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Preface

Discovered in the seventies, Black-Scholes formula continues to play a central role
in Mathematical Finance. We recall this formula. Let (B, > 0; .%;,t > 0, IP) de-
note a standard Brownian motion with By = 0, (%, > 0) being its natural filtra-
tion. Let (5’[ 1= exp (B, - %) 6> 0) denote the exponential martingale associated
to (By,t > 0). This martingale, also called geometric Brownian motion, is a model
to describe the evolution of prices of a risky asset. Let, for every K > 0:

k(1) :=E[(K—&)"] (0.1)

and
Ck(1):=E[(& - K)"] 0.2)

denote respectively the price of a European put, resp. of a European call, associated
with this martingale. Let .4 be the cumulative distribution function of a reduced

Gaussian variable: 1 . 5
JV X) = —/ c yz dV. 03
( ) V2T J—co ©.3)

The celebrated Black-Scholes formula gives an explicit expression of ITk(¢) and
Ck(t) in terms of A

HK(t)zkw(lofﬁiK) +§) —W(lofg() —%) (0.4)

and

CK(t)ze/V<_lngt(K)+g) KN (—l"fg{) —%) 0.5)

Comparing the expressions (0.4) and (0.5), we note the remarkable identity:

Ck(t) = KIT, j (2). (0.6)
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These formulae have been the starting point of the present monograph, which con-
sists of a set of eight Chapters, followed by three Complements and three Appen-
dices. We now summarize the contents of these different items.

About Chapter 1

The processes ((K —&)",t > 0) and ((& — K)™,¢ > 0) are submartingales; hence,
Ik and Ck are increasing functions of z. Furthermore, it is easily shown that:

Mg(t) — K and  Cg(t) — 1. (1.1)

[—o0 [—>o00

This motivates our question: can we exhibit, on our probability space, a positive r.v.
XD (resp. X(©)) such that (& Ik (t),t > 0), (resp. (Ck(t),t > 0)) is the cumulative
distribution function of X (') (resp. X(€)) 2 We answer this question in Chapter 1 of
the present monograph. Precisely, let:

%Ig) :=sup{s >0; & =K} (1.2)
(= 0if this set {s > 0; & = K} is empty).
Then:
Ik (1) := KP (gf) < z) (1.3)
and
Cx(t) :=P©) (gﬁ < z) (1.4)

where, in the latter formula, P(¢) is the probability obtained from P by “change of
numéraire”:
P .—g.P (1.5)
| j(’-} . t |g2'l . .

About Chapter 2

Formulae (1.3) and (1.4) may be extended when the martingale (&;,¢ > 0) is re-
placed by a positive, continuous, local martingale such that:

limM, =0 as. 2.1)

t—o0
Indeed, in Chapter 2, we show that, with:
g™ .= sup{t > 0, M, = K}, 2.2)

one has:
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E[(K—M,)"] =KP (g,gM) < t) . 2.3)

If, furthermore, (M;,z > 0) is a “true” martingale, (i.e. E[M;] = 1 for every ¢t > 0),
then:
E[(M, —K)*] =P™) (%}(M) < t) 2.4)

where the probability P™) is given by:
M
Pl(gf =M, Pz, (2.5)

Of course, a formula such as (2.3) or (2.4) has practical interest only if we know how
to compute the law of the r.v. gl((M). This is why, in Chapter 2, we have developed:

e general results (cf. Sections 2.3, 2.4 and 2.5), which allow the computation of the
law of %((M),
¢ explicit examples of computations of these laws.

Moreover, Chapter 2 also contains an extension of formulae (2.3) and (2.4) to the
case where the martingale (M;,t > 0) is replaced by several orthogonal martingales

(Mt(i)at > O)i:l,...,w

About Chapter 3

Formulae (2.3) and (2.4) show the central importance of the family of r.v. gl((m de-
fined by (2.2). However, these r.v’s are not stopping times (e.g: with respect to the
natural filtration of the martingale (M,,t > 0)). Nonetheless, we wish to study the
process (M;,t > 0) before and after %,((M>. This study hinges naturally upon the pro-
gressive enlargement of filtration technique, i.e. upon the introduction of the filtra-

tion (.ZX ¢ > 0), which is the smallest filtration containing (.%,# > 0) and making
%Igm a (Xt > 0) stopping time, and upon the computation of Azéma’s super-

martingale (IF’ (glgm > 1\52,) > 0). These computations and the corresponding

study of the process (M;,t > 0) before and after %((M) are dealt with in Chapter 3.
The preceding discussion leads us to consider a slightly more general set-up, that
of Skorokhod submartingales, i.e. continuous submartingales (X;,# > 0) such that:

Xy =—AM+ L (t>0) (3.1)
with:
X, >0, Xo=0, (3.2)
e (L;,t > 0) increases and dL, is supported by {t > 0; X; =0}, (3.3)
o (M;,t > 0) is a local martingale. (3.4)

A sketch of study of the general set-up is found at the end of Chapter 3.



viii Preface

About Chapter 4

Chapter 4 may be read independently from the other ones.
Let (é} = exp (B - 5) > 0) denote the geometric Brownian motion. We de-
fine, for every x > 0 and K > 0, the Black-Scholes type perpetuity:

.= /w (x& —K)" dt. (4.1)
0

Other perpetuities (see for instance Dufresne [21], Salminen-Yor [80], [81] and [82]
or Yor [98]) have been defined and studied in the context of Mathematical Finance.
In particular, it goes back to D. Dufresne that, for, @ # 0 and v > 0:

- 2
/ exp (aB, —vt)dt "2 42)
0 a 72_12'

where 7, is a gamma variable with parameter b. In Chapter 4 of this monograph, we

study the perpetuity Z,g ) in detail: its moments, its Laplace transform, asymptotic
properties, and so on.

About Chapter 5

We come back to the Brownian set-up. Let (B, > 0) denote a Brownian motion
starting from O and (.%;,¢ > 0) its natural filtration. Let, for v real, (cg’,(l/),t > 0)
denote the exponential martingale defined by:

2
(éi(”),zzo) = (exp (VB,—%I) ,z>0). (5.1)

Formulae (1.3) and (1.4), or rather their generalization for a general index v,

E [(K - 5}”)) j — KP (%}f ") < t) (5.2)
and
E {(5}”) ~K) q =B (97 <) (5.3)

£W) . . .
where: IP’l(gZ ) = éi('/) Pz, have a drawback: it is not possible to estimate

£v) . . . .
P (%&p ) < t) only from the observation of the Brownian trajectory up to time ¢

since »
%g )= sup{szo; 5:3('/) :K} 5.4
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is not a stopping time. To counter this drawback, we introduce:

gl(f(u))(t) = sup {s <r, &Y = K} ) (5-5)

g(v) . ce . . .
and, now, %Igg )(t) is #;-measurable (although, it is still not a stopping-time). The
first part of Chapter 5 is then devoted (see Theorem 5.1) to write some analogues

(v) (v)
of formulae (5.2) and (5.3) where we replace gg@ ) by %g )(t). This rewriting
of formulae (5.2) and (5.3) leads to the interesting notion of past-future martingale.
More precisely, let the past-future filtration (5@;, 0 < s <) be defined by:

§s7[:G(Bu’u§s; Bh7h2t> (56)

and note that, if [s,7] C [¢/,7]:
5‘},; D ys’,t’- 5.7

We then say that a process (A;;, s <) which is % ,-adapted and takes values in R,
is a past-future martingale if, for every [s,7] C [¢/,7']:

E (A Fyp] = Ay (5.8)

The second part of Chapter 5 is devoted to the study of past-future martingales and
to the description of the set of these two parameter “martingales”.

About Chapter 6

We come back to the price of a European put associated to a martingale (M;,¢ > 0)
such that My =1 a.s.:

My (K1) :=E[(K—M,)"] O0<K<1,t>0). (6.1)

We saw (see Chapter 2) that, for K = 1, the application t — ITy(1,¢) is the cumula-

tive distribution function of the r.v. %W). On the other hand, we have:

MeK,0)=0 (O0<K<1) : In00)=0 (>0, (62
My(K.1) = KP (%,QM) < t> — K. 6.3)

Then, the following question arises naturally: is the function of two variables
(IMu(K,1),K € [0,1],¢ > 0) the cumulative distribution function of a 2-dimensional
r.v. taking values in [0, 1] X [0,+eo[ ? In other terms, does there exist a probability
Yar on [0, 1] X [0, 4-oo[ such that, for every K € [0,1] and ¢ > 0:

E[(K—M)"] = ([0,K] x[0,2]) ? (6.4)
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Since, from Fubini, one has:
K
E[(K-M)"] = / P(M, < x)dx 6.5)
0

the existence of yy, is equivalent to the assertion:
“for every x < 1, the function ¢ — P (M; < x) is increasing.” (6.6)

Of course, (6.6) is also equivalent to the existence, for every x < 1, of ar.v. ¥ > 0,
such that:
PM; <x) =P, <1t) (x<1,1>0) (6.7)

We call the family of r.v. (Yy,x € [0, 1]) a decreasing pseudo-inverse of the process
(My,t > 0). In Chapter 6, we show, for (M; = & :=exp (B, — %) ,t >0) the exis-
tence of a decreasing pseudo-inverse of this martingale. This implies the existence
of a probability vz on [0, 1] x [0, 4o such that:

E[(K—-&)"] =1 ([0,K]x[0,4])  (K€[0,1],7>0). (6.8)

We then describe, in several ways, the r.v. (taking values in [0, 1] x [0, 4-eo[) which
admits Y, as cumulative distribution function.

About Chapters 7 and 8

We say that a process (X;,¢ > 0), taking values in R™ and starting from x > 0, admits
an increasing pseudo-inverse (resp. a decreasing pseudo-inverse) if:

i) for every y > x, tlLr?ch(X, >y)=1, (7.1)
ii) for every y > x, the function from R into [0,1] :  — P, (X, > y) is increasing,
(1.2)
resp. if:
i') for every y < x, }LIE,P"(X’ <y)=1, (7.1

ii") for every y < x, the function from R™ into [0, 1] : # — P,(X; < y) is increasing.
(1.2

Conditions (i) and (ii) (resp. (') and (ii")) are equivalent to the existence of a family
of positive r.v. (Yy,y > x) (resp. (Yy,,y < x)) such that:

Po(Xi 2y)=P(Yiy<1)  (y>x120), (7.3)

resp.
Po(X, <y)=P(Yiy<1)  (y<x,120). (1.3")
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We call such a family of r.v. (Yy,,y > x) (resp. (Yy,,y < x)) an increasing (resp.
decreasing) pseudo-inverse of the process (X;,# > 0).

In the preceding Chapter 6, we noticed the importance of the notion of pseudo-
inverse to be able to consider the price of a European put I/ (K, ¢) as the cumulative
distribution function of a couple of r.v.’s taking values in [0, 1] x [0, +eo[. This is the
reason why, in Chapters 7 and 8, we try to study systematically this notion:

¢ in Chapter 7, we show that the Bessel processes with index v > —% admit an
increasing pseudo-inverse; we then extend this result to several processes in the
neighborhood of Bessel processes. Finally, if (Yy ,,y > x) is the pseudo-inverse of
a Bessel process, we show that the laws of the r.v.’s (¥, ,,y > x) enjoy remarkable
properties, which we describe.

¢ In Chapter 8, we study the existence of pseudo-inverses for a class of real-valued
diffusions. There again, we show that these pseudo-inverses have remarkable
distributions, related with non-Markovian extensions of the celebrated theorem
of J. Pitman about “2S — X”. (See [73] for these extensions of Pitman’s theorem).

Each of these eight chapters ends with Notes and Comments which make precise
the sources — mainly recent preprints — of the contents of that chapter. Some of
them contain Exercises and Problems, from which the reader may “feel” better some
springs of our arguments. Typically, Problems develop thoroughly a given topic.

Finally, this monograph ends with two appendices A and B which consist respec-
tively of three Complements and three Notes on Bessel items.

In the first Complement A.1, we study an example of a European call price as-
sociated to a strict local martingale (which therefore does not satisfy the hypotheses
of Section 2.2). Then, in Complement A.2, we give some criterion to measure how
much a random time (such as the last passage times we introduced previously) dif-
fers from a stopping time. The last Complement A.3 is dedicated to an extension
of Dupire’s formula to the general framework of positive, continuous martingales
converging towards 0.

As for the Notes on Bessel items, B.1 recalls the definition (and some useful for-
mulae) for the modified Bessel functions and the McDonald functions, while the two
others B.2 and B.3 summarize some well-known results about Bessel and Squared
Bessel processes.

As a conclusion this monograph provides some new looks at the generalized
Black-Scholes formula, in the following directions:

e In Chapters 1 and 2, the prices of a European put and call are expressed in terms
of last passage times.

* In Chapter 5, a further extension of the Black-Scholes formula in terms of last
passage times is given when working under a finite horizon. This leads to the
definition of the notion (and the detailed study) of past-future (Brownian) mar-
tingales.

* In the set-up of geometric Brownian motion, we associate to the set of prices of
European puts, indexed by strikes K and maturities ¢, a probability ¥ on [0, 1] x
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[0, 4-o[. The knowledge of the probability ¥ is equivalent to that of the set of the
prices of European puts. 7 is described completely in Chapter 6.

* The construction of y hinges upon the notion of pseudo-inverse of a process; this
notion is defined and studied in detail in the general set-up of Bessel processes
(Chapter 7) and linear diffusions (Chapter 8).

This kind of “new look™ at European options may also be developed for exotic op-
tions, e.g. Asian options, a study we have engaged in, but which lies outside the
scope of this monograph.

Here are a few indications about the genesis of this monograph: it really started
in August 2007, with the question from M. Qian [69] to give a simple formula for
J e ME[(& — 1)*]dt. This question, and its solution as developed in Chapter 1,
then motivated the search for the various developments which we just presented in
this Introduction. We thank M. Qian most sincerely for providing this starting point.
Thanks are also due to J. Akahori (Ritsumeikan Univ.) who suggested to consider
last hitting times of a martingale up to finite maturity.

To conclude, it turns out finally that a number of topics related to last passage
times seem to find a natural niche in our discussions of generalized Black-Scholes
formulae. We have not, intentionally, discussed about the importance of the Black-
Scholes formula as a pillar of mathematical finance so far, but we hope that our last
passage times interpretation shall help develop other up to now hidden aspects of
this topic.

Nancy, Paris, Christophe Profeta
October 2009 Bernard Roynette
Marc Yor
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Chapter 1

Reading the Black-Scholes Formula in Terms of
First and Last Passage Times

Abstract We first recall the classical Black-Scholes formula (Theorem 1.1), and
then give two new formulations of it:

— the first one in terms of first and last passage times of a Brownian motion with
drift (Theorem 1.2 and Theorem 1.3),
— the second one as an expectation with respect to the law of B% (Theorem 1.4).

1.1 Introduction and Notation

1.1.1 Basic Notation

We present some basic notation for the Brownian items we shall deal with through-
out this Chapter, as well as classical results about the laws of the first and last pas-
sage times for Brownian motion with drift. For every v € R, we denote the Brownian

motion with drift v by (B,(V),t >0):
(BY),t > 0):= (B, +vt,t > 0). (1.1)

We denote by (.%,t > 0) the natural filtration of (B;,t > 0):

(1,6 >0):=(0(Bs,s <t); 1t >0) (1.2)
and
yoc = \/ yl“
t>0
C. Profeta et al., Option Prices as Probabilities, Springer Finance, 1
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2 1 Reading the Black-Scholes Formula in Terms of First and Last Passage Times

1.1.2 Exponential Martingales and the Cameron-Martin Formula

Let (é’,('/>,t > O) be the positive (%#,t > 0)-martingale defined by:

2
(éi(”),t > 0) - (exp (VBt _ %I) > 0) . (1.3)

Note that (é”,(u) > 0) has, a priori, little to do with (B;V),t > 0), although see the
Cameron-Martin formula (1.5) below. For v = 1, we shall simply write &; instead
of éj“). Throughout this chapter, many facts pertaining to (éj<l'),t > O) may be
reduced to (&;,¢ > 0) since by scaling:

(g,<”),t > o) U2 (0,1 > 0). (1.4)
Moreover, the Cameron-Martin formula relates the laws of B") and B as follows:

E [F(B§”>,s < t)} —E [F(Bs,s < t)g,“’)} — E) [F(B,,s <1)] (1.5)

for any positive functional F on € ([0,],R).

1.1.3 First and Last Passage Times

Let us define fora € R, v € R:

Ta(y) = inf{u > O;B,(ly) =a} (1.6)
(= +oo if the set {u > 0;BY) = a} is empty).
GV .— sup{u > 0:Bl") = a} (1.7)

(v

(=0 if the set {u > 0;B,, ) = a} is empty).

It is obvious by symmetry that:

o) 1 gl g () g (1.8)

@ Gla . @) pla), (1.9)

We recall the classical formulae, for v > 0 and a > 0:
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]P’( (V) o) —P (T;*”> < +oo) = exp(—2va) (1.10)
and
) _a 7(a—1/t)2
IP’(Ta c dt) — \/Wexp( Lo ar, (1.11)
G (a—wt)?
IP( edt) hexp( ), (1.12)

whereas, for a > 0 and v > 0:

(—v) _a B (a+vt)?
P (T e dz) = e ( ), (1.13)
IP( (V) ¢ dt) =

v (a+vt)? )
exp| ————— | dt. 1.14
5 SXP < o (1.14)
In agreement with equation (1.10), the measures given by formulae (1.13) and (1.14)
are subprobabilities on [0, 4-oo[ with common total mass exp(—2va). Note that the
proof of formula (1.11) may be reduced to the case v = 0 thanks to the Cameron-
Martin formula (1.5).

1.1.4 The Classical Black-Scholes Formula

A reduced form of the celebrated Black-Scholes formula is the following:
Theorem 1.1 ([11], [44]). For every K > 0:
i) The European put price equals:

E[(K-&)] =KN (k’%}f) n g) e (log(K) - ﬁ) (1.15)

with A (x 7 dy

=)

ii) The European call price equals:

E[(&-K)"] =N (—log(K) + ﬁ) KN <—1°g(K) - ﬁ) . (1.16)

NG 2 N/ 2
iii) Formula (1.16) (or (1.15)) may be split into two parts:
log(K t
]E[éatl{o@t%}]=1—E[<5?1{&<K}]=«/V(— ‘fﬁ;u%), (1.17)

KP(& >K)=K(1-P(& <K)) =KN (—log(K) - ﬁ) . (L18)

g2




4 1 Reading the Black-Scholes Formula in Terms of First and Last Passage Times

iv) In the case K = 1, the equalities (1.15) and (1.16) reduce to:

E[l&—1

_ 2
]_Z]P(Bl < 4)7 (1.19)
or equivalently to:
+1 eVt 20 I
E[&-1D"=E[1-&)"] =P(B <)

This theorem can easily be proven thanks to the Cameron-Martin formula (1.5).
Indeed:

=P (B, > log(K) — %)
=P <31 > 10%21{) — % (by scaling)
_ log(K) vt
(S

log(K) V1
= (50 +y)

This is formula (1.17). The other formulae can be proven using similar arguments.
Besides, formula (1.19) is a consequence of the following equalities:

E[(&-1"-E[(&—-1)7]=E[5§—-1]=0
and

E[l&-1]=E[(&-D]+E[(&~-1)]

)) (from (1.16))

2B [(6-1)"]

I
=
ﬂé
Y
oI5,
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1.2 The Black-Scholes Formula in Terms of First and Last
Passage Times

1.2.1 A New Expression for the Black-Scholes Formula

The aim of this section is to give a new expression for the Black-Scholes formula

making use of the first passage times Ta(y) and the last passage times G,(ly). More
precisely, we have (see [47]):

Theorem 1.2. For any K > 0:

i) The European put price admits the representation:

E[(K-&)"] =KP (Gl <1). (1.20)

ii) The European call price admits the representation:

E[(&—K)'] =E[&1s-k] —KP(& > K)

o (1/2)
=P (Gl <1). (1.21)
iii) For K > 1
E[6114-x)] +KP(& > K) =P (/2 <1) (1.22)
while for K < 1:
E[61 (5] +KP(& < K) =P (T3 <1). (1.23)
Of course, relations (1.21), (1.22) and (1.23) imply:
eForK > 1:
1 (1/2) (1/2)
E[&lig5k)] = 3 (IP (Tlog(x) < t) +P<Glog(K) < t)) (1.24)
and |
_ (1/2) (1/2)
KP(& > K) = 3P (T <1< G ). (1.25)
eFor0<K<I:
1 1/2 1/2
Blatan] =L (1P (105 <i<cl2)) (20
and
_1 (1/2) (1/2)
kP& > K) = {1k - (P(10,0) <1) +P (G <))} a2m)
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1.2.2 Comments

a) Formula (1.20) is the prototype of a more general formula that we shall develop
in Chapter 2. More precisely, let (M;,r > 0) denote a positive, continuous local
martingale, such that My = 1 and tliT M, = 0 a.s. We shall prove in Chapter 2,

Theorem 2.1 that:
E[(K M) =KP (%M <1) (1.28)

for all K > 0 and ¢ > 0, with:
g .= sup{t > 0:M, = K}. (1.29)
Hence, formula (1.20) is a particular case of (1.28) with (M, = &;,¢ > 0) since:

gl¥) = Gl((;;(jf)). (1.30)

b) Formula (1.21) can also be obtained from a more general formula that we shall
prove in Chapter 2, Theorem 2.2. More precisely, let (M;,¢ > 0) a positive, continu-
ous (Q, (%#,t > 0),.%.,P)-martingale, such that My = 1 and rliT M, =0 as. The

relative absolute continuity formula

P =M, P, (1.31)

induces a probability on (Q,.%..) (see Azéma-Jeulin [2] for some precisions) and,
for every K > 0 and ¢ > 0, the following relation:

E[(M, - K)*] = P™) (g,gM) < t) (1.32)

holds. Formula (1.21) is then a particular case of (1.32) since, from the Cameron-
Martin formula, under the probability P(¢)

(&) (aw) (1/2)
9 2 Gl

¢) On the other hand, formulae (1.22) and (1.23) do not have a plain generalization
to a larger class of martingales. Indeed, as we shall see in the proof below, formulae
(1.22) and (1.23) rely on Désiré André’s symmetry principle for Brownian motion,
a principle which an “ordinary” martingale does not satisfy in general.!

d) When (M;,t > 0) is a martingale, the functions: x — (K —x)* and x — (x— K)*
1
being convex, the processes (E(KfMZ)J’,t > 0) and ((M; —K)",t > 0) are sub-

1A class of martingales satisfying the reflection principle consists of the Ocone martingales, i.e.
martingales whose Dambis-Dubins-Schwarz representation M; = f3; ), features a Brownian motion
B independent of (M). Many examples are known, such as: the Winding number (6;) of a planar
BM, Lévy’s stochastic area <7, = fé X,dYs — YodXs - - - (see [20]).
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martingales. Hence, the functions y; and y;, defined by: () := +E[(K —M,)"]

and Y, (1) :== E[(M, — K)™"] are increasing (and continuous) functions. Then, apply-
ing the Dominated Convergence Theorem, we obtain

1
lim I?E [(K*Mt)_'—] = 1,

f—o0

1 1
d, using the relation 1 — — = t)— —uyn(t),
and, using the relation X v (1) Kylz()

limE [(M, —K)"] =1.

f—o0
Therefore, there exists two positive random variables Z; and Z, such that:

%IE (K—M)"]| =P(Zi <t) and E[M, —K)"|=P(Z <1).

In the case M = &, formulae (1.20) and (1.21) (and more generally (1.28) and (1.32))
make it possible to identify the laws of Z; and Z;:

(law) (~1/2) (law) (1/2)
Z1 = Ggxy + %2 = Olggiry-

More generally, we shall prove in Chapter 6 that the function
(E[(K—&)%];0 <K < 1,1 > 0) is the distribution function of a couple of 1.v.’s tak-
ing values in [0, 1] x R, whose law will be explicitly described.

1.2.3 Proof of Theorem 1.2

We first prove (1.20) and (1.21)
e We shall show that, for any ¢ and u in R:

P (GE,‘” > tL%) - (exp{2u (a—B§“>) }) AL (1.33)

We now prove (1.33). For u > 0, we have, applying the Markov property to the
process (B,(”)J > 0):

PG =1.7) =P (gg (v+BH) < a) with x = B

:P’(infBgm < a—x>
= (exp{2u (a=B") }) AT (From (1.10)).

The proof for p <0 is similar.
e We apply (1.33) with 4 = —1/2 and a = log(K):
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(-1/2) _ (] !
P(Gloli) 2117) = (Eexp{Bt—E Al (1.34)
which implies:

(i) <1) =E

This is relation (1.20).
e We apply (1.33) with u = 1/2 and a = log(K):
(1/2) a ) _ n 5
P (Gl 2 117:) = {Kexp (=B, — 3 ) } A1, (1.35)

which implies:

2 (G2 <) =E| (1-Kexp (-8~ & )*]

log(K) = PAIT% 73
(law)

[ + ,
—FE|ef2 (e*BrJr%—K) } (since B, o —B;)

[ +
=E (e_(B’ AAS I ) ] (from the Cameron-Martin formula)

(law)

—E[(&-K)T] (since B, "2 —B,).
This is formula (1.21).

We now prove (1.25)
Using again (1.33) we see that, for K > 1, (1.25) is equivalent to:

t 1 K
We now use the Cameron-Martin formula on both sides to reduce the statement of
(1.36) to a statement about standard Brownian motion (B;,# > 0), for which we

denote: S; := sup By. (1.36) is then equivalent to:
s<t

By

1 By
KE {1{31>log(1()}e_7] = EE {I{S,>log(1()} (KC_B’ A 1) 67:| . (1.37)

We now decompose the RHS of (1.37) in a sum of two quantities:

By

1 _B 5
2 (B [ sotostn L mstostiorKe™ ? |+ E [Lis stogtx) Lis<togine ™ |)-



1.2 The Black-Scholes Formula in Terms of First and Last Passage Times 9

Thus, (1.37) gets simplified to the equivalent form:

By B
KE [I{B»log(m}eﬁ] =E [1{st>log<1<>}1{3f<1og<f<>}e 2 ] (1.38)

which, taking x = log(K), may be written as:

B B
E |:]{B,>x} €Xp (x— é>:| =E {I{St>x>B,}67} . (1.39)

We now show (1.39) from the right to the left, as a consequence of the reflection
principle of Désiré André. Conditionally on .#7,, and T, < t, we have:

Bi—x= E(szx ), With B independent from Fr.;
hence, under this conditioning, the reflection principle boils down to:

B—x " (B, —x). (1.40)

Thus, the RHS of (1.39) rewrites:

1
E [I{qu} (g, —x<01 €Xp (5 {x+ (B —x)})}

1
=K {1{E<r}1{3,x>0} exp <§ {x— (B —X)})}

_ _B
=E {I{Bt»}exp (x 2 )} ,

which is the LHS of (1.39). This proves (1.25), and with the help of (1.21), it also
proves (1.22).

We now prove that (1.22) implies (1.23) (with0 < K < 1)
We introduce the probability P(®) defined by:

Pf? =& Ps,. (1.41)

We note that from the Cameron-Martin formula, under IP’<£), (B:,t > 0) is a Brow-

1 ~ ~
nian motion with drift +1, so that Z =& = exp (B, — 5) for a new Brownian
!

motion (Et,t > 0). Thus, the LHS of (1.23) writes:
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e 1 o~ 1
& &
:K<E< )[éjl{é%}]jtfﬂn( ><£,>E>)

_ xp® (702
= KB (T2 <1)

(applying (1.22) with 1/K instead of K)

— KP®) ( 1§)g(1/)2) < t) (by symmetry)

P( lég/(2>) < I)

since, from the Cameron-Martin absolute continuity relationship:

P\(}Z)m(ra@) = exp(—2va) 'Pfé)rﬂ (1.42)

where P(¥ (resp P(=¥)) denotes the law of the Brownian motion with drift v (resp.
—V). O

1.2.4 On the Agreement Between the Classical Black-Scholes
Formula (Theorem 1.1) and our Result (Theorem 1.2)

We now check in an elementary manner the equality between the classical Black-
Scholes formulae given by Theorem 1.1 and the formulae given by Theorem 1.2.

e We first prove that:

W(bif)Ff>Kﬂ(:m§§>f)PQﬁﬁggg (1.43)

(=E[&-K)"]).

We assume K > 1. Since both sides of (1.43) are equal to 0 for t = 0, we only need
to check that the derivatives in ¢ are equal. On the one hand, we have:

2\/ﬁexp< Zl(log(l()+%>2>

and, on the other hand, from (1.12):
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J (1/2) _ 1 1 £\2
EP (Glog(K) < t) =5 exp ~% (log(K) — E)

K 1 1\2

This shows (1.43) when K > 1. The case K < 1 can be proven in the same way.

e We now prove that, for K > 1:

% (_10%/(?) +\/7;) LKW (_10%/%1{) _¥>

(1/2)
P(Rim =1) (1.45)
(=E[&1(g-x)] +KP(& > K)).

Once again, both sides of (1.45) equal O when ¢ = 0, so we only need to check that
the derivatives in ¢ are equal. We have:

oo (20

while, from (1.11):
0 (1/2) log(K) 1 £\2
—P(T <t)= _—
8tP( og(K) t) P exp > (log(K) 2)

_ Klog(K) 1 1\2

The agreement between the other formulae of Theorem 1.1 and Theorem 1.2 can be
obtained by similar computations. In fact, these are the precise manipulations which
led us to believe in the truth of Theorem 1.2.

1.2.5 A Remark on Theorem 1.2 and Time Inversion

We come back to the time inversion property of BM, in order to throw another light
upon our key result (1.20), which relates the European call price with the cumulative
function of last Brownian passage times. (This paragraph has been partly inspired
from unpublished notes by Peter Carr [15].) Indeed, a variant of (1.20) is the fol-
lowing:

Foreveryt >0,K > 0and ¢ : €([0,7],R"), measurable,

E[¢B,u<t)(K—&)"] =KE |¢(B,,u<t)l (1.47)

(<)

where g,gg) :=sup{u>0; & =K}
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_ Writing (1.47) in terms of the Brownian motion (Eh,h > 0) such that: B, =
uB(y/,), and setting s = 1/1, it is clearly seen that (1.47) is equivalent to:

Lp I\ _gp(FCoe®) 5 5
(Kexp(;Bsz—s>) — kP (7,59 = 515,

where YA“QM :=inf{u >0, B, +vu= a}. Since hats are no longer necessary for our
purpose, we drop them, and we now look for an independent proof of:
X NN L pp ((oek) _
K—exp|l-—=— =KP(T, >s|Bs=x]). (1.48)
s 2s 1/2

On the RHS of (1.48), we may replace {B; = x} by {B; — slog(K) = x—slog(K)}.
Now, as a consequence of the Cameron-Martin relationship, the conditional expec-
tation:

E[F (B, —vu,u <s)|B;—vs=Y|

does not depend on v; hence (1.48) is equivalent to:

1 x o 1)\ "
l—gexp by :]P’(T]/z2s|BS:x—slog(K)),

which simplifies to:

+
- 1
1 —exp Y73 =P(supB, < =|Bs=y],
S u<s 2

N—

or, by scaling:

1 [y 1 + 1 y
1- —(=-—= =P(supB, < —=|B; = == .
(-l 7 (Fmar)}) P lumnsgzim=7)
This is equivalent to:

+
(1 —eZUW’)) —P (supBu <olB = y> (1.49)

u<l

for 0 > 0 and y € R. This formula is trivial for o < y, and, for o > y, it follows
from the classical formula:

dado _(0—a?
P (iliﬁl)Bu edo, By € da) = \/E 2(20’ —ae 2 1{a<0, >0} (1.50)

The interested reader may refer to Chapter 5, proof of Point (i) of Theorem 5.1, for
similar computations. Let us also mention that formula (1.49) plays an important
role in numerical computations, see [61].
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Exercise 1.1 (On the law of (S;,B;)).

Let (B;,t > 0) be a standard Brownian motion and define S; := sup B;.
s<t

1) Prove that, foroc >0, 0 > a:
/ e MP(S,>0,B, <a)dt =E [e”lT"} / e MP(B,<a—o)du
0 0
where T := inf{s > 0,X, = 0}

2) Compute E [e=*T].
Hint: Consider the martingale (exp (AB, — %2t) ,t>0]).
3) Deduce then that the joint density of (S;,B;), fi(0,a), satisfies:

/ “e My (6,a)du = 2E [ef”zo—a} .
0

4) Finally, recover formula (1.50).

1.3 Extension of Theorem 1.2 to an Arbitrary Index v

1.3.1 Statement of the Main Result

So far, we have focused on the Black-Scholes formula relative to the martingale

((op[ =Bz 6> 0). We shall now extend these results to the family of martingales
((5,(”) 1= exp (VBt - ”72[> 6> 0) . Of course, we have, by scaling and symme-

veR
try, for the three following processes:

gV 1) g 1) oy 20) (1.51)
hence, :
1/2) (law) (v
LG e w0
; . (1.52)
i T w o),

The counterpart of Theorem 1.2 in this new framework writes:
Theorem 1.3. For all v and K ,t > 0:

i) The European put price associated to the martingale (é‘;(fzy),t > 0) equals:

E {(sz —67) +] =K 2P (Gl <1). (1.53)
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ii) The European call price associated to the martingale (é",(zy>,t > 0) equals:

E [(éi“”) ~K*) q =P (Gl <1)- (1.54)

iii) For every K > 0, if vlog(K) > 0:

B[4, S J R (8 > k) =B (10 <1), (159)

while, if v1og(K) < 0:

E [@@,(2”)1 FKP (g;@”) < Kz”) —P (T<V)K) < t) . (1.56)

{évt(ZV) <K2v }:|

Furthermore, if K =1 and v # 0:

p(1" <) =E[£%)1 | +RE > 1)

(&)1

} +P(E™ < 1) (1.57)

1.3.2 Some Comments on Theorem 1.3

e Theorem 1.2 may be recovered from Theorem 1.3 by taking v = —1/2 orv =1/2
(recall that (5}”,; > o) (faw) (g,“”),z > o) ). Besides, formulae (1.53) and (1.54)
are seen to coincide with (1.20) and (1.21). Taking limits as ¢ tends to O in (1.53)
and to 4o in (1.55) and (1.56), we obtain:

- ifvlog(K) > 0:

F (Gf;’;(m = O) =0=P (Tlffgzm = +°°) ,

P(Gi)

log(K) = O) =P (T(V) < +°°) — g

log(K)
These results coincide with (1.10).
e The relations (1.55) and (1.56) for the case v =0 (i.e. £;<7V) = £;<0> = 1) may be

obtained by passing to the limit as v tends to 0 on both sides. For example, we have
from (1.55), forv > 0 and K > 1:
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(v) 2v(Bs—vs 20(By—vs o
]P) (Ti()g(]() < S) = ]E |:e (B >1{621,(Bx7u5)>K21,}:| +]P)(e (B ) > K )

—F [CQV(BS‘”)1{Brus>log(1<)}] +P(B; — vs > 1og(K))

— 2P(B; > log(K)).
v]0

N2
On the other hand, since Tu(o) (12 ) %:
1

o 2
P (Tlg;(,() < s) =P (% < s> =P (|B,| > log(K)) = 2P (B, > log(K)).

(Note that this is once again a form of the reflection principle.) A similar analysis
holds for (1.56) as we let v tend to O.

1.3.3 A Short Proof of Theorem 1.3

We prove (1.54)
We have:

(842 —K*)T]  (from Theorem 1.2)
[(g;““) - K”)*} (from (1.51)).
Similar arguments establish (1.53), (1.55) and (1.56).

We now prove (1.57)
From the Cameron-Martin formula (1.5), it holds:

(2v) _ 2u(Bi42vt) 20
El& 1{gtau><1}} —P(e <1)

P (e—ZVBl—Zuzt > 1)

P (éi(z’” > 1) )

Hence:
E [(5;<2”)1{£;(2,,>>1}} =P (@”;(2“) < 1) ‘
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Consequently, we obtain:

and so:
E[6%1 0, | +E[621 00, |+ P (6% <1)+P (62> 1) =2,

which establishes (1.57).

1.4 Another Formulation of the Black-Scholes Formula

1.4.1 Statement of the Result

We shall now give yet another formulation of the Black-Scholes formula.
Theorem 1.4. For all K > 0 and v € R:

E [((g;(m/) _K)i} =(1-K)*+VKE [I{B%ta}e)(p <—%>} . (1.58)

Of course, (1.58) is a generalization of (1.19), which is (1.58) with K = 1 and
v=1/2.

1.4.2 First Proof of Theorem 1.4

Since (éat(zu>,t > 0) (lgv) (&xy2,,t > 0), it suffices to show (1.58) for v = 1/2. The

proof will hinge upon the use of the local time of the martingale (&;,7 > 0). Let
(L,K > O) denote the local time at level K of the martingale (&;,7 > 0). For any
positive Borel function f, the occupation density formula writes:

J F(E)d(E), = | rwonkax (159)
0 0

where ((&'),,t > 0) denotes the increasing process of the martingale (&;,7 > 0).
Since, from 1t6’s formula:

t
& =1+/ &,dB;, (1.60)
0

we have d (&), = (&)* ds. Hence:

/otE [£(6) (8] ds = /wa(K)E L] dK. (1.61)
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As (1.61) holds for all positive Borel functions f, it follows that:

Kl [ 9 (1 5\2
L ]—K/O mexp( N (1og(1<)+2) ) (1.62)

where we have used for the density of &;:

11 02
fo,(2) = = —m=e w(E@+3) . (1.63)

On developing the square in the exponential in (1.62), we get:

VK [t ds (log(K))> s
E[LK — e I 1.64
=5 | e (057 5) (169
On the other hand, the It6-Tanaka formula yields:
E[(6-K)*] = (1-K)* + 1 W]
(log(K))* s
1-— —= fi 1.64
= F ( S g (from(1.64)
VK , (log(K))*
=(1-K IEI 1 — ],
SR AN )
(1.65)
where we have used the density of B%:
I _z
i) = a=e " Lizop:
Formula (1.58) has thus been proven. O

1.4.3 A Second Proof of Theorem 1.4

The result is plainly true for v = 0 (since (o@ = 1), and, as both sides only depend
on the absolute value of v, it is enough to consider the case v > 0. The derivative,
with respect to v, of the RHS of (1.58) equals:

% (\/EE [1{B%<u2t}exp (mi(la?)z)])

_ Jd [vvi (log(K))>  x*\ dx
~ 2K [ e (_T_?> T (1.66)

2K o (_w V2f> , (167)

- V2T 8v2t - 7
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On the other hand, we may directly evaluate the LHS of (1.58) using the Black-
Scholes formula as:

E {(5,(2V)K)+} —JV( 1<2>g(\/) + \f) (lgi(\? uﬁ).

Taking partial derivatives with respect to v, we get:

‘91[«:[(5( )—K)+]:n< log(K) ., \/) <1og( ) i

v

dv 22U/t 202/t
_Kn( log(K) y\ﬂ) (log( )_\/;> (1.68)
2u0/t 202/t '
where n(x) = A" (x) = Le*% We now recognize:

V2r

log(K) o _os(B)? 1\ VE
”( 20t +”\/;) _eXp( 82 2 ) an
log(K) _  (log(K))* vt 1
" ( 2t ”\/;) P ( 802 2
Substituting back into (1.68), we obtain:
9 @) N\ _ . (log(K))?* v\ 2VKr
8VE [(g’ K) } —exp< 8v2t 2 ) \2n’

which matches (1.67), the derivative of the RHS of (1.58) with respect to v. a

Problem 1.1 (Computation of the laws of 7.") and G)).
Let (B;,t > 0) be a standard Brownian motion started at 0, and denote S; := sup B.
s<t
1) Prove, by using for instance the reflection principle, that for every ¢ > 0,
law | Bt|
2) Let a € R and denote T, := inf{s > 0; B; = a}. Deduce from 1) that:

P(T, edt) = |2a| exp(——2>dt (r>0).

3) Prove that E [e_lTﬂ] =g lalV2h, (A >0) and that T, — 0. Show that (7;,a > 0)

is a stable subordinator of index 1/2.
4) We recall (see Appendix B.1) that:

v [ 2
K, (x) = % (%) /O v le"%dt  (veR), (1)
K,=K., and K@) =,/—e™ )
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Prove that:

© 4 2 /it
exp | —— — At | dt =e V2 a,AL>0
/0 TT ( 2 ) (@4 20)

which yields another proof of 2).
5) Let a and v > 0. Using the martingale (éj(zu) :=exp (2vB; —21%1) 1 > 0) and
Lemma 2.1, prove formula (1.10):

P(Gi") >0) =P (T < +e0) =exp(—2va).

6) By using Cameron-Martin formula (1.5), prove (1.11):

) _a B (a— Vt)2
IP’(T,l edt>_—\/27?exp( - dt (t>0,a>0).

7) Deduce then that:

- 2
/ a eXp(—(a+V) )dt:e_za”.
0 V23 2t

This formula could also have been obtained from (1) and (2).

8) Let B, := tBy ift >0, and By = 0. Prove that (E,,t > 0) is a standard Brownian
motion, and deduce then formula (1.9):

2 69 (v,a reals).

9) Deduce finally from 8) and 6) that:

)2
P(Gflwedt)—\/%exp(%)dt (t>0,a>0,veR).
4

1.5 Notes and Comments

As explained in a number of preprints (Bentata-Yor [5], [6] and [5, F], [6, F], [7, F],
Madan-Roynette-Yor [47], [48], [49], [50] and [38, F]), the motivation for the search
of an expression such as:

E[(&-1)"] =P(X <1) (1.69)

came from a question by M. Qian, in August 2007, to the third author of this mono-
graph, precisely, to give a closed form expression for:

/:e—ME [(&—1)*]de
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and more generally:
/ h(OE (& —1)7]dr.
Jo

Since, from Theorem 1.1, X (la:W ) 4B% in (1.69), we obtain:

A le 1y g L ere] 1
Jy < MElE -0 a=gE[e iR wose

and more generally, there is the identity:
/ h(OE[(&—1)"]dt =E [H(4B})],
0

where H(x) = /mh(t)dt.

More general quantities will be studied in Chapter 4.
Theorems 1.3 and 1.4 are taken from [48], and Theorem 1.2 — which is a partic-
ular case of Theorem 1.3 for v = 1 — was first obtained in [50].



Chapter 2

Generalized Black-Scholes Formulae for
Martingales, in Terms of Last Passage Times

Abstract Let (M;,t > 0) be a positive, continuous local martingale such that
M, —— M.. = 0 as. In Section 2.1, we express the European put IT(K,t) :=

t—so0

E [(K—M,)"] in terms of the last passage time g™ .= sup{t > 0:M, = K}. In
Section 2.2, under the extra assumption that (M;,t > 0) is a true martingale, we ex-
press the European call C(K,t) :=E [(M, — K)+] still in terms of the last passage
time %gM). In Section 2.3, we shall give several examples of explicit computations
of the law of %IEM), and Section 2.4 will be devoted to the proof of a more general
formula for this law. In Section 2.5, we recover, using the results of Section 2.1,
Pitman-Yor’s formula for the law of % in the framework of transient diffusions.
The next sections shall extend these results in different ways:

— In Section 2.6, we present an example where (M;,¢ > 0) is no longer continuous,
but only cadlag without positive jumps,

— In Section 2.7, we remove the assumption M., = 0,

— Finally, in Section 2.8, we consider the framework of several orthogonal local
martingales.

2.1 Expression of the European Put Price in Terms of Last
Passage Times

2.1.1 Hypotheses and Notation

Let (M;,t > 0) be a local martingale defined on a filtered probability space

(Q,(%,t >0),%,P). We assume that (% = 6(My;s <t),t > 0) is the natu-

ral filtration of (M;,r > 0) and that %, := \/ .%. Let J/ﬁ'c denote the set of local
>0

martingales such that:

C. Profeta et al., Option Prices as Probabilities, Springer Finance, 21
DOI 10.1007/978-3-642-10395-7_2, © Springer-Verlag Berlin Heidelberg 2010
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e forallt>0, M, >0 a.s. 2.1)
e (M;,t > 0) is a.s. continuous (2.2)
e M is a.s. constant and tlim M; =0 a.s. (2.3)

Hence, a local martingale which belongs to ///2’0 is a supermartingale.
For all K,t > 0, we define the put quantity I'T(K,7) associated to M:

(K,t)=E[(K—M,)"]. (2.4)

We note that, since x +— (K —x)* is a bounded convex function, ((K —M;)" ¢ >
0) is a submartingale, and therefore E [(K —M,)"] is an increasing function of 7,
converging to K as t — oo. It is thus natural to try to express IT(K,t) as K times the
distribution function of a positive random variable. This is the purpose of the next
paragraph, which is a generalization of Point (i) of Theorem 1.2.

2.1.2 Expression of I1(K,t) in Terms of %IEM)

Let (M;,t >0) € ///2’6 and define g,gm by:

EZEM) :=sup{t > 0; M, = K}, (2.5)
(=0if the set {t > 0; M; = K} is empty.)
We shall often write % instead of %IgM) when there is no ambiguity.

Theorem 2.1. Let K > 0:

i) For any %;-stopping time T :

+
(1_%) —P(% <T|Zr). 2.6)
ii) Consequently:
O(K,T)=E[(K-Mr)"]| =KP(% <T). (2.7)

2.1.3 Proof of Theorem 2.1

It hinges upon the following (classical) Lemma.
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Lemma 2.1 (Doob’s maximal identity).
If (Ni,t > 0) € MY, then:

supN;, =" — (2.8)

where U is a uniform r.v. on [0, 1] independent of F.
Proof. Leta > Ny and T, :=inf{r > 0; N; = a} (= oo if this set is empty). We use
Doob’s optional stopping theorem to obtain:

]E[NTaL%)} = a]P’(Ta < °°|§0) =Ny

since Ny, = 0 if T, = 4o0 and Ny, = a if T, < +oo. Thus:

N
P (supN, > a|fo) =0
a

>0

since {T, < oo} = {supNt > a}.

>0

We now prove Theorem 2.1
We note that, since lim M; =0 a.s.:
[—o0

{% <T} = {supMs <K}.

s>T

We apply Lemma 2.1 to the local martingale (Mr,,u > 0), in the filtration
(Fr4u,u > 0). Conditionally on Fr:
(law) Mt

supM, =" — 2.9
SZ? s U (2.9)

where U is uniform on [0, 1], and independent of .%#r. Consequently:

MT MT *
P(supM, <K|Fr | =P — <K|Fr ) =(1-="F) . (2.10)
s>T U K

O

Remark 2.1. Theorem 2.1 and Lemma 2.1 remain valid if we replace the hypothesis:
(My,t > 0) is a.s. continuous by the weaker one: (M;,t > 0) has cadlag paths and
no positive jumps. This relies on the fact that, in this new framework, we still have
Mz, = a on the event {T, < oo}

Of course, Theorem 2.1 has a practical interest only if we can explicitly compute
the law of k. We shall tackle this computation in Section 2.3 below, but, before
that, we study the way Theorem 2.1 is modified when we replace the Put price by a
Call price.
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Exercise 2.1 (Another proof of Doob’s maximal identity).

Let (B;,t > 0) denote a Brownian motion started at x, and denote by
Ty := inf{t > 0; B, = k} its first hitting time of level k.

1) Let a < x < b. Prove that:

x—>b
P (T, <Tp) = .
X ( a b) a—b
2) We assume that x = 1. Deduce then that:
supB ==
lzg tATy U

where U is a uniform r.v. on [0, 1] independent from (B;,¢ > 0).

3) Let (M;,t >0) € ///E"C such that My = 1 a.s. Apply question 2) and the Dambis,
Dubins, Schwarz’s Theorem to recover Doob’s maximal identity. (Note that (M )., <
oo a.8. since (M;,t > 0) converges a.s.)

2.2 Expression of the European Call Price in Terms of Last
Passage Times

2.2.1 Hypotheses

Let (M;,t >0) € //2’0. For all K, > 0, we defined the call quantity C(K,t) associ-
ated to M by:
C(K,t):=E[(M,—K)"]. @.11)

In order to state the counterpart of Theorem 2.1 for the call price, we add the extra
assumption:

(T) (M;,t > 0) is a (true) martingale such that My = 1.
In particular, E[M;] = 1 for all r > 0.
Let P) be the probability on (£2,.%..) such that, for all 7 > 0:
=M; Pz, (2.12)
In the framework of financial mathematics, this probability is called a change of
numéraire probability.
We note that:
o PM)(Ty < 4-00) =0, where Ty := inf{r > 0; M, = 0}. Indeed,
PM(Ty <1) =E [My1{5,<] = E [Mg1{7,<] = 0. (2.13)

Hence, Ty = +o0 PM) g,
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t
thus a supermartingale, which converges a.s. In fact:

1
e It is easily seen that, under P ), (ﬁ’t > 0) is a positive local martingale. It is

-a.s. 2.14)

Indeed, for every € > 0:
PO (L) =pon (a, <L =E [M/1p,<1e)] — 0
M, € {Mi<1/e}

from the dominated convergence theorem. Thus (2.14) holds.

2.2.2 Price of a European Call in Terms of Last Passage Times

We state the counterpart of Theorem 2.1 for the call price.

Theorem 2.2. Let (M;,t > 0) be a positive, continuous martingale which converges
to 0 a.s and such that My = 1 a.s. Then:

i) For every bounded, F;-measurable r.v. F;, and all K > 0:

E[F (M, —K)"] =EW {El{%&mﬁ}] . (2.15)
In particular:
E[(M,—K)"] =P (4" <1). (2.16)
ii) For every bounded, #;-measurable r.v. F;:
_Kll= (M)
E[F|M; — K| = KE {Ftl %&Mk,}} +E {F,l {%((Mk,}] 2.17)
iii) For every K,t > O:
p) (g}(M’ g:) — 1 —K+KP (%,ﬁ’”) gr) (2.18)

and
p) (%,((M) > t) — kP > ).

Therefore, if K > 1:

pM) (%,9“ > g > o) =P@M > 1),
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while if K < 1:
(M) (M) _ (M) (¢z(M)
(4 =g > 0) =P > 1),
In particular, for K = 1:

%I(M) has the same distribution under P and under P™). (2.19)

2.2.3 Proof of Theorem 2.2

We first prove Point (i)
We have:

E[F (M, —K)"| =E[F (M; —K)" 1gy,~03] (since (M; — K)" =0 on {M; =0})

K +
FIM[(I_M,> 1{M,>0}

— EWM)

=K

K +
F, (1 — M) I{M,>0}] (from the definition of P1*))
t

=EM |F1

T <
by applying Theorem 2.1 with 1/M and 1/K instead of M and K, and since
PM) (M; > 0) = 1 from (2.13). But, by its very definition, gl(/l I/{M) = g,gm, and there-
fore:

E[F (M —K)']=EM {F’l{%émq}} |

This is Point (i).

We now prove Point (iif)
We have,

E[(M —K)"| ~E[(K—M)"] =E[M, —K] = 1 -K.

Hence, from Point (i) of Theorem 2.1 and Point (i) of Theorem 2.2:
PO (4 <1) ~KP (4" <1) =1-K.

This is Point (iif).
Finally, Point (i) is an easy consequence of the identity:

M, — K| = (M; —K)" + (K —M,)",

applying once again Point (ii) of Theorem 2.1 and Point (i) of Theorem 2.2.
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In fact, formula (2.16) can be improved in the following way: let ¢ : Rt — R+
a Borel and locally integrable function, and @ (x) := [; ¢ (y)dy. Then, for any ¢ > 0
and F, € %, one has:

E[Fo(M,)] = EM) [F,w (igm)] (2.20)

(Of course, (2.16) is also a particular case of (2.20) with @(x) = (x— K)" and
(p(x) = 1{x>K}-)

We prove (2.20)
We have:

M;
E[qu(M,)J—E{F, [ m(y)dy}

=E[FEMo(UM,)]

(where U is a uniform r.v. on [0, 1] independent from .%;)

=EM [Fo(UM,))

L UM,

sup M,
s>t

(applying Lemma 2.1 to the P™)-local martingale (1/M;,t > 0))

=EM) [F,(p (instﬂ .
s>t

g ™M)

2.3 Some Examples of Computations of the Law of &

Example 2.3.a. We get back to the classical Black-Scholes formula, with &; :=
exp (B, — %) where B is a Brownian motion started from 0. From (2.7), the iden-

tity:
+
l(l éfl)
K

holds. Taking K = 1, it suffices to obtain the identity:

=P (g,@ < t)

@, ) 42 2.21)
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to recover formula (1.19). In fact, this identity (2.21) may be obtained simply by
time inversion, since:

t
% =sup{t >0; & =1} =sup{r > 0; Bt_i =0},

hence, with the notation of Subsection 1.1.3:

_ law
@ = Gl 1) 5 (from (1.9))
"\
aw 4
(taw) 0] (by scaling)
Tl
) 4p2.

Example 2.3.b. Here (M;,t > 0) is the martingale defined by: (M, = Biaty,t > 0)
where (B;,t > 0) is a Brownian motion started from 1, and Ty := inf{z > 0; B, = 0}.
Then, for K < 1:

) (1aw) (Ux)? (law)

K - N2 -

where (T,x > 0) is the first hitting time process of a Brownian motion (f;,z > 0)
starting from 0, N is a standard Gaussian r.v. and Uk is uniform on [l — K, 1+ K],
independent from 7 and N.

Ty, (2.22)

Proof of (2.22)
Applying Williams’ time reversal Theorem (see [91]), we have:

(Bry—ntt <Tp) "~ (Ryou < G1(R)) (2.23)

where (R,,u > 0) is a Bessel process of dimension 3 starting from 0 and G| (R) :=
sup{u > O;R, = 1}. Hence:

7o " e (R) + 9™, (2.24)

where on the RHS, Tk (R) and g,gM) are independent and
Tx(R) := inf{u > O;R, = K }.

Taking the Laplace transform in %2 on both sides of (2.24) gives:

AK A2 (M)
g AK ) 2y
e Sinh (A )E [e 77K ] , (2.25)

AK
~ sinh(AK)’

22

2
since E |:C_TT0] —etandE {e_%TK(R)}
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Then, formula (2.25) becomes:

A(1-K) _ a—A(14K) 14K
E e_%%’w) =2 © = L/ e Mdx
2K J1-k

2AK
1 1+K 2
:—/ E[e@Tx] dx.
2K 1k

Thus:
2 1+K 2 2 2 (Ug)?
E[eggl({}m:l :%/ ]E[elz;\ﬂ]dxzﬁlekz;é]
1-K
N2
since T} (lg ) % Hence,
g0 () (Uk)® (taw) T,

Example 2.3.c. (M;,t > 0) is the (strict) local martingale defined by:
1
M, = A ;1> O) where (R;,7 > 0) is a 3-dimensional Bessel process starting from

t
1. Then, for every K < 1:

) Uaw) \77 ) Uaw) o (2.26)

where (Ty,x > 0) is the first hitting time process of a Brownian motion (f;,¢ >
0) starting from 0, N is a standard Gaussian r.v. and Uk is a uniform r.v. on
[+ —1, % + 1], independent from the process 7 and N.

Proof of (2.26)

u
sider the process R as obtained by time reversal from the Brownian motion (B, >

0) starting from 1/K and killed when it first hits 0. Hence, with the same notation
as in Example 2.3.b, we have:

1 1
We observe that %IgM) = sup {u > O;R— = K} = sup{u >0;R, = E} We con-

T " g™ 4 7y(R), 2.27)

where on the RHS, gIEM) and T;(R) are assumed to be independent. Taking once

. . )2 . .
again the Laplace transform in % of both sides, one obtains:

A A2 (M)
—AJK _ -t
e sinh(?L)E{e 27K ], (2.28)
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which can be rewritten:

AL (L 1
E e_%gl((M) _ e l(]( 1) —e k(}("!‘l) _ 1/K+le—lxdx
21 2 %_1

+1 2
2/;1 [ g}dx

1 [x+! _A2 22 _ A2 Og)?
2 E[e 2 2]d)c:IE e 2 nN |,
L

O
Example 2.3.d. (M;,t > 0) is the martingale defined by:

<M, = |B;|h(L;) + / h(x)dx,t > O> where (B,,t > 0) is a Brownian motion start-
L

ing from 0, (L;,t > 0) its local time at level 0 and i : Rt — R™ a strictly positive
Borel function such that [;"i(x)dx = 1. (M;,t > 0) is the Azéma-Yor martingale
associated with /4 (see [4]). We then have:

(M) (law) U :
aw -1 .
4, <H (U)+ hoH—l(U)> Ti (2.29)

where, on the RHS, 77 and U are assumed to be independent, U is uniform on
[0,1], Ty is the first hitting time of 1 by a Brownian motion starting from 0, and

H(u) := [y h(y)dy. In particular, if h(l) = e -4 we have:

law
gl(]w (taw) T2 (log(%) %71) (2.30)

where T, is the first hitting time of x by a Brownian motion starting from 0, and U
is uniform on [0, 1], independent from (7;,x > 0).
Proof of (2.29)

We use the fact that gl( ) has the same distribution under P and P (see (2.19)).
The law of the canonical process (X;,7 > 0) under P ) is fully described in [72]. In
particular, under PM).

o Lo<ooPM )-a.s., and admits 4 as density function,

* Conditionally on {L. =}, (X;,# <7;) is a Brownian motion stopped at 7
(with 7 := inf{s > 0;L, > [}), independent from the process (XTI+,,t > 0), and
(|Xz44],¢ > 0) is a 3-dimensional Bessel process started at 0.

Then, under P®™), conditionally on {L.. = [}:
gl(M) =71 +sup{t > O;/ h(x)dx+h(1)|X| = 1}
l

_Tl+sup{t>0 1X;| = foh(()l‘)) }
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Denoting k(1) = ﬁH (1) we have, by time reversal (see Example 2.3.b and 2.3.c

above):
g™ ) o 41 (2.31)

where T, is the first hitting time at level x of a Brownian motion started from 0, and
where, on the RHS, 7; and Tk(l) are assumed to be independent. But, (7;,/ > 0) and
(T;,1 > 0) being independent and having the same law, we have:

9™ " T (232)

2
(law) (Hl(U) %) T (by scaling).
O

Example 2.3.e. We end this series of examples by examining a situation which is no
longer in the scope of Theorem 2.1 or Theorem 2.2: we shall compute the price of
a call where (M;,t > 0) is only a local martingale, and not a (true) martingale. (In

other words, we remove assumption (T)). More precisely, let (X,,t >0, ]P)f) ,a>0

the canonical Bessel process of dimension 3, defined on the space Q2 := %' (R",R™).

1
Let (M;,t > 0) be the local martingale <M, = Y,t > 0) . Then:
t

E{
X

1 JF
A(x-1) ] =W [l yeezry] 2.33)

where F; is a generic bounded .%;-measurable r.v., W] is the Wiener measure (with
Wi(Xo=1)=1), Ty :=inf{r > 0;X; =0} and y:=sup{r < Tp; X; = 1}. In particular:

EP)

N
(}%—1) 1=W1(VSIST0)~ (2.34)

Proof of (2.33)
From the well-known Doob’s A-transform relationship:

3) _ Xiagg
Pz =—"0"

W, (2.35)

a

we have:
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1 * 1 i
F (Xz — 1> =W |k (Xt - 1) Xinty <1y

= Wi [ (1= Xon) 1y
=W [Ffl{YSISTo}]

EY

by applying Theorem 2.1, relation (2.6), with K = 1 and M; = X; ;.
O
We observe that the LHS of (2.34) is not an increasing function of ¢. Indeed, the
RHS converges to 0 as t — oo as a consequence of Lebesgue’s dominated conver-
gence Theorem. In fact, we can compute explicitly this RHS, which equals:

r(t) =W (To >t)—Wi(y>1) (since, by definition, T > 7).

aw) 1 aw) (Up)?
Recall that, under W;: Ty i — and, from Example 23.bwithK =1,y (far) ( 12)
B By

where U is uniform on [0,2] and independent of B?. Therefore:

1 U
") =P (|Bl| < ﬁ) P (|31 < \—}t) , (236)
that is:

Vi [2 = i
r(t) = \/%/ e /2y — %/ e /2 (1 - XT\/i> dx. (2.37)
0 0

In particular, r starts to increase, reaches its overall maximum, and then decreases.
Moreover, it easily follows from (2.37) that:

1 /2
t
r(t) ~ o\ 5 (2.39)

This example will be taken up and developed in Section A.1 of the Complements.

It is also easily proven that:

2.4 A More General Formula for the Computation of the Law
of %IgM)

2.4.1 Hypotheses

Let (M;,t >0) € ///2‘ (See Section 2.1). Our purpose in this Section is to give a
general formula for the law of g,?”. To proceed, we add extra hypotheses on M:
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i) Foreveryt > 0, the law of the r.v. M; admits a density (m;(x),x > 0), and (t,x) —
my(x) may be chosen continuous on (]0, +so[)2.

ii) Let us denote by ((M), ,z > 0) the increasing process of (M;,t > 0). We suppose
that d (M), = G/dt, and that there exists a jointly continuous function:

(t,x) — 6,(x) :=E[0?[M, =x]  on (]0,+o[)2. (2.40)

2.4.2 Description of the Law of %IEM)

Theorem 2.3. Under the preceding hypotheses, the law of %Igm is given by:

1
— 6, (K)my (K) 1y~ ydt (2.41)

P4 car) = (1~ %)+50(dt)+ -

where, in (2.41), a = My and & denotes the Dirac measure at 0.
Proof. Using Tanaka’s formula, one obtains:
1
E[(K-M)"]=(K-a)"+ SE (LK (M)] (2.42)

where (L,K (M),t >0,K > O) denotes the bicontinuous family of local times of the
martingale (M;,t > 0). Thus, from Theorem 2.1, there is the relationship:

QI (LK (M)] (2.43)

P(4 car) = (1- %>+50(dt)+ =

and formula (2.41) is now equivalent to the following expression for &, [LK (M)]:
dE[LE(M)] = 6,(K)m(K)dt (¢ >0). (2.44)

We now prove (2.44).
For every f : R™ — R Borel, the density of occupation formula

[ rapamn, = [ rxokax 045
0 0

becomes, under hypothesis (2.40),

[ rmyazas= [ puorkax. (2.46)
0 0

Thus, taking expectation on both sides of (2.46), we obtain:

E { /0 tf(Mv)Gde] = /0 " FK)E K] aK (2.47)
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and, the LHS of (2.47), thanks to (2.40), equals:
t t
| Elr0n)e?]ds= [ B[7()E [oF ] ds

_ /'°° F(K)K / " 0,(K)my(K)ds. (2.48)
JO 0

Comparing (2.47) and (2.48), we obtain:
t
E[LE0)] = [ 8(Kym(K)ds,
0

and Theorem 2.3 is proven.

2.4.3 Some Examples of Applications of Theorem 2.3

Example 2.4.3.a. Here, (M,:=& =exp(B,—%),t>0) where (B;,t > 0) is
a Brownian motion started at 0. From It6’s formula, & = 1 + fé &ydBy, thus
d (&), = &?dt and we may apply Theorem 2.3 with 6, (x) = x* and

1 1 £\?2
T — —— 1 = . We obtain:
x\/ﬁexp( Zt(Og(x)+2)> e obtain

my(x) =

() (LY Lo oL Ly’
IED(%K edr) = (1 K) 8o (dr) + Wit eXp( > (log(K)Jr 2) dt
(2.49)

This formula (2.49) agrees with formulae (1.10) and (1.14) since %) "2 G{ 112

Example 2.4.3.b. Let (M;,0 <t < 1) be the martingale defined by:

= ——exp| — , .
TP\ T2
This martingale is the Girsanov density of the law of the Brownian bridge (b,,0 <

u < 1) with respect to the Wiener measure on the o-field (.%;) (see Exercise 2.2).
We have here:

I 2(1—=¢) 1 Alx)

mt(X)Z \/2—77.7t X T(x)ei 2 1{x<f}

with A(x) := —2(1 —1)log (xv/1—1) and:

(2.50)
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2

6,(x) = Uiit)zA(x). (2.51)
Hence, from Theorem 2.3:
P (%@M) € dz)
= <l—i>+60(dt)+ﬂewl L Lgendt (2.52)
K (I—ovam (K<) Y

I\* i1 [—log(Kv/T—
:(1_E> So(dr) + (KVT=1) %I{K%}l{m}dﬁ

Example 2.4.3.c. Here, (M;,t > 0) is the martingale defined by:
(Mt = cosh(Bt)e*’/z,t > 0) . We have from It6’s formula: ¢; = sinh(B,)e”/z, hence
0} =M? —e " and 6;(x) = x> —e~". On the other hand:

2
my(x) = 3exp 1 Argcosh(xe'/?) ;1 Sy (2.53)
t 2t V2 —ot e}

Hence, from Theorem 2.3:

1\" 1
P (%,g’”) € dt) - (1 - K) () + 5 (K* =™ my(K) 1 gy,

where m; (K) is given by (2.53).

Example 2.4.3.d. We consider Feller’s martingale, i.e. the solution of the stochastic
equation:

t
M; :l+2/ VMdB;.
0

(My,t > 0) is a square Bessel process of dimension 0 started from /. From Itd’s
formula, 6,(x) = 4x, and it is known that the law of the r.v. M, is given by:

where [ is the modified Bessel function of index 1 (see Appendix B.1). Hence, from
Theorem 2.3:

INT 1 /1 I[+K IK
P(4M edr) = (1_E> 6o(dz)+;\/;exp (—7> I <\/ 7) Lot

(2.54)
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Exercise 2.2 (Girsanov’s density of the Brownian bridge with respect to the
Brownian motion).

Let (B,0 <t < 1) denote the canonical Brownian motion started at 0, P the Wiener
measure, and (b;,0 <t < 1) the standard Brownian bridge (with by = by = 0).
(bs,0 <t < 1) is the strong solution of the SDE:

_b[
db, = dt+dB
! [ ab 0<r<1).

by =0

Let IT be the law on € ([0, 1],R) of (b;,0 <t < 1).
1) Prove, applying Girsanov’s Theorem, that:

1'[‘(% =M, P|a;t (0 <t < 1) (D

with

tBdB, 1 [t Bds
M, = - T =) 0<r< 1.
' eXp( /0 1—s 2Jo (1—s)2>’ =i

2) Use Itd’s formula to show that:

M, = ! ex( Btz )0<t<1
SRV perhce AT Rt

Show that M; =0 a.s.
3) In the case of the n-dimensional Brownian motion in R”, prove that the analogous
martingale writes:

(n) 1 _ ||Bf||2 <
M, —7(1t)n/2exp< 2(1-1) ,0<r <1

where [|B;|2 = (B +...+ (B))>.
4) More generally, let (X;,7 > 0; %#,,t > 0;P,,x € R) be the canonical realization of
a regular diffusion on R. We denote by (P, > 0) and (p(x,y); t > 0,x,y € R) the
associated semi-group and its density kernel (with respect to the Lebesgue measure),
which we assumed to be regular.

Let [ > 0. We denote by Hx(ﬂy the law, on % ([0,!],R) of the bridge of length /
(%y,0 <u <1I) such thatxo =x,x; = y. Let 0 <t < [. For every F : € ([0,/],R) = R
bounded and measurable and every f : R — R Borel and bounded, we have:

E, [F(Xm” < t)f(Xl)] = /REX [F(Xu;u < t)|X1 :y]f(y)pl(xvy)dy~

i) Prove that:

B [F (X, u < 1) f(X))] = Ex [F(Xu,u < 1)P f(X1)] -
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ii) Deduce that:

Pi—(X:,y)
E[FXp,u<t)|X;=y| =E, |F(Xy,u<t)——=
x[ ( w U > )| 1 y] X ( u, U= ) Pl(x,)’)
and
O ih a - PerEoy)
H)Hyla@r =M, Py with M, := ny) 2)

Prove that (1) is a particular case of (2).
Comment: Relation (2) makes it possible to derive the expression of the bridge of a
diffusion as the solution of a SDE, thanks to Girsanov’s Theorem.

2.5 Computation of the Law of ¥ in the Framework of
Transient Diffusions

2.5.1 General Framework

Theorem 2.1 and Theorem 2.2 cast some light on our ability to compute explicitly

the law of %I((M) when M is a positive (local) martingale. We temporarily leave this
framework and give (following Pitman-Yor, [65]) a general formula for the law of

%EX) when (X;,7 > 0) is a transient diffusion taking values in R™.

We consider the canonical realization of a transient diffusion (X;,7 > 0; Py, x > 0)
on ¢ (R*,R™) (See [12]). For simplicity, we assume that:

i) Py(To < o) = 0 for every x > 0, with Ty := inf{z > 0;X; = 0}.
i) P, (tlimX, - +oo) —1,x>0.

As a consequence of (i) and (ii), there exists a scale function s for this diffusion
which satisfies:

s(0T)=—oo | s(+o0) =0 (sis increasing). (2.55)

Let I" be the infinitesimal generator of (X;,# > 0), and take the speed measure m to
be such that:

0 d
= (2.56)
Let, for K > 0:
g% .= sup{t > 0;X, = K}. 2.57)

Let us also denote by g(z,x,y) (= ¢(t,y,x)) the density of the r.v. X; under P, with
respect to m; thus

Py(X, € A) = /A g(t,x,y)m(dy), (2.58)

for every Borel set A.
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2.5.2 A General Formula for the Law of %ng)

Theorem 2.4 (Pitman-Yor, [65]). For all x,K > 0:

.
P, (%}j‘) € dt) = < - ;8%) So(dt) — %q(r,x,l{)dt (2.59)

where 8y(dt) denotes the Dirac measure at 0.

In particular, if K > x, since s is increasing and negative, formula (2.59) reduces to:

P, (%ng) € dt) = —%q(t,x,l{)dt.

Proof. We apply Theorem 2.1 to the local martingale (M; = —s(X;),t > 0). This
leads to:

(" ) =mu (o =) = (1 =)’

(2.60)

+
As we apply Tanaka’s formula to the submartingale (1 — i((){((,))) , we obtain:
+
(X) _ s(x) 1 ~5(K)
P <t)=1(1- — E,|L M 2.61
X(gK - ) ( s(K)> 25(K) x[ ! ( )} (2.61)

where (L¢(M),t > 0) denotes the local time of the local martingale (M;,7 > 0) at
level a.
We now prove:
d
ot
which obviously, together with (2.61), implies Theorem 2.4. In fact, (2.62) follows

from the density of occupation formula for our diffusion (X, > 0):
for any f: R™ — R™, Borel,

E, [L; (&) (M)} = 24(1,%,K) (2.62)

[ roxyas= [ rx)ifmear) (2.63)
0 0

where (If,t > 0,a > 0) is the family of diffusion local times. (See [12]). On the LHS
of (2.63), taking the expectation, we have:

| [ sas] = [ ([ atsoxoas)mar). 2o

Thus, (2.63) and (2.64) imply:



2.5 Computation of the Law of %k in the Framework of Transient Diffusions 39
" t
E, [1}] :/0 q(s,x,K)ds. (2.65)

On the other hand, there is the following relationship between the diffusion and
martingale local times:

205 = 1% (). (2.66)

Ip, (9 <1) = (1 - ”))+6o Lo (B [ ® o))

o S(K) 25(K) o1
AR SR
(1 S )) sy ar B L)
)

where dy is the derivative of the Heaviside step function, i.e. the Dirac measure at 0.
O

Remark 2.2. Formula (2.59) still holds in the more general framework of a tran-
sient diffusion (X;,# > 0) taking values in R, such that for example X, —

a.s. Indeed, introducing (X, := exp(X;),t > 0), it is easily seen that X satisfies the
hypotheses of Subsection 2.5.1, and therefore Theorem 2.4 applies (with obvious
notation):

P: (%}{Y) € dt) - (1 - %) i So(dt) — %q(;,x,[()dt.

Then, using the identities: %,((Y) = Eﬁlg};g,(), 5(x) = s(log(x)) = s(x) and g(z,%,y) =

q(t,log(x),log(¥)) = q(t,x,y), we obtain:

P (4% € di) = (1 - s(l;;%) 8o dt) — S(loglwq(t,nlog(l{))dt

which is (2.59).

2.5.3 Case Where the Infinitesimal Generator is Given by its
Diffusion Coefficient and its Drift

In practice, it may be useful to write formula (2.59) in terms of the density p(t,x,y)
of the r.v. X; with respect to the Lebesgue measure dy (and not m(dy)). We shall give
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this new expression in the following. Let us assume that the infinitesimal generator
I is of the form:

1 92 d
Consequently:
dm(y) 2
= 2.68
dy  s'(ya(y) (268
and |
q(t,x,y) = 3p(t,x,y)s' (V)a(y) (2.69)

so that formula (2.59) becomes:

+ /
P, (54,@ e dt) - ( - %) So(dr) — %Ia(z,x,mdt. (2.70)

We now give several examples of application of Theorem 2.4, and of relation (2.70).

) € dt) for

e Let us go back to Example 2.4.3.d where we computed P (%IgM
(My,t > 0) a square Bessel process of dimension O started from /. We then de-
fine the diffusion (X,,t < %I(X)) to be the time reversed process of the martingale

(My,t <Tp). (X;,t > 0) is a square Bessel process of dimension 4 started from 0 and
therefore satisfies the hypotheses of Theorem 2.4. In this set-up, we have:

s(x)=—-, a(x) = 4x,

1 Jy xX+y Xy
t =—4/= — 20 (/2.
pl1.%,y) Zt\/;eXp< 2t ) 1( t)

)

and

Now, applying the Markov property, we see that the law of %IgM under P is the same

as the law of %(X) under @5?), where Qg) denotes the law of a square Bessel process
of dimension 4 started at K. Then, relation (2.70) yields:

P (%M) € dt) = @f,;” (%Z(X) € dt)

_(_sE)NT _ s (Da(l)
_<1 s(l)) O (dt) 20) p(t,K,1)dt

AN 1 /i I+K Kl

which is (2.54).
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e If X, = B, +vt (i.e.a= 1 and b = v), we have: 5’ (x) = e 2,

1 1
p(t,0,K) = iz exp (—Z (K — ut)z) and, from (2.70), for v and K > 0:

v 1
By (9 ear) =P (G edr) = J;Tn exp (_27 (K — m)2> dt,

and this formula agrees with (1.12).

2v+1
o If (X;,7 > 0) is a transient Bessel process, i.e. if a =1 and b(x) = VZL with
X
index v > 0 (i.e. with dimension d = 2v +2 > 2), we have: s(x) = —x % and
27 K?
p(t,0,K) = mt_<”+l)1(2”+l exp (2t> Hence, from (2.70):
2-v 1 K2V+l K2
IP)(V) ( (X) dl) — v _ —— \ dt
o \F € Fw+ 1)K o+ P\ "2
2—v KZZ/ KZ
= —_——— —— | dt. 2.71
T(v) v+t eXp( 2t > @70
Note that, by time reversal, we recover Getoor’s result (see [25]):
() (g0 () K
P (%K c dt) =P (Tyedr) =P (2}/ c dt) 2.72)
v

where IP’?V) denotes the law of a Bessel process of index (—v) for 0 < v < 1 (i.e. of

dimension § =4 —d for 2 < d < 4) started at K and where 7, is a gamma r.v. with
parameter v. See also Problem 4.1 in the present monograph, and e.g., [98], Paper #
1, for some closely related computations and references.

2.6 Computation of the Put Associated to a Cadlag Martingale
Without Positive Jumps

2.6.1 Notation

Let (B;,t > 0) be a Brownian motion started from 0, and v > 0. As in Chapter 1,

we denote by (Bt(y> := B, +vt,t > 0) the Brownian motion with drift ~ and 7Y =
inf{t > 0; B, + vt = a}. We have:

E [eZZZT“(V)] = exp (—a (\/ VZ4AZ— 1/)) (2.73)
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and in particular, for A2 =1+2u:

1

E |:e(z+V)Ta(U):| =exp(—a) (a>0). (2.74)

It follows from the fact that (B,(V),t > 0) is a Lévy process (which implies

) "2 1) L 1) with T and T, independent), together with (2.74) that:
1
(Ma(l’) ;= exp {a _ (E + 1/) Ta(”)} ,a> O) is a martingale. (2.75)

In fact, this is a positive martingale, without positive jumps, and such that

lim M) =0 as. (2.76)

a—oo

Indeed, from the law of large numbers:

B; + vt v
a.s.
(%—&—V)t t—eo %—H/
: (v) .
Hence, since T, ' —— oo a.s.:
a—oo
(v)
BT"(V)+VTa = 4 v <1l as
G+ G4nnt) ew gty

From (2.75), this implies that MY 0 as.
a—weo

2.6.2 Computation of the Put Associated to the Martingale
(v)
M, ,a>0

Proposition 2.1. Let K > 0.
i) IfK <e“:

E [(K M;”)*] = KE[(& —*)*] ~E {(@@ — ) j . @77

2a*(2v +1)

with t =t(a,v,K) = ———=.
a—log(K)

(2.78)

i) IFK > e
E{(K—Mff’))q —K—1. (2.79)
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Proof. (2.79) is obvious. We prove (2.77):

_ (v) * _/M _ a—(l+u)u a _(a—yu)2
E{(K Ma ) }_ alox(K) (K © )\/W xp )
ytv

(from the explicit formula for the density of Ta(l') given by (1.11))

a2 (2v+1)
a—Tog(K (1 a2 et s a?
:e‘“’/ ®© (g —er-(3+)% exp—=———)ds
0 V2Ts 2 2s

2
(after the change of variable a_ s)
u

2 a?(2u+1)
1= 2(a—log(K))

ZKeaVE 1{ }e 28%

az(u+1)2

_ealrtD | { }e w | (2.80)

a2(2u+1)
B% < 2(a—log(K))

2a*(2v+1)

ie., witht = ———=
ie., wi a—1og(K)

,A =e2 and B = e2e(v+1);

_log?(4)

887 ] —VBE

log? (B)
- 2
1 > e SB]
{aB}<r}

(2.81)

E {(KMa(”))Jr] — KVAE l1{43%<,}e

We now apply formula (1.58), Theorem 1.4:

_log(K)
E[(& —K)*] = (1= K)* +VKE | Liyp_pe ™ ]

successively with K = e2*” and K = e2***1) We obtain:

112112
E[(& ™) ] =e"E l1{43%<’}e i ] : (2.82)

n _aw)?
E |:(éz; _620(V+]>) :| — ell(VJrl)E 1{4B%S[}e ZB% ‘| . (283)

Gathering (2.80), (2.82) and (2.83) ends the proof of (2.77) and of Proposition 2.1.
O
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(v)
2.6.3 Computation of the Law of %IgM )

(v)
We shall apply Proposition 2.1 to get the law of the r.v. %EM )= sup{a > 0;
MY =K}
=K},

(v)
Proposition 2.2. The r.v. g,gM ) admits as probability density the function fw< )

M
given, for K < &%, by: *
_ (1/2) (1/2)
f%((M(,,)) (a)=v {]P’ (sz < t) -P (Tzw < t) }
v+1 (1/2) (1/2)
+—P TZa(V+1) <t)-P GZa(V+1) <t (2.84)
K
1 - -
vl ; P (B2 > 2a(v+1)) — 20 (B > 2av)
(2.85)
2a*(2v+1
with the notations of Chapter 1 and where t = M.
a—log(K)

Proof. We first prove (2.84).

Since (MC(,”),a > O) has no positive jumps, we may apply Theorem 2.1 (see Re-

mark 2.1) to obtain:

P (%{M(u)) < a) _ %E [(K_Mt(lu))j

_ % <]E [K (& 762al/)+:| _E Ré; eZa(l/+1))+]>

2a*(2v + 1
(from Proposition 2.1, with t = M)
a—log(K)
1
=P (G(Zla/lfz) < t) - E]P (G%?H) < l) (from Theorem 1.2)
(2.86)
2{!2(2V+l)
“a—log(K) 1 1 u 2)
- exp| —=—(2av— = du 2.87
0 2V/2mu p( 2u ( 2) (2.87)
242 (2v+1)

1 a—log(K) 1 ( 1 ( u 2)
- = exp| —— (2a(vr+1 ——) du.
K Jo 2V 2mu P\ 24 ( ) 2

We then differentiate both sides of (2.87) with respect to a. The terms coming from
the differentiation of the upper bound in both integrals on the RHS cancel, and it
finally remains:
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%}P’ <g1((M(V)) < a)

A | 4a? 1 u\?2
- - —~ (2av-%)" )4
/0 221 (V u )e"p< 214( w 2) ) “

—% otﬁ (l/+1— M) exp (—2—114 (2a(u+1)— g)2> du
—v{p(cl) <r)-P (15 <1)}

vl (1/2) (1/2)
- K {IP (GZa(V+1) < t) —-P <T2a(l/+l) = t) } :

This is relation (2.84).

We now prove (2.85)

From Theorem 1.3, identities (1.54) and (1.55) for K > 1 and v > 0, we deduce:

P (T<”> < t) —E [éi(z”)l

log(K) } +KP (gt(ZV) > K2”>

{éat(ZV)>K2u}

P(G\)

log(K) < t) =K [c%(z”’l } —K¥P ((53(2” > K2”> .

(62K

By subtracting:

P (T<”> < z) _P (G(")

log(K) log(K) = t) = 2K?P (é;(zu) > sz)

= 2K*P (B,W > 10g(K)> . (2.88)

Finally, we obtain (2.85) from (2.84) by applying (2.88) first with v = 1/2 and
K = ¢*®, and then with K = ¥ *1) noting that this is allowed since ¢** and
e24(»+1) are larger than 1.

O

2.6.4 A More Probabilistic Approach of Proposition 2.2

We shall now prove again Proposition 2.2 via a more probabilistic method, when
v = 0. More precisely, we will show:

Proposition 2.3 (v = 0).

. (0) _
)P (g,gM ) < a) =P (Gfogl(jff <2(a— 1og(1<)))

~P (6L k) < 2(a—Tog(K)). (2.89)
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i0) £ o (@) =P (T3, i) < 20a—log(K)) ) P (G52, ) < 2(a—log(K)))

Y

eZa

= 2?19 (BZ(a—log(K)) > 3a— 210g(K)) . (2.90)

In the following, we shall first prove Proposition 2.3, and then, we will check that
relations (2.89) and (2.90) coincide with those of Proposition 2.2.

. . . (0)
Proof. We first give a geometric representation of the two events {%((M ) < a} and

{Gl(c:gl&f)) < 2(a—log(K ))}~ We have,

u 1
%K(M(O)) = sup{a >0; e“*T7 > K} = sup {a >0;a> ETa—&—log(K)} ,
0
hence the event {%}(M( ) < a} is composed of the Brownian paths which do not

leave the hatched area of Fig. 1:

y = =s+log(K)

Ve .

log(K)

0 2(a— llog(l()) s

Fig. 1 {%,EM“’)) <a}

Similarly:

(=1/2) . _ Cp=1/2) B o 1
glog(m = sup {s > 0; Bs = log(K)} = sup {s >0; By = 2s+10g(K)}

and the event { G\ /%) < 2(a—1log(K)) ; is composed of the Brownian paths which
log(K) g p

do not leave the hatched area of Fig. 2:
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y

1
y= §s+log(K)

log(K) :
0 2(a—1og(K)) s
Fig. 2 {glg;;g <2(a— log(K))}
Consequently:
~1/2
P (%K(M(O)) < a) =P ({Gl(og(;()) <2(a flog(K))} N {s<2(asl11€g(K))BS < a}) .

We put 7 = 2(a — log(K)), and this identity becomes:

(0) _ (=1/2) _ (=1/2)

P(%(M) <a) =P(Gli) <T) ~P ({Glog<K) <T}n {flguTaBs > a}) :
(2.91)

Let us now study the event:

(=1/2) . s
{Glog(K) < T}ﬂ{fng)Bx > a} = {slgg (5 +log(K) —Bs) > 0} ﬂ{fgl;BS > a}.

On this event, the Brownian paths hit a.s. level a before time 7', hence, applying
Désiré André’s reflection principle, we can replace the piece of path after T,(B) by
its symmetric with respect to the horizontal line of y-coordinate a. We then obtain:

P ({inf 2 L log(K) — B > 0} n {susz > a})
s>T 2 s<T

- ({Q;BS - (2a—1og(1<) - %) > o} N {fggBS > a})

=P (G2 <T)-
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Plugging back this expression in (2.91), we finally get:

P(40"") <) =P (Gl <2(a—tog(K))) ~P (G4 ) < 2(a—Tog(K))),

which is Point (i) of Proposition 2.3.

. (0)
Let us now compute the density of %IEM ). We have:

P (glng)) < a) _ /Z(aflog(l()) 1 (e—ﬁ(log(K)vL%)z _e_%(za—log(m_%)z) du.
0

We differentiate this identity with respect to a. Once again, the terms coming from
the differentiation of the upper bound in both integrals on the RHS cancel, and it
finally remains:

2(a-log(K)) .
[ o) (a) :/ L 4(2a—10g(K)— g) e (a-losl®) =5 )" gy,

gKM 0 2 2
_ 2(a—log(K ( ) _2_1.4(2‘1—1"%(1()—%)2(1,4
27‘[u 2\/ 2mu
2) 1/2)
=P (Tz(al/l()g ( ( ))) -P (Gga/flog(l() < 2((1 - 10g(K))>

Za
= Z—P (Bz(aflog(K)) > 3a— 210g(K)) ,

the last equality coming from (2.88) with v = 1/2, and where we have replaced K
by % (% > 1 since K < e“).

O

(0)
We now show that the two expressions (2.84) and (2.90) of the density of g,EM )
coincide. With v = 0, (2.84) becomes:

1 1/2 24> 1/2 24>
= P(T/ "< ——— |-P|G,/)" < ———
f%,((M( ))(a) K{ < 2 = a—log(K) 24 = a—1log(K)
a log X) 1 ,L(za,z)z
e 2) du
K/ ( 27ru3 2y 27ru>

a 1 2
I Y ()
e ds
K/a log(K < V2rs 2\/2ns3>

2
(after the change of variable s = i)
u

_ % {]p( D > 2(q —1og(1<))) P (Ta(” >2(a— log(K))) }
_ % {P (7" <2(a~10g(K))) ~ P (G <2(a~10g(K))) }
(2.92)
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Then, from (2.88), one obtains:
P (7" <2(a—log(K))) - P (GL < 2(a—log(K)))

_ 9 (aa)2 (=1)

=2 P (BY, i) > @)

= 262aP (B2(aflog<K)) — 2((1 — lOg(K)) > Cl)

=2e*P (By(y_10g(x)) > 3a—2log(K)). (2.93)
Hence, plugging (2.93) in (2.92):

2a
I o, (@) = 27]? (Ba(a—tog(k)) > 3a—2log(K)),
gk'

which is (2.84).

2.6.5 An application of Proposition 2.1 to the Local Times of the
Martingale (&;,t > 0)

We end this Section 2.6 by an application of Proposition 2.1 to the local times
(LKt > 0,K > 0) of the martingale (&;,¢ > 0).

Proposition 2.4. Let (LX t > 0,K > 0) denote the family of local times of the mar-
tingale (&;,t > 0). Then, for all 0 < K < e and v > 0:

1 K av 1 alv
(K=1)*+3E [LI;M] =3E [sz } —5E {sz ( *”} (2.94)
2
where t — 2 Cv+ 1)
a—1log(K)

Proof. We start by applying Tanaka’s formula to the martingale (&, > 0) stopped
at the time s A Ta('/). Using the identity B, — 5 = BSV) - (% + 1/) t:

+ ) ! w1\
E (K—é"mTa(,,)) =E||(K—exp Bs/\Ta(”)_ E—‘rV (sAT)

|
_ _ + - K
= (K=1)"+3E [LMTU(V)}.

We then let s tend to +oo, using the dominated convergence theorem for the term

+
E {(K — o@s AT(”)) ] , and the monotone convergence theorem for E [LK T(V):| . This

SAT,
leads to:
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ool () |

—kE[(6-) ] B |(6-em)).

(K—1)* + %E [25,] =E

2a*(2v +1)

a—1log(K)
Tanaka’s formula to obtain the result (2.94), since 2 and e *1) are larger than
1 (= &).

where t = from Proposition 2.1. It only remains to apply once again

O

Remark 2.3. Since the application @ : x — e* is a ¢! -diffeomorphism from R onto
10, 4-<[, we have, with obvious notation:

LI (p(B) = ¢/ (x)L; (B,

Thus, denoting by (Lf (B(’l/ 2)),t >0,xe R) the family of local times of the semi-

martingale (35*1/ 2),1 > O) , Proposition 2.4 can be rewritten:

K N _
(K-1)"+3E {LIT;%)K) (B Vz))}

K 2a(v+1) 5
— EGZauE |:Lt20V(B(71/2)):| _ € ]E |:L1211( +1)(B(71/2)) . (295)
In the same spirit as that of Proposition 2.3, we could give, when v = 0, a proba-
bilistic proof of identity (2.95). We leave this proof to the interested reader. Formula
(2.95) writes then:

log(K) rp(—1/2)\] _ log(K) —1/2 2a—log(K) 2
E [LT(",),g (B< 1/ ))} -F [Lzo(i—log(K))(B( / ))} . o) {LZ(a—(l)fg(K))(B“/ ))}_
(2.96)

2.7 The case M., # 0

2.7.1 Hypotheses

Our aim in this Section is to give a generalization of Theorem 2.1 when we re-
move the assumption M., = 0 a.s. More precisely, we still consider a positive
and continuous local martingale (M;,7 > 0) defined on a filtered probability space
(Q,(F#,t >0),.F%,P). We assume that (% := o(My,s <t),t > 0) is the natu-

ral filtration of (M;,7 > 0) and that %.. := \/ .%. As a positive local martingale,
>0
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(M;,t > 0) is a positive supermartingale, which therefore converges a.s. towards a
r.v M., as t — oo. But, as opposed to the previous sections, we no longer assume
that M.. = 0 a.s. Then, in this new framework, Theorem 2.1 extends in the following
way:

2.7.2 A Generalization of Theorem 2.1
Theorem 2.5. Let (M;,t > 0) a positive continuous local martingale. For every
K>0:

E |1 (K—M.)" 7| =(K—Mm)". (2.97)

g <1}

Of course, if M. = 0 a.s., we recover Theorem 2.1.

2.7.3 First Proof of Theorem 2.5

It hinges on the balayage formula which we first recall (see [70], Chapter VI, p.260):

Balayage formula:
Let (Y;,t > 0) be a continuous semi-martingale and %y (t) = sup{s < t; ¥; = 0}.
Then, for any bounded predictable process (Ds,s > 0), we have:

°t
Dy, (1) Y1 = Qo¥o + /0 Dy, (5)dYs. (2.98)
We note % (s) := sup{u <s; M, = K}. The balayage formula, applied to

(Y, = (K—M,)",t > 0), becomes, for every bounded and predictable process
(Ds,s > 0) and ¢ > 0:

(ng(t) (K—M;) =@y (K — M() /(Dg l{MS<K}dM +2/ (DgK dL K

(where (LK s > 0) denotes the local time at level K
of the local martingale (M;,s > 0)),

1 t
— @y (K—Mo)" / Py o) k) M+ / ®,dLK (2.99)
’ 0

since dLK charges only the set of times for which M; = K i.e. for which % (s) = s.
We now apply (2.99) between ¢ and o to obtain:

E|® ) (K—M)" |%] = Dy (K—M,)" + %E [ /w DydLf |%] (2.100)
7K t
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since Yk (o) = %IgM). Taking in (2.100) @5 = @(s)1,<; for a bounded Borel func-
tion @ : R™ — R and observing that % () <1 and [;” @(s)1{;<;}dLX = 0, we ob-
tain:

E [ (9) 1y, (K~ M) 1] = 0 6(0) (- 11"

O
2.7.4 A Second Proof of Theorem 2.5
Let T be a .%;-stopping time. It is clear that:
E {1{%@@} (K—Mw)+] —E [1%:&} (K—MW)JF} (2.101)
with df := inf{r > T; M, = K}, since {%Igm < T} ={dK = }. Then:
E [y (K—Mo) | =B |1y (K= M K)+ —E|(Kk-M K)+
{dy ==} © {dp ==} dy dr
(2.102)

+
since, on the set (dX < ), <K -M d;;) = (0. We now note that, for ¢ between T

and dX, LX is constant since M, # K. Hence, from Tanaka’s formula, the RHS of
(2.102) equals:

E {(K—M[ﬂ;)q =E[(K-Mp)*]. (2.103)
Gathering (2.101), (2.102) and (2.103), we obtain:
E [1{%%@} (KMW)+] =E[(K—Mp)"]. (2.104)

This identity may be reinforced as:

ElLgonory

(K- M.)* L%} (K- M)

TonA,

N A€ for any generic set A € Zr.
oo on

by replacing in (2.104) T by T := {
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2.7.5 On the Law of S.. := supM,;
>0

We have seen in Section 2.1 that, when M; —— 0 a.s., then:
[—00

(taw) Mo

Seo
U

(2.105)

where U is uniform on [0, 1] and independent from M. What can be said about the
law of S.. if we remove the assumption M., = 0 ? Going back to the proof of Lemma
2.1 and applying Doob’s optional stopping Theorem, we obtain, for b > a = M, and
T, :=inf{t > O;M; = b}:
E [MT;,] =a (2.106)
ie.
bP(S.. > b)+E [Mw1{5m<b}] =a. (2.107)

Let us remark that, applying the monotone convergence theorem:

lim bP (S.. > b) = a — E[M..). (2.108)

b—soc0

Furthermore, relation (2.107) leads us to introduce the function @ : Rt — R de-
fined by:

@(S..) = E [M..|S..]. (2.109)
It is clear that @(x) < x and (2.107) becomes:

P (S > b) + E [@(Se) 1 (5. <1} ] = a. (2.110)

Assuming @ is given, we may consider (2.110) as an equation for the distribution
of S.., and we obtain:

Proposition 2.5. For simplicity, we assume that for every x > 0, @ (x) < x. Then, the
law of S is given by:

P(S. > b) = ex f/bL @2.111)
w > b) =exp o)) .
Observe that, since S.. < o0 a.s., it follows from (2.111) that:
< dx
" — 4o, 2.112
/a x—®(x) + ( )

Proof. From formula (2.110), denoting t(b) := P(S. > b), we obtain:

b
bEE(b) — / & ()L (x) = a. 2.113)
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Consequently, by differentiation:
bdr(b) + 1 (b)db— @ (b)du(b) =0

- (b— ®(b))diE(b) = —Ti(b)db 2.114)

The above equation yields:

(b)) =Cexp (— /ab x#;(x)> (2.115)

which implies C = 1 by taking b = a, since {(a) = 1.

O
Example 2.7.5. Let (B;,t > 0) be a Brownian motion started at a > 0, and S? :=
sup Bs. For 0 < o < 1, we define the stopping time:
s<t
7\% .= inf{r > 0; B, = a5} (2.116)

to which we associate the martingale (M, =B, @12 0). Then, @(x) = ox, and
a
consequently, we have:

b dx 1 b
/a o — Ta (;) (b>a) (2.117)
and |
_ 1 b o

(Observe that 1 is the tail of a Pareto distribution.)

Remark 2.4.

a) Under which condition(s) is (M;,t > 0) uniformly integrable ? This question had
of course a negative answer when M., = 0 a.s. But now ? Uniform integrability is
equivalent to E[M..] = E[M)] = a, which is satisfied if and only if (see (2.109)):

E[®(S..)] = a. (2.119)
From (2.108), uniform integrability of (M;,t > 0) is also equivalent to:

Jim bP (S.. > b) =0. (2.120)

From (2.119) and (2.111), uniform integrability of (M;,t > 0) is also equivalent to:

[ (o[ )ama e



2.8 Extension of Theorem 2.1 to the Case of Orthogonal Local Martingales 55

Let us check that (2.120) and (2.121) coincide. Indeed, we have, from (2.121):
> x—®(x) X *dy
—a= — - ——1)d
=[50 x-m))(ew( [ %w))»
dy
= w(x)dx— / ————exp ( / > dx
/ a ( ) a Yy — (D( )
= / L (x)dx + [xpr(x /

(after an integration by parts)
= }}im bP (S > b) —a.

Going back to Example 2.7.5, we have: @(x) = oax and (b) = P(Sw >b) =
(b)‘ “. Hence: bP (S > b) = aT-a Gp e b—>0 Then, Example 2.7.5 is a case

of uniform integrability.
b) Can we describe all the laws of (M;,# > 0) which satisfy (2.109) for a given @ ?

See Rogers [71] where the law of (S..,M..) is described in all generality. See also
Vallois [87]. However, these authors assume a priori that (M;,7 > 0) is uniformly

integrable. We shall study later (see Chapter 3) the law of %EM) when M., # 0.

2.8 Extension of Theorem 2.1 to the Case of Orthogonal Local
Martingales

2.8.1 Statement of the Main Result

In this section, we shall extend Theorem 2.1 to the case of orthogonal local martin-

gales. Let (Mt(i),t >0;i=1,---,n) be a set of n positive, continuous local martin-
gales such that, foralli=1,--- ,n
imM? =0 as. (2.122)

f—o0

We assume moreover that these martingales are orthogonal, i.e., forall 1 <i < j<n:

<M(i),M(j)> =0 (0<1< o) (2.123)
t

where (<M @ M (j)> 6> 0) denotes the bracket of the martingales M () and M),
!
The counterpart of Theorem 2.1 writes then:
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Theorem 2.6. Under the preceding hypotheses:
i) Forevery K; > 0 and every bounded %;-measurable r.v. F;:

E(Em) ( v g8 <[}] (2.124)

where \/ %I((? = up g(M()) (2.125)

i=1,n i=1

E Fzﬁ(Ki—Mzm)+

i=1

i

i=1,n

. @
1P>< \/ 54,§j><t|<%>=]‘[< M; ) (2.126)
i=1,-n =1

H ( < t|,/’,) (2.127)

ii) In other words, the submartingale P < \/ glg’) < t|<%> equals:

We shall discuss the law of V % later (see Theorem 2.7). For the moment,
= LN

we give two proofs of Theorem 2 6. For clarity’s sake, we shall assume that n = 2,

i.e. we are considering two orthogonal local martingales (M;,7 > 0) and (M/,t > 0).

Clearly, our arguments extend easily to the general case.

2.8.2 First Proof of Theorem 2.6, via Enlargement Theory

(2.124) writes:
E[F,(KfM,)J“(K’fM{)] E[F,KKl{ v, <t}] (2.128)

To prove (2.128), we first use Point (i) of Theorem 2.1 which allows to write the
LHS of (2.128) as:

E[F (K-M)" (K'=M)" | =E [F (K' = M) Kl gep]. (2.129)

Let us define ( FK > 0) the smallest filtration containing (.%;,¢ > 0) and making
Yk a stopping tlme From Lemma 2.2 below, (M],t > 0) remains a local martingale
in this new filtration. Then, we may use again Theorem 2.1, this time with respect
to (M],t > 0) which is a local martingale in (%X, > 0) to obtain:
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+ ! N+ ! AN
E[F(K-M)" (K~ M) | = |[FKI gz (K= m))"|
_E [F,Kl e K'1 {g;(/g}}
) [EKK’l {gkvg;{/g,}} .
This is Theorem 2.6.

Lemma 2.2. (M],t > 0) is a local martingale in the enlarged filtration (£t > 0).

Proof. For the reader’s convenience, we recall some enlargement formulae (see
Mansuy-Yor [51], and Subsection 3.2.1. Let Z,(K> =P (% > t|.%) the Azéma su-
permartingale associated with %k. Then, if (M;,t > 0) is a continuous (.%;,¢ > 0)-
local martingale, there exists (Mt > 0) a (#/,t > 0) local martingale such that:

s d<M',Z<K>> . d MQZ<K>>
M’:M’+/ 4—/ _ 1 2.130
t t 0 ZEK) t/\%K 1 _ ZSK) ( )
In our situation, we have, from Theorem 2.1:
+
(K) _ M;
Z7 =1—-—] . 2.131
f ( X > ( )
This implies that:
dM' .M
d<M’,Z<K)>S: —1{M_V<K}% ) (2.132)

since M and M’ are orthogonal. Hence, Lemma 2.2 and Theorem 2.6 are proven.
O

2.8.3 Second Proof of Theorem 2.6, via Knight’s Representation of
Orthogonal Continuous Martingales

It hinges upon the following:
Lemma 2.3. For every t > 0, conditionally on F,;:

aw) (M, M!
<supMu , supM{t) (taw) ( ! ’) (2.133)

u>t u>t U’ ﬁ
where, on the RHS of (2.133), U and U’ are two independent r.v’s which are uniform
on [0, 1], and independent from %,.

Let us admit for a moment Lemma 2.3, and let us prove Theorem 2.6. We have,
since M, —— 0 a.s.and M] —— 0 a.s.:
[—o0 [—o0
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u>t u>t

IF’(( ) (—/<K’)|J;> (from Lemma 2.3)
(<o)l <v)i)
(1-%) (%)

We now give two proofs of Lemma 2.3.

P (9 VG <1|.%;) :P(<supMu < K) N (supM; < K’) |,%>

which is Theorem 2.6.

First proof of Lemma 2.3
Replacing (My,s > 0) and (Mj,s > 0) by (M;,s > 0) and (M/_,,s > 0), it is enough
to prove Lemma 2.3 for t = 0. Let b > a, b’ > d', Ty, := inf{t > 0; M, = b} and

T, :=inf{r > 0; M{ = b'}. Since M and M" are orthogonal, (MmTh -M;AT, >0
b/
is a bounded martingale. By Doob’s optional stopping Theorem, we have:
ad =FE [MTbM/T’ }
b/
=bb'P (T}, < o0, Ty < oo)
since M7, = 0 (resp. M’Tb,, = 0) on the set {7}, = 4o} (resp. {T;, = 4-oo}). Thus:
! / ! a a/
P| qsupMy;>b,N<supM; > b :]P’(Tb<oo,Tb/<°<>):fj
5>0 5>0 bb

which is Lemma 2.3.

Second proof of Lemma 2.3
From the Dambis, Dubins, Schwarz’s Theorem, there exist two Brownian mo-

tions (B,,u < Ty(B)) and (B,,u < To(B’)) with To(B) := inf{r > 0; B, = 0} (resp.
To(B’) :=inf{t > 0; B/ = 0}), started at a and @’ such that:

My=Boy, » My=Bu, (2.134)

Moreover:
M), =To(B) , (M) =Top). (2.135)
Let us admit for a moment that the orthogonality of M and M’ implies:

(Bu,u <To(B)) and (B,,u < Ty(B'))are independent, (2.136)

and let us show that (2.136) implies Lemma 2.3. As we have already mentioned it,
it is sufficient to prove Lemma 2.3 for r = 0. But, since from Lemma 2.1:
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a
supM, = sup B, = —,
>0 u<Ty(B) U

(2.136) implies then:

/
(supMu ) supM[t) =|( sup Bu, sup B, () (a , a/> (2.137)

>0 w0 u<To(B)  u<Ty(B') v u
where, on the RHS of (2.137), U and U’ are two independent r.v.’s uniform on [0, 1].

It remains to prove (2.136)

Of course, when (M)_ = (M'),_, = oo, relation (2.136) is the celebrated Knight’s
Theorem on the representation of orthogonal martingales. The proof we shall
present below is a variant of P.A. Meyer’s proof [56] of Knight’s Theorem. We con-
sider two square integrable variables H and H’ which are measurable with respect to
0 (Bu,u <Tp(B)) and o (B, u < To(B')). From 1td’s representation Theorem, they
may be written as:

7(B) , ()
H=E[H]+ / hedfe . H =E[H]+ / i dp! (2.138)
0 0

where (hy,u > 0) and (h),,u > 0) are two predictable processes with respect to the
natural filtration of (B,7,(s),u > 0) and (ﬁzi/\To(ﬂ/)’u > 0) such that:

7(8) 7o(8")
EUO (hu)2du+/ ’ (h;)Qdu} < oo,
0 0

Now, after the change of variable u = (M), (resp. u = (M’),) in (2.138), we obtain:
H =E[H] +/O°°h<M>tht , H =E[H] +/0°°h/<M/>’dMl,, (2.139)
and, because of the orthogonality of M and M’, and 1t&’s formula:
E[HH'] =E[H]E[H'],

which is Lemma 2.3.

2.84 Onthe Lawof \ %

i=1,n

We now give the counterpart of Theorem 2.3 in the situation of Section 2.8, where
we deal with several orthogonal local martingales. As previously, to simplify, we
assume that n = 2 and we make the following hypotheses:
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i) The r.v. M, (resp. M}) admits a density x — m,(x) (resp. x — m,(x)) which is

jointly continuous in ¢ and x.
ii) There exist two previsible processes (0;,¢ > 0) and (o] ,¢ > 0) such that:

d(M),=ckdt , d(M'), = (o}) d.

Then, there is the following.

Theorem 2.7.
M + M/ +
P((% V%) €dt) = (1 — 70) (1 — 70> 8o(dt) + vk (t)dt (¢ >0)
(2.140)

with

1 M/ +

eaol) =B |F (150 ) 1M, = K| mi(K)
1 N2 M, * / A
+ o (o)) -5 M} =K' | m(K") (2.141)

where all the functions of several variables appearing in (2.141) admit jointly con-
tinuous versions.

The proof of (2.140) is essentially the same as that of Theorem 2.3. We start by
writing, applying Theorem 2.6:
+ +
1— M; 1— Kl’
K K

and we develop the RHS of (2.142) thanks to Tanaka’s formula to obtain:
Mo\ " M{\*
P((%VFy) <1) = (1 K) (1 %
+l E/t 1_% +de /z 1_% +dL§K’
2 0 K’ K Jo K K’

(since M and M’ are orthogonal) where (LX s > 0) (resp. (L'’X’,s > 0)) denotes the
local time of M at level K (resp. of M’ at level K’). And, as for Theorem 2.3, the
proof can now be ended by applying the occupation density formula.

P((9% V¥9) <t)=E (2.142)

+E

Problem 2.1 (On time inversion of a Lévy process).
1) Let X1,X>,...,X,,... denote a sequence of i.i.d. integrable r.v’s. Define:

So=0, Si=YX (n>1).
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S,
i) Prove that, for every 1 <i<n,E[X;|S,] = —.
n

ii) Let ﬁnj—l := 0(Sp+1,Sn+2,--.). Prove that, for every n > I:

:| _ Sn+1

n+1

S
E [7"@;1

2) Let (A;,7 > 0) be an integrable Lévy process, i.e. for any ¢ > 0, E[|A;|] < oo.
i) Prove that E[A;] = E[A].

.. 1 . . .
i) Let ﬁ,* := 0(As;s > 1). Prove that <;A,,t > 0> is a %*—mverse martingale,

Ay A
B[ %] - 2

i.e, for every s < ¢:

s t
Hint: Use discretization and 1) (see [36]).
iii) Define:

(D

tA1 ifr >0,
= [
"TEQA] ifr=o0.

Prove that (M;,r > 0) is a martingale with respect to the filtration
¢ :={o(Ay,u> %) ,t >0}, which is the natural filtration of (M;,r > 0).
(Note that A being a cadlag process, the martingale M as defined by (1) is left-
continuous (and right-limited). To get a right-continuous process, one should
take M; := tA(l)f.)
t
iv) Prove that the process (M;,7 > 0) is an (inhomogeneous) Markov process.
v) Identify (M;,t > 0) when A, is a Brownian motion with drift.

3) We now assume that (A;,7 > 0) is an integrable subordinator, with Lévy measure
v, and without drift term. Thus, there is the Lévy-Khintchine formula:

E [e_’M’} =exp (—t /Om(l —e_“)y(dx)> with /Om(x/\ Dv(dx) <eo. (2)

i) Prove that the integrability of A, is equivalent to [’ xv/(dx) < ee.
ii) Observe that the martingale (M;, > 0) has no positive jumps.
iii) Prove that M, t—> 0 a.s.; to start with, one may show that M, P 0 in law.

iv) Prove that, for every K < E[A;] and every t > 0:

1
ZE[(K—M)"] =P (g,?”) < t) 3)

with %,((M) :=sup{r > 0; M; = K}. (Theorem 2.1 may be useful).

v) Let, for every K < E[A{], TlgA) :=inf{u > 0; A, > Ku}. Prove that T,gA) is finite

1
a.s. and that %&M) = a.s. Deduce that, for every t > 0:
Ty
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() ! +
P(T >t :KE[(K—M,) ].

vi) Compute explicitly the law of TI£A> when (A,,7 > 0) is the gamma subordinator.

Recall that the density f, of A; is then equal to:

1

F(l‘) efxx’” 1{x>0}- (4)

Ia(x) =
Solve the same question when (A;,z > 0) is the Poisson process with parame-
ter A.

4) We now complete the results of question 3) when (A;,# > 0) is the gamma sub-
ordinator. We recall that the density of A, is given by (4), and that its Lévy measure

v is given by:
—X

v(dx) = € ax. )
X
i) Exploit the fact that, conditionally upon y1 =y, the law of yi, for s <1, is given
by:
lay 11 1
n "2 () (©)
] r's t

where f3 (%, % — %) is a beta variable with parameters % and % — %, in order to

show that, for every o > 0:
o
()
= L—t>0| isa(¥,t > 0) martingale. 7

ii) Using (7) with o = 2, deduce that the bracket of (M,,z > 0) is given by:

2

T M.
M), = S ds.
(M), Al+ss

iii) Prove more generally that:
0
dMD Py, = —m PP B gy

Fo+Hrp+1)

F(Or(e+p+1)

iv) Prove that the infinitesimal generator L of the Markov process (M;,7 > 0) satis-
fies:

where 6, (1) =

1
75!

11—z

Zf(s7x): M+l

s 52

[t s Tz ®)

for every €' function f. Check that, for fi (x) := x, L f1=0.
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x2 f// ( x)
2 .

v) Prove that, for every % function f, liII(l) Lf(s,x) =
S—

vi) Use (8) to give another proof of (7) when o € N*.

vii)Use relation (7) to obtain, for any integer n, the law of Tlgn) where:

S=

Tlgn) ::inf{u > 0;A, > [Ku(14+u)(142u)...(14+ (n—1)u)]

(and K < E[A] = 1).
5) We now improve upon the results of question 3) when (A,,7 > 0) is the Poisson
process of parameter 1 (and Lévy measure v(dx) = 0; (dx)).
i) Prove that, for s < ¢, conditionally upon A; =y, A; follows a binomial distribu-
N t
tion % (y,%) with parameters y and (£).
ii) Let L denote the infinitesimal generator of the Markov process (M;,t > 0). Prove
that: 100)
~ xf'(x X
Lf(s,x) ===+ (f(x=s) = f(x)) 5 ©)
for f in €. Check that, for f;(x) =: x, Lf; = 0.
~ 1
iii) Prove that, for every ¢ function f, liII(l) Lf(s,x)= Exf" (x).
s

iv) Compute Lf>(s,x), with f>(x) = x2. Deduce that (M? —tM,,t > 0) isa (4,1 > 0)
martingale and that the bracket of (M;,t > 0) is given by:

(M), = /0 " Myds.

v) Compute Zf,, (s,x), with f,(x) =x" (n € N).

n—1

<Answer: Lf(s,x) = Y, (;")) (—s)"lj.>

j=1

2.9 Notes and Comments

The results of Sections 2.1, 2.2, 2.3, 2.4 and 2.7 are taken from the preprints of A.
Bentata and M. Yor (see [5], [6] and [5, F], [6, F], [7, F]). The description of the
European put and call in terms of last passage times also appears in D. Madan, B.
Roynette and M. Yor (see [47] and [48]). The results of Section 2.5 are taken from
J. Pitman and M. Yor ([65]). The study of the local martingale of Example 2.3.e,

1
)T’t >0 |, where (X;,7 > 0) is a Bessel process of dimension 3 is borrowed from

t
Ju-Yi Yen and M. Yor ([93]) while the study of the cadlag martingale in Section 2.6
is due to C. Profeta ([67]). The generalization of these results to the case of several
orthogonal continuous local martingales is taken from B. Roynette, Y. Yano and
M. Yor (see [74]).



Chapter 3

Representation of some particular Azéma
supermartingales

Abstract We show how the formula obtained in Chapter 2 for the supermartin-
gale associated with a last passage time at a given level fits with a more general
representation of Azéma supermartingales.

We also recall progressive enlargement formulae, and particularize them to our
framework.

Finally, we discuss a representation problem for Skorokhod submartingales.

3.1 A General Representation Theorem

3.1.1 Introduction

Let (M;,t > 0) be a positive, continuous local martingale which converges to 0 as
t — oo, and, for K > 0:

G = %,SM) :=sup{r > 0;M, =K}. (3.1)

We have seen in Chapter 2 that % plays an important (although somewhat hidden!)
role in option pricing. In particular, from Theorem 2.1, the formula

M\ "
P(9k <t|#) = 1—? (3.2)
holds, or equivalently,
M,
P(%x > t|.%) = (#) Al (3.3)

Of course, ¥ is a last passage time. That is why we start this chapter by recalling, in
a general framework, a representation result for Az€éma supermartingales associated
with ends of predictable sets.

C. Profeta et al., Option Prices as Probabilities, Springer Finance, 65
DOI 10.1007/978-3-642-10395-7_3, © Springer-Verlag Berlin Heidelberg 2010
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3.1.2 General Framework

Let (Q2,(%,t >0),(X;,t > 0),P,,x >0) be a transient diffusion taking values in
R™, and I" a compact subset of R™. We define L to be:

L:=sup{r>0; X, €I} (3.4)
(= 0if the set {t > 0;X, € I'} is empty.)

We would like to describe the pre L-process (X;, t+ < L) and the post L-process
(Xt+1,t > 0). But, in order to apply the method of enlargement of filtration, we need

first to study the Azéma supermartingale (Z,<L>,t > 0) defined by:
(zt =7V =P(L>1]7), rzo). (3.5)

We shall start by stating a representation theorem of such a supermartingale. To this
end, we make two extra assumptions:

©) All (&#)-martingales are continuous. (3.6)
(A) For any stopping time T, P(L=T) =0. 3.7)

((C) stands for continuous (martingales), and (A) for avoiding (stopping times)). Of
course, assumption (C) is fulfilled in the Brownian set up.
3.1.3 Statement of the Representation Theorem

Theorem 3.1. Under (C) and (A), there exists a unique positive local martingale
(N;,t > 0), with Ny = 1 such that:

N,
P(L>t|.%) = S—’ (3.8)
t
where
S; := sup N (t >0). (3.9
s<t

We refer to ([51], Proposition 1.3, p.16) for the proof of Theorem 3.1. Let us just
note that, since L < o0 a.s., N; — 0 a.s. We now make some further remarks about

Theorem 3.1:
e Note first that log(S.) is exponentially distributed, since, from Lemma 2.1,

1

log(S) "2 log (5> (3.10)

where U is uniform on [0, 1].
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N,
e Then, the additive decomposition of the supermartingale S_t is given by:
t

— Ellog(S.)| %] ~log(S).  (.1D)

Indeed, from It6’s formula, we have:

N, tdzv ' N,dS,
=1+

St 0 0 Sz
! a’N

0
(since dS only charges the set {u > O; N, =S, })

(3.12)

Then:

N, ' dN,
0< =L +log(s,) =1 +/ = < 1+41log(S..)
St 0 Su

since So = Np = 1 and S is an increasing process. Therefore, the martingale

" dN,
</ 3 Lt > 0) belongs to H!, and we can pass to the limit when 7 tends to +-oo
0

u

N,
in (3.12). Since ?t —— 0 a.s., this yields:

t f—o0
+ dN,
0= 1+/ L —log(S..),
0 Su

thus: - N
log(Se) = 1—|—/ !
0 Su
and ( aN,
E[log(S)|-%#] = [1+/ ] =1+ S
u

e The martingale E [log(S..)|-%] belongs to (BMO) (see [70], Exercise 3.16, p.75)
since, from (3.11):
E [log(S..) —log(S:)[-#] < 1. (3.13)

3.1.4 Application of the Representation Theorem 3.1 to the
Supermartingale (P (9% >t|.%;),t > 0), when M. =0

Let (M;,t > 0) be a positive, continuous local martingale such that My = a > 0 and
« = 0 a.s. We assume that (M;,t > 0) is defined on a filtered probability space
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t>0
sup{z > 0; M, = K}. This leads to:

( (Tt 20), T i =\ F, ), and we apply Theorem 3.1 with L := ¥ =

Theorem 3.2. Let My = a > K. Then:

M, N
P(9% >t|.7)=| — A1 3.14
> i17) = (gn1) =5 G.14
where (Ny,t > 0) is the positive local martingale converging to 0 as t — oo defined
by:
M, 1
N, = (?’/\1) exp (ﬁL,K) (3.15)
1
S; = SSI;]?NY =exp <2KLK> (3.16)

and (LKt > 0) denotes the local time of (M;,t > 0) at level K.

1
Remark 3.1. Note that it follows from the previous remarks that ﬁLﬁ (=1log(Sx))

is exponentially distributed.

Proof. From Tanaka’s formula, Theorem 2.1 and Theorem 3.1, we have:

M, 1 kN
P (% >t|.%) = X ANl =1+4+—= / Ly, <xydMs — 2KL =3 (3.17)
The comparison of (3.11) and (3.17) implies:
t dN,, 1 rt
[5-% /0 g <xy dM, (3.18)
1
and ﬁLf =log(S)). (3.19)
Hence
M
N, = (f’ A 1) S,
M, 1
= (?’ A 1) exp (ﬁLf() ) (3.20)

Note that, since M; t—> 0 a.s., it follows from (3.20) that N; t—> 0 a.s., since

LX = [X < o for t large enough.

Remark 3.2. On the other hand, if K > a:
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=

P (% = 0) :]P’(supM, <1<> —1-4

>0

from Lemma 2.1. Hence, for the stopping time 7 =0, P(¥%x =T =0) > 0 and
hypothesis (A) is not fulfilled.

3.1.5 A Remark on Theorem 3.2

a) We now compare the results of Theorems 3.1 and 3.2. We remark that not ev-

N, M,

ery supermartingale of the form (S—t,t > O) can be written as (ft ANt > 0).
1

Indeed, assuming:

M; N
K S’

we deduce that:

LX d{M
d<N>,:exp (?) 1{M¢<K}%' (321)

Now, in a Brownian setting, we have d(N), = n?dt and d(M), = m?dt, for two
(& ,t > 0) predictable processes (m;,7 > 0) and (n,,¢ > 0). Then (3.21) implies:

1

2 LIK 2
ny = ﬁexp (?) 1{Mt<K}m, dt-Pas.

Consequently:
n2=0 on {(t,0); M;(w)>K} dt-Pas.

However, this cannot be satisfied if we start, for example, from a local martingale N

such that n,2 > 0 for all ¢. Note that the random set {¢r > 0; M; > K} is not empty. If

it were, then the local time at level K of M would be equal to 0, which is in contra-
l M

diction with 5., "2 =

b) Let (M;,r >0) € E//lf’” as in Chapter 2. It is now natural to ask the following ques-
tion: for which functions 2 : R™ — [0, 1] is it true that, for any (M;,7 > 0) belonging

to ///2"', (h(M;),t > 0) is an Azéma supermartingale, i.e. may be written:

N, —
h(M;) = 3’ =M A1 (3.22)

t

(We choose K = 1 in (3.14) without loss of generality.) We shall call such a function
h an Azéma function. Here is a partial answer to this question:

Proposition 3.1. Assume that h is an Azéma function such that:

i) {x;h(x) <1} =10,b[ for some positive real b.
ii) 1, in the Schwartz distribution sense, is a bounded measure.
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Then:

h(x) = (%) Al (3.23)

Proof. From (ii) and the It6-Tanaka formula, for any (M;,t > 0) € ///E’C, we have:
t 1 oo
nM) = (o) + [ W (a)am+ 5 [ @nzion (24
0 0

where (Lf(M),t > 0,x > 0) is the family of local times of M. Since (h(M,),t > 0)
is an Azéma supermartingale, its increasing process, in (3.24), is carried by the set
{s > 0; h(M;) = 1} (from (3.11)). Therefore:

t oo
/O Lnu) <1} /0 W' (dx)ds L5 (M) = 0. (3.25)

Now, the LHS of (3.25) equals:

/0 R (dx)1 o<y Li (M) = /[0 b[h”(dx)Lf(M)

as a consequence of hypothesis (i). This is equivalent to 4" (dx) = 0 on [0, 5], thus
h(x) = cx+d on [0,b[. Furthermore, %(0) = 0, since tlim h(M;) =0 for any M €

,//12’”. Thus, h(x) = cx on [0,b], and applying (i) once again yields the result, since
h <1 from (3.22).
O

3.2 Study of the Pre ¢k- and Post ¢k -processes, when M., =0

Let (M;,t >0) € %E’C, K > 0such that My = a > K, and % :=sup{t > 0; M, = K}.
We shall now study the pre ¢k- and post %g-processes (My,s < %) and (Mg, 4,
5s>0).

3.2.1 Enlargement of Filtration Formulae

For that study, we shall consider the enlarged filtration (%K ,t >0), i.e. the smallest
filtration containing the initial filtration (.%;,7 > 0) and which makes % a stopping
time. We assume that hypotheses (C) and (A) are fulfilled (which implies, in partic-
ular, that K < a; see Remark 3.2). Let (Z;,¢ > 0) denote the Azéma supermartingale
studied in Subsection 3.1.4:

N,
7 =P (G >1|.7;) = F’ (3.26)

t
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Then, for every local martingale (X;,r > 0), there exists a (.#, > 0)-local martin-
gale (X;,t > 0) such that:

~ 1"k d(X,Z td(X,Z)s
Xt:X,+/ u—/ (X,2)s (3.27)
0 Zs t\Gx 1 —ZS
N, M,
Now, since Z; = S_: = (#) A1, we have:
~ 1NGx d{X,M) td(X, M)
X, =X +/ iy gy ———t —/ — 3.28
S T ingg K —M 428
It is of some interest to take X; = M;. Formula (3.28) then becomes:
- NGk d<M)s t d<M>s
M, =M, + / 1 - / AM)s 3.29
! ! 0 (M<K} M; NGk K—M; ( )

3.2.2 Study of the Post Yx-Process

We recall that K < a = M. Hence, %k < o a.s.
Proposition 3.2. Let us define (R, = K — Mg, 4t > 0). Then, there exists a 3-
dimensional Bessel process (p,,u > 0), starting at 0 and considered up to Tx(p) :=
inf{u > 0; p, = K} such that:

(Rt 20) = (pgz,.1=0) (3.30)
where, with the notation of (3.29), (M), = <M>gK+, — <M>gK, and (M) = Tg (p).

Proof. From (3.29), we may write:

o dM
My =K+M, — M7 (3.31)
0 K_MgK+S
with M, = My, ; — My, , i.e.
_tdM
R, :—M,+/ d(M)gyrs. (3.32)
0 Rs

Now, there exists a Brownian motion (f3,,u > 0) such that 1\2, = [3< i), Hence, since

<M>l‘ = <M>g[{+l - <M>54K?

td(M),

R, = —[3<,q>t+/0 R (3.33)
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Therefore, by change of time, there exists a Bessel process p of dimension 3 starting
at O such that (R, = pW)t). Since M, P 0a.s, R, p— K a.s, and p is considered

up to Tx(p) := inf{u > 0;p, = K} = (M)...
O

3.2.3 Study of the Pre 9x-Process

In Section 2.4, we have already described the law of the r.v. ¥x. We shall now de-
scribe the law of the pre ¥k -process (M, s < %) conditionally on % . To proceed,
we assume, as in Section 2.4, that:

i) for every ¢t > 0, there exists a measurable function (¢,x) — m;(x) such that
(my(x),x > 0) is the density of the law of M;,
ii) there exists a predictable process (oy,7 > 0) such that

d(M); = c?dt. (3.34)

We shall consider a measurable choice of the function
(t,x) — 6,(x) :=E[c}|M, = x].

However, note the difference with our hypothesis in Subsection 2.4.1: we no longer
make continuity assumptions for these functions.

Theorem 3.3. Let (®,,u > 0) denote a positive (F,,u > 0) predictable process.
Then:

i) We have:

1 o0
+— | E|[®0}|M;=K|ms(K)ds dK a.e.

E [(1)5/ 2K Jo

IK

|=E ¢0<1—%>+

ii) As a consequence of (i), we recover:

(3.35)

Mo\ ™" 1
P (% €dt) = (1 - Ko) 5()(dl‘)+ﬁ@;(K)m,(K)l{lx)}dt dkK a.e.

(3.36)
iii) Furthermore:

E [@thZ‘Mt == K}

E [0yl =1] = [02M, = K]

P (% € dt) a.e. (3.37)

Proof. We apply the balayage formula (2.98) to the process ¥; = (K — M;)*, with
t = 4o, and we take expectations. We obtain:

E [y, (K —M..)"] =E [®(K —Mo) "] + %E Uow cbdef} , (3.38)
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since %y (o) = Y, and dLX only charges the set {s > 0; My =K} = {5 > 0; % (s) =
s}. Now, since M., =0 a.s.:

M,
E[®y,] =E |® (1-%) +—IE V dvdLK] (3.39)
Hence, (3.35) will be proven if we show:
E { / qbdef} - / E[®,02|M, = K] my(K)ds  dK a.. (3.40)
0 0

In order to prove (3.40), we use the density of occupation formula (2.45). Integrating
@, on both sides of (2.45) yields, using hypothesis (ii):

@, f(M,)o2ds = | akf(K)( [ @l (3.41)
i Jy axso (] oant).

Taking expectations on both sides, we obtain, with hypothesis (i):
| K0k [ B [@02M, = K] my(K)ds = [ f(K)aKE [ / @;ddf} (3.42)
0 0 0 0

which is easily seen to imply (3.40). Then, replacing in (3.35) @, by ®D,g(s), for a
generic Borel function g : R™ — R™, we deduce (3.36) and (3.37).
O

Example 3.2.3. The particular case where (M;,r > 0) is Markovian, e.g. the Black-
Scholes situation where M, = &;, allows for some simplifications of the above for-
mula. In this case, oy = 6 (s, M;) with o(s,x) a deterministic function, and we obtain
from (3.37):

E [®y, |9 = 5| =E[@|M, = K],

i.e. conditionally on {% = s}, the pre Yx-process is the bridge (of M) on the time
interval [0, s], ending at K.

3.2.4 Some Predictable Compensators

The computations we have made in the previous section make it possible to derive,
without further efforts, some explicit expressions for several predictable compen-
sators. Let (C;,# > 0) an increasing process defined on a filtered probability space
(Q,(F#,t > 0),P) such that Cy = 0 and which is not necessarily adapted. Then,
there exists a unique predictable increasing process (4,7 > 0) with Ag = 0 such that
for all predictable, positive processes (@, > 0):



74 3 Representation of some particular Azéma supermartingales

E {/Ow chdCS} =E {/Ow CDSdAS] . (3.43)

(A;,t > 0) is called the predictable compensator of the process (C;,t > 0). Let

M;,t >0) € ¢, For K >0, let (Ag(¢),t > 0) be the increasing process defined
? gp

by:

(Ak(t) = jocegg<ry>t > 0). (3.44)
Let us also define:
S[t’%x,[ = supMs7 Seo 1= supMs, S; =S —S[tﬁw[. (3.45)
' s>t s>0 ’

Proposition 3.3.

i) The predictable compensator of (Ak(t),t > 0) is the process

1
(2KL{<,t > o> . (3.46)

ii) The predictable compensator of (S},t > 0) is the process

L div),
(5/0 M, ’t20> C4D

1
with the convention T 0 for s > To(M) := inf{r > 0;M, = 0}.

N

Proof. We first prove Point (i)
It is an immediate consequence of (3.38). Indeed, with @y = 0:

00 1 00
B| [ @ (o) —El0n] = 38| [Toatt].  can

since M., = 0.

We now prove Point (if)

We integrate both sides of (3.48) with respect to f(K)dK, for f Borel and positive.
This yields:

B[ rwogar| e |5 "5 ([T oat)]
L ons]

from the density of occupation formula. We note that {&x <t} = {S [t 400 < K }, 1.€.
the inverse of K +— % is t +— S|, 4.[. As a consequence, we may express the LHS
of (3.49) as:

(3.49)

E [ /O f(S[t,+w[)<I>,dS§]
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which we compare to the RHS of (3.49). Taking f(x) = 1, we obtain:

~ / 71 ~ d<M>t
E{ /0 (D,dSt} - 2{ /0 * ] (3.50)

which is Point (ii) of Proposition 3.3.

Remark 3.3. Applying (3.50) with @, = f(M,), we have:

E [/:f(Mz)de} =-E [/wa(s[z,w[)ds[z,m[}

(since the support of S is the set {£;M; = Sj; oo}
and dS; = _dS[t,Jroo[)

_E { / > f(x)dx}

(after the change of variable S | .| = X)

= / dx
(since S (:W> %, with U uniform on [0, 1]).

Hence, from (3.50):

/Omf(x)(jl—c/\l)dx:%E [/Omf(M,)%jv?’} 3.51)

We now see that, under the hypotheses (i) and (ii) of Subsection 2.4.1, the RHS of

(3.51) equals:
[/ fM, } / dt/ m(K)6,(K)f(K ) (3.52)

Comparing (3.51) and (3.52), we obtain:

a o dt
EAl= /0 i (K)6,(K) 5 (3.53)

Formula (3.53) agrees with the expression (2.41) of the law of %:

P(% > 0) = /me,(K)(-),(K)zd—It(

( (% A 1) from (3.14)).

Remark 3.4. In Proposition 3.3, we computed the predictable compensators of
(1{o<gg<s}:t = 0) and of (8] = Sec = S}; jeof,# > 0) when (M;,1 >0) € MO T we
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remove the assumption M, —— 0 a.s., we can nevertheless make a similar compu-
t—o0

tation, using this time identity (2.97) from Theorem 2.5:
E gy (K=M)" | F] = (K—M,)". (3.54)
This yields:
Proposition 3.4. We remove assumption M., = 0 a.s. Then:
i) The predictable compensator of (1{0<gK§,} (K—M.)",t >0) is the process

1
(ﬁ f(,tZO).

ii) Let (I, = (8w —Mm)2 — (S[,7+w[ —Mm)2 > O). Then, the predictable compen-
sator of (It > 0) is the process ((M),,t > 0).

These results originate from Azéma-Yor [3].

3.2.5 Expression of the Azéma supermartingale
(P(Yk >t|F#),t >0) when Mo, # 0

In the previous section, we gave an expression for the Azéma supermartingale
(P(%k > t|.%;),t > 0), with K < a = My, when the local martingale M converges
towards 0 a.s. We shall now remove this assumption and give a general expression
when M., # 0 a.s. Let

Ty =0 {Hy,;H predictable process }
and vk the law of M., conditionally on ﬁgg. Thus, for every positive, Borel func-
tion: oo
B [f(MFy ] = [ smvic(am). (355
In particular, we have:
g =E [(K—M.)" |7, ] :/0 (K —m)* vg(dm). (3.56)
(K)

Then, there exists a predictable process (L ',u > 0) (the predictable projection of
(1{g<up Hege,u > 0), see [70], p.173) such that, for all predictable stopping times
T:

E [V <ryMegg L r<eo} | Fr- | = .u7(“K)1{T<o<>}- (3.57)
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3.2.6 Computation of the Azéma Supermartingale

Theorem 3.4. We assume M.. # 0 and K < a = My. Then, the supermartingale Z; =
P(Yk > t|.%;) is given by:

_ + _ +
Z,IE[L M-.) L%} _K=M)T (3.58)
Uy ez (1)
oo K 1 K
_ g U dL, _/ dL; gz,] (3.59)
2 0 MU JO U

Proof. We first prove (3.58)
From (2.100), with t = 0, we have:

1 o0
E[®g, (K —M.)"] =E Dy (K —Mo)"] + E U cpdef] (3.60)
0
for every positive predictable process (®g,s > 0). But, from (3.56):

E[@y (K~ Mo)'] =E |04E (K~ M) |7, || =E[@guq].  G6D)

Thus,
1 00
E [y, Uy, | :E[@O(K—MWHEE Vo cpdef]. (3.62)
Replacing in (3.62) &, by &/, we obtain:
@ ﬂ 1 [/"" (o} K]
E[dy | =E|-2(K-M)) | +-E| [ —dIX|. 3.63
[@s] [uo( 0 [+3B| ) LdL (3.63)

In particular, for @, := 1y 7](u), with T a generic stopping time, we obtain:

_ <KM0>+} 1{ Tde}
P(gKgT)_E[ . +2/0 . (3.64)
-F w] (3.65)
Uz (1)

from the balayage formula (2.98), with % (T) := sup{s < T;M; = K}. Now, to a
set I; € .%;, we associate the stopping time:

T:{t+ Onr”rc (3.66)
o onI;“.

Hence, (3.65) becomes:
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(K—M;)™"
2740

(K—M.)"

E[15lige<y] +E[le] =E |15

+E {10‘ } . 3.67)

€74
Then, by simply writing 1c = 1—1y;, formula (3.67) may be written equivalently

as:
. ((K—Mm)+ - <K—M,>+>] (3.68)

]E 1 11 [¢ :E
(151 (g0 ™ i

which is (3.58).
(K—M)*

Formula (3.59) is then obtained by developing
Hay (1)

1> 0) with the bal-

ayage formula:

K—M)* (K—My)* 1 dM; 1 [tdik
KM (KM Lo d L
Hezye (1) Ho 0 Hegy(s) 2Jo My
and by using (3.68).
O

3.3 A Wider Framework: the Skorokhod Submartingales

3.3.1 Introduction
Let (M;,t > 0) € ///2"ﬂ We wish to explain how our basic formula (2.6) which we
now write as:
/AN
F{l-—
K

for every positive and .%;-measurable variable F;, is a particular case of the following
representation problem for certain (Skorokhod) submartingales. Let us consider, on
a filtered space (Q2,.%#,(%#)):

E =E[Flig<n) (3.70)

a) a probability P, and a positive process (X;,# > 0) which is (.%;)-adapted and
integrable;

b) a o-finite measure Q on (Q,.%). Q may be finite, even a probability, but we are
also interested in the more general case where Q is only o-finite.

¢) apositive .% -measurable r.v. ¢4 such that:

VL eF, ELX]=Q(Lly). 3.71)

Note that it follows immediately from (3.71) that (X;,# > 0) is a (P, (%))-
submartingale since, for s < ¢ and I; € Z:

E[L(X —X,)] = Q[L1<y<y] > 0. 3.72)
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Conversely, we would like to find out which positive submartingales X, with re-
spect to (2, (.%;),P) may be represented in the form (3.71); that is, we seek a pair
(Q,9) such that (3.71) is satisfied. So far, we have not solved this problem in its full
generality, but we have three set-ups where the problem is solved. The next three
subsections are devoted to the discussion of each of these cases.

3.3.2 Skorokhod Submartingales

The three cases are concerned with what we shall call Skorokhod submartingales,
i.e.: (X;,7 > 0) is a submartingale such that:

X, =—Mi+L, t>0 (3.73)

with:
1. X,>0;Xy=0, (3.74)
2. (L;,t > 0) is increasing, and dL, is carried by the zeroes of (X;, > 0), (3.75)
3. (Mt > 0) is a true martingale, not necessarily positive. (3.76)

As is well known (see Skorokhod’s Lemma, [70] Chap. VI, p.239), this implies that:

L, =S,(A) := sup M. (3.77)

s<t

Note, therefore, that we can assume that . = 0 without loss of generality. We shall
also assume that the submartingale (X;,# > 0) is continuous, hence, so are (M;,z > 0)
and (L;,t > 0). The three main cases we will consider are:

i) X =01-xv)"  (1>0), (3.78)

where (¥;,7 > 0) is a positive continuous martingale, which converges to 0 as t — oo
and with Yy = 1.

i) X =S(N) =N, (t>0), (3.79)
where (47,1 > 0) is a positive continuous martingale, with .4 = 1, which converges
to 0 ast — oo, and S;(.4") :=sup ..

s<t

i) X, =|B|, (t>0), (3.80)

where (B;,t > 0) is a standard Brownian motion.
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3.3.2.1 Case 1l

Denote:
& :=sup{t >0, ¥, =1} =sup{r > 0; X; =0}.

Then, we have shown in Theorem 2.1 that:
P(4 <t|F)=(1-Y,)". (3.81)
Therefore, in this case, we may write:
E[[X]=E[Lliy<] (3.82)

for every I; € .%;. Thus, Q = IP is convenient in this situation.

3.3.2.2 Case2
Again, we introduce:
& :=sup{t > 0; A =S, (A)} =sup{r > 0; X, =0}. (3.83)

We have:

P& >1|7) =P(supws >s,<w>|%)

s>t
_p (%V > stwL%)

(from Lemma 2.1, with U uniform on [0, 1] and independent from .%;)

=F (U = S,E(/fl/) |%)

_
= S(7) (3.84)
and thus: </V
t —_
E[I? (I_S,(Q/V)ﬂ _]E[I?l{gg,}]. (3.85)

Since (3.85) is valid for every I; € %, and every ¢ > 0, we may replace I; by I;S;(.4")
and rewrite (3.85) in the equivalent form:

E[L (Si(A) = M) =E[LS(A ) ig<n] - (3.86)
However, on {¢ <}, S; = S.. and (3.86) equals:

E [Ft (St('/V) - «/‘{)] =E [Esw(/)l{%gt}] : (3.87)
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Therefore, a solution of (3.71) is:
Q=S8-(A)-P. (3.88)

Note that, in this case, Q has infinite total mass, since:

dt
P(Su(A) €dt) = 7 1(21),

1
i.e., from Lemma 2.1 again, Se.(A) = U with U uniform on [0, 1].

3.3.2.3 Case 3

This study has been the subject of many considerations within the penalizations
procedures of Brownian paths studied in [58] and [77]. In fact, on the canonical
space € (R™,R), where we denote by (X;,z > 0) the coordinate process, and .%; :=
o{X;,s <t}, if W denotes the Wiener measure, a o-finite measure % has been
constructed in [58] and [77] such that:

VI; € 7, WL =7 I g<y], (3.89)

where & = sup{s > 0; X; = 0} is finite a.s. under . Thus, now a solution to (3.71)
is given by

Q=7.

We note that W and % are mutually singular.

3.3.3 A Comparative Analysis of the Three Cases

We note that in case 1 and case 2, X converges [P-a.s., and the solution to (3.71) may
be written, in both cases:

E[X] =E[[Xoligy<y], (3.90)

where: ¢ = sup{t > 0;X; =0}.
Is this the general case for continuous Skorokhod submartingales which converge
a.s.? Here is a partial answer to this question:

1) We assume E[X..] < o

a) If the convergence of X; towards X.. also holds in L', then (At > 0) is
uniformly integrable and relation (3.90) holds.

b) If the convergence of X; towards X.. does not hold in L!, then (3.90) is not
satisfied.
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2) Without the assumption E[X..| < oo, relation (3.90) is known to hold in the fol-
lowing cases (this list is by no means exhaustive):

a) when (.#;,t > 0) is a positive continuous local martingale converging to-
wards O (in this set-up, E[X.,] = oo, this has been proven in the previous
Subsubsection 3.3.2.2 Case 2),

b) when (.#;,t > 0) is uniformly integrable,

c) when .#; - Moo With | M| < o0 a.s. and .4~ belongs to the class Z (see

[40], p.24):
{///T_ ; T a.s finite stopping time} is uniformly integrable. 3.91)

The proofs of the two last statements (b) and (c) are given in the next subsection.

3.3.4 Two Situations Where the Measure () Exists

We end this Section by discussing two situations where we can prove the existence
of the measure Q.

3.3.4.1 Case Where (.#;,t > 0) is Uniformly Integrable

In this case, there exists a r.v. .#. such that:
My = E [ Moo F] . (3.92)

As previously, let X; := — 4, + S;(.#) and 4 := sup{r > 0; X; = 0}. Let us define,
for z > 0 the stopping time T) by:

7O .= inf{s >1t; #;=S}

where we denote, to simplify, S, for S;(.#). We have, for every t > 0, I; € .%; and
u>t.

BG4 =E LM, 0]

sup A,<S;
1<v<u

sup #,>S;
1<v<u

=E EJ/MI{ } +E ESII{ } . (3.93)

We let u tend to +oo in (3.93). Since (.#;,t > 0) is uniformly integrable, .#; con-
verges to .#.. a.s. and in L' as t — oo, Then:

E(G4) =E Gl iy<n| +E LS 1 g>n] - (3.94)



3.3 A Wider Framework: the Skorokhod Submartingales 83

This relation is valid for every I € %, and we can replace I; by I; 15, ., Then:

E [Ii1(s<a)-#] = E[Iil(s, <oy el ig<n] +E [T {s,<apSilig=n]
or equivalently:
E [G1(s,<ay (St = #0)] =E [l cay (i = M) g <p] . (3.95)
i.e., since Sy = S.. on {¥ <r}:

E Ll < Xi] =E [Lls < Xeligr<y] -

Finally, letting a tend to +o and applying the monotone convergence theorem, we
obtain:
E[;X]=E [I;le{ggt}] . (3.96)

Therefore:
Q=X.-P.

Note that in this set-up X.. is not necessarily integrable.

Remark 3.5. However, let us assume for a moment that E[X..] < oo.

a) If X, converges towards X.. in L', the relation, V¢ > 0, E[X;] = E[L,], yields, ap-
plying the monotone convergence theorem: E[X..| = E[Lo,] < eo. Thus, we can write
M; = X; — L, and this martingale converges in L! (towards X.. — L..). Therefore
(M ,t > 0) is uniformly integrable and the above applies.

Note that the hypothesis that X; converges in L' towards X.. is satisfied for any
uniformly bounded Skorokhod submartingale. Indeed, under this boundedness con-
dition, i.e. X; < K for some K > 0, we get: 4, =L, — X;, and |.#;| < K+ L... But
E[L] = E[X;] <K, and, as a consequence, E[L.] < K, so that (.#;,t > 0) is uni-
formly integrable, hence it converges in L' and finally, so does X; = L, — .#;.

b) If X; does not converge in L' towards X.., then relation (3.90) cannot hold. In-
deed, otherwise, relation (3.90) would imply, for K > 0:

E[X1ixzk)] =E [Xelix ok lg<)

K—oo

supX; >K
t>0

<E le{ } —— 0 uniformly in ¢,

since E[X..] < e and supX; < oo a.s. Thus, the family (X;,# > 0) would be uniformly
>0

integrable, and the convergence of X; towards X.. would also hold in L!. An example
of such a Skorokhod submartingale is given, for a > 0, by

X; = —Biat, +supBsary,

s<t
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where (B,,t > 0) is a standard Brownian motion started from 0 and 7, := inf{r >
0,B; = a}. Note that in this case: X.. = 0.

3.3.4.2 Extension of the Previous Case

We now assume that:
My —— Mo aS. (3.97)

[—>o0

with |.#.| < e a.s. and that ./~ belongs to the class Z.

Leta>0,T, =inf{t > 0;.#; = a} and (///,(a> = Mint, t > 0) . This martingale
being uniformly integrable, we can apply the result of Subsubsection 3.3.4.1. This
leads to, with obvious notations:

E [EX,@} —E [r,xjfh (@ S,}} . (3.98)

We let a tend to +<< in (3.98).

. X,<a) being an increasing function of a, applying the monotone convergence theo-
rem, the LHS of (3.98) converges towards E [I;X;].
e On the other hand:

{g(a) = 4o on{T, <o} (3.99)

@) —g on {7, = o}
Hence:
E X gy | = B [BX o oL gco | VB [T 1 g0 2 171
=FE {EXL”) Lig<nl {Ta:""}i|

(since 1{%(u>§;} =X =0 on {T; < =})
— E[liXaligey)

a—oo

. a . .
from the monotone convergence theorem, since X and ly7,—) are increasing
functions of a.

O

Problem 3.1 (Multiplicative decomposition of supermartingales, change of
probability and enlargement of filtration, see [72]).

A.Let (Q,(%,t >0), %=\ %,P) afiltered probability space and (M;,t > 0)
>0
a strictly positive, continuous (.%;,¢ > 0) martingale such that My = 1. Let us define:

M, := inf M;.

0<s<r
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M, . . . .
1) Prove that | ¥; := ﬁt —1,t> 0) is a continuous, non-negative, local P-martin-
=t

gale such that P(Y, =0) = 1.
2) Let (I;,# > 0) be the non-decreasing, continuous process, such that [y = 0 and
(Y; = I;,t > 0) is a continuous local martingale. Prove that:

i) The support of dl, is included in {z > 0; ¥; = 0}.
i) M, =e "

(Hint: From Itd’s formula, dY; = d%ﬂ - %dﬂ,, hence dl, = —Z—%dﬂ, = —M%th-)
B. We now assume that M., = 0 P-a.s.

1) Prove that: M., = 0P-a.s. < M_ = 0P-as. <= [, = + P-a.s.

Let QQ denote the probability induced on .%., by:

Qz =M -P .

1
2) Prove that Q(M; = 0) = 0 and that (ﬁ’t > 0) is a Q-martingale such that

t

3) Prove that M., is a Q-finite r.v. with uniform distribution on [0, 1].

(Hint: Introduce T.(M) := inf{s > 0; M; = ¢} and remark that: Q(M, < ¢) =
Q(T(M) <1)).

4) Let g := sup{r > 0; M, = M_,} (= 0 if this set is empty), and denote (Z; :=
Q(g>1t|%#),t > 0) the Q-Azéma supermartingale associated to g. Prove that:

Z; = = Q-as.
M;
(Hint: Introduce o; := inf{s > t; M; < M,} and compute, for I] € .%;:
QIin{g>1}) =QIin{o; < eo}) = lim Q(I;N{o; <1 +n})).
5) Deduce from 4) that Q(0 < g < o) = 1.
6) Observe that, from Girsanov’s Theorem:

~ t Mu
(Mt ::Mt—/ d< > ,IZO)
o M,

is the martingale part of the Q-semimartingale (M;,7 > 0).
7) Prove that:

‘M~
Z—1— / Zu b, +log(M,)  (Q-as).
o Mj

C. We now summarize the previous results denoting by (N;,z > 0) the Q-martin-
gale defined by:

N = — (t>0).
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We obtained:
let (N;,# > 0) be a positive, continuous Q-martingale such that Q(No =1) =1 and
tlim N; =0 Q-a.s. Then:
(law) 1 . . C . .
1) supN, = U where U is uniformly distributed in [0, 1].
t>0

2) Letg:=sup{t>0; N;=supN,},thenQ(0 < g <eo)=1.LetZ :=Q(g > t|.%).
u>0
Then:

N, —
i) Z ==, withN, := SupN,.
N, u<t
i) (Z,t>0)isa positive @Q-supermartingale, with Doob-Meyer decomposition:
Z, = M] —1og(N,), where (M/,t > 0) denotes a Q-martingale.

D. We now suppose that P is the Wiener measure on the canonical space
¢ (R*,R) (where (X;,r > 0) is the coordinate process) such that P(Xp = 0) = 1.
We then have:

t
i) M,=1+ / mgdX; where (mg,s > 0) is a predictable process such that, for any
Jo

°t
t>0, / mfds < oo a.s.
0

nt m
ii) (ﬁt =X, —/ ﬁ”du,t > 0) is, from Girsanov’s Theorem, a Q-Brownian mo-
0 u
tion.
1) Prove that there exists a (¢;,Q) Brownian motion ( E,,t > 0) such that:

g [MdZ B Az
R A i o )

i.e. " .
& my M, m,

=B — —du+ ——————du t>0
ﬁt ﬁt 0 Mu tAg Mu(Mu*Mu) ( o )

where (%,¢t > 0) is the smallest filtration containing (%t > 0) and making g a
(%,,t > 0) stopping time.

(Hint: Apply the enlargement formulae (3.27)).

2) Deduce from 1) that:

~ 1 m
X, =B+ e
! ﬁt tNg MM_MM

du (under Q).
3)Let o : R™ — R™ be a positive Borel function such that [;° ¢(y)dy = 1 and let us
denote @(y) = [ ¢(z)dz. Let:

oo

MP = o(S) (S —X)+ | o¢(2)dz with S; 1= supX;.

S s<t
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Prove that (M.t > 0) is a positive, continuous martingale such that M = 1 and
lim M = 0.
t—o0

(Hint: Apply the balayage formula (2.98)).
Show that:

!
M;":1—/ o(S,)dX,  (t>0).
0

4) Let us denote by Q? the probability on .Z., induced by: @E% =Mmp - #,. Prove

that M = 1 — ®(S,) and M% = 1 — &(S..). Deduce from this formula and C.1) that,
under Q?, S.. admits ¢ as a density probability function.

5) Let g := sup{u > 0; M) = Mi’i} and g’ :=sup{u >0; X, = S.}.

Prove that g = ¢/, Q-a.s.

6) Prove that, under Q¥:

i) the processes (X,,u < g) and (X, — X, 14, u > 0) are independent.

ii) (Xg —Xy1u,u > 0) is distributed as a 3-dimensional Bessel process.

iii) Conditionally on S. = s, (X,,u < g) is a Brownian motion started at 0 and
stopped at its first hitting time of level s.

3.4 Notes and Comments

Theorem 3.1 which expresses the decomposition of the supermartingale (P(L >

t|.%:),t > 0) in the form P(L > t|.%;) = %, with S; := supN; is found in A. Nikegh-

t s<t
bali and M. Yor (see [60]). The reader may also refer to R. Mansuy and M. Yor ([51]
p.13-16) for a presentation of this result. Formula (3.10), i.e. the fact that log(S.) is
an exponential r.v., is a general result due to J. Azéma (see [37]). The progressive
enlargement formulae used in Subsection 3.2.1 are due to T. Jeulin ([37]) and may
be also found in R. Mansuy and M. Yor ([51], p.12-15). The predictable compen-
sators computations in Subsection 3.2.4, as well as the computation of the Azéma
supermartingale given in Theorem 3.4, are taken from A. Bentata and M. Yor ([5]).
The example of Case 3 in Section 3.3 relative to the Skorokhod submartingales
originates from the works about Brownian penalizations, for which one may re-
fer to the monograph by J. Najnudel, B. Roynette and M. Yor ([59]). A study of
general Skorokhod submartingales and of this representation problem are found in
Najnudel-Nikeghbali [57].



Chapter 4

An Interesting Family of Black-Scholes
Perpetuities

Abstract We obtain the Laplace transform and integrability properties of the in-
tegral over R of the call quantity associated with the geometric Brownian motion
with negative drift, thus adding a new element to the list of already studied Brownian
perpetuities.

4.1 Introduction

Let (X;,7 > 0) be a process. It is often of interest to consider the r.v.:
== [ Xau() @1

where y is a measure on R™ such that the integral converges a.s. Can we describe
the law of Zif , compute its expectation, ... ?

4.1.1 A First Example

As in Chapter 1, let (B, t > 0) denote a 1-dimensional Brownian motion starting
from 0; associated to B, one considers the geometric Brownian motion:

(@@,::exp(Bt—%>,120)

which is a positive martingale converging a.s. to 0 as t — co. We define:
Ny +
zr ::/O (& —1)*" u(dr). (4.2)

Let us compute its expectation:
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Bz =2 | [ (6~ 1 uan)] = "B (6 - 1 ulan
= / P (4B} <t) u(dt) (from (1.19))
0
—E| [ utan)
487
=E [[i(481)]

with (x) = p[x,4eo[. In particular, if u(dr) = e’l’l{,zo}dt:

1 2 1
E[sf] = R[] = — L 4.
=)= 2Bl = @3

4.1.2 Other Perpetuities

Other perpetuities have already been studied, in particular by Dufresne [21],
Salminen-Yor [80], [81], [82] and Yor [98]. They obtained, for example, for a # 0
and v > 0, the identity in law:

/ exp (aB; — vt)dt e (4.4)
0
where 7, is a gamma r.v. of parameter b:

P(y, € dt) = ettt (1>0).

r()

In particular, witha = 1 and v = 1/2:

o t (law) g
/0 exp(B, Z)dt 2 2 4.5)

where e is a standard exponential r.v.

4.1.3 A Family of Perpetuities Associated to the Black-Scholes
Formula

As was hinted at in the Comments on Chapter 1, in recent years, the following
questions have been asked to the third author, in connection with European option
pricing":

' A small notational point: throughout this Chapter, the usual strike parameter K shall be denoted
as k, since in the sequel the McDonald function K,, plays an essential role.
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i) to express as simply as possible the quantity:

/Owle_’ltE [(&—k)]de (k>0),

ii) to find the law of / (& — k)T dt, for fixed s,
0

iii) to find the law of / Ae M (& —k)Tdr.
0

From Theorem 1.2, we see that (i) may be solved quite explicitly, following the
same computations as in Example 4.1.1. However, questions (i) and (iii) are harder
to solve explicitly, as, indeed, one may look for double Laplace transforms of either
quantities, e.g.:

/ e et disbras] 4
0

oo

In the present Chapter, we are studying thoroughly the law of / (& — k)" dt which
0

seems to be slightly less difficult than either question (ii) or (iii). However, the
results we obtain are not particularly simple.

4.1.4 Notation

These motivations having been presented, we now concentrate exclusively on the

law of / (& — k)T dt. It will be convenient to consider the two-parameter process:
0

((g’,(x> ‘= xexp (B, — %) =exp (logx+B, — %) ,1>0,x> 0) . (4.6)

(gt(x),t > 0,x > 0) is a Markov process taking values in R™ which, most often, we
shall denote as: (&,1 > 0; Py,x > 0) since 50()‘) =x.

To simplify notation, we shall write IP for P; and &; for &;
For any k > 0, let us define:

o)

.= /0 “&Y _1)*tar. @.7)

Again, to simplify, we shall write X for Z,El). Since éat(x) —0 a.s., the integral

t—oo
which defines (4.7) is a.s. convergent, as (o@,(x) —k)T =0 fort > 4, := sup{r >
O;co@,m =k}, and & < oo a.s.
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4.1.5 Reduction of the Study

(%)

We now explain about some reductions of the study of the laws of X/, to closely
related problems.
i) From It6’s formula, we deduce:
(®) " o
B t

where (f,,u > 0) denotes the Dambis, Dubins, Schwarz Brownian motion associ-
ated with (c§,<x),t > 0) (and By = x) and:

1
AW = (W), = /0 (&™) 2ds. (4.9)

Hence:

. o0 B (B, —k)t
z,f)z/o (BA(X)—kﬁds:/o %dv (4.10)

s

(after the change of variable A§x> = v and where Tp(f) = inf{u > 0; B, =0})
_ ~ (y_k) y - « = dy y
,/k 7 Ly @ 7/]{ dz/z e ) @10

from the density of occupation formula, and where LyTO denotes the local time at time
Ty and level y of the Brownian motion (f3,,u > 0).

ii) When x = k, the first Ray-Knight Theorem (see Appendix B.2.3) allows us to
write, from (4.11):

= (y—k
0 = /k b = V2 xdy (4.12)

where (A;,z > 0), conditionally on Ay =/, is a O-dimensional squared Bessel process

starting at /, and where Ag is an exponential variable with parameter % i.e. with

expectation 2k.

4.1.6 Scaling Properties

From the elementary relations:
; + K\ +
(xeB’_ffk) x(eB’_%) :k(z(e&_%)*l) (4.13)
X

valid for every x,k > 0, we deduce that the law of X; under P, is that of x ¥; under
P, or that of kX; under P%. In other words, for every Borel positive function ¢, we
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have:
E.[p(20)] = E [p(xZy)| = E; [p(kZ))]. (4.14)

These relations allow us to reduce our study of the law of X under P, to that of X
under IP’%. We might as well limit ourselves to the study of X; under PP.

4.1.7 General Case of the Brownian Exponential Martingale of

Index v #0
Let v # 0 and:
&) = exp (V (log x+B;) — %) =x"exp (VB, — %)
and define, for k > 0:
)= /0 T(E5) _kytds. (4.15)

Since, by scaling, (é(x’l’),t >0) (]g)(x”é’yz,,t >0), we have:

o v oo
(x,v) (law) / y X / k
b)) = — = — — —
M A (x"&p—k)"ds 2 J, &, du

xl/

= =X (4.16)

Thus, the study of the law of Z,Ex"”> may be reduced very simply to that of X k- This

is the reason why we have chosen to limit ourselves to v = 1.

4.1.8 Statement of the Main Results

Here are the main results of this Chapter.
Theorem 4.1. Let o > 0. Then, for every x > 0, E, [(Z1)%] < oo ifand only if a < 1.

Theorem 4.2. Let o0 < 0 and x > 0. Then:

i) Foreveryx>1,E[(Z)%] <ee.
ii) Foreveryx <1, Py(Z; =0) =1—x; hence E,[(X)%] = —+oo.

1
iii) For x = 1, E{ [(Z1)%] < oo if and only if o0 > —3
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Theorem 4.3 (Laplace transform of X).
For every 6 > 0:

VK (1/303) .
TK,(V/40) — VO K, (V40) :
E, {e_%zl} - | / 4.17)
1+ 1 Ky(v40) + V0K, (v49) ifo<x<l

" 1K,(V48) — VK}(/48)

where Ky denotes the McDonald function with index 7y (see Appendix B.1 ) and
where y=+/1—-40if40 < 1land y=1iv/40 —1if40 > 1.

We shall also prove, as a consequence of Theorem 4.3:

Theorem 4.4. Let (A,x > 0) denote a squared Bessel process with dimension 0

started at | and denote its law by Q;O) . Then:
o [f40 > 1:

6 [~ (x— 6
(®m%w<_5[ @ﬂUAXMO}:QPW“P<_§A Gﬁ%ﬁhw)]

(11 VeK,(V3)

withv = /460 — 1.
o [f40 < 1:

@;0) [exp (_g/lw xx;zl/lxwlx)] =exp (é (%4_%))
with v =+/1—46.

In Section 4.3, we shall study the asymptotic behavior, as 8 — o, of E {e_ § 21} and
we shall obtain:
E[e*%ﬂ ~ £ (o (4.19)
0= g3
Finally, in a short Section 4.4, we shall indicate how Theorems 4.1, 4.2 and 4.3
extend when we replace X by E,Ep ), with:

P = /Om(ep<3”%)—k)+dt (p.k > 0)

W oo — A +
(law) i/ (e(Bu 35) _k> du (by scaling) (4.20)
0
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which, from (4.20), corresponds to consider an extension of our previous

perpetuities relative to (B; — §,7 > 0) to Brownian motion with drift —ﬁ, ie.
(B: — #,t >0).
4.2 Proofs of Theorems 4.1, 4.2, 4.3 and 4.4
4.2.1 A First Proof of Theorem 4.1
i) We first prove that forx = 1, Ej [Z]] = e
Indeed, from (4.11):
< (y—1
mim) = [V VR
1 y
=1 1
= E[Ly |d
S E
< (y—1
= 2/ b _ Ly = 4oo 4.21)
1 y

(since (U}O ,y > 0) is a martingale and LIT0 is an exponential variable with parameter

1/2, hence fory > 1, E, [L}T'O} =E; [LlTO} =2).

i) We now prove that, for every x > 0, E,[X;] = e

e For x > 1, this is clear since ZIEX) is an increasing function of x (and a decreasing
function of k). Hence:

E,[Z1] > E1[Z1] = oo (from (4.21)).
e For x < 1, from the Markov property:

(law) 1

s I 5> (4.22)

_1 t 1 _1
with Tl( 2) = inf{t >0;B; — 2 =log (—) }, and in (4.22), X, and Tl( 2) are
X

og(1) og(1)

assumed to be independent. Hence:

_1
E[z] =P (Tl( ) < eo> E[Z)] = +oo

. (—%)
from (4.21) and since P (Tlog(%)

< oo) =x (see (1.10)).
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i) We now prove that, forx > 0and 0 < ot < 1, E, [(Z])%] < o0
We have:

E,[(£)%] = x°E [(2; )O‘] (from (4.14))
<xE[(Z0)%]

(since X is a decreasing function of k)

< 2
< xa/o We’»"dy < oo (from (4.5)).

4.2.2 Second Proof of Theorem 4.1

It hinges upon:

Lemma 4.1. Let G and T defined by (1.7) and (1.6).

i) If v and a have the same sign:

() 2
e E {e“c“ } <o ifandonlyif u < %, (4.23)
o foreveryreal o, E [(Gﬁﬁ)“} < oo, (4.24)
ii) If v and a have opposite signs:
() v?
e E {e“G“ } <oo ifandonlyifu <, (4.25)
e foreveryreal a >0, E [(GE,V))“} < oo, (4.26)

Hence, for a <0, E [(Gl(f’))a} = Joo,

Proof. The proof of this Lemma is obvious, and hinges on the well-known formulae
(1.8)—(1.14).
O

We now give a second proof of Theorem 4.1
e We first show that, for 0 < a < 1, E;[(Z])%] < e=. From the relation:

_1
) = 1\ " o) 1"
2z :x/ & —— dtzx/ & ——| dt
0 x 0 x

<x<su é‘7> ~G(7%)
S pér —logx

t>0
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1 1
we deduce that, for0< a <1l,ap<land —4+-=1(p,g > 1):
JZ]

mi) < (mp) (@)

b T/ 1\
S (CONECEDN
>0

1
op 7
< Cx*E Ksup é",) ] (from Lemma 4.1).

t>0

As (&;,t > 0) is a positive martingale, starting from 1, and converging a.s. to 0 as
t — oo, we get, applying Doob’s maximal identity (2.8):

1
sup &, 12 = (4.27)

5>0

with U uniform on [0, 1]. Thus:
op |
E [(sup <§,) } :/ —du < oo (4.28)
>0 0 u%p

e We then show that E,[X;] = . First of all, it follows from (1.21) with K = 1 that:

v ] w
E[2] :/ IP(G(()Z) Sl)dl:E[/(l)dl} = +oo
0 Gy?
(3)

since GO7 < 4o a.s.

since ap < 1.

Likewise:

E([Z] = xE, [z } (from (4.14))

=xE /(1) dt| =oo
G7

log )lc

==

1
from (1.21) and since Gl(z) < oo a.s.

og ¢

i
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4.2.3 Proof of Theorem 4.2

i) We already prove Point (i)
Let x > 1 and x’ such that 1 < x’ < x. It is then obvious that:

_1
9> w117 (4.29)

1 1 .
(with Ta( 2. inf{r > 0;B, — 5 = a}, since, if 1 < Tl( 2) then elogxtBi—} _ | >

YR
X
og

x'—1). Hence, with y > 0:

=y (log(3)) _ ¥ —
:/0 P (C) > >dv (from (1.8) and (1.9))
[T i (e
=l P(G% =)
1 (log )\
(x,_l)yE (Gf”) ] < oo (4.30)

(from Point (i) of Lemma 4.1

~—

ii) We now prove Point (ii)
It is clear that, for x < 1:

_1
Thus, P (zf*) - o) P (T( 2) _ oo) P (Gﬁ“’g") - o) —1—x>0 from (1.9)
X 2
and (1.10).

iii) We now prove Point (iii)
For this purpose, we write, for y > 0:

E, {(211)7} = %}/)/OWIE [e-“l] 6710 4.31)

and we show, in the next Section 4.3, that:

E, [e—ezl} o (C>0).

o
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1 oo 1
Thus, E [—} < oo if and only if/ eV*‘*%de < oo, thatis, if and only if y < =
(Z1)Y 1 3

4.2.4 Proof of Theorem 4.3

a) A useful Lemma
Lemma 4.2. Let 6 > 0 and Ky the McDonald function with index 'y, such that y =
V1-40ifo < }land}/:imifez %.
1) Define the function @g : RT™ — R by:

90(y) = VIK/(\/40y)  (y=0). (4.32)
Then:

i) Qg is a real valued function which satisfies:

6 6
@p(v) + (—— + —2) ®o(y) =0. (4.33)
y oy
ii) g, restricted to [1,4-oo| is positive, convex, bounded and decreasing.

2) We define the function Qg : RT™ — R by:

~ (O] (y) UC y > 17
Po(y) = : (4.34)
{((Pe(l) — (1)) +yep(1) FO<y<1.
Then Qg is a bounded, positive, convex, decreasing function which satisfies:
~ 6 0 ~
Pg(y) + 3T 1iy>13 - 9o (y) = 0. (4.35)

b) Proof of Lemma 4.2

i) Relation (4.33) (as well as relation (4.35)) follows from a direct computation,

'}/2

1
using the equation Ky (z) + =K (z) — (1 + 2> K,(z) =0 (see Appendix B.1) and
z z

the fact that > = 1 — 46 (see Petiau [46, F], p. 306, formula (8), which needs to be
corrected by replacing a by —a, or Kamke [32, F], p. 440).

We distinguish two cases:

Case 1: 460 < 1, y = /1 —46. The function Ky, hence also @g, is positive. Further-
more @y is bounded on R since:
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1
Fig. 3 Graphs of @g and Qg
1—
®o(y) NOCyTyy Po(y) ~ C'y%e_“wy (see Appendix B.1).
y— y—o0

On the other hand, from (4.33), the function @y is convex on the interval [1,oo].
As it is convex, positive, and bounded, it is decreasing. Lemma 4.2 is thus proven in
this case.

Case 2: 460 > 1, y=iv46 — | and here @g(y) = /y Ki,, (v/40y) with v = /46 — 1.

From the integral representation formula (see Appendix B.l):
Ki(y) = / e oMU cos (vu)du (y>0) (4.36)
0

we deduce that K;,, (y) is real valued, hence so is g ().
On the other hand, @y is bounded on [0, 4-<[. Indeed, for y > 0, from (4.36):

y2 oo ol oo dz
Va0 @y | = || = y|Ki (y)]| Sy/ e_}'Tdu:y/_ e T,
46 b ¢

Thus:

2
y —2
v/ Z_ )< .

Hence:

y—0

2 2
‘\/49 0o <Z—6) ‘)::o and ’«/49 ®g <Z—6> ‘ <y(C+log(y)|) —0.

Moreover, it is clear, from (4.36), that K;,(y) > 0 hence @g(y) > 0, for y large
enough.
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i) We now show that Kj,,(y) is decreasing in y on [v, +oo[. If not, there would exist
a point yg > v such that:

Ki,(yo) >0, Kj,(v)=0, Kj,(y)<0.

However,
2

Kt o)+ 2K o) = (125 ) K o)
Yo Yo

Thus K/, (yo) > 0, which is absurd. Since K, is decreasing on [v, 4o, and positive
near +-oo, Kj,, is positive on [v, +eo[. Thus, Qg is positive on [I,4eo| (since, ify >
1,1/46y > V46 > /46 —1 = 1/). From the relation (4.33), we then deduce that
(g is convex on [1,+eo[. Since it is bounded, convex and positive, it is decreasing.
Lemma 4.2 is thus proven.

O

¢) End of the proof of Theorem 4.3
_ 6 t

Let (Mt" = @g(B;) exp (—5/ %(Bst) > 0). Then (M?,¢ > 0) is a local
0 Po
martingale. It is equal, from (4.35) to:

_ 0 [t (B;—1)*
M = §o(B;)exp <2 /0 (‘Bz>ds> (4.37)

and, from Lemma 4.2, for every x > 0, (Mf’AT0 ,t > 0) is bounded. Thus, from Doob’s
optional stopping Theorem:

) = M) = | fu(Br exp (-3 | o &)

= @g(0)E, [eXp <6 21)] (from (4.10)).

2
Thus: Fo(1)
-9 Qo (X
E {e 2 21} == .
y ?9(0)
This is precisely Theorem 4.3, owing to formula (4.34) which yields @g explicitly.

O

Remark 4.1. Theorem 4.3 allows to recover formula (4.5): 20<

one hand, from (B.9):

E; {exp (—gzoﬂ =E {exp (—Qzﬂ :/wefgfdeZZ\/EKl(\/@)

0

2
13/ )z, Indeed, on the
e

and, on the other hand:
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E; [efgz } = limE,; {e 2 } —llmIE [exp (—Q/ Caa: —£)+dt)]
€0 2 Jo
Oe [~ /(1 ‘ + e
= limE S22t —limEy, [~ 7 5|
811101 lexp( 5 /0 (86 ) dt)] 81{{)1 1/e |©

= lim LKW(\/AT)
0 TK /1—sgs(V402) — 130K, (V/4Ge)
(from (4.17), replacing 6 by 0¢ and x by 1/¢)
e = Ki(V40)+0(1)
el0 3K 1gge(V40€)[1 — V1 —40¢| +VO0eK sz, (V40e)
(since zK],(z) = VK, (z) — 2K, 41(2); see (B.4))
LK1 (VAB) +0(1)

= lim 0(1)+Voe (s1-+0(1)) 2V0K1(V49)

4.2.5 Proof of Theorem 4.4

From Theorem 4.3, we know that, for 6 > l:

N

B e $¥] = 2Kiy (V46)
' Ki (v/46) — VA0 K}, (V/48)
1

K}, (V49)
Kw(\/@)

| KL (/30)
2/ exp<2 2<2+\/§m>>dl. (4.38)
On the other hand, from (4.12):
0 ~(y—1

E, {e_%zl] _E{exp <2/1 (yyz )ﬂyldyﬂ
1 /= _1 0 °°(y—1)
5/0 e 2dIE {exp (—5/1 7 Ay-1d ) Mo—l]
1 [ 0 [~
5/0 e_%dl(@g()) {exp <2 A (l—iy)z )] (4.39)

where QI(O) denotes the expectation relative to a squared Bessel process of dimension
0, starting from /. The comparison of (4.39) and (4.38) implies Theorem 4.4 in the

0
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1
case 6 > 7 since the Laplace transform is one-to-one. The proof of Theorem 4.4 in

1.
the case 6 < 1 is the same.
O

Remark 4.2. Let i denote a positive o-finite measure on R™. Let @ denote the
unique decreasing, positive solution on R of the Sturm-Liouville equation @ =
p® (and such that @(0) = 1). It is well known (see [70], Chap. IX, p. 444) that:

o [exp (—% /0 i %vu(dy)ﬂ = exp (é <1>’(0*)) : (4.40)

(Observe that, as (A,,y > 0) has compact support a.s., / Ayu(dy) < oo if u is
)

o-finite on R*). Theorem 4.4 may be recovered easily by applying formula (4.40)
y
dy.
1+ @
On the other hand, if u(dy) = a(y)dy, with

with p1(dy) =

ctlpy ) <aly) <clpy )  (0<ca<e, 0<n <p),

we deduce from [70], Chap. XI, Corollary 1.8, that:

exp (—é C’z\/5> <Q? [exp (—g /:ﬂy#(dy)” < exp (—é ¢l \/5> (4.41)

for O large enough, whereas, as we shall show in Section 4.3:

(0) _Q/w y - UPY 442
; {exp( 2 )y 1+y22,ydy>}9HMCexp< 293). (4.42)

4.3 Asymptotic Behavior of E; [exp (—9X)] as 6 —

We shall now end the proof of Theorem 4.2 by showing:

Theorem 4.5. There is the equivalence result:

E, [e% Z'] o ec_é' (4.43)

Proof of Theorem 4.5
We recall that, from Theorem 4.3:

E, [ef%a} _ 2K, (V/40) (4.44)

 Ki(V46) — VA6 K, (1/46)
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with v = /40 — 1 (9 > i) We shall successively find an equivalent of the numer-
ator and of the denominator of (4.44), the difficulty arising from the fact that, in
K (v/46) (and K], (v/46)) the argument v/46 and index iv = iv/46 — 1 tend both
to infinity as @ — . To overcome this difficulty, we shall use some results about
Bessel functions found in Watson ([90], p- 245-248) , which we now recall.

i) Let Hig) the first Hankel function (see [46], p. 120); it is related to Kj, via the
formula: .
T v in
Kiv(2) = %e*? Y (zeT). (4.45)
We define € by the formula: iv = iz(1 — €) and assume that, as z — oo, € remains
bounded (with, of course, v depending on z). Then, there is the second order asymp-
totic expansion:

N = 2K, (Va0)=2Ze T H (7 va0)

2
3 va 1
~ —Cie” 2 —. 4.48
0 3 1e 9% ( )
. . 2, in
Here, we have used the first order expansion (4.46) with: exp 3 im)exp| — i
i and the fact that:
€z =z7—v
1
=ivV40 —iv40 —1 =iv40 (1 —/ 1= 46) FO.

iii) We now study the denominator of (4.44)

D = K, (V40) — V46 K}, (V40)
= K, (V40) + V40 K\, 1 (V40) +iv/40 — 1K, (V46) (4.49)
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d
(after using o (Zﬂ K, (2)) = —2"K,—1(z); see (B.4)). Since we have already studied
Z
the asymptotic behavior of K;, (v/46), it remains to study that of

A(6) := V40K, 1(V40) +ivV40 — 1K, (V46). (4.50)

Now, since V40 K, (vV40) +iv/460 — 1 K;;,(v/46) is real (from (4.36) and (4.44))
and since iv/40 — 1 K;,,(/40) is purely imaginary, the development of A(0) as 6
tends to oo is that of the real part of v40 K;,,_1(v/46). Then, we obtain:

V40K, 1(V40) = \/@%e%(iufl)[_]i(yl)il (% V70)
= VAT e T H (e Va0) @.51)

from (4.45), by replacing iv by iv — 1. This time, we use the second order develop-
ment (4.46) with here z = e7 /40 and:

iv—1=z(1—¢) =ivV40(1—¢), ie.: ez=¢ge2Vv40

iz . 1 _ -
or ez=c¢ge \/@—1+4\/§+0<\/§> (v=V46-1) (4.52)

We obtain:

N

1 in ] 1 1
oot e (1025) ()
(% V/40) 46 (% /40) 93

(4.53)
withC—(sinE)F DNetando = (sin 2Z\r(2) 6t (.00
1= 3 3 2= 3 30 1,C2

1 vr 1 i 1 1
et Lo La(in ) L (4))

3 { (V46)3 46/ (v/46)3 6%
(4.54)

We now consider the real part of (4.54) and we obtain, from (4.50):
A(O) = e%€(V491(1'V,1(v49)+l'\/4-9711(,'1,(v49))
_ 1 40e 70 ! 2+o<il)
3 (\/E)j 03
1

~ 2 gl (4.55)

60— 3



106 4 An Interesting Family of Black-Scholes Perpetuities

iv) We then gather (4.44), (4.48) and (4.55), to obtain:

2
22 Cre” % Ao
3 T
o [e%zl] o 06
—00 VR VR 1
%Cl e 2 % + %Cze’TGE
* 06
4 1
23C) 1 2 I'(3) 1
~ L -2 (3)—1 (4.56)
6-= C g3 33T(5)03
from the explicit formulae for C; and C,. This is Theorem 4.5.
O
Remark 4.3. Using Theorem 4.5, we obtain, for 0 < x < 1:
oy %Ki\/4971(\/49)+\/51{£m(\/49)
EX[CZ'}zl—i—xl ; .
EKl\/m( v 46) - \/§Kl /4971( v 48)
It now follows easily from (4.48) and (4.55) that:
E, {e*% El} —1-x 4.57)
Now, on the other hand:
E, [e*%)ﬂ — (% = 0). (4.58)

We recall (and recover here) that P,(X; = 0) = 1 —x. This is Point (i) of Theo-
rem 4.2.

4.4 Extending the Preceding Results to the Variables Z,Ep )

Let

5P = /O (P02 B8 _ ) dr  (p.xk>0). (4.59)

In the preceding Sections, we have studied the case p = 1.
The analogue of Theorem 4.5 may be stated as:

Theorem 4.6. The Laplace transform of Efp ) under P, is given by:
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K., (Y48
: \/_7( le) _ e
_, ZKY(T)_\FK}/(T)
E, {e_le } (4.60)
1+x_ K5 + VoK (57) fo<x<1
LK, (L9 — Vo Ky (¥22) o
with 7= L322 ip0 < Landy =20 i > 5

The proof of this Theorem 4.6 is quite similar to that of Theorem 4.5. It hinges upon
the following Lemma 4.3

Lemma 4.3.
i) Let, for 6 > 0 and p > 0, the function (pém :RT — R defined by:

40
o (v) = WK7<\/p_y5> (y>0). 4.61)
Then, it satisfies:
" 1
(o) )+ <y”‘2 - y—2> oy (1) =0 (4.62)

(see [46, F], p. 306, with p —2 = m, formula (8), after taking care of replacing a
by —a).
ii) Let @ép) :RT — R defined by:

(P)

~(p) Pq () ify>1,
= / ’ 4.63)
I o (o) ey (o) 1) i<t

(p)

Then 59 is positive, decreasing, convex and satisfies:

1 ~
(@) o )+e( p 2+y—2> ey @8 () = 0. (4.64)
Remark 4.4. As a check, we note that formula (4.60) allows to recover the iden-

tity (4.4): 5
[ontats 2
0 PM/p

where 7, is a gamma r.v. of parameter b. Indeed, on one hand:
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0 2 1 = -8 1,
Ele —— = / e Pz zp 'd
{Xp< 2 pz%/pﬂ r(i/p)Jo °E

On the other hand:

_o () . 0 [~ _pt +
E, [e 3% | = imE ——/ PB=5 )t
| [e ] glFol | {exp( 2 ), (e €)
. fe [~ (10g%+3)_0_f +
= limE - P AT TR 1) Tdr
e oo (-5 [ )

(D)% Ky (V0 (1)7 %)

1-46¢

p €
= lim b
1 LR e (5%) ~ VK (V25)
p
1\?
(from (4.60), replacing 6 by ¢ and x by <E> )
1
(1) K, (422)
0 K yiame (V) = B (V) K yge (V5)
P
1

ORI

e—0 p Jaoe 40¢ (since 2K () = VK, () ~ 2Ki+1(2)
27 p K%H( p
1

(1) K, (2 L
~ T since Ky, (z) 51”(1/) (5)
&0 %F(%+l)(%)’p =0

1

(5K, (42) o

eo I D) ot

1
(8 o ()]
elo \p F(E) P\ p

Remark 4.5. Taking up again the arguments of the proof of Theorem 4.5, it is not

difficult to see that:
E, [eng”)] N C(Il))
06— 03
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where C(p) is a strictly positive constant, depending on p. We then deduce that, for
a<0:

1
E, [(zl"’))“} <o ifandonly if &> —3.

On the other hand, it is not difficult to see that:
o If x> 1, forall @ < 0, E, |(£{”)?] <.
olfx < 1,forall o <0, E, [(zfm)a} — oo

Concerning the positive moments of El(p );

olf0< < %,then
E, [(zf’”)“} < oo, (4.65)
Indeed (4.65), for x = 1, follows from:

1 © /2 \* 1. 1
B [(2P)e] <Bi [(507)7] = /0 (p_zz> e igpdz < oo o<

2
since X (1aw) >— from (4.4).
p°YL
’ 1
The fact that E,. {(Zl(p ))O‘} < oo for every x > 0, and every o0 < — may be obtained

by using arguments close to those used in the proof of Theorem 4.1.
We believe (but have not been able to settle) that, for all p > 0:

1
E, {(zf’”)ﬁ} = o, (4.66)
We now show (4.66), when p > 1

It then suffices, by using the arguments of the proof of Theorem 4.1, to see that
(4.66) is true when x = 1.

e We first show that:

(p) 1
1-E, [egz,p ] e~oce$. (4.67)

Indeed, from Theorem 4.6, we have:

N Ki(45°) + VO K (%°)
E]{ep< 2 )] 1+§ Ky(*22) /oK (20)

Vv1—-4 1
with y = TH (and 6 < 4_1) Thus:
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L] K ()4 g {8 ()
I=Bpje 2o =7 46 _ P V46 g (V40
1Ky (50) = 5150 K (50 )
%K 1;49 (@)(1_ 1;46)_%}1{ 1;49_1(@)
- 1K 1749(%)(14‘ 1,;49)‘*'79[( 1—49,‘%)
P P

(after using 2Ky (2) = —u Ky (2) — 2Ky 1(2)).
Since p > 1, we replace K‘/I;TQ—I by Kl_le—Te (recall that K, = K_;) and we
deduce, from: .
with 1—— >0,
p

1
(?) 0' % +b0%
1-E,; [e_%zlp} ~ % (since, for u >0, K (z) ~ C“z_“)
=0 a0 %+ 0% 0
b 1 1 1
~ —0r since p > 1 implies 1 — — > — | .
6—0 a’ 2p — 2p

e From (4.67) we deduce:

Hence, from the Tauberian Theorem:

]P)(ZI(P) Zt) ~ ' =
t—o0 ¢

(4.68)

ol=| —

and
E [(zf"))ﬂ - /Omﬁv((zf”))% zr) dt
- /0 “p (2{") > tP) di = 4o (from (4.68)).

We note that, for p < 1, the preceding argument cannot be applied since:

/“e ( et) dt = dt -
xXp| ——= | +— — — < oo,
1 p 2 t% 0—0 J1 tl%
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Problem 4.1 (Explicit computations of the laws of some Brownian perpetuities).
This problem takes up M. Yor’s proof of Dufresne’s identity, as presented in [98],
p.14-22.

A. Getoor’s result on Bessel processes last passage times ([25])

Let (R, > 0) be a Bessel process of dimension 5= 2(1 +v) started at 0, with
v>0.

1 . .. . .
1)i) Prove that [ M, := ——,t > l) is a positive, continuous local martingale such

502’
t

=

that imM; =0 a.s.

[—00
1

(1) R, -U3%2, with U uniform on [0,1] and independent

ii) Show that: infR, ' =
>1
of R;. R
2) Let us define: %l(m := sup{u > 0; R, = 1} (=0 if this set is empty). Note that

%I(R) > 0 a.s. Prove that:
@ () 1

1 - 2°
(infRu>
u>1

(Hint: Use the scaling property of R and {%fR) >t} = {ir;f R, <1}).
u>t
3) Deduce from 1)(ii) and 2) that:

Conclude that:
2 = — (1)

where 7, is a gamma r.v. with parameter v.
law
(Hint: &2 ‘2 2y, U1/ |
2

) B(v,1) and, from the “beta-gamma algebra”,

Ya UQ) Yatb - ﬁ (aﬂ b))

Comment: The result (1) is obtained in:

R. K. Getoor [25]. The Brownian escape process. Ann. Probab., 7(5):864-867, 1979.
Pitman-Yor [65] show that there is a general formula for last passage times of tran-
sient diffusions, see Theorem 2.4 of the present monograph.

B. Dufresne’s result about the geometric Brownian motion perpetuity (see [21])
Let (B;,t > 0) be a standard Brownian motion started at 0.

1) Prove that:
T b s 1 ‘
eBiv — 1+/ eBs—vdB, + (— — V) / eBsmvs g,
0 2 0
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2) We now set:
t
A= / e?(Bs—vs) g
0

and define the process (p,,u < A) via the implicit relation:

exp (By — vt) = p4,. 2)

Prove that: | J
s
=1 - — —, <A
Pu + Bu + (2 V) 0 Ps u

where (By,u < A) is a standard Brownian motion. Observe that (p,,u < A) is
a Bessel process of dimension 6 = 2(1 — v/) starting at 1. Note that, as u — A,
pu — 0. It is therefore possible to extend (p,,u < A.) by continuity until the time
Ac. Prove that:

Aw =To(p) :=inf{u > 0; p, = 0}.

3) Prove that A.. %<R).

(Hint: Use a time reversal argument)

4) Prove that:
/NCZ(B,;—Vs)ds (l“:W) L
0 2'}/1/

(faw)

and more generally:

< (law) 2
d B, —bs) = .
/0 sexp (aBg — bs) azy%

Comment: Here, we have given a proof of Dufresne’s result, see:

D. Dufresne [21]. The distribution of a perpetuity, with applications to risk theory
and pension funding. Scand. Actuar. J., (1-2):39-79, 1990,

which may be reduced to Getoor’s result on last passage times for Bessel processes.

C. We now recall Lamperti’s relation (see [70], p.452)

exp (B, + ur) = RW </Ot dsexp(2(B; —|—/J.s)))

where p > 0 and (R,(“>,t > 0) is a Bessel process of index y (i.e. dimension 2(1+
w)) started at 1. Compare Lamperti’s (implicit) relation (for > 0) with (2) (for
—v <0).

1) Deduce from Lamperti’s relation that:

(1) , ' ds
R =exp (B, + nu) |u—H withHy = | ———.
=t 0 (R§”))
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2) Prove that, for every o > 0:

/ ds — :/ efoc(Bu+/.lu)du
0 (R§“)) 0

and deduce then that:

* ds (law) 2
= >0, oo >0).

/0 (Rgm)“” oY (u )
4.5 Notes and Comments

This Chapter is taken from [76]. For studies of other perpetuities related to Brownian
motion with drift, we refer the reader to Salminen-Yor [80], [81] and [82].



Chapter 5

Study of Last Passage Times up to a Finite
Horizon

Abstract In Chapter 1, we have expressed the European put and call quantities in
terms of the last passage time g,g‘ﬂ. However, since gé@@) is not a stopping time, for-
mulae (1.20) and (1.21) are not very convenient for simulation purposes. To counter
this drawback, we introduce in Section 5.1 of the present Chapter the .%;-measurable

random time:
%Ig& (t) =sup{s <r1; & =K}

and write the analogues of formulae (1.20) and (1.21) for these times %,((6 (¢). This
will lead us to the interesting notion of past-future martingales, which we shall study
in details in Section 5.2.

5.1 Study of Last Passage Times up to a Finite Horizon for the
Brownian Motion with Drift

5.1.1 Introduction and Notation

Let (,(B;,%)i>0, 7 = \/ Z:,P) denote a Brownian motion starting at 0 and
t>0

(Z: =0 (By,s <t),t > 0) its natural filtration. We define the past-future (or the two

parameters) filtration:

jv,t:G(Bu;MSS; Bh,hZI), 0<s<1<en. (5.1)

For every v € R, we denote (BSV),I > 0) = (B; +vt,t > 0) the Brownian motion
with drift v. Let us define, for a,v € Rand t > 0:

G (1) == sup{u < ;B = a}, (5.2)
(=0 if the set {u < B = a} is empty).

C. Profeta et al., Option Prices as Probabilities, Springer Finance, 115
DOI 10.1007/978-3-642-10395-7_5, © Springer-Verlag Berlin Heidelberg 2010
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Géy) (¢) is the last passage time of B™) at level a before time ¢. Of course, we have
GE,V)(I) —— GY) as. with:

—o00

G(ay) :=sup{u > O;BE,U) =a}, (5.3)
(= 0 if the set {u > 0;B{") = a} is empty).

In Chapter 1, we described the link that exists between the last passage times of

the drifted Brownian motion and some option prices defined with the help of the
2

geometric Brownian motion (éo,(w 1= exp (VB[ — %I) ,t> O). In particular, we

showed that:
) pae) +
bt 74 s
P (G10g<m < 5|7, ) = (1 ~ K ) (5.4)
(see Theorem 1.3). However, this formula is not very convenient for simulation pur-

poses, since the event {Gl((:g'(jl)() < s} depends on the whole Brownian trajectory after

time s. That is why, to overcome this drawback, we shall consider in this Chap-

ter times such as Gl((:g'(/l)() (1) instead of Gl((:g?l)(), so that the event {Gl((;;('l)() (1) < s}

only depends on the Brownian trajectory before time 7. That is what we shall call
working up to horizon ¢.

5.1.2 Statement of our Main Result
Theorem 5.1. Forevery K >0, v € R, s <t
i P (G(”)

log(K)

- (1 —exp {% (BE”) - log(K)) (B,(") — 1og(K)) }) : (5.5)

ii) K~2P (Gl (1) < sIBY) = log(x))

(1) <5|7)

=lixeky {K “E {éa”(_zm l{BE,V)>log(x/K)J —x P (BE‘V) < log (%)) }
(5.6)

+ 1k {K R [‘f“( ) l{BL(,”)<log(x/K)}} —x P (B‘(’V) > log (%)) } '

(s<t,u=t—s,x>0)
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iti) Yuri’s Formula (this terminology is borrowed from [1]) holds:

P (Gl(cl)g(l() () < s) _E {(1 _K2ug~s(21/))+]
+E {sgn (1 sz”é‘}(z”)) sgn (1 sz”é‘;(zV)) (1 /\K2”é‘}(2y>)} . 5

Remark 5.1.

a) We have stated Theorem 5.1 by “decreasing order of conditioning”: Point (i)
gives the conditional expectation of the event {Gl(:g)( X) (t) < s} with respect to Z,,
Point (if) gives its conditional expectation with respect to .%;, and Point (iii) its
expectation without conditioning.

b) By comparing formulae (5.4) and (5.5), we see that Theorem 5.1 provides a kind
of Black-Scholes formula up to horizon ¢.

¢) Theorem 1.3, Point (i), or formula (5.4), is a consequence of equation (5.5) on
letting ¢ tend to infinity and observing that:

B(V)

v) !
(1) - Glog() @8- and o vas.

v)
Giog()

d) An alternative form of equation (5.6) that we shall use is as follows. For v > 0:

K2 (G (1) < s1BY) = log(x))

= (K™ —x) "+ (lpagy — Lpogy) (5.8)

x {K’z”“‘: [g“( - I{B,(f)>log(x/l()}} —x VP (B W) <log (%)) } ’

while, for v < 0:

K=2p (Gl(gg)(K) (1) <s[B" = 10g(x)>
= (K_zy —)C_Zl/)+ + (1{x<K} — 1{x>K}) 5.9)

(e (B > 108 () ) KB AT ]

Ones goes from (5.6) to (5.8) and (5.9) on observing that:
P (B,(,”) > log (%)) =1-P (B,(,”> < log (%)) ;

E [éif‘z”)

and

B {gu(—zu)

1{3&“)<1og<x/1<>}] =1 I{BS,”>>log<x/K)}} '
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Proof. We first prove Point (i)
We have, from the definition of Ggy) (r) forl e R:

{6 0) <s}=aiua,

where
A;f, = {Vu €]s,1], B,(f/) > 1},
Ay, ={vuels1], B <1}.
Therefore:
P (G,(V) (t) < s\fs,z) =P (A}, | Zs) + P (A;;| Fsy) 5.10)

o P (ot (B < B 1 BB B

s<u<t

+1 500 P (Siligt(BE,”) -8 <1-BY B - B§”)>
(5.11)

Thus, we need to compute for / and A =1 — B (with A(A —m) > 0):

1{B§V)>Z}IP)( inf (Bl(lu) _Bgu)) > _Bgu)lBt(y) _Bgu) _ m)

s<u<t

= L5 P (T;v) >1—s|B) = m)  (5.12)

and

o P sop (B = B) <1 BB~ =)

s<u<t

=1y B (B > 1518 =m). .13)

We note that the quantities in equations (5.12) and (5.13) depend only on 7 — s and
not the pair (s,#). Furthermore, the law of the bridge from a to b over the time [0, u]
of a Brownian motion with drift v is independent of v. Hence, we need to compute:

P(T), >t—s|Bi_s=m)=1-P(T), <t—s|Bi_s=m),

and it is a well-known fact that:

P (Ty <u)=exp <—M> (5.14)

u
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where Pé"lm denotes the law of a Brownian bridge of length u starting at 0 and
ending at level m. Gathering (5.11), (5.12), (5.13) and (5.14) with A =/ — B{") and

m=B" —B{"), we obtain (5.5).

Remark 5.2. (5.14) can be obtained by an application of the symmetry principle:

(T, >u)=1—P"

0—m

L exp (_m_2> — 1 _exp (_ (ZA*M)z)
V2nu 2u V2ru 2u

P(“)

0—m

(T)L < I/t)

In fact, since formula (5.14) plays a key role in our proof of (5.5), we feel it is
relevant to give some references where it also appears: Guasoni [27] (formula (10)-
(11) p.85), Pages [61] (Proposition 7.3) in his discussion of the Brownian bridge
method for simulating the continuous Euler scheme, Pitman [64] while deriving the
law of the local time at O for a Brownian bridge, Yor [97] while discussing Seshadri’s
identities ([83], p.11).

We now prove Point (ii) of Theorem 5.1
We start by writing:

BW ') B0 L BW) _1o0(x) +BY)  withu=1—s (5.15)

t—s

where B() is a Brownian motion with drift v independent of .%,. We may then write
with C = log(x/K), from (5.5):

P (Gl () < 517,) =E Kl _exp{_§ (105 (tog =+ 5 }”
=1 e B (B +€ <0) + 1oy (B +C > 0)

2¢ ()
— 1{x<K}E [1{B£U)+C<O} exp (M(C+Bu ))]

2¢ ()
— e E [I{B,(,")+c>0} exp (—7(C+Bu ))]

=a+p—y-6. (5.16)

We now make the computations for o, 8,7 and §:
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v K
o= 1{x<K}]P) (B,(, ) < ]0g ;)

éau(—Zu)

= 10<kB | g ) 57

=1 E -1 {Bu—vu<log 5}62”3”72”2”} (from the Cameron-Martin formula (1.5))

[ . 1
= 1{X<K}]E 1{—Bu—vu<log%}C_ZVB“_ZVZ"} (Slnce Bu (g) 7Bu)

_ [ (—2v)
= 1{x<K}E _I{BEV)>log%}éa“ ] . 5.17)

Similarly, one shows that:

1% K —lV
B=1xP (B,S ) > 10g;> = 1B [1{#) &2 >] . (5.18)

<log % } u

For 7, we have:

_ 2C ()
Y= l{x<K}]E _l{BL(tD)+C<0} exXp <—7(C+Bu )>:|

[ 5(721/)

2C (v) u
= l e} B 1{B§V)+C<O} exp (—7(C—|—Bu )> pEn

u

20 )
= Lok B |1 gy 5P (—7(C+B£, N+ 2uB, - 21/2u)] (5.19)

(from the Cameron-Martin formula (1.5))

2C? 2 B,
= ek exp —7+2CI/—2VM E [1yg,<—csvuyexp | ——(2C —2vu)

u
2C2 5 > —C+vu dy ¥y 20-2
=1 exp | ——— +2Cv —2v°u e m a2
{x<K} €XP ( u oo V2mu
2C2 2 (Q,C — 21/”)2
—C+vu
% / %e—i()&ZC—Zuu)z (5.20)
oo AV u

C—vu dz 32
u

= 1{x<K}exp(72C1/)/_m me

(after the change of variable y 4+ 2C —2vu = z)

= 1{X<K}K2”x_2”}13’ (B,(f/) <log %) (since C = log %) (5.21)
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A similar computation yields to:

2C w)
5_1{x>K}E|: +C>0}6Xp (—7(C+Bu )>:|
_ v _—2v (V) 1
— 1o KV 2P (Bu > log K) . (5.22)

Plugging the results (5.17)—(5.22) back into equation (5.16) yields then Point (i) of
Theorem 5.1.

We now prove Yuri’s formula (5.7)
We work in the case v < 0. The result for » > 0 may be deduced on utilizing the
identity in law (1.8):

() (law)
Crog) (1) =

(-v)
og G ®) (t).

log
We shall begin with the equivalent form (5.9). In the following, log(x) shall denote
the r.v. ES +wvsand x~2¥ the r.v. g‘}(*zy) =exp (*ZVES — 21/2s>. These r.v. are inde-
pendent of B, for u =1t —s, see (5.15). We write:

KB (Gl (1) <)
=R [(K =) | KR B [0 g
+E [l{x<K}x_2”IF’ (Bul/) > log ;)} +K |: >k} E { &2

(

—H:j {I{X>K}x72V}P’
=a—b+c+d—e.

" {B&“><log<x/1<>}ﬂ

On the other hand, Yuri’s formula (5.7) asserts that:

K2p (G< (1) < s)

log(K
:E {(K—Zu 7x—21/)+:| 7K—21/H)> (&(*21’) < K—ZV’ (g;(*z’/) > K—Zl/)
(=2v)
L LPETR T
+K—2V]P) (éas( v) > K—Zu, g;( v) > K—ZV)
(—2v)
R LIVE IR ISR
=d b+ +d -¢.

The equality of a and d’ is clear. We now examine the other terms, still making use
of the Cameron-Martin formula (1.5).
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e Analysis of the term b:

_ 2w | (—2v)
b=K7E | LB [’9@ 1{B£”><1og<x/f<>}H

_ i (—2v)
=K "E _1{6;%(72V)<K72V}E [@@“ Y 1{exp(72uBu72u2u)<K2V exp(721/§;72y2s)}]]

=K ¥E _1{%(*2”)<K—ZV}P (exp(—ZyBu +20%u) < K* exp(—2vB, — 21/2s)>]

=K %E _1{(;5(*2'/)<K72u}P (exp(ZI/(BM —By) —20%) > Kfz”)} (t=u+s)

(since B, ([2/) —B,, and replacing §S by By)
=b.
e The equality of d and d’ follows from a similar analysis.

e Analysis of the term c:

E :1 ey VP (BE,”> > log %)}

c

= >(—2v) &)
=E 1‘{{/)5S(*2l’)<]<72u}£fY E éa(,z,/) 1{&572U)>K2”a§~§<72u)}
L u
_E[1 . ETE |exp (2B, — 20%u) 1 .
L {&(7zu)<K_2V} s P “ {exp(72y3u+2uzu) >K2V£}(72”)}

=l x 2
E _1{%?*2”)<K—2V}E {exp (—ZV(BS —B,)—2v t) 1{cxp(—2u(§r—Bu)—2V2t)<K*2V}}}

=E [1 exp (—2vB, —20°t)

(&) <ck-2) 1{<%<’2”><K*2V}}

(on replacing B, by —B,, and Es by By)

5(721/)

:E[l{éz“z”)drz”}l{éz‘””kK*ZV} ' ]

=c.
e The equality of e and ¢’ is established similarly.

This completes the proof of Theorem 5.1.
O

Remark 5.3. In Chapter 1, we have chosen to prove Theorem 1.3 using the results
of Theorem 1.2 together with the scaling properties of 7., G and &". In fact,
it is possible to ignore Theorem 1.2 completely, and to prove Theorem 1.3 as a
corollary of Theorem 5.1. Indeed, points (i) and (ii) of Theorem 1.3 follow from
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Theorem 5.1 by letting ¢ tend to +oo in (5.5), (5.6) and (5.7), and taking expectation.
In completing this agenda, we show that Theorem 5.1 implies Point (iii), relations
(1.55) and (1.56) of Theorem 1.3. We shall only give the proof for v > 0 and K > 1
since the other cases may be obtained in the same manner. First, it is clear that for
x> 0:

P (Gl(:g)(,() (1) < s|By +vs = log(x)) —P (Tk(;zK > s) : (5.23)

and we get from (5.6) and (5.23) with K =1,0<x<landu=1¢—s:

P (Tlf);zl/x) < ”) =1-F (Tlgl;zux) > ”)

—1-E [@%E‘z”)l } b P (Bﬁ,” < log(x))

(B >log(x)}

} +x P (B,(f) < log(x))

(~2v)
E [g LB clogo}

_ 202y — v
ZE[G 2vBu—2v I{Bu+uu<log(x)}] +x VP (31(4 ) <10g(x))

E |:62UB,4—21/2M1{Bu_yu>_1og(x)}:| 4P (BE{V) < log(x))
(5.24)

after changing B, to —B,,. Then, replacing in (5.24) 1/x by K, with K > 1, we obtain:

P (T(”) < u) —E [5}2”1

og(K) FKP (Bﬁf” > 1og(1<)) (5.25)

{B&*“Bmg(mJ

or equivalently:

P (T<V) < u) —-E [éifz”)

log(K) } +K¥P (6352”) > sz) . (5.26)

Lis . ovy

We remark that we have proven (5.26) for K > 1 and v > 0. If instead of assuming
v > 0, we had assumed v < 0, then, (5.26) would have become:

P (T‘”) < u) —E [(5’;2”)1

Tos(K) } +K¥P (&52”) < sz> . 52D

{&(2”)<K2"}

5.1.3 An Explicit Expression for the Law of G (1)

We recall that chy) (1) =sup {s < t;Béy) = x}. In the case v = 0, the following result
has already been obtained ([96]):

d 2
P (G§0> (1) e ds) = ﬁexp (-%) 0<s<1). (5.28)
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ds

Note that this is a subprobability, since
A/ s(t—s)

Indeed,

is the arcsine distribution on [0, ¢].

0) = = >1) = <
with N a standard Gaussian r.v.

We first prove (5.28)
We have:

{0<G§°>(z) < } (T, <s}m{T +G0 (- )<s} (5.29)
where 680) (t —Ty) :=sup{u <t; B, = 0}, with
B, =B, .1, —Br,. (5.30)

Now, it is a well-known fact that, (conditionally on T) é(()o) (t — T;) follows an arc-
sine law (see [70], Exercise 3.20, p.112). Therefore, from (1.11):

(5.31)

P(0<G§0>(t)<s) _ /‘YLe‘éda /H s

and, by derivation:

(0) da s
IP’(G ()eds </\/ﬁ —(s—a)(t—s)>d

e§i<b+1>db) ds

- (n\/t - E/o V2rh
(after the change of variable b = L 1)
a

2

mf/f

dc | ds

2
(after the change of variable ;—b =0)
s

(since I'(1/2) = /7).

/st —s)

We are now interested in the general case v # 0. We shall compute, for 0 < s <1:
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%E?(S) =P (0 <6< s) (5.32)

2
=K [1{0<G)((0)(t)<s} exp (VB, — 7t>] (from (1.5))

~ VZ
=E |:1{TX<S} 1{E+680)(I7TX)§5} exp (V(x+BtTX) B 71‘)]

(from (5.29) and (5.30)) (5.33)

v ~(0 ~
=B oo (T -G T m )|

where we have used the “meander factorization” (see [10]):

B =\t-T) -6V~ Ty i

with m; = em, independent of (7, G(()O) (t—Ty)), € a symmetric Bernoulli r.v. and

my (lzv ) V/2¢, where ¢ is a standard exponential r.v. We introduce the function:
® (1) := E [exp (Ai1)] = E [cosh(Am1)] = / e' cosh(Av/21)d.
0

An integration by parts shows that:

2
D(A) = 1+ |A[V2rP(IN| < [A])
with N a standard Gaussian r.v. Consequently, we obtain:

2

1 (s) =" TR [1 0269025 ® <u t—GY (t))} (5.34)

which implies, from (5.28):

2
P G)(cu) (t)eds) = e”x*%zlids exp -z D(vvi—s). (5.35)
\/s(t—s) 2s

Exercise 5.1 (General computation of %,(¢) := sup{s < 1; X; = x} for a linear
diffusion).

Let (X;,t > 0) be a regular linear diffusion taking values in R and started at 0. We
denote by s its scale function, m(dx) = p(x)dx its speed measure, and g(,x,y) its
transition density function with respect to m. Let us introduce the resolvent kernel
of (X;,t > 0):

up (x,y) = /0 e Mq(u,x,y)du.
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1) We first assume that P(X; p— +e0) = 1. Prove that, for x > 0, up(x,x) = —s(x)

and rewrite Theorem 2.4 in terms of u;. In fact, it can be proven that this new
expression is valid for all transient (regular) diffusions, see [12].

2) Let 7 be an exponential r.v. of parameter ¢, independent from (X;,z > 0). We
define the diffusion (X;,7 > 0) by:

o )X ifr<r
Tl ifr>1

where 0 is a cemetery point. Apply the result of Question 1) to (X;,7 > 0) to prove
that:
e %q(1,0,x)

Bo (%(7) € di) = (1-E [e™]) do(dr) + — -7

dt
where Ty := inf{r > 0; X, = x}.
3) We assume that (X;,7 > 0) is a recurrent diffusion. Recall the following formula
(see [42]):
1

uy (x,x)

= /w(l — e MY (u)du
0

where n* is the density of the Lévy measure v* of the subordinator rl(x) :=inf{z >

0; Ly > [}. Prove that is the Laplace transform of u — 1v*[u, 4-co].

1
Auy (x,x)
(Hint: Compute [;°(1 — e *)n*(u)du with an integration by parts, and then let
a—0.)

4) Deduce from 2) and 3) that, for u <1t:

Po (% (t) € du) =Po(T, > 1) (du) + g(u,0,x)v* [t — u, +oo[du.

5) In the case of Brownian motion, recover formula (5.28).
6) We now assume that (X; := B,(V),t > 0) is a Brownian motion with drift v. Its
resolvent kernel is given by:

ugdy) (x7x) _ 1 6721/,\'
224 + 12

Prove then that:

VA+a /°° e (e‘”
- @ @@ - e
A 0

N + \/aErf(\/E)) dt

2 u
where Erf(u) = = / e dx, and recover formula (5.33).
0
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5.2 Past-Future (Sub)-Martingales

5.2.1 Definitions

Let (B;,7 > 0) be a Brownian motion started from 0. We have seen in the previous
section the importance of the “past-future filtration” (9},,,0 <5 <t < oo) defined
by:

Fsy=0(By,u<s; By,h>1), 0<s<t<oo. (5.36)
Note that, for s =1, Fo s = Fo = \ F, with %, = o(B,,u < t), and that, if

>0

[s,t] C [s',1'], Py C Py, It is therefore quite natural to introduce the following
notions:

Definition 5.1.
i) A RT-valued .%;-adapted process (Ay;,s <t) is called a (.F,,s < t) positive
submartingale (or a past-future submartingale) if, for every s,s’,¢,¢ such that [s,] C
[s',#'], we have:

E[A|Fgp] > Ay . (5.37)

ii) A R -valued .7, ,-adapted process (A;,s <t) is called a (.%,,s <) positive
martingale (or a past-future martingale) if, for every s,s',7,1' such that [s,#] C [s,¢],
we have:

E [Agf| Py o] = Ag . (5.38)

Here are some particular examples of such submartingales: let I" be a Borel set
in R and define
Al =P (Vue [s,1],B, € | Fy,) (5.39)

and the sets:
Al ={Vuels1], B,eT}. (5.40)

They satisfy: AL, C AL, if [s,r] C [s/,'] which implies that (Al s <1) is a past-
future submartingale. Moreover, from the Markov property of Brownian motion,
there exists a function fr(s,#;x,y) (with s <7,x,y € R) such that:

Al = fr(s,1;B5,B:). (5.41)

This leads us to present the following definition:

Definition 5.2. A function f: RT x RT x R x R — R™ is a past-future subharmonic
function (PFS-function) if (f(s,#;Bs,B;),s < 1) is a past-future submartingale.

A function f: Rt x RT x R x R — R™ is a past-future harmonic function (PFH-
function) if (f(s,;Bs,By),s < t) is a past-future martingale.

Let us go back, for a moment, to Theorem 5.1 and its proof. We have:

(G (1) < sy =AY = (Vu els,i[; BY e 17}
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with I] =] — oo, [[U]], +eo[. Hence, we deduce from Theorem 5.1 that:

P (GI(V)(t) < s|3ﬂ.7t) = <1 —exp {tzs (B§V> flog(l)> (B,(V) flog(l)) })+

and, from (5.41), that:

W) (s,8:x,y) = (1 —exp{—% (x+1/s—log(l))(y-i-l/t—log(l))}) (5.42)

is a PFS-function. Besides, (5.42) leads us to believe that, for [, € R, the function
V) defined by:

£ (s, 1:x,y) exp{ (x+1/s10g(l))(y+1/tlog(l))} (5.43)

s

is a PFH-function. We shall prove this result in Subsection 5.2.3 below.

5.2.2 Properties and Characterization of PFH-Functions

Thanks to basic properties of Brownian motion, i.e.:

- scaling: (aBt/az,t > O) (taw) (B, > 0),

(law)

- time inversion: (E =1By),t > O) =" (B;,t > 0) (where By=0 by continuity),
- bridge property: conditionally on B, + vt = a, the law of (B + vs,s <t) does
not depend on v,

the following Proposition is easily obtained:
Proposition 5.1. Let f (= f(s,t;x,y)) be a PFH-function. Then:
i) Foranya>O0:

@ (s,t:x,y) := f(a*s,a*t;ax,ay) is also a PFH-function,

i) fdeﬁned by:

—~ 1 1yx
tx,y)=f—-,—%,- 5.44
Flstinn)i=f(f.43:7.%) (5.44)
is also a PFH-function.
iii) For any v,l € R:
£ (s, 1:x,y) = f(s,t;x+vs+1Ly+vt+1) (5.45)

is also a PFH-function.
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The proof of this Proposition is left to the reader.

Here is now a characterization of PFH-functions:

Theorem 5.2. A regular function h(s,t;x,y) (s < t;x,y € R) is a PFH-function if
and only if:

oh y—xoh Fh,
m(s,t,x,y) + t—a(s,t,)gy) + Eﬁ(s,t,x,y) =0, (5.46)
and 5 5 5
heo . N _Y=xdh 1on,
75(5‘;[’)@)}) f—s 3y(sat’X,y)+2ay2 (S>t7x7y) =0. (547)

Proof. This proof hinges upon the following lemma:

Lemma 5.1. Let M{, := f(s,t;Bs,B;) (s <t) for f a regular function. Then, (Msf_I,
s <t) is a past-future martingale if and only if:

i) for fixedt,
(M@,s <t)isa (ﬁ}m,s < t) martingale, where: F = FsVo(By) (5.48)
i) for fixed s,

(M_{,,t >s)isa ((‘V)L%Jr,t > s) martingale, where: (5.49)

O Z+ =06(B)V.Z", and F = 0(Byu>1)

Proof. Note that (Msf s <t)is a (%,,s <t) martingale if and only if for every
Dy € b(Fy) (the space of bounded .Zy-measurable r.v.’s), ¥ € b(ﬂ;f), with " <
s <t <t one has:

E [@S,M£ tlgl} —E [QY/MSCJ,'{;/} (5.50)

We first prove that (5.50) implies conditions (i) and (ii) of Lemma 5.1

Indeed, taking s’ < s <t=1¢and ¥, = g(B,) for a generic bounded function g, we
have, from (5.50):

E|0,Mlg(B)]| = [@,M] ¢(B)]
i.e. (5.48) and, by past-future symmetry, (5.50) also implies (5.49).

We now prove that conditions (i) and (ii) of Lemma 5.1 imply (5.50)
From the Markov property, the LHS of (5.50), say L, is equal to:

L=E@,M/7(:,8,)]
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where
V(t,B)) =E[¥|F] = E[¥H/B].
From (5.48), we then get:

L=E [ @M/ y(t, B,)] —E {@S/M{,Jy(t,B,)} ) { o M) W }
Again, from the Markov property, we get:
L=E [ﬁ (s’,Bs/)M{{’tlI;/}
where B(s',By) = E [®Dy|By]. Now, using (5.49), we obtain:
L=E[B(s,B)M) 0| = [B(s', B )M ]

and Lemma 5.1 is proven.
O

Let us remark that these arguments only make use of the Markov property, and not
of the Brownian framework.

We now complete the proof of Theorem 5.2

For a fixed t > 0, (Bs,s <t)isa (ﬁs(t),s < t) semi-martingale with:

+/S B (5.51)

r—u

where (BSO),O <s<ft)isa (%(’),0 <s <) Brownian motion (see [51]). We apply
1t6’s formula to (MS{,,S <t) in the filtration (ﬁs(t),s <'t). We obtain, for u < s < r:

e M‘”*/ Getrsimmyares [ ei.m) (%ﬁ’H%‘”)
2
, ?95(”3”3')"” (5.52)

Hence, the martingale property, from Point (i) of Lemma 5.1, holds if and only if:

d —xd 9?
%(s,t;x,y)+L—XJ( 5,13% ,y)+— s

s dx Zﬁ(s,t;x,y) =0

This is (5.46). We might obtain (5.47) using some similar arguments; however, a
time inversion argument (Point (ii) of Proposition 5.1) is much quicker and reduces
the obtention of (5.47) to (5.46).

O
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5.2.3 Two Classes of PFH-Functions

We now introduce two classes of PFH-functions. Actually, we shall show that these
two classes make it possible to describe all the PFH-functions.

Theorem 5.3. Let v, I, e and d four reals. Then, the functions f ) and h(¢D de-
fined by:

R B R ICA N7} SR

— S

and

(5.54)

. x(e+dt)—yle+ds) e*+2eds+d>st
h(t7d)(s’t;x’y):e)(p{ ( l)‘*S( )_ Z(I,s)

2 e+ds e+dt
:c(e,d)exp{:<(x— 5 ><y+ 5 )—xy)} (5.55)

are PFH-functions.
Note that, for d = 0:

2

(e0) (¢ 7. _ x—y__ ¢
R0 (s,85x,y) exp(ets 2([5))’ (5.56)

and for e = 0O:

_ 2
xt—ys  d’st ) (5.57)

Od) (¢ 1ov ) —
R (s,85x,y) exp(d s 20—y

We shall see in Subsection 5.2.5 how we came to think about these functions f(*)

and h(e?).
Proof. Elementary (but fastidious) computations show that f(**) and h(¢4)

conditions (5.46) and (5.47), thus are PFH-functions.

satisfy

a

5.2.4 Another Characterization of PFH-Functions

We shall say that a function K : R x R — R™ is space-time harmonic for Brownian
motion if (K(¢,B;),t > 0) is a martingale (for the usual filtration (%, > 0).) If K
is smooth, from It&’s formula, this condition is of course equivalent to:

dK 10°K

Vi >0, E[K(t,B;)|] <o d —+-—=0. 5.58
It is known, from Widder’s representation Theorem of positive space-time harmonic
functions, that the condition (5.58) is also equivalent to the existence of a positive

finite measure 7, carried by R, such that:
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2
K(t,x) = /R exp (;Lx 7L2t> dy(). (5.59)

Our aim now is to obtain a representation formula like (5.59), but this time for
PFH-functions. Of course, the functions that will play the role of e¢; defined by
e, (t,x) :=exp (lx— %Zt) will be the functions f("*) and h(©?) defined by (5.53)
and (5.54).

Theorem 5.4 (Another characterization of PFH-functions).
A function h is a PF H-function if and only if:

i) Foreveryt>0andy € R, there exists a space-time harmonic function K(}L Y for
Brownian motion such that:

s xt—ys

h(s,t;x,y) =K' [ —,—"—, 5.60
(Sa Xy) ([‘y) <I—S (t—S)\/;) ( )

or equivalently, from (5.59):

Foreveryt >0 and y € R, there exists a positive finite measure y* (t,y,dn) such

that:

2

Xt —ys s
h(&l;xa)’):/RW(E%CIW)CXP <n(t——s)y\/f_n7:> (5.61)

ii) For every s > 0 and x € R, there exists a space-time harmonic function K

(59

for Brownian motion such that:

hs,tix,y) =Ky o (i @_—M) : (5.62)

or equivalently, from (5.59):
For every s >0 and x € R, there exists a positive finite measure Y~ (t,y,dn) such
that:

oy [ (Lx (x=y)vs n? s
h(svt,xv}’)—/R?’ (;,E,dn> exp (nﬁ—jm) (5.63)

Proof. We shall use Theorem 5.2, but, first of all, let us give another formulation
of (5.46):

e For any given 7 and y, the process (h(s,t;b§y ") ,¥),0 < <t)is a martingale, where
(bgy’[),O < s <t) is a Brownian bridge of length ¢ such that bt(y’t) =y a.s. This results

at once from It6’s formula, noting that (bgy ’t),O < s <) is the solution of the SDE:

dBy = yt_ Boys v dB;. (5.64)
— S

Let us also remark also that, thanks to Proposition 5.1, an equivalent formulation of
(5.47) is given by:
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o Let k defined by: k(s,t;x,y) :=h (— - = —) Then, k satisfies (5.46).
N

Hence, we will have proven Theorem 5.4 if we can show the existence of a bijective
correspondence © between:

- the set .73 of space-time harmonic functions for Brownian motion,

- the set %’jﬁ?y of space-time harmonic functions for the Brownian bridge of length
t ending at y,

this correspondence being given by:

O(K)(s,x) := h' (s,x) == K (% %) . (5.65)

Let us show (5.65)
Let K(u,z) : R x R — R* and A*?) defined by:

(ty) N LR L
R (s,x) K(ts’ (t—s)\/f>' (5.66)

— 4+ ——=—. Then, from (5.66), we deduce:

oh _t JK  (x—y)VidK
ds  (t—s)2du (t—s)? 0Jz
oh _ Vi IK 9h t  9°K

dx t—s07 ox2  (1—s)2 022"

t JK  (x— y)\/_(?K y— x\/_8K+1 t 9K
T(—95)20u (t—s5)? 9z  t—st—sdz 2(t—s)? 072

t K  10°K
— il A I 5.67
(t—s)2<3u+29zz> 667
It is therefore plain from (5.67) that & is a space-time harmonic function for the
JK 1 9’K
Brownian bridge 50*) (i.e. L") (h) = 0) if and only if — 3 +3 292 = 0,ie. K is

space-time harmonic for Brownian motion.
O

5.2.5 Description of Extremal PFH-Functions

From Theorem 5.4, to every PFH—function h, we can associate 2 families of positive
finite measures y*(r,y,dn) and y~ (1 Lx g n). We now study the PFH-harmonic

s
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functions for which the measures y* and Y~ cannot be decomposed, i.e. such that
the supports of y* and y~ are each reduced to a point. More precisely:

Definition 5.3. A PFH-function # is said to be extremal if the measures y* (z,y,dn)

and Y~ (i i 5.d n) have their supports each reduced to a point. In other terms, there

exist two functions ¥, ® : R™ x R — R and two functions o, : R* x R — R
such that:
{}/+(t ,y,d1) = lP(faY)5a(z,y)(d77),
Y (x’s7dn) :¢(37x)6ﬁ<s,x)(dn)'

Theorem 5.5. Let g an extremal PFH-function. Then, g is one of the two functions
f(l*”> or h'®?) described by Theorem 5.3.

(5.68)

Proof. i) Let g an extremal PFH-function. First of all, with the same notations as

in Theorem 5.4, there exist two families of measures y* (t,y,dn) and y~ (1,%,dn)
such that, for all s <t¢:

g(s,1ix,y) = /RV+(t7y,dn)exp (n(t;s)y\s/i - n—%) (5.69)

2
(e o

which leads, taking (5.68) into account, to the identity:

s-ys o s (k=5 B* s
Flt.y)exp <a (t—s)vVi 2 t—s> = (s,x)exp <ﬁ (t—ys) 2 t—s)
(5.71)
where, to simplify, we have written o for o(¢,y) and 8 for 3(s,x). Relation (5.71)
being true for all # > s, we replace ¢ by as, with a > 1. After a few algebraic com-
putations, (5.71) is seen to be equivalent to:

¥ (as,y)exp ( 2(a1_ 1) <a2 N 2ax\/g+ %))

= @(s,x)exp (—ﬁ (ﬁ2 — E\/Ey - %)) . (5.72)

ii) We now study more carefully relation (5.72)
We take x = 0, and then y = 0 in (5.72). We obtain:

)
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and

¥ (as,0) exp (—ﬁ (a2<as,0> - za(asﬂ)x\/g >>

= @(s,x)exp <2<a1_ 1) (Bz+ 2\’/?)) '

We plug back these two relations in (5.72):

@(s5,0)exp (_Z(al— ) (ﬁz(&()) - 2[3(#\/,50» — 20 g))

= ¥(as,0)exp (—2 (al_ 0 (Ocz(as70) — 2a(as,0)x\/§ — %)) . (5.73)

Identifying the terms which depend on x and y in (5.73), we obtain:

ﬁ(i}g)y + a(a&y)_x\/g = (X(CLS}O)X\/?"‘ ﬁ(si\}gx‘)y (574)

and

@ (s,0) exp (— [5%,0)) = ¥(as,0)exp (— o (as,O)) . (5.75)

1 1
2a—1) 2(a—1)

We then take the logarithm of (5.75), multiply by a — 1 and make a = 1. This yields:
B?(s5,0) = 0% (s,0) ie. B(s,0) =+as,0).

Furthermore, from (5.74), we deduce:

B(s,x) = ? ([3@,0)% + o(as, y)x\/g ~ (x(as,O)x\/g) (5.76)

= B(s,0) + ; (ae(as,y) — oe(as,0)) Va.

The LHS of this last relation does not depend on y, neither on a, so we get by making
y=a=1:
B(s,x) = B(s,0)+x(ex(s,1) — a(s,0)). (5.77)

The same method yields, still from (5.74) but expressing this time ot(as,y):

(s, ) = /2 ((erlas, 00y 4+ B5,y) = — Bs,0)
Va s Vs Vs

which reduces, after taking x =1 and a = 1, to:
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o(s,y) = a(s,0)+y(B(s,1) = B(s,0)).
Hence, from (5.77) and (5.78), with x = y = I:
(s, 1) — a(s,0) = B(s,1) = B(s,0).
Plugging (5.77) and (5.78) back into (5.74), we obtain:

B(s,0)y

g —{a(as70)+y(ﬁ(as,1)—B(as,0>)}x\/§

o(as,0) \/7 {,B (5,0) +x(oc(s,1) — o(s,0))}.

We identify in (5.80) the terms in xy, and then make s = 1:

ol 1) —a(1,0)

B(a,l)—ﬁ(a,O)z \/a

5l

Finally, gathering (5.76)—(5.81) yields:

ﬁ<s,x>=ﬁ<s,o>+%

oU(s,y) = £B(5,0) +

NG
or, denoting /(s) = B(s,0) to simplify:
B(s,x) =1(s)+ 7
o(s,y) =xl(s)+ %

iif) It remains to identify the possible values of ¢ and of the function /
To this end, we plug (5.82) and (5.83) back into (5.72):

2
¥ (as,y)exp {2(511—1) ( (:tl(as) + \;iz/_s)

v | Q

(5.78)

(5.79)

(5.80)

(5.81)

(5.82)

(5.83)

—2x\[ (il(as) n \/7) n % (il(as) n %)) } (5.84)

— ®(s,x)exp {2(611_1) <(l(s) 4 %)2

B0 ) B0 )}
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We then take the logarithm of this last expression, multiply it by a — 1, and make
a=1:

<il(S)+ %)2— % (ﬁ:l(s)+ %) n % (ﬁ:l(s)+ %)
= (I(SH\C/XEY % (l(s)+f/x§> +% (l(s)+\c/x§) . (5.85)

But, in (5.85), the terms in y* and x> must be null, which leads to the equations:

2.2 2
2
QJr&:O ie. c=0 orc= -2,
S S
2.2 2
2
XL 0 de c=0orc=-2. (5.86)
S S

The identification of the terms in x and y in (5.85) yields then:

-Ifc=-2,
a(s.5) = 1) = =%,
2x
B(S’x)—l(S)—ﬁ-
-Ifc=0,
o(s,x) =—I(s),

iv) It remains to find /.
From (5.84), it is clear that the functions ¥ and @ are necessarily of the form:

¥ (as,y) = exp (i(as)y+ j(as))
D(s,x) = exp(e(s)x+ f(s)) (5.87)
for four functions i, j, e, f. Then, according to the value of ¢ (and therefore to the

sign of £/(s)), we can identify the coefficient in x in (5.84) to get, for example when
c=—-2

las) [a I(s) 1
a—1 E__e(s)—i_a—l%'
Hence, for s = 1:
B a—1 1(1) _. e
l(a) = —e(1) Ja —&-—a—.\/a-i-d\/& (5.88)

with d and e two real constants.
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v) To sum up, if g is an extremal PFH-function, we have necessarily:

- either c = —2 and:
2
Oc(s,x):%—i—d\/g—j)fv
e 2x
= — d _—
B(s,x) 7t Vs 7
2
ey e
b4 = - — — 5.89
o1 =en(22) 5
d2
D(s,y) =exp <dx 2s) ,
-orc =0 and:
a(s,x)=%+d\/§

2
¥ (s,y) = exp (—? - 2—s> (5.90)

vi) Reverse study

So far, we have taken an extremal PFH-function g, and we have described the form
it must necessarily take (these are relations (5.68), (5.69), (5.89) and (5.90)). But,
do these relations actually give a PFH-function ? To check this, we shall adopt the
reverse method. Starting from (5.89) and (5.90), we shall compute the correspond-
ing functions g and verify that they are PFH-functions.

e The case ¢ = —2
We have, computing g with the help of y* as given by (5.68):
2

_ B xt—ys n* s
g(s,t;x,y) —/Rexp (n(_s)\ﬁ - 2) W (t,)00 () (dN)

t t—s
s e 2y 2
“mw (- 5) )

de 2 e+ds e+dt
=exp Y exp P X — 5 y— 5 .
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The computation of g performed this time with the help of y~ (as a verification)
gives the same result. Hence, in the case ¢ = —2, the function g(s,;x,y) we ob-
tained is indeed a PFH-function: it is the function f**) from Theorem 5.3 with
v= —% and [ = 3.

e Thecase c =0
We have, still with y*:

2

e
1,x,y) = 2L
g(s,1:x,y) exp( ; 2t)

e (o) 2 gy () )
:wp<ﬂe+dﬂ—y@+dﬂ eﬁ+zmy+ﬂg>

t—s 2(t—s)

The computation of g with the help of y~ gives also the same result. Hence, in the
case ¢ = 0, the function g(s,;x,y) we obtained is the function (¢4 of Theorem 5.3.
This ends the proof of Theorem 5.5.

O

Corollary 5.1. A function g is a positive PFH-function if and only if there exist two
positive measures 0y and 0, carried by R* such that:

g(s,t5x,y) = /2f(l’”>(s,t;x,y)91 (dl,dy)+/2h<e’5)(s,t;x,y)@z(de,d5). (5.91)
R R

Proof. Let 6y denote the convex cone of positive PFH-functions, and denote by X a
base of ¢x. (X is the intersection of % with a closed affine hyperplane, which does
not contain 0, and intersects all the generators of the cone). An element g of X is said
to be X-extremal if the relation g = %(8 1+g2) with g1, g, € X implies that g; = g» =
g. It is clear that X-extremal elements are precisely the extremal PFH-functions in
the sense of Definition 5.3. Indeed, if the measure y*(¢,y,dn) (resp. y’(%, £,dn))
is supported by more than one point (i.e. it is not a Dirac measure), we can always
decompose it into the sum of two positive measures with disjoint supports. Then,
relation (5.91) relies on an application of Choquet’s representation Theorem, which
expresses every element of X as a barycenter of its extremal elements. We refer the
interested reader to [16] for the details.

O

Remark 5.4. Looking carefully at Theorems 5.3 and 5.5, it seems natural to try to
find all the PFH-functions having the form:

h(s,t;x,y) = exp (a(s,t)xy+ b(s,t)x+c(s,t)y+d(s,1)). (5.92)

From Theorem 5.2, we must have:
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da_ 1
ds lt—sl
— 4+ -4)=0
a(t—s+2a)
o _ 1, (5.93)
gs t—sl
—C—i-b(——i-a) =0
ds t—s
—+=-b"=0
ds * 2
. S 2
The second relation of (5.93) implies either a =0 or a = Ty When a = 0, the
—s
solution of (5.93) is:
dt d 2+ 2eds+d>st
bis,t) = U (o) = L andd(s,r) = eSSt
r—s t—s 2(t—s)

The corresponding function / is the function A(¢4) of Theorem 5.3. (This is the case
2
¢ = 0, relation (5.90)). When a = Ty we find:
—s
[—uvt l—vs

1({—vs)(l—vt
b(s,t) = . c(s,t) = e andd(&t)zz%

The corresponding function / is the function £("*) of Theorem 5.3. (This is the case
¢ = —2, relation (5.89)).

Exercise 5.2 (A few examples of past-future martingales).
Let (B;,t > 0) be a standard Brownian motion.

Bt _Bs

1) Prove that ,§ < t> is a past-future martingale.

2) Recall the initial enlargement formula (5.51):

By =p" + / Bi—Buy, (5.94)
0o I—u

where (ﬁs(l),O <s<t)isa (ﬁ}(l) =%,V 0 (B;),0 <s <r) Brownian motion (see
[51]). Using (5.94), prove that, for f € L>(R*):

Bt_Bs

E{/wa(wd&%,f}: | £t [ s+ 2= /:f(u)du (5.95)

3) Deduce that:
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oo s oo
exp ( /0 f(u)dBu> |ys,,] — exp ( /0 F(u)dB, + /t F(u)dB,
1 ' z

t—s /f du+2/f (t—s) (/s f(u)du> '
4) Let a > 1/2. Prove similarly that:

E {/ eB“““du|§s7,] = / eB“’“”du—#/ eBumaugy

0 0 t
£=s 1 B -B v?

Bs—as - J S _ _ _

+e /0 exp(<2+ ppp a>v 2(t—s)>dv

H, —
Note: An integrable process H such that ( d

E

s < t) is a past-future martin-

gale is called a harness. It can be proven that a process H is a harness if and only if
for every ¢ > 0, there exists a (9‘( )) -martingale (M, 5 ),s > 0) such that:

s H,
Vs <t, +/ L
r—u

see:
R. Mansuy and M. Yor [40, F]. Harnesses, Lévy bridges and Monsieur Jourdain.
Stochastic Process. Appl., 115(2):329-338, 2005.

5.3 Notes and Comments

The assertion (i) of Theorem 3.1 is due to A. Bentata and M. Yor ([6]). It has been
developed in a course given by M. Yor in the Bachelier Séminaire in February 2008
at Institut H. Poincaré. “Yuri’s formula” (Point (iii) of Theorem 5.1) is due, in the
particular case v = —1/2, to J. Akahori, Y. Imamura and Y. Yano ([1]). Section 5.1
is taken from D. Madan, B. Roynette and M. Yor ([48]). The notion of “past-future”
martingales — Theorems 5.2 and 5.3 — is taken from the Bachelier Séminaire course
at Institut H. Poincaré, already mentioned ([6]). The contents of Subsection 5.2.5 —
which describes the space-time harmonic functions (see, e.g. Corollary 5.1) — are
new.



Chapter 6

Put Option as Joint Distribution Function in
Strike and Maturity

Abstract For a large class of R"-valued, continuous local martingales (M;,t > 0),
with My = 1 and M.. = 0, the put quantity: ITy(K,t) = E[(K — M;)*] turns out to
be the distribution function in both variables K and ¢, for K <1 and r > 0, of a
probability 137 on [0,1] X [0,+oo[. We discuss in detail, in this Chapter, the case
where (M; = & :=exp(B, — §),t > 0), for (B, t > 0) a standard Brownian motion,
and give an extension to the more general case of the semimartingale &° " :=
exp (0B, —vt), (6 #0,v >0).

6.1 Put Option as a Joint Distribution Function and Existence of
Pseudo-Inverses

6.1.1 Introduction

Throughout this Section 6.1, we consider a generic continuous local martingale
(My,t > 0) taking values in R, and such that:

Mo=1, limM,=0. 6.1)

—00

To such a (M;,t > 0), we associate the function ITy : [0,1] x RT — R* defined by:
Iy(K,0) :=E[(K-M)"], (0<K<1,1>0). (6.2)

Note that this function is separately increasing in K and ¢ (concerning the latter,
since (K —x)™ is convex, ((K —M;)",t > 0) is a submartingale). Furthermore, we
have:

i) IIy(K,0)=0 (0 <K < 1) and, from the dominated convergence Theorem,

My (K, +o0) := lim Iy (K1) = K. (6.3)

—00

C. Profeta et al., Option Prices as Probabilities, Springer Finance, 143
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ii) From Theorem 2.1:
My (K.1) = KP(% <1) 6.4)

with %k :=sup{r > 0;M, = K}. In particular:
My(1,1) = (% <1). 6.5)
Thus, (I'IM(K7 +e0), K < 1), (resp. (HM(I,t), > O)) is a distribution function on

[0, 1], (resp. on [0, +-oo[) ; more precisely, these functions are, respectively, the dis-
tribution function of U, a standard uniform variable on [0, 1], and of 4.

To illustrate (6.5), let us recall that in the case (M; =& =exp (B, — %), 1>0),

with (B,t > 0) a standard Brownian motion, it was shown in Chapter 1 that:
law)

94 (: 4B2; hence, (6.5) reads, in this case:
Mg(1,1) =P(4B3 <1). (6.6)

This formula may also be checked directly from the classical Black-Scholes for-
mula.

6.1.2 Seeing I1y(K,t) as a Function of 2 Variables

It is thus a natural question to ask whether the function of K and ¢:
(My(K,1); K < 1,6 >0) is the distribution function of a probability on [0, 1] x
[0, -+eo[ which, assuming it exists, we shall denote by y (= y). If so, we have:

E[(K—M)"] =y([0,K] x[0,1]), (K<1,1>0). (6.7)

6.1.3 General Pattern of the Proof
Here is our strategy to attack this question. Note that by Fubini:
K
E[(K—M)*] = / P(M, < x)dx. 6.8)
0
Assume that there exists, for every x < 1, ar.v. ¥; > 0 such that:
PM, <x)=PY,<t) (x<1,t>0). (6.9)
Definition 6.1. We shall call this collection (¥y,x < 1) of r.v.’s (provided it exists) a

decreasing pseudo-inverse of (M;, t > 0). (See Chapter 7, Definition 7.1 and 7.2 for
more general definitions and some justifications of this terminology).
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Let us go back to (6.8), and assume that (M;, r > 0) admits a decreasing pseudo-
inverse (Yy, x < 1). Then, plugging (6.9) in (6.8), we find that y exists, and it is the
probability:

Y(dx,dt) = dxP(Yy € dt) on [0,1] x [0, +ee].

Note that, a priori, we do not know the existence of (¥y, x < 1) as a process, that is a
measurable function: (x,®) — Y,(®) ; if such a process exists, then 7 is the law of:

(U,Yy) (6.10)

where U is uniform on [0, 1] and independent of (Y, x < 1).

6.1.4 A Useful Criterion

In practice, most of the time, the function:
(K,t) — Iy (K,t)

is regular; if so, we find that (M;, r > 0) admits a decreasing pseudo-inverse if and
only if:

2
%(UM(KJ)) >0 6.11)
and then:
(92
y(dK,dt) = dKP(Yx € dt) = (m (HM(K,t))) dK dt. (6.12)

6.1.5 Outline of the Following Sections

In Sections 6.2 and 6.3, we shall develop this program for
t
(Ml:é‘;::exp<Bt—§),t20>,

where (By,t > 0) is a standard Brownian motion started at 0. In particular, we prove
the existence of a decreasing pseudo-inverse for (&;,# > 0). In Chapter 7, we shall
study the existence of pseudo-inverses for Bessel and related processes, and more
generally for linear diffusions in Chapter 8.
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6.2 The Black-Scholes Paradigm

6.2.1 Statement of the Main Result

In this section, (By, t > 0) denotes a standard Brownian motion started at O and
(&, t > 0) is the exponential martingale defined by:

& = exp (B,—%), (t>0). 6.13)

Note that &y = 1 and éit—>0 a.s. We define, forO< K <1landt > 0:

e (K1) :=E[(K—&)"]. (6.14)

Theorem 6.1. There exists a probability, which we shall denote by ¥y, on [0,1] x
[0, +oo[ such that:
e (K1) = y([0,K] x [0,1]) (6.15)

(see Point (ii) of Proposition 6.3 for a description of the density of y).
In order to prove Theorem 6.1 and to describe ¥, we start with the following:

Lemma 6.1. Denote by A the distribution function of the standard Gaussian vari-
able:

N () = %/_Xwegdy (x€R). 6.16)
Then:

i) Toany a,b >0, one can associate a r.v. Y, p, taking values in [0,+oo|, such that:

b
]I”(Yabgt):/<a\/f——), (t>0). (6.17)
) \/E
ii) The density fy,, of Yo is given by:

— 1 ab a b 1 2 b2
fYa‘b(t)_\/T—TCe (2—\/24'%) exp <—§ <a l+7>>. (6.18)

iti) Let us define:

T :=inf{t > 0; B, +at = b}, (6.19)
G\ :=sup{t>0; B, +at = b}. (6.20)
Then:
! (a) (a)
P(Y € dr) = 5 (]P’(Tb cdt)+P(GY € dt)) : 6.21)



6.2 The Black-Scholes Paradigm 147

We note that this formula (6.21) allows to define the law of a process (¥, 5,b > 0)

obtained as a fair coin toss of (Tb(a) ,b>0) on one hand and (GE,”) ,b > 0) on the other
hand.

Remark 6.1.
a) It may be worth mentioning that Point (i) of Lemma 6.1 admits a wide extension,
since to any distribution function F on R, and any a,b > 0, we can associate a new
distribution function F ;, on R™ via:
b
Fu,b(t) =F (a\ﬂ— W

However, the particular case F = .4 fits extremely well with our discussion.

) (t>0).

1

b) We note that 7 (la:W )Yb,a; which may be deduced from either (6.17), (6.18)
a,b

or (6.21).

Proof.

) ..

. ltilrnJV<a t—%) =

. lfig:}JV(a t—%) =1

e )~ ) () ) o
=y, (1)-

Point (iif) is then a direct consequence of (6.18), (1.11) and (1.12).

2) Another proof of Point (iii) of Lemma 6.1:
Let us denote, for v > 0, (é‘;(zy> := exp(2vB; — 2v%t), t > 0). It is proven in Chap-
ter 1, Theorem 1.3, that, for A > 1:

P(T(V) < t) —F [éot(zl’)

foa ] +A2V}P>(éot(2”) >A21/)

1{(9[(2'/)>A2’/}

and for A > 0 (Theorem 1.3, formula (1.54)):
v 2v 2 (21, 2
P(G), <1)=E {g} >1{5}<2u>>A2UJ _A%P (éj s A V).

Thus, by addition:
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1
E (P(]](()gix )+P(G](0g>A < t))

_E { £

[I—

(62)>a2)

P (CZVB,JrZVzl > A2V

SN—

(from Cameron-Martin formula (1.5))

=P(B, > logA —vt) =P (31 > logA%)
L logA _ _ _ logA
=1 /( i y\/2> =N (y\/i i > . (6.22)

(6.18) is now an immediate consequence of (6.22), with b = logA and v = a, by
derivation with respect to 7.

O
Proof. We have, for K <1 andz > 0:
(K1) = E[(K—&)* / P(&
1
= / ( oex i) dx (6.23)
2
: 1
(since[P’(é’} <x)=P(eFt <x) = P<31 < %jL%))
K
= /0 Y1 Jlog L )dx (from Lemma 6.1).
Hence:
o K,t)= aIP’Y <t)= t)>0
ke KD = G BT g <D=y, ()20
This ends the proof of Theorem 6.1.
O

Remark 6.2. More generally, if, for x > 0, (M, MY ,t > 0) is a positive continuous local
martingale such that Mé Y _ yas. and hm M, ( ) = 0, then there exists a probability

Yyt on [0,x] x [0, +oo such that:
1
;I—IM(X)(K’I):’}/M(X)([(lK]X[O?[])’ (KS.X,IZO)

if and only if (M; () ,t > 0) admits a decreasing pseudo-inverse (Yy,,y < x).
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6.2.2 Descriptions of the Probability y

6.2.2.1 First Description of y: Conditioning with Respect to U
Proposition 6.1. The probability y on [0, 1] x [0, +eo[ is the law of the pair:

U, Y1 1o 1) (6.24)
where U is uniform on [0, 1] and independent of the process (Y Lo b>0).

We now describe in words this probability viewed from (6.24): it is the law of a two
components r.v.; the first component is the choice of a level out of the moneyness
for a put, or the choice of a strike K < 1, uniformly on [0, 1]. Given this level, we
construct the second variable on the outcome of a fair coin toss as either the first
passage time of the stock price under the share measure to the level (%), or the last

passage time of the stock price under the share measure to level (%)

Proof. We have, for K <1 andz > 0:
P(U <K, Y1 Jlog / du IP( Y1 Jog ! <t) (asexplained just above)
t 1
—/ (— ogu) du
t
:/ P(& <u)du

(smce &= (law exp (\fBl ) for fixed t>

=E[(K—&)"] (from (6.8))
=y([0,K] x [0,7])  (from (6.15)).

The density of y with respect to the Lebesgue measure on [0, 1] x R given by (6.33)
(see Proposition 6.3 below) may also be obtained from the preceding relations.
O

6.2.2.2 Second Description of y: Conditioning with Respect to ¢

Proposition 6.2. The probability y on [0, 1] x [0, +eo[ is the law of the pair:

(exp(Ze) Vexp(—y/8¢B7), 43%) (6.25)

where By, e, ¢’ are independent, with ¢ and ¢’ two standard exponential variables.
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Remark 6.3. Upon comparing Propositions 6.1 and 6.2, it is quite natural to look for
some understanding of the implied identities in laws between the first, resp. second,
components of (6.25) and (6.24); precisely, we wish to check directly that:

exp(—2e) V exp(—\/@) (2 1y (6.26)
and
Yo 1 g2 (“2” a\ ™Y Zsup {r=08,-% = 0}> . 627
5. log gy 2
a) We now prove (6.26)

e First, we have:

\/ﬁ (aw)., (6.28)
Indeed:
x? x?
P (@>x> =P <e' > 2_B%> =E {exp <_2_B%)]
a)

1
since Tj, the first hitting time of 1 by (B;,z > 0) is distributed as — e , hence (a), and
i

the Laplace transform of 7; is well known to be given by (b).

e Since exp(—2¢) (]Q’) U2, we have, from (6.28):

exp(—2e) Vexp(—y/8¢/B7) = ) 2y v (U')?

with U and U’ uniform on [0, 1] and independent. But, for y € [0, 1]:

B(UPV (U <y) = (B2 <) = (V3 =

We have proven (6.26).

b) We now prove (6.27)
We have for every t > 0:

1
P(Y%,logﬁ <t)= / P(Y 1. log ! <t)du (after conditioning by U = u)

1
= / < ! ng”) du (from Lemma 6.1)

E[(1-&)"] (from (6.23))
=P(4B} <t) (from the Black-Scholes formula, see (1.19)).
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We now prove Proposition 6.2
Conditioning on B% and using the explicit formula for the density of B%:

r
fB%(Z): \/2—7126 2 1{z>0}a

we have, for K < 1andf¢ > 0:

P (exp(—Ze) V (exp—1/8¢/B}) <K, 4B} < t)
_ /i
o

:/0Z dz e 1P (exp(— ZQ)SK)IF’<6’> (IO§5)2>

27z
4 logK)* aw
= \/f/04 \/2Z_7tz e 2 exp (—< oiz ) ) (since exp(—e)(lz)U)

_ JVRE [I{B%<i} -exp (_ (logK)zﬂ

8B2
=E[(K—&)"] (6.29)

iznze*%l}’(exp( e)V (exp— \/W)<K)

where the last equality follows from Chapter 1, Theorem 1.4, which asserts that for
K<1:

2
E[(K-&)"] =VKE [1{4B%<t}exp (— (12215) )} . (6.30)
1

O

Another proof of Proposition 6.2
We have, from (1.14) with v = —1/2 and K < 1, since %k = sup{t > 0; & =K} =

(=1/2),
Glog(K)' 1 . ,
P(% € ds) = \/é_ns exp <_§ (log K+ %) ) ds.
Hence:

KP(% € ds) = VK <exp (-%)) P(4, € ds)

2
= exp (% logK> exp (_(10ng()> P(¥, € ds)
s

:]P( >——10gK> (e > 2)IP’(%eds)

= P(exp(—2¢) Vexp(—V2se¢') < ) (% € ds)
= P(exp(—2¢) Vexp(—4/8B3¢') P(4B3 € ds)
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1
since ¥ (a:W ) 43% (see Chapter 1, Theorem 1.2 and relation (1.19)). Hence, since
from Theorem 2.1, E[(K — &) 7] = KP(¥9k < s), one has:
2

Y(dK,ds) = 818((% (KP(% <s)) dKds

=P (exp(—Ze) Vexp(—y/8B3¢') € dK) P(4B7 € ds)

which is Proposition 6.2.

6.2.2.3 Third Description of y: its Relation with Local Time-Space Calculus

Let us define (LX;K > 0,5 > 0) the jointly continuous family of local times of the
martingale (&, s > 0). This family is characterized by the occupation density for-
mula:

[ reyaer,= [ rwk ax
0 0

for every Borel and positive function f. Here ((5 Vs 8> O) denotes the bracket, i.e.
the quadratic variation process of (&, s > 0) and we have:

d(&)s = &2 ds.

The It6-Tanaka formula yields, for K < 1:
1
E[(K-&)"]=3 E[Lf]. (6.31)

As a consequence of (6.31), we obtain Point (i) of the following:
Proposition 6.3.
i) The probability y on [0,1] x [0, o[ admits a density f, and satisfies:
1/ 0? X
y(dK, dt) = ~ 3K E (L] |dK dt = f(K,t)dKdt ~ (0<K<1,1>0).

2
(6.32)
ii) A closed form of fy is:

1 1 logk _(logK)* 1
fY(K7t) - 2\/% (2 P >6Xp< ¢ 8) 1[0,]](K)1[07+°°[(t)'
(6.33)

Proof. In Theorem 1.4, formula (1.64), we obtained the following explicit formula
for E[LK):
K [td log(K))?
E[LX] = vK [ ds (—M S). (6.34)

=—— [ —ex -=
oo 5P 2s 8
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Hence:

92 K 1 d (logK)? t
o E (L] = = 3K <\/Eexp (— Sy §>> (6.35)
and (6.33) is an easy consequence of (6.35) and (6.32).

6.2.2.4 Relation with a Result by N. Eisenbaum (see [22] and [23])

We now relate the above description of ¥ as in Proposition 6.3 with the definition-
formula established in [23]:

0 t t -1
/ ) /0 FUK, 5)dx (LX) = /0 F(&,5)dE+ /1 FE =9 dEi, (<)

(6.36)
This formula is the particular instance for X; = &; of the formula found in Theorem
2.2 of [23] for a general reversible semimartingale. Here, on the RHS of (6.36), the
second stochastic integral is taken with respect to the natural filtration of éA"g =&y,
which is, of course, that of §S = B|_,. We take f bounded, Borel, with support in
[0,1]x x [0,1]. In order to relate formula (6.36) with Proposition 6.3, we note that:

1l

a) /0 /O F(K,$)7(dK, ds) — %E [ /O 1 /0 1 f(K7s)dK,S(L§)] which follows from

(6.31), and the monotone class Theorem.
b) From formula (6.36) and the fact that (&;, ¢ > 0) is a martingale, we deduce:

U/fK””“ } [/ f(&.1 } (6.37)

which we shall compute explicitly thanks to the semimartingale decomposition of
(85, s < 1) in its own filtration. This is presented in the next:

Proposition 6.4.

i) The canonical decomposition of (B;, t < 1) in the filtration
BY = (B, s <t)Vo(B) is:

" By — By
B =B +/ L= g5 (6.38)
o l—s
where (Bf,t < 1)isa (%}1), t < 1) Brownian motion.
it) The canonical decomposition of By = B1—; in its own filtration is:
! B

Et =B=B+5—
o l—s

ds (6.39)

where (B, t < 1) is a Brownian motion in {ﬂ?, =0(By, u<t), 1< 1}.
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iii) The canonical decomposition of &; in By is:

~ o~ Bi_
déi:éi(dﬁ,*+dt( 11_;)> (6.40)

Proof. (i) is well-known, see, e.g., Jeulin-Yor [38] or It6 [34].

(if) may be deduced from (i), when (i) is applied to f; = B;_, — B}. Actually, for-
mula (6.39) appears in [22], at the bottom of p. 308.

(iii) follows from (i), thanks to It6’s formula.

Comments

a) We are grateful to N. Eisenbaum (personal communication) for pointing out for-
mula (6.39), which allowed to correct our original wrong derivation of the canonical
decomposition of E, =B

B =B t—B1+ﬁt+/ B —By). (6.41)

Indeed, by time-reversal from (6.38) in Proposition 6.4, there is the identity (6.41)
where f; = Bf_, — B} is a Brownian motion, but (6.41) is not the canonical decom-

position of By in 932 (for a discussion of non-canonical decompositions of Brownian
motion, see, e.g. Yor [95] and Hibino, Hitsuda, Muraoka [29]).

b) A slightly different derivation of (6.39) consists in remarking that B;_; =
(1—1)By +b(r) with (b(r), 0 <1 < 1) a standard Brownian bridge independent
from Bj. From (i), this Brownian bridge admits the decomposition:

b(r):ﬁ:—/'@ds

o l—s

Thus we obtain:

t ds
Bl,t:(1—z)31+[3t*_/0 l_s(b(s)+(1—s)Bl—(l—s)Bl)
' B
:(l—t)B1+ﬁ,*—/ I=s
o 1—
;1
:Bl+Bt*7 1= ds
o l—s

which is precisely (6.39). Now, plugging (6.40) in (6.37), and with the help of (i),

we get:
/OI/OIf(K,s)y(dK,ds) = % [/ f(&5,8)E, l——)ds}
1
2

E [/0 51(605)(5 - @)ds]



6.2 The Black-Scholes Paradigm 155

which matches perfectly with our previous formula (6.33). Thus, we have estab-
lished a close link with local time-space calculus as developed in ([22]—[23]).

¢) To summarize the argument in b): (B1_;,# < 1) is a Brownian bridge over the time
interval [0, 1], starting with B; and ending at 0. Now, a Brownian bridge starting at
x and ending at y solves:

! y— Xs
1—s
It remains to replace x by B and y by 0 to recover (6.39).

We note that a similar remark appears on p. 563 of S. Tindel [85] in his stochastic
calculus approach to spins systems.

X :x+ﬁt*+

6.2.3 An Extension of Theorem 6.1

In the next statement, we shall replace the standard Brownian martingale (&;, r > 0)
by the semimartingale (&°" :=exp(o6B, —vt),t >0) (0 #0, v>0). Then we
can show:

Theorem 6.2.

i) There exists a probability on [0, 1] x [0, +eo[, which we shall denote by Y5 ,, such
that:

M, (K,1) :=E [(K— @@t"*”)*} = Yo (10,K]  [0,1]). (6.42)
ii) Moreover, Y5, is the law of:

(U,Y. (6.43)

GRG 1°gv)

where U is uniform on [0, 1] and independent of (Y, , a,b > 0) as introduced in
Lemma 6.1.

1
Proof. We may choose ¢ > 0, since GB,(QV >—O'B,. Then, we write for K < 1,
applying Fubini:

K
E[(k-5"7)] :/O P(&° < x)dx
(X vyt logx
- / P <B1 —+ —\/E) dx
/ (u\/ logx) I
_ =
—/ Yoy, 1§t)dx (from Lemma 6.1)

which implies points (i) and (ii) of Theorem 6.2.
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Note that (6.43) corresponds to the first description in Subsection 6.2.2 of the

particular case 0 = 1, v = 3 We would like to see whether there is a second de-

scription of Y5, ; in particular, what is the law of Y, 1

6’0

log & ? Let us denote by f5 .,

the density of Y, 1. 1. Then, we have:
6o 08U

Proposition 6.5.

i) The following formula holds:

(o iné v * ,,M,xié
fc7y(t):2\/2_me 2 1+<2g—1>/0 e M2k dx (6.44)

where |l = 17§,

ii) In particular, if % =1, (lhis condition ensures that (zf,c’fy,t > 0) is a martin-

gale!), we have:
0

fc’%z(l) = o e

1
( = f4B% (t)ifo=1and v = > in agreement with Proposition 6.2, formula

(6.27)).

(6.45)

Proof. From (6.21) and (6.43) we have:

1 1 v v
fasttiar =3 [au (e (10, car) 4 (G, car)).

1
Making the change of variable log (> =x and using (1.11) and (1.12), we obtain:
u

e =3 [ (st o ) )a
= — (] € ot X
o 2 Jo oV2r3  oV2nr
o V2t /”(x+y) X2 +x1/ d
———exp| ——— —+ —)exp| —x——+— | dx.
2V 2mt P\7262) Jo \to2 " 62) P 202t o2

. v .
We now introduce the parameter 4 = 1 — — and we compute the integral:
o

oo 2
X v —Ux— 2
1::/ (—+—)e #7207 dx
o \to? o?

v
=h+ b,
c

® e 2 x
Il :/ &} Hx 202¢
0 to?

with:

oo 2
dx=1-u / e M 2% dx
0
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(after integrating by parts). Finally:

14 1%
12114—?12:1—#12-!-?12

2 o e
:1+<—’;—1>/ e M 2o dx
o 0

o 2v N V2t
— % (14(Z - = AN
Joult) 2V2mt ( +<02 )/0 ¢ tdx) exp( 262)

This proves (6.44).

and:

O
6.2.4 7y as a Signed Measure on R™ x R
In this paragraph, we extend the definition of ¥ to [0, +oo[x [0, 40|
Proposition 6.6.
i) There exists a signed measure 'y on [0, +oo[ X [0, +oo[ such that:
e (K,t):=E[(K—&)*] = v([0,K] x [0,1]) (6.46)

holds for all values K,t > 0.
ii) v admits on R* x R* the density fy given by:

1 1 logk (logk)? ¢
K1) = —— exp [ ———L — <
N7 (2 t ) P ( 2t 8

1 1 logkK 1 N2
2\/2% <§ B t > exXp <_2_t <10gK+ 5) > 1[Os+w[><[0’+w[(K,[).

iii) Consequently, if Y = y" — vy~ is the decomposition of y into its positive and
negative parts, we have:

) 110 4-eo[ x [0, (K ;1) (6.47)

T(dK,dt) = 1 ) Y(dK,dt). 6.48
v (dK,dt) {ngi}?’( ) (6.48)
In particular:
ﬁl{,z;l{gl) = Yk K<1)
is a probability.
iv) Formula (6.47) may be synthesized as follows:
o ifK < 1:

_dK (3) (3
Y(dK,di) = =~ {P(Glog(%) € dr) —i—IED(TlOg(

€ dt) } ) (6.49)

==
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o ifK>1:

dK

_ak (1)
Y(dK ,dt) = 5 {P(G

)
o) €40 P

2
og(#)

€ dr) } : (6.50)

Proof. Points (i) and (ii) are easy to prove. Indeed, for every K > 0:

E[(K-&)" / ]P’é}<x)dx—/oK</V<g+lo%>dx.

This formula implies the existence of y and the density f, of yis given by:

2% [k Vi logx
FrlKn) = 8K8t/ ”(7*7)‘“

0 Vit logkK
—E‘/‘/(T w)

1 (l_logK) o (_ (logK)? _i)
warki\2 ¢ )90\ T )

Point (iii) follows immediately. Formulae (6.49) and (6.50) are obtained as in (6.22).
O

Finally, we note that an elementary change of variables allows to present Y and
Y~ in a very simple manner.

Proposition 6.7. For any ¢ : RT™ x RT™ — R™ Borel, the following 3 quantities are
equal:

//K<ez (dK.dr) ¢ (5 ~log K.1) 6.51)

//K g, 7 @K i) g (log K —3.1) (6:52)
>e

5/0 dyE[o(y,Ty)] = %/Omdy/omdt Zym~ e ”z—zq)(y, 1) (6.53)

where T, = inf{t > 0;B; = y}.

Proof. This double identity follows easily, by obvious change of variables, from
formula (6.47) for the density fy of ¥, and the facts that:

’)/Jr(dK,dl‘) = 1{K<e%}’}/(d1(,dl‘) ;7 (dK,dt) = —1{K>e%}’)/(dK,dt).
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6.3 Notes and Comments

The idea to represent (IE [(K —Mt)+] 0<K<1,t> 0) as the cumulative dis-
tribution function of a probability yy on [0,1] x [0,4, i.e. E[(K—M,)"] =
m ([0,K] x [0,1]) (0 < K <1, ¢ > 0) appears, for (M; = & :=exp (B, —%),t >0)
in the paper by D. Madan, B. Roynette and M. Yor ([49]). The construction of
this probability 73, hinges upon the existence of a pseudo-inverse of the process
(&,t > 0). This notion of a pseudo-inverse has also been introduced in the same
paper ([49]), from which the descriptions of ¥z (= ¥) given by Propositions 6.1, 6.2
and 6.3 are taken. Links between Proposition 6.3 and the “local time-space calcu-
lus” (formula (6.37)) hinge upon some works by N. Eisenbaum (see [22] and [23])
whom we thank for telling us about an error in our first version of Proposition 6.4.



Chapter 7

Existence and Properties of Pseudo-Inverses for
Bessel and Related Processes

Abstract In Chapter 6, we have shown the existence of a decreasing pseudo-inverse
for the martingale (M; := exp (B; — %) ,¢ > 0). We shall now explore this notion
in a more general framework, starting with the case of Bessel (and some related)
processes. We show in particular that the tail probabilities of a Bessel process of
index v > 1/2 increase with respect to time; in fact it is the distribution function of
arandom time which is related to first and last passage times of Bessel processes.

7.1 Introduction and Definition of a Pseudo-Inverse

7.1.1 Motivations

The aim of this Chapter 7 and of the following Chapter 8 is to give some mathemat-
ical meaning to the assertion:

“the stochastic process (R;,t > 0), with values in R, has a tendency to increase”
(7.1)
and, more precisely, to “measure this tendency”, by showing the existence of a
“pseudo-inverse” of R and by studying its properties. First, here are several pos-
sible interpretations of (7.1):

a) (R,,t > 0) is a.s. increasing; then, it admits an increasing inverse process.
b) (R;,t > 0) is a submartingale; under some adequate conditions, it admits a Doob-
Meyer decomposition:
R =M, + A, (r>0)

with (A;,¢ > 0) an increasing process and (M;,z > 0) a martingale. Since a mar-
tingale is a “well balanced” process, (R;,t > 0) has a tendency to increase, which
is measured by (4;,t > 0).

¢©) (E[R/],t > 0) is an increasing function.
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d) (R,,t > 0) is “stochastically increasing”, i.e.: for every y > 0, P(R; > y) is an
increasing function of ¢ (in the case Rg = x > 0, we need to modify the previous
assertion by taking y > x, to get a meaningful assertion).

We note that, trivially: (a) = (b) = (c) <= (d) (when x = 0).
It is the assertion (d) which we have in mind throughout this study. It leads us to
the definition of a pseudo-inverse of (R;,7 > 0), which we now present.

7.1.2 Definitions and Examples

Let (2, (R;,t > 0),P,,x € R") denote a process taking values on R™, which is a.s.
continuous and such that P,(Ry = x) = 1. In most of our applications, this process
will be a diffusion, but to start with, we do not use the Markov property.

Definition 7.1. (R, > 0) admits an increasing pseudo-inverse, resp. a decreasing
pseudo-inverse, if:

i) foreveryy > x,

tlim PR, >y) =1, (7.2)
ii) for every y > x,
the application from R™ into [0, 1] : # — P,(R, > y) is increasing. (7.3)
resp. if:
i) forevery y < x,
IimP (R, <y)=1, (7.2°)

t—o0

ii) for every y < x,
the application from R™ into [0,1] :  — P, (R, <) is increasing.  (7.3")

Definition 7.2. Assume that (7.2) and (7.3) (resp. (7.2°) and (7.3’)) are satisfied.
Then, there exists a family of positive r.v.’s (Yyy,y > x) (resp. Yy, y < x) such that:

PR >y) =Bty <1)  (1>0) (7.4)

resp.
Px(Rt <y)= HD(Yx,y <t) (t>0). (7.4°)

We call the family of positive r.v.’s (Yyy,y > x) (resp. (Yry,y < x)) the increasing
(resp. decreasing) pseudo-inverse of the process (R, > 0).

We note that, a priori, the family (Yy,,y > x) (resp. (Yyy,y < x)) is only a fam-
ily of r.v.’s, and does not constitute a process. Note that formulae (7.4) and (7.4")
may be read, either considering x as fixed and y varying or by considering the two
parameters x and y as varying.
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Remark 7.1.
a) If (R;,t > 0) admits an increasing (resp. decreasing) pseudo-inverse, then
Ry — -+eo in probability (resp. R, —0in probability).

b) If (R,,# > 0) admits an increasing pseudo-inverse, then, for every o > 0 (resp.
for every o < 0), the process (R*,# > 0) admits an increasing (resp. decreasing)
pseudo-inverse. If (R,,# > 0) admits a decreasing pseudo-inverse, then for every
o > 0 (resp. for every o < 0), the process (R¥*,r > 0) admits a decreasing (resp.
increasing) pseudo-inverse.

¢) Justifying the term “pseudo-inverse”: Condition (7.3) indicates that the process
(R¢,t > 0) “has a tendency to increase”. In case this process is indeed increasing,
we introduce (17,1 > 0) its right-continuous inverse:

7 :=inf{t > O;R, > [}.
Then, from (7.4), and for y > x;

Po(R > y) =Py(1y <1) =P(Yy, <1).

1 . . .
Thus Y,(’y<2V ) T, under P,. Hence, in this case, we may choose for the family
(Yxy,y > x) the process (7,,y > x), and this justifies our terminology of pseudo-
inverse.

7.1.3 Aim of this Chapter

In the set-up of the classical Black-Scholes formulae, i.e. when Mt(x) = é‘}<x> =
t

exp (B, — 5), where under Py, (B;,t > 0) is a Brownian motion starting from

(log x), we have proven in Chapter 6 the existence of a decreasing pseudo-inverse of

(M,(X)J > 0) and thus established the existence of a probability ¥, (see Theorem
6.1) characterized by:

VB (K- 6] = 10 (0.K1%[0.]) (K <x,120)

In Chapter 6, the study was done for x = 1, but reducing the study to the case x = 1
is easy. Note that we have also described this probability ¥, in detail.

Now, let (Q,(R,-%;),t > O;IP’)(CV),x > 0) denote a Bessel process of index v (v >
—1). We shall prove in Section 7.2 (see Theorem 7.1) the following results:

1 . . . .
e when v > —5 the existence of an increasing pseudo-inverse (Y;flf)7 y > x) for

(Rt > 0,P4) x> 0),
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e when v = —1, the existence of a decreasing pseudo-inverse (Yx(;l), y < x) for
(Ri,t > 0,PLY x> 0),

I
h e}—l,——[:
® when v 2

i) if x = 0, the existence of an increasing pseudo-inverse,
ii) if x > 0, the non-existence of a pseudo-inverse.

In Section 7.3, we describe the laws of the r.v.’s (Yx('C) ,y > x). In particular, we obtain

explicitly the Laplace transform of (¥, x( y) ,y > x):

E [e””ﬂ - (x(g)( VIR Ky (W2 <y> —%)

where [, and K, are the classical modified Bessel functions (see Appendix B.1). We

w)

also answer (partially) the question: are the r.v.’s Yy, infinitely divisible ?

For v > 0, we apply (end of Section 7.2) the existence of a pseudo-inverse for
the process (R;,7 > 0) to the generalized Black-Scholes formula relative to the lo-
cal martingale (R;>",r > 0), when (R;, > 0) denotes a § = 2(v + 1) dimensional
Bessel process.

In Section 7.4, we present two other families of Markovian positive submartingales
which admit an increasing pseudo-inverse; they are:

i) the Bessel processes with drift, studied by S. Watanabe [89], with infinitesimal

generator:
2
a1 d (—ZV—H + ] (ax)) 4

_ZE—F 2x a I, dx

1
forv > —E,andazo;

ii) the generalized squares of Ornstein-Uhlenbeck processes (see, e.g., [66]), also
called Cox-Ingersoll-Ross (= CIR) processes in the Mathematical Finance liter-
ature, with infinitesimal generator:

2

B _ d d
L X (2Bx+2(y+1))dx

1
again with v > —5 and § > 0.

Of course, letting a — 0, (resp. B — 0), in (i), (resp. (ii)), we recover the result for
the Bessel processes.
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In Section 7.5, we exhibit a two parameter family (YXE;’O{) ,v>0,0 € [0,1]) of vari-

ables (indexed by (x,y),x < y) which extends the family Yx(_;), corresponding to
a=1.

The following paragraph aims at relating the results of Section 7.3, which presents
(v,a)
Yx y

the properties of the r.v.’s Yx(,;), and those of Section 7.5, where the r.v.’s
defined and studied. ,

Consider (RSV),t >0) and (R,('/ ),t > 0) two independent Bessel processes start-
ing from 0, and with respective indexes v and v/, greater than —1, or dimensions:
d=2(v+1)and d =2(v' +1). From the additivity property of squares of Bessel
processes, the process:

are

RV =[R2+ (R (1> 0),

is a Bessel process with index v+ 1/ + 1 (or dimension: d +d), starting from 0. Let,
fory > 0:

Gﬁa) :=sup{r > 0; R,(a) =y}
(a=v, v+ +1).
7}(06) = inf{r > 0; Rl(a) =y}
It is then clear that:

Y}(V—H/-’_l) < Ty(y) < G)(,vy), and G)(;V+V,+1) < G§l/)

These inequalities invite to look for some r.v.’s Zy@ (i=1,2,3), such that:

G§yu) (lgv) §V+V,+1)—|—Z)(vl) (7.5)
G 1) ) | 70) (7.6)
Ty(u) (lgv)];(u+u’+l)+z}§3> (7.7)

where the r.v.’s featured on the right-hand side of (7.5), (7.6) and (7.7) are indepen-
dent.

The existence of these r.v.’s Z)(,l)(i =1,2,3) is obtained in Sections 7.3 and 7.5 as
a subproduct of the existence of pseudo-inverses for Bessel processes. Precisely,
the identities (7.5), (7.6) and (7.7) are shown respectively as (7.117), in Proposition
7.4, resp. as (7.113), with y = z and z = 0, resp. as (7.116) in Proposition 7.4. In
Theorem 7.3 (Point (iv) and (v)) and Theorem 7.7, other equalities in law of the
type of (7.5), (7.6) and (7.7), are established, when the starting points of the Bessel
processes differ from O.
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7.2 Existence of Pseudo-inverses for Bessel Processes
7.2.1 Statement of our Main Result

Let v > —1 and (R,,t > O;IF’)(CV),x > 0) denote a Bessel process with index v, i.e.
with dimension 6 = 2v + 2, with § > 0.

Theorem 7.1.
1
i) If v> 5 (R¢,t > 0) admits an increasing pseudo-inverse; that is for every

y > x > 0, there exists a positive 1.v. ng) such that, for everyt > 0:
P (R > y) =P <1). (7.8)

1
i) Let }—17——{;
ii) Letv € >

— ifx>0, (R;,t > 0) does not admit a pseudo-inverse,
— ifx=0, (R;,t > 0) admits an increasing pseudo-inverse.
iii) If v = —1, (R,t > 0) admits a decreasing pseudo-inverse, that is: there exists,
for every x >y > 0, a positive r.v. Yx(_;U such that, for everyt > 0:
PUY(R <y) =P Y <o), (7.9)

Thus, in Theorem 7.1, the value v = —% appears as a critical value. This is, in fact,
rather natural. Indeed, for v > —%, (R;,t > 0) is a submartingale - therefore it is, in
a way, increasing in ¢ - and it may be written as:

2v+1 [tds ) 1
R, = B — fr>——
t =x+B; + 3 o R it v >
where (B,,t > 0) denotes a Brownian motion starting from 0, and for v = —%, R, =

|x -+ B:| = |x| + B + L, where (L, *,t > 0) denotes the local time of B at level —x
and (f;,# > 0) is a Brownian motion.

1 .
Forv € } -1, ) [, such a representation is no longer true. In fact:

2v+1
Rt =X+ ﬁ[ + ) k[
with g _
ki :==p.v. = ::/ a® (L — LY)da
0 Rs 0

where (L&t > 0,a > 0) denotes the jointly continuous family of diffusion local
times associated with (R;,z > 0) (see [70], Exercise 1.26, Chap.XI, p.451); in this
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case, (R;,t > 0) is no longer a semimartingale, but it is a Dirichlet process. (See
Bertoin [7] for a deep study of excursion theory for the process ((R;,k),t > 0)).
In order to prove Theorem 7.1, we gather a few results about Bessel processes, see
also Appendices B.2 and B.3.

7.2.2 A Summary of some Results About Bessel Processes

7.2.2.1 The Density of the Bessel Semi-Group (see [70], Chap. XI)

We denote by p*)(z,x,y) the density of R, under p{) (v > —1); one has:

p(”>(t,x,y):);)(£)yexp (_x2—|—y2>lu (ﬂ) (v>-1) (7.10)

2t t

if x > 0, whereas for x = 0,
2
P (2,0,y) =277 VI (b4 1)y exp (Zl) (v>—1) (7.11)

where I, denotes the modified Bessel function with index v (see Appendix B.1).

7.2.2.2 Density of Last Passage Times (See [25] and [65])

Let y > 0 and denote by G, the last passage time of R at level y:

G, :=sup{t >0; R, =y}, (7.12)
(= 0 if this set {t > 0; R; =y} is empty).

Then, for x <y, applying Theorem 2.4:
PU(G, € dt) = g PP xy)dt (v >0). (7.13)

2
Tt follows easily from (7.13) and (7.11) that, under P}, the law of Gy is that of y7

v
where ¥, is a gamma r.v. with parameter v (v > 0):

() ¥

> (Gy being considered under ]P’(()V)) (7.14)
v

G,

and:
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EY {e*’w-"} =2v (X>Vly(x\/ﬁ)l(,,(y\/ﬁ) 0<x<y, v>0),

B[] = S OV KOVID) (> 0,05 0)

7.2.2.3 Laplace Transform of First Hitting Times (See [41] and [65] )

Let y > 0 and denote by 7, the first hitting time of R at level y:

T, :=inf{t > O;R, =y} (7.15)
(= oo if this set {t > 0;R, =y} is empty).

Then:
0) [ o35 = (2)" L&v2h)
= [e '}_()) Iy(y\/ﬁ) (x<y, A >0). (7.16)

In particular, for x =0

By o4 - L ovay

= . 7.17
2T (vt 1) 1, (3w/2A) 717

7.2.2.4 Resolvent Kernel (see [12])

Let u;”) denote the density of the potential kernel of (R;,z > 0) under P®):

uwy) = [ e Hp e (220,
0

Then, for every positive Borel function f:

[ sy = 222 [ R VR 318)

xl/

and

) =29 (2) L VDK (V2R (x<y)

where K, denotes the Bessel-McDonald function with index v (see Appendix B.1).

7.2.2.5 Bessel Realizations of the Hartman-Watson Laws (See [94] and [65])

It was established by Hartman-Watson [28] that, for any v > 0 and r > 0, the ratio

1
A VAR

v
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is the Laplace transform of a probability, say Br(”> on R, which may then be called

Hartman-Watson distribution. In [94] and [65] these laws were shown to be those

td
of the Bessel clocks / R—i for Bessel bridges (R;,s < t) conditioned at both ends.
0

Precisely, for v > —f and ‘,u =0, one has:

Y 2 g I /5 2
E@[exp (—“7/0 R—i) Rt=y} = W (E) (xy20). (719)

L, t
This formula may be obtained from the particular case v = 0:

2t I
0) _H_/ﬂ N e
o [ 5] -4 2)

together with the absolute continuity relationship:

v 2
(v) _ R; v ds 0)
PXL@;Q{I<TO} - <;> eXp (_7/0 R—%) : ]P)x\%, (720)

where (%;,t > 0) denotes the natural filtration of (R;, >0).If v >0, Z,N{t < T}
may be replaced by &%; in formula (7.20) since then Ty = o a.s., whereas if v €
] — 1,0], then, for u? > 0:

2 2 ot
(v) pootds\ s | g poo[tds _
Ey [GXP (—7/0 R_g) Rz—)’} =E; {GXP (—7/0 R Liggsiy |Re =y
. . " ds

since, if Ty < ¢, /0 R_% = H-o0,

We make several remarks:

a) For v < 0, letting 4 — 0 1in (7.19), we get, using (7.20):

I
P (Ty > 1R, = y) = = (Q) . (7.21)
L\t

1
b) For v > —5 formula (7.19) becomes, taking u*> = 2v + 1:

) B Y ffds|p _ ] forn (2 1
E! {exp{ <u+2)/0R%}R,_y}_ - (t) (u> 2). (7.22)

1
From (7.22), we deduce that, for v > ) and z > 0:

L1(2) <L(2). (7.23)
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1 1
((7.23) is an immediate consequence of (7.22) for v > — 7 and forv = — E:

I% (z) = \/ﬂzzsinh(z) < I_% ()= \/ﬂzzcosh(z); see (B.6)).

7.2.2.6 The Hirsch-Song Formula (see [30])

1
Proposition 7.1. Let v > 5

i) The following Hirsch-Song formula between transition densities holds:
d Jd (x
9y = -2 (X)), 724
P UE)) <yp ( ,x,y)> (7.24)

ii) Let H denote the operator defined on the space of €' functions, with derivative
equal to 0 at 0, and which are bounded, as well as their derivative:

1
Hf(x) = —f'(x). (7.25)
Let (Pt<y) ,t > 0) denote the Bessel semi-group with index v. Then:
HPY) = py. (7.26)

iii) Let (Q,(V) ,t > 0) denote the semi-group of the squared Bessel process, with index
v. Then:
Do = o"*Vp (7.27)

where D denotes the differentiation operator: Df(x) = f'(x), with domain the
space of €' functions, bounded as well as their derivative.
It is easily verified that (7.26) and (7.27) are equivalent (since Q,(V) flz) =
PY(F )(v/z), with f(z) = f(z%)). On the other hand, denoting by L") the infinites-

imal generator of the semi-group Q,(V>:
L") f(x) = 2x " (x) + 2+ 1) £ (%), (7.28)

an easy computation allows to obtain DZM = Z(VH)D, hence (7.27), (see Subsub-
section 7.2.2.7 below about the Fokker-Planck formula).

The intertwining relation (7.27) shall be generalized in Chapter 8, Remark 8.9.
(See also Hirsch-Yor [31].)

We show (7.24), following [30]
For f regular with compact support, one has:

Y = [P ek (),
0
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hence: 5 5
9 p») _ [T
P . 2
ot f(x) ./0 axl? (t,x,) f(y)dy. (7.29)
On the other hand, with obvious notations:

) py— 9 o _ml IRy
SH 1) = SEO[1(RY) =5 | G|

However, since:

2u+1 [tds 1
R;C:x—I—B,-F 5 ()R_fyc <V>—§>,

we obtain, by differentiation with respect to x:

RY 2 1/t R*
R} _1 v+ / ds OR; (7.30)
0

ax 2 (R¥)? 9x

(see also Vostrikova [88]).
The linear equation (7.30) may then be integrated, and we obtain:

JR} 2v+1 [t ds
= — — . 7.31
Ix e""( 2 /o<R§>2> (730
Thus:

© d 2v+1 rtds
(v) _ @) | o _ ad
[ ey =5 | wjen (255 [14)]
o w1 td o
:/ £ [eXp ( Vz / R—j) Rt—y}f(y)p( )(t,x,y)dy

/ P (t,x,y)f '(y)IVIH (xy>dy (from (7.22))

_/ f(y)&_y (Iu+1 (x;_y) p(V) (t,x,y)> dy (after an integration by parts)

/f &y( ”+1>(z,x,y))dy (from (7.10)). (7.32)

The comparison of (7.32) and (7.29) then implies Point (i) of Proposition 7.1.

7.2.2.7 The Fokker-Planck Formula

The infinitesimal generator L(*) of the Bessel semi-group (P}(V),t > 0) with index v

is given by:

2v+1
2x

L7 = 76+ 2 ), (733)

Its domain is the space of functions f such that L") f are bounded continuous and
satisfy: lmg)xz”Hf (x) = 0. One has:
X—
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d W) ) (p®)
Ep (tax’y) =L (p (t7'7y))(x)
= LW (p(”) (t,x,) () (Fokker-Planck) (7.34)

where the operator L(*)* the adjoint of L(*), is defined by:

L 1) = 570 - 5 (255 70 1.39

2 2x

The infinitesimal generator L of the semi-group (QEV),I > 0) of the squared
Bessel process with index v, is given by:

LV f(x) = 207" (x) +2(v + D f (x) (7.36)

and its adjoint L") is defined by:

z<”>*f(x) = a—2(2xf(x)) —2(v+1)f'(x). (7.37)
ox?

7.2.2.8 Sojourn Time Below Level y (see [65], also [52], Th. 11.6, p.180)

o Gy
Ay_ :/O I{RIS,V}dt </0 I{RIS}’}dt) .

EY) [ = v 1,(V22)
) ym Iu—l(ym)

Let:

Then:

(v>0,1>0). (7.38)

7.2.3 Proof of Theorem 7.1

7.2.3.1 A Useful Lemma
Lemma 7.1. Let I, denote the modified Bessel function with index v.
i) Ifv> —%, then, for every z > 0,
L(2) > i1 (2). (7.39)
ii) If v = —1, then, for every 7 > 0,

L(z) =1-1(z) < Io(z). (7.40)
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i) If v €] = 1,—3],

a) for z small enough, 1,,(z) > I,+1(2),
b) whereas for z large enough, I,,(z) < I,11(2).

Proof. Point (i) has already been proven: it is relation (7.23).
Then, Point (ii) follows from the Point (i) since I_; = I;.

We prove Point (iif)
In the neighborhood of 0, one has:
L,(z2) (z/2)Y T'(v+2) 2

L (@) 0T (w+1) (/241 Z(ZH_I)ZTOH—OO (r>-1) (7.41)

In the neighborhood of +-eo, one has (see [46], p. 122 and 123):

et 4u>—11 1
Iu(z) = 1- —+o(=]])-
w) =, 277:z< 4 2z 0(z2>)

Thus, with 4t = v and v 6]—1,—% [:

et 4r-11 1
I = 1— — -
v(2) 2= \/277 ( 4 2z o (z2>> ’

el dr+1)2-11 1
1, = 1— — — .
1/+1(Z) e 22 ( 4 2z +o 22

Now, for v €] — 1, f% [, one has 40> — 1 > 4(v + 1)? — 1; indeed, this is equivalent

1
to 1/22 1—|—1/2+21/, Le.v< 5

I
v(2) —— 17 as z — 4-o0. As a conclusion, from this point and
Iy+1 (Z) e

(741), forve]—1,—1[:

Hence, the ratio

I,
e for z large enough, 2) <1,
IV+I(Z)
1,
* for z small enough, v(2) > 1.
IV+1 (Z)

7.2.3.2 The Case x =0

When x = 0 and v > —1, we shall show the existence of an increasing process
(J;,t > 0) such that J; o teas. and

Py (R, >y) =P(J; > y). (7.42)
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This formula obviously implies the existence of a process which is a pseudo-inverse
of (R;,t > 0). Let us prove (7.42), which hinges in fact simply on the scaling prop-
erty of (R;,t > 0). Indeed, one has:

IP’éV)(Rt >y) ZIP’E)V> (\/f > %) (by scaling)

2

(v) Y
=P t> =
7 (=%)
2
IF’([Z Y >
271/+1

1
(since R (1aw) 27,41 under ]P’éy), where 7,41 is a gamma r.v. with parameter v + 1)

=P (Gy<t)  (from (7.14))
—p{* l)(mfR >y) =Py 2 ),

u>t

with J; := iI;f R,. Clearly (J;,7 > 0) is an increasing process and J; p— o0 ]P’(()UH)
u=t —00

a.s. since v+ 1> 0.

Remark 7.2. In a general set-up, it was proven by Kamae-Krengel [39], that to a real-
valued process (X;,7 > 0) which admits an increasing pseudo-inverse, one can al-

. . . 1
ways associate an increasing process (A4;,¢ > 0) such that, for every r > 0, X; (aw) As.

7.2.3.3 We now Prove Point (i) of Theorem 7.1

1
From the comparison theorem, (applied to Bessel processes) for v > — 7 one has:

1

PR >y) > By P (R > y)
—Po((8i]2) =Fo (1811 > 2 ) 1

where (B;,t > 0) is a Brownian motion started from 0.
It suffices then, in order to prove Point (i) of Theorem 7.1 to show that: r —

P (R; > ) is an increasing function of 7. Now, one has:

9 o) _ 79 w
EPJC (thy)—./‘ a_P (t,x,2)dz

1 9? d (v+1
= [ (92p tx,z)—a—z< > P )(t7x,z))]dz

(from Fokker-Planck, (7.34))
2v+1

10
- _ 2,0
2ay" (t,x,y)+

pPY(t,x,y).
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Now, from (7.10):

Hence:

— Yooy X (e M
p (t7x’y){2y+2t Zt(ll, (t)+xy
) v

Z

L,(z) L+
(smce @) I (2)+ (see (B.5)))
(v)
_ ptxy) xy xy
= 21, i (7)) =5t ()] (7.43)

0
It now follows from Lemma 7.1 that — IE”)(CV) (R, > y) is positive, since y > x and

ot
1,(z) > Ly1(2).

7.2.3.4 We now Prove Point (ii) of Theorem 7.1

This follows immediately from (7.43) and from point (iii) of Lemma 7.1: for x # 0,
©)

d
EIP’,((V) (R, > y) does not have a fixed sign, hence t — P, ' (R, > y) cannot be a

monotone function.

7.2.3.5 We now Prove Point (iii) of Theorem 7.1

We need to show that, for every x >0 and 0 < y < x, IP’ffl> (R; <) is an increasing
function of . We may of course replace R; by R,z. Now, the law of R,z, when R(z) =X,
is given by:

P(R} € dy) = exp (—3- ) doldy) +q(t,x,y)dy

1 x x+y Xy
qlt,x,y) == ZI\/;eXp< = )Il(t). (7.44)

Then, we need to show that, for every y < x, one has:

with

J X o [
3 (exp—i) + E/o q(t,x,z)dz > 0.
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X .
—) > 0, it suffices to show that:

d
Bt since 2 (exp -
ut, since exp—o

ot

0
E/O q(tax7Z)dZZO-

Now, one has:

y Y
%/o q(t,x,z)dz:/ gq(t,x,z)dz

32
L 92 (ZZq(t X z))dz (from Fokker-Planck, with v = —1)

= %(2yq(t,x7y))

\é

2q(mcy)+2yq(fxy){_zi_l th l( t ﬂ

s fi-2e B (5(2) ")

since —,(z) I—O(Z) - 1)

1 L Z
= Lynonn [V (L) - 5] 20

from Point (i) of Lemma 7.1 and since y < x. This ends the proof of Theorem 7.1.
a

Remark 7.3.

a) The property: t — ]P)(CV)(Rt > y) is an increasing function of ¢ (fory > x) is
equivalent to: for every Borel increasing function ¢ with support in Jx,+oo[, t —
EJ(VV) [(p(Rl)] is an increasing function of 7. Indeed, we have, for such a ¢:

EY [o(R)] = EV) [ xRt d<p(y)] =E{" { / wd<p(y)1{R,>y}}
_/ do(y R, >y).

b) Formula (7.43)

%]P’)(CV)(R; >y) = % {yl,, ()%) —xI4 (’%)}

may still be written, with the help of (7.10):

y d Ly
—P(Yé,ykr):EP&)(szy):% P (t,x ,y)—;z% D(t,x,y). (745
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We denote by () (¢,x,y) the RHS of (7.45). We now check directly that this positive
function of ¢ integrates to 1 i.e., it is a density of probability:

/ 0 (1,x,y)dr = 1. (7.46)
0

For this purpose, we use the classical Lipschitz-Hankel formula (see, e.g. [90], p.
384), for v > 0:

= du 1
V'/O 7exp(—au)1,,(u) = m (a>1). (7.47)

Differentiating both sides with respect to a, we obtain:

1 1
(a+Va® -1 Va®—1

In order to check (7.46), we first prove that:

/0oo exp(—au)l, (u)du = (@a>1,v>0). (7.48)

(v)._ ~ ﬂ (v) _ 2y
Axy = ./0 P (t,x,y) = R (y >x). (7.49)

Note that (7.49) (which we assume for a moment) shows that A)Ef;) does not depend
on v ! We deduce from (7.49) that:

o 2
Y W) ) _ YA _ (v+1)
/0 |:2l‘p (t7-xay) 2typ (taxay) dt Ax:.V Ax7y

which is the desired result (7.46).

¢) We now prove (7.49). From (7.10), we get:
o 2., .2
(v) _ (y)l’ / dt x“+y (XY>
Axy = (= — — I —
) PYERE 2t Y\t
oo 2., .2
= (X)Vy/ du exp (_x Y u) I, (xyu)
X Jo 2

1
(after the change of variable o= u)

w 2., .2
_ (2" Y Xty
= (x) xy/o dzexp( g z> 1,(2)

(after the change of variable xyu = z)

- (X)”l ! !
x/ X (a+Va®—1)¥ Va* -1
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X2 +y2

with the help of (7.48), where a :=

there are the elementary identities:

2.2
Vaa—1=2"% anda-%-\/ﬁzx’
2xy X
w112y
which imply: Ay}’ = X yzz,xz T2
Xy

> 1 since (x < y). On the other hand,

which is the desired result (7.49). We shall come back to this computation, in Section
7.3, in order to establish certain properties of the r.v.’s Yx(,;).

7.2.4 Interpretation in Terms of the Local Martingales
(Rt >0)

We assume here v > 0. We know that (R;,t > 0) solves the S.D.E.:

2u+1 [tds

R, = B —
r =r+bB+ B o Ry

(7.50)

where (B;,7 > 0) is a Brownian motion starting from 0. Let M,(V) :=R;*” and denote

Mél/) = x (= r~?).1td’s formula yields:

2u+1

!
MY :x_zy/ (M5 4B, (7.51)
0

We denote by Q1) the law of the solution of (7.51). Thus (Mfy),t >0, Q%) x> 0)

is the family of laws of a Markov process and (Mt(y),t > 0) is a positive local mar-
tingale, hence, a supermartingale, which converges a.s. to 0 as r — co. Gathering the
results of Theorem 7.1, Point (b) of Remark 7.1 and Remark 6.2, we have obtained:

Theorem 7.2.
i) For every v >0 and x > 0, there exists a probability measure Y., on [0,x] X
[0, +oo[ such that:
1 v v
QY [k =M | =0 (0K < [0.1])  (K<x120).  (752)

v(¥)

ii) There exists a family of positive r.v.’s (vay ,y < x) such that:

QMY <y) =P <) (y<x,1>0). (7.53)

Xy —
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Remark 7.4.
a) Since:

x 2v thy X
we have:
— 1 v
vy WYV @), (1.55)
x 2v Y 2v

In Section 7.3, we shall study in details the laws of the r.v.’s (Yx(,;),y > x) which,
thanks to (7.55), allows to obtain easily the corresponding properties of the r.v.’s

(Y(V) y <x).

Xy

b) When v €] — 1,0[, (R; %, > 0) is no longer a local martingale, but is a sub-
martingale (see [19]) such that:

R =N 4L (7.56)

where (Nl(l’) ,t > 0) is a martingale and (L,(V) ,t > 0) an increasing process such that
AL = 1(g,_gydL".

()

7.3 Some Properties of the r.v’s (Yyy',y > x) (v > —%)

We recall that these r.v.’s ¥, x(;) (or, more exactly, their laws) are defined (see Theorem
7.1) via:
PY(R, > y) =Py <1). (7.57)

7.3.1 The Main Theorem

1
Theorem 7.3. Here are a few properties (of the laws) Ofo(,;) (V > 5 y> x> :

i) Laplace transform Ofo(,;)

W(y\/ﬁ)"+'1(y+l(y\/27) (x>0,1>0)

= 0v2) (2) (V2K (0V2R). (7.58)

E [e”x{?)} _ L(x22)

For x =0, we get:
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) AV K 20
E {e 0 ] = W (YV2A)" Ky 1 (yV21). (7.59)

ii) Scaling property
(v)

The law of ==~ depends only on the ratio Y (> 1). In particular:
Xy X

Yx(_;) = x2Y1=§ (y>x) (7.60)

and
)LY)E"’ )

E e_—] :M&W%( %) Ky +1(V2Ab) (7.61)

where b = 4 > 1.
X

iii) Further results about the laws of ng)

2
(v) (law) y=  (law) _(v+1)
o Y = =G (7.62)
0y 2’)/11—0—1 Y
where G§ h denotes the r.v. Gy under IE”(VH)

The following relations hola’

o P <= (m > 2t> / S A GERVIE (7.63)
9 by (v+1) x
o EP(Y” <t)= yP (t,x,y) = mfGi”y+l)(t) (7.64)
where fG.Sc’/\)+l) denotes the density of the r.v. Gy under ]}D)(CV+1)’ (x<y).
o The density fy(V) onx(_;) is given by:
LI w X )
Fyo @) =5, |yp(txy) = 5P (t,xy)] (7.65)
2 2
(v) Y X
E Y, = — . .
S RE R

iv) An equation satisfied by ng)

Yx(g) (law) Tx(,Z) + nyz”,) (x<y<2z). (7.67)
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In particular:

Y()(z) OWT( )+Yy<,?) (0<y<2). (7.68)

The r.v.’s which occur on the RHS of (7.67) and (7.68) are independent and 7}(;) is
the first hitting time of level y by the process (R;,t > 0) starting from x.

v) Iy 0<x<y). (7.69)

The r.v.’s which occur on the LHS of (7.69) are independent (see (7.12), (7.13) and
(7.14) for the definition ofG§V+])).

Proof.
i) We compute the Laplace transform of ng)

From (7.57), we deduce:

/ efltIP)/(v )(Rt >y
0

dt/ e MpW(r,x,2)dz
y
dz/ e M pM) (1 x,2)dt
0

oo

u V)( z)dz  (see Subsubsection 7.2.2.4)

*° 1 (v)
— —At —AYy,
_E[/O e 1{>va}dt] AE[e y]

I
S— T 5—

Hence:
E {e”*‘(;)} =2 /w ugbu)(x,z)dz (7.70)
y
21 v oo
= 21, (xV21) (21 "*1/ K, (h)h* ' dh from (7.18)).
(xV224)(22)" 2 | o (h) (from (7.18))
Now, since: 5
—K () = o (T K () (see (B4)
we obtain:

e8] - ) HO ) g o)

_ (x(\);\_ﬁ))( VIR Ky (V2R

Formula (7.59) may be obtained by letting x tend to 0 in (7.58) and (7.66) follows
from (7.58) by differentiation.
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ii) Proof of the scaling property

(v)

Y,

e It is an immediate consequence of (7.58). The fact that the law of == depends
X

only on the ratio (%) (f—c >1,x> O) may also be obtained with the help of (7.45).
Indeed, we deduce from (7.45) and (7.10) that:

(v) :
Yoy x 1 Xy du X v
P oy S[ =P ();) Z - :/ |:yp( )(u7x,y)——p( +1>(u7x’y):|
xy A t 0 2u y

or, equivalently:

xy b
Xy du ( ) X <V+1)
P (Yx(’;) _t) /0 o {yl’ (u,x,y) v P (u,x,y)

Given (7.10), this formula yields the density f_x_ 2 of the r.v.

xx Yx<,y)
1 y)l/+1 —a(xy)u X
X] == E I —=1,
fas=3 (2) e ()= e (8)
2442
1
where a(x,y) := a ch_yy =3 (; + i)—c)
Y(V) y
Thus, the law of —— ( ik hence that of —— only depends on the ratio (—) .
Yiy Xy X

e We may also prove this scaling property as a direct consequence of the scaling
property of the Bessel process. Indeed, we have:

P <txy) = P (Riy > y)

= ]P’)(cy) ( Ry > )
VXY VY
=p¥ (Rz > \/§> (by scaling of the Bessel process)
VY X

iii) Proof of (7.62)

This formula (7.62) has been obtained during the proof of Theorem 7.1 (Subsection

7.2.3.2, in the case x = 0). We note that one can deduce (7.59) from (7.62). Indeed,
2

from (7.62), since IP’(YO(V) <t)=P ( Y < t), one has:
v 2Yu+l
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- o 2
/ e_M]P’(YO(l;) <t)dt = / e MP < Y < t) dt, ie.:

0 0 2%11

v 2
E |:e)LY(§A,y):| =FE |:e% Yu}+l:|
1 o 1 Ay?
Lol 45
1) 2 z

) 183

D=

rv+1)
%l VK (V2h)  (see (B.9))
1
= m(y\/ﬂ)”lxyﬂ(y\/ﬁ).

iv) We now prove (7.63) and (7.64)
From the Hirsch-Song formula (7.24), one has:

Then:

|
|
v\
8
QJ| [<3)
FEA
N
=
=
=
&
N——
U
[\l

and the relation: X ()
v+1

- t,x, v t

WP (t,x,y) = +1f +1()

follows from (7.13). Formula (7.63) is obtained by integration of (7.64) (with respect
to x):

14 1 X 8 v
Py <0 =P <0+ / SR < nds

]P’(Vwrl_zt) / =pW i (t,2,y)dz

from (7.62) and (7.64). We note that (7.63) may also be written, from (7.64):

2 X
]P’(Yx(‘;) < t) —P ('}’y+1 > )2]_t> +/0 Vj_ lfG(uH (l)dZ. (7.71)

We also remark that the computation of E {Yx(;)} , given by (7.66) when v > 0, may

be obtained from (7.71). Indeed we deduce from (7.71) that:
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2 X
v y Z
IP’(YX(?},) > t) =P <Yy+1 < 2t> */0 T 1fG(u+1 ( )dZ.

Thus, integrating this relation in ¢ from 0 to 4o, for v > 0, we obtain:

2
°° 0 "o 1 x?
]P’Yx(")>tdt:/ dr [ ¥ e A
/0 Yoy zn)di = | dt | & w5 i s
zé/‘”e—zzuy_dz_ 2 Y2
T'(v+1)Jo 2z 2w+1) 2v 2w+1)

v) Formula (7.65) is an immediate consequence of (7.45).

vi) We now prove that Yx(_;) satisfies equation (7.67)

Indeed, this follows from a simple application of the Markov property. Let x < y < z.
Since the process (R;,t > 0) starting from x needs to pass through y to reach z, we
obtain:

PY (R > z) = PV (T, < oo3R, > 2)
—p” (1{Ty§z}]§)(ry)(§t—Ty > 7))

where in the expression ﬁi”) (I?,,TV > z) the term T, is frozen. Hence, conditioning
with respect to 7, = u, we obtain:

t
P (R, >z2) = / PUNT, € du)PY) (R, > 2), ie.:
JO
() " o) (v)
PO <) = [ BT cawpr) <t-u)
JO

hence:
0 @I |y,

It is also possible to obtain (7.67) by using the Laplace transforms of YX(_;) and 7}(5)
Indeed, from (7.58):

E {e“ﬂ - (y_?( VL) Ky 41 (V2

whereas, from (7.58) and (7.16):

et af)] _ (1)L E\?i ( %> (VIR 1K,y (V)
X L,y y

- L) @gj (VI Ky VB =[]
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vii) The proof of (7.69) hinges on the same arguments as previously and, from
(7.14), on:

E [e_kG;VH)} (y\/_)y+1Ku+l (y\/_)

This ends the proof of Theorem 7.3.

T

7.3.2 Some Further Relations

1) We note that the r.v.’s (¥, X(;) ,y > x) are not the only ones which satisfy equation
(7.67). Indeed, let, for x < y:

oo Gy
:/0 LR 92 <:/0 1{R§”><s><y}ds)

where here (R,(f’) (s),s > 0) denotes the Bessel process with index v starting from .
Then, an application of the Markov property yields, for x <y < z:

(law)

AT EITE Al (7.72)

We note that, although the r.v.’s (A)(c'fy)’f, y > x) satisfy the same equation as the r.v.’s

(YX(QV,) ,y > x), they do not have the same law. Indeed, for x = 0, from Ciesielski-
Taylor ([17])

A Iy 5 ) (1.73)

whereas YO( y) (1—)G("H) (from (7.62)) and the laws of T(V Y and G}(,”H) differ;

() 1 VoAt
indeed E [e Ao, ] = > bv24) , from (7.17), whereas, from (7.59)
22710 (v) 1,1 (3V24)
and (7.62),
(v)
E {e M’oy :| :E(()z/+l) {e—le} _ ZVF( )(y\/_)"“KVH(y\/_)
2) For v > 0, the equality:
2
ElvW| =2 -2~
{x‘*} v 2v+1)

may be obtained in a different manner than the previously developed ones, by mak-

)

ing use this time of the r.v’s Ay} . Indeed, for x < y
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O] — [T py®) W | [7 R[4
E[ry)] = /0 P(rY) > t)dt = { /0 1{Rt<y}dt}_1E[Ax,y |- am

(V)'r*

Thus, we need to compute E [Ax ¥ } . Itd’s formula, for v > 0, implies, from (7.50):

2v+1
2R,

t t
(R Ay): =242 / Rylig -y (dB,+ ds | —yL + / Ligopyds  (1.75)
0 0

where (L},t > 0) denotes the local time of (R;, > 0) at level y. Hence, taking ex-
pectation in (7.75) and letting ¢ tend to +eo, we obtain:

VY =22+ (Qu+2)E {A,ﬁ}’ } —yEV (). (7.76)
However:

B (2] = B (2] = [0 yar

_/ —exp( ) ( )dr (from (7.10))

2
=y / I, (z)e*Z—Z (after the change of variable yT = z)
Jo z
=2 (7.77)
1%

from the Lipschitz-Hankel formula (see (7.47)). Finally, from (7.77), (7.76) and
(7.74):

v __ (v),— _L 2 l 2 —ﬁ_ _x2
E[Yx,y]_E{Ax,y }_21/4_2 (y (1+V) x)_ZV 2(w+1)°

3) It may be of interest to express the law of the r.v. Yx(.,l)/’) in terms of the only process

(Rt > O;}P’)(CV)). Here is our result.

Proposition 7.2. Let v > 0 and h be a generic positive Borel function. Then:
2 G
] Y g [MGy) (xS (L / v ds
E {h(yxﬁy )] - ZVEx { e =3 -r+2) | & (1.78)
h(Gy)
G,
(Gy) 1 / Gy ds
{ —exp v+ 2) R% . (179

Proof. The density of the r.v. Yx(_;), fY(,,), equals, from (7.43) and (7.22):
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@) I,
fo(.Zv') (t) = w (y—x—“ (Q)) (7.80)

2t I, t

) '

_yp (t7x7y) _'E (v) _ 1 /é =

i e (1 yIEx exp 1/+2 ) K2 Ri=y||.

On the other hand, from (7.13), the density f ) of Gy under ]P’,(CV) equals:

fon ()= gp(” (1,%,). (7.81)

X,y
Thus, since for every positive and predictable process H, one has ([24]):

BV [H,] = | BY)(G, € dnEL [HIR =), (7.82)
we derive from (7.80) that:

E[h(r\y))]
_ [Th() o) _Xpw) _ 1 /’@
*A 2f p (t,x,y)y l yIEX exp V+2 o R%

2 oo
_ YA L) X ) B 1
_21//0 e Py (Gyedr) |1 yIEx exp V+2

2 "Gy
) [1(Gy) X 1 / v ds
SR CON Rt Y (S P _ - as
2v [ Gy y xp i 0o R?

from (7.81). This is formula (7.78), which, after some mild rearrangement, yields
formula (7.79).

O
We note that both terms in (7.79):

S U01] s 28 (1-enf(2) )]

are positive measures (viewed via the integration of /). The first one has total mass:

YO=X) o [ L _Y(y—x)/“l )
> Ex Gl =" tyl/p (t,x,y)dt  (from (7.81))

yoy-—x)v 2y y
= — = fi 7.49
3 Y- yix (rom( ))

X .
whereas the second has total mass - In particular, for x = 0, we recover:
X

2
v Y v) [ 1(Gy)
E[h(Y;))] = EE(() ) [—Gv}

and the second term in (7.79) vanishes.
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4) The r.v.s T, >(x > y) In the same way that Point (i) of Theorem 7.1 allows to

X,y

1
define the r.v.’s (Yx('\)) V> XU > 5) , Point (iii) of this theorem allows to define
(=1

the positive r.v.’s (¥, 7,

x >y) characterized by:
Qs <y =Y <)

where (M;,t > 0) under Qi_l) is a Bessel square process with index —1 started from
x. With arguments similar to those used to prove Theorem 7.3, we obtain:

B[] ket Vo Svatn/am)|. asy

5) Use of additivity property of squares of Bessel processes

1 v .
We have shown, in Theorem 7.1, that for v > — 3 and fory>1:1 — ]P’( )(Rt >y)is

an increasing function of ¢. It is the distribution function of the r.v. Y (the general
case, with x < y, may be deduced from this one, by scahng) On the other hand

it is well known (see, e.g., [70], Chap. XI) that QX * Qx, = Qg;fl ) where Qx

(resp. Q)(f/)) denotes the law of a squared Bessel process, with dimension d =2v+2,
starting from x (resp. with dimension d’ = 21/ + 2 starting from x'). Hence:

V(R > 5) =P (R} > y) =P(R}(1) +X (1) > y)

where (R% (t),t> O) is a squared Bessel process with dimension d = 21 + 2 starting
from 0 and (X;,# > 0) is a squared Bessel process with dimension O started from 1.
Then:

V(R 2 5) = (yd >0 —X1)+) (7.84)

w) W)

since R3(r) (law tR3(1) by scaling and R3(1) (law 2)/%. Consequently:

(v) _ 1 /M (1 + ) d_y
P (R, > = — Pl —(y=X)" < 2 dz. 7.85
1 (R = \/y) ) Jo ZI(Y T <z)z27'e ¥z (7.85)

Therefore, from (7.84), Theorem 7.1 hinges only upon the properties of the process
(X;,t > 0), which is a squared Bessel process of dimension 0 started from 1. For
d =72 (i.e. v =0), (7.85) becomes:

PR > 5) =E {exp{—%(y—x,ﬁ}] (7.86)
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since Y4 = 7 is then a standard exponential variable. We note that, Theorem 7.1,
2
applied for v = 0 (> —4!) implies that the RHS of (7.86) is a distribution function
o (0)
(i.e.: that of the r.v. Yl,ﬁ)'
Ford =1 (i.e. v = —1), (7.85) becomes:

1 2 [ = 2
P (R, > 5) = \/;]E [/\/We2du] (7.87)

_1
which is also a distribution function with respect to ¢, that of the r.v. Y, 1( \/é). This
remark invites to ask the following (open) questions:

1
e Which are the probabilities 7 on R" such that: E [n (2—t(y - Xt)+>} is a distri-
bution function in ¢, with 7(x) = 77 (]x, +eo[) ? Theorem 7.1 implies that it is the case

. . . 1 . .
when 7 is a mixture of gamma laws, with parameter 3 > 2 but that it is not true if
d 1

_<_.
2 2

1
e More generally, which are the properties of the process (Z, =3 (y—X)",t> O) ,

with y > 1, which may explain the above increase property ?

6) Around infinite divisibility properties for ¥/

Proposition 7.3.

i) Letx>0andV, a positive, § stable r.v. such that E [e_w)f] =exp(—xV214)(A >
1 17 v) . . . . o o .
0).Ifv > X then Vy + Yx(,y) (with Vy and Y,éy) independent) is infinitely divisible.

(

1
i) Ifv> 3 and Y is large enough, then Yy ) is infinitely divisible.
X

Proof.
i) We prove (i)
By scaling we may suppose x = 1 and y > 1. From (7.58) we have:

E {e”f.?} — YL (V2R Ky 11 (7V2A) (7.88)
:=exp(—h(1)).
Hence:
Wy L] IL(V2L) vy K, (V22)
24 V2L L(V2A) V2L Kuii(WV22)
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(see Appendix B.1). On the other hand (see Ismail [32]):

1 K, (V24) _/ dt (7.90)
VA Ko (V2R) B0 221, () + Y2, (1) '
and
II/+1( v \/7
_— (7.91
11,(\/2,1) 2 2/I+ 22+ 72, )
where J,,41,Y,+1 are the Bessel functions with index v (see [46], p.98) and
(Jun,n > 1) is the increasing sequence of the positive zeroes of J,,. Hence:
1 1 [~ 2 dt 1
W) =— = 7.92
2" mJo 20y +e2 me JE (1) + Y2 (0) ,;ZQLJr 2 (7:92)
Let now Z, :=V; + Yl(f;) (y > 1). We have, from (7.92):
E {e_lz«‘} = exp ( —h(A)— \/27L) ‘= exp ( — g(?L))
with:
1, 1 1
—gA)==hA)+ — (7.93)
58 (A) =5 H(A)+ 5 f
2 dt
zky +2m g2, (1) + Y2, (1)
1 /> dt - 1
— — 7.94
nJo 24 +12 ,;2&4—1'5,1 (7.5

2 [~ d
=(1)+(2) (Weused\/_ ) 2?Ht—t2>

One needs, to prove (i), to show that g’ is completely monotone. For (1), it is clear
since it is the Stieltjes transform of a positive measure. For (2), one has:

1 (= di o 1 (& [lvn dt |
— - - = —— T -
mJo 2A+12 gfl 2A+j2, & (nzl /,»Wl,l 2 412 ,Zl 21 + j?,\,,)

1 & Jvon 1 1 1
_ _ dt 7 —_ 7 - [,
ﬂz{/jml (27L+t2 27t+j,%,n> T ln = Jvamt ”)Mﬂ'ﬁ,n}

1 & j - 1
S .
T Jom1 QA+2)2A+j2,) o 24+ 2,
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which is clearly completely monotone since (see [32], p. 357), Jun— Jupu—1>Tas

< 1

v>—.

2

ii) We now prove (ii)

One needs to show that #'(1), as given by (7.92) is the Laplace transform, for y
large enough, of a positive measure. Now, one has:

1 2 ds 1
W (L) = _/ = - (7.95)
2 wJo 2A+s2 ms 2, (ys) + Y2, (ys) § 24+ 12,

__z/lvn 1 2 ds
a Jvnt 2/1+s2 2442, ) ms 2 (s) Y2, ()

V+1 v+1

1 & Jun d 1
—Z / > . (7.96)
=1 \Vivaa s J +1(ys)—|—Y+1(ys) 2)1’+]V,n

But, from Watson ([90], p. 449):

2
Jo1(D)+Y71(2) i

Hence:

Jun D ds Jvn 2 TSy
[ I
Jun—1 TS Jy+1(ys)+Y H(ys) yﬂ* Juno1 TS 2

Moo Y(Jvn = Jon—1) uniformly in n.
y~>

1
Thus, for y large enough, and since v > 3 implies j, , — jun—1 > T, one has:

Ly =1 i/j Jon—5 2 ds
2 TS i QA+82) A+ 73 ,) ms T2 (vs) + Y, (vs)
0 (
z " 2/1 + it
where the o, (y) are all positive. It is then clear that /(1) is completely monotone.
O
7) On the negative moments of Y)C(§> (x<y)
For every m > 0, we have:
1
E|— 1 < oo, (7.97)
(Yey')

Indeed, we have, for m > 0:
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_ 1 “ —AYX(ff) m—1
7r(m)/0 E[e >])L A

gl !
()"

(v) 1 v 1
and, from (7.58), E [e’wﬂ } ) (§> \/—X_ye*(»"*"w271 (see Appendix B.1).

7.4 Two Extensions of Bessel Processes with Increasing
Pseudo-Inverses

1
7.4.1 Bessel Processes with Index v > —> and Drift a >0

S. Watanabe (see, in particular [89], p.117 and 118, see also [65], especially Sec-

tions 7 and 8) introduced the Bessel processes ((R,,t >0), ]P’fcym,x > 0) with index
v and drift a, whose extended infinitesimal generator is given by:

1 d? w+1 I, d
+<i+a +1 (ax)) (7.98)

2dx? 2x I, dx’

(This is the expression (7.8) in [89], where we replaced o by (2v+ 1) and v/2¢
by a). We recall that, for integer dimensions d = 2(v + 1), these processes may be

— —

obtained by taking | B, + 7 -t|, where ( B,) is a d-dimensional Brownian motion,
starting from 0, and a = \r_n)\, for some 7 € R¥.

Here is a first generalization of our Theorem 7.1 (recovered by letting a — 0).

1
Theorem 7.4. For v > —5 and a > 0, the process ((Rt,t >0), (Pi”’w,x > 0)) ad-

mits an increasing pseudo-inverse.
Sketch of the proof of Theorem 7.4 (It is very similar to that of Theorem 7.1).
d
We need to show that, for y > x, E]P’SCV"’) (R, >y) > 0. From Fokker-Planck formula
(7.34), we get:

J

9 v p :_li 2v+1 Ly1(ay)
ath (Rl —y) zayp<t7xay)+

a
2y L, (ay)

)p(nx,y) (7.99)

where p(t,x,y), the density with respect to the Lebesgue measure of R, under IP)(CV’”),

equals, from ([89], p-117-1 18):

azt
L(ay)e” 2

e x2+y2 Xy

p(t,x,y) =

Hence:
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J L Lfay) 'y xli(%)}
B t7 ) = t? 9 -+ .
ayp( x,y) =p(t,x,y) [y a

L(ay) t t1,(%)

Then, we deduce from:

LE _ha@) v
1,(z) 1,(z) z’
and from (7.99) that:
IRV R >y) b oa b)) v\ Yy x (La(F) v
p(t,x,y) 2y 2\ L(ay) ay 2t 2\ L(%)  xy
2v+1 Ly (ay)
+a
2y Iu(ay)
alypi(ay) 1 Lyt XT})
_a L 0 LG 7.101
2 Ly 2P TRL(E) T (7.101

since y > x and 1,41 (z) < I,,(z), from Lemma 7.1.

7.4.2 Squares of Generalized Ornstein-Uhlenbeck Processes, also
Called CIR Processes in Mathematical Finance

Let ((Ri,t > 0), QP x > 0)) denote the square of a generalized Ornstein-
Uhlenbeck process, with infinitesimal generator:

d? d
2xE + (2Bx+2(v+ 1))5. (7.102)

For d = 2(v + 1) an integer, this process may be constructed as the square of the
Euclidean norm of the d-dimensional Ornstein-Uhlenbeck, with parameter § > 0,
that is the solution of:

t
Xl‘ :x0+Bt+B/O Xsds

where (B;,7 > 0) denotes a d-dimensional Brownian motion. See, e.g., Pitman-Yor
[66] for results about this family of diffusions.

1
Theorem 7.5. For v > % and B > 0, the process ((R,,t >0); ((@iy’ﬁ),x > 0))

admits an increasing pseudo-inverse.

0
Sketch of the proof of Theorem 7.5. We need to show that 5 ,(Cy’ﬁ ) (Rr>y)>0
for every y > x. From the Fokker-Planck formula (7.34), we get:

9 (v, J
QP R Zy) = 2 pexy) + By +2)p(0y) (1109
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where p(t,x,y), the density with respect to the Lebesgue measure of R, under Q)(C”’ﬁ ),
is given by (see [66]):

By e\ By
P =5 g (3) ow {ﬁ (“ Vi thst))}’ (i)

(7.104)
Hence:
d
5p(,xy) v e B l x B L[ By
p(t,x,y) 2y 2 sinh(Br) y sinh(f1) 1, (sinh(ﬁt)) - (7103
Thus, from (7.105) and (7.103):
2QV P (R, > y) e P B L[ By®
Jt — v X L
i) =B By~ G v ()
and, using again the relation:
Ily Il/+1
E(Z)f I, (z)+-,
we have:
A 2QU PR > y)
T pltxy)
e Bt B vt [ Byxy v sinh(ft)
=2 B~ sV (1 (o) )
_ Bye _ B T Iyt ﬁ\/ﬁ
= 2Py +sinh([3t) sinh (B0 VT, (smh(Bt)>'
By/xy : By

and usingy >x =z < we have:

~ sinh(B1)’

Denoting 7 := —
si

nh(Bt)’

A, > 2z sinh(Bt) +z\/§ “Br _ VIH (z) (sincey>x)
v

>z (eﬂt Pty e VIH (z))

v

=B =0

Iyt
I,

as B > 0 implies ef! > 1> (z), from Lemma 7.1.
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Remark 7.5.
a) When d is an integer, the previous computation may be obtained in a simpler

manner, using the fact that R; is the square of the norm of a d-dimensional Gaussian
2Bt
ePl —1

2B
b) We also deduce, from the comparison theorem for SDE’s, that, for v/ > v and

B = B:

variable with mean xoexp(f¢), and (common) variance

QPR =0 zQ"PR =y (2

hence, with obvious notation, for x <y, and# > 0:

Py P <0 > PP <o)

which states that the r.v.’s. Yx(fC’ﬁ ) are stochastically decreasing in the parameters v

and f3. These variables ng’ﬁ) are different from those discussed in Section 7.5.

7.4.3 A Third Example
Let us consider the process:
x :/tdsex 2 - —
: p2((Bi —Bs)+v(t—s)), (t20)
0

Here, (B;,t > 0) denotes a 1-dimensional Brownian motion, starting from 0. The

process (X,(V),t > 0) is easily shown to be Markov, since, thanks to Itd’s formula,
we obtain:
ax” = 2w+ 1)x" +1)dt +2x"dB,.

Theorem 7.6. For v+ 1 > 0, the submartingale (Xt(u),t > 0) admits an increasing
pseudo-inverse.

Proof. Using time reversal (from ¢), we get, for any fixed r > 0:
1
x") <12V)At('/) = / duexp (2(By+vu)).
0

Now, the process (A;V),t > 0) is increasing, and, if we denote by (Ty('/) ,y > 0) its
inverse, we obtain:

P >y)=P@AY >y =P <1t)  (y>0)

We note that, here, we may define the pseudo-inverse process (Yy(y) ,y > 0) of the
process (X,(V),t > 0) as a “time” process, precisely the process (T)(V), y>0).
O
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7.5 The More General Family (Yx(f;’a);x <y,v>0,00€[0,1])

¥)

1
In Section 7.2, we introduced the r.v.’s (nyy X< yv > —§> and studied their

properties in Section 7.3. We shall now introduce further positive r.v.’s
(Yx(,l;,’a);x <yv>0,0€]0, 1}) which extend the family (Yx(l;)) corresponding to
a = 1, and we shall describe some of their properties. Let us insist again that these

variables have nothing to do with those introduced in Remark 7.5 following Theo-
rem 7.5.

7.5.1 Some Useful Formulae

For ease of the reader, we recall some notation and formulae which we have already
used and which shall be useful to us below.

TxE)'f) - ar.v. whose law, under P\, is that of inf{t > O;R, =y},

L =17,
Gi'fy): ar.v. whose law, under IP’SCV), is that of sup{r > O;R; =y},

G =Gy,

Then:
[ 77LTY(U) _ (x\/_) .
E| |= (x) T ovoh) (x<y) (7.106)
E|e5"| = ! (v22)" (y>0) (7.107)

: : YT (v+1) 1,(yV24)
E [o-26% :zy(x) L(V2)K,(W2A)  (x<y) (7.108)

)]
E e *¢ = 5= lr( )(y\/ A)VK,(yWV21)  (0<y,v>0) (7.109)
] L(xV24)
E|e M | = X220 (320 K, (yV2A). 7.110
| ] (X\/ﬁ)u (y ) +l(y ) ( )
From these formulae, we deduced, in Theorem 7.3:
E(V)+Y)£})(12V>G§V+l) (7.111)
v) (law v v
W0 y®) <y <) (7.112)

On the other hand, it is obvious that:

(v) (law)

2

1Y+ 6 (x<y<2). (7.113)
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7.5.2 Definition of (Gﬁ”*"’”),y >0,v,0 >0)and
(L),y > 0,0,6 > 0)

From Ismail-Kelker [33], or Pitman-Yor ([65], p-336, formula (9.b. 1)) , there exists,

for every y > 0,1, > 0, a positive r.v. G\” 7" such that:

v+0,v 0
E [elG( " )] _T+6) 20 K(v2h (7.114)

| T(v) (W2R)® Kyyo(yV2h)

Likewise from [33], or [65], p.336, formula (9.a.1), there exists, for every y > 0,

v,0 >0, a positive r.v. Ty<V+9’V) such that:

v WV 6
E [elTy( +o )} _ r'v+6+1) 2 I o(yV2A) (7.115)

Tv+1) (W21)° I,(yW24)

From the relations (7.107) and (7.115) on one hand, and relations (7.109) and
(7.114) on the other hand, we immediately deduce the following Proposition which
completes the results of Pitman-Yor [65].

Proposition 7.4.

1
i) Foreveryy>0,v > 5 and 6 > 0:

Ty<”+9) +Ty(u+e,u) (law) y('/). (7.116)

ii) Foreveryy>0,v>0and 8 > 0:

G§v+9) +G~(u+e,u) (law) Gﬁ”)‘ (7.117)

Of course, it is desirable to give a “more probabilistic” proof of (7.116) and (7.117).
Here is such a proof for relation (7.116).

Another proof of (7.116)
To simplify, we take y = 1. Let (RSV) ,t>0) and (Rt(e_”,t >0) two Bessel processes
starting from 0, independent, with respective indexes v and 0 — 1 (i.e. with dimen-

sion resp. 2 + 2 and 26). Let (Rt(w-e) = \/(R,(V))2 + (Rt(e_n)z,t > O>. (Rt(l/+9),

t > 0) is a Bessel process with index v + 0, i.e. with dimension 2v +26 + 2, started

at 0. Let 7" .= inf{r > 0;R""® = 1}. It is clear that 7" < 7*) (with

TI(V) :=inf{r > O;Rt('/) = 1}) and that R(lezw) < 1. Thus:
1
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1) =179 finf {u > 0;R" (M —1}. (7.118)

On the other hand, it follows from the intertwining properties of the Bessel semi-
groups (see [14] or [18]) that:

IE(()”e) {f(R§y>)’%§u+e)} - [f (r /ﬁy+l,9>:| (7.119)

where on the right-hand side of (7.119) r = V+9) and B, ¢ is a beta variable

with parameters v + 1 and 6. We then deduce from (7.119) (which is valid for the
(%,(V+9)) stopping time T = TI(V+9>) that:

v law
R0 "= \JBsro (7.120)

and that TI(VJre) and (R(Tl:)u .9 »u>0) are independent. It then follows from (7.118)
1 +u
that:
(v) v+0) 0—1 a7
Ele 0| =g [e0"" / 7)151 e Mvet| dx. (7.121)
B(r+1,0)

Taking (7.106) into account, we shall have proven (7.116) once we establish:

/ <L>V1V(M)dx_29r(u+e+1) 1 Iyo(V21)
BV—HG Vx) L2 T+l (V2a)P L(V2h)

(7.122)
Now (7.122) is easily established, by using the series expansion:
. v+2k
()

Iz) :];)F(kﬁL D (k+v+1)

(see (B.1))

then integrating term by term on the left hand side of (7.122) and using the formula:

b) (a,b>0).

1
a g _ (
/ox '(1—=x)""'dx = B(a,b) = T{atb)

Concerning (7.117) a proof close to the preceding one seems harder since G<1V+9)

is not a stopping time. Nonetheless, it may be possible to use the enlarged filtra-
tion (%(He),t > 0), i.e. the smallest filtration which contains the natural filtra-
tion (%,(Wre),t > 0) of (R,(V+e),t > 0) and which makes G(1V+9) a (%(V+6),t >
0) stopping time. Explicit computations in this new filtration are made possible
from the knowledge of the Azéma supermartingale (IP’(G(IV+6) > t|%f”+9)),t >0)
= ((R,(U+9))_2(” AL > 0). But the enlargement formulae allowing to express
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(v+6

the process (R; >,t > 0) in this new filtration lead to complicated formulae which
do not seem to provide us with the desired explicit result.

7.5.3 Existence and Properties of (Yx(f;’a);x <yv>0,aclo, 1])
Here is now the main result of this Section 7.5, i.e. the existence and the properties
of the r.v.’s (Y<V’ Jix<y,v>0,a €0, 1]).

Theorem 7.7.
i) For every v > 0,x <y and o € [0,1], there exists a positive r.v. ng,a) such that:

v,o I-a 14 v X

Moreover:
ii)The r.v.’s Yx(g’a) interpolate between Yx(g) and G)(Cf’y>, ie.:

yl ) Wyl o) 0 G, (7.124)

i)y @yl glrtize) (7.125)
and, for (1 -)tT <o < 1:

y o) (@N)Y(uw 1)

e o) L plntmo), (7.126)
. v v, law v law v v4o—
W) Tx( )+Yx(,y'a)(—)G§ +0¢)(_)T( +a— l)_|_Yx(’y+a 1). (7.127)
v) G =Gl pylhe), (7.128)
In particular, for x =0, we recover (7.117):

G§ )(la_W) G;VHX’O‘) 4 G)(}l/+06)' (7.129)
vi) Y G0 M)yt | o) (<1a__w) Y)é;,a)) _ (7.130)

Observe that, from (7.125) and (7.129), the r.v.’s Yx(_;’a) are stochastically decreasing
in .
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Proof.
i) We show (7.123)
We have:

e 2T D LOVRA)
E{ h }‘ Forva) uay M KotV

( (xr>( ﬁ)”*‘mwm)

(/2R)"
2L D) e Koraly/2)
( Fotey OV KVH(wm)

(v) (v+1,1-a)
=E {e”w } E [ekGY ' } (from (7.110) and (7.1 14)).
This proves (7.123) and (7.125).

i) We now show (7.126)
We have:

v I—ap(y, .
. [ewy q -2 F(Si;)l) I(l;( \/\2/—?”) (YW2A)'FOK, 0 (yV2A)

y 2170 (v +1) L(xV22)
T(v+a)(xvV2A)' =% 1, 6 1 (xv21)

(v+a—1) (v,1-a)
—E {eAYXO’Jr ] E [e”x } (from (7.110) and (7.115))

This shows (7.126).

iit) The relation 7}( v) +Y( ) () §vy+a) follows immediately from (7.107), (7.123)

and (7.109). The relation Gﬁ”*a) (law) el Y)C(§+a Y follows from (7.111) (or
from the preceding relation where we replace v by v+ o — 1 and we observe, as is

v I v
obvious, that ¥, ™%~ 1)(3))/(&*0‘ 11))

iv) We now show (7.128)
We deduce, from (7.113), (7.129) and (7.127):

T )+G)(cy) (liv>G§ v) (law) G)(}u+oc,ot)+G)(}u+a)

(law) G§u+a,a)+Tx(u)+Yx<5,a)_



7.6 Notes and Comments 201
Hence:

G glrrea) y ylo),
We might also have proven this last relation by using (7.108), (7.114) and (7.123).
v) The relation (7.124) obviously holds.

vi) Finally, relation (7.130) follows from (7.126) and (7.125). Indeed, from (7.126)
and (7.125):

Yx(f;,oc) (lgv) Yx(g"!‘a—l) +]}(V.1—OC)
1)y L GEHI0 oy (1-0)t <a< ).

7.6 Notes and Comments

The notion of a pseudo-inverse for a process, and in fact the notion of its existence,
appears naturally in [49] for the construction of a probability y on [0, 1] x [0, +oo[
(cf. Chapter 6). Most of this Chapter 7 is taken up from B. Roynette and M. Yor
[75]. The results found in this Chapter hinge upon:

e formula (7.19) relative to the Bessel bridges, a formula obtained in [94] and [65].
e formula (7.24) which is due to F. Hirsch and S. Song ([30])

The Markov process studied in Subsection 7.4.1 whose infinitesimal generator is
given by (7.98) has been introduced by S. Watanabe ([89]). The formulae in Theo-
rem 7.7 extend, in some sense, those obtained by J. Pitman and M. Yor ([65], Th.
4.3, p.312).



Chapter 8
Existence of Pseudo-Inverses for Diffusions

Abstract In this chapter, we continue the study of pseudo-inverses, extending the
previous results of Chapter 7 to the general framework of linear diffusions. We shall
focus here on increasing pseudo-inverses, and we shall deal with two cases:

— first, a diffusion taking values in R, and solution of a particular SDE,
— and then, a general diffusion on R™ starting from 0.

More precisely, we shall prove that, to a positive diffusion X starting from O,
we can associate another diffusion X such that the tail probabilities of X are the
distribution functions of the last passage times of X.

8.1 Introduction

We consider a regular linear diffusion X taking values in R or R™. We denote by
P, and E,, respectively, the probability measure and the expectation associated with
X when started from x. The notion of pseudo-inverse being defined in Chapter 7,
Definition 7.1 and 7.2, let us start by making the following remark: if only Point (ii)
of Definition 7.1 is satisfied, then, since ¢ — Py(X; > y) is bounded by 1, for every
y > x the limit:
}LI?OPX(X‘ >y)=:Z(x,y)

exists. Therefore, there exists a family of positive random variables (¥y,y > x) such

that:
1

Z(x,y)
In this case, we call the family of positive r.v.’s (Yy,,y > x) the increasing quasi
pseudo-inverse of the process (X;,t > 0).

Pu(X; > y) =P(Yyy <1). (8.1)

We now give the plan and the main results of this chapter:
1) We first consider, in Section 8.2, the case of a diffusion on R which is solution of
the stochastic differential equation:

C. Profeta et al., Option Prices as Probabilities, Springer Finance, 203
DOI 10.1007/978-3-642-10395-7_8, © Springer-Verlag Berlin Heidelberg 2010
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t
X :x+ﬂ[+/ c(Xy)ds
0

We show that if ¢ is a € positive function which is decreasing and convex, then
X admits an increasing quasi pseudo-inverse (see Theorem 8.1). The existence of
an increasing pseudo-inverse requires an additional assumption on ¢, which can be
given for instance using Feller’s criterion.

2) In the remaining part of the Chapter, we shall focus on diffusions taking val-

ues in R*. We introduce, in Section 8.3, a family of diffusions (X (0‘>> 0 defined
a>

as the solutions of the SDEs:

0e2C (@
=B Xy )d
t+/ ( l+ocfoezc dy)( )ds

where C(x) := [ c(y)dy with ¢ :]0,+eo[— R* a ¢! function such that ¢(0) = +oo
and C(0) = —oo. We prove that there exists a transient diffusion X independent from
o such that:

(@) (y (@) _ 1 5 (A
Fo X2 = 1 madias

where Ey :=sup{t > 0; X, = y}. Therefore, we obtain that:

i) ifa>0,X (@) admits an increasing quasi pseudo-inverse,
i) ifoa=0, X:=X (9) admits an increasing pseudo-inverse, and the following equal-
ity in law holds:

@ . v
X = gxs.

This is Theorem 8.2.

3) Then, in Section 8.4, we extend the previous results of Section 8.3 to the gen-
eral case of a diffusion X taking values on R™ and started from 0. Denoting by m
the speed measure of X, we show the existence of a transient process X such that:

Py (X, > y) = (1—%)@0(@9).

In particular, we prove in Theorem 8.3, that in our framework, a diffusion admits an
increasing pseudo-inverse if and only if it is transient, or null recurrent.

4) Finally, in Section 8.5, we derive new relations between the diffusions X and
X (see Proposition 8.6). We then introduce 3 new processes (see diagram (8.92))
which are linked to X via the notion of pseudo-inverse. One of them, X , is obtained
by time-reversing X. Finally, we prove some Zolotarev-like identities, (also known
as Kendall’s identities, [13], see Proposition 8.8) and some new results between the
laws of these processes (see Proposition 8.10).
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8.2 Pseudo-Inverse for a Brownian Motion with a Convex,
Decreasing, Positive Drift

In this section, we establish the existence of pseudo-inverses in the set-up of R-
valued diffusions (X;,t > 0;P,,x € R) which solve:

t
X; :x+ﬁ,+/o c(Xy)ds (8.2)

where (f;,7 > 0) denotes a one-dimensional Brownian motion starting from 0.

Theorem 8.1. Let ¢ : R — RT a €2 function which is decreasing and convex. Then:

i) equation (8.2) admits a unique solution, which is strong;
ii) for everyy > x, the functiont — Py(X, > ) increases and is continuous;
iii) if, for every y > x:
Po(X, >y) — 1, (8.3)

[—00

then, the process (X;,t > 0;Py,x € R) admits an increasing pseudo-inverse. In
other terms, for every y > x, there exists a positive r.v. Y, , such that, for every
t >0, (7.4) is satisfied:

Pi(X; >y) =P(Yyy <1) (t>0).
Remark 8.1. Of course, it is desirable to give some conditions which ensure the
validity of condition (8.3). For example, if ¢(x) > )—’z, for x > A for some A > 0 and
k > 1/2, the relation (8.3) is satisfied, since:

C(y) = /Ayc(x)dxz/Ayl)—idxzklog(y/A).

Thus:
2%

/e—ZC(}')dyS/ ([_‘) dy < oo,
A A y

and P, (X, — +e0) = 1 from Feller’s criterion, (see [40], p.345), which implies
P.(X; > ) — 1 for every y > x.

Proof.
1) Existence and uniqueness of a strong solution of equation (8.2) is classical. It
follows from the fact that c is locally Lipschitz, and from the absence of explosion
since:

exc(x) <0 ifx<0,

e c is bounded on R*.

2) We introduce some notation:
e p(t,x,y) denotes the density with respect to the Lebesgue measure of the
r.v. X; under P,.
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1 (=) . .
e 2 denotes the heat semi-group density,

o h(t,x,y) = o

e for any Borel function g : R — R, we denote:
t
B =B, Jexp [ s(Xasl¥ =,

d
e if y:RT xRxR — R is a function of ¢,x and y, we write a—y (resp.
a

0
a—Z ) for the derivative of y with respect to the second variable x (resp. with respect

to the third variable y). This will be useful for instance as we shall encounter the
quantities:

0 d
%P(f,)’ax) = %p(taayb)lu:y,b:x

e we denote by C the primitive of ¢, such that C(0) =

c) = [ ctr)ay

3) A first Lemma

Lemma 8.1.

i) The functiont — (X, > y) is increasing for every y > x if and only if
% (t,x,y) <0 for every x > y.

ii) There is a general Hirsch-Song formula, which extends formula (7.24):

9 9 .
—pltxy) = =5 (ptxyES). (8.4)

Proof.
a) We note that, for y > x:

d a [
EJP’X(XI >y)= E/y p(t,x,2)dz

= /w gp(t,x,z)dz

2
f/ B 8ab2p (t,x,2) — 881)( (z)p(t,x,z))| dz (from Fokker-Planck)

=—3 abp(t x,y) +c(y)p(t,x,y). (8.5)

On the other hand, since m(dz) = 2¢2¢dz is the speed measure of the diffusion
(Xi,t > 0), it is classical (see [12]) that, for every x,y:

XM p(t,x,y) =XV p(t,y,x). (8.6)
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We shall now use (8.6) in order to establish another expression for the relation (8.5).
Differentiating (8.6) with respect to y, we get:

d N 0
™0 p(r,x,y) = 2¢(y)e*Vp(t,y,x) + V) —p(t,y.x). (8.7
db da
We then plug back (8.7) in (8.5) and we obtain, for every x,y:
0 1 20(y)— _ d
“ >y) = = ¥)—2C(x) 2C(y)—2C(x) Z_
alPX(Xt _y) 2 2C(y)e p(t7yvx)+e aap(tmyax)
+e(y)e? V2 p(e,y,x)
_ L act)—2ci 9
=—5¢ aal)(h%%)- (8.8)

This proves Point (i) of Lemma 8.1, after exchanging the roles of x and y.

b) We now prove the general Hirsch-Song formula, i.e. Point (i) of Lemma 8.1
For any generic regular function f, with compact support, we have, on one hand:

> d
X)) = [ Splex) )y 39)

whereas, on the other hand, with obvious notation:

SEL0)] = SR =E | () . .10
We deduce from (8.2) that:
X/ _1+/ Xx 8.11)
Integrating the linear equation (8.11), we obtain:
aa’f — exp ( /O ' c’(x_;f)ds) . 8.12)
Plugging (8.12) in (8.10), we obtain:
%Ex [F(X)] = E, {f’(X,)exp ( / ' c/(Xs)ds>]
= [ e ([ ¢xas) 1% =] rOiptextar
= —/ aab ( ESp(t,x y)) f(y)dy (8.13)

(after integrating by parts). The comparison of (8.9) and (8.13) implies Point (if) of
Lemma 8.1.
O
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4) Lemma 8.1 implies that the function r — P,(X; > y) is increasing for every y > x

d
if and only if 3 (p(t,x,y)E)g y>) > 0 for every x > y. To evaluate this quantity, our

approach now consists in expressing E)(c,y) p(t,x,y) with the help of the Brownian
motion 3.

Lemma 8.2. For every x,y and every g : R — R Borel, one has:

E®) p(t,x,y) = h(t,x,y)eC {exp/( —(c +¢? >([3S)ds|ﬁzy]7

where (Wy,x € R) denotes the family of Wiener measures. In particular, for g = ¢':

o . 1
ES plt,x,y) = h(1,x,y)e0) 0w, {expz /0 (C'—cz)(ﬁv)dsmr—y}

Proof. For any Borel, positive function f, Girsanov’s theorem yields:

B e [ stxoas) |
=i riBoess ( [/ s(Boas+ [ c(poap.—; [ @(Boas)|. w14

Actually, a little care is needed in the application of Girsanov’s Theorem here, since
¢ is not bounded. However, from Mc Kean’s extension (see [55]) involving the ex-
plosion time, and since the explosion time in this set-up is infinite a.s., formula
(8.14) holds. From It&’s formula:

! 1 !
0+ /0 (BB + 5 /0 ¢ (B)ds, (8.15)
we deduce, by plugging (8.15) in (8.14):

B[ rxex 'g<xs>ds)]
—W, { (ﬁ,)exp< +/ (g—— —I—c)) (ﬁs)dsﬂ. (8.16)

However, (8.16) may now be written, after conditioning by X; =y and §, =y

/w E, [exp (/Otg(Xs)dS) X, =y} FO)p(t,x,y)dy

_ / [exp / ( (' 4+ )(ﬁs)ds‘ﬁtzy] e“UI=CW £(y)h(t,x,y)dy.
(8.17)

Letting f vary in (8.17), Point (if) of Lemma 8.2 has been proven.
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5) We are now able to end the proof of Point (i) in Theorem 8.1
From Lemmas 8.1 and 8.2, it suffices to see that, for x > y:

% (E)Efy/’ p(f,x’y))

d , 1
= (ec(y)c(x)h(t,x,y)wx [expi /0 (c' —c*)(By)ds|B; :yD (8.18)

~ 1 !
is positive. Now, denoting E,, = Wy [expi / (¢ —c2)([3s)ds‘ B = y], we have
0
from (8.18):

o (gl _ g 1 o 19z
ab (Ex,y p(tvxay)) - Ex.y p(tvxvy) C(y)+ h(t,x,y) abh(tvxay)+’E,v abEX,y

o x— 1 0
= E;E.,y)l’(fa)@y) (C()’) + bl + = %Ex,y> .

Hence,
9 (p(c E,
2 (E,Efy) p(t,xvy)) x—y  SpExy
@ ST
Ex&' p(tvx’y) EXV)’

Thus, since ¢(y) > 0 and Q > 0 for x >y, we will have proven the increase of

t — Py(X; > y) once we show:

2 Eey20. (8.19)

Xt

We now show (8.19). The Brownian bridge of length ¢, (B85, s < ), going from x
to y, satisfies:

V. S
BEY = x (=), + B

Hence:
S

0
—_ BX>t —_ —
abﬁs t’

and consequently,

S = (5[5 =20 Bas )expy, [[(¢ =) (Bs|p =] 20

since, by hypothesis: ¢’ > 0,¢’ <0 and ¢ > 0. This ends the proof of Theorem 8.1,
since Point (iii) is just an immediate consequence of the definition of a pseudo-
inverse. Note that, for the proof of Point (i) of this Theorem, we only needed the
relation:

" —2¢d > 0.
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Remark 8.2. The existence of an increasing (quasi) pseudo-inverse for the Bessel
process with index v > —% (i.e. Point (i) of Theorem 7.1) may be deduced from

Theorem 8.1. Indeed, define, for € > 0, the function &) R - R* by:

vl ifx>e,
C(e)(x): 2x

2v+1 21/—|—l< g) ifx<e

2¢ 2e2 r=E

Let (X,(g),t > 0) denote the solution of:
3
Xt(g) =x+p; +/0 c(e)(Xs(E))ds.

Then, the function ¢ — P, (X, x© >y) is increasing for y > x from Theorem 8.1, since
cl®) satisfies the hypotheses of that Theorem. It then remains to let € — O to obtain

that ¢ — P (R; >y) is an increasing function of z, for y > x.

Remark 8.3. Note that the density function fy, , of the random variable Y. is given
by: V

20020 9

fr, (1) = T 2%Z(xy) 9a (t,y,x)

— o (3 gpr Hebpeny))  (om©3)

where Z(x,y) is given by (8.1). Likewise, from (7.70), the Laplace transform of Yey

takes the form: Y
U)X,z dz,
Zog) J, 15

where u (x,z) = / e p(t,x,7)dt is the resolvent kernel of (X;, > 0).
0

(from (8.8))

B [o 0] =

8.3 Study of a Family of R"-Valued Diffusions

8.3.1 Definition of the Operator T
Let us introduce the following functional spaces:

H = { 10, +oo[— R, F of class " / Oy <oo}’ (8.20)

i {Fe%” / dy—oo}. 8.21)
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On 7, we define the non-linear operator T as follows:
e2F (x)

TFO) = artigy -

F'(x) (x>0, FeJst). (8.22)

This operator was first introduced by Matsumoto and Yor in [53] and [54] in a
discussion of extensions of Pitman’s theorem about the Bessel process of dimension
3. It was taken up by Roynette, Vallois and Yor in [73] to find a class of max-

diffusions (i.e. processes X such that the two-dimensional process (X;,SX,t > 0)

where SX := sup Xj, is Markov) which enjoy Pitman’s property (i.e. (25X —X;,t > 0)
s<t

is Markov). We gather here some of their results. Let F' € . We study the diffusion

(X, > 0) which is solution of:

J— t —
X, = x+B, +/ TF(Xy)ds  (t,x>0)
0
where B is a standard Brownian motion started at 0.

Proposition 8.1 ([73], Section 5).

i) The process (X;,t > 0) takes its values in R™, 0 being a not-exit boundary, and
X; goes to +o ast — oo,
ii) The random variable Jy = ir>1£)_( ; is finite.
>

(a) If F € 5, then, the density function of Jo under Py is

1

2F(y
— We D14 ). (8.23)

(b) I F does not belong to 7, then P,(Jo < a) = h(a)/h(x) for any a €]0,x[
where: 2F )
Setd
0 Y
== - <Xx).
h(a) [0y’ (0<a<x)

We now give some details about the non injectivity of the operator 7. Indeed, let
Uq(F) be the function:

Ua(F)(x) :== F(x) —log (l—i-a/xey:(”dy) (8.24)
0

where F € 7 and o € R is such that:

1
o>

P *W. (8.25)

Then, the following Proposition shows precisely how T is not one-to-one:

Proposition 8.2 ([73], Section 5).
Assume F € 7.



212 8 Existence of Pseudo-Inverses for Diffusions

i) Let o satisfy (8.25), then Uy (F) € F.
ii) Let G € . Then TG = TF if and only if G = 6 + Uy(F) for some constant
0 € R and o satisfying (8.25).

8.3.2 Study of the Family (X (a))azo

1) Definition.
Let ¢ :]0, 4-oo[— RT a ¢! function such that c(0) = +0. We denote:

ct) = [ et)ay

and assume that C(0) = —eo. Since ¢ is R*-valued, C € 7.
For o > 0, let us introduce the following family of diffusions:

2C (@)
B,+/< 1—|—aj0e2C dy)(x )ds. (8.26)

When o =0, we get:

t
Xl‘ = Bl‘ +/ C(Xy)ds. (827)
0
We define: _
@ () = o) O 8.28
c (‘x) * C(X) l_’_af(,)vezc dy? ( . )
and

€)= [ cs)ay

X 1
=C(x) —log <1 + 06/ ezc(y)dy) +log <1 + Ot/ ezc(y)dy) . (829
0 0

From Proposition 8.2, we have: TC = TC® where T is the operator defined by
(8.22). Therefore, the process X (@) which is solution of:

t
X% =x+B,+ / 7C® (X s, (8.30)
0

does not depend on o.. We will denote it by X from now on:

2C(X) B
X, —x+B,+/ ———— —¢(Xy) | ds. (8.31)
sze2C )dy

Its speed measure 77i(dx) and its scale function 5 are given by:
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1
2 JFeXCWdy’

X 2
i(dx) = ( / 2e2C(“>du) e 20 gy,
0

Remark 8.4. Let us note that, since c is positive, C is an increasing function, and 0
is always an entrance endpoint. Indeed, Vz > 0, (See Section 8.4):

/z e_zc(x) </x ezc(y)dy> dx < /Z e_zc(x)xezc(x)dx < 22 < oo, (8.33)
0 0 0

2) Intertwining relation.
Let (P%,1 > 0) be the semi-group associated to X (%), and H,, defined by:

S(x)=—
(8.32)

— 1 ! 2¢(%) (y)
Ho f(x) = W/O f)e dy. (8.34)

Proposition 8.3. The following intertwining relation:
HoP* = P,Hy (8.35)
holds.

Proof. 1t is sufficient to check the identity on the infinitesimal generators. Let f be
a %2 function on R, On the one hand, we have:

20 (x) 2C(®) (x)
(Haf),(x)__(e(—)>/ F(3)eC 00y + fxezcwf(x), (8.36)
Joe* ’ Y
and,
20l ZC(”‘ 2e4c(a)(x)
(Hef)" (x) = —( o) I f 2 mf(x)
fecaydy Jo e 0dy
2e4C< )(x) X (@)
+—3/ () Vay
( JiEe2C@0) dy) 0
26(0) ()e2C ¥ (%) 22C(¥ (x)
2000 T r+ 7). 837)

I e2C@)(y) dy I e2C@) (y) dy

Gathering (8.36) and (8.37), we obtain after simplifications:
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T o 1 " 2C( ) I
LHg f(x) = E(Haf) (x)+ <fe2€()du c(x) | (Haf) (x)
1 29k .
- Efgezc(a)(y) dyf (x)
! 2 ' 8.38
= 3 (Fd) (1+af6‘e20(y)dy)f (x). (8.38)
On the other hand:
o _ ;/X 1 1" (@) / 2C("‘)(y)
H(XL f(‘x) - fgeZC(a)(y)dy 0 2f (y)+C (y)f (y) € dy

X

1 x (0) (y 1 (o)
(@) / 2C'%)(y) 2 e2C % (y) gt
iy </ ) f (ve dy+ 3 [e f (y)]

fo e 0

/ f' ()2 C(a)(y)dy> (after integrating by parts)
c

1‘“‘2710' (x) (since 2O — )
2 [xe2 gy

e2C (x)

1
T 2 (JgeX0ldy) (1+ o f§ X 00dy

>f/(x). (8.39)

The comparison of (8.38) and (8.39) ends the proof of Proposition 8.3.

O
3) We now establish a link between X and X (%),
Proposition 8.4. We have:
B (X 22 = By >2). (8.40)
1+ a [§eX0)dy

Remark 8.5. Proposition 8.4 shows that X(®) can admit a pseudo-inverse only if
o = 0 since, for o0 > 0,

(@) (x(0) 5 ) < 1
th_{gp (X" >2) < 1+af()zezc(y)dy<1'

Proof. From Proposition 8.3, we have, taking oo = 0 in (8.35):
HP, =P,H.

Hence, from (8.35),
P*=H,'HPH 'H,.

Let us evaluate these operators. For f such that f(0)=0, we have:
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Hy F(x) = £(3) + e 20 f1(x) ( / ezcwdy) (1 vo ezc<y>dy> 7
0 0
H (0 = 1)+ 200 [ EVay).
0

Hy'Hf(x) = —a /0 C )Wy + (1 +a /0 ' ezcmdy) fx),

[
1+ [fe20dy ~ Jo (1 +af()ye20(z)dz)2

S C)
= —— = —dy.
/o 1+ a [§eX@dz Y

Therefore, we obtain:

RH 'Hof(x) = E, [ / : #@}

1+ o) eX@d;

H 'Hyf(x) =

and:

- X, / )
H;'HRH 'Hyf(x) = — / 200)g / O —
o T af () “h Tl 14afyeDdz

X X /
1 20 g ]Ex/ &d .
+< +"‘/o W) Tra e

Letting x tend toward 0 in (8.41), we obtain:

@ X ')
PEF(0) = Eo [ | e dzdy} (8.42)

du] dy (8.41)

We take f(x) = [y h(y)dy with h positive. (8.42) becomes:

P £ (0 / ( / h(z dz) )(2,0,y)dy (8.43)
=Fo Uo 1+a?§ye)202 zdy]

_ h(z)
/ (/0 1+ o [FeXCWdy d)p(t,O,y)dy- (8.44)

Applying Fubini in (8.43) and (8.44), we obtain:

/Omh(Z) </;p(°‘>(t70,y)dy> dZ—/Om%/ p(t.0,y)dy,

which ends the proof of Proposition 8.4.
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Remark 8.6. Let us introduce the (an>, (F,t > O)) martingale:

M *““U§2WWM L+ o f W (/(WU%XM
= ex u .
! e 2 [Fe2dy 1+ 0[5 e2Wdy P\ !

Then, Girsanov’s formula gives:

) _ (@) mla)
Px\,% =M;"- le_% .

This leads to the relation:

p(t,x,y)
pA(t,x,y)

e=2C0) [ e2C(u Y o2C(u
_ f Wy 1+O€f Wy E)(c )[ /0( ) (Xs dS|X
e 200 [Fedu ) \ 1+ a [5eXWdu

Therefore, plugging (8.45) in the general Hirsch-Song formula (8.4), one obtains in
this case:

(8.45)

e2C(x) 8p(0‘)
(o eXWadu) (1+ o fy 2Wadu) 9 (1,%,y)
_ _i e2C0)B(1,x,y) 846
oy \ (g e*Wdu) (1+ 0 g e2Wdu) |©

Introducing the differential operator:

2C(x)

- f),
(e du) (1+ a J3 XX du)

Do f(x) =

it follows easily from (8.46) that:
Do P* = P,Dy,.

We can also note that, as a transient diffusion whose endpoint O is entrance-
not-exit, X is not “too far” from a Bessel process of dimension 3. Indeed, let us
introduce m(dx) = 2e*“™)dx the speed measure of the diffusion (X;, > 0). We de-

fine the time change (Z, =y 4e4CX) ds 1 > 0) and (T,,,u > 0) its right-continuous
inverse. Then:

Proposition 8.5. (m[O,qu], u> O) is a Bessel process of dimension 3 starting from
ml0,x].
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Proof. Let us apply Ito formula to m[0, X;], using (8.31):

o t _ t e4C(YS)
m[0,X;] :m[O,x]+/ 2ezc<Xs>st+/ 22— ds.
0 0 foX 5 e2C0) dy

Denoting by 8 the Dambis, Dubins, Schwarz’s Brownian motion associated to the
local martingale (N, = fé 202X gB, 1 > O) , we obtain N; = Bgr and:

m[O,)_(t]:m[O,x]JrB;\tJr/ot m{({)A}S_{]

Finally, the time change t = 7, gives:

0.z, =m0, + B+ | ﬁ

and we recognize the SDE satisfied by the Bessel process of dimension 3 starting
from m|0, x]. This ends the proof of Proposition 8.5.
O

8.3.3 Existence of a Pseudo-Inverse when o« =0

We now state the main result of this subsection.

Theorem 8.2. Let a2 > 0 and X% the diffusion solution of (8.26). Then:

(o)

i) The functiont — Py (X,<a) >y) increases and equals:

1

S — 8.47
a0 (6=t ®47

where Gy := sup{t > 0;X, = y}.
1

ii) ,ILTOPE)OC)(X,(O‘) >y) = [EpyrrccEre
Jo

iii) Therefore:

1) if a =0, X admits an increasing pseudo-inverse (Yo ,,y > 0) and we have

the following equalities in law:
(@)X, "2 infX,,

s>t
b)Y, "G,

2) ifa>0, X admits an increasing quasi pseudo-inverse (Y()(f;),y >0).
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Proof.
We start by a useful Lemma

Let u(t,y) denote the density of ir>1fY s under Py. We have:
s>t

Lemma 8.3. 0.
) [ P(1,0,2)
u(t,y) =0 / et (8.48)

Proof. Using (8.23) (since C € ") and the Markov property for the diffusion X
we have:

Py (me > y) / Py <1an > y[X, = Z) p(2,0,2)dz

— . fY —
/ (520 s> y) p(,0,2)dz

fZ 2C(u
- / 7eX@da (t,O,z)dz (from (8.23))
0

_ [T gy 2w [T _P1,0,2)

y u foz e2C(a@)dq

Differentiating (8.49) with respect to y ends the proof of Lemma 8.3.

dz (by Fubini). (8.49)

We go back to the proof of Theorem 8.2
We start by showing Point (iii) item (a). We need to show that u(¢,y) = p(z,0,y).
We will prove that u satisfies the same parabolic equation as p, namely:

J
&p (£,0,y) = L"p(t,0,y) (8.50)

where

1
L'f=51"=(ef). 8.51)

d
1) On the one hand, let us calculate a—l; using (8.48):

au 20 °° aﬁ dZ
5100 =0 [ S000.0

= —2¢%0) / L'p(t,0,2)5(z)dz (8.52)
¥
from Fokker-Planck and (8.32). We integrate (8.52) by parts. 5 being a scale function

for the process X, we have for all z, Ls(z) = 0. Consequently, only the boundary
terms coming from the integration by parts are not null. We obtain:
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du
E(tvy)

!/
= —2e°V) /w (1”(f 0,2) = ((L@ —C(Z)> p(t,O,Z)) > 5(z)dz
) 2P JEeXay
_ ) (_1 P(1,0.y) ( V) _C(y)> p,0y) 1 ezc(y)p(t,O,y)>
) foy e2C(1) 4y foyezC(u>du _fg’e2c(u)du 2 ( foyezc(u)du)z

) (1 7(1,0.) p(t.0.y)  1EWp(t,0,y)
— eZC()) —C + = . 8.53
D) I e2C(u) gy ») i e2Cdy 2 (foy eZC(u)du)z (8.53)

2) On the other hand, we calculate L*u still using (8.48).We have:

du _ 2C(y) ﬁ(taoay)
a_y(tvy) =2c(yu(t,y) —e W’ (8.54)
and
%u p(t,0
T e) = 200u()+260) (2euiey) - FETE) s
_ZC(y)eZC(y) ﬁ(t70ay) _e2C(y) ﬁ,(taoay) e’ c0)p (t 0 y)
Jo e du Jo e Wdu  (fyex du)

Hence, gathering (8.54) and (8.55), we obtain:

AR p(1,0,y) | 1e*Vp(1,0,y)
. o2t (L PLYY) o4z Y
Lu(-t)(y) =e ( 2 J3 2w gy c(y) Jye2CWdu T 2 (fyezc du) '

(8.56)

Comparing (8.53) and (8.56), we see that:

U 0.3) = L'u0)0).

We must now check that the 2 functions (¢,y) — p(#,0,y) and (¢,y) — u(z,y) satisfy
the same initial conditions. First, it is clear that p(z,0, ) and u(z, -) are 2 density func-
tions on R satisfying: u(0,-) = p(0,0,-) = &. Then, for every t > 0, u(z,0) =0,
since X is a transient diffusion whose endpoint 0 is entrance-not-exit (and there-
fore 0 does not belong to the state space of X). The same is true for X: if 0 is
entrance-not-exit for the diffusion X, then for every ¢ > 0, p(z,0,0) = 0. Otherwise,
0 is reflecting. In this case, let us introduce ¢(¢,x,y) the transition density of X with
respect to its speed measure m(dy) = 2¢’°0dy. g is well-defined on [0, +-oo[? (see
[12], p.13) and we have p(t,x,y)dy = q(t,x,y)m(dy). Thus, for x =y = 0, we get
p(2,0,0) = ¢(1,0,0)2e>°?) = 0 since C(0) = —oo. Consequently, by uniqueness of
the solution of equation (8.50) (when proper initial conditions are given, see [43],
p-145), we obtain that:



220 8 Existence of Pseudo-Inverses for Diffusions
Vi >0,Vy>0, u(t,y)=p(t0,y). (8.57)
This ends the proof of (iii) item (a).

We now end the proof of Theorem 8.2
From Lemma 8.3, we have, with G, := sup{s > 0; X, = y}:

Po(X: >y) =Py (igf)_(s > y) =Py(Gy <1). (8.58)
s>t -

Plugging (8.58) in (8.40) gives (8.47) (i.e. Point (i)).
Point (ii) follows from the fact that X is transient from Proposition 8.1. Therefore,
if a = 0, X admits an increasing pseudo-inverse, and we have:

Py(Gy <t) =P(Yp, <t).

This ends the proof of Theorem 8.2.
O

Remark 8.7. If ¢ is a decreasing function, then, for all x > 0, TC(x) > c(x). Indeed,
we have:

e2C (x)
J¥e2C0lgy

= 20 _2¢e(x) /x eXVldy >0
0

T Q200
+/ gV zc(y)dy >0
, o W)

TC(x) = c(x) > c(x)

2C(y)
= X0 _¢(x ¢
AN

c

Therefore, applying the stochastic comparison theorem, if we realize the 2 processes
X and X on the same space (with respect to the same Brownian motion), then,

P (X, > X, forallr >0) = 1.
8.4 Existence of Pseudo-Inverses for a R™-Valued Diffusion
Started at 0

8.4.1 Notations

Our aim now is to extend the results proven previously for the family (X ()¢
to the general framework of a linear regular diffusion X taking values in R*. Let
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us denote by m its speed measure, and s its scale function. We assume that m is
absolutely continuous with respect to the Lebesgue measure:

m(dx) = p(x)dx,  (p>0)

and that s is a strictly increasing function. We also introduce ¢(¢,x,y) its transition
density with respect to the speed measure,

uy (x,y) :=/0 e Mq(t,x,y)dr

its resolvent kernel and 5
d
Li=——
dmds
its infinitesimal generator. Let us recall the following classification of boundaries,
for the left hand endpoint O (See [12], p.14):

i) 0is called exit if, for z > 0:
4
/ mla,z]s'(a)da < o, (8.59)
0

ii) O is called entrance if, for z > 0O:

Z
/0 (5(2) — s(a))m(da) < . (8.60)
Let us note that integrating (8.60) by parts gives an equivalent condition:
lirr(l)(s(a)m[O,a]) + /«vm[O,a]S'(a)da < oo, (8.61)
a— 0

In our study, we assume that the diffusion is started at 0. Therefore, inequality (8.60)
(or equivalently (8.61)) must be satisfied, and O is an entrance endpoint. Further-
more:

e If 0 is also an exit endpoint, it is called a non-singular boundary. A diffusion
reaches its non-singular boundaries with positive probability. In this case, it is nec-
essary, in order to describe the diffusion process, to add a boundary condition. Here,
since m is assumed to be absolutely continuous with respect to the Lebesgue mea-
sure, we have m({0}) = 0, and 0 will be a reflecting boundary.

e If 0 is not an exit endpoint (i.e. equation (8.59) is not satisfied), then, the dif-
fusion cannot reach it from an interior point of its state space. Therefore, since the
diffusion is assumed to be regular, 0 does not belong to the state space. But, as an
entrance endpoint, it is nevertheless possible to start the diffusion from O.

We also assume that 4 is a natural boundary (i.e. neither entrance, nor exit).
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8.4.2 Biane’s Transformation

1) Associating X to X

Definition 8.1. To the diffusion X, we now associate another diffusion, X, whose
speed measure (dx) = p(x)dx and scale function 5 are defined by:

p(x) = (m[0,x])*'(x),
1 1 (8.62)

Stx) = m[0,+eo[  m[0,x]

X is a transient diffusion, since s is increasing and:
5(0) = —eo and  5(4o0) =0.

We assume furthermore that liII(l) m[0,a]s(a) > —oo. From (8.61), this implies that
a—!

the function a — m[0, a|s'(a) is integrable at 0. Therefore, from (8.62), the endpoint
0 is entrance-not-exit for the diffusion X.

For example, if X is a Bessel process with index v, then X is a Bessel process
with index v + 1. This transformation was first introduced by Biane [9] in order
to generalize a celebrated identity from Ciesielski and Taylor ([17]), which was
originally obtained for Bessel processes.

Remark 8.8.
a) We must stress the fact that this transformation is not injective. For instance, as

for the operator T (see (8.22)), if X (@) is the solution of (8.26), then X (@) defined by
Biane’s transformation does not depend on . Indeed, from (8.26):

! X 2
(s<a)> (x) = <1+a / e2C<">du> e~ 200 (8.63)
0
and 220
m® (dx) = dx. (8.64)
X 20 2
(1+ o [y e du)

Integrating (8.64) gives:

e2C(y )

m@1[0,x] = 2/ : 5dy
0 (140 J5e*Wdu)

1 1 *
ol+o f§eXWdu 0

2 [y eXdy

= 8.65
1+ o [ eXCWdu (8:65)
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Therefore: . |
o) () .= & _ __
STW =g 0]  2/7eXWdy’

and

9 (x) == (m'®[0,x])? (s(a))’ () = (2 /Ox ezc(u)du) 2672C(x)'

We thus see that the characteristics of the diffusion X (@)
fact, X% — X where X is the diffusion defined by (8.31).

do not depend on «. In

b) More generally, if X is a linear diffusion with speed measure m(dx) = p(x)dx
and scale function s which we suppose to be strictly increasing, then, the 2 pro-

cesses s(X) and s(X) have the same law. This can easily be shown by computing the
2 infinitesimal generators.

2) We now study some links between X and X.
Let H be the functional:

11 = i [ Fomay) (8.66)

defined on the space of continuous functions with compact support in |0, +eo].
Lemma 8.4. The following intertwining relation:

HP, =P,H
holds.

Proof. It is sufficient to check the identity on the infinitesimal generators.
Let f be a € function with compact support in ]0, 4-eo[. On the one hand, we have:

HLFW) = oo [ LA m(ay)
1 *d d

= m 0 8—m$f(y)m(dy)

N m[é,x] /Ox p(ly) ai (58;) p(y)dy

m[0,x] \s'(x) ~ §(0)
_ S (since f has a compact support in |0, +oo[). (8.67)
m|0,x]s’(x)

p(x)

On the other hand, since from (8.62) 5’ (x) = W,
m[0,x

we have:
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- S (8.68)

The comparison of (8.67) and (8.68) ends the proof of Lemma 8.4.
O

Lemma 8.4 will allow us to deduce the following relation between the transition
densities of X and X:

Lemma 8.5.

|ty amian = [ g xymoslsoiay. 669

m[0,x] Jo

In particular, letting x tend to 0, we obtain:
4(1.0.2) = | g(0,0.5)m0.31s (v)dy. (870
z

Proof. We use the intertwining relation between the semi-groups of X and X. Let
f be a Borel function on |0, 4] with compact support. On the one hand, we have,

applying Fubini:
HP[(x) = — </f q(t,y,2) ())m(dy)

:/O f(z)< Ox/qty, > m(dz). 8.71)

On the other hand, using (8.62):

EHf(x)z/O < Oy/f > (t,x,y)m(dy)
- [0 ( I —,y]aa,x,y)n—z(dy))m(dz)
- [ ( [ ateem [o,y1s’<y>dy)m<dz>. (8.72)

The comparison of (8.71) and (8.72) ends the proof of Lemma 8.5.
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Remark 8.9. Lemma 8.4 and Lemma 8.5 have differential counterparts. Indeed, if

we define: |

- m|0,x]s’ (x)

Df(x) f(x),

on the space of ¢! functions, with derivative equal to 0 at 0, and which are bounded
as well as their derivative, we obtain, following the same pattern of proof as for
Lemma 8.4:

DP, =P,D. (8.73)

This easily implies the generalized Hirsch-Song formula:

b dp 9 Pltxy)
m[0,x]s'(x) dx (5:%.5) dy (m[O,y]s’(y))

where p (resp. p) is the transition density function of X (resp. X) with respect to the
Lebesgue measure. Furthermore, denoting by Z the Markov process:

X,
Z ::/ m[0,a)s' (a)da,
0

and (Q;,t > 0) its semi-group, we have:
DQt = @tD

where D denotes the differentiation operator: Df(x) = f’(x) defined on the space of
%" functions bounded as well as their first derivative.

8.4.3 Existence of Pseudo-Inverses

We now state our main result:

Theorem 8.3. Let X be a regular linear diffusion on R with speed measure
m(dx) = p(x)dx and scale function s. We assume that s is a strictly increasing €
function such that:

lim m[0,a]s(a) > —oo,

a—0
and that 0 is an entrance endpoint and +e a natural boundary.
Lety > 0. Then:

i) The function t — Po(X; > y) increases and satisfies:

m|0, -
Po(X; >y) = (1 - ﬁ) Py (Gy <1) (8.74)

where Gy := sup{s > 0; X, = y}.
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i m[0,y]
IimPy(X, >y)=1— ————.
ii) lim Po(X; > y) T
iii) Therefore:
1) If m[0,+oeo[= +oo, X admits an increasing pseudo-inverse (Yy,y > 0) and
we have the following equalities in law:

(a) X; (faw) 1an‘,
(law) —
(b) Yo, (faw) G,.
2) Ifm[0,+oo[< +oo, X admits an increasing quasi pseudo-inverse (Yp .,y > 0).

Then, in our framework, a diffusion admits an increasing pseudo-inverse if and only
if it is transient, or null recurrent.

Remark 8.10.
a) Observe that, unlike (X;,# > 0), the process (ir>1f)_( 5,1 > 0) is increasing, see Re-
s>t

mark 7.2 and [39].

b) It is clear that a positively recurrent diffusion cannot admit an increasing pseudo-
p(2)
m|0, +oo]

X, we have, for y > 0 (see [12], p.35):

inverse since, denoting 7(dz) := dz the stationary probability measure of

mly, oo

—— < 1.
m[0, +oof

f—o0

Po(X; > y) —>/ Ly m(dz) =

Remark 8.11. Let us study, using this theorem, the case of the diffusions X (@) which
are solutions of (8.26). From (8.63), we see that s(®) is strictly increasing and:

2fa 2C(u) 1 X 2
@0.as )] = 0 [ (1 [ ) ey
0

1+ o fgeXWdu Ja

1 2
<(l—a) <1 +Oc/ ezc(u)du> e~ 26(@)24e2C(0)
0

1 2
§2a(1—a)(1—|—a/ ezc(”)du) —0.
0

a—0

Thus Theorem 8.3 applies, and the application ¢ — IP’( >( (@) > y) increases. Fur-
thermore, since C € 7 (cf. (8.21)), we obtain, lettlng X tend to +oo in (8.65):

m<a) [07+°°[: %

Hence, from Point (ii) of Theorem 8.3,

(@) 5 (0) o [ fy2e*“du 1
lim P >y =1- _ .
fimPo (X 2y) =17 ( 1+ 0 f7eWdu | ~ 1+ a f]eXWdu
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This is Point (ii) of Theorem 8.2. Hence, Theorem 8.2 is a particular case of Theo-
rem 8.3.

Proof.
a) It is known from [35], p.149, that (¢,z) — ¢(z,0,z) solves the parabolic equation:

du

E(I’Z) = Lu(t,z).

Hence:

d [~ dq
5P =) = [ 51,0, 9m(az)

= /qu(t,O,z)m(dZ)

[~ d dq
= %X(I,O,Z)m(dz)

_ 9Jq
= fa(t,o,y). (8.75)

Now, (8.75) can be rewritten, thanks to (8.70):

0 1 9 al ,
EPO(X’ >y) = _mﬁ_y (/y q(1,0,2)m[0,7]s (z)dz)

_({_mloy 1
= (1 m[o’+w[> E(y)CI(t’O’y) (from (8.62)). (8.76)

Then, X being transient, from Theorem 2.4, ¢ — —ﬁq(t,o, y) is the density func-

tion of the last passage time of X at level y, starting from O:

S 1
Po(Gy € dr) = —@ﬁ(t,(),y)dt. 8.77)

Thus, integrating (8.76) with respect to ¢ yields Point (i) of Theorem 8.3.

b) Point (ii) is immediate since X is transient, and finally, items (a) and (b) fol-
low easily from (8.74) and the identity:

Po (inf X, 2 ) =Fo (G, <) =Fo (6 > ).
§2

This ends the proof of Theorem 8.3.
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8.4.4 A Second Proof of Theorem 8.3

We now give another proof of Theorem 8.3, by showing that the Laplace transforms
of both sides of (8.74) coincide. Let X be the process associated to X by Biane’s
transformation. From (8.77) we have for A > 0:

™ —léy _ ~ —Z,tc_]([aoﬂy) o ﬁl(ovy)
Eﬁe ]7 Ae o= (8.78)

Let us remark that y — 7, (0,y) is the unique (up to a multiplicative constant) eigen-
2

function of the operator L= , associated to the eigenvalue A, which is de-

dmas
creasing and satisfies 7, (0, +o<) = 0 (see [12], p. 18). Let ¢ be the function defined
by:
1 nco
A :zl—/ uy (0,x)m(dx).

00:1) 1= 2 [T 0.miay
We show that y — ¢(y,A) satisfies the same conditions as y — 1 (0,y). First, it is
clear that ¢ (-, 4) is a decreasing function such that ¢ (4o, 1) = 0. Furthermore, we
have:

_ 02
Lo(y,A) = %‘P(yﬂ)

_, 9 (m[0y])? L) [ p(y)
s o e | O0mia) G 0.)

i f (= [T 0omtan) - ol 0.9))
- m <u1 0.9)p() )z 0.3) m[o,y@ym(o,y))
A

P)
= s ) ay ) (8.79)
2

But, since y — u (0,y) is an eigenfunction of the operator L = associated to
s

the eigenvalue A, we have: Jmd
92
muk (0,y) = Auy (0,y). (8.80)
Integrating (8.80) gives:
1 0

1 4 =
mg—yuz(oﬁw)—ma—yul(ow Zlé u (0,x)p (x)dx. (8.81)

But the endpoint 4 is assumed to be natural, and therefore, from ([12], p.19):



8.4 Existence of Pseudo-Inverses for a R™-Valued Diffusion Started at 0 229

1 0 8u;L

Then, plugging (8.81) into (8.79), we obtain:
To(yA) = A </11/mu (© x)m(dx)) —20(y,1)
y, m[o)y} y A, b y, )

which means that ¢ is an eigenfunction of L associated to the eigenvalue A. There-
fore, there is a constant y > 0 such that:

w.(0.9) =7t [, 0.x)m(d) (8.82)
y

m[0,y]

Plugging (8.82) into (8.78) we finally get:

— Y- ;yz/ oo
50O ) 0] J, 2(0,x)m(dx)
- m[Oy] / ( / e Mq(1,0 x)dt> p(x)dx  (from (8.62))
- [O oo
- W / “MPy(X, > y)dt (applying Fubini)
1- m|[0,+oo]
Y > (9
- W/O e EPO(Xt >y) |dt
- m[0,+oo]
after an integration by parts. Therefore, from the injectivity of the Laplace trans-
3
form, we deduce that ¢t — % T Po(X; > y) is the density function of a
1—
m[0, 4o

random variable Y , (having the same law as Gv under Py) which satisfies:

- ' Y d
P(Y(),ygl‘) IP)()(G ) /0 W (aSPO(X >y)) ds

14 ]IED()(X, >y).

a m[0.y =
1= e

Then, letting y tend to O in this last identity, we obtain:
Po(Go <1t) = yPo(X; >0) =7y (X being a R -valued diffusion).  (8.83)

But, since X is transient:

HDO(EO < t) —_— 17

- t—o0
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and, from (8.83), y = 1. The fact that @0(50 < t) does not depend on ¢ is not a
sur_prise since 0 is an entrance-not-exit endpoint for the diffusion X, and thus Gy =
0 Pp-a.s. This ends the second proof of Theorem 8.3.

O

Exercise 8.1 (Existence of pseudo-inverses for nearest neighbor random walk
on 7).
Let (X,,n > 0) denote the nearest neighbor random walk on Z, started from 0, and
defined by:

Xo=0, X, =Y1+...+Y,

where the 1.v.’s (Y;);en are i.i.d. and such that P(Y; = 1) =pand P(Y; = —1) =¢
with p4+g=1.
1) Let k € N*. Prove that, for all n > 0:

P(Xop 12 > 2k) = P(Xa, > 2k) + p°P(Xp, = 2k —2) — ¢°P(Xp, = 2k). (1)

Let @i (n) := P(Xa, > 2k). It follows from (1) that, for k > 1 fixed, @(n) is an

increasing function of n if and only if
PPP(Xy, > 2k —2) > ¢*P(Xa, > 2K).
2) Prove that, for all n > k:
P (X, = 2k) = Cy* p" g,

Deduce then that the function n — @ (n) (defined on N) is increasing if and only if
p > q. Check that ¢ (0) = 0 and ¢ (n) —— 1 if and only if p > g.
n—oo

3) Prove that, for p > ¢, there exists a family of r.v.’s (Yp;,k > 1) taking values in
{2k,2k+2,...} such that:

P(YZk < Zn) = P(in > Zk), (I’l S N)

Consequently, the family (Y, k > 1) is the increasing pseudo-inverse of the random
walk (Xo,,n > 0).

Give an expression of P(Ya; = 2n) (n > k) and compute the expectation of Y in
terms of the potential kernel of the random walk (X;,,n > 0).

Exercise 8.2 (Existence of pseudo-inverses for a birth-death process).
Let (X,,,n > 0) denote the Markov chain started from 0, whose transition matrix is
given by:

mno,1)=1
k42
(k,k—1) k (k>1).

T 2k+2
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1) Let k£ > 1. Prove that, for all n € N:

P(Xz,hq > Zk) = ]P)(in > Zk) —|—]P)(X2n =2k— Z)bk — P(in = 2k)ak

where: 1
=P(Xonio =2k —2|Xon =2k) = —————,

k+1
b, =P(X =2kl X5, =2k—2) = —————.

k ( 2n+2 ‘ 2n ) 2(4]{ — 2)

Let @(n) := P(Xp, > 2k). Then, the function n — @(n), for k > 1 fixed, is an
increasing function of » if and only if

P(Xon = 2k — 2) by > P(Xon = 2K)ay.

2) It is shown in [50, F], p.266, that:
2 . 2n : .
P(Xop = 2k) = ;(2k+1)/ (cos(6))"sin() sin((2k + 1)0)d6.
Jo

Prove, using the previous formula, that:

(2k+1)%C, (k<n)

P(X,, =2k) =4 <
(X ) B(2n+l;2k+l+1’2n+152k7]+1)

where C,, is a constant which depends only on n, and B(s,t) = fol w1 —u)~'du.

([27, F], p.375, formula 3.633:

an )
2 - .
20 p(p+1)B (55 + 1,55 + 1)

/0”/2(008(6))1)1 sin(aB)sin(0)d6 =

3) Deduce from the previous questions that ¢(n) is an increasing function of n
for n > k. The chain (X,,n > 0) being transient (cf. [50, F], p.268), show that:
lim @ (n) = 1. Consequently, the chain (X5,,n > 0) admits an increasing pseudo-

n—oo

inverse (Yax,k > 1) which satisfies:
P(in 2 2k) = P(sz § Zn)

4) Express the expectation of Y, in terms of the potential kernel of the chain
(Xy,n > 0). (cf. [50, F] p.268 and the followings).

Comments and References: These exercises rely mainly on the lectures by B. Roynette
at the Ecole d’été de St Flour in summer 1977 [50, F].
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Exercise 8.2 may be generalized by replacing the chain (X,,n > 0) by the chain
“associated to the ultraspherical polynomials”, see [26, F].
For Table of integral computations, see [27, F].

8.5 Some Consequences of the Existence of Pseudo-Inverses

8.5.1 Another Relation Between the Processes X and X Started
from 0

Proposition 8.6. Let t > 0 and U a uniform r.v. on [0,1] independent from X,.
Then, under the hypotheses of Theorem 8.3, the law of the r.v. m[0,X;| under Py is
the same as the law of m[0,X,)U under Py:

m[0,%,] "2 m[0,X,)U.

We provide two proofs.

1) An analytic proof of Proposition 8.6.
We write for every positive Borel function f:

Eo /(0. X)) = [ £(m{0.5])q(r.0.5)p(r)dy
= /Omf(m[O,y]) (/qu(t,O,Z)m[o,z}sl(z)dz> p (y)dy (from (8.70))

o | . . )
- /0 (m%) f(’"[o’y])P(y)dy> q(t,0,2)p(2)dz
(applying Fubini and (8.62))

- /0 B (ﬁ | /0 o f(u)du) 3(1,0,2)p(2)dz

(with the change of variable u = m|0,y])

1 m[0,X;]
m[0,X;] /0 f(u)du]

=Eo [f(m[0,X,]U)] (after the change of variable u = m[0,X,]v).

:EO

This ends the proof of Proposition 8.6.
O

2) A more probabilistic proof of Proposition 8.6 under the assumption

m[0, +eo[= oo,

1 - 1 —
Since 5(x) = ———— is a scale function for X, the process <_,s < Tg>)
) m|0, x| m[0,X ;]
() .

where Ty’ := inf{s > 0; X,;s = 0}, is a positive continuous (.F,,s > 0)-local
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martingale. But, 0 being entrance-not-exit for X, we have Tg) = 4o Py—a.s., and X

1

being transient, (W , 8> 0> is in fact a positive continuous local martingale
mV, Atis

which converges towards 0. We apply Doob’s maximal identity (Lemma 2.1):

1 1
sup —— 2 (8.84)
s>t m[0,X] m[0,X,|U

Then, since x — m[0, x] is increasing, applying Point (iii) of Theorem 8.3, we obtain:

1 (zﬂv)su 1 _ 1 _ 1 (law)
m0XJU o m[0,X,]  infm[0,X,] " m0infX)]  m0.X]
§2

s>t

(8.85)

8.5.2 A Time Reversal Relationship

Assume that X is a diffusion satisfying the hypotheses of Theorem 8.3. Then the

process X := ()_(5).7[,

Exercise 4.18, p.322):

t< Ey) is a diffusion started at y with semi-group (see [70],

Bf(x) = %F (f9) ().

Using (8.62), its speed measure 71i(dx) = p(x)dx and scale function s(x) are given
by:
1 m[0,x]m[0, 4o

) =" T w0, e[ m0]

P =) = (1 ﬂx][)zs’(x).

m[0, 4o

(8.86)

As a result, the law of Ey under Py is the same as the law of fo for the process X.
This leads to a new formulation of identity (8.74):

Proposition 8.7. Let X be a diffusion satisfying the hypotheses of Theorem 8.3, and
X defined by (8.86). Then:

Py (X, > y) = (1—%) P, (fogt). (8.87)

IAn fact, (see [79], Section 2.2), the diffusion X can also be obtained by conditioning
X not to hit 0, and we have:

— _ é\(t’xvy) f’O(t) _ 1 B 1 i
w050) = 355 = By = (o ) o0 O
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where fyo is the density function of the first hitting time of O of X under ]f"y:
Py (To € dt) = fyo(t)dt.

Therefore, plugging (8.88) in (8.70), we get:

Proposition 8.8.

alr.0.9) = [ Falt (1 - %) V().

Let us note that (8.86) reduces significantly when m|[0, +-eo[= 4. Indeed, we obtain
in this case:

{ﬂx) = m[0,]
p(x)=5'(x)

and differentiating formula (8.87) with respect to y and ¢ gives:

Proposition 8.9 (Zolotarev-like identity, or Kendall’s identity, [13]).

d d -~
75(1070;)7)’)()}) = aiyf}()(t)

Remark 8.12.
a) Proposition 8.9 can also be proven using Krein’s spectral representations of
q(t,0,y) and fy0(t), see [78] and [42].

b) If X is a diffusion such that m[0,+eo[= 4o and s(x) = m[0,x], then, X is a
ngll recurrent diffusion, and, with our notations, the 2 processes (X, < Tp) and
(X:,t < Tp) started from y have the same law. Proposition 8.8 implies then:

1 0
Py (To € dt) = —mg—Z(t,O,y)dt.

Note that this formula is very similar to (8.77) for transient diffusions:

S 1
Po(Gy € dt) = —mﬁ(ﬁo,)’)dﬁ

Example 8.1. If X 1As a Brownian motion reflected at 0, then X is a Bessel process of
dimension 3, and X is a Brownian motion killed at 0. From (8.87), we thus get the

well-known formula:
Wo(X: > y) =Wy (To <1).
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8.5.3 Back to the Family (X (a))azo

All the results of Section 8.4 apply to the family (X (@) 40 defined by (8.26). In
particular, we can define the diffusion (X;,7 < Tp) on R™ as the solution of:

t

X; :y—l—Bt—/O c(Xs)ds.

We note that: .
s(x) = 2/ e*CWdy,
0

l’)\(x) — e—ZC(x).

Note that, since X does not depend on ¢, neither does X. Let us also introduce the
max-diffusion:

1
7, =B+ /0 c(28% ~7,)du  where S%:=supZ. (8.89)

t<u

Then it is known from ([73], Theorem 5.4) that the process (282 — Z,,t > 0) is
distributed as (X;,# > 0) under IPy. Hence, since 257 — Z, > S;, we have:

—
Gy(gv) T‘Z where TyZ =inf{r > 0,7 >y},

and formula (8.74) can be rewritten as follows:

Po(X: >y) = <1nm>Pg(TyZ§t)'

Note that we can also construct, in the general case, the process (Z;,t < T)Z ) from
(X:,t < G,) by the relation:

7, =2JX-X,  where JX := 6i£f>tYS. (8.90)
y >8>

Now, introduce the process:

7, =20 X, where IX := infX,. (8.91)

Like Z, Zisa priori not Markov, but, since Z < )?t, we have Gg = YA"O Py-a.s.

Proposition 8.10. The following time reversal relationship holds:

(ZTyz,,,z < Tyz) (1) (Z t < Gg)
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Proof.

(ZTyz,,,t < TZ) (faw) (2JX ~Xg, ot géy) (from (8.90))

(faw) (2 inf X‘.YGN,thO

Gy>5s>Gy—t
(law) L= — _
= <2lan6)-s _Xav*f’ t < Gy)

i ~ o~ ~
(faw) 2ians—X,,t<To>

s<t
(law) (= 7
@ ( 1< GO) (from (8.91)).
O
The links between these 5 processes can be summed up in the following diagrams:

Biane —

X

and,

(Zt7 ' < 7;2) Time Reversal (/Z\t, t< Gg) (8.92)

20X X || 28%-2 2 %

Time Reversal

(%, 1<G) (%, 1<)

where, in this commutative diagram, V,i = supZ. (See relations (8.89), (8.90) and
s>t
(8.91), for the definition of S, J and /.) In particular, we have:

Py (Gy <) =B, (Ty<t) =P (GF <) =Pf (17 <1).

Example 8.2. If X is a Bessel process of index v > —1, v # 0, then:

» X is a Bessel process of index v + 1 started at 0.

+ X isaBessel process of index — (v + 1) started aty and killed when it first hits 0
if —(v+1) > —1.Inthe case —(v+1) < —1, X can be obtained as the root of a
“square” Bessel process of negative dimension, see ([70], Exercise 1.33, p. 453).

Exercise 8.3. (Around Zolotarev’s formula)
Let (X;,t > 0) be a R -valued diffusion satisfying the hypotheses of this section.
We assume furthermore that (X;,r > 0) satisfies a scaling property, namely, there
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exist o, B € R* such that

v >0ve>0,x 2 cox, .

1) Prove that, V¢ > 0,Vy > 0:

c%q(1,0,y)p(y) = ¢ (C%,O, 1) p (l) :

c* c%

2) Apply Proposition 8.7 to deduce that:

0, = (=
(1 —%) BtPy (Toedt) dy = ayPy (X, € dy)dt. (1)

3) Let (R,(V),t > 0) be a Bessel process of index v €] — 1,0[. Using (1), prove that:

5 y 1 y2 -V y2
IP’£, ) (TO( )edt) = (=) (Z) exp <_Z dt

and recover Getoor’s result: under IP’E”,

where y_, is a gamma r.v. of parameter —v.
4) Similarly, prove that, if (Y,(V>,t > 0) is a square Bessel process of index v €

] —1,0], then:
0 (20 e g = 21y
Qy (7}) € dt) = (=) exp ( 2t> dt.

8.6 Notes and Comments

This Chapter is, essentially, taken from [68]. Proposition 8.1 is due to B. Roynette,
P. Vallois and M. Yor ([73]) where it has been established in order to extend in a
non-Markovian framework the celebrated Theorem of J. Pitman expressing 25 — X
with X a Brownian motion, and S its supremum, as a Bessel process of dimension 3.
The transformation of Definition 8.1 has been introduced by P. Biane to generalize
to arbitrary diffusions the famous result of Ciesielski-Taylor ([17]) obtained in the
set-up of Bessel processes (see for instance [52], Chapter 4, for a description and
extensions of this result). Formulae such as these of Remark 8.9 (intertwining with
the first derivative operator) may be found in Hirsch-Yor [31]. Zolotarev’s formula
— of which Proposition 8.9 is a slightly different version — is classical for Lévy
processes without positive jumps (see [13] where the term Kendall’s identity is also
used).
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A.1 Study of the Call Associated to a Strict Local Martingale
(see Yen-Yor [93])

A.1.1 Introduction

Let (M;,t > 0) be a “true” positive, continuous martingale converging towards 0
when t — 0. We showed in Chapter 2, Theorem 2.2 that for all .%;-measurable and
bounded r.v. F;, and all K > 0:

B~ =B [l .| b
where g,gM) :=sup{r > 0; M, = K} and PM) is the probability defined by:
Py =M, P|5,. (A2)

In particular, taking F; = 1 in (A.1), we see that t — E[(M; — K)™] is an increas-
ing function. What happens if (M;,r > 0) is not a martingale, but only a local
martingale ? As an example, we examine the case of the strict local martingale
(Mt = Ril,t > O), where (R,,t > 0) is a Bessel process of dimension 3 starting at 1.
(The study for a Bessel process of dimension 3 starting at r > 0 can be reduced to
this case by scaling.) We shall see that in this set-up Theorem 2.2 is no longer true; in
particular, the function # — E[(M, — K)*] is not increasing (not even monotonous).
We refer the reader to S. Pal and P. Protter ([62]) and to Ju-Yi Yen and M. Yor ([93])
from which the following results are taken.

A.1.2 Main Results

We denote by (X;,t > 0) the canonical process on & (R*,R); W, is the Wiener
measure such that W,(Xo = x) = | and IP’(II/ %) the law of the Bessel process of di-

C. Profeta et al., Option Prices as Probabilities, Springer Finance, 239
DOI 10.1007/978-3-642-10395-7, © Springer-Verlag Berlin Heidelberg 2010
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mension 3 (i.e. index v = 1/2) starting at 1. We define:
i [\
. CK([) ':]El <ZK> ],
o 4 :=sup{r>0; X; =1},
o Ti:=inf{t > 0; X, =k}, with k= £,
(these two r.v.’s g1 and T, being considered under IP’}/ 2),
e T the size-biased sampling of T, i.e., for every Borel function f,

E[£(T0)] =3B} [£(To)T).

Theorem A.1 (Yen-Yor, [93]).

i) The function (3K>Cx(t),t > 0) is a probability density on R*.
ii) It is the density function of the r.v. Ag, with:

(law)

Ak = (% —-T)+TU (A3)

where in (A.3), U is uniform on [0, 1], and 4, 7~"k and U are independent.
iii) The Laplace transform of Ak is given by:

—we] Z 73k (e Har = 2 v [(Smh(VIA)
E[e K}i/o 3KCk(t)e Mdt = 1 e ™ 1.

iv) There are the asymptotic formulae at oo:

1 1

Cx(t) ~ ———= K >0), A4
K( )t—>°°3m[(2t3/2 ( ) ( )
2
Co(t) ~ \/— K=0). AS
o0, \ = (K =0) A5)
v) There are the equivalents at 0:
Ck(t) — (1-K)"  (K#1), (A.6)

t—0

Ci(r) ~ 4 /i (K =1). (A7)

It is then clear from (iv) and (v), and from the first statement (i) of the Theorem,
that Ck (t) is not an increasing function in t.

This Theorem relies mainly on Theorem 2.1, on the well-known Doob h-process
relationship between Brownian motion and the Bessel process of dimension 3:

1/2
P2~ () W,
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and on the classical time reversal result by D. Williams, namely: the law of
(X7y—1,t < Tp) under Wy is the same as that of (X;,7 < %) under ]P’f)l/z).

A.1.3 An Extension

Theorem A.1 may be extended to the case of the local martingale <Mt = R% > O)
where (R, > 0) is a Bessel process of index v, i.e. dimension 0 = 2v + 2, with
2 < & < 4. We now state this result, see [93]:

Theorem A.2 (Yen-Yor, [93]).

+
Let, for K > 0, CI((V) (t):= E(IV) {(R% - K) } where Egu) denotes the expectation
t

relative to the Bessel process of index v started from 1. Then:

i) The function (2(v+ 1)K%C§(l’> (t),t > 0) is a probability density on R™.
ii) It is the density function of the r.v. AI(:), with:

AP g Ty + T (A$)

where k= —\—, and Ty is the sized-biased sampling of Ty, with %, and T}, defined

Ko-2

with respect to ]P’E)V).

iti) The Laplace transform of AI((V) is given by:

AW v v . \/_ \/— v
E[eké)}zﬂ,(ywﬁ) (VI Ey. ( m))

2 rv\ 2

where I,, and K,, denote the usual modified Bessel functions with parameter v.
iv) There are the asymptotic formulae at oo:

(v)

)y o % o) 1

W~ Sr (K20 witho = CIITORT (A.9)

)y 1 1 e Al
Co (I)HooZVF(ule)tV (K=0). (A.10)

v) There are the equivalents at 0:

) — (1=K (K#1), (A1)
() ~ oy |2 (K=1) (A.12)

1 t—0 T ' ’
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A.2 Measuring the “Non-Stopping Timeness’ of Ends of
Previsible Sets (see Yen-Yor, [92])

A.2.1 About Ends of Previsible Sets

In this section, we take up the framework of Chapter 3. We are interested in random
times L defined on a filtered probability space (Q,.%, (% )i>0,P) as ends of (.%)-
previsible sets I, that is:

L=sup{r>0; Jt,+o[CT}. (A.13)

We suppose that assumptions (A) and (C) of Subsection 3.1.2 hold, namely:

©) All (%;)-martingales are continuous.
(A) For any stopping time 7, P(L=T) =0.

We also define the Azéma supermartingale:
(ZfL) =P(L>t%),t > O)

which, under (CA), admits a continuous version.

We have seen in Chapters 1 and 2 that the Black-Scholes type formulae are
deeply linked with certain last passage times. For example, if (M;, > 0) is a positive
continuous martingale converging a.s. towards 0 when ¢ — oo, then:

E[(K—M)"] = KP (y,g’”) < z) (A.14)
E[(M, —K)*] =P™) (g,gm < t) (A.15)

with g,gM) :=sup{t > 0; M; € [K,+oo[}. In the present section, we would like to
measure “how much L differs from a (.%;,r > 0) stopping time”. For that purpose,
we shall first give some criterions to measure the NST (=Non-Stopping Timeness)
of L, and then make explicit computations on some examples.

A.2.2 Some Criterions to Measure the NST

A.2.2.1 A Fundamental Function: m (t)
Let (my(r),t > 0) be the function defined by:
my(t) ::E[(l{LZ,}fP(thL%))Z] (A.16)

If L were a (.%,)-stopping time, then the process 7> would be identically equal
to Zt(L> =P (L > t|.%#) and my, would equal 0. Thus the function (m (), > 0) tells
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us about the NST of L. Note furthermore that:

my(t) = E [Z,(L)(l - z}”)} . (A.17)

A.2.2.2 Some Other Criterions
Instead of considering the “full function” (my(¢),t > 0), we may consider only:

my := supmy,(t) (A.18)

t>0

as a global measurement of the NST of L.
Here are also two other (a priori natural) measurements of the NST of L:

mi* —E [sup (z,(“ (1- z}“)ﬂ (A.19)
>0
and
) [z‘T” (1 _ z(ﬁﬂ (A.20)
T>0

where T runs over all (.%;)-stopping times. However, we cannot expect to learn very
much from m;* and my, since it is easily shown that:

mi*=1/4=my. (A.21)

Proof of (A.21)

i) The fact that m}* = 1/4 follows immediately from sup (x(1—x)) =1/4 and the
x€[0,1]

fact that, a.s., the range of the process (Z,(L),t > 0) is [0, 1] since ZéL> =1, zH —o
and (Z,(L),t > 0) is continuous.

ii) Let us consider T, = inf{t > 0; Z,(L) =a}, for 0 <a < 1. Then,

Z,(L)(l fZ,m)\,:Ta =a(l —a); hence,

sup E[Zi(1-2")| = sup (a(1-a)) =1/4.
a€lo,1] ¢ ¢ a€l0,1]

A.2.2.3 A Distance from Stopping Times

As a natural criterion, one could think of the distance:

v = inf E[|L—T]]
7>0

where T runs over all (.%;,7 > 0) stopping times. However, this quantity may be
infinite as L may have infinite expectation. A more adequate distance may be given
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by:

L-T
vp:= inf E # .
>0 |14 |L—T]|

Note that this distance was precisely computed by du Toit-Peskir-Shiryaev in the ex-
ample they consider [86]. Other criterions are proposed and discussed in [92], from
which this section is taken. We shall now focus on m;, and compute this function in
a few examples.

A.2.3 Computations of Several Examples of Functions m(t)

A.2.3.1 A General Formula
We shall compute (m,(¢),¢ > 0) in the case where:
L=% :=sup{t>0; M; =K} (K<1)

with (M, > 0) € .#4>°, My = 1. From (2.6),

P <i)=(1-5)
thus:
a3 ()
and,
m(t) =E[Z(1-2Z)] = %E [M (K —M;)"]. (A.22)

We now particularize this formula when M, := & = exp (B; —1/2) with (B;,t >
0) a standard Brownian motion and % := sup{r > 0; & = K} (K < 1). From for-
mula (A.22), we deduce:

g, (1) :%E (6K —&)']

IE(K (B+t)>+ from the C Martin formul
12 exp ( B 2 (from the Cameron-Martin formula)

:KL KIP(exp (B,+ %) < K) _E {1{exp(3t+,/2)<,<}exp (B, + %)”

2
t 3t
= 'P (B, +5< l) —ele 2P (B, +35 < 1) (with K = ¢e)

=P <B1 < _3\7/2 4 \lﬁ) (e—l —e’e‘”)

—I—e[IP’(—&—i—\/_ By <—g+%).
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For a comparative study of the graphs of (mg, (¢),t > 0) when K varies, we refer the
reader to [92], from which this Section A.2 is taken.

A.2.3.2 The Case L = %7, = sup{t < T;; B; =0}

We apply Theorem 2.1 to the positive martingale (M; := a — Biaz,,t > 0), with
%(M> :=sup{t > 0; M, = a}. This gives:

_B + B+
P4 <1.7) = <1 _ LS ’AT“) = T
a a

Hence:
+

B
7, =P(%y, > 1|.7) :IP’(%,(M Zt\y,) =1k,

Thus, we obtain:

B}, B}, 1
Mgy, (1)=E l%ﬂ <1 — %Ta>‘| = ;E [1{Z<Ta}1{Br>0}Bt(a*Bt)]

1
- EE [14s,<a} 1 {B,>0}Bi(a — B:)]

1 a
= ;]E {1{51<\%}1{B|>0}IBI (\ﬁ Bl)}

1
- ;‘P(X)a

a
where x = —, and:

Vi
@(x) =E [115, <1 1yp,50)B1 (x—B1)] .
It remains to compute the function ¢. We note that:
@(x) =K [Bf (x—B1)"] —E[l{5,-0B] (x—B1)"].
Recall the useful formula:
P (S| > x|B; = a) =exp(—2x(x—a)), (x>a>0)

(see Chapter 1 (1.50), or Chapter 5, (5.14)). Then, we find:

2

1 " = 5 (2x—y
00 = = ot (e7 ety

2,2

3 1 XTuw .’(2
= %/ u(l—u) <e 2 —62<2”)2du> .
mJo
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1 2.2 2
% = L%/O u(l—u) <e_' 2 67(2_”)2> du.
(See [92] for a study and the graph of this function.)

Thus:

A.3 Some Connexions with Dupire’s Formula

A.3.1 Dupire’s Formula (see [20, F])
Let (M;,t > 0) be the solution of the SDE:
!
M, =x+ / o(s,M,)dB (A.23)
0

where (Bg,s > 0) is a Brownian motion started at 0. Let, for every K and ¢:
N(t,K):=E[(K—M)*]. (A24)

Under some regularity and slow growth conditions on the function IT and its deriva-
tives, B. Dupire shows that the knowledge of IT makes it possible to determine G.
More precisely, the following formulae hold:

1 2% or

2 _
EO- (l,K)W(t,K>— o1 (I,K) (A.25)
i.e.
2901 k) 2
o(t,K) = 9f> . (A.26)
<§2713<r,1<>

A.3.2 Extension of Dupire’s Formula to a General Martingale in
M*

Let (M;,t > 0) denote a positive, continuous martingale converging towards 0 when
t — oo and such that M is a.s. constant. We assume that the hypotheses of Subsection
2.4.1 are satisfied:

*  (m(x),x > 0) denotes the density of the r.v. M;,
o d<M>[ = Gtzdt and Gt(x) =E [G[2|MI :x],

the functions m and 8 being continuous in both variables. Let us define:

O(t,K):=E[(K—M;)"] and C(t,K):=E[(M—-K)"]. (A2
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Theorem A.3. The following quantities are equal.:

. or 1 0211

l) W(t7K):Eet(K)W(taK):ngK(t) (A28)
.. ac 1 0*C
i) 5 (K) = 2 0,(K) 5.5 (1.K) = K fig, (1) (A29)

where fg, denotes the density function of the rv. 9x = sup{t > 0; M; = K}.
Proof. We first prove (A.28)

We have: X
(1K) =E [(K —M,)*] = / P(M, < x)dx.
0
Thus:
9t
2 (1K) =mi(K). (A.30)
On the other hand, from Tanaka’s formula:
1
E[(K—M)t] = (K7M0)++§E[Lﬂ (A.31)
where (LX ¢ > 0) denotes the local time of (M;,t > 0) at level K. Thus:
oIl 10 1
W(t,K) = EEJE [LK] = 59’ (K)my(K) (from (2.44)). (A.32)

Comparing (A.30) and (A.32), we obtain the first part of (A.28).
The second part of this equality relies on Theorem 2.1, formula (2.7):

I1(t,K) = KP (% <1). (A.33)
aI .
Hence: W(I’K) = K fig, (t). This proves (A.28).
Then, (A.29) follows immediately from (A.28) since:

EM —K]=E[My—K|=E[(M,—K)*| —-E [(M, — K)~|

=C(t,K)—II(t,K), (A.34)
thus:
oc_om . pc_on
ot ot an 0K2  0K?’

Observe that the hypothesis: (M;,t > 0) is a true martingale is necessary to obtain
(A.34). Moreover, the analogue of formula (A.31) for the call:

E[M—K)"]=(My—K)" + %E [LK]

is only correct if (M;,7 > 0) is a true martingale. When it is a strict local martingale,
a correction term must be added on the right hand side of the preceding formula.
This is the content of the paper [39, F].

O
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A.3.3 A Formula Relative to Lévy Processes Without Positive
Jumps

We shall now use the formulae of Theorem A.3 to obtain an interesting formula
relative to Lévy processes without positive jumps.

Let (X;,7 > 0) be a Lévy process without positive jumps; then it admits exponen-
tial moments, and we have:

E {e“‘} =exp(ty(R)). (A.35)
Let (M;,t > 0) be the martingale defined by:
(M == exp (X, —1y(1)),1 > 0). (A.36)

We assume that M; —— 0 a.s., which is satisfied for instance if v (0)—y'(1) <.

This martingale having no positive jumps, we can apply the results of Chapter 2
and of Theorem A.3. We now slightly modify our notation, and assume that all the
functions (of two variables) that appear below are continuous. We denote:
o (mf(z,x),x > 0) the density of the r.v. M;,
* (I(t,x),t > 0) the density of g .= sup{t > 0; M; = x},
(i.e. I(t,x) = fy, (t) with the notation of the previous subsection),
e (f(t,x),x > 0) the density of X; —ry(1),
o ((t,x),t > 0) the density of Ty := inf{r > 0; X, —ty(1) > x}
=inf{t > 0; M; > '},
*  (y(t,x),t > 0) the density of G, :=sup{r > 0; X; —ty(1) > x}
=sup{r > 0; M, > e*}.

Theorem A.4. We have, for all t,x > 0:

af %y y 1 kg
E(I’x) = W(t,x) + g(t,x) =2 (’L’(t,x) +t§(t,x)> . (A.37)

Proof.
i) It follows from (A.30) and (A.33) that:

9211 92 !
W(I,x) =m(t,x) = B <x/0 l(u,x)du> ,

hence, on differentiating with respect to ¢:

om 9?
W(I’x) =52 (xd(2,x)). (A.38)

ii) Since %x(m = Giog(x)> We have:

1(t,x) = y(t,log(x)), (A.39)
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and, since M; = exp (X; —ty(1)):

L f(t.10g(x)). (A40)

m(t,x) = .

Furthermore, it follows from Zolotarev’s formula, since (X; —ty/(1),z > 0) is a Lévy
process without positive jumps (see [13], or [8] p.190) that:

17(t,x) = xf(t,x) (t>0,x>0). (A41)

Hence, from (A.38), (A.40) and (A.41):

am d (1 d t
) = 5 (Lr(etop) ) = 5 ok etloeto)
(92
=92 {xv(t,log(x)) } (A.42)
which reduces to:
t Jt _dy 2%y
@T(t,log(x)) + Tog(x) E(r,log(x)) = a(t,log(x)) + W(r,log(x)),
i.e., replacing log(x) by x:
ot %y dy
T(t,x)—&—tg(nx) :x(ﬁ(t,x)—i—g(t,x)) . (A.43)

This is the second part of (A.37).
iii) From (A.42), we have:

i%(nlog(x)) = % (‘;—I (r,1og(x)) +Y(t,log(x))>

X

1 /3% oy
(53 togt) + 5 10wt
which, after replacing log(x) by x, leads to:

2
g—{(r,x) = M(t,x)—l—a—y(t,x). (A.44)

ox? ox
This is the first part of (A.37).
O

Note that (A.37) gives a relationship between the densities of (¥; := X; —ry/(1),t >
0), T, =inf{r > 0; ¥; > x} and G, = sup{s > 0; ¥; > x}, and that this relationship no
longer makes use of II(¢,K) or C(t,K), although it was obtained (partially) thanks

to the formula I1(7,K) = E[(K —M,) "] = KP <%(<M) < t).
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(A.37) can also be seen, in some way, as a counterpart for Lévy processes of the
formulae (8.74) and (8.87) obtained in the framework of positive linear diffusions
starting from 0. Indeed, assuming (to simplify) that m[0,+eo[= +eo and denoting
/g, the density function of G, :=sup{t > 0; X, = x} under Py, we have proven in
Theorem 8.3 and Proposition 8.9 (with the notations of Section 8.5) that:

d d d -~
~£4(00.9p(0) = 5 f5, () = 5 Falt).

a formula which gives a relationship between the densities of (X;,# > 0) under Py,
(Gy,x > 0) under Py and Ty under P,.



Appendix B
Bessel Functions and Bessel Processes

B.1 Bessel Functions (see [46], p. 108-136)

Let I, denote the modified Bessel function defined by:

B o (2/2)u+2k
lu) T AT+ DI (k+v+1)

z€C\|=2,0], (B.1)

and K, the McDonald function defined, for v ¢ Z, by:

K,(z) = gl”s(fn)(—;g(z) 7€ C\|—,0], (B.2)

and for v =n € Z by:
K.(2) = iig}lKl,(z). (B.3)

v#n

These functions are analytic functions in z for z € C\| — e, 0[ and entire functions
in v. It is known that I, and K,, generate the set of solutions of the linear differential
equation:

1 2
W'+ —u — (1—|—V—2>u20,
X x

an equation which is often encountered in mathematical physics. They also appear
in many computations of probability laws. The derivatives of these functions are
seen to satisfy some simple recurrence relations:

d d

9z [2"Ky(2)] = —2"Kyp-1(2) % [Z77Ky(2)] = =2 "Ky+1(z)  (B.4)
a v v a —V —UV
3; E @] =" (2) o [2771L(2)] =2 “Is1(2) (B.5)
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Note moreover that, I_,, = I, for n € N (since the first n terms of the expansion

vanish if v = —n), K, = K_,, for v € R, and that these functions simplify when
v==+1/2
I ()—Hicosh() I ()—Hisinh() (B.6)
—1/2\2) = o <), 12(2) = o z .
and
T o
K_1)2(z) = Kija(2) = 2%° (B.7)

There exist also some useful integral representations for K, . For instance, for x > 0
and v € C:

K, (x) = / e *°h) cosh(vu)du (B.8)
0
or, after a change of variable,
1 oo
K(x) =~ (f)V/ et gy, (B.9)
2\2 0

Finally, looking at I,, and K,, as functions from R™ to R, it is seen that, for x > 0 and
v >0, I, is a positive increasing function while K, is a positive decreasing function.
We have the following equivalents when x — O:

v

X
IL(x) ~ ———— B.10
(x) x—0 ZVF(V + 1) ( )
2v-1r(v)
K ~ — B.11
V(X)XHO xv ( )
Ko(x) ~ 1 2 (B.12)
1104 0 0og X/’ .
and the asymptotic formulae when x — oo:
ex
I(x) ~ (B.13)
XYoo \/2TTX

n —X
Ky(x)x:w,/z—xe . (B.14)

Clearly, neither function has any strictly positive zeros.
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B.2 Squared Bessel Processes (see [70] Chapter XI, or [26])

B.2.1 Definition of Squared Bessel Processes

Definition B.1. For every 6 > 0 and x > 0, the unique (strong) solution of the equa-
tion .
Z,:x+2/ VZdBs + 6t, Z>0 (B.15)
0

where (B;,t > 0) is a standard Brownian motion, is called the squared Bessel process
of dimension & started at x, and is denoted BESQ? (x). The real v := g — 1l is called

the index of the process BESQ? (x).

For an integer dimension § € N, (Z;,# > 0) may be realized as the square of the
Euclidean norm of a &-dimensional Brownian motion. Note immediately that a
straightforward change of variable in equation (B.15) gives a scaling property of
BESQ, namely: if Z is a BESQ5(x), then, for every ¢ > 0, the process (C_IZC,,t >0)
is a BESQY (x/c).

Denoting by Qf the law of (Z;,# > 0), solution of (B.15) on the canonical space
¢ (RT,RT) (where (X;,z > 0) is taken as the coordinate process), there is the con-
volution property:

Q% QY =¥ (B.16)

X T eyt
which holds for all x,x',6,8" > 0 (see Shiga-Watanabe [84]); in other terms,
adding two independent BESQ processes yields another BESQ process, whose
starting point (resp. dimension) is the sum of the starting points (resp. dimen-
sions). It follows from (B.16) that for any positive measure (t(du) on R such that
[(1 4 u)u(du) < oo, then, if XM := [ X, u(du),

o [e"p (—%X‘“))] = (Aw)° (Bu)* (B.17)

with Ay = /@y (o) and By, := exp(®y,(0")) for @, the unique decreasing solution
of the Sturm-Liouville equation: @” = ®@u;®(0) = 1. (see [70], Appendix §8).
(B.17) may be considered as the (generalized) Laplace transform (with argument 1)
of the probability Q. Furthermore, for any fixed & and x, Q? is infinitely divisible,
and its Lévy Khintchine representation is given by:

s )| Zexp (- s )
Q7 {exp( 2X >}—exp< /K(RtRﬂMX(dw)(l e 2 )) (B.18)

where M% = xM + 8N for M and N two o-finite measures on €' (R*, R*) which are
described in details in Pitman-Yor [66], Revuz-Yor [70], ...
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B.2.2 BESQ as a Diffusion

From (B.15), it is seen that BESQ5 is a linear diffusion, whose infinitesimal gener-
ator I' equals on %2 (]0, +oo[) the operator:

9? d
(6) .9, 2 “
e 2x82+68 .

Its speed measure m(dx) is the measure whose density with respect to the Lebesgue
measure is given by:
v l v
;—V for v > 0, 3 forv =0, —;—V for v <0,
where v := 0 /2 — 1. Its scale function s is the function:

—x v forv >0, log(x) forv =0, x vV forv<O.
Furthermore, taking t(du) = A& (du) in (B.17), where & is the Dirac measure at 7,
we get the Laplace transform of the transition density function of BESQ 3,

8 [o—Axi] _ -4 M
Q3 {e }—(14-2/11‘) 2exp< 1+27Lt>'

By inverting this Laplace transform, it follows that, for 6 > 0, the semi-group of
BESQ? has a density in y equal to:

q?(ny):i(y)mexp(—m)u<@> (1> 0,xy>0), (B.19)

2 \x 2t t

where [, is the modified Bessel function with index v.

More generally, replacing 1 by Ay (for any scalar A > 0) in (B.17) yields the
Laplace transform of X (*), provided the function ®; u 18 known explicitly, which
is the case for instance when u(dt) = at*1y,<kydt + bek(dt), and in many other
cases. Consequently, several quantities associated to BESQ?, such as first hitting
times (see Kent [41]) or distributions of last passage times (see Pitman-Yor [65])
may be expressed explicitly in terms of Bessel functions (see Chapter 7, Section 7.2
of the present monograph).

B.2.3 Brownian Local Times and BESQ Processes

The Ray-Knight theorems for Brownian local times (L}; y € R,z > 0) express the
laws of (Ly,y € R) for some very particular stopping times in terms of certain Qf;
namely:
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e if T =T, is the first hitting time of level a of some Brownian motion, and
(L%,,z € R) its local times up to time 7, then: (Zy(a) =L,y > 0) satisfies

the SDE:
y
z =2 /0 VZ 94y, +2(y Aa) (B.20)

for some Brownian motion (7;,z > 0) indexed by “space”. In particular:

i) Conditionally on Loa, the processes (L7 *,0 < x <a) and (L7 *,x > a) are
independent,
ii) (L. *,0 <x <a) is distributed as BESQ?*(0),
iii) Conditionally on L. =1, (L;*,x > 0) is distributed as BESQ®(1).
e if T = 7; is the right-continuous inverse of the local time at 0: 7; := inf{r >
0;L, > I}, then, (L%,,y > 0) and (L;”,y > 0) are two independent BESQ(/).

B.3 Bessel Processes (see [70] Chapter XI, or [26])

B.3.1 Definition

Definition B.2. For § > 0, x > 0, the square root of BESQ? (x?) is called the Bessel
process of dimension & started at x, and is denoted BES?(x). As for BESQ?, we

call v := g — 1 the index of BES 5, and shall denote by IF’)(CW, the law of the Bessel
process of index v started at x.

The function x — +/x being a homeomorphism, BES % is still a linear diffusion tak-
ing positive values. Its generator is given by:

A®. 192 8-10 (10 wtld
T 202 2x Ox 202 2x Ox

on the set of €2(R™,R™) functions f such that ling)xz”“f’(x) = 0. As a result, its
xX—

scale function may be chosen equal to:

—x"2¥ forv >0, 2log(x) forv =0, x 2 forv <0,

and with this choice, its speed measure is given by the densities (with respect to the
Lebesgue measure):

x21/+1 x21/+1

for v >0, x forv=0, —
v v

for v < 0.

Moreover, for & > 0, a straightforward change of variable in relation (B.19) gives
the density of the semi-group of BES 9:
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1 v X2 +y? X
5 _ Lty B y y
py(x,y) = ; (x) yexp ( — >Il, (—l ) (t>0,x,y>0). (B.21)

Note also that for integer dimension 6 € N, BES % can be realized as the modulus
of a §-dimensional Brownian motion. Moreover, the scaling property of BESQ?
makes it possible to derive a similar scaling property for Bessel processes, namely:
if R is a BES (x), then, for every ¢ > 0, the process (cR,/2,t > 0) is a BES 3(cx).

B.3.2 An Implicit Representation in Terms of Geometric Brownian
Motions

J. Lamperti [45] showed a one-to-one correspondence between Lévy processes
(&, > 0) and semi-stable Markov processes (i.e. strong Markov processes on
(0,+0o0) which satisfy a scaling property) (X,,u > 0) via the (implicit) formula:

€Xp<€t> Efo dsexp(&y) (t > 0) (B.22)

In the particular case where (& := 2(B; 4 vt),t > 0), formula (B.22) becomes:
exp(2(B; 4+ vt)) </ dsexp(2(B; + VS))) (r>0) (B.23)

where (X,SV),M > 0) denotes a squared Bessel process with index v started at 1.
Taking the square root of both sides, (B.23) may be rewritten:

exp(B; + vt) (/ dsexp(2(Bs+ us))) (t>0) (B.24)

with (Rﬁ,y) ,u > 0) a Bessel process with index v started at 1. Note that more gener-
ally, thanks to the scaling property of Brownian motion, we have for every a € R:

exp(aB; +vt) = RWw/a*) (aZ /l dsexp(2(aBs +1/s))) (r>0). (B.25)
0

Absolute continuity relationships between the laws of different BES processes may
be derived from (B.24), combined with the Cameron-Martin relationships (1.5) be-
tween the laws of (B; +vt,t > 0) and (B,,t > 0). Precisely, one obtains, for v > 0:

v 2
v _ (Ru veo[tds\ o)
IP’X‘(% = (x> exp (2/0 R§> 'IPXL% (B.26)

where %, := 6{R;,s < u} is the natural filtration of R, and v = g — 1. The combi-
nation of (B.24) and (B.26) may be used to derive results about (B, +v¢,t > 0) from
results about the BES © (x) process (and vice-versa). In particular, the law of



B.3 Bessel Processes 257
w)._ [™
Ay ::/ dsexp (2(Bs+vs))
A 0

where T denotes an independent exponential time, was derived in ([98], Paper 2)
from this combination.

Other relations about Bessel processes, such as resolvent kernels, Bessel realiza-
tions of Hartman-Watson laws, or the Hirsch-Song formula are given in Chapter 7,
Section 7.2.
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