,...,0,} = the set of all combinations {ji,...,jr} of {£1,...,ln}; (10.4.36)

per{ly,.... 0y} :=per,{l1,..., 0} (10.4.37)
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Note from (10.4.35) and (10.4.36) that:

number of sequences in per,{¢1,...,¢,} = k!(number of sequences in com;{¢;,....¢,}).

(10.4.38)
Also, observe from (10.4.36) that, for any coefficient sequence {ay,...,a,} C R, it holds
that

n n

[Te—a) =Y (—Dm(ar,...,an)x" %, x€R, (10.4.39)
j=1 k=0

where, for k € {0,...,n}, the function A : R" — R is the classical symmetric function
defined by

k
[Taj, ifk=1,....n;
hiar,....an) == Q (i} come{1,...n} 7=1 (10.4.40)

1, if k=0.

We shall rely on the following result.

Theorem 10.4.5. Forn € N, and any real sequences {Bi,...,Bu},{",---, W}, let the poly-
nomials P,Q € T, be defined by

P(x):=[](x=Bj): Q&) :=]]x-7). (10.4.41)
=1 =1
Then
Y (=1)PY(0)0!"(0) = Yy [T - Bo), (10.4.42)
=0 {J1s-ninteper{l,...n} k=1

with the set per{1,...,n} defined as in (10.4.37), (10.4.35).

Proof. First, observe from (10.4.41) and (10.4.39) that
P<Z)(0) = (_l)nifé!hn*f(ﬁlv"'7ﬁn)7

‘ ‘ (=0,...,n,
Q"=0(0) = (=) (n =0 (- %),
and thus
n n
Y (=D PO (0) = (~1)" X (= 1)U n = 0B By, ),
=0 (=0
(10.4.43)
with the sequence {hy: ¢ =0,...,n} defined as in (10.4.40).
Now let the multivariate polynomial F : R” — R be defined by
F(x):= Y [T —x0), X = (X1,...,%) € R". (10.4.44)
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It then follows from (10.4.44), (10.4.37) and (10.4.35) that

n n n

Fx)=Y jh—x) Y, p—x) Y (%, —x),
=1 =1 =1
N flzz#.il jﬂ#}]lv“v.infl

X =(x1,...,xp) €ER". (10.4.45)

It follows from the multivariate polynomial structure of (10.4.45), together with the mul-
tivariate extension of the Taylor expansion polynomial identity (10.1.11), as well as
(10.4.35), that
no (‘#F 4
F(X) = Z il Z a a (O)Hkaa
=0% (v per{ln) Vi OXve gl

X = (x1,...,x,) ER". (10.4.46)
By using (10.4.44),(10.4.37), (10.4.35) and (10.4.38), as well as the first line of (10.4.40),
we obtain

F(0) = )3 [
{j1serint€per{l,...n} k=1

=n! ) [T7v.=nh(n,.... %) (10.4.47)

(itseninyecomy {1,...n} k=1
Next, for £ € {0, ...,n}, and any distinct integer sequence {Vvi,...,v;} C {l,...,n}, by not-
ing also that the order in which the components of x = (x1,...,x,) appear in the definition
(10.4.44) can be permuted arbitrarily without changing F(x), we deduce from (10.4.45),
(10.4.35), (10.4.36), (10.4.38) and (10.4.40) that

'F
(0)
dxy, ... 0xy,

Z n n n n

==Y .. Y )y Wy - -- Y Y,
vi=1 V=1V Veea Ve Ve =0ve 1 # v Ve Va=1Va# Vi Va1

é n n

= (- Y Wiy -+ Y o
Ve 1=LVe 1 # Ve Ve Vp=13Va Ve, Vi |

= (_l)ém Z H?’Vk

= (=D (n—1)! Y | JE

{Vi,sVy_g}ecom,_{1,...n} k=1

= (=D n—O)hy_o(71,- .- W), (10.4.48)
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whereas, for any non-distinct integer sequence {Vy,..., vy} C {1,...,n}, with2 < £ < n, it
follows from (10.4.45) that
d'F
=0, x=(x1,...,%) €R". 10.4.49
D, ... 9y, D =0 K= ) s

By using (10.4.47), (10.4.48) and (10.4.49) in (10.4.46), and setting x = = (By,---, ),
we deduce from (10.4.35), (10.4.36), (10.4.38) and (10.4.40) that

n : 4
F(B) =Y (=1 (n=0)hyo(N,- %) Y [18v
=0 {Vi....,veteper{1,..n} k=1
n ) 4
= Z(—l)é(n—i)!h,,,g(}/],...,}/,,) o Z HﬁVk
=0 {Vi,.,verecomy{l,...n} k=1
=Y (=) =0k (s YD he(Brs - o)
(=0
n
= (=" Y (=D =0 (Vs Y (Brs - Br)- (10.4.50)
(=0
The desired result (10.4.42) is now an immediate consequence of (10.4.43), (10.4.44) and
(10.4.50). |

For j € {—-m,...,r} and k € {j,...,j+ m}, we now apply the formula (10.4.42) in Theo-

rem 10.4.5, with n = m, and
{Bisoes Bt = {7 T \ {0}

{’yla'“a,ym} = {Tj+1,...7Tj+m}’
to deduce from (10.4.32), (10.4.28) and (10.4.3) the following explicit formulation of the

coefficient sequence in Theorem 10.4.4.

(10.4.51)

Theorem 10.4.6. In Theorem 10.4.4, the coefficient sequence {Qy jx k= j,...,j+m;j=

—m,...,r} satisfies the explicit formulation

m

H (Tjrv, — Tjge)

O, j j+k = m m s
[T (tx—740)
k£(=0
k=0,....m; j=—m,....r (10.4.52)

Example 10.4.1. (a) For m = 1, we calculate by means of (10.4.52) that, for j = —1,....r,

o =0 5 onjjp1=1, (10.4.53)
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which, together with (10.4.31), yields the approximation operator

r+1
(FZHE) =Y f(5)Nj-1(x), x€[ab], feECla,b]. (10.4.54)
=0

Also, by inserting the coefficient values (10.4.53) into (10.4.34), we find that U; _; is the
zero function, whereas
Uik(x) =Nij-1(x), k=0,...,r+1, (10.4.55)

which, together with (10.4.33), and (10.4.12), (10.4.13), is consistent with (10.4.54). Ob-
serve from (10.4.54) and (10.2.50) that

(S (w) = f(w), k=0,...,r+1, (10.4.56)
that is, erI f is the piecewise linear interpolant of f with respect to the interpolation points
{70,.-+,Tr4+1}, and thus

SRf=f fem, (10.4.57)
as also guaranteed by Theorem 10.4.4.
(b) For m = 2, an application of (10.4.52) yields (see Exercise 10.42) the coefficients

1 (T2 —Tj41)?

i == )
o 2 (T — ) (Tj2 — 1)
1Ti0—7T;
J+2 J .
). j+1 = , Jj=-2,...,r1 (10.4.58)
2 Tjit+1—Tj
17 —1;
J+1 J
0 jj+2 =
Wit 2 Tjito— Tj7

from which, together with (10.4.34) in Theorem 10.4.4, we obtain, for x € [a,b], the for-

mulas
1 (70— 17-1)*
U, = — Ny R
2,-2) 2 (1 —t)(n—12) 2(2)
1 T9— 7 1 (‘L’] — T(])2
Ur _1(x) = _a(x) — Ny _1(x);
2-1(%) 21,1, 2(x) 2 (-t 1) —11) > 1(%)
151 —7_ 1 Tey1 — T
Usi(x) =, TNoga(x) 4+, M "Nasoi1(x)
2 %~ T2 2 T~ Tt (10.4.59)
1 _ 2
— (T2 = i) (x), k=0,...,r;
2 (vt — ) (T2 — )
I =171 1 T2 — 7,
U. = Ny, ;
2r41(0) = SN 1)+, 12 r(%)
17,1 —71,
Uspials) = o 11 TNy ().
T r

According to (10.4.33) in Theorem 10.4.4, as well as (10.4.12), (10.4.13), together with
(5.1.2) and the Lagrange interpolation formula (1.2.5) in Theorem 1.2.2, and the definition
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(1.2.1) of the Lagrange fundamental polynomials, we obtain, for any f € Cla,b], and x €
[a,b], the approximation operator formulation

ol B -1 [2 2 -1
(SN =3 (Y3 II f(z))

k=2 [j=0 \jz=o Wi~

r+1 r+1 Topn — Tt
)y I1 o (S8
Jj=r—1 j#Al=r—1 "] €

with the splines {U,,x : k= —2,...,r+2} defined as in (10.4.59), and for which, according
to Theorem 10.4.4, it holds that

r+1
Ua i (x +Zka Uz k(%)

+ Up,ria(x),  (10.4.60)

SLf=f fem. (10.4.61)

For the case of the integer knot sequence as in (10.2.31), where [a,b] = [0, + 1], and
satisfying (10.2.67), that is,

Tj:j, j:72a"'ar+3a (10462)
it follows from (10.4.59), together with (10.2.68) in Theorem 10.2.7, and with N, denoting
the quadratic cardinal B-spline as defined in (10.2.69), that (see Exercise 10.42), for any
xe(0,r+1],
U, 2(x) =— iNz(x +2);
UQ,,l(x) = Nz(x—l-z) — }‘Nz(x—&— 1);
Up(x) = INa(x+2—k)+No(x+1—k) = \No(x—k), k=0,...,r; (10.4.63)
Usri1 (1) = INax—r+ 1)+ Nl — r);
Uspia(x) = JNa(x— 1),

and, from (10.4.60), for any f € C[0,r + 1], and x € [0,r + 1],
(S 1)(x) = [6£(0) = 8F(1) +3F(2))Us,2(x) + [3£(0) = 3£(1) + F(2)]Un, 1 (x)

Y ARV (x— k) + £+ 1)U (3)
0

k=
+Bf(r+1)=3f(r)+ f(r— 1)Uz r12(x), (10.4.64)
where, according to the middle line of (10.4.63),

Up(x) := jNa(x+2) + Na(x+ 1) — } Na(x). (10.4.65)
Observe from (10.4.64) and (10.4.65), together with (10.4.63), that
r+1
Sl Zf YU (x +Zf WUz (x — k) + Zf YUk (x),
k=r—1

xel0,r+1], feclo,r+1], (10.4.66)
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where

Uoo(x) = 1N(x+2)+ [ Na(x+1) — I No(x);

Upi(x) = —Nz(x+2) F N (4 1)+ No(x) = ENa(x—1);

Upa(x) = yNa(x+2) = yNa(x+ 1)+ jNo(x) + Na(x— 1) — jNa(x —2);

~ (10.4.67)
Uypoi(x) ==, YNa(x—r+3)+Na(x —r+2)—}‘N2(x—r—|—1)—!—41‘N2(x—r);

Ury(x) = INo(x—r+2) + No(x—r+ 1) — Na(x — r);

Uzyi1 (%) i= INa(x = r 1) + INa (x — 1),

Jo
with the spline U, defined by (10.4.65), and by recalling also the convention Z aj:=0,
J=i
if jo < ji1, according to which the middle sum in (10.4.66), that is, the sum containing the
spline U», is non-vanishing only for r > 5.
(c) For m =3 and [a,b] = [0,r+ 1] in (10.2.31), and with the knot sequence chosen as the

integers as in (10.2.67), that is,
Ti=Jj, Jj=-3,...,r+4, (10.4.68)
the formula (10.4.52) yields (see Exercise 10.45) the coefficient values

03,j,j = 0; ,
j==3,....r (10.4.69)

05,j,j+1 = i 0342 = 3 03,43 =~
from which, together with (10.4.34) in Theorem 10.4.4, as well as (10.2.68) in Theo-

rem 10.2.7, we obtain (see Exercise 10.45)
Us,_3(x) = the zero function;
Us,2(x) =— éN3(x+ 3);

Us—1(x) = N3(x+3)— {No(x+2);

Usk(x) = —iNs(x+3—k)+3N3(x+2—k) — (N3 (x+ 1 —k), (10.4.70)

k=0,....,r+1;

Usria(x) = — éN3(x— r+1)+ §N3(x —r);

Us ri3(x) = — éN3 (x—r).
By using the formula (10.4.33) in Theorem 10.4.4, together with (10.4.12), (10.4.13), as
well as the Lagrange interpolation formula (1.2.5) in Theorem 1.2.2, the definition (1.2.1)

of the Lagrange fundamental polynomials, and the first line of (10.4.70), we deduce that
(see Exercise 10.45), for any f € C[0,r+ 1], and x € [0,r+ 1],

(L2 F)(x) = [10£(0) —20£(1) + 15£(2) — 4£(3)]U3 (x)
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r+1

+ [4£(0) = 6£(1) +4£(2) = fF3)|Us,1(x) + }_ f(K)U3(x — k)

k=0
+ [4f(r+1)=6f(r)+4f(r—1) = f(r—2)|Us r2(x)
+ [10f(r4+1) =20£(r) + 15f(r—1) —4f (r—2)|Us ,43(x), (10.4.71)
where, according to the fourth line of (10.4.70),
Us(x) i= — (N3(x+3) + 3N (x+2) — I N3 (x+ 1). (10.4.72)

Observe from (10.4.71), (10.4.72) and (10.4.70) that

r+1
(2 Zf )Us g (x +Zf Wix—k)+ Y, f(K)Usk(x),

k=r—2

€0,r+1], feCl0,r+1], (10.4.73)

Uso(x) = IN3(x+3)+ 2Ns(x+2) — LN3 (x4 1);

Usi(x) = —YN3(x+3)+ 2N3(x+2) + §N3(x+1) — I N3 (x);
Uso(x) 1= TNs(x+3)— 2N3(x+2) — INs(r+ 1)+ 4N3(x) = LNs (x— 1);
Us3(x) = —3N3(x+3)+ (N3(x+2) — [ N3(x) + 3N3(x — 1) — N3 (x — 2);
173_,_2(x) = —éN3(x— r+5)+ §N3(x—r+4) — éN3(x—r+3)

+gN3(x—r+1)—§N3(x—r); (10.4.74)

Us ,—1(x) ::—éN3(x—r+4)+gN3( —r+3)— N3(x—r+2)
—%Ng(x—r—i—l)—i— 167N3(x—r);

Us,(x) = —iN3s(x—r+3)+N3(x—r+2)+ Ns(x—r+1)
—134N3(x—r);

U1 (x) 1= — AN3(x = r+2) + 2N3(x = r+ 1) + I N3 (x — 1),
with the spline Uz defined by (10.4.72). Note that the middle sum in (10.4.73), that is, the

sum containing U3, is non-vanishing only for r > 7. |

10.5 Local spline interpolation

The non-local interpolation operator 5”,,1”, of Section 10.3 is exact on the whole spline

space o, ([a,b]; T1,...,Tu—m), but not local, whereas the local quasi-interpolation operator
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Yin of Section 10.4 is exact on the smaller space 7,,, but interpolatory (at the spline knots
{70,...,Tr+1}) only for m = 1, as follows from (10.4.56) in Example 10.4.1(a). In this
section, we shall establish an explicitly formulated local spline interpolation operator, with
exactness on 7.

To this end, for positive integers m and n such that
n>=m, (10.5.1)

we choose » = nm — 1 in (10.2.31), (10.2.32), thereby yielding, for an arbitrary bounded

interval [a,b], a knot sequence { Ty, ..., T(u11)m} Satisfying
T < <T=a<T< < Tm1<b=Tm<-< Tn+1)ms (10.5.2)

and, for positive integers p and ¢ such that

pt+g=m, (10.5.3)
we let {x_,,..., x4} be any sequence satisfying
X p<- - <xp:=a<xy < Xpo1 <b=:1x; < <Xpgq, (10.5.4)
with, moreover,
Xj=Tnj, Jj=0,...,n. (10.5.5)
We shall construct a spline sequence
Vi k=—p,....,n+q} C on([a,b]; T1,..., Tum—1) (10.5.6)
satisfying the properties
()
Vi(x) =0, x¢€[a,b]\ (—g—1:X%k+pt1);, k=—p,...,n+q; (10.5.7)
(b)
Vi)=& j, j=0,...,n; k=—p,....n+q; (10.5.8)
(©)
ntq
Y Pla)Vi(x) =P(x), x€lab], PEm,, (10.5.9)
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and in terms of which we shall then define the approximation operator

S Cla,b] = ow([a,bl; Ty .., Tam—1) (10.5.10)
by
n+q
() =Y, fE)Vilx), x€lab], feCla,b], (10.5.11)
k=—p

where, analogously to (10.4.12), (10.4.13), the function values {f(x;) : k = 0,...,n} are
extended to {f(xx) : k = —p,...,n+ ¢} according to the polynomial extrapolation method

I _ .
fl) = (gim S K= 2Pl (10.5.12)
(2L (), k=n+1,....n+q,
with @,ﬁ, f and 97’,1” f denoting, as in (5.1.2), the polynomials in 7, interpolating f at,
respectively, the point sequences {xo, ..., %y } and {x,_m,..., X, }, that is,
PLf ey ; PLfE Ty,
with

(PLE)(xe) = fOx), k=0,....m; (10.5.13)

(ZLAw) = (), k=n—m,...,n.
It is immediately evident from the definition (10.5.11), (10.5.12), together with Theo-
rem 5.1.1(a), that .¥ is linear. Also, observe from (10.5.11), (10.5.7) and (10.5.3) that
.7 is a local approximation operator, in the sense that, for any fixed x € [a,b], the value of
(- f)(x) is independent of the function values {f(x) : x € [a,b] \ [x«,x3]}, where Kk and A
are integers such that A — k < m+ 2.

Moreover, (10.5.11) and (10.5.8) imply that . is an interpolation operator, with
(Zf)xj)=f(xj), j=0,...,n, feCla,b], (10.5.14)
whereas, according to (10.5.11), (10.5.12) and (10.5.9), as well as Theorem 5.1.1(b), .7 is
exact on 7, that is,
(Zf)x)=f(x), x€la,b], fE€Em. (10.5.15)

Our first step is to establish the following general result, according to which the interpola-
tory property (10.5.8) is guaranteed if {V_,,...,V,44} satisfies (10.5.7) and (10.5.9).

Theorem 10.5.1. For positive integers m,n,p and q as in (10.5.1), (10.5.3), let
{V_p, ..., Vusq} denote a function sequence in Cla,b] such that the properties (10.5.7) and
(10.5.9) are satisfied. Then the interpolatory property (10.5.8) is satisfied by the sequence

Vepreo Virgh-
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Proof. Let j € {0,...,n} be fixed. It follows from (10.5.9) and (10.5.7) that

J+q
Y xVilx) =x%, €=0,...m, (10.5.16)
k=j—p

or equivalently, in matrix-vector notation,

[ 1 1] 1]
Vi-p(x)) .
Xj=p  Xj=p+1 T Xjig Vi) Y
PR > A el I 10.5.17
Xip Xj-pt1 7 Xjig . Y ( )
Vitg(x;))
-x’}ip XT*PJrl )‘Jjnw J -

It follows from (10.5.3) that the matrix in (10.5.17) is a square (m+ 1) x (m+ 1) matrix.
Analogously to the argument leading from (10.4.23) to (10.4.30) (see Exercise 10.46), we
now use the fact that the matrix in (10.5.17) is the transpose of an invertible Vandermonde
matrix, and apply the Taylor expansion polynomial identity (10.1.11), with ¢ = 0, to deduce
that, with {L,, s : k= j—p,..., j+¢q} denoting the Lagrange fundamental polynomials with
respect to the interpolation points {x;_p,..., X4}, as obtained from (1.2.1), we have, for

anyke{j—p7...,j+q},

k()
Mo X = L)) = 8, (10.5.18)

n
Vi(xj) = Z 5

(=0
by virtue of (1.2.3) in Theorem 1.2.1(a). It then follows from (10.5.18) and (10.5.7) that
the interpolatory condition (10.5.8) is indeed satisfied. |
Based on Theorem 10.5.1, we therefore proceed to obtain a spline sequence
{V_p, ..., Vusq} satisfying the properties (10.5.6), (10.5.7) and (10.5.9). To this end, for

a sequence

At ={Amjspx k=j—p+1,....j+qg+1; j=—1,....n—1;p=0,....m—1} CR,
(10.5.19)

we define

min{m(k+p)—1,nm—1}
Vi(x) == Y Aj N, j(x), x € [a,b], k=—p,....,n+q, (10.5.20)
Jj=max{m(k—g—1),—m}

with the B-spline sequence

{Nm.fma s 7Nm.,nm71} C Gm(rfrm (ERE} T(n+l)m) (10521)
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defined by (10.2.32) in terms of a knot sequence {Lm,...,r(nﬂ)m} as in (10.5.2) and
(10.5.5). Observe that, with the spline sequence {V_,...,V,14} given by (10.5.20), the

spline approximation operator . in (10.5.11) satisfies the formulation

m—1 n—1 Jtg+1
D= [E At 0] Mot
P=0 =1 |k=j—p+1

€la,b], feCla,bl. (10.5.22)

It follows from (10.5.20), together with the second line of (10.2.33) in Theorem 10.2.2(a),
as well as (10.5.3), that the spline sequence {V_, ..., V4 } satisfies the conditions (10.5.6)
and (10.5.7).

Next, we deduce from (10.5.11), (10.5.22), together with the identity (10.4.4) in Theo-
rem 10.4.2, with r = nm — 1, that the polynomial exactness condition (10.5.9) holds if and
only if the sequence (10.5.19) satisfies

m—1 n—1 Jj+q+1 N
14

) 0)
Z Xilmﬁp,k*(*l) ,g,(,f’m,+p(0) Numjtp(x),x € [a,b], £=0,...,m,
p=0,=—1 [k=j—p+1

which, in view of Theorem 10.2.2(d), with r = nm — 1, is equivalent to

S o0 )
Z xklmjka:(_l)ymv gm,mj#p(o)’
k=j—p+1 :
(=0,....om; j=—1,....n—1; p=0,.... m—1. (10.5.23)

Note from (10.5.3) that, for any fixed p € {0,...,m— 1} and j € {—1,...,n— 1}, the
linear system (10.5.23) consists of m + 1 equations in the m + 1 unknowns {A,,j4px : k =
j—p+1,...,j+qg+1}. Moreover, since (10.5.23) has a similar structure to the linear
system (10.4.22), we may now argue as in the steps leading from (10.4.22) to (10.4.52) (see
Exercise 10.47) to explicitly solve the linear system (10.5.23), and thereby, after recalling

also Theorem 10.5.1, completing the proof of the following result (see also Exercise 10.48).

Theorem 10.5.2. For positive integers m,n, p and g as in (10.5.1), (10.5.3), and sequences
{Toms s Ty} > X ps -+ Xug g} satisfying (10.5.2), (10.5.4), let the spline approxima-

tion operator S - Cla,b] — 6,,([a,b]; 1, ..., Tum_1) be defined by

m—1 n—1 Jj+q+1

mlnf Z Z Z lm,mj+P,kf(xk) Nm,mj+p(x)7

p=0j=-1 [k=j—p+1

€la,b), feCab, (10.5.24)
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where the function values { f(x;) : k=0,...,n} are extended to {f (x;) : k= —p,...,n+q}
by means of the polynomial extrapolation method (10.5.12), (10.5.13); where the coefficient
sequence (10.5.19) is given by

q+1

(Tmjtpve = Xjv0)
1 {vopriVgri P\ vyeper{l,...m} k#l=—p+1

A'm,ijrp,jJrk = m g+1 ;
[T Gje—xjc0)
kFl=—p+1
k=—-p+1,....9+1; j=—1,....n—1; p=0,....m—1, (10.5.25)
and, moreover, where {Ny _m, ..., Nypum—1} is the B-spline sequence, as in (10.2.32), with
respect to the knot sequence {T_p,...,Tyn—1}. Then 5’,&1,, is linear, and 5’,51,, is a local

interpolation operator, with
(S f)xj) = f(x;), j=0,....,n, f€Cla,b], (10.5.26)
and such that the polynomial exactness condition
(L P)(x) =P(x), x€[ab], PEm,, (10.5.27)

is satisfied. Also, ,%51,1 satisfies the formulation

n+q

(Fan @) = Y fa)Vma(x), x€lab], feClabl, (10.5.28)
k==p
where the splines {Vi, _p,...,Vinntq} are given by
min{m(k+p)—1,nm—1}
Vi (x) := ) A, jkNmj(x), x€[a,b], k=—p,...,n+q, (10.5.29)
Jj=max{m(k—g—1),—m}

and satisfy the properties (10.5.6) - (10.5.9), with Vi =V, 1,k = —p,...,n+q.

We proceed to show that, in certain neighbourhoods of the endpoints of the interval [a, b],
the interpolation operator .%; LT of Theorem 10.5.2 corresponds to the polynomial interpo-

lation operators &, and ﬁm in (10.5.13), as follows.

Theorem 10.5.3. The local spline interpolation operator 5”“ of Theorem 10.5.2 satisfies

the formulation
(P f) (), x € la,xp],
(S ) ) = Z F)Vink(x), x € (pixa_y) (ifn>m), ¢ f €Cla,bl,  (10.530)
]E}%'nf) (x), X € [Xu—q,D],

with 2! and ﬁ,{, denoting the polynomial interpolation operators as in (10.5.13)
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Proof. Let f € Cla,b], and suppose first
x € [a,xp) = [x0,%m—q], (10.5.31)

from (10.5.4) and (10.5.3), according to which it follows from (10.5.28) and (10.5.7) that

() (x Z F ) Vi (x (10.5.32)

k=—p
Next, observe from the first line of (10.5.12), as well as the middle line of (10.5.13), that

flw) = (20 ) (x), k=—p,...,m. (10.5.33)

By using the notation @’f = P’ as in (5.1.2), we deduce from (10.5.32) and (10.5.33),
together with (10.5.27), and P!, € 7, that

m

Z FOVar@) = Y () )V r(x) = (LaPa) () = Bp(x) = (Z,f) (%),

k=—p k=—p

which, together with (10.5.32), proves the first line of (10.5.30). The middle line of
(10.5.30) is an immediate consequence of (10.5.28) and (10.5.7), together with (10.5.3),
whereas the proof of the third line of (10.5.30) is similar to the proof of the first line of
(10.5.30). |
For the case n = m, we note from (10.5.30), (10.5.13) and (10.5.3) that V,’yjlm =2 =
@7 according to which LS’,,L,I,I, with n > m, can be interpreted as a spline extension of the
polynomial interpolation operator Z2.,.

We observe furthermore that, since .%-%, f € G,u([a,b]; T1,..., Tun—1) for each f € Cla,b],

it follows from (10.2.29) that
Sl €C"a,b),  f € Cla,b], (10.5.34)

according to which the piecewise formulation in (10.5.30) yields, for each f € Cla,b], an
interpolant .2, f with m — 1 continuous derivatives also at the breakpoints x,, and x,_, in
(a,b).

We proceed to derive, for n > 2m+-1, a convenient expression of the formulation (10.5.30)
in Theorem 10.5.3, as follows. Let {L,, 4 : k=0,...,m} and {Zm_,,,k :k=0,...,m} denote
the Lagrange fundamental polynomial sequences corresponding to, respectively, the point

sequences {xo, ..., X} and {x,,...,X,—m}, thatis, from (1.2.1),

X=X
Ln) o= 1 s k=0,m;
N SERRN (10.5.35)
Ly p—k(x) := n—t , k=0,...,m.

k£0=0 Xn—k — Xn—t
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It follows from (10.5.30) in Theorem 10.5.3, together with the Lagrange interpolation for-
mula (1.2.5) in Theorem 1.2.2, as well as (5.1.2), that

ki)f(xk)Lm,k(x), x € [a,xp),
NG =] T IV, x€ ) (> m). 7 Cla

Z f(xnfk)zm,nfk(x)a X € [Xn—g,b],
k=0
(10.5.36)

and by means of which we can now prove the following representation formula for 5”,5’"

Theorem 10.5.4. For n > 2m+ 1, the local spline interpolation operator Y“ of Theo-

rem 10.5.2 satisfies the formulation
(St Zf ) Wini(x), x€la,b], f€Cla,b], (10.5.37)

where the function sequence {W,, 1k =0,...,n} is given by
Lm,k (X) , X € [aaxp]:

Wi (x) = k=0,...,m; (10.5.38)
Vi (x) , x € (xp,b],

Wi (x) :=Vir(x), k=m+1,....,n—m—1(ifn>2m+2); (10.5.39)

Lm,n,k(x), X E [xn7q7 bL
Wi i(x) i= k=0,...,m, (10.5.40)
Vm,n—k(x): X e [avxn—q)a
with the Lagrange fundamental polynomials {Ly 1k =0,...,m}, {Zm_,n_k ck=0,...,m}
given as in (10.5.35), and where, moreover,

(Wi k=0,....,n} C ou([a,b):T1, .., Tam1)- (10.5.41)

Proof. First, note that the formulation (10.5.37)—(10.5.40) is an immediate consequence of
(10.5.36). It therefore remains to prove (10.5.41).
To this end, for any fixed k € {0,...,m}U{n—m,...,n}, we choose f € C[a,b] such that

f(xk)zakfﬁ EZO,...,I’Z,
for which (10.5.37) then yields
(S ) ) = Woi(x),  x € [a,b],
and thus, since also .72 Cla,b] — 6 ([a,b]: Ty, ..., Tum—1), we deduce that

Wi € On([a,b):T1,. .., Tam—1), k€ {0,....m}U{n—m,... ,n}, (10.5.42)
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which, together with (10.5.39) and (10.5.6), completes the proof of (10.5.41). [ |
Observe in particular from (10.5.42) and (10.2.29) that the piecewise definitions (10.5.38)
and (10.5.40) yield functions with m — 1 continuous derivatives also at the breakpoints x,
and x,_, in (a,b).

The formulation (10.5.37) in Theorem 10.5.4 enables us to show that the exactness property
(10.5.27) of Y,ﬁ’n holds with 7, replaced by a larger space, namely the range of the operator
Ll

s as given in the following result.

Theorem 10.5.5. Forn > 2m+-1, the range of the local spline interpolation operator 5’,571”
of Theorem 10.5.2 satisfies

range (%,1;1,1) =span{W,, ;: j=0,...,n}, (10.5.43)

with the sequence {W,, j: j=0,...,n} defined by (10.5.38) - (10.5.40) in Theorem 10.5.4.
Moreover, range (.7} is a subspace of the spline space G, ([a,b]: Ty, ..., Tyn—1), with

T, C range (%ﬁln) (10.5.44)

dim range (}}) =n+1, (10.5.45)

and the exactness condition
(Fnf) ) = f(x), x€la,b], fe range(F). (10.5.46)
is satisfied.

Proof. First, observe that the results (10.5.43) and (10.5.44) are immediate conse-
quences of, respectively, (10.5.37) in Theorem 10.5.4, and (10.5.27) in Theorem 10.5.2.
Also, it follows from (10.5.43) and (10.5.41) that range (5’,,%1,!) is a subspace of
O ([a,b); 71, Tum—1)-

Next, we note from (10.5.43) that the result (10.5.45) will follow if we can show that
{Wi,j:j=0,...,n} is a linearly independent set. Hence we let the coefficient sequence

{co,.--,cn} C R be such that
n
Y aWoi(x) =0, x€la,b]. (10.5.47)
k=0

Now observe from (10.5.38)—(10.5.40), together with (10.5.8), as well as (1.2.3) in Theo-
rem 1.2.1, that

VVmJ((Xg) = ak_(g7 k,K:O,...,n. (10.5.48)
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For any fixed £ € {0,...,n}, we now choose x = x; in (10.5.47), and use (10.5.48), to obtain
n n
0="Y cWui(xe) = Y e =cy,
k=0 k=0

and thus cg = - - - = ¢, =0, according to which {W,,, ; : j=0,...,n} is alinearly independent
set, and it follows that (10.5.45) holds.
Finally, to prove the exactness condition (10.5.46), let f € range (Yn%’n), that is, from
(10.5.43),
n
x) =Y oWn;(x), x€la,b], (10.5.49)
j=0

for some coefficient sequence {a, ..., &, } C R. Now substitute (10.5.49) into the formula
(10.5.37) of Theorem 10.5.4, to deduce by means of (10.5.48) that, for any x € [a,b],

( mlnf Z |:Z aj m] xk:| mk( )

k=0

= i [i 0‘1'514 Wik (x) = i G Wi (x) = f(x),
=0 | j=0

from (10.5.49), and thereby completing our proof of (10.5.46). |
The following explicit formulations follow from (10.5.38)-(10.5.40), together with
(10.5.35), and the formula (10.5.29) in Theorem 10.5.2, as well as (10.5.5), the second
line of (10.2.33) in Theorem 10.2.2(a), and (10.5.3).

Theorem 10.5.6. The splines {W,,x : k =0,...,n}, as defined in (10.5.38)-(10.5.40) of
Theorem 10.5.4, satisfy the formulations

m

X —Xy
, x € la,xp),
JA =0 xk’xf
m(k+p)—
W, = k=0,...,m; 10.5.50
m,k(x) Z )mz,j,kNm.j(x)y X e (xpaxp+k+l): m ( )
p—1)
07 X e [xp+k+17b]7
m(k+p)—1
Y AnjilNm(%), X € (g1, Xktp1)s
Wi (x) = j=mk—g—1)
0, X € [a,xk—g—1] U [Xkgpt1, 0],

k=m+1,....n—m—1(ifn>2m+2); (10.5.51)
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m

X—Xp—¢
" ’ X € [xl’l—lhb}a
ktt=0*n—k — Xn—t
(n—q)-1
Woni(x) =4 " k=0,...,m
i k( ) Z )vm,j,nkam,j(x% X € (xnqukfhxnfq)» R
j=m(n—E—g-1)
07 X e [avxn—q—k—l]a

(10.5.52)
where the sequence
{Amjk} ={Ammjrpi k=j—p+1,...,j+q+1; j=p—1,....n—qg—1;p=0,....m—1}
(10.5.53)
is defined as in (10.5.25), and where {Nm_,,Z(p,l), o sNom(n—g) 1 } is the B-spline sequence,
as formulated in (10.2.32), with respect to the knot sequence {”L‘m(p,w,...,rm(n,ﬁl)},

which is a subsequence of the knot sequence {T_,, ..., T(n+1)m} as in (10.5.2).

In view of (10.5.6) and (10.5.3), a natural choice for the integer pair {p,q} is

p=Lm+1)]; g=][3m], (10.5.54)
thereby, for each fixed k € {—p,...,n+ ¢}, placing the index k, for which (10.5.8) gives
Vie(xk) = Vi (xx) = 1, as close as possible to the middle of the index sequence {k — g —
1,....k4+p+1}in (10.5.7).

Example 10.5.1. (a) In Theorem 10.5.2, choose m = 1,n > 3, and, by following (10.5.54),
let p =1, = 0. We then calculate from (10.5.25) and (10.5.5) that, for j = —1,...,n—1,

Mjj=0 Ajje=1, (10.5.55)
which, together with (10.5.24), yields the local linear spline interpolation operator

(ylsz )(x) = Zf(xj)Nl-,j*I(x)v X e [avb]v f S C[(l,b], (10556)
=0

according to which, as expected from (10.4.56), (10.4.57) and (10.5.5), with m = 1, we
have yHL = lerI , the local linear spline quasi-interpolation operator in (10.4.54), with
r=n—1. ’

(b) In Theorem 10.5.2, choose m = 2, n > 5, and, by following (10.5.54), let p = g = 1.
By using the formula (10.5.25), as well as (10.5.5), we obtain (see Exercise 10.49) the

coefficients
Ao (1 = T2j1) (Kj2 = Xj41)
2.2j,J
2 (= x)(xje2 —xj)
U (mjn = x) (g2 = X)) + (et — %)) (K42 — T2j41)
A'2,2j‘j+1 - ’ _07 .71’1—2,
2 (j1 —x;) (xj2 —xjt1)
A 1 (g = xg) (s — )
227, j+2 — —

2 (xj42 —xj) (X2 = xj41)
(10.5.57)
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Aonint _ 1 (T2js3 —Xj41) (Xje2 — Xjt1)
2.2j+1,j 2 (xjp1—xj)(xja2 — X))
1 (x; —Xx;i)(x; — T + (1 —x)(x; X
A2pj1,j41 = (1 = x5) (2 = T2j43) + (2273 — X)) (xj42 J+1), j=0,...,n-2,
o 2 (1 = xj) (xj42 = Xj11)
M22jr1,j ! (%j41 = x7)(T2j43 — Xjg1)
2.2j+1,j+2 2 (xj+27x/)(xj+2*xj+l) 5
(10.5.58)

which can now be substituted into the formulas (10.5.50)—(10.5.52) to obtain the sequence
{Wyx:k=0,...,n}, and thereby yielding the local quadratic spline interpolation operator
5”2 ps S formulated in (10.5.37). [ |

We proceed to consider the important special case of Theorem 10.5.2 where both the se-
quences (10.5.2) and (10.5.4) are equispaced, with, by keeping in mind also the constraint
(10.5.5),

b_

Tj:aﬂ(mn“), j=—m,... (n+1)m; (10.5.59)
b_

x,:a+j( n“)7 j==p,....n+q. (10.5.60)

The following result then holds.

Theorem 10.5.7. In Theorem 10.5.2, suppose that the sequences {T—mw-:f(nﬂ)m} and
{x_p, .., Xngq} are equispaced as in (10.5.59), (10.5.60). Then

n+
SN = X s (" e -mk), xeladl. fecla] 1056

k==p
where the spline V,, is given by

mp—1

Vm(x) = Z A’m.,ij(x_j), (10562)
Jj==m(q+1)
with
: m
(71)%17]( ) g+
— p—1—] p+v
A = (m)? L m (")

[V pit Vgt NV} — A== p1
eper{1,....m}

j=—q—1,...,p—1,p=0,....m—1, (10.5.63)

and where Ny, is the cardinal B-spline of degree m, as in (10.2.69) of Theorem 10.2.7.

Moreover, Vy, satisfies the following properties:
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()

with Vin € Gno(=m{g + 1),...,m(p+1)), } (10.5.64)
Vn(x) =0, x€R\ (=m(g+1),m(p+1));

(ii)
Vin(mj)=98;, jei; (10.5.65)

(iii)
i P(mk)Vy(x —mk) = P(x), x€R, Pem,. (10.5.66)

(iv) For even m, ka_nd with p and q chosen as in (10.5.54), that is,
p=q=,m, (10.5.67)
the symmetry condition

Vin(—=x) =Vu(x), x€eR, (10.5.68)

is satisfied.

Proof. First, by applying (10.2.51) in Theorem 10.2.3, together with (10.5.59), and (3.4.2)
in Theorem 3.4.1, as well as the definition (10.2.69) in Theorem 10.2.7, we deduce that,

forany j € {—m,...,nm—1} and x € R, we have

m+1)(b—a) (mn)m+! ml m+1
No) = |- - o Y1)
mn (m+1)!(b—a)t! = k
b* m
X(x—a—(j+k)( a>)
mn N
1 il m+1 mn "
= o (Y (-
m! k;) k b—a i
mn
= Np —a)—j). 10.5.
N, (b—a(x a) ]) (10.5.69)
Also, by substituting (10.5.59) and (10.5.60) into (10.5.25), and using the fact (see Exercise
10.50(a)) that
q+1 '
_ q+1—k m: _
[T &k=0=(-1 m o\, k=—p+1,...,q+1, (10.5.70)
k#l=—p+1 (p*lJrk)

as well as the condition (10.5.3), we obtain the formulation

(=D ) ol o+t
/,{,m,mj+P,j+k = (m’)z Z H ( m 75) ;
: {V_pitrVgr P\ {vieper{l,...m} k#l=—p+1

k=-—p+1,....g+1; j=—1,...n—1;p=0,...,m—1. (10.5.71)
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Hence we may use (10.5.71) and (10.5.69) in (10.5.29), to obtain, for k € {—p,...,n+q},
and x € [a,b],

— )4tk m=l min{k+p—1,n—1} ) m
V() = 1 5 ( )

(m|)2 p=0 j=max{k—g—1,—1} p—1+k—j

q+1
% Z (P + Vv B f)
(Ve p Vgt W\ Vi jreper{1,.m}  k—jAl=—p+1 m

..........

Mo () (r—a)—mji—
m b—ax a)—mj—p

_(_1)q+l m—1  min{p—1.n—k—1} L .
SR ()

j=max{—q—1,—k—1} —1-=j

q+1
« y 11 (’” ve _z>
(Vo pito Vot WV heper{1,om} —jAl=—p+1 N T

XNy (bm” (x—a)—mk—mj—p). (10.5.72)
—d

Next, we apply (10.5.62), together with the second line of (10.2.33) in Theorem 10.2.2(a),
as well as (10.5.63), to deduce that, for any k € {—p,...,n+q} and x € [a, D],

min{mp—1,m(n—k)—1}

Vi ( S —a)- mk> — y Ao jNon ( (= a) —mk j)

Jj=max{—m(g+1),—m(k+1)}

_1\g+1 m—1  min{p—1n—k—1} . m
o N P

5 .
(m‘) p=0 j=max{—qg—1,—k—1} P 1= /

q+1 :
x Y 11 (P+V5 —£>
{V_pitsesVgrr \Vv-jYeper{l,...m} —jAl=—p+1 m

mn .
XNy <b_a(xfa)fmkfm]fp),

which, together with (10.5.72), yields

mG(x):Vm(bmn ()c—a)—mk)7 x€la,b], k=—p,....,n+q. (10.5.73)
’ —a

The desired result (10.5.61) now follows from (10.5.28) in Theorem 10.5.2, together with
(10.5.73).

It remains to prove the properties (i) - (iv) of the spline V.
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(1) The property (10.5.64) is an immediate consequence of the definition (10.5.62), together
with (10.2.70) in Theorem 10.2.7.

(ii) Forany j € {0,...,n} and k € {—p,...,n+q}, we may apply (10.5.8) with V}, =V}, 4,
as well as (10.5.60), (10.5.72) and (10.5.73), to deduce that

5/'*k = Vink(xj) = Vin(m(j —k)),

which, together with the second line of (10.5.64), yields the desired interpolation property
(10.5.65).
(iii) Let P € m,,, and, for any fixed x € R, denote by ¢ the (unique) integer for which it holds
that x € [m¢,m({+ 1)), and in terms of which we now introduce the one-to-one mapping
between the intervals [mf,m(¢ + 1)] and [a, b], as given by
b—
E=a+ a(x—m€)7 x € [ml,m(€+1)];

’g”_ 4 (10.5.74)
x :mn( )+m€,§€[a,b].

b—a
Observe that the polynomial

Pi(&) ::P(mn (i: )+mzz) (10.5.75)
satisfies Py € m,,, and, from (10.5.75) and (10.5.60),

Pi(xe) = P(m(k+10)), k=—p,....n+q. (10.5.76)

Hence we may apply (10.5.9) with V;, =V, 1, together with (10.5.74), (10.5.75), (10.5.76),
(10.5.73), and finally the second line of (10.5.64), to obtain

n+q

P(x)=P(&) = Y, Pi(s)Vinr(§)

k=—p

n+q

Y P(m(k+10)) <bnina(§—a)—mk>

k=—=p

n+q+/

= Y P(mk)V, (b (Efa)ermek)

k=—p+{

n+q+4
= Y P(mk)Vy(x—mk) = Z P(mk)Vy(x — mk),
k=—p+0 k= oo

which completes the proof of (10.5.66).

(iv) Suppose m = 2u for a positive integer i, so that (10.5.67) yields p = ¢ = 1. Hence we
may apply (10.5.62) and (10.5.63), as well as the first line of (10.2.74) in Theorem 10.2.7,
to deduce that, for any x € R,
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2u’—
Vou(—=x) = Y Mop iNou QU+ 1+x+ )
Jj==2p(u+1)

(7])u+1 u—1 ) 2u 2u—1
~lewp X “”’(u—l—j) >

Jj=—u—1 p=0 {v_pyii,Vupr P\{v—j}eper{l,..2u}

e+

[ I1 (p;‘—uw—f)}N2u(2u+1+x+2uj+p)
A=t

(_1)u+1 u-l , 2u 2pu—1

“rewr & T ) b

U=l p=0 {v_pitsVurt P\ Vi €per{l....2u}

ptl
+ v .
[ [1 (”2 ‘—e)]zvm(x—zw—(zu—l—p))
jHaFi=—p1 N =M

B (—1)“*1 u—1 ; 2u 2u—1
e T V()X

R P=0 (Vv N V2 ) per(l,.. 2}

[ ﬁ (Zu—l—p—i-wig)
JH2A =1 2

7(_1)u+1 u—1 i 2u—
“ewp X GV <u—1—;) L

Jj=—u— P=0 {v_pit,Vur1 P\ {v—;}eper{l,..2u}

u+l 9y —
[ 0 ( 2U—1—p+vo /+£>
—JFl=—p+1 21

N2u(x*2Nj*P)

Nop(x—=2pj—p)

ERRVES u—l . 2 2u—1
e & V() K
RS 1 H T7° 920 {v_ i1V V- jYeper{l,....2u}
[ ‘ﬁ‘ (p+(2u+l—vH)7£)

Nop(x—2uj—p)
—JFl=—p+1 21

ptl o pel 20—

(=1 y
- -1y Y y
[(2.‘1)!}2 J=—u—1 H—= 1 —J p=0 {v_pii, v \{v_j}eper{l,...2u}

u+
[ I1 (’HW E)]Nzu(x 2wi—p),  (10.5.77)
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by virtue of the facts that
{2—t:l=—p+1,... . u+1}={-pu+1,...,u+1},
and
{2u+1=va: vope{l,....2u}} ={1,...,2u}.

The desired result (10.5.68) is now an immediate consequence of (10.5.77), (10.5.62) and
(10.5.63). |

Example 10.5.2. In Theorem 10.5.7, let m = 2, and choose p and ¢ as in (10.5.67), that is,
p =g = 1. Calculating by means of the formula (10.5.63), we obtain (see Exercise 10.51)

the coefficients
M4 20,3, 0,2, 201,120,401 ={—4., 8. 1.1, §,— s } (10.5.78)

By substituting the coefficient values (10.5.78) into the formulation (10.5.62), we obtain

the quadratic spline

Va(x) = —gNa(x+4) + g N2 (x+3) + Na(x+2) + Na(x+ 1) + g N2 (x) — §No (x — 1),

(10.5.79)
which then satisfies, according to (10.5.64)-(10.5.68) in Theorem 10.5.7, the properties
Vo e ono(—4,...,4),
with 2 € o20( ) (10.5.80)
Va(x) =0, xeR\(—4,4);
V2(2j) =0, JjeZ; (10.5.81)
Y PQk)Va(x—2k)=P(x), xeR, Pem; (10.5.82)
k=—o0
Va(—x) =Va(x), x€eR. (10.5.83)

Also, by using (10.5.79), (10.2.80) and (10.5.83), we obtain (see Exercise 10.51) the ex-

plicit formulation

16 —7x2, x€[0,1);
(x—2)(5x—14), x€[1,2);
Vz(x):116 (x—=2)(3x—10), x€[2,3); (10.5.84)
—(x—4)%, X €[3,4);
0, X € [4,00);
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Va(x) = Va(—x), x € (—0,0). (10.5.85)

The corresponding local spline interpolation operator ./ is then given, according to the
formulation (10.5.61) in Theorem 10.5.7, by

n+1

(LX) =Y flx) V2<b_ (x—a)—zk),xe[a,b],fec[a,b}, (10.5.86)

k=—1
where the function values {f(x;) : k=0,...,n} are extended to { f(x;) :k=—1,...,n+ 1}
by means of quadratic polynomial extrapolation, as in (10.5.12), (10.5.13), with m = 2.
|

Next, by combining Theorems 10.5.4, 10.5.6 and 10.5.7, with particular reference also to
(10.5.60) and (10.5.73), and by using the fact (see Exercise 10.50(b)) that

T k—0)= (-1 ™

11 "

we obtain the following alternative formulation to (10.5.61) in Theorem 10.5.7.

k=0,...,m, (10.5.87)

Theorem 10.5.8. For n > 2m+ 1, the local spline interpolation operator .7 in Theo-

m,n

rem 10.5.7 satisfies the formulation

(It Zf ) Wini(x), x€la,b], f€Cla,b], (10.5.88)

where the spline sequence {W,, ;. 1k =0,...,n} is given by

LG 0. xeb

Wik (x) = k#4=0 k=0,...,m;
Vin (bm_na(x—a)—mk), x € (xp,b],
(10.5.89)
Wk (x) =V (bnina(xfa)fmk> , X€la,bl, k=m+1,...;n—m—1(iffn >2m+2),
(10.5.90)
| k m m n
CUC) L () ema-tm0). rebn gl
Wm,nfk(x): ’ k#6=0 k:0,...,m,
o () e =m0 ). v lary),
(10.5.91)

with V,,, denoting the spline defined by (10.5.62), (10.5.63).
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10.6 Uniform convergence and error analysis

Our first objective in this section is to establish, analogously to the Weierstrass re-
sults for algebraic polynomials and trigonometric polynomials, in, respectively, Theo-
rem 3.3.4 and Theorem 9.2.1, the result that, for a fixed spline degree m, any function
f € Cla,b] can be approximated with arbitrary accuracy in the maximum norm by a spline
in o,,([a,b];71,..., 1), for a sufficiently dense knot sequence {7,...,7.}.

To this end, for integers m and n such that m > 0, n > 2, and any bounded interval [a, b],

we let T, = {Ty—m,-- ., Tontm} denote a knot sequence satisfying
T < < T =a< Ty < < Typ1 <b=:7, < < Tupims (10.6.1)

and define the Schoenberg operator .75, : Cla,b] — 6([a,b]; Tu1s- - Tan—1) by

mn

n—1
(I3CH)x) =Y fltnj)Nmj(x), x€[a,b], f€Cla,b], (10.6.2)
j=—m
where
max{a, ;(‘L’nﬁj + Ty jemi1) s J=—m,...,—1;
tnvj = é(’rn.j+rn,j+m+l)7 ]:0771’1—]’}’1—1, (1063)

min{b, %(’L’,”' + T jemyl) ), j=n—m,....n—1,
and with {Nyy —p,...,Ny,—1} denoting the B-splines with respect to the knot sequence 7,

as obtained from the formulation (10.2.32). The following uniform convergence result then
holds.

Theorem 10.6.1. For a fixed non-negative integer m, let {t, = {Ty—m,..., Tontm}, N =
2,3,...} denote a sequence of knot sequences satisfying the condition (10.6.1), and with,

moreover,
[|Tn]]oo := max{ Ty j41 —Tnj: j=0,....n—1} =0, n—co. (10.6.4)

Then the Schoenberg operator sequence {7y, : Cla,b] = G, ([a,b]: Ty ;... , Tupo1) 10 =
2,3,...}, as defined by (10.6.2), (10.6.3), satisfies the uniform convergence result

1f = Sl e i= max [f(x) = (L0 )®)] =0, n—eo, fEClab].  (106.5)
Proof. Let f € Cla,b], and choose € > 0. To prove the uniform convergence result (10.6.5),

we shall prove the equivalent statement that there exists a positive integer N = N(¢€) such
that

If = 56 fll < € for n>N. (10.6.6)
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To this end, let x € [a,b] and n € {2,3,...} be fixed, and denote by k the (unique) integer in
the set {0, ...,n — 1} for which it holds that

X E [Tk, Tukt1)- (10.6.7)
By using (10.6.2), together with the identity (10.2.63) in Theorem 10.2.6(b), as well as
(10.6.7), (10.6.3), and the second line of (10.2.33) in Theorem 10.2.2(a), we obtain

F) = (Fnah) () = il L) = 1 (2 )INom,j () = i [f (x) = f (nj)|Nmj (x). (10.6.8)
It follows from (10.6.8])T;c;nxgether with (10.2.62) in rﬁZZ}Zm 10.2.6(a), that
F6)— (NI B 1)~ Fltas) N0 (1069)
Now observe from (10.6.7), (10.6.3), and tjh:: definition of || Tn]|eo in (10.6.4), that
v =ty j| < ;(m+ D||talle;, j=k—m,... k. (10.6.10)

Since f € Cla,b], we know that f is uniformly continuous on [a,b], according to which
there exists a positive number 6 = §(€) such that

x,y €la,b], with |x—y|<d=|[f(x)—f(y)|<e. (10.6.11)
Next, we deduce from the condition in (10.6.4) that there exists a positive number N = N(g)
for which it holds that

20
o . 10.6.12
|70 <m+1’ n>N (10.6.12)
It follows from (10.6.9), (10.6.10), (10.6.11) and (10.6.12) that, for n > N,
k n—1
)~ (ZE5NEI <e Y Nujl) =€ ¥ Nojlx) —e, (106.13)
j=k—m j=—m

after again recalling the second line of (10.2.33) in Theorem 10.2.2(a), as well as the iden-
tity (10.2.63) in Theorem 10.2.6(b), and thus

f(X) = (S f)X)| <€ x€[TugTuks1), n>N. (10.6.14)
By noting that the right hand side of the inequality (10.6.14) is independent of k, we deduce
from (10.6.14) that

max |f(x) = (Zaf) @)l <& n>N,

which completes our proof of (10.6.6). |
The following analogue of the Weierstrass results in Theorem 3.3.4 and Theorem 9.2.1 is

now an immediate consequence of Theorem 10.6.1.

Theorem 10.6.2. Let f € Cla,b], and let m denote any fixed non-negative integer.
Then, for each € > 0, there exists a knot sequence {T_p,...,Trom+1} and a spline S €
om([a,b];T1,...,7) such that

[If — S||e < €. (10.6.15)
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A function f : [a,b] — R is called a Lipschitz-continuous function on [a, b] if, analogously
to (9.6.35), there exists a constant Ky such that

The constant Ky in (10.6.16) is called a Lipschitz constant for f on [a,b], and the class of
all Lipschitz-continuous functions on [a,b] will be denoted by CP[a,b]. Analogously to

(9.6.36) in Theorem 9.6.3, it can be proved that the inclusions
C'[a,b] € CY?a,b] C Cla,b (10.6.17)
hold.

The following error bounds can now be proved.

Theorem 10.6.3. For any integers m > 0 and n > 2, the Schoenberg operator y,ffn of

Theorem 10.6.1 satisfies the following error bounds:

(a)
If = S flleo < S (m+ 1) 70l Ky, f € CHPla,b], (10.6.18)

with Ky denoting a Lipschitz constant of f on [a,b];
(b)

1f = Fmafllee < 5 (mAD|Tal o] [£' ], f € Ca,b]. (10.6.19)

Proof. (a) Let f € CYP[a,b], with Lipschitz constant K on [a,b]. For any fixed x € [a,b],
and with the integer k chosen, as in the proof of Theorem 10.6.1, to satisty (10.6.7), it
follows similarly that (10.6.9) holds, so that, since also (10.6.3) shows that {r,;: j =
—m,...,n— 1} C [a,b], we may apply (10.6.16) to the right hand side of (10.6.9) to ob-
tain

k
1f () = (LS H @ <Kp Y et j[ N j(x). (10.6.20)

j=km

By using (10.6.7), (10.6.3), and the definition of || 7, |- in (10.6.4), we deduce that
=ty | < Ym+D)||T0l|w, j=k—m,... k. (10.6.21)
It follows from (10.6.20), (10.6.21), together with the steps leading to (10.6.13), that
() = (Lna D] < 5 (m+ 1)][7a] K- (10.6.22)

Since the right hand side of (10.6.22) is independent of k, the inequality (10.6.18) immedi-

ately follows.
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(b) If feC! [a,b], an application of the mean value theorem as in (9.6.37) shows that
f € CH?[a,b], with Lipschitz constant Ky = || f'|| on [a,b], according to which (10.6.19)
follows from (10.6.18). |
Observe from (10.6.18) and (10.6.19) in Theorem 10.6.3 that the corresponding conver-
gence rates are governed by the rate at which ||7,||. converges to zero in (10.6.4).

We proceed to investigate the issues of uniform convergence, and corresponding con-
vergence rate, with respect to the local spline interpolation operator 5’,,1;1” of Section
10.5. For integers m > 1 and n > 2m+ 1, and any bounded interval [a,b], we let T, =
{Tn,—m, .-+ Tuntm} be a knot sequence as in (10.6.1), and denote by X, = {X,.0,...,Xnn}

an interpolation point sequence such that

a=:x,0 < <Xpy:=Db, (10.6.23)
and with, as in (10.5.5),

Xnj = Tamj, J=0,...,n. (10.6.24)

According to the representation formula (10.5.37) in Theorem 10.5.4, we then have

(FH ) (x fo,,,, W, (x), x€lab], feClab, (10.6.25)
Jj=

where the splines {W,,; : j = 0,...,n} are given by (10.5.50)—(10.5.52), as well as
(10.5.25), with {x; : j =0,...,n} replaced by {x,;:j=0,...,n}. For the sequence
Xn = {Xn0,0,- -, Xnn} as in (10.6.23), (10.6.24), we now define the maximum ratio
R, = max{ o = Swjtl j—kl = 1}, (10.6.26)
‘xn,k _xn,kfl‘
according to which R, > 1, with R, = 1 if and only if the points {x,,_’o7 ..., Xy} are equis-
paced.

We shall rely on the following uniform bound.

Theorem 10.6.4. For positive integers m and n, with n > 2m+-1, the splines {W,, j : j =
.,n}, as given by (10.5.50) - (10.5.52), rogether with (10.5.25), satisfy the uniform
bound

[|[ Wi, jl|oo := max \W,w [ZR’ . j=0,....n, (10.6.27)

with R, denoting the maximum ratio as defined in (10.6.26).
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Proof. First, we shall show that the coefficients in (10.5.25) satisfy the uniform bound

m
|)Lm,j,k| < |:ZR;
i=1

To this end, we first observe from (10.6.1), (10.6.23) and (10.6.24) that, for any j €
{0,....n—1}, p €{0,....m—1}, v € {1,...,m}, and with the positive integers p and
g chosen to satisfy (10.5.3), it holds that

m

, k=0,...,n; j=0,...,nm—1. (10.6.28)

X, jre — Xn, j+2]s L=—p+1,...,0;

X, jre = Tomjrp+v] < § max{|xn jp1— X j|, [0 ja1 —xnjs2|}, £=1;

Pn 0 = Xnjl, 0=2,....q+1.
(10.6.29)
In order to bound the right hand side of (10.6.29) in terms of the maximum ratio R,, we

shall use the fact that, for any integers u,v € {0,...,n}, we have

(10.6.30)

[u—v|-1 X — Xnp—1l, if p>v;
‘xn,[.l —Xn,v <

Y R
i=0

which follows immediately from the definition (10.6.26) if |1 — v| = 1, whereas, if |u —
V| > 2, the definition (10.6.26) yields, for u > v,

P — Xnp], if u<v,

|xn,[J —Xnyv| = Xnu —Xny = (xn,p. - xn,v+2) + (xn,v+2 - xn,v+1) + (xn,v+l _xn,v)
< (xn,/J - xn,V+2) + (1 +Rn) (xn,v+2 _xn,v+1)
g .

S (I +Ru+ + RV N (o — X)),

and, for 4 < v,

|xn,u —Xnv| =Xnv —Xnu = (xn,v —va,]) + (xn.,vfl _xn,v72) + (xn.,v72 - xn,y)
g (1 +Rn)(xn,v71 - xn,V72) + (xn,\/72 _xn,u)

S(L+Ry+ 4+ R THF N w1 — Xnp),
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and thereby proving (10.6.30) for |u — v| > 2. By applying the bounds (10.6.30), with
W = j+ £, to the right hand side of (10.6.29), we deduce the bounds

[—e+1
Y, Ry e — X et l=—p+1,...,0;
| i=0
Xnjrt — Tumjaprv| < & MaxX{ i =Xl [ jr1n — X jial}, €= 15
(-1
ZRZ X jre = Xnjro—1l, 0=2,....q+1.
_i:
(10.631)

Next, we observe from (10.6.23) that, forany k € {—p+1,...,q+ 1}, we have

|xn,j+(*xn’j+g+1|, if k>‘€;
(10.6.32)

X, jre = X k| = _
|x,1,j+g *Xn’j+[,1|, if k</.

Moreover, the definition (10.6.26) gives

1
P 0 = Xn, 1| = R X, j0 = Xn jro—1]s
n (10.6.33)

1
X jre = Xnjro—1] = R X, jte — Xn, jr041]-
n

Now observe from (10.5.25) that

1

|}fm.mj+p,k| < m!
Vit Var b eper{

By applying the bounds (10.6.31), (10.6.32) and (10.6.33) in (10.6.34), and using the fact
that, in (10.6.34), the number of terms in the product equals p +¢ = m, from (10.5.3),

T ot — Tamjrpvil (10.6.34)

m) kA="p+1 |xn.j+€*xn,j+k‘

whereas the number of terms in the sum equals m!, we deduce that

m
' k=0,...,n. (10.6.35)

max{p+1,q+1}
j=0,...,nm—1;

‘Am,j,k| < |: Z R;z

i=1

I

Since, moreover, p and g are positive integers satisfying (10.5.3), we have
max{p+1,g+ 1} <m, (10.6.36)

which, together with (10.6.35), yields the desired bound (10.6.28).

Our next step is to show that

m

m
. = 2, < [ZRi
~ n

kA(=0 Xk — Xn¢| i—1
m _ , m
=g _ [ZRQ

i=1

k=0,...,m.  (10.6.37)

m

X € [Xnn—g, D),

I

kA0=0 |xn,n7k - xn,n7£|



360 Mathematics of Approximation

Letk € {0,...,m} and £ € {0,...,m} \ {k} be fixed. To prove the first line of (10.6.37), we

fix x € [a, Xy p] = [Xn,0,%n,p), and observe that then
[x — x5 0] < max{|x, ¢ — X0 |[Xne — Xnpl}- (10.6.38)

By applying the bounds (10.6.30), we obtain

(—1
|xn’é _xn’0| < |: R;1:| |xn,l —Xn—1]5 (10639)
i=0
l—p—1 i
Z Rit |xn,£*xn7({71‘7 if ¢ > p;
S =] < 41,5 (10.6.40)
Z R, |xﬂf _xn,l-o-l‘, if £<p.
i=0

Moreover, analogously to (10.6.32) and (10.6.33),

[0 = X p1], i k>
e = x| 2 (10.6.41)
e = Xne—1l, if k<

Xt — Xno1] = Rl X6 — X1

" (10.6.42)
Xt — Xno—1] = R, X6 — X 041]-

By noting also that the number of terms in the product in the first line of (10.6.37) equals

m, an application of the bounds (10.6.38)—(10.6.42) yields the first line of (10.6.37). The

proof of the second line of (10.6.37) it similar.

Finally, we deduce from the formulas (10.5.50)-(10.5.52), together with the bounds

(10.6.28) and (10.6.37), as well as (10.2.62) in Theorem 10.2.6(a), and the identity

(10.2.63) in Theorem 10.2.6(b), that the uniform bound (10.6.27) is satisfied. |

By using Theorem 10.6.4, we can now prove, analogously to Theorem 10.6.1, the following

uniform convergence result for .74 .

Theorem 10.6.5. For a fixed positive integer m, let {Ty = {Tn,—my- -, T (nr1)m} : 1 = 2m+
1,2m+2,...} denote a sequence of knot sequences satisfying (10.6.1), and suppose {x, =
{X0,05- s Xnn} : n=2m+1,2m+2,...} is a sequence of interpolation point sequences
satisfying (10.6.23) and (10.6.24), as well as the conditions

[1Xn oo := max{x, j41—2x,;:j=0,....,n—1} =0, n— oo, (10.6.43)
and

Ry<R, n=2m+1.2m+2,..., (10.6.44)
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for some constant R > 1, where {R, :n=2m+ 1,2m+2,...} is the maximum ratio se-
quence as defined in (10.6.26). Then the local spline interpolation operator sequence
{FH  Cla,b] = ow([a,bl:Tut,- s Tam—1) 0 =2m+1, 2m+2,...} as defined by
(10.5.24), (10.5.25) in Theorem 10.5.2, satisfies the uniform convergence result

If = FE flle =0, n—oo, feCla,b]. (10.6.45)

Proof. Let f € Cla,b], and choose € > 0. To prove (10.6.45), we shall prove the equivalent

statement that there exists a positive integer N = N(€) such that

I|f =-S5 fll. <&, for n>N. (10.6.46)

m,n

To this end, let x € [a,b] and n € {2m+1,2m+2,...} be fixed, and denote by k the (unique)
integer in the set {0,...,n — 1} for which it holds that

X E X jer Xnjet1)- (10.6.47)

Let the spline sequence {W,, ; : j = 0,...,n} be defined as in (10.5.50)—(10.5.52). By
choosing the polynomial f in the polynomial exactness condition (10.5.27) to be identically
equal to one, we deduce from the representation formula (10.5.37) in Theorem 10.5.4,
together with (10.6.47), and the bottom lines of (10.5.50)—(10.5.52), that

n Vi
Y W)=Y Woj(x) =1, (10.6.48)
Jj=0 J= M

where

W := max{k— p,0};

(10.6.49)
Vi = min{k+q+ 1,n}.
Note from (10.6.49) and (10.5.3) that
O<vi—m <pt+g+2=m+2. (10.6.50)

By using (10.5.37) and (10.6.48), as well as the uniform bound (10.6.27) in Theo-
rem 10.6.4, and the condition (10.6.44), we deduce that

70~ (FE W] = | X [F6) — ) Won s )
J=Hy
<Y 10— S )| Wins ()
J=

< [iR’} Zk: |£(x) = £ ()] (10.6.51)
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Next, we use (10.6.47), (10.6.23) and (10.6.49), together with the definition in (10.6.43),
as well as (10.6.36), to obtain, for j = ..., Vg,

[x — 2| < max{x, g1 — Xn,u, Xnv, — Xnk)

<max{p+1,q+ 1}[Xu||e < m||Xp]]eo- (10.6.52)
Since f € Cla,b], we know that f is uniformly continuous on [a,b], according to which
there exists a positive number § = J(€) such that
. €
xy€lab], with |x—y| <& = [f(x)-f(y)| <

(m+2)

- (10.6.53)

m

LR
i=1
Now deduce from the condition in (10.6.43) that there exists a positive integer N = N(g)

for which it holds that

§
|[Xnllw < —, n>N. (10.6.54)
m
It then follows from (10.6.51), (10.6.52), (10.6.53), (10.6.54), and (10.6.50), that
|f () = (ZEf)x)| <&, n>N. (10.6.55)

Since the right hand side of the inequality (10.6.55) is independent of k, we deduce that
max |f() = (Z ) <€ n>N,

which is equivalent to the desired inequality (10.6.46). |

Observe that, subject to the constraints (10.6.1), (10.6.23) and (10.6.24), the condition in

(10.6.43) on the sequence {x, : n =2m+ 1,2m+2,...} is equivalent to the condition in

(10.6.4) on the sequence {7, : n=2,3,...}. Also, note from (10.6.24) that the conditions

(10.6.43) and (10.6.44) are satisfied for any choice of the knot subsequence {7, ;: j =

L...onm—13\{tmj:j=1,...,n—1}.

Example 10.6.1. In the special case of an equispaced interpolation point sequence {x, ; :
j=0,...,n} satisfying (10.6.23), that is,

x,l,,:aﬂ(b;“) j=0,...n, (10.6.56)
it follows from the definition in (10.6.43) that
||Xn||°°:b;a, n=2m+1, 2m+2,... (10.6.57)
whereas the definition (10.6.26) yields
R,=1, n=2m+1,2m+2,.... (10.6.58)

It follows from (10.6.57) and (10.6.58) that the conditions in (10.6.43) and (10.6.44) are
satisfied, with R = 1, according to which Theorem 10.6.5 implies the uniform convergence
result (10.6.45) for any choice of the knot subsequence {7, ;: j=1,...,nm— 1} \{Tym; :
j=1,...,m—1}. [ |
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By using an analogous argument to the one in the proof of Theorem 10.6.3, and in particular
by referring also to (10.6.51) and (10.6.52) in the proof of Theorem 10.6.5, we obtain the

following error bounds.

Theorem 10.6.6. For any integers m > 1 and n > 2m+ 1, the local spline interpolation

operator %ﬁ’n of Theorem 10.6.5 satisfies the following error bounds:

(a)

If = Zh flleo < m [ZR’} |[Xnl[Kf, f € CHP[a,b], (10.6.59)

with Ky denoting a Lipschitz constant of f on [a,D];
(b)

||f—5ﬂn%fnf||w<m[ZR’] (%] oo [ £ |eoy £ € CMa,b]. (10.6.60)
i=1

Observe from (10.6.59) and (10.6.60) in Theorem 10.6.6 that, for f € clir [a,b], or f €
C! [a,b], the convergence rate in (10.6.45) of Theorem 10.6.5 is governed by the rate at

converges to zero in (10.6.43).
We proceed to show how the polynomial exactness property (10.5.27) of y,ﬁln can be used

m+1 ig obtained for

to prove that, in (10.6.45), a convergence rate proportional to (||X;||e)

fec™ ! a,b).

For any positive integer m, let f € C"F! [a,b], so that we may apply Taylor’s theorem, as

givenin (9.3.11), with ¢ = a, as well as the truncated power definition in (10.1.13), to obtain
m

flx) = Ejf,( (x—a)/ + /) O (de,  x € [a,b). (10.6.61)

j=0 J!

Let n € {2m+1,2m+2,...} be fixed, and use the linearity of .7/}

m,n>

together with the
polynomial exactness property (10.5.27), as well as the representation formula (10.5.37),

to deduce from (10.6.61) that, for any x € [a,b],

m - r(j) a ) n
Enw=3" ]< Daapi b 3| [ o= 002 0| W00

=0 I " j=0

= Z )C Cl]+ / |:Zn: xn] +‘/Vm,j( ):| f(m+l>()dt
Jj=0 Jj=0
(10.6.62)

It follows from (10.6.61) and (10.6.62) that

f@) = (SN /Kmnxt)f“"“)(t)dt, x € [a,b], (10.6.63)



364 Mathematics of Approximation

where
1 111 - m
Kpp(x,1) := o an,‘,»—mwmﬁj(x) , x€la,b], t€lab]. (10.6.64)

The expression (10.6.63) for the error function f — Y,ﬁ’n is a special case of the Peano
theorem, with corresponding Peano kernel K, ,. It follows immediately from (10.6.63)

that
b
1F(x) = (S )(X)IéHf(’"“)IIm/ |Kmn(x,2)|dt,  x € [a,b]. (10.6.65)

Let x € [a,b] be fixed, and, after recalling also (10.6.23), denote by k the (unique) integer
for which it holds that

X € [xn’k,xn,kﬂ). (10.6.66)

Now observe from the representation formula (10.5.37) of .7 |

together with (10.6.66)
and the bottom lines of (10.5.50)—(10.5.52), that the polynomial exactness property
(10.5.27) of .75 implies

Vi n
Z (Xn,j —1)" W, j(x) = Z Xn,j — mj(X) = (x—0)", t€la,b], (10.6.67)
J=Hy j=0
with, as in (10.6.49),
W := max{k—p,0};
(10.6.68)
Vi = min{k+q+ 1,n},
and where also
n Vi
Z(xn,j — 1) Wy j(x) = Z (%nj — 1) Wi j(x), t € [a,b]. (10.6.69)
=0 =

By using (10.6.64), (10.6.69), (10.6.23), (10.6.66), (10.1.13), (10.6.67), (10.6.27) in Theo-
rem 10.6.4, the definition in (10.6.43), and finally (10.6.68), we obtain
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b n—l Xn, 041 Vi
mVWm@mm:Z/ (=t — Y (s — 1) W ()| d
a =0 =

k-1 Xn 041
:Z/ ij Y "Wy (x)| dt
=0 %ns =t 1
Vi
=)= Y o —1) W ()| dt
Yk j=k+1
Xn,k+1 v/‘ m n—l X, 041 m
+/ Y Gonj— )" W j(x)|de+ ) (X j — )" Wy (x)| dt
Jj=k+1 l=k+17%n, Jj= é’-‘rl
k=1 x| L k
22/ Y (nj — )" Wy j (x)| i + Y Ctnj — )" Wy j ()| dt
C=py ol j=pk Tk | =iy
Tnkrt | Yk Vi X1 | Yk
+/ Y (i — 1) Wi ()|t + Z(/ Y (s — 1) Wy ()| d
x k1 (=k+17%n0 | j=l+1

m
m ; Xn,0+1
< |YLR: / (t —xpj)"dt + Z —Xn,j)"
i=1 z Ly j=Hy .t J=t x"k
Vi X k-1 Vk Vk Xn, 041
+ Z / (Xn,j — 1)"dt + Z Z / (Xn,j —1)"dt
Jj=k+17% (=k+1j=0+1"*nt
m k lk 1 g
= ZR; / (t —xn,j)"dt + Z/ (t—2xp )"
i=1 j= [.Lk/ J J=Hy
Vk X ket 1 m i X 041 %
+ ) / (xn,j—1t)"dt + / (Xn,j — 1)"dt
Jj=k+17% Jj= k+1/ k+17Xnt
m x X m+1 o —x A1
— ZR; Z tfxn, )"dt + Z mi)" = Conk =)
m+1
i=1 =My g J=Hy

N i (Xn,j _x)m+l — (xn,j _xl’hk"r] )m+1 + i /X”’j (.x j — t)mdt
p ma+1 & X, "
j=k+1 e

A

m M k-1 k
Z Y G —x )™+ Y (ot — 20 )"™ !

m+ 1 J=Hk J=Hk
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Vi Vi
+ Z (xn,j_xn,k)m+1+ Z (xn,j_xn,k+l)'11+1:|

Jj=k+1 J=k+2
| m m k-1
Sm+1 YR (xalle)™ | Y (k- J)'”“+Z (k+1—j)ym+!
m i=1 J=Hk J=Hk
Vi Vi
+ Z (j*k)m+1+ Z (j*k*l)erl
Jj=k+1 Jj=k+2
m. m — ) Vi—k
< R (HXHH m+1 m+1+ ]m+1
i £ RS
m
2 < 1 1 +1
< ZR’ (1% |o)™* ZJ"” +Z;’” (10.6.70)
m—+1 = o

Since the right hand side of (10.6.70) is independent of k, we may now combine (10.6.65)

and (10.6.70) to deduce the following convergence rate result.

Theorem 10.6.7. For any integers m > 1 and n > 2m—+ 1, the local spline interpolation

operator Y,ﬁln of Theorem 10.6.5 satisfies the error bound

ZR’

i=

p+1
Hf—%ﬁfnflloc\ [Z J”‘“+ZJ’”“} (I1al o)™ L4 o,

fec™a,b. (10.6.71)

As before, we observe that the error bound (10.6.71) is independent of the knot subsequence

{t,jj=1,...,nm—13\{tmj:j=1,....n—1}.
Example 10.6.2. For the case of equispaced interpolation points {x, j: j=0,...,n} as in
(10.6.56) in Example 10.6.1, we deduce from (10.6.71), (10.6.57) and (10.6.58) that

p+l b—a m+1
Z]m+1+2 m+1:| ( ) ||f(m+l)Hw7

I‘ﬂ

||f_ynl11nf||'>° X

fec™a,b]. (10.6.72)

In particular, for the quadratic spline case m = 2, and with, as in Example 10.5.1(b), the

integers p and ¢ chosen as in (10.5.54), that is, p = g = 1, it follows from (10.6.72) that

b—a\>
Hf—YzL,ZfHoo<24( . ) "oy f € CPla,b]. (10.6.73)
[ |
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10.7 Spline quadrature and the Gregory rule

According to (8.6.9) in Section 8.6, the composite Newton-Cotes quadrature rule Q{Yﬁ
is obtained by approximating the integrand with a continuous, but non-smooth, piece-
wise polynomial interpolant. In this section, we investigate the interpolatory quadra-
ture rule obtained from approximating the integrand f by the local spline interpolant
SHfe C"'[a,b] of Theorem 10.5.8 for even m, as based on equispaced knots and in-
terpolation points, and where the integers p and ¢ are given as in (10.5.54). For positive

integers 4 € N and n > 4u + 1, we therefore let

m=2U, (10.7.1)
and, from (10.5.54) and (10.7.1), choose
p=q=u. (10.7.2)
Also, for any bounded interval [a, b], we define, as in (10.5.59), (10.5.60), the equi-spaced
sequences
(b—a .
Tn,j ::a+1(2/.m)7 j=0,....2un; (10.7.3)
Xaj ::a—}—j(b;a), j=0,....n. (10.7.4)
According to (10.5.88)—(10.5.91) in Theorem 10.5.8, the local spline interpolation operator
5’2’;{7,1 :Cla,b] = 624 ([a,D]: T 1, ., Tw2un—1) then satisfies, for n > 4+ 1, the formulation

™=

(St ) ) = Y f(x,j)Wau j(x), x € [a,b], f € Cla,b], (10.7.5)
j=0

where the splines {W,, ;: j =0,...,n} are given by

6 (7) JL(o 03 e

W, j(x) = 2uin J#=0 j=0,...,2u;
VZIJ' (b_a(x_a)_zu.])’ xe(xﬂ,u7b}7
(10.7.6)
2un .
W2u7j(x):V2y (bﬁa(X*a)le,l]>, xe[a,b],
=2, on—2u—1(Gfn=4u+2);  (107.7)

(71)J 2” ) & X—a)—(n— X X,
Wapn—j(x) = (2n)! ( J )ﬁgo<b_“( - Z))7 =l

2un .
Vau (bﬁa(xfa) 72,11(1171)), X € [a,Xnn—p),

j=0,...,2u, (10.7.8)
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where, as in (10.5.62), (10.5.63), the spline V5, is given by

2u2—1
Vopx) = Y Ao iNop(x— ), (10.7.9)
j==2p(u+1)
with
i 2
(—1)mt! j<y—1—j) 1 p+ve
Mopopjrp = > < *f) )
[(2u)1] Vot Nv_j) —t=pt1 N 2K
eper{l,....2u}
j=—u—1,...u—1;p=0,...2u—1, (10.7.10)

and where Ny, denotes the cardinal B-spline of degree 2u, as defined in (10.2.69) of
Theorem 10.2.7, with m = 2.

The spline interpolatory quadrature rule 2%/

2, for the numerical approximation of the in-

tegral
b
/ fx)dx, feCla,b], (10.7.11)
a
is now defined, forn > 4u + 1, by

A= [ AL f e Clab (10.7.12)

with the local spline interpolation operator ﬂm 2 Cla,b] = ooy ([a,b]; T 1, -, To2un—1)
given as in (10.7.5)—(10.7.10).
Observe from (10.7.12) and (10.7.5) that, for any f € Cla,b],

A= [20 f(xn,j)qu.,j(x)} te= 3 | [ Wantorin st
and thus
QZun fl= i‘bwz%jf(xn’j), f €Cla,b], (10.7.13)
=
where the weights {ws, j: j=0,...,n} are given by
Wop,j 1= /b Wy, j(x)dx, j=0,...,n, (10.7.14)
with the splines {W>, j: j=0,...,n} defined as in (10.7.6)-(10.7.10).

We proceed to show that the quadrature rule 24/ 1 18 in fact a trapezoidal rule with endpoint

corrections, as made precise below.
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Theorem 10.7.1. For any positive integers L and n, with n > 41 + 1, the spline interpo-
latory quadrature rule @@2“ o as defined by (10.7.12), is a trapezoidal rule with endpoint

corrections, in the sense that

b—a 2t
95 111 = 2IF(f] + “wa [FCon)) + F(tun ), FEClab],  (10.7.15)

with QIR denoting the trapezoidal rule, as given in (8.6.22), (8.6.21), and where

: 0)d qulV d ! =0
(2‘u / H(I_ ) t+/ 2#([) [_27 J=Y,
You,j = 2
( ]) (2”) /u H / U1+
t—0)dt+ Voult =2uj)de—1,j=1,...,2u,
(10.7.16)

with Vo denoting the spline defined by (10.7.9), (10.7.10). Moreover, QZL{”, satisfies the

polynomial exactness condition
21“, [P] = / P(x)dx, P € my. (10.7.17)

Proof. Suppose f € Cla,b], and, forn > 4u +2, let the integer j € {2u+1,...,n—2u—1}
be fixed. It follows from (10.7.14) and (10.7.7), as well as the second line of (10.5.64) in
Theorem 10.5.7, together with (10.7.1) and (10.7.2), that

b 2un .
W2u,j:/a Vau <b"ia(x—a)—2u]>dx
b

—a [T .

/0 Vou (2ut — 24 j)dt

_b-a
- n

n—pL
/ Vou (2ut — 2 j)dt
u

b—ag"H L k1 )
= Y Vou(2ut —2uj)dt
n = 7k

b— n—u—1

1
a
= ) /sz(2m+2u(k—j))dt
nooy=h Jo

] n—p—

u—1
Y Vou(Qu(t—j)+2uk)d
k=p

b—a

b a (!
/ Vou Qu(r — j) + 2uk)dt
noJo,
b a/l

_b—a ! b
Vau(2ut— ) —2pabdr =" [Lar ="
n n JO n

b
b

k=
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that is,
b—a .
Waj= J=20+1,.n=2u—1, (10.7.18)
after having used also the fact, as obtained from (10.5.66), together with (10.7.1), that
Y Vaulx—2uk)=1, xeR. (10.7.19)
k=—o0

Next, for any n > 41 + 1, we prove the symmetry result
Woun—jla+b—x) =Wy j(x), x€la,b], j=0,..,2u. (10.7.20)

To prove (10.7.20), let j € {0,...,2u} be fixed, and suppose first x € [a,x, ], so that, from
(10.7.4), a+b —x € [x, p—y,b], and thus, from the first line of (10.7.8),

s orsen= 1 C2) 2000

(=0
= o (3) (6 e+

S

1)/ 21
L) ()
by virtue of the first line of (10.7.6), and thereby establishing (10.7.20) for x € [a,x, .
Next, for x € (x,,b], so that (10.7.4) yields a+b —x € [a,X, 4—u), We may apply the
second line of (10.7.8), together with the symmetry property (10.5.68) of V, in (iv) of

Theorem 10.5.7, to deduce that

Wan-statb-0) = Vo (2" (6-) =200 1))

2un . 2un .
=V (bﬁa(a—X)—i-ZlJJ) =Vau <bﬁa(x—a)—2l~u> = Wayu, j(x),

from the second line of (10.7.6), according to which (10.7.20) also holds for x € (x, y,b],
and thereby completing our proof of (10.7.20). By using (10.7.14) and (10.7.20), we deduce
that, for any j € {0,...,2u},

b b b
Waun—j = /a Wayn—j(x)dx = /a Wapn—jla+b—x)dx= /a Wy j(x)dx = way j,
that is,

Wan—j = Wajs = 0,..., 24 (10.7.21)
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Now use (10.7.14) and (10.7.6), together with (10.7.4), as well as the second line of
(10.5.64) in Theorem 10.5.7, with (10.7.1) and (10.7.2), to obtain, for j € {0,...,2u},

W = ((;/3: <2]u) /tl-.xn,ujﬁ()(bﬁa(x_a)_e)dx
+./:#v2,1 (bzlir;(x—a)—Zuj)dx

:”;“ [((;ui (2”)/0“ ﬁ (t—¢ dt+/ Vot —2uj)d ]

J#t=0
which, together with (10.7.13), (10.7.18) and (10.7.21), as well as the formulation in
(8.6.22), (8.6.21) of the trapezoidal rule o@,{R, then yields the desired result (10.7.15),
(10.7.16). Finally, observe that the polynomial exactness condition (10.7.17) is an immedi-
ate consequence of the definition (10.7.12), together with (10.5.27) in Theorem 10.5.2, for
m=2. |
In general, for integers m > 0 and n > m, and a given coefficient sequence {}p,..., %} C R

which is independent of n, the quadrature rule
95T 11] = 2R+ Z NG )+ fOnn-p)),  fEClabl,  (107.22)

with the points {x, j: j =0,...,n} as in (10.7.4), and where 21F denotes the trapezoidal
rule in (8.6.22), (8.6.21), is called a trapezoidal rule with endpoint corrections of order m,
and for which we proceed to prove, by means of the Euler-Maclaurin formula, the following

existence and uniqueness result if m is an even positive integer.

Theorem 10.7.2. For integers 1L > 0 and n > 2U, there exists precisely one sequence
{%, ..., You}, which is independent of n, such that QZCEW the corresponding trapezoidal
rule with endpoint corrections of order 2l as defined by (10.7.22), satisfies the polyno-

mial exactness condition
250 P = / P(x)dx, P€my. (10.7.23)

Proof. First, we apply the Euler-Maclaurin formula (9.3.12) in Theorem 9.3.3, with m = u,

to obtain the polynomial integral identity

/abp(x)dngfk[ﬂ:zl (sx! [P(zj—l)(b)fp&j—l)(a)} (b;a)%"

Pemy, (10.7.24)
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with {B; : j = 1,2,...} denoting the Bernoulli numbers with even indexes, as defined
recursively in (9.3.13). It follows from (10.7.24), together with the definition (10.7.22),
that {y,...,7%u} C Ris a sequence such that the polynomial exactness condition (10.7.23)
is satisfied if and only if {y,..., 7} satisfies the condition

u

BZk (2k—1) (2k-1) b—a\*!
Zn Ca)+ Plann- ) == X o5, [P0 - PN w) ,

n
Pemy. (10.7.25)

Next, we apply the Taylor expansion polynomial identity (10.1.11), together with (10.7.4),
to obtain, for any fixed j € {0,...,2u},

p@ﬁﬂ==§ilx2y”{j(b;a)}k

k=0

:iPZk a ( >2k+i (Zk 1( ) 2k l(b_a)Zkl (10726)
- 2k — n ' o

k=1
and, similarly,

HMW»ZP< ( >>
2RO C)

W PRI (b % u P2k1 P b—a) 2!
"8 () L () oo

It follows from (10 7.25),(10.7.26) and (10.7.27) that, for any sequence {%,...,%u} € R,

ZY] xn1)+Px11n 1)}

u Wk b\ 2
= ¥ [P@+P0)] {Z (ék)!%}( " )

=0

- 2 2k g\ %
,Z {P(Zk—l)(b)ip(zk—l)(a)} LX%) (2116_1)!}/]] (bn ) 7

k=1
according to which the condition (10.7.25) has the equivalent formulation
2k

£ e [F ] () -

k=0 k=1

2u k-1 2k—1
] BZk b—a
- —0, Pemy. (10.7.28
XLXB(Zk—l)!% (2k)!]( n ) » Pemyu )
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We claim that {}p,...,754} C R is a sequence that is independent of n, and such that the
condition (10.7.28) is satisfied, if and only if {,...,%,} is a solution of the (2u + 1) x
(21 + 1) linear system

B
w M k=1,3,...2u—1;

Y fri=q k1 (10.7.29)
=0 0, k=0,2,....20.

To prove this statement, we observe first that if the sequence {,...,%u} C R satisfies
(10.7.29), then (10.7.28) holds. Suppose next that {}p,..., .} is a sequence independent
of n, and such that the condition (10.7.28) is satisfied. Let P, € m,, be defined by

Py(x) = (x—a)*, (10.7.30)
for which we have

(2k)!(22‘1:) (b—a) % k=0, u—1;

202p), k=u,

(26) (26)

=P (@) + P (b) = (10.7.31)

and

Bus =P 0) - B V@) = k-t (L2 - B k=
(10.7.32)
Observe from (10.7.31) and (10.7.32) that the sequences {0ty x : k=0,...,u} and {B,  :

k=1,...,u} are independent of n, with also

aﬂ,k#ov k:O77;u',

(10.7.33)
[3”7,(750, k=1,...,u.
Let
21 2k
Apg = ay,k;)(Zk)’}’j, k=0,...,U;
J= :
2u jzk_l By (10.7.34)
B,k::B,k Yi— ) k:17"'nu7
" H ];] 2k—1)1"7 " (2k)!

according to which, since the sequences {0y x: k=0,...,u}, {Bux:k=1,...,u} and
{%,...,7u} are independent of n, it follows that the sequences {A, ; :k=0,...,u} and
{Bux:k=1,...,u} are independent of n.

By choosing P = P, € m, in (10.7.28), we deduce from (10.7.31), (10.7.32) and (10.7.34)
that

u b—a 2k u b—a 2k—1
I;)Au,k( i ) —kZBu,k< ; > =0, n=2u2u+1,...,
= =1
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and thus

ZH[ZA ( )2k f (”‘“)2“}—0, n=2u2u+ 1,

or equivalently,
ZAuk _aZk 2u—2k ZB 2k12p Ul 0 p=2u, 20+ 1,

and thus, since the zero polynomial is the only polynomial with infinitely many distinct

zeros, it holds that
Aypb—a)** =0,  k=0,....u;
Bux(b—a)*1=0, k=1,...,u.
By recalling also (10.7.34) and (10.7.33), we deduce from (10.7.35) that the sequence

{%,...,7u} satisfies the conditions

(10.7.35)

20
Y Avo=0, k=0...m
L

21 B
Dk— 2k
YAy =0 k=1

which is equivalent to (10.7.29), and thereby completing our proof of the equivalence of
(10.7.28) and (10.7.29).
Now observe that the (2u + 1) x (2p+ 1) coefficient matrix A of the linear system (10.7.29)

is given by
1 1 1 1 T
A=lo 12 22 ... (@u? |- (10.7.36)
10 128 21 . (2#)2;1

Note from (10.7.36) and (1.1.7) that the transpose AT of A is a Vandermonde matrix. We
may therefore apply Theorem 1.1.2 to deduce that AT is an invertible matrix. Hence A =
(AT)T is an invertible matrix, and it follows that there exists a unique solution {}p, ..., %u }
of the linear system (10.7.29), which completes our proof. |
The (unique) trapezoidal rule a@zcur , with endpoint corrections of order 24, and satisfying
the polynomial exactness condition (10.7.23), as established in Theorem 10.7.2, is called
the Gregory rule of (even) order 2, and will be denoted here by the symbol o@z wn BY
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observing from (10.7.16) in Theorem 10.7.1 that the sequence {y»y;: j =0,...,2u} is
independent of n, we immediately deduce the following result from Theorems 10.7.1 and
10.7.2, together with the definition (10.7.12).

Theorem 10.7.3. For positive integers [ and n = 4L+ 1, the Gregory rule QzG;fn of order

2, as established in Theorem 10.7.2, is an interpolatory quadrature rule, with

98 111= [ AP = B If), r e Clab) (10.7.37)

where QL denotes the spline interpolatory quadrature rule defined in (10.7.12), that is,

2u,n
QzG:fn is the trapezoidal rule with endpoint corrections of order 214, as given by
TR b—a
24N = 20+ L il o)+ fnay)), € Clatl, - (107.38)
with the sequence {7y j: j =0,...,21} defined by (10.7.16), and where the points {x,_; :

Jj=0,...,n} are given by(1074)

According to (10.7.37) in Theorem 10.7.3, we have shown that, forn > 4u + 1, the Gregory
rule ng;fn is an interpolatory quadrature rule, as obtained, for any integrand f € Cla, b], by

f of Theorem 10.5.7. Indeed, the coefficients
{Pu,j:j=0,...,2u} in (10.7.37) may, for any given positive integers  andn > 4p1+ 1, be

integrating the local spline interpolant /5 |

computed by means of the formulations in (10.7.16). We proceed to show how the formula
(8.4.38) in Theorem 8.4.1 can be used to establish a more efficient computational method
for ,@2# .» for n > 2. In particular, we shall express the sequence {y>,,;: j =0,...,2u}
explicitly in terms of the Laplace coefficients {A2,As,...,Ayu11}, as defined in (8.4.37).
We shall rely on the following integral polynomial identity.

Theorem 10.7.4. For any positive integers W andn > 2, it holds that
/ P(x)dx = 2Tk [P + Z Vo jIP(xnj) + P(Xnn—j)], PEmy,  (10.7.39)
where

2u
=Y A, j=0;

e
I)J_]Z<.>Ak+17 j:17~--72.u7
k=j \J

with QTR denoting the trapezoidal rule as in (8.6.22), (8.6.21), where {As, A3, ... Aoy}
are the Laplace coefficients defined in (8.4.37), and with the points {x,;: j=0,...,n}

Youj = (10.7.40)

given as in (10.7.4).
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Proof. Let P € myy. Since n > 21, we have Ty, C 7, and thus, from the identity (1.2.7) in

Theorem 1.2.3, we have

agB

P(x) =) P(xn;)Ln;(x), (10.7.41)

0

~.
Il

with {L,;: j=0,...,n} denoting the Lagrange fundamental polynomials, as given in
(1.2.1). Hence we may apply the formula (8.4.38) in Theorem 8.4.1, together with (8.4.7),
to deduce from (10.7.41) that

‘/ahP(X)dx = gP(x,,,,-) ['/;L,,,j(x)dx}

k

]){P x) + Plonn )}

n
= |:Z xn j Z At Z J (
n =0
(10.7.42)
Supposen >2u+1,letk € {2u+1,...,n} be fixed, and define the polynomial
P(x) :==P(x)+P(a+b—x), (10.7.43)

so that, since P € 7, we have Pe Tou. By applying (3.4.2) in Theorem 3.4.1, and using
(10.7.4), we obtain the divided difference

Plng, - X = (_]j)k (bfa)k i(—l)f'(’;)ﬁ(xn,j),

and thus, by using also (10.7.43) and (10.7.4), we deduce that

Z( 1) (){P Xn,j) + P(xnn—j)} = (— l)/‘k!(b;a)kﬁ[xnﬁo,...,xn_,k]—0, (10.7.44)
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from (2.1.10) in Theorem 2.1.2, together with k > 2u + 1, and the fact that Pe Ty Hence
we may use (10.7.44) in (10.7.42) to obtain, for any integer n > 2,

b ald
[P =""" Y Pl - zAkH z (1) ()10 Pl »}}
a j=0

n 21 o 2m k
Y Pling) - ¥ (-1) {z (5)ac } {Pls)) +P<xn,nj>}} .

j=0 Jj=0 k=j
(10.7.45)

Since (8.4.54) gives A| = ;, it then follows from (10.7.45), together with (8.6.22), (8.6.21),
that (10.7.39), (10.7.40) does indeed hold. |
It follows from (10.7.39) in Theorem 10.7.4 that, for any positive integers t and n > 2,
the quadrature rule 22“,,1 defined by

~ b—an
Do nlf] = 27F [+ aZm, FGon )+ fGun )], fEClab],  (10.7.46)

with the sequence {9y, ;:j = 07...,2;,1} defined by (10.7.40), satisfies the polynomial
exactness condition

. b

Doy nlP] = / P(x)dx, P€my. (10.7.47)

By observing also from (10.7.40) that the coefficient sequence {5y ;: j=0,...,2u} is in-
dependent of n, we may deduce from the uniqueness statement in Theorem 10.7.2, together
with Theorem 10.7.3, that

Doyn =258, (10.7.48)
and thus, from (10.7.46), (10.7.40) and (10.7.38), we have now established the following

explicit formulation.

Theorem 10.7.5. For any positive integers W and n > 2, the Gregory rule szfn

established in Theorem 10.7.2, satisfies the formulation
TR b a 21
258,11 = 2, Z Yo ilf )+ F Gnn- ), f€Cla,b],  (10.7.49)
where

2u
- Y A, Jj=0;

g
_1)1712<.>Ak+17 j:17"'72:u7
k=j \J

with {Ay,A3,..., Aoy 11} denoting the Laplace coefficients given in (8.4.37).

Yo = (10.7.50)
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By using the formula (10.7.50), together with the Laplace coefficient values in (8.4.54), we
calculate (see Exercise 10.68), for p = 1,2, 3, the coefficient values for {y», : j=0,...,2u}
as given in Table 10.7.1.

Table 10.7.1  The coefficients {y5 j: j =0,...,2u} in the formulation
(10.7.49) of the Gregory rule ngn, foru=1,2,3.

u {vou}
11 1
1 {_87 67_24}
49 77 7 73 3
2 {_2887240’_30’720’_160}
3 {_ 3383 6961 _ 66109 33 _ 31523 1247 _ 275
172807 151207 1209607 707 120960 151207 24192

For the choice it = 1 in Theorem 10.7.5, the corresponding Gregory rule Qg{f of order 2 is

known as the Lacroix rule 254, that is,

n
QN =25 n=23,... (10.7.51)
With the notation (8.6.21), that is,
fuji=fGng), J=0,...,n, (10.7.52)

it follows from (10.7.51), (10.7.49), (10.7.50), Table 10.7.1 and (8.6.22) that

b—al3 7 23 23
LA _
2.0f1= I I R R R R R B N T

7 3
+6fn,nfl + ann:| 5
feClab), n=617.... (10.7.53)

2

Example 10.7.1. For the numerical approximation of the integral / f(x)dx, it follows
0

from (10.7.53), together with (10.7.52) and (10.7.4), that

2R = § IO+ A+ G+ FD) T+ Q)+ AW+ ) +f(3)
+G)+ 5G4 6/(6) +3/(2)],
which yields, for the case f(x) = ¢*, the quadrature error

/Ozf(x)dx— 21| =~ 1.089 x 1074,
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Observe from Theorem 10.7.5 that, apart from the condition n > 2, the Gregory rule
QGR does not require the integer n to satisfy any further constraints, as is the case for the
composite Newton-Cotes quadrature rule Q ., in Theorem 8.6.1, where it is required that
n satisfies the divisibility condition (8.6.3). |

We proceed to analyze the Gregory rule quadrature error

SR [f / F)dx— 2SR 1], feCla,b). (10.7.54)
To this end, we first observe from (10.7.54), together with (10.7.37) in Theorem 10.7.3,
that, for any f € Cla,b], we have

gl =| [ - [ AL

[ 10 - Al

< (b—a) max |f(x) = (S5 )X,

a<x<b
that is,

|Exialf1l < (b=a)llf = Ll f €Cla,bl. (10.7.55)
By using also the fact that, according to (10.7.4), the results (10.6.57) and (10.6.58) are

satisfied, the following convergence result and quadrature error estimates are immediate
consequences of (10.6.45) in Theorem 10.6.5, as well as (10.6.59) and (10.6.60) in Theo-
rem 10.6.6, and (10.6.71) in Theorem 10.6.7, with, from (10.7.1) and (10.7.2), m = 2u and
p = q = U, together with (10.7.55) and (10.7.54).

Theorem 10.7.6. The Gregory rule e@gf" of Theorem 10.7.5 satisfies:

(a) The convergence result

/ ’ f(w)dx— 9GR| f]‘ n— o, feClab. (10.7.56)

(b) The quadrature error estimates

()
b 2u b—a
[ rar— 258,10 < b —apuew (7 )&,
fecC la,b], n=4u+1,4u+2,..., (10.7.57)
with Ky denoting a Lipschitz constant on [a,b] of f;
(ii)

[ s0as- 258,171 < 6 - azuiewrs (* Il

feCab], n=4u+1,4u+2,...; (10.7.58)
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(i)
42u)* & ouyt| (b—a 2 (2u+1)
_ I m
[ oo e@m[ﬂ\\(b Doy | B ( ) ) LD
FEeCH  ab], n=4u+1,4u+2,.... (10.7.59)

Example 10.7.2. For the Lacroix rule 9, , as defined in (10.7.51), it follows from
(10.7.59) in Theorem 10.7.6 that

./abf(x)dx—e@,L,A[f}'éM(b—a) (b a) 1" ||oos

feC3ab), n=56,.... (10.7.60)

Finally, we show how the result of Theorem 8.5.6 can be used to establish, in Theo-
rem 10.7.7 below, and analogously to (8.6.30) in the composite Newton-Cotes case, an
expression in terms of the Laplace coefficients {A1,As,...,Asu41} for the quadrature er-

ror &£CR

2 for integrands f € C2“+2[a, b], and which will then immediately yield the degree

of exactness of lef ,» as well as an optimal quadrature error estimate for éﬁRﬂ

Theorem 10.7.7. For positive integers L and n > 24, let f € C***2[a,b], and denote by
SR the Gregory rule of order 2, as given by (10.7.49), (10.7.50) in Theorem 10.7.5.

2u,n
Then the corresponding quadrature error &SR [f], as given by (10.7.54), satisfies

2u,n

SOR (7] = _ b—a 2”+3[( - DA A (2u+2)
2unlf] = i n—2U—1)Aopi2+2MNp 3] f (&),

fec®*2ab],  (10.7.61)

for some point & € [a,b], and where the Laplace coefficients Ayy o and Ay 3 are defined
as in (8.4.37).

Proof. Let f € C**2[a,b]. Suppose first n > 2u + 1, and let j € {0,...,n—2u — 1}
and x € [x, j, X, j+1] be fixed. By applying the Newton interpolation formula (1.3.17) in
Theorem 1.3.3, together with (2.1.3) and the error expression (2.1.5) in Theorem 2.1.1, as
well as the definitions (1.3.11), (2.1.6) and (10.7.4), we obtain

2u+1 k—1
) = FGan)+ Y flongsosxn ] [ JOe—xn i)
k=1 =0

2u+1

XXX 2] H (x =Xy jye).  (10.7.62)
(=0
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Now use the definitions (8.4.34) and (8.4.37), as well as the recursion formula (1.3.21) in

Theorem 1.3.4, and the value A = ! from (8.4.54), to obtain

A, j+1 2utl k-1
/ fxn)+ Z f[xnﬁj,...,x,,,jJrk]H(x—xn,Hg) dx
Xn,j k=1 =0
b—al 2u+1

b—a\k ikl
= i _f(xn’j)—Fkzlf[xn,j,..qxn_,j+k]< " > /()H(l‘—é)dt:|

b [ 2u+1 h—a\k
= n“ EMEDY (—1)kk!f[x,,7j,,..,xnﬁk}( n“) Ay
L k=1
b—al 2u+1 bh—a\k!
=0 )+ Ulangen) b= L DA ()
L k=2
XA fXngjt 1y 5 X jk] _f[xn,j»-wvxn,j+k—l]}:|
_b—a|l N ' K DERIA b—a\*
= s e+ R0t (7))

X(f Xty sXnjrks 1] = fnjs- - :xn,j+k}):| . (10.7.63)

2u+1

Next, since the polynomial H (x — Xn,j4+¢) does not change sign in the interval

=0

(Xn,js%n,j+1), we may apply Theorem 1.4.4, together with the mean value theorem for in-

tegrals, as formulated in (8.5.16), as well as (2.1.10) in Theorem 2.1.2, and the definitions
(8.4.34), (8.4.37) and (10.7.4), to deduce the existence of points 1; € (xp,;,Xn j+1) and

éj € [xn.j7xn,j+2p+]] such that

X, j+1 2u+l
/ f[x7xn7j,...7x,,,j+2“+1] H (X7x,,’j+g)dx
Xn,j (=0
X 1 2HEL
:f[njaxn,ja-”7xn,j+2p+1]/ (X—x,wurg)dx
/ Xn,j (=0
_ SRR (b-a\ M / | zﬁl (1t —0)dr
- (2p+2)! n 0 =0

bh— 2u+3
:—( ) Aapsaf D (E)).

n

(10.7.64)



382 Mathematics of Approximation

It follows from (10.7.62), (10.7.63) and (10.7.64), together with the formula (3.4.2) in
Theorem 3.4.1, as well as an application of the intermediate value theorem as in the steps
leading to (8.6.29), that, for some point 5 € [a,b],

n—2p—1

/){n,n—Zp f(x)dx _ ’Z* /Xn,j+1 f(x)dx

a ]70 P xn‘j

b— 1 n—2p—1 b k
- { Z {f () +f(xn]+1}+2( 1) k'/\k+1( na)

2u+2 n—2u—1 }

b—
X {f[xn,n72/,tv cee 7xn,n72u+k} _f[xn,Ov e 7xn,k]} - ( n a) A2u+2 Z f (2u+2) (é})

n—2u—1 k
= b l: f(an + Z fxn] + f(xnn 2u +ZAk+1{Z( 1)Z(’2>
(=0
b—a 2u+2 -
x(f(xn,nw)f(xn.m} (") (n2u)/\zu+zf(2“”)(§)]
b— n—2u—1
= l: f(an =+ Z fxnj + fxnn 2u (ZAk+1>
k
X{f(xn,n72u) (an }+ ZA/H»I {/Z xn,n72u+é) _f(xn,[))}
=1

n

2u+2 B
- (”’“) ' (n—2u)/\zu+zf(2“”’(é)}

b—a n—2u—1
= n |: (an + Z fxnj)"" fxnn Zu (ZAkJrl)

j=1
2u 24 /)
X {f(xn,nfmt) 7f(xn70)} + Z(fl)l (Z (6) Ak+1) {f(xn‘n72u+f) f(xn,()}:|
(=1 k=(

b—a 2u+3 -
—( ) (n—21) Aoy 2 f PHHD(&). (10.7.65)

n
Let QQIHC denote the Newton-Cotes quadrature rule, as defined in (8.4.2), with respect to the
interval [x, y—ou,Xnn] = [Xnu—2u.b], and the points {x,,—24,...,Xn,} as in (10.7.4). But
then (8.4.6) yields

24
le;f[f} = Z W2u,jf(xn71172[1+j)7 (10766)
j=0
with the Newton-Cotes weights {wy, j: j=0,...,2u} given explicity by (8.4.38) in The-

orem 8.4.1. Hence we may use (8.4.38) in (10.7.66), as well as the definition of the trape-
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zoidal rule ,@TR in (8.6.22), (8.6.21), to deduce that, with the definition

k
oo i=1—( ZAk+l{(> (2u J)} j=0,...,2u, (10.7.67)

we have
b—a
21 =251+ Y Bl Cnnzus )+ onn )], (10.7.68)
Jj=0
where
1 .
02U7j_2’ 16{072“}’
Youj = (10.7.69)
oy;—1, j=1,....2u—1.
By noting from (10.7.69) and (10.7.67) that the sequence {}f*“ = ..,2u} is inde-

pendent of n, and noting from the first line of (8.5.60) in Theorem 8.5.5(b), together with
Tou C Ty, that

DNCP] = / " Pdx, Pemy
we may now deduce from (10.7.68) an?ll ;hzeuumqueness statement in Theorem 10.7.2 that
211 = 258,111, (10.7.70)
with chf,z y denoting the Gregory rule of order 2u with respect to the interval
[Xnn—2uXn,n] = [Xn,n—2u,b]. It follows from (10.7.70) and the formulation (10.7.49) in The-
orem 10.7.5, with n = 2, that

D) =23 Z Vo [ Conn2pt )+ f Gn )]s (10.7.71)

with the sequence {1 j: j = 2,u} given as in (10.7.50).
By applying (10.7.71), together with (8.5.3) and the quadrature error expression in the
first line of (8.5.47) in Theorem 8.5.4, as well as the definition (8.6.22), (8.6.21) of the

trapezoidal rule 21K 41 » we deduce that, for some point E* € [xpn—2u,b),

[ rwa

nn—24

e b—a e 2u+2 *
=2y [f}—( " ) (2A2”+3_A2”+2)f( u+)(§ )

n—1

|:;f(xnn 2#)"‘ Z f(xn1)+ fxnn (ZAk+l>

j=n—2u+1

_b-a

k=j

2u ) 2u k
X {f (Xnn—2p) + f (Xnn) } + Zl(—l)r1 (Z <]> Ak+1) {f (enn—2u+j) +f(xn,n—j)}:|
=

b—a 2u+3
—< " > (2A2ps3 — Aopy2) fPHHD(ED). (10.7.72)
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By adding (10.7.65) and (10.7.72), recalling the definition (8.6.22), (8.6.21) of the trape-
zoidal rule Q,{ R and using the formulation (10.7.49), (10.7.50), we obtain (see Exercise
10.69)

b b—a 21
/ f@dx = 2,51+ K—ZAM>{f(xn,o>+f(xn,n>}
“ k=1

Py (% () /\k+1> o) +f<xnﬁn,~>}} (7"

J=1 k=j

x [ 1= 20 A2 f HE) + (g3 — Aus2) fOHHD ()]

b—a\*"
=280 (P7) (=2 D+ 2l ),

(10.7.73)

for some point & € [a,b], after having noted from (8.5.59) in Theorem 8.5.5(a) that
2A0p+3 — Aoy > 0 and Agyqr > 0, so that n > 2p + 1 implies (n — 2p1)Agyio > 0,
and applying the intermediate value theorem as in the steps leading to (8.6.29), with
g= O m=1,{&, &} = {£,&°}, and o = (n— 24) Agy2: 0 = 2Aoy 43 — Aoy,
The desired quadrature error expression (10.7.61) now follows immediately from (10.7.73)
and (10.7.54).
Finally note that, if n = 2, the result (10.7.61) is an immediate consequence of (10.7.70),
together with the error expression in the first line of (8.5.47) in Theorem 8.5.4.

|
The error expression (10.7.61) in Theorem 10.7.7 can now be used to find the degree of
exactness of the Gregory rule o@g‘fn as follows.

First, note from (10.7.61) that, for any n > 2u + 1,

ERIP1=0, Pe€myu, (10.7.74)
whereas
2u+2 GR b—a\*"
P(x) =x AN éaZu,n[P] =— ( " ) QQu+2)!(n-2u— 1)/\2“4_2-0—2/\2“4_3} #0,
(10.7.75)

by virtue of the second line (8.5.59) in Theorem 8.5.5(a).
It follows from (10.7.74) and (10.7.75), together with (10.7.70) and the first line of (8.5.60)
in Theorem 8.5.5(b), for the case n = 2, that the following result holds.

GR

Theorem 10.7.8. For positive integers L and n = 21U, the Gregory rule QZWZ’

(10.7.49), (10.7.50), has degree of exactness 211 + 1.

as given by
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We proceed to show how the error expression (10.7.61) in Theorem 10.7.7 can be used to

obtain a quadrature error bound of the form
b—a 2u+2 uin
[ st0as- 258,10 < - (* )15

f e 2a,b), (10.7.76)

with K3, denoting a constant that is independent of 7.

We shall rely on the following result for Laplace coefficients.

Theorem 10.7.9. The Laplace coefficient sequence {A1, Ay, ...}, as defined in (8.4.37), is
strictly decreasing, with, more precisely,

J .
Aj+1<j+1Aj<Aj, j=12,.... (10.7.77)
Proof. Let j € N be fixed. By using the definitions (8.4.37) and (8.4.34), and, since the
j—1

polynomial H(k — 1) does not change sign on the interval [0,1], by applying the mean
k=0

value theorem for integrals, as formulated in (8.5.16), we deduce the existence of a point

& €(0,1) such that

1 1]Jj=1
At = —UH)!/O {ch—r)} (-t

1jﬁ(k—z)dz}
k=0

j + 1
_ ,] 1 I 1 P ;
_ / War| =2 5A < T A <n

j + 1 Jj+1 Jj+1
since A; > 0, by virtue of (8.4.54) and the second line of (8.5.59) in Theorem 8.5.5(a), and
thereby completing our proof of (10.7.77). |
Observe from (10.7.77) in Theorem 10.7.9, together with

Aj>0, j=12,..., (10.7.78)

as follows from (8.4.54) and the second line of (8.5.59) in Theorem 8.5.5(a), that, for any
positive integer i, we have

2u+ 1) Aoy —2A0p43 > 2(Aopso — Aops3) > 0. (10.7.79)
It follows from the error expression (10.7.61) in Theorem 10.7.7, as well as (10.7.79) and
(10.7.78), that, for any f € C?**2[a,b], we have

QU+ 1)Asura —2Aops3] (b—a\ "
S50 < (0= ) [ A~ e 2 17

b—a 2u+2
< (b—a)A2p+2< ) > Vasaau(
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which, together with the definition (10.7.54), yields the following quadrature error bound
of the form (10.7.76).

Theorem 10.7.10. For positive integers | and n = 2, the Gregory rule 92/4 » as given
by (10.7.49), (10.7.50), satisfies the error bound
b—ua 2u+2 uin
[ - 2] < o-ama (1) I
feC* 3 a,b]. (10.7.80)

For the Lacroix rule 24, as defined for n > 2 by (10.7.51), and given for n > 6 by
(10.7.53), we see from Theorem 10.7.8 that Q,’;A has degree of exactness = 3, whereas it
follows from (10.7.80) in Theorem 10.7.10, together with the value Ay = 720 from (8.4.54),
that

19

sb=a)

b b—a 4
/f(X)dxfﬁﬁA[f} ( ; ) 1fD||w, feCab].  (10.7.81)

Comparing the optimal error bound (10.7.81) for the Lacroix rule Q,L,A with the analogous
error bound (8.6.34) for the Simpson rule 25/, we see that the error constant (= 121;0) for
25! is smaller than its counterpart (= 720) for 254, Note however that 254 is defined for
each n > 2, whereas QSI is defined only for n = 2,4,6,.

10.8 Exercises

Exercise 10.1 Verify the smoothness property (10.1.14) of the truncated power function

ks

Exercise 10.2 For the knot sequence {71, 7,, 73} = {0, 1,2}, and with the polynomials
Py(x):=0; P(x)=x% Py(x):=—-x>+4x—2; Py(x):=2

in the representation (10.1.3) of the piecewise polynomial S, prove that S satisfies the con-

tinuity condition S € C!(R), to deduce that S is a spline in 65(0, 1,2).

Exercise 10.3 For the spline S of Exercise 10.2, find the coefficients {co,ci,c2} and

{dy,d1,d»}, the existence and uniqueness of which are guaranteed by the second statement
in Theorem 10.1.1, for which it holds that

2 2
=Y i+ Zd_j(x—j)i, x€R.

[Hint: Apply the method used to establish the result (10.1.20) in the proof of Theorem
10.1.1.]
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Exercise 10.4 As another continuation of Exercise 10.2, by differentiating the polynomials
{Py,...,P;} in Exercise 10.2, prove that S’ € (0, 1,2), thereby verifying Theorem 10.1.2
form=2,r=3,{1,%,13} = {0,1,2} and with S given as in Exercise 10.2.
Exercise 10.5 According to the case j = 0 of Theorem 10.2.2(a), it holds that
0, X € (—o0,7p);
Nio(x) =< Pug(x), x€ [T, Ty1), k=0,...,m;
0, X € [Tut1,%),
where
Py €T, k=0,...,m.
By applying the B-spline formulation (10.2.32), calculate the polynomials {P, : k =
0,...,m} for each of the following cases:
@m=1; {1n,7,n}={0,1,3};
bym=2; {w,70,%,713}=1{0,1,3,4};
c©m=2; {1,7,0,1}={0,1,2,4};
@dm=3; {w,7,%,1,1u}=1{0,1,2,45};
em=3; {1n,7,n,15,1}=1{01,2,3,5}
Exercise 10.6 Verify the formulas (10.2.48) and (10.2.49).
Exercise 10.7 Form =1, =0,{1, 7,2} = {0,2,3}, and any fixed x € R, calculate the
right hand side of (10.2.51) by means of the recursive formulation (1.3.21) in Theorem
1.3.4 for divided differences, and verify that the right hand side of the B-spline formula-
tion (10.2.32) is thus obtained for these choices of m, j and {19, 71, 72}, as guaranteed by
(10.2.51) in Theorem 10.2.3.
Exercise 10.8 For the quadratic B-spline N, of Exercise 10.5(b), apply the recursive
method based on Theorem 10.2.5 to compute the values N o(1),N2(2) and N2 o(3).
Exercise 10.9 For the cubic B-spline N3 of Exercise 10.5(d), and as an extension of Ex-
ample 10.2.2, apply the recursive method based on Theorem 10.2.5 to compute the values
N30(1),N30(2) and N3 o(4).
Exercise 10.10 Verify the explicit cardinal B-spline formulations (10.2.79), (10.2.80) and
(10.2.81) in Example 10.2.3.
Exercise 10.11 Extend Example 10.2.3 by calculating the explicit piecewise polynomial
formulation of the cardinal B-spline Nj.
Exercise 10.12 By using the definition (10.1.13), prove that, for a bounded interval [, B] C

R, and any non-negative integer k, it holds that

[P B et
Ja " k+1
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[Hint: Consider separately the three cases 0 < a < ; a <0< B; a < B <0.]
Exercise 10.13 Prove that the cardinal B-spline N,,, as given by (10.2.69) in Theorem
10.2.7, satisfies the recursive formulation

_J 1, xelo,),
Nolx) _{0, xR\ [0,1);

Np(x) = /)le,l(x—t)dtz /.X Np—1(t)dt, m=1,2,...,
and for any x € R. " o
[Hint: Apply Exercise 10.12.]
Exercise 10.14 Use Exercise 10.13 to prove that the cardinal B-spline N, satisfies the
differentiation formula
NL(x) =Ny 1 (x) =Np_1(x—1), m>=2.
[Hint: Apply the fundamental theorem of calculus.]

Exercise 10.15 As a continuation of Exercise 10.14, prove inductively the differentiation

formula

where m > 2, and for all x € R.
Exercise 10.16 Apply Exercise 10.13 to prove recursively that the cardinal B-spline N,, has
unit integral, that is,

/oo Np(x)dx=1, m=0,1,....
Exercise 10.17 Let -

Snl) =N ()

with N, denoting the cardinal B-spline of Theorem 10.2.7. By applying the formulation
(10.2.69), show that S,, € 6,,0(0,2,4,...,2m+2).
Exercise 10.18 As a continuation of Exercise 10.17, apply Theorem 10.1.3 to show that
Sm € 00(0,1,2,...2m+2), and then deduce from Theorem 10.2.2(d) and Theorem 10.2.7

that there exists a unique coefficient sequence {p, j : j = —m,...,2m+ 1} C R such that
2m+1
Sm(x) = Z Pm,jNm(x—j), x€[0,2m+2].
Jj=—m

Exercise 10.19 As a continuation of Exercises 10.17 and 10.18, show that the spline g'm
defined by
0
~ Sn(x)— P, jNm(x—j), x€ (—oo,1];
Sy i d S0~ L pusbs=). (=)
0, x € (1,00),
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satisfies Sy, € Omo(—m,...,0).
[Hint: Appy (10.2.69) and (10.2.70) in Theorem 10.2.7.]
Exercise 10.20 As a continuation of Exercise 10.19, apply Theorem 10.2.1(b) to deduce

that S, is the zero spline, and then use this result, together with Exercise 10.17, to obtain
—1
Z Pm,jiNm(x—j) =0, x € (—m,0].
Jj=—m

Exercise 10.21 As a continuation of Exercise 10.20, prove that
pm’j:(), j:—m,...,—l.

[Hint: Apply the second line of (10.2.70) in Theorem 10.2.7(a), and consider succes-
sively the intervals (—m, —m+1],(—m~+1,—m+2],...,(—1,0], in each case also recalling
(10.2.71) in Theorem 10.2.7(b).]

Exercise 10.22 Use an argument analogous to the one in Exercises 10.19 - 10.21 to prove
that, in Exercise 10.18, it holds that

Pmj=0, j=m+2,...2m+1.

[Hint: Show first, analogously to Exercise 10.19, that the spline S* defined by

2m+1

" Sim(x) — Z PmjNm(x—Jj), X € [m+1,00);
S*(x) = j=m1

0, X € (—oo,m+1),
satisfies S* € G, 0(2m+2,...,3m+2).]
Exercise 10.23 Deduce from Exercises 10.17, 10.18, 10.21 and 10.22, and by applying also
the second line of (10.2.70) in Theorem 10.2.7(a), that there exists a bi-infinite sequence

{pmj:Jj€Z} CR, with

pm,]:07]¢{077m+1}7 (.)
such that
o m+1
Np(x) = Z Pm,jNm (2x— j) = Z Pm,jNm(2x—j), x€R, (%)
e =0

according to which the cardinal B-spline N,, is a refinable function, in the sense that N, has
the self-similarity property of being expressible as a linear combination of integer shifts of
its own contraction by the factor 2, as is of fundamental importance with respect to the use

of N, as basis (or scaling) function in subdivision and wavelet algorithms.
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Exercise 10.24 In order to explicitly calculate the coefficients {p,j: j=0,...,m+ 1} in
equation (x) of Exercise 10.23, first apply (e) and (), together with the recursive formu-

lation in Exercise 10.13, to deduce that, for any x € R, it holds that

m+2

. X
Z pm+1,ij+1(x_ J) = Nim+1 (2)
Jj=0

m+1 é 1
=Y pus / Nm(x—2[—j)dt+/l Ny — 2 — j)dt | |
= Jo J

and then use this result, together with (e), to establish the identity

m+2

1 .
Y {perl,j - z(pm‘j+pm7j71):| Npt1(x—j)=0, xeR. (xx)
j=0

Exercise 10.25 As a continuation of Exercise 10.24, consider the identity () successively
on the intervals [0,1),[1,2),...,[m,m+ 1), and apply the second line of (10.2.70) in Theo-
rem 10.2.7(b), together with (10.2.71) in Theorem 10.2.7(b), as well as (o), to deduce the

Pascal triangle-like recursive formula

1 .
Pm+1,j = (pm.j'i_pm,jfl)v J € 2.
2

Exercise 10.26 By using the explicit formulation in Exercise 10.13 of the cardinal B-spline

No, show that the equation (x) in Exercise 10.23 is satisfied by the coefficient sequence
{po,j : j € Z} given by
poo = pog = 1;  po; =0, jZ{0,1},
that is,
No(x) = No(2x) +No(2x— 1), x e R.

Exercise 10.27 Apply the results of Exercises 10.25 and 10.26 to prove inductively that the

coefficient sequence {py, j : j € Z} in equation () of Exercise 10.23 is given explicitly by

1 /fm+1 .
pm,j:2m< j ) J€Z,

the formula

and thus

- 1 (m+1 N m+d .

Ny (x) = Z om ( ) )Nm(fo]) = Z ” . JNm(2x—j), xeR,
j==oe J =N

after having kept in mind also the second line of the binomial coefficient definition (3.2.1).
Exercise 10.28 According to Exercise 10.27, the linear cardinal B-spline N; satisfies the

identity

1 1
N (x) = 2N| (2x)+N1(2x— 1)+ 2N1 (2}6—2), xeR.
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Verify this identity by means of the explicit formulation (10.2.79) of N;.

[Hint: Consider successively the intervals (—oo,0), [0, ;), [;, 1),[1, %), [;,2), [2,00).]
Exercise 10.29 Explain why the following statement is true: Together, the results of Theo-
rem 10.2.2(a) and Theorem 10.2.6(a) are consistent with the result of Theorem 10.3.1.
Exercise 10.30 Apply the Schoenberg-Whitney theorem, as formulated in Theorem 10.3.2,
to prove that, for any f € C|[0,2], there exists precisely one spline S% 4€03([0,2];1), where

the corresponding extended knot sequence is given by 7; = j, j = —3,...,5, such that the

S (5)=1(3): d=0a

Exercise 10.31 As a continuation of Exercise 10.30, apply a method based on matrix inver-

interpolation conditions

are satisfied.

sion as in Example 10.3.1 to obtain, for any f € CJ0,2], and analogously to (10.3.50), an
explicit formulation for (.4 ,f)(x), x € [0,2], with Y{ 4 denoting the spline interpolation
operator defined as in (10.3.38).

Exercise 10.32 Let the function S : [0,2] — R be defined by

X=X, xe0,1];
S(x) :=
—2x24+3x—1,x€ (1,2].

Prove that S € 03([0,2]; 1), and deduce from Theorem 10.2.2(d), together with (10.2.68) in
Theorem 10.2.7, that there exists a unique coefficient sequence {c; : j = —3,...,1} such
that
1
x)= Y ¢Ns(x—j), x€0,2].
j==3
Exercise 10.33 By applying the exactness condition (10.3.39) in Theorem 10.3.3(b), and
using Exercise 10.31, calculate the coefficients {c;: j = —3,...,1} of Exercise 10.32.
Exercise 10.34 For m = 2 and m = 3, and any fixed j € {—m,...,r+m+ 1}, by using
(10.2.68) in Theorem 10.2.7, as well the explicit formulations (10.2.80), (10.2.81), verify
the result of Theorem 10.3.4 on the zeros of the derivatives N,i i,k =1,. -1
Exercise 10.35 By applying Theorems 10.2.7 and 10.4.2, prove that, for any fixed r € N,
the cardinal B-spline N, satisfies the identity
Z gim=0 j)N x—j), x€[0,r+1], £=0,...,m,
j_*m

where the polynomial g, € 7, is defined by

= ﬁ(t—i—k).
k=1
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Exercise 10.36 Prove that the polynomial g, of Exercise 10.35 satisfies the formulation

m—1
gn(t) =1"+ Y auut,
k=0

for a coefficient sequence {0, : k =0,...,m— 1} C R such that

m(m+1) (m+1)m(m—1)(3m+2)

am,mfl - 2 5 am_]m—Z = 24 .

[Hint: Recall the formulas

Looan+l) &, am+)2et+1) & 5 [a+1)]
k; k=000 k; k= 6 ; k; K= 5 1
Exercise 10.37 Apply the result of Exercise 10.36 in Exercise 10.35 to deduce the identities
Lo om+1 .
x _j_zm<j+ ) )Nm(x—J), form > 1, _—
a 1)(3m+2 xe il
ﬁ=ﬁ2[f+W+UHﬁM7£m+)NMPJ%Mm>L
j=—m
for any fixed r € N.
Exercise 10.38 By using Exercise 10.37, derive the formulas
C oy o mt Koo (m+1)(3m+4
Y iNu(j) = s Y PNa()) = (m+1)( ),
= 2 = 12

[Hint: Set x = 0 in Exercise 10.37, and apply (10.2.72) in Theorem 10.2.7(c).]

Exercise 10.39 For each of the cases m = 1,m = 2, and m = 3, calculate the sum
L
Y N (i),
j=1

for/=1ifm=1,and for { = 1,2 if m > 2, by applying the formula (10.2.75) in Theorem
10.2.7(f), and then use these results to verify the formulas in Exercise 10.38 form =1,m =
2,and m = 3.

Exercise 10.40 Calculate the matrix in the right hand side of (10.4.5) for n = 3, by using
the Lagrange fundamental polynomials {L3 ;: j =0,...,3} as obtained in Exercise 1.2.
Confirm that the matrix thus obtained is precisely the inverse matrix V3_1 calculated in
Exercise 1.1, and thereby verifying Theorem 10.4.3 for this special case.

Exercise 10.41 For each of the cases n = 1 and n = 2, and with polynomials P and Q as
in (10.4.41) of Theorem 10.4.5, calculate separately both sides of the equation (10.4.42),
thereby verifying Theorem 10.4.5 forn =1 and n = 2.

Exercise 10.42 In Example 10.4.1(b), verify the formulas (10.4.58), (10.4.59), and
(10.4.63) - (10.4.67).
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Exercise 10.43 Let LS”ZQII : C[0,2] — 02([0,2];1) denote the quasi-interpolation spline ap-
proximation operator of Example 10.4.1(b), with respect to the extended integer knot se-
quence {7, = j: j=—2,...,4}, as in (10.4.62), with r = 1. By applying the formulas in
(10.4.58), obtain an expression as in (10.4.31) of Theorem 10.4.4 for (Ylelf) (x),x €10,2],
for any f € CJ0,2].
Exercise 10.44 According to Theorem 10.4.4, the approximation operator YZQII of Exercise
10.43 satisfies the polynomial exactness property (10.4.1), with m = 2, that is,
LN =@, fe.2, fem.
By choosing, respectively, f(x) = x and f(x) = x? in this equation, and applying Exercise
10.43, obtain coefficient sequences {a; j: j=—2,...,1} and {0p;: j=—2,...,1} such
that ]
x =) o Na(x— ),
j==2 x€10,2],

1
=Y N (x—j),
j=-2
and then verify that these results correspond precisely to the case m = 2,r = 1 of Exercise

10.37.

Exercise 10.45 In Example 10.4.1(c), verify the coefficient values (10.4.69), and the for-
mulas (10.4.70) - (10.4.74).

Exercise 10.46 In the proof of Theorem 10.5.1, provide the details in the derivation of
(10.5.18) from (10.5.17).

[Hint: Use the same argument as the one leading from (10.4.23) to (10.4.30).]

Exercise 10.47 Show that the linear systems (10.5.23) are uniquely solved by (10.5.25) in
Theorem 10.5.2.

[Hint: Use the same argument as the one leading from (10.4.22) to (10.4.52).]

Exercise 10.48 In Theorem 10.5.2, verify the equivalence of the two formulations (10.5.24)
and (10.5.28), (10.5.29) of (#%1 f)(x),x € [a,b], for any f € Cla,b].

Exercise 10.49 In Example 10.5.1(b), verify the formulas (10.5.57), (10.5.58).

Exercise 10.50 Provide the details in the derivations of (a) the formulas (10.5.70) and
(10.5.71) in the proof of Theorem 10.5.7; (b) the formula (10.5.87).

Exercise 10.51 In Example 10.5.2, verify the coefficient values (10.5.78), as well as the
explicit formulation (10.5.84).

Exercise 10.52 Apply Theorem 10.5.7 with m = 3, and where p and ¢ are chosen as in
(10.5.54), to evaluate the corresponding coefficient sequence {A3 _¢.,...,A35}, and to ob-

tain an explicit piecewise polynomial formulation for V3(x),x € [—6,9], analogous to the
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one given for V5(x),x € [0,4), in (10.5.84) of Example 10.5.2. Also, write down the ana-
logue of (10.5.79) - (10.5.82) and (10.5.86) for V3 and ..
Exercise 10.53 For [a,b] = [0,n], and the integer knot case

Tuj=1J, J=—m,...,n+m,

of the Schoenberg operator Ynfi defined in (10.6.2, (10.6.3), and with also m > 2n+1,
apply (10.2.68) and (10.2.72) in Theorem 10.2.7, as well as the first identity in Exercise
10.37, to show that .7/5C

' preserves linear polynomials in the interior of [0,n], in the sense
that

(Sma)@) =f(x),  x€[mn—m],  fem.

Exercise 10.54 For any integer n > 2, let 5’235 :C[0,2] = 02([0,2]; Ty 1, - - -, Tapn—1) denote

the Schoenberg operator with respect to the uniformly spaced knot sequence

i

ti="" j=-2,...n+2.

n

For the function
1
f('x) - X+ 1 ’

calculate explicit polynomial formulations of the spline 5’255 f €02(]0,2];1) on each of the
intervals [0, 1) and [0,2].

[Hint: Use (10.6.2), (10.6.3), and the explicit piecewise polynomial formulation (10.2.80)

x€[0,2],

in Example 10.2.3 of the quadratic cardinal B-spline N.]
Exercise 10.55 As a continuation of Exercise 10.54, find the smallest value of n for which
the error bound (10.6.19) in Theorem 10.6.3(b) guarantees that

1
_oSC
Hf yz,anm < 10'

Exercise 10.56 Prove that the spline sequence {W,, : k =0,...,n} of Theorem 10.5.4

satisfies the condition
n

Zf(xk)Wch(x) =f(x), x€la,b], fE€my,

k=0
and deduce that

Z Wii(x) =1, x€Ja,b].
k=0

Exercise 10.57 Deduce by means of (10.5.37) in Theorem 10.5.4, together with (10.5.50)

-(10.5.52) in Theorem 10.5.6, that, forn > 2m+1,

min{n,j+q+1}

(I )(x) = Y FGun)Wak(x), x € [jXng1), j=0,...,n—1,
k=max{0,j—p}
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where, as implied by (10.6.24) and (10.5.5), we have written x,, ; for x;.

Exercise 10.58 As a continuation of Exercise 10.57, prove that, for n > 2m+ 1, the operator
Y,ﬁ’n is bounded with respect to the maximum norm on [a,b], with Lebesgue constant
bounded by

m
m
|l < (m+2) Z : (%)
where R, is the maximum ratio defined in (10.6.26), and satisfying the formulation
min{n,j+g+1}
| inll = max max Y W)l (%)

0<j<n—1 X jSX<xp, j41 k=max{0,j—p}

with the splines {W,,, : k=0,...,n} given as in (10.5.50) - (10.5.52) of Theorem 10.5.6.
Exercise 10.59 Apply the bound (x) in Exercise 10.58 to show that, for n > 2m + 1, the
Lebesgue constant of the local spline operator Y,,L,In of Theorem 10.5.7, as based on uni-

formly distributed knots, is bounded independently of n by
17 nlloe < (m - 2)m"™

Exercise 10.60 Show that, for n > 5, the Lebesgue constant of the quadratic local spline
interpolation operator ,7 », of Theorem 10.5.7, with m = 2, has the value

7=
according to which the Lebesgue constant estimate in Exercise 10.59 is a rather crude one
form = 2.
[Hint: Apply the formula (xx) in Exercise 10.58, as well as the formulations (10.5.89)—
(10.5.91) in Theorem 10.5.8, together with the explicit piecewise polynomial formulation
(10.5.84), and the symmetry property (10.5.85), of the spline V;, as obtained in Example
10.5.2. Also, apply the fact, as established in Exercise 10.56, that the sequence {W,, s (x) :
k=0,...,n} sums to one for all x € [a,b].]

Exercise 10.61 Show that, in Theorem 10.6.5, the interpolation point sequence

1 —J 1
xn,]‘:2(b—a)c0s<nnjn-)+2((l+b)7 j:o““’n7
satisfies the condition (10.6.43), with
b—
e G IR R Y
2 n
as well as the condition (10.6.44), with R = 3. Observe from (8.3.2) that

__ . CcC P
Xn,j =X 75 j=0,...,n,
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the interpolation points for the Clenshaw-Curtis quadrature rule .,@,?C, and which are con-
centrated more densely near the endpoints of the interval [a, D).
[Hint: Use the mean value theorem to deduce the bound on ||X,||«; then, from the definition

(10.6.26), by applying also the trigonometric identity
B+A B—A
COSA*COSBZZSil‘l( ;— )sin( ) ) ,

(241 . (2j-1 )
sm( e 77:) sm( . 77:) Sln(23n7'f)
R, = max i1 N\ b = T,
Isjsn=1 sin( J; n') sin( 12:: 71') sin(,, )

before obtaining the results

show that

d |sin(3” sin( 37
() >0, x>2; lim _(2;):37
dx | sin( ) xe sin(J7)

to establish that (10.6.44) holds with R = 3.]
Exercise 10.62 As a continuation of Exercise 10.61, show that the error bound (10.6.71) of
Theorem 10.6.7 yields

m | p+1
Hf*yu f” < 2 3 3m pX: m+1 + Z sm+1
m,n ® = (m_|_ 1)' 2 J J

am+l [ b — m+1
(7 ( ), 7eCm a
2 n

Exercise 10.63 As a continuation of Exercises 10.61 and 10.62, show that the case m = 2,
[a,b] = [0,2], and where the integers p and ¢ are chosen as in (10.5.54), yields the error

bound

8647t
If = S50 f e < 1"l f €C0,2].

Exercise 10.64 As a continuation of Exercise 10.63, for the function
f(x)=In(x+2), xe€]0,2],
find the smallest value of n for which the error bound in Exercise 10.63 guarantees that
\f = STl <

Exercise 10.65 For a quadratic case m = 2 of Theorem 10.5.8, apply the explicit formula-
tions (10.5.89) - (10.5.91), as well as (10.5.84) and (10.5.85), to calculate the constant

M := max max |[W;(x)],
0<j<n a<x<b
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and where M is independent of a, b and n, thereby showing also that the estimate M < 4, as
obtained from (10.6.27) in Theorem 10.6.4, is a rather crude one.

Exercise 10.66 The error estimates (10.6.59) and (10.6.60) in Theorem 10.6.6, as well as
(10.6.71) in Theorem 10.6.7, were proved by using, in one of the steps, the uniform bound
(10.6.27) of Theorem 10.6.4, as can be seen, for example, in the derivation of (10.6.70),
which then yielded Theorem 10.6.7. For the quadratic interpolation operator 72L;11 based
on uniformly spaced knots as in Theorem 10.5.7, and with p = ¢ =1 as in (10.5.54) with
m = 2, argue as in the proofs of Theorems 10.6.6 and 10.6.7, but with the uniform bound
(10.6.27) replaced by the precise value of M, as obtained in Exercise 10.65, to deduce the

improved error bounds
bh— 4
7= oAbl <2 (") K g ecHlan
: n :
with Ky denoting a Lipschitz constant of f on [a, b];

b—a
7= il <2 (P Y IFler et

b—a
n

3
)\wwm feClab).

Exercise 10.67 As a continuation of Exercise 10.66, for the function

|vfy%ﬂu<6M<

f(x)=In(x+2), x€l0,2],

find the smallest value of n for which, according to the error bounds in Exercise 10.66, with

[a,b] = [0,2], it is guaranteed that

I~ Fhfle <
Exercise 10.68 Verify the coefficient values in Table 10.7.1.
Exercise 10.69 In the proof of Theorem 10.7.7, provide the details of the derivation of
(10.7.73) from (10.7.65) and (10.7.72).
Exercise 10.70 By using (8.4.54), verify the inequalities (10.7.77) in Theorem 10.7.9 for
j=1,...,9.
Exercise 10.71 According to Theorem 10.7.8, with [a,b] = [—1,1] and u = 1, together with
the definition (10.7.51), the degree of exactness of the corresponding Lacroix rule 254 is

equal to 3, that is,

1
A= [ =2 =0, fem,

forn=2,3,.... Verify this fact for n = 6, by explicitly calculating éaéLA [f] for, respectively,
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(@) f(x) = i%‘xj; flx) =,
where, in (a), {0y, ..., 03} denotes ailizrbitrary coefficient sequence in R.
Exercise 10.72 As a continuation of Exercise 10.71, for each of the respective integrands
(@) f(x) =In(x+2); b) flx) =
and recalling the precise value obtained in Exercise 8.2 for the integral L 1 In(x + 2)dx,

verify that the corresponding quadrature error é"é‘A [f] satisfies the upper bound (10.7.81).
Exercise 10.73 Find the constant K for which it holds that

1
S = [ Fdx— 28| < IF O f L1

[Hint: Apply the Gregory quadrature estimate (10.7.80) in Theorem 10.7.10.]

Exercise 10.74 As a continuation of Exercise 10.73, for the integrand f as in Exercise
10.72(a), verify that the corresponding quadrature error é‘fﬁ) [f] satisfies the upper bound
established in Exercise 10.73.

Exercise 10.75 As a further extension of Exercises 8.25 and 9.10, apply the Lacroix rule
error estimate in (10.7.81), as well as the estimate for é‘ff [f] derived in Exercise 10.73, to
calculate the values of 24[f] and 28R[f], with

2

fx)y=e*, x€]0,1],

where n is the smallest value for which it holds, according to these estimates, that:

\ [ - 2217 100

Exercise 10.76 Apply the identity in Exercise 10.27 for the cardinal B-spline N,, to prove

1 . ! GR
<ot | Feas- 2g8ir] <

that the integral moment sequence

oo m+1
Hon j = / X! Ny (x)dx = / XNu(x)dx, j=0,1,...,

—c0 Jo

satisfies the identity
1 J ] m+1 m+1 - )
AN X (014 o Lo PR Y
2m+j+1 = k = Vi

Exercise 10.77 As a continuation of Exercise 10.76, and by applying Exercise 10.16, show

that the integral moment sequence {1, ; : j =0, 1,...} satisfies the recursive formulation

Hmo = 1;

1 j—1 ] m+1 m+1 .
i — j—k P
Hoj 2m+1(2/_1)k20<k>[2( ) )f ks J=1.2,....

(=0
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[Hint: Observe that the binomial theorem yields

nil (m+ 1) _ ”il (’”+ 1> PO (] gy — gt

(=0 t (=0 ¢
Exercise 10.78 As a continuation of Exercise 10.77, calculate, for each of the cases m =
1,m =2 and m = 3, the integral moments {1, ;: j=1,2,3}.
Exercise 10.79 After noting from Exercise 10.16 and (10.2.62) in Theorem 10.2.6(a) that
the weight function w = N, satisfies the conditions (4.2.8) and (4.2.9), apply the three-
term recursion formulation (7.4.1) in Theorem 7.4.1, together with the integral moments
calculated in Exercise 10.78, to find, for each of the cases m = 1,m = 2 and m = 3, the
orthogonal polynomials {P,ij : j=0,1,2} for which it holds that

m-+1

| Nin(X) Py () Py (x)dx =0, j#k, jk=0,12.

Exercise 10.80 For each of the cases m = 1,m = 2 and m = 3, apply Theorem 8.2.2, to-
gether with Exercise 10.79, to design the Gauss rule 29 for the numerical approximation

of the integral

rm+-1
| Na@is s, f e clom,

such that the polynomial exactness condition
m+1 G
Nm(x)f(x)dx = "Qn [f]v f € T3,
is satisfied. Also, give the corresponding quadrature error estimates (8.2.28) and (8.2.29)
in Theorem 8.2.4(b).
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Algebraic polynomial, 1, 240, 354
Approximation
error, 93-96, 132, 135, 142, 148, 162, 272
operator, 85
bounded, 88
exact on M, 87
linear, 86
local, 321, 322, 326, 338
norm, 88, 89, 130, 131

B-spline, 300-303, 305-307, 309, 316,
321-324, 339, 341, 346, 354, 387

Banach-Steinhaus theorem, 269

Banded matrix, 321

Basis for m,, 5,7, 9, 52, 145
standard, 1, 5, 291

Basis function, 389

Bernoulli numbers, 250, 251, 283, 284, 372

Bernstein
approximation operator, 88, 89, 111
polynomial approximation, 53, 55, 58, 61,

62, 66, 67, 69, 70, 86

polynomial interpolation operator, 86
polynomial, 51, 86
representation in 7,, 53, 69

Bessel inequality, 163
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Best L2
approximation operator, 154, 164
approximation, 81, 164
trigonometric polynomial approximation
operator, 243
Best approximation
condition, 82, 83, 101-103, 107, 123, 128,
130, 163
error functional, 261, 272, 277, 280
operator, 130-132, 134
property, 99, 104, 108
Best uniform
approximation, 109, 118, 119, 123-125
polynomial approximation operator, 110,
112, 124, 170
Best weighted L2
approximation operator, 86, 112, 132, 145,
148, 157, 158
approximation, 81, 108, 148
Binomial coefficient, 51
Binomial theorem, 399
Bivariate polynomial, 196
Boole rule, 217, 220
Bounded
approximation operator, see Approximation
set, 87

Cardinal B-spline, 311, 319, 334, 347, 368,
387-391, 394, 398
Cauchy-Schwarz inequality, 78, 79, 82
Chebyshev
expansion, 158, 161, 165, 180, 184
interpolation points, 32-35, 37, 38, 50, 97,
113, 115, 118, 125
normalized polynomial, 31
norm, see Norm
polynomial, 28, 30, 35, 113, 119, 125,
156-159, 161, 162, 179, 228
Classical symmetric function, 330
Clenshaw-Curtis
quadrature rule, 179, 182, 183, 188, 189,
228,231, 396
weights, 180, 182, 183, 185
Compact subset of Rd, 73,74
Composite Newton-Cotes
quadrature error, see Newton-Cotes
quadrature rule, see Newton-Cotes
Continuity
condition, 290-292, 386
degree, 290



Convergence
rate, 67, 262, 273, 277, 357, 363
rate result, 67, 70, 111, 113, 170-172, 176,
189, 366
result, 171, 177, 179, 214, 221, 257-260,
379
Convergent
infinite series, 282
series, 259
Convex set, 76

De Moivre’s theorem, 159, 237, 238
Decay
condition, 230, 283
rate, 230, 284
Degree of exactness, see Interpolatory
Diagonal matrix, 136
Dimension theorem for matrices, 298
Dini-Lipschitz theorem, 282, 287
Discrete Fourier series operator, 256, 285
Discriminant, 78
Divided difference, 8, 10-13, 15-17, 19-21,
23, 25, 26, 39, 61, 202-205, 303, 376, 387
Dot product, see Inner product

Equi-oscillation
condition, 112
property, 103, 107, 121, 122
Error
bound
quadrature, see Quadrature error
bound, 356, 363, 366, 386, 394, 396, 397
constant, 386
estimate, 27, 28, 32-35, 37, 38, 50, 68, 125,
229, 286
expression, 44
function, 25-27, 99, 102, 118, 274, 364
Euclidean
inner product space, 77, 127
inner product, see Inner product
normed linear space, 72, 127
norm, see Norm
Euler-Maclaurin
formula, 244, 245, 250, 251, 253, 254, 283,
371
quadrature rule, 284
Even
function, 124, 239-242, 264, 266, 268, 274,
279, 280
polynomial, 124, 149-151
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Exactness
condition, 175, 185, 187, 271, 325-327,
329, 340, 341, 344, 345, 361, 369,
371, 372, 374, 377, 391, 399
property, 363, 364, 393
result, 318
Exchange algorithm, see Remez algorithm
Extended knot sequence, see Knot sequence

Fast Fourier Transform, 257
FFT, see Fast Fourier Transform
Finitely supported function, 295
Fourier
coefficients, 258, 259, 282, 285, 287
series, 258, 260, 261, 281, 282, 285
approximation, 256
operator, 243, 244, 257, 261-264, 268,
272,277, 282, 285
Fundamental theorem of calculus, 198, 203,
267, 280, 388

Gauss
quadrature formula, 176, 177
quadrature rule, 175, 176, 399
Gauss-Legendre quadrature rule, 177-179,
227, 231
Geometric series summation formula, 159
Gram matrix, 134-136, 162
Gram-Schmidt
formula, 145
procedure, 137, 140, 141, 143-145, 163
Gregory rule, 374, 375, 377-380, 383, 384,
386, 398
quadrature error, 379

Hermite
interpolation conditions, 14, 20, 23
interpolation formula, 20, 97
interpolation operator, 97
interpolation polynomial, 14, 15, 18, 20, 22,
97
interpolation problem, 24
polynomial interpolation, 15

Identity matrix, 247
Infinite series, 163, 258, 259, 285, 287
Inner product, 77
Euclidean, 77
weighted, 78
Inner product space, 77
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Euclidean, see Euclidean
Integral moment, 398, 399
Interactive geometric design, 53
Intermediate value theorem, 32, 102, 103, 202,
219, 224, 382, 384
Interpolant, 98, 226, 333, 342, 367
Interpolation
conditions, 1-4, 7, 10, 12, 22, 25, 191, 273,
274, 312, 316, 318, 319, 391
formula, 5, 10, 22, 27, 98
operator, 338, 341, 342
local, 341
non-local, 336
point sequence, 32, 35, 50, 113, 177, 357,
360, 362, 395
points, 1, 8, 13, 33, 39, 50, 97, 113, 115,
120, 168, 179, 190, 192, 215, 333,
339, 366, 367, 396
polynomial, 6-8, 10, 11, 13, 23, 26, 28, 34,
35, 37, 38, 85, 92,97
property, 350
Interpolatory
conditions, 1, 4, 6, 8, 14, 339
polynomial, 8
property, 5, 338
quadrature formula, 168
quadrature rule, 168
convergence, 170
degree of exactness, 169, 170, 172,
173, 176, 178, 183, 188, 189, 212,
213, 220, 223, 224, 226-228, 284,
380, 384, 386, 397
weights, 168, 170, 175, 177, 179, 368

Jackson’s
first theorem, 277, 286
second theorem, 280, 287

Knot sequence, 300, 308, 309, 315, 325, 329,
334, 335, 337, 340, 341, 346, 354, 355, 357,
360, 386, 394
extended, 300, 312, 319, 322, 323, 391, 393

Knot subsequence, 362, 366

Knots, 290, 294, 302, 309, 312, 325, 329, 337,
367, 395, 397

Kronecker delta, 5, 248, 325

L’Hospital’s rule, 49, 282
Lacroix rule, 378, 380, 386, 397, 398
Lagrange
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fundamental polynomials, 5-7, 23, 86, 91,
92,95, 168, 176, 179, 191, 221,
299, 324, 328, 334, 335, 339, 342,
343, 376, 392
interpolation formula, 6-8, 23, 98, 168, 221,
333,335, 343
polynomial interpolation operator, 85,
89-91, 95-97, 113, 115, 117, 118,
120, 125, 168, 177, 179, 190
Laplace coefficients, 195, 196, 198, 199, 209,
211-213, 216, 218, 220, 229, 375, 377, 378,
380, 385
Leading coefficient property, 11
Lebesgue
constant, 88-92, 94, 96-98, 115, 132, 262,
264, 265, 268-270, 272, 395
inequality, 94-98, 113, 117, 118, 120, 271,
272, 286, 287
Legendre
expansion, 155, 165
polynomials, 149, 152, 153, 164, 165
Leibniz formula, 62, 70
Linear
approximation operator, see Approximation
functional, 168, 200-202, 204, 209, 219
space, 1, 71, 77, 85
Lipschitz
condition, 280, 281
constant, 279, 280, 287, 357
constant for f on [a,b], 356, 363, 379, 397
constant for f on R, 279, 282
Lipschitz-continuous
function on [a,b], 356
function on R, 279, 281
periodic function, 280
Local
approximation operator, see Approximation
quasi-interpolation operator, see
Quasi-interpolation operator
spline approximation operator, see Spline
spline interpolant, see Spline
spline interpolation operator, see Spline

Marsden identity, 322
Maximum
norm, see Norm
ratio, 357, 358, 361, 395
Mean value theorem, 279, 357, 396
for integrals, 26, 203, 207, 224, 225, 251,
253, 381, 385



for iterated integrals, 204
Midpoint rule, 223, 224, 226, 231
Minimization property, 31, 32
Monic polynomial, 31, 144, 145, 201
Monotonicity-preserving result, 66
Multivariate polynomial, 330, 331

Nesting property, 258, 262
Newton interpolation formula, 10, 11, 13, 23,
38, 380
Newton-Cotes
composite quadrature error, 218
composite quadrature rule, 214-216, 220,
221, 229, 230, 367, 379, 380
error functional, 202, 204, 205, 209
quadrature error, 201
quadrature rule, 190, 200, 212-215, 223,
229, 382
weights, 191, 195, 199, 200, 229, 382
Non-local interpolation operator, see
Interpolation
Non-negative weight condition, 170, 175, 179,
214
Norm, 71
L%,79,92,93, 141
L=, 72
Chebysheyv, 72
Euclidean, 72
maximum, 72, 75, 88-91, 98, 103, 107, 124,
125, 134, 164, 238, 258, 261-264,
268, 271, 272, 282, 354, 395
sup, 72
Weighted L2, 79, 257
Normed linear space, 71
Euclidean, see Euclidean
Nullspace, 298

Odd
function, 124, 235, 239, 242, 260, 274, 279
polynomial, 124, 149, 150
Operator norm, see Approximation
Orthogonal
basis, 136-143, 145, 153, 163, 235, 243
functions, 127
polynomials, 145, 147-149, 152-155, 157,
163, 164, 172, 173, 177, 399
set, 234, 235
Orthogonality condition, 128, 130, 137, 139,
140
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Parseval identity, 259, 260, 282, 285
Pascal triangle, 390
Peano
kernel, 364
theorem, 364
Period, 233, 234, 244, 250
Periodic
continuous function, 254
function, 233, 234, 244, 250, 279
Periodicity condition, 281
Piecewise polynomial, 215, 289-291, 314, 367
Pointwise convergence, 261, 282
result, 261, 282
Pointwise convergent, see Pointwise
convergence
Polynomial
division theorem, 174
exactness condition, see Exactness
exactness property, see Exactness
extrapolation, 325, 329, 338, 341, 353
interpolation, 4, 5, 8, 37, 95, 113
error estimate, see Error
error function, see Error
interpolation formula, 5, 6
Positivity condition, 175, 227, 228
Pythagoras rule for inner product spaces, 129

Quadrature error, 178, 190, 200, 218, 220, 223,
227-230, 244, 245, 254, 256, 284, 378, 380,
383, 384, 398
bound, 213, 229, 385, 386
estimate, 229, 230, 284, 379, 380, 399

Quasi-interpolation operator, 322, 393
local, 326, 329, 336, 346

Rank, 298

Rate of convergence, see Convergence
Rectangle rule, 205, 223, 224
Refinable function, 389

Remez algorithm, 123

Riemann sum, 226

Rodrigues formula, 165

Rolle’s theorem, 274, 275, 314, 315
Row space, 298

Runge example, 38, 113, 118, 214, 228

Sawtooth function, 260, 280, 282
Scalar product, see Inner product
Scaling function, see Basis function
Schoenberg operator, 354, 356, 394
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Schoenberg-Whitney theorem, 315, 391
Self-similarity property, 389
Simpson rule, 216, 220, 231, 386
Smoothness property, 386
Spline, 290, 297-299, 312, 314, 316-319,
334-337, 339-341, 345, 347, 352-355, 357,
361, 366-369, 386, 388, 389, 391, 394, 395
approximation operator, 322, 325, 329, 340
local, 321
interpolant, 320, 367
local, 375
interpolation operator, 318, 391
local, 337, 341, 343, 344, 346, 347,
353, 357, 361, 363, 366-368, 395
interpolation, 315
interpolatory quadrature rule, 368, 369, 375
knots, see Knots
space, 289
Standard basis for 7,, see Basis for 7,
Subdivision algorithm, 389
Sup norm, see Norm
Symmetric function, 13
Symmetry
condition, 13, 185, 200, 310, 348
property, 216, 370, 395

Taylor expansion polynomial identity, 290,
292, 324, 331, 339, 372

Taylor’s theorem, 244, 246, 363

Trapezoidal rule, 216, 220, 226, 231, 244, 245,
254-256, 283, 284, 369, 371, 375, 383, 384
with endpoint corrections, 368, 369, 371,

374, 375

Triangle inequality, 71, 95, 281

Trigonometric polynomial, 238-242, 258, 261,
273,274, 278, 285, 286, 354
space, 238

Truncated power, 291, 303, 363, 386

Uniform
approximation error, 272
bound, 357, 358, 360, 361, 397
boundedness, 269
convergence, 37, 38, 61, 113, 357
condition, 113
property, 110
result, 38, 50, 55, 58, 62, 68, 111-113,
118, 125, 171, 261, 262, 272, 281,
282, 354, 360-362
Uniformly convergent, see Uniform
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Upper triangular matrix, 247

Vandermonde matrix, 2, 4, 5, 22, 197, 297,
298, 324, 328, 339, 374
Vector space, see Linear

Wavelet algorithm, 389
Weierstrass theorem, 61, 239, 240, 257, 354,
355
Weight function, 78, 79, 81-83, 86, 93, 94,
112, 144, 145, 148, 149, 152-157, 164, 167,
173, 175, 177, 179, 399
Weighted
12 norm, see Norm
inner product, see Inner product
Weights
of Clenshaw-Curtis quadrature rule, see
Clenshaw-Curtis
of interpolatory quadrature rule, see
Interpolatory
of Newton-Cotes quadrature rule, see
Newton-Cotes
Wronskian determinant, 163
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