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Preface

This year marks the centennial of Student’s seminal 1908 paper, “On the probable
error of a mean,” in which the z-statistic and the ¢-distribution were introduced. Dur-
ing the past century, the ¢-statistic has evolved into much more general Studentized
statistics and self-normalized processes, and the 7-distribution generalized to the
multivariate case, leading to multivariate processes with matrix self-normalization
and bootstrap-t methods for tests and confidence intervals. The past two decades
have also witnessed the active development of a rich probability theory of self-
normalized processes, beginning with laws of the iterated logarithm, weak conver-
gence, large and moderate deviations for self-normalized sums of independent ran-
dom variables, and culminating in exponential and moment bounds and a universal
law of the iterated logarithm for self-normalized processes in the case of dependent
random variables. An important goal of this book is to present the main techniques
and results of these developments in probability and to relate them to the asymptotic
theory of Studentized statistics and to other statistical applications.

Another objective of writing this book is to use it as course material for a Ph.D.
level course on selected topics in probability theory and its applications. Lai and
Shao co-taught such a course for Ph.D. students in the Department of Statistics at
Stanford University in the summer of 2007. These students had taken the Ph.D. core
courses in probability (at the level of Durrett’s Probability: Theory and Examples)
and in theoretical statistics (at the level of Lehmann’s Testing Statistical Hypotheses
and Theory of Point Estimation). They found the theory of self-normalized processes
an attractive topic, supplementing and integrating what they had learned from their
core courses in probability and theoretical statistics and also exposing them to new
techniques and research topics in both areas. The success of the experimental course
STATS 300 (Advanced Topics in Statistics and Probability) prompted Lai and Shao
to continue offering it periodically at Stanford and Hong Kong University of Sci-
ence and Technology. A similar course is being planned at Columbia University
by de la Pefia. With these courses in mind, we have included exercises and sup-
plements for the reader to explore related concepts and methods not covered in
introductory Ph.D.-level courses, besides providing basic references related to these
topics. We also plan to update these periodically at the Web site for the book:
http://www.math.ust.hk/~magmshao/book—self/SNP.html.
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Chapter 1
Introduction

A prototypical example of a self-normalized process is Student’s ¢-statistic based
on a sample of normal i.i.d. observations Xi,...,X,, dating back to 1908 when
William Gosset (“Student”) considered the problem of statistical inference on the
mean | when the standard deviation ¢ of the underlying distribution is unknown.
Let X, = n 'Y | X; be the sample mean and s2 = (n—1)"'¥7 ,(X; — X,)? be
the sample variance. Gosset (1908) derived the distribution of the z-statistic 7, =
(X, — ) /s, for normal X;; this is the z-distribution with n — 1 degrees of free-
dom. The ¢-distribution converges to the standard normal distribution, and in fact
T, has a limiting standard normal distribution as n — oo even when the X; are non-
normal. When nonparametric methods were subsequently introduced, the ¢-test was
compared with the nonparametric tests (e.g., the sign test and rank tests), in particu-
lar for “fat-tailed” distributions with infinite second or even first absolute moments.
It has been found that the #-test of y = g is robust against non-normality in terms
of the Type I error probability but not the Type II error probability. Without loss of
generality, consider the case tiy = 0 so that

_ 12
7, = VX :S"{”—l)z} , (1.1)
.

Sn Vi (Sn/Vn

where S, = Y X;,V? = Y7, X?. Efron (1969) and Logan et al. (1973) have de-
rived limiting distributions of self-normalized sums S, /V,,. In view of (1.1), if T, or
Su/V, has a limiting distribution, then so does the other, and it is well known that
they coincide; see, e.g., Proposition 1 of Griffin (2002).

Active development of the probability theory of self-normalized processes be-
gan in the 1990s with the seminal work of Griffin and Kuelbs (1989, 1991) on laws
of the iterated logarithm for self-normalized sums of i.i.d. variables belonging to
the domain of attraction of a normal or stable law. Subsequently, Bentkus and Gotze
(1996) derived a Berry—Esseen bound for Student’s #-statistic, and Giné et al. (1997)
proved that the 7-statistic has a limiting standard normal distribution if and only if
X; is in the domain of attraction of a normal law. Moreover, Csorgé et al. (2003a)

V.H. de la Pena et al., Self-Normalized Processes: Limit Theory and Statistical Applications, 1
Probability and its Applications,
(© Springer-Verlag Berlin Heidelberg 2009



2 1 Introduction

proved a self-normalized version of the weak invariance principle under the same
necessary and sufficient condition. Shao (1997) proved large deviation results for
S,/ V, without moment conditions and moderate deviation results when X; is the
domain of attraction of a normal or stable law. Subsequently Shao (1999) obtained
Cramér-type large deviation results when E|X;|> < oo. Jing et al. (2004) derived
saddlepoint approximations for Student’s ¢-statistic with no moment assumptions.
Bercu et al. (2002) obtained large and moderate deviation results for self-normalized
empirical processes. Self-normalized sums of independent but non-identically dis-
tributed X; have been considered by Bentkus et al. (1996), Wang and Jing (1999),
Jing et al. (2003) and Csorgé et al. (2003a).

Part I of the book presents in Chaps. 3—7 the basic ideas and results in the prob-
ability theory of self-normalized sums of independent random variables described
above. It also extends in Chap. 8 the theory to self-normalized U-statistics based
on independent random variables. Part II considers self-normalized processes in the
case of dependent variables. Like Part I that begins by introducing some basic prob-
ability theory for sums of independent random variables in Chap. 2, Part II begins by
giving in Chap. 9 an overview of martingale inequalities and related results which
will be used in the subsequent chapters. Chapter 10 provides a general framework
for self-normalization, which links the approach of de la Pefia et al. (2000, 2004) for
general self-normalized processes to that of Shao (1997) for large deviations of self-
normalized sums of i.i.d. random variables. This general framework is also applica-
ble to dependent random vectors that involve matrix normalization, as in Hotelling’s
T?-statistic which generalizes Student’s #-statistic to the multivariate case. In partic-
ular, it is noted in Chap. 10 that a basic ingredient in Shao’s (1997) self-normalized
large deviations theory is e¥(9) := Eexp{0X; — p62X?}, which is always finite for
p > 0. This can be readily extended to the multivariate case by replacing 6X; with
0'X,, where 0 and X; are d-dimensional vectors. Under the assumptions EX| = 0
and E||X; ||? < oo, Taylor’s theorem yields

(0.p) = tog (Eexp (0%~ (@) = { (§ = p-+o1) ) 0B LX) 0

as @ —0.Lety>0,C, = (1+7)Z" XX/, A, = ZI' | X;. It then follows that p and €
can be chosen sufficiently small so that

{exp(0'A, — 0'C,0/2), Fpn>1} 12)
is a supermartingale with mean < 1, for ||0] < . ’

Note that (1.2) implies that { [ g/, 4n=0'Ci0/2£(0)d0, F,,n > 1} is also a su-

permartingale, for any probability density f on the ball {6 : ||8]| < €}.

In Chap. 11 and its multivariate extension given in Chap. 14, we show that the
supermartingale property (1.2), its weaker version E{exp(6’A, —0'C,06/2)} <1
for ||0]] < €, and other variants given in Chap. 10 provide a general set of conditions
from which we can derive exponential bounds and moment inequalities for self-
normalized processes in dependent settings. A key tool is the pseudo-maximization
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method which involves Laplace’s method for evaluating integrals of the form
Jjjo)<e€® A= 0'C10/2 £(6)d6. If the random function exp{6'A, — 6'C,6/2} in (1.2)
could be maximized over 6 inside the expectation E{exp(6’A, — 0'C,0/2)},
taking the maximizing value 8 = C, 'A,, would yield the expectation of the self-
normalized variable exp{A,C, 'A,/2}. Although this argument is not valid, in-
tegrating exp{6’A, — 6'C,6/2} with respect to f(6)d6 and applying Laplace’s
method to evaluate the integral basically achieves the same effect as in the heuristic
argument. This method is used to derive exponential and L,-bounds for self-
normalized processes in Chap. 12. The exponential bounds are used to derive laws
of the iterated logarithm for self-normalized processes in Chap. 13.

Student’s ¢-statistic v/n(X,, — 1) /s, has also undergone far-reaching generaliza-
tions in the statistics literature during the past century. Its generalization is the
Studentized statistic (6, — 0)/s¢,, where 0 is a functional g(F) of the underly-
ing distribution function F, 6, is usually chosen to be the corresponding functional
g(F,) of the empirical distribution, and §¢, is a consistent estimator of the stan-
dard error of én. Its multivariate generalization, which replaces 1/s¢, by ZA,,_ 1/ 2,
where 2n is a consistent estimator of the covariance matrix of the vector én or
its variant, is ubiquitous in statistical applications. Part III of the book, which is
on statistical applications of self-normalized processes, begins with an overview in
Chap. 15 of the distribution theory of the #-statistic and its multivariate extensions,
for samples first from normal distributions and then from general distributions that
may have infinite second moments. Chapter 15 also considers the asymptotic the-
ory of general Studentized statistics in time series and control systems and relates
this theory to that of self-normalized martingales. An alternative to inference based
on asymptotic distributions of Studentized statistics is to make use of bootstrap-
ping. Chapter 16 describes the role of self-normalization in deriving approximate
pivots for the construction of bootstrap confidence intervals, whose accuracy and
correctness are analyzed by Edgeworth and Cornish—Fisher expansions. Chapter 17
introduces generalized likelihood ratio statistics as another class of self-normalized
statistics. It also relates the pseudo-maximization approach and the method of mix-
tures in Part II to the close connections between likelihood and Bayesian inference.
Whereas the framework of Part I covers the classical setting of independent obser-
vations sampled from a population, that of Part II is applicable to time series models
and stochastic dynamic systems, and examples are given in Chaps. 15, 17 and 18.
Moreover, the probability theory in Parts I and II is related not only to samples
of fixed size, but also to sequentially generated samples that are associated with
asymptotically optimal stopping rules. Part III concludes with Chap. 18 which con-
siders self-normalized processes in sequential analysis and the associated boundary
crossing problems.
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Independent Random Variables



Chapter 2

Classical Limit Theorems, Inequalities
and Other Tools

This chapter summarizes some classical limit theorems, basic probability inequali-
ties and other tools that are used in subsequent chapters. Throughout this book, all
random variables are assumed to be defined on the same probability space (2,.7, P)
unless otherwise specified.

2.1 Classical Limit Theorems

The law of large numbers, the central limit theorem and the law of the iterated
logarithm form a trilogy of the asymptotic behavior of sums of independent random
variables. They are closely related to moment conditions and deal with three modes
of convergence of a sequence of random variables Y, to a random variable Y. We
say that Y, converges to Y in probability, denoted by Y, Py , if, for any € > 0,
P(|Y,—Y| > €) — 0 as n — o. We say that ¥,, converges almost surely to Y (or ¥,
converges to ¥ with probability 1), denoted by ¥, % Y, if P(lim, ... Y, =Y) = 1.
Note that almost sure convergence is equivalent to P(max>, |, —Y| > €) — 0 as
n — oo for any given € > 0. We say that Y, converges in distribution (or weakly)to Y,
and write ¥, =+ Y or ¥, = Y, if P(Y, <x) — P(Y < x), at every continuity point
of the cumulative distribution function of Y. If the cumulative distribution P(Y < x)
is continuous, then Y, L.y not only means P(Y, < x) — P(Y < x) for every x, but
also implies that the convergence is uniform in x, i.e.,

sup|P(Y, <x)—P(Y <x)| =0 as n — oo,
The three modes of convergence are related by

Y, 4y —v, Ly —vy, 2.

V.H. de la Pefia et al., Self-Normalized Processes: Limit Theory and Statistical Applications, 7
Probability and its Applications,
(© Springer-Verlag Berlin Heidelberg 2009
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. . D . .
The reverse relations are not true in general. However, Y, — c¢ is equivalent to
P . . . .
Y, — c when c is a constant. Another relationship is provided by Slutsky’s theorem:
D P D D
IfY, —Yand§, —c, then¥,+&, — Y +cand &Y, — cY.

2.1.1 The Weak Law, Strong Law and Law of the Iterated
Logarithm

Let X1,X,,... be independent and identically distributed (i.i.d.) random variables
and let S, = Y | X;. Then we have Kolmogorov’s strong law of large numbers and
Feller’s weak law of large numbers.

Theorem 2.1. n~'S, “% ¢ < o ifand only if E(|X1|) < oo, in which case ¢ = E(X)).
Theorem 2.2. In order that there exist constants ¢, such that n='S, — ¢, N 0,

it is necessary and sufficient that imy_...xP(|X;| > x) = 0. In this case, ¢, =
EX]I(‘X1| S n)

The Marcinkiewicz—Zygmund law of large numbers gives the rate of conver-
gence in Theorem 2.1.

Theorem 2.3. Let 1 < p < 2. IfE(|X1|) < oo, then
n' =V (7S, —E(X1)) £ 0 2.1)

if and only if E(|X1|P) < eo.

When p =2, (2.1) is no longer valid. Instead, we have the Hartman—Wintner law
of the iterated logarithm (LIL), the converse of which is established by Strassen
(1966).

Theorem 2.4. If EX{ < o and EX| = u, Var(X;) = 62, then

limsu M =0 a.s
nﬂoop\/2nloglogn o
liminf—> "™ _ 5 4

n—e \/2nloglogn

. maxj<i<n |Sk —k
lim sup <k K =0 a.s.

oo v/2nloglogn

Conversely, if there exist finite constants a and T such that

. Sp —na
limsup

A —
n—e +/2nloglogn
then a = E(Xy) and t* = Var(X;).

a.s.,
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The following is an important tool for proving Theorems 2.1, 2.3 and 2.4.
Lemma 2.5 (Borel-Cantelli Lemma).

(1) Let A1,Ay,... be an arbitrary sequence of events on (Q,% P). Then
Y2 P(A;) < oo implies P(A, i.0.) =0, where {A, i.0.} denotes the event
Nik>1 Un>k Ay, i.e., A, occurs infinitely often.

(2) Let A1,Ay,..., be a sequence of independent events on (Q,.%,P). Then
Y | P(A;) = o implies P(A, i.0.) = 1.

The strong law of large numbers and LIL have also been shown to hold for inde-
pendent but not necessarily identically distributed random variables X, X5, .. ..

Theorem 2.6.

(1) Ifbn T oo and Z;x’:l \]EII'()(Z)/bI2 < oo, then (Sn _ESn)/bn A5 0.
(2) If by 1 o0, Y2 P(I1Xi| > bi) < 00 and Y2 b *EXPI(|Xi| < b;) < oo, then (S, —
an) /by =25 0, where a, = Y1 EXA(|Xi] < by).

The “if” part in Theorems 2.1 and 2.3 can be derived from Theorem 2.6, which
can be proved by making use Kolmogorov’s three-series theorem and the Kronecker
lemma in the following.

Theorem 2.7 (Three-series Theorem). The series ) > | X; converges a.s. if and only
if the three series

Y P(Xi| >¢), Y EXid(IX;|<c), Y Var{X;I(|Xi<c)}
i=1 i=1 i=1

converge for some ¢ > 0.

Lemma 2.8 (Kronecker’s Lemma). If Y:° x; converges and b, T oo, then
b;l Z?:l bix; — 0.

We end this subsection with Kolmogorov’s LIL for independent but not nec-
essarily identically distributed random variables; see Chow and Teicher (1988,
Sect. 10.2). Assume that EX; = 0 and EX? < oo and put B = Y" | EX?. If B, — o
and X, = o(B,(loglogB,)~"/?) a.s., then

. Sn
limsup

————==1 a.s. 2.2
n—e Bpy/2loglogB, @ 22)

2.1.2 The Central Limit Theorem

For any sequence of random variables X; with finite means, the sequence X; — E (X;)
has zero means and therefore we can assume, without loss of generality, that the
mean of X; is 0. For i.i.d. X;, we have the classical central limit theorem (CLT).
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Theorem 2.9. IfXi,..., X, are i.i.d. with E(X;) = 0 and Var(X;) = 6> < oo, then

Sn D
1).
\/EG—>N(O, )

The Berry—Esseen inequality provides the convergence rate in the CLT.

Theorem 2.10. Let @ denote the standard normal distribution function and W, =

Su/(\/no). Then
sup [P(Wy < x) — D(x)| (2.3)

< 4.1 {G*ZEX%1(|X]\ > Vo) +n" 26 3E X P (1X] < vno) } .

In particular, if E|X, | < oo, then

0.79E|X; |3
 Vnod
For general independent not necessarily identically distributed random variables,

the CLT holds under the Lindeberg condition, under which a non-uniform Berry—
Esseen inequality of the type in (2.3) still holds.

sup |[P(W, <x)—P(x)| < 2.4)

Theorem 2.11 (Lindberg—Feller CLT). Let X,, be independent random variables
with E(X;) = 0 and E(X?) < eo. Let Wy, = S,,/By, where B> = Y'" | E(X?). If the
Lindberg condition

B> Y EX?I(|X;| > €B,) — 0  foralle >0 (2.5)
i=1
holds, then Wy, -2 N(0,1). Conversely, if max)<;<, EX? = o(B%) and W, LN
(0, 1), then the Lindberg condition (2.5) is satisfied.
Theorem 2.12. With the same notations as in Theorem 2.11,
sup [P(W, < x) — P(x)| (2.6)
X

n n
< 4.1 (3,;2 Y EXPI{|Xi| > B,} +B,> Y EIXiPT{|Xi| < Bn}>

i=1 i=1

and
|[P(W, < x)— P(x)] 2.7
BRI > (1 0B) | e EWET(%] < (14 )8
C ,
= (Zl (14 [)°B Z (11’8 )

where C is an absolute constant.
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2.1.3 Cramér’s Moderate Deviation Theorem

The Berry—Esseen inequality gives a bound on the absolute error in approximating
the distribution of W, by the standard normal distribution. The usefulness of the
bound may be limited when @(x) is close to 0 or 1. Cramér’s theory of moderate
deviations provides the relative errors. Petrov (1975, pp. 219-228) gives a compre-
hensive treatment of the theory and introduces the Cramér series, which is a power
series whose coefficients can be expressed in terms of the cumulants of the under-
lying distribution and which is used in part (a) of the following theorem.

Theorem 2.13.

(a) Let X1,X5,... be i.i.d. random variables with E(X;) = 0 and EeolXil < oo for
some to > 0. Then for x > 0 and x = o(n1/2),

el () (oo(5)). e

where A(t) is the Cramér series.
(b) If E¢V' X1l < oo for some 1y > 0, then

Im — 1 asn— ocouniformly inx € [0,0(n1/6)> . (2.9)
(c) The converse of (b) is also true; that is, if (2.9) holds, then Ee’o\/m < oo for
some to > 0.

In parts (a) and (b) of Theorem 2.13, P(W, > x)/(1 — ®(x)) can clearly be
replaced by P(W, < —x)/®(—x). Moreover, similar results are also available for
standardized sums S, /B, of independent but not necessarily identically distributed
random variables with bounded moment generating functions in some neighborhood
of the origin; see Petrov (1975). In Chap. 7, we establish Cramér-type moderate de-
viation results for self-normalized (rather than standardized) sums of independent
random variables under much weaker conditions.

2.2 Exponential Inequalities for Sample Sums

2.2.1 Self-Normalized Sums

We begin by considering independent Rademacher random variables.
Theorem 2.14. Assume that €; are independent and P(g;=1) = P(g;=—1) =1/2.

Then
P <(Z=1i€1/z 2x> <e vl (2.10)

i:lai)

for x > 0 and real numbers {a;}.
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Proof. Without loss of generality, assume Y/, al-2 = 1. Observe that

%(e—t_’_et) Serz/z

for t € R. We have
n , ;
P Zai&' >x) <e” Ee Lizi aiti
i=1
2 : .
— e*X Hi(efa,x_'_eulx)
2 2,2 2
<e” He”ix /2 _ e /2.
i=1

O

Let X, be independent random variables and let V? = Y", X?. If we further
assume that X; is symmetric, then X; and &X; have the same distribution, where
{&} are i.i.d. Rademacher random variables independent of {X;}. Hence the self-
normalized sum S, /V, has the same distribution as (Y7 | X;€;)/V,. Given {X;,1 <
i < n}, applying (2.10) to a; = X; yields the following.

Theorem 2.15. If X; is symmetric, then for x > 0,
P(S, > xV,) < e /2. @2.11)

The next result extends the above “sub-Gaussian” property of the self-normalized
sum S,,/V, to general (not necessarily symmetric) independent random variables.

Theorem 2.16. Assume that there exist b > 0 and a such that
P(S,>a)<1/4 and P(V?>b*)<1/4. (2.12)

Then for x > 0,
P{S, > x(a+b+V,)} <2e /% (2.13)

In particular; if E(X;) = 0 and E(X?) < oo, then
P{|Ss| > x(4B, +V,)} <de ™ forx>0, (2.14)

where B, = (LI, EX?)'/2.
Proof. When x < 1, (2.13) is trivial. When x > 1, let {¥;, 1 <i < n} be an indepen-

dent copy of {X;,1 <i <n}. Then
n n

P V< | >1-P(YYi>a|-P| YV >p
i 1 i—1 i—1

1—1/4—1/4=1/2.

M=
M=

Y <a,
1 i

Y

Y
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Noting that

and that {X; —Y;,1 <i < n} is a sequence of independent symmetric random vari-
ables, we have

P(Sy>x(a+b+V,), Y Y <aY! Y2 <b?)
P(Y,Yi<a Yl Y2 <b?)
1/2
< 2P (S0, (% - 1) 2 x (T, (% - 1)) )

S 2e7x2/2

P(S, >x(a+b+Vy,)) =

by (2.11). This proves (2.13), and (2.14) follows from (2.13) witha =b=2B,. O

2.2.2 Tail Probabilities for Partial Sums

Let X, be independent random variables and let S, = Y""; X;. The following theorem
gives the Bennett—Hoeffding inequalities.

Theorem 2.17. Assume that EX; <0, X; <a (a > 0) for each 1 <i<n, and
" |EX? < B2 Then

Ee' <exp(a?(e“—1—ta)B;)  fort>0, (2.15)
B? ax ax ax
P(S, > x) <exp (—é’{(l—s—B}%)log (1—1—3%)—3%}) (2.16)
and
2
P(S, > x) <exp <2(B%+ax)) Sforx > 0. (2.17)

Proof. Ttis easy to see that (¢* — 1 —s)/s? is an increasing function of s. Therefore

e <1415+ (15)% (" — 1 —1a)/(ta)? (2.18)
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for s < a, and hence

n n
E¢S = [[EeS <[] (1+1EX; +a(é“ ~ 1 - 1a)EX?)
i=1 i=1

n
<[I(+a?(*—1—1ta)EX?) <exp(a *(¢—1—1ta)By).
i=1

This proves (2.15). To prove (2.16), let t = a~'log(1 +ax/B?2). Then, by (2.15),

P(S, >x) < e Ee'S
<exp(—tx+a (e —1—ta)B;)

. Bﬁ 14 ax log (14 ax ax
= X _—— — A e
Plma )%\ ") Bf)

proving (2.16). To prove (2.17), use (2.16) and
§2

for s > 0.
2(1—|—s) or.s >

(I+s)log(l+s)—s>

O

The inequality (2.17) is often called Bernstein’s inequality. From the Taylor ex-
pansion of e¥, it follows that

& < 1+x+x2/2+|x]Pe*/6. (2.19)

Let B, = Y7, E|X;|]*. Using (2.19) instead of (2.18) in the above proof, we have

1 1
Eé"" < exp (zﬂBﬁ + 6t3ﬁnem) , (2.20)
Lo 13, 4
P(S, >x) <exp| —tx+ Et B, + gt Bre 2.21)
for all r > 0, and in particular
x2 x3 ax/Bz
P(S, >x) <exp —E + 650 Bre® P ). (2.22)

When X; is not bounded above, we can first truncate it and then apply
Theorem 2.17 to prove the following inequality.

Theorem 2.18. Assume that EX; <0 for 1 <i<nandthat)_, EX,»2 < Bﬁ. Then

B2 ax ax ax
P(S,>x) <P (lngllannXi > b) +exp (—a; { (1 + B%) log (1 + Br21> — Bg})

+Y7r Pla<X;<b)P(S,—X;i>x—Db) (2.23)
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forx>0andb > a> 0. In particular,

332 1/6
>x) < j —_—l )
P(S,>x) <P <1n<1’a<an, > 5x> + (B% n 5x2> (2.24)
forx>0and d > 0.
Proof. LetX; = X;I(X; < a) and S, = Y7, X;. Then
P(S,>x) < P(maxX,- >b> +P<Sn > x, max X; <a)
1<i<n 1<i<n
+P (S,, >x, max X; > a, max X; < b>
1<i<n 1<i<n
< P<max X; > b) +P(S, > x)
1<i<n
+Y1 P(Sy > x,a < X; <D) (2.25)

gP(maxX,-Zb>+P(S’n2x)

1<i<n

+Z;~1:1P(Sn—Xi >x—ba<X; < b)

P<maxXl-2b> +P(S, > x)

1<i<n

+Y!  Pla<X; <Db)P(S,—X; >x—D).

Applying (2.16) to S, gives

_ B2 ax ax ax
P(S, > x) <exp (—a;’ Kl +Bz> log (1 +Bz) - Bz}) ;
n n n

which together with (2.26) yields (2.23). From (2.23) with a = b = dx, (2.24)
follows. a

The following two results are about nonnegative random variables.

Theorem 2.19. Assume that X; > 0 with E(X?) < oo. Let y, = Y"_| EX; and B> =
" | EX?. Then for 0 < x < i,

Y
P(S, < x) < exp (—(“”ZBZX)) . (2.26)

Proof. Note that e < 1 —a+a*/2 for a > 0. For any ¢ > 0 and x < p,,, we have
n
P(Sn < X) < NEe S — ofX HEe,,Xi
i=1

n
< MTJEN —1X+1X7)2)
i=1

< exp (—1(ip —x) -l—tzB%/Z) .

Letting t = (W, — x)/B? yields (2.26). 0
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Theorem 2.20. Assume that P(X; = 1) = p; and P(X; = 0) = 1 — p;. Then for x > 0,
X
P(si>x < (B, 227)
x
where L =Y" | p;.
Proof. Lett > 0. Then

n

P(S,>x) < eftxHEetX" = eftxH (1+pi(e' = 1))
i=1

i=1

<exp(—tx+ (' —1) X1, pi) =exp(—tx+ (¢ — )u).

Since the case x < y is trivial, we assume that x > y. Then letting t = log(x/ut)
yields

exp (—tx+ (¢ — 1)at) = exp (—xlog(x/k) +x— ) < (e/x)".

We end this section with the Ottaviani maximal inequality.

Theorem 2.21. Assume that there exists a such that max<g<, P(Sx—S, > a) < 1/2.
Then

P ( max Sy > x) <2P(S, >x—a). (2.28)
1<k<n
In particular; if E(X;) = 0 and E(X?) < o, then
P (1131?? S > x) <2P(S, >x—/2B,), (2.29)
where B, = /Y1 | E(X?).

Proof. LetA; = {Sl Zx} and A, = {Sk > X, maxi<i<k—19; <x}. Then {maxlgkgn Sk
> x} =U}_,Ar and

(ngE

P<max Sy Zx) <P(S,>x—a)+ ) P(Ar,S,<x—a)

1<k<n

»
Il

A
=

(9%}

3

\Y

=

|
&
+
1=

P(Ak7Sn_Sk < _a)

=~
Il
—_

)P(Sn _Sk < —a)

Il
act
2

V
-

|
2
+

™=
v

LS

E

agE

< P(Sp=zx—a)+(1/2) ) P(Ax)

=~
I

= P, > x-a)+ (1/2)P (max e ).

which gives (2.28). (2.29) follows from (2.28) with a = V2B,. a
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The proof of Kolmogorov’s LIL (2.2) involves upper exponential bounds like
those in Theorem 2.17 and the following lower exponential bound, whose proof is
given in Chow and Teicher (1988, pp.352-354) and uses the “conjugate method”
that will be described in Sect. 3.1.

Theorem2 22. Assume that EX; = 0 and |X;| < a; a.s. for 1 <i < n and that
1EX2 B2 Let ¢, > ¢y > 0 be such that limy,_,e anc, /B, = 0. Then for every
0 < y < 1, there exists 0 < 8y < 1/2 such that for all large n,

P{S,>(1-7) 2¢,B,, }=>8yexp{—(1—-y)(1— 2/2}

2.3 Characteristic Functions and Expansions Related to the CLT

LetY be a random variable with distribution function F. The characteristic function
of Y is defined by ¢(t) = Ee"’ = [*_e™dF (y) fort € R. In view of Lévy’s inversion
Sformula

T ita __ ith
lim i/ ¢ G()dt=Pla<Y <b)+ % (P(Y =a) + P(Y = b)}
(2.30)

for a < b (see Durrett, 2005, pp. 93-94), the characteristic function uniquely deter-
mines the distribution function. The characteristic function ¢ is continuous, with
©(0) =1, |@(r)] <1 forallr € R. There are three possibilities concerning solutions
to the equation |@(¢)| = 1 (see Durrett, 20053, p. 129):

(a) |o(t)] < 1forallt+#0.

(b) |@(t)| =1 forall t € R. In this case, ¢(t) = ¢ and Y puts all its mass at a.

(©) |o(t)] =1 and |@(r)] < 1 for 0 <t < 7. In this case |¢| has period T and
there exists b € R such that the support of Y is the lattice {b+2nj/7: j =0,
+1,42,...}, 1.e., Y is lattice with span 21/ T.

A random variable Y is called non-lattice if its support is not a lattice, which cor-
responds to case (a) above. It is said to be strongly non-lattice if it satisfies Cramér’s
condition

limsup|@(7)| < 1. (2.31)

| —o0

Note that (2.31), which is only concerned with the asymptotic behavior of |@(z)| as
|f] — oo, is stronger than (a) because it rules out (b) and (c).

If the characteristic function @ of Y is integrable, i.e., [~ |@(r)|dt < oo, then Y
has a bounded continuous density function f with respect to Lebesgue measure and

1= ..
fy)= E/, me’”"fp(t)dt- (2.32)
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This is the Fourier inversion formula; see Durrett (2005, p. 95). In this case, since
o(t) = [T e f(y)dy and f is integrable,

lim @(f) =0 (2.33)

|t‘4>oo

by the Riemann-Lebesgue lemma; see Durrett (2005, p.459). Hence, if Y has an
integrable characteristic function, then Y satisfies Cramér’s condition (2.31).

In the case of lattice distributions with support {b+ hk : k =0,+1,4+2,...}, let
pr = P(Y = b+ hk). Then the characteristic function is a Fourier series @(f) =
Zzoz_oo pkeil(thhk), with

w/h )
i = % / /he*’“b*h")(p(z)dn (2.34)
—T

noting that the span % corresponds to 27/t (or T = 27/h) in (b).

2.3.1 Continuity Theorem and Weak Convergence

Theorem 2.23. Let ¢, be the characteristic function of Y,,.

(a) If @,(t) converges, as n — o, to a limit Q(t) for every t and if ¢ is continuous
at 0, then @ is the characteristic function of a random variable Y and Y,y =Y.

(b) If Y, = Y and @ is the characteristic function of Y, then lim,_... @,(t) = ¢(¢)
forallt e R.

For independent random variables Xi,...,X,, the characteristic function of the
sum S, = Y/, X; is the product of their characteristic functions @i, ..., @,. If X; has
mean 0 and variance 61»2, quadratic approximation of ¢;(¢) in a neighborhood of the
origin by Taylor’s theorem leads to the central limit theorem under the Lindeberg
condition (2.5). When the X, have infinite second moments, the limiting distribution
of (S, — by)/ay, if it exists for suitably chosen centering and scaling constants, is
an infinitely divisible distribution, which is characterized by the property that its
characteristic function is the nth power of a characteristic function for every integer

n > 1. Equivalently, Y is infinitely divisible if for every n > 1,Y L Xo1 + -+ Xons

.. . D L
where X;,; are i.i.d. random variables and = denotes equality in distribution (i.e., both
sides having the same distribution). Another equivalent characterization of infinite
divisibility is the Lévy—Khintchine representation of the characteristic function ¢

of Y:
(1) =exp{in+/_ <e”"— - lj—uu2> (1:2” )dG(u)}, (2.35)

where ¥ € R and G is nondecreasing, left continuous with G(—ee) = 0 and
G(o0) < 0. Examples of infinitely divisible distributions include the normal,
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gamma, Poisson, and stable distributions; see Durrett (2005, Sect.2.8) and Chow
and Teicher (1988, Chap. 12).
A random variable Y is said to have a stable distribution if for every integer n > 1,

y2 (Xu1 + -+ Xun — Bn) / @, where X,; are i.i.d. and oy, > 0 and 3, are constants.
In this case, o, must be of the form n!/? for some 0 < o < 2; o is called the index
of the stable distribution. For the sum S, of i.i.d. random variables Xi,...,X,, if
(S; — byn) /ay, converges in distribution for some constants a, # 0 and b,, then the
limiting distribution must be stable.

The following theorem (see Durrett, 2005, p. 151) gives necessary and sufficient
conditions for the common distribution of X; to belong to the domain of attraction
of a stable distribution with exponent 0 < o < 2 (i.e., for (S, — b,)/a, to converge
weakly to the stable distribution). A function L : (0,00) — R is said to be slowly
varying (at oo) if

lim Liex)
L)

=1 for all ¢ > 0. (2.36)

Theorem 2.24. X belongs to the domain of attraction of a stable distribution with
exponent 0 < a0 < 2 if and only if there exist 0 < 0 < 1 and a slowly varying function
L such that

(a) P(]X| > x) =x “L(x),
(b) )}EEQP(X >x)/P(|X]| >x)=06.

In this case, (S, — by)/an converges weakly to the stable distribution, with
a, =inf{x: P(|X|>x)<n" '}, b,=nEXI(|X| <a,).

There are analogous results for the domain of attraction of a normal distribution
(with o = 2). Further details on slowly varying functions and domain of attraction
are given in Chap. 4 where we consider weak convergence of self-normalized sums
of i.i.d. random variables.

2.3.2 Smoothing, Local Limit Theorems and Expansions

As noted in the previous subsection, the usual proof of the central limit theorem
for sums of independent random variables involves quadratic approximations of the
characteristic functions. Higher-order Taylor expansions of the characteristic func-
tions will lead to more redefined approximations of the characteristic function of
W, = S,/B, in Sect. 16.2.1. The Fourier inversion formula (2.32) can be used to
derive asymptotic expansions of f, — ¢, where f,, is the density function of W,, and
¢ is the standard normal density, if the characteristic functions of Ee* are in-
tegrable. Without such integrability assumptions, we can still perform a modified
Fourier inversion to estimate the difference between the distribution functions of
W, and N(0, 1), by using the following bound that was first introduced to prove the
Berry—Esseen inequality (Theorem 2.10).
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Theorem 2.25. Let F be a distribution function and G a function such that
G(—o0) =0, G(e0) = 1 and |G'(x)| < C < oo. Then

24C
dt + —— (2.37)

@(1) —v(t)
t T

suplF(x) -G < L [

for T >0, where ¢(t) = [~ e™dF(x) and y(t) = [~ e"™dG(x) are the Fourier
transforms of F and G, respectively.

For details of the proof of Theorem 2.25, see Chow and Teicher (1988, pp. 301-
302). Here we summarize the main “smoothing” idea behind the bound. First note
that if U is independent of ¥ and has an integrable characteristic function, then the
characteristic function of Y + U (which is a product of the two individual character-
istic functions) is integrable and therefore the Fourier inversion formula (2.32) can
be used to evaluate the density function (and hence also the distribution function)
of Y 4+ U. Choosing U such that its characteristic function vanishes outside [T, T]
and its density function is concentrated around O (so that U is small) is the basic
idea behind (2.37). Specifically, we choose U with density function

1 —cos(xT)

1
=, - oo 2.38

ur (x)
whose characteristic function is @y (1) = (1 —|t|/T)I(|r]| < T). Instead of the distrib-
ution function of Y 4 U in the preceding discussion, we let A = F — G and consider
the more general convolution [*7_ A(# — x)ur(x)dx, noting that the Fourier trans-
form of F — G is ¢ — 7. In Chap. 16, we apply Theorem 2.25 to derive Edgeworth
expansions related to central limit theorems for a wide variety of statistics. Here we
illustrate its application and that of the smoothing density (2.38) in the following.

Theorem 2.26. Let X,X,X3,...X, be i.i.d. random variables with EX = 0 and
EX? = 62> 0, and assume that X is non-lattice. Let Sy = X) + -+ + X,,.

(a) IFE|X|? < oo, then

P(GS\% <x> :db(x)—&lj?if/ﬁ(xz—l)q&(x)—ko(\}ﬁ) (2.39)

as n — oo, uniformly in x € R.
(b) For any x € R and h > 0,

h 1)1
P(ynx < S, < /nx+h) = +\/Oﬁ( ) —0 (%) asn—oo.  (2.40)
Proof. To prove (2.39), we apply Theorem 2.25 with F equal to the distribution
function of S, /(0+/n), G(x) equal to the right hand side of (2.39) with the o(1/1/n)
term removed, and 7 = a+/n, where for given € > 0, a is chosen so that 24|G’(x)| <
€a for all x. The Fourier transform of G is
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2 EX?
N=e 2314+ —=—(it)’ }.
0= {1 i
Hence by Theorem 2.25,

¢"(t/0/n) —¥(1)

t

Fo-ow < [* i+l Qan
su x)—Gx)| < t+—. .

i ~ayn v

Split the integral into [55 1/ /i<a T Jj<66/m» Which we denote by (1) + (I). Since
X is non-lattice, maxgg<,|/ m<a |@(t/0+/n)| < 1, from which it follows that (7) =
O(p™) for some 0 < p < 1. For |¢| < §0+/n with § > 0 chosen sufficiently small, we
can apply the Taylor expansion to ¢(¢/c+/n) and choose n sufficiently large so that
(II) < €/+/n. Since ¢ is arbitrary, (2.39) follows from (2.41). The proof of (2.40)
does not use Theorem 2.25; it uses the smoothing density (2.38) more directly in the
Fourier inversion formula (2.32); see Durrett (2005, pp. 132—134) for details. a

Theorem 2.26(b) is called a local limit theorem. It says that the probability that S,
belongs to an interval of width //n is asymptotically equal to the N(0,1) density
function at any value of interval multiplied by the width &/+/n. In the case of lattice
X with support {b+hk : k=0,+1,42,... }, we can apply the Fourier inversion for-
mula (2.32) to obtain a similar result for the probability density of S,,. The preceding
ideas and results can be readily extended to the multivariate case. The characteristic
function ¢ of a d x 1 random vector Y is given by ¢(t) = Ee"Y |t € RY. There are
corresponding Fourier inversion formulas, smoothing bounds and local limit theo-
rems. In particular, Stone (1965) has established a local limit theorem for the sum S,
of i.i.d. random vectors Xn that belong to the domain of attraction of a multivariate
stable distribution.

2.4 Supplementary Results and Problems

1. Prove the following relation among the three models of convergence:
a.s. P D
Y, Y=Y, —Y=Y, —Y.

Also give counterexamples to show that the reverse relations are not true in
general.

2. Prove that if W, -2 N(0,1), then sup, |P(W, < x) — P(x)| — 0 as n — oo.

3. Let {X;, 1 <i < n} be independent random variables. Prove that for x > 0,

P( max |Sg| >x) <3 max P(|Sx| >x/3).
1<k<n 1<k<n
4. Montgomery-Smith (1993): Let Xi,..., X, be i.i.d. random variables. Prove that
for x > 0,
max P(|Sx| > x) <3P(|S,| > x/10).

1<k<n
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7.

2 Classical Limit Theorems, Inequalities and other Tools

Let {X;, 1 <i < n} be independent random variables with E(X;) = 0 and
E|X;|P < oo, where 1 < p < 3. Prove that

n
ElS,[F <2* P Y E|X;|P  for1<p<2,
i=1

and .
E|S)|P <(p—1)By+ ) EIX;|’  for2<p<3,
i=1
where B2 =Y | E|X;|*.
Hint: [1+x|P < 1+ px+227P|x|P for 1 < p<2and x € R.
Prove Rosenthal’s inequality: Let p > 2 and let Xy, ...,X, be independent ran-

dom variables with EX; = 0 and E|X;|P < oo for 1 <i < n. Then there exists a
constant A, depending only on p such that

E[S,|P <A, ((Es,%)l’/2 + ZEX,»|P> . (2.42)
i=1

1

Hint: Write E|S,|P = [ pxP~1P(S, > x)dx+ [5° pxP~'P(—S, > x)dx and apply
(2.24).
Let Xj,...,X, be i.i.d. random variables with E(X;) = 0 and Var(X;) = 1. The

Sfunctional form of the central limit theorem (Theorem 2.9) says that if we define
for0 <r <1,

Wn(t):{s,-/\/ﬁ fort=i/n (So=0), 043

linear fori/n<t<(i+1)/n,

then W, converges weakly to Brownian motion W in CJ0, 1] (the space of real-
valued continuous functions on [0, 1] with metric p(f,g) = maxo<y<i |f(x) —
g(x))),ie., Ef(W,) — E f(W) for all bounded continuous functions f : C[0,1] —
R; see Durrett (2005, pp. 401-407). In particular, use this result to show that

Y (0 )X = N(0,1/3). (2.44)
i=1

Also prove (2.44) by applying the Lindeberg—Feller theorem.

There is also a functional LIL due to Strassen; see Durrett (2005, p.435): With
the same notation and assumptions as in the preceding problem, let Z,(-) =
W, (-)/+/2Toglogn for n > 3. Then with probability 1, {Z,, n > 3} is relatively
compact in C[0, 1] and its set of limit points in C[0, 1] is

1
{f €C[0,1]: £(0) =0, f is absolutely continuous and /0 (f’(t))zdt < 1} .
(2.45)
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The set (2.45) is related to Brownian motion (see the preceding problem) as
the unit ball of the reproducing kernel Hilbert space of the covariance function
Cov(W (1), W (s)) =t As of Brownian motion. Making use of the functional LIL,
prove the compact LIL that the set of limit points of {Z,(1), n >3} is [—1,1]
and find the set of limit points of {n=3/2Y"_, (n —i)X;/\/Toglogn, n > 3}.

9. Another refinement of Theorem 2.4 is the upper-lower class test. A sequence b,
of positive numbers such that b, /+/n is nondecreasing for all large n is said to
belong to the upper class with respect to the random walk {S,} if P{S, —nu >
by i.0.} =0 and to the lower class otherwise. Show that

0 if Yoo n32b,exp (—b2/(20%n)) < oo,

P{Sn —ny > by 10} = {oo otherwise



Chapter 3
Self-Normalized Large Deviations

In this chapter we first review the classical large deviation theorem (LDT) for sums
of i.i.d. random variables X, X, ...,X,. As shown in Sect. 3.1, a key ingredient of
LDT is a finite moment generating function of X; in a right neighborhood of the
origin. Surprisingly, Shao (1997) shows that for self-normalized sums of the X;, the
LDT holds without any moment assumption on X;. The main results and proofs of
this self-normalized large deviation theory are given in Sect. 3.2.

3.1 A Classical Large Deviation Theorem for Sample Sums

Let X,Xi,...,X, be i.i.d. random variables with P(X # 0) > O and let S, =Y" | X;.
The Cramér—Chernoff large deviation theorem states that if

Ee%Y < oo for some 6y > 0 3.1

then for every x > EX,

S
lim n~ ! logP (n" zx) =logp(x),

or equivalently,
1/n
lim P (S" > x) =p(x), (3.2)
n—oc0 n

where p(x) = inf,>0e *Ee'®; see Bahadur and Ranga Rao (1960) who give refer-
ences to previous literature and also develop a more precise estimate of P(S,,/n > x)
as described below. See also Dembo and Zeitouni (1998) for subsequent extensions
and related large deviation results.

Let X,, = S, /n. Bahadur and Ranga Rao (1960) make use of a change of measures
to prove the Cramér—Chernoff large deviation theorem and derive a more precise
asymptotic approximation to P(X,, > x), which is often called exact asymptotics for

V.H. de la Peia et al., Self-Normalized Processes: Limit Theory and Statistical Applications, 25
Probability and its Applications,
(© Springer-Verlag Berlin Heidelberg 2009
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large deviations; see Dembo and Zeitouni (1998). Letting eV(0) = X , the basic
idea is to embed P in a family of measures Py under which X1,X>, ... are i.i.d. with
density function fg(x) = e®*~¥(®) with respect to P. Then for any event A,

dP .
P(A) = Fcin_Ee{ — (05 lI’“’))I(A)}, (3.3)

since the Radon-Nikodym derivative (or likelihood ratio) dPg/dP is equal to
17, fo(X;) = eOSn—nv(0),
The family of density functions fy is an exponential family with the following
properties:
EoX = v/ (9), Varg (X) = y"(0 (3.4)

The change-of-measure formula (3.3) is a special case of likelihood ratio identities
which will be discussed further in Sect. 18.1.1. In particular, for A = {Xn > x} with
x> EX, we choose 0 = 6, such that EgX = x (and therefore x = y’(0) by (3.4)). For
this choice of 0 in (3.3), which is often called the “conjugate method” (see Petrov,
1965),

_ W, {,ﬁw(ﬁ@ﬂ)) (X, > x)}, (3.5)

where

(3) = x— y(6) = sup (6~ y(6): (3.6)

see Problem 3.1. Since x = Eg (X), Z, := v/n(X, — x) converges in distribution to
N(0, Varg (X)) under Py_by the central limit theorem. However, because (3.5) in-
volves Eg e V"%%[(Z, > 0), which contains —6,/nZ, in the exponent, we need
a local limit theorem for Z, when it is in a O(1//n)-neighborhood of 0. If X is
non-lattice, we can use Theorem 2.26(b) to conclude from (3.5) that

PRy >x) = e <">E9 {e—f’ﬂ/ﬁznl(zn > 0)}

X

e I (x o efnﬂ(x)
g — 3.7
o, V2Tn / 0,0.V2nn S

where 62 = Varg (X) = y"(6,) by (3.4); see Bahadur and Ranga Rao (1960) who
have also obtained higher-order expansions for P(X,, > x) when X is strongly non-
lattice and when X is lattice.
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3.2 A Large Deviation Theorem for Self-Normalized Sums

In this section we prove Shao’s (1997) large deviation theorem for the self-
normalized sum S, /V,, without any moment assumption.

Theorem 3.1. Assume that either EX >0 or EX? = oo. Let V? = Y*_| X?. Then

lim P(S, > x/nV,)"/" = sup inf Ee!(?X—x(X*+5%)/2) (3.8)

n—oo b>0 >0

for x > EX /(EX?)'/?, where EX | (EX*)'/? = 0 if EX? = oo,
Corollary 3.2. Assume that either EX = 0 or EX> = oo, Then

lim P (S, > xv/nV,)'/" = sup inf E¢! (XX +0%)/2) (3.9)

n—oo bZO tZO
Sforx > 0.

Note that for any random variable X, either EX 2 < oor EX? = oo If EX? < oo,
which obviously implies E|X | < oo, the assumption EX > 0 in Theorem 3.1 is clearly
needed to describe large deviation probabilities for S,,. Because Theorem 3.1 is also
valid when EX? = oo, it holds without any moment conditions. Shao (1998) gives
a review of further results in this direction. We first outline Shao’s main ideas and
then provide details of his proof of Theorem 3.1. In Sect. 10.1.1 we describe an
alternative approach that is related to the general framework of Part II.

3.2.1 Representation by Supremum over Linear
Functions of (Sp,V2)

We start with normalization by aV? + nb (instead of by \/nV,,) that reveals the key
idea of the proof, where a > 0 and b > 0. Thus we consider S,/(aV,? + nb) and
observe that for x > 0,

S 1 ¢
{aVnz:—nb Zx} = {8, —axV? > nbx} = {niz;(Xi—axXiz) sz}, (3.10)

and that E¢'X~@X*) < s for t > 0. Therefore, by the Cramér—Chernoff large devia-
tion result (3.2),

1/n
PS5 S0} et g X (3.11)
av2+nb ~ 1>0

provided bx > E(X) — axE(X?). This suggests that if one can write n'/2V,, in terms
of a functional of aV,? + bn, then one should be able to prove (3.8). Since for any
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positive numbers x and y,

Cinf L (F (3.12)
T2\ YY) '
we have the representation
o] .
N zggg%(Vf—&—nbz) ifV, >0, (3.13)

thereby expressing \/nV,, as an extremal functional of 5~'V? + bn. From (3.13), it
follows that

{Sn Zx\/;l‘/iz} (3.14)

L1
= {Sn >x ;22%(V3+nb2) orV, :O}

= {supzn: (bX; —x(X? +b%)/2) > 00rV, = 0}

b>0i=1

= {supi (bX; —x(X? +b%)/2) > 0} :

b>0 ;=1

Note the resemblance of (3.14) to (3.5). Both events involve linear functions of
(Sns Vnz). The nonlinearity in V,, (which is the square root of Vnz) results in the supre-
mum of a family, parameterized by b, of linear functions of (S,,V,?).

3.2.2 Proof of Theorem 3.1

Lemma 3.3. If g (1), g2(t),- -+ is a non-increasing sequence of functions continuous
in the closed interval [a,b), then

lim sup g,(r) = sup g(¢), (3.15)

e a<i<b a<t<b
where g(t) = 1im,,—.co g, (7).
Proof. 1t suffices to show that

lim  sup g,(1) < sup g(r).
= q<t<b a<t<b

Since g, () is continuous in the closed interval [a, b], there exists #,, € [a, b] such that

sup gn(t) = gn(tn). (3.16)

a<t<b
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By the Bolzano—Weierstrass theorem, there exists a subsequence {#, } of {z,} that
converges to a point fy € [a,b]. Since g, (to) — g(to), for any € > 0, there exists ng
such that

8k, (10) < g(t0) + €. (3.17)
Furthermore, 8k is continuous at 7y, there exists a 6 > 0 such that for all |t —7o| < 6,
|8k (1) — 8y, (10)| < €.

Note that #;, — fo, there exists mg > ng such that for n > my,
for n > my

ty, —to] < 6. Hence

8k, (t,) < 8y (to) +&. (3.18)

Since g, is non-increasing, we have

lim gy (1) = lim gy, (1r,)

n—o0

and for n > my,

8l (1) < 8y (Th,) < 8y (f0) +€ < g(10) +2€ < sup g(r) +2e. (3.19)
a<t<b
This proves that lim,, .. g, (t,) < sup,<,<,g(t), as desired. O

Note that for x > EX /(EX?)'/? (> 0) and for b >0,
ESPX /) < oo foralls >0
and
E (bX —x(X*+b%)/2)
—oo if EX? = oo,
- { — 5 (b— (EX)/x)? — L (xEX2— (EX)?/x) <0 if EX? <o,
Therefore, by (3.14) and (3.2)

liminfP (S, > x/nV,)"" (3.20)

n—oo
n 1/n
> liminf sup P (Z (bX; —x(X7 +b%)/2) > o)
e >0 i=1

> sup infE o (bX—x(X*+b%)/2))
- b>0 t>0

To complete the proof of (3.8), it remains to show that

limsup P (S, > xy/nV,) """ < sup inf Ee/(PX—<(X*+09)/2), (3.21)

n—oo bp>0 120
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Leta > 1 and m = [2a/x] + 1, where [y] denotes the integer part of y. Then
P(Sy>xvnVy) =1 +1h, (3.22)
where
=P (S = xvnVy,Vy > mv/n), L="P(S; >x\/nV,,Vy <mv/n).
Noting that na < x+/nV,/2 for V, > m+/n, we have

n
L <P (ZX,-I(|X,~| >a)4na>x\/nV,,V, >m ﬁ)

i=1

<r(
<P <i1(|x,~| > a) > xzn/4>
i=1

< {12x72P(|X| >a)}x2"/4,

[v]=

Xl (|Xi] > a) > (1/2)x \/?lv,,> (3.23)

Il
—

where the last inequality follows from (2.27). Therefore
2
limsupZ!/" < (12x72P(IX| > a))"/*. (3.24)

n—oo

We next estimate /. Noting that \/nV, = infy<,y, / m(bn+ V2 /b)/2, we have
L<P| sup {bS,—x(V;+nb*)/2} >0
0<b<m

<Yrp ( sup  {bS,—x(Vi+nb?)/2} > 0)
=1 \(i-1)

—1)/n<b<i/n

IN
,M§

I
-

P ((i/m)se—x (7 +n(G=1/n7) /22 0)

3
s

IN

P ((i/n)Sy —x (V} +n(i/n)?) /2 > —xm) (3.25)

I
=

IN
M§

inf ™ {Eexp( (i/m)X —(x/2) (Xz + (’/n)z)) }n

0<t<k

- sup inf {Eexp(t (bX — (x/2)(x*+5%))}"

0<b<m 0<r<k

—

IA
3

for any k > 1. Hence

limsup/, I/ < sup inf Eexp (r (bX — (x/2)(X*+b%))). (3.26)
n—eo 0<b<m 0=t=k



3.3 Supplementary Results and Problems 31
By Lemma 3.3,

li inf Eexp (r (bX — (x/2)(X*+b?

fim sup inf, exp (1 (bX — (x/2)(X* +b%)))

= sup inf Eexp(r (bX — (x/2)(X2+5?))),

0<b<m 0<t<oo
and therefore

limsuplzl/" < sup infEexp (¢ (bX —(x/2) X%+ bz))) (3.27)
n—oo 0<b<m 120
< sup infEexp (r (bX — (x/2)(X*+5%))).

0<b<oo 120

Letting a — oo together with (3.22) and (3.27) yields (3.21). This completes the
proof of Theorem 3.1.

3.3 Supplementary Results and Problems

Let X,X;,X,... beii.d. random variables and S, = Y/ | X;:

1. Prove (3.4) and the equality in (3.6).
2. Prove the following generalization of Theorem 3.1: Let u and v be two real
numbers. Assume that either EX > u or EX 2 = . Then

" 1/n
lim P Y (X —u) _>x| =sup inf Bt X —1)—x(X—v)2+52)/2)
=\ (nYn, (X — v)2)Y b0 120

forx > (EX —p)//E(X — V)2

3. Let p > 1. Prove that for any x >0 and y > 0,

x/Pyt=1/p — inf (1 X p_lybl/(P—l)> ) (3.28)
b>0\p b p
4. Let p > 1. Assume that either EX > 0 or E|X|P = . Making use of (3.28),

modify the proof of Theorem 3.1 to generalize it to the following result of Shao
(1997):

1/n B .
lim P L >x _ SupinfEet(cxfx(%|x\p+”71cﬂ/(1 1)) (3.29)
Vnmnl_l/l’

oo c>01=0

for x > EX /(E|X|P)'/P, where V,, , = (X, |X;|?)"/? and EX /(E|X|P)'/P = 0 if
E|X|P = o.
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Assume that E(X) = 0 or E(X?) = . Let @;,1 < i < n, be a sequence of real
numbers. Under what conditions on {a;} does the result

n—oo
i=1

n n
limn~!'logP <Z aiX; > x\/ﬁ(z alzXl_z)l/2>
=1 i

n
. _ . Y 2v2 32
= limn 1sup1anlogEe’(b“'X HaiX"+b%)/2)
noe s p>0120i5

hold for 0 < x < 1?
Let {a;} and {b;} be two sequences of real numbers with b; > 0. Under what
conditions does a large deviation result hold for Y7, a;X;/ (¥, b?X?)'/??



Chapter 4
Weak Convergence of Self-Normalized Sums

In this chapter we prove a self-normalized central limit theorem for i.i.d. random
variables belonging to the domain of a normal distribution. We also prove a related
functional central limit theorem for self-normalized sums and describe analogous
results that the i.i.d. random variables belonging to the domain of attraction of a
stable distribution with index 0 < o < 2.

4.1 Self-Normalized Central Limit Theorem

Let X,X;,X>,... bei.i.d. random variables. Set S, =Y X; and Vn2 = f’:lXiz. As
noted in Sect.2.3.1, X belongs to the domain of attraction of a normal distribution
if there exist a,, > 0 and b,, such that

(Su —bu) /an 2 N(0,1). @.1)
An equivalent condition that involves the tail of |X| is
I(x) := EX?I(]X| < x) is a slowly varying function; (4.2)

see Ibragimove and Linnik (1971). Recall the definition (2.36) of “slowly varying”
(at o) and note that the normal distribution is stable with index o« = 2. When X is
in the domain of attraction of a normal distribution, it is known that b,, in (4.1) can
be taken as nE(X) and a, is so chosen that a;, 2EX?I(|X| < a,) ~n~".

The next theorem is due to Giné et al. (1997). It was conjectured by Logan et al.
(1973) that if EX = 0, then “S,,/V,, is asymptotically normal if (and perhaps only if)
X is in the domain of attraction of the normal law.” The “if”” part has by now been
known for a long time (see, e.g., Maller, 1981), but the “only if”” part has remained
open until Giné et al. (1997).

V.H. de la Pena et al., Self-Normalized Processes: Limit Theory and Statistical Applications, 33
Probability and its Applications,
(© Springer-Verlag Berlin Heidelberg 2009
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Theorem 4.1. S,,/V, 2, N(0,1) if and only if E(X) = 0 and X is in the domain of
attraction of a normal distribution.

We start with some basic properties of a positive slowly varying function /(x);
see Bingham et al. (1987).

X
(P1) I(x) is representable in the form /(x) = c¢(x) exp < / a0) dy) , where ¢(x) —
Ly

¢ > 0, for some ¢, and a(x) — 0 as x — oo,

I(t
(P2) For 0 <c < C < oo, llml(x))—lumformly1nc<t<C
X—>00 X

(P3) V&> 0, limy_eox €/(x) =0 and limy . x°1(x) = oo.
(P4) For any € > 0, there exists xo such that for all x, xt > x¢

oet) s swnol)
() )

(P5) Forany 6 > —1, / V) dy~"~ (lx) a8 X — oo,
9+ll
(P6) Forany6<—1,/ yo1 y)dy ~ 797()? as x — oo,

Lemma 4.2. Assume that [(x) := EX?I(|X| < x) is slowly varying. Then as x — oo,

P(IX| > x) =0 (I(x)/*), (4.3)
EIX|I(|X]| >x)=0(l(x)/x), 4.4)
EIX|PI(|X| <x)=0 (x”_zl(x)) forp>2. 4.5)

Proof. Note that

P(X|>x) = Y P (ka <IX| < 2"“x>
k=0

< ¥ (24 2EX?I (ka <|x| < 2’<+1x)
k=0

o = (1(21x) 1(2%x)
=x ZI(X)/;)( 1) —1) 2K (r)

oo

=x21(x) Y o(1)27F by (P2) and (P4)
k=0

=0 (l(x)/xz) .
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This proves (4.3). To prove (4.4), application of (4.3) and (P6) yields
EIXI(X] > x) = xP(X] 22)+ [ P(X|> )
= o(l(x)/x) +0(1)/xwl(t)/t2dt =o(l(x)/x)
Similarly, for any 0 < € < 1,

EIXIPI(IX| <x) = E|X|PI(|X| < &x) + E|X|PI(ex < |X| < x)
< (&x)P721(x) +xP 2 (1(x) — I (ex))
= (ex)P21(x) +x" 20 (I1(x))

by (P2). This proves (4.5) since € can be arbitrarily small. a

Proof (of the “if ” part in Theorem 4.1). We follow the proof by Maller (1981) who
uses the fact that if E(X) = 0, then S, /ay, Y (0,1) for a sequence of positive

constants a, if and only if V,,/a, £, 1. Let
I(x) = EX?I(|X| < x), b=inf{x>1:1(x) > 0},

' 4.6
Zn :inf{s:szb—i—l,li—‘;)gl}. (46)

n

Since I(s)/s*> — 0 as s — oo and the function I(x) is right continuous, we have
lim;;—e0 2, = o and

nl(z,) =2z2. (4.7)
It follows from (4.3), (4.4) and (4.7) that
P (2?‘;‘,, 1X;| > z,,) <nP(IX| > zy) =0 (nl(z)/zn) = o(1), (4.8)
EII(X] > ) = 0 (al (@) /20) = 0 (\/nl(en) ) 4.9)
i=1

1

It suffices to show that )
T XAI(|X ] <z,
nl(z,)

In fact, (4.8)—(4.10) imply that S,, /V,, Y (0,1) is equivalent to

L AXI(1Xi] < 20) — EX(1X:] < za)} LN, 1), @.11)
nl(z,)

Observe that

1 var Zn‘,{x,-l(|x,<| <zn)—EXI(|Xi| <z)} | — 1,
nl(z,) =~
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nl(z,) = z2,and for0 < e < 1,

1
nl(zy)

n
EX (g2, < |Xi| < 20) — 0.
i=1

Hence the Lindeberg condition is satisfied and therefore (4.11) holds. Now (4.10)
follows from

Var (Zn:XiZI(XJ < Zn)> <nEX*I(|X| < zy) = 0 (nzol(z0)) = 0 ((nl(zn))2) ,

i=1

by making use of (4.5). a

Proof (of the “only if " part in Theorem 4.1). The proof is considerably more com-
plicated, and we refer the details to Giné et al. (1997). The main ingredient of the
proof is

Sn/Vy=0,(1) <= supEexp (y(S,,/V,,)z) < oo for some y > 0.

n>1
An alternative proof is given by Mason (2005). a

As a generalization of the central limit theorem, the classical weak invariance
principle (or functional central limit theorem) states that on some probability space,

1 1
sup |——S,,1 — —=W(nt)| = o(1) in probabilit
02[21 \/ﬁG [nt] \/ﬁ ( ) ( ) p y

if and only if EX = 0 and Var(X) = 62, where {W(t),t > 0} is a standard Brownian
motion; see Csorgd and Révész (1981). In view of the self-normalized central limit
theorem, Csorg6 et al. (2003a) proved a self-normalized version of the weak in-
variance principle. Let D[0, 1] denote the space of functions on [0, 1] that are right
continuous and have left-hand limits.

Theorem 4.3. As n — oo, the following statements are equivalent:

(a) EX =0 and X is in the domain of attraction of a normal distribution.

(b) Siuw)/Va converges weakly to Brownian motion in (D[0,1],p), where p is the
sup-norm metric, p(f,g) = Supo<;<1 | f(t) — g(t)], for functions in D[0, 1].

(c) By redefining the random variables on some probability space, a standard
Brownian motion {W (t),t > 0} can be constructed such that

SUP [y /Va — W (nt) /v/n| = 0.

0<t<1

Proof. Clearly (c) implies (b). By Theorem 4.1, it suffices to show that (a) implies
(c), which consists of two steps. Let z; be defined as in (4.6) and put

X =XI(X| <z)-EXI(|X| <z), Si=Y X
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The first step is to show

S S

Vi nl(z,)

P
—0,

0<t<1

and the second step is to use strong approximation to show

. . . .
[nax S — B(nt)‘ =0 ( nl (n)) in probability.
The details can be found in Csorgd et al. (2003a). O

In view of (c), as n — oo, h{S[n]-/Vn} converges in distribution to AZ{W(-)} for
every measurable /1 : D — R that is p-continuous except at points in a set of Winer
measure zero on (D, ), where 2 denotes the o-field generated by the finite-
dimensional subsets of D. In particular, if EX = 0 and X is in the domain of at-
traction of a normal distribution, then

P(mMSMW<x>HP<sw$Wﬂ<x),

lgiSn OSTS 1

P(max i1/ Vs gx> —>P( sup W (1) gx) ,

1<i<n 0<<1

P@liﬁm%u>HPUﬁW@m<0,
P (nlii%'Si'/Vn gx> P </01 W (1)|dr §x> .

For further results that are related to Theorems 4.1 and 4.3, we refer to Csorgd et al.
(2004, 2008).

4.2 Non-Normal Limiting Distributions
for Self-Normalized Sums

Theorem 2.24 says that a necessary and sufficient condition for the existence of
normalized constants a, > 0 and b, such that the normalized partial sums (S, —
byn)/a, converge in distribution to a stable law with index o, 0 < ¢ < 2, is

(c1+o(1)) hx)

X%

(c2+o(1)) h(x)

PX >x) = 4

; P(X <—x)= (4.12)
as x — oo, where ¢ > 0,¢ > 0,¢1 + ¢ > 0 and A(x) is a slowly varying function
at co. The normalizing constants are determined by n(c; + ¢2)h(a,) ~ a¥ and b, =
nEXI(|X| < a,). The following theorem gives the limiting distributions of the self-

normalized sum S, /V,, under (4.12).
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Theorem 4.4. In addition to assumption (4.12), assume that X is symmetric when
oo=1and E(X)=0 when 1 < o <2. Let 8,0,... be i.id. with P(6; =1) =
c1/(c1+¢2) and P(6; = —1) = c2/(c1 +¢2), N1, N2, ... Lid. exponential random
variables with mean 1 independent of {8;}. Put

k —1/a
%Z(ZW)
i=1

and
0 fo<a<l,
d .
TleEulu<) if1<a<e.
Then
Su D Y1 (8cUi — di) @13)
Va (L UD)?

and the limiting density function p(x) of S, /V, exists and satisfies

1 /2)\"? >
px) ~ P (ﬁ) 2B (o, cp,c0)e™™ Blocre) (4.14)

as x — oo, where the constant (o,c1,c2) is the solution to (6.29) in Chap. 6 on
self-normalized moderate deviations.

The characteristic function of the limiting distribution on the right-hand side
of (4.13) was proved by Logan et al. (1973), whose method will be described
in Sect. 15.1.1. The representation of the limiting distribution in (4.13) is due to
LePage et al. (1981). The following theorem, due to Chistyakov and Gétze (2004a),
shows that it is necessary for X to be in the domain of attraction of a stable distri-
bution in order that S,/V, has a non-degenerate limiting distribution. A random
variable X is said to satisfy Feller’s condition if lim,_,..nE sin(X /a,) exists and is
finite, where a, = inf{x > 0 : nx"2[1 + EX?I(|X| < x)] < 1}.

Theorem 4.5. S,,/V,, converges in distribution to a random variable Z such that
P(|Z| =1) < 1 if and only if:
(a) X is in the domain of attraction of a stable distribution with index o € (0,2];
(b)) EX=0ifl<a<2;
(c) X is in the domain of attraction of the Cauchy distribution and Feller’s condi-
tion holds if a = 1.

4.3 Supplementary Results and Problems

1. Let X be a random variable and define /(x) = EX?I(|X| < x). Prove that if
P(|X| > x) = o(I(x)/x*) as x — oo, then [(x) is a slowly varying function
at oo,
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2.

3.

4.

Let /(x) be defined as in Problem 1. If /(x) is slowly varying at eo, then E | X |’ < oo
forall 0 < p < 2.

Let X satisfy (4.12). Prove that E|X|? < e for 0 < p < ¢ and E|X|? = e for
p > o. What can be said about E|X|? when p = a?

Let X,X;,X,,... be i.i.d. random variables with E(X) = 0. The following theo-
rem on the limiting distribution of the maximum of the standardized sums is due
to Darling and Erd6s (1956): If E|X|* < oo, then for everyt € R,

lim P (a(n) gfgnSk/(G\/I;) < t+b(n)> =exp(—e "),

where 62 = EX?, a(n) = (2loglogn)'/? and
1 1
b(n) =2loglogn+ 3 logloglogn — 3 log(4m).
Einmahl (1989) proved that the Darling—Erd&s theorem holds whenever
EX?I(|X| > x) = o ((loglogx) ") as x — oo,

which is also necessary. Csorgé et al. (2003b) proved the following self-
normalized Darling—Erd6s-type theorem: Suppose that EX = 0 and that
I(x) := EX?I(|X| < x) is a slowly varying function at o, satisfying (x*) < CI(x)
for some C > 0. Then, for everyt € R

lim P (a(n) 1rg?i(n5k/Vk < t+b(n)> =exp(—e").

n—oo

Develop a self-normalized version of the Darling—Erd&s-type theorem when X
is in the domain of attraction of a stable distribution with exponent 0 < o < 2.
Moreover, while Bertoin (1998) has extended the Darling—Erdds theorem to the
case where X belongs to the domain of attraction of a stable distribution, it would
be of interest to develop a self-normalized version.



Chapter 5

Stein’s Method and Self-Normalized
Berry-Esseen Inequality

The standard method to prove central limit theorems and Berry—Esseen inequali-
ties is based on characteristic functions, as shown in Sect. 2.3. A different method
to derive normal approximations was introduced by Stein (1972). Stein’s method
works well not only for independent random variables but also for dependent ones.
It can also be applied to many other probability approximations, notably to Poisson,
Poisson process, compound Poisson and binomial approximations. In this chapter
we give an overview of the use of Stein’s method for normal approximations. We
start with basic results on the Stein equations and their solutions and then prove
several classical limit theorems and the Berry—Esseen inequality for self-normalized
sums.

5.1 Stein’s Method

5.1.1 The Stein Equation

Let Z be a standard normally distributed random variable and let € be the set of
continuous and piecewise continuously differentiable functions f : R — R with
E|f'(Z)| < . Stein’s method rests on the following observation.

Lemma 5.1. Let W be a real-valued random variable. If W has a standard normal

distribution, then
Ef (W) =EWf(W) (5.1)

for any absolutely continuous function f with E|f'(W)| < eo. If (5.1) holds for
any continuous and piecewise continuously differentiable functions f : R — R with
E|f'(Z)| < o, then W has a standard normal distribution.

V.H. de la Pena et al., Self-Normalized Processes: Limit Theory and Statistical Applications, 41
Probability and its Applications,
(© Springer-Verlag Berlin Heidelberg 2009
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Proof. Necessity: If W has a standard normal distribution, then
1 © 2
Eff(W) = —— / Fw)e ™ Pdw
V2T -
L[ o ([ e i) a
e w —X)e X w
V21 J e —eo
1 - / /w 7x2/2
+— dx |d
m~/0 ! (W) ( w e T
= L/0 </Of/(w)dw> (—x)e_xz/zdx
\/ﬁ —oo \Jx

1 A 2
/ —x7/2
+\/27r/0 </0 f(w)dw)xe dx
1

- L[ x)— xe 2 dx
= —= | [0 —fO))xe

— EWF(W).

Sufficiency: For fixed z € R, let f(w) := f;(w) be the solution of the following
equation
Fw)=wf(w) =1(w < z) - P(2). (5.2)

Multiplying by e™**/2 on both sides of (5.2) yields
!/
(7270 = e Pli(w < 2) - @(2)].
Thus,

fw) =&/ / i< 2) - D) e

—o0

= —"'/? /w I(x <z)—P(2)] e 2dx (5.3)

[ V2me Pow)[1 - @) ifw<z
-\ Vame Pa() 1 - d(w)]  itw >z

The solution f; above is a bounded continuous and piecewise continuously differen-
tiable function; see Lemma 5.2 below. Suppose that (5.1) holds for all f € %. Then
it holds for f;. By (5.2),

0=E [f(W)-W£(W)] =E[I(W < z2) - ®(2)] = P(W < 2) - (2).
Thus, W has a standard normal distribution. O

When f is bounded and absolutely continuous, one can prove (5.1) by using
integration by parts, noting that for W ~ N(0, 1),
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1 o 7W2/2
EWSW)} = o [ whnePaw

_ _V% / o ()
— \/% /:o F'(w)e™ Paw=Ef (W).

More generally, for a given real-valued measurable function 7 with E|h(Z)| < oo,
Stein’s equation refers to

f'(w) =wf(w) =h(w) — Eh(Z). (5.4)

Equation (5.2) is a special case of (5.4) with A(w) = I(w < z). Similarly to (5.3), the
solution f = f}, is given by

Ju(w) = €W2/2/

—o0

w

[h(x) — ER(Z)] e = /? dx
— " /w h(x) — ER(Z)] e dx. (5.5)

Below are some basic properties of solutions to the Stein equations, which can
be used to derive error bounds for various approximations.

Lemma 5.2.

(a) For the function f, defined by (5.3) and all real w, u and v,

0< filw) <2, (5.6)

wf(w)| <1, (5.7)

Ifi(w)] <2, (5.8)

[(w+u)fo(w+u) = (w+v) fo(w+v)| <2(lw|+1) (|u| +[v]) . (5.9)

(b) For the function f, defined in (5.5),

sup |fi(w)| < 3supla(w)[,  sup|wfu(w)| < 2sup|h(w)], (5.10)
sup\f,ﬁ(w)| < 4sup|h(w)|. (5.11)

If h is absolutely continuous, then

sup | fi(w)| §25up|h’(w)\, (5.12)
sup |fj,(w)| < 4suplK'(w)], (5.13)

sup | f, (w)| < 2sup |1’ (w)]. (5.14)
w w
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Proof.
(a) The inequality
1 — & )<min(1 L ) /2 >0 (5.15)
— w ) e ) w ’ :
- 2 wy2m

can be used to derive (5.6) and (5.7). From (5.2) and (5.7), (5.8) follows. As to
(5.9), we obtain by (5.8) and (5.6) that

(W u) fo(w+u) = (W) f(w+v)
< wilfe(w+u) = fo(w+v) [+ [ul fo(w + ) + [v[f2(w +v)
< 20w (lue] + [v]) +2[ul +2|v].

(b) Let ¢ = sup,, |a(w)|. Noting that |h(x) — ER(Z)| < 2cp, (5.10) follows from
(5.5) and (5.15), while (5.11) is a consequence of (5.10) and (5.4). The proofs
of (5.12), (5.13) and (5.14) require much more lengthy arguments and are omit-
ted here but can be found at the Web site for the book given in the Preface,
where the properties (5.6)—(5.9) are further refined; see below. O

The properties (5.6)—(5.9) for f, can be refined as follows: For all real w, u and v,

wf,(w) is an increasing function of w, (5.16)
wrzw) <1, |wfw)—uf:(u)] <1, (5.17)
W<, fiw) - £, (5.18)

0 < fo(w) <min(v27/4,1/2]), (5.19)

(w4 fow+10) — (w0 fowA)] < (W] +V2/4)(ul + ). (5:20)

5.1.2 Stein’s Method: Illustration of Main Ideas

Stein’s equation (5.4) is the starting point for normal approximations. To illustrate
the main ideas, let &1, &,, ..., &, be independent random variables such that E§; = 0
for1 <i<nandY!,EE?=1.Put

w=Yé& wil=w-g (5.21)
i=1

and
Ki(t) = E&[I(0 <t <&)— (& <1 <0)). (522)
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It is easy to see that K;(¢) > O for all real ¢ and that
/ Ki()dt = EE2, / 11|Ki(t)di = E\& 2. (5.23)

Let & be a measurable function with E|h(Z)| < oo, and f = f}, be the solution of the
Stein equation (5.4). Our goal is to estimate

Eh(W)—Eh(Z) =Ef' (W) —EW f(W). (5.24)

The main idea of Stein’s method is to rewrite EW f (W) in terms of a functional
of f'. Since & and W are independent by (5.21) and EE; = 0 for 1 <i <n,

EWF(W) = Y EEF(W)
=1

Il
1=
o3
AN
=
=
|
~
S
=
—

Il
-

E& /ji f (W(i) +t) dt

Il
™=

—

I
™=

Il
-

E/_m (WO 0) &0 <1 < &)~ 16 <1 < 0))ar

[
™=

Il
-

E [ i 7 (W@ -H) Ki(1)dr. (5.25)
From Y7, [Z_ Ki(t)dt = Y EE? = 1, it follows that
Ef (W)= Ii}E/if’(W)Ki(t)dt. (5.26)
Thus, by (5.25) and (5.26),
Ef (W) —EWf(W) = g{E/_i [f’(W) —f (W“) +r)} Ki(t)ydr.  (5.27)

Equations (5.25) and (5.27) play a key role in proving a Berry—Esseen type in-
equality. Since W and W) are close, one expects that /(W) — f' (W) +1) is also
small. This becomes clear when f has a bounded second derivative, which is the
case when & has a bounded derivative.
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5.1.3 Normal Approximation for Smooth Functions

Let &, &, . .., &, be independent random variables satisfying EE; = 0 and E|&;| < oo
for 1 <i<n, and such that }'? Eéf =1.Let

B=Y EI&I. (5.28)
i=1

Theorem 5.3. Assume that h is a smooth function satisfying

|F|| := sup|h'(w)| < oo. (5.29)
w

Then
|[ER(W) —Eh(Z)| < 3B||H|. (5.30)

2
E|W|— po

Proof. It follows from (5.14) that || ;|| < 2||#’||. Therefore, by (5.27) and the mean
value theorem,

In particular, we have

< 3B.

B -wamY < ¥ [ E[rw) - (w0 o) | Koy a

<2 Y [ B+ 1D Kitr) dr
=17~
Using (5.23), it then follows that
[E{HW)=WHW)} <2|K | Y (E&I/2+EI&GIEE) (5.3
i=1

n
< 3|K| Y EIEP.
i=1

O

The following theorem removes the assumption E|&|? < oo in Theorem 5.3.
Theorem 5.5 then shows how results of the type (5.30) can be used to bound

sup, |[P(W <z) —®(Z2)|.

Theorem 5.4. Let &1,&y, ..., &, be independent random variables satisfying EE; =0
for 1 <i<nandsuchthat )}, Eéf = 1. Then for h satisfying (5.29),

|[ER(W) —ER(Z)| < 16(B2+ B3) |||, (5.32)
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where

Bo= Y EE(E|>1) and Ps=Y EIEPI(EI<1). (533
i=1 i=1

Proof. Defining W by (5.21), we use (5.13) and (5.14) to show

SrW) = 1 (WO ) | < | min (8,21e] + 1) < I (el A1+ &I AT),

where a A b denotes min(a, b). Substituting this bound into (5.27), we obtain
n oo
\ER(W) — Eh(Z))| gSHh’HZ/ E (| A1+ & A D Kie) dr. (5.34)
=17

Making use of

X —xl/2if x| > 1,

X HAD[I0<t<x)—I(x<t<0)]dt=1< 1
[ tnanio<i<n-1x<i<o) L e

we obtain

oo

[ EIA 1+ 1A DK = E{E10&1 > 1)} - 3EQEI1E]> 1)
+SE{EPING] < D} +E{EE(5IAD).
It then follows from (5.34) that
[ER(W) —ER(Z)| < 8|1 <ﬁ2+ﬁ3+iE§i2E<§i|/\ 1)) . (539)
i=1

Since both x? and (x A1) are increasing functions of x > 0, it follows that for any
random variable &,

ESE(IE[A1) <E{E2(IEIA D)} =E[EPI(E] < ) +EE(E] > 1),  (5.36)

and therefore the sum in (5.35) is no greater than 3 + f3,, proving (5.32). O

Although we cannot derive a sharp Berry—Esseen bound from Theorem 5.3
or 5.4, the following result still provides a partial rate of convergence.

Theorem 5.5. Assume that there exists 8 such that for any h satisfying (5.29),

[ER(W) — Eh(Z)| < §|[1||. (5.37)
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Then
sup [P(W < z) — @(z)| < 28'/2. (5.38)
z

Proof. We can assume that § < 1/4, since otherwise (5.38) is trivial. Let o =
8'/2(2m)!/*, and define for fixed z

1 ifw<z,
he(w)=< 0 ifw>z+a,
linear ifz<w<z+ao.

Then ||/'|| = 1/ and hence by (5.37),
PWW <z)—®(z) < Ehg(W)—Ehq(Z)+Ehg(Z) — P(2)

)
< aJrP{zSZSZJra}

8,
“a V2r
Therefore
P(W <z)— ®(z) < 2(2m) /4812 <2512, (5.39)
Similarly, we have
P(W <z)—®(z) > —28'2, (5.40)
proving (5.38). o

Theorems 5.4 and 5.5 together yield the Lindeberg central limit theorem.

Corollary 5.6. Let X1,...,X, be independent random variables with EX; = 0 and
EX? <oofor1 <i<n. PutS,=Y" X;and B:=Y" |EX?. If

n
B, > Y EX?I(|X;| > €B,) -0  foralle >0, (5.41)
i=1

then b
S,/By — N(0,1). (5.42)

Proof. To apply Theorems 5.4 and 5.5, let
&=X;/B, and W =S,/B,. (5.43)

Clearly, the Lindeberg condition (5.41) is equivalent to

n
lim " EEXI(|&| >€)=0  forall e >0. (5.44)
T
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Define 8, and 5 as in (5.33), and observe that for any 0 < € < 1,

Bty = Y EERI(EI > 1)+ L EIEFIEI < 1)

I
M=

EEZI(1&] > 1 +ZE|&\31 &l <€) +ZE|§z Pi(e <[&l<1)

i=1 i=1

EEI(|&]> 1) +82E|€z|2+ZEI€z e <& <1)

Il
—

IN
M:

n

<2 ZE§21(|§,| >e)+ (5.45)

Then (5.44) and (5.45) imply B, + B3 — 0 as n — oo, since € is arbitrary. Hence, by
Theorems 5.4 and 5.5,

Sup|P(S,/By < 2) = D(2)| < 8(B2+B3)' > =0 asn— oo
Zz

5.2 Concentration Inequality and Classical Berry—Esseen Bound

We use (5.27) and a concentration inequality in Lemma 5.8 below, which provides
a key tool for overcoming the non-smoothness of the indicator function /(W < z),
to derive the classical Berry—Esseen bound.

Theorem 5.7. Let &£1,&,...,.&, be independent random variables satisfying
EE =0, E|&]? < oo for 1 <i<nandsuchthat Y} | EE? = 1. Then

|[P(W <z)—®(z)| < 128, (5.46)

where W =Y & and B =Y E|&]>.

Proof. Let f. be the solution of the Stein equation (5.2) and define w ) by (5.21).
To apply (5.27), rewrite

L) = fr(WOt) = (WO&) £ (W04 &) = (WO 1) £ (WO 1)
+I(W<i> < z—éi) —I(W(i) < z—t) .
Thus, by (5.9),
£ {row) - w0 1)}

SE’(W(i)+§i) 1 (W(i)Jréi) _ (W(i)+t) £ (W<i)+t>’

Jp (o e-) - (0 222




50 5 Stein’s Method and Self-Normalized Berry—Esseen Inequality
< {(WO[+1) (e +1&) b+ [P (WO <2-&) P (WO <2—1))|

< 4(jt| +E|&]) + ‘P(W(i) <-&)-P(W0 <z—) ‘

From (5.27), it follows that
|P(W <2) = @(2)| = [EfL(W) — EW f.(W)]

= i4/°° ([t]+E|&|) Ki(t)dt
i1 e
+,-=ZI/_OQ’P(W <z-&)-p(Wh<: t)’K(t) ,
<4Y (E|&I/)2+E|&IEEY)
i=i
+i/°" (2]t +2E|& | +3B) K;(t)dt < 128,
i1/

where in the second inequality, we have used (5.23) to obtain the first sum, and
Lemma 5.8 below to obtain the second sum, noting that

’P (W(i) <z— él) -P (W(i) §z7t> ’ <P (z —max(t,&;) < wih <z — min(z, é,))
<2(f| +E|&|)+3B. DO
Lemma 5.8. With the same notation and assumptions as in Theorem 5.7,

P(a§W<i) gb) <2(b—a)+3B (5.47)

foralla<band 1 <i<n, where W) =W — &,
Proof. Define § = 3/2 and let

—1(b-a)-5 ifw<a-—34,
fw)=< w—1(b+a) ifa—8<w<b+3, (5.48)

jb—a)+8 ifw>b+8,

sothat f'(x) =I(a—8 <x<b+8) and ||f|| = (b—a)/2+ 8. Since &; and W) —&;
are independent for j # i, and since &; is independent of W and E &j=0forall j,

e (0} (v-3))
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EE; /Z 7 (w0 r)dr

J

E /: £ (WO 0) 150y, (5.49)

|
M=

~.
Il

|
M=

~.
Il

where M;(t) = &{I(—&; <t <0)—1(0 <t < —&;)}. Noting that M; > 0 and f’ >0,

ZE/_ M (1)dt > ZE/ 7 (W<">+t)1\?1,-(t)dr

lr|<é

n
> Y EI (a <wi < b) M (¢)d
j=1 [t]<é

- E{;(a <w<p) ¥ »:,-min<5,|¢,|>}

>H 1 —Hp, (5.50)
where
i n
Hig=P(a< W <b) Y E|&|min(3,1¢]),
j=1
j|min(8, |¢;[) — E|&;[ min(8, |5,~|)}’.
Simple algebra yields
min(x,y) > x —x*/(4y) x>0,y>0,
implying that
n ' n E .13 1
Y E[gjImin(3, |&]) > Z{Eéf—m}= (5.51)
= = 46 2

since 8 = 3/2, and therefore

1 .
1 (i)
Hiy > 3P (a<wi <b). (5.52)

12
( { |€;|min(8, |§|)}>

; 1/2
(): &} min(8, &) )

<Zn: ) = 4. (5.53)

By the Holder inequality,

Hi»

IN

IN
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On the other hand, recalling that || f|| < %(b —a)+ 0, we have

E{wor(wi)} - E{er (0 -8))
<{(b-a)/2+5} (E|WO|+El5])
<(b—a)+26=(b—a)+B. (5.54)

Combining (5.49), (5.50) and (5.52)—(5.54) yields

P(aﬁWm gb) <2{(b—a)+B+8}=2(b—a)+3B.

Following the lines of the previous proof, one can prove that
IP(W < 2)— @(2)] <20(B> + Bs), (5.55)

dispensing with the third moment assumption, where 3, and f; are as in (5.33).
With a more refined concentration inequality, the constant 20 can be reduced to 4.1;
see Chen and Shao (2001).

5.3 A Self-Normalized Berry-Esseen Inequality

Let X1, ..., X, be independent random variables with EX; = 0 and EXi2 < oo, Put
n n
Ss=Y X, vi=Yx’ By =Y EX}. (5.56)
i i i=1

The study of the Berry—Esseen bound for the self-normalized sum S,,/V,, has a long
history. The first general result is due to Bentkus and Gotze (1996) for the i.i.d. case,
which is extended to the non-i.i.d. case by Bentkus et al. (1996). In particular, they
have shown that
sup|P(S,/Vy <z) = @(2)| < C(B2+ B3), (5.57)
Z

where C is an absolute constant and
n n
B.=B,>Y EX?I(Xi| > B,),  Bs=B," Y EIXiPI(|X;| <B,). (558)
i=1 i=1

The bound, therefore, coincides with the classical Berry—Esseen bound for the stan-
dardized mean S, /B, up to an absolute constant. Their proof is based on the tra-
ditional characteristic function approach. In this section, we give a direct proof of
(5.57) by using Stein’s method, which has been used by Shao (2005) to obtain a
more explicit bound.
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Theorem 5.9. Let Xi,...,X, be independent random variables with EX; = 0 and
EX? < o for | <i < n. Define S,, V,, and B, by (5.56). Then

n
sup |P(Sy/ Vi < 2) — ®(2)| < 118, Y EXPI(|Xi| > B, /2)
z i=1

n
+B,> Y E|XiPI(1Xi| < B,/2).
i=1

In particular, for 2 < p <3,

sup|P(S,/Vu < 2) — P(2)| <25B,7 Y E|X;|”.
Z

i=1

5.3.1 Proof: Outline of Main Ideas
Without loss of generality, assume that B, = 1. Let
n
&=X;/Vy and W=)§&. (5.59)
A key observation is that for any absolutely continuous function f,

Wiw) — ¥ Ef(

I
1= =
o

& (F(W)— F(W—&)) Zé,/ F(W+)d

&l/ FW A& <1 <0)—1(0 <1< —&)]dr

I
: ] M:

= / £ W -+ )i (1)
_ /71 FOW + i), (5.60)
where
(1) = & (=& <1 <0) =10 <1 < —&)]. mo):li]mi(r)
Noting that
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we have

f(W)—-wgw Zé fw—=4&) (5.61)

+ / (W +1)] m(t)dr.
Let f = f. be the solution (5.3) to the Stein equation (5.2). Then
1
I(W<z2)—P(z) = / (WEW) = (W) (W 1)) im(2)de

+[ll[1(wgz)— I(W+1 <z2)]im dt—Zélsz Si)

— Ri+R,— R, (5.62)
where
R = /_11 (WA(W) = (W 1) £ (W +1)) i0)dt, (5.63)
Ry =IW<2)— /;11 IW +1 < (i), (5.64)
Rs = égiﬁ(w—gi). (5.65)

It is easy to see that
n
|R1\</ (IW[+ 1) [elm(t)dr < (1/2) Y (W] + 1) [&]. (5.66)
i=1

Since B, = 1, we expect that V, is close to 1 with high probability, so &; is close X;,
which can be used to show that

EIRII(V, = 1/2) = 0(1) (B + o). (5.67)
As to Ry, since (1) > 0 and [',m(r)dt = 1, we can view /ii(¢) as a conditional

density function given 2, := (X;,1 <i <n). Let T be a random variable such that
the conditional density function of T' given %2, is /i(r). Then we can rewrite

L 11 I(W +1 < 2)ii()di = E[I(W +T < 2)| 23]

and
Ry=1IW<z)—E[I(W+T <2z)|Z,]. (5.68)
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Now E(Ry) = P(W <z)— P(W+T < z). Similarly to Lemma 5.8, we expect the
following randomized concentration inequality to hold:

[P(W <2) = PW+T < 2)| = O(1)(B2 + Bs)- (5.69)
Noting that & and W — &; are almost independent, we also expect that

[ER3I(V, = 1/2)] = O(1)(B2+Bs3)- (5.70)

5.3.2 Proof: Details

We now give a detailed proof of (5.57). Without loss of generality, assume B, = 1,
z > 0, and use the notation in Sect. 5.3.1. It follows from (5.62) that

(W <2)— D) I(Vs > 1/2) = (R + Ry — R3)I(V, > 1/2)
and therefore

|P(W <z) — D(2)| (5.71)
=|E[IW <z2)—P()[I(Va<1/2)|+|E[I(W <z)— DP(2)](V,>1/2)]
< P(Vy < 1/2)+ |[ERI(V, = 1/2)
+|ERJ(V,, > 1/2)| +|ER3I(V,, > 1/2)]. (5.72)
Since (5.57) is trivial when B, > 0.1 or 3 > 0.1, we assume

B <0.1 and f3<0.1, (5.73)

and divide the proof of (5.57) into four steps.

Step 1. Show that
P(V, <1/2) <0.4p;. (5.74)

Application of Theorem 2.19 yields
P(Va <1/2) < P{LL XP1(X] < 1) < 1/4}

) Y0 EXPI(X| < 1)~ 1/4]

=P\ T oy EXAI(X <)
<exp[—(1—B—0.25)%/(2p3)]

< exp(—0.65%/2B3) < 0.4B5 by (5.73).

Step 2. Bound ERI(V, > 1/2) by

|ERI(V, > 1/2)] <2B2+16f5. (5.75)
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Noting that |&| <V, ! |X;|1(|X;| < 1) +I(|X;| > 1), we have by (5.66),
\ERll(V > 1/2)]

< - ZE\&,PI (Vu>1/2)+ = ZE|§,| WV, >1/2)

<3y
< 3 L (& +IEF) 102 1/2)+ 3 L EIEFW - £l 2172
<Z1 EIEPI(V, > 1/2)+ 2 ZE|»;| W&V, > 1/2)
< ¥ E WP < D10X] > D] 10, > 172

+;lzn‘iE WV X PIXG| < 1) +1(%] > D] IS, =XV, ' 1(V, > 1)2)
< Y {BEIXLI(%] < 1)+ P(X] > 1)

I
-

+; {E BIXPP1(x] < 1)+1(1x] > 1] IS, —Xil }

<8B3+ P2+ 8B+ B =2B> +16f;. (5.76)

Step 3. Bound |ER:I(V, > 1/2)| by
|ERyI(V,, > 1/2)| <ABy +APBs. (5.77)
By (5.68), ERyI(V,, > 1/2) = E[I(W < z)—I(W+T < z)[I(V, > 1/2). Therefore
<EI(z—|T| <W <)I(V, >1/2),
ERyI(V, > 1/2)
>—EI(z<W <z+|TN)I(V, >1/2).

We now develop a randomized concentration inequality for P(z— |T| <W < z,V,, >
1/2). Following the proof of Lemma 5.8, let § = (1/2) Y™, |&[?

b}

—|T|/2—6 ifw<z—|T|-
frew) =< (w—z—|T|/2) ifz—|T|-8<w<z+6,
|T|/2+6 ifw>z+0;

0 if w < 1/4,

h(w) = ¢ linear ifl1/4<w<1/2,
1 ifw>1/2.
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By (5.60) and the fact that f;. 5 >0,

WfT6 Z‘glfTS W él)

- L Fy s (W +1)ii(t)dt

> ’ 6f}ﬂ5(W+t)I(z— |T| <W < z)it)dt
t|< ’

— I(e|T| <W <)Y &l min(|&], 6)

i=1
21(z=|T[<W <2) Z{é i/ (48)}
=(1/2)1 (Z—\T|§W§Z)»

in which the last inequality follow from min(x,y) > x —x?/(4y) for x > 0 and y > 0.
Therefore

El(z—|T| <W <2)I[(V, > 1/2)
<EIz—|T|<W< z)h(V )

<2EWfT5( ZZEéthS W 51) ( n)
=A1+ Ay (5.78)
Recalling that the conditional density function of T given 2, is (), we obtain

A < 2EIW[(IT[/2+ 8)h(Va)
< 2E|W|8h(V,) +E (IW|h(V,)E (IT||.2))

1
— 2E|W|Sh(V,) + E|W|h(V,) / ()
-1

1 n
= 2E[WI8h(V,) + 5 Y EIWh(V.) &I
i=1

< 3 L EWIEFI0 > 1/4

< AP+ B3), (5.79)

following the proof of (5.76). To estimate A, let

1/2
V' =max(V,,1/4), V(’;-) = max <(Zj7éin2) 71/4> .
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The main idea is to replace V,, in A, by V(*;) and then use the independence of X; and

{X;, j # i}. First note that

d
- (ra@0)| < rstaa)|+lasfy (@) <Al + 1)
for 0 < x <4, and that

|h(x) = h(y)| < 2min (1, |x—y[)
= 2min (1, [x* = y*[/(|x| +|y])) <Amin (1,]x* —y?|)

forx > 1/4,y > 1/4. Moreover,

*2 *2
0< LIS &
Ve Y VR EVG)
Xl

< < Amin(XZ21). 5.80

Also note that g(V,,)h(V,,) = g(V,))h(V,") for any measurable function g because
h(V,) = h(V,}) = 0 when V,, < 1/4. Hence, with §* =Y, |X;|3/V,"3, we have

E&ifrs(W—8&i)h(Vy)

i Sn —X; ; .
<E-lfra 2 h(v@)+AE|xi|(|s,l_xi|+1)mm(1,xiz)
ot \ Yo
X; S —X; N .
—Elfs (2 h(V@) +AE[X,| min(1,X2)E (|Sy — Xi| +1)
Voo T\ Vo

X; Sp—Xi .
<E i fra ( " ) h (Vi) +AEXL(Xi| = 1) +AEIXPI(] < 1),
We can replace 8" by &), where &) = (1/2) £ \Xj|3/V<*;)3, because
|Xi

’ 31 1
0" =96/ < +2 1X;| -
@) = =3 J %3 3

Vi i Viy Va

| X .
< Amin (1X;*,1) +A§ﬁmm(1,xi2) < Amin(1,X?),
j7i n
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which implies that
Sn—X; "
= fre ( T l>h("<i>)
(@)
X; Sp—X;
E ‘fw( " ‘)h(v(;f)) +AE|X;| min(1,X?)
i)

V<*>

SE— P
Vi Vi

X; S, —X;
<EL f,()< " ’)h(V(f.)) +AEXPI(1Xi] > 1)+ AEIX (X < 1)
() U

ot ()

(0
FAEXRT(1X;| > 1)+ AEIXPI(|1X] < 1).

We next compute the conditional expected value of f7, 34 given Z,:

(fra* (Sn

/ ff - I) (I)dl
B J; /—1f’*5(*,«) (Sn — Xi)rn(¢)dt

n 0
=L / Ji.g7, (Sn = Xi)dt
=1 g

0
&[S X0a LG [ f (5, X
i 6
As before, we show that &; above can be replaced by X;/ V(’;). Since | ]‘,75(6.)| <2 for

—1<t<1and
d
T ( ft 5, (Sn X,»)dt)’ < 2lx|,

we have

L5 [, f S

J# -
| 1Y X
f,5*S —X;)dt+2 |X<* *> /
Hgl /J/ ;’; Viy Vi Ve

X X7
f (Su—Xi)d1 +A L
HQV / XV L L V2 V2

J#L (D)
<Y

J#

fr.g7, (Sn—Xi)dt +Amin(1, X?).

V* -X;/V;)
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Because E(X;) =0, X; and {X;, j # i} are independent, we have

X: S —X; X 3
Evfrs;, ( - > h(V(;)) < E|Vl*|2 +AE|X;|min(1,X?)
X X;
E
TLEG

Vi Vi "
(8- X)
h(v)/ s (Su—X)dt
(i) o 180 \On T
7 Vo Ve A
< AE|X;|min(1,X?).
Putting the above inequalities together gives

|42 <A(B2+ Bs). (5.81)

Therefore
EI(z—|T| <W < 2)I(Va > 1/2) <A+ B3).

Similarly, EI(z <W < z+|T|)I(V,, > 1/2) < A(B2 + B3). This proves (5.77).
Step 4. Following the proof of (5.81), it is readily seen that

[ERSI(V, > 1/2)| < A(By + o).

Completing the proof of (5.57). a

5.4 Supplementary Results and Problems

1. Prove (5.15) and show how it can be used to derive (5.6) and (5.7).

2. Let Y be a random variable with density function p with respect to Lebesgue
measure. Assume that p(y) > 0 for all y € R and p(—ec) = p(e) = 0. Let f :
R — R be bounded and absolutely continuous:

(a) Prove that for f € €,

E((p(V)f(¥))/p(¥)) =0. (5.82)

(b) Let i be a measurable function such that E|h(Y)| < eo. Solve f = fj, for the
Stein equation

L3 +0)p'(»)/p(y) =h(y) —Eh(Y).

3. Modify the proof of Lemma 5.8 to derive (5.55).

4. Stein’s method can also be applied to prove the following non-uniform Berry—
Esseen bound (Chen and Shao, 2001): Let &1,&,, ..., &, be independent random
variables satisfying EE; = 0 and E|&|* < oo for each 1 < i < n and such that

" EEF=1.PutW =Y",&. Then
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IP(W <z2)—®(2)| <A(1+12)) 7y, (5.83)

where A is an absolute constant and y =Y | E|&]°.

A key step in the proof of (5.83) is the following non-uniform concentration
inequality

Pla<W <b) < 10e(b—a+7) (5.84)
for all real b > a. Prove (5.84).

5. Chen and Shao (2007) have proved the following “randomized concentration in-
equality”: Ler &1, &y, ..., &, be independent random variables satisfying EE =0
and E|&|? < oo for each 1 <i<nand suchthat ! |EE* = 1. Put W =Y, &.
Let Ay and Ay be measurable functions of {&;,1 <i < n}. Then

P(Al <W <A < E‘W(Az—Al)‘—‘rZ’)/ (5.85)

n
+ Y {EI&i(A1 — A1) [+ E[&i(A2 — A2,)|},
i=1
where Ay ; and Ay ; are Borel measurable functions of (§;,1 < j<n, j#1i).

Making use of (5.85), one can obtain Berry—Esseen bounds for many non-linear
statistics. In particular, carry this out for U-statistics; see (8.5) and Sect. 8.2.1
for an introduction to U-statistics.

6. It would be of interest to investigate if Stein’s method can be used to prove the
following results that have been proved by other methods and to derive more
precise bounds.

(a) Hall and Wang (2004): Let X,X;,X>,... be i.i.d. random variables in the
domain of attraction of the normal law with E(X) = 0. Then

SUp|P(S,/ Vi < x) = D(x) = Ly(x)| = 0(8,) + O(n'/?), (5.86)

where

La(x) = nE (@ [x(1+X2/6)'2 = (X /by)] - @ (x)),
8, = nP(|X| > b,) +nb, ' |[EXI(|X| < b,)|
+nb, | EXPI(|X| < by)| +nb, *EX*1(|X| < by),
by = sup{x: nx 2EX’I(|X| <x)>1}.
If, in addition, Cramér’s condition (2.31) is satisfied, then O(n~'/2) on the
right-hand side of (5.86) can be replaced by O(n™1).
(b) Hall and Wang (2004): Let X,X;,X>,... be i.i.d. random variables with

E(X)=0,0%=E(X?) and E|X|* < co. Assume that the distribution of X is
nonlattice, then

sup |P(Sy/Va < x) — @(x) — Fy(x)| = o(n~"/?), (5.87)

where F, (x) = X (2x2 + 1) (x).




Chapter 6

Self-Normalized Moderate Deviations and Laws
of the Iterated Logarithm

Let X,Xj,...,X, be i.i.d. random variables. Shao (1997) has developed a theory
of moderate deviations for the self-normalized sum of the X; when X belongs to
the domain of attraction of a stable distribution with index o (0 < o < 2). In this
chapter, Sect. 6.1 describes this theory when X is attracted to a normal distribution
(o =2), and Sect. 6.2 describes the theory for the case 0 < o < 2. Section 6.3
applies the theory to self-normalized laws of the iterated logarithm.

6.1 Self-Normalized Moderate Deviations: Normal Case

Throughout this chapter we let X, X;,X5,... be i.i.d. random variables and set

-

n
Sp=Y X, and V}=Y X7
i=1

i=1

Let {x,,n > 1} be a sequence of positive numbers with x, — co as n — oo, It is
known that

N 2

holds for any sequence {x,} with x, — e and x, = o(y/n) if and only if EX = 0,
EX? =1 and Ee"X| < oo for some 7y > 0. The “if” part follows from the theory of
large deviations in Sect. 3.1. For the “only if” part, see Problem 6.1. While we have
given a treatment of the self-normalized large deviation probability P(S, > x,V,)
with x, =< /n in Sect.3.2, we now consider the case x, = o(y/n) and show that
log P(S, > x,V,) is asymptotically distribution-free if X belongs to the domain of
attraction of a normal law.

S 1
lim x, 2 log P (|n| >xn> =—=
n—oo

Theorem 6.1. Let {x,, n > 1} be a sequence of positive numbers with x, — oo and
X, = o(y/n) as n — oo. If EX = 0 and EX?I(|X| < x) is slowly varying as x — oo,
then

V.H. de la Pena et al., Self-Normalized Processes: Limit Theory and Statistical Applications, 63
Probability and its Applications,
(© Springer-Verlag Berlin Heidelberg 2009
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S 1
’}Elolox,leogP <VZ zxn) =—3 6.1)
The proof is divided into two parts. The first part proves the upper bound
. iy W 1
limsupx, “logP | — >x, | < —=, (6.2)
n—so0 Va 2

and the second part proves the lower bound

S 1
liminfx;zlogP <Vn > xn> > —5 (6.3)

n—oo0 n

6.1.1 Proof of the Upper Bound

Let
I(x) =EX*I(|X| <x), b=inf{x>1:1(x)> 0},

6.4
. :inf{s:szbﬂ,’(—;)gﬁ}. ©4
K} n
By Lemma 4.2, we have that similar to (4.7),
2 —oo and nl(z,) =x272 for every n sufficiently large, (6.5)
P(X|2x) =0 (I(x)/x*),  EIX|I(X]| >x)=0((x)/x), (6.6)
and
EIX[I(|X| <x) =0 (xkle(x)) for each k > 2 6.7)
as x — oo. Let X; = XiI(|X;| < z,). Forany 0 < £ < 1/4,
L —
P(Sy>xVu) < P Y Xi>(1—€)x,V, (6.8)
i=1

™=

+p(
i

iX} > (1—¢)’x, nl(z,,))

X,](|X,| > Zn) > EXxy Vn>

=

IN
~
'EN/K

(Vn <(l—e¢) nl(zn))
+P <i1(|x,-| > z,) > s%ﬁ)

i=1
=1+ L+ /5.
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We next apply the exponential inequality (2.22) to the truncated variables X;,
noting that

iEXi =o(nl(zy)/zn) =0 (xn nl(z,,)> ,

n
B =Y EIX;— EXi|> < 8nE|X;|’ = 0 (nzal(zn)) by (6.7),
~

1

)

B6 ﬁnexn\/mZn/B% e O(Xz) by (65)

n

From (2.22), it then follows that for sufficiently large n,

J] S P (i()?, 7EX,’) Z (1 78)3)6” nl(zn)> (69)
i=1
_ 6x2
< exp <_(1;)") .

To bound J,, application of (2.26) yields

Sy <P (Zn:)?,? <1 —8)2nl(zn)> (6.10)

by (6.5) and (6.7). We next consider J3. Recalling that Y'7' | I(|X;| > z,) has a bino-
mial distribution and applying (2.27), we obtain from (6.6) and (6.5) that

2,2

3nP(IX]>z,) \“ ™

J3 < ((gzlzn)) (6.11)
n

2.2 2,2
@)\ (o()\*™ >
= (0( 2 ) . ezx,%) = (82 <exp(—2x;).

Since ¢ is arbitrary, (6.2) follows from (6.8)—(6.11). a
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6.1.2 Proof of the Lower Bound

Define z, as in (6.4). The proof is based on the following observation:

1
XV, < % (b*V,}+x7) (6.12)

for any b > 0 and equality holds when b = x,,/V,,. From the proof of (6.2), we can
see that V, is close to (1l(z,))'/%. Thus we can choose b = 1/z, in (6.12). To carry
out this idea, we need the following two lemmas.

Lemma 6.2. Let {&,&,,n > 1} be a sequence of independent random variables,
having the same non-degenerate distribution function F (x). Assume that

H:= sup{h . EeM < 00} > 0.
For 0 < h < H, put
m(h) = EE JE,  62(h) = EE2S JE"S — m?(h).

Then
- 3 nEN"  —nhm(h)—2ho(h)/n
> >
P(lzié, nx) >3 (Ee ) e (6.13)
provided that
m(h) >x+20(h)/v/n. (6.14)
Proof. Let

_ 1 * hy
V(x)fEe—h&/_we dF(y).

Consider the sequence of independent random variables {1, n,,n > 1}, having the
same distribution function V (x). Denote by F,(x) the distribution function of the
random variable (Y}, (n; — En;))/+/nVarn. By the conjugate method in Petrov
(1965), which we have explained with another notation in Sect. 3.1,

P(Y &> nx| = (B et / ) e hON gE, (1),
(; ) ( ) —(m(h)—x) v/ (h)

Since m(h) > x+20(h)//n,

efhc(h)z\/ﬁan(t) > /2 e,hg(h)tﬁan(t)

/_(m<h)—x) i/ (h) -2

(ni—Emn;)

M=

i=1

2 e—th(h)ﬁP (

<2 nVarn)

> 2 2oV

3
4
proving (6.13). a
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Lemma 6.3. Let 0 < € < 1 /4,
by=1/z0, &:=& =2b,X—b>X?, and h:=he=(1+¢)/2.

Then, under the condition of Theorem 6.1, as n — oo,

Ee" =1+e(1+e)x2/(2n)+o(x2/n), (6.15)
EE" = (1+2e)x2/n+o0(x2/n), (6.16)
EE?M :4xﬁ/n+0(xﬁ/n). (6.17)
Proof. Note that
hE=h(1—(bX—1)%)<h<1. (6.18)

In view of (6.6), we have

Ee" = E¢°I(|X| > 2,) + E1(1X| < z,) (6.19)

2
=0(l(z)/z2) +E (1 +hé + (hi)) 1(1X]| < zn)
2
+E <eh5 —1—hé - (hg)) 1(1X] < zn).
From (6.5)-(6.7), it follows that
(hg)?
2

E <1+h§+ )I(|X <z) (6.20)

= 1—P(|X| > z4) — 2hb,EXI(|X| > z,) — hb21(z,)
212021 (z,) — 2W2BIEXCI(|X| < 2) + W*BEEX*1(1X| < 24) /2
= 1—hb2l(z,) + 2021 (zy)
+0 (I(z0)/2}) +hbyo (1(zn) /2n) +h*b} 0 (2l (z0)) + h*bjo (221 (z))
= 1+e(1+€)b2l(zn)/2+0 (b2(z0))
= 14¢&(1+€)x/(2n) +o(x2/n).

Similarly, by using the inequality |¢* — 1 —x — x?/2| < [x[]?e},

E(ehi —1—hé — (h5)2>1(|x <2zn)

> 6.21)

< E[REPe (x| < z0)
< 43I+ bnX=1)) (8b,3,|x\3 +b2X6) (X < 24)

< 4PSE (8b2\X|3 +b2X6) 1(X] < z0)
< 4h’e’ (bgo(z,,l(zn)) +b50 (zﬁl(zn)))
=0 (b2 1(zn)) = o(xz /n).
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From (6.19)—(6.21), (6.15) follows.
To estimate E <§eh'§, write

EEeM = EEI(|X| > ) + EE(1+hE)(X| < 2,)+ EE(eh — 1 hE)I(X| < 22).
Noting that sup_.,_,; |x|e* = e, we have

EELCI(IX] > z,)| < W 'ER|E|"1(1X| > z,)

<h 'eP(|X|>z)
=hlo (l(zn)/z,zl)
=o0 (xﬁ/n)
by (6.18) and (6.6). Similar to (6.20),
EE(L+hE)(|IX| < z) = (1+2€)x;/n+0 (xp/n).

Using the inequality |¢* — 1 —x| < x2ell, we can proceed along the lines of the proof
of (6.21) to show

E&(e" —1—hE)I(X| <z0) =0 (x3/n).

Combining these bounds yields (6.16). The proof of (6.17) is similar. O
Proof (of the lower bound (6.3)). Let by, h and & be the same as in Lemma 6.3. Put
& =2b,X; — b2 X?, i=1,2,....

By (6.12),

1
P(S,>x,V,) > P (sn > A% +xﬁ)> (6.22)

As in Lemma 6.2, let
m(h) = EECS JES,  6%(h) = EE2S JES —m?(h),  x=x2/n.
From Lemma 6.3, it follows that
m(h) = (1+2€)xi/n+o(x2/n),

Eéehg — (x%/n)Eehé = 28x3/n—|—0 (xﬁ/n) ,

12
o) (E¢) ™ 514 o(1)) /v o).

Vi Vi
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Therefore, (6.14) is satisfied for every sufficiently large n. By Lemma 6.2 and (6.15),

G 3 n
>2 > 2 h& —nhm(h)—2ho(h)\/n )
P(;é,_x,) _4(Ee ) p (6.23)
> 3 Je(ren2/2-h(1426)2 +0(x2)
_ 3 en2240(2)
) .
Since € is arbitrary, (6.3) follows from (6.22) and (6.23). O

Remark 6.4. The above proof of Theorem 6.1 has shown actually that the conver-
gence in (6.1) is uniform: For arbitrary 0 < € < 1/4, there exist 0 < J < 1, xp > 1
and ng such that for any n > np and xp < x < 8/,

e~(1+e12/2 < p <Sn zx) < (1022, (6.24)
n

Remark 6.5. Following the proof of (6.2) and using the Ottaviani maximal inequal-

ity (2.28) to bound J;, one can obtain the following result under the conditions of

Theorem 6.1: For any 0 < € < 1/2, there exist 0 > 1, 0 < J < 1, xp > 1 and ny

such that for any n > np and xp < x < 84/,

P( max Sk >x) < e~ (1€ /2. (6.25)

n<k<6n Vk

6.2 Self-Normalized Moderate Deviations: Stable Case

Let X be in the domain of attraction of a stable distribution with exponent ¢ (0 <
o < 2) and x, be a sequence of constants satisfying

X, — oo and x, =o(y/n)

as n — oo. In this section we prove that the tail probability of the self-normalized
sum P(S, > x,V,) is also Gaussian-like. Specifically, we have

Theorem 6.6. Assume that there exist 0 < @ <2, ¢c; > 0,¢c2 >0, c;+c¢2 >0anda
slowly varying function h(x) such that

~c1+o(1)
T

) and PX <—x) = 20W0 (626)

P(X >x) xa

as x — oo. Moreover, assume that EX =0 if 1 < a < 2, X is symmetric if & = 1 and
thatc1 > 0if0 < o < 1. Then

lim x,, 2 log P (S, > x,V,,) = —B(a,c1,¢2), (6.27)

n—oo
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where B (o, c1,¢2) is the solution of
F(ﬁ,a761,62) =0, (6.28)

in which ' (B, a,c1,c2) is given by

- 222/ o e —2—x2/B .
c1 Jo R T dx+ oy [ R dx ifl<a<?2,
00 N 2x—x2 _ —2v—a2 X
c1 fg /ize P ix ifor=1, (6.29)
oo ] _2x—x o 1262 ]
€1 Jo liaiﬁ/ﬁderCz 0 %dx ifo<a<l.

In particular, if X is symmetric, then

lim x, 2 1ogP (S, > x,V,) = —B(a), (6.30)

where B(a) is the solution of

dx=0.

/oo 2 erfxz/B _ e*ZX*)cz/ﬁ
0

xot+1

Remark 6.7. Itis easy to see that I' (8, &, 1, ¢;) is strictly decreasing and continuous
on (0,0) and, by the L’Hdpital rule, that

IimI'(B,x,c1,cp) =0 and limI'(B,c,ci,cp) = —oco.
lim (B,a,c1,c2) Him (B,a,c1,¢2)

Therefore the solution of I'(, o, ¢1,¢2) = 0 indeed exists and is unique.

6.2.1 Preliminary Lemmas

To prove Theorem 6.6, we start with some preliminary lemmas. Statements below
are understood to hold for every sufficiently large n. Let

Yn=xX/n (6.31)
and let z,, be a sequence of positive numbers such that
h(zn)z,* ~yn  asn— oo, (6.32)
Lemma 6.8. Under the conditions of Theorem 6.6, we have as x — oo,

c1+c
o

P(X] > x) ~ D), (633)
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E|XPI(X| <x) ~ 0“51—*;%2—%@, (6.34)
E|X|I(]X] > x) ~ %xmh(@ ifl<a<2, (6.35)
EX(X| <x) ~ 2T ey rgcaat. (6.36)

-

Proof. Equation (6.33) follows from the assumption (6.26). For (6.34), write
o /0 T2 < ¥V
and
EIXPI(X| <2) = E [ 2010 <XDI(X] < 5

_ /OXZI{P(|X| > 1)~ P(IX| > x)} dr

2(c1 +c2)x>"%h(x)
2—o
OC(C] —|—C2)

=g ©

— (c14¢2)x* " %h(x)

by (6.33) and (P5) in Sect.4.1. This proves (6.34), and the proofs of (6.35) and
(6.36) are similar. a

Lemma 6.9. Under the conditions of Theorem 6.6,
Ee™X* — 1 =2(cy +c2)b%h(1/b) / A% dx o (B%h(1/B))  (6.37)
0

asb | 0.

Proof. Observe that
2 [y ) o 2
l—e™ :/ 2xe "dx:/ 2xe " I(]y| > x)dx.
0 0
We have
1—Ee ™ =2 / xefsz(|X| > x/b)dx
JO

_ o, [7 . —eleiteato(l))h(x/b)
= 2/0 xe (/b)" dx by (6.33)

— 2(c1 +c2)b%h(1/b) /0 % dx 4 o(bh(1 /b))

by (P2) and (P4) in Sect. 4.1. a
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For ¢t > 0, put

(2 o0 1(-2v-22) .
cro fg° %dxwzaf Lo 2 gy ifl<a <2,

o2
W) =3 ¢ [ 2@l gy ifor=1,
oo]erx Wlel(bx) .
(,laf de+C2(Zf de if0<a< 1.
(6.38)
Note that
o 2—(2— (2x—x —2x—x2)_ .
c1af, %dx—i—czafo 2+”(xa 2 dx ifl<o<2,
1(2x—x2 Jt —2x—a2
70 = e i 2 >+;2+x>c< dx fo=1,
oo (x— ) 2+xe( %) .
clafo 7dx+c ch 7adx fo<a<l;
(6.39)
and
2.t 2)(*)(2 2.t 72'c7x2
—clajf%dx—czajg’%dx ifl<a<?2,
Y1) =19 —c1 f5(x— 2)2e’(2)‘_"2) + (2+x)ze’(_2x_x2)dx ifo=1,
o (1—2)2 (2x7x2 . 2 (72!(7/\'2) )
—c1a [y (le(fiil)dx—czafo %dx ifo<a<l.
(6.40)

The next two lemmas play a key role in the proof of Theorem 6.6.

Lemma 6.10. Let
E:=§& =2bX—(bX)?, b>0

and let 0 < d < D < . Under the conditions of Theorem 6.6, as b | 0,

1—Ee'S = y(1)b%h(1/b) + 0 (b*h(1/b)), (6.41)

EE 'S = —b%h(1/b)y' (1) + 0 (b*h(1/b)), (6.42)
and

EE%e'S = —b%h(1/b)y" (1) + o0 (b%h(1/b)) (6.43)

for any d <t < D, where y(t) is defined as in (6.38) and the constants implied in
o(+) do not depend on t.

Proof. Let ' denote derivative with respect to x. In the case 1 < o < 2, we use
integration by parts and EX = 0 to obtain
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1—Eé = Zt/OwP(X >x/b) (1 —(1 _x)ef(2x7x2)> dx
+2t /NP(X < —x/b) (—1 +(1 —&-x)e’(*zx*xz)) dx
_ / (c1+o(1))h(x/b) (1 —a —x)e’(zx*x2)> x
x/b

(c2+o(1)) h(x/b) H(-2e
+2t/0 2 D) (—1+(1+x)g( 2 >>dx

= (c1+0(1))b*h(1/b) (1 +0(1))2t/0w% (1-(1=9e@=) ax
+(C2+0(1))bah(1/b)(1+0(1))2t/0m% (F1+ (1))
= y(t)b*h(1/b) + 0 (b*h(1/b)), (6.44)

where (P2) is used for the third equality and integration by parts is used for the last
equality. Moreover,

EES = Z/OwP(X >x/b) ((1 —x) (t(2x—x*)+1) ol =) _ 1) dx
+2/0°°P(x < —x/b) ((1 +22) (120 42) — 1)/ C20) 4 1) dx

= 2/00 (C] +Z}§/;; ()C/b) <(1 —.X) (t(2x—x2)—|— l)et(zxixz) B 1) dx

2/ C2+0x/b (/) ((1+x2) (t(2x+x2)*1)3’(_2x_x2)+1) dx

- 2c1b°‘h(1/b)/0 xia ((1 —x) (126 —22) 1) ) 1) dx

=1 2 2 22
+2czb°‘h(l/b)/0 (142 (x4~ 1) ¢ 1 1) ax

+o (b*h(1/D))
= —y'(t)b*h(1/b) + 0 (b*h(1/b)), (6.45)

proving (6.41) and (6.42). To prove (6.43), we proceed similarly to obtain
o !
EE%¢S :/ P(X > x/b) ((2x—x2)ze’(2x_x2)> dx
0
. 212 r(~2-22) )’
—|—/ P(X < —x/b) ((2x—|—x )2l (2 )) dx
0
oo !/
:clb“h(l/b)/ x ((2x—x2)zet(zx*x2)) dx
0

+eab®h(1/b) /0 o ((2x+x2)26’(_2"_xz))l dx+o(b*h(1/b))
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0 (7 _ )2 t(2x—x%)
:aclb“h(l/b)/ (Gt

0 xa—l
+—aczb“h(1/b)jgm(2_%fi?ffx'X)dxA—o(b“h(l/bﬁ
— b%h(1/b)y" (1) + o0 (b*h(1/b)). (6.46)

For the case o = 1, since X is symmetric,
1_&@:_/(pﬂmfgwwzww
Jo

- / ) (1 - el(,sz)) dP(X < —x/b)
0
_ _/ 9 _ pl(2x=a%) _et(*lx—xz)) dP(X > x/b)
0

oo

!
= [ P(X>x/b) (2 — =) _ e’(fzxfxz)) dx.
0

In the case 0 < o < 1, we do not have this simplification and work directly with
1 - EeS = /0 “P(X > x/b) (1 - e’<2"*x2))/ dx
+/ONP(X < —x/b) (1 fe’<—2)‘—x2))' dx.
We can then proceed as in (6.44)—(6.46) to complete the proof. O

Lemma 6.11. Let 0 < d < D < oo, Then, under the conditions of Theorem 6.6,

sup infe T ol QX —IBXI%) < p=Beyuto(yn)
0<b<D/z, >0

foreveryd < c <D, where B := B,(a,c1,c2) is defined as in Theorem 6.6, z, and y,,
are as in (6.31) and (6.32), and the constant implied by o(y,) is uniformin c € [d,D].

Proof. Let 0 < 8 < d and divide 0 < b < D/z, into two parts: 0 < b < §/z, and
6/7zu < b < D/z,. From (6.41) it follows that for 0 < b < §/z,,

EPX—IXE) < | _ y(3B)b%h(1/b) + 0 (b*h(1 /b))
<exp((|¥(3B)|+1)b*h(1/b))
< exp(K(8/21)"h(z4/9))
< exp K1 8%/%; h( Zn))

< exp (K28%2, ) < exp(cByn).

provided that § is chosen to be sufficiently small, and that n is large enough; here
and in the sequel, K and Kj,K>,... denote positive constants which depend only
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on o and other given constants, but may be different from line to line. Hence there
exists § > 0 such that

sup inf e E ! (20X —[bX[?)
0<b<8/z, 10
<  sup e73BCy”Eew(zl’X*“’X'2> < e 2Beyn (6.47)
0<b<8/zn

Next estimate sup; /. <p<p/;, infr=0 et Ee! (PPX=DXI") et (1), y'(¢) and y" (1) be
defined as in (6.38), (6.39) and (6.40) respectively. In view of (6.40) and the fact that

y"(t) <0 fort >0, lif(r)ly’(t) =oo and limy'(t) = —oo,
t

tToo
there exists a unique #;, such that

€
b%h(zy)

Y (1) = . (6.48)

Since Jvo Dy o
YnZy YnC Ynly
0<K <
"= D%h(z,) T b%h(ze) ~ 8%(zn)

for 8 /z, < b < D/z,, we have

<Kp <o

K3 <1, < Kjy.
Applying (P2) in Sect. 4.1 and (6.41) again, we obtain

sup infe "o gl (20X —|bXI)
8/im<b<D/z, >0
< sup e*lbcynEelb<2hX*|bX\2)
6/Zn§h§D/zn
< sup  exp(—tpcyn — Y(tp)b*h(1/D) + 0 (b*h(1/b)))
5/ZnSbSD/Zn

< sup exp(—tpcyn — Y(tp)b*h(zn) + V(tp)b%h(zn)0(1) + 0(yn))
S/ZnSbSD/Zn

< sup exp(—tpeyn — Y(tp)0%h(zn) +0(yn))-
6/Zn§b§D/Zn

Let
g(b) = —tpeyn — y(15)b%h(zy)

and bg be such that 7, = B. Noting that y(1) = at*I,(t,a,c1,c2), we have

')/(tbo) =0.
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By (6.48),
>0 ifb < by,

g'(b) = —y(t,)ab® 'h(z,){ =0 it b= by,

<0 ifb>by

for 1, a decreasing function of b, and y(¢)/t* is a decreasing function of ¢. Thus,
g(b) achieves the maximum at b = by and g(by) = — B cy,. Consequently,

sup  infe " Ee!CXIXP) < exp (—Bey, +o(yn)). (6.49)
8/2<b<D/z; 120

From (6.47) and (6.49), the desired conclusion follows. a

6.2.2 Proof of Theorem 6.6

Let B = B(o,c1,c2). We first show that forany 0 < € < 1/2,
P(Sy>x,Vy) <exp(—(1—¢€)Bx;) (6.50)

provided that n is sufficiently large. Define y, and z, as in (6.31) and (6.32) and let
0 < 0 < A < oo. The values of § and A will be specified later, with § sufficiently
small and A sufficiently large. Similar to (6.8),

P(Sn > ann) < P(Sn > ann,6ann <V, < Aann)
+P (Sn > x,Va, Vi > Axy, Zn) +P(Vn < 6xnzn)

IN

P (Sn > , ingv ((an)2 +X3) /(Zb), 8ann <V, < Axnzn>
=Xn/Vn

+P <ZX,»1 (|Xi| < \/Xz,,) > Axﬁzn/2>
i=1

+P (ix,»l <|Xi| > \/in) > x,Vi /2) +P(Vy < 8xn21)
i=1

IN

P2 ey o BVy)? + 2 2b)
( _1/(Azn)%li}§1/(5zn)(( )*+x3) /(2b)

n
+P <ZXiI(Xi| < Azy) > Ax2z, /z)

i=1
+P <Z’ (Xl > Vaz,) = (xn/2)2> +P(V} < 82
i=1

=TT1+L+T:+1T1;. (6.51)
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From (2.27), (P4), (6.33), and (6.32), it follows that

X2 - A“/zzl‘fy,,

X%/“ x%/4
. <4enP(|X > \/in)> _ (16(c1 +cz)h(AZn)>

2
20(c1 +ca)h(za) \ /4 x4 262
< (AO‘/“ZS‘yn < (25(61 JrCz)/Aa ) <e , (6.52)

provided that A is large enough. Let r = 1/(8z,) and co = [ X172 dx. Tt follows
from (6.37) that for § sufficiently small,

Ty < @PAEe M = 0% (B )
< exp (8x2 — (c1 +c2)cont®h(t))
< exp (8x; —0.6(c1 +c2)con (8z,) *h(zn))
< exp (5}53 —0.5(c; + 02)605_8)63) <exp(—2Bx3). (6.53)

To bound 75, we apply Lemma 6.8 to obtain

EX;I (|X,-| < \/Kzn)

=n ’EXI (\X| < \/Zzn)

n
>
i=1

nE|X|I (|X| > \/szn) ifl<a<?

<{o0 ifor=1
nE|X\1(|X| gﬂzn) if0<a<l
2na(cy +c2)(VAZ) T*h(VAzZ) /(e —1)  ifl<a<?2
<{0 ifor=1
2na(cr +c2)(VAz) "*h(VAz,) /(1 —a) if0<a<l
2na(cy +c2)A "2 "% (z,) (1) ifl<a<?2
<40 ifoa=1
2na(cy +c)A' %2 "% h(z,) /(1 - ) if0<a<1
< Ax2z,/4, (6.54)

4-(6‘1 + 6‘2)

- n(VAz,)> *h(VAz,) <AZxE. (6.55)

nEX2I (|X| < \/Xz,,) <
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Therefore, by the Bernstein inequality (2.17), we have for all sufficiently large A,

T <P (Z{X,-I (Wl < Vaz,) — EXit (%] < VAz,) > Axﬁzn/4)
1

i=

) stz
exp | —
=P 32(Az2x2 + A3/272x2)

1/2,2
< exp (A 64x"> <exp(—2Bx3). (6.56)

To bound 7j, let @ = (1 —&/2)~ /> and b; = 67 /(Az,), j =0,1,2,.... It follows
from Lemma 6.11 that

=P sup (208, — b2Vnz) > X,
1/(Azy)<b<1/(8zn)

IN

P max sup  (2bS —bVH > 2
<0<J'<10g9(A/5)bj<b<b_,-+1( " ")z

<P ma 2biy 1S, —b3VE) > 2
- (o<j<1og§<A/6>( pi$n=b3V2) 2.5,

IN

P(20b;S,— b3V, > x;.)
0< j<logg(4/9)
= Y P(2(b;/6S.—(bj/0)P2V;} > (x,/6)%)
0< j<logg (4/9)
(1+logg(A/8)) sup P (2bS,— V2 > (xn/e)z)
0<b<1/(8zn)

< (14+1ogg(A/8)) sup infe (/00 pel (26Sn—b2V2)
0<b<1/(8z,)1>0

IN

< (14logg(A/5)) sup  infe /0% gl (0X—IPX]?)
0<b<1/(82,)">0

< (1+1ogg(A/8)) exp(—Pny, /6% +o(ya)n)
(1+logg(A/8))exp (—(p —1)Bx;/6° +o(x;))
(1+1ogg(A/8))exp (—B(1 —€/2)x2 +0(x2)). (6.57)

From (6.52), (6.53), (6.56) and (6.57), (6.50) follows.
We next use the same idea as that in the proof of (6.3) to show

P(Sy > x,Vy) > exp (—(1+¢€)Bx2). (6.58)

Recalling that y(r) = at*I,(f, &, c1,c2), we have y(B) = 0. Since ¥(r) is concave
on (0,e0) and lim, o ¥(t) = 0, it follows from y(f) = 0 that y'(f) < 0. Let § = ¢&/3
and y'(¢) be as in (6.39). Put
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(48
”"’"’5< Y’(ﬁ)h(m) ’

E=2bX—|pX|* and & =2bX;,—|bX;|>, i=1,2,....
Application of (6.12) yields

P(Sy > xaVy) > P (S, > (B*V2 +x2) /(2b)) = P <Z &>n(p— 1)y,,> .
i=1

To verify condition (6.14), let m(-) and o(-) be the same as in Lemma 6.2. From

(6.32), it follows that
1 1+8)\ "«
b — (— (+ )> .
Zn
By Lemma 6.10, (P2) and (6.32), we obtain

Eeﬁé = 1+0(yn)7
EQE eﬁé = (] +6)yn +0(yn)7

(&28) " /=0 (/i) = o).
and hence
m(B) = (1438)y,+o(yn),
o(B)/vn=o(yn).

Thus, the condition (6.14) is satisfied with 4 = 3. Therefore, by Lemma 6.2,
" 3 n
P Y &=ny | = 7 (EeP) exp(-npm(B)—2B o(B)v/n)
i=1

> %exp (o(yn)n—n(1+0)Byn)

> exp(—(1+¢€)Bx),
as desired, proving Theorem 6.6. ad

Remark 6.12. Analogous to Remark 6.4, the convergence in (6.27) is uniform: For
arbitrary 0 < € < 1/2, there exist 0 < 6 < 1,x9 > 1 and ng such that for any n > ng
and xp < x < 8+/n,

o (1He)B(acrea)x® < P(S, > xV,) < o (1=e)B(ocr)x®

Moreover, analogous to Remark 6.5, we have a strong version of (6.50).

Theorem 6.13. Under the conditions of Theorem 6.6, for any 0 < € < 1/2 there
exists O > 1 such that
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P| max S >x, | <exp(—(1 fe)ﬁ(oc,cl,cz)xﬁ) (6.59)
n<k<én Vi — B

for every n sufficiently large.

Proof. Letn = (1—(1—¢/2)'/*)/3. Clearly,

Sk Sy
P — > <P|l—2>(1-3 6.60
<n5§i’én Vi x”) = <V,, = ")x”> (6.60)
St — Sy
P >3nx, ).
+ (ngl:?én Vi = 21X )

By Theorem 6.6, if n is sufficiently large,
Sn )
P(72 (1-3n)x, | <exp(—(1—¢/2)B(a,ci,c2)x;). (6.61)
n

Next we show that the second term on the right hand side of (6.60) is bounded
by exp(—2B(a,c1,c2)x2). Let z, be as in (6.32) and let 0 < § < 1/4. Write

k 2

Sy — S, X (X < (nd)7z

P( max 22 ">3nx,) <P max Eicy1 Xl (il < (18)°2) > 21xy,
n<k<on Vj n<k<6n Vi

+P| max Z?:"H Xilt (‘Xi| Z (nB)zzn) > nx
n<k<6n Vi =

<P< max Z X1(\X|<(n6) >>2n6xﬁzn>

n<k<6n St

(6n]
FP(Vy < )+ <21(|X|>(n6> )zmxnﬁ).

i=n+1
By (6.53), there exists 6 > 0 such that
P(V, < 8x,2,) < exp(—2B(a,c1,¢2)x2).

Similar to (6.52), we have

2

[6n] 3 _1 P x| > 5 : (nxn)
P Y 1(X]>(n6)%z) > (nx)* | < )nP (IX] > (n8)*z)
i=n+1 nxn)
< 6c1+cZ (6 — 1)nh(z,) (M)
)3(n6)2%*z%
8 C1+62) 77 %
654

exp —2B(a,c1,c2)x 2)
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provided that 6 is sufficiently near 1. In view of the proof of (6.54), we can choose
6 — 1 > 0 sufficiently small so that

(61]

Y |EXil (1] < (06)72)| < K(0— 1)z, < 3ndx3a
i=n+1
(61]
Y Var (X (1X;]| < (16)°z,)) < (80— 1)nEX?I(1X| < (n6)z)
i=n+1
< 2(9 - l)na(cl +C2) ( 5)472(1137(1]1(2”)
2—wo

<K(0—1)xz <n*8*xz,

where K is a constant depending only on «,cy,c2,n, 8. Therefore, by the Ottaviani
inequality (2.28) and the Bernstein inequality (2.17),

k
P( max Y X (|Xi| < (n8)*z) 22115x,2,zn>

n<k§9ni:nJrl

[6n]
<2pP ( Y X (1Xi] < (168)%2) — EXI (|1Xi] < (n8)%2n) } > 715392,1”)

i=n+1

(115Xﬁzn)2
<exp|—
2n454x222 +4(n8)22,(n8x2z,)

X
= exp <_677252) <exp (—2[3(06,01 ,cz)xﬁ) ,

provided that & is small. Putting together the above inequalities yields

P (n<mk§’én S";ks” > 3nx,,) <dexp (—2B(a,c1,c2)x0) . (6.62)
From (6.61), (6.60) and (6.62), (6.59) follows. O

6.3 Self-Normalized Laws of the Iterated Logarithm

Let X, X;,X>,... beii.d. random variables. Finiteness of the second moment is nec-
essary for the classical law of the iterated logarithm to hold; see Theorem 2.4. More-
over, if X is symmetric and in the domain of attraction of a stable law with index «
(0 < a <2),then

. S

hmsup—" =0 or oo a.s. (6.63)

n—o Ay
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for any sequence {a,, n > 1} of positive numbers with a, — co; see Feller (1946).
In contrast, Griffin and Kuelbs (1989) have proved that a self-normalized law of the
iterated logarithm holds for all distributions in the domain of attraction of a normal
or stable law. This is the content of the following theorem, in which the constant

specified in (6.65) is due to Shao (1997).
Theorem 6.14.
(a) IfEX =0and EX*I(|X| < x) is slowly varying as x — o, then

S
limsup “ =1 as.

no Vy(2loglogn)!/2

(b) Under the conditions of Theorem 6.6, we have

S
limsup = :([3(05,01,02))71/2 a.s.

n—e Vy(loglogn)!/2

In particular, if X is symmetric, then

= (Bla) " as,

lims Sn
imsup—————
,Hoop V,(loglogn)!/2

where B(a,cy,c2) and B(o) are defined as in Theorem 6.6.

Proof. We only prove part (b) since part (a) is similar. We first show that

. Sn —1/2
P A———<
hglj;lp V,(loglogn)!/2 (Blacr,e2)) @

Forany 0 < € < 1/4, let 0 > 1 be given in (6.59). Then

Sn Sn
li ——=1i —_—.
TP V,(loglogn)!/2 linsoljpek<n<ek+l V,(logk)!/2
By (6.59),
Y e max S (1he)laer)
k=1 9k<n<9kJrl V (logk)l/z -

(6.64)

(6.65)

(6.66)

(6.67)

(6.68)

<KZexp (1—¢)(1+¢€)*logk) < oo.

k=1

In view of the Borel-Cantelli lemma and (6.68), (6.67) follows.

To prove the lower bound of the limsup, let T > 1 and n; = [¢*'], k =

Note that

1,2

PR



6.3 Self-Normalized Laws of the Iterated Logarithm 83
Sy

AP Goglogn 2 PV, Goglogn) 7 06
> limsup M 4 liminf%
koo Vi, (loglogng)'/2 k= V, (loglogny)'/?
= limsup (V”2k — Vﬂzk—l )2 Sm = Sny
Ty, vz v )P (oglogm)
+liminf Vi Sy

koo Vyo Vi (loglogny) 12

Since (S,, — Snkfl)/(Vnzk - V,?kil)l/Q), k > 1, are independent, it follows from

Theorem 6.6 and the Borel-Cantelli lemma that
. Sn _Sn 1
limsu k el > a.s. 6.70
P (V2 =2 )V2(loglogm)'/? = 2B(at,c1,c0)1/? 79
We shall show that v
lim —% = oo a.s. (6.71)
k—seo Vnk—l
By (6.69)—(6.71) and (6.67),
S 1
limsup L a.s. (6.72)

>
now Vy(loglogn)l/2 = 12B(a,cy,c2)'/?

Since T > 1 is arbitrary, (6.65) follows from (6.67) and (6.72).
To prove (6.71), let x,, = k and define z,, as in (6.32). Then, by (6.53) and the
Borel-Cantelli lemma, v
liminf —%~ > § >0 a.s. (6.73)

k—eo X, Zny

From Lemma 6.8, it follows that

i=1

O(1)ny_1h(zn,) N me 1 EX21(|Xi| < 2)

ng—1
PV, > 2n,) < m—1P(IX| >z, ) +P (Z X21(|X;] < z,) > zﬁk>

- % 2
0 mih(z,)  O(meixy,
— = — .
=0(k™?) by (6.32).

Hence, by the Borel-Cantelli lemma again,

: Vnk—l
limsup <1 a.s. (6.74)

k—o0 Zl’lk

From (6.73) and (6.74), (6.71) follows. O
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6.4 Supplementary Results and Problems

Let X,X;,X5,... beii.d. random variables. Put

n

n
X, vi=Yx? vb,=Yx|’, p>L
i=1

-

Sp =

i=1

i=1

1. Assume that E(X) =0 and E(X?) = 1.
(a) If E€0X] < oo for some 7y > 0, show that

10g P(|Sy| > xp/1) ~ —x2/2 (6.75)

for x, — oo and x, = o(n'/?).
(b) If (6.75) holds for any x,, — oo and x,, = o(n'/?), show that there exists o > 0
such that E¢0X| < oo (see Shao, 1989).

2. Assume that E(X) = 0 and E(X?) < co. Let a;, 1 <i < n, be a sequence of real
numbers. Under what condition does the result

i . 1/2
logP | Y aiX; > x, (Z a%X?) ~—x2/2
= i=1

4

hold for x,, — o0 and x,, = o(nl/z)?

3. Prove (6.25).

4. Moderate deviation normalized by V, , (Shao, 1997):  Assume that the condi-
tions in Theorem 6.6 are satisfied. Let p > max(1, ), and let {x,,n > 1} be a
sequence of positive numbers with x,, — oo and x, = o(n(” ~/p ) as n — oo. Then

lim x, 7/~ 1 logP<‘f" an) = —(p—1D)Byp(at,c1,c2), (6.76)

n—oo n.p

where B, (a,c1,c2) is the solution of I,(B, &, c1,¢2) =0and I,(B, e, c1,c2) =

o | 4 o oPx—x7 /B! o | — o g—PE—"/BP!
cl/ “’xe—dHcZ/ pr—e dx  ifl<a<?2,

yotl Yo+l

o0 ) P xi/ﬁ[) —e X xp/ﬁ[l
¢ /
0

> dx ifo=1,
oo | 7811;(—)(”/[3”’1 oo | 787[7)(7)(”/[3”’1
cl,/o de-i—cz/o de if0<a<l1.

5. Moderate deviation normalized by maxi<g<, |Xx| (Horvdth and Shao, 1996):
Assume that the conditions of Theorem 6.6 are satisfied. If {x,,] <n <e}isa
sequence of positive numbers satisfying x,, — oo and x,, = o(n), then we have

1
lim — log P (S,, > x, max |Xk|> =—1(a,c1,c2),
1<k<n

n—oo X,
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where T = (0, c1,¢2) > 0 is the solution of f(7) =c¢j + ¢, and f(¢) =

tat(cr — Le*—1—1 e ™™ — 1+t
M-&-c]a/ %dx—&-cza/ Sl LN ifl<a<2,
0 0

o—1 X% xo+l
L ) .
C]/ 72(1)6 if @ = 1,
0 X
Tet* — 1 e tx 1 .
Cla\/o de+c2a‘/0 de if0<o<1.

6. Universal self-normalized moderate deviation for centered Feller class (Jing et
al., 2008): Let C, denote the support of X, that is,

Ci={x:P(Xe(x—gx+¢)) >0, forany € > 0}.
Assume that
CNRY#0 and CNR™ #0, whereR" = {x:x>0}, R™ ={x:x<0}

and that either EX = 0 or EX? = . If X is in the centered Feller class, i.e.,

i a*{P(|X|>a)+a ' |EXI(|X| < a)}
msu
o EX2I(|X| < a) ’

then
10g P(S,/Vyy > x,) ~ —nA(x2/n)

for any sequence {x,,n > 1} with x,, — oo and x,, = o(y/n), where

Alx) = érzl(f) ?210) (tx —logEexp {t(2bX — b*X?)}).

If in addition, Card(Cy) > 3, then

lim x,, 21og P (S, /Vyy > x,) = —to, (6.77)
n—oo

where tg = lim,_,o+ #,, and (¢, b,) is the solution (z,b) of the equations

Eb(2X — bX*)exp {tb(2X — bX*)} = xEexp {tb(2X —bX*)}, (6.78)
E(X —bX?*)exp {tb(2X — bX?*)} = 0. (6.79)

7. Let X satisfy the conditions in Theorem 6.6. Prove that X is in the centered Feller
class. Also verify that o = B(a,c1,c2), where 1) is as in (6.77) and B(c,cy,¢2)
in (6.27).

8. Assume that X is symmetric. Prove that

: |Sn|
1 — <1 as. 6.80
HnILSBP V,(2loglogn)!/2 — @3 (6.80)

Under what condition can the inequality < I be changed to = 1?
Hint: Use (2.11).



Chapter 7

Cramér-Type Moderate Deviations
for Self-Normalized Sums

Let X1,X>,...,X, be a sequence of independent random variables with zero means
and finite variances. In Sect. 2.1.3, we have described Cramér’s moderate deviation
results for (Y, X;)/(X; EX?)'/2. In this chapter we show that similar to self-
normalized large and moderate deviation theorems in Chaps. 3 and 6, Cramér-type
moderate deviation results again hold for self-normalized sums under minimal mo-
ment conditions.

7.1 Self-Normalized Cramér-Type Moderate Deviations

Let X, Xa,. .., X, be independent random variables with EX; = 0 and 0 < EX? < oo.
Let

n n n
So=Y.Xi, By=Y EX}, vi=Y x7, (7.1)
i=1 i=1 i=1
14x 2 n
Apy = ( - ) Y EX?I(|Xi| > Ba/(1+x))
B; =
(7.2)
(1+x)° ¢ 3
B31 Z],E‘Xl| I(‘Xi|§Bn/(l+x))
7 i=
for x > 0. Jing et al. (2003) have proved the following theorem.
Theorem 7.1. There exists an absolute constant A (> 1) such that
P(Sn=xVa) _ o(1)a P(Sy < —=xVa) _ o(a
= nx d = X 7.3
—ok) ¢ an ®(—x) ¢ (73)
for all x > 0 satisfying
x> max EX? < B (7.4)

1<i<n

V.H. de la Peia et al., Self-Normalized Processes: Limit Theory and Statistical Applications, 87
Probability and its Applications,
(© Springer-Verlag Berlin Heidelberg 2009
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and
A< (1422/4, lo()] <4, (7.5)

Theorem 7.1 provides a very general framework and the following results are its
direct consequences.

Theorem 7.2. Let {a,,n > 1} be a sequence of positive numbers. Assume that

a> < B2/ max EX? (7.6)
1<i<n

and .
Ve>0, B2 Y EX?I(|X:| > €By/(14+an)) =0 asn— oo. (7.7)

i=1

Then
logP(S,/Vy > X) L logP(S,/Vy < —x) 1 (7.8)
log(1 — ®(x)) log ®(—x)

holds uniformly for x € (0,ay).

The next corollary is a special case of Theorem 7.2 and may be of independent
interest.

Corollary 7.3. Suppose that B, > c\/n for some ¢ > 0 and that {X?,i > 1} is uni-
formly integrable. Then, for any sequence of real numbers x,, satisfying x,, — oo and

Xy = 0(\/n),
1og P(S,/ Vi > x) ~ —x2/2. (7.9)

When the X;’s have finite (2 4 0)th absolute moments for 0 < & < 1, we have

Theorem 7.4. Let 0 < 6 < 1 and set

_v 245 o 1/248)
Ln,5 - Z E|Xl| ’ dn,5 - Bn/Lnﬁ :

i=1

Then for 0 < x < dn75,

P(Su/Va>x) 14+x\20

e e 1+0(1)(dn,6) , (7.10)

PVi= =) 4 o <1+x e 7.11
45(—)() =1+ ( ) dn,S) ) ( . )

where O(1) is bounded by an absolute constant. In particular, if d, 5 — o as n — oo,

we have
P(S, > xVy)

1—d(x)

P(S, < —xV,)

—1 d(—x)

1 (7.12)

uniformly in 0 < x < o(d, 5).
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Results (7.10) and (7.11) are useful because they provide not only the relative
error but also a Berry—Esseen rate of convergence. By the fact that 1 — @ (x) <
2e/2 /(1+x) for x > 0, it follows from (7.10) that the following exponential non-
uniform Berry—Esseen bound holds for 0 <x < d,, s:

IP(S/ Vi > x) = (1= D(x))] S A(1+x) 4012243 (7.13)

The next corollary specifies d, s under certain circumstances and especially for
i.i.d. cases.

Corollary 7.5. Let 0 < § < 1. Assume that {|X;|>*%,i > 1} is uniformly integrable
and that B, > cn'/? for some constant ¢ > 0. Then (7.12) holds uniformly for x €
[O,O(na/(4+25))).

For 1.1.d. random variables, Theorem 7.1 reduces to

Corollary 7.6. Let X,X,X,... be i.i.d. random variables with EX = 0 and 6> =
EX? < oo, Then there exists an absolute constant A > 2 such that
P(Sn < fon) O(1)Anx

ok “h el f

P(Sy > xVy) 201 dnx

for all x > 0 satisfying A, < (14x)/A, where |0(1)| < A and

Ay = (142?60 2EXTI(|X1] > Vo /(1 +x))
+(1+x)30 3 2EX PI (X1 < Vo /(1 +x)) .

Remark 7.7. If X1,X,... are i.i.d. random variables with 6> = EX12 < oo, then con-
dition (7.4) reduces to x < y/n while (7.5) reduces to

1 c 1+xEX c 1
Ledxar (x> Y20 L L ENE, (1) < Vo) o 1
c 14x Vn o 1+x A

which in turn implies (1 + x) < /n. Hence, (7.5) implies (7.4) in the i.i.d. case.
However, (7.5) does not imply (7.4) in general. On the other hand, it would be of in-
terest to find out if condition (7.4) in Theorem 7.1 or condition (7.6) in Theorem 7.2
can be removed.

Remark 7.8. An example given in Shao (1999) shows that in the i.i.d. case, the con-
dition E|X;|**9 < oo cannot be replaced by E|X;|" < co for some r < 2+ & for (7.12)
to hold.

Remark 7.9. When Xi,X3,... are i.i.d. random variables, d, s is simply equal to
n‘s/(4+25)(EX12)1/2/(E\X1|2+5)1/(2+5).
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7.2 Proof of Theorems

Throughout the remainder of this chapter, we use A to denote an absolute constant,
which may assume different values at different places. We first prove Theorems 7.2
and 7.4 by making use of Theorem 7.1 and then give the proof of Theorem 7.1.

7.2.1 Proof of Theorems 7.2, 7.4 and Corollaries
Proof (of Theorem 7.2). Note that for 0 < € <1 and 0 <x < a,,

n n
B,* Y EX}I(1X;| > B,/(1+4x)+(1+x)B,”> Y EIX;P’1(|X;| < B,/(1+x))
=1 i=1

n n
= B,? Y EXI(|Xi| > By/(1+4x))+ (1+x)B,> Y E|Xi|’I (1X;| < €B,/(1+ay))
i—1 i—1

L L

+(1+x)B;? iE|X,-|31(an/(1 +a,) < |Xi| <B./(1+x))
=1

1

n n
< B,?Y EX?I(1X;| > B,/(1+x))+e(1+x)B,*/(1+a,) ¥ E|X;|*
=1 i=1

1 1

+B;2iE|Xi|2I(£Bn/(1 Yay) < |Xi| < Ba/(14x))

i=1

n
<e+B,>Y EIXi|’1(|Xi| > €B,/(1+ay)).
i=1

Therefore by (7.7),
Anx=o0((1 +x)2) asn — oo

uniformly for 0 < x < a,. Hence Theorem 7.2 follows from Theorem 7.1. O

Proof (of Corollary 7.3). For any a, satisfying a, — oo and a, = o(B,), the uni-
form integrability assumption implies that (7.6) and (7.7) are satisfied and hence the
corollary follows from Theorem 7.2. a

Proof (of Theorem 7.4). Equations (7.10) and (7.11) follow from Theorem 5.9 on
the Berry—Esseen bound for 0 <x < A. When x > A, it is easy to see that

14+x

246
) < (1+x)%/A
dn,ﬁ

Apy < (14+2)*7°L, 5/B20 = (

and that dﬁ 5Mmax;<, EX,»2 < Bﬁ. Thus, conditions (7.4) and (7.5) are satisfied and the
result follows from Theorem 7.1. O
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Proof (of Corollary 7.5). Let d > 0 and x,, = d n®/(4+28) Tt suffices to show that
Any =0(1) asn — oo, (7.14)

Similar to the proof of Theorem 7.2, we have, for any 0 < € < 1,

n
Apx, < (1 +x,,)zB;22EXi21(|X[| > By/(1+x,))
i=1

_ _(048) ©
+e' 78 (14x,) 208, PP Y EIX PO (1] < B/ (14x2))
i=1

=

n
(14202708, O Y EIX, P01 (6B, /(14 x,) < |Xi] < Bu/(1+x,))
i=1

_ 5 1 _
< (142)72B, PP Y EIX [P0 (X > eB, /(1 +x,)) + O(1)e'?
i=1

=o(1)+0(1)e'°,

since {|X;|**®, i > 1} is uniformly integrable. This proves (7.14) because € can be
arbitrarily small and hence the corollary. ad

7.2.2 Proof of Theorem 7.1

We use the same notation as before and only prove the first part in (7.3) since the
second part can be easily obtained by changing x to —x in the first part. The main
idea of the proof is to reduce the problem to a one-dimensional large deviation result.
It suffices to show that

P(S, > xV,) > (1 — ®(x)) e A4nr (7.15)

and
P(S, > xV,) < (1 — ®(x)) et (7.16)

for all x > 0 satisfying (7.4) and (7.5). Let
b:=by=x/B,. (7.17)
Since xV,, < (x* +b?V2)/(2b), it follows that
P(Sy > xVy) > P (S, > (2 +b2V2)/(2b)) = P(2bS, — b*V2 > ).
Therefore, the lower bound (7.15) follows from the following proposition.
Proposition 7.10. There exists an absolute constant A > 1 such that
P(2bS, — b*V? > x%) = (1 — ®(x)) 0D (7.18)

for all x > 0 satisfying (7.4) and (7.5), where |O(1)]| < A.
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As for the upper bound (7.16), when 0 < x < 2, this bound is a direct consequence
of the Berry—Esseen bound in Theorem 5.9. For x > 2, let

0:=0,,=B,/(1+x) (7.19)

and define

Noting that for any s, € R, ¢c>0andx>1,

xVe+it? = \/(xz—l)c+12+c+(x2— 1)r?

> \/(xz—l)c+12+2t (x> =1)c

=t+4/(x*—1)c,
we have
{s4+1>xVe+2y c{s>(*—1)"2/c}. (7.20)
Hence,
P(Sy > xV,) < P(Sy > xV,) + P(Sy > xV,,, 1n<1jc1<x |X;| > 0) (7.21)
<i<n

i

< P(S, > xVi)+ Y P(Sy > xVy,|Xi| > 6)

Il B
=

IN
o
@
Vv
-
§|
+
(ngE

P(SS,” > (2= D2 x| > 9)

Il
-

A
=
95
=

vV
=
&
+
~

—

2
A%

(2 — 1)1/2V,§">)P(|X,-| > 0).

Moreover, P(S, > xV,,) is equal to
P{S,l > x[B2 Y0, (X2 — EX?)] '/2} (7.22)
- _ _ _ _ o2
< P{Sn > xB, {1 + 21?%2;;1()(1'2 —EX?) - giﬁ ( r(x? _EXiz)) } } =K,

where the inequality follows from (1+y)'/2 > 14y/2 —y? for any y > —1. Hence
the upper bound (7.16) follows from the next three propositions.
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Proposition 7.11. There exists an absolute constant A such that

P(SY > V) < (14271 ) —— exp(—2/2+ AA,.,)

1
V27mx
for any x > 2 satisfying (7.4) and (7.5).
Proposition 7.12. There exists an absolute constant A such that

Ky < (1 @(x)) e 4 Ae 3
for all x > 2 satisfying (7.4) and (1.5).

Proposition 7.13. There exists an absolute constant A such that

Ky < (1— B(x)) M 44 (Aps/(142)2)

for x > 2 with A, /(1 +x)> < 1/128.

93

(7.23)

(7.24)

(7.25)

To complete the proof of (7.16), we first use Propositions 7.12 and 7.13 to show

that
K, < (1—®(x))etn

(7.26)

for all x > 2 satisfying conditions (7.4) and (7.5). We consider two cases. If

Anx/(14x)> < (1 —@(x))*/128, then by (7.25),

K, 1/3

IN

(1— ®(x)) s (1 A1 +2) 2 A0 (A /(142)7)
(1—@(x)) e (1+AA,/(1+x)?)
< (1-P(x)) eHAnx

IN

When A,,./(1+x)? > (1 —®(x))?/128, by (7.24),

Ky < (1= @(x) M (14473 / (1= @(x) )
< (1— @(x)) e (1+A(1 - cp(x))3)
< (1—@(x)) e (14 12844,/ (1 +x)%)
< (1 _ <15(x)) 6129AA,,‘X'

/(1- ()

For x > 2, we next use Proposition 7.11 and the fact that (27)~'/2(x~! —

x‘3)e_x2/2 <1 —@(x) for x > 0 to obtain
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PS8 = (2= 1)v)

< (1+( - 1)*1/2) 2m) 12 (2 — 1) 2exp(—x? 2+ AA,)

(2717)_1/2A(x_1 - x_3) exp(—x2/2 +AA,y)
A(1— ®(x))exp(Adny). 1.27)

It follows from (7.21), (7.22), (7.26) and (7.27) that
P(S, > xV,) < P(S, > xV,)+ Y P (s,(f) > (32— 1)1/2v,,<">) P(IXi| > 6)
i=1

< (1= B(x)) s+ Y A (1 — B(x)) exp(Ad,, ) P(Xi] > 0)
i=1

< (1—@(x)) et (1 +A fp(|x,»| > e))
i=1

IN

(1—®(x)) et (1 +A Z 0 2EX?I(|Xi| > 9)>
i=1

(1—@(x)) (1 +AA,,)
(1—d(x)) oAl

IN A

This completes the proof of (7.16) and therefore also that of Theorem 7.1.

7.2.3 Proof of Propositions

A key ingredient in the proofs of the propositions an appropriately chosen expansion
for E{(AbX — 0(bX)?)keMX—0(X)*} 45 b | 0, k = 0,1,2,3. This is provided by the
following lemmas whose proofs can be found in Jing et al. (2003).

Lemma 7.14. Let X be a random variable with EX = 0 and EX? < oo. Then, for
any 0 <b <o, A >0and 6 >0,
EMPX-00X) — 1 1 (22/2— 0)b*EX + 05 ¢ &, (7.28)

where 8, = P> EX?I(|bX| > 1) + b’E|X)I(|bX| < 1) and 0y g denotes a quantity
that is bounded by a finite constant depending only on A and 6. In (7.28), |0 ¢| <

max(A + |A2/2— 0]+ 2 /(40 104+ 02/2+ (A + 6)3e? /6).

Lemma 7.15. Let X be a random variable with EX = 0 and EX? < . For 0 < b <
oo, let & := &, = 2bX — (bX)?. Then, for A >0,
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Ee*S = 1+ (207 —A)P’EX* + 0.0 &, (7.29)
EEeS = (4L —1)P’EX* + 051 &, (7.30)
EE* S = APEX? + 0,5 6y, (7.31)
E|EPe*s = 0,56, (7.32)
(EEe*S)? = 0,46, (7.33)

where Oy, is defined as in Lemma 7.14 and
105.0] < max(2A + 247 — A| +e*,2.50% 444364 /3),
0.1 < max (2+ 44 — 1]+ max(e*,e/A),54 + 13.5/1%1),
05,5] < max (4+max (el, (e/(z/m))z) ,5+27xel) ,
0,.5] < 276",

2
105.4] < 2max <(max(el,e//1)+2) ,(1+9/1el)2> .

In particular, when A = 1/2,
|05 4] < 150, and

0j.0| £2.65, 103 1] <8.1, [0y 5] <28,

0173‘ <45,

EeS/? = e95% where |Os| <5.5. (7.34)

Lemma 7.16. Let {£;, 1 <i < n} be a sequence of independent random variables
with Eeh% < oo for 0 < h < H, where H > 0. For 0 < A < H, put

m(A) = iEé,-eM;" /Ee’l“’:"7 () = Z (Eéizekg" /Eek‘i" — (Eé,-el’}’:" /Eel’gi)Q) .
i=1

i i=1

Then
- 3 (Yreis ) —Am(i)—240(R)
> > i .
P(izl@y>4<HEe >e , (7.35)
provided that
0<A<H and m(d)>y+20(A). (7.36)

Because the details in applying these lemmas to prove the propositions involve
lengthy calculations, they are omitted here. Interested readers can find the detailed
proofs at the Web site for the book given in the Preface.



96 7 Cramér-Type Moderate Deviations for Self-Normalized Sums

7.3 Application to Self-Normalized LIL

It is known that the law of the iterated logarithm is usually a direct consequence of
a moderate deviation result. We first show that condition (7.6) in Theorem 7.2 can
be removed.

Theorem 7.17. Let x, be a sequence of real numbers such that x, — oo and x, =
o(B,). Assume

n
B> Y EX?I(|Xi| > €By/x,) 0  foralle > 0. (7.37)
i=1

L

Then
10g P(S,/Vin > Xp) ~ —x2/2. (7.38)

As a direct consequence of Theorem 7.17, we have the following self-normalized
law of the iterated logarithm for independent random variables:

Theorem 7.18. If B, — o and
n
B,2Y EX?I (|X,-\ > eBn/(logloan)‘/Z) —0  foralle >0,
i=1

then

S
lim sup L 1 a.s. (7.39)

ne Vy(2loglogB,)!/2 -
Remark 7.19. Shao (1995) proved that if for every € > 0,
B,>Y EX?I (|X,-\ > eB, /(1ogloan)‘/2) 0 asn—oo (7.40)
i=1

and

[ agk

P (|X,,\ > SBH/(logloan)]/2> < oo (7.41)

1

n
are satisfied, then

Sl’l
limsup 1 a.s. (7.42)

n—eo By(2loglogB,)!/2 B
The following example shows that the self-normalized LIL (7.39) holds but the LIL
(7.42) that normalizes by B, instead fails. Let X;,X>,... be independent random
variables satisfying

3 1 1
P(X,=0) =~ —
(X =0) 4 n(loglogn)3 + 4loglogn’
1 1 1
PX,=4+2)=-——— P(X,==+n"?logl =
(X ) 8 8loglogn’ ( " neioe 0gn> 2n (loglogn)3
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Then EX, = 0, EX? = 1, and {X?,n > 1} is uniformly integrable. Hence, by
Theorem 7.18, (7.39) holds. On the other hand, note that for all € > 0,

Y P (|Xn| > EBn(logloan)l/z) =o  withB, =+/n.
n=1

Therefore, by the Borel-Cantelli lemma, (7.42) does not hold.

Proof (of Theorem 7.17). 1t suffices to show that for 0 < &€ < 1/2,

P(Sp/Vn > x) < exp (—(1—€)x2/2) (7.43)

and
P(Su/ Vi > %) > exp (—(1+€)x%/2) (7.44)

for sufficiently large n. Let n = n > 0 that will be specified later and define 7 =
n%B,/x,. Set

n n
X,'ZXJ(‘XJST), _n Z _iv ‘7’[2:2)22
Observe that
P(Su/Vi = %n) < P (S3/Ve > (1 - 1))

+P (Zn:Xil(|Xi| >1)/Vy > nxn>

i=1

IN

P(Sn/VnZ(l—n)xn)+P<Zl |Xi| > 7) = (1xa) )

i=1

< P(S‘n > (1 —n)3/2ann) +P(V2< (1-1)BY)

+P (Z (1X%:] > 1) > (nx,) ) (7.45)
i=1
From (7.37), it follows that
Y P(1X;| > 1) ’2ZEX21 X;| > 1) = o(x2).

i=1 i=

Therefore

(nxn)z
= o(1)" < exp(—242) (7.46)

3 n . nzx%
(0002 o) < (o)
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for n sufficiently large. Note that
72 2 - 2 2 2
EV;=B,— Y EXI(|Xi| > 1) = (1-0(1))B, > (1-n/2)B,
i=1

for sufficiently large n. Hence, by the Bernstein inequality (2.17),

_ Bz 2 :
P(V; < (1=n)B,) < exp (‘22’-;1(;(:’/('; = T)>

(- 127)

212B2

2
= exp (— 8);;2) < exp(—2x2), (7.47)

provided that 1 < 1/16 and that n is sufficiently large.
We now estimate P(S,, > (1 —1)%2x,B,). Observe that

n
Y Exi(1Xi| > 7)

i=1

|ES,| =

IN

n
'Y EXPI(X;| > 1) = o(1)x,B,.
i=1

It follows from the Bernstein inequality (2.17) that

P (Sn >(1- n)3/2ann) < P($,—ES, > (1-21)x,B,)
((1 *271)xn3n)2
= exp <_ 2(B2 + x,B,7) )
)

((1—21m)x,By ’
= <_2<1+n)3>

<exp(—(1—¢)x2/2), (7.48)

provided that (1 —2n)/(1+n?) > 1 — &. From (7.45)—(7.48), (7.43) follows.
To prove (7.44), let 0 < e < 1/2,1/4>n =1 >0,

G={1<i<n:xEX?>n’B2}, H={1<i<n:xEX?<n’B}.
First we show that

#(G)=o(x;) and Y EX?=o(B;). (7.49)
icG
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Note that fori € G,
3 2 2 py2 2 2 2
N7 (Bu/xn)” < EX; = EX71(1Xi| < 7By /xa) + EXCI(|Xi] > n7Bu/xa)
< N*(Bn/xn)* + EX?I(|Xi| > 1°B,/x,).
Hence
EXi21(|Xi| > ﬂan/xn) > 774(Bn/xn)2
for i € G, and by (7.37),
714(3»1/%)2#(@ < ZEXi21(|Xi‘ > nan/xn) = O(Bﬁ)a
i€G
which proves the first part of (7.49). For the second part of (7.49), we have
Y EX? =Y EXPI(1X| < 0°Bu/xa) + EX?1(|Xi] > 1°By/x,)
i€G i€G

<Y (n*Bu/xn)*+ Zn:EXizl (1Xi| > 0By /xn)
i€eG i=1
= 0(x;)(Bu/xa)> +0(B;) = o(B;).

Now we show that we only need to focus on i € H to prove (7.44). Let

Su=Y X, Se=YXi, Vi=Y X, Vi=YXx

icH i€eG icH icG
Noting that
1S6/Val < B(G)]'? = 0(x2),
we have
P(Sn/Vn > xn) = P(SH/Vn > Xp — SG/Vn) (7.50)
> P(Su > (1+1n)x,Vn)
> P(Su > (140 (Vi + 18"/ V3 < nB?)
= P(Su = (1+mp(VE+nBY)'2) P(VE < nBY).

From (7.49), it follows that
P(VG <nB;) > 1-E(V§)/(nB;) > 1/2 (7.51)

for n sufficiently large.
Let T = n’B,/x, and let ¥;, i € H, be independent random variables such that ¥;
has the distribution function of X; conditioned on |X;| < 7. Put

SH:ZYia VI-ZI:ZYiZ'
icH icH
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Note that

Moreover,

7 Cramér-Type Moderate Deviations for Self-Normalized Sums

2 | <
icH & P(Xi|<7)
EX?I(|X| <7
< z# <B/(1-n),
i€H

Y EY? > Y EX2I(X| <)
i€cH i€cH

= Y EX? - Y EX?1(1X;| > 1)
i€eH i€eH

=B,— Y EX7— Y EX?I(|X;| > 1)
icG ieH
= (1—0(1))B:>(1-1)B,

Y EV} <Y EY? <n'By/x,
icH icH

Y IEY:| <207 Y EXPI(1Xi| > ) = 0(xuB).
icH icH

P(Sn = (1+m)x (VG +nB})" )

> P( Sy > (1+ 1) (Vg + 1By 2, max|X;| < r) (7.52)
1S

= P (] <) 2 (S > (14 mwa (-4 m2) 12, 5 < (1 2m)83)
S

>P (mall_;( X < r) P(Sy > (1+m)(1430)x,B,) — P (V3 > (1+2n)B2).
S

Similar to the proof of (7.47), we have

((1+2771/(1”))B%)2> (7.53)

P(Vl-zl > (1 —&-ZTI)B%) < exp <_ 2 (Z'GHEY'4+2T2BZ)
i i n

< exp —ﬂ <exp(—2x2).
= 16n*Bi/2) = "
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Also note that

| < = — : .
P(I}ﬁ;{XJ_T) g(l P(|Xi| > 1)) (7.54)
> [] (1= 2EX?1(|Xi| > 7))

iceH
> exp (—2 Y e PEXPI(Xi] > r))
icH

= exp (—o(l)xﬁ) .

Finally, by Kolmogorov’s lower exponential bound (see Theorem 2.22),

2 2x2 2
P (S > (14 0)(1+30)x:B,) > exp (—(1 +8/2)(;(J; n)n();2+3n) "B">

> exp (—(1+€)x2/2) (7.55)

for sufficiently large n, provided that 1 is chosen small enough. Combining the
above inequalities yields (7.44). a

Proof (of Theorem 7.18). We follow the proof of Theorem 6.14. We first show that

Sn
li <1 as. 7.56
P V,(2loglogB,)'/2 — @ (7:56)

For 6 > 1, let my := my(6) = min{n : B, > 6*}. It follows from condition (7.40)
that
By, ~0°  ask— oo (1.57)

Let x; = (2loglog By, )!/2. Then, for 0 < & < 1/2,

Sn
P( max v (1+7£)xk>

m<n<my.

S Spn—3S§
<P (mG > (1 +26)x1<) +P< max =~ ——k > 5€xl<) . (7.58)

my M <<y | n

By Theorem 7.2,

P (f;m" > (1 +28)xk) <exp(—(1 —|—28)x,%/2) <Ck'* (7.59)

my

for every sufficiently large k.
To bound the second term in the right-hand side of (7.58), let n = (6% — 1)!/2
and define zx = N By /x¢. Set Ty = YiL, o Xil (|Xi| < zx). Therefore
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Sp— S
P< max nmk258xk>

UL [TN n

<P ( max 71, > 28kamk>

WSS S|

M1
+P(Viy, < By, /2) —|—P< Z I(|1X;| > zx) > (Sxk)2> . (7.60)

i=1+my
Note that
! 2 2 2k
Y EXPI(|Xi| <z)~(6°—1)6
i=1+my
and
1 &' 2 1/n2 2k
max |ET,| <z, EX:~z '(6°—1)0
mkS”Smkﬂl n| ¢ i:lXJ;mk l ¢ ( )

~ (6% —1)2xB,, <ex;By, /2

for 1 < @ < 1+ €2/8. By the Bernstein inequality (2.17), for all large &,

10gP< max T, > 2£kamk> < — (extB,)*
m<n<mp. 2 ((92 —1)0%+ Skamek)
e2x;
2((62—1)+¢e(62—1)'72)
< -xi, (7.61)

provided that 6(>1) is close enough to 1. By the Bernstein inequality again,

my
P(Vyy, < By /2) <P (Z XP1(1Xi| < z) < By, /4) (7.62)
i=1

- (_ (3B2, /4)? )

2{Y EXPI(X| < z) + B2, 22

B4
<exp| — 2'"" 5
SBmek

< exp(—y)

for 6(>1) close to 1. Let

=1 = log {(sxk)2 / Y 2 2EX2I(1X] > zk)} .
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By (7.40), t — . From the Markov inequality, it follows that

p( mfl 1(Xi] > z) > (Sxk)2>

i=1+my
2 M4
<e '@ TT (14 (¢ = 1)P(X] > z))
i=14+my

M1
< exp <—f(€xk)2 +(d=1) Y PEXPI(|Xi] > Zk)>
i=1

()
< exp | —(exx)lo —
=P ( (ext)"log { 3L 2 PEXI(1X] > %)

< exp(—x7) (7.63)

for sufficiently large k. Combining the above inequalities yields (7.56) by the Borel—
Cantelli lemma and the arbitrariness of €.
Next, we prove that

Sy
limsu >1 a.s. 7.64
i V,(2loglogB,)'/2 — (7.6

Let ny = min{m : B, > ¢**1°¢%} Then, B, ~ ¢*1°¢k Observe that

lims Sn
imsu
,Hoop V,(2loglogB,)!/2

S
> i Tk
= r Vi, (2loglog By, )'/?

. Snk - Si’lk,l .. Snk,l
> limsup 75 +liminf 7
koo Vi (2loglogB,, )/~ k—e V,, (2loglogB,,)!/

2 _y2 12
= limsup (V=Y ) S — S
koo Vi (Va2 -v2 )1/2(2loglog By, )'/?

N1
V, S,
+ lim inf —1 R =
k= Vi Vi (2loglogBy,, )Y/

(7.65)

Since (S, — Snkfl)/(Vnzk - Vnzkil)l/z, k > 1, are independent, it follows from

Theorem 7.2 and the Borel-Cantelli lemma that

Sy —S,
limsu RS >1 as. 7.66
ol (V2—V2_ )12 (2loglogBy, )12~ “* (7.60)

Ng—1

Similar to (7.62) and by the Borel-Cantelli lemma, we have

V
liminf % > 1/2 a.s.

—00 g
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Note that

P,

Ng—1

> B, /k) <K'EV. /B, =k°B; /B, <k’

Ng—1 Ng—1

Then, by the Borel-Cantelli lemma again,

Vi
lim —— =0 a.s. (7.67)
k—o0 Vnk
From (7.65) and (7.66), (7.67), (7.64) follows. a

7.4 Cramér-Type Moderate Deviations for Two-Sample
t-Statistics

Let Xj,...,X,, be a random sample from a population with mean y; and variance
612, and Yi,...,Y,, be a random sample from another population with mean g, and
variance 0'22. Assuming that the two random samples are independent, define the
two-sample ¢-statistic

XV —(u — o)

\/57/n1+s3/no

where X =Y, X;/n1, ¥ =Y.2,Yi/na,

T= (7.68)

1 ¢ 1 &

YXi-%2, = ——Y -7

n—15 ny— 15

@ =

Two-sample z-statistics are commonly used for testing the difference between two
population means or constructing confidence intervals for the difference. Cao (2007)
has proved the following moderate deviation results, analogous to Theorems 6.1
and 7.4, for the two-sample ¢-statistic (7.68).

Theorem 7.20. Let n = ny + ny. Assume that ¢y < ny/ny < c3 for some 0 < ¢ <
¢y < oo and all large n. Then for any x = x(ny,ny) satisfying x — oo, x = o(n'/?),

log P(T > x) ~ —x*/2 (7.69)

as n — oo, If, in addition E|X;|> < o and E|Y)|* < oo, then
P(T >x)
P(x)

for0<x<n'®/d, where d® = (E|Xi — w1 |> + E|Y1 — ma|*) /(67 +63)>/? and O(1)
depends only on ¢y and c». In particular,

=14+0(1)(14x)’n 28 (7.70)

P(T > x)

T—ow —1 (7.71)

uniformly in x € [0,0(n'/®)).
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Proof. Without loss of generality, assume t; = up = 0. Let

ny np
2 2 2 2
Vl,nl - ZXi ’ V2,n2 - ZYI ’
i=1 i=1

2 2
¥ Vl,nl *2 V27”2
S = ) Sy = ’
ny — 1 ny — 1
T = Xy
Noting that
S%:ST2 (1—H1X2/V12,n1)’ ngszz (1_n2Y2/V2%n2),
we have

P(T* >x) <P(T > x) <P(T* >xV1—¢)
X? Y-
N Y e (7.72)
Vl:”l V2«,"2
forany 0 < e < 1.

To prove (7.69), let € = (1 +x)/+/n. It follows from Theorem 7.2 that

log P(T* > x) ~ —x?/2 (7.73)
and
log P (T* > /1 s) ~—22)2. (1.74)
By Theorem 6.1,
Y2
logP (”12 > e) ~—en; /2 (1.75)
Vl,nl
and
Y2
log P ("1122 > s) ~ —gn /2. (7.76)
2,ny

Noting that x> = o(e min(ny,n,)), we obtain (7.69) by combining (7.72)—(7.76).
To prove (7.70), let € = (1 +x)/\/n again. By Theorem 7.4,

P(T*>x) 31243
Tap — oW+ 7.77)
and .
P(T"2x/1-¢) _ 1+0(1)(1+x)*n~2d?. (7.78)

1—®(x)
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By Theorem 6.1,

P(mX2/V2, >¢€)=o ((1 FaP V2 (1 qb(x))> , (7.79)
P(m¥2/V2, > €)= o ((1 a2 (1 qb(x))) . (7.80)
From (7.72) and (7.77)—(7.80), (7.70) follows. O

7.5 Supplementary Results and Problems

1. It has been shown by Chistyakov and Gotze (2004b) that the bound in (7.3) is
the best possible. Consult their paper for a detailed example.
2. Wang (2005) has proved the following result:

Let X,X1,Xa, ... be i.i.d. random variables with E(X) = 0 and E(X*) < co. Then

P(S, > xV,) PEX3 1+x
_\wn=2n) 2= Ui ofl 2
—ol) P\ Tavme T\
Jor0<x< O(nl/G).
Compare his result and proof with Theorem 7.20. Can his assumption
E(X*) < oo be weakened to E|X|? < oo?
3. Hu et al. (2008) have shown that if X, X;,X>,... are i.i.d. random variables with
E(X)=0and E(X*) < o, then

i P(max|<g<n Sk > xV;,)
im
n—o0 1—P(x)

uniformly in x € [0,0(n'/%)). It would be interesting to see if the finiteness of
E(X*) can be weakened to that of E|X|3.
4. Prove (7.78) and (7.79).



Chapter 8

Self-Normalized Empirical Processes
and U-Statistics

Whereas previous chapters have considered limit theorems for self-normalized sums
of independent random variables, we extend sums to more general structures in this
chapter, namely, self-normalized empirical processes and U-statistics. In particular,
we extend the methods and results of Chaps. 6 and 7 to self-normalized U -statistics.

8.1 Self-Normalized Empirical Processes

Let X,Xi,...,X, be ii.d random variables with values in a measurable space
(Z',%). Let Z be a class of real-valued measurable functions on (2", %). Con-
sider all functions f in .% that are centered and normalized, i.e.,

Ef(X)=0 and Ef*X)=1.

Define the self-normalized empirical process by
i1 f(X0)

VI X))

There is a comprehensive theory on the classical empirical process {ﬁ Y, f(X),

f € F}; see, e.g., Shorack and Wellner (1986) and van der Vaart and Wellner
(1996). For the self-normalized empirical process, Bercu et al. (2002) have proved
the following moderate and large deviation results and exponential bounds for

Wn(f): feﬁ

Wy = sup W, (f).
fez

Definition 8.1. .7 is said to have a finite covering with brackets in L* satisfying
concordance of signs if for any 0 > 0, one can find a finite family % of pairs of
measurable functions in L? such that, for any f € .%, there exists (g, ) in € with

gl <IfI<|hl, gh=>0 and  E[(h(X)—g(X)]*<8.

V.H. de la Pena et al., Self-Normalized Processes: Limit Theory and Statistical Applications, 107
Probability and its Applications,
(© Springer-Verlag Berlin Heidelberg 2009
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Theorem 8.2. Suppose that .7 is a countable class of centered and normalized func-
tions. Assume that F has finite covering with brackets in L? satisfying concordance
of signs, and that

< oo 8.1)

Cp :=supE [sup max (%i{f(X,),O)

n>1 fez

Then, for any sequence (x,) such that x, — o and x, = o(\/n),

1 1
lim — logP(#}, > x,) = —3 (8.2)

n—oo x%

Theorem 8.3. Let 1 : 27 — R be a measurable function such that t(X) has a contin-
uous distribution function, Et(X) = 0 and eV(0) = Eeb1X) < oo for 2m < 6 < 2M,
where m < 0 <M. For 6 € m,0)U (0,M] and x € Z, define fo(x) = exp{Ot(x) —
y(0)} and let F = {fg : 6 € [m,0)U (0,M]}. Then for any r > 0,

lim n~'logP (W > rv/n) =—7(r), (8.3)
where I (r) = infrc z I;(r) and

I¢(r) = flogsupiggEexp (tlaf(X)—r(f2(X)+d?) /2]). (8.4)

a>01=2

The proofs of Theorems 8.2 and 8.3 involve certain concentration inequalities
and approximation arguments that are quite technical. Details can be found in Bercu
et al. (2002).

8.2 Self-Normalized U-Statistics

Let X,Xj,...,X, be i.i.d. random variables, and let /(x;,x;) be a real-valued sym-
metric Borel measurable function such that Ei(X;,X,) = 6. An unbiased estimate
of 0 is the U-statistic

—1
U, = (") Y h(XiX;), (8.5)
2 1<i<j<n

typical examples of which include:

(1) Sample mean: h(x1,x2) = 5 (x1 +x2).
(2) Sample variance: h(xj,x;) = %(xl —x)%.
(3) Gini’s mean difference: h(xy,x2) = |x;] —xp].

(4) One-sample Wilcoxon’s statistic: h(xy,xz) = I(x] +x2 <0).

The function & in (8.5) is called the kernel of the U-statistic. For notational sim-
plicity we only consider the case of U-statistics of order 2, i.e., & is a function of
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two variables. The kernel of a U-statistic of order m is a function of m variables, for
which (8.5) is generalized to

—1
n

Un:( ) Y XX,
m 1<) < <im<n

8.2.1 The Hoeffding Decomposition and Central Limit Theorem

Without loss of generality, assume 6 = 0. Let g(x) = Eh(x,X). Hoeffding (1948)
has shown that the U-statistic (8.5) has the following decomposition:

n 2
Y 8(Xi)+ A, (8.6)

where

An = Y (X X)) —g(X) —g(X)}- (8.7)

By showing that A, is usually negligible under some regularity conditions, he
approximates a non-degenerate U-statistic (i.e., g(X) is non-degenerate) by the
sample mean of i.i.d. random variables. In particular, if Ehz(Xl,Xz) < oo and
o} = Var(g(X1)) > 0, he thereby obtains the central limit theorem

P (Z\fU <x> —d(x)

1

—0 as n — oo, (8.8)

sup
X

Likewise, if E|h(X1,X2)[/3 < oo, E|g(X1)|? < oo and 67 = Var(g(X;)) > 0, then we
have the Berry—Esseen bound

Vn

sgp P (201U" < x) —d(x)|=0(n""?); (8.9)

see Koroljuk and Borovskikh (1994), Alberink and Bentkus (2001, 2002), Wang and
Weber (2006). There are also large deviation results for U-statistics; see Borovskich
and Weber (2003a,b).

8.2.2 Self-Normalized U-Statistics and Berry—Esseen Bounds

Since o) is typically unknown, what is used in statistical inference is the self-
normalized U -statistic
T, =/n(U,—0) /R, , (8.10)
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where R2 is the jackknife estimate of 612 given by

n

(gi—U,)?  with gi=— — Y (X, X)), (8.11)
j=1
J#i

~

(n—1

=
S
|
—
N
|
\8}
~—
(o] g
1=

i=1

It is easy to see that the central limit theorem remains valid for the self-normalized
U-statistic (8.10) provided that E|h(X;,X,)|> < oo. The following Berry—Esseen
bound is due to Wang et al. (2000):

Theorem 8.4. Assume 0 = 0 and E|h(X1,X>)|> < co. Then

sup |P(T, < x) — ®(x)| < An~'E|h(X1,X:)|* /o7, (8.12)

where A is an absolute constant.

8.2.3 Moderate Deviations for Self-Normalized U-Statistics

In view of the moderate deviation results for self-normalized sums in Chaps. 6 and 7,
it is natural to ask whether similar results hold for self-normalized U -statistics. As-
suming that 0 < 67 = Eg?(X;) < o, we describe here the approach of Lai et al.
(2008) to establish results like (6.1) and (7.12) when the kernel satisfies

hz(xl,xg) < ¢ [0'12+g2(x1)+g2(x2)] (8.13)
for some ¢p > 0. This condition is satisfied by the typical examples (1)—(4) in the
first paragraph of Sect. 8.2.

Theorem 8.5. Assume that (8.13) holds for some ¢y >0 and 0 < 67 = Eg*(X;) <
Then, for any sequence x, with x, — o and x, = o(n'/?),
log P(T;, > x,) ~ —x2/2. (8.14)
If, in addition, E|g(X,)|? < o, then
P(T,>x)=(1—®(x))[14+0(1)] (8.15)

holds uniformly in x € [0,0(n'/%)).

Without loss of generality, assume 6 = 0. Write S, = Y7, g(X;) and V2=
182X ;). The following theorem shows that the self-normalized U-statistic T,
can be approximated by the self-normalized sum S,,/V,, under condition (8.13). As
aresult, (8.14) and (8.15) follow from (6.1) and (7.12).
Theorem 8.6. Assume that 6 =0, 0 < 0'12 = Eg*(X1) < oo and the kernel h(x;,x;)
satisfies condition (8.13). Then there exists a constant 11 > 0 depending only on 612
and co such that, for all 0 < &, < 1, 0 < x < \/n/3 and n sufficiently large,
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P{Sy/Vy > (1+£)x} — 5V2(n+2)e TMin(ieiviens) < p(T, > x)
< P{Sp/Vi > (1= £,)x} +5V2(n +2)e Nmin(ned vnenx) (8.16)

8.3 Proofs of Theorems 8.5 and 8.6

8.3.1 Main Ideas of the Proof

Assume that 0 = 0. Let

* 4 * nU,
R? = o) Y, T \/1;* " (8.17)
§ n

Noting that Y, (¢: —Uy)?> =Y ¢ —2U, X" i +nU2 =Y g> —nU?, we have

T*
T, — et 8.18)
(17 = )
and therefore
X
>xa=lr> . 8.19
T2} {”[1+4x2<n—1>/<n—2>211/2} (819

Thus, we only need to work on 7, instead of 7,,. Without loss of generality, assume
612 = 1; otherwise, consider &/0y in the place of h.
We next establish a relation between 7" and S,,/V,,. To do this, let

V(x1,x2) = h(x1,x2) — g(x1) — g(x2), (8.20)

_ 1 i _y 2y ()

Ay = Y wxx), W'=Y wX.X;), A=Y (W").

n_11<i;é'< =1 i=1
SiFjsn J i
i#i
It is easy to see that

nUy /2 = Sy + Ay (8.21)

Also observe that Y ;; h(X;,X;) = (n—2)g(Xi) +Sn +w and

2
(n—l)(n—2)2 1
4

R2=Y | ¥ nx.x;)

i=11\ Jj=1
i
=(n 72)2V2+A2 (3n—4)S2

12— Y gxyw 425,y Wi,
i=1 i=1
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Combining this with |Zl L 8(X)W, n(i)| <V,Apand|S, Y7, Wn(i)| < |Su|/nAy, where
A2 < nmaxi<i<p |Wn |2 we can write

R = ilvz(ws ), (8.22)
in which
|5, <G 12) [€§+3‘"/;£ M+2ﬁ%§"’}
2 2
(e e
By (8.21)~(8.22) and (8.17),
T, = _ St where d, =+/n/(n—1). (8.24)

n ngn(1+5n)l/2’

We then make use of the following exponential bounds to conclude that A, and J,
are negligible.

Proposition 8.7. There exist constants & > 0 and &; > 0, depending only on 612

and cg, such that for all y > 0,
P(|6,] >y) < 4\@(71—!—2) exp (—50 min{l,y,yz}n) , (8.25)

P(|As| > yVy) < V2(n+2) exp (—8; min{n,y\/n}). (8.26)

8.3.2 Proof of Theorem 8.6

20 -1/2
Lat 7, =, /25 [1 + 4)("1(_"2)21)} .Since x> <n/9and 0 < g, < 1, it is easy to show

that for 0 < x < ./n/3,

when n is sufficiently large. Hence it follows from (8.19), (8.24) and Proposition 8.7
that

P(Ty =) < P{Sy/Va = (1=&)x}+P{|4] Vi 2 x (62— 1) x5, (14 8,) 2}
< P{Sy/Va > (1=&)x} TP {4l Vi > x(e0 — D) 4x T }+P{|8:] > /4)
< P{Sy/Va > (1=&)x} +P{| Al Vi > x&0/2} +P{|8] > €,/4}
<P{Sy/Vi > (1=&)x}+5V2(n +2) ¢~ minlnei i)

1—¢,
1—g,
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where 11 > 0 is a constant depending only on 612 and cg. This proves the upper bound
of (8.16). The lower bound can be proved similarly.

8.3.3 Proof of Theorem 8.5

By the central limit theorem, the result (8.15) is obvious when 0 < x < 1. In order
to prove (8.15) for x € [1,0(n'/®)), we choose &, = max{e,x/\/n,n"'/8}, where
gl — oo and e/x3 /\/n — 0 for x € [1,0(n'/®)). Since

min {ng,f7 Vng,x} > \/ng,x > max {8,/lx2,n3/8x} ;

and since
1 1 1 —x2/2 1 _2p
N S <1—Px) < ———e "/ for x > 0,
m( x3> Si-eks s
we have uniformly in x € [1,0(n1/6)),
pe M) — o (1~ (). (8.27)

Moreover, by (7.12),
P{S/Va > (1— )} < {1 - ®[(1 -]} (1+0(1)F /)

< [1-®()] {1 Lt ;f"ggx_ 20 } [1+0(1)x° /v/n]

=[1—®@)][1+0(1)], (8.28)

where we have used the bound
—&)x)—DP(x)| < g, xe &)’ =o(l—P(x
@ ((1 @ (1-£,)°x%/2 11—

uniformly in [1,0(n'/%)), since &, x> < €/x° /\/n = o(1).

Combining (8.27)—(8.28) with the upper bound in (8.16), we obtain P(7, >
x) < (1 —=@(x))(14o0(1)). Similarly we have P(T, > x) > (1 — P (x))(1 +o(1)).
This proves (8.15). In a similar way, we can prove (8.14) by choosing &, =
max{n~'/3 &}, where €, are constants converging so slowly that ne/> /x> — oo,

8.3.4 Proof of Proposition 8.7

To prove (8.25), we make use of the exponential inequalities for sums of indepen-
dent random variables in Chap. 2 to develop them further in the next two lemmas.
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Lemma 8.8. Let {&;,i > 1} be independent random variables with zero means and

finite variances. Let S, =Y | &, V2 =Y | E2, B2 =Y" | EE~ Then for x > 0,
P (I8, = x(v; +SB%>‘/2) < V2exp(—3/8), (8.29)
ES2(|Sy] = x(Vy +4B,)) < 16B2 14, (8.30)

Proof. Note that (8.29) is a variant of (2.14). It is easy to see that (8.30) holds when
0 <x < 3.When x >3, let {n;,1 <i<n} be anindependent copy of {&;,1 <i<n}.

Set "
S;; = Z Ni, V*z Z 77;
i=1
Then

P(1S;| < 2By, V;2 <4B2) > 1—P(|Si| > 2B,) — P(V,*> > 4B2)
>1-1/4—1/4=1/2,

by the Chebyshev inequality. Noting that
{184 > x(4B, +V,),|S;| < 2B,,V,;* <4B;}

C {ISn =5l 2 x (4Bu-+ (i (G =) =V ) ~2B,.IS3] <2,V <48} |
c {Is, S*|>x(ZB &)%)~ 28,153 <28, }

< {15531 = 2 (X )1/2 1S3l < 2B, },

we have

E{S2(|Sn| > x(V,+4B,))}
E{S2(|Su] > x(V,+4B,)) (IS} < 2B, V> < 4B2)}
- P(|Sz| <2B,,V,;2 <4B2)

<2E {31 (18~ ;1 = x(Ta (G- m)) " Is;] < 28,) }

<4E{(Su =51 (IS, = 83| = (T (G—m))'.I: < 2B,) |
+4E {7115, =Sil > x (T, (& —m)?) 1S3l <28, ) |
<4E{ (8,1 (1S~ il = x (T (& -m0?) ) }
116B2P (|S — S > x (X (& - ni)z)l/z) . 8.31)
Let {g;,1 <i <n} be a Rademacher sequence independent of {(&;,n;), 1 <i<n}.
Noting that {& —1;,1 < i < n} is a sequence of independent symmetric random

variables, {& (& —n;),1 <i<n} and {§ —n;,1 <i < n} have the same joint dis-
tribution. By Theorem 2.14,
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1/2 —x2
P(Iz aieil = x (B, a2) ') < 2e772 (8.32)
for any real numbers a;. Hence

E{(xi e (10 el 2 x(0 o) ) } < e 2xL @

IA

<120 MY 2 (833)
for x > 3. By (8.32) and (8.33), for x > 3,

P18 =S50l 2 (T (G-m)2) ) <22 <0226 834

E{(Sn =521 (180 =il = x (T, (& — i) ) 10181 < 28,) }

= E{ (T &(& - ) (|z (& —m)l > x (T & —-m?) %) }
<120V REYE (&)
= 2.4B%e /4, (8.35)

From (8.31), (8.34) and (8.35), (8.30) follows. O

Lemma 8.9. With the same notations as in Sect. 8.3.1, assume 62 = 1. Then for all
y>0,

P (\Sn| > y(Vp + \/571)) <278 (8.36)

and
P(V? <nj2) <e Mo (8.37)

where My = 1/(32a3) and a satisfies
E{g(X1)*1(|g(X1)| = a0)} < 1/4. (8.38)

Proof. Recall Eg(X;) =0 and Eg*(X;) = 1. Note that (8.36) is a special case of
(8.29). To prove (8.37), let ¥ = g(Xi)I(|g(Xx)| < ap). Since e * < 1 —x+x?/2 for
x> 0, we have forr = 1/(4a3),
P(V; <n/2) < P(Tj_ Y7 <n/2)

< etn/ZEe—tZ;::lYk2 _ tn/Z(Ee—tYf)n

< "2 (1—tEYE+2EY})2)"

< e (1- 3/ +12d3)2)"

< exp (—(t/4—1%a5/2)n) = exp (—n/(32a5)) .
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Lemma 8.10. Assume 612 = 1 so that B> (x1,x2) < co{1 +g*(x1) +g*(x2)}. Let ap =
2co+4) and define W\" and A2 by (8.20). Then for all y > 0,

P{AZ>apy*n(TV2+11n)} < V2ne /8, (8.39)
Proof. Let Vi'? = Y% y2(X;,X;) and 7*(x) = E(¥?(X;,X;)|X; = x). Condi-

tional on Xj, Wn(i) is a sum of i.i.d. random variables with zero means. Hence it
follows from (8.29) that

. . 1/2
P{Wn(’)| >y [V,,(’ﬂ +5(n— 1)12(Xi)} } < V28, (8.40)

Since W2 (x1,x2) < 2(co+4)[1+ g%(x1) + g% (x2)],

Vi 4 5(n—1)12(X;) < 2(co+4) [11n+6ng*(X) + X0, 2(X)],  (8:41)

-

<lln+6ng2(X,-)+zn:g2(X,~)> =n(7V2+11n).

i=1 i=1

From (8.40)—(8.40), it follows that

i i 1/2
P{Azz ann(1V w1t} < oty P2 [W s D)
< \onefyz/S.
O

Proof (of (8.25)). Without loss of generality, assume 612 = 1. By (8.36) and (8.37),
for any x > 0,

P(ISa| > 5xV,) < P(V,; <n/2) +P{|Sn\ > x (V,, + Vs?)}
< 2e /8 4 e on,
By (8.39) and (8.37), for any x > 0,

P (A,, > \/7a0+22x\/ﬁV,,> < P(V2<n/2)+P{A2>ap®n(7V2+11n)}

< \ﬁne_’“z/8 4 e Ton,
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Moreover,
P(I8] = ¥) < 2P (180l = V(1= 2)Va/3) +2P (A, = ¥(n~2) Vi /4)
+P (Ay = 5 (n=2)V,/V3)
< 2V2(n+1)e %0 4 2v/2ne 8 4 500
< 4V2(n+2) exp (—8nmin{1,y,y’}),

where the constants &, &) and &) depend only on 67 and cy, proving (8.25). O

We omit the proof of (8.26) because it is similar to that of (8.25) except that we
use the following exponential inequality in place of (8.39):

g

where a? = 46(co +4). The rest of this section is devoted to the proof of (8.42). Let
%, be the o-field generated by Xj,...,X, and let

Y vx.Xx))

1<i<j<n

> a1y’ Vn(V; + 106n)1/2} <V2(n+2)e 8 (842)

j—1

n n
Y.f: ZW(Xi’Xj)v T12n: ZY}Z’ T22n: ZE(Y]'ZLQ\]'*l)' (8.43)
i = =

Note that }j << j<, ¥(Xi,X;) = Lj_, Y¥; and that {Y;} is a martingale difference se-
quence with respect to the filtration {.%, }. The proof of (8.42) uses the following
result on exponential inequalities for self-normalized martingales, which will be
proved in Chap. 12 (Sect. 12.3.1) for more general self-normalized processes.

Lemma 8.11. Ler {&;,.%;,i > 1} be a martingale difference sequence with E§i2 < oo,
Then for all x > 0,

| X il Sero( s
P{( Lﬂéﬁ%(i?\%q)+2Eé,-2))1/2_ }< 2R/,

Proof (of (8.42)). Note that EY? < (j — 1)ER*(X1,Xp) < 3(j — 1), where the last

inequality follows from (8.13) and Eg*(X;) = 1. With len and Tzn defined in (8.43),
we next show that

P{Tln >ary*n( n)} < V2ne™ /8 (8.44)

P{T2 > a3y*n(V2+50n)} < V2e /4, (8.45)

where ay = 14(co +4) and a3 = 16(co +4). Without loss of generality, assume y > 1;
0therw1se (8.44) and (8.45) are obvious. Write V] = Vy, ; +4(j — 1)!727(X;), where

;= = ¥/7 w2(X;,X;). To prove (8.45), note that
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P13, > 22 [an X, (X)) + 64n2E 2 (x0)] |
< P{EILE V(Y| SyV)IZim ] 20 [4nE, (X)) + 642 E2(X0) |}

+P{XIL B (YY) > yV))IF1| 232 [4n Ty, (X)) + 642 ET(%))] }
= Ji + . (8.46)

Sincey > 1,
n n

L <PSY EVEZi ] > [4n) T°(X)) + 64n°ET* (X))
j=2 j=2
n j—1 n
PLY Y 2 (X)+32) (j— DET (X)) >4nZT Xj) +64n’ET*(X))
j=2i=1 Jj=2 j=

_0, (8.47)

ZHLE[YZI (1] > yj)]

J N
2% 64y anrz X)) =

n
_ 2
= anTZ ) ZE{E YRy > )X, }

E[je(x)] e/ by (8.30)

M:

P —
- 64y2n2E’L'2 (X1) =
< eV (8.48)

The inequality (8.45) follows from (8.46)—(8.48) and the bound

4nZT X;) +64n*ET*(X1) < 8(co+4)n(50n+V2),

recalling that 72 (x) < 2(co +4)[2 + g(x)]. The proof of (8.44) is similar.
Since Y1 <jc j<n Y(xi,xj) = Y, Yy and {Y;, 7, j > 2} is amartingale difference
sequence, it follows from Lemma 8.11 that

{‘zl 2Y(>y( [+ 2BV +E(V7; I)DI/Z} <V2e 4 (8.49)

Combining (8.49) with (8.44) and (8.45) yields (8.42). ad
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8.4 Supplementary Results and Problems

1. In Sect. 8.2.1, assuming that Eh?(X),X;) < oo, prove that EA? = O(1) and that
(8.8) holds.
2. In Sect. 8.2.2, under the assumption Enh* (X1,X3) < oo, prove that

sup|P(T, <) = D(x)] = O(n~12).

3. Give akernel h and i.i.d. random variables X; and X, such that E|a(X;,X5)|* < e
but condition (8.13) is not satisfied. Does Theorem 8.5 still hold for this kernel?



Part I1

Martingales and Dependent Random
Vectors



Chapter 9
Martingale Inequalities and Related Tools

In this chapter we first review basic martingale theory and then introduce tangent
sequences and decoupling inequalities which are used to derive exponential in-
equalities for martingales. These exponential inequalities will be used in Chap. 10
to show that a wide range of stochastic models satisfy certain “canonical assump-
tions,” under which self-normalized processes can be treated by a general “pseudo-
maximization” approach described in Chap. 11.

9.1 Basic Martingale Theory

Durrett (2005, Chap.4) provides details of the basic results in martingale theory
summarized in this section. Chow and Teicher (1988, Sect. 11.3) gives a compre-
hensive treatment of convex function inequalities for martingales that include the
Burkholder-Davis—Gundy inequalities in Theorem 9.6 as a special case.

9.1.1 Conditional Expectations and Martingales

Let X be a random variable defined on the probability space (2,.%,P) such that
E|X| < oo. Let 4 C .¥ be a o-field. A random variable Y is called a version of
the conditional expectation of X given ¢, denoted by E(X | ¢), if it satisfies the
following two properties:

(a) Y is ¥-measurable.
(b) [yXdP=[,YdPforallAc¥.

The conditional expectation is therefore the Radon—-Nikodym derivative dVv/dP,
where V(A) = [, XdP for A € ¢. Hence it is unique except for P-null sets. The
special case Y = I(B) gives the conditional probability P(B | ¢) of B given ¢.
A filtration is a nondecreasing sequence (i.e., %, C %,41) of o-fields .7, C .Z.

V.H. de la Pena et al., Self-Normalized Processes: Limit Theory and Statistical Applications, 123
Probability and its Applications,
(© Springer-Verlag Berlin Heidelberg 2009
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The Borel-Cantelli lemma has a conditional counterpart involving Y7> | P(A;|-%i_1).
Moreover, Freedman (1973) has provided exponential inequalities relating Y7 | X;
and Y7 | E(X;|.%_1) for stopping times T and nonnegative, bounded random vari-
ables X; that are adapted to a filtration {.%;} (i.e., X; is .%;-measurable). A random
variable N taking values in {1,2,...} U {eo} is called a stopping time with respect
to a filtration {.7,} if {N =n} € .%, for all integers n > 1. These results are sum-
marized in the following lemma, which will be applied in Chap. 13.

Lemma 9.1. Let {%,,n > 0} be a filtration.

(a) Let A, be a sequence of events with A, € .%,. Then

{A,io0.} = {ZP oo}.

(b) Suppose X, is F,-measurable and 0 < X,, < ¢ for some non-random constant
¢ >0. Let u, = E(X,|%,—1) and let T be a stopping time. Then for 0 < a < b,

- a b\ ¢ 1/c

P{ZX"S“’Z”"Z"}S{@ et
i=1 i=1

1/c

{Emse Brenp (G}
i=1 i=1

An important property of conditional expectations is its “tower property’:
E(X) = E[E(X|¥)]. A useful result on the conditional probability of the union
of Ay,..., A, is Dvoretzky’s lemma below; see Durrett (2005, pp.413—414) for the
proof and an application.

Lemma 9.2. Let {F,,n > 0} be a filtration and A,, € Z,. Then for any nonnegative
random variable { that is Fy-measurable,

(UA/(L?ZO) <C+P{ZP (Ax | Fi— >C‘9o}

k=1 k=1

Let M, be a sequence of random variables adapted to a filtration {.%, } such that
E|M,| < oo for all n. If

EM,|Z,-1)=M,_, a.s. foralln>1, 9.1

then {M,,.%,,n > 1} is called a martingale and d, := M,, — M,,_; is called a mar-
tingale difference sequence. When the equality in (9.1) is replaced by >, {M,,, %,,
n > 1} is called a submartingale. 1t is called a supermartingale if the equality in
(9.1) is replaced by <. By Jensen’s inequality, if M,, is a martingale and ¢ : R — R
is convex, then @(M,) is a submartingale.
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9.1.2 Martingale Convergence and Inequalities

Associated with a stopping time N is the o-field
In={AecF:AN{N=n}} € .%, foralln > 1}. 9.2)
A sequence of random variables X, is said to be uniformly integrable if

supE {|Xu|1(|X,] > a)} — 0 as a — oo. (9.3)
n>1

Uniform integrability, which has been used in Chapter 7, is an important tool in
martingale theory. Two fundamental results in martingale theory are the optional
stopping theorem and the martingale convergence theorem.

Theorem 9.3. Let {X,,, %,,n > 1} be a submartingale and M < N be stopping times
(with respect to { F, }). If {Xnnu,n > 1} is uniformly integrable, then E(Xy | Fy) >
Xy a.s., and consequently, EXy > EXy;.

Theorem 9.4. Let {X,,,.7,,n > 1} be a submartingale. If sup, - E(X,") < oo, then
X, converges a.s. to a limit Xe with E|Xw| < oo.

Before describing exponential inequalities in the next two sections, we review
some classical martingale inequalities.

Theorem 9.5. Let {X,,,.-%,,n > 1} be a submartingale. Then for every A > 0,

AP{maxXi>/l} gE{Xn1<maxX,~>/l>} <EX/,

1<i<n 1<i<n

/IP{ min X; < —A} <EX —EX.

1<i<n

Moreover, for any p > 1,

p » \
E (max Xﬁ) < () E(X,)P.
1<i<n p—1
Theorem 9.6. Let {M,, =Y} | d;, #,,n> 1} be a martingale. Then there exist finite
positive constants a,, b, depending only on p such that

l

n p/2 n p/2
apk (Z‘id?> < Emax|M;[" < bpE <1d,~2> forall p>1.

9.2 Tangent Sequences and Decoupling Inequalities

Decoupling inequalities are based on the idea of comparing sums of dependent ran-
dom variables d; to sums of conditionally independent (decoupled) random vari-
ables that have the same conditional distributions as d; given the past history .%;_;.
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This section summarizes several key concepts and results in decoupling, a compre-
hensive treatment of which is given in de la Pefia and Giné (1999).

Definition 9.7. Let {e;} and {d;} be two sequences of random variables adapted to
the filtration {.%;}. Then {e;} and {d,} are rangent with respect to {.%;} if for all i,

L(di|Fi1) = L (el Fi1),

where £ (d;|-%;_1) denotes the conditional probability law of d; given .%;_;.

9.2.1 Construction of Decoupled Tangent Sequences

Definition 9.8.

(a) A sequence {e;} of random variables adapted to the filtration {.%;} is said to
satisfy the CI (conditional independence) condition if there exists a o-field ¢
contained in .% such that ej, e, ... are conditionally independent given ¢ and
L(ei|Fi1) = ZL(ei]|¥) forall i

(b) A sequence {e¢;} which satisfies the CI condition and which is also tangent to
{d;} is called a decoupled tangent sequence with respect to {d;}.

Proposition 9.9. For any sequence of random variables {d;} adapted to a filtration
{Z}, there exists a decoupled sequence {e;} (on a possibly enlarged probability
space) which is tangent to {d;} and conditionally independent of some c-field 4,
we can take 4 to be the o-field generated by {d,}.

The decoupled sequence of Proposition 9.9 can be defined recursively as fol-
lows: Let e; be an independent copy of d;. At the ith stage, given {d,...,d;_1},
e¢; is independent of ey,...,e;_1,d; and sampled according to the probability law
Z(d;|-Fi—1). In this case, if we let Z = o(F,ei,...,e;), then {e;} is {j}}-tangent
to {d;} and satisfies the CI condition with respect to 4 = o ({d;}). Therefore, any
sequence of random variables {d;} has a decoupled version {e;}. The following
diagram illustrates the construction:

di —dy —ds —dy— - —dimg — d;

NN N N N

el en €3 é4 €1 e;

9.2.2 Exponential Decoupling Inequalities

The following theorem provides decoupling inequalities for the moment generating
functions of two tangent sequences, one of which satisfies the CI condition. Its proof
uses a simple lemma.
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Theorem 9.10. Let d; be random variables adapted to the filtration {.%;}.

(a) On a possibly enlarged probability space, there exists {j}, a o-field 9 con-
tained in F and sequence {e;} satisfying the CI condition given ¢ and {.%;}-
tangent to {d;} such that for all 4-measurable random variables g > 0 and all
real A,

Egexp{l Zd,} < \|Egtexp {21 Ze,}.
i=1 i=1

(b) Let {e;} be any {.%;}-tangent sequence to {d;} and satisfying the CI condition
given ¢ C F. Then, for all 4-measurable functions g > 0 and all real A,

Egexp {A Zd,} < . |Eg%exp {Z?L Ze,}.
i=1

i=1

Lemma 9.11. Let X, Y be two nonnegative random variables such that X = 0 when
Y =0, and E(X/Y) < K for some constant K. Then

EVX < VKEY. 9.4)

Proof. ENX = E(\/gx VY) </E% x VEY < VKEY, by the Cauchy-Schwarz
inequality. a

Proof (of Theorem 9.10). First assume that the d;’s are nonnegative. It follows from
Proposition 9.9 that one can find a sequence {e;} which is tangent to {d;} and con-
ditionally independent given some o-field ¢. Let .%; be the o-field generated by
{dy,...,d;,eq,...,e;}. We can use induction and the tower property of conditional
expectations to show that

[T, di )
E(— =14 )y 95
(H?lE(diL%l) ©)

noting that if (9.5) is valid for n — 1, then

E ( [T, d; ) _z 1 d; y E(dy|Fn-1)
[T- E(di|Fi1) [ E(di|Zio1) ~ E(du|lFn-1)

- E H?;ll di -1
H,r'gllE(diL%fl)

Since {e¢;} is tangent to {d;} and conditionally independent given ¢ and since g is
¢-measurable,
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n n

T TE@IF) = ] [E el Fin) = gﬁae,w%

i=1 i=1

_eE (lﬁlew) —E (gﬁa%) .

From Lemma 9.11 with K = 1,X = g[["_, d; and Y = g[ | E(d;|-%i-1), it follows

that
E, /ngi <,|E E(gHeAg)] = E(gHe,').
i=1 i=1 i=1

To complete the proof, replace g,d;,e; in the preceding argument by gz,exp(2),d,~)
and exp(21e;). O

9.3 Exponential Inequalities for Martingales

9.3.1 Exponential Inequalities via Decoupling

In this section we summarize the decoupling methods and results of de la Pefia
(1999) on exponential inequalities for the tail probability of the ratio of a martingale
to its conditional variance.

Theorem 9.12. Let {d;,%;,i > 1} be a martingale difference sequence with
(d2|JJ 1) *G V2= ):”,16 Assume that E(|d;|¥|.7 ;1) < (k!/2)0; o2 gee.
orP{|d | <c|fj 1= lforallk> 2 and some ¢ > 0. Thenforallx>0andy>0

n x2
P d; > x, V> <y forsomen p <exp{ — 9.6)
{,Z{ P y(14++/142cx/y)
cexpd
=P 2(y+cex) )’

In the special case of independent random variables, (9 6) with y = V2 is the classical
Bernstein inequality (2.17). If the Le.-norm || Y7, 67||- is finite a.s., we can also set
y=|| X%, 67|« in (9.6) and obtain Bernstein’s 1nequa11ty for martingales.

Theorem 9.13. With the same notations and assumptions as in Theorem 9.12, let
M, =YY" ,d;. Then for all F.-measurable sets A and x > 0,
My,
)

M, x? 2}
P — >x,Ay <E|(expy—
{Vn2 }_ ( p{ <l+cx+\/2cx+ >
2V2
<E R 2> xA
8 (p{ 2<1+cx>} vz )

9.7
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M, 2 2
P{Vn2 >x,A}§\/Eexp{—(lJr\/ercx)Vn}l(A), (9.8)

P{T > gz < sorsomenf <o (- (i)
— >x, — <y forsomeny <exp<{ ——
V2o =Y PU YU s vVaa i +ex

2
< _— .
- CXP{ 2y(1+cx) }

Theorem 9.14. Let {d;,.%;,i > 1} be a martingale difference sequence with |d;| < ¢
for some ¢ >0, E(d]2-|f,-,1) = CSJ2 and V2 =Y, 6% orV? = ||X" | 6?||e. Then for
allx>0andy >0,

(9.9)

n
P d,->x,V2§y for some n Sexp{—xarc sinh <xc>} (9.10)
i1 2¢ 2y

Moreover, for every Fo-measurable set A, B >0, a > 0 and x > 0,

n o d;
P{(X—l‘,—[g‘/nz >X7A} Sexp{—oix arc sinh ng}
Bx . Bxc 2 2
x E |exp< — Zarcsmh =N Vi My > (a+B)Vyx,Al, (9.11)

n .
P 7Zi:1dl > x,A
o+ pVv?

< oo - s 2} enp - (2 s () )2} 00

9.12)

" d; 1
P ==L S x <y for somen
lathg = o s

<exp & arc sinhcﬁ—x exp —E arc sinh & .
c 2 2cy 2

In what follows we provide the proofs of Theorems 9.12 and 9.13; the proof of
Theorem 9.14 is similar and is therefore omitted. Let M, = Y./, d; and ¢ be the
o-field generated by {d;}. We will use the following variant of the Bennett—
Hoeffding inequality for sums of independent random variables (Theorem 2.17).

Lemma 9.15. Let {X;} be a sequence of independent random variables with
EX;=0, B2 =Y" | EX? > 0, and such that there exists ¢ > 0 for which

k!
ElX;|f < Eck’zEij fork>2,1<j<n,
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Then
2.2

! Br 1
Eexp{rEX,'}SeXp{z(ln_cr)} f0r0<r< ; (913)

Proof (of Theorem 9.12). Let T = inf{n : M, > x and V> < y}, with inf() = c. Let
A = {M, > xand V? <y for some n}. Note that P(A) = P(t < o0, M; > x,A). Ap-
plying Markov’s inequality first, followed by Fatou’s lemma (valid since T < oo
on A), we obtain

T
P(A) < P{ di > x,A}
i=1

T
< &%E [exp {; (Z{ d; —x> }I(MT > x,A)
) ) }L TAn
= }{rg)E l}l_r&e:xp{ <,Zi d; —x) }I(Mm" > x,A)
TAn
(Z d; x) }I(MM" > x,A)
i=1

TAn
< inf liminf , | Eexp {l (Z e; x> }I(MTM > x,A), by Theorem 9.10(b),

A>0 n—eo
g)

recalling that the random variables outside the conditional expectation are ¢4 mea-
surable. Observe that since {d;} and {e;} are tangent and {e;} is conditionally in-
dependent given ¢, the moment assumptions on the distribution of d; translate to
conditions on the ¢;’s and therefore we can apply (9.13) to obtain

TAn
E (exp {k Y e,} ‘%) <exp{h(A)VE,}, 9.14)

i=1

< inf liminf E exp {
A>0 n—e

= inf liminf, | £

A>0 n—eo ’

TAn
I[(Mep, > x,A)e ME (exp {l Z e,}

i=1

where h(A) = 2(%2/16) Replacing this in the above bound one obtains

>0 Nn—o0

T
P { Y di> x,A} < linf liminfy/E [exp {— (Ax— h(2)VZ\,) } [ (Mzpn > x,A)].
i=1

Since the variable inside the expectation is dominated by
exp{— (Ax—h(A)VZ) }(Mzpy > x,A),

and since V; <y on A, application of the dominated convergence theorem yields
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T
P d; >x,Ap < inf \/E —(Ax—h(A) V) (M; > x,A).
{;1, x }—i‘;M exp {— (Ax—h(2)V2)}(M: > x,4)
Dividing both sides by /P{M. > x,A} gives
T
PyYdi>xAp<infE [exp{— (Ax—h(A)VE)} ‘AH{MT > x}] .
i=1 -
Then, since M; > x and VT2 < yonA, we have
n
PSY di>x, V2 <y forsomen < inf exp{— (Ax—h(1)y)},
i=1 A>0
from which (9.6) follows by minimizing exp{—(Ax—h(A)y)} over A > 0. O

Proof (of Theorem 9.13). Application of Markov’s inequality similar to that in the
proof of Theorem 9.12 yields

exp {g (Z d; _Vnzx) }I(Mn > Vnzx’A)}
=1

n
P di>V*x,AS<infE
{; ! " }/1>0

<inf | E y) = V2x | YI(M, > V2x,A

< inf exp{ (ge nx)} (M, >V2x )}

=inf ,|E [I(M,>V?2x,A)exp{—AV2x} E <exp{l26,} g)}
A>0 i=1

Since {d;} and {e;} are tangent and {e;} is conditionally independent given ¢, the
moment assumptions on the distribution of d; translate to conditions on the ¢;’s and
therefore we can apply (9.13) to show that

n )‘2
E (exp{lge,} ‘%) < eXp{Z(l—lc)V”z}’ (9.15)

which can be combined with the preceding bound to yield

n )LZ
. 2 < i _ _ 2 2
P{iz{dl>an,A} xu;fo\/Eexp{ (Ax 2(1_)Lc)>v,,}1(M,1>vnx,A)

2
</Eexpq — VZLI(M, > Vix,A).
_\/ p{ I1++v2ex+14+cx n} (M, " )

Dividing both sides by \/P{M, > V2x,A} gives (9.7), while (9.9) is obtained by
adapting the stopping time argument used in the proof of Theorem 9.12. a
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9.3.2 Conditionally Symmetric Random Variables

Let {d;} be a sequence of variables adapted to a filtration {.%;}. Then we say that
the d;’s are conditionally symmetric if £ (d; | Fi—1) = £ (—d; | F#i_1). Note that
any sequence of real-valued random variables X; can be “symmetrized” to produce
an exponential supermartingale by introducing random variables X/ such that

X(Xr”Xl?X]/a cee 7Xl’l—13Xr/z—17Xn) = X(an(la“ . 7Xn—1)

and setting d, = X,, — X,,; see Sect. 6.1 of de la Pefia and Giné (1999).

Theorem 9.16. Let {d;} be a sequence of conditionally symmetric random variables
with respect to the filtration {%,}. Then for all x > 0, y > 0,

n n 2
P (Z d; > x, Zdlz <y for some n) <exp{—;}‘ (9.16)
; Y

i=1 i=1

Moreover, for all sets A € Fo and all B >0, x>0,y >0and o € R,
"
(Bt
a+BYr, d;
(B
<FE — — ) di+uo
<E|exp{ —x 2; T+ op
yu 1di 5 2 n 5
Pl —————52>xA) < |Eexps —x*| =) d7+0 , 9.18
(g, on) s\Foni e (TR A ran) 019

P( Liidi >x ! <y for some n) < exp{—x2 ('82 +Oc[3) }
a4+ By dF T Y dE T - 2y
(9.19)

n g
=1 >x, A

a+BYiL, d; O

Lemma 9.17. Let {d;} be a sequence of conditionally symmetric random variables
with respect to the filtration {.%,}. Then for all 1 > 0,

exp{Y/_ Ad;}
{exp{(lz/z) o d?) Fny 12 1} (9.20)

is a supermartingale.

Proof. Let 7 be the trivial o-field {Q,0} and for n > 1, let 57, be the o-field gen-
erated by (dy,...,dy—1,|d,|). Similarly, let .7 be the trivial o-field and for n > 2, let
Fn—1 be the o-field generated by (d,...,d,—1). Then the conditional symmetry of



9.3 Exponential Inequalities for Martingales 133

{d;} implies that the conditional distribution of d, given .7, and that of —d,, given
J;, are the same. Hence

E [exp{Ad,}|.7,] = E [exp{—Ad,}|.7,] , (9.21)

which can be shown by noting that for all H, € 77, F,—| € %, and L >0,
/ exp(Ad,)dP = exp(—Ad,)dP.
(dyseesdp—1,ldn|)EHy (d1seesdn—1,ldn|)EHy

Making use of (9.21) and the fact that {exp(Ad,)+exp(—Ad,)}/2 is measurable
with respect to .74, we obtain

exp(Ad,) +exp(—Ad,) ]
2 n

_ exp(Ady) + exp(—Ady) < ex A2d?
2 =P\ )

Elexp(hd,) | 5] =E |

Hence E{exp(Ad, — $A%d2)|.7,} < 1, and an induction argument can then be used
to complete the proof of Lemma 9.17. a

Proof (of Theorem 9.16). We only consider the case & = 0, B = | because the gen-
eral case follows similarly. For all A € %, and A > 0,

P ( ):’r’;:l d; > x,A)
i=1 4]
<E d; d? 44
exp Z - = Z d2 =X
:EeXp{(l/z) L Y d? - Z d? < 14 Zx,A)
exp{ dz} 43 25 izt d;
2 n n
Eexp A Z lxz d? ( d2 > x,A)
2 i=1 i=1 i= ld

2 n dz
< ,|Eexp 752‘1 7{122)5,14 :

where the last inequality follows by minimizing over A and the one that precedes it
follows from the Cauchy—Schwarz inequality and Lemma 9.17. Dividing both sides

by \/ P(Y!, di/ Y, d? > x,A) yields the desired conclusion. O

IN
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9.3.3 Exponential Supermartingales and Associated Inequalities

Theorem 9.18 (Stout, 1973). Ler {d,,} be a sequence of random variables adapted
to a filtration {.%#,} and such that E(d,|-%,—1) < 0 and d, < c a.s. for all n and
some constant ¢ > 0. For A > 0 with Ac < 1, let

2
T, = exp (l Zd) exp [—12 <1+ AC) ZE (d? | Fie 1)1 (9.22)

i=1

forn>1, with Ty = 1. Then {T,,, F,,n > 1} is a nonnegative supermartingale with
mean < 1 and

P (sup 1, > oc) <l/a (9.23)

n>0

forall o0 > 1.

Proof. Sinced; <ca.s.and0< A < ¢!,
A
Mr<1+/ld+ (Ad) ( c) as.

Combining this with the assumption that E(d;|.%;_1) < 0 a.s. yields

2
E(.7 ) < %E(dﬂ%-_l) {1 + ’12"']

2
<exp [)Lz (1 + )L26> E(d12|<%1)} a.s.,

since 1 +x < ¢*. From this, (9.22) follows. To prove (9.23), let @ > 0 be fixed and
let T =inf{n > 0: T, > a}, inf@ = . Then the sequence {T;xz, n > 0} is also a
nonnegative supermartingale with Ty = 1, and therefore for alln > 1,

1> ETyp, > aP(T < n).

Letting n — oo completes the proof since 1 > atP(7 < o) = aP(sup,~¢ T, > a). O

While Theorem 9.18 can be regarded as a supermartingale “relative” of the
Bennett—Hoeffding inequality, Lemma 9.15 (which is a variant of the Bennett—
Hoeffding inequality) is likewise related to the following supermartingale.

Theorem 9.19. Let {d,,} be a sequence of random variables adapted to a filtration
{Fn} such that E(d,|.F,—1) = 0 and 6} = E(d?|.Fn—1) < oo. Assume that there ex-
ists a positive constant M such that E(|d,|*|.Z,_1) < (k!/2)62M*=2 a.s. or P(|d,| <
M| F,_1)=1as. foralln>1, k > 2. Let Ay =Y" d;, V} =YY" E(d?Z:1),
Ao =Vo =0. Then {exp(AA, — I le A2V2), F,, n> 0} is a supermartingale for
every 0 <A <1/M.
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The martingale (M,,.%,,n > 1) is said to be square-integrable if EM? < oo for
all n. A stochastic sequence {M,} adapted to a filtration {.%,} is said to be a locally
square-integrable martingale if there are stopping times 7,, with respect to {.%, }
such that limy;—e Ty = o0 a.s. and {M¢, rn,F,,n > 1} is a square-integrable martin-
gale for every m > 1. Azuma (1967) proved the following extension of the Bennett—
Hoeffding inequality for locally square-integrable martingales.

Theorem 9.20 (Azuma, 1967). Let {M,, =Y" | d;i, Fy,n > 1} be a locally square-

integrable martingale such that there exist nonrandom constants a; < b; for which
a; <d; <b;jforalli> 1. Then for all x > 0,

P(IM,| > x) <2 2

X exp| —=—— |-
HET ST UL b ap

Whereas the exponential inequalities in Theorems 9.12-9.14 and 9.18 involve
conditional variances Y | E(d?|.%;_1), those in Theorem 9.16 and Lemma 9.17
involve the squared function Y, di2 of the (local) martingale. Bercu and Touati
(2008) have derived the following analogs of Theorems 9.12 and 9.14 by using

" E(d?|.Zi_1)+ XL, d? for normalization to dispense with the boundedness as-

sumptions of d; in Theorems 9.12 and 9.14.
Theorem 9.21 (Bercu and Touati, 2008). Let {M,, =Y} | d;} be a locally square-
integrable martingale adapted to the filtration {%,} with My = 0. Let (M), =
Y E(d}|F—1) and M), = Y}, d}. Then forall A € R,

{ewp (At 2 (a4 00 ) 521} 924

is a supermartingale with mean <1. Moreover, for all x > 0, y > 0,

2
PMy| > x. Ml (M), < y) < 2exp (—zy) ,

and for alla > 0, b > 0,

P (% > x, (M), > [M],,+y> < 2exp [—xz (ab+ bzzyz)] .

9.4 Supplementary Results and Problems

1. Let X;,X>,... be independent random variables and let 7' be a stopping time
adapted to the filtration {.%, }, where .%, is the o-field generated by Xj,...,X,.
Let {X;, i > 1} be an independent copy of {X;, i > 1}:

(a) Show that, on a possibly enlarged probability space, {X,I(T >n), n > 1}
is tangent to {X,, I(T > n), n > 1} with respect to the filtration {%, }, where
@, is the o-field generated by X1,...,X,,X1,...,X,.
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(b) Show that Z,-T:/\l” X; is a sum of conditionally independent random variables
but ZiT:/\]" X; is not.

2. Prove Lemma 9.15.

3. The exponential inequalities (9.7)—(9.9), (9.11), (9.12) and (9.17)—(9.19) are re-
lated to the strong law of large numbers since they involve a martingale di-
vided by its conditional variance or quadratic variation, as noted by de la Pefia
et al. (2007) who have extended this approach to obtain exponential bounds
for the ratio of two processes in a more general setting involving what they
call the “canonical assumptions.” These canonical assumptions are described
in Chap. 10 where we introduce a general framework for self-normalization, in
which we use the square root of the conditional variance or quadratic variation
for normalization, instead of the strong-law-type normalization in the exponen-
tial inequalities in this chapter. In particular, if A and B > 0 are two random
variables satisfying the canonical assumption that

Eexp(AA—A%B*/2) <1  forall L € R, (9.25)

de la Pefa et al. (2007) have shown that for all x > 0 and y > 0,
PA/B2>x, 1/B* <y) <e /), (9.26)
P(JA|/B >x, y < B <ay) <4y/ex(1 Jrloga)e_"z/2 foralla>1. (9.27)

Compare (9.26) with (9.9) and discuss their connection.
Hint: See Sect. 10.2.



Chapter 10
A General Framework for Self-Normalization

In this chapter we provide a general framework for the probability theory of
self-normalized processes. We begin by describing another method to prove the
large deviation result (3.8) for self-normalized sums of i.i.d. random variables. This
approach leads to an exponential family of supermartingales associated with self-
normalization in Sect. 10.1. The general framework involves these supermartingales,
or weaker variants thereof, called “canonical assumptions” in Sect. 10.2, which also
provides a list of lemmas showing a wide range of stochastic models that satisfy
these canonical assumptions. Whereas Sect. 9.3 gives exponential inequalities for
discrete-time martingales that are related to the canonical assumptions, Sect. 10.3
gives continuous-time analogs of these results.

10.1 An Exponential Family of Supermartingales Associated
with Self-Normalization

10.1.1 The L.1.D. Case and Another Derivation of (3.8)

A key idea underlying the proof of Theorem 3.1 in Chap.3 is the representation
(3.13) so that S,, > xn'/?V,, < sup~o YL {bX; — x(X? +b*)/2} > 0. For each fixed
b, letting Y; = bX; — x(X? + b*)/2, the Cramér—Chernoff large deviation theory
yields that the rate of decay of n~'logP{Y"_,¥; > 0} is inf,~glogEe'’. A tech-
nical argument, which involves partitioning {6 > 0} into a finite union of disjoint
sets and truncation of Xj, is used in Sect. 3.2.2 to prove Theorem 3.1.

An alternative method to prove Theorem 3.1 is to use the finiteness of the moment
generating function e¥(®-?) = Eexp{6X —p(6X)?} forall & € R and p > 0 (without
any moment condition on X), which yields the large-deviations rate function

O(ui,u2) = sup {6 —pO*r—y(6,p)},  weER, w>ui. (10.1)
6eR,p>0

V.H. de la Pena et al., Self-Normalized Processes: Limit Theory and Statistical Applications, 137
Probability and its Applications,
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Since S,/(v/nV,) = g(n 'Y Xi,n 'Y X?), where g(Wi, ) = W /\/Ha, we
can express P{S, > x\/nV,} as P{g(, o) > x}, where 0 =n~'Y" | X;, ln =

f’leiz. A standard method to analyze large deviation probabilities via the mo-
ment generating function e¥(9P) is to introduce the family of measures Py , under
which the X; are i.i.d. with density function fg ,(x) = exp{6x— p(6x)*> — y(6,p)}
with respect to the measure P that corresponds to the case 8 = 0. We can use the
change of measures as in Sect. 3.1 to show that P{g({l;, fl) > b} = e(*+°())" where
Kk = —inf{@(t1, ) : g(t1,2) > x}. As shown in Chan and Lai (2000, p. 1648),
who use this approach to obtain a Bahadur—Ranga Rao-type refined large deviation
approximation, the right-hand side of (3.8) is equal to e*.

10.1.2 A Representation of Self-Normalized Processes
and Associated Exponential Supermartingales

Let P( ") denote the restriction of Py p to the o-field .%, generated by Xi,...,X,. The
change of measures mentioned in the preceding paragraph involves the hkehhood
ratio (or Radon-Nikodym derivative)

ary"
P _ 02 2
oty = exp {08, —p67nV,) —ny(8.p)} (102)

which is a martingale with mean 1 under P. When EX = 0 and EX? < oo, Taylor’s
theorem yields

v(0,p) =log (Eexp{0X — p(6X)*}) = {(; —p+0(1)> 62EX2}

as —0.Lety>0,A, =S, and B2 = (1+y) X", X?. It then follows that p and &
can be chosen sufficiently small so that for |1 ] < €,

{exp(?LAn — /'LzB,zl/Z), Fpyn > 1} is a supermartingale with mean <1. (10.3)

The assumption (10.3) and its variants provide a general framework to analyze
self-normalized processes of the form A, /B, with B,, > 0. A key observation is

A2 228
282~ mfx (7LA —=3 > . (10.4)

Although maximizing the supermartingale in (10.3) over A would not yield a
supermartingale and the maximum may also occur outside the range |A| < €, in-
tegrating the supermartingale with respect to the measure f(A)dA still preserves
the supermartingale property. Laplace’s method for asymptotic evaluation of in-
tegrals (see Sect. 11.1) still has the effect of maximizing (AA, — A?B2/2), and
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the maximum is still %(A,Z /B,)? if the maximizer A, /B2 lies inside (—¢,¢). This
“pseudo-maximization” approach, which will be described in the next chapter, was
introduced by de la Peiia et al. (2000, 2004) to study self-normalized processes in
the general framework of (10.3) or some even weaker variants, which replace the
moment generating function ¢¥(%?) in the i.i.d. case and which they call the canon-
ical assumptions.

10.2 Canonical Assumptions and Related Stochastic Models

A continuous-time analog of (10.3) simply replaces n(> 1) by # (> 0), with Ay = 0.
A canonical assumption that includes both cases, therefore, is

{exp(AA, — /IZB,2/2)7 F, t € T} is a supermartingale with mean <1, (10.5)

where T is either {1,2,...} or [0,0). A weaker canonical assumption considers a
pair of random variables A, B, with B > 0 such that

Eexp(AA—A%B%/2) <1, (10.6)

either (a) for all real A, or (b) for all A > 0, or (¢) forall 0 < A < A (. Lemma 9.17
and Theorems 9.18, 9.19 and 9.21, in Chap.9 and the following lemmas provide
a wide range of stochastic models that satisfy (10.3), (10.5) or (10.6). In particu-
lar, Lemma 10.2 follows from Proposition 3.5.12 of Karatzas and Shreve (1991).
Lemma 10.3 is taken from Proposition 4.2.1 of Barlow et al. (1986); see Sect. 10.3
for an introduction to continuous-time martingales.

Lemma 10.1. Let W; be a standard Brownian motion. Assume that T is a stopping
time such that T < o a.s. Then

Eexp{AWr —A’T/2} <1,
forall L € R.

Lemma 10.2. Let M; be a continuous local martingale, with My = 0. Then
exp{AM, — A*(M);/2} is a supermartingale for all A € R, and therefore

Eexp{AM, —A*(M);/2} < 1.

Lemma 10.3. Ler {M,,.%;,t > 0} be a locally square-integrable right-continuous
martingale, with My = 0. Let {V; } be an increasing process, which is adapted, purely
discontinuous and locally integrable; let V() pe its dual predictable projection. Set

X, =M;+V;, G = Lo, ((AX) )%, Dy = {ngt((AXS)i)z}fp)a Hy = (M), +C +Dy.
Then for all 2 € R, exp{A(X; — Vt(p)) — %le,} is a supermartingale and hence

Eexp{A(X, — V")) — A2H,/2} < 1.
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In Sect.10.3, we give two additional lemmas (Lemmas 10.6 and 10.7) on
continuous-time martingales that satisfy the canonical assumption (10.5). In
Sect. 13.2, we derive the following two lemmas that are associated with the theory
of self-normalized LIL.

Lemma 10.4. Let {d,} be a sequence of random variables adapted to a filtration
{F,} such that E(d,|-F,—1) < 0 and d, > —M a. s. for all n and some non-random
positive constant M. Let A, = Y, d;, B,zl =2C, Y1, d,-z, Ay = Bg = 0 where Cy =
—{y+1log(1—7)}/¥* Then {exp(AA, — 3A*B2), F,, n > 0} is a supermartingale
forevery0 < A < yM~!.

Lemma 10.5. Let {.%,} be a filtration and Y, be F,-measurable random variables.
Let0 <y, < 1and0 < A, < 1/Cy, be F,_1-measurable random variables, with Cy
given in Lemma 10.4. Let W, = E{Y, (=Y, <Y, < A,)|F—1}. Then exp{Yy", (¥i —
Wi — A 'Y2)} is a supermartingale whose expectation is < 1.

10.3 Continuous-Time Martingale Theory

As shown in Chap.1 of Karatzas and Shreve (1991) or Chap.II of Revuz and
Yor (1999), the basic martingale theory in Sect.9.1 can be readily extended to
continuous-time martingales/submartingales/supermartingales if the sample paths
are a.s. right-continuous. In particular, such processes have left-hand limits and are
therefore cadlag (continu a droit, limité a gauche).

Here we summarize some of the main results that are related to the lemmas in
Sect. 10.2 and the inequalities in Chap.9. Comprehensive treatments of these and
other results can be found in the monographs by Elliott (1982), Karatzas and Shreve
(1991) and Revuz and Yor (1999). A filtration (.%) is said to be right-continuous
if 7 = %1 = Nes0-Frye. It is said to be complete if .F contains all the P-null
sets (that have zero probability) in .%. In what follows we shall assume that the
process {X;, t > 0} is right-continuous and adapted to a filtration {.%;} that is
right-continuous and complete. The o-field generated on © X [0,%0) by the space
of adapted processes which are left-continuous on (0,0) is called the predictable
o-field. A process {X;} is predictable if the map (®,7) — X;(®) from Q X [0,00)
to R is measurable with respect to the predictable o-field. An extended random
variable T taking values in [0,00] is called (a) a stopping time (with respect to the
filtration {.# }) if {T <t} € .% forall t > 0, (b) an optional time if {T <t} € %
for all r > 0, and (c) a predictable time if there exists an increasing sequence of
stopping times 7;, such that 7, < T on {7 > 0} and lim,, T, = T a.s.

A stochastic process X = {X;, ¢ > 0} is called measurable if the map (®,t) —
X; (o) from Q X [0,00) to R is measurable. For a measurable process, there exists a
predictable process Y = {Y;, r > 0} such that

E{X7I(T < 0)|Fr_} =YrI(T <) a.s., (10.7)
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for every predictable time 7. The process Y is essentially unique and is called the
predictable projection of X, denoted by X™I. Suppose A = {A;, t > 0} is a nonde-
creasing, measurable process such that E(A«) < oo. Then there exists an essentially
unique nondecreasing, predictable process A?) such that for all bounded, measur-
able processes {X;, t > 0},

E(X"A,) =EXA"). (10.8)

The process AP) is called the dual predictable projection of A; see Elliott (1982,
p-72).

10.3.1 Doob-Meyer Decomposition and Locally Square-Integrable
Martingales

Let .7, be the class of stopping times such that P(T < a) =1 forall T € .7,. A right-
continuous process {X;, t > 0} adapted to a filtration {.%,} is said to be of class
DL if {X7,T € 7.} is uniformly integrable for every a > 0. If {X;,.%;, t > 0} is
a nonnegative right-continuous submartingale, then it is of class DL. The Doob—
Meyer decomposition says that if a right-continuous submartingale {X;,.%;, t > 0}
is of class DL, then it admits the decomposition

X[ :M[ +A[, (109)

in which {M,,.%;, t > 0} is a right-continuous martingale with My = 0 and A4, is
predictable, nondecreasing and right-continuous. Moreover, the decomposition is
essentially unique in the sense that if X, = M, + A; is another decomposition, then
P{M; =M] A, = A} for all 1} = 1. The process A, in the Doob-Meyer decomposition
is called the compensator of the submartingale {X;,.%;, t > 0}.

Suppose {M;,.%;, t > 0} is a right-continuous martingale that is square inte-
grable, i.e., EM,2 < oo for all z. Since Ml2 is a right-continuous, nonnegative sub-
martingale (by Jensen’s inequality), it has the Doob—Meyer decomposition whose
compensator is called the predictable variation process and denoted by (M),, i.e.,
M? — (M), is a martingale. If {N;,.%,, t > 0} is another right-continuous square
integrable martingale, then (M, + N;)?> — (M + N), and (M, — N,)*> — (M — N), are
martingales, and the predictable covariation process (M,N); is defined by

1
<M,N),:Z{<M—|—N>,—<M—N>,}, 1>0. (10.10)
Let .#, denote the linear space of all right-continuous, square-integrable martin-

gales M with My = 0. Two processes X and Y on (Q,.%#, P) are indistinguishable if
P(X; =Y, forallr > 0) = 1. Define a norm on ., by
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» min ( EM?, 1)

Ml = Y, —

n=1

(10.11)

This induces a metric p(M,M’) = ||M — M’|| on .#, if indistinguishable processes
are treated as the same process. A subspace 7 of ./, is said to be stable if it is a
closed set in this metric space and has two additional “closure” properties:

(a) M € # = M" € s for all stopping times T, where M = My ;.
(b) M e A and A € Fp = MI(A) € .

Two martingales M, N belonging to .#> are said to be orthogonal if (M,N); =0 a.s.
for all 1 > 0, or equivalently, if {M;N;,.%;,t > 0} is a martingale. If JZ is a stable
subspace of .#/, then so is

A+ = {N € ., : N is orthogonal to M for all M € #}. (10.12)
Moreover, every X € ./ has a unique (up to indistinguishability) decomposition
X=M+N, withMe . # andN € 7+, (10.13)

Besides the dual predictable projection defined by (10.8), Lemma 10.3 also in-
volves the “continuous part” M¢ of M € > (or a somewhat more general M which
is the a.s. limit of elements of .#5), which is related to the decomposition (10.13)
with S = .45, where

M5 ={M € > : M has continuous sample paths}. (10.14)

It can be shown that . is a stable subspace of .#>, and therefore (10.13) means
that every M € ./, has an essentially unique decomposition

M=M+M?! — withM° e # and M? € (5)* . (10.15)

While M€ is called the continuous part of M, M is called its “purely discontinuous”
part. Note that M and M¢ are orthogonal martingales.

For M € .#, andt > 0, let I be a partition 0 =19 < t; < --- <t =t of [0,7]. Then
as ||IT|| := maxj<;<t|t; —ti—1| — 0, Y5, (M,, — M,,_,)? converges in probability to
a limit, which we denote by [M],. The random variable [M]; is called the quadratic
variation process of M. For M € .5, [M] = (M). More generally, for M € .5,

M), = M)+ Y, (AM,)?, (10.16)

0<s<t

where AM; = M; — M;_, noting that M,;_ = lim,;; M, exists since M is cadlag.
The quadratic covariation of M and N, which both belong to .5, is defined by
[M,N]; ={[M+N]—[M — N]}/4, and (10.16) can be generalized to

[M,N]; = (M€, N);+ ) (AM,)(AN;). (10.17)

0<s<t
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We can relax the integrability assumptions above by using localization. If there
exists a sequence of stopping times 7, such that {Mr, »;,-%, t > 0} is a martingale
(or a square-integrable martingale, or bounded), then {M;,.%;, t > 0} is called a
local martingale (or locally square-integrable martingale, or locally bounded). By
a limiting argument, we can again define (M), (M,N),, [M],, [M,N];, M and M¢
for locally square integrable martingales. Moreover, a continuous local martingale
M; can be expressed as time-changed Brownian motion:

(10.18)

which provides the background for Lemma 10.2; see Karatzas and Shreve (1991,
Sect.3.4B). If V is an adapted process with ﬁnite variation on bounded intervals,
then its dual predictable projection process V(P) (see (10.8)) is the essentially unique
predictable process having finite variation on bounded intervals and such that V —
v (P) is a local martingale; see Elliott (1982, p. 121).

10.3.2 Inequalities and Stochastic Integrals

Let ///21"“ denote the class of right-continuous, locally square-integrable martingales
M with My = 0. Let M, N belong to .#1°° and H,K be two measurable processes.
For 0 <s <t,let (M,N)s; = (M,N), — (M,N), and note that

(M+7rN)s, = (M,M)g,+2r{M,N), +r*(N,N)s,
is a nonnegative quadratic function of r. Therefore
(M. N)so| < (M)} NN 32 (10.19)

Hence, approximating the Lebesgue—Stieltjes integral below by a sum, we obtain
from (10.19) the Kunita—Watanabe inequality

/IHSHKIdMN (/ H2d( >l/2(/Kd )1/2, (10.20)

where we use the notation ; to denote the total variation of a process § on [0,1].
A continuous-time analog of Theorem 9.12 is the following: If M is a continuous
local martingale with M, = 0, then for x > 0 and y > 0,

P{M, > xand (M), <y for some > 0} < exp(—x>/2y); (10.21)

see Revuz and Yor (1999, p. 145) whose Sect.IV.4 provides an extension of the
Burkholder-Davis—Gundy inequalities (Theorem 9.6) to continuous local mar-
tingales. Barlow et al. (1986) have derived convex function inequalities, which
generalize the Burkholder-Davis—Gundy inequalities, for right-continuous, locally
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square-integrable martingales. In connection with Lemma 10.3, they have also
proved the following analog of (10.21) for right-continuous, locally square-
integrable martingales:

P{Mr > x,Hr <y} < exp(—x2/2y) for all stopping times 7, (10.22)

where H; = (M€); + ¥, (AM) )2 +{ ¥, ((AMS)’)z}t(m , following the notation
of Lemma 10.3. They note that in the case AM < ¢ a.s. for some constant ¢ > 0,
(10.22) follows from the sharper inequality

x? cx
P{My >x,(M)7 SY}SCXP{—%)‘I/<))>}7 (10.23)
where y(0) = 1 and (1) = (2/1?) fo’l log(1+1)dt for A > 0. They derive (10.23)
from Lemma 10.6 below, which is a continuous-time analog of Theorem 9.18. They
also derive (10.22) in the case AM > 0 a.s. from another exponential supermartin-
gale, given in Lemma 10.7 below.

Lemma 10.6. Let {M;, %t > 0} be a locally square-integrable, right-continuous
martingale such that My = 0 a.s. and AM; < ¢ a.s. for all t > 0 and some ¢ > 0.
Then for A > 0,

{exp(AM; — @.(A)(M);), F:,t >0} is a supermartingale, (10.24)

where @ (L) = ¢ 2(e* —1— Ac).

Let {X;,r > 0} be a cadlag process of locally bounded variation. Then [T, (1 +
AX;) is well defined as a limit and is a cadlag process of locally bounded variation;
see Problem 10.1. For a locally square-integrable, right-continuous martingale M,
the Volterra equation

t
Z; = 1—|—/ Zs_ dM; (10.25)
0

has a unique cadlag solution

Z = &(M); = exp {Mf - ;<Mc>t} H(l + AMy)e A,

s<t

in which & (M) is called the Doléans exponential of M.

Lemma 10.7. Let {M,, %;,t > 0} be a locally square-integrable, right-continuous
martingale M with My = 0. Then {&(M);, %;,t > 0} is a martingale. If AM, > 0
forall t >0, then exp(M, — [M],) < &(M), and {exp(M, — A[M],), Z;,t > 0} isa
supermartingale.

We now define the stochastic integral [(; X;dYs with integrand X = {X;,0 <
s <t} and integrator Y = {¥;,0 < s <t}. If Y has bounded variation on [0,¢], then
the integral can be taken as an ordinary pathwise Lebesgue—Stieltjes integral over
[0,7]. If Y is a right-continuous, square-integrable martingale and X is a predictable
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process such that fé X2d(Y)s < o a.s., then f(; X dY; can be defined by the limit (in
probability) of integrals (which reduce to sums) whose integrands are step functions
and converge to X in an L,-sense. More generally, one can define fot X, dY; when X
is a predictable, locally bounded process and Y is a semimartingale, which is defined
below. Moreover, the process { [j XsdYs, t > 0} is also a semimartingale.

Definition 10.8. A process Y which is adapted to the filtration {.%,, t > 0} is called
a semimartingale if it has a decomposition of the form Y; = Yy + M; 4+ V;, where M
is a locally square-integrable, right-continuous martingale, V; is an adapted cadlag
process with finite variation on bounded intervals, and My = V) = 0.

Theorem 10.9 (Ito’s formula for semimartingales). Let X (1) = (X;(¢),...,Xn(t)),
t >0, be a vector-valued process whose components X; are semimartingales, which
can be decomposed as X;(0) +M;(t) +V;(t). Let f : [0,00) x R™ — R be of class C'?
(i.e., f(t,x) is twice continuously differentiable in x and continuously differentiable
int). Then {f(¢t,X(t)),t > 0} is a semimartingale and

£(0.X(0) = £ 0.X(0 +Z/ast ~))dxi(s)

0+ axlax] SX(S_))d<Mi’Mj>S

+ {f(svx(S))—f(s,X(s—)) i@/ax,)( (S—))AXi(S)}-

i=1

An important corollary of Theorem 10.9 is the product rule for semimartingales
X and Y: XY is a semimartingale and

d(X[)/[) :X[_dY[‘f'Yv[_dX[‘i_d[X,Y]t. (10.26)

In particular, for a locally square-integrable, right-continuous martingale M, setting
X =Y =M in (10.26) yields

1
Ml =P =2 [ M, aM,. (1027)
0

By (10.27), M? — [M] is a martingale but [M] is not predictable. Since M? — (M) is
a martingale and (M) is predictable, it follows that (M), is the compensator of the
nondecreasing process [M];.

Barlow et al. (1986, Sect.2) give a general theory of inqualities of the form
P{X7 > x,Yr <y} for stopping time 7 and two nonnegative adapted processes X
and Y. Earlier results along this line are Lenglart’s (1977) inequalities. Let X be a
right-continuous adapted process and Y a nondecreasing predictable process with
Yy = 0 such that

E|X7| <EYr forevery bounded stopping time 7. (10.28)
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Then for any € > 0, 6 > 0 and stopping time T,

P{sup|X,| >e, |V < 8} <e 'E(6AYy), (10.29)
1<t
P{sup %> e} < (8/e)+P{¥: > 5}. (1030)
t<t

Note that (10.30) follows from (10.29) since

P{sup 1X;| > 8} < P{sup IX;| > €,Y: < 5} +P{Y; > 6}.
1<t

1<t

In particular, since (10.28) holds with X = M? and Y = (M) for a locally square-
integrable right-continuous martingale M, it follows from (10.30) that for any ) > 0,
0 > 0 and stopping time 7,

P{ngMA > n} < (8/1%) +P{(M); > 8}.

10.4 Supplementary Results and Problems

1. Let X = {X;,0 < s <t} be a cadlag process with bounded variation. Show that
[T, (14 AX,) is absolutely convergent as || || — 0, where & is a partition
fo=0<1t; <--- <t =t of [0,7]. The limit is called the product-integral of X
and is denoted by [[p<,<; (1 + AX;). We can clearly extend the definition of the
product-integral ¥; := [[_ooey<; (1 + AX;) to cadlag processes X = {X;, € R}
such that X has bounded variation on (—eo,a] for all a. Show that the product-
integral Y is cadlag and has bounded variation on (—oe, ] for all a.

2. Let X = {X;, —oo <t < oo} be a cadlag process that has bounded variation on
(—o0,a] for all a. Show that ¥; := []_w<, (1 + AXj) satisfies the Volterra equa-
tion .

Y, =1 +/ Y,_dX,. (10.31)

By applying this result to X; = S(z), where S(¢) = P(T > t) is the survival func-
tion of a random variable T', show that

Sty =T](1—-2A(s)) if A(t) < oo, (10.32)

s<t

where A is the cumulative hazard function of T defined by

Alt) = /; li“;((ss)_) - ; g(S,ﬁ)) (10.33)

in which F = 1 — § is the distribution function of T'.
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3. Let Xi,...,X, be i.i.d. random variables with common distribution function F.
Let Cy,...,C, be independent random variables that are also independent of
{X1,...,X,}. Let X; = min(X;,C;), & = I(X; < C;) fori=1,...,n. Let % be the
o-field generated by

I(X;<t), §IX:i<t), XIX;<t), i=1,...,n. (10.34)
Define
Ry(t) =Y I(Xi >1), Na(t) =Y I(Xi <1,8=1). (10.35)

Show that {N,(z), %, —e0 < t < oo} is a right-continuous, nonnegative sub-
martingale with compensator [*_ R, (s)dA(s). This result enables one to apply
continuous-time martingale theory to analyze statistical methods for the analysis
of censored data (X;, &;), 1 <i < n, that are observed instead of X1,...,X,.

4. Because the X; in the preceding problem are not fully observable, one cannot
use the empirical distribution of the X; to estimate F. In view of the preceding
problem,

My(t) := Ny(t) — /_' Ra(s)dA(s) (10.36)

is a martingale with respect to the filtration {.%;}. By (10.36), dM,(t) =
dN,(t) — R,(t)dA(t), which suggests the following estimate of A(z) based on
{(Xi,éi), 1 S i S I’l}:

An(t) = /jm de(r) -X ARN(S()S) (10.37)

using the convention 0/0 = 0 and noting that [*_{I(R,(s) > 0)/R,(s) }dM,(s)
is a martingale since R, (s) is left-continuous and therefore predictable. This and
(10.32) suggest the following estimator of S:

$u(t) =T (1 = 2An(s)) :H(I—AN”(S)) (10.38)

s<t s<t Ry (S)

The estimator An is called the Nelson-Aalen estimator of the cumulative haz-
ard function A, and S’n (or 1 — S’n) is called the Kaplan—Meier estimator of the
survival function S (or distribution function F). Show that for any 7 such that
F(7) < 1and liminf, wn~'¥"  P(C; > 1) > 0,

P{ lim sup A, (1) — A(7)] :0} :P{lim sup|S, (1) —S(t)| = 0} =1,

n—=e g = <r
(10.39)

thereby establishing the strong uniform consisting of A, and S, on (—oco, 7.
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Hint: Use the Borel-Cantelli lemma and exponential bounds for martingales and
sums of independent random variables.

5. Rebolledo (1980) has proved the following functional central limit theorem
for continuous-time locally square-integrable, right-continuous martingales
{M,,, F,t € T}, where T is an interval (possibly infinite):

Suppose that there exists a nonrandom function V such that (M,)(t) N V(1)

foreveryt € T and that <M,S€>>(t) L, 0 foreveryt € T and € > 0, where M is
the subset of the purely discontinuous part of M,, that consists of jumps larger in
absolute value than €. Then M, converges weakly to W (V (+)) in D(T'), where W
is Brownian motion and D(T) denotes the space of cadlag functions on T with
the Skorohod metric.

Making use of Rebolledo’s central limit theorem, show that /n(A, — A)
and /n(S, — S) converge weakly in D((—oo,7]) as n — oo, for any 7 such
that F(7) <1 and liminf,.n 'Y, P(C; > t) > 0. See Problem 2.7 and
Sect. 15.3.1 for related weak convergence results and functional central limit
theorems.



Chapter 11
Pseudo-Maximization via Method of Mixtures

In this chapter we describe the method of mixtures to perform pseudo-maximization
that generates self-normalized processes via (10.4). Section 11.1 describes a pro-
totypical example and Laplace’s method for asymptotic evaluation of integrals.
Section 11.2 reviews the method of mixtures used by Robbins and Siegmund
(1970) to evaluate boundary crossing probabilities for Brownian motion, and gen-
eralizes the method to analyze boundary crossing probabilities for self-normalized
processes. In Sect. 11.3 we describe a class of mixing density functions that are par-
ticularly useful for developing L, and exponential inequalities for self-normalized
processes, details of which are given in the next chapter.

11.1 Pseudo-Maximization and Laplace’s Method

We begin with a review of Laplace’s method for asymptotic evaluation of the
integral [, f(0)e*(®)d6 as a — oo, where f and g are continuous functions
on R such that g has unique maximum at 6* and is twice continuously dif-
ferentiable in some neighborhood of 6, limsup|g|_..,g(8) < min{g(6*),0} and

limsup)g) ... |£(0)]e*#®) < oo for some A > 0. Since g'(6*) =0, g”(6*) < 0 and
0 = €@ exp {ag"(6") +o(1)] (6 —6%)/2}  asB—6%, (I1LI)

and since the assumptions on f and g imply that for every € > 0, there exists 1z > 0
such that as a — oo,

(/ . */;g) F(0)e*s*)d6 = 0 (exp(alg(6") ~ ne)))

—o0

V.H. de la Peia et al., Self-Normalized Processes: Limit Theory and Statistical Applications, 149
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it follows that

/w f(G)eag(G)dg ~ f(e*)eag(e*) (_ag//(e*))fl/Z/‘°° eilz/zdl‘

—oo

[ 2r *
o *\ _ag(0")
= 7a|g”(9*)|f(9 )e 8 (11.2)

as a — oo, using the change of variables t = (faf”(e*))l/2 (6—067).

Laplace’s asymptotic formula (11.2) relates the integral [, (6)e“(?)d to the
maximum of ¢®(?) over 6. This is the essence of the pseudo-maximization approach
that we use to analyze a self-normalized process (which can be represented as a
maximum by (10.4)) via an integral with respect to a probability measure. Note that
there is much flexibility in choosing the probability measure (or the mixing den-
sity function f), and that the function g(8) := A, — 6%B2/2 in (10.4) is a random
function whose maximizer 6* is a random variable A, /B,. Whereas f is assumed
to be continuous, and therefore bounded on finite intervals, in the preceding para-
graph which follows the conventional exposition of Laplace’s method, allowing f
to approach oo in regions where A, /B% tends to be concentrated can tailor f to the
analysis of Eh(A,/B,) for given h (e.g., h(x) = |x|? or h(x) = €**). In Sect. 11.2
we describe a class of mixing density functions f with this property, which will
be used in Chap. 12 for the analysis of Ei(A,/B,). Similar density functions were
introduced by Robbins and Siegmund (1970) who used the method of mixtures to
analyze boundary crossing probabilities for Brownian motion. Section 11.3 reviews
their method and results and extends them to derive boundary crossing probabilities
for self-normalized processes under the canonical assumption (10.3) or (10.6).

11.2 A Class of Mixing Densities

Let L : (0,00) — [0,00) be a nondecreasing function such that

L(cy) <3cL(y) forallc > 1andy >0, (11.3)
L(y*) <3L(y)  forally>1, (11.4)
* dx 1
=5 11.5
/1 XL 2 (11.5)

An example is the function

L(y) = B{log(y + &) Hloglog(y+ ) }{logloglog(y + a) } ' 2, (11.6)

where 6 > 0, « is sufficiently large so that (11.3) and (11.4) hold and B is a normal-
izing constant to ensure (11.5). By a change of variables,

/o1 (“ (i))ldl = /:O(M(A))—ldx,
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so condition (11.5) ensures that
FA) = ! 2>0 (11.7)
_?LL(max(l?%))7 ’ ’
for all A > 0 implies that

is a probability density on (0, ). Therefore the canonical assumption (10.6) holding
1> E/ exp {Ax— (Bx*/2)} f(x)dx.
0

(11.8)

Lemma 11.1. Let y > 1. Then yL(y/BV B/y) < 3y{L(y)V L(BV B™")} for any
0 <y < yand B > 0. Consequently, for any A > B > 0 and any —5 <x <0,

A x+% B A A 1
—|L B <3=<L(=|VL(BV=];. 11.
(3 (Fity) = () (mp)) oo
Proof. First consider the case y < 1. From (11.3) and the fact L is nondecreasing, it
follows that
y B 1/1 1
yL{=V—|<yL({-|=VB <3L|{BV—].
B y y \B B

For the remaining case 1 <y <7, since L is nondecreasing, we have

Y

(32 =no(309)

Aurree((ov2))]
< 3}/{L(}/)\/L<B\/ 1)}

B
where the last inequality follows from (11.4).

O
Lemma 11.2. Let A,B > 0 be two random variables satisfying the canonical as-
sumption (10.6) for all L > 0. Define

g(x) =x"lexp(x¥?/2)I(x>1). (11.10)
Then

8 - 3
L(3)VL(BV3

)~ Jyexp{—x2/2} dx’
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Proof. From (11.7) and (11.8), it follows that

2,2
1>E/ exp{Ax Bl)/z)}dx
wexp{%—%}
i)

S E eAz/zBZ/'w exp{—(x*/2)} >I<A21)dx (lettingx:y—A>

_A A B B
ez (v 2y

=F dy (letting y = Bx)

2 [0 exp{—(x*/2)}dx A
ZE_e/ /lg(L(g)vL(ng))I(le)] by (11.9)

:{;ijﬂQ“}EL@)i%év;y :

The class of mixing densities (11.3)—(11.5) was introduced by de la Pefia et al.
(2000, 2004) who made use of the properties in Lemmas 11.1, 11.2 and the fol-
lowing easy lemma to prove moment and exponential bounds for self-normalized
processes satisfying the canonical assumption (10.5) or (10.6). Details will be given
in Sect. 12.2.2.

Lemma 11.3. Let r > 0,0 < § < 1, g,(x) = x Lexp(rx®/2)I(x > 1). If

g15<)§L<Bv;),

< 2 log™ L Bvl
=G 8 B)

11.3 Application of Method of Mixtures to Boundary Crossing
Probabilities

then

11.3.1 The Robbins—Siegmund Boundaries for Brownian Motion

Let W;,t > 0, be standard Brownian motion. Then exp(OW; — 6%¢/2),t > 0, is a
continuous martingale with mean 1, and therefore (10.5) holds with A, = W, B, =t
and € = . Hence f(W;,1),r > 0, is also a continuous martingale, where
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f(x,t):/ exp(6x—0%/2)dF(0), xeR, >0, (11.11)
0

and F is any measure on (0,c0) which is finite on bounded intervals. Robbins and
Siegmund (1970, Sect.3) make use of this and the following lemma to evaluate a
class of boundary crossing probabilities for Brownian motion.

Lemma 11.4. Let € > 0 and let {Z,,%,,t > a} be a nonnegative martingale with
continuous sample paths on {Z, < €} and such that

Z,I(susz<£> 20  ast—o. (11.12)
s>a
Then
P{supZ,EsL?a}:Zu/e a.s. on{Z, < €}. (11.13)
t>a

Consequently, P{sup,~,Z; > €} = P{Z, > €} + & 'E{Z,1(Z, < €)}.
Proof. Let T =inf{t > a: Z; > €} (inf@® = o). Then {Zr;,-%,t > 0} is a non-
negative martingale by the optional stopping theorem. Therefore for A € .%, and

t>a,

E{ZaI(A,Za < 8)} = E{ZT/\ZI(A,ZG < 8)}
=eP(AN{T <t,Z,< €})
VE{ZI(A,T >1,Z, < €)}. (11.14)
By (11.12), Z, I(T > t) L 0ast— oo, and therefore letting  — oo in (11.14) yields
E{Z,1(A,Z, < €)} =P (AN{T < 00, Z, < €})

—¢ / P(T < oo | F,)dP,
AN{Z,<e}

proving (11.13). a
Corollary 11.5. Define f by (11.11). Then for any b € R,h > 0 and a > 0,

P{f(W,+b,t+h) > € for somet > a}
=P{f(W,+b,a+h)>¢€}
1= h he)—b
+g/0 exp(b0 — 567 (W—ﬁ@) dF(0),

where D is the standard normal distribution function and

Br(t,€) =inf{x: f(x,7r) > €}. (11.15)
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Proof. Without loss of generality we can assume that f(x,a+ h) < oo for some x
because otherwise the result is trivial. Then for ¢ > a, the equation f(x,¢) = € has
a unique solution P (7,€), and Br(z,€) is continuous and increasing for t > a, We

next show that f(b+W,;, h+1) 2 0ast — . Let ¢ be the standard normal density
function. For any ¢ > 0,

fb+cvi,h+1)=(¢(c))" /qu>(c— 0/t)exp(b6 —h6?/2)dF (8) — 0
(11.16)

as ¢ — oo, by the dominated convergence theorem. From (11.16), it follows that for
any € > 0 and ¢ > 0, the following inequality holds for all sufficiently large ¢:

P{f(b+W;,h+1)> e} <P{W, >cVi} =1—D(c), (11.17)

which can be made arbitrarily small by choosing c¢ sufficiently large. Hence Z; LR 0,
where Z, = f(b+ W,,h+1t). With this choice of Z;, the desired conclusion follows
from Lemma 11.4. d

Robbins and Siegmund (1970) make use of Corollary 11.5 to obtain boundary
crossing probabilities for boundaries of the form S, noting that

{fWitb,t+h) > e} ={W, = Bp (1 +h,e) —b}. (11.18)

They also make use of Lemma 11.4 to prove the following two variants of Corollary
11.5: (a) If f(b,h) < € for some b € R and /1 > 0, then

P{W, > Br(t+h,e) —b for somet >0} = f(b,h)/e. (11.19)
(b) If F is a probability measure on (0,e0) and € > 1, then

P{W, > Br(t,€) for some t >0} = P{f(W;,1) > & for somet >0} =g '
(11.20)

11.3.2 Extensions to General Self-Normalized Processes

Replacing (W,,t) by (A;,B?) in the preceding argument, de la Pefia et al.
(2004, pp. 1920-1921) have derived boundary crossing probabilities for the self-
normalized process A;/B; under the canonical assumption (10.5), or (10.3) for
discrete-time processes. In fact, letting

D, (x)=x"/r forx>0, 1<r<2, (11.21)
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they generalize the canonical assumption (10.5) to

{exp (0A,—D-(0B;)),F;,t € T} is a supermartingale with mean 1 for 0 <8 < 6y,
(11.22)

where B, > 0, T ={0,1,2,...} or T = [0,0). In the case T = [0,c0), they also
assume that A, and B; are right-continuous.
Let F be any finite measure on (0, Ag),with F(0,Ag) > 0 and define the function

Jo
w(u,v) :/0 exp(Au—A"v/r)dF(A). (11.23)

Given any ¢ > 0 and v > 0, the equation ¥(u,v) = ¢ has a unique solution u =
Br(v,c). For the case r = 2, the function v — B (v,c) is called a Robbins—Siegmund
boundary in Lai (1976a), in which such boundaries are shown to have the following
properties:

(a) Br(v,c) is a concave function of v.

(b) limy—e Br(v,c)/v = bp /2, where by = sup{b > 0: F(0,b) =0} (sup @ = 0).

(c) IfdF(A) = f(A)dA for 0 < A < Ao, infyop <z, f(A) >0 while supy_ ., f(1)
< oo, then Br(v,c) ~ (vlogv)'/? as v — co.

(d) IfdF(A) = f(A)dA for 0 < A < e 2, and = 0 elsewhere, where

f()L):1/{A(logx—l)(loglogx—l)”E} (11.24)

for some 6 > 0, then as v — oo,

Br(v,c) = {2v [1og2v+ (; +6> logs v+ log (2?&) +0(1)] }1/2,
(11.25)

where, as in Robbins and Siegmund (1970), we write log; v = log(log;_, v) for k >
2, log; v =1logv. For general 1 < r <2, (a) still holds, (b) holds with b /2 replaced
by bl /r, and (c) can be generalized to Br(v,c) ~ v!/"{(logv)/(r — 1)}=1/" as
v — oco. Moreover, if f is given by (11.24), then

Br(v,c) ~ v/ {r(loglogv)/(r— 1)}~/ as v — oo (11.26)

Note that y(A;,B]) is right-continuous when 7 = [0,e0) by the assumption on
(A;,B;) in this case. It follows from (11.22) that {y(A;,B}),t > 0} is a nonnega-
tive supermartingale with mean < F'(0,Ap) and therefore,

P{A; > Br(Bf,c) forsomer € T}
=P{y(A;,B;) >c forsomet € T} < F(0,4)/c, (11.27)
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for every ¢ > 0. In particular, by choosing ¢ in (11.27) arbitrarily large, we obtain
from (11.26) and (11.27) the following:

Corollary 11.6. Let 1 < r <2,®,(x) = x"/r for x > 0 and suppose that (11.22)
holds for the process (A;,B;),t € T, and that A; and B, are right-continuous in the
case T =[0,). Then

(r=1)/r
limsup Ar < ! a.s. on {limB, = oo} .
t—o0 Bt(loglogB )( )/ r—1 t—o0

We conclude this section with a discussion of the properties (c) and (d) of
the Robbins—Siegmund boundaries, relating them to the results and methods of
Sects. 11.1 and 11.2. Suppose dF (1) = f(A) for 0 < A < Ay and consider the case
r=2in (11.23). First assume that f is continuous and positive on [0, A9], then since
Au— A%v/2 is maximized at A = u/v, Laplace’s asymptotic formula (11.2) yields
(as v — o0)

2

w(u,v) ~ sz(i‘)exp(;) ifsg%glo—e, (11.28)

for every € > 0. From (11.28), it follows that for given ¢ > 0,

penzecons o) ) )

as v — oo, proving property (c). If supg_; 5, f(4) <eoandinfy_j 5, f(4) >0, then
we can use this assumption to bound the integral in (11.2) above and below to prove
property (c) without assuming f to be continuous.

When f can become infinite as in (11.24), we have to modify Laplace’s method
accordingly by bounding f above and below and combining with certain bounds on
exp(ud —vA?/2), as in the proof of Lemma 11.2, to derive the asymptotic behavior
of Br(v,c) via that of y(u,v). This is the basic idea behind Robbins and Siegmund
(1970, Sect. 5) derivation of (11.25). First we can rewrite the equation y/(u,v) = c as

c—/ exp< z\/—M) F(A)dA

__ L [ (a da, 11.29
sl () (129
from which it follows that

u/\/v—e and u/v=o(/v) asv-— . (11.30)

Let y > 1. Since f is decreasing on (0, 4) for sufficiently small A > 0, (11.29) and
(11.30) imply that for all v sufficiently large,
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1 Yu/v u
2 s o (175 ) e
flyu/v) 1 oW
> S "’(W ﬁ)‘“
B (7~ Du/y/5) — D(—u/ V)

fyu/v).
Vo (u/\/v)
Letting v — oo and then y — 1, it follows that

> L+o(l) :
(/)9 (u/v/v) {log(v/u)} {loglog(v/u)} '+

(11.31)

To obtain a reverse inequality, take 0 < a < b < 1 and split the integral in (11.29) as
au/v u
/ ¢(le—)f(l)dl§¢(a—l
0 Vv

au/v I fb://vv + fzf;/zv- The first integral can be bounded by
) /au/v
9 ((a—Vu/vv)
S (loglog(v/au))

bu/v

An upper bound for [ v can be obtained by bounding f(A) in this range by

a

f(au/v), and a similar upper bound can be obtained for flf,;/i It follows by com-
bining these upper bounds that as v — oo,

- b1 +o(1)
 (u/ )9 (/) {log(v/u)} {loglog(v/u)}'+°
Letting » — 1 in (11.32) and combining the result with (11.31), (11.30) follows.

This idea that makes use of the properties of f has been used in Sect. 11.2 for f of
the more general form (11.7).

(11.32)

11.4 Supplementary Results and Problems

1. Let Py be a probability measure under which X;,X5,... are i.i.d. random vari-
ables with density function gg(x) = e®*¥(®) with respect to some probability
measure m on R such that [*_e%*dm(x) < e for some 6 # 0; this is the expo-
nential family with natural parameter 8 € @ := {0 € R : [e®dm(x) < o}. Let
S, =X1+---+X,, and let .%, be the o-field generated by X, ..., X,:

(a) Show that @ is an interval (possibly infinite) containing 0 and that X; has
distribution m under Fy. Denote Py by P for simplicity.
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(b) Let F be a probability measure on ® and let

F(Sp,n) = /@e“n—”‘*’(‘”dF(e). (11.33)
Show that P{f(S,,n) > c for some n > 1} < ¢! for every ¢ > 1.

(c) The Bernoulli distribution P(X; = 1) = p = 1 — P(X; = 0) can be em-
bedded in an exponential family with 6 = log(p/(1 — p)). Suppose the
probability distribution F on 6 has density function f(8)d8 = p*~!(1 —
p)’~'dp/B(a,b), 0 < p < 1, where B(,-) is the beta function and a > 0,
b > 0.Let 0 < pg < 1 and let Py correspond to the case p = pg. Show that
in this case f(S,,n) has an explicit formula and

F(Sp,n) > c <= po € L,(Sn,c), (11.34)
where I, is an interval. Hence conclude from (b) that
P, {p € I,(Sn,c) foreveryn>1}>1-c . (11.35)

Thus, the random sequence {I,(S,,c), n > 1} simultaneously covers the
true parameter p with probability no smaller than 1 — ¢~!. This is called a
(1 —c1)-level confidence sequence.

2. For the confidence sequence I, = I,(S,,c) defined by (11.34), show that the
width of I, converges a.s. to 0. Hence, for p # po, P, {p ¢ I, for all large n} = 1.
Robbins (1970) has made use of this property to construct sequential tests of
Hy : p = po with Type I error probability no larger than ¢~! and with power 1.

3. Show that for given py, it is possible to choose F such that the associated
confidence sequence I, (depending on S,, ¢ and F) has width of the order
n=12{2po(1 — po)loglogn}'/? a.s.

4. Robbins and Siegmund (1970) have proved the following limit theorem for
boundary crossing probabilities of the random walk S,, = X 4 - -- + X,,, where
X1,X5,... are 1i.d. random variables having mean O and variance 1, relating
them to those of the Brownian motion W;:

(a) Leth>0andlet B : [h,o0) — R be a continuous function such thatt—"/>B(r)
is ultimately nondecreasing as t — oo and

"B o (_ﬁz(ﬂ)d,@o, (11.36)

n 132 2t
which is related to the upper-lower class test in Problem 2.9. Then

lim P{S,Z > /mp(n/m) for somen > hm}
e (11.37)
=P{W, > B(t) forsomet > h}.
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(b) Assume furthermore that 3 is defined and continuous on (0,h), that B(t)/\/t

is nonincreasing for t sufficiently small and that

LB(1) exp <32(’))dt<m_ (11.38)

o 132 2t

Then (11.37) continues to hold with n > hm replaced by n > 1 and t > h by
t>0.

Apply this limit theorem to the Robbins—Siegmund boundaries Br considered in
(c) and (d) of Sect. 11.3.2, and explain how you can use the result to construct
an approximate 95% confidence sequence for the mean of a distribution with
known variance 1 based on successive observations Xi,X>,... drawn indepen-
dently from the distribution.



Chapter 12

Moment and Exponential Inequalities
for Self-Normalized Processes

Inspired by three continuous-time martingale inequalities that are described in
Sect. 12.1, de la Pena et al. (2000, 2004) have developed moment and exponen-
tial inequalities for general self-normalized process by making use of the method
of mixtures described in Chap. 11. In Sect. 12.2 we present these moment and expo-
nential inequalities under the canonical assumption (10.5) or (10.6) and explain how
the method of mixtures can be used to derive them. Their applications are given in
Sect. 12.3.

12.1 Inequalities of Caballero, Fernandez and Nualart,
Graversen and Peskir, and Kikuchi

Caballero et al. (1998) provide an estimate for the L,-norm of a continuous mar-
tingale divided by its quadratic variation, where 1 < p < ¢. This norm is bounded
by a universal constant times the L,-norm of the inverse of the square root of the
quadratic variation. The following theorem generalizes this result to random vari-
ables satisfying the canonical assumption (10.6) for all A. Let || X ||, = (E|X|?)"/7.

Theorem 12.1. Let B > 0 and A be two random variables satisfying (10.6) for all
A € R. Then for 1 < p < g, there exists a universal constant C = C(p,q) such that

A
B>

P o0
} z/ px”flPUA| >sz] dx,
0

~1
<C|B"" |4
P

Proof. Note that

A
Ellg

P{|A|>xB*} <P{A>xB*} +P{-A>xB*}.

V.H. de la Peia et al., Self-Normalized Processes: Limit Theory and Statistical Applications, 161
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Take o > 1 and B > 1 such that 1 /B + 1/a = 1. Choose A > 0 and 6 > 0 such that
(A)?/2 = Oa, that is, = A% /2. Then

P(A >x32) P( AA—60B2 > e()Lx—G)BZ)
<E(e lAfeBzef(Axfe)BQ)

< (i [ereaoest )1 (g [empraerm] ) 1P,

Since 8 = A% /2, it then follows from (10.6) that

N

1
P(A>xB?) < (E [e—ﬁ(M—lza/Z)BZD /B
The optimal A is given by A = x/a, which yields
B 1/B
P(A>xB?) < (E [ —(Bx?)2a) Bz}) 1 ( [e,(ﬁ,w( 2/2) Bz}) /
since 1/0c = (B — 1)/B. Therefore, for any € >0 and § > 1,
Al - 2]y /B

< p—1 —(B—1)(x*/2)B

a2 e (el ) o
h 1
< 2sf’+2/ prrt (E [e B2 B
JE

:28p+2p/£°°x—5 (E [x(6+p—1>ﬁe—(ﬁ—1><2/2 Dl/ﬁ dx

<267 42 ( / mx—édx) (E [sup (x<6+p—1>ﬁe—<ﬁ—1><x2/2>32)})
€ xeR

Let y(x) = x(8+P=DB=(B-D(*/2)B* Thep

1/B

V' (x) = [[3(5+p_ 1)x(@+P=DB=1 _ B(6+p-1)+1(p _ 1)32} o (B=1)(?/2)B?

This function y is minimized when

Therefore,

Hence,
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E { % "} <2ef + %81‘5e—<6+p—1)/2 <B(8ﬁ+_pll))<5+p—l)/2
x (E {(32)*(“/’*1)13/2})%
=2e" +¢' %K,
where

_ 2 —(8+p-1)/2 B(6+p—1) (O+p-1)/2 2\—(8+p—1)B/2 1B
K= T (2l DA

Next we optimize over €. Set Q(¢) = 2e” + &' °K. Then
Q'(e) =2pe’ 1 4 (1 - 8)e %K,

and the unique solution of Q’(g) = 0 is given by

1/(p+6-1)
e — (‘3—1) T e,

2p
for which
§_1\7/(pté-1)
o(e) =2 (1) kP51
4
51
+<6_1>< i )K(1*5)/(p+571)+1
2p
-1 1-8 -1
_rlipeoon (5 (BZUYE sy
2p 2p
(2 N L (BB =N
5—1 ﬁ—l
d—1 p/(p+6—1) S—1 (1=8)/(p+8—1)
%) (%)
(5+p—1)p/21\ P/ IB(8+p—1)]
< (E[(8) ) .
Therefore,
A 1p —1/2 |B6+p—1) » \"
’32 péz/ﬂe / 5 14—5_1 1B~ (54 p-1)p-

We now choose § > 1 and 6 > 1 by the equations g—p= (B —1)(p+1), § =
2—1/B. Then g = (6 — 1+ p)fB. Hence,
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1/p 1/2+1/p
<CpqllB7!|| where C _27 ((p+1) (1+p>> O
>Cpg @ pa= .
» Ve q—p

For continuous local martingales M;, Revuz and Yor (1999, p.168) give a closely
related inequality for p > g > 0:

i

P—q
E {supMS”/<M>ZO/2} < CpE (sup |MS> , (12.1)
5s>0

5s>0
where C,, is a universal constant depending on p,g. In Sect. 12.2 we consider what

is arguably the more important case p = g under the canonical assumption (10.5),
which we also use to extend the following two inequalities to a more general setting.

Theorem 12.2 (Graversen and Peskir, 2000). Let M = (M,);>0 be a continuous
local martingale with predictable variation process ((M));>o. Then there exist uni-
versal constants D1 > 0 and D, > 0 such that

ol < 2

< DyE/log(1 +1log(1+ (M)7)) (12.2)

for all stopping times 7.

Theorem 12.3 (Kikuchi, 1991). Let (M;),>0 be a continuous local martingale such
that Mo := sup,~ |M;| < o a.s. Then for every p >0 and 0 < o < 3, there exists
an absolute constant Cy, , such that

E [MPexp (aMZ/(M)x)] < Ca, E(ME).

12.2 Moment Bounds via the Method of Mixtures

In this section we show how the method of mixtures to perform pseudo-
maximization in Chap. 11 can be applied to develop moment bounds that generalize
Theorems 12.1-12.3 to more general functions / than the special cases h(x) = |x|P
and h(x) = exp(ox?) considered in these theorems and to more general processes.
We use the canonical assumption (10.5), or (10.6), or a variant thereof. While
Sect. 11.1 has related pseudo-maximization to Laplace’s method when the method
of mixtures uses a bounded continuous density function, we use in Sect. 12.2.1
a special class of these mixing densities, namely, Gaussian density functions, for
which integration can be performed exactly in an explicit form, without resorting
to Laplace’s approximation. In Sect. 12.2.2 we use the class of mixing densities
in Sect. 11.2 and modify Laplace’s method by bounding the integrand, using argu-
ments similar to those in the last paragraph of Sect. 11.3.
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12.2.1 Gaussian Mixing Densities

We begin with a simple application of the method of mixtures to derive exponential
and L,,-bounds for A/+/B? + (EB)* when (10.6) holds for all A € R.

Theorem 12.4. Let B > 0 and A be two random variables satisfying (10.6) for all
A € R. Then for any y > 0,

E—2 ex{ 42 }<1 (12.3)
VB P L2E e T '

Consequently, if EB > 0, then E exp(A?/[4(B>+ (EB)?)]) < V2 and

Eexp (x|A/\ /B* + (EB)Z) < V2exp (+¥?) Sorall x> 0. (12.4)
Moreover, for all p > 0,

E(|A|/,/BZ+(EB)2)]7§2P‘/Zpr(p/z). (12.5)

Proof. Multiplying both sides of (10.6) by (27r)~'/2yexp(—A2y?/2) and integrating
over A, we obtain by using Fubini’s theorem that

"c0 y 7LZ ) /lzyz
> _ 7
1> /7mEmexp (QLA > B )exp( > dA

(i

By 2B+

o ./ 2 2 2
/Biexp By Ar—2 A A+ A 5 | pdA
oo 2 B2+y2" (B2 4y?)

X
2 +y2
V2m

=K
X

=F

vere bl
By L 2B

proving (12.3). By the Cauchy-Schwarz inequality and (12.3),

AZ
Rexp { XB157) }

pYexp {A%/ (2(B*+)?)) } E B2 +y?
V/B*+)? y?

1/2
B2 B 1/2
Ey/—=+1 §<E(+1)> fory=EB.
y

1/2

IA
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To prove (12.4) and (12.5), we assume without loss of generality that EB < oo.
Using the inequality ab < “2”’2 with a= \/>|A|/\/B2 +(EB)? and b = x/V/2c,
we obtain x|A|/+/B% + (EB) 2 < 32+ £B) +2 46, which in the case ¢ = 1/4 yields

x|A| cA? x?
Eexp{W}SEexp{W+4 }<\/§exp( )s

proving (12.4). Moreover, by Markov’s inequality, P(|A|//B?+ (EB)? > x) <
V2exp(—x?/4) for all x > 0. Combining this with the formula EU? = [ px?~'P(U
> x)dx for any nonnegative random variable U, we obtain

E (|A/. /B2 (EB)2>p < \/i/owpr’*' exp(—x/4)dx = 27~/ pL(p/2). O

Another application of the basic inequality (12.3) is the following.

Corollary 12.5. Under the same assumption as in Theorem 12.4, for all x > /2,
y>0andp >0,

P<A/\/(32+y) (l—i—;log (TH)) Zx) <exp (—i) (12.6)
(T ) R ]

12.7)

Proof. Note that for x > /2 and y > 0,
A? x? 1 B?
P ————>—(1+=1 —+1
{2(32+y) T2 ( "2 Og(y " ))
A

2 A2 2 B2 + 2
< oxp (_x)E Vyexp{A®/(2(B> +y)) < exp (_x> ,
2 A /B2 +y 2
in which the last inequality follows from (12.3). The proof of (12.7) makes use of
(12.6) and is similar to that of (12.5). O
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12.2.2 The Mixing Density Functions in Sect. 11.2

The function g defined in (11.10) and the class of functions L satisfying (11.3)—
(11.5) will be used throughout this section, and therefore reference to where they
are introduced will be omitted. Special cases and concrete examples of the moment
inequalities obtained by the method of mixtures using the mixing density (11.7) will
be given in Sect. 12.3. By making use of Lemmas 11.2 and 11.3, we first derive the
following inequality due to de la Pefia et al. (2000).

Theorem 12.6. Let A,B > 0 be two random variables satisfying (10.6) for all
A>0. Let 0 <38 <1 and let h:[0,00) — [0,00) be nondecreasing such that

limsup, ., yh(y)/g°(v) < eo. Then

£ (1) o L0080 1)

y>1 g(y)
(12.8)
2, 1
+Eh (1\/\/1_810g L(B\/B>>,
Eh AT/B gh( 113)
\/lvlog’LL(B\/%) (12.9)
1-68
+Supy(L(y)\/g (1)) h(y)
y>1 g(y)

Proof. Let Qs = {¢'%(A/B) <L(BVB~')}. By Lemma 11.3,
Eh <A> < ER(1)I (A < 1)
B B
1 N 1 A
+Eh <\/1_510g L<B\/ B)) I<B > 1,Q5>

+E

L v G, (4 )

X

=I1+11+111.

Dropping the event Qg from /7 yields

2 1
I+I1I<Eh(1vVv logstL{Bv =) |.
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By Lemma 11.2,

11 < sup (L) Ve () hy)
vzl g(y)

proving (12.8). To prove (12.9) we use an analogous three-term decomposition

)

A*/B

Eh
\/1 Vleg"L(BV %)

o) (7=
<Eh Il —<I1
\/lvlogfL(B\/%) B

2 log" L(BV L +
+Eh Vs (85) I<A>1,Q5>
JiviegtL(avy) ) \ B

—|—E{ (L /B)
(

IA

8
A

VTR
. <B>vg <>>h<3>,<221,%>}

We next consider the canonical assumption (10.5) instead of (10.6) and
obtain inequalities similar to (12.8) and (12.9) but with A*/B replaced by
sup,-.A;/\/B? + 1, where 7 is a nonnegative random variable. We shall change
g to g, defined in Lemma 11.3, choosing » < 1 so that we can use the following
result of Shao (1998).

Lemma 12.7. Let Ty, k > 1, be a nonnegative supermartingale. Then, for all 0 <
r<l,
.
ET))"
E|supT; | < (ETy) .
k>1 1 —r

Theorem 12.8. Let T = {0,1,2,...} or T = [0,0). Suppose that {(A;,B;), t € T}
satisfies the canonical assumption (10.5) for all A > 0, and that B, is positive and
nondecreasing int > 0, and Ao = By = 0. In the case T = [0,0), A; and B, are also
assumed right-continuous. Let 0 < 8, r < 1 and h: [0,00) — [0, ) be nondecreasing
such that limsup,_, (vh(y)/8%()) < oo, where g.(y) = (exp(ry*/2))I(y > 1). Then
for any random time T,
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A wup DLO) Ve (0)A()
E (?25 B} + 1) = &r(y)

oo )

A
Eh | sup !

e \/B,2+1\/1\/10g+L( B,2+1)

< sup 4y(L(y) Vg (»)h(y) o
y>1 gr( )

(12.10)

2
r(15)>' (12.11)

Proof. By considering 7 At and applying the monotone convergence theorem in
letting ¢ — oo, we can assume without loss of generality that 7 is bounded. There
exists a sequence of random times #, < 7 such that

+ +
Y AR A,
1m ——== SuUp ——== Su

p P —F—
" B2 1 o<t<t\/B}+1  o<i<t \/B}+1

recalling that Ag = 0. Since 0 < r < 1,
-
ex {/lA,n B,zn })

A2 !
E (exp {?LA,,, -5 (B, +1) })
2 r
sup exp{lA A B%})
0<s<t 2

l r
sup exp {/IAMS > B%/\s})
5s>0

(Eexp{le—AzBo}> :11 ,
—r

<E

=E

IA

where the last inequality follows from Lemma 12.7 and the last equality follows
from Ap = By = 0. For notational simplicity, let A = A; and B = B;,. Multiplying
by the mixing density f(A) defined in (11.7) and integrating, ﬁ is bounded from
below by

/OooEexp{r (),A — )‘; {B*+ 1}) } mda

—E / dy (by Fubini, letting y = A /B2 + 1)
v \/B2+1
A /BZ+] y
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E ( rA? ) o exp (frx2/2) J
= exXp PYZ IR / X
2(B + 1) - 3'42+1 X+ L /782 B2+1

\/32+1 \/Bz+1 =
2
( /ol > 1>exp BQH f yexp (—rx*/2) dx

( (B{‘H)\/L(m\/

)
- VB

by Lemma 11.1

7))

CoaA (L L(VB*+1
B2+1 ( (\/32+1> VI + ))
where the second equality is obtained via the change of variables x =y — \/;271
+

and the last one uses the fact that vBZ+1 > 1/v/B2+ 1. Replacing g(x) by g(x)
and using the same argument as that in the proof of Theorem 12.6,

Af Ab
Eh( sup ’) = lim Eh In

o<i<t \/B? +1 e /B +1

4y (L(y)Vgl=%(y))
ST a0)

2
lim Eh | 1 logT L(+/B? +1
+ lim h( v\/r(l—S) og"L(y/B; + ))

4y (Ly) Vel 2(y))
ST e) Y

+Eh <1v \/r(lz_(s)log+L(\/B%+ 1)) :

where the last inequality follows because #, < 7 and B; is increasing in ¢, giving
(12.10). The proof of (12.11) is similar and follows by replacing \/B,Z—i—l with

(«/B?—F1)\/1\/10g+L(\/B%—|—1). 0

In Theorems 12.6 and 12.8, the assumed growth rate of # is related to g (or g,)
and not to L. The next two theorems, due to de la Pefia et al. (2004), relate the growth
rate to both g and L and give analogs of (12.8) and (12.10) in this case.

h(y)

Theorem 12.9. Let h be a nondecreasing function on [0,00) such that for some
xo > 1l andc >0,

0 <h(x)<cg(x)/L(x)  forall x> xo. (12.12)
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Let q be a strictly increasing, continuous function on [0,0) such that for some ¢ > c,

cg(x)
h(x)

L(x) <g(x) < for all x > x. (12.13)

Let B > 0 and A be random variables satisfying (10.6) for all A > 0. Then
Eh(A"/B) <4¢+h(xo) +Eh (¢~ (L(BVB™))). (12.14)

Consequently, En(A™ /B) < o if En(q~ ' (L(BV B™1))) < .

Proof. By Lemma 11.2,

§(A"/B)
L(A/B)VL(BV1/B) =

Let Q= {L(BVB™') <¢(A/B)}. Then Eh(AT /B) is majorized by

h(A* /B)I(Q)I(A/b > xo)
h(xo) +E{ ¢(A/B)/ (L(A/B)VL(BV 1/B))

“(warmvimim) } eond (G )@ (520) )

h(y) (L(y) V4(y))
< h(xo) + yssg 0 o)

= (armviarm) o (7 ((6v5)))

< hix >+4}sggh<g)<j§y>+m< (e(pvy))):

We next consider the case where the canonical assumption (10.6) holds only
for 0 < A < A. Some new ideas are needed because A" /B may fall outside this
range. In this connection we also generalize the canonical assumption (10.6) by
replacing the quadratic function A?B? /2 and the upper bound 1 by a convex function
@ (AB) and a finite positive constant c¢. Unlike Theorem 12.9 that involves a single
function ¢ to give the upper bound (12.14), a new idea to handle the restricted range
0 < A < A is to use a family of functions g,.

a

Theorem 12.10. Suppose that D(-) is a continuous function with ®'(x) strictly
increasing, continuous and positive for x > 0, with limy_. P(x) = oo and
sup,.o @”(x) < . Let B> 0 and A be random variables such that there exists
¢ > 0 for which

Eexp{AA—P(AB)} <c  forall0 <A <. (12.15)
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Forw > @'(1), define y,, by the equation ®'(y,,) = w, and let

go(w) =y, exp{wy, — ®(yw)}. (12.16)

Letn > 1 > 0. Let h: [0,00) — (0,00) be a nondecreasing function. For b > 1, let

qp be a strictly increasing, continuous function on (0,e0) such that for some & > 0
and wy > @'(2),

a5 (w) < &80 (W) (1 < Agb) + XM I(y,, > Aob)} /h(w) (12.17)

Jor all w > wq. Then there exists a constant C depending only on Ay,n,1,c,¢ and
D such that

Eh(AY/(BVN)) < C+h(wo) + Eh (qgvln (L(BV n))) . (12.18)

Proof. The proof uses two variants of Lemma 11.2. We split A/B > wy into two
cases: y4/p > AoB and y4/p < AoB. Since ®(x) is increasing in x > 0, (12.15) holds
with B replaced by BV 1 and, therefore, we shall assume without loss of generality
that B > 1. Integrating (12.15) with respect to the probability density function (11.7)
yields

% exp{AA—®(AB)} . [*Bexp{xA/B— P (x)}
>E/ ALGVA T = /0 A(x/BVEBx) T (1219

The first variant of Lemma 11.2, given in (12.20), provides an exponential bound
for A/B when 0B < y, /p- Observe that using the definition of y,,, we have that

x% — @(x) increases in x for x < ya/p> and decreases in x for x > y4/p. Take any

0< 7 <n,andlet Ay = AoV A, ' V7. Since B> n > 1, it follows from (12.19) and
(11.3) that

Ym exp{xA/B— ®(x)} A
CEE/)\M L(x/BVBJx) de(BZWO)I(yA/B>XOB)

207 exp{AofiA/B— d(Aon)} dx . (A
>E/ﬁ<m L(AVB/(AM))  x I(B >W0> I(ya/5 > %oB)

S M (MY gl M (A Y, B 12.20
230 Og(ﬁ> L(B) (B_WO) (ya/>MB) p.  (12.20)

The second variant of Lemma 11.2, given in (12.22), bounds A/B when AyB >
ya/g- Since wo > ®'(2),y,,, > 2. Define

a, =sup{a < 1:a*®"(x) <1 forall x > y,, —a}. (12.21)

Note that a, > 0 and y,,, —a, > 1. Since @’ (y,,) —w = 0, a two-term Taylor expan-
sion for w > wg and x € (y,, — ax,yy) yields
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)2
wx — D(x) =wy,, — P(yy) — %(p”(;’*)

(X_VW)Z

= Wy — (p(})w) - 202

in which £* lies between x and y,,. The last inequality follows from (12.17) and
(12.21), noting that £* > x > y,, —a, > Ywp — @x. It then follows from (12.19) that

c>FE

A
! <yA/B < MoB, 32 Wo)

sam exp{(A/B)ya/s — Plyasp) — (x—yasn)?/(242))
) // *L(x/BV B/x) "x]

>FE

A
I ()’A/B < AoB, 72 Wo)

" exp{(A/B)yap— P(yasp)} [>as expd — (x—yasp)? I
yA/B{L(A'O \/B)} JYA/B O ZG% ’

using x > ys/p — dx > yw, —dsx > 1 so that g < B. From Lemma 11.1 and the fact
that B > 1, we have L(Ag VB) < 3(1V %)L(B) Hence,

A
CZE[I ()’A/B S%B,E ZW0>

exp{(A/B)ya/p — B}
e o (- H

a. gcb(yA/B) (yA/B < XB,A/B > wy)
- 4 (1V(Ao/m)) L(B)

Let Q = {L(B) < qg(A/B)}. Then rewriting (12.17) as an upper bound for 4 and
using the definition of Q, we can majorize Eh(A™ /B) by

go(A/B)
I(Q){L(B) /(3

eﬂoﬁA/BI A 5
+ L(B) (B_W0>YA/B>M>

+Eh (2) I <Q°‘n {2 > WO}> < h(wo) +C+Eh(q5' (L(B))),

(12.22)

h(wo) +¢E 52

= W0,Ya/B < 103)

in which the inequality follows from (12.17), (12.20) and (12.22). O
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While Theorem 12.10 provides an analog of (12.8) when the canonical assump-
tion (10.6) holds only for the restricted range 0 < A < Ay and generalizes (10.6) to
(12.5) in this connection, de la Pefia et al. (2004) have also provided an analog of
(12.11) when the canonical assumption (10.5) holds only for 0 < A < Ag. They use
ideas similar to those in the proof of Theorem 12.10 and have accordingly general-
ized (10.5) to (10.23) in the following.

Theorem 12.11. Let T = {0,1,2,...} or T = [0,0), 1 <r <2, and P,(x) =x"/r
for x > 0. Let A;,B; be stochastic processes (on the same probability space) such
that B; is positive and nondecreasing int > 0, with Ao = By = 0, and

{exp(AA; — ®,(AB;), t € T} is a supermartingale for 0 < A < Ag.  (12.23)

In the case T = [0,00), assume furthermore that A, and B, are right-continuous.
Letn >0, Agn > € >0and h:[0,00) — (0,00) be a nondecreasing function such
that h(x) < €% for all large x. Then there exists a constant C depending only on
Ao, M, 1, €, h and L such that

Eh (sup {A,(Bt v~ [1Vieg L(B, v 1)) ‘“‘”/’}) <c. (12.24)

t>0

12.3 Applications and Examples

12.3.1 Proof of Lemma 8.11

LetA=Y" & B>=Y" | E*+ Y | E(E?|Fi_1). By Theorem 9.21, (A, B) satisfies
the canonical assumption (10.6) for all A € R. Therefore we can apply (12.4) to
conclude that

Eexp {eA|/,/B2+ (EB)Z} < V2exp(6?) for all 6 > 0.

Noting that EB> > (EB)? and setting 6 = x/2, application of Markov’s inequality
then yields

, { DyE] >x}
[Xis (8 +E(17i) +26€)]

SP{IAl/\/MZx} Seeerxp{6|A/\/M}

<V2exp(—6x+6%) = V2e 14,
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12.3.2 Generalizations of Theorems 12.1, 12.2 and 12.3

Suppose B > 0 and A satisfy (10.6) for all A € R. Let p > 0. Then by Theorem 12.6
with h(x) = |x|?, there exist constants C,, C , and C> ,, depending only on p, such
that

At

p 1\ 72
E|—& §C17F+C27,7E<10g+L<B\/B>) , (12.25)

which is a consequence of (12.8), and

4| ’
E <Cp, (12.26)
B+/1Vlog" L(BVB-T)

which is a consequence of (12.9). Note that (12.25) addresses the case ¢ = p in
Theorem 12.1. Moreover, the upper bound (12.2) for a continuous local martingale
M, is the special case, corresponding to p = 1, of Theorem 12.8 with &(x) = |x|,
A; =M, (and also A, = —M,), B> = (M), and L(x) = 2(log xe®) (loglogxe¢)?I(x > 1),
for which (12.10) reduces to

p
|Mt| /2
E _— < Ci,+C E(log(1+1log(1+1)))P~. (1227
(oi?&( I <Cip 2,pE (log ( og( ) ( )

Example 12.12. Let {Y;} be a sequence of i.i.d. random variables with P(Y; = 1) =
P(Y;=—1)=§ and T = {infn > ¢* : ¥}_, ¥; > \/2nloglogn} with T = e if no
such n exists. By a result of Erdos (1942), P(T < ) =1.Let X, ; =Y;I(T > j) for
1 <j<nwithX, ;=0 when j > n. Then

X, T Thny.
At A X Xir Vi — y/2loglogT. (12.28)
\/X,ﬁl+---+X,{,, VI An

This shows that (12.25) is sharp.

Whereas the preceding applications have followed Theorems 12.1 and 12.2 and
focused on the Lj,-norms of self-normalized processes, we can choose & to be an
exponential function in the results of Sect. 12.2.2, as illustrated in the following.

Example 12.13. Supposed B > 0 and (A, B) satisfies the canonical assumption (10.6)
forall A > 0.Let 0 < 6 < I and h(x) = exp(6x?/2) for x > 0. With this choice of &
and with L defined by (11.6), it follows from Theorem 12.9 that

() ] <=

) _ 1 6/(1-6)
if E {(1ogB)(1oglogB)3/2(1og1oglogB)‘+5} <o (12.29)

Eexp

for some & > 0, where B= BV B! vé3; see Problem 12.2.
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We next consider the canonical assumption (10.5) for all A > 0 and extend
Theorem 12.3 due to Kikuchi (1991) by applying Theorem 12.8.

Example 12.14. Consider the case of continuous local martingales A,. We can apply
Theorem 12.8 with B; = y/(A);, in view of Lemma 10.2. Putting /(x) = exp(ox?),
with0 < o < %, in (12.11) yields an absolute constant C (o) such that

# [ (s gt ) <€

which can be regarded as an extension to p = 0 of Theorem 12.3.

12.3.3 Moment Inequalities Under Canonical Assumption
for a Restricted Range

Section 10.2 has described a number of models that satisfy (10.5) or (10.6) only for
the restricted range 0 < A < Ay. The following example applies Theorem 12.10 to
handle this case.

Example 12.15. Suppose B > 0 and (A, B) satisfies (10.6) only for 0 < A < Ag. Thus,
(12.15) holds with @(x) = x?/2 and g4 reduce to the function g defined by (11.10)
in this case, noting that y,, = w. Let p > 0 and h(x) = x? forx > 0. Forb > n > 1} > 0,
let gp, be a strictly increasing function on (0,e0) such that for all large b,

ap(w) =" 2 jwl it w < Ao (fib) V2,
<Pt it 20(7b) 2 < w < A, (12.30)
< MM WP i w > Agb.

The inequality (12.13) holds with ¢ = 1. Using (11.6) as the choice of L, it
follows from (12.30) that g, ' (L(b)) ~ (2loglogh)'/? as b — . Therefore, by
Theorem 12.10,

E(AT/(BAN))? < ooif E {log (|log(BAN)| Ae)}P/? < oo, (12.31)
Similarly, letting A(x) = e5* with 0 < & < Ao, it follows from Theorem 12.10 that
Eexp (EAT/(BVN)) <eo

- 5 5 1+5] 1/
1fEexp{§ [2(loglogB)(logloglogB) * } } (12.32)

for some 8 > 0, where B = BV ¢°.



12.4 Supplementary Results and Problems 177

12.4 Supplementary Results and Problems

—

Prove Lemma 12.7.

2. Explain how (12.29) can be derived from Theorem 12.9.

3. One choice of gy, that satisfies (12.30) for sufficiently large b is to let g, (w) =
wPexp (f*(w)) for Ao(71b)'/? < w < Agb, where f is linear on [Ao(7b)'/?, Agb]
and is uniquely determined by requiring ¢; to be continuous. Show that in this
case f2(w) < w?/2—logw for Ay(fh)'/2 < w < Aob if b is sufficiently large.



Chapter 13

Laws of the Iterated Logarithm
for Self-Normalized Processes

In this chapter we first give Stout’s (1973) generalization of Kolmogorov’s law of
the iterated logarithm (LIL) for sums of independent zero-mean random variables
with finite variances (see (2.2)) to martingales that are self-normalized by the con-
ditional variances. We then consider self-normalization by a function of the sum of
squared martingale differences as in de la Pefia et al. (2004). This self-normalization
yields a universal upper LIL that is applicable to all adapted sequences. In the case
of martingales satisfying certain boundedness assumptions, a compact LIL is then
derived.

13.1 Stout’s LIL for Self-Normalized Martingales

Stout’s LIL for martingales involves normalization by a function of the conditional
variance s2 = Y7 | E(d?|.Z;_1). In the case where the d;’s are independent zero-
mean random variables, the conditional variance is equal to the variance and hence

Stout’s result, which is stated in the following theorem, is a generalization of Kol-
mogorov’s LIL. Let m, = /2loglog(e? V s2).

Theorem 13.1. Let M, = Y'!, d; be a martingale with respect to a filtration {.%,}.
There exists a function €(-) such that €(x) decreases to 0 as x | 0 and for some
constants 0 < K < L and (K) < 1,

. n
limsup

<1+¢€(K) a.s.

Sphiy
whenever:

(1) s2 < oo a.s. foreachn> 1 and s> — o a.s.
(2) d; < K;si/m; and limsupK; < K a.s., where K; is F;_1-measurable.

Before proceeding with the proof, we present a simple corollary.
V.H. de la Peia et al., Self-Normalized Processes: Limit Theory and Statistical Applications, 179
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Corollary 13.2. Let K; be .%#;_|—measurable for all i > 1. Assume that K; — 0 a.s.
If s,% < oo, 52

o —ooa.s. and

Kisi

Y, < a.s. foralli>1, (13.1)

then

n
Splmy
Stout (1970) has shown that equality in fact holds in (13.2) if ¥; in (13.1) is replaced
by its absolute value.

Lemma 13.3. Let fx(x) = (14+x)?[I —K(14+x)/2] -1 for 0<x<1,0<K < &.
Then fx(x) is an increasing function satisfying fx(0) < 0 and fx(1) > 0 for each
0<K< % Let €(K) be the zero of fx(-) for each 0 < K < % Then 1 > ¢(K) for
each 0 < K < 1 and &(K) decreases to 0 as K — 0.

limsup <1 a.s. (13.2)

Proof (of Theorem 13.1). We use a truncation argument so that Theorem 9.18 can
be applied. Let d] = d;I(K; < K) for i > 1 and M), = Y} ,d/ for n > 1. Since
limsup; K; < K, it suffices to show that

!/

M
limsup —= < 1 +¢(K) a.s. (13.3)

Sphiy

To prove (13.3), we introduce a sequence of stopping times that allow us to replace
the random quantities s;,m; by constants. Once this is done we are able to use the
supermartingale in Theorem 9.18.

Take any p > 1. For k > 1, let 7 be the smallest n for which sﬁ 12 p2k . Note

that s> 41 Is #,-measurable and hence 7 is a stopping time. Let M,gk) = M’Tk An- Then

{M,(Zk), Fn,n > 1} is a supermartingale. Note that

Sutbmy 1 pPloglog(@v Pty
2p*loglog(e2V p?*) = loglog(e2 Vv p2*) P

Let 8’ > 0 and pick & > 0 in such a way that (1+8)p~! > 1+ &'. Then P(M], >
(14 0)symy i.0.) is bounded above by

P ( sup M), > (1 +0)sg+1Mg_ 41 i.o.)

Tkznzo

k .
=P (sup M > (1406)sg_,+1mg_, 41 1.0.>
n>0

1/2
<P (sup M > (148 {szkloglog(e2 \/pzk)} / i.0.> )

n>0

in which “i.0.” means “for infinitely many k’s.” Therefore, by the Borell-Cantelli
lemma, it suffices to show that for all 8’ > €(K),
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oo 1/2
Z <supM > (1+8') [2p* loglog(e? /\ka)] / ) < oo, (13.4)

n>0

For k large enough, using the definition of 7; and the fact that s,/m, is non-
decreasing and the bound on the d;’s, we obtain

Ksz, - ka

(k) (k)
M — M,
U Sy Tloglog(el A g2

n+ a.s.

2 —M(f)1)2|%,1] for all n > 1. We apply Theorem 9.18 to

the martingale {M,gk) ,Fnyn > 1} for k large enough, with

Let (s$))2 =y, E[(M!

l

c=Kp*/[2loglog(e’ A p*)]',
A = (1+8")2loglog(e? A p™)]' 2/ p.

T, =exp (lM,Sk)> exp[ Azz (1+ A;) ( Sn >)2}

for n > 1 and Ty = 0. If we choose 6’ < 1, then Ac = (14 6’)K < 1 by (13.5) and
the assumption K < . Finally, note that supn>1(s£l )) < s a.s.

(13.5)

Set

1/2
P(sup M > (1+38") {2])2]cloglog(e2 /\ka)} )
n>0
(supM > Ap? >
n>0

=P (sup exp(er(Lk)) > eXp(AZPZk))

n>0

<P (sup T, > exp [lzpzk —A? <1 + );C) s%k]>

2 2k _ 92 Ac\ o
<P(supT,>exp|Ap™—A 1+7 p
<exp (—lzpzk—klz (1 + )L26> pzk) ,

by Theorem 9.18. Putting in the values of A and ¢ given in (13.5), the above upper
bound reduces to

exp {_(1 +8) [1 - %K(l + 5’)] loglog(e? v p2k)}.

Note that (14 8")?[1 —K(1+8")/2] —1 >0 for all 1 > &' > &(K). Pick such &'
Then there exists § > 1 such that
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1/2
P <sup M,(,k) > (14 8") |2p* loglog(e? \/pzk)] > <exp {fﬁ loglog(e? A p*)

n>0

= (2k10gp)*ﬁ

for k large enough. Therefore };> | (2klog p)_B < oo, completing the proof. ad

13.2 A Universal Upper LIL

In this section we describe a universal upper LIL (Theorem 13.5) developed by de
la Pefa et al. (2004). When a partial sum of random variables X1, X5, ... is centered
and normalized by a sequence of constants, only under rather special conditions
does the usual LIL hold even if the variables are i.i.d. In contrast, Theorem 13.5
shows that there is a universal upper bound of LIL type for the almost sure rate at
which such sums can grow after centering by a sum of conditional expectations of
suitably truncated variables and normalizing by the square root of the sum of squares
of the X;’s. Specifically, let S, = X +Xo + -+ + X, and V? = X2 + X7 + --- + X2,
where {X;} is adapted to the filtration {.%;}. In Theorem 13.5 we prove that given
any A > 0, there exist positive constants aj and by such that limy_,,b; = v/2 and

{Sn - Z:‘l:l .ui(_;{fvnvalvn)}
V,(loglogV,,)!/2

lim sup <b, a.s. (13.6)

on {limV,, = e}, where v, = V,,(loglogV,,)l/2 and U(c,d) = E{XiI(c < X; <d) |
Fi_1} for ¢ < d. Note that (13.6) is “universal” in the sense that it is applicable
to any adapted sequence {X;}. In particular, suppose {S,,.-%,,n > 1} is a super-
martingale such that X;, > —m,, a.s. for some .%,_| — measurable random variable
my, satisfying P{0 < m, < Av, for all large n} = 1. Then (13.6) yields

Sn

W <by as. on {limV, = oo}. (13.7)
n n

limsup

We derive in Sect. 13.3 the lower half counterpart of (13.7) for the case where
{Sn,-F#n,n > 1} is a martingale such that |X,| < m, a.s. for some .%,_|-measurable
my, with v, — o0 and m,, /v,, — 0 a.s. Combining this with (13.7) (with limy b, =
ﬁ) then yields

. Sy
1 — " —\2 as. 13.8
Hmstp V,(loglogV,,)1/2 a8 (13.8)

To prove (13.6) for any adapted sequence {X;}, one basic technique pertains
to upper-bounding the probability of an event of the form Ey = {f; < T < ty41} in
which #; and 7; are stopping times defined in (13.10) below. Sandwiching 7; between
tr and t;, 1 enables us to replace both the random exceedance and truncation levels
in (13.10) by constants. Then the event E; can be re-expressed in terms of two
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simultaneous inequalities, one involving centered sums and the other involving a
sum of squares. Using these inequalities, we come up with a supermartingale that is
then used to bound P(E}). The supermartingale is already mentioned without proof
in Lemma 10.5. Apart from finite mean constraints, Lemma 10.4 gives the basic
idea underlying the construction of this supermartingale. Lemma 10.4 corresponds
to the case r = 2 in the following.

Lemma 13.4. let 0 < y < 1 < r < 2. Define
¢ =inf{c>0: exp(x—cx") <1+x forallx >0},
cﬁ” =inf{c>0: exp(x—c|x|") <1+x forall —y<x <0},
Cyr = max{cr,c£y)}.

(a) For all x > —y, exp{x —cy  |x|"} < 1+x. Moreover, ¢, < (r—1)U=D(2 —
r) (2-7) /rand

()

Cr

(r+log(l=y) _ ¢ Y
% F=2

(b) Let {d,} be a sequence of random variables adapted to the filtration {%,}
such that E(d, | #,-1) <0 and d,, > —M a.s. for all n and some nonran-
dom positive constant M. Let A, =Y, d;, B, = rcy, Y, |di|", Ao = Bo =0.
Then {exp(AA, — (AB,)"/r), Fn,n > 0} is a supermartingale for every 0 <
A<yM 1.

Proof. The first assertion of (a) follows from the definition of ¢y, ,. For ¢ > 0, define

gc(x) =log(14x) —x+c|x|" forx > —1. Then g/ (x) = |x|" ' {|x|>~"(1—|x|) "' —cr}

for —1 < x < 0. Since |x[>~"/(1— |x|) is decreasing in —1 < x < 0, g\ has at most one

0 belonging to (—1,0). Let ¢* = —{y+1log(1 —7)}/¥". Then g~ (—y) = 0= g (0).

It then follows that g, (x) > 0 for all —y < x < 0 and, therefore, ¢* > (:57). If * > ng),
() (7)

then g (—7) < ge+(—7y) =0, contradicting the definition of ¢;’. Hence, ¢;"’ = ¢*.
Take any ¢ > (r— 1)=1(2 = r)?=") /1. Then for all x > 0,

1 — X . r—2 r—
g’c(X)Zm—Hcrx lzm{—1+cr;gg(y +y 1)}

X . cr >0
C 1+x (r—1)-D@2—p)@-n [ =7
Since g.(0) = 0, it then follows that g.(x) > 0 for all x > 0. Hence, ¢, <
(r— 1)(”1)(2 — r)(z’r)/r.
To prove (b), note that since Ad,, > —AM > —A a.s. for0 < A < yM~!, (a) yields

E [exp{Ady — cyrAdu|" | Zo 1} SE[1+4dy | Zu 1] <1 as.
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Lemma 10.5 is a refinement of Lemma 10.4, in which C) corresponds to ¢y
in Lemma 13.4(b), by removing the assumptions on the integrability and lower
bound on Y;. Noting that exp{y —y>/4;} < 1if y > A; or if y < —¥, and letting
X; =Y (—y, <Y, <A) sothat u; = E(X;|-%;_1), we have

E{exp(Yi— i = A "Y2) | Fi1 } <E {exp(X;i— i — A ' X7)| Fi1 }
<E{exp((1+X)e M) Fi1} = (14 pm)e ™,

proving Lemma 10.5 since (14 u;)e " < 1. One reason why de la Pefia et al. (2004)
consider more general 1 < r < 2 instead of only r = 2 is related to the more general
form (12.23) of the canonical assumption, in which @, (x) = x"/r.

The centering constants in (13.6) involve sums of expectations conditioned on
the past which are computed as functions of the endpoints of the interval on which
the associated random variable is truncated. The actual endpoints used, however,
are neither knowable nor determined until the future. Thus the sequence of centered
sums that result is not a martingale. Nevertheless, by using certain stopping times,
the random truncation levels can be replaced by non-random ones, thereby yielding
a supermartingale structure for which Lemma 10.5 applies, enabling us to establish
the following result.

Theorem 13.5. Let X,, be measurable with respect to %,, an increasing sequence of
o-fields. Let A > 0 and h(1) be the positive solution of

h—log(1+h) =A% (13.9)

Letby =h(A)/A, y=h(A)/{1+h(A)} and aj = A /(yCy), where Cy is defined by
Lemma 10.4. Then (13.6) holds on {lim,, ..V, = o0} and limy_qb; = /2.

Proof. Recall that V? = X12 X2, v, = Vn(loglogVn)’l/z. Let ¢ =
exp(k/logk). Define

tj=inf{n:V, > e}, (13.10)

n
T = inf{n >t S, — Z,u,-(—/lvma;tvn) > (1 +38)b,1Vn(loglogVn)1/2} 7
i—1

1

letting inf( = . To prove (13.6), it suffices to show that for all sufficiently small
£>0,

lim Pt <t =0.
Kﬂmkg’( {m <t}

Note that 7, > 1 and that #, may equal 1, in which case {7; < ;41 } becomes the
empty set. Moreover, on {lim,_.., Vj, = e}, 1; < oo for every j and lim; .1 = oo.
Since y(loglogy)"/ 2 is increasing in y > e3, we have the following inequalities on
{te < T < tyy1} with k > 3:
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. 1/2
ep < (ZX,'2> < €k+1, (13.11)
i=1

dy = ek(loglogek)_l/2 <y Svg < dpg, (13.12)
Wi(=Aveg, o vy) > i(—Adiyr,opdy)  for1 <i< . (13.13)
Let pix = Hi(—Adii1,0pdr). We shall replace X; (for 1 < i < 1) by Yy 1=
(;chk+l)7lyxi and by flix := (Adii1) ' yui(—Adii1, 0.dy). Since A~ yoy =
C-
’y b
[ = E{Yipl(—y <Y < G, di/disr)| Fia } - (13.14)

Since e /di = (loglogek)l/2 and dy/dj1 — 1 as k — oo, it follows from (13.11)-
(13.13) that for all sufficiently large k, the event {7, < #;41} is a subset of

i=1

T
{Z(z’dk'H) (Xi — Mig) = (1+28))~1b/110g10g€k,17k<°°}

Tk
C{Z[(ldkﬂ)_l}’(xi—ui,k) Cy(dis1/di) (Adii1) 27 X7
i=1

> (142¢e)yA" b logloge, — Cy(dis1/di) (v/A)* loglogey i1, % < oo}

n
Y Vi — g — Cydk_ldkHYi,zk)]

sup exp
n>1 i=1

> exp [(14¢€)(YA by — Cyy° A 72) (logk)] } :
In view of (13.14), we can apply Lemma 10.5 to conclude that the last event above

involves the supremum of a non-negative supermartingale with mean < 1. There-
fore, application of the supermartingale inequality to this event yields

P{t <} <exp{—(1+&)(yA~'by —Cy¥*A?)(logk) } ,
which implies (13.6) since
YA by — A2 Cy = A2 {yh(X) + y+1log(1— )} = 1. (13.15)

The first equality in (13.15) follows from Y’Cy = —{y+1log(1 —y)} and b, =
h(A)/A, and the second equality from y = h(A)/(1+h(A)) and (13.9). Moreover,
(13.9) implies that #>(A) ~ 242 and, therefore, by — /2 as A — 0. O

Remark 13.6. The choice of y in Theorem 13.5 actually comes from minimizing
YA~ 'b; —A729y*Cyover 0 < y < 1, whereas b, is employed to make this minimizing
value equal to 1, leading to (13.9) that defines (A).
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Another reason why de la Pefia et al. (2004) consider more general 1 < r <2 in
Lemma 13.4 is to use it to extend Theorem 13.5 to the following result, in which we
self-normalize the suitably centered S, by the more general (Y7, |X;|")'/2.

Theorem 13.7. Let X, be measurable with respect to the filtration {%,}. For 1 <
r <2, let Vo, = (X X7, vpr = Vi {loglog(V,, v €2)}~V/7. Then for any 0 <
Y < 1, there exists a positive constant by, such that

. {Sn_ZIr‘l:l nui(_’yvn,rac;,rl’/(ril)vn,r)}
lim sup

< by, as.
n—soo {V,”(log]oger)(r—l)/r} S Oy a.s

on {lim, ..V}, , = oo}, where cy, is given in Lemma 13.4.

13.3 Compact LIL for Self-Normalized Martingales

Although Theorem 13.5 gives an upper LIL for any adapted sequence {X;}, the up-
per bound in (13.6) may not be attained. A simple example is given in Problem 13.3.
In this section we consider the case of martingales {S,,%,,n > 1} self-normalized
by V,, and prove the lower half counterpart of (13.7) when the increments of S,, do
not grow too fast, thereby establishing (13.8). This is the content of the following.

Theorem 13.8. Let {X,,} be a martingale difference sequence with respect to the
filtration { %, } such that | X,,| <my, a.s. for some %, _-measurable random variable
My, with V,, — oo and my, /{V,,(loglogV,,)~'/2} — 0 a.s. Then (13.8) holds.

Proof. Take 0 <b < B < < /2. Since 1 —®(x) = exp{— (3 +0(1))x*} as x — oo,
we can choose A sufficiently large such that

{1—c1>(ﬁ\/77)}]/'l > exp(—f2/2), (13.16)

where @ is the standard normal distribution function. Take a > 1 and define for
jzZandkzo,l,...,[lfllogj],

ajp=a’ + k(@' —a’) /A" og j],
tj(k) =inf{n:V?>a;;}.

Let #; = inf{n : V? > a/}, so t;(0) = t;, t;(A " 'logj) = tj+1. Since X? =
o(V2(loglogV,)~!) a.s.and aj; < th(k) <aji —&—Xé(k),

Vi =aj{l+o((log)) ")} as. (13.17)



13.3 Compact LIL for Self-Normalized Martingales 187

It will be shown that

2
Zt] <n<tj(k+l)Xn

— 1 (13.18)
th <n<t; k+1)E(Xr%|yn71)
in probability under P(-|.% (1)) as j — oo, uniformly in 0 <k < [A~log j].
Let Sy = Lopeicn Xis V,,%,, Yneicn X7 In view of (13.17),
V2 sty ~ @ la=1)/[A" " og j], (13.19)
V2, ~dl(a—1) as. (13.20)

Ljstjt1

Since X? is bounded by the .%,_j-measurable random variable m2, which is o(V;?
(loglogV,)~!) a.s., the conditional Lindeberg condition holds and, in view of
(13.18) and (13.19), the martingale central limit theorem (see Sect. 15.3.1) can be
applied to yield

P{Sz,-(k),z,-(m) > BVAV, 0;k41) |yz,-<k>} —1=®(BVA) as.  (1321)
as j — oo, uniformly in 0 < k < [l_l log j]. Since

Sijtin = Z Stj(k)vtj(kﬂ)
0<k<[A~llog j]

and

Vi llog )2 = (VA+o(D)) L ey @
0<k<[A~'logj

by (13.19), it follows from (13.21) that as j — oo,

LS00 = BViyi;., (log )2 7, }
>P{s () = BYVAV, ) foranogk<[A*llogmzi(k)}

A og /]

- (1—cb([3\/27)+o(1))
> exp{— (E2/2+0(1)) logj} as.,

in view of (13.16). Since Bz /2 < 1, the conditional Borel-Cantelli lemma
(Lemma 9.1(a)) then yields

S’j lj+1

limsup——2+——— > b as. (13.22)
joee Viia, (log j)1/?
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Recalling that V,, — o and m,, = o(V,,(loglogV,,)’l/z) a.s., we obtain from (13.7)
that

. Sn
limsup —————— < /2 a.s. 13.23
,Hoop V,(loglogV,)1/2 — ¢ )

and the same conclusion still holds with S, replaced by —S,, (which is a martingale).
Combining this with (13.19) and (13.22) yields

Sfj+1

limsup >ba Pla—1)"?—V2a7'? as. (13.24)

J—ree ‘/fj+1 (lOg log‘/lj+1 ) 1/2

Since a can be chosen arbitrarily large and b arbitrarily close to v/2 in (13.24),

S
limsup AL >V2 as.
J—ee V’j+1 (IOg log V’j+1 ) 12

Combining this with the upper half result (13.23) yields (13.8).
It remains to prove (13.18). Let aj = a/(a—1)/[A " 'log j]. In view of (13.19),
we need to show that given any 0 < p < % and 6 > 0,

limsup | P Y EXF) = (1+p)al 7w (13.25)

n—eo tj (k)<n§tj (k+1)

Ty Y BT )= (1 -p)ay| T p | <8 as.
tj(k)<l’l§fj(k+1)

Choose € > 0 such that 2{max[(I+ p)e P, (1 —p)eP]}/¢ < §. Let X, = X,I(m? <
€a;) and note that since m, is .%,_-measurable and X7 < m2,

0 <E(X2|Fn-1) —EX2|Fn1) <mil(m2 > ea;).

Moreover, P{m2 < ea; for all t;(k) <n <tj(k+1)| F1;(t — 1 a.s. Hence, it suf-
fices to consider E(X?|.#,_1) instead of E(X?|-%,_1) in (13.25). Since X? < ea;,
we can apply Lemma 9.1(b) to conclude that

P Y EXF) = (1+p)oyl 7w
tj(k)<n§tj(k+1)
+P Y EXF) = (1-p)oyl
tj(k)<n§tj(k+1)

<(1+p)e P+ (1—p)ePf+0(1) < 8,

completing the proof. a
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Replacing X, by —X,, in Theorem 13.8 yields
liminfS,,/ {Vn(loglogVn)l/z} =—V2 as.
n—oo

Theorem 13.8 can therefore be strengthened into the following compact LIL by a
standard argument; see Proposition 2.1 of Griffin and Kuelbs (1989).

Corollary 13.9. With the same notation and assumptions as in Theorem 13.8, the
cluster set of the sequence {S,/[V,(loglog(V, Ae?))'/?]} is the interval [—v/2,V/2).

Note that Theorem 13.8 and Corollary 13.9 pertain to martingale difference se-
quences X,. This means that given an integrable sequence {X,}, one should first
consider centering X, at its conditional expectation given .%,_ before applying the
theorems to X, = X, — E(X,|.%,—1) and V,, = (Y1, X?) '/2_ Although Theorem 13.8
requires X, to be bounded by .%,_|-measurable m, = o(Vn(loglogVn)_l/ 2), we
can often dispense with such boundedness assumptions; see Problem 13.2. In the
more general context of Theorem 13.5, the X, may not even be integrable, so
Theorem 13.5 centers the X, at certain truncated conditional expectations. Using
(X7, X?)'/2 for the norming factor, however, may be too large since it involves
uncentered X;’s. To alleviate this problem, we can first center X,, at its conditional
median before applying Theorem 13.5 to X,, = X, — med(X,,|-%,_1), as illustrated in
the following example.

Example 13.10. Let 0 < x < 1,d; > 0,d, > 0 withd; +dp >0.LetY,Y;,Y>,... be
i.1.d random variables such that

P{Y >y} = (di +o(1)y™%, (13.26)
P{Y < —y} =(d2+0o(1))y™®,  asy— e

Let S, = Y, V? = - Yiz, Vp = Vn(loglogVH)’l/z. Then by Theorem 6.14,

i Sn -1/2
P V,(loglogn)'/2 {B(a,d,d2)} a.s ( )
Moreover, E{YI(—Ay <Y < a;y)} = (d1ay —do A +0(1))oy' =% /(1 — @) as y — oo

and
sl—a

nv, n
2 o =% = =0(1) a.s. 13.28
Vn(IOgIOgVn)l/Z Vn"‘(loglogVn)@*Of)/Z ( ) ( )
since loglogV, ~ loglogn and
n o y?
limin =1 — >0 a.s.

f—— ~
n—e pl/@%(loglogn)~—(1-a)/a

with & = /2 by the so-called delicate LIL (see Breiman, 1968).
Now let X, = n" +Y, with r > 1/a and let S, = Y1 | X;, V? = Y" | X?. Since
Y, = o(n®) a.s. for any s > 1/a, it follows that S, ~ V, ~ n"*1/(r + 1) and
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Wi —Avp,agvy) =i +0(n"0=%) = " L o(n") a.s., recalling that rac > 1. There-
fore, although (13.6) still holds in this case, it is too crude as the nonrandom location
shift n” is the dominant term in X,, causing V,, to swamp the centered S,. Centering
the X, first at its median will remove this problem. Specifically, if we apply (13.6)
to X, = X, — med(X,,) and V> = ¥" , X?, then X,, = ¥, —med(Y) and (13.27) still
holds with S, replaced by S,,.

13.4 Supplementary Results and Problems

1. Show that (13.6) implies (13.7) when S,, = }.i"_, X; is a supermartingale such that
X, > —m, a.s., and m,, is .%,_1-measurable and satisfies

P{0 <m, < Av, forall large n} = 1. (13.29)

2. The following example shows that we cannot dispense with the boundedness
assumption |X,| < m, with .%,_;-measurable m, = o(v,) for (13.8) to hold for
martingales. Let X; = X» = 0,X3,X4,... be independent random variables such
that

P{X,=—n"'"2} =1/2—n""?(logn)"> —n" ' (logn) 2,
P{X, = —m,} =n"'(logn) 2,
P{X, =n"'?} =1/24n""?(logn)'/?,
for n > 3, where m, ~ 2(logn)>/? is chosen so that EX,, = 0. Show that P{X, =
—my, i.0.} = 0 and that with probability 1, V> = logn+O(1).

Since X; := X;I(|X;| < 1) — EX;I(|X;| < 1) are independent bounded random vari-
ables with zero means and Var(X;) ~ i~!, Kolmogorov’s LIL yields

%,
lim L =1 as. 13.30
lnjotlp {2(logn)(logloglogn)}1/2 a3 ( )
Show that Y | EX;I(|X;] < 1) ~ %(log n)3/2 and therefore

Y X 4(logn)3/?
V,(loglogV,)V/2  3{(logn)(logloglogn)}!/2}

o (.S. (13.31)

Since m,,(loglogV;,)'/2/V,, — oo, this shows that without the boundedness con-
dition X, > —AV,(loglogV,)~'/2, the upper LIL need not hold for martin-
gales self-normalized by V,,. It also shows the importance of the centering in
Theorem 13.5 because subtracting EX;1(]X;] < 1) from X; gives the LIL in view
of (13.30).
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3. Let Xj,Xp,... be independent random variables with P(X; = i!) = % =PX; =
—i!). Let S, = Y, X; and V2 = Y, X?, v, = V,,(loglogV,)~'/2, and define

Ui(c,d) as in (13.6). Prove
{Sn Y Hi(—Avy, a/lvn)}/vn =0(1) as.,

which shows that although Theorem 13.5 gives an upper LIL for any adapted
sequence {X, }, the upper bound in (13.6) may not be attained.

4. The following example illustrates the difference between Stout’s LIL (Theorem
13.1) and Theorem 13.8. Let X}, be the same as in Problem 2. Note that X, satis-
fies the boundedness condition of Theorem 13.1. Show that Var(X;) ~ 4(logi)? /i
and that s2 = Y | E(X?|Fi_1) ~ (logn)*, and therefore

i X 4(logn)®/?
~ —
sp(loglogs,)/2  3(logn)?(logloglogn)!/2

0 as. (13.32)

which is consistent with Theorem 13.1. Contrasting (13.32) with (13.31) shows
the difference between self-normalizing by s, and V,, for martingales.



Chapter 14

Multivariate Self-Normalized Processes
with Matrix Normalization

The general framework of self-normalization in Chap. 10 and the method of mix-
tures in Chap. 11 has been extended by de la Pefia et al. (2008) to the multivariate
setting in which A; is a vector and B; is a positive definite matrix. Section 14.1 de-
scribes the basic concept of matrix square roots and the literature on its application
to self-normalization. Section 14.2 extends the moment and exponential inequali-
ties in Chap. 13 to multivariate self-normalized processes. Section 14.3 describes
extensions of the boundary crossing probabilities in Sect. 11.3 and the law of the it-
erated logarithm in Sect. 13.3 to multivariate self-normalized processes with matrix
normalization.

14.1 Multivariate Extension of Canonical Assumptions

14.1.1 Matrix Sequence Roots for Self-Normalization

Let C be a symmetric m X m matrix. Then all the eigenvalues Ay,..., 4, are real.
Assume that C is nonnegative definite (i.e., x'Vx > 0 for all x € R™). Then the A;
are non-negative and so are V. Let e; be an eigenvector associated with A;, nor-
malized so that ¢}e; = 1. The eigenvectors corresponding to distinct eigenvalues are
orthogonal, and in the case where the eigenvalue A has multiplicity p, its associated
linear space of eigenvectors has dimension p and is orthogonal to the eigenvectors
associated with the other eigenvalues. Let Q be the m x m orthogonal matrix (i.e.,
07! = ©') whose column vectors are ey, ...,ey. Since ¢; is the eigenvector asso-
ciated with A;, Ce; = A;e; for 1 < i < m and therefore CQ = Qdiag(Ay,...,Ay),
yielding the singular value decomposition

C = Qdiag(Ar,.... Am)Q- (14.1)

V.H. de la Pefia et al., Self-Normalized Processes: Limit Theory and Statistical Applications, 193
Probability and its Applications,
(© Springer-Verlag Berlin Heidelberg 2009
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Since Q'Q = I, we can define C'/2 (so that C'/2C'/2 = C) by

C'? = Qdiag(v/Ar,... .\ Am)Q, (14.2)

which is often called the symmetric square root of C. When C is positive definite,
the eigenvalues are positive and C~' and C~!/2 can be evaluated by

c™' = odiag(A[!,... A0, €7V2 = diag(1/v/ A, 1/V/An) Q. (14.3)

The Cholesky decomposition of C is of the form C = PP, where P is an m X m
lower-triangular matrix (and therefore P’ is upper-triangular); see Problem 14.1. The
left Cholesky square root of C is P, and P’ is the right Cholesky square root. For the
problem of self-normalizing an m-dimensional statistic (e.g., sample mean vector)
so that the self-normalized vector converges weakly to a spherically symmetric dis-
tribution (such as N(0,7)), Vu et al. (1996) have shown that the symmetric and the
left Cholesky square roots of the sample estimate of the asymptotic covariance ma-
trix can be used for self-normalization. They point out that the Cholesky square root
“is favoured in the older statistical literature because of its computational conve-
nience, an important consideration before the advent of computers.” This advantage,
however, disappears with the availability of software packages. The R function svd
returns the singular value decomposition M = UAV’ of a general m x p matrix M
with real entries, where U and V are m X (m A p) and p X (m A p) matrices with
orthonormal columns and A is a diagonal matrix. The R function chol returns the
Cholesky decomposition C = PP’ of a nonnegative definite symmetric matrix.

In this and subsequent chapters we use the symmetric square root of a positive
definite matrix C for self-normalization. As will be shown in Sect. 14.2, the singular
value decomposition of C that is used in (14.2) to define C 172 also provides linear
transformations that orthogonalize the variables in the integrals associated with the
method of mixtures for pseudo-maximization.

14.1.2 Canonical Assumptions for Matrix-Normalized Processes

We first extend the canonical assumption (10.6) to the setting of a random vector
A and the canonical assumption on a random vector A and a symmetric, positive
definite random matrix C:

Eexp{0/A—0'CO/2} <1  forall @ € RY. (14.4)
We then relax (14.4) to the form
Eexp{0/A—®(C'?0)} <y  if]6] <e, (14.5)

for some ¥ > 0 and € > 0, where @ : RY — [0, o) is isotropic, strictly convex in || 8|
such that @(0) = 0, limg| ... ©(6) = oo and P(0) has bounded second derivatives
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for large ||0]|. An important special case is @,(0) = ||6]|7/g with 1 < g < 2. These
exponential and Ly-bounds are then strengthened into corresponding maximal in-
equalities for self-normalized processes under the canonical assumption

{exp(e’A, —@,(C}%0)), 1 € T} is a supermartingale for |[6] <&,  (14.6)

where T is either {0,1,2,...} or [0,00).
The following lemmas, which give important special cases of these canonical
assumptions, are extensions of corresponding results in Chaps. 9, 10 and 13.

Lemma 14.1. Let M, be a continuous martingale taking values in RY, with My = 0.
Then exp{6'M, — 6'(M),;0/2} is a supermartingale with mean < 1, for all 8 € R?.

Lemma 14.2. Let {M, : t > 0} be a locally square-integrable martingale taking val-
ues in R4, with My = 0. Then

exp {B’M, 2050~ Y[(0'AM) T - [Z((G’AMS))z]E”)}

s<t s<t

is a supermartingale with mean < 1, for all @ € R?, where the superscript (p)
denotes the dual predictable projection process.

Lemma 14.3. Ler {d,} be a sequence of random vectors adapted to a fil-
tration {%,} such that d; is conditionally symmetric (i.e, £ (0'd,|.Fi-1) =
L(—0'dy|Fn_1). Then exp{0'Y'_d;—0'Y" did!0/2}, n > 1, is a supermartin-
gale with mean < 1, for all 6 € R,

Lemma 14.4. Let {d,} be a sequence of random vectors adapted to a fil-
tration {%,} such that E(d,|%,-1) = 0 and |d,|| < M a.s. for all n and
some non-random positive constant M. Let 0 < € < ML A, = Yid, Cp =
(1+ %SM) " VE(did]|Zi_1). Then (14.6) holds.

Lemma 14.5. Let {d,} be a sequence of random vectors adapted to a fil-
tration {F,} such that E(dy|F,_1) = 0 and 6} = E(||d,|*|-Fn_1) < oo. As-
sume that there exists a positive constant M such that E(||d,||X|F,—1) <
(k!/2)o2M*2% as. or P(||d,|| < M|Fu—1) = 1 as. for all n > 1, k > 2. Let
A, =Y di, Vo = Y!' E(didl|Fi-1). Then for ||6| < 1/M, {exp(6’A, —
%B'V,,G/(l —M|8|), Fn, n> 0} is a supermartingale with mean < 1.

Lemma 14.6. Let {d,} be a sequence of random vectors adapted to a filtration
{F,} such that E(d,|-Fn—1) = 0 and ||d,|| < M a. s. for all n and some nonran-
dom positive constant M. Let 0 < y < 1,ay, = —{y+log(1 — N}/ VA =Y d;
Ch=2ayY 7, didl{. Then (14.6) holds with € = }/M_l.
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14.2 Moment and Exponential Inequalities
via Pseudo-Maximization

Consider the canonical assumption (14.4). If the random function exp{6’A —
0'C0/2} could be maximized over 6 inside the expectation, taking the maximizing
value & = C~'A in (14.4) would yield Eexp{A’C~'A/2} < 1. This in turn would
give the exponential bound P(||C~!/2A| > x) < exp(—x?/2). Although we cannot
interchange the order of max, and E that is needed in the above argument, we can
integrate both sides of (14.4) with respect to a probability measure ' on 0 and use
Fubini’s theorem to interchange the order of integration with respect to P and F'. To
achieve an effect similar to maximizing the random function exp{6’A — 6'C6/2},
F would need to assign positive mass to and near # = C~'A that maximizes
exp{6’A — 6'C6/2}, for all possible realizations of (A,C). This leads us to choose
probability measures of the form dF(0) = f(0)d6, with f positive and continuous.
Note that

/dee/Afe/ce/zf(e)de _ eA’C’lA/Z/d67(97C’1A)’C(97C’1A)/2f(9)d9. (14.7)
R R

Let Amax(C) and Apin(C) denote the maximum and minimum eigenvalues of C,
respectively. Since (8 —C'A)'C(6 —C~'A) > Anin(C)||6 — C~1A||?, it follows that
as Amin(C) — oo,

(275)"1/2
Vdet C

Combining (14.7) with (14.8) yields Laplace’s asymptotic formula that relates the
integral on the left-hand side of (14.7) to the maximum value exp(A’C~'A/2)
of exp{6’A — 6'CA/2}. Thus integration of exp(6’A — 6'C6/2) with respect to
the measure F provides “pseudo-maximization” of the integrand over 6 when
Amin(C) — oo. By choosing f appropriately to reflect the growth rate of Cc1/24,
we can extend the moment and exponential inequalities in Sect. 12.2 to the multi-
variate case. In particular, we shall prove the following two theorems and a related
lemma.

f(c'A). (14.8)

/ [ef(efc*‘A)/c(efc'A)/zf(e)de N
Rl

Theorem 14.7. Let A and C satisfy the canonical assumption (14.4). Let V be a
positive definite nonrandom matrix. Then

det(V) 1 .
E[ dct(C—|—V)eXp{2A (C+V) A}} <l, (14.9)

Eexp{A'(C+V) 'A/4} < {E\/det(H-VlC)}z. (14.10)

Proof. Put £(0) = (21)~%/>\/detVexp(—0'V6/2), 6 € RY, in (14.7) after multi-
plying both sides of (14.4) by f(0) and integrating over 6. By Fubini’s theorem,
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1> g | VOLV) eA/(CW)ilA/Z/ o0 (V) Ay (Crv){o-(Cc+v) 1A} 49
a (2m)?/2 R4

det(V) A CHV)1a2
det(C+V) ’

proving (14.9). To prove (14.10), apply (14.9) to the upper bound in the Cauchy—
Schwarz inequality

Eexp{A'(C+V)'A/4}

det(V) 1 det(C+V) 2
et , _ et(C+
g{(E det(c+v)exp(2A (C+V) 1A>> (E “aev) )} . O

Note that (14.10) is of the form Eh(A'(C+V)~'A) < EH(V~'C), where H is a
function that depends on % and V is a positive definite matrix used to shift C away
from O (the matrix with zero entries). For d = 1, de la Pefa et al. (2000) and de
la Pena et al. (2004) also consider the case without shifts, for which they obtain
inequalities of the form Eh(A/B) < EH(BV B~'), where B = C'/?. The pseudo-
maximization technique can be used to generalize these inequalities to the multi-
variate case, for which we replace BV B~! in the case d = 1 by Apax(B) V l;ih(B)
for d x d positive definite matrices B.

Asin Sects. 11.2 and 12.2, a key idea in this generalization is to choose the den-
sity function f in (14.7) to be

for r > 0,
(14.11)

~ ~ 1
F8)=F(lel)/le]" foro eRY, with f(r) = PG SD)

where L : (0,00) — [0,00) is a nondecreasing function satisfying (11.3)—~(11.5), in
which (11.5) is now modified to [{” f(r)dr = 1/[2vol(S?)], where vol(S?) denotes
the volume of the unit sphere S* = {8 € R? : |8 = 1}. Since f is isotropic,

/R (A2 = vol(s?) /0 " F(r)dr = vol(87) { /0 F(rydr+ /1 ) f(r)dr} ~1.

The following properties of L play an important role in applying the pseudo-
maximization technique to derive inequalities for self-normalized vectors from the
canonical assumption (14.4).

Lemma 14.8.
(a) For x # 0 and positive definite matrix B,

L(IB™ x| V1B~ 271 < 3{L(x(V 1)V L(Amax (B) V Amax (B™1)) }-
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(b) Under (14.4) for A and C, let B = C'/? and define g : (0,00) — [0,0) by

er2/2
§(r)=—-1(r=1). (14.12)
Then
g([B~'A]) {lmin(B) }d'
L(||B71AH)\/L(2'IHdX( )\/)‘mm( )) )L'maX(B)

12 —d
<18 ( / ezz/zdz/2>
“12

Proof. The proof of (a) is a straightforward modification of that of Lemma 11.1, not-
ing that Amin (B~ 1)||y[| < [|B~"¥|| < Amax(B~")||y[|, and that Apin (B™") = 1/Amax (B).
To prove (b), application of (14.4) and (14.7) to the density function (14.11) yields

_AcAp » exp{—(6 —C'A)C(6 —-C~'A)/2}
E{ LB A=) [ S e e 4e) <!
(14.13)

To evaluate the integral in (14.13), we use the singular value decomposition that
gives C = Q' diag (A1,...,44)Q, where the A; are eigenvalues of the positive definite
matrix C and Q is an orthogonal matrix. Noting that the Euclidean norm || - || is
invariant under orthogonal transformations, we use the change of variables x = Q6
to rewrite the integral as

/ exp{— YL, Xi(x; —a;)?/2} dx>/exp{):f-llli(xidi)2/2}d (14.14)
R4 I

x’
el L[l v [l =) el LIl v el =)

where [ is the rectangle [T, [@ — (2vA) ', d@ + (2vA4) '] and d = (ay,...,d4) =
OC~'A. Note that B = C'/? = ¢/ diag (vV/41,...,v/Aqs)Q. Next use the change of
variables y; = /A;x; (i = 1,...,d) for the integral in the right-hand side of (14.14)
and apply part (1) of the lemma, so that (14.14) is bounded below by

(M- Aa) " Pexp(— XL, (i — vVAidi)*/2)

d
/ 3(X 2 /A)P{L(|ly|| vV 1) V L(maxi <i<q /1/A: V maxi <i<q Vi) >
(14.15)
where I* = 1%, [vV/Aid; — 1/2,v/%idi; + 1/2]. Note that
a=QB 'B'A =diag(1/\/M,...,1/\/2)0B~'A (1416)

= @/ s di N
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where a* = (a],...,a})' = QB 'A. Therefore I* = [ [a; — 1,a7 + 3], and ||y[| <
2||la*|| for y € I'* and ||a*|| > 1. Hence (14.15) can be bounded below by

G a2 (112,07 de)
3 (miny iz 20) 7 (2B AJ){6L(IB AT VL e (B)V A (B)}

(14.17)
in view of (11.3) and ||a*|| = ||B~'A||. Combining (14.13) with (14.14)—(14.17)
gives the desired conclusion, noting that the eigenvalues of B are v/Ay,...,\/A4. O

Replacing L(BV B™!) in the one-dimensional case by

(B) = L(Amax(B) V A (B)){ Amax (B) / Ammin (B) }* (14.18)

for d x d matrices B, we can use the same argument as that of Theorem 12.9 to
derive the following result from Lemma 14.8(b).

Theorem 14.9. Let h be a nondecreasing function on [0,0) such that for some xy >
1 and o0 > 0,
0 < h(x) <og(x)/L(x) forall x> xo, (14.19)

where g is defined by (14.12) and L : (0,00) — (0,00) is a nondecreasing function
satisfying (11.3)—(11.5). Let q be a strictly increasing, continuous function on [0,)
such that for some & > a,

L(x) <g(x) < ag(x)/h(x) forall x> xp. (14.20)

Let A and C satisfy the canonical assumption (14.4) and let B=C 12 Then there
exists a positive constant ; (depending only on d) such that

Eh(|B'A|)) < &ué + h(xo) +Eh(q ' (¢(B))), (14.21)

where { is defined in (14.18).

As a corollary of Theorem 14.9, we obtain that under the canonical assumption
(14.4), there exist universal constants {; , and {; , for any p > 0 such that

E|B AP <8+ EapE {log" Tog(max(B) V A (B))
+ (108 Amax (B) — 108 Amin (B)] }7/2.

In the univariate case d = 1, the term 10g Amax(B) — log Amin(B) disappears and
(14.22) reduces to

(14.22)

E|A/BIP < ¢+ &,E{log* log(BVB~")}P/2. (14.23)

The following example shows that for d > 1, the term log Amax (B) — 10g Amin (B) in
(14.22) cannot be removed.
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Example 14.10. Lai and Robbins (1981, p.339) consider the simple linear regres-
sion model y; = a + PBu; + &;, in which & are i.i.d. random variables with Eg; = 0
and E 61-2 = 1 and the u; are sequentially determined regressors defined by

uy =0, uy+1 =i, +c§, (14.24)

so that u, | is .%,-measurable, where .%, is the o-field generated by {¢|,...,&,}
and ¢ # 0 is nonrandom. They have shown that

n
X (=) =

i=1 1

(u; —un)s,/

(i—1)&*, /i~ c*logn a.s., (14.25)

™ ﬂéM=

(u; — 12,,)2 ——c ! as. (14.26)

'l"]=

i=1 1

Example 1 of Lai and Wei (1982) uses (14.25) to prove that

2
Amax <inx§> ~n{l +02 (Z i]8j> a.s.,
=1 i=1
- 2
(Zx, ) ~c logn/ 142 (Zils,) a.s.,
i=1

where x; = (1,4;)’. Standard projection calculations associated with the simple lin-
ear regression model can be used to show that

/ —1
W, = (ZX,’&') (ZX,'XZ) (Zx,&)
i=1 i=1 i=1 (14.28)

— (Zrll gi)z + [Zilq(ul - IZH)Ei]Z
n Z'll(ul - ﬁn)z

Whereas the LIL yields (Y &)?/n = O(loglogn) a.s., the last term in (14.28) is of

order logn (rather than loglogn) since

(X5 (i —dn)&)> _ f ¥ (i — ) e e N
Y (ui — iiy)? _{ Y (i — i) } ;(uz_un) ~logn a.s., (14.29)

by (14.25) and (14.26). By Fatou’s lemma, liminf,_... E(W,/logn) > 1, showing
that the term log Amax (Y7, xix;) cannot be dropped from (14.22).

(14.27)

For other extensions of the results in Sects. 12.2 and 12.3, see de la Pefa et al.
(2008).
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14.3 LIL and Boundary Crossing Probabilities for Multivariate
Self-Normalized Processes

Theorem 13.8 has the following multivariate extension, details of which can be
found in de la Pena et al. (2008).

Theorem 14.11. Let {M,,,.%,,n > 0} be a martingale taking values in RY, with
My = 0. Let di = M; — M, and define V,, either by V,, = Y1 E(d;d]|.%i_1) or by
Vo =YL, did! for all n. Assume that

||| <my a.s.  for some F,_i-measurable m,,, (14.30)
tr(Vy) — oo and my(loglogm,)'/? /tr(V,) — 0 a.s., (14.31)
lim V., /ue(V,) = I a.s. (14.32)

for some positive definite nonrandom matrix I'. Define W,(t) = anl/zMi/{Zlog
logtr(Vy)}'/2 for t = te(V;) /te(V,)), Wy(0) = O, and extend by linear interpolation
to Wy, : [0,1] — R? Then with probability 1, {W,,n > 1} is relatively compact in
C?0,1] and its set of limit points in C¢[0,1] is

{f =(f1,---,fa) : fi(0) =0, f; is absolutely continuous and

ﬁ‘{/ol (jtfi(t))zdt < 1}.

Consequently, limsup,,__..(M.V,”'M,)/{21loglogtr(V,)} = 1 a.s.

(14.33)

In the case d = 1, (14.32) clearly holds with I" = 1, and (14.30) and (14.31)
are Stout’s assumptions for the martingale LIL in Theorem 13.1. Theorem 14.11
in this case can be regarded as the Strassen-type version (see Problem 2.8) of
Theorem 13.1.

Let f : R? — [0,00) be an isotropic function such that Jjoj<e f(6)d6 < eo. Under

(14.6), {III(A,,C,I/ 2),t € T} is a nonnegative supermartingale, where

W(A,B) = / £(6) exp(6'A — @, (BO))dS. (14.34)

Jll6l<e

Let B, = C,]/ 2, Ap = By = 0. Therefore by the supermartingale inequality, for any
a>0,

P{w(A:,B,) > a for some t > 0} g/ 7(0)d6/a. (14.35)

lef<e
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Let A(B) be the d x 1 vector of ordered eigenvalues (not necessarily distinct) of a
positive definite matrix B. It will be shown that

V(A,B) <a<=B A€, 4), (14.36)

where I ; is a convex subset of R¢ depending only on a > 0 and a parameter
A € R?. Therefore (14.35) can be re-expressed as

P{BflA, ¢ I, 5, forsomer > 0} S/” | f(6)do/a. (14.37)
0<e

In the case d = 1, A(B) = B € (0,0) and the convex set is an interval (—eo,7,(B)),
so the probability in (14.36) is the boundary crossing probability P{A;/B; > Y.(B)
for some # > 0}.

To prove (14.36), use the transformation x = BO to rewrite the integral in
(14.34) as

1 g
— B~ 'x)exp{x'B~'A— ®,(x)}dx. 14.38
G5 Ly B e /() (14.38)
Let A(B) = (V/A1, ...,/ Aq) and use the singular value decomposition B> = Q' diag
(A1,...,44)Q, where Q is an orthogonal matrix, to express |[B~'x|| in terms of A (B):
d

1B7"x|2 = XB2x = Y (00} /A

i=1

Moreover, det(B) = Hle V/2;. Since f and @, are isotropic, applying a further
change of variables z = Qx to the integral in (14.38) can be used to express (14.34) as
a function y(B~'A,A(B)) of B~'A and the eigenvalues of B. For fixed A, the func-
tion ¥(w, 1) is a convex function of w € R?, and therefore I, 5 := {w: ¥(w,1) < a}
is convex. Since W(A,B) = {(B~'A,A(B)), (14.36) follows.

14.4 Supplementary Results and Problems

1. The decomposition V = LDL', with diagonal matrix D = diag(di,...,d,) and
lower-triangular matrix L whose diagonal elements are 1, is called the modified
Cholesky decomposition of V. Show that for a positive definite matrix V, the
elements of L and D in its modified Cholesky decomposition can be computed
inductively, one row at a time, beginning with d; = Vii:

-1
Lij:<vij_ZLikdijk>/dj, j=1,...,i—1;
k

=1

i—1
d,':Vii—deLiZk, i:2,...,p.
k=1
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Moreover, show that the d; are positive and that P := LD'/? is a lower-triangular
matrix, thereby yielding the Cholesky decomposition V = PP’.
2. Prove Lemmas 14.1-14.6 by noting that for fixed 8 € R?, 6’4, and 6'C,6 are
scalars to which the corresponding results in Chaps. 9, 10 and 13 are applicable.
3. The following example illustrates the subtleties of matrix normalization in self-
normalized LIL. Suppose that in Example 14.10 the &; are symmetric Bernoulli
random variables. Let x; = (1,u;)" and

n

n n
Av=Y xig,  Cy=Y xixj=) Cov(xig|.Fi1),
i=1 i

i=1 i=1

noting that €? = 1. By Lemma 14.3, the canonical assumption (14.6) holds with
g =2 and € = . In view of (14.27), 10g Amax (Cp,) ~ logn and 1og Anin(C,) ~
loglogn a.s.

(a) Show that ||C,:1/2An\\2 ~ 2loglogn+logn a.s. and that

G %A, 12/ {10g 108 Amax (Ca) } /% — 00 as. (14.39)

(b) The components of A, are Y/ | & and Y7, u;&;, which are martingales with
bounded increments and satisfy the univariate LIL. Therefore it may be
somewhat surprising that the LIL fails to hold for the self-normalized

C, Y 2An as (14.39) shows. However, the components of C, 1/ 2An are

1
n 12y e and {Y7(u; — )&}/ {X (ui — iiy)?} 2. Explain why (u; — ii,)&
is not even .%;-measurable for i <n— 1.
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Chapter 15
The ¢-Statistic and Studentized Statistics

This chapter first describes in Sect. 15.1 the z-distribution introduced by Gosset
(1908) and its multivariate extensions, in the form of the multivariate ¢-distribution,
Hotelling’s T2-statistic and the F-distribution, all derived from sampling theory of a
normal (or multivariate normal) distribution with unknown variance (or covariance
matrix). It then develops the asymptotic distributions of these self-normalized sam-
ple means even when the population has infinite second moment. Related results
such as the law of the iterated logarithm (LIL) for these self-normalized statistics
are also described.

Self-normalized statistics, with matrix normalization as in the T2-statistic, are
ubiquitous in statistical applications. Section 15.2 describes these general Studen-
tized statistics; the term “Studentized” refers to Gosset’s (Student’s) basic approach
that divides én — 0 by the estimated standard error ¢, of the sample estimate é,,
(which is the sample mean in Gosset’s case) of a population parameter 0. In the
multivariate case, 1/s¢, is replaced by C, 1 2, where C, is typically a consistent
estimator of the covariance matrix of é,, when the latter exists or of the covari-
ance matrix in the asymptotic normal distribution of 6,,. This principle extends far
beyond the setting of i.i.d. observations, and Sect. 15.3 shows that the asymptotic
theory of these extensions to time series and control systems is typically related to
self-normalized martingales.

15.1 Distribution Theory of Student’s #-Statistics

Let Xi,X5,...,X, be i.i.d. normal random variables with mean u and variance
0% > 0. The sample mean X, = n~ 'Y | X; is normal with mean p and vari-
ance o2/n and therefore /n(X, — u)/c is standard normal. In practice, o is
unknown and /n(X, — t)/o cannot be used as a pivor (i.e., a quantity whose dis-
tribution does not depend on unknown parameters) for inference on p. The sample
variance s2 = (n—1)"' Y7, (X; — X,,)? is an unbiased estimate of 62, and replacing
o in \/n(X, — i)/o by s, gives a pivot since the distribution of

V.H. de la Pena et al., Self-Normalized Processes: Limit Theory and Statistical Applications, 207
Probability and its Applications,
(© Springer-Verlag Berlin Heidelberg 2009
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7= V&) ] Lii(Xi—p)/o (15.1)

. R O YN TG ) 2L

does not depend on (i, o), noting that (X; — )/o is N(0,1). The distribution of
the pivot (15.1) was first derived by W. S. Gosset in 1908 under the name Student
as he was working at a brewery at that time. It has since been called Student’s
t-distribution with v = n — 1 degrees of freedom, and has density function

CT((v+1)/2) 2\ b2
f(t)—W(HV) , —o0 < 1 < oo, (15.2)

The ¢-distribution with v degrees of freedom converges to the standard normal dis-
tribution as v — oo. Without assuming normality, 7, still converges in distribution
to a standard normal random variable even though its exact distribution is not Stu-
dent 7, provided that o2 is finite and positive so that the central limit theorem can
be applied to \/n(X, — 1) and the law of large numbers to s2. Remarkably, 7, still
has a limiting distribution when EX? = o and the distribution of X; belongs to the
domain of attraction of a normal or stable law.

15.1.1 Case of Infinite Second Moment

As pointed out in (1.1), (15.1) in the case 4 = 0 can be expressed as T, = U, {(n —
1)/(n—U2)}'/2, where U, = (Y, X;)/ (X X?)'/? is the self-normalized sum.
Let S, = Y, X;, V2 = Y" X?. When X; is symmetric, Efron (1969) has shown
that U, has a limiting distribution. Logan et al. (1973) have derived the limiting
distribution of U, when X; belongs to the domain of attraction of a stable law with
index 0 < o < 2. They first note that for appropriately chosen constants a,, a,,S, and
a2V? have the same joint limiting distribution as that in the case when X; is stable
with index ¢. They then restrict to exactly stable X; having density function g that

satisfies

xOchl xOHrl

gx) —rn gl—x)—¢ as x — oo, (15.3)

with r+ £ > 0. The characteristic function of (S,,/n'/* V2 /n* *) can be written as

inS, inV? = ixt;  ix’h "
Eexp (I’ll/a + nz/; > = {1+/w [exp (nl/a + m —1 g(x)dx . (15.4)

First consider the case 0 < o < 1. Let

K(y) = {r fy>0, (15.5)
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Using the change of variables x = n'/*y, we can rewrite the integral in (15.4) as

> . . (" E )
3 {exp(lyt1+zy ) — 1} MHO‘ ——=——g(n''%)dy

y)

. (15.6)
. )

~ - 3 H)—1 ———d

n[m{eXp(ly1+ly 2) }Iyl““ Y

as n — oo, noting that the second integral in (15.6) converges and applying (15.3)
and the dominated convergence theorem. From (15.4) and (15.5) it follows that the
characteristic function of (S, /n"/® V2 /n*®) converges to

v mep{ [ fexplon + i) - 1) KO} as

Since V2/ n2/% has a limiting distribution concentrated on (0,0), it then follows that
S,/V,, has a limiting distribution which is the distribution of S/V, where (S,V?) has
characteristic function (15.7).

Let c(r) = E¢"™/V be the characteristic function of S/V. To derive a formula
for ¢ from the characteristic function (15.7) of (S,V?), let a > 0 and set #; = u and
t = iau? in (15.7), in which the integral can be extended to all real #; and Im(z,) > 0.
Using (15.5) and the change of variables x = yu yields ¥ (u,iau’) = exp(u®y(a)),
where

w(a) = / lexp(ix —ax®) — 1] [K(x)/ x| ]dx, a0, (15.8)
A key idea is to relate ¢ to y via
[ fexp (uwla)) —exp (uy(b) b
:/ u! {'P(ujauz)—'}’(ujbuz)}du
—E/ -1 tuS e au 2y2 _e—bL12V2)du
—E / 1SV (e _ e P\gr  (witht = Vi)

_/ 7at2 _ eibtz)dl‘.

Differentiating the equation relating the first and last terms above with respect to a
then yields

/ re(t)e " di — \//(a)/ @ exp (uy(a)) du = o~y (o . (15.9)
0 0

see Problem 15.1. By multiplying (15.9) by (ma)~'/?exp(—s?/4a), integrating over
a from 0 to oo, and using the identity 7 [;"(ma)~'/?exp[—s? /4a — ar*|da = e~ for
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positive s and ¢, Logan et al. (1973, pp. 795-797) derive from (15.9) a formula for
Jo c(t)e~*"dr, which is the Laplace transform of the Fourier transform of the distri-
bution function F of S/V. They then invert this transform to compute the density
function of F numerically.

For the case 1 < a < 2, instead of using (15.4), note that [~_xg(x)dx =EX; =0

and write E exp(ifyn ="/ S, + itan=2/*V?) as

. 1/n
ixt Xt ixt
{lJr/ [Xp( 1/11 /z)lnl/;]g(x)dx} .

We can then proceed as before after modifying (15.8) as

vl = /: [exp(ix — ax?) — 1 — ix] [K(x), ||+ ]dx.

For the case a@ = 1, Logan et al. (1973, pp.798-799) note that U, has a proper
limiting distribution only if » = £ (i.e., only if X; has a symmetric Cauchy distribu-
tion), and indicate how the preceding arguments can be modified for the symmetric
Cauchy distribution.

As pointed out in Chap. 4, there is a stochastic representation of the distribution
of §/V in terms of i.i.d. symmetric Bernoulli and exponent random variables; see
Theorem 4.5. Giné et al. (1997) have proved that the 7-statistic has a limiting normal
distribution if and only if X is in the domain of attraction of a normal law. This is the
content of Theorem 4.1 which settles one of the conjectures of Logan et al. (1973,
pp- 789). Theorem 4.5, which is due to Chistyakov and Gotze (2004a), settles the
other conjecture of Logan et al. (1973) that the “only possible nontrivial limiting
distributions” are those when X follows a stable law. Mason and Zinn (2005) have
also given an elementary proof of this conjecture when X; is symmetric.

15.1.2 Saddlepoint Approximations

As shown in the preceding section, the limiting distribution of the #-statistic is nor-
mal when X; belongs to the domain of attraction of a normal law and is a compli-
cated distribution, which depends on o and is specified by the Laplace transform
of its characteristic function, when X; belongs to the domain of attraction of a sta-
ble law with index «. Jing et al. (2004) have developed simpler saddlepoint ap-
proximations for the density function and the tail probability of the self-normalized
mean /nX, /V,. These saddlepoint approximations do not require X; to belong to
the domain of attraction of a normal or stable law and are in fact applicable to all
distributions satisfying

/ / |E exp(itX; +isX{)|Pdtds < e for some p > 1. (15.10)
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This corresponds to the case of an integrable characteristic function in Sect. 2.3.2;
because the characteristic function of a sum of 7 i.i.d. random variables is the nth
power of the individual characteristic function, we only need the pth absolute power
of the characteristic function to be integrable. For 0 < b < 1, the numerical results
in Sect.5 of their paper compare the probability P(y/nX,/V, > b), estimated by 1
million Monte Carlo simulations, with the saddlepoint approximation, the normal
approximation that is valid only when X; belongs to the domain of attraction of a
normal law, and the Edgeworth expansion (see Chap. 16) that requires finiteness of
E|X;|" for r > 3. They study four different underlying distributions, ranging from
the normal to the Cauchy, for the case n =5 and for b = 0.05,0.10,...,0.90,0.95,
and have found that the saddlepoint approximations are remarkably accurate. In
contrast, the normal and Edgeworth approximations perform much worse.

A key ingredient of the saddlepoint approximation to the density function f, of
/nX,/V, is the cumulant generating function K (s,#) = log E exp(sX +¢X?), which
is finite if # < 0. Note that in the notation of Sect. 10.1.1, K(6,—p0) = y(6,p). To
approximate f,(b) for [b| < 1, note that x/,/y = b <>y = x* /b and define

Ala,b)= sup {sa-+ta®/b*—K(s,t)} =Sa+ia®/b* —K(3,f),  (15.11)
1<0,s€R

where § and 7 < 0 are the solutions of
(0K/0s)(5,f) =a,  (9K/d1)(5,1) = d®/b*. (15.12)

Let a;, be the minimizer of A (a,b) given by the solution of the equation A,(a,b) =0,
where we use A, to denote dA /da and A, to denote d>A /da*. Then under (15.10),
Jing et al. (2004) have shown that the saddlepoint approximation to f; is

. 242 /|b|?
fn(b)%\/? o/ 10] e @), (15.13)
T {det(V2A(ap,b)) Aa(ap,b)}

where V2A denotes the Hessian matrix of second partial derivatives of A. Moreover,
they also showed that

P{\/"zx zb} :1—4>(\/ﬁw)—¢<‘§’;‘w){vlv—i+0(n’)}, (15.14)

where @ and ¢ are the standard normal distribution and density functions and

w={2A(ap,b)}'*,  v=—{det(V*A(ay,b)) Aaalay.b)}""* i(ay,b),

noting that the §and 7 in (15.12) are actually functions of a, b and can be denoted by
$(a,b) and 7(a,D).

Daniels and Young (1991) have derived the saddlepoint approximation (15.14)
under (15.10) and the assumption E exp(sX; +X?) < oo for all (s,¢) with |s|+|¢| < &
and some & > 0. They also consider the equations in (15.12) without requiring 7 < 0.
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A key observation of Jing et al. (2004) is that the solution (§,7) of (15.12) has the
property that 7 < 0 and therefore we only need the finiteness of E exp(sX; +1X 12) for
t < 0, which always holds.

15.1.3 The t-Test and a Sequential Extension

The saddlepoint approximation (15.14) can be used to calculate the type I error
probability of the one-sided #-test that rejects the null hypothesis Hp : u = 0 if the -
statistic (15.1), in which u = 0, exceeds some threshold, for general (not necessarily
normal) X; satisfying (15.10) even when X; has fat tails that result in infinite E|X;]|.
When X; is symmetric, Efron (1969, pp. 1285-1288) notes that the probability in
(15.14) is bounded by P{N(0,1) > b}, at least for tail probabilities in the usual
hypothesis testing range. Concerning the question as to “why worry about limiting
normality if the type I errors tend to be in the conservative direction in any case,” he
points out that the 7-test may have poor power relative to more robust tests such as
the sign test and rank tests.

Chan and Lai (2000, pp. 1645, 1647-1649) have developed similar approxima-
tions for the type I and type II errors of the #-test and its sequential extension, called
the repeated t-test, by using a different approach that involves change of measures
and geometric integration associated with Laplace’s method for tubular neighbor-
hoods of extremal manifolds. The repeated z-test of Hy stops sampling at stage

. n X
T=inf nzéczilog 1+ =5 ) >c ¢ Alac], (15.15)
)

n

where 0 < 8 < a and ¢ > 0 are the design parameters of the test. Note that
L, == (n/2)log(1 +X?/s2) ~ nX?/(2s2) ~ T?/2 in view of (15.1); I, is the gen-
eralized likelihood ratio statistic when the X; are i.i.d. normal with unknown mean
and variance (see Chap. 17). The test rejects Hy if stopping occurs prior to nj := [ac]
orif [, > ¢ when stopping occurs at ;. Chan and Lai (2000) make use of the finite-
ness of the moment generating function ¢¥(®) := Eexp(6X; — p2X?) to embed
the distribution of (Xl-,Xl.z) in a bivariate exponential family with density functions

fop(x,y) =exp{6x—pO2y—y(6,p)}

with respect to the probability measure P that corresponds to 6 = 0; see Sect. 10.1.1.

Besides the repeated z-test, there are other sequential extensions of the 7-test in
the literature. These are reviewed in Sects. 18.1, and 18.2 also describes methods for
analyzing the error probabilities of these tests.



15.2 Multivariate Extension and Hotelling’s 72-Statistic 213

15.2 Multivariate Extension and Hotelling’s 72-Statistic

15.2.1 Sample Covariance Matrix and Wishart Distribution

LetYy,...,Y, be independent m x 1 random N(u, X) vectors with n > m and positive
definite X. Define

P=1yv weYw-nw-ry. (15.16)

S| =
AME

I
—_
Il
-

1

The sample mean vector ¥ and the sample covariance matrix W /(n — 1) are inde-
pendent, generalizing the corresponding result in the case m = 1. Suppose Y1,...,Y;,
are independent N(0,X) random vectors of dimension m. Then the random ma-
trix Y, Y;Y/ is said to have a Wishart distribution, denoted by W,,(Z,n). This
definition can be used to derive the density function of W when X is positive
definite. We begin by considering the case m = 1 and noting that x,%, which
is the distribution of Zf + .-+ 4 Z2 with iid. standard normal Z;, is the same
as the gamma(n/2,1/2) distribution. Therefore 62)? has the density function
w(”’z)/ze’w/(zaz)/ [(26%)"/2I"(n/2)], w > 0. The density function of the Wishart
distribution W,,,(X,n) generalizes this to

_ det(W)m D exp {—jur (27'W) }
FW) = T L)

W >0, (15.17)

in which W > 0 denotes that W is positive definite and I, (-) denotes the multivariate

gamma function
L(t) = a"= VAT (z— ’2> : (15.18)
i=1

Note that the usual gamma function corresponds to the case m = 1. The follow-
ing properties of the Wishart distribution are generalizations of some well-known
properties of the chi-square distribution and the gamma(cot, §) distribution:

(a) fW ~ W, (Z,n), then E(W) =nZXZ.

(b) Let Wi,...,W; be independently distributed with W; ~ W,,(X,n;), j=1,... k.
Then Y5_, W) ~ Wi (2, X5_ n;).

(c) Let W ~ W,,(X,n) and A be a nonrandom m x m nonsingular matrix. Then
AWA' ~ W,,(AXA’ n). In particular, @ Wa ~ (a’£a)y? for all nonrandom m x 1
vectors a # 0.

15.2.2 The Multivariate t-Distribution and Hotelling’s T?-Statistic

The multivariate generalization of Y, (v, —§)? ~ 0%x?2_, involves the Wishart dis-

tribution and is givenby W :=Y" (Y, = Y)(Y;—Y) ~ W, (Z,n—1). As indicated in
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Sect. 14.1.1, we can use the singular value decomposition W = Pdiag(Ay,. .., A4, P,
where P is an orthogonal matrix and Ay, ..., A,, are the eigenvalues of W, to define
wlz=p diag(\/fl e \/}T,,JP' . Moreover, as noted above, W is independent of
Y ~ N(u,X/n). Hence the situation is the same as in the univariate (m = 1) case. It
is straightforward to generalize the z-distribution to the multivariate case as follows.
If Z~N(0,X) and W ~ W, (X, k) such that the m x 1 vector Z and the m X m matrix
W are independent, then (W /k)~'/?Z is said to have the m-variate t-distribution
with k degrees of freedom.

By making use of the density function (15.17) of the Wishart distribution, it can
be shown that the m-variate ¢-distribution with k degrees of freedom has the density
function

L ((k+m)/2) AN .
fl)= (k)" 2T (k)2) <1 + X > , teR™ (15.19)

The square of a #; random variable has the Fj -distribution. More generally, if 7" has
the m-variate 7-distribution with k degrees of freedom such that k > m, then

k—m+1

X T'T has the Fp, s, -distribution. (15.20)
" ;

Applying (15.20) to Hotelling’s T>-statistic

T2 =n(¥ —p) (W/(n—1))"" (7 —p), (15.21)
where ¥ and W are defined in (15.16), yields

n—m

- T?~Fpnm, 15.22
m(n—1) " ( )

noting that

W/(n=1)] " [Va(¥ = )] = [Wa(Z,n— 1) /(n = 1)] " N(0,2)

has the m-variate ¢-distribution.

In the preceding definition of the multivariate z-distribution, it is assumed that
Z and W share the same X. More generally, we can consider the case where Z ~
N(0,V) instead. By considering V=127 instead of Z, we can assume that V = I.
Then the density function of (W /k)~'/2Z, with independent Z ~ N(0,1) and W ~
Wu(Z, k), has the general form

. teR™ (15.23)

m Iy -1, ~(ktm)/2
Flo) = I'((k+m)/2) (1 ) t)

(mk)m/2L (k/2)\/det(Z) k
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15.2.3 Asymptotic Theory in the Case of Non-Normal Y;

LetY;,...,Y, be ii.d. m-dimensional random vectors (not necessarily normal) with
EY = 0. Hahn and Klass (1980) have shown that there exist m X m nonrandom
matrices A, such that A, Y"" | ¥; has a limiting N(0, /) distribution if and only if

2 /
; yP(|67Y] >y)
lim sup =0. (15.24)
e g1 E[(0Y)21{|0'Y] < y}]

Note that the zero-mean random variable 8'Y belongs to the domain of attraction of
the normal law if and only if

y'P(|0'Y|>y) JE[(0'Y)*I{|0'Y| <y}] =0  asy— oo (15.25)

see Sect.4.2 and Sepanski (1994, 1996). Thus (15.24) requires this convergence
to be uniform in O belonging to the unit sphere. The construction of A, is quite
complicated, even in the two-dimensional case; see Hahn and Klass (1980, p.269).
In contrast, self-normalization simply involves multiplying Y/, ¥; by V-1, where
Vo ={Y",(Y;—¥)(¥;—¥)'}/2. Making use of this result of Hahn and Klass (1980),
Vu et al. (1996) have shown that V,"! ¥ | ¥; has a limiting N(0,7) distribution if
(15.24) holds. They have also shown that the result still holds if the Cholesky square
root (see Sect. 14.1.1) is used instead of the symmetric square root V,. Giné and
Gotze (2004) have proved the converse that the weak convergence of Vn’1 ", Yito
N(0,1) implies (15.24) when Y; is symmetric.

Dembo and Shao (2006) have obtained the LIL for the 72-statistic (15.21) under
EY =0, h(y) := E|Y|*1{||Y|| <y} is slowly varying, and

liminf min E [(8'Y)*I{||Y| < y}] /h(y) > 0. (15.26)

y—eo |10]=1
They prove this LIL under (15.26) by extending Theorem 6.1, which establishes
the self-normalized moderate deviation formula (6.1) in the domain of attraction of
a normal distribution, to the multivariate case. This is the content of the following

theorem, and they conjecture that the LIL still holds for the 72-statistic (15.21)
under the weaker assumption (15.24).

Theorem 15.1. Let Y,Y1,Y>,... be i.i.d. m-dimensional random vectors such that
EY =0, h(y) := E||Y|*I(||Y|| <) is slowly varying and (15.26) holds. Define T,? (=
T?) by (15.21). Let {x,, n > 1} be a sequence of positive numbers with x,, —  and
X, =o(n) as n — 0. Then

1

lim x,, ' log P (T;} > x,) = — . (15.27)
n—oo 2

Moreover, the LIL holds for Tnz.'
limsup7;?/loglogn = B a.s. (15.28)



216 15 The ¢-Statistic and Studentized Statistics

15.3 General Studentized Statistics

The z-statistic /n(X, — i) /s, is a special case of more general Studentized statis-
tics (5,, — 0)/se, that are of fundamental importance in statistical inference on an
unknown parameter 0 of an underlying distribution from which the sample obser-
vations X, ..., X, are drawn. In nonparametric inference, 6 is a functional g(F) of
the underlying distribution function F and §n is usually chosen to be g(i?,,), where
F, is the empirical distribution. The standard deviation of § is often called its stan-
dard error, which is typically unknown, and se, denotes a consistent estimate of the
standard error of 6 For the ¢-statistic, i is the mean of F and X, is the mean of .
Since Var(X,,) = Var(X;)/n, we estimate the standard error of X, by s, /+/n, where
s2 is the sample variance. An important property of a Studentized statistic is that it
is an approximate pivot, which means that its distribution is approximately the same
for all 8. For parametric problems, 6 is usually a multidimensional vector and 6, is
an asymptotically normal estimate (e.g., by maximum likelihood). Moreover, the as-
ymptotic covariance matrix V,(0) of 6, depends on the unknown parameter 6, so
v,V 2(6 )(6 — 0) is the self-normalized (Studentized) statistic that can be used as
an approximate pivot for tests and confidence regions. The theoretical basis for the
approximate pivotal property of Studentized statistics lies in the limiting standard
normal distribution, or in some other limiting distribution that does not involve 6
(or F in the nonparametric case).

The results in Sect. 15.2.3 on the asymptotic normality of the z-statistic and its
multivariate extension when the observations are independent (as in Part I) and be-
long to the domain of attraction of the (multivariate) normal law have been applied
to linear regression in errors-in-variables models by Martsynyuk (2007a,b). By Stu-
dentizing the generalized least squares estimates appropriately, she obtains statistics
that are approximately pivotal in the sense that their asymptotic distributions are
independent of unknown parameters in the distributions of the measurement errors,
thereby giving weaker conditions on the explanatory variables than previous authors
in the construction of asymptotically valid confidence intervals for the regression pa-
rameters. We next consider applications of Studentized statistics in the more general
settings considered in Part II, where martingale theory plays a basic role.

15.3.1 Martingale Central Limit Theorems and Asymptotic
Normality

To derive the asymptotic normality of §n, one often uses a martingale M,, associated
with the data, and approximates V,, 12 (6,)(6,— 6) by (M >_1/ M,,. For example, in
the asymptotic theory of the maximum likelihood estimator 9,,, V,(0) is the inverse

of the observed Fisher information matrix 7,(6), and the asymptotic normality of /6\,1
follows by using Taylor’s theorem to derive
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~1,(0)(6,— 0)=Y_ Vlog fo(Xi|Xi, ..., X;—1). (15.29)
i=1
The right-hand side of (15.29) is a martingale whose predictable variation is —1I,,(0).
Therefore the Studentized statistic associated with the maximum likelihood estima-
tor can be approximated by a self-normalized martingale, i.e.,

Vi 2(8,)(6,— 0) = 1,/*(8) (8, — 0) = (M), '/*M,,

where M, = Y| e;, with ¢; = Vlog fo(X;|X,...,Xi—1). If there exist nonrandom
positive definite matrices B, such that

B\ MYl asn—w (15.30)
and if for every € > 0,
n
_ _ P
E|B, el I{|IB, " eill* > €}|Xi,...,Xi 1] =0, (15.31)

1

then (M), v 2Mn converges in distribution to the multivariate standard normal dis-
tribution, by applying the following martingale central limit theorem to x,; = B} 'e;;
see Durrett (2005, p.411). Condition (15.31), or its more general form (15.33) be-
low, is usually referred to as conditional Lindeberg.

Theorem 15.2. Let {x, ,n, Fnm,1 < m < n} be a martingale difference array (i.e.,
E(Xpm|Fnm-1) =0for 1 <m<n). Let

k k
Sn,O =0, Sn,k = Z-xn,mv Vn,m = Z E(x,%_,mlyn,m—lx
=1

m=1
and define
Sa(t) = {irr:renar ]li:)ff tzem[éi};a—n?)r;ln,:n?/’;]’ .. o (15.32)
Suppose that V,, £, t foreveryt € [0,1] and
i E[2 {32, > €} Fum-i] =0 foreverye>0. (15.33)
m=1

Then S, converges weakly in C[0, 1] to Brownian motion as n — co.
15.3.2 Non-Normal Limiting Distributions in Unit-Root
Nonstationary Autoregressive Models

The assumption (15.30) is crucial for ensuring the weak convergence of the self-
normalized martingale (M), "2\, to standard normal. Without this condition,
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(M), 1 2Mn may not have a limiting standard normal distribution. A well-known
example in the time series literature is related to least squares estimates of f3 in the
autoregressive model y, = By; | + & when = 1, the so-called unit-root nonsta-
tionary model. Here & are i.i.d. unobservable random variables with £g = 0 and
Ee? = 62 > 0. The least squares estimate

Bn o Z?:z)’tyt—l _ Z?:Zyt—lgt

7] 2
YoV YoV

is consistent but not asymptotically normal in this case. Note that since § = 1, y, =
Yo+ Zﬁz 1 & 1s a zero-mean random walk and that

2
(Z&) 228,2+228z(yt—1—yo)-
=2 =2 =2

Moreover, by Theorem 15.2 and the continuous mapping theorem for weak conver-
gence in C|0, 1] (Durrett, 2005, p.407), it follows that

(Z ) >1/2(ﬁ B)_l{(Jﬁz?'zfr)z—iz?zefﬁf;‘)):?zs,}
. S {%Z:':z(ytfl/ﬁ)z}”z
Lo (-1

2 waoa)”

where = denotes weak convergence and {W (¢), ¢ > 0} denotes standard Brownian
motion.

In the preceding autoregressive model, the mean level is assumed to be 0. For
the more general autoregressive model y, = a + By,—1 + &, there is a similar result
for the Studentized statistic (§ — 1)/sé(f), which is called the Dickey—Fuller test
statistic for unit-root nonstationarity (i.e., B = 1 and o = 0); see Problem 15.3.
Extensions to more lagged variables y;_1,y;—2,...,y;—p and to multivariate y; have
also been considered in the literature, leading to the augmented Dickey—Fuller test

and the cointegration test; see Lai and Xing (2008, Sects. 9.4.4 and 9.4.5) for details.

15.3.3 Studentized Statistics in Stochastic Regression Models

The autoregressive model in the previous section is a special case of stochastic re-
gression models of the form
ye=B'x+e, (15.34)

in which {&} is a martingale difference sequence with respect to a filtration {.% }
and x; is .%;_j-measurable. An important class of these models in control systems
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is the ARMAX model (autoregressive models with moving average errors and ex-
ogenous inputs):

Yi=aryr 1+ tapyptbiy g+ +bgy g g1 +&+c1& 1+ + &y,

(15.35)
in which y, represents the output and i, the input at time 7 and the & are random dis-
turbances, B = (ai,...,ap,b1,...,bg,c1,...,c,) is a vector of unknown parameters
and d > 1 represents the delay. The regressor

/
Xt = (yt—l7' "7yt—p7ulfd7"'aulfd7q+lagt—l7~~~;gt—r) (15.36)

is indeed %, _|-measurable but includes the unobservable &_1,...,€&_, and there-
fore ordinary least squares cannot be used to estimate f3. In the white-noise case
(i.e., r =0), x; does not contain & and the model is called ARX, for which 3 can be
estimated by least squares.

To begin with, consider the linear regression model y; = a + bx; + &. The least

squares estimate of b based on (x1,y1),..., (Xnyn) is
b :M:bJFM_ (15.37)
?:1 (xi _)En)z ;1:1 (xi _Xn)z

Even when ¢; are independent with E¢; = 0,E 81-2 < oo and the x; are nonrandom
constants such that Y7, (x; — %,)?> — oo, strong consistency of b, does not follow
directly from the strong law of large numbers since it involves a double array
of weights ap; := x; — X, to form the weighted sum Y? ; a,;w;. By making use
of the properties of the double array a,,; associated with least squares regression, Lai
etal. (1978, 1979) have established the strong consistency of least squares estimates
Bu = (X9 X)) 'Y x,y; in the regression model (15.34) under the minimal
assumption that Y7 | (x; — %,)?> — oo, when the x; are nonrandom and {g&;,.%;,i > 1}
is a martingale difference sequence with limsup,, . E(€2|.%,_1) < .

_ This assumption, however, is not strong enough to ensure strong consistency of
By in stochastic regression models (15.34) in which x; is .%;_|-measurable. In this
case, letting Amax (+) and Amin () denote the maximum and minimum eigenvalue of
a symmetric matrix, respectively, Lai and Wei (1982) have shown that

B, — B a.s.on {kmin (ix,xﬁ) /loglmax (ix,xﬁ) — oo}, (15.38)
t=1 t=1

when sup, E(|&,>+%|.%,_1) < o for some § > 0. They also give an example in

which Amax (Y7 %)) ~ Un, Amin(XF xx]) ~ Vlogn and Bn —byv # B as.,
where U # 0,V # 0 and by y are random variables. The proof of (15.38) uses the
(squared) Studentized statistic

On= (B —B) (fwﬁ) (B.—B), (15.39)
=1
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which is shown to satisfy

On = (loglmﬂlx (Z xtx;> > a.s. (15.40)
=

Since O = (Bu— B)' /£ 5) (Bu — B) = Amin(E1, 5 | B — BII, (15.38) fol-
lows from (15.40).

To prove (15.40), Lai and Wei (1982) make use of the following recursive repre-
sentations of 3, and P, := (Y, x.x]) !

=

Bn :anl‘f'ann()’n_By/hlxn)a (15.41)
Pnflxnxilpnfl

P,=P,_1— .
" =l 1 +x,P—1x,

(15.42)

The recursions (15.41) and (15.42) lead to a recursive inequality for Q, of the fol-
lowing form:
QnS(1+an71)Qn71+9n*'}/n+wn718na (15.43)

with &, = 0,6, = X, Pux, €2, w,_1 = 2{(l§n_1 —B) x, }(1 —x],Pyx,) and

A 2
= {(B,H fﬁ)'xn} (1—x.Puxy) > 0. (15.44)

Lai (2003, p.394) calls O, > 0 an extended stochastic Liapounov function if it

is .Z#,-measurable and satisfies (15.43), in which ¢, > 0,6, > 0,7, > 0 and w,, are
Fn-measurable random variables such that Y»_ | o, < e a.s. and {&,,.-%,,n > 1}
is a martingale difference sequence such that limsup, .. E(&2|.%,_1) < = a.s. He
uses (15.43) and strong laws for martingales to show that

n n—1 1/2+n
max (Qn,Zy,) = 29 + (Z ) a.s. (15.45)
i=1

1

for every 1 > 0. Moreover,

Q, converges and ZE(}/,-\%_l) < oo g.5.0n {ZE i T <oo}. (15.46)

i=1

Applying (15.45) to the o, 6,,w,, and ¥, in (15.44) yields (15.40) since Y, wiz_1 <

4y v and
n n
xPxie? =0 ngPixi = O | log Apax inxf a.s.;
1 i=1 i=1

see Lemma 2 of Lai and Wei (1982) and recall the assumption limsup,, .. E(|€,|>*?|
Fu—1) < oo a.s. for the stochastic regression model.

0;

™=
I
™=

I
—

14
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For the ARMAX model (15.35), one can use the extended least squares estimator
that replaces the unobserved €; in (15.36) by the prediction error & = y; — 3{71)@-. Lai
and Wei (1986) have modified the preceding argument to prove an analog to (15.38)
under certain conditions on (cy,...,c,). They have also shown how the inputs #, can
be chosen in the adaptive control problem of keeping the outputs y; as close as pos-
sible to some target values y; when the parameters aj,...,a,,b1,...,bg,c1,...,c, of
the ARMAX model are unknown.

15.4 Supplementary Results and Problems

1. Prove the two equalities in (15.9). The argument leading to (15.9) in Sect. 15.1.1
is closely related to the derivation of the following identity in Logan and Shepp
(1968, p.310), according to a conversation with Larry Shepp:

/ F@) = 10x) 1 p0)10g? (15.47)

0 X a
for a > 0, b > 0 and continuously differentiable f : [0,00) — R such that
Ji1f'(x)[logx < . Note that both sides of (15.47) are equal when b = a. Differ-
entiating the left-hand side of (15.47) with respect to b yields — [;° f'(bx)dx =
f(0)/b, and the derivative of the right-hand side of (15.47) with respect to b is
also f(0)/b.

2. Derive (15.19) from (15.17), and prove (15.20) and (15.23).

3. Let é,, = (0, ﬁ,,)’ be the least squares estimate, based on yy,...,y,, of the pa-
rameter vector 8 = (@, 3) in the autoregressive model y; = o + By, + &, in
which {g&, r > 1} is a martingale difference sequence with respect to a filtration
{%} such that y, is F-measurable and

tlimE(8,2|35,,1) =0 as., supE(|&|’|F-1) <o a.s. forsome p > 2.
—s00 '

(15.48)
Letx; = (1,y,-1)"

(a) If |B| < 1, show that the Studentized statistic (Y"_,x.x,)"/?(§, — 6) has a
limiting normal distribution as n — oo,

(b) If B =1 and a = 0, show that (Y, x,x])'/?(6, — ) still converges weakly
as n — oo, but to a non-normal limiting distribution.



Chapter 16
Self-Normalization for Approximate Pivots
in Bootstrapping

An alternative to inference based on the approximate normal distribution theory in
Sect. 15.3.1 for Studentized statistics is to make use of bootstrap resampling. Let
Xi,...,X, be independent random vectors with common distribution F. The empiri-
cal distribution puts probability mass 1/n at each X;, or equivalently has distribution
function F(x) =n 'Y, Iix,<xy- A bootstrap sample (X7, ...,X;) is obtained by
sampling with replacement from £ so that the X;* are i.i.d. with common distribu-
tion function £. Let g be a functional of F and 8 = g(F). The “plug-in estimate” of
8 is @ = g(F). For example, the kth sample moment n~ ' Y X¥ = [ x*dF (x) is an
estimate of the kth moment of F, for which g(F) = [ x*dF (x). Denoting g(F') also
by g(Xi,...,X,), we use the bootstrap sample to form a bootstrap replicate of 6
via 6* = g(X;,...,Xy). The sampling distribution of 6 can be estimated by Monte
Carlo simulations involving a large number of bootstrap replicates generated from
F.In particular, the standard error se(é) of @, which is the standard deviation of the
sampling distribution of 6, can be estimated by the following steps:

1. Generate B independent bootstrap samples from F

2. Evaluate 6, for the bth bootstrap sample, b=1,...,B

3. Compute the mean 6* = B! z'g:l é; of the bootstrap replicates and estimate
the standard error se(é) by

16.1 Approximate Pivots and Bootstrap- Confidence Intervals

The limiting standard normal distribution of the Studentized statistic (6 — 6)/s¢
provides an approximate (1 —2¢)-level confidence interval 6 +z;_qSe, where z,, is
the pth quantile of the standard normal distribution for which z4 = —z]_¢. For the

V.H. de la Pena et al., Self-Normalized Processes: Limit Theory and Statistical Applications, 223
Probability and its Applications,
(© Springer-Verlag Berlin Heidelberg 2009
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special case where 6 is the mean of a distribution, Gosset derived in 1908 a better
approximation that replaces the normal quantile z;_, by the quantile #,_1,1_¢ of
a r-distribution with n — 1 degrees of freedom; the approximation is exact if the
underlying distribution is normal. If the underlying distribution F' were known, one
could evaluate the crth and (1 — o)th quantiles of (6 — 8)/se by Monte Carlo by
sampling from F and thereby obtain the confidence interval [9 —uy_ S8, 0 —uy se],

where u,, denotes the pth quantile of (§ — 8)/se. Since F is actually unknown, the
bootstrap approach draws samples from F' to evaluate its quantiles i, and 7,
which are then used to form the bootstrap confidence interval [é — f1—gSe, 6 —
fgSe].

The preceding bootstrap confidence interval is often called a bootstrap-t inter-
val since it is based on the Studentized statistic (or generalized t-statistic). An
important property of Studentized statistics is that they are asymptotic pivots in
the sense that their limiting distributions do not depend on F, which suggests that
we can approximate the quantiles of the limiting distribution by sampling from E.
An alternative bootstrap interval is the percentile interval [6 41-a; 6— da], which
uses the quantiles gy and §1_¢ of the bootstrap replicates 61 0,. GB 0 to es-
timate the quantiles g, and g of the sampling distribution of 9 — 6. Hall (1988)
uses Edgeworth expansions to compare the accuracy of different types of bootstrap
confidence intervals. The next section describes these Edgeworth expansions for the
bootstrap-¢ and percentile intervals.

16.2 Edgeworth Expansions and Second-Order Accuracy

16.2.1 Edgeworth Expansions for Smooth Functions
of Sample Means

To derive the Edgeworth expansions rigorously, Hall considers the case of smooth
functions of sample means for which Bhattacharya and Ghosh (1978) have devel-
oped a complete theory of Edgeworth expansions. Let 4 : RY — R be a function that
is sufficiently smooth in some neighborhood of the common mean u of i.i.d. random
vectors Xi, . .., X,. Taylor expansion of 4(X) around i(ut) can be combined with the
central limit theorem to show that f {h(X) —h(u)} has a limiting normal distrib-
ution with mean 0 and variance 6 = (VA(u))'V(Vh(u)), where V is the common
covariance matrix of the X;. This is often called the delta method.

Theorem 16.1. Suppose that for some integer v > 1, h has v + 2 continuous deriv-
atives in a neighborhood of u and that E(||X1||Y*?) < oo. Assume also that the
characteristic function of X, satisfies Cramér’s condition

limsup |E exp(ir'X;)| < 1. (16.1)

ll#l]—ee
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Let @ and ¢ denote the standard normal distribution and density functions. Then
\4
P{Vn(h(X)—h(n)) /o <x} =)+ Y n P ri(x)p(x) +o(n¥/?) (162)
Jj=1

uniformly in x, where T; is a polynomial of degree 3j — 1, odd for even j and even
for odd j, with coefficients depending on the moments of X1 up to order j+?2 and
the derivatives of h at L.

For the details of the proof, see Bhattacharya and Ghosh (1978). Here we sum-
marize the main ideas. First consider the simplest case d = 1 and h(x) = x. If the
characteristic function of X; belongs to L” (R) for some p > 1, then \/n(X — ) /o
has a density function f, (with respect to Lebesgue measure) for n > p and an
Edgeworth expansion of f,, can be obtained by Fourier inversion of the characteris-
tic function EeV"(X-1)/0 — (E¢it/VM(Xi=1)/oyn the Fourier transform of f,,. The
Edgeworth expansion (16.2) for i(x) = x can then be obtained by integrating the
Edgeworth expansion of f,. For general d and h, we can obtain a linear approx-
imation to 2(X) — h(u) and a change of variables involving the Jacobian matrix
to derive an Edgeworth expansion of the density function of \/n{h(X) —h(u)}/o.
A more delicate Fourier inversion argument can be used when the integrability as-
sumption on the characteristic function of X; is replaced by Cramér’s condition; see
Sect. 2.3.2, Bhattacharya and Ranga Rao (1976, pp. 211-214) and Bhattacharya and
Ghosh (1978, p. 445) for details.

16.2.2 Edgeworth and Cornish—Fisher Expansions: Applications
to Bootstrap-t and Percentile Intervals

A confidence interval I = I(X,...,X,) for 8, with nominal coverage probability
1 — «, is said to be second-order accurate if P{0 € I} =1 — o+ O0(n~'). It is
called first-order accurate if P{6 € I} = 1 — ot 4+ O(n~'/?). We now make use of
Edgeworth expansions to show that bootstrap-¢ intervals for 6 are second-order ac-
curate but one-sided percentile intervals are only first-order accurate when 6 is a
smooth function of the sample mean vector. Closely related to coverage accuracy
is the notion of correctness of a confidence interval, which refers to how closely
the confidence interval matches an exact confidence interval that it tries to mimic.
For example, an exact 1 — o level upper confidence bound for 6 is 0 — ugse and
the bootstrap-¢ upper confidence bound is 6 — igse. An upper confidence bound is
said to be second-order correct if it differs from the corresponding exact confidence
bound by 0,(n3?) = 0,(n"'se). If the difference is O,(n""), the upper confi-
dence bound is called first-order correct. Whereas an Edgeworth expansion gives an
asymptotic formula for the distribution function of \/n(6 — ) or \/n(6 — 6)/se, in-
verting the formula gives a Cornish—Fisher expansion that relates the quantile of the
sampling distribution to that of the normal distribution. Cornish—Fisher expansions
can be used to show that bootstrap- confidence bounds are second-order accurate
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but percentile confidence bounds are only first-order accurate. Since X7, ..., X, are
i.i.d. with distribution function ', we can apply Edgeworth expansions to the boot-
strap distribution of 8* — § or (6* — @) /sé by translating Cramér’s condition on F
to a similar property for £; see Problem 16.1 for the precise statement.

To apply Theorem 16.1 to (6 — ) /se or (6 — 0)/se, where 6 = g(X), we take
the function £ in the theorem to be of the form A(x) = (g(x) —g(u))/s(p) or h(x) =
(g(x) — g(u))/s(x), where s?(u)/n is the asymptotic variance of §. Note that s(X)
is a consistent estimate of s(ut) and that 6 = 1 for both choices of /. The coefficients
of the polynomials 7;, however, differ for the two choices.

Setting (16.2), with h(x) = (g(x) — g(u))/s(x) and v = 2, equal to ¢ and noting
that ®@(z4) = o, we obtain the following Cornish-Fisher expansion for u:

Uy = I +n71/2p1(za) —&—n*lpz(za) —i—0(1173/2)7 (16.3)

in which the p; are polynomials of degree at most j+ 1, odd for even j and even
for odd j, and depend on moments of X; up to order j+ 2. From the corresponding
Edgeworth expansion applied to X;* instead of X;, we obtain likewise

g = za +1"V2p1(za) + 17 pa(za) + 0, (n73/?). (16.4)

Since the sample moments differ from their population counterparts by O, (n_l/ 2), it
follows from (16.3) and (16.4) that iig, —ug = 01,,(;1_1 ), and therefore the bootstrap-
upper confidence bound 6 — g s¢ is second-order correct.

If we consider the percentile upper confidence bound instead, then we can apply
(16.2) with v =2 and h(x) = (g(x) —g(u))/s(u) instead, yielding similar Cornish—

A

Fisher expansions for the quantile g, of & — 6 and that of 6* — 0:

o = nil/zs(/.t) {za —&—n*l/QPl (Za) —|—n71P2(za)} —&-o(n*l), (16.5)
Go = n~125(X) {zg 2P (24) +n_1132(za)} +op(n7Y). (16.6)

Since s(X) —s(u) = 0,(n"'/?), it follows that the percentile upper confidence
bound @ — g is only first-order correct.

To study the coverage accuracy of the bootstrap-t confidence bound, we use
(16.3) and (16.4) to derive

2
g =zo+n 'di(V)+ Y. 09 pj(za) +0p(n /), (16.7)
j=1

where dy(Y) = /n{p1(z¢) — p1(z¢)} and ¥ contains X as a subvector and other
components involved in the sample moments up to order 3. Therefore
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P{a(n) < g(R) —n"s(R)ua |

2
= P{\/ﬁ(g(?_() —g(w) /s(X)+n~"di (V) > ua— ) nj/zpj(Za)}
j=1

=
+0(n3?). (16.8)

An Edgeworth expansion, up to term of the order n~! and with a remainder of the
order 0(n’3/ 2), still holds for the second probability in (16.8), which then can be
shown to be equal to 1 — a+O(n™1).

Since the percentile upper confidence bound 6 — g is only first-order correct,
modifying the preceding argument to derive an Edgeworth expansion for the cover-
age probability of the one-sided percentile interval yields

P{Vn(g(X)—g()) /s() > Vngo/s(u)} =1—a+0m"?),  (16.9)

showing that the one-sided percentile interval is only first-order accurate. This illus-
trates the importance of using self-normalized statistics for statistical inference.
For two-sided percentile intervals [6 — §_¢, 0 — §«], the coverage probability is

P{vVnga/s(u) < Vn(g(X) —g(p) /s(t) < Vngi-a/s(u)}
=P{Vn(g(X)—g(W)/s(k) < Vngi—a/s(n)}
—P{Vn(g(X)—g(w))/s(n) < vVnga/s(u)} . (16.10)

Since zq = —71—¢ and 7 (z¢) = m(z1—¢) because 7 is an even function, it follows
from the difference of the Edgeworth expansions for the two probabilities in (16.10)
that the coverage probability of [6 — §i ¢, 0 — Go] is P(z1_o) — P(za) +O(n ") =
1 —20+0(n""). The two-sided percentile interval is second-order accurate because
of such cancellation of the first-order terms. Unlike 7;, 7, is an odd function for
which m(z¢) = —m2(21—q ). Therefore

n! {752(11705)¢(Zlfa) - ﬂz(Za)¢(Za)} = 2”_1752(11—05)¢(Z1—a),

and the two-sided bootstrap-¢ interval remains second-order accurate as there is no
cancellation of the second-order terms.

A practical difficulty that sometimes arises in using bootstrap-s confidence inter-
vals is that a good estimate s¢ of the standard error may be difficult to find, especially
when n is not large and g(F') is a nonlinear functional of F. A well-known example
is the correlation coefficient of a bivariant distribution F'; see Efron and Tibshirani
(1993, Sect. 12.6) who also introduce a variance-stabilizing transformation to over-
come this difficulty. Other methods to improve the bootstrap- method in nonlinear
settings include the BC, interval, the ABC approximation and bootstrap iteration;
see Efron and Tibshirani (1993, Sects. 22.4-22.8) and Hall (1992, Sects. 3.10, 3.11)
for the underlying theory, Edgeworth expansions, and technical details.
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16.3 Asymptotic U-Statistics and Their Bootstrap Distributions

[Asymptotic U-Statistics and Their Bootstrap Distributions]

Although smooth functions of sample mean vectors cover a wide range of statis-
tics in applications, many statistics cannot be expressed as g(X). When the X; are
ii.d., it is natural to use symmetric statistics; a statistic S = S(Xj,...,X,) is said
to be symmetric if it is invariant under permutation of the arguments. In particular,
g(F) is a symmetric statistic. Assuming that ES? < oo, let = ES and define

A(xi) = E(S | Xi =xi) — I,
B(xi,xj) =E(S | Xi = x;,X; =xj) —E(S | Xi = x;) —E(S | X; = xj) + u

for i # j, etc. Then B(x,y) = B(y,x) and S has the decomposition

S—u=Y AX)+ Y BX.X)+ Y CXi.X;X)
i=1 1<i<j<n 1<i<j<k<n
+ Y, DX, X; X, Xp)+ - +R(X,.. . X), (16.11)

1<i<j<k<h<n

where all 2" — 1 random variables on the right-hand side of (16.11) have mean
0 and are mutually uncorrelated with each other. In fact, E{B(X;,Xz) | X;} =0,
E{C(X1,X2,X3) | X1,X2} = 0, etc. The decomposition (16.11), due to Efron and
Stein (1981), is a generalization of Hoeffding’s (1948) decomposition for the special
case of U-statistics; see Sect. 8.2.1. Using the first three terms of this decomposition,
Lai and Wang (1993) call a real-valued statistic U, = U,(Xi,...,X,) an asymptotic
U-statistic if it has the decomposition

é B(Xi, X))
; n?/z 1<1<Z]<n n3/2
X, X, X,
+ X 7(57/2") +Ry, (16.12)
1<i<j<k<n n

where o, o', B, ¥ are non-random Borel functions which are invariant under permu-
tation of the arguments and which satisfy assumptions (A2)—(A4) below, and the R,
are random variables satisfying (A1):

(A1) P{|R,| >n"'"%} = o(n"") for some & > 0.

(A2) Ea(X)=Ed' (X)=0.

(A3) E{B(X1,X2) [ X1} =0, E{y(X1,X2,X3) | X1,X2} = 0.
(A4) E{|a/(X1)]> +|7(X1,X2,X3)|*} < oo

To develop an Edgeworth expansion, with an error of order o(n~!), for the dis-
tribution of an asymptotic U-statistic, Lai and Wang (1993) make the following
assumptions on & and f3:

(B) Ea?(X)) = 62 > 0,Ea?(X) < o and limsupy,|_..[Ee"*X)| < 1.
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(C) E|B(X1,X5)|" < oo for some r > 2 and there exist K Borel functions f, : R? — R
such that E f2(X;) < eo(v = 1,...,K) and the covariance matrix of Wy, ..., Wx
is positive definite, where W, = E{B(X1,X2) fv(X2) | X1}, with K(r —2) > 4r
if Y(X1,X2,X3) =0 a.s. and K(r —2) > 32r — 40 otherwise.

Condition (B) is natural for Edgeworth expansions of the major term Y/ ; a(X;)/v/n
in the decomposition (16.12). In the case ¥ = R, = 0, Bickel, Gotze and van Zwet
(1986) introduced a condition that is equivalent to condition (C) (see their Lemma
4.1). Noting that (X;,X2) can be represented in the form Y7 | cvgv(X1)gv(X2)
when condition (C) fails, Lai and Wang (1993) introduce the following alternative
to condition (C):

(D) There exist constants ¢, and Borel functions g, : R” — R such that Eg,
(X) =0,E|gy(X)|" < e for some r > 5 and B(X;,X>) = Zl\,{:] cvgv(X1)gv(X2)
a.s.; moreover, for some 0 < § < min{1,2(1 — 11r*1/3)},

K
Eexp (it {a(X) + Z Svgv(X)}>
v=1

Under these assumptions, they prove the following Edgeworth expansion for asymp-
totic U-statistics.

limsup sup <1

== sy |+t <[ -2

Theorem 16.2. Let U,, be an asymptotic U-statistic defined by (16.12) and (Al)—
(A4). Suppose o satisfies (B) and either (C) or (D) holds. Let 6 = (EO(Z(X))I/2 and
define

a3=Ed*(X), as=Ea*(X), d=E{aX)dX)},
b=E{a(Xi)o(X2)B(X:,X2)},
c=E{a(Xi)a(Xz)o(X3)y(Xi,X2,X3)},
K3 = as + 3b,
Ky = aq4 — 30* +4c
+ 2E {a* (X)) a(X2) B(X1,X2) + (X)) ot(X2) B (X1, X3) B (X2, X3) }
Pi(z) = k30 (2 —1)/6,

EB?*(X1,X)) z Ki K7
P _ ! LA —37)+ 3 S_ 10 3 +15z2).
2(2) {a 4 c? 240 (z 2 7200 (z “ 2

Then P{U,/c <z} = ®(z) —n 20 (2)Pi(z) —n~ '@ (2)P>(z) + o(n~"), uniformly
in —oo <z < oo

To prove Theorem 16.2, Lai and Wang (1993) make use of Theorem 2.25 to
analyze the distribution function of U, := U, — R, via its characteristic function,
noting that in view of (Al) it suffices to consider U, instead of U,. Let f, (1) =
Ee'Un/0 Take 2 < s < min(3,7). By making use of the Taylor expansion e
1 +iu—u?/2 + O(|u|*) as u — 0, Lai and Wang (1993, pp.531-532) show that
fu(2) = gn(t) + o(n~(1+2P)|¢|) uniformly in |t| < uP, where
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gl)= [ _e=a{@@)-n PR -1 0P}

and 0 < p < 1/4 such that s/2 —p(s—1) > 1 —2p. Since [}, |t|~'ga(r)[dr =
o(n~!) for any & > 0, Lai and Wang (1993, pp. 532-539) complete the proof of
Theorem 16.2 by showing that

/nP<‘t‘<n(r—l)/r(logn>_l |l‘71fn(l‘)|dt = 0(}171)’

~1 ~1
/n(rfl)/r(logn)*lS\t\gnlogn |t fn(t)|dt B 0(” )

Lai and Wang (1993, pp.526-527, 539-541) have also extended the preceding
analysis to derive Edgeworth expansions for asymptotic U -statistics, by making use
of the following result of Abramovitch and Singh (1985, p. 129) on the empirical
characteristic function s, () := [ ¢dF;(y), where F,, is the distribution function of
i.i.d. random variables Y7,Y>,. .. that have distribution function F' and characteristic
function y:

sup | P (t/v/n) —w (t/v/n)| =0 as. for any a > 0. (16.13)

J¢[<nc

Theorem 16.3. With the same notation and assumptions as in Theorem 16.2, let H
denote the distribution of X, and H,(A) = n=' Y7 I(X; € A) denote the empirical
distribution, and let X|', ..., X be i.i.d. with common distribution H,. Suppose that
there exist functions &, Ay, ﬁn, Y, depending on H, and invariant under permuta-
tion of the arguments, such that

n' Y AP+ Y 13X XX | = 0,(1), (16.14)
i=1 1<i<j<k<n
n

n(Xi) =0= Zﬁn(ylvxi)

i=1

W(V1,y2,Xi)  foranyyi,y> € S(H),  (16.15)

0=
£
2
i
0=
>

Il
-
Il
=

|
™=

I
—

|06, (x) — ()| A 12
sup + sup |Bu(x,y) = B(x,y)| = Op(n” /%), (16.16)
wesiy  LHle@)] e !
where S(H) denotes the support of H. Let

A

* E An Xi* An Xl‘* Bn(xi*7x%)
Unzx{a( )+ ng/z)}+ y ot

32
vn 1<i<j<n n/

+n32 Y (XX XD) R, (16.17)

1<i<j<k<n
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where nP{|R:| > n='=¢ | H,} L0 for some € > 0. Let 62 =E{a2(X;) | H,}. Then
P{U* < 6,z| H,} = (z) —n’l/Z(])(z)Pl (2) + 0, (n~ "), uniformly in —oo < z < oo,
Consequently, sup, |P{U, /o <z} — P{U; < 8,z | H,}| = O,(n").

Although the conclusion of Theorem 16.3 seems restrictive because it is con-
cerned with the distribution of the standardized statistic U, /0, it is straightforward
to modify the result so that it is applicable to the Studentized statistic U, /6,. As
noted by Gross and Lai (1996), U,/ 6, can be expressed as an asymptotic U-statistic
with 0 = 1 and therefore Theorem 16.2 is still applicable to U,/&, (in place of
U, /o). In this case Theorem 16.3 can be modified to show that

sup |P{U,/6, <z} —P{U;/6; <z|H,}| = 0,(n"), (16.18)
Zz
where, similar to U, 6, replaces Xi,...,X, in 6, by X,...,X,;. Gross and Lai

(1996) have applied this result to develop an asymptotic theory of Efron’s (1981)
“simple” bootstrap method for right censored survival data and have also extended
it to right censored and left truncated data described below.

Let (X1,T1,C), (X2,T5,C3),... be i.i.d. random vectors such that (7;,C;) is inde-
pendent of X;. The quantities of interest are the X; which are not completely observ-
able because of the presence of the right censoring variables C; and left truncation
variables 7;. Letting

X; = min (X;,G;), 6 =1(X; <G), (16.19)

one only observes (X;,8;) when X; > T;. Thus, the data consist of n observations
(Xi0,8i0,Tio) with X;, > T;», i = 1,...,n. Such left truncated and right censored
data have wide applications in survival analysis, where X; represents the failure time
of the ith subject in a clinical study. The subject may withdraw from the study, or
may be lost to follow-up, or may still survive by the scheduled end of the study.
Thus, X; is right censored. In certain studies of the duration of a disease, patients
are followed from an entrance (or left truncation) age to an exit age (due to death or
right censoring). When truncation is absent, we can set 7; = —oo. When censoring
is absent, multiplying the random variables by —1 converts a left truncated model
into a right truncated one, and right truncated data have extensive applications
in astronomy and econometrics; see Gross and Lai (1996, p.509). Let '}A’n denote
the empirical distribution that puts probability 1/n at each X; = (Xi,a, 0i0:Tip), i=
1,...,n. The simple bootstrap sample consists of i.i.d. random vectors Zj,...,Z;
drawn from the distribution ¥,. As noted by Gross and Lai (1996, p.512), the Z;
are i.i.d. random vectors whose common distribution ¥ is given by

P{St’,o = 67()?[,077;',0) EA}
=P{I(X; <C))=6,X;AC|,T) €A} /JP{X\ NC; > T},
for 6 =0 or 1 and all Borel sets A such if x > 7 if (x,7) € A. Let S = S(Z1,...,Z,)

be an estimate of the functional (%) and let 6 = 6(Zi,...,Z,) be an estimate
of the standard error of S, in which S/6 can be expressed as an asymptotic
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U-statistic. Theorem 16.3 can be used to show that the sampling distribution of
(S — p(¥))/6 can be approximated by that of (S* — u(%,))/6* with 0,(n")
error, where * = S(Z7,...,Z;) and 6" = 6(Z{,...,Z}); see Gross and Lai (1996)
for details and examples and Problems 10.3 and 10.4 for the background.

16.4 Application of Cramér-Type Moderate Deviations

Results of the type in Theorem 16.3 are concerned with absolute errors of the boot-
strap approximation to the sampling distribution of a Studentized statistic. For small
tail probabilities of a Studentized statistic, relative errors of the bootstrap approxi-
mation are more relevant than absolute errors. In this section we apply Theorem 7.4
to study the relative error in the case of the ¢-statistic T, = \/n(X,, — ) /s, and its
bootstrap version T, = \/n(X;} — X,,)/s%, where Xi,...,X, are i.i.d. with mean u

and X{,..., X, are i.i.d. drawn from the empirical distribution E, of {Xi,.., X0}

Theorem 16.4. If E|X,|*+9 < oo for some 0 < 8 < 1, then with probability 1,

P(T,; > x|F)

P(T, > %) =1+4+o0(1) and

=1+0(1) (16.20)

uniformly in 0 < x < 0(,15/(4+25))‘

Proof. We only consider the first part of (16.20) and assume y = 0 without loss
of generality. In view of (15.1), the distribution functions of 7, and S,/V, are

related via
n 1/2

5
From Theorem 7.4, it follows that, uniformly in 0 < x < o(n2+9)),

P(T, > x)

T = e, (16.22)

For the bootstrap distribution, we can apply Theorem 7.4 again (see (16.21) and
Remark 7.9) to obtain

P(T; > xF) | AQ+x)*°

16.23
—o T gre (1623

for 0 < x < d; 5 where, letting E*(-) = E(-|E),
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2\1/2
o p5/a2s)_ ET(XTI) /
n,8 (E*|X]*|2+5)1/(2+6)

_ ,8/4+25) (n ' X2
(T, X [FFO) )

By the strong law of large numbers,
dy 5/n®/ 20— (EX)V2 /(X [PT0)V ) as. asn—ee.  (16.24)

From (16.21)—(16.24), (16.20) follows. O

Theorem 16.4 states that the bootstrap provides an accurate approximation of
moderate deviation probabilities for the 7-statistics. Jing et al. (1994) have obtained
a similar result under the much stronger assumption E exp(tXlz) < oo for some
1> 0.If § = 1, the region where (16.20) is valid becomes 0 < x < o(n'/%), which is
smaller than 0 < x < o(nl/ 3) obtained by Jing et al. (1994) under the much stronger
assumption that X12 has a finite moment generating function.

16.5 Supplementary Results and Problems

1. Let Xi,...,X, beii.d o x 1 random vectors with characteristic function y. Let
U (t) = n= ' Y4 exp(it'X) denote the empirical characteristic function (i.e.,
characteristic function of the empirical distribution):

(a) Make use of the Bennett—-Hoeffding inequalities (Theorem 2.17) to obtain
an exponent bound for P(|{,(z) — y(z)| > €) for every .

(b) Let a > 0, A,(¢) = Y, (¢t) — w(t). Cover {t: ||t|| < n*} by cubes [,
1 < j<(2n%/e)?, with centers #; and width €. Show that

]| <n CI<j<(2n%/e)d i=1

n
sup |A,(t)| < max |An(tj)|+£{E||X1||+n_1Z|Xi||}.

. . = yn—1 n
Hint: |e™ — 1] < |u et ] — ... ((lrlﬁl)!| < |1:T|' for
ueR.

(c) Make use of (a) and (b) to show that if E|/X;|| < o then

, and more generally,

sup [P, (1) —y(t)| >€—0 as.

llel]<n*

(d) Show that if E[[X;|| < e and y satisfies Cramér’s condition limsupj,| ..,
lw(t)| <1, then limsup,, .. (supy <o | ¥ (t)|) < 1 a.s. for every o > 0.

2. Consider the problem, mentioned at the end of Sect. 16.2, of constructing a
confidence interval for the correlation coefficient p of a bivariate distribution
F based on a sample of i.i.d. random vectors Xj,...,X, drawn from F. Let p
denote the sample correlation coefficient:
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(a) As noted in Sect. 16.2.1, one can use the delta method to show that p is
asymptotically normal if EX f < oo, Carry out the details and use the method
of moments to derive s¢ in this case.

(b) Note that whereas p and p do not exceed 1 in absolute value, the random
variable se in (a) is not bounded when F does not have bounded support.
Instead of p, consider the transformed parameter

I PEEY.
9—210g<1_p>, (16.25)

which ranges from —co to o (instead of from —1 to 1). Use the delta method
to estimate the standard error of 6 = log[(1+p)/(1—p)].

(c) Show that in the case where F is bivariate normal, \/7(6 — 6) has a limiting
standard normal distribution. Thus, the nonlinear transformation (16.25)
approximately normalizes the estimate p and is often called a variance-

stabilizing transformation.

One way to improve the bootstrap-¢ confidence interval for p is to construct
the bootstrap-¢ interval for 6 and then to transform it back to a confidence
interval for p = (€*® —1)/(e*® +1). Bootstrap-t confidence intervals are not
transformation-respecting; it makes a difference which scale is used to con-
struct the interval. In the case of the correlation coefficient p, the transformation
(16.25) is known to be variance-stabilizing and normalizing, if F is bivariate
normal (and therefore bypasses the need to estimate the standard error), and
also works well for more general F'. Efron and Tibshirani (1993, pp. 164-165)
describe a bootstrap method to find an appropriate variance-stabilizing transfor-
mation and construct a bootstrap-z interval for the transformed parameter so that
the inverse transformation then yields the confidence interval for the original
parameter.

3. Let Xi,...,X, be i.i.d. random variables with E|X, |3 < oo and a common con-
tinuous distribution function F. Let X<1) << X<,,> denote the order statistics
and let ¥ : [0,1] — R be four times continuously differentiable. Consider the
linear combination

0= L Wiy =n [ ey (5,0 b ()

of order statistics, where F, is the empirical distribution function. Let
p= [T xy(F(x))dF (x),

=2 / W (F(s) v (F(1) F(s) (1 — F(¢)) dsdr.

Then (S, —nu)//n = N(0,06%), and Lai and Wang (1993, pp. 525-526) have
expressed (S, —np)/+/n as an asymptotic U-statistic. Give a consistent estimate
62 of o and express (S, —nu)/(y/n6) as an asymptotic U-statistic.



Chapter 17

Pseudo-Maximization
in Likelihood and Bayesian Inference

The self-normalized statistics in Chaps. 15 and 16 are Studentized statistics of the
form (6 — 0)/se, which are generalizations of the -statistic \/n(X, — it) /s, for test-
ing the null hypothesis that the mean of a normal distribution is ¢ when the variance
o2 is unknown and estimated by the sample variance s,zl. In Sect. 17.1 we consider
another class of self-normalized statistics, called generalized likelihood ratio (GLR)
statistics, which are extensions of likelihood ratio (LR) statistics (for testing simple
hypotheses) to composite hypotheses in parametric models. Whereas LR statistics
are martingales under the null hypothesis, GLR statistics are no longer martin-
gales but can be analyzed by using LR martingales and the pseudo-maximization
technique of Chap. 11. The probabilistic technique of pseudo-maximization via the
method of mixtures has a fundamental statistical counterpart that links likelihood to
Bayesian inference; this is treated in Sect. 17.2.

17.1 Generalized Likelihood Ratio Statistics

Let X7,X>,... be observations drawn from a probability measure P under which fj
is the marginal density of X; and for i > 2, the conditional distribution of X; given
X1,...,X;—1 has density function f;(-|X;,...,X;_;) with respect to some measure V;.
To test a simple null hypothesis Hy : f; = p; versus a simple alternative hypothesis
H, : fi = qi, the likelihood ratio test based on a sample Xi,...,X, of fixed size n
rejects Hy if

n
LR, = [[{q:(XilX1,....X;i-1)/pi(XilX1,..., X 1)} (17.1)
i=1

14

exceeds the threshold ¢ for which the Type I error probability Py, {LR, > c} is equal
to some prescribed &. The Neyman—Pearson lemma says that among all tests whose
Type I error probability does not exceed «, the likelihood ratio test is most powerful

V.H. de la Pena et al., Self-Normalized Processes: Limit Theory and Statistical Applications, 235
Probability and its Applications,
(© Springer-Verlag Berlin Heidelberg 2009
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in the sense that it maximizes the probability of rejecting the null hypothesis (called
power) under the alternative hypothesis. Note that {LR,,,m > 1} is a martingale,
with mean 1, under Pg,.

One can also control the Type II error probability (or 1 —power) of the likelihood
ratio test by choosing the sample size n appropriately. Instead of using a fixed sam-
ple size n, an alternative approach is to continue sampling until LR,, shows enough
evidence against Hy or H;. In the case of i.i.d. X;, this is the idea behind Wald’s
sequential probability ratio test (SPRT), which stops sampling at stage

N=inf{n>1:LR, >BorLR, <A} (inf = co), (17.2)

and which rejects Hy if LRy > B, and H; if LRy < A, upon stopping, where 0 <
A <1 < B. Wald and Wolfowitz (1948) showed that Ey,(N) and Ep, (N) are both
minimized among all tests, sequential or otherwise, of Hy versus H; whose Type |
and Type II error probabilities do not exceed those of the SPRT; see Sect. 18.1.1.

In parametric models in which f; depends on an unknown parameter 6, the null
hypothesis Hp can be described by 8 € @y, which is not simple unless @ is a
singleton. Let ® denote the parameter space, i.e., the set of possible values of 6.
Since 0 is unknown, a simple extension of the likelihood ratio (17.1) is to estimate
6 by maximum likelihood under Hy : 68 € @y and under H; : 8 € ® — O and replace
0 in f; ¢ by separate maximum likelihood estimates (MLE) under Hy and H;. A
variant of this approach leads to the generalized likelihood ratio statistic

supgep [1i2 fio(XilX1,. .., Xn)
supgee, [T=1 fio(XilX1,. ... Xy)

This test statistic is asymptotically pivotal under Hy. In fact, a classical result, due to
Wilks (1938), states that under certain regularity conditions, 2log(GLR,) has a lim-
iting X,%, -distribution, where d is the dimension of 6 and p is its effective dimen-
sion under Hy. More precisely, @ is typically a d-dimensional manifold and @ is a
p-dimensional submanifold of ®. Further discussion and some recent developments
concerning the asymptotic theory of GLR,, are given in the next chapter (Sect. 18.2).

GLR, = (17.3)

17.1.1 The Wilks and Wald Statistics

The test statistic A, := 2log(GLR,,) is often called Wilks’ statistic. Let 6 be the
MLE of 6, and 6y € © be the constrained MLE under Hj. Let

1,(0) =Y log fio(Xi|Xi,...,Xi 1) (174)
i=1

be the log-likelihood function. Under Hy, A, is asymptotically equivalent to Wald’s
statistic

A A A A

W, :=(6—6)' V16—, (17.5)
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where V is an estimate of the asymptotic convariance matrix of 6 under Hy. In
the case of simple null hypothesis @ = {68°}, 6y = 6°, V! = —V?1,(6) and W,
reduces to the square of a Studentized statistic, which has a limiting Xﬁ distribu-
tion and is therefore asymptotically pivotal; see Problem 17.2. We next consider
more general @ = {(7°,4) : 2 € R¥P}, in which A can be viewed as a nuisance
parameter (similar to o in the #-test). Let 0 = (,4),

L) O L)
I 7 (lﬂ ,y, > 9 I = <ll’l Ya )
v %94, 1<i<p,1<j<d—p i %94 1<i,j<p

and define I ; , I, similarly; note that /), = 1;/1- Then by the asymptotic theory of
MLE,
Vo =1y(0) =1, (0)1;1 (8)1:,(8). (17.6)

The asymptotic equivalence between A, and W, can be derived by applying a
two-term Taylor expansion to [,(8), first around (f,1) and then around (°,A°),
where A is the MLE under the constraint y =1 Approximating the likelihood
function by making use of the asymptotic normality of (f,4), it can be shown that

A0 =2+ 1 (00)L,(6°)(7— 1) +0p(n'/?), (17.7)

where the superscript 0 denotes the true parameter value; see Problem 17.4. More-
over, from the Taylor expansions of ,(8) —1,(6°) and 1,(y°,A°) —1,(8°), it follows
that

Aw = 2{0(8) = 1a(0")} =2 {1, 2°) ~ 1 (¥, 2°) }
= (- =2%)) V2 ()({ﬁ)
- (o, (A0 — 20y )v21 («90)()L OA()) +o,(1).
Combining this with (17.7) then yields

A= (= A {1 (0°) (00 (0°)11y(60)} A =A%)+, (1)
=W, + Op ( 1 )7

in view of (17.5) and (17.6) for the present setting with @ = {(y°,A) : A € R¢ P},

see Problem 17.5.

Although Wilks’ and Wald’s statistics are asymptotically equivalent under Hy,
Wilks’ statistic is often preferred because it is already self-normalized and does
not require estimation of the asymptotic covariance matrix under Hy. As pointed
out in Sect. 16.2.2, the linear approximations in deriving asymptotic standard er-
ror formulas may be poor when @ is not sufficiently close to 6 and therefore the
x*-approximation to W, is often less accurate than that to A, for the sample sizes
encountered in practice.
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17.1.2 Score Statistics and Their Martingale Properties

Since Ego{ £510g fi.0(X; | X1,....Xi—1) lg_go| X1.....X,—1} =0fori=1,....d (see
Problem 17.1), the score statistics

n
Sn(8°) =Vi1,(8°) = Y Viogf o(X: | X1,....Xi—1) |g—go (17.9)

t=1

form a martingale with respect to the filtration %, := o(Xj,...,X,). Martin-
gale central limit theorems (see Sect. 15.3.1) can therefore be used to show that
under certain regularity conditions, S,(6°)/y/n has a limiting normal distribu-
tion with mean 0 and covariance matrix V. Moreover, likelihood theory shows
that V can be consistently estimated by (—V21,(8°))/n or (—V21,(6))/n; see
Problem 17.2. Hence an alternative to the Wilks” and Wald’s tests of Hy : 0 = 69 is
the score test (also called Rao’s test) that rejects Hy if the Studentized score statistic
(—=V21,(6°))71/25,(68°) exceeds the normal quantile zj_ for a one-sided level-o
test of Hy, or if (S5,(6°)) (—V?1,(60))~'5,(8°) exceeds the 1 — & quantile of the
xj distribution for a two-sided level-« test of Hy.

Assuming 6 to be consistent, its asymptotic normality follows from that of the
score statistic (17.9) since

0=V1,(0) ~ V1,(6°) + (V?1,(6°))(6 — 6,

implying that

(—V21,(6%))2 (8 — 0°) ~ (—V21,(6%)) 2 V1, (6°). (17.10)

Note that the left-hand side of (17.10) is the self-normalized Wald statistic while the
right-hand side is the self-normalized score statistic. Although the Hessian matrix
—V12(6°) is commonly used for self-normalization in (17.10), their asymptotically
equivalent variants also can be used. In the case of i.i.d. X;, the score statistic
(17.9) reduces to Y, Y;, where ¥; = Vlog fp(X;) |g_g0, and using (Y, Y,¥/)!/?
instead of (—V?1,(8°))!/? to self-normalize the score statistic Y, ¥; leads to the
self-normalized sum which is a multivariate extension of that considered in Part I;
see also Sect. 15.2.3 for the advantages of using ()", ¥,/ )1/ 2 to self-normalize the
score statistic in this case.

17.2 Penalized Likelihood and Bayesian Inference

The GLR statistic (17.3) for testing the null hypothesis Hy that a d-dimensional
parameter vector 6 belongs to be a p-dimensional space ®y with p < d can be
regarded as a special case of the problem of choosing the dimension of a model.
Instead of using a hypothesis testing approach to this dimension selection problem,
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an alternative approach, introduced by Schwarz (1978), is to use a Bayesian formu-
lation that puts a prior distribution first on the set of parametric models and then
on O given the parametric model. Using Laplace’s method described in Sect. 11.1,
Schwarz has shown that the Bayes solution can be approximated by a penalized
likelihood criterion that involves 1,(6(/)) plus a penalty term that involves the di-
mension d; of the model, where 6\) denotes the MLE under the constraint that it
belongs to ®; with dimension d;. Besides model selection, this section also uses
pseudo-maximization via the method of mixtures to relate GLR and Bayes tests.

17.2.1 Schwarz’s Bayesian Selection Criterion

Schwarz considers the special case of i.i.d. d-dimensional random vectors X; whose
common density function belongs to the exponential family

fo(x) =exp(0'x—y(0)) (17.11)

with respect to some measure v or RY. The natural parameter space {6 ¢
RY : [e#dv(x) < o} is a convex subset of R?. Since [ fo(x)dv(x) = 1,
e¥(®) — [¢9%dy(x). Suppose that for 1 < j < J, ©; consists of vectors with a
known subvector y; of dimension d — d;, and the prior distribution assigns proba-
bility aj to ©; and has a density function 7;(A ), with respect to Lebesgue measure
on R%, for the remaining subvector A € R% of . Partitioning X,, into correspond-
ing subvectors }_(,El), X,Ez) with respective dimensions d —d; and d;, the posterior
probability in favor of @; is proportional to

pj :zaj/en()/’x’gl)+”ﬁ2)> mj(A)dA
(22 (09 (é(j)) / {det (VZW (g(j))) }1/2

where 1,(0) = n(6'X, — y(0)) is the log-likelihood function (17.4) and /) is the
maximizer of /,(0) over ;. Note that the maximization is in fact over the sub-
vector A which belongs to a convex subset C; of R% so that [ exp(q/jx(l) + A/x2)
dv(x) < oo for all A € C;. The asymptotic approximation in (17.12) follows from
Laplace’s asymptotic formula (11.4), assuming that 7; is positive and continuous
on C;. Suppose the loss for choosing the wrong model is a > 0 and there is no
loss for choosing the correct model. Since the posterior probability in favor of @; is
pj/(p1+---+py), the Bayes rule chooses the J that has the largest p;. Using the as-
ymptotic approximation in (17.12) therefore leads to the Bayes information criterion

(17.12)

BIC(j) =1, (ém) —%logn, (17.13)
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choosing the model j with the largest BIC(j). Note that BIC(j) penalizes the
maximized likelihood 7,(61/)) by using the penalty (logn)/2 for each additional
dimension.

Extension of the preceding argument to more general d;-dimensional subman-
ifolds ®; of © involves geometric integration and generalization of Laplace’s
method, which will be presented in Sect. 18.2. Some authors define BIC(j) as

N

—1,(0W)) + %logn and therefore choose the model that minimizes such BIC().
There is a connection between BIC(j) and the p-value of the GLR test of @, the
lowest-dimensional model, versus ©; (1 < j<J), as shown by Siegmund (2004)
who has also modified the BIC to handle non-regular cases, such as change-point
models with the number of change-points to be chosen by modified BIC.

17.2.2 Pseudo-Maximization and Frequentist Properties
of Bayes Procedures

As illustrated by (17.12), Bayes procedures are asymptotically equivalent to pe-
nalized likelihood procedures and therefore have the same asymptotic frequentist
properties. For parametric models involving a family of measures Py indexed by a
parameter vector 6 € R?, frequentist properties of a procedure refer to its properties
under Py, where 6y is the true parameter. In the case of Schwarz’s Bayesian infor-
mation criterion for model selection, a well-known frequentist property is its strong
consistency, i.e., with probability 1, the BIC chooses the lowest-order true model.

A well-known frequentist property of Bayes procedures is that, under certain
regularity conditions, the posterior distribution of 6 given Xi,...,X, is asymptot-
ically normal with mean @ and covariance matrix (—V?21,(8))~" a.s.[Pq,], where
1,(6) is the log-likelihood function (17.4) and 6 is the MLE. In particular, if the X;
are 1.i.d., then

Po, {2 [(-V21(6,)" (6 - é)‘(xl,...,x,l)} —=NOD}f=1 (714
when fy satisfies certain regularity conditions. The notation .Z(-|Xj,...,X,) in
(17.14) denotes the posterior distribution given (Xj,...,X,), which is a random
measure. Thus, (17.14) says that this random measure converges weakly to N(0, 1)
with probability 1. To illustrate the underlying ideas, consider the one-parameter
(d = 1) exponential family of densities fp(x) = ¢~ ¥(®) with measure to some
measure V and assume that 6 has prior distribution with density function 7 with
respect to Lebesgue measure. Then the posterior density of 6 given Xi,...,X, is

en(efwww»n(e)
[, e"AXa=v ) r(A)d (L)’

and applying Laplace’s asymptotic formula (11.2) to the denominator shows that the
posterior density is concentrated around 6 and that it is asymptotically equivalent to
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(my/(8)/27) % exp {n [(6 — 6)% — (w(8) — y(6))]}
1 n N
~ [ny/(8)/27) % exp {—ny” (6)(6 — )2/2}

since y'(0) = X. Noting that —1/ (6) = ny' (), we obtain from (17.15) that the pos-
terior distribution of (—1”(6))"/?(6 — ) converges weakly to the standard normal
distribution a.s.[Pg,]. Under certain regularity conditions, the preceding argument
can also be applied to more general parametric families fp (with multivariate 6) for
which 6 — 6 a.s.[Pg,]. In fact, by assuming log fg(x) to have K + 3 continuous
partial derivatives with respect to 6, Johnson (1970) has derived asymptotic expan-
sions of the form &(0) + ):5»(:1 nI2y;(0;X,...,X,) for the posterior distribution
function of (—1/(8))'/2(6 — ), with an error of the order O(n~KT1)/2) a.5.[Py];
he has also extended the result to the case of Markov-dependent X;.

Under the regularity conditions assumed above, 6 — 6 a.s. [Pg,). Since the pos-
terior distribution is asymptotically normal with mean 6, this implies that the poste-
rior distribution converges weakly to the point mass at 6y a.s.[Pg,]. Most generally,
assume that the parameter space @ is a complete separable metric space with metric
p and let i be a prior distribution on @. Let P denote the probability measure under
which 6 has distribution 1 and conditional on 6, the X; are generated from the prob-
ability measure Py, and let E denote expectation with respect to P. By the martingale
convergence theorem, for any bounded Borel-measurable function ¢ : @ — R,

(17.15)

E[o(0)|X1,....X,] — E[@(8) | X1, Xa,...] as. (17.16)

Suppose there exists a measurable function f : 2" — © such that Ep(0, f(X1,Xa,

.., Xy)) =0, where 2 denotes the sample space. Then for p-almost every 6y € O,
the posterior distributions of 6 given Xj, ..., X, converges weakly to &g, (the point
mass at 6y); see Le Cam and Yang (1990, pp. 148-149).

The preceding gives positive consistency results on the frequentist properties of
Bayes procedures. Section 7.5 of Le Cam and Yang (1990) summarizes negative
results, which arise in nonparametric problems and in parametric models when the
prior measure is too “thin” around the true parameter 6j.

17.3 Supplementary Results and Problems

1. Let Xi,...,X, be n observations for which the joint density function fy depends
on an unknown d-dimensional parameter vector 8, whose true value is denoted
by 6°. Show that

(a) E(Vlong(le . 7Xn)|9:00) =0,
(b) E(=V?1,(6°)) = Cov(V1,(6°))

under suitable regularity conditions, where [/, is the log-likelihood function.
State the regularity conditions you assume.
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2. Show that under suitable regularity conditions, {S,(8°),.%,, n > 1} is a mar-
tingale, where Sn(GO) is the score statistic (17.9) and %, is the o-field gen-
erated by Xi,...,X,, and that S,(8°)/\/n has a limiting normal distribution
with mean O and covariance matrix V, which can be consistently estimated by
(=V21,(8°)) /n or (—=V?1,(8))/n. Hence show that (a) the Wald statistic (17.5)
for testing Hy : @ = 0° has a limiting xﬁ—distribution, and (b) the maximum
likelihood estimator 6 is asymptotically normal.

3. Consider a d x d nonsingular matrix

Ar Ap
A= ,
<A21 Azz)

where A1y is p x p (p < d). Assume that Ay and A1y := Ay —A12A2’2'A21 are
nonsingular:

(a) Show that A~! is given by

i1 i1 —1
( /1‘11 i1 1 7A%1A1%A%2 1)-
—ApAnAp Ay TARANATARAY

(b) Show that det(A) = det(An)det(A1 —A1245, Any).
(c) Use (a) and (b) to show that if ¥ ~ N(u,V) is partitioned as

g Hi Vit Viz
Y = s = ) V= )
(Y 2) H (Nz) (V21 %53
where Y| and | have dimension p < d and V\ is p X p, then the conditional
distribution of ¥} given ¥» = y; is

N (i +VioVa' (v2 — 1), Vi *V12V2_21V21) .

4. Prove (17.7). Make use of Problem 3 and the asymptotic normality of @ in
Problem 2 to prove (17.6). State your assumptions.
5. Prove (17.8). Make use of Problems 2 and 3 to show that A, has a limiting xjfp—

distribution when 6° € @ = {(¥’,A) : A € R?~P}. State your assumptions.



Chapter 18

Sequential Analysis and Boundary Crossing
Probabilities for Self-Normalized Statistics

In Sect.17.1 we have described likelihood ratio statistics and Wald’s sequential
probability ratio test (SPRT). The likelihood ratio statistics for testing simple hy-
potheses are then extended to generalized likelihood ratio (GLR) statistics for
testing composite hypotheses. However, corresponding extensions of the SPRT
have not been considered. On the other hand, Sect. 15.1.3 mentions a sequential
extension of the 7-test. In fact, shortly after Wald’s 1945 introduction of the SPRT,
there were several proposals to extend the SPRT for testing the mean of a normal
distribution when the variance is unknown, but these tests are different from the
repeated z-test in Sect. 15.1.3. Section 18.1 reviews these different approaches to
constructing sequential #-tests and provides a general class of sequential GLR tests
of composite hypotheses. It also develops certain “information bounds” whose
attainment characterizes the asymptotic optimality of a sequential test. In Sect. 18.1
we show that sequential GLRs attain these information bounds and are therefore
asymptotically optimal for parametric models. In the case of nonparametric or
semiparametric models, we modify these ideas to construct sequential score tests
(involving self-normalized test statistics) that are asymptotically optimal for test-
ing local alternatives. Whereas Sect. 11.2 has described the method of mixtures to
derive bounds for certain boundary crossing probabilities, Sect. 18.2 refines this
method to derive more precise asymptotic formulas for boundary crossing prob-
abilities in various sequential testing applications. The essence of the refinement
lies in a generalization of Laplace’s method that involves tubular neighborhoods of
extremal manifolds. Section 18.2 also describes another approach that applies these
geometric integration ideas more directly to saddlepoint approximations of density
functions of random walks with i.i.d. or Markov-dependent increments. Instead
of analytic approximations, one can compute the boundary crossing probabilities
by Monte Carlo, and Sect. 18.3 describes efficient importance sampling methods
for Monte Carlo evaluation of boundary crossing probabilities. These importance
sampling methods are also shown to be related to the method of mixtures.

V.H. de la Pefia et al., Self-Normalized Processes: Limit Theory and Statistical Applications, 243
Probability and its Applications,
(© Springer-Verlag Berlin Heidelberg 2009
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18.1 Information Bounds and Asymptotic Optimality
of Sequential GLR Tests

18.1.1 Likelihood Ratio Identities, the Wald—Hoeffding
Lower Bounds and their Asymptotic Generalizations

The likelihood ratio statistics in Sect. 17.1 are closely related to change of measures;
in fact, (17.1) is the Radon—Nikodym derivative of the measure under H; relative
to that under Hy. The optimality of the likelihood ratio test (Neyman—Pearson
lemma) is a consequence of this change of measures. Regarding a test of Hy ver-
sus H; as a function ¢ from the sample space 2 into [0,1] (i.e., @(Xi,...,X,)
is the probability of rejecting Hy), the likelihood ratio test ¢* can be character-
ized by ¢* =1 if LR,, > ¢ and ¢* =0 if LR, < c¢. Since (¢* — ¢)(LR, —¢) >0,
Eo{(¢* — @)LR,} > cEp(¢* — ¢@). Changing the measures for P; to P then yields

E1(¢" — @) =Eo{(¢" — @)LR,} > cEo(@" — ), (18.1)

in which the equality is a special case of Wald’s likelihood ratio identity described
below. From (18.1), it follows that if the Type I error of ¢ does not exceed that of
Q" (i.e., Egp < Ep@*), then E; ¢* > E| ¢, proving the Neyman—Pearson lemma.

Wald (1945) extended the preceding argument involving change of measures to
derive (1) Type I and Type II error probability bounds of the SPRT with stopping
rule (17.2) and (2) lower bounds for the expected sample sizes Ep,(T) and Eg, (T')
of any test (sequential or otherwise) of simple Hy vs. simple H; with prescribed
Type I and Type II error probabilities. More generally, let (2,.%) be a measurable
space and P,Q be probability measures on (Q,.7). Let {.%,} be an increasing
sequence of sub-o-fields of .#, and P, and Q, be the restrictions of P and Q,
respectively, to .%,. Assuming that P, is absolutely continuous with respect to Q,
for every n, let L, = dP,/dQ, denote the Radon—-Nikodym derivative. Let T be a
stopping time with respect to {.%,}. Then for all F € %,

P(FO{T < o)) = Eg {Lyl(T < ,F)},

(18.2)
Q(FN{T <oo}) =Ep{L;'I(T <,F)}.

When L, = [T, (g1(X;)/go(X;)) is the likelihood ratio LR, of i.i.d. observations

Xi,...,X, having common density function f € {go,g1} with respect to some

dominating measure m, (18.2) is known as Wald’s likelihood ratio identity.

To derive Type I and Type II error probability bounds of the SPRT of Hy : f = go
vs. Hy : f = g1 that stops sampling at stage N defined by (17.2), Wald (1945) noted
that since P;(N < o) = 1 under the natural assumption that P;{g1(X1) # go(X1)} >0
fori=0,1, (18.2) yields

P{Ly > B} <B'P{Ly > B}, Pi{Ly<A}<AR{Ly<A},  (183)
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and < can be replaced by = in (18.3) if Ly has to fall on either boundary exactly
(i.e., there is no “overshoot”). Ignoring overshoots, he made use of both approxi-
mate equalities in (18.3) to solve for the error probabilities o = Poy{Ly > B} and

B=P{Ly<A}:
" 1—A Baa -1
“B-A’ B—A

Let T be the stopping rule of a test of Hy vs. H; with error probabilities «, 3, and
let d7 denote its terminal decision rule (dr = i if H; is accepted, i = 0,1). Wald’s
likelihood ratio identity yields

a=PR(dr=1)=E {L;'I(dr =1)}
= Ej{e ¢! |dp = 1}Py(dr = 1) > exp{—E; (logLy|dr = 1)} P (dr = 1)
=exp{—Ei[(logLr)I(dr =1)] /(1-B)} (1-B),

in which > follows from Jensen’s inequality. Therefore

—Ei[(logLy)I(dr =1)] < (1 —B)log(at/(1=B)).

A similar argument also gives —FE[(logL7)I(dr = 0)] < Blog((1—o)/B). Adding
the two inequalities then yields

(1—[3)10g1(_xﬁ+ﬁ10g1;305 E,(logLy) = <Z] )>:—u1E1T

by Wald’s equation (assuming that E17 < oo; see Problem 18.1), where u; =
E;[log(g1(X1)/go(X1))]. This proves Wald’s lower bound for E;(T) and a similar
argument can be used to prove that for Ey(7), i.e.,

o (22) (2]
Bo(1) = () { (1~ @ytog (1 5% ) atox (125 ) |,

noting that gy > 0 > po under the assumption Pi{g;(X;) # go(X1)} > 0fori=0,1.
Since the right-hand sides of (18.4) are Wald’s approximations, ignoring overshoots,
to E1(N) and Ep(N), Wald (1945) concluded that the SPRT should minimize both
Ey(T) and E;(T) among all tests that have Type I and Type II errors & and f3, re-
spectively, at least approximately when the overshoots are ignored. Later, Wald and
Wolfowitz (1948) used dynamic programming arguments to prove that the SPRT is
indeed optimal.

Hoeffding (1960) extended Wald’s arguments to derive lower bounds for E(7T')
when the sequential test of Hy versus H; has error probabilities @ and f3, un-
der another measure that has density function g with respect to v. One such
lower bound involves the Kullback-Leibler information numbers I(g,g;) =

(18.4)
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Ellog(g(X1)/gi(X1))]. Let > = E{log[gi(X1)/go(X1)] — I(g:80) + I(g:81)}"
C:max{l(gvg())vl(gvgl)}'Then

E(T) > {[—clog(a+ﬁ) +(t/4)%)'* - 1/4}2/& (18.5)

The derivation of the lower bounds (18.4) and (18.5) depends heavily on the fact
that log L, is a sum of i.i.d. random variables. Lai (1981) has provided the following
asymptotic extension of Hoeffding’s lower bound to the general setting in Sect. 17.1
for likelihood ratio statistics.

Theorem 18.1. Let P be a probability measure under which (Xi,...,X,) has joint
density function p,(xi,...,x,) with respect to vy, for all n > 1. Assume that (X, ...,
X,) has joint density function piy(xi,...,x,) with respect to v, for all n > 1 under
H,i=0,1. ForO<a,B <1, let 7 (o) be the class of tests (T,dr) of Hy versus
H, based on the sequence {X, } and satisfying the error probability constraints

Po{dr rejects Hy} < a, Pi{dr rejects Hi } < B. (18.6)

Define L,(f) =pu(X1,.... X))/ Pin(X1,...,Xy). Assume that there exist finite constants
No and M such that

n() 2 Oa nl 2 O; max{n07 nl} > 07 (187)

and _
nogL —mnjas. [P]  fori=0,1. (18.8)

(a) Forevery0<do<l,asa+p —0,

inf  P[T > &min{|l |1 1, 18.9
L PIT > Smin[logar/mo|logBl/m)] < 1. (189)

where a/0 is defined as o for a > 0.
(b) ForO<a,B <1, letCqp and Dy g be positive constants such that

logCy g ~ [logal, logDgyp ~ |logB| aso+p — 0. (18.10)
Define
Tpp=inf{n>1:1" >Copor L}’ > Dyp} (inf0 = oo). (18.11)
Let (T, p,d") be the test which stops sampling at stage T, g and rejects Hy iff
Lo > Cop- Thenas a+f — 0,

T(Iﬁ —

Ta’B
min{|log a|/no, [log B|/m }

— las. [P)]. (18.12)
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Moreover, the error probabilities of the test (Taﬁ,d*) satisfy

Py [(Ta.ﬁ,d*) rejects H()] C lﬁ [(Ta.ﬁ,d*) rejects H()] ,
o . (18.13)
Py [(Typ,d") rejects Hi| <D, 113 [(Ty.p,d*) rejects Hy] .

Proof. Let l,(,i) = logLﬁ,i). Let 0 < & < 1 and & > 1 such that 88 < 1. Let m be the
greatest integer < d min{|log ct|/no,|logB|/n:1}. Then for (T,dr) € T (e, B),

(0)
— exp | —/ dP
/{T<oo,dr rejects Ho } P ( r )

> exp (1) ap (18.14)
{T<m, Z(T )§5n0m dr rejects HO}

> exp(—Snom) {T <m, l Snom,dr rejects Ho} .

Since Sngm < §8|log o/, it follows from (18.14) that

P[T < m,dy reject Hy < o' %% + P[T < m, 1\ > 5nom]

|55 0 _ = (18.15)
<o °°+P [maxl > Snom] .
j m
Using a similar argument, we also obtain that
P[T < m,dr rejects Hy] < B9 + P {maxl > 5n1m} . (18.16)
Jj<
From (18.15) and (18.16), it follows that
sup PIT <m]<a'~ 554—[31 55+P[maxl >6nom}
(Tdr)e7 (a.p) (18.17)

+P [max IORN Smm] .
j<m
Since j*'lj(.’) —m;as. [P fori=0,1and § > 1, (18.9) follows from (18.17).
The a.s. asymptotic behavior (18.12) of T, B follows easily from (18.8) and
(18.11). The bounds in (18.13) for the error probabilities of (T, g,d") can be
proved by essentially the same argument as those in (18.3). a

18.1.2 Asymptotic Optimality of 2-SPRTs and Sequential GLR Tests

The test (T, g,d*) in Theorem 18.1 is a general form of the 2-SPRT introduced by
Lorden (1976) for the case of i.i.d. X;, with common density function gy under Hy,
g1 under Hy, and g under P. Let ng g = inf(r.4,)e 7, , E (T). Under the assumption
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that E{log?[g(X1)/go(X1)] +log*[g(X1)/g1(X1)]} < o, Lorden (1976) showed that
ETyp —ngp — 0 as a+ B — 0. For the special case of a normal family with
mean 6, he also showed numerically that ET,, g is close to Hoeffding’s lower bound
(18.5). This provides an asymptotic solution, with o(1) error, to the Kiefer and Weiss
(1957) problem of minimizing the expected sample size Eg+(T) at given 0* subject
to error probability constraints of the test (7, dr) at 6y and 0; in a one-parameter ex-
ponential family of densities fg (x) = ¢~ ¥(®) with respect to some measure v on R.

Ideally, the 6 where we want to minimize the expected sample size of the
2-SPRT

T" = inf{n : rnI(fe*(Xi)/feo(Xi)) >Ag or rnI(fe*(Xi)/fel (X)) ZAI}
i=1 i=1
(18.18)

should be chosen to be the true parameter value 6 that is unknown. For the problem
of testing Hy : 0 < 6y versus H; : 0 > 6; (> ) in an exponential family, replacing
6% in (18.18) by its maximum likelihood estimate 6, at stage n leads to Schwarz’s
(1962) test which he derived as an asymptotic solution to the Bayes problem of
testing Hy versus H; with 0—1 loss and cost € per observation, as € — 0 while 6
and 0; are fixed. For the case of a normal mean 6, Chernoff (1961, 1965) derived
a different and considerably more complicated approximation to the Bayes test of
H(’) 1 0 < 6y versus H{ 10 > 0. In fact, setting 0; = 6y in Schwarz’s test does not
yield Chernoff’s test. This disturbing discrepancy between the asymptotic approx-
imations of Schwarz (assuming an indifference zone) and Chernoff (without an
indifference zone separating the one-sided hypotheses) was resolved by Lai (1988),
who gave a unified solution (to both problems) that uses a stopping rule of the form

o , to fo, (X)) & S, (X)
N= 1nf{n : max [Zlog foo(Xi)’ Zlog o, (Xi)

i=1 i=1

Zg(sn)} (18.19)

for testing Hy versus Hp, and setting 6y = 6y in (18.19) for the test of H(’) versus
H]. The function g in (18.19) satisfies g(t) ~ logt~! as t — 0 and is the boundary
of an associated optimal stopping problem for the Wiener process. By solving the
latter problem numerically, Lai (1988) also gave a closed-form approximation to
the function g.

This unified theory for composite hypotheses provides a bridge between asymp-
totically optimal sequential and fixed sample size tests. In the fixed sample size
case discussed in Sect. 17.1, the Neyman—Pearson approach replaces the likelihood
ratio by the generalized likelihood ratio (GLR), which is also used in (18.19) for the
sequential test. Since the accuracy of 6, as an estimate of @ varies with n, (18.19)
uses a time-varying boundary g(en) instead of the constant boundary in (18.18)
(with Ag = A1) where 0 is completely specified. Simulation studies and asymptotic
analysis have shown that & is nearly optimal over a broad range of parameter values
0, performing almost as well as (18.18) that assumes 6 to be known; see Lai (1988).
This broad range covers both fixed alternatives, at which the expected sample size is
of the order O(]logée|), and local alternatives 6 approaching 6, as € — 0, at which
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the expected sample size divided by |log €| tends to co. In other words, NV can adapt
to the unknown 6 by learning it during the course of the experiment and incorporat-
ing the diminishing uncertainties in its value into the stopping boundary g(&n). Lai
and Zhang (1994) have extended these ideas to construct nearly optimal sequential
GLR tests of one-sided hypotheses concerning some smooth scalar function of the
parameter vector in multiparameter exponential families, with an indifference zone
separating the null and alternative hypotheses and also without an indifference zone.
Lai (1997) has provided further extension to a general class of loss functions and
prior distributions, thereby unifying (18.19) with another type of sequential tests
involving mixture likelihood ratios which were introduced by Robbins (1970); see
Sect. 11.3 for Robbins’ applications of these mixture likelihood ratio statistics.

In practice, one often imposes an upper bound M and also a lower bound m on
the total number of observations. With M/m — b > 1 and logo ~ log B, we can
replace the time-varying boundary g(en) in (18.19) by a constant threshold ¢ since
g(t) ~logt~" and logn = logm+O(1) for m < n < M. The test of Hy : 6 = 6, with

stopping rule
n
H feo (Xl)
i=1

which corresponds to (18.19) with 6; = 6y, g(en) replaced by ¢, and n restricted
between m and M, is called a repeated GLR test. The test rejects Hy if the GLR
statistic exceeds e upon stopping. Whereas (18.20) considers the simple null hy-
pothesis 6 = 6y in the univariate case, it is straightforward to extend the repeated
GLR test to multivariate 6 and composite null hypothesis Hy : 0 € @, by simply
replacing [T fg,(X;) in (18.20) by supyeq, [Ti-; fo(Xi). A particular example is
the repeated ¢-test with stopping rule (15.15), and its multivariate extension is the
repeated T2-test; see Problem 18.2.

The relative simplicity of (15.15) and its multivariate extension that have asymp-
totically optimal properties is in sharp contrast to the earlier attempts in extending
the SPRT to sequential 7-, xz—, F-, T?-statistics; see Ghosh (1970). These attempts
began with Sect. 6 of Wald (1945), who suggested using weight functions to handle
composite hypotheses so that one can still work with likelihood ratios. When Hy is
simple, say 0 = 0, but H; is composite, Wald proposed to integrate the likelihood
over the alternative hypothesis and to consider the integrated Type II error in ap-
plying the SPRT with L, = { [ TT}_, fo (X))w(6)d 0} /{IT, fo(X:)}. The likelihood
ratio identity can again be used to approximate the Type I error and the integrated
Type II error of the test, as in Sect. 18.1.1 for Wald’s SPRT. When Hj is also
composite, he proposed to use the SPRT with

| )

for which the likelihood ratio identity can again be used to approximate the inte-
grated error probabilities. Recognizing that one usually would like to have supg g,

N= inf{n >m: [ﬁf@n(X,)
i=1

eC} AM, (18.20)
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o(0) < avinstead of [ ot (0)w(0)dO < o (where o.(0)I(6 € Hy) and B(6)1(6 € H;)
denote the Type I and Type II error probabilities), he showed in the case of testing
Hy:u=0vs.H:|u/o| =4, for the mean  of a normal distribution with unknown
variance 67, that it is possible to choose weight functions wq and w1 such that

sup a(G):/a(G)wo(G)dG, sup B(G):/B(O)wl(e)de.

6cH, 0cH,

This is the Wald—Arnold—Goldberg—Rushton sequential ¢-test; see David and
Kruskal (1956) who proved that the test terminates with probability 1 for all
choices of it and ¢ > 0.

The weight function approach, which has been used to derive the sequential 7-,
T2- or F-tests, can be replaced by an alternative approach that reduces compos-
ite hypotheses to simple ones by the principle of invariance. If G is a group of
transformations leaving the problem invariant, then the distribution of a maximal
invariant depends on P only through its orbit. Therefore, by considering only invari-
ant sequential tests, the hypotheses become simple; see Chap. 6 of Ghosh (1970).
This is, therefore, a special case of the SPRT with stopping rule (17.2), in which
LR, = p1,(Uy)/pon(Uy), where U, = U,(Xi,...,X,) is a maximal invariant with
respect to G based on Xj,...,X, and p;, is the density function of this maximal
invariant under H; (i = 0, 1). In the case of the sequential #-test of Hy : i = 0 for the
mean u of a normal distribution with unknown variance 62, G is the group of scale
changes x — cx (¢ > 0) and U, is the t-statistic \/nX, /s, in Chap. 15. Thus, even
though the X; are i.i.d., the U, are no longer i.i.d. and classical random walk results
like Wald’s equation are no longer applicable. This makes questions such as whether
the SPRT based on the maximal invariants terminates with probability 1 and its ex-
pected sample sizes at the null and alternative hypotheses much harder than in the
i.i.d. case. On the other hand, the simple bounds (18.3) and Wald-type approxima-
tions for the error probabilities still hold for the SPRT in the dependent case.

For the repeated GLR test (18.20) that has at most M observations, the issue of
termination with probability 1 becomes trivial. Although the simple bounds (18.3)
and related approximations are no longer applicable to the repeated GLR test, we
can still use the likelihood ratio identity involving mixture of densities together with
the pseudo-maximization method to analyze the error probabilities of the test. This
and another technique that uses saddlepoint approximation and geometric integra-
tion will be described in the next section. To obtain asymptotic approximations for
the expected sample sizes of SPRTs for the general setting of dependent random
variables, Lai (1981, p.326) make use of (18.12) and uniform integrability after
strengthening the a.s. convergence in (18.8) into r-quick convergence. A sequence
of random variables Y, is said to converge to O r-quickly if EL; < o for every
€ > 0, where Le = sup{n > 1:|Y,| > €}; note that ¥, — 0 a.s. can be restated as
P{L¢ < o} =1 for every € > 0 (see Lai, 1976b). For the special case of invariant
SPRTs (that use invariance to reduce composite hypotheses to simple ones) or
repeated GLR tests based on i.i.d. observations, Lai and Siegmund (1979) have
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derived asymptotic expansions for E (T, g) or E (N), up to the o(1) term, by making
use of nonlinear renewal theory; see Problem 18.4 for a sketch of the basic ideas.

18.2 Asymptotic Approximations via Method of Mixtures
and Geometric Integration

18.2.1 Boundary Crossing Probabilities for GLR Statistics
via Method of Mixtures

By using the method of mixtures, Siegmund (1977) has derived an asymptotic
approximation to the Type I error probability of the repeated ¢-test of Hy : i = 0 for
the mean u of a normal distribution with unknown variance 6. Under the group of
scale changes x — cx (¢ > 0), a maximal invariant is (Y»,...,Y,), where ¥; = X;/X;.
By conditioning on X /0, the density of (Y2,...,Y,) under /0 = 0 can be easily
shown to be

=[xt 2 ol .
/foo (2m)n/2 P _Eg(yl'_ )" | dx, with y; = 1.

i=1

Let Py be the probability measure induced by the sequence (Y»,Y3,...) and let
0 = [7_Ped6/+/21. The likelihood ratio of (Y2,...,Y,) under Q relative to Py is
therefore

L S exp [~ X (¥ - 0)2] dx
V2T J e fi,|x|”*1exp[ 2 yn Yl-z]dx

T2 ~i=l

n n n/2
)]
i=1 i=1

1 n X2 1
[ — —1 1 n :7&1
\/ﬁexp{z og( +S%)} \/ﬁe 7

where £, = Snlog(1+X2/s2).

Consider the stopping rule (15.15) of the repeated t-test (7,d;), in which the
terminal decision rule rejects Hy : u = 0 if £7 > c. Letting m = [6¢] and M = [ac],
the Type I error of the test is

de

Py(lr>c)=Py(ly>c)+ /w Eg {ﬁe%z(zf >c, T> m)} de/m, (18.21)

by applying the likelihood ratio identity (18.2). The first summand in (18.21),
Po(¢y, > ¢), can be represented as the tail probability of the #,,_-distribution since
/Mm%y, /sy has the t,,_1-distribution under Hy. To analyze the second summand, note
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that ‘7 = ¢~¢¢~(tx=¢) and Siegmund (1977) uses the law of large numbers and
nonlinear renewal theory to show that, as ¢ — oo,

Eg {\/fe—“r-cn(ef >, lac] > 1> [54)}

0 if log(1+62) ¢ [2a~',267"]
— /2 .
[ﬁ} lim Eg lexp{—(¢z —c)}] if 6 #0and 2 <log(1+6%) < 3.
(18.22)

Problem 18.3 provides a sketch of the basic ideas; in particular, the existence and
characterization of the limiting distribution of the overshoot ¢; — ¢ follows from
nonlinear renewal theory. The monographs by Woodroofe (1982) and Siegmund
(1985) give a systematic introduction to asymptotic approximations to Type I error
probabilities of sequential GLR tests obtained by using this approach that involves
change of measures from Py to [ PadG(0), the likelihood ratio identity, and the
renewal-theoretic formula for the overshoot term.

A basic feature of this approach is that the approximations depend crucially on
the fact that stopping occurs at the first time T when the likelihood ratio or GLR
statistic ¢ exceeds some threshold c¢. Thus /; is equal to ¢ plus an excess over
the boundary whose limiting distribution can be obtained using renewal theory.
When the test statistic used is not ¢, the arguments break down. Since they are
based on the fact that £z = ¢+ O, (1), where the O, (1) term is the overshoot, these
arguments are also not applicable when 7 is replaced by a fixed sample size n.
Moreover, whereas the role of /; in change-of-measure arguments is quite easy to
see when the null hypothesis is simple, it becomes increasingly difficult to work
with /; when the region defining a composite null hypothesis becomes increasingly
complex. In the next section we describe another approach, developed by Chan and
Lai (2000), which can be applied not only to likelihood ratio or GLR statistics but
also to other functions of the sufficient statistics in a multiparameter exponential
family, and which is applicable to both sequential and fixed sample size tests.

18.2.2 A More General Approach Using Saddlepoint
Approximations and Geometric Integration

Chan and Lai (2000) consider the following three classes of large deviation proba-
bilities, which they tackle by integrating saddlepoint approximations to the density
functions of sums of i.i.d. random vectors over tubular neighborhoods of certain
extremal manifolds that are related to Laplace’s method. Let Xi,X>,... be i.i.d.
d-dimensional non-lattice random vectors whose common moment generating
function is finite in some neighborhood of the origin. Let S, = X; +--- + X,
o = EX; and © = {0 : Ee®X < oo}, Assume that the covariance matrix of X; is
positive definite. Let y(8) = log(Ee®X) denote the cumulant generating function
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of Xj. Let A be the closure of Vy(®), A be its interior, and denote the boundary
of A by dA (= A — A?°). Then Vy is a diffeomorphism from ®° onto A°. Let
0y = (Vy)~!(u). For u € A°, define

¢(p) = sup{Gu v(0)} =6, 1u—y(6y). (18.23)

The function ¢ is the convex dual of y and is also known as the rate function in
large deviations theory. Let g : A — R and define the stopping time

T, = inf{k > no : kg(Sx/k) > c}, (18.24)

where ng corresponds to a prescribed minimal sample size. Chan and Lai (2000)
develop asymptotic approximations to the large deviation probabilities

P(T.<n}. Ping(Su/n)>c}, P{gggun—k)ﬁwg(sk/k)]>c}, (18.25)

with n ~ ac and ny ~ d¢ as ¢ — oo, for some a > & > 0 such that g(ty) < 1/a for
the first two probabilities, and 8 > 1/a and g(ty) = 0 for the third probability.

For the first probability in (18.25), the large deviation principle suggests that
log P{ng(S,/n) > c} is asymptotically equivalent to —ninf{¢(u) : g(1) > ¢/n} as
¢ — oo. This in turn suggests that 10g(Y.s.< <. P{ng(S,/n) > c}) is asymptotically
equivalent to —ming.<,<qc 0fg(1)>c/n n¢ (i), which, upon interchanging the min
and inf signs, is asympt0t1cally equlvalent to

Lo W) e e e sup M)
g(w)>1/amin(1/6,8(u)) r e(W)>1/a o ()

Hence P{T, < ac} = e ¢/m0(¢) a5 ¢ — oo, Chan and Lai (2000, Theorem 1) as-
sume the following regularity conditions to obtain a more precise asymptotic
approximation:

(A1) gis continuous on A? and there exists & > 0 such that

sup g(W)/¢(n) =71 < oo

al<g(u)<s1+g

(A2) Mg :={p:a ' <g(u) <& '+eand g(u)/d(u) = r} is a g-dimensional
oriented manifold for all 0 < & < &), where ¢ < d.

(A3) liminf, 4 ¢(u) > (6r)~' and there exists & > 0 such that ¢(u) >
(6r) ' +e ifg(u) > +e.

(A4) g is twice continuously differentiable in some neighborhood of Mg, and
o({u:g(u)=38"and g(u)/¢(u) =r}) =0, where o is the volume ele-
ment measure of Mg .

Spivak (1965) provides a concise introduction to g-dimensional manifolds in R?

and integration on these manifolds. Assumptions (A1)—(A3) imply that sup, 1)>a-!
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min(8~",g())/¢(u) can be attained on the g-dimensional manifold My. The first
part of (A3) implies that there exists €* > 0 such that

M= {uia <g(u) <87+t g(w)/o()=r)  (1826)

is a compact subset of A; it clearly holds if ¢ (1) — o as u — dA, which is usu-
ally the case. For u € My, let TMo(u) denote the tangent space of My at  and
let TMy (1) denote its orthogonal complement (i.e., TMy () is the normal space
of My at ). Let p(u) = ¢(u) —g(u)/r. By (Al) and (A3), p attains on My, its
minimum value 0 over { : @~ < g(u) < 6! + &}, and therefore

Vp(u)=0 and Vzp(y) is nonnegative definite for p € M. (18.27)

Let II“L denote the d X (d — ¢) matrix whose column vectors form an orthonormal
basis of TMg (it). Then the matrix V2 p(u) := (I"Ilf)’Vzp(,u)I"[”L is nonnegative
definite for u € My. Letting | - | denote the determinant of a nonnegative definite
matrix, we shall also assume that:

(AS) infuepm, |V2 p(1)| > 0, with p = ¢ — g/r, where we set |[V2 p(u)| = 1 in the
cased —q=0.

Under (A1)—-(AS5), Chan and Lai (2000) first consider the case where X| has a

bounded continuous density function (with respect to Lebesgue measure) so that
S,,/n has the saddlepoint approximation

P{S,/n € du} = (1+o(1)) (n/20)*| Y ()| ? e W) ap, (18.28)

where Y (¢) = Vzw(9)|9:gu and the o(1) term is uniform over compact subsets
of A?; see Borovkov and Rogozin (1965), Barndorff-Nielsen and Cox (1979) and
Jensen (1995) for the proofs and applications of these saddlepoint approximations.
Note that Sect. 15.1.2 already gives a concrete example of such saddlepoint approx-

imations, with X; = (¥;, le) associated with Student’s ¢-statistic based on Y}, ..., Y.
Let
F(w)dp = P{T, < ac,S1,/T, € du}
= Y P{Su/n€dub gy (18.29)
dc<n<ac

x P{kg(Sx/k) < c forall 6¢ <k <n|S,/ne€du}.

Making use of (18.28) and (18.29), they first show that

P(T. <ac} = [ f(w)du~ Flw) du, (18.30)

Uc’ 1/2 logc

where Uy, is a tubular neighborhood of My with radius 1, and then perform the
integration in (18.30) over U_-1/2,,,.. This is basically an extension of Laplace’s
asymptotic method in Sect. 11.1 to manifolds. Specifically, we say that
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1
Uy = {y+z:yeMy, ze TM(y) and |z] <1} (18.31)

is a tubular neighborhood of My with radius 7 if the representation of the elements
of Uy in (18.31) is unique. The integral in (18.30) uses the infinitesimal change of
volume in differential geometry; see Gray (1990) for a comprehensive treatment.
From Lemmas 3.13, 3.14 and Theorem 3.15 of Gray (1990), it follows that as
n:=c 2loge — 0,

J(u)dp ~ {/ f(y+Z)dZ} do(y). (18.32)
U My \JzeTM{ () JIzl<n

The inner integral in (18.32) can be evaluated asymptotically by making use of
(18.28) and (18.29), and combining the result with (18.30) yields the asymptotic
formula for P{T, < ac} in the following theorem. While the preceding analysis has
assumed that X; has a bounded continuous density function, Chan and Lai (2000,
pp- 1651-1652) replace this assumption by the much weaker assumption that X,
be non-lattice. By partitioning A into suitably small cubes, they use change of
measures (see (18.33) below) and a local limit theorem (see Sect. 2.3.2) to modify
the preceding analysis, replacing “€ dy” above by “€ 1,,”, where I;; denotes a cube
centered at U.

Theorem 18.2. Let X" be i.i.d. such that
P{XW € dx} = O V(0 g (x), (18.33)

where F is the distribution of X\, and let S,(1) = ¥ 1{6} X Y (0u)}. Let
Y(u)=V>y(6 )|9:9M. Suppose X\ is non-lattice and g - A — R satisfies (Al)—~(A5)

with a > 8, g(to) < a~' and ng ~ 8c. Let y(1) = [5° e ¥ P{min,>1 S, (1) > y}dy.
Then as ¢ — oo, P{T. < ac} is asymptotically equivalent to

/2
( ¢ )q 7c/r/ Y @20 Y ()| V2 p ()2 do (),

2nr

where Vip is introduced in (AS).

For the second and third probabilities in (18.25) with g(ty) < b, Chan and Lai
(2000) impose the following conditions in lieu of (A1)—(A5):

(B1) g is continuous on A? and inf{@(u): g() > b} =>b/r.

(B2) g is twice continuously differentiable on {u € A°:b—gy < g(u) <b+¢&}
for some &y > 0.

(B3) Vg(u) #0 on N:={u € A%:g(u) = b}, and M := {p € A° : g(u) =
b, ¢(1) = b/r} is a smooth p-dimensional manifold (possibly with bound-
ary) forsome 0 < p <d—1.

(B4) liminfy 5 ¢(u) > br" and infy ()~ .5 ¢ (1) > br ! for every 8 > 0.

For the notion of smooth submanifolds (with or without boundaries), see Spivak
(1965). Under (B2) and (B3), N is a (d — 1)-dimensional manifold and TN (u) is
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a one-dimensional linear space with basis vector Vg(u ). Making use of (B1)—(B4),
Chan and Lai (2000, p. 1665) show that
inf Vo ()] >0, (Vg(w))'Vo(u)>0 and Vo(uw)€TN*(u) forall weM.
u

(18.34)

Hence Vo(u) = sVeg(u) with s = [[Vo(u)|[/[[Ve(w)||. Let er(n) = Vo(u)/||
Vo (u)| and let {e;(u), ea(), -...eq—p(1t)} be an orthonormal basis of TM* ().
Define a d x (d — p — 1) matrix I, (in the case d > p+1) by IT, = (ez2(u)...
eq—p(1)) and a positive number & (1) by

é(“):{l/wmu)n | ifd=p+1
{3 () — V2 ()} T 2 /Yo ()| ifd > p+1.

The following assumption is analogous to (AS5):
(BS) infyen [ {X " (1) —sV2g(u) {1, | > 0ifd > p+1.

Theorem 18.3. Suppose X is non-lattice and g : A — R satisfies (BI)—(B5). Let
b > g(Up). Then as n — oo,

P{g(Sn/n) > b} ~ P{g(Sn/n) >b}
~ (27)~ (D212 7bn/r/é )Y ()] 2 4o (u

Theorem 18.4. Suppose X is non-lattice, g : A — R satisfies (Bl)-(B5) and
g(p) = 0. Let B > b > 0. Define Xl.(”) as in Theorem 18.2 and let W,(1) =
" {05 (X1 ) +5(b— B)}. Letw(n) = fi" e P{max, 1 Wi (1) < y}dy. Then

as n — oo,

P{Ikn<i;1[(n —k)B +kg(Si/k)] > bn} ~ P{rkn<ilr11[(n —k)B +kg(Sk/k)] > bn}
~ —(p+1)/2,,=(p=1)/2 =bn/r 1/2
(2m) (P20 | swm L@l P dow

The proofs of Theorems 18.3 and 18.4 are given in Chan and Lai (2000,
pp. 1653—1654). We summarize here the main ideas in the proof of Theorem 18.3,
as the proof of Theorem 18.4 is similar. Assume that » = 1 and X; has a bounded
continuous density. Recall that e;(y),...,eq—p,(y) form an orthonormal basis of
TM*(y) and that Vg(y) is a scalar multiple of e;(y), for every y € M. For y € M
and maxj<;<4—p|vi| < (logn)~!, since g(y) = b and (Vg(y))'):ltlp viei(y) =
vi|IVo(»)|l/s, Taylor’s expansion yields

d7
g <y+ iViei(y)> =b+vi[VOW)|/s+007) +VILVZe()ILv/2+o(|v]*)
i=1

>b ifvi|[VOO)|/s > c(v) +o(v|*) +0(07),  (18.35)
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where v = (v,...,v4—p) and c(v) = —VIT}V?g(y)I1,v/2. Let

d—p
Vo = {y+ Y viei(y) :y €M, max | < (logn) ™", vi[[VO()|/s > C(V)}-

i=1 =i

By (18.28), P{S,/n €V, } is equal to (140(1))(n/27)4/ [, |¥.(1)| "2 W ap.
We can use the infinitesimal change of volume function over tubular neighborhoods
as in (18.32) to evaluate the integral. Making use of (18.28) together with (B1) and
(B4), it can be shown that P{g(S,/n) > b} = P{S,/n € V,,} +o(n"9e~"") for every
q>0.

Chan and Lai (2000, Sect. 4) have also extended the preceding ideas to derive ap-
proximations to moderate deviation probabilities. One may argue that, for the usual
significance levels of hypothesis tests, the probabilities of large deviations in (18.25)
seem to be too small to be of practical relevance. The moderate deviation theory
in Chan and Lai (2000) basically shows that the large deviation approximations
can be extended to probabilities of moderate deviations. More importantly, large
deviation approximations are important for multiple testing situations, as shown by
Chan and Lai (2002, 2003) in applications to change-point problems and limiting
distribution of scan statistics, for which the i.i.d. setting above is also extended to
Markov chains on general state spaces.

18.2.3 Applications and Examples

Consider the multiparameter exponential family with density function exp(6’x —
y(0)) with respect to some probability measure F. The natural parameter space
is @. Let ®; be a g;-dimensional smooth submanifold of ® and @y be a go-
dimensional smooth submanifold of ®; with 0 < go < ¢; < d. The GLR statis-
tics for testing the null hypothesis Hy : 8 € @y versus the alternative hypothesis
H, : 6 € ®; — 0y are of the form ng(S,/n), where

g(x) = 1(x) —go(x),  with ¢i(x) = sup (0'x—y(6)). (18.36)

Then g(x) < ¢(x) and equality is attained if and only if ¢; (x) = ¢ (x) and ¢o(x) = 0.
Since Vy is a diffeomorphism, A; = Vy(6;) is a g;-dimensional submanifold
of A?. Note that ¢(x) = ¢;(x) iff x; € A;. Consider the repeated GLR test with
stopping rule T, A [ac] where T, is defined in (18.24) with g given by (18.36) and
ny ~ &c. To evaluate the Type I error probability at 6y, we can assume, by choosing
the underlying probability measure F as that associated with 8y and by replacing
X; by X; — Vy(6)), that 6p = 0, w(0) =0 and Vy/(0) = 0. Then (A1)—(A5) hold
with r = 1 and ¢ = g1 — go under certain regularity conditions and therefore we can
apply Theorem 18.2 to approximate the Type I error probability Py{T, < ac}.
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Example 18.5. Consider the repeated z-test of the null hypothesis Hy that the com-
mon mean of i.i.d. normal observations Y7,Y>,... is 0 when the variance is un-
known. Here X; = (Y;,Y?), Sp/n = (n"'X1Y,n ' X1Y2), A% = {(y,v) : v > y*}
and Ag = {(0,v) : v > 0}. The GLR statistics are of the form ng(S,/n), where
g(y,v) = 2log(v/(v—»?)), and the repeated t-test rejects Hy if ng(S,/n) > ¢ for
some 8¢ < n < ac. The test is invariant under scale changes, so we can consider the
Type 1 error probability when Var(¥;) = 1. Since ¢(y,v) = [v — 1 —log(v — y?)] /2,
(A1)—(A4) are satisfied with r = 1 and

Me = {(y,1): 1 —exp (—2(571 +¢€)) >y > l—exp(—Za’l)}.

Moreover, (AS) holds since V2 p(y,1) = 1/2 for (y,1) € Mo.

Suppose next that instead of the stopping rule 7, A [ac], the GLR test of Hy is
based on a sample of fixed size n. The test rejects Hy if g(S,/n) > b, where g is
defined by (18.36). To evaluate the Type I error probability at 6y, there is no loss of
generality in assuming that 6y = 0, y(0) =0 and Vy/(0) = 0. Then (B1)-(B5) hold
with r =1 and p = q; — qo — 1 under certain regularity conditions, so Theorem 18.3
can be used to approximate the Type I error probability Py{g(S,/n) > b}. A different
choice of g in Theorem 18.3 also gives an approximation to the Type II error prob-
ability Py{g(S,/n) < b} with g(Vy(0)) > b. Specifically, let g(u) = g(Vy(0)) —
g(u), b=g(Vy(8)) — b, and apply Theorem 18.3 with g, b replaced by g, b.

Theorems 18.2 and 18.3 can also be applied to analyze error probabilities of tests
that are not based on likelihood ratio statistics. For example, consider the repeated ¢-
test of Example 18.5 when the underlying distribution is actually non-normal. Here
g(y,v) = —3log(1—y?/v) is an increasing function of |y|/,/v, which increases as v
decreases. Thus change of measures for the probabilities in (18.25) can be restricted
t0 {(61,6,) : 6, < 0}, on which Ee®Y+6Y < oo without any moment conditions
on Y. In this general setting,

o(y,v)= sup {yy—kv—logEeYY*Mz} for v > y*;
YER,A>0

see (10.1). Write g(y,v) =G(|y|/+/v). For 0 <t <1, define F(¢) =inf,~0 ¢ (,/v,v) =
¢ (t/vi,v;). Then

sup g(,v)/@(y,v) = sup [G(r)/min{F (1), F(=1)}].

v>y2 0<r<1

In the normal case considered in Example 18.5, G = F since v — 1 —logv has mini-
mum value 0. For non-normal Y, suppose r = supy,<;[G(¢)/ min{F (¢),F(—t)}] is
attained at #* € (0,1) and a~! < G(¢*) < 8. Then (A1)—(A5) hold with ¢ = 0 and
Me = {(t*\/vi,ve= ) }, or {(=1" /v, v ) }, or { (Ve , v ), (=17 /Vi+, v+ ) } accord-
ing as F(t*) < F(—t*), or F(—t*) < F(t*), or F(¢*) = F(—t*). Hence application
of Theorem 18.2 yields a large deviation approximation to P{7, < ac} even when
the underlying distribution to which the repeated ¢-test is applied does not have
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finite pth absolute moment for any p > 0, which is similar to the large deviation
theory in Chap. 3 for fixed sample size n.

Remark 18.6 (Asymptotic efficiencies of fixed sample size tests). Chernoft (1952),
Bahadur (1960, 1967, 1971) and Hoeffding (1965) have used large deviation ap-
proximations for Type I and Type II error probabilities to evaluate asymptotic
efficiencies of fixed sample size tests. Theorem 18.3 provides a much more precise
approximation for these error probabilities. In the case of linear hypotheses about a
multivariate normal mean, such refined large deviation approximations in the litera-
ture have been derived from well-developed exact distribution theory in the normal
case; see Groeneboom (1980, pp.71-90). Chernoff and Hoeffding consider the
Type I error probability o,, and the Type II error probability f3, at a fixed alternative
6y, of a typical test of Hy : 6 = 6, as the sample size n — o so that both ¢, and 3,
approach 0 exponentially fast. By introducing the Chernoff index

A = lim n~'logmax(a,, B,), (18.37)

n—oo

Chernoff (1952) defines the asymptotic efficiency of a test d; relative to a test 8, by
e(01,0) = A/ A2, (18.38)

and gives examples of the index A for standard normal, chi-square and binomial
tests. Hoeffding (1965) considers tests of multinomial probabilities and shows that
GLR tests have the minimal index and are therefore asymptotically efficient.

Bahadur (1960) makes use of the attained significance levels (or p-values) for
stochastic comparison of test statistics. Let 7;, be a test statistic based on i.i.d. ob-
servations Xj,...,X, such that large values of 7,, show significant departures from
the null hypothesis Hy : 6 € 6. Letting G,(r) = SUPgc@, Py (T, > 1), the attained
significance level of T, is m, := G,(T;,). In typical cases, &, converges weakly as
n — oo under Py for 6 € @y, and there exists ¢(6) > 0 such that

—2n 'ogm, — ¢(0) a.s.[Py] (18.39)
at 0 ¢ ©p. If (18.39) holds, ¢(0) is called the Bahadur slope of T, at 6. If the a.s.

convergence in (18.39) is replaced by o, (i.e., convergence in probability), then
c(0) is called the “weak Bahadur slope” at 6. The larger the value of ¢(0), the faster

T, tends to reject Hy. For two sequences of test statistics 7},(1) and Tn(z) , the Bahadur

efficiency of Tn(l) relative to T,,<2> at alternative 0 is given by the ratio ¢1(0)/c2(6),

where ¢;(6) is the Bahadur slope of 7}1@ at 6. See Bahadur (1960, 1967, 1971),
Akritas and Kourouklis (1988) and He and Shao (1996) for results on Bahadur
slopes and efficiencies and their derivations from large and moderate deviation
theories.

Theorem 18.4 can be used to evaluate the Type II error probability of the se-
quential test that rejects Hy if kg(Sy/k) > ¢ for some k < ac. Suppose g(to) >a~'.
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Then the Type II error probability of the test at the alternative with EX; = Ly can
be expressed in the following form to which Theorem 18.4 is applicable:

Puo {maxke(50/8) < ¢ = iy {inlngtoo) ~ ke(5e/00] = meth) —

2 {minl(n— 0B + 5./ 2 b |

where 8 = g(uo), § = g(lo) —g and b= g(Ho) —a™".

Example 18.7. With the same notation and assumptions as Example 18.5, con-
sider the Type II error probability of the repeated #-test at the alternative where
E(Y;) = y+# 0 and Var(¥;) = 1. Thus E(Y?) = 1+ . Suppose y > 0 and
g 1+7) >cf'-Letb=g(%1+V2 —a’!,

g0yv) =g(r,1+7%) —g(y.v) = {log(1+ %) —log (v/(v—y*)) } /2.

Since the logarithm of the underlying density function is —(y — 7)?/2 —log(v/27),
the rate function now takes the form

o(vv) = [v—1—log(v—y*) —2p+ 7] /2.

Since ¢ is strictly convex with its global minimum at (y,1+ y?) and since
2(¥,1+¥?) >a~', the minimum of ¢ over the region {(y,v) : g(y,v) <a~'} occurs
at v = ay® with o satisfying g(1,a) = a~!, or equivalently, or/(ot — 1) = €/,
Since ¢ (y,ay?) = {ay? — 1 —log(a — 1) —logy* — 2yy + ¥*}/2 is minimized at
va := (Y+ V72 +4a)/2a, (B1) holds with g in place of g and b/r = ¢(u,) and
(B3) holds with M consisting of the single point p, := (yq, Otytzl). Moreover, (B2),
(B4) and (B5) also hold (with ¢ in place of g). Hence Theorem 18.4 can be applied
to give the Type II error probability of the repeated 7-test: As ¢ — oo,

Py{ max kg(Sk/k) } ~ (ac/2m) "2 (g )w( ‘Z )|~ 1/2 j—aco (ua)

18.3 Efficient Monte Carlo Evaluation of Boundary
Crossing Probabilities

The likelihood ratio identity and the method of mixtures in Sect. 18.2.1 can be used
to compute boundary crossing probabilities directly, by Monte Carlo simulations
using importance sampling, instead of relying on asymptotic approximations (which
may be inaccurate for the given sample size and may involve difficult numerical
integration) developed from the method. When an event A occurs with a small
probability (e.g., 10~4), generating 100 events would require a very large number
of simulations (e.g., 1 million) for direct Monte Carlo computation of P(A). To
circumvent this difficulty, one can use importance sampling instead of direct Monte
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Carlo, changing the measure P to Q under which A is no longer a rare event and
evaluating P(A) = EQLI(A) by m~' Y™ | LiI(A;), where (L1,1(A1)), ..., (L, [(An))
are m independent samples drawn from the distribution Q, with L; being a realiza-
tion of the likelihood ratio statistic L := dP/dQ, which is the importance weight. We
next discuss how Q should be chosen to produce an efficient Monte Carlo estimate.

Let p, denote the probability in Theorem 18.3, i.e., p, = P{g(S,/n) > b} with
b > g(Uo). Glasserman and Wang (1997) have pointed out that importance sampling
which uses the same change of measures as that used in deriving large deviations
approximations may perform much worse than direct Monte Carlo for nonlinear
functions g. They consider the case d = 1 and g(x) = x?, for which

Pn=P{[Sul/n > Vb} = P{|S,| > an}, (18.40)

where a = /b > |uo| and a € A°. Suppose ¢(a) < ¢(—a). Then p, ~ P{S, > an}
and
n! logLni —¢(a) = limn 'logP{|S,| > an}, (18.41)
n—oo

where L, = dP, /dP, , and Py, denotes the probability measure under which X, .. .,
X, are i.i.d. from the exponential family (18.33) with natural parameter 6,,. Since
n~'ogP{S, > an} — —¢(a) and n"'log P{S, < —an} — —¢(—a),

Varpl(|S,| > an) ~ P{|S,| > an} = e~ 10(@+ol)}n, (18.42)

Consider importance sampling of {|S,| > an} by using O, = P, ,, a choice that
is “consistent with large deviations” in the terminology of Glasserman and Wang
(1997, p. 734), who have also shown that for the case 6, + 6_, > 0,

lim Eg, L21(|S,| > an) = co. (18.43)

Comparison of (18.43) with (18.42) shows that Monte Carlo computation of p, by
using importance sampling from P, , in this case is much worse than direct Monte
Carlo.

To simulate the tail probability p, = P{g(S,/n) > b} under (B1)~(B5), Chan
and Lai (2007) propose to use importance densities of the form

W) = Bue W (g(u) > b),  wEA, (18.44)

where Bn is a normalizing constant such that [, w,(u)du = 1. Specifically, they

propose to generate i.i.d. (Xl(")7 .. ,X,E”), i=1,...,m, from the importance sampling
measure

0,= /A Punwn(1)du (18.45)

and estimate p, by

po=m 'Y LT (g(sff) /n) > b) . where i) = x4+ x{7. (1846
i=1
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and L = dP,/dQ; = ([, % YOy, (u)dp)~". Note that p, is unbiased for
pu- Let G be a distribution function on R satisfying F(A) > 0 = G(A) > 0 for any
Borel set A C R?. Assume that A(8) := log[ [ ¢?*G(dx)] < e for all ||6]| < 6; and
let I' = {6 : () < =}. For @ € I', define a probability distribution Gg on R? by

dGg(x) = exp{6'x—A(6)} dG(x) (18.47)

and let Q, , denote the measure under which Xj, ..., X, are i.i.d. with distribution
function G(5y-1y,)- Let Wy be a probability measure and define the mixture

O, = /vur) QuundW (). (18.48)

Chan and Lai (2007) have proved the following result on the asymptotic optimality
of the importance sampling measure (18.45).

Theorem 18.8. Assume that g satisfies (B1)—~(BS5). Then for any distribution func-
tion G on R? such that [ e%*dG(x) < o for 6 in some neighborhood of the origin,

2
liminf Eg, [(jg;) I(g(Sn/n)>b)] /(\/ﬁpﬁ) >0,

where Q, is defined from G via (18.47) and (18.48). Moreover, defining Q;, by
(18.44) and (18.45), we have

Eo; [(jg’;)zug(sn/n) >0)

Hence Q;, is asymptotically efficient.

Chan and Lai (2007) have modified (18.47) and (18.48) to give a similar im-
portance sampling measure that is asymptotically efficient for Monte Carlo com-
putation of the probability p. = P{T; < ac} in Theorem 18.2. They have also
described how these importance sampling methods can be implemented in practice
and have provided numerical results on their performance. Moreover, extensions to
Markov-dependent X; are also given in Chan and Lai (2007).

= 0(v/np}).

18.4 Supplementary Results and Problems

1. (a) Let X;,X5,... be i.i.d. random variables and let 7 be a stopping time such
that ET < co. Show that if EX; = EX," — EX; is well-defined (i.e., EX;"
and EX; are not both infinite), then E(Y_, X;) = (ET)(EX; ). This is often
called Wald’s equation. Moreover, by using a truncation argument, show
that if EX; = 0, then E{(Y],X;)*} = (ET)EX}, which is often called
“Wald’s equation for the second moment.”
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(b) Using the notation of Sect. 18.1.1, show that if Pi{g; (X;) # go(X1)} > 0 for
i =0,1, then E;N < oo and that ignoring overshoots, the stopping time N
of the SPRT with Type I and Type II error probabilities o and [ attain the
lower bounds in (18.4).
(c) Suppose that under the true probability measure P, the X; are i.i.d. such
that E{log(gl (Xl)/gO(Xl))} = 0 while P{gl (Xl) 7é g()(Xl)} > (. Show that
EN < o and use Wald’s equations in (a) to derive approximations (ignoring
overshoots) for P{Ly > B} and EN.
2. (a) Show that the repeated 7-test with stopping rule (15.15) is a repeated GLR
test for testing the null hypothesis that the mean of a normal distribution is
0 when its variance is unknown.
(b) Generalize (a) to the case of a multivariate normal distribution and thereby
derive the repeated 7-test.
3. Renewal theory, nonlinear extension and applications. Let X, X1,X5,... be i.i.d.
random variables with EX; =y > 0, and let S,, = X; +--- + X, So = 0. Define

t(b)=inf{n>1:8,>b}, t =inf{n>1:5,>0}, U(x)=) P{S,<x},
=0
" (18.49)

and call X arithmetic if its support is of the form {0,4+d,+2d, ...}, where the
largest such d is called its span. The function U is called the renewal function,
and Blackwell’s renewal theorem says that if X is a.s. positive, then

Ux+h)—U(x)—h/u as x — oo, (18.50)

for any & > 0 in the case of non-arithmetic X, and for 7 = d and x being an
integral multiple of d when X is arithmetic with span d. The renewal theorem
provides a key tool to prove the following results on (7(b),S; ) —b):

e As b — oo (through multiples of d in the lattice case), Sy () — b converges in
distribution; in fact

P{Sepy—b>y} = 1-H(y):= (ESH)*I/:’P(ST+ >x)dx.  (18.51)

Moreover; if VarX = 62 < oo, then

ES%+/(2EST+) if X is non-arithmetic
ES;, /(2ES:,)+d/2 if X is arithmetic with span d.
(18.52)

b—oo

lim E(Sr(b) —-b)= {

o As b — oo (through multiples of d in the lattice case),

P{e(b) < b/u+(b0? /1) 2, Sey —b <y} — PH(G)  (18.53)
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forallx e R and y > 0; ie., (t(b) —b/u)/(bc?/u?)'/? is asymptotically
standard normal and asymptotically independent of the overshoot St — b.

Lai and Siegmund (1977) have extended (18.51) and (18.53) to the case where
the random walk S,, above is replaced by Z, = S, + {,, where S, is a random
walk whose increments are i.i.d. with a positive mean and §, is slowly changing

. P .
in the sense that max <<y |&;|/v/n — 0 and for every € > 0O there exist n* and
0 > 0 such that

P{lnllax [k — Gl >8} <€ for all n < n*. (18.54)
<

They have shown that (18.51) and (18.53) still hold with 7(b) replaced by
T(b) =inf{n > 1:Z, > b}, Sy() replaced by Zr(; and Sz, replaced by Se, .
This extension of (18.51) and (18.53) covers a wide variety of applications in
which the statistics are nonlinear functions of sample mean vectors and can be
represented as S, + ,, where &, is the remainder in a Taylor series expansion:

(a) Let Y,Y;,Y5,... be iid. random variables with EY? < oo and let Z, =
ng(Y ,Yi/n), where g is positive and twice continuously differentiable in
a neighborhood of EY. By making use of the strong law of large numbers
and Taylor’s expansion around EY, show that Z, can be expressed in the
form S, + &,, where

n
Sy =ng(EY)+¢'(EY) Y (Y;—EY)
i=1

and §, is slowly changing.
(b) Let 0 <7y < 1andassume that EY > 0. Show that 7, :=inf{n > 1: Y7
cn’} can be re-expressed as T(b) =inf{n > 1:Z, > b}, with b = cl}
and Z, of the form in (a).
(c) Show that ¢, in Sect. 18.2.1 can be written in the form S, + {, and hence
prove (18.22).

4. Let X;,Xa,... beiid. with EX; = 1 > 0, and define 7(b) by (18.49). Show that
Et(b) <eoand limy_. ET(b)/b =1/, firstin the case P{X; < ¢} = I for some
¢ > 0, and then in general by a truncation argument. Assuming furthermore that

VarX; = 62 < oo and that X is non-arithmetic, make use of Wald’s equation and
(18.52) to show that

ey = Lo 5% oyl s (18.55)
u 2ES:,

Lai and Siegmund (1979) have extended Blackwell’s renewal theorem (18.50)
to U(x) in which S, is replaced by Z, = S, + ¢, in (18.49), where {, is slowly
changing and satisfies some additional assumptions, including that {, converges
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in distribution to {. Letting fi = ES, they have used this result to show that
(18.55) can be extended to

2
ET(b):;{b—EC—k & +0(1)} as b — oo, (18.56)

where T'(b) =inf{n > 1:Z, > b}.
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