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Preface to the Series

The Niels Henrik Abel Memorial Fund was established by the Norwegian
government on January 1. 2002. The main objective is to honor the great Norwegian
mathematician Niels Henrik Abel by awarding an international prize for outstanding
scientific work in the field of mathematics. The prize shall contribute towards rais-
ing the status of mathematics in society and stimulate the interest for science among
school children and students. In keeping with this objective the board of the Abel
fund has decided to finance one or two Abel Symposia each year. The topic may be
selected broadly in the area of pure and applied mathematics. The Symposia should
be at the highest international level, and serve to build bridges between the national
and international research communities. The Norwegian Mathematical Society is
responsible for the events. It has also been decided that the contributions from these
Symposia should be presented in a series of proceedings, and Springer Verlag has
enthusiastically agreed to publish the series. The board of the Niels Henrik Abel
Memorial Fund is confident that the series will be a valuable contribution to the
mathematical literature.

Ragnar Winther
Chairman of the board of the Niels Henrik Abel Memorial Fund



Preface

The Abel Symposium 2008 focused on the modern theory of differential equations
and their applications in geometry, mechanics, and mathematical physics. Following
the tradition of Monge, Abel and Lie, the scientific program emphasized the role
of algebro-geometric methods, which nowadays permeate all mathematical models
in natural and engineering sciences. The ideas of invariance and symmetry are of
fundamental importance in the geometric approach to differential equations, with a
serious impact coming from the area of integrable systems and field theories. More
specifically, the following topics were central to the Symposium:

Integrability methods for linear and non-linear differential equations
Geometric analysis of the solutions and their moduli spaces
Symmetries, conservation laws, recursion operators and generalizations
Lie equations and geometric structures

Pseudogroup actions and the algebra of differential invariants

Topics from Hamiltonian and celestial mechanics

Differential equations within field theories and quantum physics.

The Symposium was hosted by the University of Tromsg, the world’s northernmost
university, from June 17-22, 2008, and was organized by:

Ian Anderson, Utah State University

Alain Chenciner, Université Paris VII and IMCCE
Boris Kruglikov, University of Tromsg

Demeter Krupka, Palacky University

Valentin Lychagin, University of Tromsg

Eldar Straume, NTNU-Trondheim

Leading researchers from 13 different countries, working in these areas were invited
to participate. A total of 43 participants were invited, including five Ph.D. students
and post-doctoral researchers from Norway. The daily program consisted of lectures
and discussions, held in an open and encouraging atmosphere. The following 28
plenary lectures were given:
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. Alain Albouy: Projective dynamics of a classical particle or a multiparticle

system,

. Ian Anderson: Symmetry reduction and Darboux integrability,
. Ugo Bruzzo: Framed bundles on Hirzebruch surfaces and equivariant coho-

mology of moduli spaces,

. Andreas Cap: BGG sequences and geometric overdetermined systems,
. Alain Chenciner: Action minimization and global continuation of Lyapunov

families stemming from relative equilibria,

. Philippe Delanoe: Transport equations and geometry: a survey,
. Boris Dubrovin: On deformations of integrable hierarchies,
. Vladislav Goldberg (together with V. Lychagin): Abelian equations and differ-

ential invariants of planar 4-webs,

. Michael Hazewinkel: Niceness theorems,
. Wu-Yi Hsiang: On the critical optimality for sphere packings of mixtures of

two sizes,

Nail Ibragimov: Symmetries and conservation laws: a general theorem for ar-
bitrary differential equations,

Niky Kamran: Focal systems for Pfaffian systems with characteristics,

Boris Kruglikov (together with V. Lychagin): Algebraic aspects of the compat-
ibility of PDE:s,

Demeter Krupka: Differential invariants in gauge theory,

Boris Kupershmidt: Phase spaces in algebra,

Bernard Malgrange: Lie pseudogroups and differential Galois theory,

Andrei Marshakov: Gauge/string duality, integrable equations and Abelian dif-
ferentials,

John Mather: Tonelli minimizers and relative Tonelli minimizers,

Vladimir Matveev: Projective vector fields: Solution of Lie and Schouten
problems,

Sergei Merkulov: Wheeled props, deformation theory and quantization,
Richard Moeckel: Topics on the three-body problem,

Juan Morales-Ruiz (together with D. Blazquez): Local and global properties of
Lie-Vessiot systems,

Jesu Rodriguez: Characteristics of PDE in the framework of Lie-Weil jet spaces,
Vladimir Roubtsov: Partition function of SOS elliptic models with domain wall
boundary conditions and projection method,

Per Tomter: Isometric immersions of homogeneous hyperspheres into complex
hyperbolic space,

Alexander Verbovetsky (together with P. Kersten, J. Krasilshchik and
R. Vitolo): Hamiltonian structures for general PDEs,

Raffaele Vitolo (together with M. Modugno and C. Tejero Prieto): Geometric
aspects of the quantization of a rigid body,

Keizo Yamaguchi: Contact geometry of second order.



Preface ix

In addition to the above speakers (and organizers), the following invited guests also
attended the symposium:

David Blazquez, Barcelona
Tor Fla, Tromsg

Hilja Lisa Huru, Oslo

Marte Hgyem, Tromsg

Per Jakobsen, Tromsg
Cathrine Jensen, Tromsg
Joseph Krasilshchik, Moscow
. Alexey Kushner, Astrakhan

. Einar Mjglhus, Tromsg

10. Martin Rypdal, Tromsg

11. Mahdi Khajeh Salehani, Trondheim
12. Alexey Samokhin, Moscow
13. Lars Sydnes, Trondheim

©NONU AW~

Nel

We are grateful to all the participants for their valuable contributions and for making
the symposium a successful event. We would also like to express our gratitude to
the Abel Foundation and the Norwegian Mathematical Society for giving us the
opportunity to arrange the Abel Symposium 2008.

Moreover, we would like to thank the University of Tromsg for providing us with
additional support and practical assistance related to the preparation and organiza-
tion of the symposium.

Tromsg and Trondheim Boris Kruglikov
January 28, 2009 Valentin Lychagin
Eldar Straume
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Some Canonical Structures of Cartan Planes
in Jet Spaces and Applications

Ricardo J. Alonso, Sonia Jiménez, and Jesus Rodriguez

Abstract The tangent space to a jet manifold at a point has a module structure; this
fact allows us to endow the Cartan subspace with a canonical bracket, a point-wise
definition of its curvature. This bracket is related with the Spencer differential and
an algebraic proof of the criterion on formal integrability given by Kruglikov and
Lychagin is outlined.

On the other hand, we define the characteristic vectors of a system of partial
differential equations in the framework of differential correspondences and show
how the canonical bracket defined above can be used to compute them.

The idea of considering points of a manifold other than its ordinary zero-
dimensional ones is very old, and it can be found in the work of Pliicker, Grassmann,
Weil, Lie, Grothendieck, etc. This is one of the key ideas in Algebraic Geometry.
In his papers about differential equations, Sophus Lie used a wide definition of
point of a manifold: the points used by Lie are the ordinary ones, together with all the
“infinitesimal submanifolds” of a convenient dimension, up to a certain order. Thus,
the jets are present in his work, though in the language of his time (see [16, Sect. 130,
p. 541], for instance). Lie did not assume any fibred structure on the manifold
considered, so his jets are more general than the jets of sections of a fibre bundle.
For a better understanding of Lie’s ideas it is convenient to think of jets of a
smooth manifold as ideals of its ring of smooth functions. This point of view,
which was introduced in [25] (see also [20]), is a natural continuation of Weil’s
theory of near points [27] and it allows describing the process of prolongation,
the affine structures, the contact system, etc., in terms of the ring of smooth func-
tions of the original manifold, making the fibration unnecessary and simplifying
essentially the calculus in local coordinates. Several applications were done, show-
ing the improvement given by this approach with respect to the usual one: Lie
equations and pseudogroups [21,22], formal integrability [23] or differential in-
variants [24]. Furthermore, following the scheme outlined in [17] and within the

J. Rodriguez (=)

Departamento de Matematicas, Universidad de Salamanca. Plaza de la Merced 1-4,
37008 Salamanca, Spain

e-mail: jrl@usal.es

B. Kruglikov et al. (eds.), Differential Equations: Geometry, Symmetries and Integrability: 1
The Abel Symposium 2008, Abel Symposia 5, DOI 10.1007/978-3-642-00873-3_1,
© Springer-Verlag Berlin Heidelberg 2009



2 R.J. Alonso et al.

framework of the above mentioned theory of jets, in [9, 10] a new theory of
differential correspondences is developed, with applications to systems of partial
differential equations, that clarifies and completes some of the partial results an-
nounced by Lie in [17]. A point of view very close to this one allowed the first
author to give the first intrinsic formulation and proof of Drach’s theorem in [2].

In this paper we use the characterization of the tangent space to a jet bundle given
in [20] and the definition of the contact system of [4] to describe in our language the
Cartan distribution and define a canonical bracket, which is a point-wise definition
of its curvature; this way we find the metasymplectic structure (see [13, 14]). This
allows defining in this framework the Spencer sequence. The isotropic horizontal
subspaces of the Cartan space are characterized as given by upper order jets; the
proof is a Frobenius-like theorem for polynomials. As a consequence of this theorem
it is easy to give an algebraic proof of the criterion on formal integrability obtained
in [14] by Kruglikov and Lychagin in terms of the vanishing of WeyI’s tensor.

Next we define the characteristics of a system of partial differential equations in
the language of differential correspondences established in [9, 10], following [3].
Finally, we show how the so-called singular vectors in [26], which include the char-
acteristic ones, can be computed by using the canonical bracket defined above.

Notations and Conventions. In the entirety of this paper M will be an
n-dimensional smooth manifold and the word ‘submanifold’ will mean ‘locally
closed submanifold.” When S is a locally closed submanifold of M, Is will be the
ideal of C°° (M) consisting of the functions vanishing on S. In case of S being only
locally closed, we should replace M by the open set U into which S is a closed
submanifold. Nevertheless, for simplicity in the exposition, that will be implicitly
understood.

1 Jets of Submanifolds

Our work is based in the presentation of jet spaces given in [20], which is a natural
continuation of the theory of Weil’s near points [27]. A near point of a smooth
manifold M is a homomorphism of R-algebras from C°(M) into a Weil algebra
(that is, a finite-dimensional, commutative and rational R-algebra). According to
our definition, a jet of M is the kernel of a near point of M, and consequently it is
an ideal of C°°(M). The manifolds of jets defined in this way include Grassmann
manifolds or jets of submanifolds as particular cases. A detailed exposition of this
theory can be found in [1,5,20]. Here we will use jets of submanifolds only; next we
will give the basic definitions and summarize, without proofs, some results which
will be used later on.

Let M be an n-dimensional smooth manifold and A = C*®°(M); if S is an
m-dimensional submanifold of M defined by an ideal Is of C*° (M), for each point
p € S the (m, k)-jet of S at p is the class of all m-dimensional submanifolds of
M which have a contact of order k with S at p. We can associate with this jet the
ideal p’,‘n =Is+ m’;“ , where m,, is the maximal ideal of those functions in C*°(M)
which vanish at p. This gives a bijection between the set of (m, k)-jets of M and
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the set of ideals p’,‘n of C°°(M) such that the factor ring .4 / p],jl is isomorphic to the
Weil algebra

RK =R[t1,...,tm]/(tl,...,tm)kH .

When m = dim M, each (m, k)-jet of M has the form m’;r], where p € M.

We will denote by J,,’;M the set of all (m, k)-jets of M. There is a canonical
projection 5y : J,’f,M — M which assigns to each jet p’,; the unique maximal ideal
pY = m, of C*°(M) containing p,; the point p € M corresponding to this ideal is
called the source of pk .

If r < k, we have a canonical projection

i JEM — I M

Py > By = Py +
Remark 1. When k = 1 we can give the following geometric description of

jets: there is a bijection between the (m, 1)-jets of M with source p and the
m-dimensional subspaces of T}, M. In fact, we can associate with each first order
jet p,ln € J,}lM the vector space

Ly ={D, € T,M : D,(f) =0Vf €p,}
and conversely, the subspace L € T}, M defines the jet
pl ={(fem,:D,(f)=0VYD, € L}.

Therefore Jr}lM is the Grassmann manifold of m-planes tangent to M.

In [20] J,f;M is endowed with a smooth structure as a quotient of the space of
regular (m, k)-velocities of M by the action of the differential group Aut(R’,‘n); such
a smooth structure can be described as follows:

Let U be an open subset of M coordinated by xi, ..., x,. Let us choose m of
them, for example x1, ..., x,,, and denote by l’,‘nU the set of jets pfn € J,’,‘lU such
that

C°°(U)/p’,j1 %]R[xl,...,xm]/pﬁlﬂR[}q,...,xm];

this ring is isomorphic to the algebra of polynomials
Rl = Rlxt, ol [ =200t = xn ()
where p = my (p’,‘n), hence for each function f € C°°(U) there is a unique polyno-

mial Py € R such that f — Py € pk,.
For j =1,...,n —mletus denote y; = x,+;; then

1
Py, = Z Jyja(lﬂ]fn)(x —x(p)®

loe| <k
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for suitable numbers y o (p¥,). Then

pﬁ1 = - Pyp ooy Yn—m — Py,l_,,l) +m];+l

and consequently the functions x;, y; « are a system of local coordinates in J. ],‘nU .
This way we obtain an atlas on JXU.

Remark 2. J ; U is an open subset of J,ﬁM isomorphic to the space of k-jets of sec-
tions of the projection (x;, y;) —> x;. This is the reason why we use the notations
Xi, yj, thus establishing a distinction between the “base coordinates” and the “fibre
coordinates”. Nevertheless, such a distinction is only formal, because m arbitrary
coordinates can be chosen as independent variables and the remainder as functions
of them.

This way we see that our theory recovers the original point of view of Lie
about jets (see [16], for instance); he used to consider a system of local coordi-
nates xp, ..., X, in an open subset of M, and to think of m of them as independent
and the remainder as dependent variables; but in a dynamical way, without fixing
them.

A fundamental advantage of this theory of jets is the fact that the prolongations
of submanifolds or ideals, the tangent structures and other constructions related to
the jet spaces of a manifold M can be described in terms of the ring A = C®°(M);
we do not need to change the ring of functions, but only the algebra where mappings
or derivations are valued. An important example of this approach is the following
characterization of the tangent space Ty Jr]f,M given in [20] (see [1] for the gener-
alization to A-jets).

Theorem 1. Let M be a smooth manifold; for each jet p,’jl € J,’,‘lM the tangent
space TP’fn J,’,‘lM is canonically isomorphic to the vector space Dplfn /D’ pk > where

Dy =DerR(A,A/p’,§1)andD’pﬁ1 = (D €Dy : Df =0Vf €py}

In the local coordinates described above, this identification gives:

Tyt M —> Dy /Ty

ad a
— H —
8x,' p{% 3xi

< d ) [(x—X(p))"‘ 3}
H — —
0yja Pk o! dy;

where we write [ D] for the class of the derivation D € Dp’fn modulo D’ pk (see [20]
for the computation).

Remark 3. As a consequence of Theorem 1 there is a canonical structure of .4/ pfj,-
module in Ty Jkm.
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Corollary 1. Each f € p],jq defines an A/p’,‘n-linear map
O [ Ty JnM —> Afpf,
pk = [D]+— Df
where D is any derivation in Dp]r(n in the class [ D].
The local expression of Ok fis

— Ola
o,/ = Z[ax,] Pﬁ,xl+2[x ;C'(p)) kadpfnyj,a- ()

dy;

Corollary 2. For each jet p’,‘n € J,’;M we have
T);",;n JEM = {Real components of o i f € pk)

Proof. Given a non-vanishing vector Dpk € Tpk J,’,‘LM , there exists at least a func-
tion f € p’,; such that Ok f (D) # 0, hence there is a real component of Opk f
which does not vanish at p . O

2 The Contact System

In this section we define the contact system in J,flM following [4].
Let pm eJ, k - M ; since p = p],jl + m][‘), we have a commutative diagram

0 f
Pm”
T I M —"> A/pk,

Afpk!

Definition 1. The distribution C of tangent vector fields on JX M whose value at
each jet p’fn is
Cor = () Ker@py f) C Ty JuM
fevl,
is the Cartan distribution on JX M.
The Pfaff system §2 associated with C is the contact system on JX M

Remark 4. Each derivation D : A —> A defines a tangent vector at p’,‘”; this vector
belongs to the Cartan distribution if and only if D(pk) € pk-1.
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The reason why we give this definition is that the Pfaff system defined above
vanishes over the tangent space to the k-jet prolongation of any m-dimensional sub-
manifold of M, as we will see now.

Let S be an m-dimensional submanifold of M; then J,ﬁS is diffeomorphic to a
submanifold of J,’,‘lM , called the prolongation of S to J,’,;M , whose points are the
jets of the form Ig + m’[‘,H, where p € S. From the definitions it follows that

= {pk e JEM 1 pk, D Is);

if we use the language of Algebraic Geometry, J,’;S is the set of zeros of the ideal
Isin JkM

The following result is an immediate consequence of the definitions and
Theorem 1:

Proposition 1. If S is an m-dimensional submanifold of M, for each pf; € J,ﬁS the
tangent space Ty Jr],‘, S is isomorphic to the set of classes of derivations in DPf‘n / D’p;’%
killing Is.

Let us choose local coordinates {x1, ..., X, Y1, - .-, Yu—m} in a neighbourhood
of p such that p’,‘n = Vs Yn—m) + m"Jrl each m-dimensional submanifold S

of M such that Ig C p’,jl is defined locally by equations y; = Pj(xy,...,xy), 1 <
J < n—m, where P;(x) € m’;rl. Consequently, the set of values Dp{; (f), where

fe pfn and Dy runs through the tangent spaces to the k-jet prolongations of m-

dimensional submanifolds of M, equals m’l‘, / p’fn. Accordingly, for each f € p’fn the
differentials D;k S annihilate each tangent vector to the k-jet prolongation of any

m-dimensional submanifold of M.

Expression of 2 in Local Coordinates. If f € A, we denote by f (p’,jl) the class of
fin A/p’n‘q. Let us choose local coordinates x1, ..., X, Y1, .-+, Yn—m on U C M,
each jet p’,‘n whose source p belongs to U is the ideal generated by m’;“ and the
n — m functions

1
=35 = 20 e = x(p)%

o] <k

the local expression of Ok fis

Oy f = Z L (ol 3 +Z—<x—x(p>) —f<pm>dky,-,a.

Consequently,

1
0 fi= D =X (D) Wy Yiw = Y Vierty (P i)
i

lo|<k—1
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Since 0, (m][‘,H) = 0, the contact system £2 is generated locally by the 1-forms

®joa=dYja— ) Vjatidxi, @)

1

where 1; is the m-index with 1 in the ith component and O in the remaining ones.
This agrees with the usual expression for the contact system.

According to the computations above, the Cartan distribution is spanned locally
by the vector fields

) d ad .
i 9x; + E Yj.a+1; ayj,oz (1<i<m

Joe|<k—1
l1<j<n—m
d :
(I=j=n—m, |Bl=k).
3yj.p

3 The Canonical Bracket

In this section we give a point-wise definition of the metasymplectic structure in
J,’fl M, that is to say, the curvature of the Cartan distribution, considered by Kruglikov
and Lychagin in [14] (see also [13, 19]).

LetpX e JX M; each tangent vector Dy € Cyi is represented by a derivation D

A— A/ p],;, such that D(p’n‘1) - pfn_l /p’n‘1. Consequently D induces a derivation
D Afpy, — Afpy "
If Dy, D, € Cpkm we can define
[D1. D2] = DyoDy— Do D

according to the diagram
D,

A Alpk,
Dy 52
k Di k—1
A/p—=A/pn,
[D1, D2] : A — A/pk=1is a derivation, and its class is a vector belonging to

Tpfifl J,ﬁ_l M.

Lemma 1. Let D : A —> A be a derivation; we have:

1. IfD(p],;) C p',‘n, then D(mp) C m,; therefore, D(p;,) C p;, for eachr < k.
2. If D(pk) C k=1, then D(p!) C p!7! for each r < k.
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Proof. Let {x;, y;} be a system of local coordinates around p such that pﬁl =
15 -y Yn—m) + m];,+1.
In the hypothesis of the first assertion, D(m’[‘,H) C p’,‘n; therefore, for i =
1, ..., m we have
D) = (k + DD (xj)xf € mbT,

and consequently D(x;) € m,. On the other hand, D(y;) € pﬁl C m,, because
y; € pk . Therefore D(m,) € m,,.
Since p;, = pj, + m),"!, we have:

D(p,,) = D(p}) + D) S pl +m! =7

The second assertion is deduced with a similar computation. O

Each derivation from A into A/p% is the composition of a derivation from A
into itself with the canonical mapping A — A/p’,;; therefore, we can represent
each Cartan vector in Cy by a derivation from A into A/ pk, or by a derivation

from A into A which applies p; into p’;n_l; we will use the same notation for both
representatives. By Lemma 1, if D, Dz A —> A are derivations representing
vectors of Cpk , then [D1, Dz](pm) - p ~2 hence

[D1. D)(pk ") = [Dy1, Dol(ph, +mb) € ph 2 +mb~! = pl 2,

and [ Dy, D] defines a vector in Cpk—l .
The class of [Dy, D3] in Tpﬁl—l J,’;_lM depends on Di, D;: if we choose other
derivations Di, Dé representing the same vectors than Dy, D;, then

[D1, D2l = [D}, Dyl € Ly C Cppt.

Since Cpf,fl /Lp’fn R ngcn—l J,,kflM, we have

Proposition 2 (Canonical bracket). Let p’,‘n € J,’flM . The commutator of deriva-
tions defines a skew-symmetric bracket

k—1
2k Cp ®R Cpp —> Qi M

called metasymplectic structure or, when it is understood as an element of
A Cpr ®r O qu,’fflM, curvature of the Cartan distribution az p .

Definition 2. An m-dimensional subspace H < T, k J M is horizontal if the di-
mension of its projection onto 7, M equals m. A subspace H € Cy s isotropic or
involutive if §2,|g = 0.

Theorem 2. Let H be an m-dimensional subspace of Ty J,’fl M. Then:
H = L 1 for some pi+l e JMHIM = H is horizontal and isotropic. In this
case, pk+1 {(fepk :Df =0V D e H).
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Proof. The necessity of the condition is obvious: Ly is horizontal and isotropic.

Conversely, let xq, ..., Xn, Y1, ..., Ya—m be local coordinates around p in M
such that pkm =1y, yn_m)—i—m’;“. Since H C Cpk is horizontal, it is generated
by vectors corresponding to derivations "

P;; homogeneous polynomials, deg P;; = k.
The isotropy condition gives

P, OJF; d
0=92(Di,Dr>=Z<W’{— : ”) .
j ! J

Hence there exist homogeneous polynomials P;(x), deg P; = k + 1, such that

aP;
If we replace the coordinates x;, yj by xj,uj = y; — Pj(x), we have: D; =
9k k+1 _
e Pm = W1y .o Up—m) + m and H = Lp/;nﬂ, where
P = ) + b D

4 The Spencer Sequence and Formal Integrability

Each jet pk+1 eJ, k+1 M defines a horizontal subspace ka+1 of Ty J,ﬁM as follows:

Lyt = {[D]: D(pktly = o).

Let us denote by QO J,];M the vertical subspace of Ty JEM for the projection
k=1,

w, > then
Oy JEM = {[D1: DR < pl7).
pk+1induces a splitting

sz;n = Lplrcnﬂ ® Ot Jn];M

The following proposition describes the behaviour of the canonical bracket with
respect to these subspaces:

Proposition 3. Let 2, be the value at p¥, of the canonical bracket. We have:

1. 2|1 ot = =0.

2 QZ'Q k ]kM = O

3. IfX e ka+1 and D € kam J,,k1 M, then $2,(X, D) depends only on the projection
Xe prln
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Proof. The first assertion is obvious. To prove the second one, let us con-
sider two vectors Dy, Dy € ka J,’,‘LM ; they are the classes of two derivations

Dy, Dy : A —> A such that D;(A) € p&~1,i = 1,2. Then D, = D, = 0,
hence [D1, D>] = 0. .
Finally, let X € Lpf; and D € QP’fn J,ﬁM . If the projection X of X over L 1

vanishes, then X(m,) € m,, and [X, D](pﬁl_l) C pl,;_l (as a derivation from A
into itself), like in Lemma 1; that is, £2,(X, D) = 0. O

According to Proposition 3, §2, is completely determined by the values
§£2,(X, D), where X € ka+1 and D € kam Jnk1M , and these values depend only on

the projection X of X in L Pl Therefore we can define the map

50y — L3y © 01}
D+ (D)

where, if X € LP}n’ S(D)(Y) = 22(X, D), being X € sz;n any vector over X.
For r > 0, § can be extended to a mapping

8: ALY ® QunM — ALY @ Qi dy ' M

in the standard way: if w € A’L;;ll ® kam J,’,‘LM and X1, ..., Xr41 € LPJn’ then

m

r+1
§@) (X1, .., Xpp) = Y _ (=D (Xi, 0(X1, .., Xiy o, X)),

i=1

<

where fori = 1,...,r 4+ 1, X; is a vector belonging to sz;n whose projection into
prln is Y,‘.
Remark 5. Given one of the mappings § and §2;, the other one is determined.

Remark 6. 1f p is the source of p',‘n and we denote V,M = T, M /L , then

ph

Oyt JEM ~ SkL:}n ® V,M;

thus, the elements of O« Jnk1M are vectors with coefficients polynomials, and

§£22(X, D) is obtained by derivation of the coefficients of D with respect to X (see
Kuranishi’s fundamental identification in [15,20]).

Remark 7. When we consider jets of sections of a fibre bundle, Lprln is the tangent
space to the base manifold and § is the Spencer differential [7,23].

Now we could define the Weyl tensor at a jet and characterize the formal inte-
grability of a system of partial differential equations at a point following Kruglikov
and Lychagin [14].
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5 Differential Correspondences

Since each jet in M is an ideal of C*° (M), the relation of inclusion between ideals
gives canonical correspondences between different jet spaces. Next we define the
correspondences for first order jets following [9, 10], though most of the construc-
tions and results can be generalized for higher orders.

Definition 3. Given two integers ,m such that 0 < r < m < n, the Lie corre-
spondence |\,,, = )\, (M) is the subset of the fibred product J,\ M xy J! M

consisting of the pairs of jets (p,ln, q}) such that p) € q! (inclusion as ideals
of C*(M)).

A geometric interpretation of these correspondences results from thinking of
each first order jet over p € M as a linear subspace of T, M: the inclusion between
the ideals p!, < g! becomes the inclusion Ly 2 Lt between linear subspaces
of TyM.

The Lie correspondence /\m’ , 1s endowed with two natural projections, r; and
77, such that the diagram

N,y

VRN

is commutative.

Remark 8. At this point it is essential to stop thinking of jets as ‘jets of cross-
sections of a fibred manifold’, because when M is fibred over a manifold, all jets
have the same dimension and the above correspondences cannot be established.

In [4] it is pointed out that the value of the contact system at a jet is essentially
the jet itself; this idea was used in [9, 10] to characterize the Lie correspondence by
means of inclusions between contact systems and to obtain its local equations.

From the definitions it follows that a couple (pl,, q!) € /\m., if and only if
the value at q! of the contact system on J!M is contained in the value at p), of
the contact system on J,}lM (both lifted to the Lie correspondence). Then, if we take
local coordinates

i h J

—— .

XlyooosXpy XpdlseoesXms Vs onvs Yn—m DM,

Xiy Xp Vs Vjsis Vjoh in JLM

Xi, Xp, yj,xh,,',ij,i in JrlM
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(where the y; ; have the same meaning than the y; ; above), then the equations of

. are
m
Yji = Yii— Z Vinxni=0 (I =j=n—m1=<i=<r) 3)
h=r+1

For each PDE system R} € J1 M, R}n’r will denote the intersection of A, ,
with R}, x yr J1(M). The local equations of the correspondence R}n’r as a submani-
fold of J,’,‘,M X M J,] (M) are obtained by adding to Equations (3) the local equations
of RL.

We have the commutative diagram

R,
2N
Rl =1 1
m\ / o
M

where ﬁi = nz(R}n’,); ﬁi is a SPDE with r independent variables and n — r
unknown functions.
If R, is a SPDE of order £, it can be considered as a SPDE of first order via the
natural immersion
JEM — gL k=)

Hence the theory of correspondences can be applied to those systems (here the base-
manifold is JX~! M instead of M). If we write

k k— k k—
Rbvs = I\, Us™ M () [Rh < goryy 00

we have the following commutative diagram:
R

/ X

Rk, Ry €I UL M)

J=y

m
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Remark 9. In [10] this kind of correspondences have been applied to show how the
integration of a class of involutive PDE systems can be reduced to the integration of
first order systems with a single unknown function.

Finally we describe the tangent space to /\,, . at a couple (p,ln, ql); to this end
we use the isomorphism between the tangent space Tyt JnllM and the vector space
Dy /D'y given by Theorem 1.

Let D € Derg (C®(M), C*(M) /p},) and let us denote by D the derivation
from C*°(M) into C*°(M) / q} obtained as the composition of D with the natural
projection 7 : C*°(M) /p}n —> C®(M) /q} ; we have the commutative diagram

o (M)—2=c> M) /p,

Ccx(M) [q

D

(Note that the class of Din TqJ ,1 M depends on the derivation D). In [3] we proved
the following results:

Theorem 3. The tangent space T(prln ) /\m’ , is canonically isomorphic of the vec-

tor space of all (fibred) sums [D] + [D], where [ D] is the class of a derivation D
from C®(M) into C*°(M) /), and D = 7 o D.

Corollary 3. The subspace of Tip) qhy /\m’r vertical for the projection on the sec-
ond factor, w32 N\, , —> JLM, is the set of classes of derivations from C> (M)
into C*°(M) /[pl, which value in q} /p},.

6 Characteristics of Systems of PDE

We finish this paper by showing how this approach can be used to compute the real
characteristics of some systems of partial differential equations.

A first approach to characteristics can be achieved through the characteristic
1-forms, which in [23] are defined for systems of partial differential equations which
are defined as subbundles of a bundle of jets of sections of a fibre bundle. Fur-
thermore, a relationship between the existence of non-characteristic 1-forms and
the possibility of writing locally an undetermined system of PDE in the Cauchy-
Kowalewski normal form was established. Since the manifold JX M is locally the
set of jets of sections of a fibre bundle and the result mentioned above is local, it
remains being valid in general.

Let R’;n be a PDE system. Its symbol at p’;n € R’;n, denoted by G pk is a subspace

of Qps J&M. Let us write VyM = TyM [Ly . 1f 0 € LYy, then of - V, M is
identified with a subspace of Q Jkm.
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Definition 4.  is non-characteristic for R¥, at p%, if o - V,M and G pt intersect
transversally in ka J,ﬁM , and characteristic otherwise.

Remark 10. The condition 0f transversality in the former definition means that

“VpM + Gy = O J,, M so our definition is slightly different from the one
given in [12]. Th1s assumptlon supposes a restriction in the number of equations
which define the system of PDE considered; it is adequate for underdetermined sys-
tems. Characteristic 1-forms give an unifying approach for the classical definitions
of characteristics of underdetermined systems of PDE’s, such as Cauchy, Monge or
Friedrichs characteristics, and it is motivated by its relationship with the Cauchy-
Kowalewski normal form, as we will explain now.

In the notations above, let us suppose that the ideal of Rfjl is generated by r func-
tions F1, ..., F, functionally independent in a neighbourhood of p’,‘n coordinated by
functions x;, y;, yje- If the canonical projection RX, — JX=1M is a submersion
at p’,jl and dpxy, is non-characteristic, then the rank of the matrix

( O(F1, ..., Fy) )

AVLklyys o> Yn—mk1n) /

equals r (where k1; is the m-index with & in the ith component and 0 in the remain-
ing ones); this fact implies that R’,‘n is underdetermined (r < n — m). By applying

the implicit function theorem it turns out that the system R’,‘n is defined, in a neigh-
bourhood of p],jl, by equations

Vi kly = @js(Xis ¥ja) (I<s<r) “4)

If R’,‘n is determined (r = n — m), then the functions ¢;; do not depend on any
variable y;j x1,,, (1 < j < n — m), hence (4) is the Cauchy-Kowalewski normal
form for an at an- If it is underdetermined (r < n — m), then Equations (4) can be
written in the form

Ys.kl,y = @s(Xis Vjo) I=s=nr (&)

and the functions ¢y may depend on the variables y; 1, (r +1 < j < n —m), so
that Equations (5) are the Cauchy-Kowalewski normal form for an, considered as
a system of partial differential equations with yp, ..., y, as unknown functions and
Yr41s - -+ » Yn—m as parameters. Its general solution depends on arbitrary functions.

Conversely, if the system of equations defining Rl,; in a neighbourhood of pf‘n
can be written in the Cauchy-Kowalewski normal form with respect to the variable
Xm, then @ = d,,x,, is non-characteristic for R, at p% .

These considerations prove the following theorem (see [23] for details):

Theorem 4. Let R’,; be a system of PDE’s such that the canonical projection
RE — JK=IM is a submersion at p,. Then there is a non-characteristic 1-form
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for R],j, at pfn if and only if R],jl is underdetermined and it can be written in the
Cauchy-Kowalewski normal form in a neighbourhood of p’;l.

Another approach to characteristics can be given in the framework of differential
correspondences (see [3]). According to Lie [17], a submanifold of R’;l is charac-
teristic if it is contained in several k-jet prolongations of classical solutions of R’,‘n,
which are tangent along the characteristic. This condition can be translated into our
language as follows: The first prolongation R’,‘n+1 of R’,; is a system of PDE whose
points can be thought of as the tangent spaces to the k-jet prolongations of the clas-
sical solutions of Rk for r < m, an r-dimensional subspace of Ty an is a jet

belonging to J (RX), and it is tangent to several solutions of R¥, when it contains
several jets in RAF! in the fibre of pk .

Let us consider the intersection R, , of the differential correspondence
Ao (DT M) with R e JH(R},); we have the commutative diagram

Pt

JE(Tkmy o REF JYREY € TN Ik M)

r

LT

Definition 5. Let (pk“, q) € Rm r; we say that q! is characteristic for R, at p¥,
if the tangent space to Rm , at (pk“, q,) € Rm » vertical for i, is different from 0.

Remark 11. If pkt1 e REFL, each characteristic jet q! | € Jnlz—l(R ) at pkitl
can be thought of as an (m — 1)-dimensional subspace L 1 of TP’fn Rm contained

in a family of m-dimensional subspaces defined by points of R,’j;" LIf pl is the
projection of p’;l into J,}lM and w € L’;l generates the subspace incident with

m
the projection of L1 into Ly , then w is a characteristic 1-form and the tangent

qm 1

space to Rm,r at (pk+1, ql) € Ry vertical for 75 is isomorphic to w**! -V, M.

When m = 2, the characteristic jets q} give the characteristic directions (see [3]
for examples).

Finally we will establish a relationship between the singular vectors (see [26])
and the canonical bracket defined in Sect. 3; when m = 2, singular vectors are also
characteristic. Another approach to singular vectors, based in the investigation of
singular integral grassmannians, can be found in [18].

Let us assume that the projection RX+! — RK isonto, let p¥, € RX and pkH! e
R’,‘n“ whose projection into ka is pf‘n. Since the spaces Lpfn“ are isotropic for the
canonical bracket, the characteristic vectors belong to more than one m-dimensional
horizontal isotropic subspace of Cvi‘n ; this means that it must commute with some
element of G pk -
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Each horizontal vector X € L Pl defines a linear mapping

ix$§2s . Qp’,‘n*]nk1M — pri,’l‘]’]'i_lM
D +— (X, D)

where X is any vector in Cpk over X; we denote vy - ka — ka_u J ,’,‘L—l M its
restriction to the symbol G of R, at pk .

Definition 6. X is singular if the rank of the mapping above is not maximal, that is
to say, if there exists ¥ € L P} such that rank(¢y) < rank(ey)

Remark 12. The singular vectors are the values of the singular vector fields defined
in [26]. Characteristic vectors are singular, and if m = 2 all singular vectors are
characteristic also. If ¢ = 0, then X belongs to each involutive subspace of CP,‘}, n

Ty RK,, and it is Cartan characteristic.

Let us we finish with some examples; for simplicity we omit the subscripts rep-
resenting the points where the vectors are valued.

Example 1. Let us define in this language the Monge characteristics of a second
order equation R% given by F(x,y,z,p,q,r,s,t) = 0. If p% € R%, then Cp% is

generated by the vectors (valued at p%):

8(2):i+pi+ri+si
. 0x 9z dq dq
a a d
o9 0 9 9
Y 8y+q8z+sap+ dq
a 0 0
PRy =(—, —, —
2 /2 (R <8r ds 8t>

The vector A% + u% (valued at p) gives the linear mapping from Q P2 J22 (R3) into

Qp% 121 (R3) = < d 9 >whose associated matrix is

9’ g
Ao ou O
0 A u

If a vector belonging to Gp% is in the kernel of this mapping, it must verify a
homogeneous system of linear equations whose associated matrix is

Au
0 A
F. F

e o

F,

\

This system has nontrivial solutions if and only if the determinant of the matrix
above vanish, and we have the equation
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2 2 _
AF —ApFy + pu F =0,
which is the known equation of the characteristics for a second order equation.

Example 2. Let us consider now an equation R?, of second order with one unknown
function z and m independent variables xp, ..., X,

F(xiy Z, ZO[) = 05

where o runs through the m-indexes such that |o| < 2.
If p2, € R2,, then Cpz is generated by the vectors (valued at p2):

@ 0 0 .
8i _3_)C[+Zzﬂ+l._ﬁ (I=i=<m

If |a| = 2, then

2, (9@ 9 - 9 .
' 0zg aza—li’

therefore, the linear mapping from Qprzn anl (R™+1Y into Qprln Jnll (R™*1Y induced by

the vector X = Z A

’ax

Y hidz ®

Jor|=2
1<i<m

Za—1;

IfD= > Ay 7 € G2 belongs to the kernel of ¢y, the coefficients A, must
|oe|=2
verify a homogeneous system of linear equations

ZAAIH (I<j=m

Z F Ay =0

l|=2

and X is singular when these equations are linearly dependent. If we compute this
condition we obtain that X is singular if and only if there exist constants p1, ..., Um

such that
D iy jor] =2
1,~+1j=ot
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Such a condition can be written in this form: R2, has singular vectors at pZ, if and
only if the quadratic form Z|a|:2 F,,t% can be decomposed as a product of two
linear factors

Z anl‘a = (Z)‘iti) Z[,le‘j s
i J

|a|=2

which rarely happens if m > 2. This example was taken from [26], where the com-
putations are based in the Lie brackets of the vectors belonging to the Cartan
distribution.

Example 3. Finally we compute Friedrichs characteristics for a system ’R% of two
equations

F(xy,x2,u,v,u1,u2,v1,v2) =0
G(x1,x2,u,v,uy,uz2,v1,v2) =0

where x1,xp are the independent variables, u, v the unknown functions and
ui, us, v1, vy the first derivatives of # and v with respect to xp, x>.
Given pé € Ré, Cpé is generated by the vectors (valued at p%)

a0 09
R PR PP

8(1)—i+u2 i —i—v2i
0x2 du v

3y 9 a0
Qlez(R4)—< >

dup’ duy dvy vy

The vector )»i + ,ua% (valued at p) gives the linear mapping from Q1 TR

into T), R*/L pl = ( ) whose associated matrix is

A ouw 0 0
0O 0 A u

A vector D P € G P is in the kernel of this linear mapping <= its coefficients

u’ v

fulfil a homogeneous system of linear equations whose associated matrix is
A u 0 0

0 0 A "
F, 1 FM2 F, 1 sz

Gy, Gu, Gy Gy,

=<
<
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This system has nontrivial solutions <= the determinant of the former matrix
vanish, which gives Friedrichs’s condition:

F,, F,

—A 2 il
a (‘Guz Gu,

This example was taken from [6], where it is studied as an application of focal

subsystems of a Pfaff system.

Fuz sz
Gy, Gy,

Fy, Fy,
Gu G,

Ful Fv1

A’Z
Gy, Gy,

=0

"
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Transformations of Darboux Integrable Systems

Ian M. Anderson and Mark E. Fels

Abstract This article reviews some recent theoretical results about the structure
of Darboux integrable differential systems and their relationship with symmetry re-
duction of exterior differential systems. The symmetry reduction representation of
Darboux integrable equations is then used to derive some new and unusual transfor-
mations.

1 Introduction

Broadly speaking, a system of partial differential equations A; = 0 is said to be
Darboux integrable if there exists an auxiliary system of compatible PDE A, = 0
[20] such that

1. The combined system { A} = 0, A, = 0} is a system of total partial differential
equations, that is, one which can be integrated by ODE methods, and

2. The auxiliary system A, = 0 is parameterized by a number of arbitrary func-
tions, sufficient in number so as to insure that every (local) solution to A; = 0
can be realized as a solutionto { Ay =0, A, =0}.

Partial differential equations which admit closed-form general solutions can be
shown to be Darboux integrable ([16], p. 225) but the general definition of Darboux
integrability extends well beyond this special case.

The auxiliary equations A, = 0 are classically referred to as intermediate
integrals for the given system Aj =0 and, apart from E. Vessiot’s remarkable pa-
pers [26], [27], the analysis of the method of Darboux has focused exclusively on
the existence of these integrals. Vessiot observed that inherent in the integration of
Darboux integrable equations are certain ODE systems known as equations of Lie
type and this led, for the first time, to a group theoretical formulation of the method
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of Darboux. In a recent article [2], the authors (with P. J. Vassiliou) re-interpreted
Vessiot’s approach within the more general setting of symmetry reduction of differ-
ential systems and used this general setting to develop a new, algorithmic approach
for the explicit integration of Darboux integrable systems. We also introduced the
concept of a non-linear superposition formula for differential systems and showed
how Darboux integrable systems always admit such a formula. This concept of a
non-linear superposition formula provides a new way of looking at Darboux inte-
grable systems which has proven to be quiet useful.

From the outset, it should be emphasized that the group-theoretic tools which
arise in this new approach to Darboux integrability are rather different from the more
familiar methods due to Sophus Lie — the relevant Lie groups arise, not as symmetry
groups for the given equations, but rather from certain canonical normalizations of
the structure equations for the exterior differential systems associated to A} = 0.
We cite the theory of equations of Lie type [21](Chap. 3), [24] (Chap. 10) and papers
by Cartan [8] and Vessiot [25] as other instances where Lie groups, which do not
arise as symmetry groups, have lead to new integration methods for various classes
of differential equations.

The best-known example of a Darboux integrable equation is the Liouville
equation

Upy = e". (1)

The intermediate integrals for this equation are

Uxx = %ui + f(x) and Uyy = %ui +g(). 2)
It is a simple but nevertheless instructive exercise, to check that the compatibility
conditions for (1) and (2) are satisfied. The method by which one derives (2) from (1)
is well-established (see, for example [7], [3], [4], [23]). Vessiot’s critical observation
is that these intermediate integrals may be viewed as a Ricatti equation and these
are equations of Lie type for the standard fractional linear action of the Lie group
SL(2) on the line.

The method of Darboux is one of the cornerstones of the classical geometric
theory of differential equations developed in the nineteenth century by Monge,
Ampere, Laplace, Goursat and Darboux. For the following reasons, we believe it
remains an important topic:

1. Darboux integrable systems always have infinitely many generalized symmetries
and conservation laws ([4], [23]) and consequently are always present in any
classification of PDE with these properties.

2. One of the principle goals of the geometric theory of PDE is to relate properties
of geometric invariants of PDE to solution techniques and properties of the so-
lutions. Surely Darboux integrable equations afford the simplest situation where
such relationships can be developed.

3. The mathematical physics literature contains many ad hoc methods for finding
closed-form general solutions to reductions of various fundamental field theories.
The method of Darboux, as generalized in [2], provides a completely systematic
and algorithmic approach to the derivation of these solutions.
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4. The integration of PDE by computer algebra systems is a very active area of cur-
rent research and classical geometric methods, such as the method of Darboux,
provide a powerful complement to differential elimination methods.

The goal of the present article is to summarize the key results of [2] and, as
an application, establish some new and rather surprising transformations between
various Darboux integrable differential systems.

2 Symmetry Reduction of Exterior Differential Systems
and the Method of Darboux

We begin this section with the general definition of symmetric reduction of an EDS
([11). We illustrate this definition within the familiar context of ODE reduction and
make a few comments regarding the general theory. A (non-technical) summary
of the application of symmetry reduction to the study of Darboux integrablity, as
developed in [2], is presented.

Definition 2.1 Let G be a Lie group acting regularly on a manifold M and let
q: M — M/G be the projection map to the quotient space M/G of M by the or-
bits of G. Let Z be an EDS on M and suppose that G is a symmetry group of Z.
Then the G-reduction of Z is the EDS Z/G on M/G defined by

7/G ={w e Q" (M/G) | q"(v) € T}. 3

To calculate the reduced differential system Z/G, one first calculates the forms
Zsp C Z which are semi-basic for the action of G on M. Specifically, if I denotes
the Lie algebra of infinitesimal generators for the action of G on M, then

I ={weZl|X—w=0forall X eT}. 4)

One can interpret Zgp, as the largest differential sub-system of Z for which each
X € T' is a Cauchy characteristic. At this point, a standard result on reduction by
Cauchy characteristics (see, for example [5], p. 31) asserts that one can construct a
basis for Zgp in terms of the G-invariant functions on M and their differentials. This
basis naturally projects under q to give a basis for Z/G.
As a simple example, let us consider the problem of integrating the 4th order
ODE ([19],(7.16))
3y//y(iv) _ S(y///)z = 0. 5)

In terms of standard jet coordinates { x, y, y1, ¥2, y3}, the differential system for
this ODE is the rank 4 Pfaffian system

5 2
T={6"=dy—yidx, 6> = dy, — yrdx, 63 = dyy — ysdx, 6* = dys — 3—i2dx}
(6)
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and we take as our symmetry group (with group parameters (a, b, ¢) € RxRxR¥)
the transformation group

Y2 )3

x=a+tex,y=btey, yi=y, 2=".y3=5. )
The infinitesimal generators for this action are
I'= {0, 9y, x0y + ydy — y20y, — 230y, }. (8)

The orbits of G are two dimensional so that the quotient space M/G has dimension
two with coordinates (say) {u#, v }. The invariants for action of G on M are y; and
v3/ y% so that we may write the projection q as

U=y, v=-—. 9)

By solving the linear system
X— (a10' + a20” + a30° + as6*) =0 forall X e T (10)

we determine that

2y3 y? 2y3 v
Isb={94—le3+—3292}={dyg—y—yzdyz+3—32dy1}. (11)

y2 3y; vy

We substitute y3 = v y% and y; = u into this result to find that the reduced EDS is
7/G = {v’du + 3dv} (12)

and the reduced ODE is
dv 1,
— = —=v".
du 3
This is precisely the result one would obtain using a step-by-step reduction of (5)
following the well-known algorithm as presented in [22], pp. 130-161. In [1] we
show how the general solution to (5) can be obtained from the solution to (13) and
the group action (7).
Thus, for ODE, the reduction procedure given by Definition 2.1 coincides, more
or less, with the usual reduction by differential invariants although it does lead to a
new approach for lifting solutions of the reduced system to the original system and
for dealing with non-regular group actions and singular orbits [13]. What is of real
importance for us here is that Definition 2.1 provides us with a simple, unambiguous
approach to the symmetry reduction of partial differential equations within an EDS
setting. We should emphasize, however, that if 7 is the canonical Pfaffian system for
some system of PDE (obtained by the restriction of the contact ideal on the appro-
priate jet space), then the reduction Z/G may not be the canonical Pfaffian system

(13)
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for a PDE with the same order and same number of dependent and independent vari-
ables — even when the Cartan character and Cartan integer remain the same. In this
sense, the ODE reduction presented in the foregoing example, where we effortlessly
passed from the reduced EDS (12) to the ODE (13) is not reflective of the general
situation.

This last remark naturally leads to the PDE recognition problem for differential
systems of the kind discussed by Vessiot (see also Stomark [24], page 274) and
more recently by Yamaguchi [28]. The construction (3) also raises a wide range
of interesting (and often very challenging) problems regarding the behavior of the
various geometric properties for differential systems under reduction. As a simple
illustration, we cite Theorem 5.1 in [1], where conditions under which the reduction
of a Pfaffian system is Pfaffian are established.

We now frame the theory of Darboux integrablity within the context of symme-
try reduction of differential systems. Roughly speaking, a differential system Z is
Darboux integrable if (1) it is algebraically generated by 1-forms and 2-forms; (2)
if the structure equations for the 1-forms decompose, at the symbol level, into a cer-
tain block diagonal form; and (3) if the singular Pfaffian systems determined by this
decomposition admit a sufficient number of intermediate integrals. See [2] for the
precise definition of Darboux integrablity. This definition generalizes the classical
definition of Darboux integrablity for scalar PDE in the plane. We remark that, as
with the classical definition, it frequently happens that a differential system is not
Darboux integrable but that its prolongation to some order is.

The main results of [2] can be summarized as follows.

Result 1. Let W) and W, be Pfaffian systems on manifolds M; and M>, respec-
tively. Then the differential system W; 4+ W, on M| x M> is Darboux integrable
(Theorem 3.1).

Result 2. Let G be a Lie group acting freely on M and M> and as symmetries of W,
and W, Asssume that G is transverse to VW, and W,. Then the quotient differential
system (W) + Wh)/G is Darboux integrable (Corollary 3.4).

Result 3. Let 7 on M be a Darboux integrable differential system with associated
singular Pfaffian systems V and V. Then there is a (local) Lie group G and free
right and left actions a:GxM— Mand i: G x M — M such that i preserves
V, i preserves V, and i commutes with fi. (For the complete list of properties
which characterize these actions, see Sect. 5.3 of [2].) The Lie group G is called the
Vessiot group for the Darboux integrable differential system Z.

Result 4. Let 7 on M be a Darboux integrable differential system with associated
singular Pfaffian systems Vand V and Vessiot group G. Let W be the restriction of
V to a fixed, maximal integral manifold of V> and let W) be the restriction of V to
a fixed, maximal integral manifold of V% Then

=W +W)/G. (14)

We call the quotient differential systems (WW; + Wh)/G the quotient representation
of the Darboux integrable differential system Z. This is Theorem 5.1 in [2].
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Result 5. Every Darboux integrable differential system is uniquely characterized by
its restricted singular Pfaffian systems W, and W, the Lie group G, and the actions
i and [L.

Result 6. The integral manifolds of a Darboux integrable differential system Z can

be constructed from the integral manifolds of its restricted singular Pfaffian systems
W; and W, (Corollary 5.12).

Result 2 is extremely important to the entire subject of Darboux integrablity.
While, in the past, it has been quite difficult to construct new examples of Darboux
integrable systems it is now possible, using Result 2, to create entire new classes of
Darboux integrable EDS.

Result 4 shows that every Darboux integrable system can be realized as a re-
duction of the trivial type of Darboux integrable system consider in Result 1.
Regrettably, the present proof of this result is rather difficult. This is primarily be-
cause there are many groups actions which satisfy the conclusions of Result 3 but
only a very careful and lengthy analysis of the structure equations for the singular
Pfaffian systems leads to the correct choice of group actions required for the validity
of (14).

Result 5 emphasizes the fact that Darboux integrablity, instead of being studied
from the viewpoint of compatibility theory, can now be studied entirely within the
setting of group actions and symmetry groups of differential systems. For example,
(differential) invariants for the action of the Lie group G on the manifold M; and
M> project under q to give the intermediate integrals for the EDS 7.

Result 6 shows explicitly that the explicit integration of a Darboux integrable
7 depends upon the explicit integration of the its restricted singular Pfaffian sys-
tems VW and W. In particular, one is assured of algebraic, closed-form general
solutions for Z whenever YW and W can be identified with the canonical contact
structures on jet spaces. Result 6 is also the key to the symbolic implementation of
the method of Darboux.

3 Transformations of Darboux Integrable Systems

The symmetry reduction approach to the method of Darboux described in the previ-
ous section allows us to develop a new, coherent transformation theory for Darboux
integrable differential systems. The following three Principles summarize the key
results obtained thus far. Module various technical transversality conditions these
principles are indeed theorems. Precise statements and proofs of these theorems
will appear elsewhere.

Principle A (Prolongation). [i] Let Z be a differential system with independence
condition J. Let G be a symmetry group of (Z, J) and suppose that T/G is a (reg-
ular) differential system. Then the symmetry group G lifts to a symmetry group of
any prolongation (or partial prolongation [7]) TP of T and
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/G = @™/G.

[ii] Let T be a differential system with independence condition J. If T is Darboux
integrable, then every prolongation of I is Darboux integrable.

[iii] Let T be a differential system with independence condition J. Let G be a sym-
metry group of (Z, J) and suppose that Z/G is a (regular)differential system. If T is
Darboux integrable, then some prolongation of T)G is Darboux integrable.

Principle B (Mappings). [i] Let Z be a differential system with symmetry group
G. Let H be a normal subgroup of G and suppose that T)G and T/H are regular
differential systems. Then the quotient group G/H is a symmetry group of Z/H and

7 — M gy
qc lQG/H

7/G

is a commutative diagram of differential systems.

[ii] Let 7 and J be two differential systems with a common symmetry group G.
Suppose that T/G and J |G are regular differential systems and that T and J are
equivalent by a G equivariant diffeomorphism. Then there is an induced equivalence

Ii}.

lqa lqc .

~

76 —=57/G

Principle C (Extensions). [i] If 7 : T Tis an integrable extension (see [6]) of a
Darboux integrable differential systems I, then L is Darboux integrable.

[ii] If = : 7 — Tisan integrable extension of a Darboux integrable differential
systems I, then there are integlgble extensions my : Wi — Wyandm : Wy > W,
and symmetry groups G and G of W; and W;, i = 1,2 such that the diagram of
differential systems

~ ~ 9 ~
W1+W2'”—G“" T

T X nzl ln

W+ W, 36, 1
commutes.

[iii] There is a normal subgroup H of G such that G = 5/H . The projection maps
7, 7 and o are all G equivariant maps.
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4 Linear Equations

In this first example we consider Darboux integrable linear partial differential
equations
Uyy +a(x, y)uy +bx,y)uy +c(x,y)u =0. (15)

We describe the quotient representation for these equations and we show how Prin-
ciple B leads naturally to the constructions of the classical Laplace transformations
between linear Darboux integrable equations.

Let J™"(R,R) x J"(R, R) be the product of two jet spaces with standard jet
coordinates

X @, b1 ooy s o s Y1 )

and let C™ + C" be the sum of the canonical contact systems

"= = dp —¢1dx, 6 =dp1 — prdx, ...,0n-1 =dbn-1 — Pudx}

= {0 =dy¥ — Y1 dy, 01 =dy1 —v2dy, ..., 01 =d¥u_1 — Y dy}.
(16)

Result 1 states that this sum is trivially a Darboux integrable differential system.
Principle A states that quotients of C”* + C" will be Darboux integrable. Here we
establish precisely which group actions will lead to the Pfaffian systems for (15).

Let G, be the p dimensional Abelian group acting on J™ x J" with infinitesimal
generators defined by the prolongation of the vector fields.

f(x) +f(y) oy i=1,...,p. a7

The functions f’ are smooth and subject only to the condition stated below in
Theorem 4.1. By definition, G, is a symmetry group for the canonical contact sys-
tem C" + C".

Theorem 4.1 [i] Let p = m + n — 3 and assume that the action of G, on J n=2
J"=2 s free. Then the quotient differential system

I=(C"+C"/G, (18)

is the standard rank 3 Pfaffian system, defined on a seven manifold, for a linear
PDE (15).

[ii] The Pfaffian system for any Darboux integrable linear PDE (15) is a quotient
differential system of the type (18).

Proof. The prolonged infinitesimal actions for G, are

m k i n l i
przZ’ = Z[ ﬂ( o +Z[—f( oo
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so that a form
n—1 n—1
o= A0+ B
k=0 =0

is semi-basic if and only if
m—1 kfz n—1 lft
Z[ - (x)]A* +Z[ ~IC! =

With the functions f i chosen so that action of G, onJ n=2 5 Jm=2 ig free, the rank
of this linear system of m + n — 3 equations for m + n unknowns A and B! is
maximal. This implies that G, is transverse to the derived system ¢! 4" and
therefore the quotient EDS is a rank 3 Pfaffian system.

The functions x, y are obviously invariants for this action and there is precisely
1 additional differential invariant U on J™~2 x J®=2) Ag the solution to the
equations prZ i (U) = 0, the function U is linear in the variables ¢, and ¥, this is,

m—2 n—2
U= C'x,n¢+ Yy D', . (19)

k=0 =0

We next note the six functions x, y, U, DxU DU and Dy, U on Jmn=b s g1 are
all G, invariant. But there can only be five independent G, invariant functions on
J"=1 x Jm=1 50 that these six functions are necessary functionally dependent. In
fact, the linearity of these invariants in the variables ¢y and v, forces this depen-
dence to be of the form

DyyU +a(x,y)D:U +b(x,y)DyU +c(x, y)U =0 (20)

for some choice of functions a, b, c. These coefficients determine the PDE (15) for
our quotient EDS.

The quotient of J™ x J" by G, is a seven dimensional manifold with coordinates
(X, y,u, uy, Uy, Uxx, iyy), where the quotient map is defined by

x=x,y=y, u=U, uy =D,U, uy =D,U,
uyx = DxyU, uyy = Dy, U.

On account of (19) and (20), the forms
I={du—uydx—uydy, dux—uyyduy—uyydy, duy—uyydx—uy,dy}, (21)
where u,, is given by (15), pullback under q into C" + C" and therefore determine

the quotient Pfaffian differential system. The system 7 is therefore the canonical
differential system for PDE of the form (15).
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We remark that the intermediate integrals for (15) are given by the projec-
tion of the differential invariants for the action of G, on the individual jet spaces
Jm+n71(x’ ) and ]ernfl(y’ V). O

This symmetry approach allows one to generate many new families of linear,
Darboux integrable, scalar PDE. But, in order to arrive at some simple concrete
examples for which we can give complete formulas, we consider the elementary
action (17) determined by the functions f i(z) =z fori =0...4and acting on the
jet spaces

JFR,RxJYR,R), JRRxJRR) and J*R,R) xJR,R). (22)

In each case the canonical contacts systems on these jet spaces define rank 6 Pfaffian
systems on 12 dimensional manifolds. The quotient differential systems

ql:C4xC4—>I, q2:C3xC5—>j, q3:C2xC6—>IC (23)
are found to be the canonical 3 rank Pfaffian systems for the equations

6u 2v 6v 4w 4w
I:uxy+§—2=0, j:vxy—Tx—i-p:O, ic:wxy—T"er:o. (24)

Here { = x — y. The projection map q is

12¢  6¢1 129 6y

:U :———+ —_ s
‘ 2 g Tt T

24 18 6 24 6
uy = DU = _;__3¢+ ?051 - E¢2+¢3 + 51”"' ?wl’

6

24
uyszU ZF(I‘)—?

24 18 6
o1 — §—31ﬂ - glffl - Elﬂz - V3,

72 60 24 6 72 12
Uyy = DyxU = F‘p - §_3¢1 + g(ﬁz - Z¢3 + ¢4 — g(f) - F(ﬁ],

72 12 72 60 24 6
Uyy = DyyU = F‘P - §_3¢1 - §_41/f - 5_31//1 - EV’Z - Zl/fS — Yy,

with partial prolongations ¢'™'": ¢* x €5 — 7191 and /> ¢* x €6 — 7102
defined by

; _28845_%45 —28810—25210 _108w —El/f —Elﬂ — s, and
yyy — 4.5 4_4 1 é_s é_4 1 §3 2 é_z 3 é_ 4 5y
1440 144 1440 1296 576 168
oy = 6 ——5% —?W—§—5¢—€—4¢2—§—31ﬁ3

- 2us -
§'24 é_5 6-
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The projection map q is

V=V =t 2e - By Sy =gy
= = §_3 {2 1 ;_3 g_z 1 ¢ 2 3,

72 36 6 72 36 6
vy =D,V = _F¢+ Fd)l - §—2¢2 + §—41/f + §—31!f1 + ?1//2,

12

60 24 6
vy = D,V —+{4¢ C3¢1 §41ﬁ 31ﬂ1—§—21/f2—21ﬂ3—1/f4,
288 180 48 108 12
Uxx = DxxV = +é__5¢ é_4 d)l §3¢2 §2¢3 ;_5 W Wl - EwL
36 288 252 108 30
vyy = Dy, V = +C5¢ —Fl/f—Fl/fl—ngﬂz—gl/fs
- EW—%

with partial prolongations q[l O 4 w05 — g0 and q[0 . 3 xco > glon
defined by

_— _1440¢+ 1008¢ ¢ + ¢ ¢ 1440W
432
CS —5 ¥+ §4¢2,

by = g — gy — Lty 20y, TRy,

Wy =T {5 1= ; s T A
168

e Y3 — sz_ ¢5—¢6

The projection map q3 is

wow M, 124
- Tt Tt T gt e e e
96 24 96 72 24 4
wy = D W :——§5¢+—§4¢1+—§5w+—§4W1+—§31ﬁ2+—§21/f3,
96 96 96 48 16 4
, =D =—¢0— —V — —Y|— =¥ — —=Y3 — =Y — Y5,
Wy Y C5¢ Csw §4lﬂ1 é&31/f2 §2¢3 éJ/f4 Vs

480 192 24 480 288 72 8
Wyxy = Dy W = F(]ﬁ - {—Sqﬁl + §_4¢2 - Flﬁ - F‘Pl - §—4‘ﬁ2 - FWL

480 480 480 240 80 20
Wyy = DyyW = —¢ — —=% — C—sllfl - §—4¢2 — §—31/f3 - EI/M

SR
~Hus—v
¢ 5 65
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with partial prolongations g}': €3 x €6 — KM% and ;€% x €0 — K0
defined by

2880 1440 288 24 2880 1440 288
?¢+?¢1—§—5¢2+§—4¢3+7W — i+ —= CS 1/’2

Wyxxx = —

20160 11520 2880 38
+§_41‘[/3’w””= 8 ¢ - 7 $1+ 6 ¢2_§_5¢3+§—4¢4

20160 8640 1440
- ;8 - é,7 Wl— ;6 WZ é_51/f3

Because the quotients (23) are all with respect to (the prolongations of) the same
group action, we can use Principle B to calculate the internal equivalences

C4XCS.<_1£1___>C4XCS C3X66.<..._19;_>63xc6
0,11 | 10,11 [1,0] [1,0] 0,11 | .[0,1] [1,0] [1,0]
2 qu q; ﬂxz %, qu q; HZ3
D D)
0,1 1,0 0,1 1,0
0 — j[ ] j[ I ——— l1.0]
T 2]
id

CHx CO+——(C* x

0,2 0,2 2,0 2,0
o ol oo

71021 — 3 5 2.0

W3
We choose cross-sections ¢ = ¢ = ¢2 = ¢3 = ¢4 = 0 and, for q

4 3 3 2 2
Y= _2_4’4)()5 - ; Uy, Y1 = 3 uxx %Mx’ Yo = _% 2uy —u
6u 6 12u
Y3 = CUxy +5ux_uy+?a w4=_”xx_uyy+z(uy_ux)_?,
6 6 12
Vs = —uyyy + Zutyy — sy, Yo = —Uyyyy + Uy — Sy
Y ¢ ¢
for q3
4 5 6 2 3 7 5
Y= +§_4Ux + §_4Uxx + ﬁvxxm Yy = _%vx - 34‘6 Uxx — §_6Uxxxs

28 ¢t 362 s
Yo = +§2Ux + Tvxx + vax)m Y3 = —v—3lvx — TUxx - gvxxx’
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6 13 5¢ ¢?
‘(//‘4 = +EU + ?vx - Uy + ?Uxx + vaxxs
6 6 12 6
¢5:—?U+Evy—vyy, Y6 = §3U+ e ~ Uyyys
and for q3
5 6 7 8
V= —g—wx 3 T Wxx — é‘_wx)cx ¢ T W, Ys = —w — Wy,
24 16 48 576 ¢
5; 7¢3 1326 ¢’ 4 4
V1= gt g e gy e g e V6 = g iy =y
5¢3 25c 76 ¢
VES T T Ty e T g e T gt
SCZ 5@-3 5;4 4-5
Y3 = TUJx + 7wxx + ?wxxx + ﬂwxxxxs
, 203 ¢t
Y4 =—w — 4wy — 3 Wy — waxx - ﬁwxxxx-

The internal equivalences &1 ®,, 3 and their inverses Wi, Wy, W3 can now be
easily computed as the prolongations of the formulas

2
o =g o™ v =u,, %:uﬁ”ozym:u=—%wm
SN | I D N _ ot o, ¢
=q3 0%, : w_vy—zv, Uy =q, oX; v_—IwX,
2 ¢t &
[2,0] [0,2] [0,2] [2,0]
= ox Tw=u —uy, V3 = oX U= —Wyy + —Wy.
q3 1 yy — I3 ys¥3 q] 3 24 xXx 12 x

The maps ®; and &, are precisely the classical Laplace transformations ([11],
Vol 2, p. 23-53, [14], Vol 6, p. 39-104) for the equations defined by Z and J so
that, as promised, we have re-constructed these transformations from the symmetry
reduction viewpoint. We emphasize that had these Laplace transformations been
unknown to us, we would have discovered them by applying the algorithms of [2]
to recognize Z, J and K as the quotients (23) by the same group action (17) (with
[i@)=12).

The differential invariants for the action (17) on the individual jet spaces are

simply ¢s and ¥5 and these project under qg , q22 -0l q[ o give the following

intermediate integrals

6 6
—Ux, .,(I) = _uyyy + _uyy -

6
I(D) = uyxx + Euxx + Cz ¢ é__zuy
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¢2 4 6 6
I1(J) = vaxxx + 28 Vxxx + OV + vaa J(T) = _?v + Zvy — Uyys

¢t 5¢3 >
I(K) = ﬂwxxxxx + waxxx + 5 wyxx + 108wy + Swy,

JK) =—w, + §w.

From the orders of these intermediate integrals we can deduce that the Laplace
invariants for our three equations vanish at orders

ha(Z) = h3(J) = ha(K) =0 and  ky(Z) = ki1(J) = ko(J) = 0.

The inferences of this last computation hold generally [14].

Theorem 4.2 (The Canonical Form for Darboux Integrable Linear PDE) Let 7 be
the Pfaffian system for a linear Darboux integrable equation (15). Then there is
another linear Darboux integrable equation (15) with associated Pfaffian system J
such that Laplace invariant ko(J) = 0 and the appropriate partial prolongations
of I and J are internally equivalent.

S Internal Equivalences of Some Non-linear PDE

We have systematically calculated the quotient representations for all the examples
in Goursat [16] and, in so doing, we have uncovered a number of new internal equiv-
alences.

Example 5.1 The canonical Pfaffian systems (on seven manifolds) for the two equa-
tions ([16] p. 124 and p. 134)

T:uy=e" and J: vgy =00y (25)

are quotients of the contact systems C> x C> and C* x C* by the diagonal action
of SL(2), acting by fractional linear transformations on the dependent variables ¢
and . The two projection maps

q1:C3>< > 7T and q2:C2x C4—>j

are given by

29191 J v 2 26)

=1In —— 5 and v= ,
@+ v) Vi 9+
and the prolongations of these equations to order 2. Then, just as in the previous
section, we find that there is an internal equivalence
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o 7101 j[l’o] with inverse W : j[l’o] — zlo.1

which is given by
v=uy and u =log(vy). 27

The differential invariants for the action of SL(2) on J> x J3 are

2¢1¢3 — 3¢5 2913 — 392

o vl 29

and these project under q to the intermediate integrals

12 12
I = x, Izzu”—zux, J1 =y, Jzzuyy—zuy

for I. These, in turn, are transformed by (27) to the intermediate integrals

= = Uxxx 32 z 2 12
Il—x, I2—T—§Uxx, ]l—y, ]2—Uy—§1),

for J.

Example 5.2 A more complex example is given by the two systems ([16], p. 186 and
p. 231)

2
I:ny:x-i-

y,/zxzy and T : wyy + wwy, +2ww? =0, (29)

Remarkably, the quotient representations for these two differential systems are
q :HPW PN 5T and o M < HE - T, (30)
where H? is the rank 2 Pfaffian system defined on a 5 manifold with coordinates

{t,o,¢,¢1, ), by H*> = {dp — ¢1dt,do — ¢f dt}, and where the prolongations

are given by
HM = H2U{dgy — ¢odt}) and HP' =H>M U {dgy — ¢p3dt}. (1)
(We write the second copy of H? in terms of the coordinates {s, T, ¥, ¢1, Yo} as

{dyr —ynds, dt — wfdt}.) The symmetry group for the reductions (30) is the three
dimensional Heisenberg group, acting with infinitesimal generators

{0p — Oy, 06 — Oz, 10y + 0y, + 205 + 3y + Oy + 290} (32)

We are in precisely the situation of Theorem A and therefore 1%V and 7101 are
internally equivalent. With { = s + t the (prolonged) projection q[ll’o] is given by
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@ +v)°

xX=t y=S8, Zz=0+4+7T-— c ., zx = P, zyzQz,
Zxx =2P P, 2yy =200, Zyxx = 2Pt2 +2PP;;, where
po btV —th L _tv-tn
¢ ¢
The projection q[20,1] is

u=t, v=0+T+LYi =2+ VIV, w=1y1— ¢,
1

2B+ Y -y
4

Wyy = —2§w4z3 + 4w4w5 + 2prwwy — @3,  Wyyy = 12§2w3 - —

3

2
wu=_¢2_w Wy, Wy = v

Wyy = —28w

Again, we proceed as in Sect. 4 to arrive at the equivalence ® : 700 — 710,11
given by

Piu=x, v=C&+yzy+z, W=+ /2y

with inverse
Wyy Wy
V:x=u, y=—u—-—, z=v+ .
2w; 2Wyy

Under the mapping WV the intermediate integrals

xx v/ Zx Zyy 2y
4] +

I=x’ = 9 ‘]=’ J= +
! 22 x+y 1=y 2 Zﬁ x+y

~<

for T are transformed to the intermediate integrals

5
= = w = 2w
L=u, bL=wvww,+w, J= v J = v

2w3 WypyWy — W2,

for J. Note that the invariants Ji and J» are of lower order than that suggested by
Goursat.

6 Moutard Equations

Moutard equations are non-linear scalar PDE of the form

B oo 0 .
Uyy + — (Ape’) — —(Bpe ") + Co =0, (33)
ax ay
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where the coefficients Ay, By and Cy are functions of the independent variables
X, y. Assuming that By > 0, the change of dependent variables v — v + log(By)
transforms (33) to the standard form

0 0
Ury + —(Ae’) — — (") +C =0, (34)
ax ay

where A and C are functions of x, y. Let M be the usual rank 3 Pfaffian sys-
tem for (34) on the seven manifold N with coordinates (x, y, v, Vx, Vy, Uxx, Uyy).
Goursat [16] (p. 249) establishes a close relationship between Darboux integrable
Moutard equations and Darboux integrable linear equations. From our perspective
of symmetry reduction, this relationship is given by

Theorem 6.1 [i] Let LU0 be the rank 4 Pfaffian system for the partially prolonged
linear PDE (15), and let S be the 1 dimensional scaling symmetry group of £!1:0]
with infinitesimal generator

W =ud, + uyxd,, + uyauy + Uy Oy, + uyyauw 4+ Uyxx O 35)

Uxxx*
Then the quotient system L1V01/S is the standard Pfaffian system for a Moutard
equation (34).

[ii] Every Moutard system M is the quotient qs: L% — M of a Pfaffian system
for a linear equation. The projection map qs defines L1101 as a rank 1 integrable
extension of M.

[iii] The Moutard system M is Darboux integrable (at some order of prolongation)
if and only if L110 is Darboux integrable.

Proof. The differential system £[1:1 is the rank 4 Pfaffian system with generators
0 =du—uydx —uydy, Oy =duy —uxydx —uyydy, 36)
Oy =du —uyydx —uyydy, Oy =duyy —Uyxy dx — Uyyydy,
where uyy, and u,,, are given by the PDE (15) and its x derivative.

A basis for the semi-basic forms EE,’O], with respect to the symmetry group S, is
easily determined to be

9 =0 — 20, 9y =0y — 20, 93 =0 — 220 (37)
u u u
The quotient map, for the scaling group S, from the eight manifold for £I1:1 to the
seven manifold N is defined by the prolongation of

Ux

xX=x, y=y, v=—. (38)
u

It is a simple matter to re-write the semi-basic forms (37) in terms of v and its
derivatives to deduce that the quotient differential system on N is that of a PDE of
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the form

vxy+pvxvy+A~vx+va+C~‘:0, where p = — 39)

(b +v)

and where A, B, C are certain functions of X, y, and v. This is not in the form of a
Moutard equation but the point transformation

v = —log(b + v)

will eliminate the quadratic term p v, vy in (39) and lead to the Moutard equation

(34), with

ab b 9
A= 4ab—c, and c=2_2%¢ (40)
dy Jdy  ox

In other words, instead of using the obvious projection map (38), it is better to use
Ux

x=x y=y, v=-—log(— +D). 41
u

To prove the first part of [ii], we simply check that that for given functions
A(x,y) and B(x, y), it is always possible find a(x, y), b(x, y), c(x, y) satisfying
equations (40). To prove the second part of [ii], we need only observe that the form
6 is a complement to the semi-basic forms (37), relative to (36), and that

dO=0 mod {0, P, O3 ). (42)

Part [iii] then follows directly from Principles A and C. O

The combination of Theorems 4.1 and 6.1 yield the following corollary.

Corollary 6.2 For any Darboux integrable Moutard system M, there is a commu-
tative diagram

qq
Cm+l x C" __p).£[1,0]

\ lqs . (43)
4K 41

M

Here C"*! and C" are the contact systems (16), K1 is the p + 1 dimensional
symmetry group with generators (17) and W = ¢y + ¥ 0y (prolonged). The group
Gy is defined as in the statement of Theorem 4.1.

Example 6.1 The quotient of the linear equation J (the second Pfaffian system in
(24)) by the scaling action v, is the Moutard equation

eV v 2
Viy — 6Dx(§—2) —Dy(e™") — 2 =0. (44)
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The composition of the projections qa and qgs gives the projection map q : C* x
C> — Mas

(c(z4¢ — 601 — 24y — 185y — 602y, — 531#3)).

V =log 3 3 45)
6(—12¢ + 651 — 2o + 12 + 65 Y1 + (2Y2)
7 First Order Linear Systems
In this example we consider the simple class of first order linear PDE
uy =caou+ Pov, vx=ypou-+3v, (46)

where the coefficients g, o, ¥0, 0o are functions of the independent variables x, y.
A simple scaling of the dependent variables # and v transforms this system to the
form

uy =av, vx=pu. a7

We associate to each such system a rank 2 Pfaffian system S on a six manifold.
The quotient representation for Darboux systems of the type (47) can be obtained
directly using the arguments of Theorem 4.1 or indirectly using the integrable ex-
tensions approach of the previous section.

Let C™ and C" be the contact systems (16) and let G, be the p dimensional
Abelian group acting on J” x J" with infinitesimal generators (17).

Theorem 7.1 The quotient differential system T = (C™ + C")/Gp, where p =
m + n — 2 is the standard rank 2 Pfaffian system, defined on a six manifold, for a
linear PDE system (47).

Proof. The detailed argument follows the same lines as given for the proof of The-
orem 4.1. Here we simply note that on J"~! x J™~2 there are three differential
invariants x, y and

U=Uyx,y, 00,1, ..., Gn—2, Y0, V1, ..., ¥Ym—2) + u_1
while on J"~2 x J™~! there are three differential invariants x, y and
V = VO(X, y7 ¢05 ¢17 --~a¢n727 1/’0, WI, LI ) Wmfz) + I/Imfl-

The functions Ug and Vj are linear in the jet coordinates v and ;. These invariants
are necessarily related by identities of the form

D,U=aV and D,V =BU

which determine the coefficients for the quotient system (47). O



40 L.M. Anderson and M.E. Fels

Theorem 7.2 For any Pfaffian system S defined by (47) there is an integrable ex-
tension to a system L defined by (15). For any Pfaffian system L defined by (15)
there is an integrable extension to the prolonged system S defined by (47).

Proof. We first remark that by change of a dependent variable u — w(x, y)u one
can always transform (15) to an equivalent linear equation with either » = 0 or
c=0.

If u and v solve (47), then

7=¢u— v, A=A(x,y) (48)
satisfies a 2nd order linear PDE
Zyy T azy +bzy +cz=0 (49)
precisely when A satisfies the Moutard equation
Axy + Dy(ae”) — Dy(Be ™) = 0. (50)
The coefficients of (49) of are given by
a=—iy, b=0, c= oy + Ao — of. on
Note that in the special case where oy = S, then A = 0 is a solution to (50).
Conversely, functions p(x, y) and v(x, y) can be chosen so that for any solution
u to the linear equation (49), with ¢ = 0, the functions
u=px,y)zy and v=v(x,y)zy (52)
satisfy a system of the form (47).

The required integrable extensions 71: Sl — £ and my: £ — S are deter-
mined by (48) (and its derivatives) and (52). O

Theorem 7.3 For the Pfaffian system L associated to a Darboux integrable 2nd
order linear PDE (15) or for the Pfaffian system S associated to a Darboux inte-
grable 1st order linear system (47), there are commutative diagrams

qu—l qép—l
cmox " > [ Cm+l % Cn+l ...........>.8[1]
\ qu and qu. (53)
qa, qq,
S L

The infinitesimal generators for G, are given by (17), Gp_l is a subgroup of G, and
G, = Gp_l @ H. In the first diagram Gy, is of dimension p = n +m — 2 while in
the second diagram Gy has dimension p =n +m — 1.
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Example 7.1 As a simple example, let G; be the four dimensional Abelian subgroup
of the 5 dimensional group (17) (with fi(z) =z, i =0...4) obtained by removing
the vector Z'. The quotients Sim of C* x C* by G; give the first prolongations of the
systems

uy =a;v, vy =piu,

with
2y . 2x _ x+3y . 3x+y
ao_x(x——y)’ ﬂo——m, 053—xz—_y2, ,33——m,
y(3x +y) x(x +3y) 2 2
T ey ﬂlz_y(xz—yz)’ I ﬂ4:_x—y’
6y(x + ) 6x(x +y)

B =

o2

T =2 Ay +y2) @ — Ot Axy+y2)

These coefficients all satisfy ay = By and therefore all the Pfaffian system Sim
quotient to same(!) Pfaffian systems L, defined by (24) (with u replaced by z) via the
projectionmap 7 = u — v.

8 Goursat’s Equation
Goursat ([15], [18]) showed that the non-linear equation
Uyy = 2A(X, y)\/Uxity 54

can be linearized to the first order system
Py =AQ, Q,=AP (55)

by setting
uy = P> uy = Q% (56)

or, alternatively, to the second order linear equation

Ax

— ﬂvy —Av=0 567

Uxy

by setting v, = u?.

In this example, we shall use Principle C to determine the general form of the
quotient representation for Darboux integrable systems of the type (54) and we shall

study, in some detail, the special case A = .
X+y
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Let G4 be the canonical rank 3 Pfaffian system (on a seven dimensional mani-
fold) for (54) and let S4 the canonical rank 2 Pfaffian system (on a six dimensional
manifold) for (55). Then (56) defines a map 7 : G4 — S4 for which G4 is an inte-
grable extension of Sy4. Principles A and C show that (54) is Darboux integrable at
some prolonged order whenever (55) is Darboux integrable (prolonged to the same
order).

We know from Sect. 7 that the linear system (55) is Darboux integrable if it is the
quotient of jet spaces C" x C" by an Abelian Lie group G of dimension m +n — 2,
acting freely. We then infer, again by Principle C, that (54) will be the quotient of
Pfaffian systems D! x £7*1 by a Lie group G, where D" *! is a 1 dimensional
integrable extension of C" and £"*! is a 1 dimensional integrable extension of C".
Moreover, there are projection maps 7y : D"+l — C™ and mp: "' — C" such
that the diagram

pr+l | gnr1 38 g, (58)

T X ngl ln

Cm —i—Cn&)‘SA

commutes. }

Principle C also implies that G is a 1-step solvable Lie group of dimension n +
m— 1.

If we denote the fiber coordinate for the projection map 7| by o, then generators
for the action of G on D! may be taken to be of the form

_ 9 v o_ . 9 (m)
W_aa and X,_ﬁ(x)8¢+f(x) ¢+ i) ¢ +§z , (59)

where & = & (x, ¢, P1, ..., dm—1,0). The integrable extension D"t can be writ-
ten as
D" = C"U{do — H(x,d,¢1, ..., ¢m—1)dx}.

Theorem 8.1 The Goursat equation
Uyy = 2A(X, y)\/Uxlty

is Darboux integrable if and only if it is the quotient of a pair of Monge equations

do d¢ d2¢

o= H b o)

by a product action of an Abelian or 1-step solvable group with infinitesimal gener-
ators (59).

Just as with the case of linear equations (Sect.5), the functions f;(x) can be
prescribed arbitrarily. The functions H and &; can be determined directly from the
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symmetry condition
Z;(H) = Dx(&) whichimpliesthat E(Z;(H)) = Z;(E(H)) =0, (60)
where E is the Euler—Lagrange operator for the variable ¢. This over-determined

system of equations can be used to first determine H and then the coefficients &;
(independent of the method contained in the proof of Principle C).

2n .
The special case A = T’ corresponding to the choice of functions f; = x',
X +y

is easily solved.

Theorem 8.2 The standard differential system G, for the Goursat system iy, =
2n

X+y

Vuxuy is the quotient differential system

Gn = (rP M gt LY Gy, g, (61)

where H" ! is the rank n + 1 Pfaffian system for the generalized Hilbert-Cartan
equation

do d"¢
dx [dx"] ’
H LU s the first prolongation of H''', and Ga,1 is the 2n + ldimensional,
1 step nilpotent Lie group with infinitesimal generators (59) for fi = x', i =
0...2n—1.

(62)

The Monge system (62) enjoys a number of remarkable properties which we
describe in the Sect. 9.

As in Sect.4, the explicit formulas for the quotient maps q,: H"TLI 4
HHLIL 5 G, are determined by the prolongation of the lowest order joint
differential invariants for the diagonal actions of the group Go,4+1. Lety = x + y,
®; = ykgy, and Wy = y*yy. Then, for n = 1, the infinitesimal generators are
{0y, 0g, 10y + 3¢, + 2¢p0, } and the joint invariant is

1[o,] [ —1 -1 [cbo]
=01+ 11+ — ; 63
uy=o01+T1 ) [‘1’0} |:_1 1w (63)

for n = 2 the infinitesimal generators are vector fields X i+, i=2,...,6(see (74))
and the joint invariant is

o' [-12 6-12 67 [d
I | o 6 -4 6-2 Dy |
m=ntnt syl 212 6-12 6| | w | ©4)
v, 6-2 6-4||w
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for n = 3 the generators are {W, X, X1, X2, X3, X4, X5} (see (76)) and the joint
invariant is

][ =720 360 —60 —720 360 —60 ][ P

o || 360-192 36 360168 24 || @
1 lo,|| =60 36 -9 —60 24 —3 || @,
Us=o3FBF 5 gy | | 2720 360 —60 ~720 360 —60 || wy | O
w || 360 -168 24 360 -192 36 ||,
w || —60 24 =3 —60 36 —9||w,

We can use Theorem 8.2 to establish, in a rather novel fashion a connection
between the systems G, 1 and G,. We start with the simple observation that the
transformation ¢ = @’ defines the equation o’ = [¢"]? as the quotient of o’ =
[®®+D1]2 by the 1 dimensional group L with generator d¢,. This, together with
Theorem 8.2, then yields

Hn+],[l] +Hn+l,[1]

ar>qe - lqaw . (66)

n+2,[1] n+2,(1] —
H +H TTn+3 Gn

From this diagram and (61) we arrive at

Hn+2,[l] 4 Hn+2,[l]

QGZI% Yj-

3 (67)
gn+1 gn

Now, because G2,+3 is a solvable group, every solution or integral manifold
for G,1 determines, by quadratures, an integral manifold to H"+>[1 x 7 +2.[1]
(see [1], Theorem 6.2) which then projects under ,43 to an integral manifold for
G,,. Because the projection map 7,43 is invariant with respect to the flows of all the
generators of G,43 except the last one, the explicit formulas for this construction
turn out to be remarkably simple.

2(n+1)
x+y)

_ @it )VT @t DT
- (x—l—y)"“ K y = (x+y)n+1

Theorem 8.3 IfU(x, y) solves Uyy = VUxUy and X(x, y) solves

(68)
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then 5
(x + )" 2
Vix,y) = ————A Ulx, 69
(x, y) P +Ux,y) (69)
2n
solves the equation Vyy = ———— /V V.
q xy x+) xVy

This final theorem suggests the very intriguing possibility of adapting these Lie
group theoretic methods towards the construction of Bécklund transformations be-
tween various Darboux integrable systems ([10], [29]).

9 The Monge Equations o’ = [¢]?

Here we review some of the basic properties for the rank n+ 1 Pfafian systems " +!
defined by the Monge equation ¢’ = [¢]?. For n = 1, the Pfaffian system

H? = {dp — ¢p1dx, do — pPdx ) (70)

has derived flag dimensions [2, 1, 0] and is therefore contact equivalent, by Engel’s
theorem (see, for example, [5], p. 50), to

C’(R,R) = {d® — ®1dX, db| — P2dX }. 7D
An explicit equivalence is given by
x=0y, ¢p=XDPr—d|, ¢;=X, o=X"D)—2XD| +20. (72)
For n = 2, the Pfaffian system
H? = {d¢ — p1dx, dp) — dadx, do — p3dx ) (73)
has derived flag dimensions [3, 2, 0] (the generic flag dimensions) and, amongst
all generic rank 3 Pfaffian systems in five variables, has the symmetry algebra of

largest dimension, namely, the real split form of the exceptional Lie algebra g;. The
generators for this symmetry algebra are:

Hy = 2x0y + 3¢3p + ¢10p, — ¢20¢,, Hz = —(¢3p + ¢10p, + ¢20p, + 209,),
L1, 3 301 1 s
X7 = 7% dx + §¢>x3¢ + (Efb + EX¢1)3¢1 + (2¢1 — §¢2X)8¢2 + 2¢7 05,
1
XS =05, X{=xdp+dp, X|= §x28¢ + x3g, + gy + 20105,

+ 1 3 1 2 2 2 + —
XE = £+ %0, Xy, + QX — 290, X =00, X =0,
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_ 4 1 1 2 1
X; = <§¢1x2 —2¢x — §¢2x3>ax + (6’“3” + §¢%x2 —2¢% — §x3¢2¢1)3¢,
1 2 1 4 2 1
HX20 + 070 = 281 — <$3x7)dg, + (0x — 28] + Txb1dn — 293x)y,
1 8
+Qoxp1 —20¢ — §x3¢3 — §¢%>aa,
— 8 2 1 2 4 2 2
X; = (§X¢>1 —2¢ — ¢ox")0y + (Ex o+ §¢1x — X“P2¢1) 0y
2 1 2 2 1
Hox + 87 = 59330, + (0 + 36201 — 3830, + Q10 = 29330,
_ 8 4
Xy = (G = 20000 + (0x + 545% — 2x¢1¢2)dp + (0 — P3x)dy,
—%¢>Za - %x¢38
3 2 ¢2 3 270>
_ 2
X5 = =242y + (0 — 2¢201)8p — P304, — §¢§ag,
2, 1 4 5 1 1,
Xg = GO — 0020 + (509 + 507 — 929810 + (510 — 56Dy,
1 1 1 1
+<—§¢1¢§ + 50¢2)d, + (502 - §¢¢§)an. .

The vector fields X ,Jr have positive weight, the vectors Hj, H define a Cartan sub-

algebra for g7, and the vectors X; have negative weight.
For n = 3, the Pfaffian system

H* = (dp — ¢1dx, dpy — dpadx, dby — ¢odx, do —¢2dx}  (75)

has derived flag dimensions [4, 3, 1, 0] and, amongst all rank 4 Pfaffian systems in
six variables with such derived flag dimensions, has the symmetry algebra of largest
dimension. In this case the symmetry algebra has Levi decomposition s[(2) x t,
where the radical ¢ is an eight dimensional solvable algebra. The explicit formulas
for this algebra are:

1
W=20,, Xo=0p X1=2xdp+dp, X2=§x23¢+x8¢1+8¢2,

1 1

X3 = 6)(3 a¢ + zxz a¢1 +x a¢2 + a¢3 +2¢2 8‘7’
1 4 1 3 1 2

X4=ﬁx a¢+gx 8¢1—|—§x 8¢2+x8¢3+(—2¢1+zx¢2)3m

X5 = Lxs% + i1643q> + lx3 g, + lxz 0py + (2 — 2x¢1 + x7¢) By
120 47 e 2T

R =¢ 0y + ¢10p, + ¢20¢, + #3043 + 2005, So = Ox.
S1=2x0x + 5¢ 9y + 3P1 9p; + $20p, — P30p;, S2 = x2 0y + 5x¢ 0y

+(5¢ +3x¢1) g, + (81 + x¢2)dg, + (92 — xh3) Iy + 993 -
(76)
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The vector fields Sp, S1, S» define the semi-simple part, the nilradical is the seven
dimensional 1 step nilpotent subalgebra given by {W, Xy, X1, ..., Xs5}.

For n > 3 this pattern persists. The derived flag for H g [n,n—1,n—3,n —4,
n — 5, ...] and the symmetry algebra is s[(2) x ¢, where the radical has dimension
2n + 2. In all cases the nilradical is a 1 step nilpotent algebra of dimension 2n + 1.

The Pfaffian systems H"*1 are also the canonical (flat) models in the Tanaka
theory associated to the unique 2n + 1 graded nilpotent Lie algebras with grading
[2,1,2,1,1,...]. See Doubrov and Zelenko [12], Theorem 3.
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Differential Geometric Heuristics
for Riemannian Optimal Mass Transportation

Philippe Delanoé

Abstract We give an account on Otto’s geometrical heuristics for realizing, on a
compact Riemannian manifold M, the L2 Wasserstein distance restricted to smooth
positive probability measures, as a Riemannian distance. The Hilbertian metric dis-
covered by Otto is obtained as the base metric of a Riemannian submersion with
total space, the group of diffeomorphisms of M equipped with the Arnol’d metric,
and projection, the push-forward of a reference probability measure. The expression
of the horizontal constant speed geodesics (time dependent optimal mass transporta-
tion maps) is derived using the Riemannian geometry of M as a guide.

1 Optimal Mass Transportation Diffeomorphims

Let M be a compact connected n-dimensional manifold (all objects are C° unless
otherwise specified; so, a measure admits a smooth density in each chart). We may
view measures as n-forms of odd type [dRh55], hence freely consider the pull-
back measure ¢*v of a measure v by a map ¢ : M — M. Pulling-back does not
preserve the total mass: || y d@*v) # / y @v, unless ¢ is a diffeomorphism. This is
in contrast with the push-forward (also called transport) of a measure p by a map
¢ : M — M, denoted by ¢, which may be defined (via the Riesz representation
theorem [Rie09]) by:

/ udv :=/ (wo@)du, withv = ¢au, @))
M M

where u stands for an arbitrary continuous real function on M. Here, the measure
¢# 1s not necessarily smooth (even though p and ¢ are), but it certainly is if ¢
is a diffeomorphism (if so, exercise: check that ¢giu = (¢~ 1)*). In any case, the
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total mass is preserved (letting # = 1 in (1)). In the sequel, we normalize the total
mass equal to 1, all maps from M to itself are diffeomorphisms and we restrict the
transport to (smooth) positive probability measures, the set of which we denote by
Prob. The latter is a convex domain in an affine space modelled on the Fréchet space
Mes of measures with zero average on M. In particular, we will freely use the fact
that the tangent bundle T Prob is trivial, equal to Prob x Mesg. As readily checked,
the transport yields a right action on Prob of the group of diffeomorphisms of M.
From now on, we endow the manifold M with a Riemannian metric g:

Question Q: using the metric g and the above right action, how can one find good
notions of distance and shortest path in Prob?

Given measures (i, v) € Prob x Prob, optimal transport theory provides an answer
which we now describe. First of all, a criterion of optimality is required. Following
Brenier and McCann [Bre91, McCOl], it is defined by choosing the cost-function
given by: Y(p,q) € M x M, c(p,q) = %d;(p, q), where d, stands for the
geodesic distance in M, and by looking for a minimizer of the total transport cost
functional:

1
Cu(@) = [ Sz p0m) dn.

among all Borel maps ¢ : M — M satisfying ¢gx = v. Such a minimization
problem is called a Monge’s problem, after Gaspard Monge who was the first
to consider such a problem, in the Euclidean space for the total work functional
Jgn 1X — ¢ (x)|d [Mon81].

An essential tool for solving a Monge’s problem is the notion of c-convexity.
Dropping temporarily smoothness, a real function f on M is called c-convex on M
if it can be written f = h¢ for some real function /4, where:

Vm € M, h¢(m) := sup[—h(p) — c(m, p)].
pPEM

and ¢ = %dgz. If so, f is Lipschitz, thus differentiable outside a subset S C M of
zero Riemannian volume measure (Rademacher’s theorem); moreover, the gradient
Vf : M\S — TM is Borel measurable [McCO1]. The map /& + h¢ is often called
the c-transform on M [CMSO01] (thought of as a kind of Legendre transform) and a
c-convex function f = h¢ satisfies the involution identity: f = ()¢ [R-R98].
Setting exp : TM — M for the Riemannian exponential map, we can now state the
main result of the landmark paper [McCO1]:

Theorem 1 (McCann). Given (i1, v) € Prob x Prob, there exists a c-convex func-
tion f : M — R, unique up to addition of a constant, which satisfies the equation:

exp(Vf)aun =v. (2)
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Moreover, the Borel map exp(Vf) : M — M is the unique minimizer for our
Monge’s problem (modulo discrepancies on a subset of zero jL-measure).

1
Wai,v) 1= /Caexp(V 1) = | fM SV I di

with w, v, f as in Theorem 1 defines a distance in Prob [VilO8, Chap. 6] (see
also [Vil03] and Theorem 3 below); let Prob, denote the completion of Prob for
this distance. The complete metric space (Prob,, W) is called the L? Wasserstein
space associated to (M, g), and W», the Wasserstein distance. The following star-
shapedness property holds:

The quantity

Lemma 1 ([CMS01] Lemma 5.1). For each t € [0, 1], the function tf is c-convex
on M if f is so.

With Lemma 1 at hand, we infer from Theorem 1 that the path given by:
t €[0,1] = pus :=exp(tV flazu € Proby 3)

is Wo-minimizing from po = p to 1 = v. We thus have got an answer to Question
Q, except for the smoothness of the measures u; for r € (0, 1).

Indeed, the smoothness of the data (M, i, v, g) does not always imply that of
the optimal transport map given by Theorem 1. Recently, this question has been
intensively investigated (see [Vil08, Chap. 12] and references therein). However,
anytime the given measures . and v are close enough' in Prob, the c-convex solution
of (2) must be smooth [Del04, Theorem 1]. By combining Theorem | with Theorem
5 of Appendix 1 below, we can state a result in the smooth category, namely:

Theorem 2. Given (i, v) € Prob x Prob, assume the existence of a smooth solution
f of the partial differential equation:

exp(V )"y = u. @)

The function f must be c-convex on M and satisfy (2). Moreover, the path (3) ranges
in Prob and, for each t € [0, 1], the map exp(tV f) is a diffeomorphism.

At this stage, the reader may not realize how natural, from the Riemannian
geometric viewpoint, are the answers to Question Q given by the two preceding
theorems. The goal of this paper is to convince ourselves that they are, indeed,
completely natural. To do so, we give below an exhaustive account on the beau-
tiful heuristics discovered by Félix Otto [Ott01] (see also [Lot08, K-L08]). We will

!'in Fréchet topology, of course (cf. supra)
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proceed stepwise, in a pretty self-contained way,” working mostly in the group
of diffeomorphisms of M rather than in Prob, with elementary tools from (finite-
dimensional) Riemannian geometry and Poisson’s type equations. Hopefully, it will
serve as a complement to John Lott’s recent paper [LotO8] written in the spirit of
infinite-dimensional calculations performed straight in Prob. It will also prepare the
reader for further studies e.g. in the sub-Riemannian setting [K-LOS].

Finally, as regards the geometry of equation (4), we would like to mention
that (4) admits a (non-homogeneous) Monge—Ampere structure in Lychagin’s
sense [Lyc79] hence Lie solutions [Del08] which would deserve a deeper study.

2 Geometry of the Group of Diffeomorphisms, After Arnol’d

Henceforth, we set Diff for the group of diffeomorphisms of the manifold M and,
fixing A € Prob, we single out the subgroup Diff; of diffeomorphisms which pre-
serve the reference measure A (pushing it to itself).

2.1 Rearrangement Classes

Let us consider the map P, : Diff — Prob defined by
V¢ € Diff, P, (¢) := s .
It yields a partition of Diff into countersets:
cy = {¢ € Diff, ¢gr = n}, p € Py(Diff),

including the one which contains I (the identity of M), namely ¢, = Diff,. More-
over, two diffeomorphisms ¢ and ¢ lie in the same counterset ¢, if and only if:

I e Diff,, ¢ =1 of. 5)

In other words, letting Diff; act on Diff by right composition and considering (5) as
an equivalence relation, we have for the quotient space:

Diff / Diff;, = {c,, 1 € P.(Diff)};

each counterset c,, may thus be viewed as a coset, called by Brenier [Bre91] a rear-
rangement class.

2 except for the last part of Appendix 1.
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2.2 Tangent Bundle

For t € R close to 0, let ¢t — 1y € Diff be a path satisfying 9 = I. On the one
hand dc% |=0 lies in the tangent space 77 Diff, on the other hand we have:

dl/fz( )

VYm e M, li=0 € TuM .

So T3 Diff coincides with the vector ﬁelds on M, a Fréchet space henceforth denoted
by Vec.

Fixing an arbitrary ¢ € Diff, let r > ¢; be a path satisfying ¢9 = ¢. How can
we view the tangent vector ddiﬂ =0 € Ty Diff ? Sticking to the right composition,
we may write ¢; = ; o ¢ with 1 as above, getting:

dey dlﬁt
R lr=0 = Iz —00¢.

‘We conclude:
Ty Diff ={V o, V € Vec} . (6)

2.3 The Arnol’d Metric

Following Arnol’d [Arn66], let us define on the tangent bundle 7" Diff the following
field of Hilbertian scalar products:

V¢ € Diff, Y(V, W) € Vec?, (Vog, Wog)s = /M %g(Vod),qub) d .

Observing that

1
¢ECM:<VO¢»W°¢>¢=/M58(V7W)CZM,

we infer that the Arnol’d metric is right-invariant along each rearrangement class
¢, € Diff/Diff; (originally, Arnol’d restricted it to Diff; with the idea that the
resulting geodesics would describe the motion of an incompressible fluid in the
manifold M, see [Arn66,E-M70]).

Using the Arnol’d metric, we can define the length of paths in Diff, hence a
distance on Diff; let us denote it by d4. Given (¢, V) € Diffz, we thus have:

da(. vf)—lf/ d¢’ d¢”

where the infimum runs over all paths ¢ € [0, 1] — ¢; € Diff such that ¢9 = ¢ and

o1 =19.
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3 The Riemannian Submersion P, : Diff — Prob, after Moser,
Ebin-Marsden and Otto

With the view of improving the way of solving some nonlinear heat equations, Félix
Otto (working in R") [Ott01] advocated the use of a new gradient flow on Prob
which he had the idea to construct with a metric inherited from the Arnol’d one via
the projection Py. In the present section, we implement the latter idea stepwise. The
reader will find in [K-LOS8] a parallel theory outlined for the sub-Riemannian case.

We require notations: Funct will denote the Fréchet space of smooth real-valued
functions on M, and for each € Prob, Functg will denote the subspace of func-
tions f € Funct such that fiu € Mesg. Auxiliary material for this section may be
found in Appendix 2.

3.1 The Submersion

The first step is Moser’s famous result on volume forms [Mos65].
Proposition 1 (Moser). The map P, : Diff — Prob is onto.

Proof. Following [Mos65, E-M70], let us construct a right-inverse for the map P;.
Given an arbitrary u € Prob, consider the linear interpolation path ¢t € [0, 1] —
U = th + (1 —t)u € Prob. By Corollary 5 of Appendix 2, for each ¢t € [0, 1],
there exists a unique f; € Functg " solving the equation:

. o duy
divy, (Vi) pe = T (7N

The map ¢t + f; is smooth and, from (7), the flow ¢ € [0, 1] — ¢; € Diff of the
time-dependent vector field V f; on M satisfies:

d

p (prums) =0, o =1.

We thus have ¢;44; = o hence, in particular: P (¢1) = 1 O

Let us denote by M, (u) the diffeomorphism ¢; just constructed. The map
M,;, : Prob — Diff is a right-inverse for P;, such that M; (1) = 1.

Corollary 1 (Ebin—-Marsden). The map P). : Diff — Prob is a submersion.

Proof. As observed in [E-M70], the map M, yields a factorization of Diff; specifi-
cally, setting for each ¢ € Diff,

D;.(¢) == [M; (Pr(o)] ' o g,
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and recalling (5), we get a map D, : Diff — Diff) such that the following factor-
ization identically holds in Diff:

¢ = M;. (Pr(¢)) o Dy() .
In other words, as do Ebin and Marsden, we may declare that the map:
¢ € Diff — (P,.(¢), Dia(¢)) € Prob xDiff),

is a diffeomorphism (global and onto). The latter makes the map P, read merely
like a projection; so, indeed, it is a submersion. O

Proposition 2. The tangent map to P, is onto with direct kernel.

Proof. A straightforward calculation, using (6) and Definition 1 of Appendix 2,
yields for the tangent map to P, the following important expression:

Vi € Prob, Yo € c,, YV € Vec, TyPi(V o) =div(V)p. (8)

Combining it with Corollaries 5 and 6 of Appendix 2 yields the proposition (for the
notion of direct factor, see e.g. [Lan62]). O

3.2 Helmholtz Splitting

From Proposition 1 and Corollary 1, for each u € Prob, we have P, ! (n) = cy
and this fiber is a submanifold of Diff diffeomorphic to Diff,. Given ¢ € c, let us
identify the (so-called vertical) subspace Tyc,, of Ty Diff. Pick a path t — ¢; € ¢,
with ¢o = ¢ and differentiate with respect to ¢ at ¢+ = 0 the identity: P; (¢;) = u.
Recalling (8), we get the equation div,, (V) = 0 satisfied by the vector field V such

that Vo ¢ = d% |(=0. In other words, we have:
Tyc, = {Voq), Vv eKerdiVM}. O]
Regarding the orthogonal complement of Tyc, in Ty Diff for the Arnol’d met-

ric, the so-called horizontal subspace at ¢, we can write from the definition of the
Arnol’d metric and (9):

VW € Vec, (W o @) € Tyc, <= VV € Kerdiv,, / g(V, W)dp =0.
M
By Corollary 6 of Appendix 2 (Helmholtz decomposition), we conclude:

YW € Vec, (Wo¢) € Tyc;; <= 3f € Functy, W=Vf.
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Setting Vs and Hy respectively for the vertical and horizontal tangent subspaces to
Diff at ¢, we may summarize the situation as follows:

Proposition 3. Az each ¢ € c, the following splitting holds:
Ty Diff =Vy ® Hy ,
with the vertical subspace Vy = Tyc, given by (9) and the horizontal subspace, by:
Hy={Vfo¢, f € Functy}.

Moreover, the factors of the splitting are orthogonal for the Arnol’d metric and they
vary smoothly with the diffeomorphism ¢.

3.3 Horizontal Lift

A path t — ¢, € Diff is called horizontal if: Vt, dz% € Hg, . It is the horizontal lift

of a path r — p; € Prob if it is horizontal satisfying u; = Py (¢;).

Proposition 4. Each path t — u; € Prob admits a unique horizontal lift passing,
at some time t = 1y, through a given diffeomorphism of ¢, ,.

Proof. In order to prove the uniqueness, let ¢ — ¢; € Diff and t — i, € Diff
be two horizontal lifts of the same path t — ; € Prob with ¢, = . Set b =
V fi o ¢¢ (resp. 1&, = Vh; o yy), with f; (resp. h;) in Functg ', and differentiate with
respect to ¢ the equation P (¢;) = P, (Y¥;). Recalling (8), we get:

divy, (V(fi =h:)) =0,

hence f; = h; by Theorem 6 (Appendix 2). In particular, the time-dependent vector
fields V f; and Vi, have the same flow 6;, so indeed:

¢t = Ql‘fto o d’to = 9[71‘0 o WIO = wl .

As for the existence, given a path ¢t +— u; € Prob defined near r = f9 and a
diffeomorphism ¥ € Crary» Corollary 5 of Appendix 2 provides for each ¢ a solution
f; of the equation:

dpe

A =—. 10
Mtft 1253 dt ( )

From (8), the flow ¢; of the time-dependent vector field V f; is such that the path
t = Y = @iy o Yo € Diff is a horizontal lift of # — u; € Prob passing through
Yo at t = 1y, as required. O

We will sometimes call (10) the horizontal lift equation.
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3.4 The Otto Metric

Following Otto [Ott0O1] (see also [Lot08]), for each v € Prob, we equip the tangent
space T, Prob with the Hilbertian scalar product such that, for each ¢ € c,, the
restriction of the tangent map TP to the horizontal subspace Hy is an isometry.
Recalling (8), we see that it must be defined by>:

V(v,v") € T, Prob xT,, Prob, (v,v"),, := / gV Vfhdu, (11)
M

with f given by:
div,(Vfu=v

(recalling Corollary 5 of Appendix 2) and similarly for f” with v". By construction,
when Prob (resp. Diff) is endowed with the Otto (resp. Arnol’d) metric, the map
P, becomes a Riemannian submersion (see e.g. [C-E75, pp. 65-68], [FIP04] and
references therein).

3.5 The L* Wasserstein Distance

Given (u, v) € Prob x Prob, recall that the L? Wasserstein distance W2 (i, v) is
given by: W (i, v) = inf,/C,(¢) where the total cost functional C,, was defined
in Sect. 1 and the infimum is taken over all measurable maps ¢ : M — M such that
dup = v.

Using the Otto metric, we can define in Prob the notion of arclength, hence an
alternative distance (by the usual length infimum procedure) which we denote by
do. The fundamental result of [Ott01, Lot08] is the following4:

Theorem 3 (Otto-Lott). The Otto distance do coincides on Prob with the L*
Wasserstein distance W>.

The inequality W» < dg is fairly straightforward to prove. For completeness, let us
prove it here.

Pick a constant speed path ¢ € [0, 1] — u; € Prob with o = p, u; = v, and
lett € [0, 1] — ¢, € Diff be its horizontal lift, given by Proposition 4. From the
definition of W5, we have:

1 _ 1
Wi, v) < /M 52 [m. @10 g5 Hom | du = /M 55 (@o(m), $1(m) d.

3 using (23), we also have: (v, V'), = [}, fdv' = [,, f'dv
4 which implies that W is, indeed, a distance.
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Moreover, recalling the definition of the Arnol’d metric, we may write:

2
1 1 1 Lo

/ Sdz(go(m), ¢1(m)) dh < f = f b (m)ldt | di < / (i bi)gdt .

M2 M2 0 0

where the latter inequality is derived by applying Schwarz inequality followed
by Fubini theorem. From the definition of the Otto metric and since the path
t € [0,1] — p; € Prob has constant speed (we set L for its length), combining
the above inequalities yields: W2 (u, v) < L. Taking the infimum of the right-hand
side over all (constant speed) paths in Prob going from u to v, we get the desired
result. O

The reversed inequality is more tricky; it will be proved below (Corollary 3) in a
different way than in [Lot08].

4 Geodesics

In this section, we will investigate the properties of the horizontal geodesics in the
group Diff as total space of the Riemannian submersion precedingly defined.

4.1 A Sufficient Condition for Geodesicity in Diff

What is a reasonable notion of shortest path t € [0, 1] — ¢; € Diff between two
given diffeomorphisms ¢ and ¢;? A naive guess prompts us, for each m € M,
to interpolate between the image points ¢o(m) and ¢;(m) by means of a constant
speed minimizing geodesic in M (unique provided its end points are located close
enough). It motivates the following condition:

Condition G: for each m € M, the path t € [0, 1] — ¢;(m) € M is minimizing
with constant speed (MCS, for short).

The next result is classical [E-M70]:

Proposition 5. Ler t € [0, 1] — ¢, € Diff be a path from ¢g to ¢1. If it satisfies
Condition G, it must be MCS in Diff for the Arnol’d metric.

Proof. The constant speed (CS) property is trivial; let us focus on the minimizing
one. For each CS path ¢t € [0, 1] — v, € Diff with g = ¢o, Y1 = ¢1, Fubiny
theorem yields for its length Ly, the equality:

L. Lf [t
Lﬁ,=/ <wt,w,>¢,dt=/ 5(/ |Wz(m)|2df> d .
0 M 0
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Schwarz inequality implies:

2
1 L 1
L’ > / - / [V (m)ldt | dr > / ~d; (¢o(m), ¢1(m)) dL
M2 \Jo M2

and, taking the infimum of the left-hand side on such paths 1, we conclude:
2 1
dy (g0, ¢1) = | 5dy(go(m), ¢1(m)) dx .
m2 8

But the squared length Lé of the path r € [0, 1] — ¢; € Diff (for the Arnol’d
metric) is equal to the latter right-hand side, due to Condition G. In other words, we
have Ly < da(¢o, ¢1) therefore, indeed, the aforementioned path is minimizing.

O

We defer to Sect. 4.3 (Proposition 9) a proof, in the same spirit (avoiding to com-
pute the Levi-Civita connection of the Arnol’d metric as in [E-M70, Theorem 9.1]),
of a partial converse to Proposition 5.

4.2 Short Horizontal Segments

Throughout this section, we fix an arbitrary couple (i, v) € Prob x Prob of distinct
but suitably close probability measures, and a diffeomorphism ¢ € c,,. We look for
a horizontal path t € [0, 1] — ¢, € Diff starting from ¢, such that its projection
ur = Py.(¢,) satisfies i = v and realizes the distance do (i, v).

Choice of a Candidate Path

Since the path r € [0, 1] — ¢, € Diff should be minimizing, we assume that it
satisfies Condition G. If so, we must have:

AV e Vec, ¢ =exp(tV)oo.
Moreover, since the path is horizontal and ¢o = V o ¢, we infer:
if € Functy, V=Vf,

with f unique. Several questions arise, namely: does there exists an actual candidate
path:
t €[0,1] > ¢ =exp(tV f) o ¢ € Diff (12)

satisfying Py (¢1) = v? Is that path horizontal? Does it realize the Arnol’d distance
between its end points?
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Let us focus for the moment on the first question and consider, near u = 0, the local
map £, defined by:

u € Functy — E, (u) :=exp(Vu)gu € Prob.

Proposition 6. The map E,, is a diffeomorphism of a neighborhood of 0 in Functg
to a neighborhood of i in Prob.

Proof. The linearization at 0 of the map E,, is readily found equal to:
Vv € Functy, dE,(0)(v) = Ayvu € Mesg .

By Theorem 6 of Appendix 2, the map dE,(0) : Functg — Mesy is an elliptic
isomorphism. Recalling that Prob is a domain in an affine space modelled on Mesy,
the proposition follows from the elliptic inverse function theorem [Del90]. O

Using the local diffeomorphism E,,, for each v € Prob close enough to i, we let
f = E;l (v) in the path (12) and verify that, indeed, it satisfies:

Pr(d1) = (exp(V f) o p)uh =exp(V flan = E(f) =v

as required, with exp(tV f) € Diff for each ¢ € [0, 1]. The first question (local
existence) is thus settled.

Remark 1. Since the function f = E;l(v) € Functg is small, it has the following
property:

Property NC: For eachm € M and t € [0, 1], the points m and exp,,(tV,, f) are
not cut points of each other.

The latter readily implies the existence, for each ¢ € [0, 1], of a unique vector field
Z:(f) € Vec such that:

exp(Z:(f)) = [exp(tVf)]_1 in Diff. (13)

Horizontality

Let us turn to the second question.
Proposition 7. The path (12) is horizontal.

Proof. We require two preliminary steps.
Step 1: from a Riemannian lemma (see Appendix 3), we have:

Vm € M, vt € [0,1],Yv € T,M with p =exp,,(tV,,, f),
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&p [dexp, (Vi YV f), 0] = gm [V f. d exp,(Zi(f)p) ()]

where the vector field Z;(f) is the one defined in the previous remark.
Step2: we have,
vt € [0, 1], V& € Kerdiv,, (with u; = P;.(¢r)),

dexpexp(tVf)(Zt(f))(é o exp(tVf)) € Kel"diVM .

Indeed, fix ¢ € [0, 1] and & € Kerdiv,,, set for short Z;(f) = Z; and consider the
vector field:

.= dexpexp(lvf)(Zt)(é o exp(tV f)) € Vec.
Let W; be the flow of £ and ®; the composed map given by
O :=exp(Z;) o ¥y o exp(tVyf).

®

de
L ;=0 = ¢, on the other
dt

The one-parameter map ®- satisfies, on the one hand
hand:

(O)g b = exp(Zpus = 1

since W, preserves the measure ;. Therefore, indeed, we have:

. d
leM(é') n = E Oy uli=0 =0 O

We are in position to prove Proposition 7. Fix t € [0, 1] and set qﬁt = V; o ¢y.
From Helmholtz decomposition (Corollary 6 of Appendix 2), it suffices to pick an
arbitrary £ € Kerdiv,,, and check that the integral f u 8(Vi, &) du, vanishes. We
compute:

/M eV £y dpy = /Mgwé,,w,)dx: /Mgwexp(er)(Vf),soexp(tVf»du,

hence, by Step 1: [}, g(V;, &) dp; = [,, 8(V £, ¢) dju, with ¢ defined (from & and 1)
as in the proof of Step 2. Now Step 2 implies the desired vanishing. O

From Proposition 7 combined with Proposition 3, we immediately get:

Corollary 2. For u; = P (¢;) with ¢; given by (12) and for each t € [0, 1], there
exists a unique f; € Functg ', depending smoothly on t, such that:

d
Eexp(tVf) =V/f oexptVf). (14)
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The smoothness of ¢ — f; follows from the, linear elliptic, horizontal lift equation
(10) satisfied by f;. For later use, we observe that fo = f.

Minimization Property and Equality W, = do

Finally, does our candidate path (12) realize the Arnol’d distance between its end
points ? Having no direct grasp on the question, let us just go ahead with what we
can prove and try to find the answer on the way — a typical scientific attitude.’
Doing so, we will record the following result, established differently in [Lot08,
Proposition 4.24].

Proposition 8. Lert € [0, 1] — ¢, € Diff be given by (12). Up to addition of a
function of t only, the patht € [0, 1] — f; € Functg " associated to it in Corollary 2
satisfies the equation:

dfi

1
L \VEPE=0. 15
Py +2I fil (15)

Moreover, the function f must be c-convex on M.

Proof. Since the path (12) satisfies Condition G, we have:

V(g

which shows that its (Eulerian) velocity field V; = V f; satisfies the so-called [K-
MO7] inviscid Burgers equation:

v,
5, TVuVie=0. (16)

The latter yields for f; the equation:

afe 1 2
V{—+=|V =0
<8t+2|ﬁ|>

or else, (15) as claimed.

Regarding the c-convexity on M of the function f, let us stress that it is not new;
it holds because exp(V f) € Diff [Del04, Proposition 2]. Alternatively, though, we
will derive it now from (15), thus bringing to light how it originates from Condi-
tion G.

As indicated in [L0t08,~Remark f}.27] (see alio [Vil08]), the solution of (15) in
Functg’ isequalto f; = f; — [ u Jr dug with f; given by the Hopf-Lax-Oleinik
formula:

5 street-lamp paradigm, as René Thom used to call it
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Vme M, Fm)= inf | f(p)+ = dX(p,m)
m , m) = 1In — ,m)| .
! pPEM p 2t 8 P
For t = 1, we infer:

~ 1
VmeM, —fi(m)= sup [/M Fidv—f(p) =5 di(p, m)] :

peM

so the function — f] is c-convex on M. It is convenient to set f¢ := — f] with a
slight abuse of notation due to the Functy normalization. The function f¢ is easily
seen to satisfy:

d
Vi< oexp(Vf) = T exp(tV f)li=1

hence also:
exp(V f9) o exp(Vf) =1, (17

orelse: V f¢ = Z;(f), with the auxiliary notation introduced in Remark 1. So we
may repeat the arguments of this section with the reversed path:

t €[0,1] = ¥, :=exp(tV f) o ¢y
instead of the original one (12), thus switching (u, f) and (v, f€). Doing so, we

set vy = Pr(¥r) = pi—, let f£ € Functg‘ be given by Corollary 2 and reach the
conclusion that the function — ff = f is, indeed, c-convex on M. |

Equation (15), with f; solving the horizontal lift equation (10), may be viewed in
Prob equipped with the Otto metric as the geodesic equation bearing on the path
t — iy [0-V00,0tt01, Lot08].

To further specify how the functions f and f¢ are related, let us establish a key
result [McCO1, Lemma 7] by means of an elementary (smooth) proof.

Lemma 2. Set Fy : M x M — R for the auxiliary function given by:
c 1 2
Fr(q1, q2) :== f(q1) + f (q2) + Edg(m,%) ,

and X ¢, for the submanifold of M x M defined by:

p= {(ql,qz) € M?, q2 = exp, (Vqlf)}'

The function Fy is constant on ¥y where it assumes a global minimum equal
10 [y fi dv.

Proof. From the above expression of — f| = f°, we know that Fy > fM fl dv.
By a classical property of the function %dﬁ (recalled in Appendix 3), the function
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Fy satisfies d Fy = 0 at each point of X 7. In particular, it must be constant on the
submanifold X ¢ since the latter is connected. To evaluate that constant, recalling:

- 1
f(q2) = sup [/ N dV—f(Cll)_Ed;(CIl,%)] :
M

qeM

we pick for ¢» a point m € M where f assumes its global minimum (such a point
exists because M is compact). With go = m, we observe that the (continuous) real
function: g1 € M — —f(q1) — %d;(ql, m) must assume a global maximum at

g1 =m.So f¢(m) = fMj?l dv— f(m)and Fy = fol dv on Ty as claimed. O
With Lemma 2 at hand, we can cope with the minimization question:

Corollary 3. The patht € [0, 1] — ¢, € Diff given by (12) realizes the Arnol’d
distance between its end points. Moreover, W, = do.

Proof. Let v : M — M be a Borel map satisfying y4u = v. By Lemma 2, it
satisfies [, Fy(m, ¥ (m)) dpu > [, f1 dv;since f € Functg and f¢ € Functy, we
may readily rewrite this inequality as:

| sy anz [ Fav.
M 2 M

with equality holding if ¥ = exp(V f). From the latter, we infer:

1 1
[ sdion o = [ Sdion,exp, (Vo) dc.

Taking the infimum of the left-hand side over all measurable maps 1 such that

Yup = v, we obtain:
1 2
Wauv) = [ [ SIVfPdu.
M

The latter right-hand side is nothing but the Arnol’d length of the path (12) which,
by Proposition 7, is horizontal; it thus coincides with the Otto length of the path
t € [0,1] - u; = Po(¢y) € Prob. Recalling the inequality W> < do proved
above (after Theorem 3), we conclude that the path (12) is, indeed, minimizing for
the Arnol’d distance and that we have:

da(@. ¢1) =do(u, v) = Walu,v).

Now, the present proof shows that the equality W> = do holds near the diagonal
of Prob x Prob. As in any length space, this result suffices to conclude that it holds
everywhere. O
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4.3 Horizontal Segments in the Large

Dropping the closeness assumption on the assigned probability measures (u, v) €
Prob x Prob, should we still consider the path (12) as a good candidate to solve the
problem posed at the beginning of Sect. 4.2? Deferring till Sect. 5 a tentative answer
to the question, let us record global arguments in favour of such a path.

4.3.1 A Reinhart Lemma

It is a standard fact from Riemannian foliations theory, which goes back to [Rei59],
that the horizontal distribution ¢ € Diff — Hy is totally geodesic. Specifically, we
have:

Lemma 3. Lett € I — ¢, € Diff be a geodesic (for the Arol’d metric) defined
on some interval I C R. If, for some value of the parameter t, the velocity ¢; = %
is horizontal, it remains so for all t € I.

Proof. Let us argue by connectedness on the closed non-empty subset:
T:={tel ¢ €Hgy} .

We only have to prove that 7 is relatively open in the interval . Todo so, fix T € 7
and set:

¢r =V fr o ¢r.
By Proposition 7 combined with Corollary 3, for € > 0 small enough, the path

te(T—e,TH+e)NI — Y :=exp((t — T)V fr) o o7 € Diff

is a horizontal geodesic. Since its position ¥ and velocity /7 at time t = T co-
incide with those of our original path ¢+ — ¢,, both paths must coincide hence
(T —€, T +e)NI C T as desired. O

4.3.2 Necessity of Condition G

Let us provide a metric proof of the following partial converse to Proposition 5 (the
full converse is proved differently in [E-M70]).

Proposition 9. Any horizontal minimizing constant speed (HMCS, for short)
geodesic for the Arnol’d metric must satisfy Condition G.

Proof. Let the path ¢ € [0, 1] — ¢, € Diff be HMCS. The constant speed assump-
tion means that the total kinetic energy of the motion ¢; on the manifold M at time ¢,
namely the quantity:

1 .
E() :=/ ~lg 15 dp
w2 tg,



66 P. Delanoé

is independent of ¢ € [0, 1]. Its constancy implies that the squared Arnol’d distance:

1 2
44 (po, ¢1) = </0 V (@, )y, dt)

is equal to the total energy of the geodesic t € [0,1] — ¢; € Diff, namely to
E = fol E(t)dt. Fubiny theorem thus provides:

1 o
&3 (do. ¢1) = /M 3 (/(; |¢t(m)|§,,<m)dt) m

hence, by Schwarz inequality:

2
1 L,
di(¢o,¢1>z/M§</o |¢z<m>|¢,(m>dr> dp. (18)

Since fol |q5, (m) |, m)dt is the length of the path ¢ € [0, 1] — ¢;(m) € M, we have
identically:

1
/0 |Be M) | gy mydt = dy (o (m), p1(m)) . 19)

Combining the two inequalities yields:
2 1
dy (g0, ¢1) = | 5dy(do(m), ¢1(m)) du ,
m2 ¢
or else, setting ; := Py (¢;) and ¢ := ¢ o ¢0_1,

1
& (g, 1) > / SR m,om) d.
M
Noting that y4uo = w1 and recalling the second part of Corollary 3, we conclude:

d4 (o, ¢1) = d% (o, j11) . (20)

But the path ¢ € [0, 1] — ¢, € Diff being minimizing horizontal, the projection P;,
restricted along it is an isometry, hence equality must hold in (20). It implies that it
must also hold in (18) and (19). For each m € M, equality in (19) forces the path
t € [0, 1] = ¢,(m) € M to be minimizing, while equality in (18) forces it to have
constant speed. O
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5 Conclusion: Heuristical Statement

Back to the global question stated at the beginning of Sect. 4.3, we are now in posi-
tion to prove the following heuristical result:

Theorem 4. Given (i, v) € Prob x Prob, the following properties are equivalent:

(i) there exists a constant speed geodesic t € [0, 1] — wu; € Prob with end points
Ho = I, w1 = v, which is minimizing for the Otto metric;
(ii) there exists a unique function f € Functg c-convex on M solving the transport
equation (2);
(iii) there exists a unique function f € Functg solving the Monge—Ampere equa-
tion (4);
(iv) there exists a unique function f € Functg c-convex on M such that the path
t €[0,1] - s :=exp(V )z € Prob is MCS with exp(¢tV f) € Diff and
w1 = v.
Proof. The implication (iv) = (ii) is trivial, while (ii) = (iii) follows from
Theorem 5 of Appendix 1. The implication (iii) = (i) holds by Theorem 2 com-
bined with the remark which follows Lemma 1 (see (3)). We are thus left with
proving that (i) = (iv), which we now do.
Assume (i) and let r € [0, 1] — ¢; € Diff be a horizontal lift of the path u;. By
Proposition 9, it must satisfy Condition G hence, being horizontal at t = 0, it can
be expressed as:

¢r = exp(tV f) o ¢o
for a unique f € Functg . The horizontality of this expression for all time is now

guaranted by Lemma 3. By writing exp(tV f) = ¢, 0 ¢, ! we see that exp(tVf) e
Diff while, by the final statement of Proposition 8, we know that the function f is
c-convex on M. O

Appendix 1: Jacobian Equation and Related Properties
of Smooth Transport Maps

Given (i, v) € Prob x Prob and a smooth map ¢ : M — M pushing p to v, if ¢ is
a diffeomorphism, it must satisfy the (pointwise) equation:

v =p. (21)

Indeed, making the change of variable p +— m = ¢(p) in the left-hand integral of
(1), we get:

/(uoqs) d<¢*v>=/ (o $)du
M M
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which yields (21) since the function u is arbitrary. One often calls (21) the Jacobian
equation of the (u to v) transport. Here, we wish to weaken the assumption on ¢:

Proposition 10. Assume only that the smooth map ¢ : M — M pushing u to v is
one-to-one. If so, it must still satisfy the Jacobian equation (21).

Proof. Let E be the set of points of M at which the Jacobian equation is satisfied.
If m € E, (21) implies that m is not critical for the map ¢ since u and v nowhere
vanish. The inverse function theorem implies the existence of a small enough ball
B around m such that ¢ induces a diffeomorphism from B to its image 2. Since ¢
is one-to-one on M pushing u to v, we have: u(B) = v(£2). Restricting ¢ and u
to B, v to £2, we can argue as above and conclude that B lies in E. So the set E is
both closed (since ¢ is smooth) and open in the manifold M. By connectedness, the
proof is reduced to showing that E is non-empty.

We prove the latter by contradiction. If £ = J, Sard theorem [Mil65] implies that
the image set ¢ (M) has zero measure. Besides, it is closed, since M is compact. So
we may pick a function u supported inside its complement (a dense open subset of
M) with f a4 dv # 0. With this choice of u in (1), we reach a contradiction. O

Although the result just proved is certainly well-known, we did not find any sim-
ple proof of it in the literature (see e.g. [Vil08, Chapter 11] and references therein).
It implies at once the following corollary:

Corollary 4. Given (i, v) € Prob x Prob and a smooth map ¢ : M — M, the
following properties are equivalent:

(i) ¢ is one-to-one and satisfies ¢y = v;

(ii) ¢ satisfies the Jacobian equation ¢*v = L.

In either case, the map ¢ must be a diffeomorphism.

Indeed, we know that (i) = (ii) by Proposition 10, while (ii) implies that ¢ is a

diffeomorphism [Del08, Lemma 4] and (i) follows by the above change of variable
argument. O

Regarding maps of the form ¢ = exp(V f), we obtain:

Theorem 5. Given (i, v) € Prob x Prob and a smooth real function f on M, the
following properties are equivalent:

(i) the function f is c-convex on M and satisfies exp(V f)ap = v;

(ii)  the map exp(V f) is one-to-one and satisfies exp(V f)apn = v;

(iii)  the function f satisfies the Monge—Ampére equation exp(V f)*v = u.

If so, for each t € [0, 1], the map exp(tV f) is a diffeomorphism and the function

tf is c-convex on M.

Proof. The equivalence between (ii) and (iii) holds by Corollary 4. One can readily
infer (ii7) from (i) relying on [CMSO01, Theorem 4.2]. Assuming (iii), recalling that
exp(V f) must be a diffeomorphism (cf. supra), the c-convexity of f is established
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in [Del04, Proposition 2]. The final statement of the theorem holds, assuming (iii),
by [Del08, Theorem 2, Proposition 5 and Remark 6] (alternatively, the c-convexity
of tf follows also from (i) and Lemma 1). m]

Remark 2. The reader may get confused by the openings of [Del04,Del08] because,
in both papers, we viewed smooth measures like n-forms and their push-forward by
a diffeomorphism ¢, like the (pointwise!) pull-back by ¢! (which is, of course,
stronger than the measure transport definition). So, for instance in [Del08, p. 327—
328], he should assume the c-convexity of the solution of the optimal transport equa-
tion (whereas, in a pointwise acceptance of that equation, it is a priori guaranted).

Appendix 2: The Helmholtz Decomposition of Vector Fields

Given a smooth positive measure pu on the compact manifold M (with u taken
in Prob to comply with the normalization of this paper), we can associate to it a
differential operator, called the divergence (with respect to w), as follows:

Definition 1. The divergence operator div,, : Vec — Functg is defined, for each
vector field V on M with flow ¢y, by the formula:

) d
div, (V) u = 7 (q),#,u)tzo € Mesy .

Let us record the main properties of the divergence operator.

Proposition 11. Given V € Vec, the measure div(V),, u satisfies:

/fdiVM(V)dME/ df (Vydu , (22)
M M

for each f € Funct.

Proof. Fix V € Vec and set ¢; for the flow of V. For each f € Funct and each
real ¢, Definition 1 yields:

/ F d(@ug) = f (fodn) dp,
M M

and (22) is obtained by differentiating both sides with respect to ¢ at t = 0. O

From Proposition 11, using the Riemannian metric g, we can rewrite the identity
(22) as:

V(V, f) € Vec xFunct}, /M fdiv,(V)dp = /M g(VEVydu,  (23)
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which shows that, with V : Funct — Vec restricted to Functg , the divergence and
gradient operators are formally adjoint of each other with respect to the following
L? scalar products:

o f) = / Ffldp, V.V = / (V. V),
M M

defined in Functg and Vec respectively. We will use the following key result:

Theorem 6. The second order differential operator A, : Functg — Functg
defined by:
Vf € Functy, Ayf:=div(Vf),

is self-adjoint and elliptic. Moreover, it is an automorphism.

Let us call the operator A, the u-Laplacian (when p is the Lebesgue measure
of the metric g, it coincides with the Laplacian of g). To see that the w-Laplacian
is one-to-one on Functg , pick a function f in its kernel and infer from (23) with
V = Vfithat Vf = 0 hence f = 0. The proof that A, is onto (thus an au-
tomorphism, by the open mapping theorem) relies on its self-adjointness (which
holds by construction) combined with standard elliptic regularity theory and the
Fredholm alternative. We skip the argument since it is lengthy but classical (see
e.g. [G-T83] [Bes87, Appendix]).

Corollary 5. Assume 1 € Prob and let i € Mesy. There exists a unique f €
Functg solving the equation:

Aufn=np.

Corollary 6 (Helmholtz decomposition). The following splitting holds, with L*
orthogonality (relative to g and ) of its factors:

Vec=ImV @ Kerdiv, .

The first corollary follows at once from Theorem 6. To prove Corollary 6, pick
V € Vec and use Theorem 6 to solve uniquely for f € Functg the equation:

Ay f =div, (V).
The latter implies (V — V f) € Kerdiv,, so the splitting, indeed, holds. The orthog-

onality of its factors now follows from (23). O
Note that the weak form of the preceding equation, namely:

fg(Vf,Vf’>du=f e(V.V Y du.
M M

can be solved just by the Riesz representation theorem applied in the completion of
Functg for the Hilbert scalar product defined by the left-hand side, since the linear
form defined by the right-hand side is continuous (by Schwarz inequality).
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Appendix 3: Complement to Gauss Lemma

In this appendix, we provide a result® of local Riemannian geometry, namely an
adjointness property of the exponential map, which may be viewed as a complement
to Gauss Lemma (see e.g. [C-E75, p. 6] [doC92, pp. 69-70]).

Lemma 4. Let (M, g) be a Riemannian manifold and (m, p) € M x M, a couple of
points, not cut points of each other, which may be joined by a minimizing geodesic.
Setv € T,,M and v¢ € T,M for the (unique) tangent vectors of smallest length
such that:

p = exp,,(v) and m = expp(vc).

For each couple of tangent vectors (w, z) € TyM x T, M, we have:
gp (dexp, (V) (W), 2) = gm (w, dexp,(v)(2)) .
In other words, the linear isomorphisms:
dexp,, (v) : (TuM, gm) — (TyM, gp) ,

dexpp(vc) : (TpMa gp) — (TuM, gm)
are adjoint of each other.

Proof. Setting ¢ = %dg, for short, the function ¢ is smooth in a neighborhood N of
(m, p) in M x M; we denote by (g1, g2) the generic point of . As well known, for
eachg € M and u € T; M of smallest length such that (¢, exp, (1)) € N, we have
(see e.g. [Jos95, p. 256]):

— (dg,c) (q. exp, ) () = g (u, ) .

Let us differentiate this identity with respect to u € T, M and read the result at
(g, u) = (m, v). We get:

Vw e T,M, — (dglmc) @, p) [ dexp,@)] = gn(w, ).  (24)
Similarly, for each g € M and u € T; M of smallest length such that (exp; (1), ¢) €
N, we have:

— (dg,c) (expy (i), §)() = g5, ) ,
which yields at (g, #) = (p, v°):

Vee TyM, — (2 ,.¢) @, p) [dexp, 0@, | =gy ). (29)

6 which we could not find in the literature.
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Now, applying (24) to the vector d exp,(v)(z) € T, M and (25), to the vector
dexp,,(v)(w) € T,M, produces the same result, due to the symmetry of the

quadratic form d, . ¢ (Schwarz theorem). Identifying the resulting right-hand

sides, we obtain the lemma O

Acknowledgment I am grateful to Valentin Lychagin and Boris Kruglikov for inviting me at the
Abel Symposium 2008, in the magnificent site of Tromsg. I would like to thank also a Referee for
pointing out to me the reference [K-LOS].

References

[Arn66] Arnol’d, V.: Sur la géométrie différentielle des groupes de Lie de dimension infinie et
ses applications a I’hydrodynamique des fluides parfaits. Ann. Inst. Fourier, 16, 319-361
(1966)

[Bes87] Besse, A.: Einstein Manifolds. Erg. Math., Vol. 10, Springer, Berlin (1987)

[Bre91] Brenier, Y.: Polar factorization and monotone rearrangement of vector-valued functions.
Comm. Pure Appl. Math., 44, 375-417 (1991)

[doC92] do Carmo, M.: Riemannian Geometry. Birkhduser, Boston (1992)

[C-E75] Cheeger, J., Ebin, D.: Comparison Theorems in Riemannian Geometry. North—Holland
Mathematical Library, Vol. 9, North-Holland, Amsterdam (1975)

[CMSO01] Cordero—Erausquin, D., McCann, R., Schmuckenschlédger, M.: A Riemannian interpola-
tion inequality a la Borell. Brascamp Lieb. Invent. Math., 146, 219-257 (2001)

[Del90] Delanoé, P.: Local inversion of elliptic problems on compact manifolds. Math. Japonica,
35, 679-692 (1990)

[Del04] Delanoé, P.: Gradient rearrangement for diffeomorphisms of a compact manifold. Diff.
Geom. Appl., 20, 145-165 (2004)

[Del08] Delanoé, P.: Lie solutions of Riemannian transport equations on compact manifolds.
Diff. Geom. Appl., 26, 327-338 (2008)

[E-M70] Ebin, D., Marsden, J.: Groups of diffeomorphims and the motion of an incompressible
fluid. Ann. Math., 92, 102-163 (1970)

[FIPO4] Falcitelli, M., lanus, S., Pastore, A.-M.: Riemannian Submersions and Related Topics.
World Scientific, Singapore (2004)

[G-T83] Gilbarg, D., Trudinger, N.: Elliptic Partial Differential Equations of Second Order. Sec-
ond edition, Springer, Berlin Heidelberg (1983)

[Jos95] Jost, J.: Riemannian Geometry and Geometric Analysis. Springer Universitext, Springer,
Berlin (1995)

[K-LO8] Khesin, B., Lee, P.: A nonholonomic Moser theorem and optimal mass transport.
Preprint, downloable at http://arxiv.org/abs/0802.1551 (2008)

[K-MO7] Khesin, B., Misiotek, G.: Shock waves for the Burgers equation and curvatures of dif-
feomorphism groups. Proceed. Steklov Inst. Math., 259, 73-81 (2007)

[Lan62] Lang, S.: Introduction to Differentiable Manifolds. John Wiley & Sons, New—York
(1962)

[Lot0O8] Lott, J.: Some geometric calculations on Wasserstein space. Comm. Math. Phys., 277,
423-437 (2008)

[Lyc79] Lychagin, V.: Contact geometry and nonlinear second order differential equations.
Russian Math. Surv., 34, 149-180 (1979)

[McCO1] McCann, R.: Polar factorization of maps on Riemannian manifolds. Geom. Funct. Anal.,
11, 589-608 (2001)

[Mil65] Milnor, J.: Topology from the Differentiable Viewpoint. The University Press of Vir-
ginia, Charlottesville (1965)



Differential Geometric Heuristic 73

[Mon81] Monge, G.: Mémoire sur la théorie des déblais et remblais. Mémoires de I’ Acad. Royale

[Mos65]
[Ot01]
[0-V00]
[R-R98]
[Rei59]

[dRh55]
[Rie09]

[Vil03]

[Vil08]

Sci. Paris (1781)

Moser, J.: On the volume elements on a manifold. Trans. Amer. Math. Soc., 120,
286-294 (1965)

Otto, F.: The geometry of dissipative evolution equations: the porous medium equation.
Comm. Partial Diff. Eq., 26, 101-174 (2001)

Otto, F,, Villani, C.: Generalization of an inequality by Talagrand, and links with the
logarithmic Sobolev inequality. J. Funct. Anal., 173, 361-400 (2000)

Racheyv, S., Riischendorf, L.: Mass Transportation Problems, Vol. I: Theory. Probability
and its Applications, Springer, New York (1998)

Reinhart, B.: Foliated manifolds with bundle-like metrics. Ann. Math., 69, 119-131
(1959)

de Rham, G.: Variétés différentiables. Hermann, Paris (1955)

Riesz, F.: Sur les opérations fonctionnelles linéaires. C. R. Acad. Sci. Paris, 149,
974-977 (1909)

Villani, C.: Topics in Mass Transportation. Grad. Stud. Math., AMS, Providence R.I.
(2003)

Villani, C.: Optimal Transport, Old and New. Grundlehren der mathematischen Wis-
senschaften 338, Springer, Berlin (2009)



On Rank Problems for Planar Webs
and Projective Structures

Vladislav V. Goldberg and Valentin V. Lychagin

Abstract We present some old and recent results on rank problems and lineariz-
ability of geodesic planar webs.

1 Introduction

In this paper we continue our studies of geodesic planar webs [13].

We give a modification of the Abel elimination method. This method allows one
to find all abelian relations admitted by a planar web and therefore to determine
the rank of the web. It requires to solve step-by-step a series of ordinary differen-
tial equations. In [25] (see also [24]) the same modification is given by a little bit
different approach.

On the other hand, we present the method of finding the web rank by means of
differential invariants of the web, i.e., the determination of the web rank without
solving the differential equations. Pantazi [22] found some necessary and sufficient
conditions for a planar web to be of maximum rank. The paper [22] was followed
by the papers [23] and [20]. Pirio in [24] presented a more detailed exposition of
results of Pantazi in [22] and [23] and Mihaileanu in [20]. The characterization of
webs of maximum rank in [22] and [20] is not given in terms of the web invariants.

We give also an alternative construction (the previous one was given in [13]) of
the unique projective structure associated with a planar 4-web. Note that Theorem 7
was first proved in [6] (see Sect. 29, p. 246) and that the result in [6] was recently
generalized in [26] for any dimension. Our method exploits differential forms and
gives an explicit formula for the projective connection. Remark that this method,
as well as one in [13], can be used in any dimension. Presence of the projective
structure allows us to connect a differential invariant (which we call the Liouville
tensor) with any planar 4-web. This tensor gives a criterion for linearizability of
geodesic planar webs (cf. [4]).

V.V. Goldberg (=)
New Jersey Institute of Technology, Newark, NJ, USA
e-mail: vladislav.goldberg @ gmail.com

B. Kruglikov et al. (eds.), Differential Equations: Geometry, Symmetries and Integrability: 75
The Abel Symposium 2008, Abel Symposia 5, DOI 10.1007/978-3-642-00873-3_4,
© Springer-Verlag Berlin Heidelberg 2009



76 V.V. Goldberg and V.V. Lychagin

2 Planar Webs

All constructions in the paper are local, and we do not specify domains in which
they are valid. Functions, differential forms, etc. are real and of class C°.

A planar d-web is given by d one-dimensional foliations in the plane which are in
general position, i.e., the directions corresponding to different foliations are distinct.
The local diffeomorphisms of the plane act in the natural way on d-webs, and they
say that two d-webs are (locally) equivalent if there exists a local diffeomorphism
which sends one d-web to another.

Because all 2-webs are locally equivalent, we begin with 3-webs.

A 3-web can be defined either by three differential 1-forms, say, w;, w;, and w3,
where

w] N\ w2 750, wy) N\ w3 75(), w] N\ w3 750,

or by the first integrals of the foliations, say, f1, f>, and f3, where

dfi Ndfy #0, dfy ndf3 #0, dfi ndfs #0.

The above functions fi, f2, and f3 are called web functions.
Remark that the web functions are defined up to gauge transformations

fi = @i(f),

wherei = 1,2, 3, and &; : R — R are local diffeomorphisms of the line.
The implicit function theorem states that there is a relation

W(f1, f2. f3) =0

for these functions.

The above relation is called (see, for example, [5]) the web equation.

Any pair of functions in this equation is locally indistinguishable and can be
viewed as local coordinates on the plane.

Keeping in mind this observation, we consider a space R*> with coordinates
u1, uy, and us and two-dimensional surface

¥ CR3

given by the equation
Wuy, uz, u3) = 0.

We say that ¥ C R3 is a web surface if any two functions u; and u ;j are local
coordinates on X.

In the case of d-webs one can choose d local first integrals of the corresponding
foliations, say, f1, f2, f3 ..., f4, which are also called web functions. They define
a map

o:R? > Rd,
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where

oY) ER > (w1 = fi(x,y), ... ug = fa(x,y)) € RY.

The image X of this map is a two-dimensional surface in R?. Remark that any pair
of functions u;, u; are local coordinates on X.

From this point of view, the local theory of planar d-webs is just a geometry of
web surfaces in R¢ considered with respect to the gauge transformations.

3 Basic Constructions

Let us begin with 3-webs, and let differential 1-forms w1, w>, and w3 define such a
web. These forms are determined up to multipliers w; <> A;w;, where A; are smooth
nonvanishing functions. Hence, these forms can be normalized in such a way that

w1 +wy+w3 =0 (1)

with only possible scaling w; <> lo;.
One can prove that in this case there is a unique differential 1-form y such that
the so-called structure equations

dowj = wi Ny ©))

hold for all i =1, 2, 3 (see [4]).
The form y determines the Chern connection I' in the cotangent bundle 7*M
with the following covariant differential:

dr : wi — —w; ® y.
The curvature of this connection is equal to

Rr:wi+— —w, @dy.
If we write

dy = Ko A wa,

then the function K is called the curvature function of the 3-web.

Note that the curvature form dy is an invariant of the 3-web while the curvature
function K is a relative invariant of the web of weight two.

Let (91, d2) be the basis dual to (w1, wy) . We put 93 = 9, — 91. Then leaves of
the 3-web are trajectories of the vector fields d», d1, and 93.

The form y can be decomposed as follows:

Y = 8101 + 22,

where g1 and g; are smooth functions.
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Moreover, in this case one has (see [11])
[01, 02] = —£201 + g102 (3)

and
K =01 (g2) — 92 (g1)- (4)

Remark also that the covariant derivatives with respect to the Chern connection have
the form

Vx (@) = =y (X)w;
and

Vx(9;) = —y(X)9;.

It shows that the leaves of all three foliations are geodesic with respect to the Chern
connection.

Letdy : 21 (M) — 2' (M) ® 22! (M) be the covariant differential with respect
to the Chern connection.

The induced connection in the tangent bundle gives the differential

d:D(M)— DM)® R (M),

where
dv:0i > 0; Qy.

In a similar way the Chern connection induces the covariant differential in the
tensor bundles.
Let us denote by ©@74 (M) = (D (M))®F ® (£2! (M))®q the module of tensors

of type (p, q) .
Then the covariant differential
dy : ©P4 (M) — @14 (M)

acts as follows:

dv :udj; ® - ®0;, 80 ®  Qwj, —> 3, ® - ®Jj, w;, @ Qwj,
®(du+(p—q)yu)

where u € C*° (M) .
We say that u is of weight k = ¢ — p and call the form

59 ) ¥ qu — kuy (5)

the covariant differential of u.
Decomposing the form §® (1) in the basis {w{, w,}, we obtain

80 @) =8\ ) w1 + 8 W) wn,
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where .
5% () = 8; () — (k) giu

are the covariant derivatives of u with respect to the Chern connection, i = 1, 2.
Note that 8 () and 85 (u) are of weight k + 1.
One can check that the covariant derivatives satisfy the classical Leibnitz rule

8% vy = 8% ) v +u s (v)

if u is of weight k and v is of weight /, and the commutation relation

+1 +1
59 05 — 5t 088 = sK ©)

Note that the curvature K is of weight two.

In what follows, we shall omit the superscript indicating the weight in the cases
when the weight is known.

For the general d-web defined by differential 1-forms wi, wy, and w3, ..., wg
we normalize w1, w,, and w3 as above and choose w; for i > 4 in such a way that
the normalizations

aiw) +wr + wip2 =0 @)

hold fori =1,...,d — 2, witha; = 1.

Note that a; # 0, 1 fori > 2.

Moreover, for any fixed 7, the value a; (x), of the function @; at the point x
is the cross-ratio of the four straight lines in the cotangent space 7, generated by
the covectors wj x, w2 x, w3,x, and w;43 », and therefore it is a web invariant. The
functions a; are called the basic invariants (cf. [10] or [9], pp. 302-303) of the web.

Because of locality of our consideration, one can choose a function f in such a
way that w3 = df and find coordinates x, y such that w; Adx = 0 and wy Ady = 0.

Let also w;+3 A dg; = 0, for some functions g;(x,y),i =1,...,d — 3.

Then w) = — frdx and wr = — fydy.

The dual basis {9, 92} has the form

0 =—f 0 =—f"0y.

and the connection form is

y = —Huws,
where
H = fxy
Jx Jy

The curvature function has the following explicit expression:

1 fx)
K =— log =) , 8
fxfy("g i), ®
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and the basic invariants have the form

- fygi,x
a; = —=—
fxgi,y
fori=1,...,d —3.
Note that if a three-web W3 is given by a web equation W (u1, us, u3) = 0, then
the curvature K is expressed as follows (see [5], Sect. 9):

K = A+ Ay + A3z, 9)

where
1 92 W,

= —— log —
W, W du,du, Wi

and subscripts » and s mean the partial derivatives of the function with respect to
the variables u, and uy, where r, s = 1, 2, 3.

Recall that a planar d-web is said to be (locally) parallelizable if it is (locally)
equivalent to a d-web of parallel straight lines in the affine plane.

It is known (see, for example, [5], Sect. 8) that a planar 3-web is locally paral-
lelizable if and only if K = 0.

For planar d-webs, d > 4, the following statement holds (cf. [10] or [9], Sect. 7.2.1
for d = 4): a planar d-web (w1, w2, w3, w4, . . ., wg) is locally parallelizable if and
only ifits 3-subweb (w1, w2, w3) is locally parallelizable (i.e., K = 0), and all basic
invariants a; are constants.

’

Apg

4 Rank

We begin with an interpretation of the classical Abel addition theorem (see [2]) in
terms of planar webs (cf. [5]).

Let us consider linear webs on the affine plane, i.e., such planar webs leaves of
which are straight lines. There is an elegant method to construct such webs. Take
a straight line rx 4+ sy = 1 on the affine plane and assume that the coefficients
(r, s) € R? satisfy an algebraic equation P, (r, s) = 0 of degree d.

Given (x, y), then the system

rx +sy =1,
Py(r,s) =0
has at most d roots.

Assume that in a domain on the plane (x, y) the above system has exactly d roots.
Then in this domain we have a linear d-web.
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Take now a cubic polynomial
Py(s,1) = s> —dr® — gor — g3,

where g, and g3 are constants.
Then the system

rx +sy =1,
sz—4r3—g2r—g3=0

in the domain
xt - 24)cy2 — 12ggy4 >0, y#0,

has three distinct real roots and consequently there are three pairwise distinct
straight lines (r;(x, y), si(x, y)), passing through the point (x, y). In other words,
we have a linear 3-web.

Assume that

& — 2783 #0.

Then the solutions of the equation s — 4r3 — gor — g3 = 0 can be parameterized
by the Weierstrass elliptic function with the invariants g, and g3:

r=gp(),s =g ).

Hence, the roots (r;(x, y), s;(x, ¥)) correspond to three solutions (#; (x, y)) of the
equation
pOx + o' )y —1=0.
Let us put
fO=pOx+ O)y—1

and compute the integral

f'@

Q)
along the boundary of the period parallelogram of the Weierstrass function. We get

t dt

ti(x,y) +t(x,y) +t3(x, y) = const.

This is the abelian relation.

This relation can be understood geometrically if we note that, by the construction,
the functions #; (x, y), t2 (x, y), and 13 (x, y) are first integrals of the corresponding
3-web.

In more general case, let us consider an arbitrary planar d-web defined by d web
functions

fi..-., fa-
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Then by an abelian relation we mean a relation

Fi (fi) + -+ Fy (f4) = const.

given by d functions (F1, ..., Fy) of one variable.
We say that two abelian relations (Fi, ..., Fy) and (G, ..., Gg) are equiva-
lent if

F; = G; + const,
1

foralli =1,...,d.
The set of equivalence classes of abelian relations admits the natural vector space
structure with respect to addition

(Fi,....F)) +(G1,...,Gag) = (F1 + Gy, ..., Fa+ Ga)
and multiplication by numbers
a(Fr,....Fg) =(aF1,...,aFg).

The dimension of this vector space is called the rank of the web.
In the case when d-web is defined by differential 1-forms

[ P a)dv
the differentiation of the abelian relation leads us to the abelian equation
Mwp+ -+ Agwg =0,

for functions Ay, ..., A4 under the condition that all differential 1-forms X;w; are
closed:
d()»,-w,-) =0.

The abelian equation is a system of the first-order linear PDEs for the functions
(A, ..., Ag), and the rank of the web is the dimension of the solution space.

Example 1. The following example illustrates the above constructions for 3-webs.

Consider the 3-web W3 given by web functions

x, v, flx,y).
Then
w] = _fxdxv w2 = _fydys w3 = df,

and the condition
AMw1 4+ wr + Azw3 =0



On Rank Problems for Planar Webs 83
implies
Al = A = A3 = A.

The abelian relations take now the form

(fx)y =0,
(fy)x =0,
Acfy =2y fx =0,
or
(Ina)y = =(n fi)y,
(Inx)y = —(In fy),.

The compatibility condition for this system has the form

(In f)xy = (n fy)xy

or
K =0.

So, we can conclude this consideration by the following statement: rank of a 3-web
does not exceed one, and the rank equals to one if and only if the 3-web is paral-
lelizable.

5 Abel’s Method

In this section we discuss the rank problem in the classical setting. A method of
finding the rank, or in other terms, a method of solving abelian relations was pro-
posed by Abel himself (see [1]). This method is just a consistent elimination of the
functions from the abelian relation by using only differentiation.

Let us consider a planar d-web defined by web functions fi, ..., fy and the
corresponding abelian relation

Fi (fi)+ -+ Fq (fa) = const. (10)

Modifying Abel’s method and adjusting it to (10), we can explain it as follows:
(a) Taking the differential of (10), we get
Fldfi + Fydfs +---+ Fydfs = 0. (11
(b) Taking the wedge product of (11) with df}, we eliminate F and get the follow-

ing equation:
Fy+ 5\ Fy+--+ I F) =0, (12)
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where
ij _ 0(fi, f)
0 f)
is the Jacobian of the functions f; and f; with respect to functions f; and f;.
(c) Taking the wedge product of the differential of (12) with df;, we eliminate F»
and get the following equation:

B F) +a3F+--- =0, (13)

where a3 is a certain function.

(d) Divide (13) by the first coefficient and take the differential of the obtained equa-
tion; if F3 appears in differentiation, take its value from (13). This gives the
following equation:

F{'dfs + b3Fy(f3) + - =0, (14)

where b3 is a certain function.
(e) Taking the exterior product of (14) with dfs;, we eliminate F3” and get the
following equation:
c3F(f3)+---=0, (15)

where c¢3 is a certain function.

(f) Dividing (15) by c¢3 and taking the wedge product of the differential of the
obtained equation and d f3, we eliminate the function F3.

(g) Use the procedure outlined above to eliminate the functions Fy, ..., Fz_1.
Finally, we obtain a linear differential equation with respect to the function
F4(fg). This equation can be viewed as family of homogeneous ordinary linear
differential equations.

(h) Substitute the solution Fy(fy) into (10) and apply the outlined procedure to
find another function, say, Fy_1(fz—1)-

On Abel’s elimination method as well as on less general method of monodromy
see [25].
Below we give a few examples of application of the Abel method.

5.1 3-Webs

Here we apply the Abel elimination method for 3-webs to show once more that a
planar 3-web admits a nontrivial abelian relation if and only if the 3-web is paral-
lelizable.

Suppose that a 3-web is given by the web functions f(x, y), x, and y and let

F(f)+Gx)+ H(y) =0. (16)

be an abelian relation.
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Take the differential of (16):
F'(f)df +G'(x)dx + H'(y)dy =0,
and the wedge product of (17) with df:

~fyG' )+ fr H'(y») =0.

Then
G'(x) — Jr H'(y) =0.
Iy
Taking the wedge product of the differential of (19) with dx, we get
/" fx / _
H"(y)+ (log— | H(y)=0.
Y7y

85

a7

(18)

19)

(20)

In order (20) has a nontrivial solution, it is necessary and sufficient that the function

(log £> does not depend on x, i.e.,
i),

This means that K = 0, i.e., the 3-web is parallelizable.

5.2 4-Webs of Rank Three

Assume that a 4-web is given by the following web functions:

f=x+y g=xy, x, y.

2y

We will apply the Abel elimination method to find all abelian relations admitted by

this web.
Let
F(f)+G@+HKX) +K(y)=0

be an abelian relation.
Taking the differential of (22):

F'(f)df + G'(g)dg + H'(x)dx + K'(y)dy =0,

(22)

(23)
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and the wedge product of (23) with dy, we eliminate K’(y):

F'(f)+yG'(e) + H'(x) = 0. (24)
Once more, taking the differential of (24):

F'(fydf +yG"(g)dg + G'(g)dy + H"(x)dx =0, (25)

and the wedge product of (25) with dg, we eliminate G” (g):
x =W F'"(f)=yG(¢)+x/,H"(x) =0. (26)

Using (24), we eliminate G'(g) in (26):

x =W F'(/H)+F(f)+H & +xH"(x) =0. 27)

Dividing (27) by x, taking the differential of the result and taking the wedge
product of the differential with dx, we eliminate H (x) and arrive at the equation

F"(f)=0. (28)
Up to an arbitrary constant, the solution of (28) is
F(fy=af’+bf. (29)
where a and b are arbitrary constants. By (29), (27) gives
xH'(x) + H (x) + 2ax = 0. (30)
Up to an arbitrary constant, the solution of (30) is
H(x) = —ax?—bx +klogx, (31)

where k is an arbitrary constant.
By (29) and (31), (26) gives

G(g)=—a— E (32)
8
Up to an arbitrary constant, the solution of (32) is
G(g) = —2ag —klogg, (33)
Now by (29), (31) and (33), we find from (22) that

K(y)=—ay*—by+klogy. (34)
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Thus, the rank is equal to three, and we have the following three independent

abelian relations:

(a=0,b=0,k=—1)
x+y—f=0;
(a=—1,b=0k=0)

Y+ =D+ 2g) =0;
(a=0,b=—-1,k=0)

logx +1logy + (—logg) = 0.

The fact that the rank of this web is three was also proved in [12] using differen-

tial invariants of webs.

5.3 4-Webs of Rank Two

Consider a 4-web given by the following web functions:

f=x"+y" g=x+y x,

We will apply the Abel elimination method and find all abelian relations admitted

by this web.
Let
F(f)+G@+HK)+K(y) =0

be an abelian relation.
Taking the differential:

F'(f)df +G'(g)dg + H'(x)dx + K'(y)dy = 0,
and the wedge product of (36) with dy, we eliminate K (y):
2x F'(f)+G'(g) + H'(x) =0.
Once more, taking the differential of (37):
2x F"(f)df +2F'(f)dx + G"(g)dg + H" (x) dx = 0,
and the wedge product of (38) with dx, we eliminate H (x):

28> = f)F"(f)+G"(g) = 0.

(35)

(36)

(37)

(38)

(39)
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Taking the wedge product of the differential of (39) with dg, we eliminate G (g):

208 — f)F"(f) = 2F"(f) =0. (40)

Equation (40) is equivalent to the system

=2f F"(f) =2F"(f) =0,

(41)
F///(f) — O

Therefore, up to an additive constant,

F(f) = kf.

where k is a constant.
Now it follows from (39) that, up to an additive constant,

G(g) = bg,

where b is a constant.
Equation (37) implies that, up to an additive constant,

H(x) = —kx?> — bx,
and (35) gives that
K (y) = —ky* — by.

Thus, the rank of the web is equal to two, and we have the following two basic
abelian relations:

(k=0,b=1)
(X + ) 4 (=x) + (—y) =0,

(k=1,b=0)
(2492 + (=) + (=y*) =0.

In [12] using differential invariants of webs, it was shown that this 4-web is of
rank two.

5.4 4-Webs of Rank One

Assume that a 4-web is given by the following web functions:

Fo (x—y)z’ o= (x—y)z’
X y

X,y
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We will apply the Abel elimination method to find all abelian relations admitted by
this web.
Let
F(f)+G@+HMX)+K(y) =0 (42)

be an abelian relation.
Taking the differential of (42):

F'(f)df +G'(g)dg + H'(x)dx + K'(y)dy =0, (43)
and the wedge product of (43) with df, we eliminate F(f):

2
H () — EFIY g — o, (44)

(x —y)?

2xy?

G'(g) — ———
€9) =2

Once more, taking the differential of (44):

2 _
G/,(g) dg — 2xy 3H//(x) _ 2y(2x + y)( yd;c + xdy) H/()C)
5 (x—=y) x—=y) (45)
2 2y)(—yd d
_(ery)y2 K'(y) — y(x +2y)(=y 3x +x y)K/(y) —0.
(x — y) (x—y)

and the wedge product of (45) with dg, we eliminate G(g):

x 42y
x(x+y)

2
H//(x) + X4y
X

- - K'(y) =0. 46
Tty &) (46)

H'(x) + 2 K'() +
Taking the wedge product of the differential of (46) with dx, we eliminate H” (x):

. (x + y)Zy K"
X

. ELRNEES)

6)) K"(y) —K'(y) =0.  (47)

Taking the wedge product of the differential of (47) with dx, we eliminate H'(x):
(x + y)yK"™ () +3(x +2y) K" (3) + 6K"(y) = 0. (48)
Equation (48) is equivalent to the system

{ y KV (y) +3xK"(x) = 0, )

Y K"(y) +6y K" (y) + 6K"(y) = 0.
It follows from (49) that

yK"(y) +2K"(y) = 0. (50)
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Up to an additive constant, the solution of (50) is
K(y) = —klogy + by,

where k and b are arbitrary constants.
It follows from (47) and (51) that

k
H'(x) == +b.
X
Up to an additive constant, the solution of (52) is
H(x) =klogx + bx.

It follows from (44), (51) and (53) that

k  by(Bx +
Glg) = - + y3x+y)
g  glx—y)
Equation (54) implies that
b=0

and that, up to an additive constant,

G(g) = —klogg, H(x) =klogx, K(y) =—klogy.

Finally, (42) and (56) give

F(f) =klog f,

and the 4-web admits only one independent abelian relation

log f —logg +logx —logy =0.

(S

(52)

(53)

(54)

(55)

(56)

(57)

(58)

Using differential invariants of webs introduced in [12], one can show that this

4-web is of rank one.

5.5 4-Webs of Rank Zero

Assume that a 3-web is given by the following web functions:

f=&+ye', g=xy, x, y.

We will apply the Abel elimination method to show that this web admits no abelian

relations.
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Let
F(f)+G@+HxX)+K(y) =0 (59

be an abelian relation.
Taking the differential of (59):

F'(f)df + G (g)dg + H'(x)dx + K'(y)dy =0, (60)
and the wedge product of (60) with df, we eliminate F (f):
[(x+yx+x—y]G (@ —H@+A+x+y)K'(y) =0. (61)

Once more, taking the differential of (61):

[((x+y)x+x—y]G"(g)dg — H'(x)dx + (1 +x 4+ y) K" (y)dy

62
+[2x+y+Ddx+ (x —1)dylG'(g) + (dx +dy) K'(y) =0, (©2)

and the wedge product of (62) with dx, we eliminate H (x):
x[(x+x+x=y1G"(@+x -G (@ +K'(M+K'(y)=0.  (63)

Taking the differential of (63):

x[(x +yx+x—y]G"(g)dg + (x —1)G"(g)dg

(64)
+K"(y)dy + K"(y)dy + G"(g)dx =0,

and the wedge product of (64) with dy, we eliminate K (y):

2
gl +g+xr =167 +Gg - T 437420+ DC (@) =0, (69
Equation (65) is equivalent to the system

g2G"(g) + Bg+ 1) G"(g) =0,
G"(g) =0,
G///(g) — O,

i.e., to the equation G”(g) = 0. Up to an arbitrary constant, the solution of the latter
equation is G = ag, where a is an arbitrary constant.
If G = ag, then (63) becomes

K'()+K'(y)+a@x—1)=0.

It follows that @ = 0 and G(g) = 0. The equation for K (y) becomes K" (y) +
K'(y) = 0. Up to an arbitrary constant, its solution is K (y) = —be™”, where b is
an arbitrary constant.
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Now (61) becomes
Hx)=b(1+y)e Y +bxe”.

It follows that » = 0 and H'(x) = 0. Hence, up to an arbitrary constant, H(x) = 0
and K (y) = 0.

Finally (59) implies that F(f) = 0.

Thus, the web under consideration admits no abelian relations.

6 Abelian Differential Equations

In this section we discuss properties of abelian equations.
Recall that the abelian equation for a planar d-web given by differential 1-forms

W1, ...,Wq
is a first-order PDE system for functions A1, ..., A4 of the form

Mwy~+ -+ Aqwg =0,
d(hwy) = =d o) =0.

Let us write down the abelian equation in more explicit form. To this end, we
choose a 3-subweb, say, the 3-web given by

a)lf a)2’ w37

and normalize the d-web as it was done earlier:

aiwi+wr+ w3 =0, aawr +wry+ws=0,...., agow; +w2+wg =0,

witha; = 1 and dw3; = 0.
It is easy to see that, if i < 3, then, due to the structure equations, we get

d (Aw;i) = dA AN wj + Adw; = (dr — Ly) A w;

or
d (Aw;j) =6 A) A wj,

if we consider A as a function of weight one.
Assuming that all A; are functions of weight one and the functions a; are of
weight 0, we get
d (Mwy) = =82 (A1) w1 A w2,
d (haw2) = 81 (A1) w1 A w2,
d (A3w3) = (82 (A3) — 81 (A3)) w1 A w2,
d (Ajwj) = (82 (ai-24i) — 81 (&) w1 A @2
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fori =4,...,d.
The normalization condition Z‘f Miw; = 0 implies that
AM=aiur+---+ag_ouq_s,
Ay =ur+ -+ ug-2,
where
Ul = A3, ..., Ug—2 = Aq.
Therefore the abelian equation can be written in the explicit form as the following
PDE system:
Ay (i) == Ag— (ug—2) =0,
81 (ui) + -+ 681 (ug—2) =0,
where A; =8 — 2 04q;.

Let
7:RI2xRE — R2

be the trivial vector bundle, where 7 : (uy, ..., uq-2,x,y) — (x, y).
Denote by 2; C J' (7) the subbundle of the 1-jet bundle corresponding to the
abelian equation, and by 2; C J* (r) the (k — 1)-prolongation of ;.
Let
k-1 : A —> A1

be the restrictions of the natural jet projections

T k—1 - Jk (r) — Jk_1 ().

Then, if k < d — 2, one can easily check that 2 are vector bundles, the maps
Tk k—1 are projections and

dimKermy 1 =d —k — 2.

In other words, we have the following tower of vector bundles:

b4 71,0 2,1 73,1 Td—3,d—4 Td—2,d-3
Rz <—Rd+2 <—Ql1 <—Q[2 D <—‘ Q(d_3 (—‘ Q[d_z.

The last projection

Th—1  Aa—2 —> Aq—3
is an isomorphism, and geometrically it can be viewed as a linear Cartan connection
(see [19]) in the vector bundle

Tg—3 :Ag_3 — RZ.
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This proves that the abelian equation is formally integrable if and only if this linear
connection is flat.

It is easy to see that the dimension of this bundle is equal to (d — 2)(d — 1)/2.

The dimension of the solution space is the rank of the corresponding d-web. The
above computation shows that the rank of a d-web is finite-dimensional and does
not exceed

d-1)d-2)
5 .

This result was first established by Bol [7] (see also [5]).

The compatibility conditions for the abelian equation can be found (see [12])
using multi-brackets (see [15]).

These conditions have the form

=0+ +04-0uq4-2 =0,
where
Ui =A1--Ago-81 —Ap---Aj1 - 81 - Ajy1 -~ Aga - A

are linear differential operators of order not exceeding d — 2.
Summarizing, we get the following

Theorem 1. A d-web is of maximum rank if and only if »x = 0 on A _5.

Remark that s« can be viewed as a linear function on the vector bundle 2(;_», and
therefore the above theorem imposes (d — 1) (d — 2) /2 conditions on the d-web (or
on d — 2 web functions) in order the web has the maximum rank. A calculation of
these conditions is pure algebraic, and we shall illustrate this calculation below for
planar 3-, 4- and 5-webs. Note also that expressions for s in the case of general
d-webs are extremely cumbersome while for concrete d-webs it is not the case.

7 Rank of 4-Webs

7.1 The Obstruction

In order to simplify notations, we put a; = a in the normalization for 4-webs :

w1 +wy + w3 =0,
aw] + wr +wg =0,

and reserve the subscripts for the covariant derivatives of a. Thus, a> = §; (a), etc.
For abelian equations we shall use the functions # and v, where 1 = u; and
V= Uuj.
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Then the abelian equations have the form
(u~+av)w; + (u +v) wr + uws + vwg =0,
where
M=u+av, Ay =u+v,A3=u,Aqg =,

and the functions u and v satisfy the equations

31 (u) — 8 (u) =0,
81 (v) — &2 (av) =0,
81 () + 481 (v) =0.

In the case of 4-webs, the tower of prolongations has the form

b4 71,0 2.1
]R2<—]R4<—211 <~ Ay,

where the isomorphism 72 1 : ™ — % defines a linear Cartan connection on the
three-dimensional vector bundle

m A — RZ.

In what follows, we use coordinates in the jet spaces adjusted to the Chern con-
nection and weight. Thus, for example, u; ; stands for the operator 6]1‘ (Sé.
In these coordinates, the abelian equation takes the following form:

uy —uy =0,
v —avas —axv = 0,
up +vy =0,

and the obstruction
= (A1A281 — 81 A1A2)u + (A1A281 — A1d1A)v

equals
»x = coV2 + C1V + cou,

where ¢g, ci, and ¢, are certain functions of the curvature function K, the basic
invariant a and their covariant derivatives K; and a;, a;; (see formula (1) in [12]).
The coefficient cp in the expression of s has an intrinsic geometric meaning.
Namely, by the curvature function of a 4-web we mean the arithmetic mean of
the curvatures of its 3-subwebs [1, 2, 3], [1,2, 4], [1,3,4] and [2, 3, 4].
Then (see [12]) the coefficient ¢y equals the curvature function of the 4-web.
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7.2 4-Webs of Maximum Rank

A planar 4-web has the maximum rank three if and only if the obstruction ¢ identi-
cally equals zero, i.e., if and only if c) = ¢; = c2 = 0. Computing these coefficients
leads us to the following result (see [12]).

Theorem 2. A planar 4-web is of maximum rank if and only if the following rela-
tions hold:

ajp —aay —2(1 —a)a;y (-1 +2a)a12 - azag +2(0—-a)i aa

co =K+

4a(l —a) 4(1— a)2a2 )
K — K, (a—4)a1+(11—20a+12a2)a2K ain — aim
Cl =
T i -a 12(1 —a)’a 4a(1 — a)
a1 —aa (2a — 1) (a1 — aay) a2 (1 —2a) ay + aaz)
azz app — ,
4a%(1 — a) 4(1—ayla> 10 —ala?
akK, — Kj (1—-2a)a; — (a —2)aar
= K.
4a(l —a) 4(1 —a)*a?

Vanishing of the coefficients ¢; and ¢, for 4-webs with ¢g = 0 is equivalent to
linearizability of the web (see [4]). Therefore the above theorem can be formulated
in pure geometric terms:

Theorem 3. A 4-web is of maximum rank three if and only if it is linearizable and
its curvature vanishes.

Theorem 3 leads to interesting results in web geometry:

1. A linearizable planar 4-web is of maximum rank if and only if its curvature
vanishes.

2. A planar 4-web of maximum rank is linearizable (algebraizable) (Poincaré).

3. If a planar 4-web with a constant basic invariant a has maximum rank, then it is
parallelizable.

4. Parallelizable planar 4-webs have maximum rank.

5. The Mayrhofer 4-webs are of maximum rank.

Recall that a 4-web is called the Mayrhofer web if all 3-subwebs of this web are
parallelizable.

7.3 4-Webs of Maximum Rank and Surfaces of Double
Translation

A surface S C R? is a surface of translation in if it admits a vector parametric
representation r = R(u, v), where R(u, v) is a solution of the wave equation

Ry, =0.
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Then
r=fu)+ g, (66)

or, in components of vectors,

x = flu) +g' (),
y = f2u) + g (v),
2= 3w+ g W).

A surface S is a surface of double translation if in addition to representation (66)
it also admits a representation

r=h(s) + k), (67)

such that the coordinate functions u,v,s, and ¢ on the surface are pairwise
independent.

In other words, they define a 4-web on the surface S. If S is a surface of double
translation, then it follows from (66) and (67) that

fiw) + g )y —his) —k' () =0 (68)

fori = 1,2, 3. These relations can be viewed as abelian relations for the 4-web
mentioned above.

If the surface S does not belong to a plane, then (68) gives three independent
abelian relations for the web. Therefore, this web has the maximum rank, and as we
have seen earlier, it is linearizable (algebraizable). This result was first proved by
Sophus Lie in the form.

Theorem 4. ([16]) If S is a surface of double translation not belonging to a plane,
then the curves f'(u), g’ (v), h'(s) and k' (t) belong to an algebraic curve of degree
four.

More on the subject, its further developments and references one can find in [8]
and [3].

7.4 4-Webs of Rank Two

As we have seen, a 4-web admits an abelian equation (has a positive rank) if and
only if the equation
cova +civ+cu =0 (69)

has a nonzero solution.
Suppose that cg = 0. Then if two other coefficients ¢; = ¢; = 0, then a 4-web is
of maximum rank three. If co = 0 but one of the coefficients ¢ or ¢; is not 0, then
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c1v 4 cou = 0 and then, say u, satisfies a first-order PDE system of two equations.
Therefore, the 4-web admits not more than one abelian equation (i.e., it is of rank
one or Zero).

Assume that ¢o # 0. Then we can find all first derivatives u#; and v; from the
abelian equation and (69):

aciy — axco acy

U= ——v+ —u,
(<] €0
aci — axco acy
Up = ————v+ —u,
o (&)
arco — acy acy
V= —Vv— —u,
()] 0
Cl (&)
VW=——v— —u.
(&) 0

Therefore, a 4-web has rank two if and only if the above system is compatible.

Theorem 5. A planar 4-web is of rank two if and only if ¢y # 0, and
Gij=0,ij=12, (70)
where

G11 = aco(cz,2 — ¢2,1) +aca(co,1 —co2) —a(l —a)cier
+ (2ay — ay — aap) cocr — KC(%,
2
G112 = acp(c1,2 — c1,1) +aci(co,1 —co2) —a(l —a)cy

+ 2ay — a1 — 2aap) cpc1 + (a% +ap — a22> cg,

2
G21 = colea,1 —acz2) +ca(acor — co,1) — 2azcocr +a (1 —a)c;,
G2 = colcr,1 —acy2) +ciaco2 — co,1) +a(l —a)ciea — azcocy
2
—ay(1 — a)cocr + (an — K) ¢

Example 2. Consider the planar 4-web with the following web functions

X

X, v, 5 xy(x +y).

The linearizability conditions (see [4]) for this web are not satisfied, and there-
fore, this 4-web is not linearizable, but in this case G|} = G2 = G2 = Gy = 0.
Hence, the 4-web is of rank two.

This example gives us the following important property:
General 4-webs of rank two are not linearizable.
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7.5 4-Webs of Rank One

As we have seen earlier, a 4-web can be of rank one if ¢¢ = 0 but one of the
coefficients ¢1 and ¢; of (69) is not 0 or if ¢g # 0. The following theorem outlines
the four cases when a 4-web can be of rank one.

Theorem 6. A planar 4-web is of rank one if and only if one of the following con-
ditions holds:

1. co=0,J; = Jry =0, where

J1 = axciea(cr — o) + aC%(Cl,Z —c1,1)

+ciea(ern +alezr —c12 —¢22) + C%(aCQ,z —c2,1),
h=ctr—a)K+ (c1,11 — c1,12) cie2 (2 — ¢1)

+C% (c1 —c2) (62,11 - 62,12) — 2 (2c1 —c2) ey i(er2 —c1,1)

2 2
+cjeai(cr2 — 20 +c21) +cjeri(ea2 — 2¢2,1)

and c1 # c2, ¢1 # 0.
2. co=0,c1 =c3 #0, and J3 = 0, where

Jy=(an—an) (1 —a)+ @@ —a) - (1 -a’K.
3. c0o=0,c1 =0,c3 #0, and J4 = 0, where
Jy = appa —ajay — Ka?.
4. co #0, and Jyg = J11 = J12 = 0, where

Jio =G11G22 — G21G 12,

Ji1 = ¢0(G21,1G22 — G22,1G21) + (azco — aCl)Ggl

+(acy — axco 4 ac1)Ga1 Gy — acy G,

Ji2 = ¢0(G21,2G22 — G22,2G21) + (azco — aCl)G§1
+a(cy —c1)G21Goy — CQG%2.
Proof. See [12].
Example 3. Consider the planar 4-web with the following web functions
xy? x2y
(= =y

X, Y,



100 V.V. Goldberg and V.V. Lychagin

For this web, we have ¢y = 0 and J; = J, = 0. Thus, we have the web of type 1
as indicated in Theorem 6, and this 4-web is of rank one.

In this example the 4-web is not linearizable. Therefore,
General 4-webs of rank one are not linearizable.

8 Planar 5-Webs of Maximum Rank

Let us consider a planar 5-web in the standard normalization
o1 +w+ws =0, av1 +wr+ ws =0, bwi +wr+ ws =0,

where a and b are the basic invariants of the web.
The abelian equation for such a web has the form

(w+au + bv)w; + (W + u + v)wy + wws + uws + vws = 0,

where we have
AM=w-+au-+bv, Mr=w+u-+v,

and
M=w, Aqg=u, As=0.

The functions w, u, and v satisfy the abelian equation

§1(w) —éd2(w) =0, 8 (u) — b (au) =0,
81 (v) =82 (bv) =0, 8 (w) + 81 (u) + 681 (v) =0,

and their compatibility condition takes the form

= (A1A2A381 — 81 A2A3A1) (w) + (A1 A2A381 — A181A3A7) (1)
+ (A1A2A381 — A1 Az81A3) (v) =0.

In the canonical coordinates in the jet bundles, the abelian equation has the form

uy+vy+w; =0, v —bvy — byv =0,
uy —aur —au =0, w; —wy =0,

and the obstruction sz equals
cowr + ciwy + co2vy + c3w + cqu + csv = 0,

where the explicit form of expressions for the coefficients co, c1, ¢2, ¢3, ¢4 and c5
can be found in [12].
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This gives the following result [12]:

A planar 5-web is of maximum rank if and only if the invariants c, c1, ¢2, €3, C4
and cs vanish.

Similar to the case of 4-webs, the coefficient ¢ in the expression of ¢ for 5-webs
has an intrinsic geometric meaning.

Namely, we call the curvature function of a 5-web the arithmetic mean of the
curvature functions of its ten 3-subwebs.

The straightforward calculation shows that the curvature function equals to cg.

In other words [12], the curvature of a planar 5-web of maximum rank equals
Zero.

For the case of planar 5-webs with constant basic invariants a and b the invariants
¢i, fori =0,1,2,3,4,5, vanish (and the web is of maximum rank) if and only if
this web is parallelizable [12].

Example 4. We consider the Bol 5-web with the web functions

x 1—y x—xy
"y1—x"y—xy

X,y

For this web we have

- -1
_wy—x oy

Txy—y o x—=1

K =0, a

andc; =0,fori =0,1,...,5.

Thus, the 3-web is of maximum rank.

Using the linearizability conditions for planar 5-webs [4], we see that the Bol
5-web is not linearizable.

The above example leads us to the following important observation:
General planar 5-webs of maximum rank are not linearizable.

9 Projective Structures and Planar 4-Webs

In this section we give more direct construction of the projective structure associated
with 4-webs (see [13]).
Remind that an affine connection V on the plane determines a covariant differ-

ential
dv: @' () > o' (R) e @' (R?).
This differential splits into the sum

dy =d @ d,
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where
dy: @' (R?) > 22 (R?)

is the skew-symmetric part, and
a2 (R?) - 57 (2') (»?)
is the symmetric one.

The connection is torsion-free if and only the skew-symmetric part coincides
with the de Rham differential:
dé =d.

A foliation given by a differential 1-form w is geodesic (i.e., all leaves of the
foliation are geodesics) with respect to connection V if and only if (see [13]):

dy(@)=0-w

for some differential 1-form 6.

Remark that it follows from the above formula that two affine connections, say,
V and V', are projectively equivalent (i.e., have the same geodesics) if and only if
there exists a differential 1-form p such that

dy(®) —dy(w) =p -

for all differential 1-forms w.
Assume that a 4-web is given by differential 1-forms w;, i = 1,2, 3,4, which
are normalized

w] + w2+ w3z =0,
aw] + wr +wg =0,

and
dws = 0.

Let V be a torsion-free connection for which all foliations w; =0, i = 1, 2, 3, 4,
are geodesics.
We call such 4-webs geodesic.
Then
dy (i) = 0; - o
foralli =1, 2, 3, 4 and some differential 1-forms 6;.

Differentiating the normalization conditions, we get

01 w1 +6r-wy+03-w3 =0,
da-wi+ab)-w) +6r w4+ 604wy =0.
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If
i = Aiwi + Biw

foralli = 1, 2, 3,4, then the above system is just a system of linear equations for
coefficients A; and B;.
Solving this system, we find that

Ay =A1+z, By=B;+z,
Az = Ay, B3 = B +z,
a
A4=A1+;1, B4y = B +z,
where

a) —aap

7= —":.

a(l —a)

In other words, the affine connection is completely determined by the differential
1-form 61, and

0, = 01 — zws,
03 = 01 + zwy,
ai
04 =601 + il + zw;.

This shows that all such affine connections are projectively equivalent. Taking the

representative with

<
9 = — s
1 20)3

we get the following result (this result was first obtained in [6], Sect. 29, p. 246):

Theorem 7. There is a unique projective structure associated with a planar 4-web
in such a way that the 4-web is geodesic with respect to the structure.

The projective structure is an equivalence class of the torsion-free affine connec-
tion V with the following symmetric differential:

. z
dy (o)) = 7 @3 @i,

Z
dy () = -3 w3 - w).

We say that a planar d-web is geodesic with respect to an affine connection if all
leaves of all foliations are geodesic.

The above theorem gives a criterion for a d-web to be geodesic. For simplicity
we take the case of 5-webs. Let a 5-web be given by differential 1-forms w;,i =
1,2, 3,4, 5, which are normalized as follows:

w] +wy + w3 =0,
aw) + wy + w4 = 0,

bwi + wy + ws =0,
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and
dwsz = 0.
This web is geodesic if and only if the fifth foliation ws = 0 is geodesic with respect
to the canonical projective structure determined by the 4-web (w;, i = 1, 2, 3, 4).
‘We have

d(ws) = 65 - ws + (zb(1 — b) — (by — bby))w?.
Therefore, in order to have a geodesic 5-web, the last term should vanish.

Theorem 8. A 5-web is geodesic if and only if the basic invariants a and b satisfy
the following condition:
ay —aay by —bby
a(l—a)  b(1—b)

The linearizability problem (see [4]) for planar webs can be reformulated now as
follows: a planar d-web is linearizable if and only if the web is geodesic and the
canonical projective structure of one of its 4-subwebs is flat.

The flatness of a projective structure can be checked by the Liouville tensor (see
[18], [17], [14]). This tensor can be constructed as follows (see, for example, [21]).
Let V be a representative of the canonical projective structure, and Ric be the Ricci
tensor of the connection V. Define a new tensor ‘3 as

(71)

BX,Y) = gRic(X, Y)+ %Ric(Y, X)

for all vector fields X, Y.
The Liouville tensor £ is defined as follows:

£X.Y, 2) =Vx(P)(Y, Z) - Vy(P)(X, 2)

for all vector fields X, Y, Z.
The tensor is skew-symmetric in X and Y, and therefore it belongs to

£ e Q' (R?) @ Q*(R?).

It is known (see [18], [21], [17], [14]) that the Liouville tensor depends on the pro-
Jjective structure defined by V and vanishes if and only if the projective structure is

flat.

For the case of the projective structure associated with a planar 4-web we shall
call this tensor the Liouville tensor of the 4-web
Consider three invariants:

Sy aay — way
== a=——" k=( . 72
w . o wa(l —a) (log w)xy (72)

Then the Liouville tensor has the form

L,
L£=(Lio1+ —w | w1 A wa,
w
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where L1 and L, are relative differential invariants of order three. The explicit for-
mulas for these invariants are

3L = w(—(kw)y + ayx + aoy) + (Cwyy + (Ol2 + 3a ) wy — 20y — 2000y)
+w! (—awyy — 2aywy + ozw)%) + w_2awxwy,
3Ly = wi(—(kw™ )y + 2eay) + w2 wy — 20,y — aary)

+(—awyy — 20y wy + ayy) + w‘l(awxwy —aywy).
(73)
Summarizing, we get the following result.

Theorem 9. A planar d-web is linearizable if and only if the web is geodesic and
the Liouville tensor of one of its 4-subwebs vanishes.

Corollary 1. If the basic invariants of all 4-subwebs of a d-web are constants, then
the d-web is linearizable if and only if it is parallelizable.

Proof. First of all, the web is geodesic because of conditions (71).
Moreover, for a 4-subweb, condition ¢ = const. implies « = 0, and by
Theorem 9 and (73), the 4-web is linearizable if and only if

(kw)x = O’
and
(kw™1), =0.
Then w = A(x)B(y) and by (8), K = 0. Therefore, due to Sect. 3, the 4-web is
parallelizable.

The d-web is parallelizable too, because it geodesic and has constant basic in-
variants.
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Niceness Theorems®

Michiel Hazewinkel

Abstract Many constructions in mathematics give unreasonably nice results. In
particular much compatible structure tends to imply that these structures are very
regular. Also many counterexamples have nice underlying structures. This paper is
a first attempt to analyze these phenomena.

1 Introduction and Statement of the Problems

In this lecture I aim to raise a new kind of question. It appears that many important
mathematical objects (including counterexamples) are unreasonably nice, beauti-
ful and elegant. They tend to have (many) more (nice) properties and extra bits of
structure than one would a priori expect.

The question is why this happens and whether this can be understood.’

These ruminations started with the observation that it is difficult for, say, an
arbitrary algebra to carry additional compatible structure. To do so it must be nice,

M. Hazewinkel
Burg. s’Jacob laan 18, 1401BR Bussum, The Netherlands
e-mail: michiel.hazewinkel @xs4all.nl

* The first time I lectured on this at the WCAA conference, Wilfrid Laurier University in Waterloo,
Canada, May 2008, the chairman summed up my lecture as follows: “If it is true it is beautiful, if it
is beautiful it is probably true”. I also lectured on the same subject at the Abel symposium meeting
in Tromsg, Norway in June 2008.

The present screed expands on those first lectures a great deal. Yet, in spite of its length it is just
a beginning: a first scratching at the edges of a great and fascinating problem that deserves devoted
attention.

! There is of course the “anthropomorphic principle” answer, much like the question of the exis-
tence of (intelligent) life in this universe. It goes something like this. If these objects wern’t nice
and regular we would not be able to understand and describe them; we can see/understand only the
elegant and beautiful ones. I do not consider this answer good enough though there is something
in it. So the search is also on for ugly brutes of mathematical objects.

Also this anthropomorphic argument raises the subsidiary question of why we can only un-
derstand/describe beautiful/regular things. There are aspects of (Kolmogorov) complexity and
information theory involved here.
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i.e., as an algebra be regular (not in the technical sense of this word), homoge-
neous, everywhere the same, .... It is for instance very difficult to construct an
object that has addition, multiplication and exponentiation, all compatible in the
expected ways.

The present scribblings are just a first attempt to identify and describe the phe-
nomenon. Basically this is a prepreprint and it touches just the fringes of the subject.
There is much more to be said and there are many more examples than remarked
upon here.

This lecture is about lots of examples of this phenomenon such as Daniel Kan’s
observation that a group carries a comonoid structure in the category of groups if
and only if it is a free group, the Milnor-Moore and Leray theorems in the theory
of Hopf algebras, Grassmann manifolds and classifying spaces, and especially the
star example: the ring of commutative polynomials over the integers in countably
infinite indeterminates. This last one occurs all over the place in mathematics and
has more compatible structures that can be believed. For instance it occurs as the
algebra of symmetric functions in infinitely many variables, as the cohomology and
homology of the classifying space BU, as the sum of the representation rings of the
symmetric groups, as the free lambda-ring on one variable, as the representing ring
of the Witt vectors, as the ring of rational representation of G L, as the underlying
ring of the universal formal group, ....

To start with, here is a preliminary list of the kind of phenomena I have in mind.

1. Objects with a great deal of compatible structure tend to have a nice regular
underlying structure and/or additional nice properties: “Extra structure simplifies
the underlying object”. As indicated above this sort of thing was the starting
point.

2. Universal objects. That is mathematical objects which satisfy a universality prop-
erty. They tend to have:

(a) anice regular underlying structure
(b) additional universal properties (sometimes seemingly completely unrelated
to the defining universal property)

3. Nice objects tend to be large and inversely large objects of one kind or another
tend to have additional nice properties. For instance, large projective modules
are free (Hyman Bass, [16 Bass]).

4. Extremal objects tend to be nice and regular. (The symmetry of a problem tends
to survive in its extremal solutions is one of the aspects of this phenomenon; even
when (if properly looked at) there is bifurcation (symmetry breaking) going on.)

5. Uniqueness theorems and rigidity theorems often yield nice objects (and in-
versely). They tend to be unreasonably well behaved. Le. if one asks for an object
with such and such properties and the answer is unique the object involved tends
to be very regular. This is not unrelated to 4.

Concrete examples of all these kinds of phenomena will be given below (Sect. 2)
as well as a (pitiful) few first explanatory general theorems (Sect. 3).
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The “niceness phenomenon” is not limited to theorems saying that, e.g. in
suitable circumstances an object is free; it also extends to counter examples: many
of them are very regular in their construction. This can, for instance, take the form
of a simple construction repeated indefinitely. Some examples are in Sect. 2.6.

All in all T detect in present day mathematics a strong tendency towards the study
of things that in some sense have low Kolmogorov complexity.

2 Examples

2.1 Lots of Compatible Structure Examples

2.1.1 Groups in the Category of Groups

To start with here is an observation of Daniel Kan, {Kan, 1958 #1}, which has more-
over the distinction of being one of the first results of this kind and of admitting a
nice (sic!) pictorial illustration.

First, here is the abstract setting. Let € be a category with a terminal objet and
products. For example the category Group of groups where the product is the direct
product and the terminal object is the one element group.

A group object in such a category € is an object G € € equipped with a morphism
m : G x G —> G (multiplication), a morphism e : T —> G (unit element) where
T is the terminal object of the category €, and a morphism ¢ : G — G (inverse)
such that the categorical versions of the standard group axioms hold. This means
that the following diagrams are supposed to be commutative.

mxid

GxGxG — GxG
didxm Im (associativity) 1)

m

GxG — G

GxT ¥ 6x6 TxG6 2% 6xG

= bm (= bm  (unit) ()
G — G G — G
¢ “Weoxe ¢ “Yoxo

! Im l Im (inverse) 3)
T % G T % G

where the vertical arrow on the left hand side of the two diagrams (3) is the unique
morphism in the category € to the terminal object and the vertical isomorphisms on
the left of (2) are the canonical isomorphisms of an object with the product of that
object with the terminal object.
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In the case of the category of groups this means that a group object is a group
(with composition law denoted + (though it is not clear yet that it is commutative)
with a second composition law, denoted * that is distributive over the first composi-
tion law in the sense that the following identity holds

(@+b)*x(@ +b)=(a*a)+ bx*b) 4)

This comes from the requirement that * must be a morphism in the category Group.
Let O be the unit element for the composition law + and 1 the unit element for the
composition law *. Putting b = @’ = 0 in (4) gives

axb =(@x0)+ (0x*b) 5)

On the other hand putting in ¢’ = b' = 1 in (4) gives
a+b=@+b)x(1+1)

and multiplying this with the inverse of a+b for the star composition gives 1 = 141
and hence 1 = 0. Put this in (5) to find that a * b’ = a + b’ showing that the com-
positions are the same and then (4) immediately gives that both are Abelian.

Thus a group object in the category of groups is Abelian and the second compo-
sition law is the same as the first.

Actually this can be proved more generally for monoid objects in the category of
groups, [60 Kan].

There is a nice illustration of this in homotopy theory (and that is where the idea
came from). This goes as follows. The second homotopy group, 72 (X, *), of a based
space (X, %) is, as a set, the set of all homotopy classes of maps from the disk into
X that take the boundary circle into the base point * of X.

For illustrational (and conceptual) purposes it is easier to think of homotopy
classes of maps from the unit filled square to X that take the boundary to the base
point. Homotopically, of course, this makes no difference.

Now let

f

& (X

p (X

be two such maps. They can be glued together horizontally to give a map of the
same kind (up to homotopy):

v

VA (X%
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and this induces a composition on 7> (X, *) turning it into a group. Of course the
two maps can also be glued together vertically, inducing another, a priori different,
group structure.

Now take four such maps f, f’, g, g’. Then first gluing f, f’ and g, g’ together
horizontally and then gluing the two results together vertically gives a map that can
be depicted

s

e (X, *)
g g’

Obviously the same result is obtained by first gluing f and g together vertically,
gluing f’ and g’ together vertically, and gluing the results together horizontally. This
establishes the relation (4) in the present case and shows that (X, %) is Abelian.”

2.1.2 Comonoids in the Category of Groups

Dually there is the notion of a cogroup object in a category.

For this let € be a category with direct sums and an initial object. Again the
category of groups is an example with the one element group as initial object. The
categorical direct sum in Group is what in group theory is called the free product.

A cogroup object in such a category € is an object C € € together with a co-
mutiplication L : C — CZXC, a coinverse ¢ : C — C, and a counit morphism
& : C —> [.Here I € Cis the initial object and ¥ stands for the direct sum in €.
These bits of structure are supposed to satisfy the dual axioms to those for a group
object depicted by diagrams (1)—(3) that is the diagrams obtained by reversing all
arrows (and replacing m by p and e by &) must be commutative. For a comonoid
object leave out the coinverse and (the dual of) diagram (3).

It is now a theorem, [60 Kan], that the underlying group of a comonoid object in
the category of groups is free as a group.

This has much to do with the fact that the categorical direct sum in Group is
given by the free product construction.

2.1.3 Hopf’s Theorem on the Cohomology of H-Spaces

An H-space is a based topological space (X, *) together with a continuous map
m: X x X —> X such that x — m(x, %) and x — m(x, x) are homotopic to the

2 In the present case of homotopy groups it can of course also easily be shown directly that vertical
gluing and horizontal gluing give the same result and this is how things are done traditionally in
text books; see e.g. {Hu, 1959 #6}.
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identity.3 The result of Heinz Hopf, [56 Hopf], see also [34 Félix et al.], alluded to
is now as follows.

Let k be a field of characteristic zero and X a path connected H-space such
that H,(X; k) is of finite type then H*(X; k) is a free graded-commutative graded
algebra.

Here ‘finite type’ means that each H;(X; k) is finite dimensional and the co-
homology algebra is graded-commutative (= commutative in the graded sense),
ie. xy = (—I)degree(n)degree(y)yx Thys the seemingly weak extra bit of structure
‘H-space’ has a profound influence on the (cohomological) structure of a space.

2.1.4 Intermezzo

Hopf algebras. Let R be a unital commutative ring. A graded module over R is
simply a collection of modules over R indexed by the nonnegative integers.* Or,
equivalently, it is a direct sum

M= & M; (6)
ieNU{0}

An element x € M; is said to be homogeneous of degree i. A graded module (6) is
said to be of finite type if each of the M; is of finite rank over the base ring R.

The tensor product of two graded modules M, N is graded by assigning degree
i + j to the elements from M; ® N;.

A graded algebra over R is a graded module (6) equipped with a graded associa-
tive multiplication and a unit element

m: MM — M, m(M; ®M;) C Mi;j; 1€ M )

There are two notions of commutativity for graded algebras: (ordinary) commu-
tativity, which means xy = yx, and graded-commutativity, which means xy =
(—1)dee)deey) yx Both occur frequently in the literature and both will occur in the
present paper.5

Correspondingly there are two versions for the multiplication in the tensor prod-

uct of (the underlying graded modules) of graded rings, viz.

xRN ®Y)=xx"®yy

/ 8)
(X @) ®y) = (—1)de0deet) ) g vy

3 Often in the literature for an H-space it is also required that the ‘multiplication’ m is associative
up to homotopy. For the present result that is not required.

4 These will be the only kind of gradings occurring

31If all the odd degree summands of the graded ring are zero the two notions agree. This can be
used to unify things.
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where in the second equation the elements x, x’, y, y’ are supposed to be homoge-
neous. The sign factor in the second equation of (8) is needed to ensure that the
tensor product of two graded-commutative graded algebras is graded-commutative
(as of course one wants it to be).

Dually a graded coalgebra over R is a graded module equipped with a coassocia-
tive comultiplication and a counit

w:M-— MM uM,)C & M ®@Mj;e: M — R,e(M;) =0fori >0
i+j=n

Just as in the algebra case there are two notions of cocommutativity and two ways to

define a coalgebra structure on the tensor product of two graded coalgebras. These

two are as follows. Let C and D be two graded coalgebras with comultiplications

Ue, Up. Write

pe@) =Y x/@x/.  up( =y y;®y]

as sums of tensor products of homogeneous elements. Then the two graded coalge-
bra structures alluded to are

v@ye Yx ey ox 0y

X®y > Z(_])deg(y})deg(xlf)xl{ ® y} ® x[{/ ® y;/ ©)]
Next, a graded bialgebra B is a comonoid object in the category of graded algebras
or, equivalently, a monoid object in the category of graded coalgebras. Here again
there are two versions depending on what algebra and coalgebra structures are taken
on B ® B. First there is an ‘ordinary’ bialgebra which happens to carry a grading.
In this case the algebra and coalgebra structures are given by the first formulas of (8)
and (9) Second there is the ‘grade-twist’ version in which the algebra and coalgebra
structures on the tensor product are given be the second formulas from (8) and (9).
Here ‘ordinary twist’ and ‘grade twist’, respectively, refer to the morphisms

IRV yQX, X ® y > (_1)deg(x)deg(y)y ® x

which make their appearance when the conditions are written out explicitly in terms
of diagrams or elements.

Finally, a graded Hopf algebra is a graded bialgebra that in addition carries a
so-called antipode. That is a morphism ¢ of graded modules of degree O (so that
t(H;) C H;) that satisfies

m(id @ ) = ec and m(t @ id)UL = ee

A graded Hopf algebra over R is connected if the grade zero part Hy is equal to R
so that e and ¢ induce isomorphism of R with Hy.
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An element x in a graded Hopf algebra (or bialgebra) is called primitive if it
satisfies
L) =1®x+-x®1 (10)

These form a graded submodule P (H) of the Hopf algebra H.
In the case of an ‘ordinary twist’ Hopf algebra the commutator product

[x, y] =xy — yx (1D

turns P(H) into a Lie algebra (that happens to carry a grading such that the Lie
bracket is of degree 0.
In the case of a ‘graded twist” Hopf algebra take

[x, y] = xy — (—1)dee0)dee)y (12)

to obtain a graded Lie algebra. That is a module equipped with a bilinear product [,]
that satisfies graded anticommutativity and the graded Jacobi identity:

[x’ y] — (_1)degree(x)degree(y) [y’ x]

[x, [y, 211 = [[x, y1, 2] + (—1)degreetxdegreey, 1y 1]

2.1.5 Milnor-Moore Theorem (Topological Incarnation)

Let PX be the Moore path space of a path connected based topological space (X, ).
That is the space of paths starting from *x with specified length (which is what
the adjective ‘Moore’ means in this context). Assigning to a path its endpoint de-
fines a continuous map PX — X, which is a fibration with QX, the space of
Moore loops, as its fibre (over x). As PX ia contractible the long exact homotopy
sequence attached to this fibration gives isomorphisms 7, (X) —> m,—1(2X). This

can be used to transfer the Whitehead products 7, (X) X 7, (X) —> wp4n=1(X)
mqx

to a Lie product (of degree zero) (4 (2X) ® k) x (mx(QX) ® k) —> 1. (QX) ® k,
defining a graded Lie algebra Ly.

Composition of loops turns 2X into a topological monoid and, up to homotopy
there is an inverse as well. Using the Alexander — Whitney and Eilenberg — Zilber
chain complex equivalences, see {Félix, 2001 #21}, p. 53ff, and the fact that tak-
ing homology of chain complexes commutes with tensor products, ibid. p. 48, the
composition QX x QX —> QX and diagonal A : QX — QX x QX induce an
algebra and coalgebra structure on H, (2X). Moreover, essentially because a loop
in a product X x Y is a pair of loops and composition of loops seen this way goes
component-wise, the comultiplication morphism H, (2X) — H,(Q2X)Q H,(2X)
is an algebra morphism,’ ibid. p. 225.

6 This the origin of the unfortunate but frequently used notation ‘A’ for the comultiplication in a
Hopf algebra.
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All in all this turns H, (£2X) into a graded connected Hopf algebra (of the ‘graded
twist’ kind).

Now let the coefficients ring used when taking cohomology be a field of charac-
teristic zero.

2.1.6 Theorem ([79 Milnor et al.]

See also [34 Félix et al.], p. 293). Let X be a simply connected path connected
topological space. Then the Hurewicz homomorphism for X is an isomorphism of
graded Lie algebras of Lx onto the graded Lie algebra of primitives of H,(Q2X; k)
and this isomorphism extends to an isomorphism of graded Hopf algebras of the
universal enveloping algebra ULy with H,(QX; k).

There is also a purely algebraic theorem that goes by the name ‘Milnor-Moore
theorem’. That one involves the notion of the universal enveloping algebra of a Lie
algebra and will be discussed in Sect. 2.3

To conclude this Sect. 2.1 let me briefly mention two more simple results that,
I feel, qualify as ‘niceness theorems’. Both say that the presence of a Hopf algebra
(bialgebra) structure has implications for the underlying algebra.

2.1.7 Cartier’s Theorem on Nilpotents in Group Schemes

Let H be a finite dimensional Hopf algebra over a field of characteristic zero. Then
the underlying algebra has no nilpotents. Actually a much stronger statement holds,
see [28 Dolgachev]. The usual statement is: A group scheme of finite type over a
field of characteristic zero is smooth. See loc. cit. and [102 Voskresenskii], p. 7.

In characteristic p > 0, Cartier’s theorem does not hold. On k[ X]/(X”) where k
is a field of characteristic p > 0, there are the two comultiplications

X 1X+X®1l, X IX+XQ1+X®X

and both define a bialgebra, and in fact Hopf algebra structure on k[ X]/(X?). These
two Hopf algebras (finite group schemes) are traditionally denoted o, and .

Let k be a field and n an integer > 2. Then there is no bialgebra structure on the
algebra M"*" (k) of n x n matrices over k. See [26 Dascalescu et al.], p. 173.

It is a completely unknown which products of matrix algebras do carry (admit) a
bialgebra structure.

Much of mathematics concerns statements as to what consequences follow from
what assumptions. So it can be argued that there is nothing particularly special about
the results described above. However, I feels that there is something special, some-
thing particularly elegant, about the results described. Part of the general problem is
to understand why and in what sense.

7 Universal enveloping algebras are the topic of Sect. 2.2.1.
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Several of the theorems above are ‘freeness theorems’. they say that in the pres-
ence of suitable extra structure an object is free. Here follow five more. For the first
three the ‘extra structure’ is that the object in question is imbedded in a free object.
In some categories that means nothing; in others it is a strong bit of extra structure.
Just what categorical properties rule this behaviour is completely unknown.

2.1.8 Nielsen—Schreier Theorem

A subgroup of a free group is free, [92 Schreier; 84 Nielsen]; [99 Suzuki], p. 181.

2.1.9 Shirshov-Witt Theorem

Lic subalgebras of a free Lie algebra are free, [97 Shirshov; 105 Witt]. There is also,
up to a point, a braided version, [61 Kharchenko].

2.1.10 Bergman Centralizer Theorem

The centralizer of a non—scalar element in a free power series ring k((X)) is of the
form k[[c]], [18 Bergman]; [25 Cohn], p. 244. Here c is a single element!

2.1.11 H-Spaces

The fundamental group of a cogroup object in the homotopy category of ‘nice’
based topological spaces is free. See [19 Berstein]. These objects are sometimes
called H'-spaces (as a kind of dual or opposite object to H-spaces).

2.1.12 Bott—Samelson Theorem

The homology algebra H,.(QX X; k) is a free algebra generated by H,.(X; k), [22
Bott et al.; 19 Berstein].

Here X is the suspension functor and €2 is the loop space functor on based
topological spaces. These are adjoint and there results a topological morphism
X — QX X. The multiplication comes from the fact that loops at the base point
can be composed making a loop space an H-space.

2.2 Universal Object Examples

Here the theme is that objects that are defined in terms of some universal property
have a tendency to pick up extra bits a structure.
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2.2.1 The Universal Enveloping Algebra of a Lie Algebra

Let A be a unital associative algebra over a unital commutative base algebra R.
Associated to A there is a Lie algebra structure on A defined by the commutator
difference

[x,yla =xy —yx 13)

Let g be a Lie algebra. A Lie morphism from g to a unital associative algebra A is
a module morphism ¢ : g — A such that ¢([x, ylg) = [¢x, ¢y]a. The universal
enveloping algebra on g is a unital associative algebra U g together with a Lie mor-
phism i : g —> Ug such that for each Lie morphism ¢ : g —> A there is a unique
morphism of associative algebras ¢ : Ug —> A such that ¢ o i = ¢. Pictorially (in
diagram form) this can be rendered as follows

9 > us

N

The associative unital algebra Ug is a very nice one. For instance there is the
Poincaré—Birkhoff-Witt theorem that specifies (under suitable circumstances) a
monomial basis for it. This results basically from the construction of Ug. (And one
wonders whether this PBW theorem can be deduced directly from the characterizing
universality property.)

What is of interest in the present setting is that the universality property im-
mediately implies that Ug has more structure; in fact that it is a Hopf algebra.
This arises as follows. Consider the associative algebra Ug ® Ug and the mor-
phism x — 1 ® x + x ® 1 from g into it. It is immediate that this is a Lie
morphism and hence there is a corresponding (unique) morphism of associative al-
gebras Ug — Ug ® Ug. It is immediate that this turns U g into a Hopf algebra.

There is a completely analogous picture for graded Lie algebras.

Of course the universal problem described here is an instance of an adjoint func-
tor situation. Let Lie be the category of Lie algebras (over R) and Alg the category
of unital associative algebras (over R). Then associating to an associative algebra
A its commutator difference product is a (forgetful) functor V : Alg — Lie and
g —> Ug is a functor the other way that is left adjoint to it:

Lie(g, V(A)) = Alg(Ug, A) (14)

In the case of a forgetful functor a left adjoint to it yields what are often called free
objects (as in this case). Thus U g is the free associative algebra on the Lie algebra g.

A right adjoint functor to a forgetful functor gives cofree objects. An example of
a cofree construction will occur below.
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The very important notion of adjointness is due to Daniel Kan, [59 Kan] and as
Saunders Mac Lane says in the preface of [74 Mac Lane] “Adjoint functors arise
everywhere”.

If (F, G) is an adjoint functor pair, i.e. €(FX,Y) = (X, GY) functorially
(loosely formulated), one expects niceness properties for both the FX’s and the
GY’s. And indeed many niceness results fall into this scope with the proviso that
often these objects pick up extra properties which are not implicit in the adjoint
situation.

2.2.2 The Group Algebra of a Group

Much the same picture holds for the group algebra of a group. Except much easier.
Here the ‘forgetful functor’ assigns to an algebra A its group A* of invertible ele-
ments. Recall that the group algebra kG of a group is the free module over k with
basis G and the multiplication determined on this basis by the group multiplication.
The adjointness equation now is:

Group(G, A*) = Alg, (kG, A) (15)

There is again a free Hopf algebra structure. For this, to put things formally on
the same footing as in the case of the universal enveloping algebra, consider the
morphism
G— kGRkG)', g~ g®g

which by the adjointness equation (15), gives rise to a morphism of algebras k<G —>
kG ® kG turning kG into a bialgebra (and a Hopf algebra using the group inverse).
Of course in this case things are so simple that it is not worthwhile to go through
this yoga.

2.2.3 Free Algebras

Everyone knows how to construct the free algebra over a module (or a set). The
tensor algebra does the job and that is a very nice structure. Less known is that this
also works in the setting CoAlg — HopfAlg, where CoAlg and HopfAlg are suitable
categories of coalgebras and Hopf algebras over a suitable base ring. See [§1 Moore]
and [54 Hazewinkel]. This gives the free Hopf algebra on a coalgebra.

2.2.4 Cofree Coalgebras

Given a module M, the cofree coalgebra over® M would be a coalgebra C (M)
together with a module morphism C(M )—n>M such that for each coalgebra C

81t pays to be terminologically careful in this context. I prefer to speak of the free algebra on a
module and the cofree coalgebra over a module.
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together with a morphism of modules C % M thereis a unique morphism of coal-
gebras & : C — C(M) such that n& = o.

C(M) —b M

N A

Whether the cofree coalgebra over a module always exist is not quite settled,
[46 Hazewinkel]; they certainly exist in many cases. In the connected graded con-
text they always exist and are given by the tensor coalgebra, again a very nice
structure.

And in this connected graded context there is the Alg—HopfAlg version of the
cofree Hopf algebra over an algebra, [54 Hazewinkel; 81 Moore].

2.2.5 The Classifying Spaces BU,,

A completely different kind of universal object is formed by the complex
Grassmannians and their inductive limits the classifying spaces BU,,.
Consider the complex vector space C"*™" and define the complex Grassmannian

Gr, (C"") = {V : V is an n-dimensional subspace of C"*"} (16)

This set has a natural structure of a smooth manifold (in fact a complex analytic
manifold). Letting r go to infinity (which technically means taking an inductive
limit) gives the classifying space

BU, = lim Gr,(C"™") = Gr,(C*®) (17

It is also perfectly possible to define and work directly with the most right hand side
of (17). There is a canonical complex vector bundle over BU,, which is colloquially
defined by saying the fibre over x € BU, “is x”. More precisely this canonical vec-
tor bundle v, is

Y, = {(x,v) : x € BU,, v € x} with projection (x, v) — x,v, — BU, (18)

There is now the following universality/clasifying property. For every paracompact
space X with an n-dimensional complex vector bundle & over it there is a map
fe : X —> BU, such that £ is isomorphic (as a vector bundle) to the pullback
fg* (Y,)- Moreover f; is unique up to homotopy.
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The remarkable thing here is that the classifying spaces BU, are so elegant and
simple (as are the universal bundles over them). There are more nice properties.
Jumping the gun a little — these spaces will return later — the cohomology of these
spaces is particularly nice

H*BU,; Z) = Z[c1, c2, -+, cal, deg(c,) = 2r 19)

All this can be found in [58 Husemoller; 80 Milnor et al.] (and many other
books).

2.3 Niceness Theorems for Hopf Algebras

The structure of a Hopf algebra is a heavy one. Indeed at one time they were thought
to be so rare that each and every one deserves the most careful study, {Kaplansky,
#62}. This is not anymore the case. Hopf algebras abound. Still the structure is
not strong enough to produce good niceness theorems. However if one adds condi-
tions like graded and connected some strong structure theorems emerge. These are,
e.g. the Leray and Milnor—-Moore theorems which will both be described immedi-
ately below. In addition there is the Zelevinsky theorem, a structure theorem due
to Griinenfeld, {Griinenfeld, #63} and much more, see, e.g. {Masuoka, 2007 #64}.
However, whether the various available classification theorems for Hopf algebras
qualify as niceness theorems is debatable. I think mostly not.

2.3.1 The Leray Theorem on Commutative Hopf Algebras

Let H be a commutative graded connected Hopf algebra of finite type over a field of
characteristic zero. Then the underlying algebra is commutative free. There is also
a graded commutative version. The original theorem appears in [68 Leray]. For an
up-to-date short account see [87 Patras]. There are all kinds of generalizations, e.g.
to an operadic setting, see [86 Patras; 72 Livernet; 35 Fressé]

2.3.2 The Milnor-Moore Theorem on Cocommutative Hopf Algebras

Let H be a cocommutative graded connected Hopf algebra of finite type over a
field of characteristic zero. Then the underlying algebra is the universal enveloping
algebra of the Lie algebra of primitives P(H) of H, [79 Milnor et al.].

This is the algebraic incarnation referred to in Sect. 2.1.5.

The Milnor—Moore theorem is a dual of the Leray theorem. To realize this recall
from Sect. 2.2 above that U g is the free object in Ass on the object g € Lie.
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2.4 Large vs. Nice

There is a tendency for (really) nice objects to be big (or very small). A prime
example is
Symm:Z[hl,hg,h3,~-~] (20)

the ring of polynomials over the integers in countably infinite many commuting
variables over the integers. This object will be discussed in some detail further on.
Inversely big objects have a better change of being nice.
In this Sect. 2.4.1 give some examples of this phenomenon.

2.4.1 BigProjective Models are Free

This result is due to Hyman Bass, [16 Bass]. For a precise statement see loc. cit.
(corollary 3.2). The key ingredient is the following elegant observation.’
If P® Q = F with F a non—finitely generated free module, then P @ F = F.
The proof is simplicity itself and clearly shows the power and usefulness of
infinity.
F=ZFOF® - -=ZEP®Q0®PHOD---
=POFOF®---=EPOQF

2.4.2 General Linear Groups in Various Dimensions

Let k be the field of real numbers, complex numbers or even the quaternions. The
general linear groups GL, (k) for finite natural numbers are homotopically and
cohomologically far from trivial.

Things change drastically in infinite dimension.

2.4.3 Kuiper’s Theorem, [65 Kuiper]

Let H be real or complex or quaternionic Hilbert space. Then the general linear
group GL(H) is contractible.
There is also an important equivariant extension due to Graeme Segal, [96 Segal].
Much related is Bessaga’s theorem, [20 Bessaga; 21 Bessaga et al.], to the effect
that every infinite dimensional Hilbert space is diffeomorphic with its unit sphere.
Kuiper’s famous theorem is the key to the classification of Hilbert manifolds,
[23 Burghelea et al.; 31 Eells et al.; 32 Eells et al.; 82 Moulis; 83 Moulis].
Here is a table on differential topology in various dimensions as things seem to
be constituted at present.

9 Hyman Bass calls it “an elegant little swindle”.
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1 2 3 4 5 6 e < infinity  infinity
Real Easy difficult difficult; good good good real
easy boapw techniques  techniques techniques  nice

Here ‘good techniques’ refers mainly to Smale’s handiebody theory. The acronym
‘boapw’ means ‘best of all possible worlds’ and refers to the fact that all R"” for
n # 4 have a unique differentiable structure, but R* has over countably infinite
different differentiable structures.'”

2.5 Extremal Objects and Niceness

In the world of optimization theory and variational calculus and analysis it is rel-
atively well known that extremal objects tend to be nice (have lots of symmetry),
even when bifurcation occurs.

There are also various notions of minimality in algebra and topology and these
also tend to be ‘nice’. For instance the Sullivan minimal models for rational homo-
topy, see [34 Félix et al.], are definitely nice.

In the world of operads and PROP’s, etc. there are by way of example the fol-
lowing theorems, see [78 Merkulov].

— The minimal resolution of 4ss is a differential graded free operad.
— The minimal resolution of LieB is a free differential graded PROP.

Sullivan minimal models and operads, PROP’s, etc are highly technical notions
and giving details would take me far beyond the scope and intentions of this paper.
I have no doubt that there are more niceness results for minimal resolutions.'!

2.6 Uniqueness and Rigidity and Niceness

For instance Symm, see (20) above and below, is unique and rigid as a coring
object in the category of unital commutative rings and MPR, the Reutenauer-
Malvenuto-Poirier Hopf algebra of permutations is rigid and likely unique, see [51
Hazewinkel; 53 Hazewinkel]. And indeed they are very nice objects.

10 This is a fact that tends to make ‘multiple world’ enthusiasts happy.

1 There are at least three meanings for the word ‘resolution’ and the phrase ‘minimal resolution’ in
mathematics: resolution of singularities, resolution of a module in homological algebra, resolution
in (automatic) theorem proving. Outside mathematics there are many more additional meanings.
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2.7 Counterexamples and Paradoxical Objects

Not only objects and constructions can exhibit the ‘niceness phenomenon’ but also
counterexamples. This subsection contains a few examples of that.

2.7.1 The Alexander Horned Sphere

First the construction as illustrated by the picture below. Take a hollow cylinder
closed at both ends and bend around so that the two ends face each other. Now from
each end extrude a horn and interlock them as shown; there result two locations of
disks facing each other. Repeat ad infinitum.

The Alexander horned sphere together with its interior is (homeomorphic to) a topo-
logical 3-ball. The exterior is not simply connected. This shows that the analogue of
the Jordan-Schonflies theorem from dimension 2 does hold in dimension 3.

For some more information on the Alexander horned sphere and its uses see
[1;2].

Somewhat surprisingly (to me in any case), the filled Alexander horned sphere
can be used for a monohedral tiling of R, [101 Tang].

2.7.2 The Approximation Property

A Banach space is said to have the approximation property if every compact operator
is a limit of finite rank operators.

Equivalently a Banach space X has the approximation property if for every com-
pact subset K C X and every ¢ > 0 there is an operator 7 : X —> X of finite rank
such that |Tx — x|| < e forall x € K.
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Every Banach space with a (Schauder) basis has the approximation property. This
includes Hilbert spaces and the /” spaces.

However, not every Banach space has the approximation property. In 1973 Per
Enflo, [33 Enflo], constructed a counterexample.

I do not think this counterexample qualifies as a nice one. However the very
nice Banach space of bounded operators on /% is also a counterexample, [100
Szankowski].'2

2.7.3 The Banach-Tarski Paradox

In 1924 Stefan Banach and Alfred Tarski proved the following bizarre seeming
statement, [15 Banach et al.].

For two bounded subsets A, B of a Euclidean space of dimension at least three
with nonempty interior there exist finite decompositions into disjoint subsets

A=A1U---UA, B=BjU---UBg
such that A; is congruent to B; for alli = I,--- , k. L.e. A; becomes B; under a
Euclidean motion.

This is now known as the strong form of the Banach-Tarski paradox. It does not
hold in dimensions 1 and 2. A consequence is

decompose

move & assemble

A solid ball can be decomposed into a finite number of point sets that can be re-
assembled to form two balls identical to the original.

Here ‘move’ means a Euclidean space move: a combination of translations, rota-
tions and reflections. For some more information on the Banach-Tarski paradox see
[103 Wagon; 3; 4].

Thus ‘move’ is simple enough. The decomposition, however, is complicated. For
one thing at least some of the components must be nonmeasurable. Also things are in
three dimensions and Cantor-like sets in three dimensions are difficult to visualize.

12 In article [3] ‘Szankowski’ is rendered ‘Shankovskii’ which makes it to find the paper.
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Fortunately Stan Wagon found a two dimensional analogue in hyperbolic space and
the picture is remarkably beautiful

2.7.4 Julia and Fatou Sets

Here is a question not untypical of those that were asked in general (point-set) topol-
ogy almost a century ago when people started to realize just how strange topological
spaces could be.

Is it possible to divide the square into three regions so that the boundary between
two of them is also the boundary between the two other pairs of regions.

The first answer was given by L E J Brouwer in the form of a simple construction
repeated ad infinitum. However, the resulting picture is absolutely not beautiful.
Nowadays there are the basins of attraction of discrete dynamical systems such as
x > x> — 1 which has three basins of attraction (Fatou sets), one for each of the
roots of x> — 1 and each pair has the same boundary (Julia set), see [8].

This is part of the world of fractals and (deterministic) chaos, [95 Schuster], and
many of the pictures are extraordinarily beautiful, [88 Peitgen et al.]'>.

2.7.5 Sorgenfrey Line

As a set the Sorgenfrey is the set of real numbers. It is given a topology by tak-
ing as a basis the halfopen intervals [a, b), a < b. This topology is finer than the
usual one. For instance the sequence (n en converges to zero but {(—n ,en
does not. The Sorgenfrey line serves as a counterexample to several topological

13 Beautiful and arresting enough that the Sparkasse in Bremen organized an exhibition of them in
1984.
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properties, [98 Steen et al.]. The point here (as far as this paper is concerned) is not
that such counterexamples exist but that there is such a nice regular one. There is
also a Sorgenfrey plane, loc. cit.

For some more information see also [73 Lukes; 10].

2.7.6 Exotic Spheres

A further example that fits in this section is that of exotic spheres (Milnor spheres).
This deals with existence of differentiable structures on topological spheres, espe-
cially the seven dimensional ones, that differ from the standard one. They were the
first examples of this phenomenon of distinct differentiable structures on the same
topological manifold. This topic is rather more technical, and so I content myself
with giving two references to internet accessible documents, [7; 91 Rudyak].

2.8 An Excursion into Formal Group Theory

A one dimensional formal group law over a commutative unital ring A is a power
series F(X, Y) in two variables with coefficients in A such that

F(X,0)=X,F(0,Y)=Y,F(X,F(Y,Z)) = F(F(X,Y), Z) 1)

Two examples are the multiplicative formal group law and the additive formal group
law
Gu(X,Y)=X+Y+XY, G,X,¥)=X+7Y (22)

Both examples are nontypical in that they are polynomial; polynomial formal group
laws are very rare.

More generally for any n, including n = oo, an n—dimensional formal group
over A is an n—tuple of power series in two groups of n indeterminates F(X;Y)
such that

F(X;0)=X,F0;Y)=Y,F(X; F(Y;Z2) = F(F(X;Y):Z)  (23)

However, certainly from the point of view of applications, one dimensional formal
groups are by far the most important, especially one dimensional formal groups over
the integers, rings of integers of algebraic number fields, and over polynomial rings
over the integers.

The only other that currently seems important is the infinite dimensional formal
group W of the Witt vectors which is defined by the same polynomials that define
the addition of Witt vectors; see the next Sect. 2.9.

A standard reference for formal groups is [45 Hazewinkel].
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2.8.1 Lazard Commutativity Theorem

Let A be a ring that has no elements that are simultaneously torsion and nilpo-
tent. Then every one dimensional formal group over A is commutative; i.e. satisfies
F(X,Y)=F(,X).

2.8.2 Universal Formal Groups

Given a formal group F(X,Y) over A and a morphism of rings & : A — B
one obtains a formal group o F (X, Y) over B by applying o to the coefficients of
F(X,Y).

A one dimensional commutative formal group Fr (X, Y) over a ring L is called
universal'* if for every one dimensional formal group F(X, Y) over aring A there
is a unique morphism of rings o’ : L — A such that af F; (X, Y) = F(X, Y).

That such a thing exists and is unique is a triviality. What is very remarkable
is the theorem of Lazard, [66 Lazard], that L is the ring of polynomials in an in-
finity of indeterminates over the integers. The standard proof is a bitch and highly
computational.

2.8.3 Morphisms
A morphism of formal groups from an m—dimensional formal group F(X; Y) to an

n—dimensional formal group G(X; Y) is an n—tuple of power series in m indetermi-
nates ¢(X) such that

9(0) =0,G(pX); o(Y)) = p(F(X;Y))

If (X) = X mod (degree 2) the morphism is said to be strict.

2.8.4 Logarithms
Let A be a ring of characteristic zero so that the canonical ring morphism A —>

A ®z Q = Ag is injective; let F(X, Y) be a one dimensional formal group over A.
Then over A there exists a power series f(X) = X + a2 X 2 4+ ... such that

FX,Y) = f7'(f ) + f(Y) (24)

Here f~! is the compositional inverse of f,i.e. f~!(f(X)) = X. This f is called
the logarithm of F. In the case of the multiplicative formal group, see (22), the

14 This is a rather different ‘universal’ than e.g. in ‘universal enveloping algebra’. The ‘L’ in these
sentences stands for Lazard.
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logarithm is
logl+X)=X—2"'x24+371x3 47 1x* ...

Indeed, log(14+ X +Y + XY) = log(1 4+ X) +log(1 4+ Y). The terminology derives
from this example. The logarithm of a formal group is a strict isomorphism of the
formal group to the additive formal group; but over Ag.

It is at the level of logarithms that the recursive structure of formal groups
appears; a recursive structure that was totally unexpected.

There are also logarithms for more dimensional commutative formal groups.

2.8.5 p-Typical Formal Groups

A one dimensional formal group over a characteristic 0 ring is p—typical if its loga-
rithm is of the form

FX) =X +b1XP +byXP 4.

There is a better definition, see [45 Hazewinkel], which works always and also in the
more dimensional case. But this one will do for the purposes of the present paper.

Over a Z(p)—algebra every formal group is strictly isomorphic to a p-typical
one, [24 Cartier]. If the ring over which the formal group is defined is of charac-
teristic zero the isomorphism is easily described: take the logarithm and change all
coefficients of non- p-powers of X to zero.

2.8.6 The Universal p—Typical Formal Group, [47 Hazewinkel]
Take a prime number p and consider the following ring with endomorphism
Z[V] :Z[Vlv V27 V37"']7 W(Vn) = V}’lp (25)

Define _ o .
_ ‘1 i1tiy ety
a(Vy= Y pTVVIVE v (26)

i3 i
iy +-tiy=n

Thus the first few of these polynomials are

ai(V) = p~'Vi, aa(V) = p2Vi V) + p~ ',
2 2
az(V) = p*viVRV/ + p2vivy + p 2wVl + plvs

This sequence of polynomials has both a left and a right recursive structure.
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The left recursive structure is

a, (V)= p~' Vi (@—i(V))  (where ap(V) = 1)

i=1

and the right recursive structure is

n—1 n—2
pan(V) = auot VP +aa(MHVY 4+ +ai(V)VE | +V,
Now consider

fvX)=X+a(V)X? —i—az(V)X’72 —i-a3(V)X’73 +--

27
Fv(X,Y) = fy ' (fv(X) + fr(¥))

The left recursive structure is used to prove that Fy (X, Y) is integral, i.e. has its co-
efficients in Z[ V'] and hence is a formal group over Z[ V] and, subsequently, to prove
that it is the universal p—typical formal group which means that every p—typical for-
mal group can be obtained from it by a suitable ring morphism from Z[V].

The right recursive structure then leads to important applications to, e.g. complex
cobordism theory in algebraic topology and Dirichlet series in number theory.

The important thing here is not that a universal p—typical formal group exists but
that it has these very simple and elegant recursive structures.

The universal p—typical formal groups can be simply fitted together to give a
construction of the universal formal group.

2.8.7 Formal Groups from Cohomology

Let 2™ be a multiplicative extraordinary cohomology theory with first Chern classes.
What all these words really mean is not so important at the present stage. Suffice
that many of the better known cohomology theories are like this. The point is that
under these circumstances there is a universal formula for the first Chern class of a
tensor product of line bundles in terms of the first Chern classes of the factors.

clE®@n = ajc1) ci(m’

ij
defining a formal group over 2*(pt).
Fp«(X,Y) = Za,‘inYj, ajj € h*(pt)

Here are some examples.

A

h* = H*, ordinary cohomology, Fg = G, the additive formal group



130 M. Hazewinkel

h* = K*, complex K-theory, Fx(X,Y) = X + Y + uXY, where u is the Bott
periodicity element; a version of the multiplicative formal group.

h* = MU*, complex cobordism. In this case the formal group has logarithm
MuX) =302, %X "+1 Here CP”" is n—dimensional complex projective space
and [CP"] is its complex cobordism class in MU*(pt). This profound result is due
to A S Mishchenko, see appendix 1 of [85 Novikov].

h* = BP*, Brown-Petersen cohomology, the ‘prime p part’ of complex cobor-

dism. Its formal group is the p—typification of the one of complex cobordism, so
0 -

that its logarithm is fgp(X) = 3 [C‘;;’,”XP’.
r=0

For more details see [45 Hazewinkel] and the references given there and espe-
cially [90 Ravenel].

There is more. The formal group of complex cobordism is the universal one, [89
Quillen].

The remarkable, elegant and nice aspect here is that in terms of cobordism the
universal formal group is so simple and regular.

It follows from the Quillen theorem that Fpp(X, Y) with logarithm fgp(X) is
the universal p-typical formal group law. But there is also an explicit construction
of the universal p-typical formal group law, (27). This has all kinds of consequences
for complex cobordism and Brown-Petersen cohomology, see [49 Hazewinkel; 45
Hazewinkel; 90 Ravenel].

Quillen’s theorem also goes a fair way towards establishing that complex cobor-
dism is the most general cohomology theory.

2.9 The Amazing Witt Vectors and Their Gracious Applications"

Let CRing be the category of unital commutative associative rings. The big Wiit
vectors constitute a functor W : CRing — CRing which has an amazing number
of universality properties. For a fair amount of information on this functor see [54
Hazewinkel] and the references quoted there.

2.9.1 Definition of the Functor of the Big Witt Vectors

As a set W(A) = A(A) is the set of all power series with coefficients in A with
constant term 1.

W(A) = AA) = {1 +ait + art> + azt> + -+ : a; € A} (28)

15 Bree after Terry Pratchett, The amazing Maurice and his educated rodents, Corgi, 2002 (and a
multitude of other sources).
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Multiplication of such power series defines an Abelian group structure on W(A)
with as neutral element the power series 1. This is the underlying group of the to be
defined ring structure on W (A). The multiplication on W (A) is uniquely determined
by the requirement that the very special power series (1 — x¢)~! multiply as

A—x)'s 1=y ' =0 —xyn™! (29)

and the demands of distributivity (of multiplication over addition) and functoriality.
Just how this works will be indicated immediately below.
The functoriality of W (—) is component-wise, i.e. it is given by

WA +art+ayt’> +ast> +---) = 14 fla)t + f(a)t> + f(az)> +--- (30)
The functor W is obviously representable by the ring Symm = Z[h, h>, h3, -- -]

of polynomials in a countable infinity of indeterminates over the integers. The func-
torial correspondence is:

l4ait+at> +a3t> +--- < f:Symm — A, f(h,) = ay (31)
It is convenient to view the &, as the complete symmetric functions in another count-
ably infinite set of indeterminates &1, &>, &3, - - - which can be encoded as
1
l+hit+hot> +ht+- =] ——— (32)
U (=&
Now let 4, h’y, I, - - - be a second set of commuting indeterminates viewed as the
complete symmetric functions in 71y, 12, 3, - - - . that commute with the &. Then
distributivity requires that
1
(hit+hot® +hat - x(I+R P+ R0+ ) = [[ ————  (33)

(I =&njt)

iJj

This makes sense because the right hand side of (33) is symmetric in the £ and
in the n and so, by the fundamental symmetric functions theorem there are unique
polynomials

I (hi; hy), ok, hos By, b)), 3(hy, ho, hs; By, by, BY), - - - 34
such that
(14 Rt +hot® + hat> + ) x (1 + Ryt + hyt> + 153 +---)

= 1 + Iy (hy; KDt + Ta(hy, hos By, h5)E% + T3 (hy, ha, hs; By, By, ke + - -
(35)

(That the multiplication polynomials IT, depend only on the first n h; and A} is
easily seen by degree considerations.)
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By functoriality these polynomials determine the multiplication on each W (A)

in the sense that for a(t) = 14+ ayt +at? +azt3+--- and b(t) =1+bit + byt +

b3t3 + - in W(A) their product is

a(t)xb(t)=1+111(ar; b)t-+T1a(ar, az; by, bo)t*+T13(a1, az, as; by, by, b3)t>+- - -

Of course the sum in W (A) is also defined by universal polynomials. These are

Sp(his e By by = > hilywhere hg=hy =1 (36)
i+j=n
Another way of expressing most of this is to say that

hnHEn(hl®17"'ahn®1;1®hlv"',l®hn)

(37)
hy =TI, L, b, QL1 QA+, 1 Qhy)

define on Symm (most of) the structure of a coring object in the category CRing,
which hence, via (31) defines a functorial ring structure on the W (A).

2.9.2 Lambda Rings and Sigma Rings

A pre-sigma-ring (pre-o -ring) is a unital commutative ring A that comes with extra
nonlinear operators that behave (in a very real sense) like symmetric powers. That
is, there are operators

gi:A— A,i=1,2,---;01=1id (38)
such that
n—1
on(x +y) = 04 (x) + Y _ 07 (X)ou_i () + o (y) (39)

i=1
It is often useful to have the notation o for the operator that takes the constant
value 1. This notion is equivalent to the better known one of a pre-lambda-ring (pre-
A-ring) but works out just a bit better notationally. The two sets of operations are
related by the Wronski-like relations

D (Do) h—i(x) =0

i=0

The lambda operations behave like exterior powers.

Letp : A — B be a morphism in CRing and let both A and B carry pre-sigma-
ring structures. Then the morphism is said to be a morphism of pre-sigma-rings if
it commutates with the sigma operations, i.e. ¢ (U,;4 (x) = anB (¢ (x)). A pre-sigma-
ring is a sigma ring if the operations satisfy certain universal formulas when iterated

and when applied to a product. This is conveniently formulated as follows.
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Consider the ring of big Witt vectors W(A) and write an element of it
(formally) as

1

a(t)z1+d]t~|—612t2—|—a3t3+...=n.
“(1-g1)

Then

on@) =[] (—&&, &0 (40)

i1<ip<-=<ip

(when written out in terms of the a; which can be done by the usual symmetric
function yoga). This defines a pre-sigma-ring structure on W (A)
A pre-sigma-ring A is a sigma-ring if

011 A —> W(A), x > 1+ 0101 + 0201 + 038> + - -

is a morphism of pre-sigma rings. It is a theorem that W(A) is in fact a sigma-ring.
This involves the study of the morphism

VA WA — W(W(A)) (41)

which I like to call the Artin-Hasse exponential.'®
A ring morphism between sigma-rings is a sigma-ring morphism if it is a mor-
phism of pre-sigma-rings. Let SigmaRing be the category of sigma-rings.
Let
s1:W(A) — A,a(t) — a; (42)

be the morphism of rings that assigns to a 1-power-series its first coefficient. The
Witt vectors now have the following universality property. Let S be a sigma-ring, A
aring and ¢ : § —> A a morphism of rings, then there is a unique morphism of
sigma-rings ¢ : S —> W (A) such that the following diagram commutes

W(A)
BN
S1
S

So W(A)1>A is the cofree sigma-ring over the ring A. Or in other words the
functor W(—) : Cring — SigmaRing is right adjoint to the functor the other way
that forgets about the sigma structure.

16 A distant relative of this morphism, viz W (k) —> W (W, (k)) plays an important role in
class field theory. Here k is a finite field and W is the quotient of the p-adic Witt vectors of the
big Witt vectors.
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2.9.3 The Comonad Structure on the Big Witt Vectors

A comonad (also called cotriple) (T, W, ) in a category € is an endo functor 7' of
¢ together with a morphism of functors L : T — T'T and a morphism of functors
& : T —> id such that

(Twp = Uy, (eTHpu=id = (Te)u (43)

And a coalgebra for the comonad (7', W, ¢) is an object in the category € together
with a morphism o : C — T C such that

eco =id, (T(0)o = (Urc)o (44)

It is now a theorem that the Artin—Hasse exponential (41), which is functorial, to-
gether with the functorial morphism (42) form a cotriple and that the coalgebras for
this cotriple are precisely the sigma-rings.

2.9.4 The Sigma and Lambda Ring Structures on Symm

Consider
Symm = Z[hy, ha, h3, ---] C Z[&1, 62,83, -+ -] 45)

as before. There is a unique sigma-ring structure on Z[£] determined by
on(§) = &' (46)

(The corresponding lambda operations are A1(§;) = &, A,(&) =0forn > 2 so
that the &; are like line bundles and this is a good way of thinking about them.) The
subring Symm is stable under these operations and so there is an induced sigma-ring
structure on Symm.

It is now a theorem that Symm with this particular sigma-ring structure is the
free sigma-ring one generator. More precisely:

For every sigma ring S and element x € S there is a unique morphism of sigma-
rings Symm —> S that takes /1 into x.

The universality properties described in Sects. 2.9.2-2.9.4 are far from unrelated;
see Sect. 3.3 below.

A totally different universality property of the Witt vectors is the following one,

2.9.5 Cartier’s First Theorem

The (infinite dimensional) formal group of the Witt vectors ‘is’ the sequence of
addition pplynomials %1, X, -+ in X1, Xo, -+ ; Y1, Y2, - - - . This formal group is
denoted W. A fourth universality property off the Witt vectors holds in this setting.
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Given two formal groups F' and G of dimensions m and n, respectively, a mor-
phism of formal groups o : F — G is an n-tuple of power series with zero
constant terms o, - - - O, in m variables such that

G (X), -+, 0y (X); 0 (Y), -+, 0, (Y)) = (0 (F(X, Y)), -+, 0, (F(X,Y)))
(47)

A curve in an n-dimensional formal group F is simply an n-tuple of power series in
one variable, say, 7. In W consider the particular curve Y, (t) = (¢,0,0, ---). Then
Cartier’s first theorem says that for every formal group F and curve y(¢) in it there
is a unique morphism of formal groups W —> F that takes Yo(?) into y(2).

2.10 The Star Example: Symm

Here is a list of most of the objects with which this subsection will be concerned.
Those which have not already been defined above will be described in Sect. 3.3.

— Symm = Z[hy,hy,---] = Zlc1,c2,--+] C Z[&1, &, - - -], the ring of sym-
metric functions in an infinity of indetermlnates. Here hn is the n-th complete
symmetric function in the £ ‘s and the ¢, stand for the elementary symmetric
functions. I am writing ¢, rather than e, because in the present context the c,
will correspond to Chern classes.

— U(A), the universal lambda ring on one generator

— R(W), The representing ring of the functor of the big Witt vectors; see Sect. 2.9
above.

— R(S) = 69 R(S,), the direct sum of the rings of (the Grothendieck groups) of

complex representatlons of the symmetric groups with the socalled exterior
product; if p is a representation of S, and o is a representation of the symmetric
group on s letters Sg then po = Inds’;‘s (p ® o). By decree ‘R(Sp)’ is equal
to Z. There is also a comultlphcatlon ifoisa representation of S,, W(o) =

> Resg’r’>< s, (0). Together with obvious unit and counit morphisms this de-

r+s=n
ﬁ—;es a Hopf algebra. (The antipode comes for free because of the graded
connected situation.)

— Rt(GL), the (Grothendieck) ring of rational representations of the infinite
linear group.

— E(Z), the value of the exponential functor from [55 Hoffman] on the ring of
integers.

— U(W), the covariant bialgebra of the formal group of the Witt vectors.

— H*(BU; Z), the cohomology of the classifying space of complex vector bundles,
BU.

— H, (BU;Z), the homology of the classifying space BU.

These are all isomorphic and that implies that Symm is very rich in structure in-
deed. Nor is that all. For instance each of the components R(S;,) of R(S) is alambda
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ring in its own right (inner plethysm). Further the functor of the big Witt vectors is
lambda ring valued. However, this paper is not about Symm and its extraordinar-
ily rich structure,'” but about niceness results. That includes ‘nice proofs’. That is
proofs of isomorphism between all these objects that derive from their universality,
(co)freeness, ... properties and rely minimally on calculations. To what extent there
are currently such proofs will be discussed below in Sect. 3.3.

Two more objects that fit in this picture are the rational Witt vector functor in
its role in the K-theory of endomorphisms, [12 Almkvist], and the Grothendieck
group K (P4) of polynomial functors Mod4 —> Mody, where A is an algebra over
a field k and 4Mod is the category of right A—modules, [75 Macdonald]. If A = k
this object is again isomorphic to the nine objects listed above.

The various isomorphisms and relations concerning whom I think I have some-
thing to say are depicted in the diagram below.

Du

H'(BU;Z) —————— H,(BU:Z)
uon \ 3 L
Symm R.,(GL,)
F D
R(S)
R(W) M,
x UA) My K(Pk)
Ho2
Hol
EZ)

The bottom object here, viz E(Z) has not yet been described in any way. It is
again defined by an adjoint functor situation and, again, it is one which picks up
extra structure. It will be described and discussed briefly in Sect. 3.3.

Also it seems from the diagram that the Hopf algebra R(S) = % R(S,) is the
n=0
central object rather then Symm.

2.11 Product Formulas

The simplest (arithmetic) product formula concerns the real and p-adic absolute
values of a rational number
-1
lalo =[] lal,

p

171 plan a future paper on that; meanwhile see [Hazewinkel, 2008 #65].
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where the product on the right is over all prime numbers p. There are more formulas
of this type. This leads to a view of things that is expressed as follows by Yuri Manin
in [77 Manin], Reflections on arithmetical physics, pp 149ff.

“Now we can see the following pattern:

e (At least some) essential notions of real and complex calculus have their adelic
counterparts

e Adelic objects have a strong tendency to be simpler than their Archimedean com-
ponents, e.g. the adelic fundamental domains of arithmetical discrete subgroups
of semisimple groups usually have volume 1 (the Siegel-Tamagawwa-Weil phi-
losophy ...)

e Due to this fact and to product formulas like (2) or (3) embodying the idea of
democracy for all topologies, information on the real component of an adelic
object can be read off either from the real component or the product of the p-adic
components for all p’s.

With some strain one can generalize and state the following principle which is the
main conjecture of this talk.

On the fundamental level our world is neither real, nor p-adic, it is adélic. For
some reasons reflecting the physical nature of our kind of living matter (e.g., the fact
that we are built of massive particles), we tend to project the adélic picture onto its
real side. We can equally well spiritually project it upon its non-Archimedean side
and calculate most important things arithmetically.”

There are applications of this idea to the Polyakov measure (Polyakov partition
function), loc. cit., string theory, [36 Freund et al.], Yang-Mills theory, [13 Asok
et al.], and much more, see, for a start, (the bibliography of) [63 Khrennikov]. Add
to this that the p-adic versions are often easier to handle and one finds some good
justification for the discipline of p-adic physics.

3 Some First Results and Theorems

3.1 Freeness Theorems

The only general freeness theorem that I know about is the one from [35 Fressé].
This one says that cogroups (cogroup objects) in the category of algebras over an
operad are free. This covers for instance one of the Kan results, the Leray theorem,
the Milnor—Moore theorem and probably several more. At this stage it is unclear
how far it goes.

I don’t think it can be made to take care of the subobject freeness theorems; but
there probably is a general theorem, yet to be formulated and proved, that can take
care of those.



138 M. Hazewinkel

3.2 On the Lazard Universal Formal Group Theorem

The Lazard universal formal group theorem says that there exists a universal (one
dimensional) commutative formal group (trivial) and that the underlying ring is free
commutative polynomial in an infinity of indeterminates (surprising and far from
trivial). The standard proof is long, laborious, and computational, even when sim-
plified and streamlined as in [38 Frohlich], see also [90 Ravenel].

Having a candidate universal formal group available, as in [45 Hazewinkel; 48
Hazewinkel] helps a great deal, see [45 Hazewinkel], pp 27-30. But the proof is still
mainly computational; also the construction of the candidate universal formal group
involves choices of coefficients, which mars things. One dreams of a proof which
mainly relies on universality properties.

In this connection there is a rather different proof due to Cristian Lenart, [67
Lenart], which seems to have promising aspects. One ingredient, which I consider
promising, is the following. Consider the power series

foX) =X +bX>+b3X3 +---

over Z[b]. Here the b’s are indeterminates. Now form
FX. 1) = £ (£ O+ £, )

This is of course a formal group over Z[b]. It is proved'® in loc. cit. that the coeffi-
cients of Fj(X, Y) generate a free polynomial subring, L, of Z[b] and that regarded
as a formal group over the subring L Fj(X, Y) is universal. Of course L is truly
smaller than Z[b]. To start with 2b, € L,but by ¢ L.

This next bit is pure speculation. The first Cartier theorem on formal groups
says that the formal group of Witt vectors, W, represents the functor ‘curves’.
This is a rather different universality property for formal groups. The covariant
bialgebra of W is Symm. One wonders whether this can be used to prove the
Lazard theorem.

3.3 Objects and Isomorphisms in Connection with Symm

This whole section is concerned with the objects and isomorphisms in the diagram
at the end of Sect. 2.10.

18 The result is nice; I consider the proof highly unsatisfactory.
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3.3.1 The Isomorphism ‘Ha’ Between R(W), the Representing Ring
of the Functor of the Big Witt Vectors and U (A),
the Free Lambda Ring on One Generator

Here is a synopsis of the relevant bits of structure. The ring R(W) represents a
(covariant) functor that carries a comonad structure, and the coalgebras for this
comonad are precisely the lambda rings. That is all that is needed.

Let € be a category and let (7', W, €) be a comonad in €. Now let (Z, z € T(Z))
represent the functor 7. That is, there is a functorial bijection &€(Z, A) —>
T(A), f — T(f)(2). The monad structure gives in particular a morphism o :
Z — TZ, viz the image of id, under u, : T(Z) = &(Z,2) — T(T(Z2)) =
&(Z,T(Z)). This defines a ‘coalgebra for T’ structure on Z.Now let (A, 0) be a
coalgebra for the comonad T and let a be an element of A. Consider the element
o(a) € T(A) = &(Z, A). This gives a unique morphism of 7'-coalgebras that takes
z into a. There are of course a number of things to verify both at this categorical level
and to check that these categorical considerations fit with the explicit constructions
carried out in the previous subsections. This is straightforward.

Thus the isomorphism ‘Ha’ is a special case of a quite general theorem and the
proof uses no special properties but only universal and other categorical notions.
This is the kind of proof I would like to have for all the isomorphisms in the diagram.

3.3.2 The Isomorphism ‘Z’ Between R(S) and Symm

This is handled by the Zelevinsky theorem, [107 Zelevinsky] and [52 Hazewinkel],
Chap. 3. The Zelevinsky theorem deals with PSH algebras (over the integers). The
acronym ‘PSH’ stands for ‘Positive—Selfadjoint—Hopf. Actually it is about (nontriv-
ial) graded connected Hopf algebras with a distinguished (preferred) homogenous
basis. The Hopf algebra is also supposed to be of finite type so that each homoge-
nous component is a free Abelian group of finite rank.

An inner product is defined by declaring this basis to be orthonormal. The pos-
itive elements of the Hopf algebra are the nonnegative (integer coefficient) linear
combinations of the distinguished basis elements. Let m and u denote the multipli-
cation and comultiplication, respectively.

Selfadjoint (selfdual) now means

(mx ®y), z) = (x ®y, 1))

and positivity means that if the elements of the distinguished basis are denoted by
w;, etc., and

m(w; @ ;) = Zai’jwr, Ww;) = be’swr ® w;
r

r,s

then aj; > 0 and b = 0.
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Suppose now that there is precisely one among the distinguished basis elements
that is primitive,'” then (the main part of) the Zelevinsky theorem says that the Hopf
algebra in question is isomorphic (as a Hopf algebra) to Symm, possibly degree
shifted.

An example of a PSH algebra is R(S):

e The distinguished basis is formed by the irreducible representations of the vari-
ous S,

e The positive elements are the real (as opposed to virtual) representations, and so
multiplication and comultiplication are positive.

e The selfadjointness comes from Frobenius reciprocity

e The Hopf property is handled by (a consequence of) the Mackey double coset
theorem.

Using the isomorphism all structure can be transferred making Symm also a PSH
algebra. An odd thing is that this is not proved directly. The distinguished basis turns
out to be formed by the Schur functions. The problem is positivity. There seems
to be no direct proof in the literature that the product of two Schur functions is a
nonnegative linear combination of Schur functions.

I used to think that this theorem did not count in the context of the diagram
because it uses such seemingly non-algebraic things as positivity and distinguished
basis. However in the setting of R(S) these are, see above, entirely natural.

There is one more thing I would like to say in this context. The fourth and final
step of the proof of the Zelevinsky theorem (in the presentation of [52 Hazewinkel])
essential use is made of something called the Bernstein morphism. This is a mor-
phism

H — H ® Symm

defined for any commutative associative graded connected Hopf algebra H. If one
takes H = Symm this is precisely the morphism that defines the multiplication on
the big Witt vectors. This is a “coincidence” that cries out for further investigation.
For a completely different way of establishing that Symm and R(S) are isomorphic
see [14 Atiyah]. For still another and very elegant proof of this result see [70 Liule-
vicius; 71 Liulevicius]. It seems that the theorem actually goes back to Frobenius,
[37 Frobenius].

3.3.3 The Isomorphism ‘S’ from R(S) to R,,;(GL)

This is Schur—Weyl duality which has its origins in Schur’s thesis of 1901, [94
Schur]. The subject of Schur-Weyl duality has by now evolved into what is prac-
tically a small specialism of its own. A search in the MathSci database gave 72 hits.
There are quantum and super versions and there are interrelations with such diverse
fields as quantum and statistical mechanics, tilting theory, combinatorics, random

19 There is always at least one because of graded connectedness (and nontriviality).
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walks on unitary groups, .... A selection of references is [9; 17 Benkart et al.; 27
Dipper et al.; 29 Doty; 30 Duchesne; 39 Fulton et al.; 40 Goodman; 41 Good-
man et al.; 42 Green; 57 Howe; 64 Klink et al.; 69 Lévy; 94 Schur; 93 Schur;
104 Weyl; 106 Zelditch], [14 Atiyah; 75 Macdonald].

Here is what is probably the simplest incarnation of Schur—Weyl duality. Let V
be a finite dimensional vector space over a field of characteristic 0. Form the n-th
tensor product

T"(V) =V -V

The symmetric group S, acts on this by permuting the factors, which gives a
finite dimensional representation of S, that can be decomposed into its isotypic
components

T"(V) = @) Homys, (Ex. T"(V) ® E» = DF (V) ® Ex  (48)

functorially in V. Here the E, are the distinct irreducible kS, modules. If now
A : V — Visa linear transformation F; (A) : F; (V) — F; (V) is an ‘invariant
matrix’ in the sense of Schur, [94 Schur]. This is taken from [75 Macdonald].

Taking invertible A one obtains a representation F; (V) of GL(V). This can also
be seen as coming from the action of GL(V) on 7" (V) defined by g(v ®- - -Qu,) =
gu1 ® - - - ® gv,, noting that this action commutes with the S, action on 7" (V) and
using the double commutant theorem.

The middle term in (48) makes it clear that this is some kind of duality. What I
would really like is to have is a pairing R(S) X Ry(GL) —> Z defined directly,
which then gives this duality. At the ‘finite level’ described above this can prob-
ably be done by looking at the trace form (X, Y) = Trace(XY) on End(7T"(V)),
[41 Goodman et al.], Sect.9.1; [106 Zelditch], page 19. But not it seems without
bringing in a lot of representation theory.

3.3.4 On a Possible Isomorphism ‘L’ Between R(S) and H, (BU; Z)

This is mostly speculative. First both rings (as Abelian groups) have a natural basis
indexed by partitions. Second there is a bit of positive evidence in [44 Hazewinkel
et al.], where in Sect.11 a (nontrivial, i.e. with jumps) family of representations is
constructed of S, 1, that is parametrized by the Grassmann manifold Gr,, (C"*™).

3.3.5 On the Isomorphism ‘Du’ Between H*(BU; Z) and H,(BU; Z)

This is a matter of homology — cohomology duality for oriented manifolds.
Plus autoduality of the Hopf algebras involved. (Both carry natural Hopf alge-
bra structures.)
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3.3.6 On the Isomorphism ‘SP’ Between H*(BU; Z) and Symm

First one defines Chern classes, for instance as in [80 Milnor et al.], Chap. 14; see [5]
for a totally different method; the definition of the first Chern class that is in [62
Kharshiladze] is one I particularly like.

The i-th Chern class associates to a complex vector bundle V over a suit-
able space X an element ¢; (V) of the cohomology group H% (X; Z). One of the
more important properties of the Chern classes is ‘functoriality’. Let f : ¥ — X
be continuous and let f*V be the vector bundle pullback of V. Then

¢i(f*V) = fH (V)

(The notation is a bit unfortunate in that there are two different f* in the formula;
but is traditional). A second important property is the “Whitney sum formula’. Let

c(V)y=T1+ci(V)+ca(V)+---

be the socalled total Chern class (also sometimes called complete Chern class). Let
W be a second complex vector bundle over X. Then

c(VeW)=c(V)c(W)

where on the right hand side the cohomology cup product is used. And in fact
together with co(V) = 1 and a normalization condition that specifies the total Chern
class of the canonical (tautological) line bundle over the complex projective spaces
Gr(C") these two properties completely determine the Chern classes. See also [43
Hatcher], theorem 3.2 on page 78.

Next one calculates the cohomology of the classifying spaces BU,, to be

H*(BUns Z) = Z[Cl, €2, 0y Cn]

where the ¢; are the Chern classes of the canonical vector bundle vy, over BU,,. For
instance with induction starting with the very simple case BU; = CP* which has
a CW complex cell decomposition with precisely one cell in every even dimension.
This is the way it is done in [80 Milnor et al.]. One can also use spectral sequences.
It follows that

H*BU;Z) =Z[ci,c2, -+, Cny ]

which is isomorphic, at least as rings, to Symm. This is precisely the kind of calcu-
latory proof that I do not like.

However, there is the following aspect. It is often a good idea to view Symm as
the symmetric functions in an infinity of indeterminates

Symm C Z[Ela 525 E3a o ]



Niceness Theorems 143

Now on the topological side consider the canonical line bundle y; — BU; and
take the n-fold product y; x --- x ;. This is an n-dimensional bundle over the
n-fold product BU; x --- x BUj. The cohomology of this space is

Z{n, -, 0l

where 7); is the first Chern class of the i-th y;. Also by the Whitney sum formula

ctyp x - xy)=0+n)---A+n)

Now by the classifying space property of BU,, there is a homotopy class of maps
f :BUj x --- x BUj — BU, such that the pullback of y, by fisy; x --- x V.
Using functoriality it follows that f* takes ¢; € H*(BU,; Z) to the i-th elementary
symmetric function in the n‘s and that H*(BU,; Z) manifests itself as the ring of
symmetric functions in Z[n, --- , n,]. This is taken from page 189 of [80 Milnor
et al.]; see also [6] for a slightly different formulation of the same idea.

Add to this that the Chern classes of the vy, (the universal Chern classes) can
be described explicitly in terms of Schubert cycles, [5], and, possibly, this can be
worked up to a much less calculatory proof of the isomorphism ‘SP’.

3.3.7 The Isomorphism ‘F’ Between R(W) and U (W)

Consider an n-dimensional formal group F over a (unital commutative associative)
ring A. Here n can be infinity. It is given by n power series in 2n indeterminates
grouped in two groups of n indeterminates with coefficients in A. Let R(F) be the
ring of power series over A in n indeterminates. Then the n power series of the
formal group F define a bialgebra like structure

R(F) —> R(F)®R(F)

This object is called the contravariant bialgebra of the formal group. (It is really
needed (in general) to take the completed tensor product; even for = 1 one has
AllX11® A[[Y]]gA[[X, Y1l)

R(F) is given the usual power series topology. Now form
U(F) =Mody cont(R(F), A) (49)

This is the covariant bialgebra (in fact Hopf algebra) of the formal group F. In-
versely one can obtain R(F') from U (F); just how will not be needed here.

In the case of the formal group W of the Witt vectors (over the integers) the
power series defining it are in fact polynomials. And thus the restriction to

R(W) =Z[X1. X, -+ 1 C Z[[X1. X2, -+ 1] = R(W)



144 M. Hazewinkel

of R(W) — R(W)@R(W) lands in R(W) ® R(W). As the polynomials are dense
in the power series, in this polynomial case, formula (49) is equivalent to

U(W) = Modz(R(W), Z)

and thus the isomorphism ‘F’ is a consequence of the autoduality of R(W) =
Symm.

3.3.8 On the Isomorphisms ‘M1’ and ‘M3’ Between R(S), K (Px) and U(A)

One sees from formula (48) in Sect. 3.3.3 that each irreducible representation of S,
defines a functor of Vy to itself that is polynomial. Here Vj is the category of finite
dimensional vector spaces over the field k, and polynomial means that for each
pair of vector spaces U,V the mapping F' : Hom(U, V) — Hom(F (U), F(V))
is polynomial. Let now Py be the category of polynomial functors Vy — Vj of
bounded degree and K (Py) its Grothendieck group. Then the remarks just made
practically establish the isomorphism ‘M1°.

Next, K (Py) carries a A-ring structure induced by composition with the exterior
powers A! : Vi —> V. It turns out that it thus becomes the free A-ring on one
generator, [14 Atiyah; 76 Macdonald]. This is ‘M3’.

It still needs to be sorted out whether the composition of ‘M1’ and ‘M3’ equals
the composition of ‘Z’ and ‘Ha’.

The main aim of [76 Macdonald] is to generalize this in various ways. Let A
be a k algebra, V4 the category of finitely generated projective left A modules, P4
the category of polynomial functors V4 —> V. of bounded degree and K (P4) its
Grothendieck group. Then K (P,4) is the free A-ring generated by the classes of the
functors P +— E ®4 P where E runs through a complete set of non-isomorphic
finite dimensional simple right A—modules.

When applied to the group ring of a finite group there is also the result that
P R(G ~ S,) is the free A-ring on the irreducible representation of G. (Here
n>0
G ~ S, is the wreath product of G and S,,.

Thus ‘M1’ and ‘M3’ are just the simplest cases of much more general results,

which makes them nicer in my view.

3.3.9 On the Object E(Z) and the Isomorphisms ‘Hol’ and ‘Ho2’

Peter Hoffman noted that there is a nice functor E, denoted ‘exp’ in [55 Hoffman]
that makes some of what went before more elegant.

Let Ab be the category of Abelian groups and GrRing that of (unital ungraded—
commutative) graded rings. An object R of GrRing is a direct sum of Abelian
groups R; together with multiplications R; ® R; —> R;1; making @; R; a unital
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commutative ring. As in the case of the big Witt vectors one considers the “1-units”.
To be precise consider the functor

o0
" : GrRing — Ab definedby R =1+ [ [ Ri (50)
i=1

where the Abelian group structure is given by multiplication.

Note that the functor of the big Witt vectors is given by § — S[[¢]] — S[[¢]]".
What this means is completely unexplored.

The functor (50) has a left adjoint Ab — GrRing, here denoted E, so that there
is the functorial equality

GrRing(E(A), R) = Ab(A, R)

As a left adjoint E(A) should be thought of as some kind of free object and, as is
so often the case with functors that are part of an adjunction it picks up all kinds
of extra structure. In this case it is first of all a Hopf algebra (as happened with the
universal enveloping algebra). This comes from the observation that

E(A® B) = E(A) ® E(B)®

E(A) carries a natural A-ring structure. (Though I find the construction very difficult
and, frankly, definitely on the ugly side.) However it is worth exploring further as
it goes through the notion of what the author calls an w-ring, a notion equivalent to
that of a A-ring but whose axioms only involve linear maps. This gives one a shot
at solving a rather vexing matter. Symm is a A-ring; it is also selfdual. So, morally
speaking, there should be something like a ‘dual A-ring structure’ on it.

Returning to the paper [55 Hoffman], the main theorems appear to be

PRG ~ 5)) = ERG))
n>0

E(A) is the free A-ring generated by A.

which are very nice results showing that the functor E merits further attention.

3.3.10 The K-Theory of Endomorphisms

Let A be a unital commutative ring. Consider the category End(A) of pairs (P, f)
where P is a finitely generated A-module and f an endomorphism of P. A mor-
phism ¢ : (P, f) — (Q,g) in End(A) is a morphism ¢ of A-modules that
commutes with the given endomorphisms, i.e. g¢ = ¢f. There is an obvious notion

20 This formula also illustrates that ‘exponential’ or ‘exp’ is a most apt appellation.
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of exact sequence in End(A) and so one can form the Grothendieck group and ring”!
K (End(A)), the study of which was initiated by Gert Almkvist, [11 Almkvist; 12
Almkvist].

Given (P, f) € End(A) let Q be a finitely generated module such that P & Q
is free and consider the endomorphism f @ 0 of this module and its characteristic
polynomial det(1 4 #(f @ 0)). This is a polynomial in ¢ that does not depend on Q.
This induces a homomorphism K (End(A)) — W(A), where W (—) is the functor
of the big Witt vectors, that is obviously zero on K (A). (The projective modules
over A are imbedded in End(A) as pairs (A,0)). Thus there results a morphism (of
rings in fact)

c¢: K(End(A)/K(A) = Wp(A) — W(A)

functorial in A. Almkvist now proves:
The morphism c is injective for all A and the image of ¢ (for a given A) consists
of all power series 1 + ajt + art? + - - - that can be written in the form

 L4bit+bot* 44 byt”

l+ait +at>+ - =
tairta L4 dit +dot?+ -+ dpt”

Withbi,dj €A

For obvious reasons I call these rational Witt vectors.
A first question is now whether this functor Wy(—) is representable. It is, [S0
Hazewinkel]. This requires some preparation. Consider the ring

Z[X] = Z[X]7X2’X37 ]

of polynomials in a countable infinity of commuting indeterminates. Form the
Hankel matrix

1 X1 Xy X3---

X1 X2 X3 X4+

X2 X3 X4 X5 ---

Now let J, be the ideal in Z[X] generated by all (n + 1) x (n 4+ 1) minors of
this Hankel matrix. These ideals define a topology on Z[X] which for the present
purposes 1 will call the J-topology. The representability result is now as follows.

For each rational Witt vector a(t) = 1 + ait + axt> + -+ € Wo(A) let
@a(r) : L[X] —> A be the ring morphism defined by X; +— a;. Then a(t) — @4
is a functorial and injective morphism from Wy(A) to ring morphisms Z[X] — A
that are continuous with respect to the J-topology on Z[ X ] and the discrete topology
on A. If A is Fatou, so in particular if A is integral and Noetherian, the correspon-
dence is bijective.

21 The multiplication is induced by the tensor product.
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Here Fatou is a technical condition that is of no particular importance for this

paper. Suffice it to say that a Noetherian integral domain is Fatou. Incidentally the
quotient rings Z[X]/J, are integral domains, but they are not Noetherian and not
Fatou.

K-

For a host of other results, including a determination of the operations in the
theory of endomorphisms, see [11 Almkvist; 12 Almkvist; 50 Hazewinkel].

3.3.11 Leftovers

Symm is an object with an enormous amount of compatible structure: Hopf
algebra, inner product, selfdual (as a Hopf algebra), PSH, coring object in the
category of rings, ring object in the category of corings (up to a little bit of unit
trouble), Frobenius and Verschiebung endomorphisms, free algebra on the cofree
coalgebra over Z (and the dual of this: cofree coalgebra over the free algebra on
one element), several levels of lambda ring structure, .. ..

The question arises which ones of these have natural interpretations in the
other nine incarnations occurring in the diagram (and whether the isomorphisms
indicated are the right ones for preserving these structures).

Symm represents the functor of the big Witt vectors W (A) = {1 4+ at + a»t> +
-oeta; € AL

Now Hopf(Symm, Symm) = W(Z), [70 Liulevicius]. This comes about be-
cause on the one hand Symm is the free algebra on the cofree coalgebra over Z,
and on the other the cofree coalgebra over the free algebra over Z.

This is a curiosity that certainly merits some thought and one wonders whether
something similar occurs elsewhere.
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The Polynomial Algebra and Quantizations
of Electromagnetic Fields

Hilja L. Huru

Abstract We consider quantizations and braidings of modules with grading by an
abelian group. In particular, we investigate modules with grading by Z" and the
algebra of polynomials in n variables. We find quantizations of this algebra and
quantization of its differential structures. Exploiting the fact that the electromagnetic
field tensor can be described by a curvature, the quantizations of the curvature of
the polynomial algebra (for n = 4) give quantizations of the electromagnetic field
tensor and Maxwell’s equations.

The algebra of polynomials in n variables, C [x1, ..., x,], have a natural grading by
7. The framework for quantizations and braidings of modules with grading by an
abelian group as found in the papers [5], [6] and [7], are here applied to investigate
modules with grading by Z" and to find quantizations of the algebra of polynomials.
In [6], the results concerning quantizations and braidings for grading by a finite
abelian group can be found, and they carry over to the infinite case without change,
see [7].

We are particularly concerned with quantizations of differential structures, see
[9] and [8]. More precisely, with the same framework for finding quantizations of
the algebra C [x, ..., x,], we find quantizations of its derivations, connections and
curvatures by the Z"-grading.

The exposition will be kept at a simple level with examples that nicely illustrate
the subject as described in the papers mentioned.

We will end by applying the results obtained to find quantizations of the elec-
tromagnetic 2-form which in turn give quantizations of Maxwell’s equations. By
exploiting the fact that the electromagnetic field tensor can be described in terms of
connections and curvatures for C [z, x, y, z], the quantizations of the curvature of the
polynomial algebra (for n = 4) give quantizations of the electromagnetic 2-form.
With the quantizations already given for curvatures the desired quantizations are
easily obtained.
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1 Quantizations and Braidings of Z"-Graded Modules

We shall repeat some results from [6] and [7] needed for describing quantizations
and braidings of Z"-graded modules.
A braiding ¢ in a monoidal category C is a natural isomorphism

oxy: X®Y —>YQ®X,

for objects X and Y, that satisfies the Mac Lane coherence conditions, see [11].
A quantization is a natural isomorphism

gxy : XQ®Y - X®Y,

for objects X, Y in C that satisfies the Lychagin coherence condition, see [10].
Quantizations act on the set of braidings as follows

(04)x.y = dv.x ©0x.¥ 0 qx.¥- (1

and oy is a braiding too. We will here consider quantizations of categories equipped
with trivial braidings, that is, with classical commutative structure. After quantiza-
tion, however, the braiding is q;’ ﬁ( o Tx,y ©qx,y, where 7 is the twist.

Let G be an abelian group such that the graded tensor product can be defined,
and consider the monoidal category of G-graded modules. From [4] we have that
any symmetry o of the monoidal category of G-graded modules over C depends
only on the grading and is represented by a 2-cochain o : G x G — C*, [2], that
satisfies the bihomomorphism and symmetry conditions, where

oxy:xQ®yr—>o(lx,|yDy®=x,

for homogeneous x € X, y € Y, with grading |x| and |y| respectively. Any quan-
tization g of the monoidal category of G-graded modules is a representative of the
2"d cohomology of the abelian group G with coefficients in C*, ¢ : G x G — C*,
where

gxy :x @y r—q (x|, [yDx ®y,

for homogeneous x € X,y € Y.

2 The Algebra of Polynomials C [xy, ..., x,]

The main object for which we shall explore quantizations, is the algebra of polynomials
in n variables, A = C[x1, ..., x,]. We consider the quantizations of C [x1, ..., x,]
as a Z"-graded algebra where x]f‘ = -x,li” has grade k = (k1,...,k,) € Z". Note
that the braiding is trivial, i.e. A is commutative in the classical sense.
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Quantizations of Z"-graded modules are 2-cocycles

qg : 7" x 7" — C*,
q (k,l) =exp (i (Pk,1)), 2)

for k,l € Z", where P is an x n skew-symmetric matrix with complex entries.
The quantization A, of A = C[x, ..., x,] is a “deformation” of its multiplica-
tion where
f*xq g =exp (i (Pk,1)) fg, 3

f € (Ag),- g € (Ay),- Particularly, we get the following multiplication for the
variables xi, ..., X,

Xi *q Xj = €Xp (ipji)xixj,

Xi *q Xi =xl-2,
2
xk *q xk = (xk) .

Since o is trivial to start with, the quantized algebra A, is equipped with the quan-
tized braided commutativity in (1) with o = 7, and

Xj kg Xj — Xj *g Xj = €Xp (ipji)xixj — exp (—ipji)xjxi,
x* *g b= *g xk = exp (i (Pk, l))xkxl —exp (—i (PI, k))xlxk

k_ ki 1 h

I .
where x Xy -xf,”, x' = x| ---x,'. We see that A, is the quantum space.

Example 1. Consider the algebra of polynomials in two variables, A = C[x, y],
where the homogeneous elements of A of grading (m, n) € Z? are of the form x” y".
As a Z?-graded algebra A = C [x, y] has quantizations represented by 2-cocycles
q: 7> x7? - C*,

q(z,2) =exp (i (Pz,7)), 4

0 h
r= 5]
h e C, see [10]. A, is the quantum plane where for the variables x and y the
multiplication is

for z, 7 € Z2, where

X *gy =exp(—ih)xy,y*q; x =exp(ih) yx,
x*qx:xz,y*qy:yz,

and A, is equipped with the following commutativity

X*kgy —Y*q X =exp(—ih)xy —exp (ih) yx = —2isin (h).
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Example 2. There are applications to harmonic oscillators, see [10]. Consider the
one-dimensional oscillator with Hamiltonian

H=p*+q.
The system has a non-trivial group of symmetries and the corresponding algebra

of functions is graded by Z?, ie. A = C|[p, q]. The quantization of A, Ay, s
represented by (4) and is as described above.

2.1 Quantizations of Derivations of C[x1, ..., Xp]

Derivations of C [xy, ..., x,] of degree k = (k1, ..., k,) € Z" are of the form

W =w (x)0) + -+ wy (x) 0y,

where
wi (X) = w; (X1, ..., %X0) € Ay, kit1,. k) s
and 0; has degree —1; = (0, ..., —1,...,0) with —1 in the ith place.

In general for any monoidal category, the quantization W, of a derivation is a
quantization of the action of the derivation, and which satisfies the quantized braided
Leibniz rule, see [5]. For C[xy, ..., x,] the quantization W, in terms of the original
W € Der (A) is

Wy (f) =exp (i (Pk, 1) W(f),

for W € Dery (A), f € A;, and W, satisfies the following quantized Leibniz rule

Wy (f %q 8) = Wy (f) %q g +exp (2i (Pk, 1)) f %4 Wy (g) (&)
= exp (i ((Pk,[) + (Pk,m) + (Pl,m))) (W (f) g+ fW (g)) (6)

where W € Dery (A), f € A;, g € Ap.
Consider x* = xi” ---x,]f” and x! = xi‘ ~--x,lq”. Let W = xX9;. The grade of W

isk—1; =(y,....,k —1,...,k;), hence
W () = exp (G (P (k = 10, ) W (+')
= exp (i (P (k= 1) ) iy TRl

In particular,

@)y (x') = exp G (P (=10, 1) 0; (')
=exp (— (p1ili + -+ pia—nili—1 + patvyilis1 + -+ pniln))

! li-1
X Lix)t - x) coexh,

The quantization of composition of derivations is as for multiplications, that is,
WyxqZy = exp (i (Pk, 1)) W, %, Z,. The bracket, or commutator, is also quantized,
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(W, zq];q (f) = Wy %4 Zg — exp (2i (Pk, 1)) Zg %4 Wy (f)

(exp (i (Pk,1)) WyZy — exp (2i (Pk, 1)) exp (i (PL, k) ZqWy)(f)
exp (i (Pk, 1)) (WqZq — ZgWy) (f)

exp (i (Pk,1))exp (i ((Pk,l) + (Pk,m)+ (Pl,m))) WZ (f)
—exp (i (Pk,1))exp (i ((Pl, k) + (Pl,m)+ (Pk,m))) ZW (f)
exp (i ((PL,m) + (Pk, m))) (exp 2i (Pk, 1)) WZ — ZW) (f)

for W € Dery (A), Z € Der; (A), f € A,,. For example is the quantized bracket
applied to (9;), and (8j)q as follows

(@0, (:),]"

= exp(i(((=p1is -+ s —=PG=1)i» 0 = P4 1)is -+ - » —DPni) )
+((=p1js - =PG=1)j+ 0. =P(j1)js - -+ —Pnj) )
X (exp (—Zipij) 0;0; (f) —0;0; (f))

Example 3. Letn =2 and P = |: 0 h] . Derivations of A = C [x, y] are of the

—h 0
form
W=a(x,y)ox+b(x,y)0y

where 0, and 9, has degree (—1, 0) and (0, —1) respectively. Consider the deriva-
tion W = x,01. Then
(W)y (x1) = exp (ih) x2

The quantization of the commutator applied to (91), and (d2),, is

[B1)g  (82)4 |77 (f) = exp(ih(mz — m1)) (exp (=2ih) 9132 — $81) (f).
[82)g . (01)g |77 (/) = exp(ih(mz — m1)) (exp (2ih) d201 — 8182) (/)
= —exp (4ih) [, (B2)g]]" ()

for f € Ay, m = (my, my).

2.2 Quantizations of Connections and Curvatures
ofc[xh oo 9xn]

Consider A = E as an A-module. Any derivation (W, W) € Der® (E) of degree k
is of the form

W=w;(x)0 +- 4wy, (x) 3 +Aw (x),
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where
Aw () = Aw (X1, ..., X,) € Ag.

A connection .
V : Der (A) — Der® (E), W —> W,

in the A-module A is given by a differential 1-form
A=A (x)dx; 4+ -+ Ay (x) dxy,

i (x) € A,...—1...,0), where —1 is in the i"" place. The pair (W, W) € Der® (E)
of degree k = (ky, ..., k,) € Z" is then connected by X as follows

n n
Vit W= wi ()0 — W=W+iw = w(x) 0+ ).
i=1 i=1

The curvature of V,_ applied to two derivations W and Z in Der (A) is
Ky, W, Z) =W (Az) — Z (Aw) — Mw,z] (N
=dr(W,2).

In general for any monoidal category C, a quantization of a connection V is
Vg : Der® (Aq) — Der(93:4q) (Eq), defined by

v, 4 0,000,

and V, is a o -connection of E,. The o -curvature of V, is Ky, : Der® (A;) ®
Der% (Ay) — Endy, (E4). defined

Kv, (Wq, Zg) = [Vqg (Wg) . Yy (Zq)]zq - Vy ([qu Zq]Zq)- (8)

Hence, for A = C|[xy, ..., x,] a quantization of the connection V, given by » =
ldxy + -+ Aydxy, i

(Vg (Wy) (f) = exp (i (Pk,m)) Vi (W) (f), ©)

for W € Dery (A), f € Ap. The quantization of the curvature for A as a Z"-graded
algebra is

Ky, (Wq. Zg) = [Wq +2wg. Zg + )‘Z(I]Zq - [y, Z‘l]gq N )‘[Wq»Zq]Z"

= (Wq + Awg) xq (Zg + 22q)
—exp (2i (Pk, 1)) (Zg + Azq) *q (Wg + Awg)

O,
—[W,. Zq]q" = AW,y Zy—exp(Ri (PR,1)) Zy g W,
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=exp (i (Pk, 1)) (Wy + Awg) *q (Zg + 12q)
—exp (2i (Pk, 1)) exp (i (PL, k) (Zq + Lzq) (Wy + Awq)

—[wy. Zq]gq — Aexp(i (Pk,1)) W, Zy—exp(2i (Pk.1)) exp(i {PL,k)) Z, W,

= exp (i (Pk, 1)) (Wq (rzq) = Zg (Awq) — )\[Wq,zq]> :

hence,
Kv,), (Wys Zg) = exp (i (Pk, 1)) Kv, (Wy, Zg) (10)

for Z € Der; (A).

3 Electromagnetic Fields

Considern = 4 and A = C[t, x, y, z]. We shall explore the fact that the derivations
of A is connected to the vector potential of a electromagnetic field. Consider the
electromagnetic field

E=-0,V—-Vo,
B=VxYV,

where V is the vector potential and @ is the scalar potential, see [3]. The components
of E and B are E = {Ex, Ey, Ez} and B = {BX, By, Bz}- Let A be the differential
1-form

A=@&d;, — Vydy — Vydy — Vyd,.

The electromagnetic 2-form is then
F =dh = (Exdy + eydy + e;dz)dt + Bydydz — Bydxdz + B;dxdy.
Maxwell’s equations take the form
dF =0,dx F =0, (11)
where dx : £2, — £2,_1 is the adjoint operator determined by d : £2, — 2,41,
see [1].
Since dX applied to two derivations W and Z of Ais dA (W, Z) = W (rz) —
Z (Aw) — Agw,z), by (7),
F(W,Z)=Kv, W,2), (12)

where the connection V), is defined by the 1-form A. With the quantization of the
curvature (8) we can define the quantization of the electromagnetic form, Fy, by

Fy (Wy, Z4) = Kwy), (Wy. Z4) - (13)
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Hence, by (10),
Fy (Wy, Zg) = exp (i (Pk, 1) F (W, Z,) (14)

where W, € Der,f" (Aq). Z4 € Derla" (A4). This gives the following quantizations
of Maxwell’s equations

dF,; =0, (15)
d*Fy=0. (16)

The operators d and d+ also need to be quantized, but in the monoidal category of
7" -graded modules these operators are graded by zero, hence the quantization is
trivial. (However, if we consider d and dx as derivations in the alternating algebra
which is graded by Z, these have respectively the grading 1 and —1. We then can
obtain non-trivial quantizations, but we will not explore this further here.)
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A Bridge Between Lie Symmetries
and Galois Groups

Nail H. Ibragimov

Abstract A bridge between Lie symmetry groups for differential equations and
Galois groups for algebraic equations is suggested. It is based on calculation of Lie
symmetries for algebraic equations and their restriction of the roots of the equations
under consideration. The approach is illustrated by several examples. An alternative
representation of Lie symmetries, called the Galois representation, is provided for
differential equations.

1 Introduction

It was mentioned in several lectures during the Abel Symposium 2008 that concep-
tual similarities and dissimilarities between Lie symmetries and Galois groups are
not clarified sufficiently in the literature. I was naturally interested in this matter
and found a certain satisfactory, at least for myself, answer to this question some
20 years ago. Namely, I constructed the Galois groups for several simple algebraic
equations by first calculating their Lie symmetries and then restricting the symme-
try group to the roots of the equation in question. I briefly described this approach
in the brochure [1, pp. 429-443], (see also [2, pp. 251-254]), but did not publish in
a paper available to a wide audience of mathematicians. Therefore it is presented
here. In addition to the calculations presented in [1], it is shown in this paper that
the procedure can be applied to differential equations as well. As a result we obtain
another representation (let us call it the Galois representation) of Lie symmetries of
differential equations.
The approach will be illustrated by applying it to the following equations:

2 4+1=0, )]
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x4—x2+1=0, 2)

P+ x+1=0. 3)

It is known from the literature on Galois groups that the Galois group G of (1) is
G ={1, (x1, x2)}, “)
where x1, xp are the roots of (1), (x1, x2) is the permutation of the roots, and 1 is the

identical permutation (unit of the group). It is also known that the Galois groups of
(2) and (3) are

G = {1, (x1, x2)(x3, x4), (x1, x3)(x2, x4), (x1, x4)(x2, x3)} (5)

and
G = {1, (x1, x2, x4, x3), (X1, X3, X4, x2), (X1, X4) (x2, X3)}, (6)

respectively. In (5), x1, x2, x3, x4 denote the roots of (2), and in (6) the roots of (3).

2 Lie Symmetries of Differential Equations

Recall that Lie symmetries of differential equations, e.g., of second-order ordinary
differential equations

Y+ flx,y,y) =0, @)

are invertible transformations

X=¢,y), y=vkxy) ®)

of the independent and dependent variables mapping (7) to an equation of the same
form. Specifically, the following equation holds:

[+ G 5.5, =0, )
or, equivalently,

' &35 =0y, O+ F D), (10)

where 3" and y” are the first and second derivatives of y with respect to X, and
is a certain coefficient (in general, variable) depending on the transformation (8). In
Lie’s theory, the symmetries (8) depend on continuous parameters, and the set of all
such symmetries for a given differential equation forms a local group known as a
group admitted by the differential equation in question.
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For example, the equation

!/

1
= (1)

y Xy

admits the two-parameter local group generated by the operators
0 d 0 d

X = 2— -, X == 2 - - 12
= 8x+xy8y 2 x8x+y8y (12)

Solving the Lie equations for the generators X and X», we obtain the admitted
one-parameter groups of transformations

x oy
l—ax °  1—ax

T,: x= (13)

and
2b

T,: x=xe, y=ye’, (14)
respectively, where a and b are arbitrary parameters. The reckoning shows that the
condition (10) for the Lie symmetries (13) and (14) of (11) is satisfied in the follow-
ing forms:

7.1 Lo
_/,_f_2+:=(1_ax)[y~_y_2+_]’
y* Xy y2 Xy
and _, . , .
_//—¥—2+t—e_3b|:y”—y—2+—i|,
y*ooxy y: Xy

respectively. Besides, (11) has the discrete symmetry provided by the reflection with
respect to the x axis:
Ty: x=x, y=-—y. (15)

For this transformation the condition (10) is written

7 Lo
y//_y_2+::_[y,,_y_2+_}
y ooy Yo Xy

The composition of the transformations (13), (14) and (15) provides the general
group G of the Lie symmetries for (11).
3 Symmetries of Algebraic Equations

Let us consider algebraic equations of the nth degree:

Po(x)=Cox"+ Cix" '+ Cox" 2+ -+ Cp_1x + C, = 0. (16)
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The symmetries of algebraic equations are defined as in the case of differential equa-
tions. Namely, let a transformation

x = f(x) a7)
convert (16) of the nth degree into an algebraic equation
Pox)=Cox" + 1" '+ Cox P+ + Cpix +C, = 0. (18)

In general, the coefficients C; in (18) will not coincide with the coefficients C; in
the original equation (16). If they coincide, we will say that the transformation (17)
is a symmetry (a Lie symmetry) of (16). We can define the symmetry of algebraic
equations as follows.

Definition 1. The transformation (17) is called a symmetry of (16) if (18) coincides
with the equation P,(x) = 0 whenever x solves (16).

The determining equation for symmetries of algebraic equations can also be writ-
ten as for differential equations, either in the form (9):

Pa@®)| 10 = 0- (19)

or in the form (10):
Py (%) = pn(x) Py (x), (20)

where
Py(X) = Cox" 4+ C13" 1V + Cox" 2 4 - 4 Cu1 X + Cp.

The requirement that the transformation (17) maps any algebraic equation into an
algebraic equation is rather restrictive. In particular, if one considers only uniquely
invertible transformations, then one can show that the general form of invertible
transformations (17) converting every equation (16) into an algebraic equation (18)
is provided by the linear fractional transformations

ax +¢
X = 21
* b+ 5x @D
with complex coefficients satisfying the invertibility condition
ab — &8 # 0. (22)

If we do not require existence of the uniquely determined inverse transformation,
we can use transformations (17) given by the rational fractions

Aox" + Aix" 1 ...+ 4,
BoxS + Bix*~! 4 ... 4 By

X =

(23)
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The transformation (23) maps algebraic equations into algebraic equations (in gen-
eral, not of the same degree). It was considered by E.W. Tschirnhausen in 1683 and
is known as T'schirnhausen’s transformation .

In what follows, we will use the following simple result concerning (16) that are
symmetric in their coefficients.

Lemma 1. The equations (16) whose coefficients satisfy the conditions
Cp=Cp, Cy_1=0Cy, S (24)

have the symmetry
(25)

=1
I
= | =

Proof. Indeed,

- 1 1
Pn(x)ZCO_n+C1 +- 0+ G-+ Gy
X X

xn—1
= x_"[Co +Cix 4+ Cpx" 4 C,,x"].
Therefore the conditions (24) yield
Py (X) = x7" Py (%).

Hence, the determining equation (20) is satisfied with p(x) = x™". O

3.1 First Example

Let us find the symmetries of the form (21) for the quadratic equation (1),
X +1=0.
The determining equation (19) is written
&+ D|._, =0. (26)
Substituting (21) in 2 + 1, we have:
P4 1= (Ox +b)?[(@ + 8%)x* + 2(ae + bd)x + b + £7].
Therefore the determining equation (26) becomes

20ae +bHx +b>+e>—a>—5>=0
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and yields the following system of two equations:
as+b5=0, b>+e>—a>—68>=0. (27)
In the case § = 0 we obtain, using the first equation (27) and the condition (22),
that ¢ = 0. Then the second equation (27) becomes b = +a. Hence, we have
obtained the following two symmetries of the form (21) withé =0 :
Xx=x and Xx = —x. (28)

If § # 0, (27) are written:

b= —% L @+ -8 =o.

These equations together with the condition (22) yield £> — 8% = 0. Hence,
6=¢ b=—a, or é§=-¢&, b=a,

where ¢ # 0. Thus, we have two types of transformations:

P N (29)
a—ex ex —a
If a = 0, these transformations reduce to (see also Lemma 1)
| _ 1
Xx=— and x=-——- (30)
X X
If a # 0, the first transformation (29) provides a one-parameter local group:
T, 5= 1t G1)
1—oax
while the second transformation (29) can be written in the form
Sp : =Xt (32)
Bx —1

Note that (28) are obtained from (31)—(32) by letting « = 8 = 0, whereas (30)
can be obtained from (31)—(32) by letting « = f = oco. The transformations (31)—
(32) form a group. Indeed, the composition Sg o T, acts as follows:

a+pB
Sﬂ(Ta(x))z lx:gc—“_ﬁ 2(1—05/3))6+a+,3= x+1—aﬂ )
ML (@+Bx+ap -1 —fljﬁg)c—l
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Hence,
a+p
S T = S y = .
O A S
The similar calculations show that
TaOSﬁ:S(Ss Szﬁ_a
1+

Other group properties are obviously satisfied. Thus, we have obtained the following
result.

Theorem 1. The group of symmetries of the form (21) for (1) is generated by the
transformations (31)—(32), where the parameters o and B range over the extended
complex plane.

3.2 Second Example

Let us find the symmetries of the form (21) for (2),
xt—x24+1=0.
The determining equation (19) is written
G =+ D|u_. =0

Inspecting this equation as in the first example, we obtain the following four sym-
metries of the form (21):

1 1
I:x=x; S:x=—-x; R:x=-; T:x=——- 33)
X X
Let us verify that, e.g., the transformation R is a symmetry. We have:

1 1 1
-4 -2 4 2
X=X —l—l——————i—l——(x —X +1).
x4t X2 x4

It follows that ¥* — ¥2 4+ 1 = 0 whenever x* — x> + 1 = 0.
The transformations (33) form a group. Indeed:

SoR=RoS=T, SoT=ToS=R, ToR=RoT=S

andS'=S§, R-'=R, T ' =T.
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3.3 Third Example

Consider now (3),
Pi(x) =+ +2+x+1=0.

(34)

This equation satisfies the conditions (24) and therefore has the symmetry (21), x =
x~!. The reckoning shows that the transformation (21) together with the identical
transformation x = x are the only symmetries of the form (21). In order to find more
symmetries, we can search them among Tschirnhausen’s transformations. However,

we observe that the following statement is valid.

Theorem 2. The transformation
n

X =x
with any integer n indivisible by 5 is a symmetry for (34).

Proof. We have to substitute x = x" in the determining equation (19):

P4()E)|P4(x):o = ()E4 +)E3 +f2 +x+ 1)|x4:_(x3+x2+x+1) =

Here we should take into account not only the equation

x4=—(x3—|—x2+x+1)

but also the equations obtained from (37) by repeated multiplication by x :

x5=x~x4=—(x4+x3+x2+x)=l, =x-x=x,....
Thus, we extend (37) as follows:
=1, x=x, X7 =x% B =x% ¥ =xt
101, xUoyx, x1224x2 x132,3 14,4

satisfies the determining equation (19). Using (37)—(38), we have:
P4(i)iP4(x):0 =@ 0t 1)|P4(x):()
=x3+x+x4+x2+1=0.
Likewise, we verify that the transformation

F=x3

0.

(35)

(36)

37)

(38)
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also satisfies the determining equation (19). In this case we have:

Pos®) pymg = 67 7 204274 D
=x>+x*+x+x3+1=0.

The transformation
4

X=X
is a symmetry because it is the repeated action of the symmetry transformation
x = x>

The transformation

F=x

is not a symmetry because for this transformation (38) yield

04 B 4045 41=5.

Pa®)| py 1120 =

The composition of the above symmetries shows that the transformations (35)
with all positive n % 5m (m = 0,1,2,...) are symmetries for (34). Finally, the
proof for the transformation (35) with the negative values of n is obtained by taking
the composition of the transformations (35) with the positive n and the symme-

try (22).
Thus, we have proved that the transformations (35) are symmetries for (34), pro-
vided thatn # 5m, (im =0,+1,£2,...). O

4 Derivation of the Galois Groups from Symmetries

4.1 First Example

Let us construct the Galois group for (1),
P 4+1= 0,

using its symmetry group G consisting of the transformations (31)—(32). Since (1)
is invariant under the group G, the roots

X1 =i, XxXp=-—I

of (1) are merely permuted among themselves (or individually unaltered) by the
transformations (31)—(32). Consequently, the restriction of the group G on the set
{x1,x2} is well defined. It is manifest that this restriction is a group. It will be
called the induced symmetry group, or briefly, the induced group and denoted by G.
The induced group comprises permutations of the roots xp, x». Let us find these
permutations.
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The action of the transformations (31) and (32) on the roots are as follows:

i+a —it+a
T; = =i = s T, = = —] = s
o) =g e =i=x, Tolo) =1 i =x
Sp(x1) = ;;i+_ﬂ1 =—i=x3 Sp(xs)= —_;;itﬂl =i=x.

We see that the restriction of T, on the roots is the identical transformation (the
unit of the group G) which is denoted by 1. We also see that Sg permutes the roots.
This permutation is denoted by (x1, x2). Thus, the induced group G comprises two
elements:

G ={1, (x1,x2)}. (39)

Comparison with (4) shows that the Galois group of (1) coincides with the induced
group (39).

4.2 Second Example

Let us construct the Galois group for (2),
x4t —x? +1=0,

using its symmetry group G consisting of the transformations 7, S, R, T given in
(33). The roots of (2) are

[1 [1
1= 5(1+i\/§), Xp=—X1, X3= E(l—ix/?), X4 = —x3.

Denoting by T, , § ﬁ T the restriction of [ .S, R, T on the roots, we obtain I=1
(the unit) and the following permutations:

S;:<x1 x2x3x4)’ E=<x1 XQX3X4>’ T=<x1 x2x3x4>'
X2 X1 X4 X3 X3 X4 X1 X2 X4 X3 X2 X|
They are also denoted by

(1, x2)(x3, x4), (%1, x3)(x2, x4),  (x1, x4)(x2, X3).
Thus the induced group G in this case comprises four elements:

G ={1, (x1,x2)(x3, x4), (x1,x3)(x2, x4), (x1,x4)(x2, x3)}. (40)

Comparison with (5) shows that the Galois group of (2) coincides with the induced
group (40).
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4.3 Third Example

Consider (3),

e+ +1=0.
We know from Theorem 2 that (3) has the infinite group G of symmetries given by
the transformations (35). Let us single out from this infinite group the transforma-

tions

1
x=x, X=x’ xi=x, X=-—, (41)
X

i.e., the transformations (35) withn = 1, 2, 3, —1. The roots of (3) are

X] =€, Xo= 62, X3 = 63, X4 = 64, 42)

where
€ — o2mi/5

The reckoning shows that the restriction of the transformations (4 1) to the roots (42)
yields four permutations, namely the unit 1 and the permutations

<x1 X2 X3 x4> <x1 X2 X3 x4) <x1 X2 X3 x4>
x2 x4 x1x3 ) \x3x1 x4x2) \x4x3x2 x1
denoted by
(X1, X2, X4, x3),  (x1,x3, X4, %2), (1, x4)(x2, X3).
One can verify that the restriction of the arbitrary transformations (35) to the roots

(42) does not give new permutations. Hence, in this case also the induced symmetry
group comprises four elements:

G ={1, (x1,x2, x4, x3), (x1,X3,x4,x2), (X1,x4)(x2,x3)}. (43)

Comparison with (6) shows that the Galois group of (3) coincides with the induced
group (43).

4.4 A New Definition of Galois Groups

I summarize the above observations in the following definition of Galois groups for
algebraic equations.

Definition 2. Let G be the group of symmetries (17) of an algebraic equation (16).
The restriction of the group G to the roots of (16) is called the Galois group of (16).
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This definition provides a parallel between the role of symmetries in solvabil-
ity of differential equations by quadrature and solvability of algebraic equation in
radicals. Namely, we know due to S. Lie that if an nth-order ordinary differential
equations admits a solvable n-parameter symmetry group, then the equation in ques-
tion can be integrated by quadratures. On the other hand, it is known from the theory
of Galois groups that an algebraic equation of degree 7 is solvable by radicals if its
Galois group is an nth-order solvable group. Now we can formulate this statement
in terms of symmetry groups:

An algebraic equation of degree n is solvable by radicals if it has a symmetry
group G such that the induced group G is an nth-order solvable group.

The above discussion manifests the known fact that Lie’s motivation in construct-
ing his theory was search for a proper extension of the Abel and Galois theory to
differential equations.

5 The Galois Representation of Lie Symmetries of Differential
Equations

Let us apply to Lie symmetries of differential equations the above idea of restriction
of the symmetry group to solutions of the equation under consideration. This will
give an alternative representation of Lie symmetries. Namely, since any Lie symme-
try of a differential equation maps every solution of this equation into a solution of
the same equation, we can introduce the following definition.

Definition 3. Let G be group of Lie symmetries of a differential equation. The re-
striction of the group G to the solution of the equation in question is called the
Galois representation of the symmetry group G.

I will illustrate this approach by the second-order nonlinear ordinary differential
equation (11):
” y 1

¥ oxy
The symmetries (12) of (11) generate a solvable two-parameter group. Accord-
ingly, (11) can be integrated by quadratures. The integration of this equation using
its symmetries (12) is described in [2], Sect. 12.2.4, where the general solution to
(11) is given by the following four equations:

i y=Ku,
(i) y=+v2x 4+ Cx2,
(i) y = —v/2x + Cx2,

(iv) Ay+Bx+xln‘AX—1‘+A2:O,
X

(44)

where A, B, C, K are arbitrary constants, A 7= 0.
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Let us find the action of the symmetry transformations (13), (14) and (15) on the
solutions (44).
I will provide the detailed calculations for the transformation 7, given by (13).
The inverse transformation 7, ! is written
Ta_1 X = x -, Y
1+ax

Substituting these expressions in (44)(i) we have:

Y =K x_, whence y = Kx.

1+ ax 1+4+ax

Thus, T, does not change the solution (i). Now we act by T, on (ii) and get:

U 2 X +C © 1 V2% + (C + 2a)x?
"V l+ar | (tax? Itax v “r

14+ ax 14+ ax

whence y = /2% + (C + 2a)x2. Thus, T, maps the solution (ii) to the solution
(i) with C replaced by C + 2a. The same result will be for the solution (iii).
Furthermore, the similar calculations with the solution (iv) shows that it becomes

Ay + (B+aA»x +%In ‘A}y—c - 1‘ + A% = 0. Hence, T, does not change A in the

solution (iv) and replaces B by B 4+ aA%. We can represent the action of the Lie
symmetry (13) on the solutions (44) as follows:

T,: K=K, C=C+2a, A=A, B=B-+aA’. (45)

Proceeding likewise with the symmetry (14) written in the form

we obtain the following action of 7} on the solutions (44):
T,: K=Ke?? C=cCe?, A=Ae", B=B. (46)

Finally, the reflection (15) permutes the solutions (ii) and (iii) without changing C
and changes the signs of K and A without changing B :

T.: K=-K; (i) «<— (i), C=C; A=-A; B=B. 47)

Equations (45)—(47) provide the Galois representation of the group of Lie sym-
metries of (11).

Acknowledgment I thank Boris Kruglikov for valuable remarks.
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Focal Systems for Pfaffian Systems
with Characteristics

Niky Kamran

Abstract Focal systems are a generalization to the case of Pfaffian system with
characteristics of the classical notion of focal curves for first-order scalar partial
differential equations. We show how focal systems can be used to prove local nor-
mal form results for second-order scalar hyperbolic equations in the plane. We also
illustrate their use in integration methods for first-order equations.

1 Introduction

Given a semi-basic Pfaffian system I on a fibered manifold and an invariantly de-
fined sub-system J of I, the focal system F(J) is a Pfaffian system having the
property that each of its integral curves which is transversal to the vertical distri-
bution projects on the base manifold to a curve which lies in the envelope of a
one-parameter family of J-characteristic curves. The integral curves of F(J) thus
generalize to the case of Pfaffian systems the classical focal curves for first-order
partial differential equations [2], which appear naturally in the study of the geomet-
ric singularities of the solutions. In the general context of semi-basic Pfaffian sys-
tems, the focal curves were first introduced in a fundamental paper of R.B. Gardner
on characteristics for Pfaffian systems [3]. Even though they suffer from the dis-
advantage of not being defined in a contact invariant way, the focal systems can
nevertheless be used in the geometric study of differential equations because some
of their properties turn out to be contact-invariant when the geometric context is
suitably chosen [5]. They also have the advantage of being typically easier to com-
pute than the characteristics and their invariants. Focal systems were thus used in [5]
to study the contact geometry of determined systems of two first-order partial dif-
ferential equations in the plane, and also to obtain a local existence theorem for the
Cauchy problem in the C* category.
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In this paper, we consider focal systems for the Pfaffian systems associated to
some classes of first-order and second-order partial differential equations in the
plane. In the first-order case, we focus our attention on the those equations for which
the focal system is completely integrable. This leads to a method of integration
which is presented in Theorem 2, and which bypasses the explicit use of character-
istics. In the second-order case, we consider hyperbolic Monge—Ampere equations
and show how the focal systems of the Monge characteristic systems can be used
to characterize the contact orbit of the wave equation as well as the strata of orbits
corresponding to semi-linear hyperbolic equations. These results are given in The-
orems 4 and 5, and should be contrasted in their simplicity with the corresponding
normal form results formulated and proved in [4] using the Monge characteristics.

Much of the content of this paper is directly inspired by the work of Robby
Gardner and by numerous discussions I had the privilege of having with him over
the course of our collaboration. These discussions should have led to a joint paper,
but unfortunately this did not happen because of Robby’s untimely death, in 1998.
I would like to dedicate this paper to his memory, with my heartfelt gratitude for his
friendship and for all that I learned from him.

2 Focal Systems: General Results

We assume that the reader is familiar with the basic definitions in the theory of
Pfaffian systems, as presented in Chap.II of [1]. In particular we will use the stan-
dard notational convention of denoting by curly brackets the module closure of a
set of differential forms over the ring of C* functions and by I the first derived
system of a Pfaffian system /.
Let ¥ : B — M be a fibered manifold and / be a Pfaffian system on B. We
assume that the set
V(B) = Kerm,, (1)

of m-vertical tangent vectors defines a sub-bundle of 7M, and that I is semi-basic,
meaning that
V(B) C It. )

Let J C I be a Pfaffian sub-system of /. The focal system of J, denoted by F(J),
is the Pfaffian system defined by

F(J)={Lzw|we J, Z e V(B)}. 3)
An integral curve of F(J) will be called a J-focal curve. Recall [3] that to any
Pfaffian sub-system J of I one associates the J-characteristic vector field system

Char (I, dJ) and the J-characteristic Pfaffian system C(/, dJ), defined by

Char(l,dJ) ={X|X e It X]dJ C I}, “4)
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and
C(I,dJ) = Char(l,dJ)™*. (5)

The following result shows that the focal system F'(J) is always embedded by in-
clusion in the J-characteristic system C (I, dJ).

Proposition 1. If I is semi-basic for w : B — M, then for every subsystem J of I,
we have

F(J)yccCcd,dJ). 6)

Proof. We must show that
Char(I,dJ) C F(J)*. @)

Suppose that ¥ € I+ satisfies

YldJ C 1, 3

and that Z € V(B). Then
<Y Z|d] >=—<Z,Y|dJ >, O]
so that Y lies in the annihilator of F'(J), as required. O

The general construction given above can be applied to the case of the Pfaffian
systems associated to systems of differential equations. Let

FOoc u uf o ul  )=0, a=1,...n, (10)
denote a system of n partial differential equations of order  for maps u : R? — RY.
We work locally and assume that the system (10) defines a smooth submanifold
i ¥ — J'(RP,RY?) which fibers over J"~1(R?, R?). We let I be the Pfaffian

system defined by
I =i"Q"(RP,RY), (11)

where 2" (R”, R?) denotes the canonical contact Pfaffian system on J"(R?, RY).
From [3], we know that the regular solutions of (10) are in one-to-one correspon-
dence with the integral manifolds of I which are transversal to the fibers of the
vertical distribution V (X). Furthermore, is easy to verify that I is semi-basic with
respect to the projection map 7r = ion/_; : ¥ — J"~1(RP, RY). The follow-
ing theorem due to Gardner [3] shows that the characterization of focal curves in
terms of envelopes holds in a fairly general context. Even though we won’t make
use of this result in the rest of our paper, we nevertheless quote it for the sake of
completeness.

Theorem 1. Let J be a subsystem of the Pfaffian I given by (11)andlety : R — ¥
be a J-focal curve which is transversal to V(X) and not J-characteristic. Then
the projected focal curve w oy : R — J'~Y(RP RY) lies in the envelope of the
projection of a 1-parameter family of J-characteristic curves.

We refer the reader to [3] for the proof of this result, which will be illustrated on a
simple example in the following section.
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3 Focal Systems for First-Order Partial Differential Equations
in the Plane

We consider a first-order partial differential equation in the plane

F(x,y,z,p,q) =0, (12)

where (x, y, z, p = zx, ¢ = zy) are standard jet coordinates in J 1 (Rz, R) in which
the contact Pfaffian system is generated by

o =dz — pdx — qdy. 13)
By our earlier assumptions, the locus defined in J!(R?, R) by (12) is the image of

a four-dimensional submanifold i : ¥4 — J!(R?, R), which fibers over J°(R?, R)
with a projection map 7. We have

iV (Z4) = {F,0, — Fpd,}, (14)
so that
F(I) = {i*(dz — pdx — qdy), i*(qux — Fpdy)}. (15)
Furthermore, we have
Char(Il) = {X}, (16)

where
ixX = Fpoy + Fyoy + (pFp +qFy)d; — (Fx + pF;)d, — (Fy +qF;)d,. (17)

We now give a characterization by differential conditions on F of the first order
partial differential equation (12) which have a completely integrable focal system.

Theorem 2. A first order partial differential equation (12) will have a completely
integrable focal system F (I) if and only of F satisfies

2 2
F2Fpp —2FpFy+ F2Fyq =0, (18)

This condition is equivalent to the focal system F (I) factoring through J°(R?, R).

Proof. From the Frobenius Theorem, we know that F (/) will be completely inte-
grable if and only if the conditions

(dp Ndx +dg Ndy) No N (Fgdx — Fpdy) NdF =0, (19)

and
dFyndy —dFy ANdx) Ao A (Fydx — Fpdy) NdF =0, (20)
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hold. Condition (19) is equivalent to
we F(HWY, 21

and is therefore identically satisfied. Condition (20) is equivalent to (18), as claimed.
Now, from the retraction theorem for exterior differential systems [1], we know that
a necessary and sufficient condition for the focal system F (/) to drop to J O(R2,R)
is that the vertical vector field system V (X4) and the Cauchy characteristic sys-
tem Char(F(I)) be equal. Now a vector field X on X4 will be an element of
Char(F (1)) if and only if

X|F(I)=0, X]dwe F(I), X|d(F,dx — Fydy) =0. (22)

The first condition in (22) is satisfied on account of (14) and of the fact that F (1) is
semi-basic over JO(RZ, R). The second condition is an identity, while the third will
hold if and only if there exists a function A € C*° (X4, R) such that

FyFpp — FpFpy = AFp, FyFpy — FyFyy = AF,. (23)

The condition (18) follows by eliminating X. O

‘We now show how the hypothesis of complete integrability of the focal system F (1)
gives rise to an integration method for first order partial differential equations (12).

Theorem 3. Suppose that the first order partial differential equation (12) has a
completely integrable focal system F(I), with first integrals u, v : J° (R, R) — R.
Let G € C®(R?, R) be such that

+ = #0. 24)

Then the function z(x, y) defined implicitly by
Gu(x,y,z),v(x,y,2) =0, (25)

is a solution of (12).

Proof. By Theorem 2, the assumption that F'(/) is completely integrable is equiva-
lent to F (1) dropping to J°(R?, R), with first integrals u, v : J°(R?>, R) — R. So
there exist non-zero functions a, b : ¥4 — R such that

I = {i*w} = {adu + bdv}. (26)

It follows that we obtain integral manifolds of I = {w} by setting

b
u=fQ@), -=fQ. 27)

a
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Conversely, suppose that there exist functions u, v : J O(R2, R) — R such that (25)
defines solutions of (12) for all choices of G satisfying (24). We must show that
F(I) is completely integrable with first integrals given by du, dv. By our assump-
tions, we have

(i*w} = {(Gudu + G,dv}, (28)

and we know that (25) defines a map og : R? — X, such that
oGgo(aoog) ' =jlf (29)

where o : X4 — R? denotes the source map, and f is a map from R? to R. We then
have
0GdF =0, obi*0=0, o5((06.X)]d(i*w)) =0, (30)

for all vector fields X on the source RZ. Since o is a map of rank at most two, there
must be a non-trivial linear relation of the form

aw + bdF + c((06,X)]d(*w)) = 0. 31)

Let w denote a coordinate along the fibers of X4 over J 0(Rz, R). We can choose
the 1-forms in (31) in such a way that aw + bd F contains no dw differentials and
c((0G«X)|d(i*w) contains no dz differential. It then follows that

(0G+X)|dw = edx + gdy (32)

with
ol (edx + gdy) =0, (33)

which implies that the rank of o is less than two. We conclude that F'(/) is indeed
completely integrable, with first integrals given by u and v. By Theorem 2, these
first integrals factor through JO(R?, R). O

We conclude this section by illustrating Theorems 1 and 3 on a very simple example,
namely, the first-order partial differential equation

p+zq=0. (34)

‘We have
I = {dz + zqgdx — qdy}, (35)

and the focal system F(I) is completely integrable
F(I)={dz+ zqdx — qdy, zdx —dy} = {dz, d(zx — y)}. (36)
It is then straightforward to check that the function z(x, y) defined implicitly by

G(z, zx —y) =0, (37)



Focal Systems for Pfaffian Systems with Characteristics 179

where G is chosen as in Theorem 3 is a solution of (34). We can also verify explicitly
on this example that the focal curves have the geometric interpretation given in
Theorem 1. An easy calculation gives

V(Xy) ={Z}, Char(l) = {X}, (38)

where
Z=0;—120, X=0 +29,— pqd,—q*d,. (39)

We consider now the focal curves y (¢) which are the integral curves of
Y =X +4°Z, (40)
given by
x(1) =1+ xo, y(t) = zot + yo, 2(t) = 20, p(t) = —z090, ¢(t) = g0,  (41)

where (xo, Y0, 20, —2090, qo) are the Cauchy data. We obtain a one-parameter fam-
ily of characteristic curves ¢ (¢) by exponentiating X off the image of y (¢),

P(s, 1) = exp, s X, (42)

that is
(s, 1) = (x(s, 1), y(s,1),2(s,1), p(s, 1), q(s, 1)), (43)

where
x(s, 1) = s+ 1+ x0, y(s,1) = 208 + zof + yo, (44)

—20490 q0
z(s,t) = z9, p(s,t) = ———, q(s,t) = ——. 45
(s,1) = z0, p(s,1) qOH_lq() 205 +1 (45)
We then compute

G310,y = @x + 20100 = Y10,y = X + 7> Dlo,s), (46)
d«05l0,n = (Ox + Zay + pqap + qzaq)k()y,) = X|00,n- @7

The projection of the one-parameter family ¢ (s, t) of characteristic curves onto
JO(R?, R) is given by
Vs, 1) = (mod)(s, 1), (48)

so that

Yidr 0.0y = 7w 0 Budr|0.0) = T (X + 4> D01y = T X 0.1 49)

and
1/f>»<ax|(()‘t) = T4 O ¢*8x|(0,l) = ”*X|(0,t)’ (50)
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since Z is -vertical. We see that the rank of ¥, drops at (0, 7), so that the projection
of the focal curve y (¢) lies indeed in the envelope of the projection v (s, ¢) of a one-
parameter family of characteristic curves.

We conclude this section by remarking that the condition (18) for the focal sys-
tem F (1) to drop to J°(R?, R) has the obvious solutions

Fx,y,z,p.q) =a(x,y,2p+b(x,y,2)g +c(x,y,2), (5D

corresponding to sections of the affine hyperplane sub-bundle of the affine bundle
my o J'(R%R) — JO(R%, R). It would be interesting to obtain other solutions of
(18), which is a parabolic second-order equation for fixed (x, y, z).

4 Focal Systems for Second-Order Hyperbolic Partial
Differential Equations in the Plane

We now focus our attention on second-order partial differential equation in the plane
F(x,y,z,p,q.r,s,1) =0, (52)

where p = zx,q = 2y,7 = Zxx, S = Zxy,! = Zyy are standard jet coordinates on
J2(R?, R) in which the contact Pfaffian system is generated by

0! = dz — pdx — qdy, 6% = dp —rdx — sdy, 63 = dg — sdx —tdy. (53)

We assume that the locus defined in J2(R2, R) by (12) is the image of a seven-
dimensional submanifold i : X7 — J?(R?, R), which fibers over J!(R?, R). On
X7 we consider the Pfaffian system / defined by

I ={o' =%, o :=i*0% o =i} (54)

As noted in Sect. 2, the solutions of (52) are in one-to-one correspondence with
the integral manifolds of 7 which are transversal to V (X7). We assume that (52) is
everywhere hyperbolic, meaning that

1
F.F, — ZFE <0 (55)

on the locus i (X7). We know from [4] that there exist locally linearly independent

1-forms w!, 72, 73, 0%, @°, a)6, ®’ such that o', 72, 73 generate / and such that

the following structure equations hold

5

deEO, dnzza)4Aw, dn’ = o°

A a)7, mod [ (56)
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and such that
V(Z7) = (o', 7%, 13, 0, o). (57)

It is also known from [3] and [4] that the Pfaffian systems
My ={o', 7%}, My={o' 7, (58)

of I, which correspond to the Monge characteristics, are contact invariant sub-
systems of I, geometrically defined as maximal isotropic sub-systems with respect
to a certain conformal symmetric C°°(X7; R)-bilinear form on /. In [4], it is shown
that we have the sharp lower bounds

class(My) > 6, class(M>) > 6, 59)

and moreover that we have class(M1) = 6 = class(M3) if and only if (52) belongs
to class of the Monge—Ampere class of equations

a(rt—s2)+br+cs+dt+e=0, (60)

where a, b, ¢, d, e are functions of x, y, z, p, ¢g. From now on we will focus our
attention on hyperbolic Monge—Ampere equations, with the purpose of showing
that a number of the normal form results obtained in [4] admit simpler formulations
in terms of focal systems, similarly to what was shown in [5] for determined systems
of two first-order partial differential equations in the plane. We should stress here
that these normal form results are under local contact equivalence, where we recall
that (52) and an equation

F(%,y,%,p,q,7,5,1) =0, (61)

are said to be locally contact equivalent if there exists a local diffeomorphism ® :
X7 — X7 such that
O =1. (62)

First of all, we recall from [4] that in the Monge—Ampere case, the structure equa-
tions (56) can be put in the form

do' =7’ ANo* + 13 A 0®  mod {0} (63)
dn?=o* A@® mod {wl, 712} (64)
6 7 mod {0, 73}, (65)

dn’ = A w

with (57) still holding. We now state and prove a proposition that gives the expres-
sions of the focal systems of the Monge characteristic systems, as well as their first
derived systems. This will then be used to establish the normal form results referred
to above.

Proposition 2. For any hyperbolic Monge-Ampére equation (60) there exists

locally a coframe (a)l,nz,n3,w4,a)5,w6,a)7) on X7 such that the structure
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equations (63), (64), (65) hold and the focal systems of M| = (!, 712}, M, =
{w', 73} and their first derived systems are given by

F(M)) = {0, 7% 0%, FM)DV = (72, 0*) (66)

and
F(My) = (o', 7%, 0%, FM)'"Y = {7°, 0°). (67)
Proof. We know from the structure equations (65) and (66) that
da)lznzAw4+n3/\a)6+A/\w1, (68)
dn25w4/\w5+,u/\a)l+v/\n2, (69)

for some one-forms A, u, v on X7. Therefore if Z € V(X7), then

Zldo' =< Z, 1 > o', (70)
and
Zjdrr2=—<Z,a)5>w4+<Z,y,>a)1+<Z,v>n2, (71)
which shows that
F(M)) C {o', 72, ). (72)

The proof of the reverse inclusion is left as an exercise to the reader. To compute the
first derived system of F (M), we first observe that as an immediate consequence
of the structure equations (63) and (64), we have

o' ¢ FMpY,  7? e F(p™. (73)
Next, we choose Z € V(X7) scaled in such a way that < Z, @ >= —1, so that
Lz7% ="+ fo' + g0?, (74)

for some scalar coefficients f, g. Taking the exterior derivative on both sides of (74),
we obtain that
Lzdn? =do* mod{o', 7%, ), (75)

and on the other hand by Lie differentiating both sides of the structure equation (64)
with respect to Z we obtain

Lzdn? =0 mod{o', 7%, o}, (76)
since w* € F(My). It follows that
do* =0 mod {a)l, 72, a)4}, amn

and therefore that »* € F(M)W, as claimed. The proof is similar for M>. O
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We are now ready to state and prove our normal form results under contact equiv-
alence. The first result gives a characterization of the contact orbit of the wave
equation in terms of focal systems.

Theorem 4. A hyperbolic Monge—Ampére equation is locally contact equivalent to
the wave equation
s =0, (78)

if and only if the first derived systems F(M1)" and F(M>)Y of the focal systems
associated to the Monge characteristic systems are both completely integrable.

Proof. The idea of the proof of the sufficiency of the conditions stated in the the-
orem is to show that these guarantee that each of the M- and M,-characteristic
systems C (I, dM7) and C (I, dM;) has a completely integrable subsystem of rank
three. This will guarantee the existence of a local contact equivalence between the
given Monge—Ampere equation and the wave equation thanks to Theorem 5.15
of [4] (which was itself known to Lie, but in a different formulation). Our assump-
tion of complete integrability implies that

dr* At Aot =0, (79)
which by the quadratic lemma in exterior algebra [1] implies that
dr’ Adn’A? =0, (80)
which is equivalent to
class({m?}) = dim C({7?}) = 3. (81)
But C({m?}) is a Cartan system and is therefore completely integrable, so that
C{m?) = {duy, dus, dus), (82)

for some functionally independent functions locally defined on X;. But by Proposi-
tion 1, we have an inclusion

C({m*) C €U, dMy), (83)
and therefore C(I,dM;) admits a three-dimensional completely integrable sub-
system. Likewise C(I,dM;) admits a three-dimensional completely integrable
sub-system. The conclusion follows by Theorem 5.15 of [4]. The proof of neces-
sity is trivial since for the wave equation we have

(7%, w*) = ldp,dx}, (7°, 0% = {dq, dy). (84)

m}
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The final case we consider is that in which neither F(M)" nor F(M>)D is nec-
essarily completely integrable, but both the second derived systems F(M;)?® and
F(M3)® are completely integrable. We shall see that this hypothesis characterizes
the contact orbit of a class of quasi-linear equations (see [6] for the analogue of this
result using characteristic invariants).

Theorem S. A hyperbolic Monge—Ampére equation is locally contact equivalent to
a quasi-linear equation of the form

s=f(x,y,z,p,q) (85)

if and only if the second derived systems F (M) and F (M»)® of its focal systems
F(My) and F (M) are both completely integrable.

Proof. In view of Theorem 4, we may assume while proving necessity that neither
F (M) nor F(M>)() are completely integrable, so that the derived flags of the
focal systems are given by
F(M) = (o', 7% 0", FDY =% 0", FM)P ={dX), (86)
and
F(My) ={o', 7%, 0%, FDW ={x’,0%, FM)P =1{dy}), @87
where d X A dY # 0. From the structure equation (63), we have
do' ANo' =72 AdX Ao +73AAY Ao (88)
where 72 € {n2, »*} and #3 € {73, w°)} are one-forms such that the structure
equations (64) and (65) are valid with 72 and 73 replaced by #2 and #3. From the
preceding equation it follows immediately that
do' No' AdX AdY =0, (89)
so that there exist functions Z, P, Q locally defined on X7 such that
{0'} ={dZ — PdX — QdY}, (90)
withdZ AdP AdQ ANdX AdY # 0. Now, (90) implies that
do'=—dP AdX —dQ AdY mod {0'}, 91)

so that
F2—dP)AdX + (7> —dQ)AdY =0 mod {0} (92)
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From Cartan’s Lemma [1], we then get

72 —dP =—RdX — FdY mod{w"} (93)
73 —dQ =—FdX —TdY mod{o'}. (94)

But we have
0=di’ Ao AP AR A* =dF AdX ANdY AdZ ANdP AdQ,  (95)

which implies that F = F(X, Y, Z, P, Q), and that the Pfaffian system / is gener-
ated by

dZ — PdX — QdY, dP — RdX — FdY, dQ — FdX — TdY, (96)

as required. The proof of the converse is a direct calculation starting from (85). O
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Hamiltonian Structures for General PDEs

P. Kersten, L.S. Krasil’shchik, A.M. Verbovetsky, and R. Vitolo

Abstract We sketch out a new geometric framework to construct Hamiltonian op-
erators for generic, non-evolutionary partial differential equations. Examples on
how the formalism works are provided for the KdV equation, Camassa—Holm equa-
tion, and Kupershmidt’s deformation of a bi-Hamiltonian system.

1 Introduction

In this short paper we will discuss the following question: What happens to a Hamil-
tonian operator of an evolution system if we change coordinates so that the system
becomes non-evolution?

Using the traditional definition of a Hamiltonian structure one cannot answer this
question, since the definition is tied to evolution form of the system at hand. How-
ever, first, not all equations have a natural evolution form, and, second, an evolution
form of a system of equations is not unique. Let us consider some examples.

Example 1 (KdV). It is well known that the KdV equation u; = uyyx + 6uu, has
two compatible Hamiltonian operators:

Ay = Dy, Ay = Dyyy +4uDy + 2uy, (D
so that the equation can be written in the following ways:
8
Up = Uyxx + OUU, = Dxa(u3 — u§/2)
s
= (Dyxx +4uDy + 2”)()5(”2/2)»

where 6/6u denotes the Euler operator (the variational derivative) and is applied to
the two Hamiltonian densities.
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Let us introduce new dependent variables v and w and rewrite the KdV equation
in the form
Uy =V, Uy =w, Wy=u;— Ouv. 2)

In the new coordinates, the KdV still has an evolutionary form, but with respect
to another independent variable (x instead of #). A natural question arises then: Is
the KdV equation in the form (2) Hamiltonian? An affirmative answer to this ques-
tion was obtained by Tsarev in [9]. He proved that transformations of the type (2)
preserve the Hamiltonian property of all evolution systems for which the Cauchy
problem is solvable. Our approach is very different from Tsarev’s one. Below we
explain why this fact holds true for all transformations of variables and without
the assumption on the Cauchy problem. We will also show how to compute the
Hamiltonian structure in new coordinates. For the above example the answer is the
following:

u 0 -1 0 5
v =11 0 —6u | —(uw — v2/2+2u3)
w) 0 6u D; Su 3
0 —2u —D; —2v 5 (
= 2u D, —12u% — 2w E(—3u2/2 —w/2).

—D,+2v 12u* 42w  8uD; + 4u,

Example 2 (Camassa—Holm equation). Camassa and Holm have written their equa-
tion uy —uyxy —Ulxxx —2UxUyy +3uuy, = 01in a bi-Hamiltonian form by introducing
the new variable m = u — u,,. The equation now takes the form

8.4 8.7
my = —umy — 2uxm = By —— = B, °2% “)
ém ém

with
1
By = —(mDy + Dym), J = E mudx,
1
B,=D}-D,, = 5/(143 + uu’) dx.

Note that 7] and .73 are viewed as functionals in m and u, but not in u solely. To get
rid of m, one is forced to assume that u = (1— D)%)_1 m in the Hamiltonian densities.
The use of the inverse of the operator 1 — D)% is not elegant from mathematical
viewpoint. We will find a bi-Hamiltonian structure for the Camassa—Holm equation
written in the initial non-evolution form and thus get rid of the term (1 — D)%)_l.

Example 3 (Kupershmidt deformation). Consider a bi-Hamiltonian evolution sys-
tem of equations u; = f (¢, x, u, uy, Uyy, ...),u and f being vector functions, with
compatible Hamiltonian operators A; and A, and a Magri hierarchy of conserved
densities Hy, Hy, ...
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SH; SH;
D/(H) =0, A2t — g,
Su Su

In [8], Kupershmidt defined what he called the nonholonomic deformation of the
above system:
ur=f —A(w), Az(w) =0. 5)

We call system (1) the Kupershmidt deformation of the system u; = f. The moti-
vating example of this construction is the so-called KdV6 equation (see [4])

U = Uxxy +OUUy — Wy, Wyxy +duwy +2u,,w =0 (6)

which is the Kupershmidt deformation of the KdV equation. The authors of [4]
have shown that the KdV6 passes the Painlevé test and conjectured that the system
is integrable. Kupershmidt, in [8], found a hierarchy of conservation laws of the
KdV6 as a particular case of the following general fact.

Theorem (Kupershmidt). Let u; = f be an evolution bi-Hamiltonian system,
with A1, As being the corresponding Hamiltonian operators. If this equation has a
Magri hierarchy offo.nserved densities % =0,A; 53% = AQ‘”Z%I then Hy, Ha, . ..
are conserved densities for (1).

Proof.
dH; SH; £+ Aw) A S H;
_— =, w))={(—A—,w
dt Su ! ! Su
SH, SH;
= (A= ) = (2 Ay w)) =0
Su Su
[m}
Kupershmidt also conjectured that Hy, H», ... commute in some sense so that the

KdV6 is indeed integrable. Below we will see that this is true and, moreover, sys-
tem (1) is bi-Hamiltonian.

Our framework to study Hamiltonian structures for general PDEs is the geom-
etry of jet spaces and differential equations. We assume the reader to be familiar
with the geometric approach to differential equations and hence we include only the
notation and the coordinate descriptions in the next section. We refer the reader to
the books [1, 6] for further information.

2 Notation: Infinite Jets and Differential Equations

In what follows everything is supposed to be smooth.
We denote an infinite jet space by J°°. This can be the space of jets of subman-
ifolds, maps, sections of a bundle, and so on, and it is not important to us here.
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Coordinates on J* are x; (independent variables, i = 1, ..., n) and u{, (dependent
variables, j = 1, ..., m, o being multi-indices).
The formulas 5 5
D =—+ . —
1 3)6,‘ LZU ol au(j,

provide expressions for the total derivatives. The vector fields D; span the Cartan
distribution on J*°. To every vector function on J*°, there corresponds the evolu-
tionary field

0
Ey = ZDU(W)B_]"
Jio ey

The matrix differential operator

af!

o Olg

is the linearization of a vector function f. It is defined by the formula £7(p) =
E,(f). The linearization is a differential operator in total derivatives; we shall call
such operators € -differential operators.

The coordinate expression for the adjoint % -differential operator is

A" =|> (=D D,al
o

ita=|5,d D,

Let Fr(xj,ul) =0,k =1,... 1,bea system of differential equations. Then
the relations F = (Fy, ..., F;) = 0 together with D, (F) = 0 define its infinite
prolongation & C J. For the sake of brevity we shall call the infinite prolongation
of a system of differential equations the equation. The operator £, = £f|g is the
linearization of the equation &.

In this paper, we only consider equations & whose linearization £ is normal in
the following sense.

Definition 1. A ¥-differential operator V called normal if the compatibility oper-
ators for both V and V* are trivial. In other words, if there exists a ¢ -differential
operator A such that A oV =0on & then A = 0 on & as well, and the same holds
true with V* instead of V.

An evolutionary field £, is a symmetry of the equation & if E,(F)| g =£¢(¢) =0.
If E, is a symmetry then ¢ is said to be its generating function. We often identify
symmetries with their generating functions.

A vector function S = (S!,..., ") on & is a conserved current if > D; (S =
0 on &. A conserved current is trivial if there exist functions 7;; on & such that

St = Zj<i Dj(T'ii) - Zi<j DJ(TU)~
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Conservation laws of & are classes of conserved currents modulo trivial ones.
To every conservation law, there correspond its generating function, which is com-
puted in the following way. If S = (S 1., S™) is a conserved current, so that
> i Di () = 0 on &, then there exists a %-differential operator A such that
> . Dj (SY) = A(F) on J*. The generating function of the conservation law is
defined by v = (Y1, ..., ¥,n) = A*(1). Note that v = 0 if and only if the con-
served current S is trivial. One can prove that every generating function  satisfies
the equation £7 () = 0, so that the set CL(&) of conservation laws of & is a subset
in the kernel of £%,, CL(&) C Ker £

3 Cotangent Bundle to an Equation

Let us introduce our main hero. For every differential equation & we define a canon-
ical covering *: Z*(&) — &, called the £*-covering. The equation .£*(&) is
given by the system

(p)=0, F=0,

if & is givenby F = 0. Here p = (p', ..., p') are new dependent variables, / being
the number of equations F = (Fy, ..., F;). We endow .Z*(&") with the structure
of a supermanifold by choosing the variables p* to be odd. The covering T* is the
natural projection t*: (ul, pﬁ) = (ul).

Note that

I
(F.p)=)_ Fip' (7
i=1

is the Lagrangian for the equation .Z*(&).

It is easily shown that £ ¢« (&) is normal if £ is normal.

From the above definition it is not seen why we said that £*-covering is canonical.
Indeed, the definition uses the embedding & — J°, but later we will show that
Z*(&) is independent of the choice of this embedding.

Remark 1. For an arbitrary ¢ -differential operator A one can define the A-covering
in the same way as the £*-covering is associated with the operator £7.

The most interesting for us property of the £*-covering is given by the following
theorem.

Theorem 1. There is a natural 1-1 correspondence between the symmetries of &
and the conservation laws of £*(&) linear along the fibers of T*.

The expression “linear conservation law” means that the corresponding conserved
current is linear along the fibers of 7* (i.e., linear in variables p*). Here and below
we skip the proofs that can be found in our joint paper with S. Igonin [3]. Let us
nevertheless describe the correspondence stated in the theorem in terms of gener-
ating functions. If ¢ is a symmetry of equation & then there exists a % -differential
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operator A such that £r(¢p) = A(F). Consider the adjoint operator A*. It can be
naturally identified with a fiberwise linear vector function 4 on Z*(&’). Then the
vector function (¢, @) is the generating function of the conservation law that cor-
responds to the symmetry ¢.

In the geometry of differential equation it is very useful to construct an analogy
with geometry of finite dimensional manifolds. We shall now use this approach to
clarify the meaning of the above theorem. Let us start building our analogy with the
following two rather standard correspondences (cf. [10] and references therein):

Manifold M PDE &

functions <—> conservation laws

vector fields <«— symmetries

Now, using Theorem 1, we can say that the analog of the £*-covering is a vector
bundle such that vector fields on the base are in 1-1 correspondence with fiberwise
linear functions on the total space of the bundle. Obviously, such a bundle is the
cotangent bundle. So, the £*-covering is the cotangent bundle to an equation, and
we can continue our manifold-equation dictionary:

Manifold M PDE &

functions <«—> conservation laws
vector fields <«— symmetries
T*(M) <«— ZL*&)

Remark 2. This dictionary can be easily extended:

Manifold M PDE &

functions <«— conservation laws
vector fields <—  symmetries
T*(M) <— ZL*&)
T(M) <«— L&)

De Rham complex <«— E(l)’"_l — Ell'”_l — E%"‘l N

Here .2 (&) is the £-covering (see Remark 1). The complex E?’"_l — Ell’"_l

E f’"il — -+ is (n — 1)st line of the Vinogradov % -spectral sequence (see [10] and
references therein). In this paper we use only the first three entries of the dictionary.

Remark 3. In [7], Kupershmidt defined the cotangent bundle to a bundle. This con-
struction can be identified with the £*-covering of the system

1_ 2 _ _
u, =0, u; =0, ... u'=0.
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At this point, a natural question may arise: what is the analog of the Poisson
bracket on the cotangent bundle? The answer is that the £*-covering is endowed
with a canonical Poisson bracket. More precisely, since we changed the parity of
fibers in the £*-covering, this bracket is a superbracket and is the analog of the
Schouten bracket. We shall call it the variational Schouten bracket.

To define the bracket, recall that .#*(&’) has the Lagrangian structure (7). Hence,
by the Noether theorem there is a 1-1 correspondence between conservation laws
on Z*(&) and Noether symmetries of .£*(&). If i is the generating function of
a conservation law, then Ey is the corresponding Noether symmetry. The set of
Noether symmetries is a Lie superalgebra with respect to the commutator, so we
obtain a structure of Lie superalgebra on conservation laws on .Z*(&) uniquely
determined by the equality

Efyy o1 = [Ey,, Ey, . (8)

According to our manifold-equation dictionary, conservation laws on .£*(&)
correspond to functions on 7*(M). The latter are skew multivectors on M (this is
why we have changed the parity of fibers of the £*-covering — to get skew-symmetric
multivectors). So, we shall call conservation laws on .Z*(&) the variational multi-
vectors. Linear conservation laws, as we saw, are vectors, bilinear ones are bivectors
and so on.

The generating function of a variational k-vector is a vector function on .Z*(&)
which is (k — 1)-linear along t*-fibers. Such a function can be identified with a
(k — 1)-linear ¥-differential operator on &. In coordinates, this correspondence
boils down to the change p, +— Dg. Thus, we can (and will) identify variational
multivectors to multilinear %’-differential operators.

More precisely, in the above identification we will use not operators but equiva-
lence classes of ¢-differential operators modulo operators divisible by €. This is
being done, because operators of the form [ o £% correspond to trivial functions
on .Z*(&). But we will not change terminology, we say operator instead of the
equivalence class.

For the sake of brevity and because we are interested in the Hamiltonian for-
malism, let us restrict ourselves to bivectors, which are identified with linear
¢ -differential operators. Formulas presented below for bivectors (= linear opera-
tors) can be easily generalized to multivectors (= multilinear operators).

Theorem 2. An operator A is a variational bivector on equation & if and only if it
satisfies the condition
LeA = A0,

Remark 4. 1f & is written in evolution form then the above condition implies that
A* = —A.

From this theorem it follows that a Hamiltonian operator A takes a generating
function of a conservation law i to a symmetry A(y).
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This is the formula for the variational Schouten bracket of two bivectors:

(A1, A0l (Y1, ¥2)
=LAy (A2(¥2)) — LAy .y, (A2(Y1))
+ Ly (A1(V2) — Lay,y, (A1 (Y1)
— A1(B3 (Y1, ¥2)) — A2 (BT (Y1, ¥2)),

where €4,y = £a(y) — Aly and the operators B are defined by the equalities:

CpA; — A5 = Bi(F,-) onJ%,
B (1. ¥2) = B (Y1, ¥2)l .

Here *! denotes that the adjoint operator is computed with respect to the first ar-
gument. The operators B} are skew-symmetric and skew-adjoint in each argument.
Note that if & is in evolution form then B (1, ¥2) = EX, " WYr).

Now we are in position to give a definition of a Hamiltonian structure for a gen-
eral PDE.

Definition 2. A variational bivector A is called Hamiltonian if [A, A] = 0.

A Hamiltonian bivector A gives rise to a Poisson bracket

{1, ¥2}a = Ea)(¥2) + A*(Y2), 9)

where 1 and , are conservation laws of & and the operator A is defined by the
relation £ (A (1)) = A(F).

As in the evolution case, we call an equation bi-Hamiltonian if it possesses two
Hamiltonian structures A; and A, such that [A{, A2]] = 0.

An infinite series of conservation laws v, ¥, ...is called a Magri hierarchy
if for all i we have A1(¥;) = A2(¥i+1). In the standard way one can show that
{Vi, ¥j}a, = {¥i, ¥j}a, = Oforalliand j.

Now let us return to the question of invariance of the £*-covering. Suppose the
equation & under consideration is embedded in two different jet spaces

I

e

We encountered an example of this situation when discussed the KdV equation, with
J{* being jets with coordinates x, ¢ and u, while J;° being jets with coordinates x,
t, u, v, and w. Now, we have two linearization operators, Elg and E%, the former
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computed using the embedding & — J{ and the latter is obtained using the em-
bedding & — J3°. It is not difficult to show that these two linearization operators
are related by the following diagram:

)
/

te
e T
le

o —

|

H (10)

/
\

———

52

where all arrows are ¢ -differential operators on & satisfying the following relations:
tLp=p1¢% Ca=dts,  pa=id+tsitl, af=id+std. (11)

We use the dots e to avoid introducing new notations for the corresponding spaces
of sections of vector bundles.

Definition 3. Two % -differential operators A; and A, on & are called equivalent if
there exist ¢ -differential operators «, 8, o', B’, 51, and s, such that

AlﬁZﬂ/Az, Ara=ao A, Ba=id+s1 41, af=id+ s As.

(see [2] and references therein). Thus, we can say that the linearization operators £ Clgz,

and Zé are equivalent.
The following simple Lemma explains why this notion is really important.

Lemma 1. @-differential operators A and A, are equivalent if and only if the A -
and As-coverings are isomorphic as linear coverings.

So, to prove that £*-covering is invariant we have to establish that the operators
12 éa* and Z? are equivalent. This is implied by the following result.

Theorem 3. If two normal operators Ay and A are equivalent then A7 is equiva-
lent to A3.

Corollary 1. The equation £* (&) does not depend on the embedding & — J°°.

Now, recall that bivectors were defined as conservation laws on .£*(&’), while
operators that correspond to them are essentially generating functions of these con-
servation laws. Thus, the operators depend on using an embedding & — J*°.
Assume that we have two different embeddings as above, so that they give rise to
two operators A! and A? that correspond to the same bivector. Here are the formulas
that relate these two operators:

A2 — OlAla/*,

12
Al — I8A2,8/* ( )
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4 Examples

Let us revise the three examples from the Introduction.

Example 4 (KdV). We considered two different embeddings of the KdV equation to
jets:
U — Uyxy — 6uuy =0,

Uy — U
Uy — W =0.
wy — Uy + 6uv

Here are all operators of diagram (3):

D, -1 0
E%:D,—Dxxx—6qu—6uX, Ezgz 0 D, -1},
—D;+6v 6u D,
1 (% B=( 0 o),
a = Dx ’ o = ) /
D.. 1 B'=(—Dyx—6u —D, —1),
0 0 O
s1=0, sm= 1 0 0
D, 1 0

Formulas (12) relate Hamiltonian operators (4) and (3).

Remark 5. If we take an operator from (4) for A! and compute A via (12) we will
get an operator from (3) only up to the equivalence.

Example 5 (Camassa—Holm equation). The Camassa—Holm equation written in the
usual form u; — tsyy — Ullyyx — 2ty + 3uu,, = 0 has a bi-Hamiltonian structure:

A =D, Ay =—D; —uDy, + u,.
If we rewrite the equation in the form

my + umy + 2uym =0,

m—u-+uy, =0

then the bi-Hamiltonian structure takes the form

;L D, 0 ;L 0 -1
Al_(DX—D; 0 Ay = 2mDy +my, 0



Hamiltonian Structures for General PDEs 197

Note that the operators By and B; from Example 2 are entries (up to sign) of
the matrix A} and A),. Thus we see that studying bi-Hamiltonian structure of the

Camassa—Holm equation does not require the use of the (1 — Dz)’l “operator”.

Example 6 (Kupershmidt deformation). Let & be a bi-Hamiltonian equation given
by F = 0and A and A; be the Hamiltonian operators.

Definition 4. The Kupershmidt deformation & of & has the form
F+ Aj(w) =0, AZ(w) =0,
where w = (w], o wl ) are new dependent variables.

Theorem 4. The Kupershmidt deformation & is a bi-Hamiltonian system.

The proof of this theorem consists of checking that the following two bivectors
define a bi-Hamiltonian structure:

A= (M — Ay = A s
0 Lryarw)+asmw) —LF A7)+ A5 ) 0

The generalization of Kupershmidt’s theorem from the Introduction is the fol-
lowing.

Theorem 5. If 1, Vo, ... is a Magri hierarchy for & then, under some technical
assumptions, (i, —¥i+1),i = 1,2, ..., is a Magri hierarchy for the Kupershmidt
deformation &.

Details and proofs of Theorems 4 and 5 can be found in [5].
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Point Classification of Second Order ODEs:
Tresse Classification Revisited and Beyond

Boris Kruglikov

Abstract In 1896 Tresse gave a complete description of relative differential invari-
ants for the pseudogroup action of point transformations on the second order ODE:s.
The purpose of this paper is to review, in light of modern geometric approach to
PDEs, this classification and also discuss the role of absolute invariants and the
equivalence problem.

Introduction

Second order scalar ordinary differential equations have been the classical target
of investigations and source of inspiration for complicated physical models. Under
contact transformations all these equations are locally equivalent, but to find such
a transformation for a pair of ODEs is the same hard problem as to find a general
solution, which as we know from Painlevé equations is not always possible.

Most integration methods for second order ODEs are related to another pseu-
dogroup action — point transformations, which do not act transitively on the space
of all such equations. All linear second order ODEs are point equivalent.

S.Lie noticed that ODEs linearizable via point transformations have necessarily
cubic non-linearity in the first derivatives and described a general test to construct
this linearization map [Liey]. Later R. Liouville formulated these precise condi-
tions for linearization via differential invariants and explored them [Lio]. But it was
A. Tresse who first wrote the complete set of differential invariants for general sec-
ond order ODEs.

The paper [Try] is a milestone in the geometric theory of differential equations,
but mostly one result (linearization of S. Lie—R. Liouville—A. Tresse) from the
manuscript is used nowadays. In this note we would like to revise the Tresse classifi-
cation in modern terminology and provide some alternative formulations and proofs.
We make relation to the equivalence problem more precise and also compare this
approach with E. Cartan’s equivalence method.
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This classification can illustrate the finite representation theorem for differential
invariants algebra, also known as Lie-Tresse theorem. The latter in the ascending
degree of generality was proven in different sources [Liej, Try, Ov, Ku, Ol, KL].
In particular, the latter reference contains the full generality statement, when the
pseudogroup acts on a system of differential equations £ C J/(7r) (under regularity
assumption, see also [SS]). We refer to it for details and further references and we
also cite [KLV, KL;] as a source of basic notations, methods and results.

The structure of the paper is the following. In the first section we provide a short
introduction to scalar differential invariants of a pseudogroup action and recall what
the algebra of relative differential invariants is. In Sect.2 we review the results of
Tresse, confirming his formulae with independent computer calculation. In Sect. 3
we complete Tresse’s paper by describing the algebra of absolute invariants and
proving the equivalence theorem (in [Tr; ] this was formulated via relative invariants,
which makes unnecessary complications with homogeneity, and only necessity of
the criterion was explained). In Sect.4 we discuss the non-generic second order
equations, which contain in particular linearizable ODEs. Section 5 is devoted to
discussion of symmetric ODE:s.

Finally in Appendix (written jointly with V. Lychagin) we provide another ap-
proach to the equivalence problem, based on a reduction of an infinite-dimensional
pseudogroup action to a Lie group action.

1 Scalar Differential Invariants

We refer to the basics of pseudogroup actions to [Ku, KL,], but recall the relevant
theory about differential invariants (see also [Try, Ol]). We’ll be concerned with the
infinite Lie pseudogroup G = Diffjo. (R?, R?) with the corresponding Lie algebras
sheaf (LAS) g = Dioc(R?) of vector fields.

The action of G has the natural lift to an action on the space J°°m for an
appropriate vector bundle w, provided we specify a Lie algebras homomorphism
g — Dioc(JO7).! Then we can restrict to the action of formal LAS J°°(R?, R?).

A function I € C*°(J%°) (this means that [ is a function on a finite jet space
J¥m for some k > 1) is called a (scalar absolute) differential invariant if it is con-
stant along the orbits of the lift of the action of G to J¥7.

For connected groups G we have an equivalent formulation: 7 is an (absolute)
differential invariant if the Lie derivative vanishes L ; (1) = 0 for all vector fields X
from the lifted action of the Lie algebra g = Lie(G).

Note that often functions I are defined only locally near families of orbits. Al-
ternatively we should allow / to have meromorphic behavior over smooth functions
(but we’ll be writing though about local functions in what follows, which is a kind
of micro-locality, i.e., locality in finite jet-spaces).

!'In this paper 7 = M x R s a trivial one-dimensional bundle over M ~ R3, so J¥z = J*M.
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The space Z = {I} forms an algebra with respect to usual algebraic opera-
tions of linear combinations over R and multiplication and also the composition
L,....,Is+—~1=Fy,...,I;) forany F € C]%‘é(RS,R),s = 1,2, ... any finite
number. However even with these operations the algebra Z is usually not locally
finitely generated. Indeed, the subalgebras Zy C Z of order k differential invariants
are finitely generated on non-singular strata with respect to the above operations,
but their injective limit 7 is not.

However finite-dimensionality is restored if we add invariant derivatives, i.e.,
@ -vector fields ¥ € C®(J®°m) @coomy D (M) commuting with the G-action on
the bundle 7. These operators map differential invariants to differential invariants
Y Ik — Ik+1.

Lie—Tresse theorem claims that the algebra of differential invariants 7 is finitely
generated with respect to algebraic-functional operations and invariant derivatives.

A helpful tool on the practical way to calculate algebra Z of invariants are relative
invariants, because they often occur on the lower jet-level than absolute invariants.
A function F € C®°(J%m) is called a relative scalar differential invariant if the
action of pseudogroup G writes

gF=u(g-F

for a certain weight, which is a smooth function u : G — C°°(J°°n), satisfying
the axioms of multiplier representation (see also [FO])

n(g-h) =h*u(g) - mw(h), wule)=1.

The corresponding infinitesimal analog for an action of LAS g is given via a
smooth map (the multiplier representation is denoted by the same letter) u : g —
D (J%°m), which satisfies the relations

mix,y) = Lg(uy) — Ly(pnx), VX, Y €g.

Then a relative scalar invariant is a function F € C*°(J*°m) suchthat L ¢ I = ux-1.
In other words (in both cases) the equation F = 0 is invariant under the action.

Let 9 = {ux) be the space of admissible weights.” Denote by R* the space of
scalar relative differential invariants of weight w. Then

R:UR"

ned

is a M-graded module over the algebra of absolute scalar differential invariants
T = R corresponding to the weight 1 = 0 for the LAS action (u = 1 for the
pseudogroup action).

21t is given via a certain cohomology theory, which will be considered elsewhere.
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The space 9t of weights (multipliers) is always a group, but we can transform
it into a k-vector space (k = @Q, R or C) by taking tensor product 9 ® k and
considering (sometimes formal) combinations (/;)*! - - - (I5)%. Then we have:

RM.REC RIFTE, (RM)* ¢ RYM.

2 Tresse Classification Revisited

We start by re-phrasing the main results of Tresse classification.’

2.1 Relative Differential Invariants of Second Order ODEs

The point transformation LAS Dioc(JOR), with JOR(x) = R2(x,y), equals
g = {8 = ady + b3y : a = a(x,y),b = b(x,y)} and it prolongs to the sub-
algebra

g2 = (€ = ady +bdy + Ay + By} C Dioc(J'R), J*R=R*(x,y, p.u),
A =by —(ax —by)p —ayp®, B=By+uB,

By = byx — (ax —2by)p — Qax — by)yp* —ayyp®, Bi = —(2ax —by) —3ayp

where we denote p = y’, u = y” the jet coordinates.

Using the notations Dy = 0y + pdy, ¢ = (dy — pdx)(adx +bdy) =b— pa
(we’ll see soon these show up naturally), these expressions can be rewritten as

A = Dy(¢), Bo = D(¢), Bi = dy(¢) — 2Dy (a)

Thus the LAS h = g C Djoc(J OR3 (x, ¥, p)) being given we represent a second
order ODE as a surface u = f(x, y, p) in JORS(x, y,p) = R“(x, vy, p,u) and kth
order differential invariants of this ODE are invariant functions I € Cl%‘;(J kR3) of
the prolongation

e = =aDi+bDy+AD,+ Y DP(f)du,} C DUIRY),

lo|<k

f=Bo+Biu—auy—buy,—Au, : () =0.

Here DY = Dy | jx with Dy = DLDID! foro = (I 1y +m - 1, +n-1,), so that

3 We use different notations p instead of z, u instead of w, etc., but this is not crucial.



Point Classification of Second Order ODEs 203

!
Dy (f) = Dy (Bo) + Z %(Dr(Bl)u(rfr - Dr(a)udfr+1x

— DeBito—r+1, = De(Ait—r+1, )-

In the above formula we used the usual partial derivatives d,, etc., in the total deriva-
tive operators D, etc. All these operators commute.

It is more convenient, following Tresse, to use the operator Dy = 9, + p 9,
on the base instead and to form the corresponding total derivative D, = Dy +
pDy. These operators will no longer commute and we need a better notation for the
corresponding non-holonomic partial derivatives.

Denote uf‘m = ﬁiD;’D’[‘, (u), which equals u;,x mod (lower order terms). The
first relative invariants calculated by Tresse have order 4 and are:

I=u*, H=
”%O —4u{l +6u02+u(2u?o—3u%1) —ul(u%0—4u(1)1)+u3u10 —3uugru-u-ut.
In this case the weights form two-dimensional lattice and the relative invariants are

RS = (¢ € COU®RY) 1 E(Y) = —(rDy(a) + 59, () V).

Note that é(w) = —(w Cé" +gq Cg)lﬂ forw =r,q = s — r (weight and quality
in Tresse terminology). Here the coefficients can be expressed as operators of &y =
ady + bdy and &; = ady + bdy + Ady:

CY = ay + by = divey, (§0) and Cf = 3, (¢) = 1 divg, (£1)

with wyg = dx A dy the volume form on JOR and 20 = —w Adw on JIR, where
w = dy — p dx is the standard contact form of J!'R. These two form the base of all
weights.*

There are relative invariant differentiations” (differential parameters in the clas-
sical language):

5
u
Ap=Dp+(r—s)— R*™ — RIS+
P pto )5u4

3uud

Sut

. ut
Ay =Dy+ul,+ ((3r +2s)(u1 + ) + Q2r —i—s)ﬁ) c RS > RIS,

4 This is a result from a joint discussion with V. Lychagin. It is important since in Tresse [Tr] this
is an ad-hoc result, based on the straightforward calculations, but not fully justified. More details
will appear in a separate publication.

5 Note that they are differential operators of the first order, obtained from the base derivations via
an invariant connection.
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jo tuu “31

(2u + —)Ap + ((r +26)20 4
ut 4u

2 5 1,4

u 3u(u10+uu +2u u”)
3r 42 (- =

IS T e

Ay=Dy+ g

)R R

Theorem 1 ([Trz]). The space of relative differential invariants R is generated by
the invariant H and differentiations Ay, Ay, A, on the generic stratum.

Notice that the latter two first order ¢’-differential operators have the form:

5 4 5 4
uu’ +u uu +u
Ax:Dx+pr+qu+r<3ul+2—410>+s(2u1+—410),
u u
u 5 4 5 2
u | 5u10+6uu 3u up,
y = S0 4D +<1+p57)7)y+(2u +u—4>DP+r(?+m

19u'u  21(uu’ +”31)u5) <u2 ug | 3ulw’ 3w’ +”gl)u5>

0 T 20u P S S B T W R

and so Ay, Ay, A, are linearly independent everywhere outside / = 0.

2.2 Specifications

Several remarks are noteworthy in relation with the theorem:
(1) The number of basic relative differential invariants of pure order & is given in
the following table

k:0123456 7 8 ... k
#:000023111724... S(k> —k—38)

The generators in order 4 are I € R™>3 and H € R*!; in order 5 are Hjg =
Ay(H) € R31, Hyp = Ay(H) € R%2and K = Ay(H) € RY2: in order 6 are
(Hx, Hi1, Hp) € R*!' @ 7232 R*3, (K10, Ko1) € R** @ R" and 2], =

u! ; + (lower terms for certain order on monomials) & RIF2ZLIH=N deg 2! = =it
j+l=6,1>3"

order k basic relative differential invariants
4 I, H
5 Hyy, Ho1, K
6  Hy, Hi1, Hyp, K10, Ko1, .on, ‘Qfl’ .ng, ‘QISO’ .le, 06

6 We let Hij = A’ AJ H and K;; = A’ AJ K, though in [Tr2] there is a difference between A, K
and K9, Ay K and Ko1. Since this only involves a linear transformation, this is possible.
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Thus in ascending order k, we must add the generators I, H and then .Qf T
i + j < 2 (one encounters the relations A, (/) = Ay(I) = A,(I) = 0). Invariants
of order k > 6 are obtained via invariant derivations from the lower order.

(2) The theorem as formulated gives only generators. The relations (differential
syzygies) are the following (also contained in [Tr;]):

33r + 2s) 2;
[Ap. Al = Ay + ——==10

5 I

26 23 3(3r 4 25) 2
Ay, Ay] = — A, + 10 2= 27700
[Ap: Ay] R 20 I

27 23 3(3r + 2s) 2}
Ao ALl = 2210 A 05 _ 11
[Asx Ay] 5; 0T A 4 I

together with the following relations for coefficients-invariants (the first of which is
just the application of the above commutator relation)

5 51 5 4 5 6
10 = m([Aps AylH — AyH), 901 = §(Ap910 — Ax£27),
6
Q4=A2H—Q—H 94=f(A Q% — A2
20 p 57" 11 = 318p3420 x8410)-

It is important that the relation for the last additional invariant of order 6

4 H6 5 OS5
5§25,82° + §27,82,
51 )

4
4 5 5
2 = g(Ame — A2y, +

can be considered as definition, while first additional invariant” of order 6

Qézué—éus.us
5 ut
can be obtained from a higher relation via application of the relation for [A,, A]
to H and K.

Thus we see that involving syzygy of higher order invariants (prolongation—
projection) we can restore the invariants /, Qlkj from H and invariant differentiations
Aj, as the theorem claims.

(3) The theorem specifies the relative invariants only on the generic stratum. If
we take the minimal number of generators (H, Ay, Ay, Ap), then this stratum is
specified by a number of non-degeneracy conditions of high order.

However if we take more generators (I, H, 02° AL, Ay, Ap), or the collection
of basic invariants (/, H, Q°, 9150, e, (26‘2, Ay, Ay, Ap) for the completeness in
ascending order k, then this condition is very easy: just I #= 0.

Notice that the condition / = 0 is important, since it describes the singular stra-

tum (see however Sect. 4.2 where this case is handled).

7 This invariant is important with another approach, see Appendix.
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3 Classification of Second Order ODEs

While a complete classification of relative differential invariants for second order
scalar ODEs was achieved by Tresse, absolute invariants are not described in [Tr>].
They however can be easily deduced.

3.1 Dimensional Count

Let us at first count the number of absolute invariants on a generic stratum.® This
number equals the codimension of a generic orbit in the corresponding jet-space.

Denote by O the orbit through a generic point in JXR3(x, y, p) of the pseu-
dogroup of point transformations. Tangent to it is determined by the corresponding
LAS and so we can calculate codimension of the orbit. Indeed, denoting by St; the
stabilizer of the LAS by at the origin we get

dim Oy, = codim Sty .

To calculate the stabilizer we should adjust the normal form of the equation at
the origin via a point transformation. This can be done via a projective configu-
ration (Desargues-type) theorem of [A] (Sect. 1.6): any second order ODE y” =
u(x,y, p), p =y, can be transformed near a given point to

Y = a@)y* +o(ylP +IpP).

Denote by m the maximal ideal at the given point (so m¥ is the space of functions
vanishing to order k). Then we can suppose that at a given point

Uy, Uy, Uy, Up, Uxx, Uxy, Uxp, Uyp, Upp € M.

Therefore the stabilizer Sty is given by the union of the following conditions on the
coefficients of £ € by (equivalently on coefficients of &y € g)

ae mk_z, ayy € mk_3, be mk_l, by € mk,

ay e m*72, (2a, — b))y € mk2

, (ay —2by), e mF1,
Thus the Taylor expansion of a = a(x, y) can contain only the following monomials

{xiyj i+ j<k-—1} {xiykfi tio> 1}, {xiykﬂfi 10> 2}

8 This count is independent of Tresse argumentation, and so together with Footnote 4 it provides a
rigorous proof of the table in Sect. 2.2.
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and the allowed monomials for b = b(x, y) are

iyl ci4 <k}, YR =1, R > 2,
This yields that codim(St;) equals:

dim(CLx, y1*/ Stx) = @+2(1{—1)+w+2(k+1) = k> 4+6k+1

and so the number #;, of the basic differential invariants of order < k is equal to

1 = codim Oy = dim J*R? — dim O,

k+ Dk +2)(k + 3 k3 — 25k + 18
3+(+)(Z)(+)—(k2+6k+l):+.

As this formula indicates for k < 4 the generic orbit is open, so that such stratum
has no absolute invariants (however for k = 4 there are singular orbits, so that the
relative invariants /, H appear).

In order k = 5 the formula yields u5 = 3 differential invariants. For k > 5 we
deduce the number of pure order k basic differential invariants:

k(k — 1)
=

4.

U — lp—1 =

3.2 Absolute Differential Invariants

There are two ways of adjusting a basis on the lattice 91 of weights via relative
invariants. As follows from specification for Z2?-lattice of weights from Sect. 2.2,
the basic invariants are

I = [V H38 ¢ RO, Jr = VA4 ¢ ROT
Another choice, which allow to avoid branching but increase the order, is

- H ~ H
leﬁERl’O, JzzﬂERo’l.
H H

Then (choosing J; or Ji) we get isomorphism for k > 4:
RIRYY = T /T, F i F/(J]J3).
Thus with any choice the list of basic differential invariants in order 5 is

Hio = Hio/(J{ 1), Hor = Ho1/(J}J3), K = K/(1J3)
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and in pure order 6 is

Hao = Hoo/(J}' 1), Hiy = Hi1/(J}J3), Hoy = Hoo/(JTT3),
Kio = K10/(J£J3), Kot = Ko1/(J1J3),
23 = 25/U3), 2f = /TN, 2, = 26,/0725),
230 = 230/ U2, 25, = 28,/ 03, 2°=25/7403).
Higher order differential invariants can be obtained in a similar way from the basic

relative invariants, but alternatively we can adjust invariant derivations by letting
V= le’ Jza’ - Aj|r=s=0 With a proper choice of the weights p;, o;. Namely we let

Ji 1 4
v, = J2D vxzj—l(Dx+qu),
5 4 6u
v, = J(D+54D+( o "D,).

These form a basis of invariant derivatives over Z and we have:

[Vp, Vil = —gHi0V), — 3KV + V5,
[Vp, V] = (2 — Ho)Vp + £2°V, — 1KV,
[V, Vyl = 250V, + (227 + 2 Ho) Vs — $H 0V,

The derivations and coefficients can be also expressed in terms of non-branching
invariants J; = %Vx Jiand J, =4V, /.

Theorem 2. The space I of differential invariants is generated by the invariant
derivations Vy, Vy, V,, on the generic stratum.

Indeed, we mean here that taking coefficients of the commutators, adding their
derivatives, etc., leads to a complete list of basic differential invariants.

On the other hand, if we want to list generators according to the order, so that
invariant derivations only add new in the corresponding order, then we shall restrict
to Hio, Hop, K in order 5, add S_Zg._'_j in order 6 and the rest in every order is
generated from these by invariant derivations with V. The relations can be deduced
from these of Sect.2.2.

3.3 Equivalence Problem

Second order ODEs £ can be considered as sections s¢ of the bundle 7, whence
we can restrict any differential invariant J € 7 to the equation via pull-back of the
prolongation:

JE = 8 () € CR®3(x, y, p)).
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Consider most non-degenerate second order ODEs &, such that Hl‘%, H(ggl, K¢
are local coordinates on R3(x, y, p).” Then the other differential invariants on the

equation can be expressed as functions of these:

% (A, HS. K®), K = WE(HE, ;. K®),
kE kE g€ € p&
‘Qij = T;;" (Hyo, Hyp, K.
Due to the relations above we can restrict to the following collection of functions:
CDZO’ (Dll’ q)OZ’ \IIIO’ \I/OI’ T68 T1505’ TZ() ’ ()]

the others being expressed through the given ones via the operators of derivations
(which naturally restrict to £ as directional derivatives).

Theorem 3. Two generic second order differential equations £, &, are point equiv-
alent iff the collections (1) of functions on R3 coincide.

Proof. Necessity of the claim is obvious. Sufficiency is based on investigation of
solvability of the corresponding Lie equation'’

Lie(€1, &) = {lp)} € PR%.R?) : 9P (€1 N7 () =& N7y (p@)) ()

which has finite type. Notice that the prolongation £ie(&], £2)® consists of the jets
[(,0]"‘4'2 such that ¢® transforms k-jets of the equation & to the k-jets of the equation
&, along the whole fiber over z € J IR = R? (x, y).

Proposition 4 Suppose that the system Lie(E1, &) is formally solvable; more pre-
cisely let T C Lie(E1, £)1Y ¢ J12(R?, R?) be such a manifold that 2|7 is a
submersion onto R2. Then this system is locally solvable,"" so that the equations
are point equivalent, i.e., g € Diffioc (R, R?) Vz € R? : [(,0]2 € Lie(&y, &).

Indeed, the symbol of the system £ie(&;, &) (provided it is non-empty; notice
that for generic £1, & it is empty) is the same as for the symmetry algebra sym(&),
namely: go = T = R%, gy = T* ® T, g2 C S>T* ® T has codimension 4 and
no (complex) characteristic covectors, so that g3 gé) 0, whence @& g; ~
sym(y” = 0) >~ slj.

It should be noted that the first prolongation £ie(E1, £)V ¢ J3(R?, R?) always
exists and is of Frobenius type, while the next one has proper projection unless the

compatibility conditions vanish.

9 Here and in what follows one can assume (higher micro-)local treatment.

107¢ s important not to mix solvability, i.e., existence of local solutions, with compatibility [KL3],
i.e., existence of solutions with all admissible Cauchy data. The latter may be cut by the compati-
bility conditions. This confusion occurred in the proof of Theorem 8.3 from [Y]: the Lie equation
is not formally integrable except for maximally symmetric case.

1 A regularity assumption is needed for this, which is given by the non-degeneracy condition
dHG NdH§ AdKE 0.
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We are interested in solvability of the system, so we successively add the com-
patibility conditions. The first belongs to the space H>?(Lie) ~ R, but it may
happen that only one of the components is non-zero (if both are zero, the system is
compatible and we are done, if both are non-zero we have more equations to add
and the process stops earlier). So we add this equation of the second order to the
system of four equations and get a new system Lie of formal codim = 5.

Then we continue to add equations-compatibilities and can do it maximum
> dimg; = 8 times, so that we get 3 + 8 = 11-th order condition. After this
we get only discrete set of possibilities for solutions and checking them we get that
either we have a 12-jet solution or there do not exist solutions at all.

In these arguments we adapted dimensional count, i.e., we assumed regularity.
But singularities can bring only zero measure of values (by Sard’s lemma), so that
our condition still works even in smooth (not only analytic) situation.

Now let us explain formal solvability for our problem. A jet [¢ belongs

to the prolongation Lie(Ey, &)X iff ¢ **2 transforms El(k) N +12 0@ to &N
T +12 0(¢(2)). For randomly chosen equations the system Lie(&, &) will be empty

2
15+

over any point z € R? just because none map can transform the whole fiber
&N 712_’(% (z1) into another fiber £ N nié (z2) (example: ODEs y” = f(x,y,y")
with polynomial dependence on p = y’ of degrees 3 and 4).

The compatibility for the system £ie(E1, &) of order k are the conditions that
@™ transforms the restricted order k differential invariants J € into J®!. Since this
is possible by our assumption, we get prolongation 7 C £ie(&1, &)1, Moreover
this 7~ will be a submanifold and no singularity issues arise. This yields us local
point equivalence.

Remark 1 If differential invariants Ji ... J3 are independent on equation &, then
there is another way to define invariant derivatives [LieAl, pl, KL,], so called Tresse
derivatives, which in local coordinates have the form: 9/dJ; = Zj[Da(Jb)]i;le.

In our case, when we take H 1%, F_Iogl, K€ as coordinates on the equation, they are
Jjust 8/81:11%, 8/8[-_16‘:1, 3/dK¢, when restricted to E.

Another generic case is when we have three functional independent invariants
among'?

7€ g€ &€ & pgf& & p&€ & H6E AHS5E H4E

Hyy, Hy, K©, Hyy, Hiyy, Hyp, Kio. Koy, $2°7, 297, $230 - (€)
In this case we can express the rest of invariants through the given three basic, and
the classification is precisely the same as in Theorem 3.

There are other regular classes of second order ODEs (in general, equations are
stratified according to functional ranks):

1. Collection (3) has precisely two functionally independent invariants,
2. Collection (3) has only one functionally independent invariant,
3. Collection (3) consists of constants.

12'We do not know if this is realizable in other cases, than these of Theorem 3.
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In cases 1 or 2 we can choose basic invariants (2 or 1 respectively — note that
the space of all differential invariants, not only of collection (3), will then have
functional rank 2 or 1) and express the rest through them. The functions-relations
will be again the only obstructions to point equivalence.

In the latter case all differential invariants are constant on the equation &, so for
the equivalence these (finite number of) constants should coincide.

Remark 2 Cartan’s equivalence method provides a canonical frame (on some bun-
dle over the original manifold), which yields all differential invariants but with
mixture of orders. Otherwise around, given the algebra of differential invariants,
we can choose Ji, ..., Js among them, which are functionally independent on a
generic (prolonged) equation. Then dJy, ...,dJs will be a canonical basis of 1-
forms, which can work as a (holonomic) moving frame. Non-holonomic frames can
appear upon dualizing invariant (non-Tresse) derivatives.

Let us finally give another formulation of the equivalence theorem. We can con-
sider collection (3) as a map R3 ~ & — R!! by varying the point of our equation
&. Thus we get (in regular case) a submanifold of R!! of dimension 3, 2, 1 or 0 re-
spectively. This submanifold is an invariant (and the previous formulation was only
a way to describe it as a graph of a vector-function):

Theorem 5. Two second order regular differential equations &1, &> are point equiv-
alent iff the corresponding submanifolds in the space of differential invariants R'!
coincide.

4 Singular Stratum: Projective Connections

On the space J3R3(x, y, p) the lifted action of the pseudogroup b is transitive. But
its lift to the space of 4-jets is not longer such: There are singular strata, given by
the equations / = 0, H = 0. Moreover they have a singular substratum I = H =0
in itself, on which the pseudogroup action is transitive, so that any equation from it
is point equivalent to trivial ODE y” = 0 [Liey, Lio, Tr].

In this subsection we consider the singular stratum I = 0.'> It corresponds to
equations of the form

Y =aox,y) +ar(x, »)p +aax, VPP +asx,pt, p=y. @

13 The other stratum H = 0 can be treated similarly. Indeed, though the invariants I, H look quite
unlike, they are proportional to self-dual and anti-self-dual components of the Fefferman metric [F]
and this duality is very helpful [NS].

Note however that even though it is difficult to solve the PDE H = 0 without non-local
transformations, some partial solutions can be found using symmetry methods. For instance, a

"2 —2 — &
three-dimensional family of solutions is y” = ¢(p)/x with ¢"" = %
Pl —
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This class of equations is invariant under point transformations. Moreover it has
very important geometric interpretation, namely such ODEs correspond to projec-
tive connections on two-dimensional manifolds [C]. We will indicate three different
approaches to the equivalence problem.

4.1 The Original Approach of Tresse

The idea is to investigate the algebra of differential invariants, following S. Lie’s
method, and then to solve the equivalence problem via them. In [Tr;] lifting
the action of point transformation to the space JX(2,4) (jets of maps (x,y) +—
(o, - . ., @3)) he counts the number of basic differential invariants of pure order k

to be
k:0123456 7 8 ... k

#:000068101214 ... 2(k—1)
An independent check of this (with the same method as in our Sect.3.1) is given
in[Y].
The action of g is transitive on the space of first jets and its lift is transitive on
the space of second jets J 2(2, 4) outside the singular orbit L} = L, = 0, where

L1 = —a2ex + 2015y — 3000yy

—3azagx + a1y — 6oz + 30000y — 20101y + 3apany
Ly = =303,y + 2052xy — Qlyy

=330y + 2000, — 30103 + 603000y — 2001y + 303y

These second order operators'* were found by S. Lie [Lie;] who showed that
vanishing L; = L, = 0 characterizes trivial (equivalently: linearizable) ODEs.
R. Liouville [Lio] proved that the tensor

L = (Lidx + Lydy) ® (dx Ady), %)

responsible for this, is an absolute differential invariant.

Further on Tresse claims that all absolute differential invariants can be expressed
via Ly, L, but [Lio, Tr] do not contain these formulae. The problem was handled
recently by V. Yumaguzhin [Y] (the whole set of invariants was presented, though
not fully described).

Namely it was shown that the action of g in J3(2, 4) is transitive outside the
stratum F3 = 0, where

F3 = (L1)*Dy(L2) — L1L2(Dy (L) + Dy(L1)) 4 (L2)*Dy(L1)
— (LD)3a3 + (L1)?Loay — Li(Ly)%a1 + (L) g

14 Corresponding to (3k, —3h) in [Try].
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is the relative differential invariant from [Lio]. The other tensor invariants can be
expressed through these. The invariant derivations are'”

L> L L %) v
SRR T B T T

Vi

where

Wy = —Li(L1)y +4L1(L2)x — 3La(L1)x — (L1)?a2 + 2L Loy — 3(L2) o,
Wy = 3L (La)y — 4La(L1)y + La(La)x — 3(L1)%az + 2L  Laas — (L) a;.

Now we can get two differential invariants of order 4 as the coefficients of the
commutator
[Vi, Vol = [} V] + [ V.

Related invariants are the following: one applies the invariant derivations V; (ex-
tended to the relative invariants) to F3 and gets another relative differential invariant
of the same weight (the relation here is almost obvious since V| A V, is proportional
to F3). Thus V1 (F3)/F3, V2(F3)/ F3 are absolute invariants.

To get four more invariants I3, ..., I¢ of order 4, consider the Lie equation,
formed similar to (2) for the cubic second order ODEs (4), see (6). After a number of
prolongation—projection we get a Frobenius system, and its integrability conditions
yield the required differential invariants (in [Y] these are obtained in a different but
seemingly equivalent way).

Now we can state that the algebra 7 is generated by the invariants Iy, ..., I
together with the invariant derivatives Vi, V,. An interesting problem is to describe
all differential syzygies between these generators.

4.2 The Second Tresse Approach

The invariants of Sect. 2.2 are not defined on the stratum / = 0 due to the fact that
most expressions contain / in denominator. But due to Footnote 13 the relative in-
variants I, H are on equal footing. And in fact Tresse in [Trp] constructs another
basis of relative invariants with H in denominator (this seems to be in correspon-
dence with duality of [NS]).

15 The first one in the relative form was known already to Liouville [Lio]:
Vi = LiDy = LyDy +m(Dy(L2) — Dy(L1)) : R" — R"*2,

where R™ is the space of weight m relative differential invariants corresponding to the cocycle
Ce = div,, (£), where wy = dx A dy. He was very close, but did not write the second one.
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Thus if we restrict this set to the stratum / = 0 minus the trivial equation, cor-
responding to I = H = 0, we get relative/absolute differential invariants of the
ODE:s (4). For instance H is proportional to L + L p, which under substitution of

= d——r is proportional to the tensor L. The other invariants are rational functions
in p on the cubics (4), which may be taken in correspondence with the invariants of
the approach from Sect. 4.1.

The proposed idea can be viewed as a change of coordinates in the algebra 7.
Yet, another approach was sketched in [Tr;], which can be called a non-local sub-
stitution.

Namely by a change of variables Tresse achieves L, = 0, and so brings the ten-
sor Lidx + Lady to the form A dx. Then the point transformation pseudogroup is
reduced to the triangular pseudogroup x — X (x), y — Y (x, y), and the invariants
are generated by the invariant derivatives Ay, A, and the invariants B, C, D of or-
ders 1, 2, 2 respectively ( [Try], Chap. III), which though do not correspond to the
orders in the approach of Sect.4.1.

4.3 Lie Equations

Let s¢ : R — R* be the map (x, y) — (ao, a1, a2, az) corresponding to a second
order ODE £ (4). With two such ODEs we relate the Lie equation on the equivalence
between them:

Lie(E1, &) = {912 € J2(2,2) : §(55,(2)) = 56, (@(2))}, (6)

where ¢ : R? x R* — R? x R* s the lift of a map ¢ : R> — R? to a map of ODEs
(4). On infinitesimal level, the lift of a vector field X = a 9y + b dy is

X =ady +bdy + (byy + ao(by — 2ay) — a1by) dyy
+(2bxy —axy —30pay —ayay —202by )0y, +(byy —2ayy —201ay —02by —303by ) 0y,
+ (—=ayy — azay + az(ay — 2by))0y;.

For one equation £ = &, infinitesimal version of the finite Lie equation
Lie(&, £) describes the symmetry algebra (which more properly should be called
a Lie equation [KSp]) sym(&): it is formed by the solutions of

lie(€) = {[X1? € J2(2,2) : X € Top(z)lse(R?)]). 0

The basic differential invariants of the pseudogroup Diffj,c (R?, R?) action on ODEs
(4) arise as the obstruction to formal integrability of the equation lie(£) (for the
equivalence problem Lie(&;, &), but the investigation is similar). In coordinates,
when the section s¢ is given by four equations «; — «; (x, y) = 0, overdetermined
system (6) is written as
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bux + ao(by — 2a,) — by = a ooy + by
2byy — ayy — 3apay — ajay —200b, = ao +bay,
byy —2ayy — 2a1ay — a2by — 3azby = aayy +bayy

—ayy — o2ay +a3(ay — 2by) = aaz +bazy

The symbols g; C S'T*®@T are: go = T =R?, g1 = T*QT ~ R*, g» ~ R? and
g3+ = Ofori > 0. The compatibility conditions belong to the Spencer cohomology
group H>2(lie) ~ R?: this is equivalent to the tensor L of (5). If L = 0, the equation
is integrable'® and the solution space is the Lie algebra sls.

If L # 0, the equation lieg = [ie(£) has prolongation—projection!’ lie; =
74,1 ([ie(z)) with symbols go = T, g1 =~ R2 C g1, & = R? and g3+i = 0 for
i >0.

After prolongation—projection, one gets the equation lie; with symbols go = T,
g1 ~ R! C gy and go,; = O fori > 0. This equation has the following space of
compatibility conditions: H'2(lie3) ~ R'. It yields the condition of the third order
in «;: F3 = 0 (this, together with other invariants [R], characterizes equations with
three-dimensional symmetry algebra, namely sl;).

If F3 # 0, then the prolongation—projection yields the equation lie3 with go = T
and gi4; = 0 for i > 0. The compatibility conditions are given by the Frobenius
theorem and this provides the basis of differential invariants.

7

Remarks. (1) The idea to reformulate equivalence problem via solvability of an
overdetermined system appeared in S. Lie’s linearization theorem, where he showed
that an ODE (4) is point equivalent to the trivial equation y” = 0 iff the system
(see [Liep], p. 365 (we let z = ¢, w = C, etc.), and also [IM])

Jw 19y  20a2 3z dag
Gx T T TG PG gy T8 T eow T et o e
9z 1day 20wy ow 2 das
—8y=(¥0a3_2w—§a—x+§¥, @zOlZw_w +a3z+a—x—0€10!3

is compatible. The compatibility conditions here are given by the Frobenius theo-
rem: L; = Ly = 0. In fact, the system can be transformed into a linear system,]8
which is equivalent to half of our once prolonged Lie equation lie" (Lie consid-
ers combinations of the unknown functions-component of the point transformation,
that’s why in the third order we get only 4 = 8/2 equations, the second half of
equations was not much used by him).

16 Not only formally, but also locally smoothly due to the finite type of [ie.

17 This means that the Lie equation has the first prolongation liel) ¢ J3(2, 2), but the next pro-
longation exists only over the jets of vector fields X, preserving the tensor L.

18 5. Lie considers finite transformations, whence the non-linearity. A projective transformation is
needed to change this into a linear system, while the infinitesimal analog — our Lie equation lie(£)
— is linear from the beginning.
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(2) Cartan equivalence method can be interpreted in this language as follows.
Consider the most symmetric equation (prolongation) — model & and then study
the problem of equivalence between £ and &y. This is done by constructing a Cartan
connection, and the (normalized) curvatures provide fundamental invariants for the
problem. These are essentially the same functions that appear in the prolongation—
projection scheme for formal integrability of the Lie equation.

For the equivalence problem treated here, the corresponding & is y” = 0 with
eight-dimensional symmetry algebra sl3, and so there is an eight-dimensional man-
ifold with Cartan geometry [C] associated to any second order ODE (general, not
necessarily cubic in p). This eight-dimensional manifold comes equipped with a
connection mimicking Maurer—Cartan connection on SL3, which measures non-
flatness. It is believed all the Tresse invariants can be obtained in this way, but this
claim is yet to be justified.

(3) Other ways of getting differential invariants arise from problems which have
projectively invariant answers. For instance the following system arose in three in-
dependent problems:

uy = Polu, v, wl, uy+2vy, = Pilu, v, w],
2vy +wy = Polu, v, wl, wy = P3[u, v, wl,

where P;[u, v, w] are linear operators of a special type, with coefficients being
smooth functions in x, y. This system can be obtained similar to lie from the condi-
tion of existence of Killing tensors. '

In [K] solvability of this system lead to an invariant characterization of Liouville
metrics, in [BMM] to normal forms of metrics with transitive group of projective
transformations and in [BDE] — to the condition of local metrisability of projec-
tive structures on surfaces.

All these problems have the answers (for instance, in the first mentioned paper,
the number of Killing tensors of a metric), which are projective invariants. Thus
they provide projective differential invariants and in turn can be expressed via any
basis of them.

(4) Many papers addressed the higher-dimensional version of the same equiv-
alence problem (which is surprisingly easier, because the Lie equation is more
overdetermined). In Cartan [C] this is the study of the projective connection. Refs.
[Th, Lev] address the algebra of scalar projective differential invariants.

However in neither of these approaches the Tresse method was superseded.
For instance, in the latter reference even the number of differential invariants for
the two-dimensional case was not determined. On the other hand, the method of
Lie equations allows to obtain the algebra of projective invariants in the higher-
dimensional case as well.

19 Substitution u = 38y, w = 3ny, v = —(& + ny)/2 transforms this system to the kind &, =
v 28y =y = .., & — 20y = ..., —Nxx = ..., which has the same symbol as (7).
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5 Application to Symmetries

At the end of [Tr;] a classification of symmetric equations is given. It turns out that
the symmetry algebra can be of dimensions 8, 3, 2, 1 or 0. This follows from the
study of dependencies among differential invariants, and it is not obvious that this
automatically applies to all singular strata (but it is true).

Thus if dimSym(€) = 8 the ODE is equivalent to the trivial y” = 0. If
dim Sym(&) = 3, the normal forms are (y' = p):

= V=P = p?)
X

"

y'=p*

y”:e” y”:ﬂ:(xp—y)3.
Only the last form belongs to the singular stratum / = 0.

Due to symmetry between / and H, there should be corresponding normal form
with H = 0. Here one can be mislead since direct calculations shows that none
has vanishing H. The reason is however that Tresse uses Lie’s classification of Lie
algebras representation by vector fields on the plane. For three-dimensional algebras
Lie used normal forms over C, and indeed the third normal form has H = O for the
parameter ¢ = +i. Thus over R the above normal forms should be extended.

As the symmetry algebra reduces to dimensions 2 we have the respective normal
forms

Y'=v¥(p) and Y= vy(p)/x.

It is important that for singular strata the classification shall be finer. This is almost
obvious for projective connections (cubic ), but for metric projective connections
this is already substantial, see [BMM].

The case dim Sym(€) = 1 has only one quite general form y” = v (x, p) with
an obvious counterpart for projective connections (for the metric case see [Ma]).

Remark 3 When the transformation pseudogroup reduces from point to fiber-
preserving (triangular) transformations of J'R(x) = R2(x,y), the algebra of
differential invariants grows, but the symmetric cases change completely. In par-
ticular, the symmetry algebra can have dimensions 6, 3, 2, 1 or 0, see [KSh, HK].

Not much is known about the criteria for having the prescribed dimension of
the symmetry algebra, except for the corollary of Lie-Liouville-Tresse theorem:
dim Sym(&) = 8iff L = 0.

In [Tr;] the following was claimed (we translate it to the language of absolute
differential invariants):

¢ The symmetry algebra is three-dimensional iff all the differential invariants (on
the equation) are constant.

¢ The symmetry algebra is two-dimensional iff the space of differential invariants
has functional rank 1, i.e., any two of them are functionally dependent (Jacobian
vanishes).

¢ The symmetry algebra is one-dimensional iff the space of differential invariants
has functional rank 2 (all 3 x 3 Jacobians vanish).
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This (unproved in Tresse, but correct statement) is however inefficient, since check-
ing all invariants is not practically possible. Here is an improvement:

Theorem 6. The above claims hold true if we restrict to the basic absolute differ-
ential invariants of order < 6 described in Sect. 2.2.

What is the minimal collection of differential invariants answering the above ques-
tion is seemingly unknown (except for the case dimSym(£) = 3 for I = 0
handled in [R]).

Appendix: Another Approach

B. Kruglikov and V. Lychagin

(1) Consider the stabilizer [ C g of a point (x, y) € R2(x, y) = JOR(x). We can
choose coordinates so that x = y = 0. The vector fields generating this subalgebra
of vector fields of Fy y = R%(p, u) = 712_(% (x,y) are

(8 = (3p dus POps tdus PO P*Ous P 0us P20y +3pudy)

This is an eight-dimensional Lie algebra with Levi decomposition R5 x slp, where
Rs5 is the radical, which is a solvable Lie algebra with four-dimensional (commuta-
tive) nil-radical.

In Fy , the second order equation &£ is a curve u = f( p).”? Since in equivalence
problem we can transform one base point to another by a point transformation (any
point to any if the equation possesses a two-dimensional symmetry group, transitive
on the base), the equivalence problem is reduced to the equivalence of curves on the
plane R?(p, u) with respect to the Lie group [g action.

The action lifts to the spaces J¥R(p) = R**2(p, u, Up,...) and is transitive up
to third jets. The first singular orbit appears in the space J*R(p) and is

(we continue to use the same notations as above, so that u* = u pppp)- The next
singular orbit (different from prolongation of this one) appears in the space JR(p)
and is

S ={Gg =5u*ub — 64’ -’ =0}.
Notice that the second equation belongs to the prolongation of the first: S, C
81(2) (so it is a sub-singular orbit). The functions G4, G¢ are relative differential
invariants. In this case the weights can be chosen via cocycles Cg = divy,(§) —

S dive(&) and Cf = §dive (&), where wy = dp Adu, 2 = —w Adw = dp A

20 Depending parametrically on x, y.
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du Ndu, (for = du —updp) and § = Adp, + B0y, &1 = Xf = Adp + Bo, +
(Dp(B) = (A1), & = X7 with

f=B—-Au,, A= ao+a1p+a2p2, B = bo+b1p+b2p2+b3p3+b4u+3a2p u.
Denoting R™* = {y € C®°(J®R) : E(¥) = —(r CL +5sCHY), we get:?!
Gy € R4’_1, Gg € RI10-72,
The relative invariant derivative here equals

2r + 3s u?
<>p = Dp — TF R — RrJrl’S.
It acts trivially on G4, but from its action on G¢ we can extract an absolute invariant.
Indeed since G4/v/Go € R™10, we have: <, (G4/v/Ge) € R%? = T and the latter
expression is non-zero.

Actually the action of our eight-dimensional group has open orbits through
generic points on JOR(p) and the first absolute differential invariant appear at order
7 and equals®’

25u*)?u’ + 84(u”)3 — 105u*u’u®
- (Ge)3/? ’

which coincides with —10<,(G4/+/Ge).
In each higher order we get 1 new differential invariant. They determine Tresse
derivative (see [KL1]), but we can obtain the absolute invariant derivative directly:

I7

Gy u?
a,=—< = D,:7T—1T.
P JGe " rms=0  Sutub —6ud - ud r
. .. . 1
This can be expressed via invariants of Sect. 3.2 as WG Vp.

Thus on the generic stratum every differential invariant is (micro-locally) a func-
tion of the invariants 17, U, (17), D%,(h), ... oforders 7,8,9, ....

(2) It is easy to see that the class of cubic curves u = Q3(p) is invariant with
respect to the Lie group £3 = Exp(lg) action. This four-dimensional space forms a
singular orbit, on which £g acts transitively.

Another singular orbit is Sy, which is a six-dimensional manifold of curves u =
(ap+ar1p+az p2 + a3 p3 )+b/(p —c), and £g acts transitively there on the generic
stratum. The singular stratum is given by the equation b = 0 and coincides with the
previous stratum Sj.

21 Note that since the group is changed the grading is changed as well. In particular G4, which
formally coincides with I of Sect. 2.1, has a different grading.

22 Superscript after brackets means the power, while the others are indices.
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(3) Consider the stabilizer [¢ = Stg C §h = gy of a point xo = (x, y, p,u) €
JOR3(x, y, p) = J*R(x). Since the pseudogroup g, acts transitively on J2R(x),
choice of x; is not essential, in particular we can take a coordinate representative
(x,y,0,0). This Lie algebra is generated by (prolongation of) the fields

l6 =(pdp, udy, poy, pzau, p38u, p23p+3pu8u)

and is solvable (with four-dimensional nil-radical of length 2). Thus investigation of
its invariants is easier thanks to S. Lie quadrature theorem.

Moreover we can continue and take the stabilizer St3 C gs of a point in
J3R3 (x,y, p), where the action of b is still transitive. This stabilizer is a trivial
one-dimensional extension of the two-dimensional solvable Lie algebra.

(4) With all these approaches we get enough invariants to pursue classification in
generic case (and even to deal with singular orbits). Indeed, we get a subalgebra U
in the algebra of all differential invariants Z, which we can restrict to the equation.
Provided that there are invariants in U independent, on our second order ODE &,
we solve the equivalence problem.

In general to restore the whole algebra 7 we must add to this vertical invari-
ants algebra 9 invariant derivatives V,, V,. This is similar to Liouville approach
for cubic second order ODEs (retrospectively after [C] — projective connections),
who found in [Lio] only a subalgebra of (relative) differential invariants (the second
relevant invariant derivative Vo = WDy — WDy + ... : R" — R’ +4 and the
corresponding part of differential invariants was not established).

References

[A] V.1. Arnold, “Additional chapters of the theory of ordinary differential equations”,
Moscow-Nauka (1978) [Russian]; Engl.: ”Geometrical methods in the theory of ordinary
differential equations”, Springer (1988).

[BDE] R. Bryant, M. Dunajski, M. Eastwood, Metrisability of two-dimensional projective struc-
tures, arXiv: math/0801.0300 (2008).

[BMM] R. Bryant, G. Manno, V. S. Matveev, A solution of a problem of Sophus Lie: normal forms
of two-dimensional metrics admitting two projective vector fields, Math. Ann. 340 (2008),
no. 2, 437-463.

[C] E. Cartan, Sur les variétés a connexion projective, Bull. Soc. Math. France 52 (1924),
205-241.

[F] C. L. Fefferman, Monge—Ampere equations, the Bergman kernel, and geometry of pseudo-
convex domains, Ann. of Math. (2) 103 (1976), no. 2, 395-416.

[FO] M. Fels, P. Olver, On relative invariants, Math. Ann. 308, no. 4, 701-732 (1997).

[HK] L. Hsu, N. Kamran, Classification of second-order ordinary differential equations ad-
mitting Lie groups of fibre-preserving point symmetries, Proc. London Math. Soc. (3) 58
(1989), no. 2, 387-416.

[IM]  N. Ibragimov, F. Magri, Geometric proof of Lie’s linearization theorem, Nonlinear Dy-
namics 36, 41-46 (2004).

[KSh] N. Kamran, W.F. Shadwick, The solution of the Cartan Equivalence Problem for
d?y/dx* — F(x,y,dy/dx) under the pseudo-group ¥ = ¢(x), ¥ = ¥ (x,y), Lecture
Notes in Physics 246, Springer, 320-336 (1986).



Point Classification of Second Order ODEs 221

[KLV] I.S. Krasilschik, V. V. Lychagin, A. M. Vinogradov, Geometry of jet spaces and differential

[K]
[KL1]
[KL2]

[KL3]

[Ku]
[KSp]

[Liei ]
[Lies]

[Lio]

[Lev]
[Ma]

[NS]

[01]
[Ov]

[R]

[SS]

[Th]
[Tri]
[Tr2]

[Y]

equations, Gordon and Breach (1986).

B. Kruglikov, Invariant characterization of Liouville metrics and polynomial integrals,
Jour. Geom. and Phys. 58 (2008), 979-995.

B. S. Kruglikov, V. V. Lychagin, Invariants of pseudogroup actions: Homological methods
and Finiteness theorem, Int. J. Geomet. Meth. Mod. Phys. 3, no. 5 & 6 (2006), 1131-1165.
B. S. Kruglikov, V. V. Lychagin, Geometry of Differential equations, prepr. IHES/M/07/04;
in: Handbook of Global Analysis, Ed. D. Krupka, D. Saunders, Elsevier (2008), 725-772.
B. S. Kruglikov, V. V. Lychagin, Compatibility, multi-brackets and integrability of systems
of PDEs, prepr. Univ. Tromsg 2006-49; ArXive: math.DG/0610930 (2006); Acta Appli-
candae Math. (2009).

A. Kumpera, Invariants differentiels d’un pseudogroupe de Lie. I-11. J. Differential Geom-
etry 10 (1975), no. 2, 289-345; 10 (1975), no. 3, 347-416.

A. Kumpera, D. Spencer, Lie equations. Volume 1: General theory, Princeton University
Press and University Tokyo Press (1972).

S. Lie, Ueber Differentialinvarianten, Math. Ann. 24 (1884), no. 4, 537-578.

S. Lie, Klassifikation und Integration von gewdhnlichen Differentialgleichungen zwischen
x,y, die eine Gruppe von Transformationen gestatten. III, Archiv for Mathematik og
Naturvidenskab 8 (Kristiania, 1883), 371-458; Gesam. Abh. Bd. 5 (1924), paper X1V,
362-427.

R. Liouville, Sur les invariants de certaines équations différentielles et sur leurs applica-
tions, Journal de I’Ecole Polytechnique 59 (1889), 7-76.

J. Levine, Projective scalar differential invariants, Ann. Math. 37 (1936), no. 3, 618-634.
V. Matveeyv, A solution of another problem of Sophus Lie: 2-dimensional metrics admitting
precisely one projective vector field, ArXiv:0802.2344.

P. Nurowski, G. A. Sparling, Three-dimensional Cauchy—Riemann structures and second-
order ordinary differential equations, Classical Quantum Gravity 20 (2003), no. 23, 4995—
5016.

P. Olver, Equivalence, invariants, and symmetry, Cambridge University Press, Cambridge
(1995).

L. V. Ovsiannikov, Group analysis of differential equations, Russian: Nauka, Moscow
(1978); Engl. transl.: Academic, New York (1982).

Yu. Romanovskii, Calculation of local symmetries of second-order ordinary differential
equations by Cartan’s equivalence method, Mat. Zametki 60, no. 1, 75-91, 159; Engl.
transl.: Math. Notes 60 (1996), no. 1-2, 56-67 (1996).

R. A. Sarkisyan, 1. G. Shandra, Regularity and Tresses theorem for geometric structures,
Izvestiya RAN: Ser. Mat. 72, no.2, 151-192 (2008); Engl. transl. Izvestiya: Mathematics
72, no.2, 345-382 (2008).

T. V. Thomas, The differential invariants of generalized spaces, Cambridge, The University
Press (1934).

A. Tresse, Sur les invariants differentiels des groupes continus de transformations, Acta
Math. 18 (1894), 1-88.

A. Tresse, Détermination des invariants ponctuels de I’équation différentielle ordinaire du
second ordre y" = w(x, y, y'), Leipzig (1896).

V. Yumaguzhin, Differential invariants of 2—order ODEs, I, arXiv: math.DG/0804.0674
v1 (2008); revised version to appear in Acta Applicandae Math. (2009).



Classification of Monge—~Ampere Equations

Alexei G. Kushner

Abstract In the current paper we present a survey of our results on classification
of the Monge—Ampere equations and operators with two independent variables. We
use Lychagin’s approach to such equations.

Introduction

The problem of equivalence and classification of the Monge—Ampere equations
Avyy 4 2Bvyy + Cvyy + D(vrvyy —v5) + E =0 (1

with two independent variables x and y goes back to Sophus Lie’s papers from
the 1870s and 1880s [37-39]. Here A, B, C, D, and E are functions of x, y, an
unknown function v = v(x, y), and its first partial derivatives v, and v,. We suppose
that these functions are of class C*°.

Lie had raised the following problem.

Find equivalence classes of nonlinear second-order differential equations with
respect to the group of contact transformations.

The important steps in the solution of this problem were made by Darboux [5-7]
and Goursat [10, 12, 13], who had basically treated the hyperbolic Monge—Ampere
equations. Particularly, Goursat considered the problem of contact equivalence of
Darboux integrable Monge—Ampere equations [11]. His ideas were developed by
Vessiot [55]. See also [18,22].

Lie himself had found conditions under which it is possible to transform a
Monge—Ampere equation to a quasilinear one and to some linear equation with con-
stant coefficients. But a complete proof of Lie’s theorems had never been published.
A problem of reducibility of hyperbolic and elliptic Monge—Ampere equations,
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whose coefficients do not depend on the variable v (such equations are called sym-
plectic), to the equations with constant coefficients was solved by Lychagin and
Rubtsov in 1983 [43,44]. In 1996 Tunitskii took off the above mentioned restriction
and solved the problem for the general equations [54].

In 1978 Lychagin noted that the classical Monge—Ampere equations and its mul-
tidimensional analogues admit an effective description in terms of differential forms
on the space of 1-jets of smooth functions [40]. His idea was fruitful, and it gener-
ated a new approach to Monge—Ampere equations.

Following this approach, the classification problems for symplectic Monge—
Ampere operators and equations were considered by Kruglikov [19-21] and
the author [23-26]. Classification results for multidimensional analogues of the
Monge—Ampere equations (i.e., equations with n (n > 2) independent variables)
were obtained by Lychagin, Rubtsov and Chekalov [45], and by Banos [1,2].

A contact linearization problem for the general hyperbolic and elliptic Monge—
Ampere equations was solved by the author in a series of papers [27-32,34].

The special classes of parabolic Monge—Ampere equations were considered by
Blanco, Manno and Pugliese [3].

In 1979 Morimoto obtained classification results for the Monge—Ampere equa-
tions by using the G-structure theory [46].

The Cartan method of moving coframes was applied to the problem of local
equivalence of some classes of linear and nonlinear equations by Morozov [47-50]
and The [52].

Ibragimov considered a classification problem for some partial classes of the
Monge—Ampere equations [15,17].

In the current paper we present a survey of our results on classification of Monge—
Ampere equations and operators with two independent variables.

The paper has the following structure.

In the first two sections we describe the main ideas of Lychagin and give a short
introduction to the geometry of the Monge—Ampere equations on two-dimensional
manifolds. Here we follow the papers [40,41] and the book [42].

In the third and fourth sections a decomposition of the de Rham complex is
used to construct tensor invariants of hyperbolic and elliptic equations. In particular,
we construct two invariant differential 2-forms for the Monge—Ampere equations.
These forms are analogues of the classical Laplace and Cotton invariants, which are
defined for linear equations only. Note that classical Laplace’s and Cotton’s invari-
ants are coefficients in our forms [27,30].

In the fifth section we formulate the results of Lychagin, Rubtsov, and Tunitskii
on local equivalence of the Monge—Ampere equations and Monge—Ampere equa-
tions with constant coefficients [43, 54].

Sixth and seventh sections are dedicated to the solution of the contact lineariza-
tion problem for hyperbolic and elliptic equations. We follow the papers [30-34].

In the eighth section we construct an absolute parallelism (e-structure) for hy-
perbolic and elliptic equations. This allows us to reduce an equivalence problem for
equations to an equivalence problem for e-structures, whose solution is well known.
Results of this section were not published earlier.
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The ninth section is devoted to classification of the symplectic Monge—Ampere
equations and operators of hyperbolic, elliptic, and mixed types [23-26, 28, 29].
All results are given without proofs. They can be found in the original papers.

1 Lychagin’s Approach to Monge-Ampere Equations
1.1 Differential Operators

Let M be an n-dimensional smooth manifold, and let J! M be the manifold of 1-jets
of smooth functions on M.

The manifold J'M is endowed with the natural contact structure (Cartan’s
distribution) (see [56])

C:acJ'M— C)cT,(J'M)

given by the universal differential 1-form i/ € £2 L(J'M) (Cartan’s form): C(a) =
Kerld,.
In the local canonical Darboux coordinates

(q,u,p)=1(q1,-...qn,u, P1, ..., Pn)
on J'M the Cartan form can be written as follows:
U=du—pdqg=du—pdqi —---— padqn.

At each pointa € J LM, the restriction of the differential of the Cartan form to
the (2n)-dimensional space C(a) defines the following symplectic structure:

24 = dUlc()-

Define the “nonholonomic symplectic structure” on J!M:

Q:J'M3a+ 2, € A2Ca)).

Note that £2 is not a differential form, because the 2-form 2, is defined on C(a)
only.

The main idea of Lychagin [40]" can be explained as follows:

With any differential n-form w on J!' M, one can associate a differential operator
Ay C®(M) — 2™ (M), which acts as

A0 (V) = ol ) m)-

Here v € C*°(M) and j; (v)(M) C JIM is the graph of the 1-jet of v.

! An explicit presentation of results of this paper one can find in [41] and [35].
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This construction does not cover all nonlinear second-order differential opera-
tors, but only a certain subclass of them. This subclass is rather wide and contains
all linear, quasilinear and Monge—Ampere operators.

The constructed operator A, and the equation E,, = {A,(v) =0} C J>M are
called the Monge—Ampere operator and the Monge—Ampére equation, respectively.

The following observation justifies this definition: being written in local canoni-
cal contact coordinates on J ' M, the operators A,, have the same type of nonlinearity
as the Monge—Ampere operators. Namely, the nonlinearity involves the determinant
of the Hesse matrix and its minors. For instance, in the case n = 2 we get classical
Monge—Ampere equations (1).

An advantage of this approach is the reduction of the order of the jet space:
we use the simpler space J!M instead of the space J>M, where Monge—Ampere
equations should be ad hoc as second-order partial differential equations [56].

1.2 Effective Differential Forms

The constructed map “differential forms” — “differential operators™ is not a 1-to-1
map: it has a huge kernel. This kernel consists of differential forms that vanish on
any integral manifold of the Cartan distribution. These forms form a graded ideal
I* = @g=0l°, I C 25(J'M)
of the exterior algebra £2*(J ' M). Elements of the factor module
UMy =25 M) 1°
are called effective s-forms. Denote by w, the class in 25 (J Lary:

we = wmod ¢

corresponding to a differential s-form w.
By definition, we put A,,, = A,,.

1.3 Contact Equivalence, Symmetries and Multivalued Solutions

Define actions of contact diffeomorphisms on effective n-forms. Let ¢ be a contact
diffeomorphism of J' M. Since ¢* saves I, we can define its action on .Qg’(J1 M)
by the following formula:

(]5*(&)5) = ¢* (@)e.
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Note, that, generally speaking, the contact diffeomorphisms do not save the Cartan
form U and, because of this, they do not act directly to a chosen representative of an
effective form.

Now we can define an action of a contact diffeomorphism on Monge—Ampere
operators and equations:

P(Ay) = A¢*(U))g and P(Ey) = E¢*(w)s'

Two Monge—Ampere operators A, and Ag are called contact equivalent if
¢ (A,) = Ap for some contact diffeomorphism ¢.

Similarly, two Monge—Ampere equations E,, and Ey are called contact equiva-
lent if there exists a contact diffeomorphism ¢ such that ¢ (E,) = Ej.

Two Monge—Ampere operators A, and Ag (equations E,, and Ep) are called
locally contact equivalent at a point a € J' M if there exists a local contact diffeo-
morphism ¢ saving this point and such that ¢ (A,) = Ay (¢(E,) = Ep) in some
neighborhood of a.

We reformulate a notion of symmetry in terms of effective forms. A contact dif-
feomorphism ¢ is called a symmetry of E,, (Ay) if $(E,) = E, (9(Ay) = Ay).
A contact vector field X f is an infinitesimal symmetry of E,, (A,) if its local trans-
lation group consists of symmetries of E,, (Ay).

An n-dimensional integral manifold of the Cartan distribution L is called multi-
valued solution of an equation E,, if the restriction w|;, = 0.

Example 1. Spheres with radius 1 in the space R3(x, y, u) are projections of multi-
valued solutions of the equation

2
UxxVUyy — U
YT )
(1402 +0v3)?
to JOR?,

Suppose that » = 2 and find a coordinate representation of effective 2-forms.
For any element of the factor module .(282, one can choose a unique representative
w € 2%(J'M) such that X; Jw = 0 and w A did = 0. Here X is a contact vector
field with the generating function 1. In the local Darboux coordinates such repre-
sentatives have the form

o =Edq) Ndqy + B (dq ANdpy —dqx Adp2) + 3)
Cdq\ A dpy — Adqz Adpy + Ddpy A dpa,

where A, B, C, D and E are smooth functions on J! M.
We identify effective forms as elements of the factor module 93(1 M) with
differential forms of type (3) and also call such differential forms effective.

Remark 1. Form (3) corresponds to (1).
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1.4 Symplectic Geometry of Equations

A Monge—Ampere equation E,, (operator A,) is called symplectic if its coefficients
do not depend on the variable v.

This means that the Lie derivative Ly, (w) = 0. Here X is the contact vector
field with the generating function 1. In the local Darboux coordinates, X1 = d,,.

Naturally, this property is not invariant under contact transformation of J' M.
However, if we restrict the class of contact transformations and consider only such
transformations that are symmetries of the one-dimensional distribution F(X7),
then we can use the cotangent bundle 7*M instead of J' M.

Indeed, in this case @ = 7 * (@) for some w € 2" (T*M), where

7:J'M —> T*M

is the natural projection.

The symplectic structure on T*M is generated by the universal form p:
2 = —dp.

The class of equations, which can be reduced to symplectic ones, is wide. Indeed,
suppose that an equation E,, admits an infinitesimal symmetry X ; and f(a) # 0
in some point @ € J'M. We can take X f to X1 in some neighborhood of a by a
suitable contact transformation ¢ [35]. Then we get the symplectic equation Eg+(y).

Let us denote the C*°(T*M)-module of effective s-forms on T*M by 25 (T*M).

The projection 7 (L) of any multivalued solution L of E, is an embedded
Lagrange manifold such that the restriction |,y = 0. Conversely, if L is the
Lagrange manifold such that w|y = 0, then there is a manifold L C J 'M such that
Ul =0, L =mr(L), and L is a multivalued solution of E,,.

For this reason, the Lagrange manifolds L C T*M such that @|; = 0 are also
called multivalued solutions.

Two symplectic Monge—Ampere operators A, and Ay are called symplectic
equivalent if ¢ (A,) = Ag for some symplectic diffeomorphism ¢.

Similarly, two symplectic Monge—Ampere equations E, and Ep are called
symplectic equivalent if there exists a symplectic diffeomorphism ¢ such that
¢(Ew) = Ep.

Two symplectic Monge—Ampere operators A, and Ay (symplectic equations
E, and Ejy) are called locally symplectic equivalent at a point a € T*M if there
exists a local symplectic diffeomorphism ¢, which saves this point and such that
¢ (Ay) = Ag (p(E,) = Ep) in some neighborhood of a.

Remark 2. For a differential n-form w € £2"(T*M) the Monge—Ampere operator
can be defined as
Ap(v) = (dv)*(o),

where dv : M — T*M is a natural section associated with v € C*®°(M).
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2 Geometry of Monge-Ampere Equations
on Two-Dimensional Manifolds

The Monge—Ampere equations on two-dimensional manifolds possess remarkable
geometric structures. We consider them for the general and symplectic equations
separately.

2.1 Geometric Structures on J1M

In what follows, we suppose that n = 2 and consider the classical Monge—Ampere
equations (1) only.

With any effective differential 2-form @ one can associate a smooth function
Pf(w) on J' M by means of the following equality [43]:

Pf(w)R2 N2 =w A w. 4)

This function is called the Pfaffian of w.

We say that the Monge—Ampere equation E,, is hyperbolic, elliptic or parabolic
in a domain D C J'M if the function Pf(w) is negative, positive or zero at each
point of D, respectively. If the function Pf(w) changes its sign at some points of D,
then the equation E,, is called the mixed type equation.

The hyperbolic and elliptic equations are called nondegenerate.

An effective 2-form o generates the “nonholonomic? field of endomorphisms
A, on the Cartan distribution by means of the formula

X |o=A,X]| £, (5)

where X is a vector field from the Cartan distribution.
The square of the operator A,, is scalar and

A2 4+ Pf(w) = 0. (6)
Moreover, A, is symmetric with respect to £2, i.e.,
R(ALX,Y) = 2(X,A,Y) @)
forany X, Y € D(C) [43]. Here D(C) is the module of vector fields from the Cartan
distribution.

The effective forms w and hw, where & is any nonvanishing function, define
the same equation. Therefore, for a nondegenerate equation E,, the form w can be

2 The endomorphism A, , is defined on C(a) only.
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normed in such a way that | Pf(w)| = 1. It is sufficient to replace w by m. By
(6), the hyperbolic and elliptic equations generate the product structure A, , = 1

and the complex structure A, , = —1 on C(a), respectively [42].

A nondegenerate Monge—Ampere equation generates two two-dimensional dis-
tributions on J!'M, which are generated by two eigenspaces of the operator Ay,
(a € J'M). These eigenspaces C4(a) and C_(a) correspond to the eigenvalues 1
and —1 for the hyperbolic equations or to ¢ and — for the elliptic ones, respectively.
Here ¢ = o/—1.

The distributions C and C_ are called characteristic. They are defined up to the
permutation Cy <> C_.

The characteristic distributions are real for the hyperbolic equations and complex
for the elliptic ones. For elliptic equations they are complex conjugate.

The planes C (a) and C_(a) are skew-orthogonal with respect to the symplectic
structure £2, (@ € J'M). On each of them the 2-form £2, is nondegenerate. The
first derivatives of the characteristic distributions Cil ) = C+ + [C+, C4] are three-

dimensional. Their intersection [ = Ci]) N C(_]) is a one-dimensional distribution,
which is transversal to C [42].
For the hyperbolic equations the tangent space 7, J' M splits into the direct sum

T,J'M =Ci(a) ®1(a) ®C_(a). ®)

at each pointa € J'M [42].

For elliptic equations we get similar decomposition of the complexification of
T,J' M. In this case the distributions / is real also.

A nondegenerate equation is called regular if the derivatives C(ik ) k=1,2,3)
of the characteristic distributions are distributions also.

Hence, on J!'M any regular nondegenerate Monge—Ampére equation defines a
3-tuple almost product structure’

CrdlC_.

Tensor invariants of such structures were constructed in [27] (see also [35], where
this structure is called AP-structure). In Sect. 3 we use these invariants to construct
tensor invariants of equations.

Let E, be a nondegenerate regular equation, and let C; be one of the charac-
teristic distributions. Then for the distribution we expect one of the following four
cases [46]:

(1) ¢j # ¢4 = and dimC" = 3.
@) ¢ #C) £ = and dim " =3, dim ' = 4.

3 A set of distributions P = (Py, ..., P) on a smooth manifold N is called an n-tuple almost
product structure if at each point a € N the tangent space T, N (for real distributions) or its
complexification (for complex ones) splits into the direct sum of the subspaces Pj(a), ..., Pr-(a).



Classification of Monge—Ampere Equations 231

3) ¢ #C" £ £ 0P =7/ M and dimc” = 3, dimC? = 4.
@ ¢ #C" £ = TJ'M and dimc!) =3,

For complex distributions, “dim” means a complex dimension.

We say that a Monge-Ampere equation belongs to the class Hy; (k,] =
0,...,4;k < 1) if the case (k) holds for one of C; and the case (/) holds for the
other. The classes Hj ; are invariant under contact transformations.

2.2 Geometric Structures on T*M

Consider symplectic equations (see page 228).

The cotangent bundle 7*M is a four-dimensional symplectic manifold with a
structure differential 2-form £2. A differential 2-form w € 22(T*M) is effective if
and only if o A £2 = 0.

Let E,, be a symplectic equation, i.e., w € .QS(T*M).

We can define the Pfaffian Pf(w) of the form w and the operator A,, by means of
the same formulas (4) and (5). In this case, in contrast to a “nonholonomic” field on
J'M (see Sect.2.1), A, is a field of endomorphisms on T*M.

The operator A, inherits properties (6) and (7) of the “nonholonomic” field
onJ'M.

A nondegenerate equation also defines an almost product structure V; @ V_ on
T*M, where the distributions V. and V_ are generated by the eigensubspaces of
the operator A,,. At each point the tangent space T, (T*M) (or its complexification)
splits into the direct sum

Vi@ ®V_(a) = T,(T*M) (or T (T*M)) ©)

The distributions V4 and V_ are called characteristic.

3 Tensor Invariants of Equations

Tensor invariants of structures of a n-tuple almost product structures on smooth
manifolds were constructed in [27].

Let us construct a decomposition of the de Rham complex, which is generated
by an equation.

Decomposition (8) generates a decomposition of the module of exterior s-forms
(or its complexification in the elliptic case). Denote the distributions C, [, and C_
by P1, P>, and Pj3, respectively.

Let D(J'M) be the module of vector fields on J!'M, and let D j be the mod-
ule of vector fields from the distribution P;. Define the following submodules of
Q25(J'M):

2 ={ae2°U'M)| Xla=0VXeDj, j#i} (=1273).
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We get the following decomposition of the module of differential s-forms on J!M:

2'J'm) = ek, (10)
Ik|=s

where k =(k1, k>, k3) is a multi-index, k; € {0, 1, ..., dim P;}, |K| = k1 + ko + k3,

3

kK = an Aoy Aai, wherea; € 28 L ok

= il 2 N s Ji i i
J1ti2+j3=IKk| i=l

The exterior differential also splits into the direct sum

d= @dt,

It|=1
where d; : 2% — Q¥+t For example,
21 (' M) =20 g 2010 gy Q001
Q2T M) =220 ¢ 110 ¢ 2101 g Q011 g Q002
The first three terms of the decomposition are presented in the diagram below (see
Fig. 1.).
If one of the components #; of a multi-index t is negative, then the operator dy is

a C°(J ! M)-homomorphism [27].
We get four such nontrivial homomorphisms:

d_1,1,1.d1,1,—-1,d2,0-1, andd_j o 2.

Let1; = (0, 1;,0) (1 is in the ith position only) be a multi-index (i = 1, 2, 3).
The homomorphism dl_,~+lk—1x (s,j,k=1,2,3;5 # j, k) can be viewed as a map

d1j+1k_1s :Dj x Dy — Dg.

Therefore,
d_10: DC4) A DCy) — D),
do—12: D(C-)ADC-)— D),
d-111: D(C-)ADWI) — D(Cy),
digi—1: D(Cy)AD(I)— D(C-).

Construct tensor invariants of the equation
141, -1, (X, Y) = dij41,-1, (P; X, PrY), (1D

where P; : D(J'M) — Dj is the projector to the distribution P; (j = 1,2, 3).
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9200

Fig. 1 Decomposition of the de Rham complex on J ! M

So, we get four tensors of (2,1)-type:

1,00 T0,-12, T-1,1,1 and T 1,_1. (12)

The first two of them are the curvatures of the distributions C+ and C_, respectively.
Note that
rlj‘f’lk*ls (X, Y) = _PS [PJX7 Pk Y] )

where j, k,s = 1,2,3;s # j, k. Therefore
71,0 #0, 70,-12#0, (13)
and
dimC? =3 +dimImz; _;,  dimC? =3 +dimImz_1,,.  (14)
Example 2. Find a coordinate representation of tensor invariants for the hyperbolic

Monge—Ampere equations of the class Hx; (1 < k <t < 2). Such equations are
locally contact equivalent to the equations of the following type:

Uyy = f(x,y,v, vx,vy), (15)

where f is some smooth function.
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For this equation the invariants of tensors (12) have the form:

T-1,1,1 = (ffpzpqu1 ANdu — fpzpzdPZ ANdu — plfpzpqu1 A de - pipzpqu2
ANdp2 + (fu = P2fou + For foo = FFpim = foop) A2
Adu+ (p1fu — P1P2fosu — P2f Foaps + PLFoi foo — PLUF foipa

d
- dgy Ndqp) @ —,
plfquz) q1 q) a1

71,1,—-1 = (ffplpldq2 ANdu — fplpldpl ANdu — plfp1p1dq1 /\dpl - piplpldq2
ANdpy+ (fu+ for foo = P o = FFpips = faip) dq1 A du
+ (_pzfu - p2fp1fpz +p]p2fp1u + p2ffp1p2 +p1ffp1p1

d
p fqll’l) q q) apa

©.-1,0 = (dg1 Adpy — fpdgy Adu+ (p2fp, — f)dai Adga)
9 9

0
®<£+‘f')23—m+fma—pz)’

t0,—1,2 =(dg2 Adpz — fpdga ANdu — (p1fp, — f)dq1 Adqn)

0 d d
®(£+fma—m+fmrpz)‘

4 The Laplace Forms

Define two differential 2-forms A_ and A from the module £2'°! as “wedge con-
tractions” of the tensor fields:

Ay = (t0,-1.2, T11,-1), Ao =(t2-1,0, T-1,1,1) - (16)
Here the bracket (-, -) is defined by the formula
(@®X,BRY)=(Y]a) N (X]B)

fortensorsae @ X and B Q Y.

We call forms (16) the Laplace forms or the Laplace invariants of the Monge—
Ampere equations E,,.

Clearly, the Laplace invariants are defined up to the permutation A <> A_.

Remark 3. For the elliptic equations the Laplace forms are complex conjugate.
Example 3. For (15),the Laplace forms have the following coordinate representation:

A =fp2p2 (fp]dq1 ANdu —dq /\dp2) +
(fu - p2fpzu + fPl fpz - P2fp1 fpzpz - ffplpz - fquz)d‘II ANdgy, (17)
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At =Foup (Frndqe Adu —dgy Adpy) +
(_fu + P1Sfpiu = forSpo FPU s foipr + fpips + ft]lm)d‘h Adgs.

(18)
In particular, for the linear equation
Vxy = a(x, y)vx +b(x, y)vy + c(x, y)v + g(x, y), (19)
the Laplace forms are
A =kdx Ady and Xty = —hdx Ady, (20)
where
k=ab+c—by h=ab+c—ay 21

are the classical Laplace invariants [9,36]. This observation justifies our definition.

We emphasize that classical Laplace invariants (21) of (19) are not absolute in-
variants even with respect to transformations

¢ (x,y,0) = (X(x), Y(y), Alx, y)v), (A(x,y) #0) (22)

in contrast to the forms A4.

Remark 4. A complete system of differential invariants for (19) with respect to the
transformations (22) was constructed by Ibragimov [16]. He proved that all differ-
ential invariants of (19) can be obtained from functions (21).

Example 4. Equation

2
UxxVyy — Ugy

Y K y),
T+l gon? Ny

describes surfaces v = v(x, y) with the Gauss curvature K (x, y). In the case K =
—1 the above equation is hyperbolic and its Laplace forms are

1

- = ———F5——(dq1 Ndpas —dq> Adp1 — padu Ndp1 + p1du A dp»),
2(1+ pi + p3)

and A = —A_.

Example 5. For the canonical form of the elliptic Monge—Ampere equations of the
class Hy; (1 <k <t <2)

Uxx + vyy = .f (.x, Y, U, Uy, vy) ’ (23)
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the Laplace forms are

1
A ZR (—2Lf§1 + 4 fgrp — 2tf§2 = 2fpips fpa P2t

4 fup, P2 + A fup Py + 20 fpipr + 21 fpipo fpi—
8tfu + 4 fqipr + 20 foapy = P1LIpipi fo T
P2foapa for + Joapa fo2 Pt = fpipy fpi P2+

4 fupy Pt = 4 fup P2 + 20 pypy Sy P2 = U pypy fa P2+
1 pipi for F 221 fpipa Fpo P2 S paps fp—

U paps For P+ 4 fqipy — 4fqapy) day A dqa+

1
I (Forp For 28 p1pa fon = 20 pipa fr + L pipy Frn—

1
W paps oo = Fpapa fon) dgy A du + 3 (=foum+
Jpaps + 2‘fl71p2) dq, Ndp;.

At :11_6 (_zfmpzfszZ +2p1fpipa for — 4 Sqip +
2fy +8ufu+ 20 — A fyrpy—
P1fpipi fo2 + P2 S papa For + fpapa fpaP1—
Soip1 fpiP2 + 4 fup, Pt — 4 fup P2 — 4 fup, P2t
4fq1p = 4fapr — Y Sup Pt = 20f fpapy = 20f fpipi—
20fpipy S P2+ U pipy fpaP2 = PV fpipy o1 —

2p1fpipy fpr — P2 fpapr fpot
1
Lpapy fprP1)dqy Ndgs + 16 (fmmfm +2fpip fp—

Tpapa foi + 20 pipy fpr — U pipy foat+
‘fpzpzfpz) dq; Ndu+

1
8 (=foipi + Frapr = 20fpip) dgy Adpy.
Example 6 (The Morimoto equation). The Morimoto equation [46]
4
UxxUyy — v)%y = (v — XUy — yvy) (24)
is elliptic (if v — xvy — yv, # 0) and it is contact equivalent to the following

equation [8]:
v4(vxxvyy — v)%y) =1.
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For the last equation one of the Laplace invariants is

1
Ao =— m(&(dcn ANdgy +u(prdpa Adu + pidg A dpr—

p2(dpy Adu+pi1(dgy Adpr—dgz A dpr)+p2dgr A dpr) +udpy A dp2))).

The another one is complex conjugate: A, = A_.

Example 7. For the linear elliptic equation
Uyx + Vyy = alx, y)vx + b(x, y)vy +c(x, y)v + g(x, y) (25)

the Laplace forms are

1 1
he= g (bx —ay + <§(a2 +b2)+2c—ay — by> [) dx Ady.  (26)

The functional coefficients
1
K =by—a, and H:i(a2+b2)+2c—ax—by (27)

of these forms are the Cotton invariants [4].

5 Monge-Ampere Equations with Constant Coefficients

One of the Lie problem is the following:

Problem 1. Find a class of the Monge—Ampere equations that are locally contact
equivalent to the Monge—Ampere equations with constant coefficients.

The following theorem of Lychagin and Rubtsov gives the solution of this problem
for symplectic equations.

Theorem 1 ([43]). A nondegenerate symplectic Monge—Ampeére equation E, is
equivalent to some Monge—Ampére equation with constant coefficients if and only if

dw = %d (In| Pf(w)]) A . (28)

If the above condition holds, then the hyperbolic equation is equivalent to the wave
equation vyy — vy, = 0, and the elliptic one is equivalent to the Laplace equation
Uxx + Vyy = 0.

Remark 5. In terms of the operator A, (A%U = =1), condition (28) means that the
Nijenhuis bracket of A, is zero. In terms of distributions, this means that the distri-
butions V; and V_ are completely integrable.
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Tunitskii extends this result to general Monge—Ampere equations:

Theorem 2 ([54]). A nondegenerate Monge—Ampere equation is contact equivalent
to some Monge—Ampére equation with constant coefficients if and only if it belongs
to the class Hy 1.

6 Contact Linearization of the Monge—Ampeére Equations

Consider the following problem for nondegenerate regular equations.

Problem 2. Find a class of the Monge—Ampere equations that are locally contact
equivalent to the linear equations

Uyx £ vy = alx, Y)vx + b(x, y)vy + c(x, y)v + g(x, y). (29)

A solution of the problem can be conveniently formulated in terms of the Laplace
forms.
We consider three possible cases.

6.1 Ay=A_=0

It is well known that if the classical Laplace invariants 4 and k of a linear hyperbolic
equation are zero, then the equation can be reduced to the wave equation (see, for
example, [51]).

Similar statement is true for the Monge—Ampere equations.

Theorem 3 ([30]). A hyperbolic Monge—Ampere equation is locally contact equiv-
alent to the wave equation vy, = 0 if and only if its Laplace invariants are zero:
Ar=2_=0.

Corollary 1. The equation
Uey = f (%, 5,0, 0x, vy)

is locally contact equivalent to the wave equation vyy = 0 if and only if the function
f has the following form:

f= PyVx + @xvy + (pv + dbv)Uny + R,
where the function R = R(x, y, v) satisfies the following ordinary linear differential

equation:
Ry = (pp + Py)R + ¢y — 0x@y.
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The above equation can be solved:

R=e""? (/(<ny - (Px‘Py)ei(pi(de + g) .

Here ¢ = ¢(x, y,v), ® = @ (v), and g = g(x, y) are arbitrary functions.

Theorem 4 ([30]). An elliptic Monge—Ampére equation is locally contact equiva-
lent to the Poisson equation vy +vyy, = f(x,y) ifand only if its Laplace invariants
are zero: by = A = 0.

If, in addition, the coefficients of the Monge—Ampere equation are analytic
functions, then the equation is locally contact equivalent to the Laplace equation
Uyx + Vyy = 0.

6.2 Ay #0andi_ #0

Note that for the Laplace invariants of the linear equations (see (20) and (26)) the
conditions

ApAAL =0, A_AA_=0, A AA_=0, and dry=dri_=0 (30)

hold. Hence, this is also true for the Monge—Ampere equations that are locally con-
tact equivalent to (29).
It follows from the next theorem that conditions (30) are sufficient.

Theorem 5 ([27,30]). Suppose Ay # 0 and »— # 0. A nondegenerate Monge—
Ampere equation is locally contact equivalent to (29) if and only if conditions (30)
hold.

Example 8 (The Hunter—Saxton equation). As an example, we consider the Hunter—
Saxton equation

VUrxy = VUxx + /cuﬁ,
where « is a constant. This equation is hyperbolic, and it has applications in the

theory of director fields of liquid crystals [14]. For this equation,

A— = —dg» Ndp1,
Ar =21 —«k)dgy Ndp;.

Due to Theorem 5, the equation is linearizable. The corresponding linear equation
is the Euler—Poisson equation (see [49])

1 2(1 —«) 2(1 —«)
v + Uy — v.
Kt +x) 'kt +x) (k (1 4 x))?

Vty =
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6.3 One of the Laplace Forms Is Zero and the Another One Is Not

Due to Remark 3, this case realizes only for the hyperbolic equations.

For definiteness, suppose that . = 0 and A4 # 0. We shall suppose A AL =0
because this condition holds for the linear equations. This means that .y = n_ A¥4,
where n_ € 2% and 9, € £2'% are differential 1-forms.

Theorem 6 (see [30]). Suppose that one of the Laplace forms is zero and the an-
other one, say A, is not. A hyperbolic Monge—Ampeére equation is locally contact
equivalent to a linear equation if and only if dAy = 0, Ay = n_ A V4, and the
distribution F (9. ) is completely integrable.

6.4 Normal Form vyy £ vy, =k(x, y)v+ f(x,y)

Sometimes in (29) the terms with v, and v, can be eliminated.

Theorem 7 ([34]). A nondegenerate Monge—Ampére equation from the class Hp»
at a point a € J'M is locally contact equivalent to the equation

Uxx:tvyy:k(xv)))v"_f(xvy) (3D

if and only if the conditions:

1. )\.+/\)\._=0
2 dhy =di_ =0
3 a4 +A_=0

hold.

For the hyperbolic equations the term f(x, y) in (31) can be eliminated. For the
elliptic equations with analytic coefficients this term also can be eliminated.

7 Equivalence of Monge-Ampere Equations to Linear
Equations with Constant Coefficients

Consider the following problem.

Problem 3. Find a class of nondegenerate Monge—Ampere equations that are lo-
cally contact equivalent to the linear equations with constant coefficients.

All such equations belong to one of the classes Hj 1 or H 7. Due to Theorem 2,
all equations of the first class are equivalent to the linear equations with constant
coefficients. Therefore here we consider the equations of the class H> » only.
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The equation of the class Hj ; of the form
Uxx £ Vyy = avy + Buy +yv+ f(x, y) (32)
with constant coefficients «, 8, and y is locally contact equivalent to the equation
Uyx £ Vyy = kv + f(x,y) 33)

with a constant ¥ # 0 (see [9]). Therefore, we consider the problem of equivalence
of the Monge—Ampere equations and (33).
The equations
Uyx — Uyy =V (34)

and
Uxx+vyy=’cv+f(xv)7) (35)

are called the telegraph equation and the Helmholtz equation, respectively.

Theorem 8 ([33, 34]). A nondegenerate Monge—Ampere equation from the class
H, » is locally equivalent to (33) at a point a € J'M if and only if its Laplace forms
are

Ay = D(g,h)dg Ndh and A =—D(g,h)dg Ndh, (36)

where g and h are first integrals of the distributions Cf) and C(_z), and the func-
tion @ (g, h) does not vanish at the point a and satisfies the following differential
equation:

DDy — PPy = 0. (37

The functions g and h are defined up to the gauge transformation g
n(g),h — ¢(h) and up to the permutation g — h,h +— g. Here n and ¢ are
arbitrary functions such that ¢’ # 0. Equation (37) is invariant under such trans-
formations.

Theorem 8 has the following forms for the linear equations [34,51]. We give
these forms in terms of the classical Laplace and Cotton invariants.

Theorem 9. A hyperbolic equation of the form

Vxy = a(x, y)vy +b(x, y)vy + c(x, y)v + g(x, y)
is locally equivalent to the telegraph equation vy, = v at a point a € M if and only
if its Laplace invariants (21) coincide in some neighborhood of a, do not vanish at
this point and satisfy the following differential equation:
kkyy — kyky = 0. (38)

Theorem 10. The linear elliptic equation

Uxx + Vyy = alx, Y)vx + b(x, y)vy +c(x, y)v + g(x,y) (39
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is locally equivalent to the Helmholtz equation (35) at a point a € M if and only
if the Cotton invariant H = 0 (see (27)) and another Cotton invariant K doesn’t
vanish at the point a and satisfy the following differential equation:

K(K.+ Kyy) = K2 + K. (40)

8 Equivalence Problem for Nondegenerate Equations

Here we consider the following problem:

Problem 4. Find conditions under which two nondegenerate equations are locally
contact equivalent.

This problem was solved in [27], where the author constructed a “nonholonomic”
de Rham complex for an equation.

In the current paper we describe other approach to the problem. We use ten-
sor invariants to construct an absolute parallelism (e-structure) associated with an
equation.

Let E,, be a nondegenerate Monge—Ampere equation. Suppose that

)\,+/\)\+=O and A_AX_=0.

This means that A, = n— A ¥4 and A_ = n4 A 9_ for some differential 1-forms
n_,0_ e 2% and ny, 9, € 2.
The equation E,, can be considered as the set of one-dimensional distributions
CyNKerdy,Cy NKerng,l,C— NKerv_, and C_ N Kern-_.
Let P be an arbitrary vector field from the distribution C; N Kern4. The
condition
1,1,1(Z, 11,1,-1(Z, P)) = P

defines the vector field Z € D(!) uniquely up to multiplication by —1.
In order to normalize the Cartan form U/, we put

Uz = 1.

The contact form 2/ and its exterior differential 2 = di{ are defined uniquely up to
multiplication by —1.

The vector fields Py € D(C+ NKerny) and Q1 € D(C— N Kern_) are defined
uniquely by means of the following equalities:

U(P,ZD) =1 and U(Q1 Z]) = 1.

The vector fields P, € D(C+ NKerv¥4) and Qr € D(C— N Kerv_) are defined
uniquely up to multiplication by —1 by means of the equalities

QP,P)=1 and £2(01,02) =1.
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So, we get the following e-structure:

Pi, P, e D(Cy), ZeD(), and Qi1, Q2 € D(C-).

243

Theorem 11. Two nondegenerate Monge—Ampeére equations are locally contact

equivalent if and only if their e-structures are locally equivalent.

Example 9. For (15) we have:

n+ =dqz,

Uy =fu = PrSpafpipn — Japr = Ptiups — [ pips + fpi fp)da1—

Foip (P2 fpy — a2 + fp, fpiprdu — fpiprdpr,
n- =dqa,

O =(fu — P2Sp1 fraps — Jaops — P2Jupy — FSpipy + o1 Spo)daa+

Jpap (f = P1fp)day + fp fpaprdit — fprprdpa.

The dual basis for (4, 94+, U, n—, ¥_) is the following:

0 0
P’“:a +P1_ (fu=Jqrpi =Pt fup) — ffp1p2+fp1fp2
q1 fmm
p 1 0
S )
N SFpipr 9P1
Op.=—+pp—+ f—+ ( 2 fup, + -
n 86]2 p Ju fa p1 fp2p2 fu p fupz fplfPZ fquz
0 1 0
v =— o
Spaps Op2
Suppose that
Joipi fpaps > 0.
Then
7 1 (8 +f B +f 0 )
=7\ 5 |2 P
VI pipi fpapy \OU *op1 'opa
and

U= V Jpip1 fraps (du — prdq) — padqn).

Therefore we get the following normed vector fields:

P] — 2fplplfp2p2 i
Tpapa fpipipr + Jpipi fpipaps 0PI

P fPZPZfPIPIPI +fP1P1fP1P2P2P
2 = / N4
2(fl’ll’l f[’2[’2)

)

f_

a
- )_9
ffPle ap2
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0, =— 2fpipi Jpapa i
Jp2p2 Fpipipe T Foipi fpapaps 902
Spapo [, + foip J
0, =Ir2p2 pipip pip1J papap2 0, .

2(fpip o)

9 Symplectic Equations and Operators

9.1 Tensor Invariants of Nondegenerate Symplectic Equations

Let E,, be a symplectic Monge—Ampere equation, w € QSZ(T* M).
Formula (9) generates a decomposition of the de Rham complex (see Fig. 2).
Similar decompositions for Jacobi equations were constructed by Lychagin [42].
The operators d_; 5 and dp, | are C*°(T*M)-homomorphisms. These operators
generate tensor fields t_; 2 and 7o, _1 on T*M:
12X, Y) =d12(P_X,PY), m_(X.Y)=dy_ (PLX.PLY), (41)

where Py : D(J'M) — D(Vy) are the projectors to the distributions V.

020

N
13

QO’O 92,2

R

NS

90,2

Fig. 2 Decomposition of the de Rham complex on 7*M
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The distribution V_ ( V4) is completely integrable if and only if t_;» = 0
(12,-1=0).
Suppose that the tensors t—1 2 and 72— do not vanish.
Due to Remark 5, dw # 0. Define the vector fields W, on T*M by the following
formula:
W, 2% =2dw,

where 22 = £2 A 2. Applying the operator A, to W,,, we get the vector field
Vo = Ao We.

In the next sections we use these vector fields to construct an absolute parallelism
for a Monge—Ampere equation.

We consider the classification problem for generic symplectic Monge—Ampere
equations and operators. Suppose that all the equations and operators are regular.

9.2 Absolute Parallelism for Symplectic Equations

Consider the following problem:

Problem 5. Find conditions under which two symplectic nondegenerate equations
are locally symplectic equivalent.

We construct an absolute parallelism (e-structure) for a symplectic Monge—
Ampere equation. Our construction does not depend on a type of an equation: it
is applicable to the hyperbolic, elliptic, and mixed type equations [26].

Thus, let us consider a Monge—Ampere equation E,, where w is an effective
2-form on T*M.

Let X, be a Hamiltonian vector field with the generating function F, =
Pf(w), i.e.,

Xwl 2 = —dF,.

The vector field
v)=x,4+2v,

is a relative invariant of the equation with respect to multiplication w by arbitrary
nonvanishing function A: Y hlw = thci. Applying the operator A, to Yal), we get the
vector field
2 1
Y, =AuY,.

This vector field is a relative invariant too: Yhzw = n3y2.

Example 10. For a hyperbolic equation of the form

Vyy = f(x,y, Uy, vy)
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the effective 2-form is

w==2fdq) ANdqy+dq) ANdp) —dqz Adp;

and
0 0 0 0
Xpo=0, W,=2 2 , V=21, —
w w prap fpla < fp28 fplap
Therefore
yl=4r 0 +4f 9 Y2 =4f 9 f 9
w P2 apl P1 apz’ w P2 apl P1 ap

Example 11. For a mixed type equation of the form

XVyy + Uy = f(x, Y, Ux, Uy)

we have:
Y= +2q1f5) 0 +2f .y 2q1 f 0 (A +2q1 f») 9
= 1 — —, =2q1fp,— — 1 .

Let o(i) be the differential 1-form which is conjugate to the vector fields Y(f,
@=1,2): ' _
o,=Y,] 2.

Suppose that the distribution Ker cral) is not completely integrable, i.e.,
ol Andal £0.
Construct the vector fields Y, 3) and Y(ﬁ:
Y} 2% =20) ndo),  YE=4,72.
They are relative invariants too:
v} =n*v2 and Y} =nY2
Define two functions
re =2 Y3 and s, =002, vh.

Then |
1 2 3 4 _ 2
0, NOGNO, NOy, = ng.Q ,
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where ' _
8o = Forl+s2,0l =Y Q@ =3,4).

Suppose that s, (a) # 0 and g, (a) # 0 for a point a € T*M. The functions r,,,
Se, and g, are relative invariants:

6 7 14
Tho =0Ty, Sho =N Sw,  8ho =h " 8u.

Therefore, the function

NN}

F = F,s,

is an absolute invariant of the equation.
The vector fields

X2 - _sa:7 Yalp
3
Se 3 4
X3 = — (Swa erw> )
8w
_3
X4 =—s, Y>

are absolute invariants of the equation, and they form an e-structure.
Suppose that the set of differential 1-forms ® = (61, 6>, 63, 64) forms the dual
basis for the basis of vector fields X = (X1, X», X3, X4).
Normalize the form w:
V=5, V.

This form is an absolute invariant of the equation E,,.

Theorem 12 ([25,26]). Suppose that w, # 0, s, (a) # 0, and g, (a) # 0. Then in
a neighborhood of the point a we have the following representation of the forms §2
and ¥:

2 =01 ANOy+ 03 Ay, 42)
D =603 A0, + FO4 NOy.

Representation (42) allows us to reduce an equivalence problem for equations to
an equivalence problem for e-structures.

Let E1 and E3 be two equations. Suppose a local diffeomorphism ¢ takes ©; to
®,. By (42), ¢ is symplectic.

Note that equivalence of e-structures doesn’t sufficient for equivalence of equa-
tions £ and E». Indeed, ¢ should take the function Fi to F;.
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Let us define the first covariant derivatives F@ (i = 1, ..., 4) of the function F
with respect to the local free basis @:

4
dF = Z F9Dg,.

i=1
We can define the covariant derivatives F(1:+&k+1) of higher orders by induction:

4
AF i) — Z FUiei) g,

i=1

Theorem 13. Two symplectic Monge—-Ampére equations E| and E, with analytic
coefficients are locally symplecticaly equivalent at a point a € J'M if and only if
their e-structures are locally equivalent and the corresponding covariant derivatives
of the functions F| and F» coincide at the point a.

9.3 Absolute Parallelism for Symplectic Operators

Consider the following problem:

Problem 6. Find conditions under which two symplectic Monge—Ampere opera-
tors are locally symplectic equivalent.

Hyperbolic Operators

Let A, be a symplectic hyperbolic Monge—Ampere operator, w € .QE(T*M ).
Using decomposition (9), we get W,, = W 4+ W_, where W, € D(V4) and
W_ e D(V-).
Since the distributions V; and V_ are skew-orthogonal, the 1-forms

uy =Wi]2 and pu_=W_]|2
belong to 21 and 22! respectively.

The first derivatives of the characteristic distributions are generated by the
1-forms py and p_:

Vfrl) =Kerp_ and VP =Kerpu,.
Suppose that these distributions are completely integrable.

The two-dimensional distribution Vfrl) NV is generated by the vector fields W
and W_.
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We can define two scalar differential invariants g, and g_ of the differential
operator by the following formula:

(We, W_l=g Wy +g-W_.
The 1-forms w4 and W, |du are linearly dependent:

Wildpy = gops

for some function gg. This function is an invariant of the differential operator. Note
also that W_|du_ = —gou—,

doipt+ =p4 Ay— and diop— =p— Ayy

for some uniquely determined differential 1-forms y_ € %! and y, e 0.
Hence

y-(W_) =g+ and yi(Wy)=—g_.
Then (see [29])
My Aye A Ay- = g8 £2°
Suppose that
8+8-(a) #0

at a point a € T*M. Then the differential 1-forms puy, p— y4+, and y_ are linearly
independent in a neighborhood of the pointa € T*M.
Define two vector fields X and X_:

X192 =ys

and construct the normed basis of D(T*M):

1
X1 =W, Xo=—Xy4,

1
X3=W_, X4y=——"-X_
8+

and the basis of the module 2" (T*M) :

01 =—-X2192, 6,=X1]2,
03 = —X4|82, 064 =X3]52.

The bases X = (X1, X2, X3, X4) and ® = (61, 6», 03, 64) are dual and define
the e-structure of the operator A,, in some neighborhood of the point a.
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The symplectic structure §2 and the effective form » have the following repre-
sentations:

2 =01 ANOy+ 03 A by,
w =01 NOr — 03 N O4.

Theorem 14 ([29]). Two symplectic hyperbolic Monge—Ampére operators are lo-
cally symplecticaly equivalent if and only if their e-structures are locally equivalent.

Remark 6. 1If the distributions V(j) and V' are not completely integrable, we also
can construct an e-structure for A, (see [29]).

Remark 7. Similar e-structure for a Monge—Ampere operator was constructed by
Kruglikov [19,20]. To achieve this, he used the Nijenhuis tensor.

Let us construct a coordinate representation of an e-structure.

If the distributions VS) and V' are completely integrable, then the Monge—
Ampere operator is symplecticaly equivalent to the operator

Ay = (vxy — f(x, ¥, Vx, vy))dx AN dy
with the effective form
w==2fdqy Ndqs +dq1 Ndpy —dqgz N dpa,

where f = f(q, p) [35].
The characteristic distributions are

. <a+fa 3> 4 v <a+fa 8>
={— —,—) an _={— —., ),
- q1 op> dp1 l7p) op1 0p2

The coordinate representations of the tensors do 1 and d_  are

0
dr,—1 = fp, (dq1 Adpy — fdq1 Ndg2) ® 8_p2’

d
d12= fp,(dgx Ndpr + fdgi Ndqa) ® FrT

Then
Ut =—2fp,dqy and p_ =2f,dg.
The functional invariants are
L= 2fp1 fpap _ 2fps fpim

8- =—"7"—"" 80=2fpip-
pr fpl pPip2
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Then we have the following e-structure:

0
X1=2fp,—,
! fpzap]
X, = Lo ffomtlapm 3 | f 8
prz 3611 2fp2fp1p1 3171 2fp2 31?2’
0
X3 =-2f, —,
’ T p2
L0 L0 St fen D
2fp1 g2 2fp| op1 2fp1 fpzpz op2
Elliptic Operators

For an elliptic operator the characteristic distributions and the vector fields W, and
W_ are complex conjugate.

Suppose that the first derivatives of the characteristic distributions are completely
integrable distributions.

Let

Q=[Wi, W_]=04++0-,

where Q1+ € D(V1). Define areal vector field X:if Re Q4 # 0, weput X = Re O
and X = Im QO otherwise. Denote

Z=A,X, n=V|Q, E=X|Q, 1=27]%.
Then (see [28])
Q2W, V. X,Z) =2 (v2 T wz) ,

where W = W,,, V =V,, v = Q(X, V) and w = Q2(X, W). Therefore the vector
fields W, V, X, Z (and the differential 1-forms &, t, u, n) are linearly independent
if and only if

v? + w? # 0.

Suppose that the above condition holds. Then the vector fields

X vzi—wz(vVerW),

X=X,

X3 = ;(UW —wV),
v2 + w?

X4 =—-7Z

define an e-structure.
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Let ® = (61, 62, 63, 04) be the dual bases for X = (X1, X2, X3, X4). We get the
following representations:

2 =01 ANOr+ 63 A 0Oy,
w =01 NOs+ 6>, AOs.

Theorem 15 ([28]). Two symplectic elliptic Monge—Ampeére operators are locally
symplecticaly equivalent if and only if their e-structures are locally equivalent.

Remark 8. The case when the distributions Vfrl) and V' are not completely inte-
grable was considered in [28].

Mixed Type Operators

Let w be an effective differential 2-form such that at a point a € 7*M the Pfaffian
Pf(w) vanishes. Assume also that Pf(w) = F", where n is a natural number and F is
a smooth function such that its differential does not vanish at the point a: d F, # 0.
Then in a neighborhood of the point a the surface { F = 0} is a smooth manifold.
Let X = Xr be a Hamiltonian vector field with a Hamiltonian F.
Define the vector field
Z=A,X. (43)

Denotet =Z |2, u=W,|2,n=V,|2,v=V,(F),and w = W, (F).
The table below shows the values of the 1-forms dF, t, u, n on the vector fields
X,Z, W,V (here W=W,,V=V,):

L lx[ z [w]V ]

dFi||0] O w| v
T ||0] O |[—v|F'w

uw{lw| v 0] 0

nilv|—F"w| 0| O
Note that 1,
dF/\rAn/\uzig.Q ,

where ) 5
g = F'w" +v”. (44)

Suppose that v(a) # 0. Then the vector fields

1
Xl = —(anW + UV),
8

X4 =7

define an e-structure in some neighborhood of a.
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We get the following representation of the forms £2 and w:

2 =01 A6+ 63 N0y
w=03 A0+ F"04 N0y,

where ® = (01, 6>, 63, 04) is the dual bases for X = (X1, X2, X3, X4).

Remark 9. If we suppose that the vector fields X, X», X3 and X4 generate a Lie
algebra, we get eight normal forms of the Monge—Ampere operators [24].

Theorem 16 ([24]). Twwo mixed type hyperbolic Monge—-Ampére operators Aj
and A, with analytic coefficients are locally symplecticaly equivalent at a point
a € J'M if and only if their e-structures are locally equivalent, ny = n,, and
the corresponding covariant derivatives of the functions F| and F, coincide at the
point a.

9.4 The Tricomi Operator

Consider the following operator:
A = (Xvyy + Vax + f(X, ¥, Ux, vy))dx Ady. (45)

This is a mixed type operator on the line x = 0. The corresponding effective differ-
ential 2-form is

or = q1dq1 ANdpy —dgy ANdpy + fdq1 ANdgo.

Let w be a symplectic effective differential 2-form with Pfaffian Pf(w) = F.
Suppose that
F@)=0 and dF, #0

atapointa € T*M. Then {F = 0} C T*M be a smooth manifold in some neigh-
borhood of a.

Theorem 17 ([23]). The mixed type Monge—Ampere operator A, is locally sym-
plectic equivalent to operator (45) at the point a if and only if the vector field
Z = A,XF is a Hamiltonian and the point a is regular for Z, i.e., Lz(§2) = 0
and Z, # 0.

Moreover, if the differential 2-form w is closed, then A, is locally symplectic
equivalent to the Tricomi operator [53]

A7 (v) = (xvyy +vxx + fx, y))dx Ady. (46)

Remark 10. For the Tricomi operator Ar the function g (see (44)) vanishes at the
point a.
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Remark 11. The mixed type operators

(xnvyy + vex + avy + Boy + f(x, y))dx Ady

and

(vyy + x"vex + vy + Buy + f(x, y)dx Ady,

where n € N and «, 8 € R, were considered in [23].
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On Nonabelian Theories and Abelian
Differentials

A. Marshakov

Abstract I discuss integrable systems and their solutions arising in the context
of supersymmetric gauge theories and topological string models. For the simplest
cases these are particular singular solutions to the dispersionless KdV and Toda sys-
tems, and they produce in most straightforward way the generating functions for the
Gromov—Witten classes, including well-known intersection and Hurwitz numbers,
in terms of the “mirror” target-space rational complex curve. In order to generalize
them to the higher genus curves, corresponding in this context to nonabelian gauge
theories via the topological gauge/string duality, one has to solve a similar problem,
using the Abelian differentials, generally with extra singularities at the branching
points.

1 Introduction

Integrable differential equations appear in different aspects in the modern mathemat-
ical physics, but in the last years they attracted a lot of attention, due to the study of
partition function in the simplest models of quantum gauge and string theories. The
partition functions, which can be symbolically written as

log T (t) = (exp Z 110k ) string (1)
k

are initially defined by summing the perturbation series and even the instanton ex-
pansions. It turns out, however, that all essential information about this summation
is hidden in rather simple differential equations for log t(t) and its derivatives.

In a certain sense the theoretical physicists are lucky: both for the toy-models
and “physical” theories one gets the rather well-known from the applied problems
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of mathematical physics integrable systems in 1 + 1 and 2 4 1 dimensions. More-
over, quite often we are interested even in the solutions with the finife number of
degrees of freedom — so called moduli of the theory (the finite-dimensional set of
the primary operators and corresponding time-parameters, sometimes also called as
“small phase space”). The geometry of these solutions involve mostly the complex
curves and their Jacobians, so that Abel map plays the role of an integrating change
of the variables.

Being however closely related to the algebro-geometric solutions of the KP and

Toda-type integrable systems, the string solutions in a certain sense are absolutely
new. In order to demonstrate this the best thing is to start from two well-known
examples.
Example 1: The famous KdV equation u; + uu, + u,y, = 0 is trivially satisfied by
u = 7: alinear potential, slowly “falling down” in time. This rather trivial solution
corresponds to the pure topological gravity (simplest topological string model) or
the Gromov—Witten theory of a point [1-4], with the partition function

x3 x3
logtr =Fg(x,t)+...=—+... = —(111)+...
6t t—t+1 3! @)
8% logt
u —=
ax2

producing the intersection numbers,

Ok, - 0k,) = /M [1v 3)

g j=]

defined as integrals over compactified moduli spaces Mg,n of genus g complex
curves with n punctures (the world-sheets for the n-point correlators in string the-
ory), where ¥; = c1(L;) is the first Chern class of canonical line bundle on Mg,n
with the fiber T;gn(Pi) at i-th marked point P;. Literally in (2) the only inter-
section number (111) = 1 is written down, corresponding to the trivial integral
over Moj = point. In order to get the rest of the numbers (3), one needs to
solve the full KdV hierarchy (to switch on higher flows in rest of the variables
1y =x,t3 =t,1s,1t7...0f the hierarchy) for u = x /¢

Dhy+1 - - - Dk, +1 20-2
logt = Z T(okl...akn)hg )
{ki}>0

In physical language one gets by (4) the generating function for the correlators of
the gravitational descendants o} = oy (1), corresponding to the multiplication of the
primary operators by k-th powers of the Chern classes. The “target-space” part of the
theory of a point is trivial and contains only the unity operator 1. For convenience,
the string coupling 7 is introduced in (4), with the weight, fixed by selection rule
> ki = 3g — 3 + n. For example, the contribution explicitly presented in (2) is
weighted by %72, since it comes from M 3 with g = 0.
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This extra parameter is needed, since of special interest is the quasiclassical limit
h — 0 of the generating function, which behaves then as

1
logz(®) ~ 7B+ o010 ®)

with F often called as prepotential. The quasiclassical part of the expansion (4)
is described in terms of dispersionless limit for the KdV equation with the Lax
function W = z* — u (the Lax operator after 9/dx — hd/dx — z), or explicitly by

the formulas
x = resooW*I/zde ~u

6)
aF (
— = resooWI/zde ~ u?
0x
so that 5 3
F =, hologt =Fg(x) ~x° + ... )

Formulas like (6) define the prepotential (7), the quasiclassical part of (4), also if all
gravitational descendants are added, as degenerate prepotential of an almost trivial
complex manifold — the target-space rational curve W = z> — u. Generally one has
many variables, the residues should be replaced by the period integrals res — ¢
over all nontrivial cycles, and integrability of the equations like (6) is guaranteed by
the Riemann bilinear identities.

The full partition function t(t) can be also restored [5] as a solution to the Vira-
soro constraints

d 1 a2
L,=— kt -
n =g 2k T3 2 212015 | ®
a+ n
2
t 8n.0
S 4, o
+ n+1,0 4 + 16

an infinite set of linear differential equations.

Example 2: Consider now the second simplest example of the Toda chain [6] (in
dispersionless limit):

O*F O*F ©
o7~ P aa
The “stringy solution”
F= %aztl + el (10)
(again for the prepotential F W h? log 7) describes system of particles with the
—0

co-ordinates a”? = 8F/da = at; moving with constant velocity = number = a
and #1 is the first time of Toda chain hierarchy. These two parameters (a, #1) replace
here the only “target-space” parameter x of the KdV hierarchy, since the target space
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primary operators here — instead of the only 1 in the KdV example — correspond to
the cohomologies of P!:a < 1 € HO(PY and 1y < @ € H*(P'). The truncated
generation function F ~ (exp (al + t1@)) gives rise to the deformation of the mul-
tiplication in cohomology ring: @ - @ =~ ¢''1, corresponding to the only nontrivial
relation in the operator algebra of the target-space primary operators.

To restore the dependence upon the gravitational descendants #44+1 < ok (@),
T, < o0,(1), (in these notations a = —Tg) one has to solve the Toda chain hi-
erarchy, with the initial condition, corresponding to (10). Quasiclassically, for the
prepotential

2
f=%+et1:>f(t,a)=>7’(t,'f) an

it can be done in two steps (certainly the half-truncated F(t, a) and full F(t, T) still
satisfy the first Toda equation (9)). Solving Toda chain hierarchy in t-variables gives
rise to a (half-truncated) Gromov—Witten theory of complex projective line P!

[/ 'S _
logr = {k}zd: olT(okl(W) . on, (@) 282 (12)

where oy (o) are the descendants of the Kihler class @, (to distinguish from oy (1))
and the correlators are now identified

n

ki
(%, - o0, =ﬁ [Tvbevi() (13)
Mg,n(lP)lad) i=1

with the integrals taken over the moduli spaces Mg, 2 (P, d) of stable maps of degree
d,andev; : Mg,n (P!, d) — P! is evaluation map at the i-th marked point. The extra
parameter ¢ in (13), counting degree of the maps, or the number of instantons, can
be absorbed by shift of 1{ — #; — logg.

The quasiclassical part of the generating function (12) is again described by a
prepotential in a dual picture, sometimes also called as the “Landau—Ginzburg” ap-
proach. The Landau—Ginzburg superpotential can be now chosen as a function on
cylinder

z=v+A(w+l) (14)
w

which has also an obvious sense of the Lax function of the dispersionless Toda chain
(the r.h.s. of (14) represents the three-diagonal Lax matrix of Toda chain in terms of
powers of spectral parameter w). Equation (14) can be viewed as a rational curve
(a cylinder), embedded in (z, w) C C x C*, and can be considered as a particular
oversimplified example of the N -periodic Toda chain curves

N,

1
ANe (w + E) = Pn.(2) = H(Z — ;) (15)

i=1
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The topological type-A string theory on P! is in this way dual to the N, = 1
oversimplified Abelian N = 2 supersymmetric gauge theory [7]. Solving the disper-
sionless Toda chain, corresponding to (14), is therefore an intermediate step towards
understanding the geometry of the extended nonabelian N' = 2 supersymmetric
gauge theory with the U (N,) gauge group, being associated in the Seiberg—Witten
context with the families of the curves (15).

2 Topological Solution of Dispersionless Toda

The solution for the half-truncated dispersionless Toda hierarchy for F(t, a) at T, =
8,1, or switched off gravitational descendants of unity {ox (1)} is given in terms of
the rational curve (14) (or the dispersionless Toda Lax operator), endowed with

1 oF

— 16
kzk o1y (16)

oF
S = =2 - k - — =
=, ~2(logz— 1) + > ik +2alogz o 23"

k>0 k>0
odd under the involution w < % which has the sense of the logarithm S ~ log ¥
of W-function, solving the auxiliary linear problem. As always for the integrable
systems, solution for the dynamical variables themselves comes from reconstructing

¥ or S. In terms of the variable w one globally writes

1
S=-2 (zlogw + A(log A — 1) <w — —)) + Ztk.Qk(w) + 2alogw (17)
w k>0

fixed by asymptotic w ~ z and being odd under w < % Here 2, =
7—>00

z(w)’f|r — z(w)*, where =+ stand for the strictly positive and negative parts of

the Laurent polynomials (powers of z (14)) in w, e.g., 21(w) = A (w — i),

w
2:(w) = A2 (w2 - #) +2Av (w — %), etc.

Expressions for v, A, F as functions of a and all times t are found from

ds
dlogw

=0 (18)
dz=0

imposed at the zeroes of dS coinciding with the zeroes of dz, i.e., at the ramification
points [8]. These are two algebraic equations, to be solved for the coefficients v =
v(a; t) and A = A(a; t) of the curve (14).

Small phase space. If, for example, ty = 0 for k > 1, it gives
v =a, A2 = el (19)

and from the “regular tail” of the expansion (16) one reads off the prepotential (10)
on the small phase space.
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One can interpret this as a particular degenerate case of a general definition of
prepotential of a complex curve X', endowed with two meromorphic differentials
with the fixed periods [8], or with the generating “Seiberg—Witten” one-form dSgsyw .
The variables are generally introduced via the period integrals

1
a; = — ds 20
"7 4mi ﬁi v (20)
over the chosen half of the cycles from H;(X'), and the gradients of prepotential F
determined aF
D
Z = das = —
a} fB ASsw =5 1)

by the dual periods. The definition (21) is consistent due to

dalP F

=Ty= 22)

da j 8a,~ aq,
where the symmetricity of the r.h.s. (or of the second derivatives of the prepotential)
is guaranteed by symmetricity of the period matrix of X'. Equality (22) follows from
(21) and is implied by the fact that variation of d§ is holomorphic, an analog of the
property (18).

The above solution for dispersionless Toda with only nonvanishing a and #; is
just a degenerate version for this construction, where the smooth curve is replaced
by a cylinder. Then

1 1
S=-2 <zlogw+A(10gA— 1) (w——)) + 1A <w——) +2alogw =
w w

- _ -1
&) 2zlogw+2A(w w)+2a10gw

Ssw =S+ 2zlogw

(23)
so that
1 1 dw dw
— ¢} dSsw = — 2~ —resm00 1 =a 24)
Ami Jy, 2mi J4 w w
(dz and %" are two meromorphic differentials with the fixed periods), and
oF dw
o [ s =an 5)
da B W

where the role of the regularized “infinite” B-period is played by the constant part
of the function (17).

Higher flows. To add the higher flows, one have to introduce the generalized periods,
or just the coefficients of the expansion (16), which can be denoted as
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1 1
ty = % resP+z_de = X resP7z_de, k>0 (26)

and
oF

1 k 1 k
E = Ereshz das = —Erestz das, k>0 7
where z(Py) = z(P-) = oo and these are two infinities of (14), exchanged by
the involution w < % Equations (18) remain the same, but they cannot be solved
explicitly in general.
Already adding nonvanishing #, their solutions [9]

v=a— 2LL (—4t226’1+2’2“)
? 28)
log A> = 11 + 2na — L (—4r}e+204)

are expressed in terms of the Lambert function L(x)e™“®) = x. This is nothing, but
the asymptotic of the generation function for the Hurwitz numbers

Hy g = (o1(w)*72472), 4 (29)

each of them having a meaning of the number of genus g, d-sheeted covers of P!,
with a fixed general branch divisor of degree d - x (P') — x (X)) =2d+2g—2,as
follows from the Riemann—Hurwitz formula.

Indeed, one gets from (12), (29)

Hao
— _ 1 _ , dt
F(a—O,tl,tz—i,O,...)_Zme | 30)
d>0
From our solution (28)
9 F
0 =A% =-L(-¢") 31)

fi a=0,=1/2

which produces exactly Hy o = %d‘i% since the Lambert function has an
expansion
& —l.n
L) = E ——— =ttt =T+
@) = n! + 2 3 * (32)

giving rise to the desired result.



264 A. Marshakov

3 Nekrasov Partition Function

The tau-function (12) can be in fact defined beyond quasiclassical (corresponding
to g = 0 Gromov—Witten potential) theory [7, 10]. The definition can be written as
sum over partitions: the sets of integers k = (ky > ko > ... > ky =0>0...)

2

m Aoy ke kh 1
T(a, t) = Z (_ﬁ—2k)lk| en? 2 k0 mrchiri @k ) exp (ﬁ}—(a’ t+.. ) (33)
k

weighted with the squared Plancherel measure

[l<icjco, ki —kj+j— —kj+j—i
my = T — Nl_[ — (34)
Hizl(zk‘i‘ki —1i)! i<j J

and coupled to the Toda times by the Chern polynomials

o]

Tiu AL - u
(ez e )Z T = %7 2 chy(a, ki ) (35)

i=l1 =0

or
chg(a,k) =1, chi(a,k) =a,

chy(a, k) = a? + 212 K|

(36)
chi(a, k) = a® + 6R%alk| + 303 Y, ki (ki + 1 — 2i)

The expression in the r.h.s. of the last one has an easily recognizable ingredient (see,
e.g., [11])

i

from the combinatorics of Hurwitz numbers — the class of a transposition, and it is
exactly the element, whose coupling to #, = % in (30) ensures appearance of the
asymptotic of Hurwitz numbers via the Lambert function.

Topological gauge string duality reinterprets the sum over partitions in the ex-
pression for the exponentiated full Gromov—Witten potential (33) as summing over
all instantons in the deformed four-dimensional N/ = 2 supersymmetric gauge
theory [7]. Expression (33) is a particular example of the Nekrasov partition func-
tion [10] for the N, = 1 or deformed U (1) gauge theory.

Formula (33) also states, that quasiclassics i — 0 of the Nekrasov partition func-
tion coincides with the genus zero Gromov—Witten potential or the Seiberg—Witten
prepotential of the extended U (1) theory. This equivalence leads, in particular, to the
strange phenomenon — effective actions in four-dimensional supersymmetric gauge
theories satisfy the same differential equations as partition functions of the correla-
tors in topological strings!
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Quasiclassical contribution into (33) is given by solution to extremum problem
for the functional

xk+1

Fodfaxf' oY ni -4 [ dndnf oo f tFe - )+
im0 KT xi>x

+a (a — 1 dx xf”(x)) to (1 — 1 dx f”(x))
(38)

whose form is derived from the integral representation of the Chern polynomials

o0
chi(a, k) = %/ dx f{@x' ~ 3" (@+ntks =i+ D) = @+ bt — i)'
i=1
(39)
and the Plancherel measure
mi~1_[(k,~ —kj+j—i) :epolog(ki —kj+j—i) ~
ij ij
~ exp (—ﬁ om dx1dx il (en) £ (2)y (ep = x23 ﬁ)) ~ (40)

oo (5t [y dxidun G () Fn = 1))

via the second derivative of the shape function [12]

fil G) ~ ZZ (6(x —a — (ki —i+1)) = 8(x —a — hki —1i))) (41)

i=1

for random partitions. In (40) the kernel y (x; h) satisfies the second order difference
equation
y (x +h)+y (x —h) — 2y (x) = h*logx (42)

and for i — 0 can be replaced in the main order by

2
y(ih) = Fx) = al <logx—;) 43)

or just F”’(x) = log x, known as perturbative prepotential for the four-dimensional
N = 2 supersymmetric gauge theory.
The shape function

fkx) =|x —al + Afy (x) ~

o (44)
~> (x—a—hki —i+ D] = |x —a—hk —i)])

i=1
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literally corresponds to the shape of the Young diagram Yy of partition k, put into
the right angle |x — a| whose vertex is located at x = a of the x-axis. The functional
(38) should be computed on the extremal large partition k., with the shape func-
tion fk,(x) = f(x), found as solution for the extremal equation, following from
(38). Two last terms in the r.h.s. of (38) reflect added with the Lagrange multipliers
constraints for the shape function, following from (44): flé (xH)— fli (x7) = 2 corre-
sponding to approaching of the right angle by the shape function fi (x*) = [x* —a]
at certain points x*, and location of its vertex at a = % [ dx xfy! (x).

Extremizing the functional (38), one gets for S(z) = d%%, or

S@ =) n ~ f dxf"()(z = x) (logz —=x) = 1) —a®  (45)

k>0

that its real part
Re S(z) = 5 (S(z +i0) + S(z —i0)) =0, zel (46)

vanishes on the cut I, where Af(x) # 0: x~ < x < xT. The asymptotic of (45)
at z — oo coincides with (16), and to construct such function, satisfying (46) one
takes the double cover y2 = (z — x1)(z — x7) of the z-plane or the cylinder (14)
with x* = v & 2A, and writes literally the odd under exchange of the two z-sheets
expression (17), which solves (46).

The extremal shape function is found from the (17) as f’(x) ~ jump (%), as

follows from the integral representation (45). It has been found in [9], for example,
that if one adds nonvanishing #» 7% 0 to the small phase space, the extremal shape
function equals

2 xX—v
'(x)=— i VA2 — (x —v)?
fx) - (arcsm( N >+2;2 4A2 — (x —v)?), -

v—2A<x<v+2A,

i.e., the Vershik—Kerov arcsin law is deformed by the Wigner semicircle and “renor-
malization” v = a — v(a;t) and A = ¢'1/2 — A(a; t) of the parameters of the
curve, solving (18).

4 The Gromov-Witten Potential of P

To restore T-dependence in the partition function t(a,t) — 7(a, t, T) or to switch
on the descendants of unity {0 (1)} for k > 0 one has to solve the Virasoro con-
straints

Ly(t, T; 8, o1; 0)7(a, t, T) =0, n > —1 (48)
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with the initial condition t(a, t) = t(a, t, T)|Tn=8n,| , see [13—17]. Quasiclassically,
solution to these Virasoro constraints, producing the full genus zero Gromov—Witten
potential F(a,t,T) is described [18] by the following generalization of the
formula (16)

S(z) o Z ezt —2 Z T,7"(logz — cp)+

S F e ) (49)

2alogz — 2L —25 %L
tealogs da %kzkatk

(ck = Zf: 1 ll are harmonic numbers), which defines 7 when constructed globally
on (14), odd under the involution w <> %
To do this, one needs just to substitute again * > Quw) = z(w)/f|r — z(w)’i

and .
Fogz — cx) — Hi(z, w) = Flogw + Z C](-k)f?j(w) (50)
j=1

for the polynomial t-flows and logarithmic T-flows. The coefficients C % in the r.h.s.
of (50) are fixed by asymptotic at z — oo (see [18] for details). The T-dependence
of F(a, t, T) is given quasiclassically

OF
AT, |,

= (=)"n! (Sn)o (51
(inspired by K. Saito formula [19]), where
n
S _ S, n>0 (52)

dz" ’

or S, is the n-th primitive (odd under w <« %). Certainly, the particular n = 0
case of the formula (51) coincides with (25), since the variable a corresponds to the
primary o((1) = 1 operator. For n = 1 formula (51) gives rise to

2
at t
F(t,a,Tp) = Z—T: + T2exp Fll (53)

which at 77 = 1 obviously coincides with (10), while at 77 — oo gives

F(ty,a,Th) e Fxti+a, T) +Fx(ty —a, T)) + ..., (54)

1

i.e., from what we started in (2), (7) — a linear in x solution to the KdV equation
u(x, Ty) ~ %1

The t-dependence of the quasiclassical tau-function F(t, T) is governed by dis-
persionless Toda hierarchy, while the T-dependence can be encoded in terms of so
called extended Toda hierarchy [17, 20], which is a special reduction [16] of the
two-dimensional Toda lattice.
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5 Nonabelian Theory and Abelian Integrals

Topological gauge/string duality claims in particular, that the truncated Gromov—
Witten genus zero potential F(a,t) coincides with a particular oversimplified
N, = 1 case of the (extended) Seiberg—Witten N = 2 supersymmetric gauge the-
ory. Moreover, it turns out that quasiclassical solution to the nonabelian theory with
the gauge group U (N,) can be obtained almost in the same way [9] — extremizing
the functional (38), with the “slight modification” of the constraint part of the prob-
lem. Instead of a single constraint % [ dx xf"(x) = a one has now to impose a set
of N, similar constraints

%/\.dxx.f//(x):ai’ i:l,...,Nc (55)

i

for the shape function f(x), corresponding to N,-tuples of partitions [12], located
at ay, ..., ay, correspondingly. These constraints are taken into account, just as in
(38), with the Lagrange multipliers alD s allat.

To solve the extremal equations under the set of new constraints, one now takes

the double cover of z-plane with N.-cuts {I; : xj_ <z< xj.r}

N,
y=]]e-x"G—x) (56)

i=1

or the hyperelliptic curve of genus N, — 1, and constructs S, odd under the involution
. . N
y <> —y pure imaginary on the set I of N, cuts I = szllj.
Such nonabelian extended U (N.) N = 2 supersymmetric gauge theory is solved
in terms of the Abelian differentials. The functional equation (46) is now solved by
the differential of

das
@ =T = Ykt =4 [ e @ logtc 57)
k>0

(remember that the shape function is restored from the jump f/(x) ~ jump @ (x)).
On hyperelliptic curve (56), one writes for d @

Jb — + ¢(z)dz _ ¢ (2)dz

+
! YT G = 5@ = xD)

(58)

where the numerator ¢ (z) is totally fixed by asymptotics and the periods

f dd = —2ni/ ' )dx = —27i (f/(x;.L) - f’(xj—)) — _4xi  (59)
A I

J
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Ifalltg =0, fork > 1,1 = log ANe (of course still T}, = 8n,1!) at the vicinity of
the points Py, where z(P+) = o0, one finds

=, F2Nclogz+2Ncloga+ 0@z (60)
— I+
and there exists a meromorphic function w = AN exp (—®), satisfying (15). At
N, = 1 we come back to the curve (14) (the Lax operator of dispersionless Toda
chain).

If however the higher 7, # 0 are nonvanishing, exp (—®) has an essential singu-
larity and cannot be described algebraically. Implicitly it is still fixed by asymptotics

~ _ k—2
do ~ l;k(k D"+ ... 1)
>

and the period constraints (59), implying in particular

—¢ (s dz
BdS) =8(Pd) = et .
= Ty JoF —xHe) —x0) o= (62)
=~ holomorphic

the general analog of (18).

The A-period constraints together with the asymptotics (61) fix completely the
form of the differential d®. Vanishing of the B-periods together with the constraint
(60) impose N, constraints for the 2N, ramification points of the curve (56). Addi-
tional N, variables are “eaten” by the Seiberg—Witten periods

1 .
a,~:4—7”_ A.Zd(p, lzl,...,NC (63)

i

where the extra dependent period is also included, an alternative option is to fix the
residue at infinity a, as in (24). The dual to (63) B-periods define the prepotential

¥a
a?:%ﬁzd(pz—, i=1,...,N. (64)

Ba,-
and, as in the U (1) case, the t-derivatives are determined by the residue formulas

OF 1
an  k+1

resp, (zkHd@D) , k>0 (65)

but now on the curve (56). Integrability condition (22) for the gradients (64) is en-
sured by the symmetricity of the period matrix of (56), or more generally, by the
Riemann bilinear identities for Abelian differentials.
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If higher 7;, # 0 are nonvanishing, say we consider N descendants of unity to be
switched on forn = 1, ..., N, only the (N + 1)-th derivative of (49)

dVs
doWN-D _ g4 (66)

dzN
can be decomposed over the basis of single-valued Abelian differentials. It is to-
tally determined by singularities at z(P+) = oo and at the branch points {x;},
j = 1,...,2N, of the curve (56), where it acquires the extra poles. In fact
&, ..., dWN-D are regular, if being considered as 2—, ..., N— differentials on

the curve (56).
To construct (66) explicitly one writes
2N: N—1 k
dpW-n _ 9@z dz _ (67)
y o \ @)t

fix the periods of doWN-D geWN=2 4¢’ dd by 2N, - N constraints, ending
up, therefore with
2N +1)N, —2N.-N = N, (68)

variables, to be absorbed by the generalized Seiberg—Witten periods

aj:L ﬁdqs(N*‘), j=1,...,N. (69)
47Ti Aj N!

and define the prepotential by

N F
D 1 2 (Nfl)_a T

U= 2 do = , =1,..., N, 70
Cl] zfng! 8(1]' J ¢ ( )

The generalized Seiberg—Witten form is now the N-tuple Legendre transform of
S-function (49) (certainly a multivalued Abelian integral on the curve (56)).

6 Different Functional Formulations

In the perturbative limit A — 0 the cuts of the curve (56) shrink to the points

z=vj,j=1,..., N and the curve becomes rational, possibly parameterized as
N,
Wpert = Py, (2) = [ [(z — w) (71)
i=1

' The “minimal” theory has 7, = §,,1 and F = F(a,t); T1 = 1 corresponds to the condensate

(o1(@)) # 0.
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This curve is endowed with two polynomials (of arbitrary power): t(z) = ) ot *
and T(x) =) _, T,x". The S-functions is computed explicitly and reads

n>0

Ne
S@) =t(@)—2) o)), (72)

j=1

i.e., is defined in terms of the function

T ®)
o(zx) =) k,(x) (z = )" (log(z = x) — ¢x) (73)
k>0 ’

where the sum is finite, if restricted to the N-th class of backgrounds, with only
Ti,...., Ty #0.
The perturbative prepotential is defined by

0.F
aiD =S©W;) = pert (74)
361,'
and this formula gives rise to the following explicit expression
N
Foenlarooanit D=3 Fovlapt D+ 3 Flaap® oo
j=1 i#]
aj=T(vj), j=1,‘..,NC
with N
Fov() = Fuy it 1) = [ ¢00dT 0
52 0 (76)
F(xp,x2:T) = T'(x)T' (x2) log(x1 — x2)
0x10x2
If T, = 6,.1 one gets from (76)
xk—H
F _ = t
vV lg,zs,, = S 77

k>0

which is the ultraviolet prepotential for the switched off descendants of unity, except
for the condensate of (o((1)), and

F(xi, x2; Dlg,=s, , = Flx1 — x2) (78)

where the r.h.s. depends only upon the difference of the arguments, is T-independent
and reproduces the constant kernel from the r.h.s. of (43). Generally, switching on
the descendants of unity one induces a reparametrization froma = vtoa = T (v) =
>, Twv" which also results in (76).
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The perturbative prepotential (75) defines therefore the general form of the func-
tional F(a, t, T) given by

F= —%/ dxydxa f"(x1) f" (x2) F(x1, x2; T) +/dxf”(x)FUV(x§ t, T)+
X1>X7
+3;aP (a,- — 1 [adx xf”(x)) +o (1 — 3 [dx f”(x))
(79)

The functional (79) can be treated, except for one point we specially pay attention to
below, just in the same way as the functional (38) at 7,, = §,,1. For example, since
the kernel (the second formula from (76)) is t-independent, one finds that

oF oF t, T
/ dxf’ (x )M (80)
e otk
are still given by the “regular tail” of the expansion of
S(z) =t'(z) —a® — /dxf”(x)o(z; x) 81
However, a problem with the functional (79) is in computing the derivatives gf ,

since the kernel F(xi, xp; T) is T-dependent. Fortunately, there exists an equiv-
alent alternative functional formulation, related to (79) by an integral transform

[dxp(x)g(x) = [dxf"(x)Dy—1(x)g(x)

N

1
F=Fnlpl=75 /dXP(X)tN(X) + ((2]3,),

(- )n 1 xN—n
+Zon< - /dx(N_n)!p(x))

kN
where ty (x) =) 4.0 % m the kernel

/ PO p () Hi (x1 = x2)+
dX]dxz

(82)

(—)N*1
any <2N>'

2N (logx — can)

is T-independent, and

R dN—] dN_2 N N
Dyn_1(x) = T/(x)de—_1 — T”(x)de_z + .+ (NI (83)

is the (N — 1)-th order differential operator.
A nontrivial consequence of the alternative functional formulation (82) is the
“multiple-primitives” Saito formula (51)

oF
aT,

=0, =(—)"n'(Sy)9, n=0,...,N (84)
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where the right equality expresses the Lagrange multipliers in (82) in terms of the
constant parts of

S04 = w1~ D [ O P it
N =N T o — 1 PN -1t =N == 1)
S(2) = () — o [dxp()HS (2 — x) + 00

(85)

a sequence of functions vanishing on the cut.

7 Conclusion

I have tried to demonstrate in these notes, that instead of solving complicated prob-
lems of mathematical physics directly one can sometimes solve instead the simple
differential equations. The desired solutions for the purposes of topological string
and gauge theories are very strange from conventional point of view. Nevertheless,
they are still related to geometry of complex curves.

The simplified N, = 1 extended Seiberg—Witten theory is dual to the topological
string, or the Gromov—Witten theory of projective line P!. Such Abelian N, = 1
theory is solved completely in terms of dispersionless extended Toda chain hierar-
chy. To extend these results to the nonabelian theory one needs, however, to use
the technique of constructing quasiclassical tau-functions in terms of Abelian in-
tegrals on hyperelliptic curve of arbitrary genus N, — 1. We have demonstrated,
how it can be performed explicitly for the Toda chain solution, and presented the
implicit formulation for generic case. It is important to point out, that extension
of the Seiberg—Witten theory, similar to switching on all gravitational descendants,
requires extension of the basis of Abelian differentials, which should contain neces-
sarily the differentials with extra points in the branching points of the curve.
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Geometric Aspects of the Quantization
of a Rigid Body

M. Modugno, C. Tejero Prieto, and R. Vitolo

Abstract In this paper we review our results on the quantization of a rigid body.
The fact that the configuration space is not simply connected yields two inequivalent
quantizations. One of the quantizations allows us to recover classically double-
valued wave functions as single valued sections of a non-trivial complex line bundle.
This reopens the problem of a physical interpretation of these wave functions.

1 Introduction

The idea of writing quantum mechanics in a coordinate-free way circulated among
physicists and mathematicians as a natural consequence of the general relativity
principle. One of the main features of quantum mechanics is that it must contain,
according to Dirac’s ideas, a correspondence with classical mechanics. Having sym-
plectic mechanics at hand, it was natural to formulate a correspondence principle
between classical symplectic mechanics and quantum mechanics that associates a
self adjoint operator on a Hilbert space with every quantizable classical observ-
able [13,21]. This is the heart of what has been called the Geometric Quantization
(GQ for short).

The above theory proved to be useful in some physically simple situations, but
showed to have a number of drawbacks, discussed in detail in Sect. 2.

The aim of this paper is to discuss some features of a recent geometric ap-
proach to quantum theory, the Covariant Quantum Mechanics (CQM for short).
The CQM (introduced by Jadczyk and Modugno [10] and further developed
in [1,11,12,15-17,19,23,25]) has two distinguished features with respect to GQ:
on one hand, it is simpler, because it deals only with quantum particles in a given
gravitational and electromagnetic field, so loosing the generality of GQ; on the other
hand, it is more complete, because it naturally incorporates time in a covariant way.
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In Sect. 3 we describe the main features of CQM. In particular we will see that its
greater conceptual simplicity implies weaker existence conditions than those of GQ
[25]. Moreover, the algebra of quantizable observables is naturally selected from the
geometric structures of the theory itself [10,15,19]. Finally, it can be proved [11] that
the energy operator is characterized as the unique second order covariant operator
on the appropriate space. This implies that all possible non-linear modifications of
the Schrodinger equation are not invariant with respect to time-dependent changes
of coordinates.

In Sect. 4 we will focus on the quantum theory of a rigid body in the framework
of CQM. We remark that the main application of this theory is quantum mechanics
of molecule [9]. Indeed, molecules also have vibrational motions, but they hold at a
much higher energy than rotational and translational motions, and can be dealt with
separately.

We show that there are two possible choices for the quantum structure. For one
of them wave functions are sections of a trivial bundle, whereas for the other one
they are sections of a non-trivial bundle. Accordingly, there are two energy opera-
tors, each of which operates on sections of one of the two bundles. We recall that
the spectrum of the energy operator represents the physically allowed values of the
corresponding quantum observable (see [4], for example). We computed the spec-
trum of the energy operator in several situations [zero electromagnetic field (free
rigid body), magnetic monopole, constant electric field (Stark effect)], obtaining
two families of eigenfunctions and eigenvalues. One of them corresponds to the
non-trivial bundle, and is parametrized by half-integers.

The above solutions were discovered in the very beginning of the development
of quantum mechanics (see, e.g., [3]), but were classically discarded due to “lack
of continuity” (see, e.g., [4, 14]). Indeed, using Euler angles as coordinates on the
rotational part of the rigid body configuration space, these solutions turn out to be
double-valued functions. However this is not fully true, because sections of non-
trivial bundles are indeed continuous and single-valued.

In a sense, our results show that those sections exist due to a geometric phase
effect in quantum mechanics of rigid bodies which is analogous to the Aharonov—
Bohm effect. Although experiments seem to show no evidence of these solutions in
nature, other reasons than continuity should be found in order to justify the fact that
they do not play any role.

2 Geometric Quantization

In this section we will briefly recall the GQ setting.

The classical setting in GQ is based on a symplectic manifold (M, w) with
Hamiltonian H. The manifold M models the classical phase space, and the clas-
sical observables are real functions on M.

The quantum setting in GQ is based on a Hilbert space # of quantum states.
The quantization is a linear map
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2:0 C €°(M) — Herm(3¢)

fulfilling
[2(f), 2(9)] = —ih2({f, g}, L20)=Idy.

Here, Herm(7) is the set of Hermitian operators on 7. Note that quantization is
always defined on a subspace & C €°°(M). This is due to some physical restric-
tions. For instance, if M = T* P and P is the configuration space of a particle, then
quantizing all of €°°(T* P) would imply the possibility of localizing any observable
around a point with arbitrary precision, which is forbidden by Heisenberg’s uncer-
tainty principle. Another problem is the irreducibility of the representation map 2,
which is sometimes broken by the full set of observables 4"*° (M) (Groenewold—Van
Hove’s no-go theorem, [7]).

The problem of constructing a quantum theory from the classical setting is solved
as follows. First of all we require the existence of pre-quantization structures, i.e.:

e A complex Hermitian line bundle L — M, whose sections ¥: M — L are
interpreted as wave functions

e A Hermitian connection V on L — M such that its curvature R[V] fulfills the
equation R[V] = i%w ® Id;,

The existence of such structures implies that M and @ have to satisfy certain
topological conditions (Kostant—Souriau theorem), namely:

[%w] € i(H*(M,2)) C H*(M,R),

where i is the map induced in cohomology by the inclusion i : Z < R. If the above
condition is fulfilled then:

o i I([w) Cc H*(M,Z) parametrizes line bundles.
e H'(E,R)/H'(E,Z) parametrizes connections which satisfy the above condi-
tion on the curvature.

Summarizing, by a well-known theorem of algebraic topology, pre-quantization
structures are parametrized by H ! (M, U(1)).

The Hilbert space of quantum states is then defined as the L2-completion of
the space of compactly supported wave functions. For f € & C €°°(M) the
Hamiltonian vector field Xy: M — TM is lifted to a V-horizontal vector field
)~(f: L — TL. The pre-quantization maps any observable f € €°°(M) to the
operator 2( f) defined by

2(f)W) :=ihXy - .

It remains to define the subset &. This is usually accomplished by choosing a
polarization in M, i.e., a Lagrangian subbundle P C T M with further hypothe-
ses (like Frobenius integrability, see [26] for example). Then, the elements of &
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are functions which are constant along the leaves of the polarization, and the cor-
responding Hilbert space is constructed from compactly supported wave functions
Y : M — L which are covariantly constant along the polarization P:

Vipy =0.

The fact that not all symplectic manifolds admit polarizations amounts to imposing
stronger topological conditions on M and P. See [20,26] for more details.

It may happen that H ¢ &. In such a case a problem for quantizing the energy
arises; this is usually solved by means of the Blattner—Kostant—Sternberg method
[20]. This is equivalent to defining a (trivial) bundle of Hilbert spaces 57 x R — R
and considering the flow of the Hamiltonian vector field Xy as a time-dependent
family of bundle automorphism. The quantization of H is then achieved as the time
derivative at ¢+ = 0 of the above family of operators. It has been recently shown [6]
that the flow of Xy can also be interpreted as the parallel transport of a connec-
tion on the Hilbert bundle. Hence deriving the flow of Xy produces the covariant
derivative associated with the connection.

3 Covariant Quantum Mechanics

In CQM “covariance” is regarded as explicit independence of fundamental laws
with respect not only to observers and coordinates but also to units of measurement
as well.

The classical framework for one particle of mass m # 0 and charge g is repre-
sented by a fibred manifold t: E — T, where T is a one-dimensional affine space
modeling time, and E is an n 4 1-dimensional manifold modeling spacetime. A mo-
tion is a section s: T — E. The classical phase space is the first jet space J'E. An
observer is a section 0 : E — J'E. We use local coordinates (x) on 7, (x°, x%) on
E and the induced coordinates (x°, x', xé) on JIE.

We postulate the following geometric structures:

e A spacelike Riemannian metric g on E, i.e., a Riemannian metric on the fibres
of spacetime

e A connection I' on TE — E, representing the gravitational field, which is com-
patible with the fibring # and the metric g

e A closed two-form F on E, representing the electromagnetic field

Thus, I" is determined by g only partially, due to the degeneracy of the metric
along “horizontal” directions.
The above structures can be naturally encoded into a 2-form 2 on J'E

Q=0 F) =2l +-LF, )
2m
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where 2 (g, I') is induced by g, I and the contact structure of J ' E via an algebraic
operation. Its coordinate expression is

(g, T) = gij(dx — (I, x} + Tigydx™) A (dxl) — xbdx) 2)

(the index A runs from 0 to n). Conservation laws of classical mechanics require that
£2 be closed; indeed, later this property is also a necessary consistency condition
for the quantum theory. The closure of §2 turns out to be equivalent to a certain
symmetry property of the curvature tensor of I". It can be proved that dt A 2 A
R A2 #0.Thus, (82, dt, J'E) is a cosymplectic manifold' (see, e.g., [2] for more
details).

Note that the cosymplectic form £2 encodes all dynamical structures. This is an
important difference between CQM and GQ. In particular, it can be proved (see,
e.g., [19]) that £2 admits “horizontal” potentials @, i.e., potentials valued in T*E .
Thus, by choosing an observer o, we can write a potential & of £2 as

1 o . 4
O = —H + P = —(Jmgiixf — A0)dx® + (mgiyx{ + A)dx'. ()

where H is the observed Hamiltonian, P is the observed momentum and Aodx0 +
A;dx' is the observed potential of both the gravitational and the electromagnetic
fields.

In this framework we can develop a Hamiltonian stuff including non standard re-
sults. In particular, the phase functions f : J'E — R can be lifted to phase vector
fields Xy : J'E — TJ'E. Even more, these vector fields X ; are projectable to
vector fields of spacetime if and only if the phase functions f are second order poly-
nomials in the velocities whose leading coefficients are proportional to g through a
real function O of spacetime, i.e., if and only if their coordinate expression is of
the type

f=Cxil + flagl + 7, with O LT ESR @)

Indeed, these “special quadratic phase functions™ constitute a Lie algebra, which
is different from the Poisson Lie algebra [12]. This Lie algebra includes energy,
momentum and position functions and treats them on the same footing.

Quantum structures are postulated in a way which is partially similar to that
of GQ.

The starting assumption of CQM is a quantum bundle defined as a complex line
bundle L — E. Then, CQM postulates a Hermitian connection V on the pullback
L' of the quantum bundle over the phase space J!' E, which fulfills two conditions:

e The curvature of V is proportional to £2 according to the equality

m
RIVI=i—Q®ld;.

! This definition is due to A. Lichnerowicz.
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e The covariant differential of a quantum section v is “horizontal”, i.e., valued in
T*E. This property of V is allowed by the property of £2 to admit horizontal
potentials. Indeed, the quantum connection C can be regarded as a distinguished
family of Hermitian connections of the quantum bundle parametrized by the ob-
serverso : E — J'E.

Thus, there are two main differences of the postulates of CQM with respect to
GQ. In CQM the line bundle is assumed to be based on spacetime E and not on the
phase space J! E. On the other hand, CQM needs to assume the quantum connection
V on the bundle L' in order to link V with £2, which lives on the phase space J| E.
Clearly, in CQM the topological conditions of Konstant—Souriau’s theorem have to
be fulfilled on E.

In CQM all further geometric quantum structures and the quantum dynamics
are derived from the quantum connection by means of a covariant procedure. The
requirement of covariance leads us to a method of projectability in order to get rid of
observers (which are encoded in the quantum connection); in a sense, this method
replaces successfully the search for polarizations of GQ.

The Schrodinger operator S can be derived from the quantum connection V by
several geometric methods implementing the criterion of projectability and even
more it is uniquely determined by the requirement of covariance [11]. In coordinates
we obtain

0 . I 9/lgl
S =(— —iA N S
W) <8x0 Ao+ S Tl a0
h

. PR R o
— 56" (5o = AN G = 1A0 + TG —iAD) )y, (5)

k
—i=r
2

where r is the scalar curvature of I" and k is a constant. We stress that if we release
the hypothesis of invariance with respect to units of measurement (for instance, by
assuming a distinguished length), then further terms are allowed in the expression
of the Schrédinger operator; for instance terms proportional to [1/|> may appear, so
yielding well known non-linear generalizations of the Schrédinger operator.

Also the quantizable observables and the corresponding quantum operators can
be achieved by means of the projectability criterion. One starts by classifying the
projectable Hermitian vector fields of the quantum bundle. It can be proved that
these vector fields constitute a Lie algebra which is naturally isomorphic to the Lie
algebra of special quadratic phase functions, according to the formula [12]

FroXp= - fa+i(f - f A+ Held
Then, we obtain an injective Lie algebra morphism between the Lie algebra of

special quadratic phase functions and the Lie algebra of operators acting on the
quantum sections, according to the equality

2(f)()=ihX s -
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Indeed, the above results can be applied to energy, momentum and position
functions on the same footing. We stress that they are obtained with no further topo-
logical conditions on E and that they naturally include the so-called metaplectic
correction [20, 26].

Next, the Hilbert bundle .7# — T over time is defined as the L?-completion of
the space of quantum sections : E — L with spacelike compact support. Each
section ¥ : T — ¢ can be regarded as a section ¥ : E — L of the quantum
bundle. The quantum states are described by the sections V of the Hilbert bundle.
Moreover, the Schrodinger operator can be regarded as a connection of this infinite
dimensional bundle.

Eventually, we can associate a symmetric operator f acting on the sections 1}
of the Hilbert bundle with each special quadratic phase function f by means of the
equality .

fa) =@ =if'H)w).

This is the quantization procedure of CQM, which deals with all quantizable
functions (including energy) on the same footing.

4 Rigid Body

Following [5, 17, 18], we treat the classical mechanics of a system of n particles
by representing this system as a single particle moving in a higher dimensional
spacetime which fulfill the same properties postulated for the standard spacetime.
Then we define the rigidity constraint and study its main properties. For this purpose
we postulate a flat spacetime.

More precisely, we require E to be an affine four-dimensional space, t: E — T
to be an affine surjective map and g to be a Euclidean metric on S = Ker Dr.
Note that V E is naturally isomorphic to E x S. We choose I” to be the natural flat
connection on E, and we can consider different examples of electromagnetic field
FonE.

The configuration space for a system of n particles is then

E,=Ex---xE—>T.
T T

This is endowed with the natural flat connection I3, induced by /" and by the product
electromagnetic field F' x --- x F (n times). Analogously, we introduce the vector
space S, = S x --- x §. If the n particles have masses my, ..., m,, then we define
the metric on S,,, or inertia tensor, as

I'=pig+ -+ ung,

where w; = m;/m and m = X;m;. The above data fulfill the classical axioms of
CQM, hence produce a cosymplectic form €2, which turns out to be exact, due to
the topological triviality of E.



282 M. Modugno et al.

The constraint of rigidity is then defined by

R={(e1,....en) € En; llei —ejll =1ij, i # j},

where /;; are positive numbers fulfilling /;; = [;; and [;; < Iy + Ii;.

It can be proved [5, 17, 18] that R is diffeomorphic either to £ x O(3), E x
SO(3) or E x §%.In all three cases E is the space of center of mass configurations,
and the second factor is the space of relative configurations. Intuitively, relative
configurations can be thought of as if particles either “fill” the space, lie in a plane,
or are aligned. From now on we only consider the case where R is diffeomorphic
eitherto E x O (3) orto E x SO (3). Moreover, the former case can be reduced to the
latter because any of the two connected components of E x O (3) is diffeomorphic
to E x SO (3), and motions starting in one of the two connected components remain
there forever.

The natural inclusion R < E,, allows us to define, by pullback, a connection I
and an “electromagnetic field” F, on R. It can be proved that these constrained data
fulfill the classical axioms of CQM. Moreover, the induced form £2, turns out to be
exact, hence the quantum structure postulated by CQM exists.

Both the configuration space E, and the rigidity constraint fulfill the same ax-
ioms as the classical one-particle theory. For this reason the CQM machinery can be
applied, and a quantum theory for the rigid body can be formulated.

Let us compute all possible inequivalent quantum structures on R. Observe that
H'(SO(3), U(1)) = Z. Then we have the following theorem [24]; see also [17,22].

Theorem 1. There are two inequivalent quantum structures:
LT =R xC — R, L #RxC—R

Both L™ and L™ admit a unique flat Hermitian connection, that can be naturally
deformed with dynamical terms in order to obtain the quantum connections V'
and V™ :

It is interesting to observe that the above line bundles (as well as their flat con-
nections) are obtained as vector bundles which are associated with the Z;-principal
bundle SU(2) — SO(3) by means of the two representations of Z; into C.

We stress that the above two quantum structures give rise to two different energy
operators with two different spectra. We computed spectra in several examples in
[17,22]; here we will only sketch some results in simple cases.

It is worth to remark that we only compute rotational spectra. This means that
we only consider rotations of a rigid body around its center of mass, dropping the
center-of-mass component of the energy operator. This idea is physically justified
by remembering that the most important application of our model is to the study of
quantum dynamics of molecule. In that case rotational and translational phenom-
ena are located on very different energy sectors, and the translational spectrum of
molecule yields a negligible continuum infrared component [9]. In mathematical
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terms, we will only compute spectra on the subspace of sections of L™, L™ which
are constant on the center of mass space.

Moreover, we distinguish between three types of rigid body. In fact SO(3) is a
Lie group endowed with the left-invariant metric / and the standard bi-invariant
Killing metric k. Hence, I can be diagonalized with respect to k. The rigid body
is said to be spherical if all the three eigenvalues are equal, symmetric, or a top, if
two eigenvalues are equal, asymmetric if all the eigenvalues are different. All cases
exist in molecular dynamics, e.g., CHy is a spherical molecule, NH3 is a symmetric
molecule, ....

We have the energy operators HY H™ acting respectively on sections of L+ —
Rand L™ — R:

o 1 A 1
H (YT = EW +Ao+kr)(yh), H ()= (A7 + Ao+ W), (6)

where A¥ is Bochner Laplacian of V*.

Theorem 2 ([22]; see also [17]). In the free (i.e., F = 0) spherical case the spec-

trum of ST is the set
Ly Ty L
TR Al

where:

° Ef is parametrized by j € Z .
o E;is parametrized by j +1/2 € Z.

(in other words, j is half integer in the latter case).

Note that SO (3) has constant scalar curvature. This implies that scalar curvature
contributes to the spectrum through an overall shift.

Now, choose a splitting £ ~ T x P, where P is a three-dimensional affine
space, and let 0 € P. A magnetic monopole field is a closed 2-form B on P which
is invariant with respect to rotations about o. This means that B is proportional
to the volume form on the unit sphere with scaling factor given by the magnetic
charge . A magnetic monopole B induces a left-invariant 2-form B on SO(3). Let
g = Y_; qiri/lIri|l be the center of charge of the rigid body.

Theorem 3 ([22]). In the spherical case, if F = B, then the spectrum of S* is

the set 5 5 5

he llqll 2 gl 3h
Ef = — 1) — hv——] + V> 4 k—

= a0 HD TR

where v is the magnetic charge of the monopole and:
° E;,_l is parametrized by j,l € Z, —j <1 < j.
° E;l is parametrized by j +1/2,1+1/2 € Z, —j <l < j.
Note that the existence conditions of quantum structures imply that the magnetic
charge v is quantized.
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Other examples of spectral computations have been considered so far:

Energy spectra for the top and the asymmetric rigid body have been computed
in [22] both with F' = 0 and with a magnetic monopole field. The case of a linear
rotor, i.e., R ~ E x SZ, has also been computed (just as an example, CO; is a
linear molecule).

We have considered the Stark effect in [17]. Assume a constant (spacelike) elec-
tric field E. The component of F along S O(3) has potential Ag = %E - i, where
1 = ) ; q;r; is the dipole momentum. The spectrum of the energy operator can
be computed with the same techniques as in [8], yielding another family of solu-
tions on the non-trivial bundle that are parametrized by half integers.
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Shooting for the Eight: A Topological
Existence Proof for a Figure-Eight Orbit
of the Three-Body Problem

Richard Moeckel

Abstract A topological existence proof is given for a figure-eight periodic solution
of the equal mass three-body problem. The proof is based on the construction of
a Wazewski set W in the phase space. The figure-eight solution is then found by
a kind of shooting argument in which symmetrical initial conditions entering W
are followed under the flow until they exit W. A linking argument shows that the
image of the symmetrical entrance states under this flow map must intersect an
appropriate set of symmetrical exit states.

1 Introduction

The goal of this paper is to give a topological proof of existence of a figure-eight
type periodic solution of the equal-mass three-body problem. A variational existence
proof for such an orbit was given by Chenciner and Montgomery [5]. The orbit is
such that the three masses chase one another around a single figure-eight shaped
curve (see Fig. 1). It has zero angular momentum and, by adjusting the size and
speed, may be given an arbitrary negative energy.

In Chenciner and Montgomery’s proof, a 12-fold symmetry plays an important
role and the same is true here. The orbit can be parametrized in such a way that
it begins at the Eulerian central configuration with one mass at the midpoint of
the other two, for example with mass m3 between m1, my. During the first 12th
of the period the masses move to an isosceles configuration with m; on the axis
of symmetry (see Fig. 1). Now the rest of the orbit can be obtained by reflection,
translation and permutation of the masses. For example, during the next 12th of
the period, the masses return to an Eulerian configuration, but this time with m, in
the middle. The motion during the second 12th of the period is obtained from the
motion in the first 12th by permuting m, and m3, reversing time, and reflecting in
the long axis of the eight.
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Fig. 1 Figure-eight orbit. In the first 12th of the period, the configuration changes from collinear
(light gray dots) to isosceles (dark gray dots)

The method of proof used here is a variation of an idea used by Conley in the
restricted three-body problem [2]. In Conley’s paper, the retrograde lunar orbit
of Hill is shown to exist for a wide range of values of the Jacobi constant. After
regularizing double collisions, the problem becomes one of finding a solution of a
system of second-order differential equations in the plane which moves from the
positive x-axis to the positive y-axis across the first quadrant and meets both axes
orthogonally.

Such a solution is found by a shooting argument. Points starting orthogonal to the
x-axis are followed until one of two exit conditions holds — they either hit the posi-
tive y-axis or their velocity vectors become horizontal. As the initial point along the
x-axis varies, the final behavior changes from hitting the y-axis with nonzero slope
to having a horizontal velocity vector before hitting the positive y-axis. Somewhere
in between, there must be a point whose velocity becomes horizontal exactly when
it reaches the positive y-axis and this gives the desired periodic solution.

The main difficulty in this approach is to show that the solutions really arrive at
one of the two kinds of final states, and that the final state depends continuously
on the initial condition. For this, Conley constructed an isolating block. Isolating
blocks were developed by Conley and Easton as a way to defining a topological
index for invariant sets [3,4, 6]. Among their useful properties is the fact for initial
conditions which leave the isolating block, the amount of time required to leave de-
pends continuously on initial conditions. It follows that the location of the exit point
also varies continuously. In [2] Conley constructs an isolating block in a manifold
of fixed Jacobi constant and uses it to justify the shooting argument outlined above.

In this paper, a figure-eight orbit will be found by shooting from the Eulerian
configuration to the isosceles configurations. More precisely, initial conditions in
phase space orthogonal to the set whose configuration is Eulerian will be followed
under the flow and shown to meet the set whose configuration is isosceles orthogo-
nally. This involves a higher-dimensional version of the usual shooting argument. It
turns out that topologically, the problem is to show that a two-dimensional surface of
initial conditions can be followed under the flow to meet another two-dimensional
surface inside a four-dimensional ambient space. The proof uses a linking argu-
ment. Another example of a multidimensional shooting argument based on isolating
blocks and linking can be found in [1].
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The concept of isolating block is related to earlier ideas of Wazewski [11]. It is
possible to get the crucial property of continuous exit times under weaker assump-
tions than are needed for the topological index theory. For example, whereas isolat-
ing blocks are always compact, Wazewski sets need not be. In this paper the proof
will be based on the construction of a Wazewski set, rather than an isolating block.

A computer-assisted existence proof based on shooting can be found in [7]. In
that paper, the computations which are carried out near the actual figure-eight orbit
suffice to establish continuity of an appropriate local Poincaré map and to find the
required symmetric orbit. The method used in the present paper provides a continu-
ous flow-defined map defined on a large region of phase space and does not rely in
an essential way on numerical computations (although some numerical evaluations
of elementary functions and their definite integrals are used for convenience). On
the other hand the localized approach of [7] yields some additional properties of the
orbit.

Since existence of a figure-eight solution was already known, some justification
for a new proof may be required. The proof presented here seems interesting for sev-
eral reasons. First it connects the figure-eight with a number of well-known features
of the three-body problem, including double and triple collisions, central configura-
tions and homothetic solutions. These are used in studying the boundary behavior of
the map in the shooting argument (particularly in the proof of Lemma 5). Second it
locates a figure-eight solution in a smaller region of phase space than the variational
proof — namely, in the Wazewski set V¥V used for the proof. This shows that the solu-
tion moves monotonically in shape space, a fact which is not obvious from the other
proof. Finally, there may be topological proofs similar to this one for the existence
of other symmetric periodic solutions which have been discovered numerically but
for which the variational methods fail.

2 Equation of Motion and Reduction

Consider the planar three-body problem with equal masses m; = my = m3 = 1.
Let the positions be g; € R? and the velocities be v; = qi € RZ. The Newton’s laws
of motion are the Euler-Lagrange equation of the Lagrangian

L=3K+U 1)
where
K = vi* + v + [v3]?
1 1 1 2
U= — 4+ — + —.

r2  ri3z 13
Here r;j = |q; — q | denotes the distance between the i-th and j-th masses. The total
energy of the system is constant:

1
1K —U=h.
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Assume without loss of generality that total momentum is zero and that the center
of mass is at the origin, i.e.,

vi+v+us=q1+q+q3=0.

Introduce Jacobi variables
Ei=@p—q  E=q¢—5q+q)

and their velocities 7; = ;. Then the equations of motion are given by a Lagrangian
of the same form (1) where now

K = 3m* + 3l
111 3)

r2 r3 23

The mutual distances are given by

ri2 = &1
riz =[5 + 561l @)
rs =& — 3&1.

The use of Jacobi coordinates eliminates the translational symmetry of the prob-
lem and reduces the number of degrees of freedom from 6 to 4. The next step is the
elimination of the rotational symmetry to reduce from 4 to 3 degrees of freedom.
This is accomplished by fixing the angular momentum and working in a quotient
space. When the angular momentum is zero, there is a particularly elegant way to

accomplish this reduction. The discussion below follows Montgomery [9].
Define new variables r, wi, wy, w3 via:

r? =g + 316
wy = 1&* — & Q)
w2+iw3=\%§1§2

where in the last line, vectors in R? are identified with complex numbers. It is easy
to check that the new variables satisfy the relation:

1.4
Zr.

wi + w3+ wy = 417

The quantity / = r? is the moment of inertia, a convenient measure of the overall
size of the triangle formed by the three bodies. The shape of the triangle can be
represented by the normalized vector S = 2wy which lies in the unit sphere S2,
which will be called the shape sphere.
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Using the fact that the angular momentum is zero, it can be shown [9] that the
variables r, S satisfy the Euler—Lagrange equations of a reduced Lagrangian of the
form

L=1k+1w() (©)
where: .
K =i*+ 3r?(S)?
1 1 1 @)
W=—+—+—.

P12 P13 P23
Here |_| is the Euclidean metric on the unit sphere and p;; = r;;/r is the normalized
interparticle distance, i.e., the interparticle distance after scaling the configuration
to have moment of inertia 1. After some computation using (4) and (5) one finds

o =1+s

ply=1- %S1 + “/7§S2 (8)

Py =1- 351 — \/T§52
where S = (s1, 2, 53).
Figure 2 shows a contour plot of the shape potential W. The equator of the shape
sphere is represented by s3 = w3 = 0 which means that the vectors &1, & are

Fig. 2 Contour plot of the shape potential W and the fundamental region . The top corner of F
(the north pole) is the equilateral triangle configuration /. The bottom edge (on the equator) consists
of collinear configurations. The left endpoint of this edge is the Eulerian central configuration e
while the right endpoint is the double collision singularity
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parallel and so the three bodies are collinear. There are three saddle points of W on
the equator corresponding to the three collinear central configurations. For example,
at the point S = (1, 0, 0) the scaled distances are pj» = V2 and P13 = P23 = 1/\/5
so mass m3 is at the midpoint of the line segment between masses m, m,. This
shape is the collinear central configuration in the equal mass case. In addition to the
saddle points, there are three singular points of W along the equator at the binary
collision shapes where p;; = 0. One has p;2 = 0 at § = (-1, 0, 0) while p13 =0

and pp3 = 0at § = (%, —4, 0)and S = (%, ‘/75 0) respectively. The north and
south poles of the sphere represent the two equilateral triangle shapes, which are
also central configurations.

Because of the equal masses the shape potential W has a 12-fold symmetry. In
fact, a triangular region F as in Fig.2 can serve as a fundamental region in the
sense that the shape sphere can be tiled by 12 reflected and rotated copies of F
while preserving W. The fundamental region F will be the spherical triangle with

vertices at S = (1, 0, 0), the collinear central configuration, S = (0, 0, 1), one of the
V3

equilateral central configurations, and S = (%, 73, 0), the double collision where
p23 = 0. The edges of F consist of two meridional arcs and an arc of the equator.
The left meridian in Fig. 2 consists of isosceles configurations with m3 on the axis of
symmetry. Similarly the right meridian is made up of isosceles configurations with
m1 on the axis of symmetry. The equatorial arc on the bottom represents collinear
configurations.

In Chenciner and Montgomery’s original existence proof for the figure-eight or-
bit, this symmetry plays an important role. One may parametrize their orbit in such
a way that its projection to the shape sphere begins at the collinear central configura-
tion § = (1, 0, 0) (the lower left vertex of ). Then, in the first 1/12 of its period, it
moves across the fundamental region F to meet the right isosceles meridian orthog-
onally. The rest of the orbit can be obtained by symmetry. The proof presented here
will show by a topological shooting argument that there is an orbit segment whose
projection to the shape sphere crosses J in this way and which can be continued by
the 12-fold symmetry to a periodic orbit.

Two different systems of coordinates will be used on the shape sphere. The first
set of stereographic coordinates are derived by stereographic projection from the
south pole. With S = (s, 52, s3) as above, let z = (z1, z2) where

S1 52 ¢ . ¢ .
71 = 2= 1 =721 2 =22.
1+ s3 1+ s3
The inverse formulas are
2 2 1 —|z|?
21 22 |z]

= = §3 = .
[+1zP [+1zP [+1zP

The Lagrangian is (6) where now

(@ + )

K="+
(1+z%)?
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1 1 1
+ +
£12 P13 023

, @+ D423
P2=—"7TT12

14 |z2
9
FENCES eaCt s ©
o @ — D24 (- )2
3 1+ |z|?

The other set of stereographic polar coordinates are the polar coordinates in the
z-plane. Let z = (s cos 8, s sinf) where s = |z|. Then the Lagrangian is (6) with

P i2 r2(5,2 4 s2é2)
(1+527
1 1 1
W=—-4+—+—
P12 P13 P23
»  1+s242scos6

P2 = 1+ s2 (10)
2 1+ 52— scosf + +/3ssind

P13 = 1452
2 1+ 5% —scosf —+/3ssin6

P23 = 1+ s2 '

These Lagrangian systems represent the zero angular momentum three-body
problem reduced to three degrees of freedom by elimination of all the symme-
tries. The differential equation are the usual second-order Euler-Lagrange equations
which can be written as a first-order system in phase space. One final improvement
is to blow-up the triple collision singularity at » = 0 by introducing the time rescal-

3
ing’ = r2 "and the variable v = r’/r [8]. The result is the following first-order
system:

r=vr

v = W(2) — Sv* +2rh

/

21=4

H=0 (In

& = (1 + 1222 W, — doey + (IcP2 =201 - 220))

1+ 22

&= (+12P)? Wey — Joea + (16122 + 2612182 = 2260)) -

14 |z]?
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with energy equation:

Lo 2P _

+1z1%)?
Note that {r = 0} is now an invariant set for the flow, called the triple collision
manifold. The differential equations are still singular due to the double collisions
when p;; = 0. However, in the argument below, it is possible to avoid these.

The corresponding equations in stereographic polar coordinates are:

¥ =vr
v =W(s,0) — $v2+2rh
s’ =0
9/ =T (13)
2502 s(1 —s2)1:2
’_ 2\2 _ 1
o ={4s7)" W 2v0+1+s2 52
2
2t =1+ s3> Wy — %vszr — 1:_0;.
with energy equation:
24 2.2
) 107+ 57T
QU +§m—W(S,9)=rh (14)

Figures 3 and 4 show the potential W in stereographic and stereographic polar
coordinates, respectively.

3 A Wazewski Set

Consider the system (11) on a manifold of fixed energy 7 < 0. Due to scaling
symmetry, one may assume without loss of generality that 4 = —1. The energy
equation (12) shows that the energy manifold is five-dimensional and is a graph
over its projection to the (v, z, {)-space. The goal of this section is to construct a
Wazewski set in this five-dimensional manifold.

A Wazewski set for a flow ¢;(x) on a topological space X is a subset W C X
satisfying technical hypotheses which guarantee that the time required to exit VW
depends continuously on initial conditions [3, 11]. To formulate these hypotheses,
let W9 be the set of points in YW which eventually leave  in forward time, and let
& be the set of points which exit immediately:

Wo={xeW: :3t>0,¢(x) ¢ W)
E={xeW:Vt>0,d¢pnkx) W}
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0.8
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0 0.2 0.4 0.6 0.8 1

Fig. 3 Contour plot of the shape potential W and the fundamental region F in stereographic
coordinates. The dot represents collinear central configuration and the opposite bold edge of F
represents the isosceles configurations which will enter into the shooting argument. The fop corner

of F is the double collision point z = (3, g)

0.8
0.6

0.2

0 0.2 0.4 0.6 0.8 1

Fig. 4 Contour plot of the shape potential W and the fundamental region F in stereographic polar
coordinates. The fundamental region F is the square 0 < 6 < 7/3,0 < s < 1. The south-east
velocity cone field defining the Wazewski set is shown in gray
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Clearly, £ C WO, Given x € WY define the exit time
T(x) = sup{t > 0 : ¢jo,1(x) C W}

Note that t(x) = 0 if and only if x € £.
The appropriate hypotheses which guarantee continuity of = are [3]:

(2) If x € W and ¢yo,.)(x) C W, then ¢jo.)(x) C W.
(b) & is arelatively closed subset of WY,

The choice of the set VV is motivated by the shooting argument outlined above.
Recall the spherical triangle F, the fundamental region for the potential. Roughly
speaking, the Wazewski set consists of the points in phase space whose shapes lie
in F and whose velocities lie in a certain cone. In stereographic polar coordinates,
the velocity cone is given by

s,:()'fo Q/ZTZO.

A typical element of the is cone field is shaded gray in Fig. 4. Thus the solutions in
W will be moving south-east across the figure. Because of the polar coordinate sin-
gularity at s = 0, the actual definition of V¥ will be given in ordinary stereographic
coordinates, where the velocity conditions become

z2-{=z2181+220 <0 INE =218 —2200 >0 if (z1,22) # (0,0)
(1,0)- ¢ =¢1 <0 (L3 AE =0 —~/381 >0 if (z1,22) = (0,0).
(15)

This includes a special definition for the origin, which is taken to be the union of all
of the velocity cones at nearby points z € F, z # (0, 0). Let

W ={(r,v,z,¢) : (12) holds, r > 0, z € F, ¢ satisfies (15)}. (16)
Because of the way the cone at z = (0, 0) was handled, WV is a closed subset of RO.

For technical reasons, certain parts of the set W must be excluded from the
Wazewski set. First, there is the double collision singularity at the vertex z =

(4, L) Let

D={rnv,50: 2= B ={0rv,56,01):5=1,60=%).
Next, there is the collinear invariant manifold, which is given by
C={rnv,z,0):lzl =1, z151+ 228 = 0} = {(r, v,5,0,0,7):s = 1,5 =0 = 0}.
On the one hand, these orbits will have double collisions; on the other hand, their

exiting behavior is somewhat different from that of the nearby, non-collinear orbits.
Finally there is the set
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Ti = {(r.v.2.8) 1 22 — V321 = & — /301 = 0)
Iin{s >0} ={(rv,s50,0,71):0<s=<1,0=7%7=0}L

This is an invariant manifold of isosceles motions (with mass m| moving on the
symmetry axis of the isosceles triangle). There is another invariant isosceles mani-
fold Z3 given by 6 = t = 0 which will play a role later on. However, it is convenient
and feasible to keep 73 in the Wazewski set.

With these definitions in place, the Wazewski set is

W=W\CUDUTI,.

Note that WV is the closure of W in R® as the notation suggests. Also W is open
in W.

The rest of this section is devoted to proving
Theorem 1. W is a Wazewski set for the flow on the constant energy manifold.

First, note that any initial condition in W defines a solution which continues to
exist as long as it remains in V. To see this recall that it is a well-known property
of the three-body problem that a solution which fails to exist for all time must end
in collision [10]. Since we have blown-up the triple collision, the only possibility
for a singularity is the double collision at (s, ) = (1, %). If the initial value s < 1
then since s(¢) is non-increasing for orbits in W, it is impossible to reach the double
collision. Similarly if sp = 1 but 69 < O, then s(t) < 1 for all # > 0 and again,
collision cannot occur. The only remaining case, so = 1,00 = 0 is excluded as a
point of C.

To verify Wazewski property (a), one must check that whenever x € WV and the
closed orbit segment ¢, ;) (x) is contained in the closure VW, then ¢y, (x) is actually
contained in W itself. Assume for the sake of contradiction, that ¢ is the smallest
time such ¢, (x) € W\ W. In particular, r > 0 since x € W by assumption. Since
WA\W C CUDU Ty, it suffices to show that an orbit segment beginning in W
cannot enter C U D U Z;. Now the argument of the last paragraph shows that for the
orbit segment under consideration, s(#) < 1 so ¢;(x) ¢ C U D. Also, ¢;(x) ¢ I}
since x ¢ 71 and 7 is an invariant set. Thus property (a) holds for W.

To check property (b), one must first identify the subsets W, £. It turns out that
all of the solutions beginning in W eventually leave, except those which converge
to one of the equilibrium points on the triple collision manifold. There are exactly
four equilibrium points in W. In (r, v, z, ¢) coordinates, they are

Er =(0,£/2W(e),e,0) L+ =(0,£/2W(0),1,0)
where e, [ are the Eulerian and Lagrangian central configurations, with z-coordinates:
e=(1,0) [ =(0,0).

These are just the critical points of the potential W (z) in F (see Fig. 3). It is known
that these are hyperbolic equilibria for the differential equation (11). It turns out that
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parts of the stable manifolds of L lie in W and the corresponding solutions may
never exit. Define the immediate stable manifolds:

Wo(Ly) ={x e W:¢;(x) e Wforallt >0, ¢;(x) > Ly ast — 00}.

Then
Lemma 1. W0 =W\ Wj(Ly).

Proof. Consider a solution ¢, (x) which remains in WV for all ¢+ > 0. On the energy
manifold, one can use (12) to eliminate r from the differential equations to obtain
a five-dimensional differential equation for (v, z, ¢) or (v, s, 8, o, T). The mono-
tonicity of s(¢) and 6(¢) and the compactness of F imply that 7o = lim;_, o 2(¢)
exists and is a point of F. Since s(¢) < 1 for # > 0 and is non-increasing, it follows
that |zoo| < 1. In particular, zo, cannot be the Eulerian central configuration or the
double collision.
The energy equation gives a bound

2
2 17|

A+ P2 =2W().

Thus the omega limit set @ (x) is nonempty and is contained in the compact set

2 + L =< 2W(Zoo)
(I + zee»? ~

Z =20

Any invariant subset of this form must have ¢ = ¢’ = 0 and then (11) shows that

W, = W, =0, 1.e., 2o is a critical point of the shape potential. The only critical
point with |z| < 1 is the Lagrangian central configuration / so zo, = [.

Now the line segment z = [,¢ = 0, v < 2W () is the Lagrangian homothetic

solution connecting the restpoint L to L_. It follows that ¢, (x) must converge to

one of these restpoints, as claimed. O

To find the immediate exit set £ one must examine the boundary points of W. It
turns out that there are essentially just two ways to exit VY — either the orbit reaches
an isosceles configuration (with m1 on the symmetry axis) or the stereographic polar
radius stops decreasing and begins to increase again. Corresponding to these two
modes of exiting, it is convenient to distinguish two subsets of the boundary. Let
x = (r,v,z,¢) and let

Bi ={x e W:2, — 3z =0}
By ={x e W:z1¢1 + 228 = 0}.
The parts of these sets with |z] > 0 can be described more intuitively in stereo-
graphic polar coordinates x = (r, v, 5,0, 0, T) as
BiN{s>0}={xeW:0 =73}
BNis>0=xeW:s' =0 =0}.



Shooting for the Eight 299

When z = (0, 0) the conditions on the velocities reduce to those required for mem-
bership in W. These definitions make it clear that By and B, are relatively closed
subsets of W, hence also of Wj. So the following lemma completes the verification
of property (b) and the proof the Theorem 1.

Lemma 2. The immediate exit set of W is € = By U B;.

Proof. By definition, B, B, each contain {x € W : z = (0, 0)}. Note that for any
such x, the shape velocity ¢ # (0, 0) since z = ¢ = 0 is part of the isosceles
invariant manifold Z; which was excluded from W. Furthermore, by definition of
the velocity cone when z = (0, 0), ¢ points out of F and so these points x are indeed
in £. For the rest of the proof one may assume z # (0, 0).

Letx = (r, v, 2, ¢) € By with z # (0, 0). Using stereographic polar coordinates,
one has 6 = % and since the isosceles set Z; has been excluded 8’ = 7 > 0. Thus x
is an immediate exit point and B; C &.

Next consider a point x = (r, v, 5,0, 0,7) € By with s > 0. Since o = 0, (13)
gives

2y,2
o' = (1 + 522w, + 2L 2T S 1y 22w,
1+s2
Now it is easy to check that Wy > 0 in F with equality only if s = 0, 1. One has
s > 0 by assumption and s < 1 since the set s = 1, ¢ = 0 is the excluded collinear
invariant manifold C. Therefore o’ > 0 for all points of B, with s > 0. This shows
B, C€.

To complete the proof, it remains to show that there are no other immediate exit
points. Suppose, for the sake of contradiction, that x € WV is an immediate exit
point which is not in B; U B,. Only the case s > 0 needs to be considered since the
points with s = 0 are in By U B;. By definition of £ there is a sequence of times
ty > 0, t, — 0 such that ¢;, (x) ¢ W. By Wazewski property (a), one may assume
b, (x) € W. -

From the definition (16), there are four other conceivable ways to exit W, each
of which must be ruled out. First, one could exit by having » = 0 but »(#,) < 0 for
a sequence of positive times #, — 0. However, this is impossible because {r = 0}
is the invariant triple collision manifold.

Next, one might have s = 1 and s(¢,) > 1 for small positive times as above.
Clearly this implies s’ = o > 0, but all points x € YW with s = 1 have 0 < 0 so
this is also impossible.

If = 0 and 6(z,) < 0, one would have 8’ = T = 0. However, the equations
60 = t = 0 define the invariant manifold of isosceles orbits Z3 (with m3 on the axis
of symmetry). Therefore 6 (¢) remains constant rather than decreasing.

Finally, if ¢ = 0 and 7(#,) < 0, then it must be that s2t = (14 s2)2Wy < 0.
Now it can be shown that Wy > 0 in F with equality only when 6 = 0, /3. The
case & = t = 0 has just been discussed while & = /3, T = 0 defines the invariant
isosceles manifold Z; which has been excluded from W. This completes the proof.

O
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4 The Shooting Argument

The idea is to find the first 12th of the figure-eight orbit by shooting from the
collinear central configuration with m3 in the middle to the set of isosceles configu-
rations with m1 on the symmetry axis (see Fig. 1). A certain set of initial conditions
Sp with z = (1, 0), the collinear central configuration, will be followed under the
flow until they exit WV and it will be shown that at least one of the resulting exit
points lies in a certain target set 7 with isosceles configurations, zpo = V3z1. In
Fig. 3, the projection of the first 12th of the orbit will move from the dot at one ver-
tex of the fundamental triangle to the opposite edge. In Fig. 4, it will move the upper
left corner to the right edge. Moreover, appropriate orthogonality conditions on the
velocities must be met.
More precisely, let

S={rv,z,0) eW:z=(1,0),v =0}
T={rvz)eW: -3z =0+V30=v=0).

Using stereographic polar coordinates one has

S={rvs,0,0,t1)eW:s=1,0=v=0}
TN{s>0}={(rvs,0,0,1)eW:0=7%,0=v=0}

Imposing the equations v = 0 in S and 0 = v = 0 in 7 guarantees that any
orbit segment beginning in S and ending in 7 can be extended using the 12-fold
symmetry to a periodic solution. The proof actually uses a proper subset Sop C S
which will be described later.

It is possible to visualize S, 7 and to see how 7 is embedded in the immediate
exit set £. There are six variables, but r will always be eliminated using the energy
relation. Since points of S all have the same shape, it is only necessary to draw the
velocity variables (v, ¢1, {2) or (v, o, 7). Using the polar variables, (14) shows that
the projection of the energy manifold is the solid region where

2 2.2
o°+s5°T
v g S,

For (s, 8) = (1, 0) this is a spheroid. The inequalities o < 0, T > 0 defining the ve-
locity cone cut out a quarter of the spheroid, as shown in Fig. 5. The set S is the slice
v = 0. Thus S is a two-dimensional surface. It is a quarter circle, homeomorphic to
a disk.

The initial set S will be shrunk to a more manageable subset Sy as shown in
Fig.5. Let

80:{(r,v,s,9,a,t)eW:s:1,9:1}:0,02—}—12zcl,a—i—cerO}CS.
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Fig. 5 Velocity fiber over the Eulerian central configuration. Sy C S is the initial set for the
shooting argument

This moves the initial set away from the Eulerian homothetic orbitat o = v = 0
and away from the collinear invariant manifold C (where s = 1, ¢ = 0) which was
deleted from W. For later reference the four boundary arcs of Sy have been labeled
Ai, ... Ay in the figure.

The target set 7 is also homeomorphic to a two-dimensional disk. It will be im-
portant for the proof to know how 7 is embedded in the immediate exit set £. Since
the latter is four-dimensional, a projection which preserves the relevant topological
properties will be used. Since the variable t plays a lesser role in the argument, the
projections will be along this axis.

First consider the set 3 which forms part of the immediate exit set. Since § = 5
is constant, one can use variables (v, s, o, T) to parametrize it. Projecting to (v, s, o)
space, the energy relation gives

2 o’

+ ——= <2W(, 3).

(14522~ 3
The part of this solid with o < 0 is shown in Fig. 6. The outer surface of the solid
corresponds to T = 0. Since one also has & = 7, this surface is part of the isosceles
manifold Z; which is not part of W. Similarly, s = 1,6 = % is the double collision
configuration which has been deleted. Over each remaining point of the solid, one
should imagine a line segment of T-values. In this picture, the projection of the target
set 7 appears as the line segment v = 6 = 0,0 < s < 1. When s = 0 there is an
extra flap extending away from the solid due to the larger velocity cone used there.
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Fig. 6 Projection of B
which forms half of the im-
mediate exit set £. The s-axis
runs vertically from s = 0 to
s = 1. The diameter (o, v)-
directions approaches oo as
s — 1. The target set T is
shown as a bold line segment

Fig. 7 Projection of B>
which forms the other half of
the immediate exit set £. The
variables in the projection are
v and two shape variables
(z1,z2 or s, 0) lying in the
fundamental triangle . The
target set 7 is shown as a bold
line segment

R. Moeckel

There is a similar picture showing the projection of 3, (where o = 0) to the
(v, 2) space (see Fig. 6 where the shape is labeled by (s, ) instead of z). Over each
point z € F there is a line segment of v-values: —/2W(z) < v < /2W(z). This
time, the outer surface where T = 0 is not deleted, except for the curve where it
intersects the plane zo = V3z1 (e, 6 = %). Of course over each (v, z) in the
solid there is a line segment of 7-values which has been projected out. In Fig. 7, the

projection of the target 7 is the line segment v = 0, zo = +/3z].

Finally one can identify the plane where ¢ = 0 in ] with the plane where
6 = % in B, to obtain a projection of the entire immediate exit set £ and the target
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Fig. 8 Projection of the im-
mediate exit set £ together
with the target set 7' and the
images under the continuous
map F of the four boundary
arcs, A;, of Sp. The images
of the four arcs (shown alter-
nately in gray and black) link
the target set

(Fig. 8). Note that the target set T becomes a line segment through the middle of
the solid region. In the actual, four-dimensional figure, T is a two-dimensional disk
embedded in the four-dimensional immediate exit set £. But the figure correctly
depicts the essential topological relationship between 7' and £ in the sense that the
projection from the pair of spaces (£, T') onto their images in Fig. 8 is a homotopy
equivalence. This follows easily by contracting the line segments of T values which
have been projected out.

The rest of the argument will be carried out in a series of lemmas to be proved
in the next section. First it will be shown that almost all of the initial points in Sp
eventually leave W and so can be followed forward under the flow to the immediate
exit set £.

Lemma 3. The initial set Sy C Wy except for those points on the isosceles edge
0 =t = 0(Ay in Fig. 5) which are also in W (L-).

Since W is a Wazewski set, there is a continuous map F : Wy — & taking initial
points to their exit states. This will be defined on most of Sp. The next lemma shows
that it extends to all of Sy.

Lemma 4. The restriction of the flow defined map across VV can be extended to a
continuous map F : So — & by setting F(x) = L_ for any x € Wy (L-).

The main point of the shooting proof is to show that F'(Sp) N7 # @. This will be
done by examining the behavior of F on the boundary of Sp. This naturally divides
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into four arcs, Ay, ..., A4 as shown in Fig. 5. More precisely, using stereographic
polar coordinates x = (r, v, s, 0, 0, T)

Al ={xeSy:02+12=0¢)
A ={xeSy:1=0}
A3 ={xe€Sy:r =0}
As={xeSy:0+ct =0}

Lemma 5. The exit behaviors of the arcs A; are as follows. Points in A exit in B,
with v < 0. Points in Aj exit either in By at the equilateral configuration z = 0 or
in By with v < 0 and 6 = 0. Points in A3z exit withr = 0, v > 0. Finally, points in
Ay exit in By.

Using these lemmas, it follows that the projection of the image under F of the
boundary of Sy appears as shown in Fig. 8. In particular, the image is a closed curve
which links the projection of the target set 7. Since the projection is a homotopy
equivalence, it follows that F(Sp) N7 # ¢ as required.

Using the 12-fold symmetry one can now construct a periodic solution of the re-
duced differential equations. It follows as in Chenciner and Montgomery’s original
proof that this orbit is actually periodic for the unreduced system, i.e., the planar
three-body problem. This proves the main result:

Theorem 2. For the equal mass three-body problem with zero angular momentum
and arbitrary negative energy, there exists a figure-eight periodic solution of the
following type. During the first 12th of the period, the three masses move from the
collinear central configuration with mass m3 between m1, my to an isosceles con-
figuration with m on the symmetry axis. The projection of this orbit segment to
the shape sphere lies in the fundamental triangle F and has the property that the
stereographic polar radius s is monotonically decreasing while the angle 6 is mono-
tonically increasing. The rest of the orbit is obtained by symmetry.

5 Proofs of the Lemmas

This section contains the proofs of the Lemmas 3-5.

Proof (Proof of Lemma 3). It must be shown that, with the indicated exceptions,
most of the points in the initial set Sp lie in Wy, i.e., they eventually exit V. By
Lemma | any points which do not exit must lie in one of the local stable manifolds
Wy (L+).

First it will be shown that So N W3 (L) = @. It is well-known from studies of
the triple collision manifold that W* (L) C {r = 0}. Since {r = 0} is an invariant
set for the flow, it suffices to show that if x € Sp is an initial point with r = 0 then
x ¢ W§(Ly). Since initially v = 0 and since v = +/2ZW (1) = /6 at L, it will be
enough to show that the change in v along the orbit ¢, (x) satisfies Av < +/6. This
will be done by comparing the change in v to the arclength of the projection of the
solution to shape space.
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For solutions with » = 0 we have v/ = W — %vz > 0. On the other hand, the
length of the velocity of the projected curve with respect to the kinetic energy metric
satisfies 5

/!
W= 2 —_
(1 +1z1%)

where we use A to denote arclength. Hence

V= 3W = 202 V2W — 02 < AW
Av < / NELAD)
14

where y is the projected curve in the fundamental region F.
To estimate this integral note that in stereographic polar coordinates, one has

d)\_«/ds2+szd92< |ds| N sido| _|ds| +|d9|
N 1+ 52 T 1452 14527 1442 2

2W — 2

and

Along y, s and 6 are both monotonic, with s decreasing from 1 to 0 and 6 increasing
from O to at most % Also, the shape potential W (s, 0) satisfies Wy > 0 and Wy > 0
in F so increasing s to 1 or 6 to 5 only increases W. From these observations it
follows that Av < I} + I, where

1 s
ds 1 [3
I = Ly V2 —— I_——/ 1w 1,0)do.
]fo,/2<s e R=g) VWA

Using (10) one can approximate these integrals numerically with the results
Iy ~ 1.34227 I =~ 1.02795.

Hence Av < I1 + I, = 2.37022 < V6 ~ 2.44949 as required.

It remains to show that SopN Wg (L_) is contained in the isosceles invariant set Z3
where & = t = 0. To see this, consider x ¢ Z3. Then either > Qor 6 = 0,7 > 0.
In either case, one has 6(¢) > 0 for small positive times ?.

In W, one has 6’ = t > 0. So orbits in W;j(L_) approach L _ in such at way that
6(t) has a limit and of course s(¢) decreases monotonically to 0. The differential
equations (13) give

o4 +2s2)2

W I 2071

S G_EUT——S(1+S2).
It can be shown that Wy > 0 in F with equality only along the isosceles lines
6 = 0, Z. First of all, this shows that it is not possible for a non-isosceles orbit in
Wy (L-) to approach L_ with 6(¢) constant and 7(¢) identically 0. But then 6(¢)
must converge to its limit strictly from below. In that case, there would have to be a
sequence of times 7, — oo with 8'(t,) = 7(¢,) > 0,0”(¢,) = ©/(t,) < 0. But since,
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v(t,) — —4/6 the differential equation shows that t(z,) > 0 implies 7/(¢,) > 0, a
contradiction. O

Proof (Proof of Lemma 4). Consider a point x € Wg (L-). It was shown in Lemma 3
that such a point must lie in the isosceles invariant manifold Z3 but this will not be
needed here. Note that the equilibrium point L_ lies on a corner of YW where the
boundary manifolds r = 0, 6 = %, o = 0, T = 0 come together (L_ itself is not
part of W since it lies is Z1).

The main point is that the local punctured unstable manifold W*(L_) \ L_ lies
outside of W. Indeed, a computation using (v, z, ¢) as local coordinates shows that
the unstable eigenspace consists of all vectors of the form

(6v, 6z,8¢) = (0, u, ku)

withu € R, and k = %\/ 21 + 3+/13 > 0. On this subspace the quadratic form z - ¢
is positive definite whereas, by definition, z - ¢ < 0 in W.

Now consider a point y € W) near the point x € Wj(L_). Let a small neigh-
borhood U/ of L_ be given and let T > 0 be such that ¢;(x) € U fort > T. Now
the immediate exit set £ is closed in W, and it is disjoint from the compact orbit
segment ¢po,71(x). It follows that if y € W) is sufficiently close to x, it cannot
exit W before entering {/. On the other hand, after entering ¢/, the lambda lemma
shows that ¢, (y) passes close to L_ and emerges from U close to W*(L_). Since
WH*(L_) \ L_ lies outside of W, it follows that ¢: (y) exits VW somewhere in U,
i.e., close to L_. This means that defining F(x) = L_ is a continuous extension as
required. O

Proof (Proof of Lemma 5). Each of the arcs A; will be considered in turn. The arc
A\ is the subset of the quarter circle S defined by 02+ 1% = ¢ where ¢c; > Ois
a small constant. Note that the center of the quarter circle, given by 0 = v = 0,
is the collinear homothetic solution. The behavior of the solutions ¢;(x), x € A
will be well approximated by the variational equations along the homothetic orbit,
provided c; is sufficiently small and only a bounded interval of time is involved.
The collinear homothetic orbit has s = 1,6 = o = © = 0. The other variables are
given by:

r(t) = Wosech®(y/ 521)  w(t) = —/2W tanh(y/ 521)

where Wy = W(1,0) = % is the value of the potential at the central configuration.

Note that v(¢) decreases monotonically from 0 to —/2Wj.
The variational equations along this solution are quite simple. The equations in-
volving the variations in the variables s, o are decoupled from the others:

8s' = 6o

: | a7
do = 4Ws8s — su(1)do.

_1_
42"

Moreover, on the homothetic orbit Wy, = —
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Letx = (r,v,5,0,0,7) € Aj. Thens = l,v =60 = 0,02+ 12 = ¢ and
o +cat <0, where ¢ > 0 is another constant to be chosen later. It follows that the
values of o are all small and negative. It will now be shown, that for any solution
of the variational equations with §s(0) = 0 and 80 (0) < 0, §o (¢) reaches O after
a uniformly bounded time. It follows that if c; is sufficiently small, the solution
¢:(x) reaches a state with o () = 0 before 6(¢) can reach % (so the exit is in By).
Moreover, the value of v(r) will be negative, as is true for the homothetic solution.

Consider a nonzero solution of the linear differential equation (17). The goal is to
show that any solution beginning on the negative §o axis passes clockwise through
the third quadrant in the (§s, 50 )-plane and reaches the negative §s axis. To this end,
define an angle y € [0, 7] such that tany = k‘ss where k* = }, k > 0. To show
that this increases from 0 to 7 one computes

kdséo
k2852 4 802 —
It is easy to check that k — —Wo > 1.55 and it follows that y (r) reaches Z > before
time t = 3'1 as claimed.

Next, consider x € Aj. Note that A, is contained in the invariant set Z3 of
isosceles solutions with m3 on the axis of symmetry. Some of the points of .4, may
lie in Wg (L_) and therefore never exit WV, but Lemma 4 provides a continuous
extension of the exit map F. Assuming ¢;(x) does exit WV, it must do so through
&€ = B1 UB; so it suffices to show that exiting through 3, with v > 0 is impossible.
In other words, if the exit occurs with o () = 0 then v(¢) < 0. To prove this, another
lemma will be used.

y'(t) =k+ v — 3lv@®)| =k — {Wp.

Lemma 6. There is a function of the form F = v + f(s)o where f > 0 such that
the set {F < 0} is strictly positively invariant relative to W N 13, i.e., if F(x) <0
for x € W N1z then F(¢:(x)) < 0 holds for all t > 0 as long as the orbit remains
in W N1s.

This will be proved later on. Note that for any initial condition in .43, one has v = 0
and o < 0 and so F < 0. It follows that F' < 0 at the exit point, i.e., v < — fo. If
o = 0 this implies v < 0 as required.

The third arc, Aj, lies entirely in the triple collision manifold {r = 0}. This is
an invariant set, so the equation r(¢#) = 0 continues to hold for all t. In addition, the
differential equation for v’ on the collision manifold reduces to

a + 5272
Initially this is strictly positive and it follows that the exit must occur with v(¢) > 0
as claimed.

Finally, consider the arc A4 given by 0 = —cat. For ¢z > 0 small, this is close to
the invariant collinear set C which has been deleted from W . It must be shown that if
x € Ay then ¢, (x) exits with o () = 0 rather than with 6(t) = 5. This will be done
by using the variational equations along solutions in C. As before, the equations
involving the variations in the variables s, o are decoupled from the others. This
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time one finds
8s' = 6o

(18)
80’ = 4W,sds — 1285 — Ju(t)do.

but W, is no longer constant. In fact W (1, 0) < W (1,0) = —% 2 ~ —1.237.

Furthermore, Wy (1,0) — —oc as 6 — % and this will be the main point of the
argument.

Define a different angle w(¢) in the (§s, §o)-plane such that tan w = ‘fs—‘; Then

(—4Wss+12)852+802+ 3v(t)8s60 . —4 Wy 852 —JW]28580 +802

o' (t) = >
8524802 8524802

where the energy bound v?> < 2W () has been used.
Write the quadratic form in the numerator of '(r) as Ads? + 2B8sdo + C8o>
where
A =—Wy(1,0) B=\W/8 c=1.

Then A > 0,C > 0Oand A = AC — B? = —Wy,(1,0) — %W(l,@). It is not too
difficult to show that A > 0 for 0 < 6 < %. In fact, it is increasing in 6 achieving
the minimum value A = 2+/2 when® = 0 and A — 0o as § — % It follows that
the angle w(¢) is strictly increasing.

For solutions ¢;(x), x € A4, 0(t) > 0 forz > 0 and 6(¢) is increasing. Mean-
while the behavior of s(¢), o (¢) is well-approximated by that of s(¢), 6o (¢) obeying
(18). It will be shown that the angle w(#) reaches % before 0(t) reaches % )
where § > 0 is a small constant. In fact, the change in w(¢) as 6(¢) varies over
[F — 28, 5 — 8] will be seen to exceed 7.

To see this first note that 6(z) = t(t) < «/2W(1, ). Therefore

do _ A8s% 4+ 2Bdsdo + Cda?
g —  J2W(8s2 +802)

19)

This has a positive lower bound ‘Zl—‘g >d >0for0 <6 < % Therefore, by the

time 6 = 1, one has w(¢) > d. This gives a positive lower bound

852 .
557+ ag7 =4

valid for & > 1. Using this in (19) gives

do Asin’d; — 2B+ C)  Asin’d,
> >

> > —k
do V2W V2W
where k; is a constant (it turns out that one could even use k| = 1). Now A =

—4Wy (1, 60) has a pole of order 3 at 6 = % whereas W (1, 0) has a simple pole. It
follows that there is a constant k» > 0 such that
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do > ka8 % — Ky
do

holds for 6 € [% — 28, % — 8] for 6 small enough. Hence the change in w(¢) as 6(¢)
varies over this interval tends to oo like §73/2 as § — 0. If § is small enough the

change in  will be at least 7 as required. O

Proof (Proof of Lemma 6). The lemma refers only to orbits in the isosceles manifold
I3, where § = v = 0. It will be convenient to replace the variable s by a new variable
Y such that
cos ¥
ST T¥siny

Y is one of the ordinary spherical coordinates on the shape sphere. In addition, let
a = ¥'. Then the differential equations can be written

¥ =vr
V= W) — S0P+ o
V—a (20)
o =4Wy — fva.
with energy equation:
I+ ta? = W) =rh 21)

and
2

1
+ .
1T+ cosyr \/1_%COSw

W) =

Using these coordinates, define F = v — id/a. Since o and « are related by
o= —ﬁ, this can be written in the form F = v + f o with f > 0. It suffices
to show that for all x = (r,v,¥,®) € W N Z3 such that F(x) = 0, the time
derivative along the flow satisfies F/(x) < 0. Calculating F’ from the differential
equations and using F' = 0 to replace v by ‘l‘wa gives

2

4
F'lp—o = Eoﬂ — W — Yy Wy.

With v = %lpa, the energy equation gives

o=
“4+vy?)
and so 5
Fllr_n < - W — U Wy.
Fe0 < g gr ~ W =Wy

It can be shown that this function is strictly negative for 0 < ¢ < 7 asrequired. O
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Compatible Poisson Brackets, Quadratic Poisson
Algebras and Classical r-Matrices

V. Roubtsov and T. Skrypnyk

Abstract We show that for a general quadratic Poisson bracket it is possible to de-
fine a lot of associated linear Poisson brackets: linearizations of the initial bracket
in the neighborhood of special points. We prove that the constructed linear Poisson
brackets are always compatible with the initial quadratic Poisson bracket.

We apply the obtained results to the cases of the standard quadratic r-matrix
bracket and to classical “twisted reflection algebra” brackets. In the first case we
obtain that there exists only one non-equivalent linearization: the standard linear
r-matrix bracket and recover well-known result that the standard quadratic and lin-
ear r-matrix brackets are compatible. We show that there are a lot of non-equivalent
linearizations of the classical twisted Reflection Equation Algebra bracket and all
of them are compatible with the initial quadratic bracket.

1 Introduction

The theory of compatible Poisson brackets (or so-called bihamiltonian theory) has
appeared almost 30 years ago [1]. Magri had observed the following highly non-
trivial fact: a linear combination of two Poisson brackets (or two Poisson tensors) is
not always again a Poisson but demands an additional compatibility condition (the
annihilation of mutual Schouten brackets for two Poisson tensors). The theory of
such compatible brackets (or in other terminology of linear Poisson pencils) was
developed later in many papers (see for example [2-6]). Compatibility conditions
of Lie-Poisson brackets on finite-dimensional spaces was recently systematically
studied in [7] in the assumption that one of the brackets is semisimple.

In the present paper we study linear Poisson pencils of quadratic and linear Pois-
son brackets. Although there exists a lot of examples of such compatible brackets in
literature (see for example [4, 14—16]), there is no (up to our knowledge) a general
compatibility theory for such the brackets .

T. Skrypnyk (=)

International School for Advanced Studies, via Beirut 2-4, 34014 Trieste, Italy and Bogolyubov
Institute for Theoretical Physics, Metrolohichna str.14-b, Kiev 03680, Ukraine

e-mail: skrypnyk @sissa.it

B. Kruglikov et al. (eds.), Differential Equations: Geometry, Symmetries and Integrability: 311
The Abel Symposium 2008, Abel Symposia 5, DOI 10.1007/978-3-642-00873-3_15,
© Springer-Verlag Berlin Heidelberg 2009



312 V. Roubtsov and T. Skrypnyk

The central idea in this paper is the idea of a linearization which comes from the
Poisson-Lie group theory. In more detail, we show that it is possible to construct
compatible linear and quadratic Poisson brackets by a linearization of the quadratic
bracket in the neighborhood of zeros of their right-hand sides. For each of such zero
it is possible to define a linear Poisson bracket which, as we will show, is automat-
ically compatible with the initial quadratic one. We consider the application of this
result to the theory of integrable systems in a spirit of the Lenard—Magri scheme [1].
In particular, we obtain a set of commuting functions with respect to both linear
and quadratic brackets (we call them “integrals” or “hamiltonians”) starting from
polynomial Casimirs. It is necessary to emphasize that different choice of zeros of
the quadratic Poisson structure may produce non-equivalent linearizations and non-
equivalent sets of commuting hamiltonians. We show that the hamiltonian dynamics
with respect to one of these hamiltonians of degree k and quadratic bracket can be
re-written in the terms of hamiltonian dynamics with respect to a hamiltonian of the
degree k + 1 and the corresponding linear bracket. The last statement has a con-
ceptual importance from the point of view of classical dynamical systems: it means
that on the classical level the quadratic Poisson bracket produce the same integrable
dynamics as its linearization.

We apply the obtained results to a case of the standard quadratic r-matrix bracket
and after that to the classical “twisted Reflection Equation Algebra” brackets. We
consider spectral parameter-dependent case, though the same results evidently holds
true for the spectral parameter-independent situation. The geometry of compatible
linear and quadratic brackets associated with a constant r-matrix was considered
in [8]. The case of constant Reflection Equation Algebra bracket was extensively
studied in [9].

In the case of the standard quadratic r-matrix bracket [10, 11] (in the present pa-
per for the sake of simplicity we consider only the case of g/(n)-valued T -matrices):

{Ti), 2w}z = [ri2(h — ), T (M) T2 ()], ey

we show that its linearizations in the neighborhood of its different zeros produce the
standard linear r-matrix bracket [10,11]:

(i), 2wt = [r2(k — w), Ti(A) + Ta(w)], (@)

or isomorphic to it brackets. In this way we obtain that brackets (1) and (2) are
compatible for the arbitrary choice of the r-matrix r(A — ) satisfying classical
Yang-Baxter equation [10, 12, 13] and for the arbitrary choice of the “monodromy”
matrices T (A) satisfying these brackets. The compatibility holds true both for spe-
cial matrices T (A) that define structure of the finite dimensional quadratic algebra
(e.g. those with simple poles in some fixed set of points) and for general mero-
morphic T (1) that define a structure of a infinite dimensional quadratic algebra.
This result generalizes a set of recent results [14—16] about the compatibility of the
linear and quadratic r-matrix brackets for the cases of the Belavins classical ellip-
tic r-matrix [17] and monodromy matrices 7 (1) possessing simple poles. In the
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present paper we show that d(1) = detT (1) is a generating function of the Casimir
functions of the brackets (1) for any classical r-matrix (A — ) taking the values
in sl(n) ® sl(n). This fact is certainly known but its rigorous proof seems to be
absent in literature. We produce generating functions of commutative integrals of
the both of the above brackets applying argument-shift method to the function d (1).
We show that generating functions of integrals of order k produce the same inte-
grable dynamics with respect to the quadratic brackets as generating functions of
order k 4 1 with respect to the linear bracket.

The main class of our examples is connected with the classical twisted reflection
algebra:

(T, B2 = r2G = WTW L) = TiGIr] (—x — W (w)—
—DWri A+ wWTi0) + LW (=2 (3)

where o is a second order automorphism of g/(n). (In in the case o = 1 brackets (3)
coincide with the classical limits of standard Reflection Equation algebras [18,19].)
We show that there are non-equivalent “linearizations” of these brackets determined
by the non-dynamical matrices K (1), where K (A) satisfies the following equation:

ria(h — WK1 (W K2 () — Ki()r]y (= — w)Ka(p) =
= Ka(r3 o+ wKi (W) — KW Ka(u)r)y 2 (m — ). (4)

These linear brackets have in terms of new variables 7X (W) = T(M)K~L(1) the
following explicit form:

(TEO, TE(wh = [rat — ) — K20r3 004+ WKy (W), TE (01—
— (e — 2 — Kirst 0+ K0, TR a1 5)

All linearizations corresponding to different K (1) are compatible with the initial
twisted reflection algebra bracket (3). In the case of g = s/(2), elliptic r-matrix
r (A — ) of Sklyanin [10], trivial automorphism o and K (A) = 1 such compatibility
was observed in the first time in [15]. In the general case our result seems to be new.

Let us also note that the bracket (5) is an example of the linear Poisson bracket
governed by the non-skew symmetric r-matrices r (A, u) [20-22]. In our case we
have:

rOu ) =r" 00w = rao— w) — Ka(wr3(+ wKs (). (6)

The classical r-matrix r%X (1, W) may be obtained also from some other consider-
ations [23].

Let us emphasize that each solution of (4) produces its own set of commuting
with respect to the bracket (3) functions. This gives one possibility to obtain a lot of
different commuting families of functions with respect to the same bracket (3). We
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consider in detail the families of solutions of (4) and the families of the correspond-
ing linear structures given by the r-matrix (6) in the simplest case of g = s/(2) and
elliptic r-matrix of Sklyanin [10]. We also show that D(A) = det7 (}) is a generat-
ing function of the Casimir functions of the brackets (3) for any classical r-matrix
r(A — u). We produce generating functions of commutative integrals of the above
brackets applying argument-shift method to the function D(X). We show that gen-
erating functions of the integrals of order k produce the same integrable dynamics
with respect to the quadratic bracket (3) as generating functions of order k + 1 with
respect to the linear bracket (5).

The structure of the paper is the following: in Sect. 2 we consider general theory
of consistent quadratic and linear Poisson brackets. In Sect. 3 we apply the results
of Sect. 2 to the quadratic brackets (1) and (3) investigate their linearizations and
corresponding algebras of integrals.

2 Compatible Brackets and Linearization: General Case

Let M be a (finite or infinite-)dimensional manifold. Let {7;|i € I} (where I is
some finite set in the finite-dimensional case, or Z in the infinite-dimensional case)
be the coordinate functions in some local chart on this manifold. Let us consider a
quadratic Poisson bracket on M, admitting in these coordinates the following ex-
plicit form:
(1. Tiha= ) CHTLT. ™
k,lel

Here the tensor Cl.kjl is assumed to be such that the sum (in infinite-dimensional

case) is correctly defined. In this paper we will not study the global aspects of the
manifold M geometry, preferring to work in the fixed local chart.

We will now linearize this quadratic bracket. In other words we will obtain a
linear Poisson bracket which is in a natural way associated with the bracket (7) and
is defined on the tangent space V in some fixed point ¢ € M with the coordinates
¢;. In more detail, let us consider in the same local card some curve 7; (1) such that
the following decomposition

T, =c¢i +nLi+o(n) )

holds true in the vicinity of the point 7; = c;. Here L; are the coordinates in the
tangent space.

Remark 1. The idea of linearization had come form the theory of Poisson-Lie
groups, where 7; are considered to be components of the group element and L;
are considered to be components of the corresponding element of the Lie algebra.
The expansion (8) in this case is simply expansion of the exponent in the Taylor
power series. We will return to this case in the further examples.
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It occurred, that not for all the points ¢ € M or, equivalently, not for all param-
eters ¢; such an expansion and “linearized” Poisson bracket exist. The following
Proposition holds true:

Proposition 2.1 The expansion (8) define in a correct way a linear Poisson bracket
on V if and only if constants c; satisfy the following condition:

Z Cikjlckcl =0,Vi,jel, ©
k,lel

i.e. lie on zeros cone of the quadratic Poisson structure (7). The corresponding linear
Poisson structure has in this case the following form:

(Li,Lihi =Y Ci(ckLi+ /Ly, (10)
kel

Proof. In order to obtain a correct linearization we will consider instead the bracket
(7) an equivalent (proportional) bracket :

T, TiYy=n ) CY{TiT. (11)
k,lel

Let us substitute expansion (8) in this Poisson bracket. Taking into account that ¢;
are complex or real numbers constant lying in the kernel of the Poisson brackets we
obtain:

nH{Li, Lj}+o(m®) =n Y Cilexer+n” ) Cij(ckLi + eLy) + o(n).
k,lel k,lel

Comparing the coefficients near powers of 7 in the both sides of this expression we
obtain the statement of the Proposition.

Now, having defined the linear Poisson structure on the tangent space V, we can
(using the diffeomorphism of the tangent space in a point of the local chart to the
local chart itself) consider the bracket (7) also to be defined on the space V, i.e. on
the coordinate functions L; or vise verse bracket (10) to be defined on the coordinate
functions T;.

In the subsequent we will use the following standard definition [1]:

Definition. Two poisson brackets { , }» and {, }; are called to be compatible if
their linear combination is again a Poisson bracket.

The existence of the compatible Poisson bracket is important for the correspond-
ing theory of integrable systems. The theory of compatible Poisson brackets was
conceived in the paper [1] and developed in papers [2—7]. Using compatible Pois-
son brackets it is possible to construct the algebra of mutually Poisson-commutative
functions — “integrals of motion” of an integrable hamiltonian system (see, for ex-
ample, Theorem 2.1 below).
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The following important Proposition holds true:

Proposition 2.2 The quadratic order Poisson bracket (7) is always compatible with
its linearization — the linear Poisson bracket (10).

Remark 2. Note that it is possible to define a linearization — the corresponding linear
Poisson bracket for an arbitrary polynomial bracket of the degree n. But in the case
n > 2 the linearized bracket will not, generally speaking, be compatible with the
initial polynomial Poisson bracket.

Proof. The statement of the Proposition follows from the combination of the previ-
ous Proposition and trick with the shift of the argument [24]. Let us consider shift of
the local coordinates 7;: T; — T; + nc;, where ¢; are some constants and substitute
it in the bracket (7). Using the fact that ¢; are constants we will obtain the following
expression:

(T;. Tj}y = {Ti+nci. Ti+nejla = Y (CHTTi+nCH T+ Ti)+n* Cl exer).
kel
(12)

Let now constants ¢; satisfy conditions (9) (this is needed to the very existence of the
linearization (10)). In this case we will have that the last summand in the expression
(12) vanishes and we obtain the following expression:

where {T;, Tj} = Y ijl(cle+clTk) is “linearized” bracket (10) and {7}, Tj}» =
k,lel

> C fjl Ty T; is the bracket (7). By other words, this means that linear combination
kel
of the brackets {T;, T}, and {T;, T;}, is again Poisson bracket, i.e. these brackets

are compatible.

Proposition is proved.

This Proposition is a generalization of the well-known in the quantum group
theory fact about the compatibility of the “first and second Sklyanin brackets” [10].
In the next subsections we will consider several examples of this sort.

But at first, let us remind the reason of the importance of theory of compatible
Poisson brackets (Lenard—Magri scheme) in the theory of classical integrable sys-
tems [1]. We will need the following version of this scheme of the construction of
the set of mutually commuting functions starting from the Casimir functions of one
of the compatible brackets:

Theorem 2.1 Let I"(T), I (T) be homogeneous polynomial invariants of the Pois-
son structure { , }» of the degree n and m correspondingly. Let C satisfy conditions
(10). Then the functions I}'(T, C), I (T, C) obtained via the decomposition of the
Sunction I" (T + nC) and I (T + nC) in the degrees of the parameter 1:

n m
I'(T +nC) =Y n"I(T.C), I"(T +nC) =Y n*I}(T.C)
k=0 k=0
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constitute commuting family with respect to the brackets { , }2 and {, }1:

{I}(T, C), I'(T, C)}a = {I}(T, C), I'(T, C)}; = 0.

Proof. In order to prove this Proposition let us note that {/"(T + nC), F(T +
nC)}, = 0 for arbitrary function F due to the fact that I"(T + nC) is a Casimir
function of the bracket { , },. Putting F(T) = I"(T + (n' — n)C) we obtain the
following equality:

{I"(T +nC), I"(T +n'C)}, = 0. (13)
In the analogous way one obtains the equality
{I"(T +nC), I'"(T +n'C)},y =0. (14)

From these identities, decomposing the functions I" (T + nC) and I (T + n’'C) in
the powers of parameters 7 and " and using the fact that {, }, = {, h+n{, h
we obtain the following equalities:

{II(T, C), I'(T, C)ya + {1}, (T, C), I'(T, C)}; = 0. (15a)

{L{(T,C), (T, Ol +{I(T, O), [ (T, O)hy = 0, (15b)

which are coefficients near the powers %7’ in these expansions. Taking into account
that I;')(T, C) = 1" (C), I} (T, C) = I"(C) are constants with respect to the both
brackets, i.e.:

{I"(O), I'(T, Ol = {I"(O), ;' (T, O)}; =0
{L{(T,C), I" (Ol = {[;} (T, O), I"(O)}1 =0

and substituting this into (15) we obtain the following equalities:

{I"_(T,C), I"(T,C)}; =0, >0, (16a)

{I;(T,C), I)_((T,C)}1 =0,k > 0. (16b)
Making use of the equality (16a) and substituting it into the equality (15b), putting
there k = n — 1 we obtain that {1 (T, C), I"(T, C)}2 = 0,1 > 0. In a similar
way using the equality (16b), substituting it into the equality (15a), putting there [ =
m — 1 we obtain that {1’ (T, C), I'(T, C)}» = 0, k > 0. Taking into account that
1y(T, C) = I'(T), 1;(T, C) = I"™(T) are Casimir functions of the brackets { , }»
we obtain also that {1’ (T, C), Ij'(T,C)}» = 0, {1} (T, C), I (T, C)}» = 0.
Hence we have proved that

{1y (T, C), " (T, O}y = {1,_(T, O), I'(T, Ol = 0,1 € 0, m;
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Proceeding inductively we at last obtain that

{I}_ (T, C), I'(T,C)ly ={I;(T,C), I} _(T,C)}; =0,
{I" (T, C), I'(T, C)}y = {I](T, C), I""_,(T,C)}a = 0.

fork € 0,n,1 € 0, m. Theorem is proved.

Remark 3. Note, that each point C satisfying conditions (10) provides in the frame-
work of our construction its own algebra of Poisson-commuting (with respect to the
brackets {, };,i € 1,2) integrals.

The following proposition (a kind of “Lenard recursive relation” [1]) is a conse-
quence of the fact the constructed Poisson brackets { , };,i € 1,2 are compatible:

Proposition 2.3 The hamiltonian equation of motion with respect to the bracket
{, }o with the hamiltonian function I,:’(T, C), (k < n and is fixed) coincides with
the hamiltonian equation of motion with respect to the brackets { , }1 with the hamil-
tonian function —1I;'_ (T, C).

Proof. In order to prove this Proposition, let us consider the following Poisson
bracket:

{Ti +nCi, I'(T + 0O}y ={T;, I"(T + Oy = {Ti, I"(T + nO)}a+

n n+1
+0lT;, (T +nOh = Yy, (T, Oh + Y aM{Ti, I (T, O =0,
k=0 k=1

where we have used that the function /" (T 4 nC) is a Casimir of the bracket { , },
and C; are constants with respect to this bracket. Due to the fact that this equality
holds true for all degrees of the parameter 1, we obtain for 0 < k < n:

{T;, (T, OV +{T;, (T, CO)}1 = 0.

The hamiltonian equations of motion with respect to the hamiltonian H and brackets
{, }x are standardly defined as follows:

dT;
—L —{T,,H
dt { i }k

we obtain the statement of the proposition.

Remark 4. The above Proposition has a conceptual importance for the theory of
classical dynamical systems. Indeed, it means that the integrable dynamical sys-
tems constructed with the help of quadratic Poisson brackets and the hamiltonian
obtained with the help of the “argument shift method” as in the Theorem 2.1 may
be interpreted as hamiltonian equations of motion with respect to the correspond-
ing “linearized” Poisson bracket and the other “hamiltonian” obtained by the same
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“argument shift”. Thus, on the level of classical integrable dynamical systems, it
is sufficient to consider only linear Poisson brackets, because the corresponding
quadratic bracket produces the same integrable dynamics.

3 Quadratic Algebras and Poisson—Lie Groups

In this section we will illustrate the results of the previous section on the examples
of the quadratic Poisson algebra related to the RT T and to the Reflection Equation
Algebras which are the main objects of interest of the present paper. In some cases
the obtained results are well-known, in other cases they seemed to be new. For the
sake of simplicity and in order to avoid global geometrical and topological subtleties
we will restrict ourselves to the case of the Lie group G L(n) and the corresponding
Lie algebra gl (n).

3.1 First and Second Sklaynin Brackets

Compatibility

Let us consider the reductive Lie algebra gl(n) and its simple subalgebra s/(n). Let
us consider a meromorphic function of two complex variables 717 (A — w) taking val-
ues in sl(n) ® sl(n) satisfying the usual classical Yang—Baxter equation [10,12,13]:

[ri2d — ), riz(x —v)] = [ra3( — v), riz(h — p) +riz(A = v)J, (17)
where r12 (A — 1), considered as a matrix acting in the space s/ (n), is nondegenerate.

Remark 5. Tt is possible also to consider nondegenerate g/(n)-valued r-matrices
r/()»,/.L)Ef()»,/.L)1®1+V()\,—/L),

where r(A — n) € sl(n) @ sl(n), f (1, u) is an arbitrary function of two complex
variables, but they will lead to the same Poisson structures as (A — @) and, that is
why, we will restrict ourselves to the consideration of s/(n)-valued r-matrices.

The important fact [13] is that from the classical Yang—Baxter equation follows
the skew-symmetry of the r-matrix ri2(A, p1):

ri2(h — ) = —ra1( — A).

This gives a possibility to define, using ri2(A, ), so-called Sklyanin quadratic
bracket [10]:
(i), (w2 = [riz(d — w), iAW) Ta ()], (18)
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where TI(A) =TAM)®1, Tr(w) = 1QT (), T (X)) takes values in a classical matrix

Lie group G L(n), and is a meromorphic function of spectral parameter A. Due to the
fact, that all our consideration will have a local character, we will, slightly abusing
the language, consider 7' (1) to be an element of gl(n).

Remark 6. Generally speaking, the bracket (18) is defined in the infinite-
dimensional space of meromorphic functions of A where it defines a structure
of an infinite-dimensional quadratic algebra. It also defines the structure of finite-
dimensional quadratic algebras in special subspaces of meromorphic functions. For
example, in the case of s/(2) elliptic r-matrix and matrices 7 (1) possessing one
simple pole at A = 0 it defines the Sklyanin algebra [25] or “many-poled” Sklyanin
algebras in the cases of matrices T (A) with many simple poles [15].

We will not need to write more explicitly the commutation relations (18) leaving
them in the “convoluted” form. Let us now consider the expansion (8):

T() =C®)+nL®)+ o),
where C € GL(n). It gives us the following linearization:
{L1), La(wh = [r2(h —w), LA Q@ C(w) +CA) @ L(w)].  (19)
Here the “initial point” C in this decomposition satisfies the following condition:
[riz(x, ), €M) ® C(W)] = 0. (20)

Remark 7. Note that the linearization condition (20) has the same form for all
infinite-dimensional quadratic structures defined by the (18) and for all finite-
dimensional substructures (like the Sklyanin algebra [25], the many-poled Sklyanin
algebra [15], etc.).

In the special case, when C()) coincides with a unit element of the group G L(n)
(C(A) = 1), we obtain from (21) the standard “second” Sklyanin bracket:

{L1(A), Lo(w)} = [ri2(h — ), L1(A) + La(w)]. 21

Hence we have recovered the well-known fact [11] that “first” and “second Sklyanin
brackets” are compatible.

It is easy to show that the bracket (19) is equivalent to the bracket (21). Indeed,
making a change of variables: L(L) = L€ (A)C (1) and using the condition (19) we
obtain that the bracket (19) pass to the bracket (21). Hence, in this class of examples
one does not come to the different compatible structures choosing different initial
points for linearization. The situation is different in the case of other quadratic alge-
bras, the examples of which we will consider in the next subsections. As we will see
the choice of the “initial point” in the neighborhood of which we linearize Poisson
bracket may lead to different Lie algebraic structures.
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Algebra of Integrals

Let us now consider an impact of compatibility of quadratic and linear Sklyanin
brackets in the corresponding theory of integrable systems. We will show, in
particular, that commutativity of generating functions of the classical integrals
tr(T(A))k (or tr(L(A))k) with respect to the both linear and second order Poisson
brackets may be derived using only the theory of compatible Poisson brackets.

In order to use the theory of bihamiltonian systems we have to describe Casimir
functions of the quadratic Sklyanin brackets on g/(n). The following result is true:

Theorem 3.1 Let d(A) be a determinant of the gl(n)-valued monodromy matrix
T ()). Then d(X) is a generating function of the Casimir functions of the bracket
(18) for all types of “monodromy” matrices T (\) satisfying the brackets (18) and
for all types of sl(n) ® sl(n)-valued r-matrices.

Proof. In order to prove the theorem we have to show that {d(A), T;;(u)}2 = 0,
where the bracket { , }» has the form (18). Let us notice at first that rrL()) is a
Casimir function of the bracket (21) for any s/(n)-valued r-matrix 12 (A, ©). Indeed:

{tri(L1(V)), La(w)} = tri([riz(A — ), L1(M)]D) + [tr1(riz(d — @), La(n)] = 0.

The first summand is equal to zero as a trace of commutator and the second one
is equal to zero because tri(r;2(A — wn)) = 0 due to the fact that our r-matrix is
sl(n)-valued.

Now let us make the following change of variables:

T(L) =exp L()). (22)

Keeping in mind the well-known relation of determinants and traces we obtain:
d(A) =detT (L) =exp trL(A). (23)

If the change of variables (22) had been Poisson,the equality (23) would have been
sufficient for the proof of the theorem. But, unfortunately, it is not Poisson. Nev-
ertheless the change of variables (22) will be still useful. Indeed, let us explicitly
calculate expressions {exp Li(1),exp Lo(u)}2 and {exp L1(}),exp La(u)}1. We
have:

{exp Li(X), exp La(p)}2 = [ria(A — ), exp Li(A)exp La(uw)] =

= Z W[m(k 0, LYO)Ly (). (24)
k,1=0

Hereafter it is implied that L?(A) = 1. On the other hand we obtain:

o0

1
{exp L1 (1), exp La(w)h = Z LA, Ly, (25)
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By the recursion applied first to k£ and then to [ we obtain the following equality:

k—1

(LY, LyGoh = Q| Li) Triai — w), LyGulLi)f 1~ +
i=0
-1 ‘ _
> Loy [ria O = @), LY 0)1La(w)' =), (26)
j=0

Now we will rewrite the formula (26) in the following way:

W{L"m Ly =

1
m(umk TrinG = ), L)1 + [ria 0 — ), Ly ()L ) H+

1
stig =y 20— 10 L0 + Lo 26— ), LoD+
k—1
2k'l'(z (L1, [Ir2(h — ), Ly ()1, Ly 1+

-1

3Ly 26— ). KGO, La()! = 7)),

j=0

Using this equality, the Leibnitz rule for the commutator, the fact that [L’f A),
Lé(u)] = 0 and renaming the indices k — 1 — k, when summing the first two
summands of the right-hand side of this equality with respect to k,/ and [ — 1 — [

when summing the next two summands of the right-hand side of this equality with
respect to k, [, it is easy to show that

oo o0

1
kZ W{Lk(/\) Ly(wh = kz k'l'[rlz()\ w), LX) Lh () 1+

Z Z T 2 — ), Ly ()1, Ly 1=+
kl:() i=0

-1

Z[[Lz(,u)j, [r120 — ), LXOOT1, Lau)! =17,

j=0

By other words we have obtained that:

{exp L1 (M), exp La()}2 = {exp L1 (M), exp La(u)}1 — X12(L), where
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0 k—1
> 1
X1p(L) = Z ka(Z[Ll()\)l ([ri2(x — ), L (M)] Ll()\)k z]]
k,1=0
-1 ‘ .
+ Z[[Lz(/t)], [r120 — 1), LXOOT1, LaGo)! =177,

j=0

Now, we remark, that using the Jacobi identity and the fact that [Lll‘ A), Lé (w]=0

the expression lg [[Lz(u)j, [rio(A — ), L’f(k)]], Lg(y,)l_]_j]) can be further
= -1 :

transformed in the following form: ;O[Ll()»)k, [[r12(A—p), L (w1, La(w)' =111

Hence, we can re-write the expressﬁon for X 12(L) as:

Xia(L) = Y LY (). X[ (D). @7)

m=0
Now, let us consider the expression

[dO), il = Y AdO), Tu())aXu =
k=1

n

ad (L)
D (T 0. Tu(w)aXu = (Vid (W), {Ti(A), Ta(w))2)1
ijk = 18T’/()‘)

no3d(h)
where Vid(\) = — X
! Zlan,m /

first factor of the tensor product gl/(n) ® gl(n). As it was shown above, we can
re-write this as follows:

® 1, and (, ); means the scalar product in the

(Vid (), AT1 (W), Ta(w)2)1 = (Vid (), {T1 (W), (w1 — (Vid(h), X12(L)1,
(28)
where {T1(}), To(n)}1 = {exp L1(A), exp La()}1. On the other hand first sum-
mand in (28) can be written in the following form:

(Vid(A), {T1(V), ()1 = {d), To(w)h = {exptrLi(d), exp La(u)}i.

Taking into account that 77 L (1) is a Casimir function of the brackets {, }; we obtain
that {exptrLi(A), exp La(n)}1 = 0.
Let us consider the second summand in the equality (28). Let us take into account

L adr) B _ 1 .
a a0 9T, 00 = (T~"(1))ji and, hence, Vid(A) = d(A)T; " (). That is why
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we obtain:
Vid(h) ~ - % .
<_cll()f))’X12(L)>l = (17, Ry = Y (T~ (L6, X WDy,
m=0
On the other hand

()LL), X = (T~ L1, X5 (D,

where we have used the ad-invariance of the pairing (, );. Now using the fact that
Ti(\)~' = exp (—L (1)) and the evident fact that [exp (—L (%)), LT"(M)] = 0 we
obtain that the second summand in (28) is also zero.

Theorem is proved.

Remark 8. The theorem above is a generalization of the well-known for the concrete
r-matrices fact that det7'(A) is a Casimir function of the quadratic r-matrix bracket
onto the case of the arbitrary r-matrices (including all trigonometric r-matrices of
Belavin and Drienfield [13], non-standard rational r-matrices of Stolin [26], etc.).

From the Theorems 3.1 and 2.1 follows the next:
Corollary 3.1 Denotebydy (T (1)) the coefficients inthe decomposition: Det (T (A)+
n
nl)y =% di (T W)n*. Then diy(T (1)) are generators of an Abelian subalgebra

with resp_ect to the both linear and quadratic r-matrix brackets (21) and (18), i.e.:

{di(T V), di(T (u)}1 = {di(T (1)), di (T (n))}2 = 0.

Proof. In order to prove this corollary it is enough to use the Theorem 2.1 applied for
the two polynomial Casimir functions d (7' (1)) and d(T (u)) of the bracket { , }».

Remark 9. Functions {dy(T (1))} define the same algebra of integrals as functions
{trT'(0)} and are connected with them by the well-known Newton formulas. Nev-
ertheless, it is nice to notice that they could be obtained from the consideration of
bihamiltonity and Casimir element d () only. This may have deep meaning, because
in the quantum case operators {¢r 7! (A)} stops to be commutative, but quantum ana-
logues of the functions {dy (T (1))} still are [27,28].

Remark 10. 1t is easy to see that integrals obtained by the shift on another matrix
C € Gl(n) are equivalent to the integrals obtained by the shift on the unit ma-
trix. Indeed, it is evident that Det(T (L) + nC(X)) = DetCDet(T€ (1) + nl),
where T€ (L) = T(\)C~1(1). But, due to the fact that [r2(%, 1), C(L) ® C(n)] =
[ra(h, ), €YW) ® C~1(u)] = 0 elements 7€ (1) define the same algebra (both
with respect to the quadratic and the linear brackets) as elements 7' (1) in the case
Cy) =1.

Now, let us consider what the condition of compatibility of brackets (21) and (18)
yields from the point of view of the corresponding dynamics. For this purpose, in
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principle, we need to decompose the generating functions dy (7 (1)) with respect to
the spectral parameter A. Using the fact that 7' (1) is meromorphic functions this can
always be done using the decomposition in Laurent power series. In the special cases
the other decompositions may be also used [14]. In the present paper we will not do
these decompositions explicitly leaving all the expressions in the “convoluted” form
of the generating functions. Using the Proposition 2.3 we obtain the following:

Proposition 3.1 Hamiltonian equations of motion with respect to the bracket { , }»
with a hamiltonian being one of the functions obtained by a decomposition of func-
tion di (T (A)),k < n, coincide with the hamiltonian equations of motion with respect
to the brackets { , }1 with the hamiltonian being the corresponding function ob-
tained by the decomposition of function —dy—1(T (X)), i.e. on the level of generating
functions the following equality is true:

{di(T ), T(}2 = —{dk—1(T (M), T (W)}

In the case k = n — 1 this Proposition implies the following important corollary:

Corollary 3.2 Hamiltonian equations of motion with respect to the bracket { , }»

with a hamiltonian being one of the functions obtained by a decomposition of func-

tion trT (L) coincide with the hamiltonian equations of motion with respect to the

brackets { , }1 with the hamiltonian being the corresponding function obtained by
1

the decomposition of the function —tr(T?(1)), i.e. on the level of generating func-

tions the following equality holds true:

1
{tr(TOW)), T (W) = 5{rr<T2<x>>, T}

Proof. In order to derive this statement it is sufficient to put in the previous proposi-
tion k = n — 1, use Newton identities and the fact that function ¢ T (A) is a Casimir
function of the linear r-matrix bracket { , };.

3.2 “Twisted Reflection Equation Algebra” and Its Linearizations

Compatible Brackets

Let, as in the previous subsection, (A — w) be a sl(n) ® sl(n)-valued solution of
the classical Yang-Baxter equation (17), and 7 (1) be a meromorphic function of
spectral parameter A taking the values in a classical matrix Lie group GL(n).

Let o be some automorphism of g/(n) (and sl(n)). Let us consider the space of
functions 7 (1) the following quadratic brackets:

(T, Y2 = r2Ge = WTW) L) — TiG)r) (—h — W (w)—
—Lr; 0+ TG+ TiT(wr; 7 (= 2),  (29)
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where rle M) =0®1-r2(0), rfzz (A) = 1 ® 0 - r12(A), etc. By direct and tedious
calculation one can show that (29) is indeed a Poisson bracket, i.e. that it satisfies
Jacobi condition for the case of arbitrary automorphism o and an arbitrary solution
r12(A — p) of the classical Yang—Baxter equation (see also Remark 14).

One may consider the bracket (29) defined on the infinite-dimensional space of
meromorphic functions of A like in the case of previous subsection. We will call
the corresponding algebra a “twisted classical Reflection Equation Algebra”. The
bracket (29) may be also considered in some special finite-dimensional subspaces
of the space of meromorphic functions where it defines a structure of a finite-
dimensional quadratic algebra (see for example [16]).

Remark 11. Due to the known fact that all automorphisms of g/(n) are either inter-
nal or have a second order we may write that 0 = Adk,00, where Ko € GL(n) and
oo is an involutive external automorphism of gl(n) or op = 1. All external auto-
morphisms of g/(n) as a Lie algebra are can be written as minus anti-automorphism
of gl(n) considered as an associative algebra, and we may write symbolically that
00(X) = —X" where upper superscript ¢ denotes anti-automorphism of g/(n) (in
particular the ordinary transposition). Moreover by substitution 7 (1) — 7 (1)K, !
we can get rid of Ad, and to consider hereafter only the case o = oy.

In the simplest case o = 1, using the skew-symmetry of 7 (A — ), we obtain the
“classical Reflection Equation Algebra” which is a classical limit of the standard
quantum Reflection Equation Algebra [10, 19]:

), (w2 = ri2(k = WTi M) Ta(w) + Ti(Mra1 (A + ) Ta(w)—
—L(wr2+ W) = TiM)D(wra( — ). (30)

Let us linearize the quadratic bracket (29) it in the neighborhood of some point
7T (L) = K (A). The sufficient condition of an existence of such a linearization is the
requirement (9), which acquires in the case at hand the following form:

r2(k = WK1 WK () + Kt K2 (r,” (w — 4) =
= K2 ()5 0o+ K1) + Kty (=2 — wKa (). (31)

Remark 12. For the case o = 1 and r matrices r12(A — ) satisfying a symmetry
condition:
ri2(h —p) =rai(h — @), (32)

the simplest possible choice K (1) = 1 is a solution of (31). In s/(2) case the condi-
tion (32) is true, for example, for the classical rational -matrix of Yang, for standard
trigonometric r-matrix and elliptic #-matrix. It is not true for non-standard rational
r-matrices of Stolin. In the case sl(n), n > 2 condition (32) is not true nor for stan-
dard trigonometric r-matrices neither for s/(n) elliptic r-matrices. Moreover, as we
will show in the example below, even for the r-matrices for which condition (32) is
satisfied there are a lot of other (except K = 1) solutions of (31).
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Using nondegenerate matrices K (1) satisfying condition (31) it is possible to in-
troduce the corresponding linear bracket (10) which will have the following explicit
form:

{L1(V), L2wh = riz(h — ) Ky (W) La(p) + ri2(h — ) L1 (W) K2 (w)—
Ki()rfy (=4 — ) La(p) — Lo(w)ris (o4 ) K1) + K1) L2(0)ry” (w — 2)—

— L1y (=h =) K2 () = K2 ()r{5 ) L1(0) = L1 (W) K2 () 7 (= 2).
(33)

Despite its complicated form, bracket (33) may be substantially simplified. Indeed,
after the replacement of the variables: L(A) = LEMK D), usage of the equality
(31) and skew symmetry of rj2(A — w) it can be re-written in the following simple
form:

(LE, LY wh = IraG — w) — K203 004+ WKy (W), LK (01—
—[r21(p = 2) — Ki(Orsl o+ K ), L5 (w1 (34)

Linear Poisson bracket (34) is a particular example of linear Poisson brackets gov-
erned by the non-skew symmetric »-matrices r12(A, 1):

{L1(W), Lot = [r2(d, w), L) — [ra1 (e, 1), Lo ()], (35)

where ri2(A, i) is a solution of “generalized” classical Yang—Baxter equation
[20-22]:

[rio(d, w), rizs(x, v)] = [r23 (e, v), riz(d, w1+ [riz(x, v), ra2(v, Wl

As it is evident from the very definition, in our case:

raOn ) = BN 0L ) =0 — ) — Ka(rZ o+ wky L (w). (36)

Remark 13. The classical r-matrix (36) can be rewritten in the form:

P G ) = riaGh — p) — 02(1) - r1200 + ), 37)

where 02 (1) = Adg,(u) - 02. The r-matrix (37) may be obtained also from the other
considerations without appealing to the “twisted” quadratic Poisson brackets (29)
(see [23]).

Hence, we see that in this case the resulting classical r-matrices rfiK (A, )
and corresponding linear Lie-algebraic structures substantially depend on the initial
point K (A) around which we linearize our quadratic Poisson bracket. For the fixed
r-matrix r (A — ) there may be many (even parametric families!) of such the points
K (A) and all of the corresponding linear Poisson structures are compatible with



328 V. Roubtsov and T. Skrypnyk

the quadratic Poisson algebra (29). In order to illustrate this, we will consider the
following example of such the points K (1) and their r-matrices rfz’K (A, w):

Example 1. Let g = sl(2) and 0 = 1. Let X;,i € 1, 3 be the orthonormal basis
in s1(2) >~ so(3) with the commutation relations:

[Xi, Xj] = €jk X
Let us consider the classical elliptic r-matrix of Sklyanin [18]:

3

rGo—p) =) 0 — W)X ® Xy, (38)
k=1

where ry (1) are expressed via Jacobi functions:

_ dn(}) _ cn())
, r(u) = "oy’ r3(u) = snoy’

1
r) = P (39)

()

It is easy to see that r12(A — ) = —r12(A — ) due to the fact that functions r ()
are odd.

Let us now introduce the standard “root” basisin s/(2): Xo = i X3, X+ = i(X1 £
i X7), with the standard commutation relations:

[Xo, X+] = X4, [X4, X_] = 2X).

In this basis we have that the skew-symmetric elliptic r-matrix acquires the follow-
ing form:

r(h—p) =rok —wWXo® Xo+r+(A — W) (X4 @ X- + X_ Q@ X4)+
+r-A—wW XL X+ +X_®X_), (40)

where rg(4) = r3(1), r (W) = $(2() + (W), r- () = §(2(0) = ri(3)) and
ri (1) are defined using the formula (39).

Using the addition laws for the Jacobi functions [29] it is possible to prove that
the matrix

sn(d) | sn()  sn(d)  sn(§)

KQ) = K&, &) =diagtk1(X), ka(A)) = diag(cn(k) + (@) _cn(k) n ()

)

satisfies (31) for arbitrary complex parameter &£. This permits one to define a new
non-skew symmetric elliptic 7-matrix using the formula (36). It has the following
form:

rKOL ) =rf 0L mXo® Xo+rf 0L wXe @ X_+rX (L X @ X4+
+ri 0L wXs @ X +rE L wx-ex-, @)
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where the correspondent coefficients are given by the following formulas:

k
&ka=uu—m—;$}4wum
k
rKLOu ) =rpo— ) - k;EZ;u(k + 1),
k
&4&m=u@—m—é$}4kuu
k
K G = G— ) — 29 g,
ki (w)

r& O, W) = ro(h — ) — ro(x + ).

Algebra of Integrals

Let us now consider the impact that has a compatibility of the second and linear
Poisson brackets on the corresponding theory of the integrable systems. We will
show, in particular, that commutativity of the generating functions of the classi-
cal integrals with respect to the both linear and quadratic Poisson brackets may be
shown using theory of compatible Poisson brackets only.

The following theorem holds true:

Theorem 3.2 Let D()) be a determinant of the gl(n)-valued “monodromy” matrix
T (A) satisfying the brackets (29). Then D () is a generating function of the Casimir
function of the bracket (29) for all types of the nondegenerated r-matrices r(A —
w) € sl(n) ® sl(n).

Proof. For the proof of the Theorem we will need the following Lemma that provides
a classical K (1) # 1 analogue of the known formula [18] that connect the “twisted
classical Reflection Equation Algebra” with the corresponding “classical” limit of
quantum group:

Lemma 3.1 Let matrix T (A) satisfy the Poisson brackets (18) and constant matrix
K (X)) satisfy condition (31). Then:
(1) If o (X) = X then the matrix
TO)=TAMKMNT (=) (42)
satisfy the Poisson brackets (29).

(2) If 0 (X) = —X', where superscript “t” denotes the anti-automorphism of
gl(n) as associative algebra, then the matrix

T =TMKGMT (=2 (43)

satisfy the Poisson brackets (29).
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Proof. In the case (1), using classical Yang—Baxter equations (18), it is easy to derive
the following equalities:

(7 (=0, T (=) = —[ra(e — ), T (=0 T, ()], (44a)

(Ti0), Ty, N (=mwh = IO+ Ty H(=p) — T, (—i0r (o + 10 T (),
(44b)

(T (=0, () = =T (=0rip(=a— 10 T (W) + T (w)ria (=2 — ) T (=),
(44c¢)

In the case (2), in the analogous way, using classical Yang—Baxter equations (18)
and the property of o to be minus anti-automorphism of gl(n) it is straightforward
to obtain that:

{T{"(=1), T2 (=) = —[rA% (1 — 1), T} (=) T2 (= )], (45a)
TV, Ty (—)}2 = TiDrB A+ ) T (— ) — Ty (—p)ri2 (b4 ) Ti (1), (45b)

{T"(=1), Ta(W)}2 = =T (=)r3 (=2 — W T () + To()r{s(=h — W T} (—2).
(45¢)

Now the Lemma is proved by direct calculation, using the Leibnitz rule for the
Poisson bracket, relations (18), (44), (45) and (31).

In order to prove the theorem it is necessary to show that {D()A), 7 (u)}, = 0.
By virtue of the multiplicative properties of the determinant and its invariance with
respect to the antiautomorphism ¢ we obtain that D(A) = k(L)d Md~ (=) Gf
o = 1)or D(A) = k(A)d(A)d(—A) (if o is minus antiautomorphism of gl(n)).
On the other hand, using the fact that d () is a generating function of the Casimir
functions of the bracket (18) we obtain:

{d(E0), T ={d(E0), T (~w))h =
={d7"~0), Tl ={d ' (—=»), T (=} = 0.

Keeping in mind that K (}) is a constant (with respect to the Poisson bracket) matrix
and making use of the Lemma 3.1 we obtain that {D(1), 7 (un)}2 = 0.
Theorem is proved.

Remark 14. Due to the Remark 11 the Lemma 3.1 may be viewed as a proof (an
alternative to the direct calculational one) of the fact that formula (29) correctly
defines Poisson bracket.
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From the Theorems 3.2 and 2.1 follows the next statement:
Proposition 3.2 Denote by Dy (7T (L), K (1)) the coefficients of the decomposition:
n
Det (T(X) +nKA) = k() Y. Di(T (M), K (W), where k(1) = detK (1). Then

Di(T (L), K(L)) are generatotg of an Abelian subalgebra with respect to the linear
and quadratic r-matrix brackets (33) and (29), i.e.:

{Di(T (1), KAL), Di(T (), K (u)}2 = Dk (T (0), K (1), Di(T (), K (u)}1 = 0.

Remark 15. The set of functions { Dy (7 (1), K (1))} defines the same algebra of in-
tegrals as the set of functions {tr(7 (1)K _1(1))](} and they are connected by the
well-known Newton formulas. The commutativity of functions from the last set may
be also proved directly using the condition (31), explicit form of brackets (29) and
brackets (33).

Remark 16. Note, that we have constructed different sets of functions {Dy (7 (A),
K (X))} corresponding to different elements K (A) commuting with respect to the
same quadratic brackets (29)! Commutativity of each of these sets of functions
is closely connected with the existence of the corresponding linearization of the
bracket (29) in the neighborhood of the point K (1).

In order to identify the hamiltonian flows with respect to the different brackets
we need to decompose the generating functions Dy (7 (1), K (1)) with respect to
the spectral parameter A. Using the fact that 7 (1) is meromorphic functions this
can always be done using the decomposition in Laurent power series. In the special
cases [15] one can also use the other decompositions. Nevertheless, we will not do
these decompositions explicitly, leaving all the expressions in the “convoluted” form
of the generating functions.

Using the Proposition 2.3 we obtain the following Proposition:

Proposition 3.3 Hamiltonian equations of motion with respect to the bracket (29)
with a hamiltonian being one of the functions obtained by a decomposition of the
Sfunction Di(T (L), K (X)), k < n, coincide with the hamiltonian equations of mo-
tion with respect to the brackets (33) with the hamiltonian being the corresponding
function obtained by the decomposition of the function —Dy_1(7 (1), K (X)), i.e. on
the level of generating functions the following equality is true:

{Dk(T(N), K1), T} = —{Dk—1(T (M), KO), T ()}

In the case k = n — 1 this Proposition implies the following Corollary:

Corollary 3.3 Hamiltonian equations of motion with respect to the bracket (29)
with a hamiltonian being one of the functions obtained by a decomposition of the
Sfunction tr(T (MK ~L(V) coincide with the hamiltonian equations of motion with
respect to the brackets (33) with the hamiltonian being the corresponding function



332 V. Roubtsov and T. Skrypnyk

obtained by the decomposition of the function %tr(T(A)K‘l (k))z, i.e. on the level
of generating functions the following equality is true:

1
{tr(TWK '), T = E{tr(Tu)K*l(x))z, T(wh.

Proof. In order to derive this statement it is sufficient to put in the previous proposi-
tion k = n — 1, use Newton identities and the fact that function tr(7 (M) K ' (1)) is
a Casimir function of the linear »-matrix bracket (33).

4 Conclusion and Discussion

In the present paper we have shown that for a general quadratic Poisson bracket it
is possible to define many associated linear Poisson brackets — its linearizations in
the neighborhood of special points. We prove that the constructed linear Poisson
brackets are always compatible with the initial quadratic Poisson bracket. Using
the famous Lenard—Magri scheme we obtain mutually commuting with respect to
the both brackets “integrals” starting from Casimir functions of the initial quadratic
brackets. We show, that the hamiltonian dynamics with respect to one of these hamil-
tonians of degree k and quadratic bracket can be re-written in terms of hamiltonian
dynamics with respect to the corresponding linear bracket and the other one of these
hamiltonians of the degree k + 1.

We apply the obtained results to the cases of the standard quadratic r-matrix
bracket and classical “twisted reflection algebra” bracket. We show that in the last
case there are a lot of non-equivalent linearizations of the classical twisted reflection
algebra bracket and all of them are compatible with initial quadratic bracket. In
the both cases we show that generating functions of the classical integrals may be
obtained using the decomposition of the “shifted” Casimir function (determinant of
the monodromy matrix) of the corresponding quadratic Poisson bracket. In the first
case this fact may be viewed as kind of classical explanation of the trick with the
“quantum argument shift” of [27] (if the classical r-matrix is rational) and one more
“classical” argument for the support of the hypothesis of [30] in the case of general
classical 7-matrix. In the second case it may give a hint how to quantize “higher
Gaudin hamiltonians” associated with the non-skew-symmetric r-matrix roKo, Ww)
(see [23]).
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Contact Geometry of Second Order I

Keizo Yamaguchi

Abstract Classical theory for systems of the first order partial differential equa-
tions for a scalar function can be rephrased as the submanifold theory of contact
manifolds (geometric first order jet spaces). In the same spirit, we will develop the
geometric theory of systems of partial differential equations of second order for
a scalar function as the Contact Geometry of Second Order, following E. Cartan.
We will formulate the submanifold theory of second order jet spaces as the geom-
etry of PD manifolds (R; D1, D2) of second order. Moreover we will establish the
First Reduction Theorem for (R; D!, D2) admitting non-trivial Cauchy character-
istic systems. By utilizing Parabolic Geometry, we will give, directly or combined
with reduction theorems, several classes of systems of partial differential equations
of second order, for which the model equation of each class admits the Lie algebra
of infinitesimal contact transformations, which is finite dimensional and simple.

1 Introduction

In [5] and [6], E. Cartan studied involutive systems of second order partial dif-
ferential equations for a scalar function with two or three independent variables,
following the tradition of the geometric theory of partial differential equations de-
veloped by Monge, Jacobi, Lie, Darboux, Goursat and others. In fact he investigated
the contact equivalence and the integration problems of such involutive systems of
second order. In this course, he found out the link between the contact equivalence
of involutive systems of second order and the geometry of differential systems (Pfaf-
fian systems) on five-dimensional spaces.

The main purpose of the present paper is to reformulate his study as the Contact
Geometry of Second Order. As is well known, the classical theory of systems of
the first order partial differential equations for a scalar function can be rephrased as
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the submanifold theory of contact manifolds. In this spirit, we formulate the sub-
manifold theory of second order contact manifolds as the geometry of PD (partial
differential) manifolds (R; D!, D2) of second order, where R is a manifold together
with a pair of differential systems D' and D? satisfying the appropriate conditions
([18], [23] see Sect.4).

By Bicklund Theorem (see Sect.2.2), the symbols of second order equations
become the first invariants under contact transformations. In fact, in [6], E. Cartan
first classified involutive symbols algebraically and wrote the structure equations
of such involutive systems of second order with three independent variables. To
capture good classes of second order equations, we cannot pursue this line in general
(see the discussion in Sect.3.3). Our guiding principle in this paper is to utilize
Parabolic Geometries, directly or combined with the reduction procedures, to find
good classes of PD manifolds of second order. Here the Parabolic Geometry is a
geometry modeled after the homogeneous space G/G’, where G is a (semi-)simple
Lie group and G’ is a parabolic subgroup of G (cf. [1]). Precisely, in this paper, we
mean, by a Parabolic Geometry, the Geometry associated with the Simple Graded
Lie Algebra g = @pez gp in the sense of N. Tanaka [16], where g is the Lie algebra
of G and g’ = @ ,>( g, is the Lie algebra of G'. As for the reduction procedures,
we will establish the First Reduction Theorem for PD manifolds admitting non-
trivial Cauchy characteristic systems in Sect.4 and will treat the second reduction
procedures (two step reductions) as Part II in the sequel to this paper.

Now let us proceed to describe the contents of each sections. In Sect. 2, we will
recall the geometric (Grassmannian) construction of Jet spaces. Especially, start-
ing from a contact manifold (J, C), we will construct Lagrange—Grassmann bundle
L(J) together with the canonical system E on L(J), which is the geometric sec-
ond order jet space with the contact differential system. Backlund Theorem tells us
that an isomorphism @ of (L(J), E), i.e., a diffeomorphism @ of L(J) preserv-
ing E, coincides with the lift ¢, of the induced contact transformation ¢ of (J, C).
We will also prepare basics of differential systems, especially the Tanaka Theory of
(linear) differential systems, e.g., the symbol algebra m(x) of a regular differential
system (M, D) at x € M and the notion of the algebraic prolongation of m(x).
In Sect.3, we will discuss the symbol algebra s(v) = @;i_l sp(v) of second
order equations R C L(J) at v € R as the first invariants in the Contact Geo-
metry of Second Order. We will consider submanifolds R C L(J) which contain
no equations of the first order. In particular we will study the properties of differ-
ential systems D! and D? on R, where D' is the restriction to R of the canonical
system Ci on L(J). Here C%2 = E and C! is the lift of C and coincides with the
derived system dE of E. Abstracting the properties of these differential systems
and utilizing Realization Lemma, we will formulate the submanifold theory of sec-
ond order contact manifolds in Sect. 4 as the geometry of PD manifolds of second
order. Moreover we will establish the First Reduction Theorem for PD manifold
(R; D', D?) admitting non-trivial Cauchy characteristic system Ch (D?), which re-
duces the equivalence of (R; D!, D?) to that of (X, D), where X = R/Ch (D?),
oy (D) = D?>and p : R — X is the projection. In Sect. 5, we will first prepare the
notation for the simple graded Lie algebras g = € pez, 9p and state the Prolongation
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Theorem, which especially clarifies when g coincides with the Lie algebra of in-
finitesimal automorphisms of the standard (model) differential system (M (m), D)
constructed group-theoretically from m = P p<09p (see Sect. 2 for the notion of
the standard differential system of type m). Then we will exhibit Parabolic Geome-
tries, which directly correspond to the geometry of PD manifolds of second order.
Namely we will exhibit the cases when m = @;i_l gp represents the symbol alge-

bras = @;i_l sp of PD manifold (R, D?) of second order such that D! = 9 D2.
Finally in Sect. 6, we will discuss one of the Typical classes of involutive systems of
second order as the application of the First Reduction Theorem and will show sev-
eral examples of Parabolic Geometries (X, D), which are linked to the geometry of
PD manifolds (R; D!, D?) of second order through the First Reduction Theorem.
In these cases the system (R; D', D?) of second order equations is characterized by
the symbol algebra m of (X, D).

This paper constitutes the extended version of the lecture at the Abel Sympozium
2008 at Tromso and also the extended version of our previous paper [23]. In fact, the
full proofs concerning the First Reduction Theorem, which were formulated in [23],
are given in Sect. 4 and the materials in Sects. 4.3 and 4.4 are added. In Sect. 6, from
these added view points, we will discuss the Typical class of involutive system of
type f3(r) and G,-Geometry cases, and give new examples of Parabolic Geometries.

2 Geometry of Jet Spaces

We will recall the geometric construction of Jet spaces and fix our notations for the
basic notion for differential systems, following [22] and [24].

2.1 Spaces of Contact Elements

Let us start with the construction of the space J(M, n) of contact elements to M:
Let M be a (real or complex) manifold of dimension m +n. Fixing the number n, we
consider the space of n-dimensional contact elements to M, i.e., the Grassmannian
bundle over M consisting of all n-dimensional contact elements to M;

Jm.ny =] 1 M.
xeM

where J, = Gr(Tx(M), n) is the Grassmann manifold of all n-dimensional sub-
spaces of the tangent space T, (M) to M at x. Each element u € J(M, n) is a linear
subspace of T, (M) of codimension m, where x = 7 (u). Hence we have a differen-
tial system C of codimension m on J (M, n) by putting:

Cu) =7 ' (u) C T,(J(M,n)) =5 T, (M).
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for each u € J(M,n). C is called the Canonical System on J(M,n). Intro-

ducing the inhomogeneous Grassmann coordinate (x1,--- ,%p, 2", -+, 2", p},

-, ppyof J(M, n) around u, € J(M, n), C is defined by;

C=low'=- =™ =0},
where
n
“:dz“—pr‘dx,-, (a=1,---,m).
Here (xq,--- , x5, b z™) is a coordinate system of M around x, = 7 (u,) such

that dxi A - -+ Adxy |y, 7 0. Coordinate functions pf‘ are introduced by

n
dz* |y=")_ p{ () dxi lu.

i=1

(J(M,n), C) is the (geometric) 1-jet space for n-dimensional submamfolds in
M. Let M, M be manifolds (of dimension m + n) and 0 : M — M be a diffeo-
morphlsm between them. Then ¢ induces the isomorphism (7 (JM,n),C) —
(J(M n), C) i.e., the d1fferent1al map ¢y : J(M,n) — J(M n) is a diffeomor-
phism sending C onto C.

2.2 Second Order Contact Manifolds

Let J be a manifold and C be a (linear) differential system on J of codimension 1.
Namely C is a subbundle of 7 (J) of codimension 1. Thus, locally at each point u
of J, there exists a 1-form @ defined around u# € J such that

C ={w =0}.

Then (J, C) is called a contact manifold if w A (d @)™ forms a volume element of
J. This condition is equivalent to the following conditions (1), (2) or (3):

(1) The restriction do |c of dw to C(u) is non-degenerate at each pointu € J.
(2) There exists a coframe {w, wy, ..., wy,, 71, ..., 7T,} defined around u € J
such that the following holds;

do =wi AT+ +w, AT, (mod w@)

(3) The Cauchy characteristic system Ch (C) of C is trivial (see Sect. 2.3 below).

By the Darboux Theorem, a contact manifold (J, C) of dimension 2n + 1 can be
regarded locally as a space of 1-jets for one unknown function. Namely, at each point
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of (J, C), there exists a canonical coordinate system (xi, ..., Xn, 2, P1,---» Pn)
such that

n
C={dz—) pidx =0}
i=1
Starting from a contact manifold (J, C), we can construct the geometric second

order jet space (L(J), E) as follows: We consider the Lagrange—Grassmann bundle
L(J) over J consisting of all n-dimensional integral elements of (J, C);

Ly =L =,

uelJ

where L, is the Grassmann manifolds of all lagrangian (or legendrian) subspaces
of the symplectic vector space (C(u), dw). Here @ is a local contact form on J.
Then the canonical system E on L(J) is defined by

E@) =7n""(v) C T,(L(J) =5 T,(J),  for veL{J).

Let us fix a point v, € L(J). Starting from a canonical coordinate system (xp, - - - ,
Xn,Z, P1, -+, pp) of (J, C) around u, = 7 (v,) such that dxi A --- Adx, |y, 7# 0,
we can introduce a coordinate system (x;, z, p;, pij) (1 £i < j < n) by defining
coordinate functions p;; as follows;

n
dpi lv=")_ pij()dx; | .

i=1

Then, since v € C(u), we have dz |,= ZL] pi(u)dx |, and, since do |,= 0, we
get pij = piji-
Thus E is defined on this canonical coordinate system by

E:{w:wlz...:w‘nzo}’
where

n n
zzrzdz—Zpidxi, and wizdpi—Zpijdxj for i=1,---,n.
i=1 j=1

Lgt (AJ, C), (f, é) be contact manifolds of dimension 2n + 1 and ¢ : (J,C) —
(J, €) be a contact diffeomorphism between them. Then ¢ induces an isomorphism
ox : (L(J), E) = (L(J), E). Conversely we have (cf. Theorem 3.2 [18], [20])

Theorem 1. (Backlund) Ler (J, C) and (f , C ) be contact mqnifqlds of dimension
2n + 1. Then, for an isomorphism @ : (AL(J), E) — (L(J), E), there exists a
contact diffeomorphism ¢ : (J, C) — (J, C) such that ® = g¢,.
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2.3 Derived Systems and Cauchy Characteristic Systems

Now we prepare basic notions for (linear) differential systems (or Pfaffian systems).
By a (linear) differential system (M, D), we mean a subbundle D of the tangent
bundle 7'(M) of a manifold M of dimension d. Locally D is defined by 1-forms
W1, ..., wg—r such that w; A - -+ Awg—, # 0 at each point, where r is the rank of D;

D={wj=--=wg—r =0}.

For two differential systems (M, D) and (M , 15), a diffeomorphism ¢ of M onto
M is called an isomorphism of (M, D) onto (M , 13) if the differential map ¢, of ¢
sends D onto D.

For a non-integrable differential system D, we consider the Derived System d D
of D, which is defined, in terms of sections, by

oD =D+ [D,D].

where D = I' (D) denotes the space of sections of D.
Furthermore the Cauchy Characteristic System Ch (D) of (M, D) is defined at
each point x € M by

Ch(D)(x) ={X € D(x) | X|dw; =0 (mod wy,...,w,) fori=1,... s},

where | denotes the interior multiplication, i.e., X |dw(Y) = dw(X,Y) and s =
d — r. When Ch (D) is a differential system (i.e., has constant rank), it is always
completely integrable.
Moreover Higher Derived Systems 9% D are usually defined successively (cf.
[4]) by
*D = 83" ' D),

where we put 3°D = D for convention.
On the other hand we define the k-th Weak Derived System 3® D of D induc-
tively by
30D = %D 4 [p, %Dy,

where 3 D = D and 3D denotes the space of sections of 8% D.

2.4 Review of Tanaka Theory

A differential system (M, D) is called regular, if D=%*D = 3% D are subbundles
of T (M) for every integer k = 1. For a regular differential system (M, D), we have
([14], Proposition 1.1)
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(S1)  There exists a unique integer ;v > 0 such that, for all k = p,
&k _ . _p- — -2 1 _
D —-~-—D“2D" ggp gl) =D,

(§2) [DP,Di] Cc DPT4 forall p,q <O.

where DP denotes the space of sections of D?. (S2) implies subbundles D? define
a filtration on M.

Let (M, D) be a regular differential system such that T (M) = D™". As a first
invariant for non-integrable differential systems, we now define the symbol algebra
m(x) associated with a differential system (M, D) at x € M, which was introduced
by N. Tanaka [14].

We put g (x) = D~ ' (x), g, (x) = DP(x)/ D" (x) (p < —1) and

M
mx) = P g,

p=-1

Let 7, be the projection of D”(x) onto g, (x). Then, for X € g,(x) and Y € g, (x),
the bracket product [X, Y] € gp44(x) is defined by

(X, Y] =mpsq (X, Y1),

where X and Y are any element of D” and D respectively such that 7, (Xy) =X
and nq(fx) =Y.

Endowed with this bracket operation, by (S2) above, m(x) becomes a nilpotent
graded Lie algebra such that dimm(x) = dim M and satisfies

gp(x) = [gp+1(x), g—1(x)] for p < —1.

We call m(x) the Symbol Algebra of (M, D) atx € M.
Furthermore, let m be a FGLA (fundamental graded Lie algebra) of u-th kind,

that is,
—p
m= €D e
p=-1

is a nilpotent graded Lie algebra such that

gp =lgp+r1,9-11  forp <—1.

Then (M, D) is called of type m if the symbol algebra m(x) is isomorphic to m at
eachx € M.

Conversely, given a FGLA m = EB;Z _| 8p, we can construct a model differ-
ential system of type m as follows: Let M (m) be the simply connected Lie group
with Lie algebra m. Identifying m with the Lie algebra of left invariant vector fields
on M(m), g_; defines a left invariant subbundle Dy, of T (M (m)). By definition of
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symbol algebras, it is easy to see that (M (m), Dy,) is a regular differential system
of type m. (M (m), Dy,) is called the Standard Differential System of Type m. The
Lie algebra of all infinitesimal automorphisms of (M (m), Dy,) can be calculated
algebraically as the Prolongation g(m) of m ([13], cf. [22]).

In fact, let m = P p<08p be a fundamental graded Lie algebra of u-th kind
defined over a field K. Here K denotes the field of real numbers R or that of complex
numbers C. We put

gm) = Papm),

PEZ

where g,(m) = g, for p < 0, go(m) is the Lie algebra of all (gradation preserv-
ing) derivations of graded Lie algebra m and gx(m) is defined inductively by the
following for k = 1;

oc(m) = {u € Popx @ g [ ulY, Z]) = [u(¥), Z] - [u(2), Y1}.
p<0

Thus, as a vector space over K, gr(m) is a linear subspace of End (m, mk) =
mf ® m*, where m¥ = m @ go(m) @ --- @ gr_1(m). The bracket operation of
g(m) is given accordingly (see [13], [22] for detail).

The structure of the Lie algebra A(M (m), Dy,) of all infinitesimal automor-
phisms of (M(m), D) can be described by g(m). Especially A(M (m), Dy,) is
isomorphic to g(m), when g(m) is finite dimensional.

Let go be a subalgebra of go(m). We define a subspace gj of gg(m) for k = 1
inductively by

g ={ue€ge(m) | [u,g-1] Cgr1}.

Then, putting
g(m, go) = m & P ar
k=0

we see, with the generating condition of m, that g(m, go) is a graded subalgebra of
g(m). g(m, go) is called the prolongation of (m, go).

We will recall in Sect. 5.1 when g(m) or g(m, go) becomes finite dimensional and
simple.

2.5 Symbol Algebra of (L(J), E)

As an example to calculate symbol algebras, let us show that (L(J), E) is a regular
differential system of type ¢*(n):

Fn)=c3@c2®cy,

where c_.3 = R, c_p = V*and c_; = V @ S>(V*). Here V is a vector space
of dimension n and the bracket product of ¢(n) is defined accordingly through
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the pairing between V and V* such that V and S%(V*) are both abelian subspaces
of ¢_;. This fact can be checked as follows: Let us take a canonical coordinate
system (x;, z, pi, pij) (1 £ i = j < n) of (L(J), E). Then we have a coframe
{w, w;,dx;,dp;j} (1 £i < j < n) at each point in this coordinate neighborhood,
where @ = dz — Y !_, pidxi, wi = dp; — 27:1 pijdxj (i =1,---,n). Now

d 2 -1, of this coframe, where

take the dual frame {a%, %, Ta T
i i i

d 9 R d
d_x,-_T—i_pia_z—}_;pU@

Xi

is the classical notation. Notice that {dix'_, %ij} (1 £i £ j £ n) forms a free basis
of I'(E). Then we have

d d ) a d .0 i 0
|:_,—i|=5}—, [—,—:|=8;c—+8,£— for i # j,
3p,',' de 8p,' 3p,'j dxk 3[),’ 3pj

N d d1_,
8p,‘7dxj~ - faz’ dxi’dxj B

It follows that T(L(J)) = 9P E and the derived system dE of E satisfies the
following:
IE = {w =0} =n_'C, Ch(dE) = Kerr,.

These facts provide the proof of Theorem 1 (cf. Theorem 3.2 [18]).

Moreover, in terms of the defining 1-forms of E and 0 E around v € L(J), the
structure of the symbol algebra ¢(n) can be described by the following Structure
Equation of E. Cartan [5, 6];

do =wiAw 1+ -+o, AT, (mod @, miAnw;(l1 =i =< j<n)

doj=wi A1+ -+ wy AT,
(mod w,wy,...,@,)

do, =w| ATyl + -+ + oy A Ty

where 0F = {w = 0}, E = {w = o1 = --- = », = 0} and {ow, oy,
wi,mij (1 =i = j = n)} forms a coframe around v € L(J). Here we under-
stand that ;; = 7j;.
Similarly we see that (J(M,n),C) is a regular differential system of type
cl(n, m):
ctn,m) =c @y,

where c_.p = Wandc_; =V @ W ® V* for vector spaces V and W of dimension
n and m respectively, and the bracket product of ¢! (n, m) is defined accordingly
through the pairing between V and V* such that V and W ® V* are both abelian
subspaces of ¢_j.
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3 Symbols of Second Order Equations

In view of the Béicklund Theorem, we will discuss the symbols of second order
equations as the first invariants in the Contact Geometry of Second Order.

3.1 Symbol Algebras

Let R be a submanifold of L(J) satisfying the following condition:
(R.O) p:R — J;submersion,

where p = 7 |g and 7 : L(J) — J is the projection. This condition implies that
the system of equations R of second order contains no equations of first order. We
have two differential systems C!' = dE and C?> = E on L(J). We denote by D'
and D? those differential systems on R obtained by restricting C! and C? to R.
Moreover we denote by the same symbols those 1-forms obtained by restricting the
defining 1-forms {w, @1, --- , @w,} of the canonical system E to R, where o =
dz — Y_i_, pidx;, and w; = dp; — Z?:] pijdxj (i =1,...,n). Then it follows
from (R.0) that these 1-forms are independent at each point on R and that

Dlz{w:O}, D2:{w2w1:-~-:w,,:0}.

Thus D! and D? are subbundles of T(R) such that dD? C D!. Hence subbundles
D?, D! and T (R) define a filtration on R. Namely, putting D! =Dp? D2 = D!,
DP = T(R) for p £ —3, we have

[DP, D] c DPH for p,q <0,

where DP = I"'(D?).
Now we define the Symbol Algebra s(v) of R atv € R by

5(v) =5_3(v) Bs_2V) Ps_1(v),

where s_3(v) = T,(R)/D'(v), s_»(v) = D'(v)/D?*(v) and s_1(v) = D?(v).
The bracket operation in s(v) is defined, similarly as in Sect. 2.3, as follows: For
X €s5,(v)and Y € s54(v), let us take X € DP and Y € DY such that X = np(()?)v)
and Y = nq((f’)v),where 7p : DP(v) — s,(v) is the projection. Then the bracket
product is defined by

[X, Y] =7p4g (X, Y1) € 5544 (v).

The bracket product [X, Y] is well-defined for X € s,(v) and Y € 5,(v), ie.,
is independent of the choice of X and Y. In fact, in our case, this can be shown
as follows: The defining 1-forms @, @1, ..., @, for D! and D? actually define a
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basis {A} of s_3(v) and {B1, ..., By} of 5_»(v) such that w (A) = 1, 7_3(A) = A,
@;(Bj) = 8’]., m_>(B;) = B;j and B; € D'(v). Then, for X1, X» € s_1(v) = Dz(v),
we calculate

dwi (X1, X2) = X1(@i(X2)) — Xa(wi(X1)) — @i ([X1, X2]) = @i ([X1, X2)).
Thus, putting f; = —dw; (X1, X»), we get
[X1, X2] = B1B1 + -+ BB € 5_2(v).
For X € s_1(v) and Y € s_»(v), we calculate
dw (X, V) = X, (@ (Y)) - Yy (w (X)) — o (X, Y],) = —= (X, Y]).

Similarly we have dw (X1, X2) = 0 for X1, Xo € s_1(v). Thus dw (X, 17”) de-
pends only on X € s_1(v) and Y € s_»(v). Hence, putting « = —dw (X, 17,,), we
have

[X,Y]=aA € 5_3(v).

Moreover it follows that, for X € s_;(v),
X|dw(Y)=0 forVY € Dl(v) if and only if [X,s_>(v)] =0.
Hence, from Ch (D') = Ker p,, ¢ D?, we have, putting f(v) = Ch (DY (v),
fv) ={X € s_1(v) | [X,52(v)] = 0}.

f(v) is a subspace of s_1(v) of codimension 7.

By the description of the bracket operation in s(v) above, since @ and
@i, ..., @, are the restriction of defining 1-forms of Cl = 9E and C? = E on
L(J), we immediately see that @ and @7y, ..., @y, at the same time, define bases
of g_3(v) and g_»(v) of the symbol algebra m(v) = g_3(v) & g_2(v) & g—1(v)
(Z 2(n)) of (L(J), E) at v € L(J) so that s(v) is a graded subalgebra of m(v)
satisfying 5_3(v) = g-3(v), 5-2(v) = g—2(v) and j(v) = T,(R) N Ch(C)(v).

Now we consider the following compatibility condition for R:

) pM : RY — R is onto.

where R is the first prolongation of R. Namely we assume that there exists an
n-dimensional integral element V of (R, D?) at each v € R such that

s1(0) = V @ ().

V is an abelian subalgebra in s(v). By fixing a basis of s_3(v), s_3(v) is identified
with R and, through [, ] : s_>(v) xs_1(v) — 5_3(v) = R, s_»(v) is identified with
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V*, since V N f(v) = {0} and f(v) = {X € s_1(v) | [X, s_2(v)] = 0}. Moreover
we have amap u : f(v) — S2(V*) defined by

w(Hr,v) =[fivil, vl ess(v) =R for f € f(v).

Here u(f)(v1, v2) = u(f)(v2, vy) follows from [vy, v2] = 0 and the Jacobi identity
of s(v). We can check the injectivity of u as follows: If u(f) = 0, we have
[f, v1] = 0forVuv; € V bys_o(v) = V*. Then we have [ f, s_1(v)] = 0, since f(v)
is abelian, which implies f € f(v)NCh (D?)(v). From Ch (D")(v)NCh (D?)(v) = 0
(see Sect.4.1), we obtain f = 0.

Hence, by fixing a basis of s_3(v) and the brackets in s(v), we obtain

s 3(0) =R, so(0)ZVH s (v)=V®fv) and F§(v) C SZ(VH).

Thus f(v) C S2(V*) is the first invariant of R under contact transformation. We will
first examine f(v) C S2(V*) in the case dim V = 2 in the next section.

3.2 Casen=2

When dim V = 2, we have dim S?(V*) = 3. Through the natural pairing of S2(V)
and S%(V*) as subspaces of V ® V and V* ® V*, we identify S2(V) with the dual
space of S2(V*). For a basis {e], e2} of V, we have a basis {ef@e], 2e]@e3, e5@e5}
of S2(V*) and its dual basis {e] @ ey, e] @ e2, e2 @ e} of S*(V), where {e}, €3} is
the dual basis of {ej.e;} and e; @ ¢; = %(e,- ® e +ej ® e;). For a subspace | of
$2(V*), we denote by §* the annihilator of f in S%(V).

Now let us classify subspaces f of $2(V*) under the action of GL(V):

(1) codim f=1
In this case dimf- = 1. Hence we can classify a generator f of {- as a

quadratic form and obtain the following classification into three cases, i.e., there
exists a basis of V such that

({e1 @ er}),
= 1 ({e1 @ e2}),
(({e1 @ e1 +e2 @ e3}))

fL

The third case occurs when we classify over R. Here f is of rank 1, rank 2
(indefinite) and rank 2 (definite) respectively.

(2) codim =2
In this case dim f = 1. Hence, similarly as above, we have the following classi-
fication into three cases, i.e., there exists a basis of V such that
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({e @ €3}),
f=1{{ef @e3})
(({ef @] + €5 @e3})),

Thus, dually, we have

(et @ e1,e1 @ e2}),
= 1 {{e1 @e1,e2 @ e2}),
(({fe1 @ e2,e1 @ €1 — €2 ® e2}))

fJ_

The third case occurs when we classify over R. We note here that, for the
prolongation {1 = f® V* N $3(V*), we have (V)L = ({e; @ e; @ e1, €1 ®
e1 @ ex, e © ey © ey, er © ex © ep}) for the second and third cases (see
Sect. 3.3). Namely §!) = {0} for the second and third cases, whereas the first
case is involutive.

We can classify the symbol algebra s(v) of R at v € R according to the above
classification for f(v) C S2(V*) under the condition (C). In the case codim R = 1,
R is called parabolic, hyperbolic and elliptic at v according as f is of rank 1, rank 2
(indefinite) and rank 2 (definite) respectively, where f is a generator of (f(v))+ C
S2(V) (see Sect. 3.3).

Now we assume the regularity for the symbol algebras. Namely assume that sym-
bol algebras s(v) of R are locally isomorphic to the fixed symbol s = s_3 @ s5_2 @
s_1wheres_ 3 =R,s_, = V*ands_; = V & { for the fixed f C S2(V*). Then,
for example, the Structure Equation reads as follows:

(@) f+ = ({e1 @ e2})

do =wi Ao +wy Awy (mod @)

dw) = w) A7y (mod w, wy, wy)

dw wy A1y (mod w, wy, wy)

) = ({e1@er,e1 ®er))

do =wi Ao +wy Awy (mod @)
do;= 0 (mod w,wy, wy)

dw) = wy) Ay (mod @, wi, @)

() i+ =({e1@e1,e2®e2)})

do =w| Ao +wr Awy (mod @)
do| = wy) A (mod @, wi, @)

dwr = w A 7] (mod w, wy, wy)
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Thus we see, from (b), that R admits a one-dimensional Cauchy characteristic
system in case - = ({e] ® e1, e] @ e3}), i.e., in case R is of codimension 2 and § is
involutive. In fact, in [5], E. Cartan characterized overdetermined involutive system
R by the condition that R admits a one-dimensional Cauchy characteristic system.

We will discuss the case when R admits a non-trivial Cauchy characteristic sys-
tem in Sect. 4.2 in general. We will encounter the case (3) in Sect. 5.3 as an example
of Parabolic Geometry associated with sl (4).

3.3 Involutive Symbols

In general we will consider the case when dim V = n. We identify S?(V) with the
dual space of S?(V*) through the natural pairing of S>(V) and S>(V*) as subspaces
of V.® V and V* ® V*. Then, for a basis {ey, ..., e,} of V, we have a basis {e] ©
ef,....epQep, 2e?©e;f(1 <i < j <n)}of S2(V*) and its dual basis {e;@e;(1 =
i < j < n)}of S3(V), where {e¥, ..., e} is the dual basis of V*.

Here we note the adjoint map o *(v) : SK(V) —> SHL(V) of the interior multi-
plication o (v) : S¥*1(V*) — SK(V*) by a vector v € V ; o (v)(f) = v] [, ie.,
o) ()i, ..., ) = f,v1, ..., ) for f e S (V*), is given by

oc*(W)(a) =v©a for ae SKV).
Hence, for a subspace f C S?(V*) such that = = ({f1, ..., f;}), the first prolonga-
tion {1 = f@V*NS3(V*)is givenby )+ = ({e;@fj [ 1 =i Sn 1S j S sh).

As in Sect. 3.2, we can classify codimension 1 subspace f C SZ(V*) as follows;
In this case, we can classify a generator f of {- as a quadratic form and obtain

f=e1@eter@erL - te e,
for a basis {eq, ..., e,} of V, where r is the rank of f and we have a index when we
classify over R. In each case, {e,, ..., e1} forms a regular basis for f and the Cartan
characters are givenby s; =n —i+ 1fori =1,...,n — 1 and s, = 0. f is always

involutive [10].
For a single equation of second order

R:{F(-xla-~-9-xnszvpla-~-9pn7p117-~-9pnn):O}CL(")v

we observe the following: From Sect. 2.5, we calculate

o B R = | P P R R ]
_, N :U~_’ _’ ) = U.U_ l 9
opii "oz apij "9z J
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for X = >0, vidix,.. Thus 327 is identified with e © e’ in $2(V*) and 31(2_1',' is
identified with 2 ¢} © e;f in S2(V*), where {¢; = %(i =1,...,n)} forms a basis
of V. Then, from f(v) = T,(R) N Ch (C*H(v)atv € R and

oF
dF = Z a—dp,-j (mod w,wy,...,w,,dxy,...,dx,),
1<i<i<n 7Y

we see that (f(v))J- is generated by

IF
f= Z S—We@e;.

1i<i<n P

Next we consider the case when codim § = 2. In this case the involutiveness
becomes rather a restrictive condition and, in fact, we have (cf. [6] and [19]).

Proposition 1. Let § be a subspace of S>(V*) of codimension 2. Then f is involutive
if and only if there exists a basis {e1, ..., e,} of V such that the annihilator {+ of f
in Sz(V) is generated by e © ey and e © e3 or by e] © e1 and e} © e3.

Proof. Fist we observe that S2(V*) is a involutive subspace of V* ® V* with the
Cartan characters o; =n —i+ 1fori =1, ..., n. Let  be a subspace of S2(V*) of
codimension 2 and let s1, . . . s, be the Cartan characters of f. Then we have s; < o;
fori =1,...,nand

dimf=s1+---+s, =01+ +0, — 2.

Since the Cartan characters have the property s; 2 - - - 2 s, if s;, = 03, —2 for some
ip €{l,...,n},itfollows s; y| = 0j,41 =n—i, > s;, =0;,, —2=n—1i, — 1,
which is a contradiction. Hence there exist j and k (1 £ j < k < n) such that
SjZ(Tj—landSkZGk—l.

Now assume that f is involutive. Then, from dim f(l) =51+ 250+ -+ ns,, we
obtain

n
codim f = > i(oi —s) =j+k<(n—D+n=2n—1.
i=1
This implies that the generator {e; ® f,...,e, © f,e1 @ g, ..., e, © g} of (f)+
in $3(V) are linearly dependent, where f and g € S*(V) are the generator of f*.
Namely there exist vy and v € V such that

V@ f—1yg=0.

Here vy and v, are linearly independent since f and g are independent. Hence there
exists v € V suchthat f = vo,@v and g = v1©@v. Incase {vy, vz, v} are independent,
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there exists a basis {eq,...,e,} of V suchthat f = ¢;j ©® e and g = €1 © e3. In
case {vy, vz, v} are dependent, there exists a basis of V such that fJ- is generated
by e; © e; and e; © e>. Consequently, in these cases, we have s; = n — i + 1 for
1<i<n-2,s,_1=1ands, =0. O

In [6], E. Cartan, in fact, first classified involutive subspaces | C S2(V*) when
dim V = 3 and immediately wrote the Structure Equation for each involutive system
in this case.

However we cannot pursue this line in general by the following facts. By
counting the dimensions, we see that the dimension of Gr(S2(V*), r) exceeds the
dimension of GL(V) forn > 4 and r, s = 2, where r + s = dim Gr(S2(V*), r).
Hence we will have a functional moduli if we try to classify » dimensional sub-
spaces f in S2(Vv*) forn = 4andr,s = 2. We suspect this phenomena even if we
assume the involutiveness of f.

Thus we need other guide lines to proceed. In this paper, after preparing the struc-
ture theory for submanifolds in L (J) in Sect. 4, we will utilize Parabolic Geometries
to find good classes of second order equations in Sects. 5 and 6.

3.4 Typical Symbols

We exhibit here typical examples of involutive symbols in S%(V*), which are the
only invariants of the corresponding involutive systems of second order, which were
found in [21]. Namely we describe here the involutive subspaces fl (r), fz (r) and
£3(r) of $2(V*) which have the following property: Let R be an involutive systems
of second order, which is regular of type f, i.e., R satisfies the condition (C) such
that the symbol f(v) at each point v € R is isomorphic to f C S?(V*), where f is
one of fl (r), fz(r) or f3 (r). Then, as in the case of the system of first order partial
differential equations of one dependent variable, R can be transformed to the model
linear equation by a contact transformation (cf. [21]):

M flforyc s vy Q@<r<n-2) V=V,@V
Fnt=e e | 1Sisrnr+1<a<nl) =V, sV,

When f = f1(r) (see [21] Sect. 2), there exists a canonical coordinate system
(xi, 2, pis pij) (1 =i = j = n) of L(J) such that

9%z

0X;0Xxq

R={ =0 (I1Zis<rr+1Zasn).

2) () c S (V¥ (rz2)

PNt =(e@ej |1 Si < j<rh)=S*V,),
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When | = fz(r) (see [21] Sect. 3), there exists a canonical coordinate system
(i, 2, pi, pij) (1 =i = j = n) of L(J) such that

3%z S
R={ =0 (1Si<j<n)
axiB)Cj

3) Py cSH (v r=<n-2)

Fent=(eoe | 1Si<r1Zasn)=V, sV,

When | = f3 (r) (see [21] Sect.4), there exists a canonical coordinate system
(i, 2, pi, pij) (1 =i = j = n) of L(J) such that

92z

=0 (1Zi<r1Zacsn)).
0x;0x,

R={

Here {eq,...,e,}isabasisof V, V., = ({e1,...,e:}) and Vi = ({ey41, ..., en}).

We need Reduction Theorems to explain why second order equations with these
symbols have the property that their symbols are the only invariants under contact
transformations. We will explain this fact for the type f(r) in Sect. 6.1 by utiliz-
ing the First Reduction Theorem in Sect. 4. The other cases will be explained by
utilizing the two step reduction procedure in Part II.

4 PD Manifolds of Second Order

We will here formulate the submanifold theory for (L(J), E) as the geometry of PD
manifolds of second order [18] and discuss the First Reduction Theorem.

4.1 Realization Theorem

Let R be a submanifold of L(J) satisfying the following condition:

(R.O) p:R — J;submersion,
where p = |gandw : L(J) — J is the projection. Let D' and D? be differential
systems on R obtained by restricting C!' = dE and C?> = E to R. Moreover we
denote by the same symbols those 1-forms obtained by restricting the defining 1-
forms {w, @y, - - - , @y} of the canonical system E to R. Then it follows from (R.0)
that these 1-forms are independent at each point on R and that

D'={w=0, D={w=w= - =w,=0).
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In fact (R; D', D?) further satisfies the following conditions:

(R.1) D' and D? are differential systems of codimension 1 and n + 1 respec-
tively.

(R2) aD?*c D'

(R.3) Ch(D") is a subbundle of D? of codimension n.

(R4) Ch(D")(v) NCh(D?)(v) ={0} ateachv € R.

Here (R.2) follows from deow = 0 (mod @, w1, ..., @,). (R.3) follows from
Ch(Dl) = Kerp, = {dz =dxy = --- =dx, = dpy = --- = dp, = O}.
Moreover the last condition follows easily from the Realization Lemma below.

Conversely these four conditions characterize submanifolds in L(J) satisfying
(R.0). To see this, we first recall the following Realization Lemma, which charac-
terize submanifolds of (J (M, n), C).

Realization Lemma. Ler R and M be manifolds. Assume that the quadruple
(R, D, p, M) satisfies the following conditions:

(1) pisamap of R into M of constant rank.
(2) D is a differential system on R such that F = Ker p, is a subbundle of D of
codimension n.

Then there exists a unique map ¥ of R into J(M,n) satisfying p = w - ¥ and
D = I/f;l(C), where C is the canonical differential system on J(M,n) and 7 :
J(M,n) — M is the projection. Furthermore, let v be any point of R. Then  is in
fact defined by

V() = p«(D())  asapoint of Gr (Tpw)(M)),

and satisfies
Ker (Y)y = F(v) N Ch(D)(v).

where Ch (D) is the Cauchy Characteristic System of D.

For the proof, see Lemma 1.5 [18].

In view of this Lemma, we call the triplet (R; D!, Dz) of a manifold and
two differential systems on it a PD manifold of second order if these satisfy the
above four conditions (R.1) to (R.4). Here we note, by (R.2), subbundles D2,
D' and T(R) define a filtration on R. Hence we can form the symbol algebra
s(v) = 5_3(v) ®5_2(v) Ds_1(v) of (R; D', D*) at v € R as in Sect. 3.1.

We have the (local) Realization Theorem for PD manifolds as follows: From
conditions (R.1) and (R.3), it follows that the codimension of the foliation defined
by the completely integrable system Ch (D!) is 2n + 1. Assume that R is regular
with respect to Ch (DY), i.e., the space J = R/Ch (D) of leaves of this foliation
is a manifold of dimension 2n + 1 such that each fibre of the projection p : R —
J = R/Ch(D") is connected and p is a submersion. Then D' drops down to J.
Namely there exists a differential system C on J of codimension 1 such that D! =
Dy (). From Ch(C) = {0}, (J, C) becomes a contact manifold of dimension
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2n + 1. Conditions (R.1) and (R.2) guarantees that the image of the following map
¢ is a legendrian subspace of (J, C):

L) = p(D*()) C Cw),  u=p).

Finally the condition (R.4) shows that¢ : R — L(J) is an immersion by Realization
Lemma for (R, D2, p, J). Furthermore we have (Corollary 5.4 [18])

Theorem 2. Let (R D', D?) and (R Dl D2) be PD manifolds of second order.
Assume that R and R are regular with respect to Ch (D') and Ch (D ) respectively.
Let (J,C) and (J .C ) be the associated contact manifolds. Then an isomorphism
® : (R; D!, D2) — (R; ﬁ], 152) induces a contact diffeomorphism ¢ : (J, C) —
(J, C) such that the following commutes;

R—=L(J)

R——=L(J)

Proof Since @ is an isomorphism of (R, D!, Dz) onto (R D1 D2) we have
&, (DY = D' Hence we get @, (Ch (DY) = Ch(D ). Therefore, since Ch (D) =
Ker p, and each fibre of p : R — J is connected, @ is fibre- preservmg and
1nduces a unique dlffeomorphlsm ¢ of J onto J such that p-® = ¢-p. By

= (ps)~ 1(C) and D! = (pe)~ l(C) ¢ is a contact diffeomorphism of J onto J
Put [ = (@s)~'-1-®. Thenitis easy to see that 7 is a map of R into L(J) satisfying
7 -1= pand D? = (1,)~'(C?). Therefore by the uniqueness of the canonical im-
mersion ¢ of R into L(J), we obtain¢ =1,1.e.,7-® = @, - L. O

By this theorem, the submanifold theory for (L(J), E) is reformulated as the
geometry of PD manifolds of second order.

4.2 First Reduction Theorem

When D' = 9 D? holds for a PD manifold (R; D', D?) of second order, the geo-
metry of (R; D!, D?) reduces to that of (R, D?) and the Tanaka theory is directly
applicable to this case. We will treat this case as Parabolic Geometries associated
with PD manifolds of second order in Sect. 5. Concerning about this situation, we
will show the following proposition under the compatibility condition (C) :

) p(l) - RD — R is onto.
where RW is the first prolongation of (R; D1, D2), i.e.,

R = {n-dim. integral elements of (R, Dz), transversal to F =Ker p.} C J(R, n),

(cf. Proposition 5.11 [18]).
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Proposition 2. Let (R; D', D?) be a PD manifold of second order satisfying the
condition (C) above. Then the following equality holds at each point v of R:

dim D' (v) — dim 8 D*(v) = dim Ch (D?)(v).

In particular D' = 3 D? holds if and only if Ch (D?) = {0}.

Proof. By the condition (C), there exists an n-dimensional integral element V of
(R, D?) at v such that

D*(v) =s5_1(v) = V & f(v).
In terms of the symbol algebra s(v) = s_3(v) & 5_2(v) & 5_1(v), we have
Ch (D) (v) = {X € 5_1(v) | [X,5-1(v)] = 0}

Foravector X = wx+ fx € Ch(Dz)(v),where wyx € Vand fx € f(v),[X,V]=0
forces fy = 0, thatis, Ch (D?)(v) C V C s_1(v). We putC(v) = Ch (D?)(v) C V.
Then we have

Cw={weV|w]f=0 forall fef(v)}CV.

Thus C(v) = E is the largest subspace of V such that f(v) C S2(EL). On the other
hand, let us consider the derived system 9 D? in terms of the symbol algebra s(v).
From [s_1(v), s_1(v)] = [V, f(v)], putting D(v) = 12(dD?(v)), we have

D) ={zlf|lzeV, fefw}cC V"

under the identification s_»(v) = V*, where 73 : D' (v) — s_,(v) is the projec-
tion. Thus w belongs to the annihilator of D(v) iff (w, z| f) = Oforallz € V and
all f € §(v), hence iff w] f = 0 for all f € §(v). This implies D(v) = (C(v))™*,
which completes the proof of Proposition. O

When a PD manifold (R; D!, D2) admits a non-trivial Cauchy characteristics,
i.e., when rank Ch (D2) > 0, the geometry of (R; D!, D2) is further reducible to
the geometry of a single differential system. Here we will be concerned with the
local equivalence of (R; D!, D2), hence we may assume that R is regular with re-
spect to Ch (Dz), i.e., the leaf space X = R/Ch (D2) is a manifold such that the
projection p : R — X is a submersion and there exists a differential system D on
X satisfying D? = Py (D). Then the local equivalence of (R; D', D?) is further
reducible to that of (X, D) as in the following: We assume that (R; D!, D2) satisfies
the condition (C) above and Ch (D?) is a subbundle of rank r (0 < r < n). Then,
by Proposition 2, 8 D? is a subbundle of D' of codimension r.

By the information of the symbol algebra s(v) of (R; D', D?) atv € R, we can
find locally independent 1-forms @, @;, w; (i = 1, ..., n) around v such that
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D' ={w =0},

8D2={w:w1=---=w,=0}, D2={w=w1=---=wn:O}
do =wi Ao+ +w, Awy(mod @)
dw; =0 (mod w,wy,...,w,) i=1,...,r
dwoy #0 (mod w,wy,...,oy) a=r+1,...,n

Thus we have

do = w1 AN@rgp1 + -+ oy Awy(mod @, @y, ..., D)
dw; E]Tl.r+1 Ao+ + a1 Aoy(mod @, @y, ..., @) i=1,...,r
for some 1-forms 7. This shows that the Cartan rank of (X, d D) (see [4] II Sect. 4)
equalstos = n —r atx = p(v) € X, which gives us a necessary condition for
a differential system (X.D) to be obtained from a PD manifold (R; D!, D?) as
X = R/Ch (D?).

From (X, D), atleast locally, we can reconstruct the PD manifold (R; D! D?) as
follows. First let us consider the collection P (X) of hyperplanes v in each tangent
space T, (X) at x € X which contains the fibre d D(x) of the derived system 9D
of D.

P(X) = U P.CJX,m—1),
xeX
Py ={v e Gr(Tx(X),m — 1) | v D aD(x)} = P(T(X)/dD(x)) = P,

where m = dim X and r = rank Ch (D?). Moreover D)lf is the canonical system
obtained by the Grassmannian construction and Dg( is the lift of D. Precisely, D}(
and Dg( are given by

Dy (v) = v;'(v) D D% (v) = v, (D(x)),

for each v € P(X) and x = v(v), where v : P(X) — X is the projection. Then we
have a map « of R into P(X) given by

Kk(v) = px(D' (v)) C T (X),

for each v € R and x = p(v). By Realization Lemma for (R, D', p, X), k is a map
of constant rank such that

Ker ks = Ch(D") NKerp, = Ch(D") N Ch(D?) = {0}.

Thus « is an immersion and, by a dimension count, in fact, a local diffeomorphism
of R into P(X) such that

k(DY =D)  and  k.(D*) = D3.
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Namely « : (R, D!, Dz) — (P(X), DL, Df() is a local isomorphism of PD man-
ifolds of second order. Thus (R; D!, D?) is reconstructed from (X, D), at least
locally, as a part of (P (X); DL, Di). (Precisely, in general, (P (X), DL, Dg() be-
comes a PD manifold on an open subset. See Proposition 3.) By the construction
of (P(X); DY, Df(), an isomorphism of (X, D) naturally lifts to an isomorphism of
(P(X); Dy, DY).

Summarizing the above consideration, we obtain the following First Reduction
Theorem for PD manifolds admitting non-trivial Cauchy characteristics.

Theorem 3. Let (R, D', D2) and (Ié Dl bz) be PD manifolds satisfying the con-
dition (C) such that Ch (Dz) and Ch (D2) are subbundles of rank r (0 < r < n).
Assume that R and R are regular with respect to Ch(D?) and Ch (D2) respec-
tlvely Let (X, D) and (X D) be the leaf spaces where X = R/Ch (D?) and
X = R/Ch (Dz) Let us fix points v, € R and v, € R and put xo = p(v,) and
Xo = p(0y). Then a local isomorphism ¥ : (R; D! D?) — (R, Dl, D2) such
that ¥ (v,) = 0, induces a local isomorphism ¢ : (X, D) — (X, 13) such that
©(xy) = X, and @4 (k (x,)) = K (X,), and vice versa.

4.3 Construction of (R(X); D}(, Dgf)

Now we will characterize differential systems (X, D), which are obtained by the
First Reduction Theorem from PD manifolds (R; D!, D2) as X = R/Ch (Dz). We
already saw that the necessary condition for (X, D) is that 9D is of Cartan rank
s = n — r. We will show that this condition is also sufficient.

Let (X, D) be a differential system satisfying the following conditions:

(X.1) D is a differential system of codimension n + 1 such that Ch (D) is trivial.
(X.2) 0D is a differential system of codimension r + 1.
(X.3) 0D is of Cartan rank s =n —r.

Under the conditions (X.1) and (X.2), Cartan rank of d D is less than or equal to
s (see the proof of Proposition 3 below). Thus (X.3) is a nondegeneracy condition
for (X, D).

We form the weak symbol algebra t(x) of (X, D) at x € X as follows: Put
t3(x) = T (X)/0D(x), t_2(x) = dD(x)/D(x) and t_;(x) = D(x). The subbun-
dles D, 0D and T (X) give a filtration on X. Hence as in the symbol algebra of PD
manifolds, we can introduce the Lie brackets in

tx) = t3(x) ® ta(x) & t—1(x),
so that t(x) becomes a graded Lie algebra.

Now let us consider the collection P(X) of hyperplanes v in each tangent space
T, (X) at x € X which contains the fibre d D(x) of the derived system o D of D.

PX)=JPcIX.m—1),

xeX
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Py ={v € Gr(Tx(X),m — 1) | v D dD(x)} = P(Tx(X)/dD(x)) =P,

where m = dim X and r + 1 = codim d D. Moreover D}( is the canonical system
obtained by the Grassmannian construction and D§( is the lift of D. In fact, D }1( and
D% are given by

Dy (v) = v, (v) D D (v) = v; (D)),

for each v € P(X) and x = v(v), where v : P(X) — X is the projection. For a
point v € P(X), we define the symbol subspace f(v) of D(x) by

A

f(v) ={X € t_1(x) | [X, t2(x)] C 0},

where x = v(v) € X, 0 = p_3(v) C tusz(x) and p_3 : TR(X) —> t_3 =
T, (X)/dD(x) is the projection. We put

R(X) = {v € P(X) | codim f(v) = s}

(R(X) is an open subset of P (X) under the condition (X.3). See below). We denote
the restrictions of differential systems D)l( and Dg( of P(X) to R(X) by the same
symbols.

Then we have

Proposition 3. (R(X), DL, D%) is a PD manifold of second order.

Proof. By (X.1) and the construction of P (X), it follows that D; and Df( are dif-
ferential systems on P(X) of codimension 1 and n + 1 respectively. Moreover
8D§( C D}( holds on P(X) by construction. Since P(X) is a submanifold of
J(X,m — 1), Realization Lemma for (P (X); D)l(, v, X) implies

KerZ, = Kerv, N Ch (DY) = Ch(D}) N Ch(D%) = {0},
where 1 : P(X) — J(X, m — 1) is the inclusion. Thus it remains to show that R(X)
is an open subset of P (X) under the condition (X.3) and Ch (D}() is a subbundle of
Di of codimension n on R(X).
For this purpose, let us take a point v, € P(X). We can find locally independent
1-forms @y, ..., @, 71, ..., g on a neighborhood U of x, = v(v,) € X such that
oD = {wg ="+ =w, =0}, D={wy==w,=m1=---=m;, =0}.

Here we may assume that v, = {@o = 0} C T, (X). Then we have

do; =0 (mod wy,...,o,T1,...,Ts) for i =0,...,r.
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Hence there exist 1-forms B such that
dwisﬁil/\n1+---+ﬂfAns (mod @y, ..., w;) for i =0,...,r

Thus the Cartan rank of d D is less than or equal to s.
Now let us consider

w=wog+M Mo+ -+ Ao

on U. Namely we consider a point v € P(X) such that v = {w = 0} C T\ (X),
where x = v(v) € U. Here (A1, ..., A;) constitutes an inhomogeneous coordinate
of the fibres of v : P(X) — X. Denoting the pullback on P (X) of 1-forms on X by
the same symbol, we have

Dy = {w =0},

and

r r
do =dwo+ Y sidw; + Y dii Aw;.
i=1 i=1

on v~ (U). From dw; = Yo B Ny + Z;:l yij Awj (mod ) fori =0,
..., r, we calculate
N r r r
do = (BY + Y MiBO ATa+ Y (dhi +v5+ > Ay Ami (mod w).
a=1 i=1 i=1 j=1

For a vector Y € dD(x), we have
N r
Y]dw ==Y 7a()(F5 + ) 2pf)  (mod @y.... .o 7. 7).
a=l1 i=1
By the definition of brackets in the weak symbol algebra t(x), it follows that

f(v) = {X € D) | (BF + D> _MBH(X) =0 fora=1,....s}.
i=1

Hence we see that codim f(v) = s if and only if {8y + Doili A Bi'},,_, are inde-
pendent (mod @y, ..., @y, 71,...,7Ts) atx € X. Thus R(X) is a non-empty open
subset of P (X) under the condition (X.3). Moreover we have, at each v € R(X),

r r
Ch(DY) (W) = =70 =P+ Y_Mipf =wi=drhi+yi+» Ajyi=0
i=1 j=1

i=1,....,r, a=1,...,5) }.
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Therefore Ch (D)l() is a subbundle of Df( of codimension n on R(X), which com-
pletes the proof of Proposition. O

4.4 Symbol Subspaces

We will consider the relation between the symbol subspaces f(v) = Ch (D}()(v)
and %(v) € D(x) forapointv € R(X) and x = v(v) € X.
First observe that there exists an integral element V of (R(X), Di) at v such that

5-1(0) = V @ f(v)(= D (v)),
if and only if there exists an integral element W of (X, D) at x such that
100 = W @ j(o)(= D).

Infact W = v, (V)and V = v*_l(W), where v, : Di(v) — D(x) is onto, Ker v, =
Ch (D%)(v) and vy : f(v) — f(v) is a linear isomorphism.
Put t_3(v) = t_3(x)/0, and let us consider

t) =t30) & tax) &t ().
t(v) is a quotient algebra of t(x) and %(v) ={X et 1(x) | [X,t.2(x)] = 0} in
t(v). Let us fix a basis of t_3(v). Then, as in the proof of Proposition 3, the basis
of 5_3(v) is fixed. Hence we have s_3(v) = R, s »(v) = V* and f(v) C S2(VH).

Moreover we have Lg(v) = R, t_p(x) = W* and the map u : f(v) — S2(W*) is
defined by

w(Hwi, wy) =[[f, wil,wa] e R=ZE30)  for f € fv).

Here we note that there exists a unique f € f(v) such that f = v,(f) and we obtain,
by f(v) C S?2(E™) and the definition of the brackets of s(v) and t(v),

[f, vl = *([f, wi]) C V¥,

where w1 = k(v1), k* : W* - V* k =v, : V — Wand Kerk = E, k*(W*) =
E-L. Moreover we have

([, vil, v2l = [[f, wil, w2l for wy = k(v2).

Namely u is injective and K;(%(U)) = f(v) C S*EtY) c S?(V*) where K3
S2(W*) — S%(V*) is induced from «* : W* — V*.
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Next we consider the algebraic prolongation f(v)(" S3(V*) of fv) C SZ(V*),
) =fw) @ Vi N s (vH).

Then, sincAe flv) C ;S‘Z(EL), we observe f(v)jl) C S3(EL). Therefore, for the pro-
longation §f(v)() = f(v) ® W* N S3(W*) of f(v) C SZ(W*), we get

KGO = f)® c S3E).

where «3 : S3(W*) — §3(V*) is induced from «* : W* — V*. Repeatedly we
obtain &} +2(%(1))“)) = f(v)® c S¥2(EL) for the higher prolongations.
Moreover, from f(v) C S2(EL), we also observe that, for a regular basis

{wi, ..., ws}of W for f(v) C S2(W*), we obtain the regular basis {vy, ..., Uy, Us+1,
...,vy) of V for f(v) C S*(V*) by taking v; € V such that x(v;) = w;
(i = 1,...,s) and adding a basis {vs+1,...,v,} of E = Kerk. In fact, in this

case, we have

KiG =f fork=1,....s and =0 for k=s,...,n.

where fr = {f € f) |wi]f = = we)f =0} and fy = {f € f) | vi]f =
o =udf =0}
Summarizing the above discussion, we obtain

Proposition 4. Notations being as above:

(1) §f(v) C S*2(V*) is involutive if and only zﬁ(v) C S2(W*) is involutive.
() f(v) C S2(V*) is of finite type if and only if §(v) C S2(W*) is of finite type.

5 Parabolic Geometries Associated with PD-Manifolds
of Second Order

We will here exhibit Parabolic Geometries which directly correspond to the geome-
try of PD manifolds of second order, following [22] and [26].

5.1 Differential Systems Associated with Simple Graded Lie
Algebras (Parabolic Geometries)

We first recall basic materials for simple graded Lie algebras over C and state the
Prolongation Theorem. We will work mainly over C in this section for the sake of
simplicity.
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Let g be a finite dimensional simple Lie algebra over C. Let us fix a Cartan
subalgebra b of g and choose a simple root system A = {«y, ..., ar} of the root
system @ of g relative to f). Then every o € @ is an (all non-negative or all non-
positive) integer coefficient linear combination of elements of A and we have the
root space decomposition of g;

i=Paove P .

aedt aedt

where gy = {X € g | [h, X] =a(h)X forh € b} is (one-dimensional) root space
(corresponding to @ € @) and @ denotes the set of positive roots [8].

Now let us take a nonempty subset A of A. Then A defines the partition of @
as in the following and induces the gradation of g = P pez, 9p as follows:

¢
O =U,> P, o ={a= Zniai | Z ni = p},
i=l

ai €A

=Pt 0=EPwdroPoa 9,=P s

+ + + +
aed, aEP, aEP, aed,

[9p, 941 C gp1g for p,qeZ.
Moreover the negative part m = p<0 9p satisfies the following generating condi-
tion:
gp = [9p+1,9—1] for p < -1
We denote the simple graded Lie algebra g = g:_ « 9p obtained from Aj in this

manner by (X¢, A1), when g is a simple Lie algebra of type X,. Here X, stands
for the Dynkin diagram of g representing A and Aj is a subset of vertices of Xy.

Moreover we have
=y n@,

o €A

where 0 = Zle n;(0) a; is the highest root of @,
Conversely we have (Theorem 3.12 [22])

Theorem A. Let g = P ez 9p be a simple graded Lie algebra over C satisfying
the generating condition. Let Xy be the Dynkin diagram of g. Then g = @ pez 9p IS
isomorphic to a graded Lie algebra (X, Ay) for some Ay C A. Moreover (Xg, A1)
and (X¢, AY) are isomorphic if and only if there exists a diagram automorphism ¢
of X¢ such that $(Ay) = A).

In the real case, we can utilize the Satake diagram of g to describe gradations of
g (Theorem 3.12 [22]).

By Theorem A, the classification of the gradation g = €9 pez 9p of g satisfying
the generating condition coincides with that of parabolic subalgebras g’ = P »>09p
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of g. Accordingly, to each simple graded Lie algebra (X, A1), there corresponds
a unique R-space My = G/G’ (compact simply connected homogeneous complex
manifold) (see [22] Sect.4.1 for detail). Furthermore, when p = 2, there exists
the G-invariant differential system Dg on Mg, which is induced from g_;, and
the standard differential system (M (m), Dy,) of type m becomes an open sub-
manifold of (Mg, Dg). For the Lie algebras of all infinitesimal automorphisms of
(Mg, Dy), hence of (M(m), Dy,), we have the following Prolongation Theorem
(Theorem 5.2 [22]).

Prolongation Theorem. Let g = P pez 9p be a simple graded Lie algebra over
C satisfying the generating condition. Then g = P pez.9p IS the prolongation of
m= ®p<0 gp except for the following three cases:

(1) g=g_1®goD g is of depth 1.
2) g= ®i=*2 gp is a contact gradation.
3 g= @peZ gp is isomorphic to (Ag, {a1, o;}) (1 <i < £) or (Cy, {ay, ag)).

Furthermore g = @pEZ gp is the prolongation of (m, go) except when g =
@pez gp is isomorphic to (Ag, {a1}) or (Cy, {o1}).

Here R-spaces corresponding to the above exceptions (1), (2) and (3) are as
follows: (1) correspond to compact irreducible hermitian symmetric spaces. (2) cor-
respond to contact manifolds of Boothby type (Standard contact manifolds), which
exist uniquely for each simple Lie algebra other than sl (2, C)(see Sect. 5.2 below).
In case of (3), (J (P!, i), C) corresponds to (Ag, {1, o;}) and (L(P1, E) corre-
sponds to (Cy, {a1, a}) (1 < i < £), where P¢ denotes the £-dimensional complex
projective space and P>~ is the Standard contact manifold of type C; correspond-
ing to (Cy, {r1}). Here we note that R-spaces corresponding to (2) and (3) are all
Jet spaces of the first or second order.

For the real version of this theorem, we refer the reader to Theorem 5.3 [22].

Now the Parabolic Geometry is a geometry modeled after the homogeneous
space G/G’, where G is a (semi-)simple Lie group and G’ is a parabolic subgroup
of G (cf. [1]). Precisely, in this paper, we mean, by a Parabolic Geometry, the Geom-
etry associated with the Simple Graded Lie Algebra in the sense of N. Tanaka [16].

In fact, let g = P pez 9p be a simple graded Lie algebra over R satisfying the

generating condition. Let M be a manifold with a Gg-structure of type m in the
sense of [16] (for the precise definition, see Sect. 2 of [16]). In [16], [15], under the
assumption that g is the prolongation of (m, go), N. Tanaka constructed the Normal
Cartan Connection (P, ®) of Type g over M, which settles the equivalence prob-

lem for the Gg—structure of type m in the following sense: Let M and M be two
manifolds with Gti structures of type m. Let (P, w) and (f’ @) be the normal con-
nections of type g over M and M respectively. Then a dlffeomorphlsm ¢ of M onto
M preserving the GIi structures lifts uniquely to an isomorphism ¢* of (P, w) onto

(P, ) and vice versa ( [16], Theorem 2.7).
Here we note that, if g is the prolongation of m, a Gg—structure on M is nothing
but a regular differential system of type m (see [16, Sect.2.2]). Thus a Parabolic
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Geometry modeled after G/G’ is the geometry of PD manifold of second order
with the symbol algebras = s_3 @ s_» @ s_1, if g is the prolongation of m and m
is isomorphic to s.

Hence, among simple graded Lie algebras g = @Z:_# gp = (X, Ap), we will
seek those algebras such that m = p<0 9p 1s isomorphic to the symbol algebra
of PD manifolds of second order. Thus a necessary condition for this is © = 3 and
dim g_3 = 1. Then, by the above construction of (X¢, A1), g3 should be the highest
root space. This forces Ay C Aj where (X¢, Ag) is the (standard) contact gradation
of g (see Sect. 5.2 below). These two conditions confine the possibility of (X, Ap).
In fact, a simple graded Lie algebra (X¢, A1), which satisfies both © = 3 and Ag C
Aq is one of the following: (A, {o1, aj, a0}) (1 < i £ [%]), (B¢, {a1, a2}),
(Ce, far, ae}), (De,{ar, a2}), (De, {az, ae}), (Ee, {a1, a2}) and (E7, {1, a7}) up
to conjugacy.

In fact, as we will see in Sects.5.3 and 5.4, these simple graded Lie algebras
(X¢, Ayp) represent the Parabolic Geometries of PD manifolds of second order (of
finite type), except for (Cy, {a1, a¢}), which is one of the exception in Prolongation
Theorem and represents the Parabolic Geometry of third order equations of finite
type (cf. [26] Sect. 3 Case (4)).

Furthermore, in Sects. 6.2 and 6.3, by utilizing the First Reduction Theorem,
we will see more examples of Parabolic Geometry, which is associated with the
geometry of (X, D) in Sect. 4.3.

5.2 Standard Contact Manifolds

Each simple Lie algebra g over C has the highest root 6. Let Ay denote the subset
of A consisting of all vertices which are connected to —6 in the Extended Dynkin
diagram of X, (¢ = 2). This subset Ag of A, by the construction in Sect. 5.1, defines
a gradation (or a partition of @ 1), which distinguishes the highest root 6. Then,
this gradation (X¢, Ag) turns out to be a contact gradation, which is unique up to
conjugacy (Theorem 4.1 [22]). Explicitly we have Ag = {a1, oy} for A, type and
Ap = {ap} for other types. Here og = 2, a1, a2 for By, Cy, Dy types respectively
and ap = o, a1, g, o1, @ for Eg, E7, Eg, Fa4, G types respectively.

Moreover we have the adjoint (or equivalently coadjoint) representation, which
has 6 as the highest weight. The R-space Jg corresponding to (X¢, Ag) can be ob-
tained as the projectiviation of the (co-)adjoint orbit of G passing through the root
vector of 6. By this construction, Jg has the natural contact structure Cgy induced
from the symplectic structure as the coadjoint orbit, which corresponds to the con-
tact gradation (X¢, Ag) (cf. [22], Sect. 4). Standard contact manifolds (Jg, Cq) were
first found by Boothby [2] as compact simply connected homogeneous complex
contact manifolds.

For the explicit description of the standard contact manifolds of the classical
type, we refer the reader to Sect. 4.3 [22].

In Sects. 5.3 and 5.4, the model equation (Ry, Dé) can be realized as a R-space
orbitin L(Jg).
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Extended Dynkin Diagrams with the coefficient of Highest Root (cf. [3])
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5.3 Classical Type Examples

We will describe here the symbol algebra m = p<08p of each (X, Ay) of the
classical type and give the model equations of second order. We refer the reader to
Sect. 3 of [26] for the detailed description of the symbol algebras in matrices form.
In this and next subsections, we will discuss in the complex analytic or the real C*°
category depending on whether K = C or R.

(1) Case of (A¢, {o1, i1, o)) (1 < i +1 = [E)).
We have the following matrix representation of (A, {o1, ®jy1, @e}):

slU+1,K)=g 3Dg2Dg-1DgoD g1 D g ® gs.
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where the gradation is given by subdividing matrices as follows;

0000
] {oooo
9-3=1 10000
a000

0 000
0 000
92=11_5 000
0 600

g1 =Voi,

0000
_Jloooo
=1 10400

0000

AeM(j,i) ¢,

0000
x10 00
0000
00'x0

V= s ek, xeK/ V=K

b0O0O
0BOO b,ceK, Begl(i,K), Cegl(j,K),

0 =Y1loo0co b+c+trB+tC =0
000c

g ={'X|Xegy) k=1,23),

where i + j = £ — 1. Then we have

m=g3Pg 20 (VR

0000 &1 X -1

. ~ = X = e K,
= _222 88 —a+E+i+A 5 <&> QJ
a IEIZXZO aeK,AeM(j,i)

By calculating [£, %] and [[A, £], £], we have
v — ~ — t
[£, X1 = (6x), [[A, X], %] = (=2'x2Ax1), 2'x2Ax; = (x1,"x2) (O A) <x1>
AO X2

Thus we have g » = V*and f = ({ef @ ef(1 Sk Sii+1 S a=f—-1}) C
S2(V*) for a basis {e1,...,e¢—1} of V. This implies that the model equation of the
second order is given by
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82z 9%z

0Xr0x; - 0xy0xg

=0 for 1<k I<i andi+1Za,BS10—1,

where 7 is dependent variable and x1, . .., x¢—1 are independent variables.

(2) Case of (Be, {o, an}) (£ 2 3), (Dg, {or, an}) (£ 2 4).

Similarly in this case, we have dimf = 1 and f = ({e] © ] +-- - + ¢, @ e;;}) for
abasis {eq, ..., e,} of V, where n = 2¢ — 3 in case of By and n = 2¢ — 4 in case of
Dy. Thus we have the following model equation of the second order:

3%z 3%z
= for 1< p,qg<n,
dxpdxy Pa 325, =pPq=
where z is dependent variable and x1, ..., x;, are independent variables. This equa-

tion is the embedding equation as a hypersurface for the quadric Q". For the explicit
matrix description of the gradation, we refer the reader to Case (5) in Sect. 3 of [26].

(3) Case of (Dy, {aa, ae}) (€ = 4).
Similarly in this case, we have dim | = %(Z — 1) —2) and

1
F= (0D apglep)* @ ()" | A= (apg) € 0t = 1))
p.q=1
for a basis {ei, R e%_l, e%, R e%_l} of V. Thus we have the following model

equation of the second order:

92z 9%z

i 9y invd
Bxpaxq qu8xp

=0 for 15i,j<2, 1Sp<g<it-—1,

where 7 is dependent variable and x 11, X l}—l’ x%, e, x%_l are independent vari-

ables. This equation is the Pliicker embedding equation for the Grassmann manifold
Gr(€ + 1, 2) (see [11] Sect. 3). For the explicit matrix description of the gradation,
we refer the reader to Case (10) in Sect. 3 of [26].

5.4 Exceptional Type Examples

We here only describe the model equation (Rg, Dé) of second order in the form of
the standard differential system of type m. We refer the reader to Sect. 4 of [26] for
the detailed description of the symbol algebras by the use of the Chevalley basis
of g.
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(1) Case of (Eg, {ct1, a2}).

367

The symbol algebram = g_3 @ g_» @ g_ is described as follows:

03K, g, =V* g =Vaf §cS*V* anddimV = 10,dimf=S5.

Here the standard differential system (M (m), D) of type m in this case is given by

Dhn={w=w=or=---=w10=0},

where

@ =dz — pidx; — -+ — prodxio,
@1 = dpy + gsdxs + qadxg + g3dx)o,
@3 = dp3 + qsdxs + qadxs + q1dx)0,
ws = dps — qsdxz + q3dxe — q1dx,
w7 = dp7 — q4dxs — q3dxs + q1dxg,
@9 = dpy + qadx) — q2dx4 — q1dxs

Here (x1, ..
K.

(2) Case of (E7, {1, a7}).

- X10, %, P1y - - -

» P10, 415 - - -

@y = dpy — qsdxs — qadx7 + q2dx)o0,
@4 = dps + qs5dx3 — q3dx7 — qadx,
we = dpe + qadx3 + q3dxs + qadxg,
wg = dpg + qsdx| + q2dxe + q1dx7,
@10 = dp1o + g3dx1 + q2dx2 + q1dx3.

,q5) is a coordinate system of M(m) =

The symbol algebram = g_3 @ g_» @ g_ is described as follows:

932K, go=V* g =V®f, fc S’ (V¥ and dimV = 16, dim§ = 10.

Here the standard differential system (M (m), Dy,) of type m in this case is given by

Dn={w=w=ory=--=w1=0},

where

w =dz — pidx; —--- — p1edxie,

w1 = dp1 + qrodx11 + qodx12 + ggdx14 + q7dx15 + gsdxie,
@y = dpy — q10dx9 — qodx10 — gsdx13 + qedxis + qadx16,
@3 = dp3 + qrodxe + qodxs — q7dx13 — qedx14 + q3dx16,
@4 = dps — qrodxs — qodx7 — q5dx13 — qadx14 — q3dx;s,
@s = dps — qrodx4 + qsdxs + q7dx10 + gedx12 + q2dx16,
@6 = dpe + qr0dx3 — qsdx7 + qsdx10 + qadx12 — qodxs,

@7 = dp7 — qodxs — qgdxe — q7dx9 — gedx11 + q1dx16,

@y = dpg + qodx3 + qgdxs — qsdxg — gadx11 — q1dxys,
w9 = dpy — qlodx2 — q7dx7 — q5dx8 + q3dx12 + qodx14,
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w10 = dpio — qodx2 + q7dxs + gsdxe — q3dxi1 + qi1dx14,
@11 =dpi + qrodx) — gedx7 — qadxs — qzdx10 — q2dx13,
@12 = dp12 + qodx| + gedxs + qadxe + q3dx9 — q1dx13,
w13 = dp13 — qsdxz — q7dx3 — qsdx4 — qadx11 — q1dx12,
@14 = dpia + qsdx1 — qedx3 — qadxs + q2dx9 + q1dx10,
@5 = dpis + qrdx) + qedxz — q3dxs — qadxe — q1dxs,
w16 = dpie6 + qsdxi + qadxs + q3dx3 + qadxs + q1dx7.

~

Here (x1, ..., x16,2, P15---5 P16-41, - - -, q10) 1s a coordinate system of M (m)
K*.

The model linear equations in Sect. 5.3 (2), (3) and Sect. 5.4 (1) and (2) appeared
as the embedding equations of the corresponding symmetric spaces into the pro-
jective spaces in [12], [11] and [7] (see [11] Sect.1). Except for Sect.5.3 (2),
these equations have rigidity properties. As is pointed out in Sect. 5 of [26], by the
vanishing of the second cohomology (cf. [9], Theorems 2.7 and 2.9 [16], Proposi-
tion 5.5 [22]), we observe that Parabolic Geometries associated with (Dy, {a2, ay}),
(Eq, {1, ap}) and (E7, {1, a7}) have no local invariant. Thus the model second
order equations of these cases is solely characterized by their symbols § C S2(V*)
under the condition (C), as in the case of Typical involutive symbols in Sect. 2.4
(cf. [25]).

6 Examples of First Reduction Theorem

Utilizing the First Reduction Theorem, we will discuss the Typical class of type
f3(r) and exhibit several examples of PD manifolds of second order given through
Parabolic Geometries on (X.D).

6.1 Typical Class of Type §3(r)

Let (R; D!, D2) be a PD manifold of second order satisfying the condition (C),
which is regular of type f3 (r) (r £ n —2). Namely (R; D!, D?) is a PD manifold
of second order such that symbol algebra s(v) at each point v € R is isomorphic to
5=565_3@®5_7Ds_1 where

s.3=R, s,=V* and s_,=V&rQ).

Then, by Lemma 1.2 [21], there exists a coframe {&, @y, wa, Tep(l S a S n,r +
1 <, B < n)} on aneighborhood U of each point v € R such that D! = {&r = 0},
D? = {w = w) = --- = w, = 0} and that the following equalities hold:

do =oi Aw|+ -+ w, ANy (mod w),
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{dwiE 0 (mod @, wy,..., o),

dwy = W) ATgr41+ -+ op ATy, (mod @, @y, ..., ©y).

forl =i <randr+1< « < nand g = mge. Thus we see that Ch(D?) isa
subbundle of D? of rank r. A coframe {&, @y, w,, gl Sas<nr+lsap=
n)} on U satisfying D! = {w =0} and D? = {w = @) = --- = w,, = 0} is called
adapted if it satisfies the above structure equations. Then we have (Lemma 4.1 [21])

Lemma A. Let (R; D', D?) be as above and r < n — 2. Then there exists an adap-
ted coframe on U such that the following equalities hold:

doi=0 (mod wi,...,wmy) fori=1,...,r
By this lemma, for aD? = {ow = o =--- = @, =0}, we have
do = wrp] N@ry1 + -+ oy Ay, (mod w,wy,..., o),
dw;= 0 (mod w,wy,..., o).
Hence 3°D? = 9@ D? = {w) = --- = @, = 0} and B = 3>D? is completely

integrable.

Now we assume that R is regular with respect to Ch(D?), i.e., the leaf
space X = R/Ch(D?) is a manifold such that the projection p : R — X
is a submersion and there exists differential system D on X satisfying D> =
Or 1(D). Then, from the above information, we see that there exists a coframe
{w,o1,..., 00, 041, ..., 00, Teg(r + 1 < a < B < n)} on a neighborhood of
each x € X such that

D={lw=o1=-=w,=0L,0D={w = =--- =, =0},
0’D=9?D ={m = =, =0},
and that
dw;= 0 (mod wiy,..., o)
do = wr] ANOry1 + -+ oy Ay (mod w,wy,..., o),
doy = 0r 1 ANTTgr41 + -+ 0p ATy, (mod @, @y, ..., Dy).

for1 <i<randr+1=a =< nandmep = 7ge. Thus B = 3%D is completely
integrable. Let py, ..., p, be the independent first integral of B around x € X. Then
we obtain

D={w=w,11=--=w,=dp1=---=dp, =0},
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do =wr41 AN@rp1 + -+ oy A, (mod  w@,dpy,...,dp,),
ATy =wr41 AN Tgr41 + -+ + 0y ATy (mod @, @41, ..., Dy, dpy, ..., dp,).

forr+1<a < n.

Namely (X, D) is a parameterized second order contact manifold. Hence, by the
Darboux theorem, we obtain a coordinate system (xq, Z, pi, Pa, Pag) (1 <i<r,
r+1=<a < B < n)around x € X such that (see [21] Sect. 4.2 and [24] Sect. 1.4)

D={65=for+1="'=ﬁn=dpl="'=dpr=0},

where

n n
o =dz — Z podxy, @y =dpy — Z Papdxg.
a=r+1 B=r+1

We refer the reader to Sect. 4.2 [21] for the detail to obtain a canonical coordinate
system of (R; D1, Dz).
Moreover we observe that (X, D) satisfies three conditions in Sect. 4.3,

RX)={veP(X)|vdDx) |x=v).

and %(v) = Ch(3D)(x)(Z S*((Vs)*)) C D(x) for v € R(X). Thus, by Proposi-
tion 4, R is involutive, because S2((Vy)*) is involutive.

6.2 Gy-Geometry

Let (X¢, Ap) be the (standard) contact gradation. Then we have Ag = {ay} except
for Ay type (see Sect.5.2). As we observed in Sect. 6.3 in [23], for the exceptional
simple Lie algebras, there exists, without exception, a unique simple root ag next
to ag such that the coefficient of o in the highest root is 3. We will consider simple
graded Lie algebras (Xy, {eg}) of depth 3 and will show that regular differential
systems of these types satisfy the conditions (X.1) to (X.3) in Sect. 4.3.

Explicitly we will here consider the following simple graded Lie algebras of
depth 3: (G2, {a1}), (Fu, {@2}), (Es, {a4}), (E7, {a3}), (Es, {a7}), (Be, {o1, a3})
(€ = 3), (Dg, {a1,a3}) (£ = 5) and (D4, {@1, a3, a4}). These graded Lie alge-
bras have the common feature with (G, {«1}) as follows: In these cases, m =
g-3P g—2 P g_ satisfies dimg_3 = 2 and dimg_; = 2dim g_. Moreover, in the
description of the gradation in terms of the root space decomposition in Sect. 5.1,
we have @;‘ = {6,0 — wap} such that the coefficient of ap in each f € q); is 1
and <15]+ consists of roots 6 — 3,60 —ay — B foreach € @;’ . Hence, ignoring the
bracket product in g_;, we can describe the bracket products of other part of m, in
terms of paring, by

gi3=W, go=V and g1 =WV

where dim W = 2.
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Thus let (X, D) be a regular differential system of type m, where m is the
negative part of one of the above graded Lie algebras. Then (X, dD) is a regu-
lar differential system of type cl(s, 2). Namely, there exists a coframe {w, >,
T, ...,ns,nll, ...,nf,nzl, ..., 5} around x € X such that

0D = {w = @y =0},

and
dw Eﬂ.’ll/\ﬂl +---+m Any (mod @i, @)

dw25n21/\711+---+715/\n’s (mod @@y, @)

Thus (X, D) satisfies the conditions (X.1) to (X.3) in Sect. 4.3.

Now, putting @ = Ajw] + Ao, we consider a point v € P(X) such that
v = {w = 0} C Ty(X), where x = v(v). Then, for (A1, X2) # (0, 0), {kln{ +
)»2715(1’ = 1,...,s)} are linearly independent (mod w7y, @7, 7y, ..., ). Thus
f(v) C D(x) is of codimension s at each v € P(X) (see the proof of Proposition 3).
Hence we obtain R(X) = P(X) in this case, i.e., R(X) is a P!-bundle over X.

In fact, when (X, D) is the model space (Mg, Dg) of type (X, {@g}), R(X) can
be identified with the model space (Rg, Eg) of type (X¢, {ag, ag}) as follows (here,
we understand o denotes two simple roots «; and «3 in case of BD, types and
three simple roots a1,3 and oy in case of Dy): Let (Jg, Cy) be the standard contact
manifold of type (X, {ap}). Then we have the double fibration:

Rg— Uy
ngi
Mg

Here (X, {og, ¢g}) is a graded Lie algebra of depth 5 and satisfies the following:
dimg_s = dimg_4 = 1,dimg_3 = dimg_» = s and dimg_; = s + 1. In fact,
comparing with the gradation of (X, {«g}), we have <1v55+ = {6}, éi‘ = {0 — ay},
<1v5§|r = @;’ , qizf consists of roots & — B for each B € q33+ and <1v5fr consists of roots
ap and 6 — g — B for each B € CIS;. Thus we see that 8(3)Eg = (nc);l(Cg),
AP Eg = (1)1 (dDg) and IEg = (,); 1 (Dg). We put D! = 9P Eg and D? =
0Eg. Then (Rg; D1, D2) is a PD manifold of second order. In fact, we have an
isomorphism of (Ryg; D', D?) onto (R(Myg); D! o D%,Ig) by the Realization Lemma
for (Ry, D!, g, Mg) and an embedding of Ry into L(Jg) by the Realization Lemma
for (Ry, D2, 7., Jg). Thus Ry is identified with a R-space orbit in L(Jg).

Now we will calculate the symbol of (R(X); DL, D%) by utilizing the model PD
manifold (Rg; D!, D?) of second order, especially when (X, {ag, ag}) is of BD;
types. Let us describe the gradation of (B Dy, {a1, a2, a3}) or (D4, {a1, a2, a3, 24})
in matrices form as follows: First we describe

ok +6) ={X egl(k+6,K)|'XJ+JX =0},
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where

0000001
0000010
0000100
J=]1000L000]| egl(k+6,K), I= () €glk, K).
0010000
0100000
1000000

Here I} € gl (k, K) is the unit matrix and the gradation is given again by subdividing
matrices as follows:

0000000 00 0 0000
0000000 00 0 0000
0000000 00 0 0000

§5=410000000|t.54=3]00 0 0000}, yv&eK
0000000 £0 0 0000
y 000000 00 0 0000
0-y00000 00—-£0000
00 0 0 000
00 0 0 000
00 0 0000

g3=131g60 0 0 o000]||eekr geKy,

0& 0 0 000
00—& 0 000
00 0 —£000
000 0 0 00
000 0 0 00
xx00 0 0 00

g2 = 0x0 0 0 00|=x+%|xekk xeKy},
000 0 0 00
000—x 0 00
000 0 —x;00
0000 0 00
a3 000 0 00

) 0x00 0 00 xo.a1 € K.

g1 = 00a 0O 0 O O|l=xp+a1+a 0
000—"a 0 00 aek
0000 —xp 00
0000 0 —a;0




Contact Geometry of Second Order I 373

b000O O 0 O
0c00 0 O O
00e0 O O O
do = 000B 0O 0 O b,c,e e K, Beo(k)
0000 —e 0 O
0000 0 — O
0000 0 0 —b

g ={'X|Xegy}),(£=1,23,4,9),
Then, for X = X + X1 + Xp and A = a + a;, we calculate
[[A. X]. X] = 2xi"ax — ay'xx) € §_s
Thus we obtain
f= (2] @e3,....2e] @e; 1. 65@e;+ -+ @e, ) C S2(EY),
where {eg, e1, ..., ex+1} 1s a basis of V and E = ({ep}) is the Cauchy characteris-
tic direction. In case k = 1, f = ({2¢] © €3, e; © €3}) is an involutive subspace

of SZ2(E+). Hence (Rg; D', D?) is involutive when g = @pez gp is of type
(B3, {a1, az, a3}). In case k > 1, we have

fl=(ler@e,ei@e;Q<i<j<k+1),

€ ® e — e © il .- s ek © ek — €] © exy1}) C SH(W),
where W = ({ey, ..., er+1}). Then we see that (f(l))L contains every e¢; © ¢; © ¢;
fori =1,...,k+ 1, which implies f is of finite type. We can also check that excep-

tional cases other than G are of finite type by utilizing R-space orbit (Rg; D', D?),
whereas f = S2(W*) is involutive in case of G, where dim W = 1. We will discuss
these cases in a uniform way in other occasion.

6.3 Other Examples

We exhibit here two other examples of simple graded Lie algebras g = P ez 9p
of depth 3, such that regular differential systems (X, D) of type m satisfy the con-
ditions (X.1) to (X.3) in Sect. 4.3, where m = @[KO gp-

The first example is of type (Cg, {a2, o¢}). Here we have dimg_3 = 3, dim

1
go=2—-2)anddimg_; =2({—2)+ E(Z —2)(£ —1). Utilizing the calculation
in Case (3) of Sect.3 in [26], we have the following description of the standard
differential system (My,, Dy,) of type m in this case:

1 =2 1
sz{a)'ozw'lzw'zzj'[lz---:f[l :ﬂzz---:j'[z :O}’
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where
-2 -2
wy=dyy— Zgi"dx‘; — ngdx‘f‘,
a=1 a=1
=2 -2
wi=dy —2) &dx{, wy=dy,-2) &dx],
a=1 a=1
=2
ng=dg;§—zaaﬁdx§ (p=12 a=1,...,6-2),
=1

Here we put y12 = yo, yi1 = y1, y22 = y2 and aqg = agy for 1 S a, f < € —2.
Let (X, D) be a regular differential system of type m. Then we have the structure
equation of (X, 9 D) as follows;

1 1 -2 -2 1 1 =2 =2
doy=w) AT+ +wy, “AT] T+ o AT, +--F+ o] TAT,

dw EZw}/\rr11+~-~+2a)f_2/\nf_2 (mod @y, wi, wy)

_ 1 1 -2 -2
doy=2wy Aty ++-+ 2w, “AT,

Now, putting @ = Agwo + A1@] + Ay, we consider a point v € P(X) such
that v = {w = 0} C Ty (X), where x = v(v). Then, from

£=2 =2
do = Z(Aoa)‘z"+2 ,\lw‘;‘)Anf‘+Z(xow?+2,\2wg)mg, (mod wy, w1, @),
a=1 a=1

and
(@3 +2 M0 A (o] +2 20f) = Ghiry — 2Dl A of,

we see that (X, D) satisfies the condition (X.1) to (X.3) in Sect. 4.3 and we obtain
R(X) = {v e P(X) | 4rh — A5 # 0},

where (19, A1, A2) is the homogeneous coordinate of the fibre v : P(X) — X.
By the calculation in Case (3) of Sect. 3 in [26], we have y,, =2 Zifﬂil dapX),

xPfor1 < p<g<2andags = age (1 <a, B < €—2)so that
-2

Aoyo +A1y1 + A2y =2 Z aaﬂ(/\ox‘flxzﬂ + Mx‘f‘Xf + kzxgxf)-
o, B=1
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Hence, from

-2 -2
Z aap (on‘l"x§+klx‘l"xf+kzx§‘x2ﬂ) = Zaw (hox7xy +r1x x7 +A2x5 x5)
Ot,ﬂ:l a=I1
+ Z awzg()»()(x‘f‘xgS + xfxg) + 2)»1x‘1"xf} + 2A2x§‘x§),
a<f
we have

f() = ({ro(e9)* @ (e3)* + A1 ()" ® (€9)* + 12 (e§)* ® ()" (1 Sa £ € —2),
20((€)* © (D) + ()" @ (€5)") +211(e)* © () +202(e5)* @ (eb)*
(1<a<BSe-2)) C W,

where W = ({e}, e ey, eg_z}). Thus, assuming Ag 7# 0, we get

s L
F) = ({hoef @ef —2x1ef @5, hpeS @S —2hef @S (1 Sa =€ —2),
e‘f‘@ef —e'f@eg,)\oe‘f‘@ef —ZAle‘f@eg,Aoeg@ezﬁ —2)»26‘1)‘@62’3,

(1Sa<B -2} C S W),

A~ L A €L .
Then, from the first two generator of f(v)™, we see that {1 (v)™ contains ef©ef ©ef

and ef © €5 © 5. Moreover it follows that %(1)(11)l contains every ef © ef © e and
ef @ef @ef fora =1,..., £ —2, which implies that %(v) is of finite type.

Now let us construct the model equation of second order from the coordinate
description of the standard differential system (M, Dy,). We calculate

w = wy+ A + Mo

-2 -2
= dyo + hidyi +dadyr — Y (&5 +2MEdx] — D (Ef +2085)dxS
a=1 a=1
=d(yo+Aiy1 +A2y2) — yidr1 — yadia
-2 -2
= Y ES F2mENdx] — Y (E] + 2 10E5)dxS
a=1 a=1

Thus we put

z=yo+thyi+hyn X =k, R =k pl=y pl=n,
Pl =EY +20EY, Py =EY +2ME (@=1,...,L-2).
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Then we have

Py —25pf L4 _ PY—2X08

E? = 0.0 ° 52 - 0.0 °
1 —4xixy 1 —4xix;
and
-2 )
o =dz — Zp‘f‘dx‘f‘ - Zpg‘dxg,
a=0 a=0
) )
n) =dp) -2 ) &dxy, n) =dp) -2 ) &dx§,
a=1 a=1

-2 -2
nf = dp¥ —260dx) =2 ) hawpdx = agpdxs,
p=1 p=1

=2 -2
wy =dpj — ZSdeg - Zaaﬂdxf -2 Zkzaaﬂdxf,
p=1 p=1

where 71? = wy, ng =y, ny = w5 +2 Mo} and 15 = @ + 2 Ay . Hence

we obtain the following model equation of second order:

A A L A
8x?8x? N 8x§8x§ N Bx?axg - E)x?axg B 8x§8x‘1" -
— = —2&9),
axVax® 1 —4x0x0 (3)6‘2){ 2 3)6‘11) (=260
827 2 9z 0 92
= (7= —2x ) (=28,
axgaxg 1-— 4x?xg oxf ! 0xy 52
3%z 9,0 3%z 9%z 90 3%z
B 1 B’ an BT T2, a4 B’
dx{ 0x, 0x5 9x; 0x5 9x, 0x59x
92 92
- T (= aup) (ISa<pst-2).

8)6‘2)‘81613 B 8x58x‘1"
Our second example is of type (E7, {«g, @7}). Here we have dimg_3 = 10, dim
g—2 = 16 and dimg_; = 16 + 1. Utilizing the calculation in Case (4) of Sect.4
in [26], we have the following description of the standard differential system
(M, Dyy) of type m in this case:
Dn={wi=---=wj=m =--=me =0}

where

@) =dy; — prdxi + podxy — pedx3 + psdxy4
+ padxs — p3dxe + padxg — prdxiy,
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@y = dy; — p13dx1 + prodxy — psdx3 + prdxs
+ padx7 — p3dxg + padxio — p1dx;3,
@3 = dy3 — p1adxi + piadxz — pgdxs + prdxe
+ pedx7 — psdxg + padxiz — pirdxi4,
w4 = dys — pisdxi + piadx3 — piodxs + podx;
+ p7dx9 — psdxio + p3dxi2 — pidxis,
ws = dys — p15dxa + piadxs — p13dxs + pridx;
+ prdx11 — psdxi3 + padxia — padxis,
we = dys — piedx1 + piadxs — prodxe + podxs
+ pgdxg — pedxi0 + padx12 — prdxis,
w7 = dy7 — p1edx2 + p1adxs — p13dxe + p11dxs
+ psdx11 — pedx13 + padxi4 — padxie,
wg = dyg — p16dx3 + p15dxs — p13dxg + pridxio
+ prodx11 — podxi3 + padxis — p3dxie,
w9 = dyy — p1edxs + p1sdxe — pradxy + pi2dxy
+ pridxi2 — podxis + pedxis — psdxis,
@10 = dyio — pi6dx7 + p1sdxg — piadxio + p13dxi2
+ pi2dx13 — pirodx14 + psdxis — p7dx1s,
w; =dp; — adx; (i=1,2,...,16).

Let (X, D) be aregular differential system of type m. Then we have the structure
equation of (X, d D) as follows;

do| = w) AT — w2 ATT9g + w3 A TTg — w4 A TT5

— w5 A4 + we N T3 — w9 A T2 + w11 A T,
doy =w) A3 — w2 AT+ @3 ATTg — w4 ATy

— w7 ANTT4 + wg A3 — w10 N\ T2+ wiz ATy,
dws = w) A4 — w2 AT + w5 ATTg — we A 77

— w7 NTTg + wg ATT5 — w12 AT + wia A T,
dos = w) A5 — w3 A2 + w5 A0 — W7 A TT9

— w9 ATT7 + w190 AN T5 — w12 A T3 + w15 A T,
dos =w) A5 — 03 A4+ w5 A3 — w7 AT

— W A7+ W3AT5 — W14 A T3+ W15 A T2,
dwe = w) AT — wa A T2 + w6 A T — W§ A TT9

— w9 ATTg + w10 A T — w12 A T4 + W16 A T,
dw7 = w) ANTTe — w4 A T4 + w6 A T13 — wg A 11

— w11 A8 + @13 AT — w14 N\ T4 + W16 A T2,



378

K. Yamaguchi

dwg = w3 A6 — w4 A5 + w9 A T3 — wig A T

— WIAT0 + w13 ATT9 — w15 A T4 + @16 N T3,

dwg = ws A6 — W AT15 + W9 A T4 — w11 A T2

— w12 AT + W14 A TT9 — w15 A g + w16 A 75,

doig = w7 ATT16 — wg ATT5 + @10 A T4 — W12 A T3

— W3 AT+ W4 AT — ©15 A T8 + @16 N 77,

(mod w1,..., @o).
Now, putting w = @ + 2}22 Ai@;, we consider a point v € P(X) such that
v ={w =0} C T (X), where x = v(v). Then we have

do =] A+ -+ 016 A T16 (mod w@i,...,wi),

where

= w11 + w13 + A3wi4 + Aqwis + Aewie,
Wy = —wy — Aw1o — A3w12 + Aswis + A1wie,
w3 = we + Aawg — Aqwi2 — Aswig + Agwie,
w4 = —ws5 — A7 — hew12 — Aw14 — AgW15,
= —w4 + A3wg + Aqwio + Asw13 + Aowie,

we = w3 — A3w7 + Aewio + A7w13 — Aowis,

W7 = —A2w4 — A3we — Aqwy — Aswi] + Aowie,
wg = Aw3 + A3ws — Aewy — Awip — Ajowis,
w9 = —wy — AMw7 — Aewg + Agw13 + Aowi4,

D10 = —rowy + Agws + Aewe — Agwi1 + Aowi4,

O11 = 01 — Asw7 — Ajwg — Agwio — Aowi2,

B2 = —A3W2 — w3 — Aew4 — A9w11 — A1o@13,

@13 = haw1 + Asws + Aws + Agwg — Ajowi2,

D14 = A3w] — A503 — A7ws + howy + A1ow10,

®15 = w1 + Aswr — Agws — howe — Aows,

D16 = Aew1 + Aw2 + Agw3 + Agws + Aipws.

We calculate

= —A50] + Ay — A303 + s + Awig,

—A701 + A2 — A3d4 + Ao — Awis,

= —Agd| + Ae@3 — A4y + A9 + A4,
= —Aod| + Ae@s — A4t + A3w9 — Aw13,
= —AgW2 + A7@3 — As4 + Ao — Awi2,
= —Aoy + A7ws — Asie + A3@11 + Aw)o,
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@15 = —Aow3 + Ags — A5y + A4l — Aws,
D16 = —how4 + A — A9 + Aew11 + Aw7,

where A = A9 — A2Ag + A3Ag — A4A7 4+ Ashe. Thus we see that (X, D) satisfies the
condition (X.1) to (X.3) in Sect. 4.3 and we obtain

R(X) ={veP(X)|r#0},

where (A2, ..., A1g) is the inhomogeneous coordinate of the fibre v : P(X) — X.
Moreover we have

f(v) ={Xeg_1(x)|[X,g2(x)] =0} foreachv € R(X),x = v(v).
and dim f(v) = 1. Utilizing the calculation in Case (4) of Sect. 4 in [26], we have

f= o —Gog+dodg—cGod)

+ha(ef @ efy — ey @ejg+e3 @ eg — e} @ e7)
+a3(ef @el, — €5 @el, +e5 @eg —eg @ e7)
FAsle] @ €5 — €] @ ey + 6 Oy — €5 @ 63)
+hs(ey @ejs —e3 @epy +e5@ej3 —e7 @)
+ho(e] @ €fg — e @ ey + €5 © efp — e © €g)
+A7(e; @ el —€f @ ely + e @ej3 —eg @ e))
+g(e3 © €l — €y @ efs + €5 @ ef3 — ejy @ €7y)
+ho(e5 @ efg — e @ ejs + e @ ey — €]} @ e]y)
+ ho(e] @ ejg — eg @ e]5 + €]y @ €]y — €], @ e]3)

for the generator f of ]E(v). Then we calculate

f=a1@aj —ax®ayg+ a3 ®as — a4 © as
k * * * * * * *
+Ale; @ ejg —eg @ efs +ejy©@ej, — €], ®el3),

where A = Ajg — Aodg + A3Ag — Agd7 + Ashg and

o) = ef| + Aey + Azely + Asels + Aeel,
oy = —ey — Aely — Azel, + Asels + Azel,
a3 = eg + haeg — hael, — Asely + Agel.
o4 = —es — Ae] — hgel, — Arely — Agels,
a5 = —e; + Azeg + rgely + Asely + doel,
o6 = €5 — Azes + Agely + Arely — Aoels,
o9 = —e§ — )»46;< — )u(Je; + kgeﬁ + Ageﬁ,
= eT — )\56; — k7e§ — )‘86T0 — )Lgeikz,
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Thus f is a non-degenerate quadratic form in Sz(W*), where W = ({eq, ..., e16}).
Hence %(v) is of finite type (see Case (5) of Sect. 3 in [26]).

Now let us construct the model equation of second order from the coordinate
description of the standard differential system (M, Dm). We calculate

w =w| +Mwy+ -+ Ap@io

=dy1 + radys + -+ + Aodyio — prdxi — -+ - — predxie
=d(y1 +r2y2 + -+ Aoy10) — y2dry — -+ — yodAio

— prdx) — - - — p1edxis,
=dz — pidx; — - — predxi6 — p17dx17 — - - — pasdxos,

where we put

Z=y1+Ay2+ -+ Aloyios
P1 = p11 + A2p13 + A3p1a + rapis + A6 pie.
P2 = —p9 — A2pro — A3p12 + Aspis + A1pies
P3 = pe +raps — kap12 — Aspia + Agpies
pa = —ps —rap7 — keP12 — A7p14 — Agpis,
Ps = —pa+A3ps + rapiro + Aspiz + Aopie,
P6 = p3 — A3p7 + Aep1o + A1p13 — Aopis,
P71 =—A2p4 — A3p6 — Aapo — Aspi1 + Aopie.
Ps = Aap3 +A3ps — A6ePo — A7p11 — A10P15s
P9 = —p2 — Aap7 — k6Ps + Ag P13 + Aopid,
P1o = —A2p2 + Aaps + Aepe — Aspi1 + A10P14s
P11 = p1 — Asp7 — A1pg — Agp1o — Aopia,
P12 = —A3p2 — A4p3 — A6P4 — A9p11 — A10P13s
P13 = Aapi + Asps + A1pe + A8 po — Aopi2,
P1a = A3p1 — Asps — A1pa + ko po + Aopio.
P15 = Aap1 + Asp2 — Agpa — Ao pe — A1ops,
P16 = eP1 + A1p2 + Asp3 + Aops + Aiop7,
P17 =2, .1 Pat15 = Ya: - --» P25 = Y10
X17 = A2, ooy Xg4+15 = Aq, - - -, X25 = AJ0-

Then we have, for (R(My); D} ' D%,,m),
Dy ={w=0}, Dy ={mi=m=0 (12k=10,1Zi<16)},
where we denote the pullback on R(My,) of 1-forms on My, by the same symbol.

By taking the exterior derivatives of both sides of the above defining equations for
pi i=1,...,16), we put
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71 =dpy — a(dx1y + x17dx13 + x18dx14 + x19dx15 + X21dX16)
— p13dx17 — piadxig — pisdx19 — piedxai,
7o = dpy — a(—dxg — x17dx10 — X18dx12 + X20dX15 + X22dX16)
+ prodx17 + pradxig — p1sdxao — predx,
73 = d p3 — a(dxe + x17dxg — x19dx12 — X20dX14 + X23dX16)
— psdx17 + p12dxi19 + p1adxao — predxas,
7y = dpy — a(—dxs — x17dx7 — x21dx12 — x20dx14 — X23dX15)
+ prdx17 4+ p12dxa1 + pradxon + pisdxoz,
A5 = dps — a(—dx4 + x18dxg + x19dx10 + X20dX13 + X24dX16)
— psdx18 — piodxi9 — p13dx20 — piedxaa,
7o = dpe — a(dx3 — x18dx7 + x21dx10 + X20dx13 — X24dx15)
+ p7dx18 — prodxa1 — p13dxzn + pisdxos,
77 = dp7 — a(—x17dx4 — x18dx6 — x19dx9 — X20dx11 + X25dX16)
+ padx17 + pedxis + podxi9 + pridxzo — predxos,
7y = d pg — a(x17dx3 + x18dxs — x21dxg — xp2dx11 — X25dX15)
— p3dx17 — psdxig + podxz1 + pr1dx + pisdxos,
79 = d pg — a(—dxy — x19dx7 — x21dxg + x23dx13 + X24dX14)
+ p7dx19 + pgdx21 — p13dxz3 — piadxoa,
10 = dp1o — a(—x17dx2 + x19dxs + x21dx6 — x23dx11 + X25dx14)
+ padx17 — psdxi9 — pedxa1 + pridxz3 — pradxos,
711 = dp1 — aldx) — xp0dx7 — x22dxg — x23dx10 — X24dX12)
+ prdx20 + psdx2n + prodxaz + piradxos,
12 = dp1a — a(—x18dxy — x19dx3 — x21dx4 — X24dx11 — X25dx13)
+ padxig + p3dxi9 + padxzy + piridxa4 + pi13dxss,
713 = dp13 — a(x17dx) + x20dxs + x22dx6 + x23dx9 — X25dx12)
— p1dx17 — psdxao — pedxz — podxz3 + pradxos,
14 = dp1a — a(x18dx1 — x20dx3 — X22d x4 + X24dx9 + X25dx10)
— p1dx1g + p3dxao + padxzy — podxaq — prodxos,
715 = dp1s — a(xjodx) + x20dx2 — x23d x4 — x24dxe — X25dx3)
— p1dx19 — padxop + padx2s + pedxzs + psdxos,
16 = dp1e — a(x21dx1 + x22dxp + X23dx3 + X24d x5 + X25dx7)
— p1dx21 — padxy — p3dxz3 — psdxpa — p7dxss.
Then we see that {7, ..., 716} can be written as the linear combinations of

{1, ..., me} with the same coefficients (in A’s) such that {p, ..., p1e} are written
as the linear combination of {p1, ..., p1e} as in the above equations. Hence we have

A

1 2 A A A
Dy ={w=o0}, Dy ={o=n=--=ma6=7117="=7m5=0}
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where 71514 = Wy (2 < a < 10) are written as follows:

717 = dp17 — p13dx1 + piodxa — pgdx3 + p7dxs
+ padx7 — p3dxg + padxio — prdx13,
718 = dp1g — p1adx) + piradxy — psdxs + prdxe
+ pedx7 — psdxg + padxi2 — prdxi4,
79 = dp19 — p1sdxi + p1adx3 — prodxs + podx;
+ prdx9 — psdxio + padxiz — p1dxis,
o0 = d P20 — p1sdxz + piadx3 — p1adxs + pridx;
+ p7dx11 — psdxi3 + p3dxi4 — padxis,
721 = dp21 — predx1 + pi1adxs — prodxe + podxs
+ psdxg — pedxio + padxiz — prdxie,
7o2 = dpxn — predxz + piadxs — p1adxe + pridxs
+ pgdx11 — pedx13 + padxi4 — padxie,
723 = d p23 — p1edx3 + p1sdxs — p13dxg + p11dxio
+ prodxi1 — podx13 + padxis — padxs,
724 = d P24 — p16dxs + pisdxe — p1adxg + piadxi
+ pridx12 — podxi4 + pedxis — psdxie,
a5 = d pas — p1edx7 + p1sdxg — p1adxio + p13dxi2
+ pi2dx13 — piodxia + psdxis — prdxie.

Moreover we calculate

Api6 = X20P1 — X19P2 + X183 — X17P5 + p7,
Ap1s = —X22p1 + X212 — X18 P4 + X17P6 — Ps.
Ap14 = x23P1 — X21p3 + X19p4 — X17p9 + p1o,
Ap13 = —x24P1 + X21 P5s — X19P6 + X18 P9 — P12,
Ap12 = —Xx23P2 + X22p3 — X204 + X17P11 — P13,
AP = X251 — X217 + X19 P8 — X18P10 + X17 P12,
Ap10 = X24 P2 — X225 + X20P6 — X18 P11 + P14s
Ap9 = —X25P2 + X227 — X208 + X18 P13 — X17 P14,
Ap8 = —X24P3 + X23P5 — X20P9 + X19P11 — P15,
AD7 = X24Pa — X23P6 + X220 P9 — X21 P11 + Pi6s
ADe = X25P3 — X237 + X20P10 — X19P13 + X17 P15,
Aps = —X25P4 + X23 P8 — X22P10 + X21 P13 — X17D165
Ap4 = —X25P5 + X24P7 — X20P12 + X19P14 — X18 D155
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Ap3 = x25 P6 — X24 Ps + X220 P12 — X1 P14 + X18 P16,
Ap2 = —X25P9 + X24 P10 — X23 P12 + X21 P15 — X19P 16,
AP1 = X25 P11 — X24P13 + X23 P14 — X220 P15 + X20 P16+

where A = x5 — x17x24 + X18%23 — X19x22 + x20x21. Thus we obtain the following
model equation of second order:

3%z 3%z 3%z 82z
0x10x11 - _3x23x9 - 0x30x¢ - _3)C43)C5 a)
827 82z 82z 82z 327
0x10X13 - _8x28x10 - 0x30xg - _8x48x7 = 0x10x11
827 82z 82z 8?7 82z
3)613)614 - _3)623)612 - 3)653)68 - _3)(63)(7 s 3)613)611
82z 82z 82z 8%z 82z
0x10X15 - _8x38x12 - 0x50X10 - _8x78x9 = 0x10Xx11
82z 82z 82z 82z 82z
8)623)615 - _3)638)614 - 3)653)613 - _3)673)611 =20 8)613)611
827 82z 82z 827 82z
0x10x16 - _8x48x12 - 0x60X10 - _Bxgaxg = 0x10x11
82z 82z 82z 82z 827
0x20X16 - _8x48x14 - 0x60X13 - _axgax” =2 0x10x11
827 82z 82z 8%z 827
0x30X16 - _8X43x15 - 0X90X13 - _axloaxll - 0x10x11
82z 82z 82z 8%z 827
0x50X16 - _8x68x15 - 0Xx90X14 - _8x118x12 = 0x10x11
827 8?7 82z 82z 3%z
3)673)616 - _8x88x15 - 3)6103)614 - _3)6128)613 = 3X13X11
82z 82z 8%z 82z
0x130x17 - 0x140x18 - 0x150X19 - 0x160X2] =r
= kfl(xzsﬁ —x24£ +x23£ - 22K +xzoa—z),
0x11 0x13 0x14 9x15 9x16
82z 3%z 8?7 9?7
0x100x17 - 0x120x18 - ~ Bx150x20 - © x160x22 =—p)
Zl_l(xzsﬁ—xm—z—kxm o _ 21 o + x19 o )s
0x9 0x10 0x12 0x1s 0X16
82z 82z 82z 8?7
0xg0x17 - _8X123X19 - _8X148x20 - 0X160Xx23 (= p3)
=)»_1(X25—Z—X24£+X22 % —x21 o + x18 o )s
3x6 3)(8 3)612 3X14 3X16
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3%z 3%z 92z 927
0x70x17 - 0x120x2] - 0x140x22 - 9x159x23 (= —p4)
:k_l(x25£—x24£+xzo o —X19 o + x18 o )s
0xs 0x7 0x12 0X14 9x15
3%z 3%z 92z 927
dxgdxig  dxi0dx19  0X130x20  9X169X24 (= ps)
=X 1(_JCZSB_ +X23;——x22ﬁ+ P aax_j)’
3%z 9%z 92z 927
Toxpdxis | Oxigdxan  Ox130%z | Oxisdxng (= po)
= )L_l(xzsﬁ —xzsE + x20 9z — X9 9z +x17 9z ),
dx3 0x7 9x10 0x13 0X15
8%z 3%z 82z 9%z 927
Toadnn - dxedrs ~  dxedre dxiidmag  dxicdnas PV
= )‘7](@4% - x23£ -F)sza—Z - xgﬁ + e )
0Xx4 0x¢ 0Xx9 ax11 Ix16
9%z 82z 9%z 82z 927
TOx30x17 | Oxsdxig | Oxodxy | 0x119x:m | 0X150X25 (= —ps)
= )‘_l(x24_z - x23E -szoa—Z — x19£ + i ,
0x3 0Xxs 9x9 dxi1 0xis
9%z 9%z 927 922
0x70x19  Oxgdxal | 0x13dxxs  Ox149x4 (==po)
= )“_l(x25ﬁ - 1622E + 16208—Z - x18£ + x17£),
92 dx7 dxg 0x13 9x14
3%z 82z 9%z 927 92z
—3)(23)617 - 0x50X19 - 0x60x2] = _3)6118)623 = 9x140 %25 (= p10)
= )‘_l(x24% — )622E +x203_z — xlgﬁ + ﬁ ,
0x7 0Xxs dxe dxi1 Oxqa
9%z 3%z 327 927
_8x78x20 - _8x38x22 - _meax23 = _3X128xz4 (=pr1n)
- A_I(XZSE - leﬁ +)€193—Z - msﬁ +x17a—z),
dx1 97 dxg dx10 dx12
8%z 9%z 3%z 3%z 8%z
0x20x18 - 0x30X19 - 0x40x21 - 0x110x24 - 9x130x25 (= —rn)
= Ail(XB% - 1622E +x208_z - x17£ + fz ,
dx2 dx3 dx4 0x11 0x13
3%z 927 92z 827 927
_8x18x17 - _3x53X20 - _3x63x22 = _3)698)623 = 9x120 %25 (=—p13)

o e 9 0T Ry 07
- 248x1 21 dxs5 198x6 183x9 ax1n”
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92z 92z 927 327 922
dx10x18 - _3)633)620 - _3)648)622 = 9x99x24 = 3x100X25 (= p14)
=27 (3 — X2 e 4 X1g o — x”a_z + 9z ’
9x1 dx3 9x4 dx9  09x10
82Z 82Z 82Z 82Z 32Z
0x10x19 - _8X23xz0 - 0x40x23 = 9x60x24 = dxgdxos (= —p15)
- Ail(xzzﬁ — X1 +x188—z - x”a_z + ﬁ),
x| 0x2 x4 dxe  Oxg
9%z 8%z 92z 927 927
0x10x21  0x20x2y  0x30x23  Ox50x24  Ox70x25 (= p16)
- k_l(xzoﬁ - xl"% + xlSa—Z - x”a_z + z),
0x] 0x2 9x3 dxs  0x7
3?7

=0 otherwise.

ax,'axj'

One can check that, among simple graded Lie algebras (of depth 3) of class (D)

in Sect. 5 of [26], regular differential systems (X, D) of type m satisfy the condition
(X.1) to (X.3) in Sect. 4.3 when m is the negative part of one of the simple graded
Lie algebras (Cy, {otj, ap}) fori = 2,...,8 — 1, (D¢, {ai,0¢}) 2 <i < £ —1),
when i is even, or (E7, {ag.c¢7}), whereas the condition (X.3) is not satisfied by the
other cases.
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