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Preface

The main theme of this book is the stability of nonautonomous differential
equations, with emphasis on the study of the existence and smoothness of
invariant manifolds, and the Lyapunov stability of solutions. We always con-
sider a nonuniform exponential behavior of the linear variational equations,
given by the existence of a nonuniform exponential contraction or a nonuni-
form exponential dichotomy. Thus, the results hold for a much larger class of
systems than in the “classical” theory of exponential dichotomies.

The departure point of the book is our joint work on the construction of in-
variant manifolds for nonuniformly hyperbolic trajectories of nonautonomous
differential equations in Banach spaces. We then consider several related de-
velopments, concerning the existence and regularity of topological conjugacies,
the construction of center manifolds, the study of reversible and equivariant
equations, and so on. The presentation is self-contained and intends to con-
vey the full extent of our approach as well as its unified character. The book
contributes towards a rigorous mathematical foundation for the theory in the
infinite-dimensional setting, also with the hope that it may lead to further
developments in the field. The exposition is directed to researchers as well as
graduate students interested in differential equations and dynamical systems,
particularly in stability theory.

The first part of the book serves as an introduction to the other parts. After
giving in Chapter 1 a detailed introduction to the main ideas and motivations
behind the theory developed in the book, together with an overview of its
contents, we introduce in Chapter 2 the concept of nonuniform exponential
dichotomy, which is central in our approach, and we discuss some of its basic
properties. Chapter 3 considers the problem of the robustness of nonuniform
exponential dichotomies.

In the second part of the book we discuss several consequences of local
nature for a nonlinear system when the associated linear variational equa-
tion admits a nonuniform exponential dichotomy. In particular, we establish
in Chapter 4 the existence of Lipschitz stable manifolds for nonautonomous
equations in a Banach space. In Chapters 5 and 6 we establish the smooth-
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ness of the stable manifolds. We first consider the finite-dimensional case in
Chapter 5, with the method of invariant families of cones. This approach uses
in a decisive manner the compactness of the closed unit ball in the ambi-
ent space, and this is why we consider only finite-dimensional spaces in this
chapter. Moreover, the proof strongly relies on the use of Lyapunov norms to
control the nonuniformity of the exponential dichotomies. As an outcome of
our approach we provide examples of C1 vector fields with invariant stable
manifolds, while in the existing nonuniform hyperbolicity theory one assumes
that the vector field is of class C1+α. In Chapter 6 we consider differential
equations in Banach spaces, although at the expense of slightly stronger as-
sumptions for the vector field. The method of proof is different from the one
in Chapter 5, and is based on the application of a lemma of Henry to obtain
both the existence and smoothness of the stable manifolds using a single fixed
point problem. In addition, we show that not only the trajectories but also
their derivatives with respect to the initial condition decay with exponential
speed along the stable manifolds. A feature of our approach is that we deal
directly with flows or semiflows instead of considering the associated time-1
maps. In Chapter 7 we establish a version of the Grobman–Hartman theorem
for nonautonomous differential equations in Banach spaces, assuming that
the linear variational equation admits a nonuniform exponential dichotomy.
In addition, we show that the conjugacies that we construct are always Hölder
continuous.

The third part of the book is dedicated to the study of center manifolds.
In Chapter 8 we extend the approach in Chapter 6 to nonuniform exponential
trichotomies, and we establish the existence of center manifolds that are as
smooth as the vector field. In particular, we obtain simultaneously the exis-
tence and smoothness of the center manifolds using a single fixed point prob-
lem. In Chapter 9 we show that some symmetries of the differential equations
descend to the center manifolds. More precisely, we consider the properties
of reversibility and equivariance in time, and we show that the dynamics on
the center manifold is reversible or equivariant if the dynamics in the ambient
space has the same property.

In the fourth part of the book we study the so-called regularity theory of
Lyapunov and its applications to the stability theory of differential equations.
We note that this approach is distinct from what is usually called Lyapunov’s
second method, which is based on the use of Lyapunov functions. In Chap-
ter 10 we provide a detailed exposition of the regularity theory, organized in a
pragmatic manner so that it can be used in the last two chapters of the book.
In Chapter 11 we extend the regularity theory to the infinite-dimensional
setting of Hilbert spaces. Chapter 12 is dedicated to the study of the stabil-
ity of nonautonomous differential equations using the regularity theory. We
note that the notion of Lyapunov regularity is much less restrictive than the
notion of uniform stability, and thus we obtain the persistence of the stabil-
ity of solutions of nonautonomous differential equations under much weaker
assumptions.
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6.3.4 Hölder regularity of the top derivatives . . . . . . . . . . . . . . . 129
6.3.5 Solution on the stable direction . . . . . . . . . . . . . . . . . . . . . 133
6.3.6 Behavior under perturbations of the data . . . . . . . . . . . . . 136
6.3.7 Construction of the stable manifolds . . . . . . . . . . . . . . . . . 138

7 A nonautonomous Grobman–Hartman theorem . . . . . . . . . . . . 145
7.1 Conjugacies for flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145
7.2 Conjugacies for maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

7.2.1 Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
7.2.2 Existence of topological conjugacies . . . . . . . . . . . . . . . . . . 149



Contents XIII
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1

Introduction

In the theory of differential equations, the notion of (uniform) exponential
dichotomy, introduced by Perron in [69], plays a central role in the study of
stable and unstable invariant manifolds. In particular, consider a solution u(t)
of the equation u′ = F (u) for some differentiable map F in a Banach space.
Setting A(t) = du(t)F , the existence of an exponential dichotomy for the linear
variational equation

v′ = A(t)v (1.1)

implies the existence of stable and unstable invariant manifolds for the solu-
tion u(t), up to mild additional assumptions on the nonlinear part of the vector
field. The theory of exponential dichotomies and its applications are well de-
veloped. In particular, there exist large classes of linear differential equations
with exponential dichotomies. For example, Sacker and Sell [83, 84, 85, 82, 86]
discuss sufficient conditions for the existence of exponential dichotomies, also
in the infinite-dimensional setting. In a different direction, for geodesic flows
on compact smooth Riemannian manifolds with strictly negative sectional cur-
vature, the unit tangent bundle is a hyperbolic set, that is, they are Anosov
flows. Furthermore, time changes and small C1 perturbations of flows with a
hyperbolic set also have a hyperbolic set (see for example [49] for details). We
refer to the books [24, 41, 46, 88] for details and further references related to
exponential dichotomies. We particularly recommend [24] for historical com-
ments. The interested reader may also consult the books [32, 33, 60]. On the
other hand, the notion of exponential dichotomy substantially restricts the
dynamics and it is important to look for more general types of hyperbolic
behavior.

Our main objective is to consider the more general notion of nonuniform
exponential dichotomy and study in a systematic manner some of its conse-
quences, in particular concerning the existence and smoothness of invariant
manifolds for nonautonomous differential equations. Also in the nonuniform
setting, we obtain a version of the Grobman–Hartman theorem, the existence
of center manifolds, as well as their reversibility and equivariance proper-
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ties, and an infinite-dimensional version of Lyapunov’s regularity theory with
applications to the stability of solutions of nonautonomous equations. In com-
parison with the classical notion of (uniform) exponential dichotomy, the ex-
istence of a nonuniform exponential dichotomy is a much weaker hypothesis.
In fact, perhaps surprisingly, essentially any linear equation as in (1.1), with
global solutions and with at least one negative Lyapunov exponent, has a
nonuniform exponential dichotomy (see Chapter 10 for details). We empha-
size that we always consider nonautonomous differential equations, and with
the exception of Chapters 5 and 10 the theory is systematically developed in
infinite-dimensional spaces. Another aspect of our approach is that we deal
directly with flows or semiflows instead of using their time-1 maps (with the
single exception of Chapter 7, where we establish a version of the Grobman–
Hartman theorem). Our work is also a contribution to the theory of nonuni-
formly hyperbolic dynamics (we refer to [1, 2, 3] for detailed expositions of
the theory).

We discuss in this chapter the main ideas and motivations behind the
theory developed in the book. We also highlight some of the main results
and the relations with former work. We mostly follow the order in which the
material is presented in the book.

1.1 Exponential contractions

In order to describe the differences between the notions of uniform exponential
dichotomy and nonuniform exponential dichotomy, we first consider the case
when only contraction is present. We could replace contraction by expansion
simply by reversing the time.

Consider a continuous function t �→ A(t) with values in the n × n real
matrices for t ≥ 0. We assume that all solutions of (1.1) are global in the
future, that is, are defined for every t ≥ 0. Let U(t, s) be the evolution operator
associated with equation (1.1). This is the operator satisfying

U(t, s)v(s) = v(t)

for every solution v(t) of (1.1) and every t ≥ s. We assume in this section that
all Lyapunov exponents of solutions of equation (1.1) are negative, that is,

lim sup
t→+∞

1
t

log‖v(t)‖ < 0 for each solution v(t) of (1.1). (1.2)

We say that U(t, s) is a (uniform) exponential contraction if there exist
constants a, c > 0 such that

‖U(t, s)‖ ≤ ce−a(t−s) for every t ≥ s.

We say that U(t, s) is a nonuniform exponential contraction if there exist
constants a, c > 0 and b ≥ 0 such that
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‖U(t, s)‖ ≤ ce−a(t−s)+bs for every t ≥ s. (1.3)

Thus, a nonuniform exponential contraction allows a “spoiling” of the uni-
form contraction along each solution as the initial time s increases: while the
uniform contraction (given by a) is still present in (1.3), and is independent of
the initial time s ≥ 0, we may have the additional exponential term ebs (and
thus the nonuniformity along the solution). This means that even though in
both cases we have the exponential stability of solutions (due to (1.2)), in the
nonuniform case, in order that a given solution is in a prescribed neighbor-
hood, the size of the initial condition may depend on s (while in the uniform
case the size can be chosen independently of s).

The following statement is a simple consequence of Theorem 10.6 (the
proof of which is inspired in related work in [1]).

Theorem 1.1. If the equation (1.1) satisfies the condition (1.2), then the
associated evolution operator U(t, s) is a nonuniform exponential contraction,
for which the constant a is any positive number satisfying

a < − sup
v0∈Rn

lim sup
t→+∞

1
t

log‖v(t)‖, (1.4)

where v(t) is the unique solution of the equation (1.1) with v(0) = v0.

We note that the right-hand side of (1.4) is indeed positive (since the
lim sup in (1.2) can only take a finite number of values; see Section 10.1).
In view of Theorem 1.1, the notion of nonuniform exponential contraction is
in fact as weak as possible, since all (exponentially stable) linear equations
originate an evolution operator having such a contraction. A similar behavior
occurs in the case of nonuniform exponential dichotomies (see Theorem 10.6).
Thus, in specific applications we never need to assume the existence of a
nonuniform exponential contraction (since this follows from (1.2)) but instead
we look for conditions on a and b which ensure the desired results. For example,
in general we are only able to establish the stability of the zero solution of
(1.1) under sufficiently small perturbations provided that b/a is sufficiently
small (see Chapter 12 for related results).

In view of this discussion it is also important to give a sharp estimate
for b. We refer to Section 10.3 for details; here, we consider only the case
of triangular matrices. The following statement is a simple consequence of
Theorems 10.6 and 10.8.

Theorem 1.2. If the matrix A(t) is upper triangular for every t ≥ 0, then
the constant b can be any number satisfying

b >

n∑
k=1

(
lim sup
t→+∞

1
t

∫ t

0

ak(τ) dτ − lim inf
t→+∞

1
t

∫ t

0

ak(τ) dτ

)
,

where a1(t), . . ., an(t) are the entries in the diagonal of A(t).

See Chapter 11 for generalizations of Theorems 1.1 and 1.2 to infinite-
dimensional spaces.
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1.2 Exponential dichotomies and stable manifolds

We now consider the more general case of nonuniform exponential dichotomies.
These are composed of nonuniform contractions and nonuniform expansions
(see Section 1.1). We also present a first consequence of the existence of an
exponential dichotomy, namely the existence of invariant stable manifolds for
any sufficiently small perturbation.

Consider a Banach space X and a continuous function t �→ A(t) such that
A(t) is a bounded linear operator on X for each t ≥ 0. We assume again that
all solutions of (1.1) are global in the future, that is, are defined for every
t ≥ 0. Let T (t, s) be the evolution operator associated with equation (1.1).
This is the operator satisfying

T (t, s)v(s) = v(t)

for every solution v(t) of (1.1) and every t ≥ s. For simplicity of the exposition,
we assume that the evolution operator T (t, s) has a decomposition in block
form

T (t, s) = (U(t, s), V (t, s))

into evolution operators with respect to some invariant decomposition X =
E⊕F (which is independent of the time t). We emphasize that in the remaining
chapters we do not assume that T (t, s) has a decomposition in block form.

We say that the equation (1.1) admits a nonuniform exponential dichotomy
if there exist constants λ < 0 ≤ μ and a, b, K > 0, such that for every
t ≥ s ≥ 0,

‖U(t, s)‖ ≤ Keλ(t−s)+as and ‖V (t, s)−1‖ ≤ Ke−μ(t−s)+bt. (1.5)

The constants λ and μ play the role of Lyapunov exponents, while a and b
measure the nonuniformity of the dichotomy. The assumption λ < 0 means
that there is at least one negative Lyapunov exponent.

We now consider the equation

v′ = A(t)v + f(t, v), (1.6)

where the perturbation f(t, v) is a continuous function defined for t ≥ 0 and
v ∈ X, such that f(t, 0) = 0 for every t ≥ 0 (and thus the origin is also a
solution of (1.6)).

The following is one of our main results on the existence of stable manifolds
for a nonautonomous differential equation, and is an immediate consequence
of Theorem 4.1.

Theorem 1.3. Assume that the equation (1.1) admits a nonuniform expo-
nential dichotomy, and that there exist c > 0 and q > 0 such that

‖f(t, u) − f(t, v)‖ ≤ c‖u − v‖(‖u‖q + ‖v‖q)
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for every t ≥ 0 and u, v ∈ X. If

λ + a + (a + b)/q < 0 and λ + b < μ, (1.7)

then there exists a Lipschitz function ϕ : U → F , where U ⊂ R
+
0 × E is an

open neighborhood of the line R
+
0 × {0}, such that its graph W ⊂ R × X has

the following properties:

1. (t, 0) ∈ W for every t ≥ 0;
2. W is forward invariant under the semiflow Ψτ on R

+
0 × X generated by

the autonomous system

t′ = 1, v′ = A(t)v + f(t, v);

3. there exists D > 0 such that for every (s, u), (s, v) ∈ W and τ ≥ 0, we
have

‖Ψτ (s, u) − Ψτ (s, v)‖ ≤ Deλτ+as‖u − v‖.
We refer to Section 4.2 for a detailed formulation. We observe that the

Lipschitz invariant manifolds constructed in Theorem 1.3 are in fact as smooth
as the vector filed. We refer to Chapters 5 and 6 for details.

Note that the first inequality in (1.7) is satisfied for a given a < |λ| provided
that q, the order of the perturbation, is sufficiently large. Furthermore, both
inequalities in (1.7) are automatically satisfied when a and b are sufficiently
small. The “small” exponentials eas and ebt in (1.5), that are not present in
the case of a uniform exponential dichotomy, are the main cause of difficulties.
On the other hand, it turns out that the smallness of the nonuniformity is a
rather common phenomenon from the point of view of ergodic theory: almost
all linear variational equations obtained from a measure-preserving flow on
a smooth Riemannian manifold admit a nonuniform exponential dichotomy
with arbitrarily small nonuniformity (see Theorem 10.6).

Our definition of weak nonuniform exponential dichotomy in (1.5) is in-
spired in the notion of uniform exponential dichotomy and in the notion of
nonuniformly hyperbolic trajectory (see Sections 4.3 and 5.2). Our work is
also a contribution to the theory of nonuniformly hyperbolic dynamics. We
refer to [1, 3] for detailed expositions of parts of the theory and to the sur-
vey [2] for a detailed description of its contemporary status. The theory goes
back to the landmark works of Oseledets [65] and Pesin [70, 71, 72]. Since
then it became an important part of the general theory of dynamical systems
and a principal tool in the study of stochastic behavior. We note that the
nonuniform hyperbolicity conditions can be expressed in terms of the Lya-
punov exponents. For example, almost all trajectories of a dynamical system
preserving a finite invariant measure with nonzero Lyapunov exponents are
nonuniformly hyperbolic.

Among the most important properties due to nonuniform hyperbolicity is
the existence of stable and unstable manifolds, and their absolute continuity
property established by Pesin in [70]. The theory also describes the ergodic
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properties of dynamical systems with a finite invariant measure absolutely
continuous with respect to the volume [71], and expresses the Kolmogorov–
Sinai entropy in terms of the Lyapunov exponents by the Pesin entropy for-
mula [71] (see also [55]). In another direction, combining the nonuniform hy-
perbolicity with the nontrivial recurrence guaranteed by the existence of a
finite invariant measure, the fundamental work of Katok [48] revealed a very
rich and complicated orbit structure, including an exponential growth rate
for the number of periodic points measured by the topological entropy, and
an approximation by uniformly hyperbolic horseshoes of the entropy of an
invariant measure (see also [50]).

Here we concentrate our attention on the stable manifold theorem. We first
briefly describe the relevant references. The proof by Pesin in [70] is an elabora-
tion of the classical work of Perron. His approach was extended by Katok and
Strelcyn in [51] for maps with singularities. In [80], Ruelle obtained a proof of
the stable manifold theorem based on the study of perturbations of products
of matrices in Oseledets’ multiplicative ergodic theorem [65]. Another proof
is due to Pugh and Shub in [78] with an elaboration of the classical work of
Hadamard using graph transform techniques. In [37] Fathi, Herman and Yoc-
coz provided a detailed exposition of the stable manifold theorem essentially
following the approaches of Pesin and Ruelle. We refer to [3] for further details.
There exist also versions of the stable manifold theorem for dynamical systems
in infinite-dimensional spaces. In [81] Ruelle established a corresponding ver-
sion in Hilbert spaces, following his approach in [80]. In [58] Mañé considered
transformations in Banach spaces under some compactness and invertibility
assumptions, including the case of differentiable maps with compact deriva-
tive at each point. The results of Mañé were extended by Thieullen in [92] for
a class of transformations satisfying a certain asymptotic compactness. We
refer the reader to the book [42] for a detailed discussion of the geometric
theory of dynamical systems in infinite-dimensional spaces.

We note that in the above works the dynamics is assumed to be of class
C1+ε for some ε > 0. On the other hand, in [77] Pugh constructed a C1 diffeo-
morphism in a manifold of dimension 4, that is not of class C1+ε for any ε, and
for which there exists no invariant manifold tangent to a given stable space
such that the trajectories along the invariant manifold travel with exponential
speed. We refer to [3] for a detailed description of the diffeomorphism. Nev-
ertheless, although this example shows that the hypothesis ε > 0 is crucial
in the stable manifold theorem it does not forbid the existence of families of
C1 dynamics which are not of class C1+ε for any ε but for which there still
exist stable manifolds. Indeed, Theorem 5.1 implies the existence of invariant
stable manifolds for the nonuniformly hyperbolic trajectories of a large family
of maps that, in general, are at most of class C1. A detailed presentation is
given in Section 5.3.

There are some differences between our approach and the usual approach
in the theory of nonuniformly hyperbolic dynamics. In particular, we start
from a linear equation v′ = A(t)v instead of a linear variational equation
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v′ = Ax(t)v with Ax(t) = dϕtxF , obtained from a particular solution ϕtx
of a given autonomous equation x′ = F (x). Here ϕt is the flow generated
by the autonomous equation. Another feature of our approach is that we
deal directly with flows instead of considering time-1 maps as it is sometimes
customary in the theory of hyperbolic dynamics. This allows us to give a
direct proof, dealing simultaneously with all the times along each orbit. On
one hand, our approach to the proof of Theorem 1.3 could be considered
classical, and consists in using the differential equation (1.6) to express the
forward invariance of the manifold W under the dynamics to conclude that
ϕ must satisfy a fixed point problem. However, the extra small exponentials in
a nonuniform exponential dichotomy substantially complicate this approach
and the implementation requires several new ideas (see Section 4.4 for details).
We also obtain in a very direct manner explicit quantitative information on
the size of the neighborhoods on which we must choose an initial condition
so that the solution satisfies a given bound. In fact, this information is put
from the beginning in the space on which we look for the fixed point. Finally,
we want to consider semiflows and not only flows. In particular, it is thus in
general impossible to introduce the same adapted Lyapunov norms as in the
case of flows. On the other hand, we still require some appropriate device that
can play a similar role in the case of semiflows. This causes several additional
difficulties.

1.3 Topological conjugacies

A fundamental problem in the study of the local behavior of a map or a flow
is whether the linearization of the system along a given solution approximates
well the solution itself in some open neighborhood. In other words, we look
for an appropriate local change of variables, called a conjugacy, that can take
the system to a linear one. Moreover, as a means to distinguish the dynamics
in a neighborhood of the solution further than in the topological category, we
would like the change of variables to be as regular as possible. For example, we
would like to know whether it is possible to distinguish between different types
of nodes. The problem goes back to the pioneering work of Poincaré, which can
be interpreted today as looking for an analytic change of variables that takes
the initial system to a linear one. The work of Sternberg [89, 90] showed that
there are algebraic obstructions, expressed in terms of resonances between
the eigenvalues of the linear approximation, that prevent the existence of
conjugacies with a prescribed high regularity (see also [19, 20, 87, 61] for
further related work).

We concentrate here our attention in the case of hyperbolic fixed points.
For simplicity of the exposition we consider maps instead of flows. We refer
to Chapter 7 for a detailed presentation in the case of flows. Consider the
dynamics generated by the map

F (v) = Av + f(v) (1.8)
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in a Banach space X. We assume that A is a linear operator, and that f is a
C1 map with f(0) = 0 and d0f = 0. In this setting, the linearization problem
corresponds to ask whether the behavior of the trajectories of (1.8) in some
open neighborhood of zero somehow approximates well the behavior of the
trajectories of the linear map A. It is well-known that this is the case when A
admits an exponential dichotomy: by the Grobman–Hartman theorem, under
mild additional assumptions on the perturbation f , locally the two dynamics
are topologically conjugate, that is, there exists a local homeomorphism h in
a neighborhood of 0 such that

A ◦ h = h ◦ F. (1.9)

Since An◦h = h◦Fn for each n ∈ N, the conjugacy map h takes trajectories of
the nonlinear map F into trajectories of the linear operator A, and thus h acts
essentially as a dictionary between the two dynamics. In the two-dimensional
case the situation is different: in [44] Hartman showed that for a C2 diffeo-
morphism it always exists a C1 conjugacy. On the other hand, in [43] he also
gave an example of a diffeomorphism with resonances in R

3 for which there
exists no C1 conjugacy. The original references for the Grobman–Hartman
theorem (in the case of uniformly hyperbolic dynamics) are Grobman [38, 39]
and Hartman [43, 45]. Using the ideas in Moser’s proof in [63] of the structural
stability of Anosov diffeomorphisms, the Grobman–Hartman theorem was ex-
tended to Banach spaces independently by Palis [66] and Pugh [76]. We note
that in the case of continuous time a version of the Grobman–Hartman the-
orem for nonautonomous differential equations v′ = A(t)v was obtained by
Palmer in [67] (with the exception of the Hölder continuity of the conjugacy),
although only for uniformly hyperbolic dynamics, that is, assuming the exis-
tence of a (uniform) exponential dichotomy.

We also want to consider the case of nonautonomous dynamics, where at
each time m ∈ Z we apply a different map

Fm(v) = Amv + fm(v).

Here each fm is a Lipschitz map with sufficiently small Lipschitz constant, and
with fm(0) = 0. In this case, instead of looking for a single homeomorphism h
as in (1.9), we look for a sequence of homeomorphisms hm such that for each
m ∈ Z we have the identity

Am ◦ hm = hm+1 ◦ Fm, (1.10)

or equivalently the commutative diagram in Figure 1.1. We emphasize that
our work includes as a particular case the classical work for an autonomous
uniformly hyperbolic dynamics defined by a map F as in (1.9).

We would like to point out that it is easy to rewrite the identity in (1.10)
in a similar manner to that in (1.9) by defining appropriate extensions of the
maps from X to Z×X. Namely, consider the maps A and F defined for each
(m, v) ∈ Z × X by
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A(m, v) = (m + 1, Amv) and F(m, v) = (m + 1, Fm(v)).

One can easily verify that the map H defined by H(m, v) = (m,hm(v)), where
hm are the conjugacies in (1.10), satisfies

A ◦ H = H ◦ F.

We note that in the case of continuous time a version of the Grobman–
Hartman theorem for nonautonomous differential equations v′ = A(t)v was
obtained by Palmer in [67] (with the exception of the Hölder continuity of
the conjugacy), although only for uniformly hyperbolic dynamics, that is,
assuming the existence of a (uniform) exponential dichotomy.

−−−−−→ X
Fm−1−−−−−→ X

Fm−−−−−→ X
Fm+1−−−−−→ X −−−−−→⏐⏐�hm−1

⏐⏐�hm

⏐⏐�hm+1

⏐⏐�hm+2

−−−−−→ X
Am−1−−−−−→ X

Am−−−−−→ X
Am+1−−−−−→ X −−−−−→

Fig. 1.1. Sequence of conjugacies hm for the problem in (1.10).

We also show that the topological conjugacies hm are Hölder continuous
and have Hölder continuous inverses. We note that in the classical autonomous
case of uniform exponential dichotomies (see (1.9)), the Hölder regularity of
the conjugacies seems to have been known by some experts for quite some
time, although apparently, to the best of our knowledge, no published proof
can be found in the literature. In particular, the Hölder property was claimed
by van Strien in [96, Proposition 4.6] in 1990, but it was observed in [79]
(see also [40]) that there are some problems in the proof that are not yet
overcome. This should be compared with the discussion in [40], where the
authors indicate that the statement of the Hölder regularity is contained in a
preprint of Belitskĭı [21] (the preprint apparently circulates since 1994 but it
remains unpublished; we note that a careful inspection of the arguments in [21]
indicates lack of care with some points, being for example unclear what norms
are used). We also mention a paper of Tan [91] announcing a forthcoming work
with a proof (the draft goes back to 1999 but it was also never published).
On the other hand, for the above mentioned example by Hartman in [43] of
a diffeomorphism in R

3 for which there exists no C1 conjugacy, it was shown
by Rayskin in [79] that there exists a Cα conjugacy for any α ∈ (0, 1). In
fact she obtained this result for a class of C3 diffeomorphisms in R

3 (namely,
those for which A is diagonal, and such that A + f leaves invariant the x
and y axes, and the xy and yz planes). It is also conjectured in [79] that
this statement (existence of a Cα conjugacy for any α ∈ (0, 1)) should be
true for any diffeomorphism A + f of R

3 with d0f = 0. In another direction
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it was shown by Guysinsky, Hasselblatt, and Rayskin in [40] that for C∞

diffeomorphisms in R
n the conjugacy g in the Grobman–Hartman theorem is

differentiable at zero with d0g being the identity.

1.4 Center manifolds, symmetry and reversibility

Center manifold theorems are powerful tools in the analysis of the behavior
of dynamical systems. For example, consider the differential equation (1.6) in
a given Banach space. We assume that f(t, 0) = 0 for every t. One can ask
wether the behavior of the solutions of (1.6) in a neighborhood of zero some-
how imitates that of the linear equation (1.1). This is certainly the case when
(1.1) admits an exponential dichotomy: by the Grobman–Hartman theorem,
locally the two dynamics are topologically conjugate. When the equation (1.1)
possesses some elliptic directions one can still establish the existence of center
manifolds that are tangent to the vector space generated by these directions.
However, the situation is not so simple anymore. Namely, the behavior on the
center manifold substantially depends on the nonlinearity f and in general
the manifolds need not imitate the behavior on the vector space.

Nevertheless, the understanding of the behavior of solutions of (1.6) plays
a crucial role in dynamics, for example in the study of the stability of solutions
of a given differential equation. Namely, when the equation (1.1) possesses no
unstable directions, all solutions converge exponentially to the center mani-
fold. Therefore, the stability of the system is completely determined by the
behavior on the center manifold. Accordingly, one often considers a reduction
to the center manifold, and determines the quantitative behavior on it. This
has also the advantage of reducing the dimension of the system. We refer the
reader to the book [22] for details and references. In particular, using nor-
mal forms there is also the possibility of an appropriate classification as well
as of giving a description of the allowed bifurcations. Incidentally, since one
needs to be able to approximate the center manifolds to sufficiently high or-
der, it is also important to discuss their regularity and to understand how to
approximate them up to a given order.

In its classical formulation, the center manifold theorem applies to flows for
which the linear equation in (1.1) admits a uniform exponential trichotomy.
This means that the exponential estimates for the norms of solutions of the
equation (1.1) are assumed to be independent of the initial time for which we
consider the solution (see (1.11) and (1.12)). For simplicity, we assume here
that the operator A(t) has a block form with respect to some fixed decompo-
sition E ⊕ F1 ⊕ F2 of the Banach space, with E, F1, and F2 corresponding
respectively to the central, stable, and unstable directions (the general case
is considered in Chapter 8). Then the solution of (1.1) with v(s) = vs can be
written in the form

v(t) = (U(t, s), V1(t, s), V2(t, s))vs,
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where U(t, s), V1(t, s), and V2(t, s) are the evolution operators associated re-
spectively with the three blocks of A(t).

We say that the equation in (1.1) admits a uniform exponential trichotomy
if there exist constants b > a ≥ 0, d > c ≥ 0, and D > 0 such that for every
s, t ∈ R with t ≥ s,

‖U(t, s)‖ ≤ Dea(t−s), ‖V2(t, s)−1‖ ≤ De−b(t−s), (1.11)

and for every s, t ∈ R with t ≤ s,

‖U(t, s)‖ ≤ Dec(s−t), ‖V1(t, s)−1‖ ≤ De−d(s−t). (1.12)

We can now formulate the classical center manifold theorem. For simplicity
we denote by ∂ the partial derivative with respect to u.

Theorem 1.4. Assume that:

1. v′ = A(t)v has only global solutions and admits a uniform exponential
trichotomy in the Banach space X;

2. A and f are of class Ck for some k ∈ N, with u �→ ∂kf(t, u) Lipschitz,
and with f(t, 0) = 0 and ∂f(t, 0) = 0 for every t ∈ R;

3. ∂jf is bounded for j = 1, . . ., k.

If ka < b − a and kc < d − c, then there exists a manifold V of class Ck

containing the line R × {0} and satisfying T(s,0)V = R × E for every s ∈ R.

It is difficult to give an original reference for the first published version
of Theorem 1.4, but the statement should be considered classical. This is
also due to the fact that the linear equation in (1.1) is nonautonomous: the
modifications which are necessary in the approach for autonomous systems in
order to obtain center manifolds for nonautonomous systems are not substan-
tial, but several authors considered only the autonomous case. Theorem 1.4
is also a particular case of Theorem 1.5 that considers the general setting of
nonuniform exponential trichotomies.

The study of center manifolds can be traced back to the works of Pliss [73]
and Kelley [52]. A very detailed exposition in the case of autonomous equa-
tions is given in [93], adapting results in [95]. See also [62, 94] for the case of
equations in infinite-dimensional spaces. We refer the reader to [23, 26, 27, 93]
for more details and further references.

Our goal is to weaken the condition concerning the existence of a uniform
exponential trichotomy, and find the weakest hypotheses under which one can
construct center manifolds for the equation (1.6). In particular, we do not
require the linear equation (1.1) to possess a uniform exponential behavior
(either in the central, stable, or unstable directions). We still use some amount
of partial hyperbolicity to establish the existence of the center manifolds,
but this hyperbolicity can be spoiled exponentially along each solution as
the initial time changes. Namely, we say that the equation in (1.1) admits
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a nonuniform exponential trichotomy if there exist constants b > a ≥ 0,
d > c ≥ 0, θ > 0, and D > 0 such that for every s, t ∈ R with t ≥ s,

‖U(t, s)‖ ≤ Dea(t−s)+θ|s|, ‖V2(t, s)−1‖ ≤ De−b(t−s)+θ|t|, (1.13)

and for every s, t ∈ R with t ≤ s,

‖U(t, s)‖ ≤ Dec(s−t)+θ|s|, ‖V1(t, s)−1‖ ≤ De−d(s−t)+θ|t|. (1.14)

The constant θ measures the nonuniformity of the exponential behavior.
We can now formulate a prototype of our center manifold theorem, where

we replace uniform exponential trichotomy (see Theorem 1.4) by nonuniform
exponential trichotomy.

Theorem 1.5. Assume that:

1. v′ = A(t)v has only global solutions and admits a weak nonuniform expo-
nential trichotomy in the Banach space X;

2. A and f are of class Ck for some k ∈ N, with u �→ ∂kf(t, u) Lipschitz,
and with f(t, 0) = 0 and ∂f(t, 0) = 0 for every t ∈ R;

3. (t, u) �→ e(k+2)θ|t|∂jf(t, u) is bounded for j = 1, . . ., k, and the Lipschitz
constant of u �→ e(k+2)θ|t|∂kf(t, u) is independent of t.

If (k + 1)(a + θ) < b and (k + 1)(c + θ) < d, then there exists a manifold V of
class Ck containing the line R×{0} and satisfying T(s,0)V = R×E for every
s ∈ R.

Theorem 1.5 is a simple consequence of Theorem 8.2, starting by making
the rescaling (t, u) �→ (t, δu) with δ sufficiently small.

Our approach to the proof of Theorem 10.20 could be considered classical,
and consists again in using the differential equation to express the invariance
of the center manifold under the dynamics and conclude that it must be the
graph of a function satisfying a certain fixed point problem. However, the
extra small exponentials in a nonuniform exponential trichotomy (see (1.13)
and (1.14)) substantially complicate this approach and the implementation
requires several nontrivial changes. In particular, we need to consider two
fixed-point problems—one to obtain an a priori estimate for the speed of
decay of the central component of the solutions along a given graph, and the
other to obtain the graph which is the center manifold. In order to obtain the
required estimates in the fixed point problems, we need sharp bounds for the
derivatives of the central component of the solutions, and for the derivatives
of the vector field along a given graph. For this we use a multivariate version
of the Faà di Bruno formula in [30] for the derivatives of a composition. See
Section 6.3.2 for details. We also use a result in [34] (see Proposition 6.3),
that goes back to a lemma of Henry in [46]. This result allows us to establish
the existence and simultaneously the regularity of the center manifolds using
a single fixed point problem, instead of a fixed point problem for each of the
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successive higher-order derivatives. Essentially, the result says that the closed
unit ball in the space Ck,δ of functions of class Ck between two Banach spaces
with Hölder continuous k-th derivative with Hölder exponent δ is closed with
respect to the C0-topology. This allows us to consider contraction maps solely
using the supremum norm instead of any norm involving also the derivatives.
See [28] for a related approach in the particular case of uniform exponential
behavior.

In Chapter 9 we consider the notions of reversible and equivariant equa-
tion. We show that the (time) reversibility and equivariance in a given flow
descends respectively to the reversibility and equivariance in any center mani-
fold. We emphasize that we consider the general case of nonautonomous equa-
tions.

1.5 Lyapunov regularity and stability theory

Let us first consider the finite-dimensional setting by which our work was in-
spired. We are interested in the study of the persistence of the asymptotic sta-
bility of the zero solution of a nonautonomous linear differential equation (1.1)
under a perturbation f of the original equation as in (1.6).

We recall that there are examples, going back to Perron, showing that
an arbitrarily small perturbation (1.6) of an asymptotically stable nonau-
tonomous linear equation (1.1) may be unstable, and in fact may be exponen-
tially unstable in some directions, even if all Lyapunov exponents of the linear
equation (1.1) are negative. It is of course possible to provide additional as-
sumptions of general nature under which the stability persists. This is the case
for example with the assumption of uniform asymptotic stability for the linear
equation, although this requirement is dramatically restrictive for a nonau-
tonomous system. Incidentally, this assumption is analogous to the restrictive
requirement of existence of an exponential dichotomy for the evolution opera-
tor of a nonautonomous equation in the case when there exist simultaneously
positive and negative Lyapunov exponents. It is thus desirable to look for
general assumptions that are substantially weaker than uniform asymptotic
stability, under which one can still establish the persistence of stability of the
zero solution of (1.6), when the perturbation f is sufficiently small. This is
the case of the so-called notion of regularity introduced by Lyapunov in his
doctoral thesis [57] (the expression is his own), which unfortunately seems
nowadays apparently overlooked in the theory of differential equations (either
related to stability or otherwise).

We now briefly recall the classical notion of Lyapunov regularity, or regu-
larity for short, in the finite-dimensional setting. We first introduce the Lya-
punov exponent associated to the linear differential equation (1.1) in R

n. We
assume that A(t) depends continuously on t, and that all solutions of (1.1)
are global. The Lyapunov exponent λ : R

n → R ∪ {−∞} is defined by
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λ(x0) = lim sup
t→+∞

1
t

log‖x(t)‖, (1.15)

where x(t) denotes the solution of (1.1) with x(0) = x0. To introduce the
notion of regularity we also need to consider the adjoint equation

y′ = −A(t)∗y, (1.16)

where A(t)∗ denotes the transpose of A(t). The associated Lyapunov exponent
μ : R

n → R ∪ {−∞} is defined by

μ(y0) = lim sup
t→+∞

1
t

log‖y(t)‖,

where y(t) denotes the solution of (1.16) with y(0) = y0. It follows from the
abstract theory of Lyapunov exponents (see Section 10.1) that the function
λ can take at most n values on R

n \ {0}, say −∞ ≤ λ1 < · · · < λp for some
integer p ≤ n. Furthermore, for each i = 1, . . ., p the set

Ei = {x ∈ R
n : λ(x) ≤ λi}

is a linear space. We consider the values λ′
1 ≤ · · · ≤ λ′

n of the Lyapunov
exponent λ on R

n \ {0} counted with multiplicities, obtained by repeating
each value λi a number of times equal to dimEi − dimEi−1 (with E0 = {0}).
In a similar manner we can consider the values μ′

1 ≥ · · · ≥ μ′
n of the Lyapunov

exponent μ on R
n \ {0} counted with multiplicities. We say that the linear

equation (1.1) is Lyapunov regular if

λ′
i + μ′

i = 0 for i = 1, . . . , n.

It is well known that if all values of the Lyapunov exponent are negative
then the zero solution of (1.1) is asymptotically stable. However, there may
still exist arbitrarily small perturbations f(t, x) with f(t, 0) = 0 such that the
zero solution of (1.6) is not asymptotically stable. An explicit example in R

2

is the equation (u′, v′) = A(t)(u, v), with the diagonal matrix

A(t) =
(−15 − 14(sin log t + cos log t) 0

0 −15 + 14(sin log t + cos log t)

)
,

and the perturbation f(t, (u, v)) = (0, u4). In this example, one can show
that the Lyapunov exponent λ in (1.15) is constant and equal to −1, but
there exists a solution (u(t), v(t)) of the perturbed system (1.6), that is, of
the equation (u′, v′) = A(t)(u, v) + (0, u4), with

lim sup
t→+∞

1
t

log‖(u(t), v(t))‖ > 0

(we refer to [1] for full details about the example). In other words, assuming
that all values of the Lyapunov exponent λ are negative is not sufficient to
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guarantee that the asymptotic stability of the linear equation (1.1) persists
under sufficiently small perturbations. On the other hand, if (1.1) is Lyapunov
regular, then for any sufficiently small perturbation f(t, x) with f(t, 0) = 0 for
every t ≥ 0, the zero solution of the perturbed equation (1.6) is asymptotically
stable (see Theorem 12.5).

It should be noted that while Lyapunov regularity requires much from
the structure of the original linear equation, it is substantially weaker than
the requirement of uniform asymptotic stability (note that a priori Lyapunov
regularity also requires much from the structure of the associated adjoint
equation, although there are alternative characterizations of regularity that
do not use the adjoint equation; see Section 10.4). More precisely, consider
the evolution operator U(t, s) associated to (1.1), satisfying x(t) = U(t, s)x(s)
for each t ≥ s, where x(t) is a solution of (1.1). When the linear system (1.1)
is Lyapunov regular and all values of the Lyapunov exponent λ are negative
one can show that for every β > 0 there exist positive constants c and α such
that

‖U(t, s)‖ ≤ ce−α(t−s)+βs for every t ≥ s.

However, in general one cannot take β = 0, and thus the system need not be
uniformly asymptotically stable. In particular,

‖x(t)‖ ≤ ceβse−α(t−s)‖x(s)‖,
where the constant ceβs deteriorates exponentially along the orbit of a so-
lution. This means that the “size” of the neighborhood at time s where the
exponential stability of the zero solution is guaranteed may decay with expo-
nential rate, although small when compared to the Lyapunov exponents by
choosing β sufficiently small.

While the notion of Lyapunov regularity makes considerable demands on
the linear system, it turns out that within the context of ergodic theory it is
typical under fairly general assumptions. Here we formulate only one of the
major results in this direction, which in fact is one of the fundamental pieces
at the basis of the so-called smooth ergodic theory or Pesin theory (see [1]).
Recall that a finite measure ν in R

n is invariant under the flow {ϕt}t∈R if

ν(ϕt(A)) = ν(A) for every measurable set A ⊂ R
n and t ∈ R.

The following statement is a particular version of the celebrated multiplicative
ergodic theorem of Oseledets in [65]. It is a simple consequence of the general
theory, as described for example in [1].

Theorem 1.6 (see [65]). Consider a differential equation x′ = F (x) in R
n

with F of class C1, and assume that it generates a flow {ϕt}t∈R which pre-
serves a finite measure ν with compact support in R

n. Then for ν-almost every
x ∈ R

n the linear variational equation

y′ = Ax(t)y with Ax(t) = dϕtxF (1.17)

is Lyapunov regular.
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We refer to [1] for a detailed exposition of the multiplicative ergodic theo-
rem. We remark that since the general solution of the equation (1.17) is given
by y(t) = (dxϕt)y0, with y0 ∈ R

n, the Lyapunov exponent λ in (1.15) asso-
ciated to (1.17) coincides with the “usual” Lyapunov exponent associated to
each solution ϕt(x) of x′ = F (x) along a direction y0, that is,

χ(x, y0) = lim sup
t→+∞

1
t

log‖(dxϕt)y0‖.

We can apply Theorem 1.6 for example to any Hamiltonian equation and
the associated invariant Liouville–Lebesgue measure. More generally, any flow
defined by a differentiable vector field with zero divergence preserves Lebesgue
measure. This happens in particular with the geodesic flow on the unit tangent
bundle of a smooth manifold.

Theorem 1.6 and its related versions should be considered strong moti-
vations to study Lyapunov regular systems, in view of the ubiquity of these
systems at least in the measurable category. Furthermore, and this is another
motivation for our study, there exist several related results in the infinite-
dimensional setting. Namely, it turns out that the notion of Lyapunov reg-
ularity in a finite-dimensional space has several important geometric conse-
quences, related to the existence of exponential growth rates of norms, angles,
and volumes (for details see Chapters 10 and 11). Ruelle [81] was the first
to obtain related “geometric” results in Hilbert spaces. Later on Mañé [58]
considered transformations in Banach spaces under some compactness as-
sumptions (including the case of differentiable maps with compact derivative
at each point). The results of Mañé were extended by Thieullen in [92] for a
class of transformations satisfying a certain asymptotic compactness. In view
of the regularity theory in finite-dimensional spaces one should ask, and this
is another motivation for our study, whether the above “geometric” results
in the infinite-dimensional setting have behind them an analogous (infinite-
dimensional) regularity theory, which additionally reduces to the classical the-
ory when applied to the finite-dimensional setting. We shall show that this is
indeed the case (see Chapter 11). Note that the answer to this question largely
depends on finding an appropriate generalization of the notion of Lyapunov
regularity for infinite-dimensional spaces.
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Exponential dichotomies
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Exponential dichotomies and basic properties

The classical notion of exponential dichotomy, which we call uniform exponen-
tial dichotomy, is a considerable restriction for the dynamics and it is impor-
tant to look for more general types of hyperbolic behavior. These generalized
notions can be much more typical than the notion of uniform exponential
dichotomy. This is precisely the case of the notion of nonuniform exponen-
tial dichotomy, that we introduce in Section 2.1. In particular, we show that
essentially any (nonautonomous) linear differential equation admits such a di-
chotomy (see Section 2.3). We note that each uniform exponential dichotomy
is also a nonuniform exponential dichotomy.

2.1 Nonuniform exponential dichotomies

We introduce in this section the concept of nonuniform exponential dichotomy
for a linear differential equation. We follow closely [13] although now in the
infinite-dimensional setting of Banach spaces.

Let X be a Banach space and let A : J → B(X) be a continuous function
on some interval J ⊂ R, where B(X) is the set of bounded linear operators
on X. Consider the initial value problem

v′ = A(t)v, v(s) = vs, (2.1)

with s ∈ J and vs ∈ X. We always assume in the book that

each solution of (2.1) is defined for every t ∈ J . (2.2)

We write the unique solution of the initial value problem in (2.1) in the
form v(t) = T (t, s)v(s), where T (t, s) is the associated evolution operator.
We clearly have

T (t, s)T (s, r) = T (t, r) and T (t, t) = Id

for every t, s, r ∈ J . In particular T (t, s) is invertible and T (t, s)−1 = T (s, t)
for every t, s ∈ J .
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Definition 2.1. Consider an interval J ⊂ R. We say that the linear equation
v′ = A(t)v admits a nonuniform exponential dichotomy in J if there exists a
function P : J → B(X) such that P (t) is a projection for each t ∈ J , with

P (t)T (t, s) = T (t, s)P (s) for every t, s ∈ J with t ≥ s, (2.3)

and there exist constants

a < 0 ≤ b, a, b ≥ 0, and D1, D2 ≥ 1 (2.4)

such that for every t, s ∈ J with t ≥ s,

‖T (t, s)P (s)‖ ≤ D1e
a(t−s)+a|s|, ‖T (t, s)−1Q(t)‖ ≤ D2e

−b(t−s)+b|t|, (2.5)

where Q(t) = Id−P (t) is the complementary projection for each t ∈ J .

We emphasize that the notion of nonuniform exponential dichotomy occurs
naturally in the theory of differential equations (see Section 2.3 and Chap-
ter 10). More generally, one can introduce the notion of dichotomy for a given
evolution operator T (t, s), without considering any associated linear equation,
and thus, in particular, without any a priori assumption on the regularity of
the map (t, s) �→ T (t, s). The definition of nonuniform exponential dichotomy
mimics the classical notion of (uniform) exponential dichotomy. Namely, we
recall that the linear equation v′ = A(t)v admits a (uniform) exponential di-
chotomy if there exists a function P as in Definition 2.1 and constants D,
β > 0 such that for t, s ∈ J with t ≥ s,

‖T (t, s)P (s)‖ ≤ De−β(t−s), ‖T (t, s)−1Q(t)‖ ≤ De−β(t−s).

Observe that the constant b may be zero, which is not the case in the notion
of (uniform) exponential dichotomy.

We also consider a strong form of nonuniform exponential dichotomy. Con-
sider constants

a ≤ a < 0 ≤ b ≤ b and a, b ≥ 0. (2.6)

Definition 2.2. Consider an interval J ⊂ R. We say that the linear equation
v′ = A(t)v admits a strong nonuniform exponential dichotomy in J if there
exists a function P : J → B(X) such that P (t) is a projection for each t ∈ J
and (2.3) holds, and there exist constants as in (2.6) and D1, D2 ≥ 1 such
that for every t, s ∈ J with t ≥ s,

‖T (t, s)P (s)‖ ≤ D1e
a(t−s)+a|s|, ‖T (t, s)−1P (t)‖ ≤ D1e

−a(t−s)+a|t|,

‖T (t, s)Q(s)‖ ≤ D2e
b(t−s)+b|s|, ‖T (t, s)−1Q(t)‖ ≤ D2e

−b(t−s)+b|t|.
(2.7)

Clearly, any strong nonuniform exponential dichotomy is also a nonuniform
exponential dichotomy. On the other hand, even when X is finite-dimensional,
a linear equation admitting a nonuniform exponential dichotomy may not
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admit a strong nonuniform exponential dichotomy. We give a simple example.
Consider the equation in R

2 given by

x′ = −x, y′ = ty. (2.8)

One can easily verify that (2.8) admits a nonuniform exponential dichotomy
in R

+ with a = −1, b = 0, a = b = 0, and D1 = D2 = 1. Furthermore,
the second inequality in (2.7) holds with a = −1. But we would have to take
b = +∞ so that the third inequality in (2.7) could hold. Thus, equation (2.8)
does not admit a strong nonuniform exponential dichotomy in R

+.
The first four constants in (2.6) play the role of Lyapunov exponents for

the solutions of the linear system in (2.1): they correspond, respectively, to the
largest and smallest contraction, and to the smallest and largest expansion in
the linear system. The constants a and b in (2.6) measure the nonuniformity
of the dichotomy, and are also closely related to the Lyapunov exponents. We
can indeed obtain estimates for the actual values of the six numbers in (2.6)
in terms of the Lyapunov exponents (see Theorem 10.6). The inequality a < 0
in (2.6) means that there exists at least one negative Lyapunov exponent; one
can of course introduce an entirely analogous version of dichotomy when a ≤
0 < b. While this certainly causes an asymmetry in the notion of nonuniform
dichotomy, it turns out that for the stable (respectively unstable) manifold
theory we do not require the condition b > 0 (respectively a < 0). We refer to
Chapters 4, 5, and 6 for details.

We now present an example of nonuniform exponential dichotomy that is
not uniform. Let ω > a > 0 be real parameters and consider the equation
in R

2 given by

u′ = (−ω − at sin t)u, v′ = (ω + at sin t)v. (2.9)

Proposition 2.3. The linear equation (2.9) admits a nonuniform exponential
dichotomy in R that is not a uniform exponential dichotomy.

Proof. It is easy to verify that u(t) = U(t, s)u(s) and v(t) = V (t, s)v(s), where

U(t, s) = e−ωt+ωs+at cos t−as cos s−a sin t+a sin s,

V (t, s) = eωt−ωs−at cos t+as cos s+a sin t−a sin s.

The evolution operator T (t, s) associated to (2.9) is given by

T (t, s)(u, v) = (U(t, s)u, V (t, s)v).

We consider the projection P (t) : R
2 → R

2 defined by P (t)(u, v) = u. Clearly,
(2.3) holds. It remains to show that there exists D ≤ e2a such that

U(t, s) ≤ De(−ω+a)(t−s)+2a|s| for t ≥ s, (2.10)

and
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V (s, t) ≤ De−(ω+a)(t−s)+2a|t| for t ≥ s. (2.11)

We first note that

U(t, s) = e(−ω+a)(t−s)+at(cos t−1)−as(cos s−1)+a(sin s−sin t). (2.12)

For t, s ≥ 0 it follows from (2.12) that U(t, s) ≤ e2ae(−ω+a)(t−s)+2as. Further-
more, if t = 2kπ, s = (2l − 1)π with k, l ∈ N then

U(t, s) = e(−ω+a)(t−s)+2as. (2.13)

For t ≥ 0 and s ≤ 0 it follows from (2.12) that U(t, s) ≤ e2ae(−ω+a)(t−s).
Finally, for s ≤ t ≤ 0 it follows from (2.12) that

U(t, s) ≤ e2ae(−ω+a)(t−s)+2a|t| ≤ e2ae(−ω+a)(t−s)+2a|s|.

This establishes (2.10). The bound for V (t, s) in (2.11) can be obtained in a
similar manner. Furthermore, if t = −2kπ, s = −(2l− 1)π with k, l ∈ N, then

V (s, t) = e−(ω+a)(t−s)+2a|t|. (2.14)

By (2.10) and (2.11), the linear equation (2.9) admits a nonuniform ex-
ponential dichotomy. It follows from (2.13) and (2.14) that the exponentials
e2a|s| and e2a|t| in (2.10) and (2.11) cannot be removed by making D or ω−a
sufficiently large. This shows that the exponential dichotomy is not uniform.

��

2.2 Stable and unstable subspaces

Assume that the linear equation v′ = A(t)v admits a nonuniform exponential
dichotomy in J . We consider the linear subspaces

E(t) = P (t)X and F (t) = Q(t)X (2.15)

for each t ∈ J . We call E(t) and F (t) respectively the stable and unstable
subspaces at time t (although strictly speaking F (t) should be called unstable
space only when b > 0). Clearly

X = E(t) ⊕ F (t) for every t ∈ J,

and the dimensions dimE(t) and dimF (t) are independent of t.
The unique solution of (2.1) can be written in the form

v(t) = (U(t, s)ξ, V (t, s)η) ∈ E(t) × F (t) for t, s ∈ J with t ≥ s, (2.16)

with vs = (ξ, η) ∈ E(s) × F (s), where
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U(t, s) := T (t, s)P (s) = T (t, s)P (s)2 = P (t)T (t, s)P (s),

V (t, s) := T (t, s)Q(s) = T (t, s)Q(s)2 = Q(t)T (t, s)Q(s).

Using (2.3), one can easily verify that

U(t, s)E(s) = E(t) and V (t, s)F (s) = F (t)

for every t, s ∈ J . In particular, when the stable and unstable subspaces are
independent of t, that is, E(t) = E and F (t) = F for every t, the operator
T (t, s) has a block form with respect to the direct sum E ⊕ F , namely

T (t, s) =
(

U(t, s) 0
0 V (t, s)

)
.

Furthermore, the linear operators

U(t, s) : E(s) → E(t) and V (t, s) : F (s) → F (t)

are invertible. Without danger of confusion we denote the corresponding in-
verses by U(t, s)−1 and V (t, s)−1. Clearly,

U(t, s)−1 = U(s, t) and V (t, s)−1 = V (s, t)

for every t, s ∈ J . Note that we can replace the inequalities (2.7) in the notion
of strong nonuniform exponential dichotomy by

‖U(t, s)‖ ≤ D1e
a(t−s)+a|s|, ‖U(t, s)−1‖ ≤ D1e

−a(t−s)+a|t|,

‖V (t, s)‖ ≤ D2e
b(t−s)+b|s|, ‖V (t, s)−1‖ ≤ D2e

−b(t−s)+b|t|.
(2.17)

Similarly, we can replace the inequalities (2.5) in the notion of nonuniform
exponential dichotomy by the first and the last inequalities in (2.17).

Setting t = s in (2.5) we obtain

‖P (t)‖ ≤ D1e
a|t| and ‖Q(t)‖ ≤ D2e

b|t|

for every t ∈ J . We now define

α(t) = inf{‖x − y‖ : x ∈ E(t), y ∈ F (t), ‖x‖ = ‖y‖ = 1}. (2.18)

Proposition 2.4. For each t ∈ J we have

1
‖P (t)‖ ≤ α(t) ≤ 2

‖P (t)‖ and
1

‖Q(t)‖ ≤ α(t) ≤ 2
‖Q(t)‖ .

Proof. We only establish the inequalities with P (t). The inequalities with Q(t)
follow from the symmetry in the definition of α(t). For the first inequality, note
that P (t)(x − y) = x for each x and y as in (2.18). Hence,
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1 = ‖P (t)(x − y)‖ ≤ ‖P (t)‖ · ‖x − y‖,

which gives the lower bound for α(t). For the second inequality, observe that
for v, w ∈ X with v̄ = P (t)v �= 0 and w̄ = Q(t)w �= 0 we have∥∥∥∥ v̄

‖v̄‖ − w̄

‖w̄‖
∥∥∥∥ =

‖(v̄ − w̄)‖w̄‖ + w̄(‖w̄‖ − ‖v̄‖)‖
‖v̄‖ · ‖w̄‖ ≤ 2‖v̄ − w̄‖

‖v̄‖ .

Note that P (t)(v̄ − w̄) = v̄. Given ε > 0 we can select v, w ∈ X such that for
z = v̄ − w̄ we have

‖z‖
‖P (t)z‖ ≤ 1

‖P (t)‖ + ε.

Therefore, ∥∥∥∥ v̄

‖v̄‖ − w̄

‖w̄‖
∥∥∥∥ ≤ 2‖z‖

‖P (t)z‖ ≤ 2
‖P (t)‖ + 2ε.

Since ε is arbitrary we obtain the upper bound for α(t). ��
In particular, α(t) ≥ e−κ|t|/D where κ = min{a, b} and D = min{D1, D2}.

One can easily verify that in the case of Hilbert spaces

α(t) = 2 sin(θ(t)/2),

where θ(t) is the angle between the subspaces E(t) and F (t). Thus,

θ(t) ≥ 2 sin(θ(t)/2) ≥ e−κ|t|/D,

that is, θ(t) cannot decrease more than exponentially. In the general case of
Banach spaces, the number α(t) in (2.18) can also be thought of as an “angle”
between the subspaces E(t) and F (t). We refer to [47] for a related discussion.

2.3 Existence of dichotomies and ergodic theory

We discuss here briefly the existence of nonuniform exponential dichotomies
and the relation of the notion with ergodic theory. A detailed description will
be given in latter chapters. Incidentally, we note that the proofs of Theo-
rems 2.5 and 2.6 depend on results in latter chapters. However, the theorems
are used nowhere in the book, and thus there is no danger of circular reason-
ing.

The following statement shows that nonuniform dichotomies are very com-
mon at least in finite-dimensional spaces. Set X = R

n. We assume that there
exists a decomposition R

n = E ⊕F (independent of t), with respect to which
A(t) is a n × n matrix with the block form

A(t) =
(

B(t) 0
0 C(t)

)
for t ≥ 0. (2.19)
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Given v0 ∈ R
n, we define the Lyapunov exponent of v0 by

λ(v0) = lim sup
t→+∞

1
t

log ‖v(t)‖,

where v(t) is the solution of (2.1) with v(0) = v0. We make the convention
that log 0 = −∞.

Theorem 2.5 ([13]). Assume that A(t) is a n×n matrix with the block form
in (2.19) for t ≥ 0. If λ(v0) < 0 for every v0 ∈ E, and λ(v0) ≥ 0 for every
v0 ∈ F \ {0}, then the linear equation v′ = A(t)v admits a strong nonuniform
exponential dichotomy in R

+.

Theorem 2.5 is an immediate consequence of Theorem 10.6, that also ad-
dresses the question of estimating the numbers in (2.6). Namely, these numbers
will be related with the Lyapunov exponents. We refer to Section 12.4 for a
related discussion in the infinite-dimensional setting of Hilbert spaces.

In the construction of invariant manifolds in the following chapters, we
need the numbers a and b in (2.7) or (2.17) to be sufficiently small when
compared to the “Lyapunov exponents”, that is, to the constants a, a, b, and b
in (2.6). We note that, however, we never need them to be zero (in which case
we would have a uniform dichotomy). This smallness assumption means that
the nonuniformity of the dichotomy is sufficiently small when compared to
these constants. It turns out that at least from the point of view of ergodic
theory, the constants a and b can be made arbitrarily small almost always. To
formulate a rigorous statement, we recall that a flow Ψt : M → M is said to
preserve a measure μ on M if μ(ΨtA) = μ(A) for every measurable set A ⊂ M
and every t ∈ R.

Theorem 2.6. If F is a vector field of class C1 on a compact smooth Rie-
mannian manifold M whose flow Ψt preserves a finite measure μ on M , then
for μ-almost every x ∈ M the evolution operator T (t, s) = dxΨt(dxΨs)−1 de-
fined by the linear variational equation

v′ = Ax(t)v, with Ax(t) = dΨtxF

admits a strong nonuniform exponential dichotomy in R with arbitrarily small
a and b.

Proof. The statement can be obtained as an immediate consequence of The-
orem 10.22. For this it is sufficient to observe that the map x �→ ‖dxΨt‖ is
continuous and positive on the compact manifold M , and thus the condition
(10.62) holds automatically. ��

We refer to Section 10.6 for more general statements, whose proofs require
however the multiplicative ergodic theorem.
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Robustness of nonuniform exponential
dichotomies

We give in this chapter conditions for the robustness of nonuniform expo-
nential dichotomies in Banach spaces, in the sense that the existence of an
exponential dichotomy for a linear equation v′ = A(t)v persists under suf-
ficiently small linear perturbations. We also establish the continuous depen-
dence with the perturbation of the constants in the notion of dichotomy and
the “angles” between the stable and unstable subspaces. The proofs exhibit
(implicitly) the exponential dichotomies of the perturbed equations in terms
of fixed points of certain contractions. We emphasize that we do not need the
notion of admissibility (with respect to bounded nonlinear perturbations). We
also establish related results in the case of strong nonuniform exponential di-
chotomies. All the results are obtained in Banach spaces. The presentation
follows closely [18].

3.1 Robustness in semi-infinite intervals

We discuss in this section the robustness of nonuniform exponential di-
chotomies in semi-infinite intervals. We refer to Section 3.3 for the case of
dichotomies in R.

3.1.1 Formulation of the results

We continue to consider the equation in (2.1), and we assume that (2.2) holds.
Also, we continue to denote by T (t, s) the associated evolution operator. When
equation (2.1) has a nonuniform exponential dichotomy, we say that the di-
chotomy is robust in a given class of (sufficiently small) perturbations if for
B in this class the equation

v′ = [A(t) + B(t)]v (3.1)

still has a nonuniform exponential dichotomy.
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With the notation in (2.4) we set

c = min{−a, b}, ϑ = max{a, b}, and D = max{D1, D2}. (3.2)

We also write

c̃ = c
√

1 − 2δD/c and D̃ =
D

1 − δD/(c̃ + c)
. (3.3)

The following is the main robustness result. We consider dichotomies in
an interval J = [�,+∞) with � ≤ 0.

Theorem 3.1 ([18]). Let A,B : J → B(X) be continuous functions such
that:

1. equation (2.1) admits a nonuniform exponential dichotomy in the inter-
val J with ϑ < c;

2. ‖B(t)‖ ≤ δe−2ϑ|t| for every t ∈ J .

If δ is sufficiently small, then equation (3.1) admits a nonuniform exponential
dichotomy in J , with the constants c, ϑ, and D replaced respectively by c̃, 2ϑ,
and 4DD̃.

The proof of Theorem 3.1 is given at the end of Section 3.1.2. Note that
setting θ = 2δD/c the constants in (3.3) satisfy

c̃ = c

(
1 − 1

2
θ − 1

8
θ2 − · · ·

)
= c − δD − δ2D2

2c
− · · ·

and

D̃ = D

(
1 +

1
4
θ +

1
8
θ2 + · · ·

)
= D +

δD2

2c
+

δ2D3

2c2
+ · · · .

It should be noted that, by considering the constants in (2.4) instead of those
in (3.2), in general we could in principle obtain better estimates for the ex-
pansion and contraction rates of the nonuniform exponential dichotomy for
the perturbed equation (3.1). However, particularly due to the nonuniformity,
this would require heavier computations which would hide the main princi-
ples of our approach. Instead, we prefer to present a clear approach aimed at
showing the “qualitative nature” of the robustness of nonuniform exponential
dichotomies, without a lengthy discussion about optimal constants.

We also establish a weaker statement with slightly weaker hypotheses.
Namely, in the following theorem we obtain norm bounds along the stable
and unstable directions for the perturbed equation (3.1). However, we give no
information about the norms of the projections for the perturbed equation.
This requires slightly stronger hypotheses and is included in the statement of
Theorem 3.1. We shall denote by T̂ (t, s) the evolution operator associated to
equation (3.1).
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Theorem 3.2 ([18]). Let A,B : J → B(X) be continuous functions such that
equation (2.1) admits a nonuniform exponential dichotomy in J with ϑ < c,
and assume that ‖B(t)‖ ≤ δe−ϑ|t| for every t ∈ J . If

θ = 2δD/c < 1, (3.4)

then there exist projections P̂ (t) : X → X for each t ∈ J such that

T̂ (t, s)P̂ (s) = P̂ (t)T̂ (t, s), t ≥ s, (3.5)

and
‖T̂ (t, s)| Im P̂ (s)‖ ≤ D̃e−c̃(t−s)+ϑ|s|, t ≥ s, (3.6)

‖T̂ (t, s)| Im Q̂(s)‖ ≤ D̃e−c̃(s−t)+ϑ|s|, s ≥ t, (3.7)

where Q̂(t) = Id−P̂ (t) is the complementary projection of P̂ (t).

We will start by proving this weaker statement in the following section.
We note that to obtain Theorem 3.1 from Theorem 3.2 it remains to obtain
sharp bounds for the norms of the projections P̂ (t) and Q̂(t).

Some of the arguments are inspired by work of Popescu in [75] in the case of
uniform exponential dichotomies. Incidentally, we note that he uses the notion
that is sometimes called admissibility, while we do not need this notion, of
course independently of its interest in other situations. This notion goes back
to Perron and refers to the characterization of the existence of an exponential
dichotomy in terms of the existence and uniqueness of bounded solutions of
the equation v′ = A(t)v +f(t) for f(t) in a certain class of bounded nonlinear
perturbations. This property is called the admissibility of the pair of spaces in
which we respectively take the perturbation and look for the solutions. One
can also consider the admissibility of other pairs of spaces.

We note that in the case of uniform exponential dichotomies the study
of robustness has a long history. In particular, the robustness was discussed
by Massera and Schäffer [59] (building on earlier work of Perron [69]; see
also [60]), Coppel [31], and in the case of Banach spaces by Dalec′kĭı and
Krĕın [33], with different approaches and successive generalizations. The con-
tinuous dependence of the projections for the exponential dichotomies of the
perturbed equations was obtained by Palmer [68]. For more recent works we
refer to [25, 64, 75, 74] and the references therein (since we are dealing with
nonuniform exponential dichotomies we refrain to be more detailed on the
literature). In particular, Chow and Leiva [25] and Pliss and Sell [74] con-
sidered the context of linear skew-product semiflows and gave examples of
applications in the infinite-dimensional setting, including to parabolic partial
differential equations and functional differential equations. We emphasize that
all these works consider only the case of uniform exponential dichotomies.

3.1.2 Proofs

We shall divide the proof of Theorem 3.2 into several steps. We first prove
some auxiliary results.
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Step 1. Construction of bounded solutions

Set
G = {(t, s) ∈ J × J : t ≥ s},

and consider the space

C = {U : G → B(X) : U is continuous and ‖U‖ < ∞} (3.8)

with the norm

‖U‖ = sup{‖U(t, s)‖e−ϑ|s| : (t, s) ∈ G}. (3.9)

Lemma 3.3. The equation Z ′ = (A(t) + B(t))Z has a unique solution U ∈ C

such that for each (t, s) ∈ G,

U(t, s) = T (t, s)P (s) +
∫ t

s

T (t, τ)P (τ)B(τ)U(τ, s) dτ

−
∫ ∞

t

T (t, τ)Q(τ)B(τ)U(τ, s) dτ.

(3.10)

Proof of the lemma. Assume that some function U ∈ C satisfies (3.10). Then
t �→ U(t, s) is differentiable (since t �→ T (t, s) is differentiable), and taking
derivatives with respect to t in (3.10) a simple computation shows that t �→
U(t, s)ξ, t ≥ s is a solution of equation (3.1) for each ξ ∈ X. Thus, we must
show that the operator L defined by

(LU)(t, s) = T (t, s)P (s) +
∫ t

s

T (t, τ)P (τ)B(τ)U(τ, s) dτ

−
∫ ∞

t

T (t, τ)Q(τ)B(τ)U(τ, s) dτ

(3.11)

has a unique fixed point in the space C. We have

‖(LU)(t, s)‖ ≤ ‖T (t, s)P (s)‖

+
∫ t

s

‖T (t, τ)P (τ)‖ · ‖B(τ)‖ · ‖U(τ, s)‖ dτ

+
∫ ∞

t

‖T (t, τ)Q(τ)‖ · ‖B(τ)‖ · ‖U(τ, s)‖ dτ

≤ De−c(t−s)+ϑ|s| + Dδeϑ|s|‖U‖
∫ t

s

e−c(t−τ) dτ

+ Dδeϑ|s|‖U‖
∫ ∞

t

e−c(τ−t) dτ.

(3.12)

Since c > 0, in view of (3.4) this implies that
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‖LU‖ ≤ D + θ‖U‖ < ∞.

Therefore, we have a well-defined operator L : C → C. Using the identity (3.11)
for U1, U2 ∈ C, and proceeding in a similar manner to that in (3.12) we obtain

‖LU1 − LU2‖ ≤ θ‖U1 − U2‖.
It follows from (3.4) that L is a contraction, and thus there exists a unique
U ∈ C such that LU = U . This completes the proof of the lemma. ��
Lemma 3.4. For any t ≥ τ ≥ s in J we have

U(t, τ)U(τ, s) = U(t, s).

Proof of the lemma. Write

X(t, s) = T (t, s)P (s)B(s) and Y (t, s) = T (t, s)Q(s)B(s).

Since P (t) and Q(t) are complementary projections, it follows from (2.3) to-
gether with (3.10) that U(t, τ)U(τ, s) is equal to

T (t, τ)P (τ)T (τ, s)P (s)

+ T (t, τ)P (τ)
(∫ τ

s

X(τ, u)U(u, s) du −
∫ ∞

τ

Y (τ, u)U(u, s) du

)
+
(∫ t

τ

X(t, u)U(u, τ) du −
∫ ∞

t

Y (t, u)U(u, τ) du

)
U(τ, s),

and thus,

U(t, τ)U(τ, s) = T (t, s)P (s) +
∫ τ

s

X(t, u)U(u, s) du

+
∫ t

τ

X(t, u)U(u, τ)U(τ, s) du −
∫ ∞

t

Y (t, u)U(u, τ)U(τ, s) du.

Using again (3.10) this yields

U(t, τ)U(τ, s) − U(t, s) =
∫ τ

s

X(t, u)U(u, s) du

+
∫ t

τ

X(t, u)U(u, τ)U(τ, s) du

−
∫ ∞

t

Y (t, u)U(u, τ)U(τ, s) du

−
∫ t

s

X(t, u)U(u, s) du +
∫ ∞

t

Y (t, u)U(u, s) du

=
∫ t

τ

X(t, u)[U(u, τ)U(τ, s) − U(u, s)] du

−
∫ ∞

t

Y (t, u)[U(u, τ)U(τ, s) − U(u, s)] du.



32 3 Robustness of nonuniform exponential dichotomies

Setting
Z(u) = U(u, τ)U(τ, s) − U(u, s), (3.13)

we can rewrite the above identity in the form

Z(t) =
∫ t

τ

X(t, u)Z(u) du −
∫ ∞

t

Y (t, u)Z(u) du. (3.14)

For each fixed τ ≥ s in J , we consider the operator N defined by

(NW )(t) =
∫ t

τ

X(t, u)W (u) du −
∫ ∞

t

Y (t, u)W (u) du, (3.15)

in the Banach space

E = {W : [τ,+∞) → B(X) : W is continuous and ‖W‖ < ∞} (3.16)

with the supremum norm ‖W‖ = sup{‖W (u)‖ : u ∈ [τ,+∞)}. By (3.15),

‖(NW )(t)‖ ≤ D

∫ t

τ

e−c(t−u)+ϑ|u|‖B(u)‖ · ‖W (u)‖ du

+ D

∫ ∞

t

e−c(u−t)+ϑ|u|‖B(u)‖ · ‖W (u)‖ du ≤ θ‖W‖,

and thus N(E) ⊂ E. Furthermore, proceeding in a similar manner we find that
for W1, W2 ∈ E,

‖NW1 − NW2‖ ≤ θ‖W1 − W2‖.
By hypothesis (3.4), N is a contraction, and hence there is a unique function
W ∈ E satisfying (3.14). On the other hand, 0 ∈ E also satisfies (3.14) and
thus we must have W = 0. By Lemma 3.3, the function Z in (3.13) is in E,
and since it also satisfies (3.14), we conclude that for any t ≥ τ ≥ s in J ,

Z(t) = U(t, τ)U(τ, s) − U(t, s) = 0.

Therefore, U(t, τ)U(τ, s) = U(t, s). ��

Step 2. Projections and invariance of the evolution operator

Recall that T̂ (t, s) denotes the evolution operator associated to equation (3.1).
For each t ∈ J we define the linear operators

P̂ (t) = T̂ (t, 0)U(0, 0)T̂ (0, t) and Q̂(t) = Id−P̂ (t). (3.17)

We want to show that the evolution operator admits a nonuniform exponen-
tial dichotomy with projections P̂ (t). We start by showing that the linear
operators P̂ (t) are indeed projections, leaving invariant T̂ (t, s).
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Lemma 3.5. The operator P̂ (t) is a projection for each t ∈ J , and (3.5)
holds.

Proof of the lemma. Set R = U(0, 0). By Lemma 3.4, we have R2 = R. Since
T̂ (t, t) = Id,

P̂ (t)P̂ (t) = T̂ (t, 0)RT̂ (0, t)T̂ (t, 0)RT̂ (0, t)

= T̂ (t, 0)R2T̂ (0, t) = P̂ (t),

and P̂ (t) is a projection. Moreover, for t ≥ s,

P̂ (t)T̂ (t, s) = T̂ (t, 0)RT̂ (0, t)T̂ (t, s)

= T̂ (t, s)T̂ (s, 0)RT̂ (0, s) = T̂ (t, s)P̂ (s).

This completes the proof. ��

Step 3. Characterization of bounded solutions

Lemma 3.6. Given s ∈ J , if y : [s,+∞) → X is a bounded solution of equa-
tion (3.1) with y(s) = ξ, then

y(t) = T (t, s)P (s)ξ +
∫ t

s

T (t, τ)P (τ)B(τ)y(τ) dτ

−
∫ ∞

t

T (t, τ)Q(τ)B(τ)y(τ) dτ.

Proof of the lemma. By the variation of constants formula, for t ≥ s in J ,

P (t)y(t) = T (t, s)P (s)ξ +
∫ t

s

T (t, τ)P (τ)B(τ)y(τ) dτ (3.18)

and

Q(t)y(t) = T (t, s)Q(s)ξ +
∫ t

s

T (t, τ)Q(τ)B(τ)y(τ) dτ. (3.19)

Equivalently, the last formula can be written in the form

Q(s)ξ = T (s, t)Q(t)y(t) −
∫ t

s

T (s, τ)Q(τ)B(τ)y(τ) dτ. (3.20)

Since y(t) is bounded, we have

‖T (s, t)Q(t)y(t)‖ ≤ CDe−c(t−s)+ϑ|t|,

where C = sup{‖y(t)‖ : t ≥ s in J} < ∞. Furthermore,∫ ∞

s

‖T (s, τ)Q(τ)‖ · ‖B(τ)‖ · ‖y(τ)‖ dτ ≤ DδC

∫ ∞

s

e−c(τ−s) dτ =
DδC

c
.
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Taking limits in (3.20) when t → +∞, since a > ϑ we obtain

Q(s)ξ = −
∫ ∞

s

T (s, τ)Q(τ)B(τ)y(τ) dτ.

It follows from (3.19) that

Q(t)y(t) = −
∫ ∞

s

T (t, τ)Q(τ)B(τ)y(τ) dτ +
∫ t

s

T (t, τ)Q(τ)B(τ)y(τ) dτ

= −
∫ ∞

t

T (t, τ)Q(τ)B(τ)y(τ) dτ.

The desired statement follows readily from adding this identity to (3.18).
��

Lemma 3.7. The function [s,+∞)∩ J � t �→ P̂ (t)T̂ (t, s) is bounded, and for
any t ≥ s in J we have

P̂ (t)T̂ (t, s) = T (t, s)P (s)P̂ (s) +
∫ t

s

T (t, τ)P (τ)B(τ)P̂ (τ)T̂ (τ, s) dτ

−
∫ ∞

t

T (t, τ)Q(τ)B(τ)P̂ (τ)T̂ (τ, s) dτ.

Proof of the lemma. By Lemma 3.3, the function t �→ U(t, 0)ξ, t ≥ 0 is a
solution of equation (3.1) with initial condition at time zero equal to U(0, 0)ξ.
Therefore,

U(t, 0) = T̂ (t, 0)U(0, 0).

By Lemma 3.5 (see (3.5)),

P̂ (t)T̂ (t, s) = T̂ (t, s)P̂ (s)

= T̂ (t, s)T̂ (s, 0)U(0, 0)T̂ (0, s)

= T̂ (t, 0)U(0, 0)T̂ (0, s) = U(t, 0)T̂ (0, s).

(3.21)

Again by Lemma 3.3, for each ξ ∈ X the function

y(t) = P̂ (t)T̂ (t, s)ξ = U(t, 0)T̂ (0, s)ξ

is a solution of (3.1). Furthermore, by the definition of the space C in (3.8)–
(3.9) this solution is bounded for t ≥ s, and by (3.21),

y(s) = U(s, 0)T̂ (0, s)ξ = P̂ (s)T̂ (s, s)ξ = P̂ (s)ξ.

The desired identity follows now readily from Lemma 3.6. ��
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Step 4. Auxiliary bounds

Lemma 3.8. Given s ∈ R and ς ∈ (s,+∞], let x : [s, ς) → [0,+∞) be a
continuous function satisfying

x(t) ≤ De−c(t−s)+ϑ|s|γ + δD

∫ t

s

e−c(t−τ)x(τ) dτ + δD

∫ ς

t

e−c(τ−t)x(τ) dτ

(3.22)
for every t ∈ [s, ς), and assumed to be bounded when ς = +∞. Then

x(t) ≤ D̃γe−c̃(t−s)+ϑ|s|, t ∈ [s, ς).

Proof of the lemma. We will show that x(t) ≤ Φ(t), where Φ(t) is any bounded
continuous function satisfying the integral equation

Φ(t) = De−c(t−s)+ϑ|s|γ + δD

∫ t

s

e−c(t−τ)Φ(τ) dτ + δD

∫ ς

t

e−c(τ−t)Φ(τ) dτ

(3.23)
for t ≥ s. Clearly, Φ(t) satisfies the differential equation

z′′ − c2(1 − θ)z = 0. (3.24)

Notice that −c̃ = −c
√

1 − θ is the negative root of the corresponding char-
acteristic equation. In order that Φ is a bounded function when ς = +∞, we
must have Φ(t) = Φ(s)e−c̃(t−s) (when ς < +∞ we simply take Φ(t) to be of
this form). Furthermore, by (3.23), substituting Φ(t) and setting t = s,

Φ(s) = Deϑ|s|γ + δDΦ(s)
∫ ς

s

e−(c+c̃)(τ−s) dτ = Deϑ|s|γ + Φ(s)
δD

c + c̃
.

Since c + c̃ > 0, this yields

Φ(s) =
D

1 − δD/(c̃ + c)
eϑ|s|γ,

and thus
Φ(t) = D̃γe−c̃(t−s)+ϑ|s|.

We now set z(t) = x(t)−Φ(t) for t ≥ s. It follows from (3.22) and (3.23) that

z(t) ≤ δD

∫ t

s

e−c(t−τ)z(τ) dτ + δD

∫ ς

t

e−c(τ−t)z(τ) dτ.

Set also z = supt≥s z(t). Since the functions x and Φ are bounded, z is finite,
and taking the supremum in the above inequality we obtain

z ≤ δDz sup
t≥s

∫ t

s

e−c(t−τ) dτ + δDz sup
t≥s

∫ ς

t

e−c(τ−t) dτ.

Hence, z ≤ θz. It follows from (3.4) that z ≤ 0, and thus z(t) ≤ 0, that is,
x(t) ≤ Φ(t) for t ≥ s. ��
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Lemma 3.9. Given s ∈ R and � ∈ [−∞, s), let y : (�, s] → [0,+∞) be a
continuous function satisfying

y(t) ≤ De−c(s−t)+ϑ|s|γ + δD

∫ t

�

e−c(t−τ)y(τ) dτ + δD

∫ s

t

e−c(τ−t)y(τ) dτ

(3.25)
for t ∈ (�, s], and assumed to be bounded when � = −∞. Then

y(t) ≤ D̃γe−c̃(s−t)+ϑ|s|, t ∈ (�, s].

Proof of the lemma. Proceeding in a similar manner to that in the proof
of Lemma 3.8 we can show that y(t) ≤ Ψ(t), where Ψ(t) is any bounded
continuous function satisfying

Ψ(t) = De−c(s−t)+ϑ|s|γ + δD

∫ t

�

e−c(t−τ)Ψ(τ) dτ + δD

∫ s

t

e−c(τ−t)Ψ(τ) dτ

for t ≤ s. Note first that Ψ(t) also satisfies the differential equation (3.24).
Substituting Ψ(t) = Ψ(s)e−c̃(s−t) in the above identity and setting t = s we
obtain

Ψ(s) = Deϑ|s|γ + δDΨ(s)
∫ s

�

e−(c+c̃)(s−τ) dτ ≤ Deϑ|s|γ + Ψ(s)
δD

c + c̃
.

Hence,

Ψ(s) ≤ D

1 − δD/(c + c̃)
eϑ|s|γ,

and Ψ(t) ≤ Ψ(s)e−c̃(s−t). Proceeding in a similar manner to that in Lemma 3.8
we find that

y(t) ≤ Ψ(t) ≤ D̃γe−c̃(s−t)+ϑ|s|.

This completes the proof of the lemma. ��

Step 5. Norm bounds for the evolution operator

We now estimate the norms of T̂ (t, s)| Im P̂ (s) for t ≥ s and T̂ (t, s)| Im Q̂(s)
for t ≤ s. We recall that the constants c̃ and D̃ are given by (3.3).

Lemma 3.10. The inequality (3.6) holds for every t ≥ s in J .

Proof of the lemma. Let ξ ∈ X. Setting

x(t) = ‖P̂ (t)T̂ (t, s)ξ‖
for t ≥ s, and γ = ‖P̂ (s)ξ‖ it follows from Lemma 3.7 and (2.5) that the
function x is bounded, and satisfies the inequality in (3.22) with � = +∞.
Therefore, by Lemma 3.8,
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‖P̂ (t)T̂ (t, s)ξ‖ ≤ D̃e−c̃(t−s)+ϑ|s|‖P̂ (s)ξ‖, t ≥ s.

By Lemma 3.5 we have

P̂ (t)T̂ (t, s) = T̂ (t, s)P̂ (s) = T̂ (t, s)P̂ (s)P̂ (s),

and hence, setting η = P̂ (s)ξ,

‖T̂ (t, s)P̂ (s)η‖ ≤ D̃e−c̃(t−s)+ϑ|s|‖η‖, t ≥ s.

This establishes the desired inequality. ��
Lemma 3.11. The inequality (3.7) holds for every t ≤ s in J .

Proof of the lemma. We first derive an equation for Q̂(t)T̂ (t, s). By the vari-
ation of constants formula, that is,

T̂ (t, s) = T (t, s) +
∫ t

s

T (t, τ)B(τ)T̂ (τ, s) dτ,

the function y(t) = T̂ (t, 0)Q̂(0) satisfies

y(t) = T (t, 0)Q̂(0) +
∫ t

0

T (t, τ)B(τ)y(τ) dτ. (3.26)

On the other hand, using (3.10) with t = s = 0,

P̂ (0) = U(0, 0) = P (0) −
∫ ∞

0

Q(0)T (0, τ)B(τ)U(τ, 0) dτ. (3.27)

Since P (0) and Q(0) are complementary projections, by (3.27) we have

P (0)P̂ (0) = P (0). (3.28)

Therefore,

Q(0)Q̂(0) = (Id−P (0))(Id−P̂ (0)) = Id−P̂ (0) = Q̂(0). (3.29)

It follows from (3.26) that

y(s) = T (s, 0)Q̂(0) +
∫ s

0

T (s, τ)B(τ)y(τ) dτ

= T (s, 0)Q(0)Q̂(0) +
∫ s

0

T (s, τ)B(τ)y(τ) dτ.

(3.30)

Multiplying (3.30) on the left by T (t, s)Q(s) and using again (3.29), we obtain

T (t, s)Q(s)y(s) = T (t, 0)Q(0)Q̂(0) +
∫ s

0

T (t, τ)Q(τ)B(τ)y(τ) dτ

= T (t, 0)Q̂(0) +
∫ s

0

T (t, τ)Q(τ)B(τ)y(τ) dτ.

(3.31)
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Combining (3.26) and (3.31) yields

y(t) = T (t, s)Q(s)y(s) −
∫ s

0

T (t, τ)Q(τ)B(τ)y(τ) dτ

+
∫ t

0

T (t, τ)B(τ)y(τ) dτ

= T (t, s)Q(s)y(s) +
∫ t

0

T (t, τ)P (τ)B(τ)y(τ) dτ

−
∫ s

t

T (t, τ)Q(τ)B(τ)y(τ) dτ.

(3.32)

On the other hand, it follows readily from Lemma 3.5 that

Q̂(t)T̂ (t, s) = T̂ (t, s)Q̂(s). (3.33)

Since y(τ) = T̂ (τ, 0)Q̂(0), we obtain

y(τ)T̂ (0, s) = Q̂(τ)T̂ (τ, s).

Thus, multiplying (3.32) on the right by T̂ (0, s) we find that for t ≤ s,

Q̂(t)T̂ (t, s) = T (t, s)Q(s)Q̂(s) +
∫ t

0

T (t, τ)P (τ)B(τ)Q̂(τ)T̂ (τ, s) dτ

−
∫ s

t

T (t, τ)Q(τ)B(τ)Q̂(τ)T̂ (τ, s) dτ.

(3.34)

Let now ξ ∈ X, and set

y(t) = ‖T̂ (t, s)Q̂(s)ξ‖
for t ≤ s in J , and γ = ‖Q̂(s)ξ‖. It follows readily from (3.34) and (3.33) that
the function y satisfies the inequality (3.25). Using Lemma 3.9 and proceeding
in a similar manner to that in the proof of Lemma 3.10 we readily obtain the
desired inequality. ��

We can now establish the robustness results.

Proof of Theorem 3.2. We have shown above that there exist projections P̂ (t)
(see (3.17)) leaving invariant the evolution operator T̂ (t, s) (see Lemma 3.5).
The corresponding norms bounds for T̂ (t, s)| Im P̂ (t) and T̂ (t, s)| Im Q̂(t) are
given respectively by Lemmas 3.10 and 3.11. This completes the proof of the
theorem. ��

Proof of Theorem 3.1. Applying Theorem 3.2 we obtain projections P̂ (t) satis-
fying (3.5) as well as the norm bounds in (3.6) and (3.7). We also obtain norm
bounds for the projections. We note that this is the only place in the proof
where the assumption ‖B(t)‖ ≤ δe−ϑ|t| in Theorem 3.2 must be replaced by
the new assumption ‖B(t)‖ ≤ δe−2ϑ|t|.
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Lemma 3.12. Provided that δ is sufficiently small, for any t ∈ J we have

‖P̂ (t)‖ ≤ 4Deϑ|t| and ‖Q̂(t)‖ ≤ 4Deϑ|t|. (3.35)

Proof of the lemma. By Lemma 3.7 with t = s, since P (t) and Q(t) are
complementary projections,

Q(t)P̂ (t) = −
∫ ∞

t

T (t, τ)Q(τ)B(τ)P̂ (τ)T̂ (τ, t) dτ. (3.36)

By Lemma 3.10 and Lemma 3.5 (see (3.5)) we have that for τ ≥ t in J ,

‖P̂ (τ)T̂ (τ, t)‖ ≤ D̃e−c̃(τ−t)+ϑ|t|‖P̂ (t)‖. (3.37)

By (3.36), using the second inequality in (2.5) we obtain

‖Q(t)P̂ (t)‖ ≤ δDD̃‖P̂ (t)‖
∫ ∞

t

e−c(τ−t)+ϑ|τ |e−2ϑ|τ |e−c̃(τ−t)+ϑ|t| dτ

≤ δDD̃‖P̂ (t)‖
∫ ∞

t

e−(c+c̃−ϑ)(τ−t) dτ =
DD̃δ

c + c̃ − ϑ
‖P̂ (t)‖,

(3.38)

since c > ϑ. Similarly, it follows from (3.34) with t = s that

P (t)Q̂(t) =
∫ t

0

T (t, τ)P (τ)B(τ)Q̂(τ)T̂ (τ, t) dτ. (3.39)

By Lemma 3.11 and (3.33) we have that for τ ≤ t in J ,

‖Q̂(τ)T̂ (τ, t)‖ ≤ D̃e−c̃(t−τ)+ϑ|t|‖Q̂(t)‖. (3.40)

By (3.39), using the first inequality in (2.5) we obtain

‖P (t)Q̂(t)‖ ≤ δDD̃‖Q̂(t)‖
∫ t

0

e−c(t−τ)+ϑ|τ |e−2ϑ|τ |e−c̃(t−τ)+ϑ|t| dτ

≤ δDD̃‖Q̂(t)‖
∫ t

0

e−(c+c̃−ϑ)(t−τ) dτ =
DD̃δ

c + c̃ − ϑ
‖Q̂(t)‖.

(3.41)

Observe now that

P̂ (t) − P (t) = P̂ (t) − P (t)P̂ (t) − P (t) + P (t)P̂ (t)

= (Id−P (t))P̂ (t) − P (t)(Id−P̂ (t))

= Q(t)P̂ (t) − P (t)Q̂(t).

(3.42)

It follows from (3.38) and (3.41) that

‖P̂ (t) − P (t)‖ ≤ δDD̃

c + c̃ − ϑ
(‖P̂ (t)‖ + ‖Q̂(t)‖). (3.43)
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On the other hand, by (2.5) with t = s, we have

‖P (t)‖ ≤ Deϑ|t| and ‖Q(t)‖ ≤ Deϑ|t|.

It follows from (3.43) that

‖P̂ (t)‖ ≤ ‖P̂ (t) − P (t)‖ + ‖P (t)‖

≤ δDD̃

c + c̃ − ϑ
(‖P̂ (t)‖ + ‖Q̂(t)‖) + Deϑ|t|,

and since ‖Q̂(t) − Q(t)‖ = ‖P̂ (t) − P (t)‖ we also have

‖Q̂(t)‖ ≤ ‖P̂ (t) − P (t)‖ + ‖Q(t)‖

≤ δDD̃

c + c̃ − ϑ
(‖P̂ (t)‖ + ‖Q̂(t)‖) + Deϑ|t|.

Therefore,

‖P̂ (t)‖ + ‖Q̂(t)‖ ≤ 2δDD̃

c + c̃ − ϑ
(‖P̂ (t)‖ + ‖Q̂(t)‖) + 2Deϑ|t|,

and (
1 − 2δDD̃

c + c̃ − ϑ

)
(‖P̂ (t)‖ + ‖Q̂(t)‖) ≤ 2Deϑ|t|.

Taking δ sufficiently small so that 2δDD̃/(c + c̃ − ϑ) ≤ 1/2 we obtain

‖P̂ (t)‖ + ‖Q̂(t)‖ ≤ 4Deϑ|t|.

This yields the desired inequalities. ��
Combining (3.37) with (3.35) we find that for τ ≥ t in J ,

‖P̂ (τ)T̂ (τ, t)‖ ≤ D̃e−c̃(τ−t)+ϑ|t|‖P̂ (t)‖ ≤ 4DD̃e−c̃(τ−t)+2ϑ|t|.

Similarly, combining (3.40) with (3.35) we find that for τ ≤ t in J ,

‖Q̂(τ)T̂ (τ, t)‖ ≤ D̃e−c̃(t−τ)+ϑ|t|‖Q̂(t)‖ ≤ 4DD̃e−c̃(t−τ)+2ϑ|t|.

This completes the proof of the theorem. ��

3.2 Stable and unstable subspaces

We now consider the stable and unstable subspaces E(t) and F (t) in (2.15),
and we study how they vary with the perturbation B(t). We recall that the di-
mensions dim E(t) and dimF (t) are independent of t. Under the hypotheses of
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Theorem 3.1, equation (3.1) admits a nonuniform exponential dichotomy, and
using the associated projections P̂ (t) (see (3.17)) we define linear subspaces

Ê(t) = P̂ (t)X and F̂ (t) = Q̂(t)X (3.44)

for each t ∈ J . These are respectively the stable and unstable subspaces at
time t associated to the exponential dichotomy of equation (3.1). The dimen-
sions dim Ê(t) and dim F̂ (t) are also independent of t.

Proposition 3.13. Under the hypotheses of Theorem 3.1, we have dim Ê(t) =
dimE(t) and dim F̂ (t) = dimF (t) for each t ∈ J .

Proof. In view of the above discussion, it is sufficient to consider t = 0. Fix
τ ∈ J and set

Z(t) = U(t, τ)(P (τ) − Id), t ≥ τ.

Using (3.10) it is simple to verify that Z satisfies (3.14). By Lemma 3.3, we
have Z ∈ E (see (3.16)) and proceeding as in the proof of Lemma 3.4 we find
that Z = 0, that is,

Z(t) = U(t, τ)(P (τ) − Id) = U(t, τ)P (τ) − U(t, τ) = 0.

In particular, setting t = τ = 0,

P̂ (0)P (0) = P̂ (0). (3.45)

We now consider the linear operators

S = Id−P (0) + P̂ (0) and T = Id +P (0) − P̂ (0).

It follows easily from (3.28) and (3.45) that ST = Id. Therefore, S is invertible
and S−1 = T . Furthermore, a simple computation shows that

SP (0)S−1 = SP (0)T = P̂ (0),

and P (0) and P̂ (0) are similar. The same happens with Q(0) and Q̂(0). In
particular,

dim E(0) = dim Ê(0) and dimF (0) = dim F̂ (0).

This implies the desired statement. ��
We now describe how the spaces Ê(t) and F̂ (t) vary with the perturbation

B(t), or more precisely with the parameter δ in Theorem 3.1. In view of
(3.44) this is equivalent to describe how the projections P̂ (t) vary with the
perturbation.

Proposition 3.14. Under the hypotheses of Theorem 3.1, for any t ≥ s in J
we have

‖P (t) − P̂ (t)‖ ≤ δ
8D2D̃

c + c̃
eϑ|t|. (3.46)

In particular, for each fixed t ∈ J we have P̂ (t) → P (t) as δ → 0.



42 3 Robustness of nonuniform exponential dichotomies

Proof. The inequality (3.46) follows immediately from (3.43) and (3.35). ��
We now define “angles” α(t) by (2.18), and

α̂(t) = inf{‖x − y‖ : inf{‖x − y‖ : x ∈ Ê(t), y ∈ F̂ (t), ‖x‖ = ‖y‖ = 1}.
By Proposition 2.4 we have

1
‖P (t)‖ ≤ α(t) ≤ 2

‖P (t)‖ and
1

‖P̂ (t)‖ ≤ α̂(t) ≤ 2
‖P̂ (t)‖ . (3.47)

It follows from Proposition 3.14 that

∣∣‖P (t)‖ − ‖P̂ (t)‖∣∣ ≤ ‖P (t) − P̂ (t)‖ ≤ δ
8D2D̃

c + c̃
eϑ|t|.

Hence, by (3.47), for each fixed t ∈ J ,

lim
δ→0

|α(t) − α̂(t)| ≤ 1
‖P (t)‖ ≤ α(t).

3.3 Robustness in the line

To establish the robustness of nonuniform exponential dichotomies in R, we
first need to consider separately the cases of exponential dichotomies in the
intervals J = [�,+∞) with � ≤ 0, and J = (−∞, ς] with ς ≥ 0. The first
type of interval was the object of Theorem 3.1. We now consider the second
interval simply by reversing time in the proof of this theorem. We continue to
consider the constants c̃ and D̃ in (3.3).

Theorem 3.15. The statement in Theorem 3.1 holds for the interval J =
(−∞, ς] with ς ≥ 0.

Proof. The proof is analogous to the proof of Theorem 3.1, and hence we will
only indicate the main differences. Set

H = {(t, s) ∈ J × J : t ≤ s},
and consider the Banach space

D = {V : H → B(X) : V is continuous and ‖V ‖ < ∞} (3.48)

with the norm

‖V ‖ = sup{‖V (t, s)‖e−ϑ|s| : (t, s) ∈ H}.
Similar arguments to those in the proofs of Lemmas 3.3 and 3.4 establish the
following statement.
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Lemma 3.16. The equation Z ′ = (A(t)+B(t))Z has a unique solution V ∈ D

such that for each (t, s) ∈ H,

V (t, s) = T (t, s)Q(s) −
∫ s

t

T (t, τ)Q(τ)B(τ)V (τ, s) dτ

+
∫ t

−∞
T (t, τ)P (τ)B(τ)V (τ, s) dτ.

(3.49)

Furthermore, V (s, τ)V (τ, t) = V (s, t) for any t ≥ τ ≥ s in H.

Let now T̂ (t, s) be the evolution operator associated to equation (3.1). For
each t ∈ J we consider the linear operators

Q̂(t) = T̂ (t, 0)V (0, 0)T̂ (0, t) and P̂ (t) = Id−Q̂(t).

Lemma 3.17. The operator P̂ (t) is a projection, and

P̂ (t)T̂ (t, s) = T̂ (t, s)P̂ (s), t ≥ s.

The proof of the lemma is analogous to the one of Lemma 3.5. To obtain
the norm bounds for T̂ (t, s)P̂ (s) when t ≥ s and T̂ (t, s)Q̂(t) when t ≤ s we
start with the following statement.

Lemma 3.18. Given s ∈ H, if y : (−∞, s] → X is a bounded solution of
equation (3.1) with y(s) = ξ, then

y(t) = T (t, s)Q(s)ξ −
∫ t

s

T (t, τ)Q(τ)B(τ)y(τ) dτ

+
∫ t

−∞
T (t, τ)P (τ)B(τ)y(τ) dτ.

Proof of the lemma. By the variation of constants formula, for t ≤ s in H,

P (s)ξ = T (s, t)P (t)y(t) +
∫ s

t

T (s, τ)P (τ)B(τ)y(τ) dτ (3.50)

and
Q(s)ξ = T (s, t)Q(t)y(t) +

∫ s

t

T (s, τ)Q(τ)B(τ)y(τ) dτ. (3.51)

Since y(t) is bounded, we have

‖T (s, t)P (t)y(t)‖ ≤ CDe−c(s−t)+ϑ|t|,

where C = sup{‖y(t)‖ : t ≤ s in H} < ∞. Furthermore,∫ s

−∞
‖T (s, τ)P (τ)‖ · ‖B(τ)‖ · ‖y(τ)‖ dτ ≤ DδC

∫ s

−∞
e−c(s−τ) dτ =

DδC

c
.
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Taking limits in (3.50) when t → −∞, since a > ϑ we obtain

P (s)ξ =
∫ s

−∞
T (s, τ)P (τ)B(τ)y(τ) dτ.

By (3.51) we conclude that

P (t)y(t) =
∫ s

−∞
T (t, τ)P (τ)B(τ)y(τ) dτ −

∫ s

t

T (t, τ)P (τ)B(τ)y(τ) dτ

=
∫ t

−∞
T (t, τ)Q(τ)B(τ)y(τ) dτ.

The desired statement follows from this identity and (3.51). ��
Proceeding as in the proof of Lemma 3.7 we obtain the following.

Lemma 3.19. The function (−∞, s] ∩ J � t �→ Q̂(t)T̂ (t, s) is bounded, and
for any t ≤ s in H we have,

Q̂(t)T̂ (t, s) = T (t, s)Q(s)Q̂(s) −
∫ s

t

T (t, τ)Q(τ)B(τ)T̂ (τ, s)Q̂(s) dτ

+
∫ t

−∞
T (t, τ)P (τ)B(τ)T̂ (τ, s)Q̂(s) dτ.

Lemma 3.20. We have

‖T̂ (t, s)| Im P̂ (s)‖ ≤ D̃e−c̃(t−s)+ϑ|s|, t ≥ s in H,

‖T̂ (t, s)| Im Q̂(s)‖ ≤ D̃e−c̃(s−t)+ϑ|s|, t ≤ s in H.

Proof of the lemma. The proof of the second statement is analogous to the
proof of Lemma 3.10. Namely, it follows from Lemma 3.19 that for each ξ ∈ X
the function y : (−∞, s] → [0,+∞) given by

y(t) = Q̂(t)T̂ (t, s)ξ

is a bounded solution of (3.1). Thus the desired inequality follows readily from
Lemma 3.9 with � = −∞.

The proof of the first statement is analogous to the proof of Lemma 3.11.
Namely, using similar arguments we can show that for t ≥ s,

P̂ (t)T̂ (t, s) = T (t, s)P (s)P̂ (s) +
∫ t

0

T (t, τ)Q(τ)B(τ)P̂ (τ)T̂ (τ, s) dτ

+
∫ t

s

T (t, τ)P (τ)B(τ)P̂ (τ)T̂ (τ, s) dτ.

The desired statement follows now easily from Lemma 3.8. ��
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Finally, for any sufficiently small δ, proceeding as in the proof of Lemma 3.12
we obtain the norm bounds

‖P̂ (t)‖ ≤ 4Deϑ|t| and ‖Q̂(t)‖ ≤ 4Deϑ|t|

for any t ∈ H. Combined with Lemma 3.20 we find that

‖T̂ (t, s)P̂ (s)‖ ≤ D̃e−c̃(t−s)+ϑ|s|‖P̂ (s)‖ ≤ 4DD̃e−c̃(t−s)+2ϑ|s|

for t ≥ s in H, and that

‖T̂ (t, s)Q̂(s)‖ ≤ D̃e−c̃(s−t)+ϑ|s|‖Q̂(s)‖ ≤ 4DD̃e−c̃(s−t)+2ϑ|s|.

for t ≤ s in H. This completes the proof of the theorem. ��
We now consider the case of dichotomies in the interval R.

Theorem 3.21 ([18]). The statement in Theorem 3.1 holds for J = R.

Proof. Consider the sets

G = {(t, s) ∈ R × R : t ≥ s} and H = {(t, s) ∈ R × R : t ≤ s}.
We also consider the spaces C and D in (3.8) and (3.48) associated respec-
tively with G and H. We note that by repeating arguments in the proofs of
Theorems 3.2 and 3.15 using these sets we find that the operators

P̂+(t) := T̂ (t, 0)U(0, 0)T̂ (0, t), Q̂−(t) := T̂ (t, 0)V (0, 0)T̂ (0, t)

are projections for each t ∈ R, such that for every t, s ∈ R,

P̂+(t)T̂ (t, s) = T̂ (t, s)P̂+(s), Q̂−(t)T̂ (t, s) = T̂ (t, s)Q̂−(s),

and

‖T̂ (t, s)| Im P̂+(s)‖ ≤ D̃e−c̃(t−s)+ϑ|s|, t ≥ s, (3.52)

‖T̂ (t, s)| Im Q̂−(s)‖ ≤ D̃e−c̃(s−t)+ϑ|s|, t ≤ s. (3.53)

Indeed, notice that Lemmas 3.8 and 3.9 hold respectively for functions of
the form x : [s,+∞) → [0,+∞) and y : (−∞, s] → [0,+∞), for any s ∈ R.
This allows us to establish respectively (3.52) (see the proof of Lemma 3.10)
and (3.53) (see the proof of Lemma 3.20). Using the identities

P (0)P̂+(0) = P (0), P̂+(0)P (0) = P̂+(0) (3.54)

(see (3.28) and (3.45)), and the corresponding

Q(0)Q̂−(0) = Q(0), Q̂−(0)Q(0) = Q̂−(0), (3.55)

we can establish the following statement.
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Lemma 3.22. If δ is sufficiently small, then the operator S = P̂+(0)+ Q̂−(0)
is invertible.

Proof of the lemma. Setting P̂−(0) = Id−Q̂−(0), it follows readily from (3.55)
that P (0)P̂−(0) = P̂−(0). Using also (3.54) we obtain

P̂+(0) + Q̂−(0) − Id = P̂+(0) − P (0) + P (0) − P̂−(0)

= P̂+(0) − P (0)P̂+(0) + P (0) − P (0)P̂−(0)

= Q(0)P̂+(0) + P (0)Q̂−(0).

By Lemma 3.16,

P (0)Q̂−(0) = P (0)V (0, 0) = −
∫ 0

−∞
T (0, τ)P (τ)B(τ)V (τ, 0) dτ,

and by Lemma 3.3,

Q(0)P̂+(0) = Q(0)U(0, 0) = −
∫ ∞

0

T (0, τ)Q(τ)B(τ)U(τ, 0) dτ.

To estimate the two integrals, we need to obtain the bounds for U(t, 0) when
t ≥ 0 and for V (t, 0) when t ≤ 0. Using (3.10) and (2.5) we obtain

‖U(t, 0)‖ ≤ ‖T (t, 0)P (0)‖ +
∫ t

0

‖T (t, τ)P (τ)‖ · ‖B(τ)‖ · ‖U(τ, 0)‖ dτ

+
∫ ∞

t

‖T (t, τ)Q(τ)‖ · ‖B(τ)‖ · ‖U(τ, 0)‖ dτ

≤ De−ct + Dδ

∫ t

0

e−c(t−τ)‖U(τ, 0)‖ dτ

+ Dδ

∫ ∞

t

e−c(τ−t)‖U(τ, 0)‖ dτ.

Setting x(t) = ‖U(t, 0)‖ and γ = 1, it follows from Lemma 3.8 that

‖U(t, 0)‖ ≤ D̃e−c̃t, t ≥ 0. (3.56)

To estimate V (t, 0) for t ≥ 0, we note that using (3.49) and again (2.5),

‖V (t, 0)‖ ≤ ‖T (t, 0)Q(0)‖ +
∫ 0

t

‖T (t, τ)Q(τ)‖ · ‖B(τ)‖ · ‖V (τ, 0)‖ dτ

+
∫ t

−∞
‖T (t, τ)P (τ)‖ · ‖B(τ)‖ · ‖V (τ, 0)‖ dτ

≤ Dect + Dδ

∫ 0

t

e−c(τ−t)‖V (τ, 0)‖ dτ

+ Dδ

∫ t

−∞
e−c(t−τ)‖V (τ, 0)‖ dτ.
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Setting x(t) = ‖V (t, 0)‖ and γ = 1, it follows from Lemma 3.9 (for functions
in the interval (−∞, s]) that

‖V (t, 0)‖ ≤ D̃ec̃t, t ≤ 0. (3.57)

It follows from (3.56) and (3.57) that

‖P̂+(0) + Q̂−(0) − Id ‖ ≤
∫ ∞

0

‖T (0, τ)Q(τ)‖ · ‖B(τ)‖ · ‖U(τ, 0)‖ dτ

+
∫ 0

−∞
‖T (0, τ)P (τ)‖ · ‖B(τ)‖ · ‖V (τ, 0)‖ dτ

≤ δDD̃

∫ ∞

0

e−(c+c̃)τ dτ + δDD̃

∫ 0

−∞
e(c+c̃)τ dτ

≤ 2δDD̃

c + c̃
.

Hence, taking δ sufficiently small, we can make ‖P̂+(0)+Q̂−(0)−Id ‖ as small
as desired, and thus S = P̂+(0) + Q̂−(0) becomes invertible. ��

For each t ∈ R we set

P̃ (t) = T̂ (t, 0)SP (0)S−1T̂ (0, t).

We have

P̃ (t)2 = T̂ (t, 0)P̃ (0)2T̂ (0, t) = T̂ (t, 0)SP (0)2S−1T̂ (0, t) = P̃ (t),

and P̃ (t) is a projection for each t. Furthermore,

T̂ (t, s)P̃ (s) = T̂ (t, 0)SP (0)S−1T̂ (0, s) = P̃ (t)T̂ (t, s). (3.58)

Thus, to show that equation (3.1) admits a nonuniform exponential dichotomy
in R with projections P̃ (t), it remains to obtain norm bounds for T̂ (t, s)P̃ (s)
when t ≥ s, and T̂ (t, s)Q̃(s) when t ≤ s. These will be a consequence of
(3.52)–(3.53). Observe first that by (3.54)–(3.55),

SP (0) = P̂+(0)P (0) + Q̂−(0)P (0) = P̂+(0),

SQ(0) = P̂+(0)Q(0) + Q̂−(0)Q(0) = Q̂−(0).

Therefore, setting

S(t) = T̂ (t, 0)ST̂ (0, t) = P̂+(t) + Q̂−(t),

we obtain

P̃ (t)S(t) = T̂ (t, 0)SP (0)S−1ST̂ (0, t)

= T̂ (0, t)SP (0)T̂ (0, t) = P̂+(t),
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and thus also Q̃(t)S(t) = Q̂−(t), where Q̃(t) = Id−P̃ (t). Therefore,

Im P̃ (t) ⊃ Im P̂+(t) and Im Q̃(t) ⊃ Im Q̂−(t).

Since S(t) is invertible it follows that indeed

Im P̃ (t) = Im P̂+(t) and Im Q̃(t) = Im Q̂−(t).

By (3.52) we obtain that for t ≥ s,

‖T̂ (t, s)P̃ (s)‖ ≤ ‖T̂ (t, s)| Im P̃ (s)‖ · ‖P̃ (s)‖
= ‖T̂ (t, s)| Im P̂+(s)‖ · ‖P̃ (s)‖
≤ D̃e−c̃(t−s)+ϑ|s|‖P̃ (s)‖.

(3.59)

Similarly, it follows from (3.53) that for t ≤ s,

‖T̂ (t, s)Q̃(s)‖ ≤ ‖T̂ (t, s)| Im Q̂−(s)‖ · ‖P̃ (s)‖
≤ D̃e−c̃(s−t)+ϑ|s|‖Q̃(s)‖.

(3.60)

Lemma 3.23. Provided that δ is sufficiently small, for any t ∈ R we have

‖P̃ (t)‖ ≤ 4Deϑ|t| and ‖Q̃(t)‖ ≤ 4Deϑ|t|.

Proof of the lemma. It follows from (3.59) that for each ξ ∈ X the function
y(t) = T̂ (t, s)P̃ (s)ξ, t ≥ s is bounded. Since y(s) = P̃ (s)ξ, it follows from
Lemma 3.6 that for t ≥ s,

P̃ (t)T̂ (t, s) = T (t, s)P (s)P̃ (s) +
∫ t

s

T (t, τ)P (τ)B(τ)P̃ (τ)T̂ (τ, s) dτ

−
∫ ∞

t

T (t, τ)Q(τ)B(τ)P̃ (τ)T̂ (τ, s) dτ.

Setting t = s, since P (t) and Q(t) are complementary projections we obtain

Q(t)P̃ (t) = −
∫ ∞

t

T (t, τ)Q(τ)B(τ)P̃ (τ)T̂ (τ, t) dτ.

By (3.59) and (3.58) we have that for τ ≥ t,

‖P̃ (τ)T̂ (τ, t)‖ ≤ D̃e−c̃(τ−t)+ϑ|t|‖P̃ (t)‖.

Proceeding as in (3.38) we obtain

‖Q(t)P̃ (t)‖ ≤ DD̃δ

c + c̃ − ϑ
‖P̃ (t)‖.
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Similarly, by (3.60), for each ξ ∈ X the function y(t) = T̂ (t, s)Q̃(s)ξ, t ≤ s

is bounded. Since y(s) = Q̃(s)ξ, it follows from Lemma 3.18 that for t ≤ s,

Q̃(t)T̂ (t, s) = T (t, s)Q(s)Q̃(s) −
∫ t

s

T (t, τ)Q(τ)B(τ)Q̃(τ)T̂ (τ, s) dτ

+
∫ t

−∞
T (t, τ)P (τ)B(τ)Q̃(τ)T̂ (τ, s) dτ.

Setting t = s we obtain

P (t)Q̃(t) =
∫ t

−∞
T (t, τ)P (τ)B(τ)Q̃(τ)T̂ (τ, t) dτ. (3.61)

By (3.60) and (3.58) we have that for τ ≤ t,

‖Q̃(τ)T̂ (τ, t)‖ ≤ D̃e−c̃(t−τ)+ϑ|t|‖Q̃(t)‖.

Therefore, in view of (3.61),

‖P (t)Q̃(t)‖ ≤ DD̃δ

c + c̃ − ϑ
‖Q̃(t)‖.

Observe now that replacing P̂ (t) by P̃ (t) in (3.42) we obtain

P̃ (t) − P (t) = Q(t)P̃ (t) − P (t)Q̃(t).

The desired statement can be obtained by repeating arguments in the proof
of Lemma 3.12, replacing P̂ (t) by P̃ (t) and Q̂(t) by Q̃(t). ��

The theorem follows readily from (3.59), (3.60), and Lemma 3.23. ��

3.4 The case of strong dichotomies

We now consider the problem of robustness of strong nonuniform exponential
dichotomies (see Definition 2.2). With the notation in (2.4) we continue to
consider the constants c, ϑ and D in (3.2), and the constants c̃ and D̃ in (3.3).
We also set

d = max{−a, b} and d̃ = d + 2Dδ.

The following is a robustness result for strong dichotomies in the line.

Theorem 3.24. Let A,B : R → B(X) be continuous functions such that:

1. equation (2.1) admits a strong nonuniform exponential dichotomy in R

with ϑ < a;
2. ‖B(t)‖ ≤ δe−2ϑ|t| for every t ∈ R.
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If δ is sufficiently small, then equation (3.1) admits a strong nonuniform expo-
nential dichotomy in R, with the constants c, d, ϑ and D replaced respectively
by c̃, d̃, 3ϑ and 8D2D̃.

Proof. Let P̂ (t) be the projections associated to the exponential dichotomy
in Theorem 3.21, and set Q̂(t) = Id−P̂ (t). In view of Theorem 3.21, it only
remains to show that the last two inequalities in (2.7) hold for the evolution
operator T̂ (t, s) of equation (3.1). By (3.58) we have

P̂ (t)T̂ (t, s) = T̂ (t, s)P̂ (s), t, s ∈ R.

Thus, by the variation of constants formula,

P̂ (t)T̂ (t, s) = T (t, s)P̂ (s) +
∫ t

s

T (t, τ)B(τ)P̂ (τ)T̂ (τ, s) dτ,

Q̂(t)T̂ (t, s) = T (t, s)Q̂(s) +
∫ t

s

T (t, τ)B(τ)Q̂(τ)T̂ (τ, s) dτ.

(3.62)

On the other hand, by Theorem 3.21,

‖P̂ (t)‖ ≤ 4DD̃e2ϑ|t| and ‖Q̂(t)‖ ≤ 4DD̃e2ϑ|t|.

By (2.7), for t ≤ s we have

‖T (t, s)‖ = ‖T (t, s)(P (s) + Q(s))‖
≤ ‖T (t, s)P (s)‖ + ‖T (t, s)Q(s)‖ ≤ 2Deb(s−t)+ϑ|s|.

(3.63)

Therefore,
‖T (t, s)P̂ (s)‖ ≤ 8D2D̃eb(s−t)+3ϑ|s|. (3.64)

Set now
x(t) = ‖T̂ (t, s)P̂ (s)‖.

Using (3.62), it follows from (3.63) and (3.64) that for t ≤ s,

x(t) ≤ 8D2D̃eb(s−t)+3ϑ|s| + 2Dδ

∫ s

t

eb(τ−t)−ϑ|τ |x(τ) dτ. (3.65)

Let Γ (τ) = x(τ)e−b(s−τ). Then, by (3.65),

Γ (t) ≤ 8D2D̃e3ϑ|s| + 2Dδ

∫ s

t

Γ (τ) dτ.

Setting w(z) = Γ (s − z) we obtain

w(s − t) ≤ 8D2D̃e3ϑ|s| + 2Dδ

∫ s−t

0

w(u) du,

and by Gronwall’s lemma,
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w(s − t) ≤ 8D2D̃e3ϑ|s|+2Dδ(s−t).

This yields
x(t) ≤ 8D2D̃e(b+2Dδ)(s−t)+3ϑ|s|.

We now estimate ‖T̂ (t, s)Q̂(t)‖. In a similar manner, using (2.7) we find
that for t ≥ s,

‖T (t, s)‖ ≤ 2Deb(t−s)+ϑ|s|, (3.66)

and thus
‖T (t, s)Q̂(s)‖ ≤ 8D2D̃eb(t−s)+3ϑ|s|. (3.67)

Setting
y(t) = ‖T̂ (t, s)Q̂(s)‖,

it follows from (3.66) and (3.67) that for t ≥ s,

y(t) ≤ 8D2D̃eb(t−s)+3ϑ|s| + 2Dδ

∫ t

s

eb(t−τ)−ϑ|τ |y(τ) dτ.

Proceeding as above we find that

y(t) ≤ 8D2D̃e(b+2Dδ)(t−s)+3ϑ|s|.

This completes the proof of the theorem. ��



Part II

Stable manifolds and topological conjugacies



4

Lipschitz stable manifolds

We want to construct stable and unstable invariant manifolds without assum-
ing the existence of a uniform exponential dichotomy for the linear variational
equation. Our main objective is to describe the weakest possible setting under
which one can construct the invariant manifolds. We still require some amount
of hyperbolicity. Namely, we show that under fairly general assumptions the
generalized notion of nonuniform exponential dichotomy allows us to estab-
lish the existence of stable and unstable invariant manifolds. In this chapter
we only consider “Lipschitz manifolds”, that is, graphs of Lipschitz functions.
We refer to Chapters 5 and 6 for the existence of smooth invariant manifolds
(respectively in R

n and in arbitrary Banach spaces), under slightly stronger
assumptions. We follow closely [12], although now considering the general case
when the stable and unstable subspaces may depend on the time t. Lipschitz
center manifolds were obtained with a similar approach in [8]; we refer to
Chapter 8 for the construction of smooth center manifolds.

4.1 Setup and standing assumptions

Let X be a Banach space and let A : R
+
0 → B(X) be a continuous function,

where B(X) is the set of bounded linear operators in X. We want to study
nonlinear perturbations of the equation v′ = A(t)v. Let f : R

+
0 × X → X be

a continuous function such that

f(t, 0) = 0 for every t ≥ 0. (4.1)

We assume that there exist constants c > 0 and q > 0 such that

‖f(t, u) − f(t, v)‖ ≤ c‖u − v‖(‖u‖q + ‖v‖q) (4.2)

for every t ≥ 0 and u, v ∈ X. One can easily verify that when f is differentiable
this is equivalent to the existence of constants c > 0 and q > 0 such that



56 4 Lipschitz stable manifolds∥∥∥∥∂f

∂v
(t, v)

∥∥∥∥ ≤ c‖v‖q for every t ≥ 0 and v ∈ X. (4.3)

The condition (4.2) may sometimes be obtained by choosing an appropriate
cut-off of the perturbation in a neighborhood of 0 ∈ X and using a Taylor
expansion of f , provided that the perturbation is sufficiently regular. We note
that since all norms in R

2 are equivalent, assuming that q > 1, the q-norm

‖(u, v)‖q = (‖u‖q + ‖v‖q)1/q

is equivalent to the 1-norm ‖u‖ + ‖v‖. In this case, one can thus replace
the factor ‖u‖q + ‖v‖q by (‖u‖ + ‖v‖)q in each inequality in (4.2), up to a
multiplicative constant.

Consider now the initial value problem

v′ = A(t)v + f(t, v), v(s) = vs, (4.4)

with s ≥ 0 and vs ∈ X. Note that v(t) ≡ 0 is a solution of (4.4). The
main objective in this chapter (see also Chapters 5 and 6) is to obtain stable
and unstable invariant manifolds for the equation (4.4). Given s ≥ 0 and
vs = (ξ, η) ∈ E(s) × F (s) we denote by

(x(t), y(t)) = (x(t, s, vs), y(t, s, vs)) ∈ E(t) × F (t) (4.5)

the unique solution of the problem (4.4) or, equivalently, of the problem

x(ρ) = U(ρ, s)ξ +
∫ ρ

s

U(ρ, r)f(r, x(r), y(r)) dr,

y(ρ) = V (ρ, s)η +
∫ ρ

s

V (ρ, r)f(r, x(r), y(r)) dr

(4.6)

for ρ ≥ s (see (2.16) for the definition of the operators U(t, s) and V (t, s)).
For each τ ≥ 0, we define

Ψτ (s, ξ, η) = (s + τ, x(s + τ, s, ξ, η), y(s + τ, s, ξ, η)). (4.7)

This is the semiflow generated by the equation in (4.4).

4.2 Existence of Lipschitz stable manifolds

The stable manifolds will be obtained as graphs of Lipschitz functions. We
first describe the class of Lipschitz functions that will be considered. Let

α = a(1 + 1/q) + b/q, (4.8)

with a and b as in (2.6). We fix δ > 0 and we consider the set of initial
conditions
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Xα = Xα(δ) = {(s, ξ) : s ≥ 0 and ξ ∈ Rs(δe−αs)}, (4.9)

where Rs(δ) ⊂ E(s) is the open ball of radius δ > 0 centered at zero. We
denote by Xα the space of continuous functions ϕ : Xα → X such that for
each s ≥ 0, we have

ϕ(s,Rs(δe−αs)) ⊂ F (s), ϕ(s, 0) = 0,

and

‖ϕ(s, x) − ϕ(s, y)‖ ≤ ‖x − y‖ for every x, y ∈ Rs(δe−αs). (4.10)

Given a function ϕ ∈ Xα we consider the graph of ϕ,

W = {(s, ξ, ϕ(s, ξ)) : (s, ξ) ∈ Xα} ⊂ R
+
0 × X. (4.11)

We refer to W as a Lipschitz manifold . Note that (s, 0) ∈ W (since ϕ(s, 0) = 0)
for every s ≥ 0. In particular, the set W contains the line R

+
0 × {0} and the

Lipschitz graph

Ws = {(s, ξ, ϕ(s, ξ)) : ξ ∈ Rs(δe−αs)}

for each fixed s ≥ 0. See Figure 4.1 for an illustration.

s

s + τ

E

F

(s, ξ, ϕ(s, ξ))

W

Ws

Ws+τ

p

Fig. 4.1. A local stable manifold W of the origin. In order that W is invariant under
the semiflow Ψτ we require that p = Ψτ (s, ξ, ϕ(s, ξ)). Here the subspaces E = E(t)
and F = F (t) are assumed to be independent of t.
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We also consider the constant

β = α + a = a(2 + 1/q) + b/q, (4.12)

and the corresponding sets Xβ and Xβ defined as before, simply replacing α
by β everywhere. We will show that there exists a function ϕ ∈ Xα such that
for every initial condition (s, ξ) ∈ Xβ ⊂ Xα the corresponding solution of
(4.4) is entirely contained in W. This means that for this particular ϕ the set
W is forward invariant under the semiflow Ψτ .

To establish the existence of a stable manifold W for the origin in equa-
tion (4.4), we make the following assumptions:

A1. the function A : R
+
0 → B(X) is continuous and satisfies (2.2);

A2. the function f : R
+
0 × X → X is continuous and satisfies (4.1) and (4.2)

for some c > 0 and q > 0.

We also assume the conditions

a + α < 0 and a + b < b. (4.13)

Note that both inequalities in (4.13) are automatically satisfied when a and b
are sufficiently small, and that the first is satisfied for a given a < |a| provided
that q is sufficiently large (that is, provided that the order of the perturbation
is sufficiently large).

The following statement concerns the existence of Lipschitz stable mani-
folds.

Theorem 4.1 ([12]). Assume that A1–A2 hold. If the equation v′ = A(t)v in
the Banach space X admits a nonuniform exponential dichotomy in R

+ and
the conditions in (4.13) hold, then there exist δ > 0 and a unique function ϕ ∈
Xα such that the set W in (4.11) is forward invariant under the semiflow Ψτ ,
that is,

if (s, ξ) ∈ Xβ then Ψτ (s, ξ, ϕ(s, ξ)) ∈ W for every τ ≥ 0. (4.14)

Furthermore:

1. for every (s, ξ) ∈ Xβ, we have

ϕ(s, ξ) = −
∫ +∞

s

V (τ, s)−1h(Ψτ−s(s, ξ, ϕ(s, ξ))) dτ ; (4.15)

2. there exists D > 0 such that for every s ≥ 0, ξ, ξ̄ ∈ Rs(δe−βs), and τ ≥ 0,

‖Ψτ (s, ξ, ϕ(s, ξ)) − Ψτ (s, ξ̄, ϕ(s, ξ̄))‖ ≤ Deaτ+as‖ξ − ξ̄‖. (4.16)

The proof of Theorem 4.1 is given in Section 4.4.
We call the set W in (4.11) a (Lipschitz) local stable manifold or simply a

(Lipschitz) stable manifold of the origin for the equation (4.4). In particular,
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setting ξ̄ = 0 in (4.16) we see that any solution of the initial value problem in
(4.4) starting in W, that is, with v(s) = (ξ, ϕ(s, ξ)) for some ξ ∈ Rs(δe−βs),
approaches the zero solution with exponential speed a (which is independent
of ξ). It also follows from Theorem 4.1 that if ξ ∈ Rs(δe−βs) then

y(ρ, Ψt(s, ξ, ϕ(s, ξ))) = ϕ(ρ, x(ρ, Ψt(s, ξ, ϕ(s, ξ)))) (4.17)

for every ρ ≥ s+t and t ≥ 0. The fact that the initial condition ξ must be taken
in a neighborhood of exponentially decreasing size Rs(δe−βs), with respect to
the initial time s, is a manifestation of the exponential terms eas and ebt in the
norm bounds in (2.5) for the operators U(t, s) and V (t, s). Roughly speaking,
this means that the size of the neighborhood of initial conditions for which
there exists a bounded solution of the differential equation v′ = A(t)v+f(t, v)
decreases essentially with the same exponential speed with which increases the
loss of control of the norm of the operators U(t, s) and V (t, s) for the linear
equation v′ = A(t)v. It should be noted that although these sizes may vary
with exponential speed, if the constants a and b are sufficiently small, the
speed will be small when compared to the Lyapunov exponents.

4.3 Nonuniformly hyperbolic trajectories

We now explain how Theorem 4.1 can be used to establish the existence of sta-
ble manifolds for nonuniformly hyperbolic solutions of a differential equation.
Consider a C1 function F : R

+
0 × X → X and the equation

v′ = F (t, v). (4.18)

Let now v0(t) be a solution of (4.18). We say that v0(t) is nonuniformly
hyperbolic if the linear equation defined by

A(t) =
∂F

∂v
(t, v0(t)) (4.19)

admits a nonuniform exponential dichotomy in R
+. We continue to assume

that A(t) satisfies (2.2), that is, all solutions of v′ = A(t)v are global.

Theorem 4.2. Assume that F is of class C1 and let v0(t) be a nonuniformly
hyperbolic solution of (4.18) such that there exist c > 0 and q > 0 such that
for every t ≥ 0 and y ∈ X,∥∥∥∥∂F

∂v
(t, y + v0(t)) − A(t)

∥∥∥∥ ≤ c‖y‖q. (4.20)

If the conditions (4.13) hold, then there exist δ > 0 and a unique function
ϕ ∈ Xβ such that the set

W = {(s, ξ, ϕ(s, ξ)) + (0, v0(s)) : (s, ξ) ∈ Xα} (4.21)

satisfies the following properties:
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1. W is forward invariant under solutions of (4.18), that is, if

(s, vs) ∈ {(s, ξ, ϕ(s, ξ)) + (0, v0(s)) : (s, ξ) ∈ Xβ},

then (t, v(t)) ∈ W for every t ≥ s, where v(t) = v(t, vs) is the unique
solution of (4.18) for t ≥ s with v(s) = vs;

2. there exists D > 0 such that for every s ≥ 0, (s, vs), (s, v̄s) ∈ W, and
t ≥ s we have

‖v(t, vs) − v(t, v̄s)‖ ≤ Dea(t−s)+as‖vs − v̄s‖.

Proof. We shall reduce the study of the equation (4.18) to that of (4.4).
For this we consider the change of variables (t, y) = (t, v − v0(t)). Letting
y(t) = v(t) − v0(t), where v(t) is a solution of (4.18), we obtain

y′(t) = F (t, v(t)) − F (t, v0(t))
= F (t, y(t) + v0(t)) − F (t, v0(t)) = A(t)y(t) + G(t, y(t)),

where
G(t, y) = F (t, y + v0(t)) − F (t, v0(t)) − A(t)y. (4.22)

By hypothesis A(t) satisfies the assumption A1. Furthermore, it follows from
(4.22) that G is continuous and clearly G(t, 0) = 0 for every t ≥ 0. It remains
to establish property (4.2). For this we note that

‖G(t, y) − G(t, z)‖ ≤ sup
r∈[0,1],i=1,...,n

∥∥∥∥∂Gi

∂y
(t, y + r(z − y))

∥∥∥∥ · ‖y − z‖,

where G = (G1, . . . , Gn). Since

∂G

∂y
(t, y) =

∂F

∂v
(t, y + v0(t)) − A(t)

for every t ≥ 0 and y ∈ X, we obtain

‖G(t, y) − G(t, z)‖ ≤ c sup
r∈[0,1]

‖y + r(z − y)‖q‖y − z‖

≤ cmax{‖y‖q, ‖z‖q}‖y − z‖
≤ c(‖y‖q + ‖z‖q)‖y − z‖.

Thus, the function G satisfies the assumption A2. We can now apply Theo-
rem 4.1 to obtain the desired statement. ��

We call the set W in (4.21) a (Lipschitz) local stable manifold or simply a
(Lipschitz) stable manifold of the solution v0(t) (of the equation (4.18)).
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4.4 Proof of the existence of stable manifolds

4.4.1 Preliminaries

The approach to the proof of Theorem 4.1 can be considered classical, and
consists in looking for W as the graph of a Lipschitz function ϕ, while using
the differential equation to express the forward invariance of the graph under
the dynamics to conclude that ϕ must satisfy a fixed point problem. Never-
theless, to implement this approach in the present context presents additional
difficulties, due to the nonuniformity of the exponential behavior of the evolu-
tion operators. In particular, the customary application of Gronwall’s lemma
need not always provide a control of the stable component of the solution.

In view of the desired forward invariance of W under solutions of the
equation in (4.4) (see (4.14)), any solution with initial condition in W at time
s ≥ 0 must remain in W for every t ≥ s and thus must be of the form

(x(t), ϕ(t, x(t))) ∈ E(t) × F (t) for every t ≥ s.

In particular, the equations in (4.6) can be replaced by

x(t) = U(t, s)x(s) +
∫ t

s

U(t, τ)f(τ, x(τ), ϕ(τ, x(τ))) dτ, (4.23)

ϕ(t, x(t)) = V (t, s)ϕ(s, x(s)) +
∫ t

s

V (t, τ)f(τ, x(τ), ϕ(τ, x(τ))) dτ. (4.24)

We equip the space Xα (see Section 4.2 for the definition) with the norm

‖ϕ‖ = sup
{
‖ϕ(t, x)‖/‖x‖ : t ≥ 0 and x ∈ Rt(δe−αt) \ {0}

}
. (4.25)

Note that ‖ϕ‖ ≤ 1 for every ϕ ∈ Xα. Furthermore, given t ≥ 0 and x �= 0, we
have

‖ϕ(t, x)‖ ≤ δe−αt‖ϕ(t, x)‖/‖x‖ ≤ δ‖ϕ‖ ≤ δ

for every ϕ ∈ Xα. This readily implies that Xα is a complete metric space
with the distance induced by ‖·‖. For technical reasons, we also consider the
space X∗

α of continuous functions ϕ : X∗
α → X, where

X∗
α = {(s, ξ) : s ≥ 0 and ξ ∈ E(s)}, (4.26)

such that ϕ|Xα ∈ Xα and

ϕ(s, ξ) = ϕ(s, δe−αsξ/‖ξ‖) whenever s ≥ 0 and ξ �∈ Rs(δe−αs).

There is a one-to-one correspondence between functions in Xα and functions
in X∗

α: one can easily verify that each function ϕ ∈ Xα extends uniquely to a
Lipschitz function ϕ̄ on Zα with

‖ϕ̄(s, x) − ϕ̄(s, y)‖ ≤ ‖x − y‖ for every x, y ∈ Rs(δe−αs). (4.27)

In particular X∗
α is also a Banach space with the norm X∗

α � ϕ �→ ‖ϕ|Xα‖.
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Lemma 4.3. For each ϕ ∈ X∗
α and s ≥ 0 we have

‖ϕ(s, x) − ϕ(s, y)‖ ≤ 2‖x − y‖ for every x, y ∈ E(s).

Proof. In view of (4.27) we may assume that x �∈ Rs(δe−αs). We first consider
the case when also y �∈ Rs(δe−αs). Setting c = δe−αs, we obtain

‖ϕ(s, x) − ϕ(s, y)‖ =
∥∥∥∥ϕ(s, c

x

‖x‖
)
− ϕ

(
s, c

y

‖y‖
)∥∥∥∥ ≤ c

∥∥∥∥ x

‖x‖ − y

‖y‖
∥∥∥∥ .

Since ∥∥∥∥ x

‖x‖ − y

‖y‖
∥∥∥∥ =

‖(x − y)‖y‖ + y(‖y‖ − ‖x‖)‖
‖x‖ · ‖y‖ ≤ 2‖x − y‖

‖x‖ ,

we have
‖ϕ(s, x) − ϕ(s, y)‖ ≤ 2‖x − y‖.

Let now y ∈ Rs(δe−αs) and take κ ∈ [0, 1) such that z = κx + (1 − κ)y has
norm ‖z‖ = c. Then

‖ϕ(s, x) − ϕ(s, y)‖ ≤ ‖ϕ(s, x) − ϕ(s, z)‖ + ‖ϕ(s, z) − ϕ(s, y)‖
≤ ‖x − z‖ + 2‖z − y‖
= ‖x − y‖ + ‖z − y‖ ≤ 2‖x − y‖.

This completes the proof. ��
We note that in the case of Hilbert spaces one can easily verify that given

ϕ ∈ X∗
α and s ≥ 0 we have

‖ϕ(s, x) − ϕ(s, y)‖ ≤ ‖x − y‖ for every x, y ∈ E(s).

4.4.2 Solution on the stable direction

The proof of Theorem 4.1 is obtained in several steps. We first establish the
existence of a unique function x(t) = xϕ(t) satisfying (4.23) for each given
ϕ ∈ X∗

α. By (4.13) we have

T1 := qa + a < 0. (4.28)

Lemma 4.4. There exists R > 0 such that for every δ > 0 sufficiently small:

1. for each ϕ ∈ X∗
α, given (s, ξ) ∈ Xα there exists a unique continuous

function x = xϕ : [s,+∞) → X with xϕ(s) = ξ, satisfying xϕ(t) ∈ E(t)
and (4.23) for every t ≥ s;

2. the function xϕ satisfies

‖xϕ(t)‖ ≤ Rea(t−s)+as‖ξ‖ for every t ≥ s. (4.29)
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Proof. Given δ > 0 and s ≥ 0, we consider the space

B = {x : [s,+∞) → X continuous: x(t) ∈ E(t) for t ≥ s and ‖x‖′ ≤ δe−αs},

with the norm

‖x‖′ =
1

2D1
sup{‖x(t)‖e−a(t−s)−as : t ≥ s},

where D1 ≥ 1 is the constant in (2.5). One can easily verify that with the
distance induced by this norm B is a complete metric space. Given ϕ ∈ X∗

α

and s ≥ 0, we can define the operator

(Jx)(t) =
∫ t

s

U(t, τ)f(τ, x(τ), ϕ(τ, x(τ))) dτ

for each x ∈ B. Clearly, (Jx)(t) ∈ E(t) for every t ≥ s. Given x, y ∈ B and
τ ≥ s, it follows from Lemma 4.3 that

‖(x(τ), ϕ(τ, x(τ)))‖ = ‖(x(τ), ϕ(τ, x(τ)) − ϕ(τ, 0))‖ ≤ 3‖x(τ)‖, (4.30)

and

‖(x(τ), ϕ(τ, x(τ))) − (y(τ), ϕ(τ, y(τ)))‖ ≤ 3‖x(τ) − y(τ)‖. (4.31)

Therefore, by (4.2),

‖f(τ, x(τ), ϕ(τ, x(τ))) − f(τ, y(τ), ϕ(τ, y(τ)))‖
≤ c3q+1‖x(τ) − y(τ)‖(‖x(τ)‖q + ‖y(τ)‖q)

≤ 2D1+q
1 c 6q+1δqea(q+1)(τ−s)−bs‖x − y‖′.

(4.32)

By the first inequality in (2.17) we obtain

‖(Jx)(t) − (Jy)(t)‖

≤
∫ t

s

‖U(t, τ)‖ · ‖f(τ, x(τ), ϕ(τ, x(τ))) − f(τ, y(τ), ϕ(τ, y(τ)))‖ dτ

≤ 2D1+q
1 c 6q+1δq‖x − y‖′

∫ t

s

D1e
a(t−τ)+aτea(q+1)(τ−s)−bs dτ

≤ 2D2+q
1 c 6q+1δq‖x − y‖′ea(t−s)+as−bs

∫ ∞

s

e(qa+a)(τ−s) dτ

≤ 2D2+q
1 c 6q+1δq‖x − y‖′ea(t−s)+as

∫ ∞

s

eT1(τ−s) dτ,

with T1 < 0 as in (4.28). Therefore

‖Jx − Jy‖′ ≤ θ‖x − y‖′, (4.33)
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where
θ = c 6q+1D1+q

1 δq/|T1|.
We now choose δ > 0 sufficiently small, independently of s, so that θ < 1/2.
Given ξ ∈ Rs(δe−αs) we consider the operator J̄ on the space B defined by

(J̄x)(t) = z(t) + (Jx)(t),

where z(t) = U(t, s)ξ ∈ E(t). For y = 0 we obtain Jy = 0 (note that since
ϕ ∈ X∗

α we have ϕ(t, 0) = 0 for every t ≥ 0), and thus, by (4.33), ‖Jx‖′ ≤
θ‖x‖′. By the first inequality in (2.17) we obtain ‖z‖′ ≤ ‖ξ‖/2 and hence,

‖J̄x‖′ ≤ ‖z‖′ + ‖Jx‖′ ≤ 1
2
‖ξ‖ + θ‖x‖′

≤ 1
2
δe−αs +

1
2
δe−αs = δe−αs.

(4.34)

Therefore, J̄ : B → B is a well-defined operator. In view of (4.33),

‖J̄x − J̄y‖′ = ‖Jx − Jy‖′ ≤ θ‖x − y‖′,

and J̄ is a contraction. Therefore, there exists a unique function x = xϕ ∈ B

such that J̄x = x. It follows from (4.34) that

‖x‖′ ≤ 1
2
‖ξ‖ + θ‖x‖′, and hence, ‖x‖′ ≤ ‖ξ‖

2(1 − θ)
.

Therefore, for every t ≥ s,

‖x(t)‖ ≤ 2D1e
a(t−s)+as ‖ξ‖

2(1 − θ)
.

We obtain the desired result with R = D1/(1 − θ). ��

4.4.3 Behavior under perturbations of the data

We now establish some auxiliary results that describe the asymptotic behavior
of the function xϕ given by Lemma 4.4, as time approaches infinity, when we
change the initial condition ξ or the function ϕ. Given δ > 0 sufficiently small,
ϕ ∈ X∗

α, s ≥ 0, and initial conditions ξ, ξ̄ ∈ Rs(δe−αs), we denote by xϕ and
x̄ϕ respectively the unique continuous functions given by Lemma 4.4 such that
xϕ(s) = ξ and x̄ϕ(s) = ξ̄.

Lemma 4.5. There exists K1 > 0 such that for every δ > 0 sufficiently small,
ϕ ∈ X∗

α, s ≥ 0, and ξ, ξ̄ ∈ Rs(δe−αs) we have

‖xϕ(t) − x̄ϕ(t)‖ ≤ K1e
a(t−s)+as‖ξ − ξ̄‖ for every t ≥ s. (4.35)
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Proof. Proceeding in a similar manner to that in (4.30), (4.31), and (4.32), for
every τ ≥ s we obtain

‖f(τ, xϕ(τ), ϕ(τ, xϕ(τ))) − f(τ, x̄ϕ(τ), ϕ(τ, x̄ϕ(τ)))‖
≤ c3q+1‖xϕ(τ) − x̄ϕ(τ)‖(‖xϕ(τ)‖q + ‖x̄ϕ(τ)‖q).

(4.36)

By Lemma 4.4 (see (4.29)), we thus have

‖f(τ, xϕ(τ), ϕ(τ, xϕ(τ))) − f(τ, x̄ϕ(τ), ϕ(τ, x̄ϕ(τ)))‖
≤ ηeqa(τ−s)−as−bs‖xϕ(τ) − x̄ϕ(τ)‖,

where
η = 2c3q+1Rqδq ≤ 2c3q+1Rq, (4.37)

provided that δ ≤ 1. Note that the last constant is independent of δ. Setting
ρ(t) = ‖xϕ(t)− x̄ϕ(t)‖ and using the first inequality in (2.17), it follows from
(4.23) that

ρ(t) ≤ ‖U(t, s)‖ · ‖ξ − ξ̄‖ +
∫ t

s

‖U(t, τ)‖ηeqa(τ−s)−as−bsρ(τ) dτ

≤ D1e
a(t−s)+as‖ξ − ξ̄‖ + D1η

∫ t

s

ea(t−τ)+T1(τ−s)ρ(τ) dτ,

(4.38)

with T1 < 0 as in (4.28). We can now use Gronwall’s lemma for the function
e−a(t−s)ρ(t) and (4.37) to obtain (assuming that δ ≤ 1)

ρ(t) ≤ D1e
as+D1ηeT1s/|T1|ea(t−s)‖ξ − ξ̄‖

≤ K1e
a(t−s)+as‖ξ − ξ̄‖,

with K1 = D1 exp[2c3q+1D1R
q/|T1|]. This completes the proof. ��

Given δ > 0 sufficiently small, ϕ, ψ ∈ X∗
α, and (s, ξ) ∈ Xα, we denote by

xϕ and xψ the continuous functions given by Lemma 4.4 such that xϕ(s) =
xψ(s) = ξ.

Lemma 4.6. There exists K2 > 0 such that for every δ > 0 sufficiently small,
ϕ, ψ ∈ X∗

α, and (s, ξ) ∈ Xα we have

‖xϕ(t) − xψ(t)‖ ≤ K2e
a(t−s)+(a−b)s‖ξ‖ · ‖ϕ − ψ‖ for every t ≥ s. (4.39)

Proof. Proceeding in a similar manner to that in (4.32), we obtain

‖f(τ, xϕ(τ), ϕ(τ, xϕ(τ))) − f(τ, xψ(τ), ψ(τ, xψ(τ)))‖
≤ c3q‖(xϕ(τ) − xψ(τ), ϕ(τ, xϕ(τ)) − ψ(τ, xψ(τ)))‖
× (‖xϕ(τ)‖q + ‖xψ(τ)‖q).

(4.40)

Furthermore, by Lemma 4.3,
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‖ϕ(τ, xϕ(τ)) − ψ(τ, xψ(τ))‖
≤ ‖ϕ(τ, xϕ(τ)) − ψ(τ, xϕ(τ))‖ + ‖ψ(τ, xϕ(τ)) − ψ(τ, xψ(τ))‖
≤ ‖xϕ(τ)‖ · ‖ϕ − ψ‖ + 2‖xϕ(τ) − xψ(τ)‖.

(4.41)

By (4.29) in Lemma 4.4 we conclude that

‖f(τ, xϕ(τ), ϕ(τ, xϕ(τ))) − f(τ, xψ(τ), ψ(τ, xψ(τ)))‖
≤ 2c3qRqδqeqa(τ−s)−as−bs(‖xϕ(τ)‖ · ‖ϕ − ψ‖ + 3‖xϕ(τ) − xψ(τ)‖). (4.42)

We now proceed in a similar manner to that in (4.38) in order to apply
Gronwall’s lemma. Set

ρ̄(t) = ‖xϕ(t) − xψ(t)‖ and η̄ = 2c3qRqδq. (4.43)

Note that η̄ ≤ 2c3qRq provided that δ ≤ 1. Note also that the last constant
is independent of δ. Using the first inequality in (2.17), (4.29) in Lemma 4.4,
and (4.42), it follows from (4.23) that

ρ̄(t) ≤ η̄

∫ t

s

‖U(t, τ)‖eqa(τ−s)−as−bs‖xϕ(τ)‖ · ‖ϕ − ψ‖ dτ

+ 3η̄
∫ t

s

‖U(t, τ)‖eqa(τ−s)−as−bs‖xϕ(τ) − xψ(τ)‖ dτ

≤ η̄D1R‖ξ‖ · ‖ϕ − ψ‖
∫ t

s

ea(t−s)+aτ+qa(τ−s)−bs dτ

+ 3η̄D1

∫ t

s

ea(t−τ)+aτeqa(τ−s)−asρ̄(τ) dτ.

We conclude that

e−a(t−s)ρ̄(t) ≤ η̄D1Re(a−b)s

∫ ∞

s

eT1(τ−s) dτ‖ξ‖ · ‖ϕ − ψ‖

+ 3η̄D1

∫ t

s

eT1(τ−s)e−a(τ−s)ρ̄(τ) dτ,

with T1 < 0 as in (4.28). We can now use Gronwall’s lemma for the function
e−a(t−s)ρ̄(t) to obtain (assuming that δ ≤ 1)

ρ̄(t) ≤ η̄D1R

|T1| e3η̄D1/|T1|ea(t−s)+(a−b)s‖ξ‖ · ‖ϕ − ψ‖

≤ K2e
a(t−s)+(a−b)s‖ξ‖ · ‖ϕ − ψ‖,

where

K2 =
2c3qD1R

q+1

|T1| exp
(

2c3q+1D1R
q

|T1|
)

.

This completes the proof of the lemma. ��
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4.4.4 Reduction to an equivalent problem

In order to show the existence of a function ϕ ∈ X∗
α satisfying (4.24) when

x = xϕ, we first reduce this problem to another one. We recall that xϕ is the
function given by Lemma 4.4 with xϕ(s) = ξ. Let

T2 := a − b + b < 0. (4.44)

Lemma 4.7. Given δ > 0 sufficiently small and ϕ ∈ X∗
α, the following prop-

erties hold:

1. if

ϕ(t, xϕ(t)) = V (t, s)ϕ(s, ξ) +
∫ t

s

V (t, τ)f(τ, xϕ(τ), ϕ(τ, xϕ(τ))) dτ

(4.45)

for every (s, ξ) ∈ Xα and t ≥ s, then

ϕ(s, ξ) = −
∫ ∞

s

V (τ, s)−1f(τ, xϕ(τ), ϕ(τ, xϕ(τ))) dτ (4.46)

for every (s, ξ) ∈ Xα (including the requirement that the integral is well-
defined);

2. if (4.46) holds for every (s, ξ) ∈ Xα = Xα(δ), then (4.45) holds for every
(s, ξ) ∈ Xβ = Xβ(δ/R) and t ≥ s.

Proof. We first show that the integral in (4.46) is well-defined for each (s, ξ) ∈
Xα. By (4.29) in Lemma 4.4, (4.30), and (4.2), we have

‖f(τ, xϕ(τ), ϕ(τ, xϕ(τ)))‖ ≤ c‖(xϕ(τ), ϕ(τ, xϕ(τ)))‖q+1 ≤ c3q+1‖xϕ(τ)‖q+1

≤ c3q+1Rq+1e(q+1)a(τ−s)+a(q+1)s‖ξ‖q+1.

It follows from the last inequality in (2.17) that∫ ∞

s

‖V (τ, s)−1f(τ, xϕ(τ), ϕ(τ, xϕ(τ)))‖ dτ

≤ D2c3q+1Rq+1δq+1e−a(1+1/q)s−b(1+1/q)s

∫ ∞

s

e−b(τ−s)+bτ+(q+1)a(τ−s) dτ

= D2c3q+1Rq+1δq+1ebs−a(1+1/q)s−b(1+1/q)s

∫ ∞

s

e(T2+qa)(τ−s) dτ.

Since a < 0, we have T2+qa < 0, and thus the last integral is finite. Therefore,
the integral in (4.46) is well-defined.

We now assume that (4.45) holds for every (s, ξ) ∈ Xα and t ≥ s, and we
rewrite the identity in the equivalent form
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ϕ(s, ξ) = V (t, s)−1ϕ(t, xϕ(t)) −
∫ t

s

V (τ, s)−1f(τ, xϕ(τ), ϕ(τ, xϕ(τ))) dτ.

(4.47)
By Lemma 4.3 and (4.29) in Lemma 4.4, we have

‖V (t, s)−1ϕ(t, xϕ(t))‖ ≤ 2D2e
−b(t−s)+bt‖xϕ(t)‖

≤ 2D2e
−b(t−s)+btRea(t−s)δe−as/q−bs/q

= 2D2RδeT2(t−s)+[b(1−1/q)−a/q]s.

Thus, letting t → ∞ in (4.47), we obtain (4.46) for every (s, ξ) ∈ Xα and
t ≥ s. This establishes the first property.

We now assume that (4.46) holds for every (s, ξ) ∈ Xα and t ≥ s. Since
V (t, s)V (τ, s)−1 = V (t, τ) we readily obtain

V (t, s)ϕ(s, ξ) +
∫ t

s

V (t, τ)f(τ, xϕ(τ), ϕ(τ, xϕ(τ))) dτ

= −
∫ ∞

t

V (τ, t)−1f(τ, xϕ(τ), ϕ(τ, xϕ(τ))) dτ.

(4.48)

We now show that the right-hand side of (4.48) is equal to ϕ(t, xϕ(t)). We
first define a semiflow Fτ for each τ ≥ 0 and (s, ξ) ∈ Xα by

Fτ (s, ξ) = (s + τ, xϕ(s + τ, s, ξ)).

Note that in view of (4.46),

ϕ(s, ξ) = −
∫ ∞

s

V (τ, s)−1f(Fτ−s(s, ξ), ϕ(Fτ−s(s, ξ))) dτ. (4.49)

Given τ ≥ t ≥ s, we have

Fτ−t(t, xϕ(t)) = Fτ−t(Ft−s(s, ξ)) = Fτ−s(s, ξ) = (τ, xϕ(τ)).

Furthermore, when (s, ξ) ∈ Xβ(δ/R) it follows from (4.29) in Lemma 4.4 that

‖xϕ(t)‖ ≤ Rea(t−s)+as‖ξ‖ ≤ δe(a+α)(t−s)−αt ≤ δe−αt, (4.50)

and thus (t, xϕ(t)) ∈ Xα(δ) for every t ≥ s. This shows that eventually making
δ smaller if necessary, we can replace (s, ξ) by (t, xϕ(t)) in (4.49). This yields

ϕ(t, xϕ(t)) = −
∫ ∞

t

V (τ, t)−1f(Fτ−t(t, xϕ(t)), ϕ(Fτ−t(t, xϕ(t)))) dτ

= −
∫ ∞

t

V (τ, t)−1f(τ, xϕ(τ), ϕ(τ, xϕ(τ))) dτ.

(4.51)

Combining (4.48) and (4.51), we conclude that (4.45) holds for every (s, ξ) ∈
Xβ and t ≥ s. This completes the proof of the lemma. ��
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4.4.5 Construction of the stable manifolds

We now put together all the information given by the former lemmas to es-
tablish the existence of a function ϕ ∈ X∗

α satisfying (4.24) when x = xϕ (with
the function xϕ given by Lemma 4.4).

Lemma 4.8. Given δ > 0 sufficiently small, there exists a unique function
ϕ ∈ X∗

α such that (4.46) holds for every (s, ξ) ∈ Xα.

Proof. We look for a fixed point of the operator Φ defined for each ϕ ∈ X∗
α by

(Φϕ)(s, ξ) = −
∫ ∞

s

V (τ, s)−1f(τ, xϕ(τ), ϕ(τ, xϕ(τ))) dτ (4.52)

when (s, ξ) ∈ Xα, where xϕ is the unique continuous function given by
Lemma 4.4 such that xϕ(s) = ξ, and by

(Φϕ)(s, ξ) = (Φϕ)(s, δe−αsξ/‖ξ‖)
otherwise. We recall that X∗

α is a complete metric space for the distance in-
duced by the norm ‖·‖ in (4.25) (or more precisely by the norm ϕ �→ ‖ϕ|Xα‖).
Note that when ξ = 0 we have xϕ(t) = 0 for every ϕ ∈ X∗

α and t ≥ s. Thus,
in view of (4.1), (Φϕ)(t, 0) = 0.

Given ϕ ∈ X∗
α, s ≥ 0, and ξ, ξ̄ ∈ Rs(δe−αs), let now xϕ and x̄ϕ be the unique

continuous functions given by Lemma 4.4 such that respectively xϕ(s) = ξ
and x̄ϕ(s) = ξ̄. Using (4.29) in Lemma 4.4, (4.35) in Lemma 4.5, and (4.36),

‖f(τ, xϕ(τ), ϕ(τ, xϕ(τ))) − f(τ, x̄ϕ(τ), ϕ(τ, x̄ϕ(τ)))‖
≤ c3q+1K1R

qe(q+1)a(τ−s)+a(q+1)s‖ξ − ξ̄‖(‖ξ‖q + ‖ξ̄‖q).

Since ξ, ξ̄ ∈ Rs(δe−αs) we obtain

‖f(τ, xϕ(τ), ϕ(τ, xϕ(τ))) − f(τ, x̄ϕ(τ), ϕ(τ, x̄ϕ(τ)))‖
≤ ηK1e

(q+1)a(τ−s)−bs‖ξ − ξ̄‖,
with η as in (4.37). Using the last inequality in (2.17) we conclude that

‖(Φϕ)(s, ξ) − (Φϕ)(s, ξ̄)‖

≤
∫ ∞

s

‖V (τ, s)−1‖ · ‖f(τ, xϕ(τ), ϕ(τ, xϕ(τ))) − f(τ, x̄ϕ(τ), ϕ(τ, x̄ϕ(τ)))‖ dτ

≤ D2ηK1‖ξ − ξ̄‖
∫ ∞

s

e−b(τ−s)+bτe(q+1)a(τ−s)−bs dτ

= D2ηK1‖ξ − ξ̄‖
∫ ∞

s

e(T2+qa)(τ−s) dτ,

with T2 < 0 as in (4.44). Choosing δ > 0 sufficiently small we have
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σ =
D2ηK1

|T2 + qa| =
2D2c3q+1RqK1δ

q

|T2 + qa| < 1.

In particular,
‖(Φϕ)(t, ξ) − (Φϕ)(t, ξ̄)‖ ≤ ‖ξ − ξ̄‖

for every ξ, ξ̄ ∈ Rs(δe−αs). This shows that Φ(X∗
α) ⊂ X∗

α, and hence, the
operator Φ : X∗

α → X∗
α is well-defined.

We now show that Φ : X∗
α → X∗

α is a contraction. Given ϕ, ψ ∈ X∗
α, and

(s, ξ) ∈ Xα, let xϕ and xψ be the unique continuous functions given by
Lemma 4.4 such that xϕ(s) = xψ(s) = ξ. By (4.40) and (4.41),

‖f(τ, xϕ(τ), ϕ(τ, xϕ(τ))) − f(τ, xψ(τ), ψ(τ, xψ(τ)))‖
≤ c3q‖(xϕ(τ) − xψ(τ), ϕ(τ, xϕ(τ)) − ψ(τ, xψ(τ)))‖(‖xϕ(τ)‖q + ‖xψ(τ)‖q)
≤ c3q(‖xϕ(τ)‖ · ‖ϕ − ψ‖ + 3‖xϕ(τ) − xψ(τ)‖)(‖xϕ(τ)‖q + ‖xψ(τ)‖q).

It follows from (4.39) in Lemma 4.6 that

‖f(τ, xϕ(τ), ϕ(τ, xϕ(τ))) − f(τ, xψ(τ), ψ(τ, xψ(τ)))‖
≤ η̄eqa(τ−s)−as−bs(‖xϕ(τ)‖ · ‖ϕ − ψ‖ + 3‖xϕ(τ) − xψ(τ)‖)
≤ η̄e(q+1)a(τ−s)−bs(R + 3K2e

−bs)‖ξ‖ · ‖ϕ − ψ‖,
with η̄ as in (4.43). Setting G = R + 3K2, we conclude that

‖(Φϕ)(s, ξ) − (Φψ)(s, ξ)‖

≤
∫ ∞

s

‖V (τ, s)−1‖ · ‖f(τ, xϕ(τ), ϕ(τ, xϕ(τ))) − f(τ, xψ(τ), ψ(τ, xψ(τ)))‖ dτ

≤ D2η̄G‖ξ‖ · ‖ϕ − ψ‖
∫ ∞

s

e−b(τ−s)+bτe(q+1)a(τ−s)−bs dτ

= D2η̄G‖ξ‖ · ‖ϕ − ψ‖
∫ ∞

s

e(T2+qa)(τ−s) dτ

≤ D2η̄G

|T2 + qa| ‖ξ‖ · ‖ϕ − ψ‖.

Provided that δ > 0 is sufficiently small, we have

θ̄ =
D2η̄G

|T2 + qa| =
2D2c3qRqδq(R + 3K2)

|T2 + qa| < 1.

Therefore
‖Φϕ1 − Φϕ2‖ ≤ θ̄‖ϕ1 − ϕ2‖,

and Φ : X∗
α → X∗

α is a contraction in the complete metric space X∗
α. Hence,

there exists a unique function ϕ ∈ X∗
α satisfying Φϕ = ϕ. In particular, in

view of (4.52), the identity (4.46) holds for every (s, ξ) ∈ Xα. This completes
the proof of the lemma. ��
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We can now establish Theorem 4.1.

Proof of Theorem 4.1. As explained in the beginning of Section 4.4.1, in view
of the required forward invariance property in (4.14), to show the existence of
a (Lipschitz) stable manifold W is equivalent to find a function ϕ satisfying
(4.23) and (4.24) in some appropriate domain. If follows from Lemma 4.4
that for each fixed ϕ ∈ X∗

α there exists a unique function x = xϕ satisfying
(4.23) and thus it remains to solve (4.24) setting x = xϕ or, equivalently, to
solve (4.45) in Lemma 4.7. This lemma indicates that this can be reduced to
solve the equation in (4.46), that is, to find ϕ ∈ X∗

α such that (4.46) holds
for every (s, ξ) ∈ Xα. More precisely, it follows from the second property in
Lemma 4.7 that if (4.46) holds for every (s, ξ) ∈ Xα, then (4.45) holds for
every (s, ξ) ∈ Xβ(δ/R) and t ≥ s. Finally, Lemma 4.8 shows that there exists
a unique function ϕ ∈ X∗

α such that (4.46) holds for every (s, ξ) ∈ Xα.
Furthermore, by (4.50), provided that δ is sufficiently small and (s, ξ) ∈ Xβ

we have (t, xϕ(t)) ∈ Xα for every t ≥ s. This ensures that we can replace
the function ϕ in (4.23)–(4.24) by the restriction ϕ|Xα. In other words, there
exists a unique function ϕ ∈ X∗

α such that the corresponding set W in (4.11)
obtained from the function ϕ|Xα is forward invariant under the semiflow Ψτ

for initial conditions with (s, ξ) ∈ Xβ , and we obtain the invariance property
in (4.14).

We now establish the remaining properties in the theorem. The first prop-
erty is an immediate consequence of the above discussion (or of the first prop-
erty in Lemma 4.7). To prove the second property, we denote by xϕ and x̄ϕ

the unique continuous functions given by Lemma 4.4 such that respectively
xϕ(s) = ξ and x̄ϕ(s) = ξ̄. It follows from Lemma 4.5 that

‖Ψτ (s, ξ, ϕ(s, ξ)) − Ψτ (s, ξ̄, ϕ(s, ξ̄))‖
= ‖(t, xϕ(t), ϕ(t, xϕ(t))) − (t, x̄ϕ(t), ϕ(t, x̄ϕ(t)))‖
≤ 2‖xϕ(t) − x̄ϕ(t)‖ ≤ 2K1e

aτ+as‖ξ − ξ̄‖
(4.53)

for every τ = t − s ≥ 0. Again, since ξ, ξ̄ ∈ Rs(δe−βs), in view of (4.50) we
can replace the function ϕ in (4.53) by its restriction to Xα. This completes
the proof of the theorem. ��

4.5 Existence of Lipschitz unstable manifolds

We now consider the case of unstable manifolds. The theory is entirely anal-
ogous and the proofs can be obtained by reversing time in the former notions
and arguments. As such, we formulate the corresponding result concerning
the existence of unstable manifolds without proof.

We first briefly describe the corresponding setup. Consider a continuous
function A : R

−
0 → B(X), with R

−
0 = (−∞, 0], such that all solutions of the

equation v′ = A(t)v are global in the past. This happens, for example, if
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lim sup
t→−∞

1
|t| log+‖A(t)‖ = 0.

In an analogous manner to that for positive time, we assume here that there
exists a function P : R

−
0 → B(X) such that P (t) is a projection for each t ≥ 0

and (2.3) holds for t ≤ s < 0, and that there exist constants b < 0 ≤ a,
a, b ≥ 0, and D1, D2 ≥ 1 such that for every t ≤ s ≤ 0,

‖T (t, s)−1P (t)‖ ≤ D1e
−a|t−s|+a|t| and ‖T (t, s)Q(s)‖ ≤ D2e

b|t−s|+b|s|.
(4.54)

We also consider a continuous function f : R
−
0 ×X → X such that f(t, 0) =

0 for every t ≤ 0, and there exist c > 0 and q > 0 such that (4.2) holds for
every t ≤ 0 and u, v ∈ X. We consider the semiflow Ψτ (now with τ ≤ 0)
generated by the equation (4.4) or equivalently by the system in (4.6) for
ρ ≤ s in the corresponding maximal interval of definition.

Again we look for an unstable manifold as the graph of a Lipschitz function.
For this we define the new constants

α′ = b(1 + 1/q) + a/q and β′ = b(2 + 1/q) + a/q,

and given δ > 0, we consider a space Xu
α′ of continuous functions obtained as

in Section 4.2, replacing positive time by negative time: consider the set

Xu
α′ = {(s, ξ) : s ≤ 0 and ξ ∈ Rs(δe−α′|s|)}, (4.55)

and let Xu
α′ be the space of continuous functions ψ : Xu

α′ → X such that for
each s ≤ 0, we have

ψ(s,Rs(δe−α′|s|)) ⊂ F (s), ψ(s, 0) = 0,

and
‖ψ(s, x) − ψ(s, y)‖ ≤ ‖x − y‖ for every x, y ∈ Rs(δe−α′|s|).

We also consider the set Xu
β′ obtained as in (4.55) with α′ replaced by β′.

We can now formulate the result on the existence of Lipschitz unstable
manifolds.

Theorem 4.9. For the equation v′ = A(t)v in the Banach space X, if (4.54)
holds and the conditions b + α′ < 0 and b + a < a hold, then there exist δ > 0
and a unique function ψ ∈ Xu

α′ such that the set

Wu = {(s, ψ(s, ξ), ξ) : (s, ξ) ∈ Xu
α′} ⊂ R

−
0 × X (4.56)

is invariant under the semiflow Ψτ , that is,

if (s, ξ) ∈ Xu
β′ then Ψτ (s, ψ(s, ξ), ξ) ∈ Wu for every τ ≤ 0.

Furthermore:
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1. for every (s, ξ) ∈ Xu
β′ , we have

ψ(s, ξ) =
∫ s

−∞
U(τ, s)−1f(Ψτ−s(s, ψ(s, ξ), ξ)) dτ ;

2. there exists D > 0 such that for every s ≤ 0, ξ, ξ̄ ∈ Rs(δe−β′|s|), and
τ ≤ 0,

‖Ψτ (s, ψ(s, ξ), ξ) − Ψτ (s, ψ(s, ξ̄), ξ̄)‖ ≤ Deb|τ |+b|s|‖ξ − ξ̄‖.

We call the set Wu in (4.56) a (Lipschitz) local unstable manifold or simply
a (Lipschitz) unstable manifold of the origin for the equation (4.4).
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Smooth stable manifolds in R
n

In this chapter we start the study of the regularity of the Lipschitz man-
ifolds constructed in Chapter 4. We only consider stable manifolds. As in
Section 4.5, the theory for unstable manifolds is analogous, and the proofs
can be readily obtained by reversing the time. We only consider in this chap-
ter the case of finite-dimensional spaces. This is due to the method of proof
of the smoothness of the invariant manifolds, which uses in a decisive manner
the compactness of the closed unit ball in R

n (in the proof of Lemma 5.11).
The proof is based on the construction of an invariant family of cones, in a
similar manner to that in the classical hyperbolic theory, although now using
an appropriate family of Lyapunov norms. The family of cones allows us to
obtain an invariant distribution which coincides with the tangent bundle of
the invariant manifold. This also allows us to discuss the continuity of the
distribution, and thus the continuity of the tangent spaces, that corresponds
to the smoothness of the invariant manifold. We note that we deal directly
with the semiflows instead of first considering time-1 maps as it is sometimes
customary in hyperbolic dynamics. The infinite-dimensional case is treated
in Chapter 6 with an entirely different approach, although at the expense of
requiring more regularity for the vector field. The material in this chapter is
taken from [6] (for Sections 5.1–5.4) and [5] (for Sections 5.5–5.6), although
now considering the general case when the stable and unstable subspaces may
depend on the time t.

5.1 C1 stable manifolds

We consider the same setup and notations as in Section 4.1, although we shall
require slightly more restrictive assumptions on the constants in (2.6).

Set ϑ = max{a, b}. We consider the conditions

qa + 4ϑ < min{a − b, (2 − q)ϑ} and a + ϑ < b, (5.1)
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which clearly imply the conditions in (4.13). The second inequality in (5.1) is
slightly stronger than the second inequality in (4.13). On the other hand, the
first inequality in (5.1) is of different type. It can be written as:

qa + 4ϑ < a − b and a + ϑ + 2ϑ/q < 0. (5.2)

The former implies the first inequality in (4.13) while the latter requires a
certain “spectral gap” (we note that the second condition in (5.2) is not used
in the proof of the C1 regularity of the stable manifolds, but only to know
a priori, via Theorem 4.1, the existence of a Lipschitz stable manifold). We
note that the first inequality in (5.1) is satisfied for a given ϑ provided that
q is sufficiently large (that is, provided that the order of the perturbation f
is sufficiently large), while the second is always satisfied when ϑ is sufficiently
small.

In this chapter we always take the space X in Sections 4.1 and 4.2 to be R
n.

We want to show that the Lipschitz stable manifold W given by Theorem 4.1
is a smooth manifold of class C1. For technical reasons we need to slightly
reduce the size of the neighborhood Rs(δe−βs), with β as in (4.12). Namely,
we fix the new exponent

γ = β + 3ϑ/q ≥ β (5.3)

and for each � > 0, we consider the subset V ⊂ W given by

V = {(s, ξ, ϕ(s, ξ)) : (s, ξ) ∈ Xγ with s > �} ⊂ R
+ × R

n, (5.4)

with Xγ defined by (4.9). We also replace the conditions A1 and A2 in Sec-
tion 4.2 by new conditions, now for the finite-dimensional space X = R

n. Let
Mn(R) be the set of n × n matrices with real entries. We assume that:

B1. the function A : R
+
0 → Mn(R) is of class C1 and satisfies (2.2);

B2. the function f : R
+
0 ×R

n → R
n is of class C1 and satisfies (4.1) and (4.2)

for some c > 0 and q > 1.

Note that we replaced the requirement q > 0 in condition A1 by the stronger
requirement q > 1. As observed in Section 4.1, due to the differentiability
of f , the condition (4.2) is equivalent to the existence of constants c > 0 and
q > 1 such that (4.3) holds.

The following result establishes the C1 regularity of V.

Theorem 5.1 ([6]). Assume that B1–B2 hold. If the equation v′ = A(t)v
admits a strong nonuniform exponential dichotomy in R

+ and the conditions
in (5.1) hold, then for each � > 0 there exists δ > 0 such that for the unique
function ϕ ∈ Xα given by Theorem 4.1, the set V in (5.4) is a smooth manifold
of class C1, containing the line (�,+∞)×{0} and satisfying T(s,0)V = R×E(s)
for every s > �.

The proof of Theorem 5.1 is given in Section 5.4. We observe that only the
first and the last inequalities in (2.17) are used in the proof of Theorem 4.1.
The proof of Theorem 5.1 uses, in addition, the third inequality in (2.17).
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We call the set V in (5.4) a local stable manifold or simply a stable manifold
of the origin for the equation (4.4). We note that in general we are not able
to take � = 0 in (5.4). The explanation is given at the end of Section 5.4.6,
when we can already refer to the appropriate places in the proof. On the other
hand, if the functions A(t) and f(t, x) are defined for every t > −ε, for some
fixed ε > 0, then we can replace � in (5.4), as well as in the statement of
Theorem 5.1, by any number in (−ε, 0).

A version of Theorem 5.1 in the case of discrete time is established in [9].

5.2 Nonuniformly hyperbolic trajectories

We now explain how Theorem 5.1 can be used to show the existence of smooth
stable manifolds for solutions of a given differential equation (possibly nonau-
tonomous) that exhibit nonuniformly hyperbolic behavior.

Consider a C1 function F : R
+
0 × R

n → R
n. We continue to assume that

A(t) in (4.19) satisfies (2.2).
We obtain stable manifolds for nonuniformly hyperbolic solutions of (4.18)

(see Section 4.3 for the definition). We use the same notation as in Section 5.1.

Theorem 5.2. Assume that F is of class C1 and let v0(t) be a nonuniformly
hyperbolic solution of (4.18) such that:

1. the function t �→ A(t) is of class C1;
2. there exist c > 0 and q > 1 such that (4.20) holds for every t ≥ 0 and

y ∈ R
n.

If the conditions (5.1) hold, then for each � > 0 there exist δ > 0 and a unique
function ϕ ∈ Xγ such that the set

V = {(s, ξ, ϕ(s, ξ)) + (0, v0(s)) : (s, ξ) ∈ Xγ with s > �} (5.5)

is a C1 manifold with the following properties:

1. (s, v0(s)) ∈ V and T(s,v0(s))V = R × E(s) for every s > �;
2. V is forward invariant under solutions of (4.18), that is, if s > � and

(s, vs) ∈ {(s, ξ, ϕ(s, ξ)) + (0, v0(s)) : (s, ξ) ∈ Xγ+a with s > �},
then (t, v(t)) ∈ V for every t ≥ s, where v(t) = v(t, vs) is the unique
solution of (4.18) for t ≥ s with v(s) = vs;

3. there exists D > 0 such that for every s > �, (s, vs), (s, v̄s) ∈ V, and t ≥ s
we have

‖v(t, vs) − v(t, v̄s)‖ ≤ Dea(t−s)+as‖vs − v̄s‖.

Proof. The proof follows closely arguments in the proof of Theorem 4.2. We
consider again the change of variables (t, y) = (t, v − v0(t)). Letting y(t) =
v(t) − v0(t), where v(t) is a solution of (4.18), we obtain
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y′(t) = A(t)y(t) + G(t, y(t)),

with G(t, y) as in (4.22). This reduces the study of the equation (4.18) to
that of (4.4). By hypothesis A(t) satisfies the assumption B1 in Section 5.1.
Furthermore, it follows from (4.22) that G is of class C1 and clearly G(t, 0) = 0
for every t ≥ 0. Proceeding as in the proof of Theorem 4.2 we establish
property (4.2). Thus, the function G satisfies the assumption B2 in Section 5.1.
We can now apply Theorems 4.1 and 5.1 to obtain the desired statement.

��
We call the set V in (5.5) a local stable manifold or simply a stable manifold

of the solution v0(t) (of the equation (4.18)). Note that if F is of class C2 and
there exist c > 0 and q > 1 such that∥∥∥∥∂2F

∂v2
(t, y + v0(t))

∥∥∥∥ ≤ c‖y‖q

for every t ≥ 0 and y ∈ R
n, then the hypotheses in Theorem 5.2 hold.

5.3 Example of a C1 flow with stable manifolds

In [77] Pugh gave an explicit example of a C1 diffeomorphism which is not
C1+ε for any ε ∈ (0, 1), for which the statement in the stable manifold theorem
fails. Of course that this does not mean that all C1 diffeomorphisms and flows
with nonuniformly hyperbolic trajectories and which lack higher regularity
have no stable or unstable invariant manifolds. Indeed, we illustrate with an
example that this is not the case.

Proposition 5.3 ([6]). There exists a C1 function F : R
+
0 × R

n → R
n satis-

fying the hypotheses of Theorem 5.2 which is not C1+ε for any ε ∈ (0, 1).

Proof. We assume that F (t, 0) = 0 for every t ≥ 0, and we consider the
constant solution v0 = 0. We want to exhibit a C1 function F such that:

1. H := ∂F
∂v is continuous but not Hölder continuous;

2. the function t �→ H(t, 0) is of class C1;
3. ‖H(t, y) − H(t, 0)‖ ≤ c‖y‖q for every t ≥ 0 and y ∈ R

n, and some
constants c > 0 and q > 1.

For this we consider a continuous function ρ : R
+ → [0, 1] and a sequence

pn ∈ R
+ decreasing to zero such that:

1. ρ is of class C1 outside the points pn;
2. ρ is Hölder continuous with Hölder exponent at most pn in some open

neighborhood of pn for each n ∈ N.
We now define a function H by

H(t, y) = H(t, 0) + f(y)ρ(‖y‖)
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for each y �= 0, where t �→ H(t, 0) = A(t) and f : R
n → R

n are any C1

functions such that v′ = A(t)v has only global solutions and

‖f(y)‖ ≤ c‖y‖q for every y ∈ R
n.

One can easily verify that y �→ H(t, y) is Hölder continuous with exponent
at most pn outside the ball of radius pn centered at the origin. Thus, H is
not Hölder continuous, although it is continuous at (t, 0) and thus continuous.
Integrating H, while imposing the condition F (t, 0) = 0 for every t ≥ 0, we
find a function F as desired: namely, F satisfies the hypotheses of Theorem 5.2,
but since H is not Hölder continuous, F is not of class C1+ε for any ε ∈ (0, 1).

��
In particular, in view of Theorem 5.2, for the vector field F in Proposi-

tion 5.3 the nonuniformly hyperbolic solutions of (4.18) possess smooth stable
manifolds. A version of Proposition 5.3 in the case of discrete time is estab-
lished in [9].

5.4 Proof of the C1 regularity

We establish in this section the C1 regularity of the Lipschitz manifold V

in (5.4). In view of clarity we separate the proof into several steps.

5.4.1 A priori control of derivatives and auxiliary estimates

Here we establish several estimates that are needed in the proof of Theo-
rem 5.1. We will always assume that B1 and B2 hold. In particular, f is now
of class C1 and the conditions (4.1)–(4.4) hold for some c > 0 and q > 1. We
will also assume that the conditions (5.1) hold. These are standing assump-
tions that will be used throughout Sections 5.4.1–5.4.6.

We first give a bound for the derivatives of the perturbation. For each
t ≥ 0 we consider the direct sum R

n = E(t) ⊕ F (t), and the components

(x, y) = (x(t), y(t)) ∈ E(t) × F (t).

For simplicity, we will denote by ∂f/∂x and ∂f/∂y the partial derivatives
with respect to x(t) and y(t) for each given t ≥ 0, that is, given v ∈ E(t),

∂f

∂x
(t, x(t), y(t))v = lim

h→0

f(t, x(t) + hv, y(t)) − f(t, x(t), y(t))
h

,

and given v ∈ F (t),

∂f

∂y
(t, x(t), y(t))v = lim

h→0

f(t, x(t), y(t) + hv) − f(t, x(t), y(t))
h

.
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Lemma 5.4. We have

max
{∥∥∥∥∂f

∂x

∥∥∥∥ ,

∥∥∥∥∂f

∂y

∥∥∥∥} ≤ 2c‖(x, y)‖q.

Proof. We first consider the derivative ∂f/∂x. Since f is differentiable, it
follows from (4.2) that for every v ∈ E(t),∥∥∥∥∂f

∂x
v

∥∥∥∥ = lim
h→0

‖f(t, x + hv, y) − f(t, x, y)‖
|h|

≤ c lim
h→0

‖x + hv − x‖(‖(x + hv, y)‖q + ‖(x, y)‖q)
|h| ≤ 2c‖(x, y)‖q‖v‖.

Therefore, ‖∂f/∂x‖ ≤ 2c‖(x, y)‖q. Proceeding in a similar manner with the
derivative ∂f/∂y we obtain the desired statement. ��

We now obtain norm bounds for the derivatives of the solution with respect
to the initial conditions (note that by the hypotheses B1 and B2, the solution
of (4.6) is indeed of class C1 in the initial conditions). Fix s ≥ 0 and t ≥ 0.
For each ρ ≥ s + t, we set

pρ = (ρ, Ψt(s, ξ, ϕ(s, ξ))), qρ = (ρ, x(pρ), y(pρ)), (5.6)

and

Sρ =
∥∥∥∥∂x

∂ξ
|pρ

∥∥∥∥+
∥∥∥∥∂y

∂ξ
|pρ

∥∥∥∥ , Tρ =
∥∥∥∥∂x

∂η
|pρ

∥∥∥∥+
∥∥∥∥∂y

∂η
|pρ

∥∥∥∥ ,

where x and y are the functions in (4.5). Since Ψτ is a semiflow, we have the
identities

x(pρ) = x(ρ, s, ξ, ϕ(s, ξ)) and y(pρ) = y(ρ, s, ξ, ϕ(s, ξ)). (5.7)

The following lemma gives several exponential bounds, in particular for Sρ

and Tρ, which are essential in the proof of Theorem 5.1. As described above,
for technical reasons we need to slightly reduce the size of the neighbor-
hood Rs(δe−βs). Namely, we consider the new neighborhood Rs(δe−γs) ⊂
Rs(δe−βs). In view of the first inequality in (5.1), we have

qa + a < 0 and qa + b < 0. (5.8)

Let also
d = 2a + 2b + aq + max{a, b},

and
θ′ = c2q+1Dqδq and θ = c2q+1Dqδq(D1 + D2), (5.9)

with D as in (4.16) and D1, D2 as in (2.17).
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Lemma 5.5. Given δ > 0 sufficiently small, for each (s, ξ) ∈ Xγ , t ≥ 0, and
ρ ≥ s + t we have∥∥∥∥∂f

∂x
|qρ

∂x

∂ξ
|pρ

+
∂f

∂y
|qρ

∂y

∂ξ
|pρ

∥∥∥∥ ≤ θ′eqa(ρ−s)−dsSρ, (5.10)∥∥∥∥∂f

∂x
|qρ

∂x

∂η
|pρ

+
∂f

∂y
|qρ

∂y

∂η
|pρ

∥∥∥∥ ≤ θ′eqa(ρ−s)−dsTρ, (5.11)

and

Sρ ≤ D1e
(b+θ)(ρ−s−t)+a(s+t), Tρ ≤ D2e

(b+θ)(ρ−s−t)+b(s+t). (5.12)

Proof. Set x(r) = x(r, s, ξ, η) and y(r) = y(r, s, ξ, η) (see (4.5)). Taking deriv-
atives with respect to ξ and η in (4.6), given ρ ≥ s + t we obtain

∂x

∂ξ
|pρ

= U(ρ, s + t) +
∫ ρ

s+t

U(ρ, r)
(

∂f

∂x

∂x

∂ξ
|pr

+
∂f

∂y

∂y

∂ξ
|pr

)
dr,

∂y

∂ξ
|pρ

=
∫ ρ

s+t

V (ρ, r)
(

∂f

∂x

∂x

∂ξ
|pr

+
∂f

∂y

∂y

∂ξ
|pr

)
dr,

∂x

∂η
|pρ

=
∫ ρ

s+t

U(ρ, r)
(

∂f

∂x

∂x

∂η
|pr

+
∂f

∂y

∂y

∂η
|pr

)
dr,

∂y

∂η
|pρ

= V (ρ, s + t) +
∫ ρ

s+t

V (ρ, r)
(

∂f

∂x

∂x

∂η
|pr

+
∂f

∂y

∂y

∂η
|pr

)
dr,

(5.13)

with the partial derivatives of f computed at qr (see (5.6)). Recall that y(pr) =
ϕ(r, x(pr)) for every r ≥ s + t (see (4.17)), and thus ‖(x, y)(pr)‖ ≤ 2‖x(pr)‖.
By Lemma 5.4 we conclude that∥∥∥∥∂f

∂x
|qr

∂x

∂ξ
|pr

+
∂f

∂y
|qr

∂y

∂ξ
|pr

∥∥∥∥ ≤ c2q+1‖x(pr)‖qSr.

Since ξ ∈ Rs(δe−γs) ⊂ Rs(δe−βs), it follows from (5.7) and Theorem 4.1
(making ξ̄ = 0 in (4.16)) that

‖x(pr)‖q = ‖x(r, s, ξ, ϕ(s, ξ))‖q ≤ Dqδqeqa(r−s)−ds.

Thus, ∥∥∥∥∂f

∂x
|qr

∂x

∂ξ
|pr

+
∂f

∂y
|qr

∂y

∂ξ
|pr

∥∥∥∥ ≤ θ′eqa(r−s)−dsSr,

which is the inequality in (5.10). We can obtain (5.11) in a similar manner.
If follows from the first identity in (5.13), (2.6), and (5.10) that∥∥∥∥∂x

∂ξ
|pρ

∥∥∥∥ ≤ D1e
a(ρ−s−t)+a(s+t) + θ′

∫ ρ

s+t

D1e
a(ρ−r)+areqa(r−s)−dsSr dr.

In a similar manner, using the second identity in (5.13) and again (5.10), we
obtain
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∂ξ
|pρ

∥∥∥∥ ≤ θ′
∫ ρ

s+t

D2e
b(ρ−r)+breqa(r−s)−dsSr dr.

Therefore,

Sρ ≤ D1e
a(ρ−s−t)+a(s+t) + θ′

∫ ρ

s+t

D1e
a(ρ−r)+areqa(r−s)−dsSr dr

+ θ′
∫ ρ

s+t

D2e
b(ρ−r)+breqa(r−s)−dsSr dr.

Using (5.8) and the fact that a < b (see (2.6)), we conclude that

Sρ ≤ D1e
a(ρ−s−t)+a(s+t)

+ θ′
∫ ρ

s+t

D1e
a(ρ−r)Sr dr + θ′

∫ ρ

s+t

D2e
b(ρ−r)Sr dr

≤ D1e
b(ρ−s−t)+a(s+t) + θeb(ρ−s−t)

∫ ρ

s+t

e−b(r−s−t)Sr dr.

(5.14)

We now write S̃r = e−b(r−s−t)Sr for each r ≥ s+ t. It follows from (5.14) that

S̃ρ ≤ D1e
a(s+t) + θ

∫ ρ

s+t

S̃r dr

for every ρ ≥ s + t. Therefore, using Gronwall’s lemma we conclude that

S̃ρ ≤ D1e
a(s+t)eθ(ρ−s−t)

for every ρ ≥ s + t. This establishes the third inequality in the lemma.
In a similar manner, using the third and fourth identities in (5.13), together

with (2.6) and (5.11) we obtain

Tρ ≤ D2e
b(ρ−s−t)+b(s+t) + θ′

∫ ρ

s+t

D1e
a(ρ−r)eareqa(r−s)−dsTr dr

+ θ′
∫ ρ

s+t

D2e
b(ρ−τ)+breqa(r−s)−dsTr dr.

Using (5.8) and the fact that a < b, this yields

Tρ ≤ D2e
b(ρ−s−t)+b(s+t) + θeb(ρ−s−t)

∫ ρ

s+t

e−b(r−s−t)Tr dr.

Writing T̃r = e−b(r−s−t)Tr for each r ≥ s + t, we conclude that

T̃ρ ≤ D2e
b(s+t) + θ

∫ ρ

s+t

T̃r dr

for every ρ ≥ s + t. Thus, it follows from Gronwall’s lemma that

T̃ρ ≤ D2e
b(s+t)eθ(ρ−s−t)

for every ρ ≥ s + t. This establishes the last inequality in (5.12). ��
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We note that by the dependence of θ′ and θ on δ (see (5.9)), these two
constants can be made arbitrarily small by making δ sufficiently small. In
particular, the exponent b + θ in (5.12) can be made arbitrarily close to b.

The following statement considers a function F which occurs in the con-
struction of the invariant families of cones in Section 5.4.3. The value F (x) is
essentially the size of the cone at time x.

Lemma 5.6. Consider the function F : R
+
0 → R defined by

F (x) =
ea1x + ν(1 − ea2x)
1 − ν(1 − ea2x)

,

where a1, a2 < 0, a1 ≥ a2, and ν ∈ (0, 1). If

ν <
a1

2a2
, (5.15)

then F (x) < 1 for every x > 0.

Proof. Assume first that a1 = a2 = a. Then

F ′(x) =
a(1 − 2ν)eax

(1 − ν(1 − eax))2

and it follows from (5.15) that F ′(x) < 0. Therefore, F (x) < F (0) = 1 for
every x > 0. Assume now that a1 > a2. In this case,

F ′(x) =
a1e

a1x − νa1e
a1x − νa2e

a2x − νa2e
(a1+a2)x + νa1e

(a1+a2)x

(1 − ν(1 − ea2x))2
.

Since a1 > a2 and a2 < 0 we have −νa2e
a2x < −νa2e

a1x and thus,

F ′(x) ≤ ea1x(a1(1 − ν) − νa2 + ν(a1 − a2)ea2x)
(1 − ν(1 − ea2x))2

.

Furthermore, again since a1 > a2 and x ≥ 0, we have ν(a1 − a2)ea2x ≤
ν(a1 − a2) and hence,

F ′(x) ≤ ea1x(a1(1 − ν) − νa2 + ν(a1 − a2))
(1 − ν(1 − ea2x))2

≤ ea1x(a1 − 2νa2)
(1 − ν(1 − ea2x))2

.

It follows from (5.15) that F ′(x) < 0. Therefore, F (x) < F (0) = 1 for every
x > 0. This completes the proof of the lemma. ��

5.4.2 Lyapunov norms

Due to the nonuniformity of the norm bounds for the operators U(t, s) and
V (t, s) in the notion of nonuniform exponential dichotomy (see (2.17)), we
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introduce here a new family of Lyapunov norms. However, since we are dealing
in general with semiflows instead of flows, it is impossible to introduce the
Lyapunov norms which are standard in the case of flows (see [3]). On the other
hand, to study the regularity of the invariant manifolds in terms of an invariant
family of cones we still must show the invariance of the whole family, which is
somewhat delicate for small time, that is, before sufficient time has passed so
that the contraction given by a in (2.17) overcomes the nonuniformity (which
depends on the initial time s). This prevents us from using time-1 maps, at
least without some appropriate preliminary preparation. We prefer to deal
from the beginning with the original semiflow and we overcome the above
difficulties by introducing appropriate families of Lyapunov norms, although
with a new procedure developed here for the case of semiflows.

We fix � > 0 and s ≥ �, and given r ≥ s and (v, w) ∈ E(r) × F (r) we
define the new norms

‖v‖′r =
∫ +∞

r

‖U(σ, r)v‖ea′(σ−r) dσ,

‖w‖′r =
∫ r

s−�

‖V (r, σ)−1w‖e−b′(σ−r) dσ,

(5.16)

where
a′ = −a − ς > 0, b′ = b + ς > 0 (5.17)

for some ς > 0 such that

ς ≤ a and ς �= b − b − b. (5.18)

Clearly, the integrals in (5.16) are finite. We also set

‖(v, w)‖′r = ‖v‖′r + ‖w‖′r for each (v, w) ∈ E(r) × F (r).

This choice of norms is certainly not unique; in particular one can easily
change them so that ‖(v, w)‖′r is obtained from an inner product for which
E(r) and F (r) are orthogonal (recall that we are now in R

n). Nevertheless,
the resulting stable distribution, which is the essential element in the present
proof of the C1 regularity of the manifold V, is independent of the choice of
norms.

We now consider the relation between the norms ‖·‖ and ‖·‖′.
Lemma 5.7. For every s ≥ �, r ≥ s, and (v, w) ∈ E(r) × F (r) we have

C1e
−ar‖v‖ ≤ ‖v‖′r ≤ D1

ς
ear‖v‖, (5.19)

C2e
−br‖w‖ ≤ ‖w‖′r ≤ D2

ς
ebr(eς(r+�−s) − 1)‖w‖, (5.20)

where

C1 =
1 − ea−a−ς−a

D1(a − a + ς + a)
and C2 =

e(b−b+ς+b)� − 1
D2(b − b + ς + b)

. (5.21)
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Proof. By the definition of the norm ‖v‖′r in (5.16)–(5.17) and (2.6), we have

‖v‖′r =
∫ +∞

r

‖U(σ, r)v‖ea′(σ−r) dσ

≤
∫ +∞

r

D1e
a(σ−r)+ar‖v‖e(−a−ς)(σ−r) dσ

= D1e
ar‖v‖

∫ +∞

r

e−ς(σ−r) dσ =
D1

ς
ear‖v‖.

For the other inequality in (5.19) we write

‖v‖′r ≥
∫ r+1

r

‖U(σ, r)v‖ea′(σ−r) dσ ≥
∫ r+1

r

‖U(σ, r)−1‖−1‖v‖ea′(σ−r) dσ

≥
∫ r+1

r

D−1
1 ea(σ−r)−aσ‖v‖e(−a−ς)(σ−r) dσ

= D−1
1 ‖v‖e−(a−a−ς)r

∫ r+1

r

e(a−a−ς−a)σ dσ = C1e
−ar‖v‖.

In a similar manner, using the definition of the norm ‖w‖′r in (5.16)–(5.17)
and (2.6), we have

‖w‖′r =
∫ r

s−�

‖V (r, σ)−1w‖e−b′(σ−r) dσ

≤
∫ r

s−�

D2e
−b(r−σ)+br‖w‖e(−b−ς)(σ−r) dσ

= D2e
br‖w‖

∫ r

s−�

e−ς(σ−r) dσ ≤ D2

ς
ebr‖w‖(eς(r+�−s) − 1).

The remaining inequality follows from

‖w‖′r ≥
∫ r

s−�

‖V (r, σ)‖−1‖w‖e−b′(σ−r) dσ

≥
∫ r

r−�

D−1
2 e−b(r−σ)−bσ‖w‖e(−b−ς)(σ−r) dσ

= D−1
2 ‖w‖e(b−b+ς)r

∫ r

r−�

e−(b−b+ς+b)σ dσ

=
‖w‖

D2(b − b + ς + b)
e−br(e(b−b+ς+b)� − 1) = C2e

−br‖w‖.

This completes the proof of the lemma. ��
Note that in view of (5.18) the constant C2 is well-defined. Although the

norms ‖·‖ and ‖·‖′ are equivalent (for each fixed � > 0, ς > 0, and s ≥ �),
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by Lemma 5.7 their ratio may deteriorate with exponential speed along each
orbit (see (5.19) and (5.20)). Nevertheless, this deterioration, essentially given
by the exponents a and b, that is, by the nonuniformity in the exponential
dichotomy, is small when compared to the values of the Lyapunov exponents
(in view of (5.1)).

5.4.3 Existence of an invariant family of cones

The next step in the proof of Theorem 5.1 is to establish the existence of an
invariant family of cones along each orbit of the semiflow Ψτ . The construction
of the cones uses in a decisive manner the Lyapunov norms introduced in
Section 5.4.2. The invariant family of cones is the main element towards the
construction of an invariant distribution that later will be shown to coincide
with the tangent bundle of V. This procedure will also allow us to discuss the
continuity of the distribution, and thus of the tangent spaces, in terms of the
cones.

s

s + τ

E

F

Cs(τ)

{s + τ} × E × F

Fig. 5.1. The cone Cs(τ) at the point Ψτ (s, ξ, η). Here the subspaces E = E(t) and
F = F (t) are assumed to be independent of t.

For each s ≥ 0 and τ ≥ 0, we consider the cone

Cs(τ) = {(v, w) ∈ E(s + τ) × F (s + τ) : ‖w‖′s+τ < ‖v‖′s+τ} ∪ {(0, 0)}.
We emphasize that Cs(τ) is defined in terms of the new norms ‖·‖′ given by
(5.16) and not in terms of the original norm in R

n. Given (s, ξ, η) ∈ R
+
0 ×

E(s + τ)×F (s + τ), we may think of the cone Cs(τ) as a subset of the plane
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{s + τ} × E(s + τ) × F (s + τ)

or, alternatively, of the tangent space

TΨτ (s,ξ,η)({s + τ} × E(s + τ) × F (s + τ)).

This is a cone around the space E(s + τ) at time s + τ . See Figure 5.1.
Note that by the first inequality in (5.1), and (5.9), we can choose δ > 0

sufficiently small so that

c1 = b + θ + (q − 1)a + a < 0 and c2 = b + θ + qa + b < 0. (5.22)

The following lemma shows that the above family of cones is indeed invariant
under the differential of Ψτ . More precisely, we consider the partial derivatives
of the second and third components of Ψτ (see (4.7)) with respect to (ξ, η) at
the point (s, ξ, η) ∈ R

+ × E(s) × F (s), and we denote it by ∂(s,ξ,η)Ψτ .

Lemma 5.8. Given δ > 0 sufficiently small, for each (s, ξ) ∈ Xγ with s ≥ �,
and τ > t ≥ 0 we have

(∂Ψτ (s,ξ,ϕ(s,ξ))Ψt−τ )Cs(τ) ⊂ Cs(t). (5.23)

Ws+τ

Ws+t

qs+τ

qs+t

(vs+τ , ws+τ )

(vs+t, ws+t)

Cs(t)

Cs(τ)

Fig. 5.2. Preimages of vectors inside the cones along a given orbit at the times s+ t
and s + τ .

Proof. Given (vs+τ , ws+τ ) ∈ Cs(s + τ) and r ∈ [s, s + τ ], we define the vector
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(vr, wr) = (∂Ψτ (s,ξ,ϕ(s,ξ))Ψr−(s+τ))(vs+τ , ws+τ ) ∈ E(r) × F (r). (5.24)

See Figure 5.2 for an illustration. Let now τ > t ≥ 0. By (5.24), we have

(vr, wr) = (∂Ψt(s,ξ,ϕ(s,ξ))Ψr−(s+t))(vs+t, ws+t)

for each r ∈ [s + t, s + τ ]. In a somewhat more explicit form, we can write(
vr

wr

)
=

(
∂x
∂ξ

∂x
∂η

∂y
∂ξ

∂y
∂η

)(
vs+t

ws+t

)
,

with the partial derivatives of x and y in (4.5) computed at pr (see (5.6)). In
particular,

vr =
∂x

∂ξ
|pr

vs+t +
∂x

∂η
|pr

ws+t, wr =
∂y

∂ξ
|pr

vs+t +
∂y

∂η
|pr

ws+t. (5.25)

We introduce the notation

G(r) =
∂f

∂x
vr +

∂f

∂y
wr,

with the partial derivatives of f computed at qr (see (5.6)). Then

G(r) =
(

∂f

∂x

∂x

∂ξ
|pr

+
∂f

∂y

∂y

∂ξ
|pr

)
vs+t +

(
∂f

∂x

∂x

∂η
|pr

+
∂f

∂y

∂y

∂η
|pr

)
ws+t,

and in view of (5.10) and (5.11) in Lemma 5.5, we have

‖G(r)‖ ≤
(∥∥∥∥∂f

∂x

∂x

∂ξ
|pr

+
∂f

∂y

∂y

∂ξ
|pr

∥∥∥∥+
∥∥∥∥∂f

∂x

∂x

∂η
|pr

+
∂f

∂y

∂y

∂η
|pr

∥∥∥∥)
× (‖vs+t‖ + ‖ws+t‖)

≤ θ′eqa(r−s)−ds(Sr + Tr)(‖vs+t‖ + ‖ws+t‖)‖
≤ θe(b+θ+qa)(r−s−t)eqatm(s)max{eat, ebt}(‖vs+t‖ + ‖ws+t‖),

where
m(s) = e−aqs−max{a,b}s max{e−(b+2a)s, e−(a+2b)s}.

Note that
eas+bs+max{a,b}sm(s) ≤ 1. (5.26)

By the first inequality in (5.1) we obtain

‖G(r)‖ ≤ θe(b+θ+qa)(r−s−t)e−(a+b)t−max{a,b}tm(s)(‖vs+t‖ + ‖ws+t‖). (5.27)

It follows from (5.13) and (5.25) with ρ = s + τ that
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vs+τ = U(s + τ, s + t)vs+t +
∫ s+τ

s+t

U(s + τ, r)G(r) dr,

ws+t = V (s + τ, s + t)−1ws+τ −
∫ s+τ

s+t

V (r, s + t)−1G(r) dr.

Therefore, by (2.6) and since a′ + a = −ς (see (5.17)), we have

‖vs+τ‖′s+τ =
∫ +∞

s+τ

‖U(σ, s + τ)vs+τ‖ea′(σ−s−τ) dσ

=
∫ +∞

s+τ

∥∥∥∥U(σ, s + t)vs+t +
∫ s+τ

s+t

U(σ, r)G(r) dr

∥∥∥∥ ea′(σ−s−τ) dσ

≤
∫ +∞

s+t

‖U(σ, s + t)vs+t‖ea′(σ−s−τ) dσ

+ e−a′(s+τ)

∫ +∞

s+τ

(∫ s+τ

s+t

‖U(σ, r)‖ · ‖G(r)‖ dr

)
ea′σ dσ

≤ e−a′(τ−t)‖vs+t‖′s+t

+ e−a′(s+τ)D1

∫ s+τ

s+t

(
‖G(r)‖e−ar+ar

∫ +∞

s+τ

e(a′+a)σ dσ

)
dr

= e−a′(τ−t)‖vs+t‖′s+t +
D1

ς
ea(s+τ)

∫ s+τ

s+t

‖G(r)‖e−ar+ar dr.

Set now C3 = max{C−1
1 , C−1

2 }. By (5.27) and Lemma 5.7 (see (5.19)) we
obtain

‖vs+τ‖′s+τ ≤ e(a+ς)(τ−t)‖vs+t‖′s+t +
θD1

ς
C3e

max{a,b}s‖(vs+t, ws+t)‖′s+t

× e−(a+b)tm(s)
∫ s+τ

s+t

ea(s+τ−r)e(b+θ+qa)(r−s−t)ear dr

≤ e(a+ς)(τ−t)‖vs+t‖′s+t +
θD1

ς
C3e

max{a,b}s‖(vs+t, ws+t)‖′s+t

× ease−btm(s)
∫ s+τ

s+t

ea(s+τ−r)e(b+θ+qa+a)(r−s−t) dr

≤ e(a+ς)(τ−t)‖vs+t‖′s+t +
θD1

ς
C3e

max{a,b}s‖(vs+t, ws+t)‖′s+t

× ease−btm(s)ea(τ−t)

∫ s+τ

s+t

e[b+θ+(q−1)a+a](r−s−t) dr.

Using the constant c1 < 0 in (5.22), we conclude from (5.26) that

‖vs+τ‖′s+τ ≤ e(a+ς)(τ−t)‖vs+t‖′s+t

+
θD1

ς|c1|C3e
−bt(1 − ec1(τ−t))ea(τ−t)‖(vs+t, ws+t)‖′s+t.

(5.28)
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In a similar manner, using (2.6) we obtain

‖ws+t‖′s+t =
∫ s+t

s−�

‖V (s + t, σ)−1ws+t‖e−b′(σ−s−t) dσ

=
∫ s+t

s−�

∥∥∥∥V (s + τ, σ)−1ws+τ −
∫ s+τ

s+t

V (r, σ)−1G(r) dr

∥∥∥∥ e−b′(σ−s−t) dσ

≤ e−b′(τ−t)

∫ s+τ

s−�

‖V (s + τ, σ)−1ws+τ‖e−b′(σ−s−τ) dσ

+ eb′(s+t)

∫ s+t

s−�

(∫ s+τ

s+t

‖V (r, σ)−1‖ · ‖G(r)‖ dr

)
e−b′σ dσ

≤ e−b′(τ−t)‖ws+τ‖′s+τ

+ eb′(s+t)D2

∫ s+τ

s+t

(
‖G(r)‖e−br+br

∫ s+t

s−�

e(−b′+b)σ dσ

)
dr

≤ e−b′(τ−t)‖ws+τ‖′s+τ + eb′(s+t)e−ςseς� D2

ς

∫ s+τ

s+t

‖G(r)‖e−br+br dr,

where in the last inequality we have used the identity b′ = b + ς (see (5.17)).
It follows from (5.27) and Lemma 5.7 that

‖ws+t‖′s+t ≤ e−(b+ς)(τ−t)‖ws+τ‖′s+τ

+ e(b+ς)(s+t)e−ςseς� θD2

ς
C3e

max{a,b}s‖(vs+t, ws+t)‖′s+t

× e−(a+b)tm(s)
∫ s+τ

s+t

e−br+bre(b+θ+qa)(r−s−t) dr

≤ e−(b+ς)(τ−t)‖ws+τ‖′s+τ

+ e(b+ς)(s+t)e−ςseς� θD2

ς
C3‖(vs+t, ws+t)‖′s+t

× e−b(s+t)ebse−atemax{a,b}sm(s)
∫ s+τ

s+t

e(b+θ+qa+b)(r−s−t) dr

≤ e−(b+ς)(τ−t)‖ws+τ‖′s+τ + e(ς−a)teς� θD2

ς
C3‖(vs+t, ws+t)‖′s+t

× ebs+max{a,b}sm(s)
∫ s+τ

s+t

e(b+θ+qa+b)(r−s−t) dr.

Using the constant c2 < 0 in (5.22), we conclude from (5.26) that

‖ws+t‖′s+t ≤ e−(b+ς)(τ−t)‖ws+τ‖′s+τ

+
θD2

ς|c2|C3e
ς�e(ς−a)t(1 − ec2(τ−t))‖(vs+t, ws+t)‖′s+t.

(5.29)

Since (vs+τ , ws+τ ) ∈ Cs(τ) we have ‖ws+τ‖′s+τ ≤ ‖vs+τ‖′s+τ . It follows
from (5.28) and (5.29) that
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‖ws+t‖′s+t ≤ e−(b+ς)(τ−t)

[
e(a+ς)(τ−t)‖vs+t‖′s+t

+
θD1

ς|c1|C3e
−bt(1 − ec1(τ−t))ea(τ−t)‖(vs+t, ws+t)‖′s+t

]
+

θD2

ς|c2|C3e
ς�e(ς−a)t(1 − ec2(τ−t))‖(vs+t, ws+t)‖′s+t

≤ e(a−b)(τ−t)‖vs+t‖′s+t

+
θD1

ς|c1|C3(1 − ec1(τ−t))‖(vs+t, ws+t)‖′s+t

+
θD2

ς|c2|C3e
ς�e(ς−a)t(1 − ec2(τ−t))‖(vs+t, ws+t)‖′s+t.

Set now

ν = 2C3
θ

ς

(
D1

|c1| +
D2

|c2|e
ς�

)
. (5.30)

In view of (5.17)–(5.18) we have ς − a ≤ 0. Thus, setting c = min{c1, c2} < 0
we obtain

‖ws+t‖′s+t ≤ e(a−b)(τ−t)‖vs+t‖′s+t + ν(1 − ec(τ−t))(‖vs+t‖′s+t + ‖ws+t‖′s+t).

Therefore,

[1 − ν(1 − ec(τ−t))] · ‖ws+t‖′s+t ≤ [e(a−b)(τ−t) + ν(1 − ec(τ−t))] · ‖vs+t‖′s+t.

We now consider two cases:
1. if a − b ≤ c, then

‖ws+t‖′s+t ≤ F (τ − t)‖vs+t‖′s+t,

where

F (τ − t) =
ec(τ−t) + ν(1 − ec(τ−t))

1 − ν(1 − ec(τ−t))
;

2. if a − b > c, then

‖ws+t‖′s+t ≤ F (τ − t)‖vs+t‖′s+t,

where

F (τ − t) =
e(a−b)(τ−t) + ν(1 − ec(τ−t))

1 − ν(1 − ec(τ−t))
.

When δ is sufficiently small (and thus when θ is also sufficiently small, in
view of (5.9)), it follows from (5.30) that ν can be made arbitrarily small. By
Lemma 5.6 we conclude that F (τ − t) < 1 for every τ > t. This completes the
proof of the lemma. ��
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5.4.4 Construction and continuity of the stable spaces

Given (s, ξ) ∈ Xγ , we set

E(s, ξ, ϕ(s, ξ)) =
⋂
τ≥0

(∂Ψτ (s,ξ,ϕ(s,ξ))Ψ−τ )Cs(τ). (5.31)

It is shown in Lemma 5.11 that E(s, ξ, ϕ(s, ξ)) is a vector space, with the same
dimension as E(s) in the direct sum E(s)⊕F (s). We will call it the stable space
at the point (s, ξ, ϕ(s, ξ)). We first establish some auxiliary results concerning
the speed at which the norms of vectors inside and outside the cones vary
along a given orbit. We start with vectors inside the cones.

Lemma 5.9. Given δ > 0 sufficiently small, for each (s, ξ) ∈ Xγ with s ≥ �,
τ ≥ 0, and (v, w) ∈ Cs(τ) we have

‖(∂Ψτ (s,ξ,ϕ(s,ξ))Ψ−τ )(v, w)‖′s ≥ 1
4
e−(a+ς)τ‖(v, w)‖′s+τ . (5.32)

Proof. We use the same notation as in the proof of Lemma 5.8. Let τ > t = 0
and set (vs+τ , ws+τ ) = (v, w). We consider the vector (vs, ws) given by (5.24)
with r = s. By Lemma 5.8 (see (5.23)), we have (vs, ws) ∈ Cs(0), and thus
‖ws‖′s ≤ ‖vs‖′s. It follows from (5.28) that

‖vs+τ‖′s+τ ≤ e(a+ς)τ‖vs‖′s +
θD1

ς|c1|2C3(1 − ec1τ )eaτ‖vs‖′s

≤ e(a+ς)τ

(
1 +

θD1

ς|c1|2C3

)
‖vs‖′s.

In view of (5.9), for each δ sufficiently small we have

θD1

ς|c1|2C3 ≤ 1, (5.33)

and thus
‖vs‖′s ≥ 1

2
e−(a+ς)τ‖vs+τ‖′s+τ . (5.34)

Since (v, w) ∈ Cs(τ), we have ‖(vs+τ , ws+τ )‖′s+τ ≤ 2‖vs+τ‖′s+τ . It follows
from (5.34) that

‖(vs, ws)‖′s ≥ ‖vs‖′s ≥ 1
2
e−(a+ς)τ‖vs+τ‖′s+τ

≥ 1
4
e−(a+ς)τ‖(vs+τ , ws+τ )‖′s+τ .

This completes the proof of the lemma. ��
We now establish an analogous result to that in Lemma 5.9 for vectors

outside the cones.
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Lemma 5.10. Given δ > 0 sufficiently small, for each (s, ξ) ∈ Xγ with s ≥ �,
τ ≥ 0, and z ∈ F (s) we have

‖(∂(s,ξ,ϕ(s,ξ))Ψτ )(0, z)‖′s+τ ≥ 1
2
e(b+ς)τ‖(0, z)‖′s. (5.35)

Proof. Let

(z1, z2) = (∂(s,ξ,ϕ(s,ξ))Ψτ )(0, z) =

(
∂x
∂ξ

∂x
∂η

∂y
∂ξ

∂y
∂η

)(
0
z

)
,

with the partial derivatives computed at the point ps+τ (see (5.6) and (5.7)).
Since ‖(z1, z2)‖′s+τ ≥ ‖z2‖′s+τ , it is sufficient to find a lower bound for ‖z2‖′s+τ .
We use the notation

F (r) =
∂f

∂x
|qr

∂x

∂η
|pr

z +
∂f

∂y
|qr

∂y

∂η
|pr

z,

with pr and qr as in (5.6). It follows from (5.13) with t = 0 and ρ = s+ τ that

V (s + τ, s)z = z2 −
∫ s+τ

s

V (r, s + τ)−1

(
∂f

∂x
|qr

∂x

∂η
|pr

z +
∂f

∂y
|qr

∂y

∂η
|pr

z

)
dr.

Using (5.29) with t = 0 and since c2 < 0, we obtain

‖z‖′s ≤ e−(b+ς)τ‖z2‖′s+τ +
θD2

ς|c2|C3e
ς�‖z‖′s.

In view of (5.9), for each δ sufficiently small we have

θD2

ς|c2|C3e
ς� ≤ 1/2, (5.36)

and thus ‖z‖′s ≤ 2e−(b+ς)τ‖z2‖′s+τ . Therefore, since ‖z‖′s = ‖(0, z)‖′s, we con-
clude that

‖(z1, z2)‖′s+τ ≥ ‖z2‖′s+τ ≥ 1
2
e(b+ς)τ‖(0, z)‖′s.

This completes the proof of the lemma. ��
We recall that −(a+ς) > 0 and b+ς > 0 (see (5.17)). Thus, the inequalities

(5.32) and (5.35) say respectively that vectors inside the cones expand as time
goes to the past, and that vectors in the subspaces F (s) (which are outside
the cones) expand as time goes to the future. With the help of Lemmas 5.9
and 5.10 we can now establish that the set E(s, ξ, ϕ(s, ξ)) defined by (5.31) is
a vector space varying continuously with the pair (s, ξ).

Lemma 5.11. Given δ > 0 sufficiently small, the following properties hold:
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1. for every (s, ξ) ∈ Xγ with s ≥ �, the set E(s, ξ, ϕ(s, ξ)) is a subspace with
dimE(s, ξ, ϕ(s, ξ)) = dimE(s);

2. the map Xγ ∩ ([�,+∞) × R
n) � (s, ξ) �→ E(s, ξ, ϕ(s, ξ)) is continuous.

Proof. Set
D(τ) = (∂Ψτ (s,ξ,ϕ(s,ξ))Ψ−τ )Cs(τ).

It follows readily from Lemma 5.8, applying ∂Ψt(s,ξ,ϕ(s,ξ))Ψ−t to both sides of
(5.23), that for every τ ≥ t ≥ 0,

D(τ) ⊂ int D(t) ⊂ int D(0) = Cs(0) \ {(0, 0)}. (5.37)

Therefore, (D(τ))τ≥0 is a strictly decreasing family of closed sets inside the
cone Cs(0), and thus, E(s, ξ, ϕ(s, ξ)) is a nonempty closed subset of Cs(0).
Furthermore, for each k ∈ N the set D(k) contains a subspace Ek of dimension
dimE(s). Therefore, by the compactness of the unit ball in R

n, there exists a
subspace E′ ⊂ E(s, ξ, ϕ(s, ξ)) of dimension dimE(s) (consider the subspaces
Ek and an orthonormal basis for each of them; the compactness allows us to
find a subsequence for which each of the components of the orthonormal basis
converges).

Given v ∈ E(s, ξ, ϕ(s, ξ)), we write v = v1 + v2 with v1 ∈ E′ and v2 ∈ F (s).
We note that E′ is inside the cone Cs(0) while F (s) is outside this cone, and
thus, we can always write v in this form. Since v, v1 ∈ E(s, ξ, ϕ(s, ξ)) it follows
from the definition of E(s, ξ, ϕ(s, ξ)) in (5.31) that

(∂(s,ξ,ϕ(s,ξ))Ψτ )v, (∂(s,ξ,ϕ(s,ξ))Ψτ )v1 ∈ Cs(τ).

By Lemmas 5.9 and 5.10 we obtain

‖v2‖′s ≤ 2e(−b−ς)τ‖(∂(s,ξ,ϕ(s,ξ))Ψτ )v2‖′s+τ

= 2e(−b−ς)τ‖(∂(s,ξ,ϕ(s,ξ))Ψτ )(v − v1)‖′s+τ

≤ 8e(a−b)τ (‖v‖′s + ‖v1‖′s).
By (2.6), letting τ → 0 we obtain v2 = 0 and thus v ∈ E′. Therefore, E′ =
E(s, ξ, ϕ(s, ξ)) and E(s, ξ, ϕ(s, ξ)) is a subspace of dimension dim E(s).

It remains to establish the continuity in the last property. Recall that v ∈
E(s, ξ, ϕ(s, ξ)) if and only if (see (5.31))

(∂(s,ξ,ϕ(s,ξ))Ψτ )v ∈ Cs(τ) for every τ ≥ 0.

Consider a sequence (sk, ξk)k ∈ Xγ ∩ ([�,+∞) × R
n) converging to a point

(s, ξ) in the same set as k → +∞, and a sequence vk ∈ E(sk, ξk, ϕ(sk, ξk))
such that ‖vk‖ = 1 for each k ∈ N. Then

(∂(sk,ξk,ϕ(sk,ξk))Ψτ )vk ∈ Csk
(τ) for every k ∈ N and τ ≥ 0 (5.38)

(we stress that the cone in (5.38) is computed with respect to the norms
‖·‖′sk+τ in (5.16)). We first assume that (vk)k converges and let v ∈ R

n be
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the limit of the sequence. It follows from the C1 regularity of Ψτ (which is an
immediate consequence of the C1 regularity of (t, v) �→ A(t)v + f(t, v)) and
the Lipschitz property of ϕ in (4.10) that (s, ξ) �→ ∂(s,ξ,ϕ(s,ξ))Ψτ is continuous,
and hence,

(∂(sk,ξk,ϕ(sk,ξk))Ψτ )vk → (∂(s,ξ,ϕ(s,ξ))Ψτ )v as k → +∞ for every τ ≥ 0.

Furthermore, since the norms in (5.16) are independent of ξ and vary contin-
uously with s, we conclude from (5.38) that

(∂(s,ξ,ϕ(s,ξ))Ψτ )v ∈ Cs(τ) for every τ ≥ 0.

Therefore, v ∈ E(s, ξ, ϕ(s, ξ)) (see (5.31)). When (vk)k does not converge,
let (mk)k be some subsequence for which (vmk

)k converges, say to a vector
v ∈ R

n (recall that ‖vk‖ = 1 for each k, and thus there are always sublimits).
Proceeding in a similar manner, it follows from (5.38) that

(∂(s,ξ,ϕ(s,ξ))Ψτ )v ∈ Cs(τ) for every τ ≥ 0.

Therefore, v ∈ E(s, ξ, ϕ(s, ξ)), that is, any sublimit of the sequence (vk)k is
in E(s, ξ, ϕ(s, ξ)). It follows from the property

dim E(sk, ξk, ϕ(sk, ξk)) = dimE(s, ξ, ϕ(s, ξ)) = dimE(s) for each k ∈ N,

that any sublimit of a sequence of orthonormal bases (with respect to the origi-
nal norm ‖·‖) of the vector spaces E(sk, ξk, ϕ(sk, ξk)) (obtained by considering
any subsequence (mk)k such that every component of the orthonormal bases
converges) is also an orthonormal basis of E(s, ξ, ϕ(s, ξ)). Therefore,

E(sk, ξk, ϕ(sk, ξk)) → E(s, ξ, ϕ(s, ξ)) as k → ∞,

and the map ξ �→ E(s, ξ, ϕ(s, ξ)) is continuous. ��
It follows readily from (5.31) and the inclusions in (5.37) that for every

increasing sequence τk → +∞ as k → +∞ we have

E(s, ξ, ϕ(s, ξ)) =
⋂
k∈N

(∂Ψτk
(s,ξ,ϕ(s,ξ))Ψ−τk

)Cs(τk).

5.4.5 Behavior of the tangent sets

We now introduce sets that at each point of V contain all possible tangential
behavior (with respect to V). Given s ≥ 0 and ξ, ξ̄ ∈ Rs(δe−γs) with ξ �= ξ̄,
we set

Δξ,ξ̄ϕ =
(ξ, ϕ(s, ξ)) − (ξ̄, ϕ(s, ξ̄))
‖(ξ, ϕ(s, ξ)) − (ξ̄, ϕ(s, ξ̄))‖ ,

and
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t(s,ξ)ϕ = {v ∈ R
n : Δξ,ξm

ϕ → v for some sequence ξm → ξ}.
We define the tangent set of the graph of ϕ at (s, ξ, ϕ(s, ξ)) (when restricted
to {s} × R

n) by

V (s, ξ, ϕ(s, ξ)) = {λv : v ∈ t(s,ξ)ϕ and λ ∈ R}.
One can easily verify that the function ϕ is differentiable at (s, ξ) when re-
stricted to {s} × R

n if and only if V (s, ξ, ϕ(s, ξ)) is a subspace of dimension
dimE(s). This is precisely the basis in the present approach to establish the
smoothness of V. In order to effect this approach we first establish a relation
between the tangent sets and the invariant family of cones constructed in the
former section.

For each r ≥ s, we write

x(r) = x(r, s, ξ, ϕ(s, ξ)) and x(r) = x(r, s, ξ̄, ϕ(s, ξ̄)). (5.39)

We also set
ζ = c2q+2DqδqD1. (5.40)

We start with some auxiliary results.

Lemma 5.12. Given δ ∈ (0, 1) sufficiently small, for each s ≥ 0, ξ, ξ̄ ∈
Rs(δe−γs), and τ > t ≥ 0 we have

‖x(s + τ) − x(s + τ)‖ ≤ D1e
(a+ζ)(τ−t)+a(s+t)‖x(s + t) − x(s + t)‖. (5.41)

Proof. For each r ∈ [s + t, s + τ ], it follows from (4.10) that

‖(x(r), ϕ(r, x(r)))‖ = ‖(x(r), ϕ(r, x(r)) − ϕ(r, 0))‖ ≤ 2‖x(r)‖,
‖(x(r), ϕ(r, x(r)))‖ = ‖(x(r), ϕ(r, x(r)) − ϕ(r, 0))‖ ≤ 2‖x(r)‖,

and
‖(x(r), ϕ(r, x(r))) − (x(r), ϕ(r, x(r)))‖ ≤ 2‖x(r) − x(r)‖.

By (4.2), we obtain

‖f(r, x(r), ϕ(r, x(r))) − f(r, x(r), ϕ(r, x(r)))‖
≤ c2q+1‖x(r) − x(r)‖(‖x(r)‖q + ‖x(r)‖q).

Using Theorem 4.1 (see (4.16)), this yields

‖f(r, x(r), ϕ(r, x(r))) − f(r, x(r), ϕ(r, x(r)))‖
≤ c2q+2‖x(r) − x(r)‖Dqeqa(r−s)+aqs(‖ξ‖q + ‖ξ‖q)

≤ ηeqa(r−s)−(2a+2b+aq+max{a,b})s‖x(r) − x(r)‖,
(5.42)

where
η = c2q+2Dqδq < c2q+2Dq, (5.43)



5.4 Proof of the C1 regularity 97

since δ < 1. Note that the last constant in (5.43) is independent of δ. There-
fore, setting

ρ(r) = ‖x(r) − x(r)‖
and using (2.6), it follows from the identities

x(s + τ) = U(s + τ, s + t)x(s + t) +
∫ s+τ

s+t

U(s + τ, r)f(r, x(r), ϕ(r, x(r))) dr

x(s + τ) = U(s + τ, s + t)x(s + t) +
∫ s+τ

s+t

U(s + τ, r)f(r, x(r), ϕ(r, x(r))) dr

that

ρ(s + τ) ≤ ‖U(s + τ, s + t)‖ρ(s + t)

+
∫ s+τ

s+t

‖U(s + τ, r)‖ηeqa(r−s)−(2a+2b+aq+max{a,b})sρ(r) dr

≤ D1e
a(τ−t)+a(s+t)ρ(s + t) + D1ηe−(a+2b+aq+max{a,b})s

×
∫ s+τ

s+t

ea(τ−t)eT1(r−s)e−a(r−t−s)ρ(r) dr,

(5.44)

with T1 = qa + a. By the first inequality in (5.1), we have T1 < 0. Setting

Γ (σ) = e−a(σ−t−s)ρ(σ),

it follows from (5.44) that for every τ > t,

Γ (s + τ) ≤ D1e
a(s+t)ρ(s + t) + ζ

∫ s+τ

s+t

Γ (r) dr.

Using Gronwall’s lemma for the function τ �→ Γ (s + τ), we obtain

ρ(s + τ) ≤ D1e
a(s+t)+ζ(τ−t)ρ(s + t)ea(τ−t)

for every τ > t, which is the same as (5.41). This completes the proof. ��
Note now that by (2.6) and (5.1), we have

−b + a + qa + b < 0 and a − b + b < 0,

and hence, in view of (5.40), we can choose δ > 0 sufficiently small so that

T2 = −b + a + ζ + qa + b < 0 and a + ζ − b + b < 0. (5.45)

We will use the notations

χ(r) = ‖x(r) − x(r)‖ and ρ(r) = ‖ϕ(r, x(r)) − ϕ(r, x(r))‖, (5.46)

with x(r) and x(r) as in (5.39). The following is another auxiliary result.
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Lemma 5.13. Given δ ∈ (0, 1) sufficiently small, for each s ≥ 0, ξ, ξ̄ ∈
Rs(δe−γs), and τ > t ≥ 0 we have

ρ(s + t) ≤ D2e
−(b−b)(τ−t)eb(s+t)ρ(s + τ)

+
D1D2η

|T2| e(qa+a+b)t−(a+b+aq+max{a,b})sχ(s + t).

Proof. It follows from (4.17) and (4.17) that

ϕ(s + t, x(s + t)) = V (s + τ, s + t)−1ϕ(s + τ, x(s + τ))

−
∫ s+τ

s+t

V (r, s + t)−1f(r, x(r), ϕ(r, x(r))) dr,
(5.47)

ϕ(s + t, x(s + t)) = V (s + τ, s + t)−1ϕ(s + τ, x(s + τ))

−
∫ s+τ

s+t

V (r, s + t)−1f(r, x(r), ϕ(r, x(r))) dr.
(5.48)

By (5.42), we have

‖f(r, x(r), ϕ(r, x(r))) − f(r, x(r), ϕ(r, x(r)))‖
≤ ηeqa(r−s)−(2a+2b+aq+max{a,b})sχ(r),

with η as in (5.43). It follows from Lemma 5.12, setting s + τ = r in (5.41),
that for every r ≥ s + t we have

‖f(r, x(r), ϕ(r, x(r))) − f(r, x(r), ϕ(r, x(r)))‖
≤ D1ηeqa(r−s)−(2a+2b+aq+max{a,b})se(a+ζ)(r−s−t)+a(s+t)χ(s + t).

Subtracting (5.47) and (5.48), and using (2.6) we obtain

ρ(s + t) ≤ ‖V (s + τ, s + t)−1‖ρ(s + τ) + D1ηeatχ(s + t)

×
∫ s+τ

s+t

‖V (r, s + t)−1‖eqa(r−s)−(a+2b+aq+max{a,b})se(a+ζ)(r−t−s) dr

≤ D2e
−b(τ−t)+b(s+τ)ρ(s + τ) + D1D2ηe(qa+a+b)t

× e−(a+b+aq+max{a,b})sχ(s + t)
∫ s+τ

s+t

eT2(r−s−t) dr

≤ D2e
−b(τ−t)+b(s+τ)ρ(s + τ)

+
D1D2η

|T2| e(qa+a+b)t−(a+b+aq+max{a,b})sχ(s + t),

with T2 as in (5.45). This completes the proof of the lemma. ��
We can now establish a relation between the tangent sets and the invariant

family of cones along each orbit.
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Lemma 5.14. Given δ ∈ (0, 1) sufficiently small, for each (s, ξ) ∈ Xγ with
s ≥ �, and t ≥ 0 we have V (Ψt(s, ξ, ϕ(s, ξ))) ⊂ Cs(t).

Proof. We proceed by contradiction. Namely, assume that there exists t ≥ s
such that

V (Ψt(s, ξ, ϕ(s, ξ))) \ Cs(t) �= ∅. (5.49)

Then, there exists ξ̄ ∈ Rs(δe−γs) arbitrarily close to ξ for which

‖ϕ(s + t, x(s + t)) − ϕ(s + t, x(s + t))‖′s+t > ‖x(s + t) − x(s + t)‖′s+t, (5.50)

where x and x are the functions in (5.39). Using the same notation as in
(5.46), it follows from (5.50) and Lemma 5.7 that

χ(s + t) < C1e
a(s+t)‖ϕ(s + t, x(s + t)) − ϕ(s + t, x(s + t))‖′s+t

≤ D2C1

ς
e(a+b)(s+t)+ς(�+t)ρ(s + t).

By Lemma 5.13, we obtain

χ(s + t) ≤ D2
2C1

ς
e−(b−b)(τ−t)e(a+2b)(s+t)+ς(�+t)ρ(s + τ)

+
D1D

2
2C1η

ς|T2| e(qa+a+b)t−(a+b+aq+max{a,b})se(a+b)(s+t)χ(s + t)

≤ D2
2C1

ς
e−(b−b)(τ−t)e(a+2b)(s+t)+ς(�+t)ρ(s + τ)

+
D1D

2
2C1η

ς|T2| e(qa+2a+2b)te−aqs−max{a,b}sχ(s + t).

(5.51)

By the first inequality in (5.1), we have qa + 2a + 2b < 0. In view of (5.43),
we can choose δ > 0 sufficiently small so that

D1D
2
2C1η

ς|T2| e(qa+2a+2b)te−aqs−max{a,b}s ≤ D1D
2
2C1η

ς|T2| ≤ 1
2
.

Hence, it follows from (5.51) that

χ(s + t) ≤ 2
D2

2C1

ς
e−(b−b)(τ−t)e(a+2b)(s+t)+ς(�+t)ρ(s + τ).

By (5.41) in Lemma 5.12, we conclude that

χ(s + τ) ≤ 2D1D
2
2C1

ς
e(a+ζ−b+b)(τ−t)e(2a+2b)(s+t)+ς(�+t)ρ(s + τ).

Recall that s and t are fixed (see (5.49)). Therefore, by (5.45) (see also (5.46)),
there exists τ > t such that
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‖x(s + τ) − x(s + τ)‖ < ‖ϕ(s + τ, x(s + τ)) − ϕ(s + τ, x(s + τ))‖.
But this contradicts the fact that the points

(x(s + τ), ϕ(s + τ, x(s + τ))) and (x(s + τ), ϕ(s + τ, x(s + τ)))

belong to the stable manifold, since ϕ possesses the Lipschitz property
in (4.10). This completes the proof of the lemma. ��

5.4.6 C1 regularity of the stable manifolds

We have now all the tools that are needed to prove that the subset V ⊂ W

(see (5.4)) of the Lipschitz manifold W is in fact a smooth manifold of class C1.

Proof of Theorem 5.1. We note that Δξ,ξm
ϕ → v as m → ∞ (with ξm → ξ as

m → ∞) if and only if for every τ ≥ 0,

lim
m→∞

Ψτ (s, ξm, ϕ(s, ξm)) − Ψτ (s, ξ, ϕ(s, ξ))
‖Ψτ (s, ξm, ϕ(s, ξm)) − Ψτ (s, ξ, ϕ(s, ξ))‖ =

(∂(s,ξ,ϕ(s,ξ))Ψτ )v
‖(∂(s,ξ,ϕ(s,ξ))Ψτ )v‖ .

This implies that

(∂(s,ξ,ϕ(s,ξ))Ψτ )V (s, ξ, ϕ(s, ξ)) = V (Ψτ (s, ξ, ϕ(s, ξ))). (5.52)

Let now (s, ξ) ∈ Xγ with s > �. By Lemma 5.14, we have

V (Ψτ (s, ξ, ϕ(s, ξ))) ⊂ Cs(τ) for every τ ≥ 0.

Therefore, in view of (5.52),

V (s, ξ, ϕ(s, ξ)) ⊂ (∂Ψτ (s,ξ,ϕ(s,ξ))Ψ−τ )Cs(τ)

for every τ ≥ 0, and hence, by (5.31),

V (s, ξ, ϕ(s, ξ)) ⊂ E(s, ξ, ϕ(s, ξ)).

On the other hand, for each v ∈ E(s) \ {0} there exists a sequence tm → 0
such that Δξ,ξ+tmvϕ converges as m → +∞ (due to the compactness of
the unit ball in R

n). This implies that the first dimE(s) components of
V (s, ξ, ϕ(s, ξ)) project onto E(s). On the other hand, by Lemma 5.11, the
space E(s, ξ, ϕ(s, ξ)) has dimension dimE(s) and hence

V (s, ξ, ϕ(s, ξ)) = E(s, ξ, ϕ(s, ξ)). (5.53)

In particular, V (s, ξ, ϕ(s, ξ)) is a subspace of dimension dim E(s). Therefore
(see the discussion in the beginning of Section 5.4.5), the function ϕ is differ-
entiable at each point (s, ξ, ϕ(s, ξ)) when restricted to {s}×R

n. Furthermore,
it follows from the continuity of the map
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(s, ξ) �→ E(s, ξ, ϕ(s, ξ))

(see Lemma 5.11) and (5.53) that ϕ is of class C1 on each plane {s}×R
n (since

the tangent set varies continuously). This shows that the set V ∩ ({s} × R
n)

is a C1 manifold for each s > �, of dimension dimE(s).
We now consider some ε = ε(s) > 0 such that s − ε > �, and we define the

map

Fs : {(t, ξ) : t ∈ (−ε, ε) and ξ ∈ Rs+t(δe−γ(s+t))} → R
+ × R

n

by
Fs(t, ξ) = Ψt(s, ξ, ϕ(s, ξ)). (5.54)

We showed above that ξ �→ ϕ(s, ξ) is of class C1 (for each fixed s). Further-
more, it follows from B1 and B2 that the map (t, s, ξ, η) �→ Ψt(s, ξ, η) is of
class C1. Therefore, Fs is also of class C1 (for each fixed s). In addition, one
can verify that the map Fs is injective: if Fs(t, ξ) = Fs(t′, ξ′) then the first
component of Fs gives s + t = s + t′ and hence t = t′; therefore,

Ψt(s, ξ, ϕ(s, ξ)) = Ψt(s, ξ′, ϕ(s, ξ′))

and applying Ψ−t to both sides of the identity yields ξ = ξ′. This shows that
Fs is a parametrization of class C1 of an open subset of V containing (s, 0).
Since this procedure can be effected for every s, and ε is arbitrarily small, we
conclude that V is a smooth manifold of class C1 of dimension dimE(s) + 1.

For the remaining properties, note that by Theorem 4.1 (see (4.15)) we have

ϕ(s, ξ) = −
∫ +∞

s

V (τ, s)−1f(Ψτ−s(s, ξ, ϕ(s, ξ))) dτ.

Taking derivatives with respect to ξ, we obtain

∂ϕ

∂ξ
(s, 0) = −

∫ +∞

s

V (τ, s)−1

(
∂f

∂x
(τ, 0)

∂x

∂ξ
+

∂f

∂y
(τ, 0)

∂y

∂ξ

)
dτ,

with ∂x
∂ξ and ∂y

∂ξ computed at (τ, s, 0) ∈ R
+ × R

+ × R
n. By Lemma 5.4 we

have
∂f

∂x
(τ, 0) =

∂f

∂y
(τ, 0) = 0,

and hence, ∂ϕ
∂ξ (s, 0) = 0. This implies that

(T(s,0)V) ∩ ({s} × R
n) = {s} × E(s) for each s > �. (5.55)

Furthermore, since ϕ(s, 0) = 0 for every s > �, we have (�,+∞) × {0} ⊂ V

and thus, R × {0} ⊂ T(s,0)V for every s > �. Together with the identities in
(5.55) and the fact that dimV = dimE(s) + 1, we conclude that

T(s,0)V = R × E(s).

This completes the proof of the theorem. ��
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It follows immediately from (5.52) and (5.53) in the proof of the theorem
that given (s, ξ) ∈ Xγ with s > � we have

(∂(s,ξ,ϕ(s,ξ))Ψτ )E(s, ξ, ϕ(s, ξ)) = E(Ψτ (s, ξ, ϕ(s, ξ))) (5.56)

for every τ ≥ 0. However, a priori (without considering the tangent sets), the
identity in (5.56) must be considered nontrivial, due to the fact that the cones
which are used to define the space E(Ψτ (s, ξ, ϕ(s, ξ))) in (5.56) are obtained
from the norms ‖·‖′ in (5.16) with s replaced by s+ τ . In particular, it follows
easily from the definition of the stable spaces in (5.31) that

(∂(s,ξ,ϕ(s,ξ))Ψτ )E(s, ξ, ϕ(s, ξ)) ⊂ E(Ψτ (s, ξ, ϕ(s, ξ)))

and a priori this inclusion could be proper. We note that when we consider
cones instead of tangent spaces, the corresponding inclusion is indeed proper
for the cones at the points (s, ξ, ϕ(s, ξ)) and Ψτ (s, ξ, ϕ(s, ξ)), that is,

(∂(s,ξ,ϕ(s,ξ))Ψτ )Cs(0) ⊂ Cs+τ (τ)

and this inclusion is proper (since ‖w‖′s+τ < ‖w‖′s whenever w �= 0).
We now explain why Theorem 5.1 requires the extra parameter � which is

absent in Theorem 4.1 concerning the existence of a Lipschitz manifold. This
has to do with the expressions in (5.30), (5.33), and (5.36) which involve the
product

θC3 = θ max{C−1
1 , C−1

2 },
with θ as in (5.9), and with C1 and C2 = C2(�) as in (5.21). Indeed, it follows
from (5.21) that as � → 0 the constant C2 approaches infinity, and thus θ and
consequently δ = δ(�) must approach zero. On the other hand, we can fix an
arbitrarily small positive �, and choose a corresponding δ in Theorem 5.1.

5.5 Ck stable manifolds

Given k ∈ N, we now replace the conditions B1 and B2 in Section 5.1 by the
new conditions:

C1. the function A : R
+
0 → Mn(R) is of class Ck and satisfies (2.2);

C2. the function f : R
+
0 × R

n → R
n is of class Ck, satisfies (4.1), and there

exist c > 0 and q > k such that∥∥∥∥∂jf

∂vj
(t, u) − ∂jf

∂vj
(t, v)

∥∥∥∥ ≤ c‖u − v‖(‖u‖q−j + ‖v‖q−j) (5.57)

for every j = 0, . . . , k − 1, t ≥ 0, and u, v ∈ R
n.
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When j ≥ 1, the norm considered in the left-hand side of (5.57) is the norm
of a multilinear (j-linear) operator. One can easily verify that the condition
C2 is equivalent (with the same constant q) to the condition: f(t, 0) = 0 for
every t ≥ 0, and there exist c > 0 and q > k such that∥∥∥∥∂jf

∂vj
(t, v)

∥∥∥∥ ≤ c‖v‖q−j+1 for every j = 1, . . . , k, t ≥ 0, and v ∈ R
n.

That this implies the condition C2 is immediate from the mean value theorem.
The converse follows readily from the definitions (see (5.73)).

We continue to set ϑ = max{a, b} (see (2.6)). We consider the conditions

qa + 4ϑ < min{a − b, (2 − q)ϑ} and a + 5ϑ(1 + 1/q) ≤ 0. (5.58)

Note that the second inequality in (5.58) is always satisfied for ϑ sufficiently
small. Again we slightly reduce the size of the neighborhood Rs(δe−(β+3ϑ)s/q),
with β as in (4.12). Let

ω = γ + a = a(3 + 1/q) + b/q + 3ϑ/q, (5.59)

with γ as in (5.3). Note that

ω ≥ γ ≥ β ≥ α. (5.60)

We now formulate the higher regularity result. We write ps,ξ = (s, ξ, ϕ(s, ξ)).

Theorem 5.15 ([5]). Assume that C1–C2 hold for some functions A and
f of class Ck, for some k ∈ N. If the equation v′ = A(t)v admits a strong
nonuniform exponential dichotomy in R

+ and the conditions in (5.58) hold,
then for each � > 0 there exist δ > 0 and a unique function ϕ ∈ Xω−a such
that the graph

V = {ps,ξ : (s, ξ) ∈ Xω and s > �} ⊂ R
+ × R

n

is forward invariant under the semiflow Ψτ , in the sense that

if (s, ξ) ∈ Xω+a then Ψτ (ps,ξ) ∈ V for every τ ≥ 0. (5.61)

In addition, the following properties hold:

1. V is a smooth manifold of class Ck containing the line (�,+∞)×{0} and
satisfying T(s,0)V = R × E(s) for every s > �;

2. for every (s, ξ) ∈ Xω we have

ϕ(s, ξ) = −
∫ +∞

s

V (τ, s)−1f(Ψτ−s(ps,ξ)) dτ ;
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3. there exists D > 0 such that for every s ≥ 0, ξ, ξ̄, u, ū ∈ Rs(δe−ωs), and
τ ≥ 0 we have

‖Ψτ (ps,ξ) − Ψτ (ps,ξ̄)‖ ≤ Deaτ+as‖ξ − ξ̄‖, (5.62)

and setting zs,ξ,u = (u, ∂ϕ
∂ξ (s, ξ)u),∥∥∥∥∂Ψτ

∂v
(ps,ξ)zs,ξ,u − ∂Ψτ

∂v
(ps,ξ̄)zs,ξ̄,ū

∥∥∥∥ ≤ Deaτ+as(‖ξ− ξ̄‖+‖u−ū‖). (5.63)

The proof of Theorem 5.15 is given in Section 5.6, and proceeds by induc-
tion on k. When k = 1, the statement in Theorem 5.15 is a consequence of
Theorem 5.1. Indeed, note that the second condition in (5.58) implies the sec-
ond condition in (5.1). Theorem 5.1 is the first step in the induction process
in the proof of Theorem 5.15. We observe that for technical reasons in general
we are not able to take � = 0 in Theorem 5.1 and thus also in Theorem 5.15.

We emphasize that we also establish the exponential decay on the tangent
bundle of the stable manifold of the derivatives of Ψτ with respect to the initial
condition (see (5.63)). Since u �→ zs,ξ,u is linear, setting u = ū in (5.63) we
obtain∥∥∥∥∂Ψτ

∂v
(ps,ξ)zs,ξ,u − ∂Ψτ

∂v
(ps,ξ̄)zs,ξ̄,u

∥∥∥∥ ≤ Dδ−1eaτ+(a+ω)s‖ξ − ξ̄‖ · ‖u‖ (5.64)

for every s ≥ 0, ξ, ξ̄ ∈ Rs(δe−ωs), u ∈ E(s), and τ ≥ 0. Furthermore, setting
ξ̄ = 0 in (5.64) we obtain∥∥∥∥∂Ψτ

∂v
(ps,ξ)

∣∣Tps,ξ
V ∩ ({s} × R

n)
∥∥∥∥ ≤ Deaτ+as sup

u	=0

‖u‖
‖zs,ξ,u‖

for every s ≥ 0, ξ ∈ Rs(δe−ωs), and τ ≥ 0. When we consider higher-order jets
(other than the first, which amounts to the linear variational equation, that
is used in the proof of Theorem 5.15; see Section 5.6.1), the corresponding
higher-order linearized vector fields maintain the linear part A(t) of the origi-
nal linear variational equation. This ensures that the higher-order jets possess
essentially the same nonuniform exponential dichotomies as the linear varia-
tional equation, although in higher-dimensional spaces. Thus, we can expect
each of the corresponding higher-order derivatives to exhibit an exponential
decay similar to that in (5.62) and (5.63), up to order k − 1. That this is
indeed the case is established in Chapter 6 with another approach (see The-
orem 6.1). The main “computational” difficulty in using the approach in the
present chapter to deal with the higher-order derivatives is that when j ≥ 2
the derivative ∂jΨτ/∂vj never occurs alone in any component of the semi-
flows associated with the higher-order linearized vector fields. For example, to
obtain the second-order linearized vector field we can consider the first-order
vector field in (5.66) and take derivatives with respect to v and z, which gives
the “second order” semiflow on R

+
0 × (Rn)4,
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Θ̃τ (s, v, z, ṽ, z̃)

=
(

Ψτ (s, v),
∂Ψτ

∂v
(s, v)z,

∂Ψτ

∂v
(s, v)ṽ,

(
∂2Ψτ

∂v2
(s, v)

)
(z, ṽ) +

∂Ψτ

∂v
(s, v)z̃

)
.

In particular, one can establish similar inequalities to those in (5.62) and
(5.63), or equivalently to (5.78), that is, for every s ≥ 0 and τ ≥ 0,

‖Θ̃τ (s, p1) − Θ̃τ (s, p2)‖ ≤ Deaτ+as‖p1 − p2‖
whenever (s, pi) = (s, vi, zi, ṽi, z̃i) ∈ T (TV) ∩ ({s} × (Rn)4) for i = 1, 2.

We now make some comments on the assumption q > k in the condi-
tion C2. This is caused by the nonuniformity in the exponential dichotomy,
that is, the constants a and b in (2.17). Namely, the norms of the operators
U(t, s) and V (t, s) may increase with exponential speed along a given orbit,
and in its turn this may cause that one is not able to control the solutions
for an arbitrary perturbation f . More precisely, we require some a priori con-
trol of the perturbation. In the present section, the corresponding condition
q > k is a consequence of the nonuniformity. Namely, in the proof we need
that f and its derivatives up to order k are Lipschitz, with sufficiently small
Lipschitz constants, in appropriate neighborhoods of the origin with size de-
creasing exponentially to zero along each orbit (due to the nonuniformity).
Unfortunately, when q ≥ k this is in general not true for the k-th derivative
unless q > k.

A somewhat related possible approach could be to require an extra amount
of differentiability, such as in the nonuniform hyperbolicity theory in which
it is customary to assume the dynamics to be of class C1+ε. Incidentally,
we note that in [77] Pugh gave an explicit example of a C1 diffeomorphism
which is not C1+ε for any ε ∈ (0, 1), for which there exists no stable manifold
theorem (see also Section 5.3). Of course that this not mean that all C1

diffeomorphisms and flows with nonuniformly hyperbolic trajectories which
lack higher regularity have no stable or unstable invariant manifolds. In fact,
we showed in Section 5.3 that replacing the C1+ε hypothesis by the above
condition C2, now with q > 1, there exist classes of C1 vector fields which
need not be C1+ε for any ε ∈ (0, 1) but for which each nonuniformly hyperbolic
trajectory possesses an invariant stable manifold.

We note that if in Theorem 5.15 we still have the condition in (5.57) but
now with q ≤ k (where k continues to be the degree of differentiability of A
and f), then we can show the existence of an invariant stable manifold V of
class Cr where r is the largest integer smaller than q. In another direction, we
would like to comment that in some situations, such as in dimension one, it is
easy to reduce the perturbation to one satisfying the condition C2. Namely,
it is sufficient to make the change of variables v = up for a sufficiently large
odd integer p ∈ N. We also point out that in the case of uniform exponential
dichotomies, that is, when a = b = 0, we do not require the condition q > k
and it can be replaced by q ≥ 1 both in Theorems 5.1 and 5.15. This follows
from a simple inspection of the proofs, although since in the uniform case
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the corresponding results are well known we do not include the corresponding
discussion.

5.6 Proof of the Ck regularity

5.6.1 Method of proof

The proof of Theorem 5.15 is based on the extension of the vector field of the
original equation by its differential. The regularity of the stable manifold of
the original equation will be obtained “integrating” the corresponding second
component of the stable manifold of the extended vector field, thus gaining
one additional derivative in the process. This allows us to proceed by induction
on k, the regularity of the vector field. We briefly describe the main elements
of the argument:

1. The induction step is based on the linear extension of the equation (4.4)
by the linear variational equation along a solution v(t) of (4.4), that is, of
the equation

z′ = A(t)z +
∂f

∂v
(t, v(t))z. (5.65)

The extended vector field is of class Ck−1. Thus, provided that all the
conditions in Theorem 5.15 are satisfied with k replaced by k − 1, we
obtain by induction a stable manifold Ṽ of class Ck−1 for the equation
defined by the extended vector field (see Section 5.6.2). We recall that the
case when k = 1 was already considered in Section 5.1.

2. The invariant manifold Ṽ has essentially two components, namely the sta-
ble manifold V for the original equation (4.4), since the first component
of the extended vector field coincides with the original vector field (the
right-hand side of (4.4)), and a vector bundle B over this first compo-
nent. This follows from the fact that the equation (5.65) is linear in z.
Furthermore, both manifolds V and B are of class Ck−1. If we can show
that the second component B of Ṽ coincides with the tangent bundle TV

of the stable manifold, then V is of class Ck (since the tangent bundle is
of class Ck−1). The details of this claim are given in Section 5.6.5.

3. We show that indeed B = TV by carefully studying the behavior of solu-
tions along the stable manifold of the extension. More precisely, we first
obtain a characterization of the vectors in TV in terms of the norms of
the action of the differential of Ψτ (see Section 5.6.3). We then establish
an exponential decay of the tangential component of the solutions of the
extended equation (see Section 5.6.4) or equivalently of the solutions of
the equation (5.65) on the stable manifold Ṽ. Combining the two results
we are finally able to show that B ⊂ TV (see Section 5.6.4). Since the
vector bundles B and TV have the same dimension they must be equal.
This completes the proof of Theorem 5.15.
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We assume from now on that A and f are of class Ck, for some k ≥ 2, and
that C1 and C2 hold. We also assume that the equation v′ = A(t)v admits
a nonuniform exponential dichotomy in R

+ and that the conditions in (5.58)
hold.

We will refer to the statement in Theorem 5.15 as the induction hypothesis
for k. We divide the proof into several steps.

5.6.2 Linear extension of the vector field

We consider the new vector field X : R
+
0 × R

n × R
n → R

n × R
n given by

X(t, v, z) =
(

A(t)v + f(t, v), A(t)z +
∂f

∂v
(t, v)z

)
. (5.66)

We note that X is a linear extension of its first component. The corresponding
nonautonomous differential equation is

(v′, z′) = X(t, v, z). (5.67)

Observe that the first component v(t) of a solution of (5.67) satisfies the
decoupled equation

v′ = A(t)v + f(t, v). (5.68)

The second component z(t) of a solution of (5.67) satisfies the linear varia-
tional equation obtained from (5.68), that is,

z′ = A(t)z +
∂f

∂v
(t, v(t))z. (5.69)

Therefore, if Ψτ is the semiflow in (4.7), the autonomous equation

(t′, v′, z′) = (1, X(t, v, z)) (5.70)

generates the semiflow Θτ on R
+
0 × R

n × R
n given by

Θτ (s, v, z) =
(

Ψτ (s, v),
∂Ψτ

∂v
(s, v)z

)
. (5.71)

Note that writing

Ã(t) =
(

A(t) 0
0 A(t)

)
and f̃(t, v, z) =

(
f(t, v),

∂f

∂v
(t, v)z

)
,

and using the new variable p = (v, z), we can rewrite (5.70) in the form

t′ = 1, p′ = Ã(t)p + f̃(t, p).

Clearly, the matrix Ã(t) satisfies the condition C1. The evolution operator
associated with Ã(t) is given by
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U(t, s) 0
0 V (t, s)

)
⊕
(

U(t, s) 0
0 V (t, s)

)
.

We now verify that the extended vector field satisfies the remaining hypotheses
of Theorem 5.1. We consider the norm ‖(v, z)‖ = ‖v‖+‖z‖ for (v, z) ∈ R

n×R
n.

Lemma 5.16. The following properties hold:

1. f̃ is of class Ck−1 and f̃(t, 0) = 0 for every t ≥ 0;
2. there exists C > 0 such that for every j = 0, . . ., k − 2, t ≥ 0, and

p1, p2 ∈ R
n × R

n we have∥∥∥∥∥∂j f̃

∂pj
(t, p1) − ∂j f̃

∂pj
(t, p2)

∥∥∥∥∥ ≤ C‖p1 − p2‖(‖p1‖q−j + ‖p2‖q−j). (5.72)

Proof. The first property follows immediately from the definitions. We now
establish the second property. Since by hypothesis f is of class Ck, it follows
from (5.57) that for every j = 0, . . ., k − 1 and (t, v, z) ∈ R

+
0 × R

n × R
n,∥∥∥∥∂j+1f

∂vj+1
(t, v)z

∥∥∥∥ = lim
h→0

1
|h|
∥∥∥∥∂jf

∂vj
(t, v + hz) − ∂jf

∂vj
(t, v)

∥∥∥∥
≤ c lim

h→0

‖v + hz − v‖
|h| (‖v + hz‖q−j + ‖v‖q−j)

≤ 2c‖v‖q−j‖z‖.

(5.73)

Therefore, ‖(∂j+1f/∂vj+1)(t, v)‖ ≤ 2c‖v‖q−j . Set pi = (vi, zi) for i = 1, 2.
Again by (5.57), for j = 0, . . ., k − 2 we obtain∥∥∥∥∂j+1f

∂vj+1
(t, v1)z1 − ∂j+1f

∂vj+1
(t, v2)z2

∥∥∥∥
≤
∥∥∥∥∂j+1f

∂vj+1
(t, v1) − ∂j+1f

∂vj+1
(t, v2)

∥∥∥∥ · ‖z1‖ +
∥∥∥∥∂j+1f

∂vj+1
(t, v2)

∥∥∥∥ · ‖z1 − z2‖

≤ c‖v1 − v2‖(‖v1‖q−j−1 + ‖v2‖q−j−1)‖z1‖ + 2c‖v2‖q−j‖z1 − z2‖
≤ c‖p1 − p2‖(‖p1‖q−j−1 + ‖p2‖q−j−1)‖p1‖ + 2c‖p2‖q−j‖p1 − p2‖
≤ 2c‖p1 − p2‖(‖p1‖ + ‖p2‖)q−j−1(‖p1‖ + ‖p2‖)

+ 2c(‖p1‖ + ‖p2‖)q−j‖p1 − p2‖
= 4c‖p1 − p2‖(‖p1‖ + ‖p2‖)q−j .

Since all norms in R
2 are equivalent and q− j > 1 (since q > k ≥ j +2), there

exists a universal constant d = d(q, k) such that

‖p1‖ + ‖p2‖ ≤ d(‖p1‖q−j + ‖p2‖q−j)1/(q−j).

Therefore,
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∂vj+1
(t, v1)z1 − ∂j+1f

∂vj+1
(t, v2)z2

∥∥∥∥ ≤ 4cdq−j‖p1 − p2‖(‖p1‖q−j + ‖p2‖q−j).

(5.74)
In order to establish (5.72), it suffices to observe that for j = 0, . . . , k−2 each
component of the derivative

∂j f̃

∂pj
(t, p) =

∂j

∂pj

(
f(t, v),

∂f

∂v
(t, v)z

)
≡
(

∂jf

∂vj
(t, v),

∂j

∂pj

(
∂f

∂v
(t, v)z

))
is a linear combination of components of the derivatives (∂j+1f/∂vj+1)(t, v)z
and (∂jf/∂vj)(t, v). Therefore, by (5.57) and (5.74) we obtain (5.72) (for some
constant C depending only on q and k). ��

We now consider the set

Yω = {(s, ξ, u) : s ≥ 0 and ξ, u ∈ Rs(δe−ωs)},

and let Yω be the space of continuous functions Φ : Yω → R
n such that:

1. Φ(s, ξ, u) ∈ F (s) for each s ≥ 0 and ξ, u ∈ Rs(δe−ωs);
2. the function u �→ Φ(s, ξ, u) is linear for each (s, ξ) ∈ Xω;
3. for each s ≥ 0, and ξ, u, ξ̄, ū ∈ Rs(δe−ωs) we have

‖Φ(s, ξ, u) − Φ(s, ξ̄, ū)‖ ≤ ‖ξ − ξ̄‖ + ‖u − ū‖. (5.75)

Note that in particular, given Φ ∈ Yω we have

Φ(s, ξ, 0) = 0 for every s ≥ 0 and ξ ∈ Rs(δe−ωs). (5.76)

The induction hypothesis allows us to obtain a stable manifold of the origin
for the equation (5.67). We continue to write ps,ξ = (s, ξ, ϕ(s, ξ)).

Lemma 5.17. If the induction hypothesis holds for k−1, then for each � > 0
there exist δ > 0 and unique functions ϕ ∈ Xω−a and Φ ∈ Yω−a such that the
set

Ṽ = {(ps,ξ, u, Φ(s, ξ, u)) : (s, ξ, u) ∈ Yω−a and s > �}, (5.77)

is a (2 dim E(s) + 1)-dimensional stable manifold of class Ck−1 which is for-
ward invariant under the semiflow Θτ , in the sense that if (s, ξ, u) ∈ Yω then

Θτ (ps,ξ, u, Φ(s, ξ, u)) ∈ Ṽ for every τ ≥ 0.

In addition, there exists a constant D > 0 such that for every s ≥ 0, ξ, ξ̄, u, ū ∈
Rs(δe−ωs), and τ ≥ 0 we have

‖Θτ (ps,ξ, u, Φ(s, ξ, u))−Θτ (ps,ξ̄, ū, Φ(s, ξ̄, ū))‖ ≤ Deaτ+as(‖ξ − ξ̄‖+ ‖u− ū‖).
(5.78)
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Proof. Since the first component of (5.67) is the decoupled equation (5.68)
(and the first component of Θτ in (5.71) is the semiflow Ψτ ; see (4.7)), the
first components (s, ξ, η) of a solution in a stable manifold of the origin for the
equation (5.67) must satisfy the forward invariance property of the manifold V

in Theorem 5.15 (for the equation in (4.4)). Therefore, in view of Lemma 5.16
(and of the discussion before the lemma), the existence of a unique stable
manifold Ṽ of class Ck−1 in (5.77) follows immediately from Theorem 5.15,
although with the linearity assumption in the definition of Yω−a replaced by
the condition Φ(s, 0, 0) = 0 for every s ≥ 0.

Using the fact that the equation in (5.69) is linear in z, we can show that
for each (s, ξ) ∈ Xω−a the section

Ṽ(s, ξ) = {(ps,ξ, u, Φ(s, ξ, u)) : u ∈ Rs(δe−(ω−a)s)}
is an open subset of a linear space. This can be seen in the following manner.
Since Ṽ(s, ξ) projects onto the space E(s) (on the component u), given (s, ξ)
we can choose linearly independent vectors u1, . . . , u� ∈ Rs(δe−(ω−a)s), where
� = dimE(s), and define the �-dimensional space

Ṽ∗(s, ξ) = {ps,ξ} × E(s, ξ),

where
E(s, ξ) = span{(ui, Φ(s, ξ, ui)) : i = 1, . . . , �}.

Since the second component of Θτ is linear in the variable z, the set Ṽ∗ =
{Θτ (Ṽ∗(s, ξ)) : τ ≥ 0} is a smooth manifold with the property that

({Ψτ (ps,ξ)} × R
n) ∩ Ṽ∗ = {Ψτ (ps,ξ)} ×

(
∂Ψτ

∂v
(ps,ξ)

)
E(s, ξ)

is a linear space of dimension � for each τ ≥ 0. Furthermore, the manifold Ṽ∗

is forward invariant and projects over R
+×E(s). In particular, Ṽ∗ and Ṽ have

the same dimension. In view of the uniqueness of the manifold Ṽ among those
with the same dimension (and over the same vector space) which are forward
invariant, we conclude that Ṽ coincides with an open subset of a linear space.
Therefore, the function u �→ Φ(s, ξ, u) must be linear for each (s, ξ). This
completes the proof of the lemma. ��

5.6.3 Characterization of the stable spaces

For each s ≥ �, we consider the tangent set

V (ps,ξ) = Tps,ξ
V ∩ ({s} × R

n) (5.79)

(note that by Theorem 5.1 the set V is a smooth manifold of class C1). We will
refer to each of these sets as a stable space. We give a characterization of the
vectors in the stable spaces V (ps,ξ) in (5.79). We consider the Lyapunov norms
introduced in Section 5.4.2 (see (5.16)). For simplicity of the notation, from
now on we will also write ∂(s,v)Ψτ for the partial derivative (∂Ψτ/∂v)(s, v).
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Lemma 5.18. Given (s, ξ) ∈ Xω and (u,w) ∈ E(s) × F (s), if the function

R
+
0 � τ �→ ‖(∂ps,ξ

Ψτ )(u,w)‖′s+τ is bounded, (5.80)

then (u,w) ∈ V (ps,ξ).

Proof. We proceed by contradiction. For each t ≥ s, we write (u(t), w(t)) =
(∂ps,ξ

Ψt−s)(u,w). Note that (u(s), w(s)) = (u,w). The space V (ps,ξ) satisfies
the invariance property

(∂ps,ξ
Ψτ )V (ps,ξ) = V (Ψτ (ps,ξ)).

Therefore, it is sufficient to prove that (u(t), w(t)) ∈ V (Ψt−s(ps,ξ)) for some
t ≥ s. We now write (u(s), w(s)) in the form

(u(s), w(s)) = (ū(s), w̄(s)) + (0, z(s)) (5.81)

with (ū(s), w̄(s)) ∈ V (ps,ξ). This is always possible since the “vertical” vectors
(0, z) ∈ F (s) and the tangent vectors in V (ps,ξ) (which are obtained from the
tangent vectors to the graph of the Lipschitz function ϕ in (4.10)) generate
the whole space R

n. We want to prove that z(s) = 0. Applying (∂ps,ξ
Ψt−s) to

both sides in (5.81) we obtain

(u(t), w(t)) = (ū(t), w̄(t)) + (∂ps,ξ
Ψt−s)(0, z(s)), (5.82)

where
(ū(t), w̄(t)) = (∂ps,ξ

Ψt−s)(ū(s), w̄(s)). (5.83)

Replacing (v, w) by (ū(t), w̄(t)) in (5.32) in Lemma 5.9 (note that by (5.60)
we have Xω ⊂ Xγ), and using (5.83) we obtain

‖(ū(t), w̄(t))‖′t ≤ 4e(a+ς)τ‖(u,w)‖′s.

In particular, the pair (ū(t), w̄(t)) is bounded in t. By the hypothesis in the
lemma, the pair (u(t), w(t)) is also bounded in t, and hence, by (5.82), the
derivative (∂ps,ξ

Ψt−s)(0, z(s)) must also be bounded in t. But by (5.35) in
Lemma 5.10 the norm of this derivative increases exponentially with t when-
ever z(s) �= 0. Therefore, we must have z(s) = 0 and the desired statement
follows from (5.81). ��

5.6.4 Tangential component of the extension

We will write from now on, for each t ≥ s,

Θt−s(s, ξ, ϕ(s, ξ), u(s), Φ(s, ξ, u(s))) = (t, x(t), y(t), u(t), w(t)). (5.84)

By Lemma 5.17, for each (s, ξ, u(s)) ∈ Yω we have
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y(t) = ϕ(t, x(t)) and w(t) = Φ(t, x(t), u(t)). (5.85)

We want to show that for each t > s the component u(t) in (5.84) can be
estimated in terms of u(s) solely, without needing the component ξ of the
initial condition. The stable component of (5.69) can be written in the form

u(t) = U(t, s)u(s) +
∫ t

s

U(t, τ)
[
∂f

∂x
u(τ) +

∂f

∂y
Φ(τ, x(τ), u(τ))

]
dτ (5.86)

with the partial derivatives of f computed at the point (τ, x(τ), y(τ)), where
y(τ) = ϕ(τ, x(τ)) for each τ .

Lemma 5.19. There exists M > 0 such that for every δ > 0 sufficiently
small, given (s, ξ, u(s)) ∈ Yω we have

‖u(t)‖′t ≤ Me(a+ς)(t−s)‖u(s)‖′s for every t ≥ s.

Proof. We consider the space

B = {u : [s,+∞) → R
n continuous: u(t) ∈ E(t) for t ≥ s and ‖u‖′ ≤ N},

where N = δe−(ω+a)s/C ′
1 (we recall that δ is fixed, and the constant C ′

1 = C−1
1

is given by Lemma 5.7), with the norm

‖u‖′ = sup{‖u(t)‖′te−(a+ς)(t−s) : t ≥ s}.

One can easily verify, with the help of Lemma 5.7, that with the distance
induced by this norm B is a complete metric space. By (5.17) and (5.58) we
have

a + a + ς + ω ≤ a + 5ϑ(1 + 1/q) ≤ 0.

Therefore, for each u ∈ B, it follows from Lemma 5.7 that

‖u(t)‖ ≤ C ′
1e

at‖u(t)‖′t ≤ δe−ωse(a+a+ς)(t−s) ≤ δe−ωte(a+a+ς+ω)(t−s),

and hence u(t) ∈ Rt(δe−ωt) for every t ≥ s. On the other hand, by Lemma 4.5,
provided that δ is sufficiently small, and since ξ ∈ Rs(δe−ωs), we obtain

‖x(t)‖ ≤ K1e
a(t−s)+as‖ξ‖ ≤ K1δe

−ωsea(t−s)+as ≤ K1δe
−(ω−a)s. (5.87)

Therefore, in view of (5.75) and since Φ ∈ Yω−a, for each u, ū ∈ B we have

‖Φ(t, x(t), u(t)) − Φ(t, x(t), ū(t))‖ ≤ ‖u(t) − ū(t)‖. (5.88)

We now define an operator J for each u ∈ B and t ≥ s by

(Ju)(t) =
∫ t

s

U(t, τ)G(τ, x(τ), u(τ)) dτ,
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where (see (5.86))

G(τ, x(τ), u(τ)) =
∂f

∂x
u(τ) +

∂f

∂y
Φ(τ, x(τ), u(τ)) (5.89)

with the partial derivatives of f computed at the point (τ, x(τ), ϕ(τ, x(τ))) =
(τ, x(τ), y(τ)). Proceeding as in (5.73) with j = 0, it follows from (5.57) that
for every u ∈ E(t),∥∥∥∥∂f

∂x
(t, x, y)u

∥∥∥∥ = lim
h→0

‖f(t, x + hu, y) − f(t, x, y)‖
|h|

≤ c lim
h→0

‖x + uh − x‖(‖(x + uh, y)‖q + ‖(x, y)‖q)
|h|

≤ 2c‖(x, y)‖q‖u‖.

Therefore, ‖∂f/∂x‖ ≤ 2c‖(x, y)‖q. Since

‖(x(τ), y(τ))‖ ≤ ‖x(τ)‖ + ‖y(τ)‖, ‖y(τ)‖ = ‖y(τ) − y(0)‖ ≤ ‖x(τ)‖,

it follows from Theorem 4.1 (more precisely, from the inequality (4.16)) and
(5.87) that∥∥∥∥∂f

∂x
(τ, x(τ), y(τ))

∥∥∥∥ ≤ 2c(‖x(τ)‖ + ‖y(τ)‖)q ≤ c2q+1‖x(τ)‖q

≤ c2q+1Dqeqa(t−s)+qas‖ξ‖q

= c2q+1Dqδqeqa(t−s)e−q(ω−a)s.

(5.90)

The same bound can be obtained for the derivative ∂f/∂y at the point
(τ, x(τ), y(τ)). Furthermore, given u, ū ∈ B we have

G(τ, x(τ), u(τ)) − G(τ, x(τ), ū(τ))

=
∂f

∂x
(u(τ) − ū(τ)) +

∂f

∂y
[Φ(τ, x(τ), u(τ)) − Φ(τ, x(τ), ū(τ))].

By (5.88), (5.90) (and the corresponding inequality for the derivative ∂f/∂y),
and Lemma 5.7, we obtain

a(τ) : = ‖G(τ, x(τ), u(τ)) − G(τ, x(τ), ū(τ))‖
≤ c2q+2Dqδqeqa(τ−s)e−q(ω−a)s‖u(τ) − ū(τ)‖
≤ c2q+2Dqδqeqa(τ−s)C ′

1e
aτe−q(ω−a)s‖u(τ) − ū(τ)‖′τ

≤ c2q+2DqδqC ′
1e

((q+1)a+a+ς)(τ−s)e−q(ω−a)s+as‖u − ū‖′.
Therefore,
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‖(Ju)(t) − (Jū)(t)‖′t
=
∫ +∞

t

‖U(r, t)((Ju)(t) − (Jū)(t))‖e−(a+ς)(r−t) dr

≤
∫ +∞

t

(∫ t

s

‖U(r, τ)‖a(τ) dτ

)
e−(a+ς)(r−t) dr

≤ c2q+2DqδqC ′
1e

−q(ω−a)s+as‖u − ū‖′

×
∫ +∞

t

(∫ t

s

D1e
a(r−τ)+aτe((q+1)a+a+ς)(τ−s) dτ

)
e−(a+ς)(r−t) dr

= cD12q+2DqδqC ′
1e

−q(ω−a)s+2as‖u − ū‖′e(a+ς)(t−s)

×
∫ t

s

(
e(qa+2a)(τ−s)

∫ +∞

t

e−ς(r−τ) dr

)
dτ

≤ cD12q+2DqδqC ′
1

ς
e−q(ω−a)s+2as‖u − ū‖′ea(t−s)

∫ t

s

eT3(τ−s) dτ,

where T3 = qa + 2a + ς. Note that in view of the first inequality in (5.18)
and (5.58), we have

T3 ≤ qa + 3a ≤ qa + 4ϑ < 0.

Furthermore, in view of (5.59) we have e−q(ω−a)s+2as ≤ 1. Therefore,

‖Ju − Jū‖′ ≤ θ‖u − ū‖′, (5.91)

where
θ = cD12q+2DqδqC ′

1/(ς|T3|).
For u = 0 we obtain Ju = 0 (note that by (5.76) we have that Φ(s, ξ, 0) = 0
for every (s, ξ) ∈ Xω, and thus, by (5.91), ‖Ju‖′ ≤ θ‖u‖′.

We now choose δ > 0 sufficiently small, independently of s, so that θ < 1/2.
Given u(s) ∈ Rs(Ne−as/(2C ′

1)), we consider the operator J̄ on the space B

defined by
(J̄u)(t) = T (t) + (Ju)(t),

where T (t) = U(t, s)u(s). For each t ≥ s, we have

‖T (t)‖′t =
∫ +∞

t

‖U(r, t)T (t)‖e−(a+ς)(r−t) dr

= e(a+ς)(t−s)

∫ +∞

t

‖U(r, s)u(s)‖e−(a+ς)(r−s) dr

≤ e(a+ς)(t−s)‖u(s)‖′s.

Since u(s) ∈ Rs(Ne−as/(2C ′
1)), it follows from Lemma 5.7 that

‖T‖′ ≤ ‖u(s)‖′s ≤ C ′
1e

as‖u(s)‖ ≤ N

2
.
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Therefore,

‖J̄u‖′ ≤ ‖T‖′ + ‖Ju‖′ ≤ ‖u(s)‖′s + θ‖u‖′ ≤ N

2
+

N

2
= N, (5.92)

and J̄ : B → B is a well-defined operator. In view of (5.91),

‖J̄u − J̄ ū‖′ = ‖Ju − Jū‖′ ≤ θ‖u − ū‖′,

and J̄ is a contraction in the complete metric space B. Hence, there exists a
unique function u ∈ B such that J̄u = u. It follows from (5.92) that ‖u‖′ ≤
‖u(s)‖′s + θ‖u‖′, and hence,

‖u‖′ ≤ ‖u(s)‖′s
1 − θ

.

Therefore, for every u(s) ∈ Rs(Ne−as/(2C ′
1)) and t ≥ s,

‖u(t)‖′t ≤ e(a+ς)(t−s) ‖u(s)‖′s
1 − θ

.

To establish this inequality for u(s) outside Rs(Ne−as/(2C ′
1)) it suffices to

observe that in view of (5.86) (see also (5.89)) the function u(s) �→ u(t) is
linear (for each s and t), and thus it suffices to consider initial conditions
u(s) in an arbitrarily small ball. Thus, we obtain the desired result setting
M = 1/(1 − θ). ��

We now show that each tangential component of the extension belongs to
a stable space.

Lemma 5.20. For every s ≥ 0 and ξ, u ∈ Rs(δe−ωs) we have

(u, Φ(s, ξ, u)) ∈ V (ps,ξ).

Proof. In view of Lemma 5.18, it is enough to prove that for the vector (u,w)
with w = Φ(s, ξ, u) the function

(u(t), w(t)) = (∂ps,ξ
Ψt−s)(u,w) (5.93)

in (5.80) is bounded for τ ≥ 0. Since w(t) = Φ(t, x(t), u(t)) (see (5.85)),
it follows from (5.75) that ‖w(t)‖ ≤ ‖u(t)‖. By Lemma 5.7, setting C ′

2 =
D2e

ς(ρ−s)/ς, we obtain

‖w(t)‖′t ≤ C ′
2e

(b+ς)t‖w(t)‖ ≤ C ′
2e

(b+ς)t‖u(t)‖ ≤ C ′
1C

′
2e

(a+b+ς)t‖u(t)‖′t,

for every t ≥ s, and thus, since C ′
1, C

′
2 ≥ 1,

‖(u(t), w(t))‖′t ≤ (1 + C ′
1C

′
2e

(a+b+ς)t)‖u(t)‖′t ≤ 2C ′
1C

′
2e

(a+b+ς)t‖u(t)‖′t.
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It follows from Lemma 5.19 that

‖(u(t), w(t))‖′t ≤ 2C ′
1C

′
2Me(a+a+b+2ς)(t−s)e(a+b+ς)s‖u(s)‖′s

≤ 2C ′
1C

′
2Me(a+a+b+2ς)(t−s)e(a+b+ς)s‖(u(s), w(s))‖′s.

(5.94)

By (5.58), provided that ς is sufficiently small we have a + a + b + 2ς < 0.
Thus, for each fixed s ≥ 0 the quantities in (5.94) are bounded for τ ≥ 0.
By (5.93), the function in (5.80) is also bounded for τ ≥ 0. This completes
the proof of the lemma. ��

5.6.5 Ck regularity of the stable manifolds

We have now all the necessary tools to establish that the stable manifold V

of the origin for the equation (4.4) is of class Ck when the functions A and f
are of class Ck.

Proof of Theorem 5.15. When k = 1, the statement is a simple consequence
of Theorems 4.1 and 5.1 (note that the second condition in (5.58) implies
the second condition in (5.1)). We now proceed by induction on k. Assume
that the induction hypothesis (see the initial paragraph of Section 5.6) holds
for k − 1, for some k ≥ 2. We consider the extended vector field f̃ , and by
Lemma 5.17 we obtain the Ck−1 manifold Ṽ given by (5.77). By Lemma 5.20
and the fact that dimV (ps,ξ) = dimE(s) (see (5.79)) we obtain

V (ps,ξ) = {(u, Φ(s, ξ, u)) : u ∈ E(s)}, (5.95)

where we continue to denote by Φ(s, ξ, ·) the unique linear extension of
Rs(δe−ωs) � u �→ Φ(s, ξ, u) to the whole space E(s). Therefore, in view
of (5.77),

Ṽ ∩ ({ps,ξ} × R
n) = {ps,ξ} × Vδ(ps,ξ)

for every s > � and ξ ∈ Rs(δe−ωs), where

Vδ(ps,ξ) = {(u, Φ(s, ξ, u)) : u ∈ Rs(δe−ωs)}
is an open subset of V (ps,ξ) containing the origin. That is,

Ṽ ∩ ({p} × R
n) = {p} × Vδ(p) for every p ∈ V. (5.96)

By (5.96) and the Ck−1 regularity of the manifold Ṽ, the map V � p �→ V (p)
is of class Ck−1. Therefore,

ξ �→ ϕ(s, ξ) is of class Ck for each fixed s. (5.97)

We now consider, for each s > 0, a constant ε = ε(s) > 0 such that s− ε > �,
and the parametrization Fs in the proof of Theorem 5.1 (see (5.54)) of an
open subset of V containing (s, 0). Since A and f are of class Ck, the map
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(t, s, ξ, η) �→ Ψt(s, ξ, η) is also of class Ck (see for example [46]). By (5.97), we
conclude that Fs is of class Ck (for each fixed s), and V is a smooth manifold
of class Ck.

With the exception of the exponential decay of the derivatives in (5.63),
the remaining properties are already given by Theorem 4.1. In particular, the
manifold V satisfies the forward invariance property in (5.61). To establish
the exponential decay of the derivatives we note that by (5.78), the second
component of Θτ in (5.71) gives

‖(∂ps,ξ
Ψτ )zs,ξ,u − (∂ps,ξ̄

Ψτ )zs,ξ̄,ū‖ ≤ Deaτ+as(‖ξ − ξ̄‖ + ‖u − ū‖),

where zs,ξ,u = (u, Φ(s, ξ, u)), for every s ≥ 0, ξ, ξ̄, u, ū ∈ Rs(δe−ωs), and
τ ≥ 0. By (5.97), the tangent vectors in V (ps,ξ) (see (5.79)) are of the form

∂

∂ξ
(ξ, ϕ(s, ξ))u =

(
u,

∂ϕ

∂ξ
(s, ξ)u

)
for some u ∈ E(s).

But by the uniqueness of the function Φ in Lemma 5.17, it follows from (5.95)
that Φ(s, ξ, u) = ∂ϕ

∂ξ (s, ξ)u. This completes the proof of the theorem. ��
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Smooth stable manifolds in Banach spaces

We establish in this chapter the existence of smooth stable manifolds for
semiflows defined by nonautonomous differential equations in a Banach space.
One can obtain unstable manifolds simply by reversing the time. We also
establish the exponential decay on the stable manifold of the derivatives of
the semiflow with respect to the initial condition (see (6.8) and (6.9)). We are
not aware of any similar result in the literature even in the case of uniform
exponential dichotomies. Our approach to the proof of the stable manifold
theorem consists again in using the differential equation and the invariance
of the stable manifold under the dynamics to conclude that it must be the
graph of a function satisfying a certain fixed point problem. However, the
extra small exponentials led us to consider two fixed-point problems—one to
obtain an a priori estimate for the speed of decay of the stable component of
solutions along a given graph, and the other to obtain the graph which is the
stable manifold. To obtain the estimates in the fixed point problems, we need
sharp bounds for the derivatives of the stable component of the solutions, and
for the derivatives of the vector field along a given graph. For this, we use a
multivariate version of the Faà di Bruno formula in [30] for the derivatives
of a composition (see (6.15) for a particular case). This formula allows us
to estimate the norms of the derivatives of the composition in terms of the
norms of the derivatives of the original functions (see (6.16)). Although several
special cases were treated before, the general formula for the derivatives of a
composition was first obtained by Faà di Bruno in [36]. We recommend [56]
for the history of the problem and for many related references. We also use a
result in [34] (see Proposition 6.3), that goes back to a lemma of Henry in [46].
This allows us to establish the existence and simultaneously the regularity of
the stable manifolds using a single fixed point problem, instead of one for each
of the successive higher-order derivatives. We follow closely [11], although now
considering arbitrary stable and unstable subspaces.
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6.1 Existence of smooth stable manifolds

We present here the result on the existence of a stable manifold for the origin in
equation (4.4) assuming the existence of a nonuniform exponential dichotomy
in R

+. Let again Rs(δ) ⊂ E(s) be the open ball of radius δ ∈ (0, 1) centered
at zero. Given k ∈ N and q > k we set

α =
a(q + k + 1) + b

q − k
> a and β = α + a =

a(2q + 1) + b

q − k
, (6.1)

with a and b as in (2.6). Notice that in the particular case when k = 0 the
numbers α and β coincide respectively with α and β given by (4.8) and (4.12).
The number α specifies the size of the neighborhood Rs(δe−αs) in which we
will take the initial condition. We continue to consider the set Xα = Xα(δ)
defined by (4.9). We also denote by ∂ the partial derivative with respect to
the second variable of any given function of two variables. We assume that
for some k ∈ N the following conditions hold:

D1. the function A : R
+
0 → B(X) is of class Ck and satisfies (2.2);

D2. the function f : R
+
0 ×X → X is of class Ck, and there exist c > 0, q > k,

and ε ∈ (0, 1] such that for every t ≥ 0 and u, v ∈ X we have

f(t, 0) = 0, ∂f(t, 0) = 0, f |Yβ ≡ 0, (6.2)

where Yβ = {(s, v) ∈ R
+
0 × X : ‖v‖ ≥ δe−βs/(2D1)},

‖∂jf(t, u)‖ ≤ c‖u‖q+1−j for j = 1, . . . , k, (6.3)

‖∂kf(t, u) − ∂kf(t, v)‖ ≤ c‖u − v‖ε(‖u‖ + ‖v‖)q−k. (6.4)

The last condition in (6.2) may sometimes be obtained with an appropriate
cut-off of the function f . We will verify that for the stable manifold of the
origin in equation (4.4) constructed in Theorem 6.1, the solutions with suf-
ficiently small initial condition starting on the manifold never intersect the
region Yβ .

We denote by Zα the space of continuous functions ϕ : Xα → X of class
Ck in ξ such that for each s ≥ 0 and x, y ∈ Rs(δe−αs) we have:

1. ϕ(s,Rs(δe−αs)) ⊂ F (s);
2. ϕ(s, 0) = 0 and ∂ϕ(s, 0) = 0;
3. ‖∂jϕ(s, x)‖ ≤ 1 for j = 1, . . . , k;
4. ‖∂kϕ(s, x) − ∂kϕ(s, y)‖ ≤ ‖x − y‖ε.

Given a function ϕ ∈ Zα we consider its graph

V = {(s, ξ, ϕ(s, ξ)) : (s, ξ) ∈ Xα} ⊂ R
+
0 × X. (6.5)

We look for the stable manifold in this form. We will show that there exists
ϕ ∈ Zα such that for every (s, ξ) ∈ Xβ ⊂ Xα the corresponding solution of
(4.4) is entirely contained in V. We will assume the conditions
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a + α < 0 and a + b < b. (6.6)

Note that both inequalities in (6.6) hold when a and b are sufficiently small.
We now formulate the stable manifold theorem. We continue to write

ps,ξ = (s, ξ, ϕ(s, ξ)).

Theorem 6.1 ([11]). Assume that D1–D2 hold. If the equation v′ = A(t)v
in the Banach space X admits a nonuniform exponential dichotomy in R

+

and the conditions in (6.6) hold, then there exist δ > 0 and a unique function
ϕ ∈ Zα such that the set V in (6.5) is forward invariant under the semiflow Ψτ ,
that is,

if (s, ξ) ∈ Xβ then Ψτ (ps,ξ) ∈ V for every τ ≥ 0. (6.7)

Furthermore:

1. V is a manifold of class Ck that contains the line R
+
0 × {0} and satisfies

T(s,0)V = R × E(s) for each s ≥ 0;
2. for every (s, ξ) ∈ Xβ we have

ϕ(s, ξ) = −
∫ +∞

s

V (τ, s)−1f(Ψτ−s(ps,ξ)) dτ ;

3. there exists D > 0 such that for every s ≥ 0, ξ, ξ̄ ∈ Rs(δe−βs), and τ ≥ 0
we have

‖∂j
ξ(Ψτ (ps,ξ)) − ∂j

ξ(Ψτ (ps,ξ̄))‖ ≤ Deaτ+a(j+1)s‖ξ − ξ̄‖ (6.8)

for j = 0, . . . , k − 1, and

‖∂k
ξ (Ψτ (ps,ξ)) − ∂k

ξ (Ψτ (ps,ξ̄))‖ ≤ Deaτ+a(k+1)s‖ξ − ξ̄‖ε. (6.9)

The exponential decay on the stable manifold, of the derivatives up to
order k − 1 (see (6.9)), can be understood in the following manner. When
we consider higher-order jets (other than the first, with the linear variational
equation), the corresponding higher-order linearized vector fields maintain the
linear part A(t) of the original linear variational equation. Thus, the higher-
order jets possess essentially the same nonuniform exponential dichotomies as
the linear variational equation, although in higher-dimensional spaces, and we
can expect each of the corresponding higher-dimensional dynamics to possess
a similar exponential behavior. Since the lower-dimensional parts of these jets
coincide with the lower-order jets, the corresponding initial components of the
higher-order jets maintain the exponential behavior along the stable manifolds
of the lower-order jets.

6.2 Nonuniformly hyperbolic trajectories

We now use Theorem 6.1 to obtain smooth stable manifolds for nonuniformly
hyperbolic solutions of a differential equation.
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Consider a function F : R
+
0 × X → X of class Ck (k ∈ N). We assume

that A(t) = ∂F (t, v0(t)) satisfies (2.2), that is, all solutions of v′ = A(t)v are
global. We also consider the function G(t, y) in (4.22).

Theorem 6.2. Let F be of class Ck (k ∈ N) and let v0(t) be a nonuniformly
hyperbolic solution of (4.18). We assume that G|Yβ ≡ 0 and that there exist
c > 0, q > 1, and ε ∈ (0, 1] such that for every t ≥ 0 and u, v ∈ X we have

‖∂jG(t, u) − ∂jG(t, v)‖ ≤ c‖u − v‖(‖u‖q−j + ‖v‖q−j) (6.10)

for j = 0, . . . , k − 1, and

‖∂kG(t, u) − ∂kG(t, v)‖ ≤ c‖u − v‖ε(‖u‖q−k + ‖v‖q−k). (6.11)

If the conditions in (6.6) hold, then there exist δ > 0 and a unique function
ϕ ∈ Zα such that the set

V = {(s, ξ, ϕ(s, ξ)) + (0, v0(s)) : (s, ξ) ∈ Xα}
is a manifold of class Ck with the following properties:

1. (s, v0(s)) ∈ V and T(s,0)V = R
+
0 × E(s) for every s ≥ 0;

2. V is forward invariant under solutions of t′ = 1, v′ = F (t, v), that is, if

(s, vs) ∈ V′ = {(r, ξ, ϕ(r, ξ)) + (0, v0(r)) : (r, ξ) ∈ Xβ}
then (t, v(t)) ∈ V for every t ≥ s, where v(t) = v(t, vs) is the unique
solution of (4.18) for t ≥ s with v(s) = vs;

3. there exists D > 0 such that for every s ≥ 0, (s, vs), (s, v̄s) ∈ V′, and
t ≥ s we have

‖v(t, vs) − v(t, v̄s)‖ ≤ Deā(t−s)+as‖vs − v̄s‖.

Proof. Proceeding as in the proof of Theorem 4.2, and using the same nota-
tion, we obtain the equation y′ = A(t)y + G(t, y), with G(t, y) as in (4.22).
By hypothesis A(t) satisfies the assumption D1 in Section 6.1. It follows
from (4.22) that G is of class Ck. Furthermore, G(t, 0) = 0 and ∂G(t, 0) =
∂F (t, v0(t)) − A(t) = 0, using the definition of A(t). By (6.10), for every
(t, y, u) ∈ R

+
0 × X × X,

‖∂G(t, y)u‖ =
∥∥∥∥ lim

h→0

F (t, y + v0(t) + hu) − F (t, y + v0(t))
h

− A(t)u
∥∥∥∥

= lim
h→0

1
|h| ‖F (t, y + v0(t) + hu) − F (t, y + v0(t)) − A(t)hu‖

≤ lim
h→0

1
|h|c‖hu‖(‖y + hu‖q + ‖y‖q) ≤ 2c‖u‖ · ‖y‖q,

and thus, ‖∂G(t, y)‖ ≤ 2c‖y‖q. For j = 2, . . . , k−1, it follows from (6.10) that
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‖∂jG(t, y)u‖ =
∥∥∥∥ lim

h→0

∂j−1F (t, y + v0(t) + hu) − ∂j−1F (t, y + v0(t))
h

∥∥∥∥
≤ lim

h→0

c

|h| ‖hu‖(‖y + hu‖q−j+1 + ‖y‖q−j+1) = 2c‖u‖ · ‖y‖q−j+1,

and thus, ‖∂jG(t, y)‖ ≤ 2c‖y‖q−j+1. Together with (6.11) this shows that
the function G satisfies the assumption D2 in Section 6.1. We can now apply
Theorem 6.1 to obtain the desired statement. ��

6.3 Proof of the existence of smooth stable manifolds

6.3.1 Functional spaces

In view of the required forward invariance of V under solutions of the equation
in (4.4) (see (6.7)), any solution with initial condition in V at time s ≥ 0 must
remain in V for every t ≥ s, and thus must be of the form (x(t), ϕ(t, x(t))) for
every t ≥ s. In particular, on such a manifold V the equations in (4.6) can be
written in the form (4.23)–(4.24).

We equip the space Zα in Section 6.1 with the norm in (4.25). We want to
verify that Zα is a complete metric space with this norm, or in other words,
that Zα is closed in the complete metric space Xα in Section 4.4.1. Let X, Y
be Banach spaces and let U ⊂ X be an open set. Given constants ε ∈ (0, 1],
k ∈ N ∪ {0}, and c > 0 we define the set

Ck,ε
c (U, Y ) =

{
u ∈ Ck,ε(U, Y ) : ‖u‖k,ε ≤ c

}
,

where Ck,ε(U, Y ) is the space of functions u : U → Y of class Ck with Hölder
continuous k-th derivative with Hölder exponent ε. Furthermore, we set

‖u‖k,ε = max{‖u‖∞, ‖du‖∞, . . . , ‖dku‖∞,Hε(dku)},

where ‖·‖∞ denotes the supremum norm and

Hε(u) = sup
{‖u(x) − u(y)‖

‖x − y‖ε
: x, y ∈ X and x �= y

}
.

The following result shows that Ck,ε
c (U, Y ) is closed in the space of continuous

functions C(U, Y ) with the supremum norm.

Proposition 6.3 ([34]). Let X, Y be Banach spaces and let U ⊂ X be an
open subset. If un ∈ Ck,ε

c (U, Y ) for each n ∈ N and u : U → Y is a function
such that ‖un −u‖∞ → 0 as n → ∞, then u ∈ Ck,ε

c (U, Y ) and for each x ∈ U
we have dkun(x) → dku(x) as n → ∞.

The proposition says that the closed unit ball of the space Ck,ε of func-
tions of class Ck between two Banach spaces with ε-Hölder continuous k-th



124 6 Smooth stable manifolds in Banach spaces

derivative is closed with respect to the C0-topology. This allows us to con-
sider contraction maps solely using the supremum norm instead of any norm
involving also the derivatives. When k = 1, the statement in Proposition 6.3
was first established by Henry in [46, Lemma 6.1.6]. A similar result was ob-
tained by Lanford in [54, Lemma 2.5] (with all limits, in the hypothesis and
in the conclusion, pointwise in the weak topology).

Proposition 6.4. With the norm in (4.25), Zα is a complete metric space.

Proof. Given ϕ ∈ Zα, t ≥ 0, and x ∈ Rt(δe−αt) we have

‖ϕ(t, x)‖ ≤ δe−αt ‖ϕ(t, x)‖
‖x‖ ≤ δe−αt‖ϕ‖ ≤ δ.

Thus, if (ϕn)n ⊂ Zα is a Cauchy sequence with respect to the norm in (4.25),
then, for each t ≥ 0, (ϕn(t, ·))n ⊂ Ck,ε

δ (Rt(δe−αt), F (t)) is a Cauchy sequence
in the supremum norm. A simple application of Proposition 6.3 now yields
the desired result. ��

For technical reasons, we also consider the space Z∗
α of continuous functions

ϕ : X∗
α → X, with X∗

α as in (4.26), such that ϕ|Xα ∈ Zα (see (4.9)) and

ϕ(s, ξ) = ϕ(s, δe−αsξ/‖ξ‖) whenever s ≥ 0 and ξ �∈ Rs(δe−αs).

Clearly, there is a one-to-one correspondence between functions in Zα and
functions in Z∗

α. In particular we have the following.

Proposition 6.5. With the norm ϕ �→ ‖ϕ|Xα‖, Z∗
α is a complete metric

space.

As in Section 6.1, we denote by ∂ the partial derivative with respect to
the second variable. For each fixed s ≥ 0, set

ρ(t) = ā(t − s) + as, (6.12)

and let B be the space of continuous functions

x : {(t, ξ) : t ≥ s and ξ ∈ Rs(δe−αs)} → X

of class Ck in the second variable such that for some constant C > 0 we have:

1. x(t, ξ) ∈ E(t) for every t ≥ s and ξ ∈ Rs(δe−αs);
2. x(s, ξ) = ξ for every ξ ∈ Rs(δe−αs);
3.

‖x‖′ ≤ Cδe−αs and ‖∂jx‖′ ≤ C for j = 1, . . . , k, (6.13)

where

‖x‖′ := sup
{
‖x(t, ξ)‖e−ρ(t) : t ≥ s and ξ ∈ Rs(δe−αs)

}
; (6.14)
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4.

|x|′k := sup
{‖∂kx(t, ξ) − ∂kx(t, ξ̄)‖

‖ξ − ξ̄‖ε
e−ρ(t)

}
≤ C

with the supremum taken over t ≥ s and ξ, ξ̄ ∈ Rs(δe−αs) with ξ �= ξ̄.

An application of Proposition 6.3 now yields the following result.

Proposition 6.6. With the norm in (6.14), B is a complete metric space.

6.3.2 Derivatives of compositions

We recall the Faà di Bruno formula for the n-th derivative of a composition.
Consider open sets Y , Z, and W of Banach spaces. Let g : Y → Z be defined
in a neighborhood of x ∈ Y with derivatives up to order n at x. Let also
f : Z → W be defined in a neighborhood of y = g(x) ∈ Z with derivatives up
to order n at y. Then the n-th derivative of the composition h = f ◦ g at x is
given by

dn
xh =

n∑
k=1

dk
yf

∑
0≤r1,...,rk≤n
r1+···+rk=n

cr1···rk
dr1

x g · · · drk
x g, (6.15)

for some nonnegative integers cr1···rk
. Collecting derivatives of equal order, one

can show that for each n ∈ N there exists c = c(n) > 0 such that (see [30])

‖dn
xh‖ ≤ c

n∑
k=1

‖dk
yf‖

∑
p(n,k)

n∏
j=1

‖dj
xg‖kj , (6.16)

where

p(n, k) =

⎧⎨⎩(k1, . . . , kn) ∈ N
n
0 :

n∑
j=1

kj = k and
n∑

j=1

jkj = n

⎫⎬⎭ (6.17)

(here N0 is the set of nonnegative integers). Furthermore, using (6.15) and
the triangular inequality one can show that for y = g(x) and ȳ = g(x̄),

‖dn
xh − dn

x̄h‖ ≤ c
n∑

k=1

‖dk
yf − dk

ȳf‖
∑

p(n,k)

n∏
j=1

‖dj
xg‖kj + c′

n∑
k=1

‖dk
ȳf‖Sk, (6.18)

for some constant c′ = c′(n) > 0, where

Sk :=
∑

p(n,k)

n∑
j=1

Tj

j−1∏
m=1

‖dm
x̄ g‖km

n∏
m=j+1

‖dm
x g‖km ,

and



126 6 Smooth stable manifolds in Banach spaces

Tj := ‖dj
xg − dj

x̄g‖
kj−1∑
k=0

‖dj
xg‖kj−1−k‖dj

x̄g‖k.

A multivariate extension of the Faà di Bruno formula was established
in [30]. It can be readily generalized to transformations in Banach spaces as
follows. Let g = (g1, g2) be defined in a neighborhood of x with derivatives
up to order n at x. Let also f(y) be defined in a neighborhood of (y1, y2) =
(g1(x), g2(x)) with derivatives up to order n at (y1, y2). Then for each n ∈ N

there exists c = c(n) > 0 such that the n-th derivative of h = f ◦ (g1, g2) at x
satisfies

‖dn
xh‖ ≤ c

∑
q(n)

‖∂λ1,λ2
y1,y2

f‖
n∑

σ=1

∑
pσ(n,λ)

σ∏
j=1

‖dlj
x g1‖kj1‖dlj

x g2‖kj2 , (6.19)

with the notations

∂λ1,λ2
y1,y2

f =
∂λ1+λ2f(y1, y2)

∂yλ1
1 ∂yλ2

2

, q(n) = {(λ1, λ2) : λ1 + λ2 ∈ {1, . . . , n}},

and, setting λ = (λ1, λ2),

pσ(n, λ) =

{
(k11, k12, . . . , kσ1, kσ2; l1, . . . , lσ) ∈ N

2σ
0 × N

σ :

(kj1, kj2) �= (0, 0) for 1 ≤ j ≤ σ, l1 < · · · < lσ,
σ∑

j=1

kjl = λl for l = 1, 2, and
σ∑

j=1

lj(kj1 + kj2) = n

}
.

(6.20)

Furthermore, in a similar manner to that in (6.18) one can show that for
(y1, y2) = (g1(x), g2(x)) and (ȳ1, ȳ2) = (g1(x̄), g2(x̄)),

‖dn
xh − dn

x̄h‖ ≤ c
∑
q(n)

‖∂λ1,λ2
y1,y2

f − ∂λ1,λ2
ȳ1,ȳ2

f‖
n∑

σ=1

∑
pσ(n,λ)

σ∏
j=1

‖dlj
x g1‖kj1‖dlj

x g2‖kj2

+ c′
∑
q(n)

‖∂λ1,λ2
ȳ1,ȳ2

f‖
n∑

σ=1

S̃σ,

(6.21)

for some constant c′ = c′(n) > 0, where

S̃σ :=
∑

pσ(n,λ)

σ∑
j=1

T̃kj1,kj2,lj

j−1∏
i=1

‖dli
x̄ g1‖ki1‖dli

x̄ g2‖ki2

σ∏
i=j+1

‖dli
x g1‖ki1‖dli

x g2‖ki2 ,

(6.22)
and
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T̃kj1,kj2,lj := ‖dlj
x g2‖kj2‖dlj

x g1 − d
lj
x̄ g1‖

kj1−1∑
k=0

‖dlj
x g1‖kj1−1−k‖dlj

x̄ g1‖k

+ ‖dlj
x̄ g1‖kj1‖dlj

x g2 − d
lj
x̄ g2‖

kj2−1∑
k=0

‖dlj
x g2‖kj2−1−k‖dlj

x̄ g2‖k.

(6.23)

6.3.3 A priori control of the derivatives

We now use the inequalities in Section 6.3.2 to obtain several bounds for the
derivatives that are needed in the proof of Theorem 6.1. Given ϕ ∈ Z∗

α and
x ∈ B we write

ϕ∗(t, ξ) = ϕ(t, x(t, ξ)). (6.24)

Lemma 6.7. There exists A > 0 such that for each j = 1, . . . , k, ϕ ∈ Z∗
α,

(s, ξ) ∈ Xα, and t ≥ s satisfying x(t, ξ) ∈ Rt(δe−αt) we have

‖∂jϕ∗(t, ξ)‖ ≤ Aeρ(t)+(j−1)as.

Proof. Using (6.16) for the derivative ∂jϕ∗ we obtain

‖∂jϕ∗(t, ξ)‖ ≤ d

j∑
m=1

‖∂mϕ(t, x(t, ξ))‖
∑

p(j,m)

j∏
l=1

‖∂lx(t, ξ)‖kl

with p(j,m) as in (6.17). Since
∑j

l=1 kl = m (see (6.17)), using (6.13) we
obtain

‖∂jϕ∗(t, ξ)‖ ≤ d

j∑
m=1

∑
p(j,m)

j∏
l=1

(Ceρ(t))kl ≤ c1

j∑
m=1

∑
p(j,m)

eρ(t)
∑j

l=1 kl

≤ c2

j∑
m=1

emρ(t) ≤ c3e
ρ(t)+(j−1)as,

for some constants c1, c2, c3 > 0, where we have used (6.12) in the last
inequality (note that ā < 0 and a ≥ 0). ��

Given ϕ ∈ Z∗
α and x ∈ B we write

f∗(t, ξ) = f(t, x(t, ξ), ϕ(t, x(t, ξ))). (6.25)

Lemma 6.8. There exists B > 0 such that for each j = 1, . . . , k, ϕ ∈ Z∗
α,

(s, ξ) ∈ Xα, and t ≥ s we have

‖∂jf∗(t, ξ))‖ ≤ Bδq+1−je−α(q+1−j)se(q+1)ρ(t)+jas.
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Proof. We note that the derivative ∂jf∗(t, ξ) is defined for every t ≥ s. This
is due to the fact that, by (6.2), whenever t ≥ 0 is such that x(t, ξ) ∈ E(t) \
Rt(δe−αt) we have f∗(t, ξ) = 0. Indeed, setting t = s in (2.5) we obtain
‖P (s)‖ ≤ D1e

as. Therefore, since

P (t)(x(t, ξ), ϕ(t, x(t, ξ))) = x(t, ξ)

we have

‖(x(t, ξ), ϕ(t, x(t, ξ)))‖ ≥ D−1
1 e−at‖x(t, ξ)‖ ≥ δD−1

1 e−βt, (6.26)

and by (6.2) we conclude that f∗(t, ξ) = 0 whenever ‖x(t, ξ)‖ ≥ δe−αt.
Assume now that x(t, ξ) ∈ Rt(δe−αt). Using (6.19) for the derivative ∂jf∗

we obtain

‖∂jf∗(t, ξ)‖ ≤ c
∑
q(j)

‖∂λ1,λ2
x(t,ξ),ϕ(t,x(t,ξ))f(t, ·)‖

j∑
s=1

∑
ps(j,λ)

×
s∏

m=1

‖∂lmx(t, ξ)‖km1‖∂lmϕ∗(t, ξ)‖km2 ,

with ϕ∗(t, ξ) as in (6.24), and ps(j, λ) as in (6.20).
Since ϕ ∈ Z∗

α, using (6.3), (6.13), and the fact that in ps(j, λ) we have

s∑
j=1

(kj1 + kj2) = λ1 + λ2 and
s∑

j=1

ljkj2 ≤
s∑

j=1

lj(kj1 + kj2) = j

(see (6.20)), it follows from Lemma 6.7 that

‖∂jf∗(t, ξ)‖ ≤ c1

∑
q(j)

(‖x(t, ξ)‖ + ‖ϕ(t, x(t, ξ))‖)q+1−λ1−λ2

j∑
s=1

∑
ps(j,λ)

×
s∏

m=1

(Ceρ(t))km1(Aeρ(t)+(lm−1)as)km2

≤ c2

∑
q(j)

(2‖x(t, ξ)‖)q+1−λ1−λ2eρ(t)(λ1+λ2)+jas

≤ c3e
(q+1)ρ(t)+jas

∑
q(j)

(δe−αs)q+1−(λ1+λ2),

for some constants c1, c2, c3 > 0. Since δe−αs < 1 and 1 ≤ λ1 + λ2 ≤ j we
obtain the desired statement. ��
Lemma 6.9. For each j = 0, . . . , k − 1, (s, ξ), (s, ξ̄) ∈ Xα, and t ≥ s we have

‖∂jx(t, ξ) − ∂jx(t, ξ̄)‖ ≤ Ceρ(t)‖ξ − ξ̄‖. (6.27)
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Proof. To prove the lemma it suffices to observe that by (6.13),

‖∂jx(t, ξ)−∂jx(t, ξ̄)‖ ≤ sup
r∈[0,1]

‖∂j+1x(t, ξ+r(ξ̄−ξ))‖·‖ξ− ξ̄‖ ≤ Ceρ(t)‖ξ− ξ̄‖,

applying the mean value theorem. ��

6.3.4 Hölder regularity of the top derivatives

Lemma 6.10. There exists C ′ > 0 such that for each ϕ ∈ Z∗
α, (s, ξ), (s, ξ̄) ∈

Xα, and t ≥ s satisfying x(t, ξ), x(t, ξ̄) ∈ Rt(δe−αt) we have

‖∂kϕ∗(t, ξ) − ∂kϕ∗(t, ξ̄)‖ ≤ C ′eρ(t)+kas‖ξ − ξ̄‖ε.

Proof. By (6.18) we obtain

‖∂kϕ∗(t, ξ) − ∂kϕ∗(t, ξ̄)‖

≤ c

k∑
m=1

‖∂mϕ(t, x(t, ξ)) − ∂mϕ(t, x(t, ξ̄))‖
∑

p(k,m)

k∏
l=1

‖∂lx(t, ξ)‖kl

+ c′
k∑

m=1

‖∂mϕ(t, x(t, ξ̄))‖Sm,

(6.28)

with p(k,m) as in (6.17), and where

Sm :=
∑

p(k,m)

k∑
l=1

Tl

l−1∏
i=1

‖∂ix(t, ξ̄)‖ki

k∏
i=l+1

‖∂ix(t, ξ)‖ki , (6.29)

and

Tl := ‖∂lx(t, ξ) − ∂lx(t, ξ̄)‖
kl−1∑
k=0

‖∂lx(t, ξ)‖kl−1−k‖∂lx(t, ξ̄)‖k.

Since ϕ ∈ Z∗
α, it follows from Lemma 6.9 that for i = 1, . . . , k − 1,

‖∂iϕ(t, x(t, ξ)) − ∂iϕ(t, x(t, ξ̄))‖
≤ sup

r∈[0,1]

‖∂i+1ϕ(t, x(t, ξ) + r(x(t, ξ̄) − x(t, ξ)))‖ · ‖x(t, ξ) − x(t, ξ̄)‖

≤ ‖x(t, ξ) − x(t, ξ̄)‖ ≤ Ceρ(t)‖ξ − ξ̄‖.
Furthermore, again using Lemma 6.9,

‖∂kϕ(t, x(t, ξ)) − ∂kϕ(t, x(t, ξ̄))‖ ≤ ‖x(t, ξ) − x(t, ξ̄)‖ε

≤ Cεeερ(t)‖ξ − ξ̄‖ε.
(6.30)
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Since δ < 1, we have ‖ξ− ξ̄‖ ≤ ‖ξ− ξ̄‖ε, and using (6.13) with j = l we obtain

Tl ≤ Ceρ(t)‖ξ − ξ̄‖ε
kl−1∑
k=0

(Ceρ(t))kl−1 ≤ Cklkle
klρ(t)‖ξ − ξ̄‖ε. (6.31)

By (6.29) together with (6.31), (6.13), and the fact that in p(k,m) we have∑k
i=1 ki = m (see (6.17)) we conclude that

Sm ≤
∑

p(k,m)

k∑
l=1

Tl

k∏
i=1,i 	=l

(Ceρ(t))ki

≤ c1

∑
p(k,m)

k∑
l=1

Cklkle
klρ(t)‖ξ − ξ̄‖ε

k∏
i=1,i 	=l

ekiρ(t)

≤ c2e
mρ(t)‖ξ − ξ̄‖ε,

(6.32)

for some constants c1, c2 > 0. By (6.28), (6.30), (6.32), (6.13), the fact that
in p(k,m) we have

∑k
i=1 ki = m (see (6.17)), and since ρ(t) = ā(t − s) + as

with ā < 0 and a > 0, we obtain

‖∂kϕ∗(t, ξ) − ∂kϕ∗(t, ξ̄)‖ ≤ c3e
as‖ξ − ξ̄‖ε

k∑
m=1

∑
p(k,m)

k∏
l=1

(Ceρ(t))kl

+ c4‖ξ − ξ̄‖ε
k∑

m=1

emρ(t)

≤ c5e
as‖ξ − ξ̄‖ε

k∑
m=1

emρ(t) ≤ c6e
ρ(t)+kas‖ξ − ξ̄‖ε,

for some constants c3, c4, c5, c6 > 0. This gives the desired statement. ��
In view of Lemmas 6.7 and 6.10, for each j = 0, . . . , k we have

‖∂jϕ∗(t, ξ) − ∂jϕ∗(t, ξ̄)‖ ≤ V eρ(t)+jas‖ξ − ξ̄‖ε, (6.33)

for some constant V > 0.

Lemma 6.11. There exists D′ > 0 such that for each ϕ ∈ Z∗
α, x ∈ B,

(s, ξ), (s, ξ̄) ∈ Xα, and t ≥ s we have

‖∂kf∗(t, ξ) − ∂kf∗(t, ξ̄)‖ ≤ D′(δe−αs)q−keqρ(t)+(k+1)as‖ξ − ξ̄‖ε. (6.34)

Proof. The reason why the derivatives in (6.34) are always well-defined is the
same as in the proof of Lemma 6.8. We first assume that x(t, ξ), x(t, ξ̄) ∈
Rt(δe−αt). We use (6.21) to obtain
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‖∂kf∗(t, ξ) − ∂kf∗(t, ξ̄)‖

≤ c
∑
q(k)

Gλ1,λ2

k∑
σ=1

∑
pσ(k,λ)

σ∏
m=1

‖∂lmx(t, ξ)‖km1‖∂lmϕ∗(t, ξ)‖km2

+ c′
∑
q(k)

‖∂λ1,λ2

x(t,ξ̄),ϕ∗(t,ξ̄)
f(t, ·)‖

k∑
σ=1

S̃σ,

(6.35)

where
Gλ1,λ2 = ‖∂λ1,λ2

x(t,ξ),ϕ∗(t,ξ)f(t, ·) − ∂λ1,λ2

x(t,ξ̄),ϕ∗(t,ξ̄)
f(t, ·)‖,

and, in view of (6.22) and (6.23),

S̃σ :=
∑

pσ(k,λ)

σ∑
m=1

T̃km1,km2,lm

(
m−1∏
i=1

‖∂lix(t, ξ̄)‖ki1‖∂liϕ∗(t, ξ̄)‖ki2

×
σ∏

i=m+1

‖∂lix(t, ξ)‖ki1‖∂liϕ∗(t, ξ)‖ki2

)
,

(6.36)

and

T̃km1,km2,lm := ‖∂lmϕ∗(t, ξ)‖km2‖∂lmx(t, ξ) − ∂lmx(t, ξ̄)‖

×
km1−1∑

k=0

‖∂lmx(t, ξ)‖km1−1−k‖∂lmx(t, ξ̄)‖k

+ ‖∂lmx(t, ξ̄)‖km1‖∂lmϕ∗(t, ξ) − ∂lmϕ∗(t, ξ̄)‖

×
km2−1∑

k=0

‖∂lmϕ∗(t, ξ)‖km2−1−k‖∂lmϕ∗(t, ξ̄)‖k.

(6.37)

By the mean value theorem, for λ1 + λ2 = 1, . . . , k − 1 we have

Gλ1,λ2 ≤ sup
r∈[0,1]

‖∂λ1+1,λ2
a(r) f(t, ·)‖ · ‖x(t, ξ) − x(t, ξ̄)‖

+ sup
r∈[0,1]

‖∂λ1,λ2+1
b(r) f(t, ·)‖ · ‖ϕ∗(t, ξ) − ϕ∗(t, ξ̄)‖,

where

a(r) = (x(t, ξ) + r(x(t, ξ̄) − x(t, ξ)), ϕ∗(t, ξ)),
b(r) = (x(t, ξ), ϕ∗(t, ξ) + r(ϕ∗(t, ξ̄) − ϕ∗(t, ξ))).

By (6.3), (6.13), and Lemma 6.7, for λ1 + λ2 = 1, . . . , k − 1 we obtain

Gλ1,λ2 ≤ c(2Cδe−αseρ(t))q−λ1−λ2Ceρ(t)‖ξ − ξ̄‖
+ c(2Cδe−αseρ(t))q−λ1−λ2Aeρ(t)‖ξ − ξ̄‖

= c1(δe−αs)q−λ1−λ2eρ(t)(q+1−(λ1+λ2))‖ξ − ξ̄‖,



132 6 Smooth stable manifolds in Banach spaces

for some constant c1 > 0. Furthermore, since ϕ ∈ Z∗
α, in view of (6.4), (6.13),

and Lemma 6.9, for λ1 + λ2 = k we have

Gλ1,λ2 ≤ c2e
ερ(t)‖ξ − ξ̄‖ε(4Cδe−αseρ(t))q−k

≤ c3(δe−αs)q−keρ(t)(q−k+ε)‖ξ − ξ̄‖ε,

for some constants c2, c3 > 0. Thus, for each λ1 + λ2 ∈ {1, . . . , k} we have

Gλ1,λ2 ≤ max{c1, c3}(δe−αs)q−(λ1+λ2)eρ(t)(q−(λ1+λ2))eas‖ξ − ξ̄‖ε,

where we have used (6.12).
By Lemma 6.7 together with the fact that in pσ(k, λ) we have

σ∑
m=1

(km1 +km2) = λ1 +λ2 and
σ∑

m=1

(lm −1)km2 ≤
σ∑

m=1

lm(km1 +km2) = k,

the first summand in (6.35) can be bounded by

c4(δe−αs)q−keqρ(t)+(k+1)as‖ξ − ξ̄‖ε, (6.38)

for some constant c4 > 0. To bound the second summand in (6.35) we first
bound T̃km1,km2,lm . By (6.37), using Lemmas 6.7 and 6.9, (6.13), and (6.33),
we obtain

T̃km1,km2,lm ≤ c5e
ρ(t)(km1+km2)‖ξ − ξ̄‖ekm2(lm−1)as

+ c6e
ρ(t)(km1+km2)‖ξ − ξ̄‖εe((km2−1)(lm−1)+lm)as

≤ c7e
ρ(t)(km1+km2)e(km2(lm−1)+1)as‖ξ − ξ̄‖ε,

for some constants c5, c6, c7 > 0. In view of (6.36), using Lemma 6.7 and the
fact that in pσ(k, λ) we have

∑σ
m=1(km1 + km2) = λ1 + λ2 and

σ∑
m=1

(lm − 1)(km1 + km2) ≤
σ∑

m=1

lm(km1 + km2) = k,

we conclude that

S̃σ ≤ c8e
as‖ξ − ξ̄‖ε

∑
pσ(k,λ)

σ∑
m=1

eρ(t)(km1+km2)ekm2(lm−1)as

×
σ∏

i=1,i 	=m

eρ(t)(ki1+ki2)e(ki1+ki2)(li−1)as

≤ c9e
ρ(t)(λ1+λ2)+(k+1)as‖ξ − ξ̄‖ε,

for some constants c8, c9 > 0. Therefore, the second summand in (6.35) can
be bounded by
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c10e
(k+1)as‖ξ − ξ̄‖ε

∑
q(k)

(2‖x(t, ξ̄)‖)q+1−λ1−λ2eρ(t)(λ1+λ2)

≤ c10e
(q+1)ρ(t)+(k+1)as‖ξ − ξ̄‖ε

∑
q(k)

(2Cδe−αs)q+1−λ1−λ2

≤ c11(δe−αs)q+1−ke(q+1)ρ(t)+(k+1)as‖ξ − ξ̄‖ε,

(6.39)

for some constants c10, c11 > 0. By (6.35), (6.38), and (6.39) we obtain

‖∂kf∗(t, ξ) − ∂kf∗(t, ξ̄)‖ ≤ c4(δe−αs)q−keqρ(t)+(k+1)as‖ξ − ξ̄‖ε

+ c11(δe−αs)q+1−ke(q+1)ρ(t)+(k+1)as‖ξ − ξ̄‖ε

≤ D′(δe−αs)q−keqρ(t)+(k+1)as‖ξ − ξ̄‖ε,

for some constant D′ > 0, since α > a.
When x(t, ξ), x(t, ξ̄) �∈ Rt(δe−αt) we have ∂kf∗(t, ξ) = ∂kf∗(t, ξ̄) = 0 and

there is nothing to show. It remains to consider the case when x(t, ξ) ∈
Rt(δe−αt) and x(t, ξ̄) �∈ Rt(δe−αt). Take c ∈ (0, 1] such that the vector
z = cξ + (1 − c)ξ̄ satisfies ‖x(t, z)‖ = δe−αt. Then ∂kf∗(t, ξ̄) = ∂kf(t, z) = 0
and

‖∂kf∗(t, ξ) − ∂kf∗(t, ξ̄)‖
≤ ‖∂kf∗(t, ξ) − ∂kf∗(t, z)‖ + ‖∂kf∗(t, z) − ∂kf∗(t, ξ̄)‖
≤ D′(δe−αs)q−keqρ(t)+(k+1)as‖ξ − z‖ε

≤ D′(δe−αs)q−keqρ(t)+(k+1)as‖ξ − ξ̄‖ε.

This completes the proof. ��

6.3.5 Solution on the stable direction

We now proceed with the proof of Theorem 6.1. It is obtained in several steps.
We first establish the existence of a unique function x(t) = xϕ(t) satisfying
(4.23) for each given ϕ ∈ Z∗

α.

Lemma 6.12. For every δ > 0 sufficiently small the following properties hold:

1. for each ϕ ∈ Z∗
α, given s ≥ 0 there exists a unique function x = xϕ ∈ B

satisfying (4.23) for every t ≥ s;
2. we have

‖x(t, ξ)‖ ≤ Ceρ(t)‖ξ‖ for every t ≥ s. (6.40)

Proof. Given x ∈ B, we define the operator

(Jx)(t, ξ) = U(t, s)ξ +
∫ t

s

U(t, τ)f(τ, x(τ, ξ), ϕ(τ, x(τ, ξ))) dτ
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for each t ≥ s and ξ ∈ Rs(δe−αs). Using the last condition in (6.2) and (6.26),
we find that Jx is a continuous function of class Ck in ξ. The fact that
(Jx)(s, ξ) = ξ is immediate from U(s, s)ξ = ξ. Furthermore, using (6.3)
and (6.13),

‖f(τ, x(τ), ϕ(τ, x(τ)))‖ ≤ c2q+1‖x(τ)‖q+1

≤ c2q+1Cq+1δq+1e−α(q+1)se(q+1)ρ(τ).

By (6.1) we have

α ≥ a(q + k + 1)/(q − k) > a(q + 1)/q.

Therefore, using the first inequality in (2.17) and (6.12), we obtain

‖(Jx)(t, ξ) − U(t, s)ξ‖ ≤
∫ t

s

‖U(t, τ)‖ · ‖f(τ, x(τ), ϕ(τ, x(τ)))‖ dτ

≤ c2q+1Cq+1D1δ
q+1

∫ t

s

ea(t−τ)+aτea(q+1)(τ−s)e(q+1)(a−α)s dτ

≤ c2q+1Cq+1D1δ
q+1ea(t−s)+as+(q+1)(a−α)s

∫ ∞

s

e(qa+a)(τ−s) dτ

≤ c2q+1Cq+1D1δ
q+1e−αse(q+1)as−qαseρ(t)

∫ ∞

s

eT1(τ−s) dτ,

with
T1 = (q − 1)a + a < 0. (6.41)

Indeed, in view of (6.6) we have

T1 + (1 − k)a + a(q + k) + b = (q − k)(a + α) < 0,

and hence T1 < 0. Therefore

‖(Jx)(t, ξ) − U(t, s)ξ‖ ≤ θδe−αseρ(t),

where
θ = c2q+1Cq+1D1δ

q/|T1|.
Furthermore, by (2.17), (6.12), and since ξ ∈ Rs(δe−αs) we have

‖U(t, s)ξ‖ ≤ D1e
ρ(t)‖ξ‖ ≤ D1δe

−αseρ(t).

Thus, choosing C > D1 in the definition of B independently of s, and taking
δ sufficiently small we obtain

‖Jx‖′ ≤ (D1 + θ)δe−αs ≤ Cδe−αs.

We now consider the derivatives ∂j(Jx). By Lemma 6.8 applied to the func-
tion f∗ (see (6.25)), for j = 1, . . . , k we have
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‖∂jf∗(τ, ξ)‖ ≤ Bδq+1−je−α(q+1−j)se(q+1)ρ(τ)+jas. (6.42)

Therefore, by (6.42) and the first inequality in (2.17), for j = 2, . . . , k,

‖∂j(Jx)(t, ξ)‖ ≤
∫ t

s

‖U(t, τ)‖ · ‖∂jf∗(τ, ξ)‖ dτ

≤ BD1δ
q+1−je−α(q+1−j)se(q+1+j)aseρ(t)

∫ t

s

e(qa+a)(τ−s) dτ

≤ BD1δ
q+1−je−α(q+1−j)se(q+1+j)aseρ(t)

∫ ∞

s

eT1(τ−s) dτ,

with T1 < 0 as in (6.41). Therefore, taking δ sufficiently small, for j = 2, . . . , k
we have

‖∂j(Jx)‖′ ≤ BD1δ
q+1−je−α(q+1−j)se(q+1+j)as/|T1| ≤ C,

where we have used that by (6.1) we have α > a(q + 1 + j)/(q − j). When
j = 1, the term U(t, s) is also present in the derivative, and thus

‖∂(Jx)(t, ξ)‖ ≤ ‖U(t, s)‖ +
BD1δ

qe−αqse(q+2)as

|T1| eρ(t)

≤ (D1 + BD1δ
qe−αqse(q+2)as/|T1|)eρ(t).

Taking δ sufficiently small, and using (6.1) we obtain

‖∂(Jx)‖′ ≤ D1 + BD1δ
qe−αqse(q+2)as/|T1| ≤ C.

Finally, by Lemma 6.11 and the first inequality in (2.17), for each t ≥ s and
ξ, ξ̄ ∈ Rs(δe−αs) we have

‖∂k(Jx)(t, ξ) − ∂k(Jx)(t, ξ̄)‖

≤
∫ t

s

‖U(t, τ)‖ · ‖∂kf∗(τ, ξ) − ∂kf∗(τ, ξ̄)‖ dτ

≤ D′δq−ke−α(q−k)se(q+k+1)as‖ξ − ξ̄‖εD1

∫ t

s

eā(t−τ)+aτeāq(τ−s) dτ

≤ D′D1δ
q−k‖ξ − ξ̄‖εeā(t−s)+as

∫ t

s

e((q−1)ā+a)(τ−s) dτ

= D′D1δ
q−k‖ξ − ξ̄‖εeρ(t)

∫ ∞

s

eT1(τ−s) dτ =
D′D1δ

q−k

|T1| ‖ξ − ξ̄‖εeρ(t).

Taking δ sufficiently small we obtain

|(Jx)|′k ≤ D′D1δ
q−k/|T1| ≤ C.

Hence Jx ∈ B, and J : B → B is a well-defined operator.
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We now prove that J is a contraction in the norm ‖·‖′. Given x, y ∈ B and
τ ≥ s, it follows from (6.3), the mean value theorem, and (6.13) that

‖f(τ, x(τ, ξ), ϕ(τ, x(τ, ξ))) − f(τ, y(τ, ξ), ϕ(τ, y(τ, ξ)))‖
≤ sup

r∈[0,1]

‖∂a(r)f(τ, ·)‖ · ‖x(τ, ξ) − y(τ, ξ)‖

+ sup
r∈[0,1]

‖∂b(r)f(τ, ·)‖ · ‖ϕ(τ, x(τ, ξ)) − ϕ(τ, y(τ, ξ))‖

≤ 2c(2Cδe−αseρ(τ))q‖x(τ, ξ) − y(τ, ξ)‖
= 2c(2Cδe−αseρ(τ))q‖x − y‖′eρ(τ),

with

a(r) = (x(τ, ξ) + r(y(τ, ξ) − x(τ, ξ)), ϕ(τ, x(τ, ξ))),
b(r) = (x(τ, ξ), ϕ(τ, x(τ, ξ)) + r(ϕ(τ, y(τ, ξ)) − ϕ(τ, x(τ, ξ)))).

By the first inequality in (2.17) and (6.1) we obtain

‖(Jx)(t, ξ) − (Jy)(t, ξ)‖

≤
∫ t

s

‖U(t, τ)‖ · ‖f(τ, x(τ, ξ), ϕ(τ, x(τ, ξ))) − f(τ, y(τ, ξ), ϕ(τ, y(τ, ξ)))‖ dτ

≤ c2q+1Cqδq‖x − y‖′
∫ t

s

D1e
a(t−τ)+aτea(q+1)(τ−s) dτ

≤ c2q+1CqD1δ
q‖x − y‖′ea(t−s)+as

∫ ∞

s

e(qa+a)(τ−s) dτ

≤ c2q+1CqD1δ
q‖x − y‖′eρ(t)

∫ ∞

s

eT1(τ−s) dτ ≤ θ1‖x − y‖′eρ(t),

where
θ1 = c2q+1CqD1δ

q/|T1|.
Therefore, taking δ sufficiently small, we obtain

‖Jx − Jy‖′ ≤ θ1‖x − y‖′

with θ1 < 1. Hence, J is a contraction. Thus, by Proposition 6.6 there exists a
unique function x = xϕ ∈ B such that Jx = x. The inequality in (6.40) is an
immediate consequence of Lemma 6.9, by setting j = 0 and ξ̄ = 0 in (6.27);
note that it follows readily from (4.23) that x(t, 0) = 0 for every t, by the
uniqueness of solutions. ��

6.3.6 Behavior under perturbations of the data

We need to discuss how the function xϕ varies with ϕ. Given ϕ,ψ ∈ Z∗
α and

(s, ξ) ∈ Xα, we denote by xϕ and xψ the functions given by Lemma 6.12 such
that xϕ(s, ξ) = xψ(s, ξ) = ξ.
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Lemma 6.13. There exists K > 0 such that for every δ > 0 sufficiently small,
ϕ, ψ ∈ Z∗

α, and (s, ξ) ∈ Xα we have

‖xϕ(t, ξ) − xψ(t, ξ)‖ ≤ Kea(t−s)‖ξ‖ · ‖ϕ − ψ‖ for every t ≥ s. (6.43)

Proof. Using (6.3) and the mean value theorem we obtain

‖f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ))) − f(τ, xψ(τ, ξ), ψ(τ, xψ(τ, ξ)))‖
≤ c2q‖(xϕ(τ, ξ) − xψ(τ, ξ), ϕ(τ, xϕ(τ, ξ)) − ψ(τ, xψ(τ, ξ)))‖
× (‖xϕ(τ, ξ)‖q + ‖xψ(τ, ξ)‖q).

(6.44)

Furthermore,

‖ϕ(τ, xϕ(τ, ξ)) − ψ(τ, xψ(τ, ξ))‖
≤ ‖ϕ(τ, xϕ(τ, ξ)) − ψ(τ, xϕ(τ, ξ))‖ + ‖ψ(τ, xϕ(τ, ξ)) − ψ(τ, xψ(τ, ξ))‖
≤ ‖xϕ(τ, ξ)‖ · ‖ϕ − ψ‖ + 2‖xϕ(τ, ξ) − xψ(τ, ξ)‖.

(6.45)

When xϕ(τ, ξ) �∈ Rτ (δe−ατ ), the first term after the last inequality in (6.45)
appears in this form due to the fact that

‖ϕ(τ, xϕ(τ, ξ)) − ψ(τ, xϕ(τ, ξ))‖

=
∥∥∥∥ϕ(τ, δe−ατ xϕ(τ, ξ)

‖xϕ(τ, ξ)‖
)
− ψ

(
τ, δe−ατ xϕ(τ, ξ)

‖xϕ(τ, ξ)‖
)∥∥∥∥

≤ δe−ατ‖ϕ − ψ‖ ≤ ‖xϕ(τ, ξ)‖ · ‖ϕ − ψ‖.
By (6.40) in Lemma 6.12 we conclude that

‖f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ))) − f(τ, xψ(τ, ξ), ψ(τ, xψ(τ, ξ)))‖
≤ c2q+1Cqδqeqa(τ−s)+qas−qαs

× (‖xϕ(τ, ξ)‖ · ‖ϕ − ψ‖ + 3‖xϕ(τ, ξ) − xψ(τ, ξ)‖).
(6.46)

We now apply Gronwall’s lemma. Set

ρ̄(t) = ‖xϕ(t, ξ) − xψ(t, ξ)‖ and η̄ = c2q+1Cqδq. (6.47)

Note that η̄ ≤ c22q+1Cq, and that the last constant is independent of δ. Using
the first inequality in (2.17), (6.40) in Lemma 6.12, and (6.46), it follows from
(4.23) that

ρ̄(t) ≤ η̄

∫ t

s

‖U(t, τ)‖eqa(τ−s)+qas−qαs‖xϕ(τ, ξ)‖ · ‖ϕ − ψ‖ dτ

+ 3η̄
∫ t

s

‖U(t, τ)‖eqa(τ−s)+qas−qαs‖xϕ(τ, ξ) − xψ(τ, ξ)‖ dτ

≤ η̄D1C‖ξ‖ · ‖ϕ − ψ‖e((q+1)a−qα)s

∫ t

s

ea(t−s)+((q−1)a+a)(τ−s) dτ

+ 3η̄D1e
q(a−α)s

∫ t

s

ea(t−τ)+aτeqa(τ−s)ρ̄(τ) dτ.
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We conclude that

e−a(t−s)ρ̄(t) ≤ η̄D1Ce((q+1)a−qα)s

∫ ∞

s

eT1(τ−s) dτ‖ξ‖ · ‖ϕ − ψ‖

+ 3η̄D1e
((q+1)a−qα)s

∫ t

s

eT1(τ−s)ρ̄(τ) dτ,

≤ η̄D1C

∫ ∞

s

eT1(τ−s) dτ‖ξ‖ · ‖ϕ − ψ‖

+ 3η̄D1

∫ t

s

eT1(τ−s)ρ̄(τ) dτ,

with T1 < 0 as in (6.41), using also the definition of α. We can now apply
Gronwall’s lemma to the function e−a(t−s)ρ̄(t) to obtain

ρ̄(t) ≤ η̄D1C

|T1| e3η̄D1/|T1|ea(t−s)‖ξ‖ · ‖ϕ − ψ‖.

This completes the proof of the lemma. ��

6.3.7 Construction of the stable manifolds

In order to establish the existence of a function ϕ ∈ Z∗
α satisfying (4.24) when

x is the function xϕ given by Lemma 6.12 with xϕ(s, ξ) = ξ, we first transform
this problem into another one.

Lemma 6.14. Given δ > 0 sufficiently small and ϕ ∈ Z∗
α, the following prop-

erties hold:

1. if (4.45) holds for every (s, ξ) ∈ Xα and t ≥ s, then (4.46) holds for every
(s, ξ) ∈ Xα (including the requirement that the integral is well-defined);

2. if (4.46) holds for every (s, ξ) ∈ Xα = Xα(δ), then (4.45) holds for every
(s, ξ) ∈ Xβ = Xβ(δ/C) and t ≥ s.

The proof can be obtained by repeating arguments in the proof of
Lemma 4.7 and thus will be omitted.

We now put together the information given by the former lemmas to es-
tablish the existence of a function ϕ ∈ Z∗

α satisfying (4.24) when x = xϕ (with
the function xϕ given by Lemma 6.12).

Lemma 6.15. Given δ > 0 sufficiently small, there exists a unique function
ϕ ∈ Z∗

α such that (4.46) holds for every (s, ξ) ∈ Xα.

Proof. We look for a fixed point of the operator Φ defined for each ϕ ∈ Z∗
α by

(Φϕ)(s, ξ) = −
∫ ∞

s

V (τ, s)−1f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ))) dτ (6.48)
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when (s, ξ) ∈ Xα, where xϕ is the unique function given by Lemma 6.12 such
that xϕ(s, ξ) = ξ, and by

(Φϕ)(s, ξ) = (Φϕ)(s, δe−αsξ/‖ξ‖)

otherwise. In view of Proposition 6.5, it suffices to prove that Φ is a contraction
with the norm ‖·‖ in (4.25) (or more precisely the norm ϕ �→ ‖ϕ|Xα‖).

We first show that Φϕ|Xα is of class Ck in ξ for each ϕ ∈ Z∗
α. We consider

again the function f∗(t, ξ) in (6.25). It follows from the last inequality in (2.17)
and Lemma 6.8 that for j = 1, . . . , k, and s̄ ≥ s,∫ ∞

s̄

‖V (τ, s)−1∂jf∗(τ, ξ)‖ dτ

≤ Bδq+1−je−α(q+1−j)se(q+1+j)asD2

∫ ∞

s̄

e−b(τ−s)+bτe(q+1)ā(τ−s) dτ

= Bδq+1−je−α(q+1−j)se((q+1+j)a+b)sD2

∫ ∞

s̄

e(T2+qa)(τ−s) dτ < ∞,

(6.49)

where (see (6.6))
T2 = a − b + b < 0. (6.50)

In particular, the integral
∫∞

s
V (τ, s)−1∂jf∗(τ, ξ) dτ is well-defined for j =

1, . . . , k. Furthermore, by Lemma 6.8, for j = 0, . . . , k − 1, (s, ξ), (s, ξ̄) ∈ Xα,
and t ≥ s,

‖∂jf∗(t, ξ) − ∂jf∗(t, ξ̄)‖ ≤ Bδq−je−α(q−j)se(q+1)ρ(t)+(j+1)as‖ξ − ξ̄‖. (6.51)

In a similar manner, it follows from (6.51) that for j = 0, . . . , k − 1, (s, ξ),
(s, ξ + rv) ∈ Xα, r > 0, and s̄ ≥ s,∫ ∞

s̄

‖V (τ, s)−1Δj(τ, r)‖ dτ

≤ D2Bδq−je−α(q−j)se[b+(j+q+2)a]s‖v‖
∫ ∞

s̄

e(T2+qa)(τ−s) dτ,

(6.52)

where

Δj(τ, r) =
∂jf∗(τ, ξ + rv) − ∂jf∗(τ, ξ)

r
.

Thus by (6.52) and (6.49), given ρ > 0 there exists s̄ > 0 such that for (s, ξ)
and (s, ξ + rv) as above,∫ ∞

s̄

‖V (τ, s)−1Δj(τ, r)‖ dτ ≤ ρ‖v‖,

and ∫ ∞

s̄

‖V (τ, s)−1∂j+1f∗(τ, ξ)‖ dτ < ρ.
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For this s̄ and provided that r is sufficiently small, we also have∥∥∥∥∫ s̄

s

‖V (τ, s)−1[Δj(τ, r) − ∂j+1f∗(τ, ξ)v] dτ

∥∥∥∥ < ρ‖v‖.

Hence, by the former three inequalities∥∥∥∥∫ ∞

s

‖V (τ, s)−1[Δj(τ, r) − ∂j+1f∗(τ, ξ)v] dτ

∥∥∥∥ < 3ρ‖v‖.

Since ρ is arbitrary, there exists the limit

lim
r→0

∫ ∞

s

V (τ, s)−1Δj(τ, r) dτ =
∫ ∞

s

V (τ, s)−1∂j+1f∗(τ, ξ)v dτ.

Proceeding by induction in j we find that Φϕ|Xα is of class Ck in ξ, with
derivatives given by

∂j(Φϕ)(s, ξ) = −
∫ ∞

s

V (τ, s)−1∂jf∗(τ, ξ) dτ (6.53)

for j = 1, . . . , k. Since xϕ(t, 0) = 0 for every ϕ ∈ Z∗
α and t ≥ s (see

Lemma 6.12), it follows from (6.48) that (Φϕ)(s, 0) = 0 for every s ≥ 0.
Furthermore, by (6.53),

∂(Φϕ)(s, 0) = −
∫ ∞

s

V (τ, s)−1∂f(τ, 0)∂aϕ(τ, 0) dτ,

where aϕ(τ, ξ) = (xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ))). Since ∂f(τ, 0) = 0, we conclude
that ∂(Φϕ)(s, 0) = 0 for every s ≥ 0.

Using the second inequality in (2.17) together with the definition of α in
(6.1), proceeding as in (6.49) we obtain

‖∂j(Φϕ)(s, ξ)‖ ≤
∫ ∞

s

‖V (τ, s)−1‖ · ‖∂jf∗(τ, ξ)‖ dτ

≤ Bδq+1−je−α(q+1−j)se((q+1+j)a+b)sD2

∫ ∞

s

e(T2+qa)(τ−s) dτ

≤ Bδq+1−jD2

∫ ∞

s

e(T2+qā)(τ−s) dτ ≤ Bδq+1−jD2

|T2 + qā| ,

with T2 < 0 as in (6.50). Taking δ sufficiently small so that

Bδq+1−kD2/|T2 + qā| < 1,

we have ‖∂j(Φϕ)(s, ξ)‖ ≤ 1 for every s ≥ 0 and ξ ∈ Rs(δe−αs). Furthermore,
by Lemma 6.11,

‖∂kf∗(τ, ξ) − ∂kf∗(τ, ξ̄)‖ ≤ D′(δe−αs)q−keqρ(τ)+(k+1)as‖ξ − ξ̄‖ε.
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Using again the second inequality in (2.17) together with the definition of α
in (6.1) we conclude that

‖∂k(Φϕ)(s, ξ) − ∂k(Φϕ)(s, ξ̄)‖ ≤

≤
∫ ∞

s

‖V (τ, s)−1‖ · ‖∂kf∗(τ, ξ) − ∂kf∗(τ, ξ̄)‖ dτ

≤ D′δq−ke−α(q−k)se(q+k+1)as‖ξ − ξ̄‖εD2

∫ ∞

s

e−b(τ−s)+bτ+āq(τ−s) dτ

= D′δq−ke((q+k+1)a+b−α(q−k))s‖ξ − ξ̄‖εD2

∫ ∞

s

e(−b+b+āq)(τ−s) dτ

= D′δq−kD2‖ξ − ξ̄‖ε

∫ ∞

s

e(T2+(q−1)ā)(τ−s) dτ =
D′δq−kD2

|T2 + (q − 1)ā| ‖ξ − ξ̄‖ε.

Taking δ sufficiently small so that the last fraction is at most 1, for every
s ≥ 0 and ξ ∈ Rs(δe−αs) we have

‖∂k(Φϕ)(s, ξ) − ∂k(Φϕ)(s, ξ̄)‖ ≤ ‖ξ − ξ̄‖ε.

This shows that Φ(Z∗
α) ⊂ Z∗

α, and hence, Φ : Z∗
α → Z∗

α is well-defined.
We now show that Φ : Z∗

α → Z∗
α is a contraction. Given ϕ, ψ ∈ Z∗

α, and
(s, ξ) ∈ Xα, let xϕ and xψ be the unique functions given by Lemma 6.12 such
that xϕ(s, ξ) = xψ(s, ξ) = ξ. Proceeding in a similar manner to that in (6.44)
and (6.45), with g replaced by h, we obtain

b(τ) : = ‖f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ))) − f(τ, xψ(τ, ξ), ψ(τ, xψ(τ, ξ)))‖
≤ c2q‖(xϕ(τ, ξ) − xψ(τ, ξ), ϕ(τ, xϕ(τ, ξ)) − ψ(τ, xψ(τ, ξ)))‖
× (‖xϕ(τ, ξ)‖q + ‖xψ(τ, ξ)‖q)

≤ c2q(‖xϕ(τ, ξ)‖ · ‖ϕ − ψ‖ + 2‖xϕ(τ, ξ) − xψ(τ, ξ)‖)
× (‖xϕ(τ, ξ)‖q + ‖xψ(τ, ξ)‖q).

It follows from Lemma 6.12, and (6.43) in Lemma 6.13 that

b(τ) ≤ η̄eqa(τ−s)+q(a−α)s(‖xϕ(τ, ξ)‖ · ‖ϕ − ψ‖ + 3‖xϕ(τ, ξ) − xψ(τ, ξ)‖)
≤ η̄e(q+1)a(τ−s)+(q+1)as−αqs(C + 3Ke−as)‖ξ‖ · ‖ϕ − ψ‖,

with η̄ as in (6.47). Setting G = η̄(C + 3K) and using (2.17), we obtain

‖(Φϕ)(s, ξ) − (Φψ)(s, ξ)‖ ≤
∫ ∞

s

‖V (τ, s)−1‖ · b(τ) dτ

≤ D2G‖ξ‖ · ‖ϕ − ψ‖e((q+1)a+b−αq)s

∫ ∞

s

e(−b+b+(q+1)a)(τ−s) dτ

= D2G‖ξ‖ · ‖ϕ − ψ‖
∫ ∞

s

e(T2+qa)(τ−s) dτ ≤ D2G

|T2 + qa| ‖ξ‖ · ‖ϕ − ψ‖.

Taking δ > 0 sufficiently small, we have
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θ̄ =
D2G

|T2 + qa| =
D2c2q+1Cqδq(C + 3K)

|T2 + qa| < 1.

Therefore
‖Φϕ1 − Φϕ2‖ ≤ θ̄‖ϕ1 − ϕ2‖,

and Φ : Z∗
α → Z∗

α is a contraction in the complete metric space Z∗
α (see Propo-

sition 6.5). Hence, there exists a unique function ϕ ∈ Z∗
α satisfying Φϕ = ϕ.

In particular, in view of (6.48), the identity (4.46) holds for every (s, ξ) ∈ Xα.
This completes the proof of the lemma. ��

We can now establish Theorem 6.1.

Proof of Theorem 6.1. As explained in the beginning of Section 6.3.1, in view
of the required forward invariance property in (6.7), to show the existence of
a stable manifold V is equivalent to find a function ϕ satisfying (4.23) and
(4.24) in some appropriate domain. If follows from Lemma 6.12 that for each
fixed ϕ ∈ Z∗

α there exists a unique function x = xϕ satisfying (4.23) and thus
it remains to solve (4.24) setting x = xϕ or, equivalently, to solve (4.45) in
Lemma 6.14. This lemma indicates that the problem can be reduced to solve
the equation in (4.46), that is, to find ϕ ∈ Z∗

α such that (4.46) holds for every
(s, ξ) ∈ Xα. More precisely, it follows from the second property in Lemma 6.14
that if (4.46) holds for every (s, ξ) ∈ Xα = Xα(δ), then (4.45) holds for every
(s, ξ) ∈ Xβ = Xβ(δ/C) and t ≥ s. Finally, Lemma 6.15 shows that there
exists a unique function ϕ ∈ Z∗

α such that (4.46) holds for every (s, ξ) ∈ Xα.
Furthermore, by (6.40), provided that δ is sufficiently small and (s, ξ) ∈ Xβ

we have (t, xϕ(t)) ∈ Xα for every t ≥ s. This ensures that we can replace
the function ϕ in (4.23)–(4.24) by its restriction ϕ|Xα. In other words, there
exists a unique function ϕ ∈ Zα such that the corresponding set V in (6.5) is
forward invariant under the semiflow Ψτ for the initial conditions (s, ξ) ∈ Xβ ,
and thus (6.7) holds.

We now establish the remaining properties in the theorem. For each s > 0,
we consider a constant ε = ε(s) ∈ (0, s) and we consider the map

Fs : {(t, ξ) : t ∈ (−ε, ε) and ξ ∈ Rs+t(δe−β(s+t))} → R
+ × X

defined by (5.54). Since A and f are of class Ck, the map (t, s, ξ, η) �→
Ψt(s, ξ, η) is also of class Ck on R

+ × R
+ × X (see for example [46]). Since

ϕ ∈ Zα, the map Fs is also of class Ck (for each fixed s). Furthermore, Fs

is injective and is thus a parametrization of class Ck of an open subset of V

containing (s, 0) (see the proof of Theorem 4.1). Therefore, V is a smooth
manifold of class Ck. The second property in Theorem 6.1 is an immediate
consequence of the above discussion (or of the first property in Lemma 6.14).
To prove the third property, we denote again by x = xϕ the unique function
given by Lemma 6.12 such that xϕ(s, ξ) = ξ. With the notation in (6.24) we
have
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‖∂j
ξ(Ψτ (s, ξ, ϕ(s, ξ))) − ∂j

ξ(Ψτ (s, ξ̄, ϕ(s, ξ̄)))‖
= ‖∂j

ξ(t, x(t, ξ), ϕ∗(t, ξ)) − ∂j
ξ(t, x(t, ξ̄), ϕ∗(t, ξ̄))‖

≤ ‖∂jx(t, ξ) − ∂jx(t, ξ̄)‖ + ‖∂jϕ∗(t, ξ) − ∂jϕ∗(t, ξ̄)‖
(6.54)

for every τ ≥ 0 and t = s + τ . When ξ, ξ̄ ∈ Rs(δe−βs), in view of (6.40) we
can replace the function ϕ in (6.54) by its restriction to Xα. Note that by
Lemma 6.7, we have

‖∂jϕ∗(t, ξ) − ∂jϕ∗(t, ξ̄)‖ ≤ Aeρ(t)+jas‖ξ − ξ̄‖

for j = 0, . . . , k − 1. Thus, for these values of j the inequality in (6.8) follows
readily from Lemmas 6.9 and 6.7, taking into account that a ≥ 0. For j = k
the inequality in (6.9) follows from the fact that xϕ ∈ B (see Lemma 6.12)
and Lemma 6.10, since ‖ξ − ξ̄‖ ≤ ‖ξ − ξ̄‖ε (recall that δ < 1) and a ≥ 0. This
completes the proof of the theorem. ��
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A nonautonomous Grobman–Hartman theorem

A fundamental problem in the study of the local behavior of a dynamical
system is whether the linearization of the system along a given solution ap-
proximates well the solution itself in some open neighborhood. In other words,
we look for an appropriate local change of variables, called a conjugacy, that
can transform the system into a linear one. Moreover, as a means to dis-
tinguish the dynamics in a neighborhood of the solution further than in the
topological category (such as, for example, to distinguish different types of
nodes), the change of variables should be as regular as possible. The problem
goes back to the pioneering work of Poincaré, that can be interpreted today
as looking for an analytic change of variables which transforms the initial sys-
tem into a linear one. The work of Sternberg [89, 90] showed that there are
algebraic obstructions, expressed in terms of resonances between the eigen-
values of the linear approximation, that prevent the existence of conjugacies
with a prescribed high regularity (see also [19, 20, 87, 61] for further related
work). The main purpose of this chapter is to establish a nonautonomous and
nonuniform version of the Grobman–Hartman theorem in Banach spaces. In
addition, we show that the conjugacies are always Hölder continuous, with
Hölder exponent expressed in terms of ratios of Lyapunov exponents. We fol-
low closely [17, 10].

7.1 Conjugacies for flows

Let X be a Banach space. We continue to denote by B(X) the set of bounded
linear operators in X and we assume that:

E1. the function A : R → B(X) is continuous and satisfies (2.2);
E2. the function f : R × X → X is continuous, and there exist δ̄ > 0 and

β̄ ≥ 0 such that for every t ∈ R and x, y ∈ X,

‖f(t, x) − f(t, y)‖ ≤ δ̄e−β̄|t| min{1, ‖x − y‖}. (7.1)
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Under the assumptions E1–E2 both the linear equation v′ = A(t)v and
the perturbed equation v′ = A(t)v + f(t, v) define evolution operators in the
whole R, that we denote respectively by T (t, s) and R(t, s), with t, s ∈ R.

Theorem 7.1 ([17]). Assume that E1–E2 hold and that the linear equation
v′ = A(t)v admits a strong nonuniform exponential dichotomy in R with b > 0
and β̄ = 6max{a, b}. If δ̄ is sufficiently small, then there exist homeomor-
phisms ht : X → X for t ∈ R such that

T (t, s) ◦ hs = ht ◦ R(t, s), t, s ∈ R. (7.2)

The proof of Theorem 7.1 is given in Section 7.4 as a consequence of the
corresponding result for maps (see Section 7.2). We note that this is the only
place in the book where we reduce the study of flows or semiflows to the study
of the associated (time-1) maps.

We also show in Section 7.4 that the topological conjugacies ht and their
inverses are Hölder continuous. We assume that there exists a strong nonuni-
form exponential dichotomy and we set

α0 = min{a/a, b/b}, (7.3)

with the same constants as in (2.6). It follows from (2.6) that α0 ∈ (0, 1].

Theorem 7.2 ([17]). Assume that E1–E2 hold and that the linear equation
v′ = A(t)v admits a strong nonuniform exponential dichotomy in R with b > 0
and β̄ = 6max{a, b}. For each α ∈ (0, α0), if δ̄ is sufficiently small (depending
on α), then there exist homeomorphisms ht as in Theorem 7.1, and a constant
K̄ > 0 (depending on α and δ) such that

‖ht(x) − ht(y)‖ ≤ K̄e2 max{a,b}(2+3α)|t|‖x − y‖α,

‖h−1
t (x) − h−1

t (y)‖ ≤ K̄e2 max{a,b}(2+3α)|t|‖x − y‖α

for every t ∈ R and x, y ∈ X with ‖x − y‖ ≤ e−3 max{a,b}|t|.

The proof of Theorem 7.2 is given in Section 7.4, also as a consequence of
a corresponding result for maps.

We note that in the classical autonomous case of uniform exponential di-
chotomies, the Hölder regularity of the conjugacies seems to have been known
by some experts, although, apparently, no published proof can be found in
the literature (see the detailed discussion in Section 1.3).

7.2 Conjugacies for maps

We establish here a nonautonomous and nonuniform version of the Grobman–
Hartman theorem in the case of discrete time. We show in Section 7.3 that
the conjugacies are always Hölder continuous. These results will be used in
Section 7.4 to prove Theorems 7.1 and 7.2.
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7.2.1 Setup

We assume here that:

F1. there exist invertible linear operators Am ∈ B(X), m ∈ Z with inverse
A−1

m ∈ B(X);
F2. there exist continuous maps fm : X → X, m ∈ Z, and constants δ > 0

and ϑ ≥ 0 such that for each m ∈ Z the map Am+fm is a homeomorphism
and

‖fm‖∞ := sup{‖fm(x)‖ : x ∈ X} ≤ δe−ϑ|m|; (7.4)

F3. there exists β ≥ 0 such that for every x, y ∈ X we have

‖fm(x) − fm(y)‖ ≤ δe−β|m|‖x − y‖, m ∈ Z. (7.5)

The conditions F1 and F2 will be assumed throughout Section 7.2, while
F3 will only be needed in some results (this will be made explicit in each
statement). We note that when the conditions F1–F3 hold, provided that δ
is sufficiently small the requirement in F2 that the map Gm = Am + fm is
a homeomorphism is not needed: in this case it is easy to verify, using the
remaining conditions, that Gm is invertible, and it follows from Lemma 7.15
that the inverse is Lipschitz.

Set

A(m,n) =

⎧⎪⎨⎪⎩
Am−1 · · ·An, m > n

Id, m = n

A−1
m · · ·A−1

n−1, m < n

.

We now introduce the notion of nonuniform exponential dichotomy in the case
of discrete time.

Definition 7.3. We say that the sequence of linear operators (Am)m∈Z admits
a nonuniform exponential dichotomy if there exist projections Pn ∈ B(X) for
n ∈ Z, with

PmA(m,n) = A(m,n)Pn for every m,n ∈ Z with m ≥ n, (7.6)

and there exist constants

a < 0 ≤ b, a, b ≥ 0, and D̄ ≥ 1

such that for every m,n ∈ Z with m ≥ n we have

‖A(m,n)Pn‖ ≤ D̄ea(m−n)+a|n|, ‖A(m,n)−1Qm‖ ≤ D̄e−b(m−n)+b|m|, (7.7)

where Qn = Id−Pn are the complementary projections.

For a sequence (Am)m∈Z admitting a nonuniform exponential dichotomy,
we consider the linear subspaces
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Em = PmX and Fm = QmX

for each m ∈ Z. We call Em and Fm respectively the stable and unstable
subspaces at time m ∈ Z. Clearly X = Em ⊕ Fm for every m ∈ Z, and the
dimensions dim Em and dimFm are independent of m. We define the operators

Bm := Am|Em : Em → Em+1 and Cm := Am|Fm : Fm → Fm+1

for each m ∈ Z. Clearly, these are invertible continuous linear operators with
continuous inverse. Furthermore, with respect to the decompositions X =
Em ⊕ Fm, we have the block form

Am =
(

Bm 0
0 Cm

)
, m ∈ Z. (7.8)

Each sequence (zm)m∈Z ⊂ X satisfying zm+1 = Amzm for every m ∈ Z can
be written in the form

zm = A(m,n)zn = (B(m,n)xn,C(m,n)yn), m, n ∈ Z,

where zn = (xn, yn) ∈ Em × Fm, and

B(m,n) =

⎧⎪⎨⎪⎩
Bm−1 · · ·Bn, m > n

Id, m = n

B−1
m · · ·B−1

n−1, m < n

, C(m,n) =

⎧⎪⎨⎪⎩
Cm−1 · · ·Cn, m > n

Id, m = n

C−1
m · · ·C−1

n−1, m < n

.

Furthermore, the inequalities in (7.7) can be written in the form

‖B(m,n)‖ ≤ D̄ea(m−n)+a|n|, ‖C(m,n)−1‖ ≤ D̄e−b(m−n)+b|m|. (7.9)

We also introduce appropriate Lyapunov norms now in the case of discrete
time. Choose � > 0 such that � < min{−a, b}. For each m ∈ Z we define

‖x‖′m =
∑
k≥m

‖B(k,m)x‖e(−a−�)(k−m) for x ∈ Em,

‖y‖′m =
∑
k≤m

‖C(m, k)−1y‖e(b−�)(m−k) for y ∈ Fm,
(7.10)

and we set

‖(x, y)‖′m = ‖x‖′m + ‖y‖′m for each (x, y) ∈ Em × Fm. (7.11)

Using (7.9) it is straightforward to verify that each series in (7.10) is finite,
and

‖x‖ ≤ ‖x‖′m ≤ D̄ea|m|

1 − e−�
‖x‖ and ‖y‖ ≤ ‖y‖′m ≤ D̄eb|m|

1 − e−�
‖y‖.
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Lemma 7.4. For each z ∈ X and m ∈ Z we have

‖z‖ ≤ ‖z‖′m ≤ 2D̄2

1 − e−�
e2 max{a,b}|m|‖z‖. (7.12)

Proof. Clearly,

‖(x, y)‖ ≤ ‖x‖ + ‖y‖ ≤ ‖x‖′m + ‖y‖′m = ‖(x, y)‖′m.

Since Pm(x, y) = x and Qm(x, y) = y, it follows from (7.7) that

‖(x, y)‖′m ≤ D̄

1 − e−�
emax{a,b}|m|(‖Pm‖ + ‖Qm‖)‖(x, y)‖

≤ 2D̄2

1 − e−�
e2 max{a,b}|m|‖(x, y)‖,

which gives the desired result. ��
Furthermore, whenever m ≥ n,

‖B(m,n)‖′ := sup
x∈E\{0}

‖B(m,n)x‖′m
‖x‖′n

≤ e(a+�)(m−n),

‖C(m,n)−1‖′ := sup
y∈F\{0}

‖C(m,n)−1y‖′n
‖y‖′m

≤ e(−b+�)(m−n).

7.2.2 Existence of topological conjugacies

We construct here topological conjugacies between the sequences formed re-
spectively by the maps Am and Am + fm. We proceed in three steps:

1. we show that there exist unique continuous functions ûm satisfying

Am ◦ ûm = ûm+1 ◦ (Am + fm) (7.13)

such that ûm − Id is bounded for each m ∈ Z (see Theorem 7.5);
2. we show that there exist unique continuous functions v̂m satisfying

v̂m+1 ◦ Am = (Am + fm) ◦ v̂m (7.14)

such that v̂m − Id is bounded for each m ∈ Z (see Theorem 7.6);
3. we verify that for each m ∈ Z these functions satisfy

ûm ◦ v̂m = v̂m ◦ ûm = Id,

and thus they are the desired topological conjugacies (see Corollary 7.7).
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The Hölder regularity of the conjugacies will be obtained in Section 7.3.
We note that the problem in (7.14) is obtained from that in (7.13) by

interchanging the order in the compositions in each side. We emphasize that
Theorem 7.5 does not show that the unique maps ûm are invertible, and thus,
in order to show the existence of topological conjugacies, we must also con-
sider the problem in (7.14). One could of course consider instead the general
problem

(Am + f̄m) ◦ ŵm = ûm+1 ◦ (Am + fm) (7.15)

by showing the uniqueness of the continuous functions ŵm satisfying (7.15)
such that ŵm − Id for each m ∈ Z, one would immediately conclude the ex-
istence and continuity of the inverse of each function ûm. Namely, one can
simply take f̄m = 0 in (7.15), which corresponds to Theorem 7.5, and fm = 0
in (7.15), which corresponds to Theorem 7.6. However, the difficulty involved
in considering the general equation in (7.15) is essentially the same as that
of considering the two separate problems in Theorems 7.5 and 7.6, that is,
equations (7.13) and (7.14). This is caused by the fact that rewriting an equa-
tion of this type in terms of a fixed point problem, for a contraction operator
obtained from a composition of maps such that the first one is nonlinear,
increases the difficulty of the estimates required in the proofs. By consider-
ing separately the equations in (7.13) and (7.14), and thus two fixed points
problems instead of only one, we avoid this difficulty (see (7.19)–(7.20) in the
proof of Theorem 7.5, and (7.29)–(7.30) in the proof of Theorem 7.6).

We consider the space X of sequences u = (um)m∈Z of continuous functions
um : X → X such that

‖u‖′∞ := sup{‖um‖′m : m ∈ Z} < ∞, (7.16)

where
‖um‖′m := sup{‖um(x)‖′m : x ∈ X}.

One can easily verify that X is a complete metric space with this norm.
We now present the first main result.

Theorem 7.5. Assume that F1–F2 hold. If the sequence (Am)m∈Z admits a
nonuniform exponential dichotomy with b > 0 and max{a, b} ≤ ϑ, then there
is a unique (um)m∈Z ∈ X such that for every m ∈ Z we have

Am ◦ ûm = ûm+1 ◦ (Am + fm), where ûm = Id +um. (7.17)

Proof. Setting Gm = Am + fm, the equation in (7.17) is equivalent to

Am ◦ um − um+1 ◦ Gm = fm. (7.18)

Writing um = (bm, cm) and fm = (gm, hm), with values in Em ×Fm, using F1
we find that (7.18) holds for every m ∈ Z if and only if (bm, cm) = (b̄m, c̄m)
for every m ∈ Z, where
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b̄m = (Bm−1 ◦ bm−1 − gm−1) ◦ G−1
m−1, (7.19)

c̄m = C−1
m ◦ (cm+1 ◦ Gm + hm). (7.20)

Given u = (um)m∈Z = (bm, cm)m∈Z ∈ X, we define S(u) = (b̄m, c̄m)m∈Z. The
statement in the theorem is thus equivalent to the existence of a unique fixed
point of S in the space X. We will prove that S(X) ⊂ X and that S is a
contraction in the complete metric space X.

Since Gm is a homeomorphism, (b̄m, c̄m) is continuous for every m ∈ Z.
Furthermore, using the Lyapunov norms in (7.10) for each z ∈ X we obtain

‖b̄m(z)‖′m ≤
∑
k≥m

‖B(k,m)Bm−1bm−1(G−1
m−1(z))‖e(−a−�)(k−m)

+
∑
k≥m

‖B(k,m)gm−1(G−1
m−1(z))‖e(−a−�)(k−m)

≤ ea+�
∑

k≥m−1

‖B(k,m − 1)bm−1(G−1
m−1(z))‖e(−a−�)(k−(m−1))

+
∑
k≥m

‖B(k,m)‖ · ‖gm−1‖∞e(−a−�)(k−m) (7.21)

≤ ea+�‖bm−1(G−1
m−1(z))‖′m−1

+ D̄δ
∑
k≥m

ea(k−m)+ϑ|m|e−ϑ|m−1|e−(a+�)(k−m)

≤ ea+�‖bm−1(G−1
m−1(z))‖′m−1 + D̄δeϑ

∑
k≥m

e�(m−k).

Setting θ = D̄δeϑ/(1− e−�), for the sequences b = (bm)m∈Z and b̄ = (b̄m)m∈Z

we have
‖b̄‖′∞ = sup{‖b̄m‖′m : m ∈ Z} ≤ ea+�‖b‖′∞ + θ < ∞. (7.22)

In an analogous manner, for each z ∈ X we obtain

‖c̄m(z)‖′m ≤
∑
k≤m

‖C(m, k)−1C−1
m cm+1(Gm(z))‖e(b−�)(m−k)

+
∑
k≤m

‖C(m, k)−1C−1
m hm(z)‖e(b−�)(m−k)

≤ e−b+�
∑

k≤m+1

‖C(m + 1, k)−1cm+1(Gm(z))‖e(b−�)(m+1−k)

+
∑
k≤m

‖C(m + 1, k)−1‖ · ‖hm‖∞e(b−�)(m−k)

≤ e−b+�‖cm+1(Gm(z))‖′m+1

+ D̄δ
∑
k≤m

e−b(m+1−k)+ϑ|m+1|e−ϑ|m|e(b−�)(m−k)

≤ e−b+�‖cm+1(Gm(z))‖′m+1 + D̄δeϑ−b
∑
k≤m

e�(k−m).

(7.23)
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For the sequences c = (cm)m∈Z and c̄ = (c̄m)m∈Z we have

‖c̄‖′∞ ≤ e−b+�‖c‖′∞ + θ < ∞. (7.24)

By (7.22) and (7.24) we have S(u) ∈ X, and thus S : X → X is well-defined.
We now prove that S is a contraction. Given u1 = (b1,m, c1,m)m∈Z and

u2 = (b2,m, c2,m)m∈Z in X, proceeding as in (7.21) for each z ∈ X we obtain

‖b̄1,m(z) − b̄2,m(z)‖′m ≤ ea+�‖b1,m−1(G−1
m−1(z)) − b2,m−1(G−1

m−1(z))‖′m−1

≤ ea+�‖b1,m−1 − b2,m−1‖′m−1.

Thus
‖b̄1 − b̄2‖′∞ ≤ ea+�‖b1 − b2‖′∞. (7.25)

Analogously, proceeding as in (7.23) we obtain

‖c̄1,m(z) − c̄2,m(z)‖′m ≤ e−b+�‖c1,m+1(Gm(z)) − c2,m+1(Gm(z))‖′m+1

≤ e−b+�‖c1,m+1 − c2,m+1‖′m+1,

and
‖c̄1 − c̄2‖′∞ ≤ e−b+�‖c1 − c2‖′∞. (7.26)

Since � < min{−a, b}, it follows from (7.25) and (7.26) that

‖S(v1) − S(v2)‖′∞ ≤ max{ea+�, e−b+�}‖v1 − v2‖′∞,

and the operator S is a contraction. Thus, there exists a unique sequence
u ∈ X such that S(u) = u. This completes the proof of the theorem. ��

We note that the following result is the first place where we use the con-
dition F3.

Theorem 7.6. Assume that F1–F3 hold with β = ϑ. If the sequence (Am)m∈Z

admits a nonuniform exponential dichotomy with b > 0 and max{a, b} ≤ ϑ,
and δ is sufficiently small, then there exists a unique (vm)m∈Z ∈ X such that
for every m ∈ Z we have

v̂m+1 ◦ Am = (Am + fm) ◦ v̂m, where v̂m = Id +vm. (7.27)

Proof. The equation in (7.27) is equivalent to

vm+1 ◦ Am − Am ◦ vm = fm ◦ v̂m. (7.28)

Writing vm = (dm, em) and fm = (gm, hm), again with values in Em × Fm,
using F1 we find that (7.28) holds for every m ∈ Z if and only if (dm, em) =
(d̄m, ēm) for every m ∈ Z, where

d̄m = (Bm−1 ◦ dm−1 + gm−1 ◦ v̂m−1) ◦ A−1
m−1, (7.29)

ēm = C−1
m ◦ (em+1 ◦ Am − hm ◦ v̂m). (7.30)
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Given v = (vm)m∈Z = (dm, em)m∈Z ∈ X, we define T (v) = (d̄m, ēm)m∈Z. To
prove the theorem we must show that T has a unique fixed point in X.

We first show that T (X) ⊂ X. By the condition F1 the map A−1
m is contin-

uous, and thus (d̄m, ēm) is continuous for every m ∈ Z. We obtain

‖d̄m(z)‖′m ≤
∑
k≥m

‖B(k,m)Bm−1dm−1(A−1
m−1z)‖e(−a−�)(k−m)

+
∑
k≥m

‖B(k,m)gm−1(v̂m−1(A−1
m−1z))‖e(−a−�)(k−m)

≤ ea+�
∑

k≥m−1

‖B(k,m − 1)dm−1(A−1
m−1z)‖e(−a−�)(k−(m−1))

+
∑
k≥m

‖B(k,m)‖ · ‖gm−1‖∞e(−a−�)(k−m).

Proceeding as in (7.21) we conclude that ‖d̄‖′∞ < ∞. In an analogous manner,

‖ēm(z)‖′m ≤
∑
k≤m

‖C(m, k)−1C−1
m em+1(Amz)‖e(b−�)(m−k)

+
∑
k≤m

‖C(m, k)−1hm(v̂m(z))‖e(b−�)(m−k)

≤ e−b+�
∑

k≤m+1

‖C(m + 1, k)−1em+1(Amz)‖e(b−�)(m+1−k)

+
∑
k≤m

‖C(m, k)−1‖ · ‖hm‖∞e(b−�)(m−k),

and proceeding as in (7.23) we conclude that ‖ē‖′∞ < ∞. This shows that
T (v) ∈ X, and thus T : X → X is well-defined.

We now prove that T is a contraction. Given vi = (di,m, ei,m)m∈Z ∈ X for
i = 1, 2, and setting

v̂i,m = Id +vi,m and Gi,m = v̂i,m ◦ A−1
m−1,

proceeding as in (7.21) for each z ∈ X we obtain

‖d̄1,m(z) − d̄2,m(z)‖′m
≤ ea+�

∑
k≥m−1

‖B(k,m − 1)(d1,m−1 − d2,m−1)(A−1
m−1z)‖e(−a−�)(k−m)

+
∑
k≥m

‖B(k,m)[gm−1(G1,m−1(z)) − gm−1(G2,m−1(z))]e(−a−�)(k−m)

≤ ea+�‖d1,m−1(A−1
m−1z) − d2,m−1(A−1

m−1z)‖′m−1

+ θ‖v̂1,m−1(A−1
m−1z) − v̂2,m−1(A−1

m−1z)‖
≤ ea+�‖d1,m−1 − d2,m−1‖′m−1 + θ‖v1,m−1 − v2,m−1‖′m−1,
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using (7.12). Thus

‖d̄1,m−d̄2,m‖′m ≤ ea+�‖d1,m−1−d2,m−1‖′m−1+θ‖v1,m−1−v2,m−1‖′m−1. (7.31)

Analogously, proceeding as in (7.23) we obtain

‖ē1,m(z) − ē2,m(z)‖′m
≤ e−b+�

∑
k≤m+1

‖C(m + 1, k)−1(e1,m+1(Amz) − e2,m+1(Amz))‖e(b−�)(m−k)

+
∑
k≥m

‖C(m + 1, k)−1[hm−1(v̂1,m(z)) − hm−1(v̂2,m(z))]‖e(b−�)(m−k)

≤ e−b+�‖e1,m+1 − e2,m+1‖′m+1 + θ‖v̂1,m − v̂2,m‖′m,

and thus,

‖ē1,m − ē2,m‖′m ≤ e−b+�‖e1,m+1 − e2,m+1‖′m+1 + θ‖v1,m − v2,m‖′m. (7.32)

By (7.31) and (7.32) we conclude that

‖T (v1) − T (v2)‖′∞ ≤ (max{ea+�, e−b+�} + 2θ)‖v1 − v2‖′∞.

Since � < min{−a, b}, taking δ sufficiently small the operator T is a contrac-
tion. Thus, there exists a unique v ∈ X such that T (v) = v. This completes
the proof of the theorem. ��

We now combine the information provided by Theorems 7.5 and 7.6 to
obtain the topological conjugacies.

Corollary 7.7. Assume that F1–F3 hold with β = ϑ. If the sequence (Am)m∈Z

admits a nonuniform exponential dichotomy with b > 0 and max{a, b} ≤ ϑ,
and δ in (7.4) and (7.5) is sufficiently small, then the maps ûm = Id +um

and v̂m = Id +vm, with um as in Theorem 7.5 and vm as in Theorem 7.6,
are homeomorphisms and satisfy

ûm ◦ v̂m = v̂m ◦ ûm = Id, m ∈ Z. (7.33)

Proof. In view of the continuity of the functions um in Theorem 7.5 and vm

in Theorem 7.6, it is sufficient to show that the identities in (7.33) hold. We
continue to set Gm = Am + fm. By (7.17) and (7.27) we have

ûm+1 ◦ v̂m+1 ◦ Am = ûm+1 ◦ Gm ◦ v̂m = Am ◦ ûm ◦ v̂m (7.34)

for every m ∈ Z. Since

ûm ◦ v̂m − Id = um + vm + um ◦ vm,

we have
sup{‖ûm ◦ v̂m − Id ‖′m : m ∈ Z} < ∞,

and thus (ûm ◦ v̂m)m∈Z ∈ X. It follows from (7.34) and the uniqueness state-
ments in Theorems 7.5 or 7.6 (for the perturbations fm = 0) that ûm◦v̂m = Id
for every m ∈ Z. This shows that the maps ûm and v̂m are homeomorphisms
and (7.33) holds. ��
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7.3 Hölder regularity of the conjugacies

We show in this section that the topological conjugacies um and vm in Corol-
lary 7.7 are in fact Hölder continuous.

7.3.1 Main statement

We need a stronger version of dichotomy in this section.

Definition 7.8. We say that the sequence of linear operators (Am)m∈Z admits
a strong nonuniform exponential dichotomy if there exist projections Pn ∈
B(X) for n ∈ Z satisfying (7.6), and there exist constants

a ≤ a < 0 ≤ b ≤ b, a, b ≥ 0, and D̄ ≥ 1

such that for every m,n ∈ Z with m ≥ n we have

‖A(m,n)Pn‖ ≤ D̄ea(m−n)+a|n|, ‖A(m,n)−1Qm‖ ≤ D̄e−b(m−n)+b|m|,

and for every m,n ∈ Z with m ≤ n we have

‖A(m,n)Pn‖ ≤ D̄e−a(n−m)+a|n|, ‖A(m,n)−1Qm‖ ≤ D̄eb(n−m)+b|m|.

Clearly, any sequence (Am)m∈Z admitting a strong nonuniform exponential
dichotomy admits a nonuniform exponential dichotomy.

We now assume that there exists a strong nonuniform exponential di-
chotomy, and we recall the constant α0 introduced in (7.3). The following
is the main statement concerning the Hölder regularity of the conjugacies in
Corollary 7.7.

Theorem 7.9. Assume that F1–F3 hold with β = 4ϑ. If the sequence of linear
operators (Am)m∈Z admits a strong nonuniform exponential dichotomy with
b > 0 and max{a, b} ≤ ϑ, then for each α ∈ (0, α0), provided that δ in (7.4)
and (7.5) is sufficiently small (depending on α), for the unique sequences
(um)m∈Z ∈ X in Theorem 7.5 and (vm)m∈Z ∈ X in Theorem 7.6 there exists
K > 0 (depending on α and δ) such that

‖um(x) − um(y)‖ ≤ Ke2 max{a,b}α|m|‖x − y‖α,

‖vm(x) − vm(y)‖ ≤ Ke2 max{a,b}α|m|‖x − y‖α

for every m ∈ Z and x, y ∈ X with ‖x − y‖ ≤ e−2 max{a,b}|m|.

Theorem 7.9 is a simple consequence of slightly stronger statements in
Theorems 7.12 and 7.13.
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7.3.2 Lyapunov norms

We need to introduce new Lyapunov norms, which are adapted to the “two-
sided” notion of strong nonuniform exponential dichotomy (instead of the
“one-sided” notion of nonuniform exponential dichotomy). We continue to
choose � > 0 such that � < min{−a, b}. For each m ∈ Z we set

‖x‖∗m =
∑
k≥m

‖B(k,m)x‖e−(a+�)(k−m) +
∑
k<m

‖B(k,m)x‖e(a−�)(m−k) (7.35)

for x ∈ Em, and

‖y‖∗m =
∑
k≥m

‖C(m, k)−1y‖e−(b+�)(k−m) +
∑
k<m

‖C(m, k)−1y‖e(b−�)(m−k)

(7.36)
for y ∈ Fm. We also set

‖(x, y)‖∗m = ‖x‖∗m + ‖y‖∗m.

It is straightforward to verify that each series in (7.35)–(7.36) converges, and
setting

N = D̄(1 + e−�)/(1 − e−�), (7.37)

for each (x, y) ∈ Em × Fm we have

‖x‖ ≤ ‖x‖∗m ≤ Nea|m|‖x‖ and ‖y‖ ≤ ‖y‖∗m ≤ Neb|m|‖y‖.

Lemma 7.10. For each z ∈ X and m ∈ Z we have

‖z‖ ≤ ‖z‖∗m ≤ 2D̄Ne2 max{a,b}|m|‖z‖. (7.38)

The proof is analogous to the one of Lemma 7.4, and thus it will be omitted.
We now obtain estimates for the norms of the linear operators with respect

to the new Lyapunov norms.

Lemma 7.11. For each m ∈ Z we have

‖Am‖∗ := sup
z∈X\{0}

‖Amz‖∗m+1

‖z‖∗m
≤ eb+�,

‖A−1
m ‖∗ := sup

z∈X\{0}

‖A−1
m z‖∗m

‖z‖∗m+1

≤ e−a+�.

Proof. Setting z = (x, y) ∈ Em × Fm we have

‖Amz‖∗m+1 = ‖Bmx‖∗m+1 + ‖Cmy‖∗m+1.

Furthermore
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‖Bmx‖∗m+1 = ea+�
∑

k≥m+1

‖B(k,m)x‖e−(a+�)(k−m)

+ ea−�
∑
k≤m

‖B(k,m)x‖e(a−�)(m−k) ≤ ea+�‖x‖∗m,

and

‖Cmy‖∗m+1 = eb+�
∑

k≥m+1

‖C(m, k)−1y‖e−(b+�)(k−m)

+ eb−�
∑
k≤m

‖C(m, k)−1y‖e(b−�)(m−k) ≤ eb+�‖y‖∗m.

Since b+� > 0 > a+�, we obtain ‖Amz‖∗m+1 ≤ eb+�‖z‖∗m. Similarly, we have

‖A−1
m−1v‖∗m−1 = ‖B−1

m−1x‖∗m−1 + ‖C−1
m−1y‖∗m−1,

with

‖B−1
m−1x‖∗m−1 = e−(a+�)

∑
k≥m−1

‖B(k,m)x‖e−(a+�)(k−m)

+ e−a+�
∑

k<m−1

‖B(k,m)x‖e(a−�)(m−k) ≤ e−a+�‖x‖∗m,

and

‖C−1
m−1y‖∗m−1 = e−b+�

∑
k≥m−1

‖C(m, k)−1y‖e(−b+�)(k−m)

+ e−b+�
∑

k<m−1

‖C(m, k)−1y‖e(b−�)(m−k) ≤ e−b+�‖y‖∗m.

Since −a + � > 0 > −b + �, we obtain ‖A−1
m−1z‖∗m−1 ≤ e−a+�‖z‖∗m. ��

7.3.3 Proof of the Hölder regularity

We establish in this section the Hölder regularity of the conjugacies and of
their inverses. For convenience of the proofs, we first consider the maps vm

(and then the maps um). We continue to consider the constant α0 in (7.3).
Let (vm)m∈Z be the unique sequence given by Theorem 7.6, and write vm =
(dm, em) with values in Em × Fm.

Theorem 7.12. Assume that F1–F3 hold with β = ϑ. If the sequence of lin-
ear operators (Am)m∈Z admits a strong nonuniform exponential dichotomy
with b > 0 and max{a, b} ≤ ϑ, then for each α ∈ (0, α0), provided that δ is
sufficiently small (depending on α) there exists K > 0 (depending on α and δ)
such that for every m ∈ Z and x, y ∈ X with ‖x − y‖∗m < 1 we have

‖vm(x) − vm(y)‖∗m ≤ K(‖x − y‖∗m)α.
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Proof. Given constants K > 0 and α ∈ (0, 1), we consider the subset Xα ⊂ X

composed of the sequences (vm)m∈Z satisfying

max{‖dm(x) − dm(y)‖∗m, ‖em(x) − em(y)‖∗m} ≤ K(‖x − y‖∗m)α

for every m ∈ Z and x, y ∈ X with ‖x−y‖∗m < 1. One can easily verify that Xα

is closed with respect to the norm ‖·‖′∞ in (7.16). Hence, the statement in the
theorem will follow readily after showing that the contraction map T : X → X

in the proof of Theorem 7.6 satisfies T (Xα) ⊂ Xα.
We assume that the constant � > 0 in the construction of the Lyapunov

norms in (7.35)–(7.36) is chosen so small such that, in addition, it satisfies

α < min
{−a − �

−a + �
,
b − �

b + �

}
. (7.39)

Let now v = (vm)m∈Z = (dm, em)m∈Z be a sequence in Xα. We must show
that the sequence T (v) = (d̄m, ēm)m∈Z, with d̄m and ēm as in the proof of
Theorem 7.6 (see (7.29) and (7.30)) is in Xα. Take x, y ∈ X. By (7.29) we
have

‖d̄m(x) − d̄m(y)‖∗m ≤ ‖Bm−1δm−1(x) − Bm−1δm−1(y)‖∗m
+ ‖gm−1(v̄m−1(x)) − gm−1(v̄m−1(y))‖∗m := T1 + T2,

where

δm = dm ◦ A−1
m and v̄m = v̂m ◦ A−1

m , with v̂m = Id +vm.

Since a + � > (a − �), we obtain

T1 =
∑
k≥m

‖B(k,m − 1)(δm−1(x) − δm−1(y))‖e−(a+�)(k−m)

+
∑
k<m

‖B(k,m − 1)(δm−1(x) − δm−1(y))‖e(a−�)(m−k)

= ea+�
∑
k≥m

‖B(k,m − 1)(δm−1(x) − δm−1(y))‖e−(a+�)(k−m+1)

+ e(a−�)‖δm−1(x) − δm−1(y)‖
+ e(a−�)

∑
k<m−1

‖B(k,m − 1)(δm−1(x) − δm−1(y))‖e(a−�)(m−1−k)

≤ ea+�
∑

k≥m−1

‖B(k,m − 1)(δm−1(x) − δm−1(y))‖e−(a+�)(k−m+1)

+ ea+�
∑

k<m−1

‖B(k,m − 1)(δm−1(x) − δm−1(y))‖e(−a+�)(m−1−k)

≤ ea+�‖δm−1(x) − δm−1(y)‖∗m−1

≤ ea+�K(‖A−1
m−1(x − y)‖∗m−1)

α.
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Furthermore, using F3 with β = ϑ and (7.38) we obtain

T2 ≤ δ
∑
k≥m

‖B(k,m)‖e−β|m−1|‖v̄m−1(x) − v̄m−1(y)‖e−(a+�)(k−m)

+ δ
∑
k<m

‖B(k,m)‖e−β|m−1|‖v̄m−1(x) − v̄m−1(y)‖e(a−�)(m−k)

≤ Nδeβ‖v̄m−1(x) − v̄m−1(y)‖∗m−1

≤ NδeβL + NKδeβLα,

(7.40)

where L = ‖A−1
m−1(x − y)‖∗m−1 and with N as in (7.37). By Lemma 7.11, for

x �= y with ‖x − y‖∗m < 1 we obtain

‖d̄m(x) − d̄m(y)‖∗m
(‖x − y‖∗m)α

≤ K(ea+� + Nδeβ)eα(−a+�) + Nδeβe−a+�. (7.41)

We now consider the second component ēm. By (7.30), we have

‖ēm(x) − ēm(y)‖∗m ≤ ‖C−1
m ẽm+1(x) − C−1

m ẽm+1(y)‖∗m
+ ‖C−1

m (hm ◦ v̂m)(x) − C−1
m (hm ◦ v̂m)(y)‖∗m := T3 + T4,

where ẽm+1 = em+1 ◦ Am. We obtain

T3 = e−(b+�)
∑
k≥m

‖C(m + 1, k)−1(ẽm+1(x) − ẽm+1(y))‖e−(b+�)(k−m−1)

+ e−b+�
∑
k<m

‖C(m + 1, k)−1(ẽm+1(x) − ẽm+1(y))‖e(b−�)(m+1−k)

≤ e−b+�
∑

k≥m+1

‖C(m + 1, k)−1(ẽm+1(x) − ẽm+1(y))‖e−(b+�)(k−m−1)

+ e−b+�
∑

k<m+1

‖C(m + 1, k)−1(ẽm+1(x) − ẽm+1(y))‖e(b−�)(m+1−k)

= e−b+�‖ẽm+1(x) − ẽm+1(y)‖∗m+1 ≤ e−b+�K(‖Am(x − y)‖∗m+1)
α,

(7.42)

and proceeding in a similar manner,

T4 = δ
∑
k>m

‖C(m + 1, k)−1‖e−β|m|‖v̂m(x) − v̂m(y)‖e−(b+�)(k−m)

+ δ
∑
k≤m

‖C(m + 1, k)−1‖e−β|m|‖v̂m(x) − v̂m(y)‖e(b−�)(m−k)

≤ δD̄

(
e−b+ϑ−�

1 − e−�
+

e−b+ϑ

1 − e−�

)
‖v̂m(x) − v̂m(y)‖∗m

≤ δD̄
e−b+ϑ−� + e−b+ϑ

1 − e−�
[‖x − y‖∗m + K(‖x − y‖∗m)α] .

(7.43)
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By Lemma 7.11, for x �= y with ‖x − y‖∗m < 1 we obtain

‖ēm(x) − ēm(y)‖∗m
(‖x − y‖∗m)α

≤ Ke−b+�eα(b+�) + (1 + K)δD̄
e−b+ϑ−� + e−b+ϑ

1 − e−�
. (7.44)

It follows readily from (7.39) that

ea+�eα(−a+�) < 1 and e−b+�eα(b+�) < 1. (7.45)

Hence, for each sufficiently small δ it follows from (7.41) and (7.44) that there
exists K > 0 (independent of f) such that

max{‖d̄m(x) − d̄m(y)‖∗m, ‖ēm(x) − ēm(y)‖∗m} ≤ K(‖x − y‖∗m)α

for every m ∈ Z and x, y ∈ X with ‖x−y‖∗m < 1, whenever (dm, em)m∈Z ∈ Xα.
This completes the proof of the theorem. ��

Let now (um)m∈Z be the unique sequence given by Theorem 7.5, and write
um = (bm, cm) with values in Em × Fm.

Theorem 7.13. Assume that F1–F3 hold with β = 4ϑ. If the sequence of
linear operators (Am)m∈Z admits a strong nonuniform exponential dichotomy
with b > 0 and max{a, b} ≤ ϑ, then for each α ∈ (0, α0), provided that δ is
sufficiently small (depending on α) there exists K > 0 (depending on α and δ)
such that for every m ∈ Z and x, y ∈ X with ‖x − y‖∗m < 1 we have

‖um(x) − um(y)‖∗m ≤ K(‖x − y‖∗m)α.

Proof. Set

C1 = eb+� + 2D̄Nδeϑ and C2 = (1 − 2D̄Ne−a+�+2ϑ)−1.

Lemma 7.14. For each x, y ∈ X we have

‖Gm(x) − Gm(y)‖∗m+1 ≤ C1‖x − y‖∗m.

Proof of the lemma. In view of Lemmas 7.10 and 7.11, we have

‖Gm(x) − Gm(y)‖∗m+1 ≤ ‖Am(x − y)‖∗m+1 + ‖fm(x) − fm(y)‖∗m+1

≤ eb+�‖x − y‖∗m + 2D̄Ne2ϑ|m+1|‖fm(x) − fm(y)‖
≤ eb+�‖x − y‖∗m + 2D̄Nδe−2ϑ(|m|−1)‖x − y‖
≤ C1‖x − y‖∗m,

which gives the desired inequality. ��
Lemma 7.15. For each δ sufficiently small and each x, y ∈ X we have

‖G−1
m (x) − G−1

m (y)‖∗m ≤ C2e
−a+�‖x − y‖∗m+1.
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Proof of the lemma. Again by Lemmas 7.10 and 7.11,

‖Gm(x) − Gm(y)‖∗m+1 ≥ ‖Am(x − y)‖∗m+1 − ‖fm(x) − fm(y)‖∗m+1

≥ (ea−� − 2D̄Ne2ϑ|m+1|δe−4ϑ|m|)‖x − y‖∗m
≥ (ea−� − 2D̄Nδe2ϑ(1−|m|))‖x − y‖∗m
≥ C−1

2 ea−�‖x − y‖∗m,

thus giving the desired inequality. ��
We now proceed with the proof of the theorem. We use the same notation as

in the proof of Theorem 7.12, and we proceed in a similar manner. Namely, we
let � and α be as in (7.39), and we show that if u = (um)m∈Z = (bm, cm)m∈Z

is in Xα (see the proof of Theorem 7.12 for the definition), then the sequence
S(u) = (b̄m, c̄m)m∈Z, with b̄m and c̄m as in the proof of Theorem 7.5 (see
(7.19) and (7.20)), is also in Xα.

Take x, y ∈ X with ‖x − y‖∗m < 1. By (7.19), proceeding as in (7.40) we
obtain

‖b̄m(x) − b̄m(y)‖∗m ≤ ea+�K(‖G−1
m−1(x) − G−1

m−1(y)‖∗m−1)
α

+ Nδeβ‖G−1
m−1(x) − G−1

m−1(y)‖∗m−1.

It follows from Lemma 7.15 that

‖b̄m(x) − b̄m(y)‖∗m
≤ ea+�KCα

2 eα(−a+�)(‖x − y‖∗m)α + NδC2e
−a+�+β‖x − y‖∗m

≤
(
Kea+�eα(−a+�)Cα

2 + NδC2e
−a+�+β

)
(‖x − y‖∗m)α

(7.46)

(since ‖x − y‖∗m < 1). Furthermore, setting

C3 = (e−b+ϑ−� + e−b+ϑ)/(1 − e−�),

and proceeding as in (7.43) we obtain

‖C−1
m (hm(x) − hm(y))‖∗m ≤ δD̄C3‖x − y‖∗m.

Thus, proceeding as in (7.42) and using Lemma 7.14 yields

‖c̄m(x) − c̄m(y)‖∗m
≤ e−b+�K(‖Gm(x) − Gm(y)‖∗m+1)

α + δD̄C3‖x − y‖∗m
≤
(
Ke−b+�(eb+� + 2D̄Nδeϑ)α + δD̄C3

)
(‖x − y‖∗m)α,

(7.47)

again since ‖x − y‖∗m < 1. We now proceed as in the proof of Theorem 7.12.
Namely, it follows readily from (7.39) that the inequalities in (7.45) hold for
every α ∈ (0, α0). Thus, by (7.46) and (7.47), for each sufficiently small δ
there exists K > 0 such that
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max{‖b̄m(x) − b̄m(y)‖∗m, ‖c̄m(x) − c̄m(y)‖∗m} ≤ K(‖x − y‖∗m)α,

for each m ∈ Z and x, y ∈ X with ‖x− y‖∗m < 1. This completes the proof of
the theorem. ��

Theorem 7.9 follows now readily from Theorems 7.12 and 7.13 together
with the inequalities in (7.38).

7.4 Proofs of the results for flows

7.4.1 Reduction to discrete time

The first step in the proofs of Theorems 7.1 and 7.2 is the reduction of the
problem to discrete time. Fix r ∈ [−1, 1]. For each m ∈ Z we define invertible
linear operators

Am = Am,r = T (m + r,m + r − 1), (7.48)

and maps

fm(u) =
∫ m+r

m+r−1

T (m + r, τ)f(τ, v(τ, u)) dτ, (7.49)

where v(t, u) is the solution of the differential equation v′ = A(t)v + f(t, v)
with v(m + r − 1) = u. For every t ∈ R we have

v(t, u) = T (t,m + r − 1)u +
∫ t

m+r−1

T (t, τ)f(τ, v(τ, u)) dτ, (7.50)

and thus in particular v(m + r, u) = Amu + fm(u).

Lemma 7.16. Assume that E1–E2 hold with β̄ = 6max{a, b}. For each δ > 0,
if δ̄ is sufficiently small, then:

1. the maps Am and fm satisfy the conditions F1–F3 with β = 4ϑ and the
given δ;

2. (Am)m∈Z admits a strong nonuniform exponential dichotomy if v′ = A(t)v
admits a strong nonuniform exponential dichotomy in R.

Proof. The second statement is clear from the definitions. In particular, con-
dition F1 holds. Set now ϑ = max{a, b}. By (2.17), for any t ≥ s we have

‖T (t, s)‖ ≤ ‖T (t, s)P (s)‖ + ‖T (t, s)Q(s)‖
= ‖U(t, s)‖ + ‖V (t, s)‖ ≤ (D1 + D2)eb(t−s)+ϑ|s|,

and hence
‖T (t, s)‖ ≤ Deb(t−s)+ϑ|s|, (7.51)

where D = D1 + D2. By condition E2, we obtain
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‖fm‖∞ = sup
u∈X

∥∥∥∥∫ m+r

m+r−1

T (m + r, τ)f(τ, v(τ, u)) dτ

∥∥∥∥
≤
∫ m+r

m+r−1

‖T (m + r, τ)‖ · sup
u∈X

‖f(τ, v(τ, u))‖ dτ

≤ Dδ̄

∫ m+r

m+r−1

eb(m+r−τ)e−5ϑ|τ | dτ

≤ Dδ̄e10ϑe−5ϑ|m|
∫ m+r

m+r−1

eb(m+r−τ) dτ

≤ Dδ̄e10ϑe−5ϑ|m|(eb − 1)
b

.

Thus, provided that δ̄ is sufficiently small (see also the proof of Lemma 7.15
and the discussion after condition F3 in Section 7.2.1), we obtain condition F2.

It remains to establish condition F3. We first prove that there exists D′ > 0
such that for any m + r − 1 ≤ t ≤ m + r and x, y ∈ X,

‖v(t, x) − v(t, y)‖ ≤ D′eϑ|m|‖x − y‖. (7.52)

By (7.50) and condition E2,

‖v(t, x) − v(t, y)‖ ≤ ‖T (t,m + r − 1)‖ · ‖x − y‖

+ δ̄

∫ t

m+r−1

‖T (t, τ)‖e−6ϑ|τ |‖v(τ, x) − v(τ, y)‖ dτ.

Using (7.51), since t ≤ m + r we have

‖v(t, x) − v(t, y)‖ ≤ Deb+ϑ|m+r−1|‖x − y‖

+ δ̄Deb

∫ t

m+r−1

‖v(τ, x) − v(τ, y)‖ dτ.

Applying Gronwall’s lemma we obtain

‖v(t, x) − v(t, y)‖ ≤ Deb+2ϑ+ϑ|m|eδ̄Deb‖x − y‖
for any m + r − 1 ≤ t ≤ m + 1, which proves (7.52). By (7.51), condition E2,
and (7.52), for any x, y ∈ X and m ∈ Z,

‖fm(x) − fm(y)‖ ≤ δ̄D

∫ m+r

m+r−1

eb(m+r−τ)e−5ϑ|τ |‖v(τ, x) − v(τ, y)‖ dτ

≤ δ̄DD′eϑ|m|‖x − y‖
∫ m+r

m+r−1

eb(m+r−τ)e−5ϑ|τ | dτ

≤ δ̄DD′e5ϑ eb − 1
b

e−4ϑ|m|‖x − y‖.

Provided that δ̄ is sufficiently small this yields F3. ��
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7.4.2 Proofs

We recall that T (t, s) and R(t, s) are respectively the evolution operators
generated by the equations v′ = A(t)v and v′ = A(t) + f(t, v).

Proof of Theorem 7.1. Take r ∈ [−1, 1]. In view of Lemma 7.16, by Corol-
lary 7.7 there exist homeomorphisms Gm,r : X → X, m ∈ Z such that

T (m + r,m + r − 1)Gm,r = Gm+1,rR(m + r,m + r − 1), m ∈ Z. (7.53)

The uniqueness statements in Theorems 7.5 and 7.6 can be used to show the
following.

Lemma 7.17. We have Gm,r = Gm̄,r̄ whenever m̄ + r̄ = m + r.

Proof of the lemma. Let ‖·‖′m,r be the family of norms defined as in (7.11)
when we replace the operators An in (7.8) by those in (7.48) (which now
depend on r). One can easily verify that

‖x‖′m,r = ‖x‖′m̄,r̄ for every x ∈ X

whenever m + r = m̄ + r̄: it follows from (7.48) that Am,r = Am̄,r̄ and thus
that

Ar(m + k,m + l) = Ar̄(m̄ + k, m̄ + l), k, l ∈ Z,

where Ar and Ar̄ are obtained as in (7.8) respectively using the sequences of
operators An,r and An,r̄. In particular, this shows that

sup
m∈Z

sup
x∈X

‖Gm,r(x) − x‖′m+1,r−1 = sup
m∈Z

sup
x∈X

‖Gm,r(x) − x‖′m,r < ∞ (7.54)

for every r ∈ [0, 1]. Furthermore, by (7.53) we have that

T (m + r̄,m + r̄ − 1)Gm−1,r = Gm,rU(m + r̄,m + r̄ − 1), m ∈ Z (7.55)

for any r̄ = r − 1 with r ∈ [0, 1]. It follows from (7.54) and the uniqueness
statement in Theorem 7.5 that the sequence (Gm−1,r)m∈Z coincides with the
unique sequence of homeomorphisms in Theorem 7.5 satisfying (7.55), that
is, the sequence (Gm,r̄)m∈Z. In other words, when r ∈ [0, 1] we have

Gm,r̄ = Gm−1,r for every m ∈ Z.

The case when r ∈ [−1, 0] can be treated in a similar manner. This establishes
the desired statement. ��

By Lemma 7.17 we can define homeomorphisms

Jt = Gm,r with m = [t] and r = t − [t], (7.56)

where [t] denotes the integer part of t. For each s ∈ R we define the map
hs : X → X by
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hs(x) =
∫ 1

0

T (s, τ + s)Jτ+sR(τ + s, s)(x) dτ, (7.57)

where for simplicity composition is denoted as multiplication. To verify that
the integral is well-defined, we will show that for each s ∈ R and x ∈ X the
integrand in (7.57) is bounded in τ ∈ [−1, 1]. We will use Theorem 7.9. We
first note that for the functions Am and fm in (7.48)–(7.49), the constants
K and α in Theorem 7.9 can be chosen independently of r ∈ [−1, 1] (this
follows immediately from the definition of α0 in (7.3), and from the form of
the constants in the right-hand sides of (7.41), (7.44), (7.46) and (7.47)).

In a similar way to that in (7.51), using (2.17) we have that for any t ≥ s,

‖T (s, t)‖ ≤ De−a(t−s)+ϑ|t|, (7.58)

where D = D1 + D2 and ϑ = max{a, b}. By (7.58) and Theorem 7.9, when
M := ‖R(τ + s, s)(x)‖ < e−2ϑ(1+|s|) we have

N : = ‖T (s, τ + s)Jτ+sR(τ + s, s)(x)‖
≤ De−aτ+ϑ(1+|s|)‖Jτ+sR(τ + s, s)(x)‖
≤ De−aτ+ϑ(1+|s|)

[
e−2ϑ(1+|s|) + ‖(Jτ+s − Id)R(τ + s, s)(x)‖

]
≤ De−a(e−ϑ(1+|s|) + Keϑ(1+|s|)),

(7.59)

and when M ≥ e−2ϑ(1+|s|) we have

N ≤ De−a+ϑ(1+|s|)[M + K(1 + e2ϑ(1+|s|)M)]. (7.60)

We now estimate M . In view of (7.51) and (7.1), since 0 ≤ τ ≤ 1 we have

M ≤ ‖T (τ + s, s)x‖ +
∫ τ+s

s

‖T (τ + s, r)f(r,R(r, s)(x))‖ dr

≤ Debτ+ϑ|s|‖x‖ + Dδ̄

∫ τ+s

s

eb(τ+s−r)+ϑ|r|e−6ϑ|r| dr

≤ Deb+ϑ|s|‖x‖ +
Dδ̄eb

b
.

Together with (7.59)–(7.60), this shows that for each s and x the integrand
in (7.57) is bounded in τ ∈ [0, 1] and thus the integral is well-defined.

Since the maps R(τ + s, s) and Jτ+s are continuous, each map hs is also
continuous. Furthermore, the map hs is invertible with inverse given by

h−1
s (x) =

∫ 1

0

R(s, τ + s)J−1
τ+sT (τ + s, s)(x) dτ.

Clearly, each map h−1
s is also continuous.

We now establish the identity in (7.2). Note that for each s, t ∈ R we have
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T (t, s)hs =
∫ 1

0

T (t, τ + s)Jτ+sR(τ + s, s) dτ

=
∫ 1

0

T (t, τ + s)Jτ+sR(τ + s, t) dτ ◦ R(t, s).

(7.61)

We will show that

P :=
∫ 1

0

T (t, τ + s)Jτ+sR(τ + s, t) dτ = ht. (7.62)

Making the change of variables w = τ − t, since R(t, w + t)−1 = R(w + t, t)
we obtain

P =
∫ 0

s−t

T (t, w + t)Jw+tR(w + t, t) dw

+
∫ 1+s−t

0

T (t, w + t)Jw+tR(w + t, t) dw.

(7.63)

But from (7.53) (and the uniqueness observation after this identity) we have

T (w + t + 1, w + t)Jw+t = Jw+t+1R(w + t + 1, w + t),

and the first integral in (7.63) can be written as∫ 0

s−t

T (t, w + t + 1)T (w + t + 1, w + t)Jw+tR(w + t, t) dw

=
∫ 0

s−t

T (t, w + t + 1)Jw+t+1R(w + t + 1, t) dw

=
∫ 1

1+s−t

T (t, t + τ)Jt+τR(t + τ, t) dτ.

It follows from (7.63) that

P =
∫ 1

0

T (t, t + τ)Jt+τR(t + τ, t) dτ = ht,

and this establishes (7.62). It follows from (7.61) that (7.2) holds. This com-
pletes the proof. ��

Proof of Theorem 7.2. We continue to consider the homeomorphisms Jt and
ht constructed in the proof of Theorem 7.1 (see (7.56) and (7.57)). It follows
from (7.57) and (7.58) that

‖hs(x) − hs(y)‖ ≤
∫ 1

0

De−aτ+ϑ|s+τ |a(τ) dτ, (7.64)

where
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a(τ) = ‖Jτ+sR(τ + s, s)(x) − Jτ+sR(τ + s, s)(y)‖.
Assume now that ‖x − y‖ ≤ e−3ϑ|s|. We claim that

‖R(τ + s, s)(x) − R(τ + s, s)(y)‖ ≤ Ke−2ϑ(1+|s|) (7.65)

for some constant K > 0 (independent of s). Indeed,

R(t, s)(x) − R(t, s)(y)

= T (t, s)(x − y) +
∫ t

s

T (t, u)[f(u,R(u, s)(x)) − f(u,R(u, s)(y))] du,

and letting b(t) = ‖R(t, s)(x) − R(t, s)(y)‖, for t ≥ s we obtain

b(t) ≤ Deb(t−s)+ϑ|s|‖x − y‖ +
∫ t

s

Deb(t−u)δe−6ϑ|u|b(u) du,

using (7.51) and condition F3. Setting Φ(t) = e−b(t−s)b(t), for each t ≥ s we
have

Φ(t) ≤ Deϑ|s|‖x − y‖ +
∫ t

s

DδΦ(u) du,

and by Gronwall’s lemma,

Φ(t) ≤ Deϑ|s|eδD(t−s)‖x − y‖.

Hence, for any τ ∈ [0, 1] we have

b(τ + s) ≤ Debτ+ϑ|s|eδDτ‖x − y‖
≤ Deb+δD+ϑ|s|e−3ϑ|s|.

(7.66)

This establishes (7.65). We can thus apply Theorem 7.9 to obtain

a(τ) ≤ b(τ + s) + K ′e2ϑα(1+|s|)b(τ + s)α,

since Jτ+s = Id +(Jτ+s − Id), for some constant K ′ > 0 (independent of s).
It follows from the first inequality in (7.66) that since ‖x − y‖ ≤ 1 we have

a(τ) ≤ Deb+δD+ϑ|s|‖x − y‖ + K ′e2ϑα(1+|s|)
(
Deb+δD+ϑ|s|‖x − y‖

)α

≤ Leϑ(1+3α)|s|‖x − y‖α,

for some constant L > 0 (independent of s). By (7.64) we obtain

‖hs(x) − hs(y)‖ ≤ De−a+ϑLeϑ(2+3α)|s|‖x − y‖α.

This completes the proof of the theorem. ��
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Center manifolds, symmetry and reversibility
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Center manifolds in Banach spaces

Center manifold theorems are powerful tools in the analysis of the behavior
of dynamical systems. For example, when the equation v′ = A(t)v has a
(uniformly) partially hyperbolic behavior with no unstable directions, then
under some mild additional assumptions all solutions of v′ = A(t)v + f(t, v)
converge exponentially to the center manifold. Hence, the stability of the
system is completely determined by the behavior on the center manifold.
Therefore, one often considers a reduction to the center manifold. This has
also the advantage of reducing the dimension of the system. Furthermore,
since one often needs to approximate the center manifolds to sufficiently high
order, it is also important to discuss their regularity. Our main goal is to
establish the existence of smooth invariant center manifolds in the presence of
nonuniformly partially hyperbolic behavior. The method of proof is inspired
in the arguments of Chapter 6. In particular, the smoothness of the center
manifolds is obtained with a single fixed point problem, instead of one for
each additional derivative. We follow closely [15], now with arbitrary stable
and unstable subspaces.

8.1 Standing assumptions

Let X be a Banach space and let A : R → B(X) be a continuous function,
where B(X) continues to denote the set of bounded linear operators on X.
Consider the initial value problem

v′ = A(t)v, v(s) = vs, (8.1)

with s ∈ R and vs ∈ X. We assume that all solutions of (8.1) are global.
We write the unique solution of the initial value problem in (8.1) in the

form v(t) = T (t, s)v(s), where T (t, s) is the associated evolution operator.
Consider constants

0 ≤ a < b, 0 ≤ c < d, (8.2)
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a′, b′, c′, d′ ≥ 0. (8.3)

Definition 8.1. We say that the linear equation v′ = A(t)v admits a nonuni-
form exponential trichotomy if there exist functions P,Q1, Q2 : R → B(X)
such that P (t), Q1(t), and Q2(t) are projections with

P (t) + Q1(t) + Q2(t) = Id,

P (t)T (t, s) = T (t, s)P (s), Qi(t)T (t, s) = T (t, s)Qi(s), i = 1, 2

for every t, s ∈ R, and there exist constants as in (8.2)–(8.3) and Di ≥ 1,
1 ≤ i ≤ 4 such that:

1. for every s, t ∈ R with t ≥ s,

‖T (t, s)P (s)‖ ≤ D1e
a(t−s)+a′|s|, ‖T (t, s)−1Q2(t)‖ ≤ D3e

−b(t−s)+b′|t|;
(8.4)

2. for every s, t ∈ R with t ≤ s,

‖T (t, s)P (s)‖ ≤ D2e
c(s−t)+c′|s|, ‖T (t, s)−1Q1(t)‖ ≤ D4e

−d(s−t)+d′|t|.
(8.5)

The constants in (8.2) can be thought of as Lyapunov exponents, while
the nonuniformity of the exponential behavior is controlled by the constants
in (8.3). When the three components of the solutions respectively correspond
to genuine center, stable, and unstable components of A(t) we can take a =
c = 0 (and thus b > 0 and d > 0). In a certain sense, the existence of a
nonuniform exponential trichotomy is the weakest hypothesis under which
one is able to establish the existence of center manifolds, or more precisely of
“intermediate” manifolds.

We now present the standing assumptions on the vector field. Set

β = max{(k + 1)a′ + b′, (k + 1)c′ + d′}. (8.6)

We denote by ∂ the partial derivative with respect to the second variable and
we assume that there exists an integer k ≥ 1 such that:

G1. A : R → B(X) is of class Ck and satisfies (2.2);
G2. f : R × X → X is of class Ck and satisfies:

1. f(t, 0) = 0 and ∂f(t, 0) = 0 for every t ∈ R;
2. there exist δ > 0 and cj > 0 for j = 1, . . . , k + 1 such that for every

t ∈ R and u, v ∈ X we have

‖∂jf(t, u)‖ ≤ cjδe
−β|t| for j = 1, . . . , k, (8.7)

‖∂kf(t, u) − ∂kf(t, v)‖ ≤ ck+1δe
−β|t|‖u − v‖. (8.8)
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Note that for every j = 0, . . . , k − 1, t ∈ R, and u, v ∈ X we have

‖∂jf(t, u) − ∂jf(t, v)‖ ≤ cj+1δe
−β|t|‖u − v‖. (8.9)

In the presence of a nonuniform exponential trichotomy we consider the
subspaces

E(t) = P (t)X, F1(t) = Q1(t)X, F2(t) = Q2(t)X. (8.10)

The unique solution of v′ = A(t)v can then be written in the form

v(t) = (U(t, s)ξ, V1(t, s)η1, V2(t, s)η2) for t ∈ R, (8.11)

with vs = (ξ, η1, η2) ∈ E(s) × F1(s) × F2(s), where

U(t, s) := P (t)T (t, s)P (s), Vi(t, s) := Qi(t)T (t, s)Qi(s), i = 1, 2.

Given s ∈ R and an initial condition vs = (ξ, η1, η2) ∈ E(s)×F1(s)×F2(s), we
denote by (x(·, s, vs), y1(·, s, vs), y2(·, s, vs)) the unique solution of the problem
(4.4) or, equivalently, of the problem

x(t) = U(t, s)ξ +
∫ t

s

U(t, r)f(r, x(r), y1(r), y2(r)) dr,

yi(t) = Vi(t, s)ηi +
∫ t

s

Vi(t, r)f(r, x(r), y1(r), y2(r)) dr, i = 1, 2
(8.12)

for t ∈ R. For each τ ∈ R, we write

Ψτ (s, vs) = (s + τ, x(s + τ, s, vs), y1(s + τ, s, vs), y2(s + τ, s, vs)).

This is the flow generated by the equation in (4.4).

8.2 Existence of center manifolds

We present in this section the center manifold theorem for the origin in the
equation v′ = A(t)v + f(t, v). As an application, we also establish the exis-
tence of center manifolds for nonuniformly partially hyperbolic solutions of
differential equations in Banach spaces.

The center manifolds will be obtained as graphs. We continue to denote
by ∂ the partial derivative with respect to the second variable. Let X be the
space of continuous functions ϕ = (ϕ1, ϕ2) : {(s, ξ) ∈ R × X : ξ ∈ E(s)} → X
of class Ck in ξ such that for every s ∈ R and x, y ∈ E(s) we have:

1. ϕ(s,E(s)) ⊂ F1(s) ⊕ F2(s);
2. ϕ(s, 0) = 0 and ∂ϕ(s, 0) = 0;
3. ‖∂jϕ(s, x)‖ ≤ 1 for j = 1, . . . , k, and

‖∂kϕ(s, x) − ∂kϕ(s, y)‖ ≤ ‖x − y‖. (8.13)
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We note that by the mean value theorem, for j = 0, . . . , k − 1 we have

‖∂jϕ(s, x) − ∂jϕ(s, y)‖ ≤ ‖x − y‖ (8.14)

for every s ∈ R and x, y ∈ E(s). Given a function ϕ ∈ X we consider its graph

V = {(s, ξ, ϕ(s, ξ)) : (s, ξ) ∈ R × E(s)} ⊂ R × X. (8.15)

We set
αi = 4c1Diδ for i = 1, 2, (8.16)

and we consider the conditions

T1 := (k + 1)a − b + max{(k + 1)a′, b′} < 0,

T2 := (k + 1)c − d + max{(k + 1)c′, d′} < 0.
(8.17)

These can be thought of as spectral gap conditions.
We now present the center manifold theorem. We use again the notation

ps,ξ = (s, ξ, ϕ(s, ξ)).

Theorem 8.2 ([15]). Assume that G1–G2 hold. If the equation v′ = A(t)v
in the Banach space X admits a nonuniform exponential trichotomy, and
the conditions in (8.17) hold, then provided that δ in (8.7)–(8.8) is sufficiently
small there is a unique function ϕ ∈ X such that the set V in (8.15) is invariant
under the semiflow Ψτ , that is,

if (s, ξ) ∈ R × E(s) then Ψτ (ps,ξ) ∈ V for every τ ∈ R. (8.18)

Furthermore:

1. V is a smooth manifold of class Ck containing the line R × {0} and sat-
isfying T(s,0)V = R × E(s) for every s ∈ R;

2. for every (s, ξ) ∈ R × E(s) we have

ϕ1(s, ξ) = −
∫ s

−∞
V1(τ, s)−1f(Ψτ−s(ps,ξ)) dτ,

ϕ2(s, ξ) =
∫ +∞

s

V2(τ, s)−1f(Ψτ−s(ps,ξ)) dτ ;

3. there exists D > 0 such that for each s ∈ R, ξ, ξ̄ ∈ E(s), τ ∈ R, and
j = 0, . . ., k, if τ ≥ 0 then

‖∂j
ξ(Ψτ (ps,ξ)) − ∂j

ξ(Ψτ (ps,ξ̄))‖ ≤ De(j+1)[(a+α1)τ+a′|s|]‖ξ − ξ̄‖, (8.19)

and if τ ≤ 0 then

‖∂j
ξ(Ψτ (ps,ξ)) − ∂j

ξ(Ψτ (ps,ξ̄))‖ ≤ De(j+1)[(c+α2)|τ |+c′|s|]‖ξ − ξ̄‖. (8.20)
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The proof of Theorem 8.2 is given in Section 8.3.
We call the manifold V in (8.15) a center manifold for the origin in the

equation (4.4). We observe that V is in fact the unique center manifold. Note
that the constants α1 and α2 in (8.19)–(8.20) can be made arbitrarily small
by taking δ sufficiently small. A version of Theorem 8.2 in the case of discrete
time is established in [4].

We now explain how Theorem 8.2 can be used to establish the existence
of center manifolds for nonuniformly partially hyperbolic solutions of a given
differential equation. Consider a function F : R × X → X of class Ck (for
some k ∈ N), and the equation (4.18). We say that a solution v0(t) of (4.18)
is nonuniformly partially hyperbolic if the linear equation defined by A(t) =
∂F (t, v0(t)) admits a nonuniform exponential trichotomy (see (8.4)–(8.5)).

Theorem 8.3. Assume that F is of class Ck (for some k ∈ N), and let v0(t)
be a nonuniformly partially hyperbolic solution of (4.18) such that for every
t ∈ R and u, v ∈ X we have

‖F (t, u) − F (t, v) − A(t)(u − v)‖ ≤ δe−β|t|‖u − v‖, (8.21)∥∥∂jF (t, u) − ∂jF (t, v)
∥∥ ≤ δe−β|t|‖u − v‖ for j = 1, . . . , k. (8.22)

If the conditions in (8.17) hold and δ is sufficiently small, then there exists a
unique function ϕ ∈ X such that the set

V = {(s, ξ, ϕ(s, ξ)) + (0, v0(s)) : (s, ξ) ∈ R × E(s)}
is a smooth manifold of class Ck with the following properties:

1. (s, v0(s)) ∈ V and T(s,v0(s))V = R × E(s) for every s ∈ R;
2. V is invariant under solutions of the equation

t′ = 1, v′ = F (t, v),

that is, if (s, vs) ∈ V then (t, v(t)) ∈ V for every t ∈ R, where v(t) =
v(t, vs) is the unique solution of (4.18) for t ∈ R with v(s) = vs;

3. given ε > 0, provided that δ is sufficiently small there exists D > 0 such
that for every s ∈ R and (s, vs), (s, v̄s) ∈ V we have

‖v(t, vs) − v(t, v̄s)‖ ≤ De(a+ε)(t−s)+a′|s|‖vs − v̄s‖ for t ≥ s,

‖v(t, vs) − v(t, v̄s)‖ ≤ De(c+ε)(s−t)+c′|s|‖vs − v̄s‖ for t ≤ s.

Proof. As in the proof of Theorem 4.2, setting y(t) = v(t) − v0(t), where v(t)
is a solution of (4.18), we obtain

y′(t) = A(t)y(t) + G(t, y(t)),

where G(t, y) is given by (4.22). By hypothesis A(t) satisfies the assump-
tion G1. Furthermore, it follows from (4.22) that G is of class Ck (k ≥ 1).
Furthermore, also by (4.22) we have G(t, 0) = 0, and since A(t) = ∂F (t, v0(t)),
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∂G(t, 0) = ∂F (t, v0(t)) − A(t) = 0.

Moreover, from (4.22) and (8.21), for each (t, y, u) ∈ R × R
n × R

n we have

‖∂F (t, y + v0(t))u − A(t)u‖

=
∥∥∥∥ lim

h→0

F (t, y + v0(t) + hu) − F (t, y + v0(t))
h

− A(t)u
∥∥∥∥

= lim
h→0

1
|h| ‖F (t, y + v0(t) + hu) − F (t, y + v0(t)) − A(t)hu‖

≤ lim
h→0

1
|h|δe

−β|t|‖hu‖ ≤ δe−β|t|‖u‖,

and thus,
‖∂G(t, y)‖ = ‖∂F (t, y + v0(t)) − A(t)‖ ≤ δe−β|t|.

For j = 2, . . . , k it follows from (8.22) that∥∥∂jF (t, y + v0(t))u
∥∥

=
∥∥∥∥ lim

h→0

∂j−1F (t, y + v0(t) + hu) − ∂j−1F (t, y + v0(t))
h

∥∥∥∥
≤ lim

h→0

1
|h|δe

−β|t|‖hu‖ ≤ δe−β|t|‖u‖,

and hence, ∥∥∂jG(t, y)
∥∥ =

∥∥∂jF (t, y + v0(t))
∥∥ ≤ δe−β|t|.

It also follows from (8.22) that∥∥∂kG(t, x) − ∂kG(t, y)
∥∥

=
∥∥∂kF (t, x + v0(t)) − ∂kF (t, y + v0(t))

∥∥ ≤ δe−β|t|‖x − y‖.
Thus, the function G satisfies the assumption G2. We can now apply Theo-
rem 8.2 to obtain the desired statement. ��

8.3 Proof of the existence of center manifolds

8.3.1 Functional spaces

In view of the desired invariance of the manifold V under the flow Ψτ (see
(8.18)), any solution with initial condition in V at a time s ∈ R must remain
in V for every t ∈ R and thus must be of the form (t, x(t), ϕ(t, x(t))) for each
t ∈ R. In particular, the equations in (8.12) can be written in the form
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x(t) = U(t, s)ξ +
∫ t

s

U(t, τ)f(τ, x(τ), ϕ(τ, x(τ))) dτ,

ϕi(t, x(t)) = Vi(t, s)ϕi(s, ξ)

+
∫ t

s

Vi(t, τ)f(τ, x(τ), ϕ(τ, x(τ))) dτ, i = 1, 2

(8.23)

for t ∈ R, where ϕ = (ϕ1, ϕ2). We equip the space X (see Section 8.2 for the
definition) with the norm

‖ϕ‖ = sup{‖ϕ(t, x)‖/‖x‖ : t ∈ R and x ∈ E(t) \ {0}}. (8.24)

It follows from (8.14) that ‖ϕ‖ ≤ 1 for every ϕ ∈ X. We want to show that X

is a complete metric space with the norm in (8.24).

Proposition 8.4. With the norm in (8.24), X is a complete metric space.

Proof. Given a function ϕ ∈ X we set ϕ̄ = ϕ|({t} × BR) for each fixed t ∈ R

and R > 0, where BR ⊂ E(t) is the ball of radius R centered at 0. Then

‖ϕ̄(x)‖ = ‖ϕ(t, x)‖ ≤ ‖ϕ‖ · ‖x‖ ≤ R

for each x ∈ BR. Thus, if (ϕn)n ⊂ X is a Cauchy sequence with respect
to the norm in (8.24), then (ϕ̄n)n ⊂ Ck,α

R (BR, X) is a Cauchy sequence in
the supremum norm. Hence, there exists a function ϕ̄ : BR → X such that
‖ϕ̄n − ϕ̄‖∞ → 0 as n → ∞. By Proposition 6.3, we have ϕ̄ ∈ Ck,α

R (BR, X).
Furthermore, by the uniqueness of the limit ϕ̄, we can uniquely define a con-
tinuous function ϕ : {(t, x) ∈ R × X : x ∈ E(t)} → X by ϕ|({t} × BR) = ϕ̄.
Taking into account the pointwise convergence of the k-th derivative in Propo-
sition 6.3 (and hence of the lower-order derivatives) of each sequence (ϕ̄n)n,
and thus of the sequence (ϕn)n, one can easily verify that ϕ ∈ X. It remains
to show that ‖ϕn −ϕ‖ → 0 as n → ∞. Since (ϕn)n is a Cauchy sequence, for
each ε > 0, there exists N = N(ε) such that for every t ∈ R, x ∈ E(t), and
n,m ≥ N(ε) we have

‖ϕn(t, x) − ϕm(t, x)‖ ≤ ε‖x‖. (8.25)

Letting n → ∞ in (8.25), we obtain ‖ϕ − ϕm‖ ≤ ε whenever m ≥ N(ε). This
completes the proof. ��

Let now α1 be as in (8.16) and consider constants Cj > 0 for j = 0, . . . , k+
1. As in Section 8.2 we denote by ∂ the partial derivative with respect to the
second variable. For a fixed s ∈ R, set

ρ(t) = (a + α1)(t − s) + a′|s| (8.26)

and let B+ be the space of continuous functions x : [s,+∞) × E(s) → X of
class Ck (k ≥ 1) in ξ such that x(s, ξ) = ξ for every ξ ∈ E(s), x(t, ξ) ∈ E(t)
for each t ≥ s and ξ ∈ E(s), and
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‖x‖′ := sup
{‖x(t, ξ)‖

‖ξ‖ e−ρ(t) : t ≥ s, ξ ∈ E(s) \ {0}
}

≤ C0, (8.27)

‖x‖j := sup
{
‖∂jx(t, ξ)‖e−jρ(t) : t ≥ s, ξ ∈ E(s)

}
≤ Cj for j = 1, . . . , k,

Lk(x) := sup
{‖∂kx(t, ξ) − ∂kx(t, ξ̄)‖

‖ξ − ξ̄‖ e−(k+1)ρ(t)

}
≤ Ck+1,

with the last supremum taken over all t ≥ s and ξ, ξ̄ ∈ E(s) with ξ �= ξ̄. Note
that given x ∈ B+, for every t ≥ s and ξ, ξ̄ ∈ E(s) with ξ �= ξ̄ we have

‖x(t, ξ)‖ ≤ ‖x‖′‖ξ‖eρ(t) ≤ C0‖ξ‖eρ(t), (8.28)

‖∂jx(t, ξ)‖ ≤ ‖x‖je
jρ(t) ≤ Cje

jρ(t) for j = 1, . . . , k, (8.29)

‖∂kx(t, ξ) − ∂kx(t, ξ̄)‖
‖ξ − ξ̄‖ ≤ Lk(x)e(k+1)ρ(t) ≤ Cke(k+1)ρ(t). (8.30)

Proposition 8.5. With the norm in (8.27), B+ is a complete metric space.

Proof. Given a function x ∈ B+ we set x̄ = x|({t} × BR) for each fixed t ≥ s
and R > 0, where BR ⊂ E(t) is the ball of radius R centered at 0. Then

‖x̄(ξ)‖ = ‖x(t, ξ)‖ ≤ ‖x‖′‖ξ‖eρ(t) ≤ D

for each ξ ∈ BR, where D = C0Reρ(t). Thus, if (xn)n ⊂ B+ is a Cauchy
sequence with respect to the norm in (8.27), then (x̄n)n ⊂ Ck,α

D (BR, E(t))
is a Cauchy sequence in the supremum norm. Hence, there exists a function
x̄ : BR → E(t) such that ‖x̄n − x̄‖∞ → 0 as n → ∞. We can now proceed as
in the proof of Proposition 8.4 to obtain the desired statement. ��

We now consider the past. With α2 as in (8.16), we set

σ(t) = (c + α2)(s − t) + c′|s|,
and we introduce the space B− of continuous functions x : (−∞, s]×E(s) → X
of class Ck (k ≥ 1) in ξ such that x(s, ξ) = ξ for every ξ ∈ E(s), x(t, ξ) ∈ E(t)
for each t ≤ s and ξ ∈ E(s), and

‖x‖′ := sup
{‖x(t, ξ)‖

‖ξ‖ e−σ(t) : t ≤ s, ξ ∈ E(s) \ {0}
}

≤ C0, (8.31)

‖x‖j := sup
{
‖∂jx(t, ξ)‖e−jσ(t) : t ≤ s, ξ ∈ E(s)

}
≤ Cj for j = 1, . . . , k,

Lk(x) := sup
{‖∂kx(t, ξ) − ∂kx(t, ξ̄)‖

‖ξ − ξ̄‖ e−(k+1)σ(t)

}
≤ Ck+1, (8.32)

with the last supremum taken over all t ≤ s and ξ, ξ̄ ∈ E(s) with ξ �= ξ̄.

Proposition 8.6. With the norm in (8.31), B− is a complete metric space.

The proof of Proposition 8.6 is analogous to that of Proposition 8.5.
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8.3.2 Lipschitz property of the derivatives

We now use the inequalities in Section 6.3.2 to obtain several bounds for the
norms of the derivatives of solutions and of the vector field along solutions.
Given ϕ ∈ X and x ∈ B+ ∪ B− we write

ϕ∗(t, ξ) = ϕ(t, x(t, ξ)). (8.33)

Lemma 8.7. For each j = 1, . . . , k there exist constants Aj and Bj such that
given ϕ ∈ X and (s, ξ) ∈ R × E(s) we have

‖∂jϕ∗(t, ξ)‖ ≤
{

Aje
jρ(t), t ≥ s and x ∈ B+

Bje
jσ(t), t ≤ s and x ∈ B−

.

Proof. We will only consider the case when t ≥ s and x ∈ B+, since the other
case can be treated in an analogous manner. Using (6.16) for the derivative
∂jϕ∗ we obtain

‖∂jϕ∗(t, ξ)‖ ≤ c

j∑
m=1

‖∂mϕ(t, x(t, ξ))‖
∑

p(j,m)

j∏
l=1

‖∂lx(t, ξ)‖kl ,

with p(j,m) given by (6.17). Since ϕ ∈ X, using the identity
∑j

l=1 lkl = j in
(6.17) together with (8.29), we have

‖∂jϕ∗(t, ξ)‖ ≤ c

j∑
m=1

∑
p(j,m)

j∏
l=1

(Cle
lρ(t))kl ≤ Aje

jρ(t)

for some constant Aj > 0. ��
In the following lemmas, as in Lemma 8.7, we will continue to give the

proofs only when t ≥ s and x ∈ B+. The other case is analogous. Given ϕ ∈ X

and x ∈ B+ ∪ B− we write

f∗(t, ξ) = f(t, x(t, ξ), ϕ(t, x(t, ξ))) = f(t, x(t, ξ), ϕ∗(t, ξ)), (8.34)

with ϕ∗(t, ξ) as in (8.33).

Lemma 8.8. For each j = 1, . . . , k there exist constants Āj and B̄j such that
given ϕ ∈ X and (s, ξ) ∈ R × E(s) we have

‖∂jf∗(t, ξ)‖ ≤ δe−β|t|
{

Āje
jρ(t), t ≥ s and x ∈ B+

B̄je
jσ(t), t ≤ s and x ∈ B−

.

Proof. Using (6.19) for the derivative ∂jf∗(t, ξ) we obtain
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‖∂jf∗(t, ξ)‖ ≤ c
∑
q(j)

‖∂λ1,λ2
x(t,ξ),ϕ(t,x(t,ξ))f(t, ·)‖

×
j∑

s=1

∑
ps(j,λ)

s∏
m=1

‖∂lmx(t, ξ)‖km1‖∂lmϕ∗(t, ξ)‖km2 ,

with ps(j, λ) as in (6.20). Since ϕ ∈ X, using the identity
∑s

m=1 lm(km1 +
km2) = j in (6.20), together with (8.7) and (8.29), it follows from Lemma 8.7
that

‖∂jf∗(t, ξ)‖ ≤ cδe−β|t|∑
q(j)

cj

j∑
s=1

∑
ps(j,λ)

s∏
m=1

(Clmelmρ(t))km1(Almelmρ(t))km2

≤ Ājδe
−β|t|ejρ(t)

for some constant Āj > 0. This establishes the desired statement. ��
Lemma 8.9. For every j = 0, . . . , k and (s, ξ), (s, ξ̄) ∈ R × E(s) we have

‖∂jx(t, ξ) − ∂jx(t, ξ̄)‖ ≤ Cj+1‖ξ − ξ̄‖
{

e(j+1)ρ(t), t ≥ s and x ∈ B+

e(j+1)σ(t), t ≤ s and x ∈ B−
.

Proof. By the definition of the spaces B+ and B−, the statement is automat-
ically true for j = k (see (8.30) and (8.32)). For j < k, it suffices to observe
that by (8.29) we have

‖∂jx(t, ξ) − ∂jx(t, ξ̄)‖ ≤ sup
r∈[0,1]

‖∂j+1x(t, ξ + r(ξ̄ − ξ))‖ · ‖ξ − ξ̄‖

≤ Cj+1e
(j+1)ρ(t)‖ξ − ξ̄‖,

with an application of the mean value theorem. ��
Lemma 8.10. For each j = 0, . . . , k there exist constants Ãj and B̃j such
that given ϕ ∈ X and (s, ξ), (s, ξ̄) ∈ R × E(s) we have

‖∂jϕ∗(t, ξ) − ∂jϕ∗(t, ξ̄)‖ ≤ ‖ξ − ξ̄‖
{

Ãje
(j+1)ρ(t), t ≥ s and x ∈ B+

B̃je
(j+1)σ(t), t ≤ s and x ∈ B−

.

Proof. For j < k the result follows immediately from Lemma 8.7. However,
the proof does not simplify by considering only the case j = k. By (6.18) we
have

‖∂jϕ∗(t, ξ) − ∂jϕ∗(t, ξ̄)‖

≤ c

j∑
m=1

‖∂mϕ(t, x(t, ξ)) − ∂mϕ(t, x(t, ξ̄))‖
∑

p(j,m)

j∏
l=1

‖∂lx(t, ξ)‖kl

+ c′
j∑

m=1

‖∂mϕ(t, x(t, ξ̄))‖Sj ,

(8.35)
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with p(j,m) as in (6.17) and with

Sj :=
∑

p(j,m)

j∑
l=1

Tl

l−1∏
i=1

‖∂ix(t, ξ̄)‖ki

j∏
i=l+1

‖∂ix(t, ξ)‖ki , (8.36)

where

Tl := ‖∂lx(t, ξ) − ∂lx(t, ξ̄)‖
kl−1∑
k=0

‖∂lx(t, ξ)‖kl−1−k‖∂lx(t, ξ̄)‖k.

Since ϕ ∈ X, by (8.13) and (8.14) for m = 1, . . . , k we have

‖∂mϕ(t, x(t, ξ)) − ∂mϕ(t, x(t, ξ̄))‖ ≤ ‖x(t, ξ) − x(t, ξ̄)‖.
Using Lemma 8.9 with j = 0 we obtain

‖∂mϕ(t, x(t, ξ)) − ∂mϕ(t, x(t, ξ̄))‖ ≤ C1e
ρ(t)‖ξ − ξ̄‖. (8.37)

Furthermore, by Lemma 8.9 and (8.29) with j = l,

Tl ≤ Cl+1e
(l+1)ρ(t)‖ξ − ξ̄‖

kl−1∑
k=0

(Cle
lρ(t))kl−1

≤ Cl+1C
kl−1
l kle

(lkl+1)ρ(t)‖ξ − ξ̄‖.
(8.38)

By (8.38) and (8.29) it follows from (8.36) that

Sj ≤
∑

p(j,m)

j∑
l=1

Tl

j∏
i=1,i 	=l

(Cie
iρ(t))ki

≤ Ĉj

∑
p(j,m)

j∑
l=1

e(lkl+1)ρ(t)‖ξ − ξ̄‖
j∏

i=1,i 	=l

eikiρ(t)

= Ĉje
(j+1)ρ(t)‖ξ − ξ̄‖,

(8.39)

where Ĉj is a positive constant, using the identity
∑j

m=1 mkm = j (see (6.17)).
Thus, by (8.35), (8.37), (8.39), (8.29), and the fact that ϕ ∈ X, we obtain

‖∂jϕ∗(t, ξ) − ∂jϕ∗(t, ξ̄)‖ ≤ cC1e
ρ(t)‖ξ − ξ̄‖

j∑
m=1

∑
p(j,m)

j∏
l=1

(Cle
lρ(t))kl

+ c′jĈje
(j+1)ρ(t)‖ξ − ξ̄‖

= Ãje
(j+1)ρ(t)‖ξ − ξ̄‖,

since
∑j

l=1 lkl = j (see (6.17)), for some constant Ãj > 0. We have thus
obtained the desired statement. ��
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Lemma 8.11. There exist constants Âk and B̂k such that given ϕ ∈ X and
(s, ξ), (s, ξ̄) ∈ R × E(s) we have

‖∂kf∗(t, ξ)− ∂kf∗(t, ξ̄)‖ ≤ δe−β|t|‖ξ − ξ̄‖
{

Âke(k+1)ρ(t), t ≥ s and x ∈ B+

B̂ke(k+1)σ(t), t ≤ s and x ∈ B−
.

Proof. By (6.21) we have

‖∂kf∗(t, ξ) − ∂kf∗(t, ξ̄)‖

≤ c
∑
q(k)

Gλ1,λ2

k∑
s=1

∑
ps(k,λ)

s∏
m=1

‖∂lmx(t, ξ)‖km1‖∂lmϕ∗(t, ξ)‖km2

+ c′
∑
q(k)

‖∂λ1,λ2

x(t,ξ̄),ϕ∗(t,ξ̄)
f(t, ·)‖

k∑
s=1

S̃s,

(8.40)

where
Gλ1,λ2 := ‖∂λ1,λ2

x(t,ξ),ϕ∗(t,ξ)f(t, ·) − ∂λ1,λ2

x(t,ξ̄),ϕ∗(t,ξ̄)
f(t, ·)‖,

and where

S̃s :=
∑

ps(k,λ)

s∑
m=1

T̃km1,km2,lm

(
lm−1∏
i=1

‖∂lix(t, ξ̄)‖ki1‖∂liϕ∗(t, ξ̄)‖ki2

×
s∏

i=lm+1

‖∂lix(t, ξ)‖ki1‖∂liϕ∗(t, ξ)‖ki2

)
,

(8.41)

with

T̃km1,km2,lm := ‖∂lmϕ∗(t, ξ)‖km2‖∂lmx(t, ξ) − ∂lmx(t, ξ̄)‖

×
km1−1∑

k=0

‖∂lmx(t, ξ)‖km1−1−k‖∂lmx(t, ξ̄)‖k

+ ‖∂lmx(t, ξ̄)‖km1‖∂lmϕ∗(t, ξ) − ∂lmϕ∗(t, ξ̄)‖

×
km2−1∑

k=0

‖∂lmϕ∗(t, ξ)‖km2−1−k‖∂lmϕ∗(t, ξ̄)‖k.

By the mean value theorem, (8.7), and Lemmas 8.9 and 8.10 with j = 0, for
λ1 + λ2 = 1, . . . , k − 1 we have

Gλ1,λ2 ≤ sup
r∈[0,1]

‖∂λ1+1,λ2
a(r) f(t, ·)‖ · ‖x(t, ξ) − x(t, ξ̄)‖

+ sup
r∈[0,1]

‖∂λ1,λ2+1
b(r) f(t, ·)‖ · ‖ϕ∗(t, ξ) − ϕ∗(t, ξ̄)‖

≤ cλ1+λ2+1δe
−β|t|eρ(t)‖ξ − ξ̄‖(C1 + Ã0),
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where

a(r) = (x(t, ξ) + r(x(t, ξ̄) − x(t, ξ)), ϕ∗(t, ξ)),
b(r) = (x(t, ξ), ϕ∗(t, ξ) + r(ϕ∗(t, ξ̄) − ϕ∗(t, ξ))).

Furthermore, when λ1 +λ2 = k it follows from (8.8) and Lemmas 8.9 and 8.10
that

Gλ1,λ2 = ‖∂λ1,λ2
x(t,ξ),ϕ∗(t,ξ)f(t, ·) − ∂λ1,λ2

x(t,ξ̄),ϕ∗(t,ξ̄)
f(t, ·)‖

≤ ck+1δe
−β|t|‖(x(t, ξ), ϕ∗(t, ξ)) − (x(t, ξ̄), ϕ∗(t, ξ̄))‖

≤ ck+1δe
−β|t|eρ(t)‖ξ − ξ̄‖(C1 + Ã0).

Thus, for each (λ1, λ2) ∈ q(k) we have

Gλ1,λ2 ≤ cλ1+λ2+1δe
−β|t|eρ(t)‖ξ − ξ̄‖(C1 + Ã0).

By (8.29), Lemma 8.7, and since
∑s

m=1 lm(km1 + km2) = k (see (6.20)), the
first summand in (8.40) is bounded by

Gkδe−β|t|e(k+1)ρ(t)‖ξ − ξ̄‖, (8.42)

for some constant Gk > 0. It follows from Lemmas 8.7, 8.9, and 8.10 that

T̃km1,km2,lm ≤ (Almelmρ(t))km2‖ξ − ξ̄‖Clm+1e
(lm+1)ρ(t)

km1−1∑
k=0

(Clmelmρ(t))km1−1

+ (Clmelmρ(t))km1‖ξ − ξ̄‖Ãlme(lm+1)ρ(t)
km2−1∑

k=0

(Almelmρ(t))km2−1

≤ Eme(1+lm(km1+km2))ρ(t)‖ξ − ξ̄‖,
for some constant Em > 0. By (8.41), (8.29), and Lemma 8.7 we obtain

S̃s ≤
∑

ps(k,λ)

s∑
m=1

Eme(1+lm(km1+km2))ρ(t)‖ξ − ξ̄‖

× e
∑s

i=1,i�=m li(ki1+ki2)ρ(t)
s∏

i=1,i 	=m

Cki1
li

Aki2
li

≤ Fse
(k+1)ρ(t)‖ξ − ξ̄‖,

for some constant Fs > 0, using the identity
∑s

i=1 li(ki1 +ki2) = k. Therefore,
the second summand in (8.40) is bounded by

Hkδe−β|t|e(k+1)ρ(t)‖ξ − ξ̄‖, (8.43)

for some constant Hk > 0. It follows from (8.40), (8.42), and (8.43) that

‖∂kf∗(t, ξ) − ∂kf∗(t, ξ̄)‖ ≤ δe−β|t|e(k+1)ρ(t)‖ξ − ξ̄‖(Gk + Hk).

Thus, the statement in the lemma follows setting Âk = Gk + Hk. ��
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8.3.3 Solution on the central direction

The proof of Theorem 8.2 will be obtained in several steps. We first establish
the existence of a unique function x = xϕ satisfying the first equation in (8.23)
for each given ϕ ∈ X.

Lemma 8.12. Provided that δ is sufficiently small, for each ϕ ∈ X the fol-
lowing properties hold:

1. given s ∈ R there exists a unique function x = xϕ : R × E(s) → X with
xϕ(s, ξ) = ξ satisfying the first equation in (8.23) and xϕ(t, ξ) ∈ E(t) for
every t ∈ R and ξ ∈ E(s);

2. the function xϕ satisfies

xϕ|[s,+∞) × E(s) ∈ B+, xϕ|(−∞, s] × E(s) ∈ B−,

and

‖xϕ(t, ξ)‖ ≤
{

2D1e
ρ(t)‖ξ‖, t ≥ s

2D2e
ρ(t)‖ξ‖, t ≤ s

. (8.44)

Proof. We start with the case when t ≥ s. Given s ∈ R, ϕ ∈ X, and ξ ∈ E(s),
we define the operator

(Jx)(t, ξ) = U(t, s)ξ +
∫ t

s

U(t, τ)f(τ, x(τ, ξ), ϕ(τ, x(τ, ξ))) dτ

for each x ∈ B+ and t ≥ s. Clearly Jx is a continuous function of class Ck

in ξ. The fact that (Jx)(s, ξ) = ξ is a consequence of the identity U(s, s)ξ = ξ.
Furthermore, using (8.9) and (8.28) we obtain

‖f(τ, x(τ, ξ), ϕ(τ, x(τ, ξ)))‖
≤ c1δe

−β|τ |‖(x(τ, ξ), ϕ(τ, x(τ, ξ)))‖ ≤ 2c1δe
−β|τ |‖x(τ, ξ)‖

≤ 2c1C0δe
ρ(τ)e−β|τ |‖ξ‖.

Thus, using the first inequality in (8.4) and the definition of β in (8.6),

‖(Jx)(t, ξ) − U(t, s)ξ‖ ≤
∫ t

s

‖U(t, τ)‖ · ‖f(τ, x(τ, ξ), ϕ(τ, x(τ, ξ)))|‖ dτ

≤ 2c1C0δD1‖ξ‖ea′|s|
∫ t

s

e(a+α1)(τ−s)ea(t−τ)e(a′−β)|τ | dτ

≤ 2c1C0δD1‖ξ‖eρ(t)

∫ t

s

e−α1(t−τ)e(a′−β)|τ | dτ ≤ θ‖ξ‖eρ(t),

where
θ = 2c1C0D1δ/α1.
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Furthermore, by (8.4) and (8.26), we have ‖U(t, s)ξ‖ ≤ D1e
ρ(t)‖ξ‖. Thus,

choosing a constant C0 > D1 and taking δ sufficiently small, we obtain
‖Jx‖′ ≤ D1 + θ < C0.

We now consider the derivatives ∂j(Jx). By Lemma 8.8 applied to the
function f∗ in (8.34), for j = 1, . . . , k, we have

‖∂jf∗(τ, ξ)‖ ≤ Ājδe
−β|τ |ejρ(τ).

Thus, by the first inequality in (8.4), for j = 2, . . . , k,

‖∂j(Jx)(t, ξ)‖ ≤
∫ t

s

‖U(t, τ)‖ · ‖∂jf∗(τ, ξ)‖ dτ

≤ ĀjδD1e
ja′|s|

∫ t

s

ej(a+α1)(τ−s)ea(t−τ)e(a′−β)|τ | dτ

≤ ĀjδD1e
jρ(t)

∫ t

s

e−((j−1)a+α1j)(t−τ)e(a′−β)|τ | dτ

≤ ĀjD1δ

(j − 1)a + α1j
ejρ(t).

Therefore, taking δ sufficiently small, for j = 2, . . . , k we have

‖∂j(Jx)‖j ≤ ĀjD1δ

(j − 1)a + α1j
≤ Cj .

When j = 1 the term U(t, s) is also present in the derivative, and thus

‖∂(Jx)(t, ξ)‖ ≤ ‖U(t, s)‖ + Ā1D1δ/α1.

Choosing a constant C1 > D1 and taking δ sufficiently small we obtain

‖∂(Jx)‖1 ≤ D1 +
Ā1D1δ

α1
< C1.

Finally, by Lemma 8.11, and the first inequality in (8.4), for each t ≥ s and
ξ, ξ̄ ∈ E(s) with ξ �= ξ̄ we have

‖∂k(Jx)(t, ξ) − ∂k(Jx)(t, ξ̄)‖

≤
∫ t

s

‖U(t, τ)‖ · ‖∂kf∗(τ, ξ) − ∂kf∗(τ, ξ̄)‖ dτ

≤ ÂkD1δe
(k+1)a′|s|‖ξ − ξ̄‖

∫ t

s

e(k+1)(a+α1)(τ−s)ea(t−τ)e(a′−β)|τ | dτ

≤ ÂkD1δ‖ξ − ξ̄‖e(k+1)ρ(t)

∫ t

s

e−(ka+(k+1)α1)(t−τ)e(a′−β)|τ | dτ

≤ ÂkD1δ

ka + (k + 1)α1
‖ξ − ξ̄‖e(k+1)ρ(t).
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By taking δ sufficiently small, we obtain

Lk(Jx) ≤ ÂkD1δ

ka + (k + 1)α1
≤ Ck+1.

Hence, Jx ∈ B+ and J : B+ → B+ is a well-defined operator.
We now prove that J is a contraction with the norm ‖·‖′ in (8.27). Given

x, y ∈ B+ and τ ≥ s, it follows from (8.9) and the definition of α1 that

‖f(τ, x(τ, ξ), ϕ(τ, x(τ, ξ))) − f(τ, y(τ, ξ), ϕ(τ, y(τ, ξ)))‖
≤ δe−β|τ |‖(x(τ, ξ), ϕ(τ, x(τ, ξ))) − (y(τ, ξ), ϕ(τ, y(τ, ξ)))‖
≤ 2c1δe

−β|τ |‖x(τ, ξ) − y(τ, ξ)‖
≤ α1

2D1
eρ(τ)e−β|τ |‖ξ‖ · ‖x − y‖′.

(8.45)

By the first inequality in (8.4) and (8.45) we obtain

‖(Jx)(t, ξ) − (Jy)(t, ξ)‖

≤
∫ t

s

‖U(t, τ)‖ · ‖f(τ, x(τ, ξ), ϕ(τ, x(τ, ξ))) − f(τ, y(τ, ξ), ϕ(τ, y(τ, ξ)))‖ dτ

≤ α1

2
‖ξ‖ · ‖x − y‖′e(a+α1)(t−s)+a′|s|

∫ t

s

e−α1(t−τ)e(a′−β)|τ | dτ

≤ ‖ξ‖
2

· ‖x − y‖′eρ(t)

for each t ≥ s, using the fact that β ≥ a′. Therefore

‖Jx − Jy‖′ ≤ 1
2
‖x − y‖′, (8.46)

and J is a contraction. Thus, by Proposition 8.5, there exists a unique function
x = xϕ ∈ B+ such that Jx = x. Set

z(t, ξ) = (J0)(t, ξ) = U(t, s)ξ.

The function x can be obtained by

x(t, ξ) = lim
n→+∞(Jn0)(t, ξ) =

+∞∑
k=0

[(Jk+10)(t, ξ) − (Jk0)(t, ξ)]

for each t ≥ s. It follows from (8.46) that

‖x‖′ ≤
+∞∑
k=0

‖(Jkz)(t, ξ) − (Jk0)(t, ξ)‖′ ≤
+∞∑
k=0

1
2k

‖z‖′ = 2‖z‖′ ≤ 2D1,

which together with (8.27) yields the desired results for t ≥ s.
The case when t ≤ s can be treated in a similar manner, considering now

the space B− with the norm (8.31), using the first inequality in (8.5) as well
as the fact that β ≥ c′, together with Proposition 8.6. ��



8.3 Proof of the existence of center manifolds 187

By Lemma 8.12 we have

xϕ|[s,+∞) × E(s) ∈ B+ and xϕ|(−∞, s] × E(s) ∈ B−.

Thus, if we denote by xϕ and x̄ϕ the unique functions given by Lemma 8.12
such that xϕ(s, ξ) = ξ and x̄ϕ(s, ξ̄) = ξ̄, it follows from Lemma 8.9 that

‖xϕ(t, ξ) − x̄ϕ(t, ξ̄)‖ ≤ C1‖ξ − ξ̄‖
{

eρ(t), t ≥ s

eσ(t), t ≤ s
.

8.3.4 Reduction to an equivalent problem

In order to establish the existence of a function ϕ ∈ X satisfying the second
identity in (8.23) when x = xϕ, where xϕ is the continuous function given
by Lemma 8.12 with xϕ(s, ξ) = ξ, we first transform this problem into an
equivalent problem.

Lemma 8.13. Provided that δ is sufficiently small, given ϕ ∈ X the following
properties are equivalent:

1.

ϕ1(t, xϕ(t, ξ)) = V1(t, s)ϕ1(s, ξ)

+
∫ t

s

V1(t, τ)f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ))) dτ
(8.47)

for every (s, ξ) ∈ R × E(s) and t ≤ s, and

ϕ2(t, xϕ(t, ξ)) = V2(t, s)f(s, ξ)

+
∫ t

s

V2(t, τ)f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ))) dτ
(8.48)

for every (s, ξ) ∈ R × E(s) and t ≥ s;
2.

ϕ1(s, ξ) =
∫ s

−∞
V1(τ, s)−1f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ))) dτ,

ϕ2(s, ξ) = −
∫ +∞

s

V2(τ, s)−1f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ))) dτ

(8.49)

for every (s, ξ) ∈ R × E(s) (including the requirement that the integrals
are well-defined).

Proof. We start by showing that the integrals in (8.49) are well-defined for
each (s, ξ) ∈ R×E(s). By the second inequality in (8.44) in Lemma 8.12, and
(8.9), for each τ ≤ s we have
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‖f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ)))‖
≤ 2c1δe

−β|τ |‖xϕ(τ, ξ)‖ ≤ 4c1δe
−β|τ |D2e

σ(τ)‖ξ‖. (8.50)

Proceeding in a similar manner, using now the first inequality in (8.44), for
each τ ≥ s we have

‖f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ)))‖ ≤ 4c1δe
−β|τ |D1e

ρ(τ)‖ξ‖. (8.51)

It follows from the second inequality in (8.5), and (8.50), using the inequality
|τ | ≤ |τ − s| + |s|, that∫ s

−∞
‖V1(τ, s)−1f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ)))‖ dτ

≤ 4c1δD4D2e
c′|s|‖ξ‖

∫ s

−∞
e(c−d+α2)(s−τ)e−(β−d′)|τ | dτ

≤ 4c1δD4D2e
c′|s|‖ξ‖

∫ s

−∞
e(T2+α2)(s−τ) dτ,

(8.52)

since T2 ≥ c−d (because c ≥ 0) and where we have used that β ≥ d′. By (8.17)
we have T2 < 0 and choosing δ sufficiently small we can make α2 sufficiently
small so that T2 + α2 < 0. This shows that the first integral in (8.49) is well-
defined. In a similar manner, using the second inequality in (8.4) and (8.51)
we obtain ∫ +∞

s

‖V2(τ, s)−1f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ)))‖ dτ

≤ 4c1δD3D1e
a′|s|‖ξ‖

∫ +∞

s

e(T1+α1)(τ−s) dτ,

(8.53)

since T1 ≥ a − b (because a ≥ 0) and where we have used that β ≥ b′. By
(8.17) we have T1 < 0 and choosing δ sufficiently small we have T1 + α1 < 0.
Thus, the second integral in (8.49) is also well-defined.

We now assume that the identities (8.47)–(8.48) hold, and we rewrite them
in the equivalent form

ϕi(s, ξ) = Vi(t, s)−1ϕi(t, xϕ(t, ξ))

−
∫ t

s

Vi(τ, s)−1f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ))) dτ
(8.54)

for t ≤ s when i = 1, and t ≥ s when i = 2. By the second inequality in (8.44)
and the second inequality in (8.5), for every t ≤ s we have

‖V1(t, s)−1ϕ1(t, xϕ(t, ξ))‖ ≤ D4e
−d(s−t)+d′|t|‖xϕ(t, ξ)‖

≤ 2D4D2‖ξ‖e(c−d+d′+α2)(s−t)+(c′+d′)|s|

≤ 2D4D2‖ξ‖e(T2+α2)(s−t)+(c′+d′)|s|.
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Thus, letting t → −∞ in (8.54) when i = 1, we obtain the first identity
in (8.49). To establish the second identity we proceed in a similar manner
using the first inequality in (8.44) and the second inequality in (8.4) to obtain

‖V2(t, s)−1ϕ2(t, xϕ(t, ξ))‖ ≤ 2D3D1‖ξ‖e(T1+α1)(t−s)+(a′+b′)|s|

for every t ≥ s, and thus, letting t → +∞ in (8.54) when i = 2, we obtain the
second identity in (8.49).

We now assume that the identities in (8.49) hold for every (s, ξ) ∈ R×E(s).
Since

Vi(t, s)Vi(τ, s)−1 = Vi(t, τ) for i = 1, 2,

we obtain

V1(t, s)ϕ1(s, ξ) +
∫ t

s

V1(t, τ)f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ))) dτ

=
∫ t

−∞
V1(τ, t)−1f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ))) dτ

(8.55)

for each t ≤ s, and

V2(t, s)ϕ2(s, ξ) +
∫ t

s

V2(t, τ)f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ))) dτ

= −
∫ +∞

t

V2(τ, t)−1f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ))) dτ

(8.56)

for each t ≥ s. We want to show that the right-hand sides of (8.55) and (8.56)
are respectively ϕ1(t, xϕ(t, ξ)) and ϕ2(t, xϕ(t, ξ)). We first define a flow Fτ for
each τ ∈ R and (s, ξ) ∈ R × E(s) by

Fτ (s, ξ) = (s + τ, xϕ(s + τ, ξ)).

In view of (8.49), we have

ϕ1(s, ξ) =
∫ s

−∞
V1(τ, s)−1f(Fτ−s(s, ξ), ϕ(Fτ−s(s, ξ))) dτ,

ϕ2(s, ξ) = −
∫ +∞

s

V2(τ, s)−1f(Fτ−s(s, ξ), ϕ(Fτ−s(s, ξ))) dτ.

(8.57)

Furthermore,

Fτ−t(t, xϕ(t, ξ)) = Fτ−t(Ft−s(s, ξ)) = Fτ−s(s, ξ) = (τ, xϕ(τ, ξ)),

and thus, by (8.57) with (s, ξ) replaced by (t, xϕ(t, ξ)),
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ϕ1(t, xϕ(t, ξ)) =
∫ t

−∞
V1(τ, t)−1f(Fτ−t(t, xϕ(t, ξ)), ϕ(Fτ−t(t, xϕ(t, ξ)))) dτ

=
∫ t

−∞
V1(τ, t)−1f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ))) dτ,

ϕ2(t, xϕ(t, ξ)) = −
∫ +∞

t

V2(τ, t)−1f(Fτ−t(t, xϕ(t, ξ)), ϕ(Fτ−t(t, xϕ(t, ξ)))) dτ

= −
∫ +∞

t

V2(τ, t)−1f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ))) dτ

(8.58)

for every t ∈ R. Combining (8.55)–(8.56) and (8.58), we conclude that (8.47)
and (8.48) hold on the respective domains. This completes the proof of the
lemma. ��

We also need to have some information on how the function xϕ varies
with ϕ. Given ϕ, ψ ∈ X and (s, ξ) ∈ R × E(s), we denote by xϕ and xψ the
continuous functions given by Lemma 8.12 such that xϕ(s, ξ) = xψ(s, ξ) = ξ.

Lemma 8.14. Provided that δ is sufficiently small, for every ϕ, ψ ∈ X and
(s, ξ) ∈ R × E(s) we have

‖xϕ(t, ξ) − xψ(t, ξ)‖ ≤
{

D1e
ρ(t)‖ξ‖ · ‖ϕ − ψ‖, t ≥ s

D2e
σ(t)‖ξ‖ · ‖ϕ − ψ‖, t ≤ s

.

Proof. Take τ ≥ s. Proceeding in a similar manner to that in (8.45), we obtain

‖f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ))) − f(τ, xψ(τ, ξ), ψ(τ, xψ(τ, ξ)))‖
≤ c1δe

−β|τ |‖(xϕ(τ, ξ) − xψ(τ, ξ), ϕ(τ, xϕ(τ, ξ)) − ψ(τ, xψ(τ, ξ)))‖.
Furthermore,

‖ϕ(τ, xϕ(τ, ξ)) − ψ(τ, xψ(τ, ξ))‖
≤ ‖ϕ(τ, xϕ(τ, ξ)) − ψ(τ, xϕ(τ, ξ))‖ + ‖ψ(τ, xϕ(τ, ξ)) − ψ(τ, xψ(τ, ξ))‖
≤ ‖xϕ(τ, ξ)‖ · ‖ϕ − ψ‖ + ‖xϕ(τ, ξ) − xψ(τ, ξ)‖,

and hence,

‖f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ))) − f(τ, xψ(τ, ξ), ψ(τ, xψ(τ, ξ)))‖
≤ c1δe

−β|τ |(‖xϕ(τ, ξ)‖ · ‖ϕ − ψ‖ + 2‖xϕ(τ, ξ) − xψ(τ, ξ)‖). (8.59)

Set now ρ̄(t) = ‖xϕ(t, ξ) − xψ(t, ξ)‖. Using the first inequality in (8.4), the
first inequality in (8.44) in Lemma 8.12, and (8.59), it follows from (8.23) and
the definition of α1 that
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ρ̄(t) ≤ c1δ

∫ t

s

‖U(t, τ)‖ · ‖xϕ(τ, ξ)‖ · ‖ϕ − ψ‖e−β|τ | dτ

+ c1δ

∫ t

s

‖U(t, τ)‖ · 2‖xϕ(τ, ξ) − xψ(τ, ξ)‖e−β|τ | dτ

≤ 2c1δD
2
1‖ξ‖ · ‖ϕ − ψ‖ea(t−s)+a′|s|

∫ t

s

eα1(τ−s) dτ

+
α1

2

∫ t

s

ea(t−τ)ρ̄(τ) dτ

for each t ≥ s, where we have used that β ≥ a′. Therefore,

ea(s−t)ρ̄(t) ≤ 2c1δD
2
1‖ξ‖ · ‖ϕ − ψ‖ea′|s|

∫ t

s

eα1(τ−s) dτ

+
α1

2

∫ t

s

ea(s−τ)ρ̄(τ) dτ.

We now use the following version of Gronwall’s lemma (see for example [29,
page 37]): given continuous functions u, v, w : [p, q] → R

+
0 with v differen-

tiable, if

u(t) ≤ v(t) +
∫ t

p

w(τ)u(τ) dτ

for every t ∈ [p, q], then

u(t) ≤ v(p) exp
(∫ t

p

w(τ) dτ

)
+
∫ t

p

v′(τ) exp
(∫ t

τ

w(r) dr

)
dτ

for every t ∈ [p, q]. Applying this result to the function u(t) = ea(s−t)ρ̄(t) with
p = s we readily obtain

ρ̄(t) ≤ 2c1δD
2
1e

a(t−s)+a′|s|
∫ t

s

eα1(τ−s)+(α1/2)(t−τ) dτ‖ξ‖ · ‖ϕ − ψ‖

≤ D1e
(a+α1)(t−s)+a′|s|‖ξ‖ · ‖ϕ − ψ‖

for each t ≥ s. This completes the proof of the lemma when t ≥ s. The case
when t ≤ s can be treated in an analogous manner, using the first inequality
in (8.5) and the second inequality in (8.44). ��

8.3.5 Construction of the center manifolds

We now use the former lemmas to establish the existence of a function ϕ ∈ X

satisfying the second equation in (8.23) when x = xϕ, via the equivalence in
Lemma 8.13.

Lemma 8.15. Provided that δ is sufficiently small, there exists a unique func-
tion ϕ ∈ X such that (8.49) holds for every (s, ξ) ∈ R × E(s).
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Proof. We look for a fixed point of the operator Φ defined for each ϕ ∈ X by

(Φϕ)(s, ξ) =
(∫ s

−∞
V1(τ, s)−1f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ))) dτ,

−
∫ +∞

s

V2(τ, s)−1f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ))) dτ

) (8.60)

for (s, ξ) ∈ R × E(s), where xϕ is the unique function given by Lemma 8.12
such that xϕ(s, ξ) = ξ. In view of Proposition 8.4, it is sufficient to prove that
Φ is a contraction with the norm in (8.24).

Proceeding in a similar manner to that in the proof of Lemma 6.15 (with
the help of Lemma 8.8), we can show that the continuous function Φϕ is
of class Ck in ξ for each ϕ ∈ X. Since xϕ(t, 0) = 0 for every ϕ ∈ X and
t ∈ R (see (8.44)), it follows from (8.60) that (Φϕ)(s, 0) = 0 for every s ∈ R.
Furthermore, also by (8.60),

∂(Φϕ)(s, 0) =
(∫ s

−∞
V1(τ, s)−1∂f(τ, 0)∂aϕ(τ, 0) dτ,

−
∫ +∞

s

V2(τ, s)−1∂f(τ, 0)∂aϕ(τ, 0) dτ

)
,

where
aϕ(τ, ξ) = (xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ))).

Since ∂f(τ, 0) = 0 we have ∂(Φϕ)(s, 0) = 0 for every s ∈ R.
Using the second inequalities in (8.5) and in (8.4), together with Lemma 8.8

and the definition of β in (8.6), we conclude that

‖∂j(Φϕ)(s, ξ)‖ ≤
∫ s

−∞
‖V1(τ, s)−1‖ · ‖∂jf∗(τ, ξ)‖ dτ

+
∫ +∞

s

‖V2(τ, s)−1‖ · ‖∂jf∗(τ, ξ)‖ dτ

≤ δB̄jD4

∫ s

−∞
e(j(c+α2)−d)(s−τ)−(β−d′)|τ |+jc′|s| dτ

+ δĀjD3

∫ +∞

s

e(j(a+α1)−b)(τ−s)−(β−b′)|τ |+ja′|s| dτ.

Since c′|s| ≤ c′(s− τ) + c′|τ | for τ ≤ s, and a′|s| ≤ a′(τ − s) + a′|τ | for τ ≥ s,
together with the fact that a ≥ 0 and c ≥ 0, we obtain

‖∂j(Φϕ)(s, ξ)‖ ≤ δB̄jD4

∫ s

−∞
e(T2+jα2)(s−τ) dτ

+ δĀjD3

∫ +∞

s

e(T1+jα1)(τ−s) dτ

(8.61)
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with T1, T2 < 0 as in (8.17) and where we have used again (8.6). Choosing δ
sufficiently small we can make α1 and α2 sufficiently small so that

T1 + kα1 < 0 and T2 + kα2 < 0,

and, for j = 1, . . . , k,

δ

(
B̄jD4

|T2 + jα2| +
ĀjD3

|T1 + jα1|
)

< 1. (8.62)

With these choices, we have ‖∂j(Φϕ)(s, ξ)‖ ≤ 1 for every s ∈ R and ξ ∈ E(s).
Set

bk
m(τ) := ‖∂kf∗(τ, ξ) − ∂kf∗(τ, ξ̄)‖.

Using again the second inequalities in (8.5) and in (8.4), together with
Lemma 8.11 and the definition of β, we conclude that

‖∂k(Φϕ)(s, ξ) − ∂k(Φϕ)(s, ξ̄)‖

≤
∫ s

−∞
‖V1(τ, s)−1‖bk

1(τ) dτ +
∫ +∞

s

‖V2(τ, s)−1‖bk
2(τ) dτ

≤ δB̂kD4‖ξ − ξ̄‖
∫ s

−∞
e((k+1)(c+α2)−d)(s−τ)−(β−d′)|τ |+(k+1)c′|s| dτ

+ δÂkD3‖ξ − ξ̄‖
∫ +∞

s

e((k+1)(a+α1)−b)(τ−s)−(β−b′)|τ |+(k+1)a′|s| dτ

≤ δB̂kD4‖ξ − ξ̄‖
∫ s

−∞
e(T2+(k+1)α2)(s−τ) dτ

+ δÂkD3‖ξ − ξ̄‖
∫ +∞

s

e(T1+(k+1)α1)(τ−s) dτ.

(8.63)

Eventually choosing again δ sufficiently small we can make α1 and α2 suffi-
ciently small so that

T1 + (k + 1)α1 < 0 and T2 + (k + 1)α2 < 0, (8.64)

and

δ

(
B̂kD4

|T2 + (k + 1)α2| +
ÂkD3

|T1 + (k + 1)α1|

)
< 1. (8.65)

With these choices, for every s ∈ R and ξ ∈ E(s) we have

‖∂k(Φϕ)(s, ξ) − ∂k(Φϕ)(s, ξ̄)‖ ≤ 1.

This shows that Φ(X) ⊂ X, and hence, Φ : X → X is well-defined.
We now show that Φ : X → X is a contraction with the norm in (8.24).

Given ϕ, ψ ∈ X, and (s, ξ) ∈ R×E(s), let xϕ and xψ be the unique continuous
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functions given by Lemma 8.12 such that xϕ(s, ξ) = xψ(s, ξ) = ξ. Using (8.9)
and Lemmas 8.12 and 8.14 we obtain

bj(τ) : = ‖hj(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ))) − hj(τ, xψ(τ, ξ), ψ(τ, xψ(τ, ξ)))‖
≤ c1δe

−β|τ |‖(xϕ(τ, ξ) − xψ(τ, ξ), ϕ(τ, xϕ(τ, ξ)) − ψ(τ, xψ(τ, ξ)))‖
≤ c1δe

−β|τ |(‖xϕ(τ, ξ)‖ · ‖ϕ − ψ‖ + 2‖xϕ(τ, ξ) − xψ(τ, ξ)‖)

≤ 4c1δe
−β|τ |‖ξ‖ · ‖ϕ − ψ‖

{
D1e

ρ(τ), τ ≥ s

D2e
σ(τ), τ ≤ s

for j = 1, 2. Using the second inequalities in (8.5) and in (8.4), together with
the definition of β in (8.6), we conclude that

‖(Φϕ)(s, ξ) − (Φψ)(s, ξ)‖

≤
∫ s

−∞
‖V1(τ, s)−1‖b1(τ) dτ +

∫ +∞

s

‖V2(τ, s)−1‖b2(τ) dτ

≤ 4c1δ‖ξ‖ · ‖ϕ − ψ‖D4D2

∫ s

−∞
e(c+α2−d)(s−τ)−(β−d′)|τ |+c′|s| dτ

+ 4c1δ‖ξ‖ · ‖ϕ − ψ‖D3D1

∫ +∞

s

e(a+α1−b)(τ−s)−(β−b′)|τ |+a′|s| dτ.

Since c′|s| ≤ c′(s− τ) + c′|τ | for τ ≤ s, and a′|s| ≤ a′(τ − s) + a′|τ | for τ ≥ s,
we obtain

‖(Φϕ)(s, ξ) − (Φψ)(s, ξ)‖

≤ 4c1δ‖ξ‖ · ‖ϕ − ψ‖D4D2

∫ s

−∞
e(T2+α2)(s−τ) dτ

+ 4c1δ‖ξ‖ · ‖ϕ − ψ‖D3D1

∫ +∞

s

e(T1+α1)(τ−s) dτ

≤ 4c1δ

(
D2D4

|T2 + α2| +
D1D3

|T1 + α1|
)
‖ξ‖ · ‖ϕ − ψ‖,

where we have used again (8.6) (recall that T1 + α1 < 0 and T2 + α2 < 0).
Furthermore, eventually choosing again δ > 0 sufficiently small we also have

θ = 4c1δ

(
D2D4

|T2 + α2| +
D1D3

|T1 + α1|
)

< 1. (8.66)

Therefore
‖Φϕ1 − Φϕ2‖ ≤ θ‖ϕ1 − ϕ2‖,

and Φ : X → X is a contraction in the complete metric space X (see Propo-
sition 8.4). Hence, there exists a unique function ϕ ∈ X satisfying Φϕ = ϕ.
This completes the proof of the lemma. ��

We can now establish Theorem 8.2.
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Proof of Theorem 8.2. As explained in Section 8.3.1, in view of the required
invariance property in (8.18), to show the existence of a center manifold
V is equivalent to find a function ϕ ∈ X satisfying (8.23). It follows from
Lemma 8.12 that for each fixed ϕ ∈ X there exists a unique continuous func-
tion x = xϕ satisfying the first equation in (8.23). Furthermore, this function
is of class Ck in ξ. Thus, it is sufficient to solve the second equation in (8.23)
setting x = xϕ or, equivalently, to solve (8.47)–(8.48) in Lemma 8.13. This
lemma indicates that to solve (8.47)–(8.48) is in its turn equivalent to solve
the equations in (8.49), that is, to find ϕ ∈ X such that the identities in (8.49)
hold for every (s, ξ) ∈ R × E(s). Finally, Lemma 8.15 shows that there exists
a unique function ϕ ∈ X such that (8.49) holds for every (s, ξ) ∈ R × E(s).

We now define a map K : R × E(s) → R × X by

K(t, ξ) = Ψt(0, ξ, ϕ(0, ξ)). (8.67)

Since ϕ ∈ X, the map ξ �→ ϕ(0, ξ) is of class Ck. Furthermore, by the assump-
tions G1 and G2 the map

(t, s, ξ, η) �→ Ψt(s, ξ, η)

is of class Ck (see for example [46]). Therefore, K is also of class Ck. In
addition, the map K is injective: if K(t, ξ) = K(t′, ξ′) then the first component
of K gives t = t′; applying Ψ−t to both sides of the identity K(t, ξ) = K(t, ξ′)
yields ξ = ξ′. This shows that K is a parametrization of class Ck on R×E(s)
of the set V. Therefore, V is a smooth manifold of class Ck.

It remains to establish the additional properties in the theorem. The first
two properties are an immediate consequence of the above discussion and of
Lemma 8.13. To prove the third property, we denote by xϕ the unique function
given by Lemma 8.12 such that xϕ(s, ξ) = ξ. With the notation in (8.33) we
have

‖∂j
ξ(Ψτ (s, ξ, ϕ(s, ξ))) − ∂j

ξ(Ψτ (s, ξ̄, ϕ(s, ξ̄)))‖
= ‖∂j

ξ(t, x(t, ξ), ϕ∗(t, ξ)) − ∂j
ξ(t, x(t, ξ̄), ϕ∗(t, ξ̄))‖

≤ ‖∂jx(t, ξ) − ∂jx(t, ξ̄)‖ + ‖∂jϕ∗(t, ξ) − ∂jϕ∗(t, ξ̄)‖
(8.68)

for every τ ∈ R and t = s + τ . Note that by Lemma 8.10, we have

‖∂jϕ∗(t, ξ) − ∂jϕ∗(t, ξ̄)‖ ≤ ‖ξ − ξ̄‖
{

Ãje
(j+1)ρ(t), t ≥ s

B̃je
(j+1)σ(t), t ≤ s

(8.69)

for j = 0, . . . , k. The desired inequalities in (8.19)–(8.20) follow readily from
Lemma 8.9, (8.69), and (8.68). This completes the proof of the theorem. ��

It follows from the proof of Theorem 8.2 that δ can be any positive number
satisfying (8.62), (8.64), (8.65), and (8.66) in the proof of Lemma 8.15. We
note that the extra step in the proof of Theorem 8.2 involving the map K
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in (8.67) has only the purpose of showing that V is also of class Ck in the
time direction (we observe that the space X where we look for the function ϕ
only requires the Ck differentiability in the second component). An alternative
proof could be obtained observing that by (8.60) in the proof of Lemma 8.15
the function ϕ ∈ X constructed satisfies the identity

ϕ(s, ξ) =
(∫ s

−∞
V1(τ, s)−1f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ))) dτ,

−
∫ +∞

s

V2(τ, s)−1f(τ, xϕ(τ, ξ), ϕ(τ, xϕ(τ, ξ))) dτ

) (8.70)

for every (s, ξ) ∈ R × E(s). The desired Ck differentiability of ϕ can then be
obtained directly from (8.70).

When a < 0 or c < 0 (see (8.2)) we have the following generalization of
Theorem 8.2.

Theorem 8.16. Assume that G1–G2 hold. If the equation v′ = A(t)v in the
Banach space X satisfies (8.4)–(8.5), and for j = 1, . . ., k + 1 we have

ja − b + max{ja′, b′} < 0 and jc − d + max{jc′, d′} < 0, (8.71)

then the statement in Theorem 8.2 holds.

Proof. The only places where we use the conditions a ≥ 0 and c ≥ 0 are in the
inequalities (8.52), (8.53), (8.61), and (8.63). Appropriate generalizations of
these inequalities can be obtained for arbitrary a and c when we replace the
condition (8.17) by the condition (8.71), and thus one can verify in a straight-
forward manner that the desired statement is an immediate consequence of
the proof of Theorem 8.2. ��
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Reversibility and equivariance in center
manifolds

We show in this chapter that for a nonautonomous differential equation (in the
presence of a nonuniform exponential trichotomy; see Chapter 8), the (time)
reversibility and equivariance of the associated semiflow descends respectively
to the reversibility and equivariance in any center manifold. We note that
time-reversal symmetries are among the fundamental symmetries in many
“physical” systems, both in classical and quantum mechanics. This is due
to the fact that many Hamiltonian systems are reversible (see [53] for many
examples). In spite of the crucial differences between reversible and equivariant
dynamical systems, the techniques that are useful in any of the two contexts
usually carry over to the other one. This will be apparent along the exposition.
We follow closely [14].

9.1 Reversibility for nonautonomous equations

9.1.1 The notion of reversibility

We introduce here the notion of reversible (nonautonomous) differential equa-
tion. Let X be a Banach space. Consider a continuous function L : R×X → X
such that v′ = L(t, v) has unique and global solutions, and a (Fréchet) differ-
entiable map S : R × X → X.

Definition 9.1. We say that the equation v′ = L(t, v) is reversible with re-
spect to S if

L(−t, S(t, v)) +
∂S

∂v
(t, v)L(t, v) = −∂S

∂t
(t, v) (9.1)

for every t ∈ R and v ∈ X. We also say that the equation v′ = L(t, v) is
reversible if it is reversible with respect to some map S.
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We now present a characterization of reversibility, in terms of the solutions
of v′ = L(t, v). This characterization can in fact be seen as the main justifi-
cation for the above notion of reversible nonautonomous equation. For each
s ∈ R and vs ∈ X we denote by Φ(t, s)(vs) the unique solution of v′ = L(t, v)
with v(s) = vs. We recall that by hypothesis Φ(t, s) is defined for all t, s ∈ R.

Proposition 9.2. The equation v′ = L(t, v) is reversible with respect to the
map S if and only if

Φ(τ,−t)(S(t, v)) = S(−τ, Φ(−τ, t)(v)) for any t, τ ∈ R and v ∈ X. (9.2)

Proof. We first assume that (9.2) holds. We have

∂(Φ(τ,±t)(v))
∂τ

= L(τ, Φ(τ,±t)(v)) (9.3)

for every v ∈ X. By (9.3), taking derivatives with respect to τ in (9.2),

L(τ, Φ(τ, t)(S(t, v))) = −∂S

∂t
(−τ, Φ(−τ, t)(v))

− ∂S

∂v
(−τ, Φ(−τ, t)(v))L(−τ, Φ(−τ, t)(v)).

Using again (9.2) and setting w = Φ(−τ, t)(v) we obtain

L(τ, S(−τ, w)) = −∂S

∂t
(τ, w) − ∂S

∂v
(−τ, w)L(−τ, w),

thus yielding (9.1).
We now assume that (9.1) holds. Given t ∈ R and v ∈ X we set z(t) =

S(−t, Φ(−t, s)(v)). Taking derivatives with respect to t and using (9.3) we
obtain

z′(t) = −∂S

∂t
S(−t, Φ(−t,−s)(v)) − ∂S

∂v
(−t, Φ(−t, s)(v))L(−t, Φ(−t, s)(v)).

Using now (9.1),

z′(t) = L(t, S(−t, Φ(−t, s)(v))) +
∂S

∂v
(−t, Φ(−t, s)(v))L(−t, Φ(−t, s)(v))

+
∂S

∂v
(−t, Φ(−t, s)(v))L(−t, Φ(−t, s)(v))

= L(t, S(−t, Φ(−t, s)(v))) = L(t, z(t)).

Thus, z(t) satisfies the initial value problem z′ = L(t, z), z(−s) = S(s, v).
Since Φ(t,−s)(S(s, v)) is also a solution of this problem, the uniqueness shows
that z(t) = Φ(t,−s)(S(s, v)) for any v ∈ X and t, s ∈ R, and (9.2) holds.

��
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In the particular case when the operators St = S(t, ·) : X → X are lin-
ear the following statement establishes several basic properties of reversible
systems.

Proposition 9.3. Assume that L is Fréchet differentiable in v. If the equation
v′ = L(t, v) is reversible with respect to the map S, and St is linear for each
t ∈ R, then the following properties hold:

1. the linear equation v′ = A(t)v is reversible with respect to S;
2. if S2

0 = Id, then S−t ◦ St = Id for every t ∈ R.

Proof. Taking derivatives in (9.1) with respect to v, and using the linearity of
St we obtain

∂L

∂v
(−t, Stv)St + St

∂L

∂v
(t, v) = −∂S

∂t
(t, ·).

Setting v = 0 yields

A(−t)St + StA(t) = −∂S

∂t
(t, ·), (9.4)

and this establishes the first property (recall that St is linear).
Assume now that S2

0 = Id. Let v(t) be a solution of the equation v′ = L(t, v),
that is, v′(t) = L(t, v(t)). Using (9.1) we obtain

d((S−t ◦ St)v(t))
dt

= −∂S

∂t
(−t, Stv(t)) + S−t

∂S

∂t
(t, v(t)) + (S−t ◦ St)v′(t)

= L(t, S−t(Stv(t))) + S−tL(−t, Stv(t))
− S−t[L(−t, Stv(t)) + StL(t, v(t))] + (S−t ◦ St)L(t, v(t))

= L(t, (S−t ◦ St)v(t)),

and (S−t ◦ St)v(t) is also a solution of v′ = L(t, v). Since S2
0 = Id, we have

(S−t ◦St)v(t)|t=0 = v(0), and by the uniqueness of solutions we conclude that
(S−t ◦St)v(t) = v(t) for every t ∈ R. Therefore, S−t ◦St = Id for every t ∈ R.

��

9.1.2 Relation with the autonomous case

We show here that the notion of reversibility in Section 9.1.1 is a natural
extension of the notion of reversibility in the autonomous setting.

Let L : X → X be a continuous function in the Banach space X, such that
the equation v′ = L(v) generates a flow (ϕt)t∈R in X. We say that v′ = L(v)
is reversible with respect to a map T : X → X if

L ◦ T = −T ′ ◦ L. (9.5)

We note that if the function L(t, v) in Definition 9.1 does not depend on t,
then taking St = T for all t ∈ R the identity (9.1) becomes (9.5).



200 9 Reversibility and equivariance in center manifolds

As in the general nonautonomous case there is a characterization of re-
versibility of autonomous equations in terms of the solutions of v′ = L(v).
The following statement is an immediate consequence of Proposition 9.2, and
the fact that in the autonomous case Φ(t, τ) = ϕt−τ for every t, τ ∈ R.

Proposition 9.4. The equation v′ = L(v) is reversible with respect to the
map T if and only if ϕt ◦ T = T ◦ ϕ−t for every t ∈ R.

The following result shows that the notion of reversibility in Section 9.1.1
is a natural extension of the notion of reversibility in the autonomous setting.

Proposition 9.5. The equation v′ = L(t, v) is reversible with respect to the
map S : R × X → X if and only if the autonomous equation

t′ = 1, v′ = L(t, v) (9.6)

is reversible with respect to the map T : R × X → R × X defined by

T (t, v) = (−t, St(v)). (9.7)

Proof. Since the equation v′ = L(t, v) has unique and global solutions, the
autonomous equation in (9.6) defines a flow ϕτ on R × X, given by

ϕτ (t, v) = (t + τ, Φ(t + τ, t)(v)),

with Φ as in Proposition 9.2. By Proposition 9.4, the equation (9.6) is re-
versible with respect to the map T if and only if

ϕr ◦ T = T ◦ ϕ−r, r ∈ R. (9.8)

For every (t, v) ∈ R × X, we have

(ϕr ◦ T )(t, v) = ϕr(−t, St(v)) = (r − t, Φ(r − t,−t)(St(v))),

and

(T ◦ ϕ−r)(t, v) = T (t − r, Φ(t − r, t)(v)) = (r − t, St−r(Φ(t − r, t)(v))).

Comparing the two identities we conclude that (9.8) holds if and only if (9.2)
holds (setting r − t = τ), that is, if and only if the equation v′ = L(t, v) is
reversible with respect to the map S. This completes the proof. ��

As a consequence of Proposition 9.5, the reversibility of a nonautonomous
equation can always be reduced to that of an autonomous equation. Notice
that T 2(t, v) = (t, (S−t ◦ St)(v)). In view of Proposition 9.3, if L is Fréchet
differentiable in v, St linear for each t ∈ R, and S2

0 = Id, then T 2 = Id, that
is, T is an involution.
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9.1.3 Nonautonomous reversible equations

We provide here a nontrivial example of a nonautonomous reversible equation,
to which we can additionally apply our results in Section 9.2 concerning center
manifolds and their reversibility.

Example 9.6. Consider linear transformations

St =

⎛⎝−1 0 0
0 0 b(t)
0 b(−t)−1 0

⎞⎠
for each t ∈ R, where

b(t) = eε(sin t−t cos t−cos t−t sin t).

Note that S2
0 = Id and that St ◦ S−t = Id for each t ∈ R. We define a map

S : R×R
3 → R

3 by S(t, v) = Stv. We also consider the map L : R×R
3 → R

3

given by
L(t, v) = A(t)v + f(t, v), (9.9)

where

A(t) =

⎛⎝0 0 0
0 −ω − εt sin t 0
0 0 ω + εt cos t

⎞⎠ , ω > ε > 0, (9.10)

and, setting v = (x, y, z) and β(t) = e−2ε(cos t+t sin t),

f(t, v) =

{
δtk+1e−12εtα(‖v‖2)

(
x2, xy + β(t)xz, xy + xz

)
, t ≥ 0,

−S−tf(−t, Stv), t < 0,
(9.11)

for some Ck function α : R → R with α = 0 outside [−1, 1].
We want to show that the equation v′ = L(t, v) with L as in (9.9) is

reversible with respect to S. Since each St is linear, the identity (9.1) is equiv-
alent to

A(−t)Stv + f(−t, Stv) + StA(t)v + Stf(t, v) = −∂S

∂t
(t, v).

Thus, it is sufficient to establish that

A(−t)St + StA(t) = −∂S

∂t
(t, ·). (9.12)

and
f(−t, Stv) = −Stf(t, v). (9.13)

The identity (9.12) is equivalent to
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−(ω + εt sin t)b(t) + b(t)(ω + εt cos t) = −b′(t),

ω − εt cos t − (ω + εt sin t) = −b′(−t)
b(−t)

,

and both identities can be verified in a straightforward manner.
We now show that (9.13) holds. By construction, for each t < 0 we have

Stf(t, v) = −StS−tf(−t, Stv) = −f(−t, Stv). (9.14)

When t > 0, it follows from (9.14) (replacing v by S−tv, and then t by −t)
that S−tf(−t, Stv) = −f(t, v), and thus,

Stf(t, v) = −StS−tf(−t, Stv) = −f(−t, Stv).

Furthermore, f(0, v) = 0 and

−S−tf(−t, Stv)
∣∣
t=0− = −S0f(0, S0v) = 0.

This establishes (9.13), and thus also (9.1). In particular, f is continuous. To
verify that it is of class Ck we note that whenever j = a + b ≤ k we have

∂f j

∂va∂tb
(t, v)

∣∣
t=0+ = 0 and

∂j

∂va∂tb
[−S−tf(−t, Stv)]

∣∣
t=0− = 0.

We shall see in Section 9.2 that the equation v′ = L(t, v) with L as in (9.9)
satisfies the hypotheses of Theorems 8.2 and 9.7. In particular, this allows us to
conclude that the equation v′ = L(t, v) has a reversible global center manifold
of class Ck provided that ω > (k + 2)ε.

9.2 Reversibility in center manifolds

9.2.1 Formulation of the main result

We formulate here our main result about the reversibility in center manifolds,
showing that the reversibility of a given equation, with respect to a map S
with St linear for each t ∈ R, always descends to the center manifold. We
assume in this section that for some constants C > 0 and θ ≥ 0 we have

1
C

e−θ|t| ≤ ‖S−1
t ‖−1 ≤ ‖St‖ ≤ Ceθ|t|, t ∈ R. (9.15)

We continue to write

Vs = {v ∈ X : (s, v) ∈ V} = {(ξ, ϕ(s, ξ)) : ξ ∈ E(s)}, (9.16)

where ϕ is the function given by Theorem 8.2.
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Theorem 9.7. Under the assumptions of Theorem 8.2, if the equation v′ =
A(t)v+f(t, v) is reversible with respect to a map S with S2

0 = Id and St linear
for each t ∈ R, and the constants in (8.2)–(8.3) and (9.15) satisfy

max{c, a} + 2(γ + θ) < min{b, d}, with γ = max{a′, b′, c′, d′}, (9.17)

then Ss(Vs) = V−s for every s ∈ R.

The statement in the theorem is equivalent to T (V) = V with T as in (9.7).
It follows easily from (9.8) that T takes invariant sets into invariant sets,

with respect to the flow defined by

t′ = 1, v′ = A(t)v + f(t, v). (9.18)

As explained at the end of Section 9.1.2, when S2
0 = Id it follows from Propo-

sition 9.3 that T is an involution. In this case, provided that the map S is of
class C1, the map T takes invariant C1 manifolds into invariant C1 manifolds
(again with respect to the flow defined by (9.18)). Furthermore, it follows
easily from Lemma 9.10 that T takes any invariant C1 manifold W satisfying

R × {0} ⊂ W and T(s,0)W = R × E(s) for every s ∈ R (9.19)

to an invariant manifold with the same property. Note that by Theorem 8.2,
the center manifold W = V satisfies (9.19). However, it does not follow from
Theorem 8.2 that V is the unique invariant C1 manifold with this property,
but only that it is unique among those which are graphs of functions in X.
The reason is that in view of the possible exponentials in (9.15) (when θ > 0,
as in Example 9.6), the images Ss(Vs) of the graphs Vs need not be graphs
of functions in the same space X (although it is easy to verify that Ss(Vs) is
always a graph no matter whether θ = 0 or θ > 0). This prevents us from
obtaining the invariance property T (V) = V in Theorem 9.7 by using the T -
invariance of the class of invariant C1 manifolds W satisfying (9.19). Instead
we give a proof of Theorem 9.7 based on the “explicit” form in (8.15) for
the manifold V (which thus requires explicitly the setup from Chapter 8. We
stress that in the present nonuniform context (with nonuniform exponential
trichotomies and with θ > 0 in (9.15)) we are not aware of any alternative
argument to the proof of Theorem 9.7 given below.

We also would like to emphasize that the difficulty described above (of not
being able to deduce that any invariant manifold W satisfying (9.19) is the
center manifold in Theorem 8.2) is unrelated to the fact that we consider global
center manifolds. Indeed, even if we were considering local center manifolds,
since we may have exponentials in (9.15) when θ > 0 (or even if we can make θ

arbitrarily close to zero but we cannot make it zero), the images Ss(Ṽs) of local
center manifolds Ṽs are not necessarily graphs of functions in the same initial
space. Thus, the difficulty is exactly the same with local and global center
manifolds (and in particular it is unrelated to the possible nonuniqueness of
local center manifolds).
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Concerning the hypotheses of Theorem 9.7, the requirement that the
maps St are linear is presumably technical and has to do with the method of
proof of Theorem 8.2 which takes care separately of the central and stable–
unstable parts (in a similar manner to that in Lemmas 9.12 and 9.13). We
believe that it should be possible to obtain a version of Theorem 9.7 when
the maps St are not necessarily linear, although we should require a different
approach to the proof of Theorem 8.2 (we note that in the nonuniform setting
Theorem 8.2 is the only result in the literature establishing a smooth center
manifold theorem for continuous time, and thus we are not aware of any alter-
native approach that can be used successfully). Condition (9.15) has the sole
purpose to maintain sufficiently separated the spectrum of the nonuniform
exponential trichotomy when we apply the linear maps St. The separation is
given by condition (9.17).

We now show that the equation v′ = L(t, v) with L as in (9.9) satisfies the
hypotheses of Theorems 8.2 and 9.7.

Example 9.8. We consider again the map L : R × R
3 → R

3 in Example 9.6
(see (9.9)–(9.11)). We want to show that we are in the hypotheses of Theo-
rem 8.2 with

D = e2ε, a = c = 0, b = d = ω − ε, γ = max{a′, b′, c′, d′} = ε,

provided that ω > (k + 2)ε.
The evolution operator associated to the linear equation v′ = A(t)v with

A(t) as in (9.10) is given by

T (t, s)v = T (t, s)(x, y, z) = (x,U(t, s)y, V (t, s)z),

where
U(t, s) = e−ωt+ωs+ε(t cos t−s cos s−sin t+sin s)

and
V (t, s) = eωt−ωs+ε(t sin t−s sin s+cos t−cos s).

Hence, condition G1 in Section 8.1 is satisfied with any k.
We now show that there exists D > 0 such that

U(t, s) ≤ De(−ω+ε)(t−s)+2ε|s| for t ≥ s, (9.20)

and
V (s, t) ≤ De(−ω+ε)(t−s)+2ε|t| for t ≥ s. (9.21)

We first note that

U(t, s) = e(−ω+ε)(t−s)+εt(cos t−1)−εs(cos s−1)+ε(sin s−sin t). (9.22)

For t ≥ s ≥ 0, it follows from (9.22) that

U(t, s) ≤ e2εe(−ω+ε)(t−s)+2εs.
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Furthermore, if t = 2kπ and s = (2l − 1)π with k, l ∈ N and k ≥ l, then

U(t, s) = e(−ω+ε)(t−s)+2εs.

For t ≥ 0 ≥ s it also follows from (9.22) that U(t, s) ≤ e2εe(−ω+ε)(t−s). Finally,
for s ≤ t ≤ 0 it follows from (9.22) that

U(t, s) ≤ e2εe(−ω+ε)(t−s)+2ε|t| ≤ e2εe(−ω+ε)(t−s)+2ε|s|.

This establishes (9.20). To obtain (9.21) we proceed in a similar way. Since

V (s, t) = e(−ω+ε)(t−s)+εs(sin s+1)−εt(sin t+1)+ε(cos s−cos t), (9.23)

for t ≥ s ≥ 0 we have

V (s, t) ≤ e2εe(−ω+ε)(t−s)+2ε|s| ≤ e2εe(−ω+ε)(t−s)+2ε|t|.

For t ≥ 0 ≥ s it follows from (9.23) that V (s, t) ≤ e2εe(−ω+ε)(t−s). Finally, for
s ≤ t ≤ 0 it also follows from (9.23) that

V (s, t) ≤ e2εe(−ω+ε)(t−s)+2ε|t|.

This establishes (9.21). Therefore, the equation v′ = A(t)v admits a nonuni-
form exponential trichotomy with D = e2ε, a = c = 0, b = d = ω − ε,
and γ = ε.

Finally, we show that condition G2 in Section 8.1 holds. For simplicity we
consider only k = 1. We already know that f(t, 0) = 0 and (∂f/∂v)(t, 0) = 0.
Furthermore, for t ≥ 0,

∂f

∂v
(t, v) = δtk+1e−12εtα(‖v‖2)

⎛⎝ 2x 0 0
y + β(t)z x β(t)x

y + z x x

⎞⎠
+ δtk+1e−12εtα′(‖v‖2)

⎛⎝ 2x3 0 0
x2(y + β(t)z) xy2 β(t)xz2

x2(y + z) xy2 xz2

⎞⎠ .

(9.24)

Note that there exists C > 0 such that

tk+1e−12εte−2ε(cos t+t sin t) ≤ Ce−11εte2ε(1+t) = Ce2εe−9εt.

If follows readily from (9.24) that there exists a constant κ > 0 such that for
every t ≥ 0 and u, v ∈ R

3,∥∥∥∥∂f

∂v
(t, v)

∥∥∥∥ ≤ κδe−9εt,

∥∥∥∥∂f

∂v
(t, u) − ∂f

∂v
(t, v)

∥∥∥∥ ≤ κδe−9εt‖u − v‖.

When t < 0 we have

∂

∂v
[−S−tf(−t, Stv)] = −S−t

∂f

∂v
(−t, Stv)St. (9.25)
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Since
e−2ε(1+|t|) ≤ |b(t)| ≤ e2ε(1+|t|),

we obtain ‖St‖ ≤ e2ε(1+|t|) for every t ∈ R. Therefore, each entry of the matrix
in (9.25) is at most

γt(v) := C ′e4ε(1+|t|)
∥∥∥∥∂f

∂v
(−t, Stv)

∥∥∥∥
for some constant C ′ > 0. Since∥∥∥∥∂f

∂v
(−t, Stv)

∥∥∥∥ = ‖Stv‖ ·
∥∥∥∥∂f

∂v

(
−t,

Stv

‖Stv‖
)∥∥∥∥ ≤ κδe−9ε|t|e2ε(1+|t|),

we obtain
γt(v) ≤ κC ′δe−9ε|t|e6ε(1+|t|) = κC ′δe6ε−3ε|t|.

Therefore, there exists κ′ > 0 such that for every t < 0 and u, v ∈ R
3,∥∥∥∥∂f

∂v
(t, v)

∥∥∥∥ ≤ κ′δe−3ε|t|,
∥∥∥∥∂f

∂v
(t, u) − ∂f

∂v
(t, v)

∥∥∥∥ ≤ κ′δe−3ε|t|‖u − v‖.

Thus, condition G2 in Section 8.1 is satisfied with k = 1. It is easy to verify
that for ω > (k+2)ε the hypotheses of Theorem 8.2 are satisfied. In addition,
we can easily verify that the hypotheses of Theorem 9.7 are satisfied provided
that ω > (3 + 2

√
2)ε (indeed we can take θ =

√
2ε in (9.15)).

9.2.2 Auxiliary results

We first prove several auxiliary lemmas. We continue to denote by T (t, s)
the evolution operator associated to the linear equation v′ = A(t)v, and by
E(t) and Fi(t), i = 1, 2, the subspaces in (8.10). Furthermore, the evolution
operator can be written in the form (see (8.11))

T (t, s) = U(t, s) ⊕ V1(t, s) ⊕ V2(t, s).

Lemma 9.9. For each t ∈ R and w = (x, y, z) ∈ E(t) × F1(t) × F2(t)

‖w‖ ≤ ‖x‖ + ‖y‖ + ‖z‖ ≤ 3Deγ|t|‖w‖.

Proof. The first inequality is clear. For the second one, since x = P (t)w,
y = Q1(t)w, and z = Q2(t)w, we have

‖x‖ + ‖y‖ + ‖z‖ ≤ (‖P (t)‖ + ‖Q1(t)‖ + ‖Q2(t)‖)‖w‖,
and the inequality follows readily from (8.4)–(8.5) (setting s = t). ��
Lemma 9.10. For every t ∈ R we have

St(F1(t)) = F2(−t), St(F2(t)) = F1(−t), St(E(t)) = E(−t). (9.26)
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Proof. We have (∂f/∂v)(t, 0) = 0 (by condition G2 in Section 8.1). Hence,
by Proposition 9.3, the linear equation defined by A(t) is also reversible with
respect to S. Thus, by Proposition 9.2,

S−tT (−t,−s) = T (t, s)S−s, s, t ∈ R. (9.27)

In particular, for any v ∈ F1(−s) we have that

S−tV1(−t,−s)v = S−tT (−t,−s)v = T (t, s)S−sv. (9.28)

We now write

S−sv − w2 = w0 + w1, w0 ∈ E(−s), w1 ∈ F1(−s), w2 ∈ F2(−s).

Applying the operator T (t, s) to S−sv − w2 we obtain

‖T (t, s)S−sv − V2(t, s)w2‖ = ‖U(t, s)w0 + V1(t, s)w1‖. (9.29)

Notice that for an invertible linear operator A we have the inequality ‖Av‖ ≥
‖A−1‖−1‖v‖. It follows from Lemma 9.9, and (8.4)–(8.5) that for t ≤ s,

3Deγ|t|‖U(t, s)w0 + V1(t, s)w1‖ ≥ ‖U(t, s)w0‖ + ‖V1(t, s)w1‖
≥ ‖U(s, t)‖−1‖w0‖ + ‖V1(s, t)‖−1‖w1‖

≥ ‖w0‖
D

e−a(s−t)−γ|t| +
‖w1‖
D

ed(s−t)−γ|t|.

(9.30)

On the other hand, using (9.28), (9.15), and again (8.4)–(8.5),

‖T (t, s)S−sv − V2(t, s)w2‖ ≤ ‖S−tV1(−t,−s)v‖ + ‖V2(s, t)−1w2‖
≤ CDe−d(s−t)+γ|s|+θ|t|‖v‖ + De−b(s−t)+γ|s|‖w2‖
≤ D max{C‖v‖, ‖w2‖}eγ|s|+θ|t|−min{b,d}(s−t).

(9.31)

By (9.17) we have that a + 2γ + 2θ < min{b, d}. Together with (9.30) this
implies that when w0 + w1 �= 0,

lim
t→−∞ e(2θ−min{b,d})t‖U(t, s)w0 + V1(t, s)w1‖ = ∞. (9.32)

On the other hand, (9.31) yields

lim
t→−∞ e(2θ−min{b,d})t‖T (t, s)S−sv − V2(t, s)w2‖ = 0. (9.33)

By (9.29), (9.32) and (9.33) we have a contradiction unless w0+w1 = 0. Thus,
S−sv = w2 for every s ∈ R. This shows that

Ss(F1(s)) ⊂ F2(−s), s ∈ R. (9.34)

We prove in a similar manner that Ss(F2(s)) ⊂ F1(−s) for every s ∈ R.
By (9.27), for any v ∈ F2(−s) we have that
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S−tV2(−t,−s)v = S−tT (−t,−s)v = T (t, s)S−sv. (9.35)

We now write

S−sv − w1 = w0 + w2, w0 ∈ E(−s), w1 ∈ F1(−s), w2 ∈ F2(−s).

Then

‖T (t, s)S−sv − V1(t, s)w1‖ = ‖U(t, s)w0 + V2(t, s)w2‖. (9.36)

By Lemma 9.9, and (8.4)–(8.5), for t ≥ s we have

3Deγ|t|‖U(t, s)w0 + V2(t, s)w2‖ ≥ ‖U(t, s)w0‖ + ‖V2(t, s)w2‖
≥ ‖U(t, s)−1‖−1‖w0‖ + ‖V2(t, s)−1‖−1‖w2‖

≥ ‖w0‖
D

e−c(t−s)−γ|t| +
‖w2‖
D

eb(t−s)−γ|t|,

(9.37)

and using (9.35) and (9.15),

‖T (t, s)S−sv − V1(t, s)w1‖ ≤ ‖S−tV2(−s,−t)−1v‖ + ‖V1(t, s)w1‖
≤ CDe−b(t−s)+γ|s|+θ|t|‖v‖ + De−d(t−s)+γ|s|‖w1‖
≤ D max{C‖v‖, ‖w1‖}eγ|s|+θ|t|−min{d,b}(t−s).

(9.38)

By (9.17) we have that c + 2γ + 2θ < min{d, b}. It follows from (9.37) that
when w0 + w2 �= 0,

lim
t→+∞ e−(2θ−min{d,b})t‖U(t, s)w0 + V2(t, s)w2‖ = ∞. (9.39)

On the other hand, by (9.38),

lim
t→+∞ e−(2θ−min{d,b})t‖T (t, s)S−sv − V1(t, s)w1‖ = 0. (9.40)

By (9.36), (9.39) and (9.40) we have a contradiction unless w0 + w2 = 0.
Therefore,

Ss(F2(s)) ⊂ F1(−s), s ∈ R. (9.41)

Note that from (9.34) and (9.41) we have

Ss(F1(s) ⊕ F2(s)) ⊂ F1(−s) ⊕ F2(−s), s ∈ R. (9.42)

But since the operator Ss is invertible, with inverse S−s (see Proposition 9.3),
we have

F1(s) ⊕ F2(s) ⊂ S−s(F1(−s) ⊕ F2(−s)) ⊂ F1(s) ⊕ F2(s),

using (9.42) with s replaced by −s. Hence,
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Ss(F1(s) ⊕ F2(s)) = F1(−s) ⊕ F2(−s), s ∈ R.

It follows from (9.34) and (9.41) that

Ss(F1(s)) = F2(−s) and Ss(F2(s)) = F1(−s), s ∈ R.

Similarly, to prove the third identity in (9.26), it is sufficient to show that
Ss(E(s)) ⊂ E(−s) for every s ∈ R. We use a similar argument to the above
ones. By (9.27), for any v ∈ E(−s),

S−tU(−t,−s)v = S−tT (−t,−s)v = T (t, s)S−sv. (9.43)

We now write

S−sv − w0 − w1 = w2, w0 ∈ E(−s), w1 ∈ F1(−s), w2 ∈ F2(−s). (9.44)

Applying the operator T (t, s) to this identity we obtain

‖T (t, s)S−sv − U(t, s)w0 − V1(t, s)w1‖ = ‖V2(t, s)w2‖. (9.45)

Proceeding as in (9.38), taking into account that max{−d, c, a} = max{c, a},
and using (9.15) and (9.43), we find that for t ≥ s,

‖T (t, s)S−sv − U(t, s)w0 − V1(t, s)w1‖
≤ D max{‖w0‖, C‖v‖, ‖w1‖}eγ|s|+θ|t|+max{c,a}(t−s).

(9.46)

By (9.17) we have that max{c, a} + 2γ + 2θ < b. Together with (9.37) this
implies that when w2 �= 0,

lim
t→+∞ e−(2θ+max{c,a})t‖V2(t, s)w2‖ = ∞.

On the other hand, (9.46) implies that

lim
t→+∞ e−(2θ+max{c,a})t‖T (t, s)S−sv − U(t, s)w0 − V1(t, s)w1‖ = 0.

By (9.45) we have a contradiction unless w2 = 0. We can thus rewrite (9.44)
as

S−sv − w0 = w1, w0 ∈ E(−s), w1 ∈ F1(−s). (9.47)

Then
‖T (t, s)S−sv − U(t, s)w0‖ = ‖V1(t, s)w1‖, (9.48)

and proceeding as in (9.46), for t ≤ s we have

‖T (t, s)S−sv − U(t, s)w0‖ ≤ D max{‖w0‖, C‖v‖}eγ|s|+θ|t|+max{c,a}(s−t).
(9.49)

By (9.17) we have that max{c, a} + 2γ + 2θ < d. Together with (9.30) this
implies that when w1 �= 0,



210 9 Reversibility and equivariance in center manifolds

lim
t→−∞ e(2θ+max{c,a})t‖V1(t, s)w1‖ = ∞.

On the other hand, (9.49) implies that

lim
t→−∞ e(2θ+max{c,a})t‖T (t, s)S−sv − U(t, s)w0‖ = 0.

By (9.48) we have again a contradiction unless w1 = 0. But by (9.47) this
implies that Ss(E(s)) ⊂ E(−s) for every s ∈ R. ��
Lemma 9.11. For every t ∈ R we have

S−tV1(−t, s) = V2(t,−s)Ss on F1(s),
S−tV2(−t, s) = V1(t,−s)Ss on F2(s),
S−tU(−t, s) = U(t,−s)Ss on E(s).

Proof. By Lemma 9.10, if v ∈ F1(s) then Ssv ∈ F2(−s) and hence, by (9.27),

S−tV1(−t, s)v = S−tT (−t, s)v = T (t,−s)Ssv = V2(t,−s)Ssv.

This establishes the first identity in the lemma. The other identities can be
readily obtained in a similar manner. ��

We now use the same notation as in Chapter 8 (see Section 8.3.1). In
particular, for a fixed s we consider the spaces B+ and B−. We define the
space Bs of continuous functions x : R × E(s) → X such that

x|[s,+∞) × E(s) ∈ B+ and x|(−∞, s] × E(s) ∈ B−.

By Propositions 8.5 and 8.6, Bs is a complete metric space with the norm

‖x‖s := max {‖x|[s,+∞) × E(s)‖+, ‖x|(−∞, s] × E(s)‖−} ,

where ‖·‖+ and ‖·‖− denote respectively the norms in B+ and B−.
Given s ∈ R and ϕ ∈ X (see Section 8.2 for the definition of the space X),

we define the operator

(Jsx)(t, ξ) = U(t, s)ξ +
∫ t

s

U(t, τ)f(τ, x(τ, ξ), ϕ(τ, x(τ, ξ))) dτ

for each x ∈ Bs and (t, ξ) ∈ R×E(s). It follows from the proof of Lemma 8.12
that Js(Bs) ⊂ Bs and Js : Bs → Bs is a contraction. We note that the unique
fixed point xs ∈ Bs of Js is the function xϕ in Lemma 8.12.

Lemma 9.12. Given ϕ ∈ X and s ∈ R, if Stϕ(t, ξ) = ϕ(−t, Stξ) for every
(t, ξ) ∈ R × E(s) then

Stxs(t, ξ) = x−s(−t, Ssξ) for every (t, ξ) ∈ R × E(s). (9.50)
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Proof. We consider the space Bs × B−s with the norm

‖(x, y)‖ = max{‖x‖s, ‖y‖−s},
and we define the operator J = (Js, J−s) in Bs ×B−s. Clearly, J is a contrac-
tion in the complete metric space Bs × B−s. The unique fixed point of J is
the pair (xs, x−s).

We now consider the subset C of functions (x, y) ∈ Bs × B−s such that

Stx(t, ξ) = y(−t, Ssξ) for every (t, ξ) ∈ R × E(s).

It is straightforward to verify that C is closed in Bs×B−s. Furthermore, C �= ∅

since (0, 0) ∈ C. The statement in (9.50) will follow immediately after showing
that J(C) ⊂ C.

We have
St(Jsx)(t, ξ) = StU(t, s)ξ + St(J̄sx)(t, ξ), (9.51)

where

(J̄sx)(t, ξ) =
∫ t

s

U(t, τ)f(τ, x(τ, ξ), ϕ(τ, x(τ, ξ))) dτ.

By Lemma 9.11,
StU(t, s)ξ = U(−t,−s)Ssξ (9.52)

and

St(J̄sx)(t, ξ) =
∫ t

s

StU(t, τ)f(τ, x(τ, ξ), ϕ(τ, x(τ, ξ))) dτ

=
∫ t

s

U(−t,−τ)Sτf(τ, x(τ, ξ), ϕ(τ, x(τ, ξ))) dτ.

Since the equation is reversible and each operator St is linear, for every t ∈ R

and v ∈ X we have

A(−t)Stv + f(−t, Stv) + StA(t)v + Stf(t, v) = −∂S

∂t
(t, v).

It follows from (9.4) that for every t ∈ R and v ∈ X,

f(−t, Stv) + Stf(t, v) = 0. (9.53)

Using (9.53) and the hypothesis on the function ϕ, for (x, y) ∈ C we have

St(J̄sx)(t, ξ) = −
∫ t

s

U(−t,−τ)f(−τ, Sτx(τ, ξ), ϕ(−τ, Sτx(τ, ξ))) dτ

= −
∫ t

s

U(−t,−τ)f(−τ, y(−τ, Ssξ), ϕ(−τ, y(−τ, Ssξ))) dτ

=
∫ −t

−s

U(−t, r)f(r, y(r, Ssξ), ϕ(r, y(r, Ssξ))) dr

= (J̄−sy)(−t, Ssξ),
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with the change of variables τ = −r. By (9.51) and (9.52) this implies that

St(Jsx)(t, ξ) = U(−t,−s)Ssξ + (J̄−sy)(−t, Ssξ) = (J−sy)(−t, Ssξ).

Therefore (Jsx, J−sy) ∈ C whenever (x, y) ∈ C, and J(C) ⊂ C. ��

9.2.3 Proof of the reversibility

Lemma 9.13. The unique function ϕ = (ϕ1, ϕ2) ∈ X in Theorem 8.2 satisfies

Stϕ1(t, x) = ϕ2(−t, Stx), Stϕ2(t, x) = ϕ1(−t, Stx) (9.54)

for every (t, x) ∈ R × E(t).

Proof. By Proposition 8.4, X is a complete metric space with the norm
in (8.24). The unique function ϕ ∈ X in Theorem 8.2 is obtained as the
fixed point of the contraction map Φ : X → X in (8.60). We now consider the
subset Y of X formed by the functions ϕ = (ϕ1, ϕ2) ∈ X satisfying (9.54) for
every (t, ξ) ∈ R × E(t). It is straightforward to verify that Y is closed in X.
We will show that the contraction map Φ satisfies Φ(Y) ⊂ Y. It then follows
immediately that the unique function ϕ ∈ X in Theorem 8.2 is also in Y.

We must prove that for every (s, ξ) ∈ R × E(s),

Ss(Φϕ)1(s, ξ) = (Φϕ)2(−s, Ssξ), Ss(Φϕ)2(s, ξ) = (Φϕ)1(−s, Ssξ) (9.55)

whenever ϕ ∈ Y. We only prove the first identity in (9.55), since the other one
can be obtained in a similar manner. By (8.60), Lemma 9.11, and (9.53) we
have

Ss(Φϕ)1(s, ξ) =
∫ s

−∞
SsV1(s, τ)f(τ, xs(τ, ξ), ϕ(τ, xs(τ, ξ))) dτ

=
∫ s

−∞
V2(−s,−τ)Sτf(τ, xs(τ, ξ), ϕ(τ, xs(τ, ξ))) dτ

= −
∫ s

−∞
V2(−s,−τ)f(−τ, Sτxs(τ, ξ), Sτϕ(τ, xs(τ, ξ))) dτ.

Take ϕ ∈ Y. By (9.54), we have

Sτϕ(τ, ξ) = Sτ ((ϕ1 + ϕ2)(τ, ξ)) = (ϕ2 + ϕ1)(−τ, Sτ ξ) = ϕ(−τ, Sτ ξ). (9.56)

It follows from Lemma 9.12 that Ss(Φϕ)1(s, ξ) is given by

−
∫ s

−∞
V2(−s,−τ)f(−τ, x−s(−τ, Ssξ), ϕ(−τ, Sτxs(τ, ξ))) dτ

= −
∫ s

−∞
V2(−s,−τ)f(−τ, x−s(−τ, Ssξ), ϕ(−τ, x−s(−τ, Ssξ))) dτ.
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Making the change of variables τ = −r we obtain

Ss(Φϕ)1(s, ξ) =
∫ −s

+∞
V2(−s, r)f(r, x−s(r, Ssξ), ϕ(r, x−s(r, Ssξ))) dr

= (Φϕ)2(−s, Ssξ).

This establishes the first identity in (9.55). The other identity can be obtained
in a similar manner. ��

Proof of Theorem 9.7. Since Ss is linear, it follows from (9.56) that

Ss(ξ, ϕ(s, ξ)) = (Ssξ, ϕ(−s, Ssξ)).

By Lemma 9.12 we have Ss(E(s)) = E(−s) and thus,

Ss(Vs) = {(η, ϕ(−s, η)) : η ∈ Ss(E(s))} = V−s.

This completes the proof. ��

9.3 Equivariance for nonautonomous equations

We introduce here the notion of equivariant (nonautonomous) differential
equation. The approach is similar to the one in Section 9.1.1 and thus we
make the presentation brief. We continue to consider a Banach space X and
a continuous function L : R × X → X such that v′ = L(t, v) has unique and
global solutions.

Definition 9.14. We say that the equation v′ = L(t, v) is equivariant with
respect to the (Fréchet) differentiable map S : R × X → X if

L(t, Stv) − ∂S

∂v
(t, v)L(t, v) =

∂S

∂t
(t, v) (9.57)

for every t ∈ R and v ∈ X. We also say that the equation v′ = L(t, v) is
equivariant if it is equivariant with respect to some map S.

We can also provide characterizations of equivariance, in terms of the so-
lutions of the equation v′ = L(t, v). We continue to denote by Φ(t, s)(vs) the
unique solution of v′ = L(t, v) with v(s) = vs. The proof of the following state-
ment essentially repeats arguments in the proofs of Propositions 9.2 and 9.5,
and thus it is omitted.

Proposition 9.15. For a map S, the following statements are equivalent:

1. the equation v′ = L(t, v) is equivariant with respect to S;
2. Φ(τ, t)(S(t, v)) = S(τ, Φ(τ, t)(v)) for any t, τ ∈ R and v ∈ X;
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3. the autonomous equation t′ = 1, v′ = L(t, v) is equivariant with respect to
the map T : R × X → R × X defined by

T (t, v) = (t, S(t, v)).

The proposition shows that the above notion of equivariance is a natural
generalization of the notion of equivariance in the autonomous setting. Indeed,
let L : X → X be a continuous function such that the equation v′ = L(v)
defines a flow (ϕt)t∈R in X. The equation v′ = L(v) is called equivariant if
there is a map S : X → X such that

L ◦ S = S′ ◦ L. (9.58)

One can easily show that this happens if and only if ϕt ◦ S = S ◦ϕt for every
t ∈ R. Similarly to what happens in the case of reversibility, if in (9.57) the
function L(t, v) does not depend on t, then taking St = S for all t ∈ R the
identity (9.57) becomes (9.58).

9.4 Equivariance in center manifolds

The following statement is a counterpart of Theorem 9.7 concerning equivari-
ance in center manifolds. We use the same notation as in Section 9.2. In
particular, we consider the sets Vs in (9.16).

Theorem 9.16. Under the assumptions of Theorem 8.2, if the equation v′ =
A(t)v + f(t, v) is equivariant with respect to a map S with S2

0 = Id and St

linear for each t ∈ R, and the constants in (3.3) and (9.15) satisfy

a + 2(γ + θ) < b and c + 2(γ + θ) < d, with γ = max{a′, b′, c′, d′},
then Ss(Vs) = Vs for every s ∈ R.

Proof. The proof is a simple modification of the proof of Theorem 9.7, and
thus we only describe the necessary modifications. Following closely the proofs
of Lemmas 9.10 and 9.11, we readily obtain the next statement.

Lemma 9.17. For every t, s ∈ R we have

St(Fi(t)) = Fi(t), i = 1, 2, St(E(t)) = E(t),

and

StVi(t, s) = Vi(t, s)Ss on Fi(s), i = 1, 2, StU(t, s) = U(t, s)Ss on E(s).

In a similar manner to that for (9.53), we can use (9.57) to show that for
any t ∈ R and v ∈ X,

f(t, Stv) − Stf(t, v) = 0. (9.59)

Imitating the proofs of Lemmas 9.12 and 9.13, now using Lemma 9.17
and (9.59) instead of Lemmas 9.10 and 9.11 and (9.53), we obtain the fol-
lowing.
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Lemma 9.18. The unique function ϕ = (ϕ1, ϕ2) ∈ X in Theorem 8.2 satisfies

Stϕ1(t, x) = ϕ1(t, Stx), Stϕ2(t, x) = ϕ2(t, Stx)

for every (t, x) ∈ R × E(t). Furthermore, given s ∈ R,

Stxs(t, ξ) = xs(t, Ssξ) for every (t, ξ) ∈ R × E(s).

We proceed with the proof of the theorem. It follows from Lemma 9.18 that

Ss(ξ, ϕ(s, ξ)) = (Ssξ, ϕ(s, Ssξ)).

On the other hand, by Lemma 9.17 we have Ss(E(s)) = E(s) and thus,

Ss(Vs) = {(η, ϕ(s, η)) : η ∈ Ss(E(s))} = Vs.

This completes the proof. ��



Part IV

Lyapunov regularity and stability theory



10

Lyapunov regularity and exponential
dichotomies

We show in this chapter that any linear equation v′ = A(t)v, with A(t)
in block form with blocks corresponding to the stable and center-unstable
components, admits a strong nonuniform exponential dichotomy. While the
extra exponentials in the notion of nonuniform exponential dichotomy sub-
stantially complicate the study of invariant manifolds in former chapters, we
are able to obtain fairly general results at the expense of a careful control of
the nonuniformity. In particular, we showed that if the equation v′ = A(t)v
has a nonuniform exponential dichotomy with sufficiently small nonuniformity
(when compared to the Lyapunov exponents), then with mild assumptions on
the perturbation f there exist stable and unstable manifolds for the nonlinear
equation v′ = A(t)v +f(t, v). We note that we do not need the nonuniformity
to be zero, only sufficiently small. Therefore, it is important to estimate in
quantitative terms how much a nonuniform exponential dichotomy can de-
viate from a uniform one. Fortunately, there exists a device, introduced by
Lyapunov, that allows one to measure this deviation. It is the so-called notion
of regularity (see Section 10.1 for the definition), introduced by Lyapunov in
his doctoral thesis [57] (the expression is his own), which nowadays seems
unfortunately apparently overlooked in the theory of differential equations.
We emphasize that we only consider finite-dimensional spaces in this chapter.
The infinite-dimensional case is considered in Chapter 11. The material in
this chapter is based in [13], which in its turn is inspired in [1]. See [16] for a
related study in the case of the discrete time.

10.1 Lyapunov exponents and regularity

Consider a continuous function A : R
+
0 → Mn(R), where Mn(R) is the set of

n × n matrices with real entries. We assume that

lim sup
t→+∞

1
t

log+‖A(t)‖ = 0, (10.1)
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where log+ x = max{0, log x} and ‖A(t)‖ denotes the operator norm. Consider
the initial value problem

v′ = A(t)v, v(0) = v0, (10.2)

with v0 ∈ R
n. It can easily be shown, for example using Gronwall’s lemma,

that this problem has a unique solution and that the solution is global in the
future.

Definition 10.1. We define the Lyapunov exponent λ : R
n → R ∪ {−∞}

associated with the equation in (10.2) by

λ(v0) = lim sup
t→+∞

1
t

log‖v(t)‖, (10.3)

where v(t) is the solution of (10.2) (we use the convention that log 0 = −∞).

Proposition 10.2. The following properties hold:

1. λ(αv) = λ(v) for each v ∈ R
n and α ∈ R \ {0};

2. λ(v + w) ≤ max{λ(v), λ(w)} for each v, w ∈ R
n;

3. λ(v + w) = max{λ(v), λ(w)} for each v, w ∈ R
n with λ(v) �= λ(w);

4. if for some v1, . . . , vm ∈ R
n \ {0} the numbers λ(v1), . . ., λ(vm) are dis-

tinct, then the vectors v1, . . . , vm are linearly independent.

Proof. The first three properties follow immediately from the definition. For
property 4, assume that on the contrary there exist constants α1, . . . , αm not
all zero such that

∑m
i=1 αivi = 0. It follows from the above properties that

−∞ = λ(
m∑

i=1

αivi) = max{λ(vi) : i = 1, . . . , m with αi �= 0} �= −∞.

This contradiction yields the desired result. ��
By the last property in Proposition 10.2, the function λ takes at most

p ≤ n distinct values on R
n \ {0}, say

−∞ ≤ λ1 < · · · < λp. (10.4)

Moreover, by the first two properties in Proposition 10.2, for each i = 1, . . . , p
the set

Ei = {v0 ∈ R
n : λ(v0) ≤ λi} (10.5)

is a linear space. Note that λ(v0) > λi for every v0 ∈ R
n \ Ei.

We want to introduce the classical notion of Lyapunov regularity. For this
we need to consider the initial value problem of the adjoint equation

w′ = −A(t)∗w, w(0) = w0, (10.6)
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with w0 ∈ R
n, where A(t)∗ denotes the transpose of A(t). We also consider

the associated Lyapunov exponent μ : R
n → R ∪ {−∞} defined by

μ(w0) = lim sup
t→+∞

1
t

log‖w(t)‖, (10.7)

where w(t) is the solution of (10.6). Again by Proposition 10.2, the function
μ can take at most q ≤ n distinct values on R

n \ {0}, say

−∞ ≤ μq < · · · < μ1, (10.8)

and for each i = 1, . . . , q the set

Fi = {w0 ∈ R
n : μ(w0) ≤ μi} (10.9)

is a linear space.
Denote by 〈·, ·〉 the standard inner product in R

n. We recall that two bases
v1, . . . , vn and w1, . . . , wn of R

n are said to be dual if 〈vi, wj〉 = δij for every
i and j, where δij is the Kronecker symbol.

Definition 10.3. We define the regularity coefficient of the pair of Lyapunov
exponents λ and μ by

γ(λ, μ) = min max{λ(vi) + μ(wi) : 1 ≤ i ≤ n}, (10.10)

where the minimum is taken over all dual bases v1, . . . , vn and w1, . . . , wn

of the space R
n.

We note that since λ and μ take only finitely many values (see (10.4)
and (10.8)), the minimum in (10.10) is indeed well-defined.

We establish an additional property implying that γ(λ, μ) ≥ 0.

Proposition 10.4. If v1, . . ., vn and w1, . . ., wn are dual bases of R
n, then

λ(vi) + μ(wi) ≥ 0 for every i = 1, . . ., n.

Proof. Let v(t) be a solution of v′ = A(t)v, and w(t) a solution of w′ =
−A(t)∗w. We have

d

dt
〈v(t), w(t)〉 = 〈A(t)v(t), w(t)〉 + 〈v(t),−A(t)∗w(t)〉

= 〈A(t)v(t), w(t)〉 − 〈A(t)v(t), w(t)〉 = 0,

and hence,
〈v(t), w(t)〉 = 〈v(0), w(0)〉 for every t ≥ 0.

For each i, let vi(t) be the unique solution of (10.2) with v0 = vi, and wi(t)
the unique solution of (10.6) with w0 = wi. We obtain

‖vi(t)‖ · ‖wi(t)‖ ≥ 1

for every t ≥ 0, and hence, λ(vi) + μ(wi) ≥ 0 for every i. ��
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We now introduce the important concept of regularity.

Definition 10.5. We say that the equation in (10.2) is (Lyapunov) regular
if γ(λ, μ) = 0.

We note that the notion of regularity can also be expressed solely using
the equation in (10.2) (without the need for the adjoint equation in (10.6)).
Namely, it is shown in Theorem 10.19 that the equation in (10.2) is Lyapunov
regular if and only if

lim
t→+∞

1
t

∫ t

0

trA(τ) dτ =
p∑

i=1

(dim Ei − dimEi−1)λi, (10.11)

with E0 = {0}. However, it is sometimes more convenient to use instead the
above description of regularity involving the adjoint equation.

10.2 Existence of nonuniform exponential dichotomies

We assume in this section that there is at least one negative Lyapunov expo-
nent, that is, for some 1 ≤ k ≤ p,

−∞ ≤ λ1 < · · · < λk < 0 ≤ λk+1 < · · · < λp. (10.12)

We emphasize that λk+1 may be zero. Furthermore, we assume that there is a
subspace F ⊂ R

n such that E = Ek (see (10.12)) and F give a decomposition
R

n = E×F , with respect to which A(t) has the block form in (2.19). We also
consider the Lyapunov exponents associated to the blocks B(t) and C(t) in
(2.19), that is, to the pair x′ = B(t)x and x′ = −B(t)∗x, as well as to the pair
y′ = C(t)y and y′ = −C(t)∗y. The corresponding regularity coefficients are

γU = γ(λ|E,μ|E) and γV = γ(λ|F, μ|F ). (10.13)

The following statement shows that any linear differential equations as
above defines a nonuniform exponential dichotomy. Furthermore, the six num-
bers in (2.6) can be related to the Lyapunov exponents and to the regularity
coefficients.

Theorem 10.6 ([13]). Assume that the matrix A(t) has the block form in
(2.19) for every t ≥ 0, and that the equation v′ = A(t)v has at least one
negative Lyapunov exponent. Then, for each ε > 0, the equation v′ = A(t)v
admits a strong nonuniform exponential dichotomy in R

+ with

a = λ1 + ε, a = λk + ε, a = γU + 2ε, (10.14)

b = λk+1 + ε, b = λp + ε, b = γV + 2ε. (10.15)
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Proof. Recall the evolution operators U(t, s) and V (t, s) given by (2.16).
We write U(t, s) in the form U(t, s) = X(t)X(s)−1, where X(t) is a fun-

damental solution matrix of the equation x′ = B(t)x. We also consider the
matrix Z(t) = [X(t)∗]−1. Taking derivatives in the identity

X(t)X(t)−1 = X(t)Z(t)∗ = Id

we obtain
X ′(t)X(t)−1 + X(t)Z ′(t)∗ = 0,

and thus
X(t)Z ′(t)∗ = −B(t)X(t)X(t)−1 = −B(t).

Therefore,
Z ′(t)∗ = −X(t)−1B(t) = −Z(t)∗B(t)

and hence, Z ′(t) = −B(t)∗Z(t). Since Z(t) is nonsingular for every t ≥ 0
(since this happens with X(t)), its columns form a basis for the space of
solutions of the equation z′ = −B(t)∗z. Thus Z(t) is a fundamental solution
matrix of z′ = −B(t)∗z. Let now x1(t), . . ., x�(t) be the columns of X(t), and
z1(t), . . ., z�(t) the columns of Z(t), where � = dimE. For each j = 1, . . ., �
we set

αj = λ(xj(0)) and βj = μ(zj(0)),

where λ and μ are the Lyapunov exponents in (10.3) and (10.7). Given ε > 0
there is a constant d1 = d1(ε) ≥ 1 such that for each j = 1, . . ., � and t ≥ 0,

‖xj(t)‖ ≤ d1 e(αj+ε)t and ‖zj(t)‖ ≤ d1 e(βj+ε)t.

It follows from the identity Z(t)∗X(t) = Id that 〈xi(t), zj(t)〉 = δij for every
i and j. Eventually rechoosing the matrix X(t) we can thus assume that

max{αj + βj : j = 1, . . . , �} = γU ,

since when we vary X(t) the maximum in (10.10) can only take a finite number
of values (recall that the Lyapunov exponents λ and μ take also a finite number
of values). The entries of the matrix U(t, s) = X(t)Z(s)∗ are

uik(t, s) =
�∑

j=1

xij(t)zkj(s),

where xij(t) is the i-th coordinate of xj(t), and zkj(s) is the k-th coordinate
of zj(s). Therefore,

|uik(t, s)| ≤
�∑

j=1

|xij(t)| · |zkj(s)| ≤
�∑

j=1

‖xj(t)‖ · ‖zj(s)‖

≤
�∑

j=1

d2
1e

(αj+ε)t+(βj+ε)s =
�∑

j=1

d2
1e

(αj+ε)(t−s)+(αj+βj+2ε)s

≤ �d2
1e

(λk+ε)(t−s)+(γU+2ε)s.

(10.16)
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Taking v =
∑�

k=1 αkek with ‖v‖2 =
∑�

k=1 α2
k = 1, where e1, . . ., e� is the

canonical (orthonormal) basis of R
�, we obtain

‖U(t, s)v‖2 =
∥∥∥ �∑

i=1

�∑
k=1

αkuik(t, s)ei

∥∥∥2

=
�∑

i=1

(
�∑

k=1

αkuik(t, s)

)2

≤
�∑

i=1

(
�∑

k=1

α2
k

�∑
k=1

uik(t, s)2
)

=
�∑

i=1

�∑
k=1

uik(t, s)2.

(10.17)

Therefore, writing D1 = D1(ε) = �2d2
1, we conclude that

‖U(t, s)‖ ≤
(

�∑
i=1

�∑
k=1

uik(t, s)2
)1/2

≤ D1e
(λk+ε)(t−s)+(γU+2ε)s. (10.18)

This establishes the first inequality in (2.7). Similarly, the entries of the matrix
U(t, s)−1 = X(s)Z(t)∗ are

wik(t, s) = uik(s, t) =
�∑

j=1

xij(s)zkj(t).

Therefore, using (10.16),

|wik(t, s)| ≤
�∑

j=1

|xij(s)| · |zkj(t)| ≤
�∑

j=1

d2
1e

(αj+ε)s+(βj+ε)t

=
�∑

j=1

d2
1e

−(αj+ε)(t−s)+(αj+βj+2ε)t

≤ �d2
1e

−(λ1+ε)(t−s)+(γU+2ε)t.

Arguing as in (10.17) and (10.18) we obtain the second inequality in (2.7).
We now consider the operator

V (t, s)−1 = (Y (t)Y (s)−1)−1 = Y (s)Y (t)−1,

where Y (t) is a fundamental solution matrix of the equation w′ = −C(t)∗w.
Let W (t) = [Y (t)∗]−1. We proceed in a similar manner to that for the operator
U(t, s). Namely, starting by taking derivatives in the identity

Y (t)Y (t)−1 = Y (t)W (t)∗ = Id,

we can show that W ′(t) = −C(t)∗W (t), and thus W (t) is a fundamental
solution matrix for the equation w′ = −C(t)∗w. Let now y1(t), . . ., yn−�(t)
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be the columns of Y (t), and w1(t), . . ., wn−�(t) the columns of W (t) (notice
that n − � = dimF ). For each j = 1, . . ., n − � we set

ηj = λ(yj(0)) and ζj = μ(wj(0)).

Given ε > 0 there exists a constant d2 = d2(ε) ≥ 1 such that

‖yj(t)‖ ≤ d2e
(ηj+ε)t and ‖wj(t)‖ ≤ d2e

(ζj+ε)t

for each j = 1, . . ., n−� and t ≥ 0. It follows from the identity W (t)∗Y (t) = Id
that 〈yi(t), wj(t)〉 = δij for every i and j, and thus, eventually rechoosing the
matrix Y (t) we can assume that

max{ηj + ζj : j = 1, . . . , n − �} = γV .

The entries of the matrix Y (s)Y (t)−1 = Y (s)W (t)∗ are

vik(s, t) =
n−�∑
j=1

yij(s)wkj(t),

where yij(s) is the i-th coordinate of yj(s), and wkj(t) is the k-th coordinate
of wj(t). We obtain

|vik(s, t)| ≤
n−�∑
j=1

|yij(s)| · |wkj(t)| ≤
n−�∑
j=1

‖yj(s)‖ · ‖wj(t)‖

≤
n−�∑
j=1

d2
2e

(ηj+ε)s+(ζj+ε)t =
n−�∑
j=1

d2
2e

−(ηj+ε)(t−s)+(ηj+ζj+2ε)t

≤ (n − �)d2
2e

−(λk+1+ε)(t−s)+(γV +2ε)t,

and thus, in a similar manner to that in (10.17) and (10.18), setting D2 =
(n − �)2d2

2, we conclude that

‖V (t, s)−1‖ ≤
(

n−�∑
i=1

n−�∑
k=1

vik(s, t)2
)1/2

≤ D2e
−(λk+1+ε)(t−s)+(γV +2ε)t.

This gives the third inequality in (2.7). The last inequality can be obtained
in an analogous manner. ��

We note that although the proof of the theorem provides explicit values
for possible constants a, a, a, b, b, b, these are not necessarily optimal. In
particular, the proof does not discard the possibility of having the limit case
ε = 0 in (10.14)–(10.15).

One can easily obtain an entirely analogous statement to that in Theo-
rem 10.6 by assuming that there is at least one positive Lyapunov exponent
(instead of at least one negative Lyapunov exponent).
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10.3 Bounds for the regularity coefficient

Following the discussion in the introduction to the chapter, it is of considerable
interest to obtain sharp lower and upper bounds for the regularity coefficient
γ(λ, μ) (see Section 10.1 for the definition), if possible expressed solely in
terms of the matrices A(t) (in particular without the need to know any explicit
information about the solutions of the linear equation in (10.2)). This is the
objective of this section. We continue to assume that A : R

+
0 → Mn(R) is a

continuous function satisfying (10.1).

10.3.1 Lower bound

We first obtain a lower bound for the regularity coefficient.

Theorem 10.7. The regularity coefficient satisfies

γ(λ, μ) ≥ 1
n

(
lim sup
t→+∞

1
t

∫ t

0

tr A(τ) dτ − lim inf
t→+∞

1
t

∫ t

0

trA(τ) dτ

)
.

Proof. Let v1, . . ., vn be a basis of R
n, and for each i let vi(t) be the solution

of (10.2) with v0 = vi. Then the vectors v1(t), . . ., vn(t) are the columns of a
fundamental solution matrix X(t) of the equation v′ = A(t)v. It is well known
that for every t ≥ 0,

det X(t)
det X(0)

= exp
∫ t

0

tr A(τ) dτ. (10.19)

Furthermore, |det X(t)| ≤∏n
i=1‖vi(t)‖. Therefore,

lim sup
t→+∞

1
t

∫ t

0

tr A(τ) dτ ≤
n∑

i=1

λ(vi). (10.20)

Let now w1, . . ., wn be another basis of R
n. For each i, we denote by wi(t) the

solutions of (10.6) with w0 = wi. Proceeding in a similar manner, we obtain

lim inf
t→+∞

1
t

∫ t

0

trA(τ) dτ = − lim sup
t→+∞

1
t

∫ t

0

tr(−A(τ)∗) dτ ≥ −
n∑

i=1

μ(wi).

(10.21)

Therefore,

lim sup
t→+∞

1
t

∫ t

0

tr A(τ) dτ − lim inf
t→+∞

1
t

∫ t

0

trA(τ) dτ ≤
n∑

i=1

(λ(vi) + μ(wi)).

We now require, in addition, that the bases v1, . . ., vn and w1, . . ., wn satisfy
〈vi, wj〉 = δij for each i and j, and that the minimum in (10.10) is attained
at this pair, that is,
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γ(λ, μ) = max{λ(vi) + μ(wi) : 1 ≤ i ≤ n}.

We then obtain
n∑

i=1

(λ(vi) + μ(wi)) ≤ nmax{λ(vi) + μ(wi) : 1 ≤ i ≤ n} = nγ(λ, μ). (10.22)

The desired result follows immediately from (10.21) and (10.22). ��
We now present a nontrivial geometric consequence of Theorem 10.7. Let

v1, . . ., vn be a basis of R
n. We denote by Γn(t) the n-volume of the paral-

lelepiped defined by the vectors v1(t), . . ., vn(t), where vi(t) is the solution of
(10.2) with v0 = vi, for i = 1, . . ., n. Thus, as in (10.19),

Γn(t)/Γn(0) = exp
∫ t

0

trA(τ) dτ,

and it follows immediately from Theorem 10.7 that

lim sup
t→+∞

1
t

log Γn(t) − lim inf
t→+∞

1
t

log Γn(t) ≤ nγ(λ, μ).

This inequality shows that the regularity coefficient measures the deviation
from the existence of an exponential growth rate of n-volumes defined by
solutions of the differential equation. In particular, when the equation in (10.2)
is regular, there exists the exponential growth rate

lim
t→+∞

1
t

log Γn(t) = lim
t→+∞

1
t

∫ t

0

trA(τ) dτ (10.23)

(and in particular the limit in the left-hand side of (10.23) is independent of
the basis). We refer to Section 10.4 for more general statements. See Chap-
ter 11 for a related discussion in the infinite-dimensional setting.

10.3.2 Upper bound in the triangular case

We now obtain an upper bound for the regularity coefficient. We start with
triangular matrices (either all lower triangular or all upper triangular) in
which case the results can be written more explicitly. The reduction to the
triangular case is performed in Section 10.3.3.

For each k = 1, . . . , n, consider the numbers

αk = lim inf
t→+∞

1
t

∫ t

0

ak(τ) dτ and αk = lim sup
t→+∞

1
t

∫ t

0

ak(τ) dτ,

where a1(t), . . ., an(t) are the entries in the diagonal of A(t). The upper bound
for the regularity coefficient γ(λ, μ) is expressed in terms of these numbers.
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Theorem 10.8. If A(t) is upper triangular for every t ≥ 0, then the regularity
coefficient satisfies

γ(λ, μ) ≤
n∑

k=1

(αk − αk). (10.24)

Proof. We denote by aij(t) the entries of the matrix A(t) for each i and j. In
particular, ak(t) = akk(t) for each k. We first establish two auxiliary results.
For each i = 1, . . . , n and t ≥ 0, set

zij(t) =

⎧⎪⎨⎪⎩
0 if i > j

e
∫ t
0 aii(τ) dτ if i = j∫ t

hij

∑j
k=i+1 aik(s)zkj(s)e

∫ t
s

aii(τ) dτ ds if i < j

, (10.25)

for some constants hij to be chosen later. One can easily verify by direct
substitution that the columns of the n×n matrix Z(t) = (zij(t)) form a basis
for the space of solutions of z′ = A(t)z. The columns of Z(t) are zj(t) =
(z1j(t), . . . , znj(t)) for j = 1, . . . , n. Given i, j = 1, . . . , n, we write

λ(zij) = lim sup
t→+∞

1
t

log|zij(t)|. (10.26)

Lemma 10.9. For every i, j = 1, . . . , n, we have λ(zii) = αi and

λ(zij) ≤ αj +
j−1∑
m=i

(αm − αm). (10.27)

Proof. We show that the elements of each column zj(t) of Z(t) satisfy (10.27)
by choosing appropriate constants hij . Clearly, λ(zii) = αi for i = 1, . . . , n.
We now proceed by backward induction on i. Namely, for a given i < n,
assume that

λ(zkj) ≤ αj +
j−1∑
m=k

(αm − αm) whenever i + 1 ≤ k ≤ j. (10.28)

We want to prove that for j ≥ i + 1,

λ(zij) ≤ αj +
j−1∑
m=i

(αm − αm).

By (10.1) and (10.28), for each ε > 0 there exists D > 0 such that

|aik(t)| ≤ Detε, e−
∫ t
0 aii(τ) dτ ≤ De(−αi+ε)t,

|zkj(t)| ≤ De(αj+
∑j−1

m=i+1(αm−αm)+ε)t
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for every t ≥ 0 and i + 1 ≤ k ≤ j. Therefore,

λ(zij) ≤ lim sup
t→+∞

1
t

log

(
e
∫ t
0 aii(τ) dτ

∣∣∣∣∣
∫ t

hij

j∑
k=i+1

|aik(s)zkj(s)| e−
∫ s
0 aii(τ) dτ ds

∣∣∣∣∣
)

≤ αi + lim sup
t→+∞

1
t

log

∣∣∣∣∣
∫ t

hij

D3

j∑
k=i+1

e(αj+
∑j−1

m=k(αm−αm)−αi+3ε)s ds

∣∣∣∣∣
≤ αi + lim sup

t→+∞
1
t

log

∣∣∣∣∣
∫ t

hij

D3ne(αj+
∑j−1

m=i+1(αm−αm)−αi+3ε)s ds

∣∣∣∣∣ .
Set

cij = αj − αi +
j−1∑

m=i+1

(αm − αm). (10.29)

For every i < j, let

hij =

{
0 if cij ≥ 0
+∞ if cij < 0.

(10.30)

Then, if cij ≥ 0 we have

λ(zij) ≤ αi + lim sup
t→+∞

1
t

log
D3n(e(cij+3ε)t − 1)

cij + 3ε

and, if cij < 0 we have

λ(zij) ≤ αi + lim sup
t→+∞

1
t

log
D3ne(cij+3ε)t

|cij + 3ε| .

Therefore, in both cases,

λ(zij) ≤ αi + cij + 3ε = αj +
j−1∑
m=i

(αm − αm) + 3ε.

Since ε is arbitrary, we conclude that (10.27) holds for every j ≥ i + 1 (and
thus, for every j ≥ i). This completes the proof of the lemma. ��

We now consider the adjoint equation w′ = −A(t)∗w. For each i, j =
1, . . . , n and t ≥ 0, set

wij(t) =

⎧⎪⎨⎪⎩
0 if i < j

e−
∫ t
0 ajj(τ) dτ if i = j

− ∫ t

hji

∑i−1
k=j aki(s)wkj(s)e−

∫ t
s

aii(τ) dτ ds if i > j

, (10.31)

using the constants in (10.30) (these constants are also used in (10.25)). Again,
one can easily verify by direct substitution that the columns of the n × n
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matrix W (t) = (wij(t)) form a basis for the space of solutions w′ = −A(t)∗w.
The columns of W (t) are wj(t) = (w1j(t), . . . , wnj(t)) for j = 1, . . . , n. Given
i, j = 1, . . . , n, we write

μ(wij) = lim sup
t→+∞

1
t

log |wij(t)|.

Lemma 10.10. For every i, j = 1, . . . , n, we have μ(wjj) = −αj and

μ(wij) ≤ −αj +
i∑

k=j+1

(αk − αk). (10.32)

Proof. We proceed in a similar manner to that in the proof of Lemma 10.9 to
show that the elements of each column wj(t) of W (t) satisfy (10.32). Clearly,
μ(wjj) = −αj for j = 1, . . . , n. We now proceed by induction on i. Namely,
for a given i > 1, assume that

μ(wkj) ≤ −αj +
k∑

m=j+1

(αm − αm) whenever j ≤ k ≤ i − 1. (10.33)

We want to prove that for j ≤ i − 1,

μ(wij) ≤ −αj +
i∑

m=j+1

(αm − αm).

It follows from (10.1) and (10.33) that given ε > 0 there exists D > 0 such
that

|aki(t)| ≤ Detε, e
∫ t
0 aii(τ) dτ ≤ De(αi+ε)t,

|wkj(t)| ≤ De(−αj+
∑i−1

m=j+1(αm−αm)+ε)t

for every t ≥ 0 and j ≤ k ≤ i − 1. Therefore,

μ(wij) ≤ lim sup
t→+∞

1
t

log

⎛⎝e−
∫ t
0 aii(τ) dτ

∣∣∣∣∣∣
∫ t

hji

i−1∑
k=j

|aki(s)wkj(s)|e
∫ s
0 aii(τ) dτ ds

∣∣∣∣∣∣
⎞⎠

≤ −αi + lim sup
t→+∞

1
t

log

∣∣∣∣∣∣
∫ t

hji

D3
i−1∑
k=j

e(−αj+
∑k

m=j+1(αm−αm)+αi+3ε)s ds

∣∣∣∣∣∣
≤ −αi + lim sup

t→+∞
1
t

log

∣∣∣∣∣
∫ t

hji

D3ne(cji+3ε)s ds

∣∣∣∣∣ ,
using the constants in (10.29). Then, if cji ≥ 0 we have

μ(wij) ≤ −αi + lim sup
t→+∞

1
t

log
D3n(e(cji+3ε)t − 1)

cji + 3ε
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and, if cji < 0 we have

μ(wij) ≤ −αi + lim sup
t→+∞

1
t

log
D3ne(cji+3ε)t

|cji + 3ε| .

Therefore, in both cases,

μ(wij) ≤ −αi + cji + 3ε = −αj +
i∑

m=j+1

(αm − αm) + 3ε.

Since ε is arbitrary, we conclude that (10.32) holds for every j ≤ i − 1 (and
thus, for every j ≤ i). This completes the proof of the lemma. ��

We now proceed with the proof of Theorem 10.8. It follows from Lem-
mas 10.9 and 10.10 that

λ(zj) = max{λ(zij) : i = 1, . . . , n} ≤ αj +
j−1∑
m=1

(αm − αm),

and

μ(wj) = max{μ(wij) : i = 1, . . . , n} ≤ −αj +
n∑

m=j+1

(αm − αm).

In particular,

λ(zi) + μ(wi) ≤
n∑

k=1

(αk − αk) for every i = 1, . . . , n. (10.34)

Therefore, in view of the definition of the regularity coefficient γ(λ, μ), to prove
Theorem 10.8 it is enough to show that the bases (z1, . . . , zn) and (w1, . . . , wn)
are dual. First we note that

d

dt
〈zi(t), wj(t)〉 = 〈B(t)zi(t), wj(t)〉 + 〈zi(t),−B(t)∗wj(t)〉

= 〈B(t)zi(t), wj(t)〉 − 〈B(t)zi(t), wj(t)〉 = 0,

and hence,
〈zi(t), wj(t)〉 = 〈zi(0), wj(0)〉 for every t ≥ 0.

Clearly 〈zi(0), wj(0)〉 = 0 for every i < j. Furthermore,

〈zi(0), wi(0)〉 =
n∑

j=1

zji(0)wji(0)

=
∑

j≤i−1

zji(0)wji(0) + zii(0)wii(0) +
n∑

j≥i+1

zji(0)wji(0)

= zii(0)wii(0) = 1
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for every i = 1, . . . , n. We now fix i > j and t ≥ 0. We have

〈zi(t), wj(t)〉 =
i∑

k=j

zki(t)wkj(t)

= zji(t)wjj(t) + zii(t)wij(t) +
i−1∑

k=j+1

zki(t)wkj(t).

(10.35)

Note that
cji = cki + cjk (10.36)

for k = j + 1, . . . , i − 1 (see (10.29)). We consider two cases:
1. If cji ≥ 0, then hji = 0 (see (10.30)). By (10.36), for every k such that

j + 1 ≤ k ≤ i − 1 we have either cki ≥ 0 or cjk ≥ 0. By (10.30), we
have hki = 0 or hjk = 0, and thus either zki(0) = 0 or wkj(0) = 0
(by direct substitution of t = 0 in (10.25)). Furthermore, again since
hji = 0, it follows from (10.25) and (10.31) that zji(0) = wij(0). Hence,
evaluating (10.35) at t = 0 we find that all terms in the sum are zero,
and thus 〈zi, wj〉 = 0.

2. If cji < 0, then hji = +∞ (see (10.30)). By (10.36) and (10.30), for
every k such that j + 1 ≤ k ≤ i − 1 we have either hki = +∞ or
hjk = +∞, and thus zki(+∞) = 0 or wkj(+∞) = 0. Hence, evaluating
(10.35) at t = +∞ we find that all terms in the sum are zero, and thus
〈zi, wj〉 = 0.

We conclude that 〈zi, wj〉 = δij for every i and j. The theorem follows from
(10.34) and the definition of γ(λ, μ). ��

We note that the case of lower triangular matrices can be treated in a
similar manner. In fact, with the same notation, the inequality in (10.24) also
holds in the case of lower triangular matrices.

10.3.3 Reduction to the triangular case

The following result shows that we can always assume, without loss of gener-
ality, that the matrices A(t) in (10.2) are upper triangular for every t, with
respect to the canonical basis e1, . . ., en of R

n. By first performing this reduc-
tion for a given A(t), we can then obtain an upper bound for the regularity
coefficient γ(λ, μ) by applying Theorem 10.8 to the upper triangular matrix
function B(t) obtained in the following statement.

Theorem 10.11. For a continuous function A : R
+
0 → Mn(R), there exist

continuous functions B : R
+
0 → Mn(R) and U : R

+
0 → Mn(R) such that:

1. B(t) is upper triangular and ‖B(t)‖ ≤ 2n‖A(t)‖ for each t ≥ 0;
2. U is differentiable, U(0) = Id, and for each t ≥ 0, U(t) is unitary and

B(t) = U(t)−1A(t)U(t) − U(t)−1U ′(t); (10.37)
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3. the initial value problem in (10.2) is equivalent to

x′ = B(t)x, x(0) = v0, (10.38)

and the solutions v(t) of (10.2) and u(t) of (10.38) satisfy v(t) = U(t)x(t).

Furthermore, if the function A satisfies (10.1), then

lim sup
t→+∞

1
t

log+‖B(t)‖ = 0. (10.39)

Proof. We apply the Gram–Schmidt orthogonalization procedure to the vec-
tors v1(t), . . ., vn(t), where vi(t) is the solution of (10.2) with v0 = ei. In this
manner, we obtain functions u1(t), . . ., un(t) such that:

1. 〈ui(t), uj(t)〉 = δij for each i and j;
2. each function uk(t) is a linear combination of v1(t), . . ., vk(t).

Note that each vk(t) is also a linear combination of u1(t), . . ., uk(t), and thus

〈vi(t), uj(t)〉 = 0 for i < j. (10.40)

Given t ≥ 0 we consider the linear operator U(t) such that U(t)ei = ui(t)
for each i. Clearly, U(t) is unitary for each t, U(0) = Id, and t �→ U(t) is
differentiable with U ′(t)ei = u′

i(t) for each i. Set now x(t) = U(t)−1v(t). We
obtain

v′(t) = U ′(t)x(t) + U(t)x′(t) = A(t)v(t) = A(t)U(t)x(t), (10.41)

and thus x′(t) = B(t)x(t) with B(t) given by (10.37). Clearly, the function B
is continuous.

Given t ≥ 0, let now V (t) be the operator such that V (t)ei = vi(t) for each i,
and set X(t) = U(t)−1V (t). Since U(t) is unitary, it follows from (10.40) that

0 = 〈vi(t), uj(t)〉 = 〈V (t)ei, U(t)ej〉 = 〈X(t)ei, ej〉 for i < j. (10.42)

Therefore X(t) is upper triangular, and the same happens with X ′(t). Pro-
ceeding in a similar manner to that in (10.41) but now with V (t) = U(t)X(t)
we obtain X ′(t) = B(t)X(t) for t ≥ 0. Thus, B(t) = X ′(t)X(t)−1 and B(t) is
upper triangular.

Since U(t) is unitary, it follows from (10.37) that

B(t) + B(t)∗ = U(t)∗(A(t) + A(t)∗)U(t) − (U(t)∗U ′(t) + U ′(t)∗U(t))

= U(t)∗(A(t) + A(t)∗)U(t) − d

dt
(U(t)∗U(t))

= U(t)∗(A(t) + A(t)∗)U(t).
(10.43)

For each i, j = 1, . . . , n and t ≥ 0, we now write bij(t) = 〈B(t)ei, ej〉 and
ãij(t) = 〈A(t)ui(t), uj(t)〉. Since B(t) is upper triangular, it follows from
(10.43) that



234 10 Lyapunov regularity and exponential dichotomies

bii(t) = ãii(t) and bij(t) = ãij(t) + ãji(t) (10.44)

whenever i �= j. Since U(t) is unitary, the vectors u1(t) = U(t)e1, . . ., un(t) =
U(t)en form an orthonormal basis of R

n, and thus

‖A(t)‖ ≥ ‖A(t)ui(t)‖ =

∥∥∥∥∥
n∑

j=1

〈Aui(t), uj(t)〉uj(t)

∥∥∥∥∥
=

(
n∑

j=1

ãji(t)2
)1/2

≥ |ãij(t)|

for every i and j. It follows from (10.44) that

|bij(t)| ≤ 2‖A(t)‖ for every i and j.

Thus, given v =
∑n

i=1 αiei with ‖v‖ = (
∑n

i=1 α2
i )

1/2 = 1, we obtain

‖B(t)v‖2 =

∥∥∥∥∥
n∑

i=1

n∑
j=1

αi〈B(t)ei, ej〉ej

∥∥∥∥∥
2

=
n∑

j=1

(
n∑

i=j

αibij(t)

)2

≤
n∑

j=1

(
n∑

i=j

α2
i

n∑
i=j

bij(t)2
)

≤
n∑

j=1

n∑
i=j

bij(t)2 ≤ 4n2‖A(t)‖2.

This shows that ‖B(t)‖≤ 2n‖A(t)‖, and the property (10.39) follows immedi-
ately from (10.1). For the last statement in the theorem it remains to observe
that U(t) is invertible for each t, and that v(0) = x(0) = v0 since U(0) = Id.
This establishes the theorem. ��

Theorem 10.11 implies that, in what respects to the study of Lyapunov
regularity, there is no loss of generality in replacing the initial value problem
in (10.2) by the corresponding problem with the associated triangular matrix
function B(t).

Theorem 10.12. The equation v′ = A(t)v is Lyapunov regular if and only if
the equation x′ = B(t)x is Lyapunov regular.

Proof. By Theorem 10.11, the initial value problem in (10.2) is equivalent
to (10.38), with the solutions v(t) of (10.2) and x(t) of (10.38) related by
v(t) = U(t)x(t) with U(t) unitary for each t ≥ 0 (and with U(0) = Id).
Similarly, the initial value problem in (10.6) is equivalent to

y′ = −B(t)∗y, y(0) = w0, (10.45)
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with the solutions w(t) of (10.6) and y(t) of (10.45) related by w(t) = U(t)y(t)
using the same operator U(t). Indeed, using (10.37),

(U(t)y(t))′ = U ′(t)y(t) + U(t)y′(t)

= [U ′(t)U(t)−1 − U(t)B(t)∗U(t)−1]U(t)y(t)

= [−A(t)∗ + U ′(t)U(t)−1 + U(t)U ′(t)∗]U(t)y(t)

=
[
−A(t)∗ +

d

dt
(U(t)U(t)∗)

]
U(t)y(t) = −A(t)∗U(t)y(t).

(10.46)

Since U(t) is unitary for each t, the Lyapunov exponents associated with
the equations in (10.38) and (10.45), that is,

x′ = B(t)x and y′ = −B(t)∗y,

coincide, respectively, with the Lyapunov exponents λ and μ associated with
the equations in (10.2) and (10.6), that is,

v′ = A(t)v and w′ = −A(t)∗w.

Therefore, the regularity coefficient of the new pair of equations (10.38) and
(10.45) is the same as the regularity coefficient of the pair of equations (10.2)
and (10.6). This yields the desired result. ��

Using the characterization of Lyapunov regularity in (10.11) (and proven in
Theorem 10.19) one could give an alternative proof of Theorem 10.12 simply
using the equations v′ = A(t)v and x′ = B(t)x. Namely, observe first that
since U(t) is unitary for each t, the numbers λi and dimEi in (10.11) are the
same for both equations. Furthermore, it follows from (10.37)that

trB(t) = tr(U(t)−1A(t)U(t)) − tr(U(t)−1U ′(t))

= tr A(t) − tr(U(t)−1U ′(t)).

Since U(t) is unitary,

0 = (U(t)∗U(t))′ = U ′(t)∗U(t) + U(t)∗U ′(t)

= (U(t)∗U ′(t))∗ + U(t)−1U ′(t)

and hence, U(t)−1U ′(t) = −(U(t)−1U ′(t))∗. Being skew-hermitian the matrix
U(t)−1U ′(t) has zero trace, and thus tr B(t) = tr A(t). In particular, we can
always replace A by B in the left-hand side of (10.11).

10.4 Characterizations of regularity

We first introduce a new coefficient that also measures the regularity. Recall
the numbers λi and μi in (10.4) and (10.8). We also consider the values
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λ′
1 ≤ · · · ≤ λ′

n

of the Lyapunov exponent λ on R
n \ {0} counted with multiplicities, that are

obtained by repeating each value λi a number of times equal to the differ-
ence dim Ei − dimEi−1 (see (10.5) for the definition of Ei), with E0 = {0}.
Analogously, we consider the values

μ′
1 ≥ · · · ≥ μ′

n

of the Lyapunov exponent μ on R
n \ {0} counted with multiplicities.

Definition 10.13. We say that a basis v1, . . ., vn of R
n is normal for the

filtration by subspaces

E1 ⊂ E2 ⊂ · · · ⊂ Ep = R
n

if for each i = 1, . . ., p there exists a basis of Ei composed of vectors in
{v1, . . . , vn}. When v1, . . ., vn is a normal basis for the filtration of subspaces
in (10.5) we also say that it is normal for the Lyapunov exponent λ (or
simply normal when it is clear from the context to which exponent we are
referring to).

We shall refer to dual bases v1, . . ., vn and w1, . . ., wn of R
n which are

normal respectively for the Lyapunov exponents λ and μ, that is, respectively
for the filtration by subspaces

E1 ⊂ · · · ⊂ Ep = R
n and Fq ⊂ · · · ⊂ F1 = R

n (10.47)

in (10.5) and (10.9) as dual normal bases.

Proposition 10.14. There exist dual normal bases v1, . . ., vn and w1, . . .,
wn of the space R

n.

Proof. Let v′
1, . . ., v′

n be a basis of R
n with

λ(v′
1) ≤ · · · ≤ λ(v′

n), (10.48)

which is normal for the first family of subspaces in (10.47). We consider an-
other filtration by subspaces

E′
1 ⊂ E′

2 ⊂ · · · ⊂ E′
q = R

n. (10.49)

It is easy to see that there exists a nonsingular upper triangular matrix C
(in the basis v′

1, . . ., v′
n) such that the new basis v1 = Cv′1, . . ., vn = Cv′n is

normal for the filtration in (10.49). On the other hand, in view of (10.48) and
since C is upper triangular, the new basis v1, . . ., vn continues to be normal
for the first family of subspaces in (10.47). We now consider the particular
case of E′

j = F⊥
j with j = 1, . . ., q. Then, v1, . . ., vn is a basis of R

n which is
normal simultaneously for the families of subspaces
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E1 ⊂ · · · ⊂ Ep = R
n and F⊥

1 ⊂ · · · ⊂ F⊥
q = R

n

Then the (unique) dual basis w1, . . ., wn of R
n is normal for the family of

subspaces Fj with j = 1, . . ., q. ��
Definition 10.15. We define the Perron coefficient of the pair of Lyapunov
exponents λ and μ by

π(λ, μ) = max{λ′
i + μ′

i : 1 ≤ i ≤ n}.

The Perron coefficient is related with the regularity coefficient as follows.

Theorem 10.16. We have

0 ≤ π(λ, μ) ≤ γ(λ, μ) ≤ nπ(λ, μ).

Proof. Consider dual bases v1, . . . , vn and w1, . . . , wn of R
n. Without loss of

generality we may assume that λ(v1) ≤ · · ·λ(vn). Let now σ be a permutation
of {1, · · · , n} such that the numbers μ̄σ(i) = μ(wi) satisfy μ̄1 ≥ · · · ≥ μ̄n.

Lemma 10.17. We have λ(vi) ≥ λ′
i and μ̄i ≥ μ′

i for i = 1, . . . , n.

Proof of the lemma. We consider only the exponent λ, since the argument for
μ is entirely similar. Since λ1 is the minimal value of λ on R

n \ {0} we have
λ(vi) ≥ λ1 = λ′

i for 1 ≤ i ≤ n. Note that λ(vn1+1) > λ1 where ni = dimEi

for each i. Indeed, otherwise we would have v1, . . . , vn1+1 ∈ E1 and

n1 = dimE1 ≥ dim span{v1, . . . , vn+1} = n1 + 1.

Therefore, λ(vi) ≥ λ2 = λ′
i for i = n1 + 1, . . . , n2. Repeating the same argu-

ment finitely many times we find that λ(vi) ≥ λ′
i for i = 1, . . . , n. ��

We now proceed with the proof of the theorem. Fix an integer i such that
1 ≤ i ≤ n. If i ≥ σ(i), then μ̄σ(i) ≥ μ̄i and

max{λ(vi) + μ(wi) : 1 ≤ i ≤ n} ≥ λ(vi) + μ̄σ(i) ≥ λ(vi) + μ̄i.

If i < σ(i), then there exists k > i such that i ≥ σ(k). Otherwise, we would
have σ(i + 1), . . . , σ(n) ≥ i + 1, and hence σ(i) ≤ i. It follows that

max{λ(vi) + μ(wi) : 1 ≤ i ≤ n} ≥ λ(vk) + μ̄σ(k) ≥ λ(vi) + μ̄i.

Therefore, using Lemma 10.17 we obtain

max{λ(vi) + μ(wi) : 1 ≤ i ≤ n} ≥ max{λ(vi) + μ̄i : 1 ≤ i ≤ n}
≥ max{λ′

i + μ′
i : 1 ≤ i ≤ n} = π(λ, μ).

Hence, γ(λ, μ) ≥ π(λ, μ).
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On the other hand, by Proposition 10.14 we can consider dual normal bases
v1, . . ., vn and w1, . . ., wn of R

n, and hence for which the numbers λ(vi)
and μ(wi) are respectively the values of the Lyapunov exponents λ and μ
on R

n \ {0}, counted with multiplicities, although possibly not ordered. By
Proposition 10.4 we have λ(vi) + μ(wi) ≥ 0 for every i. Therefore,

0 ≤ λ(vi) + μ(wi) ≤
n∑

i=1

(λ(vi) + μ(wi)) =
n∑

i=1

(λ′
i + μ′

i) ≤ nπ(λ, μ). (10.50)

Hence, 0 ≤ γ(λ, μ) ≤ nπ(λ, μ). In particular, π(λ, μ) ≥ 0. This completes the
proof of the theorem. ��

Theorem 10.16 allows us to give several characterizations of regularity.

Theorem 10.18. The following properties are equivalent:

1. γ(λ, μ) = 0;
2. π(λ, μ) = 0;
3. given dual normal bases v1, . . . , vn and w1, . . . , wn of R

n we have

λ(vi) + μ(wi) = 0 for i = 1, . . . , n; (10.51)

4. λ′
i + μ′

i = 0 for i = 1, . . . , n.

Proof. The equivalence of the first two properties is immediate from The-
orem 10.16. Let v1, . . . , vn and w1, . . . , wn be dual normal bases. It follows
from (10.50) that property 2 implies property 3. Furthermore, it follows from
the definition of Perron coefficient and Theorem 10.16 that

λ′
i + μ′

i ≤ 0 for i = 1, . . . , n.

In view of (10.50) we find that if property 2 holds then
∑n

i=1(λ
′
i + μ′

i) = 0,
and thus

λ′
i + μ′

i = 0 for i = 1, . . . , n,

that is, property 4 holds. On the other hand, clearly property 4 implies prop-
erty 2. ��

We also present alternative characterizations of regularity expressed in
terms of the existence of exponential growth rates of volumes. These charac-
terizations have the advantage of being expressed solely using the equation
in (10.2) (without the need for the adjoint equation in (10.6)).

Given vectors v1, . . . , vm ∈ R
n we denote the m-volume defined by these

vectors by Γ (v1, . . . , vm). It is equal to |det K|1/2, where K is the m × m
matrix with entries kij = 〈vi, vj〉 for each i and j.

Theorem 10.19. The following properties are equivalent:

1. γ(λ, μ) = 0;
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2.

lim
t→+∞

1
t

∫ t

0

trA(τ) dτ =
p∑

i=1

(dim Ei − dimEi−1)λi; (10.52)

3. for any normal basis v1, . . . , vn of R
n and any m ≤ n there exists the limit

lim
t→+∞

1
t

log Γ (v1(t), . . . , vm(t)),

where each vi(t) is the solution of (10.2) with vi(0) = vi.

Proof. Assume first that γ(λ, μ) = 0. By Theorem 10.7, we have

lim sup
t→+∞

1
t

∫ t

0

tr A(τ) dτ = lim inf
t→+∞

1
t

∫ t

0

trA(τ) dτ,

and there exists the limit in (10.52). On the other hand, by Proposition 10.14
and Theorem 10.18 there exist dual normal bases v1, . . . , vn and w1, . . . , wn

of R
n such that (10.51) holds. By (10.20) and (10.21), and the existence of

the limit in (10.52),

−
n∑

i=1

μ(wi) ≤ lim
t→+∞

1
t

∫ t

0

tr A(τ) dτ ≤
n∑

i=1

λ(vi).

In view of (10.51) we find that
∑n

i=1 μ(wi) = −∑n
i=1 λ(vi) and

lim
t→+∞

1
t

∫ t

0

trA(τ) dτ =
n∑

i=1

λ(vi) =
n∑

i=1

λ′
i

=
p∑

i=1

(dim Ei − dimEi−1)λi.

Before continuing we proceed in a similar manner to that in the proof
of Theorem 10.11, now for an arbitrary basis v1, . . . , vn of R

n instead of
e1, . . . , en. Namely, we apply the Gram–Schmidt orthogonalization procedure
to the vectors v1(t), . . . , vn(t), where vi(t) is the solution of (10.2) with v0 = vi

(instead of v0 = ei). We thus obtain a unitary matrix U(t) such that the vec-
tors U(t)vi = ui(t) are those obtained from the orthogonalization procedure;
to see that U(t) is unitary note that

〈U(t)∗U(t)vi, vj〉 = 〈U(t)vi, U(t)vj〉 = 〈ui(t), uj(t)〉 = δij .

Set xi(t) = U(t)−1vi(t) for i = 1, . . . , n. Repeating arguments in the proof
of Theorem 10.11 (see (10.42)) we find that the n × n matrix X(t) with
X(t)v1 = x1(t), . . . , X(t)vn = xn(t) is upper triangular (with respect to the
basis v1, . . . , vn). Since U(t) is unitary, we obtain
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〈vi(t), vj(t)〉 = 〈U(t)xi(t), U(t)xj(t)〉 = 〈xi(t), xj(t)〉.

Therefore, since X(t) is upper triangular, for each m ≤ n we have

Γ (v1(t), . . . , vm(t)) = Γ (x1(t), . . . , xm(t)) =
m∏

i=1

|xii(t)|, (10.53)

where xii(t) = 〈xi(t), vi〉 for each i. We also consider the upper triangular
matrix B(t) defined by (10.37).

We now assume that property 2 holds. It is well known that

exp
∫ t

0

trA(τ) dτ =
Γ (v1(t), . . . , vn(t))

Γ (v1, . . . , vn)
.

Using the notation in (10.26), we clearly have λ(xi) ≥ λ(xii) for each i. Hence,
provided that the basis v1, . . . , vn is normal it follows from property 2 that

lim
t→+∞

1
t

log Γ (v1(t), . . . , vn(t)) =
n∑

i=1

λ(xi) ≥
n∑

i=1

λ(xii). (10.54)

On the other hand, by (10.53),

lim
t→+∞

1
t

log Γ (v1(t), . . . , vn(t)) = lim
t→+∞

1
t

n∑
i=1

log |xii(t)| ≤
n∑

i=1

λ(xii).

(10.55)
Comparing (10.54) and (10.55) we find that

lim
t→+∞

1
t

n∑
i=1

log |xii(t)| =
n∑

i=1

λ(xii). (10.56)

In view of the definition of λ(xii) (notice that it is a lim sup), using (10.56)
one can easily verify that λ(xii) is in fact a limit for i = 1, . . . , n, that is,

λ(xii) = lim
t→+∞

1
t

log |xii(t)|.

Indeed, if

ci = lim inf
t→+∞

1
t

log |xii(t)| < lim sup
t→+∞

1
t

log |xii(t)| = ci

for some i = j, then choosing a subsequence km such that

1
km

log |xjj(km)| → cj

as m → +∞ we obtain
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lim
t→+∞

1
t

n∑
i=1

log |xii(t)| = lim
m→+∞

1
km

n∑
i=1

log |xii(km)|

= cj + lim
m→+∞

1
km

∑
i	=j

log |xii(km)|

< cj +
∑
i	=j

ci =
n∑

i=1

ci.

It follows from (10.53) that, for each m ≤ n,

lim
t→+∞

1
t

log Γ (v1(t), . . . , vm(t)) =
m∑

i=1

lim
t→+∞

1
t

log |xii(t)|.

In particular, property 3 holds.
We now show that property 3 implies property 1. Note that for each m ≤ n,

exp
∫ t

0

m∑
i=1

bii(s) ds = Γ (x1(t), . . . , xm(t)) = Γ (v1(t), . . . , vm(t)),

where b11(s), . . . , bnn(s) are the entries in the diagonal of B(s). By property 3,
for m ≤ n there exist the limits

lim
t→+∞

1
t

log Γ (v1(t), . . . , vm(t)).

Therefore, there also exist the limits

lim
t→+∞

1
t

∫ t

0

bmm(s) ds = lim
t→+∞

1
t

log
Γ (v1(t), . . . , vm(t))

Γ (v1(t), . . . , vm−1(t))
.

It follows from Theorem 10.8 that γ(λ, μ) = 0. ��

10.5 Equations with negative Lyapunov exponents

The purpose of this section is to describe how the results in former chapters
can be applied to nonautonomous linear differential equations with nonzero
Lyapunov exponents (without loss of generality we only consider negative
exponents since the case of positive exponents is analogous). For simplicity
of the exposition we only address the existence of invariant manifolds. We
emphasize that we only consider finite-dimensional spaces in this section. The
approach is based on the fact that essentially all such equations admit a
nonuniform exponential dichotomy (see Theorem 10.6).

We emphasize that there are several difficulties presented by a correspond-
ing generalization to the infinite-dimensional setting. In the case of finite-
dimensional systems, we can apply the classical Lyapunov–Perron regularity
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theory to estimate in an effective manner the deviation of a nonuniform expo-
nential dichotomy from the classical notion of uniform exponential dichotomy.
On the other hand, the full extent generalization of the present approach to
infinite-dimensional systems requires an appropriate development of the regu-
larity theory in this setting. It is however not as developed and presents some
additional technical difficulties, essentially due to the fact that a Lyapunov
exponent may then take infinitely many values, not to mention that the am-
bient space may not have a countable basis. See Chapter 11 for the study of
Lyapunov regularity in Hilbert spaces.

10.5.1 Lipschitz stable manifolds

We now present the results on the existence of Lipschitz stable manifolds for
equations with negative Lyapunov exponents. The manifolds will be obtained
as Lipschitz graphs W ⊂ R

n+1 over an open subset of the space R
+
0 × E (see

(10.5) and (10.12)), where E = Ek is the linear space corresponding to the
negative Lyapunov exponents of (10.2).

Consider continuous functions A : R
+
0 → Mn(R) and f : R

+
0 × R

n → R
n,

satisfying the conditions A1–A2 in Section 4.2 with X = R
n, and thus with

B(X) = Mn(R). For simplicity, we also assume that there exists a subspace
F ⊂ R

n such that A(t) has the block form in (2.19) with respect to the direct
sum R

n = E ⊕ F (which is independent of time).
As in Section 10.2 we assume that there is at least one negative Lyapunov

exponent (see (10.12)). We consider the conditions

λk + γU + (γU + γV )/q < 0 and λk + γV < λk+1, (10.57)

with the same constants as in (10.12) and (10.13). Note that both inequalities
in (10.57) are automatically satisfied when the regularity coefficients γU and
γV are sufficiently small, and that the first inequality is satisfied for a given
γU < |λk| provided that q is sufficiently large.

In view of (10.57) we can choose ε > 0 such that

a + a < 0 and a + b < b, (10.58)

with the constants given by (10.14)–(10.15). Note that in view of the first
inequality in (10.58) we have indeed a < 0 as required in (2.6). We also
consider the constants α and β given by (4.8) and (4.12) with the values of a
and b in (10.14)–(10.15).

The following is an immediate consequence of Theorem 4.1 (we use the
same notation as in Section 4.2).

Theorem 10.20. Assume that A1–A2 hold. If the conditions in (10.57) hold,
then for each ε > 0 satisfying (10.58) with the constants in (10.14)–(10.15),
there exist δ > 0 and a unique function ϕ ∈ Xα such that the set W in (4.11)
has the properties in Theorem 4.1.
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We can also formulate a corresponding statement concerning the existence
of unstable manifolds. These are analogous to the former ones, and correspond
to consider the Lyapunov exponent λ− : R

n → R ∪ {−∞} defined by

λ−(v0) = lim sup
t→−∞

1
|t| log ‖v(t)‖ (10.59)

where v(t) is the solution of (10.2). It follows from Proposition 10.2 that the
function λ− takes at most p− ≤ n distinct values on R

n \ {0}, say

−∞ ≤ λ−
p− < · · · < λ−

k−+1 < 0 ≤ λ−
k− < · · · < λ−

1

for some 1 ≤ k− ≤ p−, assuming that there is at least one negative Lyapunov
exponent, with respect to the Lyapunov exponent λ− in (10.59). We can then
proceed in a similar manner to obtain the existence of Lipschitz unstable
manifolds as an application of Theorem 4.9.

10.5.2 Smooth stable manifolds

We present here the results on the existence of smooth stable manifolds for
equations with negative Lyapunov exponents. We now assume that the func-
tions A : R

+
0 → Mn(R) and f : R

+
0 × R

n → R
n are of class C1 and that they

satisfy the conditions B1–B2 in Section 5.1. We also consider the conditions

qλk + 4ϑ < min{λk − λp, (2 − q)ϑ} and λk + ϑ < λk+1, (10.60)

where ϑ = max{γU , γV }. In view of (10.60) we can choose ε > 0 such that

qa + 4max{a, b} < a − b and a + (1 + 2/q)max{a, b} < 0, (10.61)

where the constants in (10.61) take the values given by (10.14)–(10.15). We
also consider the constants α and γ given respectively by (4.8) and (5.3) again
with the values of a and b in (10.14)–(10.15).

The following is an immediate consequence of Theorem 5.1.

Theorem 10.21. Assume that B1–B2 hold. If the conditions in (10.60) hold,
then for each ε > 0 satisfying (10.61) and � > 0, there exist δ > 0 such that
for the unique function ϕ ∈ Xα given by Theorem 10.20, the set V ⊂ W in
(5.4) is a smooth manifold of class C1 containing the line (�,+∞)× {0} and
satisfying T(s,0)V = R × E for every s > �.

In a similar manner to that in Section 5.2 we can apply Theorem 10.21
(and the corresponding version for the case of unstable manifolds) to obtain
smooth stable and unstable manifolds of nonuniformly hyperbolic trajecto-
ries corresponding respectively to the negative and to the positive Lyapunov
exponents for the linear variational equation.
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10.6 Measure-preserving flows

We show here that from the point of view of ergodic theory almost all linear
equations in (10.2) obtained as linear variational equations from a measure-
preserving flow have a and b in (2.7) as small as desired. We emphasize that
no material in this section is required in any other place in the book.

Recall that a (measurable) flow Ψt : M → M preserves a measure ν on M
provided that ν(ΨtA) = ν(A) for every measurable set A ⊂ M and every
t ∈ R. We will show how the following result can be obtained from standard
results of ergodic theory.

Theorem 10.22. If F is a vector field on a smooth Riemannian manifold M
defining a flow Ψt which preserves a finite measure ν on M such that∫

M

sup
−1≤t≤1

log+‖dxΨt‖ dν(x) < ∞, (10.62)

then for ν-almost every x ∈ M the evolution operator defined by the linear
variational equation

v′ = Ax(t)v, with Ax(t) = dΨtxF (10.63)

admits a strong nonuniform exponential dichotomy in R with arbitrarily small
constants a and b.

Before giving the proof of Theorem 10.22, we need to recall some material
from the theory of nonuniformly hyperbolic dynamical systems. We refer the
reader to [1, 2, 3] for detailed expositions.

Consider a flow Ψt in a Riemannian manifold M , as in Theorem 10.22.
Given x ∈ M and v ∈ TxM , we define the forward Lyapunov exponent of
(x, v) by

λ+(x, v) = lim sup
t→+∞

1
t

log‖(dxΨt)v‖. (10.64)

For each x ∈ M , there exist a positive integer p+(x) ≤ n, a collection of values
λ+

1 (x) < λ+
2 (x) < · · · < λ+

p+(x)(x), and linear subspaces

{0} = E+
0 (x) ⊂ E+

1 (x) ⊂ · · · ⊂ E+
p+(x)(x) = TxM

such that:

1. E+
i (x) = {v ∈ TxM : λ+(x, v) ≤ λ+

i (x)};
2. if v ∈ E+

i (x) \ E+
i−1(x), then λ+(x, v) = λ+

i (x).

The collection of linear spaces E+
i (x) is called the forward filtration of TxM .

For each i, let
k+

i (x) = dimE+
i (x) − dimE+

i−1(x).
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One can easily verify that the functions x �→ p+(x), x �→ λ+
i (x), and

x �→ k+
i (x), for i = 1, . . ., p+(x), are invariant under the flow Ψt. This is

a consequence of the identity

λ+(Ψsx, (dxΨs)v) = λ+(x, v).

Definition 10.23. We say that x is a forward regular point for the flow Ψt

if

lim
t→+∞

1
t

log|det(dxΨt)| =
p+(x)∑
i=1

λ+
i (x)k+

i (x).

Similarly, given x ∈ M and v ∈ TxM , we define the backward Lyapunov
exponent of (x, v) by

λ−(x, v) = lim sup
t→−∞

1
|t| log‖(dxΨt)v‖.

For each x ∈ M , there exist a positive integer p−(x) ≤ n, a collection of values
λ−

1 (x) > · · · > λ−
p−(x)(x), and linear subspaces

TxM = E−
1 (x) ⊃ · · · ⊃ E−

p−(x)(x) ⊃ E−
p−(x)+1(x) = {0}

such that:

1. E−
i (x) = {v ∈ TxM : λ−(x, v) ≤ λ−

i (x)};
2. if v ∈ E−

i (x) \ E−
i+1(x), then λ−(x, v) = λ−

i (x).

The collection of linear spaces E+
i (x) is called the backward filtration of TxM .

For each i, let
k−

i (x) = dimE−
i (x) − dim E−

i+1(x).

Similarly, we have λ−(Ψsx, (dxΨs)v) = λ−(x, v), and one can easily verify that
the functions x �→ p−(x), x �→ λ−

i (x), and x → k−
i (x), for i = 1, . . ., p−(x),

are invariant under the flow Ψt.

Definition 10.24. We say that x is a backward regular point for the flow
Ψt if

lim
t→−∞

1
|t| log|det(dxΨt)| =

p−(x)∑
i=1

λ−
i (x)k−

i (x).

Definition 10.25. We say that the above forward and backward filtrations
comply at the point x ∈ M if the following conditions hold:

1. p(x) := p+(x) = p−(x);
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2. there exists a decomposition TxM =
⊕p(x)

i=1 Hi(x) into subspaces Hi(x)
such that for each i = 1, . . ., p(x),

(dxΨt)Hi(x) = Hi(Ψtx) for every t ∈ R,

E+
i (x) =

i⊕
j=1

Hj(x) and E−
i (x) =

p(x)⊕
j=i

Hj(x);

3. λi(x) := λ+
i (x) = −λ−

i (x) for each i = 1, . . ., p(x);
4. if v ∈ Hi(x) \ {0} and i = 1, . . ., p(x), then

lim
t→±∞

1
t

log sup
v∈Gi

‖(dxΨt)v‖ = lim
t→±∞

1
t

log inf
v∈Gi

‖(dxΨt)v‖ = λi(x),

where Gi = {v ∈ Hi(x) : ‖v‖ = 1}.
We can now introduce the concept of Lyapunov regularity.

Definition 10.26. We say that a point x ∈ M is Lyapunov regular or simply
regular for the flow Ψt if the following conditions hold:

1. x is forward and backward regular for the flow Ψt;
2. the forward and backward filtrations comply at x.

One can easily verify, as a consequence of the invariance of the functions
p±, λ±

i , and k±
i under the flow Ψt, that a point x ∈ M is regular if and only

if Ψtx is regular for every t ∈ R.
Although the notion of regularity requires a substantial structure, it turns

out that at least from the point of view of ergodic theory it is rather common
(see [1, 3]).

Theorem 10.27 (Multiplicative Ergodic Theorem for flows). Let Ψt be
a flow on M preserving the finite measure ν. If the condition (10.62) holds,
then the invariant set of regular points for Ψt has full ν-measure.

Given ε > 0 and a regular point x ∈ M for the flow Ψt, we introduce an
inner product on the tangent space TxM by

〈u, v〉′x =
∫

R

〈(dxΨt)u, (dxΨt)v〉Ψtxe−2λi(x)t−2ε|t| dt

if u, v ∈ Hi(x), where 〈·, ·〉y denotes the original inner product on TyM . We
also set 〈u, v〉′x = 0 if u ∈ Hi(x) and v ∈ Hj(x) with i �= j. This is called a
Lyapunov inner product , and the induced norm is called a Lyapunov norm.
We also say that a linear transformation Cε(x) : TxM → TxM is a Lyapunov
change of coordinates if it satisfies

〈u, v〉x = 〈Cε(x)u,Cε(x)v〉′x.

With the help of the Lyapunov inner product one can establish the follow-
ing statement, that is usually called Oseledets–Pesin Reduction Theorem for
flows.
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Theorem 10.28 (see [3]). Let Ψt be a flow on M preserving the finite mea-
sure ν. Given ε > 0, if x is a regular point for Ψt, then for any Lyapunov
change of coordinates the following properties hold:

1. the linear map Aε(x, t) = Cε(Ψtx)−1(dxΨt)Cε(x) has the block form

Aε(x, t) =

⎛⎜⎝A1
ε(x, t)

. . .
Ap(x)

ε (x, t)

⎞⎟⎠ , (10.65)

where Ai
ε(x, t) is a ki(x)×ki(x) matrix for i = 1, . . ., p(x), and the entries

of Aε(x, t) are zero elsewhere;
2. each block Ai

ε(x, t) satisfies

eλi(x)t−ε|t| ≤ ‖Ai
ε(x, t)−1‖−1 ≤ ‖Ai

ε(x, t)‖ ≤ eλi(x)t+ε|t|. (10.66)

We note that the version of Theorem 10.28 in [3] only considers the case
of discrete time, although the necessary changes to pass from discrete time to
continuous time are straightforward.

We can now establish the announced result with the help of Theorem 10.28.

Proof of Theorem 10.22. Since Ψt is the flow defined by the vector field F , for
each x ∈ M the general solution of the linear variational equation in (10.63)
is given by v(t) = (dxΨt)v0, with v0 ∈ TxM . In particular, for each x ∈ M
the values of the Lyapunov exponent λ associated with the equation in (10.3)
with A(t) = Ax(t), that is, the numbers in (10.4), coincide with the values of
the forward Lyapunov exponent λ+(x, ·) in (10.64).

Let x ∈ M be a Lyapunov regular point, and let

λ1(x) < · · · < λk(x)(x) < 0 ≤ λk(x)+1(x) < · · · < λp(x)(x)

be the values of the forward Lyapunov exponent at x (which coincide with
the symmetric of the values of the backward Lyapunov exponent at x). By
Theorem 10.27, the set of regular points has full ν-measure. For any such point
it follows from Theorem 10.28 that after any Lyapunov change of coordinates
the derivative dxΨt has the block form in (10.65). Note that the evolution
operator associated with (10.63) is given by

T (t, s) = dΨsxΨt−s = dxΨt(dxΨs)−1.

In the new coordinates, it follows readily from (10.66) that for any t, s ∈ R,

e−λi(x)s−ε|s|eλi(x)t−ε|t| ≤ ‖Ai
ε(x, s)Ai

ε(x, t)−1‖−1

≤ ‖Ai
ε(x, t)Ai

ε(x, s)−1‖ ≤ eλi(x)t+ε|t|e−λi(x)s+ε|s|,

which for t ≥ s ≥ 0 we rewrite in the form
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e(λi(x)+ε)(t−s)−2εt ≤ ‖Ai
ε(x, s)Ai

ε(x, t)−1‖−1

≤ ‖Ai
ε(x, t)Ai

ε(x, s)−1‖ ≤ e(λi(x)+ε)(t−s)+2εs.
(10.67)

We now put together the blocks corresponding to negative and nonnegative
values of the Lyapunov exponent, that is,⎛⎜⎝A1

ε(x, t)
. . .

Ak(x)
ε (x, t)

⎞⎟⎠ and

⎛⎜⎜⎝
Ak(x)+1

ε (x, t)
. . .

Ap(x)
ε (x, t)

⎞⎟⎟⎠ ,

that we denote respectively by Bε(x, t) and Cε(x, t). It follows readily from
(10.67) (and the fact that the functions ki(x) are independent of t) that for
each t ≥ s ≥ 0,

e(λ1(x)+ε)(t−s)−2εt ≤ ‖Bε(x, s)Bε(x, t)−1‖−1

≤ ‖Bε(x, t)Bε(x, s)−1‖ ≤ e(λk(x)(x)+ε)(t−s)+2εs,

e(λk(x)+1(x)+ε)(t−s)−2εt ≤ ‖Cε(x, s)Cε(x, t)−1‖−1

≤ ‖Cε(x, t)Cε(x, s)−1‖ ≤ e(λp(x)(x)+ε)(t−s)+2εs.

Thus, for each regular point x ∈ M , the evolution operator with components

U(t, s) = Bε(x, t)Bε(x, s)−1 and V (t, s) = Cε(x, t)Cε(x, s)−1

defines a strong nonuniform exponential dichotomy in R, with the constants
in (2.6) given by

a = λ1(x) + ε, a = λk(x)(x) + ε, a = 2ε,

b = λk(x)+1(x) + ε, b = λp(x)(x) + ε, b = 2ε.

The desired result follows now from the arbitrariness of ε. ��
By Theorem 10.22, from the point of view of ergodic theory, “most” linear

equations admit a strong nonuniform exponential dichotomy with arbitrarily
small a and b, up to an appropriate Lyapunov change of coordinates. We
emphasize that the study of invariant manifolds in Chapters 4–8 does not
require these numbers to be zero (or even to be arbitrarily small), but only
to be sufficiently small when compared to the Lyapunov exponents.
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Lyapunov regularity in Hilbert spaces

The regularity theory presented in Chapter 10 is closely related to the ex-
istence of nonuniform exponential dichotomies (see Section 10.2). Unfortu-
nately, it can only be applied to dynamical systems in finite-dimensional
spaces. Hence, it is important to develop counterparts of the theory in infinite-
dimensional spaces. The main goal of this chapter is precisely to introduce a
version of Lyapunov regularity in Hilbert spaces, imitating as much as pos-
sible the classical theory introduced by Lyapunov in R

n. We also describe
the geometric consequences of regularity, that are related to the existence of
exponential growth rates of norms, angles, and volumes determined by the
solutions. We shall see in Chapter 12 that this generalization can be used
to establish the persistence of the asymptotic stability of solutions of non-
linear equations under sufficiently small perturbations of Lyapunov regular
equations, again in the infinite-dimensional setting of Hilbert spaces. The ex-
position is based in [7].

11.1 The notion of regularity

We introduce in this section the concept of Lyapunov regularity in a separable
Hilbert space by closely imitating the corresponding classical notion in R

n (see
Section 10.1).

Let H be a separable real Hilbert space (we can also consider complex
Hilbert spaces with minor changes). We denote by B(H) the space of bounded
linear operators on H. Let A : R

+
0 → B(H). We continue to assume that (10.1)

holds, and we consider the initial value problem

v′ = A(t)v, v(0) = v0, (11.1)

with v0 ∈ H. Under these assumptions, one can easily show that (11.1) has
a unique solution v(t) and that this solution is global for positive time. We
define the Lyapunov exponent λ : H → R ∪ {−∞} for (11.1) by
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λ(v0) = lim sup
t→+∞

1
t

log‖v(t)‖ (11.2)

(with the convention that log 0 = −∞). We also fix an increasing sequence of
subspaces H1 ⊂ H2 ⊂ · · · of dimension dimHn = n for each n ∈ N, such that
the closure of their union is equal to H. By Proposition 10.2 (since Hn is a
finite-dimensional vector space), for each n ∈ N the function λ restricted to
Hn \ {0} can take at most n values, say

−∞ ≤ λ1,n < · · · < λpn,n for some integer pn ≤ n. (11.3)

Furthermore, for each i = 1, . . ., pn the set

Ei,n = {v ∈ Hn : λ(v) ≤ λi,n} (11.4)

is a linear subspace of Hn. We can also consider the values

λ′
1,n ≤ · · · ≤ λ′

n,n (11.5)

of the Lyapunov exponent λ on Hn \ {0} counted with multiplicities, ob-
tained by repeating each value λi,n a number of times equal to the difference
dimEi,n − dim Ei−1,n (with E0,n = {0}).

We consider the initial value problem for the adjoint equation

w′ = −A(t)∗w, w(0) = w0, (11.6)

with w0 ∈ H, where A(t)∗ denotes the transpose of the operator A(t). We
define the Lyapunov exponent μ : H → R ∪ {−∞} for (11.6) by

μ(w0) = lim sup
t→+∞

1
t

log‖w(t)‖. (11.7)

Again by Proposition 10.2, for each n ∈ N the function μ restricted to Hn\{0}
can take at most n values, say

−∞ ≤ μqn,n < · · · < μ1,n for some integer qn ≤ n. (11.8)

Furthermore, for each i = 1, . . ., qn the set

Fi,n = {w ∈ Hn : μ(w) ≤ μi,n} (11.9)

is a linear subspace of Hn. Similarly, we consider the values

μ′
1,n ≥ · · · ≥ μ′

n,n (11.10)

of the Lyapunov exponent μ on Hn \ {0} counted with multiplicities, ob-
tained by repeating each value μi,n a number of times equal to the difference
dimFi,n − dimFi+1,n (with Fn+1,n = {0}).
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We always assume in this chapter that the Lyapunov exponents λ and μ
take exactly the countable number of values in

{λ′
i,n : n ∈ N, i = 1, . . . , n} and {μ′

i,n : n ∈ N, i = 1, . . . , n}, (11.11)

and no other value. We denote respectively by λ′
i and μ′

i, for i ∈ N, the values
of λ and μ on H \ {0} counted with multiplicities.

We recall that two bases v1, . . ., vn and w1, . . ., wn of Hn are said to be
dual if 〈vi, wj〉 = δij for every i and j, where δij is the Kronecker symbol.
Imitating the abstract theory of Lyapunov exponents in finite-dimensional
spaces, we introduce the regularity coefficient.

Definition 11.1. We define the regularity coefficient of λ and μ by

γ(λ, μ) = sup{γn(λ, μ) : n ∈ N},

where
γn(λ, μ) = min max{λ(vi) + μ(wi) : 1 ≤ i ≤ n}, (11.12)

with the minimum taken over all dual bases v1, . . ., vn and w1, . . ., wn of the
space Hn.

It follows from Proposition 10.4, applied to the Lyapunov exponents λ
and μ restricted to the finite-dimensional vector space Hn, that γn(λ, μ) ≥ 0
for each n ∈ N, and thus γ(λ, μ) ≥ 0.

Definition 11.2. We say that the equation in (11.1) is (Lyapunov) regular
if γ(λ, μ) = 0.

Note that γ(λ, μ) = 0 if and only if γn(λ, μ) = 0 for every n ∈ N.
We refer to Sections 11.3, 11.4, and 11.5 for several alternative character-

izations of Lyapunov regularity. We note that in the finite-dimensional case
the notion in Definition 11.2 coincides with the classical notion introduced by
Lyapunov. When there exists δ > 0 such that

−∞ ≤ λ′
1 ≤ λ′

2 ≤ · · · < −δ and μ′
1 ≥ μ′

2 ≥ · · · > δ, (11.13)

the Lyapunov regularity of the equation in (11.1) can be shown to imply that
(see Theorem 11.7)

λ′
i + μ′

i = 0 for every i ∈ N. (11.14)

In view of Theorem 10.18, property (11.14) can be seen as a justification of
the notion of regularity in Hilbert spaces given in Definition 11.2 (see also the
discussion in Section 11.4).

We would like to clarify why we work with Hilbert spaces instead of Banach
spaces. One should be able to proceed with a formal generalization and effect
an analogous approach in the case of Banach spaces, namely for operators
A(t) in Banach spaces with a Schauder basis. This is the case for example of
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the spaces Lp[0, 1]. We note that a Banach space with a Schauder basis must
be separable, although not all separable Banach spaces have a Schauder basis,
as shown by Enflo in [35]. The present approach in the case of Hilbert spaces
starts by considering finite-dimensional subspaces. To effect a generalization
for Banach spaces, one can try to study the adjoint equation in the dual
space, and consider corresponding finite-dimensional objects for the Banach
space and its dual (starting with the subspaces and the associated differential
equations), instead of only finite-dimensional objects for the original space.
Due to this additional technical complication, the writing would hide the main
principles of the approach presented here, while this does not happen in the
case of Hilbert spaces (see in particular the proof of Theorem 11.3). Another
difficulty is that several norm estimates in the proofs strongly use the fact that
we are in a Hilbert space. In the case of Banach spaces it may not possible
to establish such strong estimates. Finally, one of the crucial aspects of the
classical concept of regularity is the subexponential asymptotic behavior of
the angles between solutions (see Section 11.5). In the case of Banach spaces
we should be able to consider norms of projections instead of angles (this
should be compared with the discussion in Section 2.2).

11.2 Upper triangular reduction

We first perform a reduction of an arbitrary function A(t) to an upper tri-
angular function, in the following sense. We fix an orthonormal basis of H
by vectors u1, u2, . . . (recall that H is a separable Hilbert space), such that
Hn = span{u1, . . . , un} for each n, that is, the first n elements of the basis
generate Hn. We show that it is always possible to reduce the case of a gen-
eral function A(t) to that when A(t) is upper triangular for each t ≥ 0, with
respect to the fixed basis u1, u2, . . . of H. This means that

〈A(t)ui, uj〉 = 0 for each t ≥ 0 whenever i < j.

Note that the basis is independent of t. The upper triangular reduction is
important in the sequel, since it allows us to reduce the study of an infinite-
dimensional system to an (infinite) collection of finite-dimensional systems.

Theorem 11.3. For a continuous function A : R
+
0 → B(H), there exist con-

tinuous functions B : R
+
0 → B(H) and U : R

+
0 → B(H) such that:

1. B(t) is upper triangular (that is, 〈B(t)ui, uj〉 = 0 whenever i < j) and
‖B(t)|Hn‖ ≤ 2n‖A(t)‖ for each t ≥ 0 and n ∈ N;

2. U is Fréchet differentiable, U(0) = Id, and for each t ≥ 0, U(t) is unitary
and (10.37) holds;

3. the initial value problem (11.1) is equivalent to

x′ = B(t)x, x(0) = v0, (11.15)

and the solutions v(t) of (11.1) and x(t) of (11.15) satisfy v(t) = U(t)x(t).
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Furthermore, if the function A satisfies (10.1), then

lim sup
t→+∞

1
t

log+‖B(t)|Hn‖ = 0 for each n ∈ N. (11.16)

Proof. We follow closely arguments in the proof of Theorem 10.11, although
now in the infinite-dimensional setting. Namely, we construct the operator
U(t) by applying the Gram–Schmidt orthogonalization procedure to the vec-
tors v1(t), v2(t), . . ., where vi(t) is the solution of (11.1) with v0 = ui for each
i ≥ 1 (where u1, u2, . . . is the fixed orthonormal basis of H). In this manner,
we obtain functions u1(t), u2(t), . . . such that:

1. 〈ui(t), uj(t)〉 = δij for each i and j;
2. each function uk(t) is a linear combination of v1(t), . . ., vk(t).

Given t ≥ 0 we define the linear operator U(t) : H → H such that U(t)ui =
ui(t) for each i. Clearly, the operator U(t) is unitary for each t, and t �→ U(t)
is Fréchet differentiable with

U ′(t)ui = u′
i(t) for each i.

Proceeding as in the proof of Theorem 10.11 we find that x(t) = U(t)−1v(t)
is the solution of the initial value problem (11.15) with B(t) given by (10.37),
and that B(t) is upper triangular. Clearly, B is a continuous function.

Write for each i, j ∈ N and t ≥ 0,

bij(t) = 〈B(t)ui, uj〉 and ãij(t) = 〈A(t)ui(t), uj(t)〉.
Since U(t) is unitary, the vectors u1(t) = U(t)u1, u2(t) = U(t)u2, . . . form an
orthonormal basis of H, and thus

‖A(t)‖ ≥ ‖A(t)ui(t)‖ =

∥∥∥∥∥
∞∑

j=1

〈Aui(t), uj(t)〉uj(t)

∥∥∥∥∥
=

( ∞∑
j=1

ãji(t)2
)1/2

≥ |ãij(t)|

for every i and j. It follows from (10.44) that |bij(t)| ≤ 2‖A(t)‖ for every i
and j. Given v =

∑n
i=1 αiui ∈ Hn with ‖v‖ = (

∑n
i=1 α2

i )
1/2 = 1, we obtain

‖B(t)v‖2 =
∥∥∥ n∑

i=1

n∑
j=1

αi〈B(t)ui, uj〉uj

∥∥∥2

=
n∑

j=1

(
n∑

i=j

αibij(t)

)2

≤
n∑

j=1

(
n∑

i=j

α2
i

n∑
i=j

bij(t)2
)

≤
n∑

j=1

n∑
i=j

bij(t)2 ≤ 4n2‖A(t)‖2.

(11.17)
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Therefore, ‖B(t)|Hn‖≤ 2n‖A(t)‖, and the property (11.16) follows immedi-
ately from (10.1). For the last statement in the theorem it remains to observe
that U(t) is invertible for each t, and that v(0) = x(0) = v0 since U(0) = Id.
This establishes the theorem. ��

The advantage of considering upper triangular systems is that we can
consider finite-dimensional systems in Hn = span{u1, . . . , un} given by

y′
n = Bn(t)yn, with Bn(t) = B(t)|Hn and yn(0) = v0|Hn, (11.18)

since for each n the space Hn is invariant under solutions of (11.15). We
can obtain the solution of (11.15) in the form y(t) = limn→∞ yn(t). The
property (11.16) ensures that for each n ∈ N the initial value problem in
(11.18) has a unique and global solution. In this manner the initial value
problem (11.1) becomes essentially a finite-dimensional problem.

11.3 Regularity coefficient and Perron coefficient

We use the same notation as in Section 11.1. In particular, we consider the
values

λ′
1,n ≤ · · · ≤ λ′

n,n and μ′
1,n ≥ · · · ≥ μ′

n,n (11.19)

respectively of the Lyapunov exponents λ and μ on Hn \ {0} counted with
multiplicities (see (11.5) and (11.10)). We imitate once more the abstract
theory of Lyapunov exponents in finite-dimensional spaces.

Definition 11.4. We define the Perron coefficient of λ and μ by

π(λ, μ) = sup{λ′
i + μ′

i : i ∈ N}.
We also consider for each n ∈ N the number

πn(λ, μ) = max{λ′
i,n + μ′

i,n : i = 1, . . . , n}.
In the abstract theory of Lyapunov exponents in finite-dimensional spaces
the numbers γn(λ, μ) (see (11.12)) and πn(λ, μ) are called respectively the
regularity coefficient and the Perron coefficient of λ and μ (see Definitions 10.3
and 10.15).

The following theorem establishes some relations between the regularity
coefficients and the Perron coefficients.

Theorem 11.5. For each n ∈ N,

0 ≤ πn(λ, μ) ≤ γn(λ, μ) ≤ nπn(λ, μ). (11.20)

In addition, if there exists δ > 0 such that (11.13) holds, then

0 ≤ π(λ, μ) = lim
n→∞πn(λ, μ) ≤ lim

n→∞ γn(λ, μ) ≤ γ(λ, μ). (11.21)
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Proof. The first statement follows from Theorem 10.16 applied to the Lya-
punov exponents λ and μ restricted to the finite-dimensional space Hn.

To show that the sequence (πn)n with πn = πn(λ, μ) is convergent, note
that by the monotonicity in (11.13), given ε > 0 one can choose k ∈ N such
that

λ′
i ∈ (a − ε, a) and μ′

i ∈ (b, b + ε) for every i ≥ k, (11.22)

where a = supi λ′
i and b = infi μ′

i. In particular,

a + b − ε < λ′
k + μ′

k < a + b + ε. (11.23)

Furthermore, the numbers λ′
i and μ′

i are obtained respectively from collecting
the numbers λ′

j,n and μ′
j,n. More precisely, for each i ∈ N there exist integers

n, p, q ∈ N, with p ≤ n and q ≤ n, such that

λ′
i = λ′

p,n and μ′
i = μ′

q,n.

We have i ≥ p and i ≥ q, and these inequalities may be strict. However, since
the sequence Hn is increasing, for a given integer k, if n is sufficiently large,
then all numbers in

λ′
1 ≤ · · · ≤ λ′

k and μ′
1 ≥ · · · ≥ μ′

k

must occur respectively in the two finite sequences in (11.19) (otherwise they
would not occur as values of the Lyapunov exponents λ and μ). But due to
the monotonicity of the sequences (see (11.13) and (11.19)), we conclude that

λ′
i,n = λ′

i and μ′
i,n = μ′

i

for every i ≤ k (and every sufficiently large n). Therefore, in view of (11.22),

max{ck, a + b − ε} ≤ πn ≤ max{ck, a + b + ε},

where ck = max{λ′
i + μ′

i : 1 ≤ i ≤ k}. By (11.23), we conclude that

ck − 2ε ≤ max{ck, λ′
k + μ′

k − 2ε} ≤ πn ≤ max{ck, λ′
k + μ′

k + 2ε} ≤ ck + 2ε.

Letting k → ∞ we obtain n → ∞, and the arbitrariness of ε in the above
inequalities implies that the sequence (πn)n is convergent, with limit π(λ, μ).
We now show that the sequence (γn)n with γn = γn(λ, μ) is convergent. For
each n, m ∈ N we have

γn+m = min max{λ(vi) + μ(wi) : 1 ≤ i ≤ n + m}
≤ min max{λ(v′

i) + μ(w′
i) : 1 ≤ i ≤ n + m}, (11.24)

where the first minimum is taken over all dual bases v1, . . ., vn+m and w1,
. . ., wn+m of the space Hn+m, and the second minimum is taken over all dual
bases v′

1, . . ., v′
n+m and w′

1, . . ., w′
n+m of the space Hn+m such that
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〈v′
1, . . . , v

′
n〉 = 〈w′

1, . . . , w
′
n〉 = Hn,

that is, the first n elements of each basis generate Hn. In a similar manner to
that for the sequence (πn)n, it follows from the monotonicity in (11.13) that
given ε > 0, if n is sufficiently large, then for each m ∈ N,

λ(vn+i) ∈ (a − ε, a) and μ(wn+i) ∈ (b, b + ε) for every i ≤ m.

It follows from (11.24) that γn+m ≤ max{γn, a + b + ε}. Finally, note that for
each n sufficiently large there exists 1 ≤ i ≤ n such that λ(vi) ∈ (a− ε, a) and
μ(wi) ∈ (b, b + ε). Therefore, for this i we have λ(vi) + μ(wi) > a + b− ε, and
hence,

γn+m ≤ max{γn, a + b + ε} ≤ max{γn, λ(vi) + μ(wi) + 2ε} ≤ γn + 2ε.

Letting m → ∞ and then n → ∞, we conclude from the arbitrariness of ε
that lim supn→∞ γn ≤ lim infn→∞ γn. The inequalities in (11.21) follow now
immediately from (11.20) taking limits when n → ∞. ��

11.4 Characterizations of regularity

Using Theorem 11.5 we can provide several characterizations of regularity (see
Theorem 11.7). Further characterizations are given in Section 11.4.

We recall that a basis v1, . . ., vn of the space Hn is normal for the filtration
by subspaces

E1 ⊂ E2 ⊂ · · · ⊂ Ep = Hn

if for each i = 1, . . ., p there exists a basis of Ei composed of vectors in
{v1, . . . , vn}. When v1, . . ., vn is a normal basis for the filtration of subspaces
Ei,n with i = 1, . . ., pn (see (11.4)) we also say that it is normal for the
Lyapunov exponent λ (or simply normal when it is clear from the context to
which exponent we are referring to).

We shall refer to dual bases v1, . . ., vn and w1, . . ., wn of Hn which are
normal respectively for the Lyapunov exponents λ and μ, that is, respectively
for the filtration by subspaces

E1,n ⊂ · · · ⊂ Epn,n = Hn and Fqn,n ⊂ · · · ⊂ F1,n = Hn

in (11.4) and (11.9) as dual normal bases. The following is an immediate
consequence of Proposition 10.14.

Proposition 11.6. There exist dual normal bases v1, . . ., vn and w1, . . ., wn

of the space Hn.

We provide several characterizations of Lyapunov regularity in terms of the
regularity and Perron coefficients, and in terms of the values of the Lyapunov
exponents λ and μ.
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Theorem 11.7. The following properties are equivalent:

1. the equation in (11.1) is Lyapunov regular, that is, γ(λ, μ) = 0;
2. γn(λ, μ) = 0 for every n ∈ N;
3. πn(λ, μ) = 0 for every n ∈ N;
4. for every n ∈ N, given dual normal bases v1, . . ., vn and w1, . . ., wn of

the space Hn,
λ(vi) + μ(wi) = 0 for i = 1, . . ., n; (11.25)

5. for every n ∈ N,

λ′
i,n + μ′

i,n = 0 for i = 1, . . ., n. (11.26)

In addition, if (11.13) holds for some δ > 0, and the equation in (11.1) is
Lyapunov regular, then π(λ, μ) = 0 and the property (11.14) holds.

Proof. By (11.20), we have γn(λ, μ) ≥ 0 for every n ∈ N, and the equivalence
of the first two properties is immediate from the definition of the regularity
coefficient. The fact that these are equivalent to the third property follows
readily from the inequalities in (11.20).

We proceed in a similar manner to that in the proof of Theorem 10.16. By
Proposition 11.6 we can consider dual normal bases v1, . . ., vn and w1, . . .,
wn of Hn, and hence the numbers λ(vi) and μ(wi) are respectively the values
of the Lyapunov exponents λ and μ on Hn \ {0}, counted with multiplicities,
although possibly not ordered. By Proposition 10.4 we have λ(vi)+μ(wi) ≥ 0
for every i. Therefore,

0 ≤ λ(vi) + μ(wi) ≤
n∑

i=1

(λ(vi) + μ(wi))

=
n∑

i=1

(λ′
i,n + μ′

i,n) ≤ nπn(λ, μ).

(11.27)

If the equation in (11.1) is regular, we have πn(λ, μ) = 0 for every n ∈ N, and
thus (11.25) holds. Moreover, by the definition of πn(λ, μ) we have λ′

i,n+μ′
i,n ≤

0 for every i, and in view of (11.27) we conclude that (11.26) follows from
property 4. We now show that property 5 yields regularity. Indeed, it follows
from (11.26) that πn(λ, μ) = 0 for every n ∈ N, and thus the equation in
(11.1) is regular.

For the last statement, observe that using (11.21) we conclude that a regular
equation has Perron coefficient π(λ, μ) = 0. Furthermore, in a similar manner
to that in the proof of Theorem 11.5, it follows from the monotonicity in
(11.13) that given k ∈ N, if n is sufficiently large then

λ′
i,n = λ′

i and μ′
i,n = μ′

i

for i ≤ k. It follows from (11.26) that λ′
i + μ′

i = 0 for every i ≤ k. The desired
result follows now from the arbitrariness of k. ��
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We also present alternative characterizations of regularity, expressed in
terms of the existence of exponential growth rates of finite-dimensional vol-
umes. Given vectors v1, . . ., vm ∈ H we denote by Γ (v1, . . . , vm) the m-volume
defined by these vectors (see Section 10.4 for the definition).

With a slight abuse of notation, given v ∈ H we denote by v(t) the solution
of (11.1) with v(0) = v. For a given continuous function A(t) we consider also
the new function B(t) given by Theorem 11.3 which is upper triangular for
each t ≥ 0.

Theorem 11.8. The following properties are equivalent:

1. the equation in (11.1) is Lyapunov regular, that is, γ(λ, μ) = 0;
2. for each n ∈ N, and each normal basis v1, . . ., vn of Hn,

lim
t→+∞

1
t

log Γ (v1(t), . . . , vn(t)) =
pn∑
i=1

λi,n =
n∑

j=1

λ′
j,n;

3. given n, m ∈ N with m ≤ n, and a normal basis v1, . . ., vn of Hn the
limit

lim
t→+∞

1
t

log Γ (v1(t), . . . , vm(t))

exists;
4. for each n ∈ N,

lim
t→+∞

1
t

∫ t

0

tr(B(s)|Hn) ds =
pn∑
i=1

λi,n =
n∑

j=1

λ′
j,n.

Proof. We first proceed as in the proof of Theorem 10.12. We recall that by
Theorem 11.3 the initial value problem (11.1) is equivalent to

x′ = B(t)x, x(0) = v0, (11.28)

with the solutions v(t) of (11.1) and x(t) of (11.28) related by v(t) = U(t)x(t)
with U(t) unitary for each t ≥ 0. Similarly, the initial value problem (11.6) is
equivalent to

y′ = −B(t)∗y, y(0) = w0, (11.29)

with the solutions w(t) of (11.6) and y(t) of (11.29) related by w(t) = U(t)y(t)
using the same operator U(t) (see (10.46) in the proof of Theorem 10.12).
Since the operator U(t) is unitary for each t, the Lyapunov exponents for
the equations in (11.28) and (11.29) coincide, respectively, with the Lyapunov
exponents λ and μ for the equations in (11.1) and (11.6). We continue to
denote respectively by λ and μ the Lyapunov exponents of (11.28) and (11.29).
Furthermore, the regularity coefficient of the new pair of equations ((11.28)
and (11.29)) is the same at that for the equations (11.1) and (11.6).
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In view of the above discussion, the equation in (11.28) is Lyapunov regular
if and only if the same happens with (11.1). By Theorem 11.7, these equations
are Lyapunov regular if and only if γn(λ, μ) = 0 for every n ∈ N.

Since B(t) is upper triangular with respect to the basis u1, u2, . . . of H,
and for each n the space Hn is spanned by u1, . . ., un, we have B(t)Hn ⊂ Hn

for each t ≥ 0 and each n ∈ N. Therefore, we can consider the equation

x′ = (B(t)|Hn)x

in the finite-dimensional vector space Hn. By Theorem 10.19 the following
properties are equivalent:

1. γn(λ, μ) = 0;
2.

lim
t→+∞

1
t

∫ t

0

tr(B(s)|Hn) ds =
pn∑
i=1

λi,n;

3. given m ≤ n, and a normal basis v1, . . ., vn of Hn the limit

lim
t→+∞

1
t

log Γ (x1(t), . . . , xm(t))

exists, where each xi(t) is the solution of (11.28) with xi(0) = vi.
Note that since U(t) is unitary for each t, we have

〈vi(t), vj(t)〉 = 〈U(t)xi(t), U(t)xj(t)〉 = 〈xi(t), xj(t)〉.

Therefore,
Γ (v1(t), . . . , vm(t)) = Γ (x1(t), . . . , xm(t)). (11.30)

Furthermore, it is well known in the finite-dimensional setting that

Γ (v1(t), . . . , vn(t))
Γ (v1, . . . , vn)

= exp
∫ t

0

tr(B(s)|Hn) ds. (11.31)

The desired statement can now be easily obtained by putting together the
above results. ��

11.5 Lower and upper bounds for the coefficients

We obtain here sharp lower and upper bounds for the Perron coefficient and
the regularity coefficient, in terms of the upper triangular operator B(t).

We first obtain bounds for the exponential growth rate of volumes.

Theorem 11.9. For each given n ∈ N, let v1, . . ., vn be a normal basis of Hn

such that v1, . . ., vn−1 is a normal basis of Hn−1. Then we have the following
properties:
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1.

lim sup
t→+∞

1
t

log Γn(t) = lim sup
t→+∞

1
t

∫ t

0

tr(B(s)|Hn) ds ≤ an,

lim inf
t→+∞

1
t

log Γn(t) = lim inf
t→+∞

1
t

∫ t

0

tr(B(s)|Hn) ds

≥ an − nπn(λ, μ)
≥ an − nγn(λ, μ),

(11.32)

where

Γn(t) = Γ (v1(t), . . . , vn(t)) and an =
pn∑
i=1

λi,n =
n∑

j=1

λ′
j,n;

2.

lim sup
t→+∞

1
t

log ρn(t) = lim sup
t→+∞

1
t

∫ t

0

bnn(s) ds

≤ λ(vn) + (n − 1)πn−1(λ, μ)
≤ λ(vn) + (n − 1)γn−1(λ, μ),

lim inf
t→+∞

1
t

log ρn(t) = lim inf
t→+∞

1
t

∫ t

0

bnn(s) ds

≥ λ(vn) − nπn(λ, μ) ≥ λ(vn) − nγn(λ, μ),

(11.33)

where bnn(t) = 〈B(t)un, un〉, and ρn(t) is the distance from vn(t) to the
space U(t)Hn−1.

Proof. The equalities in (11.32) follow readily from (11.31). For the first in-
equality, note that Γn(t) ≤∏n

j=1‖vj(t)‖. Since v1, . . ., vn is a normal basis of
Hn we obtain

lim sup
t→+∞

1
t

log Γn(t) ≤
n∑

j=1

λ(vj) = an.

For the remaining inequalities in (11.32), note first that given a basis w1, . . .,
wn of Hn we have an analogous identity to (11.31), namely

Γ (w1(t), . . . , wn(t))
Γ (w1, . . . , wn)

= exp
∫ t

0

tr(−(B(s)|Hn)∗) ds, (11.34)

where w1(t), . . ., wn(t) are the solutions of (11.6) with wi(0) = wi for each
i = 1, . . ., n. By (11.31) and (11.34),
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lim inf
t→+∞

1
t

log Γn(t) = lim inf
t→+∞

1
t

∫ t

0

tr(B(s)|Hn) ds

= − lim sup
t→+∞

1
t

∫ t

0

tr(−(B(s)|Hn)∗) ds

= − lim sup
t→+∞

1
t

log Γ (w1(t), . . . , wn(t)) ≥ −
n∑

j=1

μ(wj).

We now assume that w1, . . ., wn is a normal basis (with respect to μ). Then,
using (11.20),

lim inf
t→+∞

1
t

log Γn(t) ≥ an −
n∑

j=1

(λ(vj) + μ(wj)) = an −
n∑

j=1

(λ′
j,n + μ′

j,n)

≥ an − nπn(λ, μ) ≥ an − nγn(λ, μ).

This completes the proof of the first statement.
For the second statement, we observe that in view of (11.30), since B(t) is

upper triangular,

ρn(t) =
Γn(t)/Γn(0)

Γn−1(t)/Γn−1(0)
, (11.35)

and ∫ t

0

bnn(s) ds =
∫ t

0

tr(B(s)|Hn) ds −
∫ t

0

tr(B(s)|Hn−1) ds

= log
Γn(t)/Γn(0)

Γn−1(t)/Γn−1(0)
.

(11.36)

Thus,

ρn(t) = exp
∫ t

0

bnn(s) ds,

and we obtain the equalities in (11.33). It follows from (11.35) and (11.32)
that

lim sup
t→+∞

1
t

log ρn(t) ≤ lim sup
t→+∞

1
t

log Γn(t) − lim inf
t→+∞

1
t

log Γn−1(t)

≤
n∑

j=1

λ(vj) −
n−1∑
j=1

λ(vj) + (n − 1)πn−1(λ, μ)

= λ(vn) + (n − 1)πn−1(λ, μ)
≤ λ(vn) + (n − 1)γn−1(λ, μ),

using (11.20) in the last inequality. Similarly, we obtain
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lim inf
t→+∞

1
t

log ρn(t) ≥ lim inf
t→+∞

1
t

log Γn(t) − lim sup
t→+∞

1
t

log Γn−1(t)

≥
n∑

j=1

λ(vj) − nπn(λ, μ) −
n−1∑
j=1

λ(vj)

= λ(vn) − nπn(λ, μ) ≥ λ(vn) − nγn(λ, μ).

This completes the proof. ��
We note that there always exists bases v1, . . ., vn as in the statement of

Theorem 11.9: given a normal basis v1, . . ., vn−1 of Hn−1, it is sufficient to
select any vector

vn ∈ (Ek,n \ Ek−1,n) ∩ (Hn \ Hn−1),

where k ≤ pn is the smallest integer such that Ek,n ∩ (Hn \ Hn−1) �= ∅.
We now obtain the bounds for the Perron coefficient and the regularity

coefficient. Set

β
i
= lim inf

t→+∞
1
t

∫ t

0

〈B(s)ui, ui〉 ds and βi = lim sup
t→+∞

1
t

∫ t

0

〈B(s)ui, ui〉 ds.

Theorem 11.10. If B(t) is the upper triangular operator obtained from A(t)
as in Theorem 11.3, then

sup
n≥1

1
n2

n∑
i=1

(βi − β
i
) ≤ γ(λ, μ) ≤

∞∑
i=1

(βi − β
i
). (11.37)

In addition, if (11.13) holds for some δ > 0, then

lim sup
n→∞

1
2n

n∑
i=1

βi − β
i

i2
≤ π(λ, μ) ≤

∞∑
i=1

(βi − β
i
). (11.38)

Proof. It follows from Theorem 10.8 that

γn(λ, μ) ≤
n∑

i=1

(βi − β
i
).

This readily gives the second inequality in (11.37). Thus, by Theorem 11.5,
we also obtain the second inequality in (11.38) provided that (11.13) holds.
By Theorem 11.9 (see (11.33)), for each i ∈ N,

βi − β
i
≤ (i − 1)γi−1(λ, μ) + iγi(λ, μ)

≤ (2i − 1)max{γi(λ, μ) : i = 1, . . . , n}. (11.39)

Summing over i we obtain
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n∑
i=1

(βi − β
i
) ≤ n2 max{γi(λ, μ) : i = 1, . . . , n}.

This establishes the first inequality in (11.37). For the first inequality in
(11.38), note that by (11.39) and (11.20),

βi − β
i
≤ (i − 1)2πi−1(λ, μ) + i2πi(λ, μ)

≤ i2[πi−1(λ, μ) + πi(λ, μ)].

Again by Theorem 11.5, we have π(λ, μ) = limn→∞ πn(λ, μ) when (11.13)
holds, and thus,

π(λ, μ) = lim
n→∞

1
n

n∑
i=1

πi(λ, μ).

Therefore,

lim sup
n→∞

1
2n

n∑
i=1

βi − β
i

i2
≤ lim

n→∞
1
2n

n∑
i=1

[πi−1(λ, μ) + πi(λ, μ)] = π(λ, μ).

This completes the proof. ��
By Theorem 11.10, the equation v′ = A(t)v is Lyapunov regular if and

only if β
i

= βi for every i ∈ N. In fact we can formulate a slightly stronger
statement.

Theorem 11.11. The following properties are equivalent:

1. the equation in (11.1) is Lyapunov regular, that is, γ(λ, μ) = 0;
2. for each n ∈ N, the limit

lim
t→+∞

1
t

∫ t

0

tr(B(s)|Hn) ds

exists;
3. for each n ∈ N, the limit

lim
t→+∞

1
t

∫ t

0

〈B(s)un, un〉 ds

exists.

Proof. The equivalence between the first and third properties is immediate
from Theorem 11.10. The equivalence to the second property follows readily
from (11.36). ��



12

Stability of nonautonomous equations
in Hilbert spaces

We study in this chapter the persistence of the asymptotic stability of the
zero solution of a nonautonomous linear equation v′ = A(t)v under a pertur-
bation f , that is, for the equation v′ = A(t)v + f(t, v). We recall that there
are examples, going back to Perron, showing that an arbitrarily small per-
turbation of an asymptotically stable nonautonomous linear equation may be
unstable. In fact it may be exponentially unstable in some directions, even
if all Lyapunov exponents of the linear equation are negative. It is of course
possible to provide additional assumptions of general nature under which the
stability persists. This is the case for example with the assumption of uni-
form asymptotic stability for the linear equation, although this requirement
is dramatically restrictive for a nonautonomous system. Incidentally, this as-
sumption is analogous to the restrictive assumption of existence of a uniform
exponential dichotomy for the evolution operator of a nonautonomous equa-
tion (instead of a nonuniform exponential dichotomy). It is thus important to
look for general assumptions that are substantially weaker than the uniform
asymptotic stability, under which one can still establish the persistence of sta-
bility in the nonlinear equation under sufficiently small perturbations. This is
the case of the Lyapunov regularity (see Chapters 10 and 11). In particular, we
show that if the linear equation is Lyapunov regular , then for any sufficiently
small perturbation f with f(t, 0) = 0 for every t ≥ 0, the zero solution of the
perturbed nonlinear equation is asymptotically stable. We follow closely [7].

12.1 Setup

We consider nonlinear perturbations v′ = A(t)v+f(t, v) of the linear equation
v′ = A(t)v, and study the persistence of the stability of solutions under suffi-
ciently small perturbations. Without loss of generality, we always assume that
the operator A(t) is upper triangular for every t with respect to the fixed or-
thonormal basis u1, u2, . . . of H considered in Section 11.2 (see Theorem 11.3).
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We continue to assume in this chapter that the Lyapunov exponents λ and μ
(see (11.2) and (11.7)) take exactly the values in (11.11), and no other value.

Consider the initial value problem

v′ = A(t)v + f(t, v), v(0) = v0, (12.1)

with v0 ∈ H. We also consider the conditions:

H1. A : R
+
0 → B(H) is a continuous function satisfying (10.1) and

〈A(t)ui, uj〉 = 0 for every i < j and every t ≥ 0; (12.2)

H2. f : R
+
0 × H → H is a continuous function satisfying f(t, 0) = 0 for all

t ≥ 0, and there exists constants c, r > 0 such that

‖f(t, u) − f(t, v)‖ ≤ c‖u − v‖(‖u‖r + ‖v‖r)

for every t ≥ 0, and u, v ∈ H;
H3. |〈v0, un〉| < ‖v0‖/an for every n ≥ 0, and

|〈f(t, u) − f(t, v), un〉| ≤ 1
an

‖u − v‖(‖u‖r + ‖v‖r) (12.3)

for every t ≥ 0, u, v ∈ H, and n ≥ 0, for some positive increasing sequence
(an)n that diverges sufficiently fast.

Under the conditions H1–H2, it can easily be shown that the perturbed equa-
tion in (12.1) has a unique solution v(t). We note that v(t) ≡ 0 is always a
solution of (12.1).

A description of the required speed of an in (12.3) is given in Section 12.3.
We remark that the condition (12.3) corresponds to the requirement that the
perturbation is sufficiently small (with respect to some basis). It should be
noted that when the perturbation is finite-dimensional, that is, when there
exists n ∈ N such that f(t, v) ∈ Hn for every t ≥ 0 and v ∈ H, then the
requirement (12.3) is not needed, since in this case

〈f(t, u) − f(t, v), um〉 = 0

for every m > n. On the other hand, we emphasize that the perturbations
that we consider need not be finite-dimensional.

Consider now the condition

r sup{λ′
i : i ∈ N} + γ(λ, μ) < 0, (12.4)

where the numbers λ′
i are the values of the Lyapunov exponent λ on H. Since

γ(λ, μ) ≥ 0 (see Section 11.1), this implies that

sup{λ′
i : i ∈ N} < 0. (12.5)

This property ensures the asymptotic stability of the linear equation in (11.1).
We recall from the introduction that the asymptotic stability of (11.1) is not
sufficient to ensure the stability of the zero solution of (12.1). In fact, there
exist examples for which a small perturbation f makes zero an exponentially
unstable solution (an explicit example is given in the introduction).



12.2 Stability results 267

12.2 Stability results

We formulate here the results on the persistence of stability of the zero solution
of (11.1) under perturbations. It should be emphasized that the results deal
with equations in which the operators A(t) are bounded for every t. This has
some drawbacks, since stability questions arise naturally in nonautonomous
partial differential equations in which the operators A(t) may be unbounded.

Theorem 12.1. If conditions H1–H3 and (12.4) hold, then for any positive
sequence (an)n diverging sufficiently fast, given ε > 0 sufficiently small there
exists a constant a > 0 such that any solution of the equation (12.1) with ‖v0‖
sufficiently small is global and satisfies

‖v(t)‖ ≤ ae(sup{λ′
i:i∈N}+ε)t‖v0‖ for every t ≥ 0. (12.6)

Note that sup{λ′
i : i ∈ N} + ε < 0 for every sufficiently small ε > 0.

The proof of Theorem 12.1 and of the remaining results in this section are
given in Sections 12.4 and 12.5. The following is an immediate corollary of
Theorem 12.1 for regular equations.

Theorem 12.2. If conditions H1–H3 and (12.5) hold, and the equation in
(11.1) is Lyapunov regular, then for any positive sequence (an)n diverging
sufficiently fast, given ε > 0 sufficiently small there exists a constant a > 0
such that any solution of the equation (12.1) with ‖v0‖ sufficiently small is
global and satisfies (12.6).

Theorem 12.1 establishes the persistence of stability of the zero solution
allowing a certain degree of nonregularity for the equation in (11.1), that is,
it may happen that γ(λ, μ) > 0. We note that by (12.4) a higher order r of
the perturbation f allows a larger regularity coefficient. When γ(λ, μ) > 0 the
angles between distinct solutions may vary with exponential speed, essentially
related to γ(λ, μ), although this speed is small when compared to the values of
the Lyapunov exponent, that is, to inf{|λ′

i| : i ∈ N}. This strongly contrasts to
what happens in Theorem 12.2 in which case the regularity assumption forces
the angles between distinct solutions to vary at most with subexponential
speed. We refer to Section 11.5 for a detailed discussion.

We now formulate an abstract stability result which will be obtained as
a consequence of the proof of Theorem 12.1. It is somewhat more explicit
about the required speed of an in (12.3). We continue to assume that the
operator A(t) is upper triangular for every t. Let X(t) be (upper triangular)
monodromy operators for the equation v′ = A(t)v. These are operators such
that the solution with v(0) = v0 is given by v(t) = X(t)X(0)−1v0.

Theorem 12.3. Assume that conditions H1–H3 hold, and that there exist
constants α < 0 and β > 0, with rα + β < 0, and a positive sequence (cn)n

with
∑∞

k=1 ck/ak < ∞ such that for every n ∈ N and t ≥ s ≥ 0,
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‖X(t)X(s)−1|Hn‖ ≤ cneα(t−s)+βs. (12.7)

Then there exists a constant a > 0 such that any solution of the equation
(12.1) with ‖v0‖ sufficiently small is global and satisfies

‖v(t)‖ ≤ aeαt‖v0‖ for every t ≥ 0. (12.8)

Note that Theorem 12.3 tells us that the required speed for the sequence
(an)n is related to norm estimates for the evolution operators X(t)X(s)−1 in
finite-dimensional spaces (we can set for example an = cnn1+τ with τ > 0).

The following is another consequence of the proof of Theorem 12.1. It has
the advantage of not mentioning the spaces Hn, although at the expense of
requiring more from the evolution operators.

Theorem 12.4. Assume that conditions H1–H2 hold, and that there exist
α < 0 and β > 0, with rα + β < 0, and C > 0 such that

‖X(t)X(s)−1‖ ≤ Ceα(t−s)+βs for every t ≥ s ≥ 0.

Then there exists a constant a > 0 such that any solution of the equation
(12.1) with ‖v0‖ sufficiently small is global and satisfies (12.8).

We also consider the finite-dimensional case. For simplicity we consider the
space H = R

n with the standard inner product. In this case we can obtain
the following stronger statement, where M(Rn) is the set of n × n matrices
with real entries.

Theorem 12.5 ([1, Theorem 1.4.3]). Assume that:

1. A : R
+
0 → M(Rn) is a continuous function satisfying (10.1);

2. f : R
+
0 × R

n → R
n is a continuous function satisfying f(t, 0) = 0 for all

t ≥ 0, and there exist constants c, r > 0 such that for every t ≥ 0, and
u, v ∈ R

n,

‖f(t, u) − f(t, v)‖ ≤ c‖u − v‖(‖u‖r + ‖v‖r);

3. r sup{λ′
i : i = 1, . . . , n} + γn(λ, μ) < 0.

Then the solution v(t) ≡ 0 of the perturbed equation (12.1) is exponentially
stable.

We will obtain Theorem 12.5 as a consequence of the infinite-dimensional
version in Theorem 12.1.

12.3 Smallness of the perturbation

We describe here the required speed of the sequence (an)n in (12.3). For each
fixed n ∈ N, we consider dual bases v1, . . ., vn and w1, . . ., wn of Hn such
that
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max{λ(vi) + μ(wi) : i = 1, . . . , n} = γn(λ, μ) (12.9)

(this is always possible since the minimum in (11.12) attains at most a finite
number of values). It follows easily from the definition of the Lyapunov ex-
ponents that given n ∈ N and ε > 0 there exists a constant Dε,n > 0 such
that

‖vi(t)‖ ≤ Dε,ne(λ(vi)+ε)t and ‖wi(t)‖ ≤ Dε,ne(μ(wi)+ε)t, (12.10)

for every t ≥ 0 and i = 1, . . ., n, where vi(t) is the solution of (11.1) with
v0 = vi, and wi(t) is the solution of (11.6) with w0 = wi for each i. We assume
that the sequence (an)n diverges sufficiently fast so that

d :=
∞∑

k=1

k2D2
ε,k

ak
< ∞ (12.11)

for some choice of dual bases v1, . . ., vn and w1, . . ., wn of Hn satisfying (12.9),
and of ε > 0 satisfying

r(sup{λ′
i : i ∈ N} + ε) + γ(λ, μ) + 2ε < 0. (12.12)

Note that in view of (12.4) any sufficiently small ε > 0 satisfies (12.12).
In the particular case of a regular equation, the constants Dε,n in (12.10)

can be made somewhat more explicit. We recall the numbers λi,n and pn

in (11.3), and the numbers μi,n and qn in (11.8).

Proposition 12.6. When the equation in (11.1) is Lyapunov regular, we have
Dε,n ≤ max{cε,n, dε,n} with

cε,n = sup
1≤i≤pn

sup
{

sup
t≥0

‖v(t)‖
e(λi,n+ε)t

: v(0) ∈ Ei,n

}
,

dε,n = sup
1≤i≤qn

sup
{

sup
t≥0

‖w(t)‖
e(μi,n+ε)t

: w(0) ∈ Fi,n

}
,

where v(t) is a solution of (11.1) and w(t) is a solution of (11.6).

Proof. Due to Proposition 11.6 there exist dual normal bases v1, . . ., vn and
w1, . . ., wn of the space Hn. Furthermore, by Theorem 11.7 the regularity
implies that λ(vi) + μ(wi) = 0 for every i, and hence

0 ≤ γn(λ, μ) ≤ max{λ(vi) + μ(wi) : i = 1, . . . , n} = 0.

Therefore, we can consider these bases v1, . . ., vn and w1, . . ., wn when we
define Dε,n by the inequalities (12.10). Since these are normal bases we readily
obtain the desired result. ��
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In the case of a “uniform” behavior of the Lyapunov exponents, we can be
more explicit about the smallness condition on the perturbation f . Namely,
assume that for each ε > 0 there exists C = C(ε) > 0 such that

‖v(t)‖ ≤ Ce(λ(v)+ε)t‖v(0)‖ and ‖w(t)‖ ≤ Ce(μ(v)+ε)t‖w(0)‖ (12.13)

for every t ≥ 0 and every v(0) ∈ H, where v(t) is a solution of (11.1) and
w(t) is a solution of (11.6). The following is a version of Theorem 12.1 in this
particular case.

Theorem 12.7. Assume that conditions H1–H3, (12.4), and (12.13) hold. If∑∞
k=1 k2/ak < ∞, then given ε > 0 sufficiently small there exists a constant

a > 0 such that any solution of the equation (12.1) with ‖v0‖ sufficiently small
is global and satisfies (12.6).

Proof. This is an immediate consequence of Theorem 12.1 and of the above
description of the required speed of (an)n in (12.3): set Dε,n = C in (12.11).

��
Alternatively, Theorem 12.7 can be obtained combining Theorem 12.3 with

the norm estimates for the evolution operators obtained in Theorem 12.8.

12.4 Norm estimates for the evolution operators

Here we establish crucial estimates for the proofs of the stability results. We
use the same notation as in the proof of Theorem 11.3. Namely, let vi(t) be
the solution of (11.1) with v0 = ui for each i ≥ 1. We define an operator
V (t) : H → H such that V (t)ui = vi(t) for each i ≥ 1. Then, proceeding as
in the proof of Theorem 10.11, we find that the operator X(t) = U(t)−1V (t)
(with U(t) as in Theorem 11.3) is upper triangular and satisfies

X ′(t) = B(t)X(t) for t ≥ 0, (12.14)

that is, X(t) is a monodromy operator for the equation x′ = B(t)x. In
the following result we obtain bounds on the norm of the evolution opera-
tor X(t)X(s)−1 restricted to each finite-dimensional space Hn by combining
information about the solutions of the equations

v′ = A(t)v and w′ = −A(t)∗w

through the study of the Lyapunov exponents λ and μ. For each n ∈ N, we
fix dual bases v1, . . ., vn and w1, . . ., wn of Hn satisfying (12.9) and (12.10).
We recall that λ′

n,n = λpn,n (see (11.3) and (11.5)) is the top value of the
Lyapunov exponent λ (for the equation (11.1)) on Hn \ {0}.
Theorem 12.8. For every n ∈ N, ε > 0, and t ≥ s ≥ 0 we have

‖X(t)X(s)−1|Hn‖ ≤ n2D2
ε,ne(λ′

n,n+ε)(t−s)+(γn(λ,μ)+2ε)s.
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Proof. Consider the operator Y (t) = [X(t)−1]∗ for each t. Taking derivatives
in the identity

X(t)X(t)−1 = X(t)Y (t)∗ = Id

we obtain
X ′(t)X(t)−1 + X(t)Y ′(t)∗ = 0.

It follows from (12.14) that

X(t)Y ′(t)∗ = −B(t)X(t)X(t)−1 = −B(t).

Therefore,
Y ′(t)∗ = −X(t)−1B(t) = −Y (t)∗B(t)

and hence,
Y ′(t) = −B(t)∗Y (t). (12.15)

By (12.14), the function xi(t) = X(t)vi is a solution of x′ = B(t)x for each i =
1, . . ., n. Similarly, by (12.15), the function yi(t) = Y (t)wi is a solution of
y′ = −B(t)∗y for each i = 1, . . ., n. Note that

xi(t) = U(t)−1vi(t) and yi(t) = U(t)−1wi(t), (12.16)

where wi(t) = [V (t)−1]∗wi for each i. Using (10.37) we obtain

w′
i(t) = U ′(t)yi(t) + U(t)y′

i(t)

= [U ′(t)U(t)−1 − U(t)B(t)∗U(t)−1]wi(t)

= [−A(t)∗ + U ′(t)U(t)−1 + U(t)U ′(t)∗]wi(t)

=
[
−A(t)∗ +

d

dt
(U(t)U(t)∗)

]
wi(t) = −A(t)∗wi(t).

Therefore, wi(t) is the solution of (11.6) with w0 = wi for each i.
Since U(t) is unitary, it follows from (12.10) and (12.16) that

‖xi(t)‖ ≤ Dε,ne(λ(vi)+ε)t and ‖yi(t)‖ ≤ Dε,ne(μ(wi)+ε)t

for every t ≥ 0 and i = 1, . . ., n. Given i and j such that 1 ≤ i ≤ n and
1 ≤ j ≤ n we consider the number

aij = 〈X(t)X(s)−1ui, uj〉.

Since X(t) is upper triangular for every t ≥ 0, we have aij = 0 for i < j. We
now consider the case when i ≥ j. Observe that

X(t)X(s)−1 = X(t)Y (s)∗

for any t ≥ s ≥ 0. Since each operator X(t) leaves invariant the space Hn,
and v1, . . ., vn and w1, . . ., wn are dual bases, we obtain



272 12 Stability of nonautonomous equations in Hilbert spaces

aij = 〈Y (s)∗ui, X(t)∗uj〉 =
n∑

k=1

〈Y (s)∗ui, wk〉〈vk, X(t)∗uj〉

=
n∑

k=1

〈ui, Y (s)wk〉〈X(t)vk, uj〉

=
n∑

k=1

〈ui, yk(s)〉〈xk(t), uj〉,

and thus, using (12.9),

|aij | ≤
n∑

k=1

‖yk(s)‖ · ‖xk(t)‖

≤
n∑

k=1

D2
ε,ne(λ(vk)+ε)t+(μ(wk)+ε)s

=
n∑

k=1

D2
ε,ne(λ(vk)+ε)(t−s)+(λ(vk)+μ(wk)+2ε)s

≤ nD2
ε,ne(λ′

n,n+ε)(t−s)+(γn(λ,μ)+2ε)s.

We can now proceed in a similar manner to that in the proof of Theorem 11.3
(see (11.17)) to conclude that given v =

∑n
i=1 αiui ∈ Hn with ‖v‖ = 1,

‖X(t)X(s)−1v‖2 =

∥∥∥∥∥
n∑

i=1

n∑
j=1

αi〈X(t)X(s)−1ui, uj〉uj

∥∥∥∥∥
2

=
n∑

j=1

(
n∑

i=j

αiaij

)2

≤
n∑

j=1

(
n∑

i=j

α2
i

n∑
i=j

a2
ij

)
≤

n∑
j=1

n∑
i=j

a2
ij .

Therefore,

‖X(t)X(s)−1v‖ ≤ n2D2
ε,ne(λ′

n,n+ε)(t−s)+(γn(λ,μ)+2ε)s.

This establishes the desired inequality. ��
Note that in Theorem 12.8 the operators A(t) need not be upper trian-

gular. When the operators X(t) are diagonal we can somewhat improve the
statement in Theorem 12.8.

Theorem 12.9. Assume that the operator X(t) is diagonal for every t ≥ 0.
Then for every n ∈ N, ε > 0, and t ≥ s ≥ 0 we have

‖X(t)X(s)−1|Hn‖ ≤ D2
ε,ne(λ′

n,n+ε)(t−s)+(τn+2ε)s,
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where
τn = max{λ(ui) + μ(ui) : i = 1, . . . , n} ≥ 0.

Proof. We use the same notation as in the proof of Theorem 12.8. Let now
v =

∑n
i=1 αiui ∈ Hn with ‖v‖ = 1. Using the fact that the operators Y (s)∗

and X(t)∗ are diagonal, we obtain

‖X(t)X(s)−1v‖ =

∥∥∥∥∥
n∑

i=1

αi〈X(t)X(s)−1ui, ui〉ui

∥∥∥∥∥
=

(
n∑

i=1

α2
i 〈Y (s)∗ui, X(t)∗ui〉2

)1/2

≤ max
1≤i≤n

|〈Y (s)∗ui, X(t)∗ui〉|
= max

1≤i≤n
|〈Y (s)∗ui, ui〉〈ui, X(t)∗ui〉|.

Therefore,

‖X(t)X(s)−1|Hn‖ ≤ max
1≤i≤n

|〈ui, Y (s)ui〉〈X(t)ui, ui〉|
≤ max

1≤i≤n
(‖Y (s)ui‖ · ‖X(t)ui‖)

≤ D2
ε,n max

1≤i≤n
e(μ(ui)+ε)s+(λ(ui)+ε)t

≤ D2
ε,n max

1≤i≤n
e(λ(ui)+ε)(t−s)+(λ(ui)+μ(ui)+2ε)s

≤ D2
ε,ne(λ′

n,n+ε)(t−s)+(τn+2ε)s.

The fact that τn ≥ 0 is an immediate consequence of Proposition 10.4. This
completes the proof. ��

12.5 Proofs of the stability results

We use the same notation as in Section 12.4 but now applied to the case when
A(t) is upper triangular for every t. In this case we can take U(t) = Id for
every t in Theorem 11.3, and thus we can consider the monodromy operators
X(t) = V (t) (the operator V (t) is defined in Section 12.4). We shall always
make this choice.

Proof of Theorem 12.1. We denote by v(t) the solution of the initial value
problem (12.1). This problem is equivalent to the integral equation

v(t) = X(t)v0 +
∫ t

0

X(t)X(s)−1f(s, v(s)) ds. (12.17)
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Consider the operator

(Tv)(t) = X(t)v0 +
∫ t

0

X(t)X(s)−1f(s, v(s)) ds

on the space

Bδ = {v : [0,∞) → H continuous : ‖v(t)‖ ≤ δeαt for every t ≥ 0},

where δ > 0 (to be chosen later), and α = sup{λ′
i : i ∈ N} + ε for some ε > 0

such that α < 0 (recall that (12.5) is a consequence of (12.4)). We introduce
the norm on Bδ given by

‖v‖ = sup{‖v(t)‖e−αt : t ≥ 0}.

One can easily verify that Bδ becomes a complete metric space with respect
to the induced distance. Observe now that by Theorem 12.8, for every n ∈ N,
ε > 0, and t ≥ s ≥ 0,

‖X(t)X(s)−1|Hn‖ ≤ n2D2
ε,ne(λ′

n,n+ε)(t−s)+(γn(λ,μ)+2ε)s

≤ n2D2
ε,neα(t−s)+βs,

(12.18)

where β = γ(λ, μ) + 2ε. Let v1, v2 ∈ Bδ. Since X(t) is upper triangular for
every t, using (12.18) and condition H3 we obtain

‖X(t)X(s)−1(f(s, v1(s)) − f(s, v2(s)))‖

= ‖X(t)X(s)−1
∞∑

k=1

〈f(s, v1(s)) − f(s, v2(s)), uk〉uk‖

≤
∞∑

k=1

|〈f(s, v1(s)) − f(s, v2(s)), uk〉| · ‖X(t)X(s)−1|Hk‖

≤
∞∑

k=1

1
ak

‖v1(s) − v2(s)‖(‖v1(s)‖r + ‖v2(s)‖r)k2D2
ε,keα(t−s)+βs

≤
∞∑

k=1

k2D2
ε,k

ak
‖v1 − v2‖(‖v1‖r + ‖v2‖r)eαt+(rα+β)s

≤
∞∑

k=1

2δrk2D2
ε,k

ak
‖v1 − v2‖eαt+(rα+β)s.

(12.19)

That is,

‖X(t)X(s)−1(f(s, v1(s))− f(s, v2(s)))‖ ≤ 2dδr‖v1 − v2‖eαt+(rα+β)s, (12.20)

where d is the constant in (12.11). We assume that d < ∞ for some ε > 0
such that (see (12.12))
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rα + β = r(sup{λ′
i : i ∈ N} + ε) + γ(λ, μ) + 2ε < 0,

which is always possible due to (12.4). The assumption d < ∞ corresponds to
require that the sequence (an)n diverges sufficiently fast. Therefore,

‖(Tv1)(t) − (Tv2)(t)‖ ≤ 2dδr‖v1 − v2‖eαt

∫ t

0

e(rα+β)s ds

≤ 2dκδr‖v1 − v2‖eαt,

where κ =
∫∞
0

e(rα+β)s ds. Hence,

‖Tv1 − Tv2‖ ≤ θ‖v1 − v2‖, (12.21)

where θ = 2dκδr. Choose now δ ∈ (0, 1) such that θ < 1. For each v0 ∈ H
satisfying condition H3 we obtain in a similar manner, using (12.18) with
s = 0, that

‖X(t)v0‖ ≤ lim
n→∞

n∑
k=1

|〈v0, uk〉| · ‖X(t)|Hk‖

≤
∞∑

k=1

k2D2
ε,k

ak
eαt‖v0‖ = deαt‖v0‖.

(12.22)

Note that X(t)v0 = (T0)(t). Therefore, for each v ∈ Bδ, setting v1 = v ∈ Bδ

and v2 = 0 in (12.21), we obtain

‖(Tv)(t)‖e−αt ≤ ‖X(t)v0‖ + ‖Tv − T0‖ ≤ d‖v0‖ + θδ < δ

provided that v0 is chosen sufficiently small. Therefore, T (Bδ) ⊂ Bδ, and the
operator T is a contraction on the complete metric space Bδ. Hence, there
exists a unique function v ∈ Bδ which solves (12.17). It remains to establish
the stability of the zero solution. For this, set

u(t) = (T0)(t) = X(t)v0,

and observe that the solution v(t) can be obtained by

v(t) = lim
n→+∞(Tn0)(t) =

+∞∑
k=0

[(T k+10)(t) − (T k0)(t)].

It follows from (12.21) and (12.22) that

‖v‖ ≤
+∞∑
k=0

θn‖u‖ =
‖u‖
1 − θ

≤ d‖v0‖
1 − θ

.

Therefore,

‖v(t)‖ ≤ d‖v0‖
1 − θ

eαt for every t ≥ 0. (12.23)

This concludes the proof of the theorem. ��
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Proof of Theorem 12.3. We can repeat almost verbatim the proof of Theo-
rem 12.1, replacing the inequality (12.18) by the condition (12.7), and the
inequalities (12.20) (see also (12.19)) and (12.22) respectively by

‖X(t)X(s)−1(f(s, v1(s)) − f(s, v2(s)))‖ ≤ 2ηδr‖v1 − v2‖eαt+(rα+β)s,

where η =
∑∞

k=1 ck/ak < ∞, and

‖X(t)v0‖ ≤ ηeαt‖v0‖ for each v0 ∈ H satisfying condition H3.

That is, we obtain similar inequalities to those in (12.20) and (12.22), with
d replaced by η. It then follows from the proof of Theorem 12.1 (see (12.23))
that choosing δ ∈ (0, 1) such that

θ := 2ηδr

∫ ∞

0

e(rα+β)s ds < 1,

any solution v(t) of the equation (12.1) with ‖v0‖ sufficiently small satisfies
the estimate (12.8) with a = η/(1 − θ). ��

Proof of Theorem 12.4. As in the proof of Theorem 12.3 we can repeat almost
verbatim the proof of Theorem 12.1, replacing the inequalities (12.20) and
(12.22) respectively by

‖X(t)X(s)−1(f(s, v1(s)) − f(s, v2(s)))‖
≤ ‖X(t)X(s)−1‖ · ‖f(s, v1(s)) − f(s, v2(s))‖
≤ Ceα(t−s)+βsc‖v1(s) − v2(s)‖(‖v1(s)‖r + ‖v2(s)‖r)

≤ Cc‖v1 − v2‖(‖v1‖r + ‖v2‖r)eαt+(rα+β)s

≤ 2Ccδr‖v1 − v2‖eαt+(rα+β)s,

and
‖X(t)v0‖ ≤ ‖X(t)‖ · ‖v0‖ ≤ Ceαt‖v0‖.

We can now proceed in a similar manner to that in the proof of Theorem 12.1
to obtain the desired result. ��

Proof of Theorem 12.5. Note that condition H2 is explicitly stated as an
hypothesis in the theorem. Furthermore, since in the proof of Theorem 12.1
the series are now replaced by finite sums, we do not need (12.2) or condition
H3, and thus in particular any sequence (an)n controlling the smallness of the
perturbation. In addition, the third hypothesis in the theorem is equivalent
to (12.4). The statement is thus an immediate consequence of Theorem 12.1.

��
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79. V. Rayskin, α-Hölder linearization, J. Differential Equations 147 (1998), 271–

284.
80. D. Ruelle, Ergodic theory of differentiable dynamical systems, Inst. Hautes
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forward
filtration, 244
Lyapunov exponent, 244
regular point, 245

Grobman–Hartman theorem, 145
nonautonomous, 145

Hölder
conjugacy, 145, 155
derivatives, 129

hyperbolic
solution, 59
trajectory, 59, 77, 121

inner product
Lyapunov, 246

invariant cone family, 86

linear extension of a vector field, 107
Lipschitz

manifold, 57
stable manifold, 55, 58, 60, 242
unstable manifold, 71, 73

local
stable manifold, 58, 60, 77, 78
unstable manifold, 73

lower bound
Perron coefficient, 259
regularity coefficient, 226

Lyapunov
change of coordinates, 246
exponent, 25, 219–221

backward, 245
forward, 244
negative, 241
normal basis, 236

inner product, 246
norm, 83, 156, 246
regular

equation, 222, 251, 265
point, 246

regularity, 219, 249
in a Hilbert space, 249

manifold
center, 171, 175
Lipschitz, 57

measure-preserving flow, 244

negative Lyapunov exponent, 241
nonautonomous

equation
equivariance, 213
reversibility, 197
stability, 265

Grobman–Hartman theorem, 145
nonuniform

exponential dichotomy, 19
existence, 222
for maps, 147, 155
in J , 20
strong in J , 20

exponential trichotomy, 172
nonuniformly

hyperbolic
solution, 59
trajectory, 59, 77, 121

partially hyperbolic solution, 175
norm

Lyapunov, 83, 156, 246
normal basis, 236, 256

for a Lyapunov exponent, 236, 256

Perron coefficient, 237, 254

reduction
to a triangular matrix, 232
upper triangular, 252

regular, 246
equation, 222, 251, 265
point, 246

backward, 245
forward, 245

regularity, 219, 249
characterization, 235, 256
coefficient, 221, 226, 251, 254

lower bound, 226
upper bound, 227
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reversibility, 197

for nonautonomous equation, 197
in center manifold, 197, 202

reversible equation, 197, 199
robustness, 27

smooth stable manifold, 75, 119, 243
existence, 120
in R

n, 75
in a Banach space, 119

solution
exponentially unstable, 266

space
stable, 22, 41, 148
unstable, 22, 41, 148

stability, 267
of a nonautonomous equation, 265

stable
manifold, 77, 78

C1, 75, 100
Ck, 102, 116
Lipschitz, 55, 56, 58, 60, 242
local, 58, 60, 77, 78
smooth, 75, 119, 243

space, 22, 41, 92, 110, 148
characterization, 110

construction, 92
continuity, 92

strong exponential dichotomy
for maps, 155
in J , 20

tangent set, 95, 96
topological conjugacy, 149
triangular

matrix, 232
operator, 252, 265
reduction, 232

uniform exponential dichotomy, 19, 20
unstable

manifold
Lipschitz, 71, 73
local, 73

solution, 266
space, 22, 41, 148

upper triangular, 252, 265
reduction, 252

vector field
linear extension, 107

Xα, 57
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