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Preface

John Harnad

Department of Mathematics and Statistics, Concordia University,

1455 de Maisonneuve Blvd. West, Montréal, Québec, H3G 1M8, Canada
Centre de Recherches Mathématiques, Université de Montréal, C.P. 6128, Succ.
Centre ville, Montréal, Québec H3C 3J7, Canada, harnad@crm.umontreal.ca

This volume is intended as an introduction and overview of the three domains
featured in the title, with emphasis on the remarkable links between them. It
has its origins in an intensive series of advanced courses given by the authors at
the Centre de Recherches Mathématiques in Montréal in the summer of 2005.
Since then, it has grown considerably beyond the material originally presented,
and been extended in content and scope. The original courses were interlaced
in schedule with an extended research workshop, dealing with related topics,
whose proceedings, in enhanced form, have since been published as a special
issue of Journal of Physics A [1].

The participants at the two events included a large number of graduate
students and postdoctoral fellows, as well as many of the researchers who
had made pioneering contributions to these domains, The original content of
the lecture series, given by several of the subject’s leading contributors, has
since been considerably developed and polished, to the point where it may
be viewed as both a research survey and pedagogical monograph providing a
panoramic view of this very rich and still rapidly developing domain.

In Part I, we have combined the introductory chapters by Pierre van Mo-
erbeke, covering nearly all the topics occurring in the rest of the volume,
together with the further, more detailed chapters linking random matrices
and integrable systems, concerning mainly their joint work, written by Mark
Adler.

Van Moerbeke’s part consists of nine chapters. The first of these concerns
random permutations, random words and percolation, linked with random
partitions through the Robinson—Schensted—Knuth (RSK) correspondence.
This includes an introduction to the Ulam problem (concerning the longest
increasing subsequence of a random permutation), the Plancherel measure on
partitions, the relation to non-intersecting random walkers, as well as queueing
problems and polynuclear growth. He then discusses Toeplitz determinants,
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infinite wedge product representations, and the non-positive generalized prob-
ability measure of Borodin—-Okounkov—Olshanski, expressed as a matrix inte-
gral over U(n). Several examples follow, including the Poissonized Plancherel
measure, bringing in the use of Fredholm determinants of integral operators
with a variety of kernels (Bessel, Charlier and Meixner polynomial type ker-
nels), with applications to the distributions arising in the above random pro-
cesses.

There follows a discussion of limit theorems, such as the Vershik—Kerov
limiting shape of a random partition and the Tracy-Widom distribution for
the longest increasing subsequences, as well as geometrically distributed per-
colation problems. Next, it is shown that the multiple (N-fold) integrals ob-
tained upon reducing U(n) invariant Hermitian matrix models with arbitrary
exponential trace invariant series deformations are tau functions of the KP
(Kadomtsev—Petviashvili) integrable hierarchy, as well as satisfying the usual
Toda lattice equations for varying N’s, and the Hirota bilinear relations. Next,
Virasoro algebra constraints are deduced for the multiple integrals defining
the generalized (-type integrals. There is also a review of the basic finite IV
Hermitian matrix model results, including the form of the reduced integrals
over the eigenvalues, computation of the determinantal form of the correlation
functions in terms of suitable (Christoffel-Darboux) correlation kernels, and
Fredholm integral expressions for the gap probabilities. The PDEs satisfied
by these Fredholm integrals when the endpoints of the support intervals are
varied are derived, for a variety of limiting kernels.

In the subsequent chapters, by Mark Adler, further links between random
matrix theory and integrable models are developed, using vertex operator
constructions. A soliton-like tau function is constructed using a Fredholm de-
terminant and shown to satisfy Virasoro constraints. For gap probabilities,
these are used as a vehicle to deduce differential equations that they must
satisfy. There are also a number of lattice systems that are constructed us-
ing as phase space variables that are defined as N-fold matrix-like integrals.
Exponential trace series deformations of 2-matrix integrals are shown to sat-
isfy the equations of the 2-Toda hierarchy, and bilinear identities. Using the
Virasoro constraints, PDEs for the gap probabilities are also deduced.

There follows a discussion of the Dyson diffusion process and its relation
to random matrices, and chains of random matrices, as well as the bulk and
edge scaling limits (sine and Airy processes). Equations are derived for these
processes similar to those for the gap probabilities, with respect to the edges
of the windows where the nonintersecting random paths are excluded, as well
as asymptotic expansions. The GUE with external source and its relation to
conditioned non-intersecting Brownian motion, as developed by Aptekarev,
Bleher and Kuijlaars is developed, together with its relation to the Riemann—
Hilbert problem for multiple orthogonal polynomials. (See Bleher’s chapters
for further details.) Finally there is a derivation of PDEs for the Pearcey pro-
cess again through the introduction of integrable deformations of the measure.



Preface VII

The second part of this monograph is mainly concerned with the spectral
theory of random matrices, but ideas and methods from the theory of inte-
grable systems plays a prominent role. The introductory chapter, by Harold
Widom, begins with a review of basic operator theory definitions and results
that are required for applications to random matrices. Then derivations are
given for spacing distributions between consecutive eigenvalues, in term of gap
probabilities. Using operatorial methods, these are expressed as Fredholm de-
terminants, in suitable scaling limits, of integral operators with integrable
kernels of sine type (for the bulk) and Airy type (leading to theTracy-Widom
distributions) for the edge. All three cases, orthogonal (G = 1), unitary (5 = 2)
and symplectic (8 = 4) ensembles are treated. Finally, differential equations
for distribution functions are derived, in particular, equations of Painlevé type.

In his series of chapters, Pavel Bleher gives a detailed survey of the use
of Riemann-Hilbert methods for the study of the asymptotics of spectral
distributions of random matrices. First, unitary ensembles with polynomial
potentials are treated, and their relation to orthogonal polynomials and the
associated Christoffel-Darboux kernels determining the correlation functions
at finite IV, as well as the string equations determining the recurrence coeffi-
cients in the asymptotic 1/N series. The Riemann—Hilbert characterization of
the orthogonal polynomials is then introduced, and it is shown that the equi-
librium measure is supported on a finite union of intervals coinciding with the
cuts defining a hyperelliptic algebraic curve. In particular, the Wigner semi-
circle law is derived for the Gaussian case, and the case of quartic potentials is
treated in detail. There follows the treatment of scaled large IV asymptotics of
orthogonal polynomials, using the Riemann—Hilbert approach and the method
of nonlinear steepest descent of Deift, Kricherbauer, Mclaughlin, Venakides
Zhou (DKMVZ). A solution of the model Riemann—Hilbert problem is given
in terms of Riemann theta functions. The Airy parametrix at the end points is
constructed to complete the study of uniform asymptotics, and an indication
of the proof of sine kernel universality in the bulk and Airy kernel universality
at the edge.

Next, the double scaling limit for the critical point of the even quartic
potential case is treated, and its relation to the Hastings—Mcleod solution of
the Pr1 Painlevé equation derived. More generally, the asymptotics of the free
energy in the one cut case is studied (assuming a special regularity property of
the potential). Analyticity in a parameter defining the potential is examined
for the g-cut case for the density function and the free energy. The quartic
deviation in the free energy from the Gaussian case is expressed in terms of
the first two terms of the large N asymptotic expansion, and related to the
Tracy-Widom distribution with an error estimate.

Random matrix models with exponential external coupling are then an-
alyzed in terms of multiple orthogonal polynomials, with emphasis on the
case of two distinct eigenvalues in the externally coupled matrix. Correlation
functions, at finite N, are expressed in determinantal form in terms of an
analog of the Christoffel-Darboux kernel. The higher rank Riemann—Hilbert
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characterization of such multiple orthogonal polynomials is given, and the
differential equations and recursion relations for these expressed in terms of
these matrices. The relation to Brownian bridges is explained, and, finally,
the Pearcey kernel is derived in the double scaling limit using the nonlinear
steepest descent method.

Alexander Its, in his series, focuses upon the large N asymptotics of the
spectra of random matrices. The reduced N-fold integral representation of the
partition function of Hermitian matrix models is recalled, and the expression
of eigenvalue correlation functions in terms of the Christoffel-Darboux kernel
of the associated orthogonal polynomials. An introduction to the Its—Kitaev—
Fokas Riemann—Hilbert approach to orthogonal polynomials is given, and a
proof is given of its unique solvability under certain assumptions.

The asymptotic analysis, along the lines of the DKMVZ method, is then
recalled, based on the introduction of the g-function (essentially, the log-
Coulomb energy of the equilibrium distribution) to transform the exact RH
problem into one which, in leading order, has only jump discontinuities, and
hence may be solved exactly. A detailed analysis is then given for the case of
even quartic potentials. This suffices to deduce the sine kernel asymptotic form
for the correlation kernel in the bulk. The construction of the Airy parametrix
at the the end points of the cuts is then discussed and an asymptotic solution
given with uniform estimates in each region.

Bertrand Eynard reviews the relationship between convergent matrix in-
tegrals and formal matrix integrals, serving as generating functions for the
combinatorics of maps. Essentially, the formal model is obtained by treat-
ing the integrand as a perturbation series about the Gaussian measure and
interchanging the orders of integration and summation, without regard to con-
vergence. He indicates the derivation of the loop equations relating the expec-
tation values of invariant polynomials of various degrees as Dyson—Schwinger
equations. This is illustrated by various examples, including 1 and 2 matrix
models, as well as chains of matrices, the O(N) chain model and certain sta-
tistical models such as the Potts model. He ends with a number of interesting
conjectures about the solution of the loop equations. In the current literature,
this has led to a very remarkable program in which many results on random
matrices, solvable statistical models, combinatorial, topological and represen-
tation theoretical generating functions may be included as part of a general
scheme, based on the properties of Riemann surfaces, and their deformations.

The contribution of Momar Dieng and Craig Tracy deals in part with
the earliest appearance of random matrices, due to Wishart, in the theory of
mutivariate statistics, the so-called Wishart distribution. They present John-
stone’s result relating the largest component variance to the F; Tracy—Widom
distribution, as well as Soshnikov’s generalization to lower components. The
expression of the Fy, Fy and Fj distributions for the edge distributions in
GOE, GUE and GSE respectively in terms of the Hastings—McLeod solu-
tion of the Py Painlevé equation is recalled. There follow a discussion of
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the recurrence relations of Dieng which enter in the computation of the mth
largest eigenvalues in GOE and GSE.

A derivation of the Airy kernel for the edge scaling limit of GUE from
Plancherel-Rotach asymptotics of the Hermite polynomials is given, as well as
the P; equation that determines the Fredholm determinant of the Airy kernel
integral operator supported on a semi-infinite interval. The computation of
the mth largest eigenvalue distribution in the GSE and GOE is indicated,
together with an interlacing property identifying the first sequence with the
even terms of the second. Finally, numerical results are given comparing these
distributions with empirical data.

This volume is a masterly combined effort by several of the leading contrib-
utors to this remarkable domain, covering a range of topics and applications
that no individual author could hope to encompass. For the reader wishing
to have a representative view of the fascinating ongoing developments in this
domain, as well as a reliable account of the, many results that are by now clas-
sically established, it should provide an excellent reference and entry point to
the subject.

References
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During the last 15 years or so, and since the pioneering work of E. Wigner,
F. Dyson and M.L. Mehta, random matrix theory, combinatorial and perco-
lation questions have merged into a very lively area of research, producing an
outburst of ideas, techniques and connections; in particular, this area contains
a number of strikingly beautiful gems. The purpose of these five Montréal lec-
tures is to present some of these gems in an elementary way, to develop some
of the basic tools and to show the interplay between these topics. These lec-
tures were written to be elementary, informal and reasonably self-contained
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and are aimed at researchers wishing to learn this vast and beautiful subject.
My purpose was to explain these topics at an early stage, rather than give the
most general formulation. Throughout, my attitude has been to give what is
strictly necessary to understand the subject. I have tried to provide the reader
with plenty of references, although I may and probably will have omitted some
of them; if so, my apologies!

As we now know, random matrix theory has reached maturity and occupies
a prominent place in mathematics, being at the crossroads of many subjects:
number theory (zeroes of the Riemann zeta functions), integrable systems,
asymptotics of orthogonal polynomials, infinite-dimensional diffusions, com-
munication technology, financial mathematics, just to name a few. Almost 200
years ago A. Quetelet tried to establish universality of the normal distribu-
tion (mostly by empirical means). Here we are, trying to prove universality of
the many beautiful statistical distributions which come up in random matrix
theory and which slowly will find their way in everyday life.

This set of five lectures were given during the first week of a random
matrix 2005-summer school at the “Centre de recherches mathématiques” in
Montréal; about half of them are devoted to combinatorial models, whereas
the remaining ones deal with related random matrix subjects. They have
grown from another set of ten lectures I gave at Leeds (2002 London Math-
ematical Society Annual Lectures), and semester courses or lecture series at
Brandeis University, at the University of California (Miller Institute, Berke-
ley), at the Universiteit Leuven (Francqui chair, KULeuven) and at the Uni-
versité de Louvain (UCLouvain).

I would like to thank many friends, colleagues and graduate students in
the audience(s), who have contributed to these lectures, through their com-
ments, remarks, questions, etc., especially Mark Adler, Ira Gessel, Alberto
Griinbaum, Luc Haine, Arno Kuijlaars, Vadim Kuznetsov, Walter Van Ass-
che, Pol Vanhaecke, and also Jonathan Delépine, Didier Vanderstichelen, Tom
Claeys, Maurice Duits, Maarten Vanlessen, Aminul Huq, Dong Wang and
many others.. ..

Last, but not least, I would like to thank John Harnad for creating such
a stimulating (and friendly) environment during the 2005-event on “random
matrices” at Montréal. Finally, I would label it a success if this set of lectures
motivated a few young people to enter this exciting subject.

1.1 Permutations, Words, Generalized Permutations and
Percolation

1.1.1 Longest Increasing Subsequences in Permutations, Words
and Generalized Permutations

(i) Permutations 7 := 7, of 1,...,n are given by
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Sp2dm = (]1 Jn> , 1<j1,...,7n < n all distinct integers
1---Jn

with 7, (k) = jk. Then
#S,=n!.

An increasing subsequence of m, € S,, is a sequence 1 < i; < -+ < i < n,
such that m,(i1) < -+ < my(ix). Define

L(m,) = length of a longest (strictly) increasing subsequence of 7, . (1.1)

Notice that there may be many longest (strictly) increasing subsequences!

Question (Ulam’s problem 1961). Given uniform probability on S,,, compute

#{L(m,) < k, 7, € Sn}
— - —

P™(L (1) < ki, T € Sn) ?

Ezxample. For 7 = (é%i%g%g), we have L(m7) = 4. A longest increasing
S no

sequence is underlined; it i t necessary unique.

(ii) Words 7 := 72 of length n from an alphabet 1,...,q are given by
integers

1... . .
S;.ZLB’IT;?L:< n)7 1§]177]7’L§q
]1 e ]n
with 72 (k) = ji. Then
#5=q".
An increasing subsequence of md € S is given by a sequence 1 < i3 < -+ <

i < mn, such that 72(i1) < --- < 7l(ix). As before, define
L(ml) = length of the longest weakly increasing subsequence of 7 . (1.2)

uestion. Given uniform probability on S¢, compute
y n

_ #H{L(r)) <k wh € 51}
qn

=7

PoL(L(m}) < k. € SJ)

Example. for m = (%ii%g) € S2, we have L(r) = 3. A longest increasing
sequence is underlined.

(iii) Generalized permutations 7 := 727 are defined by an array of
integers
i1 ... i
GPPY o P — [ n
" " (]1 e jn)

subjected to

1< <2< <4y <p and 1<71,...,00 < ¢

with iy = g1 implying jr < Jrt1.
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Then

P _ pg+n—1
# GP? ( n .

An increasing subsequence of a generalized permutation 7 is defined as

Z.Tl,...,l.rm cm
.77‘1 ]Tm

with r <. <rp and jr, < jp, < -+ < jp,. . Define
L(7) := length of the longest weakly increasing subsequence of .

Example. For (% %%i%% %3%3) € Gerll’Oi)’7 we have L(m) = 5.

For more information on these matters, see Stanley [80,81].

1.1.2 Young Diagrams and Schur Polynomials

Standard references to this subject are MacDonald [68], Sagan [78], Stanley
[80,81], Stanton and White [82]. To set the notation, we remind the reader of
a few basic facts.

e A partition X of n (noted A F n) or a Young diagram A of weight n
is represented by a sequence of integers Ay > Ay > .-+ > )\; > 0, such that
n=|\: =X+ -+ N;n=|}\ is called the weight. A dual Young diagram
AT =((AT)1 = (AT)2 = --+) is the diagram obtained by flipping the diagram
A about its diagonal; set

A = (AT); = length of ith column of . (1.3)
Clearly |A\| = |\ T|. For future use, introduce the following notation:

Y := {all partitions A}
Y, := {all partitions A - n}
Y? := {all partitions, with \{ < p}
YP := {all partitions \ - n, with A\] < p} .

n

(1.4)

o A semi-standard Young tableau of shape A is an array of integers a;; > 0
placed in box (4, ) in the Young diagram A, which are weakly increasing from
left to right and strictly increasing from top to bottom.

e A standard Young tableau of shape A F n is an array of integers
1,...,n = |A| placed in the Young diagram, which are strictly increasing
from left to right and from top to bottom. For A - n, define

f* := #{standard tableaux of shape A filled with integers 1,...,[\|} .
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e The Schur function Sy associated with a Young diagram A F n is a
symmetric function in the variables x1,xo, ..., (finite or infinite), defined as

§)\(I1, To, ... ) _ Z H I?&{timcs i appears in P} ' (15)

semi-standard %
tableaux P
of shape A

It equals a polynomial sy (¢1,t2,...) (which will be denoted without the tilde)
in the symmetric variables kt, = >, z¥,

5)\(.%'1,.%'2,. )= S,\(tl,tg,. . ) = det(s)‘i_i"‘j(t))lgi,jgm , (1.6)

for any m > n. In this formula s;(¢t) = 0 for i < 0 and s;(¢) for 7 > 0 is defined

as
oo

exp (Z tizi> = Zsi(thtg, )2
1

i>0
Note for A+ n,

RY
- t
Sx(z1,m0,...) = frag- w4 ':f/\|)l\_|'+m
e Given two partitions A D p, (i.e., A; > p;), the diagram A\p denotes
the diagram obtained by removing p form A. The skew-Schur polynomial sy,
associated with a Young diagram A\p F n is a symmetric function in the
variables x1, 2, ..., (finite or infinite), defined by

~ o #{times ¢ appears in P}
SA\M(ILI%-”)— E HIZ

semi-standard %
skew-tableaux P
of shape A\\p

= det(s)‘iﬁ“jfijﬁ(t))lgi,jgn ,
Similarly, for A\p + n,
Saulri,xa,...) = fA\“xl---xn 4

e The hook length of the (i, j)th box is defined by* hf‘j = )\1-—|—/\jT —i—j+1.
Also define

A A [11"(m + A —0)! ST
h '_(l:[@\h”_Am(m+)\1—1,...,m+)\m—m)’ form >\ . (1.7)
2,7

! hg\j = A\ + )\;r — 1 —j+ 1 is the hook length of the (7,j)th box in the Young
diagram; i.e., the number of boxes covered by the hook formed by drawing a
horizontal line emanating from the center of the box to the right and a vertical
line emanating from the center of the box to the bottom of the diagram.
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e The number of standard Young tableauzr of a given shape A = (A >
<o > Apy) is given by?

f* = #{standard tableaux of shape X filled with the integers 1,...,[\|}

= coefficient of z1 - - -z, in Sx(z)

Al !
= WS)\(ZU) = WS,\(u,O,O,...)

2121I§:5k1u
Al |
h>\ ()\1, —'L+])' 1<ij<m
m(m+X —1,....m—+ X\, —m)

Ve L . 7
[ (m+ A — i)

for any m > A\ . (1.8)

In particular, for any m > A{ and arbitrary u € R,

_UIA\ﬁfup\\Am(m—F)\l—1,...,m—|—,\m_m) '

$3(0,0,0,....) = ullTn = N (1.9)

e The number of semi-standard Young tableaux of a given shape A\ F n,
filled with numbers 1 to ¢ for ¢ > 1:

#{semi-standard tableaux of shape A filled with numbers from 1 to ¢}

q
o~ i+
:sA(l,...,1,070,...):S,\<q,g,%,...)— J—'ra

(1.10)

A g M =L g A —q)/TIZ) il when g > AT,
0, when ¢ < A/,

using the fact that

IIG-i+a= Mg =it (1.11)

q—1;
(i) I
e Pieri’s formula: given an integer r > 0 and the Schur polynomial s,,, the

following holds
SAS; = Z Sy (1.12)

p\A = horizontal strip
[\ =7

Note p\A is an horizontal r-strip, when they interlace, 1 > Ay > po > -,
and |p\A| = 7.

2 using the Vandermonde determinant Ay, (21, ..., 2m) = [licicjem(zi — 25)
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1.1.3 Robinson—Schensted—Knuth Correspondence for Generalized
Permutations

Define the set of p x ¢ integer matrices (see [80,81])

Math? := {W = (wij)1<i<p , Wij € Lo and Zwij = n} .

1<j<gq i,j
Theorem 1.1.1. There is a 1-1 correspondence between the following three
sets:

two semi-standard Young tableauz
of same, but arbitrary

p.q (P,Q), Pq
GPy* = shape X\ = n, filled resp. with in- A Mat;,
tegers (1,...,p) and (1,...,q)
T (P,Q) — W(m) = (wij)1<i<p
1<j<q
where '
Wij = #{times that (z) € 71'} .
J
Therefore, we have®
-1
(pq o ) — 4GP = 57 8,(17)8,(17) = # Mat?)7 . (1.13)
n

AFn

Also, we have equality between the length of the longest weakly increasing
subsequence of the generalized permutation m, the length of the first row of the
associated Young diagram and the weight of the optimal path:

over right/down paths starting

= af?i’ih{zwij’from entry (1,1) to (p.q) } - (L1

paths

Sketch of proof. Given a generalized permutation

m™T=\ . . s
jl... ,]n

the correspondence constructs two semi-standard Young tableaux P, Q having
the same shape A. This construction is inductive. Namely, having obtained two
equally shaped Young diagrams Py, @ from

(l.l l.’“) . 1<k<n
J1 o Jk

P
3 . 5 _ ——
Use the notation §)(17) = 8x(1,...,1,0,0,...).
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with the numbers (41, ..., ji) in the boxes of Pj and the numbers (i1, ...,1ix)
in the boxes of Q, one forms a new diagram Py, by creating a new boz in
the first row of P, containing the next number jiy1 , according to the following
rule:

(i) if jg+1 > all numbers appearing in the first row of Py, then one creates
a new box with ji41 in that box to the right of the first row,

(ii) if not, place ji4+1 in the box (of the first row) containing the smallest
integer > jr4+1. The integer, which was in that box, then gets pushed down to
the second row of P} according to the rule (i) or (ii), and the process starts
afresh at the second row.

The diagram @ is a bookkeeping device; namely, add a box (with the
number 4,41 in it) to @k exactly at the place, where the new box has been
added to Pj. This produces a new diagram Qi1 of same shape as Py1. The
inverse of this map is constructed by reversing the steps above.

Formula (1.13) follows from (1.10). O

Ezxample. Forn =10, p =4, ¢ =3,

1112223344
D,q — . o
GP? 97T_<233l22121§>’ with L(7) =5
5
—_—~
1[a]1]2]3][1]1]1]3]4]
(P,Q)=|[2]2]2 [2]2]2 T =A=5
3[3 3[4

0

v
W= g? : with L(m) = Y  wi; =5.
(1)=(0) (i) € {path}

v

1o (1)

The RSK algorithm proceeds as follows:
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e () () @) ()

133 123 122

po233 2 23 233 223
111
111 111 111
@ 11l 2 22 222 322
3 4 4
2 1 3
1122 1112 11123
123 122 122
3 33 33
P
1113 1113 11134
222 222 222
3 34 34

yielding the set (P, Q) of semi-standard Young tableaux above.

1.1.4 The Cauchy Identity

Theorem 1.1.2. Using the customary change of variables Y <, z} = it;,

> o1 Yl = isi, we have
1 - - .
H T = Zsk(x)s,\(y) = ZS,\(t)S,\(S> = exp(z ztisi) .
i,j>1 Lilj A A i>1

Proof. On the one hand, to every 7 € GP = J,, ,  GP}?, we associate a
monomial, as follows

T — H x;y;  (with multiplicities). (1.15)
(G)er
Therefore, taking into account the multiplicity of (;) em,
1
iYj

mEGP (Her i,j>1 4,521

One must think of the product on the right-hand side of (1.16) in a definite
order, as follows:
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1 1 1 1
11
Jj21

l—Iiyj - l—Ilyll—I1y21—I1y3“.
1 1 1
X ..
1—I2y1 1—I2y21—I2y3

e X e

and similarly for the expanded version. Expanding out all the products,
[T +2y+aty; +atyd+- ) [+ zays + a3y +adyd +-) -, (1.17)
Jjz1 j>1

leads to a sum of monomials, each of which can be interpreted as a generalized
permutation, upon respecting the prescribed order. Vice-versa each general-
ized permutation can be found among those monomials. As an example illus-
trating identity (1.16), the monomial x1y223y323Y503Y3T4Y124Y2, appearing
in the expanded version of (1.17), maps into the generalized permutation

11133344

23322312)"°
and vice-versa. On the other hand, to every couple of semi-standard Young
tableaux (P, @), we associate

# times 7 appears in Q # times j appears in P
i J

Therefore, the Robinson—Schensted—Knuth construction, mapping the gener-
alized permutation 7 into two semi-standard Young tableaux (P, Q) of same
shape A, implies

_ # times 7 appears in Q # times j appears in P
I | TiY; = | I(,El yj .
(j)er J

Then, summing up over all 7 € GP, using the fact that RSK is a bijection,
and using the definition of Schur polynomials, one computes

Z H T;Yj

GP (i
mEGP (f)en
_ # times 7 appears in Q # times j appears in P
= x; yj
all (P,Q) with @ J

shape P=shape Q

o # times 7 appears in Q # times j appears in P
= x; yj
A

all (P, Q) with % J
shape P=shape Q=A\

o # times 7 appears in Q # times j appears in P
-¥( ¥ I S

all Q with all P with
shape Q=X shape P=A\

=Y s(@)Ea(y)
A



1 Random and Integrable Models in Mathematics and Physics 13

using the definition (1.5) of the Schur polynomial. The proof is finished by
observing that

Sitisi = Y izt el g g ) g, TT (1 g

i>1 i>1 ki>14>1 ki>1

ending the proof of Thm. 1.1.2. O

1.1.5 Uniform Probability on Permutations, Plancherel Measure
and Random Walks

1.1.5.1 Plancherel Measure

In this section, one needs

ith exactly one 1 in each row and
Mat™™(0,1) : =3 W = (w;; )1<i.; Wi y
a0, 1) { (wig J1<i.n column and otherwise all zeros

See [23-25,80,81] and references within.

Proposition 1.1.1. For permutations, we have a 1-1 correspondence between

two standard Young tableaux

(P,Q), of same shape A and

size n, each filled with numbers

(1,...,n)

T (P,Q) — W(m) = (wij)ij>1 -

(1.18)

Uniform probability P™ on S,, induces a probability p" (Plancherel measure)

on Young diagrams Y,,, given by (m =\ )

Mat™"(0,1)

~n

1
P (\)= ] #{permutations leading to shape \}
(f*)?

A

n!
:n!Am(m—l—/\l—17...,m+/\m—m)2 (1.19)
(IT" (m + X —i)1)2 '

=nlsy(1,0,...)2

and so
#8Sn = Z(f)\)2 =nl.
AFn
Finally, the length of the longest increasing subsequence in permutation T,
the length of the first row of the partition A and the weight of the optimal path
L(W) in the percolation matriz W (r) are all equal:

oy . Z _over right/down paths starting
Lmn) =M = L(W) := aﬁlgfih{ i3 from entry (1,1) to (n,n) '
paths
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Hence
P*(L(m) <1)= Y () _ n! > sa(1,0,...)7
>0) = o AL O, 00 )7
AEY, AEY,
A1 Sl A1 Sl
Proof. A permutation is a generalized permutation, but with integers iy, . . ., i,

and ji,...,Jn all distinct and thus both tableaux P and @ are standard.

Consider now the uniform probability P™ on permutations in S,,; from the
RSK correspondence we have the one-to-one correspondence, given a fixed
partition A,

{permutations leading to the shape A}

standard tableaux of shape A, « standard tableaux of shape A
filled with integers 1,...,n filled with integers 1,...,n

and thus, using (1.8) and (1.10) and noticing that $)(19) = 0 for A\{ > ¢,

~n 1 A\2
P (\= o #{permutations leading to the shape A\} = (f |) ., AEY,,
n! n!
with _
> PrA) =1
€Y,
Formula (1.19) follows immediately from the explicit values (1.8) and (1.10)
for fA. a
Ezxample. For permutation 75 = (% i 3 é 3) € S5, the RSK algorithm gives
12
13
1 14 3
P = ) 5 5 451 A
5
13
Q — 1 1 13 ; 3 2
2 2 4 4
5
Hence

[[=[e]=
l

1

13
W5:>(P7Q): i ’

5

standard standard
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Remark. The Robinson—Schensted—Knuth correspondence has the following
properties

7+ (P,Q), then 71— (Q, P)

length(longest increasing subsequence of w) = #(columns in P)
length(longest decreasing subsequence of 7) = #(rows in P)

72 =1, then 7 — (P, P)

72 = I, with k fixed points, then P has exactly k columns of odd length.

1.1.5.2 Solitaire Game

With Aldous and Diaconis [15], consider a deck of cards 1,...,n thoroughly
shuffled and put those cards one at a time into piles, as follows:

(1) alow card may be placed on a higher card, or can be put into a new pile
to the right of the existing pile.

(2) only the top card of the pile is seen. If the card which turns up is higher
than the card showing on the table, then start with that card a new pile
to the right of the others.

Question. What is the optimal strategy which minimizes the number of piles?
Answer. Put the next card always on the leftmost possible pile!

Ezxample. Consider a deck of 7 cards, appearing in the order 3, 1, 4, 2, 6, 7,
5. The optimal strategy is as follows:

3[4 314 [3]4]6 3[4]6]7] 3[4]6]7
1 1/2| [1]2 1/2 1/2]5

This optimal strategy leads to 4 piles! For a deck of 52 cards, you will find
in the average between 10-13 piles and having 9 piles or less occurs approxi-
mately 5% of the times. It turns out that, for a given permutation,

number of piles = length of longest increasing sequence.

1.1.5.3 Anticipating Large n Asymptotics

Anticipating the results in Sects. 1.4.2 and 1.9.2, given the permutations of
(1,...,n), given a percolation matrix of size n and given a card game of size
n, the numbers fluctuate about 2,/n like

L(7m,) = length of the longest increasing subsequence
= weight of the optimal path in the (0, 1)-percolation matrix

= number of piles in the solitaire game

~2/n+n'/SF
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where F is a probability distribution, the Tracy—Widom distribution, with
E(F)=-1.77109 and o(F)=0.9018.
In particular for n = 52 cards,
E(L(ms2)) ~ 252 + (52)'/%(~1.77109) = 11.0005 .

The Tracy—Widom distribution will be discussed extensively in Sect. 1.9.2.

1.1.5.4 A Transition Probability and Plancherel Measure

Proposition 1.1.2 ([24, 92]). P, on Y, can be constructed from P,_1 on
Yn—1, by means of a transition probability, as follows

Y PaaNp(\p), peY,

AeY, 1
where
Mmoo
T ifAeY,_1 and p €Y, are such that p = X\+0
p(\, ) = M ul
0 otherwise

s a transition probability, i.e.,

E p(A, 1) =1, for fized .
HEY,
p=Xx+0

Proof. Indeed, for fixed p, one computes
(f*)? (f“ 1 )
Pn /,L =
Z 1 ) Z (n— DI\ |y

AEY,, 1 AEY, 1
pu=X+0eY,,

L oy p-U o p.

AEY, 1
M:A'FDEYn

Indeed, given a standard tableau of shape A, filled with 1,...,n—1, adjoining
a box to A such as to form a Young diagram p and putting n in that box yield
a new standard tableau (of shape p).

That p(A, ) is a transition probability follows from Pieri’s formula (1.12),
applied to r = 1, upon putting ¢; = d1;:

B fA—HZl 1 B f/\—i-D |)\|!_
2= 2 prER s 2 hamp "

HEY, AEY, 1 AEY, 1
p=X+0 A+0eY, A+0eY,
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Corollary 1.1.1. The following probability
Pn(ul < T1y--y Mk < :L'k)

decreases, when n increases.

Proof. Indeed

Pn(ul lea'”a,ukrgxkr)_ Z Z Pn—l(A>p(A7M)
peY, AeY,_1

all p; < @i
= > PaWppw < D Paa(d)
€Y, _1,u€Y, A€Y, 1
pn=x+0 pu=x+0
all py < all p; < @

Poi(M <y, A < ag)s

proving Cor. 1.1.1. O

1.1.5.5 Random Walks

Consider m random walkers in Z, starting from distinct points = :=
(1 < -+- < xp), such that, at each moment, only one walker moves either
one step to the left or one step to the right. Notice that m walkers in Z,
obeying this rule, is tantamount to a random walk in Z™, where at each point
the only moves are

+eq,...,tem,

with all possible moves equally likely. That is to say the walk has at each
point 2m possibilities and thus at time 7' there are (2m)? different paths.
Denote by P, the probability for such a walk, where x refers to the initial
condition. Requiring these walks not to intersect turns out to be closely related
to the problem of longest increasing subsequences in random permutations, as
is shown in the proposition below. For skew-partitions, see Sect. 1.1.2. For
references, see [11,80,81].

Proposition 1.1.3.

that m walkers in Z, reach y1 < -+ < Ym
* \in T steps, without ever intersecting

1 T \
— wopA\v
-G am), 2 VY 0w
A with A D p, v
[A\p|=Tr,
M\v|=Tr
Afgm

where w, v are fized partitions defined by the points x; and y;,



18 Pierre van Moerbeke

pr=k—1—-2r, vp=k—1—y

1= 5 (T4 3 w) = Tl + )

1

T = (7= 2t~ w) = 4T+ 1)

T=TL+Ta, » (wi—v)=T.—Th.
1

In particular, close packing of the walkers at times 0 and T implies

p that m walkers in Z reach 1,...,m in 2n
Lo steps, without ever intersecting

1 2n 2n)! #m, €S, : L(m,) <m
W(”) AX; (f)? = (n!) #Hm € (2m)2(" ) ) (1.21)
,\Ignm

123456

1 23456

Fig. 1.1. Six nonintersecting walkers leaving from and returning to 1,...,6.
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Proof. Step 1. Associate to a given walk a sequence of 71, Ls and Ty Rs:
L RRRLIRTLTL R...R, (1.22)

thus recording the nature of the move, left or right, at the first instant, at the
second instant, etc.
If the kth walker is to go from xj to yi, then

yr — x, = #{right moves for kth walker} — #{left moves for kth walker}
and so, if
T1, := #{left moves for all m walkers}

and
Tr := #{right moves for all m walkers} ,

we have, since at each instant exactly one walker moves,

m

To+TL=T and Th—TL=» (4 — k),
1

from which
1 m
T{k} = 3 (T:I: El (zr — yk)> .

Next, we show there is a canonical way to map a walk, corresponding to (1.22)

into one with left moves only at instants 1,...,71, and then right moves at
instants Ty, + 1, ...,71, + Tr = T, thus corresponding to a sequence
TL TR
L L L..L. R R R...R. (1.23)

This map, originally found by Forrester [40] takes on here a slightly different
(but canonical) form. Indeed, in a typical sequence, as (1.22),

LRRRLTRTLTL R..R, (1.24)

consider the first sequence R L (underlined) you encounter, in reading from
left to right. It corresponds to one of the following three configurations (in
the left column),

LN | | | R | || 7
R | | | /L N | | |
L | | | N_R / | | |
R / | | | L | | | N\
L | | | \N_R | /||
R | | | /L | | |
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which then can be transformed into a new configuration LR, with same be-
ginning and end, thus yielding a new sequence; in the third case the reflection
occurs the first place it can. So, by the moves above, the original configuration
(1.22) can be transformed in a new one. In the new sequence, pick again the
first sequence RL, reading from left to right, and use again one of the moves.
So, this leads again to a new sequence, etc.

LRRRLRTLTL R..R
LRRLRTRTLTLR..R
LRLRRRTLTL R..R
LLRRRERLTL R..R
LLRRRLTLTLR..R (1.25)

Since this procedure is invertible, it gives a one-to-one map between all the
left-right walks corresponding to a given sequence, with 71, Ls and Tr RRs

L R RRLURTULTUL R...R; (1.26)
and all the walks corresponding to
L Tr
L L L..L R R R...R. (1.27)

Thus, a walk corresponding to (1.27) will map into (TLTTR) different walks,

corresponding to the (TLTTR) number of permutations of 71, Ls and Tr Rs.

Step 2. To two standard tableaux P, Q of shape A = (A\; > -+ > ), > 0)
we associate a random walk, going with (1.27), in the following way. Consider
the situation where m walkers start at 0,1,...,m — 1.

instants of left move

1st walker Ci11 | C12 | C13 | C14 | C15 | C16

2nd walker | c21 | C22 | C23

3rd walker | c31 | ¢392 | €33

C4q1

e The 1st walker starts at 0 and moves to the left, only at instants
¢1; = content of box (1,i) € P

and thus has made, in the end, A\ steps to the left.
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e The kth walker (1 < k < m) starts at kK — 1 and moves to the left, only at
instants
¢k = content of box (k,i) € P

and thus has made, in the end, A5 steps to the left.

e Finally, walker m = \{ walks according to the contents of the last row.
Since the tableau is standard, filled with the numbers 1,...,n the walkers
never meet and at each moment exactly one walker moves, until instant n =
|A|, during which they have moved from position

0<l< " <k-1<---<m-—1
to position
M F0< D +l< <= +Hh 1< <A Em 1

That is to say the final position is given by unfolding the right hand boundary
of A, the horizontal (fat) segments refer to gaps between the final positions
and vertical segments refer to contiguous final positions.

In the same fashion, one associates a similar walk to the other tableau @,
with the walkers also moving left. These walkers will have reached the same
position as in the first case, since the final position only depends on the shape
of P or Q. Therefore, reversing the time for the second set of walks, one puts
the two walks together, thus yielding m nonintersecting walkers moving the
first half of the time to the left and then the second half of the time to the
right, as in the example below. Therefore the number of ways that m walkers

start from and return to 0,...,m — 1, without ever meeting each other, by
first moving to the left and then to the right, is exactly > Arn (f1)2.
A, <m
2 1>
112] [1]3]
3 2
PQ=|[1 1 | <= :
5 5
saldard sadard
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More generally, an analogous argument shows that the number of ways that

walkers leave from z; < -+ < z,,, and end up at y; < -+ < y,,, at time T,
without intersection and by first moving to the left and then to the right, is
given by
S (1.28)
AT+ pl+[v]) /2
Afgm

On the other hand, there are (TLTTR) sequences of 71, Ls and Tr Rs, which
combined with (1.28) yields formula (1.20).

In the close packing situation, one has pp = v, =0forall k,andsopy=v =0
and Ty, = Tr = T/2. With these data, (1.21) is an immediate consequence of

(1.20). 0

1.1.6 Probability Measure on Words

Remember from Sect. 1.1.1 words 7 := 7l of length n from an alphabet
1,...,¢q and from Sect. 1.1.2, the set Y¢ = {all of partitions A F n, with
Al < q}. Also define the set of n x ¢ matrices,

g . . )
Mat, (0,1) == { W = (wi;)1<i j<n Wlt}.l exactly one 1 in each row and oth
erwise all zeros

For references, see [80,81,87].

Proposition 1.1.4. In particular, for words, we have the 1-1 correspondence

semi-standard and standard
Young tableauz (P, Q) of same

S4 <= < shape and of size n, filled resp. p <= 1\”@2”(0, 1)
with integers (1,...,q) and
(1,...,n)
T (P, Q) — W(m) = (wij)ij>1 -
(1.29)

Uniform probability P™? on S% induces a probability P on Young diagrams
A€ Yﬁ{”, given by

=n,q

1
P (N) = — #{words in S, leading to shape \}
q

A5y (19 !
_ 7600 ZSA@,O,...m(q,g,g,...)

qr qr
! A A —1,... Ao — q)?
— nil. Q(q+ 1q ) 7q+ q q) (130)
qr H‘ll 7! Hl(q + Ai —0)!

Also,
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#S1=) fa)=q". (1.31)
AFn

Finally, given the correspondence (1.29), the length L(w) of the longest weakly
increasing subsequence of the word m equals

L . ~over right/down paths starting
L(m) =M = L(W) = alrlni)ih{zw”’fmm entry (1,1) to (n,q) ’

paths
and thus
n! q q
pma <l)= — — =, ...
Lm <=3, 2010 )05 3.-)
A<l
Ayl

Proof. A word is a special instance of generalized permutation, where the
numbers i1, ...,1, are all distinct. Therefore the RSK correspondence holds
as before, except that () becomes a standard tableau; thus, a word maps
to a pair of arbitrary Young tableaux (P, (), with P semi-standard and @
standard and converse. Also the correspondence with integer matrices is the
same, with the extra requirement that the matrix contains 0 and 1’s, with
each row containing exactly one 1.

Consider now the uniform probability P9 on words in S4; from the RSK
correspondence we have the one-to-one correspondence, given a fixed parti-
tion A,

{words in S leading to shape A}

semi-standard tableaux of
<= < shape A, filled with integers p X standar.d t..ableaux of shape A
filled with integers 1,...,n

1,....q

and thus, using (1.8) and (1.10) and noticing that $,(19) = 0 for A{ > ¢,

=n, 1 sx(17)f*
P q(/\) = — #{words leading to the shape \} = M , AeY?,
q q

with _
> PN =1.

AeyP

Formula (1.30) follows immediately from an explicit evaluation (1.8) and
(1.10) for f* and s,(19). O

C(12345\ _
7r—<2ll32>685

Ezample. For word

the RSK algorithm gives
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1 11 113 112
2 2 2 23

1 13 134 134

Hence

—_
—_
[\
—_

|
= ([2[3] "[2]5] | =

semi- standard
standard

w
S

[\
Ut

;

®
@

}w
° O~

¢ @
o 1 (o)

and L(m) = Ay = L(W) = 3.

1.1.7 Generalized Permutations, Percolation and Growth Models

The purpose of this section is to show that uniform probability, generalized
permutations, percolation, queuing and growth models are intimately related.
Their probabilities are ultimately given by the same formulae.

1.1.7.1 Probability on Young Diagrams Induced by Uniform
Probability on Generalized Permutations

Proposition 1.1.5 (Johansson [57]). Uniform probability P27 on GPL1

min(p,q)

induces a probability P on Young diagrams Y, , given by

Pp’q(/\) #{generalized permutations leading to shape A}

#Gppq
_ Sa(17)sa(17)
- #GPpRi
1! 1
= 2
- #GPﬁ’qHj!(p—q+j)!Aq(Q+)\l_1 g+ A —Q)
=0 1 p—i—)\ —1) ; -
> orq=p,
i q+)\
with?

4 There is no loss of generality in assuming q < p.
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. . pg+n—1
#OPLT= Y S50 = ( ; ) SN2
/\EYZ““(”‘Q)
Proof. By the RSK correspondence, we have the one-to-one correspondence,

{m € GP2? leading to the shape A}

semi-standard tableaux of semi-standard tableaux of
— {Shape A, filled with integers} {shape A, filled with integers}

1,...,q 1,...,p

and thus, for A\ € Y,’Tin(q’p), we have®

~p, 1
PZQ()\) = ZGpra #{m € GP?'? leading to the shape A}
I .
= Zapra Sx(19)8a(17) 5

when ¢ < A{, we have automatically §,(19) = 0, and thus
SR =1,
Aeyminta.p)

Notice that® for m > \],

e ApmAN =1 mAE A —m) T A=At —i
5\(17) = = -1l —=—
1 : ij=1 J
i<j
(1.33)

Without loss of generality, assume p > ¢; then A; = 0 if ¢ < i < p. Setting
hj=X+q—jforj=1,...,q, we have hy > --- > hy = Ay > 0. We now

compute, using (1.10),

Sx(17)82(19)
_., j—’L ]—’L
z,']:‘l i=1j=q+1
1<J
-1 R g
1,j=1 ‘]_Z i=1j=q+1 ]_Z
1<J

1 T (hi+p—q)
- (hi — )2 ] Lt P =9
g:l Jj= Q+1(] - 7’) z]< 1 ] - 2 ;!Il 11_‘[ hz'
1<y 1<

5 Remember the notation from Sect. 1.1.2: A € Y™™%P) means the partition A F n
satisfies A\ < p, q.

¢ Note H1<z<]<q( i) = H;I 0-7'
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T (hi+p—q)
_H —q+J'H 2H%’

i,j=1 =1
i<j
using
q a P
G-I II G-9
i,j=1 i=1j=g+1
1<)
q—1 q
=[]+ 1-ia+2—i)g+3—i)-- (p—1)
0 i=1
-1
(g+1)! (g +2)! (p—1)! 3 :
=gq! ne(g—1D!'= — .
T 51 b—a=1) (¢—1) j]:[o(p q+7)
This ends the proof of Prop. 1.1.5. ]

1.1.7.2 Percolation Model with Geometrically Distributed Entries
Consider the ensemble

Mat 9 = {p x ¢ matrices M with entries M;; =0,1,2,...}
with independent and geometrically distributed entries, for fixed 0 < € < 1,

Theorem 1.1.3 (Johansson [57]). Then

L ~over right/down paths starting
L(M) := a{{li)ih{ZM”’fmm entry (1,1) to (p,q)

paths

1,1 (O]

1) ®, 9)
Fig. 1.2.
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has the following distribution, assuming q < p,

P(L(M)<l)= > (1-&righs(11)s,(17)

Acymin(a.p)
A<l
q
_ (hi +p—q)! 1,
=7} > Aq(hl,...,hq)QH—hi! ghe
heN? i=1

max(h;)<l+g—1

where

pg = 107D pqq'HJ p—q+7)! (1.34)

Proof. Then the probability that M be a given matrix A = (a;j)1<i<p equals
1<j<q

P(M = (aij)lgégp) = H P(M;; = a;;), wusing independence,
1<j<q 1<i,5<p
1<j<q

IT a-¢¢m

1<i<p
1<j<q

2 1<i<p ¥ij

=(1—¢rig 15<e = (1 — )Pl

This probability only depends on the total weight |[A[ =}, ; a;;. Hence the

matrices” M € Mat?? have all equal probability and, in partlcular due to
the fact that, according to Thm. 1.1.1, the matrices in Mat?? are in one-to-
one correspondence with generalized permutations of size n, with alphabets
1,...,pand 1,...,q, one has

_ ) — — (N — Pay (1 _ n
Pl == 3 PO i) - (rarin g

> aig=n
We now compute

#{M € Mat?? L(M) <1}
# MatP4

_ #{m e GPPY L(m) <1}

B # GPP4

=PPUN < 1) = =g DL Sa(198:(17) .
#GP |/\‘<l
A

P(L(M) <1|[M]=mn)=

T M € MatE? C Mat??, means that > Mi; =n.
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Hence,

P(L(M) <) = i P(L(M) < I with | M| = n) P(|M| = n)
n=0

=2 > #G;P A(19)55(17) (# GPL) (1 — )Pig™
ST

M

82(19)85(17)(1 — &)raegh
<l

n

n=0

> >

1
|

5A(19)8x(17)(1 — &Pae

=

S
1

>
A

Now, using the expression for §)(17)§,(17) in Prop. 1.1.5, one computes, upon
setting h; = q¢ + A\; — %, and noticing that [ > Ay > --- > A; > 0 implies
l+qg—1>hy>--->hy >0,

P(L(M) <1)= Y (1 - &PeRs,(17)5,(19)

AeY?
A <l

_ 3 0

I+q—1>hy > >hy>0

fZ‘fhi—q(q*l)/Q
— ) P[]y jl(p — g +j)!

x Ay(hi, ... hy H (hi +p_q

q
— 778 A,k Hh+pq ,

heN?
max(h;)<l+g—1

since the expression in the sum is symmetric in hi, ..., hq. The normalization
Zpq is as announced, ending the proof of Thm. 1.1.3. O

1.1.7.3 Percolation Model with Exponentially Distributed Entries
Theorem 1.1.4 ([57]). Consider the ensemble
Mat?? = {p x q matrices M with R -entries}
with independent and exponentially distributed entries,
P(M;; <t)=1-e", t>0.

Then
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over right/lower paths starting
L(M) = M;,;
(M) oll ch {Z 2 from entry (1,1) to (p,q)

paths

has the following distribution, (assuming q < p, without loss of generality),

PL(M) < 1) = f(o,t)q Ag(zr,... ,xq)2 3:1 2" Texp(—x;) dz;
- f(o 00)4 Ay, 005 2q)? 3:1 xf_q exp(—w;) dz;
1
= ven (det M)P~%e~ T M qpr .
"M po:itive definite
Spectrum(M)<t

Remark. Tt is remarkable that this percolation problem coincides with the
probability that the spectrum of an Hermitian matrix does not exceed ¢, where
the matrix is taken from a (positive definite) random Hermitian ensemble with
the Laguerre distribution, as appears in the second formula; this ensemble will
be discussed much later in Sect. 1.8.2.2.

Proof. For fixed 0 < £ < 1, let X¢ have a geometric distribution
PXe=k)=(1-8& 0<e<1, k=0,1,2,...;
then in distribution
1-8X—Y, for{—1

where Y is an exponential distributed random variable. Indeed, setting ¢ :=
1- 57
P((1-9Xe<t)=PEX1 . <t)= >  e(l-¢)

0<k<t/e

Z e(1 —)/9*s  (Riemann sum)

0<k<t/e

t
—>/ dse ™ =P(Y <1t).
0

Then, setting £ — 1 — ¢, t = le, eh; = x; in (1.34) of Thm. 1.1.3 and letting
€ — 0, one computes
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lim P.(L(M) < 1)
£—

-1

=lim ————~-—
-0 ga(a—1)+a(p—a)+q
q

p—q
X Z Ay(hig, ... hee)? H (H e(hi + k)) (1- E)(l/E)hiE&.q
i=1 “k=1

max(h;e)<let+(g—1)e

1 q
== A1, z0)? | [ 28 exp(—a;) da;
2" Jioga ! 1;[1
1

=—_— det M)P~9e= "M dpr .
7 e, (det D)
M positive definite
Spectrum(M)<t

This last identity will be shown later in Prop. 1.7.2, ending the proof of
Thm. 1.1.4. 0

1.1.7.4 Queuing Problem

Consider servers 1,2, ..., ¢ waiting on customers 1, ..., p, with a first-in first-
out service rule; see, e.g., [21] and references within. At first, the system is
empty and then p customers are placed in the first queue. When a customer
k is done with the ith server, he moves to the queue waiting to be served by
the (i + 1)st server; see Fig. 1.3. Let

V(k, 1) = service time of customer k by server [
be all geometrically independently distributed

PWV(kD)=t)=1-8¢, t=0,1,2,....

Theorem 1.1.5. The distribution of

servers:

[+]
(=]
[+]

4]

e f—a
customers: 151 121 11

[ [

F=a r—a

161 130

[

F—n r—n

L7 40

[

F—a

181

[

F—a

1P

Lo

Fig. 1.3. Servers 1,2,...,q waiting on customers 1,...,p
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D(p.q) = {departure time for the last customer.p. at the}

last server lz’

is given by (assuming q¢ < p)

P(D(p,q) <= > (1-&PgPsy(19)s,(17)

)\GYmin(q,p)
<l
q
(h; + p —q)!
1
=Zg Y. Ag(hi,.. hy H
heN? =1

max(h;)<l4+g—1
(1.35)

Proof. We show the problem is equivalent to the percolation problem dis-
cussed in Thm. 1.1.3. Indeed:

Step 1. Setting D(p,0) = D(0,q) = 0 for all p,q, we have for all p,q > 1,

D(p,q) = max(D(p —1,q),D(p,q — 1)) + V(p.q) . (1.36)

Indeed, if D(p —1,q) < D(p,q — 1), then customer p — 1 has left server ¢ by
the time customer p reaches ¢, so that customer p will not have to queue up
and will be served immediately. Therefore

D(p,q) = D(p,q— 1)+ V(p,q) .

Now assume

D(p—1,q9) > D(p,q—1) ;

then when customer p reaches server ¢, then customer p—1 is still being served
at queue q. Therefore the departure time of customer p at queue ¢ equals

D(p,q) =D(p—1,9) +V(p,q) -

In particular

and
D(1,2) =D(1,1)+V(1,2),

establishing (1.36).
Step 2. We now prove

D(p,q) max
all such
paths

{ZV ‘over right/down paths from entry
to (p,q) ’

where the paths are taken in the random matriz

V= (V(4))i<i<p -

1<5<q
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By a straightforward calculation,

D(p,q)
= max(D(p — 1,9) + V(p,q), D(p,q — 1) + V(p,q))

= max( max Z V(i,j) + V(p,q), max Z V(i,j)+ V(P7CI)>
(

all paths all paths
0,0)—(p—1,q) Path (0,0)—(p,q—1) Path

— g (X i),
(0,0)—(p,q) “path

ending the proof of Thm. 1.1.5. ad

1.1.7.5 Discrete Polynuclear Growth Models
Consider geometric i.i.d. random variables w(z,t), with x € Z, t € Z,
Pw(a,t) =k) =(1-6&, ke,

except
w(z,t)=0ift —z isevenor x| > t.

Define inductively a growth process, with a height curve h(z,t), with = € Z,
t € Z4, given by

h(z,0) =0,
h(z,t+1) = max(h(z — 1,t), h(z,t), h(z + 1,t)) + w(z,t + 1) .
For this model, see [59,66,77].

Theorem 1.1.6. The height curve at even sites 2z at times 2t — 1 is given by

oy .., over right/down paths starting
M2, 26 —1) = aﬁl%?h{z V(Z’])’fmm entry (1,1) to (t+z,t—x)
paths

where
V(i,j) =wi—j,i+j—1).
Thus h(2z,2t — 1) has again the same distribution as in (1.34).
Proof. Tt is based on the fact that, setting
G(a,p) =hla—p,a+p—1),
one computes

G(q,p) = max(G(q — 1,p),G(g;p— 1)) + V(q.p)

B - over all right/down paths starting
o max{ V”’from entry (1,1) to (q,p) ’
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So
h(2z,2t —1) = G(t + z,t — x) ,
establishing Thm. 1.1.6. O

Figure 1.4 gives an example of such a growth process; the squares with
stars refer to the contribution w(z,t 4 1). It shows that h(2z,2t+ 1) is given
by the maximum of right/down paths starting at the upper-left corner and
going to site (t + z,¢t — x), where z is the running variable along the anti-
diagonal.

1.2 Probability on Partitions, Toeplitz and Fredholm
Determinants

Consider variables = (x1,x2,...) and y = (y1,¥2,. .. ), and the correspond-
ing symmetric functions

t:(tl,tQ,...) and 52(51,52,...)

ktk:fo and ksk:ny.

i>1 i>1

with

Following Borodin-Okounkov—Olshanski (see [24-26]), given arbitrary z,y,
define the (not necessarily positive) probability measure on X € Y,

Pey(N) 1= 283 (@)8(5) = 5sa(1)s(5) (1.37)
with -
7 = H(l — xiyj)71 = exp(Z ktksk) )

1

Indeed, by Cauchy’s identity,

Y PuyN) =D sa@saly) [] (1 —wigy)
A

€Y 1<i,j
= H (1- xiyj)_l H (1—ay;)=1.
5,521 4,j>1

The main objective of this section is to compute
Pry(A <), (1.38)

which then will be specialized in the next section to specific ’s and y’s or,
what is the same, to specific t’s and s’s. This probability (1.38) has three dif-
ferent expressions, one in terms of a Toeplitz determinant, another in terms
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* | [+
t=1 t=2 * *

0 I
]
—10 1
* *
x| [*] [x
* ]
M
t=3 o Jon]
o o
Y 10
I
2-10 1 2
0 (2t,0)
(t+z,t—x)
(0,2t)
Fig. 1.4.

of an integral over the unitary group and still another in terms of a Fredholm
determinant. The Toeplitz representation enables one to compute in an effec-
tive way the probability (1.38), whereas the Fredholm representation is useful,
when taking limits for large permutations. In the statement below, we need
the Fredholm determinant of a kernel K (i, j), with ¢,j € Z and restricted to
[n,00); it is defined as
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det(l - K(la j)'[n,n+1,...])

= (=)™ Y det(K (e a))) oy ey - (139)

m=0 Nz < <Tpm
r,EL

Now, one has the following statement [8,23,25,45,86]:

Theorem 1.2.1. Given the “probability measure” (1.37), the following prob-
ability has three different expressions:

P(X\ with Ay < n) -
dz . )
_ -1 k—1 0 L
=7 "det (ﬁl 517 exp (— Z(tzz + 8z )))
1 1<k, l<n
=z / exp (— Tr) (X' + siXi)) dx (1.40)
U(n)

i>1

= det(I - K(k7l)|[n,n+l,]) 5

where K (k,1) is a kernel

K(k,1
2
Viz)-V
- L) % 7{ I(jflduil exp(V(2) (w))7 for k.l € Z
27 lw|=p<1 J|z|=p=1>1 z w Z—Ww
1 (1 2]{% dzdw 2z(d/dz)V(z) — w(d/dw)V (w)
 k—1\27i lw=p<1  2F 1wl z—w
l2l=p"">1 X exp(V(z) - V(w))
fork,l € Z, with k #1, (1.41)

with

V(z) =V, s(2) :=— Z(tizﬂ' — 512",

i>1
1.2.1 Probability on Partitions Expressed as Toeplitz
Determinants

In this subsection, the first part of Thm. 1.2.1 will be reformulated as
Prop. 1.2.1 and also demonstrated: (see, e.g., Gessel [45], Tracy—Widom [86],
Adler—van Moerbeke [8])

Proposition 1.2.1. Given the “probability measure”

P(\) = Z 'sA(t)sa(s), Z =exp (Z ifz‘&') )

i>1
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the following holds

dz > . .
: - -1 k1 3 (i Hsiz
P(X with Ay <n) =Z""det (?{;1 st exp( 1 (tiz'+siz )))

and

dz - j '
o ) k—1 2"+ szt
P(X with A\j <n)=Z"" det (él omiz. P (Z(tzz I ))> 1<k,i<

1

1<k,I<n

Proof. Consider the semi-infinite Toeplitz matrix

Moo (t, 8) = (Pt ) k10 » oo

: B . _\ dz
with pig(t, s) :% Sk zexp(Z(tjzﬂ — 85z J)) omiz

Note that

ou = dz
Kkl k—l+m E : S A | =
Ot j{gl N exp( (827 = 552 >) omiz Hlotmt

1
a,ukl k—l—m E j —j dz
> — e tizd — s J - —
0Sm 351 - P (t;2 5777) 27z Bilm

with initial condition gk (0,0) = 0. In matrix notation, this amounts to the
system of differential equations®

Mmoo = A'my and Omoo

ot; Os;

— _moo(AT)i

with initial condition m(0,0) = I.

The solution to this initial value problem is given by

Moo(t, s) = (M’Cl(t73))k,lzo (1.42)

Moo (t, 8) = exp <§: tl-/li)moo(o, 0) exp (— i SZ—AT’) , (1.43)

1 1

where

8 The operator A is the semi-infinite shift matrix, with zeroes everywhere, except
for 1s just above the diagonal, i.e., (Av)n = Vn+1. I is the semi-infinite identity
matrix.
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1 S1 (t) Sg(t) S3(t) N

0o 0o 0 1 Sl(t) Sg(t)
ox A s i_ |10 0 Tosi(t) | = (s, icon -
p(;m> zo: OX=19 0 o 4 ()i

Then, by the uniqueness of solutions of odes, the two solutions coincide, and
in particular the n x n upper-left blocks of (1.42) and (1.43), namely

M (t,8) = Ep(t)meo (0,0)E, (—5) , (1.44)
where
1 Sl(t) Sg(t) S3(t> N Sn_l(t)
0 1 Sl(t) SQ(t) PN Sn,Q(t) .
s1(t) ==
0 .. 0 1
Therefore the determinants coincide:

det my, (t, s) = det(E, (t)mae(0,0)E, (—s)) . (1.45)

We shall need to expand the right-hand side of (1.45) in “Fourier series,”
which is based on the following lemma:

Lemma 1.2.1. Given the semi-infinite initial condition m«(0,0), the expres-
sion below admits an expansion in Schur polynomials,

det(E, (t)mac(0,0)E,) (—s)) = Z det(m™")sx(t)s,(—s) ,
Ay forn >0, (1.46)

T T
Ay <n

where the sum is taken over all Young diagrams X and v, with first columns
A and v{ <n and where

mM = (

P —it vy —j4n)1<i,j<n- (1.47)
Proof. The proof of this lemma is based on the Cauchy—Binet formula, which

affirms that given two matrices A , B ) for n large > m

(m.n) (n,m

det(AB) = det (Z alibik>

= Z det(ak,il)lgk,lgm det(bik,l)lgk,lgm . (148)

1<ip < <im<n

1<k,l<m

Note that every decreasing sequence co > k,, > --- > k; > 1 can be mapped
into a Young diagram Ay > Ao > --- > X, > 0, by setting k; = j + A\pyr1—5.
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Relabeling the indices ¢,j with 1 < 4,5 < n, by setting 7/ :=n —j+1, ¢ :=
n—i+1,wehavel <¢,j <nand kj—i= Ny —j'+i and k;—1 = Ay —i'+n.
In other terms, the sequence of integers co > k, > --- > k1 > 1 leads to a
partition \y =k, —n> X =k, 1—n+1>---> X, =k —1 > 0. The same
can be done for the sequence 1 < l; < --- < [, < 00, leading to the Young
diagram v, using the same relabeling. Applying the Cauchy—Binet formula
twice, expression (1.45)) leads to:

det(E, (t)mso(0,0)E, (—s))

= > det(s,—i(t) o < det((moo(O, O)E’T(_S))’“i’l) 1<i,i<n

1<k < <kp<oo =

Z det(skj_i(t»lgi,jgn det((/,bk;i_lyj—l) 1<i<n (Si_j(_8>)1§i<oo)

1<k <+ <kp <00 1<j<0 1<j<n

Z det(sg,—i(t)) 1<i,j<n

1<k <<k <00
x Y det(pr -1, 1<ig<n det (st —5(=5)) 12y oy
1<ty <<l <00 T

= Z det (S)\j, —j' i (t)) 1<i’,j'<n

AEY
AISTL
X g det(pix, —i'4nuy —j'+n)1<it j'<n det(sui/fi’+j’(_5))1<i/ i<
veY
Vngn
= E det(m’\”’)s,\(t)s,,(—s) ,
A veY
AI,V:STL
which establishes Lemma 1.2.1. O

Continuing the proof of Prop. 1.2.1, apply now Lemma 1.2.1 to m«(0,0)
= I, leading to

det m™" = det(ux, —itn;—jtn)1<ij<n 70

if and only if
ANi—i+n=v;,—i+n foralll <i<mn,

i.e., A = v, in which case
detm™ =1.

Therefore, from (1.45), it follows

dz i . .
sy (t)sx(—s) = det / e exp( tiz' — 527" ) .
Z (=) ( st 27z Z( ) 1<k,i<n

AEY 1
A <n

So, we have, changing s — —s,
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P(\ with \] <n) = 125)\ sa(s

A€EY
)\1 S’I’L

d > . .
= Z 'det (}41 27;;21671 exp <Z(tizz+8izz)>> )
S 1 1<k,i<n

and, using sy(—t) = (—1)*s,~ (¢), we also have

P(A with Ay <n) = 125)\ sa(s
AeY
/\1§n
=Z7' ) syr(t)syr(s) =271 > sa(—t)sa(—s)
A€EY A€Y
AT <n Al <n

d = . .
=Z""det (%1 27;;2]“71 exp(—Z(tizZ—i-sizl))) ,
S 1 1<k, l<n

Z = exp <i ztzsl) ,

1

where

ending the proof of Prop. 1.2.1. a

1.2.2 The Calculus of Infinite Wedge Spaces

The material in this section can be found in Kac [61] and Kac—Raina [62] and
many specific results are due to Borodin-Okounkov—Olshanski (see [24-26]).
Given a vector space V = €P,c; Cv; with inner-product (v;,v;) = d;5, the
infinite wedge space V> = A V is defined as

Vo = span{vs, Avsy, AVgg A+ 181 > 89 > -+, 5, = —k for k> 0}
containing the “vacuum”
fg:’L),l /\’U,Q/\"' .

The vector space V> comes equipped with an inner-product ( , ), making
the basis vectors vs, Avg, A--- orthonormal. To each k € Z, we associate two
operations, a wedging with vi and a contracting operator, removing a v,

YV VO =V fodi(f)=v A f
i VO = Ve
vsl/\.../\vs ...HZ 7‘+1vk’vsi>vsl/\.../\rﬁsi/\...

Note that
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Yr(f) =0, if v, figures in f
Yi(ve, A--+) =0, if k ¢ (s1,82,...).
Define the shift
A" = ZIZJHM/)Z, re’

kEZ
acting on V°° as follows
A"0g, ANVgy N v v = Vg qp A Vsy AVgg Ave =+ Ugy AUgyir AVgg A-ee
+ Vs AN Vgy ANVggqqr ANvee 00
One checks that
[Arawk] = wk-i-r ) [AT71/)Z] = —ﬁ—r (149)
(A%, AT = 16k, (1.50)

and hence

i>1

[Z ti/li, Z Si/lii

i>1 j>1

Lemma 1.2.2 (Version of the Cauchy identity).

exp (Z tl-/li) exp <— > s )

i>1 i>1
= exp (Z itisi> exp (— Z sj/l_j) exp (Z ti/li) . (1.52)
i>1 i>1 i>1

Proof. When two operators A and B commute with their commutator [A, B],

then (see Kac [61, p. 308])
edef = eBeteld Bl

Setting A =Y, ;A" and B = =3, 5;477, we find

exp (Z tiAi> exp <_ 3 SiA—j)

i>1 §>1
= exp(— Z S_jA_j) exp (Z ti/li) exp(— [Z A Z sj/l_j]>
jz1 i>1 i>1 j>1
= eXp(— Z sj/lj) exp <Z tl-/li) exp (Z zt151>
j>1 i>1 i>1

- exp(Z zts) eXp< D = 1sj/1j) exp <Z tl-/li) . O

i>1 i>1
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It is useful to consider the generators of v; and ¢;:

P(z) = 2, Prt(w) =) wys. (1.53)

i€ jez

From (1.49), it follows that
1
A7, (2 Zz A7 ] = D7 o = —0(2),
k

A7 ()] = -9 (w)

The two relations above lead to the following, by taking derivatives in ¢; and
s; of the left hand side and setting all t; = s; = 0:

oo 5) (o S0)

_%w&Z$waw
exp(F X tr/u" )" (w)

exp< Zsl ){ *Z }eXp( Zsl/l )

_{w&Z?%ﬂM@
exp(F X7 5w )i (w)

To each partition A = (A\y > Ay > -+ > A\, > 0), associate a vector

(1.54)

D

=01 AU A AUN —m A V_(m+1) NV—(m+2) N\ -+ € Ve
The following lemma holds:

Lemma 1.2.3.

exp (Z fz'/li> A= sua)fu

i>1 neyY
o (1.55)
exp (Z ti/l_l> fr= Z s (t) fu
i

In particular,

exp<2ti/v'> fo = _sult)fu and exp<ZtiA_i) fo=fo. (1.56)

i>1 ey i>1
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Proof. First notice that a matrix A € GLy, acts on V' as follows

Alvgy Nvgy A+++) = Z det Aiiii)vsa ANvgy ANwee

s/ >s2
where
A matrix located at the intersection of the rows s/, s, . ..
CREA and columns s, s2,... of 4 '

Here the rows and columns of the bi-infinite matrix are labeled by

1 0 -1 -2 -3

1 /% *x % * *
0] * x =% * *
—1] % *x e * *
21 x *x % * *
-3 \x *x x * *

Hence, for the bi-infinite matrix exp(> " ¢;4%),

51,82,

det (exp (Z ti/li> ) = det (ss;_sj)
1 ool

81,89,

Setting s; = A; — ¢ and defining y; in the formula below by s, = p; — 1,
one checks

exp (Z ti/li) I
1

exp(Zt /1) (Vs; ANVgy Av+)
%) 8§1,82,...
Z det (exp<z tl-/li)> Vgt A Vg A e
1

S’ >Sl>-~ ’oal

[ *

sh,8h,...
= E det(sg s, (¢ ))1gi,j<ooU53 Avgy A+
s/ >s2

Z det (s(u,—i)—(, *j)(t))lgi,jgoovﬂl_l AVug—2 N\ -+
p1—=1>pg—=2>--

= Z Su\)\(t)f# .

pney
O

The second identity in (1.55) is shown in the same way. Identities (1.56) follow
immediately from (1.55), ending the proof of Lemma 1.2.3. O

We also need:



1 Random and Integrable Models in Mathematics and Physics 43

Lemma 1.2.4. For

Wy =Y b, and Ve, = amtpi, (1.57)

i>1 i>1
the following identity holds:
<!pa1 o '![/am!pl;km T ngfz, f@> = det(<!pak!plj;fﬂ7 fﬂ>>1§k,lﬁm . (1'58)

Proof. First one computes for the ¥’s as in (1.57),

@, Y, fo

= Z (=123 det(brs, )1<hi<m
7:1>"'>7;7n21
Vg A AD

A AD_ Ao Ny Nor s Ny A v

Tm Tm—1

Then acting with the ¥,, as in (1.57), it suffices to understand how it acts on
the wedge products appearing in the expression above, namely:

Vg A ANDg, N N AN AN A
= (=)= HD det(ag 4, ) 1<k i<m fo -

Ty, -0,

m

Thus, combining the two, one finds, using the Cauchy—Binet formula (1.48)
in the last equality,

Wy, oWy Wy W [y = Z det(ak,i, )1<k,i<m det(br,i, )1<ki<mfo

11> >0y >1

= det (Z alibki> fo .

1<k,I<m

In particular for m =1,

Vo, U fo = anbrifo -
Hence

<!pa1 e '![/am!plin e ![/l::fgﬂ f®> = det (Z akib”)

= det((Va, ¥, fo, fo))1<ki<m

1<k,I<m

ending the proof of Lemma 1.2.4. a
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1.2.3 Probability on Partitions Expressed as Fredholm
Determinants

Remember the definition (1.39) of the Fredholm determinant of a kernel
K(i,j), with 4,j € Z and restricted to [n,o00). This statement has appeared
in the literature in some form (see Geronimo-Case [44]) and a more analytic
formulation has appeared in Basor-Widom [22]. The proof given here is an
“integrable” one, due to Borodin—Okounkov [23].

Proposition 1.2.2.
P(A with Ay <n) = det(] — Kk, Dlnnt1,...7)

where K (k,1) is a kernel

K(k,

l)
(8 f

ﬁ <%> 27{ %w|zp<1 z’(jfiuuil Z(d/dz>V(Z)z_—zfu(d/dw>V(w>

|z|=p~">1 X exp(V(Z) - V(w)) )
for k#1, (1.59)

with . .
V(z)=— Z(tiz_Z —8;2").

i>1

The proof of Prop. 1.2.2 hinges on the following lemma, due to Borodin—
Okounkov ([23,74,75]):

Lemma 1.2.5. If X = {x1,...,2n} CZ and S(A) :== {\1 — 1, 2 — 2, A3 —
3,...}

1
PAA| SN DX)= 7 Z sx(t)sa(s) = det(K(xi,xj))l<i)j<m .
A such that T
S(A)DX
Proof of Prop. 1.2.2. Setting A := {\ | k € S(A)} with S(A) := {\ — 1,
A2 —2,A3 — 3,...}, one computes (the x; below are integers)
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P(\ with A < n)
= P(A with all \; < n)
=P\ with SA) N{n,n+1,n+2,...} =)
=1—P(X with S(\) contains some k for k > n)
=1-P(A,UA,41U--+)
=1-) P(A)+ > PAinA)— > PANANA)+--
n<i n<i<j n<i<j<k

using Poincaré’s formula

=Y (=D™ > PAwith {z1,...,zm} C S())

m=0 n<ry<-<Tm

= Z(—l)m Z det(K(wi7xj))1§i,j§m

n<ry<-<Tm
) s

0

— det(I — K (i, (

( (Z ]) [n,n+1,...]

from which Prop. 1.2.2 follows. O

Proof of Lemma 1.2.5. Remembering the probability measure introduced in
(1.37), we have that

1
PO SN2 X) =~ > salt)sals) -
A szl)(:,])n)t}l{at

Next, from the wedging-contracting operation

f,\7 ifz e S)\

1/111/);fx—{07 fod s

and using both relations (1.55), one first computes:
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<exp<isi )sz exp<zt/1)fz,fz>

sEX
— <exp<;$1 )}l{d&lﬁ ZS/\ f,\,fg>
- ZSA(t)<eXp<i 5A> 11 1/)m1/);fmfz>

1

SA(t)<eXP (ilo: SiAi> Ix, fg>

sx(6) D (sxu(8)fus fo)

zeX

[l
S\

S(A)DX

[
-

HCA
S(\)DX
= Z sa(t Z S\ (8)(fus fo) = Z sA(t)sa(s) -
A pCA A such that
S(A)DX S(A\)DX

Using this fact, one further computes (in the exponentials below the summa-
tion ) stands for y %)

1

7 > sa(t)sals)
A such that
S(A\)DX

bats exp <Z M‘) for fz>

o
Joer

= %<6Xp (Z 51'/171 'l/)m 1/1111/)m1 o 1/);m exp (Z tz/“) f®7f2(>
USing d’zld’;J = _’l/);j’l/)mi for # ]
1 —1q * *
= 2<exp<z 51'/1 )’l/)mm "'1/1111/1931 ~~1/)Im

X exp (Z tiAi> exp (— > si/li) o, exp (— > tiAi> fg>

using (1.56)
<6Xp< >t Al) exp (Z s; A )wmm b Yy ey
X exp (Z ti/li> exp (- > sl-/li) fa, fg>
= <exp (— > tiAi) exp (Z siA—Z) R VY RERE o
X exp (- 3 si/l_i) exp (Z tiAi) fa, f@>
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using Cauchy’s identity (1.52)
:<gp RS V/S00 1/ Sl .gp;mfg7fg>’

1+ xq

where

7, = exp <— > tl-Ai) exp <Z siA_i) Yp exp <_ 3 51./1—1') exp <Z tl-/li)
U = exp <— > tl-/li) exp <Z 5/1) W5 exp (- > sia ) exp <Z ” Az)

Then, using Lemma 1.2.4, the expression above equals

Wy, Ve, Uy -V [, fo) = det((We, ¥, fo, fo))i1<ki<m

= det (K(wm xl))lﬁk,lgm )

where
K(k,1) = (0 fo, f)
= <exp <— Zti/li) exp <Z si/li) YY)
X exp (— Z sl-/li) exp <Z tl-/li) fo, fg> .
Using
1 ifi=j<0
0 otherwise

(it fo, fo) = {

and setting

V(z)==> (tiz™" —siz") (1.60)

i>1
the generating function of the K (k,1) takes on the following simple form:

> FwT K (k1)

k,E€Z

- <exp<—zti/li) exp<z s A” l>¢ Yo (w
()l

= (e (- T te ) exp (S st exp( s )exp<ztim)
(T
(T

X exp

X exp

()
sea)exp( St ) 1 fz>

X exp
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= exp <Z ) exp( Zt z 1) exp <— Zslwz> exp (Z tiwi)

x (Y(2)Y"(w)fo, fz) using (1.54)
= exp(V(2) = V(w)) (¥ (2)¢" (w) fo, fo)
= exp(V(2) = V(w)) Y 2w (it} fo, fo)

,JEL

= exp(V(2) — V(w)) Z<%>

i>1

— exp(V(z) = V(w)) <%> <1 +=+ )

=exp(V(z) = V(w)) (%) ﬁ for |w| < |#|
= exp(V(2) = V(w)
and so
K (k1) < ) ]{ ]{ dzdw exp(V(z) — V(w))
2mi lwl=p<1 J|z|=p-151 2P 1w z2—w ’
ending the proof of Prop. 1.2.5. a

Formula (1.41) in the remark is obtained by setting z +— tz, w — tw in

(1.59),
1\° 1 dzdw exp(V(tz) — V(tw)
K(k.1) = <%) tk_*ly{% Zhtly—t+1 bl (z/w—1) ) '

and taking (0/0t)|:=1 of both sides, using the t-independence of the left-hand
side, yielding (1.41). O

1.2.4 Probability on Partitions Expressed as U(n) Integrals

This section deals with (1.40) in Thm. 1.2.1, stating that P(A | Ay < n) can
be expressed as a unitary matrix integral. First we need a lemma, whose proof
can be found in [27]:

Lemma 1.2.6. If f is a symmetric function of the eigenvalues ui, ..., u, of
the elements in U(n), then

1 ™ dus
e R ) T]
»/U(n) n' (sHn 1;[ 27T1Uj
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Proof. Set G :=U(n) and T := {diag(uz, ..., u,), with ux = exp(ify) € S'},
and let t and g denote the Lie algebras corresponding to 7" and G. An element
in the quotient G/T can be identified with ¢T', because ¢’ € ¢T implies
g 'g' € T, and thus there is a natural map

T x (G)T) — G: (t,gT) — gtg~*.

Note that the Jacobian J of this map (with respect to the invariant measures
onT, G/T and G) only depends on ¢ € t, because of invariance of the measure
under conjugation. For a function f as above

/f: i Flgtg™)J(t) dtd(gT) = LG,/T)/ HOMOES
G n! Jrx@/m) s T

Denote the tangent space to G/T at its base points by t*, the orthogonal
complement of t in g = t® t+. Consider infinitesimal changes ¢(1 + ££) of ¢
with £ € t; also, an infinitesimal change of 1 € G, namely 1 — 1 + en, with
n € t+. Then

gtg™ —t=(1+ent(l+ef) (1 —en+O(e?)) — ¢
=c(tE+nt —tn) + O(?) = ep + O(e?)
and so
tlp=¢+tnt—-n) ettt =g.
Thus the Jacobian of this map is given by
J(t) = det(A(t™) = 1),

where A(t) denotes the adjoint action by means of the diagonal matrix ¢,
denoted by ¢ = diag(u1, ..., u,), with |u;| = 1. Let Ej; be the matrix with 1
at the (j, k)th entry and 0 everywhere else. Then

(A(t_l) — I)Ejk = (u;luk — l)Ejk

and thus the matrix A(t~!) — I has n(n — 1) eigenvalues (ujluk — 1), with
1 <4,k <nand j# k. Therefore

det(A(t™") = I) = [ (u; ux — 1) = [ ] lwy — usl*
j£k j<k
using the fact that uj*l = Uj. ad
Proposition 1.2.3. Given the “probability measure”
PO) = Z sy ()sa(s), 7 = exp <Z t)
i>1
the following holds

PO\ [ A <n)=2"1 /U(n) exp<_ Tr<f:(tixi + sif))> dx .

1
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Proof. Using Lemma 1.2.6 and the following matrix identity,
Z det (i, () bj’U(j))lgi,an = det (“ik)lgi,kgn det (bik)1§i,kgn’
oEeS,

one computes

n!/ exp( (Zth—i—sX ))dX
U(n) 1

n

00 . de
— 2 |I E —i
B /(51 ) (exp( T (tich + 51 Pk >) 27Tizk)

k=1

1

_m n o . » dz
- /51 Z det U(m Zo( ))1<l m<n H (exp <_ Z(tlzk T SiZg )) 2wizk)

ocES, k=1 1
= L\ dz
= Z det (?{ 2tz exp (— Z(t zZi + sizy Z)) 27ril; )
P =k 1 k/1<i,m<n
= dz

= nldet (% 27 exp <— (tiz' + szzl)> - ) = nldet m,(t, s)

g1 ; 2miz 1<lm<n
ending the proof of Prop. 1.2.3. O

1.3 Examples

1.3.1 Plancherel Measure and Gessel’s Theorem

The point of this section will be to restrict the probability

1. - 1

Pry(N) i= 82 (@)5: (1) = sa(0)sa(5) (L.61)

considered in Sect. 1.2 ((1.37)) to the locus L1, defined for real & > 0 (ex-
pressed in (z,y) and (s,t) coordinates),

Ly = {(x,y) such that fo = ny = 51{1\/5}

i>1 i>1
= {all s, =t =0, except t1 = s1 = \/£} . (1.62)

The reader is referred back to Sect. 1.1.5.1 for a number of basic formulae.
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Theorem 1.3.1 ([8,23,45,86]). For the permutation group Sk, the generat-
ing function for distribution of the length of the longest increasing subsequence

P (L(mk) < n)

18 given by

)
—e ¢ det(Jj—l(2\/__€))1§j,l§n
:e—s/ exp(VETe(X + X 1)) dX
U(n)

=det(I — K(4,D)|nnt1,..7)

1<g,l<n

where J;(z) is the Bessel function and

VE(TL(2vE) J141(2VE) — Jry1(2vE) Ji1(2VF))
k—1

ZJk+n(2\/g)Jl+n(2\/g) : (1.63)

K(k,1) = (k #1)

Proof. For an arbitrary partition A € Y, and using (1.9), the restriction of
P, to the locus £4, as in (1.62), reads as follows:

Pf()\) = PLy( |£1 = exp( Zktksk)s)\ S,\( )
i:\/zéil
Al (A2
_egen2 e 2 e 80 (1Y)

Al A AT
(Al
,56 ~(n)

=e WP (A), forn=]|},

where f’(n)()\) can be recognized as Plancherel measure on partitions in Y,,,
as defined in Sect. 1.1.5.1,

. A2
P ()\):(f') , AeY,
n.
It is clear that Al ()\)2
pé _ —55_ f Y
=t () rer

is a genuine probability (> 0), called Poissonized Plancherel measure.
We now compute
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g\kl
PS(\ with A\; <n) =e~¢ Z

A
AEY
Ai<n
_ (/™) - &k ~<k>
=y G S = G <,
k=0 " |\=k

Ai<n
and thus using Thm. 1.2.1,°

PS(\ with \; <n)

d > . .
= Z tdet (j{sl 27;:2’“*1 exp (— E (tiz* + sizl))>
1

d
e~ S det <%Sl 2;/164 exp(—v/E(z + zl))>
_ ot / exp(VETH(X + X 1)) dX
U(n)
e~ ¢ det (Jk—l(2\/——§))1§k,zgn ’

where we used the fact that for a Toeplitz matrix

1<kI<nlCy

1<k,I<n

det(a*ex 1) 1<ki<n = det(cr_1)i<kicn, a#0.
It also equals
PE(X with Ay < n) =det (I — K(i,5)|innt1...))

where K (i,j) is given by (1.41), where V(z) = /(2 — 2~ 1). Since
2(d/d2)V(z) — w(d/dw)V (w) _ \/5(1 3 L)

zZ—w wz

one checks

 The Bessel function J,, (u) is defined by
exp u(t —t~ Zt Jn(2u)

and thus

exp(—VE(z +271) = exp(V=E((12) - (12) 1)) = D (12)"Ju(2V/=8) -
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(k — Z)K
exp(VE(z —27")) exp(VE(w™" —w))
(27i)2 %% I—Cl ( Zk+1 w!
B exp(\/f(z — z’l)) exp(\/f(w’1 — w)) )
Sht2 w—1+1
= VE(T2VEO) J1(2VE) — Jis1(2V/E) N1(2VE))
S DS T @V (2VE) (1.64)
n=1

The last equality follows from the recurrence relation of Bessel functions
Jer1(22) = ng(Zz) e (22)
Indeed, subtracting the two expressions
Ji41(22)Jx(22) = é]k(2z)J1(2z) — J—1(22)Ji(22)
Jit1(22)J1(22) = ng(Zz)Jl(Zz) — Jpe—1(22)01(22)
one finds
(I = k)Jk(22)J1(22) = 2(Jk(22) J141(22) — Jpg1(22)J1(22))
— 2(Jk—1(22)J1(22) — Jr(22)J1-1(22)) ,
implying

2(Je(22)J141(22) — Jrg1(22)i(22)) = (k= 1) i Jktn (22) J140(22)

n=1
thus proving (1.64). O

Remark. Incidentally, the fact that P® is a probability shows that Plancherel
measure itself is a probability; indeed, for all &,

e &
GE;HZIZZPE( 7652,“2 |)\|l

AeY n=0 " |\|=n
*EZ I
" ey,

~n

comparing the extremities leads to >,y P (A) = 1.
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1.3.2 Probability on Random Words

Here also, restrict the probability (1.61) to the locus below, for £ > 0 and
p € Lx,

= {Z{L’f = 6k1€7y1 ==y = ﬁ’au other Yj = O}
i>1
= {tk = 5k1€7 ks = pﬂk}
~k,
Recall from Sect. 1.1.5.4 the probability P ’ on partitions, induced from

uniform probability P*? on words. This was studied by Tracy-Widom [87] and
Borodin—Okounkov [23]; see also Johansson [58] and Adler—van Moerbeke [8].

Theorem 1.3.2. For the set of words SP, the generating function for the dis-
tribution of the length of the longest increasing subsequence, is given by (set-
ting B =1)

ey wﬁ’”’@(m) <n)
- = eraei( f St epie i+ 27

=Pt / exp (€ Tr M) det(I + M)P dM
U(n)

1<k,l<n

= det(I - K(]’ k))(n,n+1,.,.) ’

with K(j,k) a C’hristoﬁelfDarbouz kernel of Charlier polynomials:
(- k)K

@i ?{% dzdw < — &) P lexp(—¢&27h) (1 — Ew)P~Lexp(Ew™?)
mi)* :

|—c1<1/[¢] ok wk
lwl=e2 C (1=&2)Pexp(=€z7!) (1 - Ew)P exp(§w™!)
252 w—k+1 )
Fi(=p,j+1;6) 1 Fi(— 1,k +2;€2
=P)j+1 exp(_§2)<1 1 ( pj]["’ §°) 1F4( p(—]:+ 1)'+ )
1Fi(—q+1,j+2,6) 1 Fi(—q,k+1;6%)
- (G +1)! ! ) (1.65)

where
(@)j:==ala+1)---(a+j—1), (a)o=1

and 1 F1(a, c; ) is the confluent hypergeometric function:

1 _ 1, dz D)m
g f, (e Tene ) = DR p- @A - pm 1)
z|=c1 < §
1

= _ q —1 m—1 _ _ .2
P ‘w‘zg §w)?exp(§w™w dw—mllFl( g,m+1;6%) .
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These functions are related to Charlier polynomials.
Proof. This proof will be very sketchy, as more details will be given for the

percolation case in the next section. One now computes

Pg’p()\ with Ay <n) = Z exp(— Z’Lh&) sa(t)sa(s)

A i>1 Lo
/\1§n
— o PéB Z S 8, — pﬁ2 pﬁs
- /\ PO, y 3 Y
)\1<n
_ (PEB)M 51 (1,0, )sa(p,p/2,0/3, - . )
e DB Z N A ;IM
AeYP
)\lgn
s o (PEB) frsa(17)
per g2 SO 5 ol
k=0 AEYP
Al=k
/\1§n
oS BELE (m) <)
k=0 ’

In applying Thm. 1.2.1, one needs to compute

eXP(‘i(tizi—Fsiz_i)) i =e eXp< pz < )) e—gz(l_g)p
1 >
and
e, =exp (_ i(tizﬂ' - Sizi)) L exp(—€2~1)(1 = B2) 77
1 >
Therefore

10" Charlier polynomials P(k; a), with k € Z>0, are discrete orthonormal polynomials

defined by the orthonormality condition
ok
ZP k; ) P (ks 0)wa (k) = Spm ,  for wa(k):ef‘lﬁ,

with generating function

. n/2 1 . n__ -
' —=Py(k;a)w" =e
> o= Pu(kia)

n=0
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dz s ) )
Pg’p()\l <n)= Z M det % . exp (— (t;z" + siz_l))
s1 2miz Z 1<k,i<n

1

d
= e PP det (?{ —Z:zk*le%z(l - ﬂzl)p)
g1 2miz 1<ki<n

d
= e~ P9 det (j{ sy exp(&27H) (1 + ﬂz)p>
g1 2miz 1<ki<n

using the change of variable z — —z

Lo

—1
_ e—&pﬁ/ exp (& Tr 3 det(1 + BM)P dM .
U(n)

Then, one computes

z2(d/d2)V(z) — w(d/dw)V (w) _ Bp S
z—w (1-082)(1-pw) 2w’

and

exp(V(z) — V(w)) = exp(—£271) (1 — B2) Pexp(w™ ") (1 — Sw)?,

leading to (1.65), upon using (1.59), combined an appropriate rescaling in-
volving 3. From footnote 10, the confluent hypergeometric functions turn out
to be Charlier polynomials in this case. ]

1.3.3 Percolation
Considering now the locus
L3 = {kt, = q¢"? ks), = pt*?}

one is led to the probability appearing in the generalized permutations and
percolations (Sects. 1.1.5.4 and 1.1.5.5), namely

P(L(M) <1) = Z(l—f)p%MS,\(q,g,m)S,\( g) .

A
A<l

We now state: (see [23,57])
Theorem 1.3.3. Assuming q > p, we have

P(L(M) <)

:$151z|Al H1+\/_ZJ (1+/¢%) d%j
Jj=

2 miz;

=(1- g)m/ det(1 + /€M) det(1 + /EM)P dM
1510

—det(I K(i,j )|[”+1 1
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where (C is a constant depending on p,q, &)
My (p+ i) Mp—1(p+5) — Mp—1(p+ 1) My(p + i)
=]

K(i,j)=C

)

where
My(k) = My(k;q—p+1,8), withk € Z>q ,

are Meszner polynomials.™!

Proof. Using the restriction to locus L3, one finds

eXp<_§:(fﬂj + sz_j)) ‘,cg = (1= V&)1 —ety
1 2
and

=1 - Ve - e,

L3

o0
eV|E3 = exp (— Z(tiz’i - slzi))

1

and thus
V(z) = qlog(1 — /€ z7) —plog(1 — /€ 2) .

Hence, in view of (1.59)
2(d/d2)V(z) — w(d/dw)V (w)
o 123 av€

(1-vEe2)(1 = VEw)  zw(l— V&)1 —VEw™)

and so

1 2(d/d2)V(z) — w(d/dw)V (w)

exp(V(z) - V(w))

Sht1y—1 po—
Y RIS EN A SRR

(V70 VBt 1 VEP (YRt

q k2 w—1F1

11 Meixner polynomials are discrete orthogonal polynomials defined on Z>o by the
orthogonality relations

S (9401 sekag g 7 (sp-1\T
k_0< ]C >)€ Mp(ka/gvé-)Mp (kvﬂag) (1_5)5< p > prp’
>0,

and with generating function

-~ (Bl - (122 1 yes
> O @ne = (1-3) -2 (160

p=0
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Expanding in Laurent series, one finds
(1—=n2)""(1=nz"")"
(= (=B—=1)--- (=B —i+1 o

7!
) @ 6’(6’—1)---(6’—j+1)(_n)ji)

j! zJ

Y BB+ BHi= D EH)EF+D - (EF+T =) iy

me7Z 1—j=m Z! ‘7'
4,5>0
_ mzm BB+ - B+i+m=—1) (=) (= +i—1) siim
- mEZZ j=0 (-7 +m)' .7' K ’ .

The coefficient of z™ for m > 0 reads

(j+m)! 4!

= %nmzﬂ (B+m,—Bsm+1;n0%),

§6<6+1)---<6+3’+m—1)(—5’)---(—6’+j—1)n2j+’"

which is Gauss’ hypergeometric function? and thus

+dz _ (B)k

omizk+l Kl

¢ a-n gty WaF (=8B + kik + Lin?)
z=0

One does a similar computation for the other piece in the kernel, where one
computes the coefficient of z7™. Using this fact, using a standard linear trans-
formation formula'® for the hypergeometric function, and using a polynomial
property for hypergeometric functions'* and the formula for 0 < p < ¢

I'l+p—q) _ (—1yrtl (¢—1)
r(l-q (g—p-1!’

one finds Meixner polynomials (assume ¢ > p > 0, z > 0 and k > 0) (see
Nikiforov—Suslov—Uvarov [71] and Koekoek—Swartouw [65]):

2 oFi(a, b 2) == 35 ((@)n(b)n/(c)n) 2" /nl. Notice that when a = —m < 0 is an
integer, then 2 F1(a, b;c; z) is a polynomial of degree m.

'® In general one has o Fi(a,b;c; 2) = (1 — 2) "2 Fi(b,c — a;c; 2/(2 — 1)).

' When p is a positive integer (< ¢) and k an integer, then 2Fi(—p, —q; k + 1; 2)
is a polynomial of degree p in z, which satisfies 2Fi(—p,—q;k + 1;2) =
I(k+1)I1~q+p)/((k+pT(1—q))(=2)"2F1(=p, —k —p;q — p+ 1;1/2).
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R O (Y o U
'ﬁf

k+1
l<|zl=c1 o

(p“) IRk 2 B (p+ 1+ k, —q k + 1;€)

(p+1) 5k/2( f)q2Fl( g k41 651)

_(p+1>kF(1+p—q> S F(
ke pT1-q (Q-gpatt
I'(l+p—gq) &HH2
T pr(1—q) (1-€p-

_ +k/2
—(qpl)—(lgig) My(p+kiq—p+1;¢),

-1
zm—lf—p;q—pﬂLl;—5 £ )

My (p+ kg —p+1:€)

where

Mp(fﬁﬁaf) =oF (—p7 —x; 3; €;1> _

_ p
f (Q) 1 xp_i_...’ ZUEZZO

€ (B)p
=apzl +..., withf=q—p+1

are Meixner polynomials in x, satisfying the following orthogonality proper-
ties:

o0

p! .
with weight

Using these facts, one computes

(k— l) k1)
(1-vE2) P 11— V& 1) (1 VEw)P 1 (1— w171
@mi)? //dzd <

Flan w=!
[VEI<|z|=c1
|w|=c2<|1/VE]
C (=VE) P -VEeT )t (1—\/§w)”(1—\/§w‘1)‘q‘1>
q Skt2 w—l+1
= =l ulp + Rwlp +1)
—1
o x (My(p+ k)Myy_1(p+1) — My_1(p+ k) My(p +1)) ,
where

Mp(p+ k) :== Mp(p+ kiq—p+1,8).
We also have, using Props. 1.2.1 and 1.2.3 restricted to the locus L3,
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P(L(M) <1)
T 2 2
A<l
—eXp<_Zktk5k) Z S)\(tl,tQ,...)S)\(Sl,SQ,...) Kt — 5’”2
1 N A<l ksi;ifk/z
1S

a—a' i . o dZ
=(1-¢M det(ﬁlz exp (— Z(tjzﬂ + 552 J)) 27riz)1ga7a,gl

ktp=q&"/?
! ksp=pc*/?
— (- grraen( § 1= VEO - VETP AT
St 2miz 1<a,a’<l
k
(1—5)”/ 2 oy 9%
LV A 1 Na(1 P
R 1A (2)] j];[l( +VE2) (1 + Vez)) Sz
=(1- g)m/ det(1 + /EM)? det(1 + \/EM)P dM |
u(t)
thus ending the proof of Thm. 1.3.3. a

1.4 Limit Theorems

1.4.1 Limit for Plancherel Measure

Stanislaw Ulam [89] raised in 1961 the question:

How do you compute the probability P (L(r,,) < k) that the length
L := L of the longest increasing sequence in a random permutation
is smaller than k. What happens for very large permutations, i.e.,
when n — oo?

By Monte Carlo simulations, Ulam conjectured that

EM™ (L
e i B0

exists (E™ denote the expectation with respect to P(™). A much older ar-
gument of Erdés and Szekeres [35] implied that E™ (L) > 2vn—1 and so
c > % Numerical computation by Baer and Brock [17] suggested ¢ = 2.
Hammersley [50] showed the existence of the limit (1.67); in 1977, Logan
and Shepp [67] proved ¢ > 2 and, at the same time, Vershik and Kerov [93]
showed ¢ = 2. More recently other proofs have appeared by Aldous and Dia-
conis [14], Seppéliinen [79] and Johansson [56]. Meanwhile, Gessel [45] found
a generating function for the probability (with respect to n) and connected

(1.67)
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u

[TTITTTITTITTI] ¥
[T1]

I
]
(@) = (ug.¥(wy))

Fig. 1.5.

this problem with Toeplitz determinants. Monte Carlo simulations by Odlyzko
and Rains [72] suggested

Var L) EM™ (L) —9
—ar c1 = lim ( 1/)6 \/ﬁ y
n

co ~ lim
0 S5 pl/s

with ¢g ~ 0.819 and ¢; ~ —1.758.

In this section, we explain some of the ideas underlying this problem. It
is convenient to write a partition A € Y in (u,v)-coordinates, as shown in
Fig. 1.5.

Remember from (1.7) the hook length h*, defined as

h*= T] k. with h}; = hook length = A; + A] —i—j —1,
(i,5)EX

where )\;'— is the length of the jth column. Also remember from (1.8) the
formula f* expressed in terms of h*. Then one has the following theorem, due
to Vershik and Kerov [92]; see also Logan and Shepp [67]. A sketchy outline
of the proof will be given here.

Consider Plancherel measure (see Sect. 1.3.1), which using (1.8), can be
written in terms of the hook length,

(f)? !
nl ()2

P\ =

for |\ = n,
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and define the function

Q) = 2(uwarcsin(u/2) + v4 —u?)/mw, for |u| <2 (1.68)
|l for |u| > 2. '

Theorem 1.4.1 (Vershik—Kerov [92], Logan—Shepp [67]). Upon ez-
pressing A in (u, v)-coordinates, deﬁne the subset of partitions, for any e > 0,

TNy - ()| <=}

Then, for large n, Plancherel measure concentrates on a Young diagram whose
boundary has shape 2(u); i.e.,

sup

Yale) = {)\ €Y

lim P(n) (Yn(e)) =1.

n—oo

Moreover, for the length A1 of the first row, one has

50 (| A1

lim P — -1 =1

n oo ( 2/ ) ’
and thus for uniform measure on permutations (remembering L(m,) = the
length of the longest increasing sequence in ), one has

L(my,
lim P<”><ﬂ—1 <<€) ~1.
n—oo 2\/5

Brief outline of the proof. In a first step, the following expression will be es-
timated, using Stirling’s formula:'®

2
- og Il h 1ogn
(i,7)eX

2 1
= —log H hf‘] —logn — —logVv2mn+ 14 O(1), by Stirling
T e "

2 1
=14 - <1og H hf‘j - nlogn1/2) — —logv2mn + O(1) ,using |A| = n,
n n

(i,5)eX

[

i 1 .

=1+2 g \/i + O( ogﬁ) (Riemann sum)
z])€>\ "

—>1+2// de dy log(F5(z) —y + F{ ' (y) — ) ,

{(=y),2,y20,y<F5 (x)}

15 Jogn! = nlogn +logv2mn —n+--- forn / cc.
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assuming the partition A = A/y/n tends to a continuous curve y = Fj(z)
in (x,y) coordinates. Then the Riemann sum above tends to the expression
above for n — oo; note 1/n is the area of a square in the Young diagram,
after rescaling by 1/y/n and thus turns into da dy in the limit. Clearly, the
expression F;(z) —y+ F{l(y) — x is the hook length of the continuous curve,
with respect to the point (z,y). In the (u,v)-coordinates, this hook length is
particularly simple:

F(x) —y+ F{l(y) — 2z =V2(uy —uy), with u; < us,

where (u1,v¥(u1)) = (z,Fx(z)) and (u2,¥(uz)) = (F{l(y),y) and where
v = 1(u) denotes the curve y = F5(x) in (u,v)-coordinates.

Keeping in mind Fig. 1.5, consider two points (ul, w(ul)) and (uz, w(uz))
on the curve, with u; < ug. The point (x,y) such that the hook (emanating
from (z,y) parallel to the (z,y)-coordinates) intersects the curve at the two
points (ul, z/J(ul)) and (UQ, w(ug))7 is given by a point on the line emanating
from (u1,%(u1)) in the (1, —1)-direction; to be precise, the point

(z,y) = (Ulﬂ/)(ul)) + %(Uz —P(uz) —ur + ¢(U1))(1» -1).

So the surface element dzdy is transformed into the surface element
duidus by means of the Jacobian, dzdy = (14 ¢/ (u1)) (1 — ¢/ (uz) duy dus,
and thus, further replacing u, — V2uq and ug — \/§’U/27 one is led to

1
— ZlogP, ()
—log (N

:1+2//{ da dy log(F(z) + F*(y) —z —y)

(z,y),2,y>0,y<F(z)}

=1+ // duq duz(l + w/(ul)) (1 _ w/(uz)) 10g(\/§(u2 B u1))

1<ug

=5 [ 0V2hua = s ) () s 2 [ plaarecosh 3

|u|>2

// ( 2>> duy duz +2 [ f(u)arccosh g
R2 U — U2 Ju|>2 2

upon setting ¥ (u) = 2(u)+ f(u), where the function £2(u) is defined in (1.68).
The last identity is obtained by using Plancherel’s formula of Fourier analysis,

/91() 2—/91 v)g2(v

applied to the two functions

g1(v) = /du1 log(\/_|v —u1]) f(u1) / \/_|v — u1| duy

‘du

du
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and ga(v) = f'(v).

This shows the expression —(1/n)logP,, (\) above is minimal (and = 0),
when f(u) = 0; i.e., when the curve ¢¥(u) = §2(u) and otherwise the in-
tegrals above > 0. So, when the integral equals ¢ > 0, the expression
—(1/n)logP,(A) ~ € > 0 and thus P,(\) ~ e °", which tends to 0 for
n /" oo. Only, when ¢ = 0, is there a chance that P, (\) = 1; this happens
only when ¢ = (2. O

1.4.2 Limit Theorem for Longest Increasing Sequences

In Sect. 1.3.1, it was shown that a generating function for the probability of
the length L(m) of the longest increasing sequence in a random permutation
is given in terms of a Bessel kernel:

e ¢ Z o P*(L(m,) < n) = det(I — K(4,1)) |[n,n+1,...] ,

where

K1) =" Jrpm 2V Jiim (21/%) - (1.69)

In the statement below A(z) is the classical Airy function

o0 3
A(z) = %/0 COS(% +xu> du ;

this function is well known to satisfy the ordinary differential equation
A"(z) = x A(z) and to behave asymptotically as

A B e—2m3/2/3

()= 5 iyt
Theorem 1.4.2 (J. Baik, P. Deift, and K. Johansson [19]). The dis-
tribution of the length L(w,) of the longest increasing sequence in a random
permutation behaves as

(1+O(x3/2)) , as T — 00 .

lim P (L(m,) < 2n'/% + an'/%) = det (I — A Xjz,00)) -

where'®
A@)A'(y) = A'(2) Aly)
r—=y

The proof of this theorem, presented here, is due to A. Borodin, A. Ok-
ounkov and G. Olshanski [24]; see also [20]. Before giving this proof, the
following estimates on Bessel functions are needed:

A(z,y) = /000 du Az +u)A(ly +u) = (1.70)

16 For more details on Fredholm determinants, see Sect. 1.7.4.
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Lemma 1.4.1 ([24]).
(i) The following holds for r — oo,

|7‘1/ J2r+zr1/3 2T } = _1/3
uniformly in x, when x € compact K C R.

(ii) For any 6 > 0, there exists M > 0 such that for x,y > M and large
enough r,

Z J2T+ET1/3+S(2T>J2r+yrl/3+s(27‘) < §r U3,

s=1

Lemma 1.4.2 (de-Poissonization lemma; Johansson [56]). Given 1 >
> >F>--- >0, and

.«TIm

0
there exists C' > 0 and ko, such that

c
=R for all k > ky.
Sketch of proof of Thm. 1.4.2. Putting the following scaling in the Bessel ker-
nel K(k,l), as in (1.69), one obtains, setting 7 := /¢,

F(k+4/klogk) — /% < F, < F(k — 4\/klogk) +

é—l/GK(2€1/2+x§1/672€l/2+y€1/6)

o0

N
- (Z+ Z >§1/6[51/6J2£1/2+($+k;£1/6)51/6(2\/5)]

k=1  k=N+1
X (€Y% Tag12 (ke 1/0)61/0 (2V/E)]
N 0o
= (Z+ Z )7’_1/3 [T1/3J2T+($+kr71/3)r1/3(2T)]
k=1 k=N+1 X [P Ty (yker— 17390173 (27)] (1.71)

Fix 6 > 0 and pick M as in Lemma 1.4.1(ii). Define N := [(M —m+1)r'/3] =
O(r'/3), where m is picked such that 2,y > m (which is possible, since z and
y belong to a compact set). Then

Z J2r+rl/3(w+krrfl/3)(QT)JQT—i-Tl/E'(y-&-k:T*l/E')(QT)
k=N+1
= ZJ2r+r1/3(m+M—m+1)+s(2T)J2r+r1/3(y+M—m+l)+s(QT) < 5T_1/3
s=1

(1.72)
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the latter inequality holds, since
z+M-m+1)=M+@x—-—m)+1>M.
On the other hand,
Y3 Ty s pi3 (o ir—1/8)(2r) — Al + kr~1/3)| = O(r~1/3)

uniformly for z € compact K C R, and all k£ such that 1 < k < N =
[(M —m + 1)r'/3]. Indeed, for such k,

m§x§x+k7'71/3§x—|—M—m+1:M—|—(x—m)—|—1

and thus, for such k, the z+kr—1/3’s belong to a compact set as well. Since the
number of terms in the sum below is N = [(M —m 4+ 1)r'/?], Lemma 1.4.1(i)
implies

N

S (P ook @) g yasa g (20) = Al + ke VB Ay + Br'/?))
k=1

=0(1). (1.73)
But the Riemann sum tends to an integral
[(M—m+1)rt/3] M— m+1
P13 Z Az + kr= Y3 Ay + kr /%) — Alz+t) Ay +1t)dt.
o (1.74)

Hence, combining estimates (1.72), (1.73), (1.74) and multiplying with r!/?

leads to
e e} M—m-+1

FL/3 Z Jopiari /a1 (20) Jop /a1 (20) — A(z+t) Aly+t) dt‘ <d+o(1).
k=1 0

for r — oco. Finally, letting 6 — 0 and M — oo leads to the result. Thus the
expression (1.71) tends to the Airy kernel

A(z,y) = /000 du A(z +u) Ay +u) .

for r = /€ — 0o. Hence

lim e~ EZ—P (mn) < 2612 4 2£1/%)

§—o0

= Jim 0 det(T = K (L)1) kg sacivo

k

= 1+Z(—1)k/ det(A(Zi’Zj))lgi,jSkHdzi
k=1 1

<21 <<z

= det(I — AX[w,oo)) .
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Finally, one uses Johansson’s de-Poissonization Lemma 1.4.2. From Cor. 1.1.1,
Plancherel measure P, (A1 < @1,..., \r < xp) decreases, when n increases,
which is required by Lemma 1.4.2. It thus follows that

lim P(L(m,) < 2n'/? + 2n'/%) = det(I — AX[z.00))

n—oo

ending the proof of Thm. 1.4.2. O

1.4.3 Limit Theorem for the Geometrically Distributed
Percolation Model, when One Side of the Matrix Tends to co

Consider Johansson’s percolation model in Sect. 1.1.7.2, but with p and ¢
interchanged. Consider the ensemble

Mat(®P) = {¢ % p matrices M with entries M;; =0,1,2,...}
with independent and geometrically distributed entries, for fixed 0 < € < 1,

P(My; =k)=(1-8¢, k=0,1,2,....

. ~over right/down paths starting
L(M) := max ZM”’from entry (1,1) to (¢,p)

all such
paths

has the following distribution, assuming g < p,
q
_ (hi +p—q)! .,
P(L(M)Sl):Zp,; Z Aq(h17'~'7hq)2Hh—i!£hlv
heN? i=1
max(h;)<l+q—1

where

pa = £V qu'HJ p—q+j) (1.75)

Assuming that the number of columns p of the ¢ x p random M matrix
above gets very large, as above, the maximal right/lower path starting from
(1,1) to (g, p) consists, roughly speaking, of many horizontal stretches and ¢
small downward jumps. The M;; have the geometric distribution, with mean
and standard deviation

M) = 3 RPOML; =k) = (1= 96 > ke =
k=0 1
2 2 W2 2 o €\’
o?(Mij) = B(ME) - (B(My))* = >k P(sz_k)_(ﬁ)

RIS N
S (1-¢p (1—5) S (1-¢2
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So, in the average,

pE

for p — oo

with

o (L(M> - %) ngz(Mij) = (1 ﬁi)z :

Therefore, it seems natural to consider the variables

LM) —p§/(1 =& M —p§/(1=¢)

xl = =
Vep/(1-9) Vep/(1-9)
and, since A = (A1, ..., \q), with ¢ finite, all \; should be on the same footing.
So, remembering from the proof of Thm. 1.1.3 that h; in (1.75) and \; are
related by

hi=q+ X\ — 1,
we set
o N—pg-9)
L VEp/(1-9)
(1,1) (1, p)
(¢:1) (g, p)

Fig. 1.6.

Theorem 1.4.3 (Johansson [58]). The following limit holds:

lim

p—00

P(L(M) —pg/(1=8) _ ) Jicnogye Ba(@)? T1T exp(—27/2) da;
VEp/(1=¢&) T 7) [ Dg(@)? T  exp(—a7/2) dz;

which coincides with the probability that a q X q matriz from the Gaussian
Hermitian ensemble (GUE) has its spectrum less than y; see Sect. 1.8.2.1.

Proof. The main tool here is Stirling’s formula.'” Taking into account h; =
q + \; — i, we substitute

7 Stirling’s formula:

nl = \/%exp(n(logn— 1)) (1 + O(%)) , form —o0.
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J23 VEp
Ai =+ T
T-¢1-¢

in (1.75). The different pieces will now be computed for large p and fixed g,

(hi +p—q)!

\":]m

=TI e i)

i=1

() M55 (0()
- <_§<¢E <1p—f>)))

27rp_”21_€ 215_ 22 qp 1
:<E> e"p<2<1—§>z””i‘ﬁ+°<%>>

_li[1<1i€(p§+xi\/§_p)+q—i>!
() I e ) (e ()
xexp(i(ﬁ(pf+xl\/f_p)+q—i) <log lp_ff - 1))

X exp (i(ﬁ(pg +zi/Ep) + q—i) 1og<1 + % + (q—i])gél—f))>

B (g)mex‘{?(ll—&) 1 ””?_%) <1+0<%)>
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Besides
q—1 q—1 q—7j 1/2 1
H(p—q+j)!—(27rp)q/2H<1——> 1—|—O<—)
=0 =0 p p
qg—1 o
X exp Z —q+7) <logp—1+log<1—%>>
7=0
+1 1
= (27rp)q/2 exp (—pq-i—qplogp—% logp) (1 + O(;))
- (Qﬂ)q/2pqp—q2/2e—qp (1 +0 (1))
p
and

Aq(hl,...,hq): H (hz—hj): H ((Il—xj)@—l‘i‘])

1
1<i<j<q 1<i<j<q ¢

() (ol

Remembering the relation h; = g + A\; — ¢, and using the estimates before in
equality = below, one computes
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q

Z8 Y Ak 2Hh+p‘q
1

heN1?
max h; <l+q—1

q(g—1)/2 q o
- Y S g [ A
e g+ X=0) (p—g+i-1)!

max h; <l+q—1

<—>z<f><z> (o)

z; <y
[y AP T exp(—22/2) da
Jra Bq(2)? T]] exp(—=7/2) da;

using Selberg’s formula
q
2Hexp x?/2) da; = 2W)Q/2Hi!
1

and noticing that in

&p VEép

h; = Ai—i= i -1
q+ 2 1_€—|—1_€:E—|—q ?
an increment of one unit in \; implies an increment of x; by
1-¢
doe; = — .
VEp
Therefore, one has
(%) =1
5\ ~ H dx;
&p i
Finally, for p large, one has
p VEp
h; <l —1=—— -1 <= z; <
Si+gq 1—¢ + - §y +4q ; <y
The connection with the spectrum of Gaussian Hermitian matrices will be
discussed in Sect. 1.8.2.1. This ends the proof of Thm. 1.4.3. a

1.4.4 Limit Theorem for the Geometrically Distributed
Percolation Model, when Both Sides of the Matrix Tend to co

The model considered here is the percolation model as in Sect. 1.4.3, whose
probability can, by Sect. 1.3.3, be written as a Fredholm determinant of a
Meixner kernel; see Thm. 1.3.3.
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Theorem 1.4.4 (Johansson [57]). Given

Y5 R (g) YO (VT VPP VA
1-¢ ’ gl 1-¢ ’

the following holds:

. L(Mg,p) —ap _
p};lgloo P(TSZJ =F(y),

q/p =~ 21 fized

which is the Tracy-Widom distribution (see Sect. 1.9.2). In other terms, the
random variable L(M, ) behaves in distribution, like

L(qu) ~ap + ppl/sj: .

(1,1) (1, p) — o0
(g, 1) (¢, p)
1 N\
Fig. 1.7.

Sketch of proof. Remember from Thm. 1.3.3, the probability P(L(M, ) < 2)
is given by a Fredholm determinant of a Christoffel-Darboux kernel composed
of Meixner polynomials. Proving the statement of Thm. 1.4.4 amounts to
proving the limit of this Meixner kernel with the scaling mentioned in the
theorem tends to the Airy kernel, i.e.,
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lim pp'/ 2K, (ap + pp/*n, ap + pp'/*n') = A(n, )
pP—00

_Am A () - A'm) A
n—1 ’

where!8

¢ e -1\, s+ A -1\,
Kp(””’”“(l—f)dzl\/( z )5< y )5‘

> mp(xaﬁ/7€)mp—1<yaﬁ/7§) - mZ)(yaﬁ/?g)mp—l(xaﬁ/af)
z—y

for the Meixner polynomials, which have the following integral representation,
a consequence of the the generating function (1.66), (slightly rescaled)

(&—2)" dz

2|=r<1 2P(1 — 2)*HF" 2miz

mp(xvﬂlvg) = plgix

Thus, it will suffice to prove the following limit

s (YP(y — DTrheme
( (y = &) )

lim p

p—00

y=—+/E/7

% (-6  d
|z|=r<1 ZP(Z — 1)$+[Vp]—p+1 2miz

=CA(n), (1.76)
z=Fp+pp/3n

where
Y wzl+_?> | ﬂ—a—wl—(\/z_ff;) |
_ (§>1/6(\/,—y+\/g)2/3(1+\/%)2/3
P=\5 1-¢

C =y B3O (E+ )31+ VENE.

In view of the saddle point method, define the function F,(z) such that

eXP(pr(Z)) = 2P (2 _(zl)_mf[)w]—p—i-l

x=Bp+pp/3n

Then one easily sees that

Fy(2) = F(2) + pp~¥*nlog % + (’y - [’;TM) log(z — 1), (1.77)

where the p-independent function F'(z) equals,

" with d, = pl(p+ 8" —1)!1/((1 - g)ﬂ’gp(ﬁ' —DY)and B =qg—p+1l=py—p+1.
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F(z)=pPlog(z — &) —alog(z — 1) —log = . (1.78)

For the specific values above of a and 3, one checks the function F(z) has a

critical point at z. := —\/&/7, i.e.,

/ , » 95/2
Flze) = F"(2¢) =0, F (ZC):é(ﬁ+\/E)(1+\/5)
and thus
F(2) = F(z¢) = £(z — 20)° F" (20) + O((2 — z)*) - (1.79)
Setting
2= z(1 — p~ /350 exp(itCp~1/?) (1.80)

in F,(z) as in (1.77), one first computes this substitution in F'(z), taking into
account (1.79),

i(—2.C)?
6p
— F(z) + %(t +is)3 + O(p~4/3) | (1.81)

F(z) = F(z) + (t +1is)°F" (2) + O(p~*/3)

upon picking — in the last equality — the constant C' such that
(—2.CF" (2.) = 2.

Also, substituting the z of (1.80) in the part of F(z) (see (1.78)) containing
,

_ z—
P~ nlog _f
M ze—&  pCz(§—1) in(t+is) —4/3
=7 log -1l -D=9 +O0(p~*"). (1.82)

Thus, adding the two contributions (1.81) and (1.82), one finds

pF,(z(1 - p~/3s0) exp(ithil/g))
i
3
One then considers two contributions of the contour integral about the circle
|z| = r appearing in (1.76), a first one along the arc (7 — d,, 7 + d,), for §,
tending to 0 with p — oo and a second one about the complement of (7 —

dp, T+ 0p). The latter tends to 0, whereas the former is the main contribution
and tends to the Airy function (keeping s fixed, and in particular = 1)

CAn) = %/mexp<i(@ +77(t+is)>> dt,

= pFy(ze) + 5 ((t +1s)® + 3n(t +1is)) + O(p~ /%) . (1.83)

oo
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upon noticing that dz/z = iCp~1/3 dt under the change of variable z — ¢,
given in (1.80), establishing limit (1.76) and finally the limit of the Meixner
kernel and its Fredholm determinant. Further details of this proof can be found
in Johansson [57]. The Fredholm determinant of the Airy kernel is precisely
the Tracy—Widom distribution, as will be shown in Sect. 1.9.2. ]

1.4.5 Limit Theorem for the Exponentially Distributed
Percolation Model, when Both Sides of the Matrix tend to oo

Referring to the exponentially distributed percolation model, discussed in
Sect. 1.1.4, we now state

Theorem 1.4.5 (Johansson [57]). Given

4/3
o=+, o= YT

the following limit holds:

12 12
lim P( 1 S(Mql’pg (—pl 2 +q—1 2) 73 = y)
P.d00 (P12 +¢1/2)(p=1/2 + q71/2)

q/p =~ 2>1 fived
P L(Myp) — ap <
ppt/3 T

= lim
P,q—00
q/p =721 fized

y) = F(u),

which is again the Tracy-Widom distribution. Here again L(M,,) behaves,
after some rescaling and in distribution, like the Tracy—Widom distribution,
for large p and q such that q/p =~ > 1:

L(Mq,p) ~ ap + Ppl/?’}_ .

Proof. In Thm. 1.1.4, one has shown that P(L(M) < t) equals the ratio
of two integrals; this ratio will be shown in Sect. 1.7 on random matrices
(see Props. 1.7.5 and 1.7.3) to equal a Fredholm determinant of a kernel
corresponding to Laguerre polynomials:

Jio.qe Ap(x)? TP, 2P exp(—;) da;

i=1"1

P(L(M) < 1) = ’
f[O,oo]q Ap(z)? Hf:l ! P exp(—x;) dw;
= det(I — Kéa)({l;’ Y)X(t,00])
where
K@ _ T /2 1

L@ ) - 7w @)

P
r—y

b
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in the formula above, the £5* (z) = 1/y/hpa™ +--- = (=1)P(p!/(p + a)1)1/2 x
Lg(x) are the normalized Laguerre polynomials'?:

/ L)L (2)z%e™ da = S, -
0
Therefore, using the precise values of a and p above,

p <L(Mq,p) —ap

e < y) = det (I — K(&,1)X[y,00))

with
_ 1/3 —1 1/3 1/3
K(&m) = bp'PKDP(ap + pp/*€, ap + pp*/*n)

The result follows from an asymptotic formula for Laguerre polynomials

lim Kz(,'y’l)p(ap + ppl/?’{, ap + pp1/377) =A(n),

p— 00
with A(z,y) the Airy kernel, as in (1.70), namely

Alz) A'ly) = A=) Aly)

A =
(z,9) pr—"
The Fredholm determinant of the Airy kernel is the Tracy—Widom distribu-
tion. This ends the proof of Thm. 1.4.5. a

1.5 Orthogonal Polynomials for a Time-Dependent
Weight and the KP Equation

1.5.1 Orthogonal Polynomials

The inner product with regard to the weight p(z) over R, assuming p(z) decays
fast enough at the boundary of its support?®

(f.9) = / F(2)g(2)p(2)dz (1.84)

leads to a moment matrix
mn, = (pi)o<ij<n = ((2',27))o<ij<n—1 - (1.85)

Since the p;; depends on i+ only, this is a Hdnkel matriz, and thus symmetric.

This is tantamount to the relation

ULy = N (D)™ (Me)am ml = e/ (2mi) [ e 2 T (2 — 1) de,
where C' is a circle about z = 1.

20 Tn this section, the support of the weight p(z) can be the whole of R or any other
interval.
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-
Amego = Moo A’

where A denotes the semi-infinite shift matrix

010000---
001000---
000100---

Define
T, = detm,, .

Consider the factorization of my, into a lower times an upper triangular ma-
trix?!

Moo = S 1ST7L (1.86)

with
S = lower triangular with nonzero diagonal elements.

For any z € C, define the semi-infinite column
x(z) = (1,2,2%..)", (1.87)
and functions p,(z) and g, (2),
pa(z) = (Sx(2)),, » an(2) = (ST'x(z™),, - (1.88)
)

(1) The pa(z
p(z), and qn(2) is the Stieltjes transform of pn(z),

o) = = [ 220000

Z—=U

are polynomials of degree n, orthonormal with regard to

Indeed,
(prpDosnicoe = [ Sx(E)(Sx(2) p(2) dz = SmocT =
R

Note that Sx(2)(Sx(2)) T is a semi-infinite matrix obtained by multiplying the

semi-infinite column Sy(z) and row (Sx(z))—r. The definition of ¢,, together
with the decomposition ST~ = Sm., leads to

gn(2) = (ST X(z™1),, = D (Smae)njz ™

7>0
*ZZJZSMMJ—ZZJZS / 9 p(u) du
7>0 iz0
/ZSnlulZ( ) du-z/ani#pfiu)du.

j>0

21 This factorization is possible as long as 7, := det m,, # 0 for all n > 1.
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(2) The orthonormal polynomials p,, have the following representation
1

1
tn (1.89)

Hn,0 * ,un,n71|zn

As a consequence, the monic orthogonal polynomials p,(z) are related to p,(2)

as follows:
Pa(z) = /TT” Pu(2). (1.90)
n+1

Defining p/,(z) to be the polynomial on the right-hand side of (1.89), it suffices
to show that for k£ < n,

(P Pk) =0 and  (p),,p),) =1,

thus leading to p, = p/,. Indeed,

(1,2%)
k
! zk> B 1 dot My, (z,2%)
" VTnTnt1 :
Hn,0 * Nn,n—l|<zn7 Zk>
0, for k < n,
/Tnt1/mn for k=n,
and thus for k = n,
7, 7,
D) = | =P, 2" 4 ) = | == (P, 2") = 1,
Tn+1 Tn+1

from which (1.89) follows. Formula (1.90) is a straightforward consequence.
(3) The monic orthogonal polynomials Py, and their Stieltjes transform
have the following representation

Gnlz) = ndet(pij = piji1/2)ogij<n-1
" det(pij)o<i j<n—1

/ Pu(@p(w) o a1 4oty + Hige1/2 + pige/2 4 Josig<n
R Z—U det(pij)o<i,j<n—1

(1.91)

Proof. Setting
My = (,quv cee 7#”7«*1,]') € R™ )

one computes
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—1
2" det(pig — 27 fhij1)o0<i,j<n—1
= det(zuz 5 = Mij+1)0<ij<n—1

= det(zpg u1T7Zu1T—uzT7--~ 1~ )

— n—

2 H i+1 Zp. i+1 — . +2 T T

= (Z . s Z ¢ ZJ ¢ BN L2Y Ry ¥ 7%

0 0

by column operations
-
T K T T

= (zuo — z”* L Z 1 _Zn_n27""Z“nl_“n>

ZH0 — Nn/zn_l 0
ZH1 — N'n/'zn_2 0

1
= —det
Zn . .
ZUn—1 — Hn 0
Hn, 2"
enlarging the matrix by one row and column
ZWo | 2
2
21 |2
1
= —det
Zn . .
Zpp—1|2"
Hn 2"
by adding a multiple of the last row to rows 1 to n
= Tnﬁn(z) :

Setting this time

Ky = (:uojvvlunj) € Rn+17

one computes

det<ﬂij+w+m2+2+...>
z z 0<i,j<n

_det<oo_;r S i T+)

0 0
0o “T+
_det<l‘l’(—)r?l‘l’]—77p’n 172 ;’J )
0

oo T

_.n T T T H;

=z det(umuh...,unl,g zj)
0
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ij a (u/2) p(u) du
(u/2) up(u) du
=2"det | pg pf ol 2= ;
2> = < ow/z)u"p(u) du
1

u
=2z /Z( ) w)dudet | pg p oo p_y|

un

:Z"Tn/Rieyﬁn(u)p(u)du:z"“m/RWdu. 0
§=0

Remark. Representation (1.91) for orthogonal polynomials p, can also be
deduced from Heine’s representation. However, representation (1.91) is a much
simpler formula.

(4) The vectors p and q are eigenvectors of the tridiagonal symmetric ma-
triz

L:=SAS™! (1.92)
Conjugating the shift matrix A by S yields a matrix
L=258A5"1

=S5AS71ST st

= SAmoST, using (1.86),

= SmeATST, using Ameo, = Moo AT,

=5(871sT-HatsT | using again (1.86),

=(SAS HT =LT |

which is symmetric and thus tridiagonal. Remembering x(z) = (1,2,22,...) "
and the shift (Av),, = vp41, we have

)

Ax(2) = 2x(2) and ATx(z7') = 2x(z7!) — zey , with e; = (1,0,0,...)"
Therefore, p(z) = Sx(z) and ¢(z) = ST~ 1x(27!) are eigenvectors, in the sense
Lp = SAS™'Sx(z) = 2Sx(z) = 2p
LTqg=8T"1ATSTST-1y(z71)
=28T Iz — 28T ey = 2 — 28T ey

Then, using L = LT, one is led to

((L—zI)p)n:O, forn >0 and ((L—zI)q)n:O, form>1.
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(5) The off-diagonal elements of the symmetric tridiagonal matriz L are
given by
hy,
hnfl'

Since (Ppn,Pn) = hn, one has p,(y) = (1/vhn)pn(y). From the three step
relation Lp(y) = yp(y), it follows that

Lp1m = (1.93)

Y+ ) = yPn—1(y) = Ly—1npn(y) + (terms of degree < n — 1)

1
:Lnf n —y" )
§ (thy i )

(7=

leading to statement (1.93).

1.5.2 Time-Dependent Orthogonal Polynomials and the KP
Equation

Introduce now into the weight p(z) a dependence on parameters t = (t1, ta, ... ),
as follows

pi(z) == p(z)exp<i:: tz) . (1.94)

Consider the moment matrix m,(t), as in (1.85), but now dependent on ¢,
and the factorization of my, into lower- times upper-triangular t-dependent
matrices, as in (1.86)

Moet) = (11 (D) ger oo = SHOST() . (1.95)

The Toda lattice mentioned in the theorem below will require the following
Lie algebra splitting

gl(n) =sab, (1.96)
into skew-symmetric matrices and (lower) Borel matrices.

Also, one needs in this section the Hirota symbol: given a polynomial
p(t1,ta,...) of afinite or infinite number of variables and functions f(¢1,ta,...)
and g(t1,t2,...), also depending on a finite or infinite number of variables ¢;,
define the symbol

o 0 0 0
p(8_tl’8_t2"”>fog'_p(8_y1’8_yz"”>f(t+y)g(t_y)

The reader is reminded of the elementary Schur polynomials exp(} " t;2") :=
Y im0 si(t)z" and for later use, set for [ =0,1,2,...,

= g 10
Sl(a) =8 (a—tl,§a—t2,) . (198)

(1.97)

y=0
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One also needs Taylor’s formula for a C>°-function f:

e+ =exo (32 ) 1(6). (1.99)

which is seen by expanding the exponential. The following lemma will also be
used later in the proof of the bilinear relations:

Lemma 1.5.1 ([5,6]). If §_ denotes the integral along a small circle about
o0, the following identity holds (formal identity in terms of power series):

1 g(w)
/Rf(u)g(u)d 7 d f(z )/Rz_udu, (1.100)

for holomorphic f(z) =3~ a:2" and g(z), the latter assumed to have all its
moments. -

Proof. For holomorphic functions f in C,

% Oodzf(z)/RZ(_Ldu—ReSz oo(Zal )( Zz—ﬂ/ ujdu>

i>0
= Zaz/ u)u tdu
>0
= [ o0 Y ot du = (f.g)
>0
ending the proof of Lemma 1.5.1. ad

The next theorem shows that the determinant of the ¢time-dependent mo-
ment matrices satisfies the KP hierarchy, a nonlinear hierarchy, whereas in
the next section, it will be shown that these same determinants satisfy Vi-
rasoro equations. These two features will play an important role in random
matrix theory. Notice that this result is very robust: it can be generalized
from orthogonal polynomials to multiple orthogonal polynomials, from the
KP hierarchy to multi-component KP hierarchies; see [13].

Theorem 1.5.1 ([3,5]). The determinants of the moment matrices, also rep-

resentable as a multiple integral,®?

n

Tn(t) := detmy,(t) = %/E A2 (z H (2k) exp (Zt zk) dzr  (1.101)
CIET k=1

i=1

satisfy

# An(z) = H1§i<j§n(zi - zj)
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(i) Eigenvectors of L: The tridiagonal matriz L(t) admits two independent
etgenvectors:
(L(t)p(t; 2)), = zpnlt; 2) n>0
(L(t)q(t;2)), = 2qn(t;2),  n>1.

e p,,(t;2) are nth degree polynomials in z, depending on t € C*°, orthonormal
with respect to pi(z) (defined in (1.94)), and enjoying the following represen-
tations: (define x(z) == (1,2,2%,...)7)

pa(t; 2) = (S(t)x(2)),, = z"h,;l/?”‘(:—(gg_l]) , hy = T’;:Et()t) (1.102)

e g,(t,z), n >0, are Stieltjes transforms of the polynomials p,(t; z) and have
the following T-function representations:

qn(t; 2) == z/n Mpt(u) du = (ST_l(t)x(z_l))n

z—u .
Z-Hmfﬂw ) (1.103)
n(t)

(ii) The standard Toda lattice, i.e., the symmetric tridiagonal matriz

L(t) == S(t)AS(t) !

(8/8t1)log(71/70) (7’07’2/’7’12)1/2 0
(ror2/T8)Y? (8/0t1)log(re/m)  (mims/735)'/?
- 0 (rims/73)2 (8/0t1)1og(Ts/2)
(1.104)
satisfies the commuting equations
oL
e [3(LF)s, L] = —[3(LF)e, L] . (1.105)

(iil) The functions 7,(t) satisfy the following bilinear identity, for n >
m+ 1, and all t,t' € C>, where one integrates along a small circle about oo,

F = D¢+ e (St~ =) e =0 (1109

=00 1

(iv) The KP-hierarchy®* for k =0,1,2,... and for alln =1,2...,

. 9 19 19 1 92 .
— == 7— .. | —=——F——— |ThoT, =0,
B\ Ot 20t 30ts 20t,0tres ) "

23 in terms of the Lie algebra splitting (1.96).
24 Remember the Hirota symbol (1.97) and the Schur polynomial notation (1.98).
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of which the first equation reads:

0 * 0 2 52 92 2
<<6_t1> + 3(8_t2> 8t18 ) log 7, —i—6<a 5 long> =0. (1.107)

Remark. In order to connect with classical integrable theory, notice that, when
T satisfies the equation above, the function

0% log T,
ot3
satisfies the classical Kadomtsev—Petviashvili (KP) equation:

2 3
0%q 8<48q 0%q 68(])_0'

q(tl,tQ,...) =2

o2 Oty \ Ots 6t3 Tt

If ¢ happens to be independent of to, then ¢ satisfies the Korteweg—de Vries
equation

(1.108)

dq 9% dq
el S P 1.1
ot~ ot %, (1.109)

Proof. Identity (1.101) follows from the general fact that the product of two
matrices can be expressed as a symmetric sum of determinants,?® in particular
the square of a Vandermonde can be expressed as a sum of determinants:

2 I+k— 2
A% (ug, ..., Z det U(k 1<k,l§n .
oES,

Indeed,
nlr, (t) = nldet m, (t)

= Z det (/ (l;(r;f pt(zo(k)>dzo(k))

7S 1<k,i<n
= I+k— 2
B Z ‘/ndet Zo(k) 1<k,l§npt(zg(k))dzg(k)
oES,
- A5(2) I pean) daac
ETL

(i) At first, note

st ) = [ e (i (7 2 )u Yot

_ Y () = pigea(t)/z
i () + pijr1 (8))2 + pigaa(t)/22 + -+

25 Indeed, desn det(ai,a(j)bj’a(j))1§i’an = det(aik)1<s,k<n det(bik)1<s k<n-
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which by formula (1.91) of Sect. 1.5.1 leads at once to the following repre-
sentation for the monic orthogonal polynomials p,(¢;z) and their Stieltjes
transforms,

nTalt = [71])

Dn(t;2) = 2 D)
~ " 1 (1.110)
z/ P (t;u)pi(u) du = Z—n7n+1(t+ [z77]) '
R z—u Tn (1)

(i) The matrix L := SAS™! satisfies the standard Toda lattice. One com-
putes

Olbij ) . om
85: = Mi+k,j 1mplying WZO = AFmy .

Then, using the factorization (1.95) and the definition (1.92) of L = SAS™!
of Sect. 1.5.1, one computes

0

OMeoo

0= S(Akmoo — )ST =SAFST - §—(5718THsT
T Oty
a8 asT
=Ly =5t sl
+ Oty + Oty

Upon taking the ( )— and ( )¢ parts of this equation (A_ means the lower-
triangular part of the matrix A, including the diagonal and A, the diagonal
part) leads to

08 28T 08
k —1 T-1 —1 _i(rk
(L ),—|—atk5' —|—(S ot )0—0 and <6tkS )0— 5(L%)o -

Upon observing that for any symmetric matrix the following holds,

ac\ _ (a0) gfac) _(ac
cb), \2cb) “\cb)_ cb),’
it follows that the matrices L(t), S(t) and the vector p(t; z) = (pn(t; z))n>0 =

S(t)x(z) satisfy the (commuting) differential equations and the eigenvalue

problem
as

o

and thus the tridiagonal matrix L satisfies the standard Toda lattice equations

—3(LF)eS,  Lt)p(t; 2) = zp(t; 2) (1.111)

oL 0 oS oS
22 = LGNS = 2297948 - SAST 29 = _[L(LR), L
8tk‘ 8tk atk 8tk [2( )ba ]

with p(¢; z) satisfying

o _ 08

S = G X(2) = —3(LeSX(2) = —H(LN)w
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The two leading terms of p,(t;z) look as follows, upon using (1.89) and
(1.110):

U
puti2) = [ Zpa(tiz) = e 1))
Tn+1 TnTn+1

= T_”Z”(l_zl(%—”—/(?tl+...). (1.112)

Tn+1 Tn

Thus, z" admits the following representation in terms of the orthonormal
polynomials p;:

OTn /Ot
L Tn+1 (pn + Tn/ 1 L1 + O(Zn2)>
Tn \/TnTn—i-l

Tn+1 8Tn/8t1
Dn +

Tn VTn—1Tn

Then, using (1.112) in zp,, and then using the representation (1.113) for 2™

and z"*!, one checks that the diagonal entries b,, and nondiagonal entries a,,
of L are given by

Pn—1+O0(""?). (1.113)

T aT 8t1
bn = (2P Pn) = —n<<z”+17pn> — (o7 py 22200 )
Tn+1 "
. OTn1/0t1 O1n/0t1 B 0 ) Trt1
= _ = % log
Tn Tn 8t1 Tn
and
T TnT;
an = <an7pn+1> = n <Z"+1 4+ - 7pn+1> _ n2n+2 ,
Tl Th41

establishing (1.104).

(iii) The bilinear identity: The functions 7, (t) satisfy the following iden-
tity, for n > m+1, t,t' € C*, where one integrates along a small circle about
m?

7{2@;“ =7 DT (¢ 4 [T ) exp @O:(ti - té)zi) 2mldy =0 (1.114)

Indeed, using the T-function representation for the monic orthogonal polyno-
mials and their Stieltjes transform (1.110), one checks:
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L ?{ Tt = [27 ) Tona (P + [271]) exp (i(tl - t;)zl> 2l

Tn (t)Tm (t/) Z=00 1

= ?{ z”Tn(t — [Zl])zmeHii(_;)[Zl]) exp (i(tz - t;)zz) dz

o (D) : P
= ?{:ﬂf exp<i(ti —t;)zi)[)n(t;z)/Rwexp<§:t;ui>p(u) du

1 1

o0

= 2mi /R exp(Z(ti _t;)zi)ﬁn(t;z)ﬁm(t’;z)exp<§: t;zi) p(z)dz

1
using Lemma 1.5.1,

= 271'1/ Pn(t; 2)pm (s 2) exp<z tizi)p(z) dz=0, whenm<n-—1,
R 1

by orthogonality, establishing (1.114).
(iv) The KP hierarchy Setting n = m+1 in (1.106), shifting ¢t — t—y,t' —
t + y, evaluating the residue, Taylor expanding in y; (see (1.99)) and using

the notation
5_ 0o 10 10
T\ Ot 20t 30t )

one computes the following residue about z = oo,

0_23“ dzexP( 22% )Tnt_y—[ Dralt+y+[71)

__]{dzexp< Zzyl )exp(z——) XP(Zykau>

X T (t — w) T (t + )
u=0
o0

S P S B e AR
i i o xmen)
. % dz <Z zisi(_zy)> (Z zﬂ'sj(é)> exp (zl: yka%>rn o

0 0
o0

o0 8 B
= exp (Z yka—tk> Z Si(—2y)8i11(0)Tn 0 T
1 0
"y L O(y? 0 5 d O(y?
1+Zyjy+ (y7) 8—+Zsi+1( )(—2yi+ (y )) Tn O Tn
1 tj by 1
[0 > 0 0 ~ 9
= (8151 +21:yk<8tk o —2Sk+1(a)>>7n07n+0(y )
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for arbitrary vy, implying

2 .
8%707:0 and (%—mﬂ(a))mom=0fork=1,27... :

Taking into account the fact that trivially (0/0t;)T o7 = 0 and that the
equation above is trivial for £ =1 and k& = 2, one is led to the KP hierarchy:

9 10 10 1 o2
g2 2 Y2 Nor =0, fork=01,2,....
(Sk+4<8t1’28t2’36t3’ ) 28t18tk+3)T T o

In particular, for £ = 0, one computes

o1, 1,
S4(t> = I + §t2t1 + t3t1 + §t2 + t4 s

leading to the first equation in the hierarchy

0 * 0 2 2 92 2
((8_tl> +3<8—tz> _48t13t3>10g7-n+6<3_t%10g7-n> =0. (1.115)

This ends the proof of Thm. 1.5.1. a

Remark. As mentioned earlier this method is very robust and can be gen-
eralized to other integrals, besides (1.101), upon using multiple orthogonal
polynomials. Such integrals with appropriate multiple time-deformations lead
to 7-functions for multi-component KP hierachies; see Adler—van Moerbeke—
Vanhaecke [13].

1.6 Virasoro Constraints

1.6.1 Virasoro Constraints for 3-Integrals

Consider weights p(z) dz = e~ V(*) dz with rational logarithmic derivative and
E a disjoint union of intervals:

p / g _ > biZ '
=V =2 == - and FE = C2i—1,C2i| CF CR,
=V =g = S Ues-ssead

where F' = [A, B] is an interval such that

i k— >0.
ZE%Bf(z)p(z)z 0 forallk>0

Consider an integral I,(t,c; 3), generalizing (1.101), where ¢ := (t1,ta,...)
and ¢ = (c1, ca, . . ., Car); namely with a Vandermonde®® to the power 23 > 0
instead of a square, and omitting the n! appearing in (1.101),

20 An(z) = H1§i<j§n(zi - 2j).
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I(t,¢; B) = / |25H (exp (Zt zk) (2K dzk>
forn>0. (1.116)

Then the following theorem holds:

Theorem 1.6.1 (Adler—van Moerbeke [8]). The multiple integrals I,(t)
= I,(t,¢; B) with Iy = 1, satisfy the following Virasoro constraints®” for all
k> -1

( Z Ck+1f cl + Z 1"1]1(@2121 n —b; JgélwzhLl n( >))In(t

)
i20 0, (1.117)

where .,]]k2n(t n) and J(l)( n) are combined diﬁerential and multz’plication

(linear) operators. For all n € Z, the operators Jk n(t n) and J (t n) form
a Virasoro and a Heisenberg algebra respectively, mtemctmg as follows

kS —k
[kaJ ] (k _I)Jz(g?z,n‘f‘C( D )5k,—l

2,050 = ZJk+ln+c/k(k+1)5k,,l (1.118)
[Jk n’J ] 266k7_l7
with “central charge”
172 5-1/2)2 11
6(8°—=p7%)2 and = a\5 - 1]). (1.119)

Remark 1.6.1. The operators J,(f J (t n)s are defined as follows: (the
normal ordering symbol “: :” means: always pull differentiation to the right,
ignoring commutation rules)

=3 3 I+ = B)((k+ DI, - kIL)) | (1.120)

i+j=k
in terms of the J,(: J (t n)s. Componentwise, we have
I8 tn) = I +0d” and IO, = nJ” = néo
and
I (tn) = BIE 4 (206 + (k+ (1= B) LY +n(nf+1-5)L"

2" When E equals the whole range F, then the first term, containing the partials
0/0c;, are absent in (1.117).
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where

8 1
20
2) _ . 1 L
J ti— + —= tigti .
k at ot i%_:_kl atj+4g2 Z gt

—i—j=k

T =60, J;il) = + (k) ,
5 (1.121)

The integer n appears explicitly in J,(le(t,n) to indicate the explicit n-
dependence of the nth component, besides ¢.

Remark 1.6.2. In the case 8 = 1, the Virasoro generators (1.121) take on a
particularly elegant form, namely for n > 0,

= S 3100 = 1P ) + 20T (1) + 126,
i+j=k

I8 (1) = I (t) + ndor

with28
0 1
R Y 5 V3
T + 2( Yk s ( |
92 1 1.122
J& = t; - tijt
k Zatzatj+zlatj+4zlh
i+j=k —it+j=k —i—j=k

One now establishes the following lemma:

Lemma 1.6.1. Setting

A, (z) := |A, (x))*? H(exp(thk> Ty dxk) ,

the following variational formula holds:

d o0
LA (@i = zitef(wi) EO =S (@l 0, AL (1.123)
e=0 =0

Proof. Upon setting

_ kﬁl exp <§ tix;‘g)ﬂxk) , (1.124)

the following two relations hold:

28 The expression Jlil) =0 for k£ =0.
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1 (92 n i g k—1 k
(5' ,_k—étiét-_§6k’0>g_< Y. Tarht—— D xa>5,

i+j 1<a<pB<n 1<a<n
i,7>0 4,5>0
it+j=Fk
i+n5k0 E = Zxk & all k>0
atk , 1<a<n : , T
(1.125)
So, the point now is to compute the e-derivative
d
— 1A, (x)*"
= <| (2]
X exp <Z <—V(a:k) +Ztix;)> dxl...dxn> :
k=1 i=1 mir—>mi+sf(zi)zf+l e=0
(1.126)

which consists of three contributions:
Contribution 1.
1 0

W%'A(x +ef(x)at )P

e=0

= Y oa(lae — o+ <(Flma)ekt — Fa)ek )

1<a<y<n e=0

_ Z f(xa)x§+l - f(zv)x§+l

Lo — X
1<a<y<n @ v
00 k+1+1 k+14+1
Ty -z
=D Y, S
To — Ty

I
3
£
VR
]
o=
8
2%
_l’_
=
|
=
|
AN
RN
R¥
x>
=
3
[N\
—
g
+
&
=)
~

=0 i+ji=l+k 1<a<n
4,7>0
1<a<y<n

o1 i (1 0 n

= arl = - 5 9%+1,0
2 ot; 0t 2 '
1=0 i+j=k v
1,j>0

E+1+1 2 n(n—1
* <n - 2 ) (atk—i-l * n(skH’O) - %%H,O)g ’

using (1.125),
= 1 0? kE+1+1)\ 0 n(n—1)
_ o1 - —
=& Zal<2 p 3ti3tj + (n 5 )8tk+l + B Ok+1,0 | € -

(1.127)
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Contribution 2. Using f(z) = > a;2’,

n

H (o +ef(za)r Z—H)

e=0

(F (za)abt ! + (k+1)f dez

[ ~M3

n

(I+k+1)a Z lﬁdxi
1

~
Il
=]

=& 12 l+/€+1 az(at(]:) l +n5k+l70)5Hd{Ei . (1128)
1=0 + 1

Contribution 3. Again using f(z) = > o a;z’,
< et S e ”’“)
( by i gL Za”t Z xz+k+l>

e=0

M:

1

Q
Il

Mg

=0 a=1 1>0
z>1
oo
= b ( + N0k4141 0)
( ; Oljti41 ’

oo o0

Z < +n5i+k+l,0) £. (1.129)
; Otit kit

As mentioned, for knowing (1.123), we must add up the three contributions
1, 2 and 3, resulting in:

%d[ (zi v i + e f (z)2t) .
= (Zal (BIC, + 2nB+ (L+ k+ 1)1 = 8)) Y, +n((n — 1)B + 1)8k410)
=0 o]
- Z bl(JigiL)l+1 + n5k+l+1,0)>dfn($) :
1=0
Finally, the use of (1.121) ends the proof of Lemma 1.6.1. O

Proof of Thm. 1.6.1. The change of integration variable x; — x; +¢& f(z;)x; k1

in the integral (1.116) leaves the integral invariant, but it induces a change of
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limits of integration, given by the inverse of the map above; namely the ¢;s in
E = ilc2i—1, c2:], get mapped as follows

Ci— ¢ — ef(ci)cf"’l +0(e%).

Therefore, setting

T

B = Jle2i1 — ef(caim1) 5 + O(€2), cai — e f (cai) b + O(e?)]
1

and V(z,t) = V(z) + >.;° t;2%, we find, using Lemma 1.6.1 and the funda-
mental theorem of calculus,

)
0= — | Agp (2 + e f (z)zF 1))
(r“)E (EE)Zn

X Hexp(—V(:El- + ef(xi)xfﬂ,t)) d(z; + ef(x;)x k‘H)

2r o)
= (—Zcf“f (¢) ale+l 2n lek+l+1 2n>) L(t,c,B) ,

i=1 1=0
ending the proof of Thm. 1.6.1. ad

1.6.2 Examples

These examples are taken from [1,3,9,90]; for the Laguerre ensemble, see also
[49] and for the Jacobi ensemble, see [48].

Ezample 1.6.1 (GUE). Here we pick

pz) =V =exp(=2%), V'=g/f =2z,
a():l,boz(),bl:2,andallotherai,bi20.

Define the differential operators
k—i—l 9
By = E ¢ (1.130)

in terms of the end points of the set £ = Ufr [c2i—1,¢2;] C R. From Thm. 1.6.1,
the integrals

I, = / An(z)? H exp <—z,‘§ + Ztiz,i) dzy, (1.131)
£ k=1 i=1

satisfy the Virasoro constraints
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~Bily = (=I5 + 20 ), k=-1,0,1,... . (1.132)

The first three constraints have the following form, upon setting F' = log I,
(this will turn out to be more convenient in the applications),

—B_lF: (28_751 —iZZt 8t ) —ntl
0 ;. )
_BoF = (28_152 — ;tha_tl)F —-n

For later use, take linear combinations such that each expression contains the
pure differentiation term 9F/0t;, yielding

1 0 1 0 nt1
—BAF=D_ F= oS iti—e— |-
9! ! <8t1 2;2 8ti_1> 2

1 o 1 .0 n?
—5BoF=DoF = (8—]52—5;@@8—&)1«“—7 (1.133)

n o n’t;
N\ e
2;1 8ti_1> 2

Ezample 1.6.2 (Laguerre ensemble). Here, the weight is

1
_Z F=DF —_ _Z -
5BitnB)F = DiF = (- PO i

_ _ zZ—aQ
eV:zae z’ V/:_:

f z
apg=0,a1=1,by=—a,b; =1, and all other a;,b; =0.

Here define the (slightly different) differential operators
2r 9
Bpi=)» cft?—. 1.134
b 21: % o (1.134)

Thus from Thm. 1.6.1, the integrals

I, = / An(2)? I 2t exp (-;;k + Ztm,i) dz, (1.135)
" k=1 i=1
satisfy the Virasoro constraints, for k > —1,

~Bily = (=12, = )y + 35 ) (1.136)

Written out, the first three have the form, again upon setting F' = log I,,,
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0 0
—B_F = <8_t1 —;ztia—ti)F—n(n—Fa)

B B B) BE OF\?
B F == —(2 = Nt — = F—[=—) ;
! <8t3 @ntaz, 2" Dt 8t%) (am)

Replacing the operators B; by linear combinations

Dl = —8_1
DQ = —BO - (27’L + a)B,1 (1137)
D3 = —Bl — (27’L + a)BO — (2n + a)28_1

yields expressions, each containing a pure derivative 9F/0t;

oF _OF
DlF:a__ E zti—l—n(n—i-a)
DQF_ + E iti| —(2n+a)— 0o__9 F—n(n+a)2n+a)
ot;  Otiy

=1 (1.138)

OF o B} d
DyF = 5 > it ((Zn +a)? % + (2n +a) T + 8ti+2)F

#PF  (oF\’ )
- (8_15% + (8_tl> ) —n(n+a)(2n+ a)
Notice the nonlinearity in this expression is due to the fact that one uses
F =log I, rather than I,.

Ezample 1.6.3 (Jacobi ensemble). The weight is given by

g _a—b+(a+b)
f 1—22
b , and all other a;,b; =0 .

pas(z) i=eV =(1=2)"(1+2)", V'=
ap=1,a1=0,a,=—-1,bg=a—b,by=a+
Here define

2r o
— k+1 2
k= E :Ci (1-¢) .
1 6ci

The integrals

n

/n H 1= z)*(1+ 2) eXP<thk) dzp (1.139)

satisfy the Virasoro constraints (k > —1):
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~Bily = (5, — I+ 00I 0, ) - (1.140)
Introducing the following notation
oc=2n+by

the first four having the following form, upon setting F' = log I,,,

. 0
—B_1F = ( +Z it —— 3t ZZtiK>F+n(bo—tl)

i+1

0 0 52
_BOF_<(% + b - +Z <8t1+2 8_ti>+8_t%)F

OF\®> n
+(8_tl> —§(U—b1)

) ) )
BF =0l 1p L
By (C’at3 T Btl + ; (amg 8ti+1)
o2 OF OF
o O 9r o
Ot10ts Ot1 Otg
) ) )
BoF = (02 1 py L t
2 (Uam P +Zl <8tl+4 amz)
82 o2 o2 )
TR
oty o2 T Ot 0ts

+ 8_F 2_ 8_F 2_|_28_F8_F
Ots oty Oty Otz |~

(1.141)

1.7 Random Matrices

This whole section is a very standard chapter of random matrix theory. Most
of the results can be found, e.g., in Mehta [69], Deift [31] and others.

1.7.1 Haar Measure on the Space H,, of Hermitian Matrices

Consider the most naive measure (Haar measure)

dM = [[dMi [] dReM;; dIm M;; (1.142)
1 i,j=1
1<j

on the space of Hermitian matrices
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H, := {n x n matrices such that M = M} .

The parameters M;; in (1.142) are precisely the free ones in M. This measure
turns out to be invariant under conjugation by unitary matrices: (see Mehta
[69] and more recently Deift [31])

Proposition 1.7.1. For a fized U € SU(n), the map

Hp — Hp: M — M =U'MU

oM’

det =1.
Joe(ar )|

Tr M2 = Tr M"?

Z M;;Mj; = Z MM, .
2y QY

Working out this identity, one finds

has the property

AM = dM’, e

Proof. Setting M’ = U='MU, we have

and so

Zn: +2Z (Re M;;)? (ImMij)2)
1

i,j=1
i< :Z +2Z (Re M};)? + (Im M;)?) . (1.143)
1 i,j=1
1<y

Setting
M = (M117 N ,M,m,ReMu, . .,ReMn,Ln,Ilig, PN ,ImMn,i,n) )

identity (1.143) can be written, in terms of the usual inner product ( , ) in
Rn(n+1)/2’

(M,DM) = (M',DM’)

for the n? x n? diagonal matrix with n 1s and n(n — 1) 2s,

Let V be the matrix transforming the vectors M into M’
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M =VM
and so, (1.143) reads
(M', DM’y = (VM,DVM) = (M,V'DVM) ,
from which it follows that D = V' T DV and so
0# det D = det(V' DV) = (det V)2 det D,

implying

|det V| =1.
But for a linear transformation M’ = VM the Jacobian of the map is V itself
and so

oM’
oM
ending the proof of Prop. 1.7.1. O

det

=|detV]=1,

Proposition 1.7.2. The diagonalization M = UzU™! leads to “polar” or
“spectral” coordinates M — (U, z), where z = diag(z1,...,2,), 2 € R. In
these new coordinates

dM = A?(2)dz; - -~ dz, dU;. (1.144)
Proof. Every matrix M € H,, can be diagonalized,
M=UzU""

with U = e?ze~4 € SU(n) and?

A= Z akl el — elk) + 1bkl(€kl + elk)) S Sll(n) ,  with ak,1, ka cR.

k=1
k<

£

Then, using the definition of the measure dM, as in (1.142), and using the
fact that [A, z] is a Hermitian matrix, one computes

dM|,,_, =d(etze™)|,_  =d(z+[A,2] + O(A%)]

= Hdzi H [Aaz]jkdlm[sz]jk
1 Gk=1 A=0
j<k
= H dz; H(Z] — 2k) Hdajk dbjk )
1 Gk=1 Jk=1 =0
j<k J<k

29 e denotes the matrix having a 1 at the entry (k,1) and 0 everywhere else.
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here one has used

[4,z2] = Z apiler — €k, 2] + ibgi[er + e, 2])

k,l=1
k<l

n

=Y (aru(z — 21)(ew + ew) + b (2 — 2i) (et — eix))

k=1
k<l

with
Re[A, z]m = akl(zl — zk) 5 Im[A, z]kl = bkl(zl — zk) .

This establish (1.144) near M = z. By Lemma 1.7.1, dM = d(U'~*MU’) for
any unitary matrix U’, implying the result (1.144) holds everywhere, estab-
lishing Prop. 1.7.2. O

Remark. The set of Hermitian matrices is the tangent space to a symmetric
space G/K = SL(n,C)/SU(n). The argument in Prop. 1.7.2 can be gener-
alized to many other symmetric spaces, as worked out in van Moerbeke [90,
pp. 324-329).

1.7.2 Random Hermitian Ensemble

Consider the probability distribution on the space H,, of Hermitian matrices,
in terms of Haar measure dM, given by

P(M € dM) = Ziexp( —TrV(M))dM .

n

Let 21 < 29 < --- < 2z, be the real eigenvalues of M. Then

P(z1 €dzy,...,2p €dzy) = P21, ..., 2n)d21 - - dzy

1 2
= Z—nA HeXp dzz 5

with

Zn:/ Zl, Hdzl.

1<-<zg
Lemma 1.7.1.

fEn (2 H1 exp(—V(z)) dz

P(M € Hy,spectrum M C E) = f (2) exp(—V(Z')) dz;
R™ Ih ‘ '

(1.145)

Proof. Indeed
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P(M € H,,spectrum M C E)

= 1 2215000, 2 HXE (z:) exp V(zl)) dz;

Z” Zl<---<Zn

n, > / n (220), w<n>)HXE(%(i))eXP(—V(zwu)))dzw(i)

r€S, YA (1)< <Z«<n) i=1

n

2215000y 2n) H xe(zi) exp(=V(z)) dz;

Zfr<1>< <Zfr<n) i=1

fEn H1 exp(—V(z)) dz
fRn 2)IIT exp( V( 1)) T

showing Lemma 1.7.1. O

Let po(z),p1(2), p2(2),... be orthonormal polynomials with regard to the
weight p(z) defined on R, as discussed in Sect. 1.5.1,

| pCminera =5
and pp,(z) be the monic orthogonal polynomials,

[ 5:@0s(:)0z) dz = sy

R

Then,

(2" 4 ) = ——=pn(2) - (1.146)

Proposition 1.7.3. Setting

Zn = A2(z2) Hp(zk) dzy ,
R 1
we have the identity
= 1
—1 A2 _
Z N2 (2) [ [ olze) = — det (Kn(zk:20)) <y » (1.147)

1

where the symmetric kernel K, is given by

n—1
= VpW)e(z) Y pi(y)ps(z)  (Christoffel Darbouz)
=0

= [ Vi et O 2 P W) g

y—z
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The kernel K, (y, z) has the following “reproducing” property

/K y, ) Ky (u, 2)du = K,(y,z) and /Kn(z,z)dz:n.
R

Proof. Notice that the Vandermonde A,(z) can also be expressed as
det (ﬁi—l(zﬂ'))lgi,jgn by row operations, where p;(z) can be chosen to be any
monic polynomial of degree i, and in particular the monic orthogonal poly-
nomial of degree i. Thus, one computes for the normalization Z,,

Zy = A?(2) H p(z;) dz;
R 1

= /n det (ﬁi—l(zj))lgi’jgn det (ﬁk:—l (Zl))lgk,lgn H p(,%) dz;
i=1

> (=t H/Pw 1(2k) D () -1 (20) p(21) A2

T, €Sy
= Z H/pﬂ(k) 1(zr)p(zx) dz, , using the orthogonality of the p;s,
TeS, k=1
n—1 n—1
=n! H /ﬁi(z)p(z)dz =n! H hi .
o /R 0

Then using the expression obtained for Z, and (det A)? = det(AAT) in the
third equality, one further computes

n

2 8%() [ o)

1
1

= _1 )
n!TTo - k=1

ki<n °

One finally needs the classical Christoffel-Darboux identity: setting p;(y) =0
for j < 0, one checks
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n—1
y—2) ij(y)pj(Z)

n—1
= (aj-1pi1 () + aj;p;(¥) + ajj41P541 (1)) p; (2)
7=0

n—1

- Z pi (W) (@) 5-10j-1(2) + aj;p;(2) + a; j11pj+1(2))

= tn—1,0(Pn(¥)Pn—1(2) = Pu-1(y)Pn(2)) ,

and one uses (1.146). The reproducing property follows immediately from
the Christoffel-Darboux representation of the kernel in terms of orthogonal
polynomials. This proves Prop. 1.7.3. O

1.7.3 Reproducing Kernels
Lemma 1.7.2. Let K(z,y) be a symmetric kernel satisfying the reproducing
property
[ K@k .2)dy =Kz
Then ‘

/det (K(zhzj))lgingn dz,
= </ K(z,z)dz —n+ 1) det(K(Zi’Zj))l<ij<nfl , (1.149)
& <i,j<

where dy stands for any measure on R.

Proof. The proof of (1.149) is due to J. Verbaarschot [91], which proceeds in
two steps:
Step 1. Let

be a n x n Hermitian matrix, with M, _1 an — 1 x n — 1 Hermitian matrix.
Then m is a (n — 1) x 1 column and v € R. Then

det M,, = vdet My_1 —m " My_1m .

Indeed given the column u € C"~1, one checks

10 M,_1m Tu
a1 m’' ~v)\01
_ ( Mnfl Mn,1U+ m )

W' My 4+m" "My, ju+mTu+am+y

_ Mn 1 0 : _ —1
_( R Y >7 upon setting u = —M_ " ;m
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The latter assumes that M, _; is invertible. Furthermore, using M, ', =
(det My, 1)~ M, _1,
det M,, = (v — m’ m) det M,,_1
=(y- mTMn ym(det M, 1)~ ") det M,,_,
=ydet M,,—1 — TMn m,

finishing Step 1.
Step 2. Proof of identity (1.149). Define the matrix

M, = (K(zi,zj))lgingk v = K(2k, 21)

and
K(z1, z1)

K(zp—1,2k)

My, is a symmetric matrix, since K is a symmetric kernel. One finds, upon
integration over R,

/det(Mn)dzn
R
= det(M,, 1 /K 2,2 dz—/dzn Z K (2, 2i)(Myp-1)ij K (25, zn)
4,j=1
n—1 N
:det(Mn,l)/K(z,z)dz— Z(Mn,l)ij/K(zn,zi)K(zj,zn)dzn
R g1 R
n—1 B
:det(Mn,l)/K(z,z)dz_ > (M1)ij(M—1)j.
R ij=1
n—1
= det(Mn,l)/K(z,z)dz—det(Mn,l) > (M) i (M)
R ij=1
= det(Mn1)</ K(z,z)dz— (n— 1)),
R
establishing Lemma 1.7.2. O

Lemma 1.7.3. If

fR )dy— (I,Z)
(ii fR (2,2) dz—n

then

/ / det zl,zj))1<”<n dzmat -+ - dzy

= (n—m)ldet(K (21, ))),, o, (1.150)
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Proof. The proof proceeds by induction on m. On the one hand, assuming
(1.150) to be true, integrate with regard to z,, and use identity (1.149):

// det(K(zi,zj))K. oy dzm dzmyr - d2p
Rn—m+1 Stsn
=(n-— )l/ dzy, det(K (Zi’zj))lgi,jgm

(/ K(z,z)dz—m + 1) det(K(zi,zj))lgiijm_l
= (n—m)l(n —m+1)det(K(z,2;))
= (n—m+ 1)l det (K (z,2;))

1<i,j<m—1
1<i,j<m—1"

On the other hand for m + 1 = n, the statement follows at once from
Lemma 1.7.2. This ends the proof of Lemma 1.7.3.

1.7.4 Correlations and Fredholm Determinants

For this section, see M.L. Mehta [69], P. Deift [31], Tracy~Widom [84] and
others. Returning now to the probability distribution on the space H,, of
Hermitian matrices (setting p(z) := e~V (%))

P(M edM) = ZL exp(—TrV(M))dM ,

n

remember from Lemma 1.7.1 and Prop. 1.7.3,
P(M € Hy,spectrum M C E) =/ P,(z)dz - --dzy,

with

()Hlp() 7_122" .
I} (= )dzl = Zy Anl >1:[m %)

1
= Hdet(Kn(zk,zl))lgkdgn ,  (1.151)

Po(2) = A
R™

with the kernel K, (y, z) defined in Prop. 1.7.3,

— Vo) S i@ ) - (1.152)
=0

Let E be the expectation associated with the probability P above. Then one
has the following “classical” proposition for any subset E C R (for which a
precise statement and proof was given by P. Deift [31]):
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Proposition 1.7.4. The 1- and 2-point correlations have the following mean-
.30
ing”":

/ K, (z,z)dz = E(# of eigenvalues in E)
E

/ det (K (i, Zj))1<i i<z dzy dzo = E(# of pairs of eigenvalues in E) ,
ExE =

and thus

1
Kn(z,2) = &E(# of eigenvalues in dz) . (1.153)

Proof. Using (1.150) for m =1 and (1.147), one computes

/EKn(z,z)dz

:/XE(zl)Kn(thl)le

R

= (n—l) /dleE 21 / /Rn 1det Kn Zlvzj))lgi,jgndZQ"'dZ"
_ 2(

_n/dzle 21 / /Rn 1Z_A Hp(zk)dz2...dzn

n
:Z_n Xg(z1)A Hp z) dzg

R™

-7 (Zmzn)Ai(z)Hp(zk)dzk

1
1 n
= —— | #{isuch that z; € E}AZ(2) [ ] plzx) dzk
Z’I’L R™ 1
= E(# of eigenvalues in E) .
A similar argument holds for the second identity of Prop. 1.7.4. ad

Consider disjoint intervals Fjy,..., E,, and integers 1 < ny,...,n, < n
and set ny41 :=n— ZT n;. Then for the n x n Hermitian ensemble with P,
as in (1.151), one has:

P(exactly n; eigenvalues € E;, 1 <i < m)

( n ni ni+ns ni+-+nm

= I |XE‘ (i) I | Xp, (@) | I Xg,, (@)
Ny My, N ) / ! 2 "

1, s Tmyy Thm 41 R™ ;4 i=ni41 i=nqd N1 +1

n

< II  xue, gye@)Pal@)der - da, . (1.154)

3018 xr1,r2 € E, then it counts for 2 in the second formula.
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This follows from the symmetry of P,(x) under the permutation group; the
multinomial coefficient takes into account the number of ways the event oc-
curs.

Lemma 1.7.4. The following identity holds

/R ﬁ (1 + i)\ixm (%))Pn(w) dzy -+ -dzy,

= i=1 -
= det {I + Kn(z,y) Z AiXE, (i‘/)] :
i=1
Proof. Upon setting

K(z,y) = Kn(z,9) > Nixg, () »
1

and upon using the fact that K (x,y) has rank n in view of its special form
(1.152), the Fredholm determinant can be computed as follows:

det (I + K(z, Y))

1 _
— Zl_'/ det[K(wi’xj)]lgi,jgz day -+ - day

1=0 R
"1 _
- Z I . det [K(JC¢7 xj)] L<ii<l day -+ - day
1=0

Il
(]
==
—
o,

et {Kn(xi,xj)Z)\kxEk(xj)} dzy ---day
R! k=1 1<i,j<i

l
Mer A / Ao -+ dar [] X, (@) det[Kon(zi, 2511
]Rl

I=0 " 1<s1,...,5:<m r=1

:/R Z Z As, '")‘SzXEsl(xl)"'XEsl(xl)

1=0 1<s1,...,51<m 1

X m det[Kn(xi,xj)]lgmgn diL'l o dxn s

Il
Elq:
N

using Lemma 1.7.3,

n
Z<l> Z )‘81"'/\51XE31 (iﬂl)"'XEsl(iEl)Pn(iE)dxl-~-d$n
1<s1,...,1<m

Z Z Z Asp o )‘SzXEsl (xi1) e XESL (wlz)

1=0 1<51,...,51<m 1<i1 <<y <n
=St =T A =0 = X P,(x)dxy - -day,

_ /R ﬁ (1 n i AiXE, (xk)>Pn(x) day - da, |
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establishing Lemma 1.7.4. ]

Proposition 1.7.5. The Fredholm determinant is a generating function for
the probabilities:

P(exactly n; eigenvalues € E;, 1 <i < m)

ﬁ ni ( )n det [I + ZT: AiKn (2, y)X g, (y)]

1

(1.155)

all X\ = —
In particular
P(no eigenvalues € E;, 1 <i <m)=det[I — Kn(x,y)XU;n e )] . (1.156)

Proof. The first equality below follows from Lemma 1.7.4. Concerning the
second equality, in order to carry out the differentiation []}"(1/n;!)(9/0N;)™,
one chooses (keeping in mind the usual product rule of differentiation) a first
group of ny factors, a (distinct) second group of ns factors,..., a mth group
of n,, factors and finally the last group of n —n; —--- —n,, remaining factors
among the product [T,_, (14 X7, Xixp, (zx)). Then one differentiates the
first m groups, leaving untouched the last group, where one sets A\; = —1.
This explains the second equality below. Let Cy ,  be the set of distinct
committees of size ni,n9,..., N, N1, With N1 == —n9 — -+ — Ny
formed with people 1,2,....n

ﬁ % (ai/\i) " et {I n XT: A (2, )X g, (y)]

=1

_ﬁ%<%)n/R ﬁ<1+i/\iin(xk)>Pn(x)dx1~-~dxn

i=1 " " k=1 i=1

all \; = —

all A; = —1
ni+-+nm

= Z / HXEI xU(l : H XEm(xcr(i))

oeCn i=ni+ - Fnmo1

MY sens

n

x I1 <1_ZXEZ a(l)> (2) day - - day,

|
ni+-+nm

n1
n
= <n1,...,nm,n—ZTni) /”il:[lXEl(:Ei)... H X, ()

i=n1 41

X 11 <1—ZXE x) (z)dz - - dap

i=ng g, 1
= P(exactly n; eigenvalues € E;, 1 <i<m),
as follows from (1.154), thus establishing identity (1.155), whereas (1.156)

follows from setting n; = --- = n,, = 0, completing the proof of Prop. 1.7.5.
O
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1.8 The Distribution of Hermitian Matrix Ensembles

1.8.1 Classical Hermitian Matrix Ensembles
1.8.1.1 The Gaussian Hermitian Matrix Ensemble (GUE)
Let H,, be the Hermitian ensemble

H,, = {n x n matrices M satisfying M " = M} .

The real and imaginary parts of the entries M;; of the n x n Hermitian matrix
(1\7 = MT) are all independent and Gaussian; the variables M;;, 1 < i < n,
Re M;; and Im M;;, 1 < i < j < n, which parametrize the full matrix have
the following distribution (set H, > H = (u;;), with real u;; and off-diagonal
elements U5 = Vij + I’LU”)

1
P(M;; € duy;) = — exp(—
3
2
ﬁexp(—?u?k)

2
P(Im Mjj, € dwj;) = —exp(—2w?k)dwjk 1<j<k<n.

VT

Hence, using Haar measure (1.142),

P(Re Mjj, € dvj) =

P(M € dH)

= [[P(Mii € duii) J] P(Re Mjx € dvji) P(Im My € dwjy)
1

jk=1
i<k
:anexp(—u?i) H exp(—2(vj2»k+w Hdu“ H dvji, dwji
1 jk=1 G k=1
i<k i<k
—cnexp< Z [wij] )Hdu” H dRewji dImujy
i,j=1 7,k=1
j<k
=cpexp(—TrH*) DH = ¢, A Hexp Adzi, HEH,, (1.157)

using the representation of Haar measure in terms of spectral variables z; (see
Prop. 1.7.2) and where
2\"/? 1
()"
This constant can be computed by representing the integral of (1.157) over

the full range R™ as a determinant of a moment matrix (as in (1.101)) of
Gaussian integrals.
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1.8.1.2 Estimating Covariances of Complex Gaussian Populations
and the Laguerre Hermitian Ensemble

T

Consider the complex Gaussian population = (z1,...,2p) , with mean and

covariance matrix given by

r= E(.’B) = (,ulv s hup)T , M= (E(Il - :ul)(ij - 'aj))lgi,jgp

and density (for the complex inner-product ( , )),

1
2m)p/2(det &

)12 exp(—3(x — p, 2Nz —p)) -

Let Ay > A2 > --- > A, > 0 be the eigenvalues of Y. Taking n samples of
(z1,... ,acp)—r, consider the normalized p x n sample matrix:

wi = (1/n) () @) 12 — (1/n) (37 #1) -+ @10 — (1/n) (307 #14)
a1 — (1/n) (X7 @2:) waz — (1/n) () @2) -+ @ — (1/n) (X7 @2:)

Tp1 — (1/n) (Z? xpi) Tp2 — (1/n) (2711 xpi) T Tpn T (1/n) (2711 xpi)
and the p x p sample covariance matrix,

1
= N lxg’c—r , with eigenvalues z1,...,2, >0,

which is an unbiased estimator of X. It is a classical result that when X = I,
the eigenvalues z1, ..., 2, > 0 of S have the Wishart distribution, a special case
of the Laguerre Hermitian ensemble (see Hotelling [53] and also Muirhead [70])

p
Prp(S € AM) = cppA2(2) H exp(—z)z P dz dU
1
=e "M(det M)" P AM .

1.8.1.3 Estimating the Canonical Correlations Between two
Gaussian Populations and the Jacobi Hermitian Ensemble

In testing the statistical independence of two complex Gaussian populations,
one needs to know the distribution of canonical correlation coefficients. 1
present here the case of real Gaussian populations, not knowing whether the
complex case has been worked out, although it should proceed in the same
way. To set up the problem, consider p + ¢ normally distributed random vari-
ables (X1,...,X,)" and (Y3,...,Y,)" (p < q) with mean zero and covariance

matrix
P q

AN AN
X 22

o) - (BN
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The method proposed by Hotelling [53] is to find linear transformations U =
L1 X and V = LY of X and Y having the property that the correlation
between the first components U; and V; of the vectors U and V' is maximal
subject to the condition that Var U; = Var Vi = 1; moreover, one requires
the second components Us and V5, to have maximal correlation subjected to

(i) VarUsy =Varls =1
(ii) Uy and Vs are uncorrelated with both U and Vi ,

etc.
Then there exist orthogonal matrices O, € O(p), O, € O(g) such that

2;11/22122;21/2 _ O;—POQ ’

where P has the following form:

q

P1

Pk
O =
p_ - p, k=rankX s,

Pp

P
1>2p12p2>2--2pp>0,ppp1=--=pp=0
(canonical correlation coefficients),

pi are solutions (> 0) of det(X' 12555 Xy — p*1) = 0.

Then the covariance matrix of the vectors
U=ILX:=0,27""X and V=LY :=0,5,"Y

has the canonical form (det Xeqn = [T} (1 — p?))

Uy (I, P
cov (V) - Ecan - (PT Iq) ’

specttum Yoo, = 1,..., 1,1 = p1, 1+ p1,..., 1 = pp, 1 4+ pp
——

with

q—p

oo 1 L, —P\
eI - p2 \-PT

and inverse
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From here on, we may take ¥ = X.,,. The n (n > p + ¢q) independent

samples (T11, -+, T1py Y11s- -1 Y1q)  sevos (Tnly- s Tnpy Ynly - - Yng) |, arising
from observing (5 ) lead to a matrix () of size (p + ¢, n), having the normal
distribution [70, pp. 79 and 539]

—1
(2W)7H(P+Q)/2(det E)fn/Q exp (_lTr(ITyT) (Z‘lrl 212) <I)>
2 2y 22 Yy

= (2m) M PHD/2 (det X) /2
xexp(—3 Tr(z " (Z Dz +y (27 2y + 2y (271 52)) -

The conditional distribution of p X n matrix = given the ¢ X n matrix y is also
normal:

(det 272)~"/? exp(—2 Tr 27z — Py)(z — Py) ") (1.158)

with ) ) )
2 = Y1 — Y19X5y Yoy = diag(l — pi,..., 1 = py)
P =YY

Then the maximum likelihood estimates r; of the p; satisfy the determinantal
equation

det(S;,' 812555 S5 — 1) =0, (1.159)

9 — Sll 5’12 L IIT :EyT
Sfy Saz) " \wxT yy" )’

where S;; are the associated submatrices of the sample covariance matrix S.

corresponding to

Remark. T he r; can also be viewed as r; = cosf; , where the 6,,...,6, are
the critical angles between two planes in R™:

(i) a p-dimensional plane = span{(z11,...,%n1),..., (Z1p, ..., Tnp)}
(ii) a g-dimensional plane = span{(y11,---,¥n1) - (Y1gs- -+ Yng) }-

Since the (¢, n)-matrix y has rank(y) = ¢, there exists a matrix H,, € O(n)
such that yH,, = (y1 O); therefore acting on z with H,, leads to

i q n—q
N
yHy,=(wn O )}e, zH, = (?T)}p;. (1.160)

With this in mind,
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51252_2151T2 — 7’2511
_ xyT(ny)flyxT _ ’I’QZEIT
= zH(yH)" (yH(yH)" )" 'yH(xH)" —r*(zH)(xH)"

~w0 () (01 (5)) ) () 0o (27)
=00 (800 ) () 0 (i)

=uu' —r?(uu’ +ov'),

and so (1.159) for the r; can be rewritten
det(uu’ —r?(uu’ +vv')) =0. (1.161)

Then setting the forms (1.160) of = and y in the conditional distribution
(1.158) of  given y, one computes the following, setting H := H,,

Tr 2 Yz — Py)(z — Py)"
=TrQ Y (zH — PyH)(zH — PyH)"

=T Q@7 ((uv) = P (1 0))((uv) = P (12 0))'
=Tr Q2 Yu—Py)(u—Py)" +Tr 2w’ ;
2 = diag(1 - pi,...,1—pp);

this establishes the independence of the normal distributions v and v, given
the matrix y, with

u=N(Py,2), v=N(0,0), P=dag(pi,...,pp)-

T T

Hence uu' and vv' are conditionally independent and both Wishart dis-
tributed; to be precise:

e The p x p matrices vv' are Wishart distributed, given y, with n — ¢
degrees of freedom and covariance §2;

e The p x p matrices uu' are noncentrally Wishart distributed, given v,
with ¢ degrees of freedom, with covariance 2 and with noncentrality matrix

%PylerTQ_l .

e The marginal distribution of the ¢ x ¢ matrices yy ' are Wishart dis-
tributed, with n degrees of freedom and covariance I, because the marginal
distribution of y is normal with covariance I,.

To summarize, given the matrix y, the sample canonical correlation coef-
ficients 72 > - > rg are the roots of

(ri>- > 7“227) = roots of det(zy " (yy ') tyz T —r?z2zT) =0

= roots of det(uu' —r*(uu’ +vv')) =0

= roots of det(uu' (vu' +vv")™t —r2) =0.
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Then one shows that, knowing uu " and v are Wishart and conditiionally
independent, the conditional distribution of r? > --. > 1“12), given the matrix y
is given by

P
7sz/zcn_’p,q eXp(_% Tr PnyPTQ—l)Ap(TQ) H(T?)(qufl)/Z(1_7“1,2)(%(171771)/2
1

y Z (n/2)ACx(%PnyPT9_1)O/\(Rz) ,
o (@/2aCh(Ip) !
where3!
R? = diag(r?,... ,7“12,) , I(n/2)

Crpa = Iy(q/2) I ((n—q)/2)T,(p/2)

and where the C) are proportional to Jack polynomials corresponding to the
partition A; for details see Muirhead [70] and Adler—van Moerbeke [10]. By
taking the expectation with regard to y or, what is the same, by integrating
over the matrix yy', which is Wishart distributed (see Sect. 1.8.1.2), one
obtains:

Theorem 1.8.1. Let X1,...,Xp,Y1,...,Y, (p < q) be normally distributed
random variables with zero means and covariance matriz X = (g; g;z) If
3. .. ,pf, are the roots of det( X' Y12 X5yt Xy — p?I) = 0, then the mazimum
likelihood estimates r3,. .. ,7"12) from a sample of size n (n > p+ q) are given
by the roots of
det(zy (yy")tyx" —r?zx’)=0.

Then, assuming p3 = -+ = pZQ) =0, the joint density of the z; = 12 is given by
the following density:

P
7rp2/2cn,p,qu(z) H zfq7p71)/2(1 — ;)PP N/2 4y (1.162)
i=1

Remark. Taking complex Gaussian populations should introduce in the for-
mula above A2 (z) instead of A,(z) and should remove the % in the exponent.

1.8.2 The Probability for the Classical Hermitian Random
Ensembles and PDEs Generalizing Painlevé

1.8.2.1 The Gaussian Ensemble (GUE)

This section deals with the Gaussian Hermitian matrix ensemble, discussed
in previous section. Given the disjoint union of intervals

31 Using the standard notation, defined for a partition A,

(a)x ::H(a—l—(l—i)))\i ,with (2)n :=z(x+1)---(x+n—-1),z0=1.

i
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T

E:=|Jleai1,e2] CR,
1

define the algebra of differential operators
k+1 9
B, = g c; (1.163)

The PDE (1.164) appearing below was obtained by Adler—Shiota—van Moer-
beke [1,2,9], whereas the ODE (1.165) was first obtained by Tracy—Widom
[85]. The method used here is different from the one of Tracy—Widom, who
use the method proposed by Jimbo-Miwa—Mori-Sato [54]. John Harnad then
shows in [51] the relationship between the PDEs obtained by Tracy—Widom
and by Adler—van Moerbeke.

Theorem 1.8.2. The log of the probability

fEn (2 H1 exp(—= )dzi
fR" (= Hl exp(—z7) dz;

P, :=P,(all z; € E) =

satisfies the PDE
(B* | +8nB%, +12B2+24By—16B_181)log P, +6(B% logP,)?> = 0. (1.164)

In particular

d
flz):= P log P, (mlax 2 < x)
satisfies the 3rd-order ODE
"+ 6f*+402n —2*)f +daf =0, (1.165)
which can be transformed into the Painlevé IV equation.

Proof. In Thm. 1.5.1, it was shown that integral (here we indicate the t- and
E-dependence)

Tn(t; E) = %/E A2(z2) HGXP<_Z? + Ztsz) dz; (1.166)
TR 1 1

satisfies the KP equation, regardless of E,

2
9\ 9 \2 52 o2
<<6_tl> +3<6_t2) _48t18t3> log 7 +6<<6_tl> 1ong> =0, (1.167)

and in Thm. 1.6.1, 7,(¢; E') and 7, (t; R) were shown to satisfy the same Vira-
soro constraints, and, in particular for the Gaussian case, the three equations
(1.133), with the boundary term missing in the case 7, (¢; R).
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Let T; denote the pure t-differentiation appearing on the right-hand side
of (1.133), with “principal symbol” 9/0¢t; 2,

0 1 0
T =2 2N,
LR TR W AP RN
>2
0 1 0
Tyi= 2 — =S i, 2
T ¢>1Z o (1.168)

0 1 0 n 0
LT ot 2i>1Z Otin 222 ot

Recall the differential operators D; in terms of the boundary operators (1.163),
appearing in the Virasoro constraints (1.133),
D, = —%B_l
Do = —3Bo (1.169)
D = —%(Bl +TLB_1) .

With this notation, the Virasoro constraints (1.133) can be summarized as
(F :=logm,(t; E))

t 2 2
D F=T\F -, DoF =ToF -5, DiF =TiF - .
Expressing the action of T; on ¢1, one finds
T 1t =1—1 T2t =T 1(1—ty) = 3t5
Tltl - _ntQ Téltl = Tfszltl = Tfl(%tg) = —3t4 s

one computes consecutive powers of D; and their products, and one notices
that D; involves differentiation with regard to the boundary terms only, im-
plying in particular that D; and T; commute. In view of the form of the KP
equation, containing only certain partials, and in view of the fact that the
“principal symbol” of T; equals 9/0t; 2, it suffices to compute

D F =T ,F— ”7“

D> F=D_ T F=T D_F=T_, (T_lF _ %tl)
=T% F - 3(1 1)

D} F =D T F=T*D_F =T? (T_lF _ ”Tfl)

3n
_ts

=T F—
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’I’Ltl
DY F=D \T* F=T*D F=T3 <T F - —)

X 2 (1.170)
n
=T F+ 5l

2t1
DF =T F— —2*

2

2t1

D \DiF =D_T\'F =T\D_F =T, (T F— T)

3
=TT F+ %tg
2

DoF = TyF — %

2
D2F = DyToF = ToyDoF =Ty (TOF — %) =TZF .

Since one is actually interested in the integral (1.166) along the locus £ :=

{all t; = 0}, and since readily from (1.168) one has T;|; = 0/0t;;+2, one de-
duces from the equations above (1.170)3?

n 8F

D?\F|, = 1% F| 5 = o L—g
D\ F| = T4 F| = - 0 T31F‘ = TﬂZi - %47? .
DiF|, =T5F|,.= aTgFﬁz (%—%)Fﬁ
DDIF| = T F| = - 0 o 1| = (%;tl - gaitz)F .
DyF|, = T0F|£—n; = g—f; L—”; :

By solving the five expressions above linearly in terms of the left-hand side,
one deduces

0’F 9 n 0*F 4
ot? . :Dle{a+§ J 8t4 {c = D71F|£
or n? 0*F 2
—| =DyF —| =D2F|.+DyF
ot |, 0 {L"’ o2 . 0 {g"' 0 {L""
0*F 3 3n
———| =D_D\F —DoF
9t,0t3 B 11 {£+2 o {ﬁ-i-

32 Notice one also needs Do F, because OF /Ot2 appears in the expressions DEF and
D_1D1F below.
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So, substituting into the KP equation and expressing the D; in terms of the
B; as in (1.169), one finds

2
o\t L0\ | o 0 \*
0‘((871) +3<8t2> _48t18t3>F+6<<8t1> F) ‘E

2 2

2
n
- 6<D21F - 5)

= D4 \F +6nD? | F +3DF — 3Dy F — 4D_ D, F + 6(D2 F)?,

L

(84 + 8nB%, + 1282 + 248y — 16B_1B,)F + = (821F 2|,

which establishes (1.164) for (remember notation (1.166))
F =1og7,(0,E) =logP,(all z; € E) + log7,,(0,R) .

Since the By are derivations with regard to the boundary points of the set
and since log7,,(0,R) is independent of those points, (1.164) is also valid for
logP,; it is an equation of order 4.

When FE is a semi-infinite interval (—oo, ), then one has By, = 2*+19/0x
and then, of course, PDE (1.164) turns into an ODE (1.165), of an order one
less, involving f(z) := (d/Dx)logP,(max; z; < x). For the connection with
Painlevé IV, see Sect. 1.8.3, thus ending the proof of Thm. 1.8.2. a

1.8.2.2 The Laguerre Ensemble

Given E C RT and the boundary operators
2r 9
By = k2~ fork=-1,0,1,...,
% ; & 5 or

the following statement holds: (see [1,2,9] for the PDE obtained below; the
ODE was first obtained by Tracy—Widom [85])

Theorem 1.8.3. The log of the probability

fEn AZ( ?za exp(—2z;) dz;

P, = llz el
Pn(all z; € B) = f(R+ le exp(—z;) dz;

satisfies the PDE

(B*, —2B%, + (1 —a*)B*, —4B,B_, + 38}
+ 2(27’L + a)B()B,l — 281 — (2n + CL)B()) 10an
+6(B2,logP,)* —4(B% logP,)(B_1logP,) = 0. (1.171)
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In particular, f(x) := xz(d/dx)log P, (max; z; < x) satisfies
?f" +af +6xf?—Aff' — ((a—z)* —dna) f' — 2n+a—z)f =0, (1.172)

which can be transformed into the Painlevé V equation.

1.8.2.3 The Jacobi Ensemble

The Jacobi weight is given by (1—2)?(1+2). For E C [~1,+1], the boundary
differential operators By are now defined by

2r

Be=3 k- )2

1 Ci

Introduce the following parameters
r=4(a®>+0%), s=2a*-V%), q¢=202n+a+b)?
r=a?>+0%, s=da>-b>, q¢=2n+a+0b)>.

Theorem 1.8.4 (Haine—Semengue [49] and Adler—van Moerbeke [9]).
The following probability

fEn An(z)2 H@—l(l —z)*(1+ Zi)b dz;
P, :=P,(all z; € E) = =2 11
s e b S An(2)? TIZ (1 = 20)* (1 + 2i) da (1.173)

satisfies the PDE:

(B, + (q —2r +2)B2 | + q(3B] — 2By + 2B2) + 4By B2,
— 2(2q — 1)813,1 + (2871 10an — S)(Bl — Bfl + 2803,1)) IOg]P)n
+ 282 logP,,(2By log P, + 3B2 | logP,) = 0. (1.174)

In particular, f(z) := (1 — 2?)(d/dz)log P, (max; \; < x) for 0 < z < 1
satisfies:

(x2—l)zf”’+2(x2—1)(xf”—3f’2)
+ (8xf —q(2® —1) =28z —2r)f' — f(2f —qr —s) =0, (1.175)

which is a version of Painlevé VI.

Proof of Thms. 1.8.3 and 1.8.4. Tt goes along the same lines as Thm. 1.8.2 for
GUE, namely using the Virasoro constraints (1.137) and (1.138), together with
the KP equation (1.167). This then leads to the PDEs (1.171) and (1.174). The
ODEs (1.172) and (1.175) are found by simple computation. For connections
with the Painlevé equations see Sect. 1.8.3. O
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1.8.3 Chazy and Painlevé Equations

Each of these three equations (1.165), (1.172), (1.175) is of the Chazy form

P’ 6 AP P’ ., 4Q., 20 . 2R
" T o2 i Zor2 S o miah g
P Sl SIS I+ P o+ 55 =0, (1.176)
with P, @, R having the form:
Gauss P(z)=1 4Q(x) = —4a* + 8n R=0
Laguerre  P(z)=u 4Q(x) = —(z — a)® + 4nx R=0
Jacobi P(z) =1—2? 4Q(x) = —(q(x® — 1) + 252 + 2r) R=0.

The differential equation (1.176) belongs to the general Chazy class

f"=F@ 1),

where F is rational in f, f’, f” and locally analytic in z ,

subjected to the requirement that the general solution be free of movable

branch points; the latter is a branch point whose location depends on the

integration constants. In his classification Chazy found thirteen cases, the first

of which is given by (1.176), with arbitrary polynomials P(z),Q(z), R(z) of

degree 3,2, 1 respectively. Cosgrove and Scoufis [28,29], show that this third-

order equation has a first integral, which is second order in f and quadratic

in f/l7

4
I+ 5 (P2 +QF + R)f' = (P'f* + Q' f + R)f

+%(P//f/+Q//)f2_%P///f:i_'_c) :O, (1177)

¢ is the integration constant. Equations of the general form

f/l2 _ G(.’L’,f, fl/)
are invariant under the map

a1z + as asf + agz + a7
—— and fro —m"——
asz + a4 aszz + a4

Using this map, the polynomial P(z) can be normalized to
P(z)=z2(z2—1),z,0r 1.

Equation (1.177) is a master Painlevé equation, containing the 6 Painlevé
equations, replacing f(z) by some new variable g(z), e.g,

o g% = 49" —2¢'(2g' — g) + A, (Painlevé II)
o ¢ = —4g"3 4 4(zg' — g)* + Arg’ + Ay (Painlevé IV)
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o (29")? = (2¢' — 9)(—49” + A1(2g' — g) + A2) + A3g' + Ay (Painlevé V)
o (2(2=1)g")* = (2¢' — 9)(49” — 49/ (29’ — g) + A2) + A1g”? + Asg’ + A4
(Painlevé VI)

Now, each of these Painlevé II, IV, V, VI equations can be transformed into
the standard Painlevé equations, which are all differential equations of the
form

f"=F(z f,f), rationalin f, ', analytic in 2,

whose general solution has no movable critical points. Painlevé showed that
this requirement leads to 50 types of equations, six of which cannot be reduced
to known equations.

1.9 Large Hermitian Matrix Ensembles

1.9.1 Equilibrium Measure for GUE and Wigner’s Semi-Circle

Remember according to (1.153), the average density of eigenvalues is given by
K, (z,z)dz. Pastur and Marcenko [76] have proposed a method to compute
the average density of eigenvalues (equilibrium distribution), when n gets very
large. For a rigorous and very general approach, see Johansson [55], who also
studies the fluctuations of the linear statistics of the eigenvalues about the
equilibrium distribution.

Consider the case of a random Hermitian ensemble with probability defined

by
i/ AM exp( ——= Te(M — A)? ) dM
Zn HH(E) Xp 21}2 ’

for a diagonal matrix A = (a1, ...,a,). Consider then the spectral function
of A, namely do(\) := 3. 6(\ — a;). The Pastur-Marcenko method tells
us that the Stieltjes transform of the equilibrium measure of dv()), when

n — 0o, namel
e > dr ()
f(z)=/ Imz #0,

)
o A2

satisfies the integral equation

fz) = /_Z A_j‘i—(’\vif(z) . (1.178)

The density of the equilibrium distribution is then given by

dv(z) = lIm f(z).

dz s

When A = 0, the integral equation (1.178) becomes
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1

—z—v2f(2)

with solution f(z) = (—z4 /22 — 4v2)/(2v?), and thus one finds the classical

semi-circle law,

f(z) =

dv(z)
dz

VAv2 — 22 2 —w<z<
zllmf(z):{04v 22/(2mv?) for —2v <z < 20
7r

for |z| > 2w,

concentrated on the interval [—2v, 2v].
As an exercise, consider now the case, where v = 1 and where the diagonal
matrix A has two distinct eigenvalues, namely

A = diag(a,...,a,08,...,0) .
N—— ——
pn (1-p)n
See, e.g., Adler—van Moerbeke [12]. The integral equation (1.178) becomes

I—p P
— — =0 for 0 1
f G=2—F a—z_7F , for0<p<1,

which, upon clearing, leads to a cubic equation for g := f + z,

P —(zt+a+p)g*+ (2(a+B) +aB+1)g—aBz—(1-pla—pl=0,

having, as one checks, a quartic discriminant D;(z) in z. Since the roots of a
cubic polynomial involve, in particular, the square root of the discriminant,
the solution g(z) of the cubic will have a non-zero imaginary part, if and only
if D1(2) < 0. Thus one finds the following equilibrium density,

dv(z) 1 Im £(2) (1/m)Img(z) for z such that Dy(z) <0
==Imf(z) =
dz ™ 0 for z such that D;(z) > 0.

Therefore the boundary of the support of the equilibrium measure will be given
by the real roots of D1(z) = 0. Depending on the values of the parameters «,
8 and p, there will be four real roots or two real roots, with a critical situation
where there are three real roots, i.e., when two of the four real ones collide.
The critical situation occurs exactly when the discriminant Do («, 3, p) (with
regard to z) of Dq(z) vanishes, namely when

Da(a, B,p) = Ap(1 = p)y(7y° = 37* +3y(9p” = 9p+1) = 1)*| _,_,. =0

This polynomial has a positive root v, which can be given explicitly, the others
being imaginary, and one checks that, when one has the relationship

g+1

upon using the parametrization p = — 1
q
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two of the four roots of D1 (z) collide. This is to say, this is the precise point at
which the support of the equilibrium measure goes from two to one interval.
This then occurs exactly at value

2qg—1

ViZ—q+1
on the real line.

1.9.2 Soft Edge Scaling Limit for GUE and the Tracy—Widom
Distribution

Consider the probability measure on eigenvalues z; of the n x n Gaussian
Hermitian ensemble (GUE)

AL T} exp(—22)
Jer A2 T} exp(—22) dz;

Given the disjoint union E := | J|[z2;—1, 2;] C R, define the gradient and the
FEuler operator with respect to the boundary points of the set E:

P,(all z; € E)

2r 9 2r 9

Remember the definition of the Fredholm determinant of a continuous kernel
K(x,y), the continuous analogue of the discrete kernel (1.39),

(="
!

n

det(I — K(z,y)xp(y)) =1+ Z /Edz1 e dzy, det(K(zhzj))lgi,an .
n=1

We now state: [1,2,85]
Theorem 1.9.1. The gradient
f(z1,...,x9.) =V, logP(E°)
with
P(E°) := lim Py (all V2nt/8(z; — V2n) € E°) |
satisfies the 3rd-order non-linear PDE:
(V2 —4(& = 3))f+6(Vaf)?=0. (1.180)
In particular, for E = (x,00),

F(z) = lim P, (V20 % (zmax — V2n) < )

= det(] — AX(m,oo))

= exp (— /:O(a —2)g%(a) da) , (1.181)
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is the Tracy-Widom distribution, with3?

A(z) A'(y) — A'(z)
T -y

A(z,y) = AWw) = /000 Alu+2)A(u+y)du

and g(a) the Hastings—McLeod (unique) solution of

"o 2 3
{g ag +29 (Painlevé II).

9(a) ~ exp(—2a%/2)/(2/Fal/Y)  fora /oo
Proof. Step 1. Applying Prop. 1.7.5, it follows that
P, (all z; € E°) = det(I — Ky (y, 2)xg(2)) (1.182)

where the kernel K, (y, z) is given by Prop. 1.7.3,

1/2
Koly, 2) = (g) exp(—%(y2+z2))pn(y)pn_l(z;:Zn_l(y)pn(z) (1183)

The p,s are orthonormal polynomials with respect to exp(—z2) and thus pro-
portional to the classical Hermite polynomials:

1 1
n(y) == ————=——Hp(y) = ——=y" + -, 1.184
paly) = o Ny () Tyt (1.184)
with Sl
d\" !
,_ (@4 2 _
Hn(y) := exp(y )( dy) exp(=y"), hn =5

Step 2. The Plancherel-Rotach asymptotic formula (see Szegd [83]) says
that

( CC2) nl/len(x)
exp| ——

_ —-2/3
2 ) on/241/4\/plp1/4 =A(t)+0(n™7),

x=12n+1+t/(/2n1/6)

uniformly for ¢ € compact K C C and thus, in view of (1.184),

exp <—%2)pn(x)
(1.185)

Since the Hermite kernel (1.183) also involves p,,_1(x), one needs an estimate
like (1.185), with the same scaling but for p,, replaced by p,_1. So, one needs
the following:

=24 V2 (A() + O(n=?/%)) .
w:\/m-ﬁ-t/(\/inl/e)

33 Remember the Airy function:

1 u?

Az) = ;/0 cos (? + :cu) du, satistying the ODE A" (z) = x A(z) .
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=V2n+1+

\/_’I’Ll/G
9 t
_\/(Qn—1)<1+2 _1)+ (n 1/6(1_,’_1/< ))1/6

:m<1+21 LQ ) n—11/6<1+0<%>>
—Von—1+ j_?nlinll/lsm +O(L/>

Hence, from (1.185) it follows that

x?
exp _? Pn-1 ({,E)
x=12n+1+t/(/2n1/6)

22
=exp| —5 pn—1(7)
=BT (10— 1/2) [ (VB(n—1) /)
— ol/4,-1/12 (A(t + n71/3) + O(n’2/3)) ) (1.186)

From the definition of the Fredholm determinant, one needs to find the limit
of K, (y; z)dz. Therefore, in view of (1.183) and using the estimates (1.185)
and (1.186),

lim K, (y;z)dz

n—oo

y=(2n+1)"24t/(vV2n'/%)
z=(2n+1)/245/(v/2n1/%)

o\ 172
= — lim <§> exp(—3(y° + 2%))

. Po®)(Pn(2)=P-1(2) a2 o) pa-1(9))
—2)V2n1/6 y=(2n+1)"/2+t/(v/2 n!/®)
(y ) z:(2n+1)1/2+s/(\/§n1/6)
1/2
= lim n (21/4n71/12)2n71/3
n— o0 2
A(t)(A(s +n713) — A(s)) — A(s) (A(t +n~1/3) — A1) |
x n—1/3<t _ S) S
A(t)A'(s) — A(s) A/ (¢
_A@A(s) —Als) ()ds:A(t,s)ds
t—s
and thus for E := U?T [#2i—1, 2] and E .= U?T leai1, cai], related by
E=van+——00 (1.187)

\/_1/67

one has shown (upon taking the limit term by term in the sum defining the
Fredholm determinant)
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lim P,(all z; € E°) = lim P, (all Z €V2n+ ———

= lim P, all zi€(2n—|—1)1/2+ B
ﬁnl/G

n—oo
|E:(2n+1)1/2+E/(\/§n1/‘5)

= lim det(I — Knxz)
=det(I — Axg)-

Step 3. From Thm. 1.8.2, P,(all z; € E°) satisfies, with regard to the
boundary points ¢; of E, the PDE (1.164); thus setting that scaling into this
PDE yields (remember V, and &, are as in (1.179) and By, = 3, cF719/0¢;)

0= (B, +8nB>, + 1283 + 248y — 16B_1581) log P,

2
+ 6(32,1 log ]P)'n,) {ci:\/ﬁ-‘rwi/(\/inl/ﬁ)
= 4n2/3 [(vg — 4(E, — 1)) Vi log P+ 6(V2 log P)Q} +o(n??).

Note that in this computation, the terms of order n*/® cancel, because the
leading term in

2
128(2) —16B_1B1 = —426? (;) 4+ .= _167,L4/i’>vg2C +
- C;

cancels versus the leading term in 8n82; = 16n*/3V2 + ... thus only the
terms of order n?/3 remain. Since in step 2 it was shown that the limit ex-
ists, the term in brackets vanishes, showing that log P(E°) satisfies the PDE
(1.180).

Step 4. In particular, upon picking F = (z,00), the PDE (1.180) for

f(CL') = % log F(x) = % IOgnH/,IEO Py, (\/inl/(s(zmax - \/%) < 1')

becomes an ODE:
f”l_4xf/+2f+6fl2:0

Multiplying this equation with f” and integrating from —oo to x lead to the
differential equation (the nature of the solution shows the integration constant
must vanish)

2 af'(f?—af' +f)=0. (1.188)

{f/ = (1.189)

f=9%-2g°-g"

Then, setting

and, since then f” = —2g¢’, an elementary computation shows that (1.189)
is an obvious solution to (1.188). For (1.189) to be valid, the derivative of the
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right hand side of the second expression in (1.189) must equal the derivative
of the right hand side of the first expression in (1.189), i.e., we must have:

0=(f)~f =" -2g’—g") +9°=24'(¢" - 29° — 2g) ,
and so g’ = 2¢® + xg. Hence
2
_ gl 2
52 e F(2) =f'=—g".
Integrating once yields (assuming that g? decays fast enough at co, which will

be apparent later)

8 _ o0 2 .
solosF(@) = [ g*u)du:

integrating once more and further integrating by parts yield

1og.7-"(x)——/:od06/:og
:—/:oda (C%a)/a 9°(u) du
__a/(loog?(u)du:o—/;agz(a)da

- _ /Oo(a —2)g*(a) dav | (1.190)

confirming (1.181). For £ — oo, one checks that, on the one hand, from the
definition of the Fredholm determinant of A, the two leading terms are given
by

2(u) du

F(z) =det(I — Axyon) =1— / A(z,z)dz+ - (1.191)

and, on the other hand, from (1.190), the two leading terms are
Fw)=1- [ a-o)@dat (1.192)

Therefore, comparing the two expressions above, (1.191) and (1.192), one has
equality up to higher order terms

oo

/:O(a—w)gQ(a)da:/ dz Az, 2) + - -

x

and upon taking two derivatives in x,

() = 2 Adwa)

o [~ 5
_a/o Alu+z)*du+---
_o =
oz ),

:_A(I)2+ )

A(u)? du+ - -
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showing that asymptotically g(z) ~ A(z) for + — co. It is classically known
that asymptotically

o0

exp(—223/2) o
Ax) = 2\/_331/4 1+;W+... , asx — 00.

The solution g(x) of g” = 2¢% + xg behaving like the Airy function at co is
unique (Hastings—McLeod solution). It behaves like

g(z) = Ai(z) + O (M)

for  — oo

—x 1 73 9
- 7(‘”8?_ 12820 + O] )> for e = —oo

The Tracy—Widom distribution F of mean and standard deviation (see Tracy—
Widom [88])
E(F)=-1.77109 and o(F)=0.9018

has a density decaying for x — oo as (since the probability distribution F(x)
tends to 1 for 2 — o)

o0 oo 1
Fa)=F@) [ g@dan [ Aa)dan oo 4a")
" - 8T
for v — oo . (1.193)
The last estimate is obtained by integration by parts:

/:o A% (u) du = /:O 8;—2 (1 + i (u§;2)i)d(exp(—-u3/2))

1

exp(——x3/2
- 1+Z x3/2
1 exp(——u3/2
T8 ), — +Z u3/2 :

Then, following conjectures by Dyson [34] and Widom [94], Deift—Tts—Kra-
sovsky—Zhou [32] and Baik-Buckingham-DiFranco [18] give a representation
of F(x) as an integral from —oo to x and thus this provides an estimate for
T — —00,

3 T
_ 9l/24 4/(71)exp(—|x| /12) Ly i

— 00

3
o1/24.¢'(—1 exp(—|z|?/12) 3 _6
= 91/24e¢"(=1) EE 1+26|x|3 + O(Jz] , forax— —o0,

where

Ry = | T g(s)2ds = 9 ) — yg(y)* — g(n)* . 0
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Introduction

Random matrix theory began in the 1950s, when E. Wigner [58] proposed
that the local statistical behavior of scattering resonance levels for neutrons
off heavy nuclei could be modeled by the statistical behavior of eigenvalues
of a large random matrix, provided the ensemble had orthogonal, unitary
or symplectic invariance. The approach was developed by many others, like
Dyson [30, 31], Gaudin [34] and Mehta, as documented in Mehta’s [44] fa-
mous treatise. The field experienced a revival in the 1980s due to the work
of M. Jimbo, T. Miwa, Y. Mori, and M. Sato [36, 37|, showing the Fredholm
determinant involving the sine kernel, which had appeared in random ma-
trix theory for large matrices, satisfied the fifth Painlevé transcendent; thus
linking random matrix theory to integrable mathematics. Tracy and Widom
soon applied their ideas, using more efficient function-theoretic methods, to
the largest eigenvalues of unitary, orthogonal and symplectic matrices in the
limit of large matrices, with suitable rescaling. This lead to the Tracy—Widom
distributions for the 3 cases and the modern revival of random matrix theory
(RMT) was off and running.

J. Harnad (ed.), Random Matrices, Random Processes and Integrable Systems, 131
CRM Series in Mathematical Physics, DOI 10.1007/978-1-4419-9514-8_2,
(© Springer Science+Business Media, LLC 2011
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This article will focus on integrable techniques in RMT, applying Virasoro
gauge transformations and integrable equation (like the KP) techniques for
finding Painlevé — like ODEs or PDEs for probabilities that are expressible
as Fredholm determinants coming up in random matrix theory and random
processes, both for finite and large n-limit cases. The basic idea is simple —
just deform the probability of interest by some time parameters, so that, at
least as a function of these new time parameters, it satisfies some integrable
equations. Since in RMT you are usually dealing with matrix integrals, roughly
speaking, it is usually fairly obvious which parameters to “turn on,” although
it always requires an argument to show you have produced “r-functions” of an
integrable system. Fortunately, to show a system is integrable, you ultimately
only have to check bilinear identities and we shall present very general methods
to accomplish this. Indeed, the bilinear identities are the actual source of a
sequence of integrable PDEs for the 7-functions.

Secondly, because we are dealing with matrix integrals, we may change co-
ordinates without changing the value of the integral (gauge invariance), lead-
ing to the matrix integrals being annihilated by partial differential operators
in the artificially introduced time and the basic parameters of the problem
— so-called Virasoro identities. Indeed, because the most useful coordinate
changes are often “S'-like” and because the tangent space of Diff(S*) at the
identity is the Virasoro Lie algebra (see [41]), the family of annihilating oper-
ators tends to be a subalgebra of the Virasoro Lie algebra. Integrable systems
possess vertex algebras which infinitesimally deform them and the Virasoro
algebras, as they explicitly appear, turn out to be generated by these vertex
algebras. Thus while other gauge transformation are very useful in RMT, the
Virasoro generating ones tend to mesh well with the integrable systems. Fi-
nally, the PDEs of integrable systems, upon feeding in the Virasoro relations,
lead, upon setting the artificially introduced times to zero, to Painlevé-like
ODE or PDE for the matrix integrables and hence for the probabilities, but
in the original parameters of the problem! Sometimes we may have to intro-
duce “extra parameters,” so that the Virasoro relations close up, which we
then have to eliminate by some simple means, like compatibility of mixed
partial derivatives.

In RMT, one is particularly interested in large n (scaled) limits, i.e., cen-
tral limit type results, usually called universality results; moreover, one is
interested in getting Painlevé type relations for the probabilities in these lim-
iting relations, which amounts to getting Painlevé type ODEs or PDEs for
Fredholm determinants involving limiting kernels, analogous to the sine ker-
nel previously mentioned. These relations are analogous to the heat equation
for the Gaussian kernel in the central limit theorem (CLT), certainly a re-
vealing relation. There are two obvious ways to derive such a relation; either,
get a relation at each finite step for a particularly “computable or integrable”
sequence of distributions (like the binomial) approaching the Gaussian, via
the CLT, and then take a limit of the relation, or directly derive the heat
equation for the actual limiting distribution. In RMT, the same can be said,
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and the integrable system step and Virasoro step mentioned previously are
thus applied directly to the “integrable” finite approximations of the limiting
case, which just involve matrix integrals. After deriving an equation at the
finite n-step, we must ensure that estimates justify passage to the limit, which
ultimately involves estimates of the convergence of the kernel of a Fredholm
determinant. If instead we decide to directly work with the limiting case with-
out passing through a limit, it is more subtle to add time parameters to get
integrability and to derive Virasoro relations, as we do not have the crutch of
finite matrix integrals. Nonetheless, working with the limiting case is usually
quite insightful, and we include one such example in this article to illustrate
how the limiting cases in RMT faithfully remember their finite — n matrix
integral ancestry.

In Sect. 2.1 we discuss random matrix ensembles and limiting distributions
and how they directly link up with KP theory and its vertex operator, leading
to PDEs for the limiting distribution. This is the only case where we work only
with the limiting distribution. In Sect. 2.2 we derive recursion relations in n
for n-unitary integrals which include many combinatoric generating functions.
The methods involve bi-orthogonal polynomials on the circle and we need to
introduce the integrable “Toeplitz Lattice,” an invariant subsystem of the
semi-infinite 2-Toda lattice of Ueno-Takasaki [55]. In Sect. 2.3 we study the
coupled random matrix problem, involving bi-orthogonal polynomials for a
nonsymmetric R? measure, and this system involves the 2-Toda lattice, which
leads to a beautiful PDE for the joint statistics of the ensemble. In Sect. 2.4 we
study Dyson Brownian motion and 2 associated limiting processes — the Airy
and Sine processes gotten by edge and bulk scaling. Using the PDE of Sect. 2.3,
we derive PDEs for the Dyson process and then the 2 limiting processes, by
taking a limit of the Dyson case, and then we derive for the Airy process
asymptotic long time results. In Sect. 2.5 we study the Pearcey process, a
limiting process gotten from the GUE with an external source or alternately
described by the large n behavior of 2n-non-intersecting Brownian motions
starting at z = 0 at time ¢ = 0, with n conditioned to go to ++/n, and the other
n conditioned to go to —/n at t = 1, and we observe how the motions diverge
at t = % at z = 0, with a microscope of resolving power n~'/4. The integrable
system involved in the finite n problem is the 3-KP system and now instead
of bi-orthogonal polynomials, multiple orthogonal polynomials (MOPS) are
involved. We connect the 3-KP system and the associated Riemann—Hilbert
(RH) problem and the MOPs.

The philosophy in writing this article, which is based on five lectures de-
livered at CRM, is to keep as much as possible the immediacy and flow of the
lecture format through minimal editing and so in particular, the five sections
can read in any order. It should be mentioned that although the first section
introduces the basic structure of RMT and the KP equation, it in fact deals
with the most sophisticated example. The next point was to pick five exam-
ples which maximized the diversity of techniques, both in applying Virasoro
relations and using integrable systems. Indeed, this article provides a fair but



134 M. Adler

sketchy introduction to integrable systems, although in point of fact, the only
ones used in this particular article are invariant subsystems (reductions) and
lattices generated from the n-KP, for n = 1,2, 3. The point being that a lot of
the skill is involved in picking precisely the right integrable system to deploy.
Fortunately, if some sort of orthogonal polynomials are involved, this amounts
to deforming the measure(s) intelligently. For further reading see [1-18].
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2.1 Matrix Integrals and Solitons

2.1.1 Random Matrix Ensembles

Consider the probability ensemble over n x n Hermitian matrices

fsp(M)eE e tr V(M) dM

fbp(]\/[)E]R em VD) dM

fEn 2) TT7 exp(=V(z)) dzi
e 22(2) TV exp(—V(20) dzi |

with A(2) = [1}' ;2 (2i—25) = det(z] =hn ' i—1 the Vandermonde and with V' (z)
a “nice” function so the integral makes sense, sp(M) means the spectrum of
M and E C R,

P(M € H(E)) =

(2.1)

H,(E) = {M an Hermitian n x n matrix | sp(M) C E},

dM = ﬁ dM;; H d Real Mij H dlmag(Mij) ’

i=1 i<j i<j

the induced Haar measure on n x n Hermitian matrices, viewed as
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T (SL(n,C)/SU(n))|, ,
and where we have used the Weyl integration formula [35] for

M = U diag(z1,...,2,)U" ",

dM = A% (z,...,2 HddeU

In order to recast P(M) so that we may take a limit for large n and avoid
oo-fold integrals, we follow the reproducing method of Dyson [30,31].
Let pr(z) be the monic orthogonal polynomials:

/Rpi(z)pj(z)eiv(z) dz = hidy; (2.2)

and remember
(det A)? = det(AAT) . (2.3)

Compute

Hexp dzl
=/ det(pi—l(zj>) L det(pr—1(21)), ke 1H6XP —V(z)) dz;

R~ “I=

_ Z 7r+7r H/pﬂ' zk prr’(k) 1(zk)exp( V(Zk:>) dzg

T, €Sy

n—1
=n! H /pi(z)efv(z) dz (orthogonality)
o /R

n—1
=n! ] e, (2.4)
0

and so using (2.3) and (2.4), conclude

P(M € M, (E)) .

1 n
= —an;‘ Iy /ndet (;pj—l(&c)pj_l(zl)) Hexp le

k,l=1 1
1 I
= = [ det(Ko(zn )", [T 2
En ’ 1

n!

with the Christoffel-Darboux kernel

9= o) = ha (£0()@n-1(2) = on(2)Pn-1(y)) (@25)

hp—1 y—z
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and

pj(x) =e V@ 2p, 1 (2)//hi—1 -
Thus by (2.2)

[ etpi@ras =,

and so we have

[ Kol 21z 2 = Ky
B — the reproducing property, (2.6)

/Kn(z,z)dz =n,
R

which yields the crucial property:

/ det (Kn(zi, zj)):ljzldzmH ... .dz,

=(n-— m)!det(Kn(zi,zj))lezl . (27)
Replacing E" — Hlf dz;R™ % in (2.1) and integrating out zpi1,...,2, via

the producing property yields:

“P(one eigenvalue in each [z;,2; +dz], i =1,...,k)

(%)

k
= %det(Kn(zi,zj))fjﬂHdzi )7 (28)
1

heuristically speaking. Setting
E= |Jdu=JE:,
dz;€eFE
and using Poincaré’s formula
P(UEi> =S PE)-SPENE)+ Y. P(ENENE)+
i i<j i<j<k

yields the Fredholm determinant’

0o k
P(M € Ha(E9) =1+ Z(—A)k/ det (K2 (z1,2))" _, [ a

k=1 215 <zk

A=1

= det(I — AKF (2.9)

I
with kernel

K (y,2) = Kn(y. 2)Ip(2)
and with Iz (z) the indicator function of the set E, and more generally see [48],

. (=D (0 \* 5
P(exactly k-eigenvalues € E) = — | det(I — A\K})) (2.10)

k! \ OA

A=1

L E° is the complement of E in R.
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2.1.2 Large n-limits

The Fredholm determinant formulas (2.9) and (2.10), enable one to take large

n-limits of the probabilities by taking large n-limits of the kernels K, (y, z).

The first and most famous such law is for the Gaussian case V(z) = 22,

although it has been extended far beyond the Gaussian case [29, 38].

Wigner’s semi-circle law: The density of eigenvalues converges (see Fig. 2.1)
in the sense of measure:

1
—V2n —22dz, |z|] <V2n,
T

K, (z,2)dz —
0, |z] > v2n

(2.11)

and so
Exp(#eigenvalues in E) = / K, (z,2)dz.
E

This is a sort of Law of Large Numbers. Is there more refined universal be-
havior, a sort of Central Limit Theorem? The answer is as follows:

Bulk scaling limit: The density of eigenvalues near z = 0 is v2n/m and so
m/v/2n = average distance between eigenvalues. Magnifying at z = 0 with

this rescaling
. T Y yT sinm(x — y)
lim K, , d = d
n—oo (\/2n \/2n> <v2n) w@—y)

= Ksin(xay) dy ) (212)

with

lim P<exactly k eigenvalues € L[—Qa, 2a])

n— 00 \2n

_ 1)k k
_ kll) (a% )det([— /\Ks[i_f“’%])

(2.13)

A=1

—V2n Van

Fig. 2.1.
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Moreover,
mwa f(:L', A)

0 X

dx

Sin

det (I AK L2 2“1) — exp

with

@ P Al = NP rar - =0 (=) @)

and boundary condition:

2
f(z, )\)_—_)\x_<é) 2=, x~0.

s m

The ODE (2.14) is Painlevé V, and this is the celebrated result of Jimbo,
Miwa, Mori, and Sato [36,37].

Edge scaling limit: The density of eigenvalues near the edge, z = v/2n of
the Wigner semi-circle is v/2n'/¢. Magnifying at the edge with the rescaling

1/\/§n1/6:

. o o v or
nlingoK”( e \/_nl/G’ 2n + \/§n1/6) ( nt \/_nl/G)
= Kpiry(u,v)dv, (2.15)

with -
Kairy(u,v) = / Ai(z + u) Ai(z +v) da
0

1 oo
:—/ COS( +xu)dv.
™ Jo

Setting Amax = V21 + u/+/2n'/6

(2.16)

lim P(v21"¢ (Amax — V21) < u) = det (I Kl °°])

n— o0 Alry

— exp (- /u "o = we¥() da>

— the Tracy—Widom distribution , (2.17)

with
" =xg+24° (2.18)

and boundary condition:

exp(——x3/2)
2\/_x1/4

Equation (2.18) is Painlevé IT and (2.17) is due to Tracy—Widom [49].

g(z) ~

T — 00. (2.19)



2 Integrable Systems, Random Matrices, and Random Processes 139

Hard edge scaling limit: Consider the Laguerre ensemble of n x n Hermitian
matrices:

er(z) dz = ZV/267Z/QI(O)OO) (Z) dz . (220)

Note z = 0 is called the hard edge, while z = oo is called the soft edge.
The density of eigenvalues for large n has a limiting shape and the density of
eigenvalues near z = 0 is 4n. Rescaling the kernel with this magnification:

tm 10 ()45
K (u,0) do — %/OlsJ,,(s\/ﬂ)Jl,(s\/E) ds dv
T (VW) (Vo) = T, (Vo)Vuly (V) o

2(u —v)

(2.21)

yields the Bessel kernel, while one finds:

lim P<n0 eigenvalue € i[O, x])
n— 00 4n
= det([— Kl[,o’””]) = exp (—/ 1) du) , (2.22)
0 u

(@f")? = 4@f = O+ (@ =) f = f)f' =0, (2.23)

and boundary condition:

with

1

f(x) = ¢zt (1 i)

x4 ), =[R2 r(4+v)r2+v)".
Equation (2.23) is Painlevé V and is due to Tracy—Widom [50].

2.1.3 KP Hierarchy

We give a quick discussion of the KP hierarchy. A more detailed discussion
can be found in [28,56]. Let L = L(z,t) be a pseudo-differential operator
and U (xz,t,z) its eigenfunction (wave function). The KP hierarchy is an
isospectral deformation of L:?

oL
%Z[(Ln)ﬁ-?‘[’]a L:Dm+a—1(x7t)Dw_l+"'7 n=12...,
0
Do= 2 t=(ttr.)

(2.24)

2 ¥~ is the eigenfunction of L adjoint := LT, (A); := differential operator part
of A.
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with ¥ parametrized by Sato’s 7-function and satisfying

!Pi(x7t,z):exp< (szthZ)) ([)‘1])
= exp (i (wz + letz>> (1+0(1/2), z—oc0  (2:25)

and ou+
At = Lut Frie (L™, o,
W"_ (2.26)
v =LTw~ =—((LT") v~
z 5 8tn (( ) )+ )
with

Consequently the 7-function satisfies the crucial formal residue identity.

Bilinear identity for T-function:

j{ exp <Z(ti—t§)zi)7(t— Dr(t +[z7Ndz =0, Vt,t' € C®, (2.27)

1

which characterizes the KP 7-function. This is equivalent (see Appendix
for proof) to the following generating function of Hirota relations (a =
(a1, aq,...) arbitrary):

ZS] —2a)sj4+1( 8,5 exp(Z a;— 0 ) (t)or(t)=0, (2.28)

where

~ 2 19 19 o 0
8t_<8_t1’§8_t2’§8_t3"”>’ 8t_<8_t1’8_t2"")’ (2.29)
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This yields the KP hierarchy

o4 2\ o 0
(3_t1 + 3(8_t2) _ 48_1518_753)>T(t) oTr(t) =0 (2.32)

equivalent to

o\* o\ o2 o2 2

(KP equation) (2.33)

The p-reduced KP corresponds to the reduction:

LP = DP + ... =diff. oper. = (L)
and so
oL
— [(E™)4, L] = (L7, L] = 0. (2.34)
Otpn
p=2: KAV
T:T(t17t37t5,...) (ignore tQ, t4,...) (235)
UE(x,t,2) = U(x,t,+2) . (2.36)

2.1.4 Vertex Operators, Soliton Formulas and Fredholm
Determinants

Vertex operators in integrable systems generate the tangent space of solutions
and Darboux transformations; in other words, they yield the deformation
theory. We now present

KP-vertex operator:3

X(ty,2) = - ! —exp <i(z - yi)ti) exp <i(y - zi)%%) . (237)

1 1

and the “r-space” near 7 parametrized: T + e X (t,y, z)7. Moreover
T4+eX(t,y,2)T

is a 7-function, not just infinitesimally, so it satisfies the bilinear identity.
This vertex operator was used in [28] to generate solitons, but it also plays a
role in generating Kac—Moody Lie algebras [40]. The identities that follow in
Sects. 2.1.4, 2.1.5, 2.1.6 were derived by Adler—Shiota—van Moerbeke in [16],
carefully and in great detail.

Xty 2) f(1) = (1/(—9)) exp(D5° (2 —y ) f(t+ 1y~ = (7)), = # y and 2,
are large complex parameters, and how we expand the operator X shall depend
on the situation.
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Link with kernels: We have the differential Fay identity (Adler—van Moer-
beke [1])

1 _
EX@? Y, Z)T<t> = Dac

where since D! is integration, the r.h.s. of (2.38) has the same structure as
the Airy and Bessel kernels of (2.16) and (2.21).
If |yil, |2i) < |yisls |zig1], 1 < i< n—1, then we have the Fay identity:

YOt (2t )0 (2, t,2)) (2.38)

n

det (D;l (g[/+ (z,t, )P~ (z,t, zj)))nj = det (%X(t, Ui, Zj)T(t))

bI= i,j=1
1
= ;X(tv Y1, Zl) e X(tv Yn, ZH)T
(2.39)
We also have the following
Vertex identities:
X(y,2)X(y,2)=0 andso eXW3) =14 aX(y,z), (2.40)
and
[(X (e, 3), X(A, )] =0 if a#p B#A (2.41)

In addition we have the expansion of the vertex operator along the diagonal:

I S (=9 & ko
X(f7y,2): Z /{' Z Y : le()7

Ay I=—o0
0
Heisenberg: W,V := . +(=n)t_py (WO =6,0), (2.42)
92
i . (2) .
Virasoro: W, = 2”+Zn>1 atz-m + Z ot o, +1+;7n (it:)(jt5)

and from the commutation relations:
[X(a7 /6)7 X()‘a M)] = (_nT(a7 /67 )‘) + TL(O{, 67 M))X()\a M) )
o
) = 00 2)esp (1= 5L

SO\ 2) = %i(;)l

conclude the vertex Lax equation:

92 Y (2)) = [—W}”, Y(z)] (2.44)

(2.43)

82(
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with
Y(z) = X(t,wz,w'z), w,w €&} 1>—pandp/l, (2.45)
or a linear combination of such X (t,wz,w’z).

A Fredholm determinant style soliton formula: A classical KP soliton formula
[28] is as follows:

T(t) = % H exp(aiX(yi,zi))>7'0

ordered

= det ((51] + y exp (Z(z]k — yf)tk)>
¢ k=1

We now relax the condition that 79 = 1 and setting |y;l, |zi| < |yit1l, |2zit1],
1 <i < n-—1, compute using the Fay identity (2.39) and differential Fay
(2.38):

To=1

n

,5=1

Il
\“
==
S~—
N

1
S (O T S

+Hal< H X(y¢7zi)>7—>

z<]
ordered
X(ylv Zl)T s X(ylv Zj)T

ywzl az ’ J
1 d T T
+Za1 + Z et X (y;, zi)T X (yj,25)T

i,j=1 a; , @
i<j T T

X ] "
N ..+det<aj(y_zj>7)
T ij=1

X (y;, 25 n
= det (61']' +aj M) “Fredholm expansion” of determinant
T ij=1

= det(éw +a; Dy (Wt (x,t yz)!P_(w,t,yj)))n

4,j=1

4 ¢, the pth roots of unity.
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Replacing y; — wz;, zi — W'z, a; = =Nz
b b

zi=a+ (i—1)0z, dz= b-a

yields the continuous (via the Riemann Integral).

Soliton Fredholm determinant:

Tf&?):__;%3exp<—AjQ‘¥@,wz¢uk)dz)T@)——deﬂf-—AkE)

with kernel

kP (y,z) = D,

x

YO (twy) P T (tw'2)) (), E=la,b].

More generally, for p-reduced KP, replace in (2.46)

X(ty2) = Yty o) = S aubw X(twy,w'z) |
w,w'€&p
kE(y,z) — D, Zaw (x,t,wy) Zb/!l'/(xth)IE()
weé, w'e&y
with
awbu .
Z =0 (soY(tz,z)is pole free)
wely w
and

X(twz,w'z) = Y(t,2,2) =Y (2),
k
E— U[a2i717a2i] .

i=1

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

2.1.5 Virasoro Relations Satisfied by the Fredholm Determinant

It is a marvelous fact that the soliton Fredholm determinant satisfies a Vira-
soro relation as a consequence of the vertex Lax equation [16]; indeed, compute

O_Lb<%zl+w(z)_ { W v(z )Ddz

= VY (b) — a1V (a) [ w® j/ Y(z }

0 0
I+1 I+1 _ (2) | .
= <b 30 +a %0 {2Wl , })/a Y(z)dz :=46(U),

with ¢ a derivation and hence
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se N =0,

or spelled out

l+12 l+12_ l (2) _ ’ _
b (%—i-a %a 2Wl oo Jexp| =M [ Y(z2)dz)=0. (2.52)

Let 7 be a vacuum vector for p-KP:
Wr =ar, Il=kp, k=-1,01,.... (2.53)

Remembering (2.46) with Y'(z) given by (2.50), and with 7(¢) taken as a
vacuum vector, yields

(t, E)
7(t)
and setting [ = kp, k = —1,0, 1, ..., compute using, (2.52), (2.53) and (2.54):

_ l+1£ l+1i . l (2) _ ’
0=1(b % +a 3 2I/Vl exp| =\ [ Y(z)dz |7
a a

+ exp (—A/ab Y(z) dz) (%Wl@%)

. %exp (—)\/E Y (z) dz)r —det(I - APy, (2.54)

= bl“g + alﬂﬁ - l(W@) —a) | |expl —A bY(z) dz

- b da 241 ! P . 4

- (b”l% +alt! aﬁ - %(Wl@) - cl)) (7(t) det(I — AEF)) . (2.55)
a

More generally: setting

k

[a,b] — BY/P .= U[a2¢—17a2i] ;
i=1

bl-&-l% +al+1% . :z_]?a?l% = Bi(a) ,
deduce
(Bip(a) — LW 2 = e1)) (T(t) det (I — AkE””)) —0.
with

WEr(t) = cipr(t), k> -1. (2.56)

Since changing integration variables in a Fredholm determinant leaves the
determinant invariant, change variables:
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z—2P=X a—ad' =4, and

k
EVP - E= U[A2i717A2i] )

i=1
and
VP \/p
Bl/p B o EET (AP NPy
EE 7 (2,2) — KE(O\ X)) = NG DN Ig(\), (2.57)
yielding
det(] — pK?) = det(I — pk®"")
1 t, E
= —exp<—u/ Y(z) dz) = 7t B) , (2.58)
T El/p T(t)

and so (2.56) yields the p reduced Virasoro relation:
(Br(A) - LW — i) (T(t) det (I — MKE)) ~0, (2.59)

with

WT(t) = crpr(t), k> -1.

2.1.6 Differential Equations for the Probability in Scaling Limits
Now we shall derive differential equations for the limiting probabilities dis-
cussed in Sect. 2.1.2 using the integrable tools previously developed.

Airy edge limit: Remembering the edge limit for Hermitian eigenvalues of

(2.15) and (2.16):

lim P(v2n' 1% (Amax — V2n) € E°) = det(I — Kf,,) (2.60)

with -
K piry (u,v) = / Ai(z + u) Ai(z +v) dz
0

o0 3
Ai(u) = l/ cos(% + xu) du .
T Jo

Consider the KdV reduction

<p=2,t_ (t1,0,t3,0,t5,...) ) (2.62)

(2.61)

to = (0,0,2/3,0,0,...)
with initial conditions:
U(x,t,2) = 2Tz A(x + (—2)?)
— emz+2z2/3(1 + 0(1/2)) , (263)
(D2 — 2)W(x,tg,2) = 2°W(x,to, 2) .
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Under the KP (KdV) flow:

20*
x = qlx,tg) — q(z,t) = Wln(r(t)) ,
1
oo b [51
U(x,tg) — ¥(x,t) = exp (wz + Z tizi) % , (2.64)
T
1
T(to) — 7(t) .
where 7(t) turns out to be the well-known Konsevich integral [16, 18], satis-

fying a vacuum condition as a consequence of Grassmannian invariance, to
wit:

Kontsevich integral:
fHN dX exp(—Tr(X?/3+ X2Z))
: T dX2 exp(—Tr(X22)) (2.65)
Zdiag: t, = —=—TrZ7" 4+ -dp3 .
n 3

T(t) = limNﬁoo

Vacuum condition:
Widr = 157, k> 1. (2.66)

Grassmannian invariance condition:

9 J
W .= spanc{ (%) U(x,to, 2)

7j_071727"'}7

x=0
22W W (KdV), AW CW, (2.67)
170 ) 1 ) e
A= 7 (8,2 + 2z ) R AU (0,tg,2) = 2°¥(0, to, 2) .

We have the initial kernel:

Kf;()\,,\’) — %/0 Ll'/(x,to,—\/X)W(x,to,\/Y) dz

= 27TIE(/\’)/ Ai(z + A) Ai(z + V) de 225 KEP(AN) . (2.68)
0

Conditions on 7(t, E):

7(t, E) = 7(t) det (I - %Kf) (by (2.58))
™
= 7(to)det(I — K¥y,) att=tg (by (2.68)) , (2.69)
which satisfies (2.33) and (2.35):
a\* 52 o2 ?
<<8_t1> —4(%1(%3) 10g7'+6<6—t%10g7') =0 (KdV), (2.70)

and by (2.59), (2.42) and (2.62) we find for 7(¢, E)
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Virasoro constraints:

0 1 0 12

B_{(A = | — - .ti— 21
1(A)T (6t1+2;Z 8t¢_2+ 4>7',
= (2.71)

0 1 0 1
Bo(A)t = | — — it — —
o(A)r (8t3 T3 ;Z o, * 16>T
Replace t-derivatives of T(t, E) at to with A derivatives in KdV:

or o2 2 10
Bar=2T g9 B B (-1
TS on DT T gE T BabT (8t16t3 T3 6t1)T’ ’

at t=1ty, (2.72)
yielding

Theorem 2.1.1 (Adler—Shiota—van Moerbeke [16]).

R:=B_ylog lim P(V2n'/%(\pax — V2n) € E)
to, E)

— B_ logdet(I — K%,,) = B_ylog o

=B 41 to, B
T(to) 1log 7(to, E)

satisfies
(B2, —4(By— 1)) R+ 6(B_1R)* =0. (2.73)
Setting E = (a,00) yields:
R" —4aR' +2R+6R?* =0. (2.74)

Setting 2 2 4 ’ 2
R=g"—ag"—g°, R =g

yields
g’ =2¢*+ag (Painlevé IT). (2.75)

Hard edge limit: Remembering the hard edge limit (2.21) for the Hermitian
Laguerre ensemble (2.20):

1
lim P(no eigenvalues € 4—E) =det(I - KF),
n— 00 n

(2.76)

1
K, (u,v) = %/0 sJy (sv/u)J,(sy/v) ds

defined in terms of Bessel functions, consider the KdV reduction with initial
conditions:
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¥ (z,0,2) =e"*B((1—x)z) =e"*(14+0(1/z2)) ,
(2.77)

(Dg - ((;2_—_52))![/(%0, 2) = 220(z,0, 2)

with (see [19])

( ) \/_ ( ) ez2u+1/2 o] Z—u+1/2e—uz
B(z) :=evzH,(iz) = / du ,
Toi D)), -1
where
. 1 1
=i gelﬂ'l//Q’ L cu< =,

Under the KdV flow:

(V — Z,!P(x,O,z)m(O)) LR (q(x,t),!l'/(x,t,z),T(t)) , (2.78)

2 -1

where 7(t) is both a Laplace matrix integral and a vacuum vector [16,18] due
to Grassmannian invariance:

Laplace integral:

7(t) = lim Si(7)
Jogr dX det X~V 2exp(—Tr Z2X) [+ dY So(Y) exp(—Tr XY?)
X N N
fov dX exp(—Tr X22)

with Zdiag: t,, = —1/ntrZ~", H} = H, N (matrices with non-negative
spectrum) and Sy (t), So(Y) are symmetric functions,

Vacuum condition:
Wit = (20)? = )71k, k> -1, (2.79)
Grassmannian invariance:
2P2W W, AW CW,

A= %z<§ — 1), (442 =24 — v + 1)¥(0,0, 2) = z2¥(0,0, 2) .
z

We have the initial kernel:
K(Ez,t) (/\7 )‘I)

Ig(N)
- 2»/2—»3/41% Y (z,t, VA, VN)  (see (2.48), (2.49) and (2.57))

Ip(N
= —QM%XEMD;I (Z aiw‘(x,t,i\/X)ZbiW(I,t,i\/ﬁ))
+ +
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IE()\/) /1 (ieimj/2 e—17ru/2 )
= v ,t,—\/x 4+ — t, VA
2)\1/4)\/1/4 . /_27_r (LL’ ) /—27_r (LL’ )

e—iﬂ'l//2 \/_ 17ru/2 \/_
X (— N U(x,t,VN) — VT U(x,t,— )\)) dz
:IE()\/)%/O ST, (VN (sV W) ds  at (o t0) = (1 +1,—e1),  (2.80)

and under the ¢-flow

—t
K(LIH (A, )\)O—’K(mt)()\ N

,—e1)
Conditions on 7(t, E):
7(t, B) = 7(t)det(I — K, ;) = 7(to)(I — K) at (z,t0) = (1 +1,e1)
(by (2.58) and (2.80)), (2.81)
satisfies (2.33) and (2.35):

9\ 0? 92 2
(a_tl) — 4—6t18t3 log T + 6(6 5 10g7‘> =0 (KdVv), (2.82)

and by (2.59), (2.42), (2.62) and (2.81), the

Virasoro constraints:

—%(ziti%m%w(i—ﬂ)y
(Z "Otiso 2+\/_8t3)

i>1 i+2 2 ot

Replace t-derivatives of T(t, E) at (1 + 1, —ey) with A derivatives in KdV:

_ior 1 9 _1827 ior )
BO(A)T_§3_t1+<Z_V )’7’, Bl(A)— 4875% +28t3,... at (1+17—61)

yielding
Theorem 2.1.2 (Adler—Shiota—van Moerbeke [16]).

n—00 n

E
R :=log lim P(no etgenvalues € 4—)

7(1,0,0,...; E)

J— - E -
= logdet(I — KF) =log 7(1,0,0,.. s R)

satisfies

(Bj — 2B + (1 —v*)B§ + B1(Bo — 2))R — A(BoR)(B3R) + 6(B{R)> = 0.
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Setting:
E=02), f=-a20
x
yields
" 6 12 4 / AN Y
proll SELUSL @A) Sy (aites ),

2.2 Recursion Relations for Unitary Integrals

2.2.1 Results Concerning Unitary Integrals

Many generating functions in a parameter ¢ for combinatorial problems are
expressible in the form of unitary integrals I, (t) over U(n) (see [20,22,47,51]).
Our methods can be used to either get a differential equation for I, (¢t) in ¢ [2]
or a recursion relation in n [3] and in the present case we concentrate on the
latter. Borodin first got such results [26] using Riemann—Hilbert techniques.
Consider the following basic objects (A, (z) is the Vandermonde determinant,

i=/—1):

Unitary integral:

I = / det (M=p(M)) dM
U(n)
1 L dzk
= — A (2))? (z6 z - )
p (Sl)nl (2)] k];[l 1Pl k)27712k
= det / =1 () L o (2.83)
St 2miz ) iy

with weight p(z):

p(z) = exp(Pl (z) + Pg(z_l))z”(l - dlz)%(l - algz)”é

x (1—ditz")" (1 —dytz1)% | (2.84)
N1 7 N2

U2 u,izi
P, = P. = 2.85
1(2) ; P 2(2) ; i ) ( )
and we introduce the
Basic recursion variables:
Ir I
Ty = ()", Y= (1) (2.86)
Ir(LO) 11(10)
JiQN Y

vp =1 — apy, = St (2.87)
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and so

n—1
=@y [T - @) (2.88)
1

thus
(,y) recursively yields {I{0)} .

We also introduce the fundamental semi-infinite matrices:

Toeplitz matrices:

—Ilyo 1 — Ilyl O 0
—TaYo —x2y1 1 — x2y2 0
Li(z,y) i= | —zayo —wsyy  —ways 1 — 23ys ) (2.89)
Ly:=L{(y, ),

in terms of which we write the following:

Recursion matrices:®

E(n) (al +bLy + cL? DP{(L1) +e(n+ +v5 +7v) L1,

( ) " " (290)
Ly = (eI +bLy + aL3)Py(La) +a(n+~, +v5 —)La .
There exists the following basic involution ~ :
Basic involution:
~izo 2l p(z) — p(aY),
IO o 1O e
" " " " (2.91)
Ty < Yn, G c, bbb v— —7v,
Ly L, £ o o7
Self-dual case:
p(2)=p(z"Y) ) @n=yo — Li=LF, £ =" (2.92)

Let us define the “total discrete derivative”:%

nf(n) = fln+1) - f(n). (2.93)
We now state the main theorems of Adler—van Moerbeke [3]:
® I in (2.90) is the semi-infinite identity matrix and P}(z) = dP;(z)/dz.

5 The total derivative means you must take account, in writing f(n), of all the
places n appears either implicitly or explicitly, so f(n) = g(n,n,n,...) in reality.
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Rational relations for (x,y):

Theorem 2.2.1. The (zi, yr)r>1 satisfy 2 finite step relations:
Case 1. In the generic situation, to wit:

di,da, dy — do, |yi| + 17| sl + 1| # 0 an p(2) , (2.94)
we find for n > 1 that
(L = L5 n + (cL1 — aLa)nn =0
(+)

8n(vn£§") - Egn))nﬂ,n + (CL% + bLl)n+1,n+1 = (Same)nzo ,

with
1

Vdids
and the dual equations (+), also hold.
Case 2. Upon rescaling,

p(z) = 27 (1 + 2)" exp(Pi(2) + Pa(271)) (2.96)

and then (+), (+) are satisfied with (a,b,c) = (1,1,0) or (0,1,1).
Case 3. Upon rescaling,

p(z) =2V exp(Py(z) + P2(z71)) , (2.97)

and then (+), (+) are satisfied for a, b, ¢ arbitrary and in addition finer
relations hold:

(a, b, C) = (1, —dl, —dg, dldg) s (295)

F"(I7y)207 fﬂ(z7y):07

v, (— (LiP{(L1)) 0y oy — (L2P2’(L2))n,n> . (2.98)

Iz, y) = —
(z,y) v\ +(PI(L0),p, + Po(L2)n i

If [Ny — No| < 1, where N; = degree P;, the rational relations of Theo-
rem 2.2.1 become, upon setting z, := (2, Yn):

Rational recursion relations:
Theorem 2.2.2. For Ny = Ny + 1 or Ny = Ns, the rational relations of
Theorem 2.2.1 become recursion relations as follows:
Case 1. Yields inductive rational N1 + No + 4 step relations:
Zn = Fn(zn—h Zn—2y- - zn—Nl—N2—3> .

Case 2. Yields inductive rational Ny + No + 3 step relations:

Zn = Fo(2n—1,2n-2, -1 Zn—N1—Na—2) »

with either

Ny =Ny or No+1: (a,b,¢)=(1,1,0),
or

Ny =Ny or N —1: (a,b,¢)=(0,1,1).
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Case 3. Yields inductive rational N1 + No — 1 step relations:
Zn = Fn(zn—l7zn—27 ceey zn—Nl—N2)7

upon using I, and I, and in the case of the self dual weight:

Ny

ple) = ep(3 M) |

1

One finds recursion relations:

Tn = Fp(Tp-1,Tn—2,...,Tn_aN) .

2.2.2 Examples from Combinatorics

In this section, we give some well-known examples from combinatorics in the
notation of the previous section. In the case of a permutation 7y, of k-numbers,
L(7y) shall denote the length of the largest increasing subsequence of . If
7 is only a word of size k from an alphabet of o numbers, L(*)(m;,) shall
denote the length of the largest weakly increasing subsequence in the word
7. We will also consider odd permutations = on (—k,...,—1,1,...,k) or
(—=k,...,—1,0,1,..., k), which means 7(—j) = —=(j), for all j.

Ezample 1. p(z) = exp(t(z + 27 1)) (self-dual case)
e t2k
IOt) =Y ——P(m € S | L(mx) <n) = [ exp(tTe(M +M~'))dM ,
! k=0 k' U(n)
the latter equality due to I. Gessel, with

- Ju(y det (M) exp (¢ Te(M + M 1)) dM
fU(n) exp(t Tr(M + M~1)) dM

T (t) = (=1) : (as in (2.86))

and -
10t = (R7@)" [T - b
i=1
One finds a
3-step recursion relation for x;:
0=nx, — O;—xgl)(t(Ll)n+1,n+1 +t(L1)nn) (as in (2.98))
= nx, + (1 —nxi)(xnﬂ +Zp_1) (Borodin [26])

which possesses an
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Invariant: D(zpi1,Tn) = P(Xn, Tn_1) ,
By, 2) = (1 —y?)(1 - 2%) — %yz (McMillan [43)) .
The initial conditions in the recursion relation are as follows:

1d
o = 1, T = _5510g10(2t) Il(o) = Io(2t) s

with I the hyperbolic Bessel function of the first kind (see [19]).

Example 2. p(z) = exp(t(z + z71) + s(z2 + 272)) (self-dual case)
Set

S9dd — f7r0) € Sop acts on (—k,...,—1,1,...,k) oddly} ,

52k+1 = {772k+1 S S2k+1 acts on (—k, ceey —1, O, 1, ceey /4:) Oddly}

and then one finds:

~ (V25)%F 0 _ _
;;) 7 P(mar €8 994 | L (1) gn)_/U(n) exp (s Tr(M? + M~2)) dM ,

0 \/§$2k
PR

k=0

P(mop41 € Sg,fil | L(mor41) < n)

L
+same (t,—s))

t=0
as observed by M. Rains [47] and Tracy—~Widom [51]. Moreover,
Juray det (M) exp (Tr(t(M + MY+ s(M? + M—2))) aM

Jirmy exp (T (E(M + M=) 4 5(M + M~2)) ) dM

xn(t,x) = (=1)"

and

1O@) = (I(O) ) Hl—x —i

One finds a

5-step recursion relation for x;:

NTp +10n (Tn—1 4+ Tpi1) +25Vn (Tnp2Vn41 +Tn—2Vn—1 — Tn(Tni1 +Tp—1)%) = 0
(0n =1 —a7)

which possesses the

Invariant:  @(Xn—1, Tn, Tnt1, Tni2) = SaMe|n_pi1 ,
(. 2,u) = nyz — (1= y?)(1 = 22) (14 25(w(u—y) = 2(u+1)) ) ,

analogous to the McMillan invariant of the previous example.
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Ezample 3. p(z) = (1 + 2)exp(sz~!) (Case 2 of Theorem 2.2.1)
Set

Sk,a = {words 7, of length k from alphabet of size o} ,

with

(0) o (as)® (w)
I (s) = Z A P(ry, € Sga | L' (m1) < 1)
k=0 ’

:/ det(I + M)® exp(str M) dM ,
U(n)

the latter identity observed by Tracy—Widom [52]. Then setting in Case 2
Pi(z)=0, Py(z)=sz, N1=0, No=1, (a,b¢c)=(0,1,1),
£ =m+a)ly, £ =51+ Ly),
one finds the

Recursion relations:
877,((“ + a)Ll - SLQ)nn + (Ll)nn
On((n—=1)+a)vp 1Ly — sLy) 4 (L] + L1)nn = (same)|n—
(vn =1 —pyn) ,

with

D)™ Jur(y (det M)* det (I 4+ M) exp(s Tr M) dM
TnyYn =
+ v fU(n) det(I 4+ M)®exp(str M—1)dM

and
n—1

Ir(zO)( Il(0 " H 1- xzyz - )
i=1

leading to the
3 and 4 step relations for (x;,y;):

—(n+a+ Dxnt1Yn + sTnYnt1 + (n+a— Dzpyn—1 — $Tp_1Yn =0,
— vn((n +a+1)xpi1yn_1 + s) + Vp1 ((n +a—2)xayn—2+ s)
+ TpYn—1(Tnyn—1 — 1) = —v1 ((2 + a)xs + s) +x1(z — 1)
(xo=yo=1).
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2.2.3 Bi-orthogonal Polynomials on the Circle and the Toeplitz
Lattice

It turns out that the appropriate integrable system for our problem is the
Toeplitz lattice, an invariant subsystem of the 2-Toda lattice. Indeed x,, and
Yn of Sect. 2.2.1 turn out to be dual Hamiltonian variables for the integrable
system; moreover x, and y, are nothing but the constant term of the nth
bi-orthogonal polynomials on the circle, generated by a natural time defor-
mation of our measure p(z) of (2.84). These things are discussed by Adler—van
Moerbeke in [2,3] in detail. Consider the bi-orthogonal polynomials and inner
product generated by the following measure on S':

dz = & i) dz
p(z,t, S)R = exp (;(tkz — Skz )) 5y (2.99)
with
Inner product:
d e ) )
(F.9() == ¢ 5 —FRg(="exp( P (ke —siz™)) . (2.100)
g1 2miz
1
Bi-orthogonal polynomials:
n+1 (2,
P pDY =5, hy,  hy = T%t(sf) n,m=0,1,.... (2.101)
Tnl,

The polynomials are parametrized by
2-Toda T functions:

Tn(t, s) = det((2", zl>)2;10 (Toeplitz determinant)

1 2 *j de
- 2)| H exp<z (t;j2 — sjz;, )) Do

(st

- / exp <Tr2(tiMi - siM_i)) dM, n>1,75=1, (2102)
U(n) 1
as follows:

L, pP) (ust, s)

n

= gy (= ) (e + 7))
fU det(ul — M) exp(Tr(}7" t:.M* — s; M%) dM
( fU(n) exp(Tr(Z t;M; — s; M~ )) dM
Jory det(ul = M™Y) exp(Tr(327° 6: M — ;M ")) dM)
Juemy exp(Te( tiM; — s;M %)) AM
(2] = (z,2%/2,2°/3,...) . (2.103)

)

)
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The constant term of our polynomials yield the

Dynamical variables:

z,(t,z) = p(0st, 5),

Unzl_znyn:

yn(t,s) = p2 (0;1,5) ,

giving rise to an invariant subsystem of the

Toda equations:

—x1yo 1 — x11
—T2Yo —T2Y1

Ll(x7y) = —x3Yo —I3Y1

LQ(xvy) = L,{(yv'r) )

with

0

1 — IQyQ
—x3y2 1 —a3ys3 g

hn - Tn+1/7-n 5

Ly =hLih~ ",
OL; ——
. [(L7) 4, La]”
oL, . .
=[(L™)_, L,
D5, [(L5)-, Li]

2
Tn

h:

Tn4+1Tn—1 .

)

0
0

diag(ho, hl N

Lo= Lo,

i=1,2 n=12...

(A)- = lower tri(A) .

{(A)+ = upper tri(A) + diag(A) ,

We find, (T) < Toeplitz lattice:”

oz,

oxy,

with

omn _ oH" By, ., oHY
8ti o 8yn ’ 8&' o " a:En
owy _ OH 0y, __ 0H
ds; " Oy, = 0s; " Oxp
tr LJ _ dzp A dyg

7 —1 Vk ’

2,(0,0) = 4,(0,0) =0, n>1

Vi, s,

(see [2,3]).

(2.104)
(2.105)

(2.106)

(2.107)
(2.108)

(2.109)

(2.110)

(2.111)

(2.112)

" Equations (T) are the 2-Toda equations of Ueno-Takasaki [55], but equations (T)
with precisely the initial conditions (2.106) and (2.107) are an invariant subsystem
of the 2-Toda equations which are equivalent to the Toeplitz lattice, (2.110),
(2.111). The latter equations are Hamiltonian, with w the symplectic form.
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Ezxample
0z, OYn
. - (1 - xnyn)zn+l sy A, — _(1 - xnyn)ynfl 5
oty oty
(2.113)
920 _ (1 _ gy T
881 - nYn)Tn—1 , 881 - nYn)Yn+1
yielding the
Ladik—Ablowitz lattice: 5 5 5
—_—=— - —. 2.114
815 8t1 881 ( )

2.2.4 Virasoro Constraints and Difference Relations

In this section, using a 2-Toda vertex operator, which generates a subspace of
the tangent space of the sequence of 2-Toda 7-functions {7,(t, s)}, we derive
Virasoro relations in our special case. Indeed, deriving a Lax-equation for the
vertex operator leads to a fixed point theorem for our particular sequence
of matrix integral 7-functions, fixed under an integrated version of the ver-
tex operator, integrated over the unit circle. The Virasoro relations coupled
with the Toeplitz lattice identities then lead to difference relations after some
manipulation.
We present the following operators:

Toda vertex operator:
X(u,0) (fult,9)) o

= (exp <Z(tiui - siv_i)> (wv)" g (t — [u™, s + [v_l])>

1 n>0
(2.115)
Integrated version:
d
Vel ;:/ X (uyul) (2.116)
g1 2miu

Virasoro operator:

V) = (V] )nzo =30 (1) = I8 (=s) — (k —7) (037 (1) + (1 — 0)3%) (—s))

(vector differential operator in t, s, acting diagonally
as defined explicitly in (2.123), (2.124), and (2.125)) . (2.117)
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Main facts:
Lax-equation: ufvu%ulﬁ'y)((u,u*l)) =[V], X (u,u™ )], (2.118)
Commutativity: V5, Y =0, (2.119)
Fixed Point: YT =1, I:=(nr{(ts) (2.120)
where )
A= [ aeP]] (stex <i<wz “55) ) ).

nl Jisiyn pier o 2mizy,

(o=1) (2.121)
and {7'7(17) (t,s)} satisfy an sl(2,Z) algebra of Virasoro constraints:

1, =0,
ngnrp) (t,s) =0 for k=40, 6 arbitrary, (n>0). (2.122)
1, =1,

Proof of main facts. The proof of the Lax-equation is a lengthy calculation
(see [3]). Integrating the Lax-equation with regard to
du u?
/51 2miu
immediately leads to the commutativity statement. To see the fixed point
statement, compute (setting u = z,,)

L,(t,s) = !tV (t, s)

oo

uY du . N
- /sl 2miu eXP(;(tjU] — Sju ]))u 1,~n+1
R . .
" ( A1 ] (1 - E) (1 - —)

k=1

u” du > : _ —\n—
:/S1 T exp(Z(tjuj — 55U 3)) (T

1
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yielding the fixed point statement. Finally, to see the sl(2,7Z) Virasoro state-
ment, observe that from the other main facts, we have

0 = (IV, (¥)"]1)s
= (VYT — (V)" VI,
= (VI (V)"V} D),

du > , »
= Vindn = /51 i P (Zl (g = s J))
Z(ud 9 8)
xexp| — g _—
( 1(] oty j Os; )
/ u” du EOO (t»uj—s»u_j)
g1 2miu T / /
= (u7 D w 0 -
Xexp(‘z(Tf@‘?a—sj))W“

1

upon using the backward shift (see (2.115)) present in Y. Note Iy = 1, and
so it follows from the explicit Virasoro formulas given below, that Vk'fol =0
precisely if k = —1, 0, 1 and 6 is as specified in (2.122), yielding the Virasoro
constraints (2.122). We now make explicit the Virasoro relations.

Explicit Virasoro formulas:

I = (I) + ndo)nso |

) . 1 (2.123)
I = 1P 4 @n+k+1)J 4+ n(n+ 1)dor)no -
)
5D = 5+ (k)
k , ifk=0,+1. (2.124)

2 _ 95t
I 2.t Otivk

Virasoro relations:

1 1 0
Vi = (39200 = 3706 400+ 5 ) =2k )l =0,
1

1
Vg,nT7§L7) = <§Jé () - 5

T (s) + m) =0, (2.125)

v _ (1@ L (2 9 O\ () _
= —zJt =AU — — )’ =0.
Vi ( 2J 1(5)+2J1 ()"‘n(Sl"‘atl)""Yatl U 0

We now derive the first difference relation (the second is similar) in Case 2 of
Theorem 2.2.1. Setting for arbitrary a, b, ¢, t, and s,
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ai(t) = a(i + 1)ti+1 + bit; + C(i — 1)t¢_1 + c(n + 7)51'1 ,
Bi(s) :=a(i — 1)s;—1 + bis; + c(i + 1)si41 — a(n — )i ,
£ ="t Li and £ ==Y Bi(t)LE (2.127)

i>1 i>1

(2.126)

and remembering

+ o
0’ .0 ) Unzl_xnyna
™n Tn

Tn

() = (-1
compute, using the Virasoro relations and the Toeplitz flow:

0= M{T(avﬂm F OV, + VE T+ — (VD + bV, + V)T

1n
Un Tn Tn

2
— —(aV,l,n + bVO,n + CVLn)Tn}

T’I’L
TnlYn 0 0
= Z<ai(t)§ - 61'(3)%) log znyn
n 121 7 3
N A
8t1 (981 Yn
_ Tn¥n 9 50
= o, Z(a o i 851_) (log x, +log yy)

i>1
0 0
+ (Ca_tl — aa—81> (log Ty — 10g yn))

= (Acgn) — Egn) + aL2 — CLl)nn
- (‘an) - ‘Cén) —aly+ CL1)n+1,n+1 ,
= =0 (LY — L5V + (aLa = cL1)on - (2.128)

We then find our result by specializing the above identity to the precise locus
L in ¢, s space corresponding to the measure p(z) of Case 2 of Theorem 2.2.1:

o Jui— (1d+73dy), for 1<i <Ny
P L —(mdi + v3dy), for Ny +1<i< o0
PR ORI R (VWdi 4+ ~4dy "), for 1 <i< Ny
' (T +Agdy ), for No +1<i < o0
(2.129)
with
1
(a,b,c) = (1, —dy — da, drd2) , (2.130)

Vdids

and so in (2.129) all o;(t) = 0 for all i > N1+2 and all 5;(¢) = 0 for i > No+2.
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2.2.5 Singularity Confinement of Recursion Relations

Since for the combinatorial examples the unitary integral I,(lo)(t) satisfies
Painlevé differential equations in ¢, it is natural to expect they satisfy a dis-
crete version of the Painlevé property regarding the development of poles.
For instance, algebraically integrable systems (a.c.i.) 2 = f(z), z € C", admit
Laurent solutions depending on the maximal number, n—1, of free parameters
(see [14]). An analogous property for rational recursion relations

k
Zn:F(anl,...,Zn,(;), zn € CY

would be that there exists solutions of the recursion relation {z;(A)} which
are “formal Laurent” solutions in A developing a pole which disappears after a
finite number of steps, and such that these “formal Laurent” solutions depend
on the maximal number of free parameters § x k (counting A) and moreover
the coefficients of the expansions depend rationally on these free parameters.
We shall give results for Case 2 of Theorem 2.2.1 and 2.2.2, where N1 = Ny =
N. The results in this section, Theorem 2.2.3-2.2.6, are due to Adler—van
Moerbeke—Vanhaecke and can be found with proofs in [13].

Self-dual case: -

p(z) = eXt wilz'+=70/i (2.131)
Theorem 2.2.3 (Singularity confinement: self-dual case). For any n €
7 the difference equations I'y(x) = 0, (k € Z) admit two formal Laurent

solution x = (xk()‘))kez in a parameter \, having a (simple) pole at k = n
only and A\ = 0. These solutions depend on 2N non-zero free parameters

o= (Gp-2aN,---,0n-2) and \.

Ezplicitly, these series with coefficients rational in o are given by (e = £1):

xp(A) = Zx,(:)(a)/\i, k<n—2N,
i=0
zr(A) = ag , n—2N<k<n-2,

Tpn1(A) =€+ A,

1 - 7 7
=0
Tt (V) = —e+ > 2l ()N
=1

2N =3 o (@) n+1<k.
=0

8 We consider the obvious bi-infinite extension of L;(x,y) (2.89) which through
(2.98) defines a bi-infinite extension of I'x(z,y), [k(z,y).
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General case:
N

p(z) = eXP(Z (uzi#zn :

1

Theorem 2.2.4 (Singularity confinement: general case). For any n €
Z, the difference equations Iy(z,y) = Ik(z,y) = 0, (k € Z) admit a formal
Laurent solution x = (z(\)) ez andy = (yx(N) ez
a (simple) pole at k = n and X\ = 0, and no other singularities. These solutions
depend on AN non-zero free parameters

in a parameter \, having

OéanNv"'7051172705117175’”.72]\77"'76’!7.72 and \.

Setting zp, := (Tn,Yn) and v; = (v, Bi), and v = (Yn—2Ns- -+ Yn—2,Un—1),
the explicit series with coefficients rational in v read as follows:

2k(A) = Zz,(j)(’y))\i ) k<n—2N,
i=0
2k(A) = vk n—2N<k<n-—2,
xn—l()\> = 0np—-1,
1
n—1(\) = Av
Yn—1(A) o T
1 & %) [
V) = 3 2 AN
=0
k(A7) = Zzl(f)(’y))\i ) n<k.
i=0

Singularity confinement is consequence of:

(1) Painlevé property of a.c.i. Toeplitz lattice.

(2) Rational difference relations as a whole define an invariant manifold of
the Toeplitz lattice.

(3) Formal Laurent solutions of Toeplitz lattice with maximal parameters
restrict to the above invariant manifold, restricting the parameters.

(4) Reparametrizing the “restricted” Laurent solutions by ¢ — X and “re-
stricted parameters” — - yields the confinement result.

We discuss (1) and (2). Indeed, consider the Toeplitz lattice with the
Hamiltonian H = Hl(l) - H1(2), yielding the flow of (2.114):

General case:

Oz
ot
0

= 0= o)W —2im1)

= (1= zpyr)(Tht1 — Tp-1) ,
keZ.
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Self-dual case:

ox
8_tk = (1 —a)(whsr —x81), kEZ.
Then we have

Mazimal formal Laurent solutions:

Theorem 2.2.5. For arbitrary but fived n, the first Toeplitz lattice vector field
(2.114) admits the following formal Laurent solutions,

1
an(t) = m(an—lan-‘rl(l +at) + O(t%)) ,
1 py1Gy — anla) 9 )
n(t) = ————(-1+(a+ t+0(t%) ),
bn(f) (an—1— an+1)t( < Ap+1 — Ap—1 ()
Tna1(t) = apat1 + aprrast + O(t?)
1 t
Ynt1(t) = 2 o)

Gn4t1 apF1

whereas for all remaining k such that |k —n| > 2,

2k (t) = ag + (1 — agby) (app1 — ap-1)t + O(t%)

yk(t) =b, + (1 — akbk)(bk+1 — bkfl)t + O(tz) s
where a, ax, an+1 and all a;, b;, with i € Z\{n—1,n,n+ 1} and with b,+1 =
1/ant1, are arbitrary free parameters, and with (ap—1 — apt1)an—1an+1 # 0.

In the self-dual case it admits the following two formal Laurent solutions,
parametrized by € = £1,

e

5 (14 (ay —a_)t+0(t?)),
Tt (t) = e(F1+4dast + O(t2)) ,
ap(t) = e(ar + (1 — ai)(aksr —ap- 1)t + O(t%)) , |k—n|>2,

where ay, a— and all a;, with i € Z\{n — 1,n,n + 1} are arbitrary free pa-
rameter and Gp—1 = —ap4+1 = 1.

Together with time ¢ these parameters are in bijection with the phase space
variables; we can put for the general Toeplitz lattice for example z;, < (ay, bi)
for |k —n| > 1 and 2,11 < ant1 and ynt1, Tn, Yn < ax, a, t. Consider the
locus £ defined by the difference relations (2.98) of Case 3 of Theorem 2.2.1,
namely:

General case:

L ={(z,y) | [n(z,y,u) =0, [y(z,y,u) = 0,Yn} .
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Self-dual case: R
L = {I | Fﬂ(z7y7u) = 07 VTL} )

where we now explicitly exhibit the dependence of I7,, r n on the coefficients
of the measure, namely u. The point of the following theorem is that £ is

an invariant manifold for the flow generated by H = Hl(l) — H1(2)7 upon our
imposing the following u dependence on ¢ (v, = 1 — T, Yn).

Theorem 2.2.6. Upon setting Ou,;/0t = 01;, the recursion relations satisfy
the following differential equations

I = vr(Dir — Do) + (s — 21 @Dk — vl k)
Tt = 0(Test = Tior) = Wist — o) @Dk — pell)
which specialize in the self-dual case to
Iy = v (D1 — Th) -
Sketch of proof: The proof is based on the crucial identities:
I, = Vox,, +nx, and f‘n = —VoYn + nyYn ,
where

0 0
Vo = Z<u18_tl + ”‘la_sl) )

and

Oz, OYn Ouy,

—~ = UnTnxl, —F,~ = “UnYxl, —F~
L el e f
S1 S1 S1

which implies

=30k 41,

or, ~
= UnFn:I:I + xn:l:l(ann - ynFn) ’

{t } = _'UnFn:Fl + ynqil(xnfn - ynFn> y
1

which, upon using 9/0t = 9/0t; — 0/0s1, yields the theorem.
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2.3 Coupled Random Matrices and the 2-Toda Lattice

2.3.1 Main Results for Coupled Random Matrices

The study of coupled random matrices will lead us to the 2-Toda lattice and
bi-orthogonal polynomials, which are essentially 2 of the 4 wave functions
for the 2-Toda lattice. This problem will lead to many techniques which will
come up again, as well as a PDE for the basic probability in coupled random
matrices.

Let My, Ms € H,,, Hermitian n x n matrices and consider the probability
ensemble of

Coupled random matrices:

P((M17M2) C S)
fS dMl dM2 exp(—%Tr(Mf + M22 - 2CM1M2))
dMl dM2 6Xp(—%1‘1‘(]\412 +M22 — 2CM1M2))

= (2.132)
an XHnp

with . .
dMy = Al () [[dei AUy, = dMy = A2 (y) [ [ dyi dUs .
1 1

Given E = E; x Ey = Jj[a2i—1,a2] x U] [b2i—1, 2], define the boundary
operators:

2r 2s 2r
1 0 0 0 0
A1——1_C2 (;a—%—kcza—%) s Az—;ajajlj—c&, (2'133)

Bl - A1|a<—>b ? 82 - A2|a<—>b ?
which form a Lie algebra:
1+¢? 2
LB =0, [ALdd) = 1= AL, Ao, Bl = ———Ar
—¢ 1—c 2.134
1+c2 2c (2.134)
A2, B2] =0, [Bi.Bo] = — 3B, [Bey Al] = —1— 5B,

We can now state the main theorem of Sect. 2.3:

Theorem 2.3.1 (Adler—van Moerbeke [4]). The statistics

F,

1
“log P,(E
—log (E)

1
—log P(all (Mji-eigenvalues) € Ex, all (Ma-eigenvalues) € Es)
n
(2.135)

satisfies the third order nonlinear PDE:
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A (BlAan +¢/(1— c2)> =5 (AlBan YT Cg)> =0. (2.136)

In particular for E = (—o00,a] x (—00,b], setting: x := —a+cb, y :== —ac+b,
Ay — —9/0x, By — 0/0y, (2.136) becomes

0 (¢ —1)20%F,, J0x0c + 2cx — (1 + 2)y
Ox (2 = 1)0?F, /0x0y + ¢

2 11292 _ 2
_ 0 (" =1)°0°F,/dy0c +2cy — (1 + ) (2137)
Ay (2 — 1)0%F,, /0ydx + ¢

2.3.2 Link with the 2-Toda Hierarchy

In this section we deform the coupled random matrix problem in a natural
way to introduce the 2-Toda hierarchy into the problem. We first need the
celebrated Harish-Chandra—Itzkson—Zuber formula [23]:

HCIZ: x = diag(z1,...,x,), y = diag(y1, ..., Yn)

. (2.138)

271_)71(11—1)/2 det (exp(cﬂfiyj))?,j:l

dU exp(cTrazUyU 1) = (
/U(n) ( ) nlA, (x) AL (y)

C

Compute, using HCIZ:
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/ / dM; dMs exp(e Tr My My) exp Tr(Z(tiMf - sng))
Hn(El)XHn(Eg)

1
(t, s deformation)

-/ . {a2waio) T ex (i(tiwz ) ) o |

X // exp(cTr Uy x Uy tUsyUy ) AU, AU,
U(n)xU(n)

- [ Beao]] H exp <i<tix; s dru

/ dUl/ exp(cTr xU Usz2 Ul)dUz
Az (

[ oo flon(Suet o) ]

2
_ U=U;"U,

></ dUl/ exp(cTr xUyU 1) dU < ol )
U(n) U(n) dU = dUz

= cn/? /EgAn(x)A (y )det(exp(cxzyy))” 1
X Hexp (Z(tzgc}C — siy,i)) dag dyx

= ¢ / L An<x>An(y>( > (=1 Hexp(cxiyg@)) [T ) duiye)

oeSy
(setting: Yo(i) — vi, B3 — E3)

n'cn/ Ap( Hexp CTiY; Hd,u 2g) dv(yk)
TL ETL

=nle, Ap(2)An(y) H exp (Z(tlz}c — siyh) + cxkyk> day dyy ,
" b=l ! E=FE x B,

where we have used in the above that Haar measure is translation invariant.
We now make a further c-deformation of this matrix integral.
Define T-function:

Talt,s,C, E)
. E H <Z tizy — Slyk) + Z Cijxky'}g) dzy dyy ,
' En k=1 1 i,j>1
(1o = 1) which is not a matrix integral! (2.139)
Thus
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TTL (t7 57 C’? E)
Tn(t, 5,C, R)

It is quite crucial to recast the 7-function using the de Bruijn trick:

is t, s, C deformation of P, (FE) .

Moment matriz form of T-function:

TTL (t7 57 C? E)
1 - = i i i
=l An()An(y) H €Xp <Z(tlxk = 5iYj) + Z Cijl’k?Jk) day dys
sJEn k=1 1 ig>1

[ den(fila)]y det(gw) !y T] a0 n. )
1

n! Jgn
(fi(x) = gi(z) = 2"")

1 Y -
= > (1) +“/ 11 200 @) 9i W) A (@ s Y
" o,uES, Em
1 . -
= Z (—1) +”/ Hfaop(i) ((6)) 9i Yp(a)) A (T i) s Ypua))
T o,uES, En Ty
1 o
— 2 2 S V] [ o @advtey)
' MESn o'eSy 1 E
1 n
=— > det < / ﬁ(x)gj(y)dw(x,y))
' MESn 2 i’j:]"
= det(pi;)15 20 s (2.140)
with
wij(t,s,C,E) = / ziy’ exp (Z(thk — spyr) + Z cagxo‘yﬁ)dx dy
E k=1 ,B>1
= (') . (2.141)
Thus we have shown:
Tn(t,s,C, E) = detm,, , my, = (Mij)?,;:lo . (2.142)

This immediately leads to the

2-Toda differential equations — Moment form:

3Hij 3%3‘
= Witk i, ——t = —lli itk , 2.143
ot Hitk,j D1 Hi,j4+-k ( )
which we reformulate in terms of the moment matrix mq
om om
2 = Amy X = g (ATE 2.144
ot m D5y Moo (A7) (2.144)
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or equivalently

Moo (t, 8) = exp<z tk/lk)moo (0,0) exp( isk ) , (2.145)

1 1

with the semi-infinite shift matrix

0100...
0010...
A= 0001 f (2.146)
0000...
Thus
Ta(t,8,C, E) = det my(t, s) = det(E, (t)mso(0,0)E} (—s)) , (2.147)
with
En(t) = (I +s1() A4 s2() A% + - )pxoo
and - -
exp (Z tizi> = Z si(t)2", (2.148)
1 0

with s;(¢) the elementary Schur polynomials.

2.3.3 L-U Decomposition of the Moment Matrix, Bi-orthogonal
Polynomials and 2-Toda Wave Operators

The L-U decomposition of ms is equivalent to bi-orthogonal polynomials;
indeed, consider the L-U decomposition of me, as follows (see [9]):

Moo = LhU := S~ (M) (h(meo) (S~ (mE))T) = 577185 (2.149)
where we define the string orthogonal polynomials

1
Y det
(p1(11) (y))nZO = S(moo) y2

Hno - - Nn,n—l y
det m,, n>0
(2.150)

and

(PP W) 00 = SImL) | 2| - (2.151)
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Setting o

(, ) (' y!) = pi;(t,5,0), (2.152)
conclude (as a tautology) the defining relations of the monic bi-orthogonal
polynomials, namely

<p§1)7p§2)> = hidij <= S(Moc)Mos (S(mfo))T = h(meo) , (2153)
with the first identity a consequence of (2.150) and (2.151), which also implies
h(meo) = diag(ho,hl,...,hi_ %) , (2.154)
and by (2.149)
S = S(mas), 8o =h(me)(S (m%))" . (2.155)
We now define the 2-Toda operators:
Ly =S8 AS; Y, Lo=S.ATS;t. (2.156)

Since Moo = Sflsg, with
S1€l+g-, S2€9+,

then .

SiS7heg, S8t egy,
with g_ strictly lower triangular matrices and g4 upper triangular matrices,
including the diagonal, and g_+¢+ = ¢ := all semi-infinite matrices. Compute

S1meo Syt = S1(S718,) Syt = =887 + 8eSyteg. +gr ., (2.157)

where we have used (S;!) = =57 1815, L. On the other hand, one computes,
using (2.144), for 0/0t,, or 9/0s, separately, that:
am"" = 1AM Mg Sy ! = S1A"ST1 8,8, = Sy A™ST
S Lp = (L) 4 (LD)y €9+ gy, (2.158)
and
Omos -1 _ Tyng—1 _ —1 T\n g—1
Sl Ds SQ = Slmoo(/l ) SQ = Slsl 52(/1 ) 52
= —Sy(AT)" 55
— L= —(I3)- — (L3)s € g- + g4 (2.159)
and so (2.157), (2.158), and (2.159) yield the differential equations
S, . 9Ss . .
=St ==L, —=Syt = (L)
Oty Oty
(2.160)
%s- - @) @s- - —13)
0y, 2770 9s, 2 2=
Setting x(z) = (1, 2, 22,...)T we now connect the bi-orthogonal polynomials

with the 2-Toda wave functions:
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2-Toda wave functions:

— exp (i tkzk)p%z) —exp @ tkz'f)slxw |
j(2) = o - i su~* )12 7
~ e~ i’“) (77X

Eigenfunction identities:
Lin(z) = 2¥1(2),  Ly¥s(2) = 27105 (2) .

Formulas (2.160) and (2.156) yield,
t — s flows for L; and ¥

ot = [(L?)ﬂL?Ll] ) Os = [(Lg)*vLZ] ) 1= 1727 n:1727~'~
ov, " o n

T (L1)+¥, 75 = (L3)-¥1 ,

ovs " . ovs n y

3TQ = _(L1)I!I’1 ) 832 = _(L2):C![’2 :

Wave operators:

Wi =5, exp<z tk/lk) , Wo:=5, exp(Z sk(AT)k> , (2.161)
1 1
satisfy
Wi(t, )Wi(t', s )™ = Wa(t,s)Wa(t', s, Vst s . (2.162)

All the data in 2-Toda is parametrized by 7-functions, to wit:

Ly, Lo, W1, U5 parametrized by T-functions:

=B (1))
W;(z,t,s)_<7-”(t8—+ (ZS )Z >n>07 (2.163)

Tn+1 (t S

s 8 T, oT,
. ) Trth—14+1 _
_ Zdlag ntk—I+ n AR
1=0 n>0

Tn+k—1+1Tn

(h(LE)en—1) = idiag ( ICAL VSN T")
1=0 o,

Tn4+k—14+1Tn
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with
s1(t) the elementary Schur polynomials, 8, = (

and the

Hirota symbol:

p(%)ng :—p<(%)f(t+y)g(t—y)|y_0- (2.165)

2.3.4 Bilinear Identities and 7-function PDEs

Just like in KP theory (see Sect. 2.1.3), where the bilinear identity generates
the KP hierarchy of PDEs for the 7-function, the same situation holds for
the 2-Toda Lattice. In general 2-Toda theory (see [17]) the bilinear identity
is a consequence of (2.163) and (2.162), but in the special case of 2-Toda
being generated from bi-orthogonal polynomials, we can and will, at the end
of this section, sketch a quick direct alternate proof of Adler—van Moerbeke—
Vanhaecke [15] based on the bi-orthogonal polynomials, which has been vastly
generalized. Since all we ever need of integrability in any problem is the PDE
hierarchy, it is clearly of great practical use to have in general a quick proof of
just the bilinear identities, but without all the usual integrable baggage. We
now give the

2-Toda bilinear identities:

o0

f;:m Tt — (27, 8) T (' + [271],8") exp (Z(tl _ t;)z”) n-m-1 g,

1

= % Tor1(t,s — [z )T (', 8" + [271]) exp <Z(sZ — si)zl) zmnldy
z=0 1
Vs, t, s t',m,n. (2.166)

The identities are a consequence of (2.162) and (2.163) and they yield, as in
Sect. 2.1.3 (see Appendix) a generating function involving elementary Schur
polynomials s;(-) and arbitrary parameters a, b, in the following”

Hirota form:

9 Hopefully there will be no confusion in this section between the elementary Schur
polynomials, s;(-), which are functions, and the time variables s;, which are pa-
rameters, but the situation is not ideal.
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o0 B oo 8 8
0=- Z Sm—n+;(—2a)5;(0¢) exp (Z (“’“a_tk + bi 8_sk>>Tm+l °Tn

=0 1

s ~ = 0 0
+ Z S—mtnt;(—2b)s;(0s) exp (Z (ak()_tk + bka—sk)>7m © Tn+1

7=0 1
(2.167)
~ o2
= Gj+1 <2Sj(6t)7—n+2 oT,+ m7n+1 o Tn+1) + 0(a?+1) . (2.168)
J

upon setting m = n + 1, and all b, ar = 0, except a;j41. Note:

5 of 9g

t)=1 t)=t 15) —g—L — f2L
50( ) s 31( ) 1, 81( t)fog g(?tl 8t1 )
and s (t) = tx + poly. (t1,...,tk—1). This immediately yields the
2-Toda T-function identities:

2 $k1(9¢)Tnt2 © Tn

———log Tyl = 2.169
D510, ° " 2 (2.169)
Tn+2Tn o
_ 7—721+1 ’ b=t ’ (2 170)
- Tn+2Tn o Tn+2 '
Int2Tn 0 jog Int2  p—9
T;H—l ot o8 Tn ' ’

from which we deduce, by forming the ratio of the k = 1,2 identities, and
using (2.164):

Fundamental identities:

Tn+1 o 82/8818t2 IOng

Lpim = — = , 2.171
( 1) L 6t1 8 Tn—1 82/6318t1 IOg’Tn ( )
(and by duality ¢ <> —s, L1 < hLITh™1)
_ o0 Tn41 82/8t18$2 IOgT
RLTR=1)2 | = ——log 2L = i 2.172
( 2 )n—l,n (981 8 Tn—1 82/8t18$1 IOng ( )

As promised we now give, following Adler—van Moerbeke—Vanhaecke [15]:

Sketch of alternate proof of bilinear identities: The proof is based on the fol-
lowing identities concerning the bi-orthogonal polynomials and their Cauchy
transforms with regard to the measure dp defining the moments of (2.141)
and (2152) Hij-

oo

dp(x,y,t,s,¢) = exp (Z(tixi —siy') + Z Cagxo‘yﬁ> dady .

1 @521
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Namely, the bi-orthogonal polynomials of (2.150) and (2.151) and their formal
Cauchy transforms with regard to dp can be expressed in terms of 7-functions
as follows:!?

W (=271, , L
p,(ll)(z, t,s) = z”w ,  (suppressing ¢ and F in pSf) and 7,) ,
Tn(t, 8)
m (1, -
pg)(zvtvs):’zmT ( S(:_ [z) ]) )
m 78
i B (2.173)
pD(z) 1 — anflTnle(tvS )
n ? o — y Tn(t, S) )
1 Cme1 T (E+ 271, 8)
(2) _ m—1 +1 )
<z—x’pm (y)> : Tm(t, 8) '

These formulas are not hard to prove, they depend on substituting

exp<iz%fz)i> = <1—§)$1_Z(§>i or 1-% (2.174)

i>1 i>0

into formula (2.142), which express 7, (¢, s,C, E) in terms of the moments
wij(t, s, ¢, E) of (2.141). Then one must expand the rows or columns of the
ensuing determinants using (2.174) and make the identification of (2.173),
using (2.150) and (2.151), an amusing exercise. If one then substitutes (2.173)
into the bilinear identity (2.166) divided by 7, (¢, s)7m (t, s), thus eliminating
T-functions, and if we make use of the following self-evident formal residue
identities:

F 10 (200) 5% = Gl

z2—x 2mi

F 16 (o). 2 ) 22— o), sl

(2.175)
"z —vy/ 2mi
with

f2) =3 iz, (2.176)

the bilinear identity becomes a tautology.

2.3.5 Virasoro Constraints for the m-functions

In this section we derive the Virasoro constraints for our 7-functions 7(¢, s, C, F)
using their integral form:

Vilr(t,s,C,E) =0, ViP7(t,s,C,B)=0, k>-1. (2177

0 1/(z —x) = (1/2) 2, (x/2)", etc., 1/(z — y), and thus 2 is viewed as large.
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Ezxplicitly:
" 0 ( 0
k+1 E (2) ; E E
Z“i T = | Jka(t) + Z lCz‘j—)Tn = Vi,
1 8(11' i1 8C¢+k’j
- 0 0 ~
Yoty = (J;(fi(—«?) + > jCij—)Tf = VT
1 3() ’ g1 3C¢,j+k
k>-1,n>0, (2.178)
with
E = Jlazi-1, a2:] x [ b2i-1,b2i] , (2.179)
1 1

F =1.(t,s,C,E)
= i (An(x) H exp (Z tlx}g) dxk)
n! En he1 1
X <An(y) H exp (— Z sly}c) dyk> H exp( Z ngiﬂ;gyi) ,
k=1 1 k=1

i,j>1
(2.180)
and
10 = (100) 50 = @) +0I)ns0 |
I2(0) = (TE00) s
=320+ @n+k+ 1IN0 +am+ 1)) .,
5 (2.181)
Jél)(t) 8_tk + (—k)f ks Jlg = ok ,
T2 () = Z ——+ > (its)(jty)
it ? Ok 5=
Main fact: Jl(f) forms a Virasoro algebra of charge ¢ = —2,
-k
102 = oo+ (s ey

To prove (2.178) we need the following lemma:

Lemma 2.3.1 (Adler—van Moerbeke [5]). Given

/ 0 o i
p=c Y with —p—:V':g:—Zgoﬁlz, ,
P f Zo ;2"
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the integrand

dl,(z) := A, (z) k]i( (Zt x ) (zk dxk> , (2.183)

satisfies the following variational formula:

d m -
& dI ({EZ [ + Ef((,CZ) +1 5:0 = Z alJm+l n ﬁlJm+l+1 n> In .
1=0
(2.184)
The contribution coming from [} dz; is given by
- M
> al+m+ DI, AL (2.185)
1=0

Proof of (2.178). First make the change of coordinates z; — z; + ezt ™, 1 <
1 < n, in the integral (2.180), which remains unchanged, and then differentiate
the results by ¢, at € = 0, which of course yields 0, i.e.,

E
Tn

d
de

miﬁmi+sm?+l = 0 : (2186)

e=0

Now, by (2.180), there are precisely 3 contributions to the 1 .h.s. of (2.186),
namely one of the form (2.184), with p(z) = 1, yielding J,(ffl(t)T,;E, one coming
from

(H exp (2 cwxlyl»

Ts—Tg +awk+1 e=0

n
Z icij Z xﬁk -Hexp< Z c”x;ylj)

i,j>1 = i,j>1
E ZCU a Hexp( E Cljxlyl) s
i,j>1 i,j>1

yielding >, ;5 i¢i;0/0¢it k. 72 11 Finally, we have a third contribution, since

the limits of integration the integral (2.180) must change:
a—l—i—>ai—<€af+1—l—0(52)7 1<i<2r.

Upon differentiating 72 with respect to the ¢ in these new limits of integra-
tion, we have by the chain rule, the contribution — Zfr a®19/0a;F. Thus
altogether we have:

' Tt must be noted that: 0/0co,n = —0/0sn, 0/0cn,0 = 0/tn.
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I
= T, k+1
T, —T;+eT;
de ! e=0
2r
_ k+1 0 g (2) E 9 E
_—E a;" 5 Tn +Jk)n(t)rn + g icij p— . T
1 ' 0521 v

yielding the first expression (2.178). The second expression follows from the
first by duality, t <= —s, @ <= b, ¢;; < cj;.
2.3.6 Consequences of the Virasoro Relations

Observe from (2.132), (2.139) that (e2 = (0,1,0,0,...))

TnE(t—62/2,$—|—62/2,C)
TR(t—e2/2,54+e2/2,C) |’
L:={t=s=0,all ¢;; =0, but c11 =c¢}, (2.188)

Po(E) =

(2.187)

and so computing (2.178) for 77(t — es, s + %ea, C) requires us to shift the

t,s in J,(le(t), J](CQ,ZL(—S) accordingly, and we find from (2.181) shifted, the
following;:

Ak = VeTn,  BeTn = WiTn, k=1,2 (2.189)
with
Ty = Tf(t — %62,84— %62,0) ,
and
2r 2s 2s 2r
1 0 0 1 0 o
Al_l—c2<2%+82@)’ 31—1_02<Za—[%+62%>,
1 1 1 1
2r 2s
0 0
Az_zljajaa ’ Bz_zljbfab ’
(2.190)



180 M. Adler

1

V= m(v_l + C@_l) = 171 + v
_ 0 n(ti—cs1)
B 8t1 C2 -1
1 . 0 0 o0 .0
21 (Z < LOtiq +C$la«91 1) +.Z% <Zaci—1j +]85€ij—1>> '
1>2 4,521, ’ ’
1,j7#(1,1)
Wi = — (CV_l +§/—1) = )//\71 + wy
i B n(cty — s1)
081 c2—1
1 0 0 0 0
- |\ Cclig—+Sis ij | ¢l ' ;
2-1 (ZZ<C Oti—1 i asi—l) +.Z cia <Claci—1 j +jacij—1>>
1>2 i,5>1, ’ ’
1,j7#(1,1)
0
Vo =Vg—c=— :=Vo + 1o
oc
0 d n(n+1)
__8_t2+2“3_t¢+ 5 —i—]zlzcwaij,

d 0 nn+1) )
= 8_824_22818_81'_'_7_'—1; ]C”a
(w)#(l 1))

Note 171, Wl, ]72, Wg are first order operators such that (and this is the point):

~ d —~ 0 - 0 - 0
__9 _ 9 -2 -2 (219
Vile Bt Wil B, Valc o, Walc D5y ( )
and
n(t; — csy) n(cty — s1) n(n+1)
/Ul — —1 — 02 y wl = —1 — 02 ) 1}2 = w2 = —2 . (2192)
Because of (2.191) we call this a principal symbol analysis. Hence
A log, = ljk logm, + vk, Brlogr, = V/\7k log 7, + wy; , k=12,
(2.193)
and so on the locus £ using (2.191)—(2.193) we find:
0
A log T |z = —Ajlog Tz, a—&logmk:[ﬁ’llogrnk,
0
log 7|z = —Azlog 7|z —log T,z = Balog 7l (2.194)
8t 682
+n(n—i—1) ~n(n+1)

2 2
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Extending this analysis to second derivatives, compute:

BlAl 10g7'n|£ = 81(91 10g7‘n 4+ 'Ul)|£ = 8191 10g7'n|£ =+ Bl(v1)|£

(i) ﬁllgl IOng|£ + Bl(v1)|£

o
A2 _%(Wl log 7, + w1)|z + Bi(vi)|c

1
g (0 0
=—— | = - log Thle — =— B 2.195
s (851 +- ) 0g Tnlr 8t1w1|£+ 1(v)le ( )
where we have used in (z) that [Bl, ﬁl] | =0andin ( ) that V1 {L = —0/0t.
So we must compute
0 — 0? ne
SN vy R P . B —0, (2196
o, Ve = ~anas o e =z Bl (2.196)
and so conclude that (7, = 77(t — ez, s + 3e2,0))
0? ne
o logTn|c = —BiArlog T, . 2.197
8t18 S1 08T |E 1A1 08T 62 -1 ( )
The crucial points in this calculation were:
B,V =0, Vi|c= 0 w2 (2.198)
1, V1| — ) 11 — 6t17 1 881 .

and indeed this is a model calculation, which shall be repeated over and over
again. And so in the same fashion, conclude:

9?2 9?
——log 1|, =B log7,, —=——=—log7,|z=—ABilogm,,
1059 08 Tnlc 2A1 log 7 95,00 08 Tnl A2B1 log T,
(2.199)

where we have used 9/0t;(n(n +1)/2) = 9/0ds1 (n(n+1)/2) = 0.
2.3.7 Final Equations
We have derived in Sect. 2.3.6, the following
Relations on Locus L:

0 B 0 g nn+1)

815 logT =—AlogT,”, (,% logT =—-AylogT, + 5 ,

b n(n+1)

—1 log 7F —1 logrlf - —— 2
83 ogT = BilogT,, 8.92 ogT = BalogT, 5 ,
& log 72 Bo A log 7F & log 7F AsBylog 77
T = — T T = — T
8t1882 &7n 271108 T 8818t2 &7n 221508 T
> —— o —Bi A log7F + e
’7' T .
8t1831 & 1AL08 Tn 62—1
(2.200)

Remember from Sect. 2.3.4:
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2-Toda relations
0 L _ 0%/0s10tzlog 7Y
ot STE | T 92)0t,0s,logtE
d TE 0%/0t10s5log TE
0s1 & TE  02/0t10s1 log TE

(2.201)

Substitute the relations on £ into the 2-Toda relations, which yields:

Pure boundary relations on the locus L

Ay log TE N AsBi log 7F
2 AiBilogTE +nc/(1—¢?)’ (2.202)
B lo T£+1 o 82./41 long '
V8 TE T Bl A log7F +ne/(1— @)

Since A;1B; = B1 A, conclude that

" By Ay log 7F _B AaBy log 7
"\ BiA log 7B +nc/(1—c2) ) — "'\ A1Bilog7F + ne/(1—¢2) )

(2.203)

Notice that since 7% is independent of a; and b;, we find that

n

Ailog 7t = Ajlogrl — A log 7%
E
= A log %R = Aylog P,(E), (2.204)

and so (2.203) is true with log X — log P, (E), yielding the final equation for
F,(F) =1/nlog P,(F), and proving Theorem 2.3.1.

2.4 Dyson Brownian Motion and the Airy Process

2.4.1 Processes

The joint distribution for the Dyson process at 2-times deforms naturally to
the 2-Toda integrable system, as it is described by a coupled Hermitian matrix
integral, analyzed in the previous section. Taking limits of the Dyson process
leads to the Airy and Sine processes. We describe the processes in this section
in an elementary and intuitive fashion. A good reference for this discussion
would be [33] and Dyson’s celebrated papers [30,31] on Dyson diffusion.

A random walk corresponds to a particle moving either left or right at
time n with probability p. If the particle is totally drunk, one may take p = %
In that case, if X, is its location after n steps,

BE(X,)=0, E(X?)=n, (2.205)



2 Integrable Systems, Random Matrices, and Random Processes 183
and in any case, this discrete process has no memory:
P(Xnq1 =7 | (X, = i) N (arbitrary past event)) = P(X1 = j | Xo =1) ,

i.e. it is Markovian. In the continuous version of this process (say with p = %),
[t /5] steps are taken in time ¢ and each step is of magnitude v/3, consistent with
the scaling of (2.205). By the central limit theorem (CLT) for the binomial
distribution, or in other words by Stirlings formula, it follows immediately
that

lim P(X, € (X, X +dX) | Xo = X) = exp(— ()\(/_X) /2

= P(t,X,X)dX . (2.206)

Note that P(t, X, X) satisfies the (heat) diffusion equation

2
8_P = l@_P . (2.207)
ot 20X2

The limiting motion where the particle moves ++/6 with equal probability %
in time 4, is in the limit, as 6 — 0, Brownian motion. The process is scale
invariant and so infinitesimally its fluctuations in ¢ are no larger than /A(t)
and hence while the paths are continuous, they are nowhere differentiable
(for almost all initial conditions.) We may also consider Brownian motion
in n directions, all independent, and indeed, it was first observed in n = 2
directions, under the microscope by Robert Brown, an English botanist, in
1828. In general, by independence,

1

B 1 (X - X5)?
= G exp (- Z T ) , (2.208)

1

hence

1 n
8t =2 Z aXQ (2.209)
where we have changed the variance and hence the diffusion constant from
1— 0.

In addition (going back to n = 1), besides changing the rate of diffusion,
we may also subject the diffusing particle located at X, to a harmonic force
—pX, pointing toward the origin. Thus you have a drunken particle executing
Brownian motion under the influence of a steady wind pushing him towards
the origin — the Ornstein—Uhlenbeck (see [33]) process — where now the prob-
ability density P(¢, X, X) is given by the diffusion equation:
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8P 1 02 0

This can immediately be transformed to the case p = 0, yielding (¢ = e~ **)

1 —(X —cX)?
P, X, X) = T P ( Q _62)/pﬁ) , (2.211)

which as p — 0, (1 — ¢?)/2p — t, transforms to the old case. This process
becomes stationary, i.e. the probabilities at a fixed time do not change in ¢,
if and only if the initial distribution of X is given by the limiting ¢ — oo
distribution of (2.211):

Mdi (2.212)
™/pB ’

and this is the only “normal Markovian process” with this property.
Finally, consider a Hermitian matrix B = (B;;) with n? real quantities B;;
undergoing n? independent Ornstein—Uhlenbeck processes with p = 1, but

B8 =1 for B; (on diagonal) ,
B =2 for B;; (off diagonal) ,

and so the respective probability distribution P;;, P;; satisty by (2.210):

OP;; 1 92 )
- <§ OB 6Bii(_B“)>P” ’

ot
6Pij B 1 2 B ] (_B. ) ' (2.213)
ot~ \2x20B% 9By )7
with solution, by (2.211) (¢ = e™?), given by:
5 1 —(Bii — CEii)Q)
Pii(t, Bii, Bii) = ex ;
( ) V2my/(1 —¢2)/2 p( 1—¢2 (2.214)

P;;(t, Bij, Bij) =

1 exp<_(Bij - CEij)2>
Ver /(1= c2)/4 (t—e)/2 /)

By the independence of the processes the joint probability distribution is given
by:

z-1 Tr(B — c¢B)?
tBB H—Pm, HPz_]_ — )n2/2 p<_ 1_02 )7
1<i,5<n,
i#g
(2.215)

with Z = (2r)"*/22(=n"+7/2) which by (2.213) and (2.215) evolves by the
Ornstein—Uhlenbeck process:
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P (1 02 0
E‘i;1<4(1+5”)832 +8B”Bij)P

(2.216)

= @(1 5y) agﬂB) aj;j @(IB))P(B> ,

,j=1

with &(B) = exp(—tr B?). Note that the most general solution (2.215) to
(2.216) is invariant under the unitary transformation

(B,B) — (UBU *, UBU™), (2.217)

which forces the actual process (2.216) to possess this unitary invariance and
in fact (2.216) induces a random motion purely on the spectrum of B. This
motion, discovered by Dyson in [30,31], is called Dyson diffusion, and indeed
the Ornstein—Uhlenbeck process

B(t) = (By;(t))

given by (2.216) with solution (2.215), induces Dyson Brownian motion:
(A1(t),..., An(t)) € R™ on the eigenvalues of B(t).
The transition probability P (¢, A\, \) satisfies the following diffusion equa-

tion:
PO S((F e S
ot 2002 O\ o\
. (2.218)
1 1
T2 ; @()\) P
with

2(\) ﬁe*)‘? ,
1

which is a Brownian motion, where instead of the particle at \; feeling only
the harmonic restoring force —\;, as in the Ornstein—Uhlenbeck process, it
feels the full force

R = 2108 V Z

i, 2.219
pyp A (2.219)

which acts to keep the particles apart. In short, the Vandermonde in &(\)
creates n-repelling Brownian motions, while the exponential term keeps them
from flying out to infinity. The equation (2.218) was shown by Dyson in [30,31]
by observing that Brownian motion with a force term F = (F;) is, in general,
completely characterized infinitesimally by the dynamics:

E(6N) = Fi(\)ét, E((6)\)?) =dt, (2.220)

and so in particular (2.216) yields
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E(0Bij) = —By;6t, E((6Bi;)%) = 5(1+d:5)6t . (2.221)
Then by the unitary invariance (2.217) of the process (2.216), one may set

at time ¢: B(t) = diag(A1(t),...,An(t)), and then using the perturbation
formula:

(6B;; §B;;)?
6/\|t_5B“+Z J&_i)” +
J#i J

compute F(d);) and E(((S/\i)Q) by employing (2.221), immediately yielding
(2.220) with F;(\) given by (2.219). Thus by the characterization of (2.218)
by (2.220), we have verified Dysons result (2.218).

Remember an Ornstein—Uhlenbeck process has a stationary measure pre-
cisely if we take for the initial measure the equilibrium measure at ¢t — oc.
So consider our Ornstein—Uhlenbeck transition density (2.215) with ¢ — oo
stationary distribution:

Z lexp(—trB*)dB,

and with this invariant measure as initial condition, one finds for the joint
distribution (¢ = exp(—(t2 —t1)))

P(B(tl) S dB17B(t2) € dBQ)
dB; dB>

_ oz
=7 (1—c2)n*/2

-1
exp<1 — Tr(Bf — 2¢B1 By + B§)) , (2.222)
and similarly (¢; = exp(—(¢;41 — t;))) compute

P(B(t1) € dBy, ..., B(ty) € dBy,)
k
_ -1
= 2, 1 exp(— tr B12) Hexp<ﬁ TI‘(B1 — CilBi1)2)dBl, N ,dBk

i=2 1—1

LT 1 c
=7, Hexp — 1—c21+1—02 _

H det (exp( )\l i+1Am 7,)) Ap (A1) An (M),

using the HCIZ formula (2.138).

The distribution of the eigenvalues for GUE is expressible as a Fredholm
determinant (2.9) involving the famous Hermite kernel (2.5) and Eynard and
Mehta [32] showed that you have for the Dyson process an analogous extended
Hermite kernel, specifically the matrix kernel [39]:
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Zexp(_k(ti o tj))s"n—k(x)@n—k(y)a t; > tj )
Kpt=14 . (2.224)
= > ekt — ) pu—k(@)on-r(y), i<t
k=—oc0
with
_ 2
[o@pa =55 aw =nwen( ).
where
2
or(z) = exp<7>pk(x), for k > 0, with py(z) = Qk/ZH\;(_il/Al ,

0, for k< 0;

so p(x) are the normalized Hermite polynomials. Then we have

Prob(all B(t;) eigenvalues ¢ F;, 1 <i < m) = det(I — K™¥):

(2.225)

the above being a Fredholm determinant with a matrix kernel.
Remark. In general such a Fredholm determinant is given by:
det(I — 2(Ke,t,)i%=1)|._,
=1+ Z (—

X Z / l_lda(1 Hda (m) det( Ky, (a (k), §)>)1<i<rk,> ;

0<T7<N 1<j<n; kil=1lz=1
' ri=N

where the N-fold integral above is taken over the range

—oo<a§1)_ -§a$1)<oo

R = : )
—oo<a§m) <. Saq(ﬂ:) < 00

with integrand equal to the determlnant of an N x N matrix, with blocks given

by the 7 X r; matrices (Ktktl( (k) oz(l)))lgigrk,. In particular, for m = 2, we

» &
1<j<r;
have
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1+ Z(_2>N Z /7oo<oz1< <Oér<oo HdaZHdﬁz
N=1

0<r,s<N, {*oo<ﬁ1< <55<oo

r+s=N
(Kt1t1 (aiﬂj))lg,jgr (Ktltz(ahﬁj))lgi_gr,
xdet [ - Y 1sjss . (2.226)

(Kt2t1 (617 O‘j))}é?ésy (Kt2t2 (617 ﬂj)) 1<i,j<s
SIST

z=1
These processes have scaling limits corresponding to the bulk and edge

scaling limits in the GUE.
The Airy process is defined by rescaling in the extended Hermite kernel:

T
I—\/ +\/§1/67 \/ +\/§1/6’ t:m, (2227)

and the Sine process by rescaling in the extended Hermite kernel:

um uT T
rT=—, y=-—, t=n’—. 2.228
V2n Y V2n 2n ( )
This amounts to following, in slow time, the eigenvalues at the edge and in
the bulk, but with a microscope specified by the above rescalings. Then the
extended kernels have well-defined limits as n — oc:

/ exp(—z(t; — t;)) Ai(z + 2) Ai(y + 2) dz , ti >t ,
0
Kt[?tj (xvy) = 0
— / (2(t; — t;)) Ai(z + 2) Ai(y + 2) dz , t; <tj,
(2.229)
1 (7 22
—/ exp(—(tl- - tj)) cosz(x —y)dz, ;i >ty
S o ™ Jo 2
tit; T 1 oo 22
__/ exp<—?(tj—ti)> cosz(x —y)dz, t; <tj,
™ T
(2.230)

with Ai the Airy function. Letting A(t) and S(¢) denote the Airy and Sine
processes, we define them below by

Prob(A(t;) ¢ Ei,1 <i < k) =det(I — K*F) |

2.231
Prob(S(t;) ¢ E;, 1 <i < k)=det(l — K5F) | ( )
where the determinants are matrix Fredholm determinants defined by the
matrix kernels (2.229) and (2.230) in the same fashion as (2.225). The Airy
process was first defined by Prahofer and Spohn in [46] and the Sine process
was first defined by Tracy and Widom in [53].
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2.4.2 PDEs and Asymptotics for the Processes

It turns out that the 2-time joint probabilities for all three processes, Dyson,
Airy and Sine satisfy PDEs, which moreover lead to long time t = t5 — t;
asymptotics in, for example, the Airy case. In this section we state the results
of Adler and van Moerbeke [6], sketching the proofs in the next section. The
first result concerns the Dyson process:

Theorem 2.4.1 (Dyson process). Given t1 <ty and t=ta—t1, the logarithm
of the joint distribution for the Dyson Brownian motion (A1(t),..., A\ (1)),

Gn(t;al, e by, .,bgs) = logP(all /\i(t1> e Fy, all /\i(t2> S EQ) s

satisfies a third-order nonlinear PDE in the boundary points of E1 and Es

and t, which takes on the simple form, setting ¢ = e ¢,

BaALG, AB1G,,
= . 2.232
- B1A1G,, + 2nc By A1B1Gy, + 2nce (2.232)

The sets By and Eo are the disjoint union of intervals

T S

By = U[a2iflaa2i] and Ey 1= U[bzi—l,bzi] CR,

=1 =1

which specify the linear operators
2r 2s
0 0
A = Z (Q)Taj + CZ a_f)J ,
1 1
2r 2s
0 0
B = CZ (971]- + Z % )
2 9 2
Za]——i—c Zb]ab 1—0)(% <,

0 0
By = c? — bi—+ (1 =)= —c*.
2 Czljaﬂaafrzl:]abjﬂ g ©
The duality a; < b; reflects itself in the duality A; < B;.

The next result concerns the Airy process:

Theorem 2.4.2 (Airy process). Given t1 < ty and t = ty — t1, the joint
distribution for the Airy process A(t),

G(t;ul, e U ULy e ,’Ugs) = IOgP(A(tl) S E17A(t2> S EQ) y

satisfies a third-order nonlinear PDE in the u;, v; and t, in terms of the

Wronskian {f(y), 9(y)}y :== ' Wa(y) — f(v)g'(y),
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((Lu + Lv)(LuEU - LUEU) + t2(Lu - Lv>LuLv)G
= H(L2 = L2)G, (Ly + Lu)*G} 1,41, - (2.233)

The sets By and Ea are the disjoint union of intervals

T S

By = U[U2i717U21’] and Ey = U[’Uzi—l,vzi] CR,

=1 i=1

which specify the set of linear operators

2r ) 2s
Lu.:;aui, :; VU
E *QZTU- 0 —|—t8 QZ
v - " Ou; ot’ -

The duality v; < v; reflects itself in the duality L, < L., Fy, < E,.

Corollary 2.4.1. In the case of semi-infinite intervals E1 and Ey, the PDE
for the Airy joint probability

+x -
H(ta) = tog P(A(0) < 757 () < 157

takes on the following simple form in x, y and t2, with t = to — t1, also in
terms of the Wronskian,

3 2 2 2 2
2t8—H — t22 _ xﬁ 8_H _ 8_H 8_H’ 8_H . (2'234)
Otdxzdy Oz Oy )\ 0z2 Oy dxdy’ oy* ],

Remark. Note for the solution H(t;z,y),

. o (yta y—=x
}%H(t,x,y)—logFgGmn( 5 3 ))

The following theorem concerns the Sine process and uses the same sets
and operators as Theorem 2.4.2:

Theorem 2.4.3 (Sine process). For t; < ta, and compact E1 and Es C R,
the log of the joint probability for the Sine processes S;(t),

G(t;uy, ... Ugr; V1, ..., 2) := log P(all S;(t1) € EY, all Si(t2) € ES) ,
satisfies

(2E,Ly, + (B, — Ey, —1)L,)G
(Ly + Ly)?G + 72
fr— L’U

Ly
(2E,L, + (E, — E, —1)L,)G
(Ly + Ly)?G + 72

(2.235)
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Corollary 2.4.2. In the case of a single interval, the logarithm of the joint
probability for the Sine process,

H(t;x,y) = log P(S(t1) ¢ [v1 + w2, 21 — x2], S(t2) & [y1 + Y2, 91 — ¥2])
satisfies

0 (2E,0/0z, + (E, — E, — 1)8/0y)H

0r1 (0/0x1 + 0/0y1)*H + 7*
_ 0 (2B:0/0y) + (B: — By ~10/0a)H ) up
T Oy @fom A 0joyPH

Asymptotic consequences: Prahofer and Spohn showed that the Airy process
is a stationary process with continuous sample paths; thus the probability
P(A(t) < u) is independent of ¢, and is given by the Tracy—Widom distribution

o0

PIA() < u) = Fy(u) = exp (- /u (@ — u)g(a) da> , (2.237)

with g(«) the solution of the Painlevé 11 equation,

exp(—%oz?’/ )
" =aq+2¢° with q(a)=~ 2y/mal/t
—a/2, for a ™\, —o0 .
(2.238)
The PDEs obtained above provide a very handy tool to compute large
time asymptotics for these different processes, with the disadvantage that
one usually needs, for justification, a nontrivial assumption concerning the
interchange of sums and limits, which can be avoided upon directly using the
Fredholm determinant formula for the joint probabilities (see Widom [57])
the latter method, however, tends to be quite tedious and quickly gets out of
hand. We now state the following asymptotic result:

for a /" 00,

Theorem 2.4.4 (Large time asymptotics for the Airy process). For
large t = to — t1, the joint probability admits the asymptotic series

P(A(t1) < u, A(t2) <w)

Fj()Fj(v) | $u,v) + B(v,u) +O<lﬁ>, (2.239)

= FQ(U)FQ(’U) + 2 A

with the function ¢ = q(«) given by (2.238) and

D(u,v) := Fa(u)F2(v)

U ea) ([ o) i 5[ re))

+ /voo da (2(v — a)¢® + ¢* — ¢*) /uoo 7 da) . (2.240)
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Moreover, the covariance for large t = to — t1 behaves as
c

B(A(2)A(1) ~ B(A()) B(A()) = 5+ 5+ (2.241)

c::2// &(u,v)dudv .
R2

Congecture. The Airy process satisfies the nonexplosion condition for fized x:

where

lim P(A(t) >z + 2| A(0) < —2)=0. (2.242)

Z— 00

2.4.3 Proof of the Results

In this section we sketch the proofs of the results of the prior section, but all
of these proofs are ultimately based on a fundamental theorem that we have
proven in Sect. 2.3, which we now restate.

Let My, Ms € H,,, Hermitian n X n matrices and consider the ensemble:

f dMl dM2 exp(—% Tl“(]\412 + M22 - 2CM1M2))

dMy dMs exp(—2 Tr(M? + M3 — 2cMiMs)) '
(2.243)

P((My, M) C S) = T
Hopn XHyp,

with N .
AM;y = A% () [[ das dUy , dMp = A% (y) [ ] dys dU- .
1 1

Given
S

T
E = E1 x By = | Jlagi—1, ai] x | J[b2i-1, b2i] ,
1 1

define the boundary operators:
~ 1 ) .0 ~ . 0 0
Al—‘m@az“;a—bj)’ A2 =D 5 g

gl - Al{aHb ) gg = A2|a<—>b '

Note Algl = gl./il.
The following theorem was proven in Sect. 2.3:

Theorem 2.4.5. The statistics

F.(c;ar,...,a2:3b1,...,bas) :=log P, (E)
= log P(all (M;-eigenvalues) € E1, all (Ma-eigenvalues) € Fs) ,

satisfies the third order nonlinear PDE:

A1(~ _ BoAiFy ) _El( __ B ) . (2.244)
B1 AL F, + ne/(1 —c?) A1B1Fy, 4+ ne/(1 —c?)
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Proof of Theorem 2.4.1. Changing limits of integration in the integral Fj,
defined by the measure (2.243) to agree with the integral G,, defined by the
measure (2.222), we find the function G,, of Theorem 2.4.1 is related to the
function F), of Theorem 2.4.5 by a trivial rescaling:

Gn(t§ala'"7a2r;b17'~7b2s)

a agr _ by bas
- n<c’ 1-c)2 Ja-&))2 Ja-&)/2 7 (1—02)/2>
(2.245)

and applying the chain rule to (2.244) using (2.245) leads to Theorem 2.4.1
immediately, upon clearing denominators.

In order to prove the theorems concerning the Airy and Sine processes, we
need a rigorous statement concerning the asymptotics of our Dyson, Airy and
Sine kernels. To that end, letting

t
51:—{t|—>—n1/3,31—> 1/3,x|—>\/2n—|— —|—\/§1/6
y—Vvan+1 +\/_n1/6} (2.246)
U TV }
x’—>_7 = — 5
\/2ny V2n
we have:

Proposition 2.4.1. Under the substitutions S; and Sa, the extended Hermite
kernel tends with derivative,respectively, to the extended Airy and Sine kernel,
when n — oo, uniformly for u,v € compact subsets C R:

lim Kfs’”(x,y) dy|s = Kfs(u,v)dv ,

n—00 ’ 1 ’

2 (2.247)

lim Kgs’n(x,y) dy{52 = exp (—%(t - 5))KES(U,U) dv .

Remark. The proof involves careful estimating and Riemann—Hilbert tech-
niques and is found in [6].

Proof of Theorem 2.4.2. Rescale in Theorem 2.4.1

.
=V2n +\/_n1/6, =V2n +\/_n1/67 t=—75 (2.248)

and then from Proposition 2.4.1 it follows that, with derivatives that,

1
G ( 1/3° a; b) G(7—7U7U) + O(E) s k= n1/6 . (2249)
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We now do large n asymptotics on the operators A;, B;, setting L = L, + L,
F=F,+F,, with L,, L,, E,, E, defined in Theorem 2.4.2; we find:

fk< <k2_%+67;)L +O< >>
Zﬁk<L_<l:_2_%+6T;)L +O< ))

2T 1
=2%* L - 5L, + —(E—1+447%L,
Az < R Tel +4r7L) (2.250)
T 4 1
- — (B, -1+ -7L, —
k6< +37' )+O<k8>>’
By—okt(L—2Tp + —(E - 1+47%L,)
2 kQ u 2,’{4 u
T 4, 1
and consequently
—ByA
2\/_k5 241
1
=17 - k—Q(LJrL )L+ ﬁ(L(E—2) +7°(4Ly(L+ Ly) + LL,))
T (B4 1L (E+2)+i(8LL 18T LutLLy) ) +O( =
I{:G u 2 v 6 u u+~v v kg
(2.251)

2 3
2 2, 2 T 2 1
2k281A1 L _k_QL k4< L“+L,L ) e <6L +L,L )—I—O(ﬁ) .

Feeding these estimates and (2.249) into the relation (2.232) of Theorem 2.4.1,
multiplied by (B1.41G,,+2nc)?, which by the quotient rule becomes an identity
involving Wronskians, we then find ({f,g}x =gXf— fXg)
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1 1 —T
= —— By MG, — ( BiALG + 2KS exp( — )}
{2\/§k5 2 2k2< M eXp<k2> AT

1 1 6 —T
B {WAgBlGn, 3 (AlBlGn T2k exp(ﬁ>) }31

o
\

/(V2k)

2
- 1?72- [((Lu + Ly)(LuEy — LyEy) + 7°(Ly — Ly) Ly Ly) Gy,
1 2 2 2 1
- 5{(Lu - Lv)Hna (Lu + Lv) Gn}Lu+Lv + 0 k_g
= i_z [((Lu + Ly)(LyEy — LyEy) + 7°(Ly — Ly) Ly Ly) G

1 1
- 2~ 1)G, (L + LU)QG}LMU] . O(k_3) .

In this calculation, we used the linearity of the Wronskian {X, Y}, in its
three arguments and the following commutation relations:

[LuaEu] = Lu 5 [Lu7Ev] = [LuaLv] = [Lu7T] =0 5 [EuaT] =T,

including their dual relations by u « v; also we have {L?G,1}, 1, =
{L(Ly — L,)G,1}1. Tt is also useful to note that the two Wronskians in the
first expression are dual to each other by u < wv. The point of the com-
putation is to preserve the Wronskian structure up to the end. This proves
Theorem 2.4.2, upon replacing 7 — t.

Proof of Corollary 2.4.1. Equation (2.233) for the probability
G(r;u,v) :=log P(A(11) <u, A(m) <v), 7T=m—T7,

takes on the explicit form

i8_2_8_2 A 282G+82G_62G+ o
Tor\ouz  au2 T u2au\“ 02 T oudy  ouz VT

%G ( 0’°G  9°G  0*G

_ _ _ _ 2
0v2ou \~ Ou? * udv oz " tueT )
093G 0 093G 9 0 0
(W% — W%) (3_u + %>G . (2.252)

This equation enjoys an obvious u < v duality. Finally the change of variables
in the statement of Corollary 2.4.1 leads to (2.234).

The proof of Theorem 2.4.3 is done in the same spirit as that of Theo-
rem 2.4.2 and Corollary 2.4.2 follows immediately by substitution in Theo-
rem 2.4.3. Next, we need some preliminaries to prove Theorem 2.4.4. The first
being:
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Proposition 2.4.2. The following ratio of probabilities admits the asymptotic
expansion for large t > 0 in terms of functions f;(u,v), symmetric in u and v

P(A(0) <u, A(t) < B fluv
P(A(0) < u)P(A(t) < =1+ ; (2.253)

i>1
from which it follows that

lim P(A(0) <u, A(t) <v) = P(A(0) < u)P(A(t) < v) = Fa(u)Fa(v) ,

t—o0
this means that the Airy process decouples at oc.

The proof necessitates using the extended Airy kernel. Note, since the
probabilities in (2.253) are symmetric in u and v, the coefficients f; are sym-
metric as well. The last equality in the formula above follows from stationarity
and (2.237).

Congecture. The coefficients f;(u,v) have the property

lim fi(u,v) =0 for fizedv eR, (2.254)
and
lim fi(—z,z4+2)=0 for firvedx € R. (2.255)

The justification for this plausible conjecture will now follow. First, con-
sidering the following conditional probability:

P(A(t) < v | A(0) < u) =

and letting v — oo, we have automatically

1= lim P(A(t) <v[A(0) <u) = lim [FQ(’U) <1 + Z @)]

vV— 00
i>1

=1+ lim > fi(Z.’”)

i>1

which would imply, assuming the interchange of the limit and the summation
is valid,

lim f;(u,v) =0, (2.256)
and, by symmetry

lim f;(u,v) =0.

U— 00
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To deal with (2.255) we assume the following nonexplosion condition for
any fixed t > 0, x € R, namely, that the conditional probability satisfies

lim P(A(t) > x4+ 2| A(0) < —2)=0.

z—00
Hence, the conditional probability satisfies, upon setting
v=z4+T, U=-—2,
and using lim, . F2(z + z) = 1, the following:

1= 1lim P(A(t) <z+42| A0) < —2z) =1+ lim ZM
i>1

)

which, assuming the validity of the same interchange, implies that
Zlilgofi(—z,z+x) =0 foralli>1.
Proof of Theorem 2.4.4. Putting the log of the expansion (2.253)
G(t;u,v) =log P(A(0) < wu, A(t) < v)

hi ’
= log F5(u) + log Fa(v) + Z %

i>1
_ g2
=log F»(u) + log F>(v) + fl(?v) + fa(u,0) t2fl (u,v)/2 +
(2.257)
into (2.252) leads to:
(i) a leading term of order t, given by

Lhy =0, (2.258)

where 5 5 52

— (L _2) 2 2.2

£ <8u 81}) Oudv (2:259)

The most general solution to (2.258) is given by
hi(u,v) =ri(u) + rs(v) + ro(u+v),

with arbitrary functions 7y, ra, r3. Hence,

P(A(0) < u, A(t) < v) = Fo(w)Fa(0) (1 Pl )

with hq(u,v) = f1(u,v) as in (2.253). Applying (2.254)

r1(u) + r3(00) + 1r2(00) =0 forallu e R,
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implying
r1(u) = constant = ry(c0) ,

and similarly
rs(u) = constant = r3(c0) .

Therefore, without loss of generality, we may absorb the constants r4(c0)
and rs(co) in the definition of r3(u + v). Hence, from (2.257),

f1(u,v) = hy(u,v) = ro(u +v)
and using (2.255),
0= lim fi(—2,2+2)=rox),

implying that the hi(u,v)-term in the series (2.257) vanishes.
(ii) One computes that the term ho(u,v) in the expansion (2.257) of
G(t;u,v) sastisfies
0’9 0% gy

This is the term of order t°, by putting the series (2.257) in (2.252). The most
general solution to (2.260) is

ho(u,v) = g’ (u)g' (v) + 71 (u) + r3(v) + ro(u +v) .
Then
P(A(0) < u, A(t) < v) = Gtuwv)
— Fy(u)Fy(v) exp (Z M)

tl
i>2

In view of the explicit formula for the distribution F, (2.237) and the behavior
of q(«) for a /" 00, we have that
lim ¢'(u) = lim (1ogF2(u))/

U— 00
o0

= lim (a)da=0.

uU—00
Hence

0= lim fa(u,v) = lim ha(u,v) =ri(o0) + r3(v) + r2(00) ,

uUu—00 uUu—00

showing 73 and similarly r are constants. Therefore, by absorbing r(c0) and
r3(o0) into r2(u + v), we have
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fa(u,v) = ha(u,v) = g'(u)g'(v) + ra(u +v) .

Again, by the behavior of ¢(z) at +00 and —oo, we have for large z > 0,

g/(_z)g/(z—l—x) :/ q2(a) da/ q2(a) da < 623/26_2Z/3 '

—z +x

Hence
0= lim fo(—z,z+z) = rqo(x)

Z—00

and so
fa(u,v) = ha(u,v) = ¢'(u)g'(v)

yielding the 1/t? term in the series (2.257), and so it goes.
Finally, to prove (2.241), we compute from (2.239), after integration by
parts and taking into account the boundary terms using (2.238):

E(A(0)A(1))
_ //R uvai—;}P(A(O) < u, A(t) < v) dudv
_/O;uFé(u)du/oovFQ()dv—l-l/ du/O;F
//Rz (u,v) + P(v,u)) d dv+0< )

- (E(A(O))>2+ L,e +O< ) :

where
ci= //Rz(gﬁ(u,v)—l-@(v,u))dudv: 2//RQ D(u,v)dudv ,

thus ending the proof of Theorem 2.4.4.

2.5 The Pearcey Distribution

2.5.1 GUE with an External Source and Brownian Motion

In this section we discuss the equivalence of GUE with an external source, in-
troduced by Brézin—Hikami [27] and a conditional Brownian motion, following
Aptkarev, Bleher and Kuijlaars [21].
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Non-intersecting Brownian paths: Consider n-non-intersecting Brownian
paths with predetermined endpoints at ¢ = 0, 1, as specified in Figure 2.2.

By the Karlin-McGregor formula [42], the above situation has probability
density

pn(taxla"'axn)

1 n
= Z. det(p(ozi, zj, t))i

n

., det (p(xl-, aj,1— t))

J ij=1
1 —z2 2a;\ \ " 2a;\ \ "
T (oo (452)),_an(enl()

7 HeXp(t(l—t)) et(exp , o et| exp ¢ o

no 1,j=1 4,j=1

(2.262)
v (—(a—y)?*/1)
exp(—(x —y)°/t

T,y,t) = . 2.263

pla.y.1) = (2:263)

For example,'? let all the particles start out at = = 0, at t = 0, with n,
particles ending up at a, no ending up at —a at t = 1, with n = ny + no.

Here
1 (1/’: (fcj))léizgm,
Dryng (b T1y oy X)) = mﬂnﬁ-nz (x) det (1/); (z;) 1;57_2::12 ’
1<j<ni+n2
with

i —z? 2ax
;t(l'):{E 1exp<m:&m) .

X-space

t-time

Fig. 2.2.

12 Here Z, = Zn(a, ).
3 Obviously, implicit in this example is a well-defined limit as the endpoints come
together.
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So setting F = Ulgigr[bgi_hbm‘], we find

B na (£,0)
:= Prob,, . (all z;(t) C E)

ni,n2

most paths end up at —a, and all start at

ny left-most paths end up at a, ny right-
:= Prob (all zi(t) C E )
0, with all paths non-intersecting.

( ;:(xj))lﬁl}ﬁm,
S TTY daeg Ay () det (65 () Ef;gnz
1<j<ni+n2

( it(xj))lgi_+gnl,
fRn H? dx; A, (z) det (1/11'_, (x]))ifzgm
1<j<ni+n2

(2.264)

Random matrixz with external source: Consider the ensemble, introduced by
Brézin—Hikami [27], on n x n Hermitian matrices H.,

P(M e (M,M +dM)) = Zi exp(tr(=V (M) + AM))dM , (2.265)

n

with
A = diag(aq,...,a,) .

By HCIZ (see (2.138)), we find

n=n; +n,
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P(spec(M) C E))

1
=7 ALz exp(— )) dz; / exp(tr AUAUY) dU
Zn )i H oo ( )
1 det e iz %
Tz Hexp [AXp(a z)ij=1
n E” n(Z)An(a)
1
77 ) HGXP )) dz; detlexp(aiz;)]} iy - (2.266)

For example: consider the limiting case

T

A =diag (—a, —a,...,—a, a,a,...,a), E= U[bQi,l, bail (2.267)
i i i=1
P(spec(M) C E) := Py, n,(a,b) (pzt Nicis <m.
n d zAn det 1<j<ni+n2
fEn Hl €L (z)de (p )1<1 .
1<j<ni+n
= o =J=TTRRL(2.268)
(p7,+ )izlz<n1>
LT das A (2) det _ Sjsnanz
fR Hl ( ) (PZ )1<z <na,
1<j<ni+n2
where _
pE(z) =2"texp(=V(2) £ az), n=ni+ny. (2.269)
Then we have by Aptkarev, Bleher, Kuijlaars [21]:
Non-intersecting Brownian motion < GUE with external source
By (6,0) = Poyng \/ —~ (2.270)
1 t 22/2

so the two problems: non-intersecting Brownian motion and GUE with an
external source, are equivalent!

2.5.2 MOPS and a Riemann—Hilbert Problem

In this section, we introduce multiple orthogonal polynomials (MOPS), fol-
lowing Bleher and Kuijlaars [24]. This lead them to a determinal m-point cor-
relation function for the GUE with external source, in terms of a “Christoffel—
Darboux” kernel for the MOPS, as in the pure GUE case. In addition, they
formulated a Riemann-Hilbert (RH) problem for the MOPS, analogous to
that for classical orthogonal polynomials, thus enabling them to understand
universal behavior for the MOPS and hence universal behavior for the GUE
with external source (see [21,25]).
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Let us first order the spectrum of A of (2.267) in some definite fashion,
for example

Ordered spectrum of (A) = (—a,a,a,—a,...,—a) := (a1,q2,...,0,) .
For each k =0,1,...,n, let k = k1 + ko, k1, ko defined as follows:

k1 := # times a appears in aq, ..., q ,
1 # : 9% . 1 (2.271)
ko := # times —a appears in aq,...,qf .

We now define the 2 kinds of MOPS.
MOP II: Define a unique monic kth degree polynomial piy, = D, k,:

P@) = Proa(@)s [ prosa(@)pl (@) do = 0
pE(x) =2 texp(~=V(z)+azr), 1<iy <k, 1<i_ <ky, (2272)

MOP I: Define unique polynomials q,‘;_l ko (T)s G, g, 1 (@) Of respective
degrees k1 — 1, ko — 1:

Be—1(2) 1= Gy o (2) = @4, _1 1, ()01 () + G, gy 1 ()7 (2):
/xﬂ'qk,l(z)dx =8ik1, 0<j<k—1, (2.273)
R

which immediately yields:
Bi-orthonal polynomials:

/pj(x)qk(x)dx:csj,k Jk=0,1,....,n—1. (2.274)
R

This leads to a Christoffel-Darboux kernel, as in (2.5):

K. 2.9) = Kalo9) = exp( =5V (@) 3V0) ) S pelohants) , (2279
0

which is independent of the ad hoc ordering of the spectrum of A and which,
due to bi-orthonality, has the usual reproducing properties:

/_00 Ky(x,z)de =n, /_00 Ky (z,9)Kn(y,2)dy = K, (z,2) . (2.276)

The joint probability density can be written in terms of K,

1 1
7 exp(Tr(=V(A) + AA)) A (N) = ] det[K, (i, M7 =1 (2.277)
with A = diag(\, ..., \,), yielding the m-point correlation function:
Rin (A1 Am) = det[K (A, )] 21 (2.278)
and we find the usual Fredholm determinant formula:
P(spec(M) C E°) = det(I — Ky (z,y)Ir(y)) - (2.279)

Finally, we have a Riemann—Hilbert (RH) problem for the MOPS.
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Riemann—Hilbert problem for MOPS: MOP II:

Pning (Z) C+pﬂ1,n2 C*pﬂl,nz
Y(Z) = | C1Pni—1,n2 (Z) Clc+pn1*1,n2 Clcfpﬂlflﬂw (2280)
CoPnyna—1(2) 204 Pnyng—1 2C—pnyny—1

with Cy Cauchy transforms:

+
Cyf(z) = % /R J(s)pis)ds . pi(z) =exp(=V(z)£az). (2.281)

s—z
Then Y (z) satisfies the RH problem:

1. Y(z) analytic on C\ R.
2. Jump condition for x € R:

3. Behavior as z — oo

Y(z) = (I + 0(1)> Lm . (2.282)

z
MOP I: A dual RH problem for qi’b and (Y~1)T.

Finally we have a Christoffel-Darboux type formula (see (2.5)) for the
kernel K,(f%(% y) of (2.275) expressed in terms of the RH matrix (2.280):

exp(—3(2z? 4+ 4?))

K’(L?’)l(x’ v) = 27i(x — )

1
(0, e Y 1(y)Y(z) 0] . (2.283)
0

Thus to understand the large n asymptotics of the GUE with external source,
from (2.277), (2.278), and (2.279), it suffices to understand the asymptotics
of K,(f%(x,y) given by (2.275). Thus by (2.283) it suffices to understand the
asymptotics of the solution Y (z) to the RH problem of (2.282), which is the
subject of [21] and [25].

2.5.3 Results Concerning Universal Behavior

In this section we will first discuss universal behavior for the equivalent ran-
dom matrix and Brownian motion models, leading to the Pearcey process.
We will then give a PDE of Adler—van Moerbeke [7] governing this behavior,
and finally a PDE for the n-time correlation function of this process, deriving
the first PDE in the following sections. The following pictures illustrate the
situation.
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3 Regimes 1 I 111

X —space

n paths

y —/n

1 t — time

2 —

Fig. 2.4.

Universal behavior:

I. Brownian motion: 2n paths, a = \/n
At t = % the Brownian paths start to separate into 2 distinct groups.

II. Random matrices: n1 =ng =n, V(2) = 22/2, a := a\/2n.

Density of eigenvalues: p(x) := limnﬁoo(Kfl’ﬁ(\/ 2nx,v/2nx))/2n

Imr.a > 1

Fig. 2.5.

The 3 corresponding regimes, I, IT and III, for the random matrix density
of states p(z) and thus the corresponding situation for the Brownian motion,
are explained by the following theorem:
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Theorem 2.5.1 (Aptkarev, Bleher, Kuijlaars [21]). For the GUE with

external source, the limiting mean density of states for a > 0 is:

. K& (\2nz,2nz) 1
p(x) := lim : = —|Imé&(z)|, (2.284)
T

n—oo 2’]’L

with
E(x): € —x€? —(a® — 1)+ 26> =0 (Pastur’s equation [45]) ,
yielding the density of eigenvalues pictures.

It is natural to look for universal behavior near @ = 1 by looking with a
microscope about z = 0. Equivalently, thinking in terms of the 2n-Brownian
motions, one sets a = y/n and about ¢t = % one looks with a microscope near
xz = 0 to see the 2n-Brownian motions slowly separating into two distinct

groups. Rescale as follows:

1 T U
t — 5 + %7 = —n1/47 a = \/ﬁ . (2.285)
Remembering the equivalence between Brownian motion and the GUE with
external source, namely (2.270), the Fredholm determinant formula (2.279),
for the GUE with external source, yields:
Prob? . (all z;(t) C E°) = det(I — K7,

ni, 'n«2

/ \/W 2 2
K ns -t " \/t(l ) y)IE(y) '

(2.286)
Universal behavior for n — oo amounts to understanding K (z, y) for n — oo,
under the rescaling (2.285) and indeed we have the results:

Universal Pearcey limiting behavior:

Theorem 2.5.2 (Tracy—Widom [54]). Upon rescaling the Brownian ker-
nel, we find the following limiting behavior, with derivates:

./ a 2 2 a=vn
lim n71/41/t ¢ 2ta/(1=1) <\/t " \/t 11 y) t:%-ﬁ/\/ﬁ,
n—oo ( - ) ( - ) (1- ) (2,y)=(u,v)/n1/*
= K7 (u,0)

with the Pearcy kernel K, (u,v) of Brézin—Hikami [27] defined as follows:

p(@)d"(y) — ' (x)d' (y) + p"(x)q(y) — Tp(x)q(y)
T —y

K (x,y) =

= /Ooo p(r+ 2)q(y + z)dz , (2.287)
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where (note w = e™/4)

1 oS} 4 2
p(x) = %/700 exp(—u? — T% — iux) du ,
1 4 2
q(y) == — exp<u— —rLy uy) du (2.288)

o] 4 2
=1Im [f/ du exp <_u_ - iTu—) (¥ — e“’“y)}
™ Jo 4 2

satisfy the differential equations (adjoint to each other)

/1

" —1p —xp=0 and ¢" —7¢ +yqg=0.

The contour X is given by the ingoing rays from £ocoexp(in/4) to 0 and the
outgoing rays from 0 to oo exp(—in/4).

Theorem 2.5.2 allows us to define the Pearcey process P(7) as the motion
of an infinite number of non-intersecting Brownian paths, near ¢ = %, upon
taking a limit in (2.286), using the precise scaling of (2.285), to wit:

1
Jim Proby’, <a11 n'/4a, (5 + %) ¢ E)

[N

det(I — KFIg)
= Prob(P(1) ¢ E), (2.289)

which defines for us the Pearcey process. Note the pathwise interpretation
of P(7) certainly needs to be resolved. The Pearcey distribution with the
parameter 7 can also be interpreted as the transitional probability for the
Pearcey process. We now give a PDE for the distribution, which shall be
derived in the following section:

Theorem 2.5.3 (Adler—van Moerbeke [7]).
For compact E = U;l[um—,l, U],

F(r;us,...,us.) :=log Prob(P(1) ¢ E) (2.290)

satisfies the following 4th order, 3rd degree PDE in T and the u;:

5 (3O°F/07 + (Bo=2)B2\F + {B10F/07, B2, F}p /16 _
-t B2,0F/or T
(2.291)

where
2r

0 0
1

It is natural to ask about the joint Pearcey distribution involving k-times,
namely:
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1 .
Tim_Proby’, (all n1/4xi<§ + %) ¢E;1<j< k)
= Prob(P(r;) ¢ E;,1 <i<k)
=det(I — (Ig, K, Ig,)f;—), (2.293)

where the above is a Fredholm determinant involving a matrix kernel, and the
extended Pearcey kernel of Tracy-Widom [54] KT _ | is given by

T’T7

KP(

TiTj

52 t t2 dsdt
= 472 exp +T] 5 ys—l—z—ni—i—xt Pl (2.294)

with X the same contour of (2.288). We note K2 (x,y) = KX (z,y) of (2.287),
the Brézin-Hikami Pearcey kernel. We then have the analogous theorem to
Theorem 2.5.3 (which we will not prove here) namely:

Theorem 2.5.4 (Adler—van Moerbeke [12]).
For compact E; = ;2 1[uéjl) luéjz)] 1<j<k,

F(Tl,TQ,...,Tk;u(l),u(Q),...,U(k))

=log Prob(P(r;) ¢ E;,1<j<k) (2.295)
satisfies the following 4th order, 3rd degree PDE in 7; and u9): D_1 X =0,
with

4(E31—25_12)_1)E_1F+(2E0+D0—2)D%1F+%{'D_lE_lF, 'DglF}971

X:=
D% ,E_ F

(2.296)
where

k
Dj:=)_ Bj(ul), Doyi=) mBa®),
1=1 3

Bj(u(z)) = Z(ul(z))hq—. , E; = Tij+1—' .

=1 8“1(1) i=1

2.5.4 3-KP Deformation of the Random Matrix Problem

In this section we shall deform the measures (2.269) in the random matrix
problem, for V(z) = 22/2, so as to introduce 3-KP 7-functions into the picture,
and using the bilinear identities, we will derive some useful 3-KP PDE for
these 7-functions. The probability distribution for the GUE with external
source was given by (2.268), to wit:
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P(spec(M) C E) := Py, n,(E) .
1 - (b, (21)) 1SS,

= dz; Ay (z)det _ <j<ni+n,

Zn /” 1:[ ) (pi_ (2))1<i_<na,

1<j<ni+n2

(2.297)

where pF(z) = 27~ exp(—22/2 + az). Let us deform p(z) as follows:

oo

pE(z) = pE(z) =21 exp(—z;:l:az:tﬁf) exp (Z(tk—sf)zk) , (2.298)

k=1
yielding a deformation of the probability:

Tﬂl,n2 (tv 5+7 5_7E)

Ppn,(E . 2.299
o) = Tt (2299)
Where, by the same argument used to derive (2.140),
Toymg (t,87,87, E) i=det my, n,(t, 87,57, E) , (2.300)
with .
[isli<is <ma,
My iy (b, 87,87, E) 1= ¢ 0SIsmdne=l 4 (2.301)
’ [Mz’j]lﬁi—ﬁnz,
0<j<ni+nz2—1
and

sty = [ (e
We also need the identity (n = ni + n2)

T’I’Ll,’ﬂg (t7 S+7 5_7 E)

= det mp, n,(t, st s, E)

1 ni > . ng 00 .
= n1'ng) /En An(xvy)j_l_[lexp<;tixj> jl:[lexp<;tiyj)

ni .’L'2 0o -
< (Bu@ [ew(~ +any + 023 ) oxp(~ S st05 )
1

j=1
T2 y2_ 00 )
X (Anz () [ exp (—73 —ay; — ﬁyf) exp (— > syj) dyj> . (2.302)
Jj=1 1
That the above is a 3-KP deformation is the content of the following theorem.

Theorem 2.5.5 (Adler—van Moerbeke—Vanhaecke [15]). Given the func-
tions Tpy my as in (2.300), the wave matrices
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1

Tny,na(t,st,s7)

vt (At,sTsT) =

ni,n2

m*

na (3)+
TL1,’I’L2 ( ) 1pnl—i-l no 1/}111,7121-1
X (= )"W’m 1m0 m n2+ (— )"W’m Lnatl |
1,,(2) (3)+
1/}77,1 no—1 ( 1)n2+ 1pnqul no—1 ni,n2
_ _ 1
v, Nt s, s7) 1= ————
Tnl,ng(t,sJr s7)
(1)~ 1
ni, n2 ( 1)n2+ 1/)111 1,n2 ’L/Jnl,ng 1
1 (2)~ (3~
X [ (=1)=t 1/’n1+1 na nis nz (=12 g1 |
1~ 1 (3)”
wnl,ng—i-l ( 1)n2+ 1/}111 1,n2+1 ni,m2

(2.303)

with wave functions

wfﬁ’,?iz (Ast,sT,57) = AE(mAn) exp( Zti)‘i)Tnl,ng EFAY,st,s7),

’l/)n21):752 ()\,t,S ) = A:Fnl eXp( )Tnl nz t S + [A 1]787) )

e
e

Ui (At st,57) = AT eXp( )Tnl w(t st sT T,

(2.304)
satisfy the bilinear identity,
f{ WE LU AN =0, Vhkikg, by, o, V5T L sT (2.305)

of which the (1,1) component spelled out is:

f Tk k2 (t - [)‘_1]7 3+7 S_)Tl1,l2 (t—’— [)‘_1]7§+7§_)

oo

x A1tk —hi=lz gy (Z(ti - ;i)x') dA

1

- (_1)k2+l2% Th1+1,k2 (t7 5T — [)‘71]7 87)7'11_17[2 (L §+ + [)‘71]7§7)

oo

x A1 mR=2 oxpy (Z(sj‘ — §j))f> dA

1

- f Tk’l,k2+l(t78+787 - [/\71])7—11,12*1@7§+7§7 + [/\71])

o0

x A2 k=2 oxpy (Z(s; - §;>Ai) dA=0. (2:306)

1
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Sketch of Proof: The proof is via the MOPS of Sect. 2.5.2. We use the formal
Cauchy transform, thinking of z as large:

Cyf(z /fz_s Z /pl s lds, (2.307)

i>1

which should be compared with the Cauchy transform of (2.281), which we
used in the Riemann Hilbert problem involving MOPS, and let Cjy denote the
Cauchy transform with 1 instead of ﬁli We now make the following identifi-
cation between the MOPS of (2.272), (2.273) defined with pf — p (and so
dependent on ¢, s, s7) and their Cauchy transforms and shifted 7-functions,
namely:

)\k1+k2 Tk, ko (t - [/\71]7 5+7 37)
Tk ka2 (t st,s™ ) 7

)\,klfl Thy+1,ko (tv s — [/\71]7 87)(_1)]g2
Thy ko (8,87, 87) 7

Pk ko ()‘)

O+pk1,k2 (/\) =

e t,st,s7 — (A7)
C. A) = A—ke—1 Thuskata (b 57 2.308
pklykZ( ) Tk;l’k;2(t,5+,37) b) ( )

)\—kl ko Tk17k2(t+ [)‘ 1] st 3_)
Tk1,k2 (t st ) ’
s T (5" 1)
Tk .,k (t ) 7

)\kz 1 Tk ko — 1(t st +[)‘_1])
Tk1,k2 (t st ) '

Coqk1,k2 ()‘)

qulfl,kz()‘) =

qkjl,k‘gfl ()\)

where pi, k, (A) was the MOP of the second kind and gk, , (A) = qurl,kz (N)pf
+ G, gy—1(A)P7 was the MOP of the first kind. This in effect identifies all

the elements in the RH matrix Y (\) given in (2.280) and (Y ~1)7, the latter
which also satisfies a dual RH problem in terms of ratios of 7-functions; indeed,
![/,jl ks (A) without the exponenials is precisely Y'(A), etc. for ¥, k- Then using
a self-evident formal residue identity, to wit:

% w(f(z)x/w(_)z )dz—/f 1(s) (2.309)

with f(z) =Y " a;2", and designating f(t,s,s7) := f(t,sT,s7), we imme-
diately conclude that
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o0

f; exp (Z(ti - ))‘i>pk1,k2 (Coqr, 1,(N)) " dX

/ exp
R

Py ks Nt s 8T )q (N 8, s, s7) dA

)
ot )

G, (Ntst s ag 1(/\7275,

io Cipry k(A )(qltfl,lg()‘» eXP( s; _>
+£o (C—Pry ks ( )(qll,lg—l(/\))/exp(Z(Si—Qi)/\i) dr. (2.310)

By (2.308), this is nothing but the bilinear identity (2.306). In fact, all the
other entries of (2.305) are just (2.306) with its subscripts shifted. To say
a quick word about (2.308), all that really goes into it is solving explicitly
the linear systems defining p, x,, qurl,kz and g, , 1, namely (2.272) and
(2.273), and making use of the identity exp(+ > .;" 2'/i) = (1 — )T for =
small in the formula (2.300) for 7x, k, (¢, s1,s7).

An immediate consequence of Theorem 2.5.5 is the following:

Corollary 2.5.1. Given the above T-functions g, k,(t,s*,s™), they satisfy
the following bilinear identities'*

= ~ = 0 0 0
Sty -+l — k1 —ka+j—1(—2a)8;(0¢) eXP( (ak— +bk— + Ck_>>
2 ! ! ; Ot ds;f ds;,

j=0 k

X Tiylg © Thy ko

= sk 1145 (—2b)s;(Dgr exp( ag +Ck__>>
Z J J ; tk 6S+ ask

7=0 k

ko+l1
X Ty — 11207—k1+1k2( 1)2 2

> st tzeris(=2005(0) exp 3 (e + 05 v )
- ko—lo+14j C)S; Xp —+ Ck o —
7=0 1 at aSk 88[@
X Tl la—1 O Thky ko+1 = 0 s (2.311)
with a,b,c € C* arbitrary.
Upon specializing, these identities imply PDEs expressed in terms of Hi-
rota’s symbol for j =1,2...:

" With exp(3°7° tiz') =: 30 si(t)z" defining the elementary Schur polynomials.
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~ 0?
s (0¢)T O Tk, — =72, —— logT , 2.312
J( t) k1+1,ko k1—1,k2 k1,ko 85]L3tj+1 & Tk, ko ( )
N 2
Sj(83+)7'k1,1’k2 O Thky4+1,ky = —Tgl7k2W10ng1,kz ) (2313)
105511
yielding
0% log 4, k Thy4+1,koTh1 —1,k
le 2 _ _ M 22 L z (2.314)
8751851 Tkl,kz
) 02 0t20s] 1
O Jog Teatliks _ /Ot2 S1+ 08 Thika (2.315)
oty Tk1—1,ko 62/6t1681 IOnglykz
8 1 Tky+41,ko - 82/3751383_ 10g7-k1,k2 , (2316)

88?_ Thky—1,ko - 62/8151681"_ 1Og Tky,k2

Proof. Applying Lemma A.1 to the bilinear identity (2.306) immediately
yields (2.311). Then Taylor expanding in a, b, ¢ and setting in equation (2.311)
all a;,b;, c; = 0, except a;4+1, and also setting Iy = k1 + 2, lo = ko, equation
(2.311) becomes

82

2 _
) £0) =0
J

@jy1 <—2Sj(5t)7k1+2,k2 O Thy ks —
and the coefficient of a;41 must vanish identically, yielding equation (2.312)
upon setting k1 — k1 — 1. Setting in equation (2.311) all a;, b;, ¢; = 0, except
bjt+1, and l; = k1, la = ko, the vanishing of the coefficient of b;4; in equation
(2.311) yields equation (2.313). Specializing equation (2.312) to 5 = 0 and 1
respectively yields (since s;(t) = t; implies s1(8;) = 8/9t1; also sg = 1):

2
0 IOnghkz _ Tkit1,kaThki—1,ks

T 2
0t10s] Tiex oo

and

02 1 0 0
a$+—at2 10g Tk1,ks = _7_2— a_tlTk1+1J€2 Tk1—1,k2 ~ Thkiy1,k2 a_tlTklfl,b .
1 k1,ko

Upon dividing the second equation by the first, we find (2.315) and similarly
(2.316) follows from (2.313).

2.5.5 Virasoro Constraints for the Integrable Deformations

Given the Heisenberg and Virasoro operators, for m > —1, k£ > 0:
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0
J(l) = + ( )t—m + k(SO,m P

mk T Bt
( Z m 57 +221t T +1+;mm]t)
m+1\/ 0 k(k+1)
+ (k + T) <% + (—m)tm) + T5m’0 y

(2.317)
we now state (explicitly exhibiting the dependence of 7, 1, on ():

Theorem 2.5.6. The integral g, x, (t,s*,s7; 3; E), given by (2.302) satisfies
BinTiy by = VELR2 0 form > —1, (2.318)

where By, and V,, are differential operators:

2r 2r
0
= E b?—i_l%? f07“ E = U[bQi—la bgl] CcR (2319)
1 v 1

and

Virke = {Jm ke ke, (8) — (M + 1)Jm eyt (F)
+Jm kl( s7) +G’Jm+1 kl( sT)—(1 2/8)Jm+2 kl( sT)
FIE (=) —allV, ) (=8) = (L +28)I0) 55, (=s7) ). (2.320)

Lemma 2.5.1. Setting
k1 oo ko o
dr, = A, (x,y) H exp (Z tzx;) H exp (Z tiy;'-)
j=1 1 j=1 1
k1 IQ e’} )
X (Akl (x) H exp (—7] +ax; + ﬁxf) exp (— Z sj‘x§> dxj>
1

j=1
ko y2 50 '
X (Akz () [T exp (—73 —ay; — ﬁyf) exp (— > s;y;-) dyj> . (2.321)
Jj=1 1
the following variational formula holds for m > —1:

. . m+1
Ly, ()

— = VFkuk2(qr)) . 2.322
P yi o s + eyt w2 (dy) ( )

e=0

Proof. The variational formula (2.322) is an immediate consequence of apply-
ing the variational formula (2.184) separately to the three factors of dI,,, and
in addition applying formula (2.185) to the first factor, to account for the fact

that H;“:l dz; Hfil dy, is missing from the first factor.
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Proof of Theorem 2.5.6: Formula (2.318) follows immediately from formula
(2.322) by taking into account the variation of OF under the change of coor-
dinates.

From (2.317) and (2.320) and from the identity when acting on on 7k, f,,

o 9 0

— = - —, 2.323
oty dsy Osp ( )
compute that
1 0? 0? 0?
vk = ( + + )
m 2 Z ot;0t;  0stost  0s;0s:
1+j= ? J g J
0 0
+ (zt 8] + s, )
; z+m a z++m a$z+m
0 0
ki+k) =—+(—m)t_,, | — k *
+ (k1 + 2)<8tm+( m) ) 1<3sm+( )m)
0
— ko <8 + (—m)s _m> + (kT + kiko + k3)6m.0
Sm
1 0
4+ a(kl — k2)5m+1,0 4+ M( t_m + S+ + s m)
2 atm—&-2
0 0
+al ———+ +(m+1)(st,,_ — s
(gt o+ T 0
+2B< o f ) m>—1. (2.324)
a‘91n+2 a‘91n+2
The following identities, valid when acting on 7, x,(¢,s7,s7; 3, E), will
also be used:
8_1<8+8) 8_1<8+8>
957~ 2\on taa) a7~ 2\om T 98)
%1 Lo % 2 0P (2.325)

o _ 1o 9 o __1(o 9
dsy o 2\8t; Ba)’ Dsy 2\ 0ty 0B )
Corollary 2.5.2. The T-function T = Tk, k,(t,sT,s7; 3, E) satisfies the fol-

lowing differential identities, with By, = ?T bt/ 0b;.

—B_it=WViT+unT

—Z(it-i—kiﬁ g + s, J )7‘
"ot fosi, " 0si 4

+ (a(kg — k‘l) + k’lSi’_ + k’gSl_ — (kl + kg)tl)’r



1
—<31 — %)7‘ =Wt +w1iT

0 0
=K <E + ﬂ&)T

L1 (,t a+.+a+._a>
— it; is; is; —— |7
2 = Oti—1 osi ds; 4

a 1 _
+ (5(]61 — kg) + 5(1@1 + k’g)tl — k’lSi’_ — k‘gSl )7’

9]
— (BQ — a%>7' = VaT + vaT (2326)

or or

o as

—Z(t—+zs 8)7'
7,8+ Za

— (k? + k2 + kyko)T

1 0 0
i(BO_a%_%>T—W2T+’lU2T
or
B a++ﬁ ﬁ
0 0
+;(ztat 18++18 )7’

+ 5(/.c% + k3 + kiko)T
where Vi, Wi, Vo, Wa are first order operators and vy, wy, ve, we are func-

tions, acting as multiplicative operators.

Corollary 2.5.3. On the locus L := {t = s = s~ = 0,3 = 0}, the function
f =1log T, k, (t, sT,s7; 8, E) satisfies the following differential identities:

ng =—B_1f+a(k —kq),

;SJI 2(8_1——>f+ (k2 = k1) ,

g_tJ;: (—Bo—i—a%)f—i-kf—i-kl/@-i—kg?

;S_J; _ %<Bo _ a% - (;%)f - %(kf K2+ ki) (2.327)

92 f P
2————=B_1| — - B_ — 2k
ot10s7 1(3& 1>f b
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o2 f o 0 of
=la=—+ = —B 1B f —2=— —2a(ky — k 2.328
107 ( Top T ) 1f 25, ~talki— k), (2:328)
o2 f 0 9
atQan = % (BO — a% + CLB_1>f — B_l(Bo — 1)f — 2&(/61 — kg) .

Proof. Upon dividing equations (2.326) by 7 and restricting to the locus L,
equations (2.327) follow immediately.

Remembering f = log 7 and setting

1 0
Ay =By, Bii=S(B-1— 5 ),
2 da (2.329)
U L N T ] |
2T\ T %) T2\ % " 08)
we may recast (2.326) as (compare with (2.193))
.Akf = ka + vk, ka = ka 4w, k=1,2, (2.330)
where (compare with (2.191)) we note that
0 0
Vklﬁ_(?t Wklﬁ_@’ k=1,2. (2.331)

To prove (2.328) we will copy the argument of Sect. 2.3.6 (see (2.195)). Indeed,
compute

BiAifle = BiVif +v1) = BVifle + Bi(vi)lz
(2) V131f|£ +Bl(vl)|£

L s bule + Baonle

a0 dw
~ o (as )ﬂ” o0,

where we used in (x) that [Bl,V1]| =0 and in (:) that Vi |z = 8/0t1, and so
L

+ B (’Ul)|£ R (2332)

from (2.332) we must compute

0 0? Owy 1

—W = — 5 _— = - k + k 9

oty ! r 8t18$Ir oty r 2( ! 2) (2'333)

1
Bi(vi)le = 5 (ki — k2) -
Now from (2.332) and (2.333), we find
0% f 1 1 82f
BiA = ———| +=(k1+ k) +=(k1 — k + ki,
1A e ot10s] |, gkt ke) + 5k —he) = ot0sy
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and so
0%f
8t1881~_ r

1 0
=BilAifle—ki=-B_iz(Bi— | flc — k1,
2 Oa

which is just the first equation in (2.328). The crucial point in the calculation
being (2.331) and [By, V1]|z = 0. The other two formulas in (2.328) are done
in precisely the same fashion, using the crucial facts (2.331) and [Ba, V1]|z =
[A2, W1]|z = 0 and the analogs of (2.333).

2.5.6 A PDE for the Gaussian Ensemble with External Source and
the Pearcey PDE

From now on set: k1 = ko := k and restrict to the locus £. From (2.315) and
(2.316) we have the

3-KP relations:

o0 0%f 0%f o0 0%f 0% f
oty O0t20s] | 0t10s] 0s] O0t10s5 | 0t10s]
with
fi=logmik, g:=log(Thyik/Th—1k),
while from (2.327), we find
Virasoro relations on L:
dg dg 1 0
— =—-B_ 2 —— =—(B_.1——Jg—a. 2.335
ot 92 Ber 2( ! 8a)g “ ( )

Eliminating dg/0t1, 0g/ds] from (2.334) using (2.335) and then further elim-
inating A9 := —B_g and Big := %(B,l — 0/0a)g using A1B1g = Bi1A1g
yields

5 < 02 /0t0sT —2 92 |9t1055) f)
-t 02f/0t10s]

((82/8t283 —2a0?/0t10s7) f
" da

57 jot.0F ) . (2.336)

while from (2.328) we find the

Virasoro relations on L:

(i—B_l)f—2k‘=: ,F—i_7

6t163+ da

82 02 of
2 —2 Hi —2B_ 2.337
<atgasl+ 1055 ) f= ‘B’ (2.337)

2 2
(g 2 ) 1
8t285f 8t1882
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where the precise formulas for H;" will be given later. Substituting (2.337)
into (2.336) and clearing the denominator yields'®

R M it W o
B_i=—Z~, F* HF -F* —{{HF, -F* , 2.338

and by the involution: a — —a, f — —f, which by (2.302), clearly fixes
f=logront=s"=s" =0, wefind (H =H

ila—— a>

8f _ 1 _ 1
{B 185 } {Hl ,§F }51 — {H2 ,§F }_a/aa . (2.339)

These 2 relations (2.338) and (2.339) yield a linear system for:

of 2 Of
B_ 185 B_laﬁ .
Solving the system yields:
of 2 OF _
B_ 195~ =Ry, B_laﬁ_R2’
and so
B_1Ri(f) = Ra(f), [ =1logm(0,0,0,E)[,_ .
Since (0.0.0. )
Tk,k\Y, U, U,
P M)CFE)= ———"—+
(SpeC< ) C ) Tk’k(0,0,0,R ‘ﬁ_o 5
with

Tk,k(070707R)|ﬁ:O = (H]) exp(ka ) k? s

we find the following theorem:
Theorem 2.5.7 (Adler—van Moerbeke [7]).
k
——N———
For E = J][b2i—1,b2], A = diag(—a,...,—a,a,...,q),

fH%(E) exp(Tr(—3M? + AM)) dM
exp(Tr(—$M? + AM)) dM

P(a; bl, e ,bgr) = (2340)

fHZk(R)
satisfies a nonlinear 4th order PDE in a, by,...b,:
(FTB_1G~ + F B_1G")(FTB_1F~ — F B_F")
—(F*G= + F~GM)(FtB* F~ —F B, F")=0, (2.341)

YAl gtx =9Xf— fXg.



k paths go to a
2k Brownian paths

k paths go to —a

where

2r ) 2r )
Boi=S"2 By=S b
! zljabi’ 0 21: b,
. )
Fm:==2k+B_1| ——B_1 | logP,
da
G+::{HJ7F+}371_{H2+7F+}8/8(1 5

) 0 ) =
Hl = B()—CL——CLB,1+4— 10gP—|—B()B,1 logP—|—4ak—|—4— )
da da da a

9] 0
Hf:=—(By—a-——aB_; | log P+ (2aB? | —BoB_1+2B_1)log P,
da da
(2.342)
F-=F',._o and G~ =GT|o__4.10
We now show how Theorem 2.5.7 implies Theorem 2.5.3. Indeed, remember
our picture of 2k Brownian paths diverging at ¢t = %

Also, remembering the equivalence (2.270) between GUE with external
source and the above Brownian motion, and (2.286), we find

Py (t;b1,. .., bay) := Proby ;. (all 2;(t) C E)
2t 2
= ; e, Op 2.343
P(\/l_ta7 t(l_t)(bla 7b )) ( )
= det(I — K&,
where the function P(x;x) is that of (2.340).

6 Note P(a;b1,...b2r) = P(—a;b1,...,b).
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Letting the number of particles 2k — oo and looking about the location

rz =0 at time t = % with a microscope, and slowing down time as follows:
1 1 1 9
k=—, Fa=+=, bi=wz, t=5+727, z—0, (2.344)
z

which is just the Pearcey scaling (2.285), we find by Theorem 2.5.2 and (2.343),
that

PI‘Obz17Z4 1/24) <all Il(% + 7'2’2) S U[Z’U,Qi,h ZUQl])

1
_P(\/l—t \/ 1—1) (b1, - b2r))

=det(I — K I;.)+0(2)
= Q(7;u1,...,u2.) + O(z),

a= l/z bi=uiz

t=1/2+47122 (2345)

where KT is the Pearcey kernel (2.287) and E = (U7 [u2i—1, u2;]. Taking ac-
count of

Ppr(tibr, ... bay) = (\/1 —¢ \/t(12— ) (b, - ’bT> (2.346)

=: P(A,By,...,Bs),

where the function P(x,x) is that of (2.340), and the scaling (2.344) of the
Pearcey process, we subject the equation (2.341) to both the change of co-
ordinates involved in the equation (2.346) and the Pearcey scaling (2.344)
simultaneously:

0= {(F+871G7 + F7371G+)(F+871F7 — F73,1F+)
—(FYG +F G (Ft*B? F—F~ B2

+
O a vz i,
Bi=u;2/2/+/(1/4—722%)

1 1
T7(PDE in 7 and u for log Py, (¢; b1, ... ,b2T)|Scaling) + O<ZT5)

z

1 1
= ﬁ(same PDE for log Q(7, u1, ..., uz.)) + O(ﬁ) :

the first step is accomplished by the chain rule and the latter step by (2.345),
yielding Theorem 2.5.3 for F' = log Q.

A Hirota Symbol Residue Identity

Lemma A.1. We have the following formal residue identity
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1
2mi

= Z ijlfr(_2a’)5j(gt) exp

J=0

where

tV=t—a,
t”:t—|—a,

10 10

5_(0 10 10
P\ ot 20ty 30t

and the Hirota symbol

p(atv 887871,)9 o f
= p(at’v 88’7

Proof. By definition,

o % Z a;7'dz = a_ 1,
i

&

o0

0
Z<ala_tl +bj—

s=s—-0,
"=s+b,

) , exp(ilo: tizi) = isi(t)zi ,

O )gt +t,s+s  u+u)ft —t',s—s u—u)

0
sy

o0

- ?{ f =271, 8 u)g(t” + [z, 8", u”) exp (Z(t; - tg’)zi) 2" dz

1

+Claa ))gof, (2.347)

and so by Taylor’s Theorem, following [28] compute:

f 1

/ u/)g(t// 4 [2_1]7.9”,1//) exp(

w=u—ec, (2.348)
W=+ c, :
(2.349)
0
veo. (2.350)
s'=0
u'=0
(2.351)
> - dz
/ "y i\ r

1

%ft—a— s —bu—c)gt+a+[z"", s+ bu+c)

= i\ dz
xexp<—2;aiz)z G
*% ex iii fit—a,s —b,u—c)g(t+a,s+bu+c)

xexp( 22@1 ) o

:% Zz*jsj(éa)f(t—a,s—b,u—c)g(t+a,5—|—b,u—|—c)

oo

1

dz

2mi

o0
E 277 s(—2a
1=0

(picking out the residue term)
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—ZSJ 1+ (=2a)s;(0a) f(t — a,5 — b,u— €)g(t +a,s + b,u+c)
. E ) 0 0
e i—1—p —2 'all —_— b_ _
FZOSJ 1—r(—2a)s;( )exp(?(alaﬁ—i— l8$;+cl8u;)>
X f(t—=t,s—s u—u)gt+t,s+s,u+u)

att' =5 =4 =0

> o 0 0
sj—1-r(—2a)s; (315') exp (; (al(?_t; + bl(r“)_s; + Cl(“)_u;)>

xglt+t,s+s utu)ft—t,s—s,u—u)

att =5’ =u' =0

I

Il
o

J

o0

> 0
ZSJ 1-r(—2a) sﬂ@ﬁexp(Z(alE
§=0 1

0 0
l +bza +Claul>>g(t)of(t)’

completing the proof.

Proof of (2.28): To deduce (2.28) from (2.27), observe that since ¢, ¢’ are ar-
bitrary in (2.27), when we make the change of coordinates (2.348), a becomes
arbitrary and we then apply Lemma A.1, with s and u absent, r = 0 and
f =g =, to deduce (2.28).

Proof of (2.166): To deduce (2.167) from (2.166), apply Lemma A.1 to the
Lh.s. of (2.166), setting f = 7, g = Tint1, ¥ = n — m — 1, where no u, v’ is
present, and when we make the change of coordinates (2.348), since t, t/, s
s are arbitrary, so is @ and b, while in the r.h.s. of (2.166), we first need to
make the change of coordinates z — 271, s0 2" ™ tdz — zm "~ 1dz (taking
account of the switch in orientation) and then we apply Lemma A.1, with
f=Tnt1, 9= Tm, r =m —n— 1, and so deduce (2.167) from (2.166).
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3.1 Hilbert—Schmidt and Trace Class Operators. Trace
and Determinant. Fredholm Determinants of Integral
Operators

In this section we present some of the basic operator theory required before
the applications to random matrix theory can be made.

We shall see first how to extend the trace and determinant, defined on
finite-dimensional spaces, to appropriate classes of operators on a Hilbert
space H. We begin by introducing two classes of compact operators on H, the
Hilbert-Schmidt operators and the trace class operators.

The Hilbert—Schmidt norm is defined by ||A|l2 = /> ||Ae;||? where {e;} is
an orthonormal (ON) basis for H. This definition is independent of the basis
used and ||A*||2 = || A||2; both of these statements follow from the fact that if
{f;} is another ON basis then

Z||A€i||2 Z| Ae“fj Zl el?‘A*fJ ZHA*JCJ”2

J. Harnad (ed.), Random Matrices, Random Processes and Integrable Systems, 229
CRM Series in Mathematical Physics, DOI 10.1007/978-1-4419-9514-8_3,
(© Springer Science+Business Media, LLC 2011
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The Hilbert—Schmidt operators are those with finite Hilbert—Schmidt norm,
and the set of Hilbert—Schmidt operators is denoted by Sa. That the Hilbert—
Schmidt norm is a norm in the usual sense, in particular that it satisfies the
triangle inequality, follows readily from the fact that it is the {2 norm of the
sequence || Ae;]|.

The trace norm is defined by || A||1=sup{>_ |(A4e;, fi)|: {ei}, {fi} are ON}.
Here the identity ||A*||s = || A1 is obvious. The trace class operators are those
with finite trace norm and the set of trace class operators is denoted by Sj.
(That the trace norm is a norm is immediate.)

An important inequality is

IBCIL < [[Bl2[ICl2 - (3.1)

To see this, let {e;} and {f;} be ON sets. Then
D I(BCei, f)l =) |(Cei, B* )l < Y I(Ceillll B £:)]
1/2 1/2
<{> el {3 B AR} <ICllBl- -

Taking the sup over all {e;} and {f;} gives (3.1). (The reason for inequality
at the end rather than equality is that in the definition of Hilbert—Schmidt
norms {e;} and {f;} have to be ON bases whereas in the definition of trace
norm they are merely ON sets.)

The polar decomposition of an operator A is the representation A = UP,
where P = v A*A (the positive operator square root constructed via the
spectral theorem) and U is an isometry from P(H) to A(H). If A is compact
so is P and the singular numbers s1 > s > --- of A are defined to be the
eigenvalues of P. Observe that

=[Pl = [lA]l -

Taking e; to be an ON basis of eigenvectors of P we see that

HAH% = Z(UP617UP67,) = ZSZZ(UQAUQ’) — 2312 ,

i

where we have used the fact that U is an isometry on the image of P.

The trace norm is also expressible in terms of the singular numbers. First,
we have ||A|l; < |UVP|2|[v/Pllz by (3.1). This product equals 3. s; since
the singular numbers of both U\/ﬁ and \/ﬁ are the \/E . To get the opposite
inequality take the e; as before and f; = Ue;. Then

Z(Aei,fi) = Z(UP6¢7U61-) = Z (Ue;,Ue;) = Z‘Sl )

Thus HAHl > 251', and so HAHl = ZSZ
So for p = 1,2 we have S, = {A: {s,(A)} € [P}. This is the definition of
S, in general and || 4], equals the I” norm of the sequence {s;(A)}. That this
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is actually a norm in general, that it satisfies the triangle inequality, is true
but nontrivial. We shall only use the spaces S; and S3, where we know this
to be true.

With the e; as before, let F,, be the projection on the space spanned by
€1,...,en. Then A— AFE,, = UP(I—E,), and the eigenvalues of P(I — E,,) are
zero and Sp41, Spt2, - - .. Thus these are the singular numbers of A— AFE,, and
it follows that AE, converges as n — oo to A in S, if A € S,. In particular
the set of finite-rank operators, which we denote by R, is dense in S,.

This also follows from the following useful characterization of s, (some-
times used as its definition): If R,, is the set of operators of rank at most n
then

sn(A) =dist(A, Rn-1) .

(Here the distance refers to the operator norm.) To see this note first that
since AF,_; has rank at most n — 1 the distance on the right is at most
|[A— AE, 1| = ||P(I — En—1)|| = sn(A). To obtain the opposite inequality,
assume that B is an operator with rank at most n — 1. It is easy to see that
there is a unit vector of the form x = Z?:l a;e; such that Bx = 0. Then

n 1/2
— {Z |ai|2512} > s, .
i=1

Thus the distance in question is at least s, (A).
From the above characterization of s;(A) we immediately get the inequal-
ities

n

JA— Bl > || Aa]| = HU

A;8;€4
1

50(AB) < sa(A)|BIl, su(A+ B) < s,(4) + B . (3.2)

In particular the first one gives
IABl, < [|All[ B -

Taking adjoints gives the inequality ||AB|, < ||A|l || B|lp-

We are now ready to extend the definition of trace to the trace class
operators (whence its name, of course) on H.

Suppose at first that our Hilbert space is finite-dimensional, so the trace
is defined and has the usual properties. If M is a subspace of H such that
M D A(H) and A(M*) = 0 then tr A = tr(A|r). This follows from the fact
that tr A = > (Ae;, e;) where {e;} is an ON basis of M augmented by and
ON basis of M*.

Going back to our generally infinite-dimensional Hilbert space H, we
first define the trace on R, the finite-rank operators. Let M be any finite-
dimensional subspace such that M > A(H) and A(ML) = 0. (This is the
same as M D A(H) + A*(H), so there are plenty of such subspaces.) It fol-
lows from the remark of the last paragraph that tr(A|a) is independent of
the particular M chosen, since for any two such M there is one containing
them both. We define tr A to be tr(A|aq) for any such M.



232 H. Widom

The trace, as defined on R, is additive (if M; is chosen for A; and My
is chosen for A, then Mj; + My may be chosen for A;, As and A; + As
simultaneously) and preserves multiplication by scalars. Moreover, if {e;} is
an ON basis for M we have

[tr A| = ’Z(Aei,ei) < [l

by the definition of trace norm. In short, the trace is a continuous linear
functional on the dense subspace R of S;. This allows us to extend the trace
to a continuous linear functional on all of &1, which was our goal.

If {e;} is any ON basis for H then the expected formula

trAd=> (Aeie;) (3.3)

holds. The reason is that if M,, is the space spanned by e1,...,e, and E, is
the projection onto this space then F, AFE, — A in trace norm and so

trA= lim tr E,AFE, = lim tr(F,AE,|m,) = lim Z(Aei,ei).

n— oo n—oo
=1

Moving on to the determinant we can similarly define det(l + A) =
det((I + A)|m) for any A € R. If H is finite dimensional we have | det A| =
det P =[] si(A), and so, using the second inequality of (3.2),

[det(I + A)| = [[s:(1 + A) < JJ(1 + s:(4))
<exp(Dosi(4) =exp(lAl) . (34)

This inequality holds for all A € R. Since the determinant is not linear this
will not be enough to extend its definition. To extend det(I+ A) to all A € &;
we use the inequality

|det(l + B) —det(I + A)| < [|B — Al exp([|Alls + [[B = Al + 1) .
This follows from the fact that the difference may be written

1 det(I + (1 — u)A+uB)

1 1
/ gdet([—i—(l—t)A—i—tB) dt = / dt —
o dt 0

- du
271 Jju—t)=r (u—1)?

where R = 1/||B — Al|1. One then uses (3.4) to bound the determinant in the
integrand and the inequality follows. And from the inequality it follows that
the function A — det(I 4+ A) is locally uniformly continuous on R with trace
norm. This is enough to extend it continuously to all of S;, which was our
second goal.

The finite-dimensional identity
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det(I + A)(I + B) = det(I + A) det(I + B) (3.5)

gives immediately the same identity for A, B € R and then by continuity it
follows for all A, B € §;. This shows in particular that if I + A is invertible
then det(I + A) # 0.1

Our definitions of trace and determinant make no mention of eigenvalues.
The connection is given by the following important and highly nontrivial.

Theorem of Lidskii. Let \; be the nonzero eigenvalues of A € 81 repeated
according to algebraic multiplicity.> Then >~ |Ni| < ||All1 and

trA=> "X\, det(T+A4)=]J+N).

We only outline the proof. The first statement follows from the finite-
dimensional inequality > |\;| < ||A|l1 (which follows from the Jordan form
plus the definition of trace norm) by a limit argument.

Write D(z) = det(I + zA). This is an entire function of z whose only
possible zeros are at the —)\i_l. In fact, the multiplicity of the zero of D(z) at
—A; ! is precisely the algebraic multiplicity of ;. In the finite-dimensional case
this follows from the Jordan form again. In general using a Riesz projection
one can write

I+2A=(1+z2F)I+2B)

where F' is finite rank with A; an eigenvalue with the same multiplicity as for
A, and B does not have ); as an eigenvalue.® It follows from this and (3.5)
that D(z) has a zero of exactly this multiplicity at —\; '
Thus
D(z) = eI H(l +2z\)

for some entire function g satisfying g(0) = 0. One shows (using approximation
by finite-rank operators) that there is an estimate

D(z) = O(e°?)

for all € > 0 and from this and the first statement of the theorem one can
deduce that g(z) = o(|z]) as z — oo. This implies that g is a constant, which
must be 0, and this gives

D(z) = [ +2x) - (3.6)

! The converse is also true. If det(7 4+ A) # 0 then —1 is not an eigenvalue of A, by
Lidskii’s theorem stated next, and since A is compact this implies that I + A is
invertible.

2 The algebraic multiplicity of A is the dimension of its generalized eigenspace, the
set of vectors z such that (A — AI)"z = 0 for some n.

% The Riesz projection is F = (27i) ™" Jo(t — A)~" dt where C is a little countour
enclosing A;. The operators ' = AE and B = A(I—FE) have the stated properties.
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Setting z = 1 gives the determinant identity.
Finally, the finite-dimensional result

D'(z) = D(2) tr(A(I + zA)™1) | (3.7)

which holds whenever I + zA is invertible, carries over by approximation to
all A € §;. In particular tr A = D’(0)/D(0) and by (3.6) this equals > A;.
One consequence of Lidskii’s theorem is that

tr AB=trBA, det(I + AB)=det(I + BA)

for any operators A and B such that both products are trace class. This is
a consequence of the easy fact that the two products have the same nonzero
eigenvalues with the same algebraic multiplicities. (The weaker fact that these
relations hold when both operators are Hilbert—Schmidt, or one is trace class
and the other bounded, follows by approximation from the finite-dimensional
result.)

All this has been abstract. Now we specialize to operators on Hilbert spaces
L?(u) where  is an arbitrary measure. There first question we ask is, what
are the Hilbert-Schmidt opetarors on L?(1)? The answer is that they are
precisely the integral operators K with kernel K (z,y) belonging to L?(u x u).

To show that all such integral operators are Hilbert—Schmidt, let {e;} be an
ON basis for L?(u). Then the doubly-indexed family of functions {e;(z)e;(y)*}
is an ON basis for L?(u x p).* The inner product of K (z,y) with this vector
equals

[ o) K ies (o) duty) dute) = (e

Hence
1K (z,y)l|72 = ZI Kej,e)* => | Kejl|* = |K|3 . (3-8)

Thus K is Hilbert-Schmidt and its Hilbert-Schmidt norm is the L? norm of
the kernel.
Conversely, suppose K is a Hilbert—Schmidt operator. Then

> I(Kej e =Y [1Kej|* < oo.

ij=1 j=1
It follows that the series

oo

Z (Kej,e)ei(x)e(y)*

,j=1

converges in L2(p x p) to some function K (z,y). If we denote by K’ the
integral operator with kernel K (z,y) then (K'ej,e;) = (Kej,e;) for all 4, j, so
K=K’

4 We use the asterisc here to denote complex conjugate.
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To determine when an operator, even an integral operator, is trace class
is not so simple. We already have a sufficient condition, which is immediate
from (3.1): If K = K; K5 where K7 and Ko are Hilbert—Schmidt then K is
trace class. In this case we also have the formula

kK = / / Ky (2,y) Ka(y, ) du(y) dpa(z) - (3.9)

To see this assume first that the two kernels are basis functions, so

Ki(z,y) = ei(x)e;(y)", Kaz,y) = ex(z)e(y)” .

Orthonormality of the e; gives

K(z,y) = ei(z)ei(y) s

and using (3.3) with the same basis functions gives tr K’ = §;;d,. This is equal
to the right side of (3.9).

Using the fact that both sides of (3.9) are bilinear in K3 and K> we deduce
that the identity holds when they are finite linear combinations of the basis
functions e;(x)e;(y)*. To extend this to general Hilbert—Schmidt K; we use
the density of these finite-rank kernels in L?(pu x ), the fact (which follows
from (3.1)) that multiplication is continuous from Sz x Sz to &1, and that the
left side of (3.9) is continuous on S7 and the right side continuous on Sz x Ss.

Observe that (3.9) may be stated in this case as

tr K = /K(amx)du(x) . (3.10)

But one should be warned that this cannot be true for all trace class integral
operators. For changing a kernel K(z,y) on the diagonal 2 = y does not
change the integral operator but it certainly can change the right side above.

A useful consequence of what we have shown is that for a kernel acting on
L?(—00,00) with Lebesgue measure we have

1K < 1K @, 9)ll2 + [T K (2, )2

if K vanishes for = outside a finite interval J, and similarly with x and y
interchanged. To see this we observe that for any zg, © € J

K(2,y) = xs (@)K (0, 4) + / o, 2) Ko (21 dz

where
1 ifxg <z<u,
oz, z) =< -1 ifz <2< x,
0 otherwise.
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The integral represents a product of two operators, the first with Hilbert—
Schmidt norm at most |J| and the second with Hilbert—Schmidt norm
|| Kz (2, y)||2- The first term is a rank one operator of norm (and so trace norm)
|J|*/?|| K (0, . .. )||l2, and for some zy the second factor is at most |J|~1/2 x
||K (2, y)||2. This gives the stated inequality. An easy computation, using (3.9)
to compute the trace of the product, shows that that the formula (3.10) holds
here also.

This extends to higher dimensions. In particular an operator with smooth
kernel on a bounded domain is trace class, and (3.10) holds.

The classical Fredholm determinant formula for D(z),

det(I + zK) = Z2—T/~~/det(K(xi,xj))du(xl)~~du(xn), (3.11)
n=0

holds for any trace class operator K for which tr K = [ K(z,z)du(z). To
see this we successively differentiate (3.7) and then set z = 0 to see that the
expansion about z = 0 takes the form

det(I +2K) =Y 2"Py(tr K, tr K*,.. . tr K™)

n=0

with P, a polynomial independent of K. If we expand the determinants in
Fredholm’s formula (3.11) we see that the right side is of the same form

Zz”Qn(trK7trK2,...,trK”)

n=0

with polynomials @,,. The reason is that each permutation in the expansion of
the determinant is a product of disjoint cycles. A cycle of length j contributes
an integral

/.../K(xl,@)-.-K(xj,xl)du(m)mdu(xj) :

When j > 1 this is equal to tr K7 by (3.10), and when j = 1 this is equal to
tr K by assumption.

The coefficients of z™ in the two sums depend only on the eigenvalues \;
of K. Therefore to establish equality in general it suffices to show that for any
numbers \; satisfying Y |\;| < oo there is a trace class kernel K with these
as eigenvalues such that the two sides agree. When p is counting measure and
K the diagonal matrix with diagonal entries \; then

o0

det(I + 2K) = JJ(1 + 2)
i=1

while the right side of (3.11) equals
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IETD DPBY
n=0  i1<<in
These are the same.
Finally we derive the identity, generalizing (3.7),
d
e logdet (I + A(z)) = tr(A'(2)(I + A(z)™")) (3.12)
z
for any differentiable family of trace class operators, valid whenever I + A(z)
is invertible. For & sufficiently small

det(I + A(z+ h))
det(I + A(z))

= det[(I+ A(z + ) (I + A(2)) "]
—det[I+ (A(z+h) — A(2)) (I + A(z)) '] .
From the differentiability of A(z) we can write

A(z+h) — A(z) = hA'(z) + o1(h) ,

where o;(h) denotes a family of operators with trace norm o(1) as h — 0.
Therefore the last operator in brackets is

I+ hA () I+ A() " +oi(h).

The operator I + hA’(z)(I + A(z))_1 is invertible for small A with uniformly
bounded norm, so the above may be factored as

[T+ hA' ()T + A(2) |+ or(h)] .

The second factor above has determinant 1 + o(h), by the contuity of the
determinant in ;. By (3.7), with z replaced by h and evaluated at h = 0,

the first factor has determinant 1+ htr(A’(z)(I + A(z))fl) + o(h). So the
determinant of the product has the same form and we have shown that

det(I + A(z + h))
det (1 + A(z))

=14 htr(A(2) (I + A(z)) ") +o(h) .

This gives (3.12).

Except for the proof of Lidskii’s theorem this section is self-contained.The
proof of Lidskii’s theorem we outlined follows [7, 4.7.14]. More thorough treat-
ments of the S, classes and trace and determinant may be found in [2,4], and
a completely different development of the determinant is in [8].
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3.2 Correlation Functions and Kernels of Integral
Operators. Spacing Distributions as Operator
Determinants. The Sine and Airy Kernels

We consider ensembles of N x N Hermitian matrices such that probability
density of eigenvalues is of form

P(x1,...,xN —CNH|£L'1—$J|BH’UJ.’L'1 ,

i<j

where w is a weight function which is rapidly decreasing at +oo. If F' is a
symmetric function then

E(F()\l,'u ,)\N)) :/"'/P(xl,...,IN)F(Il,...,IN)dI1"'de,

where, as usual, E stands for expected value.

The cases of greatest interest are § = 2,1 and 4 corresponding respectively
to the unitary, orthogonal and symplectic ensembles.

We define E(n, J) to be the probability that the set J contains exactly n
eigenvalues. The probability density that there are eigenvalues at r» and s and
none in between equals ,

0
—%E(O, (’f’, S)) .
(Thus E(0,J) is sometimes referred to as the spacing probability.)

The probability density that there are eigenvalues near x1,...,x, is the
n-point correlation function given by

Ro(x1,...,2,) = —n/ / (1,...,2n)dxpsr - -dey . (3.13)

For 8 = 2 we will find a kernel K(z,y) in terms of which these are ex-
pressible.
We start with the fact that

E(H(1+f >_cN/ /1:[] zi — x5)? i [w(z:) (1 + f(x))] dw,

with ¢y the normalizing constant such that the right side equals 1 when f = 0.
(In the special case f(z) = —x.s(z) we obtain E(0,.J).)

The first product in the integrand is the square of a Vandermonde deter-
minant. There is a general identity

/- - / det p;(z;) det ¥ (z;)dv(z1) - - - dv(zn)

— Nldet ( / i (@) (2) du(:c)) .



3 Integral Operators in Random Matrix Theory 239

Taking o;(x) = ¢;(z) = 2%, dv(z) = w(z) dz, we get

E(H(l—i—f()\i))) =y det(/xi+j(1+f(x))w(x)dx) (i,j=0,...,N—1).

Replacing x* by any p;(z), a polyomial of degree i, amounts to performing
row and column operations. It follows that if we set

pi(r) = pi(r)Vw(@) .

Then the above becomes

B(T10+ 700) ) =k der( [ witorpsar s+ [ itoreo) o) ao)

with a different constant ¢/.

If we’re clever we take the p; to be the polynomials ON with respect to w,
so the ¢; are ON with respect to Lebesque measure and the first summand
in the determinant is d;;. Then taking f = 0 gives ¢X; = 1. This is the usual
way of doing things. But let’s not be clever, take the p; arbitrary and set

M = () = ([ eitaresrae) . 37t = ) =S

Then by factoring out M on the left we get

E(H(l +f()\i))> = cly det <5ij +/¢¢(x)<pj(w)f(x)dw) ,

where ¢{j = (det M)c);. Now taking f = 0 gives ¢j = 1.

Here is where operator determinants come in. There will be two Hilbert
spaces. One is L?(R) and the other is RY, which consists of functions on the
set {1,---,N}. Let us define 4: L*(R) — RY and B: R — L?(R) by the
kernels

A(iyx) = Pi() f(x) , Bla,j) = ¢j(@) .
Then AB: RY — R” has kernel

B(i,j) = / bi(@); (@) (z) da

and BA: L?*(R) — L*(R) has kernel

N—-1
= i@ fy)
1=0

The identity det(I + AB) = det(I + BA) from Part I, which holds even if the
operators go from one space to a different one,” gives

5 Since our operators are of finite rank there is no need at this stage to use the full
definition of determinants on infinite-dimensional spaces.
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E<H(1 + f(Ai))) = det(I + BA) .

Thus, if we set

N—-1 N—-1
K(z,y)= > @i@i(y) = > @i(@)piei(y) , (3.14)
i=0 .j=0

then we have obtained
E(H(l +f(>w'))) =det(I + Kf). (3.15)

Here K is the integral operator with kernel K (z,y) and f denotes multipli-
cation by the function f.
There is an abstract characterization of the operator K. If we define

H = {pyv/w: p is a polynomial of degree less than N} ,

then K is the orthogonal projection operator from L?(R) to H. To see this
observe that the ¢; span H. If a function ¢ is orthogonal to all the ¢; then
clearly Kg = 0. Thus K(H"*) = {0}. If g is one of the ¢;, say g = ¢, then

Kg= Z%Ma‘(sﬁj,sﬂk) = Zsﬁiuijmjk = Z%ﬁik =pk=9-
K3 K3

2%

Thus K acts as the identity operator on H. Hence K is the orthogonal pro-
jection from L?*(R) to H as claimed.
Taking f = —x in (3.15) gives

E0,J)=det(I — Kxy) .

More generally, E(n,J) is the coefficient of (A + 1)™ in the expansion of

/.../p(x) [T+ Dxse) + e ()] da

/ /P 1+)\XJ($Z)]d$:det(I+)\KXJ).
Thus 1 o
E(n,J) = det(I + MK xJ)|x=-1 -
nl oA
Yet more generally, a similar expression for E(nq,...,nm; J1,- .., Jm), the
probability that J; contains exactly n; eigenvalues (¢ = 1,...,m), can be
found.

The n-point correlation function R,,(y1,...,yn) given by (3.13) equals the
coefficient of z; - - - z, in the expansion of
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// P(gc)lf[1 1+ izré(xi - yr)] dz .

To evaluate this integral by using the AB, BA trick as above we replace dx
by the discrete measure Y .'_; 6(x — y,) and define f by f(y,) = z,. We then
find that the integral equals

det(érs + K(yr7 ys)zs)r,s:L...,n .
Taking the coefficient of z; - - - z,, gives
Rn(yla"wyn> :det(K(ymys))T’S:l _____ n

For 3 equal to 1 and 4 the scalar kernel K is replaced by a matrix kernels.
We indicate how this comes about when § = 4. We take the case when N is
even and replace N by 2N. Then we use the fact that

H(I1 — )t = det(xéix;_l) 1=0,...2N, j=1,...,N

and the general identity
[+ [ dettoitar)intan) dvian) - dvfan)
— (V)P ( [ (i@ @ - wi@ea) du<x>) |

Here Pf denotes the Pfaffinan of the antisymmetric matrix on the right. Its
square equals the determinant of the matrix. It follows that

(E(H(l + f(Al-))))2
= cn det(/(j — i)z t(1 +f(:1c))w(x)dx) ,

for some normalizing constant cy.

As before we replace the sequence {z'} by any sequence {p;(z)} of poly-
nomials of exact degree i, and set o; = p;w'/2. Except for another constant
factor depending only on N, the above equals

et [ (e0)p}(e) ~ pilahes @) (14 ) d )

the extra terms arising from the differentiation of w(x)'/? having cancelled.
We write this as

M+ ( [ @)@ - di@rps@) 1 Ww)
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where M is the matrix of integrals [ (v;(x)(x) — ¢j(z)ib(x)) da.
Next we factor out M on the left. Its determinant is another constant
depending only on N. If as before we set

M~ = (uy), ti(z) = Zuijsﬂj(fﬂ) ;
J
then the resulting matrix is

f+</0m@ﬂ%@)—wﬂwwﬂwﬁf@ﬁm)7

Now ¢ (z)p’s(x) — i(x)@;j(x), the multiplier of f(z) in the integrand, is
not a single product but a sum of products. To use the AB, BA trick we want
it to be a single product. In fact we can write it as one, as a matrix product

(vita) = i) (90))

Thus if we set

. / N (#ilx)
A(va) = f({E) (%(x) - wi(w» ) B(l’,l) = . )
pi(z)
then the above matrix is I + AB. In this case BA is the integral operator with
matrix kernel K(z,y)f(y) where

(S @) - S o))
K““‘(Z%mww—zw@mwﬂ'

The sums here are over i = 0,...,2N —1. In terms of these matrix kernels there
are then formulas for spacing probabilities (in terms of operator determinants)
and correlation functions (in terms of block matrices).

This is the matrix kernel for 8 = 4. For § = 1 another identity yields
another 2 x 2 matrix kernel.

We mentioned that it is usual in the case § = 2 to take the p; to be
the polynomials orthonormal with respect to the weight function w, so the
formula (3.14) for the kernel simplifies to

N—-1

> wil@)eily) -

i=0

Analogously, when [ equals 4 and 1, it has been usual to take the p; to be
so-called skew-orthogonal polynomials, and the formulas for the enteies in the
matrix kernels take a simpler form. But (we won’t go into detail) there are
advantages to not doing this and using the abstract characterizations of the
kernels instead.
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The usefulness of the operator determinant representation becomes appar-
ent when we let N — o0, since rather than having determinants of order N
we have operators whose kernels K (z,y) have N as a parameter. If these
kernels converge in trace norm then the determinants for Ky converge to
the corresponding determlnant for the limit kernel. For the Gaussian unitary
ensemble w(z) = e~*" and

o ( A J_) 1§%%%2

in trace norm on any bounded set (bulk scaling near z) and

= Ksine(xa y)

1 oN oN
21/2N1/6KN< N+ 21/2N1/6’ N+ 21/2N1/6)
Ai(z) A (y) — A (2)A
L ADNW MG )

in trace norm on any set which is bounded below, where Ai is the Airy func-
tion (edge scaling). Thus scaling limits of spacing distributions are equal to
operator determinants for the sine kernel Kgne and the Airy kernel Kaiy. In
particular we obtain the limiting distribution for the largest eigenvalue,

]\;13100 Pr< max < V2N + 21/2N1/6> = det(I — KairyX(soc)) -
Universality theorems say that the same limiting kernels Kgine and Kajry
arise from bulk and edge scaling for large classes of random matrix ensembles.
The classical reference for random matrices is [5], which now has a succes-
sor [6]. This section followed the treatment in [10]. Bulk scaling of GUE can
be found in [5,6] and edge-scaling in [1, 3].

3.3 Differential Equations for Distribution Functions
Arising in Random Matrix Theory. Representations in
Terms of Painlevé Functions

Probably the most important distribution functions arising in random matrix
theory which are representable as operator determinants are

FQ(S) = det(I - KAiYyX(s,oo)) ’ (316)

and the analogous limiting distribution functions for the Gaussian orthogonal

and symplectic ensembles, for which the kernels are matrix-valued. Their spe-

cial importance lies in the fact that they arise also outside of random matrix

theory in many other probabilistic models, in number theory, and elsewhere.
We shall show here that we have the formula
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Fy(s) = e~ /& =)t (3.17)
where ¢ satisfies the Painlevé II equation

q"(s) = sq(s) + 2q(s)° .

This, together with the asymptotics ¢(s) ~ Ai(s) as s — 400, determines
q uniquely. There is a whole class of kernels for which the analogous deter-
minants are expressible in terms of solutions of differential equations (more
precisely, systems of equations). Fortunately this most important one has the
easiest derivation and we present it in detail. The actual proof is quite short
but will require some preparation.

We think of our operators as acting on L?(.J) where J is some fixed interval
(s0,00). We will want to differentiate the determinant on the right in (3.16)
using formula (3.12). The formula in this case would read

% log det(I — K (s)) = —tr [(I — K(s)) "

K'(s)] . (3.18)
where K(s) = KairyX(s,00)- But the operators K(s) are not differentiable
functions of s. Indeed, K'(s) does not make sense as an operator on LZ.

So before we do anything else we have to arrange for (3.18) to make sense
and to be correct. What we do is introduce the Sobolev space

H'={f:f f €L

with Hilbert space norm ||f||z: = (||f[|3 + ||f'|3)*/? and let our operators
act on this space instead of L?. That the operator determinants are the same
for the two underlying spaces follows from the fact that K(s)(L?) c H!,
which implies that the algebraic multiplicity of any nonzero eigenvalue of
K (s) is the same whether it acts on L? or H'. Instead of the Airy kernel we
shall consider at first, more generally, any kernel K (z,y) which satisfies the

following conditions:
If we define the function K¥ by K¥(z) = K(z,y) then

1. KY € H! for each y € J, and y — KV is a continuous function from J to
HY,
2. [ 1KY g dy < oo.
(Condition 1 holds if ||KY| g1 and ||(OK/Oy)Y| g1 are locally bounded func-
tions of y. These are easily seen to hold for the Airy kernel.) We shall show
under these conditions that K (s) = KX(s ) is a differentiable family of trace
class operators on H'.
What is nice about H! is that the point evaluations f — f(y) comprise
a bounded and continuous family of continuous linear functionals on H'.
Continuity is immediate from

Flm) — F)] < / PP ) dy < V=gl -

Y1
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If I is any interval of length 1 then

/2
win 100 < { [150F ) < Wl

and from this and the last inequality we deduce that

LF@) < 201 f e

for all y. (Take y2 = y we find an appropriate y; in an interval of length 1
containing y.) Thus the family of linear functionals is bounded.

It follows from the above-stated facts and Condition 1 that if E(y): H'
— H'! is defined by

Ey)f = fy)KY, (3.19)

then y — E(y) is a family of operators which is continuous in the operator
norm and satisfies | E(y)|| < 2||KY||z:. Each E(y) is of rank one, so this is
actually a continuous family of trace class operators on H!, and the trace
norm is the same as the operator norm. By Condition 2 we have

/]||E<y>||1dyg2/J|Ky|H1 dy < o .

The identity
(5 / K(z,y)f(y) dy = /W(E(y)f)(x)dy

shows that K(s) = [ E(y)dy. Hence K (s) is trace class and s — K(s) is a
differentiable functlon of s w1th derivative —E(s).0
Thus (3.18) holds whenever I — K (s) is invertible and gives

ilogdet(l - K(s)) =tr[(I - K(s))_1

P E(s)] .

For a more concrete expression for the right side above we denote by R(x,y)
the kernel of the operator R = (I — K(s))flK. (This is a modified resolvent

of K (s); the actual resolvent is (I — K(s))_lK(s).) The operator on the right
has rank one and takes a function f to R(x,s)f(s). Thus its only nonzero
eigenvalue is R(s, s), corresponding to the eigenfunction R(z,s), and so this
is its trace. This establishes the formula

6 We use here the fact that the integral of trace class operators is trace class if their
trace norms belong to L'. This follows from the easily established fact that for
any operator A

JA|l1 =sup{|tr AB|: Be R,||B|| <1} .
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dis logdet(I — K(s)) = R(s, s) , (3.20)
which was our goal.

In order to apply this with K = K iy, we observe that F5(s) is a nonneg-
ative monotonic function, being the limit of distribution functions, and so it
is nonzero. This is equivalent to the invertibility of I — K (s) in this case and
so we may apply (3.20) to obtain the formula

4 log Fa(s) = R(s, s) , (3.21)
ds

where R(z,y) is the modified resolvent kernel for K ajryX(s,00)- For simplicity
of notation we shall now write this operator as K.

What will in the end enable us to establish (3.17) is that K satisfies two
commutator relations which will yield corresponding relations for the resolvent
kernel. The commutators will be with the operators M, multiplication by the
independent variable x, and D = d/dx. But our Sobolev space H! is not
closed under M or D, so we shall change our space to one which is closed
under the actions of these operations. Before we do this we observe that if we
set

p=1+ Rx
then
(I-Kx)'=p, (3.22)

in other words,
(I+R)I—Kx)=(I-Kx)I+Rx)=1.

After subtracting I from all terms this becomes identities involving the two
kernels K (x,y)x(y) and R(x,y)x(y). From this it follows that (3.22) holds no
matter what space the operators with these kernels act on, as long as it is
closed under the these operations.

One space we might take that serves our purpose is

S={feC>:each f")(z) is rapidly decreasing at +oo} .

This is clearly closed under M and D, and is closed under Ky and Rx because
of the rapid decrease of the Airy function at +ooc.
The two commutator relations are

[M,Kx]=Ai®@Ai' x — A’ @ Aiy, (3.23)
[D,Kx] =—-Ai®Aixy — K¢ . (3.24)
Here u ® v denotes the operator with kernel u(z)v(y) and § denotes multipli-

cation by §(y —s). (Of course ¢ does not act on S, but K§ does. This operator
is the same as E(s) given by (3.19) but the ¢ notation is more transparent).
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The first relation is immediate from the formula for the Airy kernel. For the
second we use integration by parts and the fact that for the Airy kernel

(0r + 0y)K (z,y) = — Ai(z) Ai(y) . (3.25)

This follows using the differential equation Ai”(z) = x Ai(z) satisfied by the
Airy function.
In fact we shall not use (3.23), but instead

[D? — M,Kx] = KDé + KéD . (3.26)

To obtain this we apply the general identity [D? Kx] = DI[D,Kx]
+ [D, Kx]|D. From (3.24) we obtain, first,

D[D,Kx] = —Ai'®Aix + DK? ,
and then using (3.25),
D[D,Kx] = — A’ @ Aiy + KD§ — Ai® Ais .
From (3.24) again we obtain
[D,Kx]D = Ai®@(Ai’ x + Aid) + KD .

Adding these two and using (3.23) we obtain (3.26).
We first derive two identities that are consequences of the commutators
(3.24) and (3.26). We define

T:R(S,S) ) Tz:RI(‘SvS) ) ’I”y:Ry(S,S) )
(where R, = OR/0x and R, = OR/0y), and

Q=pAi, ¢=0Q(s).

(Recall that p = (I — Kx)~'.) With this definition of ¢ we shall derive the
identity (3.17) and show that ¢ satisfies the Painlevé equation. (The asymp-
totic behavior at +oo is almost immediate.)

The identities arising from the commutators are

retry == +17, Q"(s)—sq=1Q (5) —ryq. (3.27)

To establish these we need commutators, not with Kx, but with R = pK.
The commutator [D, p] is obtained by multiplying (3.24) on the left and right
by p. This gives

[D,p] = —(pAi® Aix)p+ Rép,

and from this we obtain

[D,R] = D, pK] = p|D, K] + [D, oK = —(pAi® Ai)(I + yR) + R6R .
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Notice that I + YR = (I — xK)™!, and K is symmetric. Using these facts,
and the general relation (v ® v)T = u ® (T"v), we see that the first term on
the right equals —p Ai®p Ai = —Q ® Q. Since R is symmetric the last term
equals R° ® R®, in previous notation. We have shown that

[D,R]=-Q®Q+R @R*.

The left side has kernel R, (x,y)+ Ry (z, y), so setting z = y = s in the kernels
gives the first identity of (3.27).
The second commutator (3.26) gives similarly

[D? — M, p] = R(DS +6D)p .
Applying this to Ai and using (D? — M) Ai = 0 give
Q"(z) —2Q(z) = —Ry(z,y)q + R(z, 5)Q'(s) .

Setting x = s gives the second identity of (3.27).
Since d log F»/ds = r (this is (3.21)), to establish (3.17) we compute dr/ds.
Now R(z,y) depends also on s, since Ky does, and the chain rule gives

dr dR

= d_s(s’ s)+ Ry(s,s) + Ry(s,s), (3.28)
so we must evaluate the first factor. In fact
dR _1dKx _
— =I—-Ky) '—{I-Ky) 'K .
5 )45 ¢ X)

The factor d(Kx)/ds is what we cumputed earlier to be —FE(s), which in the
present notation is —KJ. This gives

dR

=—-RIR=-R°QR°.
ds

Setting = y = s in the kernels we obtain

dR
5(5,5) = —7‘2 .

Combining this with (3.28) and the first identity of (3.27) gives

dr dR
= g(s,s) + Ry(s,8) + Ry(s,8), r'=—¢. (3.29)
(Here ' = d/ds.) Thus d?log Fy/ds?> = —¢?, and (3.17) follows since both F»
and ¢ decrease rapidly at 4o0.
Next we derive the equation for g.
As with the computation of ' = dr/ds, the chain rule gives

¢ (s) =Q'(s) = (RopAi)(s) = Q'(s) —rq , (3.30)
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and then (from dQ’/ds = —R,dp Ai)
q"(s) =Q"(s) = r2q — (rq)" . (3.31)
Combining (3.30) and (3.31) with the second identity of (3.27) gives
" =sq+ (=1 —rs—71,)q.

By (3.29) and the first identity of (3.27) this equals sq + 2¢3. This completes
the proof.

Systems of differential equations for distribution functions arising in ran-
dom matrix theory are derived in [9]. The proof presented here for F is a
distillation of a different derivation from [11].
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topics: random matrix models and orthogonal polynomials, the Riemann—Hilbert
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Introduction

This article is a review of the Riemann-Hilbert approach to random ma-
trix models. It is based on a series of 5 lectures given by the author at the
miniprogram on “Random Matrices and their Applications” at the Centre de
recherches mathématiques, Université de Montréal, in June 2005. The review
contains 5 lectures:

Lecture 1. Random matrix models and orthogonal polynomials.
Lecture 2. Large N asymptotics of orthogonal polynomials. The Riemann—
Hilbert approach.

J. Harnad (ed.), Random Matrices, Random Processes and Integrable Systems, 251
CRM Series in Mathematical Physics, DOI 10.1007/978-1-4419-9514-8_4,
(© Springer Science+Business Media, LLC 2011



252 P.M. Bleher

Lecture 3. Double scaling limit in a random matrix model.

Lecture 4. Large N asymptotics of the partition function of random matrix
models.

Lecture 5. Random matrix models with external source.

The author would like to thank John Harnad for his invitation to give the
series of lectures at the miniprogram. The lectures are based on the joint
works of the author with several coauthors: Alexander Its, Arno Kuijlaars,
Alexander Aptekarev, and Bertrand Eynard. The author is grateful to his
coauthors for an enjoyable collaboration.

4.1 Random Matrix Models and Orthogonal Polynomials

The first lecture gives an introduction to random matrix models and their
relations to orthogonal polynomials.

4.1.1 Unitary Ensembles of Random Matrices
4.1.1.1 Unitary Ensemble with Polynomial Interaction

Let M = (Mjk)g-\fk:l be a random Hermitian matrix, My; = My, with respect
to the probability distribution

1
dpn (M) = =— e NTVAD qpr (4.1)
ZN
where
p .
V(M)=> t;M7, p=2py, t,>0, (4.2)
=1
is a polynomial,
N N
dM = [T dM;; [] dRe MpdIm My , (4.3)
j=1 J#k

the Lebesgue measure, and
Zn :/ e NTVIM) qpr | (4.4)
HN

the partition function. The distribution pux(dM) is invariant with respect to
any unitary conjugation,

M—-U'MU, UeUNN), (4.5)

hence the name of the ensemble.
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4.1.1.2 Gaussian Unitary Ensemble

For V(M) = M?, the measure juy is the probability distribution of the Gaus-
sian unitary ensemble (GUE). In this case,

T V(M) =Tr M? = Z My; My, = Z 242> | Ml (4.6)
J.k=1 j>k
hence
1 N
pSUE(AM) = ZaUE [T exp(=NM3) ] exp(—2N[M?) db - (4.7)
N =1 >k

so that the matrix elements in GUE are independent Gaussian random vari-
ables. The partition function of GUE is evaluated as

N
2§ = [ TLesw(-Nt3) T] exp(-2N 102 ans

HN =1 >k
Nz N/2 - N(N-1)/2 Nz NZ%/2 1 N(N-1)/2 “38)
N 2N N 2 ' '
If V(M) is not quadratic then the matrix elements M, are dependent.

4.1.1.3 Topological Large N Expansion

Consider the free energy of the unitary ensemble of random matrices,
FY=—-N"2mZy= —N*“‘ln/ e NTVOD qpr (4.9)
HN

and the normalized free energy,

LTI
The normalized free energy can be expessed as
Fy =—N"In{(exp(—N Tr Vi1(M))) (4.11)
where V1 (M) = V(M) — M? and
(f(M)) = Jrip ) exp(N TH(M)) M (4.12)

Sy p(=NTe(M2))dM '

the mathematical expectation of f(M) with respect to GUE. Suppose that
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V(M) = M? +t3M3 + - +t,M?P . (4.13)
Then (4.10) reduces to
Fy = —N"2In(exp(—N Tr(tsM> + - + t,M?))) . (4.14)
Fy can be expanded into the asymptotic series in negative powers of N2,

F29)

% (4.15)

FN~F+Z
g=1

which is called the topological large N expansion. The Feynman diagrams
representing F'(?9) are realized on a two-dimensional Riemann closed manifold
of genus g, and, therefore, Fy serves as a generating function for enumeration
of graphs on Riemannian manifolds, see, e.g., the works [14,33,57,65,66,77].
This in turn leads to a fascinating relation between the matrix integrals and
the quantum gravity, see, e.g., the works [56,101], and others.

4.1.1.4 Ensemble of Eigenvalues

The Weyl integral formula implies, see, e.g., [85], that the distribution of
eigenvalues of M with respect to the ensemble py is given as

dpn(\) = =— H Aj— An)? Hexp ~NV()\;))dA, (4.16)
]>k

where

ZN—/H/\ —)\k2HeXp ~NV(A))dA, dA=dA\---dAy. (4.17)
>k

Respectively, for GUE,

1
ZGUE

N
[Ty = 2)? ] exp(=NA2) dx, (4.18)

>k j=1

d,uGUE (/\)

where
ZGUE /H A — Ar) Hexp ~NA?)d (4.19)
i>k

~7GUE
ZN

The constant is a Selberg integral, and its exact value is

m)N/2 N
ZSUE = / H nl (4.20)
N N2/2 .
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see, e.g., [85]. The partition functions Zy and Zy are related as follows:

ZN B ZGUE 1
Zn ZGUE = IN(N-1)/2 H nt

(4.21)

One of the main problems is to evaluate the large N asymptotics of the par-
tition function Zn and of the correlations between eigenvalues.
The m-point correlation function is given as

N!
Ryn(21,... om) = m/RNimpN(xlw'wa)dxm-&-l coeday,
(4.22)
where
N N
N (21, oN) = 2N H(IJ —xp)? H exp(—NV (z;)) . (4.23)
>k j=1

The Dyson determinantal formula for correlation functions, see, e.g., [85], is

Ryn(z1,...,2m) = det(KN(xk,l’z)):l:l ) (4.24)
where
N—1
z,y) = Y Pn(@)n(y) (4.25)
n=0
and 1
wn(x) = WPTL(«T>97NV(I)/27 (426)
where P,(r) = 2" + a,_12" ! + --- are monic orthogonal polynomials,
/ Po(2) P (2)e ™ NV @) dz = hybpm (4.27)
Observe that the functions ¥, (x), n = 0,1,2,..., form an orthonormal ba-

sis in L2(R'), and Ky is the kernel of the projection operator onto the N-
dimensional space generated by the first IV functions ¢,,, n = 0,..., N—1. The
kernel Ky can be expressed in terms of ¥ _1, ¥ only, due to the Christoffel-
Darboux formula. Consider first recurrence and differential equations for the
functions 1, .

4.1.1.5 Recurrence Equations and Discrete String Equations for
Orthogonal Polynomials

The orthogonal polynomials satisfy the three-term recurrence relation, see,
e.g., [95],
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CCpn(x) = Ph1 (x) + ﬁnpn(x) + '7121Pn—1($) )

h 1/2 (4.28)
vn—< n) >0, n>1; % =0.
hn—l
For the functions v, it reads as
an(x) = VYnt1¥nt1 ({,E) + Bnibn (LL') + Yn¥n-1 (LL') . (429)
This allows the following calculation:
N—1
n=0
N—1
n=0 - wn(x) (7n+1wn+1(y) + Bnibn (y) + 'annfl(y))]
=[N (@)Yn-1(y) — ¥n-1(2)Yn (Y)] (4.30)
(telescopic sum), hence
N—-1
Kx(e.9) = 3 tnla)inly) = 0= ONADIONG) 3
n=0

which is the Christoffel-Darboux formula. For the density function we obtain
that

_ Qn(z, )

pn () N

= SN @en-1(@) = U@ (@) (432)

Consider a matrix @ of the operator of multiplication by z, f(z) — = f(x),
in the basis {1, (x)}. Then by (4.29), @ is the symmetric tridiagonal Jacobi
matrix,

Boyr 0 0 ---

Y1 B2 0 -
— | 0By | 4.33
¢ 0 0 30 43

Let P = (Pum)n,m=01,2,... be a matrix of the operator f(z) — f’(z) in the
basis ¥, (z), n =0,1,2,..., so that

Pom = /700 ()], (z) dz . (4.34)

Then P,,, = — P, and
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W () = _NV2/(2>’L/)TL(Z) + fﬁ}(L_Z)e—Nv(z)/2
= _N‘;/(Z)wn(z) L (2) 4 (4.35)
Tn
hence ) /
28] o o] o
nn n,n+1
, ' (4.36)
[p N L(Q)} _n
2 n,n—1 Tn
Since P,,, = 0, we obtain that
[V'(@)nn =0. (4.37)
In addition,
{_P N NV’(Q)] _o, [P N NV’(Q)] _n. (4.38)
2 n,n—1 2 n,n—1 Tn
hence n
WV (@1 = 5 - (4.39)

Thus, we have the discrete string equations for the recurrence coefficients,

{'Yn[V/(Q)]n,nl = N
[V/(Q)]nn =0.

The string equations can be brought to a variational form.

(4.40)

Proposition 4.1.1. Define the infinite Hamiltonian,

H(y,8) = NTrV(Q) = > _nlnay,
=y =00,715--) s B= (B0, Br,...) . (4.41)
Then equations (4.40) can be written as
0H 0H
— =0, —/—=0; >1 4.42
a’}/n ) 85’”’ bl n — ) ( )

which are the Fuler—Lagrange equations for the Hamiltonian H.

Proof. We have that

OH ;o 0Q 2n , 2n
P NTr (V (Q)M> b 2N[V(Q)]nn—1 — ot (4.43)
and 85 90
. NTY(‘”(Q)@) = N[V (Q)]nn , (4.44)

hence (4.40) are equivalent to (4.42). O
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Ezxample. The even quartic model,

V(M) = %MQ + %M‘* . (4.45)

In this case, since V is even, (3, = 0, and we have one string equation,

n

Talt+ 971 + 9% + 97m1) = 57 » (4.46)
with the initial conditions: 79 = 0 and
7= o e ds (4.47)
[ e NV dz :
The Hamiltonian is
H(y)=> gﬁ(% + 9V T 9+ 9vme) — | (4.48)
n=1

The minimization of the functional H is a useful procedure for a numerical
solution of the string equations, see [18,36]. The problem with the initial value
problem for the string equations, with the initial values 79 = 0 and (4.47), is
that it is very unstable, while the minimization of H with vy = 0 and some
boundary conditions at n = N, say vy = 0, works very well. In fact, the
boundary condition at n = N creates a narrow boundary layer near n = N,
and it does not affect significally the main part of the graph of v2. Figure 4.1

Fig. 4.1. A computer solution, y = ~2, of the string equation for the quartic model:
g=1,¢t=—-1, N =400
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presents a computer solution, y = 42, of the string equation for the quartic

model: ¢ = 1, t = —1, N = 400. For this solution, as shown in [17, 18], there

is a critical value, A\ = lev so that for any ¢ > 0, as N — o0,

2 n 1 o n
— - _— > + . 9
Wn—R< ) +O(N ) Y lf )\C 87 (44 )

and

R<3> +ONYY, n=2k+1,
2 N

- A if % <Ae—e. (450
L<—) FONTY), n=2k,

N

The functions R for A > A. and R, L for A < A. can be found from string
equation (4.46):

Ry = LA 16+ B2 s, (4.51)
and
14++v1—4X
R(\),L(\) = — A< A (4.52)

We will discuss below how to justify asymptotics (4.49), (4.50), and their
extension for a general V.

4.1.1.6 Differential Equations for the ®-Functions

Define
_ P (2)
v, (2) ENAYE (4.53)
Then
where
_ —V’(z)/2 - 'Vnun(z) ’ann(z>
An(Z) - ( —’YnUn—l(Z) V’(z)/2 + ’Ynun(z)) (4.55)
and
un(2) = W(Q, 2)|nn-1, vn(z)=[W(Q,2)]nn (4.56)
where
wW(Q,z) = % . (4.57)

Observe that Tr A,,(z) = 0.
Ezample. Even quartic model, V(M) = (t/2)M? + (g/4)M*. Matrix A, (z):
—5(tz+92°) =972z m(92® +0n)
_ 3 n n n
An(2) ( — (922 +0n-1)  3(tz +92°) + 9772 (4.58)

where
On =t + 97 + 91 - (4.59)
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4.1.1.7 Lax Pair for the Discrete String Equations

Three-term recurrence relation (4.28) can be written as

U,i1(2) = Un(2)W,(2), (4.60)
where

Differential equation (4.54) and recurrence equation (4.60) form the Lax pair
for discrete string equations (4.40). This means that the compatibility condi-
tion of (4.54) and (4.60),

U = N(Ans1Up — UnAy) (4.62)

when written for the matrix elements, implies (4.40).

4.1.2 The Riemann—Hilbert Problem for Orthogonal Polynomials
4.1.2.1 Adjoint Functions

Introduce the adjoint functions to P,(z) as

1 [ Py(u)w(u)du
W(z) = — s C\R, 4.63
Qi) =5 [ TUEHE secy (1.6
where

w(z) =e NV (4.64)

is the weight for the orthogonal polynomials P,. Define
Qne(r) = lim Qn(z), —oco<z<oo. (4.65)

+ Izm z$>0

Then the well-known formula for the jump of the Cauchy type integral gives
that

Qus (@) — Qu-(2) = w(@) Py (2) (4.66)

The asymptotics of @Q,(z) as z — oo, z € C, is given as

1 % w(u)Py(u) du
Qn(z>_27ri/_oo U— 2z
1 > 2w hy, > o
=1 w(w) Py (u) Z Srdu= gt .Z o
7=0 j=n+2
(4.67)

(due to the orthogonality, the first n terms cancel out). The sign 2 in (4.67)
means an asymptotic expansion, so that for any & > n + 2, there exists a
constant C > 0 such that for all z € C,
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k

hn ; C

j=n+2

There can be some doubts about the uniformity of this asymptotics near
the real axis, but we assume that the weight w(z) is analytic in a strip {z :
|[Im z| < a}, a > 0, hence the contour of integration in (4.67) can be shifted,
and (4.68) holds uniformly in the complex plane.

4.1.2.2 The Riemann—Hilbert Problem

Introduce now the matrix-valued function,

( P®) Qul®)
Ya(2) = <cpn_1<z> CQn-l(z)> ! (4.69)

where the constant,

271
C=- 4.70
h'n,fl ) ( )
is chosen in such a way that
1

see (4.67). The function Y, solves the following Riemann—Hilbert problem
(RHP):

(1) Y,(z) is analytic on C* = {Imz > 0} and C~ = {Imz < 0} (two-valued
onR=CtNC).
(2) For any real z,

Yo (2) = Yo (2)jy (), Jjyv(z) = <(1) w(lx)> : (4.72)

(3) As z — o0,
~ = Vi Zz" 0
Yo (z) <I +y z_k> <o z—"> (4.73)
k=1
where Yy, k= 1,2,..., are some constant 2 X 2 matrices.

Observe that (4.72) follows from (4.66), while (4.73) from (4.71). The RHP
(1)—(3) has some nice properties.

First of all, (4.69) is the only solution of the RHP. Let us sketch a proof
of the uniqueness. It follows from (4.72), that

det Y, (z) = det Y, (z) , (4.74)

hence detY;,(z) has no jump at the real axis, and hence Y,,(z) is an entire
function. At infinity, by (4.73),
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detY,(2) =1+--- (4.75)

hence
detY,(z2) =1, (4.76)

by the Liouville theorem. In particular, Y;,(z) is invertible for any z. Suppose
that Y,, is another solution of the RHP. Then X,, = Y, Y, ! satisfies

Xny(z) = )N/n+ (@) Yy (2) "
=Yoo (2)jy (2)jy (2) 7Y, (2) = Xo-(2) , (4.77)
hence X, is an entire matrix-valued function. At infinity, by (4.73),
Xp(z) 2T+ (4.78)

hence X,,(z) = I, by the Liouville theorem. This implies that }N/n =Y, the
uniqueness.
The recurrence coefficients for the orthogonal polynomials can be found

as
Y = Y1l21[Y1]12 (4.79)
and ¥
Bn—1 = Vilor Y111 - (4.80)

Indeed, from (4.69), (4.73),
P B Z_nPn(Z) z Qn -
hence by (4.67), (4.70), and (4.28),

27 h h
Y Y = — ——n = n — 2 4. 2
[ 1]21[ 1]12 ( hn—l>< 27ri) B 1 Tn s ( 8 )

which proves (4.79). Also,

a—|’<

. (4.81)

Eﬁﬂi — i1 =Pn-1n—2 —Pnn—1, (4.83)
where .
z) = anjzj . (4.84)
=0
From (4.28) we obtain that
Pn—-1n—2 = Pnn—1 = Bn-1, (4.85)

hence (4.80) follows. The normalizing constant h,, can be found as
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. 27
hn = —27T1[Y1]12 s hn—l = — [Y1]21 . (486)

The reproducing kernel Ky (z,y) of the eigenvalue correlation functions,
see (4.24), is expressed in terms of Yy (x) as follows:

Kn(z,y) = exp(—%(‘”’) exp(_%@))

- m (01) Yari (9)Yn+ () (é) . (487)

Indeed, by (4.31),

Kn(a,y) = 200N 0) - ;zm(x)zzw(y)

— xp 2000 g 2V0)

TN Pn(x)Pn—1(y) — Pn—1(z)Pn(y) '

X (4.88)
Vhnhn-1 T -y
From (4.69), (4.70), and (4.76), we obtain that
1
(01) Yyy@)Yni(2) | (2)Pn-1(y) — Pn—1(2) PN (y)] - (4.89)
Also,
w1 (4.90)

\/hNhN,1 thl

hence (4.87) follows.

4.1.3 Distribution of Eigenvalues and Equilibrium Measure
4.1.3.1 Heuristics

We begin with some heuristic considerations to explain why we expect that
the limiting distribution of eigenvalues solves a variational problem. Let us
rewrite (4.17) a

dun(\) = Zyte N qx | (4.91)
where
==Y Iy —/\k|+NZV (4.92)
Jj#k

Given ), introduce the probability measure on Rl,
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dva(z) = N1 "6 — \j)da . (4.93)

Then (4.92) can be rewritten as

Hy(\) = N? {— //#y ln|x—y|du)\(x)dw(y)+/V(:L’)dVA(x)] . (4.94)

Let v be an arbitrary probability measure on R!. Set

- // In |z —y|dv(z)dv(y) + /V(I)du(x) . (4.95)
TH#Y
Then (4.91) reads
dun(N) = Zy" exp(=N2Iy (vy)) dA . (4.96)

Because of the factor N2 in the exponent, we expect that for large N the
measure puy is concentrated near the minimum of the functional Iy, i.e., near
the equilibrium measure vy .

4.1.3.2 Equilibrium Measure
Consider the minimization problem

Ey = inf I , 4.97
Vv Ve}\l/fjll(R) V(V) ( )

where
Ml(R)—{V:VEO, /dl/—l} , (4.98)
R
the set of probability measures on the line.

Proposition 4.1.2 (See [51]). The infinum of I (v) is attained uniquely at
a measure v = vy, which is called an equilibrium measure. The measure vy
is absolutely continuous, and it is supported by a finite union of intervals,
J= UJ 1laj, b;]. On the support, its density has the form

pv(e) = @) = 5=h@) R @), R@) = [[@-a)@—b;) . (4.99)

Here R1/2( ) is the branch with cuts on J, which is positive for large positive
x, and R (gc) is the value of RY?(x) on the upper part of the cut. The
functwn h( ) is a polynomial, which is the polynomial part of the function
V'(z)/RY?(x) at infinity, i.e.,
V'(z)
R/2(z)
In particular, degh = degV — 1 —gq.

=h(z)+ 0@z ). (4.100)
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There is a useful formula for the equilibrium density [51]:

d_”(ﬁx) - % @) (4.101)
where / ) / /
q(z) = —(@) + / %Z(y)duv(y) . (4.102)

This, in fact, is an equation on ¢, since the right-hand side contains an integra-
tion with respect to vy . Nevertheless, if V' is a polynomial of degree p = 2py,
then (4.102) determines uniquely more then a half of the coefficients of the
polynomial ¢,

q(z) = — (@)2 — O(xP72). (4.103)

Ezample. If V(z) is convez then vy is regular (see Sect. 4.1.3.3), and the
support of vy consists of a single interval, see, e.g., [82]. For the Gaussian
ensemble, V (x) = 22, hence, by (4.103), g(z) = a® — 2%. Since

¢ 1
/ —Vva?—z2dr =1,
a T

we find that a = \/5, hence
1
pv(z) = =V2—22, |z|<V2, (4.104)
T

the Wigner semicircle law.

4.1.3.3 The Euler—Lagrange Variational Conditions

A nice and important property of minimization problem (4.97) is that the min-
imizer is uniquely determined by the Euler-Lagrange variational conditions:
for some real constant [,

2/ log|z —y|dv(y) —V(x)=1, forzeJ, (4.105)
R

2/ logle —yldv(y) —V(z) <1, forzeR\J, (4.106)
R

see [51].
Definition (See [52]). The equilibrium measure,
1
dvy (z) = ﬂh(x)Rif ?(2) dw (4.107)
7r
is called regular (otherwise singular) if
(1) h(z) # 0 on the (closed) set J.
(2) Inequality (4.106) is strict,

2/log|x —yldvy(y) = Vi(z) <l, forzeR\J. (4.108)
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4.1.3.4 Construction of the Equilibrium Measure: Equations on
the End-Points

The strategy to construct the equilibrium measure is the following: first we
find the end-points of the support, and then we use (4.100) to find h(z) and
hence the density. The number ¢ of cuts is not, in general, known, and we try
different ¢’s. Consider the resolvent,

w(z):[]dyv—@), zeC\J. (4.109)

z—x
The Euler—Lagrange variational condition implies that

"z 2)RY/2(z
w(z) = V2( ) _ M >R2 () . (4.110)

Observe that as z — oo,
1
w(z)=-+ m_21 +0, my = / ¥ p(z)da . (4.111)
z z J

The equation
V'(z)  h(z)RY?(z) 1

- =-+0(7?). 4.112
: =240 (1112)
gives ¢ + 1 equation on a1, b1, ..., a4, by, if we substitute formula (4.100) for
h. Remaining ¢ — 1 equation are
ajt1
/ h(z)RY?(z)de =0, j=1,...,q—1, (4.113)
b

which follow from (4.110) and (4.105).

Ezample. Even quartic model, V(M) = (t/2)M?*+ +M*. For t > t. = —2, the
support of the equilibrium distribution consists of one interval [—a, a] where

e <—2t + 2(t32 + 12)1/2>1/2 (4114)
and .
py(z) = 7—T(c—|— 12%)Va? — 22 (4.115)
where 1o
e LF ((t2/§) 3 (4.116)
In particular, for t = —2,

py(z) = L302\/4 — 2. (4.117)
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0.8 0.8 0.8
0.6 t=-1 0.6 t=-2 0.6 t=-3
0.4 0.4 0.4
:IVIENVILE
0 -2 0 2 0 -2 0 2 0 -2 0 2

Fig. 4.2. The density function, pv(x), for the even quartic potential, V(M) =
(t/2)M? + TM*, for t = —1,-2,-3

For t < —2, the support consists of two intervals, [—a, —b] and [b, a], where
a=vV2—1t, b=v—2-1, (4.118)

and

py(x) = %|x|\/(a2 —x2)(x? = b2) . (4.119)

Figure 4.2 shows the density function for the even quartic potential, for ¢ =
-1,-2,-3.

4.2 Large N Asymptotics of Orthogonal Polynomials.
The Riemann—Hilbert Approach

In this lecture we present the Riemann-Hilbert approach to the large N
asymptotics of orthogonal polynomials. The central point of this approach
is a construction of an asymptotic solution to the RHP, as N — oco. We call
such a solution, a parametrix. In the original paper of Bleher and Its [17]
the RH approach was developed for an even quartic polynomial V(M) via a
semiclassical solution of the differential equation for orthogonal polynomials.
Then, in a series of papers, Deift, Kriecherbauer, McLaughlin, Venakides, and
Zhou [51-53] developed the RH approach for a general real analytic V, with
some conditions on the growth at infinity. The DKMV Z-approach is based on
the Deift-Zhou steepest descent method, see [54]. In this lecture we present
the main steps of the DKMVZ-approach. For the sake of simplicity, we will
assume that V' is regular. In this approach a sequence of transformations of
the RHP is constructed, which reduces the RHP to a simple RHP which can
be solved by a series of perturbation theory. This sequence of transforma-
tions gives the parametrix of the RHP in different regions on complex plane.
The motivation for the first transformation comes from the Heine formula for
orthogonal polynomials.

4.2.1 Heine’s Formula for Orthogonal Polynomials

The Heine formula, see, e.g., [95], gives the Nth orthogonal polynomial as the
matrix integral,
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Pn(2) = (det(z — M)) = Zx' /H det(z — M) exp(—N Tr V(M)) dM .

(4.120)
In the ensemble of eigenvalues,
N
Py(z) = <H(Z - /\j)>
j=1
=7y /H =) [Ty = M) HeXp ~NV(\))dX. (4.121)
j>k Jj=1
Since v, is close to the equilibrium measure v for typical A, we expect that
N
N1 1og<H(z —~ Aj)> ~ / log(z — z) dvy (z) ,
j=1 J

hence by the Heine formula,

“llog Py(z) = /Jlog(z —x)dvy(z) . (4.122)

This gives a heuristic semiclassical approximation for the orthogonal polyno-
mial,

Py (z) = exp {N /] log(z — x)dvy (x)| (4.123)

and it motivates the introduction of the “g-function.”

4.2.1.1 g-Function

Define the g-function as

g(z) = / log(z —z)dvy(x), z€C\ (—o00,b4, (4.124)
J
where we take the principal branch for logarithm.
Properties of g(z)
(1) g(z) is analytic in C\ (—o0, bg].

(2) As z —»

zlogz—zz—;. . gi= / —dI/V . (4.125)
j=1

(3) By (4.109), (4.110),

(4 ARY2(»
g =w(z) = LD HIETE (1.126)
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(4) By (4.105),

g+(@)+g-(x)=V(x)+1, zeJ. (4.127)
(5) By (4.108),
g+(x) +g9-(x) <V(z)+1, zeR\J. (4.128)
(6) Equation (4.124) implies that the function
G(x) = g4 (x) — g-(z) (4.129)

is pure imaginary for all real z, and G(z) is constant in each component
of R\ J,

G(I) = I.QJ for bj <z <ajti, 1<5j<q—- 1, (4130)
where
q by
Q;=2r ) / py(z)dz, 1<j<qg-1. (4.131)
k=j+17 %
(7) Also,

G(z) =102; — 27ri/ pv(s)ds fora; <z <b;, 1<j<gq, (4132)
b

where we set 2, = 0.
Observe that from (4.132) and (4.99) we obtain that G(z) is analytic on
(aj,b;), and

dG(z +1y)

3 =2mpy(x) >0, x€(a;,b;), 1<5j<q. (4.133)
Y

y=0
From (4.127) we have also that
G(z) =2g+(z) = V(z) —l=—[29_(x) = V(z) =], xze€J. (4134)

4.2.2 First Transformation of the RH Problem

Our goal is to construct an asymptotic solution to RHP (4.72), (4.73) for
Yn(z), as N — oo. In our construction we will assume that the equilibrium
measure vy is regular. By (4.123) we expect that

Pn(z) ~ eMN90G) | (4.135)
therefore, we make the following substitution in the RHP:

Y (2) = eXp<N7lag)TN(z)exp<N[g(z) - é]ag) . o13= <0 L 0) .

(4.136)
Then Ty (z) solves the following RH problem:
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(1) Tn(z) is analytic in C\ R.
(2) Tn4(x) = Tn—(2)jr(x) for z € R, where

jr(z) = (exp(—N[9+(I)—g (7)]) exp(Nlgy(z)+g_ (I)—V(x)—l])) |

0 exp(N[g4(z)—

(3) Tx(2) =TI+ 0(z71), as 2z — oo.

()]

(4.137)

The above properties of g(z) ensure the following properties of the jump ma-

trix jp:

(1) jr(z) is exponentially close to the identity matrix on (—oo, a1) U (bg, 00).

Namely,

o—Ne(a)
Jjr(z) = <(1) O i\f )) , € (—00,a1)U(bg,0),

where ¢(z) > 0 is a continuous function such that

(2) For1<j<qg-—1,

. _ (exp(—iN{2;) O(e*NC(””)) e
]T(x) - ( 0 exp(iNQj) y X E (bjﬂaj-i-l) )

where ¢(z) > 0 is a continuous function such that

lim ¢(z) = lim ¢(x)=0.
T—b; T—aj 1

) e—NG(;E) 1
jr(x) = 0 oNG@ ) -

The latter matrix can be factorized as follows:

e~ NG@ 1\ 1 0\/01 1 0
0 eNG(;E) - eNG(;E) 1 -10 e—NG(;E) 1

=j-(x)jmi+(x)

(3) On J,

This leads to the second transformation of the RHP.

(4.138)

(4.139)

(4.140)

(4.141)

(4.142)

(4.143)
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4.2.3 Second Transformation of the RHP: Opening of Lenses

The function e=N¢(®) is analytic on each open interval (a;,b;). Observe that

le=NG@)| =1 for real z € (aj,b;), and e"NG(?) is exponentially decaying for
Im z > 0. More precisely, by (4.133), there exists yo > 0 such that e V&)
satisfies the estimate,

|efNG(z)| < ech(z) ,
zeRf ={z=a+iy:a; <x<b;,0<y<yo}, (4.144)

where ¢(z) > 0 is a continuous function in R;L. Observe that ¢(z) — 0 as
Im z — 0. In addition, |eNG()| = |e=NC(Z)| hence

|eNG(z)| S ech(z)7
zeR; ={s=x+iy:a; <x <b;,0<—y<yo}, (4.145)

where ¢(z) = ¢(z) > 0. Consider a C*° curve 7]7L from a; to b; such that
v = {e iy iy = fi(@)} (4.146)

where f;(x) is a C* function on [a;, b;] such that

filag) = fi(b;) =05 fli(a;) = —f'(b;) =V3;

(4.147)
0< fi(z) <wyo, aj <z <bj.
Consider the conjugate curve,
v = 'yj+ ={zx—-iy:y=fi(x)}, (4.148)

see Fig. 4.3. The region bounded by the interval [a;, b;] and 7]7L (v, ) is called
the upper (lower) lens, Eji, respectively. Define for j = 1,...,¢q,

Tn(2)j;'(2), if z is in the upper lens, 2 € L';' ,
Sn(z) = Tn(2)j-(2), if zisin the lower lens, z € L, (4.149)
Tn(z) otherwise ,

4

¥

a; lower lens b: a-HW by

J ] J

Yi+1

Yj++1
m upper lens

¥j

Fig. 4.3. The lenses
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where
. 1 0
Then Sy (z) solves the following RH problem:
(1) Sn(z) is analytic in C\ (RUT), I' =~ U~y U--- U~ Uy

(2)
Sni(z) =Sn_(2)js(z), z€RU~, (4.151)

where the jump matrix js(z) has the following properties:

(a) js(z) = (91 (1)) for z € J.

(b) js(=) = jr(z) = (PN LI for 2 € (b, a541), 5 =
1,...,q—1,and js(2) = jr(z) = (} O(exP(_lc(w)N))) for z € (—o0,a1)U
(bg; 00).

(c) js(z) = j+(2) = (O(C—%(Z)N) (1)) for z € 'yji, j =1,...,q, where
¢(z) > 0 is a continuous function such that ¢(z) — 0 as z — a;, b;.

(3) Sn(2) =T+ 0(z71), as z — oo.

We expect, and this will be justified later, that as N — oo, Sn(z) converges
to a solution of the model RHP, in which we drop the O(e™“")-terms in the
jump matrix jg(z). Let us consider the model RHP.

4.2.4 Model RHP

We are looking for M (z) that solves the following model RHP:

(1) M(z) is analytic in C\ [a1, by],
(2)
My(s) = M_(2)jur(2) = € ansby) (4.152)
where the jump matrix jys(z) is given by the following formulas:
(a) jm(z)= (L ¢) forzeJ
. xp(—iN 2, 0 .

(b) jM(Z) = (e ol 0 ” exp(iNQj)> for z € [ijaj+1]7 J = 17' -y q = 1.

(3) M(z)=I+0(z71), as 2 — oo.

We will construct a solution to the model RHP by following the work [52].

4.2.4.1 Solution of the Model RHP. One-Cut Case

Assume that J consist of a single interval [a,b]. Then the model RH problem
reduces to the following:

(1) M(z) is analytic in C\ [a, b],
(2) My(z) =M_(2) (%) for z € [a,b].
(3) M(2)=I1+0(271), as 2 — <.
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This RHP can be reduced to a pair of scalar RH problems. We have that

<_01 (1)> - % <} _11> <(1) i)i) G _11> (4.153)

M(z) = % G 7) M(z) <} _11) . (4.154)

Then M (z) solves the following RHP:

Let

(1) M(z) is analytic in C\ [a,b],

(2) My (2) = M_(2) ((1) fl) for z € [a,b].

(3) M(z)=1I+0(z71), as z — oo.

This is a pair of scalar RH problems, which can be solved by the Cauchy
integral:

b .
~ GXp(% / log i ds) 0
M(Z) _ T J, S—Z

_ <’7;1 3) , (4.155)

1(z) = (i:g)w (4.156)

with cut on [a,b] and the branch such that v(co) = 1. Thus,

w4 (9 ()

v(2) +771(2) v(2) =7 (2)

where

_ 5 — (4.157)
(2) =771 (2) 1) +y7NE) |
2i 2
det M(z)=1.
At infinity we have
b—
Yz =1+ —240(z72), (4.158)

4z
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hence

M(z) =1+ ! boa W +0(77). (4.159)

4.2.4.2 Solution of the Model RHP. Multicut Case
This will be done in three steps.

Step 1. Consider the auxiliary RHP,
(1) Q(») is analytic in C\ J, J = Jj_, [a;, b],

(2) Q+(2)=Q_(:) (O }) for = € J.
(3) Q(z) =T+ 0(271), as z — oc0.

Then, similar to the one-cut case, this RHP is reduced to two scalar RHPs,
and the solution is

v(2) +77M(2) 1(2) =7 '(2)

_ 2 i
2) = ~ - : 4.160
D=1 1) -51) 12 +7-'() (4.160)
2% 2
where
z—aj 1/4
W =TI(E22) =1, (1161)
JEINF T
with cuts on J. At infinity we have
b —ay
=1 2 I —2 4.162
1(2) +; o toE™), (4.162)

hence
Q) =1+ 2+ = +0(=2). (4.163)

In what follows, we will modify this solution to satisfy part (b) in jump matrix
in (4.152). This requires some Riemannian geometry and the Riemann theta
function.

Step 2. Let X be the two-sheeted Riemannian surface of the genus

g=q—1, (4.164)
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X

a; b, a> b; g b/

Fig. 4.4. The Riemannian surface associated to \/R(z)

associated to y/R(z), where

R(z) =[]z = aj)(z—b;), (4.165)

j=1
with cuts on the intervals (a;,b;), j = 1,...,q, see Fig. 4.4. We fix the first
sheet of X by the condition that on this sheet,

R(x) >0, x>b,. (4.166)

We would like to introduce 2¢g cycles on X, forming a homology basis. To
that end, consider, for j =1,...,g, a cycle A; on X, which goes around the
interval (b;,aj41) in the negative direction, such that the part of A; in the
upper half-plane, Aj+ = A;U{z : Imz > 0}, lies on the first sheet of X,
and the one in the lower half-plane, A7 = A; U {z : Imz < 0}, lies on the
second sheet, j =1,...,g. In addition, consider a cycle B; on X, which goes
around the interval (a1,b;) on the first sheet in the negative direction, see
Fig. 4.5. Then the cycles (41,..., Ay, B1,...,By) form a canonical homology
basis for X.
Consider the linear space {2 of holomorphic one-forms on X,

Fig. 4.5. The basis of cycles on X
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-2
0= {w: Gz dz} . (4.167)

The dimension of 2 is equal to g. Consider the basis in (2,
w=(w1,...,wy),

with normalization

/ wk:cijk, j,kil,...,g. (4168)
A

J

Such a basis exists and it is unique, see [67]. Observe that the numbers

k d Aj41 k d

mjk:/ i 222/ L 1<j<g,1<k<g-1, (4.169)
A, VR® b, VER@

are real. This implies that the basis w is real, i.e., the one-forms,

—1 k

d
Z CJ’“Z - (4.170)
k=

have real coeflicients c;y,.
Define the associated Riemann matrix of B-periods,

T:(Tjk), Tjk:/ wr, L k=1,....9. (4.171)
B;

Since y/R(z) is pure imaginary on (a;,b;), the numbers 7, are pure imagi-
nary. It is known, see, e.g., [67], that the matrix 7 is symmetric and (—ir) is
positive definite.

The Riemann theta function with the matrix 7 is defined as

0(s) = Z exp(2mi(m, s) + mi(m, Tm)) ,
mezs s€CY; ijsj . (4172)

The quadratic form i(m, 7m) is negative definite, hence the series is absolutely
convergent and 6(s) is analytic in CY9. The theta function is an even function,

0(—s) =0(s), (4.173)
and it has the following periodicity properties:
O(s+ej) =0(s); 0(s+T1;)=exp(—2mis; — wir;;)0(s) , (4.174)

where e; = (0,...,0,1,0,...,0) is the jth basis vector in CY, and 7; = Te;.
This implies that the function
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0(s +d+c)

Fs) = O(s+d) ~’

(4.175)

where ¢,d € C9 are arbitrary constant vectors, has the periodicity properties,

f(s+ej)=f(s); f(s+T1;)=exp(—2mic;)f(s) . (4.176)

Consider now the theta function associated with the Riemann surface X.
It is defined as follows. Introduce the vector function,

u(z) = /bzw , 2€C\ (a1,by) , (4.177)

aq

where w is the basis of holomorphic one-forms, determined by (4.168). The
contour of integration in (4.177) lies in C\ (a1,b,), on the first sheet of X.
We will consider u(z) as a function with values in C9/Z9,

u: C\ (a1,bq) — C9/Z9 . (4.178)
On [a1, by| the function u(z) is two-valued. From (4.171) we have that
up(z) —u_(z) =17, v €[bj,aj41]; 1<j<qg-—-1. (4.179)

Since y/R(x) —+/R(x), on [a;,b;], we have that the function u(x) +
u_(x) is constant on [a;,b; ] It follows from (4.168) that, mod Z9,

wip (b)) +u_(b) = up(age) +u_(am), 1<j<q—1.  (4180)

Since u4 (bg) = u—(bg) = 0, we obtain that

ur(z) +u_(x)=0, zeJ= U[aj,bj] . (4.181)

O(u(z) +d+c)
 O(u(z) +d)

O(—u(z)+d+c)
O(—u(z)+d)
z€C\ (a1, bqg), (4.182)

; fa(z) =

where ¢, d € C9 are arbitrary constant vectors. Then from (4.179) and (4.176)
we obtain that for 1 < j <q—1,

fi(z +10) = exp(—2mic;) fi(z —10) , fo(z +10) = exp(2wic;) fo(x —10) ,
xr € (bj,aj+1) s (4183)
and from (4.181) that

fi(z +10) = fo(z —i0) , fo(z+i0) = fr(x —i0), =zeJ. (4.184)
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Let us take 0
c:z—, Q=(21,....02,) (4.185)
T

and define the matrix-valued function,

O(u(z) +di+¢)  O(—u(z)+di +¢)
F(z) = 9(0((1232—?——55—1#)0) thetCL(( (( ))iilllz)—k c) (4.186)
O(u(z) + da) O(—u(z) + do)

where dy,dy € C9 are arbitrary constant vectors. Then from (4.184), we obtain
that

o ex (—1NQ]) 0
F+<x)_F—<$)< ’ 0 exp(iNQj)>’
xe(bj,aj+1);j:1,...,q—1, (4187)
01
Fi(z) = F_(x) (1 O) , red.

Step 3. Let us combine formulas (4.160) and (4.186), and let us set

M(z) = F(oo)™*
Y(2) + 77 H2) O(u(z) + di +¢) v(2) — v H(2) O(—u(z) + di +¢)
« 2 O(u(z) + di) —2i O(—u(z) +dy)
V(2) =77 1(2) O(u(z) + da +¢) y(2) +77'(2) O(-u(z) +da+¢) |’
2i O(u(z) + d2) 2 O(—u(z) + d2)
(4.188)

where

O(u(oo) +di + ¢) 0

Floo) = e(u(oog +dv) B(—u(oo) + ds + ) (4.189)

9(—’&(00) + dQ)

Then M (z) has the following jumps:

M, (@) = M_(2) (exp(—iNQj) 0 ) ,

0 exp(iN £2;)
xe(bj,aj+1);j:1,...,q—1, (4190)
M, (z) = M_(2) (_01 (1)> , zeJ,

which fits perfectly to the model RHP, and M (co) = I. It remains to find dy,
dg such that M (z) is analytic at the zeros of (+u(z) + dq,2). These zeros can
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be cancelled by the zeros of the functions v(z) v~ !(z). Let us consider the
latter zeros.

The zeros of v(z) £+~ 1(z) are the ones of v%(z) £1, and hence of v*(z) — 1.
By (4.161), the equation y4(2) — 1 = 0 reads

q
o Z — aj -
p(z) = H b, 1. (4.191)
Jj=1
It is easy to see that
p(bj +0) =00, plaj+1) =0, 1<j<qg-1, (4.192)

hence equation (4.191) has a solution z; on each interval (b;, a;y1),
plaj) =1, b <zj<ajp1; 1<j<qg-1. (4.193)

Since (4.191) has (¢ — 1) finite solutions, the numbers {z; : 1 <j < ¢g—1} are
all the solutions of (4.191). The function 7(z), defined by (4.161), with cuts
on J, is positive on R\ J, hence

v(z;)=1. (4.194)

Thus, we have (¢ — 1) zeros of v(z) — v~ *(z) and no zeros of v(z) +~~*(z) on
the sheet of v(z) under consideration.

Let us consider the zeros of the function 6(u(z)—d). The vector of Riemann
constants is given by the formula

q—1
K== u(b) . (4.195)
j=1
Define
qg—1
d=-K+) u(z). (4.196)
j=1
Then
O(u(z;) —d)=0, 1<j<qg-1, (4.197)

see [52], and {z; : 1 < j < g— 1} are all the zeros of the function §(u(z) — d).
In addition, the function 6(u(z) 4 d) has no zeros at all on the upper sheet of
X. In fact, all the zeros of 8(u(z) + d) lie on the lower sheet, above the same
points {z; : 1 < j < ¢ — 1}. Therefore, we set in (4.188),

di=d, do=—d, (4.198)

so that
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M(z) = F(oo)™*
v(2) + 771 () O(ulz) +d+ ) y(z) =771 (2) O(=u(z) +d+c)
« 2 O(u(z) + d) —2i O(—u(z) +d)
1(z) =771 (2) 0(u(z) —d +¢) 7(2) +771(2) O(zulz) —d+c) |~
2i O(u(z) — d) 2 O0(—u(z) — d)
(4.199)
where
0(u(o0) +d + ¢c) 0
Floo) = | Pu(e0) +d) S(cu(oo)—d+o) | - (4.200)
0 0(—u(o) — d)
This gives the required solution of the model RHP. As z — oo,
M(z) =1+ % +0(z7?), (4.201)
where
My

(V@(u+d+c)_ VO(u+d) % )) 0(—u+d+c)9(u+d)2q:(bj—aj)
O(ut+d+c)  O(u(co)+d) 9(u+d+c)9( u+d) —4i

O(u—d+c)0(—u — d)i aj (V@(( 00)+d—c) vo(wd) ,(Oo)) ;

0(—u— d+c )0(u—d) 0(u( )+d o Outd) "

=1

4.2.5 Construction of a Parametrix at Edge Points

We consider small disks D(a;,7), D(b;,r), 1 < j < g, of radius r > 0, centered
at the edge points,
D(a,r)={z:]z—a|l <r},

and we look for a local parametrix Uy (z), defined on the union of these disks,
such that

e Un(z) is analytic on D\ (RUI"), where

D= O(D(aj,r) UD(bj,7)) . (4.203)

Unt+(2) =Un_(2)js(z), z€(RUI)ND, (4.204)
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e as N — oo,

Un(z) = (I + O(%))M(z) uniformly for z € 9D . (4.205)

We consider here the edge point b;, 1 < j < ¢, in detail. From (4.127))
and (4.132), we obtain that

204 (z) =V(z)+14+102; — 271'1/ pv(s)ds, a; <z <b;, (4.206)
bj

hence

X

29+ (2) = V()] — 204 (b)) = V(b)] = —2ri / v(s)ds . (4207

By using formula (4.99), we obtain that

20+0) = V(6] - 202 (o) - V(o] = [ ()RY*(0)ds

R(z) = H(x —a;)(z —b;) . (4.208)

Since both g(z) and R'Y?(z) are analytic in the upper half-plane, we can
extend this equation to the upper half-plane,

29+ (bj) = V(b)] — [29(2) = V(2)] = /b h(s)R'?(s) ds , (4.209)

J

where the contour of integration lies in the upper half-plane. Observe that

/Z h(s)RY?(s)ds = c(z — b;)*? + O((z — b;)*/?) (4.210)
b

J

as z — b;, where ¢ > 0. Then it follows that

B(z) = {3129+ (b)) — V(b)) — [29(2) = V(2)]}*/° (4.211)

is analytic at bj;, real-valued on the real axis near b; and '(b;) > 0. So 3 is
a conformal map from D(b;, r) to a convex neighborhood of the origin, if r is
sufficiently small (which we assume to be the case). We take I" near b; such
that

B(I' N D(bj, 7)) C {z|arg(z) = £2r/3} .

Then I and R divide the disk D(bj,r) into four regions numbered I, II,
III, and IV, such that 0 < argf(z) < 2n/3, 2n/3 < argfB(z) < m,
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II I

III v

Yj
Fig. 4.6. Partition of a neighborhood of the edge point
—m < argB(z) < —2n/3, and —27/3 < argf(z) < O for z in regions I, II,

IIT, and IV, respectively, see Fig. 4.6.
Recall that the jumps js near b, are given as

. 01
js = (_1 O) on [b; —r,bj)

1 0 N
efNG(z) 1 on Wj

. 1 0 _ (4.212)
7S =\ oNG(2) 1 on v;

exp(—=Ng1(z) — g-(2)]) exp(N (g4 (2) + g-(2) = V(2) — l)))
0 exp(Ng+(2) — g-(2)])
on (bj,bj +’I”] .

We look for Uy (z) in the form,

Un(2) = Qn(2) exp (—N[g(z) - @ - é} ag) . (4.213)

Then the jump condition on Uy (z), (4.204), is transformed to the jump con-
dition on Qn(Z),
Qu+ () = Q_(2)jal2) | (4.214)

where

jate) = exp( - |a-(2) ~ T2 = L oa)is(e)

x exp<N [g+(z) - V;Z) - é} ag> . (4.215)

From (4.212), (4.127) and (4.134) we obtain that
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. 01
JQ = <_1 O) on [bJ -7 bJ)] )
jo = G (1)> on v,
(4.216)

. 10 _
JQ = (1 1) on 7y, ,

11
]Q:<01> on (bj7bj+’l“].

We construct @Qu(z) with the help of the Airy function. The Airy function
Ai(z) solves the equation y” = zy and for any € > 0, in the sector m + & <
arg z < m — ¢, it has the asymptotics as z — oo,

Ai(z) 2232 (1+0(z73/?)) . (4.217)

1
= N exp(

The functions Ai(wz), Ai(w?z), where w = e*7/3
y” = zy, and we have the linear relation,

, also solve the equation

Ai(z) + wAi(wz) + w? Ai(w?2) =0. (4.218)
We write
yo(2) = Ai(z), 11(2) =wAi(wz), w(2) =w?Ai(w?z), (4.219)

and we use these functions to define

Yo(z) —yz(Z))
, for 0 < argz < 27w/3,
(yé(z) ~35(2) gz < 2n/
(—y} (2) —y;(z)) ; for 2r/3 < argz <,
—v1(2) —y3(2)
B(z) = D (4.220)
—Y2(2) y1{z _ _
(HOE) o< <z
yo(2) y1(2) B
<i‘/6(2) vi(z) for —27/3 < argz < 0.
Observe that (4.218) reads
Yo(2) +y1(2) +y2(2) = 1, (4.221)
and it implies that on the discontinuity rays,
. 27
Dy (2)=P_(2)jo(z), argz=0,£—,7. (4.222)

3

Now we set
Qn(2) = En(2)®(N*/*8(2)) , (4.223)
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so that

Vv l
Un(z) = En(2)B(N*/35(2)) exp<—zv [g<z> SO 5]03) L (1221)
where E is an analytic prefactor that takes care of the matching condition
(4.205). Since @(z) has the jumps jgo, we obtain that Un(z) has the jumps
Js, so that it satisfies jump condition (4.204). The analytic prefactor Ey is
explicitly given by the formula,

En(z) = M(2)On(2)Ln(2)"", (4.225)

where M (z) is the solution of the model RHP,

On(z) = exp<iN29j 03) , +Imz>0. (4.226)
and
1 N71/6 —1/4 0 1 i
In() = 5= < s (2) N1/661/4(Z)> <_1 1) (4.227)

where for 3'/4(z) we take a branch which is positive for z € (b;,b; + r], with
a cut on [b; —r,b;). To prove the analyticity of En(z), observe that

[M(2)On (2)]4 = [M(2)On(2)]-j1(z) , bj—r<a<bj+r, (4228)

where
jilw) = exp(Nfﬂ' ag)jw) exp(Nfﬂ' ag). (1.229)
From (4.152) we obtain that
ji(z) = (_01 (1)) , bj—r<z<b;, (4.230)
Ji(z) =1, by <x<bj+r.
From (4.227),
Lyi(z) = Ln—(x)j2(x) , bj—r<z<bj+r, (4.231)

where jo(z) =1 for bj <z < b; +r, and

e = (L0 (T (A= (00 borse<n, tm

so that jo(z) = ji(z), b; —r < = < b; + r. Therefore, En(z) has no jump
on b; —r < x < b; + r. Since the entries of both M and L have at most
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fourth-root singularities at b;, the function Ex(z) has a removable singularity
at z = bj;, hence it is analytic in D(bj,r).

Let us prove matching condition (4.205). Consider first z in domain I on
Fig. 4.6. From (4.217) we obtain that for 0 < argz < 27/3,

1 -
w0(2) = g exp(=52 ) (L+0(="))

(4.233)

_ ! 3/2 —3/2

hence for z in domain I,

B(N?/36(2)) = ﬁzv*ﬂs/%(z)*ﬂs/‘* (_11 1) (I+O0(NY)
x exp(—2NB(2)*?03) . (4.234)
From (4.211),
28(2)*% = ${[29+(b;) = V(b)) = [29(2) = V(2)]} , (4.235)
and from (4.206),
29, (b;) — V(b)) =1 +if2; , (4.236)
hence )
;6(2)3/2 — —g(2) + V;Z) + é + % . (4.237)

Therefore, from (4.224) and (4.234) we obtain that

x (I +O(N~1)) exp(~iN£2;/2) (4.238)

Then, from (4.225) and (4.227),

e

2 ) (4.239)

x (I+O(N""))exp (—

— M(2) exp<iN2Qj) (I+O(N71))exp <—1N20j>
= M(z)(I+O(N7Y)

which proves (4.205) for z in region I. Similar calculations can be done for
regions II, III, and IV.
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4.2.6 Third and Final Transformation of the RHP
In the third and final transformation we put
Ry(2) = Sn(2)M(2)~! for z outside the disks D(a;,r), D(bj,r) ,
1<j<gq, (4.240)
Ry (2) = Sn(2)Un(2)7! for z inside the disks .
Then Ry (z) is analytic on C\ I'g, where I'r consists of the circles dD(a;, ),
0D(b;,r), 1 < j < g, the parts of I" outside of the disks D(a;,r), D(b;,7),

1 <j < g, and the real intervals (—oo,a; — ), (b1 +r,a2 —7),..., (bg—1, aq),
(bg + 7,00), see Fig. 4.7. There are the jump relations,

+

v Yo"
1 rR q

' Y

Fig. 4.7. The contour I'r for Ry (z)

Ry (2) = Rv-(2)jr(2) (4.241)
where
jr(2) = M(2)Un(2)"! on the circles ,
oriented counterclockwise , (4.242)

jr(2) = M(2)js(2)M(z)~" on the remaining parts of I'r .
We have that
jr(z) =T +O(N™) uniformly on the circles ,
Jr(z) =T+ 0 @N)  for some ¢(z) >0, (4.243)
on the remaining parts of I'p .

In addition, as @ — oo, we have estimate (4.139) on ¢(z). As z — oo, we have
R (z)ﬂl—i—i& (4.244)
N(z) = 2% . .
=

Thus, Ry(z) solves the following RHP:

(1) Rn(2) is analytic in C\ I'g. and it is two-valued on I'g.

(2) On I'g, Ry(z) satisfies jump condition (4.241), where the jump matrix
Jr(z) satisfies estimates (4.243).

(3) As z — 00, Ry (z) has asymptotic expansion (4.244).

This RHP can be solved by a perturbation theory series.
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4.2.7 Solution of the RHP for Ry (z)

Set
i%(2) = jr(z) = I. (4.245)
Then by (4.243),
j(z) = O(N1) uniformly on the circles ,
% (2) = O(e <INy for some ¢(z) > 0, (4.246)

on the remaining parts of I'g ,

where ¢(z) satisfies (4.139) as © — oco. We can apply the following general
result.

Proposition 4.2.1. Assume that v(z), z € I'r, solves the equation

v(z) =1 L/F Mdu, z€TlRr, (4.247)

2mi Z_—u

where z_ means the value of the integral on the minus side of I'r. Then

R(z) =1 L/F Mdu, z€C\ Iy, (4.248)

© 2mi z—u
solves the following RH problem:

(i) R(z) is analytic on C\ I'g.
(i) Ry (2) = R_()jn(2), 2 € Ix.
(iii) R(z) =T +O(z71), 2 — <.

Proof. From (4.247), (4.248),
R_(z)=w(z), z€lkg. (4.249)

By the jump property of the Cauchy transform,

Ry (z) = R-(2) = v(2)jp(2) = R-(2)jp(2) , (4.250)
hence Ri(z) = R_(2)jr(z). From (4.248), R(z) = I + O(z'). Proposi-
tion 4.2.1 is proved. O

Equation (4.247) can be solved by perturbation theory, so that

v(z) =T+ wk(2), (4.251)
k=1
where for k£ > 1,
1 -~ -0
on(z) = —— [ & (IR G, e rn ) (4.252)
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and vo(z) = I. Series (4.251) is estimated from above by a convergent geo-
metric series, so it is absolutely convergent. From (4.246) we obtain that there
exists C' > 0 such that

Ck

< 4.253
|’Uk(Z)| = Nk(l—f— |Z|) ( )
Observe that
1 Jn(w)
= —— d I'p. 4.254
v1(2) 27Ti/pRz_—u u, z€Ig (4.254)

We apply this solution to find Ry(z). The function Ry (z) is given then as

RN@)=1:+§§RNk@), (4.255)
k=1
where "
Ryi(z) = —%/F %du. (4.256)
In particular,
Ryi(z) = —% /FR % du . (4.257)

From (4.253) we obtain that there exists Cp > 0 such that

CoC*

|Ryvk(2)] < m .

(4.258)

Hence from (4.255) we obtain that there exists C7 > 0 such that for & > 0,

k
C.C*
Rn(z) =1+ ; Rni(2) +eni(z), lene(2)| < N (4.259)
In particular,
Rn(z) =1+ 0( —— N (4.260)
N(z) = N+ 1) as 00, .

uniformly for z € C\ I'g.

4.2.8 Asymptotics of the Recurrent Coefficients

Let us summarize the large N asymptotics of orthogonal polynomials. From
(4.240) and (4.260) we obtain that
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SN :< ( ||+1)>M(z), 2€C\D,

Sn(z) = ( (N EES ))UN(Z), z € D; (4.261)
D= LqJ D(a;,r) U D(bj,7)].

From (4.149) we have that

10 !
SN(Z) <eNG(Z) 1) y z € £+ = U ;Cj y
j=1
Tn(z) = 1 0 T (4.262)
SN(Z) <_eNG(z) 1) ) ze L™ = U ‘C'j )
j=1
Sn(2), ZGC\(E+U£_).

Finally, from (4.136) we obtain that

oxp( 3o ( o(m))w e

xexp<zv[g(z)_ é]ag> ., zeLlF\D,

exp(%(m) (1 +0 (W)) Un(2)

Yn(z) = (4.263)
y exp(N[g(z) - é]03> . :eD,

o (o) (140 () e

Xexp(N[g(z)— é]03> . zeC\(DULtUL).

This gives the large N asymptotics of the orthogonal polynomials and their

adjoint functions on the complex plane. Formulas (4.79) and (4.80) give then

the large N asymptotics of the recurrent coefficients. Let us consider 7.
From (4.136) we obtain that for large z,
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SE TN VAR PR

NI T T l
:exp<703> (I—i— ?1 + z_§+> exp(N{g(z) ~5 —logz]03> ,

(4.264)
hence
Yiliz = M [Ti]12,  [Yilor = e M [Th]os (4.265)
and
v = Mli2[Yalor = [Ti]ia[Th]21 - (4.266)
From (4.261), (4.262) we obtain further that
Y& = [Mi]12[Mi]a1 + O(N 1) | (4.267)
and from (4.202),
(= (o) + d + B(u(0) + d) < (b — ay)
Mo = G d+ f(—u(oo) £ d) Z_} e
D) — d+ O (o) ) & () e
[Mi]or = 0(—u(o0) — d+ ¢)0(u(co) — d) ; I
hence
1 2
#= 100 - )]
8 62 (u(o0) + d)f(u(o0) + (N2/27) — d)0(—u(o0) + (N2/27) + d)
02 (u(o0) — d)f(—u(oco) + (N£2/27) — d)f(u(o0) + (N£2/27) + d)

+O(N™Y), (4.269)

where d is defined in (4.196). Consider now Oy _1.
From (4.264) we obtain that

Yilii = [Ti]i1 + Ngi,  [Yalor = e VY([To)o1 + [Ti]21Ng1) (4.270)
hence ¥l T
Bn-_1= Vilor - Ml = Tilor - [T1)11 (4.271)

and by (4.261), (4.262),
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[M3]2:

Bn_1= (Mi]or

— [Mi]11 +O(N7Y). (4.272)

From (4.199) we find that

[M3]21
[M1]21
_ X)) | o) —d) (G u—dto) oo
R ( > B(u(o0) - d+c><v“ 00— d) i ’)

G (S)ge S0 )

u=u(o0)

_|_

T2 Z] 1 ( 0(u(oo) d+c¢) O(u(c0) — d)
u( )+ d) O(u+d+c) ,
Ml = griee) +d+ o ( Ot d) Juuior) " (Oo))
_ (V@(u(oo) +d+c)  VO(u(co) +d) u'(oo))
O(u(oo) +d+c) O(u(oo) +d) ’ ' (1273)
Hence, '
i (b2 — a?)
e 22321 (b= a)

(Vﬂ(u(oo) + (N2/2m) —d)  VO(u(oo) + (N2/27) + d)
O(u(oo) + (N£2/27) — d) O(u(oo) + (N£2/2m) + d)
W)+ V)= )
O(u(o0) +d) O(u(oco) —d) ’
+O(N™Y) . (4.274)

This formula can be also written in the shorter form,

BN-1= + — |log

2 ZF (bj —aj) dz O(u(z) + (N2/27) + d)b(u(z) — d)
+O(N™Y) . (4.275)

1,07 -a) 4 O(u(z) + (N2/27) — d)0(u(z) + d)}

Z=00

In the one-cut case, ¢ = 1, a1 = a, by = b, formulas (4.269), (4.274) simplify
to

b—a _ a+b

W= (NY, Bno1=

+O(N7YY. (4.276)
Formula (4.269) is obtained in [52]. Formula (4.274) slightly differs from the
formula for By_1 in [52]: the first term, including a;s, b;s, is missing in [52].
4.2.9 Universality in the Random Matrix Model

By applying asymptotics (4.263) to reproducing kernel (4.87), we obtain the
asymptotics of the eigenvalue correlation functions. First we consider the
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eigenvalue correlation functions in the bulk of the spectrum. Let us fix a
point xo € IntJ = |Jj_, (a;,b;). Then the density py (z9) > 0. We have the
following universal scaling limit of the reproducing kernel at xg:

Theorem 4.2.1. As N — oo,

. . u . v _ sin[m(u — v)]
A va(xo)KN< O+va(l’0)7 O+NPV(I0)) m(u—v) -
(4.277)

Proof. Assume that for some 1 < j < ¢ and for some ¢ > 0, we have
{zo,z,y} € (aj +¢,b; —¢). By (4.87) and (4.136),

o~ NV ()/24-NV()/2
Kn(z,y) =

_ 1
e (0 Vil @ (0)

=NV (2)/2g=NV(y)/2 »
= (0 exp(Ngy(y) = 1'/2])) T i (y)

27i(z — y)

Now, from (4.149) we obtain that

KN(xv y)
o~ NV(@)/24-NV(y)/2 )
= (0 exp(Ng+(y) —1/2]) j+ (W) Sy (v)

2ri(x — y)
S (o) (o) (SOOI =12
S (4.279)
2wi(x — y)

X (exp(N[=G(y) + g4 (y) —1/2]) exp(N[g+ (y) —1/2]))

. exp(N[g4(x) —1/2])
x Sy () SN+ (@) <_ exp(JI\Df[G(g;‘f' g+(@) — 1/2])) .

By (4.134),
Vix) I G(x)
- +g+(x)_2_ 5 (4.280)
hence
1
K — = (eNGW)/2 o—NG(y)/2) g1
N(xvy) 271'1((,6 _ y) (e e ) SN+(y)

o~ NG(@)/2
x Sxalo) (S ovator) - (428)

By (4.240),
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Sni(z) = Ry(x2)My(x) . (4.282)

Observe that M4 (z) and Ry(z) are analytic on (a; +¢,b; — ¢) and Ry (z)
satisfies estimate (4.260). This implies that as z —y — 0,

Syt W)Sn(z) =1+ 0(z —y), (4.283)

uniformly in N. Since the function G(x) is pure imaginary for real z, we obtain
from (4.281) and (4.283) that

_ 1 —N(G(z)-G(y))/2 _ N(G(z)-G(y))/2
Kn(z,y) = 2mie = 1) e e ]+0(1). (4.284)
By (4.132),
N[G(z) - G ) m .
- MO ZCOL i [ o) ds = miNpv(©)e - )
y
§€lryl, (4.285)
e wfrNpy () )
sin[tNpy (§)(z —y
Kn(z,y) = +0(1). 4.286
Let u v
T=x0+ ——, =20+ ——, 4.287
OF Npv(wo) " VT Npy(ao) ( )
where u and v are bounded. Then
1 sin[m(u — v)] .
— Kn(zy) =2 TYL L o(vYy, 4.288
Npv(ao) MOV Ty TONT) (49
which implies (4.277). O

Consider now the scaling limit at an edge point. Since the density py is
zero at the edge point, we have to expect a different scaling of the eigenvalues.
We have the following universal scaling limit of the reproducing kernel at the
edge point:

Theorem 4.2.2. If xg = b; for some 1 < j < q, then for some ¢ > 0, as
N — o0,

li

1 u !
Jim WKN (zo + (Nc)2/3’zo + (NC)2/3)
_ Al Al (0) — AT(w) Ai() ) 00

u—v

Similarly, if xo = a; for some 1 < j < q, then for some ¢ >0, as N — oo,

. 1 u /l]
]Vlgléo WKN (I’O - (NC)2/3 , Lo — (NC)2/3)
_ Ai(u) AT'(v) — Ai'(u) Ai(v) (4.290)

u—v
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The proof is similar to the proof of Thm. 4.2.1, and we leave it to the
reader.

4.3 Double Scaling Limit in a Random Matrix Model

4.3.1 Ansatz of the Double Scaling Limit

This lecture is based on the paper [18]. We consider the double-well quartic
matrix model,

pn(M) = Zy exp(—NTr V(M) dM (4.291)
(unitary ensemble), with
tM?  M*
V(M)=T+T7 t<O0. (4.292)
The critical point is t. = —2, and the equilibrium measure is one-cut for

t > —2 and two-cut for ¢t < —2, see Fig. 4.2.
The corresponding monic orthogonal polynomials P, (z) = 2™ +- - - satisfy
the orthogonality condition,

/ Po(2)P(2)e ™ NVE dz = hpybyy (4.293)

and the recurrence relation,
2P, (2) = Poy1(2) + Ry Pro1(2) . (4.294)
The string equation has the form,

Ry(t+ Ry—1+ Ry + Ryi1) (4.295)

= N .
For any fixed € > 0, the recurrent coefficients R,, have the scaling asymptotics
as N — oo:

R, = a<%> + (—1)%(3) FONTY, e< % <he—e,  (4.296)

N
and
Ro=al2)+OoN"1y, et> > +e (4.297)
N ) — N — 3
where
t2
Ac = i (4.298)
The scaling functions are:
t t2 — 4\
a(\) = —3 b(\) = 5 , A< A, (4.299)
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and

—t t2 + 39\
a(\) = % L A> A (4.300)

Our goal is to obtain the large N asymptotics of the recurrent coefficients R,,,
when n/N is near the critical value Ac. At this point we will assume that ¢ is
an arbitrary (bounded) negative number. In the end we will be interested in
the case when ¢ close to (—2). Let us give first some heuristic arguments for
the critical asymptotics of R,,.

We consider N — oo with the following scaling behavior of n/N:

1/3
=X+ N2y, ¢y = <—) , (4.301)

n
N 2

where y € (—o00,00) is a parameter. This limit is called the double scaling
limit. We make the following Ansatz of the double scaling limit of the recurrent
coefficient:

R, = —% + N7 (1) eruly) + N7 Pew(y) + O(NTY), (4.302)

1/3 1 1 1/3
Cc1 = <2|t|> 5 Coy = 5 (m) . (4303)

The choice of the constants ¢y, ¢1, co secures that when we substitute this
Ansatz into the left-hand side of string equation (4.295), we obtain that

where

Rn(t + Rn—l + Rn + Rn+1)
= R N0 = 2u® — ) + NN 1) — ) 4o (4.304)

By equating the coefficients at N~=2/3 and N~! to 0, we arrive at the equations,
v =1y +2u? (4.305)

and
v’ = yu+2u? (4.306)

the Painlevé II equation. The gluing of double scaling asymptotics (4.302)
with (4.296) and (4.297) suggests the boundary conditions:

u~Cy/—y, y— —o00; u—0,y—oc0. (4.307)

This selects uniquely the critical, Hastings—McLeod solution to the Painlevé II
equation. Thus, in Ansatz (4.302) u(y) is the Hastings—McLeod solution to
Painlevé II and v(y) is given by (4.305). The central question is how to
prove Ansatz((4.302). This will be done with the help of the Riemann—Hilbert
approach.
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We consider the functions ¥, (z), n =0, 1,..., defined in (4.26), and their
adjoint functions,
1 [ o= NV@)/2y (4)d
on(z) =eNVE2_ [ 8 Yn(u)du (4.308)

27 J_ o U— 2

We define the Psi-matrix as

_ Yn(2)  on(2)
U, (z) = <1/)n1(2) <Pn1(2)) . (4.309)

The Psi-matrix solves the Lax pair equations:

Ul (z) = NAL(2)P, () , (4.310)
Upni1(2) = Un(2)Pn(2) . (4.311)

In the case under consideration, the matrix A, is given by formula (4.58),
with g = 1:

—R,ll/2(22 +0n-1) tz/2+23/2+ 2R,
O =t+ Ry + Ruyr . (4.312)

An(2) = (‘(tz/2+z3/2+an) R}/Q(z2+0n) )

Observe that (4.310) is a system of two differential equations of the first order.
It can be reduced to the Schrédinger equation,

pz o
Va1l ’

where a;; are the matrix elements of A4, (z), and

—n" + N?Un=0, (4.313)

1
U = —det An + N_l (all)’ — allm]
ai2

N2 [(gz): - 351((21122))2 1, (4.314)

see [17,18].
The function ¥, (z) solves the following RHP:

(1) ¥,(z) is analytic on {Imz > 0} and on {Im z < 0} (two-valued on {Im z =
0}).

(2) Yy (z) =", (2)(§ '), z €R.

(3) As z — oo,

W, (2) ~ <§: %) exp(—(N‘g(Z) —nlnz—|—)\n>03) . 200,

k=0
(4.315)




4 Lectures on Random Matrix Models 297

where I, k=0,1,2,..., are some constant 2 x 2 matrices, with

1 0 0 1
Iy = _ I = 4.316
0 (O Rn1/2) ) 1 ( 111/2 0) ) ( )

An = (Inhy)/2, and o3 = (§ °;) is the Pauli matrix.

Observe that the RHP implies that det ¥, (z) is an entire function such that
det ¥, (c0) = R,/?, hence

det¥,(z)=R;Y?, zeC. (4.317)

We will construct a parametrix, an approximate solution to the RHP. To that
end we use (4.310). We substitute Ansatz (4.302) into the matrix elements
of A,, and we solve (4.310) in the semiclassical approximation, as N — oo.
First we determine the turning points, the zeros of det A, (z). From (4.312)
we obtain that

t 4 6
det Ap(2) = an(z) = _% - ZZ + <% - )\C> 224 RoOpbny1,  (4.318)

Ansatz (4.301), (4.302) implies that
% —Ae=coN"23y . 0, =2e,N"2Bu(y)+ O(N7Y) . (4.319)
hence
B _ﬁ _ 2_6 —2/3, 2 277—4/3 —5/3
det A, (z) = 5 1 + coN~“/2yz* — 2t[cav(y)]* N +O(NT7).
(4.320)

We see from this formula that there are 4 zeros of det A,,, approaching the
origin as N — oo, and 2 zeros, approaching the points +zy, 29 = +—2t.
Accordingly, we partition the complex plane into 4 domains:

(1) a neighborhood of the origin, the critical domain 2¢F,
2) 2 neighborhoods of the simple turning points, the turning point domains
( g p gp gp
23,
(3) the rest of the complex plane, the WKB domain 2WKB,
_QWKB

We furthermore partition into three domains: .QY?%KB and QWVKB see
Fig. 4.8.
4.3.2 Construction of the Parametrix in 2WKB

In 2WVEB we define the parametrix by the formula,

TWEB(2) = CoT(2) exp(—(NE&(2) 4 Cy)os) (4.321)
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where Cy # 0, C are some constants (parameters of the solution). To intro-
duce T'(z) and &(z), we need some notations. We set

t
By = =5 + NP eu(y) + N2 Peoly) . (4322)

as an approximation to R,,, and

A0 (2) = (—(tz/2 +23/2 4+ 2R%) (RO)V/2(2%2 +69)

0 _ 0, 10
_(R2)1/2(22+90 ) tz/2—|—23/2—|—zRg) v O =R ARy

n—1
(4.323)
as an approximation to A, (z). We set
0 tzt 28 n 2 —4/3 1/36-5/3 2 2
an(z)Z—T—Z‘F N_)\C zZ+ N (=t) /"2 [v(y)” — 4w(y)7]

— NTBD (=20 YViw(y)], wy) =u'(y), (4.324)

as an approximation to det 4, (z). Finally, we set
0 0 —1{(,0 y/ o (afy)’
U°=—a,(2)+ N~ |(a7;) — a4 =0 , (4.325)
12

as an approximation to the potential U in (4.314). With these notations,

£(z) = / plu)du,  p(z) =/U°2) , (4.326)
ZN
where 2 is the zero of U%(z) which approaches 2o as N — oo. Also,
12 1 0
ajs(2)
T(z) = L) . detT(z)=1. 4.327
= (%5) | o) wio @) (4.821)

'WKB
Q1

Q}'P QCP

Fig. 4.8. The partition of the complex plane
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From (4.321) we obtain the following asymptotics as z — oo:

PWEB () = V30 <1 + 2L (RD)V/? <§’ é) + 0(22)>

NV
Xexp(_< 2(2) —nlnz—i—/\g-f—Cl)Ug) , Z— 00, (4328)
where

Z— 00

A = lim [Nf(z) - (%(z) —nlnz)] . (4.329)

The existence of the latter limit follows from (4.326).
In the domains QXVQKB we define
TWEB() =g WEB(:)S, . £Imz>0, (4.330)

where WWEB(2) is the analytic continuation of WWKB(2) from QWKB to
.QYYQKB, from the upper half-plane, and

S, = (} (1)) =S <(1) _11) , S = (} (1)) . (4.331)

Observe that WWXB(2) has jumps:

TVEB(2) = (I +0(e M)WWVEB(2), 2z € 02WEB N (02VEB U 0023V EB) |
(4.332)
and

wVEB(2) = wVEB(z) (é _11> . 2eRN(OVEBUQYVER) . (4.333)

4.3.3 Construction of the Parametrix near the Turning Points

In 2FF we define the parametrix with the help of the Airy matrix-valued
functions,

_ (vo(2) y12(2)
M2(2) = (ya<z> y;,2<z>> ’ (4.334)

where )
yo(2) = Ai(2) . yi(z) = e /O Ai(e™T /%) |

yg(z) — e7ri/6 Ai(e27ri/32) .

Let us remind that Ai(z) is a solution to the Airy equation y” = zy, which
has the following asymptotics as z — oco:

(4.335)

. 1 2,3/2 _3/2
Ai() = WGXP(‘T 0 >) ,

—m4+e<argz<m—e. (4.3306)
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The functions y;(z) satisfy the relation
y1(2) — ya2(2) = —iyo(2) . (4.337)
We define the parametrix in 3% by the formula,
TP (2) = W(2)N7/0Y, o (N*Pw(z)), +Imz>0, (4.338)

where
w(z) = [3£(2)] 2/3 , (4.339)

with £(z) defined in (4.326) above. Observe that w(z) is analytic in £23F. The
matrix-valued function W () is also analytic in 217, and it is found from the
following condition of the matching W™ (2) to #WKB(2) on 007F:

() = (I+ON " 1)PWVEB(z), 2z e 00", (4.340)
see [17,18]. A similar construction of the parametrix is used in the do-

main FF.

4.3.4 Construction of the Parametrix near the Critical Point
4.3.4.1 Model Solution

The crucial question is, what should be an Ansatz for the parametrix in the
critical domain 2°P? To answer this question, let us construct a normal form
of system of differential equations (4.310) at the origin. If we substitute Ansatz
(4.302) into the matrix elements of A, (z), change

(2t)'/6

W(z) =d(CNY32), C= o

(4.341)

and keep the leading terms, as N — oo, then we obtain the model equation
(normal form),

P(s) = A(s)2(s) , (4.342)
where
- (=1)"du(y)s 4s” + (=1)"2w(y) +v(y)
A(s) = <—432 + (=1)"2w(y) — v(y)) —(—=1)"4u(y)s ) , (4.343)

and w(y) = «/(y). In fact, this is one of the equations of the Lax pair for
the Hastings—Mcleod solution to Painlevé II. Equation (4.342) possesses three
special solutions, ®;, j = 0, 1,2, which are characterized by their asymptotics
as |s| — oo:
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4 4 ™
9251(3)> cos 55 +ys — 5
2 ~ 4 ’
¢ — sin<§33 +ys — %)
m

largs| < — — ¢, (4.344)

w

(—i n+1

#1(5) = ~ () explich s 4 )
0 4n
—§+6<args<?—5.
The functions &2 (s) are real for real s and
P (—s) = (=1)"D (s), D*(—s5)=—(=1)"D*(s). (4.345)
We define the 2 x 2 matrix-valued function on C,
@(s) = (Po(s),P12(s)) , +£Ims>0, (4.346)

which is two-valued on R, and

By (s)=D_(s) ((1) _11) , SER. (4.347)
The Ansatz for the parametrix in the critical domain is
WP (2) = CoV (2)B(NV3¢(2)) , (4.348)

where 50 is a constant, a parameter of the solution, {(z) is an analytic scalar
function such that ¢’(z) # 0 and V(2) is an analytic matrix-valued function.
We now describe a procedure of choosing ((z) and V(z). The essence of the
RH approach is that we don’t need to justify this procedure. We need only
that ((z) and V(z) are analytic in 2°F, and that on 92T, Ansatz (4.348)
fits to the WKB Ansatz.

4.3.4.2 Construction of {(z). Step 1

To find {(z) and V'(z), let us substitute Ansatz (4.348) into equation (4.54).
This gives

V(2)[('(2)N2BANYE(2)) [V (z) = An(2) - NV (2)V 1 (2) . (4.349)
Let us drop the term of the order of N~! on the right:
V(2)[¢(2)N2BANY3¢(2))][V1(2) = An(2) (4.350)

and take the determinant of the both sides. This gives an equation on ¢ only,
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[CPFER) = anl2), (4.351)
where
F(¢) = N"**det A(N'%()
= 16¢* + 8N ~3y¢% + N=43[2(y) — 4uw?(y)] (4.352)
and
an(2) = det An(z) = 2 _ 20 4 (3 - )\C> 24 Rolnbns1,  (4.353)
2 4 N
where
0p =t+ Ry + Rnyy . (4.354)

Equation (4.302) implies that
0, = 2caN~230(y) + O(N71) . (4.355)

At this stage we drop all terms of the order of N~!, and, therefore, we can
simplify f and a, to

F(C) = 16¢* + 8N ~2/3y¢? (4.356)
and y .
an(2) = —% - % + (% - )\C) 2. (4.357)

Equation (4.351) is separable and we are looking for an analytic solution. To
construct an analytic solution, let us make the change of variables,

z=CNB3s, (=N, (4.358)
Then equation (4.351) becomes
[0/ (s)]* fo(o(s)) = ao(s) , (4.359)
where

fo(o) = 160* + 8yo? |

4.360
ao(s) = 16s* + 8¢5 ' N3 <% —)\C>52 — N72/3¢s5 ( )

When we substitute (4.303) for y, we obtain that
ao(s) = 165 4 8ys? — N=2/3¢s5 . (4.361)

When y = 0, (4.359) is easy to solve: by taking the square root of the both
sides, we obtain that

1 1/2
oo’ = s* (1 — EN_2/3CS2) , (4.362)
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s 1 1/2 1/3
o(s) = [/ t? (1 - EN”%#) dt} (4.363)
0

is an analytic solution to (4.359) in the disk |s| < eN'/3, for some ¢ > 0. This
gives an analytic solution ((z) = N~Y/3¢(C~'N/32) to (4.353) in the disk
|z| < Ce.

When y # 0, the situation is more complicated, and in fact, (4.359) has
no analytic solution in the disk |s| < eN'/3. Consider, for instance, y > 0. By
taking the square root of the both sides of (4.359), we obtain that

1/2 1 1/2
o<02 + Q) o' = .9(.92 + g —N_2/3CS4> ) (4.364)

hence

2 2 16

The left-hand side has simple zeros at +09 = +iy/y/2, and the right-hand
side has simple zeros at +sg, where sg = o9 + O(N~2/3). The necessary and
sufficient condition for the existence of an analytic solution to (4.359) in the
disk |s| < eN'/3 is the equality of the periods,

oo 1/2
P = / (7<02 + y) do
—oo 2

e y 1 1/2
=P = / 3(32 +5- EN—2/3cs4) ds (4.365)

—30

and, in fact, P # P». To make the periods equal, we slightly change (4.303)
as follows:

y=cy N3 (% - AC> +a, (4.366)
where « is a parameter. Then
s0(a) _ 1 1/2
P, = Py(a) = / s<s2 N Ak —N_2/3cs4) ds . (4.367)
—s0(a) 2 16

It is easy to check that Pj(0) # 0, and therefore, there exists an o = O(N~2/3)
such that P, = P,. This gives an analytic solution o(s), and hence an analytic

((2)-
4.3.4.3 Construction of V(z)

Next, we find a matrix-valued function V(z) from (4.350). Both V(z) and
V~1(z) should be analytic at the origin. We have the following lemma.

Lemma 4.3.1. Let B = (b;;) and D = (d;;) be two 2 x 2 matrices such that

TrB=TrD=0, detB=detD. (4.368)
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Then the equation VB = DV has the following two explicit solutions:

dio 0 bo1 di1 — b1y
Vi= Vo = . 4.369
! <b11 —d11 b12> ’ 2 ( 0 day ) ( )

We would like to apply Lemma 4.3.1 to
B= C’(Z)N_2/3A(N1/3g(z)) . D=A,(2). (4.370)

The problem is that we need an analytic matrix valued function V(z) which
is invertible in a fixed neighborhood of the origin, but neither V; nor V5 are
invertible there. Nevertheless, we can find a linear combination of V4 and V5
(plus some negligibly small terms) which is analytic and invertible. Namely,
we take

1
Viz) = \/TWW(Z) (4.371)
where
— d12(2)—b21(z) — Q11 bll(z>_d11(z)—a12z
W(z) = (bn(z) —d11(2) — ag1z bia(2) — do1(2) — ovzo ) ; (4.372)

and the numbers a;; = O(N~!) are chosen in such a way that the matrix
elements of W vanish at the same points 29, 2o = O(N~1/3), on the complex
plane. Then V (z) is analytic in a disk |z| < e, e > 0.

4.3.4.4 Construction of {(z). Step 2

The accuracy of ((z), which is obtained from (4.351), is not sufficient for the
required fit on |z| = ¢, of Ansatz (4.348) to the WKB Ansatz. Therefore, we
correct ((z) slightly by taking into account the term —N~1V'(2)V~1(z) in
(4.349). We have to solve the equation,

[¢'()>) N~ det A(N'/3¢(2)) = det[An(2) = NIV (2)V 7 (z)] . (4.373)
By change of variables (4.358), it reduces to
[0’ ()] f1(o(5)) = ar(s) (4.374)
where
fi(0) = 160" + 8yo? + [v(y) — 4w?(y)] ;
a1(s) = 165 + 8(y — a)s? + [v*(y) — 4w?(y)] +rn(s) , (4.375)
rn(s) = O(N~2/3) .

The function fi(c) has 4 zeros, +0; j = 1,2. The function a(s) is a small
perturbation of fi(s), and it has 4 zeros, £s;, such that |s; — ;| — 0 as
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N — 0. Equation (4.374) has an analytic solution in the disk of radius
eN?/3 if and only if the periods are equal,

oo Sj
P, = Vfilo)do = Py = Vai(s)ds, j=1,2. (4.376)
—O'j —Sj

To secure the equality of periods we include aq(s) into the 2-parameter family
of functions,

a(s) = 165 +8(y — a)s? + [v2(y) — 4w*(y)] + rn(s) + 3, (4.377)
where —oco < a, § < 0o are the parameters. A direct calculation gives that
0Py 0Px
det | 99 0| #0, (4.378)
oa  Op

see [18], hence, by the implicit function theorem, there exist o, 3 = O(N—2/3),
which solve equations of periods (4.376). This gives an analytic function {(z),
and hence, by (4.348), an analytic °%(z).

The function WP (z) matches the WKB-parametrix ¥WKB(z) on the
boundary of 2°F. Namely, we have the following lemma.

Lemma 4.3.2 (See [18]). If we take Cy = Cy and Cy = —1In RS then
TOP(2) = (I + O(N")WWEB() | 2 € 90°P . (4.379)

We omit the proof of the lemma, because it is rather straightforward,
although technical. We refer the reader to the paper [18] for the details.

4.3.4.5 Proof of the Double Scaling Asymptotics

Let us summarize the construction of the parametrix in different domains. We
define the parametrix ¥? as

WWKB(Z) , z e QWKB — QgKB U -QYVKB U Q;IVKB ,
V(2) =< TP (2), ze QP u gt (4.380)
wOP(2), z€ QP

where WWEB(2) is given by (4.321), (4.330), ¥TP(2) by (4.338), and ¥*F by
(4.348). Consider the quotient,

X(2) = Ua() [0 ()] 7" (4.381)

X (z) has jumps on the contour I', depicted on Fig. 4.9, such that
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X, (2)=X_()I+ONA+|z)7?)], zeTl. (4.382)

From (4.315) and (4.328) we obtain that

X
X(x)=Xo+ = +0("%), 200, (4.383)
where 1
X, = EOo—lro exp((C1 + A) — A\n)os) (4.384)
and
1
X1 = ﬁco_l [ exp((C1+AY—An)o3) =T exp((C14+A) —An)os3) (R2)1/201] ,

o = (? é) . (4.385)

The RHP shares a remarkable property of well-posedness, see, e.g., [9,42,84,
102]. Namely, (4.382), (4.383) imply that

X' X(2)=T+ON"'1+|z)7Y), zecC. (4.386)
This in turn implies that
X, X, =0(N Y, (4.387)
or, equivalently,

exp(—(Cy + )\2 — )\n>03)F0—1F1 exp((C1 + )\2 — )\n)og) — (R2>1/201
—O(N"Y). (4.388)

By (4.316),

exp(—(C1 + A0 — \y)as) Iy ' T exp((Cr + A2 — \y)os)

_ 0 exp(—2(C1 4+ 20 — \,)
n (Rn exp(2(C1 + A% = \,)) vl 0 )> ., (4.389)

hence (4.388) reduces to the system of equations,

Fig. 4.9. The contour I'
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exp(—2(C1 + X% — \n)) = (ROV2+O(N7) | (4390)
Ry exp(2(C1 + 20 = A,)) = (ROY2 +O(N7Y) . '
By multiplying these equations, we obtain that
R,=R\+O(N1). (4.391)

This proves Ansatz (4.302). Since C; = —1 In RY, we obtain from (4.391) that

exp(2(An = AD)) =1+ O(N71) (4.392)
or equivalently,
Iy, = exp <2N /ZZO w(u) du) (1+O0(N 7)), (4.393)
where
Lju(u)du:zlilgo UN fu(u) du — <V;Z) - ”anZﬂ . (4.394)

Thus, we have the following theorem.

Theorem 4.3.1 (See [18]). The recurrent coefficient R, under the scaling
(4.301) has asymptotics (4.302). The normalizing coefficient hy, has asymp-
totics (4.393).

Equations (4.381) and (4.386) imply that
Uy (2) = Xo[I+O(N "1+ [2)) )]¥l(z), zeC. (4.395)

The number Cy is a free parameter. Let us take Cp = 1. From (4.384) and
(4.391) we obtain that

X = (R%/);M (1+0(N7Y), (4.396)
hence (R0)1/4
W, (2) = :1/5 VNI +ONY), zeC. (4.397)

This gives the large N asymptotics of &, (z) under scaling (4.301), as well as
the asymptotics of the correlation functions. In particular, the asymptotics
near the origin is described as follows.

1(,.
Theorem 4.3.2 (See [18]). Let Po(z;y) = <§28’Z;> be the solution for
n =0 to system (4.342), with the asymptotics at infinity as in (4.344). Then
the following double scaling limit holds:
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K U1 Um, .
N—oo (cN1/3)m—1 Nm\ eN1/3" " N1/
= det(Qc(ui,uj;y))i’j:1 oo (4.398)

.....

te + cOyN2/3)

where ¢ = ¢'(0) > 0, and

D' (u;y) P (v;y) — D' (v;9)P*(us y)
m(u—v)

Qc(u,v;y) = . (4.399)

Let us mention here some further developments of Thms. 4.3.1, 4.3.2.
They are extended to a general interaction V(M) in the paper [40] of Claeys
and Kuijlaars. The double scaling limit of the random matrix ensemble of
the form Zy'|det M[**e~NTV(M) QM| where o > —1, is considered in the
papers [41] of Claeys, Kuijlaars, and Vahlessen, and [75] of Its, Kuijlaars, and
Ostensson. In this case the double scaling limit is described in terms of a
critical solution to the general Painlevé II equation ¢” = sq + 2¢® — «. The
papers, [40,41,75] use the RH approach and the Deift—Zhou steepest descent
method, discussed in Sect. 4.2 above. The double scaling limit of higher-order
and Painlevé IT hierachies is studied in the papers [15,92], and others. There
are many physical papers on the double scaling limit related to the Painlevé I
equation, see e.g., [34,56,59,70,71,101], and others. A rigorous RH approach
to the Painlevé T double scaling limit is initiated in the paper [68] of Fokas,
Its, and Kitaev. It is continued in the recent paper of Duits and Kuijlaars [61],
who develop the RH approach and the Deift-Zhou steepest descent method
to orthogonal polynomials on contours in complex plane with the exponential
quartic weight, exp(—N(22/2+tz%/4)), where t < 0. Their results cover both
the one-cut case —1/12 < t < 0 and the Painlevé I double scaling limit at
t=-1/12.

4.4 Large N Asymptotics of the Partition Function of

Random Matrix Models

4.4.1 Partition Function

The central object of our analysis is the partition function of a random matrix
model,

ZN:/Z---/OO H (zj—zk)2exp(—NiV(zj)) dzy - --dzy

O 1<j<k<N j=1

N—-1
=N P (4.400)
n=0

where V(z) is a polynomial,
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2d
V()= vz, va>0, (4.401)

j=1

and h,, are the normalization constants of the orthogonal polynomials on the

line with respect to the weight e = VV (%),

/ Po(2)Pp(2)e ™MV dz = hybpm (4.402)
where P,(z) = 2"+ - --. We will be interested in the asymptotic expansion of
the free energy,

1

as N — oo.
Our approach will be based on the deformation 7, of V() to 22,

7 V(z) = Vizt)= (1 —t )22+ V(i 122), (4.404)
1 <t < o0, so that
V() =V(2), 7V(z)=2%. (4.405)

Observe that
TtTs = Tts - (4406)

We start with the following proposition, which describe the deformation equa-
tions for h,, and the recurrent coefficients of orthogonal polynomials under the
change of the coefficients of V (z).

Proposition 4.4.1. We have that
1 Olnh,

_ k
N v, [Q%n
L0 _ nioh — [Q")n) (4.407)
N@vk - 2 n—1n—1 nn) s .

1 006,
Na_fk = 'Yn[Qk]n,nfl - 7n+1[Qk]n+1,n )

where Q is the Jacobi matriz defined in (4.33).

The proof of Prop. 4.4.1 is given in [19]. It uses some results of the works
of Eynard and Bertola, Eynard, Harnad [10]. For even V| it was proved earlier
by Fokas, Its, Kitaev [68].

We will be especially interested in the derivatives with respect to ve. For
k =2, Prop. 4.4.1 gives that
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1 9lnh,

1 a2 2

N 81)2 /811 7n+1 ’
1 37n Yn
N ovy = 7(%2171 +Bi -V -6, (4.408)
1 9fn

N 8’1} - ’erzﬁnfl + 'szlﬂn - 'erz-s-lﬂn - '7721+16n+1 .

Next we describe the ve-deformation of Zy.
Proposition 4.4.2 (See [19]). We have the following relation:

1 82 1DZN 2 2 2 2 2
mw = P)/N(IYN—I + TIN+1 + BN + 2/8N6N—1 + /BN—l) . (4409)
2

Observe that the equation is local in N. For V() = va2%+wv42%, Prop. 4.4.2
was obtained earlier by Its, Fokas, Kitaev [74]. Proposition 4.4.2 can be applied
to deformation (4.404). Let 74,(7), Bn(7) be the recurrence coefficients for
orthogonal polynomials with respect to the weight e =¥V (*7) and let

ZG"“” / / — 2k) exp( NZ ) dzy---dzy

(4.410)
be the partition function for the Gaussian ensemble. It can be evaluated ex-
plicitly, and the corresponding free energy has the form,

Conss 1 m)N/2 N
pGanss _ _ﬁln< S H n> . (4.411)

By integrating twice formula (4.409), we obtain the following result:

°°1<]<k<N

Proposition 4.4.3.
Put) = F§= + [ LR 01 (0) + () + ()
+ 288 (7)Bn-1(T) + B (7)) — A} dr . (4.412)

4.4.2 Analyticity of the Free Energy for Regular V

The basic question of statistical physics is the existence of the free energy in
the thermodynamic limit and the analyticity of the limiting free energy with
respect to various parameters. The values of the parameters at which the free
energy is not analytic are the critical points. When applied to the “gas” of
eigenvalues, this question refers to the existence of the limit,

F= lim Fy, (4.413)
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and to the analyticity of F' with respect to the coefficients v; of the polynomial
V. The existence of limit (4.413) is proven under general conditions on V', not
only polynomials, see the work of Johansson [78] and references therein. In
fact, F'is the energy Fy of minimization problem (4.97), (4.98), so that

F = Iv(Vv) ) (4414)

where vy is the equilibrium measure. The following theorem establishes the
analyticity of F' for regular V. We call V regular, if the corresponding equi-
librium measure vy is regular, as defined in (4.107), (4.108). We call V, g-cut
regular, it the measure vy is regular and its support consists of ¢ intervals.

Theorem 4.4.1 (See [19]). Suppose that V(2) is a q-cut reqular polynomial
of degree 2d. Then for any p < 2d, there exists t1 > 0 such that for any
te [—1517 tl],

(1) the polynomial V(z) + tzP is q-cut regular.

(2) The end-points of the support intervals, [a;(t),b;(t)], i = 1,...,q, of the
equilibrium measure for [V (z) 4+ tzP] are analytic in t.

(3) The free energy F(t) is analytic in t.

Proof. Consider for j =0, ...,q, the quantities

Do) = = f VEDZ 0 gy [ —a) b)), (4415)

j(a,bit) = — ¢ —=—=——dz, 2) = z—a;)(z —b;), )
2mi I A /R(Z) i1

where I' is a contour around [aq,by]. Consider also for k = 1,...,¢ — 1, the

quantities

Ni(a,b;t) = %% h(z;t)v/R(z)dz, (4.416)
I

where Iy is a contour around [bg,ak+1]. Then, as shown by Kuijlaars and

McLaughlin in [82], the Jacobian of the map {[a;,b;] : i = 1,...,q} —

{T}j, Ny} is nonzero at the solution, {[a;(t),b;(t)] : i =1,...,q}, to the equa-

tions {7 = 26,4, Ny = 0}. By the implicit function theorem, this implies the

analyticity of [a;(t), b;(t)] in t. O

4.4.3 Topological Expansion

In the paper [65], Ercolani and McLaughlin proves topological expansion
(4.15) for polynomial V of form (4.13), with small values of the parameters ¢;.
Their proof is based on a construction of the asymptotic large N expansion of
the parametrix for the RHP. Another proof of topological expansion (4.15) is
given in the paper [19]. Here we outline the main steps of the proof of [19]. We
start with a preliminary result, which follows easily from the results of [52].
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Proposition 4.4.4. Suppose V (x) is one-cut reqular. Then there exists € > 0
such that for all n in the interval

<n<
N ’

the recurrence coefficients admit the uniform asymptotic representation,

Yn = 7(%) +ONTY, Bu= 6<%> +O(NY). (4.417)
The functions y(s), B(s) are expressed as
b(s) — a(s) a(s) + b(s)

~(s) = : , (4.418)

where [a(s),b(s)] is the support of the equilibrium measure for the polynomial
sV (z).

The next theorem gives an asymptotic expansion for the recurrence coef-
ficients.

Theorem 4.4.2. Suppose that V(x) is a one-cut regular polynomial. Then
there exists € > 0 such that for all n in the interval

n
1—-e< =<1
E_N_ +e,

the recurrence coefficients admit the following uniform asymptotic expansion

as N — oo: -
n ok n
w3 En()
N Pt N

6n’\’6< 2)+ZN2k92k< 2)7
N Pt N

where far(8), gar(8), k > 1, are analytic functions on [1 —e,1+ €.

(4.419)

Sketch of the proof of the theorem. The Riemann—Hilbert approach gives an
asymptotic expansion in powers of N~!. We want to show that the odd coeffi-
cients vanish. To prove this, we use induction in the number of the coefficient
and the invariance of the string equations,

n
WV ( @lnnr =55 [V(@Qlan =0, (4.420)

with respect to the change of variables
{7 = v2n—j, B = Ban—j—1:7=0,1,2,...}. (4.421)

This gives the cancellation of the odd coefficients, which proves the theorem.
O
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The main condition, under which the topological expansion is proved in
[19], is the following:

Hypothesis R. For all ¢ > 1 the polynomial 7V (z) is one-cut regular.

Theorem 4.4.3 (See [19]). If a polynomial V (z) satisfies Hypothesis R, then
its free energy admits the asymptotic expansion,

Fy — F§ ~ F4 N2F@ p N7 p@ 4o (4.422)

The leading term of the asymptotic expansion is:

F = /100 ! _27[274(7) + 473 (1) (1) — 4] dr, (4.423)

T

where
1(r) = 2D gy - CD XM

and [a(T),b(T)] is the support of the equilibrium measure for the polynomial

Viz;7).

(4.424)

To prove this theorem, we substitute asymptotic expansions (4.419) into
formula (4.412) and check that the odd powers of N~! cancel out. See [19].

4.4.4 One-Sided Analyticity at a Critical Point

According to the definition, see (4.107)—(4.108), the equilibrium measure is
singular in the following three cases:

(1) h(c) =0 where ¢ € (aj,b;), for some 1 < j < g,
(2) h(aj) =0or h(b;) =0, for some 1 < j <gq,
(3) for some ¢ & J,

2/10g e —y|dvy(y) = V(e)=1. (4.425)

More complicated cases appear as a combination of these three basic ones.
The cases (1) and (3) are generic for a one-parameter family of polynomials.
The case (1) means a split of the support interval (a;, b;) into two intervals. A
typical illustration of this case is given in Fig. 4.2. Case (3) means a birth of
a new support interval at the point ¢. Case (2) is generic for a two-parameter
family of polynomials.

Introduce the following hypothesis.

Hypothesis S;. V(2;t), t € [0,t0], to > 0, is a one-parameter family of real
polynomials such that

(i) V(z;t) is g-cut regular for 0 < t < ¢,
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(ii) V(z;0) is g-cut singular and h(a;) # 0, h(b;) # 0,4 = 1,...,q, where

¢, las, b;] is the support of the equilibrium measure for V(z;0).

We have the following result, see [19].

Theorem 4.4.4. Suppose V(z;t) satisfies Hypothesis S,. Then the end-points
a;(t),bi(t) of the equilibrium measure for V(z;t), the density function, and the
free energy are analytic, as functions of t, at t = 0.

The proof of this theorem is an extension of the proof of Thm. 4.4.1, and
it is also based on the work of Kuijlaars and McLaughlin [82]. Theorem shows
that the free energy can be analytically continued through the critical point,
t = 0, if conditions (i) and (ii) are fulfilled. If h(a;) = 0 or h(b;) = 0, then
the free energy is expected to have an algebraic singularity at ¢ = 0, but
this problem has not been studied yet in details. As concerns the split of the
support interval, this case was studied for a nonsymmetric quartic polynomial
in the paper of Bleher and Eynard [15]. To describe the result of [15], consider
the singular quartic polynomial,

V!(z) = Ti(x?’ —deyw? +2c0r +8¢1), T.=1+4ct; V.(0)=0, (4.426)
where we denote
¢k = cos kme . (4.427)

It corresponds to the critical density

pe(x) = 27T1TC (x —2¢1)%V4 — 22 . (4.428)

Observe that 0 < € < 1 is a parameter of the problem which determines the
location of the critical point,

—2 <2 =2cosme < 2. (4.429)

We include V. into the one-parameter family of quartic polynomials, {V (z;T) :
T > 0}, where

1
x; = —(x° —4c12” + 2¢c0x + 3c1) ; =0. .
V'(z; T 7 3 —derz? 42 8 V(0;T)=0 4.430

Let F(T) be the free energy corresponding to V(x;T).

Theorem 4.4.5. The function F(T) can be analytically continued through
T =T, both from T > T, and from T < T.. At T =T., F(T) is continuous,
as well as its first two derivatives, but the third derivative jumps.

This corresponds to the third-order phase transition. Earlier the third-
order phase transition was observed in a circular ensemble of random matrices
by Gross and Witten [72].
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4.4.5 Double Scaling Limit of the Free Energy

Consider an even quartic critical potential,

Vi(z) = 12" -2, (4.431)
and its deformation,
V(2)=V(zt) = Loag(i-2)2 (4.432)
nV(z) = Vizt) = 52 L .
Introduce the scaling,
t=14 N"2/3272/3; (4.433)

The Tracy—Widom distribution function defined by the formula
Frae) =ep | [~ i) ay) (1.434)

where u(y) is the Hastings—McLeod solution to the Painlevé II, see (4.306),
(4.307).

Theorem 4.4.6 (See [19]). For every € > 0,
Fn(t) — Fyauss
= Fy5(t) — N~2log Frw ((t — 1)2*/°N?/%) 4 O(N~7/3¢) | (4.435)
as N — oo and |(t — 1)N?/3| < C, where
Fye(t) = F(t) + N"2F@) (1) (4.436)

is the sum of the first two terms of the topological expansion.

4.5 Random Matrix Model with External Source

4.5.1 Random Matrix Model with External Source and Multiple
Orthogonal Polynomials

We consider the Hermitian random matrix ensemble with an external source,
1
dpn (M) = 7 exp(—nTr(V(M) — AM)) dM , (4.437)

where
Zy, = /exp(—n Te(V(M)— AM)) dM , (4.438)

and A is a fixed Hermitian matrix. Without loss of generality we may assume
that A is diagonal,
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A =diag(ar,...,an), a1 <---<ap. (4.439)
Define the monic polynomial
P,.(z) = /det(z — M) du, (M) . (4.440)
Proposition 4.5.1. (a) There is a constant Z, such that
1 n n
P.(2) = = / [1G=2) [T exp(=(V(N) — ;X)) AN dA,  (4.441)
n =1 j=1
where
AN == M) (4.442)

and d\ =dA; dAg -+ - dA,.
(b) Let
mj, = / z® exp(—(V(x) — a;jx)) do . (4.443)

Then we have the determinantal formula

mio Mi1 -+ Min
1 : S :
P,(z)==| - . T . (4.444)
Zn Mnpo Mnl Mpn
1 z 2"
(c) Forj=1,...,n,
/ Py(z)exp(—(V(z) — ajx)) dz =0, (4.445)

and these equations each uniquely determine the monic polynomial P, .
Proposition 4.5.1 can be extended to the case of multiple a;s as follows.

Proposition 4.5.2. Suppose A has distinct eigenvalues a;, i = 1,...,p, with
respective multiplicities n;, so that ny +---+mny, =n. Let n@ =ni+-+n,;

and n(9) = 0. Define
w;(x) = 2% ! exp(—(V(z) —ax)), j=1,...,n, (4.446)

where © = i; is such that nt=1 < j < nl® and dj =37 — n=Y . Then the
following hold.

(a) There is a constant Z, >0 such that

P.(z) = Zin / 1:[1(2 ) ]:[1 wi(A))AN) dA . (4.447)
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(b) Let
mik = / 2Fw;(z) dx . (4.448)

— 00

Then we have the determinantal formula

mio Mi1 * -+ Min
1 : oo :
Puz)=—=| * © " . (4.449)
Zﬂ Mpo Mnp1 =+ Mpn
1 Z P zn

(¢) Fori=1,...,p,

/°° Py(z)a’ exp(—=(V(z) — a;z))de =0, j=0,...,n;—1, (4.450)

— 00
and these equations uniquely determine the monic polynomial P, .

The relations (4.450) can be viewed as multiple orthogonality conditions
for the polynomial P,. There are p weights exp(—(V(x) — ajx)), ji=1,...,p,
and for each weight there are a number of orthogonality conditions, so that
the total number of them is n. This point of view is especially useful in the
case when A has only a small number of distinct eigenvalues.

4.5.1.1 Determinantal Formula for Eigenvalue Correlation
Functions

P. Zinn-Justin proved in [103,104] a determinantal formula for the eigenvalue
correlation functions of the random matrix model with external source. We
relate the determinantal kernel to the multiple orthogonal polynomials.

Let X, be the collection of functions

Y= {7 exp(a;z) |i=1,...,p, 5=0,...,n; — 1}. (4.451)
We start with a lemma.

Lemma 4.5.1. There exists a unique function Q,—1 in the linear span of X,
such that

/ 27 Qny(x)eV P dz =0, (4.452)
j=0,...,n—2, and
/ 2" Qnoa(x)e VP de =1, (4.453)
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Consider Py, ..., P,, a sequence of multiple orthogonal polynomials such
that deg P, = k, with an increasing sequence of the multiplicity vectors, so
that k; < l;, i = 1,...,p, when k < [. Consider the biorthogonal system of
functions, {Qx(x) : k=0,...,n— 1},

/OO Pi(z)Qr(z)e” V" dz = 5y, , (4.454)

for 5,k =0,...,n — 1. Define the kernel

Koly) = exp(—é(vu) ¥ v<y>)) SR . (445)
k=0

Theorem 4.5.1. The m-point correlation function of eigenvalues has the de-
terminantal form

Rm()\h ey )\m) = det(Kn()\j, )\k))lgj,kgm . (4456)

4.5.1.2 Christoffel-Darboux Formula

We will assume that there are only two distinct eigenvalues, a1 = a and
az = —a, with multiplicities n; and no, respectively. We redenote P, by
P, ny- Set
o0
h) . = / Py s (2)2™ wj(z) dz (4.457)
— 00

j = 1,2, which are non-zero numbers.

Theorem 4.5.2. With the notation introduced above,

(@ = w)esp( 5(V0) + V() ) Kulorn)
B
= Pnl,nz (x)in,nz (y) - h(l)#Pnlflﬂw (I)Qﬂ1+1,n2 (y)

n1—1,n2

L@
ni,n2
- (2) Pnhnz—l(fﬂ)in,ngH(y). (4.458)

ni ,77,2—1

4.5.1.3 Riemann—Hilbert Problem

The Rieman-Hilbert problem is to find Y: C\ R — C3*3 such that
e Y is analytic on C\ R,
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e for z € R, we have
Yi(x)=Y_(z) |0 1 0 (4.459)

where Y, (2) (Y_(z)) denotes the limit of Y (z) as z — a from the upper
(lower) half-plane,
e as z — 00, we have

z" 0 0
Y(z)= (I—i— O<1)> 8 z7" 0 (4.460)

z 0 2z
where I denotes the 3 x 3 identity matrix.

Proposition 4.5.3. There exists a unique solution to the RH problem,

Pnlyn2 C(Pn1>n2w1> C(Pnlﬂlsz)
Y = Clpnl—l,ng C1 C(Pnl—l,n2w1> C1 C(Pnl—l,n2w2) (4461)
2P, my—1 €2 C(Ppy ny—1w1) €2 C(Ppy ny—1w2)

with constants

e

ni—1,n2

)7 =2 (P, )7, (4.462)

€1 = _271—1( ni,mz—1

and where C f denotes the Cauchy transform of f, i.e.,

Cflz) = % A % ds . (4.463)

The Christoffel-Darboux formula, (4.458), can be expressed in terms of
the solution of RH problem:

Ko (2,y) = exp (—%(V(x) + V(y))>

. XP(ay) Y ()Y (@)]21 + explagy) [ (y)Y (2)]
27i(z — y) '

(4.464)

4.5.1.4 Recurrence and Differential Equations

The recurrence and differential equations are nicely formulated in terms of
the function

10 0 w(z) 0 0
U(z)=|0c¢" 0 |Y(z)[ 0 eNez 0 |, (4.465)
00 ¢ 0 0 eNo
where
w(z) =e NVE) (4.466)

The function ¥ solves the following RH problem:
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e U is analytic on C\ R,

o for z € R,
111
Vo (x)=¥_(z)|010], (4.467)
001
® as z — 00,
NS Z"w 0 0
W (z) ~ (I+M+---> 0 ¢tz me Nez 0 . (4.468)
z 0 0 C2—lzfngeNaz

The recurrence equation for ¥ has the form:

Wn1+1,n2 (Z) = Unl,”Z (Z)Lpnlﬂw (Z) ) (4469)
where
Z = bnl,nz —Cny,ny _dnl,nz
Unymy(2) = 1 0 0 (4.470)
1 0 €n1,no
and W 2)
hn n hy, n
Cnl,n2:ﬁ¢ov dn1,n2:(2)1—27é07
’I’L1—1,TL2 nl,ng—l
@ (4.471)
. ni+1l,nz—1 0
Enine = T — #0.
nl,ngfl

Respectively, the recurrence equations for the multiple orthogonal polynomials
are

Prig1,ms(2) = (2 = by no ) Pry na (2) = Cnyina Py —1,m0(2)
- d"l,nzpnl,ngfl(z) y (4472)

and
Pﬂ1+1,ﬂ2*1(z) = Pnl,nz (Z) + enl,nzpnl,nzfl(z) . (4473)

The differential equation for ¥ is

W”’H,”Z (Z) = NAnlyTLZ (2>Wn1,n2 (Z) ) (4474)
where
o V()00 g 1
Apy ny(2) = — ([+M+...) 0 00 <[+M+...)
i 0 00 z
pol
000
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where [f(2)]po1 means the polynomial part of f(z) at infinity.
For the Gaussian model, V (z) = 22 /2, the recurrence equation reduces to

z—a—n1/n —na/n
Ui 41mp = 1 0 0 Ui ms (4.476)
1 0 —2a

where n = n1 + no, and the differential equation reads

—z n1/nng/n
Uy =0 =1 —a 0 | Ty, - (4.477)
-1 0 a

In what follows, we will restrict ourselves to the case when n is even and

m:m:g, (4.478)
so that
A = diag(—a,...,—a,a,...,a). (4.479)
———— — —
n/2 n/2

4.5.2 Gaussian Matrix Model with External Source and
Non-Intersecting Brownian Bridges

Consider n independent Brownian motions (Brownian bridges) z;(¢), j = 1,
...,n,on the line, starting at the origin at time ¢ = 0, half ending at x = 1 and
half at = —1 at time ¢ = 1, and conditioned not to intersect for ¢ € (0,1).
Then at any time ¢ € (0,1) the positions of n non-intersecting Brownian
bridges are distributed as the scaled eigenvalues,

L

of a Gaussian random matrix with the external source

a(t) = T
Figure 4.10 gives an illustration of the non-intersecting Brownian bridges.
See also the paper [99] of Tracy and Widom on non-intersecting Brownian
excursions.
In the Gaussian model the value a = 1 is critical, and we will discuss its
large n asymptotics in the three cases:

(1) a> 1, two cuts,
(2) a < 1, one cut,
(3) a =1, double scaling limit.

In the picture of the non-intersecting Brownian bridges this transforms to a

critical time t = %, and there are two cuts for ¢ > %, one cut for t < %7 and

the double scaling limit appears in a scaled neighborhood of ¢ = %
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1.5¢

-1.5 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 4.10. Non-intersecting Brownian paths that start at one point and end at two
points. At any intermediate time the positions of the paths are distributed as the
eigenvalues of a Gaussian random matrix ensemble with external source. As their
number increases the paths fill out a region whose boundary has a cusp

4.5.3 Gaussian Model with External Source. Main Results

First we describe the limiting mean density of eigenvalues. The limiting mean
density follows from earlier work of Pastur [89]. It is based on an analysis of
the equation (Pastur equation)

-2+ (1-ad®)E+d*2=0, (4.480)

which yields an algebraic function £(z) defined on a three-sheeted Riemann
surface. The restrictions of £(z) to the three sheets are denoted by §;(z),
j = 1,2,3. There are four real branch points if a > 1 which determine two
real intervals. The two intervals come together for a = 1, and for 0 < a < 1,
there are two real branch points, and two purely imaginary branch points.
Figure 4.11 depicts the structure of the Riemann surface £(z) for a > 1,
a=1,and a < 1.

In all cases we have that the limiting mean eigenvalue density p(z) =
p(x;a) is given by

p(x;a) = %Im§1+(x) , zEeR, (4.481)
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where &14 () denotes the limiting value of & (z) as z — x with Im z > 0. For
a = 1 the limiting mean eigenvalue density vanishes at x = 0 and p(z;a) ~
|z|*/3 as & — 0.

We note that this behavior at the closing (or opening) of a gap is markedly
different from the behavior that occurs in the usual unitary random matrix
ensembles Z, e n1Tr VM) M where a closing of the gap in the spectrum
typically leads to a limiting mean eigenvalue density p that satisfies p(xz) ~
(x — 2*)? as # — z* if the gap closes at * = z*. In that case the local
eigenvalue correlations can be described in terms of y-functions associated
with the Painlevé II equation, see above and [18,40]. The phase transition
for the model under consideration is different, and it cannot be realized in a
unitary random matrix ensemble.

Theorem 4.5.3. The limiting mean density of eigenvalues

p(x) = lim lKn(x,x) (4.482)

n—oo N

exists for every a > 0. It satisfies
1
() = T Imé()] (1.483)
where & = £(x) is a solution of the cubic equation,
& -2 — (> - 1)+ xa* =0. (4.484)

The support of p consists of those x € R for which (4.484) has a non-real
solution.

(a) For 0 < a < 1, the support of p consists of one interval [—2z1, 21|, and p is
real analytic and positive on (—z1,21), and it vanishes like a square root
at the edge points +z1, i.e., there exists a constant p1 > 0 such that

plz) = /;—1|:1: T 2|2 (1+0(1)) asx— %21, v € (—21,21) . (4.485)

&1 &1 &1

& & /; &2

i &3 - &3 — &3

Fig. 4.11. The structure of the Riemann surface for (4.480) for the values a > 1
(left), a = 1 (middle) and a < 1 (right). In all cases the eigenvalues of M accumulate
on the interval(s) of the first sheet with a density given by (4.481)
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(b) For a =1, the support of p consists of one interval [—z1, z1], and p is real
analytic and positive on (—z1,0)U (0, 21), it vanishes like a square root at
the edge points +z1, and it vanishes like a third root at 0, i.e., there exists
a constant ¢ > 0 such that

plx) = c|x|1/3(1 +0(1)), asxz—0. (4.486)

(c) For a > 1, the support of p consists of two disjoint intervals [—z1, —z2] U
[22,21] with 0 < 29 < 21, p is real analytic and positive on (—z1, —z2) U
(22,21), and it vanishes like a square root at the edge points +z1, +zs.

To describe the universality of local eigenvalue correlations in the large n
limit, we use a rescaled version of the kernel K,,:

~

Ro(w,y) = exp(n(h(2) = h(y)) ) Kn(z,y) (4.487)

for some function h. The rescaling is allowed because it does not affect the
correlation functions R,,, which are expressed as determinants of the kernel.
The function h has the following form on (—z1, —z2) U (22, 21):

h(z) = _ixﬂ 4 Re / C e (s)ds (4.488)

where £ is a solution of the Pastur equation. The local eigenvalue correlations
in the bulk of the spectrum in the large n limit are described by the sine kernel.
The bulk of the spectrum is the open interval (—z1,21) for a < 1, and the
union of the two open intervals, (—z1, —z2) and (z2,21), for a > 1 (22 = 0 for
a=1).

We have the following result:

Theorem 4.5.4. For every xo in the bulk of the spectrum we have that

) 1 5 u v sinm(u — v)
lim ——K, |20+ ——, 20+ =
28 7p(a0) no(wo) ™t nptao)

At the edge of the spectrum the local eigenvalue correlations are described
in the large n limit by the Airy kernel:

m(u — )

Theorem 4.5.5. For every u,v € R we have

I 1 [A( u v
we (2 M\ oy T (s
Ai(u) Al (v) — Ai'(u) Ai(v)

u—v

A similar limit holds near the edge point —z1 and also near the edge points
+z0 ifa > 1.
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Im z

Re z

Fig. 4.12. The contour X that appears in the definition of ¢(y)

As is usual in a critical case, there is a family of limiting kernels that arise
when a changes with n and a — 1 as n — oo in a critical way. These kernels
are constructed out of Pearcey integrals and therefore they are called Pearcey
kernels. The Pearcey kernels were first described by Brézin and Hikami [30,31].
A detailed proof of the following result was recently given by Tracy and Widom
[98].

Theorem 4.5.6. We have for every fixred b € R,

. 1 €T y b _ ecusp _
lim K <n3/4’n3/471+2\/ﬁ> = KP(z,y;b) (4.489)

n—oo n3/4 "
where K°"P s the Pearcey kernel

p(x)q" (y) — p'(x)d' (y) + p"(x)q(y) — bp(x)q(y)

Kewsp b)) = 4.490
(2, y;b) Ty (4.490)
with | oo ) .
p(x) = —/ exp| —=s*— s> +isz ) ds,
2 J_ o 4 2
(4.491)
()fi ex 1t‘*+91t2+it dt
aw) =5 [ exp{ 3t 435 y | dt.

The contour X consists of the four rays argy = +m /4, £37/4, with the orien-
tation shown in Fig. 4.12.

The functions (4.491) are called Pearcey integrals [91]. They are solutions
of the third-order differential equations p(z) = ap(z) + bp/(z) and ¢ (y) =
—yq(y) + bq'(y), respectively.

Theorem 4.5.6 implies that local eigenvalue statistics of eigenvalues near
0 are expressed in terms of the Pearcey kernel. For example we have the
following corollary of Thm. 4.5.6.
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Corollary 4.5.1. The probability that a matriz of the ensemble (4.437),
(4.479), with a=14bn="/%/2 has no eigenvalues in the interval [cn=3/*, dn=3/4]
converges, as n — o0, to the Fredholm determinant of the integral operator
with kernel K°%P(z,y;b) acting on L*(c,d).

Similar expressions hold for the probability to have one, two, three,. ..,
eigenvalues in an O(n~3/%) neighborhood of 2 = 0.

Tracy and Widom [98] and Adler and van Moerbeke [3] gave differential
equations for the gap probabilities associated with the Pearcey kernel and
with the more general Pearcey process which arises from considering the non-
intersecting Brownian motion model at several times near the critical time.
See also [88] where the Pearcey process appears in a combinatorial model on
random partitions.

Brézin and Hikami and also Tracy and Widom used a double integral
representation for the kernel in order to establish Thm. 4.5.6. We will describe
the approach of [23], based on the Deift—Zhou steepest descent method for the
Riemann—Hilbert problem for multiple Hermite polynomials. This method
is less direct than the steepest descent method for integrals. However, an
approach based on the Riemann—Hilbert problem may be applicable to more
general situations, where an integral representation is not available. This is
the case, for example, for the general (non-Gaussian) unitary random matrix
ensemble with external source, (4.437), with a general potential V.

The proof of the theorems above is based on the construction of a
parametrix of the RHP, and we will describe this construction for the cases
a>1,a<1,and a = 1.

4.5.4 Construction of a Parametrix in the Case a > 1

Consider the Riemann surface given by (4.480)) for a > 1, see the left surface
on Fig. 4.11. There are three roots to this equation, which behave at infinity
as

1 1 1 1
We need the integrals of the {-functions,
Ai(z) = / &r(s)ds, k=1,2,3, (4.493)

which we take so that A; and Ag are analytic on C\ (—o0, z1] and A3 is analytic
on C\ (—oo, —z3]. Then, as z — o0,

22 1

Ai(z) = ?—lnz—i—ll—i—O =
z

1 1 (4.494)

)\2)3(2) = *+az+ 5 Inz+ 1273 + O(—) R
z
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where Iy, s, I3 are some constants, which we choose as follows. We choose [
and [y such that

)\1 (21) = /\2 (221) =0 s (4495)
and then I3 such that

)\3(—2’2) = /\1+(—2’2) = )\1_(—22) —7i. (4496)
First Transformation of the RH Problem
Using the functions A; and the constants /;, j = 1,2, 3, we define

T(z) = diag (exp(—nll), exp(—nlz), exp(—nlg))Y(z)

X diag(exp(n()\l (z) — £2%)), exp(n(A2(2) — az)), exp(n(Xs(z) + az))) .

(4.497)
Then T4 (z) = T_(z)jr(x), © € R, where for = € 22, z1],
exp(n(Ar — A2)4) 1 exp(n(Xs — A1)
Jjr = 0 exp(n(A1 — A2)-) 0 (4.498)
0 0 1
and for x € [—z1, —22],
exp(n(A1 — A3)4) exp(n(Xoy — A1) 1
jr = 0 1 0 . (4.499)
0 0 exp(n(A1 — A3)-)

. /\722 7 /\zl
N4 N4

Fig. 4.13. The lenses for a > 1
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Second Transformation of the RH Problem: Opening of Lenses

The lens structure is shown on Fig. 4.13. Set in the right lens,

0 0
T(z) | —exp(n(A1(z) = A2(2))) 1 —exp(n(As(z) — A2(2)))
0 0 1
S(z) = in the upper lens region ,
1 0 0
T(z) | exp(n(Ai(2) — A2(2))) 1 —exp(n(As(z) — A2(2)))
0 0 1
in the lower lens region ,
(4.500)
and, respectively, in the left lens,
1 0 0
T(z) 1 0
—exp(n(Ai(z) — A3(2))) —exp(n(Aa(z) — As(2))) 1
S(z) = in the upper lens region ,
1 0 0
T(z) 0 1 0
exp(n(Ai(z) — A3(2))) —exp(n(rz(z) — As(2))) 1
in the lower lens region .
(4.501)
Then
010
Si(x) =5-(x)js(z); js(@)=|-100| , z € [22,2], (4.502)
001
and
001
Si(z)=5S_(z)js(x); js(x)=1 0 10] , z€[-21,—22). (4.503)
-100

In addition, S has jumps on the boundary of the lenses, which are exponen-
tially small away of the points £z 2. The RH problem for S is approximated
by the model RH problem.

Model RH Problem

e M is analytic on C\ ([—z1, —22] U [22, 1)),
L]

My(x) =M_(x)js(z), x€(—z1,—22)U(22,21), (4.504)
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® as z — 00,

1
M(z)=1+ O(—) , (4.505)
z
where the jump matrix is

010
-100] , x € (22,21)

5(2) Vot (4.506)
xTr) = .
Js 001

010], HANSS (—217—22) .
-100

Solution to the model RH problem has the form:

M(z) = A(2)B(2)C(z) , (4.507)
where ) )
A(z) = diag <1, —%, —%),
§i(2) —a® €(2) — a® £3(2) — a® (4.508)
B(z)=| &(2)+a &(2)+a &(2)+a
§i(2) —a &(2)—a &(2)—a
and
1 1 1
C(z2) = dia , , 4.509
) g<¢@<§1<z>> NCCIB) \/Q(fg(Z))) (4509
where

Q(z) = 2* — (1 +2a%H)2* + (a®* — 1)a® . (4.510)

Parametrix at Edge Points

We consider small disks D(%z;,r) with radius 7 > 0 and centered at the edge
points, and look for a local parametrix P defined on the union of the four
disks such that

e P is analytic on D(£z;,7)\ (RUI),
L]

P,(z) =P_(2)js(z), ze€(RUI')ND(xz,7), (4.511)

® as n — o0,

P(z) = (I + O(%))M(z) uniformly for z € 9D(%z;,7).  (4.512)
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We consider here the edge point z; in detail. We note that as z — 21,

2
N(z) = alz = 21) + Lz = 2)* + 0(z - 21)?
- (4.513)
Ao (z) =q(z— z1) — T(z - z1)3/2 +0(z - z1)2
so that
)\12_/\22:4ﬂz_213/2+02_215/2 4.514
3
as z — z1. Then it follows that
B(z) = [2(M(2) — Aa(2))]*? (4.515)

is analytic at z1, real-valued on the real axis near z; and 3'(z1) = pf/?’ > 0. So
[ is a conformal map from D(z1,r) to a convex neighborhood of the origin,
if r is sufficiently small (which we assume to be the case). We take I" near z;
such that

B(I'N D(z1,r)) C {z | arg(z) = £27/3} .

Then I' and R divide the disk D(z1,7) into four regions numbered I, II,
III, and IV, such that 0 < argf(z) < 27n/3, 27/3 < argf(z) < w, —7 <
arg f(z) < —2m/3, and —27/3 < arg 3(z) < 0 for z in regions I, 11, III, and
IV, respectively, see Fig. 4.14.

II 1

Z

I v

Fig. 4.14. Partition of a neighborhood of the edge point

Recall that the jumps js near z; are given as
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010
-100 on [z1 — 1, z1)
001

0 0 1

on the upper boundary of the lens in D(z1,r)

1 0 0
exp(n(A1 — A2)) 1 —exp(n(As — A2))

1 0 0
js = (exp(n()\l —A2)) 1 exp(n(Az — A2))
( 0 0 1

on the lower boundary of the lens in D(zy,7)

Lexp(n(Az — A1) exp(n(As — A1)
js=10 1 0
0 0 1

on (21,21 +7] .

We write
10 0
~ P01 —exp(n(As—A2)) in regions I and IV
P =
00 1
P in regions II and ITI.

Then the jumps for P are ]3+ =P Jp where

010
jp=|(-100 on [z1 —1,21)
001
1 00
jp=[erMir) 10
0 01
on the upper side of the lens in D(z1,r)
1 00
jlg = | en1=22) 1
0 01

on the lower side of the lens in D(zq,7)
1 en(A2=21)
js=10 1 0
0 0 1

on (21,21 + 1] .

We also need the matching condition

331

(4.516)

(4.517)

(4.518)
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P(z) = (I + O<1)>M(z) uniformly for z € D(z1,7) . (4.519)
n

The RH problem for Pis essentially a 2 X 2 problem, since the jumps (4.518)
are non-trivial only in the upper 2 x 2 block. A solution can be constructed
in a standard way out of Airy functions. The Airy function Ai(z) solves the
equation ¢y’ = zy and for any € > 0, in the sector 7 + ¢ < argz < 7 — ¢, it
has the asymptotics as z — oo,

Ai(z) exp(—22%2)(1+0(z7%?)) . (4.520)

1
2 /mzl/A
27

3, also solve the equation y” =

The functions Ai(wz), Ai(w?z), where w = e
zy, and we have the linear relation,

Ai(z) + wAi(wz) + w? Ai(w?2) =0. (4.521)

Write

yo(z) = Ai(2), w1(2) =wAi(wz), va(2) = w? Ai(w?z), (4.522)
and we use these functions to define
Yo(2) —y2(2) 0
yo(2) —yh(2) 0| for 0 < argz < 2m/3,

0 0

, for 2n/3 < argz < m,
(4.523)

0
0
1
ya(
—y3(2) y1(2) 0 | for —m < argz < —2m/3,
0

yi(2) 0
Yo(2) y1(2) 0] for —27/3 < argz < 0.
0 1

Then
P(2) = B, (2)®(n*/?6(2))
x diag (exp(%n()\l(z) - )\Q(z))),exp<—%n(/\1(z) - /\Q(z))>, 1) (4.524)

where F, is an analytic prefactor that takes care of the matching condition
(4.519). Explicitly, E,, is given by

1 —10\ [n'/6p1/4 0 0
E,=VTM | —i—i0 0 n Vg4 . (4.525)
0 01 0 0 1

A similar construction works for a parametrix P around the other edge points.
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I'r

—(L_ OO

Fig. 4.15. The contour I'r for R

Third Transformation

In the third and final transformation we put

R(z) = S(z)M(2)~! for z outside the disks D(£z;,7), j = 1,2

o (4.526)
R(z) = S(2)P(z) for z inside the disks .

Then R is analytic on C \ I'r, where I'p consists of the four circles
0D(£zj,r), j = 1,2, the parts of I' outside the four disks, and the real
intervals (—oo, —z1 — 1), (—22+7, 22 — 1), (21 + 1, 0), see Fig. 4.15. There are
jump relations

R, =R_jg (4.527)

where

jr=MP™! on the circles, oriented counterclockwise (4.528)
jr= MjsM™1 on the remaining parts of I'g . '

We have that jr = I +O(1/n) uniformly on the circles, and jrp = I +O(e™ ")
for some ¢ > 0 as n — oo, uniformly on the remaining parts of I'g. So we can
conclude

1
Jr(z) =1+ O(—) as n — oo, uniformly on I'p . (4.529)
n
As z — 00, we have
R(z)=1+4+0(1/z). (4.530)
From (4.527), (4.529), (4.530) and the fact that we can deform the contours

in any desired direction, it follows that

1
R(z)=1+ O<—n(|z| .y

uniformly for z € C\ I'g, see [47,52,53,81].

) as n — 0o . (4.531)

4.5.5 Construction of a Parametrix in the Case a < 1
4.5.5.1 X-functions

Consider the Riemann surface given by (4.480) for a < 1, see the right surface
on Fig. 4.11. There are three roots to this equation, which behave at infinity
as in (4.492). We need the integrals of the &-functions, which we define as
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M) = [ @, ) = [ a)ds,

. - (4.532)
M) = [ @+ (-a),

-

The path of integration for Az lies in C\ ((—o0, 0]U[—izg, i22]), and it starts at
the point —z; on the upper side of the cut. All three A-functions are defined
on their respective sheets of the Riemann surface with an additional cut along
the negative real axis. Thus A1, Ao, A3 are defined and analytic on C\ (—o0, z1],
C\ ((—o0, 21] U [—iza,i29]), and C\ ((—o0,0] U [—izs,iz2]), respectively. Their
behavior at infinity is

M(z) =122 —logz + 61+ O(1/2)
A2(z) =az+ tlogz+ Lo+ O(1/z) (4.533)
A3(z) = —az+ $logz + l5 + O(1/z)

for certain constants ¢;, j = 1,2,3. The \;’s satisfy the following jump rela-
tions

A = Aox on (0,21),

A- = A3y on (—z,0),

A1y = Az — i on (—z,0),

Ao = A3+ ' on (0,'i22) , (4.530)
Ao = A3y — i on (—izz,0),

At = A_ — 27 on (—oo,—z21) ,

Aot = Ao + i on (—o0,0),

Az = Az + i on (—oo, —21) ,

where the segment (—izs,iz9) is oriented upwards.

4.5.5.2 First Transformation Y — U

We define for z € C\ (R U [—iza,i22]),

U(z) = diag (exp(—nél), exp(—nts), exp(—nég))Y(z)

x diag (exp(n(/\l(z) — 327)),exp(n(X2(z) — az)), exp(n(As(z) + az))).

(4.535)

This coincides with the first transformation for ¢ > 1. Then U solves the
following RH problem.

o U:C\ (RU [~izg,i2]) — C3*3 is analytic.
e U satisfies the jumps
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exp(n(Ary — A1-)) exp(n(Ae4 — A1) exp(n(As+ — A1-))

Up=U- 0 exp(n(A24 — A2-)) 0
0 0 exp(n(As4+ — Az-))
on R, (4.536)
and
1 0 0
Uy =U- [ 0 exp(n(Az4 — A2-)) 0
0 0 exp(n(As4+ — Az-))

on [—izg,iza] . (4.537)
o U(z) =1+4+0(1/z) as z — oo.

4.5.5.3 Second Transformation U — T': Global Opening of a Lens
on [—iza,izs]

The second transformation is the opening of a lens on the interval [—iza, iz2].
We consider a contour Y, which goes first from —izs to ize around the point
z1, and then from izo to —izo around the point —z;, see Fig. 4.16, and such
that for z € X,

+(ReXz2(z) —ReAs(2)) >0, +Rez>0. (4.538)

Observe that inside the curvilinear quadrilateral marked by a solid line on
Fig. 4.16, =(Re A2(2) —Re A3(2)) < 0, hence the contour X has to stay outside
of this quadrilateral. We set T' = U outside X', and inside X we set

1 0 0
T=U1{0 1 0 for Rez < 0 inside X',
0 —exp(n(A2 —A3)) 1
p(n(Az — A3)) (4.530)
10 0
T=U|01—-exp(n(As—A2)) for Rez > 0 inside X .
00 1

4.5.5.4 Third Transformation T +— S: Opening of a Lens on
[_zla zl]

We open a lens on [—z1, z1], inside of X, see Fig. 4.17, and we define S =T
outside of the lens and

1 00
S=T 0 10
—exp(n(A1 —A3)) 01

in upper part of the lens in left half-plane ,
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3

-2

Re z

Fig. 4.16. Contour X which is such that Re A2 < Re A3 on the part of X' in the left
half-plane and Re A2 > Re A3 on the part of X' in the right half-plane

2 -
1.5 z
iz
iL >
0.51 |y*
N
E O .
-X
_05 L
s
_15 L
27 3 5 - 0 1 2 3 4
Re z
Fig. 4.17. Opening of a lens around [—z1, 21]
1 00
S=T 0 10

exp(n(Ad1 —A3)) 01

in lower part of the lens in left half-plane ,
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1 00
S=T|[—exp(n(AQ1 —A2)) 10
0 01
in upper part of the lens in right half-plane ,
1 00
S=T|exp(n(A1 —A2)) 10
0 01

in lower part of the lens in right half-plane .  (4.540)

Then S satisfies the following RH problem:

e S is analytic outside the real line, the vertical segment [—izy, 22|, the curve
X, and the upper and lower lips of the lens around [—z1, 21].
e S satisfies the following jumps on the real line

L exp(n(Az+ — A1-)) exp(n(As+ — A1)
s, =5 (o 1 0
0 0 1

on (—oo, —z*] (4.541)
10 exp(n(As4 — A1-))

Sp=5_(01 0 on (—z*,—z] (4.542)
00 1
001

Sy=S_[010 on (—21,0)  (4.543)
-100
010

Sy=S5_[-100 on (0, 21) (4.544)
001
Lexp(n(A2 — 1)) 0

Sp=8_10 1 0 on [z1,x") (4.545)
0 0 1
1 exp(n(A2 — A1)) exp(n(As — A1))

Sp=8_10 1 0 on [z%,00).  (4.546)
0 0 1

S has the following jumps on the segment [—izg,i22],

10 0
S, =5_[00 1 on (—izs, —iy*)  (4.547)
0 =1 exp(n(As+ — As-))
1 0 0
S, =5_ 0 0 1

exp(n(A1 — Az—)) —1 exp(n(As4 — Az-))
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on (—iy*,0) (4.548)
1 0 0
S, =5 0 0 1
—exp(n(A1 — A=) —1 exp(n(As4 — Az-))
on (0, iy*) (4.549)
10 0
Sy=S_100 1 on (iy*,iz2) . (4.550)
0 —1 exp(n(As+ — As—))
The jumps on X are
1 0 0
Sy =510 1 0] on{zeX]|Rez<0} (4.551)
0 exp(n(Az2 — A3)) 1
10 0
Sy =S5_|0lexp(n(Adz—X2))| on{zeX|Rez>0}. (4.552)
00 1

Finally, on the upper and lower lips of the lens, we find jumps

1 00
S, =5 0 10
exp(n(Ad1 —A3)) 01

on the lips of the lens in the left half-plane (4.553)

1 00
Sy =5_|[exp(n(\1 —X2)) 10
0 01

on the lips of the lens in the right half-plane . (4.554)
o S(z)=I+0(1/z) as z — 0.

As n — oo, the jump matrices have limits. Most of the limits are the identity
matrix, except for the jumps on (—z1,21), see (4.543) and (4.544), and on
(—izq,iz22), see (4.547)—(4.550). The limiting model RH problem can be solved
explicitly. The solution is similar to the case a > 1, and it is given by formulas
(4.507)—(4.510), with cuts of the function /P(z) on the intervals [—zy, z1]

and [—izy,i29].

4.5.5.5 Local Parametrix at the Branch Points for a < 1

Near the branch points the model solution M will not be a good approximation
to S. We need a local analysis near each of the branch points. In a small circle
around each of the branch points, the parametrix P should have the same
jumps as S, and on the boundary of the circle P should match with M in the
sense that
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P(z) = M(z)(I +O(1/n)) (4.555)

uniformly for z on the boundary of the circle.

The construction of P near the real branch points +z; makes use of Airy
functions and it is the same as the one given above for the case a > 1. The
parametrix near the imaginary branch points +izs is also constructed with
Airy functions. We give the construction near izo. There are three contours,
parts of X meeting at izo: left, right and vertical, see Fig. 4.17. We want an
analytic P in a neigborhood of izo with jumps

1 0 0
P.=P_ |0 1 0 on left contour
0 exp(n(A2 — A3)) 1
10 0
P, =P_ | 01exp(n(As—A\2)) on right contour (4.556)
00 1
10 0
P.=P_ |00 1 on vertical part .

0 =1 exp(n(A34+ — A3-))
In addition we need the matching condition (4.555). Except for the matching
condition (4.555), the problem is a 2 x 2 problem. We define

F(2) = [0 = X3)(2)]

2/3 (4.557)
such that

arg f(z)=n/3, forz=1iy, y> 2.
Then s = f(z) is a conformal map, which maps [0,iz2] into the ray args =
—27/3, and which maps the parts of X near izo in the right and left half-planes
into the rays args = 0 and args = 27/3, respectively. The local parametrix
has the form,

1 0 0
P(2) = E(z)®(n*3f(2)) | 0 exp(in(Az — A3)) 0
0 0 exp(—3n(Xz — A3))
(4.558)
where E is analytic. The model matrix-valued function @ is defined as
10 0
®=1|0yo—yo for 0 < args < 2m/3,
095 —y5
100
&= |0yowm for —27/3 < args <0, (4.559)
090 91
10 0
D= |0-y1 —y2 for 27/3 < args < 4w/3 |

0 -y —y5
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where yo(s) = Ai(s), y1(s) = wAi(ws), y2(s) = w? Ai(w?s) with w = 27/3
and Ai the standard Airy function. In order to achieve the matching (4.555)
we define the prefactor F as

E=ML"! (4.560)
with
e 0 0 100
L=——=0n"V6f1/4 o 01 i (4.561)
Vrlo o0 avspvi) \o-ti

where f/* has a branch cut along the vertical segment [0,iz5] and it is real
and positive where f is real and positive. The matching condition (4.555) now
follows from the asymptotics of the Airy function and its derivative.

A similar construction gives the parametrix in the neighborhood of —izs.

4.5.5.6 Fourth Transformation S — R
Having constructed N and P, we define the final transformation by

R(z) = S(z)M(z)_1 away from the branch points ,

| (4.562)
R(z) = S(z)P(z) near the branch points .

Since jumps of S and N coincide on the interval (—z1, 21) and the jumps of
S and P coincide inside the disks around the branch points, we obtain that
R is analytic outside a system of contours as shown in Fig. 4.18.

On the circles around the branch points there is a jump

Ri=R_(I+0(1/n)), (4.563)

which follows from the matching condition (4.555). On the remaining contours,
the jump is
Ri=R_(I+0(e ")) (4.564)

for some ¢ > 0. Since we also have the asymptotic condition R(z) = I+0(1/z)
as z — 00, we may conclude as that

R(z)=1+ O<n asn — oo, (4.565)

)

uniformly for z € C.

4.5.6 Double Scaling Limit at a =1

This section is based on the paper [23].
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-4 -3 -2 -1 0 1 2 3 4
Re z

Fig. 4.18. R has jumps on this system of contours

4.5.6.1 Modified Pastur Equation

The analysis in for the cases a > 1 and 0 < a < 1 was based on the Pastur
equation (4.480), and it would be natural to use (4.480) also in the case a = 1.
Indeed, that is what we tried to do, and we found that it works for a = 1, but
in the double scaling regime a = 1 + b/(24/n) with b # 0, it led to problems
that we were unable to resolve in a satisfactory way. A crucial feature of our
present approach is a modification of (4.480) when a is close to 1, but different
from 1. At z = 0 we wish to have a double branch point for all values of a so
that the structure of the Riemann surface is as in the middle figure of Fig. 4.11
for all a.
For ¢ > 0, we consider the Riemann surface for the equation

r=— (4.566)

where w is a new auxiliary variable. The Riemann surface has branch points
at 2* = 3\/5/20, —z* and a double branch point at 0. There are three inverse
functions wyg, k = 1,2, 3, that behave as z — oo as
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1
;) (4.567)
1

and which are defined and analytic on C\ [—z*, 2*], C\ [0, 2*] and C\ [—z*, 0],
respectively.
Then we define the modified ¢-functions

Eh=wp + £, fork=1,2,3, (4.568)
W

which we also consider on their respective Riemann sheets. In what follows

we take
a++va?+8
4

and p=c?—1. (4.569)

Note that a = 1 corresponds to ¢ = 1 and p = 0. In that case the functions
coincide with the solutions of (4.480) that we used in our earlier works. From
(4.566), 4.568), and (4.569) we obtain the modified Pastur equation

(2 —1)°
2

& — 224+ (1—-ad®E+az+
2z

=0, (4.570)

where ¢ is given by (4.569). This equation has three solutions, with the fol-
lowing behavior at infinity:

&1(2) =Z—§+O<%>7
1

1
&o3(2) = ta+ 5 + O(;)a

(4.571)

and the cuts as in the middle figure of Fig. 4.11. At zero the functions & have
the asymptotics,

_ w2kzl/3f2(z) _ wkz—1/3g2(z>
Er(z) = -
wkzl/3f2(z>_w2kz 1/392(2)

+ z forImz > 0,
3 (4.572)
+ = forImz <0,

where the functions f»(z), g2(2) are analytic at the origin and real for real z,
with

f2(0) = 23 + %c—4/3(c2 —1), ¢0)=c23(c?-1). (4.573)

We define then the functions A\ as
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—7 VA
W

Fig. 4.19. Lens structure for the double scaling limit

Ai(z) = &r(s)ds (4.574)
0+
where the path of integration starts at 0 on the upper side of the cut and is
fully contained (except for the initial point) in C\ (—o0,z*], and we define
the first transformation of the RHP by the same formula (4.497) as for the
case a > 1. For what follows, observe that the A-functions have the following
asymptotics at the origin:

3 1 2
— SR A fa(2) — Zwk2 3 gs(2) + % for Imz >0,

4 2
Ak(2) = 3 1 2 4575
MO =0 0 0) = Bty ey - Sty + 2 (1.575)
forImz <0,

where the function f3 and g3 are analytic at the origin and
F3(0) = f2(0) = P 4 g3 1),
95(0) = 392(0) =3¢ **(c* 1) ,

The second transformation, the opening of lenses is given by formulas
(4.500), (4.501). The lens structure is shown on Fig. 4.19. The model solution
is defined as

(4.576)

Mi(wi(z)) Mi(w2(z)) Mi(ws(2))
M(z) = | Mz(w1(2)) Ma2(wa(2)) Ma2(ws(2)) (4.577)
M3(w1(2)) Ms(wa(2)) Ms(ws(z))

where My, Ms, M3 are the three scalar valued functions

w? — 2 - w+Hec
Myw)= —2—5 | Myw)=-———021
1(w) wvw? — 3¢? 2(w) V2 wvw? — 3¢2 (4.578)
w—c '
Ms(w) =

\/_w\/w2 — 302

The construction of a parametrix P at the edge points £z* can be done with
Airy functions in the same way as for a > 1.

4.5.6.2 Parametrix at the Origin

The main issue is the construction of a parametrix at the origin, and this
is where the Pearcey integrals come in. The Pearcey differential equation
" (¢) = ¢p(¢) + bp’(¢) admits solutions of the form
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pi(¢) = / exp <—154 _bp + isg) ds (4.579)
r 4 2
for 7 =0,1,2,3,4,5, where
Iy = (—00,00) , I = (ico, 0] U [0, 00) ,
Iy = (ico0, 0] U [0, —00) , I's = (—ico,0]U [0, —0c0) , (4.580)
Iy = (—ico, 0] U [0,00) , I's = (—ioco,i00)

or any other contours that are homotopic to them as for example given in
Fig. 4.20. The formulas (4.580) also determine the orientation of the contours
I;.

Fig. 4.20. The contours I, 7 =0,1,...,5, equivalent to those in (4.580), that are
used in the definition of the Pearcey integrals p;

Define @ = &((;b) in six sectors by

—P2 P1 Ps

&= —phplps| for0<argl<m/4 (4.581)
—p3 Y Py

Do P1 pa

@ = | py Py P4 for 7/4 < arg( < 3n/4 (4.582)
po PY Py

—P3 —P5 P4

& = [ —ph —pk ply |for 3m/4 <arg{ <m (4.583)
—p5 —p5 P

Pa —Ps5 P3

= (py —pspy | for —m <arg( < —3m/4 (4.584)
Py —ps P

Po p2 p3

& = | p{ ph ph for —37/4 < arg( < —7m/4 (4.585)

Po P2 Pg
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b1 P2 ps
& = | p} ph vk for —m/4 < arg( < 0. (4.586)
Py ps s
We define the local parametrix @ in the form
Q(2) = E(2)®(n*/*¢(2);n"/?b(2))exp(nA(2)) exp(—nz?/6) ,
A= diag(/\l, )\27 )\3) s (4587)

where E is an analytic prefactor, and

((2) =C(z0) = 2[fa(z;0)]** (4.588)
and ( )
— (g = BEHYD ,
b(z) = b(z;a) Fo(zia) 12 (4.589)

The functions f3, g3 appear in (4.575), in the asymptotics of the A-functions.
In (4.588) and (4.589) the branch of the fractional powers is chosen which is
real and positive for real values of z near 0. The prefactor E(z) is defined as

1/40 0
E(z)——\/gexp(—nb(z)2/8)M(z)K(C(z))1 01 0 . (4.590)

0 0n /4
where

Y30 0 —w w?1

0 1 0 —1 11 for Im¢ >0,

K(¢) 0 00 \me? w1 (4.591)
B 30 0 w? w1 '

0 1 0 1 11 for Im¢ < 0.

0 0¢/3 w w?1l

4.5.6.3 Final Transformation

We fix b € R and let a =1+ b/(2y/n) and we define

OO,

Fig. 4.21. The contour Y'r. The matrix-valued function R is analytic on C\ Xg.
The disk around 0 has radius n~/* and is shrinking as n — oco. The disks are
oriented counterclockwise and the remaining parts of X'r are oriented from left to
right
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S(z)M(2)"*, for z € C\ Xg outside the disks
D(0,n~ /%) and D(+3v/3/2,7) ,

S(z)P(z)~*, for z € D(+3v3/2,r)\ Zs ,

S(2)Q(2)7 1, for z € D(0,n" 4\ g .

(4.592)

Then R(z) is analytic inside the disks and also across the real interval between
the disks. Thus, R(z) is analytic outside the contour X' shown in Fig. 4.21.
On the contour X'r the function R(z) has jumps, so that Ry (z) = R_(2)jr(2),
where

jr(z) =I+O0(n™")  uniformly for |z F %5’ =r, (4.593)
jr(z) = I+ O(n~Y%) uniformly for |z| = n~1/*, (4.594)

and there exists ¢ > 0 so that

e—cn2/3
j =I+0| ——

uniformly for z on the remaining parts of X'p . (4.595)

Also, as z — oo, we have R(z) = I + O(1/z). This implies that

n—1/6

uniformly for z € C\ Xg.

4.5.7 Concluding Remarks

The Riemann—Hilbert approach is a new powerful method for random matrix
models and orthogonal polynomials. In this paper we reviewed the approach
and some of its applications. Let us mention some recent developments. The
RH approach to orthogonal polynomials with complex exponential weights is
considered in the recent work of Bertola and Mo [13]. The RHP for discrete or-
thogonal polynomials and its applications is developed in the monograph [8] of
Baik, Kriecherbauer, McLaughlin and Miller. Applications of random matrix
models to the exact solution of the six-vertex model with domain wall bound-
ary conditions are considered in the works of Zinn-Justin [105] and Colomo
and Pronko [43]. The RH approach to the six-vertex model with domain wall
boundary conditions is developed in the work of Bleher and Fokin [16]. The
RHP for a two matrix model is considered in the works of Bertola, Eynard,
Harnad [11] and Kuijlaars and McLaughlin [83]. The universality results for
the scaling limit of correlation functions for orthogonal and symplectic ensem-
bles of random matrices are obtained in the works of Stojanovic [94], Deift
and Gioev [48,49], Costin, Deift and Gioev [44], Deift, Gioev, Kriecherbauer,
and Vanlessen [50].
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5.1 The RH Representation of the Orthogonal
Polynomials and Matrix Models

5.1.1 Introduction
5.1.1.1 Hermitian Matrix Model

The Hermitian matrix model is defined as the ensemble H of random Her-

mitian N x N matrices M = (M;)};_, with the probability distribution
pn(dM) = Zg  exp(~N T V(M) dM . (5.1)

Here the (Haar) measure dM is the Lebesgue measure on Hy = RN, ie.,

dM = [ dMy; [[ dMfdM], . Mye = M, +iMj, .
J J<k
The exponent V(M) is a polynomial of even degree with a positive leading
coefficient,
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2m
z):thzJ, tom >0,
j=1

and the normalization constant Z ~, which is also called partition function, is
given by the equation,

ZNz/ exp(~NTrV(M))dM ,
HN

so that,

[ w1

The model is also called a unitary ensemble. The use of the word “unitary”
refers to the invariance properties of the ensemble under unitary conjugation.
The special case when V(M) = M? is called the Gaussian Unitary Ensemble
(GUE). (we refer to the book [40] as a basic reference for random matrices;
see also the more recent survey [45] and monograph [12]).

5.1.1.2 Eigenvalue Statistics

Let
(M) < -+ < zny(M)

be the ordered eigenvalues of M. It is a basic fact (see e.g. [45] or [12]) that the
measure (5.1) induces a probability measure on the eigenvalues of M, which
is given by the expression

1 I G-= eXp< NZsz)dzo...dzN, (5.2)

A
N j<j<k<N

where the reduced partition function Zy is represented by the multiple inte-

gral
Zj — Zk) exp( NZV Zj )dzo...dzN.

o[ )
(5.3)

The principal object of interest in the random matrix theory is the m-point
correlation function Knm(zo - zm) which is defined by the relation

0o 1<g<k<N

Knm(z0- - 2m)dzo...dzm,
= the joint probability to find the kth eigenvalue in the
interval [z, 2z +dzi], k=1,...,m

The principal issue is the universality properties of the random matrix en-
sembles. More specifically, this means the analysis of the m-point correlation
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function Knpm (2o - - zm) and other related distribution functions of the the-
ory, as the size N of the matrices approaches infinity and the proof that the
limiting distribution functions are independent on the choice of the measure
(i.e., the polynomial V' (M)). In view of (5.2), (5.3), this analysis suggests the
asymptotic evaluation of the multiple integrals of the form

/ / 2 — 21) exp< NZVZJ>1]ifj(zj)dZO...dzN,

(5.4)
where f;(z) are given functions, as the number of integrations goes to infinity.
The fundamental difficulties occure when one moves beyond the GUE case.
Indeed, in the latter case the integrals (5.4), for the relevant to the theory
choices of f;(z), can be evaluated (reduced to single integrals) via the classi-
cal Selberg’s formula. It is not known if there is any direct analog of Selberg’s
formula for arbitrary polynomial V(z). This makes the analysis of (5.4), and
most importantly its asymptotic evaluation as N — oo, an extremely chal-
lenging enterprise. Until very recently, only the leading terms of the large N
asymptotics of Zy had been known for generic V(z) (see [43] for more details).
This result in fact is highly nontrivial, and it has been of great importance
for the development of the Riemann-Hilbert method which is the subject of
these lectures.

During the last ten years, a considerable progress has been achieved in
random matrix theory which has allowed solutions to a number of the long-
standing problems related to the universality in the “beyond GUE” cases (see,
e.g., [2,4,19,41]). To a large extend, these developments are due to the deep
and profound connections of the random matrices to the theory of integrable
systems whose different aspects were first discovered in the early 90s in the
physical papers [7,21,31], and in the mathematical papers [45,46]. In turn, this
discovery was based on the remarkable works of Mehta, Gauden and Dyson
of 60s—70s that linked the random matrix theory to orthogonal polynomials.

0o 1<g<k<N

5.1.1.3 Connection to Orthogonal Polynomials

Let { P, (2)}52 be a system of monic orthogonal polynomials on the line, with
the exponential weight w(z) = e NV(?) generated by the same polynomial
function V(z) as in the measure puy of the Hermitian matrix model (5.1). In
other words, let the collection of polynomials {P,(z)}52, be defined by the
relations,

/ Po(2)Pn(2)e VNV E dz = hybpm , Po=2"4--- . (5.5)

Put also
1
Vn(z) = mpn(z)e—w(z)/?.
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The remarkable formula found by Dyson expresses the m-point correlation

function Ky (20, .., 2m) in terms of the Christoffel-Darboux kernel corre-
sponding to P, (\) as follows (see [22]; see also [12,40,45]).
KNm(ZO"'Zm) :det(KN(zivzj))lezl ) (56)
I A /
Kn(z,2) =/ }JLV+1 1/)N+1(Z)¢N(2Z) ;P/N(ZWNH(Z) _ (5.7)
N _

Simultaneously, the partition function Zy can be evaluated as the product of

the norms h,,,
N-1

Zy =NU]] b - (5.8)
n=0

Equations (5.6)—(5.8) translate the basic asymptotic questions of the ran-
dom matrix theory to the asymptotic analysis of the orthogonal polynomials
P,(\) as n,N — oo and n/N = O(1). This does not though help immedi-
ately, since the asymptotic problem indicated constitutes one of the principal
analytic challenges of the orthogonal polynomial theory itself. In fact, until
very recently, one could only approach the problem by using either the clas-
sical Heine-Borel formula or the second order linear ODE, which both can
be written for any exponential weight w(\) (see [10,29]). The Heine-Borel
formula gives for the polynomials P,(\) an n-fold integral representation of
the same type (5.4) or, equivalently, a representation in terms of n x n Hankel
determinants (see, e.g., [12]). Therefore, for the non-Gaussian V(z), i.e., for
non-Hermite polynomials, we again face the “beyond GUE” problem, i.e., the
impossibility to use the Selberg integral approach for the large n, N asymp-
totic analysis. Similarly, in the non-Hermite cases, one also loses the possibility
to use directly the second order linear ODE mentioned above. Indeed, it is
only in the Gaussian case that the coefficients of this ODE are known a pri-
ori for all n. In general case, they are expressed in terms of the recurrence
coefficients of the three term recurrence relation satisfied by P, which in turn
are determined by a nonlinear difference equation — the so-called discrete
string equation or Freud’s equation (see, e.g., [4]). Hence one has to solve two
problems simultaneously: to find semiclassical asymptotics for the recurrence
coefficients and for the orthogonal polynomials. A way to overcome these dif-
ficulties is to use the Riemann—Hilbert method, which can be also thought of

as a certain “non-commutative” analog of Selberg’s integral.

5.1.1.4 The Riemann—Hilbert Method. A General introduction

The Riemann—Hilbert method reduces a particular problem at hand to the
Riemann—Hilbert problem of analytic factorization of a given matrix-valued
function G(z) defined on an oriented contour I" in the complex z-plane. More
precisely, the Riemann—Hilbert problem determined by the pair (I, G) consits
in finding an matrix-valued function Y'(z) with the following properties (we
use notation H(£2) for the set of analytic in 2 functions).
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e Y(z) e HC\TI),
e Vi (2)=Y_(2)G(2), z€ ', Yy =lmY (), 2/ — z¢€ +side of I',
o Y(z) = I asz— oo.

The Riemann—Hilbert problem can be properly viewed as a “nonabelian” ana-
log of contour integral representation which it reduces to in the abelian case,
i.e., when [G(z1),G(z2)] = 0, Vz1,22 € I' (we will say more on this matter
and on the history of the method later on; see also [34]).

The main benefit of reducing originally nonlinear problems to the ana-
lytic factorization of given matrix functions arises in asymptotic analysis. In
typical applications, the jump matrices G(z) are characterized by oscillatory
dependence on external large parameters, say space x and time ¢ (in the case
of the orthogonal polynomials, these are integers n, /N and the coefficients t;
of the potential V(z)). The asymptotic evaluation of the solution Y (z,z,t) of
the Riemann—Hilbert problem as x,t — oo turns out to be in some (not all!)
ways quite similar to the asymptotic evaluation of oscillatory contour integrals
via the classical method of steepest descent. Indeed, after about 20 years of
significant efforts by several authors starting from the 1973 works of Shabat,
Manakov, and Ablowitz and Newell (see [17] for a detailed historical review),
the development of the relevant scheme of asymptotic analysis of integrable
systems finally culminated in the nonlinear steepest descent method for oscil-
latory Riemann—Hilbert problems, which was introduced in 1992 by Deift and
Zhou in [13]. In complete analogy to the classical method, it examines the
analytic structure of G(z) in order to deform the contour I" to contours where
the oscillatory factors involved become exponentially small as x,¢ — oo, and
hence the original Riemann—Hilbert problem reduces to a collection of local
Riemann—Hilbert problems associated with the relevant saddle points. The
noncommutativity of the matrix setting requires, however, developing of sev-
eral totally new and rather sophisticated technical ideas, which, in particular,
enable an explicit solution of the local Riemann—Hilbert problems. (for more
details see the following lectures and the original papers of Deift and Zhou,
and also the review article [17].) Remarkably, as, in particular, we will see later
in this lectures, the final result of the analysis is as efficient as the asymptotic
evaluation of the oscillatory integrals.

In the next sections we will present the Riemann-Hilbert setting for the
orthogonal polynomials, which was first suggested and used in the series of
papers [28,29,35, 36] in connection with the matrix model of 2D quantum
gravity.

5.1.2 The RH Representation of the Orthogonal Polynomials

Let {P,(2)} be the collection of orthogonal polynomials (5.5). Put



m):( P, (2) 1/(2ri) [, Pa(z)e NVED /(2 — 2)de! )
(=27i/hp—1)Pu_1(2) =1/hn_1 [ Pu1(2)e " NED /(2 — 2)dz’

oo

z¢R. (5.9)

Theorem 5.1.1 ([29]). The matriz valued function Y (z) solves the following
Riemann—Hilbert problem.

(1) Y(z) € H({C\R) and Y (2)|c. € C(Cy).
(2) Yi(2) =Y_(2) (7)), z€eR.
B)Y(2)(#," %) =Y(2)2" — 1, z — o0.

Here, o3 denotes the Pauli matrix,

(10
03 = 0-1)/"

Cy and C_ stand for the upper and lower half-planes, respectively, C, and
C_ denote the respective closures, and Yi(z) are the boundary values of Y (2)
on the real line,

YVi(z)= lim Y().

+Imz'>0

The asymptotic condition (3) means the uniform estimate
C
[Y(z) 2" —I| < R 2| > 1, (5.10)
z

for some positive constant C.

Proof. The first part of statement (1) is a direct corollary of the standard
properties of Cauchy type integrals. The continuity of the function Y'(z) u
to the real line, from above and from below, follows from the possibilty to
bend, up and down, the contour of integrations (i.e., the real line) in the
Cauchy integrals in the right hand side of equation (5.9)). Indeed, assuming
that Im 2’ > 0, we can rewrite the integral representation for Y12(z’) in the
form,

1 S Pn(z//>e—NV(z”)
V) =g [ e
L[ REeE
2mi Jp, 2" =z ’

where the contour Iy is depicted in Fig. 5.1. Hence, the limit value Y124 (2) =
lim, . 1m2>0 Y (2'), 2 € R exists and, moreover, is given by the equation,

1 P, Ne—NV(z")
Vios () = —— [ DG 7T (5.11)

] /!
2mi Jp, Z =z
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. Zl
z

C=r,-T_
r_
Fig. 5.1. The contours I'+ and C
Similarly,
1 Pn(zl)e—NV(z’)
Yio— = — 4 5.12
12— (2) ori /F, o Z ( )

with the contour I'_ depicted in Fig. 5.1 as well.
In addition, from (5.11) and (5.12) it follows that

1

P’n, P efNV(Z,)
}/12+(Z) — }/127(2) = _/ ()—
c

i
= — dz’,
2mi z -z

where C' = I'y — I'_ is a circle centered at z (see again Fig. 5.1) and hence,
by residue theorem,

Yigy (2) — Yig_(2) = Po(2)e NV (5.13)
Similarly,
2mi —NV(2)
Yooy (2) = Yoo (2) = —h—lpn—l(z)e (5.14)
It is also obvious that
Vit (2) = Yi-(2), Ya14(2) = Yai—(2). (5.15)

The matrix jump equation (2) of the theorem is equivalent to the scalar equa-
tions (5.13)—(5.15) and, therefore, the only statement left is the asymptotic
relation (3). We also note that so far we have not used the orthogonality
condition (5.5). To prove (3) we need first the following simple general fact.

Lemma 5.1.1. Let P,(z) = 2" + ---, be an arbitrary monic polynomial of
degree n. Then the following asymptotic relation takes place.

S Pn(zl)e—NV(z/) o > Ck

where the coefficients ci are given by the equations,
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cr = —/ Po(z)- 2F e NV () 4z, (5.17)

The asymptotics (5.16) means that for any q € N there is a positive constant
Cy such that,

P —NV(z) , q Ck

Proof of the lemma. Let (2, denote the domain,

Viz| >1. (5.18)

z:ipg <largz| = | <m—1, 0<1)p<

depicted in Fig. 5.2.
Then, assuming that z € {2y,, we have that

/Oo Pn(zl)efNV(z’) W,

!
oo 2 — 2

7 o T REIEIEN
Z_k_zq‘H 1—2'/z z

k=1

Observe also that

1 k4 Z 1
N<=zlz| = 1-=|>1-|=|>=,
2] < 5] ~|2 ~123
while
1 / / 2 /2
|z/|>§|z| = ‘1—2— —\/<1— Z—COS¢> +|= sin? ¢
z z

> %|sinw0|.

Therefore, there exists the constant Cy y, such that

Fig. 5.2. The domain 2,
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/oo Pn(z/)(zl)qefNV(z’)
1-2"/z

dz/ S Cq,il)o .

— 00

This leads to the estimate (5.18) for all |z2| > 1 and z € {2y,. By rotating
slightly the contour R we exclude dependence on 1y and extend the estimate
to all |z| > 1. 0

From Lemma 5.1.1 and orthogonality of P, (z) it follows that
Y12(Z) = O(Zinil)
Yao(2) = 27"+ O0(z""71) .
Therefore,

(2" + 0" Ok
Yiz) = < oY) an +0(z—n—1)>

R it AR )

This proves (3). O
Theorem 5.1.2. Y (z) is defined by conditions (1)—(3) uniquely.
Proof. First we notice that (1)—(3) implies that
detY(z) = 1.
Indeed, the scalar function d(z) = det Y'(z) satisfies the following conditions,

(1d) d(z) € H(C\ R) and d(2)|c, € C(C4).

(2d) dy(z) =d_(2)det (<) =d_(2), z € R.

(3d) d(z) — 1, z — 0.

In virtue of Liouville’s theorem, conditions (1d)—(3d) imply that d(z) = 1.
Assume now that }N/(z) is another solution of the Riemann-Hilbert problem
(1)—(3) and consider the matrix ratio.

X(2):=Y()Y (z2).

The matrix function X(z) is holomorphioc in C\ R and its restrictions to
C. are continuous up to the real axis. Since both functions, Y (z) and Y (2)
has the same jump matrix across tha real axis, their ratio X (z) has no jump
across the real axis, i.e., on the real axis,

Xi(z)=X_(2).
Taking into account that
X(z)—1, z— o0,

and using again Liouville’s theorem, we conclude that X (z) = I. This proves
the theorem. O
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Remark. Thm. 5.1.1 and Lemma 5.1.1 imply, in particular, that normalization
condition (3) can be in fact extended to the whole asymptotic series,

_ o Tk
Y(2)e "=+ 3 = . 5.19
(2)z - = z— 00 (5.19)

Thm.s 5.1.1 and 5.1.2 yields the following Riemann—Hilbert representa-
tion of the orthogonal polynomials P, (z) and their norms h, in terms of the
solution Y (z) = Y (z;n) of the Riemann—Hilbert problem (1)—(3).

Po(2) = Yi1(2), hn=—2mi(mi)12, ht, = é(ml)21 : (5.20)
where the matrix my = mq(n) is the first matrix coefficient of the asymptotic
series (5.19).

Equations (5.20) reduce the problem of the asymptotic analysis of the
orthogonal polynomials P, (z) as n, N — oo to the problem of the asymptotic
analysis of the solution Y (z) of the Riemann—Hilbert problem (1)—(3) as n,
N — oo. Before we proceed with this analysis, we need to review some basic
facts of the general Riemann-Hilbert theory.

5.1.3 Elements of the RH Theory

Let us present in more detail the general setting of a Riemann—Hilbert (fac-
torization) problem.

The RH Data

Let I' be an oriented contour on the complex z-plane. The contour I might
have points of self-intersection, and it might have more than one connected
component. Fig. 5.3 depicts typical contours appearing in applications.

The orientation defines the 4+ and the — sides of I' in the usual way.
Suppose in addition that we are given a map G from I into the set of p X p
invertible matrices,

G: I — GL(p,C).

The Riemann—Hilbert problem determined by the pair (I, G) consists in find-
ing an p X p matrix function Y'(z) with the following properties

(a) Y(z) e H(C\ T

(b) Yi(2) = Y-(2)G(2), z € I

() Y(2)—1I, z— .

We note that the orthogonal polynomial Riemann—Hilbert problem (1)—(3)

can be easily reformulated as a problem of the type (a)—(c) by introducing
the function,
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Fig. 5.3. Typical contours I"

ZnUS
1 w
0 1 e
1
Z’I?,(T3

—NV(t)

w=e

Fig. 5.4. The normalized form of the orthogonal polynomial RH problem

Vo) = Y(2) o for 2] < 1,
Y(z)z="os for|z| > 1.

Indeed, in terms of Y (z) the problem (1)—(3) becomes the RH problem of the
type (a)-(c) posed on the contour I" which is the union of the real axes and
the unit circle, and with the jump matrices indicated in Fig. 5.4.
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Precise Sense of (a)—(b)

Let us make the following assumptions about the contours I" and the jump
matrix G(z).

1. The contour I is a finite union of smooth curves in CP! with the finite
number of self-intersections and such that CP' \ I' has a finite number of
connected components.

2. The jump contour I' can be represented as a finite union of smooth
components in such a way that the restriction of the jump matrix G(z) on
any smooth component admits an analytic continuation in a neighborhood of
the component.

3. G(z) — I along any infinite branch of I'; moreover, the limit is taken
exponentially fast.

4. det G(z) = 1.

5. Let A be a point of self-intersection, or a node point, of the contour
I'. Let I'y, Kk =1,...,q denote the smooth components of I" intersecting at
A. We assume that I, are numbered counterclockwise. Let G (z) denote the
restriction of the jump matrix G(z) on the component I'y. By property 2, each
G(2) is analytic in a neghborhood of the point A; we denote this neighbor-
hood 24. Then, the following cyclic, or trivial monodromy condition, holds
at every node point A:

Gi ()G5! (2) + GEl(2) =1, Vz € 4, (5.21)

where in G,fl the sign “+7 is chosen if [ is oriented outwards from A, and
the sign “—” is chosen if I} is oriented inwards toward A. We shall say that
this property constitutes the smoothness of the jump matrix G(z) (cf. [3]).
These assumptions allow the following specification of the setting of the RH
problem

(a) Y|, € H(2)NC(2), C\I'= U 2.
(b) Yi(z) =Y_(2)G(z) Vz € I as continuous functions.
(€) I =Y(2)| <C/lz| |2] = 1.

This is, of course, not the most general way to set a Riemann-Hilbert
problem. Nevertheless, it well covers the needs of the random matrix theory. A
more general setting requires an advanced L,-theory of the Cauchy operators
and the Riemann—Hilbert problems themselves and can be found in [3,8,15,
16,39,49].

We are going now to collect some of the basic facts concerning the Cauchy
operators and the general Riemann—Hilbert theory. The proofs as well as more
details can be found in the references [3,8,15,16,39,49].

Plemelj—Sokhotskii Formulae

The most fundamental ingredient of the Riemann-Hilbert theory is the
Plemelj—Sokhotskii formulae for the boundary values of the Cauchy type in-
tegrals, which we will formulate as the following theorem.
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Theorem 5.1.3. Let I' be an oriented smooth closed contour, and g(z) be
a Hélder class (matriz-valued) function defined on I'. Consider the Cauchy

type integral,
1 9(z') /
= — dz".
y(z) 27 /F oz

Denote 24 the connected components of the set C\ I'. Then the following
statements are true.

e y(z) € H(C\T), y(2)|o. € C(24), and y(z) — 0 as z — oo
e The boundary values, y+(2), of the function y(z) satisfy the equations,

1 1 9(z")
=+— —v.p. [ =—=d r 5.22

where

! !
V.p./ Mdzfznm/ 9E) 4 = P\(A{ -2 <)),
r I,

z'—z e—0 z'—z
is the principal value of the Cauchy integral [, g(2')/(z' —2)d2’, z€ I
o (corollary of (5.22))

y+(2) —y-(2) = g(2), ze€l. (5.23)

The proof of these classical facts can be found, e.g., in the monograph [30].
We also note that in our proof of Thm. 5.1.1 above, we have practically proven
this lemma in the case when g(z) is analytic in the neighborhood of I'.

Thm. 5.1.3 admits, after proper modifications of its statements, the natu-
ral, although nontrivial generalizations to the cases of the piece-wise smooth
contours, the contours with the end points and to the functions g(z) belong-
ing to the L, spaces (see references above). We will discuss in more detail
these generalizations when we need them. We shall call the pair “contour—

function” and admissible pair, if, with proper modifications, the statements
of Thm. 5.1.3 hold.

Corollary 5.1.1. Given an admissible pair (I, g(z)) the additive Riemann—
Hilbert problem,

ey(z) e H(C\T)

*yi(2) =y-(2) +9(2), z €T

e y(z) =0, z — 0.

admits an explicit solution in terms of the Cauchy integral,

y(z) = 2i / 9E) g, (5.24)

miJp 2 —z
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Abelian Case. Integral Representations

Assume that the matrices G(z1) and G(z2) commute for all pairs z1, 22 € I,
[G(#1),G(22)] =0, Vz1,20€ .

For instance, this is true for the triangular matrices,

G(z) = (é g(f)> : (5.25)

and, of course, in the scalar case, when p = 1. Looking for the solution of
the corresponding RH problem from the same commutative subgroup, we can
apply logarithm and transform the original, multiplicative jump relation into
the additive one,

InY,(2) =InY_(2) + InG(z) .

Hence, we arrive at the following integral representation of the solution of the
RH problem (a)—(c).

Y(z)_exp{i/FlnG(zl) dz’}. (5.26)

2mi z -z

In the triangular case (5.25) this formula simplifies to the expression,

Yie) = ((1) 1(2mi) [ 9/ = 2) dz/) |

It should be noted that there is still a nontrivial technical matter of how
to threat equation (5.26) in more general situation. Even in scalar case, there
is a subtle question of a possibility for the problem to have a non-zero index,
that is, if 0I' = 0 and AlnG|r # 0. All the same, formula (5.26), after a
suitable modification in the case of nonzero index (see, e.g., [30]), yields a
contour-integral representation for the solution of the RH problem (a)—(c) in
the Abelian case.

Non-Abelian Case. Integral Equations

In the general case, the solution Y (z) of the Riemann—Hilbert problem deter-
mined by the pair (F G (z)) can be always expressed in terms of its boundary
values on the contour I" with the help of the following Cauchy-type integrals.

y<z>=z+% / EENGE 1) 4 (5.27)
™ Jpr z'—z
g [ B g

Note. These integrals have no singularities at the node points since the cyclic
condition (5.21).
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The proof of (5.27), (5.28) is achieved by observing that each of these
equations is equivalent to the relation,

Y(z):1+i/wdz’, z¢ I, (5.29)
r

27 z -z

which in turn can be shown to be true by application of the Cauchy formula
and the normalization condition Y (z) — I as z — oco. We will demonstrate
this procedure in the two particular examples of the contour I'. Any other
admissible contours can be treated in a similar way.

Case 1. Let I' be a closed simple contour as indicated in Fig. 5.5. Observe
that
I'=00,.=-00_,

where 21 are connected components of C \ I' — see Fig. 5.5. Assume, for
instance, that z € 2. Then by Cauchy theorem,

! !
L/Y+<Z>dzlzi/ Yi()
r o

2mi 2 —z 27 Joo, 7 —z

Y (')
res |z/:zm = Y(Z) y

and

- ’

! /
1 Y_(z>dZI_ _L/ Y_(Z)dZI
of_

2mi Jp 2 — 2 2mi 2=z
Y !
= —res|zlzmﬁ:],
2=z

where in the last equation we have taken into account the normalization con-
dition Y (z) — I, z — oo which in the closed contour case becomes just the
relation Y (oco) = I. Substitution of these two equations into (5.29) makes the
latter an identity.

If z € £2_ we would have instead

!/ !/
L/ Y+(Z ) dZ/ — L/ Y+(Z ) dz/ — O
r 1}

27i z -z 27 Jpo, # —=

Fig. 5.5. The contour and the domains of Case 1
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and
Ny EIE VR G A5
2mi Jp 2/ — 2z 271 Jpo 2 —z
Y (2 Y (2
= —res|zlzzﬁ —1es | =00 /<Z) =-Y(2)+1,
2 —z 2 —z

and (5.29) again follows.

Case 2. Let I' be an unbounded piece-wise smooth contour as indicated in
Fig. 5.6. Denote the right-hand side of (5.27) as Y (z). Our aim is to show

that Y (z) = Y (z). To this end we first observe that

~ ! _ AN 1
V(z) =1+ — 1 / Y_(2")(G(2) — 1) dZ/EI—FL'/ Y, () Y,(z)dz
2mi Jp z -z 2mi Jp 2 —z
= [lim Yg(z)
where

)14 o [ BT,

and I'g is the R—cut-off of the contour I" depicted in Fig. 5.7. Introducing the
big circle Cf = Cf + OF (see Fig. 5.7 again), the formula for Yz(z) can be
rewritten as the relation,

Fig. 5.6. The contour and the domains of Case 2
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i !
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| i'
\ ;
\ 0 /.
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\‘ /.
. .
AN /,“'f
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Fig. 5.7. The contour I'r
~ 1 Y, (z 1 Y, (7
Vi(z) =1+ / ,*( e L /#dz’
2mi rp 2 —z 2w Jp, 2 — 2
n 1 Y+( 1 Y(z
2mi Jrr 20—z CF 2 —z

s
|

!/ !/
7(Z)dzl—|—i Z)dzl}
—Zz

27r1 4z—z

/ /

r, 2 —z 27 pz—z
Y_ (7 1 Y_

2mi Jrr 2 — 2 2mi Jp, 2=z

RS SCOP +21/c e o)

2mi Jrr 2 — 2 rRZ —z

1 Y ()

271 Jor 2/ — 2

which in turn is transformed to the equation
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?R(z)_l+i/a Mdzwi/{9 Mdz’—i/c Y

27 Jpo, 7 —= 271 Jpgo 2 —z 2 Jor 2 — 2

In this last equation, the domains 24 are indicated in Fig. 5.7 and Y, (2)
means the boundary value of Y (z) taking from the inside of the respective
domain. The normalization condition, Y (z) — I, as z — oo, implies that the
integral over the circle C tends to I. At the same time, every z, which is not
on I', belongs either to {24 or to 2_ for all sufficiently large R. Therefore, in
virtue of the Cauchy theorem the sum of the first two integrals equals Y'(z)
and hence Yx(z) = Y (2) for all sufficiently large R. This in turn implies that

Y(z) = R}im Yr(z) =Y (2),
as needed.

The arguments which has been just used can be in fact applied to a general
admissible contour I'. Indeed, any contour I, after perhaps re-orrientation of
some of its parts and addition some new parts accompanied with the trivial
jump matrices, can be made to so-call full contour. The latter means that
C\I' = 24 U N_ where 24 are disjoint, possibly multiply-connected open
sets such that I' = 92, = —9f2_. Therefore, (5.29) can be always re-written
as

Y(Z) =TI+ L Y+(Z/) dZ/ + L Y"F(ZI)

21 Jopo, ' —z 2mi Joo 2 —z

dz’ (5.30)

where Y, (z) means the boundary value of Y (z) from the inside of the respec-
tive domain. Introducing the R—cut-off of the contour I and the big circle
CT, we see that the right-hand side of (5.30) is equal to

1 Y (2 1 Yi(2 1 Y (2
R—oo | 271 o0% 2 —z 271 Joor 2/ — 2 2mi Jor 2 — 2

which is in virtue of the Cauchy theorem and the normalization condition at
z = oo coincide with Y'(z).

Corollary. The solution of the RH problem admits the representation:

Y(z):1+i/ PENGED 2 1) . ¢ T (5.31)
r

27 z -z

where p(z) = Y_(z) satisfies the integral equation

ot [ HAED
=14+ (C_[p(G-1D))(2), zel, (5.32)
1) d

(Cef)(z) = lim [ TEL

zZ—z+ Jr 2 — 227‘(17

and Z — z4+ denotes the non-tangential limit from the + side of I, respectively.
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5.1.3.1 Ly-boundedness of C+ and a small-norm theorem

Theorem 5.1.4. Let f € LP(I,|dz]), 1 < p < oo. Then the following state-
ments are true.

o (C1Lf)(z), as defined in (5.32), exists for z € I' a.e.
e Assume, in addition, that 1 < p < co. Then

I1CLflllzery < epll flllLr(ry (5.33)

for some constant c,. In other words, the Cauchy operators Cy. and C_ are
bounded in the space LP(I") for all 1 < p < oo and, in particular, they are
bounded in L*(I').

e As operators in LP(I"), 1 < p < oo, the Cauchy operators Cy satisfy the
relation (the Plemelj—Sokhotskii formulae for LP),

Cy=+i1-1mH, (5.34)

and (hence)
Cy,—C_=1. (5.35)

Here, 1 denotes the identical operator in LP and H is the Hilbert transform,

f(z") d2’
(Hf)(z) =v.p. et

This theorem summarizes the basic functional analytic properties of the
Cauchy operators C+ which we will need. We refer the reader to the mono-
graphs [8,39] for the proofs of the theorem’s statements. The most important
for us is the L? -boundedness of the Cauchy operators. The next theorem is
a direct corollary of this crucial property, and it plays a central technical role
in the asymptotic aspects of the Riemann—Hilbert method.

Theorem 5.1.5. Assume that the jump matriz G(z) depends on an extra pa-
rameter t, and that the matriz G(z) is close to the unit matriz, as t — oo.
More precisely, we assume that

C
||G—I||L2(p)mLoo(p) <t—€, t>ty, €e>0. (5.36)

Then, for sufficiently large t, the Riemann—Hilbert problem determined by the
pair (I, G) is uniquely solvable, and its solution Y (z) = Y (z,t) satisfies the
following uniform estimate.

C

Yz t)—I|| < —————— |
Y G0 =1 < e

ZGK»tZtlzth (537)

where K is a closed subset of CPY\ I satisfying,
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stz I
MZC(K), vz e K.
1+ |2
If, in addition,
C
G =TIy < 22 (5.38)
then |z|Y/? in the right-hand side of (5.37) can be replaced by |z|:
||Y(zt)—IH<L ze€K, t>t >t (5.39)
) (1+|Z|)t6, ) Z 1 Z L0, .

Proof. We shall use the integral equation (5.32). which can be rewritten as
the following equation in L?(I"):

po(z,1) = F(z,) + Klpol(z,1), z€T, (5.40)
where
po(z,t) = p(z,t) = I,
Flet) = - G(z/’t)z_ Las =0 (G- Dzt

Due to estimate (5.36) on G — I and the boundedness of the Cauchy operator
C_ in the space L%(I'), it follows that F and K satisfy the estimates

C
IFllze < 10=llg= - 16 = Tlle= < o .
C
K|z < |C-|lp2 - |G = I|jz~ < —

e’

This proves that the integral operator I is a contraction, thus the solution
po of (5.40) exists, and, moreover, it satisfies

C
llpoll> < 2[|F||z2 < o tzh=t.

This in turn implies the solvability of the Riemann—Hilbert problem. In addi-
tion, using the integral representation (5.31) we find

IV (2,8) - I|| < H/F %_(z/’t)dz/ Apo(z’7t)(l— G(2',1)) &

7 z
z =z

dz’ 1
<|I-d& I1-G
< =Gl [ 25 + g I~ Cllslool

C

Sm, t>t >t ,
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for z belonging to a subset K. This proves the estimate (5.37). If in addition
we have (5.38), then the above estimation of ||Y(z,t) — I|| can be modified as

1

1Y (2,t) = I]| < W(

11— Gllpe + 1 - G||L2||Po||L2) ;

and the improved estimate (5.39) follows. The theorem is proven.

It should be noticed that in all our applications, whenever we arrive at a
jump matrix which is close to identity it will always be accompanied with the
both, L2NL*> and L! - norm inequalities (5.36) and (5.38)). That is, we shall
always have estimate (5.39) for the Riemann—Hibert problems whose jump
matrices are close to identity.

Two Final Remarks

Remark 5.1.1. The following formal arguments show that the Riemann-—
Hilbert representation of the orthogonal polynomials (as well as similar rep-
resentations in the general theory of integrable systems) can be treated as a
non-Abelian analog of the integral representations. Indeed, given any contour

integral,
/ w(z)dz,
r

it can be expressed as the following limit.

Z— 00

/ w(z)dz = =271 lim 2Y12(z2) ,
r

where Y'(z) is the solution of the following 2 x 2 Abelian Riemann—Hilbert
problem,

oY (2) € H(C\ I);
oY (2) =Y (2) (}“1);
.Y(Z)’_’I7Z_)OO

Remark 5.1.2. Let us introduce the function

U(z) = Y(z)exp(—%) .

Then in terms of this function, the orthogonal polynomial Riemann—Hilbert
problem (1)—(3) can be re-written as follows,

(1) ¥(z) € H(C\R)

(2) Wy () = 0_(2) (}1), 2 € R.
(3) ¥(2) = (I+0(1/z)) exp(—NV(2)o3/2 + nlnzos), 2 — oc.
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The principal feature of this RH problem is that its jump matrix is constant
with respect to all the parameters involved. By standard arguments of the
Soliton theory, based on the Liouville theorem, this implies that the function
U(z) = ¥(z,n,t;) satisfies the following system of linear differential-difference
equations.

ov

9. (2)¥(z) “Lax-pair”
ov

o Vi(2)¥(z)

Here, U(z), A(z), and V(z) are polynomial on z (for their exact expressions
in terms of the corresponding h,, see [10,29]). The first two equations consti-
tute the Lax pair for the relevant Freud equation, i.e., the nonlinear differ-
ence equation on the recursive coefficients, R,, = hy,/h,—1. The compatability
conditions of the third equations with the different j generate the KP-type
hierarchy of the integrable PDEs; the compatability condition of the second
and the third equations produces the Schlesinger-type systems and generate
the Virasoro-type constraints; the compatability condition of the first and the
third equations is related to the Toda-type hierarchy and vertex operators.
For more on this very important algebraic ramifications of the random matrix
theory see [1,47,48] and the lectures of M. Adler and P. van Moerbeke.

The linear system above allows to treat the RH problem (1)—(3) as an in-
verse monodromy problem for the second, i.e., z-equation, and use the isomon-
odromy method [37] from Soliton Theory for the asymptotic analysis of the
orthogonal polynomials. This was first done in [28,35]. At that time though
there were some lack of mathematical rigor in our analysis. These gaps were
filled later on with the advance of the NSDM of Deift and Zhou for oscillatory
RH problems.

There are two closely related though rather different in a number of key
points ways of the asymptotic analysis of the problem (1)—(3). The first one
has been developed in [4,5], and it represents an advance version of the
original isomonodromy approach of [28,35]. It uses an a priori information
about the behavior of the parameters h, obtained from the formal analy-
sis of the Lax pair; indeed, this approach goes back to the 1970s pioneering
works of Zakharov and Manakov on the asymptotic analysis of integrable sys-
tems (see survey [17]). The second method has been suggested by P. Deift,
T. Kriecherbauer, K. T-R McLaughlin, S. Venakides, and X. Zhou in [19],
and it constitutes an extension of the original Deift-Zhou approach to the RH
problems of the types (1)—(3). The very important advantage of the DKMVZ-
scheme is that it does not use any a priori info.

In these lectures, we will present the second, i.e., the DKMVZ approach,
considering a quartic potential V(z) = t122 + t22% as a case study. This will
allow us to keep all the calculations on the very elementary level. General case
and many more on the matter will be presented in the lectures of Pavel Bleher
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and Ken McLaughlin. Few remarks about the first approach, i.e., about the
method of [4, 5], will be made at the end of Section 5.4.3.

5.2 The Asymptotic Analysis of the RH Problem. The
DKMVZ Method

5.2.1 A Naive Approach

But for the normalization condition (3), the RH problem (1)—(3) looks almost
as an Abelian problem, so that one might be tempted to make the “obvious”

transformation,
Y(2)— &(2) ==Y (2)z7 "% (5.41)

and try to make use of the integral representation (5.26). Indeed, with the
help of change (5.41), the conditions (1)—(3) transforms to the conditions ,

(1) @(z) € H(C\R)

(2") D1(2) =P_(2) ((1J Zz"clewz) ), z€R.

3") &(z) — 1, z — oo.

which look quite “Abelian.” But the price is an extra singularity — the pole of
order n which, as the transformation (5.41) suggests, the function @(z) must
have at z = 0. In other words, the properties (1”)—(3") has to be supplemented
by the forth property,

4") &(2)z"7s =0(1), z — 0,

which means we have gained nothing compare to the original setting (1)—(3)
of the RH problem.

5.2.2 The g-Function
Rewrite our “naive” formula (5.41) as
Y(z) _ @(z)eng(z)gs g(z) —Inz, (5'42)

and notice that in order to regularize the normalization condition at z = oo
we do not actually need ¢g(z) = Inz. In fact, what is necessary is to have the
following properties of the function g(z).

(a) g(z) =Inz+0(1/z), z — cc.
(b) g(z) € H{C\R).
(¢) lg(2)] < Cr, 2| < R, VR > 0.
Of course, there are infinitely many ways to achieve (a), (b), (c). Indeed,
any function of the form

g(z) = /ln(z — s)p(s)ds, /p(s)ds =1 (5.43)
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would do. Let us then try to figure out what else we would like to gain from
the transformation (5.42). To this end let us write down the RH problem in
terms of @(z).

en(9-—9+) gnlg—+g+—% V))

D, (2) = D_(2) ( . or—g0) A=2 (5.44)

N
Suppose now that the real line R can be divided into the two subsets,
R=JUJ® J=]a,b],

in such a way that the boundary values g+ of the g-function exhibit the
following behavior.

(d) For z € J°,
g+ — g— = 2mimy o

for some integers mq 2 (m; and mgo correspond to (b,00) and (—o0,a),
respectively), and

1
Re<g++g_—XV) <0.

(e) For z € J,
1
_—=-V=0
g++g A )

and

d .
Re(g+ —g9-) =0, 3 Re(g+ —g-)(z+1iy)|y=0 >0, yeR.
(f) The function
h=gy—g-
admits the analytic continuation in the lens-shaped region, 2 = 2; U {29,
around the interval J as indicated in Fig. 5.8.

Note that, in virtue of the first identity in (e), condition (f) is satisfied
automatically for any polynomial V' (z). In fact, it is valid for any real analytic
V(z2).

a Q, b

Fig. 5.8. The lens-shaped region {2 and the contour I"
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Postponing the discussion of the existence of such a function g(z), let us
see what these conditions give us.
Denote Gg = Gp(z) the @-jump matrix. Then, in view of (5.44), property

(d) implies that
1 en(g++9-—1/AV)
Gg = 0 1 ~ T (5.45)

as n — oo and z € J°, while from the first condition in (e), we conclude that

efnh(z) 1
Go = ( 0 enh(z))

as z € J. We also observe that

e mh(x) 1 1 0\/01 10
( 0 enh(z)) - (enh 1) (_1 O) (e—nh 1) . (546)

Recall also that the function h(z) admits the analytical continuation in the
region (2 around the interval (a, b); moreover, in view of the second condition
in (e), it satisfies there the inequalities,

>0, ifImz>0

. (5.47)
<0, ifImz<0.

Reh(z) {

Asymptotic relation (5.45), identity (5.46) and inequalities (5.47) suggest the
final transformation of the original RH problem — the so-called opening of the
lenses. This is a key procedure of the DKMVZ scheme and it is described as
follows.

Let 2 = 1 U {25 be the lens-shaped region around the intAerval J in-
troduced above and depicted in Fig. 5.8. Define the function ®(z) by the
equations,

e for z outside the domain 2,

e for z within the domain (2; (the upper lens),

#:) = 26) (_nea )

e for z within the domain (25 (the lower lens),
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With the passing, .
Y(z) — &(2) — D(2),

the original RH problem (1)—(3) transforms to the RH problem posed on the
contour I" consisting of the real axes and the curves C7 and C5 which form
the boundary of the domain 2,

02 =C1 —C,

see Fig. 5.8). For the function ®(z) we have,

(
(") ( )€ H(C\T)

(27) By () = D_(2)Gy(z), z € I.
(3

" B(2) 1, 2 — 0.

The jump matrix Ggz(z), by virtue of the definition of ®(z) is given by the
relations,

e for z real and outside of the interval [a, b],

1 en(g++9-—1/AV)

e for z on the curve (1,
1 0
G§(z) = (enh 1) )
10
G§(z) = (enh 1) )

Gy(2) = (_01 é) .

For z € R\ [a,b], the matrix G5(z) coincide with the jump matrix G¢(z) and
hence, in virtue of the property (d) of the g-function, the asymptotic relation
(cf. (5.45)),

e for z on the curve Cs,

e for z on the interval [a, b],

Gz(z)~1, n— oo,

holds. Simultaneously, the inequalities (5.47) implies that
Gz(z)~1, n—oo0,

for all z € C7 UCy, z # a,b. Therefore, one could expect that the &-RH
problem (1”)—(3"") reduces asymptotically to the following RH problem with
the constant jump matrix:

~

D(z) ~ P°(2), n— o0, (5.48)
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2>(2) (% 3), z € (a,b).

The important fact is that the RH problem 1°° —3° is an Abelian one and
hence can be solved explicitly. Indeed, diagonalizing the jump matrix from 2°*°
we arrive at the relation

) (60N

This equation suggests the substitution,

F(2) = C _12) X (2) C _12) o (5.49)

which, in turn, transforms the problem 1°° — 3*° to the RH problem with the
diagonal jump matrix,

(1%7) X>(2) € H(C\ [a, b]);
(2°) X =X>(§9%), z€ (a,b);
(3%/) X% (2)(00) = I.

The solution of this problem is easy:

== (" ) o= <5:2>1/4'

Here, the function §(z) is defined on the z-plane cut along the interval [a, b],
and its branch is fixed by the condition,

B(s0) = 1.
For the original function $*°(z) this yields the representation,

oy [ (BE+BT(2)/2  (B(2) - (Z))/( )
P=(z) = (‘(ﬂ(z) —B7M2))/21) (B(z)+B7(2))/2 ) (5.50)

Remark. Equation (5.50) can be obtained directly from the general formula
(5.26) for the solutions of Abelian RH problems.

Now, we have to address the following two issues.

I. Existence and construction of g-function.
II. Justification of the asymptotic statement (5.48).
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5.2.3 Construction of the g-Function

First let us provide ourselves with a little bit of flexibility. Observe that the
normalization condition at z = co allows to generalize (5.42) as follows:

Y (2) = eM/Do3p()en9(:)=l/2)os | — constant . (5.51)

This implies the following modification of the @-jump matrix (cf. (5.44)).

O — e—nh en(g++g77(1/)\)Vfl)
b = O e’n,h

)7 hEg-‘r_g—'

Hence, the conditions (d), (e) on the g-function can be relaxed. Namely, the
properties of the difference g, — g_ stay the same, while for the sum g4+ + g—
we now only need that

1
Re<g++g_—XV—l><O on J°¢
for some constant [ .

1
g++g_—XV—l:0 on J

Let us try to find such g(z). To this end, it is easier to work with ¢'(z), so
that for ¢'(z) we have:

g'(2) € H(C\ [a,b])

1
g +9g_ = XV/ z € (a,b) (5.52)
1
gE) =+ 2o (5.53)

(Note: a, b are also unknown!).

Put ,
J'(2)

O T

where /(2 — a)(z — b) is defined on the z-plane cut along the interval [a, b]
and fixed by the relation,

(z—a)(z—=b)~z, z—00.
Then, (5.52) transforms into the additive RH problem,

Ll v
A N [CE DI

which, by virtue of the Plemelj—Sokhotskii formulae, yields the equation,

(2) = 1 /b V'(s) ds
¥ 27 a (5—@)(3—b)+8—2
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and hence

, Vi(z—a)(z—-0b) (s) ds
: 54
) = 5 ms_z (5:54)

Taking into account the asymptotic condition (5.53), we also obtain the system
on a,b:

() ds=0
Vi s—a(s—b
/ sV/(s
27\ V(s —a)( s—b

Equations (5.54) and (5.55) produces the needed g-function, provided the
inequality part of the conditions (d)—(e) satisfies, i.e., provided

(5.55)

1
Re<g++g_—XV—l><0 on J¢
. (5.56)
d—yRe(g+—g_)(z+iy)|y:0>0:, yeR on J .

In what follows, we will show how the conditions (5.55), (5.56) can be realized
for quartic potential,
t
V(z) = 2z2 + Zz K>0. (5.57)

The evenness of V(z) suggests the a priori choice
b=—a=2>0.

Then, the first equation in (5.55) is valid automatically. Instead of the direct
analysis of the second relation in (5.55), let us transform expression (5.54) to

an equivalent one, which can be obtain by the actual evaluation of the integral
n (5.54). Indeed, we have

%o V'(s) ds

—20 1/(32—2(2))+8—Z

ds
o 2 Co ‘/52—238—2
. V'(s) , V'(s)
= MiTeSs=; —mme—— + TS50 —me ——
s —zo(s—z) 2 —28(s—z)

= iM k22 + z +t
= z2—z§ 5%0

Here, Cj is the clos]ed contour around the interval [—zg, zo] such that the both
points z and oo lie to the left of Cy. Hence,



1 1
J(z) = ﬁV’(z) ~ 5% <t + K22+ gz§> 22 — 22 (5.58)
Finally, 2 is determined from the condition,
gI<Z)’_>_+7 z_>oo’
z

which implies the equations,

2t 42 16X

2 —_ — —_— — —
0T T3, gk? 3k
=24 2V1% 4 122

= o .

Our (almost) final result (for V(z) = (t/2)22 + (k/4)2*) then is:

= L/ 2 2 2 1 l
9(z) = _X/ (bo +b2s7)y/ s —Zod8+ﬁV(z)+§, (5.59)

Z0

where

(—2t VI F 48/@)\) 1/2
20 = )

3K
b K . 2t + V2 + 126\
2 6

and the constant [ is determined from the condition
1
g(z)=Inz+0(-), z— .
z

Remark 5.2.1. A similar evaluation of the integral in (5.54) for an arbitrary
polynomial potential V' (z) yields the following representation for the “one
interval” g-function in the general case,

1

=53 V') +QEIV(z - a)(z - b),

J'(2)

where Q(z) is a polynomial.
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The last thing we have to perform is to check the inequality conditions
(5.56) and the inclusion 1/(27i)(g4+ — g—) € Z on J°. We first notice that

2
DY (bo + bas®)y/s2 — 223ds 2z € (29, +0)

1
g++g,—XV—l = o [z <0
-3 (bo + bas?)y/s2 — 22ds 2 € (—00, —20)

2
forallz >0,teR,

and also
g+ —9- =0 on (z0,00)

while
gy —g— = —/ dg(z) = —res;—0 dg(z) = 2m1  on (—o0, —2) .
Co

Hence, the first inequality in (5.56) and the inclusion n/(271)(g+ —g—) € Z
on J°, are satisfied. Assume now that z € (—z, z9). We have that

hz)=g4(2) —g-(2) = )\/ (bo + bas?)y/ 22 —32ds

(bo +b22%)y /28 — 22> 0,

and

d
3 Reh(z + iy)

ylw

y=0

for all z € (=20, 20), provided that

bo >0, thatis, 26+ V2 + 126X > 0. (5.60)

Condition (5.60) is always satisfies in the case t > 0. For negative ¢, one needs,

t2

in order to secure (5.60). Inequality (5.61) constitutes the one-cut condition
for the quartic potential, ¢ < 0.

Conclusion. If

152
ARREIER
) (5.62)
t
k>0 and t>0, or t<0, /\>4—
K

then a one-cut g function exists and is given by (5.59).
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Remark 52.2.1f t < 0 and X\ < t?/(4k), then the determining g-function
condition, i.e., condition (e), can be realized if the set J is taken to be the
union of two intervals,

J = (—22, —Zl) U (Zl,ZQ) s 0< 29 < 29

(the symmetric choice of J reflects again the evenness of V(2)). Indeed, assum-
ing this form of J, the basic g-function relation, i.e., the scalar RH problem,

1
g++g_—XV—l:0 on J,

would yield the following replacement of the (5.58).

§(2) = 55V'(2) - gory (22 = ) = 23) (5.69)

The asymptotic condition, ¢’(z) ~ 1/z, z — oo, allows, as before, to determine
the end points of the set J. In fact, we have that

(—t T 2\/)\5) 1/2
Z1,2 = T .

With the suitable choice of the constant of integration /2, the g-function is
now given by the formula,

Kk [7 1 l
g(z) = _ﬁ/zg 5\/(52 —22)(s?2 — 22)ds + ﬁV(z) + 3

One can check that this function satisfies all the conditions (a)—(f) (the (d)
and (e) are “I-modified) except the first relation in (d) is replaced now by the
equations,

gr—g-=0, on (2za,+00) ,
g —g_ =i, on (—z1,2) ,
gy —g_ =27, on (—o0, —22) .

This leads to the necessity to introduce in the model #>°-RH problem an extra
jump across the interval (—z1, z1) where the jump matrix equals (—1)"I. The
model RH problem is still Abelian, and it admits an elementary solution ( see
also [4] where this model problem is implicitly discussed).

Remark 5.2.3. For arbitrary real analytic V(z), the set J is always a finite
union of disjoint intervals (see [18]; see also the lectures of Pavel Bleher in
this volume). Similar to the two-cut case outlined in previous remark, the
first relation of condition (d) is replaced by the identities,

g+ — g— =iag, on kth connected component of J° .

There are no general constraints on the values of the real constants «ay, so
that generically the model @>°-RH problem is not Abelian. Nevertheless, it
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still can be solved explicitly in terms of the Riemann theta-functions with the
help of the algebraic geometric methods of Soliton theory (see [19]; see also
the lectures of Ken McLaughlin and Pavel Bleher in this volume)

Remark 5.2.4. The g-function is closely related to the another fundamental
object of the random matrix theory. Indeed, the corresponding measure (see
(5.43)), dpeq(s) = p(s)ds, is the so-called equilibrium measure, which mini-
mizes the functional,

B == [ mls = uldutsdute) + [ Vi) duto)

defined on the Borel probability measures ([;, du(s) = 1) on the real lines.
Simultaneously, djteq(s) is the limiting eigenvalue density and the limiting
density of the zeros of the associated orthogonal polynomials. We refer the
reader to [18,43] for more details (see also the lectures of Ken McLaughlin
and Pavel Bleher in this volume).

5.3 The Parametrix at the End Points. The Conclusion
of the Asymptotic Analysis

The existence of the g-function alone does not prove the asymptotic relation
(5.48). Indeed, the asymptotic conditions,

Gz(2)|lcruc, ~ I, Gg(2)|r\[-z0,20) ~ 1,

which we used to justify (5.48) are not valid at the end points +zg. Therefore,
the jump matrix Gz(z) is not L>-close to Gg~(z) and the general Theo-
rem 5.1.5 of Lecture 5.1 is not applicable. The parametrix solutions near the
end points are needed.

5.3.1 The Model Problem Near z = zg

Let B be a small neighborhood of the point zy. Observe that

1 2 [
gr +g- — <V —l=—=[ (bo +bas?)y/s% — 22 ds
A z Vv
=—co(z—20)7 4+, (5.64)

as z € B, z > zp. Simultaneously,

e

h:——/ (bo + bas?)y/s2 — 22ds = —co(z — 20)2 + -+ , (5.65)

Z0

asz€ CyNB and
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2 [7 2y, /g2 _ 2 3
hZX (bo + b2s”)y /s — 25 ds = co(z — 20)2 + -+, (5.66)

Z0

as z € Cy N B. Here,

4 2
c bo + ba22)V/220 = ﬁ\/ 22012 + 2429k,

0= 53

and the function (z — 29)%/? is defined on the z-plane cut along (—oc, zo] and
fixed by the condition,

(z—20)%%2 >0, 2 >0.

Equations (5.64)—(5.66) suggest the introduction of the following local vari-

able,
3 \23 /9 [* 2/3
= ()" (2 [ =)

_ <%)2/3<_2;;z) + %V(z) + z) " (5.67)

Since w(z) ~ n?/3¢; (2 — o) with ¢; > 0, it follows that equation (5.67) indeed
define in the neighborhood B a holomorphic change of variable:

B— D,0)={w: |w| <n*3cp}, 0<p< %O. (5.68)

The action of the map z — w on the part of the contour I' of the @ - RH
problem (1”7)—(3""), which is inside of the neighborhood B, is indicated in
Fig. 5.9.

Observe that the jump matrix G5 inside the neighborhood B can be writ-
ten down in the form,

G (2) = exp(= 2w/ (2)05)S exp(2u/(2)0)

where the piecewise constant matrix S is given by the equations,

R v CEREN LG
N \ o,
S g Q7

Fig. 5.9. The map z — w
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S_<é}>zsl, 2 € [0, +00) N B,
S_G(l)):&, 2eCiNB,
Sz(_ol(1)>55’3, z € (—o0,—29) N B,
S:G(l)>554, 2€CyNB.

Therefore, the map, z — w, transforms the B - part of the &-RH problem
(1"—=(3"") into the following model RH problem in the w-plane.

(1%) Y(w) € H(C\ I,)
(2%) Y2 (w) = YO (w) exp(— 2w/ %03)S exp(3w®/203), w € T,

(30) Yo(w) — q03/4 (_11//22 ig) (I+ O(l/w)), w — 0.

Here, the contour I, is the union of the four rays,
Fw - U Fk7
k=1

which are depicted in Fig. 5.10. The branch of the function w'/? is define on
the w-plane cut along (—oo,0] and fixed by the condition w2 >0 as w > 0.

The normalization condition (3%), whose appearance has not been ex-
plained yet, comes from the fact that we want the “interior” function Y°(w(z))

1_‘2
Sy
9
2 27
3
S3 - N Sl
F3 Fl
Q3
Q
Sy
I‘4

Fig. 5.10. The model RH problem at the end point zo
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to match asymptotically, as n — oo, the “exterior” function ®>°(z) at the
boundary of B. In other words, to specify the behavior of Y°(w) as w — oo,
we must look at the behavior of $*°(z) at z = zp. To this end, we notice that
the function $*°(z) admits the following factorization (cf. (5.49)):

o= (L0 (700 (k)

B <—11 j) <(ﬂ/w;/4)l 5/31/4) w7l <_1{/22 i?;) . (5.69)

Since,

B(z)

m:(2z0n2/301 —1/4 4 Zbk (z—20)%, bo>0, |z—20| <20,

the matrix function,

o= (L) (P o) = (U ) wria) . Gio)

is holomorphic at z = zy. Therefore we have that

B (2) = B(z)w7%/4 (_1{/22 iﬁ) 7 (5.71)
where the left matrix multiplier, E(z), is holomorphic and invertible in the
neighborhood of zy. Equation (5.71) explains the choice of the normalization
condition at w = oo we made in the model problem (1°)-(3%). The holo-
morphic factor E(z) has no relevance to the setting of the Riemann—Hilbert
problem in the w-plane; it will be restored latter on, when we start actually
assembling the parametrix for @(z) in B (see (5.75) below).

5.3.2 Solution of the Model Problem
Put
VO (w) ==Y (w )6Xp(—5w3/20'3) .

The jump condition (2°) and the asymptotic condition (3%) in terms of the
function ¥°(w) become

(a) ¥ (w) =¥°(w)S, w e Iy,
and

(b) WO (w) = w3/ (_11//22 :?;) (I 4+ 0(1/w)) exp(—2w*?03), w — o0,
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respectively. Moreover, if My denote the operator of analytic continuation
around the point w = 0, we see that

0 0 a1 o (1-1\[10\ /0 1\ /10
Mo} =075, 54838, =¥ <0 1><1 1) <—1 0) (1 1)
=y =y" . (5.72)

Let 2, k =1,2,3,4 be the connected components of C\ I, (see Fig. 5.10).
Then, monodromy relation (5.72) means that

(c) ¥ g, admits the analytic continuation to the whole C as an entire func-
tion.

It is also worth noticing, that
(d) det¥%(w) =2i #0.

We are now ready to proceed with one of the most fundamental though
quite simple methodological ingredients of the classical monodromy theory of
linear systems as well as of the modern theory of integrable systems. That
is, we are going to consider the “logarithmic derivative” of the matrix valued
function ¥°(w),

o dv° o1
Aw) = T v~ .

Since along each ray I} the ¥-jump matrix, S = S, is constant, the
matrix valued function A(w) has no jumps across I'. Indeed, for z € Iy, we
have that,

CaAr o dA@OS) g
A=y )T = =g (=S
dw? —1/50\-1 dw? 0y—1
= o IS ()T = )T = A

Together with (d), this means that A(w) € H(C\ {0}). From property (c),
it follows that w = 0 is a removable singularity and hence we conclude that
A(w) is an entire function. Simultaneously, from the asymptotic relation (b)
we have:
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dw?
— IPO -1
7 )

=w <_11//22 1@ (1 + 0<%)> (—w'/?ay)

<(r0@) (43) e voi)
—wme () () o)) el
o ((43) of3) o)
(G )+ (o) o (5)] o)
() o) =

The last equation, together with already established fact of the entirety of

A(w), implies that
0 1
A(w)_<w+d0) , Yw.

In other words, we arrive at the following important statement: The (unique)
solution of the Riemann—Hilbert problem (a)—(b) satisfies (if exists) the fol-
lowing differential equation:

Aw)

dw? 0 1\ .o
W) 573

Here, d is some constant. In fact, in a few lines, we will show that d must be
Zero.

Equation (5.73) is a matrix form of the classical Airy equation and hence
is solvable in terms of contour integrals. Indeed, denoting

y(w) = (P°(w)),;, j=1lor2,
we derive from (5.73) that

y'=(w+dy, @°w)), =y (w).

J

The first relation is the Airy equation with the shifted argument. Its gen-
eral solution has the exponential behavior as w — oo whose characteristic
exponents are

+2(w + d)3/? = j:(%w3/2 + dw'/?) + O(w™1/?) .
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Therefore, to reproduce the characteristic exponents of the asymptotic condi-
tion (b) we must assume that in (5.73)

d=0.

The above heuristic arguments together with the known asymptotic behav-
ior of the Airy functions in the whole neighborhood of the infinity motivate
the following explicit construction for the solution of the model RH problem

(1% - (39).
VO (w) := 00 (w) exp(2w?03) ,  WO(w) = Was(w)C, (5.74)

where ¥a;(w) and C are given by the explicit formulae,

Wai(w) = (yo(w) im(w))

Yo(w) iyy (w)

. 1 ico 3
yo(w) = Ai(w) := i) exp(52° —wz)dz
n (w) _ e—7ri/6 Ai(e—27ri/3w> ,
and

I w €
10 c QQ

C = (*1 1) w
V() wen

1

(67") we.

The indicated choice of the matrix C' in the domains (25 is due to the
known asymptotic behavior of the Airy functions in the neighborhood of the
infinity. In fact, the matrix C' is made out of the relevant Stokes multipliers
of the Airy functions in such a way which guarantees that the matrix product
Wi (w)C satisfies the asymptotic condition (b) at w = co. Therefore, in order
to prove that (5.74) indeed defines the solution of the RH problem (1°)—(3°),
we only need to check the jump relations (a).

The validity of (a) on the rays It and I» is obvious. On the ray I's we
have,

10 1 1\/10
0 0 0
Vi =Vla, = U <—1 1) =la, (—10) <—1 1)

_W—(—m 1) = o) =5
Similarly, on the ray I,

0-1 11\ /0 -1
!p-?- = WO'Qa = Wu (1 1 ) = JIO|Q4 (0 1) (1 1 )
o (11 (0=1\ _ o (10\ _ o
_‘p<01)<1 1)_;[/<11)_u754.
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This completes the proof of the representation (5.74) for the solution of the
model Riemann-Hilbert problem (1°)-(3°).

Remark. From the known error-terms for Airy integral we conclude that (b)
could be improved as:

70 (w) = w3/ (_11//22 1;3) (I n 0( ;2)) exp(—2u¥%05) w — 0o

5.3.3 The Final Formula for the Parametrix

Recalling the holomorphic left multiplier E(z) in (5.71) we define in the neigh-
borhood,
B=w""(Dn(0)),

the parametrix for the solution of our basic -RH problem (1"/)~(3"') by the
equation,

0 (2) = B(:)Y"(w(2)) = B(=)¥ni(w(2))Cexp(2u?/2(2)05) . (5.75)
In this formulas, it is assumed that (cf. Fig. 5.9)
CinB=w'(I"ND,0)), ConB=w"(I'1ND,(0)).
The neighborhood B is splited into four regions (see again Fig. 5.9)
Br=w (2, NDy(0)), k=1,...,4

and the matrix C' in (5.75) satisfies the relations,

I z € By
(_11?) ZGBQ

C:
v (Y3') z€Bs
(63') z€Ba

The following are two principal properties of the parametrix @°(z).

1. Inside B, the jumps of @°(z) are ezactly the same as of (z).
2. On the boundary of B, 0B we have:

PY(2) :@)OO(Z)(I—FO(%)) = (I—FO(%))@"O(Z) 2€0B, n—o0.

The second statement follows from formula (5.71) for $*°(z), asymptotic
estimate (3°) for the model function Y°(w) (with the improved by O(w=3/2)
error term) and the fact that for z € 9B we have that



5 Large N Asymptotics in Random Matrices 391

1 1
_w(z) = O<—n2/3) , M —o00.
Finally we notice that, due to the evennes of the potential V'(z), both the

solution of the basic #-RH problem and the model function &°°(z) satisfy the
symmetry relation,

~

B(2) = 03D(—2)o3, D°(2) = 030> (—2)0s . (5.76)

Therefore, we can avoid a separate analysis of the end point —zo and produce
a relevant parametrix for the solution @(z) at this point by the expression,

039°(—2)o3 .

In the case of general potential V(z), when there is no symmetry relation
which would conviniently connect different end points of the support J of the
equilibrium measure, one has to construct the relevant parametrix to each of
the end points separately, following the patern we have developed above for
the point zg.

5.3.4 The Conclusion of the Asymptotic Analysis

Denote
—-B:={z:—2€ B},

and define the function,

R D> (2) zeC\ (BU(-B))
D*(z) = ¢ P°(2) z€B (5.77)
0'3@0(—,2)(73 z€ —B.

We claim that the exact solution of the @-RH problem (1”)~(3") satisfies the
following uniform estimate,

®(z) = <I+O<m)>@“(z) , n—oo, z€C. (5.78)

In order to prove (5.78) we consider the matrix ratio

-1
X(z) = q?(z)@%(z)) . (5.79)

This function solves the Riemann—Hilbert problem posed on the contour 'y
depicted in Fig. 5.11. The important feature of this problem is the absence
of any jumps inside the domains B and —B and across the part of the real
line between the boundary curves C, = 9B and C; = 9(—B). Indeed, the
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cancelling out of the jumps of i(z) and &7 (z) inside B, —B and across the
indicated part of the real line follows directly from the basic jump properties of
the model functions #>°(z) and ¢°(z), and from the symmetry relation (5.76).

The X-jump matrix, Gx(z), satisfies the following uniform estimates as
n — 0.

Gx(Z) = @00(2) <(1) exp(n(g+ + gfl_ (1/)‘)‘/ - l))) (@O(z))71

:I+O(exp(—cnz2)) , ¢>0,zeluUI,,
o 1 0 o -1
Gx(:) = () (s ) (@)
=140, ¢>0,2z€Cyq,

n

Gx(z) = 450(;2)(4500(;2))_1 = I+O<l) , z€C,,
Gx(Z)EO'3Gx(—Z)U3=I+O<%) s ze (.

The above estimates show that, in our final RH transformations, we have
achieved the needed closeness of the jump-matrix to the identity matrix. In-
deed, we have

C
1= Gxllranze < - (5.80)

We can now apply the general Theorem 5.1.5 and deduce the inequality,

1X(z)—1I|| < , z€K, n>np, (5.81)

(L+[z])n

where K is a closed subset of CP! \ I'y satisfying,

dist{z; I
Atz S k), viek.
1+ 2|

Observe, that the choice of the contour I'x is not rigid; one can always slightly
deform the contour I'x and slightly rotate its infinite parts. Therefore, the

Fig. 5.11. The final, X-RH problem
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domain of validity of the estimate (5.81) can be made the whole z-plane. This
completes the proof of the asymptotic equation (5.78).

Remark. Tt can be checked directly, using the above expressions of the jump
matrix Gx (z) in terms of the functions #>°(z) and ¢°(z), that the smoothness
condition (5.21) is satisfied at each node point of the contour I'y. This also
can be deduced from the a priori continuity of the function X (z), defined by
(5.79), in the closure of every connected component of the set C\ I'x.

The asymptotic formula (5.78) provides us with the uniform asymptotics,
as n, N — oo, for all complex z, of the orthogonal polynomials P, (z) cor-
responding to the quartic weight e=NV(*) V(2) = t22/2 + kz*/4 under the
one-cut condition (5.62) on the parameters x and ¢. For instance, the oscilla-
tory part of the asymptotics reads as follows.

P () exp (—%@) — %l> = Re(%e—iwu)) n O(%) ’

|z] <z, (5.82)
where
20— T 1/4 x
S = [ (bo + bau?)y/22 —u2d
Bute) = (222wt = [ bR

and the parameters (functions of Al) I, zg, b, and by are defined in (5.59).
Also, for the norm h,, and the recurrence coefficient R,, = hy,/h,,—1 we obtain,
with the help of (5.20), the asymptotic representations,

hy = mzpe™ (1 + O(%)) : (5.83)

R, = 2 +o<1) . (5.84)

" n

and

In conclusion, we notice that estimate (5.80) allows us to iterate the sin-
gular integral equation corresponding to the X-RH problem and, in principal,
obtain the complete asymptotic series for all the above objects. It should be
mentioned that although the Riemann—Hilbert iterating procedure rigorously
establishes the existence of the complete asymptotic series mentioned, its use
for obtaining compact formulae for the coefficients of these expansions is very
involved. The better way to get the higher corrections to the estimates (5.82)—
(5.84) is to use the relevant Freud difference equation for R, (see the end of
the first lecture) in conjunction with the already found leading term of the
asymptotics and the already established existence of the whole series (see,
e.g., [6]). There exists also a very beautiful formal procedure [24], based on
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the so called “loop equation” (see, for example, survey [23]) which allows to
obtain compact expressions for the terms of any order in the expensions of
hy, and R,, and, in fact, in the expansions of the partition function Zy. This
procedure has been recently made rigorous (again, with the help of the RH
approach) in the work [25].

5.4 The Critical Case. The Double Scaling Limit and the
Second Painlevé Equation

In this lecture, we shall discuss the asymptotic solution of the &-RH problem
when ¢t < 0 and the ratio A = n/N is close to or coincide with its critical
value,

t2
Ae = — .
4k
More precisely, we shall assume that
2= A= A +cxN"23, (5.85)

N

Here, x is a scaling variable which is assumed to be bounded and c is a
normalization constant which we choose to be,

2\ 1/3
c=|— .
()
This choice of ¢ will be motivated later on. The principal feature of the double
scaling limit (5.85) is the value  of its critical exponent. From the asymptotic
analysis which will follow, we will see that this is precisely the exponent which
guarantees the existence of the nontrivial scaling limit in the random matrix
model under consideration.

The condition (5.85) implies that now we have (cf. (5.60))

d

— Rehl|,—0~0,

dy |z 0

which yields the replacement of the previous two-lenses jump contour I" by the
four-lenses contour I%. depicted in Fig. 5.12 and hence the need to construct
a parametrix to the solution @ in the neighborhood of the point z = 0.

5.4.1 The Parametrix at z =0

To find out what the relevant model RH problem in the neighborhood of z = 0
should be, we shall analyse the function h(z) near the point z = 0. First, we
notice that under condition (5.85) the end point zy and the coefficient by,
defined in (5.59), satisfy the estimates,



5 Large N Asymptotics in Random Matrices 395
2c 21t
22 =22~ TxN_2/3+O(N_4/3) . Ze= \/% , (5.86)

by = —%xN*Q/Z” +O(N~43) . (5.87)

and

The function h(z), which is participating in the o jump matrix as indicated
in Fig. 5.12, is given by the formula,

2 z
h(z) = _X/ (bo + bou?)y/u? — 22 du

Z0

2 z
=i — X/ (bo + bou?)y/u? — 22 du (5.88)
0
2 O
WE—ih(O)Z—X (bo + bau?)y /22 —u?du =7,
20

and, unlike the previous formulas for g(z) and h(z), the function /2% — 23 is
now defined in the domain C\ (—o0, z0) U (29, +00) and fixed by the condition
—iy/22 — 23|.=0 > 0. From (5.88) and with the help of (5.86) and (5.87) we
arrive at the following estimate for h(z).

where

h(z) = ir — %(Do(z) LaNTBDI() FONY) . (5.80)
where

Dy(z) = g/o u?\/22 —u?du

Observe that near z = 0,

# du
D Z)=2cC —_—— .
1(2) /0 e

L N (5.90)

1 eno
0 1 >

a=gi+g-—3V-14

Fig. 5.12. The contour /% and the $—RH problem in the critical case



396 AR. Its

and 5/6
2
DB, O=—r. (5.91)

Dile) = 0" (170

6022

Hence, with some constants ay, as, we have that
Do(2) + zN723Dy(2) = a12° + age N2z ... .

This representation suggests to introduce, in the neighborhood of the point
z = 0, the local variable ¢ = ((z), in such a way that the following relation
satisfies,

%143(2) +xN"2/3¢(2) = Do(2) + N"2/3Dy(2) + O(N~4/3) . (5.92)

By solving this equation perturbatively, we find that, within the indicated
error,

C(2) = Colz) + aN"23¢,(2) (5.93)

where
Go(2) = [$Do(2)]"/?

and

Di(z) — (o(z

The important point is that both these functions are holomorphic and in-
vertible in a neighborhood of z = 0. Indeed, from (5.90) we obtain at once
that

1
P 71 —_— ——— 3 .« ..
Co(z)=C""z 100232 + ,

where C' is exactly the same constant as in (5.91). This, in particular, means
that (1(z) is indeed holomorphic at z = 0, and in fact,

Gi(z) =

— 60:2 Z4 ..

The above estimates show that, for sufficiently large N, the function ((z) is
conformal in some (fixed) neighborhood By of the point z = 0. This, in turn,
allows us to introduce the following local variable in By,

£(z) = N'V3¢(2) . (5.94)

Equation (5.94) defines in the neighborhood By a local change of variable (cf.
(5.67))

Bo— Daf0) = {€:16] < N9}, 0<p< o5

The action of the map z — £ on the part of the contour I, which is inside
the neighborhood By is depicted in Fig. 5.13.
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By virtue of its definition, the function £(z) satisfies the asymptotic rela-
tion (cf. (5.89)),

—n(h —ir) = %53 + 2iz€ + O(N~Y/3) . (5.95)

Therefore, the jump matrix G5 inside the neighborhood By can be uniformly
estimated as
G3(z) = Gy(2) + O(N 13, (5.96)

where the matrix function G%(z) is defined by the equations,

1 0
exp(—inm+(8i/3)€% (2)+2iwé(2)) 1) zeleNBy, Imz>0
1 0
exp(inm—(81/3)€3 (2)—2iwé (2)) 1) z€leNBy, Imz <0
(,01(1)) zel.NBy, Imz=0

Therefore, the map z — ¢ transforms the By-part of the critical &-RH problem
into the following model RH problem in the {-plane.

(1°) Y°(§) € H(C\ 1Y)
(2°) YE(§) = YE(EO(9),

1 0
exp(—inm+(8i/3)€3+2ixg) 1) € € FCOQ U FCOI)’
0/ _ 1 0
(&) = exp(inm—(8i/3)€3 — 2iz¢) 1) EelZury
(%) Eel)ury

(3°) Y(&) = A(I + O(1/€)), § — oo,

1 Imé >0
A:
(Y) Imé<o.

Here, the contour I'? is the union of the six rays,

Fig. 5.13. The map z — w near z = 0 in the critical case
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6
Fco = U Fcok )
k=1

which are depicted in Fig. 5.14.

The normalization condition (3°) comes, as in the case of the end-point
parametrix, from the fact that we want the “interior” function Y¢(w(z)) to
match asymptotically, as n — oo, the “exterior” function &*°(z) at the bound-
ary of By. In other words, to specify the behavior of Y¢(w) as w — oo, we
must look at the behavior of #*°(z) at z = 0. To this end, we notice that the
factorization (5.69) of the function ¢°°(z), which have already been used in
the setting of the end point RH problem, can be rewritten as

0= (L) (8 ) (D e 2

I Imz>0
=F 5.97
0(2){((1)01) Imz<0. ( )

Here, the function fy(z) defines by the same formula as the function ((z)
before, but on the z-plane cut along (—oo, —z¢) U (20, +00), so that the both
functions — Gy(z) and Fy(z) are holomorphic (and Ey(z) invertible) at z = 0.
Formula (5.97) explains the normalization condition (3°).

Although there are no explicit contour integral representations for the so-
lution Y°(§) = Y°(&, z) of the model RH problem (1°)—(3°), the solution exists
for all real x and is analytic in x. This important fact follows from the mod-
ern theory of Painlevé equations where the RH problem (1°)—(3°) appears in
connection with the second Painlevé equation. We will discuss this issue in
some detail in Section 5.4.3.

Similar to the analysis done at the end points, we shall now define the
parametrix for the solution of the #-RH problem at the point z = 0 by the
equation (cf. (5.75)),

o o
FCS FC2

o o
FC4 FCl

Cc6

Fig. 5.14. The contour I?
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P°(z) = Eo(2)Y°(£(2)) , z€ By (5.98)

We also notice that at the end points 42y we can use the old parametrics,
i.e., °(2), at the point zg, and 03P°(—2)0o3, at the point —zp. The function
@Y (2) is defined in (5.75).

5.4.2 The Conclusion of the Asymptotic Analysis in the Critical
Case

Instead of the solution 5(z) directly, it is more convenient to approximate its
¥-form, i.e., the function

U (2) = B(2) exp(ngo(2)as) , (5.99)

where

1 (7 1 l
go(z) = _X/ (bo + bau?)y/u? — 22 du = g(z) — ﬁV(z) ~5- (5.100)
20

It is important to emphasize that, unlike (5.88) defining the function h(z), in
(5.100) the function /22 — 23 is defined on the z-plane cut along the interval
[—20, 20]. In particular, this means that

go(z) = %h(z) , Imz>0,

while,

go(z) = —%h(z) , Imz<0.

Also, we note that,

1 l 1
go(z) :—ﬁV(z)—E—an—i—O(;) , zZ—00.

In terms of the function ¥(z), the basic RH problem is formulated as follows.

(1) ¥(2) € H(C\I)

(2") ¥y (2) =¥ _(2)Gg(2), z € I.

(3" U(z) = (I+0(1/z)) exp(—NV (2)o3 + nlnzos — (1/2)03), z — oo.
The piecewise jump matrix G (2) is given by the relations,

e for z real and outside of the interval [—zg, z0],

Gg(2) = (é 1) ;

e for z on the curves Cy,., Cy;, Cs,., and Cy;

Gg(2) = G (1)) ;
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e for z on the interval [—zq, zo],

Gz(z) = (_01 é) .

It is also worth noticing that, in terms of the function go(z), the estimate
(5.95) reads,

inm/2 — (41/3)63(2) — ié(2) + O(N=1/?),
z€By, Imz>0

19002 = Linej2 4 (41/3)€3(2) + iag (2) + OV 1) | (5.101)
z€By, Imz<0.
Put
U (z) := &*°(2) exp(ngo(2)os) ,
exp ((inm/2 — (4i/3)&3(2) — iz€(2))o3) ,
Cls) i (2 z€By, Imz>0
Ve(z) = 9%(z) exp(—(imr/? — (4i/3)&3(2) —ixf(z))ag) ,
z€By, Imz<0,
WO(2) = @O(Z)exp(—§w3/2(z)) ,
and define the function (cf. (5.77)),
U (z) z€C\ (BoUBU(-B))
= o . J/C(Z) z € By
U (z) = 0 (2) v B (5.102)

(—1)"o3¥?(—2)o3 z€ —-B.

Our aim is to prove that the exact solution !2/\(2) of the RH problem (1)~
(3""") satisfies the estimate (cf. (5.78)),

T 1 7728

N - oo, %:AchcxN*Q/?’, 2eC. (5.103)
Similar to the previous, one-cut case, in order to prove (5.103) we consider
the matrix ratio (cf. (5.79)),

1

XO(2) =W (z)(¥™(2)) . (5.104)

This function solves the Riemann—Hilbert problem posed on the contour I'xe
depicted in Fig. 5.15. Similar to the one-cut X-RH problem, the important
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feature of this problem is the absence of any jumps inside the domains By,
B and —B and across the part of the real line between the boundary curves
C,. = 0B, Cy = 9By, and C; = 9(—B). As before, the cancelling out of the
jumps of ¥(z) and ¥ (z) inside B, By, and —B and across the indicated
part of the real line follows directly from the basic jump properties of the
model functions ¥*°(z) and ¥°(z). The only difference, comparing to the one-
cut considerations, is that one has to take into account that in terms of ¥ -
functions, the symmetry relation (5.76) should be replaced by the relation,

U(z) = (=1)"03¥(—2)0s.
This modification is a consequence of the symmetry equation,
go(—2) = go(z) — i,

which in turn can be easily checked directly.
On the “one-cut” parts of the contour I'xc,the X“jump matrix, G x.(z),
satisfies the previous “one-cut” uniform estimates as N — oco. That is:

Gxe (Z) = qv)oo(z) ((1) eXp(n(g+ + gfl_ (1/)‘)‘/ - l))) (@0(2,))71
:I+O(e_CNZ2) , ¢>0,zelUIL,,

Gxe(z) = 3(2) (ejFlnh ?) (@(2)) = I+ O(e=N),

c>0, zeCyuUCly (einh) , z € CqUCy, (e"h),
and )
Ge(z) = () (0%(2)) " =1 + O(N) . 2eCUC.

In order to estimate the jump accross the curve Cy = 9By we notice that, as
follows from (5.101) (and the asymptotic normalization condition (3¢) for the
model function Y¢(¢)),

Ul(z) = <I+ O<ﬁ>)¢m(z) , N— oo, (5.105)

Fig. 5.15. The final, X.-RH problem
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uniformly on Cp (in fact, in some neighborhood of Cj). Therefore, for the
jump matrix Gx. on the curve Cy we have,

Gxe(2) = (X (2)) ' XS(2) = U2 (2) (F35(2))

= Wc(z)(ww(z))il — <I+ O<ﬁ)> . (5106)

From the above estimates we arrive at the key inequality (cf. (5.80)),

11— GxellLonp., < (5.107)

N1/3°
By exactly the same arguments as in the one-cut case (see the proof of (5.78)
in Section 5.3.4), we derive from (5.107) the estimate,

Xc(z)—f—i-O( N—-o0,zeC, (5.108)

)
and (5.103) follows.

The improvement of the error term in (5.103) can be achieved, in principle,
by iterating the relevant singular integral equations. In Section 5.4.4 we will
show how, with the help of iterations, one can calculate explicitly the order
O(N~1/3) correction in (5.103). However (see also the end of Section 5.3.4),
to achieve the O(N 1) accuracy in the estimation of !2/\(2), the corresponding
multiple integral representation becomes extremely cumbersome. Indeed, in
paper [5], where the first rigorous evaluation of the double scaling limit (5.85)
has been performed, an alternative approach to the asymptotic solution of
the @-RH problem is used. This approach is based on a rather nontrivial
modification of both the model solution ¥*°(z) and the model solution ¥¢(z).
These modifications are based on the prior heuristic study of the Freud equa-
tion associated to the quartic potential V(z) for the recurrsion coefficients R,
followed by the formal WKB-type analysis of the associated Lax pair. This
analysis uses also the Lax pair associated to the model RH problem (1¢)-(3¢)
and produces an improved pair of model functions ¥*°(z) and ¥°(z) for which
the asymptotic relation (5.105) holds with the accuracy O(N~1). We refer the
reader to [5] and to the lectures of Pavel Bleher in this volume for more details
about this construction.

Remark. The asymptotic solution of the Riemann—Hilbert problem corre-
sponding to a generic real analytic critical potential V(2) (the corresponding
equilibrium measure vanishes quadratically at an interior point of the support)
has been performed in [9]. The analysis of [9] is similar to the one presented
above except for the parametrix at the critical point, where the authors of
[9] suggest a rather non-trivial modification of the local variable so that the
relation, similar to (5.101), is satisfied ezactly.
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5.4.3 Analysis of the RH Problem (1¢)—(3¢). The Second Painlevé
Equation

PutF

Ye(€) Imz>0

Ye) = (5.109)

Vo) (%§) Imz<o.
This simple transformation eliminates the jump accross the real line and,
simultaneously, simplifies the asymptotic condition at £ = co. Indeed, in terms
of Y¢(¢) the RH Problem (1¢)—(3¢) transforms to the problem,
(1) Y°(§) € H(C\ I?)
(2°) YE(§) = Y<(O)GO(6),

1 0
, erfur?
_ exp(—inm + (8i/3)&3 + 2ixf) 1) Seliuls

a6 =
(€) 1 —exp(inm — (8i/3)&3 — 2ix€)

0 ) ) ceryury

(3%) V(&) = (I +0(1/€)), & — o0,

Here, the contour I'? is the union of the four rays,

4
rr=\Jrg=ro\rhury,
k=1
which are depicted in Fig. 5.16. Let us also make one more trivial gauge
transformation,

inm

YO(E) = YP(§) = e BTy e(g)e 7, (5.110)

which brings the model RH problem (1°)- (3°) to the following universal form,
(17) YP(§) € H(C\ I™)
(2P) Y(&) = YZ(€) exp(—(4i/3)& 03 —i2€03) S exp(4i/3)& o5 +ixlos), £ € I'P
(
S =
{
(37) YP(&) = (I +0(1/9)), § — o0,

The problem (17)—(3P) is depicted in Fig. 5.16, and it plays in the analysis
of the parametrix at the internal (double) zero of the equilibrium measure (the
point z = 0 ) precisely the same role as the universal Airy RH-problem?® (1°)—
(3Y) plays in the analysis of the parametrix at the end point of the support of

0)=81=282, &feltUuly

5.111
) =S5=954, £eIPUI? (5-111)

1
1
1
0

! Note that, although we are using the same letter, the matrices Sy in (27) are not
the matrices Sy, in (2°).
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Fig. 5.16. The contour I'” and the Painlevé II RH problem

the equilibrium measure (the point z = zy). However, the important difference
is that we do not posses any explicit representation, in terms of contour inte-
grals of elementary functions, for the solution Y?(&) of the problem (17)—(3?).
Therefore, the proof of the existence of the function Y?(§) = Y?(£, x) and its
smooth dependence on the real parameter = is much more difficult than in
the case of the Airy-solvable problem (1°)—(3°). Indeed, the existence of the
solution Y?(¢) and its smooth dependence on the real x is a nontrivial fact of
the modern theory of Painlevé equations, whose appearance in context of the
problem (17) —(3P) we are going to explain now.
Put

P (€, x) == YP(£, x)exp (—%303 — mgag> .

The jump condition (2P) and the asymptotic condition (37) in terms of the
function ¥?(£) become

(a) WL (&) =wP()S, EeTP
and

(b) WP(&) = (I +my/E+ -+ ) exp(—(4i/3)03 — ixfos), § — o0,

respectively. Moreover, similar to the Airy case, we have the cyclic relation,
S;1838,87 =1.

Therefore, we can now proceed with considering the following, this time two
logarithmic derivatives,

A© = G
and SP
U(e) = 5w

ox
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Repeating the same arguments as we used when deriving (5.73), which are
based on manipulations with the asymptotic expansion (b) and the exploita-
tion of the Liouville theorem, we establish that both the matrices A(§) and
U(€) are in fact polynomials in €. Indeed we find that,

A(E) = —4i€%03 + 4€uoy — 2u0on — (iz + 2iu?)os | (5.112)

and
U(§) = —i€os + uor , (5.113)

01 0 —i du
1=410) *T\10) T

and the function u(x) is defined by the coefficient my = mq(z) of the series
(b) according to the equation,

where,

u(z) = 2i(mf(z)) (5.114)

12 7

In other words, the matrix valued function WP (€, ) satisfies the following
system of linear differential equations (cf. (5.73)),

P

T A(E)wP

S © (5.115)
B = U(§)wr,

with the coefficient matrices A(§) and U(&) defined by the relations (5.112)
and (5.113), respectively.
Consider the compatibility condition of system (5.115):

Ve =W, < A —Ug=[UA]. (5.116)

The matrix equation (5.116) is satisfied identically with respect to . By a
simple straightforward calculations, one can check that the matrix relation
(5.116) is equivalent to a single scalar differential equation for the function
u(x),

Upy = 2u° + 20 . (5.117)

The latter equation is a particular case of the second Painlevé equation (see,
e.g., [33]).

In the terminology of integrable systems, the linear equations (5.115) form
a Lax pair for the nonlinear ODE (5.117)) — the Flaschka—Newell Lax pair [26],
and the matrix relation (5.116) is its zero curvature or Laz representation. The
restrictions of the function ¥? () to the connected components of the domain
C\ I'? constitute the canonical solutions of the first, i.e., £&-equation of the Lax
pair (5.115), and the matrices Sy from (5.111) are its Stokes matrices. The
Stokes matrices of the &-equation form a complete set of the first integrals
of the Painlevé equation (5.117). The particular choice of Stokes matrices
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indicated in (5.111) corresponds, as we will show shortly, to a selection of the
so-called Hastings—McLeod solution of the Painlevé IT equation (5.117).

Unlike the Airy case of the problem (1°)-(3°), (5.115) do not provide us
directly with the solution of the problem (17)—(3?). However, they can be used
to prove the existence of the solution and its smooth dependence on the real
x. The proof is as follows.

Hastings and McLeod have shown in [32] that there exists a unique solution
of (5.117) smooth for all real z, which satisfies the asymptotic condition,

1/4

u(;p) ~ — exp(—%x3/2) , T — 4o00. (5.118)

1
2/
They also showed that on the other end of the real line the solution u(x) has
a power like behavior,

u(x) ~y[—=, = — —00. (5.119)

Simultaneously, one can (quite easily) solve asymptotically as z — oo
the singular integral equation (5.27) corresponding to the problem (17)—(3?)
(see [26]; see also [37,38,44]), or one can (again quite easily) solve asymp-
totically the problem itself directly — with the help of the nonlinear steepest
descent method (see [14]; see also [27]). Evaluating then, using (5.114), the
asymptotics of the corresponding function u(x), one discovers that it is exactly
the asymptotics (5.118). Hence, the choice (5.111) of the Stokes data for the &-
equation indeed corresponds to the Hastings—Mcleaod Painlevé transcendents.
The independence of the Stokes matrices of  and the global existence of the
solution u(x) imply that the canonical solutions of the £-equation provide the
solution of the Riemann-Hilbert problem (17)—(3?) for all real x.

Independent of [32] a proof of the solvability of the problem (17)—(3P), as
well as the meromorphic extension of its solution on the whole z-plane together
with the detail description of the asymptotic behavior of the function wu(z)
everywhere on the z-plane, can be obtained (though not very easily, this time)
via the advanced Riemann-Hilbert theory of Painlevé equations developed
during the last 20 years. We refer the reader to the recent monograph [27] for
more on this issue and for the history of the subject.

5.4.4 The Painlevé Asymptotics of the Recurrence Coefficients

It follows from (5.20) that the recurrence coefficients R, are given by the
formula
R, = (m1)12(ma)a1 , (5.120)

where m; is the matrix coefficient of the 27! term of the series (5.19). Hence
we need the asymptotics of the coefficient m;.
For large z,
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WS (z) = U (2)
which together with (5.104) implies that, for large z,
U(z) = X (P (2)

B(z) = X°(2)P™(z) .

Recalling definition (5.51) of the function @(z), we rewrite the last relation as
an equation for the original function Y'(z),

Y(z2) = "2 X(2)0>(2)e" 9712 (5.121)
Define g1, m$°, and my “ as the coefficients of the asymptotic series as z — o0,

g(z):lnz+gz—1+~~ ,

and
XC

Xe(z) =T+ ...
z

respectively. We have that,

mi = ngy + exp(%l03> (m§° +mi) exp( - %103> . (5.122)
The coefficients g; and m$°® are elementary objects and can be easily found
from the explicit formulae for g(z) and $*°(z). Let us discuss the evaluation
of the matrix m .

From the singular integral equation (5.27) corresponding to the X“RH
problem, i.e., from the equation,

1 X (Z)NGxe () -1
X(z) =T+ — 2@ CxE) =) (5.123)
271 Jpye 2 —z
we derive that
. 1
my = —— X ()N Gxe(2)—1T)d2" . (5.124)
27l Jpy.

Taking into account (5.108) and the fact that everywhere on I'xe but Cp
the difference G'x<(2') — I is of order O(N~1!), we obtain from (5.124) the
asymptotic formula,

c 1 1
X° _ [ _
ml = _ﬁ CD(GXc(Z/) — )dz/+O<N2/3) . (5125)
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To proceed we need the details about the jump matrix G'xe(z) on the curve Cy.
From (5.106) it follows that, for z € Cp,

GXc(Z>
=) (1)
= Eo(2)Y°(£(2)) exp [sign(lm 2) (mTﬂ - %53 (2) —ixf(z)) o3 — ngo(z)ag}
x AT Ey(2)
— Bo(2)V*(¢(2)) Aexp [signamz) (%”—%é(z)—ixg(z))ag - ngo<z>og}
x AT Ey(2)
Sec inm 4 4 . ~ 1
— BT exp (5 — T6(e) — () — nio (o ) B o)
(5.126)

Here, the function gy(z) is given by the same integral (5.100)) as the function
go(2), but the root y/22 — 2 is defined on the plane cut along (—oo, —zp) U
(20, +00), so that

go(z) = sign(Im 2)go(2) .

We also note that the function go(z), as well as the functions £(z) and Ey(z),
is holomorphic in By.

By a straightforward though slightly tiresome calculation we can refine the
estimate (5.101) as follows,

ngo(z) = 1”7”—%3(z)—ixg(z)+ia(z)x2N—1/3+0(N—l) . 2eBy, (5.127)

where D

CL(Z): 1(2)_<0(Z)
3D0(Z)

and Dg(z), D1(z), and {y(z) are the elementary functions which have been de-

fined in (5.89) and (5.93), respectively, when we introduced the local variable
¢(2), and Ds(z) is the integral,

Dl(Z) — DQ(Z) y

2 [ du
Ds(z) = % ; —(zg T

Actually, these exact formulas for a(z) are not really of importance for our
current calculations. What will matters is that a(z) is holomorphic at z = 0
(cf. the holomorphicity at z = 0 of the function ¢;(z) from (5.93)).

Using (5.127) and the asymptotic expansion (3%) of the function Y¢(¢), we
derive from (5.126) the following estimate, uniform for z € Cy
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1
Gxe(z)=1+ mEo(z)m’l’Eal(z) —iz2a(2)Eo(2)o3Ey H(z)N~1/3
z
+O(N23), N—ooo,zeCy, (5128)

where the matrix m} is the coefficient of the asymptotic series,

vC mi)
Y (€)=I+?+'“ , §— 0.
Note that the matrix function m} = m¥(z) is related to the similar function
mY (z) from (5.114) by the equation (see (5.110)),
my = exp(m%og)m’f exp (—mTﬂ—Ug) . (5.129)

We also recall that £(z) = N'/3¢(z) and hence
1
£(2)

With the help of (5.128), we can now easily estimate the integral in the right-
hand side of (5.125). Taking into account that the function a(z) is analytic in
By and hence the integral of a(z)E(2)o3Ey ' (2) vanishes, we obtain

=ON7Y3), N-ooo, z€C.

mi" = res|,—o (TIZ)EO(z)mszo_l(z)) +O(N~%/3)
= CN"VBEy(0)ymP Ey 1 (0) + O(N~2/3) | (5.130)

where C' is the constant defined by (5.91).

We are almost ready to produce the final estimate for the matrix m
One more step is needed, this time algebraic.

Put

xe

YP(€) = 01YP(~€)or -

Since,
-1
51,2 = 0153,401 ,

we immediately conclude that y?r (&) solves the same Riemann—Hilbert prob-
lem, i.e., (17)—(3P). Therefore, by the uniqueness theorem, the functions Y7 (§)
and Y?(§) coincide. Hence, we arrive at the symmetry relation,

YP(§) = o1YP(=¢)or
which in turn implies that
mi = —oymlio; . (5.131)

From (5.131), we come to the following structure of the matrix coefficient m?:
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(mi)11 = —(mY)aa, (mY)12 = —(mf)a1 .

Introducing notation, v := (mf )11, and recalling the relation (5.114) between
the Hastings—McLeod Painlevé function u(x) and the 12 entry of the matrix
mY, we obtain finally that the matrix m] can be written as

mb = ( . _(W)”) , (5.132)
and hence (cf. (5.129))

~p v —1)"(i/2)u
il = <(_1)n(i/2)u( ) ) | (5.133)

As a matter of fact, the function v(x) can be also expressed in terms of u(z)
and its derivatives, but we won’t need this expression.
From the definition (5.97) of the matrix factor Ey(z), we have that,

wo-5(0)

The substitution of this equation and (5.133) into (5.130) concludes the
asymptotic evaluation of the matrix ms °. Indeed, we obtain that

¢ _ —1 0 —v—(i/2)(=1)"u -2
my = CONI <—v + (i/2)(-1)"u 0 ) +ONT).
(5.134)

The last object we need in order to be able to evaluate R,,, is the matrix
coefficient m3°. We derive it easily from (5.50):

me> — 0 (i/2)20 _ 0 (i/2)z Y
' (—(1/2)ZO 0 ) (—(1/2)zc 0 )+O(N23), (5.135)

where z., we recall, is given in (5.86). Using (5.135) and (5.134) in (5.122) (note
that we we do not need g1, although it also can be evaluated by elementary
means), we arrive at the estimates,

(m1)12 = €™ (%Zc + %CN_1/3(—1)”+1u — CN~ Y3y + O(N—2/3)> ’
and

(my)o = e ™ <_%Zc — %CNfl/?’(—l)”“u — ON~ Y3y + O(N2/3>) ’

which in turn provide as with the asymptotic formula for R,,,
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. . 9
Ry = (m1)i2(m1)21 = — (%zc + %C’Nl/fi(_l)nﬂu) + O(N’2/3)

2’2

= SONTA ) O(N )

|t] ~1/3 +1 —2/3 2t/
I NBC (1) u(a) £ O(N2BY oy = (2

2K
(5.136)

Remark 5.4.1. As has already been indicated above (see the end of Sec-
tion 5.3.4), from the Riemann—Hilbert analysis one can rigorously establish
the existence of the full asymptotic expansions for the coefficients R,,. A direct
substitution of this series in the difference Freud equation would allow then
to evaluate, in principal, the corrections to (5.136) of any order. For instance,
one obtains (see also [5]) that,

R, = ﬂ + N_1/301(—1)n+1u($c) +N_2/302($C + 2u2(x)) + O(N_l) ’

2K
1/3
1 1
Cy = 3 (m) . (5.137)

It also should be said that asymptotics (5.137) were first suggested (via the
formal analysis of the Freud equation) in physical papers by Douglas, Seiberg,
and Shenker [20], Crnkovié¢ and Moor [11], and Periwal and Shevitz [42].

Remark 5.4.2. Using estimate (5.128) in the integral equation (5.123), we can
improve our main asymptotic formula (5.103). Indeed we have that

U(z) = (I—l—r(z) + O<W)>@“(z), (5.138)

where .
r(z) = =CN~Y3Ey(0)ym? Ey 1 (0) , (5.139)
z
if 2 ¢ By, and
1

£(2)
+iz?N~Y3a(2)Eo(2)o3Ey ' (2) ,  (5.140)

r(2) = I + LON-13Ey ()P By (0) — —— Bo(2)m? By (2)
zZ

if z € By.

As it has already been mentioned in the end of Section 5.4.2, a further
improvement of the estimate (5.103), if one wants compact formulas, needs an
essential modification of the construction of the parametrix at z = 0 (see [5]).
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6.1 Introduction

This article is a short review on the relationship between convergent ma-
triz integrals, formal matriz integrals, and combinatorics of maps. We briefly
summarize results developed over the last 30 years, as well as more recent
discoveries.

We recall that formal matrix integrals are identical to combinatorial gen-
erating functions for maps, and that formal matrix integrals are in general
very different from convergent matrix integrals. Both may coincide perturba-
tively (i.e., up to terms smaller than any negative power of N), only for some
potentials which correspond to negative weights for the maps, and therefore
not very interesting from the combinatorics point of view.

We also recall that both convergent and formal matrix integrals are solu-
tions of the same set of loop equations, and that loop equations do not have
a unique solution in general.

Finally, we give a list of the classical matrix models which have played
an important role in physics in the past decades. Some of them are now well
understood, some are still difficult challenges.

J. Harnad (ed.), Random Matrices, Random Processes and Integrable Systems, 415
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Matrix integrals were first introduced by physicists [55], mostly in two
ways:

e in nuclear physics, solid state physics, quantum chaos, convergent matrix
integrals are studied for the eigenvalues statistical properties [6,33,48,52].
Statistical properties of the spectrum of large random matrices show some
amazing universal behaviors, and it is believed that they correspond to
some kind of “central limit theorem” for nonindependent random variables.
This domain is very active and rich, and many important recent progresses
have been achieved by the mathematicians community. Universality was
proved in many cases, in particular using the Riemann—Hilbert approach
of Bleher—TIts [5] and Deift Venakides Zhou Mac Laughlin [19], and also by
large deviation methods [34, 35].

e in Quantum Chromodynamics, quantum gravity, string theory, conformal
field theory, formal matriz integrals are studied for their combinatorial prop-
erty of being generating functions of maps [20]. This fact was first discovered
by t’Hooft in 1974 [49], then further developed mostly by BIPZ [12] as well
as Ambjorn, David, Kazakov [18,20,32,36,40]. For a long time, physicist’s
papers have been ambiguous about the relationship between formal and
convergent matrix integrals, and many people have been confused by those
ill-defined matrix integrals. However, if one uses the word “formal matrix
integral”, many physicist’s results of the 80’s till now are perfectly rigorous,
especially those using loop equations. Only results regarding convergency
properties were non rigorous, but as far as combinatorics is concerned, con-
vergency is not an issue.

The ambiguity in physicist’s ill-defined matrix integrals started to become
obvious when E. Kanzieper and V. Freilikher [42], and later Brezin and Deo
in 1998 [11] tried to compare the topological expansion of a formal matrix
integral derived from loop equations, and the asymptotics of the convergent
integral found with the help of orthogonal polynomials. The two results did
not match. The orthogonal polynomial’s method showed clearly that the con-
vergent matrix integrals had no large N power series expansion (it contained
some (—1)"). The origin of this puzzle has now been understood [9], and
it comes from the fact that formal matrix integrals and convergent matrix
integrals are different objects in general.

This short review is only about combinatoric properties of formal matrix
integrals. Matrix models is a very vast topic, and many important applications,
methods and points of view are not discussed here. In particular, critical limits
(which include asymptotics of combinatoric properties of maps), the link with
integrable systems, with conformal field theory, with algebraic geometry, with
orthogonal polynomials, group theory, number theory, probabilities and many
other aspects, are far beyond the scope of such a short review.
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6.2 Formal Matrix Integrals

In this section we introduce the notion of formal matrix integrals of the form:

Zformal(t) = / dM;, dMQde
formal

exp<—¥<z (’;J Tr M; M, —NV(Ml,...,Mp))> . (6.1)

ij=1

The idea is to formally expand the exponential exp((N 2/ t)V) in powers of
t~!, and compute the Gaussian integral for each term. The result is a formal
series in powers of ¢t. So, let us define it precisely.

Definition 6.2.1. ) is an invariant noncommutative monomial of M, ...,
M, if Q =1 or if Q is of the form:

_ By
Q= ]:[1 NTr(WT) , (6.2)

where each W, is an arbitrary word written with the alphabet My, ..., M,
Q is the equivalence class of Q under permutations of the W,s, and cyclic
permutations of the letters of each W,.

The degree of () is the sum of lengths of all W,s.

Invariant noncommutative polynomials of M, ..., M, are complex finite
linear combinations of monomials:
V=>1Q, lgeC. (6.3)
Q

The degree of a polynomial is the maximum degree of its monomials.
They are called invariant, because they are left unchanged if one conjugates
all matrices M; — UM,;U " with the same invertible matrix U.

Invariant polynomials form an algebra over C.
Let V(Mi,...,M,) be an arbitrary invariant polynomial of degree d in
My, ..., M,, which contains only monomials of degree at least 3.

Proposition 6.2.1. Let C be a p X p symmetric positive definite matrix, then
the following Gaussian integral

A ()
dMy dMsy - - - dM, (N2R¢F [EDVF exp(—(N/2t) Te S°F . Cy; M; M,
p 1,j=1 J J
HN><~~><HN ’
fdMl dM2 A de exp(—(N/2t) Tr Zf,j:l C”MzM]) 5

HNX---XHN

(6.4)



418 B. Eynard

where dM; is the usual Lebesque (U(N) invariant) measure on the space of
Hermitian matrices Hy, is absolutely convergent and has the following prop-
erties:

o Ai(t) is a polynomial in t, of the form:

Ap(t) = S At (6.5)

k/2<j<kd/2—k

o Ay (t) is a Laurent polynomial in N.
o Ap(t) =1.

Proof. Ag = 1 is trivial. Let d = deg V. Since V is made of monomials of
degree at least 3 and at most d, then V¥ is a sum of invariant monomials whose
degree [ is between 3k and dk. According to Wick’s theorem, the Gaussian
integral of a monomial of degree [ is zero if [ is odd, and it is proportional to
t1/2 if [ is even. Since 3k < | < dk we have:

0<k/2<1/2—k<dk/2—k. (6.6)

Thus Ag(¢) is a finite linear combination of positive integer powers of ¢, i.e.,
it is a polynomial in ¢, of the form of (6.5).

The matrix size N’s dependence comes in several ways. First there is the
factor N2*. The matrix size also appears in the matrix products (each matrix
product is a sum over an index which runs from 1 to N), in the traces (it
means the first and last index of a matrix product have to be identified, thus
there is a Kroenecker’s d;; of two indices). And after Gaussian integration
over all matrix elements, the Wick’s theorem pairings result in N ~//2 times
some product of Kroenecker’s ¢ of pairs of indices (times some elements of
the matrix C~! which are independent of N). The matrix indices thus appear
only in sums and d¢’s, and the result of the sum over indices is an integer power
of N. Thus, each Ay(t) is a finite sum (sum for each monomial of V¥, and
the Gaussian integral of each monomial is a finite sum of Wick’s pairings) of
positive or negative powers of N, i.e., a Laurent polynomial in N. ]

Definition 6.2.2. The formal matrix integral Zo;mai(t) is defined as the for-
mal power series:

25
Ztormal(t) = Z Z;th, Zj = Z Ay ; (6.7)
J k=0

and each Z; is a Laurent polynomial in N. Notice that Zy = 1.

By abuse of notation, Zgormal(t) is often written:

Zformal (t)
ffogri\gll dM2 e de exp(—(N/t)( f,j:l Cij/QTI”MiMj)—NV(Mh ey Mp))

fH dM1 dM]?[de eXp(—(N/Zt)Ter CijMiMj)
N

Svatiee ij=1
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but it does not mean that it has anything to do with the corresponding conver-
gent (if it converges) integral. In fact, the integral can be absolutely convergent
only if deg(V') is even and if the tg corresponding to the highest-degree terms
of V have a negative real part. But as we shall see below, the relevant case
for combinatorics, corresponds to all tgs positive, and in that case, the formal
integral is never a convergent one.

Definition 6.2.3. The formal free energy Frormal(t) is defined as the formal
log of Ztormal-

Fformal(t) - ln(Zformal(t)) - Z thj (69)
J
We have Fy = 0. Each Fj is a Laurent polynomial in N.

6.2.1 Combinatorics of Maps

Recall that an invariant monomial is a product of terms, each term being the
trace of a word in an alphabet of p letters. Thus, an invariant monomial is
given by:

e the number R of traces, (R — 1 is called the crossing number of Q),
e R words written in an alphabet of p letters.

The R words can be permuted together, and in each word the letters can
be cyclically permuted. We label the invariant monomials by the equivalence
classes of those permutations.

Another graphical way of coding invariant monomials is the following:

Definition 6.2.4. To each invariant monomial () we associate biunivoquely
a Q-gon (generalized polygon) as follows:

e to each word we associate an oriented polygon (in the usual sense), with
as many edges as the length of the word, and whose edges carry a “color”
between 1 and p, given by the corresponding letter in the word.

e the R words are glued together by their centers on their upper face (in
accordance with the orientation), so that they make a surface with R — 1
crossings.

e R — 1 which is the number of traces minus one (i.e., one trace corresponds
to a crossing number zero), is called the crossing number of the Q-gon.

e The degree deg(Q) of the @-gon is the total number of edges (sum of lengths
of all words).

e to (Q-gon we associate a symmetry factor sg = # Aut(Q) which is the
number of symmetries which leave @ unchanged.

An example is given in Fig. 6.1.

Notice that we allow a @-gon to be made of polygons with possibly one or
two sides. We will most often call the Q-gons polygons. The usual polygons
are (Q-gons with no crossing, i.e., R = 1.
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Fig. 6.1. The invariant monomial Q@ = N2 Tr(M{Mz) Tr(M3) Tr(M35 M, M3) of
degree 11, is represented by 2 triangles and one pentagon glued together by their
center. The dashed lines mean that the 3 centers should actually be seen as only
one point. Its symmetry factor is sg = 3 because we can perform 3 rotations on the
triangle of color (3,3,3).

Definition 6.2.5. Let p > 1 and d > 3 be given integers. Let Qg4 , be the set
of all invariant monomials @) (or polygons) of degree 3 < deg(Q) < d.
Qq,p is clearly a finite set.

Definition 6.2.6. Let S; 4, be the set of oriented discrete surfaces such that
# edges — # Q-gons + # crossings = [, and obtained by gluing together poly-
gons (belonging to Qg,,) by their sides (following the orientation). The edges
of the polygons carry colors among p possible colors (thus each edge of the
surface, is at the border of two polygons, and has two colors, one on each
side).

Let S;.ap be the subset of S; 4, which contains only connected surfaces.

Such surfaces are also called “maps.”

Proposition 6.2.2. §; 4, is a finite set.

Proof. Indeed, since all polygons of Qg, have at least 3 sides, we have
# edges > %#polygons, and thus # edges < 2] and # polygons < 41/3, and
thus the number of discrete surfaces in &, is finite. We can give a very large
bound on # 8 4., We have:

#.Spap < (Ad1/3)P(2d1/3)!(4d1/3)! < (4d1/3)P(2dL)! . (6.10)
O

Theorem 6.2.1 (t’Hooft 1974 and followers). If the potential V is an
invariant polynomial given by

t
V=Y SEQ (6.11)
QEQa,p Q

then:
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Zi= Y #Aut NX<S>HtQ H i) (6.12)

SE€Si,a,p 1,
A= () ) AN (T
= Y o H 11t (6.13)
SGSldp

where Z; and F; were defined in Def. 6.2.2, Def. 6.2.3, and where:

o n(S) is the number of Q-gons in S,

o E;;(S) is the number of edges of S which glue two polygons whose sides have
colors i and j,

o x(5) is the Euler characteristic of S.

o Aut(S) is the group of automorphisms of S, i.e., the group of symmetries
which leave S unchanged. # Aut(S) is called the symmetry factor.

In other words, Z; is the formal generating function which enumerates dis-
crete surfaces of Sy q,p, according to their Euler characteristics, their number of
polygons, number of edges according to their color, number of crossings. .. F)
is the formal generating function for the same surfaces with the additional
condition that they are connected.

An example is given in Fig. 6.2.

Proof. Tt is a mere application of Feynman’s graphical representation of
Wick’s theorem®.

7 \
| |
I
I‘ 7
T i
| o
|
Fig. 6.2. If y
_tal ta 1 laa 452
V= 4NT1"]\41-&-4NTer—1—32]\72(T1"M1)7

the above surface contributes to the term N%itats4(C")1 1 (C™1)1 5. Indeed M is
represented in blue, Ms in red, so that Tr Mi corresponds to blue squares, Tr Mj
corresponds to red squares, and (Tr M{L)2 corresponds to pairs of blue squares glued
at their center. Its Euler characteristic is x = 0 (it is a torus), and this surface has
no automorphism (other than identity), i.e., # Aut = 1. It corresponds to [ = 7.

L Although Feynman’s graphs are sometimes regarded as nonrigorous, let us em-
phasize that it is only when Feynman’s graphs and Wick’s theorem are used for
functional integrals that they are nonrigorous. Here we have finite dimensional
Gaussian integrals, and Wick’s theorem and Feynman’s graphs are perfectly rig-
orous.
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The only nontrivial part is the power of IV, because N enters not only in the
weights but also in the variables of integrations. It was the great discovery of
t’"Hooft to recognize that the power of IV is precisely the Euler characteristics.
Let us explain it again.

First, V* is decomposed into a combination of monomials:

tQ k
V= — Ve = Tic G 6.14
> s Q, > T (6.14)
Q G
where G is a product of @Js, and
1
Thc = to.tQ,  tQr = -
Z 1 2 k Hl SQI

Q1UQ2U---UQk=G

G is thus a collection of polygons, some of them glued by their centers. So far
the polygons of G are not yet glued by their sides to form a surface. Remember
that each @ carries a factor N~ if ) is made of R traces.

Then, for each G, the Gaussian integral is computed by Wick’s theorem
and gives a sum of Wick’s pairings, i.e., it is the sum over all possible ways of
pairing two Ms, i.e., it is the sum over all possible ways of gluing together all
polygons by their sides, i.e. corresponds to the sum over all surfaces S. The
pairing (M; qpM; cq) of the (a,b) matrix element of M; and the (¢, d) matrix
element of M gives a factor:

t
N

The double line notation for pairings (see [20]) allows to see clearly that
the sum over all indices is N# vertices(S) The total power of N is thus:

2k — Z Rq + # vertices — # edges — # polygons (6.16)
Q

<Miaijcd> = (C’*l)ijciadébc . (615)

Now, notice that
# polygons = Z Rg=k+ Z(RQ — 1) = k + # crossings (6.17)
Q Q
Thus the total power of N is:

# vertices — # edges + # polygons — 2 # crossings = y (6.18)

which is the Euler characteristic of S.
We leave to the reader to see in the literature how to find the symmetry
factor. O

Corollary 6.2.1. N=2F} is a polynomial in N~2:

+1
F = ZNQ*Z‘QFZ,Q : (6.19)

9=0
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Proof. Indeed the Euler characteristic of connected graphs is of the form y =
2 —2g where ¢ is a positive integer and is the genus (number of handles). The
fact that it is a polynomial comes from the fact that Fj is a finite sum.

It is easy to find some bound on g. We have:

2g — 2 = — F# vertices + # edges — # polygons + 2 # crossings
= — # vertices + 2] — # edges + # polygons (6.20)

and using # edges > % # polygons, we have:
29 — 2 < — # vertices + 21 — 1 # polygons < 21 . (6.21)

O

6.2.2 Topological Expansion

Definition 6.2.7. We define the genus g free energy as the formal series in ¢:

o0

FO(t) = — Z 229 (6.22)
=0

F(9) is the generating function for connected oriented discrete surfaces of
genus g.

Remark. The minus sign in front of F(9) is there for historical reasons, because
in thermodynamics the free energy is —In Z.

There is no reason a priori to believe that F(9)(¢) might have a finite radius
of convergence in t. However, for many classical matrix models, it is proved
that Vg, F(9) has a finite radius of convergence because it can be expressed
in terms of algebraic functions.

There is also no reason a priori to believe that the F(9)s should be the limits
of convergent matrix integrals. There are many works which prove that the
number of terms in F(9) grows with g like (3g)! for some 3. If t and all tgs are
positive (this is the interesting case for combinatorics and statistical physics
because we want all surfaces to be counted with a positive weight), then
F9) is positive and grows like (Bg)!, and therefore the sum of the topological
series cannot be convergent (even under Borel resummation). For negative ¢,
it is only an asymptotic series, and at least in some cases, it can be made
convergent using Borel transforms.

6.3 Loop Equations

Loop equations is the name given to Schwinger—Dyson equations in the context
of random matrices [53]. The reason for that name is explained below. Let us
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recall that Schwinger—Dyson equations are in fact nothing but integration by
parts, or the fact that the integral of a total derivative vanishes.
In particular, in the context of convergent matrix integrals we have:

0 0
0= dM; dMy -+ -dM, — 9
./Hg’V e ”(aReMW Zalkam)

1<

J

ij=1

X ((G(Ml,...,M,,)+G(M1,...,M,,)T)

0
+ / dM; M, - - dM, ———
2 e

X ((G(Ml,...,Mp)+G(M1,...,MP)T)“-

x exp<—¥<z 02 Tr(M; M;) — NV(Ml,...,Mp)>>> (6.23)

4,j=1

where G is any noncommutative polynomial, and k is an integer between 1
and p.

Therefore, Schwinger—Dyson equations for matrix integrals give relation-
ships between expectation values of invariant polynomials. Namely:

§<m ( (Z Ciy M, - NDk(V>) G) > — (K@) (6.24)

where Dy, is the non commutative derivative with respect to My, and Ki(G)
is some invariant polynomial which can be computed by the following rules:

e Leibnitz rule

Ki(A(My,... My, ..., My)B(M,,..., My, ..., M)
- (Kk(A(Ml,...,Mk,...,Mp)B(Ml,...,mk,...,M,,)))

mk—>]\/lk

+(Kk(A(Ml,...,mk,...,Mp)B(Ml,...,Mk,...,M,,))) . (6.25)

mk—>]\/lk
e split rule
Kip(A(My, ... omy, ..., Mpy)M{B(M,...,mg,..., M)

-1
=Y Te(A(M,...,mx, ..., My)M])
=0 (M B(My, . ymu, . M) 5 (6.26)



6 Formal Matrix Integrals and Combinatorics of Maps 425

e merge rule

Kk(A(Ml,...,mk,...,Mp)Tr(M,iB(Ml,...,mk,...,Mp)))

-1
= > Te(AM, oMy M) MIB(M i, M) M)

7=0
(6.27)

e no M rule
Ki(A(My,...,my, ..., M,))=0. (6.28)

Since each rule allows to strictly decrease the partial degree in My, this
set of rules allows to compute K (G) for any G.
For any G and any k we get one loop equation of the form (6.24).

Definition 6.3.1. The formal expectation value of some invariant polynomial
P(My, ..., My) is the formal power series in ¢ defined by:

A p(t)
f dM1 dM2 A de (NQk t_k/k")PVk exp(—(N/2t) Tl”( 4 CijMiMj))

i,j=1
_ Hy X --- X Hy

B [ dM, dM, - --dM, exp(—(N/2t) Te(3F ., CijM; M;))

Hy X --- X N b=l
(6.29)
Ay, p(t) is a polynomial in ¢, of the form:
App(t) = > App st (6.30)
deg(P)/2+k/2<j<deg(P)/2+kd/2—k
and we define the following quantity
2j—deg P
Apj(t)= > Axp; (6.31)
k=0
and the formal series -
Ap(t)= Y Ap;t/ (6.32)
j=deg P/2
Again, each Ay p, A pj, Ap; is a Laurent polynomial in V.
The formal expectation value of P is defined as:
Ap(t)
P(My, ..., Mg))tormal = 5—— 6.33
(P(My, ..., Mk))tormal om0 (6.33)

where the division by Zormar is to be taken in the sense of formal series, and
it can be performed since Zsormal(t) = Z;io Z;t? with Zy = 1.
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The formal expectation value is often written by abuse of notations

<P>formal
[ My - M, P exp(—(N/)(S2, y (Co3/2) Tr(MM,) =NV (M., My)
" My exp(— (NS, (O 2) TR M)~ NV (V- )

(6.34)

Theorem 6.3.1. The formal expectation values of the formal matriz integral
satisfy the same loop equations as the convergent matriz integral ones, i.e.,

they satisfy (6.24) for any k and G.

Proof. 1t is clear that Gaussian integrals, and thus formal integrals satisfy
(6.23). The remainder of the derivation of loop equations for convergent in-
tegrals is purely algebraic, and thus it holds for both convergent and formal
integrals. ]

On a combinatoric point of view, loop equations are the generalisation of
Tutte’s equations for counting planar maps [50,51]. This is where the name
“loop equations” comes from: indeed, similarly to Thm. 6.2.1, formal expec-
tation values of traces are generating functions for open discrete surfaces with
as many boundaries as the number of traces (and again the power of N is
the Euler characteristic of the surface). The boundaries are “loops,” and the
combinatorical interpretation of Schwinger-Dyson equations is a recursion on
the size of the boundaries, i.e. how to build discrete surfaces by gluing loops
a la Tutte [50,51].

Notice that in general, the loop equations don’t have a unique solution. One
can find a unique solution only with additional constraints not contained in
the loop equations themselves. Thus, the fact that both convergent and formal
matrix models obey the same loop equations does not mean they have to
coincide. Many explicit examples where both do not coincide have been found
in the literature. It is easy to see on a very simple example that Schwinger—
Dyson equations can’t have a unique solution: consider the Airy function
f,y exp(t3/3 — tx) dt where 7y is any path in the complex plane, going from oo
to oo such that the integral is convergent. There are only two homologicaly
independent choices of v (one going from +o0o to e?™/300 and one from +oo
to e~ %"/300). Schwinger-Dyson equations are: (nt"~ 4+ ¢"+2 — 2") = 0 for
all n. It is clear that loop equations are independent of the path +, while their
solution clearly depends on 7.

Theorem 6.3.2. The formal matriz integral is the solution of loop equations
with the following additional requirements:

e the expectation value of every monomial invariant is a formal power series
in N—2.

e the t — 0 limit of the expectation wvalue of any monomial invariant of
degree > 1 vanishes:

m(Q) =0 fQ#1 (6.35)
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Proof. The fact that all expectation values have a formal N2 expansion
follows from the construction. The fact that lim;,o(Q) = 0 if @ # 1, follows
from the fact that we are making a formal Taylor expansion at small ¢, near
the minimum of the quadratic part, i.e., near M; =0,i=1,...,p. O

However, even those requirements don’t necessarily provide a unique solu-
tion to loop equations. Notice that there exist formal solutions of loop equa-
tions which satisfy the first point (there is a formal N =2 expansion), but not
the second point (lim;—0(Q) = 0). Those solutions are related to so-called
“multicut” solutions, they also have a known combinatoric interpretation,
but we don’t consider them in this short review (see for instance [9,26] for
examples).

There is a conjecture about the relationship between different solutions of
loop equations:

Congecture 6.3.1. The convergent matrix integral (we assume V to be such
that the integral is convergent, i.e. the highest tgs have negative real part)

ZCOHV

N (& Gy
:/;%)MldMT.-de exp<—7<z T]Tr(MiMj)—NV(Ml,...,Mp)>>
N

i,j=1

(6.36)

is a finite linear combination of convergent formal solutions of loop equations
(i.e., a formal solution of loop equations In Z = — 37 N2-20p(9)  such that
the N2 series is convergent.), i.e.,

Zconv - Z CiZi 5 In Zz = - ZN2_29 Fi(g) . (637)

i g=0

Hint. Tt amounts to exchanging the large N and small ¢ limits. First, notice
that convergent matrix integrals are usualy defined on HY;, but can be defined
on any “integration path” in the complexified of HY;, which is My (C)?, as
long as the integral is convergent. The homology space of such contours is
of finite dimension (because there are a finite number of variables p x N2,
and a finite number of possible sectors at co because the integration measure
is the exponential of a polynomial). Thus, the set of “generalized convergent
matrix integrals” defined on arbitrary paths, is a finite-dimensional vector
space which we note: Gen. The hermitian matrix integral defined on HY; is
only one point in that vector space.

Second, notice that every such generalized convergent matrix integral sat-
isfies the same set of loop equations, and that loop equations of type (6.23)
are clearly linear in Z. Thus, the set of solutions of loop equations is a vec-
tor space which contains the vector space of generalized convergent matrix
integrals.
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Third, notice that formal integrals are solutions of loop equations, and
therefore, formal integrals which are also convergent, belong to the vector
space of generalized convergent matrix integrals.

Fourth, one can try to compute any generalized convergent matrix integral
by small ¢ saddle point approximation (at finite N). In that purpose, we need
to identify the small ¢ saddle points, i.e., a set of matrices (M, ... ,Mp) €
My (C)P such that Vi, j, k one has:

0
OMy, ,

<Z Tr(3Crm MiM,y,) — V (M, . .. ,M,,)) =0 (6.38)
l,m M”:Mn

and such that
Im (Z Tr(3C1mMM,,) — V(M ..., Mp))
lm

— t( T CnAAL) ~ VMo 1)) (639

l,m

and

Re <Z Tr(3Cm M M,y,) — V (M, ... ,M,,))
lm

> Re( Y T3 Ol M) - V(M- 8)) - (0.40)

l,m

If such a saddle point exist, then it is possible to replace exp((N 2/ t)V) by its
Taylor series expansion in the integral and exchange the summation and the
integration (because both the series and the integral are absolutely convergent,
this is nothing but WKB expansion). This proves that saddle points are formal
integrals and at the same time they are generalized convergent integrals, thus
they are formal convergent integrals.

The conjecture thus amounts to claim that saddle points exist, and that
there exist as many saddle points as the dimension of Gen, and that they are
independent, so that the saddle points form a basis of Gen.

Notice that a linear combination of convergent formal solutions has no
N2 expansion in general, and thus the set of convergent formal integrals is
not a vector space.

This conjecture is proved for the 1-matrix model with real potential [19,22],
and for complex potentials it can be derived from Bertola-Man Yue [3] (in-
deed, the asymptotics of the partition function follow from those of the or-
thogonal polynomials). It is the physical intuition that it should hold for more
general cases. It somehow corresponds to the small ¢ saddle point method.
Each saddle point has a WKB expansion, i.e., is a convergent formal solution,
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and the whole function is a sum over all saddle points. The coeflicients of
the linear combination reflect the homology class of the path (here Hy;) on
which Z is defined. This path has to be decomposed as a linear combination
of steepest descent paths. The coefficients of that linear combination make
the ¢;s of (6.37) (this is the generalisation of the idea introduced in [9]).

6.4 Examples

6.4.1 1-Matrix Model

JdaMm exp(—(N/t)Tr(V(M)))
J M exp(—(N/t) Te((C/2)M?))
where V(M) = (C/2)M? — V(M) is a polynomial in M, such that V(M)
contains only terms with degree > 3.

For any « and 7, let us parametrise the potential V as:

Zformal - (641)

= 1
s =atar1/), 012
Vi(x(2) =30 vi (27 +277) .
We determine « and ~ by the following conditions:
t
vy = 0 5 v = -, (643)
g

i.e., a and [ are solutions of an algebraic equation and exist for almost any
t, and they are algebraic functions of ¢. In general, they have a finite radius
of convergence in t. We chose the branches of «(t) and ~(t) which vanish at
t=0:

at=0)=0, ~(t=0)=0. (6.44)

Then we define:

1< . ,
y(2) =3 D v —27). (6.45)
j=1

The curve (z(z),y(z)), z € C, is called the spectral curve. It is a genus
zero hyperelliptical curve y? = Polynomial(z). It has only two branch points
solutions of 2/(z) = 0 which correspond to z = +1, i.e., z = a+2vy. y as a
function of x has a cut along the segment [« — 27, @ + 27]. Notice that we
have:

Res ydz =t = — Re%ydx (6.46)
Res V'(z)ydr =0, Res 2V (x)ydr =t (6.47)

Then one has [2]:



7
_ 1 dz 3, o, (7C
=3 (Zfieoso V(z)ydx tzfieoso V(z) . 2t t ln< "
1 2 2yt , 3 C?
9 (‘ ; 7(”j+1 —Uj—l)Q—T(—l)] (v2j—1—v2541) — §t2—t2 hl(_t
(6.48)
and: [13,27]
1 (2 ()Y (1)
W = (YY)
F o ln< 2 . (6.49)

Expressions are known for all F(9)s and we refer the reader to [14,25].
Those expressions are detailed in the next section about the 2-matrix model,
and one has to keep in mind that the 1-matrix model is a special case of the
2-matrix model with V1 (z) = V(z) + 2%/2 and V2 (y) = y?/2.

As a fore-taste, let us just show an expression for F(2):

Y A&
1 1
= z}{fil 221:{_?11 Z3ijszl @(Zl)E(Zl, ZQ)E(I/Zla 23) (22 _ 1/22)2 (23 _ 1/23)2
1 1
2 R R Res &(z)E E
+ S P S (21)E(21, 22) B2, 23) (1/21 — 1/22)2 (23 — 1/23)?
1 1
2 R R Res &(z)E E
+ zlfz?:l zzfz?:l Z3£:?:1 (Zl) (21722) (22723) (1/2’1 — 1/23)2 (1/22 - 2’3)2
(6.50)
where the residue is first evaluated for z3 then zs then z1, and where:
1 1
E N=— 6.51
R e P Sy e (6:51)
1 1 /z
P(z)=———n—— ydo . 6.52
B = naee—1a . (0:32)
6.4.1.1 Example Triangulated Maps
Consider the particular case V (z) = (t3/3)x3.
Let T = tt3/C?, and a be a solution of:
a—a®=4T (6.53)

and consider the branch of a(7") which goes to 1 when T' = 0. If we param-

etarize: ) ( (b)
ttz  sin(3

=== 6.54
C3 6v/3 (6.54)

T



6 Formal Matrix Integrals and Combinatorics of Maps 431

we have: 6
= cos(m/6 — ¢) ) (6.55)
cos(m/6)
We have:
C t
- = (11— 2 6.56
“ 2t (1=a), o aC ( )
t
Vo = 0 5 v =, Vo = —t372 (657)
v
which gives:
5 t C\1 ¢
FO =2 (42 )22 .
12 (4C+6t)a g (6:58)
1 1—2av1—a?
FO = —— i ——2— — ). .
o n< 2 ) (6.59)

The radius of convergence of F(9) is |T| < 1/(6+/3) for all g.

6.4.1.2 Example Square Maps

Consider the particular case V(z) = (t4/4)x*, and write T' = tt,/C?. Define:

b=+1-12T (6.60)
We find
2t
=0 2= 6.61
=" C1+0) (6.61)
t
v = ; 5 Vo = 0 5 V3 = —t4’73 (662)
We find:
t2 (1-0)?2  2(1-10b) 1+0b
FO = |- 1 6.63
2( 0?31+ n N2 ) ) (6.63)
1 2b
FO — — — 1 =) . .64
12 n<1 +b (6:64)

The radius of convergence of F9) is |T| < 1/12 for all g.

6.4.2 2-Matrix Model

The 2-matrix model was introduced by Kazakov [37], as the Ising model on a
random map.
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fdMl dMQ exp(—(N/t) TI‘(Vl(Ml) 4+ VQ(MQ) — 012M1M2))
J My dMy exp(—(N/t) Te((Cr1/2) M + (Caz/2) M3 — My Ms))
(6.65)
where V1 (M;) = (C11/2)M32—V; (M) is a polynomial in My, such that Vi (M)
contains only terms with degree > 3, and where Vo(Ms) = (Caz/2) M3 —
Va(Ms) is a polynomial in Ms, such that Vo(Ms) contains only terms with
degree > 3, and we assume Cio = 1:

C= (_1 022) (6.66)
Indeed, it generates surfaces made of polygons of two possible colors (call them
polygons carrying a spin + or —) glued by their sides (no crossing here). The
weight of each surface depends on the number of neighbouring polygons with
same spin or different spin, which is precisely the Ising model. If C1; = Cso
and Vi = Va, this is an Ising model without magnetic field, otherwise it is an
Ising model with magnetic field.
Let us describe the solution.
Consider the following rational curve

Zformal =

x(z) = vz + Zzigovz a{kz’k (6.67)
y(z) = 72"+ 5 Bt
where all coefficients v, ai, O are determined by:
t
u(z) = Vi(2(2) [~ —- 40 (6.68)
t
x(z) — Vz/(y(z)) ~ —5 +0(2%) (6.69)

The coefficients 7, ax, Bk are algebraic functions of ¢, and we must choose the
branch such that v — 0 at t = 0.
The curve (z(z),y(2)), z € C, is called the spectral curve. It is a genus
zero algebraic curve. There are deg V5 branch points solutions of 2/(z) = 0.
Notice that we have:

Res ydzr =t =— Regydx . (6.70)
Then one has [2]:
1 d
JalC 3 ( Res Vi (x)y dx + Reg(wy —W(y))ydz —t Res Vy (w);z

2
- tReS(xy —Va(y)) de th — 2 ln<w)> (6.71)
z— z
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and [27]:

deg V5
PO tdeng) T
=-9 H vy (a;) (6.72)

where a; are the solutions of 2/(a;) = 0, and tdcg(Vg) is the leading coefficient
of V2.

The other F9)s are found as follows [15]:

Let a;,i =1,...,deg V5 be the branch points, i.e., the solutions of 2'(a;) =
0. If z is close to a branch-point a;, we denote Z the other point such that

z—a;, z(Z)=x(z) and zZ—a;. (6.73)

Notice that z depends on the branch-point, i.e., Z is not globally defined. We
also define:

D(z) = /Z ydx (6.74)

&(z) depends on the base-point zo and on the path between z and zg, but the
calculations below don’t depend on that.
We define recursively:

W% (p) =0 (6.75)

Wi (p, q) =

(» —1 q)? (6.76)

W]Siﬂ (papla v 7pk:)

1 (z—2)dz
- Z}Li PR P oY P Y e e )

g
— (h
X (Wéiz N2, 2,p1, - pr) + § E W1+)\I\ (z,p1) 1(+k )|1|(Z pK/{I}))
h=0T1C{1,2,...k}
(6.77)

This system is a triangular system, and all Wég) are well-defined in a finite

number of steps < g(g +1)/2+ k.
Then we have [15]:

9 —

oy 3" Res o)WV (2)dz, g>2. (6.78)

The 1-matrix case is a special case of this when the curve is hyperelliptical
(in that case z is globally defined), it corresponds to deg V2 = 2.
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6.4.3 Chain of Matrices

J My - dM, exp(~(N/1) ol Vi) — S » MiMii))
[dM; ...dM, exp(—(N/t) Te(X0_, (Cii /2) M2 — S22 M M;sh))
(6 79)
where V;(M;) = (Ci; /2)M? — V;(M;) is a polynomial in M;, such that V;(M;)
contains only terms with degree > 3. The matrix C' is:

Zformal -

—1 Cy —1
C = . (6.80)
—1C,py —1
Consider the following rational curve
= Y ixz® Vi=0,...,p+1 (6.81)

k‘:*Si
where all coefficients v, ai, O are determined by:

Tip1 + i1 = V' () Vi=1,...,p

zZ—00 ’}/Z (6.82)

The coefficients v, «;  are algebraic functions of ¢, and we must choose the
branch such that v — 0 at t = 0.

The curve (21(z),32(2)), z € C, is called the spectral curve. It is a genus
zero algebraic curve.

Notice that we have Vi =1,...,p— 1:

Res zjp1de; =t = — Res Tir1dx; (6.83)

Z— 00

Then one has [24]:
F(O (Z RGS V{(Il))thl dI1

2
- tz Res ( ) — s Vi(x >)d_z — 2 ln<w)> . (6.84)
z—»oo z

F®) and the other F(9)s have never been computed, but it is strongly believed
that they should be given by the same formula as in the 2-matrix case.
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6.4.4 Closed Chain of Matrices

Zformal
_ [ My dMy exp(=(N/8) Te(37, Vi(M) — P2 MiMiy1 — M,My))
[dMy -+ - dM, exp(—(N/t) Tr(XF_, (Cii /2)M? — S°P7 ) MiMiy1 — M, My))
(6.85)

It is the case where the matrix C' of quadratic interactions has the form:

Cn —1 ~1
—1 Cpy —1

C = , (6.86)
-1 —1C,, -

This model is yet unsolved, apart from very few cases (p = 2, p = 3 (Potts
model), p = 4 with cubic potentials), and there are also results in the large p
limit. This model is still a challenge.

6.4.5 O(n) Model

Z formal

JAM M, - dM, exp(— () Tr((S4) M2+ <%>iMs—v< M)—30, MM?))

JAM AM; - - dM,, exp(— () Tr((CaL) M2

where V' contains at least cubic terms.

We write:
V(x)z—V(—(m—i—%))-ﬁ-%( +§)2. (6.88)

This model can easily be analytically continued for noninteger ns. Indeed,
combinatoricaly, it is the generating function of a loop gas living on the maps.
n is the “fugacity” of loops, i.e., the n dependence of the weight of each
configuration is n#1°°P% and the C dependence is C'~1ensth of loops  Qpe often
writes:

n = 2 cos(vm) (6.89)

The O(n) model was introduced by I. Kostov in [43] then in [21,44], and it
plays a very important role in many areas of physics, and lately, it has started
to play a special role in string theory, as an effective model for the check of
ADS-CFT correspondence.
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The leading order 1-cut solution of this model is well known [28-30].
For any two distinct complex numbers a and b, define:
a? iK'(m)

m=1-— T =

b2’ K (m)

(6.90)

where K (m) = K'(1 —m) are the complete elliptical integrals ([1]).
We also consider the following elliptical function (defined on the torus
(1,7)): -
o) = ibcn( (m)u,m)
sn(2K (m)u,m)
where sn and cn are the elliptical sine and cosine functions.

Then we define the following function on the universal covering (i.e., on
the complex plane):

(6.91)

Gy(u) = H <eiwf/2—91 (ZL;/ 2) 4 mivmr2 (i v/2) (leu”) / 2>> (6.92)

where H is a normalization constant such that:

iii% Gu(u)/x(u) =1 (6.93)

It satisfies:

Gt +7) + Gy (u— 1) —nGy(u) = 0,
Gu+1)=Gu), Gu)=G(—T—u). (6.94)
We have:
Go(u)? + Gy (—u)? = nG, (u) Gy (—u)
=(2+n)(z*(u) —€2), e, = ;1;(_) (6.95)
Giy(w)? 4+ Gy (—u)* + nG1_,(w)G1_, (—u)
=(2—n)(z*(u) —ei_,) (6.96)
Grou ()G (1) = Grou(~u)Gy () + Gy (~u) G ()

n " ) = 2w 2sin(vm)
2G17V( )G (=) ( )bsn(uK) sn((1 —v)K) -~ (6.97)
Then we define:
A(2?) = Pol<(2 e - 6”)((];;'6_111,2")); — IbC(V/'G")) (6.98)
B(a?) = Pol< zon - 61‘”)%?9},)2?) o 'Gl”)+) (6.99)
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where Pol means the polynomial part in = at large = (i.e., at u — 0), and the
subscript + and — mean the even and odd part, and where
2sin(vm)

“T sn(wK)sa((1 - v)K) (6.100)

A and B are polynomials of 22.
Then, a and b are completely determined by the 2 conditions:

Res(A(xQ(u))Glu(u)+ . B(xQ(u))GV(U)—> dz(u) =0 (6.101)

u—0 x(u)
URE%(A(xQ(u))Gl_,,(u)_ + z(u)B(2* (1)) Gy (u)4) da(u) =t . (6.102)
Once we have determined a, b, m, A, B, we define the resolvent:
w(u) = A(z(u)*)G1_, (u) + z(u) B(z(u)?*)G, (u) (6.103)

which is the first term of the formal large N expansion of:

3 (T s ) =)+ 00/ (0100

and which satisfies:
wu+7)+wu—1)+nw(u) =V (z(u), (6.105)
wiu+1)=w), wlu)=w(-7—u). (6.106)

The free energy is then found by:

(0)
% (1 - —) In(a”g(m)) (6.107)

where , )
g
== . 6.108
g m(l—m)sn?(vK(m),m) ( )
All this is described in [23]. The special cases of n integer, and in general
when v is rational, can be computed with more details.

6.4.6 Potts Model

Zformal
_ [ dMy - dMq exp(=(N/t) Te(S52, M7 + V(M;) + (C/2) S5F; MiM;))
JdM dM; -+ dM,, exp(—(N/t) (Y2, $M? +(C/2) S, MiM;))

(6.109)
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or equivalently:
Z, formal

JdM dM; - - dMg exp(—(N/t) Tr(fz IMZ+V (M) + (C/2)M*—C fj MM,))

k3

R [dMdM; - dMg exp(—(N/t) ﬂ(f} %ME+(C/2)M2—C§: MM,))
- . (6.110)

The Random lattice Potts model was first introduced by V. Kazakov in
[38,39]. The loop equations have been written and solved to leading order, in
particular in [10,17,57].

6.4.7 3-Color Model

Zformal
[ dMy dM> dM; exp(—(N/t) Tr(5(M? + M3+ M3)—g(My My Mz + My M3 M>)))
J dMy d Mz dMs exp(—(N/t) Te(3 (M7 + M5 +M3)))

(6.111)

The loop equations have been written and solved to leading order, in particular
in [31,45].

6.4.8 6-Vertex Model

Zformal
[ dM dMT exp(—(N/t) Te(M Mt — M2M?F + cos (M M1)?))
B JdM dMT exp(—(N/t) Tr(M M)
where M is a complex matrix. The loop equations have been written and
solved to leading order, in particular in [46, 56].

(6.112)

6.4.9 ADE Models

Given a Dynkin diagram of A, D or E Lie algebra, and let A be its adjacency
matrix (A;; = Aj; = #links between ¢ and j). We define:

Zformal:/HdMinBij

1<j
N 1o 9,3 1 t K t
exXp <_T Tr (Z §MZ - §M1 + 5 Z BijBij + 5 Z AijBijBijMi
7 2,7 ]

(6.113)

where Bj; = ij are complex matrices, and M; are Hermitian matrices.
The loop equations have been written and solved to leading order, in par-
ticular in [44,47].
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6.4.10 ABAB Models

Zformal
= /1_1[(21141 1_2[ dB; exp(—% TI"(Z A?ZQ-FZ B7i2+gZAiBinBj)> .
i=1 j=1 i i 7

(6.114)

This model is yet unsolved, apart from few very special cases [41]. However,
its solution would be of great interest in the understanding of Temperley—Lieb
algebra.

6.5 Discussion

6.5.1 Summary of Some Known Results

We list here some properties which are rather well understood.

e The fact that formal matrix integrals are generating functions for count-
ing discrete surfaces (also called maps) is well understood, as was explained
in this review.

e The fact that formal matrix integrals i.e. generating functions of maps
satisfy Schwinger—Dyson equations is well understood.

e The fact that formal matrix integrals and convergent integrals don’t
coincide in general is well understood. In the examples of the 1-matrix model,
2-matrix Ising model or chain of matrices, it is understood that they may
coincide only in the “l-cut case”, i.e. if the classical spectral curve has genus
ZEr0.

e The fact that the formal 1-matrix, 2-matrix or chain of matrices integrals
are 7 functions of some integrable hierarchies is well understood too.

e For the formal 1-matrix model and 2-matrix Ising model, all F(9)s have
been computed explicitly. The result is written in terms of residues of rational
functions.

e For the chain of matrices, F(©) is known explicitly [24], and it is strongly
believed that all F(9)s are given by the same expression as for the 2-matrix
model.

e Multi-cut formal matrix models are well studied too, and they can be
rewritten in terms of multi-matrix models. For the 1 and 2 matrix models,
the expressions of the F(9)s are known explicitly (in terms of residues of
meromorphic forms on higher genus spectral curves).
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6.5.2 Some Open Problems

e The large N asymptotics of convergent matrix integrals, are not directly
relevant for combinatorics, but are a very important question for other ap-
plications, in particular bi-orthogonal polynomials, universal statistical prop-
erties of eigenvalues of large random matrices, and many other applications.
This question is highly nontrivial, and so far, it has been solved only for the
1-matrix model [5,19,22], and a few other cases (e.g., the 6-vertex model [8]).
The method mostly used to prove the asymptotic formulae is the Riemann-
Hilbert method [5,19], which consists in finding a Riemann—Hilbert problem
for the actual matrix integral and for its conjectured asymptotics, and com-
pare both. There is a hope that probabilists’ methods like large deviations
could be at leats as efficient.

e For the 2-matrix model and chain of matrices, the topological expansion
of formal “mixed” expectation values (e.v. of invariant monomials whose words
contain at least 2 different letters) has not yet been computed. This problem is
a challenge in itself, and has applications to the understanding of “boundary
conformal field theory”. In terms of combinatorics, it corresponds to find
generating functions for open surfaces with boundaries of prescribed colors.

e Many matrix models have not yet been solved, even to planar order.
For instance the closed chain of matrices where C;; = §; ;11 + 6; j—1 + Cidis
and Cp1 = C1p = 1. For the Potts model, 6-vertex model, 3-color model, O(n)
model, ADE models, only the planar resolvent is known. For the A,, B,,, A;, By,
almost nothing is known, although this model describes the combinatorics of
Temperly—Lieb algebra.

e Limits of critical points are still to be understood and classified. Only
a small number of critical points have been studied so far. They have been
related to KAV or KP hierarchies. Critical points, i.e., radius of convergence
of the t-formal power series, are in relationship with asymptotics numbers of
large maps (through Borel’s transform), and thus critical points allow to count
maps made of a very large number of polygons, i.e., they can be interpreted
as counting continuous surfaces (this was the idea of 2D quantum gravity in
the 80s and early 90s). This is yet to be better understood [7, 16].

e Extensions to other types of matrices (non-Hermitian) have been very
little studied compared to the hermitian case, and much is still to be under-
stood. For instance real symmetric matrices or quaternion-self-dual matrices
have been studied from the begining [48], and they count nonorientable maps.
Complex matrices, and normal complex matrices have played an increasing
role in physics, because of their relationship with Laplacian growth problems
[54], or some limits of string theory [4]. Complex matrices count maps with
arrows on the edges (see the 6-vertex model [56]). Other types of matrix en-
sembles have been introduced in relationship with symmetric spaces [58], and
it is not clear what they count.

e And there are so many applications of random matrices to physics, math-
ematics, biology, economics, to be investigated. ..
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Summary. This is an expository account of the edge eigenvalue distributions in
random matrix theory and their application in multivariate statistics. The emphasis
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7.1 Multivariate Statistics

7.1.1 Wishart Distribution

The basic problem in statistics is testing the agreement between actual obser-
vations and an underlying probability model. Pearson in 1900 [27] introduced
the famous x? test where the sampling distribution approaches, as the sample
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size increases, to the x? distribution. Recall that if X; are independent and
identically distributed standard normal random variables, N(0,1), then the
distribution of

=X 4+ X2 (7.1)

has density
1 n/2—1,—xz/2 f
sTEe Ty T e orx >0
(z) = { T/ ) -
ful) {O for x <0, (7:2)
where T'(x) is the gamma function.

In classical multivariate statistics® it is commonly assumed that the un-
derlying distribution is the multivariate normal distribution. If X is a p x 1-
variate normal with E(X) = g and p x p covariance matrix X = cov(X) :=
E((X —p) ® (X —p)),* denoted N(u, X), then if X' > 0 the density function
of X is

fx(x) = (2m)7P/?(det X)~1/2 exp[—3(z—p, X (x—p))], zeRP,

where (-, -) is the standard inner product on RP.
It is convenient to introduce a matrix notation: If X is a n X p matrix (the
data matriz) whose rows X; are independent N,(u, X') random variables,

— X1 —

— X9 —

X = . )
— X, —

then we say X is N,(1®@pu, I, ® X) where 1 = (1,1,...,1) and I, is the n x n
identity matrix. We now introduce the multivariate generalization of (7.1).

Definition 7.1.1. If A = X*X, where the n x p matrix X is N,(0, I, ® X),
then A is said to have Wishart distribution with n degrees of freedom and
covariance matrix X. We write A is Wy(n, X).

To state the generalization of (7.2) we first introduce the multivariate
Gamma function. If S} is the space of p x p positive definite, symmetric
matrices, then

T,(a) = /8 . e~ (A (det A)2—PH1/2 44

where Re(a) > (m — 1)/2 and dA is the product Lebesgue measure of the
ip(p + 1) distinct elements of A. By introducing the matrix factorization

3 There are many excellent textbooks on multivariate statistics, we mention An-
derson [1], Muirhead [26], and for a shorter introduction, Bilodeau and Brenner
[4].

4 If w and v are vectors we denote by u ® v the matrix with (,7) matrix element
U5V .
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A = T'T where T is upper-triangular with positive diagonal elements, one can
evaluate this integral in terms of ordinary gamma functions, see [26, p. 62].
Note that I'y(a) is the usual gamma function I'(a). The basic fact about the
Wishart distributions is

Theorem 7.1.1 (Wishart [38]). If A is Wp(n,X) with n > p, then the
density function of A is

1
2p7/2T,(n/2)(det X)"/2

exp(—3 tr(X 7" A)) (det A)nmp=/2 (7.3)

For p=1and ¥ =1 (7.3) reduces to (7.2). The case p = 2 was obtained
by Fisher in 1915 and for general p by Wishart in 1928 using geometrical
arguments. Most modern proofs follow James [20]. The importance of the
Wishart distribution lies in the fact that the sample covariance matriz, S, is
W, (n,1/nX) where

N
1 - _
S=-> (Xi-X)®(X;-X), N=n+1,
j=1

and X;, j = 1,..., N, are independent N,(, ¥) random vectors, and X =
(1/N)>2; X;-

Principle component analysis,” a multivariate data reduction technique,
requires the eigenvalues of the sample covariance matrix; in particular, the
largest eigenvalue (the largest principle component variance) is most impor-
tant. The next major result gives the joint density for the eigenvalues of a
Wishart matrix.

Theorem 7.1.2 (James [21]). If A is W,(n, X) with n > p the joint density
function of the eigenvalues l1,...,1, of A is

2 —pn —n
7P /297P /2(det X) /2 f[ l(_n*p*l)/2 H(l _ lk)
5,5/, 02 L4 j

j<k

x/ exp(—3tr(X'HLH"))dH (7.4)
O(p)

where Q(p) is the orthogonal group of p X p matrices, dH is normalized Haar
measure and L is the diagonal matriz diag(ly,...,lp). (We take Iy > I >
s> 1)

Remark 7.1.1. The difficult part of this density function is the integral over
the orthogonal group O(p). There is no known closed formula for this integral

5 See, for example, [26, Chap. 9], and [22] for a discussion of some current issues in
principle component analysis.
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though James and Constantine (see [26, Chap. 7] for references) developed
the theory of zonal polynomials which allow one to write infinite series ex-
pansions for this integral. However, these expansions converge slowly; and
zonal polynomials themselves, lack explicit formulas such as are available for
Schur polynomials. For complex Wishart matrices, the group integral is over
the unitary group U(p); and this integral can be evaluated using the Harish-
Chandra-Ttzykson-Zuber integral [39].

There is one important case where the integral can be (trivially) evaluated.

Corollary 7.1.1. If ¥ = I,,, then the joint density (7.4) simplifies to

7297 P 2 (det X) 2 Ly,
NPV ey Hlj exp(——Zl)Hl — 1) . (7.5)

i<k

7.1.2 An Example with X # cI,

This section uses the theory of zonal polynomials as can be found in Muir-
head [26, Chap. 7] or Macdonald [23]. This section is not used in the remainder
of the chapter. Let A = (A1,..., Ap) be a partition into not more than p parts.
We let C\(Y) denote the zonal polynomial of Y corresponding to A. It is a
symmetric, homogeneous polynomial of degree |A| in the eigenvalues y1, ...,y
of Y. The normalization we adopt is defined by

(YY) =@+ Fu) = D Oy

A=k
(N)<p

The fundamental integral formula for zonal polynomials is®

Theorem 7.1.3. Let X,Y € S, then

Cr\(X)Cy\(Y
/ cvxayHt)ag = AEOE) (7.6)
0(p) Ca(Ip)
where dH 1s normalized Haar measure.
By expanding the exponential and using (7.6) it follows that
Cr(X)CA(Y
/ exp(tr(XHY H)) dH = 3 = Z GIGE g
Op) e Ca(lp)
I(N<p

We examine (7.7) for the special case (|p| < 1)

6 See, for example, [26, Thm. 7.2.5].
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1pp...p
plp...p
Y=01-p)+pl®1l= .
ppp---1
We have p
yl=a-ptr, - 191
S (I=p)(1+(p—1)p)
and

det &= (1= p)P (1 +(p—1)p).

For this choice of X, let Y = a1 ® 1 where a = p/((2(1 = p)(1+ (p — 1)p)),
then

/ exp(—3tr(X'HLH"))dH
O(p) 1 ,
= x| ~57— pRY o exp(tr(YHLH")) dH
7 p

~ oo — 1 . C(k) (el ® l)C(k) (A4)
- p( 2(1-p) zj:/\j> ,%%) kIC ) (Ip)

where we used the fact that the only partition A + k for which Cy\(Y) is
nonzero is A = (k). And for this partition, Cy)(Y) = aFp¥. Define the sym-
metric functions g,,” by

[T =22 =3 gula)y"

j>1 n>0
then it is known that [23]

2k 2
Coo 1) = t-aulL).

Using the known value of C(y)(I,) we find

exp(—2%tr(X1 t =ex —; i (op)
/@(p) p(—Lte(S " HLHY) dH p( 2(1_[));&)

where (a)y = ala+1)---(a+ k — 1) is the Pochammer symbol.

" In the theory of zonal polynomials, the g, are the analogue of the complete
symmetric functions h,.
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7.2 Edge Distribution Functions

7.2.1 Summary of Fredholm Determinant Representations

In this section we define three Fredholm determinants from which the edge
eigenvalue distributions, for the three symmetry classes orthogonal, unitary
and symplectic, will ensue. This section follows [31, 33, 36]; see also, [15,16].

In the unitary case (3 = 2), define the trace class operator K5 on L?(s,0)
with Airy kernel

Ai(x) Ai'(y) — Ai'(z) Ai(y

Kai(z,y) == vy

)— - i(x +2)Ai z)dz
= [ Aia+ 2 ait+2)as (78)

and associated Fredholm determinant, 0 < A <1,
Ds(s,\) = det(I — AK3) . (7.9)
Then we introduce the distribution functions
Fy(s) = Fa(s,1) = Da(s, 1), (7.10)

and for m > 2, the distribution functions Fy(s,m) are defined recursively
below by (7.25).

In the symplectic case (§ = 4), we define the trace class operator K, on
L?(s,00) @ L?(s,00) with matrix kernel

1/ Si(z,y) SDa(z,y)
Ka(z,9) =5 <I§4(w7yy) Sjy,w% ) (7.11)

where
Si(e.9) = K. 9) = 3 Aew) [ A,
SD(r,) = ~0,Kni(r,y) — 3 Ai(@) Ai(y) |
1S4(z,y) = —/:O Kai(z,y)dz + %/:O Ai(z)dz/yoo Ai(z)dz,
and the associated Fredholm determinant, 0 < A <1,
Dy(s,\) = det(I — AKy) . (7.12)

Then we introduce the distribution functions (note the square root)

Fy(s) = Fu(s,1) = v/ Day(s,1), (7.13)

and for m > 2, the distribution functions Fy(s,m) are defined recursively
below by (7.27).
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In the orthogonal case (5 = 1), we introduce the matrix kernel

. Sl(xvy) SDl(Ivy)
Ku(e,y) = (Ismx,y) Zewy) Si(x) ) (7.14)

where

Si(x,y) = KAl(xy__Al ( Ai( z),
SD1(z,y) = =0y Kai(z,y) — Al(y

151(z,y) / Kai(z,y)dz + = </A1 dz—|—/ Ai(z)dz/ Ai(z)dz) ,
y y

ez —y) = Ssgn(z —y) .

The operator K1 on L?(s,00) @ L?(s,00) with this matrix kernel is not trace
class due to the presence of . As discussed in [36], one must use the weighted
space L%(p) @ L?*(p~1), p=! € L'. Now the determinant is the 2-determinant,

Dl(S, )\) = detg(l — /\K1XJ) (715)

where x s is the characteristic function of the interval (s,c0). We introduce
the distribution functions (again note the square root)

Fl(S) = Fl(S, 1) = 1)1(87 1) s (716)

and for m > 2, the distribution functions Fj(s,m) are defined recursively
below by (7.27). This is the first indication that the determinant D (s, \)
might be more subtle than either Da(s, A) or Dy(s, A).

7.2.2 Universality Theorems

Suppose A is Wp(n,I,) with eigenvalues I; > --- > [,. We define scaling
constants

1\"*
_ (VST vB)? . o (\/nTwL\/_)(\/_ f> |

The following theorem establishes, under the null hypothesis X' = I,,, that the
largest principal component variance, 1, converges in law to Fj.

Theorem 7.2.1 (Johnstone, [22]). If n,p — oo such that n/p — 7, 0 <
v < 00, then

h=tnp o, Fi(s,1).
an

Johnstone’s theorem generalizes to the mth largest eigenvalue.
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Theorem 7.2.2 (Soshnikov [29]). Ifn,p — oo such thatn/p — v, 0 <y <
oo, then
M 2, Fi(s,m), m=1,2,....

Onp

Soshnikov proved his result under the additional assumption n —p =
O(p'/?). We remark that a straightforward generalization of Johnstone’s
proof [22] together with results of Dieng [10] show this restriction can be
removed. Subsequently, El Karoui [14] extended Thm. 7.2.2 to 0 < v < oo.
The extension to v = oo is important for modern statistics where p > n arises
in applications.

Going further, Soshnikov lifted the Gaussian assumption, again establish-
ing a F} universality theorem. In order to state the generalization precisely,
let us redefine the n x p matrices X = {z; ;} such that A = X'X to satisfy

2. The random variables z;; have symmetric laws of distribution.

3. All even moments of z;; are finite, and they decay at least as fast as a
Gaussian at infinity: E(z7") < (constm)™.

4. n—p=0(p"?).

With these assumptions,

Theorem 7.2.3 (Soshnikov [29]).

[ —
om — Hnp 2>F1(5,m), m=1,2,....
Tnp

It is an important open problem to remove the restriction n — p = O(p'/?3).

For real symmetric matrices, Deift and Gioev [8], building on the work
of Widom [37], proved F; universality when the Gaussian weight function
exp(—2?) is replaced by exp(—V(x)) where V is an even degree polynomial
with positive leading coefficient.

Table 7.3 in Sect. 7.9 displays a comparison of the percentiles of the F}
distribution with percentiles of empirical Wishart distributions. Here [/; de-
notes the jth largest eigenvalue in the Wishart Ensemble. The percentiles
in the I; columns were obtained by finding the ordinates corresponding to
the Fi-percentiles listed in the first column, and computing the proportion of
eigenvalues lying to the left of that ordinate in the empirical distributions for
the [;. The bold entries correspond to the levels of confidence commonly used
in statistical applications. The reader should compare Table 7.3 to similar
ones in [14,22].
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7.3 Painlevé Representations: A Summary

The Gaussian B-ensembles are probability spaces on N-tuples of random vari-
ables {l1,...,Ix}, with joint density functions Pg given by®

N
Ps(ly,...,ly) = PS (1) = ¢V exp[_zg] Il -wre. (717
i=1 - j<k

The C’éN) are normalization constants, given by

N
) _ —~N/29-N-BN(N-1)/4 L(1+y)(1+5/2) ' 18
BT I i) 719

By setting 8 = 1,2,4 we recover the (finite N) Gaussian Orthogonal Ensem-
ble (GOEy), Gaussian Unitary Ensemble (GUEy), and Gaussian Symplectic
Ensemble (GSEy ), respectively. For the remainder of the chapter we restrict
to these three cases, and refer the reader to [12] for recent results on the
general 3 case. Originally the [; are eigenvalues of randomly chosen matrices

from corresponding matrix ensembles, so we will henceforth refer to them as
eigenvalues. With the eigenvalues ordered so that [; > [;11, define

“ lm — V2N
= m X2 (7.19)
m 9—1/2)Ny—1/6

to be the rescaled mth eigenvalue measured from edge of spectrum. For the
largest eigenvalue in the 3-ensembles (proved only in the 8 =1,2,4 cases) we
have

™20 (7.20)

whose law is given by the Tracy—Widom distributions.”8

& In many places in the random matrix theory literature, the parameter 3 (times
1

5) appears in front of the summation inside the exponential factor (7.17), in
addition to being the power of the Vandermonde determinant. That convention
originated in [24], and was justified by the alternative physical and very useful
interpretation of (7.17) as a one-dimensional Coulomb gas model. In that language
the potential W = 317 — >ie;jInfli — 1| and PéN>(l) = Cexp(—-W/kT) =
Cexp(—=BW), so that 3 = (KT) ! plays the role of inverse temperature. However,
by an appropriate choice of specialization in Selberg’s integral, it is possible to
remove the [ in the exponential weight, at the cost of redefining the normalization
constant CéN). We choose the latter convention in this work since we will not need
the Coulomb gas analogy. Moreover, with computer simulations and statistical
applications in mind, this will in our opinion make later choices of standard
deviations, renormalizations, and scalings more transparent. It also allows us to

dispose of the /2 that is often present in Fjy.
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Theorem 7.3.1 (Tracy, Widom [31, 33]).

Fy(s) = Py(ly < s) = exp[— /oo(x — 5)¢?(x) dx] : (7.21)
R(s) =Pl <9 = () o) [Tawas] @)
Fy(s) =Py(ly < s) = (Fg(S))1/2 cosh {—% /00 q(x) dx] . (7.23)

The function ¢ is the unique (see [6,19]) solution to the Painlevé IT equation
" =2q+2¢°, (7.24)

such that ¢(z) ~ Ai(z) as © — oo, where Ai(x) is the solution to the Airy
equation which decays like %F_1/2{E_1/4 exp(—§x3/2) at 4+oo. The density
functions fg corresponding to the Fj are graphed in Fig. 7.1.10

Fig. 7.1. Tracy—-Widom density functions.

Let Fy(s, m) denote the distribution for the mth largest eigenvalue in GUE.
Tracy and Widom showed [31] that if we define F5(s,0) = 0, then

(- "

F2(87m+1)_F2(87m): m) d)\_mDQ(S’)\”)\:l ) m207 (725)
where (7.9) has the Painlevé representation
Dy(s,\) = exp {—/ (x — s)g*(z,\) dz| , (7.26)

and ¢(z, \) is the solution to (7.24) such that g(z,\) ~ VA Ai(z) as z — oc.
The same combinatorial argument used to obtain the recurrence (7.25) in the
0 = 2 case also works for the § = 1,4 cases, leading to

10 Actually, for f = 4, the density of F4(\/§s) is graphed to agree with Mehta’s
original normalization [24] as well as with [33].
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—1)m gm
( ) Dl/Q(S,)\)|)\:1 ’

Fﬁ(S,m+1)—Fﬁ(S,m): ml d)\_m 8

m>0, =14, (7.27)

where Fj(s,0) = 0. Given the similarity in the arguments up to this point and
comparing (7.26) to (7.21), it is natural to conjecture that Dg(s,\), 5 = 1,4,
can be obtained simply by replacing ¢(x) by ¢(z, ) in (7.22) and (7.23).

That this is not the case for § = 1 was shown by Dieng [10,11]. A hint
that 8 =1 is different comes from the following interlacing theorem.

Theorem 7.3.2 (Baik, Rains [3]). In the appropriate scaling limit, the dis-
tribution of the largest eigenvalue in GSE corresponds to that of the second
largest in GOE. More generally, the joint distribution of every second eigen-
value in the GOE coincides with the joint distribution of all the eigenvalues
in the GSE, with an appropriate number of eigenvalues.

This interlacing property between GOE and GSE had long been in the
literature, and had in fact been noticed by Mehta and Dyson [25]. In this con-
text, Forrester and Rains [17] classified all weight functions for which alternate
eigenvalues taken from an orthogonal ensemble form a corresponding symplec-
tic ensemble, and similarly those for which alternate eigenvalues taken from a
union of two orthogonal ensembles form an unitary ensemble. The following
theorem gives explicit formulas for Dq(s,A) and Dy(s, \); and hence, from
(7.27), a recursive procedure to determine Fy(-,m) and Fy(-,m) for m > 2.

Theorem 7.3.3 (Dieng [10,11]). In the edge scaling limit, the distributions

for the mth largest eigenvalues in the GOE and GSE satisfy the recurrence

(7.27) with*'8

A —1 —cosh (s, \) + V Asinh pu(s, A)
A—2 ’

Da(s,\) = Da(5,\) coshz‘(@) , (7.29)

Di(s,\) = Da(s,\)

(7.28)

where -
(s, A) == / gz, N dz, X:=2X— X2, (7.30)
and q(z, \) is the solution to (7.24) such that q(x,\) ~ VX Ai(x) as © — oco.

Note the appearance of A in the arguments on the right-hand side of (7.28). In
Fig. 7.2 we compare the densities fi(s,m), m = 1,...,4, with finite N GOE
simulations. This last theorem also provides a new proof of the Baik—Rains
interlacing theorem.

Corollary 7.3.1 (Dieng [10,11]).

Fy(s,m)=Fi(s,2m), m>1. (7.31)
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-10 -8 -6 -4 -2

Fig. 7.2. 10* realizations of 10 x 10°> GOE matrices; the solid curves are, from
right to left, the theoretical limiting densities for the first through fourth largest
eigenvalue.

The proofs of these theorems occupy the bulk of the remaining part of
the chapter. In the last section, we present an efficient numerical scheme to
compute Fjz(s,m) and the associated density functions fg(s,m). We imple-
mented this scheme using MATLAB® 2 and compared the results to simu-
lated Wishart distributions.

7.4 Preliminaries

7.4.1 Determinant Matters

We gather in this short section more or less classical results for further refer-
ence.

Theorem 7.4.1.

0,....,2N—1 -

.
H (zj — xp)* = det(zjal ")i=o,...,
k=1,... N

0<j<k<N

Theorem 7.4.2. If A, B are Hilbert-Schmidt operators on a general'® Hilbert

space 'H, then
det(I + AB) = det(I + BA) .

12 MATLAB® is a registered trademark of The MathWorks, Inc., 3 Apple Hill Drive,
Natick, MA 01760-2098; Phone: 508-647-7000; Fax: 508-647-7001. Copies of the
code are available by contacting the first author.

13 See [18] for proof.
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Theorem 7.4.3 (de Bruijn [7]).
[+ [ et @0) e et (650 e i) -+ i)

= wider [ gs(e)in(o)ute) ) . (7.32)
z~1/< ..<5Ndet(wj(xk))Jk L dp(zr) - dp(zw) i
T ([ - pe@a@doam) L m

j,k=1

/ /det ©;(xp wg(xk))1<g<21v dp(zy) - - - dp(zy)
2N

=<2N>!Pf( / soj@cm(x)—mx)wj(x)du(x)) N

k=1

where Pf denotes the Pfaffian. The last two integral identities were discovered
by de Bruijn [7] in an attempt to generalize the first one. The first and last
are valid in general measure spaces. In the second identity, the space needs to
be ordered. In the last identity, the left-hand side determinant is a 2N x 2N
determinant whose columns are alternating columns of the v; and ¢; (i.e., the

first four columns are {@;(x1)}, {j(x1)}, {pj(z2)}, {¢;(x2)}, respectively for
j=1,...,2N), hence the notation, and asymmetry in indexing.

A large portion of the foundational theory of random matrices, in the case
of invariant measures, can be developed from Thms. 7.4.2 and 7.4.3 as was
demonstrated in [34,37].

7.4.2 Recursion Formula for the Eigenvalue Distributions

With the joint density function defined as in (7.17), let J denote the interval
(t,00), and x = x(x) its characteristic function.'* We denote by Y = 1 — x
the characteristic function of the complement of J, and define x, = 1 — Ax.
Furthermore, let Eg n(t,m) equal the probability that exactly the m largest
eigenvalues of a matrix chosen at random from a (finite N) S-ensemble lie in
J. We also define

GﬁNt /\ / /XA Il IN)Pﬁ(:El,...,l‘N)dzl~'~d:EN. (735)
z;ER

For A = 1 this is just Ej n(t,0), the probability that no eigenvalues lie in
(t,00), or equivalently the probability that the largest eigenvalue is less than

14 Much of what is said here is still valid if J is taken to be a finite union of
open intervals in R (see [32]). However, since we will only be interested in edge
eigenvalues we restrict ourselves to (t,00) from here on.
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t. In fact we will see in the following propositions that Gg n(t,A) is in some
sense a generating function for Eg n(t,m).

Proposition 7.4.1.

Gan(t,\) = <>/ /Pﬁxl,...,m)dxl...dm. (7.36)

k 0 zi€J

Proof. Using the definition of the X(x1) and multiplying out the integrand
of (7.35) gives

Gp.n(t,A)

N
Z / /ek (1), X(xN))Pg(xl,...,xN)dxl---de,

x; ER

where, in the notation of [30], e = my» is the kth elementary symmetric
function. Indeed each term in the summation arises from picking k of the
Ax-terms, each of which comes with a negative sign, and N — k of the 1’s.
This explains the coefficient (—\)¥. Moreover, it follows that ej contains (]Ij )
terms. Now the integrand is symmetric under permutations of the x;. Also
if x; ¢ J, all corresponding terms in the symmetric function are 0, and they
are 1 otherwise. Therefore we can restrict the integration to x; € J, remove
the characteristic functions (hence the symmetric function), and introduce the
binomial coefficient to account for the identical terms up to permutation. O

Proposition 7.4.2.

(=p™ d™ —Gp, N(t, )

Esn(t,m) = — =5 :
: A=1

m>0. (7.37)

Proof. This is proved by induction. As noted above, Eg n(t,0) = G n(t,1)
so it holds for the degenerate case m = 0. When m = 1 we have

Gg N(t )\)

—i/"'/%)\(xl)'")Z)\(IH)PéN)(CC)dIl"'dzn

:—Z [+ Rt amxa)

X X(zj41) - (xN)PéN) (z)dzy - -day -

CdA

A=1

The integrand is symmetric under permutations so we can make all terms
look the same. There are N = (]f) of them so we get
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Gﬁ N(t /\)

(1)/ / 21)Y x2---)Z(xN)PéN)(w)dxl---de)\:1
/-]

When m = 2 then

=

X(@n)x(z2) - x(@n) P (@) day - day = B n(t,1) .

GﬁN

W/ ../X(m)x(@);}(l’g) . ")NC(IN)PB(N)(w)dxl o day

_ <]2V ) [+ [t - Kaw) P @) do - doy
B (19 /”'/X(xl)x(wz)x(w:a)---x(wzv)PéN)(w)dxl - day

= Eg’]\/(t7 2) ,

where we used the previous case to get the first equality, and again the invari-
ance of the integrand under symmetry to get the second equality. By induction
then,

%<_%> Gan(t2) A=1
N
NN -1)- -n-l(!N —m+2) Z / . ./X(m)g(m) c X)X ()

X X(zj41) - (xN)Pf(} )( )dxy - -day

SRLES AL m“/ ) x @)W m) - Kow)
X P[gN) (x)dzy---don

N (]n\;) /.”/X(xl)'"X(wm)i(xmﬂ)"')?(xN)PpSN)(w)dxl"'dwN

= Eg’N(t,m) . O

=1
N
2
J

x(@1)X(x2) - X(xj-1)x(2;)

I
Mz

||
N

X )NC(LL']'_H) s )Z(xN)PéN)(:B) dzy---dey

If we define Fj n(t,m) to be the distribution of the mth largest eigen-
value in the (finite N) (-ensemble, then the following probabilistic result is
immediate from our definition of Eg (¢, m).
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Corollary 7.4.1.

Fﬁ,N(t,m +1) - Fg’N(t,m) = Eg’N(t,m) . (7.38)

7.5 The Distribution of the mth Largest Eigenvalue in
the GUE

7.5.1 The Distribution Function as a Fredholm Determinant

We follow [34] for the derivations that follow. The GUE case corresponds to
the specialization # = 2 in (7.17) so that

Ga n(t, N N
:CQ(N)/"'/H(xj_Ik H H1_|_ij dxl...de (7.39)

x; ER J<k j J
where w(z) = exp(—2?), f(z) = —Axs(z), and C’2(N) depends only on N.

In the steps that follow, additional constants depending solely on N (such

as N!) which appear will be lumped into CQ(N). A probability argument will
show that the resulting constant at the end of all calculations simply equals
1. Expressing the Vandermonde as a determinant

T (& — ) = det(a)),

1<j<k<N

(7.40)

and using (7.32) with ¢;(z) = ¥;(z) = 27 and du(z) = w(z)(1+ f(x)) yields

N-1

Gon(t,\) =) det( /R 2R w(z) (1+ f(z)) dx)) . (7.41)

7,k=0

Let {¢;(x)} be the sequence obtained by orthonormalizing the sequence
{xIw'/?(z)}. Tt follows that

JN—1
Ga,n(t, ) = CéN) det (/R gpj(x)gpk(x)(l + f(x)) dx)) ) (7.42)
7,k=0
N—1
=™ det<5j,k+ /R 0; () (x) f(a:)dx)) R (7.43)
J,k=0

The last expression is of the form det(I+AB) for A: L*(R) — C¥ with kernel
A(j,z) = ¢;(z)f(x) whereas B: CN — L2(R) with kernel B(z,j) = ¢,(z).
Note that AB: CY¥ — C¥ has kernel

AB(j. k) = / o3 (&) o () () da (7.44)
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whereas BA: L*(R) — L*(R) has kernel

2

BA(z,y) = or()er(y) = Ko n(7,Y) - (7.45)
0

el
Il

From Thm. 7.4.2 it follows that
Gan(t,\) = CN) det(I + Ko nf) (7.46)

where Ko y has kernel Ky v (z,y) and Ko n f acts on a function by first mul-
tiplying it by f and acting on the product with K» y. From (7.39) we see that

setting f = 0 in the last identity yields C2(N) = 1. Thus the above simplifies
to
G27N(t, A) =det(] + sz]vf) . (7.47)

7.5.2 Edge Scaling and Differential Equations

We specialize w(x) = exp(—z?), f(z) = —Axs(x), so that the {¢;(x)} are in
fact the Hermite polynomials times the square root of the weight. Using the
Plancherel-Rotach asymptotics of Hermite polynomials, it follows that in the
edge scaling limit,

1 oN oy Y
J\}E)noo 21/2N1/6KN2< N+ 21/2N1/6’ 2N + 21/2N1/6)

X X (\/_ + (7.48)

21/2N1/6)

is Kai(z,y) as defined in (7.8). As operators, the convergence is in trace class
norm to Ks. (A proof of this last fact can be found in [36].) For notational
convenience, we denote the corresponding operator Ky by K in the rest of
this subsection. It is convenient to view K as the integral operator on R with
kernel

K(I7 y) = XJ(y) ’ (749)

r—y
where = VAAi(z z) = VAAY(z) and J is (s, o0) with
‘P

t=vV2N + ———— \/_Nl/ﬁ : (7.50)

Note that although K (x,y), ¢ and 1) are functions of \ as well, this dependence
will not affect our calculations in what follows. Thus we omit it to avoid
cumbersome notation. The Airy equation implies that ¢ and 1 satisfy the
relations

d d
L=V l=re (7.51)
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We define Dy n (s, A) to be the Fredholm determinant det(I — Ky 2). Thus in
the edge scaling limit

A}im l)gy]\/(s7 )\) = 1)2(87 )\) .

We define the operator
R=(I-K)'K, (7.52)

whose kernel we denote R(z,y). Incidentally, we shall use the notation = in
reference to an operator to mean “has kernel.” For example R = R(x,y). We
also let M stand for the operator whose action is multiplication by z. It is
well known that

;—Slogdet(l — K)=—R(s,s) . (7.53)

For functions f and g, we write f ® g to denote the operator specified by

feg=flx)gy), (7.54)

and define
Qz,s) = Q(z) = (I - K) ') (x) , (7.55)
P(z,s) = P(z) = (I - K) ') (z) . (7.56)

Then straightforward computation yields the following facts

[MaK]:QO@”P—w@%

M,I-K) Y =I-K)'\MK|(I-K)'=QeP-P®Q. (7.57)
On the other hand if (I — K)~! = p(z,y), then
pz,y) =6(x —y) + R(z,y) , (7.58)
and it follows that
[M, (I - K)™' = (z —y)p(z,y) = (z — y)R(z.y) . (7.59)

Equating the two representation for the kernel of [M, (I — K)~!] yields

Q(2)P(y) - P(x)Q(y)

R(z,y) = pr—y

(7.60)

Taking the limit y —  and defining ¢(s) = Q(s, s), p(s) = P(s, s), we obtain
R(s,5) = Q'(s,s)p(s) — P'(s,5)q(s) . (7.61)

Let us now derive expressions for Q'(z) and P’(x). If we let the operator D
stand for differentiation with respect to x,
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Q'(z,s) =D(I —K)™}
— (I = K)™' D+ D, (I - K)o
=(I-K)"W+I[D,(I -K) e
=P(x)+[D,(I - K) e (7.62)
We need the commutator
D.(I-K)™"]= (I - K)"'[D.K|(I - K)""". (7.63)
Integration by parts shows

[D,K] = (%I; + %[y() + K(x,8)0(y — s) . (7.64)

The § function comes from differentiating the characteristic function y. More-
over,

(5 + 5 ) = vt (7.65)
Thus
D1~ K= -Q@)QW) + Bz pls.y). (760

(Recall (I — K)™! = p(z,y).) We now use this in (7.62) to obtain
Q'(x,5) = P(x) — Q(x)(Q,¥) + R(x, 5)q(s)
= P(z) = Q(x)u(s) + R(z, s)q(s) ,

where the inner product (Q, ¢) is denoted by u(s). Evaluating at x = s gives

Q'(s,8) = p(s) — a(s)u(s) + R(s, s)a(s) . (7.67)
We now apply the same procedure to compute P’.
P'(z,8) =D — K) !4
=({I - K)"'Dy+[D,(I - K) ']
=MI-K) o+ [(I-K)", Mlp+[D, (I - K)"'[¢
Q@)+ (P®Q - Q®Plp+ (—Q ® Q)Y + R(z, s)p(s)
zQ(
zQ(

)
z) + P(2)(Q,¢) — Q) (P, ¢) — Q(x)(Q, ¥) + R(x, s)p(s)
z) = 2Q(x)v(s) + P(z)u(s) + R(z, s)p(s) -
(
)=

Here v = (P, ) = (¢, Q). Setting x = s we obtain

sq(s) + 2q(s)v(s) + p(s)u(s) + R(s, s)p(s) - (7.68)

Using this and the expression for Q'(s,s) in (7.61) gives

P'(s,s

R(s,s) = p* — s¢*> + 2¢°v — 2pqu. . (7.69)
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Using the chain rule, we have

dg 0 0
The first term is known. The partial with respect to s is
0Q(z, s) _, 0K 4
———={U-K)""—({I-K =—
S (1K) (- K) e = — R s)(s)
where we used the fact that
oK
Bs =—K(z,8)0(y —s) . (7.71)
Adding the two partial derivatives and evaluating at = s gives
dg
— =p—qu. 7.72
L P (7.72)
A similar calculation gives
d
&L _ sq — 2qu + pu . (7.73)

ds

We derive first-order differential equations for v and v by differentiating the
inner products. Recall that

uts) = [ o)

Thus

=)+ [ e e

() + [ Rl de)ats) = 1 - ) elal) = 2.

Similarly,

:11—:: =-pq. (7.74)
From the first-order differential equations for ¢, u and v it follows immediately
that the derivative of u? —2v — ¢? is zero. Examining the behavior near s = co
to check that the constant of integration is zero then gives

u? —2v = ¢*. (7.75)

We now differentiate (7.72) with respect to s, use the first order differential
equations for p and w, and then the first integral to deduce that ¢ satisfies
the Painlevé I equation (7.24). Checking the asymptotics of the Fredholm
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determinant det(I — K) for large s shows we want the solution with boundary
condition

q(s,\) ~ VXAi(s) as s — oo. (7.76)

That a solution ¢ exists and is unique follows from the representation of the
Fredholm determinant in terms of it. Independent proofs of this, as well as
the asymptotics as s — —oo were given by [6,9,19]. Since [D, (I — K)™!] =
(0/0x + 0/0y)R(x,y), (7.66) says

0 0
(5 + 5 ) Rle) = QW) + R plscs) . (11D
In computing 0Q(z, s)/0s we showed that
E(I —K) ' = 2R(:c ) = —R(x,s)p(s,y) (7.78)
95 ~ 9s Y) = »S)P\S,Y) - .
Adding these two expressions,
0 o 0
(54 35+ 35 ) Rl = =@ (7.79)
and then evaluating at z = y = s gives
d _ 2
d—SR(s, s)=—¢". (7.80)
Integration (and recalling (7.53)) gives,
di logdet(l — K) = —/ ¢ (x,\) dz ; (7.81)
S S
and hence,
logdet(I — K) = —/ </ ¢ (z,\) da:) dy
s y
= —/ (z — 5)¢*(z,\) dx . (7.82)

To summarize, we have shown that Da(s, A) has the Painlevé representation
(7.26) where g satisfies the Painlevé IT equation (7.24) subject to the boundary
condition (7.76).

7.6 The Distribution of the mth Largest Eigenvalue
in the GSE

7.6.1 The Distribution Function as a Fredholm Determinant

The GSE corresponds case corresponds to the specialization § = 4 in (7.17)
so that
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Gan(t,N) N
:CiN) /H _xk4waJ Hl_,_fx] dzy---dey  (7.83)
J

zi€R i<k

where w(z) = exp(—22), f(z) = —Axs(x), and C’LEN) depends only on N. As
in the GUE case, we will absorb into CiN) any constants depending only on
N that appear in the derivation. A simple argument at the end will show
that the final constant is 1. These calculations follow [34]. By Thm. 7.4.1,
Gy n(t, A) is given by the integral

CLEN)/---/det(l’i,jxi_l)i:() ..... 3\]]\] 1Hw H 1+f LL’z dxl...dl']v
xz; ER

which, if we define ¢;(x) = xﬂ'*lw(x)(l 4 f(z)) and ¥;(z) = (j — 1)z7=2 and
use the linearity of the determinant, becomes

G4N t, )\ / /det QDJ Ik (Ik))lg i<ON vdzy---dzy .
1<k<N
x; ER -

Now using (7.34), we obtain

2N
Gan(t,\) = C’iN) Pf (/ ;i (z)Yrx — pr(2)Y;(x) dx) )
J,k=1
2N
— ™M pr (/(k — )T w(e) (1 + f(2)) dx)
7,k=1
2N—-1
=cM Pf(/(k-j)xﬂ'+k1w(g;)(1+f(x)) dx) .
7,k=0

where we let kK — k+ 1 and j — j + 1 in the last line. Remembering that the
square of a Pfaffian is a determinant, we obtain

2N-1
G2 N (t,0) = O det ( / (k — §)a?*Lw(z) (1 + f(z)) dx)

4,k=0
Row operations on the matrix do not change the determinant, so we can
replace {7} by an arbitrary sequence {p;(x)} of polynomials of degree j
obtained by adding rows to each other. Note that the general (j, k) element
in the matrix can be written as

K%ﬁ)ﬂ _ <%xj>xk]w(x)(l + f(x)) .

Thus when we add rows to each other the polynomials we obtain will have the
same general form (the derivatives factor). Therefore we can assume without
loss of generality that Gi N (t,A) equals
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2N -1

o aet( [serh(o) - @@l 1+ fw)ar)

4, k=0

where the sequence {p;(z)} of polynomials of degree j is arbitrary. Let ¢; =
pjw'/? so that p; = ¢;w™ /2. Substituting this into the above formula and
simplifying, we obtain
G N (t, A

i (tA) 2N-1

= o aet | [((03(@0ite) @) (1 + ) )

= O™ det[M + L) = CV) det[M] det[I + ML),

J:k=0

where M, L are matrices given by

2N -1

M = < / (43 (@)9(x) = )y () dx> jk=0
2N—-1

L= ([ sito) - wnlonw)) )

J,k=0

Note that det[M] is a constant which depends only on N so we can absorb it
into CiN). Also if we denote

2N—-1

M~ = {5z, = Z 1k e ()

it follows that

2N -1

wt N = { [ i) - ey @) o e}

5, k=0
Let A: L?(R) x L?(R) — C*V be the operator defined by the 2N x 2 matrix

mo(x) —n()
Az) = | m(@) —ni(z)

Thus if
< x)eﬁ ) x L2(R) ,

{,C

we have
J(nogo — nhg1) d

Ag = A(z)g = | J(mgo —mag)da | e C?V .
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Similarly we define B: C*" — L?(R) x L?(R) given by the 2 x 2n matrix
Po(x) Pi(z) - )
B = .
=1 (e i)

Explicitly if
o

a=[%|eCc?,

then N1 /
Ba=DB(z) a= (;;N f”p) €L*xL*.

Observe that M~1- L = AB: C?>* — C?". Indeed

S [ (ot — miythn) f A e

=0

ABa = | SN S (mwh — i) f da ey

Qo

={fowi—mparaaf [ o1 | =00 pja.

Therefore, by (7.4.2)
Gin(tN) = CLEN) det(I+ M. L) =

where BA: L?(R) — L?(R). From our definition of A and B it follows that
2n 1
BAg = (fZ (f(( i90 — Ml )))

)ds

e (f nigo — 1g1) d

:f<f E”“ @ y)aofs) dy — [ 257w -x)ni(y)gl(y)dy>
)

™) det(I + AB) = C{) det(I + BA)

IS @) mi(y)go(y) dy — [ 2250 i (@)nl (y) g1 (y) dy

= fKunNg,
where K4 n is the integral operator with matrix kernel
e e @mily) — Xy 1%(%)?72@))
K JY) = .
o) (2” Lgiemity) — 2% i)
= Eiggl Wik¥r(x) so that
(S0 @ madn(y) — 000 v (@manti ()
Kyn(z,y) = 2N-1 _ 2N-1 - '
Z] r—0 Vi (@) Hjebe(y) — Z] ko Vi (@) ks (y)

Recall that n;(x)
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Define € to be the following integral operator

1 .
N )5 if v >y,
e=¢(x—y)= 7.84

( v) {—% ifx <y. ( )

As before, let D denote the operator that acts by differentiation with respect
to z. The fundamental theorem of calculus implies that De = ¢D = I. We
also define

2N—1
= W@)nirve(y) -
J,k=0
Since M is antisymmetric,
2N -1
= ) W) mrtbr(z)
J,k=0
2N-1 2N-1
=- Z AN e Z V5 (Y) e Uy () 5
J,k=0 j,k=0
after re-indexing. Note that
2N -1 2N -1
eSn(z,y) = Y eDYj(@)uptn(y) = > i(@)mintn(y) ,
J;k=0 J:k=0
and
d 2N-1
_d_ySN(x’y) = Y Y(@)uinvh(y) -
4,k=0

Thus we can now write succinctly

Sn(z,y) —dSn(z, Wdy) . (7.85)

fovt) = (asw,y) Sw(y: )

To summarize, we have shown that G5 5 (¢, ) = O} (N) det(I — K4 nf). Setting
f =0 on both sides (where the original definition of G4,n(t,\) as an integral

is used on the left) shows that C’iN) = 1. Thus

Gan(t,A) =/ Dan(t,A) , (7.86)

where we define
.D47N(t7 )\) = det(I + K4ny) , (7.87)

and Ky n is the integral operator with matrix kernel (7.85).
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7.6.2 Gaussian Specialization

We would like to specialize the above results to the case of a Gaussian weight
function
w(x) = exp(z?) (7.88)

and indicator function
fl@)==Xxs, J=(t).

We want the matrix

2N—-1

M ={ [ ita) - (v (e) as

J,k=0

to be the direct sum of N copies of

01
7= (4a)

so that the formulas are the simplest possible, since then p;;, can only be 0 or
+1. In that case M would be skew-symmetric so that M ~' = —M. In terms
of the integrals defining the entries of M this means that we would like to
have

J (52500 1) — s (o) oy o)) = 50
[ (B2 vaulo) — vu) vy @) ) o = b
and otherwise
[ (6s@)3t00) ~ vs0) (@) e =0,

It is easier to treat this last case if we replace it with three nonexclusive
conditions

J (450 ) - ) ) ) @ =0,
d d
/<¢2j+1($)£w2k+1 () — Yart1 («/L'>£w2j+1 (CU)) dz =0,

(so when the parity is the same for j, k, which takes care of diagonal entries,
among others) and

/(%‘(x)%ﬂ)k(l’) - ¢j($)%¢k(x)) dz=0,
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whenever |j — k| > 1, which targets entries outside of the tridiagonal. Define

or(z) = in(x) exp(—2?/2) for cx = \/2Fk!V/T (7.89)

where the Hj, are the usual Hermite polynomials defined by the orthogonality
condition

/ H;(x)Hy(z) exp(—2?) da = c?5j,k .
R
Then it follows that
@i (@)pr(z) d = dj -
Now let

Pajp1(x) = %‘PQj-&-l(x)l/Qj(x) = —%5802#1(@ :

This definition satisfies our earlier requirement that 1; = pjwl/ 2 with w de-
fined in (7.88). In particular we have in this case

1
p2j+1(x) = cj_\/ﬁH2j+l(x) :

Let € as in (7.84), and D denote the operator that acts by differentiation with
respect to x as before, so that De = eD = I. It follows that

d d
L)oo = v v (o) as
d d
= %/R[_5<P2j+l(x)a¢2k+l(x) + ¢2k+1($)£€¢2j+1($)} dz
1 d

3 /R [—E‘P2j+1($)£¢2k+l($) + 802k+1(.%')g02j+1(x):| de .

We integrate the first term by parts and use the fact that

d

@6%‘(1’) = ¢;(z)

and also that ¢; vanishes at the boundary (i.e., ¢;(£00) = 0) to obtain

[ a5(0) s (0) = s () )|

L d

= 5/ {—€<ﬂ2j+1(x)d—<ﬂ2k+1(x) + ¢2k+1(x)¢2j+1(x) dz
R x

1

2 /R[%jﬂ(x)%k*l(x) + part1(2) @251 ()] da

= %/R[<P2j+1(:c)sﬂ2k+1(:c) + pakr1 ()21 (2)] dz

1
= 5(5j,k +65k) =05k »



470 M. Dieng and C.A. Tracy

as desired. Similarly

/R[wzjﬂ(w)%w%(@ - ¢2k($)%¢2j+1($)] dz

d d
/R{_Q@jﬂ(x)aﬂ@lﬁl(z) + €¢2k+1(1’)@¢2j+1($)] dr = =05k -

N | =

Moreover,
1
ir1(x) = —=Hsj11(x
p2j+1(x) i 2j+1(2)

is certainly an odd function, being the multiple of and odd Hermite polyno-
mial. On the other hand, one easily checks that € maps odd functions to even
functions on L?(R). Therefore

1
(x) = ———=eHs,;11(x
pZJ( ) cj\/§ 2J+1( )

is an even function, and it follows that

/R[%k(x)%%j (z) — ng(x)%zp%(x)] da
— /R[p%(x)%mk(x) - ka(I)%pzj(iE)] w(z)dz =0,

since both terms in the integrand are odd functions, and the weight function
is even. Similarly,

d d
/R[1/)2k+1(x)£¢2j+1(x) - 1/12j+1(17)£1/)2k+1(17)] dz
= /R{szﬂ(l’)%mkﬂ(x) - p2k+1(x)%p2j+1(l’)] w(z)dz =0.
Finally it is easy to see that if |j — k| > 1 then
[ o) o) = v oo | do =0
| 7 da F gt -

Indeed both differentiation and the action of & can only “shift” the indices
by 1. Thus by orthogonality of the ¢;, this integral will always be 0. Hence
by choosing

Pajr1(x) = %<ﬂ2j+l(x)7 () = _%ESOQjﬂLl(I) )

we force the matrix
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2n—1

M= {/R(l/)j@)l/)%( ) — Vi () (x)) dx}

4, k=0

to be the direct sum of N copies of

z_(_013>.

Hence M ! = —M where M " = {1 1 }j k=0,2nv—1. Moreover, with our above
choice, p;r = 0 if j, k have the same parity or |j — k| > 1, and pog 241 =
0jk = —p2j+1,2k for j,k=0,..., N — 1. Therefore

2N -1

=) @) e ()
]k 0
N-1

Z%J 2)hoj1(y) + Y Yoy ()b, (y)
7=0 7=0

= N-1

—5[ P2j+1(@)p2j4+1(y Z P2j41(2)eP2j41(y)

7=0 7=0

Recall that the H; satisfy the differentiation formulas (see for example [2,
p. 280])

Hi(x) =2xHj(x) — Hj1(x)j = 1,2,... . (7.90)
H(z) = 2jH; 1 (x) i=1.2,.... (7.91)

Combining (7.89) and (7.90) yields

#5(@) = ap5(a) = L i (@) (7.92)

Similarly, from (7.89) and (7.91) we have

(@) = —ap;(x) + 2§ L5 1 () (7.93)

Cj

Combining (7.92) and (7.93), we obtain

\/703 1( @¢j+1($)- (7.94)

Let ¢ = (1 92 )t and ¢ = (¢} ¥ )t Then we can rewrite (7.94) as

o' =Ap

where A = {a,;} is the infinite antisymmetric tridiagonal matrix with

aji—1 = +/Jj/2. Hence,
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=Y ajrpn(x)
k>0

Moreover, using the fact that De = D = I we also have

pj(x) = epf(z) = 8(2 ajkpr (@ ) = ajepn(x)

k>0 k>0

Combining the above results, we have

Z Poj1(T)ep2j41(y) = Z > agji1kpr(r)epsj (@)

=0 k>0

-1
E ak2J+1<Pk 5802J+1()
7=0 k>0

Note that ag 211 = 0 unless [k — (25 4+ 1)| = 1, that is unless k is even. Thus
we can rewrite the sum as

Z <P2g+1 Jep2j+1(y)

== > anjor()ep;(y) — aan an 11028 (2)ean 11(y)

k,j>0
k even
k<2N

= - Z or(x Zak i€pi(y) + azn 2N 192N (T)epan+1(y)
k>0 §>0

where the last term takes care of the fact that we are counting an extra term
in the sum that was not present before. The sum over j on the right is just

ok(y), and asn 2n+1 = —y/(2N + 1)/2. Therefore

2N +1

Z‘PQ]—&-I Depri ) = Y er@)ery) — | T —an(@)epan11(v)
k>
kT:?/cn
k<2N
ON + 1
=Z<P2g T)p2;(y 5 Pan (T)epan+1(y) -

It follows that

2N
y) =%{Z 0i(@)p;(y) — 2N2+ 1<pzzv(w)6<pzzv+1(y)} :

We redefine
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2N
SN (@,y) =Y en(®)en(y) = Sn(y, @) (7.95)
n=0
so that the top left entry of Ky (z,y) is

2N +1
2

Sn(z,y) + pan (T)epan+1(y) -

If Sy is the operator with kernel Sy (x,y) then integration by parts gives

svDs = [ Stag s dn= [ (= Sw@n) ) ay.

so that —dSn(x,y)/dy is in fact the kernel of Sy D. Therefore (7.86) now
holds with K4 y being the integral operator with matrix kernel K4 n(z,y)

whose (i, j)-entry Kif}f}) (x,y) is given by

KD (@) = s+ 25 pav@leaa )]
Ki,lz’VQ)(xay) = % :SDN(%Z/) - %( 2N2+ 1902N($)5802N+1(y)>:| :
K (@) = £ s+ 25 pav@leaa )]
K3 (,y) = % -SN(x»y) + 2N2+ 15902N+1($)<P2N(y)] :

We let 2N +1 — N so that N is assumed to be odd from now on (this will

not matter in the end since we will take N — o0). Therefore the K. izjf,) (x,y)

are given by

K@y = :SN<x,y> + \/ngv—l(w)wzv(y)] :
K@) = 5 :SDNm:,y) - \/gsﬁwl(x)w(y)} ,
KR (ey) =5 :SN@,y) + @wmx)w(w] :
KD ) = [ Sn(e) + @wzv(x)wzv_l(w] ,

where

N—-1
n=0
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Define

so that

Notice that

. 1,1
X = Ki,N)

Therefore ) g g
_1 +Y®ep SD—-¢®¢p
Ran = X (55’ +eQ@ep S+ep @ ’ (7.96)

Note that this is identical to the corresponding operator for 5 = 4 obtained
by Tracy and Widom in [33], the only difference being that ¢, ¢, and hence
also S, are redefined to depend on A. This will affect boundary conditions for
the differential equations we will obtain later.

7.6.3 Edge Scaling

7.6.3.1 Reduction of the Determinant

We want to compute the Fredholm determinant (7.86) with K4 n given by
(7.96) and f = X(4,00)- This is the determinant of an operator on L?(.J)x L*(J).
Our first task will be to rewrite the determinant as that of an operator on
L?(J). This part follows exactly the proof in [33]. To begin, note that

[S;D]=¢p®@Y+v®¢p (7.97)
so that, using the fact that De =eD =1,

[e,S] =eS — Se=eSDe —eDSe =¢[S,D]e = ep @ e+ ) ® pe
—epReYP+eYRelp = —cp®ep —e Vep, (7.98)

where the last equality follows from the fact that e = —s. We thus have



7 Application of Random Matrix Theory to Multivariate Statistics 475
DES+ep@ep)=S+1vRep, DESD—-cp@p)=SD—-9YQ¢p.

The expressions on the right side are the top matrix entries in (7.96). Thus
the first row of K4 n is, as a vector,

D(ES+ep@ep,eSD —cth @ ¢) .
Now (7.98) implies that
eES+eYy®ep =S —epRe).
Similarly (7.97) gives
e[S,D]=ecp@+ep@p,

so that
eSD—ep@p=eDS+ecp@Pp=5S+ecpRY.

Using these expressions we can rewrite the first row of K4 ny as
D(Se —cp®ep, S+ecpR ).
Now use (7.98) to show the second row of Ky n is
(Se—ep@et),S+ep@1) .
Therefore,

oo D(Se —ep®e) D(S+ep @)
LN =X Se —ep et S+epR

_ (XD 0 ((Se —ep@e)x (S +ep®@)x
SN0 x)\Se—cp@e)x (S+ep®v)x)’

Since K4 y is of the form AB, we can use (7.4.2) and deduce that Dy n(s, A)
is unchanged if instead we take K4 n to be

(Se—ecp@e)x (SH+ep@)x\ (xD 0
K4N_((Sa—a<p®aw)x(5’+sg0®w) ><0 x)
((56 —ep@ep)xD (S +ep® 1/}))()

(Se —ep@ep)xD (S+ep®@y)x)

Therefore

B L(Se —ecp@e)AxD —1(S+ep @)y
Dan(s,A) = det ( —%%Ss —ep@eP)AxD I —2%(5 +ep® 1/)))0()
(7.99)
Now we perform row and column operations on the matrix to simplify it, which
do not change the Fredholm determinant. Justification of these operations is
given in [33]. We start by subtracting row 1 from row 2 to get
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(1 — L(Se —cp @)D —L(S +ep® wa)
.y I '

Next, adding column 2 to column 1 yields

(I — 2(Se—ep®@ep)AxD — 2(S+ep@Y)Ax —5(S +ep® 1/)))0()
0 I ’

Thus the determinant we want equals the determinant of
I—1(Se—ep®@e)AxD — (S +ep@1Y)Ax . (7.100)

So we have reduced the problem from the computation of the Fredholm de-
terminant of an operator on L?(J) x L?(J), to that of an operator on L?(.J).

7.6.3.2 Differential Equations

Next we want to write the operator in (7.100) in the form

L
(I—K2,N)<I—Zai®ﬁi) ; (7.101)
i—1

where the a; and 3; are functions in L?(J). In other words, we want to rewrite
the determinant for the GSE case as a finite dimensional perturbation of the
corresponding GUE determinant. The Fredholm determinant of the product
is then the product of the determinants. The limiting form for the GUE part
is already known, and we can just focus on finding a limiting form for the
determinant of the finite dimensional piece. It is here that the proof must
be modified from that in [33]. A little rearrangement of (7.100) yields (recall
gl = —¢)
A A

A A
I- §SX — §SexD — 5% ® XY — 55¢ ® YpexD .

Writing e[x, D] 4+ x for exD and simplifying gives
A A
I = ASx = Aep @yx — 5 5¢e[x, D] = Sep @ ey, D] .

Let v Ap — ¢, and v/ Xip — 1 so that AS — S and (7.100) goes to
I —Sx —ep®1x — 58¢[x, D] — e @ velx, D] .

Now we define R := (I — Sx) 'Sy = (I — Sx)~* — I (the resolvent operator
of Sx), whose kernel we denote by R(z,y), and Q. := (I — Sx) 'ep. Then
(7.100) factors into

A=(I-Sx)B.

where B is
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I-Q-®xy — 5(I+ R)Selx, D] - 5(Q- ® ¥)e[x, D] .
Hence
D4,N(t, /\) = DQ,N(t, )\) det(B) .
In order to find det(B) we use the identity

2m

e, D] = (—1)*er @b, (7.102)
k=1

where ¢, and J; are the functions e(x — ay) and 6(x — ay) respectively,
and the aj are the endpoints of the (disjoint) intervals considered, J =
U (agk—1,a2x). In our case m = 1 and a; = ¢, a2 = co. We also make
use of the fact that

a®@bxc®d=(bc)xa®d (7.103)

where (-, ) is the usual L2-inner product. Therefore

2 2
(Qe @¥)elx, D] =Y (-1)* Q- @ ¢ x e @ 0 = > _(—=1)F (), £1) Q= ® 6. .
k=1 k=1
It follows that Dan(t)
4,N\Y,
Do n (1, A) (7104
is the determinant of
2
I-Q-®xy— % > (=DM(S + RS)ex + (,61)Qc] @ 6 - (7.105)

k=1

We now specialize to the case of one interval J = (¢,00), so m =1, a; =t
and as = oco. We write e; = e1, and €4, = €2, and similarly for ;. Writing
out the terms in the summation and using the fact that

_— (7.106)

o =

yields

I—Q:®x0+ 2[(S+ RS)er + (¢,61)Q:] ® 6
+ (S + R+ (¥,1)Q:] ® 6 . (7.107)

Now we can use the formula
& L
det (I - e ﬁi) = det (05 — (0, B1)) 1y - (7.108)
i=1

In order to simplify the notation in preparation for the computation of the
various inner products, define
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Q(‘T?)‘?t> = (I_ SX)_ISD ) P(xv)‘7t> = (I - SX)_W ,

_ B (7.109)
Qe(zaAvt) = (I_SX) 15(/77 PE(xv)‘vt) = (I_SX) 151/17
gN = Q(tv)‘vt) ) PN = P(tv)‘vt) )
qe == Q:(t, \ 1), pe = P-(t,\ 1),
7.110
U= (Qxep) = (Qexd) s vi= @uxew) = (Pew), )
68 = (P7 Xg(p) = (QmX‘P) ’ We 1= (P7 ng) = (P€7X1/}) )
P4 ::/5t(x)P(x,t) doe, O4 ::/Et(x)Q(x,t) dx ,
R R (7.111)

Ry = /Rat(x)R(x?t) dz |

where we remind the reader that e, stands for the function e(z —t). Note that
all quantities in (7.110) and (7.111) are functions of ¢ and A alone. Further-
more, let

o0 1 o0
cp = ep(00) = 5/ elx)der, ¢y =ep(0) = 5/ P(x)de . (7.112)
Recall from the previous section that when § = 4 we take IV to be odd. It
follows that ¢ and i are odd and even functions respectively. Thus when
B = 4, ¢, = 0 while computation using known integrals for the Hermite
polynomials gives

NI)L/2

cp = (WN)1/423/4N/2((N#\/X. (7.113)

Hence computation yields

. A
ngnoo Cy = \/; (7.114)
At t = o,

Ue(00) =0, go(o0) =cy, (7.115)
Pi(oo) = —cy, Qa(o0) =—cy,, Ru(o0)=0. (7.116)

In (7.108), L = 3 and if we denote a4 = (v, &), then we have explicitly

a1 = QE , Qg = _%[(S+RS)€t +a4Q€] , Q3 = —i[(S‘FRS)l + (wvl)QE] B
fr=x¢, B2=06, B3=0c-

However notice that

((S+RS)er, 000) = (£4,000) =0, ((S+RS)1, ) = (1, Rec) =0, (7.117)
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and (Q:,0x) = ¢, = 0. Therefore the terms involving B3 = . are all 0 and
we can discard them reducing our computation to that of a 2 x 2 determinant
instead with

a1 =Qc, ay=—3[(S+Re+aiQ], Si=x¢, B2=06. (7.118)

Hence
(a1, 01) =, (o1,82) = ¢e (7.119)
(052,61) _%(PAL —a4 + a41~)6) ) (7120)
(a2, B2) = —5(Ra + aage) - (7.121)

We want the limit of the determinant
det (85 — (, Br)) 1< peca » (7.122)

as N — oo. In order to get our hands on the limits of the individual terms
involved in the determinant, we will find differential equations for them first
as in [33]. Adding a4/2 times row 1 to row 2 shows that a4 falls out of the
determinant, so we will not need to find differential equations for it. Thus our
determinant is now

det (1 Pf’s . :;724) . (7.123)
Proceeding as in [33] we find the following differential equations
d d -
b = "IN % = Iv — aNUe — PNUe (7.124)
%Q4 = —qn(Ra+1), %7’4 =—pn(Rs+1), (7.125)
%7% =-—pNQ4 —qnPs . (7.126)

Now we change variable from ¢ to s where t = 7(s) = V2N + 5/(v/2N/6)
and take the limit V' — oo, denoting the limits of g., P4, Q4, R4, and the
common limit of u. and v respectlvely by G, P4, Q4, R4 and 1. Also P4 and Q4
differ by a constant, namely Q4 = P4 ++/2/2. These limits hold uniformly for
bounded s so we can interchange limy_, and d/ds. Also limy_, N_1/6qN =
limy oo N™V/%pn = g, where ¢ is as in (7.26). We obtain the systems

d 1 d

_ _ _ 1 _
0= TR 1= %Q(l - 2u) , (7.127)

d = 1 = d = 1 — A
57’4 = —%Q(’/Q +1), d_sR4 = —EQ<27’4 + \@) ) (7.128)

The change of variables s — u = fsoo q(z, \) dz transforms these systems into
constant coefficient ordinary differential equations
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a ﬁq , m = _E(l —2a) , (7.129)

d — 1 — d — 1 — A
—Pi=—-—=Ru+1), —Rs=—(2P —1—\/j . 7.130
Qi \/5( 4+1) a \/5( 4 2) ( )

Since limg_, o 1 = 0, corresponding to the boundary values at ¢ = oo which
we found earlier for P4, R4, we now have initial values at y = 0. Therefore

u(p=0)=qp=0)=0, (7.131)

Pa(p=0)=—

P. % Ra(p=0)=0. (7.132)

We use this to solve the systems and get

1
= —=(e"—e"), 7.133
q 2\/5(6 e’) ( )
u=1(1- 3’ —1e7M), (7.134)
— 1 /2-VX 2+ VA
= - H 1
P 2\/5< e e fA), (7.135)
- 2 2
Ri= 4‘/X#+ +4‘/X " (7.136)

Substituting these expressions into the determinant gives (7.29), namely

Da(s,\) = Da(5,\) cosh2<u(ST’)\>) : (7.137)

where Dy = limy_. Dg,n. Note that even though there are A-terms in
(7.135) and (7.136), these do not appear in the final result (7.137), mak-
ing it similar to the GUE case where the main conceptual difference between
the m = 1 (largest eigenvalue) case and the general m is the dependence of
the function ¢ on A. The right hand side of the above formula clearly reduces
to the 8 = 4 Tracy—Widom distribution when we set A = 1. Note that where
we have Dy(s, \) above, Tracy and Widom (and hence many RMT references)
write Dy(s/v/2,\) instead. Tracy and Widom applied the change of variable
s — §//2 in their derivation in [33] so as to agree with Mehta’s form of the
B = 4 joint eigenvalue density, which has —2z2 in the exponential in the
weight function, instead of —22 in our case. To switch back to the other con-
vention, one just needs to substitute in the argument s/ V2 for s everywhere
in our results. At this point this is just a cosmetic discrepancy, and it does
not change anything in our derivations since all the differentiations are done
with respect to A anyway. It does change conventions for rescaling data while
doing numerical work though.
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7.7 The Distribution of the mth Largest Eigenvalue in
the GOE

7.7.1 The Distribution Function as a Fredholm Determinant

The GOE corresponds case corresponds to the specialization 8 =1 in (7.17)
so that

Gin(t,\) .
:CI(N)/ /H'wj_xklnw LL'] H 1+f 1'7 d!El"'dLL'N (7138)

z;€R i<k 7

where w(z) = exp(—22), f(z) = —Axs(x), and C’iN) depends only on N. As
in the GSE case, we will lump into C’fN) any constants depending only on NV
that appear in the derivation. A simple argument at the end will show that
the final constant is 1. These calculations more or less faithfully follow and
expand on [34]. We want to use (7.33), which requires an ordered space. Note
that the above integrand is symmetric under permutations, so the integral

is n! times the same integral over ordered pairs x; < -+ < xy. So we can
rewrite (7.138) as

N N
(N1) // H(xk—xj)Hw(a:k)H(l—i-f(:z:k))dxl~~de,

#1 < <aneRI<K i=1

where we can remove the absolute values since the ordering insures that
(xj —x;) > 0 for i < j. Recall that the Vandermonde determinant is

An(z) = det(x',i_l)ﬁ[k:l = (-1 N(N 1)/2 H (xj — k)
i<k

Therefore what we have inside the integrand above is, up to sign

det (x',i_lw(xk)(l + f(xk)))N

k=1

Note that the sign depends only on N. Now we can use (7.33) with

pi() = 2" w(z) (1 + f(z)) .

In using (7.33) we square both sides so that the right-hand side is now a
determinant instead of a Pfaffian. Therefore G7 y (¢, A) equals

N

o det( [ [ seato = a1 (14 f@)ulouty) dray

Jik=1

Shifting indices, we can write it as
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N-1

C’iN) det (// sgn(z — y)2y" (1 + f(2))w(z)w(y) dz dy) (7.139)

jk=1

where C’fN) is a constant depending only on IV, and is such that the right side is
1if f = 0. Indeed this would correspond to the probability that )\SOE(N) < 00,
or equivalently to the case where the excluded set J is empty. We can replace
27 and y* by any arbitrary polynomials p;(x) and pi(z), of degree j and k
respectively, which are obtained by row operations on the matrix. Indeed such
operations would not change the determinant. We also replace sgn(z — y) by
e(z —y) = % sgn(z — y) which just produces a factor of 2 that we absorb in

C{N). Thus G7 y(t, ) now equals

™) det (//a(x —y)p;(@)pr(y) (1 + f(2)) N-1
x (14 f(y)w(z)w(y) dz dy) . (7.140)

Let ¢;(z) = p;j(x)w(x) so the above integral becomes

O™ det ( [ =) -
X (L4 fz) + f(y) + f(2) f(y)) dwdy) . (7.141)

e
Partially multiplying out the term we obtain
O™ det ( [ e = st deay
+ [[ete = vui@uw) .
X (F(z) + 1) + 1) [ ) da dy>j,k_o' (7.142)
Define .
M= ([[ o=t as dy)j,k_o’ (7.143)

so that G (¢, \) is now

C{N) det (M + //a(x - y)wj(w)wk(y) N—1
< ((2) + F(0) + F(2) f () da dy) .

J,k=0

Let € be the operator defined in (7.84). We can use operator notation to
simplify the expression for Gi ~N(t,A) a great deal by rewriting the double
integrals as single integrals. Indeed
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J[cw—nueumis@ara = [ 1@ [@-puwaa
_ / Fjevde .
Similarly,
[ = wus@inwirw iy = [[ - a0 @untrw s
— [ 1wt [ ety - 2)us(e) dedy
— [ @) [ <o - ) dyds
- / Fibret; dz .
Finally,
[ = vvs@nwi@sw
— [[ - 9@ 1@ ) deay
— [ 1wt [ ety - 2)5 @) dz dy
—~ [ 1@unie) [ e - s @@ s

= —/fwka(fwj)dx. (7.144)
It follows that
G%,N(ta )‘) N1
= C{") det (M + /[fszwk — fured; — fore(fyy)] dx) . (7.145)
7,k=0

If we let M~1 = (ujk);\f,;:lo, and factor det(M) out, then G y(,\) equals

™) det(M)
N—-1

N-—1
x det (I +M! (/[fwjewk — freyy — fore(fyy)] dx) )
J,k=0/" j,k=0
(7.146)

where the dot denotes matrix multiplication of M ~! and the matrix with the
integral as its (4, k)-entry. define n; = Zj ik and use it to simplify the
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result of carrying out the matrix multiplication. From (7.143) it follows that
det(M) depends only on N we lump it into C’l(N). Thus G7 y(t,A) equals

N—-1 N—-1
C§”>det<1«+ (j[Uthwk——fﬂmenj—-fd%E(fnﬂ]dx) ) . (7.147)
j,k=0/ j,k=0

Recall our remark at the very beginning of the section that if f = 0 then the
integral we started with evaluates to 1 so that

™ det(r) = ™| (7.148)

which implies that C{") = 1. Now G2 y(t, A) is of the form det(I + AB) where
A: L2(J) x L*(J) — CV is a N x 2 matrix

Ay
Ao
A.N
whose jth row is given by
Aj = Aj(x) = (= fen; — fe(fny) fn;) -
Therefore, if

s= () e x 220,

then Ag is a column vector whose jth row is (A4;,9)r2x 12

(49); = [1=sen; = re(mplondo+ [ fiygad.
Similarly, B: CY — L2(J) x L?(J) is a 2 x N matrix
B=(Bi By By),

whose jth column is given by

B, = Bj(zx) = (;f/fj) :

hq
h=|: |ech,
hn
then Bh is the column vector of L?(J) x L?(J) given by

Thus if
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> hiv; )
Bh = J .
<Zj hietp;
Clearly AB: CN — CV and BA: L?(J) x L*(J) — L?(J) x L?(J) with kernel

=22 @ femy — 322,05 @ fe(fn;) 32515 @ fnj
(— Y05 ® feny — Y, 605 ® fefny) 3o et @ fm) '
Hence I + BA has kernel
(I—ijj@@fénj =2 i@ fe(fny) 22595 ® [ )
=2 €0 ® femy — o v @ fe(fny) I+ 32 ev; @ fn; ) 7
which can be written as

( I =32 ® fen; > % ® fnj )(I 0)
=&Y@ fenj —ef I +3 ;60 @ fn; ) \efI) °

Since we are taking the determinant of this operator expression, and the de-
terminant of the second term is just 1, we can drop it. Therefore

2 _ — 2% ® fen; 225 %5 © fnj )
G1,N(t7)‘) = det (- Zj 51/1;®f6nj —cf I+§:j e ® fn;
=det(I + Kinf),

where

)

K :< — 2% ®em; Zj¢j®ﬂj)
MNTA =Y et @en —e Y e @y

_ ( =2k i ®piker D2 i © ik )
D5k EY; ® pikEYE — € 305 1 €V ® piktbe

and K ny has matrix kernel

Kin(zy) = ( =2k Vi@ ket (y) Dk wj(fv)ujwk(y))
LA =ik eVi@pievn(y) — el —y) >0, e (@) mne(y) )
We define

Sn(m,y) == Y (@) pretr(y) -

Since M is antisymmetric,

Z ) (y) ke ()
]k 0
N-1
Z bW piet() = > evi(@)mirn(y) -

7,k=0 7,k=0
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Note that
N-1
eSn(z,y) = Y evj(@)unetn(y) ,
k=0
whereas
q N-1
—d—ySN(x,y) = > @) urtn(y) -
4,k=0

So we can now write succinctly

Kin(z,y) = <ES§]ZJEZ§J)— € _dgjx((z:i))/dy) ' (7.149)

So we have shown that
Gin(t,A) =/ Din(tA) (7.150)
where
Dy n(t,\) = det(I + K1,nf)

where K y is the integral operator with matrix kernel Kj n(x,y) given in
(7.149).

7.7.2 Gaussian Specialization

We specialize the results above to the case of a Gaussian weight function
w(r) = exp(—2?/2) (7.151)

and indicator function

f@) ==X, J=(o00).

Note that this does not agree with the weight function in (7.17). However it
is a necessary choice if we want the technical convenience of working with
exactly the same orthogonal polynomials (the Hermite functions) as in the
8 = 2,4 cases. In turn the Painlevé function in the limiting distribution will
be unchanged. The discrepancy is resolved by the choice of standard deviation.
Namely here the standard deviation on the diagonal matrix elements is taken
to be 1, corresponding to the weight function (7.151). In the 8 = 2,4 cases
the standard deviation on the diagonal matrix elements is 1/ V2, giving the
weight function (7.88). Now we again want the matrix

M= (//e(x — ), (@)hr(y) da dy)jk_lo = (/ ¢j($)€¢k(z)dx) jvk_lo

to be the direct sum of N/2 copies of
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7= (%)

so that the formulas are the simplest possible, since then i,z can only be 0 or
+1. In that case M would be skew-symmetric so that M ~' = —M. In terms
of the integrals defining the entries of M this means that we would like to
have

/me(x>Ew2n+l(x) dz = 6m,n 3 /me—i—l(x)Ean(x) dr = _5m,n 5

and otherwise d
/@ZJJ- (x)awk(x) dz=0.

It is easier to treat this last case if we replace it with three nonexclusive
conditions

[ am@etan@)ar =0, [banir(@)etanialz)ds =0

(so when the parity is the same for j, k, which takes care of diagonal entries,
among others), and

[ i@z de=o.
whenever |j — k| > 1, which targets entries outside of the tridiagonal. Define

on(z) = %Hn(x)exp(—xzﬂ) for ¢, = \/2"nl\/7

n

where the H,, are the usual Hermite polynomials defined by the orthogonality
condition

/Hj(I)Hk(I)€712 dz = c?éj,k .
It follows that
/<Pj (@)pr(z) de = dj -
Now let

Yon+1(z) = %‘P%L(I) , Yon () = pan () . (7.152)

This definition satisfies our earlier requirement that v; = p;w for
w(z) = exp(—22/2) .
In this case for example

Pan(T) = CLH%(‘T) .

n
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With € defined as in (7.84), and recalling that, if D denote the operator that
acts by differentiation with respect to x, then De = eD = I, it follows that

/1/’2m(x)61/)2n+1($) dz = /<P2m(l’)€%sﬁzn+1(x) dz

=/w2m($)<ﬁ2n+1($) dz
= /(me(x)(pgn+1(.’L') d((E) = 5m,n7

as desired. Similarly, integration by parts gives

/¢2m+1($)8¢2n($) dw:/%mm(x)apgn(x)dx

—~ [ am(a)oan (@) ds
— [ am(@) o) d@) =~

Also g, is even since Ha, and g, are. Similarly, 9,41 is odd. It follows
that ev9,, and 9,11, are respectively odd and even functions. From these
observations, we obtain

/ Vion ()etbam (@) dz = 0,

since the integrand is a product of an odd and an even function. Similarly

/¢2n+1($)8¢2m+1(x) dz=0.

Finally it is easy to see that if |[j — k| > 1, then

/1/’3' (x)e(x)de =0.

Indeed both differentiation and the action of € can only “shift” the indices by
1. Thus by orthogonality of the ¢;, this integral will always be 0. Thus by our
choice in (7.152), we force the matrix

M= (/ qu(x)slﬂk(x)dx)j:o

to be the direct sum of N/2 copies of

2= (00,
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This means M~' = —M where M~ = {u;x}. Moreover, u;r = 0 if j, k
have the same parity or |j — k| > 1, and pojort1 = 0jx = —pokt1,2; for
Jyk=0,...,N/2 — 1. Therefore

Z V() ket (y)

7,k=0
N/2—1 N/2—1

=— Z Yaj()ehajv1(y) + Z Yaj1(w)ebz;(y)
N/2 1 N/2 1

X w(G)e(t) - % w2

Manipulations similar to those in the § = 4 case (see (7.90) through (7.95))

yield
N—1
)= [Z_j eiei) || o 2@ )]
We redefine
N-1
SDJ SN(y7 ) )
7=0

so that the top left entry of Ky n(z,y) is

Sn(x,y) + \gwwl(x)(ew)(y) :

If Sy is the operator with kernel Sy (x,y) then integration by parts gives

suDf = [ Sty fay= [ (= sw@n) £ ay.

so that —d/dySy(z,y) is in fact the kernel of Sy D. Therefore (7.150) now
holds with K; y being the integral operator with matrix kernel K y(z,y)

whose (i, j)-entry Kfljf,) (x,y) is given by
K (x,y) = [SN(%y) + g@N—l(w)(EwN)(y)] 7
(1,2) - d N
Ky (z,y) = {SDN(I y) - dy([@w 1z )(WN)(y))] :
K320 (,y) = E[SN(%Q) + \/ng_l(x)(w]v)(y) - 1} :

K @) = [smy) + @@w)(wm_l(y)} .



490 M. Dieng and C.A. Tracy

Define
o= () v, ver=(3) v
so that
KR (@,y) = X(@)[Sn (2,) + ¥ (@)ep@)x(y) .
K (2,y) = x(@)[SDn (2, y) — ¥(@)e®)]x(y) |
K3 (2,y) = x(2)[eSn (2,) + et (@)ep(y) — (@ — y)]x(y) |
K2 (2, y) = x(2)[Sn (2,9) + ()b ()]x(v)
Note that
X(S+y@ep)y = K 1)(ﬂﬂ,y),
X(SD = @ p)x = Kflzvz)(w,y) ,
x(ES+ep®ep—e)x = Kfr‘}vl)(w,y) ,
X(S +ep@ev)x = K3 (2,y) -
Hence

Kov— S+yPp®ep SD—YR¢
LN = eS+eYep—eS+epRey

Note that this is identical to the corresponding operator for § = 1 obtained
by Tracy and Widom in [33], the only difference being that ¢, 1, and hence
also .S, are redefined to depend on .

7.7.3 Edge Scaling
7.7.3.1 Reduction of the Determinant

The above determinant is that of an operator on L?(J)&® L?(J). Our first task
will be to rewrite these determinants as those of operators on L?(.J). This part
follows exactly the proof in [33]. To begin, note that

[S,D]=¢p@¢+9®@¢p (7.153)
so that (using the fact that De =eD =1)

[e,5] =eS — Se =eSDe —eDSe
=¢[S,D]e =ep @ e+ e ® pe
—epReYP+eYRelp = —cpRep —eh Qe (7.154)

where the last equality follows from the fact that et = —e. We thus have
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DES+eyp@ep) =S+ ®ep,
D(ESD —ep@p)=5SD -y @¢.

The expressions on the right side are the top entries of K; n. Thus the first
row of K y is, as a vector,

D(ES+ep®ep,eSD —eh Q o) .
Now (7.154) implies that
eES+eYy®ep=8Se—ep@e).
Similarly (7.153) gives
e[S, D] =cp@¢+cp @y,

so that
eSD—ep@p=eDS+ecp@Pp=5S+ecpRY.

Using these expressions we can rewrite the first row of K y as
D(Se —ep@ep,S+epR1) .

Applying e to this expression shows the second row of K y is given by
(eS—e+ev®@ep, S+epY).

Now use (7.154) to show the second row of K y is
(Se—et+ep@e),S+epRY) .

Therefore,

Kiw e D(Se —ep®@ep) D(S +ep @)
LN =X Se—e+ep®ep S+ep

_(xDO (Se—ep@ep)x (S+ep®@)x
TN 0 ) \(Se—et+ep@e)x (S+ep@)x/) ©

Since K y is of the form AB, we can use the fact that det(I —AB) = det(I—
BA) and deduce that Dy n(s, A) is unchanged if instead we take K n to be

Koo — (Se—ep@e)xy (S+ep@y)x) (xD 0
LN = (Se—e4ep@eh)x (S+ep@)x 0 x

(Se —ep@e)xD (S+ep®1)x
(Se—e+ep@ep)xD (S+ep®@)x)

)

Therefore

- I—(Se—cp@e)AxD —(S+ep @)y
Dy n(s,A) = det (—(Ss —etep@e)AD I - (S+ep® 1/’))‘X>
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Now we perform row and column operations on the matrix to simplify it, which
do not change the Fredholm determinant. Justification of these operations is
given in [33]. We start by subtracting row 1 from row 2 to get

I—(Se—ecp@eh)\xD —(S+ecp @)y
—I +eXxD I '

Next, adding column 2 to column 1 yields

I—(Se—ecp@ep)AxD — (S+ep @) Ax —(S+ep @)y
eAxD I ’

Then right-multiply column 2 by —eAxD and add it to column 1, and multiply
row 2 by S+ o ® ¢ and add it to row 1 to arrive at

d (I — (Se —ep®@ep)AxD + (S +ep @ P)A\x(eAxD — I) 0)
et 0 7]

Thus the determinant we want equals the determinant of
I—(Se—ecp@ep)AxD + (S +ep@Y)Ax(eAxD — 1) . (7.155)

So we have reduced the problem from the computation of the Fredholm de-
terminant of an operator on L?(J) x L?(J), to that of an operator on L?(.J).

7.7.3.2 Differential Equations

Next we want to write the operator in (7.155) in the form

(I — Kan) (I - zj:a ® ﬂi) , (7.156)

where the a; and 3; are functions in L2(.J). In other words, we want to rewrite
the determinant for the GOE case as a finite dimensional perturbation of the
corresponding GUE determinant. The Fredholm determinant of the product
is then the product of the determinants. The limiting form for the GUE part
is already known, and we can just focus on finding a limiting form for the
determinant of the finite dimensional piece. It is here that the proof must be
modified from that in [33]. A little simplification of (7.155) yields

I —ASx = AS(1 = Ax)exD — AMep @ x¥) — AMep @ ) (1 — Ax)exD .
Writing e[y, D] + x for exD and simplifying (1 — Ay)x to (1 — \)x gives
I = ASx = A1 = A)Sx = Mep @ x¥) — A1 — A)(ep @ x¢)
= AS(1 = Ax)elx, D] = AMep @ ¥)(1 — Ax)e[x, D]
=1—(2X = X*)Sx — (2A = A*)(ep @ x¥b) — AS(1 — Ax)e[x, D]
— AMep @ ¥)(1 — Ax)elx, D] -
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Define A = 2\ — A2 and let \/Kgp — ¢, and \/Kw — 1) so that AS — S and
(7.155) goes to

ISy~ (cp® xth) %sa el D] - %w ® )1 - M)e[x. D]

Now we define R := (I — Sx)™ 'Sy = (I — Sx)~* — I (the resolvent operator
of Sx), whose kernel we denote by R(z,y), and Q. := (I — Sx) 'ep. Then
(7.155) factors into

A=(I-Sx)B.

where B is

[ (Q.®x¥) § (I + R)S(1 - Aelx. D] - %(Qs ® $)(1 - M)e[x. D]
A£1.

Hence ~
D1 n(s,A) = Dy n(s,\)det(B) .

Note that because of the change of variable AS — S, we are in effect factoring
I —(2\ —)\?)S, rather that I — \S as we did in the 3 = 4 case. The fact that
we factored I — (2\ — A\?)Sx as opposed to I — A\S is crucial here for it is
what makes B finite rank. If we had factored I — AS’y instead, B would have
been

2
B=1-XY (-1)F(S+RS)(I = A)er @ 0k — MI + R)ep @ xt)
k=1
2

—AD (=D, (T = A)er) (I + R)ew) @
k=1
— M1 =X)(S+RS)x = A1 =) ((I + R)ep) ® xt) .

The first term on the last line is not finite rank, and the methods we have
used previously in the § = 4 case would not work here. It is also interesting
to note that these complications disappear when we are dealing with the case
of the largest eigenvalue; then is no differentiation with respect to A, and we
just set A = 1 in all these formulae. All the new troublesome terms vanish! In
order to find det(B) we use the identity

2m

e, D] = (—1)*er @bk, (7.157)
k=1

where e, and Jj are the functions £(z — ax) and 6(x — ay) respectively,
and the aj are the endpoints of the (disjoint) intervals considered, J =
U (agk—1, azx). We also make use of the fact that
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a®@bxc®d=(bc)xa®d (7.158)

where (-, ) is the usual L% inner product. Therefore
2m
(Qe @ )(1 = Ax)ebt, D) = D (=1)" Qe @9 x (1= Ax)ek @ 0
k=1

- Z(_l)k(wv (1= Ax)er)Q: ® 6 -
k=1

It follows that

Dl,N(37)\)
D2 N(S7)\)
equals the determinant of
2m
A k
I=Q-ox¥ =5 3 (VIS + RS = M0z + (¥, (1= M)er), Q] @
k=1

(7.159)
We now specialize to the case of one interval J = (¢,00), so m =1, a; =t
and ay = oco. We write ¢, = €1, and €4, = €2, and similarly for J;. Writing
the terms in the summation and using the facts that

Eo = —3, (7.160)

and
(1= e = =21 = 20 + (1= A)x (7.161)
then yields

[-Q.0xt— %[(s FRS)(1 = M) + (6, (1= A0) Q] © (5, — 60)

+ §[<S+RS><1 S AOX A+ (8 (1 A0X0Q:] © 6,

which, to simplify notation, we write as

[—Q.oxv-— %[(S +RS)(1 = M) + a10Q2] @ (5 — 620)

A

+ =[(S+ RS)(1 = M)x + a1,,Q:] ® 6y

>

where
a1 = (¥, (1=2x)), a1 = (¥, (1= Ix)x) . (7.162)

Now we can use the formula:

L
det <I — Zai (4 ﬂl) = det(éjk — (aj,ﬂk))f,:kzl . (7163)
i=1
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In this case, L = 3, and

%[(5 +RS)(1— M) + a1.,Q- ,

a3 = —%[(5 +RS)(1 = MOX + @12Qx] (7.164)

Bi=x¢, Pa=0—00c, [B3=20;.

In order to simplify the notation, define

a1 =Q:, az=

Qz, A1) :== (I - Sx) g, Pz, A1) = (I = Sx) "',
B B (7.165)
Q-(x, A\ t):= (I - Sx) lep, P.(z,\t) :== (I —Sx) Leyy
qN ‘= Q(ta)‘7t> 5 PN = P(t7)\7t) 5
e = Qa(t7)\at) , Pe ‘= Ps(t7)\at) )
7.166
b= (QxeR) = (Qexp) s o= (@xed) = (Poxw), O
Ue := (P, xep) = (Q, x¥) , we := (P, xey) = (Pe, xv)) ,
Pra = /(1 —Ax)Pdx, 751,A = /(1 — Ax)xPdz,
Q1) = /(1 - Ax)Qdz Qi = /(1 —Ax)xQdz , (7.167)

Rax = /(1 — ) R(z,t)dz Ry = /(1 — Ax)xR(x,t)dz .

Note that all quantities in (7.166) and (7.165) are functions of ¢ alone. Fur-
thermore, let

cp = ep(00) = %/00 e(x)der, ¢y =ep(oc0) = %/_00 P(z)dx . (7.168)

— 00

Recall from the previous section that when g = 1 we take N to be even. It
follows that ¢ and v are even and odd functions respectively. Thus ¢y, = 0
for § =1, and computation gives

o= (WN)1/42_3/4_N/2%\/X. (7.169)

, A
A}Enoo cp = \/;, (7.170)

Us(00) =0, go(00) =cy,
Pia(o0) =2¢y, Qia(o0)=2¢c,, Ria(0)=0,
Pra(00) = Q1 A(00) = Rya(c0) =0.

Hence computation yields

and at ¢ = co we have
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Hence
(a1,61) =0, (1,02) =¢- —cp, (1,03) =¢-, (7.171)
(az,51) = %[Pm —aia(1—72)], (7.172)
(a2, B2) = %[Rm +a1.a(ge —¢p)] (7.173)
(az, 83) = %[Rm + a12¢e] s (7.174)
(s, 01) = —%[ﬁm —aa(1—17.)], (7.175)
(a3, B2) = —%[ﬁu +a1a(g: — ¢p)] s (7.176)
(s, Bs) = —%[ﬁu +arage] - (7.177)

As an illustration, let us do the computation that led to (7.173) in detail. As
in [33], we use the facts that S* = S, and (S+ SR')x = R which can be easily
seen by writing R = > 7 | (Sx)*. Furthermore we write R(z,a)) to mean

lim R(z,y) .

Yy—ar
yeJ

In general, since all evaluations are done by taking the limits from within J,
we can use the identity xdx = 0y inside the inner products. Thus

(a2, B2) = = [((S+ RS)(1 = AX), 6 — 0oc) + a1,3(Qe, 6t — 650)]
[((1=2x), (S + R'S)(6: — 0o0)) + a1,1(Q=(t) — Qc(0))]
[((1 =), (S + R'S)x (8 — boc)) + a1 (e — )]

[((1 = Xx), R(@,t) — R(x,00)) + ar.x(qe — ¢p)]

&

(t) = Ria(00) + a1,a(ge — ¢y

?
S

Alt) +a1a(ge = ¢p)] -

S > >l > >/z|>/ >,z|>, >z|> >/z >

We want the limit of the determinant
3
det (5Jk - (ajv Bk))j,k:l ) (7178)

as N — oo. In order to get our hands on the limits of the individual terms
involved in the determinant, we will find differential equations for them first
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as in [33]. Row operation on the matrix show that a1,» and @, fall out of
the determinant; to see this add Aa; »/(2)) times row 1 to row 2 and Aa; »/A
times row 1 to row 3. So we will not need to find differential equations for
them. Our determinant is

I s
det —)\PNLA/@)\) 1-— )\7}1,%(2/\) —/\R1,33(2,\~) . (7.179)
APLA/A AR1IN/A - 1T+ ARA/A

Proceeding as in [33] we find the following differential equations

d d ~

Qe T NG q7de T IN T ANVe = PNUe (7.180)
d d
—Qix=gv(A—Rin) —Pix=pv(A—Ri), (7.181)
dt dt
d d ~ ~ -
&Rl)\ =—pNQix—gnPi, ERL)‘ =-pNQix—qnP1y, (7.182)
d ~ ~ d ~ -
EQL)\:(]N()\—I—RL)\) 5 &’PLA :pN(/\—l—RLA) . (7.183)

Let us derive the first equation in (7.181) for example. From [31, (2.17)], we
have

0Q _

i —R(x,t)qn
Therefore
9 aff t
4[] aeoneon s
t 8 t 8
:qN+‘/_Ooa—?dx—(1_)\)|:QN+/ooa_?dx:|
, t
— qn — qN/_ R(z,t)dz — (1 — N)gn + (1 — AMN/ Riw,?)d

=N — (JN/ (1 =MNR(z,t)dr =gy —gnRix =agv(A—=Rin) .

— 0o

Now we change variable from ¢ to s where t = 7(s) = 20v/N + (0s)/(N'/9).
Then we take the limit N — oo, denoting the limits of g., Pi,x, Q1,1 R1,x,

ﬁh,\? él)\, 7%1,,\ and the common limit of u. and v. respectively by ¢, 51,,\7
QI,/M ﬁlw %1,,\7 51y,\7 %1,/\ and u. We eliminate @1)\ and 51),\ by using the
facts that @1,,\ = 517>\ + A2 and 51,,\ = %1)\. These limits hold uniformly
for bounded s so we can interchange lim and d/ds. Also limy_..o N~ Y6qy =
limy oo N~V/%pn = ¢, where q is as in (7.26). We obtain the systems
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d 1 d 1
= ——yq, L g= —q(1—2a), 7.184
T N 0 \/5(1( ) (7.184)
d = 1 - d —
P —— _ S Ria=——=q2 VX 1
dSPl’)\ ﬁQ(Rl,)\ A), I %1 \/— P+ (7.185)
45 = LT, R = —gvoP (7.186)
ds 1A= \/§q 1,\) ds 1L,A= —¢q 1A - .

The change of variables s — u = fsoo q(z, \) dz transforms these systems into
constant coefficient ordinary differential equations

1 1

Sa=—g, —§=——(1-24), 7.187

SRV AV AL (7.187)
d — 1 — d — 1, — =
—Pia=—=(Rix—N), —Rix=—=02P1x+V2)\), (7.188
au \/5( 1A= A) an \/5( 1A+ V2N, ( )
—P ——(1-X-R —Rix=V2P1y. 7.189
au \/5( 1) an 1A ( )

Since lim, .o 1t = 0, corresponding to the boundary values at ¢ = oo which we
found earlier for P; x, Ri,x, P1,x, R1,), we now have initial values at p = 0.
Therefore

P1a(0) = Ria(0) = PrA(0) = RyA(0)=0. (7.190)
We use this to solve the systems and get
V- L, \/_ Al
7= ", (7.191)
22 ¢ N
Vi-1, Va+l 1
= no_ —no
u 1 © 1 © 5 (7.192)
= V- A, VA4 \/K
= s e —y=, 7.193
Tl T Tk 2 (7.198)
Riy= Va- An \/X; Aehgn, (7.194)
= et —e™H) = et +e H —-2). 7.195
= Sl ) R = ) (r19y)

Substituting these expressions into the determinant gives (7.28), namely

A —1 —cosh (s, A) + V Asinh zu(s, \)

:DQ(‘S?X) A —2 )

Di(s,A) (7.196)

where Dg = limy .o Dg,n. As mentioned in Sect. 7.2.1, the functional form of
the # =1 limiting determinant is very different from what one would expect,
unlike in the § = 4 case. Also noteworthy is the dependence on A=2)— A2
instead of just A\. However one should also note that when A is set equal to
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1, then A = A = 1. Hence in the largest eigenvalue case, where there is no
prior differentiation with respect to A, and A is just set to 1, a great deal of
simplification occurs. The above formula then nicely reduces to the g = 1
Tracy-Widom distribution.

7.8 An Interlacing Property

The following series of lemmas establish Cor. 7.3.1:

Lemma 7.8.1. Define

d A
aj = ——\| —— . (7.197)
TAM V2= A,
Then a; satisfies the following recursion
1 if j =0,
aj =< (j—1Daj_1 forj>1,j even, (7.198)
jaj—1 forj>1, 7 odd.

Proof. Consider the expansion of the generating function f(\) = \/A/2 — A
around A =1 w ‘ ‘
FO =2 St A=17 =3 b -1
Jj=0 >0
Since a; = j!b;, the statement of the lemma reduces to proving the following
recurrence for the b;

1 if j =0,
i—1

b = ‘771)]-,1 for j > 1, j even, (7.199)
bj,1 fOI‘j Z 1, ] odd.

Let

=Y ) = D)

These are the even and odd parts of f relative to the reflection A—1 — —(A—1)
or A — 2 — . Recurrence (7.199) is equivalent to

d even _ i o
ST = A= D0

which is easily shown to be true. ]
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Lemma 7.8.2. Define

Fs N =1-4/3 i S tanh “(82’ N (7.200)

for A =2\ — 2. Then

8211

6)\271

1 82n+1

f(S /\) N 27’L+ 1 HA\2n+1 f( )

v |0 ifn>1

_ {1 =0 7901

Proof. The case n = 0 is readily checked. The main ingredient for the general
case is Faa di Bruno’s formula

nl  (dfg 1 dh \"® 1drh\ "

dt" = eyl - (dhk Ul(t”) (1! ddt) (n! dt”) ’
(7.202)
where k = > | k; and the above sum is over all partitions of n, that is all
values of k1, ..., ky such that Y. | ik; = n. We apply Fad di Bruno’s formula
to derivatives of the function tanh (u(s, )\)) /2, which we treat as some function
g(M\)). Notice that for j > 1, (d/N)/(dN) )| ,_, is nonzero only when j = 2,
in which case it equals —2. Hence, in (7.202), the only term that survives is
the one corresponding to the partition all of whose parts equal 2. Thus we

have

a2n—k ,LL(S )\)
tanh ——
6)\271—]@ 2 Nt
0 ifk=2j+1,j>0,
=9 (=) (2n—k)! 9" A
CCn k) 07 ) for k = 2j, j >0
(n—j)! oI 2 x4
92n—k+1 . f(s, \)
8A2n+17k 1
0 if k=2, >0,
=4 (=1)"72n+1—k)! onJ A
Y et ) NI LY for k=2j+1,7>0.
(n—j)! oI 2 x4
Therefore, recalling the definition of a; in (7.197) and setting k = 27, we
obtain
o%n 2 2n OF A ok (s, N)
a)\gnf(s A) - = Z < )W ok tanh 2 |,
k=0
(=)= gn=i 5
_Z Szt p(s, A)
' O 2 [ia
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Similarly, using k = 2j + 1 instead yields

2nt1 2n+1 om 11\ §F N 9ntl-k u(&j\)
IN2n+1 vz (5 )',\—1 - Z ( k )8)\k 2 — \ON2ntl-k tanh 2 a2
k=0
@) (=) agjq 9" (s, \)
= 2n+1 - = - tanh
) 2 G 241 o 2
)2y
2n+1 nf 87)‘) ’
(9)\2 A=1

since ag;y1/(2j + 1) = ag;. Rearranging this last equality leads to (7.201).
Lemma 7.8.3. Let D1(s,\) and Dy(s,\) be as in (7.28) and (7.29). Then

D1(s,\) = Du(s,\) (1 - % tanh “(82’ X))2 . (7.203)

Proof. Using the facts that —1 — coshz = —2 cosh? x/2,1= cosh? z — sinh? z
and sinhz = 2sinhz/2 cosh /2 we get
Dl (S, )\)

-1- h
_ Sl o) o ) 4 D )

-9 -
= N 2D4(S,)\)

A+ \/Xsmhu (s, \)
A—2

+ Dy, 3y AL el V/2) = Sinhiu_L(; 3)/2)) + V/Asinh (s, 1)

B < Dy(s,N) Asinh?(u(s, A))/2 — \/Ksinh,u(s,j\)

= Dals N+ e s /2) 2\

B - Asinh?(uu(s, \)/2) — 2V Asinh(u(s, \)/2) cosh(u(s, A)/2)
= Dals,A) (1 * (2= A) coshZ(ju(s, \)/2) )
A tanh (s A) A tanh? —M; )\)>

2—-A 2 +2—)\

_ By A N(Svj‘) ?
= Dy(s,\) (1 5 X tanh 5 ) . O

For notational convenience, define dy(s,\) = D}/z(s,)\), and d4(s,\) =
D:*(s,A). Then

Lemma 7.8.4. Forn > 0,

1 a2n+l N 1 8271
2n+ 1)1 ox2n+ T (2n)l oAz

= Dy(s, )\)(1 —2

_=nr 8—nd4(s,A)

| n '
A=1 nl oA A=1

] di(s,\)
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f(s,A)zl—,/%t h“<S2A)

by the previous lemma, we need to show that

1 82n+1 1 8211
[_ @n+ D)l ozt T (2n)) aw}d“(s Nf(s,2)

Proof. Let

(7.204)

A=1
equals

(_1)n 811

nl g

Now formula (7.202) applied to dy(s, \) gives

——dy(s,\)

A=1

0 ifk=2j+1,5>0,
=4 (—1)7k! &
JlooN

ok ~
WCM(S?)\)

——dy(s,\) ifk=2j,j>0.

A=1

Therefore

d4(57 )‘)f(37 )‘) N

1 2n+1 om+1\ oF §2ntl—k
(2n—|—1' ( k )aAk Loaznt1-k

1 62n+1
C (2n+ 1) oAl

.
n o7 6271—2]-&-1

Z 75 da 2n—2; 1f
2n—2j—|—1 Jloxi — OAZn—2i+1o
= -

Similarly,

8271 B
ﬁmdzl(sv )‘)f(sv )‘)

)\:1_ ) o Nk 43/\2n k

821172]

Z 2n—2j 'j'a,\J 8)\2"—2jf

Jj=

A=1
Therefore the expression in (7.204) equals

n i 8j N a2n 27 1 6211 2j+1
Z 2 n ——da(s, )‘)[ 2n—2j f= ; 2n—2j+1 f] ‘
‘ TL—2] ONI oA J 2n —2j + 10X J A=l

Jj=

Now Lemma 7.8.2 shows that the square bracket inside the summation is
zero unless j = n, in which case it is 1. The result follows. ]

In an inductive proof of Corollary 7.3.1, the base case Fy(s,2) = Fi(s,1)
is easily checked by direct calculation. Lemma 7.8.4 establishes the induc-
tive step in the proof since, with the assumption Fy(s,n) = Fi(s,2n), it is
equivalent to the statement

Fy(s,n+1)=Fi(s,2n+2) .
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7.9 Numerics

7.9.1 Partial Derivatives of g(x, \)

Let

3

tn(2) = ima(z, )

, (7.205)
A=1

so that go equals ¢ from (7.24). In order to compute Fg(s,m) it is crucial to

know ¢, with 0 < n < m accurately. Asymptotic expansions for ¢, at —oo
are given in [31]. In particular, we know that, as t — 400, go(—t/2) is given

1 1 73 10657 13912277 1
(i f o T e o1y,

3 2t6 2t9 8t12

whereas ¢ (—t/2) can be expanded as

exp(%t?’/z) 17 N 1513 N 850193 407117521 ( 1 )
24/ 27rtl/4 $15/2

24¢3/2 2732¢3 2103449/2 2153546
These expansions are used in the algorithms below.

7.9.2 Algorithms

Quantities needed to compute Fg(s,m), m = 1,2, are not only ¢o and ¢; but
also integrals involving qq, such as

Iy = / (x —s)gi(z)dx, Jy= / go(z)dzx . (7.206)
Instead of computing these integrals afterward, it is better to include them
as variables in a system together with ¢g, as suggested in [28]. Therefore

all quantities needed are computed in one step, greatly reducing errors, and
taking full advantage of the powerful numerical tools in MATLAB®. Since

Ih = —/ qg(x)dx, I = q(Q) . Jb=—qo, (7.207)

the system closes, and can be concisely written

q0 9o

1 1% sqo + 243

—|h|= I . (7.208)
I a
Jo —qo

We first use the MATLAB® built-in Runge-Kutta-based ODE solver ode45
to obtain a first approximation to the solution of (7.208) between x = 6, and
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x = —8, with an initial values obtained using the Airy function on the right
hand side. Note that it is not possible to extend the range to the left due
to the high instability of the solution a little after —8. (This is where the
transition region between the three different regimes in the so-called “connec-
tion problem” lies. We circumvent this limitation by patching up our solution
with the asymptotic expansion to the left of x = —8.) The approximation
obtained is then used as a trial solution in the MATLAB® boundary value
problem solver bvp4c, resulting in an accurate solution vector between z = 6
and z = —10. Similarly, if we define

L = /Oo(x —s)go(x)qi(z)de, Jy = /oo qo(z)q1(x) dz , (7.209)

then we have the first-order system

q1 QQ

q | @ sq1 + 6¢5q1

& I} = I{ , (7.210)
I qoq1
J1 —qoq1

which can be implemented using bvp4c together with a “seed” solution ob-
tained in the same way as for ¢.

The MATLAB® code is freely available, and may be obtained by contact-
ing the first author.

7.9.3 Tables

Table 7.1. Mean, standard deviation, skewness and kurtosis data for first two edge-
scaled eigenvalues in the 5 = 2 Gaussian ensemble. Compare to Table 1 in [35].

Eigenvalue Statistic
0 o 71 72
A1 —1.771087 0.901773 0.224084 0.093448

A2 —3.675440 0.735214 0.125000 0.021650
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Table 7.2. Mean, standard deviation, skewness and kurtosis data for first four edge-
scaled eigenvalues in the 8 = 1 Gaussian ensemble. Corollary 7.3.1 implies that rows
2 and 4 give corresponding data for the two largest eigenvalues in the 8 = 4 Gaussian
ensemble. Compare to Table 1 in [35], keeping in mind that the discrepancy in the
(B = 4 data is caused by the different normalization in the definition of Fi(s,1).

Eigenvalue Statistic
I o " 72
A1 —1.206548 1.267941 0.293115 0.163186
A2 —3.262424 1.017574 0.165531 0.049262
A3 —4.821636 0.906849 0.117557 0.019506
A4 —6.162036 0.838537 0.092305 0.007802

Table 7.3. Percentile comparison of Fi vs. empirical distributions for 100 x 100 and
100 x 400 Wishart matrices with identity covariance.

F;-Percentile 100 x 100 100 x 400
)\1 /\2 )\3 /\1 )\2 /\3
0.01 0.008 0.005 0.004 0.008 0.006 0.004
0.05 0.042 0.033 0.025 0.042 0.037 0.032
0.10 0.090 0.073 0.059 0.088 0.081 0.066
0.30 0.294 0.268 0.235 0.283 0.267 0.254
0.50 0.497 0.477 0.440 0.485 0.471 0.455
0.70 0.699 0.690 0.659 0.685 0.679 0.669
0.90 0.902 0.891 0.901 0.898 0.894 0.884
0.95 0.951 0.948 0.950 0.947 0.950 0.941

0.99 0.992 0.991 0.991 0.989 0.991 0.989
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final transformation, 345-346
free energy, 315
large N asymptotics, random
matrices, 394, 402
modified Pastur equation, 341-343
monic orthogonal polynomials, 294
Painlevé II equation, 295
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Parametrix construction)
Pauli matrix, 297
Psi-matrix, 296
recurrent coefficient, 295
scaling functions, 294-295
Schrodinger equation, 296
semiclassical approximation, 297
Double-well quartic matrix model,
294
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Dyson Brownian motion and Airy
process
Dyson diffusion, 185
Fredholm determinant, 187
full force, 185
heat diffusion equation, 183
Hermite kernel, 186, 187
joint probability distribution, 184
Markovian process, 183, 184
Ornstein—Uhlenbeck process, 185,
186
PDEs and asymptotics
Dyson process, 189
large time, 191-192
Sine process, 190-191
probability density, diffusion
equation, 183, 184
proof of results
asymptotic expansion, 196
boundary operators, 192
boundary terms, 199
conditional probability, 197
constants, 198
Hermitian matrices, 192
nonexplosion condition, 197
plausible conjecture, 196
statistics, 192, 193
Wronskians, 194, 195
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scale invariant, 183
Dyson determinantal formula, 255
Dyson diffusion process, XIV
Dyson express, 354
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Euler-Lagrange equations, 257
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Formal matrix integrals
ABAB models, 439
ADE models, 438
bi-orthogonal polynomials, 440
chain of matrices, 434
closed chain of matrices, 435
3-color model, 438
Feynman’s graphical representation,
421
formal power series, 418
free energy, 419
Gaussian integral, 417, 422
Hermitian matrices, 418
invariant monomial, 419, 420
invariant noncommutative monomial
and polynomials, 417
invariant polynomial, 420-421
Laurent polynomial, 418
loop equations
convergent matrix integral,
427428
formal expectation value, 425-426
Gaussian integrals, 426
Leibnitz rule, 424
linear combination, 429
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Formal matrix integrals (cont.)

merge rule, 425
“multicut” solutions, 427
no My rule, 425
random matrices, 423
Schwinger—Dyson equations,
423-424
split rule, 424
Taylor series expansion, 428
maps, 420
matrix element, 422
1-matrix model
F® expression, 430
potential V, 429
spectral curve, 429
square maps, 431
triangulated maps, 430-431
2-matrix model, 431-433
multi-cut formal matrix models, 439
N~2F; polynomial, 422-423
in nuclear physics, solid state
physics, quantum chaos, 416
O(n) model, 435-437
oriented discrete surfaces, 420
Potts model, 437-438
Q-gon, 419
in quantum chromodynamics,
quantum gravity, string theory,
conformal field theory, 416
Riemann—Hilbert problem, 440
Temperly-Lieb algebra, 440
topological expansion, 423
6-vertex model, 438
Wick’s theorem, 421, 422

Forrester, F.J., 453
Forrester, P.J., 19
Fredholm determinants, XIV, XV, 187

correlations
1- and 2-point correlations, 105
computation, 106
differentiation, 107
multinomial coefficient, 106
probability distribution, 104
edge distribution functions, 448-449
GOE
arbitrary polynomials, 482
column vector, 484
matrix kernel, 485, 486
matrix multiplication, 483-484

ordered space, 481
Vandermonde determinant, 481
GSE
integral operator, 466-467
matrix kernel, 466, 467
2N X 2 matrix, 465
2 X 2n matrix, 466
Pfaffian square, 464
GUE, 458-459, 463
KP-vertex operator, 141
link with kernels, 142
Meixner kernel, 71, 72
partition probability
integrable, Borodin—Okounkov, 44
kernel, 47-48
wedging-contracting operation,
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soliton Fredholm determinant, 144
style soliton formula, 143-144
vertex identities, 142-143
Virasoro relations, 144-146
Freilikher, V., 416
Freud equation, 354, 372, 411

G
Gauden, 353
Gaudin, M., 131
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classical Hermitian matrix ensembles,
108
Painlevé generation
differential operators, 114-116
disjoint union of intervals, 113,
114
KP equation, 114
PDE and ODE, 114, 117
t-differentiation, 115
Gaussian matrix model, 321-322
Gaussian model
be R, 325
bulk of spectrum, 324
Deift—Zhou steepest descent method,
326
Fredholm determinant, 326
limiting mean eigenvalue density,
322-324
non-intersecting Brownian bridges,
321-322
Pastur equation, 322



Pearcey kernel, 326
recurrence equation, 321
v € R, 324-325
Gaussian orthogonal ensemble (GOE)
edge scaling
determinant reduction, 490-492
differential equations (see
Differential equations)
Fredholm determinant
arbitrary polynomials, 482
column vector, 484
matrix kernel, 485, 486
matrix multiplication, 483-484
ordered space, 481
Vandermonde determinant, 481
Gaussian specialization
Gaussian weight function, 486
Hermite polynomials, 487
matrix kernel, 489-490
odd and even functions, 488
orthogonality, 487, 488
Painlevé function, 486
skew-symmetry, 487
Painlevé representations, 453, 454
Gaussian symplectic ensemble (GSE)
edge scaling and differential
equations
¢ function, 461

first-order differential equations,

462
Hermite polynomials, 459
kernel, 460
Painlevé representation, 463
Plancherel-Rotach asymptotics,
459
s — —00, 463

Fredholm determinant, 458-459, 463
Gaussian unitary ensemble (GUE), 253

edge scaling
determinant reduction, 474-476
differential equations (see
Differential equations)
Fredholm determinant
integral operator, 466-467
matrix kernel, 466, 467
2N X 2 matrix, 465
2 X 2n matrix, 466
Pfaffian square, 464
Gaussian specialization, 472
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Gaussian weight function, 468

Hermite polynomials, 469, 470
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matrix, 471

integrand, 470

matrix kernel, 473-474

skew-symmetry, 468

Geometrically distributed percolation

model
Airy function, 74
F,(z) function, 73, 74
Fredholm determinant, Meixner
kernel, 71, 72
Johansson’s percolation model, 67
Johansson theorem, 68-71
mean and standard deviation, 67
random variable, 72
Tracy-Widom distribution, 72
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®-jump matrix, 375, 378

inequalities, 376, 381
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Riemann theta-functions, 383
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Hankel determinants, 354
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Harish-Chandra-Itzykson-Zuber
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Harnad, J., XIII, 4, 114, 252, 309, 346
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dents, 406
Hastings—McLeod solution, 295, 300,
406
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Heine—Borel formula, 354
Heine’s formula
g-function, 268-269
heuristic semiclassical approxima-
tion, 268
matrix integral, 267268
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Hermite polynomials
GOE, 487
GSE, 469, 470, 478
GUE, 459
Hermitian matrices
Chazy and Painlevé equations,
119-120
classical Hermitian matrix ensembles
canonical correlation coefficients,
109-113
complex Gaussian population, 109
GUE, 108
Laguerre Hermitian ensemble, 109
diagonalization, 98
formal matrix integrals, 418
Haar measure, 96
inner product, 97
model, XIV
n? x n? diagonal matrix, 97
Painlevé generation
GUE, 113-117
Jacobi ensemble, 118
Laguerre ensemble, 117-118
tangent space, 99
vectors, 97, 98
Hermitian random matrix, 315
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determinant, 232, 237

disjoint cycles, 236
finite-dimensional identity, 232, 233
finite-rank operators, 231
inequality, 236
kernel, 234, 235
Lebesgue measure, 235
Lidskil theorem, 233-234
operator with rank, 231, 236
polar decomposition, 230
singular numbers, 230
triangle inequality, 231
Hirota symbol residue identity, 221-223
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bi-infinite matrix, 42
Cauchy—Binet formula, 43
Cauchy identity, 40-41
definition, 39
shift, 40
wedge products, 43
wedging and contracting operator,
39
Integral operators
correlation functions and kernels
Gaussian unitary ensemble, 243
matrix, 241, 242
n-point correlation function, 238,
240
orthogonal function, 240
probability density of eigenvalues,
238
sine and Airy kernel, 243
skew-orthogonal polynomials, 242
two Hilbert spaces, 239
Hilbert—Schmidt and trace class
operators
classical Fredholm determinant
formula, 236
continuous linear function, 232
definition, 229, 230
determinant, 232, 237
disjoint cycles, 236
finite-dimensional identity, 232,
233
finite-rank operators, 231
inequality, 236



kernel, 234, 235
Lebesgue measure, 235
Lidskii theorem, 233234
operator with rank, 231, 236
polar decomposition, 230
singular numbers, 230
triangle inequality, 231
Painlevé functions
chain rule, 248
commutator relations, 246248
differential equation, 247, 249
distribution functions, 243
KY(z) = K(z,y) condition,
244-245
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Laguerre polynomials, 76

Large N asymptotics, random matrices
critical case
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asymptotic analysis, 399-402

double scaling limit, 394, 402

Painlevé asymptotics, recurrence
coefficients (see Painlevé
asymptotics)

parametrix at z = 0 (see
Parametrix)

second Painlevé equation (see
Second Painlevé equation)

DKMVZ method

g-function (see g-function,
DKMVZ method)
Naive approach, 373

eigenvalue statistics, 352-353
elements of RH theory

Abelian case, 364

Cauchy integral, 363

Cauchy theorem, 365, 368

contour integral, 371

cyclic/trivial monodromy
condition, 362

I" contours, 360, 361

I'r contours, 366, 367

jump matrix, 362, 372

Lax pair, 372

Lo-boundedness of C+ and
small-norm theorem, 369-371

non-Abelian case, 364—-365

non-tangential limit, 368

normalization condition, 368

piece-wise smooth contours, 363

Plemelj—Sokhotskii formulae, 362

p X p invertible matrices, 360

Soliton theory, 372

unbounded piece-wise smooth
contour, 366

Hermitian matrix model, 351-352
orthogonal polynomials

arbitrary monic polynomial, 357
Cauchy integrals, 356
collection of polynomials, 353
domain 2¢0, 358

I'y and C contours, 357
Heine—Borel formula, 354
Liouville’s theorem, 359
matrix valued function, 356
partition function, 354

P, (z) orthogonality, 359
positive constant Cg, 358
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Large N asymptotics, random matrices
(cont.)
residue theorem, 357
RH representation, 360
parametrix at end points
Airy equation, 388
Airy functions, 389-390
asymptotic analysis, 391-394
asymptotic relation, 387-388
differential equation, 388
final formula, 390-391
jump and asymptotic condition,
386
“logarithmic derivative,” matrix
valued function, 387
model problem near z = zo,
383-386
monodromy theory, 387
Riemann—Hilbert method, 354-355
Lax pair equations, 296
Lebesgue measure, 351
Letendre, L., 134
Limit theorems, XIV
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geometrically distributed percolation
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distributed percolation model)
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Liouville theorem, 262, 405
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A derivatives in KdV, 148, 150
Grassmannian invariance
condition, 147, 149

hard edge limit, 148-149
Kontsevich integral, 147
Laplace integral, 149
7(t,E), condition, 147, 150
vacuum condition, 147, 149
Virasoro constraints, 148, 150
KP hierarchy
bilinear identity, 7-function,
140-141
isospectral deformation of L,
139
1) parametrization, 140
large n-limits
bulk scaling limit, 137-138
edge scaling limit, 138
Gaussian case, 137
hard edge scaling limit, 139
Wigner’s semi-circle law, 137
random matrix ensembles
crucial property, 135-136
Fredholm determinant, 136
Haar measure, n x n Hermitian
matrices, 134-135
probability, 134
vertex operators, soliton formulas
and Fredholm determinants
Fredholm determinant style
soliton formula, 143-144
KP-vertex operator, 141
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Virasoro relations, Fredholm
determinant, 144-146
McGregor, J., 200
McLaughlin, K.D.T.-R.., 134, 267, 311,
314, 346, 372, 373, 383, 416
McLeod, J.B., 406
McMillan, E.M., 155
Mehta Hermite kernel, 186
Mehta, M.L., 3, 96, 97, 104, 131, 186,
353, 452, 453, 480
Miller, P.D., 346
Miwa, T., 114, 131, 138
Modified Pastur equation, 341-343
Mo, M.Y., 346, 428
Moody, R., 141
Moor, G., 411
Mori, Y., 114, 131, 138
m-point correlation function, 352
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Multiple Hermite polynomials, 326
Multivariate Gamma function, 444
Multivariate statistics

algorithms, 503-504
determinant, 454455
edge distribution functions
Fredholm determinant representa-
tions, 448-449
universality theorems, 449-450
F1 wvs. empirical distributions,
505
interlacing property, 499-502
mean, standard deviation, skewness
and kurtosis data, 504, 505
mth largest eigenvalue distribution
GOE (see Gaussian orthogonal
ensemble)
GSE (see Gaussian unitary
ensemble)
GUE (see Gaussian symplectic
ensemble)
Painlevé representations
Airy equation, 452
edge scaling limit, 453
Gaussian (3-ensembles, 451
GOE matrices, 453, 454
interlacing Crgroperty7 453
MATLABY, 454
Tracy—Widom distributions, 451
partial derivatives of g(z, A), 503
recursion formula, eigenvalue
distributions
(B-ensemble, 455, 457
binomial coefficient, 456
integrand, 456, 457
joint density function, 455
symmetric function, 456
3 # clp, 446447
Wishart distribution
covariance matrix, 444, 445
x? test, 443
joint density function, 445
multivariate Gamma function,
444
principle component analysis, 445
Schur polynomials, 446
zonal polynomials, 446
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Olshanski, G., 33, 39, 64
Ornstein—Uhlenbeck process, 185, 186
Orthogonal polynomials
equilibrium measure
end-points, 266-267
equilibrium density, 265
minimization problem, 264
Wigner semicircle law, 265
FEuler-Lagrange variational condi-
tions, 265
heuristics, 263-264
large N asymptotics, random
matrices
arbitrary monic polynomial, 357
Cauchy integrals, 356
collection of polynomials, 353
domain 2¢0, 358
'y and C contours, 357
Heine—Borel formula, 354
Liouville’s theorem, 359
matrix valued function, 356
partition function, 354
P, (z) orthogonality, 359
positive constant Cg, 358
residue theorem, 357
RH representation, 360
Mmoo factorization, 77
moment matrix, 76
monic, 78-80
n degree polynomial and Stieltjes
transform, 77
off-diagonal elements, 81
orthonormal polynomials, 78
RHP
adjoint functions, 260-261
eigenvalue correlation functions,
263
with external source, 318-319
first transformation, 269270
Heine’s formula, 267-269
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Orthogonal polynomials (cont.)

Liouville theorem, 262
matrix-valued function, 261, 262
multicut case, 274-280
normalizing constant, 262-263
one-cut case, 272-274
parametrix construction, edge
points, 280-285
recurrence coefficients, 262
recurrent coefficients, asymp-
totics, 288-291
Rn(z), 287288
second transformation, 271-272
third and final transformation,
286
universality, 291-294
semi-infinite column, 77
semi-infinite shift matrix, 77
tridiagonal symmetric matrix, 80
unitary ensembles
Christoffel-Darboux formula, 256
differential equations, -functions,
259
discrete string equations, 257
eigenvalues, 254-255
GUE, 253
infinite Hamiltonian, 257-259
Lax pair, discrete string equations,
260
polynomial interaction, 252
symmetric tridiagonal Jacobi
matrix, 256
three-term recurrence relation,
255-256
topological large N expansion,
253-254
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asymptotic series, 407, 409

Hastings—McLeod Painlevé function,
410

holomorphicity, 408

jump matrix, 408

matrix coefficient, 407

Ry, 410411

uniqueness theorem, 409

z — 00, 407

Painlevé functions
chain rule, 248
commutator relations,
246248
differential equation, 247, 249
distribution functions, 243
KY(z) = K(z,y) condition,
244-245
Painlevé II equation, 243
Sobolev space, 244, 246
Painlevé generation
GUE
differential operators, 114-116
disjoint union of intervals, 113,
114
KP equation, 114
PDE and ODE, 114, 117
t-differentiation, 115
Jacobi ensemble, 118
Laguerre ensemble, 117-118
Painlevé II equation, 295, 300
Painlevé, P., 132, 148, 151, 191
Painlevé type relations, 132
Parametrix
at end points
Airy equation, 388
Airy functions, 389-390
asymptotic analysis, 391-394
asymptotic relation, 387-388
differential equation, 388
final formula, 390-391
jump and asymptotic condition,
386
“logarithmic derivative,” matrix
valued function, 387
model problem near z = zo,

383-386
monodromy theory, 387
at z =0

contour I';, 395

@ "-RH problem, 398-399

h(z) function analysis, 394-395

holomorphic and invertible
functions, 396
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398

matrix function, 397

normalization condition, 398
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Parametrix construction
a>1
at edge points, 329-332
first transformation, RHP, 327
integrals of ¢-functions, 326-327
model RHP, 328-329
Riemann surface, 326
second transformation, RHP, 328
third and final transformation,
333
a<l1
at branch points, 338-340
first transformation Y — U,
334-335
fourth transformation S — R, 340
A—functions, 333-334
second transformation U — T,
335, 336
third transformation T +— S,
335-338
near critical point
double scaling asymptotics,
305-308
model solution, 300-301
V(z) construction, 303-304
¢(z) construction, 301-305
near turning points, 299-300
at origin, 343-345
in PWKEB 297299
Parisi, G., 416
Partition probability
Cauchy’s identity, 33
Fredholm determinant, 44-48
infinite wedge spaces (see Infinite
wedge spaces)
Toeplitz determinants, 35-39
U(n) integrals, 48-50
Pastur equation, 322
Pastur, L.A., 120
Pauli matrix, 297
Pearcey distribution
Gaussian ensemble, 218-221
GUE, external source and Brownian
motion
non-intersecting Brownian paths,
200201
random matrix, 201-202
3-KP deformation
bilinear identity, 210, 212-213
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Cauchy transform, 211
identity, 209
probability, 209
probability distribution, 208, 209
self-evident formal residue
identity, 211
wave functions, 210
wave matrices, 209-210
MOPS and Riemann-Hilbert
problem, 202-204
universal behavior
Brownian kernel, 206-207
Brownian motion, 205
density of eigenvalues, 205
extended Pearcey kernel, 208
mean density of states, 206
PDE, 204
random matrices, 205
Virasoro constraints, integrable
deformations, 213-218

Pearcey kernels, 325-326
Pearson, K., 443
Percolation and growth models

discrete polynuclear growth models,
32-34

exponentially distributed entries,
28-30

geometrically distributed entries,
2628

probability, 24, 25

queuing problem, 30-32

Periwal, V., 411
Permutations

Cauchy identity, 11-13
percolation and growth models
discrete polynuclear growth
models, 32-34
exponentially distributed entries,
28-30
geometrically distributed entries,
2628
probability, 24, 25
queuing problem, 30-32
probability measure on words, 22-24
Robinson—-Schensted—Knuth corre-
spondence, 9-11
subsequences, 46
uniform probability
anticipation, n asymptotics, 15-16
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Permutations (cont.)
Plancherel measure, 13-15
random walks, 17-22
solitaire game, 15
transition probability, 16-17
Young diagrams and Schur
polynomials
hook length, 7
number of semi-standard Young
tableaux, 8
number of standard Young
tableaux, 8
Schur function, 7
semi-standard Young tableau, 6
skew-Schur polynomial, 7
standard Young tableau, 6
weight, 6
Pieri’s formula, 8
Plancherel, M., XIII, XIV
Plancherel measure
and Gessel’s theorem
generating function, 51
poissonized Plancherel measure,
51, 52
probability restriction, 50, 51
recurrence relation, Bessel
functions, 53
limit theorems
function, 62
hook length, 61
Monte Carlo simulation, 60, 61
numerical computation, 60
Vershik—Kerov and Logan—Shepp
theorem, 62-64
Plancherel-Rotach asymptotics, 459
Plemelj—Sokhotskii formulae, 378-379
Poincaré, J.H., 136
Préahofer, M.M., 188, 191
Principle component analysis, 445
Pronko, A.G., 346
Psi-matrix, 296

Q
Queuing problem
departure time, 31
first-in first-out service rule, 30
random matrix, 31
servers, 30, 31
straightforward calculation, 32

R
Raina, A., 39
Rains, E.M., 61, 155, 453
Random and integrable models
correlations and Fredholm determi-
nants
1- and 2-point correlations, 105
computation, 106
differentiation, 107
multinomial coefficient, 106
probability distribution, 104
Hermitian matrices, 96-99
Chazy and Painlevé equations,
119-120
classical Hermitian matrix
ensembles, 108-113
Painlevé generation, 113-118
kernel reproduction
determinant, 102, 103
m induction, 104
n X n Hermitian matrix, 102
symmetric matrix, 103
large Hermitian matrix ensembles
GUE and Wigner’s semi-circle,
120-122
soft edge scaling limit (see Soft
edge scaling limit)
limit theorems
exponentially distributed
percolation model, 75-76
geometrically distributed percola-
tion model (see Geometrically
distributed percolation model)
longest increasing sequences,
64-67
Plancherel measure, 60-64
partition probability
Cauchy’s identity, 33
Fredholm determinant, 44-48
infinite wedge spaces (see Infinite
wedge spaces)
Toeplitz determinants, 35-39
U(n) integrals, 48-50
percolation
Gauss’ hypergeometric function,
58
Laurent series expansion, 58
Meixner polynomials, 57,
59-60
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Cauchy identity, 11-13
models (see Percolation and
growth models)
probability measure on words,
22-24
Robinson—Schensted—Knuth
correspondence, 9-11
subsequences, 4-6
uniform probability (see Uniform
probability)
Young diagrams and Schur
polynomials, 6-8
Plancherel measure and Gessel’s
theorem
generating function, 51
poissonized Plancherel measure,
51, 52
probability restriction, 50, 51
recurrence relation, Bessel
functions, 53
probability, random words, 54-56
random Hermitian ensemble
Christoffel-Darboux identity, 101
orthonormal polynomials, 100
probability distribution, 99
symmetric kernel, 100, 101
Zn, normalization, 101
statistical distributions, 4
time-dependent weight and KP
equation, 81-88
Hirota symbol, 81
holomorphic functions, 82
Lie algebra splitting, 81
me factorization, 81
moment matrix determinants,
82-88
orthogonal polynomials (see
Orthogonal polynomials)
Taylor’s formula, 82
Virasoro equations, 82
weight, parameters, 81
Virasoro constraints
differential operators, 93
[B-integrals, 88-93
Jacobi ensemble, 95-96
Laguerre ensemble, 94-95
linear combinations, 94
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Random matrix models. See also

Random and integrable models
double scaling limit
complex plane partition, 297
double-well quartic matrix model,
294
final transformation, 345-346
free energy, 315
modified Pastur equation,
341-343
monic orthogonal polynomials,
294
Painlevé II equation, 295
parametrix construction (see
Parametrix construction)
Pauli matrix, 297
Psi-matrix, 296
recurrent coefficient, 295
scaling functions, 294295
Schrodinger equation, 296
semiclassical approximation, 297
with external source
Christoffel-Darboux formula,
317
eigenvalue correlation functions,
317-318
Gaussian model (see Gaussian
model)
Hermitian random matrix, 315
monic polynomial, 316
parametrix construction (see
Parametrix construction)
recurrence and differential
equations, 319-321
RHP, 318-319
free energy analyticity, regular V,
310-311
one-sided analyticity, critical point,
313-314
orthogonal polynomials (see
Orthogonal polynomials)
partition function, 308-310
topological expansion, 311-313

Random matrix theory (RMT), 131,

352

Random walks

analogous argument, 22
canonical way, 19
configurations, 19, 20
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Random walks (cont.)

Dyson Brownian motion and Airy
process, 182

horizontal and vertical segments, 21

2m possibilities, 17

one-to-one map, 20

probability, 17

six nonintersecting walkers, 18

Recursion relations, unitary integrals

basic involution, 152
basic recursion variables, 151-152
bi-orthogonal polynomials
dynamical variables, 158
inner product, 157
Ladik—Ablowitz lattice, 159
Toda equations, 158-159
2-Toda 7 functions, 157158
Toeplitz lattice, 157
combinatorics, 154-156
rational relations, (z,y), 153-154
recursion matrices, 152
self-dual case, 152
singularity confinement
analogous property, 163
differential equations, 166
formal Laurent solutions, 163,
165-166
general case, 164
self-dual case, 163, 165
Toeplitz matrices, 152
Virasoro constraints and difference
relations
explicit Virasoro formulas, 161
integrated version, 159
main facts, 160-161
Toda vertex operator, 159
Toeplitz flow, 162
Virasoro operator, 159
Virasoro relations, 161-162
weight r(z), 151

Riemann—Hilbert method, XV,

354-355

Riemann—Hilbert problem (RHP)

adjoint functions, 260—261
asymptotics, recurrent coefficients,
288-291
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