Leszek Gawarecki
Vidyadhar Mandrekar

Stochastic Differential
Equations in Infinite
Dimensions

with Applications to Stochastic
Partial Differential Equations

@ Springer




Probability and Its Applications

Published in association with the Applied Probability Trust
Editors: S. Asmussen, J. Gani, P. Jagers, T.G. Kurtz



Probability and Its Applications

Azencott et al.: Series of Irregular Observations. Forecasting and Model
Building. 1986

Bass: Diffusions and Elliptic Operators. 1997

Bass: Probabilistic Techniques in Analysis. 1995

Berglund/Gentz: Noise-Induced Phenomena in Slow-Fast Dynamical Systems:
A Sample-Paths Approach. 2006

Biagini/Hu/@ksendal/Zhang: Stochastic Calculus for Fractional Brownian Motion
and Applications. 2008

Chen: Eigenvalues, Inequalities and Ergodic Theory. 2005

Chen/Goldstein/Shao: Normal Approximation by Stein’s Method. 2011

Costa/Fragoso/Marques: Discrete-Time Markov Jump Linear Systems. 2005

Daley/Vere-Jones: An Introduction to the Theory of Point Processes I: Elementary
Theory and Methods, 2nd ed. 2003, corr. 2nd printing 2005

Daley/Vere-Jones: An Introduction to the Theory of Point Processes II: General
Theory and Structure, 2nd ed. 2008

de la Peria/Gine: Decoupling: From Dependence to Independence, Randomly
Stopped Processes, U-Statistics and Processes, Martingales and Beyond. 1999

de la Pefia/Lai/Shao: Self-Normalized Processes. 2009

Del Moral: Feynman-Kac Formulae. Genealogical and Interacting Particle
Systems with Applications. 2004

Durrett: Probability Models for DNA Sequence Evolution. 2002, 2nd ed. 2008

Ethier: The Doctrine of Chances. 2010

Feng: The Poisson—Dirichlet Distribution and Related Topics. 2010

Galambos/Simonelli: Bonferroni-Type Inequalities with Equations. 1996

Gani (ed.): The Craft of Probabilistic Modelling. A Collection of Personal
Accounts. 1986

Gawarecki/Mandrekar: Stochastic Differential Equations in Infinite Dimensions.
2011

Gut: Stopped RandomWalks. Limit Theorems and Applications. 1987

Guyon: Random Fields on a Network. Modeling, Statistics and Applications. 1995

Kallenberg: Foundations of Modern Probability. 1997, 2nd ed. 2002

Kallenberg: Probabilistic Symmetries and Invariance Principles. 2005

Hognds/Mukherjea: Probability Measures on Semigroups, 2nd ed. 2011

Last/Brandt: Marked Point Processes on the Real Line. 1995

Li: Measure-Valued Branching Markov Processes. 2011

Molchanov: Theory of Random Sets. 2005

Nualart: The Malliavin Calculus and Related Topics, 1995, 2nd ed. 2006

Rachev/Rueschendorf: Mass Transportation Problems. Volume I: Theory and
Volume II: Applications. 1998

Resnick: Extreme Values, Regular Variation and Point Processes. 1987

Schmidli: Stochastic Control in Insurance. 2008

Schneider/Weil: Stochastic and Integral Geometry. 2008

Serfozo: Basics of Applied Stochastic Processes. 2009

Shedler: Regeneration and Networks of Queues. 1986

Silvestrov: Limit Theorems for Randomly Stopped Stochastic Processes. 2004

Thorisson: Coupling, Stationarity and Regeneration. 2000



Leszek Gawarecki « Vidyadhar Mandrekar

Stochastic Differential
Equations in Infinite
Dimensions

with Applications to Stochastic
Partial Differential Equations

@ Springer



Leszek Gawarecki
Department of Mathematics
Kettering University

1700 University Ave

Flint, MI 48504

USA

Igawarec @kettering.edu

Series Editors:

Sgren Asmussen

Department of Mathematical Sciences
Aarhus University

Ny Munkegade

8000 Aarhus C

Denmark

asmus @imf.au.dk

Vidyadhar Mandrekar

Department of Statistics and Probability

Michigan State University
A436 Wells Hall

East Lansing, MI 48823
USA

mandrekar @stt.msu.edu

Peter Jagers

Mathematical Statistics

Chalmers University of Technology
and University of Gothenburg

412 96 Goteborg

Sweden

jagers@chalmers.se

Joe Gani Thomas G. Kurtz
Centre for Mathematics and its Applications Department of Mathematics

Mathematical Sciences Institute
Australian National University 480 Lincoln Drive
Canberra, ACT 0200 Madison, WI 53706-1388
Australia USA
gani@maths.anu.edu.au

University of Wisconsin - Madison

kurtz@math.wisc.edu

ISSN 1431-7028

ISBN 978-3-642-16193-3

DOI 10.1007/978-3-642-16194-0
Springer Heidelberg Dordrecht London New York

e-ISBN 978-3-642-16194-0

Mathematics Subject Classification (2010): 35-XX, 60-XX

© Springer-Verlag Berlin Heidelberg 2011

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is
concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting,
reproduction on microfilm or in any other way, and storage in data banks. Duplication of this publication
or parts thereof is permitted only under the provisions of the German Copyright Law of September 9,
1965, in its current version, and permission for use must always be obtained from Springer. Violations
are liable to prosecution under the German Copyright Law.

The use of general descriptive names, registered names, trademarks, etc. in this publication does not
imply, even in the absence of a specific statement, that such names are exempt from the relevant protective
laws and regulations and therefore free for general use.

Cover design: VTEX, Vilnius
Printed on acid-free paper

Springer is part of Springer Science+Business Media (www.springer.com)


mailto:lgawarec@kettering.edu
mailto:mandrekar@stt.msu.edu
mailto:asmus@imf.au.dk
mailto:gani@maths.anu.edu.au
mailto:jagers@chalmers.se
mailto:kurtz@math.wisc.edu
http://www.springer.com
http://www.springer.com/mycopy

We dedicate this book to our wives

Edyta and Veena

for their encouragement and patience during
the preparation of this book



Preface

Stochastic differential equations are playing an increasingly important role in
applications to finance, numerical analysis, physics, and biology. In the finite-
dimensional case, there are two definitive books: one by Gikhman and Sko-
rokhod [25], which studies the existence and uniqueness problem along with proba-
bilistic properties of solutions, and another by Khasminskii [39], which studies the
asymptotic behavior of the solutions using the Lyapunov function method. Our ob-
ject in this book is to study these topics in the infinite-dimensional case. The two
main problems one faces are the invalidity of the Peano theorem in the infinite-
dimensional case and the appearance of unbounded operators if one wants to apply
finite-dimensional techniques to stochastic partial differential equations (SPDEs).

Motivated by these difficulties, we discuss the theory in the deterministic case
from two points of view. The first method (see Pazy [63] and Butzer and Berens [6])
involves semigroups generated by unbounded operators and results in constructing
mild solutions. The other sets up the equation in a Gelfand triplet V < H «— V*
of Hilbert spaces with the space V as the domain of the unbounded operator and V*
its continuous dual. In this case variational solutions are produced. This approach is
studied by Agmon [1] and Lions [48], who assume that either the injection V <— H
is compact and the unbounded operator is coercive or that the unbounded operator
is coercive and monotone.

The systematic study of the first approach to SPDEs was first undertaken by
Ichikawa [32, 33] and is explained in the timely monographs of Da Prato and
Zabczyk [11, 12]. The approach of J.P. Lions was first used by Viot [75] (see also
Metivier [56] and Metivier and Viot [58]). Working under the assumption that the
embedding V < H is compact and that the coefficients of the equation are coer-
cive, the existence of a weak solution was proven. These results were generalized by
Pardoux [62], who assumed coercivity and monotonicity, and used the crucial deter-
ministic result of Lions [48] to produce the strong solution. Later, Krylov, and Ro-
zovskii [42] established the above-mentioned result of Lions in the stochastic case
and also produced strong solutions. The initial presentation was given by Rozovskii
in [66]. However, rather rigorous and complete exposition in a slightly general form
is provided by Prévét and Rockner [64].

vii



viii Preface

In addition to presenting these results on SPDEs, we discuss the work of Leha and
Ritter [46, 47] on SDEs in R* with applications to interacting particle systems and
the related work of Albeverio et al. [2, 3], and also of Gawarecki and Mandrekar [20,
21] on the equations in the field of Glauber dynamics for quantum lattice systems.
In both cases the authors study infinite systems of SDEs.

We do not present here the approach used in Kalliapur and Xiong [37], as it re-
quires introducing additional terminology for nuclear spaces. For this type of prob-
lem (referred to as “type 2” equations by K. Itd in [35]), we refer the reader to
[22, 23], and [24], as well as to [37].

A third approach, which involves solutions being Hida distribution is presented
by Holden et al. in the monograph [31].

The book is divided into two parts. We begin Part I with a discussion of the
semigroup and variational methods for solving PDEs. We simultaneously develop
stochastic calculus with respect to a Q-Wiener process and a cylindrical Wiener pro-
cess, relying on the classic approach presented in [49]. These foundations allow us to
develop the theory of semilinear partial differential equations. We address the case
of Lipschitz coefficients first and produce unique mild solutions as in [11]; how-
ever, we then extend our research to the case where the equation coefficients depend
on the entire “past” of the solution, invoking the techniques of Gikhman and Sko-
rokhod [25]. We also prove Markov and Feller properties for mild solutions, their
dependence on the initial condition, and the Kolmogorov backward equation for the
related transition semigroup. Here we have adapted the work of B. @ksendal [61],
S. Cerrai [8], and Da Prato and Zabczyk [11].

To go beyond the Lipschitz case, we have adapted the method of approximating
continuous functions by Lipschitz functions f : [0, T] x R” — R” from Gikhman
and Skorokhod [25] to the case of continuous functions f : [0, T] x H — H [22].
This technique enabled us to study the existence of weak solutions for SDEs with
continuous coefficients, with the solution identified in a larger Hilbert space, where
the original Hilbert space is compactly embedded. This arrangement is used, as we
have already mentioned, due to the invalidity of the Peano theorem. In addition, we
study martingale solutions to semilinear SDEs in the case of a compact semigroup
and for coefficients depending on the entire past of the solution.

The variational method is addressed in Chap. 4, where we study both the weak
and strong solutions. The problem of the existence of weak variational solutions is
not well addressed in the existent literature, and our original results are obtained
with the help of the ideas presented in Kallianpur et al. [36]. We have followed the
approach of Prévot and Rockner in our presentation of the problem of the existence
and uniqueness of strong solutions.

We conclude Part I with an interesting problem of an infinite system of SDEs that
does not arise from a stochastic partial differential equation and serves as a model of
an interacting particle system and in Glauber dynamics for quantum lattice systems.

In Part IT of the book, we present the asymptotic behaviors of solutions to infinite-
dimensional stochastic differential equations. The study of this topic was undertaken
for specific cases by Ichikawa [32, 33] and Da Prato and Zabczyk [12] in the case
of mild solutions. A general Lyapunov function approach for strong solutions in a
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Gelfand triplet setting for exponential stability was originated in the work of Khas-
minskii and Mandrekar [40] (see also [55]). A generalization of this approach for
mild and strong solutions involving exponential boundedness was put forward by
R. Liu and Mandrekar [52, 53]. This work allows readers to study the existence of
invariant measure [52] and weak recurrence of the solutions to compact sets [51].
Some of these results were presented by K. Liu in a slightly more general form
in [50].

Although we have studied the existence and uniqueness of non-Markovian solu-
tions, we do not investigate the ergodic properties of these processes, as the tech-
niques in this field are still in development [28].

East Lansing Leszek Gawarecki
October, 2010 Vidyadhar Mandrekar
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Chapter 1
Partial Differential Equations as Equations
in Infinite Dimensions

The purpose of this chapter is to explain how infinite-dimensional equations arise
from finite-dimensional partial differential equations and to consider their classical
and mild solutions. The mild solutions are studied using the semigroup methods as
in [63], and strong solutions are studied using variational methods as in [48] (see
also [71]).

1.1 The Heat Equation as an Abstract Cauchy Problem

Let us consider a PDE and explain how it is related to a semigroup of linear opera-
tors.

Example 1.1 Consider the one-dimensional heat equation

(1.1)
u0, x) =¢(x), x €R,

{ut(t, X) =gy (t,x), >0,
with the initial temperature distribution ¢ being modeled by a bounded, uniformly
continuous function on R.

A function u(z, x) is said to be a solution of (1.1) if it satisfies (1.1) for ¢ > 0, u,
Ur, Uy, Uy, are bounded, uniformly continuous functions in R for every ¢t > 0 and
lim;_, g+ u(t, x) = ¢(x) uniformly in x.

The uniqueness of the solution and the major premise of the Hughen’s principle
lead to the following implications. If the temperature distribution u(¢,x) at t > 0
is uniquely determined by the initial condition ¢(x), then u(¢, x) can also be ob-
tained by first calculating u(s, x) for some intermediate time s < ¢ and then by
using u(s, x) as the initial condition. Thus, there exist transformations G(¢) on ¢
defined by (G (t)¢)(x) = u? (¢, x) satisfying the semigroup property

G(g =G —5)(Gs)p)

L. Gawarecki, V. Mandrekar, Stochastic Differential Equations in Infinite Dimensions, 3
Probability and Its Applications,
DOI 10.1007/978-3-642-16194-0_1, © Springer-Verlag Berlin Heidelberg 2011
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and the strong continuity property
lim = |G()p — ¢ =0.
t—0F

Above, [|¢]l = sup, g [¢(x)].
The transformations are linear due to the linear dependence of the problem on the

initial condition. The relationship between the semigroup G (¢) and the differential
operator 3%/3x2 in (1.1) can be explained by calculating

u?(-.t+h) —u?(1) . Gh)—1
=1 G| ———
h—0+ h h—1>r(r)l+ ® h ¢
. Gh)—1 . Gh) -1
= 1 - - G t = 1 - (p '1 t b
Jim | (555 o] = g | (T e
where I denotes the identity. Let us define the linear operator
Gty —
Ap = lim M (in norm)
t—0t

and denote by Z(A), called the domain of A, the collection of all those functions ¢
for which the limit exists. We arrive at an abstract formulation of the heat equation
in the form of an abstract Cauchy problem in the Banach space (X, | - ||) of bounded
uniformly continuous functions on R,

WO _ w150
a e =0 (1.2)
u0)=¢ € X,

where the differentiation is understood in the Banach space X.

For a solution u(¢), it is required that for t > 0, u(¢t) € Z(A), u is continuously
differentiable and lim,_, o+ ||u(¢) — ¢|| = 0. In the case of (1.1), there is an explicit
form of the semigroup G(¢), given by the Gaussian semigroup

1 2
(G(t)(p)(x)z (47Tl‘)1/2/;§exp{_|x_y| /4f}¢()’)dy7 t>07
@(x), t=0.

(1.3)

The solution to (1.1) is known to be (see [7] Chap. 3 for detailed presentation)
u(t,x) = (G@)p)(x).

The operator A = d? / dx?, and

df . : . & f
2A0)={feX: f, o are continuously differentiable, and e eX;.
X

Exercise 1.1 Show that the operators G(¢) defined in (1.3) have the semigroup
property.
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We now review the fundamentals of the theory of semigroups of linear operators
with the goal of studying the existence of classical and mild solutions to an abstract
Cauchy problem.

1.2 Elements of Semigroup Theory

In this section we review the fundamentals of semigroup theory and refer the reader
to [6, 63], or [78] for proofs.

Let (X, || - |lx) and (Y, || - |ly) be Banach spaces. Denote by -2 (X, Y) the family
of bounded linear operators from X to Y. .Z (X, Y) becomes a Banach space when
equipped with the norm

ITlzxyy= suwp [Txlly, TeZ(X)7Y).

xeX, |lxllx=1

For brevity, .2 (X) will denote the Banach space of bounded linear operators on X.
The identity operator on X is denoted by /.

Let X* denote the dual space of all bounded linear functionals x* on X. X* is
again a Banach space under the supremum norm

’

lx*llx=  sup [(x,x¥)
xeX, |xllx=1

where (-, -) denotes the duality on X x X*.
For T € Z(X,Y), the adjoint operator T* € .Z (Y™, X*) is defined by
(x, T*y*) = (Tx, y*), xeX, y*ev*.

Let H be a real Hilbert space. A linear operator T € .Z(H) is called symmetric if
forallh,g e H,

(Th,g)u=(h,Tg)u.

A symmetric operator T is called nonnegative definite if for every h € H,
(Th,hyg = 0.

Definition 1.1 A family S(¢) € £ (X), t > 0, of bounded linear operators on a Ba-
nach space X is called a strongly continuous semigroup (or a Cp-semigroup, for
short) if

(S1) S(0)=1,
(S2) (Semigroup property) S(t +s) = S(t)S(s) for every t,s > 0,
(S3) (Strong continuity property) lim, , o+ S(#)x = x for every x € X.

Let S(z) be a Cy-semigroup on a Banach space X. Then, there exist constants
o >0and M > 1 such that

||S(t)||$(x) <Me*, t>0. (1.4)
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If M =1, then S(¢) is called a pseudo-contraction semigroup. If & =0, then S(¢) is
called uniformly bounded, and if « =0and M =1 (i.e., [|S®)|l.#x) < 1), then S(¢)
is called a semigroup of contractions. If for every x € X, the mapping t — S(¢)x is
differentiable for ¢ > 0, then S(¢) is called a differentiable semigroup. A semigroup
of linear operators {S(¢), t > 0} is called compact if the operators S(t), t > 0, are
compact.

For any Co-semigroup S(¢) and arbitrary x € X, the mapping

Ryst—StxeX
is continuous.

Definition 1.2 Let S(¢) be a Cp-semigroup on a Banach space X. The linear oper-
ator A with domain

St)x —
D(A) = {x eX: lim SWX =% exists} (1.5)
t—0t t
defined by
Ax = lim SW¥=F (1.6)
t—0t t

is called the infinitesimal generator of the semigroup S(z).
A semigroup S(¢) is called uniformly continuous if

IE%L NOR I”z(X) =0.

Theorem 1.1 A linear operator A is the infinitesimal generator of a uniformly con-
tinuous semigroup S(t) on a Banach space X if and only if A € £ (X). We have

o0

Sy=et=)" Ay

n!
n=0

the series converging in norm for every t > 0.

We will however be mostly interested in the case where A ¢ £ (X), as in (1.2).
The following theorem provides useful facts about semigroups.

Theorem 1.2 Let A be an infinitesimal generator of a Co-semigroup S(t) on a
Banach space X. Then

(1) Forx e X,

1 t+h
lim — S ds=3S . 1.7
Jim /t (xds =S(t)x (1.7)
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(2) Forx € 2(A), S(t)x € (A) and
%S(I)XZAS(I))C:S(I)A)C. (1.8)
3) Forxe X, fot S(s)xds € D(A), and

A(/t S(s)xds> =S{t)x —x. (1.9)
0

(4) If S(¢) is differentiable then forn =1,2, ..., S(t) : X —> 2(A") and
SM (1) = A"S(1) € L(X).

(5) If S(¢) is compact then S(t) is continuous in the operator topology for t > 0,

ie.,
Hm>o||5(s) ~ 8O o) =0. (1.10)
(6) Forx € 9(A),
t t
S(t)x — S(s)x :/ S(u)Axdu :/ AS(u)xdu. (L.11)

(7) D(A) is dense in X, and A is a closed linear operator.

(8) The intersection ﬂzoz | Z(A") is dense in X.

(9) Let X be a reflexive Banach space. Then the adjoint semigroup S(t)* of S(t) is
a Co-semigroup whose infinitesimal generator is A*, the adjoint of A.

If X = H, areal separable Hilbert space, then for 47 € H, define the graph norm

1/2

I2llzca)y = (2117 + 1ARI%) (1.12)

Then (Z(A), || - ll@a)) is a real separable Hilbert space.

Exercise 1.2 Let A be a closed linear operator on a real separable Hilbert space.
Prove that (Z(A), || - ll@(4)) is a real separable Hilbert space.

Let Z(H) denote the Borel o-field on H. Then Z(A) € Z(H), and
A: (@(A), %(H)@(A)) — (H, %(H)).
Consequently, the restricted Borel o-field 2(H)|g4) coincides with the Borel

o-field on the Hilbert space (Z(A), || - ll2(4)), and measurability of Z(A)-valued
functions can be understood with respect to either Borel o -field.
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Theorem 1.3 Let f : [0, T] — Z(A) be measurable, and let fot I f )z < oo.
Then

t '
/ f(s)ds € P(A) and /l Af(s)ds = A/ f(s)ds. (1.13)
0 0 0

Exercise 1.3 Prove Theorem 1.3.

Conditions under which an operator A can be an infinitesimal generator of a
Cop-semigroup involve the resolvent of A.

Definition 1.3 The resolvent set p(A) of a closed linear operator A on a Banach

space X is the set of all complex numbers X for which A/ — A has a bounded inverse,

i.e., the operator (A1 — A~ e Z(X). The family of bounded linear operators
R(A, A =00 — A7, L€ p(A), (1.14)

is called the resolvent of A.

We note that R(A, A) is a one-to-one transformation of X onto Z(A), i.e.,

(M —A)R(A, A)x =x, xeX, (L15)
R, A)M — Ax=x, xeP(A).
In particular,
AR(A, A)x =R(A, A)Ax, x e P(A). (1.16)
In addition, we have the following commutativity property:
R(X1, A)R(M2, A) = R(A2, A)R(X1, A), X1, X2 € p(A). (1.17)

The following statement is true in greater generality; however, we will use it only in
the real domain.

Proposition 1.1 Let S(t) be a Cy-semigroup with infinitesimal generator A on a
Banach space X. If ag = lim; 0ot !1n ISl 2 (x), then any real number A > oy
belongs to the resolvent set p(A), and

o0
RO\, A)x =/ e MS()xdt, xeX. (1.18)
0

Furthermore, for each x € X,
lim [AR(A, A)x — x| x =0. (1.19)
A—>00
Theorem 1.4 (Hille-Yosida) Let A : Z(A) C X — X be a linear operator on a Ba-

nach space X. Necessary and sufficient conditions for A to generate a Co-semigroup
S(t) are
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(1) A is closed and P(A) = X.
(2) There exist real numbers M and o such that for every A > o, A € p(A) (the
resolvent set) and

r —
(R, A)) ||$(X)§M()»—oz) ror=1,2,.... (1.20)
In this case, || S()|| #x) < Me*', 1 > 0.

We will now introduce an important approximation of an operator A and of the
Co-semigroup it generates.
For A € p(A), consider the family of operators

Ry =AR(A, A). (1.21)

Since the range Z(R(A, A)) C Z(A), we can define the Yosida approximation of A
by

Ayx =AR;x, xeX. (1.22)
Note that by (1.16)
A)L.X:R)LAX, XE.@(A).
Since A(AI — A)R(\, A) = LI, we have AZR(k, A) — Al =XAR(A, A), so that
Ajx =A*R(A, A) — A,

proving that A; € Z(X). Denote by S, () the (uniformly continuous) semigroup
generated by A,

Si(Hx=¢ex, xeX. (1.23)

Using the commutativity of the resolvent (1.17), we have
Ay A, = A, Ay (1.24)
and, by the definition of S, (¢) (1.23),

A S0 (t) =8 (1) A,. (1.25)

Proposition 1.2 (Yosida Approximation) Let A be an infinitesimal generator of a
Co-semigroup S(t) on a Banach space X. Then

Iim Ryx=x, xeX, (1.26)
A—00
lim Ayx =Ax, xe€ YP(A), (1.27)
A—00

and

lim S, (H)x =St)x, xeX. (1.28)
A—00
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The convergence in (1.28) is uniform on compact subsets of R... The following esti-
mate holds:

1820 & x) = Mexp{tra/( — )} (1.29)

with the constants M, a determined by the Hille—Yosida theorem.

1.3 Commonly Used Function Spaces

We define commonly used function spaces. Let (H, | - ||g) be a real separable
Hilbert space, and Z(H) be its Borel o -field. The collection of measurable (respec-
tively, bounded measurable) real-valued functions on H will be denoted by B(H)
(respectively, By(H)).

For a positive constant T, let C([0, T], H) be the Banach space of H-valued
continuous functions on [0, 7], with the norm || flc (0,71, #) = SUPg<;<7 I fF )l 1.
For a positive integer m, C™ ([0, T], H) and C*°([0, T'], H) denote the gpaces of H-
valued, respectively m-times and infinitely many times continuously differentiable
functions on [0, T'].

By C™(H) we denote the collection of real-valued m-times continuously Fréchet
differentiable functions on H, and let C' (H) and C;'(H) be its subspaces consist-
ing respectively of those functions which have compact support and of those whose
derivatives of order k =0, ..., m are bounded. It is typical to suppress the super-
script m if m = 0 and write, for example, C(H) for C O(H). If the Hilbert space H
is replaced with an interval [0, T'[ (resp. ]0, T']), we consider the right derivatives at
t =0 (resp. left derivatives at t = T').

The Banach space L?([0,T], H) is the space of H-valued Borel-measurable
functions on [0, T'] that are Bochner integrable in the pth power, with the norm

T 1/p
IIfIILP([o,T],H)=(/O ”f(f)Hde> :

The space of square-integrable functions L2([0, T], H) equipped with the scalar
product

T
(f. &) 2(m) 2/0 (f(0).8),dt

is a Hilbert space. We refer the reader to [14] for details of Bochner integration in a
Hilbert space.

The Banach space of H-valued essentially bounded functions on [0, T] is de-
noted by L°°([0, T'], H) and consists of functions f for which the norm

Il £l o qo,1,1) = esssupf| £ ()], t € [0, T1}

is finite.
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We now define Sobolev spaces. For nonnegative integers o1, . . ., &g, consider the
multiindex o = (a1, ..., ag) of order |a| = Zflzl o; and for x = (x1,x2,...,x4) €
R4, denote

L 0 9 g

= al az .. ad'
dx;" dx, dx,

Let & be an open subset of R. For a function f € C™ (&) with positive integer n,
define the norm

1/p
”f”m,p:(/ﬁ Z iDO‘f(x)V’dx) < 00,

lee]<m

where the differentiation is in the sense of distributions. The Sobolev space
W™P(0) with 1 < p < oo is the completion in the norm || - |l,,,, of the sub-
space of C™(0) consisting of all functions f such that || f||,,,, < oco. Similarly,
the space W(;"’p(ﬁ) is the completion in the norm || - ||n, , of C' (©). The Sobolev
spaces W™ P(0) defined above consist of functions f € L? (&) whose distribu-
tional derivatives D f of order up to m are also in L?(0).

The spaces (W™P(0), || - llm, p) and (Wy"”(O), || - lm, p) are Banach spaces, and

W™2(0) and W(;" ’2( 0) are Hilbert spaces with the scalar product

(f. Shwmacor = / S D% f(x) DUg(x) dx.

lee]<m

Note that the Sobolev space W7 (&) is a subset of L?(0). If ¢ =R?, then it is
known ([30], Chap. 10, Proposition 1.5) that

Wy (RY) = wh2(RY). (1.30)

1.4 The Abstract Cauchy Problem

Let A be a linear operator on a real separable Hilbert space H, and let us consider
the abstract Cauchy problem given by

W® _ puy. 0<r<T
= Au(?), <t<T,
dr (1.31)
u0) =x, x e H.

Definition 1.4 A function u : [0, T[— H is a (classical) solution of the prob-
lem (1.31) on [0, T[ if u is continuous on [0, T'[, continuously differentiable and
u) e (A) fort €10, T[, and (1.31) is satisfied on [0, T'[.

Exercise 1.4 Argue why if x & Z(A), then (1.31) cannot have a solution.
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If A is an infinitesimal generator of a Cp-semigroup {S;,¢ > 0}, then for any
x € 9(A), the function u*(t) = S(t)x, t > 0, is a solution of (1.31) ([63], Chap. 4,
Theorem 1.3). On the other hand, if x € Z(A), then the continuity at zero may not
be a problem (see Exercise 1.4), but u* (¢) does not have to be differentiable, unless
the Cp-semigroup has additional properties, for example, when it is a differentiable
semigroup (refer to (4) in Theorem 1.2).

In this case, u* () = S(¢)x is not a solution in the usual sense, but it can be
viewed as a “generalized solution,” which will be called a “mild solution.” In fact,
the concept of mild solution can be introduced to study the following nonhomoge-
neous initial-value problem:

du®) _ 0 T
= A+ f(), 0<1<T, (1.32)
u(0) = x, x€eH,

where f: [0, T[— H.

We assume that A is an infinitesimal generator of a Cp-semigroup so that the
homogeneous equation (1.31) has a unique solution for all x € Z(A). The definition
of a classical solution, Definition 1.4, extends to the case of the nonhomogeneous
initial-value problem by requiring that in this case, the solution satisfies (1.32).

We now define the concept of a mild solution.

Definition 1.5 Let A be an infinitesimal generator of a Cp-semigroup S(¢) on H,
x € H,and f € LY([0,T], H) be the space of Bochner-integrable functions on
[0, T'] with values in H. The function u € C([0, T], H) given by

t
u(t)=S@{)x +/ St —s)f(s)ds, 0<t<T,
0
is the mild solution of the initial-value problem (1.32) on [0, T'].
Exercise 1.5 Prove that the function u(¢) in Definition 1.5 is continuous.

Note that for x € H and f = 0, the mild solution is S(¢)x, which is not in general
a classical solution.

When x € Z(A), the continuity of f is insufficient to assure the existence of a
classical solution. To see this, following [63], consider f () = S(¢)x for x € H such
that S(t)x & Z(A). Then (1.32) may not have a classical solution even if u(0) =0 €
2(A), as the mild solution

t
u(t) = / St —s5)S(s)xds =1tS(t)x
0

is not, in general, differentiable.
One has the following theorem ([63], Chap. 4, Theorem 2.4).
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Theorem 1.5 Let A be an infinitesimal generator of a Co-semigroup {S(t),t > 0},
let f € LY([0, T, H) be continuous on 10, T1, and let

t
v(t)=/ Sit—s)f(s)ds, 0<t<T.
0

The mild solution u to the initial-value problem (1.32) is a (classical) solution on

[0, T[ for every x € Z(A) if

(1) v(t) is continuously differentiable on 10, T[.
2) v(t) e Z(A) for0 <t < T, and Av(t) is continuous on 10, T[.

If (1.32) has a solution u on [0, T[ for some x € Z(A), then v satisfies (1) and (2).

Exercise 1.6 Show that if f is continuously differentiable on [0, T'], then

t t
v(t):/ S(t—s)f(s)ds:f S@) f@—s)ds
0 0

is continuously differentiable for ¢ > 0, and its derivative is given by

t t
v’(t)=5(t)f(0)+/ S(r)f’(t—s)ds=5(t)f(0)+f S@t —s) f'(s)ds.
0 0

Conclude that in this case the initial-value problem (1.32) has a solution for every

x € Y(A).

We conclude with examples of the heat equation in R? and in a bounded domain
0 C R

Example 1.2 Consider the heat equation in R?

u;(t,x)=Au(t,x), O0<t<T, (1.33)
u(0,x) =px),
x € R?. The Gaussian family of operators
e Lol = iAoy, 120
(Ga()g)(x) = { @4m1)? Jp R ’ T(134)

(x), t=0,

defines a Co-semigroup of contractions on H = L>(R%) with the infinitesimal gen-
erator

d
32
=252
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whose domain is Z(A) = W22(R9). Note the difference between a bounded region
and R?. Here the domain of the infinitesimal generator has this simple form due
to (1.30). Consider the related abstract Cauchy problem

W Au 0<i<T
a o Ueish (1.35)

u(0) = ¢ € L2(RY).

It is known that (G4(t)¢)(x) is a classical solution of problem (1.35) for any ¢ €
H = L>(R%) in the sense of Definition 1.4, since the semigroup Gy () on H is
differentiable ([63], Chap. 7, Theorem 2.7 and Remark 2.9).

Example 1.3 Let 0 C R? be a bounded domain with smooth boundary 3¢ (i.e.,
for each x € 30 and some ball B centered at x, 3¢ N B has the form x; =
f(xt, .o, Xiz1, Xit1, ..., Xq) for some 1 <i <d with f being k > 1 times dif-
ferentiable). Then the heat equation has an abstract Cauchy form

du—A t>0
a o e (1.36)

u(0) = ¢ € W22(O)N Wy (0).

The Laplace operator A is an infinitesimal generator of a Cp-semigroup of con-
tractions on H = L2(&), and the initial-value problem (1.36) has a unique solution
u(t,x) e C([0, oo[, W“(ﬁ) N Wol’z(ﬁ)). This is a consequence of a more general
result for strongly elliptic operators ([63], Chap. 7, Theorem 2.5 and Corollary 2.6).

To study nonlinear equations, one also needs to look at the Peano theorem in an
infinite-dimensional Hilbert space, that is, to study the existence of a solution of the
equation

du
E(t) = G(u(t)), u(0)=xcH,

where G is a continuous function on H. We note that due to the failure of the
Arzela—Ascoli theorem in C([0, T'], H), the proof in the finite-dimensional case
fails (see the proofs in [15] and [29]). In fact the Peano theorem in a Hilbert space
is not true [26]. However, if we look at semilinear equations

d'git) — Au(t) + Gu(). t>0.
u(0) =ux, xeH,

we can salvage the theorem if {S(¢), ¢ > 0} is a semigroup of compact operators. We
present this theorem in the general case of SPDEs in Chap. 2.
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1.5 The Variational Method

We shall now consider problem (1.32) with f () = 0 and with further condition
of coercivity on A. In this case, we follow the variational method due to Lions
[48]. However, we use the approach of Tanabe [71]. We present the basic technique
of Lions, without presenting the proofs. However, we present one crucial lemma
of Lions [48] on which Pardoux’s [62] approach is based. This lemma has been
appropriately generalized for the stochastic case by Krylov and Rozovskii [42]. We
present the method where the work of Krylov and Rozovskii is essential.
Let us start with the variational set up. We have three Hilbert spaces

Ves He— V*

with V a dense subspace of H, V* the continuous dual of V, and the embeddings
< being continuous. Also, with (-, -} denoting the duality on V x V*, we assume
that (v,v) = (v, v )y ifve Vandv € H.
Let us consider now an analogue of problem (1.32). Let A be a linear operator,
AV — V* such that
[Av]lv+ < M|v|lv
and

2(v, Av) < Al —alvlly. vev,
for some real number A and M, @ > 0. The following theorem is due to Lions [48].

Theorem 1.6 (Lions) Let x € H and f € L2([0,T)), V*). Then there exists a
unique function u € L%([0,T1, V) with du(t)/dt € L2([0,T1, V*) and satisfying

du(t)
o =Au(@®)+ f(), t>0,

u(0) =x.

(1.37)

For the proof, see [48], p. 150.
The crucial lemma needed for proving that the solution # € C ([0, T'], H) and to
work out an analogue of It6’s formula for the function |ju(z) ||%1 is the following,

Lemma 1.1 (Lions) Ifu € L>([0, T1, V) and du(t)/dt € L*>([0, T1, V*), then u €
C([0,T], H). Furthermore,

du(t)>

o (1.38)

d
o1 =2(ucn,

Proof Let0 <a < T; weextend u to (—a, T + a) by putting u(¢) = u(—t) fora <
t<0andu(®)=uRT —1t) forT <t < T +a.Observe thatu € L2((—a, T +a), V)
and u’ € L?>((—a, T +a), V*). Define

w(r) =0(Du(r),
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where 6(¢) is continuously differentiable function, & = 1 in [0, 7] and 6 = 0 in the
neighborhood of —a and T + a. By using a mollifier j,, we define

T+a
wn(t)=/ Jn(t = s)w(s)ds.

—a

Then, as n — oo, we have that w, — w in L>((—a, T + a), V) and dw, /dt —
dw/dt in L>*((—a, T + a), V*). Note that dw,, /dt € V, so that we have

td
o) =@l = [ 55 Tos) = w9y s

t
:/ 2<wn(s)— dwy, s >ds
T+a 2 T+a 5
5/ ds+/ [wa(s) — wm(s) |y, ds.
—a V* —dad

Thus, in addition to the L? convergence in V, {w,} is a Cauchy sequence in
C([—a, T +al, H). Hence, modifying the values on a null set, we get that w(t) € H
and w, — w uniformly on [—a, T + a]. This gives u(t) € C([0, T], H), by the
choice of 8. Let ¢ € Cgo ([0, T']) and consider the integral

dw, dw,,
(s) — ——
ds ds

T d(p
/O (un (0, v(0) 1) di

T d T

=f0 <v(t),a(so(z)wn(t))>dt /< >
T

=—/0 <<P(t)wn(t) (t)>dt /<

> dt.
Taking the limit, we obtain

T d(p T
/(u(t),v(t))Hd—(t)dt=—/ {<u(t) (t)> <v(t) (t)>}<p(t)dt-
0 t 0

For v(t) = u(t), this shows that the statement (1.38) is valid in terms of distributions.
Since the RHS in (1.38) is an integrable function of ¢, we conclude that | u(z) || 7 18
absolutely continuous. d




Chapter 2
Stochastic Calculus

2.1 Hilbert-Space-Valued Process, Martingales, and Cylindrical
Wiener Process

2.1.1 Cylindrical and Hilbert-Space-Valued Gaussian Random
Variables

We first introduce cylindrical Gaussian random variables and Hilbert-space-valued
Gaussian random variables and then define cylindrical Wiener process and Hilbert-
space-valued Wiener process in a natural way. Let ($2,.%, P) be a probability space,
and K be a real separable Hilbert space with the norm and scalar product denoted
by || - Ik and (-, -)x. We will always assume that (2, %, P) is complete, i.e., that
% contains all subsets A of 2 with P-outer measure zero,

P*(A)=inf{P(F):ACF e.Z}=0.

Definition 2.1 We say that Xisa cylindrical standard Gaussian random variable
on K if X : K — L*(Q2, .#, P) satisfies the following conditions:

(1) The mapping X is linear.

(2) For an arbitrary k € K, X (k) is a Gaussian random variable with mean zero and
variance ||k||%(.

(3) If k, k' € K are orthogonal, i.e., (k,k’)x = 0, then the random variables X (k)
and X (k') are independent.

Note that if {f]}oo | 1s an orthonormal basis (ONB) in K, then {X(f])};?‘;1 is a
sequence of mdependent Gaussian random variables with mean zero and variance
one. By linearity of the mapping X : K — L2(Q2,.%, P), we can represent X as

X (k) =Z k. £k X(f)),

L. Gawarecki, V. Mandrekar, Stochastic Differential Equations in Infinite Dimensions, 17
Probability and Its Applications,
DOI 10.1007/978-3-642-16194-0_2, © Springer-Verlag Berlin Heidelberg 2011
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with the series convergent P-a.s. by Kolmogorov’s three-series theorem ([5], Theo-
rem 22.3).
However, it is not true that there exists a K -valued random variable X such that

X (k)(@) = (X (@), k).

This can be easily seen since we can express

o]

|X@]% =X @), il

j=1

with the series being P-a.s. divergent by the strong law of large numbers.
In order to produce a K -valued Gaussian random variable, we proceed as follows.
Denote by .Z (K) the space of trace-class operators on K,

LK) ={L e LK) :t(L):=tr((LL")'?) < o0}, 2.1)

where the trace of the operator [L] = (LL*) 172 is defined by

[e.¢]

w((L]) =Y (IL1f;. fi)g

Jj=1

for an ONB {fj}j?‘;l C K. It is well known [68] that tr([L]) is independent of the

choice of the ONB and that .7 (K) equipped with the trace norm 7 is a Banach

space. Let Q : K — K be a symmetric nonnegative definite trace-class operator.
Assume that X : K — L%(Q, .7, P) satisfies the following conditions:

(1) The mapping X is linear.
(2) For an arbitrary k € K, X (k) is a Gaussian random variable with mean zero.
(3) For arbitrary k, k' € K, E(X (k)X (k")) = (Qk, k') k

Let {f; }‘;‘;1 be an ONB in K diagonalizing Q, and let the eigenvalues corresponding
to the eigenvectors f; be denoted by A, so that Qf; = A f;. We define

X(@)=Y X(fH)fj.

j=1
Since Z/ | Aj < 00, the series converges in LZ((Q %, P), H) and hence P-a.s.
In this case, P-a.s.,

(X (@), k) = X (k) (),
so that X : 2 — K is .% /% (K)-measurable, where % (K) denotes the Borel o-
field on K.

Definition 2.2 We call X : 2 — K defined above a K-valued Gaussian random
variable with covariance Q.
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Definition 2.3 Let K be a separable Hilbert space. The measure P o X! induced
by a K-valued Gaussian random variable X with covariance Q on the measurable
Hilbert space (K, Z(K)) is called a Gaussian measure with covariance Q on K.

Exercise 2.1 Let K be a separable Hilbert space, Q : K — K be a symmetric non-
negative definite trace-class operator, and X be a cylindrical Gaussian random vari-
able on K. Show that Y = X o Q1/2 = Pyt X(Q'V2(f))) f; is a K-valued Gaus-
sian random variable with covariance Q.

2.1.2 Cylindrical and Q-Wiener Processes

Let (2, . F, {Z:}i>0, P) be a filtered probability space, and, as above, K be a real
separable Hilbert space. We will always assume that the filtration .%; satisfies the
usual conditions

(1) Fo contains all A € .% such that P(A) =0,
Q) F = ms>tys’

Definition 2.4 A K-valued stochastic process {X;};>o defined on a probability
space (2, %, P) is called Gaussian if for any positive integer n and ¢q, ..., 1, >0,
(X4, ..., Xy,) 1s a K"-valued Gaussian random variable.

A standard cylindrical Wiener process can now be introduced using the concept
of a cylindrical random variable.

Definition 2.5 We call a family {Wr}tzo defined on a filtered probability space
(Q, F,{F}i>0, P) a cylindrical Wiener process in a Hilbert space K if:

(1) For an arbitrary ¢ > 0, thg mapping W, K — LZ(Q, &, P) is linear;
(2) For an arbitrary k € K, W; (k) is an %-Brogvnian motion;
(3) For arbitrary k, k' € K and t > 0, E(W,; (k)W (k")) = t{k, k') k.

For every t > 0, Wf /+/t is a standard cylindrical Gaussian random variable, so
that for any k € K, W; (k) can be represented as a P-a.s. convergent series

o0

Wiy =Y (ks )k Wi (f)), 22)

j=1

where {fj}j:1 isan ONB in K.

Exercise 2.2 Show that E(W,(k)W,(k)) = (t A s)(k,k')x and conclude that
W:(fj), j=1,2,..., are independent Brownian motions.
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For the same reason why a cylindrical Gaussian random variable cannot be real-
ized as a K -valued random variable, there is no K -valued process W; such that

Wi (k) (@) = (Wi (@), k) .

However, if Q is a nonnegative definite symmetric trace-class operator on K, then
a K-valued Q-Wiener process can be defined.

Definition 2.6 Let Q be a nonnegative definite symmetric trace-class operator on a
separable Hilbert space K, { f; };?O:I be an ONB in K diagonalizing Q, and let the
corresponding eigenvalues be {Aj};il. Let {w;(#)};>0, j =1,2,..., be a sequence
of independent Brownian motions defined on (2, .%#, {.-%;};, P). The process

W= 2w f (2.3)
j=1

is called a Q-Wiener process in K .

We can assume that the Brownian motions w;(t) are continuous. Then, the se-
ries (2.3) converges in L%(£2,C([0,T], K)) for every interval [0, T], see Exer-
cise 2.3. Therefore, the K-valued Q-Wiener process can be assumed to be con-
tinuous. We denote

o0
Witk =Y 22w . kk
j=1
for any k € K, with the series converging in L2(.Q, C([0, T],R)) on every interval
[0, T].

Exercise 2.3 Use Doob’s inequality, Theorem 2.2, for the submartingale

Z K;/zwj(t)fj

J=m

K

to prove that the partial sums of the series (2.3) defining the Q-Wiener process are
a Cauchy sequence in L2(£2, C([0, T, K)).

Remark 2.1 A stronger convergence result can be obtained for the series (2.3). Since

2
n n
12 1 172
P( sup | YA w0 f >g> < —E|Y 2 Pwi) s
0<t<T| = & —
j=m K j=m K
T n

j=m
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with m <n, m,n — oo, the series (2.3) converges uniformly on [0, T'] in proba-
bility P, and hence, by the Lévy-It6—Nisio theorem ([45], Theorem 2.4), it also
converges P-a.s. uniformly on [0, T].

Basic properties of a Q-Wiener process are summarized in the next theorem.

Theorem 2.1 A K-valued Q-Wiener process {W;};>0 has the following properties:

(1) Wo=0.

(2) W; has continuous trajectories in K .

(3) W, has independent increments.

(4) W, is a Gaussian process with the covariance operator Q, i.e., forany k, k' € K
and s,t >0,

E(Wi (k)W (k")) = (t A $)(Qk, k') .
(5) For an arbitrary k € K, the law L (W, — W) (k)) ~ N, (t — s){(Qk, k)k).

Exercise 2.4 Consider a cylindrical Wiener process W, (k) = 2311 (k, fj) KWI( b))
and a Q-Wiener process W; = Zf’;l A}/zwj () fj, as defined in (2.2) and (2.3),
respectively. Show that

(@ W) =W, 00?2 = Z?‘;l A}/zwt(fj)fj defines a Q-Wiener process;

(b) th (k) = chozl (k, fj)kw;j(¢) defines a cylindrical Wiener process.

2.1.3 Martingales in a Hilbert Space

Definition 2.7 Let H be a separable Hilbert space considered as a measurable space
with its Borel o-field Z(H). We fix T > 0 and let (2, .%,{%};<r, P) be a fil-
tered probability space and {M;};<7 be an H-valued process adapted to the filtra-
tion {%;};<r. Assume that M; is integrable, E||M;||z < co. Then M, is called a
martingale if for any 0 <s <t,

E(M;|.%5)=M;, P-as.

We note that because H is separable, the measurability of M; with respect to
the o-fields .%; and $(H) is equivalent to the measurability of (M;, h) g with re-
spect to .%; and A(R) for all h € H, which implies the measurability of | M,| .
If E||Mt||Z < 00, we will also write M; € L? (2, .%;, P). The condition for M, €

LY (Q, %, P) to be a martingale is equivalent to
E((M;, hyu|.Fs) = (Mg, h)y, VheH, P-as.

if0<s<t.
If M; € LP(Q2, %, P) is an H-valued martingale than for p > 1, the process
|| M; ||1;, is a real-valued submartingale. We have therefore the following theorem.
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Theorem 2.2 (Doob’s Maximal Inequalities) If M; € LP(2, %, P) is an H-valued
martingale, then

(1) P(supg<;<7 IMillg > 1) < 55 EIMrllhy. p>1,1>0;

(2) E(supg< <7 M%) < (%)”E”MTH” ,p>1

We will now introduce the Hilbert space of square-integrable H-valued martin-
gales. Note that by Doob’s inequality, Theorem 2.2, we have

E(sup 1M1 ) < 4E1 My [

1<T
Definition 2.8 A martingale {M, }o<;<7 is called square integrable if
E|Mr|% < oo.

The class of continuous square-integrable martingales will be denoted by ///% (H).

Since M; € ,//l%(H) is determined by the relation M; = E(My|.%;), the space
///% (H) is a Hilbert space with scalar product

(M, N)///%(H) = E(<MT7 NT)H)-

In the case of real-valued martingales M;, N; € ///% (R), there exist unique
quadratic variation and cross quadratic variation processes, denoted by (M); and
(M, N);, respectively, such that M,2 — (M); and M;N, — (M, N),; are continuous
martingales. For Hilbert-space-valued martingales, we have the following definition.

Definition 2.9 Let M, € ///%(H ). We denote by (M), the unique adapted contin-
uous increasing process starting from O such that || M, ||%, — (M), is a continuous
martingale. We define a quadratic variation process ((M)), of M; as an adapted
continuous process starting from 0, with values in the space of nonnegative definite
trace-class operators on H, such that forall h, g € H,

(Mg, hyu (My, g) — (M) (h). g)

is a martingale.

Lemma 2.1 The quadratic variation process of a martingale M; € ///%(H ) exists
and is unique. Moreover,

(M) = tr{(M));. (2.4)

Proof The lemma follows by applying the classical one-dimensional results. We
can assume without loss of generality that My = 0. Denote

M} = (M, e\,
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where {e;}7°, is an ONB in H. Note that the quadratic variation process has to
satisfy

(M) (). ej)y = (Mi, Mj),.
Consequently, we define the quadratic variation process by

o0

{«m (), g)p = Z (M, Mj)i(ei,h)rej, &) n- (2.5)

ij=1

The sum in (2.5) converges P-a.s. and defines a nonnegative definite trace-class
operator on H, since

Etr(M ,_EZ ,_EZMt,elH_E||Mt||H<oo
i=1

Now equality (2.4) follows from (2.5). O

Exercise 2.5 Show that an H-valued Q-Wiener process {W;};<r is a continuous
square-integrable martingale with (W), =¢(trQ) and (W)); =1 Q.

Exercise 2.6 Let 0 <1¢,...,#, <t < T be a partition of the interval [0,¢], 7 < T,
and max{tjy; —t;,1 < j<n—1}— 0. Denote AW; = W,j+1 — W,j. Show that

n
> IAW)x = t(r Q).  P-as.

j=1

2.2 Stochastic Integral with Respect to a Wiener Process

We will introduce the concept of Itd’s stochastic integral with respect to a Q-Wiener
process and with respect to a cylindrical Wiener process simultaneously.

Let K and H be separable Hilbert spaces, and Q be either a symmetric non-
negative definite trace-class operator on K or Q = Ik, the identity operator on K.
In case Q is trace-class, we will always assume that its all eigenvalues A; > 0,
Jj=1,2,...; otherwise we can start with the Hilbert space ker(Q)~ instead of K.
The associated eigenvectors forming an ONB in K will be denoted by fk.

Then the space Kg = Q'/2K equipped with the scalar product

=1
(u, v) :ZA_ (u, fiyx{v, fik

j=1"

1/2

is a separable Hilbert space with an ONB {A '~ /3172
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If H|, H, are two real separable Hilbert spaces with {e; }"o1 an ONB in H, then
the space of Hilbert—Schmidt operators from Hj to Hj is defined as

oo
2 (Hy, Hy) = {LEf(HlaHZ):Z”LEiH%{z <OO}~ (2.6)
i=1

It is well known (see [68]) that % (H, Hy) equipped with the norm

00 1/2
L2yt 112 = (Z ||Le,-||%12>
i=1

is a Hilbert space. Since the Hilbert spaces H; and Hj are separable, the space
2 (Hy, Hy) is also separable, as Hilbert—Schmidt operators are limits of sequences
of finite-dimensional linear operators.

Consider % (K, H), the space of Hilbert—Schmidt operators from K¢y to H.
If {e /} 2, is an ONB in H, then the Hilbert-Schmidt norm of an operator L €
ZZ(KQ, H) is given by

o0

||L||E$2(KQ,H) = Z( (2 l/sz) )

Jii=1 Jii

= L0 ey = (L) (L0 @)

(L' fj el

1

.Mg

The scalar product between two operators L, M € £ (K g, H) is defined by

(L, M) 25k g.11) = ((LQ'?) (MQ'2)7). 28)

Since the Hilbert spaces Ko and H are separable, the space .%>(K o, H) is also

separable.
Let L e Z(K,H). If k € Ko, then

00
1/2 S
k= Z KQ J fj’

~.
—

and L, considered as an operator from K¢ to H, defined as

Lk =

'M8

I
MR

(k.22 i) 2 L
J

has a finite Hilbert—Schmidt norm, since

o0 o0
1Ly kg iy = DL 1)y = DML I < LWk 1y (D).
j=1 j=1
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Thus, (K, H) C (Ko, H). If L,M € Z(K, H), formulas (2.7) and (2.8) re-
duce to

| LWk gy = (L QL) 2.9)

and
(L, M) 2, ky.H) =tr(LQM*), (2.10)

allowing for separation of Q'/2 and L*. This is usually exploited in calculations
where L € (K, H) is approximated with a sequence L, € Z (K, H).

The space %>(K g, H) consists of linear operators L : K — H, not necessar-
ily bounded, with domain 2(L) > Q'/?K, and such that tr((L Q'/?)(L Q'/?)*) is
finite. If Q = Ik, then Ko = K. We note that the space .#5>(K o, H) contains gen-
uinely unbounded linear operators from K to H.

Exercise 2.7 Give an example of an unbounded linear operator from K to H, which
is an element of 25 (K¢, H).

2.2.1 Elementary Processes

Let &(Z (K, H)) denote the class of £ (K, H)-valued elementary processes
adapted to the filtration {.%;},;<7 that are of the form

n—1
D1, 0) =@ L)1)+ Y ¢ (@)1 (1;.1;,1(0), @.11)
j=0
where 0 =1 <ty <---<t, =T, and ¢,¢;, j =0,1,...,n — 1, are respec-

tively %p-measurable and .%; ;-measurable (K g, H)-valued random variables
such that ¢ (w), ¢;(w) € Z(K,H), j=0,1,...,n — 1 (recall that Z(K,H) C
(Ko, H)).

Note that if Q = I, then the random variables ¢; are, in fact, (K, H)-valued.

We shall say that an elementary process @ € &(Z (K, H)) is bounded if it is
bounded in £ (Ko, H).

We have defined elementary processes to be left-continuous as opposed to being
right-continuous. There is no difference if the Itd stochastic integral is constructed
with respect to a Wiener process. Our choice, however, is consistent with the con-
struction of a stochastic integral with respect to square-integrable martingales.
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2.2.2 Stochastic Ito Integral for Elementary Processes

For an elementary process @ € &(Z (K, H)), we define the Itd stochastic integral
with respect to a Q-Wiener process W; by

n—1

1
/{; P(s)dW, = Z(pj(wt‘,-ﬁ.]/\t — Wiint)

j=0

for t € [0, T]. The term ¢ Wy is neglected since P(Wp = 0) = 1. This stochastic
integral is an H -valued stochastic process.

We define the It6 cylindrical stochastic integral of an elementary process @ €
&(ZL (K, H)) with respect to a cylindrical Wiener process w by

n—1

[ ~ ~ ~
( /O ¢>(s>dWs)<h) =3 (Wit (85 00) — Wiy e (95(D))) (2.12)

J=0

for t € [0, T] and h € H. The following proposition states It6’s isometry, which is
essential in furthering the construction of the stochastic integral.

Proposition 2.1 For a bounded elementary process ® € &( £ (K, H)),

t 2 t
2
EH/O ®(s) dW; H:E/O ||(D(s)||$2(KQ’H)ds<oo (2.13)

forte|0,T].

Proof The proof resembles calculations in the real case. Without loss of generality
we can assume that t = 7', then

T
/ D (s)dW

2
E‘ =E
0 H

n—1 2
> i (Wi, — W)
j=1

H

n—1 n—1

2

= E<Z||¢>,-<Wt,.+l — Wil + Do (Wi, — W) i(Wi, — W:,))H).
j=1 i#j=1

Consider first the single term E||¢; (W,j a— W )| %1 We use the fact that the random

variable ¢ ; and consequently for a vector e,, € H, the random variable ¢*e,, is .7 o

measurable, while the increment W,j = Wtj is independent of this o-field. With

{ fl}?; and {e,, },onozl, orthonormal bases in Hilbert spaces K and H, we have

o
E||¢/(W’j+l - W’j)HiI =E Z(¢1(le+1 = Wi, em)il
m=1

= Z E(E((¢./(Wtj+1 = Wi, em)2|ﬂ’,j))

m=1
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= 3" E(E(Wiy = Wy 9enlic| 7))

~ 2
:ZE( << Wtj+1 _Wtj1ﬁ>K<¢;<emvﬁ>K> yfj))

zig( ((i Wiy — Wiy, Sk (Bem, fi) )‘f))

m=1
+ Z E<E(< Z (Wtj+1 - Wtjs fl>K(¢;emv fl)K
m=1 [#£l'=1

X (Wi = Wiy, f) k(@ em, fl')K>‘g’f'>)
= Z(lj+1 - tj)zll(qb;fem, flﬁ(
m=1 =1

o0
1/2 2
= (a1 = 1) Y (65 ("2 11)s emlly = W1 = DD 120k .11

m,l=1

Similarly, for the single term E(¢; (Ws;,, — Wy,), ¢i (Wy,,, — Wy,)) i, we obtain that

E<¢j(Wtj+1 - le)s ¢i(Wl‘i+1 - Wt,‘))H

=F Z E< Z <Wtj+1 - lev fl)K<¢;<em’ fl)K

m=1 \1Lr=1
W = Wil 17, ) =0

if i < j. Now we can easily reach the conclusion. O

We have the following counterpart of (2.13) for the Itd cylindrical stochastic
integral of a bounded elementary process @ € &(Z (K, H)):

t 2 t
E((/ (D(s)dWs)(h)> =/ E||<p*(s)(h)||§(ds<oo. (2.14)
0 0

Exercise 2.8 Prove (2.14).

The idea now is to extend the definition of the It6 stochastic integral and cylindri-
cal stochastic integral to a larger class of stochastic processes utilizing the fact that
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the mappings @ — fOT @ (s)dW; and &*(-)(h) — (fOT @ (s)dW;)(h) are isome-
tries due to. (2.13) and (2.14).

When the stochastic integral with respect to martingales is constructed, then the
natural choice of the class of integrands is the set of predictable processes (see, for
example, [57]), and sometimes this restriction is applied when the martingale is a
Wiener process. We will however carry out a construction which will allow the class
of integrands to be simply adapted and not necessarily predictable processes.

Let A2(Kg, H) be a class of £ (K¢, H)-valued processes measurable as
mappings from ([0, T] x Q, A(0,T]) @ F) to (L (Ko, H), B(£2(Kg. H))),
adapted to the filtration {.%;};<r (thus .# can be replaced with .#7), and satisfying
the condition

T
E/O |22k, 41 < 00 (2.15)

Obviously, elementary processes satisfying the above condition (2.15) are elements
of As.
We note that A2(K g, H) equipped with the norm

T 1/2
2
1Dl As kg, H) = <E/O Hq)(t)HZZ(KQ’H)dt) (2.16)

is a Hilbert space. The following proposition shows that the class of bounded ele-
mentary processes is dense in Ax(K g, H). It is valid for Q, a trace-class operator,
and for Q = Ig.

Proposition 2.2 If ® € A2(K g, H), then there exists a sequence of bounded ele-
mentary processes ®, € §(Z (K, H)) approximating @ in A>»(Kg, H), i.e.,

T
5 2
1Pn = Plin, k. 1) = Eﬁ | @) — @ (1) ”,%(KQ,H) dt—0
as n — oQ0.

Proof We follow the idea in [61].
(a) We can assume that ||® (¢, a))||gz(KQ,H) < M for all ¢, w. Otherwise, we de-
fine
D(t, w) .
n if ||@ (¢, w) >n,
Pp(t,w) =13 Pt )l 2yky.H) H ”‘“%(KQ’H)
D(t, w) otherwise.

Then [|®, — @k, H) — O by the Lebesgue dominated convergence theorem
(DCT).
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(b) We can assume that @ (¢, w) € Z (K, H) since every operator L € £ (K ¢, H)
can be approximated in .25 (K o, H) by the operators L, € £ (K, H) defined by

Lik=Y L6} )i fi Kl

j=1

Indeed, for k € K, we have

00 n 2
| Lakl3; = Z<ZL(A}/2fj)<A}/2fj, Kggr >

i=1\j=1 H

e¢]

Z (2 17) il 3o 540 0
J

j=1 j=1
2
= Cn”L”gz(KQ,H)”k”Ks

sothat L, € (K, H), and

lo@ — o, (t)nzz(KQ H) = Z (10! )”1/2fl)||H_)O
Jj=n+1

Then

T
E/O |® @) — <I>n(t)||f%(KQ’H) dt — 0

as n — oo by the Lebesgue DCT, so that @, — @ in A2 (Ko, H).

(c) Now assume, in addition to (a) and (b), that for each w, the function @ (-, w) :
[0,T] > £(Kgp, H) is continuous. For a partition 0 =t <1 <--- <t, =T,
define the elementary process

n—1

B (t, @) = D0, ) L0} (1) + D Dt 0)1(.1;,,1(1)
j=1

With the size of the partition max{|tj1| —#;|: j=0,...,n} — 0 as n — 00, we
have that @,,(t, w) - @ (¢, w) and

T
/0 | @, w) — B, ) ||;2(KQ)H) dt — 0

due to the continuity of @ (-, w). Consequently, due to the Lebesgue DCT,

T
E/O | @, w) — dﬁn(t,w)”f%(KQ’H)dt—) 0.
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(@) If & (¢, w) € Z(K, H) is bounded for every (¢, ) but not necessarily contin-
uous, then we first extend @ to the entire R by assigning @ (¢, ) =0 for t < 0 and
t > T. Next, we define bounded continuous approximations of @ by

'
@Dn(t,a)):/ Yn(s —)D(s,w)ds, 0<t<T.
0

Here v, (t) = nir(nt), and ¥ (¢) is any nonnegative bounded continuous function on
R with support in [—1, 0] and such that fR Y (t)dt = 1. We will use the technique
of an approximate identity (refer to [73], Chap. 9).

The functions @, (¢, w) are clearly bounded, and we now justify their continuity.
Witht +h <T, we have

[ @a(t +h.0) = @u(t. ) g, 1)

t+h t
:H/ 1//n(s—(t+h))d5(s,w)ds—/ Yn(s —t)D (s, w)ds
0 0

LK, H)

=

t
/0 (w,,(s —(t +h)) —Y(s — t))@(s,a))ds

(Ko, H)

T
+ ”/ Yy (s —(t +h))<D(s, o)1 14+ (s)ds .
0 £ (Kg,H)

The second integral converges to zero with 4 — 0 by the Lebesgue DCT. The first
integral is dominated by

/R [Un(s = ¢+ 1) = Yuls = D[ . 0] g, 1y L0 (5) ds

=/R|wn(u+h)—wn<u)\||a><u+t,w)ng(KQ,H)llfz,omu)du
N
=(A;|x/fn<u+h)—wn(u>| du)

1/2
X (/R”(p(u+t’a)))”f%Z(KQ,H)l[—t,O](M)du> ’

so that it converges to zero due to the continuity of the shift operator in L2(R) (see
Theorem 8.19 in [73]). Left continuity in T follows by a similar argument.

Since the process @ (¢, w) is adapted to the filtration .%;, we deduce from the
definition of @, (¢, w) that it is also .%;-adapted.

We will now show that

T
2
fo |®n(t, ) — ®(t, ®) ||32(KQ,H) dt — 0
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as n — 00. Consider

t
|®n(t, 0) — @ (2, w) ||$2(KQ’H) < Hfo Yn(s —1)(D (s, ) — D(t,w)) ds

=gz(KQ,H)

t
+ H/ (s —1) = 1)P(t, w)ds
0

(Ko, H)

For a fixed w, denote w,, () = || fé(l//n(s —1)—1D)P @, w)ds| 2k y.m)- Then wy (1)
converges to zero for every 7 as n — oo and is bounded by C||@ (7, w)ll k. )
for some constant C. From now on, the constant C can change its value from line to
line. The first integral is dominated by

wan(s —D|@Gs,0) — D1, 0) ||$2(KQ’H)1[0,,](s)ds

:/an(u)ncb(u +1, ) — (D(t,w)”cz,ﬂKQ’H)l[,,,oJ(u)du

< /R | @@ +1,0) =00 4k ¥n” @@ 1r0@) du

1/2
2
< ( / |o@+1,0) -0 yi§, H)wn(un[_t,ol(u)du)
R .
by the Schwarz—Bunyakovsky inequality and the property that ¥, (¢) integrates to

one.
We arrive at

T
2
,/() ”gpn(t’w)_q)(tsw)||$2(KQ~H)dt
T
52/0 /RHcD(u +I,CO)_¢(t’w)H;z(KQ,H)wn(M)1[71,0](14)dudt

T
+ 2/ wi (1, w)dt.
0

The second integral converges to zero as n — oo by the Lebesgue DCT and is
dominated by C fOT |D(t, w) ||fgz (Ko.H) dt. Now we change the order of integration
in the first integral:

T
[ 1ot t.0) = 00,0 gy 110

T
:/Rt/fn(u)/o 1[—t,0](u)H<1>(u+t,w)—Cb(t,a))”;z(KQ,H)dtdu

r v v
=/ Iﬁ(v)/ 1[—1,0](—>”@<—+t,w) —P(t, w)
R 0 n n

2

dtdv.
(Ko, H)
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We note that, again by the continuity of the shift operator in L? ([0, T], A(Ko, H)),

T 2
/ I- t0]< )H ( +¢, a))—@b(l,a)) dt
0 2 (Ko.H)
T v 2
5/ <p<—+t,w>—q§(t,w) dt — 0
0 n (Ko, H)
as n — 00, so that the function
2
I/f(v)/ z0]< )H ( +1, w)—¢(t,w) dt
(Ko, H)
converges to zero and is bounded by C||® (-, w)||? This proves that

L2([0,T], (K, H))'

T
() =/0 |t 0) = @) g,y 1y d = O

asn — oo and r,(w) < C||D(t, a))|| Therefore,

L2([0,T], ) (Ko, H)

T
2
E/O |®n(t, @) — ®(t, ®) ||$2(KQ’H) dt = Erp(w) — 0
as n — oo by the Lebesgue DCT. 0

We will need the following lemma when using the Yosida approximation of an
unbounded operator.

Lemma 2.2 (a) Let T, T, € £ (H) be such that for every h € H, T,h — Th, and
let Le £ (Ko, H). Then

||TnL — TL”;’ZQ(KQ,H) — 0. (217)

(b) Let A be the generator of a Co-semigroup S(t) on a real separable Hilbert
space H, and A, = AR,, be the Yosida approximations of A as defined in (1.22).
Then, for ®(t) € Ar(K g, H) such that Efo ||q5(t)||$2(K ) dt <oo, p>1,

t
lim sup E /0 [ (=4 — 5@t — s))@(s)”i,;z(KQ’H) ds — 0. (2.18)

n—00,

(c) Under the assumptions in part (b),

t
lim E/O sup ||(ef4 — S(s))@(s)“_%(K 1y ds = 0.

n—oo 0<A<
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Proof (a) Note that by the Banach—Steinhaus theorem,
max {17z, sup | Tull 2z | < €
n

for some constant C. Hence, for an ONB { f j}?‘;l C K,we have
> 2
2 1/2
ITaL = T LIk g.mmy = DT = ILQV2 1]

~
—_

<) ITw— T||fg(H) L' s ”?—I

WK

~.
Il
—

o0
< D AC|L 01 = 4CP L kg,
j=1

The terms ||(T, — T)LQl/zfjH%, converge to zero as n — oo and are bounded
by 4C2|LQ'/% f i ||%1, so that (a) follows by the Lebesgue DCT with respect to the
counting measure §;.

(b) We will use two facts about the semigroup S, (t) = e’4». By Proposition 1.2,
we have

supHSn(t)”z(H) <Me*' | n>2a,
n

and lim,,—, 0 S, (t)x = S(¢)x, x € H, uniformly on finite intervals.
Now, for n > 2a,

t
sup E /0 [ R I EIO] AN

0<t<T
t [ X p
= sup E/ <Z”(Sn(t_s)_S(t—s))‘p(S)Ql/zfj”?{) ds
0<t<T 0 =1
T [ . P
=OsupTE/0 (Z”(Sn(’_s) —S(t—$)P()Q" f HHl[O,t](S)> ds
<t< o
T[ > ) »
SE/ Z( sup {[[(Sa(t —s) = St — )@ ()02 f; ||H1[O’t](s)}):| ds
0 Li=1 0<t<T

[ oo

T p
E[o Z(Sup sup {||(S,,(t—s)—S(t—s))¢(s)Q1/2f/||§_11[0,z](s)}):| ds

n>2a 0<t<T

A

Lj=1



34 2 Stochastic Calculus

T[ o© p
< [ [Swwerionos ]
0

j=1
2 4aT\P ’ 2p
= (4M%e*T) E/O |22,k p, a5 < 00
The term
sup {[|(S2t =) = St =)@ () Q" £;]| 3 10.01(5)} = O
0<t<T

as n — oo and is bounded by 4M2eteT ||<D(S)Q1/2fj ||%1; hence, (b) follows by the
Lebesgue DCT relative to the counting measure §; and then relative to d P ® dt.
(c) The proof of part (c) follows the arguments in the proof of part (b). O

2.2.3 Stochastic Ito Integral with Respect to a Q-Wiener Process

We are ready to extend the definition of the Itd stochastic integral with respect to a
Q-Wiener process to adapted stochastic processes @ (s) satisfying the condition

T
2
E [ 100 g ds <o,

which will be further relaxed to the condition

T
2
P(./o ||q)(s)||$2(KQ’H) ds < oo) =1.

Definition 2.10 The stochastic integral of a process @ € A»(K o, H) with respect
to a K-valued Q-Wiener process W; is the unique isometric linear extension of the

mapping
T
Q() — / D (s)dW;
0

from the class of bounded elementary processes to L>(2, H), to a mapping
from A>x(Kg, H) to L%(2, H), such that the image of @(t) = ¢lin (1) +
Z?;é Gilaj.01(0) is Z'};(l) ¢j(Wy,,, — Wy;). We define the stochastic integral
process [y @(s)dW;,0<t <T,for ® € A»(Kg, H) by

t T
f qﬁ(s)dws:f B (5)110,11(s) dWs.
0

0

Theorem 2.3 The stochastic integral ® — fO @ (s) dW; with respect to a K -valued
Q-Wiener process W; is an isometry between A>(K g, H) and the space of contin-
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uous square-integrable martingales ///% (H),

t 2 t
2
EH/O @ (s) dW; H:E/O ||(D(s)||$2(KQ,H)ds<oo (2.19)

fort [0, T].
The quadratic variation process of the stochastic integral process f(; D(s)dW;
and the increasing process related to || fot D(s)dW; ||%{ are given by

(f zerom)

. t
</ <1><s>dw;> :/ w((@()0"?)(2()0"?)") ds
t 0

0

t
/(@(S)Q]/z)(dﬁ(s)Ql/z)*ds
0

and

t
= [ 126 kg s

Proof We note that the stochastic integral process for a bounded elementary pro-
cess in &(Z(K, H)) is a continuous square-integrable martingale. Let the se-
quence of bounded elementary processes {®,}°°, C &(Z (K, H)) approximate
D € Ay(Kg, H). We can assume that @; =0 and

1
|Prt1 — Pullayky.H) < 57 (2.20)

n’
Then by Doob’s inequality, Theorem 2.2, we have
1
> —_—
o n

i P (sup

t t
/(D,,Jr](s)dWs—/ B, (s) d W,
0 0

n=1 t<T
00 T 2
< Z"4EH / (Pu41(5) = Puls)) AW,
— 0 H
n=1
00 . T 5 ) I’l4
=>"n E/O | @1 (s) — @n(s)ng(KQ’H) ds < .
n=1 n=1
By the Borel-Cantelli lemma,
t t 1
sup / (pn+l(s)dWs_/ D, (s)dWs = n> N(w),
1<TllJo 0 H N

for some N (w), P-a.s. Consequently, the series

o0

t
S ([ eniwraw— [ @craw,)
0 0

n=1
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converges to fot D(s)dWs in L2(Q, H) for every t < T and converges P-a.s. as a
series of H-valued continuous functions to a continuous version of fot D(s)dW;.
Thus, the mapping @ — fo @ (s) dW; is an isometry from the subset of bounded
elements in &(Z (K, H)) into the space of continuous square-integrable martin-
gales ,///%(H), and it extends to A>(K o, H) with images in ,///%(H) by the com-
pleteness argument. We only need to verify the formula for the quadratic variation
process. Note (see Exercise 2.9) that using representation (2.3), we have for h € H,

t o t
</(; CD(s)dWS,h> =Z/(;(A}/zd)(s)fj:h)Hdwj(t),

with the series convergent in LZ(Q, R).If h, g € H, then

(@)Q"*)(@()0"*)"h. g),, Zh (h, ®()0"* fj) (. 2()0'2 1),

Z (1, @) f) (8. @) f) -

Now, forO <u <t,

E(</I<D(s)dWS,h> <fl<1>(s)de,g>
0 H\JO H

t
(([1owomroocr el 12
H
) t o ¢
:E(Z/O kl.l/z(d)(s)ﬁ,h)Hdwi(s)Z/o WD) £, 8)yy dwi(s)
i=1 j=1

=E(Z<Aj/0 (¢(s)fj,h>Hdwj(s)/0 (@(S)fj,g>Hdwj(s)>

j=1

+E< > <A1/2 1/2/(<1§(s)f,, h),, dw (s)

i#j=1

0 t
—Z/O Al @) £;),,g. D) £, ds
j=1

00 ¢
_ Z/O Ajlh, @(5) f)), (8. @) fj), ds
=1
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t
X /O <¢(S)f]’ g)[.[dw](s)> ‘fgzu)

o0

Z( /t;b(s)f,, dw,(s)/ () i )dw.,-(s)>

_Z/O Aj(h, D) fi)y 8. P(s) fi)y ds
j=1

+ Z (Amkm/ (@) fi ) dwl(s)/ () f;.8)y dw](s)>

i#j=1

=</u <D(s)dWs,h> </u <D(s)dWS,h>
0 H\JO H
- <(/u(ms)g‘/z)(ws)Q‘/z)*ds)(h),g>
0

The formula for the increasing process follows from Lemma 2.1. U

H

Exercise 2.9 Prove that for @ € A2(Kg,H)and h € H,

t & t
</0 @(s)dWs,h> =Z/(;<A;-/2(D(s)fj,h)Hdwj(t)

with the series convergent in L%(Q,R).
The following corollary follows from the proof of Theorem 2.3.
Corollary 2.1 For the sequence of bounded elementary processes @, € &(Z (K,

H)) approximating @ in A2(K g, H) and satisfying condition (2.20), the corre-
sponding stochastic integrals converge uniformly with probability one,

P(sup — 0) =
t<T H

Exercise 2.10 Prove the following two properties of the stochastic integral process
Jo @(s)dW, for & € Ax(Kg, H):

t t
/ ¢n(s)dWs—/ D(s)dW;
0 0

t 1 T 5
P| su /cb(s,a))dW. >A>§—/ E|®@s, w) ds, (2.21)
(0<t£)T 0 * H 22 0 H H/\Z(KQ,H)
t 2 T 5
E sup / <4 / E|®(s) ds. (2.22)
o<r=tllJo gy o [ELO1 porrown
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Conclude that if @ is approximated by a sequence {®,}° , in A2(K g, H), then for
every t < T, [y @n(s)dWy — [y ®(s)dW, in LX(Q, H).

Remark 2.2 For @ € A2(Kp, H) such that @ (s) € £(K, H), the quadratic varia-
tion process of the stochastic integral process f(; @ (s) dW, and the increasing pro-
cess related to || fot @ (s) dW;]|3, simplify to

<</.¢(s)dWS>> :/tcb(s)Q@(s)*ds
0 t 0

</ cD(s)dWS> = /[tr(tp(s)Qq)(s)*) ds.
0 t 0

and

The final step in constructing the Itd stochastic integral is to extend it to the
class of integrands satisfying a less restrictive assumption on their second moments.
This extension is necessary if one wants to study Itd’s formula even for functions as
simple as x — x2. We use the approach presented in [49] for real-valued processes.

In this chapter, we will only need the concept of a real-valued progressively mea-
surable process, but in Chap. 4 we will have to refer to H-valued progressively
measurable processes. Therefore we include a more general definition here.

Definition 2.11 An H-valued stochastic process X (¢), ¢t > 0, defined on a filtered
probability space (2, %, {%}i>0, P) is called progressively measurable if for ev-
ery ¢t > 0, the mapping

X, (10, 11, (10, 11)) x (R, F) — (H, B(H))
is measurable with respect to the indicated o -fields.

It is well known (e.g., see Proposition 1.13 in [38]) that an adapted right-
continuous (or left-continuous) process is progressively measurable.

Exercise 2.11 Show that adapted right-continuous (or left-continuous) processes
are progressively measurable.

Let #(Kg, H) denote the class of £ (Ko, H)-valued stochastic processes
adapted to the filtration {%;};<r, measurable as mappings from ([0, T] x €,
B0, T) @ Fr) to (L (Ko, H), B(£2(K g, H))), and satisfying the condition

T
Pl [ 100 i <o) =1. 229

Obviously, Ax(Kg, H) C Z(K g, H). We will show that processes from (K,
H) can be approximated in a suitable way by processes from A>(K g, H) and, in
fact, by bounded elementary processes from & (.Z (K, H)). This procedure will al-
low us to derive basic properties of the extended stochastic integral.



2.2 Stochastic Integral with Respect to a Wiener Process 39

Lemma 2.3 Let & € (Ko, H). Then there exists a sequence of bounded pro-
cesses @, € &(ZL (K, H)) C A2(K g, H) such that

T
f ||§D(t,a))—<1§,,(t,a))||f%(KQ mydt =0 asn— oo (2.24)
) :
in probability and P-a.s.

Proof For @ € (K¢, H), define

t
inf{t <T :/0 ||CD(s,a)) “f%(KQ,H) ds > n},

7, (w) = (2.25)

T
T iffo |6, g,k .y s <.

The real-valued process fot [|D (s, w)||f%2( Ko.H) ds is adapted to the filtration .%;

and continuous, and hence it is progressively measurable. Therefore, 7, is an
Z;-stopping time, and we can define the .%;-adapted process

D (t, w) = D(t, w) 1<, (w))- (2.26)

By the definition of 7, (w) we have

T
E/o “qbn(tsw)”f%(KQ,H)d’5”’

so that @, € A»(K g, H). Moreover, in view of (2.26),
T
2
P(/ @t ) — Pult, w)||$2(KQ ay dt > 0)
0 .

T
2
< P</O |2t o) g kymdt > n)

so that @, — @ in probability in the sense of the convergence in (2.24).
By Proposition 2.2, for every n, there exists a sequence of bounded elementary
processes {®y k}po, C E(ZL (K, H)) such that

T
E/(-) ch,,(t,a))—@n,k(t,w)‘}f%(KQ,H)dteo as n — 0o.

Then
! 2
P</0 |® @t ) — Py i(t, w) ||_$2(KQ’H) dr > 5)

T
< P<2/0 | @, 0) — B, ) ||3%(KQ,H) dt > 0)
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T 2
+ P(Z[ @ (1, ) — ®p i (2, @) ||$2(KQ At > s)
0 ,
T 2
< P(/ @, w)— d5n(t,w)||$2(KQ i > o)
0 :
T ) P
+P</O\ ||d)n(t,(1))_d)n,k(t,a))“gz(KQ’H)dt>5)

T
2
< P(/o EXR% P n)

2 (T 2
—i—gE/O ”‘pn(f»w)_(pn,k(tvw)nfz(KQ,H)dt’

which proves the convergence in probability in (2.24) and P-a.s. convergence for a
subsequence. g

We can define a class of H-valued elementary processes &' (H) adapted to the
filtration {.%#,}; <7 as all processes of the form

n—1
(@) =Y (@) 100 + Y V5@ 10,10, (2.27)
j=0
where0 =1 <t; <---<t, :T,l//isﬂo-measurable,andl//j (j=0,1,...,n—1),

are .#;;-measurable H-valued random variables. Applying the same proof as in
Lemma 2.3, we can prove the following statement.

Lemma 2.4 Let W(t),t < T, be an H-valued, %#;-adapted stochastic process sat-

isfying the condition
T
P</ |w @], dt < oo) =1.
0

Then there exists a sequence of bounded elementary processes W, € &(H) such that
T
/ |t w)— (1, w)|;dt >0 asn— oo (2.28)
0

in probability and almost surely.
We will need the following useful estimate.

Lemma 2.5 Let @ € A2(Kg, H). Then for arbitrary § > 0 and n > 0,

P (sup
t<T

t n T 2
/0¢(s)de H>6)§8—2+P</0 ||<D(s)||A2(KQ’H)ds>n). (2.29)
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Proof Let 1, be the stopping time defined in (2.25). Then
P (sup > 8)
t<T H
t T
2
= P| sup / D(s)dW, >6and[ D(s) ds>n)
(suo| [[owram) ~aama [0 0 m

'
+ P<sup [ D(s)dW;
0

t<T

t
/ P (s)dWs
0

T
2
B > § and /0 ||¢(S)HA2(KQ’H) ds gn).

The first probability on the right is bounded by P(fOT ||¢(s)||%\2(KQ I8 ds > n),
while the second probability does not exceed

t 1 T 2
P\ su 10,7,1(8)@ (s)d W, > 8) < —E/ L110,7,1(8)@ (s) ds
(tSIT) /o [0,74] s u 52 0 ” [0,7] ’|A2(KQ,H)
n
< —
)
by Doob’s maximal inequality. O

We are ready to conclude the construction of the stochastic integral now.

Lemma 2.6 Let @, be a sequence in A>(K g, H) approximating a process @ €
P (K g, H) in the sense of (2.24), i.e.,

T
P(/O |@nt, ) — @ (1, ) H}Z(KQ,H) di > o) — 0.

Then, there exists an H-valued .%r-measurable random variable, denoted by
Ji ®(t)dW,, such that

T T
0 0

in probability. The random variable fOT @ (1) dW; does not depend (up to stochastic
equivalence) on the choice of the approximating sequence.

Proof For every ¢ > 0, we have

T
. 2
my}qlngQP(/o ||¢n(t,(1))_¢m(l‘,0))”$2(KQ’H)>O>=O.

If § > 0, then by (2.29)
> 8)
H

T T
limsupP(‘/ d5n(t)dW,—/ D (t)dW;
0 0

m,n— 00
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T
& . 5 .
5 +’”’1"1§°°P</o [ @0, 0) - (pm(t’w)”AZ(KQ,H) dr> 8) T8

and since ¢ was arbitrary, the convergence

T T
/aﬁn(ndwt—/ B (1) AW,
0 0

lim P<‘ > 5) =0
m,n— 00 H

follows. The limit in probability fOT @ (1) dW; = lim,,_, o0 fOT @, (1) dW; does not
depend on the choice of the approximating sequence. If ¥, is another approximating
sequence, then the two sequences can be merged into one. The resulting limit would
then have to coincide with the limits of its all subsequences. g

Definition 2.12 The H -valued random variable fOT @ (t) dW; defined in Lemma 2.6
is called the stochastic integral of a process in (K¢, H) with respect to a
Q-Wiener process. For 0 <7 < T, we define an H-valued stochastic integral pro-
cess fot @ (s)dW; by

t T
/ <D(s)dWs=f @ (s) 110,11 (s) dW;.
0 0

Exercise 2.12 Prove (2.29) for @ € # (Ko, H).

Remark 2.3 We note that for @ € & (Kg, H), the stochastic integral process
fg @ (s) dW; also has a continuous version.

Indeed, let 2, ={w:n —1< fOT ||<1>(s)||f\2(KQ’H) < n}; then P(2 — UZOII Q)

=0, and if @,, are defined as in (2.26), then on £2,,,
By(1) = Py 1 ()= = D), 1<T.

Therefore, on Q,, fé D(s)dW; = fot ®,, dW; has a continuous version, and hence
it has a continuous version on £2.

The stochastic integral process for @ € & (Ko, H) may not be a martingale, but
it is a local martingale. We will now discuss this property.

Definition 2.13 A stochastic process {M;};<, adapted to a filtration .%#;, with val-
ues in a separable Hilbert space H is called a local martingale if there exists a
sequence of increasing stopping times 7,, with P(lim,— o T, = T) = 1, such that
for every n, M; ¢, is a uniformly integrable martingale.

Exercise 2.13 Show an example of @ € (Ko, H) such that fol @D (s)dW; isnot a
martingale.

We begin with the following lemma.
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Lemma 2.7 Let & € & (K, H), and T be a stopping time relative to {F;}o<i<T
such that P(t < T) = 1. Define

T u
/@(t)dW,:/ @(1)dW, on the set {o: T(w) =u}.
0 0

Then

T T
/ (1) dW, =/ D) y<r) dW,. (2.30)
0 0

Proof For an arbitrary process ¢ € #(Kg, H), let &, be a sequence of bounded
elementary processes approximating @ as in Lemma 2.3. Since

T T
/0 | @01 <ey — cp(t)l{fff}H%\z(KQ,H)dt 5_/(; | @) - ¢(t)H3\2(KQ,H) dt,

we conclude that

T T
/ @n(t)l{tﬁr}th d f (p(t)l{tg-[}th
0 0

in probability.

For bounded elementary processes @ € &(Z (K, H)), equality (2.30) can be
verified by inspection, so that [ ®,(1)dW,; = fOT Dy (5) 1 5<ry dWs.

On the set {w : T(w) = u}, we have [j @,()dW; = [ D,(t)dW;. Also, for
everyu <T,

u u
/ D, (1) dW; —>/ D(t)dW,;
0 0
in probability. Thus, for every u < T,
T u
- f By (1)L gy dWs = (e f (1) dW,
0 0

in probability. This implies that for every u < T,

u T
1{r=u}/ D()dW; = l{tzu}/ D)<y dW; P-as.
0 0

Since the stochastic integral process fou D(t)dW;, u < T is P-a.s. continuous, we
get that the above equality holds P-a.s. for all u < T, and (2.30) follows. g

Now observe that for ® € (K o, H), the stochastic integral process fot D(s)d W,
is a local martingale, with the localizing sequence of stopping times 7, defined
in (2.25). We have P(lim;,—oo 7, = T) = 1, and, by (2.30), fé/\r" P(s)dWs is a
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martingale with

ATy
E( / D (s)dW,
0

This proves that for every n, the process fé " @ () d Wy is a square-integrable and
hence a uniformly integrable martingale.

2 T
2
H) = E/O 2@ 'k, 11y sz ds <.

2.2.4 Stochastic Ito Integral with Respect to Cylindrical Wiener
Process

‘We now proceed with the definition of the stochastic integral with respect to a cylin-
drical Wiener process. We will restrict ourselves to the case where the integrand
@ (s) is a process taking values in % (K, H), following the work in [18]. A more
general approach can be found in [57] and [19].

We recall that if @(s) is an elementary process, @(s) € &(Z (K, H)), then
D(s) € (K, H), since Q = Ig. Assume that @(s) is bounded in the norm of
2 (K, H). Using (2.14), with {¢;}7°, an ONB in H, we calculate,

o) ¢ 2 00 '
EZ((/O CD(s)dWS>(ei)> =Z/O E|®*(s)ei |3 ds
i=1 i=1
R 2 ! 2
£ [ Ylor@elids=£ [ 1076045
i=1

t
—E [ 106 2 s

Then we define the stochastic integral fot @ (s) d Wy of a bounded elementary process

@ (s) as follows:
t 00 t
/ @(s)dWs=Z((/ qﬁ(s)dWs)(e,-))e,-. (2.31)
0 0

i=1

By the above calculations, fot D(s)d WS € LZ(Q, H) and is adapted to the filtra-
tion .%#;. The equality

establishes the isometry property of the stochastic integral transformation.

T ~
/ D (s)dW,
0

, =Pl ayk, 1) (2.32)
L2(Q,H)
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Definition 2.14 The stochastic integral of a process @ € A»(K, H) with respect
to a standard cylindrical Wiener process W; in a Hilbert space K is the unique
isometric linear extension of the mapping

T
cp(.)_>/ D (s)dW,
0

from the class of bounded elementary processes to L?($2, H) to a mapping from
.A2(K, H)to L%(2, H), such that the image of @ (1) =10} (t) +Z’;;(1) ®jla;,0@)
is

DD (Wpini(#5(€0) — Wiyt (07 (e0)) e

i=1 j=0

We define the stochastic integral process f(; @(s)dWs, 0<t<T, for @ €
A2 (K, H) by

t T
/ qs(s)dWS:/ @ (s)1j0.01(s) dWs.
0 0

The next theorem can be proved in a similar manner as Theorem 2.3.

Theorem 2.4 The stochastic integral @ — fo @ (s) dW; with respect to a cylin-

drical Wiener process Wy in K is an isometry between A>(K, H) and the space of
continuous square-integrable martingales ///%(H ). The quadratic variation process
of the stochastic integral process fot @ (s) dW; is given by

<</ (D(s)dWS» = /l D (s)D*(s)ds
0 t 0

. t t
</O q§(s)dWS> =/O tr@(s)@*(s)ds:/o |2) |2y 45
t

and

Similarly as in the case of the stochastic integral with respect to a Q-Wiener pro-
cess, we now conclude the construction of the integral with respect to a cylindrical
Wiener process.

Remark 2.4 Since for @ € A»(K, H), the process f(; D(s) dWS € ,///%(H), the con-
clusion of Lemma 2.5 holds in the cylindrical case.

Define #(K, H) = #(Kg, H) with Q = Ix. We can construct the cylindri-
cal stochastic integral foT D(t)d W, for processes @ € #(K, H) by repeating the
arguments in Lemma 2.6.

Exercise 2.14 Verify the statements in Remark 2.4.
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We arrive at the following definition.

Definition 2.15 Let @, be a sequence in A>(K, H) approximating a process @ €
P (K, H) in the sense of (2.24), i.e.,

T
P(fo |®n(t, @) — q>(r,w)||f%(&m dt > 0) — 0.

Denote the limit in probability of the sequence fOT @, (1)dW, by fOT @ (t)dW; and
call the limit the stochastic integral of @ with respect to the cylindrical Wiener
process W,. The integral is an H-valued .%#7-measurable random variable, and it
does not depend (up to stochastic equivalence) on the choice of the approximating
sequence.

For 0 <t < T, we define an H -valued stochastic integral process f(; D(s)d Ws
by

t T
/ ¢(s)dWs=/ D (s)1j0.1(s) dWs.
0 0

Exercise 2.15 (a) Prove (2.30) in the cylindrical case, i.e., show that for a process
® € Z(K, H) and a stopping time 7 relative to {.%; }o<;<7 suchthat P(r <T) =1,

T T
/ <D(t)dW,=f D(t) <) dWy, (2.33)
0 0
where
T - u -
/ <D(t)th=/ @ (t)dW; on the set {a):t(a)):u}.
0 0

(b) Show that the stochastic integral fot ®(s)dWs 0<1<T,isalocal martingale
and that it has a continuous version.

The following representation of the stochastic integral with respect to a Q-Wiener
process and with respect to a cylindrical Wiener process if Q = Ik can be also used

as a definition.

Lemma 2.8 Let W; be a Q-Wiener process in a separable Hilbert space K, @ €
A (Ko, H), and {fj}‘]’.‘;1 be an ONB in K consisting of eigenvectors of Q. Then

t Ot
/O S()AW, =Y /0 (@25 1) d(Wy, 257 1),
j=1

Z/ (@(s) fj)d(Ws, fi)k. (2.34)
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For a cylindrical Wiener process W, if® € Ay(K, H) and { f; }°° | isan ONBin K,
then

t B ot B
/qu(s)dWF} /(;(@(s)fj)dWs(fj). (2.35)
i=1

Proof We will prove (2.35), the cylindrical case only, since the proof for a
Q-Wiener process is nearly identical.
We first note that

(CD(S)fj)dWs(fj)

o0 o0 t 2
Z<Z / (¢(S)fj)dwx(fj),ei>
i=1\j=1"0

H

||M8

00 t
Z [ews.al,

= [ 1o <

Thus, Zj‘;l fé(@(s)fj)dWS(fj) € H, P-a.s. For a bounded elementary process

D(s) =19 + Zz;i Grl (11 (8) € &(Z (K, H)) and any h € H, we have that
a.s.

n—1

t ~ ~ ~
([[owain) =5 (. (6m) - W o10)
H

k=1

—ZZ Wit (F)) = Wa, UDN S5 $E D))

—1

<¢k<f.,~>(%+1 (f) = Wy (f)). h)

1 k=

ZZ k(f/ Wfk+1(fl) Wtk(fj))vh>
j=1k=1 H

:

||P”18

|
/\

<Z/ () f) Wy (£)), h> ,

H

so that (2.35) holds in this case.
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Let P:;H denote the orthogonal projection onto span{ fi;+1, fin+2,-..}. Now
for a general @ € A>(K, H), we have for an approximating sequence &, (s) €
&(Z (K, H)), using (2.35) for elementary processes,

2

t - m t 5
[owaw =Y [[@wr)dws)
=1

H

t t t
(f qﬁ(s)dVT/S—/ (Dn(s)dWS>+/ @, (s)dW,
0 0 0

m t B 2
—Zfo (@(5).7) dWs(f)
j=1

lim E

n—oo

= lim E

n—o00

3 / Pus) dWS(f,)—irZ/ (5 17) dWy ( £)

j=m+1

m t 2
- o)) N dW,(f;
;/0 (@) fj) dWs(f))

oo t B 2
= im £| 3 [(@n)di
j=m+1 H
2
= lim E Z/ (®u()Pyi)) 1) AWs ()
H
2
= lim E f(cp (8)Ppryy) AWy
n—o00 0 H
t 12
=E /(cb(s)Pan)dWS
0

:E/ |®)P +1||x2(KH)d

_E/ Z||q§(s)fj||H—>0 as m — 00,

Jj=m+1

where we have used the fact that @, P"J{ — Pt ] in Ay(K, H) as n — oo. This
concludes the proof. O
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2.2.5 The Martingale Representation Theorem

We recall (Definition 2.6) that an H-valued Q-Wiener process is defined by
o
1/2
We=Y 2w f),
j=1

where {f; }?’;1 is an ONB in a separable Hilbert space K, {w; (t)};?o:1 are inde-
pendent Brownian motions, and {A j}j?‘; | are summable and assumed to be strictly
positive without loss of generality. Let us denote

ﬂ,jzo{wj(s):sft}, %:0{

o0 .
el
j=1

and

ﬁtw =0{Ws(k) ke K, and s ft}.

Then clearly ETW =%r and

oo
L@, 7. P)=L*Q.9%. P) =P L*(Q.7].P).
j=1

Exercise 2.16 Prove thatif .%;,i = 1,2, ..., are independent o -fields, then

L2<Q,G{U%}, P) =@L2(Q,%, P).
i=1

i=1
In view of the fact that the linear span
Span[eforh(t)dw_j(;)—%forhz(t)dt The L2([0, T), R)}
is dense in LZ(Q, ﬁ%, P) ([61], Lemma 4.3.2), we deduce that the linear span
span{eforh(t)dw-f(t ~3Jo Wiy o Lz([O, TLR), j=1,2,.. }
is dense in L?(£2, ﬁTw P).

Now following the proof of Theorem 4.3.4 in [61], we conclude that every real-
valued flw—martingale m; in LQ(Q, FWV. P) has a unique representation

X ot
m,(a)):Emo—i—Z/ 329 (s ) dwj(s), (2.36)
=170

where 372 ME [ ¢7(s, w)ds < 0.
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Let H be a separable Hilbert space, and M; be an .Z, W—martingale such that
E|| M, ||2 < 00. Choose an ONB {e]} | C H. Then there exist unique processes

(]5; (t, ) as in the representation (2.36) such that
o t
1/2 i
(M, i) = E(Mo, e + Z/O A4 (5, 0) dwj s).

Since E Y {2 (M, ei)%] < 00, we have

o]

M, =Z(Mz,€i>H€i~
i=1
Therefore,
M, = EZ Mo, e;)ne; +ZZ/ 320G, w)e; dwj(s). (2.37)

i=1 j=1

Under the assumptions on M;, we obtain that E || Myl g < 0o, so that the first term
is equal to E M. Using the assumptions on M; and the representations (2.36) and
(2.37) above, we obtain

o 0
ZE(Z/O A}/2¢;(S,w)de(s)> ZZ)\ / ¢ (s, a)))
i=1  \j=1

j=1li=1

This justifies interchanging the summations in (2.37) to write M, as
M, = EMy + ZAI/Z Z/ #'(s. w)ei dw;(s). (2.38)
j=1 i=1
Define fork € Ko, h € H,

(s, k. h),y =YD ajth.en k. fi) ko' (s, o).

j=li=1

Then @ (s, w) € A2(Kg, H), and, by the definition of the stochastic integral, the
second term in (2.38) is equal to

¢
/ D(s,w)dW(s).
0

We have the following theorem.
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Theorem 2.5 (Martingale Representation Theorem I) Let H and K be separable
Hilbert spaces, Wy be a K-valued Q-Wiener process, and M; an H-valued con-
tinuous ﬁtw -martingale such that E|| M, ”%1 < 00 for all t > 0. Then there exists a
unique process @ (t) € Ar(K g, H) such that

t

M, = EM, +/ D (s)dW.
0

Remark 2.5 If EMy = 0, then, by Theorem 2.3, the quadratic variation process
corresponding to M; and the increasing process related to ||Mt||%_1 are given by
(see [57))

t
(M), = / (@()0"?)(®(5)0"?)" ds,
0 (2.39)

t t
2
(M), = /O |®s) HQ%(KQ’H) ds = /0 tr((@(s)0"?) (e (5)0"?)") ds.
We shall now prove the converse. We need the following two results.

Theorem 2.6 (Lévy) Let My, 0 <t < T, be a K-valued continuous square-
integrable martingale with respect to a filtration {%;},<r, Assume that its quadratic
variation process is of the form (M)); =t Q,t € [0, T]. Then M; is a Q-Wiener pro-
cess with respect to the filtration {F}<r.

Proof Consider M} = (ﬁ(Mt,mK, #(Mt, fu)k), where {f;}%2, is an
1 n ’

ONB in K such that Qf; = A f;. Then, by the classical Lévy theorem, M;' is
an n-dimensional Brownian motion with respect to the filtration {.%;},<r. This im-

plies that M, = 3752 4}%w; (¢) £, where w; (1) = = (My, fj), j = 1.2..... are
J

independent Brownian motions with respect to {f,},fj. [l

Using a theorem on measurable selectors of Kuratowski and Ryll-Nardzewski
[43], we obtain the following lemma in [11]. Below, for a separable Hilbert space
H, % (H) denotes the (separable) space of trace-class operators on H.

Lemma 2.9 Let H be a separable Hilbert space, and ® be a measurable function
from (2, F) to (L1(H), B(L(H))) such that @ (w) is a nonnegative definite op-
erator for every w. Then there exists a nonincreasing sequence of real-valued non-
negative measurable functions A,(w) and H-valued measurable functions g,(w)
such that for allh € H,

B (@h = In(®)(gn(®), ) gn(®).

n=1
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Moreover, the sequences A, and g, can be chosen to satisfy

1 ifan(@) >0,

”gn(w)HH = 0 ifh(w)=0,

and (gn(®), gm(®))H = Sm.n, Yo € Q.

We know that M; = fot @ (s)d Wy describes all continuous Q,W-martingales such
that E|[|M,||?, is finite, (M), = [; (P (s)Q"*)(®(5)Q"/?)*ds, and EMy = 0. The
related increasing process is given by (M), = fé tr((@(s)Ql/z)(CD(s)Ql/z)*) ds.
Now let (2, %, {%:}:<r. P) be afiltered probability space, and M; be an H-valued
square-integrable martingale relative to .%;. Assume that

(M), = /0 041(s)ds,

where the process Qs (s, w) is adapted to .%; with values in nonnegative definite
symmetric trace-class operators on H.
Then we can define a stochastic integral

t
N, = / W (s)dM, (2.40)
0

with respect to M, exactly as we did for the case of a Wiener process. The integrands
are .%;-adapted processes ¥ (¢, w) with values in linear, but not necessarily bounded,
operators from H to a separable Hilbert space G satisfying the condition

T
E/ (P ()04 ) (¥ ()00 (5)*)) ds < oo (2.41)
0
The stochastic integral process N; € ,///%(G), and its quadratic variation is given by
t
(N = /0 (¥ ()0, ) (#(5) 0y ()" ds. (2.42)

In particular, we may have

Qm(s, ) = (P (s, ) 0"?) (@ (s, ) 0'?)"
with @ (s, w) € A2(Kg, H) and M; adapted to ﬂ,w for a Q-Wiener process W;,
and E My = 0. In this case

t
M, =/ D(s)dW;
0
and (2.43)

t t
N,:/ !I/(s)dMs=/ W (s)P(s) dW;.
0 0
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By (2.39), the quadratic variation process of N; has the form
t
(N, = / (Y ©)P(6)0"?) (¥ ()P ()0"/?)" ds. (2.44)
0

Exercise 2.17 Reconcile formulas (2.42) and (2.44). Hint: use Lemma 2.10 to show
that if L € £ (H), then (LL*)'/* = LJ, where J is a partial isometry on (ker L)™*.

Exercise 2.18 Provide details for construction of the stochastic integral (2.40) with
respect to square-integrable martingales for the class of stochastic processes satis-
fying condition (2.41). Prove property (2.42). Show (2.43) for M; = fot D(s)dW;.

We shall use this integral for representing a square integrable martingale with
its quadratic variation process given by (M)); = fo (D(s) Ql/z)(<1§ (s) Ql/z)* ds, in
terms of some Wiener process. This provrdes the converse of the Martingale Repre-
sentation Theorem I (Theorem 2.5). The formulation and proof of the theorem we
present are taken directly from [11].

Theorem 2.7 (Martingale Representation Theorem II) Let M;, 0 <t < T, be an
H -valued continuous martingale with respect to a filtration {F,}° ,. Assume that its

quadratic variation process is given by (M )); = fO (D (s, w) Ql/z)(q) (s, w) Ql/z)*ds
where @ (s, w) is an adapted A>(K g, H)-valued process. Then there exists a

K -valued Q-Wiener process on an extended probability space (2 x 2, F x Z,
P x P) adapted to filtration { F; x ft} such that

t
M;(w) =/ D(s,w)dW(w, ®).
0

In addition, the Wiener process can be constructed so that its increments Wy — W
are independent of F fort > s.

Proof To simplify the notation, denote ¥ (s, w) = @ (s, w) 0'/2. We shall prove that
if M, is an H-valued continuous .%;-martingale with the quadratic variation process

t
((M))t=/ U (s, 0)¥*(s, w)ds
0

such that EfOT tr(¥ (s)¥*(s))ds < 0o, then M, = fé D (s, w)dW,, where W, is a
Q-Wiener process.

Since (M)); = fé W (s, w)¥*(s, w)ds, the space Im(¥ (s, w)¥*(s, w)) will play
a key role in reconstructing M;.

By Lemma 2.9 we get

(¥ (s, )W * (s, ))h ZA (5, ®)(gn(s, ), 1) y & (5, @),

n=1
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where 4, and g, are .%;-adapted. Let { f,};2, be an ONB in K and define

Vs, k=Y (k, fu)Kkgn(s, ®).

n=1

Then

VE(s,0)h =Y (gn(s, @), h)y fr.

n=1

and the .%;-adapted process
(s, w) =V (s)V*(s)

is an orthogonal projection on Im(¥ (s, w)¥ *(s, w)). Thus we can write

t
Mtzf (I (s) + IT*(s)) d M
0
t t
=/ H(s)dMs—i—/ It (s)dMy =M, + M.
0 0

But M{ =0and (M")), = [y [TH()¥ (s)¥*(s)[TH(s)ds = 0, so that M} = 0. In
conclusion,

' '
M,:M;+M;’=/ V(s)V*(s)dMszf V(s)dN,
0 0
with
t
N,:/ V*(s, w)d M,
0

a continuous K -valued square integrable martingale whose quadratic variation is
given by

t
{(N)y :/ V*(s, o)W (s, o)W *(s, w)V (s, w) ds.
0
We define now
(0.¢]
As, w)k = (V*(s, )W (s, 0) (5, 0) V (5, ) )k = an (s, )k, i)k fns
n=1
so that we can represent N; through its series expansion in K,
o
N; = Znn(t)fns
n=1

where 1, (¢) are real-valued martingales with increasing processes fot M (s, w)ds.
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We consider now a filtered probability space
(Q x Q' F x F' AP x Flli<r, P % P’),

where (', #',{%#/}i<r, P’) is another filtered probability space. Define

A;l/z(s, w) if A, (s, w) >0,
(s, ) = .
0 if A, (s, w) =0,
and
0 ifA,(s,w) >0,
Vn(sva)) = .
1 if A, (s, w) =0.

Let B, (¢) be independent Brownian motions on (', &', {#/},<r, P’).
We extend processes defined on either 2 or Q' alone to the product space 2 x €/,
e.g,by M(t,w, ') = M(t, ), and define

t t
wn(t)z/(; 8n(s)dnn(s)+/(; V() dBu(s).

Then it is easy to verify that (W, W) = t8,,m, using the mutual independence of
N, and B, and the fact that

(s )t = (N1 fas fin) e =0

Thus, by Lévy’s theorem, wy, (¢) are independent Brownian motions, and the expres-
sion
o0

Wi(k) =D (a (1) fus k)

n=1

defines a K -valued cylindrical Wiener process.
Since

t t
1/2 A 1/2
/0 AY2(5) dion (5) = /O 32080 (5) dn(5) = 1 (0),
we get, using, for example, (2.35), that
t
N, =/ A2 (s)dW,.

0

Thus we arrive at

t t
M,:/ V(s)stzf Vs, w) A2 (s, w) dW;.
0 0

All that is needed now is a modification of the integrandAlf/ (s) = V(s)AY2(s) to the
desired form ¥ (s), and the cylindrical Wiener process W; needs to be replaced with
a O-Wiener process.
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It follows directly from the definitions of V (s) and A(s) that
W ()W*(s) = ¥ ()T *(s).

Now we need the following general fact from the operator theory (refer to [11],
Appendix B).

Lemma 2.10 Let H be a Hilbert space, A, B € £ (H), and
AA* = BB*.
Denote by T1 the orthogonal projection onto (ker B)*. Define
J=A"'BIl: H - (kerA)*,

where A~ : B(A) = D(A) is the pseudo-inverse operator, i.e., A s defined as
the element g of the minimal norm such that Ag = h. Then

B=AJ,

where J is a partial isometry on (ker B)*, and JJ* is an orthogonal projection
onto (ker A)L.

It follows from the formula defining the operator J that there exists an
F-adapted process J(t) : (ker ¥ (1))~ — (ker¥ (¢))* such that

(@) =w () @)

and such that J(¢)J*(¢) is an orthogonal projection onto (ker ¥ (¢))+. We need an-
other filtered probability space (2", #”,{#/}i<r, P") and a cylindrical Wiener

process Wt and extend all processes trivially to the product filtered probability
space

(Q x QU x Q" Fx F xF, {ft x F| x ff,”}, P x P x P”),
e.g., by Mi(w, o', ®") = M;(w, ®') = M;(w). If we define

t t ~
w,=f QI/ZJ(S)dWs+/ 02K (s)dW,
0 0

with K (s) = (J(s)J*(s))L, the projection onto ker ¥ (s), then, using Lévy’s theo-
rem (Theorem 2.6), W; is a Q-Wiener process, since by Theorem 2.4

t
((W»t:/ (0'2J()7*(9)0"* + 0K ()0"?)ds =10.
0
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Also
t t . t ~
/ CD(s)dWS:/ W(s)J(s)dWs—l-/ Y(s)K(s)dWy
0 0 0

t
=f T (s)dW, = M,. .
0

We can now prove the following martingale representation theorem in the cylin-
drical case.

Corollary 2.2 Let M;, 0 <t <T, be an H-valued continuous martingale with re-
spect to a filtration {F;}7°,. Assume that its quadratic variation process is given
by (M)); = fé U (s, o)¥*(s, w)ds, where ¥ (s, w) is an adapted Ay(K, H)-valued
process. Then there exists a cylindrical Wiener process W, in K on an extended
probability space (2 x Q, . F x F, P x P) adapted to filtration {%; x F;} such
that

t
Mt(a))=/ (s, ) dW (0, ®).
0

In addition, the cylindrical Wiener process can be constructed so that for any k € K,
the increments W, (k) — W, (k) were independent of %, if t > s.

Proof Let Q be a symmetric nonnegative definite trace—class operator on K with
strictly positive eigenvalues. Define @ (s) = ¥ (s) 012 e A(K 0., H). With the no-
tation from the proof of Theorem 2.7, we have

t t t
Mt=/ q>(s>dws=f ‘I/(S)Q_l/des=/ W (s)dW,
0 0 0

where the relation VT/, (k) = (W, Q_l/ 2k) K, k € K, defines the desired cylindrical
Wiener process. g

2.2.6 Stochastic Fubini Theorem

The stochastic version of the Fubini theorem helps calculate deterministic integrals
of an integrand that is a stochastic integral process. In literature, this theorem is
presented for predictable processes, but there is no need for this restriction if the
stochastic integral is relative to a Wiener process.

Theorem 2.8 (Stochastic Fubini Theorem) Let (G,¥, 1) be a finite measurable
space, and @ : ([0, T] x @ x G, A(0,T]) @ 1 ® 4) — (H, B(H)) be a mea-
surable map such that for every x € G, the process ® (-, -, x) is {F}<r-adapted.
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Let W; be a Q-Wiener process on a filtered probability space (2, %, {F:}i<r, P).
If

o) = /G [0y s gy ) < 0. (245)

then

(1) fOT @(t,-,x)dW, has a measurable version as a map from (2 x G, F1 @ 9Y)
to (H, #(H));

(2) [P, x) udx) is {F}i<r-adapted,

(3) The following equality holds P-a.s.:

T T
/(/ ¢(t,-,x)dW,> M(dx):/ (/ @(t,-,x)u(dx)) dw;. (2.46)
G \JO 0 G

Proof Note that condition (2.45) implies that

T
fGE/é HQ)(I,w,x)”n%(KQ‘H)dtu(dx)<oo,

sothat ® € L1([0, T]1x Q x G). Also, (-, -, x) € A2(Kg, H) foralmostall x € G.
We will carry the proof out in two steps.
(A) We can assume without loss of generality that for all x € G,

” ¢(’ " )C) ”xz(KQ,H) <M.

In order to prove (1)—(3) for an unbounded @ € L' ([0, T] x @ x G) with & (-, -, x) €
A2(Kg, H) p-a.e., we only need to know that (1)~(3) hold for a || - || &,k ,, #y-norm
bounded sequence @, such that |||®, — P||| — 0. We define an appropriate sequence

by

2,0, %) if @, , 0]
n i L0, )| 2ko.H) > 1,
Gyt w,x) =3 1P, 0, X)Lk .H) 2(Ko. 1)
D(t,w, x) otherwise.

By the Lebesgue DCT relative to the || - || &k, #)-norm, we have that p-a.e.

|| ¢n(a * x) - ¢(’ -"x)”Az(KQ,H) — 0.

By the isometric property (2.19) of the stochastic integral,
T

T
lim <1>n(t,-,x)dW,:/ o(t, -, x)dW, (2.47)
0

n—oo 0

in L?(R2), and, by selecting a subsequence if necessary, we can assume that the
convergence in (2.47) is P-a.s.
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We prove (1) by defining an .#r ® ¢-measurable version of the stochastic inte-
gral

T
T . . .. .
/ D) dW, = nlirrolo‘/o @, (t,-,x)dW,; if the limit exists,
0

0 otherwise.

Again, by the Lebesgue DCT, we have that @, — @ in Ll([O, T] x 2 x G),
so that we can assume, by selecting a subsequence if necessary, that @, — & for
almost all (¢, w, x), and hence (2) follows for @.

To prove (3), we consider

T T
E / (f Cl>n(t,~,x)dW,> u(dx)—/ (/ CD(t,~,x)dW,) u(dx)
G 0 G 0 H
<|[|®n — @[] -0 (2.48)
and
T T
E‘/ </ @n(t,-,x)p,(dx))dW, —f </ @(t,-,x),u(dx))th
0 G 0 G H
T 2\ 1/2
< <E / </ (@n(t,~,x)—dﬁ(t,-,x))u(dx))dW[ )
0 G H
T 2 172
< <E/ /(@n(t, LX) =@ (t, -, x)) u(dx) )
o IJe L (Ko H)
- / (@n(cr x) = B, ) d)
G Ay (Ko.H)
< fG||a>n<-, ) = D)y g 1)
=||®n — @[ > 0. (2.49)

Now, (3) follows for @ from (2.48) and (2.49), since it is valid for @,,.
(B) If @ is bounded in the || - ||, (k. #)-norm, then it can be approximated in
Il - ]Il by bounded elementary processes

n—1

D(t,w,x) =P (0,0, x)1i) () + Z Pj(tj, @, x) 1 ,1;,,1(0), (2.50)
j=1

where 0 <#; <--- <t, =T, and the size of partition of [0, T] converges to 0.
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This can be seen by replacing P with P ® w in Proposition 2.2. Since p is finite
and @ is bounded, we have

T 5 1/2 2
(/G(E/o ||<15,,(t,a),x)—<P(t,a),x)||$2(KQ’H)dt> ,u(dx))

T
SM(G)/G(E/O ||€Dn(t,w,x) —@(r,w,x)]@z(,{gﬂ) dt) w(dx)
T
= /stz/o [®ntt. 0.0 = ®(t’w’x)||c.2fz<1<g,f1> dt(P(dw) ® ju(dx))

with @ (¢, w, x), square integrable with respect to dft ® d P ® d ., so that Proposi-
tion 2.2 gives the desired approximation.

Clearly, &, (-, -, x) is {%:};<r-adapted for any x € G, and the stochastic integral
fOT D, (t,-,x)dW, is F1 @ G /% (H)-measurable.

Since forevery t € T and A € 4 (Ko, H),

(@n(, -, A);fz(KQ,H)

is Fr ® ¥4/%(R)-measurable and P ® u-integrable, then by the classical Fubini
theorem, the function

/;<¢ﬂ(tv y x)’ A)fz(KQ,H) /JL(dx)

is .#;-measurable, and so is the function

/ D, (2, -, x) u(dx)
G

by the separability of £ (K¢, H).

Obviously, (3) holds for @,,.

Now (B) follows by repeating the arguments in (A), since @,, satisfies conditions
(1)=(3) and |||®, — @||| = 0, so that (2.48) and (2.49) are also valid here. O

Let us now discuss the cylindrical case. In the statement of Theorem 2.8 we can
consider W;, a cylindrical Wiener process, and the stochastic integral fé @ (s)dWs.
Definitions 2.10 and 2.14 differ only by the choice of Q being either a trace-class op-
erator or Q = I, but in both cases the integrands are in A>(K g, H). Both stochas-
tic integrals are isometries by either (2.19) or (2.32). We have therefore the following
conclusion.

Corollary 2.3 Under the assumptions of Theorem 2.8, with condition (2.45) re-
placed with
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[EA13 =/G||q><~, )| k. (dX) < 00, (2.51)

conclusions (1)—(3) of the stochastic Fubini theorem hold for the stochastic integral
fOT D(t,-,-) th with respect to a standard cylindrical Wiener process {Wz}zzo-

2.3 The Ito Formula

We will present a theorem that gives conditions under which a stochastic process
F(t, X (¢)) has a stochastic differential, provided that X () has a stochastic differ-
ential. First we explain some generally used notation.

2.3.1 The case of a Q-Wiener process

If p € (K, H) and ¢ € H, then ¢* ¢ € £ (K, R), since

le*v iy = Z((w (21 =Dl 6 (212

j=1 j=

—_

2
=< ||1/f||H||¢||$2(KQ,H)‘

Hence, if @(s) € #(Kp, H) and ¥(s) € H are .#;-adapted processes, then the
process @*(s)¥ (s) defined by

(¥ ()W (9)) (k) = (¥ (s), D(s)(k)),,

has values in #>(K o, R). If, in addition, P-a.s., ¥ (s) is bounded as a function of
s, then

T
P(/O |2 ¥ @) | iy 45 < oo) =1,

so that @*(s)¥ (s) € Z(K o, R), and we can define

T T
/(Ws),qb(s)dm),,:/ O ()W (5) AW,
0 0

Theorem 2.9 (I1t6 Formula) Ler Q be a symmetric nonnegative trace-class operator
on a separable Hilbert space K, and let {W;}o<;<T be a Q-Wiener process on a
filtered probability space (2, F, {Z:}o<i<T, P). Assume that a stochastic process
X(),0<t<T,is given by

t t
X(t):X(O)—i—/ lI/(s)ds—i—/ @ (s)dW;, (2.52)
0 0
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where X (0) is an Fo-measurable H -valued random variable, ¥ (s) is an H -valued
Fs-measurable P-a.s. Bochner-integrable process on [0, T,

T
/ ||lI/(s)||Hds <oo P-as.,
0
and ® € (Ko, H).
Assume that a function F :[0,T] x H — R is such that F is continuous and

its Fréchet partial derivatives Fy, Fy, Fyyx are continuous and bounded on bounded
subsets of [0, T] x H. Then the following It0’s formula holds:

t
F(t, X(1) =F(O,X(0))+/ (Fe(s. X(9)), @(s)dWy),,
0
t
+/O {Fi(s, X () + (Fe(s. X(5)), ¥(9))
+ %tr[Fxx (s, X)) (@) Q') (@(s)0"*)*]}ds  (2.53)

P-as. forallt €[0,T].

Proof We will first show that the general statement can be reduced to the case of
constant processes ¥ (s) = ¥ and @(s) = &, s € [0, T]. For a constant C > 0,
define the stopping time

t
¢ =inf{t €0, 7] :max(“X(l)”H,/O | )|, ds.

t
/0 ”cp(s)“ifz(KQ,H) ds) = C}

with the convention that the infimum of an empty set equals 7.
Then, with the notation Xc(t) = X(t A 1¢c), Yc (@) = ¥(t)1{0,7-(t), and
Dc(t) =D (t)1[0,701(t), we have

t t

Xc(t)zXc(O)—}-/ lch(s)ds—}-/ Pc(s)dWs,t €0, T].
0 0

By (2.30), it is sufficient to prove It6’s formula for the processes stopped at 7¢.

Since
T
P(/ IYe(s)lads < OO> =1
0

T
2
E/o ”(pC(s)”zz(KQ,H) ds < oo,

and
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by Lemma 2.4 and Corollary 2.1 it follows that ¥¢ and @¢ can be approximated re-

spectively by sequences of bounded elementary processes ¥¢c , and @c , for which
P-a.s. uniformly in¢t < T

t
/0 |Wen(s) = We ()|, ds — 0
and

— 0.

t t
H/ Pc,n(s)dW; —/ P (s)dWy
0 0

H

Define

t

t
Xen(t) = X(0) + / Wen(s)ds + / B n(s)dW,.
0 0

Then

sup||Xc.n (1) — Xe (1) ”H -0
t<T

with probability one. Assume that we have shown It6’s formula for the process
Xc.n(t), thatis,

t
F(t,Xca() = F(O,X(O))—i—/o (Fe(s. Xcn(9)), @en()dWy),,
t
+ fo {Ff (s, Xcn($)) +(Fx(s, Xcn(s)), Wen(s))y

+ %tr[Fxx (s, Xc.n($)) (@ ()02 (Pc.n(s)0"?)"] } ds

(2.54)

P-as. for all ¢ € [0, T']. Using the continuity of F and the continuity and local
boundedness of its partial derivatives, we will now conclude that

t
F(t,Xc(@®) = F(O,X(O))Jr/0 (Fue(s. Xc(s)), Dc(s)dWs),
t
+f {F, (5, Xe®) + (Fe (5, Xe®), e ),

+ % tr[ Fex (5, X (9)) (@ () Q") (@ (5)0'3)7] } ds. (2.55)

Clearly, the LHS of (2.54) converges to the LHS of (2.55) a.s.
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For the stochastic integrals in (2.54) and (2.55), we have

t t 2
E\ /O (Fe (5. Xen(s)). Penls) W), — fo (Fy (5. Xe (), de(s) W),

t
<2 [ E|0zo) (£ Xea®) = Fulo Xe) aien
t
+2 [ E|(@60) = 92 Fuls: Xen ) gy
t
: 2/0 E(|2c) |y kg | (5. Xen®) = Eu(s. Xe @) [,) ds

t
2 [ E(1960) = 08 g | Fels. Xea) )

The first integral converges to zero, since the first factor is an integrable process, and
the second factor converges to zero almost surely, so that the Lebesgue DCT applies.
The second integral is bounded by M [|®f(s) — qﬁén ||3\2 (Kg.H) for some constant
M, so that it converges to zero, since @ ,(s) — Pc in the space A»(Ko, H).

In conclusion, the stochastic integrals in (2.54) converge to the stochastic integral
in (2.55) in mean square, so that they converge in probability.

We now turn to the nonstochastic integrals.

The first component, involving F;, of the nonstochastic integral in (2.54) con-
verges P-a.s. to the corresponding component in (2.55) by the continuity and local
boundedness of F;, so that the Lebesgue DCT can be applied.

Note that, P-a.s., Yc,, — ¥c in Ll([O, t], H), and Fy is locally bounded, so
that the functions s — Fx (s, Xc n, (s)) and s — Fx (s, Xc(s)) are in L°°([0, ¢], H).
The convergence with probability one of the second component follows from the
duality argument.

To discuss the last nonstochastic integral, we use the fact that

| ®cnls) — De(s) HAZ(KQ,H) -0
and select a subsequence ny for which
[P () = @) g,k 1y = O-
and therefore, for the eigenvectors f; of Q,
|®cnc () fi — Pc(s) filly; = 0 (2.56)
a.e.on [0, T] x Q2. By Exercise 2.19,

tr(Frex (5, XC.n () P () QDL (5))
= tr(@énk (S)Fxx (S, XC,nk (S))Qc,nk (S) Q)
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o
=Y 2j(Fur (5. X ()P (9) £ P () f) -
j=1

Since X ¢y, (s) is bounded, the continuity of Fy, and (2.56) imply that

(Fxx (S, XC,nk (S))Qc,nk(s)fj: ¢C,nk(s)fj>H
— (Fax (5, X ()P () f1. Dc(5) 1) -

By the Lebesgue DCT (with respect to the counting measure), we get that, a.e. on
[0,T] x €,

tr(Frx (8, X0y (9)) Py (9) QDE, (8)) = tr(Fx (5, X (9)) P (s) QPE(s))

and the LHS is bounded by the functions

Nn(s) = H Fyx (S, XC,nk (S)) ”_g(,_,) ||¢’C,nk ||3\2(KQ,1-1)

that converge P-a.s. to
n(s) = || Fex (5, Xc )| o 19 I i .11

However, by the boundedness of the second derivative of F, fot N(s)ds —
fot n(s)ds, so that we can apply the general Lebesgue DCT, Theorem 3.4, to con-
clude the convergence with probability one of the last nonstochastic integral.!

In conclusion, possibly for a subsequence, left- and right-hand sides of (2.54)
converge in probability to the left- and right-hand sides of (2.55), so that (2.55)
holds P-a.s.

By the additivity of the integrals we can further reduce the proof to the case
where

X(0)=X©O0)+W¥t+dW,,

where ¥ and @ are .%p-measurable random variables independent of ¢.
Now, define

u(t, W;) =F(t,X(O0)+ ¥t + dW,);

then the function u is of the same smoothness order as F. We will now prove Itd’s
formula for the function u.

I'This elementary proof can be replaced by the following argument. The space of trace-class op-
erators .21 (H) can be identified with the dual space to the space of compact linear operators on
H, the duality between the two spaces is the trace operator ([68], Chap. IV, Sect. 1, Theorem 1).
Hence, as a dual separable space, it has the Radon—Nikodym property ([14], Chap. III, Sect. 3, The-
orem 1). Thus, L'([0, T, L (H))* = L®([0, T1, £ (H)*) ([14], Chap. IV, Sect. 1, Theorem 1).
But L*°([0, T1, Z1(H)*) = L*°([0, T], £ (H)) ([68], Chap. IV, Sect. 1, Theorem 2). Thus the
convergence of the last nonstochastic integral follows from the duality argument.
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Let0=t <th <---<t, =t <T be a partition of an interval [0, #] and de-
note Atj =1j4] —_tj and AW; = W, | — W,;,. Using Taylor’s formula, there exist
random variables 7; € [¢;, ;1] and 0; € [0, 1] such that

u(t, W;) —u(0,0)

n—1 n—1
= ultjpr. W) —ulty, W D]+ D [ulty, Wiy, )) — ulty, Wi))]
Jj=1 j=1
n—1
= Zut(t_ja Wl‘jJr])Atj
j=1
n—1
1 -
+ Z[(”x(tj7 le)7 AWj>K + E(uxx(tja "V/')(A‘/Vj)7 AW/)K:|
j=1
n—1 n—1
=Y wi(ty, Wi )AL+ (), W), AW )
j=1 j=1
1 n—1
5 D w1, Wi ) (AW)), AW )
j=1
n—1
+ ) [ W) — w7, Wiy, ) At
j=1
1 n—1
5 2 e (i W AW)) — a1, W) (AW AW, (2.57)
j=1

where W; = W, +0;(W,,,, — Wi,).

Assuming that max{t;4; —t;, 1 < j <n — 1} — 0 and using the uniform conti-
nuity of the mapping [0, T] x [0, T] > (s, r) = u,(s, W,) € R (Exercise 2.20) and
the continuity of the map [0, T] 2t — u, (t, W;) € K*, we get

n—1 n—1
Zuf(tjs Wt/ur])Atj + Z(“x(tj, Wl‘j)’AWj>K
j=1 j=1

t t
—>/ U (s, Ws)ds—i—/ (ux(s, W), dWy),  P-as.
0 0

by Lemma 2.6. Clearly,

n—1

Z[ut([]a Wtjur]) _ut(tjv Wtj+1)]Atj
j=1

< T suplu, (i, Wi;,,) — ui(tj, Wy, )| = 0.

j<n
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In view of the continuity of the mapping [0, 7] x K > (t,x) — uy,(t,x) €
Z(K, K), utilizing the result in Exercise 2.5, we have

Z Mxx(t], Wj uxx(tjth,)](AWJ)’AWJ)K

n—1
< _sup1||u”(tj, Wj)(AWj) — uxx(tj, Wtj)(AWj)||$(K’K) Z”AWJ ”?{ -0
j<n— =1

with probability one as n — oo (using arguments as in Exercise 2.20).
It remains to show that

n—1

t
Z(uxx(tj,W,j)(AWj),AWj)K—>/O tr{uxx (s, Wy) Q] ds (2.58)

j=1
in probability P.

Let 19’ = Lmax{|W,, lx <N.,i<j}}- Then ljy is .7;;-measurable, and, using the rep-
resentation (2.3), we get

E((1N urx (tj, Wi )(AW)), AW;) | F2;)

= E(<1j-v e (5. W) S 02 (Wit 1) — we 1)) fe

k=1

Z/\}/z(wl(tjﬂ) - wz(tj))fl>
=1

)

E()\k<lj'vuxx (tj. Wi) fioo fi) e (we (1) — wk(tj))2|fzj)

K

M

k
= tr(lﬁ-vuxx (tjv Wt])Q)At/

—

In view of the above and the fact that u,, is bounded on bounded subsets of [0, 7] x
H, we obtain

n—1 2
E<Z((1§Vu”(t,, Wi (AW)), AW) e — tr(15 e 1), W,j)Q)At.,')>

j=1
n—1 )
= D ({1 uxxtj. Wi )(AW)). AW

=1

— E(r(1Y w1, i) 0))2(41))%)
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n—1
2
< sup o Ju(s W]y D (EIAW, IR — (r @) (At)?)
s<t.lhlln<N i

n—1
2
=2 sup uee(s, )] g 11 k) D (A17)* = 0.
s<t,llhlim <N o

Also, as N — oo,

n—1
(Z (1= 1) ((urx (1, Wi )(AW)), AW;)
j=1

— tr(l?l”xx(t.i’ ij)QAt./)) 7 0)

< P(sup{IW 1l > N}) = 0.

s<t

This proves (2.58). Taking the limit in (2.57), we obtain 1t6’s formula for the func-
tion u(t, Wy),

1
u(t, W) = u(0,0) +/ (u,(s, Ws) + %tr(uxx(s, Ws)Q)) ds
0

t
+/ (ux (s, W), dWy),. (2.59)
0

To obtain Itd’s formula for F (¢, X (¢)), we calculate the derivatives

u (. k) = Fi (1, X(0) + W1 + @k) 4+ (F (1. X 0) + W1 + Pk), ¥) ..
ux(t,k) = ®*Fy(t, X(0) + ¥t + Pk),
U (t, k) = @ Fri (1, X(0) + W1 + Pk)P

Noting that (see Exercise2.19)
tr[ Fux (s, X (5)) (@ 0'2) (€ 0'2)*] = tr[@* Fix (5, X (5)) @ 0],
we arrive at the desired result (2.53). [l
Exercise 2.19 Show that, for a symmetric operator 7 € Z(H) and ® € (K, H),
(TP QP*) =t (P TP Q).

Exercise 2.20 Let f: ([0,7] x K) > R and g : [0, T] — K be continuous. Show
that the mapping [0, T] x [0, T] > (s,r) — f(s, g(r)) € R is uniformly continuous.
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2.3.2 The Case of a Cylindrical Wiener Process

As in the case of a Q-Wiener process, for @ (s) € #(K, H) and a P-a.s. bounded
H -valued .%;-adapted process ¥ (s), @*(s)¥ (s) € Z(K, R). In addition, since

S (@ ¥ ©)D) =D #©). 2&OFly = [YO 1126 iy
j=1

j=1

the process @*(s)¥ (s) can be considered as being K- or K*-valued, and we can
define

T 5 T 5 T 5
/O(Lv(s),a)(s)dwv)f,:fo <q>*(s>u/<s),dwg>,<=fo ()W (5) dW.

Theorem 2.10 (It Formula) Let H and K be real separable Hilbert spaces, and
{W,}o<;<T be a K -valued cylindrical Wiener process on a filtered probability space
(Q, F#,{%t}o<t<r, P). Assume that a stochastic process X (t),0 <t <T, is given
by

t t
X(t):X(O)+/ llf(s)ds+/ @ (s)dWs, (2.60)
0 0

where X (0) is an Fo-measurable H-valued random variable, ¥ (s) is an H-valued
Fs-measurable P-a.s. Bochner-integrable process on [0, T],

T
/ ||lI/(s)||Hds <00, P-as.,
0

and ® € # (K, H).

Assume that a function F :[0,T] x H — R is such that F is continuous and
its Fréchet partial derivatives Fy, Fy, Fyx are continuous and bounded on bounded
subsets of [0, T] x H. Then the following It0’s formula holds:

t
F(t, X(0) =F(0,X(0))+/ (Fa(s. X (5)), P(5)dWy),
0

t
+/0 {Ft(s X(9)) + (Fe(s. X (), ¥ (9))
+ %tr[Fxx (s, X(s))q>(s)(¢(s))*]}ds (2.61)
P-as. forallt €0, T].

Proof The proof is nearly identical to the proof of the It6 formula for a Q-Wiener
process, and we refer to the notation in the proof of Theorem 2.9. The reduction to
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the processes Xc (1) = X(t A 1c), Y (@) =¥ () 1[0,:01(1), Pc(t) = D (t) 1[0, (2),
with

t t
Xc(l)=Xc(0)+/ wc<s>ds+/ bc(s)dWs, €[0T,
0 0

is possible due to (2.33).
A further reduction to bounded elementary processes ¥Y¢ , and @, for which,
P-a.s. uniformlyint < T,

t
fo |we.n(s) —we ()|, ds — 0

and

t _ t ~
Dc.n(s)dWs —/ Dc(s)dWs|| —0

0 0 H

is achieved using Lemma 2.4 and Corollary 2.1 with Q = I, so that we can define

t t
XC,n(t):X(0)+/ lI/C,)z(S)ds+'/ (pC,n(S)dWs
0 0

and claim that

sup|| Xc.n (1) = Xc (@), = 0
t<T

with probability one. Then, using the isometry property (2.32) and the arguments
in the proof of Theorem 2.9 that justify the term-by-term convergence of (2.54)
to (2.55), we can reduce the general problem to the case

X =XO0)+¥t+oW,, (2.62)

where, recalling (2.31) and (2.12),
o o B
Z (@Wei)ei =Y (Wi(®*ei))e € H (2.63)
i=1 i=1

for ® € 4 (K, H).
From here we proceed as follows. Define

u(t, &) =F(t, XO0)+ ¥ +&)

with & = @Wt € ///%(H). Similarly as in the proof of Theorem 2.9, with 0 = #| <
h<--<ty=t=T, Atj=tj41 —tj,and A§; = 5t_/+1 — E,_,., using Taylor’s for-
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mula, we obtain

u(t, &) —u(0,0)
n—1

n—1
= Zul(tjagljJr])Atj +Z(ux(tj9slj)s A%_])H

j=1 j=1
1 n—1
+§ (Mxx(tjv%_tj)(Aéj)tAéj)H
j=1
n—1
+ ) G Eyy) — (2. &) At
j=1
1 n—1 _
+ > ([ (2. ED(AE)) — urx (1. &) (AE)) ], AEj) .
j=1

=8S1+8+ 83+ 854+ Ss,

where ASJ‘ = ¢(Wtj+1 — Wtj), éj = @W;j —i—@j@(Wth — ij), and t~j €[y, tjy1],
6; € [0, 1] are random variables.

Using the smoothness of the function u, we conclude that S4 and S5 converge to
zero with probability one as n — oo and that

t

t
Sl+S2_)/ Ml(svgs)ds+f <@*ux(s»és)3dWS>K
0 0

t t
=/ ut(s,ss>ds+f<ux(s,ss>,q>dV~vs)H.
0 0

To show that

n—1

t ~
(urx (1), &,)(AE)), Agj), — /0 tr{uey (s, W)@ D" ds
j=1

in probability P, we let lj.v = Limax{|i¢, Il n <N.i<j}}- Then 19’ is .7, -measurable, and,
using the representation (2.63), we get

E((1Y uxx(tj, &)(AE)), AEj) | F4))

= E(<1§Vuxx (tj, Stj) Z(Wtﬂl (@*ei) - Wtj ((D*e,-))ei,

i=1

M2

(70" o))

=1 H
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= ~ ~ 2
= Z E(<1§Vuxx (Ij, é,j)e,-, e,'>H (VV;J.Jrl (¢*€,') - W,j (@*ei)) |9,j)
i=1

= tr(l;-vuxx (tjv étj)¢¢*)Atj'

Now, to complete the proof, we can now follow the arguments in the proof of The-
orem 2.9 with @ @* replacing Q. 0



Chapter 3
Stochastic Differential Equations

3.1 Stochastic Differential Equations and Their Solutions

Let K and H be real separable Hilbert spaces, and W, be a K-valued Q-Wiener
process on a complete filtered probability space (2, .F, {Z%;};<r, P) with the filtra-
tion .%; satistying the usual conditions. We consider semilinear SDEs (SSDEs for
short) on [0, 7] in H. The general form of such SSDE is

{dX(t) — (AX(t) + F(1, X))dt + B(t, X)dW,, G

X(0) = &o.

Here, A : 2(A) C H — H is the generator of a Cp-semigroup of operators
{S(), t = 0} on H. Recall from Chap. 1 that for a Cp-semigroup S(¢), we have
ISl 2y < Mexp{at} and if M =1, then S(¢) is called a pseudo-contraction
semigroup.

The coefficients F and B are, in general, nonlinear mappings,

F:Qx[0,T]xC([0,T],H) - H,
B:Qx[0,T]x C([0,T],H) - %(Kg, H).

The initial condition & is an .%y-measurable H -valued random variable.
We will study the existence and uniqueness problem under various regularity
assumptions on the coefficients of (3.1) that include:

(Al) F and B are jointly measurable, and for every 0 <t < T, they are measurable
with respect to the product o-field .%; ® 6; on Q2 x C([0, T1, H), where %; is
a o -field generated by cylinders with bases over [0, ¢].

(A2) F and B are jointly continuous.

(A3) There exists a constant £ such that for all x € C([0, T'], H),

|F@. .0, + ”B(“”t’x)”,%(KQ,H) 5£<1 + sup ”x(s)”H)
0<s<T
foroweQand0<t<T.
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74 3 Stochastic Differential Equations
For every t € [0, T'], we define the following operator 6; on C ([0, T'], H):

x(s), 0=<s=<t,
x(), t<s<T.

Oix(s) = :

Assumption (A1) implies that
F(w,t,x)=F(w,t,x;1) and B(w,t,x)= B(w,t,Xx1)

if x = x; on [0, ¢]. Because 6,x is a Borel function of ¢ with values in C ([0, T'], H),
F(w,t,6;x) and B(w,t,6;x) also are Borel functions in . With this notation,
(3.1) can be rewritten as

dX(t)=(AX(@)+ F(t,0,X))dt + B(t,0; X)dW,,
X (0) = &.
We will say that F' and B satisfy the Lipschitz condition if
(A4) Forallx,ye C([0,T], H), we 2,0 <t < T, there exists .# > 0 such that

||F(a), t,x)— F(w,t, y)||H + ||B(a), t,x) — B(w,t,y) ”,S,PZ(KQ,H)

< sup ||x(s) - y(s)”H.
0<s<T

To simplify the notation, we will not indicate the dependence of F and B on w
whenever this does not lead to confusion.

There exist different notions of a solution to the semilinear SDE (3.1), and we
now define strong, weak, mild, and martingale solutions.!

Definition 3.1 A stochastic process X (¢) defined on a filtered probability space
(R, F,{%:}i<r, P) and adapted to the filtration { % }; <7

(a) is a strong solution of (3.1) if
(1) X()eC(0,T], H);
2) X(t,w) € Z(A) dt ® d P-almost everywhere;
(3) the following conditions hold:

T
P(/ |AX @), dt <oo> =1,
0

’ 2
P(/O (|Fa. x|, + ||B(I,X)||$2(KQ,H))dt < oo) =1

'A weak (mild) solution is called mild (respectively mild integral) solution in [9], where also a
concept of a weakened solution is studied.
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(4) foreveryt <T, P-as.,

t t
X(t):Eo—i—/ (AX(s)~|—F(s,X))ds+/ B(s, X)dWy; (3.2)
0 0

(b) is a weak solution of (3.1) (in the sense of duality) if
(1) the following conditions hold:

T
p(/ HX(t)”Hdt<oo>=1, (3.3)
0

T
P(/o (IFC 30+ 1B 01 ey ) di < oo) — 1 G4

(2) forevery h € Z(A*)andt <T, P-as.,
t
(X (). k), = (€o. W) m +/O (X (s), A*R),, +(F(s. X), h),,) ds

t
+/ (n. B(s, X) dWy) (3.5)
0

(¢) is a mild solution of (3.1) if
(1) conditions (3.3) and (3.4) hold;
(2) forallt <T, P-as.,

t

t
X(t):S(t)%‘o—i—/ S(t—s)F(s,X)ds+/ St —s)B(s, X)dW,. (3.6)
0 0

We say that a process X is a martingale solution of the equation
dX(@t)=(AX(@)+ F(t, X))dt + B(t, X)dW;, 3.7)
X(0)=x€ H (deterministic), '

if there exists a filtered probability space (2, #, {.%;};c[0,77, P) and, on this proba-
bility space, a Q-Wiener process W;, relative to the filtration {.%# }; <7, such that X;
is a mild solution of (3.7).

Unlike the strong solution, where the filtered probability space and the Wiener
process are given, a martingale solution is a system ((Q, %, {%}i<r, P), W, X)
where the filtered probability space and the Wiener process are part of the solution.

If A=0, S(t) = Iy (identity on H), we obtain the SDE

(3.8)

dX(t)=F(, X)dt + B(t, X)dW;,
X(0)=xe H (deterministic),

and a martingale solution of (3.8) is called a weak solution (in the stochastic sense,
see [77]).
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Remark 3.1 In the presence or absence of the operator A, there should be no con-
fusion between a weak solution of (3.1) in the sense of duality and a weak solution
of (3.8) in the stochastic context.

Obviously, a strong solution is a weak solution (either meaning) and a mild solu-

tion is a martingale solution.

We will first study solutions to an SDE corresponding to the deterministic ab-
stract inhomogeneous Cauchy problem (1.32),

t t
X(t) =/ AX(s)ds +f D(s)dWs. (3.9)
0 0

The role of the deterministic convolution fé S(t —s) f(s)ds will now be played by
the stochastic process

t
S*dﬁ(t):/ St —s)P(s)dW,, &P (Ko, H), (3.10)
0

which will be called stochastic convolution. Let || - ||(4) be the graph norm on
P(A),

1/2
Ihlloca = (1013 + 1ARI) 2.

The space (Z(A), || - ll@(a)) is a separable Hilbert space (Exercise 1.2). If f :

[0,T] — 2(A) is a measurable function and fOT I f()llzca) < oo, then for any
tel0,T],

t t t
/ f(s)ds € 2(A) and / Af(s)ds:A/ f(s)ds.
0 0 0
We have the following stochastic analogue of this fact.

Proposition 3.1 Assume that A is the infinitesimal generator of a Co-semigroup
on H and that W, is a K-valued Q-Wiener process. If @ (t) € Z(A) P-a.s. for all
te[0,T] and

T 2
P(/o EX oo> 1,

T 2
P(/o |40y, 1yt < oo> 1,

then P([;} ®(t)dW, € Z(A)) =1 and

T T
A/ <p(t)dW,=/ AD(t)dW, P-as. (3.11)
0 0



3.1 Stochastic Differential Equations and Their Solutions 77
Proof Equality (3.11) is true for bounded elementary processes in & (£ (K, 2(A)).

Let @, € &(Z (K, Z(A)) be bounded elementary processes approximating @ as in
Lemma 2.3,

T
/0H@(t,w)—Q%(Lw)”f%(KQ’@(A))—>0 asn — 0o

P-a.s. and hence,
t t
/ @n(s)dWs—>/ @ (s)dW,.,
0 0

t t t
A/ @, (s) dW, :/A(Pn(s)dwse/‘ AD(s)d W,
0 0 0

in probability as n — co. Now (3.11) follows since the infinitesimal generator A is
a closed operator. U

Theorem 3.1 Assume that A is an infinitesimal generator of a Co-semigroup of
operators S(t) on H and that W; is a K -valued Q-Wiener process.

(a) If ® € Z(Kg, H) and, for h € (A*) and every 0 <t <T,

t
(X().h), =/0 (X(s), A*h),, ds + </O

then X (1) = Sx ®(1).

(b) If ® € Ax(K, H), then for every 0 <t < T, §x @(t) satisfies (3.12).

(©) If® € Ax(Kg,H), P(Kg) C Z(A), and A® € Ary(Kg, H), then Sx @ (1) is
a strong solution of (3.9).

t
@(s)dWs,h> P-as., (3.12)
H

Proof (a) The proof in [11] relies on the fact which we make a subject of Exer-
cise 3.2. Another method is presented in [9]. We choose to use an It6 formula type
of proof which is consistent with the deterministic approach (see [63]).

Assume that (3.12) holds and let

u(s,x) =(x, $*(t —)h) .

where h € Z(A*) is arbitrary but fixed, x € H, and 0 <s <t < T. The problem is
to determine the differential of u(s, X (s)).

Since the adjoint semigroup S*(¢) is a Cop-semigroup whose infinitesimal gener-
ator is A* (see Theorem 1.2), we have

us(s, x) = (x, —A*S* (1 — $)h),,.

(s, x) =, 8"t —5)h),;.,

Uyy(s,x) =0.
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Let 0 =51 <s3 <--- <5, =s be a partition of an interval [0, s] and denote As; =
six1—sj and AX; = X(sj4+1) — X(s;). According to (2.57), there exist random
variables §; € [s;, s;+1] such that

u(s, X(s)) — u(O, X(O))

n—1 n—1
= us(sj, X(sj40)) Asj+ Y _(ux(s, X(5))), AX)
j=1 j=1
n—1
+ ) (55, X (5j50)) — us(sj. Wy, )] As;. (3.13)
j=1

Due to the continuity of u;(s, X (s)),

n—1

Zus sj, X (sj+1)) As; —>f ug(r, X (r))dr /S<X(r),—A*S*(t—r)h)Hdr

j=1
‘We consider the second sum,

n—1
Zux sj, X (s)), g = (S* (= sph. X(sj41) = X(5))y

j=1 j=1

nl 5 5
:Z(U +lX(r)dr,A>"S*(t—s,~)h> +</ +l<1>(r)arW,,S>"(t—sj)h> dr
j=1 0 H 0

H
- </Sj X (r)dr, S*(t —s.,‘)h> - </§j O (r)dW,, S*(t —sj)h> )
0 H 0 H

n-l Sj+1 Sj+1
=Z<</ X(r)dr,A*S*(t—sj)h> +</ (D(r)dWr,S*(t—sj)h> >
j=1 MV H R H

)
Due to the continuity of A*S*(r — s)h = §*(t — s) A*h, the fist sum converges to
N
/ (X(r), A*S*(t —r)h),, dr
0

Denote My = [ @(r)dW, € .#}(H). Then, [+ &(r)dW, = M,

Sj

By (2.43), the second sum converges in L2(Q,R) to

</S St — r)dM,,h> =</S St — r)(b(r)dWr,h> .
0 H 0 H

The last sum in (3.13) converges to zero, since it is bounded by

— M;..

J+1 J

tosup |(X(sjy1), A*S*(t —5))h), — (X (sj31), A*S* (1 = sj)h),| > 0

0<j<n-1
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due to the uniform continuity of S(s)/ on finite intervals and commutativity of A*
and S* on the domain of A*. We have proved that

u(s, X(s)) — M(O, X(O)) = (X(s), S*(t — s)h)H

= </ St — r)(b(r)dWr,h> . (3.14)
0

H

For s = ¢, we have

t
(X(@).h), = </ NG —r)@(r)dWr,h> )
0

H

Since Z(A*) is dense in H, (a) follows.
(b) For h € 2(A*) and k € K, consider the process defined by

W (s, w, 1) (k) = (L0, () (St — )@ (s))" A*h) (k)
= (Li0.)()S — $)P(s)(k), A*h),,.

Then ¥ : [0, T] x Q x [0,T] = £ (Kg,R).
Forevery 0 <t <T,W(-,-,1)is {Zs}o<s<r-adapted, and

T
10 = [ 1960l g

1/2

T T
= [ (B [ 1eas6-900) 4,y myds)

T 5 1/2
< ra] e (2 [ 1060 as)

=Cl Pl Ay kg, H) < 00,

so that the assumptions of the stochastic Fubini theorem, Theorem 2.8, are satisfied.
We obtain

t t s
</ S*@(S)ds,A*h> =/ / (S(s —u)(b(u)qu,A*h>Hds
0 H Jo Jo

=/ (/ ¥(u,w, s)qu>ds
( ¥U(u,w, s)ds)

= <<A S(s—u)d>(u)()ds> > aw,
0

oSG — 0B @0, A}, ds)qu

o\

O
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t
= [ {(5¢ =@ w - 2@)1.h), aw,
0

t
= </ (S(t —w)@ ) — D)) dW,, h> :
0

H

where we have used the fact that for x € H, the integral fé Sr)xdr e Z(A), and

A</t S(r)xdr> =St)x —x
0

(Theorem 1.2). Thus we conclude that

t t
</ S*cb(s)ds,A*h> =(S*d>(t),h)H—</ CD(s)dWs,h> ,
H 0

0 H

proving (b).
(c) Recall from (1.22), Chap. 1, the Yosida approximation A, = AR, of A, and
let S, (s) = e*4» be the corresponding semigroups. Then part (b) implies that

t t
Sn*qﬁ(t)zf A,,S,,*cp(s)ds—i—'/ D (s)dW;. (3.15)
0 0

Part (b) of Lemma 2.2, Chap. 2, implies that

sup E||S,x @) — Sxd@)|3 — 0. (3.16)

0<t<T

Recall the commutativity property (1.16) from Chap. 1 that for x € Z(A), AR, x =
R, Ax. In addition, AS,(t)x = S,(t)Ax for x € Z(A), see Exercise 3.1. Using
Proposition 3.1, we obtain

t

A,iSn*d?(l):AR,,/ St —s5)P(s)dWs
0
t
=Rn/ St —s)AD(s)d Wy
0

= RS, x AD(1).

Hence,

2
sup E
0<t<T

t
/ (AnS,, *D(s) — AS*(D(S)) ds
0

H

t
<72 sup E/ | A4Sy » ®(s) — AS % D (s)| 3, ds
O<t<T JO

T
< T2E/ | RuSy» AD(s) = S % AD(s)], ds
0
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T 2
< T2E/ |Rn(Sn % A®(5) — S x AD(s)) |, ds
0
T 2
+ TZE/ |(R — DS % AD(5) |}, ds
0
T 2
< C(E/ [Sn*x A®(s) — S AD(s) |, ds
0

T
+ E/ | (R — I)S*Adb(s)”ilds).
0

The first summand converges to zero by (c) of Lemma 2.2, Chap. 2.
Since R,x — x for x € H, we have

|(Ry — DS*A®(s)|,, — 0
and
|(Ru = DS % AD(5)|5, < Ci||Sx AD ()3,

with

T T s
E/O ||S*Aq§(s)||i1ds=fo E[O |SGs =A@ @)k iy duds

< CllA I, (k. 1) < O

and the second summand converges to zero by the Lebesgue DCT.
Summarizing,

2

- 0. (3.17)
H

sup E
0<t<T

¢
/ (AnS,, *D(s) —AS * @(s)) ds
0

Combining (3.16) and (3.17), we obtain that both terms in (3.15) converge uniformly
in mean square to the desired limits, so that (3.9) is satisfied by S x @(¢). This
concludes the proof. g

Exercise 3.1 Show that AS,,(1)x = S,,(t)Ax, for x € Z(A).
After the preliminary discussion concerning stochastic convolution, we turn to a
general problem of the relationship among different types of solutions to the semi-

linear SDE (3.1).

Theorem 3.2 A weak solution to (3.1) is a mild solution. Conversely, if X is a mild
solution of (3.1) and

T
2
E/O [ B X[,k dt < 0.
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then X (1) is a weak solution of (3.1). If, in addition X (t) € Z(A), dP ® dt almost
everywhere, then X (t) is a strong solution of (3.1).

Proof The techniques for proving parts (a) and (b) of Theorem 3.1 are applicable to
a more general case. Consider the process X (¢) satisfying the equation

t
(XWMMZ@mMH+A«Mﬂﬂwm+0ﬁ%mﬁﬁ

t
+/ (h. @ (s)d W), (3.18)
0
with an adapted process f(-) € L'(Q, H), ® € P (Ko, H),and h € Z(A%).
As in (a) of Theorem 3.1, we let
u(s,x) = (x, S*(t — s)h)H,

where h € 2(A*) is arbitrary but fixed, x € H, and 0 < s <t < T. Then, for-
mula (3.14) takes the form

u(s, X (s)) —u(0, X(0)) = (X (s), $*(t — s)h),, — (X(0), S*(1)h),,

s n—1
:</ S(t—r)¢(r)dw,,h> + lim Z<S*(I—Sj)h,f
0 H n—>oo]=] S

sj+l
f(r)dr>

J H

:</SS(t—r)q§(r)dW,,h> +</sS(t—r)f(r)dr,h> .
0 H 0 H

For s = ¢, we have

t
(X (@), h), = (S®E0. h) +</0 S(t —r)® () dW,, h>

+</SS(t—r)f(r)dr,h> .
0 H

Now it follows that X (¢) is a mild solution if we substitute f () = F (¢, X) and
@ (t) = B(t, X) and use the fact that Z(A*) is dense in H.
To prove the converse statement, consider the process

H

t

X(t)=S1)é& +/ St —s)f(s)ds+ SxD(1),
0
where f(¢) is as in the first part, and @ € A>(K g, H). We need to show that
(X (1), h),, = (€0, )i

t s
+/ <S(s)$o+/ S(s—u)f(u)du—i—S*CD(s),A*h> ds
0 0

H



3.1 Stochastic Differential Equations and Their Solutions 83

t t
+/<f(s),h)Hds+</ (b(s)dWs,h> :
0 0 H

Using the result in (b) of Theorem 3.1, we have that

1 t
<S*<D(t),h>H:</ S*qb(s)ds,A*h> +</ (D(s)dWs,h> .
0 H 0

H

Since (see Theorem 1.2) for any & € H, fot S(s)éds € Z(A) and

t
A / S($)E ds = S()E — &,
0
we get

t
(S(0)60, h),, = (€0, h) i + /0 (S(5)E0, A*h),, di.

Finally, using (deterministic) Fubini’s theorem,

<//S5(s—u)f(u)duds,A*h> =<// S(s—u)f(u)dsdu,A*h>
0J0

</ / S(s—u)f(u)dsdu, h>
</ / S() f ) dvdu, h>

S(t—u)f(u)—f(u))du,h> ,

H

completing the calculations.
The last statement of the theorem is now obvious. O

The following existence and uniqueness result for linear SDEs is a direct appli-
cation of Theorem 3.2.

Corollary 3.1 Let {W;,0 <t < T} be a Q-Wiener process defined on a filtered
probability space (2, F,{F}i<T, P), and A be the infinitesimal generator of a
Co-semigroup {S(t),t > 0}. Assume that B € (K, H), f(-) € LY(Q, H) is an
{Z:}i<r-adapted process, and & is an H-valued Fy-measurable random variable.
Then the linear equation

dX(t)=(AX()+ f(1)dt + BdW;,

3.19
X(0) = o, G192
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has a unique weak solution given by
1 t
X () =S®)é +/ St —s)f(s)ds —i—/ S(t—s)BdW,, 0<t<T.
0 0

Exercise 3.2 Prove that if X (7) is a weak solution of the equation

dX(t) = AX (1)dt + BdW,,
X (0) =&,

with B € .Z(K, H), then for an arbitrary function ¢(-) € C([0, T], (Z(A%),
Il -lza)) and t € [0, T,

t

t
(X(t),;(t))Hz/O(X(s),§/(s)+A*§(s)>Hds+/0(g“(s),BdWS>H. (3.20)

Hint: Prove the result for a linearly dense subset OfC1 ([0, T1, (Z2(A"), Il - |l 2(4))
consisting of functions ¢ (s) = o@(s), where ¢(s) € C'([0, T], R).

Exercise 3.3 Apply (3.20) to a function ¢(s) = S*(z — 5)¢o with ¢y € Z(A*) to
show that if X (¢) is a weak solution of the linear SDE (3.19) with &y =0 and f () =
0, then, P-a.s., X(t) = S » B(t). Extend this result to a general case of &) and f(¢).

3.2 Solutions Under Lipschitz Conditions

We first prove the uniqueness and existence of a mild solution to (3.1) in the case
of Lipschitz-type coefficients. This result is known (see Ichikawa [32]) if the coeffi-
cients F(t,-) and B(¢,-) depend on x € C([0, T'], H) through x(¢) only. We follow
a technique extracted from the work of Gikhman and Skorokhod, [25] and extend it
from R" to H-valued processes.

Note that conditions (A3) and (A4) imply, respectively, that

b
‘/ F(t,x)dt

b
/ (F(t,x) — F(t, y)) dt

b
i gz/a (1 +Ss;1[;||(9,x)(s)”H) dt

and

b
< | sup|(6:(x —y))(s)| dr.
H a s<T

We will now state inequalities useful for proving the existence, uniqueness, and
properties of solutions to the SDE (3.1). We begin with well-known inequalities
(refer to (7.8), (7.9) in [11] and (24) in [34]).
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Lemma 3.1 Let @ € Ay(Kg, H) and p > 1. Then
2p 2p
(i oo )=o)
0=<t<T H H
T 2 P
< ([ 100 ey @)

T
Scz,pTl’_lE</0 H¢>(S)H?2[ZZ(KQ)H)ds) (3.21)

2p \??
clp = ,
br=\2p -1

e2p = (p@p— )" (1)

t T
/ D(s)dW; / D(s)dW;
0

0

with the constants

Proof The first inequality follows from the fact that the stochastic integral is an
L?(Q2)-martingale and from Doob’s maximal inequality, Theorem 2.2. The third is
just Holder’s inequality. We now prove the second. For p = 1, it is the isometry
property of the stochastic integral.

Assume now that p > 1. Let F(-) = - ||§_1" : H — R. Then F is continuous, and
its partial derivatives

(Fe) ) =2plxl3’ " x. )y, heH,
(Fex () (h, g) = 4p(p — Dlix |32 (x, hyp (x, 8
+2plx iy’ (h, g, h.geH,
are continuous and bounded on bounded subsets of H, with

2 1
| Fee | gy = 2020 = Dl (3.22)

Let M(t) = fot @ (s) dW;. Applying Itd’s formula (2.53) to F (M (¢)) and taking ex-
pectations, we obtain, using (3.22), Holder’s inequality, and Doob’s maximal in-
equality,

E||M(s)”2p—E/ ‘ Foe (M) (D () 0®*(w))] | du

<=0 [ 1100 Y )

201 [* 2
< pp = DE( s M1 [0 g5 )
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o ot
sp(Zp—l)[E( sup ||M(“)|| ) [ (/ ||‘D(“)||.>sf>2<1<g w44 ) ]

0<u<s

2 2p — s P l,
<per-](522) E!|M<s>n§f} ” [E(/o |2 ) |

Dividing both sides by (E||M (s)|| ) P , We obtain

2p 2p P
£ = 22E( [ 19601, )

and (3.21) follows. Il

Corollary 3.2 Let {S(t),0 <t < T} be a Cy-semigroup and p > 1. For @ €
Ax(Kg,H)andt €0, T],

0

2p . t By p
!, fcp,a,M,TE</(; ||¢(S)||,<£2(KQ,H)dS>

t
< c},,a,M,TE/O ||¢(S)||ZQ(KQ,H> ds. (3.23)

The constants C[l,’ wM.T and C/%, «.m.1 depend only on the indicated parameters.

Proof We define G(s) = S(t —s)®@(s). Then, for u € [0, ¢], we have by Lemma 3.1

2p 2p

EH/ St —s5)D(s)dWs
0

:E‘

/u G(s)dW,
0 H

Cz,p “ 2 !
EE</0 1Gs) ”:fz(KQ,H) ds)

_ c2,p u 2 P
_EE</0 ||S(t—s)d>(s)||$2(KQ)H)> ds

< C2,pM2p 2paTE u”(p( )“2 d P
_E € A N (K. H) s] .

H

IA

In particular, for u = ¢, we get the first inequality in (3.23), the second is the Holder
inequality. 0

We will need inequalities of Burkholder type for the process of stochastic convo-
lution. We begin with a supporting lemma [10].

Lemma 3.2 Let 0 <« <1 and p > 1 be numbers such that « > 1/p. Then, for an
arbitrary f € LP([0, T], H), the function

t
Go f (1) =/ (t— s)“”S(t —s)f(s)ds, 0<t<T, (3.24)
0
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is continuous, and there exists a constant C > 0 such that

sup [Gof ()|, < CllfllLeqo.r1.m)-

0<t<T

Exercise 3.4 Prove Lemma 3.2.

Hint: use the Holder inequality to show the bound for G, f (t). To show the con-
tinuity, start with a smooth function f € C*°([0, T, H) vanishing near t = 0 and
show that

46 t—/t“‘ls Ly
@ af()—OS ()5, f(t—s)ds

is bounded on [0, T. For general f(t), use the fact that C*°([0, T]) — L ([0, T],
H) densely.

The following Burkholder-type inequalities concern two cases. The first allows a
general Cp-semigroup but is restricted only to the powers strictly greater than two.
Its proof relies on a factorization technique developed in [10], and it is a conse-
quence of (3.21) and (3.23). The second inequality allows the power of two but
is restricted to pseudo-contraction semigroups only. Curiously, the general case of
power two is still an open problem.

Lemma 3.3 Let W; be a K-valued Wiener process with covariance Q, and @ €
Ay(Kg, H).
(a) Let S(t) be a general Cy-semigroup and p > 1. If

B [ 100 ) <00

then there exists a continuous modification of the stochastic convolution S x @ (t) =
Jo St — $)P(s)dW;.

For this continuous version, there exists a constant Cp, o p. T, depending only on
the indicated parameters, such that for any stopping time t,

E sup Hs*q>(z)HH<C,,aMTE/ Hq)(z)ng(KQ mdl. (329

0<t<T At

Let A, = AR, be the Yosida approximations, and S, (t) = e Then a continuous
version of S x @ (t) can be approximated by the (continuous) processes S, * @ (t) in
the following sense:

lim E sup [S*®(1)—S, *@D(t)“ 0. (3.26)

n—oo 0<l<

(b) Let S(t) be a Co-pseudo-contraction semigroup and p > 1. If

T 2 p
E(/O 100010 dt> <o,
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then there exists a continuous modification of the stochastic convolution S x D (t).
For this continuous version, there exists a constant Cj, o 1, depending only on the
indicated parameters, such that for any stopping time t,

TAT p
E sup ||s*cb(t)||§f§c,,,a,TE</0 ||¢(t)||;2(KQ)H)dt>. (3.27)

0<t<T At

Let @,(t) = R, D (t). Then a continuous version of S x @ (t) can be approximated
by the (continuous) processes S x @, (t) in the following sense:

lim E sup |S*®() —Sx®,(0)|3 =0. (3.28)

n—00 g /<T

Proof (a) We follow the proof of Proposition 7.3 in [11], which uses the factor-
ization method introduced in [10]. Let us begin with the following identity (see
Exercise 3.6):

t
/(t—s)“il(s—a)fads: , O<a<l1, o<t (3.29)
o

sina

Using this identity and the stochastic Fubini theorem 2.8, we obtain
t
/ St —85)P(s)dW;
0

. t t
_ smna/ (/ (l_s)a1(s_0)'1ds>5(t—0)¢(a)dWo
0 o

T

sinTo /t w1 </A —a )
- (=527 'St =) | (s=0)*S(s —0)D(0)dW, | ds
T 0 0

sinwo

/t(z —$)*7IS(t —9)Y(s)ds  P-as.
T 0
with
Y(s) = /Os(s —0) *S(s —0)P(0)dW,, 0<s<T.
Hence, we have the modification

sin
SxD(1) =

t
T / (t— )21 St —$)Y(s)ds, (3.30)
s 0

for which we need to prove the assertions in (a).

Let ﬁ <o < % Applying Holder’s inequality to the integral in (3.30), we obtain,
for some constant C},ya’M’T,
2p

sup
0<t<T

t
[ S(t —5)®(s) dW,
0

H
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' ) T 2p—1
=< <@) pe2paT </ (r —S)(a_l)(zi_pl)wv) f ”Y(S)”zp ds
CPotMT/ ”Y(S)”zpds

since & > 1/(2p). By Corollary 3.2, there exists a constant wa’ w7 > 0 such that
2p
/ E|Y ()| ds
0
5 T s , 5 p
—0
<Gt [ ([0 100 o) 0

T p
5C§,a,M,T</O U_Mdo") (/ HCD(G)”i”z(K H)da)
< Cumr ([ 190 s o) 531

with some constant C> 7 > 0, by the theorem about convolution in L” (Rd), see

p.a,M,
Exercise 3.7. Now (3.25), in case t =T, follows with Cp, o p,7 = Cgla,a,M,TC;,a,M,T'

We will consider (3.25) with a stopping time 7. Let 7,, 1 T P-a.s. be an increasing
sequence of stopping times approximating t, each 1, taking k, values0 <#; <.-- <
t, < T.Then

2p
E sup

0<s<t,At

_Z ( {ta=t;} SUP

0<s<t;At
= Z E sup

—1 Oss=tint

/S Sis —r)®(r)dW,

0

H
2p
H>

2p

/S S(s —r)®(r)dW,

0

s
/ liz,=iS(s =)@ (r)dW,
0

H
kn

<ZCPO(MTE/ HI{Tn:ti}@(r)”féz(KQ,H) dr
i=1

T N\ 2p
=CpamrE A o) ||$2(KQ,H) dr,

and (3.25) is obtained by the monotone convergence theorem.
Note that by (3.31), the process Y (¢) has almost surely 2 p-integrable paths, so
that by Lemma 3.2,

sinwo
SxD(t) = TGO,Y(t) (3.32)

has a continuous version. Equation (3.32) is referred to as the factorization formula.
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Finally, we justify (3.26). As in (3.30),

t
Spx (1) = —- /(t—s)“_lSn(t—s)Yn(s)ds
sina Jo
with
s
Y,,(s):/ (s—0)%S,(s —0)P(0)dW,, 0<s<T.
0
Hence,

t
Sx (1) — SpxP(1) = / (1 =) (S(t — ) = Su(t — )Y (s)ds
0

sinma

T
+

t
[ sa -9 (re) - o) ds
sino Jo

=1,)+ J,(2).

Let us analyze the terms /,(¢) and J, (¢) separately. By the Holder inequality,

T
OsupT” Lo < C/O [(SG = 5) = Su(t = )Y () |77 ds,
<1<

with the expression on the right-hand side converging to zero and being bounded by
a P-integrable function, so that

lim E sup ||In(t)||?f:O

n—00 g /T

by the Lebesgue DCT.
The expression for J,, is an integral of the type in (3.30), so that, by applying the
Holder inequality, we obtain

sup | a3
0<t<T

sinwo 2p

t
/ (t —$)* 1S, (t = $)(Y (5) — Yy (s)) ds
0

= sup

0<t<T T

H
T
< C;,Q,M,T/O 1Y @) = Yu @) |37 .

Similarly to (3.31), using the convolution inequality in Exercise 3.7 (with » = 1 and
s = p), we have

T
fo E|Y@) = Ya0) | di
T 2p
:E/ dt
0 H

t
/ (t—35)"%(SU —5) = Su(t — )P (s)dW;
0
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p

§Cj§ (/ =) 2| (St —s) — Sn(t—s))q)(s)”zz(KQ H)d) dt
P

<CiE (/ =5 2aO<Su£) (S — Sn(u))é(s)”;z(KQ’H)ds) dt

P/ T
<CiE {< fo 4%1:) (fo (500 = @))%, H)dt>}

T
=ChuF f sup_[[($@) = Su @)@ O|L, .y 4t = O
0 O0<u<T

by Lemma 2.2, part (c).
(b) We follow the idea in [72] for pseudo-contraction semigroups. Let A, = AR,
be the Yosida approximations of A; then @, = R,® € Ax(Kg, H), ®,(Kg) C
P(A) (see Chap. 1, (1.15)),and A®, = A, P € A>(Kg, H). By Theorem 3.1(c),
X, =SxD,(s)

is a strong solution of the equation
t t
X() =/ AX(s)ds +/ D, (s)dWs. (3.33)
0 0
Applying It6’s formula to F(x) = ||x ||§1p, we get, similarly as in Lemma 3.1,

1Xu0) | < /0 29X @) 27" X ). D) d W),

+/ 2p|Xa@ |57~V X ), AX W), du
0

1 [f 2>p=1) 2
+3 | 20Cr = DX I 1000 iy

Since S(¢) is a pseudo-contraction semigroup,
(Ax,x)g <allxly. xe2(A)

(see Exercise 3.5). Thus,

N
sup [ X, (9)[37 <2p sup ‘ / (X0 @) |57 X @), @) d W),
0<s<t|J0

O<s<t

t
+2pa/0 sup HXn(u)”i[pdu

O0<u<s

t
2(p—1) 2
0@ =1 s X[ 1000
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To simplify the notation, denote

t
X)) = sup [ Xu(s)|,, and ¢,,(r):/0 ||q§,,(s)||;2(KQ’H)ds.

0<s<t

Let oy = infy<7{X (t) > k}, k=1, 2, ..., with the infimum over an empty set being
equal 7. By the Burkholder inequality for real-valued martingales, we have

SATk
E‘/O (1% @ |57 X ), @0 ) AW,

SATE 1/2
E( [ 1 100

< E((Xs A )" (puls A ) P).

IA

Now, by Holder’s inequality,

E((X20s A7) (¢nls AT0))" %)

< (E(X; s A)) ") 722 (E (s AT)") 2P
and

E((X56 A )™V gu(s A i)

< (E(X s A)™) VP (Eguts A o))"
We arrive at the following estimate
E(X*t An))? <2p(E(XEG At)) ) PP (E(nt A i))P) 2P
+p2p — D(EXEC Aw)) D) TP (E($utt A))) 7
+2paE /(;I(X:(S A o) ds,

since

IATE 2 t 2
/ (X:()) " ds 5/ (Xi(s A)) ™" ds.
0 0

This is an expression of the form

t
g) <u() +pa/ g(s)ds
0
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with constants p,« > 0 and an integrable function u : [0, T] — R. Now we use
Gronwall’s lemma and the fact that supy -, u(s) = u(?):

t
g(t) = M([) + p(x/ u(s)epa(t_s) ds
0

t
<u(t)+ sup u(s)pa/ eP2=9) dg = u(t)eP™.
0

0<s<t
Multiplying the obtained inequality by (E (X} (t A )2P)/@P)~1 we can see that
(E(X3 A m??)
< (p2p = D(E(X;(t A7) ") "7 (E(pnt AT)?) "
+2p(E(pntt AT)?) 7).

Let 7 = (E(X}(t A i))?P)! /2P, we have

2 < p2p — D(E($ut AT)P) "+ P 2p(E (¢t ATo)?) P,
giving
(2pe?P + (4p2e*P +4p2p — 1)) /) (Egut A T)?)/?
p,TeZP“t(E@,(t A rk)”)l/ZP.

Thus, we proved that

t p
£ s [t A3 = Crre ([ 1006 )

0<s<t

(dropping the stopping time in the RHS does not decrease its value).

Since supys<iag, 1 Xn (a1 supg<s<; | Xn(s)m, P-as., as k — oo, by the
continuity of X, (¢) as a solution of (3.33), we get by the monotone convergence
that

t 14
£ s %0l < Cprere( ool )
0<s<t 0

In conclusion, note that ®, — @ in A2(Kg, H) by the Lebesgue DCT, so that
X,(1) =S* P, (1) = S*xP (1) = X(1),in L>(Q, H), forany 0 < ¢ < T'. In addition,
note that

t 5 P
E</0 “q)n(s)_q)(s)||$2(KQ,H)> -0
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by the Lebesgue DCT. By applying inequality (3.27) to X, (¢) — X, (¢), we deduce
that X, is a Cauchy sequence in the norm

1/2p
I N z2e @, cqo,r1, ) = (E sup |- ||2p) ,

0<t<T
so that

E sup |[X.() - X" -0, (3.34)
0<t<T

where X (t) is a continuous modification of X (¢), proving simultaneously (3.27) for
S* @ (s) and (3.28).

The argument that (3.27) holds with a stopping time t is the same as that
for (3.25). Il

Remark 3.2 Under the assumptions of Lemma 3.3, part (a), the continuous modifi-
cation of the stochastic convolution S x @ (s) defined by (3.30) can be approximated,
as in (3.28), by the processes X, (t) = S x @, (¢) defined in the proof of part (b). This
is because for X defined in the proof of part (b),

P(X()=SxP(1), 0<t<T)=1
for a continuous version of S x @ (¢).
Thus, for a general Cp-semigroup S(¢), p > 1, and @ € A2(K¢, H), we have

two approximations

Sy x@(t) > SxP(1),
SxD,(t) > SxD(1),

both converging in LZP(SZ, c(0,T], H)).

Exercise 3.5 (Lumer—Phillips) Prove thatif A generates a pseudo-contraction semi-
group S(¢) on H, then

(Ax,x)g <alxlf, xe€2(A).
Hint: this is Theorem 4.3 in [63] if o« = 0. See also [78].

Exercise 3.6 Prove (3.29).

Exercise 3.7 Prove that if £, g € L'(R?), then f g exists almost everywhere in
RY, f % g e L'(R?), and

||f*g||L1(]Rd) = ||f||L1(Rd)||g||Ll(Rd)~
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More general, prove that if f € L" (Rd) and g e L* (Rd) withr,s > 1, } + % >1,
% = % + % — 1, then f * g(s) exists almost everywhere in R, and
If*gllLraray < I f lprmay €Il Ls (mety-
For an adapted process £(-) € C([0, T], H), denote
t t
I(t,&)= / St —s)F(s,&)ds —|—/ St —s)B(s, &) dW;. (3.35)
0 0

Lemma 3.4 If F(t,x) and B(t, x) satisfy conditions (A1) and (A3), S(t) is either
a pseudo-contraction semigroup and p > 1 or a general Cy-semigroup and p > 1,
then, for a stopping time 1,

E s |16, é>||H<c(r+ / w lewlFa) 6

0<s<tAT O<u<sAt

with the constant C depending only on p, M, a, T and the constant {.
Proof We note that

sup [ 1(5.6)[ 3

0<s<tAT

<22p-1 sup (’

0<s<tAT

2p

2p
H)

"

/S S(s —u)B(u,&)dw,
0

/S S(s —u)F(u,&)du
0

H

We can find a bound for the expectation of the first term,

s 2p
E sup / S(s—u)F(u,&)du
O<s<tatllJO H
2p
<E sup <€CM,a,t/ <1+ sup ”E(’")”H) )
0<s<tAT O<r=u

SAT
<277 Chp o) (P27 41 E sup fo sup [[£(r) [3f du)
r<u

O<s<t

t
SCp,M,a,T,/z<t+/0 E sup ||‘§u|‘37ds>’

O<u<sAt
and, using (3.25) or (3.27), a bound for the expectation of the second term,

2p tA
E sup " Scp,M,oz,tE‘/O ”B(S $)||$2(KQ H)d .

0<s<tAT

/S S(s —u)B(u, £) dW,
0
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The latter is dominated by

INT
C,,,MWWE/O (1+ sup ||€(u)||H)

0<u<s

AT
=< ZZP_ICP,M,a,TZZP (f + E/ Sup ”5(”)”2[? ds)
0

0<u<s

'
:C;,M,Q‘T’Z<t+/0 E sup ||§(u)||2pds>

O<u<sAt

‘We complete the proof by combining the inequalities for both terms. O

Lemma 3.5 Let conditions (A1) and (A4) be satisfied, and S(t) be either a pseudo-
contraction semigroup and p > 1 or a general Co-semigroup and p > 1. Then,

E sup |[I(s,&) —1(s,&)| ”<C,,Mam/ E sup ||& @) — &) ds

0<s<t 0<u<s

with the constant C, y1 o, 1, ¢ depending only on the indicated parameters.

Proof We begin with the following estimate:

E sup |1(s.61) — I(s. &7

0<s<t

2p
<2?P7'E sup <

0<s<t

/(; S(s — ) (F(us£1) — Fu, £2)) du

2p>
H

H

+ ”/0 S(s — ) (B(u, &) — B(u, £)) dW,

Considering the two terms separately, we obtain

2p
E sup

O<s<t

fo S(s —u)(F(u, &) — F(u,£)) du

H

N
< M?Pe?pet yp2rg2r—lp sup/ sup ”él(r)—éz(r)Hifdu
0

O<s<t 0<r<u

_cpM(,m/ E sup [&1@) — &) ds,

<u<_§
by Holder’s inequality, and similarly, using (3.25) or (3.27),
2p

E sup

0<s<t

/O S(s —u)(B(u, &) — B(u, &))dW,

H
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t
<C E| |B -B ° d
— p,M,O[,T || (S, él) (Svéz)”gZ(KQ H) s
0 ,

t
§CP,M,Q,T,1//O E sup &) — &) ds.

0<u<s

This completes the proof. g

Let 97 p denote the space of C([0, T'], H)-valued random variables & such that
the process &£(r) is jointly measurable, adapted to the filtration {.%#;};¢(0,77, With

Esupy;<r ||§(s)||zp < 00. Then 74, is a Banach space with the norm
1
2p\ 2p
161175, = (E sup &)]37)7
0<s<T

Theorem 3.3 Let the coefficients F' and B satisfy conditions (A1), (A3), and (A4).
Assume that S(t) is either a pseudo-contraction semigroup and p > 1 or a general
Co-semigroup and p > 1. Then the semilinear equation (3.1) has a unique continu-

ous mild solution. If, in addition, E||‘§0||§f < 00, then the solution is in 765 .

If A =0, then (3.8) has unique strong solution. If, in addition, E||Eo||§{p < 00,
then the solution is in 76,, p > 1.

Proof We first assume that E||§0||§_f < o0. Let I(¢, X) be defined as in (3.35), and
consider /(X)(t) = I(t, X). Then, by Lemma 3.4, I : 5%, — J%,. The solution
can be approximated by the following sequence:
Xo(1) = S(®)éo,
Xnpr1()=S®é +1(t, X,), n=0,1,....

(3.37)

2
Indeed, let v,(t1) = Esupyc,< [ Xnt+1(s) — Xn(s)||Hp. Then wvo(t) =
E supg<s<; 1 X1(s) — Xo(s)||§_1p <vo(T) = Vp, and, using Lemma 3.5, we obtain

vi®) = E sup | Xa(s) = Xi(®)|2) = E sup |[1(s, X1) = (s, Xo)|| 7/
0 O<s<t

<s<t

1t
< cf E sup | X1(u) — Xo@)||> ds < CVot
0 0<u<s

and, in general,
! Vo(Ct)"
va(t) < c/ v (s)ds < 20T

0 n'

Next, similarly to the proof of Gikhman and Skorokhod in [25], we show that

sup | X, (1) = X(®)||,; >0 as.
0<t<T
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for some X € J%,. If we let g, = (VO(CT)"/n!)l/(1+2p), then, using Chebychev’s
inequality, we arrive at

P(sup [Xar10) = Xu| g = e0) = P( 50 [ X1 () = Xa [ > &2")
0<t<T 0<t<T

Vo(CT)" [VO(CT)”]2P/(1+2P)
=< ( ) ) ( " ) =¢&y.

Because ) 2 e, < 0o, by the Borel-Cantelli lemma, supy., 7 || Xn1(1) —
X,y <e, P-as. Thus, the series

e¢]

> sup [ Xur1 () = Xa )],
n:10§t§T

converges P-a.s., showing that X, converges to some X a.s.in C([0, T'], H).
Moreover,

E sup |X(0) =Xy = E lim  sup || Xpsm @) — X ()37
0<t<T M= R0<<T

n+m—1 2p

:Emll)moooiltlgT ]; (Xkr1(0) = Xi (1)) ;
n+m—1 2p

<en (T o -xol,)

n+m—1 1 2p
= lim E( > sup ||Xk+1(t)—xk(r)||HkE>
T

m—0Q
k=n 0=I=

o ) o rla
<> E oiffr” Xi1(6) = X @) |37 k77 (; k2‘1)

k=n

with 1/2p 4+ 1/2q = 1. Note that ¢ > 1/2; hence, the second series converges.
The first series is bounded by: Y 00 v (T)k*P < 320 Vo(CT)*k?*P /k! — 0 as
n— Q.

To justify that X (¢) is a mild solution to (3.1), we note that, a.s., F(s, X;) —
F (s, X) uniformly in s. Therefore,

t t
/ S(t—s)F(s,X,,)ds—>/ St —s)F(s,X)ds as.
0 0

Using the fact, proved above, that E sup, || X () — X, (¢) ||i]p — 0, we obtain

t 2p
EH/ S(t —5)(B(s, X) — B(s, X)) dW
0

H
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t
< cp,M,a‘TE/O [(BGs, X) = Bls. X)) | Ly 11y 45

<CpMarxE sup ||X(z) _ Xn(t)H?f o
0<t<T

Now, if E ||§0||if < o0, take the .#p-measurable random variable x; = 1;g,<x} and
let

& = 8o Xk

Let X*(¢) be a mild solution of (3.1) with the initial condition &r. We will first show
that

Let X¥ and X**+! be the approximations of mild solutions X* and X**+! defined
by (3.37). Since

XE(t) = S(OEoxk = SO &0 K41 X6 = X5 (0 Xk
we deduce that
Xx = X’5+1Xk,
F(t, X8)xe = F(t, X§ ™) xe.
B(r. Xg) e = B(r. Xg*') xe.

so that

t t

XY@ e = Sgoxk + Xk/o S(t —s)F (s, X§)ds + Xk/o S(t —5)B(s, X§) d Wy

t

= S®)oxk + Xk/ St —$)F (s, X'g“)ds
0

t
+xk/ St —$)B(s, Xgth) dw,
0

= (SM&oxks1)xx + (1, XSH)Xk
= X1 O
This, by induction, leads to X¥x, = X**1 ;. Since
Xy — X and Xyt xH
in J%,, we also have by the generalized Lebesgue DCT, Theorem 3.4, that

Xfxe— X and  XF e — XMy
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in ), so that P-a.s., for all 7 € [0, T1, X¥(t) xx = X*+1(#) xx. The limit
Jim. XKy =X ()
exists P-a.s. and is as an element of C ([0, T'], H). X (¢) satisfies (3.1), since
X xe =XK@) P-as. (3.38)

and X¥(¢) satisfies (3.1), so that

t

t
X(I)XkZS(t)éoXk+Xk/ S(t—S)F(s,X)ds+xk/ St —s)B(s, X)dW;
0 0

and P(U, (xe=1H=1.
The obtained solution is unique. If X (¢), Y () are two solutions to (3.1), then
consider the processes XK(t) = X(t)xx and Y*() = Y (@) xx, k > 1. We define

V(1) = Esup,, | X¥(s) — Yk(s)ni,". By Lemma 3.5,

(Cr)
n!

V() < c/l V(s)ds<---<E sup |X*(s)— Y"(s)||§;’
0 0<s<T
as n — 0o, giving V (¢) = 0. Consequently,
XOx=X0)=Y*®) =Yy P-as. O
We have used the following facts in the proof of Theorem 3.3.

Exercise 3.8 Let A € %), ® € # (K, H). Prove that

t t
f lAQD(s)dW?:lA/‘ D(s)dWs. (3.39)
0 0

Exercise 3.9 Prove the following theorem.
Theorem 3.4 (Generalized Lebesgue DCT) Let (E, i) be a measurable space, and

gn be a sequence of nonnegative real-valued integrable functions such that g, (x) —
g(x) for p-a.e. x € E and

f gn(Op(dx) — f (0 (dx).
E E

Let f,, be another sequence of functions such that | f,| < g and f,(x) — f(x) for
w-a.e. x € E, then f, and f are integrable functions, and

/‘fn(X)u(dX)ﬁ/ f@udx).
E E
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The It6 formula (2.53) is applicable to calculate differentials of functions of pro-
cesses of the form (2.52) (in particular, to strong solutions), but not of the form in
which a mild solution is provided. Hence, the following proposition will be essen-
tial, since the Itd6 formula can be applied to strong solutions (if they exist) of the
following approximating problems, where the unbounded operator A is replaced by
its Yosida approximations A, = AR, with R, =nR(n, A) and R(n, A) being the
resolvent operator of A:

3.40
X(0) =&o. (340

idX(t) = (AuX () + F(1, X)) di + B(t, X)dW,,
Proposition 3.2 Let the coefficients F and B satisfy conditions (Al), (A3), and
(A4) and E||§0||? < 00. Let X(t) be a mild solution to the semilinear equa-
tion (3.1), and X, (t) be strong solutions of the approximating problems (3.40). If
S(t) is a pseudo-contraction semigroup and p > 1 or a general Cy-semigroup and
p > 1, then the mild solution X (t) of (3.1) is approximated in 5, by the sequence
of strong solutions X, (t) to (3.40), that is,

lim E sup | X,(1) = X(0)|77 =0

n—00  g<i<T

Proof First note that under the assumption on the coefficients of (3.40), by The-
orem 3.3, strong solutions X, exist, and they are unique and coincide with mild
solutions. Moreover,

E sup |X,(s) = X() |7 < C(E sup [ (S(s) = S)éo P4
<s<t

<s<t

t
+E/ [($a(t = 5) = S =) F(s, Xa) |7 ds
0
t
—|—E/ ”(Sn(f_s) —S(t —s))B(S’X")HiPdS
0
+E sup nus,xn)—I(s,X)!ﬁ,”)-
0<s<t

Since for x € H and n — oo, (S,(t) — S(t))(x) — 0 uniformly in ¢ € [0, T], the
first three summands converge to zero by the Lebesgue DCT. Thus first three terms
are bounded by e(n) — 0 as n — oo.

Lemma 3.5 implies that the last summand is bounded by C fot Esup; -, [ Xn(s) —

X(s) ||§1p ds. By the Gronwall lemma, we deduce that

E sup ”Xn(S) — X(s)”if ds <e(n)ef' =0
0<t<T

as n — oo. O
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The following estimate on moments for mild solutions of SSDEs is available.

Lemma 3.6 Let X (1) = £ + [y S(t —s)F(s, X)ds + [y S(t — 5)B(s, X) dW; with
the coefficients F and B satisfying conditions (A1) and (A3) and an Fy-measurable
H -valued random variable &y. Let S(t) be either a pseudo-contraction semigroup
and p > 1 or a general Cy-semigroup and p > 1. Then

E sup [ X < Cpmaer(1+Elgol7)eCrmectt

0<s<t

with Cp ym.a.¢, 7 depending only on the indicated constants.
Proof Let t, =inf{¢ : | X (#)||g > n}. Lemma 3.4 implies that

E sup ”X(S/\‘L'n)”H =FE sup ||S(t/\r,,)%'o+l(s/\rn,X)||

0<s<t

=227Y(E sup ||S(s)go||§f+E sup 15,3037
0<s<tAt,

0<s<tAT,

<22~ 1(E||go||i,”Me”’+E sup || 1¢s, X)||2pds)

0<s<tAT,

2
< C(Enson; +z+f E sup | X(u /\rn)”H ds)
O0<u<s
By the Gronwall lemma, we conclude that

t
E sup [X(s Az)|3 < c(E||so||§,”+t)+c/0 (ENlEol3? +1)eC= ds

<5<[

2p\ .C
< Cpmaer(1+ EllEl ) rmettt,

Also, because 7, — 00 a.s., we have sup,, [| X (s A Ty)llg —> sup,<, | X (s) |z as.
Therefore,

2p . 2p
Esup| X[y = £ Jim sup]X(s Az
< liminf E sup|| X (s A 7) | 77
n—o00 s<t

2
= Cp,M,a,Z,T(l + EHSO”;)ecp,M,a,LTt. 0

Example 3.1 Consider a K-valued Q-Wiener process W, with sample paths in
C([0,t],K). For B € Z(K, H), the process WtB = BW; is an H-valued Wiener
process with covariance BQ B*, and it can be realized in C ([0, T], H). Consider
now the equation

dX@®)=(AX@)+ F@t, X)) dt + dWE,

N (3.41)
X(0)=x € H (deterministic),
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with F satisfying conditions (A1), (A2), and (A4) and A generating a Cp-semigroup
of operators on H. Then, Theorem 3.3 guarantees the existence of a unique mild
solution to (3.41) in C([0, T'], H), which is given by

t

t
X(@)=S8)x +f S —s)F(s,X)ds + / S(t —s)BdW;.
0 0
In case F =0, this process is called an H-valued Ornstein—Uhlenbeck process.

In Sect. 3.3 we will consider a special case where the coefficients F and B of an
SSDE (3.1) depend on X (¢) rather than on the entire past of the solution. It is known
that even in the deterministic case where A =0, B=0, and F(t, X) = f(¢t, X (1))
with a continuous function f : R x H — H, a solution to a Peano differential equa-
tion

X'(t)=f(@t, X)),

(3.42)
X(0)=xeH,

may not exist (see [26] for a counterexample), unless H is finite-dimensional. Thus
either one needs an additional assumption on A, or one has to seek a solution in a
larger space. These topics will be discussed in Sects. 3.8 and 3.9.

3.3 A Special Case

We proved the existence and uniqueness theorem for mild solutions to (3.1), Theo-
rem 3.3, for general Co-semigroups if p > 1, and for pseudo-contraction semigroups
if p = 1. This defect is due to the fact that it is still an open problem if the maximum
inequality (3.25) is valid for p = 1 and a general strongly continuous semigroup
S(t). In this section we include the case p =1 and a general Cp-semigroup. As-
sume that the coefficients of (3.1) depend on the value of the solution at time ¢ alone
rather than on the entire past, so that F(w,t,x) = F(w,t,x(t)) and B(w,t,x) =
B(w,t,x(t)) for x € C([0, T], H). We note that if ﬁ(a) t,h) = F(w,t,x(t)) and
é(w t,h) = B(w,t,x(t)) for x(t) = h, a constant function, then conditions (Al)
(A3), and (A4) on F and B in Sect. 3.1 imply the following conditions on F and B:

(A1) Fand B are jointly measurable on Q2 x [0, T] x H, and forevery 0 <t < T,
and x € H, they are measurable with respect to the o -field .%; on Q.
(A3’) There exists a constant £ such that for all x € H,

| F,1,0], + “B(w’t’x)Hfz(KQ,H) < (1 +lxla)-
(A4’) For xy, xo € H,

|F(@.t,x1) = Flw,t,x2)| , + | B(w.t,x1) — B(w, t,x2) ||$2(KQ’H)

<X|x1 —x2lln.
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On the other hand, if we define F(w,?,x) = F(w,?,x(t)) and B(w,t,x) =
l§(a), t,x(t)), then conditions (A1’), (A3’), and (A4’) imply conditions (A1), (A3),
and (A4).

We will remain consistent with our general approach and use the notation and
conditions developed for F(z, x) = F (¢, x(¢)) and B(t, x) = B(f, x(¢)).

Let 775, denote the class of H-valued stochastic processes X that are measur-
able as mappings from ([0, 7] x 2, Z([0,T]) ® %) to (H, #(H)), adapted to the
filtration {.%; };<T, and satisfying supofszEHE(s)Hi,p < 00. Then %22,, is a Banach
space with the norm

1
o 2p\2p
X, = ( sup, EIX @)™

Let 1(z, &) be as in (3.35). By repeating the proofs of Lemmas 3.4 and 3.5, with all
suprema dropped and with (3.23) replacing (3.25) and (3.27), we obtain the follow-
ing inequalities for &1, & € J%5,, p > 1, and a general Cp-semigroup:

t
E||1(l,§)||§1p < Cprtats (l+/0 E“"E(s)”?ds)’ p>1, (343
E|16.&) —16.8)|3
t
< CpMaT.x /0 Elis) — @} ds. p=1. (349

Inequality (3.44) implies

E|1t.&) - 14,87 < Cpamaroxt sup Eléi(s) - L6
<s<t

2p
<C t& — 2 s > 1. 3.45
<Comaratlét =&l . pz1. (345
Hence, we have the following corollary to the two lemmas.

Corollary 3.3 Let &, &1, & € %Zzp, p=>1.1If F(t,x) = F(t,x(t)) and B(t,x) =
B(t, x(t)) satisfy conditions (A1) and (A3), then there exists a constant Cp M 4.T, ¢,
such that

[16.O1%, < Comare(i+1E17%, ). (3.46)

If F(t,x) = F(t,x(t)) and B(t,x) = B(t, x(t)) satisfy conditions (Al) and (A4),
then there exists a constant Cp p .7, % Such that

LE)— (&)™ — &|*"
|1¢. &) —1I( ,Ez)||%2p =CpMar.xl81 Szll%zzp- (3.47)
The constants depend only on the indicated parameters.

Now we can prove the existence and uniqueness result.



3.3 A Special Case 105

Theorem 3.5 Let the coefficients F (t,x) = F(t, x(t)) and B(t, x) = B(t, x(t)) sat-
isfy conditions (A1), (A3), and (A4). Assume that S(t) is a general Co-semigroup.
Then the semlllnear equation (3.1) has a unique continuous mild solution. If, in

addition, ElléollH < 00, p > 1, then the solution is in J“‘(ép
In this case, either for p > 1 and a general Cy-semigroup or for p =1 and a
pseudo-contraction semigroup, the solution is in 76 ,.

Proof We follow the proof of the existence and uniqueness for deterministic
Volterra equations, which uses the Banach contraction principle. The idea is to
change a given norm on a Banach space to an equivalent norm, so that the inte-
gral transformation related to the Volterra equation becomes contractive.

We first assume that

E|jgol}} < oo.

Let B be the Banach space of processes X € s »» equipped with the norm
2\ %
1Xll = sup e HE|X[})7
0<t<T

where L = Cp, y,0,1,.¢ » the constant in Corollary 3.3. The norms || - Hﬁ?ép and || - ||
are equivalent since

—LT/2p . L o< . <. 5
LT gy <1l <0l -

With 1(z, &) as in (3.35), define
[(X)(t) = S(t)e + (2, X). (3.48)

Note that / : B — B by (3.43). We will find a fixed point of the transformation I.
Let X, Y € B. We use (3.44) and calculate

i) I3 = sup e HE| 1, X) — 16, V)|
0=<t<T

t
< sup e L'L f E|X(s) =Y ()| ds
0<t<T 0

t
= sup e*L’Lf el e E|X (s) = Y(9)| 7 ds
0

0<t<T

t
§L||X—Y||2§ sup e_L"/ el ds
0<t<T 0

5 eLt -1
=L|X — Y||%f’ sup S ———
0<t<T L

<(1—e )X - Y
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proving that I : B — B is a contraction, and we can use Banach’s contraction prin-
ciple to find its unique fixed point.

We need to show that the fixed point is a process having a continuous modifica-
tion. The only problem is when p = 1, since for p > 1, the continuity is ensured by
Theorem 3.3 (note that we allow S(¢) to be a general Cp-semigroup). Similarly as
in the proof of Theorem 3.3, let

Xk = ligg<ky and & =&oxx,

so that E||$k||§{p < oo for any p > 1. Let xk() e 465, be mild solutions of (3.1)
with the initial condition &. The processes X*(¢) and the limit

Jim xXk@) =X @)

are continuous (see (3.38)), and~}~( (1) is a mild solution of (3.1) with the initial
condition &y. By the uniqueness, X (¢) is the sought continuous modification of X (¢).

The proof is complete for &y satisfying E ||é‘§0||§_1[7 <ooand p > 1.

If E ||§||§_Ip < oo, then we apply the corresponding part of the proof of Theo-
rem 3.3.

The uniqueness is justified as in the proof of Theorem 3.3.

The final assertion of the theorem is a direct consequence of Theorem 3.3. [

Denote ftx =o{X(s), s <t}and

FV5 =5(FY Vo (&)).

Remark 3.3 In case E ||€0||§1p < 00, the unique mild solution X constructed in The-
orem 3.5 can be approximated in 5 p» by the sequence

Xo(t) = S(1)&o,
Xnt1(t) = 1(X,)(1)

t

t
=S(t)€0+/ S(t—s)F(s,Xn(s))ds—I—/ S(t—s)B(s,X,,(s))dWs.
0 0

Then X, (#) and its limit X (¢) are measurable with respect to 9IW’§°.
If E ||Eo||§1p < 00, the mild solution X is obtained as a P-a.e. limit of mild solu-

EIW’SO

tions adapted to , so that it is also adapted to that filtration.

We conclude with the following corollary to Proposition 3.2. It follows by drop-
ping suprema and using (3.44) in the proof of Proposition 3.2.

Corollary 3.4 Let the coefficients F(t,x) = F(t,x(t)) and B(t,x) = B(t, x(t))
satisfy conditions (Al), (A3), and (A4) and E||é§0||i,[7 < 00. Let X(t) be a mild
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solution to the semilinear equation (3.1), and X, (t) be strong solutions of the ap-
proximating problems (3.40). If S(t) is a Co-semigroup and p > 1, then the mild
solution X (t) of (3.1) is approximated in 56, by the sequence of strong solutions
X, (t) to (3.40),

lim sup EHX (t) — X(t)”

n—>o<>0 <<

3.4 Markov Property and Uniqueness

We examine the Markov property of mild solutions obtained under the Lipschitz
condition on the coefficients of the SSDE (3.1) in the setting of Sect. 3.3, that is, we
assume that the coefficients of (3.1) depend on ¢ and the value of the solution at time
t alone, so that F(t,x) = F(t,x(t)) and B(t,x) = B(¢t,x(¢)) forx € C([0, T], H).
In addition, let F' and B not depend on w, so that we can think of F and B as
F:[0,TIxH— Hand B:[0,T] x H—> % (Kg, H).

Definition 3.2 An H -valued stochastic process {X (t), t > 0} defined on a probabil-
ity space (2, .%, P) is called a Markov process if it satisfies the following Markov

property:
E(p(X(t +m)|FX)=E(p(X(t +1)|X (1)) (3.49)

for all ¢, h > 0 and any real-valued bounded measurable function ¢.

Exercise 3.10 Prove that if (3.49) holds true for any real-valued bounded measur-
able function ¢, then it is also valid for any ¢, such that (X (t + h)) € L'(Q2, R).

We now want to consider mild solutions to (3.1) on the interval [s, T']. To that
end, let {Wt}[>0, be a Q-Wiener process with respect to the filtration {.%#;};<7 and
consider W, = Wits — Ws, the increments of W;. The process W, is a QO-Wiener
process with respect to ﬁ, Fi4s,t > 0. Its increments on [0, T — s] are identical
to the increments of W, on [s, T'].

Consider (3.1) with W, replacing W; and 9_0 = %, replacing %y. Under the
assumptions of Theorem 3.5, there exists a mild solution X (¢) of (3.1), and it is
unique, so that for any 0 <s < T and an .%;-measurable random variable &, there
exists a unique process X (-, s; &) such that

t
X(t,s; &) =S8t —s)& +/ St — r)F(r, X(r,s; é)) dr

t
+/ S(t—r)B(r,X(r,s;S))dWr. (3.50)
N
Let ¢ be a real bounded measurable function on H. For x € H, define

(Ps19)(x) = E(p(X (t, 55 1)) (3.51)
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This definition can be extended to functions ¢ such that ¢(X (¢, s; x)) € L' (€2, R)
for arbitrary s < t. Note that for any random variable n,

(Pea@)() = E(p(X(t.5:0))| -
Due to the uniqueness of the solution, we have the following theorem.

Theorem 3.6 Let the coefficients F and B satisfy conditions (A1), (A3), and (A4).
Assume that S(t) is a general Co-semigroup. Then, for u <s <t < T, the solutions
X(t,u; &) of (3.50) are Markov processes, i.e., they satisfy the following Markov
property:

E(p(X(t,u;9)[77F) = (Pri@)(X (5, u3 §)) (3.52)
for any real-valued function ¢, such that (X (t,s;&)) € L'(Q,R) for arbitrary

s <t.
Proof Using the uniqueness, we have, forO <u <s <t <T,
X(t,u; &)= X(t, s; X (s, u; E)) P-ae.,
so that we need to prove
E(p(X(t,5: X (s, u:©))[F)V5) = (Pyi9) (X (5, us ).
We will prove that

E(p(X(t,s:m)[F5) = Py.i(0) () (3.53)

for all o (X (s, u; £))-measurable random variables 7. By the monotone class theo-
rem (functional form) it suffices to prove (3.53) for ¢ bounded continuous on H.
Note that if n = x € H, then clearly the solution X (¢, s; x) obtained in Theo-
rem 3.3 is measurable with respect o {W; — W;, ¢t > s} and hence independent of
ysw,g’ by the fact that the increments W; — Wy, ¢ > s, are independent of Q?SW’S.
This implies
E(p(X (1, 5:0)) | F %) = (Ps10) (x). (3.54)

Consider a simple function

n
n:ijlAj(X(s,u;E)),
j=I
where {A;, j =1,2,...,n} is a measurable partition of H, and x1, x2,...,x, € H.
Then, P-a.e.,

X(tsim) =Y X(ts:x))1a;(X (s, u: £))

j=1
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and

E(p(X(t,5:m) |7 =Z o(X(t,s:x)) 1, (X (s, us 8)) [ V).

Now ¢(X(t,s;x;)), j=1,2,...,n are independent of %}W’s, and lAj(X(s, u; &))

is ﬁsw’é—measurable, giving that, P-a.e.,

E(p(X(t.5:m)|[FV5) = (Poig)(xj)1a, (X (s, u: 6))

j=1
= (Ps10) (). (3.55)

If E ||n||%_1 < 00, then there exists a sequence of simple functions 1, of the above
form such that E |5, ||?> < oo and E||n, — n||*> = 0. Lemma 3.7, in Sect. 3.5, yields

E| X500 — E(X(,5m) 3, = 0.

By selecting a subsequence if necessary, we can assume that X(¢,s;n,) —
X(t,s;n) P-a.e. Since ¢ is continuous and bounded, (3.55) implies that

E(p(X @, 5:m)|ZY) = lim E(p(X (1,51 00)|. ")

= Um(Ps19) (1n) = (Ps,1 ) (). (3.56)

For a general n, we consider the solutions X (¢, s, ,) with initial conditions 7, =
nXn» Where x, = 1(;<ny as we did in the final step of the proof of Theorem 3.3.
Then, X (¢, s, n,) = X(¢,s,n) P-a.e., and we can repeat the argument in (3.56) to
conclude (3.53). Il

Corollary 3.5 Under the assumptions of Theorem 3.5, foru <s <t < T, the solu-
tions X (t,u; &) of (3.50) satisfy the following Markov property:

E(p(X(t,u; 6))|Z)Y) = (Ps10) (X (5, u3 6)) (3.57)

with fsx =0{X(ru;&), u <r <s} for every real-valued function ¢ such that
o(X(t,s;&)) € LY, R) for arbitrary s <t.

Proof Since the RHS of (3.52) is % X_measurable and F X c G\W § , which is a
consequence of Remark 3.3, it is enough to take conditional expectatlon with respect
to ZX in (3.52). O

Exercise 3.11 Show that if X (1) = X (¢, 0; &) is a mild solution to (3.1) as in The-
orem 3.5, then the Markov property (3.52) implies (3.49).
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We now consider the case where F' and B are independent of ¢, and assume that
x € H. Then we get

t+s
X(t+s,t;x)=S(s)x+/ S(t—l—s—u)F(X(u,t;x))du
t
t+s
-l—/ S(t—l—s—u)B(X(u,t,x))qu
t
=S(s)x—i—/sS(s—u)F(X(t+u,t;x))du
0

¥ /S S(s —w)B(X(t +u.t: %)) dW,,
0

where W, = Wisu — Wt

Since W, is a Wiener process with the same distribution as W,, the processes
X+ s,t;x) and X (s,0; x) are mild solutions to the same SDE (3.1) but with
different Q-Wiener processes. By the uniqueness of the solution we have that

{X@+s.15x), 5=0} 4 {X(s,0;x), 5>0},
i.e., the solution is a homogeneous Markov process. In particular, we get
Py (@) = Poi—s(9p), 0=<s=t,
for all bounded measurable functions ¢ on H. Let us denote by
P =Py;.

Note that for ¢ € C;(H), the space of bounded continuous functions on H, P;(¢) €
Cp(H), due to the continuity of the solution with respect to the initial condition,
which we will prove in Lemma 3.7. This property is referred to as the Feller property
of P;. In addition, by the Markov property,

(Pr o Py)(9) = Pris(9), (3.58)

so that P; is a Feller semigroup. A Markov process X; whose corresponding semi-
group has Feller property is called a Feller process.

Exercise 3.12 Show (3.58).

Denote X* (1) = X (¢, 0; x). In the case of time-independent coefficients F' and B
and with x € H, the Markov property (3.57) takes the form

E(p(X*(t +9)|.7X") = (Pyp) (X* (1) (3.59)

with ZX" =0 (X*(u), u <1).
In Sect. 3.5 we examine the dependence of the solution on the initial condition
in detail.
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3.5 Dependence of the Solution on the Initial Value

Asin Sect. 3.4, we consider the semilinear SDE (3.1) with the coefficients F (¢, x) =
F(t,x(t)) and B(t,x) = B(t, x(t)) for x € C([0, T], H) such that F and B do not
depend on w.

Before we study the dependence on the initial condition, we need the following
lemma.

Lemma 3.7 Let {S(¢),t > 0} be a Co-semigroup and for &£ € L>(2, H) and X €
C([0,T], H), extend the operator I defined in (3.48) to

t t

St — s)F(s, X(s)) ds +/ St — S)B(S, X(s))dWs.
0 (3.60)

1. X)) = S0E + /0

Let F and B satisfy conditions (A1), (A3), and (A4). Then, for0 <t <T,

(D) ENE X)) =10 X))y < CrrE|E —nllF;.
) ENIE X0 = 1E O, < Cor fy EIX0) = YOl dr.

Proof Condition (2) follows from (3.44) in Lemma 3.5. To prove (1), we let X (1)
and X" (¢) be mild solutions of (3.1) with initial conditions & and 7, respectively.
Then,
2
E[X*@) - X"y,

t
<3Cr <E||g —nl3 + E{fo [ F (s, X5(s)) — F(s, X"(s)) ||§1ds

t
+ /0 |B(s. X5 ) = B X76) oy ds})
t
< 3CT<E||5 —nlly + %/2/ E|x56) — X”<s)||2dS)-
0
We now obtain the result using Gronwall’s lemma. 0

We now prove the continuity of the solution with respect to the initial value.

Theorem 3.7 Let X,, be mild solutions to the sequence of stochastic semilinear
equations (3.1) with coefficients F,, B, and initial conditions &,, so that the follow-
ing equations hold.:

t t
X, (1) = S(1)E, +/ St —r)Fy(r, X (r)) dr +/ S(t —r)By(r, Xu(r)) dW,.
0 0

Assume that F,(t,x) and B,(t,x) satisfy conditions (Al), (A3), and (A4) of
Sect. 3.1, and in addition, let the following conditions hold:
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(IV1) sup, E||&,|* < oo.
(IV2) Withn — oo, || Fy(t,x) — Fo(t, )13 + | Bu(t, x) — Bo(t, X) | (k. 1) = O,
and E||&, — &3, — 0.

Then X, (t) — Xo(t) in L*>(2, H) uniformly in t.
Proof Foranyt <T,
2
E|Xn(t) — Xo)| 7

< 3{ |S® G — 807,

2

t
+2E (/0 S = 5)(Fu(s. Xu(s)) — Fu(s. Xo()))| ds)

t 2
+2E / S(t —$)(Bn(s, Xn(s)) — Bu(s, Xo(s))) d W
0

H
2

t
+2E / S(t = 5)(Fu(s, Xo(s)) — Fo(s, Xo(s))) ds
0

H

J

t
2
<3e2! &, — &% + 2%2/ | Xn(s) = Xo()||3, ds +2a" (1) + 2a§")(t)}
0

t
+2E / S(t — $)(Bn(s, Xo(s)) — Bo(s, Xo(s))) dW;
0

by the Lipschitz condition (A4). Now,

t
" (1) = E/O |5 = $)(Fu(s, Xo(s)) = Fols, Xo()))| 3, ds

T
e [, e 300) - e 30 [y

As F, (s, Xo(s)) = Fo(s, Xo(s)), by condition (A3) and Lemma 3.6, we have, for
all s,

E||Fu(s, Xo®) |3 <2CE(1+ | Xo)|3,) < C(1+ Ell&ll%)
with the constant C independent of n. Using the uniform integrability, we obtain

otf") — 0 uniformly in 7.

Similarly,

t 2
o (1) = ”E/O S(t — $)(Ba(s, Xo(s)) — Bo(x, Xo(s))) d W,

H
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T
< E/O IS¢ = $)(Ba(s, Xo(s)) — Bo(s, Xo(s))) ||;2(KQ7H) ds — 0

uniformly int <T.
We obtain the result using Gronwall’s lemma. g

We discuss differentiability of the solution with respect to the initial value in the
case where the coefficients F : [0,T]x H - Hand B:[0,T] x H — % (Kg, H)
of (3.1) are Fréchet differentiable in the second (Hilbert space) variable.?

Theorem 3.8 Assume that F:[0,T]x H— Hand B:[0,T]x H - £ (Kg, H)
satisfy conditions (A1), (A3), and (A4).

(a) If Fréchet derivatives DF(t,-) and DB(t,-) are continuous in H and
bounded,

|DF@ 03]y + | DB Y] iy 1y < MY (3.61)

for x,y e H, 0 <t <T, with the constant M1 > 0, then [:H xj?é—)%zz is
continuously Fréchet differentiable, and its partial derivatives are

ol (x,
(%E)y)m = 5(0)y.
X

<ai(x,§>

t
0F n) ) = /(; St — s)DF(s, §(s))n(s) ds (3.62)

t
+/ S(t — $)DB(s, £(s))n(s) dWy
0

P-as.,with&,n ef%zz,x,y eH,0<t<T.
(b) If in addition, second-order Fréchet derivatives D*F(t,-) and D*B(t, ) are
continuous in H and bounded,

| D?F . x)(v. )] + [ D?BC. ). )| oy .1y < Mal¥ll Nzl (3.63)

for x,y,z€ H,0 <t <T, with the constant My > 0, then I:H x L%Zz — %22 is
twice continuously Fréchet differentiable, and its second partial derivative is

(aziu,s)

8752()6’5)("’ é“))(t)

2 A reader interested in the theory of reaction—diffusion systems in a bounded domain & of R?,
perturbed by a Gaussian random field, and the related stochastic evolution equations in an infinite-
dimensional Hilbert space H, is referred to the work of Cerrai [8]. The author considers the non-
linear case with the coefficient F defined on H = L%(&, RY), which is (necessarily) not Fréchet
differentiable but can be assumed Gateaux differentiable.
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t
=/0 S(t —s)D*F(s,£(5)) (n(s), £(s)) ds
t
+/0 S(t —s)D2B(s,£j(s))(77(s),C(s))dWs (3.64)

P-as.,with§ gt e, xeH 0<t<T.
Proof Consider

[(x+h, @) —I(x,8)@) — SH)h _SOG+h) = SM)x —SOh _

0,
Al e Al

proving the first equality in (3.62). To prove the second equality, let

re(t,x,h)y=F({,x+h)— F(t,x) — DF(¢t, x)h,
rg(t,x,h) = B(t,x +h) — B(t,x) — DB(t, x)h.

By Exercise 3.13,

e x ]y <2Milikll and  [rpx,m)| gk, m < 2MilRIE.

Now with % as defined in (3.62), we have

5 - al(x,€)
r;(x,é,n)(t)=1(x,§+n)(t)—I(x,é‘)(t)—( 0F n)(t)

t

t
=/ S(t—s>rF(s,5(s>,n<s>)ds+/ S(t - $)r (s, £(5). n(s)) AW,

0 0
=0+ 1.
‘We need to show that, as ||7I||j@2 — 0,
110z,
Consider

(supo<r <1 E | fi S(t — )ri(s, &), n(s) ds||3) "
Inll 7,

§C<E / T e (s.£6). 1N, )13,
0 @)1 i,

1/2
Lijines) 1103 dS> ~
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Since F is Fréchet differentiable, the factor

7 (s, E(s), n(sNI1%
) —>
In(s)I1%

and, as noted earlier, it is bounded by 4M 12 In addition, the factor

In(s)N3

2 L) a0y < 1.
Mo

Consequently, by the Lebesgue DCT, || I; ”9‘22/”77”%3 — 0 as ”77”%3 — 0.
Because

t 1/2
121l 4z = <osupTE /0 HS(z—s>rB(s,5(s),n(s>)\};2(KQ,H)ds) :
<t=<

we obtain that ||12||(%;92/||77||<}\f~92 — 0 as ||77||9f2 — 0, similarly as for /;.
This concludes the proof of part (a), and the proof of part (b) can be carried out
using similar arguments. g

Exercise 3.13 Let H;, H, be two Hilbert spaces. For a Fréchet differentiable func-
tion F: Hy — H,, define rp(x,h) = F(x + h) — F(x) — DF(x)h. Show that

||rF(x’h)”H2 <2sup ”DF(X)||,2’(H|,H2)”h”H1'
xeH;

We will use the following lemma on contractions depending on a parameter.

Lemma 3.8 Let X, U be Banach spaces, and f : X x U — U be a contraction with
respect to the second variable, i.e., for some 0 <o < 1,

lfew) = fexev)|, <alu—viy, xeX, u,veV (3.65)

and let for every x € X, ¢(x) denote the unique fixed point of the contraction
f(x,-):U — U. Then the unique transformation ¢ : X — U defined by

f(x, (p(x)) =@(x) foreveryx e X (3.66)
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is of class C*(X) whenever f € CX(X x U), k=0, 1,.... The derivatives of ¢ can
be calculated using the chain rule; in particular,

-1
Doty [aﬂxa,go(x)) - 1] <8f(x,go(x))y)’
u dx
—1 2
D) (y. 2) = [M _ 1] <L’2‘/’(’C))(% 2)
u 0x
2f(x. p(x)) 2 f (x, p(x)) 07
“ f(x,p(x )
P e (PP T g (0 Dea)
92 f(x,
+ W(wu)y, D¢(x>z)).

Let { fu},2, be a sequence of mappings in Cl(X x U) satisfying condition (3.65),
denote by ¢, : X — U the unique transformations satisfying condition (3.66), and

assume that forall x, x1, ..., xx € X, u,uy,...,u; €U, 0<k+j<I,
D G M f (e, w)
nl)ngow(ul,...,M],X],...,Xk)—W(M},...,M],X],...,Xk).
(3.68)
Then
1lim Do, (0)(x1, ..o x) = Do) (xt. - x0). (3.69)

Proof Let F(x,u) =u — f(x,u). Then F(x,u) = 0 generates the implicit func-
tion ¢(x) defined in (3.66). In addition, F,(x,u) =1 — f,(x, u) is invertible, since
| fux, w)ll 2wy < o < 1. The differentiability and the form of the derivatives of
¢(x) follow from the implicit function theorem (see V1.2 in [44]). The last state-
ment follows from the convergence in (3.68) and the form of the derivatives of ¢ (x)
given in (3.67). O

We are now ready to prove a result on differentiability of the solution with respect
to the initial condition.

Theorem 3.9 Assume that F :[0,T]x H— Hand B:[0,T]x H— £ (Kg, H)
satisfy conditions (Al), (A3), and (A4). Let Fréchet derivatives DF (¢, -), DB(t, -),
DZF(I, ), and DZB(Z, ) be continuous in H and satisfy conditions (3.61)
and (3.63). Then the solution X* of (3.1) with initial condition x € H, viewed
as a mapping X' : H — I, is twice continuously differentiable in x and for any
v,z € H, the first and second derivative processes DX*(-)y and D?x* ) (y,z) are
mild solutions of the equations

dZ(t)=(AZ(t)+ DF(t, X*(t))Z(t))dt + DB(t, X*(t)) Z(t) d W,

3.70
Z(0) =y, G710
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and

dZ(t) = (AZ(t) + DF(t, X*(t))Z(t) + D>F (¢, X*(1))(DX*(t)y, DX*(t)2)) dt
+ (DB(X* (1)) Z(t) + D*B(t, X*(1))(DX*(t)y, DX*(1)2)) d Wy,
Z(0)=0.
(3.71)
If X, is the solution to (3.40) with deterministic initial condition x € H, then for
v,z € H, we have the following approximations for the first and second derivative
processes:
lim [|(DX; () = DX*()y] ,z =0,

n—oo

. , , (3.72)
Jim | (X500~ DX 0) 0.2 =0

Proof Consider the operator [ ;9B — B with I defined in (3.60) and the Banac~h
space B defined in the proof of Theorem 3.5 in the case p = 1. Since ‘B is just J%
renormed with the norm || - |3 that is equivalent to || - || 7+ We can as well prove

the theorem in B, and the result will remain valid in %22
Since [/ is a contraction on B, as shown in the proof of Theorem 3.5, the solution
X* of (3.1) is the unique fixed point in B of the transformation 7, so that

X* =1(x"). (3.73)

By Theorem 3.8, [e C?%(H x B) satisfies the conditions of Lemma 3.8, so that X* €
C2%(H) and formulas (3.70) and (3.71) follow from the chain rule and from (3.62)
and (3.64). The last part of the assertion follows from the approximation (3.69). [

3.6 Kolmogorov’s Backward Equation

We put an additional restriction on the coefficients in this section and assume that
F and B depend only on x € H. We will now discuss analytical properties of the
transition semigroup P;. Recall that for a bounded measurable function ¢ on H,

Pip(x) = Posp(x) = E(p(X* (1)),

where X*(¢) = X (¢,0; x) is a solution of (3.50) with deterministic initial condi-
tion & = x € H and s = 0, or simply, a solution of (3.1) with £y = x. The smooth
dependence of the solution with respect to the initial condition results in smooth
dependence of the function

u(t, x) = Pro(x)
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on ¢t and x, and formulas (3.62) and (3.64) allow to establish a specific form of a
parabolic-type PDE for u(¢, x), which is called Kolmogorov’s backward equation,

du(t,x) ou(t, x)
” = <Ax + F(x), ox >H
1 (8%u(, *
+ 5tr(%(B(x)Ql/z)(B(x)Ql/z) ) (3.74)
O0<t<T, xe9A),
u(0,x) = @(x).

We follow the presentation in [11] and begin with the case where A is a bounded
linear operator on H.

Theorem 3.10 (Kolmogorov’s Backward Equation 1) Assume that A € £ (H) and
F, B do not depend on t, F: H— H, and B: H — £ (K, H). Let Fréchet
derivatives DF (x), DB(x), D*F (x), and D*B(x) be continuous and satisfy condi-
tions (3.61) and (3.63) (with t omitted). If conditions (A1), (A3), and (A4) hold, then
for ¢ € Cg(H ), there exists a unique solution u to Kolmogorov’s backward equa-

tion, satisfying (3.74) on [0, T[? such that u(t, ) € C2(H) and u(-, x) € C} ([0, T|).
The solution is given by

u(t,x) = Pp(x)=E(p(X*(1))), 0<t<T,xeH, (3.75)

where X*(t) is the solution to (3.1) with deterministic initial condition &y = x € H.

Proof We first show that u(z, x) defined by (3.75) satisfies (3.74). Since the operator
A is bounded, the proof follows from the Itd6 formula applied to the function ¢(x)
and the strong solution X*(¢) of the SSDE (3.1),

de(X*
do(X* (1) = {<%’ AX (1) + F(Xx(t))>

L, (d%(xxm)
2 r dx2

n <d<P(Xx (s)

H

<B(xx<r>>Qlﬂ)(B(XX(z))Q”)*)}‘”

i ,B(Xx(t))dW,>

H
Let u(z, x) = E@(X*(t)). Then by the Lebesgue DCT,

0tu(0,x) . u(r,x)— @)
—=lm ——=
ot t—0t t
I LY v do(X* ()
= Et£%1+ A A <AX (s) + F(X (s)), T>H ds

3Such solution is called a strict solution.
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1 1 t d2 X* %
+ —E lim —/0 tr(M(B(XX(S))Ql/z)(B(Xx(S))Ql/z) )ds

2 >0+t X

2
=<Ax+F(x),d(f1§Cx)> +%tr<ddi(2x) (B(x)Ql/z)(B(x)Q]/z)*) (3.76)
H

Now Theorem 3.9 and the fact that ¢ € C,f(H ) imply that u(z, x) is twice Fréchet
differentiable in x for 0 <t < T, and for y, z € H, we have

<8”(t’x),y> :E<M,DXx(t)y> ,
0x H 0x H
2 2 X
<7a ”(tg")y,z> :E<MDXx(t)y,DXx(I)Z> (3.77)
ox H dx? H
+E<M,D2Xx(t)(y,z)>
0x H

But DX*(0) = I and D*X*(0) = 0, so that

ou(0, x)
ox H
<82u(0, x) >
— V¥, Z

ax?

<3<ﬂ(x) >
ax o

<a2<o(x>y Z>
8x2 b H’

ou(0, x)>
H

X

giving forx € H,

tu(0,x)
ar

<Ax + F(x),

1 (8%u(0, x) X

+Etr(T(B(X)Ql/Z)(B(X)Qm) )
By (3.58), u(t +s,x) = u(t,u(s, x)). Hence,

0T u(s,x) _ 9 u@,u@s,x) _ . P(P@)x) = (Psg)(x)
ar ot = o t '

Note that (Psp)(x) = u(s,x) € Cbz(H), so that we can repeat the calculations
in (3.76) with (Ps¢)(x) replacing ¢(x) to arrive at

ou(s, x)
ox [y

atu(s, x)
ot

= <Ax + F(x),

1 92 (s, x) *
+ 5tr(%(lm)g”z)(mxm”z) )

for x € H, 0 <s < T. Note that the functions du(s, x)/dx and 8214(s,x)/8x2 are
continuous in ¢, because they depend on derivatives of ¢ and the derivative processes
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DX*(t)y and D?X*(1)(y, z) that are mild solutions of (3.70) and (3.71). Hence,
9T u(s, x)/0t is continuous on [0, T'[, which implies ([63], Chap. 2, Corollary 1.2)
that u (-, x) is continuously differentiable on [0, T[. Thus, u(z, x) satisfies (3.74) on
[0, TT.

To prove the uniqueness, assume that u(z, ) € Cg(H), u(-,x) € Cé([O, T[), and
u(t, x) satisfies (3.74) on [0, T'[. For a fixed 0 <t < T, we use Itd’s formula and,
for 0 < s < ¢, consider the stochastic differential

dﬁ(t -, Xx(s))

{ ou(t —s, X*(s)) <812(t—s,Xx(s))
=1- +
ot 0x

JAXT(s) + F(X"(s))>
H

2 _ X
(TSR B )0 ) (B 0) 0’ ) s

2 dx2
<8u(t —% X"(s)) (Xx(s))dW >
’ H
Since u(t, x) satisfies (3.74), we get
t Sl X
(0, X (1)) = ii(t. X (0)) +/ <M B(Xx(s))dWS> .
0 X H

Therefore, applying expectation to both sides and using the initial condition
u(0, x) = ¢(x) yields

i(t, x) = Ep(X (1)). M
Using Theorem 3.10 and the Yosida approximation, Da Prato and Zabczyk stated a
more general result when the operator A is unbounded.

Theorem 3.11 (Kolmogorov’s Backward Equation Il) Assume that F and B do not
depend ont, F: H— H,and B: H — £ (Kg, H). Let the Fréchet derivatives
DF(x), DB(x), D*F(x), and D*B(x) be continuous and satisfy conditions (3.61)
and (3.63) (with t omitted). If conditions (A1), (A3), and (A4) hold, then for ¢ €
Cg(H ), there exists a unique solution u of Kolmogorov’s backward equation (3.74)
satisfying (3.74) on [0, T[ and such that

(1) u(t, x) is jointly continuous and bounded on [0, T] x H,
() u(t,)eC3(H),0<t<T,
3) u(-,x) e C;([O, T|) for any x € Z(A).

Moreover, u is given by formula (3.75), where X*(t) is the solution to (3.1) with
deterministic initial condition §g =x € H.

Proof To prove that u(x,t) = E@(X*(¢t)) is a solution, we approximate it with the
sequence u, (¢, x) = E@(X; (t)), where X, (¢) are strong solutions to (3.40) with
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the linear terms A, being the Yosida approximations of A. By Corollary 3.4 with
p =1, we know that the mild solution X (¢) of (3.1) is approximated in .73, by the
sequence X, (1), i.e.,

lim sup E|Xi()— X7, =

)’l*)OOO t<T

This implies, choosing subsequence if necessary, that X} (1) — X*(¢) a.s., so that,
by the boundedness of ¢,

u,(t,x) = Eq)(X;(t)) — E(p(X" (t)) =u(t,x). (3.78)

By Theorem 3.10 we have

Bun(t,x) _ aun(tv-x)
— = <Anx + F(x), o >H
1 [ 8%u,(t, x) %
+Etr(T(B(x)Ql/z)(B(X)Qm) )

O0<t<T, xeH,
un (0, x) = p(x).

By (3.72) we have, choosing a subsequence if necessary, that for y,z € H,
Tim | DX;5()y = DX*()y] =0,
lim | D*X}(t)(y,2) — D*X*(1)(y,2) |, =
n—o0

uniformly in [0, T']. Consequently, using the boundedness of dg(x)/dx,
uy (2, do(X; (2,
< n X)’y> :E< P (X ( x)’Dxi(t)y>
ax H dx H
do(X*(, dul(r,
E<‘P(—(X)’Dxx(t)y> :< u x)7y> ,
dx H 0x H

with the last equality following by direct differentiation of E@(X*(¢)) under the
expectation. Hence,

<8un(t,x)
ax

ou(t, x)

,Apx + F(x)> — < ,Ax + F(x)> . (3.79)
H

H

Next consider

tr(a un(; Xx) (Bx )Q]/z)(B(x)Ql/z) )

dx
o] 2 X
ZE<d (X, (t))DXx(t)(B(x)Q1/2)(B(X)Q1/2) ek DXx(l)ek>

k=1 H
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LB PR OB ) (B0 Y ewa) - G0
=1

H

Assume that ex (x) are the eigenvectors of (B(x) Ql/z)(B(x) Ql/z)*. Let us discuss
the convergence of the first term. We have

>

k=1

t

2 X
Kd PO (B 012) (B 012)" ek,DXX<t>ek>
H

B <d2<p(xxa>>

7 DXx(f)(B(x)Ql/z)(B(x)Ql/z)*elwDXX(I)€k>

H

© 2 X 2 X
< ZEK(d p(X; (@)  dTe(X* (1))

dx2 dx2 )DXZ(I‘)(B(X)QI/Z)

k=1

(B(x)0"*)%er, DX (r>ek>

H
00

2 X
+ZE‘<d p(X ())DXx(t)(B(x)Q1/2)(B(x)Q1/2) ek,DX"(t)ek>
H
- (Feeo)

3 DX*(:)(B(x)Q”Z)(Bu)Q”Z)*ek,DX*(r>ek>

H
=81+ 5.

Now note that

sup sup ”DX y”%p <oo, p=>1. (3.81)

nyla=1

Indeed, DX (¢)y are mild solutions to (3.70) whose coefficients satisfy the assump-
tions of Theorem 3.5, since we have assumed that the Fréchet derivatives of F
and B satisfy conditions (3.61). By Theorem 3.5 each solution can be obtained in
.%22 p» P > 1 (the initial condition is deterministic), using the iterative procedure that
employs the Banach contraction principle and starting from the unit ball centered
at 0. In addition, the sequence of contraction constants can be bounded by a con-
stant strictly less than one, since leAn || 2H) <M enet/(n—e) by estimate (1.29) in
Chap. 2.
Consider the series S;. For each &, the sequence

E‘ < <d2¢(x;(z>) _ PeX*@)

dx2 dx2 )sz(t)(B(x)Ql/z)

(B(x)Q'*)"ex, DX} (r)ek>

H
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Po(X; ) de(X* (1)
dx2

< 1|

H r | DXL e, = 0.
H

where A (x) is the eigenvalue corresponding to the eigenvector e (x). The sequence
converges to zero since, by (3.81) with p = 1, we take a scalar product in L%(2)
of two sequences, one converging to zero and one bounded. As functions of k, the
expectations are bounded by CXy. We conclude that S| — 0 as n — oo.

Consider S»:

00 2 X

Z Kd p(X ())DXx(t)(B(x)Ql/z)(B(x)Ql/z) ek,DX"(t)ek>
4 H
_<M

3 DXX(r)(B(x)Q”z)(mx)Q”z)*ek,Dxxmek>

H

o0 2 x

— DX*(1)(B(x)Q'?)(B(x)0'?)"ey, DXX(r)ek>

H

o |/ PeXF@) 12
+I; KTDX )(B(x)0'?)

)

(B(x)Q'?)*ex, DX* (t)ex — Dx;;(z)ek>

H

so that the convergence of S to zero follows by similar arguments as above.
Finally, the second term in (3.80) is bounded by

d — *
fz(x) D EN(D*X5(0) = D2 X 0)((B) Q') (B) Q) er ex)y | 1
xeH X Hk:l
L pldea@®) _ dex*@)
dx dx H

< Y|P X (B Q') (B Q') er e}y | -

k=1

which converges to zero by similar arguments as that used for the first term, but
now we need to employ the fact that an analogue to the bound (3.81) holds for
DX (ex. ex),

sup  sup || D*X*(y,2) “9?21, <00, p=>1. (3.82)

noyla.lzle <1
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Thus we have established that

2
tr(a un(t, x) (B(x)Q]/z)(B(x)Ql/z)*>

dx2
N tr(%(B(x)Ql/z)(B(x)Ql/z)*>' (3.83)
Putting together (3.79) and (3.83), we have (at least for a subsequence)
lim 20 _ <a”(” Y aAxt F(x)>
n—oco Ot ox H
+ tr(%(B(x)Ql/z)(B(x)Ql/z)*)' (3.84)

Using bounds (3.81) and (3.82) and the assumptions on ¢, we conclude that the
left-hand side in (3.84) is bounded as a function of ¢ for any fixed x € H, so that, by
integrating both sides of (3.84) on [0, ¢], we get that

B _f’(<8u(s,x) >
m u,(t,x)= ,Ax + F(x)
n—00 0 ox H

2
+tr(w(B(x)Ql/z)(B(x)Q]/z)*>>dt.

9x2

This, together with (3.78), proves that

du(t,x) <8u(z,x)
a |\ ox

9%u(t, x)
9x2

,Ax + F(x)> + tr< (B(x)Q1/2)(B(x)Q1/2)*>.
H
To prove the uniqueness, assume that (¢, x) satisfies (3.74) on [0, T'[ and fulfills
conditions (1)—(3) of the theorem.
Let X;i (¢) be a mild solution of equation

dX(t) = AX(t) + R, F(X(0))dt + R, B(X (1)) dW,

X0)=xeZ(A)

that is,

t t

XX ()= S(t)x + / S(t —s)Ry F (X (s)) ds +/ S(t —s)RyB(X;5(s)) dWy,
0 0
where R, is defined in (1.21).
Since x € Z(A) and R, : H — Z(A), the solution X} (t) € Z(A). Hence, by
Theorems 3.5 and 3.2 X, (¢) is a strong solution. Then, using It6’s formula, we can
consider the differential

B du(t — s, X5 (5)) ds

dft(t—s,Xj): o
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+<M,Ax,§(s) + R,zF(Xj,‘(s))> ds
0x H

2~00 X
+ltr(M(R,,B(X;f(s))Ql/z)(RnB(X,f(s))Ql/z)*)dS

2 dx2
(PO )
ox H
(D g ago) - P o
ox "

1 (3% —s, XX(s5))
| —— 2 nr 7
3 r( ox2

(RnB(X,f(s))Q”z)(RnB(sz)Q”z)*)‘“

2~00 X
_ %“(W@M )02 (B(x; <s>)Q“2)*> ds
[P0
ax H

The second equality holds since #(, x) is a solution of (3.74) and since the terms
containing A cancel.

Now, we integrate over the interval [0, ¢] and take expectation. Then we pass to
the limit as n — oo (note that the operators R,, are uniformly bounded (see (1.20))
and follow the argument provided in (6.20)). Finally, use the initial condition to
obtain that

ut,x) = E(p(Xx(t)).
This concludes the proof. d

3.7 Lipschitz-Type Approximation of Continuous Coefficients

‘We now construct sequences of Lipschitz-type coefficients F, and B, taking values
in H, which approximate continuous coefficients F and B uniformly on compact
subsets of C([0, T'], H). The values of F,, and B, are not restricted to any finite-
dimensional subspaces of H.

Lemma 3.9 Let F:[0,T1x H— H, B:[0,T] x H— % (Kg, H) satisfy con-
ditions (A1)—(A3). There exist sequences F, : [0,T] x H— H and B, : [0, T] x
H — (K, H) of functions satisfying conditions (A1)-(A4), with a universal
constant in the condition (A3), such that

sup |[F(t,x) = Fu(t.x)|,; + sup |B(t,x)— Bn(t,x)||$2(KQ’H) -0
0<t<T 0=<t<T

uniformly on any compact set in C([0, T], H).
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Proof The sequences F;, and B,, can be constructed as follows. Let {e,}°° , be an

ONB in H. Denote

n=1

fa@) = ((x(@), e1) . (x(@), €2) o ... (x(0), €0) ) € R,
['n(t) = f,(kT/n) att=kT/n and linear otherwise,

kT . . .
Yu(t, X0, ..., Xy) = x; att = — and linear otherwise, with x; € R",
n
k=0,1,...,n.

Let g : R" — R be nonnegative, vanishing for |x| > 1, possessing bounded deriva-
tive, and such that fRn g(x)dx =1. Let g, — 0. We define

F,(t,x) = / / yn( xo,...,xn),g))

x exp[—— Zxk};n)< <f"(8—)x")d€x"> (3.85)

n

Above, (¥ (-, X0, - .., Xp), €) = ynlel + -+ y)e,, where ynl, ..., ¥, are the coor-
dinates of the vector y,, in R", and x,% = Zf’:l (x,i)z, dx; = dx,i ...dx,i‘.

The coefficients B, (¢, x) are defined analogously using the ONB in K o. We note
that conditions (A1)-(A4) are satisfied. To see that, note that the functions F,, and
B,, depend on a finite collection of variables f, (kT /n), and hence the arguments of
Gikhman and Skorokhod in [25] can be applied. We only need to verify the uniform
convergence on compact sets of C([0, T], H). We have

sup |Fu(t,x) = F(2,0)]

[/sup [F(t, (va (s £20) + X0, ..., fu(T A1) +%0), €))

0<t<T

= F(t, (- 2O, s fu(T AD)), HHl_[< )dxk

n

+ sup |[Ft,x) = F(t, (ya(-, £20), ..., fu(T A D)), €)) |

0<t<T

gn n 5
F n yeeesXn), 1— —-——
e[ f g 1 Gl (o] -2 3]
n KTy
(B 2y
k=0 n n

We will now verify convergence for each of the three components of the sum
above.
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Consider the first summand. If K C C([0, T'], H) is a compact set, then the col-
lection of functions {y,, (-, f4(0),..., fu(T)),e),n > 1} C C([0,T], H), f.(t) =
(x@®),e)H, ..., {(x(t),en)g) With x € K, is a subset of some compact set K. This
follows from a characterization of compacts in C([0, T'], H) (see Lemma 3.14 in
the Appendix) and from Mazur’s theorem, which states that a closed convex hull of
a compact set in a Banach space is a compact set. Moreover,

Sup Sup H)/n(f,xo +Z01 '--:xn +Zl‘l) - Vn(ﬂxO, .. 7-xrl)HH < 8}’!
XQ,..sXn 0<t<T

if |zx| <é&n, k=0,...,n, zx € R".

The set K1 + B(0, ¢,) is not compact (B(0, &,) denotes a ball of radius g,
centered at 0), but supg.,.r | F(t,u) — F(¢,v)||g can still be made arbitrarily
small if v is sufficiently close to u € K. Indeed, given & > 0, for every u € K|
and 7 € [0, T, there exists &/, such that if supy_,7 [[v() — u(?)|g < &, then
| F(t,v) — F(t,u)||g < &/2. Because ¢ is in a compact set and F (¢, u) is continu-
ous in both variables, §, = inf,S,’l > (. Therefore, for u € Ky, supg<, <7 | F(t,v) —
F(t,u)|ln < &/2 whenever supy, -7 [[v(t) — u(®)|| i < 8y o

We take a finite covering B@k,Buk/2) of K1 and let § = min{§,,/2}. If
u € Ky and supy, 7 [lv(t) — u(@)|lp < &, then for some k, supy, <y llu(t) —
urOllg < du/2, and supg<, <y lv(#) — up(Ollg < 8 + 84, /2 < duy. Therefore,
SUPg<t<T |F@,v)— F@t,u|lp <e.

Thus taking n sufficiently large and noticing that g(x /&) vanishes if |Xi| > &,
we get

S |F(t, (va (- f2(0) 4+ o, ... fu(T A1) +X0).€))
<t<

— F(t, (vu (s 2O, fu(T AD) )|y <€

for any ¢, independently of f; associated with x € K. This gives the uniform con-
vergence to zero on K of the first summand.

Now we consider the second summand. Let P, be the orthogonal projec-
tion onto the linear subspace spanned by {ej,...,e,}, and let P,f- denote the
orthogonal projection onto the orthogonal complement of this space. We note
that supo<t<T||PnJ-x(t)|| g — 0 as n — oco; otherwise, there would be a sequence
th — to with [|[Prx(t)|lw > ¢ > 0, and |Plx(t)llg < [x(ta) — x(to)llu +
1P;x (1) |1 — O

Let N = N(x) be chosen such that if m > N, then supy—,; 7 ||PnJ;x(t)||H <¢e/3.
Thus also supy—,7 | Py (Tm () (1), &)l < &/3.

There exists M = M (x) > N (x) such that form > M,

sup |4 = (Tu@)®), ), = sup | P,
T 0<t<T

0<t<

+ sup || Pyvx(®) = Py(Tm@)(®). )|z + sup | Py (Tw)(®). )|, <.
0<t<T 0<t<T

because the middle term is a finite-dimensional approximation.
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Actually, sup,.gsupg<,<7llx(#) — (Tm (X)), &)y — 0 if K is compact. If
{x1,...,x,},1san ¢/3 net in K, then

sup [|x(t) = (Tm ) (@), )| ,; < sup [x(1) —xx(®)]
T 0<t<T

O=<r=<

+ supTka(t) — (Cwxx (@), )|, + OsupT |(Tmxi(0), €) — (Twx (@), )|, <e
<i<

0<t<
if m > max{M (x)}.
The continuity of F and the fact that {(I',,(x),e),x € K} U K is a subset of a
compact set, guarantees the uniform convergence to zero of the second summand.

The third summand converges uniformly to zero on compact sets since it is bounded
by

2
Z<1+sn+ sup ”x(t)HH)sn sup (||lx(@)|, +en)". 0
0<t<T 0=<t<T

Exercise 3.14 Prove that F, and B,, defined in (3.85) satisfy conditions (A1)—(A4).
We will now consider methods for proving the existence of solutions to SDEs
and SSDEs that are based on some compactness assumptions. In the case of SDEs,
we will require that the Hilbert space H be embedded compactly into some larger
Hilbert space. In the case of SSDEs, the compactness of the semigroup S(¢) will be

imposed to guarantee the tightness of the laws of the approximate solutions.
These cases will be studied separately.

3.8 Existence of Weak Solutions Under Continuity Assumption

To obtain weak convergence results, we need an estimate on moments for incre-
ments of solutions to SDEs.

Lemma 3.10 Let £(t) = x + [y F(s,£)ds + [y B(s,£)dW; with x € H and the
coefficients F and B satisfying conditions (A1) and (A3). Then

E|eG+h) — 0|}, < C(T, O

Proof Using Ito’s formula, we obtain
4 t+h 2
HEIAIEEIG] =4f |E@) —&@) |5 {E@) — &), F(u,6,8)),, du
t
t+h 5 N
+2/ |&@) — £, (B, 6,6) Q") (B(u,0,£)Q"*)") du
t

t+h
+2 / (B 0.8)0"?) (B 0,6)0"%)") ) — £1)]** du
t
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By Lemma 3.6, this yields the following estimate for the fourth moment:
4 t+h 3
Elec+m—soly =ci [ Elew ol (1 +swlewl] ) du
t v=u

t+h
va [ Elew - sl (14 swlswlf) du
t v=u

t+h 4 3/4
§C3<[/ Ens(u)—s(r)HHdu} p

t+h 4 1/2
+[/ EHE(”)_é(f)Hﬂdu} h1/2> <Ch.
t

Substituting repeatedly, starting with C(u — ¢) for E||&,(u) — &, (0”?‘1@, into the
above inequality, we arrive at the desired result. 0

The next lemma is proved by Gikhman and Skorokhod in [25], Vol. I, Chap. III,
Sect. 4.

Lemma 3.11 The condition sup, E(||&,(t + h) — &,(t)||%,) < Ch? implies that for
any ¢ > 0,

61%51;pP< su|p5||?;‘,,(t) — 5,,(3)“1_1 > 8) =0.

[t—s|<

Corollary 3.6 Let F,, and B, satisfy conditions (A1) and (A3) with a common con-
stant in the growth condition (A3) (in particular F,, and B, can be the approximat-
ing sequences from Lemma 3.9). Let X, be a sequence of solutions to the following
SDEs:

an(t) = Fn(ta Xn)dt + Bn(ta Xn)tha
X,(0)=x € H.

Then

(1) the sequence X, is stochastically bounded, i.e., for every € > 0, there exists M
satisfying

sup P sup | X, ()], > Mc ) <e. (3.86)
n 0<t<T
(2) forany e >0,
Jim sup P<‘t§lsllp<8 | X0 () = X ()] y > g) —0. (3.87)

It is known that even a weak solution X;(-) € C([0, T'], H) to the SDE (3.8) may
not exist. Therefore our next step is to find a weak solution on a larger Hilbert space.
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Let H_; be areal separable Hilbert space such that the embedding J : H — H_;
is a compact operator with representation

o0
) Jx:an(x,e,,mhn, >0, n=12....

n=1

In general, J has always the above representation; we are only assuming that A, # 0.
Here, {e,}7°, C H and {h,};2 | C H_| are orthonormal bases. We will identify H
with J(H) and P o X! with Po X 1o J~!. Thus, if x € H, we will also write
x € H_y. In particular, e, = A,h, € H_1 and (x, h,)y , = A, (x, e,) u. Note that
Ixlla_, < I Nxlla and C([0, T, H) C C([0, T], H-1).

Corollary 3.7 Let F,,, B,, X, be as in Corollary 3.6, and J : H — H_1 be a
compact embedding into a real separable Hilbert space H_1. Then the sequence of
measures { P o Xn_1 }20:1 on C([0,T], H-y) is relatively weakly compact.

Proof For any ¢ > 0, let M, be the constant in condition (3.86) of Corollary 3.6.
The ball B(0, M) C H of radius M, centered at 0, is relatively compact in H_.
Denote by B its closure in H_;; then

P(J(Xn(D)) € B)=P(IXa(Dlln > M;) <.

Condition (3.87) of Corollary 3.6 is also satisfied in H_1. The relative compactness
now follows from the tightness criterion given in Theorem 3.17 in the Appendix,
and from Prokhorov’s theorem. 0

In order to construct a weak solution to the SDE (3.8) on C([0, T'], H_1), we impose
some regularity assumptions on the coefficients ' and B with respect to the Hilbert
space H_1.

Assumethat F : [0, T]x C([0,T],H_.1) > H_1and B:[0,T]1xC([0,T1, H_1)
— (K, H-y) satisty the following conditions:

(B1) F and B are jointly measurable, and for every 0 <t < T, they are measurable
with respect to the o -field %, on C([0, T], H_1) generated by cylinders with
bases over [0, 7].

(B2) F and B are jointly continuous.

(B3) There exists a constant £_; such that Vx € C([0, T'], H_y),

[F@. 0|y, + 1B gkp.m ) 54_1(1 e ||x(t>||H,l),

foroweQand0<t<T.

Equation (3.8) is now considered in H_1, and in the circumstances described above,
we can prove the existence of a weak solution to the SDE (3.8) on C([0, T'], H-1).
However we do not need all conditions (A1)—(A3) and (B1)-(B3) to hold simulta-
neously. We state the existence result as follows.
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Theorem 3.12 Let H_| be a real separable Hilbert space. Let the coefficients F
and B of the SDE (3.8) satisfy conditions (B1)—(B3). Assume that there exists a
Hilbert space H such that the embedding J : H — H_ is a compact operator with
representation (J) and that F and B restricted to H satisfy

F:[0,T]xC([0,T],H) - H,
B:[0,T]1xC([0,T], H) > %(Kg. H),

and the linear growth condition (A3). Then the SDE (3.8) has a weak solution X (-) €
C(0,T], H-1).

Proof Since the coefficients F' and B satisfy assumptions (B1)-(B3), we can con-
struct approximating sequences F, : [0,T] x C([0,T], H-;) - H_; and B,
[0, TIxC(0,T], H-1) = £ (Ko, H-1) asin Lemma 3.9. The sequences F,, — F
and B, — B uniformly on compact subsets of C([0, T'], H_1).

Now we consider restrictions of the functions F,, B, to [0, T] x C([0, T], H),
and we claim that they satisfy conditions (A1), (A3), and (A4). Let us consider
the sequence F), only; similar arguments work for the sequence B,. We adopt the
notation developed in Lemma 3.9.

Ifx e C([0,T], H), then

Fu(t,x) = / / (v Cox, o x), B))

xexp{__zxk}g‘[o( (PLrD ) dy

&n
where
fult) = (@ 1)y e () a)y )
= (Milx@). h1)y. - ha{x (@), ) ) = A S (1),
(Vl’l("an "'axn)aﬁ) = (Vl’l("an "'5xn)a <§,_]]’ ey ;_:i))
X0 X,
= (yn<~, TRRR z”)g) e C([0,T], R"),
and % = (%, ..., &) € R Leten/a < 1, k=1,...,n. Then

i [ 5)2)

§ exp{—gn—" ixl%} H(g(an(—g: 1) - Tk))dxk>

k=0 k=0 én
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xexp{——Z(Yk)») }]‘[( ( (f"(”gn )_y")) ik )

paar 0 en/ [Tz M

First, we observe that F, are measurable with respect to the product o-field on
[0,T] x C([0,T], H) because F;, satisfy condition (B1), depend only on finitely

many variables, and J_ly = Z,fil 1/Ak(y, hi) n_,ex on J(H) is measurable from
J(H) to H as a limit of measurable functions. The same argument justifies that F;,
are adapted to the family {%;},<r.

The linear growth condition (A3) is satisfied with a universal constant. Indeed,

[0l = [ [ 1. 000
1 o i )

n
=1+ s <l + ma o) [ oo [Tewda

<0 (1+ sup ||x(t)”H)

0<t<T

because of the choice of g,,.

Further, the function F,, depends only on finitely many variables f (kTT At) =
(LA, eNn, ... AL AD e)p) e R k=1,...,n

By differentiating under the integral sign, we get that, with x € C([0, T'], H),

F,(t, x) / / 1+ max kal)
—/\t)

n

€ A dy;
X expy —— (yki)z} sup|g’(2)| (-) +A
n =0 z En En/nizl i

. Afa(BE A1) = yk)) dy )
: k=0, k£l (8( &n en/ [Ti=i Xi

<o M2y () [ [ o s b so] -2 S T
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Thus, F), (¢, x) has bounded partial derivatives, and hence it is a Lipschitz function
with respect to the variable x. Let X, be a sequence of strong solutions to equations

t t
Xn(t):x+/ Fn(S»Xn)ds_’_/ By(s, Xn)dWs
0 0

considered on C([0, T], H). By Corollary 3.12, the sequence of measures u, =
PoX,'=PoX;'oJ " on C(0,T], H-1) (with H identified with J(H)) is
relatively weakly compact, and therefore, by choosing a subsequence if necessary,
we can assume that u,, converges weakly to a measure u on C([0, T'], H-1).

We now follow the ideas of Gikhman and Skorokhod in [25]. Let g; be a bounded
continuous function on C([0, T], H_1) measurable with respect to the cylindrical
o -field generated by cylinders with bases over [0, ¢]. Then for any u € H_1,

1+h
/[(x(l +h) —x(t), ”)H,l —/ (Fn(s,x), ”)H,l dsi|g,(x),un(dx)
t

t+h
:<E<<Xn(t+h)_xn(t)_f Fn(s»Xn)ds)gl(Xn)>v Lt> =0. (3.88)
t H_

Let v, (dx) = (1 4+ supgs<7 X ()| _, ) tn(dx). As in the finite-dimensional case,
the measures v, are uniformly bounded and are weakly convergent.

Indeed, using the tightness of the sequence w,, for any & > 0, we find a com-
pact set K, C C([0,T], H-1) with limsup,u,(K{) < ¢, and therefore if By C
C([0,T], H_y) is a ball of radius N centered at 0 and if K, C By, we obtain

1/2
/B sup ||X(S)||H_Id,unSM:I/Z(BX/)< / C OsupT||x(s)||§,_ldun>
=s=

v 0<s<T Bj,

< Cu* (K =C Ve,

and for a real-valued, bounded, continuous function f,

'ff(x)(l+02?£T”x(s)”H_1)dM"_/f(x)<l+02?§T‘|X(S)"H‘l>du‘

=<

/ f(x)(l + sup )], A N) din

— 1+ N)d
/ st sup fxo) ]y, AN) u‘
+ 1 flloo(C Ve +¢) = O(Ve).

Thus, there exists a compact set kg C C([0, T1, H-1) such that lim sup,,_, oo Vx (1%;)
< ¢&. Thus, because of the uniform convergence supy, <7 [ F'(s, x) — Fu (s, X) | m_,
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—~0onkK ¢ and the growth condition,

n—o0

<Climsup//t+h IF (s, x) = Fu(s, 0l lull (0| ds vn(dx) = O(e)
= e 1, (1+supgey<r IX® ) " '

t+h
lim sup f/ \(F(s, x) — F,(s, x), u)Hilg,(x)| ds ,(dx)
t

It follows that

t+h
lim // |(F(s, x) — F,(s, x), u)Hilgt(x)’ds Un(dx) =0,
t

n—oo

and the weak convergence of the measures u,, together with the uniform integra-
bility, implies that, as n — oo,

/(x(t +h) —x(),u)y, &) dun, — /(x(t +h) —x(®),u)y g(x)du (3.89)
and
t+h t+h
// (F(s,x),u)[_L]g,(x)dsdun — // (F(s,x),u)[_L]g,(x)dsdu. (3.90)
t t
Now, taking the limit in (3.88), we obtain

t+h
f|:(x(t +h) —x(t), u)H_l — f (F(s, x), ”)H_] ds]g,(x)u(dx) =0,
t

proving that the process y(t) = x(t) — fot F(s,x)ds is a martingale on C ([0, T],
H_1) endowed with the canonical filtration. Using the equality

t+h 2
f<X(t +h)—x@)— / Fy (s, x)ds, u> 81 (X)pun (dx)
t

H_;
t+h .
:/ ((Bn(s.x) Q") (By (5. ) Q"*) ") [u®*] g, (x) pn (dx)
t
one can prove in a similar way that the process
t
by, = [ (B6.00") (B6.x02)) [u?]ds
—1 0

is a martingale on C ([0, T'], H—1) and obtain the increasing process

t
(06w, = [ (B6.007) (85,00 ) u?]as.
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In view of Theorem 2.7, the measure w is a law of a C ([0, T'], H_1)-valued process
X (), which is a weak solution to the SDE (3.8) (we can let @(s) = B(s, X) in
Theorem 2.7). O

The following result was communicated to us by A.V. Skorokhod [69].

Theorem 3.13 Consider the equation
dX;=a(X(®))dt + B(X (1)) dW,, (3.91)

wherea:H — H,B:H — £ (K, H), and W, is a K -valued Wiener process with
covariance Q. Assume the following conditions:

(1) a and B are jointly continuous and locally bounded,
(2) 2(a(x), x)u + tr(B(x) QB*(x)) < £(1 + ||x[13),
(3) there exists a positive symmetric compact linear operator S on H such that

2(S7a(Sx), x),, +tr(ST'B(Sx)QB*(Sx)S™') < €1 (1 + IIx|1F;)-

Then there exists a weak solution to (3.91) with X (0) = Sxq, xo € H.

Exercise 3.15 Let us substitute conditions (1)—(3) with

(1’) a and B are jointly continuous,
2) Nla@) g +I1BX)l2 (K, H) <€A + lIxlH),
(3’) there exists a positive symmetric compact linear operator S on H such that

[~ a(s0) |y + ST B(SW))|| o (K. H) < 1(1 + lIx]1 ).

Prove the assertion of Theorem 3.13.
Hint: define a norm ||x|lo = ||S~ x|z on Hy = S(H). Prove that the assump-
tions of Theorem 3.12 are satisfied with J : Hy — H.

3.9 Compact Semigroups and Existence of Martingale Solutions

In this section we present an existence theorem for martingale solutions in case
where the operator A generates a compact semigroup. This extends Theorem 8.1 in
[11], since we include coefficients F' and B of (3.1) that may depend on the entire
past of a solution.

The following technical lemma will allow us to prove the tightness of a family
of probability measures. We will use it in the proof of Theorem 3.14 and again in
Sect. 7.4.

Lemma 3.12 Let p > 1 and 1/p < a < 1. Consider the operator G, defined
in (3.24),

t
Go f (1) =/ (t —5)*7'S(t —s)f(s)ds, feLP([0,T], H).
0
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Assume that {S(t), t > 0} is a compact Co-semigroup on H. Then G, is compact
from LP([0,T], H) into C([0, T], H).

Proof It is enough to show that

Go({f €LP(I0.T1L H): | fllLr <1})

is relatively compact in C ([0, T], H). We will show that conditions (1) and (2) of
Lemma 3.14, in the Appendix, hold, i.e., that for any fixed 0 <¢ < T, the set

{Gaf @ NI fllr <1} (3.92)
is relatively compact in H and that

lim sup ]|| Guf(t)—Gof(s)|, =0. (3.93)

8—0% |t—s5|<8,t,5€[0,T

Fore € (0,¢t], f € LP([0,T], H), define
t—¢&
(Gif)(f)=/0 (t —)*7'S(t —s)f(s)ds.
Then

t—e
G f = S(s)/ (t —$)*71S(t —e —s) f(s)ds.
0

Since S(e) is compact, then so is G&. Let ¢ = p/(p — 1). Now, using Holder’s
inequality, we have

|(Gaf)&) = (GE1)D]

t
/ (t—5)*7'S@t —s)f(s)ds
t—e H

t i ! P
< ([ amremse—opas) ([ 1ro1ga)
t—e i—¢

cl@—Dg+1 :
M| — p
< ((a =y 1) £l
with M = SUPsef0.7] IS(s) Il 2ay. Since (¢ —1)g+1=a—1/p >0, G, — G4 in
the operator norm in L(L? ([0, T'], H), H); thus the limit G, is a compact operator

from L? ([0, T], H) to H, and the relative compactness of the set (3.92) follows.
Consider now the difference

|Gaf (@) = Gaf©)]

5/0 ||(z—u)“*15(t—u)—(s—u)“*‘S(s—u)||$(H)||f(u)||Hdu
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t
+f [t —w)* 'S¢ —w) f )], du
1

T 4
5(/0 ||(v+u)°‘_lS(v+u)—v"‘_lS(v)”ip(H)dv) I fllzr

t—s 1
+ M(/ p@=Dg dv) I £llze
0

=L+ 1D,
where u =t — s > 0. Since, as u — 0, the expression
|@+w* 'S +u) — v S| %y > 0

by the compactness of the semigroup, see (1.10), and it is bounded by (2M)4v©@ D4,
we conclude by the Lebesgue DCT that I} — 0 as u =t — s — 0. Also, the second
term

(t —s)*=1/p
I < M((a “De DV IfllLr — 0
as t — s — 0. This concludes the proof. O

Theorem 3.14 Assume that A is the infinitesimal generator of a compact
Co-semigroup S(t) on a real separable Hilbert space H. Let the coefficients of
the SSDE (3.1) satisfy conditions (A1)—(A3). Then (3.1) has a martingale solution.

Proof As in the proof of Theorem 3.12, we begin with a sequence of mild solutions
X, to equations

t

1
Xn(t):x—i—/ (AXn(s)+F,,(s,Xn))ds+/ B, (s, X,) dW;.
0 0

The coefficients F,, and B, are the Lipschitz approximations of F' and B as in
Lemma 3.9. Lemma 3.6 guarantees that

supE sup | X, (0| <C, p>1. (3.94)
n 0<t<T
For p > 1 fixed, define

t
Yn(l)Z/ (t—5)"“S(t —5)Bn(s, Xn) dW;
0

with 1/(2p) < «a < 1/2, then condition (A3) and inequality (3.94) imply that

T
E fo | V()| 77 ds < C'. (3.95)
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Using the factorization technique, as in Lemma 3.3, we can express X, () as fol-
lows:

t t

Xn(t)zS(t)x+/ S(t—s)Fn(s,X,,)ds+/ St —s)B,(s, X,,)dW;s
0 0

sinwo
=SOx+ G F (-, Xu)(@) +

GaYn(),
T
where G, : L2p([0, T1,H) — C([0,T], H), defined in (3.24), is a compact opera-
tor for 1/2p <a <1 by Lemma 3.12.

Inequalities (3.94) and (3.95) and the growth condition (A3) imply that for any
& > 0, there exists v > 0 such that for all n > 1,

T v o T »
P({(/O ||Y,1(s)||§j’ds> Esinnav}ﬂ{</0 ||Fn(s,X,,)||inds> 51}})

>1—e.

By the compactness of G, and S(#) and the continuity of the mapping t — S(¢)x,
we conclude that the set

K={SOx+GafO)+G1g() : I fllz2r < v, llgl2r < v}

is compact in C([0, T'], H) and obtain the tightness of the measures u,, = Z(X,)
on C([0,T1, H).
We will now prove that

t t t
X,,(t):x+A(f X,,(s)ds) +/ F(s,Xn)ds+/ B(s, X,)dW,. (3.96)
0 0 0

Let A, =mR,, =mA@m — A)~!, m > «, be the Yosida approximations of A (with
« determined by the Hille-Yosida Theorem 1.4). Consider the equations

t t t
Xn,m =X +/ Aan,m(S) ds +/ F, (s, Xn,m)ds +/ B, (s, Xn,m)dWSs
0 0 0

whose strong and mild solutions coincide. Moreover, by Proposition 3.2, as m —
m’

E sup |[Xum(@® — Xa ()| ds — 0,
0<t<T

which implies, by selecting a subsequence if necessary, that a.s., as m — oo,
Xum — Xn  inC([0,T], H).

Using the Lipschitz-type condition (A4), we obtain that

t t
/ F, (s, Xn,m)ds_)/ F,(s, X, ds,
0 0
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t t
/ By (s, Xn,m)dWs — / B (s, X,,) dW;
0 0

a.s. in C([0, T], H), which implies that A,, fot X,.m(s)ds is an a.s. convergent se-
quence in C ([0, T], H). Because

t t
/ X,,)m(s)ds—>/ X, (s)ds
0 0

as.in C([0,T],H), A, = A(m(m — A)") = AR,,, with the operators R,, uni-
formly bounded, and R,,(#) — u for u € H, we obtain that, a.s.,

' t
Rm</ Xn,m(s)ds>—>/ X,(s)ds foreacht.
0 0

The operator A is closed, and A(Ry (fy Xnm(s)ds)) = A (fy Xnm(s)ds) con-
verges; therefore, fot X,(s)ds € 2(A) and Am(fé Xpm(s)ds) — Afé X, (s)ds,
and, as we showed above, the convergence actually holds a.s. in C([0, T'], H). This
proves that the representation (3.96) is valid.

Using the tightness of the measures u, = £ (X,), we can assume, passing
to a subsequence if necessary, that X,, — X weakly for some process X(:) €
C ([0, T], H). Using the Skorokhod theorem and changing the underlying proba-
bility space, we can assume that X,, — X a.s. as C([0, T'], H)-valued random vari-
ables.

The process

t

t
M,,(t):Xn(t)—x—A/ Xn(s)ds—/ F,(s, X)) ds
0 0

t
Z/ By (s, Xu) dWj 3.97)
0

is a martingale with respect to the family of o-fields .%,(t) = o (X, (s), s <1t). Be-
cause the operator A is unbounded, we cannot justify direct passage to the limit with
n — 00 in (3.97), as we did in Theorem 3.12, but we follow an idea outlined in [11].
Consider the processes

Naa(t) = (A =AD" M, (1)

t
=A-AD""X,() —(A=2D"'x —(A— AI)*IA/ X, (s)ds
0

t
—/ (A—=AD7"'E, (s, X,) ds
0

with A > « (thus A is in the resolvent set of A). The martingale M,, is square inte-
grable, and so is the martingale N, ;. The quadratic variation process of N, j has



140 3 Stochastic Differential Equations

the form
t
(N1 e = / [(A =AD" By(s, X) Q2][(A = A1) B, (s, X,) @"/?]" ds.
0

We note that the operator (A — A1 )~1 A is bounded on Z(A) and can be extended
to a bounded operator on H. We denote this extension by A*.

Observe that we are now in a position to repeat the proof of Theorem 3.12
in the current situation (the assumption concerning a compact embedding J in
Theorem 3.12 is unnecessary if the sequence of measures is weakly convergent,
which now is the case, and we carry out the proof for C ([0, T], H)-valued pro-
cesses). The coefficients F2(s, x) = A*x(s) + (A — AI) "' F, (s, x) and B}(s,x) =
(A—AI)"'B,(s, x) satisfy assumptions (A1)—(A4), and the coefficients F*(s, x) =
A*x(s) + (A —AI)"1F(s,x) and B*(s,x) = (A — AI) " B(s, x) satisfy assump-
tions (A1)~(A3) with F and B} converging to F* and B*, respectively, uniformly
on compact subsets of C([0, T'], H).

Moreover, by inequality (3.94), we have the uniform integrability,

2
2E sup ||Mn(t)||§1 < 0.
0<t<T

E sup [NuaO} <~
Ogth " H_()\—Ol)

Thus we conclude, as in the proof of Theorem 3.12, that the process
YO =A-AD"'X()—(A=ArD)"'x
t t
—AA/ X (s)ds —/ (A=AD7'F(s, X)ds
0 0

is a square-integrable martingale on C([0, T'], H) with respect to the family of
o-fields #; = o (X(s),s <t), and its quadratic variation process has the form

t
(¥ = / [(A =D B, X) Q2] [(A - 2D~ B(s. X) Q2] " ds.
0

The representation theorem, Theorem 2.7, implies the existence of a Q-Wiener pro-
cess W, on a filtered probability space (2 x Q, F x F,{% x %}, P x P) such
that

t t
(A=2D7'X@) - (A —AI)—lx—A*/ X(s)ds —/ (A—=AD7'F(s, X)ds
0 0
t
=/ (A—=2D7'B(s, X)dW,.
0
Consequently,

t t t
X(t):x—l—(A—)LI)A)‘/ X(s)ds+/ F(s,X)ds—i—/ B(s, X)dW;,
0 0 0
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and because for u € Z(A*), (A — AI1)A)*(u) = A*(u), we obtain

t

MmJM=uwm+/

t
A <X(s),A*u>Hds+‘/(; (F(s,X),u)Hds

t
- f (. B(s, X)dWy),,.
0
It follows by Theorem 3.2 that the process X (¢) is a mild solution to (3.1). O

Exercise 3.16 Show that the operator (A — A1 )~ A is bounded on Z(A).

3.10 Mild Solutions to SSDEs Driven by Cylindrical Wiener
Process

We now present an existence and uniqueness result from [12], which later will be
useful in discussing an innovative method for studying invariant measures in the
case of a compact semigroup (see Sect. 7.4.3).

Let K and H be real separable Hilbert spaces, and Wt be a cylindrical Wiener
process in K defined on a complete filtered probability space (2, F, {%:}i<T, P)
with the filtration {%# };<r satisfying the usual conditions. We consider the follow-
ing SSDE on [0, T] in H, with an .#j-measurable initial condition &:

(3.98)

dX(t) = (AX(t) + F(X (1)) dt + B(X(t))dW,,
X(0) =¢.

Let the coefficients of (3.98) satisfy the following assumptions,

(DZ1) A is the infinitesimal generator of a strongly continuous semigroup {S(¢), t >
0} on H.
(DZ2) F: H — H is a mapping such that for some cp > 0,

IF |, <co(l+lIxllu), xe€H,
|F(x)— F(»|, <collx—yll, x,y€H.

(DZ3) B: H — Z(K, H) is such that for any k € K, the mapping x — B(x)k
is continuous from H to H and for any r > 0 and x € H, S(#)B(x) €
(K, H), and there exists a locally square-integrable mapping ¢ :
[0, 00) — [0, 00) such that

ISOBO| o k. 1y = # O+ lxllm) fort>0, x € H,

|S@)B(x) — S(t)B(y)”fz(K’H) <A @W)|x—ylg, fort>0,x,yecH.
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(DZ4) There exists o € (0, 1/2) such that
1
/ 1722 2(1) dit < 0.
0

We are interested here only in mild solutions and, taking into account the assumption
(DZ3), we have the following definition.

Definition 3.3 A stochastic process X (¢) defined on a filtered probability space
(Q, F,{%}i<T, P), adapted to the filtration {%;};<r, is a mild solution of (3.98)
if

T
P(f ||X(t)||Hdt<oo):1, (3.99)
0

T
P(fo (||F(X(t))HH+||S(t—s)B(X(t))”;z(K’H))dt<oo>:1, (3.100)

and forallt <T, P-as.,
t t
X(t):S(t)é—i—/ S(t—s)F(X(s))ds+f S(z—s)B(X(s))dWs. (3.101)
0 0

Recall from Sect. 3.3 that %Zzp denotes a Banach space of H-valued stochas-
tic processes X, measurable as mappings from ([0, T] x €, %4([0,T]) ® %) to
(H, #(H)), adapted to the filtration {.%; }; <7, and satisfying supy, <7 E||§(s)||§1‘" <
oo with the norm -

1

i
IXIl,; =( sup EIX0I37)”.
Ay

0<t<T

We will need the following lemmas.

Lemma 3.13 Let @ € Ay(K, H), p > 1, then

t - 2p
sup E‘/ D(s)dW;
0<t<T 0 H
I4 ! 2p 1/p i
<(p2p-D) (/O (Ele®) | 2k .m) ds) : (3.102)

Proof For p =1, the result is just the isometric property (2.32) of the stochastic
integral. For p > 1,let M (¢) = f(; @ (s) dW;, and we apply the Itd formula (2.61) to

||1l71 (1) ||ilp and, as in the proof of Lemma 3.1, obtain

EL6) 1 = pep = 1E( [ 19601 0w )
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Using the Holder inequality, we have

B[SO < pep=1) [ EL@]) " E]0 w2 )" d

s - (p=1)/p I/p
<p@2p- 1)/0 (Oiljgu E”M(U)“?) (E ||¢(”)”$2(K H)) du.

Consequently,

sup E|M@)|*”
0<t<T

T ~ (p—
<p2p - 1)/0 (sw Efio|7) """ (ENeO] Lk )"

0<s<t

-1/
<P(2P—1)< sup E”M(S)” )P P/O (E||¢(t)”$(l( H))l/pdt’

0<t<T
and (3.102) follows. O
Theorem 3.15 (a) Under conditions (DZ1)—~(DZ3), for an arbitrary Fy-measurable

initial condition & such that E & ||if < 00, p > 1, there exist a unique mild solution
to (3.98) and a constant C, independent of the initial condition &, such that

2p 2p
X1, <C(1+Elgly)- (3.103)

(b) If, in addition, condition (DZ4) holds, then the solution X (t) is continuous
P-a.s.

Proof For X € %ng, let

t t
i(x>(z)=5(r)§+/ S(t—s)F(X(s))ds+/ S(t —s)B(X(s))dW,
0 0
First let us show that

Hi(X)Hi%p <c(1+ ||X||i%p), (3.104)

where the constant C may depend on £. We have

lfol%, = sip 215012 Bl

t 2p
+ E</O NG s)F(X(s))HHds>
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2p

|

< C{E||s||i,”+ (1+ swp E|x0)[37)
0<t<T

! 2p i/p]"
sup | ). (E|st —)B(X®)| 2y k1))

0<t<T

t
+ EHf S(t —s)B(X(s))dVT/s
0

2p 2p
<C\E 1+ X]7°5
< { I3 + 1+ 1XI,

T P 2
([N eoa) (14 s elxoly)]
0 O<t=<T
< Ce(L+ X1, ).

where we have used Lemma 3.13 to find a bound on the norm of the stochastic
integral. Next, we compute

H/ot St =)(F(X() = F(Y()))ds

2p

+/0 St —5)(B(X () — B(Y(5))) dW,

< 22p71 (

t
+ H[ St —5)(B(X(5)) — B(Y(5))) dW;
0

H
2p

/t St —s)(F(X(s)) — F(Y(s)))ds

0

H

2p
)
t
522”_1<C1/ E||X(s)—Y(s)||i,”ds
0

t p
+ Cz(/ A1 —9)(E|X(s) — Y(s)Hi,”)””ds) )
0

Let L = 2%~ 'max{Cy, Co} and Ly = 2Li(1 + p Jif #2(t)dr). Let, as in the
proof of Theorem 3.5, B denote the Banach space obtained from 1:121, by modi-
fying its norm to an equivalent norm

1
X[l = ( sup e—szE||X(t)||;”)2”.
0<t<T
Then,
~ =2
|10 —T)[

t
< sup ewm(/o E|X(s) — Y ()|} ds

0<t<T
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(/ A2t — ) (E|X(s) =Y (s )Hzp)l/pd >p>

= sup e—szLl(f E||X(s)—Y(s)||2” Lase=Las gg
0<t<T

p
(/ A= B X6 - Yo ) P ds) )

1
< sup e_LZ’Ll(/ ( sup e_LZSE”X(s)—Y(s)”i]p)e]‘” ds
0

0<t<T 0<s<T

t P
+ (/ Jf/z(t—s)eLQS/P( sup (E—Lst||X(s)—Y(s)||§1”))l/pds> )
0

0<s<T

t t p
<Li|X Y[ sup e—th</ eLzst+(/ %z(t_s)em/pds) )
0<t<T 0 0
) L2t 1 t p
<uaix =11 o (ST (L) ([ eras))
0<t=T 0
1 —e LT s 1 —e-L2T\P .
SLI(L— </ H (S)dS> PP<L—2) )IIX—YII%

< CallX - Yl

with the constant Css < 1.

Hence, [ is a contraction on B, and it has a unique fixed point, which is the
solution to (3.98).

To prove (3.103), note that

t 2p

t
||i(0)||2;; = sup S(t)$+/ S(t—s)F(O)ds+/ S(t — 5)B(0) d W,
2 0<t<T 0 0

H
< Co(1+ 1E1%)

for a suitable constant Co.
Since the fixed point can be obtained as a limit, X = lim, o I"(0) in B, using
the equivalence of the norms in 7743 p and ‘B, we have

1Xll,5, < C1 <Z|\in+1(o) —1"(0)] o + Hi(O)ngép)

n=1

o
<G CylIO)]
n=0

c(1+1€137)

for suitable constants C, Ci, C».
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To prove part (b), the continuity of X (¢), it is enough to show that the stochastic
convolution with respect to a cylindrical Wiener process,

1
S*B(X)(t) :/ St —5)B(X (5)) d Wy,
0

has a continuous version. Similarly as in the proof of Lemma 3.3, let ﬁ <o < %

and define
N
Y(s) = f (s —0) ™" S(s —0)B(X (0)) dWo.
0
Using the stochastic Fubini Theorem 2.3 for a cylindrical Wiener process, we have

sinwo

t t
/ S(t—s)B(X(s))dWS: / (t—s)o‘flS(t—s)Y(s)ds.
0 0

T

Using the Holder inequality, we have

t 2P
sup /S(z—s)B(X(s))dWs
0<t<T 0 H
: t 2p
— sup Smm/ (t — )% 1S(t — )Y (s) ds
0<t<T T 0 H

T
c [ [rolas

However,

2p
ds
H

T T Ky
/ E||Y(s)||§j’ds=/ EH/ (s—a)*“S(s—a)B(X(a))dVT/J
0 0 0
T K ) 2 14
5c/0 E(/O (s—a)_“”S(s—o)B(X(G))ng(K’H)da) ds

T K p
§C/ <f (s—o)—z"vifz(s—o)(u||X(o)||2)do) ds
0 0
T K p
gc(1+||)(||2k%,’i2 )/ <f (s—a)_zaji/z(s—o)da) ds < 0o.
P~ Jo 0

Since the process Y (¢) has almost surely 2 p-integrable paths, Lemma 3.2 implies
that

S*B(X)(1) = sinro

Gy Y ()

has a continuous version. O
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We conclude with two important properties of the solutions to (3.98).

Proposition 3.3 The solution X¢ (1) of (3.98) as a function of the initial condition
£ is continuous as mapping from L*P(Q, H), p > 1, into itself, and there exists a
constant C such that for &, n € L*?(Q2, H),

E[X5@) — X077 < CENg —nll}. (3.105)

Proof Using assumptions (DZ2) and (DZ3), Lemma 3.13, and Exercise 3.7, we
calculate

t 2p
EIIX%)—X"(z)IIé”sc{E||s—n||i,”+E(/0 ||X5<s>—X”<s>||Hds)
' e ; ayi/p '
+ O(E(%/(t—s)HX ()= X" ,)7") " ds
2 ! 2
C{Eus—nlllj’w(/o HX§<s>—X”(S>||HdS)
Lo, : 2v1/p 5\,
+ A At —$)(E|X5(s) = X)) " ds
2 ! 2
<cfene oy + 2 ( [ 1x¥© - x70)] ya)
2 g N
([ o [ Exo oo s) ]
sc{Eus—nnierf E|X5(s) = X"(5)| ”ds}
0
Now an appeal to the Gronwall lemma concludes the proof. g

Proposition 3.4 The solution of (3.98) is a homogeneous Markov and Feller pro-
cess.

We omit the proof since it follows nearly word by word the proof of Theorem 3.6
and the discussion in the remainder of Sect. 3.5 with the o-field .7 "¢ being re-
placed by

)
%l

(U (Wy(f), sgz)u(;(g))
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Appendix: Compactness and Tightness of Measures
in C([0, T, .#)

In this book we are dealing with the space 2" = C([0, T, #), where (A, p_y) is
a complete separable metric space. For this case, we obtain analytic conditions for
the family of measures {u,} C Z(Z) to be tight.

The space 2~ with the usual supremum metric poo (¥, ) = SUpg<; <7 Pz (X () —
y(1)), X,y € 4, is itself a complete separable metric space. We denote by %(.2")
the o-field of subsets of 2~ generated by the open subsets of 2. The elements of
B(Z) will be referred to as Borel subsets of .2". The object is to study proba-
bility measures on the measurable space (2, #(Z")). We denote the class of all
probability measures on 2" by Z(Z"). We recall that a sequence of probability
measures {u,};° ; C Z(Z) converges weakly to u € Z(2") if for every bounded
continuous function f : 2" — R,

ff(x)ﬂn(dx)_)/ J (%) p(dx).
x x

The above convergence defines a metric p on Z (%) (Prokhorov’s metric), such
that (Z(Z"), p) is a complete separable metric space (see [4], Theorem 5, p. 238).
The concept of tightness is essential in verifying that a family of measures {u,} C
P (Z") possesses weak limit points.

Definition 3.4 A family of measures {u,},>, C £ (') is tight if for each & > 0,
there exists a compact set K, C 2" such that

un(KS) <€
for all n.

The following theorem is due to Prokhorov [65].

00
n=1

Theorem 3.16 A family of measures {u,
if and only if it is tight.

C (P (X)), p) is relatively compact

The modulus of continuity of a function x € C([0, T'], .#) is defined by

w(x,8) = sup pz(x(),x(s)). (3.106)

|t—s|<é

Lemma 3.14 (Compactness) A set A C C([0, T, .#) has a compact closure if and
only if the two following conditions are fulfilled:

(1) There exists a dense subset T’ C [0, T] such that for every t € T', the closure of
the set {x(t) : x € A} is a compact subset of M ,
(2) limg_, o+ sup, o4 w(x,8) =0.
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Proof The compactness of A implies condition (1) easily. Condition (2) follows
from the fact that the function w(x, §) is a continuous function of x, monotonically
decreasing to 0 as § — 0. By Dini’s theorem, w(x, §) converges to O uniformly on
a compact set A.

If conditions (1) and (2) hold, then let x,(¢) be a sequence of elements in A.
We form a sequence 11,1, ... from all elements of T’ and select a convergent
subsequence Xny, (11). From this subsequence we select a convergent subsequence
Xny, (2), etc. Using the diagonal method, we construct a subsequence x,, such that
Xn, (1) converges for every ¢ € T’. Denote the limit by y(z) and let yx(¢) = xp, ().
Then yi(t) — y(¢) pointwise on T’. For any ¢ > 0, let § be chosen, so that
Sup,ec4q w(x,8) < e/3. Let t1,...,ty be such that the length of each of the inter-
vals [0, 1], [t1, 2], ..., [tn, T] is less than §. Then

SUp_p.at (@), @) < sup p.z(ye(ti), yit:))

0<t< 1<i<N

+ sup (0. (k@) @) + o (@), y1(1))) <&
lt—1;]<8
for k, [ sufficiently large.
Hence, yy is a Cauchy sequence in the po, metric. Therefore, poo(yk, y) — 0. O

Theorem 3.17 (Tightness) A family P, of probability measures on C([0, T], #) is
tight if and only if the following two conditions are fulfilled,

(1) There exists a dense subset T' C [0, T such that for every t € T', the family of
measures P, o x(t)~" on . is tight,
(2) lims_,olimsup, P,(w(x,8) >¢e) =0 forall ¢ > 0.

Proof Conditions (1) and (2) follow easily from the tightness assumption and
Lemma 3.14. Conversely, let {#;}xez, be a countably dense set in [0, T']. For each
k, we can find a compact set Cy C .# and 8 > 0 such that sup, P, (x(t) ¢ Cy) <
5/2]‘+2 (by Prokhorov’s theorem) and, for some ny, SUpPy, >, Pn (w(x, ) > %) <
e/252 Let

K. = ( U (fx@o ¢ i} u {w(x, 80 > l/k})>c

k>ng

= () {x@w) e e} n{wix, &) < 1/k}.

k>ng

The set K, satisfies the assumptions of Lemma 3.14; therefore it has a compact
closure. Moreover,

o0
c . k+2 _ i —
ns;gP,,(Kg) < k;)z /2 &= nlgopn(Kg) >1—e. -



Chapter 4
Solutions by Variational Method

4.1 Introduction

The purpose of this chapter is to study both weak and strong solutions of nonlinear
stochastic partial differential equations, or SPDEs. The first work in this direction
was done by Viot [75]. Since then, Pardoux [62] and Krylov and Rozovskii [42]
studied strong solutions of nonlinear SPDEs. We will utilize the recent publication
by Prévot and Rockner [64] to study strong solutions.

In all these publications, the SPDEs are recast as evolution equations in a Gelfand
triplet,

Ve H V*,

where H is a real separable Hilbert space identified with its dual H*. The space
V is a Banach space embedded continuously and densely in H. Then for its dual
space V*, the embedding H <> V* is continuous and dense, and V* is necessarily
separable. The norms are denoted by || - ||y, and similarly for the spaces H and V*.
The duality on V x V* is denoted by (-, -), and it agrees with the scalar product in
H,ie., (v,h)=(v,h)gifhe H.

By using the method of compact embedding of Chap. 3, the ideas from [36], and
the stochastic analogue of Lion’s theorem from [42], we show the existence of a
weak solution X in the space C([0, T], H) N L*°([0,T], H) N Lz([O, Tl x Q,V)
such that

E( s [X0]3,) <oe. @1
1€[0,T]
under the assumption that the injection V < H is compact without using the as-
sumption of monotonicity. In the presence of monotone coefficients, as in [36], we
obtain a unique strong solution using pathwise uniqueness.

The approach in [64] is to consider monotone coefficients. Under weakened as-
sumptions on growth and without assuming compact embedding, using again the
stochastic analogue of Lion’s theorem, a unique strong solution is produced in
C([0,T], H) N L2([0, T x 2, V), which again satisfies (4.1). We will present this
method in Sect. 4.3.
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Now, let K be another real separable Hilbert space, Q € .Z](K) be a symmetric
nonnegative definite operator, and {W;,r > 0} be a K-valued Q-Wiener process
defined on a filtered probability space (2,.%, {%;}:>0, P).

Consider the variational SDE

dX(t)=A(t, X (1)) dt + B(t, X (1)) dW, (4.2)
with coefficients
A:[0,T]xV—V* and B:[0,T]xV — (Ko, H)
and H -valued .%(-measurable initial condition &j € L%(Q, H). Recall that
(B(t,v)Q'?)(B(t,v)Q'?)" € A(H).

Let us now define different notions of a solution to (4.2). Such solutions are often
called variational solutions.

Definition 4.1 An H-valued stochastic process X (¢) defined on a given filtered
probability space (2, F, {Z#:}i<T, P) is a strong solution of (4.2) if

T 2
(1) E/O |x @7 dr < oo,

) P(/OT”A(t,X(t))|

t
3) / B (s, X (s)) dWs is a square-integrable H-valued martingale,
0

V*dt<oo>=1,

t t
4) X(t) =& + / A(s, X(s))ds + / B(s, X(s)) dW; P-a.s.
0 0
The integrants A(z, X (¢)) and B(z, X (t)) are evaluated at a V -valued .%; -measurable
version of X (¢) in L2([0, T] x 2, V).
A weak solution of (4.2) is a system ((Q2, &, {%}i<r, P), W, X), where W, is
a K-valued Q-Wiener process with respect to the filtration {.%;};<r, X; is an H-
valued process adapted to .%; and satisfies conditions (1)—(3) above,

t

'
X(t):X(O)—i—[ A(s,X(s))ds+/ B(s,X(s))dWS, P-as.,
0 0

and P o (X(0))~! = Z(&).
Unlike in the case of a strong solution, the filtered probability space and the
Wiener process are part of a weak solution and are not given in advance.

4.2 Existence of Weak Solutions Under Compact Embedding

In this section we study the existence of weak solutions using mainly the techniques
in [36] and [22]. We assume that in the Gelfand triplet V < H < V*  V is a real
separable Hilbert space.
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Let the coefficients A and B satisfy the following joint continuity and growth
conditions:

(JO) (Joint Continuity) The mappings
(t,v) > A(t,v) e V* and (¢t,v)— B, v)QB*(t,v) e A (H) (4.3)

are continuous.
For some constant 6 > 0,
(G-A)

lAc [}, <6(1+IvlI}), veV. (4.4)

(G-B)
2
||B(t,v)||$2(KQ,H) <0(1+1vl%), veV. (4.5)
In addition, we will impose the following coercivity condition on A and B:

(C) There exist constants o > 0, , A € R such that forv e V,
2(A B 2 < Alv)2 2 4.6
(A0, 0) + | B0 gy gy S HIVIG =Vl +7. (46)

Finally, we will require that the initial condition of (4.2) satisfies

ac

E{16011% (in(3 + 1601%))) < co @)

for some constant cg. It will become clear that this property will be used to
ensure the uniform integrability of the squared norm of the approximate solu-
tions.

We will first consider a finite-dimensional SDE related to the infinite-dimensional
equation (4.2). Let {¢ j}‘j’-‘;l C V be a complete orthonormal system in H, and
{fx}2, be a complete orthonormal system in K. Define the map J, : R" — V

by

n
In () =Zx,¢,- =ueV
j=1

and the coefficients (a" (¢, x)); : [0, T] x R" — R”", (b"(t,x)); ; : [0,T] x R" —
R" x R", and (6" (t, x));,j : [0, T] x R" — R" x R" and the initial condition &; by

(@, %) ; =0j, A, Jox)), 1<j<n,
(bn(t,x))i,j =(Q'2B*(t, n)¢i. fi). 1<i.j<n, y
(O’n(t,x))l.’j = ( . )

(b"(t, ) (b" 1, x))T),.’j,
(

($6’)j &0, 9j)H-
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Note that

n

(0", ), ;=D (0" (1, )), (0" (1,0,

k=1

=Y (Q'2B*(t. )i, fi) (@2 B*(t, Jux) @), fi)g -

k=1

Lemma 4.1 The growth conditions (4.4) and (4.5) assumed for the coefficients A
and B imply the following growth conditions on a" and b":

la" @, ) |5 < 60 (1 + 1x1130), 4.9)

(0" (t, ) = te(b" (1, ) (b" (1, )) ") < O(1+ IIx[1)- (4.10)

The coercivity condition (4.6) implies that

2(a™(t, %), x)gn + (B (1, 2) (" (2, 2)) ")
< 2(Jpx, A, Jyx)) + te((B(t, Jux) QV2)(B(t, J,x) Q%))
< AMax 3 — all Juxlly + v (4.11)

In particular, for a large enough value of 9, the coercivity condition (4.6) implies
that

2(a" (¢, x), X)gn +tr(b”(t,x)(b"(t,x))T) <O(1+ Ixlka). (4.12)
The constant 6,, depends on n, but 0 does not.

The distribution uy of &) on R" satisfies

E{J1& |5 i3+ 8 1))} < co- 4.13)

Exercise 4.1 Prove Lemma 4.1. In addition, show that for k > n and x € R¥, the
following estimate holds true:

n

(@@, 0) ;) < 0u(1+ Ix130). 4.14)

j=1

We will need the following result, Theorem V.3.10 in [17], on the existence of a
weak solution. Consider the following finite-dimensional SDE,

dX(t)=a(r, X(1))dt +b(t, X (1)) d B}, (4.15)

with an R"-valued .%-measurable initial condition £;. Here B} is a standard Brow-
nian motion in R".
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Theorem 4.1 There exists a weak solution to (4.15) ifa : [0, 0] x R" — R" and b :
[0, 0] x R" — R" @ R" are continuous and satisfy the following growth conditions:

|6, 0| % ey < K (1+11x1130),

(4.16)
(x,a(t, ), < K(1+11x]1gn)

fort >0, x € R", and some constant K .

We will use the ideas developed in [70], Sect. 1.4, for proving the compactness of
probability measures on C ([0, 7], R"). The method was adapted to the specific case
involving linear growth and coercivity conditions in [36]. Our first step in proving
the existence result in the variational problem will be establishing the existence and
properties of finite-dimensional Galerkin approximations in the following lemma.

Lemma 4.2 Assume that the coefficients A and B of (4.2) satisfy the assumptions
of joint continuity (4.3), growth (4.4), (4.5), and coercivity (4.6) and that the initial
condition & satisfies (4.7). Let a”, b", and &) be defined as in (4.8), and B}’ be an
n-dimensional standard Brownian motion. Then the finite-dimensional equation

dX()=a"(t, X (1)) dt +b"(t, X (1)) d B} 4.17)

with the initial condition &§ has a weak solution X" (t) in C([0, T],R"). The laws
w" = P o (X")~! have the property that for any R > 0,

sup,u”{x e C([0,T1.R") :OSUPTHX(Z)”]R" = R}
n <i=<

<2c0eCOT /(1 4+ R?)(In(3+ R%))  (4.18)

and that

/ sup (1+ ||x(t)HR,l)lnln(3+ ||x(t)HR,l)M (dx)<C (4.19)
C([0,T1,R") 0<t<T

for some constant C.

Proof Since the coefficients @” and b”" satisfy conditions (4.9) and (4.10), we can
use Theorem 4.1 to construct a weak solution X" (¢) to (4.17) for every n. Let

£ =(1+ x12.) (In(3 + Ix[1%))°,  x eR”

Define for g € Cg (R™) the differential operator

n

(L)@ =Y 25 (e 0), ZZ

i=1

(x) o' (t, x))



156 4 Solutions by Variational Method

We leave as an exercise, see Exercise 4.2, to prove that

2 <CF (B + Ix13)) (4.20)

| £ )]
and that the coercivity condition (4.6) implies
LY f(x) <Cf(x). (4.21)

Using It6’s formula for the function f(x), we have

t
F(X" )= £(X"(0) + /O LT f(X"(s))ds + M, (4.22)

where M; is a local martingale. Define a stopping time

TR = inf{t : ||X"(t)|

ge >R} orT. (4.23)

Then M;x+, is a square-integrable martingale with the increasing process
INTR )
(M) = fo 67 (5. X7() £ (X7 9)) |2 ds

Rn))zds

2) F(X"()) (I3 + [ X" ()

INTR

§C9f (1+ ] x"s)]
0
INATR

=C6 / FAH(X"(s)) ds
0

SCQ( sup f(X”(s))) /OtMRf(X”(s))ds,

0<s<tATR

where we have applied (4.20).
Using Burkholder’s inequality, Theorem 3.28 in [38], we calculate

1/2
E( sup Mgl ) <4E (M)

0<s<t

1/2 INTR 1/2
54(C9)1/2E{(sup (X" A TR))) (fo f(X"(s))ds) }

0<s<t

12 ! 172
< E{( sup f(X"(s /\rR))> (16C9/ sup f(X”(r /\TR)) ds) }
0

0<s<t 0<r<s

1 t
SEE{<sup f(X"(s/\tR))>+<16C9/O sup f(X”(r/\rR))ds>}.

0<s<t 0<r<s

Then, by (4.21) and (4.22),

FX"(s A TR)) < F(XMO) +C / F(XM G A TR)) dr 4 Mapay.
0
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and hence,

t
E sup f(X"(s ATR)) <2c0+ (2C + 16C9)E/ sup f(X"(r ATg))ds.
0

0<s<t 0<r<s

By applying Gronwall’s lemma, we obtain the bound

E sup f(X" (s A 'CR)) < 2606(2C+16C9)T, 0<t<T.

0<s<t

Then

P<Osup X7 () g > R) < E( sup f(X"(s A tR))/f(R))

<s<t 0<s<t

< 200e@7T /(14 R?) (In(3 + R?))’,

proving (4.18). To prove (4.19), denote g(r) = (1 + r?)Inln(3 +r2), r > 0. Since g
is increasing, we have

| sup (14 50 [2,) ntn(3 + [0 |2,) (@)
C([0,T],R") 0<t<T

-/ sup_¢(]+(5)] ) 1" (@)
C([0,T],R") 0<t<T

:/ M"( sup g(Hx(s)‘
0 0<t<T

=1n1n3+f u”( sup [ x(s) | g >g‘1(p))dp
1 T

nln3 0<r<

&) >p)dp

o
51n1n3+/ 1 sup [x) g = r)g ) dr
0 0<t<T

o0 !
<1Inln3 4 2¢eC @7 / ¢ ) ir = oo,
0o (1+r3)(InB+r?2))?

with the very last inequality being left to prove for the reader in Exercise 4.3. [
Exercise 4.2 Prove (4.20) and (4.21).

Exercise 4.3 With the notation of Theorem 4.2, prove that

[ O
o (14+7r2)(In3+r2))? '

We will need the following lemma from [36] (see also Sect. 1.4 in [70]).
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Lemma 4.3 Consider the filtered probability space (C ([0, T]1,R"), B, {6;}o<i<T,
P), where % is the Borel o-field, and €, is the o-field generated by the cylin-
ders with bases over [0, t]. Let the coordinate process m; be a square-integrable
©;-martingale with quadratic variation {(m)); satisfying

(m); — (m)s = te((m), — (m)s) < Bz —s)

for some constant B and all 0 <s <t <T. Then for all ¢, n > 0, there exists § > 0,
depending possibly on B, €, n, and T, but not on n, such that

P( sup g —mylwn > £) <.
|[t—s]|<8

Proof Define the sequence of stopping times
10=0, tj=inf{t; | <s<T:|mg—me_ |lg0 >¢/4} org;=T, j=1.

Let N =inf{j:7; =T}and « =inf{r; —7; | : 0 < j < N}.Itis left as an exercise
to show that

[ sup IIMz—mslan>s}c{a<8}. (4.24)

|t—s|<é

Therefore, for any positive integer k,

P( sup llm—mllan = ) < Pl <5)
|t—s|<§

<P(rj—7tj_1 <6 forsome j <N, j<k)
+ P(tj—tj-1 <6 forsome j <N, j>k)
<P(rj —tj_1 <6 forsome j <k)+ P(N > k). (4.25)

Let from now on ¢, 1 > 0 be fixed but arbitrary.
First, for any stopping time 7, consider the sub-o -field of &

Co={AcB:AN{r<t)e%,, forall0<t<T) (4.26)

and a regular conditional probability distribution of P given %;, denoted by
PT(A, w). Since C([0,T],R") is a Polish space, a regular conditional probabil-
ity distribution exists (see [25], Vol. I, Chap. I, Theorem 3 and [70] Sect. 1.3 for a
specific construction). The important property of the measure P is that it preserves
the martingale property. Specifically, if m, is a ;-martingale with respect to the
measure P, then it also is a %;-martingale for > t(w) with respect to each condi-
tional distribution P (-, w), except possibly for w outside of a set E of P-measure
zero.

It follows that for ¢t > 0, the process m; — m;»; is a 6;-martingale with respect
to PT(-, w), except possibly for w € E. This is left to the reader to verify as an
exercise (see Exercise 4.5), and more general results can be found in Sects. 1.2
and 1.3 of [70].
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We are now going to find bounds for the probabilities in the last line of (4.25).
We have, P-a.s.,

P(tj—tjm1 <t|Fy; ) = PY(tj—tj_1 <t)

= PY( sup sy, — e, llen > 2/4)

0<s<t

=PU( sup =l > 2/4)

0<s<t+tj_)
64
= S E(Imese = mey Il F;)
64
= S_ZE((m>l+tf*1 - <m>‘[/‘,1 |§Tj)
64t
=g

where we have used properties of the regular conditional probability distribution in
the last two lines. Next, for ¢t > 0, P-a.s.,

E(e_(f-f_’-f—')lﬁzrjfl)

<P(tj—tj1 <t|Fy ) +e ' P(rj—tj1 2 1|.Fy_)

<e '+ (1—e")P(rj—1jo1 <t|Fy )

<e '+ (1—e)64pt/e? =n <1
for ¢ small enough. Hence,

EE| 5, ) = e R B0 |7, )
<Are Ul << A,

so that

P(N>k)=P(tx<T)<P(e % >e 1) <elak <n/2
for k large enough, depending on 7', X, and 7. Finally,

k
P(tj —tj—1 <dforsome j <k) < ZP(fj —1j-1 < ¢ for some j <k)
j=1

< k(64B58/%) <n/2

for 6 small enough, depending on k, 8, ¢, and 1. Combining the last two inequalities
proves the lemma. 0

Exercise 4.4 Prove (4.24).
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Exercise 4.5 Let (2, 7, {%:}o<:<T, P) be a filtered probability space, with 2 a
Polish space and .# its Borel o-field. Assume that M, is an R"-valued continuous
martingale and 7 is a stopping time.

Show that M; — M; . is an .%;-martingale with respect to the conditional prob-
ability P’ (-, w), except possibly for w in a set E of P-measure zero.

Hint: prove that

s Uterar . arte)
o (e ern)arie)

for 0<s <t <T and A € F;, B € %, and use the fact that % is countably
generated. Conclude that for s > t ('), outside possibly of a set Eg ; of P-measure
zero,

EPTCo (m, | 54}) =my; PY(w)-a.s.
Choose a dense countable subset D of [0, T]| and show that the family {||m;|r», t €

D} is uniformly integrable.

Now we will use the compact embedding argument, previously discussed
in Sect. 3.8.

Theorem 4.2 Let the coefficients A and B of (4.2) satisfy conditions (4.3), (4.4),
(4.5), and (4.6). Consider the family of measures ! on C([0, T1, V*) with support
in C([0, T1, H), defined by

wi(Y) =,u”{x eC(I0.TLR") : > xi(gi € Y}, Y CC([0,T], V¥),
i=l1

where u" are the measures constructed in Lemma 4.2. Assume that the embed-
ding H < V™ is compact. Then the family of measures {u}}7° | is tight on
C(0,T1, V™).

Proof We will use Theorem 3.17. Denote by Bc(o,71,1)(R) C C([0,T], H) the
closed ball of radius R centered at the origin. By the definition of measures u” and
Lemma 4.2, for any n > 0, we can choose R > 0 such that
> R}
H

R">R} <n.

> xiei

0<1<T |5

wi{ (Beqo.r.m(R) ) = " {x €C([0,T],R"): sup

=p'{xec(0.TLR"): sup |x(0)|
0<t<T
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Denote the closed ball of radius R centered at zero in H by By (R). Then its closure
in V*, denoted by By (R)v , is a compact subset of V*, and we have

Wrox() ' (Bu(R)' )=1-n, 0<t<T,

fulfilling the first condition for tightness in Theorem 3.17.

Again, using the compactness of By (R) in V*, for any ¢ > 0, we can find an
index ng > 1 such that

o
Y X9

Jj=no+1

<e/4 if x|y <R. 4.27)

V*

Since the embedding H < V* is continuous and linear, we have || x| y+ < Cllx| g
for x € H and some constant C, independent of 1 and R, so that

no

Z(XJ —Yj)ej

j=1

no

c Z(Xj —Y))e;

j=1

=<

v* H

Recall the modulus of continuity (3.106) and indicate the space, e.g., V*, in the
subscript in wyx(x, 8) if the V* norm is to be used. Then, with Bc(fo,71,r")(R)
denoting the closed ball with radius R centered at the origin in C ([0, 7], R") and
n>ng,

wifx e C([0,T1, V*): x € Beo,r,my(R) , wy=(x, 8) > &}

< M"Ix € Be(o, 11,8 (R) : wyx (Z(X( )) ®js ) > 8}

j=1

0<s,t<T Z((x(t))l - (X(S))j)(p]

ls—t|<s =1

no
=u" {x € Beqo,71,rm)(R) : sup
V*

+ sup Z ((x(t))j - (x(s))j)goj > s}
et 2
no

<u"ixe Bcqo, 11,k (R) : C sup Z((x(t))j — (x(s))/.)gaj +e/4 > 8}
0<s,t<T =1 H
|s— t\<8

no 1/2
=u"lxe Bco, 11, (R) . sup T(Z((x(t))j — (x(s>)j)2> > 35/(4C)}.
<s,1<

|s—t|<é Jj=1
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For the stopping time tg =inf{0 <t < T : x(¢t) ¢ Bcqo,71,r")(R)} or T, the
R"-valued martingale

INTR
mtR(x) =x({t ATR) —/0 a”(s,x(s)) ds

has the quadratic variation process given by

IATR
<<mR(x)>)t :/0 b" (s,x(s))(b” (s,x(s))Tds

with the function tr(b" (s, x(s))(b" (s, x(s))T) bounded on bounded subsets of R”
uniformly relative to the variable s, due to condition (4.10). Hence, for ¢t > s,

(m® (@), = {m" ), = w((m® @), — (m*@),) < BRt )
with the constant B(R) not depending on n. Now, by Lemma 4.3, we have
w'(x € C([0,T],R") : wgn (mR(x), §)>¢e/20)) <n (4.28)

for sufficiently small § independent of 7.
Let n > ng and supy<, <7 [[x () lr» < R. Using (4.14), we have

("Zo<<a"<nx<r>>>,.>2)l/2 (14 )

J=1

hence, for a sufficiently small constant §, we can write

no t 2\ 1/2
(Z(/S (a”(t,x(t)))j) ) <e¢/(4C) whenever |t —s| <34.

j=1

Also, whenever supy<,<7 [|x(#)|lrr < R,

t
my =x(t) — [0 a"(s,x(s)) ds = mtR.

‘We can continue our calculations as follows:

no 1/2
" {x € Beqo,71.rm)(R) : sup (Z((x(t))] — (x(s))j)z) > 38/(4C)}

0<s,t<T \ . _
lsmt]<s =1

< M"{X € Be(o,11,®7) (R) : wre (m”, 8)

+ Wgno <v/.a"(s,x(s)) ds, 8) > 38/(4C)}
0



4.2 Existence of Weak Solutions Under Compact Embedding 163

< W'{x € Bego. iz (R) : we (m",8) > 6/(20)}
< " {wge (mR, 8) >e/(20O)} <.

Summarizing, for any ¢, n > 0 and sufficiently small § > 0, there exists n such that
for n > ny,

wifx € C([0,T1, V¥): wy=(x,8) > ¢}

< uw{(Bcqo,ry.m)(R) } + ul{x € Beqo.ry, ) (R) - wy=(x,8) > g}
<2,

concluding the proof. O
We will now summarize the desired properties of the measures " and 7.

Corollary 4.1 Let X" (t) be solutions to (4.17), " be their laws in C([0, T], R"),
and .} be the measures induced in C([0, T, V*) as in Theorem 4.2. Then for some
constant C independent of n,

2) 1 dx) < C, (4.29)

| sup [0 Intn(3 + (o)
C([0,T1.R") 0<t<T

implying the uniform integrability of || X" ||]12{,,. The || - ||z norm of x(t) satisfies the
following properties:

| sup [x()]% (3 + [x()]%) )
C([0,T],V*) 0<t<T

=E( sup |5X" @[} (3 + [LX"0)]3)) <C. (4.30)
0<t<T
For a cluster point . of the tight sequence i},

/ sup [x ()3, res(dx) < C. @.31)
C([0,T],V*) 0<t<T

There exists a constant C such that for any R > 0,

el x e C10.71,V7): sup x|, > R} < /R, (4.32)
0<t<T
and also,
u*[x e C([0,T1,V*): sup [lx()llu < oo} =1. (4.33)
0<t<T

Finally, the || - ||y norm of x(t) satisfies

T
/ / |5 di ulidx) < € (4.34)
C(0,T1,Vv*) JO
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and

T
/C([O . V*)/O |x®)[}, dt pdx) < 0. (4.35)

Proof Property (4.29) is just (4.19) and inequality (4.30) is just a restatement
of (4.29)

To prove (4.31), assume, using the Skorokhod theorem, that J, X, — X a.s. in
C([0, T1, V*). We introduce the function oy : V* — R by

ap () =sup{(v,u), veV, |vlln < 1}.

Clearly g (u) = ||lu||g if u € H, and it is a lower semicontinuous function as a

supremum of continuous functions. For u € V* \ H, oy (1) = +0o (Exercise 4.6).

Thus, we can extend the norm || - || g to a lower semicontinuous function on V*.
By the Fatou lemma and (4.29),

f sup [x(1)|3, e(dx)
C([0,T],V*) 0<t<T

2
=E(0;g§Tux<r>||H)
n—oo

SEliminf( sup H-]an(t)”i])
0<t<T

§liminfE( sup HJnX"(t)Hi,)
0<t<T

n—>0o0
= liminf/ sup ||x(t) ||§1,uﬁ(dx) <C.
=0 Jc([0,T1,V*) 0<t<T

Property (4.32) follows from the Markov inequality, and (4.33) is a consequence
of (4.31). To prove (4.34), we apply the Itd formula and (4.11) to obtain that

t
EJ0,x" O, = EJ & |+ 2 [ 10" (5,X7). X0 s
t
L E / (b (5. X" (5)) (5" (5. X)) ") s
0
t
< EllJudoly + A/O E[[ 1, X" (5) | ds
! 2
— a/ E|1.X" ()|} ds +v.
0

Using the bound in (4.30), we conclude that

T
sup/ EHJ,lX”(t)H%/dt < 00.
n Jo
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Finally, we can extend the norm || - ||y to a lower semicontinuous function on V*
by introducing the lower semicontinuous function

ay(u) =sup{(v.u), veV, [vlv <1},

since ay (u) = |lu|ly if u € V and, foru € V*\ V, ay (u) = +00. Now (4.35) fol-
lows by the Fatou lemma. U

Exercise 4.6 Justify the statements about oy made in the proof of Corollary 4.1.

As we stated in the introduction, in order to identify the solution, weak or strong,
as a continuous H-valued process, we will need the following deep result, which is
a stochastic extension of a lemma of Lions. This result is included in [42], Theo-
rem 1.3.1, and a detailed proof is given in [64], Theorem 4.2.5.

Theorem 4.3 Let X (0) € L*(2, %o, P, H), and Y € L*([0,T] x Q,V*) and
ZeL*([0,T]1x K, (K g, H)) be both progressively measurable. Define the con-
tinuous V*-valued process

t

t
X(t):X(O)+/ Y(s)ds—i-/ Z(s)dWy, tel0,T].
0 0

If for its dt @ P-equivalence class )A(, we have X € L?>([0, T]1x Q, V), then X is an
H -valued continuous F-adapted process,

2
E(tes[lgPT]|}X(t) HH) <00 (4.36)

and the following It6 formula holds for the square of its H-norm P-a.s.:
2 2 e 2
X0 =1x@[ +/0 X, YO)+ 26 gk .1)) 45
t
+2/ (X(®). Z()dWy),. 1€[0,T] (4.37)
0

for any V -valued progressively measurable version X of X.

Remark 4.1 Note that the process

X =1, &) <o)X ®

serves as a V-valued progressively dt ® d P-measurable version of X.

We are now ready to formulate the existence theorem.
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Theorem 4.4 Let V < H <> V* be a Gelfand triplet of real separable Hilbert
spaces with compact inclusions. Let the coefficients A and B of (4.2) satisfy condi-
tions (4.3), (4.4), (4.5), and (4.6). Let the initial condition &y be an H -valued random
variable satisfying (4.7). Then (4.2) has a weak solution X (t) in C([0, T, H) such
that

E( sup [x()[},) <o (4.38)
0<t<T
and

T
E/ | x| dt < . (4.39)
0

Proof Let X" (¢) be solutions to (4.17), u" be their laws in C ([0, T], R"), and u”
be the measures induced in C([0, T], V*) as in Theorem 4.2, with a cluster point
W+« We need to show that 1. is the law of a weak solution to (4.2). Again, using the
Skorokhod theorem, assume that J, X" () and X (#) are processes with laws u! and
W+, respectively, with J, X" — X P-a.s. By (4.30) and (4.33)—(4.35), J, X" and X
are P-a.s. in C([0, T, V*)NL*([0, T1, H) N L%([0, T, V). Denote by {(pj}?il -
V a complete orthogonal system in V, which is an ONB in H. Note that such a
system always exists, see Exercise 4.7. Then, the vectors ¥; = ¢;/|l¢;|lv form an
ONB in V. For x € C([0, T], V*) N L*([0, T, H) N L%([0, T, V), consider

M;(x) =x(t) — x(0) — /l A(s,x(s)) ds.
0

Using (4.4) and (4.30), we have, for any v € V and some constant C,
/((v, A(s, x(s)))2 In 1n(3 + ||x(s) ||§1)) wi(dx)

= [(aGxo)

< [0+ [xo) ) ntn(3 + ) 5 ol )

Vel Inn(3 + x()][5)) ()

<Co|vlI} (4.40)

and, in a similar fashion, adding (4.31) to the argument,

/(v, A(s, x())) aldx) < CO 3. (4.41)

Properties (4.38) and (4.39) are just restatements of (4.31) and (4.35). By involv-
ing (4.41) we conclude that the continuous process (v, M;(-)) is ,-square inte-
grable. We will now show that for any v € V, s <, and any bounded function g on
C([0, T], V*) which is measurable with respect to the cylindrical o -field generated
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by the cylinders with bases over [0, 5],
f (v, My (x) — My(20))g5 (1)) ps(dx) = 0, (4.42)

i.e., that (v, M;(-)) € ///% (R) (continuous square-integrable real-valued martin-
gales). First, assume that g, is continuous and extend the result to the general case
by the monotone class theorem (functional form).

Letforve V,v" = ZTZI(U, V) vy ;. Then, as m — oo,

/ |gs () — ™, My (x))| s (dx) — 0
by uniform integrability, since |gs (x)|[| M, (x)|lv+]lv — v™ ||y — 0. Hence,
[1sc (o, m,0) - o.M, 0)
—gs () ((v"™, My (x)) — (v, My (x)))]| 12+ (dx) — O. (4.43)
EZ the choice of the vectors ¢; and ¥, we have, for x" (r) = (x| (1), ..., x,(t)) €

nAm

(", Jux" (1)) = <Zx,-(r)¢,~> =Y X0, 9.
j=1 j=1

For n > m, the process

t
<v’”, M,(Jnx”(~))) = (vm, Jnx”(t))H - (v’", x(O))H - /0 <vm, A(s, J,,x"(s)))ds

i(v’", wJ-)H{ ("(®); = (x©@); = fo t(a"(s,x"(s)))j ds}

Jj=1

is a martingale relative to the measure . Hence, the above and the uniform inte-
grability of (M;(J,X"), v) (that follows from (4.30) and (4.40)) imply that

/ (85", My (x) — My (x))) s (dx)
= E(gs O™, M;(X) — Ms(X)))
= Jim_ E(go(X") 0", M; (4, X") = M, (4, X"))

= lim [ (gs(Jux") (", M;(Jux") — M (Jux"))) " (dx") =0.

n—oo

The above conclusion, together with (4.43), ensures (4.42). Next, we find the in-
creasing process for the martingale (v, M;(x)). We begin with some estimates. For
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x,v eV, we have

(v, (B(5,x(5)) 0'2) (B(s,x()) 0"/2) "v) = I3 B, ) | gy 1

Hence,
f (v, (B(s.x() @) (B(s. x() 0"/?) v} ()
< ||v||%,/9(1+||x||%,)u:(dx>
<01 +O0)vl% (4.44)
by (4.30), and by (4.31)

f(v, (B(s,x(s))Ql/z)(B(s,x(s))Ql/z)*v>,u*(dx) <0(1+O)|vl3.

As a consequence, we obtain that

Ws[«”m’ (B, x(0) ') (B (u, x () Q') v™)

— (v, (B(u, x(u)) Ql/z) (B(u, x(u)) Ql/z)*v))gs(x) du i (dx)

< 2‘sup(gs(x))‘T9(l +Ov" = v, lvla <e/2 (4.45)
X
for m sufficiently large. Next, observe that
[ (@ M = (0.3, )220 )

=

1/2 1/2
sup(gs (x)) ‘ (/(v’” — v, M (x))’ M*(dx)) (/(v’” + o, M () M*(dx))
<e/2, (4.46)

since by (4.31) and (4.41) the integrals above are bounded by D|v™ — v||%, and

DJ|v™ + v||%,, respectively, for some constant D.
By the uniform integrability of (v, M;(J, X ”))2 (ensured by (4.30) and (4.40)),
we have

f ((v™, M, (x)>2 — (v, My (x))z) 25 (X) 14 (dx)
= E(([o", M, CO) = (", M; (X)) g5 (X))

= lim E(((v", M, (JuX"))* = (v, My (5, X")) g5 (Ju X"))

n—oo
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m t 2
=nli)rro10E<{Z(X”(t)—§6'—/o a”(u,x"(u))du>_<v,¢j>H} gS(JnX"))
J

j=1

m s 2
_nli{lgoE({Z(Xn(s) /0 an(u,Xn(u))du) .<U7(pj)H} gs(Jan)>
J

J

= lim E( (Z b” u, X"(u) b"(u X"(u))) ) .(v,(pj)%{gs(.]nX"))du>

n—oo
j=1

:nlLrI;OE</ (ZZ u, J, X”(u))Ql/z) goj,fk> (v, 9j) Hgé(J X" ))du)

Here, we have used the fact that the martingale
t t
X"(t) - &) — / a” (s, X"(s)) ds = / b"(s, X”(s)) dB!
0 0

has an increasing process given by fot tr(b(s, X" () (b(s, X" (s))T) ds.

By using the positive and negative parts of gy(x) separately, we can assume,
without any loss of generality, that g;(x) > 0 in the following argument. Consider
the last expectation above. It is dominated by

(/ (ZZ " J,,xn@,))gwm,-,fk>§(<v,¢,->i,gsunxﬂ>)du)

j=1k=1

- (/ (ZH (1 Jn X" @) Q‘/Z)*cpj||?<<v»¢j>%{gs(an"))du)
j=1

Ms

- (/ ( (s T X" @) Q) (B (u, Jn X" ) 0% 0}, 0}),,
j=1

<v’¢j>%{gs(fnxn)> du)
— E<K’(<(B(u Jan(u))Ql/z)(B(u’ Jan(u))Ql/Z)*vm’ vm>Hgs(Jan))du)
= ([ (B X @) Q) (B X0) Q') ", 1)) )

t
= [ (B3 @) @) (Bu @) 02)" 0" 7)) du ),
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using the weak convergence and uniform integrability of the integrand ensured
by (4.5) and (4.31). Hence,

ggoE</ (ZZ (4, ] X" @) Q) 0, felig (v, ¢j>%gs(JnX”)> du)

j=1k=1
// u x(u) 1/2)(B(u,x(u))Ql/z)*vm,vm)HgS(x))a’u/JL*(dx).

To show the opposite inequality, note that if n > r, then

fmint > S (B, X7 @) 0 g5 i 0.0, (7)

j=lk=1

=33 liminf((B(w, Ju X" ) Q') 0, fily (v, 085 (4 X")

j=lk=1
ZZ (1. TnXn ) 0"2) ;. fi i (0. 0V h185(X)

- ((B(u’ X ) Q") (B(u, X ) Q') v™, v™), g4(X),

and an application of the Fatou lemma gives the equality

f (0", M) = (o™, My (0))) g5 () pes(d)

// u x(u) 1/2)(B(u, x(u))Ql/z)*vm, vm)HgS(x)) du py(dx).
(4.47)
Summarizing, calculations in (4.45), (4.46), and (4.47) prove that for v € V, the
process (v, M;(x)) is a square-integrable continuous martingale with the increasing
process given by

t
f<(B(u,x(u))Q1/2)(B(u,x(u))Ql/Z)*v,v)du_
0
Let {g[f}k}?ozl be the dual orthonormal basis in V* defined by the duality

(u, Vf?)y* =(Yj,u), ueV™
Since by (4.4)

%,* < C(l + sup ||x(t)||§{>,
0<t<T

the martingale M;(x) € ///%(V*), i.e., it iS a continuous p.-square-integrable
V*-valued martingale.
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Denote M,j (x) = (M;(x), 1//;?)‘/*. Using (2.5) and the property of the dual basis,
its increasing process is given by

(M), @), v}y = D (M @), MA@, (W5 )y v)y

J

(M7 (x), M* (), (rj u) (Y, v) u v e V.

L '@Me

~
—

Since

M] OMF () = (., My (o)), My (),

we can write
(M @), ME @), = (v, M), (Y. M),
=/0 ((B(s. x()) @"/*)(B(s, x()) Q%) ;. i) ds.

Define, forany 0 <t < T,amap ®(s) : K — V* by

e ¢]

@ (s)(k) = Z (5. X)) Q') Wi, fu) Wi, keKk.

Then

e8]

O*(s) () =Y (¥j, u)(B(s. X () Q") yj, ueV*,
j=1

and we have, for u, v € V*,

t
/O (@()@*(s)u, v}, ds

((B(s. X () Q2" v, (B(s, X () Q"?) " Ye) o (Wj, ) (Y, v) ds

((B(s, X())Q"*)(B (5. X () Q") v, v} (Wj, u) (W, v) ds

TTMg ‘TjM%%

(((M<X>>t<u>’ )y

giving that

t
((M(X)))tzfo D (5)DP*(s)ds.
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Note that @ (s) € (K, V*), since

_ (v Bl X@)Q 0" fu):.

1

v =

S fullt
m=1

<w,, (5, X()) 02 frn)’

IA

Il
12 %Mg '?.Mg

(o). B(s. X() 0" ful},

1

3

2

3

ZHB(s X)) 0" ful

= |B(s. X(S))”,s,ﬂz(KQ,H) <00

where we have used the assumption on the duality on Gelfand triplet and the fact that
Y =¢;/llejlly with the denominator greater than or equal to one. Consequently,
the growth condition (4.5), together with (4.38), implies that

T
E[ 100 sy

Using the cylindrical version of the martingale representation theorem, Corol-
lary 2.2, we can write

t
M, (X) =/ & (s)dW;.
0

Define
o0
Z W, (0" fu)

By Exercise 2.4, W; is a K-valued Q-Wiener process. Using Lemma 2.8, we calcu-
late

t
X)) —& — fo A(s, X(s)) ds = M (X)

t
=/ & (s)dW,
0

o0 t -
=mZ:1f0 (D(5) fon) AWs(fm)
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t

> vy, B(s. X()) Q" fun)¥} dWe(fin)

Il
WK
S~

3
I
—-
~
I
-

(W, B(s. X)) fin)y¥s dWs(Q'2 fin)

3
Il
-
~
I
<N

I I
S— ilM2
M2 s—

WK

B(s. X(9)) fu dW5(Q" f)

t
=f B(s, X (s)) dW;.
0

We are now in a position to apply Theorem 4.3 to X (¢), Y (t) = A(¢, X(¢)), and
Z(t) = B(t, X (1)) to obtain that X € C([0, T'], H), completing the proof. Il

Exercise 4.7 Show that under the assumption of compact embedding in the Gelfand
triplet, there exists a vector system {¢ j}‘;"zl C V which is a complete orthogonal
system in V and an ONB in H.

Hint: show that the canonical isomorphism I : V* — V takes a unit ball in V* to
a subset of the unit ball in V, which is relatively compact in H. For the eigenvectors

hy, of I, we have
<h111 hm>H = (hnvhm) = (hnv Ihm)V :)\m<hna hm>V

We now address the problem of the existence and uniqueness of a strong solution
using a version of the Yamada and Watanabe result in infinite dimensions. Recall
the notion of pathwise uniqueness.

Definition 4.2 If for any two H-valued weak solutions (X1, W) and (X3, W)
of (4.2) defined on the same filtered probability space (2, %, {%:}o<i<7, P) with
the same Q-Wiener process W and such that X1(0) = X»(0) P-a.s., we have that

P(X1()=X»(1), 0<t<T)=1,
then we say that (4.2) has the pathwise uniqueness property.

We introduce here the weak monotonicity condition

(WM) There exists 0 € R such that forallu,ve V,t €0, T],

2
2u — v, At.u) = A )+ [ BG.uw) = BO. )| g .y < Olle = vl
(4.48)
The weak monotonicity is crucial in proving the uniqueness of weak and strong

solutions. In addition, it allows one to construct strong solutions in the absence of
the compact embedding V — H.
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Theorem 4.5 Let the conditions of Theorem 4.4 hold and assume the weak mono-
tonicity condition (4.48). Then the solution to (4.2) is pathwise unique.

Proof Let X1, X, be two weak solutions as in Definition 4.2, Y (t) = X (1) = X (1),
and denote a V-valued progressively measurable version of the latter by Y. Apply-
ing the It6 formula and the monotonicity condition (4.48) yields

t
Yol =6 [ ol ds

t
+/O e (2(Y (5), A(s, X1(5)) — A(s, X2(9)))
B (s X19)) = B(s, X20) gy k1)) 45

t
2 [ (B X16)) = Bls. Xa(9) W,
0
S Mls

where M, is a real-valued continuous local martingale represented by the stochastic
integral above. The inequality above also shows that M; > 0. Hence, by the Doob
maximal inequality, M, = 0. d

As a consequence of an infinite-dimensional version of the result of Yamada and
Watanabe [67], we have the following corollary.

Corollary 4.2 Under the conditions of Theorem 4.5, (4.2) has a unique strong so-
lution.

4.3 Strong Variational Solutions

We will now study the existence and uniqueness problem for strong solutions.
A monotonicity condition will be imposed on the coefficients of the SDE (4.2),
and the compactness of embeddings V < H < V* will be dropped. We empha-
size that the monotonicity condition will allow us to construct approximate strong
solutions using projections of a single Q-Wiener process, as opposed to construct-
ing finite-dimensional weak solutions in possibly different probability spaces. In the
presence of monotonicity, we can weaken other assumptions on the coefficients of
the variational SDE. A reader interested in exploring this topic in more depth is
referred to a detailed presentation in [64], where the authors reduce the conditions
even slightly further.

We assume that in the Gelfand triplet V < H < V*, V is a real separable
Hilbert space.
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The joint continuity assumption is replaced by the spatial continuity:

(SC) For any t € [0, T'], the mappings

Vov— A(t,v) e V* and
(4.49)
V3v— (B(t,v)0"?)(B(t,v)0"?)" e 1 (H)

are continuous.
We now assume that the coefficient A satisfies the following growth condition:
(G-A’)

A 3. <01+ 1vl}). veV. (4.50)

The coercivity condition (4.6) remains in force, and, in addition, we assume the
weak monotonicity condition (4.48).

Exercise 4.8 The coefficient B satisfies the following growth condition:
2
| B, v)ng(KQ,H) <Mullg +6'(1+1vl}), veV, reR, 6 >0.

We will rely on the following finite-dimensional result for an SDE (4.15) with
the initial condition &j. Its more refined version is stated as Theorem 3.1.1 in [64].

Theorem 4.6 Assume that a : [0,00] x R" — R", b : [0, o0] x R" — R" QR", and
a(t,x), b(t, x) are continuous in x € R" for each fixed value of t > 0. Let

T
f sup (||a(t,x)|
0

lxllgn <R

re T ||b(t,x)||2) dt < o0,

where ||b(t, x)||* = tr(b(t, x)bT (¢, x)). Assume that for all t > 0 and R > 0, on the
set {|[x|lgm < R, |lyllrn < R}, we have

2, at, ) + |6, 0> <61+ I1x13)
and

2(x — y.a(t,x) —alt, ) + | b, x) = b(t, )|* < 0llx — yl3.

Let E”gOHR” < Q.
Then there exists a unique strong solution X (t) to (4.15) such that for some
constant C,

E(|X(0)]3) < C(1+ Elléoli).

Here is the variational existence and uniqueness theorem for strong solutions.
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Theorem 4.7 Let V < H <> V* be a Gelfand triplet of real separable Hilbert
spaces, and let the coefficients A and B of (4.2) satisfy conditions (4.49), (4.50),
(4.6), and (4.48). Let the initial condition &y be an H-valued Fy-measurable ran-
dom variable satisfying E||€0||%1 < ¢ for some constant co. Then (4.2) has a unique
strong solution X (t) in C ([0, T], H) such that

2
E X 4.51
(OE?ET“ O}) <00 (4.51)
and
T 2
E / |X @3 dt < oo. (4.52)
0

Proof Let {¢;}7°, be an orthonormal basis in H obtained by the Gramm-Schmidt
orthonormalization process from a dense linearly independent subset of V. Define
P,:V*— H, CV by

n

Pau=> pi,u)pi, ueV*.

i=1

By the assumption of the Gelfand triplet, P, is the orthogonal projection of H
onto H,. Also, let

n
2
w =3 Pwi o) f;

i=1
as in (2.3). Consider the following SDE on H,;:
dX"(t) = P,,A(t, X" (t)) dt+ P,B (t, X" (t)) awy (4.53)

with the initial condition X" (0) = P,&p and identify it with the SDE (4.15) in
R”". It is a simple exercise to show that the conditions of Theorem 4.6 hold (Ex-
ercise 4.9); hence, we have a unique strong finite-dimensional solution X" (¢) € H,,.
We will now show its boundedness in the proper L? spaces. Identifying X" (r) with
an R"-valued process and applying the finite-dimensional 1t6 formula yield

x 0l =[x o + [ e, a6.x70)
+ [ B (s, X" ) Pal 2y gy d5 + M),
where
M (1) = /Ot 2(X" (), PaB(s. X" (s))dW]'),

is a local martingale, and P, denotes the orthogonal projection on span{ f1, ..., fi}
CK.
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Leto;,l=1,2,..., be stopping times localizing M", and n; = inf{r : || X" ()| g
> [}. Then 7; = o7 A n; localizes M", 1; — 0o, and we can apply expectations as
follows:

t
E(x" nm ) = E(X" O + [ E(am2(x"6). PaG. x")

+ H P"B(s’ Xn(s)) Py Hf%Z(KQ,H)) ds.
Integration by parts and coercivity (4.6) yield

E@|x"a amly) — E(1X"O]3)

- /Ot E(—re ™| X"(s A7) |7,) ds
+/Ote_“E(l[O,n](S)Z(X"(S)’ PuA(s, X"()))
+ [ PaB (s X" ) P 1)) d

- /0 CE(ae M X" A L) ds
+ [ EGe ) ds

t
— fo E(10,q1()ae ™ | X" ()|} ds + y T. (4.54)

Rearranging and applying the Fatou lemma as [ — co, we obtain
t
Ee 0l - E(x Ol + [ e |x o]} as<c.

Hence, X" is bounded in L2([0,7] x €2,V) and in L2([0,T] x 2, H). Us-
ing (4.6), we also have the boundedness of A(-, X" (-)) in L?([0,T] x ,V*) =
(L2([0, T1 x €, V))*. In addition, by Exercise 4.8, P,B(-, X"(-)) is bounded in
L0, T]1 x Q, %4 (K 0, H)). Therefore, by using the Alaoglu theorem and passing
to a subsequence if necessary, we can assume that there exist X, Y, and Z such that

X" — X weakly in L*([0, T1 x , V), and weakly in L*([0, T] x 2, H),
P,A(-, X"(-)) — Y weakly in L2([0, T] x @, V*), (4.55)
P,B(-, X"(-)) = Z weakly in L*([0, T] x Q, % (Ko, H)).

Also P, B(:, X"(-))f’n — Z weakly in L2([O, T xR, %(Kg, H)) and

t t
/P,,B(s,X”(s))ﬁ,,dWszf P,B(s, X"(s)) dW/",
0 0
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we can claim that
t t
/ PnB(s,X"(s))dWS"—>/ Z(s)dW;
0 0

weakly in Lz([O, T1 x 2, H), the reason being that the stochastic integral is a con-
tinuous transformation from A>(Kg, H) to L?([0,T] x Q, H), and so it is also
continuous with respect to weak topologies in those spaces (see Exercise 4.10).

For any v € Un>1 H, and g € L2([0, T] x €2, R), using the assumption on the
duality, we obtain

T
E{/ (g0, X(t))dt}
0

T
lim E (/ (g, X”(t))dt)
n—oo 0

T
= lim E{/ ((g(t)v,X”(O))+fl(g(t)v, P A(s, X"(s)))ds
0 0

n—oo

t
+<f P,,B(s,X”(s))dW?,g(r)v> )}dt
0 H

T T T
= lim E{(v,X"(O))H/ g(t)dt+/ </ g(®vdt, P,,A(s,X”(s))>ds
n—00 0 0 s

T pt
—I—/ </ PnB(s,X”(s))dWS",g(t)v> }dt
o \Jo H

T t t
=E{/ <g(t)v,X(0)~|—/ Y(s)ds+/ Z(s)dWS>dt}.
0 0 0

Therefore,
t t
X(t)=X(O)+/ Y(s)ds+/ Z(s)dW;, dtQ®dP-ae.,
0 0

and applying Theorem 4.3, we conclude that X is a continuous H-valued process
with

E( sup [x0]}) <oo.
0<t<T

We now verify that Y () = A(¢, X (¢)) and Z(¢t) = B(t, X(¢)),dt ® dP-a.e. For a
nonnegative function ¥ € L*°([0, T'], R), we have

T
E/O (WX @®), X" 1)), dt

< [ (VIOIx0l,)(olxl,)
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T ) 1/2 T 5 1/2
S(E/(; w(t)”X(t)”Hdt) (E/O w(t)”X”(t)”Hdt) )

Hence, by the weak convergence of X" to X,
T 5 T
Ef v X0y, dt = nl_i)ngoEf (vOX @), X"(1)), dt

1/2 172
(/w(t)HX(t)”Hdt) hmmf( f w(t)”X”(t)HHdt> <00,
giving
T 2 T 2
E/ w(t)“X(t)”HdtfliminfE/ Y (@) X" 0|3 dr. (4.56)
O n—oo 0

Let ¢ € L%([0, T] x 2, V). Revisiting the calculations in (4.54), with the constant ¢
in the weak monotonicity condition (4.48), replacing A, and taking the limit as
| — oo yield

E|x"o]5) - E(|x"©O]7)

t i
= [ X O+ 1Rl X6 )
t
+ / eV E(2(X"(s), PaA(s, X"(5)))) ds
0
1
< [ el O, + 186X 0) arn) s
t
+/ “SE(2(X"(5), PaA(s, X" (5)))) ds

e E(=c| X"(5) = @[ + [ Bls. X"(5)) = B(s. 6| 0.1

h

+2(X"(s) — @ (5), PuA(s, X" (5)) — A(s, ¢(5)))) ds

+

fo B (e )] —2e(X" ), 4 (5))

+2(B(s. X"(9)). B(s.0©))) sy — B0 [ 2y k011
+2(X" (), A(s, ¢ (5))) + 2(d (5), PaA(s, X"(5)) — A(s, ¢ (5)))) ds

Since by (4.48) the first of the last two integrals is negative, by letting n — 00, using
the weak convergence (4.55) in L?, and applying (4.56), we conclude that for any
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function v as above,
T 2 2
| e X0l - X0 d

T t
S/O (W(t)fo (€ CE(c|o®)]> — 26X (), d(s)),,
+2<Z(s)7 B(Sv‘f’(s)))gz(KQ,H) - ”B(Sv‘f’(s))||fsfz(1<g,f1)
+2(X(5), A(s, $(5))) +2(p (). Y (5) — A(s, ¢(5)))) ds) di. (4.57)

Recall the Itd formula (4.37). With stopping times 7; localizing the local martingale
represented by the stochastic integral, we have

E(Ix@nmly) - E(1XO]3)

t
:/0 E(1j0,51()(2(X (), Y (5)) + ||Z(s)||c_2%(KQ’H>))ds.

Since, by (4.36) and by the square integrability of ¥ and Z, we can pass to the limit
using the Lebesgue DCT, the above equality yields

E(Jxml;) - E(1XO]3)
= [ QR YO+ 1260 ) (4.58)
Applying integration by parts, we get
EC [ x0];) - E(IXO]})
- /Ol e EQRX@, Y 0)+ 1Z26) iy iy — e IX @3 ds. (459

We now substitute the expression for the left-hand side of (4.59) into the left-hand
side of (4.57) and arrive at

T t _
/0 E(lp(t)/o e (2(X(s) — (), Y(s) — A(s, (5))) (4.60)
+[[B(s.4) = 20| 2, g1y — €[ X ® —¢>(s)|\i,)ds) dr <0. (4.61)

Substituting ¢ = X gives that Z = B(-, X). Now let ¢ = X — epv withe >0, ¢ €
L*°([0,T] x 2,R), and v € V. Let us divide (4.60) by & and pass to the limit as
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& — 0 using the Lebesgue DCT. Utilizing (4.49) and (4.48), we obtain that

T t
/ E<w(z)/ e—”q%(s)(v,Y(s)—A(s,X(s)))ds> dt <0.
0 0

This proves that Y = A(-, X) due to the choice of Y and ¢~>
The argument used in the proof of Theorem 4.5 can now be applied to show the
uniqueness of the solution. g

Exercise 4.9 Show that the coefficients of (4.53) identified with the coefficients
of (4.15) satisfy the conditions of Theorem 4.6.

Exercise 4.10 Show that if 7 : X — Y is a continuous linear operator between
Banach spaces X and Y, then T is also continuous with respect to weak topologies
onXandY.

Exercise 4.11 Let X and Y be two solutions to (4.2). Using (4.58), show that under
the conditions of Theorem 4.5 or Theorem 4.7,

E|X)— Y| <e“E[|X©0) —Y©)|;, 0<i<T.

Note that this implies the uniqueness of the solution, providing an alternative argu-
ment to the one used in text.

4.4 Markov and Strong Markov Properties

Similarly as in Sect. 3.4, we now consider strong solutions to (4.2) on the interval
[s, T']. The process W, = Wity — Wy is a Q-Wiener process with respect to Fy =
F14s, t >0, and its increments on [0, T — s] are identical with the increments of
W, on [s, T]. Consider (4.2) with W, replacing W, and .%, = .%, replacing .Z.
By Theorem 4.7, there exists a unique strong solution X (¢) of (4.2), so that for any
0 <s < T and an .%;-measurable random variable &, there exists a unique process
X (-, s, &) such that

t t
X(t,s,6)=&+ / A(r, X(r,s, é)) dr + / B(r, X(r,s, S))dWr. (4.62)
s N
As before, for a real bounded measurable function ¢ on H and x € H,

(Ps19)(x) = E(p(X (1, 55 1)), (4.63)

and this definition can be extended to functions ¢ such that p(X(t,s;x)) €
LI(Q, R) for arbitrary s < t. As usual, for a random variable 7,

(Psi@)(m) = E(¢(X (¢, 5:0))|,_, -
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The Markov property (3.52) (and consequently (3.57)) of the solution now follows
almost word by word by the arguments used in the proof of Theorem 3.6 and by
Exercise 4.11. A proof given in [64] employs similar ideas.

Theorem 4.8 The unique strong solution to (4.2) obtained in Theorem 4.7 is a
Markov process.

Remark 4.2 In the case where the coefficients A and B are independent of ¢ and
withx € H,

t+s t+s
X(t—l—s,t;x):x—i—/ A(X(u,t;x))du+/ B(X(u,t,x))qu
t t

N

s
:x+/ A(X(t+u,t;x))du+/ B(X(t+u,t,x))dW,,
0 0

where W, = W44 — W;. Repeating the arguments in Sect. 3.4, we argue that
{X(t+s,t;x),s 20} 4 {X(s,O;x),s ZO},
i.e., the solution is a homogeneous Markov process with

Ps,t((p) = PO,t—s (p), 0<s<t,

for all bounded measurable functions ¢ on H.
As before, we denote

PtZP()’t.

Due to the continuity of the solution with respect to the initial condition, P; is a
Feller semigroup, and X (¢) is a Feller process.

In Sect. 7.5 we will need the strong Markov property for strong variational solu-
tions. We prove this in the next theorem. Consider the following variational SDE:

dX()= A(X(t)) dt + B(X(t))th (4.64)
with the coefficients
A:V—>V* and B:V— %(Kg, H)
and an H -valued .%(-measurable initial condition & € LZ(Q, H).

Definition 4.3 Let v be a stopping time with respect to a filtration {-%#;};>0 (an
F-stopping time for short). We define

Fe=c{Ae F: An{r <t} e F, t>0}.
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Exercise 4.12 Show that #Y = o {Wa;, s > 0} and that #X = o {Xr7, s > 0}
for a strong solution to (4.2).

Exercise 4.13 Let X () be a progressively measurable process with respect
to filtration {.#;};>0, and 7 be an .%;-stopping time. Show that X;l{;.oc} is
F.-measurable.

Definition 4.4 A solution X (¢) of (4.64) in C ([0, T], H) is called a strong Markov
process if it satisfies the following strong Markov property:

E(p(X(x +5;8)|FY5) = (Py) (X (1;6)) P-as.on{t < o0}, (4.65)

for any real-valued function ¢ such that @(X(1;&)) € L'(Q,R) and an

ﬁ,w’g—stopping time t.

Theorem 4.9 Under the assumptions of Theorem 4.7, the unique strong solution
X(t) of (4.64)in C([0,T], H) is a strong Markov process.

Proof By the monotone class theorem (functional form) we only need to show that

for any bounded continuous function ¢ : H — R and A € ffw’g,
E(p(X (T +5:6)1anr<c0)) = E((Ps@) (X (1 §)) Lan(r<oc))- (4.66)

If 7 takes finitely many values, then A € Fnax(r(w)}> and (4.66) is a consequence of
Theorem 4.8.
Let 7, be a sequence of ytw’é—stopping times, each taking finitely many values,

and 7, | T on T < oo (see Exercise 4.14). Since 1, > 7, we have ﬁf‘:]’s D er,s

and A C 9,‘:/ * for all n. Consequently, (4.66) holds for t,,
E(p(X (1 +5:8)) Lan(r<co}) = E((Ps) (X (w3 ) Lan(z <c0))-
By the continuity of ¢ and X (¢),
E(p(X (tn +5: ) Lan(r<oo}) = E(0(X (T +5:8))Lan(z<c0))-
By the Feller property of the semigroup Ps,
E((Ps@) (X (tn; £)) 1 an(r<co}) = E((Ps@) (X (T: )1 an(r<oc))-
This completes the proof. O

Exercise 4.14 For an .%;-stopping time 7, construct a sequence of .%;-stopping
times such that 7, | T on {t < co}.

Corollary 4.3 Under the assumptions of Theorem 4.9, the unique strong solution
X (t) of (4.64) in C([0, T, H) has the following strong Markov property:

E(p(X(t +5:8)|.F5) = (Pip) (X (1:8))  P-as.on {t < oo} (4.67)
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for any real-valued function ¢ such that (X (t;&)) € L'(Q2,R) with 93( =
o {X (r;€),r <s}and an FX -stopping time t.

Exercise 4.15 Show that if X (t) = X (¢; &) is as a solution to (4.64) as in Theo-
rem 4.9, then the strong Markov property (4.67) implies that

E(p(X(t+9)|FX) =E(o(X(r +9))|X:)

for any a real-valued function ¢ such that ¢(X(¢;&)) € LY(Q,R) and any
Z X -stopping time 7.

We now refer the reader to Sect. 4.1 in [64], where several examples and further
references are provided.



Chapter 5
Stochastic Differential Equations
with Discontinuous Drift

5.1 Introduction

In this chapter, we consider genuine infinite-dimensional stochastic differential
equations not connected to SPDEs.

This problem has been discussed in Albeverio’s work on solutions to infinite-
dimensional stochastic differential equations with values in C ([0, T], de), which
was motivated by applications to quantum lattice models in statistical mechanics
[2, 3]. Leha and Ritter [47] have studied the existence problem in C([0, T], H"),
where H is a real separable Hilbert space endowed with its weak topology and
applied their results to modeling unbounded spin systems. Our purpose here is to
extend the results obtained in [2, 3], and [47] using techniques developed in Chaps. 3
and 4.

We begin with the problem of the existence of weak solutions for SDEs with dis-
continuous drift in a Hilbert space H discussed in [47]. The discontinuity is modeled
by a countable family of real-valued functions. The solution has finite-dimensional
Galerkin approximation and is realized in C ([0, T'], H"). The result in [47] is gen-
eralized, and we also show that, under the assumptions in [47], both the Galerkin
approximation and the infinite-dimensional approximation of [47] produce solutions
with identical laws.

Next, we study the solutions in C ([0, T'], RZd) using ideas in [3] and the tech-
nique of compact embedding in [22].

5.2 Unbounded Spin Systems, Solutions in C ([0, T'], H")

In Chap. 3, it was shown that with the usual continuity and growth assumptions on
the coefficients of a stochastic differential equation in an infinite-dimensional real
separable Hilbert space H, the solution can be obtained in a larger Hilbert space
H_1 such that the embedding H < H_; is compact. The space H_; was arbitrary,
however needed due to a (deterministic) example of Godunov [26]. This forced us
to extend continuously the coefficients of the SDE to H_;.

L. Gawarecki, V. Mandrekar, Stochastic Differential Equations in Infinite Dimensions, 185
Probability and Its Applications,
DOI 10.1007/978-3-642-16194-0_5, © Springer-Verlag Berlin Heidelberg 2011
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We exploit this idea to obtain solutions in C ([0, T'], H") (H" denotes H with
its weak topology) using the technique of compact embedding in Chap. 3. As a con-
sequence of this approach, we are able to give an extension of an interesting result
on equations with discontinuous drift due to Leha and Ritter [47], by eliminating
local Lipschitz assumptions. When the drift is Lipschitz continuous, we relate the
solution constructed here to that obtained by Leha and Ritter. The advantage of the
construction presented here is that the weak solution has finite-dimensional Galerkin
approximation as opposed to the infinite-dimensional approximation given in [47].

Let us now consider H as a space isomorphic to

o
Lh={xeR*: Z(xi)2<oo

i=1
with the canonical isomorphism
h— (2 0% ) = ((hen)m, (hy e, o),

where {ex};2, is an ONB in H. Then the natural choice of the larger space is
(R*°, pree) with its metric defined for coordinate-wise convergence

%) o 1 [xk — k|
oo (X, =E —_
PR Y P 2k 14 ka —yk|

as the embedding J : I < R is continuous and compact, see Exercise 5.1.

Exercise 5.1 Prove that the embedding J : [, — R is continuous and compact.
Show that for some constant C and x, y € I,

pro(Jx, Jy) < Cllx — yllH. (5.1

Let (£2,.%,{%:}i<r, P) be a filtered probability space, and W; be an H-valued
Wiener process with covariance Q, a nonnegative trace-class operator on H, and
with eigenvalues X; > 0 and the associated eigenvectors e¢;, [ =
1,2,.... Denote by H® the space H endowed with the topology induced by R*>
(under the identification with /).

Theorem 5.1 Let F : H — H, and assume that F¥(x) := (F(x),ex)y : H* — R

and qk R—> R, k=1,2,..., are continuous. Assume that yx > 0 are constants
with Y pe; vk < 00. Let the following conditions hold:
(GF)
|F@ |3 <e( +Ix13,), xeH; (5.2)
(Gql)

ug*w) < (v +u?), uek; (5.3)
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(Gq2) Let g, (u',....u") = (g' "), ..., q" (")) € R". There exists a positive in-
teger m, independent on n, such that

G ) |2 < C(1+ Nutn122). (5.4)

Then, there exists a weak solution X in C ([0, T, H") to the equation

t
X(t)=x +/ (F(X()+q(X(9)))ds+ W,
0

in the following sense. There exists an H-valued Q-Wiener process Wy and a process
X(-) e C([0,T], HY) such that for everyk=1,2, ...,

1
Xkt = x* +/ (FY(X () + " (X*(s))) ds + W} (5.5)
0

Here, y* = (y, ex)p is the kth coordinate of y € H.

Proof Consider the following sequence of equations:
t
X, (1) = Pyx + / (PuF (PuXn(s)) + qn(PuXn(s)))ds + W/ (5.6)
0

Here, P, is the projection of H onto span{ey, ..., ey}, gn: P,H — P,H, g,(y) =
Yoot g*(y*)ex, y € P,H, and W/ is an H-valued Wiener process with covariance
Qn =P Q Py.

We can consider (5.6) in R” by identifying P, H with R" and treating W/* as an
R”"-valued Wiener process. Denote

n
G,(x)= (Fl(xn)+q1(x1), - F"(x,,)-l—q"(x”)) eR", xeR" x,= Zxkek.
k=1

Note that conditions (5.2) and (5.3) imply that
(¥, Gu(0))gn < C(1+ Ix[In). (5.7)

so that, by Theorem 4.1, there exists a weak solution &,(-) € C([0, T], R").
‘We now establish estimates for the moments of &, (¢). Denote

{5

TR = R">R}

inf
0<t<T

or tg = T if the infimum is taken over an empty set. Using the Itd formula for the
function ||x||ﬂz¥,1 on R”, we get

IATR
|60t A TR) |70 = 1 Paxlly +2/0 (64(5), Gu(n(9)))gn ds
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INTR
(A TR (O +2 fo (£0(s). W),

For the stochastic integral term, we use that 2a < 1 + a?; hence, by the Doob in-
equality, Theorem 2.2, and (5.7), we have

E sup ||.§n(s A ‘L'R)|

0<s<t

t
2 <Cit c2/ (s A 2|2 ds.

Now the Gronwall lemma implies that

2
R < C3.

E sup [&.(t Ap)l
0<t<T
Taking R — oo and using the monotone convergence theorem imply

sup E sup ||§n(t)|‘?Rn < 0. (5.8)
n 0<t<T

Let [ be a positive integer. Using the Itd formula for the function ||x || on R”, we
get

A Pl 42 f 10 ) 2960 (5), G (60 (5))) o s

&

2(l 2) || QI/ZEn(S)| 2

- ds

+21(1 — 1)f & (s

+1/ & (s
+21/ & (s

Taking the expectation to both sides and using (5.7) yield

2(1 1

tr(Qn)ds

20D (g (s), dW),

0D 4

t
El& o2 < € +c2f0 £l

Rn

! 2
+c3/0 E|& @ ATR)||ga ds
t
<(C1+CT) + (G2 +C3)/O E|&a(t A TR |2 ds.

where we have used the fact that a2¢~D < 1 +a?. By Gronwall’s lemma, for some
constant C,

E|& Atr) o <C,
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which, as R — o0, leads to

21
2. =<C. (5.9)

E sup [& ()]
0<t<T

Using (5.8) and (5.9) and essentially repeating the argument in Lemma 3.10, we now
obtain an estimate for the fourth moment of the increment of the process &, (¢ A Tg).
Applying the It6 formula for the function | x I|ﬁR,, on R”, we get

4
]Rn

|&n (2 + 1) — &, ()]

2 (B W) = £.(1), G (W) g

t+h
=4/ 62 G0) — £ (0|
t

t+h 5
+2 [ 0~ 60| w0n) du
t

t+h
+2 / (0 (60 1) — 0 (1), En (1) — £(0) o it
t

2 B ) — £, (1), WD),

t+h
+4f 160G — £0(0)]
t

Taking the expectation of both sides and using assumptions (5.2) and (5.4), which
imply the polynomial growth of G, we calculate

E|&:( + 1) — &0

t+h 3
<CF / €00) — E0O) 20 (1 + [£0a0) ) du
t

2
R du

t+h
+C2E/ 60 G0) — £ 0|
t

t+h 4 3/4
< cs([E / €2 ) — £ (0) | du} ht/t
t

t+h
+ [E/O 60 G0) — £, 0|

for a suitable constant C. Substituting repeatedly, starting with C(u — t) for
E|& (u) — &, (t)||ﬁl§,,, leads to the following estimate for the fourth moment of the
increment of &,:

. 1/2
w dui| h1/2> <Ch

E||&at +h) — (D) | < Ch?

for some constant C independent of r.
By (5.1), the compactness of the embedding J and Lemma 3.14, the measures
Un=Po X;l are tight on C([0, T], R*°). Let u be a limit point of the sequence
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Wy Since the function C ([0, T], R*®) 3 x > SupOgthZl?il (x*())? € R is lower
semicontinuous, we conclude that

(Sup 3 (@) >glirr}tinfEun< sup Z Jq0) )

0<I<Tk 1 0<t<Tk 1

=lin}linpr( sup ”X (t)HH)<oo.

0<t<T

Here, X, (1) = Y_1_ &, (Dex.
Using the Skorokhod theorem, by changing the underlying probability space, we
can assume that

X, — X, P-as.in C([0,T],R™)
(not in C ([0, T], H"), which is not metrizable) with X,,(¢), X(t) € H,t € [0, T],

P-a.s., since
o0
P( sup D (XF(1)? < oo) =1.

0=r=T ;

The process X (¢) is in H; hence the measure u is concentrated on C ([0, T'], HY),
as the topologies on H' and on H" coincide on norm-bounded sets of H, and a.e.
path is such a set.

Now, the random variables (X, (t))2 and fO[Fk(X (s)) +¢ (Xk(s))]2 ds are
P-uniformly integrable in view of (5.2), (5.4), and (5.9). In addition, for n > k,
FF(X,,(s)) = F*(X,,(s)), and hence,

Ep /0[|F,’;(Xn(s)) — FH(X ()P ds - 0
due to the continuity of F¥ on H*. Consequently, the sequence of Brownian motions
Y@y = xk@r) — xF - /Ot[F,’f (Xn(9)) +g* (X5 ()] ds
converges in L%(£2, P) to the Brownian motion

Y@ = xF@r) — xF — /t[Fk (X(9)) +¢"(X*())] ds
0

Define an H-valued Brownian motion
o0
W =Y Y e,
k=1

then X (r), W; satisfy (5.5). Il
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Let us relate these results to the work of Leha and Ritter [47]. We begin with the
general uniqueness and existence theorem in [46].

Theorem 5.2 Let H be real separable Hilbert space, and W; be a Q-Wiener pro-
cess. Assume that A : H — £ (H) and B € £ (H) satisfy the following growth and
local Lipschitz conditions. There exist constants C and C,,n = 1,2, ..., such that

() w(B(x)QB*(x)) <C( + [Ix|3), x € H;

2) (x, Ay <CA+ Ixl3), x € H;

3) 1AX) — AWz + 1B&x) — BO)u < Callx — yllu for lIxllg <n and
Iylly <n.

Then there exists a unique strong solution to the equation

t

t
X(t)=x+/ A(X(s))ds—i—/ B(X(s))dW,, t>0.
0 0

Exercise 5.2 Prove Theorem 5.2.
Hint: assume global Lipschitz condition first to obtain the usual growth condi-
tions on A and B and produce solution X (t) as in Theorem 3.3. Define

A(x), Ixlla <n,
Amx/lxllg),  lxlla >n,

Ap(x) ={

and define B, in a similar way. Show that A, and B, are globally Lipschitz and
show that for the corresponding solutions X, (t), there exists a process X (t) such
that X (t A\ 1) = X, (t A 1) with T, denoting the first exit time of X, from the
ball of radius n centered at the origin. Finally, show that P(t, <t) — 0 by using
the estimate for the second moment of X, obtained from the application of the It
formula to the function ||x ||%{.

Following [47], for a finite subset V of the set of positive integers, define ¢" :
H — H by

k(+k
v gt "), keV,

From Theorem 5.2 we know that for any fixed V, under conditions (5.2), (5.3) and
the local Lipschitz condition on the coefficients F and ¢V, there exists a unique
strong solution to the equation

t
V() =x +f0 (FEV®)+q" (" ©®))ds+ W,
with the solution £V (-) e C([0, T, H).

Leha and Ritter proved further in Theorem 2.4 in [47] that, under condi-
tions (5.2), (5.3) and the local Lipschitz condition (3) of Theorem 5.2 on F and
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gV (the Lipschitz constant possibly dependent on V'), there exists a weak solution &
in C([0, T], H") constructed as a weak limit of & Va satisfying, for each k,

g5 (1) = x* +/O (F*(5(9)) +¢" (8% (9))) ds + W ().

We now show that, under the global Lipschitz condition independent on V, the laws
of the above solution £(¢) and the solution X (¢) obtained in Theorem 5.1 coincide.

Theorem 5.3 Assume that the functions F +q" : H — H satisfy global Lipschitz
conditions for every V, a finite subset of positive integers, with the Lipschitz con-
stants independent on V. Assume that conditions (5.2) and (5.3) hold. Then the
weak solution & of Theorem 2.4 in [47] and the weak solution X constructed in
Theorem 5.1, using the compact embedding argument, have the same law.

Proof We first note that by Theorem 5.2 under the Lipschitz condition, both ap-
proximating sequences £ of Theorem 2.4 in [47] and X,, of Theorem 5.1 can be

constructed as strong solutions on the same probability space. Let F;, = P, 0 F o P,.
Then

t
Xn(t) = o + / (Fa (Xn(5)) + g (X ())) s + W,
0

V() =x +/0 (F(EY"(9)) +q" (" (s))) ds + W,.

The laws .Z(£") are tight (see the proof of Theorem 2.4 in [47]). Therefore, for
a sequence V, = {1,2,...,n}, there is a subsequence V,,, such that £ (& V"k) —

Z(&). Therefore, for simplicity, we assume as in Theorem 2.4 in [47] that V, =
{1,...,n} and that £¢"» — & weakly. Denote Y, (1) = P,& " (¢). Then

Y, (1) = x, + /0 t(PnF(sV" (5)) + qn (Yn(s))) ds + W" ).
‘We obtain
E[ X0 = Y, (03, < CE/OI(H PuF (Xy(9)) = PoF (£ ()] 7
+ (X)) = a (¥a9)) [3,) ds
< CIE/Ot(IIXm) ="+ [ Xa) = Va0 [, ds
< clE/OI(HYn(s) — Y1 )|7, + 2] Xu () = Ya(9)]7,) ds.

where we have used the Lipschitz condition.



5.2 Unbounded Spin Systems, Solutions in C([0, T'], H") 193

Note that (5.9) also holds for £" (the same proof works, with H replacing R").
Hence, by changing the underlying probability space to ensure the a.s. convergence
by means of Skorokhod’s theorem, we have that

t t
E/O ||Y,,(s)—gVn(s)||§,ds53<E/0 | (s) = P& ()|, ds

+ E/:H PuE(s) —&(s) |3 ds + E/()t |&(s) — gVn(s)||§1ds) =0
as n — 0o, due to the uniform integrability, implying that with some ¢, — 0,

E|Xa(t) = Y (0|3, <2C16, + Cy /Ot E|Xu(s) = Yu(9)| 7, ds.
Using Gronwall’s lemma, we obtain that

E|X,(0) =& (0]}, < eae’

with the expression on the right-hand side converging to zero as n — o0.

We conclude that X,,(r) — £ (t) — 0 in L?(£2). Thus, £§"» — & implies that
X, (t) — &(t) weakly. Therefore, Law(X) = Law(&) on C([0, T], R*®), and conse-
quently the laws coincide on C ([0, T], HY). O

Example 5.1 (Unbounded Spin Systems) In statistical mechanics an unbounded
spin system can be described by a family of interaction potentials and on-site en-
ergy functions. For a family of subsets V C Z with |V| < oo, consider interaction
potentials gy : RY — R. A typical example is pair potentials g ; : R*? — R,

O, v) =—Juv, k#IL

On-site energy is modeled by functions ¢ : R — R.
The energy function H defined on the space of configurations with finite support
in R* into R* is now defined at every site “k” as

Hk(x) = ¢k(xk) — Z Jk,lxkxl.
I#k
The components of the drift coefficient of an SDE takes the following form:
d
key kI _ l
F(x) = WZJ"” =gt
I#k I#k

q"u) =~ (),

so that

F*oO) +¢f ) = ~ ) Hk .
0Xy
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The growth condition (5.2) is satisfied if, for example,

1 iflk—1=1,
Jri = .
0 otherwise,

that is, there is only the closest neighbor interaction.
Conditions (5.3) and (5.4) hold if, for example,

o) = P(u) = apu®™ + ap_1u*" D + o+ aiu® + ag (5.10)

with a,, > 0.

The results show that there exists a weak solution only under the assumption that
g*(u) : R — R satisfy growth conditions and are continuous functions. It should be
noted that even if J; ; = O for all &, /, the growth condition (5.3) is necessary for the
existence of a solution without explosion, and continuity is needed in the proof of
the Peano theorem.

In Euclidian quantum field theory continuous spin models serve as lattice ap-

proximations (see [60] for details) with R* replaced by RZd. In [60],

- oxd
sy |1 TGk =l =1,
0 otherwise,

ok (u) = (d +m®/2)u® + P(w),

where k, j € 74.
We will study such models in the next section.

5.3 Locally Interacting Particle Systems, Solutions
in C([0, T], R”)

We use recent ideas from Albeverio et al. [3] to study the dynamics of an infinite
particle system corresponding to a Gibbs measure on the lattice. Our technique is to
study weak solutions of an infinite system of SDEs using the work in [22, 36], and
the methods in Chap. 4 related to the case of a SDE in the dual to a nuclear space.
This allows us to extend the existence result in [3] by removing the dissipativity
condition.

The work [3] provides results for the existence and uniqueness of solutions to
a system of SDEs describing a lattice spin-system model with spins taking values
in “loop spaces.” The space of configurations 25 = C (Sﬁ)Zd, where Sg is a circle
with circumference § > 0.

We consider a lattice system of locally interacting diffusions, which is a special
case of the system studied in [3], when the continuous parameter in Sg is absent.
The resulting infinite-dimensional process is of extensive interest (see [3], Sect. 2,
for references).



5.3 Locally Interacting Particle Systems, Solutions in C ([0, T'], RZd) 195

The fundamental problem is to study the dynamics corresponding to a given
Gibbs measure on RZ". We consider here a lattice system of locally interacting
diffusions and study weak solutions in C ([0, T], de). The space Z¢ is equipped

. . d . . .
with the Euclidian norm and RZ’ has the metric for coordinate-wise convergence,
similar as in Sect. 5.2.

We begin with the system of SDEs describing the lattice system of interest,

t
Xk(t)zf (F*(X*(5)) + q* (X*(s))) ds + WF. (5.11)
0

Here, fdor k e sz and x € RZd, x* denotes the kth coordinate of x. The coefficient
F:RZ" — RZ" is defined by

1 ,
F(x):{Fk(x)}kGZd={—§ > a(k—j)xf} (5.12)

. d
jeByak.p) kez

with By (k, p) denoting a sphere of radius p centered in k € 74,

Let [(Z¢) denote the Hilbert space of square-integrable sequences indexed by
elements of Z¢. The “dynamical matrix” A = (ax, ;). jezd € L((Z%)) is lattice
translation invariant, and the interactions are local, i.e., ax j =a(k—j),and a; ; =0
for |k — jlza > p.

The family of drifts g(x) = {gx ()Ck)}kezd RZ 5 R% is in general a singular
mapping on the scales of the Hilbert space /»(Z%). The functions ¢; : R — R are
the derivatives of potentials Vi (u). In [3], Vi(u) = AP (u) with P(u) as in (5.10),
which is the case in an important class of the so-called P (¢) models.

We note that

) 1 ) 1/2
I3 (X)\SEIIAH( > (xf)) : (5.13)
J€Bya (k,p)
where
1/2
||A||=( > az(k—n) :
J€Bya (k,p)

The assumptions we impose on functions gx : R — R are the same as in Sect. 5.2.
Denote

1B =1(z4) = {x eRZ 3T (14 [klge)™ (%) < oo},
kezd
o o
o= o>hoh=0>L"'s o "=
n=1

n=1

The embeddings between the Hilbert spaces /5 < [5' with m + % < n are compact
(in fact, Hilbert—Schmidt) operators. The space @ endowed with the projective limit
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topology is a nuclear space of fast decreasing sequences, and the space @’, endowed
with the inductive limit topology, is dual to @.

Let Q be a continuous quadratic form on @ and denote its extension (which
always exists) to a nuclear form on some /™, m > 0, by the same symbol.

Theorem 5.4 Let F : R%Z — R% pe as in (5.12), defined by a lattice translation-
invariant “dynamical matrix” A, and the drifts qk ‘R — R, k € Z%, be continuous
and satisfy conditions (5.3) and (5.4). Then there exists a weak solution X (-) €
Cc(0,T], lz_p),for some p > 0, to the equation

t
X(t):x—i—/ (F(X(s))—i—q(X(s)))ds—i—Wt, x €y, (5.14)
0

in the following sense. There exist an I, P _valued Q-Wiener process Wy and a pro-
cess X(-) e C([0, T], l;p) such that for every k € z4,

t
Xk(t) = x* +/ (FH(X () + ¢ (X*())) ds + W (5.15)
0

Proof Let us show that for m >0, F :1;™ — 15 is Lipschitz continuous. If x, y €
1™, m >0, then

[Fe) = FOjn = 37 (14 Klza) ™" (FE o) = F* ()
kezd

om (1 ; )
< > (14 1klza) m<1||A||2 > —-y) )
kezd JE€Byd 4 py
<Cillx —yIZa.
2
Note that F and ¢* satisfy all conditions of Theorem 5.1. Following its proof,

we first construct solutions &, of (5.6). Let |B,| denote the cardinality of the ball
B74(0, n) of radius n centered at 0 in 74 . Observe that

£, € C([0, T], RIB).

Next, we obtain approximations X, () =Y hj, where we denote by

J
. L /EBZd 0,n) En
{hi}reza the canonical basis in /. We have

X, €C(0,T1,12).
Since for m > d /2, the embedding /> < ;™ is compact and

- llpym < €l - llay

Lemma 3.14 guarantees that the measures u, = .2 (X,) are tight on C([0, T'], 12_"’).
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Let  be a limit point of the sequence p,. Using the Skorokhod theorem, we can
assume that

X, — X, P-as.inC([0,T],1;™).

The random variables (X’,j ()% and fot [F,f (Xn () +q* (X,’§ (s))1% ds are P-uniformly
integrable. By the same arguments as in the proof of Theorem 5.1, we conclude that
the sequence of Brownian motions

t
Yi() = XE() —x* - / [FE(Xn(9)) +g* (X5 ()] ds
0
converges in L%(£2, P) to the Brownian motion
t
YR = X5 (1) — x* - / [FE(X () +¢* (X5 (s))] ds,
0

and we define the [, " _yalued Brownian motion

W= Y om™,

keZd

where {h; ™}, .z4 is the basis in ;™ obtained by applying the Gramm-Schmidt
orthonormalization of the vectors hj. Then X (r), W; satisfy (5.15). O

When the assumptions on the drifts g* are more restrictive, (5.14) can be considered
in a Hilbert space. We will require that the functions ¢* (1) have linear growth.

Theorem 5.5 Let F : RZ — R be as in (5.12), defined by a lattice translation-
invariant “dynamical matrix” A, and the drifts qk ‘R — R, k€Z?, be continuous
and satisfy the linear growth condition

" <Cc(1+ul), ueR.

Assume that B : @' — &', B(x) € Z(;™) if x € ;™ for m > 0, and it is continu-
ous in x. In addition,

w(B)Q(BW))) <01+ Ixll7-n)-

Then there exists a weak solution X (-) € C([0, T], l;p), for some p > 0, to the
equation

X(t)=x+/
0

where W, is an I, P _valued Q-Wiener process.

t t

(F(X(s))+q(X(s)))ds+/ B(X(s))dW,, xel, (5.16)
0
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Proof If x € [;™, m > 0, then

[FE) +a@ ] fm = Y (14 Iklze) " (F* ) + e (+))?
kezd

<2 37 (1 -+ klza) " (FF@) + (e (+4))

kezd
_ 1 .
<2 (1+ lklz) 2m(1||A||2 > (/) +c(1+ |xk|)2>
kezd Jj€Ba(k.p)
< Ci(1+ Ixl17n),

showing that G(x) = F(x) + q(x) : ;™ — I;™, m > d/2 (otherwise, we face a
divergent series, see Exercise 5.3), and providing the estimate

|65 =ci(1+ IX112.0).

Moreover, we know from the proof of Theorem 5.4 that F : [;™ — [, m > 0, is
Lipschitz continuous.

We will now use the approach presented in Sect. 3.8. With {e, "};czq, r > 0,
denoting the ONB in [, " consisting of the eigenvectors of Q, let P, :[;" — I;" be
defined by

P,x = Z (x,ek_r)lz_rek_’.

keBq (0,n)
Note that for 0 <m <rand P, : [; " — 1;™,
_ —m —m —m
P,x = Z (x, e, )l;mek . xely™.
keB.,q(0,n)
Let us consider a weak solution of the equation

dX,(t) = P,G(PyXn(1))dt +d Py B(Py X, (1)) W} (5.17)

with a P, Q P,,-Wiener process W; in ;™.
Equation (5.17) can be considered in an | B,,|-dimensional subspace of I, (| B,|
denotes the cardinality of By (0, n)). In addition, we have the following estimates:

I PnG<an)||,2;m < Ci(1+ 11 PaxllFn).

tr(Py B(Pyx)(Py QP) (PuB(Pux))") < 6(1 + [ Pax[l}-)-
2

Since Pnle—m is finite-dimensional, the embedding J : P,l, e Pyly " is com-
pact, and we conclude by Theorem 3.12 (or by Theorem 4.1) that (5.17) has a weak
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solution X, (¢) in the space C ([0, T'], P,I, ™) satisfying the inequalities

EOEIIIET||Xn(t)||,22fm <C, j=z1
== (5.18)
E| Xt +h) = Xa ()] o = C'h2,

with the constant C’ independent of n. Consider now the sequence of measures on
c(o, 1], lz_m) induced by {X,(t)};c[0,7] and denote them by f,,. Again, using the

fact that for p > m + %, the embedding I, < [, ? is Hilbert—Schmidt, we obtain
the relative weak compactness of the sequence j1,, on C ([0, T'], [, Py for some p > 0.

Because X, (1) € C([0,T1,1, "), there exists X (1) € C([0,T],1,") such that
X, = XinC(0,T], lz_p). By Skorokhod’s theorem, we can assume that X, — X

a.s. For x € 1, ", using the continuity of F on /,” and uniform integrability, we
obtain

t t
<Xn(t),x)lz—p —/0 (F(X,,(s)),x)lz—p ds—)(X(t),x)lz—p —/O <F(X(s)),x>lz—p ds

a.s. and in Ll(.Q, P). Next, let {xl}j’il be a sequence converging to x in lz_p, xlj =0,
J ¢ By4(0,1). We consider

Elfa (,0)-x) s ~ g (X ©)x) o] = E{llg(400).x) 0 — g% 0)) 1)1
a0 0)- ) — (g (X))o + [l (X0 3]0 — (g (X)), )

< Elq(Xa®)[ oy —xtl o +E Y ad (X0) —a! (X7 0) ||/ |
Jj€Ba(0.0)

+E[q(XO) | ol = xll

< CEsup(l + ||Xn(t)||lz—p + ||X(t)||lz—p)||x —Xl||1;1’

+E Y g (x0) — 4! (XT0) ||+ |.

Jj€BL (O, 1)

Using the estimate in (5.18), we can choose /, independent of 7, such that the first
summand is arbitrarily small. By choosing n large enough and using the continuity
of gx on R, we can make the second summand arbitrarily small. Using the uniform
integrability for the term involving g, we conclude that

t
My, (1) = (X, (1), x> —p —/O <G(X,,(s)),x>lz—p ds

t
— (X(t),x)l;p —/O (G(X(s)),x),;,, ds = M(t) (5.19)

in L'(£2) and a.s. for some subsequence.



200 5 Stochastic Differential Equations with Discontinuous Drift
Since
tr(Pu B(Xo(5)) Pa Q Pu B* (X () Pu) < 6(1+ | Xu )] /-0),

the LHS is uniformly integrable with respect to the measure d P x ds, and it con-
verges d P x ds-a.e. to tr(B(X (s)) QB*(X (s))) (see Exercise 5.4), implying that

E/I(PnQP,,(B*(X,,(s))P,,x, B*(Xu(5)) Pax)) ds
0

— Efot(Q(B*(X(s))x, B*(X(s))x))ds,

ie., (M,), = (M), in L'(£2). In conclusion, the process on the right-hand side
of (5.19) is a real continuous square-integrable martingale whose increasing process
is given by

t
/0 0(B*(X())x. B*(X(5))x) ds.

An appeal to Lemma 2.1 and to the martingale representation theorem (Theo-
rem 2.7) completes the proof. g

Exercise 5.3 Show that for p > d/2, Zkezd(l + |k|)21’ < 00, and the series di-
verges otherwise.

Exercise 5.4 Show the convergence
tr( Py B(Xn(8)) Py Q Py B* (X () Py) — tr(B(X (5)) QB*(X(s)))

claimed in the proof of Theorem 5.5.



Part 11
Stability, Boundedness, and Invariant
Measures



Chapter 6
Stability Theory for Strong and Mild Solutions

6.1 Introduction

Let (X, || - ||x) be a Banach space, and let us consider the Cauchy problem

W _ puy. 0<t<T
dt = u . <I < N (61)
u)=xeX.

We know that if A generates a Co-semigroup {S(¢), ¢ > 0}, then the mild solution
of the Cauchy problem (6.1) is given by

u* (1) = S(@)x.

If X is finite-dimensional, with a scalar product (-, -) x, Lyapunov proved the equiv-
alence of the following three conditions:

(D) llu*®)llx < collxllze™", r, co > 0.

(2) max{Re(}r) : det(Al — A) =0} <O.

(3) There exists a positive definite matrix R satisfying
() erllxl} < (Rx,x)x < callxlf x € X, 12> 0,
(ii) A*R+RA=—1.

If condition (1) is satisfied, then the mild solution {u*(¢), t > 0} of the Cauchy
problem (6.1) is said to be exponentially stable.
To prove that (1) implies (3), the matrix R is constructed using the equation

(Rx,x)x =/0 Hu"(t)”;dt.

When X is infinite-dimensional, then the interesting examples of PDEs result in an
unbounded operator A. In this case, if we replace condition (2) by

(2’) max{Re(A): A€o (A)} <0,

with 0(A) denoting the spectrum of A, the equivalence of (1) and (2°) fails
((27) # (1)) due to the failure of the spectral mapping theorem (refer to [63], p. 117),
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unless we make more restrictive assumptions on A (e.g., A is analytic). A sufficient
condition for exponential stability is given in [63], p. 116:

o0
/ HS(t)x”pxdt <oo, forp>1.
0

In our PDE examples, we need p =2 and X = H, areal separable Hilbert space.
In this case, condition (1) alone implies that R, given by

(Rx,y)n = /0 (u* (@), uw* @), 1,

exists as a bilinear form, and in fact, the equivalence of conditions (1) and (3) above
can be proved (see [13]). We now consider the Cauchy problem in a real Hilbert
space,

WO _ anty, 0<1<T
dt = u . <I < . (62)
u(0) =x € H.

Theorem 6.1 Let (H, (-, -)y) be a real Hilbert space. The following conditions are
equivalent:

(1) The solution of the Cauchy problem (6.2) {u*(t), t > 0} is exponentially stable.
(2) There exists a nonnegative symmetric operator R such that for x € 2(A),

A*Rx + RAx = —x.

Proof Define (Rx, y)y as above. Using condition (1), we have

o
(Rx,x)n =/ |S@)x|?, di < 0. (6.3)
0
Clearly, R is nonnegative definite and symmetric. Now, for x, y € H,

d
5(RS(t)x, S()y)=(RAS(1)x, S()y), + (RS(1)x, AS()y) .

But
o
(RS)x, S(1)y),, =f (Sax, S)y), du
t
by the semigroup property. Hence, we obtain

(RAS()x, S(1)y),, +(RS(1)x, AS(1)y),,

d

= a/l <S(u)x, S(u)y)H du
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since S(¢) is strongly continuous. Thus, if x € Z(A), then
(RA+A*R)x,y), = —(x, ¥)u.

giving (2).
From the above calculations condition (2) implies that

d
S {RSOx. S()x), = —[S0)x 1%,

Hence,

1
/0 |S@)x|)3, du = (Rx, x) i — (RS()x, S()x),,
<(Rx,x)H.

Thus, [;° [S(®)x (1% dt < occ.

We know that S(¢)x — 0 as t — oo for each x (see Exercise 6.1). Hence, by the
uniform boundedness principle, for some constant M, we have [|S(t)||.¢w) <M
forall ¢ > 0.

Consider the map 7 : H — L2(R+, H), Tx = S(t)x. Then T is a closed linear
operator on H. Using the closed graph theorem, we have

o 2
/0 IS@x|2 dt < cxl,.

Let 0 < p < M~ and define
te(p) =sup{t: ”S(s)x”H > pllx|lg, forall0 <s < t}.

Since ||S(t)x||g — 0 as t — 00, we have that 7, (p) < oo for each x € H, t,(p) is
clearly positive, and

5 ) 1y (p) ’ ) )
(P Xy < IS@x |7, dr < c*lixl.
0

giving . (p) < (c/p)* =1o.
For t > 1y, using the definition of 7, (p), we have

Isox|, < s~ tx(p))“,sf(H) |S(tx()x] 5
<Mopllx|lx.

Let 8=Mp < 1 and ] > tg be fixed. For 0 < s < 1, lett =nt; + 5. Then
Is@ Hz(H) = ”S(ml)”zu{) ||S(S)”$(H)
< M| S|’y = MB" < M'e™H,

where M’ = M /B and u = —(1/t;) log 8 > 0. O
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In particular, we have proved the following corollary.

Corollary 6.1 If S(-)x € L>(R, H) for all x in a real separable Hilbert space H,
then

||S(t)||$(H) <ce™™,  forsomer > 0.

Exercise 6.1 (a) Find a continuous function f(¢) such that fooo( f(1)?dt < oo but
lim; o0 f(2) # 0.

(b) Show that if fooo ||S(t)x||%{ dt < oo for every x € H, then lim;_, || S(#)x|| g
=0 forevery x € H.

Hint: recall that ||S(t)|| 2 (my < Me*'. Assume that ||S(t;)x || > 8 for some se-
quence tj — oo. Then, |S®)x|lg = S(Me)*1 on[tj — oFl,tj].

We note that (Rx, x)y does not play the role of the Lyapunov function, since
in the infinite-dimensional case, (Rx, x)g > c1|lx||* with ¢; > 0 does not hold (see
Example 6.1). We shall show that if A generates a pseudo-contraction semigroup,
then we can produce a Lyapunov function related to R. The function A in Theo-
rems 6.2 and 6.3 is called the Lyapunov function. Let us recall that {S(z), t > 0} is
a pseudo-contraction semigroup if there exists w € R such that

|s@) ”z(H) <e”.

Theorem 6.2 (a) Let {u*(t)t > 0} be a mild solution to the Cauchy problem (6.2).
Suppose that there exists a real-valued function A on H satisfying the following
conditions:

(1) crllxll?, < Ax) < callx|3 forx € H,
(2) (A'(x), Ax) g < —c3A(x) for x € D(A),

where c1, ¢y, c3 are positive constants. Then the solution u*(t) is exponentially
stable.

(b) If the solution {u*(t)t > 0} to the Cauchy problem (6.2) is exponentially
stable and A generates a pseudo-contraction semigroup, then there exists a real-
valued function A on H satisfying conditions (1) and (2) in part (a).

Proof (a) Consider 3" A(u*(t)). We have
%(e%’A(um))) = 3¢ A(u* (1)) + e (A (¥ (1)), Au* (1)) .-

Hence,
t
ec3’A(ux(t)) —Ax) = /0 eC3S{C3A(ux (s)) + (A’(u’C (s)), Aux(s))H}ds.

It follows, by condition (2), that

e AW (1)) < AW).
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Using (1), we have
2 _ e
cllut @ e AW) < ce” I,
proving (a).

(b) Conversely, we first observe that for ¥ (x) = (Rx,x)y with R defined
in (6.3), we have ¥'(x) = 2Rx by the symmetry of R. Since R = R*, we can write

(W'(x), Ax),, = (Rx, Ax)y + (Rx, Ax)y = (A*Rx, x),, + (x, RAx)
=(A*Rx + RAx, x),, = — x|l
Consider now, for some « > 0 (to be determined later),
A(x) = (Rx, x)p +ax]|F;.

Clearly A(x) satisfies condition (1) in (a). Since S(¢) is a pseudo-contraction semi-
group, there exists a constant A (assumed positive WLOG) such that (see Exer-
cise 3.5)

(x, Ax)g < Allx|l3;,  x € D(A). (6.4)
‘We calculate

(A'(x), Ax), = (¥ (x), Ax),, +20(x, Ax)y = llx 113 (2aeh — 1).

Choosing o small enough, so that 2a)l < 1, and using condition (1), we obtain (2)
in (a). O

Let us now consider the case of a coercive operator A (see condition (6.5)), with
a view towards applications to PDEs. For this, we recall some concepts from Part I.
We have a Gelfand triplet of real separable Hilbert spaces

Ve H— V*

where the embeddings are continuous. The space V* is the continuous dual of V,
with the duality on V x V* denoted by (-, -) and satisfying

(v,h) = (v, h)n

ifheH.

Assume that V is dense in H. We shall now construct a Lyapunov function for
determining the exponential stability of the solution of the Cauchy problem (6.2),
where A : V — V* is a linear bounded operator satisfying the coercivity condition

2(v, Av) < Allvl|3 —alvl}, veV,reR, a>0. (6.5)
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We note that the following energy equality in [72] holds for solutions u”(¢) €
L*([0,T1. V)N C((0, T, H):

t
2
lu @] = Ixl7 = 2/0 (" (s), Au*(s))ds. (6.6)
We now state our theorem.

Theorem 6.3 (a) The solution of the Cauchy problem (6.2) with a coercive coeffi-
cient A is exponentially stable if there exists a real-valued function A that is Fréchet
differentiable on H, with A and A’ continuous, locally bounded on H, and satisfy-
ing the following conditions:

(1) erlxlly < A®) < eallxl.
(2) Forx eV, A'(x) € V, and the function

Vox—(A@x),v)eR

is continuous for any v* € V*.
(3) Forx e V, {A'(x), Ax) < —c3 A(x), where ¢y, c3, ¢3 are positive constants.

In particular, if
2(A'(x), Ax), = —Ilx|},

then condition (3) is satisfied.
(b) Conversely, if the solution to the Cauchy problem (6.2) is exponentially stable,
then the real-valued function

Alx) = /O |t @3 at (6.7)
satisfies conditions (1)—(3) in part (a).

Proof Note that forz, ' > 0,

"d
Al ) — Au* () = '/;/ gA(ux(s)) ds.
But, using (2) and (3), we have

d
aA(M’C(s)) = (A" (u*(5)), Au*(5)) < —c3A(u*(5)).

Denoting @ (t) = A(u*(t)), we can then write
D'(1) < —c3P(1)

or, equivalently, d(® (t)e®") /dt < 0, giving @ (1)e3 < @(0).
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Using condition (1), we have
et @3 < AW ®) < A < eallxlfe .

To prove (b), we observe that, by the energy equality,
t
2
|3 = 1x1% +2f (Au*(s),u*(s))ds
0

' '
< ||x||%1+|)»|/0 Hux(s)”ilds—a/o ||ux(s)}|%/ds.

Hence,

t t
Huxu)Hi,Jra/O [t )] ds < ||x||%1+|x|/0 e )] ds:

Letting t — oo and using the fact that

| @) |3 <clixlle™ (v >0),

A
[Tl ds<—(1+'i)n I

A®x) =/O |u )5 ds,

we obtain

Define

then A(x) < cz||x||%1. Let x, y € H and consider

T(x,y)= fo (w* (@), u* (1)), dt

Using the fact that u*(s) € L?([0, 00), V) and the Schwarz inequality, we can see
that 7' (x, y) is a continuous bilinear form on V, which is continuous on H. Hence,
T(x,y)= (Cx, y)g. Since A'(x) = 2Cx (by identifying H with H*), we can see
that A and A’ are locally bounded and continuous on H. By the continuity of the
embedding V < H, we have that for v, v € V, T(v,v’) = (Cv,v')y for some
bounded linear operator C on V, and property (2) in (a) follows. Now,

t
|t )], - |xI|H—2/ (Au*(s), u™(s))ds

But | (u* (s), Au* ()| < chllu* ()13, giving

t
@1, = 11y = =265 [ )] s
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Let t — oo; then [|u*(¢)]|%, — 0, so that
2
—llxlg = —2c5 A(x),
implying A(x) > ci|x[|3; for c; = 1/(2c}).

It remains to prove that A(x) satisfies condition (3) in (a).
Note that

0 . )
A (1)) = / Ju O s) |3, ds.
0
By the uniqueness of solution,
u” O (s) = u*(t +5).

Hence,

0 2 o0 2

A(ux(t)):/o ||ux(t+s)||vds=/ s ds.
t
Observe that
diA(uX(s)) = (A"u*(s), Au*(s)).
S
Since the map A" : V — H is continuous, we can write
t t
A(u* (1)) — Ax) =/ (A (u*(9)), Au*(s))ds = —/ | )|)5 ds.
0 0

By the continuity of the embedding V «— H, we have |x|lg < collx|lv, x € V,
co > 0, and hence,

! / X X 1 ! X 2
A LA ds < —— ds.
/()( (4™ (9)), Au*(s))ds < 6(2)/0 [u* ()| ds

Now divide both sides by ¢ and let r — 0. Since A’ is continuous and u”*(-) €
C(0,T], H), we get

1
(A'(x), Ax) < —C—2||x||%,.

2 O

The following example shows that in the infinite-dimensional case, if we define

*© 2
Alx) = / |u* @] dt.
0
then A(x) does not satisfy the lower bound in condition (2) of (a) of Theorem 6.3.

Example 6.1 Consider a solution of the following equation

dou(t, x) = 227 4 (62
=y FYRR A (6.8)

u(0, x) = ¢(x) € L>(R) N L' (R).
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Here, H = L?(R), and V is the Sobolev space W12(R). We denote by ¢(1) the
Fourier transform of ¢(x) and use the similar notation (¢, 1) for the Fourier trans-
form of u(¢, x). Then (6.8) can be written as follows:

du(t, 5 Z
M(T) = —a®22i(1, ) + (ibr+)i(t, 1),

400, 1) = §(1).

(6.9)

The solution is
a%(t, 1) = g(x) exp{(—a*»* + ibr + c)t}.

By Plancherel’s theorem, ||u? (¢, )|z = ||u? (¢, -)| g, so that
oo
[u? @, HZ = /_m|¢(k)|zexp{(—2a2k2 +2¢)t} da

< llgll% explyt} (v =2c).

For ¢ < 0, we obtain an exponentially stable solution.
Take A = —2a%, B = 2¢. Then

opoo > g
A((p)=/0 /_OO|¢(/\)| exp{—(Ak2+B)t}dkdt=/_oo AA2+BdA

does not satisfy A(¢) > ¢ ||<p||%, (see condition (1) in part (a) of Theorem 6.3).

In the next section, we consider the stability problem for infinite-dimensional
stochastic differential equations using the Lyapunov function approach. We shall
show that the fact that a Lyapunov function for the linear case is bounded below can
be used to study the stability for nonlinear stochastic PDEs.

6.2 Exponential Stability for Stochastic Differential Equations

We recall some facts from Part I. Consider the following stochastic differential equa-
tion in H:
dX(1) = (AX(1) + F(X(1)))dt + B(X (1)) dW;,

X0)=xeH, (6.10)

where

(1) A is the generator of a Cyp-semigroup {S(¢), t >0} on H.
(2) W, isa K-valued .%;-Wiener process with covariance Q.
(3) F:H— H and B: H— £ (K, H) are Bochner-measurable functions satis-

fying
|F)|3, + (B QB (1) < £(1 + IIx11%),

|F) = FO) |3, + t((B&) — BD))Q(B(x) — B»)*) < # llx — vl
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Then (6.10) has a unique .%;-adapted mild solution (Chap. 3, Theorem 3.5), which
is a Markov process (Chap. 3, Theorem 3.6) and depends continuously on the initial
condition (Chap. 3, Theorem 3.7). That is, the integral equation

t t
X(t)=S(t)x+/ S(t—s)F(X(s))ds—i—/ S(t —s)B(X(s))dW,  (6.11)
0 0

has a solution in C ([0, T, L??((2, %, P), H)), p > 1. Here .# = 0(Uy=0%1).

In addition, the solution of (6.11) can be approximated by solutions X, obtained
by using Yosida approximations of the operator A in the following manner.

Recall from (1.22), Chap. 1, that for n € p(A), the resolvent set of A, R(n, A) de-
notes the resolvent of A at n, and if R, =nR(n, A), then A, = AR, are the Yosida
approximations of A. The approximating semigroup is S, (¢) = e’". Consider the
strong solution X;; of

dX(t) = (A, X(t) + F(X(1)))dt + B(X (1)) dW;, 6.12)
X0)=xeH. ’
Then X} € C([0, T1, L>’((2,.#, P), H)), p > 1, by Theorem 3.5 in Chap. 3. By
Proposition 3.2 in Chap. 3, for p > 1,
lim sup E(|X50) — X 0)]7) =0, (6.13)
T

l’l—)OOOStE

where X*(¢) is the solution of (6.11).

We also recall the Itd formula, Theorem 2.9 in Chap. 2, for strong solutions
of (6.10). Let C}%’l oc ([0, T] x H) denote the space of twice differentiable functions
¥ :[0,T] x H — R with locally bounded and continuous partial derivatives ¥,

v, and ¥,,. Let X*(¢) be a strong solution of (6.10), and ¥ € C,f,loc([O, T x H).
Then, with x € Z(A),

t
lI/(t,Xx(t))—lI/(O,x):/ (W (s, X (9)) + LW (5. X*(5))) ds
0

t
+/ (W (s, X*(5)), B(X* () dWy),,. (6.14)
0
where
LW (t,x) = (¥ (t,x), Ax + F(x)), + %tr(llfxx (t,x)B(x)QB*(x)).  (6.15)

Clearly (6.14) is valid for strong solutions of (6.12), with x € H and A replaced by
A, in (6.15).
We are ready to discuss the stability of mild solutions of (6.10).
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Definition 6.1 Let {X*(¢), r > 0} be a mild solution of (6.10). We say that X*(¢) is
exponentially stable in the mean square sense (m.s.s.) if forallt >0 and x € H,

E|X*0)|3 <ce Plxl, ¢ B>0. (6.16)

It is convenient to denote by Cgp(H ), with p > 1, the subspace of C2(H ) con-
sisting of functions f : H — R whose first two derivatives satisfy the following
growth condition:

[/ <Clxlz and | 7G| gy < CllxIZ

for some constant C > 0.

Theorem 6.4 The mild solution of (6.10) is exponentially stable in the m.s.s. if there
exists a function A : H — R satisfying the following conditions:

() Ae cgp(H).
(2) There exist constants cy, ¢y > 0 such that

cillxlf < A) <eallxlly forallx € H.
(3) There exists a constant c3 > 0 such that
LAX) < —c3A(x) forall x € D(A)
with £ A(x) defined in (6.15).

Proof Assume first that the initial condition x € Z(A). Let X;: (¢) be the mild solu-
tion of Theorem 3.5 in Chap. 3 to the approximating equation

(6.17)

dX ()= AX () + R, F(X (@) dt + R, B(X (1)) dW,,
X(0)=x € 2(A),

that is,

t

t
ij(r):S(t)er/ S(t—s)R,,F(Xj;(s))ds+/ S(t — $)RyB(X;(s)) dW;
0 0

with R, defined in (1.21). We note that (6.17) is an alternative to (6.12) in approx-
imating the mild solution of (6.10) with strong solutions. This technique preserves
the operator A and we have used it in the proof of Theorem 3.11.

Since x € Z(A) and R, : H — Z(A), the solution X; () € Z(A). Moreover,
since the initial condition is deterministic, Theorem 3.5 in Chap. 3 guarantees that
X, € J. Then, the linear growth of B and the boundedness of R, and S(¢) im-
plies that the conditions of Theorem 3.2 are met, so that X;, (¢) is a strong solution
of (6.17). We apply Itd’s formula (6.14) to e’ A(X;(r)) and take the expectations,
to obtain

t
eMEA(Xy 1)) — A(XE(0) = E/ e (3 A(Xn(9)) + L A(X;i(5))) ds,
0
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where

L A(x) =(A'(x), Ax + R, F(x)), + %tr(A”(x)(RnB(x))Q(RnB(x))*). (6.18)

By condition (3),
3 AX) + L AX) < —ZLAXx) + L Ax).
The RHS of the above equals to
(A' (), (Ry — DF (),

1 * *
+ Etr{A”(x)[(RnB(x))Q(RnB(x)) — B(x)Q(B))*]}.
Hence,
eNEA(X (1) — Ax)
t
< E/O e“”{(A’(Xj‘l (). (Ry — DF(X;5(5)))

34" (X O) [(RiB(X9)) (Ra B(X5(5)))°

- B 0)Q(B(x50) T} as.
In order to pass to the limit, we need to show that

supTE”X;‘(t) — X*(r) ||§{ — 0.

0<t<
Consider

E| x50 - x 0|,

t
< EH/ St —s)(RyF (X5 (s)) — F(X*(s)))ds
0

t 2
+/ St —5)(RaB(X;(s)) — B(X*(5))) dW;
0

H
2

< C{E /l St — )Ry (F(X;i(s)) — F(X*(s)))ds
0

H

t
+E [ 156 =Ry (BG6) = BOCO) a4

2
+ E”/[ S(t —$)(Ry — DF(X*(s)) ds
0

H

t
+E/0 ISt = s)(Ry — DB(X*(s5)) ||;2(KQ’H)ds}.

(6.19)

(6.20)
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The first two summands are bounded by CZE fé X5 (s) — X*(s) ||%, for
n > ng (no sufficiently large), where C depends on supy,.7 [|S()|l.# ) and
SUP,~ g | Rull (k). and % is the Lipschitz constant. o

By the properties of R,, the integrand in the third summand converges to zero,
and, by (2.17) in Lemma 2.2, Chap. 2, the integrand in the fourth summand con-
verges to zero. Both integrands are bounded by C£|| X*(s) ||%{ for some constant C
depending on the norms of S(¢) and R,, similar as above, and the constant £ in the
linear growth condition. By the Lebesgue DCT, the third and fourth summands can
be bounded uniformly in ¢ by &,(T) — 0.

An appeal to Gronwall’s lemma completes the argument.

The convergence in (6.20) allows us to choose a subsequence X;, such that

X, @) — X*(t), 0<t<T, P-as.

We will denote such a subsequence again by X;,.

Now we use assumption (1), the continuity and local boundedness of A’,
the continuity of F, the uniform boundedness of || R, |l « ), and the convergence
(R,, — I)x — 0 to conclude that

t
Ef e (A (X5 (). (Ry — DF (X;(9))), ds — 0
0
by the Lebesgue DCT. Now, using Exercise 2.19, we have

tr{ A" (X5 (9)) (R B(X2(9))) Q(Ru B(X()))"}
= tr{ (R B(X;(5))) A" (X; () (R B(X; (5))) 0}

o0

Z (A" (X5 (9)) (RuB(X5(9))) f7. (RuB(X5(9)) i)y

with
(A" (X5)) (Ra B(X;3 () £ (Ru B (X;5(9)) f7)
= (A" (X*(9) B(X* () £, B(X* () fi)y
Hence,
u{ A" (X5)) (R B(X;/(9))) Q(Ra B(X;5(5))) "}
= A" (X)) B(X* () 2(B(X*()))"}.
Obviously,

{4 (X5 ) B(X; ) 2(B(X; )]
— tr{ A”(X*(5)) B(X* () Q(B(X*(5)))"}.
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Now we use assumption (1), the continuity and local boundedness of A" and A”,
the growth condition on F and B, and the fact that

sup E|| X2 (s)|5, < oo,
0<t<T

and apply Lebesgue’s DCT to conclude that the right-hand side in (6.19) converges
to zero.
By the continuity of A and (6.20), we obtain

eVEA(XT (1) < Ax),
and finally, by condition (2),

E|x* 0|} < Z—Te—fﬂnxni,, x € D(A). 6.21)

We recall that the mild solution X*(¢) depends continuously on the initial condition
x € H in the following way (Lemma 3.7):

sugEHXx(t) — X0} <erlx =y}, T>o0.
1<

Then fort <T,
E|x* 0|5 < EIX* 0]}, + E|Xx*0) - X0,
< E—Te*“fnyu%, +erlx =yl

c2

- c
<5 € V2 =yl + e

=72 |13 +erllx — vl
Cl
for all y € Z(A), forcing inequality (6.21) to hold for all x € H, since Z(A) is
dense in H. O

The function A defined in Theorem 6.4, satisfying conditions (1)—(3), is called a
Lyapunov function.

We now consider the linear case of (6.10) with F =0 and B(x) = Bgx, where
Bye L(H,Z (K, H)), and || Box|| <d|xlln,

dX()=AX(t)dt+ BoX(t)dW;,
(1) = AX())dt + BoX (1) dW, 6.22)
X0)=x€eH.
Mild solutions are solutions of the corresponding integral equation
t
X(@)=S@)x +/ St —s)BoX (s)dW;. (6.23)
0

The concept of exponential stability in the m.s.s. for mild solutions of (6.22) obvi-
ously transfers to this case. We show that the existence of a Lyapunov function is a
necessary condition for stability of mild solutions of (6.22). The following notation
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will be used:
1
Lov (x) =(¥'(x), Ax), + 5 tr(¥" (x)(Box) Q(Box) ™). (6.24)

Theorem 6.5 Assume that A generates a pseudo-contraction semigroup of opera-
tors {S(t), t > 0} on H and that the mild solution of (6.22) is exponentially stable
in the m.s.s. Then there exists a function Ao(x) satisfying conditions (1) and (2) of
Theorem 6.4 and the condition

(3") LAo(x) < —c3A0(x), x € D(A), for some c3 > 0.
Proof Let

o 2
Ap(x) =/0 E|X*(1)|;, dt +alx|%,

where the value of the constant o > 0 will be determined later. Note that X*(¢)
depends on x linearly. The exponential stability in the m.s.s. implies that

o 2
/ E|X*(0)|} dt <oo.
0
Hence, by the Schwarz inequality,

T(x,y)= /oo E(X* (1), XY (1)), dt
0

defines a continuous bilinear form on H x H, and there exists a symmetric bounded
linear operator 7' : H — H such that

(Tx,x)n =/O E|X 0|3, dr.

Let
U (x)=(Tx,x)gy.

Using the same arguments, we define bounded linear operators on H by
~ t 2
(T0)x,x), = /0 E|X*(s)|}, ds.
Consider solutions {X; (¢), t > 0} to the following equation:

dX(t) = A X(t)dt + BoX (1) dW,,
X(O0)=xeH,

obtained using the Yosida approximations of A. Just as above, we have continu-
ous bilinear forms 7;,, symmetric linear operators 75 (¢), and real-valued continuous
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functions ¥, (¢), defined for X,,,
t
Tu(0)(x,y) = fo E(X;; (), X (w)),, du,

B t
(10,20, = [ E|x3 @] du

W, (1) (x) = (T, (D)x, x) .

We have
t
W, (1) (X5 (5)) = ( fo E| X3 ) ||2du)

Letg: H— R, ¢(h) = ||h|3%,, and

y=X;(s)

(Pio)(x) = Ep(X*(1))

be the transition semigroup. Using the uniqueness of the solution, the Markov prop-
erty (3.59) yields

t ~
EW,(1)(X;(s)) =E/O (Pup)(X;i (s)) du
t X
:E/ E(o(X2  + )| 7 du
0

t
= [ Elxi ) du
0
=Wt + 5)(x) — W (s)(x). (6.25)

With ¢ and n fixed, we use the It6 formula for the function ¥, (¢)(x), then take the
expectation of both sides to arrive at

E (@, (1) (X5 (5))) = W () (x) + /O E(LW (1) (X2 ))) du, (6.26)

where
L ()(x) = 2T, (1)x, Anx),; + tr(T, (1) (Box) Q(Box)*).
Putting (6.25) and (6.26) together, we have

W1+ 5) (x) = W (5) (x) = f E(Zy (1) (X2 ) du + W, (0 ).
0

Rearranging the above, dividing by s, and taking the limit as s — 0 give

Pn(t +5)(x) = W (D) _ W (s)(x)
S S

% / ' E(ZW, (1) (X (w))) du + (6.27)
0
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We fix n and ¢, and intend to take the limit in (6.27) as s — 0.
The processes X, () are continuous in the mean-square, since

E[[ X3 - ;@)
<2(1Aul% iy + 1Bol s a1, k7)) 11(Q) / Bl ar.
Hence,
}%M:}%%ASE”Xz(M)”?{du:||x||%1. (6.28)
Now consider
EZW, (1) (X, ()
= EQT, ()X ), An X)) ;) + E(tr(T (1) (Bo Xy ) Q(Bo X (w))")).

Since

lim A, X (u) = Apx, lim 7, (1) XX (u) = T, (t)x,

u—0 u—0
and

~ ~ 2
(1@ X5 @), A X @) < [T )] o 1 Anll 20 [ X5 @) [ € LT (),

the Lebesgue DCT gives

lin}) EQT, ()X w), An Xy w)),,) = 2Tn(0)x, Apx),,.

u—
For the term involving the trace, we simplify the notation and denote

®,(u) = BoX}(u) and x;j(u) = D, (u)f;,

where { f ,-}?" | is an ONB in K that diagonalizes the covariance operator Q. Using

Exercise 2.19, we have

tr(T (1) Pn () Q(®n () ") = tr((Dn () " T (1) (1) Q)

L

~
I
—-

kj(fn(t)(pn(u)fjv (pn(u)fj>H

(T ()] (), 3 (),

M

~.
I
_

M

t .
A / E| X5 s)|?, ds. (6.29)
0

~.
Il
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Denote x/ = (Box) fj. Since By is continuous, as u — 0, BoX; (u) — Box in
Z(K,H), so that x;,(u) — x/ in H. By the continuity of the solution X, with
respect to the initial condition (Chap. 3, Lemma 3.7),

sup E[ X5 (s) — x5 (9)]%, > 0 asu—0,
T

0<s<

so that, by Lebesgue’s DCT and by reversing the calculations in (6.29),
> ! J 2
S [ EpxE o] ds
=t 70
o0 t .
— Z}\j/o E|x3 ()3, ds = (T (1) (Box) Q(Box)*).
j=1

Summarizing, we proved that

dv, (1) (x)

& =GO+ 11

In the next step, we fix ¢ and allow n — 0o. By the mean-square continuity of X, (¢)
and the definition of (T, (t)x, x) g and (T (t)x, x) g, we can calculate the derivatives
below, and the convergence follows from condition (6.13):

dv, (2)(x) N o2 de(@)(x)
— = E|Xy@0)| ;= E|X 0|y = —
Now, we need to show that as n — oo, for x € Z(A),
LT )x, x),, > L(T()x,x) . (6.30)

Consider

(Tu(0)x, Anx),, — (T (0)x, Ax),,|

= | T [ An = A)x]y + [((Ta®) = T @), Ax) 4| = 0.

Since (6.13) implies that
r 2
lim E/ |5 () — X* )| 5, du =0, (6.31)
n—oo 0

we thus have the weak convergence of 7, (¢)x to T (t)x, and, further, by the Banach—
Steinhaus theorem, we deduce that sup,, || 7;,(¢)|| ##) < oo. Using calculations sim-
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ilar as in (6.29), we have

tr(7, (1) (Box) Q(Box)*) = Y aj{Tu(t)x! x7),,

M

~
I
-

Aj(f(t)xj, xj>H

i
WK

.
Il
-

= (T (1) Box Q(Box)*),
by Lebesgue’s DCT, proving the convergence in (6.30). Summarizing, we have

d(T (t)x, 8
SOLDE _ (T 0, )y + el

We will now let # — oo. Then, by the exponential stability condition,

d(T (t)x,
WO gy o

Since (T ()x,x)g — (Tx,x)H, using the weak convergence of T(t)x to Tx and
the Lebesgue DCT, exactly as above, we obtain that

LT (), x), =2(T (t)x, Ax),, + tr(T () Box Q(Box)*)
— 2(Tx, Ax) g + tr(T Box Q(Box)*) = Lo(Tx, x) .
In conclusion,
LW (x) =—|xll3. xeD(A).

Now, Ag satisfies conditions (1) and (2). To prove condition (3’), let us note that, as
in Sect. 6.1, since ||S(¢)|| < e*’, inequality (6.4) is valid for some constant A > 0.
Hence,

Lollx|I3 = 2(x, Ax) i + tr((Box) Q(Box)*) < 2h +d*tr Q) Ix[lF;  (6.32)
gives
L Ao(x) < —IIxlIF +a (20 +d> w(Q)) Ix 17 < —e340(x),
c3 > 0, by choosing « small enough. 0
Remark 6.1 For the nonlinear equation (6.10), we need to assume F(0) =0 and

B(0) =0 to assure that zero is a solution. In this case, if the solution {X*(¢), t > 0}
is exponentially stable in the m.s.s., we can still construct

Ax) =/0 E|X 0|3 di + allxl?.
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We however do not know if it satisfies condition (1) of Theorem 6.4. If we assume
that it does, then one can show, as in Theorem 6.5, that it satisfies condition (2).
Then we can prove that A(x) also satisfies condition (3).

First, observe that for ¥ (x) = (Rx, x) g, as before,

LU (x)=—|xly
and

ZLAX) =LY () +aZ x|
= —|lx|I +a(2(x, Ax + F(x)),, + tr(B(x) QB*(x))),

noting the form of the infinitesimal generator .Z of the Markov process X~ (¢). We
obtain

LAX) < —x)3 + 2eilxll7 +a(2fx, F(0), +tr(B(x) QB*(x))).

Now using the fact that F'(0) = 0, B(0) = 0, and the Lipschitz property of F and B,
we obtain

LAX) < —lIx13 +a@r+2H + A w(0))lx]I%.
Hence, for o small enough, condition (3) follows from condition (2).

As shown in Part I, the differentiability with respect to the initial value requires
stringent assumptions on the coefficients ' and B. In order to make the result more
applicable, we provide another technique that uses first-order approximation. We
use trace norm of a difference of nonnegative definite operators in the approximation
condition. Recall that for any trace-class operator 7', we defined the trace norm
in (2.1) by

o(T) =u((TT%)"?).
Note (see [68]) that for a trace-class operator 7 and a bounded operator S,
(@) |te(T)| = (T),
(b) =(ST) < ISlIz(T) and =(T'S) < ||S[|=(T).

Theorem 6.6 Assume that A generates a pseudo-contraction semigroup of oper-
ators {S(t), t > 0} on H. Suppose that the solution {Xa‘ (1), t = 0} of the linear
equation (6.22) is exponentially stable in the m.s.s. Then the solution {X*(t), t > 0}
of (6.10) is exponentially stable in the m.s.s. if

20xlla || F() | + 7 (B(x)QB*(x) — Box Q(Box)*) < %IIXII%. (6.33)
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Proof Let Ag(x) = (Tx,x)g + a|x||3, as in the proof of Theorem 6.5. Note that
(Tx,x)g = E [°I1 X3 (0|3 dt, so that

o t 2 c 2
<Tx,x>Hs/0 el dr = S sl

Hence, || f‘llg(g) < c/B. Clearly Ay satisfies conditions (1) and (2) of Theorem 6.4.
It remains to prove that

L Ap(x) < —c3A0(x).

Consider
L Ao(x) — LoAo(x)
=(Ap(x), F(x)), + %tr(Ag(x)(B(x)QB*(x) — (Box)Q(Box)*))
<2((T +a)x, F(x)), + 1((T + a)(B(x) QB*(x) — (Box) Q(Box)*))

< (IT 2 + @) 2Ixlla | F) ,; + T (B(x) QB*(x) — (Box) Q(Box)*))

1 B 2
< <5 +QZ)HXHH'

It follows that

1
LA < LoAo(x) + (5 +a£> I3

1 «aB
< —lIxll} + (21 + d2 (@) Ix 1 + (5 + 5) [E3%

For o small enough, we obtain condition (3) in Theorem 6.4 using condition (2). [
We now consider stability in probability of the zero solution of (6.10).

Definition 6.2 Let {X*()};>0 be the mild solution of (6.10) with F(0) =0 and
B(0) = 0 (assuring that zero is a solution). The zero solution of (6.10) is called
stable in probability if for any & > 0,

lim P(sug”Xx 0|, > g) —0. (6.34)

[lxll 7—0 >

Once a Lyapunov function satisfying conditions (1) and (2) of Theorem 6.4
is constructed, the following theorem provides a technique for proving condi-
tion (6.34).

Theorem 6.7 Let X*(t) be the solution of (6.10). Assume that there exists a func-
tion ¥ € Cgp(H) having the following properties:
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(1) Y(x) > 0as ||x||lg — 0.
(2) infjxy>e ¥ (x) =Ae > 0.
(3) LY (x) <0, when x € Z(A) and || x| g < 8 for some § > 0.

Then, {X* (), t > 0} satisfies condition (6.34).

Proof The proof is similar to the proof of Theorem 6.4. We assume first that the
initial condition x € Z(A) and consider strong solutions X (¢) of the approximating
equations (6.17),n =1,2,...,

t '
Xj(z):S(r)x+/ S(t—s)R,,F(X;(s))ds+/ S(t — )Ry B(X;:(5)) dW.
0 0
Denote B, ={x € H : ||x|| <&} and let
tg:inf{t: “Xx(t)||H>8} and rg:inf{t: ||XZ(t)||H>8}.

Applying It6’s formula to ¥ (X}, (¢)) and taking the expectations yield

tATe

Ey(X;(tAtl)—v(x)=E A L (X5(9))ds,
where
LW (x) =(¥'(x), Ax + R, F(x)), + %tr(llf”(x)(RnB(x)) O(R,B(x))").
Let & < 8. Then for x € B,, using condition (3), we get
LY (x) < =LV (X)+ LY (x)
= ('), (Ru = DF (1)),
+ %tr{W”(x)[(RnB@))Q(RnB<x>)* — B Q(BW)']}-
Hence,
E¥(X;(t AT)) — W (x)

tAT)
SE/O {(¥/ (X3 ). Ry = DF(X;(9)) 4

45 n{ (GO (BB ) QR B(X0)))°

— B(X3()0(B(X3())"]}} ds. (6.35)

Using (6.20) and passing to the limit, as in the proof of Theorem 6.4, show that
the RHS in (6.35) converges to zero. Using condition (2), we conclude that for
x € Z(A) N Be and any n,

U(x) = E(W(X;(tAtl)) =1 P(t) <t). (6.36)
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By the a.s. (and hence weak) convergence of t/' to 7., we have that

Y(x) > Ag I}ln_l)gng(rf < t) > A P(Te <1).
To remove the restriction that x € Z(A), recall that

sup E|X*(t) — X' (1)]3,— 0 asly—x|z—0.
0<t<T

We can select a sequence y, — x, y, € Z(A), such that X (t) — X*(¢t) a.s. for
all 7. Now using the assumptions on ¥ and the Lebesgue DCT, we obtain (6.36) for

all x € H. Inequality (6.36), together with conditions (2) and (1), implies that for
X € B,

P(suplxi ], >¢) <X w0 el —o.
t>0 )\'8

giving (6.34). O
The following results are now obvious from Theorems 6.5 and 6.6.

Theorem 6.8 Assume that A generates a pseudo-contraction semigroup of opera-
tors {S(t), t > 0} on H. If the solution Xy (t) of the linear equation (6.22) is expo-
nentially stable in the m.s.s., then the zero solution of (6.22) is stable in probability.

Theorem 6.9 Assume that A generates a pseudo-contraction semigroup of opera-
tors {S(t), t = 0} on H. If the solution XS (t) of the linear equation (6.22) is ex-
ponentially stable in the m.s.s. and condition (6.33) holds for a sufficiently small
neighborhood of x = 0, then the zero solution of (6.10) is stable in probability.

We note that the exponential stability gives degenerate invariant measures. To
obtain nondegenerate invariant measures, we use a more general concept introduced
in Chap. 7.

6.3 Stability in the Variational Method

We consider a Gelfand triplet of real separable Hilbert spaces
Ve H< V*

The space V* is the continuous dual of V, V is dense in H, and all embeddings are
continuous. With (-, -) denoting the duality between V and V*, we assume that for
heH,

(v,hy=(v,h)g.
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Let K be a real separable Hilbert space, and Q a nonnegative definite trace-class
operator on K. We consider {W;, t > 0}, a K-valued Q-Wiener process defined on
a filtered probability space (£2, %, {F};>0, P).

Let M2 ([0, T, V) denote the space of all V-valued measurable processes satis-
fying
(1) u(t,-) is .%#;-measurable,

T

() E [y llu@t, o)} dt < oo,

Throughout this section we consider the following equation:

dX () =AX@))dt + B(X(t))dW;,

(6.37)
X(0)=xeH,

where A and B are in general nonlinear mappings, A : V — V* B:V —
Z(K,H), and

A [y« sarlivlly  and  [B@)| 4 g gy <billvllv, veV, (6.38)

for some positive constants ay, by .
We recall the coercivity and weak monotonicity conditions from Chap. 4, which
we impose on the coefficients of (6.37)

(C) (Coercivity) There exist ¢ > 0, y, A € Rsuch that forallv e V,
2(v, A(v)) + tr(B(v) QB*(v)) < Ml = allvl? + y. (6.39)
(WM) (Weak Monotonicity) There exists A € R such that forall u,v e V,

2{u — v, Aw) — A(v)) +tr((Bu) — B(v)) Q(Bu) — B(v))")
<Alu—vl3. (6.40)

Since conditions (6.38), (6.39), and (6.40) are stronger than the assumptions in The-
orem 4.7 (also in Theorem 4.4) of Chap. 4, we conclude that there exists a unique
strong solution {X*(¢), t > 0} of (6.37) such that

X*() e L*(£2,C([0, T1. H)) N M*([0, T1. V).

Furthermore, the solution X*(¢) is Markovian, and the corresponding semigroup
has the Feller property.

The major tool we will use will be the Itd6 formula due to Pardoux [62]. It was
introduced in Part I, Sect. 4.2, Theorem 4.3, for the function ¥ (u) = ||u ||§1.

Theorem 6.10 (It6 Formula) Suppose that ¥ : H — R satisfies the following con-
ditions:

(1) W is twice Fréchet differentiable, and ¥ , V', v are locally bounded.
(2) ¥ and W' are continuous on H.
(3) For all trace-class operators T on H, tr(TW¥ (-)) : H — R is continuous.
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4) IfveV,thenW'(v) € V,and for any v' € V*, the function (¥'(-),v"): V - R
is continuous.
B) 1¥' W) lv < co(l + ||v|lv) for some constant co > 0 and any v € V.

Let X*(t) be a solution of (6.37) in L2(£2,C(0,T], H) N Mz([O, T1,V). Then

t

t
W(Xx(t))zllf(x)—i—/ LU (X (s)) ds+/ (W' (X" (9)), B(X*())dWy) ;.
0 0
where

1
LW () =(¥'(u), Aw)) + 3 tr(¥" (u) B(u) QB* (u)).

We extend the notion of exponential stability in the m.s.s. to the variational case.

Definition 6.3 We say that the strong solution of the variational equation (6.37) in
the space L%(£2,C(0,T], H))N M2([O, T1, V) is exponentially stable in the m.s.s.
if it satisfies condition (6.16) in Definition 6.1.

The following is the analogue of Theorem 6.4 in the variational context. The
proof for a strong solution is a simplified version of the proof of Theorem 6.4 and is
left to the reader as an exercise.

Theorem 6.11 The strong solution of the variational equation (6.37) in the space
L%2(2,C(0,T1, H)) N MZ([O, T1,V) is exponentially stable in the m.s.s. if there
exists a function ¥ satisfying conditions (1)—(5) of Theorem 6.10, and the following
two conditions hold:

(D) cillxl ¥ &) <elxllf. e, c2>0,x € H.
2) LY (v) < —c3¥(v),c3>0,veV,with £ defined in Theorem 6.10.

Exercise 6.2 Prove Theorem 6.11.

We now consider the linear problem analogous to (6.37). Let Ay € £ (V, V*)
and By € Z(V, Z(K, H)). In order to construct a Lyapunov function directly from
the solution, we assume a more restrictive coercivity condition

(C’) (Coercivity) There exist @ > 0, A € R such that forallv e V,
2(v, Agv) + tr((Bov) Q(Bov)*) < Al — vl (6.41)

We denote by % the operator . with A and B replaced by Ag and By. Consider
the following linear problem:

:dX(t) = AoX (s)ds + Bo(X (s)) dW;, 642

X(0)=x e H.

Theorem 6.12 Under the coercivity condition (6.41), the solution of the linear
equation (6.42) is exponentially stable in the m.s.s. if and only if there exists a
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function ¥ satisfying conditions (1)—(5) of Theorem 6.10 and conditions (1) and (2)
of Theorem 6.11.

Remark 6.2 A function ¥ satisfying conditions in Theorem 6.12 is called a Lya-
punov function.

Proof Tt remains to prove the necessity. By the It6 formula applied to ||x ||%1, taking
expectations, and using condition (6.41), we have

t
E|X* 05, = bty + 25 [ {4037 0), X)) ds
t
+Ef tr(BoX* (s)Q(BoX*(5))") ds
0
) ! 2 ! 2
< ||x||,,+|)\|/0 E||Xx(s)||Hds—oz/0 E|X*(s)|} ds

t t
< ||x||%,(1+|x|c)/ e_ﬂsds—a/ E||X"(s)||2vds
0 0

by exponential stability in the m.s.s. Let t — oo. Then

o 1
fo E|x* )] ds = —(1+ 11e/B) Ixl.

Define
T(x,y)= / E(X*(5), X" (5)), ds.
0

Then, by the preceding inequality and the Schwarz inequality, it is easy to see
that T is a continuous bilinear form on H x H. Since the embedding V — H
is continuous, T is also a continuous bilinear form on V x V. This fact can be
used to show that conditions (1)—(5) of Theorem 6.10 are satisfied by the function
¥ (x)=T(x,x).Clearly, ¥ (x) < cz||x||%1. To prove the lower bound on ¥ (x), we
observe that

Lollvllz = 2(v, Agv) + tr((Bov) Q(Bov)*),

so that, for some constants m, c6,

2 2 2 2
|Lollvlig | < collvlly +ma(@vIy < cpllvlly.

Again, by Itd’s formula, after taking the expectations, we obtain that
2 ’ ! 2
E|X*® |y — Il = f EZp| X*(5) |3 ds
0

t
=~ [ E|x o} ds.
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As t — 00, using exponential stability in the m.s.s., we can see that
2
Y (x) = crllx g,
where ¢ = 1/c;,.

To prove the last condition, observe that, similarly as in (6.25), the uniqueness of
the solution and the Markov property (3.59) yield

ElI/(Xx(t))=/0 E|X*(s + 0|3 ds
:/ E|x*()|3 ds
t

o0 t
sf Ey|xx<s>|\zvds_k/ E|x*s)|?, ds.
0 0

since k||x ||%{ <|x ||%, for some constant k. Hence, by taking the derivatives of both
sides at r = 0, we get

k
LW (x) < —kl|x[13; = -V 0

Remark 6.3 Note that in case where t — E|| X~ (t)||%, is continuous at zero, in the
last step of the proof of Theorem 6.12, we obtain that £¥ (v) = —|| v||%, forveV.

Let us now state analogues of Theorem 6.6 for the solutions in variational case.

Theorem 6.13 Let {Xo(t)}:>0 be the solution of the linear equation (6.42) with the
coefficients satisfying condition (6.41). Assume that the function t — E|| Xo(t) ||%, is
continuous and that the solution Xo(t) is exponentially stable in the m.s.s. If for a
sufficiently small constant c,

2|l | A) — Agv|

Je +T(BW)QB*(v) — BwQ(Bov)*) < clvl},  (6.43)

then the strong solution of (6.37) is exponentially stable in the m.s.s.
For the zero solution of (6.37) to be stable in probability, it is enough to as-
sume (6.43) for v e (V, || - lv) in a sufficiently small neighborhood of zero.

Theorem 6.14 Let {Xo(t)};>0 be the solution of the linear equation (6.42) with the
coefficients satisfying condition (6.41). Assume that the solution X(t) is exponen-
tially stable in the m.s.s. Let for v e V, A(v) — Aov € H. If for a sufficiently small
constant c,

2|vllm |A@) — Aov| , + T (B)QB*(v) — BovQ(Bov)*) <cllvlly,  (6.44)

then the strong solution of (6.37) is exponentially stable in the m.s.s.
For the zero solution of (6.37) to be stable in probability, it is enough to as-
sume (6.44) for v e (H, | - ||g) in a sufficiently small neighborhood of zero.
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Exercise 6.3 Verify that Theorem 6.7 holds for 6.37 (replacing (6.10)), under ad-
ditional assumptions (1)—(5) of Theorem 6.10.

Exercise 6.4 Prove Theorems 6.13 and 6.14.

Remark 6.4 Using an analogue of Theorem 6.7 with the function ¥ satisfying
conditions (1)—(5) of Theorem 6.10, we can also prove conclusions in Theo-
rems 6.8 and 6.9 for (6.37) and its linear counterpart (6.42) under conditions (6.43)
and (6.44).

Appendix: Stochastic Analogue of the Datko Theorem

Theorem 6.15 Let A generate a pseudo-contraction Co semigroup {S(t), t > 0}
on a real separable Hilbert space H, and B : H — £ (K, H). A mild solution
{X*(2), t = 0} of the stochastic differential equation (6.22) is exponentially stable
in the m.s.s. if and only if there exists a nonnegative definite operator R € £ (H)
such that

Lo(Rx,y)g =—{x,y)g forallx,y e H,
where £ is defined in (6.24).

Proof The necessity part was already proved in Sect. 6.2, Theorem 6.5, with

(R b= [ B 0,0 0)

which, under stability assumption, is well defined by the Schwarz inequality. To
prove the sufficiency, assume that R as postulated exists; then

2(Rx, Ay)g = —((I + AR))x. y),,. (6.45)

where A(R) = tr(R(Box)Q(Box)*) I. The operator I + A(R) is invertible, so that
we get

2(R(I+ AR) %, ), = (x, ¥)u
By Corollary 6.1,
HS(t)Hz(H) <Me™™, 1>0.

We consider the solutions {X; (¢), ¢ > 0} obtained by using the Yosida approxima-
tions A, = AR, of A. Let us apply It6’s formula to (RX;, (¢), X;, (t)) iz and take the
expectations of both sides to arrive at
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t
E(RX; (1), X5 (1)), = (Rx, X) i + ZE/ (RX;(s), AnX;y (5)),, ds
0

t
+ E/ (AR X5 (), X;5(5)), ds.
0

From (6.45) with y = R, X;, it follows that
2(RX;(5), AR, X (5)); = —(AR)X;5 (8), Ru Xy (5)); — (X55 (), Ru X5 (5)) -

Hence,

t

E(RX; (1), X5 (1)), = (Rx, x) i — Ef (X3 (9), Ru X (5))y ds
0

t
+ E/ (AR)X;5(5), X5 (s) — Ru X35 (5)),, ds.
0

We let n — oo and use the fact that sup,, sup, .y E|[| X} (t)||%1 < 00 to obtain

t
E(RX* (1), X* (1)), = (Rx, x) —/0 E|X ()]}, ds.
Let (1) = E(RX*(t), X* (1)) . Then

2(t) < IRl zun E| X*®)]%
and

2 @) =—E|X*0]* < ————E5@),
0 =—E|X* 0l < po 2

so that
_—lt
E(1) < (Rx,x) ez’
since Z'(0) = (Rx, x) . Hence,

t 2
E|x* 0|3 <2|sox| + ZEH/ S(t — s)BX*(s) dW;
0

H
<2M?eM||x|13; +2w(Q)M?| Bl % ) /Ot e PHITIE| X (s) ||§1 ds.
We complete the proof by using
(Rx,x) < ||Rllzllx|l7; and E||XX(S)||2 =—8'(s). O
As shown in Sect. 6.1, Example 6.1, x — (Rx, x), however, is not a Lyapunov

function, so that we cannot study stability of nonlinear equations using Theo-
rem 6.15.



Chapter 7
Ultimate Boundedness and Invariant Measure

We introduce in this chapter the concept of ultimate boundedness in the mean square
sense (m.s.s.) and relate it to the problem of the existence and uniqueness of invari-
ant measure. We consider semilinear stochastic differential equations in a Hilbert
space and their mild solutions under the usual linear growth and Lipschitz condi-
tions on the coefficients. We also study stochastic differential equations in the varia-
tional case, assuming that the coefficients satisfy the coercivity condition, and study
their strong solutions which are exponentially ultimately bounded in the m.s.s.

7.1 Exponential Ultimate Boundedness in the m.s.s.

Definition 7.1 We say that the mild solution of (6.10) is exponentially ultimately
bounded in the mean square sense (m.s.s.) if there exist positive constants ¢, 8, M
such that

E|X*®0)|? <ce P lxl} +M forall x € H. (7.1)
Here is an analogue of Theorem 6.4.

Theorem 7.1 The mild solution {X*(t), t > 0} of (6.10) is exponentially ultimately
bounded in the m.s.s. if there exists a function ¥ € C%F(H) satisfying the following
conditions:

() cillxll3, —ki < W) <ellxll3 — ko,
(2) LY (x) < —c3¥ (x) + k3,

for x € H, where c1, ca, c3 are positive constants, and k1, kz, k3 € R.

Proof Similarly as in the proof of Theorem 6.4, using Itd’s formula for the solutions
of the approximating equations (6.17) and utilizing condition (2), we arrive at

t
EW(X* (1)) — E¥(X*(0)) 5/ (—c3 EW(X*(5)) 4 k3) ds.
0
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Hence, @ (t) = EW (X*(¢)) satisfies
D' (1) < —c3D(1) + ks.
By Gronwall lemma,
k k
d(t) <=+ <q>(0) - —3>e_c3l.
C3 c3
Using condition (1), we have, for all x € H,
X 2 X k3 2 k3 —c3t
AE[X* )|y — ki = E¥(XT (1) = =+ | c2llxllyy —ka — == Je™,
Cc3 c3
and (7.1) follows. O
Theorem 7.2 Assume that A generates a pseudo-contraction semigroup of oper-
ators {S(t), t > 0} on H. If the mild solution {X(’)C (t), t = 0} of the linear equa-
tion (6.22) is exponentially ultimately bounded in the m.s.s., then there exists a
function ¥y € C%p (H) satisfying conditions (1) and (2) of Theorem 7.1, with the

operator £y replacing £ in condition (2).

Proof Since the mild solution X{j(#) is exponentially ultimately bounded in the
m.s.s., we have

E||X(’§(t)||§1Sce_ﬁ[||x||2H+M forall x € H.
Let
d 2
%(x):/o E| X5} ds +elxll,

where T and « are constants to be determined later.
First, let us show that ¥ € C22p(H ). It suffices to show that

T
00(x) =/0 E| X3(5)|7, ds € C3,(H).

Now,

C C
m@fgﬂ—meW%+MT§?M@+MP

If [|x|3, = 1, then o (x) < c¢/B + MT.
Since Xg (t) is linear in x, we have that, for any positive constant k, Xéx (1) =
kX3 (). Hence, @o(kx) = k%@o(x), and for any x € H,

@o(x) = IIXI|H§0<” " ) <ﬂ+MT>|IXIIH
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Letc’ =c/B+ MT. Then ¢o(x) < c/||x||%1 for all x € H. For x, y € H, define

T
T(x,y) = /0 E(X{(5), X{(5)),, ds.

Then t(x,y) is a nonnegative definite bounded bilinear form on H x H since
oo(x) < c’||x||%1. Hence, 7(x,y) = (Cx, y)y, where C is a nonnegative definite
bounded linear operator on H with ||C|| ¢y < ¢’. Therefore, g = (Cx,x)n €
Cgp (H), and ¥y € Cgp(H). Clearly ¥ satisfies condition (1) of Theorem 7.1. To

prove (2), observe that by the continuity of the function t — E|| X{(¢) ||%1 and be-
cause

T T+r
Egoo(xg(r)):/o E’\Xé‘(r+_v)||i,ds=/ E||Xg;(s)||§1ds,
we have

d
ZLopo(x) = 5(15(00(?(6‘(?)))

r=0
. E@o(X((r)) — Ego(x)
= lim
r—0 r
) 1 [ . ) 1 r+T . 5
—tim (= [ Lol ds+ 2 [ B0l ds

2
= —llxI5 + E[ X5 (D
< —lxl +ce Pl x|, + M
<(~=1+ce PT) x| + M.
Therefore, since by (6.32), Z|lx 13, < (24 + d? tr(Q))l|x|1%,, we have

Lo%o(x) = Logo(x) + Lol Iy
< (—1+ce 1) |x|I3 + a (21 + d>r(Q)) x| + M. (7.2)

If T > In(c/B), then one can choose o small enough such that ¥, (x) satisfies con-
dition (2) with .Z replaced by .%. O

The following theorem is a counterpart of Remark 6.1 in the framework of expo-
nential ultimate boundedness.

Theorem 7.3 If the mild solution of (6.10) is exponentially ultimately bounded in
the m.s.s. and, for some T > 0,

T
o(x) =/0 E|X* ()|, d1 € C3,(H),



236 7 Ultimate Boundedness and Invariant Measure

then there exists a (Lyapunov) function ¥ € C%p(H ) satisfying conditions (1)
and (2) of Theorem 7.1.

Theorem 7.4 Suppose that the mild solution Xy (t) of the linear equation (6.22)
satisfies condition (7.1). Then the mild solution X*(t) of (6.10) is exponentially
ultimately bounded in the m.s.s. if

20xlla || Fo||,; + T(B(x)QB*(x) — Box Q(Box)*) < dllx|f; + My, (7.3)
where & < maxg=in(c/p)(1 — ce™P%) /(c/B + M3s).

Proof Let ¥y(x) be the Lyapunov function as defined in Theorem 7.2, with T >
In(c/B), such that the maximum in the definition of @ is achieved. It remains to
show that

LYy(x) < —c3W(x) + k3.

Since ¥y(x) = (Cx,x)y —i—allxII%_I for some C € Z(H) with |C|l.#@m) <c/B +
MT and « sufficiently small, we have

ZLW(x) — LoWo(x)
< (ICIlzw) + ) 2lxlz||Fx) |, + T(B(x)QB*(x) — Box Q(Box)*))
<(c/B+MT +o)(@lx|7 + M).
Using (7.2), we have

L(x) < (=1 +ce™PT)x|13 + (21 +d* tr(Q)) Ix 13 + M

+(c/B+MT +a)(@lx]F + M)
< (=1+ce T +a(c/p+MD))lx|%

+a(2r+d*tr(Q) + @) lIx 1% + M+ (¢/B+ MT +a).

Using the bound for &, we have —1 4+ ce ™ #T + @&(c/B + MT) < 0, so that we can
choose o small enough to obtain condition (2) of Theorem 7.1. U

Corollary 7.1 Suppose that the mild solution X} (t) of the linear equation (6.22) is
exponentially ultimately bounded in the m.s.s. If, as || x||g — o0,

|F@) | =o(lxlln) and ©(B(x)QB*(x) — BoxQ(Box)*) = o(llxllm),

then the mild solution X*(t) of (6.10) is exponentially ultimately bounded in the
Mm.s.s.

Proof We fix @ < maXs>in(c/p)(1 — ce’ﬁ’/(c/ﬂ + M), and using the assumptions,
we choose a constant K such that for || x|z > K, condition (7.3) holds. But for
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x|z < K, by appealing to the growth conditions on F and B,
20\xlla | FO||,; + T (B(x)QB*(x) — Box Q(Box)*)
< lx1% + |F@)|3, +7(Bx)QB*(x) — Box Q(Box)*)
< Ixllg 4+ £(1+ 11xl13) + (1 Box I3 ) tr(Q)
<IlxlF +€(1 + Ixli3) + d*x)1 w(Q)
<K*+0(1+K*)+M.

Hence, condition (7.3) holds with the constant M; = K2+ ¢(1 + K%) + M’, and the
result follows from Theorem 7.4. O

Example 7.1 (Dissipative Systems) Consider SSDE (6.10) and, in addition to as-
sumptions (1)—(3) in Sect. 6.2, impose the following dissipativity condition:
(D) (Dissipativity) There exists a constant w > 0 such that for all x,y € H and
n=1,2,...,
2<An(-x - y)’-x - y>H + 2<F()C) - F(y)sx - )’)H + HB(X) - B()’)ng(KQ,H)
<—olx =y, (7.4)
where A,x = AR,x, x € H, are the Yosida approximations of A defined
in (1.22).
Then the mild solution to (6.10) is ultimately exponentially bounded in the m.s.s.

(Exercise 7.1).

Exercise 7.1 (a) Show that condition (D) implies that for any ¢ > 0, there exists a
constant C, > 0 such that forany x e H andn=1,2, ...,

2Anx, x) 1+ 2F @), x)y + [ BO gy iy 1y < —(@ = Ol + Ce

with A,,, the Yosida approximations of A. Use this fact to prove that the strong solu-
tions X;; (¢) of the approximating SDEs (6.12) are ultimately exponentially bounded
in the m.s.s. Conclude that the mild solution X*(¢) of (6.10) is ultimately exponen-
tially bounded in the m.s.s.

(b) Prove that if zero is a solution of (6.10), then the mild solution X*(¢) of (6.10)
is exponentially stable in the m.s.s.

7.2 Exponential Ultimate Boundedness in Variational Method

We study in this section strong solutions to (6.37) whose coefficients satisfy linear
growth, coercivity, and monotonicity assumptions (6.38)—(6.40).
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Definition 7.2 We extend Definition 7.1 of exponential ultimate boundedness in the
m.s.s. to the strong solution {X*(¢), t > 0} of (6.37) and say that X*(¢) is exponen-
tially ultimately bounded in the m.s.s. if it satisfies condition (7.1).

Let us begin by noting that the proof of Theorem 7.1 can be carried out in this
case if we assume that the function ¥ satisfies conditions (1)—(5) of Theorem 6.10
and that the operator .% is defined by

LW (u) = (W' (u), Aw)) + (¥ (u) Bu) QB*(u)). (7.5)
Hence, we have the following theorem.

Theorem 7.5 The strong solution {X*(t), t > 0} of (6.37) is exponentially ulti-
mately bounded in the m.s.s. if there exists a function ¥ : H — R satisfying condi-
tions (1)—~(5) of Theorem 6.10 and, in addition, such that

(1) c1 ||x||%1 -k <¥(x) < cz||x||%1 + ky for some positive constants c1, ca, k1, ka
and for all x € H,
2) LY (x) < —c3W¥(x) + ks for some positive constants c3, k3 and forall x € V.

In the linear case, we have both, sufficiency and necessity, and the Lyapunov
function has an explicit form under the general coercivity condition (C).

Theorem 7.6 A solution {XS (t), t = 0} of the linear equation (6.42) whose coeffi-
cients satisfy coercivity condition (6.39) is exponentially ultimately bounded in the
m.s.s. if and only if there exists a function ¥y : H — R satisfying conditions (1)—(5)
of Theorem 6.10 and, in addition, such that

(1) ¢y ||x||%1 —k1 <P(x) < cz||x||%1 + ky for some positive constants c1, c2, k1, k2
and forall x € H,
(2) LW (x) < —c3Wy(x) + k3 for some positive constants c3, k3 and forall x € V.

This function can be written in the explicit form

T pt
2
%(x):// E|X5(s)| dsdt (7.6)
0 J0
with T > ag(c|A|/(@B) + 1/a), where ag is such that ||v]|3; < aollv]|3, ve V.

Proof Assume that the solution {X{(¢), t > 0} of the linear equation (6.42) is ex-
ponentially ultimately bounded in the m.s.s., so that

E|X§®)|3 <ce P lxl} +M forall x € H.
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Applying 1t6’s formula to the function ||x ||%], taking the expectations, and using the
coercivity condition (6.39), we obtain

t
E|x50l, ~ 1516, = [ £ X500 ds

t t
,\/0 E||X(’)‘(s)||2ds—a/0 E|X§@|5 ds +yt. (1.7)

Hence,

t 1 !
/()EHXS(S)H%,S;(X/O EHXS(S)Hf,derIIXII%1+VI).

Applying condition (7.1), we have

! 1 (clx
[ E1s o1y = 5 (S50 et + ety + (e )

clAl MM +y
= <— )II x|f +—.
af o o

Therefore, with ¥ defined in (7.6),

T pt
12 clA| LM +
lllo(x):// E||X0(s)||vdsdt§< +—>T|| x4 + WY 2 (7.8)
0 Jo B 20

Now
2 2 2 2 2
|-Zollvlly | < 2arllvlly + b (Q) vy < vy,

for some positive constant ¢’. Therefore, we conclude that
Lollvly = —<Ivlly
From (7.7) we get
2 2 ! 2

E|x3 0, =1ty = = [ E|x50 [} s

Using (7.1), we have
! 2
c// E| X5y ds = (1 —e P x|z — M
0

Hence,

Lo iy 1 c , MT
wo(x)z;/o lxlz(1—e ﬂ)dt—MTZ§<T—E>||x||H— -

Choose T > ¢/p to obtain condition (1).
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To prove that condition (2) holds, consider

T pt .
Ewo(xg(r))zf()/o E| %07 9|3 ds dt.

By the Markov property of the solution and the uniqueness of the solution,

T pt T pt+r
EW(X3(r) = / / E|X§G 40|} dsdi = / / E|X§)|3 dsdr.
0 Jo 0Jr
We now need the following technical lemma that will be proved later.

Lemma?7.1 If f € LY[0,TD, T >0, isa nonnegative real-valued function, then

1+A[ T I+AZ
o[ 8 [y E 0
— 0 —

Assuming momentarily that ¥ satisfies conditions (1)—(5) of Theorem 6.10, we
have

d
LW (x) = (E‘I’O(X()(r)))

r=0

/‘ﬁ”mwwmﬂm

r

= lim

r—0

T [ N
ar—tim = [ E|x 0[] ds
2 . T 2
< [" Bl a- i L[ eIl as
for ag such that [[v]|%, < aol|v||3. This gives

T MM 4y
——)m&+————

Lo¥o(x) < <C|M T. (7.9)
ap

With T > ag(5% + 1), condition (2) holds.
It remains to prove that ¥ satisfies conditions (1)—(5) of Theorem 6.10. We use
linearity of (6.42) to obtain, for any positive constant k,

XE¥ (1) = kX3 (2).
Then ¥y (kx) = k2¥y(x), and by (7.8), for ||x|lg = 1,

A AM
dl) Mty

o) = (a ap 200

Hence, for x € H,

2 x
Yo(x) = llxllz¥o
llxll &

IA

1 clAl MM +y
[(EJFE)T*'T }II x|, (7.10)
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which implies that Yy (x) < c”||x||2H for all x € H. For x, y € H, denote

T pt ) 1 1
r(x,y)=/0/0 E(X5(9), Xp () dsdt < W5 ()W () <" lIxll Iyl

Then t is a continuous bilinear form on H x H, and there exists C € £ (H), with
ICll 2y < c”, such that

T(x,y)=(Cx,V)H. (7.11)

Using the continuity of the embedding V < H, we conclude that 7 (x, y) is a con-
tinuous bilinear form on V x V, and hence,

(x,y)=(Cx,y)y forx,yeV, (7.12)

with € € Z(V). Now it is easy to verify that ¥y satisfies conditions (1)—(5) of
Theorem 6.10. O

Proof of Lemma 7.1 We are going to use the Fubini theorem to change the order of
integrals,

/ I’HAZ (s)ds dt = i/oT(/OHLAI f(S)ds> dt
AL ) ()
4 f i ( / f(s)dt) ds]

| At T+At
=—|:/ sf(s)ds—i—/ f(s)Atds—i—/ f(s)(T+At—s)ds:|
At [ Jo At T

1 T T+ At
|:At f(s) ds—i—At/ f(s)ds—i—At/ f(s)ds]
A At T

At T

T+At
= f(s)ds + f(s)ds—i—/ f(s)ds.
0 At T
The first and third terms converge to zero as At — 0, so that

T t+At
lim / S f@ds
At

At—0 Jo

T
dt < / f@®)dz.
0
The opposite inequality follows directly from Fatou’s lemma. g

By repeating the proof of Theorem 7.6, we obtain a partial converse of Theo-
rem 7.5.
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Theorem 7.7 Let the strong solution {X*(t), t > 0} of (6.37) be exponentially ul-
timately bounded in the m.s.s. Let

T pt
W(x)Z// E|X* )|} dsdt (7.13)
0J0

with T > ag(c|A|/(af) + 1/a), where o is such that ||v||%1 <aolvl?3,veV.Sup-
pose that ¥ (x) satisfies conditions (1)—(5) of Theorem 6.10. Then ¥ (x) satisfies
conditions (1) and (2) of Theorem 71.5.

To study exponential ultimate boundedness, i.e., condition (7.1), for the strong
solution of (6.37), we use linear approximation and the function ¥, of the corre-
sponding linear equation (6.42) as the Lyapunov function. We will prove the fol-
lowing result.

Theorem 7.8 Suppose that the coefficients of the linear equation (6.42) satisfy
the coercivity condition (6.39) and its solution {X{j(t), t > 0} is exponentially ul-
timately bounded in the m.s.s. Let {X*(t), t > 0} be the solution of the nonlinear
equation (6.37). Furthermore, we suppose that

A(v)—Apve H forallveV
and that, forve 'V,
2||vlla ]| Aw) — Agv] , + 7 (B(W)QB*(v) — BovQ(Bov)*) < dlvlF +k,

where @ and k are constants, and

c

aoB[(L+ L) + (L + L+ £) + B (L+ Dt o))

w <

=
=

Then X*(t) is exponentially ultimately bounded in the m.s.s.
Proof Let

To pt 2
%(x):/o /0 E|X5@)|y dsdt

with Ty = ao(c|A|/(¢f) + 1/a) + ¢/B. Then ¥y(s) satisfies conditions (1)—(5) of
Theorem 6.10, and for all x € H,

cillxlly — ki < W) < eallx |13 + ko
It remains to prove that, for all x € V,

LWy (x) < —c3%(s) + k3.
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Then we can conclude the result by Theorem 7.5. Now, for x € V,
LY (x) — LoWo(x)

1
= (¥;(x), A(x) — Aox) + 3 tr(¥y (x)(B(x) QB*(x) — Box Q(Box)*))

1
= (¥y(x), A(x) — Aox),; + 3 tr(¥y (x) (B(x) QB*(x) — Box Q(Box)*)).

But ¥j(x) =2Cx and ¥y (x) = 2C for x € V, where C is defined in (7.11). By
inequality (7.10),

1 ¢l MM +y
ICI.2H) < <— + —>To +—
o 200

T2
o B 0

Hence,
LWy (x) — LyWo(x) < 2(Cx, A(x) — Agx),, +7(C(B(x) QB (x) — Box Q(Box)¥)),
and we have
LW(x) < L) + IC Nz 20 1AG) — Aoxl
+ 7(B(x) QB*(x) — Box Q(Box)*)].
When T = Ty, from (7.9) we have

MM +y
LoWo(x) < ———|Ix||3; + ——

¢ T
0,
apf

giving

c MM +y -
LWy(x) < —mnxn%, + ——"To + ICllzam (&lx 113 + k)

MM +y
TTo-i-kllCllz(H)-

c
<(-=—=+alClzn )nxn2 +
( aof (H) H
Now, —c/(apB) + @lICll 2y < 0 if @ satisfies our original assumption, and we
arrive at Z¥y(x) < —c3¥y(x) + k3 with ¢3 > 0. O

Remark 7.1 Note that the function ¥y(x) in Theorem 7.8 is the Lyapunov function
for the nonlinear equation.

Corollary 7.2 Suppose that the coefficients of the linear equation (6.42) satisfy
the coercivity condition (6.39), and its solution {X{(t), t > 0} is exponentially ul-
timately bounded in the m.s.s. Let {X*(t), t > 0} be a solution of the nonlinear
equation (6.37). Furthermore, suppose that

A(w)—Apve H forallveV
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and that, forv eV,
2vllm] A®) = Agv|| , +7(B) QB*(v) — BouQ(Bov)*) < k(14 [lvll;) (7.14)
Sfor some k > 0.IfforveV, as ||[v|g — oo,

|A@) — Agv]| , = o(llvlia)
and (7.15)

(B(v)QB*(v) — Bov Q(Bov)*) = o(llvl3).

then X*(t) is exponentially ultimately bounded in the m.s.s.

Proof Under assumption (7.15), for a constant & satisfying the condition of Theo-
rem 7.8, there exists an R > 0 such that, for all v € V with ||v||g > R,

2lvllz | A@) = A, + T(B() QB*(v) = BovQ(Bov)*) < dllvlF.-
Forv eV and |v||g < R, by (7.14),
2|l ||Aw) = Agv]| , + T(B() QB*(v) — BovQ(Bov)*)
<k(1+vl1%) <k(1+ R?).
Hence, we have
20vllu]A®) — Agv|, + T(B() QB*(v) — ByvQ(Bov)*)
<alvl} + k+ DR

An appeal to Theorem 7.8 completes the proof. d

Theorem 7.9 Suppose that the coefficients of the linear equation (6.42) satisfy
the coercivity condition (6.39) and its solution {Xg (t), t = 0} is exponentially ul-
timately stable in the m.s.s. with the function t — E|| X (t) ||%, being continuous for
all x € V. Let {X*(¢), t > 0} be a solution of the nonlinear equation (6.37). If for
veV,

2lvllv || A) — Agv]

v+ +T(BW)QB*(v) — BovQ(Bov)*) < aollvll§ + ko
for some constants @y, ko such that
c

< 9
o+ DB[(+ ) + (3 + B4 5) + B2 (L4 B o]

o

then X*(t) is exponentially ultimately bounded in the m.s.s.

Proof Let, as before,

To pt 2
wo(x)zfo /0 E|X5@)|y dsdt
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with Ty = ap(c|A|/(@B) + 1 /o) + % Forx eV,
LY (x) — LoWo(x)

1
= (¥(x), A(x) — Aox) + 3 tr(¥g (x)(B(x) QB*(x) — Box Q(Box)*))

with ¥ (x) = 2Cx and ¥'(x) = 2C, where the operators C and C are defined
in (7.11) and (7.12). By inequality (7.10) and the continuity of the embedding
V—H,

1 c|A| MM+ y
C <-4+ —)Tp+ —=
l |I$(H)_<a+aﬂ> 0+ o

IC 2wy < allCll.zw).

2
Ty,

Hence,
Ly (x) — LoWo(x) < 2(Cx, Ax — Agx) g +1r(C(B(x) Q B*(x) — Box Q(Box)*)),
and we have

LW(x) < LWo(x) + 2[Cllzv) Ixllv [ Ax — Agx ||y
+ tr(CB(x)QB*(x) — Bon(Box)*)
< LW (x) + (ICIL.zm) + ICI2w)) 2lxllv I Ax — Aox|lv+
+ r(B(x)QB*(x) - Bon(Box)*)).
Since s — E||X{(s) ||%, is a continuous function, we obtain from earlier relations for
Loy (x) that

c MM +
Loy (x) < —Euxn% + 25T g

Hence,

|A M

C ~ ~
LWy(x) < —Euxu% + = —=To+ (IC Iz + 1€ 12y (@ollx I3 + ko)

c . . 2
< —E—i—a)o(IICIIz(H)-F||C||$(V)) 1y

- MM+ y
+ko<IIC||$<H)+|ICII$(v)+7T0 :

Since, with the condition on wy, —c/B + @o(|Cll £ (H) + ||é||_g)(v)) < 0, we see
that conditions analogous to those of Theorem 7.1 are satisfied by ¥, giving the
result. d
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Corollary 7.3 Suppose that the coefficients of the linear equation (6.42) satisfy the
coercivity condition (6.39) and its solution { Xy (t), t > 0} is exponentially ultimately
bounded in the m.s.s. with the function t — E|| X (t)||%, being continuous for all
x € V. Let {X*(t), t = 0} be a solution of the nonlinear equation (6.37). If for
veV,as |v|y — oo,

|A@) = Aov| . =o(lIvllv)
and (7.16)
7(B(v) QB*(v) — BovQ(Bov)*) = o(|[v]%),

then X*(t) is exponentially ultimately bounded in the m.s.s.

Proof We shall use Theorem 7.9. Under assumption (7.16), for a constant @ satis-
fying the condition of Theorem 7.9, there exists an R > 0 such that, forall v e V
with ||v||ly > R,

2|llv | A) — Agv|

v+ +T(BW)QB*(v) — Bov Q(Bov)*) < aov]l7 -

Using that |A(v)|lv+, [Ao(v)llv+ < aillvlly and |B() |l .2k 1), |Bovll.z k. 1) <
bi||v]lv, we have, for v € V such that ||v||g < R,

2l[vllv | Aw) — Aov]| . + 7 (B(v) QB*(v) — BovQ(Bov)*)
<4ay ||v||%/ + (”B(U) Hf?(K,H) + ||BOU||E'2(K,H)) tr(Q)
< (4ay + 262 w(Q)) IlvII¥
< (4a +2b} t(Q)) R
Hence, forv e V,

2|lly |A@) — Agv|

v+ + 7(B()QB*(v) — Bov Q(Bov)*)
<aolvlly + (dar + 267 r(Q)) R%.

An appeal to Theorem 7.9 completes the proof. 0

7.3 Abstract Cauchy Problem, Stability and Exponential
Ultimate Boundedness

We present an analogue of a result of Zakai and Miyahara for the infinite-
dimensional case.

Definition 7.3 A linear operator A : V — V* is called coercive if it satisfies the
following coercivity condition: for some o >0, y,A € R, and allv e V,

2(v, Av) < Allllg — alvlly + . (7.17)
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Proposition 7.1 Consider a stochastic evolution equation,
dX () =ApX(t)dt+ F(X(t))dt + B(X(t))dW;, (7.18)
X0)=xeH, '

with the coefficients Ao and F satisfying the following conditions:

(1) Ag:V — V*is coercive.

2 F:V— H,B:V — Z(K, H), and there exists a constant K > 0 such that
forallveV,

[E@ 5+ 1By = K (14 015)-
(3) There exists a constant L > 0 such that for all v,v' € V,

|F ) — F©" ||§1 +tr((B(w) — B(v))Q(B*(v) — B*(v))) < Llv —v'|1%.

(4) ForveV,as |vllg — oo,

[F@ =o(livin),  [B@] gk m=ollvIn).

If the classical solution {u*(t),t > 0} of the abstract Cauchy problem

du(t) — Agu(t)
a oo (7.19)
ul)=xecH,

is exponentially stable (or even exponentially ultimately bounded), then the solution
of (7.18) is exponentially ultimately bounded in the m.s.s.

Proof Let A(v) = Agv + F(v) forv e V. Since F(v) € H,
2(v, A(v)) + tr(B(v) 0 B*(v))
=2(v, Agv) +2(v, F(v)) + tr(B(v) 0 B*(v))

<l —alvl} +20vla | FO) |, + [ B0k 1(Q)

2 2
<Vl —alvly +v

for some constants A" and y. Hence, the evolution equation (7.18) satisfies the coer-
civity condition (6.39). Under assumption (2)

|Fo) 7 +u(BwQB @) < [F@)[, + 0@ BO) %k )

< (1+t(Q)K(1+ vllz),
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so that condition (7.14) holds, and since

|F@)|,=o(lvlg) and T(B@)QB*®))=o(lvlly) aslvla— oo,

Corollary 7.2 gives the result. g

Example 7.2 (Stochastic Heat Equation) Let S! be the unit circle realized as the
interval [—m, ] with identified points —m and 7. Denote by wh2(s 1) the Sobolev
space on St and by W(t, &) the Brownian sheet on [0, c0) x S! see Exercise 7.2. Let
k > 0 be a constant, and f and b be real-valued functions. Consider the following
SPDE:

X 3’X W
af’) ® = 8;) &) — K f(X(OE) + X (1)) s

dtdE’ (7.20)
X(0)(-) =x() € LA(Sh).

Let H = L%(S') and V = W!2(S1). Consider

d2
Apg(x) = <@ — K)X
and mappings F, B defined for £ € S! and x, y € V by
Fx)(&) = f(x©®), (B)y)E) =(b(x()), y(-))Lz(S.).
Let

1/2
x|l = </ x%&)ds) for x € H,
N

2 12
lxlly = (/ (xz(é) + (%) )dg) forx e V.
sl dé

Then we obtain the equation
dX(t) = AoX () dt + F(X (1)) dt + B(X (1)) dW,,
where W, is a cylindrical Wiener process defined in Exercise 7.2. We have
2(x, Ag(®)) = =2lIxIIy + (=2¢ + D) lIx I
< =20lx I3 + (=2 + DlxllFy = —2«lxI-

By Theorem 6.3(a), with A(x) = ||x||2 , the solution of (7.19) is exponentially sta-
ble. If we assume that f and b are Lipschitz continuous and bounded, then con-
ditions (1)—(3) of Proposition 7.1 are satisfied. Using representation (2.35) of the
stochastic integral with respect to a cylindrical Wiener process, we can conclude
that the solution of the stochastic heat equation (7.20) is exponentially ultimately
bounded in the m.s.s.
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Exercise 7.2 Let S! be the unit circle realized as the interval [—7, 77 ] with identified
points —7 and 7. Denote by { f;(§)} an ONB in L2(S") and consider

i ¢
W)=Y wj(t)/ fi®ds, 1=0,—m<¢=<m, (7.21)
j=1 -

where w; are independent Brownian motions defined on {2, #,{%#};>0}, P}.
Show that the series (7.21) converges P-a.s. and that

Cov(W(t1, s W (12, 82)) = (11 AR (L1 A L2).
Conclude that the Gaussian random field W (-, -) has a continuous version. This
continuous version is called the Brownian sheet on S'.

Now, let @(z) be an adapted process with values in L2(SY) (identified with
Z(L*(SY), R)) and satisfying

*© 2
E/O [ 00|51, df < .

Consider a standard cylindrical Brownian motion W; in L2(S") defined by

Wik) =Y " wj)tk. £)r2es1)-

j=1

Show that the cylindrical stochastic integral process
t ~
/ D(s)dW, (7.22)
0

is well defined in L2(Q, R).
On the other hand, for an elementary processes of the form

D(t,8) = 110,1() I —r1(5), (7.23)

define
oo
@ - W:/ / b (s, &)W (ds, dE). (7.24)
0 Js!
Clearly @ - W = W (t, ¢). Extend the integral @ - W to general processes. Since

oo ~
@ W:/ @ (s)dW,
0

for elementary processes (7.23), conclude that the integrals are equal for general
processes as well.
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Example 7.3 Consider the following SPDE driven by a real-valued Brownian mo-
tion:

9%u(t, x) +5au(t,x)

diu(t,x) = <a2 +yu(t,x)+g(x)> dt

ax2 ox
du(t,
+(m ”; x)+azu<t,x)>dwf, (7.25)
X

u(0,x) = p(x) € L?((—00, 00)) N L' ((—00, +00)),

where we use the symbol d; to signify that the differential is with respect to ¢. Let
H = L?*((—00,00)) and V = Wol‘z((—oo, 00)) with the usual norms

oo 12
||v||H=</ vzdx) Cven
—00
+00 dv 2 1/2
2
— — d , eV.
piv=(f " (2+(5) =) - v

Define the operators A: V — V*and B: V — Z(H) by

2

L d7v dv
A(v):a —i—,B +yv+g, veV,

d2

dv
B(v)—ald +oov, veV.

Suppose that g € L2((—00, 00)) N L' ((—00, 00)). Then, using integration by parts,
we obtain forv e V,

2(v, A(v)) + tr(Bv(Bv)*)

2

dv+
01— o2V
(rp 2

d2
_2<v o —z—i—ﬁ —+yv+g>+
dx H

= (=2 +07) I} + 2y + 07 + 20 — o) [0[1F; + 2(v. 8)
1
< (=2% + o) Ivlly + (27 + 03 + 20> —of +¢) vl + gllgll%i
for any ¢ > 0. Similarly, foru,ve V,
2u — v, A(u) — A()) + tr(B(u — v)(Bu — v))”)
< (=22% + o) lu —vll} + (27 +0f + 20> — of)llu — vl%.

If —2a2 + 012 < 0, then the coercivity and weak monotonicity conditions, (6.39)
and (6.40), hold, and we know from Theorem 4.7 that there exists a unique strong
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solution u? () to (7.25) in L2(.Q, c(0,T], H)) ﬂM2([O, T1], V). Taking the Fourier
transform yields

dit? (t, 1) = (—a®A20% (1, 0) + inBa% (1, 1) + ya® (1, 2) + §(1)) dt
+ (io1 M (1, 1) + 020% (£, 1)) dW;
= ((—o?A* +irB +y)a?(t, 1) + (1)) dt
+ (io1h 4+ 02) i (t, 1) dW;.
For fixed A,
a=—a’ )’ +irf+y,

b=gM),

c=1Ii01A+ 03.

By simple calculation (see Exercise 7.3),

bb + b@ () a+¢0) (yiaice
Elﬁ“’(t,x)|2=E|¢(A)I2+2Re( + b )(a+a+cc)e<“+“+“))

(a+a+cc)@+co)

— 2Re(we”’> + 2Re<$). (7.26)
a(a + cc) ala+a+ cc)

By Plancherel’s theorem,

2 teo 2
EHu‘P(t)”Hzf Ela* . 0| db

and

d 2
E|u?®)|} = E|u?®)|7, + EHd—u‘P(t, x)
X H

a2, )2 dx.

:/;00(1+A2)E

For a suitable T > 0,
T pt )
¥ (p) =/0 /O E|u?(s)|} dsdt

+00 T pt 5
=/ (1+)\2)// E|i(s, )| dsdtd.
—00 0J0
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Thus it is difficult to compute a Lyapunov function explicitly. In view of Remark 7.1,
it is enough to compute a Lyapunov function of the linear SPDE

5 3%u(t, x) du(t, x)

2 + B o +yu(t,x)> du

ou(t,
+ (01 u; *) —l—azu(t,x))dW,.
X

diu(t,x) = <Ol

Define the operators Ag: V — V*and By : V — Z(H) by

Aoy =20 1 80 eV
V) =o' — — v, v ,
0 dx2 dx v

Bo(v) =B(v), veV

(since B is already linear). Taking the Fourier transform and solving explicitly, we
obtain that the solution is the geometric Brownian motion

(1, 2) = pem T
E|ﬁ§(z, k)‘z — |@()\)|2e(a+ﬁ+cE)t'
The function t — E||ug(t) ||%, is continuous for all p € V,

|A@) — Ao(v)|

v =llgllv==o(llvllv) as [[vlly — oo,

and
7(B(v) QB*(v) — (Bov) Q(Bov)*)) =0.

Thus, if {ug(z),t > 0} is exponentially ultimately bounded in the m.s.s., then the
Lyapunov function ¥(¢) of the linear system is the Lyapunov function of the non-
linear system, and

+00 T pt 5
u/o(w)=/ (1+A2)(/f E|iig(s, M| dsdt)dk
—00 0J0

+o0 (=202 4+ 0D)A2 4+ 2y + 02T}
= 1+22)[p(n Z(eXp ! 2 >
/—oo {( 2o (=202 +0})A2 +2y + 03)?

T 1 }dk
(=202 +0D)A2+2y +0F (=202 +0H)A2+2y + 0}

Using Theorem 7.8, we can conclude that the solution of the nonlinear system is
exponentially ultimately bounded in the m.s.s.

Exercise 7.3 Complete the computations in (7.26).
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Example 7.4 Consider an equation of the form

dX, = AX(t)dt + F(X(t))dt + B(X(t))dW,,
X(0)=xeH,

where F and B satisfy the conditions of Proposition 7.1. This example is moti-
vated by the work of Funaki. If —A is coercive, a typical case being A = A, we
conclude that the solution of the deterministic linear equation is exponentially sta-
ble since the Laplacian has negative eigenvalues. Thus, the solution of the deter-
ministic equation is exponentially bounded, and hence, by Proposition 7.1, the so-
lution of the nonlinear equation above is exponentially ultimately bounded in the
m.s.s.

Example 7.5 Let &€ C R" be a bounded open domain with smooth boundary.
Assume that H = L*(0) and V = Wol’z(ﬁ), the Sobolev space. Suppose that
{Wy(t,x);t > 0,x € 0} is an H-valued Wiener process with associated covari-
ance operator (, given by a continuous symmetric nonnegative definite kernel
q(x.y) € L*(0 x 0), q(x,x) € L*(0),

(0F)x) = /ﬁq(x,y)f(y)dy-

By Mercer’s theorem [41], there exists an orthonormal basis {e; }‘;‘;1 C LZ(ﬁ ) con-
sisting of eigenfunctions of Q such that

q(x, )= hjej(x)e;(y)

j=1

with tr(Q) = [, q(x, x)dx = Zc;ozl Lj < oo0.

Let —A be a linear strongly elliptic differential operator of second order on O,
and B(u) : L>(0) — L*(0) with Bu) f(-) = u(-) f(-). By Garding’s inequality,
—A is coercive (see [63], Theorem 7.2.2). Then the infinite-dimensional problem is
as follows:

diu(t,x) = Au(t,x)dt +u(t,x)d, W, (t, x),

and we choose A(v) = ||v||%1 for v € Wé’z(ﬁ). We shall check conditions under
which A is a Lyapunov function. With .Z defined in (6.15), using the spectral rep-
resentation of ¢ (x, y), we have

Z(Ivll%) = 2(v, Av) + tr(B(v) 0 B* (v))

=2(v, Av) + f q(x, x)v2(x)dx.
12
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Let

L3
Ao = SHP{TPH’ vE Wol’z(ﬁ), ||U||%{ #0
H

{2(1;, Av) +(Qv,v)g
=su

i L ve Wy 0), vl #0}.

If Ao < O, then, by Theorem 6.4, the solution is exponentially stable in the m.s.s.
Consider the nonlinear equation in &,

{d,u(t,x) = A(x, u(t,x))dt + B(u(t, x))d, Wy (t, x), (1.27)

u0,x) =¢), u x)ye=0.
Assume that
A(x,v) =Av+ai(x,v), B(x,v)=B(W)+a(x,v),
where o; (x, v) satisfy the Lipschitz-type condition

sup [a; (x, v1) — 0 (x, v2)| < cllvi — v2llm,
xeo

so that the nonlinear equation (7.27) has a unique strong solution. Under the as-
sumption

a;(x,0) =0,

zero is a solution of (7.27), and if

sup |o; (x, v)| =o(llvllg). vz — 0,
xeo

then, by Theorem 6.14, the strong solution of the nonlinear equation (7.27) is expo-
nentially stable in the m.s.s.

On the other hand, let us consider the operator A as above and F and B satisfying
the conditions of Proposition 7.1. Then, under the condition

{2(1}, Av)

R ueWy?(0), ||v||%1¢0} <0,
H

the solution of the abstract Cauchy problem (7.19), with Ag replaced by A, is expo-
nentially stable, and we conclude that the solution of the equation

dX(t) = AX(t)dt + F(X(t))dt + B(X(t))dW,,
X(O0)=xeH,

is ultimately exponentially bounded in the m.s.s.
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Consider now the SSDE (3.1) and assume that A is the infinitesimal generator of
a pseudo-contraction Co-semigroup {S(#), t > 0} on H (see Chap. 3) with the co-
efficients F: H— H and B: H — 2 (K, H), independent of ¢ and w. We assume
that F and B are in general nonlinear mappings satisfying the linear growth con-
dition (A3) and the Lipschitz condition (A4) (see Sect. 3.3). In addition, the initial
condition is assumed deterministic, so that (3.1) takes the form

dX(t)=AX@)+ F(X(@)))dt+ B(X())dW;,

(7.28)
X(0)=xeH.

By Theorem 3.5, there exists a unique continuous mild solution.
Using Corollary 7.1, we now have the following analogue of Proposition 7.1.

Proposition 7.2 Suppose that the classical solution {u*(t), t > 0} of the abstract
Cauchy problem (7.19) is exponentially stable (or even exponentially ultimately
bounded) and, as ||h||g — oo,

|F|, = o(lkl),
B 4k 1y = o).

then the mild solution of (7.28) is exponentially ultimately bounded in the m.s.s.

7.4 Ultimate Boundedness and Invariant Measure

We are interested in the behavior of the law of a solution to an SDE as t —
0o. Let us begin with a filtered probability space (£2,.%,{%:}i>0, P) and an
H-valued time-homogeneous Markov process X% (p), X5(0) = &y, where & is
Fo-measurable random variable with distribution 150, Assume that its associated
semigroup P, is Feller. We can define for A € #(H), the Markov transition proba-
bilities

P(t,x,A)=P1s(x), xeH.

Since a regular conditional distribution of X £0(r) exists (Theorem 3, Vol. I, Sect. 1.3
in [25]), we have that

P(t,x,A) = P(X®(t) € Al& = x) =/ P(X% € Algy =x) u®(dx), xeH.
H
Then, for a bounded measurable function f on H (f € By(H)),

(P f)x) = /H FO P, x,dy). (7.29)
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The Markov property (3.52) takes the form

E(f (X% +s))|9xt§°) = (P (X)) = /H FOP(s, X5(1), dy),

so that the transition probability P(z,x, A) is a transition function for a time-
homogeneous Markov process X%0(t).

We observe that the following Chapman—Kolmogorov equation holds for Markov
transition probabilities

P(t—i—s,x,A):/ P(t,y, A)P(s,x,dy), (7.30)
H

which follows from the semigroup property of Py, (3.58) applied to ¢(x) = 14(x)
and from the fact that P(z, x, dy) is the conditional law of X %o ().

Exercise 7.4 Show (7.30).

Let us now define an invariant probability measure and state a general theorem
on its existence.

Definition 7.4 We say that a probability measure © on H is invariant for a time-
homogeneous Markov process X*(¢) with the related Feller semigroup { P, t > 0}
defined by (7.29) if for all A € B(H),

n(A) = /H P(t,x, Ap(dx),
or equivalently, since H is a Polish space, if for all f € C,(H),
[ @nan=[ rorau.
H H
Let u be a probability measure on H and define
1 [
Mn(A)=—/ / P(t,x, A)dt p(dx) (7.31)

tnJo Ju

for a sequence {#,}7°, C Ry, t, — oo. In particular, for a real-valued bounded
Borel-measurable function f(x) on H, we have

1 [
/f(X)Mn(dX)Z—/ // SOP(t, x,dy)u(dx)dt. (7.32)
H thJo JHJH

Theorem 7.10 If v is weak limit of a subsequence of {i,}, then v is an invariant
measure.
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Proof We can assume without loss of generality that ;, = v. Observe that, by the
Fubini theorem and the Chapman—Kolmogorov equation,

[ e = tim [ (e )

lim — / / / (P ) () P(s. x, dy) u(dx) ds

n—oo t,

lim — / f (Pras ) () () ds

n—>oot

lim [—{ f / (P, f)(x) ju(dx) ds
n—o00 tn 0JH

th+t t
+f (Psf)(X)M(dX)ds—f/ (Psf)(X)M(dX)dS”.
t H 0JH

n

Since || Py f(x0) |z < |l f(xo0ll &, the last two integrals are bounded by a constant,
and hence, using (7.32),

1 [
| pevan = tim = 7] oo wan ds
= lim —/ // fFOP(s,x,dy) u(dx)ds

= lim f(x)un(dX) /Hf(x)v(dx). 0

il—)

Corollary 7.4 Ifthe sequence {1, } is relatively compact, then an invariant measure
exists.

Exercise 7.5 Show that if, as r — oo, the laws of X*(¢) converge weakly to a
probability measure u, then p is an invariant measure for the corresponding semi-
group P;.

We shall now consider applications of the general results on invariant measures

to SPDEs. In case where {X%0(r), ¢ > 0} is a solution of an SDE with a random
initial condition &y, taking in (7.31) u = %0, the distribution of &y, gives

P(X%(1) e A) = / P(t,x, A) 5 (dx). (7.33)
H
Thus, properties of the solution can be used to obtain tightness of the measures (.
Exercise 7.6 Prove (7.33).

Before we apply the result on ultimate boundedness to obtain the existence of an
invariant measure, let us consider some examples.
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Example 7.6 (Navier-Stokes Equation [76]) Let 2 C RR? be a bounded domain with
smooth boundary 9. Consider the equation

2 2 2
ov; (t, x) ov; (t, x) 10P(t,x) 0°v; (¢, x) ..
s Rl A el S R s Wi(x),
“FJZ;UJ 8x]~ o ox; “I‘VjZ:l ax% + o; z(x)

v, (7.34)
0, x€9,v>0,

(o5}
~

TR

j=l1
i

o8
~.

X j

1,2.

Let C° = {v € C3°(Z) x C3°(Z); Vv =0}, with V denoting the gradient. Let
H=Cg in LX) x LX(2), and V = {v: Wy>(2) x Wy*(2), Vv = 0}. Then
V € H C V*is a Gelfand triplet, and the embedding V < H is compact.

It is known [76] that

LX) x LX(9)=H ® H',

where H is characterized by H+ = {v : v = V(p) for some p € W 2(D)).
Denote by IT the orthogonal projection of L?>(2) x L*(2) onto H*, and for
vE Cgo, define

A(w) =vIlIAv — H[(v . V)v].

Then A can be extended as a continuous operator form V to V*.
Equation (7.34) can be recast as an evolution equation in the form

dX(t) = A(X(t))dt + o dW,,
X(0)=§,

where W; is an H-valued Q-Wiener process, and & € V a.e. is an .%p-measurable
H-valued random variable. It is known (see [76]) that the above equation has a
unique strong solution {ug(t), t>0}in C([0,T],H) N L2([O, T1,V), whichis a
homogeneous Markov and Feller process, satisfying for 7' < oo,

aub (1) |
Eluf ()% + u (@)

T
dt < E|§|y + 5 Q).

Using the fact that ||uf () ||y is equivalent to (Zl e 3”@) ||H)]/2, we have

supi/TE(||uf(z)||2)dr<itr(Q)
T T 0 v ~ 2v

with some constant c. By the Chebychev inequality,

hm sup—/ ”uE(I)HV > R)
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Hence, for ¢ > 0, there exists an R, such that

1 T
Sl;p?/o P(||ué(t)||v > R;)dt <e.

Thus, as t,, — o0,

1 In ~
sup—/f P(t,x,BRS)dtug(dx) <e,
wJo

n tn

where B R, 1s the image of the set {v € V; |[v||ly > R} under the compact embed-
ding V < H, and pf is the distribution of & on H. Since ERE is a complement of a
compact set, we can use Prokhorov’s theorem and Corollary 7.4 to conclude that an
invariant measure exists. Note that its support is in V, by the weak convergence.

Example 7.7 (Linear equations with additive noise [79]) Consider the mild solution
of the equation

dX(t) = AXt)dt +dW,,
X(O0)=xeH,

where A is an infinitesimal generator of a strongly continuous semigroup {S(¢),
t >0} on H. Denote

t
o :/0 S(r)QS*(r)dr,

and assume that tr(Q;) < co. We know from Theorems 3.1 and 3.2 that
t
X)) =St)x + / St —s)dWs (7.35)
0

is the mild solution of the above equation. The stochastic convolution fé S —
s)dWs is an H-valued Gaussian process with covariance

t
o =/0 Sw) QS (u)du

for any 7. The Gaussian process X (¢) is also Markov and Feller, and it is called an
Ornstein—Uhlenbeck process. The probability measure p on H is invariant if for
f€Cp(H) and any ¢t > 0,

[ seouan = [ E(r(x @) uan
H H

t
=f Ef(S(t)x+f S(t—s)dWs> 1(dx).
H 0
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For f(x) =e!*)H )\ e H, we obtain
AG) = (S (0)r)e 2 (kM
where [i denotes the characteristic function of w. It follows that
|G| < 720 AR

or
(O, N < 21n|u(k)‘_2ln(| (/\)|>

Since ft(A) is the characteristic function of a measure p on H, then by Sazonov’s
theorem [74], for ¢ > 0, there exists a trace-class operator So on H such that
[iL(A)| > 1/2 whenever (SoA, A)gy < 1. Thus, we conclude that

(QiA, A <2In2
if (SoA, A)g < 1. This yields
0< 0 <(2In2)S.

Hence, sup;, tr(Q;) < oo. -
On the other hand, if sup, tr(Q;) < 0o, let us denote by P the limit in trace norm
of Q; and observe that

o]

S(z)FS*(z):/OO S(t+r)QS*(t~|—r)dr=/ Sw)QSu)du=P — Q.
0

t

Thus,
L, = 1— 1
FSOPS Ox,2)y = 5(Prid)y = 5(Qih M

implying
(Pry — o= 5 (PS*OAS* (ON 1 o= 3(Qrhh

NI'—‘

e

In conclusion, u with the characteristic functional e™ 5(Pai)u is an invariant mea-

sure. We observe that the invariant measure exists for the Markov process X (¢)
defined in (7.35) if and only if sup, tr(Q;) < oo. Also, if S(#) is an exponentially
stable semigroup (i.e., [|S(?) || ¢ #) < Me™ for some positive constants M and j)
or if S;x — O for all x € H as t — o0, then the Gaussian measure with covariance
P is the invariant (Maxwell) probability measure.

Let {X(#), t > 0} be exponentially ultimately bounded in the m.s.s., then, clearly,

limsup E[| X ()5 <M < oo forallx € H. (7.36)
—>0o0

Definition 7.5 A stochastic process X (¢) satisfying condition (7.36) is called ulti-
mately bounded in the m.s.s.
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7.4.1 Variational Equations

We focus our attention now on the variational equation with a deterministic initial
condition,

dX(t) = A(X(t))dt + B(X (1)) dW;,

(7.37)
X(0)=xe H,

which is driven by a Q-Wiener process W;. The coefficients A: V — V* and B :
V — Z(K, H) are independent of ¢t and w, and they satisfy the linear growth,
coercivity (C), and weak monotonicity (WM) conditions (6.38), (6.39), (6.40). By
Theorem 4.8 and Remark 4.2 the solution is a homogeneous Markov process, and
the associated semigroup is Feller.

We note that in Theorem 7.5, we give conditions for exponential ultimate bound-
edness in the m.s.s. in terms of the Lyapunov function. Assume that ¥ : H — R
satisfies the conditions of Theorem 6.10 (Itd’s formula) and define

LY ) =¥ @), Aw) + (1/2) (" () B(u) O B* (w)). (7.38)

Let {X*(¢),t > 0} be the solution of (7.37). We apply Itd’s formula to ¥ (X*(¢)),
take the expectation, and use condition (2) of Theorem 7.5 to obtain

t
EW(X* (1) — E¥(X* (1)) = E/ LW (X (s))ds
t/

t
< / (—c3EW (X' (5)) + k3) ds.
t/
Let @(t) = EW(X*(t)), then @ (¢) is continuous, so that
D' (1) < —c3P (1) + k3.

Hence,

k k
EU(xY) <=+ (lI/(x) - —3)e03f.
Cc3 Cc3

Assuming that ¥ (x) > ¢ ||x||%{ — k1, we obtain
2 k3 s k3 _
AE|X ()| —k < o + (czllxllH - g)e et
Thus we have proved the following:

Proposition 7.3 Let ¥ : H — R satisfy conditions (1)—(5) of Theorem 6.10 and
assume that condition (2) of Theorem 7.5 holds and that c| ||x||%_1 — k1 <Y (x) for
x € H and some constants ¢ > 0 and k; € R. Then

1imsupE||Xx(t)||Z < i(kl + E)
t—0o0 Cl Cc3

In particular, { X*(t), t > 0} is ultimately bounded.
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Let us now state the theorem connecting the ultimate boundedness with the exis-
tence of invariant measure.

Theorem 7.11 Let {X*(t),t > 0} be a solution of (7.37). Assume that the embed-
ding V. — H is compact. If X*(t) is ultimately bounded in the m.s.s., then there

exists an invariant measure | for {X*(t),t > 0}.

Proof Applying 1t6’s formula to the function ||x ||%1 and using the coercivity condi-
tion, we have

t
E|x* |3 - Ix13 =/0 EZL|X 0]} ds

t t
<A/0 E|}XX(s)Hi,ds—a/O E|X )|} +y1
with .Z defined in (7.38). Hence,
! X 2 1 ! X 2 2
/OE”X (s)||vds§; x/o E|X*(9)| 5 ds + x5 + vt ).

Therefore,

T X

1 2
<aRzT(W/ E“Xx(f)”Hd“F||x||%1+J/T)-

Now, by (7.36), E||X)‘(z‘)||2 < M for t > Ty and some Ty > 0. But
sup E”X"(t)H <M
t<Ty

by Theorem 4.7, so that

hm sup—/ HXX(I)HV > R)

< lim sup%%(/ E|X*@)| dt+/ E||Xx(t)||Hdt>
0

R—oo 7
Al (T T — T
< lim sup|—|2 v Om
R-oo 7 aR-\T T
< lim ﬂ(M/+M), 0<To<T
~ R>oo aR2

Hence, given ¢ > 0, there exists an R, such that

sup—/ |X"(t)HV>R)dt<s.
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By the assumption that the embedding V < H is compact, the set {v € V :
lvlly < R} is compact in H, and the result is proven. O

Remark 7.2 Note that a weaker condition on the second moment of X*(¢), i.e.,
1 T . 2
sup — E||X (t)||Hdt<M for some 7y > 0,
-1 T Jo

is sufficient to carry out the proof of Theorem 7.11.

In Examples 7.2-7.6, we consider equations whose coefficients satisfy the condi-
tions imposed on the coefficients of (7.37) and the embedding V < H is compact,
so that an invariant measure exists if the solution is ultimately bounded in the m.s.s.

Theorem 7.12 Suppose that V. — H is compact and the solution of {X*(t), t > 0}
of (7.37) is ultimately bounded in the m.s.s. Then any invariant measure |4 satisfies

/ 113 pe(dx) < oo,
\%

Proof Let f(x) = ||x||3, and £, (x) = Ljo.n(f (x)). Now f,(x) € L' (V, ). We use
the ergodic theorem for a Markov process with an invariant measure (see [78],
p. 388). This gives

T
lim /0 (Pf (0 de = fF() peae.

and E, f;f = E, fn, where E,, f, = [, fu(x) u(dx).
By the assumption of ultimate boundedness, we have, as in the proof of Theo-
rem 7.11,

. 1T x CIlAl
hmsup—/ E||X (t)|| dt<——, C<o0
T—o0 T 0 o

Hence,
1 T
7 = fim 2 [ e

1 T
< limsup ?/0 (P,f(x)) dt

T—o00
I Clx
=limsup—/ E||XX(;)||2dt<L
T— 00 T 0 o
But f,(x) 1 f(x), so that

C|A|
Mf—hmEan—hmEMf <T 0]
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Remark 7.3 (a) For parabolic Itd equations, one can easily derive the result using
¥ (x) = ||x||3, and Theorem 7.11.

(b) Note that if u, = p and the support of u, is in V with the embedding
V < H being compact, then by the weak convergence the support of w is in V
by the same argument as in Example 7.6.

Let us now consider the problem of uniqueness of the invariant measure.

Theorem 7.13 Suppose that for €, 8, and R > 0, there exists a constant Ty(¢g, 8, R)
> 0 such that for T > Ty,

1 T

_/'pwxwg_wnwvzam<g

T Jo
forall x,y € Vg ={v e V :||vly < R} with the embedding V — H being com-
pact. If there exists an invariant measure [ for a solution of (7.37), {X*(¢),t > 0},

X (0) = xq, with support in V, then it is unique.

Proof Suppose that u, v are invariant measures with support in V. We need to show
that

/f(x)u(dx):/ f(x)v(dx)
H H

for f uniformly continuous bounded on H, since such functions form a determining
class.
For G € #A(H), define

X _ 1 T X
MT(G)—F P(X*(1)eG)dt, xeH, T>0.
0

Then, using invariance of © and v, we have

‘/ f(X)M(dX)—/ f(x)v(dx)
H H

=‘L/Hf(x)[u'}'(dx)u(dy)—MZT(dx)V(dz)]

S/
HxH

F(y,z2)= ‘/H f(x)@(dx)—/Hf(x)MT(dx)

Then, using the fact that , v have the supports in V, we have

/;[f(x)u?(dX)—/Hf(x)uzT(dx) n(dy)v(dz).

Let

'/fumwm—/fuwwm
H H

5/ |F(y.2)| w(dy)v(dz).
VxV
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Let Vg =V \ V¢ and choose R > 0 such that
n(Vg)+v(Vg) <e.

Then,

‘ / f(x) pu(dx) - / f)v(dx)| < f |F(y,2)| m(dy)v(dz) + (4e +2¢*) M,
H H VR X VR

where M = sup, .y | f(x)]. But for § > 0,

/ |F(y,2)|n(dy)v(dz)
Vrx Vg

1 T
< / {;/ E|f(x* @) - f(XZ(t))Iu(dy)v(dz)}
Vrx Vg 0

T

1
<2M sup P(|X*®) = X0, >8)+ sup |[f()— Q)]
yieeve 20 S

<2Me+¢

for T > Ty, since f is uniformly continuous.
Using the last inequality and the bound for |y, f(x) u(dx) — [, f(x) v(dx)l,
we obtain the result. O

Let us now give a condition on the coefficients of the SDE (7.37) which guaran-
tees the uniqueness of the invariant measure. We have proved in Theorem 7.11 (see
Remark 7.3), that the condition

T
sup{l/ E||Xx(t)||i1dt}§M for some Ty > 0
-1, T Jo

implies that there exists an invariant measure to the strong solution {X*(¢), t > 0},
whose supportisin V.

Theorem 7.14 Suppose that V. — H is compact, the coefficients of (7.37) satisfy
the coercivity condition (6.39), and that for u,v € V,

2 2
2u—v, Aw) — AW)+ [ Bw) — BO) [ gy, = —cllu = vlIy.
where the norm || - || ¢,k o 1) is the Hilbert—Schmidt norm defined in (2.7). Assume
that the solution {X*(t),t > 0} of (7.37) is ultimately bounded in the m.s.s. Then

there exists a unique invariant measure.

Proof By 1t6’s formula, we have, for ¢ > 0,

t t
E| Xx(t)||§{ =|lx[1% +2E/O (X*(s), A(Xx(s))>ds+E/0 |B(X*(s)) ||;2(KQ’H) ds.
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Using the coercivity condition (C), (6.39), we have

t t
E[x 0|3 +wEf0 |x @)y ds < (Ix13 + yr) +AE/O [ x5 ds.

It follows, similarly as in the proof of Theorem 7.11, that

T 2
swp & [ e [fas < T Py [ e s
=1y I Jo «

(%4 T>T0 0

By the Chebychev inequality, we know that

I 2
[ el R sy [ e olas)
Hence, using the arguments in Example 7.6, an invariant measure exists and is sup-

ported on V. To prove the uniqueness, let X*!(¢), X*2(z) be two solutions with
initial values x, x». We apply Itd’s formula to X (r) = X! () — X*2(¢) and obtain

t
EHX(t)”iI < lx1 —x2l% +2E/0 (X(s) — A(XM1(5)) — A(X?2(s)))ds

t
+E [ 1B(010) = BOOO) P 4

Using the assumption, we have

t
E| X053, < 1 —xal} - c/o E|x(®)]} ds.
which implies that

! 1
/0 E[X@]} = <l —xl}.

It now suffices to refer to the Chebychev inequality and Theorem 7.13 to complete
the proof. 0

7.4.2 Semilinear Equations Driven by a Q-Wiener Process

Let us consider now the existence of an invariant measure for a mild solution of a
semilinear SDE with deterministic initial condition

dX(1) = (AX(1) + F(X(1)))dt + B(X (1)) dW;,

(7.39)
X(0)=xeH,



7.4 Ultimate Boundedness and Invariant Measure 267

where A is the infinitesimal generator of a pseudo-contraction Co-semigroup S(t)
on H, and the coefficients F : H — H and B : H — Z(K, H), independent of
t and w, are in general nonlinear mappings satisfying the linear growth condition
(A3) and the Lipschitz condition (A4) in Sect. 3.3. We know from Theorem 3.6
that the solution is a homogeneous Markov process and from Theorem 3.7 that it is
continuous with respect to the initial condition, so that the associated semigroup is
Feller.

We studied a special case in Example 7.7. Here we look at the existence under
the assumption of exponential boundedness in the m.s.s. We will use the Lyapunov
function approach developed earlier in Theorem 7.8 and Corollary 7.3. We first give
the following proposition.

Proposition 7.4 Suppose that the mild solution {X*(t)} of (7.39) is ultimately
bounded in the m.s.s. Then any invariant measure v of the Markov process
{X*(t),t > 0} satisfies

/ IylI%v(dy) < M,
H

where M is as in (7.36).

The proof is similar to the proof of Theorem 7.12 and is left to the reader as an
exercise.

Exercise 7.7 Prove Proposition 7.4.

Theorem 7.15 Suppose that the solution {X*(t),t > 0} of (7.39) is ultimately
bounded in the m.s.s. If for all R > 0, § > 0, and ¢ > 0, there exists Ty =
To(R, 8, €) > 0 such that for all t > Ty,

P(|x*@) - X*@)|, >8) <e forx,yeBuy(R) (7.40)

with Bg(R) = {x € H, ||x|| < R}, then there exists at most one invariant measure
for the Markov process X* (t).

Proof Let u;,i =1, 2, be two invariant measures. Then, by Proposition 7.4, for each
¢ > 0, there exists R > 0 such that u; (H \ By (R)) < €. Let f be a bounded weakly
continuous function on H. We claim that there exists a constant T =T (¢, R, f) >0
such that

|Pif(x)— Pif(y)|<e forx,yeBy(R) ift>T.
Let C be a weakly compact set in H. The weak topology on C is given by the metric

]

1
dx,y) =) rlle.x = y)n
k=1

, x,yeC, (7.41)

where {ek},fi | in an orthonormal basis in H.
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By the ultimate boundedness, there exists 71 = Ti(e, R) > 0 such that for
T>Ti,
P(X*(1)€ By(R)) >1—¢/2 forx € By(R).

Now f is uniformly continuous w.r.t. the metric (7.41) on By (R). Hence, there
exists 8’ > 0 such that x, y € Hg with d(x, y) < & imply that | f(x) — f(y)| <3,
and there exists J > 0 such that

o0

1
> lewx—ylu| <872 forx,yeBu(R).
k=J+1

Since P(|{ex, X* (1) — XY ()| > 8) < P(J|X*(t) — XY (#)||g > §), by the given as-
sumption we can choose 7> > T such that for t > T3,

J
P {Z((ek, X (1)) = fex, X* (1))’ > 5’/2} >1-¢/3 (7.42)

k=1
for x, y € By (R). Hence, for r > T,

{|f(X 0) = f(x*0)] =3}
> P{X*(t), X*(1) € By (R),d(X* (1), X’ (1)) < &'}

> P{X*(1), X*(1) € Bu(R), Z ek,Xx(t)—Xy(t)>H|§8//2}

k=1
> P{X* (1), X" New. XX @0) = XP (), | <8 /2. k=1,.... ]}
>1—¢/3—¢/3—¢/3=1—¢,

since the last probability above is no smaller than that in (7.42).
Now, with My = sup| f(x)|, given ¢ > 0, choose T so that for¢t > T,

PA(C ) = F00)] 2272) 21— o

Then

E[f(x*®) - f(X*0O)| =5 +2MOm —s.

Note that for invariant measures (1, (2,

f FEOwidx) = f (PN ®pidx), i=1,2.
H H

For t > T, we have

'f f(x)m(dX)—/ f(y).uz(dy)‘
H H
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= / / [f(x)—f(y)]m(dx)uz(dy)‘
HJH

_ /H /H [(sz)(x)—(sz)(y)]m(dx)uz(y)‘

N * i) Uri o)
By (R) H\By (R) By (R) H\By (R)

x [(PH)(x) = (P /Y] 1 (dx) pea(dy)

<&+ 2(2Mo)e + 2Moe>.

Since ¢ > 0 is arbitrary, we conclude that
[ rem@n = [ fwman, .
H H

In case we look at the solution to (7.39), whose coefficients satisfy the linear
growth and Lipschitz conditions (A3) and (A4) of Sect. 3.1 in Chap. 3, we conclude
that under assumption (7.40) and conditions for exponential ultimate boundedness,
there exists at most one invariant measure.

Note that in the problem of existence of the invariant measure, the relative weak
compactness of the sequence p,, in Theorem 7.10 is crucial. In the variational case,
we achieved this condition, under ultimate boundedness in the m.s.s., assuming that
the embedding V < H is compact. For mild solutions, Ichikawa [33] and Da Prato
and Zabczyk [11], give sufficient conditions. Da Prato and Zabczyk use a factoriza-
tion technique introduced in [10]. We start with the result in [32].

Theorem 7.16 Assume that A is a self-adjoint linear operator with eigenvectors

{ex}i2 | forming an orthonormal basis in H and that the corresponding eigenvalues
—Ak 4 —00 as k — o0. Let the mild solution of (7.39) satisfy

1 T
7/0 E|X*)|3,ds < M(1+ Ix13). (7.43)

Then there exists an invariant measure for the Markov semigroup generated by the
solution of (7.39).

Proof The proof depends on the following lemma.

Lemma 7.2 Under the conditions of Theorem 7.16, the set of measures

t
Mt(')=%/ P(s,x,-) fort>=0
0

with P(s,x, A) = P(X*(s) € A) is relatively weakly compact.
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Proof Let yx () = (X*(¢t), ex) g . Then, by a well-known result about the weak com-
pactness ([25], Vol. I, Chap. VI, Sect. 2, Theorem 2), we need to show that the

expression
1 (TS,
T /O Y EY{ (1) |ar
k=1

is uniformly convergent in 7.
Let S(¢) be the Cp-semigroup generated by A. Since S(t)ex = e Ml for each
k, yi(t) satisfies

t
yi(t) = e M 0+/ e_'\"(t_s)(ek»F(Xx(s)))Hds
0
t
N / e Mo, B(X () dW (),
0

Ey2(t) < 3¢ 4 (x0)? 4 3E

t
f ef)"‘(lﬂ‘)(ek, F(X* (s)))H ds
0

2
+3E

t
/ e M gr, B(X*(s)) dWs)
0

For N large enough, so that A > 0, and any m > 0, using Exercise 7.8 and assump-
tion (7.43), we have

N+m

Yl
ng// 2=hit)(1=5) (g, F(Xx(s)))H| dsdt

L[ @ e, pr o) P
T 0 Jr

_Jo EIFX* 6D ds _ en(1+ x13)
de(Ay — )T - e(Ay—8)

2
dt

/ _)‘k(t_x)<ek, F(Xx(s))>H ds

for some constants € > 0 and ¢y > 0.
Utilizing the Holder inequality, we also have that

N+m

Yl

_ Q) Jy E||B(XX(r>>||fg(K,H) dt_cyu(Q)(1 + |xI3)
- 2ANT - AN

2
—)hk(t—s)(ek, B(XX (s)) dW(s))
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for some constant ¢ > 0. Thus,

pal || ||2

Z / yi)ydt < —H

1 tr(Q)
3 1 7 :
+3(c1 + ) ( +||X||H)|:5()»N—8)+ ™ ]
Thus the condition in [25] holds. O
The proof of Theorem 7.16 is an immediate consequence of the lemma. d

Exercise 7.8 Let p > 1, and let g be a nonnegative locally p-integrable function on
[0, 00). Then for all € > 0 and real d,

t P 1 \P/4 pt
(/ e g (r) dr) < (—) / eP A+ 6P (1) gy,
0 qé 0

where 1/p+1/g=1.

7.4.3 Semilinear Equations Driven by a Cylindrical Wiener
Process

We finally present a result in [12], which uses an innovative technique to prove the
tightness of the laws .Z(X*(¢)). We start with the problem

dX (1) = (AX (1) + F(X (1)) dt + B(X (1)) dW,,

(7.44)
X(0)=xeH,

where W, is a cylindrical Wiener process in a separable Hilbert space K. Assume
that the coefficients and the solution satisfy the following hypotheses.

Hypothesis (DZ) Let conditions (DZ1)—(DZ4) of Sect. 3.10 hold, and, in addition,
assume that:

(DZ5) {S(¢), t > 0} is a compact semigroup.
(DZ6) For all x € H and ¢ > 0, there exists R > 0 such that for every T > 1,

1 T
?/O P(|x )], > R)dr <.

where {X*(¢), t > 0} is a mild solution of (7.44).
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Remark 7.4 (a) Condition (DZ6) holds if {X*(¢), ¢ > 0} is ultimately bounded in
the m.s.s.

(b) In the special case where W; is a Q-Wiener process, we can replace B with
B=BQ'/2

Theorem 7.17 Under Hypothesis (DZ), there exists an invariant measure for the
mild solution of (7.44).

Proof We recall the factorization formula used in Lemma 3.3. Let x € H, and
t
Y*(t) =f (t —s5)"“S(t —s)B(X*(s)) dW,.
0

Then

sinwo

X () =8SMx+GF(X*)(D)+ GoY*()(1) P-as.

T

By Lemma 3.12, the compactness of the semigroup {S(¢), ¢ > 0} implies that the
operators G, defined by

t
Guf(t) = / (t — )15 — ) f(s)ds,  f € LP([0.T1, H),
0

are compact from L? ([0, T], H) into C([0,T], H) for p>2 and 1/p <a < 1.
Consider y : H x LP([0,1], H) x LP([0,1],H) —> H,

Y, f,8) =Sy +G1f(1) + Gag(D).

Then y is a compact operator, and hence, for r > 0, the set

K(r)= {x eH:x=SM)y+G1f(1)+ Gug(1),

Ivllg <r I flle <1 ligllee < — }
SINTo

is relatively compact in H.
We now need the following lemma.

Lemma 7.3 Assume that p > 2, a € (1/p, 1/2), and that Hypothesis (DZ) holds.
Then there exists a constant ¢ > 0 such that for r > 0 and all x € H with ||x||g <r,

P(X*D)eK@)=1—cr P(1+x|%).

Proof By Lemma 3.13, using Hypothesis (DZ3), we calculate

1
£ ol as
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1
:E/
0

p/2

1 K
ngfo (/0 (s—u)2"‘||S(s—u)B(Xx(u))H;z(K’H)du) ds

p
ds
H

/S(s —u)"*S(s — u)B(Xx(u))qu
0

1 K p/2
< k2”/2E/ (/ (s —w) 2 (s —u)(1+ }|XX(u)||§{)du> ds.
0 0
By (3.103) and Exercise 3.7,

1 1 p/2 1
E/ HYX(S)H’,;dsgkﬂ/Z(/ t‘z‘*,%/z(t)dt> E/ (14 | x* @ |3,)"" du
0 0 0

<ki(1+|x|I%,) forsome k; > 0.
Also, using Hypothesis (DZ2), we get
1
E/ |F(X*) | du <ka(1+lIxl%;), x€H.
0
By the Chebychev inequality,

% r
P17l = o)

Sy
2 1= B, = 1= R (1 )

<r)

F(X*O)[0) 2 1=r""ka(1 4+ lIx117),

P(|F(x*0))]
>1—-r"PE(

Lp

giving

[ntlree o), =)

> 1—rP(n Pl + ko) (1+ x| f;)- O

P ekm) = p(fIrol, =

We continue the proof of Theorem 7.17.
For any ¢ > 1 and r > r; > 0, by the Markov property (recall Proposition 3.4)

and Lemma 7.3, we have

P(X*(1) e K(r)) = P(1,x, K(r))

:/ P(1,y,K() P —1,x,dy)
H

> [ POyk@)PE-Lxdy
[Iylla<r
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=(1=c( e [ Pa-tray

Iyl <r
=1 =c(r P+ P(|X ¢ =D =r),

giving

1 [T 17

;/ P(X"(z)ek(r))dzzl—cr"’(1+r1”)7/ P(|X 0] <r1)ar.
0 0

If we choose r; according to condition (DZ6) and take r > r; sufficiently large,
we obtain that % fOT P(t,x,-)dt is relatively compact, ensuring the existence of an
invariant measure. d

7.5 Ultimate Boundedness and Weak Recurrence of the
Solutions

In Sect. 4.3 we proved the existence and uniqueness for strong variational solutions,
and in Sect. 4.4 we showed that they are strong Markov and Feller processes. We
will now study weak (positive) recurrence of the strong solution of (7.45), which is
(exponentially) ultimately bounded in the m.s.s.

The weak recurrence property to a bounded set was considered in [59] for the so-
lutions of SDEs in the finite dimensions and in [33] for solutions of stochastic evo-
lution equations in a Hilbert space. This section is based on the work of R. Liu [51].

Let us consider a strong solution of the variational equation

dX (1) = A(X(t))dt + B(X (1)) dW;,

(7.45)
X(0)=xeH.

We start with the definition of weak recurrence.

Definition 7.6 A stochastic process X (¢) defined on H is weakly recurrent to a
compact set if there exists a compact set C C H such that

P*(X(t) e C forsome t>0)=1 forallx € H,

where P~ is the conditional probability under the condition X (0) = x. The set C is
called a recurrent region. From now on recurrent means recurrent to a compact set.

Theorem 7.18 Suppose that V. — H is compact and the coefficients of (7.45) sat-
isfy the coercivity and the weak monotonicity conditions (6.39) and (6.40). If its
solution {X*(t), t > 0} is ultimately bounded in the m.s.s., then it is weakly recur-
rent.

Proof We prove the theorem using a series of lemmas.
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Lemma 7.4 Let {X(t), t > 0} be a strong Markov process in H. If there exists
a positive Borel-measurable function p : H — Ry, a compact set C C H, and a
constant § > 0 such that

P*(X(p(x))€C)=8 forallxeH,
then X*(t) is weakly recurrent with the recurrence region C.
Yy 8

Proof Forafixedx € H,lett; = p(x), Q) ={w: X(11) ¢ C}, . =11 + p(X(11)),
Q ={w: X(n) ¢ C}, 13 =1+ p(X(12)), etc. Define Qq, = ﬂﬁl ;. Since

{a):X(t,a)) ¢ C for any IZO} C Qoo
it suffices to show that P*(2,) = 0. Note that
P*(Q)<1-6<1.

Since p : H — R, is Borel measurable and 7; is a stopping time for each i, we can
use the strong Markov property to get

P (1N 2) = E(E* (1, ()1, (@) Fy,))
= E*(lg, (@) E* (1g,(@)| 7))
= E*(1g, (@) E* (1, (@)| X (71)))
= B (10, @P ) (o X(p(r0) £ ).

But, by the assumption,

Px(tl)({w : X(p(X(tl(a))))) ¢ C}) <1-3,

so that

P (QN2) <(1-8)%
By repeating the above argument, we obtain

n
p* (ﬂ sz,-) <1 =8",
i=1

which converges to zero, and this completes the proof. 0
Lemma 7.5 Let {X(t),t > 0} be a continuous strong Markov process. If there exists

a positive Borel-measurable function y defined on H, a closed set C, and a constant
& > 0 such that

y(x)+1
f P*(X(t)eC)dt =8 forallx € H, (7.46)
y(x)
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then, there exists a Borel-measurable function p : H — Ry such that y(x) <
p(x) <y(x)+1and

P*(X(p(x)) €C) =8 forallx e H. (7.47)
Proof By the assumption (7.46), there exists 7, € [y (x), ¥ (x) + 1) such that
P*(X (1) eC) = 6.
Define
p(x) =inf{t € [y (x), y(x) + 1) : P*({w: X (t,w) € C}) = 8}.

Since the mapping t — X (¢) is continuous and the characteristic function of a closed
set is upper semicontinuous, we have that the function

t— P*(X(1)eC)
is upper semicontinuous for each x. Hence,
P*(X(p(x) €C)=3.

We need to show that the function x — p(x) is Borel measurable. Let us define
By(H) = B(H), for t > 0. Since {X (t),0 <t < T} is a Feller process, the map
O :(t,x) = P*(w: X(t) € C) from ([0, T] x H, ([0, T] x H)) to (R}, ZR"))
is measurable (see [54], [27]). Hence, ® is a progressively measurable process with
respect to {%;(H)}. By Corollary 1.6.12 in [16], x — p(x) is Borel measurable. [

Let us now introduce some notation. Let B, = {v € V : |lv|ly <r} be a sphere
in V with the radius r, centered at 0, and let B, be its closure in (H, || - [|#). For
A C H,denote its interior in (H, || - || ) by A?. If B¢ = H\ B,, then (B,) = (BS)".
Lemma 7.6 Suppose that the coefficients of (7.45) satisfy the coercivity condi-
tion (6.39) and, in addition, that its solution {X*(t), t > 0} exists and is ultimately

bounded in the m.s.s. Then there exists a positive Borel-measurable function p on
H such that

_ 1
P({w:X(p).0) € B,}) 21— —5 (MM + M1 +1y)). xeH. (748)
and
1
Px({a):X(p(x),w)E(Bf)o})sm(lMMl~|—M1+|y|), xeH, (749

where a, )., y are as in the coercivity condition, and My = M + 1 with M as in the
ultimate boundedness condition (7.36).



7.5 Ultimate Boundedness and Weak Recurrence of the Solutions 277

Proof Since limsup,_, ,, E* X ()% <M < M, forall x € H, there exist positive
numbers {7y, x € H} such that

EY|X@0)|5 <M fort=T,.
Hence, we can define
y () =inf{r: E¥| X ()]}, < My forall s > 1}.
Since # — E*|| X (t)||3, is continuous, E¥ || X (y (x))||3, < M. The set
{x:iy() =t} ={x: EXHX(S)”?_[ <M, forall s > r}

= N{x: £ x|, = m1)
s>t

seQ

is in Z(H), since the function x — E¥|| X (s)||* is Borel measurable. Using Itd’s
formula (4.37) for ||x||%1, then taking the expectations on both sides, and applying
the coercivity condition (6.39), we arrive at

EX[X(yo) + 1) |3, — B[ X (v 0) |,

— B f <y:)+l (2(X ). A(X(®)) +u(B(X () Q(B(X()")) ds

yOetD) s YO+ s
9/ ExHX(s)”Hds—af EX | X3 ds +7.
y(x) y(x)
It follows that
¥y )+ 1
[ Bl ds = L w4 ).
y () o
Using Chebychev’s inequality, we get

(x+1) 1
[ P 1x ], = rl)ar = (wiv -+ 41+ )
y(x) or
Hence,
y(x)+1 0 1
[ P oo e (5)) = s (40 M1+ 1),
y(x
and consequently,

y )+l — 1
/ P*({o: X (t,w) € B, })dt = 1 — — (IA|M1 + M1 + |y ).
v or
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Using Lemma 7.5, we can claim the existence of a positive Borel-measurable
function p(x) defined on H such that y(x) < p(x) < y(x) + 1, and (7.48) and
then (7.49) follow for r > 0 and for all x € H. O

We now conclude the proof of Theorem 7.18. Using (7.48), we can choose r
large enough such that

forx € H.

P*({w: X(p(x).0) € B, }) = %

Since the mapping V < H is compact, the set B, is compact in H, giving that X (1)
is weakly recurrent to B, by Lemma 7.4. g

Definition 7.7 An H-valued stochastic process {X (¢), t > 0} is called weakly pos-
itive recurrent to a compact set if there exists a compact set C C H such that X (¢)
is weakly recurrent to C and the first hitting time to C,

t=inf{r >0:X (1) e C},
has finite expectation for any x = X (0) € H.
Theorem 7.19 Suppose that V < H is compact and the coefficients of (7.45) sat-
isfy the coercivity condition (6.39) and the monotonicity condition (6.40). If its so-
lution {X*(t), t > 0} is exponentially ultimately bounded in the m.s.s., then it is
weakly positively recurrent.
Proof We know that
EY| X0} <ce P lxl3 +M forallx e H.

Let M =M + 1, and w(r) = 1 In(1 + cr2), r € R. Then we have

EY X5 <Mi forxeHandr>w(lxlu),

and

Z w(d + DN) <oo forany N > 0. (7.50)

Let K = (1 4+ A)/TAIM| + M| + [y]/+/, and let us define the sets
Eo = Bk,
— - — 0
E; = Bg+nk — Bik = Basnk N (Bfg) forl>1,

where B, is a sphere in V with the radius r, centered at 0. We denote w’'(l) =
w(l Koap) + 1 with g such that || x|z < ap|lx]|ly for all x € V. As in the proof of
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Lemma 7.6, there exists a Borel-measurable function p(x) defined on H satisfying
w(llxllg) < p(x) <w(lxllg) + 1, and

P({o:X(px), o) € (B;K)O}) < W(MlMl + M1+ 1yl)
1
< m forall x € H. (7.51)

Let
1=px), xi(@=X(,0), Q@ ={w:x)¢E},
n=1+p(x1(@), n@=Xmo0), D={w:xn)d¢kE)} ...,

and so on. Let Qo = ﬂloil ;. As in the proof of Lemma 7.4,

p (ﬁ Q) o

Hence, 2 differs from

e¢]

e = J{e:xi@) € Eo}
i=1 i=1

by at most a set of P*-measure zero. Let

i—1

A =Qf — U{w:xj(w) € Eo} = {w:xl(a)) ¢Eo,...,xi—1 ¢ Eg, x; € Eo}.

j=1
Then 2 differs from Ufil A; by at most a set of P*-measure zero. Fori > 2, let us
further partition

A = U A{ly~~->ji—1’
J1sJ2seeesn—1
where
Al ={oix(@) € Ejy, - xic1(@) € Ejy L xi (@) € Eo.
Let 7(w) be first hitting time to Eq. Then for w € A} = Qf,
(@) < p@) <w(lxla)+ 1.

and for w € A]"

(@) < 7(0) < Ti-1(®) + p(xi—1(@)).
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Moreover, for w € A{l""’]i’l s

xi—1(w) € Ej,_, C E(ji—l"rl)K'

Hence,
|xi—1(@)] ; < @] xic1(@)],, < @izt + DK,

giving

p(xic1(@) <w(||xic1(@)| ) + 1 <w(eoGi-1 + DK) +1=w'(ji1 + 1)
and

T <t +w i1+ D.
Using induction,
t(@) <w(lxllg) +1+w'Gr+ D+ +w'Gior + 1.

By the strong Markov property,

PH(A ) = P ({o:xi(@) € Ejy, ..., xim1(@) € Ej_,, xi(0) € Eg))

<P ({o:xi(@ €Ej,....xi—1(w) € Ej_})
= Px({w:)ﬂ(a)) € Ejl’ o xio(w) € Eji—z} N {xi_l(w) € Eji*l})

<E* { Vo @eEj, ... x,-_2eEji72}Pxi72(w)({d) (X (p(xic2(w)), @) € Ej,_, })}
Since Ej,_; = B(j,_,+nk N (BS_ )", we getby (7.51)

P2 (& X (p(xi—2(w)),®) € Ej,_,)
< P25 X (p(62@). ) € (B5_,x)")
1
<
TR 0442
Hence,

Jlseees Ji— . . . .
P* (Al < 7],'2_1(1 1) P ({ow:xi(@) € Ej,....xia(®) € Ej_,}).
By induction,

; ) 1 1
PX A]l ~~~~~ Ji—1 <
( i )— (1 +A)2(1 1) -]l

1
which implies that P*(A;) < 1, for A large enough.
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Now

EXmy< Y. PY(AlrI

s ji—121

x [w'(lxllg) +1+w (i + 1D+ +w(io1 + D]

o0
1
SW(IIXIIH)+1+<QW>
1=
w(lxllg) +1+w'Gr+ D+ +w'(jio1 + 1))
Z 2 2
Jesdic1z1 JieJica
> 1
= w(llxllm) + 1+ (2; g (wlixla) + 1))
1=
1 . w'(j1+1
{( 2 ﬁ)“’—l) > %}
Jodiaz1 I iz Joendiaz1 J1 iz

= (w(lixllm) + 1)<1 + §<ﬁ>l>

B 00 A i—2 .
Tararz ;:((1 +A)2> =D

where A =377 &, and B =)°) Zw'(l + 1), with both series converging due
to (7.50).

Consequently, E*(7) is finite for A large enough. The set Eq is compact since
the embedding V < H is compact. O

We have given precise conditions using a Lyapunov function for exponential ulti-
mate boundedness in the m.s.s. We can thus obtain sufficient conditions for weakly
(positive) recurrence of the solutions in terms of a Lyapunov function.

We close with important examples of stochastic reaction—diffusion equations.
Let & C R” be a bounded domain with smooth boundary d&, and p be a positive
integer. Let V = W'2(0) and H = W%2(0) = L>(0). We know that V < H is a
compact embedding. Let

0% o9%n
Ag(x) = dg(X)—5—+++ ——,
o= D ) P
la|<2p !
where o« = («q, ..., o) is a multiindex. If A is strongly elliptic, then by Garding

inequality ([63], Theorem 7.2.2) Ay is coercive.
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Example 7.8 (Reaction—diffusion equation) Consider a parabolic Itd equation

dX(t,x)=AoX (¢, x)dt + f(X(t,x))dt + B(t,x))dW;,

(7.52)
X0,x)=9(x)eH, X[o=0,

where Ag, f, and B satisfy the following conditions:
(1) Ap:V — V*isastrongly elliptic operator.
2) f:H— Hand B: H— Z(K, H) satisfy
2 2
| fmll + ”B(h)”.z(K,H) <K(1+ ”h”%)v heH.
() £ (h1) = f(h)|IF; + tr((B(h1) — B(h2) Q(B(h1) — B(h)*) < Ay — hal,
hi,hpe H.

If the solution to the equation
du(t,x) = Aou(t,x)dt
is exponentially ultimately bounded and, as ||k|| gy — oo,

lfm |, =o(lhla).
”B(h)”;’f(K,H) =o(lhln),

then the strong variational solution of (7.52) is exponentially ultimately bounded in
the m.s.s. by Proposition 7.1, and consequently it is weakly positive recurrent.

Example 7.9 (Reaction—diffusion equation) Consider the following one-dimensional
parabolic Itd equation

2

(27X 2% 0x
dX(t,x)=\a"—= +B—+yX+gKx) |di+(o1—— + 02X |dW,,
ax 0x 0x

u(0,x) =p(x) e LOYNLY(O), Xlyo =0,

(7.53)

where & = (0, 1), and W; is a standard Brownian motion.

Similarly as in Example 7.3, if —2a% + 012 < 0, then the coercivity and weak
monotonicity conditions (6.39) and (6.40) hold, and Theorem 4.7 implies the exis-
tence of a unique strong solution.

With A(v) = ||v||%1 and .Z defined by (6.15), we get

2

dv 1
LA = (<27 +of) | ol + 2y 03 e lvly + gl

H

Since || g—;’ ”%1 > ||v||%{ (see Exercise 7.9), we have

1
LAW) < (=20 + 0l +2y + 02 +e€)lvl% + E||g||§,.



7.5 Ultimate Boundedness and Weak Recurrence of the Solutions 283
Hence, if —2a?%+ 012 +2y + 022 < 0, then the strong variational solution of (7.53) is
exponentially ultimately bounded by Theorem 7.5, and hence it is weakly positive

recurrent.

Exercise 7.9 Let f € W92((a, b)). Prove the Poincaré inequality

b b 2
/ fz(X)de(b—a)zf (dﬁix)) dx.
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